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CCCP.
Hucraryr kaGepaeraka AH YCCP

B. M. INTYIIIKOB, A. A. JIETHYEBCKHN

TEOPHA JUCKPETHBIX ITPEOBPA30BATEJIEN

IIansaru Anarosus Heanoeuua Masvyesa,
evldaouyezoca MATEMATUKG U 3aMEUATEALHOZ0 YeA08EKA

ITomsatne «mACKpeTHEIH mMpeoGpas3oBaTeNIs» BO3HHWKIO HA IyTH
K IPAMEHEHHI0 TEOPHE AaBTOMATOB B WCCIENOBAHUE HEKOTOPHX
3a[a4 TEOPUH HPOrPAMMEDOBAHHA M IOCTPOEHHH (OpMaIM30BaH-
HHEIX METOJ[0B IIPOEKTHPOBAHUA CTPYKTYDP BEUUCIUTEIHHKX MAIIMH.
Teopua aBTOMaTOB — AO0CTaTOYHO 3(QPEKTHBHOE CPEACTBO A
pemmeHds 3amad, B KOTOPHX OCHOBHYIO POJb HIpaeT al(aBUTHOE
oroGpaskeHume, IPEACTABIEHHOe B aBTOMaTe (HAmpHEMeEp, 3amgada
CHHTE3a, COCTOAMAS B OTHCKAHAN KOMIO3WOWA 3aTaHHHX BIe-
MEHTapHHX aBTOMATOB, IIPEACTABIAIONMEN B3aJaHHOE aBTOMATHOE
oToOpasKeHme).

OmgHAaKO0 9acTO PAcCMOTPEHHUS AaBTOMATHOTO OTOOpasKeHHS OKa-
3HBAETCA HETOCTAaTOYHO, HEOOXOMMMO NIPHHAMATH BO BHAMAHHE
npeofpa3oBaHUA aBTOMATOB, KOTOPHE CYMECTBEHHO MEHAIOT IIPEf-
CTaBJICHHEIE B HAX 0TOOPAKeHUsA, ACIOIb3Ys ONPENCIeHHYI0 BHEII-
HIOI0 MH(QOPMATHAI0 0 HPHUPOIE BXOJHHIX X BHXOJHHX CHTHAJIOB.
B »TExX ciaygagx aBTOMAT pACCMATPHBAETCA KaK aGCTpaKTHAA
MOJIeITh YCTPOHWCTBA, BHIIOJHAIIIEr0 BHUMCICHUSA IO HEKOTOPOMY
anropurmy. Ilpm 3TOM BHIXOQHEIE CHTHAIE UIPAIOT POIEH DIEMEH-
TAPHHX JIeICTBUI, a BXOMHEE — YCJIOBUIl, pacCIO3HABAEMEIX B IPO-
mecce BeUmcaennit, OUKCAPYA [IA HAaHHOTO aBTOMATa YKA3aHHYIO
HHTEPHPETANAI0 ero BXONHHX X BHIXOJHEIX CHTHAJOB, IIOJIydaeM
00BeKT, Ha3BaHHHIL B 3T0il paboTe MUCKPETHHM IIpeobpasoBaTeiieM.

B repMmHax TeopWE AHCKPETHHIX IpeoOpasoBaTeneil ymaeTcsa
chopMyIHpOBATh MHOTWE IPAKTAYECKH BasKHbIE B3amadyd H IOM-
roToBUTh (OPMAJBHHI ammapaT AJdsA WX pemeHnd.

IIpegnaraeman pabora mpemcraBiser co00it 0630p OCHOBHEIX
Pe3yABTATOB TEOPHH AUCKPETHHIX ImpeoGpaszoBaTeleil M OCHOBHIBA-
erca Ha paborax [3—6, 9—13, 16].



ITpubeseM OCHOBHEI® IOHATHS TEOPUA aBTOMATOB, HMCIOIL3Ye-
MEIe B padore.

IIyers A, X, Y — mexkoroprie MHoecTsa. MHOoMecTBO A
Has3oBeM X-aBTOMAaTOM, eClH 33afaHO (Boobme roBops, YaCTHYHOE)
orobpaskenne 84: (a, X)—> ax mMHoecTBa A X X B A, HasHBae-
Moe ¢yHKOueir IepexoxoB. X —Y-aBromaroM (Mmiam) mashBa-
ercs X-aBTOMaT, A KOTOPOTO 3ajaHa (QYHKIHA  BHIXO/0B
ha:(a, x)—> Aa (a,x) mHOKeCTBA A X X B Y, ompenexemnas mis
TeX W TOJBKO TeX Iap (a, Z), AiIA KOTODHX OIpefeleHa (yHKOASI
64. X —Y-asToMar A mHassBaeTca aBroMaroM Mypa, ecanm
Aa(a, ) me 3aBmcur OoT z. B »TOM ciydae QYHKOHA BEXOJ0B
paia—>W a(a) maoskectBa A B Y. IdnemenTH MHOKectB 4, X,Y
Ha3HBATOTCA COCTOAHUAMA, BXOJNHHMHA W BHXOJHHMHA CHTHAJIAMA
asToMata 4. Eciam dysrnus mepexofoB ompegeleHa [is BcexX
uap (@, z), TO aBTOMAT HA3HBAETCHA BIIOJNHE OIIPEIeTCeHHEIM,

ABToMar A Ha3HBaeTCA MHHNAAILHEIM, €CIH B HEM BHIeICHO
HAYalIbHO® COCTOSHUE.

Yepes ¢, o6o3maumM (9acTHIHOE) aBTOMaTHOe OTOGpasKeHHe,
HAIYGAPYEMOe COCTOAHEEM a aBToMarta. Kcinm 4 — mHEOUAIBHBIA
aBroMaTr, TO @4 — OTOOpa:KeHme, WHAYOUpPyeMoe HAYaJLHEIM
COCTO STHHEM. (P4 OTOKIECTBIAETCA C HOAMHOKECTBOM MHOKECTBA
Fx X Fy— upaMoro mpousBeleHUA ABYX CBOGOMHEIX HOJyIpyIH.
JieMeHTH O0TOGpPayKeHNA (4 CYTh IAPH CIOB OTMHAKOBOX [JIMHEL.
OroGpasrenme f: (X, Y1),- - «» (Xn s Yn )—=>(X15.0y Xn s Y10+ +» Yn ) TOTY-
rpynoit FxX Fy B monyrpyuny Fxxy sABIAeTca W30MopHHE3-
MOM, ¢ TOMOMIbI0 KOTOPOTO MOKHO OTOKNECTBHTh Fxxy € CO-
OTBETCTBYIOIMEH WOAmoIyTpynmoi moayrpymmst FxX Fy. Torma
BCAKOE aBTOMATHOE OTOOpasKeHMe MOKHO pacCMaTpHBaTh Kak
coourme B mapHoM aidasmTe X X Y.

ABTOMATH HA3HBAKTCA HKBUBAJEHTHHIMH, €CIH OHH HWHIYIH-
PYIOT OIHO W TO K€ 0TOOpasKeHue.

Mommuosxectso 4, — A masmBaercsa mogasromaroM X —Y -aBTo-
mata A, ecam A, X = {ax|a€A;, x6X} — A. JlwoGoe moxmHOIKE-
crBo A, = A cocroaamit asroMaTa A , MOPOsKKAaeT MOmaBTOMAar
A, = A,Fxasromata A. IlogasTomar A1 Ha3HBaerca IMOJABTOMa-
TOM, IOPOKAGHABIM MHOsKecTBoM A,. Ecim 4, coctouT m3 ogHOTO
COCTOSIHHA @, TO FOBOPAT, uTo A, IMOPOsKAEH cocTogHUeM a. Ecuu a
IPHHATH B KadyecTBe HAUAJLHOIO COCTOAHMA aBToMaTa A,, TO
moxyqauM (CBA3HHI) MHANUAALHEHI mogaBToMaT A;, TOPOKIEHHEIH
COCTOAHMEM a, U GymeM ero o603mauath aepes A,(a). OroGpaskenne
f: A, —> A, masmBaerca romomopdmamom X—Y-asromara Ai
B X—Y-aBroMar 4,, ecmn f(a,x) = (fa) x 1 Aa, (a,%)=Aa, (fa,x).
Ecim aBTOMATH HHANAATBHE, TPeOYETCH eIe PABeHCTB0 HaJaJbHBIX
cocroammit, I3oMop$uaM—sT0 B3amMHOOHO3HATHEL FOMOMOP(H3M.



MrunmanbHEE CBOGORHHA aBTOMAaT — 9TO cBoGOgHAsA IOdy-
rpynna Fxc egurnmed, Ha KOTOPOH (QYHKIOAA HepexXONoB Oupene-
JeHA KaK YMHOKEHHe CIOBa HA CHMBOI BXONHOIO aXgaBuTa T
cupaBa. HadallbHEM cOCTOAHWEM ABIAETCA ILYCTOE CIOBO €.

Beaxuil MHUNUANBHEY X-aBTOMAT eCThb IOMOMOpPQHEII oGpa3
¢BOOOZHOTO WHHUOHAJILHOI0 X-aBTOMATA.

CocTogHMA aBroMaTa HA3HBAIOTCS OSKBHBAICHTHHIMH, eCId
OHR HHAYOADPYIOT OJHO W TO ke OToOpasKeHHe.

ABTOMAT Ha3HBAeTCA NMPUBeXEHHEIM, €CJIN BCE €ro COCTOSHHSA
HOMAPHO HE YKBUBAJIEHTHHI.

1. Tackpernsie npeodpasoBaTenn

IIycts A — aBroMar Mminm ¢ BxonaEM aadasurom X m BRHXOA-
gEM andasuToM Y. Bygem cumrate, 9To B asToMaTe A 3admKCH-
pOBAHO HAYANHHOE COCTOAHME o W 3aKmoudTenvHoe a*. B aber-
PAKTHOH TEOPHH AaBTOMATOB BIeMEHTaM BXOJHOTO H BHIXO[HOTO
anpasura OGHYHO He IPHOUCHBAETCH HAKAKOTO CMHICIAa H OHH
paccMaTpEBAOTCA HPOCTO KAK DJIEMEHTH HEKOTODHIX abCTpakT-
HEIX MHOKeCTB. Ilpm MCIONB30BaHWM HOHATHA aBTOMATA A OMY-
CaHEA AaJITOPHTMAIECKHX HPOIECCOB HEOGXOAEMO HHTEDIPETHPO-
BATL €ro BXOMHHE M BHXOJHHE CHTHAJIK COOTBETCTBEHHO KaK
cHrHAJH O unepepabaThBaeMoii WHPODPMAUAUX H BHIIOJIHIEMEX
aJTOPATMOM BIeMEeHTADHHX peiicTBumAx. Ias sToro sadmkcu-
pyem MHO;kecTBO B, KoTopoe HasoBeM HMH(POPMANMOHHHIM. OJJe-
MeHTH ero — WHQOPMAUWOHHEE OGHERTH — HPEeACTABIAIT Iepe-
pabaTHBaeMy0 aaropurMoM madopMammio. HaskmoMy BHXOmHOMY
CHTHaNly y aBToMaTa A IOCTaBEM B COOTBETCTBHE HEKOTODOE,
Boo6me roBOpA, 9acTWIHOe npeoOpasoBamWe f, MHOMKecTBa B,
a HEeKOTODHIM BHIeMenTaM 6 MHOMkecTBa B — BXomHOH# cHrHAXI
x=p(b)6X aBromara A. Ecim sagano Takoe COOTBETCTBHO
MY BHXOMHHMHA CUrHAJaMu aBToMaTa A ¥ mpeoGpasoBaHUAMHE
MHOKecTBa B, a Takke MKy DIIEMEHTAMHU MHO;KecTBa B u BXOm-
HEIME CUTHaJaMu aBToMaTta A, GyJgeM roBOPHUTH, UTO 3afaHa UHMeEp-
npemayus BXOJHHX W BHXOTHEX CHTHAJIOB aBToMarta A.

ABTOMAT C 3aKIIOIATEILHKM COCTOAHEEM HA30BEM OuCKpem-
oM npeobpasosamerem UHPopMayuw, ecad INd HEro 3sagaHa
unaTepmperanua. Ilpm sToM GygeM TOBOPHTH, UTO AUCKPETHHH
npeoGpasoBaTenb geificrByer ma MHo:kecTBe B. IIpeoGpasoBanus f,
OymeM HaBSHIBATb JIeMEHMAPHLLMU  Onepamopami JACKPETHOTO
ipeo6pa3oBaTeNs.

Ecnu mMuosectBa X, Y, A KOHEUHH, MUCKPETHHA mpeoGpas3o-
BaTelh HA30BeM KOHEUHHM. HayKgeil OECKPEeTHHIH mpeoOpasoBa-
Teds mHGopMamumu A ompefeiser HeKoTOpoe mpeoOdpas3oBaHHe fa



MHOKecTBa B. 9T0 mpeoGpa3oBadye BHYHCASIETCA NyTeM IpPUMeHE-
HAA A K sineMeHTaM MHOkecTBa B. UToOH moay4wTh BsHadeHHe
fa(b), ry:xHO ycTaHOBHTH aBTOMAT A B HavajdbHOE COCTOAHHOE do.
(QyHKOHOHHPOBAHME aBTOMaTa HPOMCXOAUT B [UCKPETHOM Bpe-
Mend. IIpu 3TOM HIODPOKAAITCA MOCIHELOBATEABHOCTH Xi, Xg, - - -
Yir Yas + -+ 5 Qgy Q1. o5 byb1y. o, THE X3 = (bi—y), yi = Aa (@i—ys
Xi)y @i = @i X;, bj=biy;, by=b, i =1, 2,...

IlocnemoBaTenbHOCTH, TOPOKAAaEeMEE ABTOMATOM M OIHCH-
Balomue ero QyHKIUOHMPOBAHNE, MOTYT OHTh OECKOHOYHEIMH HJIN
00pHEBAThCA IOCHE KOHEYHOTo uymcia mmaros. Caeayer pasimuaTh
JiB6 IPHYMHE, IO KOTOPHM (YHKOUOHWpPOBAHWE aBTOMaTa OGPH-
Baerca. llepBag cocToMT B TOM, 9TO OmgHA W3 (QYHKOuil, ompene-
IAmMAX QYEKOUOHNPOBAHAE aBTOMaTa (QyHKOHWS mepexomoB WIN
BHIXO[[0B aBTOMaTa A, mpeoGpasoBaEHe f4 WIH QYHKOUA [L), HE
oIpefieleHa, a aBTOMAT B TOT MOMEHT He HAXONWTCA B 3aKII0UH-
TeIBHOM cocTosHAHR. Bropaa mpmumEa — aBTomMaT A momajaer
B 3ariaiogmrenpHoe cocrosiEme. (IlockoabKRy mocie mepexoma aBToO-
MaTa A B B3aRJIOYATEISHOE COCTOAHHE €ro (YHKIHOHAPOBAHEE
Ipexpamaercsa, OymeM CYATaTh, 4YTO (YHKOWS IEePeXOH0B AaBTO-
MaTa 4 [Oia 5TOro cocTosHEA He ompemereHa.) Ecam asroMar A
KOHYAEeT CBOI0 paboTy B 3aKJIIOYATENHHOM COCTOAHHME Y€pe3 7 IIa-
roB (a, = a*), To canTaem, 9To 3HaUeHUE fa () ompeseTeHO W PaBHO
mOCHefHEMY 3JeMeHTy b, mociemoBaTeldbHOCTH b, by, ..., b,
a AUCKPeTHHA mpeoOpa3oBaTelb MPUMEHNM K aiemeHTY b. Bo Bcex
OCTANbHHX ciydasax (Korma asroMaT (YHKOUOHEpPYeT GecKOHETHO
M OpeKpamaeT cBOI pafoTy He B 3aKIIOYATEIHHOM COCTOSHIUM)
3HaueHme fa(b) cumTaeM HeompeeleHHEM, a AUCKDPETHHI mpeol-
pasoBartenb A mempumenmMmeM K b. IIpeoOpasoBamme fa HasoBeM
onepamopom, npedcmasieHHuM 6 JucEpemHom npeobpasosamene A.
Ecnu sneMenTH MHOKecTBA B ABIAIOTCA KOHCTPYKTUBHHME 06BeK-
TaMH ¥ HHTepuperanusa (yHKNWIl IepexXo0B U BEIX0O[0B aBToMaTa A
3amaHa 5QQEeKTHBHO, TO IUCKPETHHIN mpeo6pasoBarenb A ompe-
JenseT paboTy HEKOTOPOro aJropuT™Ma, a omeparop fa — QYyHK-
LU0, BHYHUCIAEMYI0 DTHM AJTOPHETMOM.

OO6HYHO MHOKECTBO COCTOSHNH JHCKPeTHOro IpeoGpasoBa-
Tensas KoHesHo. OmHAKO A ageKBAaTHOTO OIHMCAHHA HEKOTOPHX
aITOPUTMAYECKAX CHCTEM IPUXOJUTCS DPACCMATPHBATh JUCKPET-
HHe mpeo6pasoBaTenn ¢ GeCKOHEUHHIM gucioM cocToanmit. Taras
CHTyallusi HMeeT MeCTO, HallpumMep, €CIH paccMaTpUBaTh aJro-
putmMmaeckune as3eikd THma AJIT'OJI, mcmonb3ylomme peKypPCUBHEE
obpamennsa K mpomenypaM. IlosTomy GyzeM HCHOJb30BAThH YCJIO-
BUe KOHEYHOCTH AUCKPETHOTO mpeoOpasoBaTels JuWIOb B TeX CIy-
gaAx, KOIJa 5TO OrpaHMYeHHe HeoOXommMo AIA (opMYIHDPOBKH
pesyabTaToB.



Opue m TOT 3Ke OIepaTop MOKeT GHTH MpeCcTaBIeH B Pa3iny-
HHX [JUACKPEeTHHX mpeoOpasoBaTensx. lloaroMy ecTecTBEHHO pac-
CMaTpHBaTh OKBUBAJEHTHOCTH [JHCKDETHHX IIpeoOpasoBaTesei
¢ OfHOIl W TOH Ke WHTepmperamumedl. A WMEHHO, IBA MACKPETHHX
mpeo6pasoBarenss A; m A4, ¢ OmHONX W To# ke HHTepHmperamumei
Ha3uBawTca (c1a60) HKBUBAJIEHTHHIME, €CIH

B HHX IpEACTAaBJIeH OOWH M TOT K€ OIepa- —— X
TOp, T. €. fa, = fa, |4 ::ﬂ

OyHKNIOENpPOBaHAE MUCKPETHOrO IIpe- N v
o6pasoBaTeliss B mpomecce BHYMCICHHAS QYH- puc. 1.
Koua f4 ymoOHO paccMaTpHBaTh KakK (QyHK-

OUOHHPOBaHWE ABYX aBTOMaToB A m B, coegmHeHHHX TaK, Kak
5T0 mMOKasaHo Ha pumc. 1.

JeiicTBHTENBHO, MHOKeCTBO B MOMKHO HPHHATH 3a aBTOMAT
Mypa ¢ Bxogaeim andasaToM Y H BHXOZHBIM aldasaTom X, €CIH
OIpeNIe AT ero (YHKIUIO IIePeX00B COOTHOmenmeM by = fy (b) @
B3ATh L B KadecTBe QYHKOWE BHX0f0B. Ecam asromar B ycTa-
HOBHTH B HA9aJbHOE COCTOSHEE b, TO CHCTeMa W3 JBYX aBTOMATOB
A m B mauHer (YyHKOUOHWpPOBaTH. KECIH B HEKOTODHIZ MOMEHT
BpeMeHE aBTOMaT A nepeiiler B 3aKINYATEIbHOE COCTOAHHE, TO
COCTOSTHEE aBTOMAaTa B B 3TOT jKeé MOMEHT BpPEMEHH OIpemeldT
snavenne ¢ymruum fa(b).

Aprtomar B 6yjeM HashBaTh OmepanmuoHHEIM. MHOrma B Ka-
YecTBE OIEepanmuoHHOro BMecTo aBTomMata Mypa ymoGmHo paccMma-
TpuBaTh aBTOoMaT Mumiam. B sTroM ciyduae mis mpaBmisHOro (yHK-
OUOHWPOBAHWA CXeMbl, M300pakeHHO# Ha puc. 1, AUCKpeTHHIH
upeo6GpasoBaTeds A moiykeH GrTh aBTomMaroM Mypa, a QyEKUmsa W
3aBHCUT HE TOJHKO OT BJIEMEHTOB MH(GOPMAIMOHHOIO MHOKECTBA,
HO W OT BHIXOJHBIX CHTHAJOB JUCKPETHOro mpeoGpasoBartens A.

2. TIpumeps! nueKpeTHHIX nMpeodpasoBaTenei

Paccmorpum Baskueilimme mpmMepsl JUCKPETHHX 1mpeoGpa-
30BaTejell, COOTBETCTBYIOIIAX DA3IWYHEIM AJNTOPUTMAIECKUM CH-
cTeMaM.

Mamnsaa TropuHra mnpemcTaBiseT co6ofl aJIrOPATMHIECKYIO
CTPYKTYDPY, QYHKIMOHHPOBAaHWE KOTOPOH HambojJee ecTeCTBEHHO
ONMCHIBAETCA € IIOMOIBI0 PACCMOTPEHHOU cXeMil. B poxm mgmck-
peTHOTO mIpeobpasoBarens A BHICTymaeT roJ0BKa Mammasl Thio-
puara. Poap Bxogmoro axdasmra X asromaTa A HUrpaer
BHYTPeHHUI aJ(aBHUT JEHTH MAIIWHEH THIOPHHATra, a B KadecTBe
CHTHAJIOB al¢aBHTa Y BHCTYHDAIOT mapH (a, m), Irje @ — CHMBOJI,
KOTOPHI TrOJIOBKA BalHWCHBaeT B aKTHBHYIO sAuYeliKy  JIeHTH,
a m = —1,0, +1 yxasoiBaeT HampaBieHWEe IBW;KEHAA TIOJOBKH.



AnemeETOM MHOKecTBa B saABIgerca JdeHTa MammHH Thiopmara
¢ 3aO0NHEHHHMHU MAYeHKaMHA W BHJEIeHHON AKTHBHON SYEHKOI,
MMEHHO TO¥, KOTOpYyI o0o3peBaer rodoBka. aTepmpeTanus BXOJ-
HHX M BHXOJHHX CHTHAJIOB aBTOMaTa A 3ajaeTcd ecTeCTBEHHHIM
ofpasoM, mcXofid H3 (YHKIHOHIPOBAHWA MAmMWHE TBIOPHHTA.

AHaJOrMYHO MOJKHO PACCMATDPWBATHL MHOTOJNEHTOYHBIE Ma-
muesl ThlopuHETA, a Takke MamuWHH THIOPHATA ¢ HEKOIHLKEMHI
roJIOBKAMH.

Hopwmansnbie aaropm¢msr MaproBa. Hopmamsmerit amro-
padm B andaBuTe Z 337a€TCH IOCIEHOBATEIHHOCTHI0 IIOACTAHO-
BOK D1—> {1, - + -y Pn—> {n. HeKOTODHeE H3 STHX HOACTAHOBOK OT-
MeUYeHH KaK 3aKI0YATeNbHbIe. AJropudM IPUMEHAETCS K CI0BAM
B angasure Z. JJIEeMEHTapPHHM [efcTBEEM alropudma ABIAETCH
IpHMeHeENe K DIepepabaTiBaeMOMY CJOBY IIePBOil IpHMEHIMOM
nojicTaHoBKM. Toumee, pesyabTaT OpHMeHeHWA ajaropmMa K
K CIOBY p Ha OJHOM IMare ecTb HOBOE CIOBO p’, B KOTOPOM IIE€DPBOE
BXOJKIEHUE p; 3aMeHeHo Ha ¢;. lIpm sToM B kKagecTBe i BHOHpa-
eTcA HaWMEHBIIEe YHCIO, HE IPEeBOCXO[AIee 1, IS KOTOPOro
BXOK[I€HNUEe CJI0BA p; B p cymecTByer. Keam HE ofHA W3 MOpCTaHO-
BOK adropmMa HeIpHEMeHEMAa, To p’ coBmagaer ¢ p. Kciam =Ha
HEKOTOpOM mare OHIa NpUMeHeHA OjHA W3 B3aRIIOYATENBHHIX
MOJICTAHOBOK, TO AIrOpH(M 3aKaHumBaeT cBow pabory. Ilpm Taxom
MOHAMAHAA OPONEcca BBIIOJIHEHUA HOPMAIBHOr0 ajropmgma Jro-
6oMy HOPMAJIBHOMY alropmMy COOTBETCTBYeT TUCKDETHHH Ipe-
00pa3oBaTesb C ABYMS COCTOAHUAME — HAYAABHEIM M 3aKJII0YN-
TeJABHEM (a0 T a*).

JileMeHTaME BXOTHOTO ajiI(aBHTa MTHCKPETHOro mpeoOpasoBaTe-
JIA CIYKaT cloBa B andaBuTe Z. BuxogHoit andaBAT COCTOUT M3
BCEBOBMOJKHHX HONCTAHOBOK BHAA p —> ¢, a4 HWHOPOPMAIHOHHOE
MHOJKECTBO — H3 CIOB B ajdasuTe Z.

IIpeoGpasoBamme f, ., COIOCTABIEHHO® C BEIXOJHBLIM CHI-
HalOM p — ¢, OCTaBJAeT HA MecTe Bce CJIOBa I, KOTOpHe He
coflepyKaT BXO)KJEHMI CJI0BAa p M KajKA0e CJIOBO BHEAa Ty pTa,
Tfle BHJEIEHHOE B 3aINCH BXO;KIEHHE CI0BA p ABJIAETCA IEPBHM
clleBa, IEePEBOJNUT B CJIOBO rygr,. DyHKIUE mepexomoB H BHIXOROB
JIACKPETHOTO mpeofpasoBaTels OHPeReIANTCA ciaexyiommM obpa-
soM. Ilycts a0 — magambHOe cocTogmme mpeobpasoBarens. Ecam
TepBas IOJCTAHOBKA, KOTOpPasg MPUMEHAMA K CJIOBY I', He ABIACTCA
BaKIIOYATEIBHON HJIM HHA OJHA N3 IIOJCTAHOBOK alropuma
K CIOBYy T HEODWMEHEMAa, TO dorf = do. B IpoTHBHOM clydae
ag = a*. Ecin mepBas mopcramoBKa, KOTOpas IpHMEHAMA K T,
ecTh p —> ¢, 10 A (@,,r) = p — ¢q. Ecam HA ofHa M3 HMOJCTAHOBOK
axropudMa HempHMeHHMaA, TO A (@,,7) = e —> e (e — IyCTOe CJIO0BO
8 andasmre Z). DyHKIEA P fmeficTByeT TOECTBEHHHM 00pasom.
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PaccmorpenaOe COOTBETCTBHE MEXEY HOPMAIbLHEIME — aJI[Oe
pudMaMa B TACKPETHHMHE TPeoOpPa30BATENAMHA IPHBOTUT K GECKO-
HEYHHM BXOJHOMY K BHXOZHOMY ajjaBHTaM NUCKPETHOrO IIpeob-
pasoparens. Hasknmelit guckperHuiit mpeo6pasoBaTeih, COOTBETCT-
BYIOIHA HEKOTOPOMY HODMANbHOMY a&JIropuMy, MCIOIH3yeT
TOJIBKO KOHETHOE YACIO BHXOMHEIX CHTCHAJIOB, II0DTOMY €ro BHIXOI-
HOil alaBAT MOIKHO CY3UTH [0 KoHeuHoro axdasdara. AmaiIo-
THYHO MOKHO GBLIO G OTPAHAYMTH W BXOOHOHA ajijaBUT, COMOCTAB-
IOAdg ero DJIEeMeHTaM pasIHYHbe IIOJMHOKECTBA MHOJKECTBA IIOJ-
cTaHOBOK airopudma. B srom ciayuae QyHRIMUA P comOCTaBIAET
RaKIOMY CJIOBY I' CHAMBOJ BXOIHOIO al(aBuUTa, COOTBETCTBYIOIMHMI
MHOKECTBY IO[CTAHOBOK, HIPUMEHUMEIX K CJIOBY 7.

Jpyrae cmoco6s mOCTpOEHHAS THECKPETHOTO IpeobpasoBaTelsd,
COOTBETCTBYIOINETO MAHHOMY HODMAJbHOMY alTOpPEQMYy, MOKHO
TMONYYATH, PacWIeHdAs OJWH mar paforTsl axropadma Ha (olee
9JIeMeHTApHEe HIari.

T'pad-cxemst Haxy:kHnHa u J0rmUecKre cXeMBI AJATOPUTMOB.
T'pag-cxemn Kany:xkumma mpejcrasisior co00it OpHEHTAPOBAHHEE
rpadsl cmem@asInHOro BHAA. B kaskaoM rpade BHIENAIOTCA [JBa
yslla — BXOQHOH H BEIXOJHOH. A BCe OCTAlXbHEE Y3JH JEAATCA
Ha JBa KJIacca: Yy3IH-PACIO3HABATENH W Y3IH-IPeo0pasoBaTeNm.
N3 Bxogmoro ysia, a Tak:ke H3 y3JI0B-peo6pasoBaTeieil HCXOTHUT
B TOYHOCTH OfHA cTpenka. M3 Kaikgoro ysiIa-pacmo3HaBaTels
ICXO0/AT IBe CTPEIKI, OTMEUCHHEE 3HAKAMA «-», «—». 113 BHXOA-
HOTO y3la CTPGJIRY He mcxXondaT. Hakomem, ysiraM-mpeoGpasoBa-
TEJIsIM IOCTABIEHH B COOTBOTCTBHE CHMBOJIE 0IIEPATOPOB, a y3ldaM-
pacIo3HaBaTeNsAM — CHMBOJE IIPEIHKATOB.

Onma m Ta ke rpad-cxema [OIyCKaeT pasiiHYHEIe HHTEpHpe-
TallMH, KaKAag H3 KOTOPHIX COCTOMT B TOM, 4TO CHMBOJIAM oOIle-
pPaToOpOB COHOCTaBIAIOTCA IPe00pPAa30BaHUA HEKOTOPOTO MHOjKE-
ctBa B, a cHMBOIaM NIPEIHKATOB — IpeJHKATH, B3afaHHEE Ha
MHOKecTBe B. Pa6ory murepmperapoBammoil rpad-cXeMHl JIydime
BCETO OOBACHUTH, COMOCTABIAA €H COOTBETCTBYIOI[UA THCKDET-
HHIi Ipeobpasosarens mudopManuu. Bor mpumep.

Bxopmoit andasur pmckpermoro mpeoGpasoBarels, COOTBET-
CTBYIOINEro 3aflaHmioil rpad-cXemMe, COCTOHT H3 [BYX CHMBOJIOB
0 m 1, a BEIXOZHOI COJEp;KAT CAMBOJEL OIepaTOPOB H IPETUKATOB,
BCTpeJalomuecss B rpag-cxeme. J[lACKpermbiii mpeobpasoBaTens
A — aro aBromar Mypa, COCTOSHUAME KOTOPOTO ABIAIOTCA BCE-
y3au rpad-cXeMsl, 3a HCKiIOYenneM Bxoxnoro. Havanpmoe cocrosi-
mme aBToMaTa A — BTO TOT y3el, B KOTOPHI BemeT efHHCTBEHHAST
CTPEJIKa, BHXOJAMAA U3 BXOIHOTO y3JIa, JaKIIIUTENIbHOE COCTOA-
HEHE — 3T0 BHXOAgHOI y3eil. Dynxuumsa mepexooB OIpPeeIsIeTcs
caenyiomuM of6pasoM. Ecim a — rakoit ysex-mpeoGpasoBarels,
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4TO eIWHCTBEHHAA MCXOQAIAA M3 HETO CTPeJKa BefieT K a’, Torma
ax =a’ (z =0,1). Ecinm xe a — ysen-pacmosmaBaTelb, IpHIEM
CTpeJKa, OTMedeHHAd 3HAKOM «-}-», BeeT B a”, a CTpeIKa, OTMe-
4eHHas 3HAKOM «—», — B a”, 10 a0 = a”, al =a’. Oyurmus
BHXO/I0B [UCKDETHOIO IIPeo0pasoBaTelss KajKIoMy Y31y CTaBHT
B COOTBETCTBHE TOT CHMBOJ (0ImepaTopa HWIW IIpeJUKaTa), KOTODHM
3T0T ysel otMeuen. OmepanmoHHEIX aBTOMAT B, ompepenamwommi
HHTEpIpEeTanuI0 ANCKPETHOro Ipeo6pasoBaTelds, COOTBETCTBYIO-
mero rpag-cxeme, yI0GHO ompeneauTh Kak aBTomaT Mmirm. Dymk-
AT IepeXof0B STOT0 aBTOMATA OMPEAeNAeTCs TaK, YTO CHMBOJH
OIIepaTOpPOB AEACTBYIOT KaK COOTBETCTBYIOMME MM mpeobpasoBanns,
a CHMBOJIH pPacmo3HaBaTeleil — KaK TOKIECTBEHHOe IIpeohpasoBa-
une. EciIm omepanmmoHHBIA aBTOMAT HAXOJUTCSH B COCTOSHUU b m
Ha ero BXOJ IOJaH CAMBOJ IIPEIHKATa ¥y, TO BEIXOZOM OIeparNmoH-
HOTO aBTOMAaTa HBJIAETCA €AUHWIIA WINM HYJIh B 3aBHECHMOCTH OT
TOTO, BHIIOIHAETCA WX HET YCJIOBUE, KOTOPHIM WHTEPIPETHPYeTCH
IpeguKaT y Ha diIeMenTe b. B HEeKOTODHX CAYyYagX AUCKPETHHIH
npeo0pasoBaTelb, COOTBETCTBYOmMMIA rpad-cxeme, yao0HO CTPOUTH
mo-gpyromy. llyers py, ..., pn — CHMBOJNH BCEX IIPETUKATOB,
KOTOpHE BCTpeyaroTcsa B rpad-cxeme. B KauecTBe sIeMeHTOB ajda-
BaTa X [UCKpETHOTO mmpeofpasoBaTelds OygeM DpacCMaTpUBaTh
BCEBOBMOKHBIE HAOODH 2z = (¢4, ..., O, BSHAUeHHH yCJIOBHI,
COOTBETCTBYIOIINX IPEJUKATaM pi, . . ., Pn, 4 B KadeCTBe BHIXO[-
HOTO aJ(aBATA BEIGEPEM MHOKECTBO CHMBOJIOB OIEPAaTOPOB, MOIMOI-
HEeHHOe HOBHIM CHWMBOJOM €, HIDAIOIEM pOJbL TOMIECTBEHHOTO
omepatropa. MHOKecTBO COCTOAHNI, HAYATbHOS W 3aKIYHATENb-
HOe COCTOSHUA OIpenelddIOTCA TaK jKe, KaK M B IpefeayIneM
cryuae. OmnpeneanM ¢QYHKOWHE mepexonoB ® BhXomoB. Ilyers
z = (0, - - -, Oy) — HEKOTOPHIH BXOgHOHX cHmraajl. Ecam a —
y3eI-Tpeo6pa3oBarelb, KOTODHIH COEIWHEH CTPEIKOll ¢ y3lom a’
I OTMeYeH CHMBOJIOM omepaTopa ¥y, To ax =a’, a A (a,z) =y.
ITycts Temeps a — y3elI-pacmo3HABATENb, OTMEYEHHHH CHMBO-
aom mpegmrara p;(1 << i<Cn), KoTophil coeJWHEH CTPEIKOI,
OTMEYCeHHOH 3HAKOM «-}-», ¢ y3ioM a’, a CTPENKOH, OTMEUeHHOH
3HAKOM «—», — C y3aoM a”.

Torma axr —=a/, ecin' o; =1 m ar =a”, ecam a; =0,
A (a,2) = e. OnmepanuonHbii aBToMaT B IpH TaKOd MHTepIpeTa-
oud ompeseiserca Kak aBromaT Mypa, ¢yHKIUA BBEIX0J0B KOTO-
POTO | CTABAT B COOTBEICTBHE BIEMEHTY b CATHAN T = (Ql1, - + +,0n),
rIe co; paBHSETCA eWHWIle WJIN HYJII B 3aBHCAMOCTH OT TOrO,
BHIIOJTHEHO W HeT ycaosme p; (1< i < n) Ha smemente b, Dynk-
nmus mepexomoB B ompenenserca wepes HHTEPIPETANHI0 CHMBOJIOB
OIepaTopoB W YCJIOBHEM TOT0, WTO & OIpefelder TOMKIECTBEHHOE
npeofpasoBanme MHO;KecTBa B B cebs.
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Herpyn=o BHETh, 9TO HE3ABHCEMO OT TOr0, KAKEM M3 JBYX
BHIIIE NPHBEJEHHEIX CIOCOGOB COIOCTAaBIAETCA NHUCKPETHEHIH Iipe-
o6pasoBarens rpad-cxeme, QyHKNUA, BHYHCIZEMAsd IUCKPETHHIM
npeoGpasoBaTeneM, Gymer omHO# W TOH sKe.

Jloraueckue ¢cxXeMbl aJrOPATMOB, II0 CYIIECTBY, OYeHEL GIA3KEA
K rpad-cXeMaM W OTIAYAIOTCA OT HAX B OCHOBHOM JIHMHeHHOH ¢op-
MOil IpEeACTaBJEHHSA B3aIlHCH.

MporpaMmer B anropaTMudecknx asbikax. Ilomatme mucrper-
HOTO IpeobpasoBaTelda HAGOPMANHUE MOYKHO WCIOJIH30BATH KAaK
CPEICTBO I TOYHOTO ONHCAHHA CEMAaHTHKH AJTODPUTMHIECKHX
A3HKOB. B 5TOM ciyuyae B KaYecTBE COCTOAHHWH OIEPAMUOHHOTO
aBTOMaTa OORYHO MCIOIH3YIOTCA COBOKYIHOCTH 3HAYGHHA Iepe-
MEHHHX, KOTODHE MEHAIOTCA B IpoHecce paGoOTH IIPOTpPaMMEL
B AJITOPATMHYECKOM s3HiKe., (DyHKIHM mEepexXooB M BHXOJIOB
OIEPAMHAOHHOr0 aBTOMATa OIPENENAIOTCH CeMAHTHKOH BHIpayKeHHH
H OIepaTopoB A3EIKA, a4 CaM AUCKPETHH mpeo6pasoBaTelb CTIPO-
WTCA TAKAM 00pa3oM, 94TO €T0 COCTOSHUA COOTBETCTBYIOT pasimi-
HEIM BXOMICHHAM OIEPaTOpOB s3kKa B mporpammy. Iloctpoemme
QyHKROMH TepexofioB W BHXOLOB JIHCKPETHOTO IIpeofGpasoBaTend
BHIOOJHACTCSA AHAJOTAYHO TOMY, KaK O5TO felaercsa s rpad-
cxeM anroputmoB. McenonszoBande B asmikax Tuma AJIT'OJI raxumx
cpeacTs, Kak 0mo9HAs CTPYKTYDPA, IPABOAUT K HEKOTOPOMY YCJIO3K-
HEHOIO IOHATHS HAGOPMANMIOHHOTO MHOKECTBA, a BO3MOKHOCTb
PpexypcEBHOro of6pameHHsA K IIPOmeAype NPHBOJAT K PACCMOTpe-
HUIO JUCKPETHHIX IpeofpasoBaTeneil ¢ GECKOHEIHEIM YHCIOM CO-
CTOAHM, Y KOTOPHX IIaMATh OpragmaoBama mo Tamy push-down.

BrorancagrensHble MANIKHLL M IECKPETHLIE Npeo0pa3oBaTelu.
IlonsaTre «TUCKPETHHH IIpeolpa3oBaTeNsy 04eHb YAOOHO IpPH OIH-
CaHHH pAasIAYHHEX IIPOMECCOB mepepaGoTKA HWHOOpPMAMHHA, IpO-
HCXOOAMMUX B BHYUCIATEIRHOX mamuae. Hanpmmep, gacTh yer-
poficTBa yIpAaBJEHHA, PEATUIYOIMAS MAKPOIPOrPAMMY BEIIOIHE-
HES HEKOTOPOH OIEpAnHmE (CKajKeM, YMHO)KEHUA [BYX 4HCEN),
MOJKHO PAacCMATpHBATH KAaK JUCKDPETHHIH mpeoGpasoBaTens WHPOP-
Malnuu, KOTODHU fefiCTByeP Ha MHOKeCTBE COCTOSHWH apudMerH-
YeCKOr0 YCTpOHCTBA. SaKIIOYATENLHEIM COCTOSHHEM ABJIAETCA TO,
B KOTOpOE IepexoguT YCTPOMCTBO YIPaBIAEHHA IIOCAe OKOHIAHMA
BHIIOJHEHNS OIepaIyu.,

B mpomecce BHIONHEHWs HEKOTOPHIX CIOKHBIX ONepamuit
YCTPOMCTBO YIPABIEHUs MOKET OCYINECTBIATH OOpamjenme K 3a-
IIOMAHAIOMEMY YCTPOMCTBY H [PYIEM BHENIHAM YCTPOMCTBAM
MamuER. B 9TOM ciayduae COCTOSIHHO OIEPANAOHHOrO AaBTOMATa
JO/KHO BKJIIOYATH B ce0f COCTOAHMA HEKOTOPHX gYeeK IIaMATH,
opoOHBKE Ha NepoKaprax, YCTAHOBIGHHHX Ha BBOJHHX YCTPOi-
cTBax, W T. A. Ecim paceMaTpmBaTh mpomecc BHIIOIHEHHS IpPO-
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TPpaMM B HelIOM, TO B KadecTBe JUCKDPETHOr0 IpeofpaszoBaTelst
MOJKHO BEIIEIHTh BCEe YCTDOMCTBO YIPABICHWs W Jajke BECh IEHT-
PaNBHHIE Ipomeccop BHYHCAHTeNbHON Mamuam. CocrogHEe ore-
PanEOHHOr0 yCTPOHCTBA B HTOM CIydae XapaKTepPU3yeT COCTOAHHA
3arlOMAHAIOMYX, BBOJHEIX W BHIBOAHHX YCTPOHCTB, ¢ KOTOPHIMH
paboTaeT mEHTPANBLHHI HOPOMECCOP. SAKIIOUNTENHHOE COCTOSHIE
COOTBETCTBYeT COCTOSHUIO IEHTPAJHHOTO MpOIMeccopa, B KOTOPOM
BHIIOTHEHA KOMAHAA OCTAHOBKH MAIIHHEL.

Ilomryuaercss HECKONHKO HHAA KAPTAHA, €CIH B KadecTBe
AUCKPETHOr0 HpeoGpasoBaTeld paccMATPHBATH MPOrPaMMy BHYHC-
IUTeJbHON MAINWHH, a B KauyecTBe COCTOAHAN OmepamdoOHHOIO
yCTpoiicTBA — COCTOSHAA TOH 9YACTH IAMATH, HAa KOTOPYI0 BO3-
mefcTByeT oTa mporpamma. B oTiimyme OT IepBOrO CIy4as 3[ech
B KAUecTBE DIEMEHTAPHHIX [EeHCTBUI BHCTYHAIT MAaKpOOIEepalnn
BHYHMCIATEIHFHON MaIMWHEI, 4 He MHAKPOOIepaluM.

B pa6ote [3] mogpo6uo mpoaHaiu3MpOBAHK THIE OEPAI[AOH-
HEIX aBTOMATOB, BO3HAKAIOIIAE IPH ONNCAHUA B TEPMUHAX HUCKpET-
HHX OpeoOpa3oBareieil YCTPOHCTB BRYACIATENbHONK Mamanksl, [Ipn
STOM O0Ka3aJoCh, 9TO ONEPANMOHHOE YCTPOHCTBO BHYUCIHTEILHOI
MallAHH yA00HO paccMaTpUBaTh KaK 0ECKOHEYHHIA aBTOMAT CIie-
OHAJILHOTO BUIA.

3. CmereMs! aNrOpHTMHYECKAX aaredp

Ilomarme pucKperHoro mpeoGpasoBarens — yao0HO® Cpe-

CTBO NI ONHCAHWA Npomecca BHIOJIHeHUA aixropurma. Hemo-
CPeNCTBeHHAS CBABHL NUCKPETHOrO IPeoGpasoBaTels ¢ ero BO3MOMK-
HOH peaju3anfeil TeXHAYECKAMH HWJIH IPOIPAMMHHEMH CPEXCTBAMMH
03B0oIgeT GOpMYAHPOBATH PA3IHIHEE KPUTEDHHE M ONTAMEA3AIIOH-
HEe 3aJa9d, KOTOPHe MOJKHO pPeIIaTh, BHIIOJHAS SKBHBAJEHTHEHE
npeoGpasoBaHAs [AHCKpeTHOro mpeob6pasoBarens. OpgHako ueMm
ciafee MCHONb3yeMasd OKBWBAJIEHTHOCTH, TéM TDYAHEE HAXONHTH
OKBUBAJIeHTHHE IpeoGpasoBaHAs ¥ BHOOIHATH uX. Jus Toro,
9106k PasBHTh TEXHAKY NMPOBENEHUA JOCTATOYHO TNIyOOKHX Ipeol-
pasoBanmit, B pa6ore [4] 6mT mocTpoeH cuenmUATHHEE amreGpan-
YecKHH anmmapar W OCOOHH A3HIK JJa 3allMCH OINepaTopos, peaH-
3yeMHX JHCKpPeTHHME ImpeoGpasoBaTexsmu B aaroputMaMu. OcHo-
BOM [JIg TaKUX IOCTPOEHHUI ABIACTCA HMOHATHE O CUCMEME a.a20-
pummuseckur aazebp.
‘ JTa cmcTeMa cocTOMT mM3 ABYX axrebp 9 m B, HasEHBaeMHX
aixre6podi omepaTopoB W aXre4poil YCIAOBHH  COOTBETCTBEHHO
(8 pa6ore [4] BMecTo TepMuHa ¢cECTEMA aJTOPHTMHYECKHX aareSp»
HECIOJIb30BAaH TEPMAH nApa MUKDPONPOZPAMMHUL aizelp).
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DaemerTaMu anre6pH U ABMAITCA YAaCTUYHEE mpeobpasoBa-
gug TEGOPMANHOHHOT0 MHO3ecTBa B, HasnBaeMHe OmepaToOpaMu,
DIIeMEeHTAaMHE alre6ps B — YacTHIHEE NPEIAKATH, OIpeNeleHHEe
Ea MHOKecTBe B.

KpoMe 0GHYHOH omepanm@ YMHOKEHHsA OTOODAKEHHH s
Rasgmoro ycloBua P m3 B B anre6pe ¥ ompe/eNANICA eme gBe
omepanud, HasHBaeMble [B-IH3BIOHKOUell m P-mrepammeii omepa-
TopoB. PesyuapTraTtoM f-mU3BIOHRIAH (BPV Q) nmByx omeparo-

pos P u Q amusercs omepartop R, Takoit, uro gna mioGoro co-
crogaua b€ B, bR =0bP, ecntm ycioBme [ HCTHHHO Ha COCTOS-
gma b, bR = bQ, ecam P (b) mosxmo, m, HakoHem, omepatop R
cumTaeTcs HEOIpeHeleHHHIM Ha cocTosHmZ b, ecam P (b) He ompe-
neneno Pesympratom f-mrepammm {P} omepatopa P saBugerca

omepatop R, Takoif, gto pgua awo6oro PEB, bR mnpuEmMaerca
paBHEIM IIEPBOMY U3 COCTOsHMII psama b, bP, (bP) P = bP?, bP3, ...
. . ., AJIs KOTOPOTO HCTHHHO ycjaoBue . Ecam :Ke TaKOro COCTOAHEA
B YKAa3aHHOM DAAY HE OKAKETICs, TO PesyIbTaT NPHMeHEHHA OIe-~
patopa R X cocTOoAHHIO b cumTaercs HEOIpeaeleHHBIM.

Onepanumamu B alrefpe yciIoBmit P cIy:RaT AH3BIOHKIAA,
KOHBIOHKINsA, OTPHIaHWe W (JIeBoe) YMHOKeHHE Ha OHepaTOpsL
m3 ¥ . /[n1sa mepBHIX Tpex omepanmil MOSICHEHWsS TPEOYIOT TOMBKO
Te CHTYaIWW, KOTJA HAPANY ¢ OOHYHLIME 3HAYCHHAMH YCJIOBHM H,
I BCTPeUAeTCs HeolpefeleHHoe sHadeHme H. IIpasmima BEIONIHE-
HUS ONePAIUi JAIOTCA B 9TOM CIyduae CICNYIOHUMA COOTHOINCHAA-
Mai: u A\H=0H/A\H=H a/A\H=HAJX=a H/AH=H,
n\/H=80\/ n=uw,a\/H =H\/a =H,B\/H =H, [H=H

Ecmm P — npomsBonbHHIN omepaTop anreGps, ¥, f — mpo-
M3BOJBHOE yciosme m3 B ,a bEB, To pesynpraT yMHO;eHHA PP
€cTh ycIOBHe Yy, HCTHHHOE WM JIO;KHOE Ha COCTOSHEM b, B 3aBH-
CHMOCTH OT TOr0, UCTHHHO WM JO;KHO yCJoBHEe [ Ha COCTOSHHM
¢ = bP. Ecnum e mociegHee COCTOAHWE HE OIpPEAETIeHO HIH He-
ompejie;IeHHEIM Ha HEM ABIAETCA yCJIOBHE Yy, TO pPe3ylabraT IpH-
MEHeHNOs ycIoBHA K cocTogHEI b (1. e. y (b)) Taisxe cumTaercs
HeonmpefieneHEEM. Ecam B anrefpe omepaTopoB H aireGpe ycio-
BHl 8aMKCHPOBATE HEKOTODHE CHCTeMH ofpasyomux (6asuCHHE
OHepaTopsl W (Ga3WCHEE YCIOBHA), TO BJIEMEHTH KayKI0il M3 JTHX
anre6p MOKHO 3aJjaBaTh BHIPAKEHHAMH, COCTABICHHEIMH M3 00-
Pa3yIOIEX W omepamnuii cucTeMH aaroparMmdeckux anrefp. Taxme
BHIDQKEHHA (ymeM HA3HBATDH pecyaapHbIMU.

Oycrs A — KoHewHEI UCKpETHEHI IIPeofpasoBaTeNb, AEHCT-
Bylomuii Ha MHO;kectBe B. ComocraBmM eMy mapy ajropuTMmye-
Ckux aare6p (¥, B)caepyomumM o6pasoM: B KauecTBe (GasWCHEIX
OLIePaTOpOB BO3BMEM dIeMeHTApDHEE OIEePaTopH IIpeofpasoBa-
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Telin A, KOKIOMY siIeMeHTY z€X  IOCTaBEM B COOTBETCTBHE
yeaosue W (b) =2z m OyneM CUHTaTH 3TH yCJIAOBHA G(a3HCHEIMH.
Jas mpocToTH GasHCHEE ONEPATOPH. 0GO3HAYHM COOTBETCTBYIO-
MEMHA CHMBOJAMH aldasBura Y, a GasUCHHE YCIOBHS — CHMBO-
iamnm andasura X. Hpome Toro, ecim cpemm »ireMeHTapHEX OIepa-
TOPOB [UCKPETHOrO IpeodpasoBaTellss HET TO;KIEeCTBEHHOIO, IIPH-
COeqUHAM ero K ajlrefpe omepaTopoB W 0603HaYmM uepes €. BymeM
cUATaTh TaKKe, UTO ajreGpa OmepaTopOB COAEPRHT IIyCTOH (HHIIe
He onpejelIeHHHI) omepaTop, 0603HaYaeMu Yepes j, a asarebpa
YCIOBHA — TOR/IECTBEHHO-NCTHHHOE M TOKIECTBEHHO-IO0XKHOE yC-
noBme, o6osmagaemoe 1 maum 0 cooTBercTBEHHO.

Teopema 1. Beakull onepamop, npedcmasaennnll ¢ Ko-
HeurnoM Ouckpemnom npeobpasoceamese A, Mmoxmem 6Gumd 3sadan
PecYAAPHLIM BELDANCEHUEM 8 aazefpe Onepamopos, Coomeemcmeyio-
well amomy npeobpasosamenio.

IIycts A — KOHeYHHH AHUCKPETHHIN IpeoGpa3oBaTeih, KOTO-

puit mmeer n + 1 cocrosmue a;,as..., Apyy, IPUYEM a; — Ha-
9aJpHOE COCTOAHHE, A dpyq — 3AKIUATEIbHOE. BBemem o06osHa-
yenme: P; (i =1, ..., n) — omeparop, ImpefCTABICHHKHA B JAHMCK-

peTHOM TpeoGpasoBaTene A, ecim B Ka4eCTBe HAYAJILHOTO COCTOS-
HAA B3ATH g;. llepenymepyeM BCe CHMBOJH BHXOAHOTO aldaBmTa
Y= {y1, - . +» Ym} W paccMoTpEM CJIeLYIOmHMe OIepaToOpH M yCIO-

BHA:
a;=\ x (i, j=1,..., n+1),
ax=a]
Bin=V 2 i=t ot i k=1, . m),
l.(a x)—yk
u*(yx\/ V. . \/(ym\/ z)- -
Bijt 1,]2

JM3BIOHKIINI0 TyCTOTO YUCTA ycnomm CUATAEM TOKASCTBEHHO-
JIOKHBIM YCJIOBHEM. YCIOBHUE C.;; BHIIOJIHAETCHA, KOTKA JNCKPETHHI
npeo6pasoBarens IePeXOJAT U3 COCTOSAHHA @; B COCTOSHHAE &j,
a ycaosmde [;jx BHIOIHAETCs, KOT/la INCKPETHHI IipeobpasoBarels,
Tmepexojisi W3 COCTOAHUA @; B COCTOAHHE 4;, BHAAeT IIPH BTOM
caraan yp. HerpyaHo BmjeTh, 4TO TaK oIpefeleHHLEe YCIOBHA H
OIepaToOpH BHIPAKAIOTCA uepe3 Ga3WCHEE, T. €. ABIAIOTCA 3IEMeH-
TaMH CHCTEMH allOPATMHYECKHX ajredp.

Omeparopat Py, ..., P,, TIpepcraBleHAHe B AUCKPETHOM
npeoﬁpasona'rene, YIOBIETBOPAIOT COOTHOMECHHAM:

z — (Ptlplv 12P2v \/ (Pm n\/ (P1 nH\/ Q))

@4 232
=F; (Py, . --,Pn)(L=1,...,n),
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Eciz B 3THX COOTHOIICHHAX 3aMeHHTH OIepaTophl P; cuMBOJaMu
HepeMeHHBIX Y;, TO MO;KHO TOBODHThH O TOM, 4T0 Habop omepaTopos

P, .. .,P, ABIAeTCA peIIeHNeM CHCTeMbl YDaBHeHUH BU/A:

Yi =F; (Y1, ..., Y.) (i=1,..., n). (1)
Cumctema ypasuemmit (1), BooGmie roBOps, MOKeT HMeTh MHOTO
pemennii, OTHAKO MH IOKaskeM, 4t0 Py, . . ., P, ABIAETCA B HEKO-

TOPOM CMEICIe HAVMEHBIINM pemeHHEeM M OIPeesaerTcsa eJWHCT-
BeHHEIM 00pasoM. 3aTeM yKajKeM METOJ HAXOKIEHUS HAWMEHBIIETo
pemeHHusa, IPH KOTOPOM KOMIOHEHTH €r0 3afaloTca C II0 MOIIBIO
BHIpasKeHEH B axreGpe omepatopoB. Tem cameM TeopeMma Oyzmer
JIOKa3aHa,

Ha wuokecTBe 0mepaToOpoB BBEJEM OTHONIGHAE YACTHIHOTO
mopsgka, moxarag, 4ro P < @, ecam ( — mpojoJKeHHe ollepa-
ropa P. 910 oTHOmeHNe MOPSAAKA HEPEHOCHTCA HA n-KH oOIepa-

TopoB TaK, uro (Py, ..., P,) < (Qy,..., Q,) 7TOTHA H TOIBKO
rorga, worma P; <L Q;i(i=1,..., n).

PaccmorpuM  mocienosaTenbHOCTH HAGOpPOB  0IepaTOpOB
(Y(ik))i=1,,,,,n; k=12,.,, Dojarasg, dIO Y?) =F, (J,..., @) =

=(Pi,n+1V D), y#EH—F, (Y(f),... ,Yf,k)). Hetpynuo Bumets, 910 Y(ik)<
*i,n+1

<Y ; ®*tD 1. 6. mocTpOEHHA IOCIEOBATENHHOCTD ABISACTCA BO3PAC-
raromeii. 1losToMy MOKHO IOCTPOXTH HpeJlebHE T Ha00p 0IepaTopoB
Y, camtas, 910 Y: (b) ompefeneHo TOTHA M TOJXBKO TOTHA, €CIH
cymecTByeT Takoe k, 4TO Y(ik)(b) OoIpefileIeH0, IpUIeM B 9ITOM
cayuae Yy (b) = Y(,-k) (b).1loramxem, uTo Y, =P;. 910 noka-
34TeJIHCTBO TPOBOJMATCA IIyTeM [OKA3aTeNhCTBA WHAYKNWeH mo k&
CIEYIOMEero IpeiIosKeHus: Y(ik)(b) OIpeJeIeH0 TOTA H TONBKO
ToTAa, Korja cymectsyer ! < k Ttakoe, uro P;(b) ompepemxeno
7 pesyiahbTaT MOJYYaeTcsa 3a ! maroB paboThl AUCKpPETHOTO mpeoG-
pazoBaTensas A W3 HAYANBHOTO COCTOAHES a; Hpome Toro,
ecim Y™ (b) ompemenemo, 1o Y™ (b) =P; ().

TaxknMm o6pasowm, (Y:m )i=1, ..,n ABJIAETCA pemeHAeM CH-
cremu ypasmenmii (1). Boswnme toro, (Yf)i=1, ...,n — HaOMEHb-
mee pemeHme CHCTeMH. JTOT (AKT JerKo IpoBepsaeTcAa IyTeM
NIPOBeJIeHAA UHAYKIWCH 0 & JoKa3aTeahCTBa TOT0, YTO I JI060TO

pemenna (Z;);—s, .. n cEcTemMsr (1) Y§k)<Zi.
IToxaskem Temepsh, KaX HAXOAATH HAHMEHBIIEE POINEHWE CHACTE-

Me (1). Just storo gocTaToOYHO HAYUMTHCA HAXOAUTH HANMEHBIIEE

pellenme OJHOTO YPABHEHWSA C OJHAM HEM3BECTHHIM BHJA

Y = (PY \/ Q).

a

17



910 ypasHenme ynobmee paccMaTpHBATH B BHJIE

Y = (anPY)’

K KOTOPOMY OHO JeTKO IPHBOJWUTCA NPHMEHEHHEM COOTHOIICHMS
(P\/Q)=(QV P). HamvenpmuM pemeHHEM 3TOro Y paBHeHHA
o @

asnsgerca omeparop Y = {P}(Q. [eficTBUTeONHHO, IO cTaBasad Y
B ypaBHeHHe, HoiydaeMmM ¢
{PrQ=(QV P{P}Q)=(e\/ P{P})Q ={P}Q.
[lycrs Z — moGoe Apyroe pemenue sToro ypabHeHus. Ilokaskem,
aro Y < Z. Ilyets Y (b) ompepneneno, TOrfia CyImecTByeT TaKoe 7,
uyro o (P*(b)) =1 m Y(b) = Q(P(b)). llpumenss n pas coormo-
menne Z = (Q\/ PZ), momywmm, uro Z=(Q\VP (Q\/...\/
a a o

VPQRVPZ.)=QV POV ...V (PrQ\ Pr+iZ). ),
.4 a Pa p:
orxyna Z (b) = Q (27 (b)).

[lpumensas DodydeHHHH pe3yIAbTAT K CHCTEME YpaBHOHHI,
HaMMeHbIIee PeIeHne CHCTeMEl MOKHO HaXOIUTh IIOCIeI0BaTeIHHO,
MCKJII0YAsA HemsBecTHEe W3 ypasHenmit. CymecTseHHO, uwTo mpm
ACKJII0UeHNN TePeMEeHHHIX ypaBHEHHA BCErJia MOryT GHTh IpuBe-
JIeHH C IOMOMBI0 COOTHONIEHUHA B ajre6pe omepaTopoB K HCXOMHOMN
numeitnoit popme, T. e. K BAAY Y = (501Yi \VJ (BQzYz\/..._\/ (Ont1\V/

1 2 n 1
V @)...)). HeficTBETeXbHO, €CIM ypaBHeHHe Y; = F; (Y:ll-, N
...,Y ) He COJIep;KAT B IpaBoii uacTH Y ; (5T0 MOsKeT GBI Th B cirydae,
ecan Xospdumment upn Y; paBed () Wim ycioBme &;; = 0), 170 BEH-
passense F; TMOMCTAaBIASTCH BO BCe APYrHe YPABHEH MdA, M 3aTEM
OCYIIeCTBJIAeTCs IpUBEJleHAe DTUX ypaBHeHWA K JIWHe HHO dopme
IyTeM MPEMEHEHWS COOTHOIICHNM:

PQV R)=(PQ\ PR);
ﬁép\/Q)\/R)=(£s\/(g\/R))'

Ecam jxe mpasas wacTh ypaBHeHus Y; = F; COJEDKIT ITepeMeH-
Ayl Y; , T0 3T0 ypaBHeHWe mpuBomuTca K BEAY Y; = (Q\/ PY;)
a

W pemaeTcs OTHOCHTeIBHO Y ;. Haliennoe pemenue Mo/ICTABIACTCA
B OCTaNIbHHE ypasHenua. HerpyaHo BmmeTrs, 94TO U B BTOM Clydae
BCe IQIyIeHHHE YypaBHEHHSA NPHWBOJAATCA K JHHeHHOMY BHIY.

WnTepecao ormeruTs CBA3F TEOPHMH YpaBHeHHE B aurebpe
OTIepPaTOpOB € Teopuelt ypaBHeHumi B anredpe COOBITHH, KOTOpas
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paccmatpmBamack B paborax [1, 2]. 3pmecs BosHmKaer Bompoc
0 PemIeHnEm CHCTeMH HeJWHENHEIX anreGpandecKnxX ypasHeHMI
BHIA

Yi—‘—‘Fg(Yl,...,Yﬂ), i=1, 2,...

T DOCTPOEHNH TEOPHH, aHAIOTHYHON CBA3HBAWINEH KOHTEKCTHO=
cBoGo/iHble A3HIKA ¢ aBroMaTam# tHma push-down.

C TOUKE 3peHHs IPAaKTAYeCKOro IpAMeHEHHs IIPefCTaBIsAeT
nHTEpeC WCCIefOBaHWe KOHKPETHHX CHCTOM aJropPATMHYECKHX
anre0p, BOSHMKAIOMWX, HAIDEMED, IPDH IPOEKTHPOBAHAHN yCTPOM-
¢TBa YIPABIEHWS BHUUCIUTENbHON Mamman. OgHa U3 TaKAX
anre6p Oblma paceMorpena B pabore [4]. Haiimennsie B 5T0i anreGpe
COOTHOIIEHUsL IO3BOJIAIOT IIPOBOJATH JA0CTaTOUHO riaybokme (op-
MalXpHHE TpeolpasoBandA aJr0PATMOB, BCTPEUAMUXCHA B IPAK-
THKE TPOGKTAPOBAHUS BEYHMCINTONHHEIX MAITHH,

B rawectse mpmmepa B [4] Gelma paccmoTpeHa ciaeqylomas
3ajada.

CocToaHMAME OmEPAmHOHHOr0 aBTOMATa CIYKAT TPOHKH
HeJNHX HeOTpUIATeIhHHX dmcel. B xawecrse niemeHTapHHIX oOie-
PaTopoB BHIOWPAIOTCA CIELYIOMIHe:

Ov:(a, b, ¢) - (0, b, ¢); O2: (a, b, ¢) - (a, 0, ¢); Oz : (a, b, ¢) >
— (a, b, o).
DER (av b’ C) g (a’ a + b’ C); li: (d, b, C) g (2(1, b7 C);

ry:(a, b, ¢)—> (a, b, %c ): psli(a, b, 0)—> (a, b, c—1).

Npenmocneganii omepaTop r's OIpemelieH TOMBKO TOraa, KOTJa
uECTO0 ¢ UETHOe, a OIEpPATOpP P3 - — KOrJa WHCHO ¢ OTIHIHO OT
uyiasa. Yepes o3 0603HAYEM YCIOBME, HCTHHHOE HA COCTOAHHAX
suza (a, b, 0) W J0;KHOE HA BCEX OCTANLHKX COCTOAHWAX, a Yepes
P3 -—— ycaoBre, HCTHHHOE HA COCTOAHEAX BUa (&, b, 2¢) m J0:KkHO®
Ha BCeX IpPOYAX COCTOSHHAX,

O6osraunM wepe3 Q omeparop (a, b, ¢) — (0, ac, 0), BEYHC-
AA0WRH IpoW3BeeHNe ABYX 4YHCeN. HemocpemcTBeHEHEO W3 ompene-
JeHAsA YMHOMKEHHSA KaK IOCIe0BaTelhbHOI0 CHOMKEHHS JIerko
nojiygaercs ClIegyoImee perylsgpHoe BRIpajkenme JiJs omeparopa Q:

Q=0, { 5’12[’:71} 0,0;.

a3

C momompio cHCTeMH cooTHOmeHHmH aareGps ¥, yxasammoit B [4]
(3Ta cncTeMa BKIIOYAET COOTHOINEHMA sle1 = 11510, p,—32r3 = rap;‘
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¥ pAR APYTHX, HECKONBKO 0o0Jee CIOKHBIX), BHIHCAHHOE BHIpa-
JKeHme JIerKO mpeo0pasyercd B cllefylomee:

Q=0, { ( lVSnP?i) llra} 0,0;.

a3 By

JTO0 BHpa)KEHHe IIpeAcTaBiAeT cO6OH, KaK JIErKO IIOHATH,
XOpOMIO M3BECTHHIA aJArOPUTM IMO3BUIMOHHOIO YMHOKEHHUS B JBOMY-
HOIl cucTeMe cdmCIeHHsa. XOTA OH 3aNMCHBAETCA CIOKHEe, UeM
IePBOHAYAILHOE BHPAyKEHNe, OJHAKO HECPABHEHHO d(PeKTHBHEe
C TOYKHU 3peHmMA cKopocTu paGorel. Ha BeMuc/IeHAE NMPON3BEEHNST
ABYX dicel ¢ W ¢ 3aTpPaYyMBaeMoe IepBEHM AalTOPHETMOM YHCIO
maroB (MEKPOTaKTOB) MMeeT MOPAJOK ¢, a BIOPHM aIrOpHTMOM —
popagox [log,cl.

4, DKBHBAJEHTHOCTH JUCKPETHHIX IpeodpasoBaTeneii

Paccmorpenue cnaGofi 9KBHBAJEHTHOCTH NHCKPETHHX IIpe-
ofpasoBaTenell I03BOJAET NPOBOANTH, Hawboxee Triaybokme o
ToHKHE npeoGpasoBauma aaropmTMoB. OcoleHHo Goxpimoe 3Hade-
HME B 9TOH CBA3M HMEIT pa3BUTHE TeXHUKY nMpeo6pa3oBannil B ajro-
PUTMUMECKHX alrebpax ¥ MCIIOIH30BaHIE DTOIl TEXHHKE A HCCIe-
JI0BaHHA KOHKPETHHX QJITOPHTMOB C IENIbI0 IMOJTYYEHHS B HEKO-
TOpPOM CMHICIE HAMIYYMHNX peatlusanyii oTax aaropurmoB. Opmako
MOCTaHOBKA O0OmMHUX 3amad s [JOCTATOYHO NIHPOKHX KJIACCOB
JIICKPeTHHX mpeo0pasoBaTeleil, TAKAX, KaK HAXOKIEHNE TOIHO
CHCTEMBEl COOTHONICHWH ¥IW IOJYICHHE TOUYHHX ONTHMUSAMAOHHEIX
alrOPRTMOB, B paMrax cxafoili SKBHBAJIEATHOCTH BCTPEYAETCS
¢ CepbesHHIME TPYNHOCTAMHA. JTH TPYNHOCTH OHNpeNelATes ajro-
PUTMIYECKOH HepaspemmMOocTsI0 B 00meM Buae mpolaeMsl caaboi
ODKBHBAJIGHTHOCTH MAMCKPETHEIX IpeobpasoBareneil. llostomy wmmO-
I7la OKa3hlBaeTca Meleco00pasHEIM paccMaTpmBaTHL G(olee CHIIhb-
Ebie (OPMbI SKBHBAJEHTHOCTH.

Hapgeit pucKpeTawii mpeoGpasoBaTels HHPOpMamud Ipeq-
cTaBisger ¢o00il aBTOMAT, W HOSTOMY MOKHO paccMaTpuBaTh OTO-
Oparkenue, HHAYNIMpPYyeMOe BTHM aBTOMATOM, T. €. OTOOpaKeHme
MHOKECTBa ¢JIOB BO BXOMHOM aliaBUTE B MHO;KECTBO CJIOB B BHIXOJ-
HOM aldasure. Ecim mBa aBTOMara WHIYOUPYIOT OOJHO W TO jKe
oto0pasiedne, T, paccMaTpUBaeMiie KaK TUCKPETHEE ipeobpasoBa-
TeNI ¢ ONHOHN W TOif ke MATepIpeTamuel, O OYIyT SKBHBATIEHTHLI
B enabom cMbicle. Ecim ydecTs mpm 5TOM POJb 3aKJIIOYHTENBHOTO
COCTOAHHUS, IOJNydUM OIpefeleHme clIemylomel cHIbHOH ¢dOpME!
9K BUBAJIEHTHOCTH.
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OGosmauuM Uepes @, Cy;KeHHe OTOGparKeHMA (4, MHAYLH-
pyemoro aproMatoM A Ha MHO;KECTBO TeX CJOB, KOTODEIE IEpeBO-
AT A W3 HAUANBLHOIO COCTOAHASA B 3aKIIYHTENbHOE.

Iuckperasie mpeoGpasoBaTenu A1 u Az Ha3HBATCA CMpo20
IKBUBAICHMHBLMU, €CTH @) = @) .

OTMeTHM, 9TO HOHATHE CTPOroil 9KBHBAJIEHTHOCTA IHCKpET-
gHX TpeoGpasoBaTeleil He 3aBUCHT OT HHTepIpeTanuu, T. €. OT
OmepamMOHHOro apToMara. [[0aTOMY MOKHO IOBOPHTH O CTPOroOi
HKBHBAJEHTHOCTH AaBTOMATOB € B3aKJIOYHTEIbHHM COCTOSHHEM.
Crporas SKBHBAJEHTHOCTh JBYX aBTOMATOB C BaKIOYHTETbLHEIM
COCTOSTHHEM BJIeUeT uX ciAalyi0 9KBHBAJEHTHOCTh KAaK [MCKDPETHHX

Puc. 2.

npeoGpasoBaTeneit mpu Ji06oi nHTepuperaunu. Herpynno Bujers,
9TO MMeeT MeCTO TaK:Ke W OOpaTHOe yTBep:KmeHHMe. A HWMEHHO:
€CIH Ba aBTOMaTra ¢ 3aKJIIUMTEIbHHEM COCTOSHHEM CIaG0 DKBU-
BAJIEHTHH KaK [HCKpeTHHE IpeoGpasoBaTelm IpH 0G0 MHATEP-
TIpeTanyuy, OHH CTPOr0 SKBHMBAJEHTHH.

HeiicTBuTeapHO, MycTh aBTOMaTH A1 1 A2 c1a00 5KBHBAJICHTHEI
Ipu J1060i MHTePIpeTadH 1 (p"ftl (X1s coes Xn) = Y1y +eey Yn. To, uTO
OpH 9TOM M q);;2 (%1 ooy Xn) = Y1y +++» Yn, CHACAYET M3 IPUMEHEHHUS
aBToMaToB A1 1 A2 K COCTOSHWIO b OIepamuOHHOrO aBTOMATA,
rpad mepexofi0B KOTOPOTrO IpeACTaBIeH Ha pHC. 2.

Taxum oGpasom, cTporas SKBHUBAJIEHTHOCTh MUCKPETHHIX Ipe-
o6pasoBareieii OkashBaeTCsa camoil craGoit u3 Bcex (GOopM HKBH-
BaJIeHTHOCTel, KOTOpPHE He 3aBMCAT OT uHTepmperamuu. Crporyio
9KBHBAJIEHTHOCTH MOKHO HECKOJIBKO OCIalHTh, €CIH YIeCTh, YTO
npu paboTe AMCKPeTHOro mpeoGpa3oBaTels ¢ ONEePANHOHHKIM aBTO-
MaTOM IOCJeI0BATeIbHOCTA BXOMHHX ¥ BHXOTHHX CHIHAJOB,
KOTOPHIMH OHH O0MeHUBAIOTCH, HE MOTYT GHTH HPOM3BOJILHEIMU.
ITapy cmoB (p, ¢) HAzoBeM OMYCTHMOl [JA OIEPAUOHHOIO aBTO-
MaTa B, eclu cymiecTByeT AMCKpPeTHH IpeobpasoBatelpr A H
cocrosiEue b€ B Takme, uto @4 (9) = p, Pv (p) = ¢. OueBupnO,
910, eciu (p, q) — momycrumas mapa, To @ mapa (p’, q'), cocras-
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JIeHHAd M3 HAYAAbHHX OTPE3KOB CJIOB p W ¢ ONMHAKOBOM JJIMHEL,
Tarsme Oymer momycrumoii. O6osHaunMm wepes Pp MHOMKECTBO BCEX
ap, AOOYCTHMHEX [Jd aBTomMata B Jlisa sKBEBalleHTHOCTH ABYX
JUCKpPeTHHX mpeoGpasoBareneii A; m A, geiicTsylomux ®Ha B,
JlOCTATO4HO TpeGoBarTh, 9TOGH @, K (p:;’ OHIM ompefelleHE W
JlaBallm OMHAKOBLE 3HadeHHA JJIsf JIOO0ro CI0BA p, TAKOTO, UTO
* &
X0Ts GH OJJHA N3 Tap (p, P, (p)) n (p, P, (p)) ompepelieHa M fOmy-
cruma. B npyroit gopme 310 ycaoBue MOFKHO BHPA3HTh PaBEeHCTBOM

93, N Pp=19) N Ps. @

KOTOpOe MH H IIPEMeM B KAaUecTBe OmpeflelleHHsA OmILoCUMmMesbHol
cmpozoli  IKeUSALeHMHOCIMU ~ FKUCKPETHHX  upeobpasoBaTeleit,
B sTOM paBeHCTBe IOJPasyMeBaeICA OTOKEECTBIEHHE OTOOpaKe-
HEA @, C ero rpaduKoM, T. e. MHOMeCTBOM map cioB. Muose-

¢1BO P [OIyCTHMEHIX I1ap CJIOB MOKHO He CBA3KBATL ¢ KOHKDPETHHIM
OIlepaNUOHHEIM aBTOMATOM Il TOBOPHTH O CTPOroii DKBUBAIEHTHOCTH
aBTOMAaTOB (C BaKIIYHTEIHHHM COCTOSHHEM) OTHOCUTEIHHO MHO-
siecTBa P ponmycTMhiXx map cioB. O4eBHIHO, 4TO CTPOTas DHBA-
BaJeHTHOCTh aBTOMAaTOB OTHOCHWTEIHHO P Bieder mx cixalylo sKBH-
BaJIeHTHOCTh KaK [UCKPETHHX upeoOpasoBateneil mnpu mo6oii
HHTepIOpeTanuu, B KOTOPOil OmepamioHHLI aBTOMaT B TakoB, 4TO
Pp CP.

9{dexTHBHOCT, UPOBEPKH Ycixosus (2) BaBHCHT OT TOrO,
KakuM o0pa3oM B3aJaHO MHOKeCTBO NOMyCTHMEX map cuaos. llo-
CKOIBKY P cocTouT B3 map CJIOB OfHHAKOBOH JIMHE, TO, OTOKIECT-
BIAA Dapy (Z1 ... Zp, Y1 ... Yn) €O CHOBOM ((Tyy Y1) - - -+ (Tny Yn))
B mapeoM anxdasuTe X X Y, MokHO paccmarpmBaTh P um @) Kak
coontua. Eenm npu sroM P oxasmBaeTca PeryisapHEM, TO YCIO-
sre (2) mposepsierca sPderxrnsno. Ecam P HeperyasapHo, TO,
pacmupsad ero, MoKeM IepeilTH K Gollee CHIbHOH 9KBHBAJIEHTHOCTH,
Ilpocrefimnit croco® ompesieieHNs PerydApHOr0 MHOKeCTBa JOIY-
CTHMHX IIap CJIOB COCTOMT B WCHOJNH30BAHWI BaBHCIMOCTH HA
opwH mar. UMenHO mia Kammoilt mapw (Z, y) HY;KHO OmpefeluTh
MHO:ecTBO X (7, ¥) TeX CHMBOJIOB X', KOTOpDHE MOTYT OGHThL 3Ha-
gennaMr W (by) (b€ B) upm yciosum, aro p (b) = z.

CemeiictBo (X (2, Y))(x,j) € X x ¥ OIpeMelseT MHOKECTBO JOILY -
cruMHX map Buga (pzz', qyy’), rme 2’ € X (x,y). Memoxssosamnoe
B paGore I0. W. fimosa [14] momartme pacmpefeienus CIBAIOB
npefcrasiser coboil eme Gollee CHenWAJbHEI cmoco0 3amaHHA
MHOKeCTBA [OIYCTHMEIX Iap CJIOB, TaK jKe Kak HcaMO IIOHATHE
PAaBHOCIJIBHOCTH CXeM AaJTOPUTMOB CBOJUTCA K CHENUAIbHOMY
CIy4al0 OTHOCHTENBHO! CTPOTOH DKBUBAJIEHTHOCTH.
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Hcooars3oBanne OTHOCHTEILHOHA CTPOTOH HKBHBAJeHTHOCTH
[I03BOJIET BHIIOJHATL MUHHMH3AMHIO YACHA COCTOSHHI JHCKpeT-
HHX ImpeoGpasoBareneil mupopmamum. Jljia 2TOro HeoOGXOAMMO
mpeskfie BCero IpeoGpasoBaTh aBTOMaT A TaK, 9T00H BHIOIHAIOCH
yeioBue: @a(p) ompesielieno TOrja ® TOJABKO Torga, ecid (p,a(p))
ofpasyer [OoIycTHMyI0 Hapy. 3ateM (QYHKIHIO BHX0f0B A (a, )
MOJKHO CJleJlaTh HeoIlpefleleHHoli ua Tex map (a, Z), Aia KOTOPHX
3 COCTOAHHA 4Z HEeJOCTH;KMMO B3aKJIIOYUTEIbHOe, ¥, HAKOHeI,
BHIIOJHUTh MUHOMH3ALMIO YHCIA COCTOAHUA TaK, Kak 9T0 Jeixa-
eTcsa NI YAaCTUYHO OmpefeleHHHX apromMartoB. Ilpm sToM TOIBKO
HY?KHO BalPeTHTh CKJIEMBATH C JPYTHMH B3aKIIYHTEJILHOE CO-
cTOsAHUE,

TlepBrifi sTanm ommcaEHHX NpeoGpasoBaHUil Ha3HBaeTCA BHE-
ceHileM HeonpepeaennocTd. [[Js BHIOMHEHAS €ro MOKHO BOCIOJIb-
30BaThCA caemyomum npumemoMm. Ilvers € — X X Y-aBromar,
IpecTaBIAIIUN MHOKECTBO OMYCTUMBIX Iap MHOKecTBOM C¥*CC
npu HagaabHOM cocrostamu Cy (C C. Pacemorpum X X Y-aBro-
MmaT D, COCTOAHMAME KOTOPOro ABAAWTCA maput (¢, ¢), The a€ A,
¢6C. 3arnouuTeNbHOE COCTOAHME MHOAyYMM, OObefHHSAS BCe
cocrosnma Bupa (a*, ¢). OYyHKOHIO HNepexoficB OLpefeluM TaK:
(a, ¢) z = (az, chc(a, 2)), ecam ¢ (z,Ac(a,z)) €C* u (a, c) z Be
omnpefiesieHa B OIPOTHBHOM ciyuae. DYHKOUIO BEIXOOB OHpeNesInM,
mosaras, uto Ap ((a, ¢), ) = A4 (a, z), ecau {a, ¢)z onpeseneHo U
W3 Hero JOCTIJKUMO 3aKJIIYHTEIbHOE COCTOSHHE, B IPOTUBHOM
cixyqae Ap((a, ¢),z) ne onpeneneno. Ouesnano, D u ecTh aBTOMAT,
SKBUBAJIEHTHHU aBTOMaTy A M o6Iafaomimii TeM CBOHCTBOM, ITO
dp oIpefieieHO TOTHAa W TOJBKO TOTHA, Korna (p,¢p(p)) momycrumo.

Jlpyrime BHAH BKBHBAJEHTHOCTH, TPOMEKYTOIHEE MEHITY
cHIbHOM u ciaboit dopmaMy, MOKHO MONYdYaTh CAELYIOUIM oGpa-
oM. DHKCHPyeM HEKOTODHI KIaCC BO3MOMKEEIX WHTEPIpeTa-
nuid P ¥ ompefessieM SKBHBAJIEHTHOCTh aBTOMATOB OTHOCHTEIBHO
Kaacca P yclIoBHeM nx cnafoil SKBHBAIEHTHOCTH OTHOCHTEIHHO
A1000# WIITepHIpeTamuu B3TOr0 KAACCA.

Ecan nac maTepecyer mexoTopas KOHKpeTHas MHTepIpeTalusd,
T. €. MH DacCMaTpHBaeM SKBHBAJEHTHOCTH AHMCKPETHHX mpeoGpa-
30BarTesell OTHOCHTEIBHO aHHOM HMHTepIpeTanuu, TO 5TY HKBU-
BAJICHTHOCTh MOKHO YCHJINTH, BHIJEJAA Kakne-HHOYOb CBOCTBA
5TOH MHTEPIpPeTanWy M Hepexojd K OSKBHBAJEHTHOCTH ABTOMATOB
OTHOCHTeIBHO KJIacca BCeX MHTepHpeTanmii, 00IalalouX BELeIeH-
HHIMA CBOHCTBaMH.

C ¢opmanbHOfl TOWKM 3peHHA IJIA YUPONMEHHA MPOBe/leHHS
PacCyKeEnil yIo0HO MOHATHE DKBUBAJIeHTHOCTH aBTOMATOB OTHO-

CHTeJIBHO KJacta WHTepHpeTandil (GOPMYIHPOBATH B HECKOIBLKO
uHOH ¢dopme.
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Ilyets A—X-Y-aBroMar MBIE C 3aKAIYUTEIHLHEIM COCTOA -
HHeM ¥ IOycTh B — mHunmanababliii Y —X-aBromar Mypa. Pac-
cMoTpuM pabory aBTOoMaTOoB A M B, coeuHeHHHX MeKIY €000l
TaK, KaK IOKasaHo ma puc. 1.

Ecan ¢ymrnumoHnmpoBaHHe 9TOH CHCTEMH M3 [ByX aBTOMATOB
OpeKpamaercs B MOMEHT, KOTJa aBToMaT A DHomajgaeT B 3aKilo-
9HUTeIbHOE COCTOSAHMe, OyieM roBOPHTH, 9YTO aBTOMAT A IPHMEHAM
¥k aBromaty B. B ocraapubIX ciydasx OymeMm cumTaTth, uTo A He-
npumeHuM K B. Ilycts A mpumenuM Kk B u B KoHne paGoTH ¢ aBTO-
matoM A B ycramaBauBaercs B cocrosaue b. Torma b ecth pesyib-
TaT OIpuMeHeHHs aBTomMata A K B, 0603HauuMM ero uepes u4 (B).
Tlyers B—HeKOTOPHIA KIaCC MHANHAILHEIX Y -X-aBromatos Mypa.
JdBa X-Y-aBromMaTa ¢ BaKJAIOUYUTEILHEM COCTOAHMeM A1 H As
aKeueasekmmubl omuocumeavio B: A3~ Ay, (B), ecim mia awboro
B€® ua, (B) = ua, (B). Tockonbry ua(B) onpenereHo He
I BCeX aBTOMATOB B, yKasaHHOe DPaBEeHCTBO ClefyeT HOHMMATH
B TOM CMHICIe, 9TO w4, (B) ompefieleH0 TOrjja W TOJIBKO TOTAA,
Korjia ompefielieH0 u4, (B) u, B ciydae, eciu 00a 3TH BHPaKeHUSA
onpefieieHH, X 3HAYCHHA COBIAAIOT.

Herpynro BHpmeTs, 4uTO SKBHBAJIEHTHOCTH OTHOCHTEIBHHO
KJlacca MHTepIpeTamuil CBOJUTCSA K SKBUBAJIEHTHOCTH OTHOCHTEIBHO
KJIacca MHUNWAIBHHX aBTOMATOB.

HeiicTBHTONBHO, IBA ABTOMATA ¢ 3AKIIOUYATEIHHEM COCTOAHAEM
SKBHBAJICHTHE OTHOCHTEJIBHO KJIAcCa WHTepOperamuii B Torma m
TOJBKO TOTJa, KOIJla OHM SKBHBAJEHTHH OTHOCHTEIBHO KJacca
®’ BCex HHUNMAJLHHX IONAaBTOMATOB BCeX  aBTOMAaTOB
u3 $B.

IIpu coBmecTHO# paGoTe aBTrOMaTra 4 C MHMIMAJLHLIM aBTC-
MaToM B moposkmaercsa Imapa mocilefpoBaTenbroOCTel (p, g) B aida-
BuTax X uY,rge p = ¢p(q),q = ¢4 (p). Ilpn aToM, eciu aBTOMATHI
A u B pabGoralor 0GeCKOHEYHO [0JT0, ClIefllyeT pPacCMaTpMBaTh
eCTeCTBeHHOe pacIpOCTpaHeHMe aBTOMATHEIX oTOOpaskeHHiT Ha
GeCKOHeYHble IOCIe[0BATEIHLHOCTH. HOMIOHEHTH 3T0H mape 000-
3paunM uepes A(B) m B(A), a camy mapy — 4epes Sa (B). Taxum
o6pasom, S, (B) = (A(B), B (4)). Ecau asromMmaTr A DOpHMeHHM
x B, 10 A(B) =gz (B(A)), B(A)= ¢’ (A(B)), ua (B) = b,A (B).
Ilycts G—Y-aBromar, a p:G— X. Torna uepes G, Oynem
o6osnavatk Y-X-aBromar Mypa c ¢ynxmmeir BHX0m0B p. B mann-
HeflmeM HAM 4YacTO NPHAETCA paccMaTpHBaTh KIacc aBTOMATOB
Buga G,, rie G — HeKOTOpH# QUKCHDOBAHHEIA Y-aBTOMaT,
a p mpobGeraer HekoTopoe MHO;kecTBo L < XG ¢yHKOUI BBIXO/0B
aBroMaTa G. DKBUBAJIEHTHOCTh aBTOMAaTOB A1 M Az OTHOCHTEIBHO
Taxoro kiaacca GymeM oGosHauath BhpaskeHmem A1 ~ Az (G, L)
H TOBODHTH, u4T0 A1 ¥ Az SKBHBAJIEHTHH OTHOCHTeNbHO G u L.
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Ecaum L coBmajaer ¢ MHOKeCTBOM BceX (YHKOUH BHXOMIOB aBTO-
mata G, To OyZeM rOBODHTE, uTo A; H 4, SKBUBAJEHTHH OTHOCH-
renpHo G m mucath A; ~ A, (G).

Ilpn paccMOTpeHMH DpA3JIMYHHX THIOB OKBUBAJIEHTHOCTH
TOMe3HO HMETHh B BUAY clefylomee IPOCTOe IPeANIOKeHUe.

Ecnu naskgell aBTOMaT M3 KiIacca P romomMopdeH HEKOTO-
poMy aBTOMATy M3 Kiaacca B’, TO M3 SKBHBAJEHTHOCTH OTHOCH-
TenbHO B’ ciaefyer SKBUBaJeHTHOCTH OTHOcHTeabHO B, leiict-
BATENbHO, mycTs A ~ A, (B’). BrifepeM DpoMsBoNBHEI aBTO-
Mar B€ 9 c¢ mavaabHHM cocrosHueM bo. OH romomopden Hexo-

Topomy aBToMaTy B’ € ®' ¢ HaYAJBHHM cocTosHueM by . IIycts y —
coOTBeTCTBYIomuit romoMopdusm. V3 skBuBamentHocTd A, I A4,
orHocurenbuo B’ cuexyer, uro bo A, (B') = bo A, (B'). B cuay
roMoMopduamMa y aBroMaTH B m B’ HEHIymWpYHT OfHO W TO Ke
oro0pakenue: @p = @p, 00aToMy Sa,(B’) =84, (B), S4,(B) =
= S, (B), otryma b, A1(B) = byd, (B). lpumenss x sromy pa-
BeHCTBY roMoMopdusm vy, moaydaem bod, (b) = bod, (B), 4t0 ®©
MOKa3HBaeT SKBUBAJEHTHOCTL A1 M A2 OTHOCHTEALHO B .

Tockonpry kaskmmit aBToMaT Mypa roMoMopdeH CBOGOAHOMY
aBromaty Fyc Hexoropoil ¢ynrumeii BHXONOB [L, TO B CHIY JOKa-
3aHHOTO IIPeJIOKeHMsA aBTOMATH A; W A, CTPOro HKBHUBAJEHTHBL
TOTa H TOJNBKO TOTHA, KOTHA OHU SKBHBAJEHTHH OTHOCHTEIHHO
cBofosiEOTO0 aproMata Fy, M CTPOr0 SKBUBAJIEHTHH OTHOCHTEILHO
MHOKeCcTBa Pp Hap CI0B, HOOYCTHMBIX I OIEPAIHOHHOTO aBTO-
MaTa B, Torfa m Tombko Torma, Korga A1~ Az (Fy, L), roe L —
MHOJKECTBO BCeX TAaKMX (YHKIHH BEHIX0M0B W, 4yro aBromar (Fy),
roMmoMopdHO oTOOpaskaeTcs Ha HEKOTOPHH HHUNHMAILHBN IOM -
asromatr B (b) omepamumomHOro aBTOMaTa B.

CHcreMa DIeMEHTApHEIX OMePaToOpoB [AUCKPeTHOTo Mpeol-
pasoBateds ITOPoKTaeT Noayrpynny G IpeoOpasoBaHHi MHO-
JKecTBa COCTOSHHUIT ONepamHOHHOIO aBTOoMata B — moayrpynny,
KOTOpoii mpuHamiaeskuT aBroMar B. Jra Hoayrpynla JOJMKHA pac-
CMaTpHUBATHCA BMeCTe C BHJIeJIeHHOW cHCTeMOHl obpasywomux Y.
Opma m3 BakHBIX (OPM DKBHBAJCHTHOCTH MOKeT OBITH 3afaHa
KaK 5KBHMBAJEHTHOCTb OTHOCHTEILHO KJIacCa BCeX HHTepIpeTamuil
(omepamoHHBIX aBTOMATOB), IPUHANIEKAIMX Toayrpynne G (pac-
cMaTpHBaemoil Kak aOCTpaKTHasA IOJYrpyOoa ¢ BEJeIeHHO CHCTe-
Moit o6pasyiomux Y). IIpucoenunss, ecan HyXHO, K G eIHHENY &
OpUHEMAA ee B KaUecTBe HAYaJIBHOTO COCTOSHMA, MHOMKeCTBO &
MOMKHO pPacCMaTpHBAaTh KaK Y -aBTOMAT, eCIH QYHKOHIO DepeXofoB
OIpefleIATE KaK INpaBoe YMHOKeHme. PaccMOTpPeHHYI0 3SKBHUBA-
JEeHTHOCTh MOKHO OIpe[eINTh TOI[A KaK SKBUBAJIEHTHOCTH OTHO-
CHTeJIbHO aBTOMaTa G M MHOKecTBa L BCEX BOBMOIKHEIX ero (yHK-
nuii BHXOmoB. [leficTBuTenbHO, aBroMaT G TOoMOMOpdHO oOTOGpAa-
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aetca Ha JA0GOH cBI3HLIT nDojaBTOMar J06oro Y-aBToMara,
OpUHafJIeKamero Hoayrpynme (. 9Ty bKBUBAJIEHTHOCTb MOFKHO
HECKONBbKO ocnalurh, OTpPaRUYMBAsg KJIacC (QYHKIWH BEIXOIOB
TONBKO TAaKMMU QYHKIWAMO [, YTO CYHIECTBYeT IOMOMOpQH3M
X—Y-asromara G, Ha HeKOTODHH WHWUNMAIbHHN NOJAaBTOMAT
oTlepamuoOHHOr0 aBroMarta B. B TaxkoMm cayyae HeoGXONMMHM K
ZOCTATOYHEIM YCJIOBHEM SKBUBAICHTHOCTH JMCKPETHHX upeobpa-
soBaTeneii A, m A, ABiasercs paBenctsBo A, (B (b)) = A, (B (b))
KaK CJI0B B Honyrpyume G mus n000r0 COCTOSHEMA b olepaimoH-
HOIO aBTOMATA.

Bwmecto monyrpynns G mokHO 6paTh a1000e ee romomopdHOe
pacmupenue. Ilpu sroM GymyT moxyuarhesa 6oiee CHIbHEE (OPMEL
SKBUBAJIEHTHOCTH.

Jpyrum BaskHBIM THIOM SKBUBAJEHTHOCTH SIBIACTCA @HYHKYLO~
HAAbHASL IKBUBAACHMHOCMb, ITA DKBUBAICHTHOCTE HUCIOJIb3yeT B Ka-
JecTBe MHEGOpMaIun 00 omepamoHHOM aBroMaTe B TOABKO TO, 4TO
ero MaMATH WMeeT CTPYKTYPY, IpefcTaBIeHHYI0 ¢ IOMOIIBI0 Hepe-
MeHHHX. [Haue romops, 3ajaHo HEKOTOPOe MHO}KeCTBO R mepe-
MeHHEIX M MHOeCTBO J/ BO3MOIKHEX 3HAUEHWH 3TUX HepPeMeHHHX.
Cocrosiune omepamuoHHOro aBTOoMara B — »T0 Habop b: R— M
3HaYeHWI BCeX NepeMeHHHIX W3 MHOkecTBa R (T. . b(r)€M —
3HaUeHWe NePEeMEeHHOM 7 IpH 3aJaHHOM COCTOSHHI LaMATH b).
JeMeHTH MHOKeCTBa R — 5T0 sA4YedKH OIepaTUBHOI NaMATH,
eC/II pedub HMJeT O HPOrpaMMaxX BHUYNCIHTEIBHON MAIINHBL, NJIA
perueTpsl 0OMepanHoOHHOT0 YCTPOHCTBA, €CIH pedb HIeT 0 MHKPO-
nporpaMmax, 3aJaHHHX JIUCKpeTHHMH OpeoGpasoBaTensamu, feii-
CTByIOmMUMEH Ha B.

Ha muosxectBe M 3apmaerca cucrema Q omepanmit it cucrema Il
OpenKaToB pPas3iUyYHbIX apHOCTeil.

JdieMeHTapHHe HpeoOpasoBamusa f,(y€Y) ANCKPETHOTO Hpe-
o0pasoBaTels 3aJaI0TCA BHIDAMKEHHAMH BHIA Y = (ry @ = f3; . .
rn: = 1l,) (omepaTtopsl mpucBamBaHHsa), THe r; — HepeMeHHas;
t; — TeDM, HOCTPOEHHEIH W3 NMepeMeHHBIX MHOKecTBa Ji M omepa-
nuii MEOKecTBa £2. Hexorophle BHIpaskeHNs BHHA y = (rp : = iy}
<« Tni = 1,) BHOHpaAWTCA B KadecTBe DIEMEHTOB MHOKecTBa Y .
QDyHKNUYE IepexooB M BHXOOB JMCKPeTHHX LpeobpasoBaTeleii,
AefCTBYIOIMHUX Ha MHO;KeCTBe 53, ONpeleNAloTCsa € TOMOINBIo 3ire-
MEHTapHHX YCIOBHMi, T. e. BHpamkemmii BHAa T (f1, ..., Ia),
rje 5 — CHMBOJI mpenukara us 11, f1, ..., {n — Tepmu. Vmenno
BHOHPAETCA HEKOTOPHIT Halop AeMeHTapHHX YCIOBHH T, (i1,
e Bndy ey T (Bt ey tmnm), 7 9JIeMeHTAMH BXONHOTO ajda-
puta X 00DbABAAIOTCA Ha0ODH 3HaYeHHUH STUX YCIOBHI, T. €. BHXO]
Z 0IepallMOHHOTO aBTOMaTa B cOcTOSHME b paseH (o1, . . . , %m), T7Ie
a; = 7 (b(ti), ..., b(tin)), i=1,...,m (smauennme b(t) Tepma
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B coCcTOAHMH b oIpepensiercs uepes BSHadYeHNs HepeMeHHEIX:
b (0ty, . .., 1) = o((bty) . .. (bty)).

YHKIOUOHAJAbHASA S9KBUBAJEHTHOCTD MOJYdYaeTcsi, eCid B Kaye-
CTBe HMHTepIpeTanmuii paccMoTpers Kiace P BceX ONMepamUOHHHIX
aBTOMaTOB, KOTODHe IMOJydaloTcsg HIyTeM BHOOpa: MHOkecTBa M,
HHTepIpeTallMi CUMBOJIOB ajidasura  Kak omepanuit ua M, uaTep-
OpeTanuy OpefUKATHHX cumBojgos aldasura Il Kak mpeguratos
Ha M,

QyHKOUOHANbHAA DKBUBAJEHTHOCTh IIrpaeT BajKHYIO pOJIb
B IPOrPaMMHPOBAHHE W MHKDPOUPOTPAMMUDOBAHHH, IIOCKOIBKY
IIMEHHO B PaMKaX 9TO# SKBHBaJeHTHOCTH PeImAalOTCH 3aJaul HKO-
HOMUM pabodeil MaMATH, COBMeIeHHSA oIepanuil (eCIM HPUMEHATDH
IPyNIOBEe OHepaTophl NpHCBAWBaHUMA, T. €. TaKhe OIePaTopH,
KOTOpHle MEHAIOT ONHOBPEMEHHO 3HAUEHIA HECKOJBKHX IlepeMeH-
HHX) M Jp.

IlonaTue QyHKIUOHANBHOMI YKBABATEHTHOCTH GIM3KO K NOHA-
THIC SKBHBAJIEHTHOCTH ONepaTOPHHX AaJITOPHTMOB, COXpaHAIOMei
TaK HashlBaeMHle S-IpeficTaBieHus, KOTOpas pacCMAaTpUBAIach
B pabore A. II. Epmosa [8]. Tam e oTMedanach BaKHOCTH U3yUe-
HUA TAKOW SKBMBAJEHTHOCTH ¢ TOYKHA 3PEHHA HIPWIOKeHHI K IPo-
I'PaMMHPOBAHHIO.

, Berpasxenue y = (ry 1 = 13 ...} rn: = I,) oOpeenser dHO-
Mopduam g, cBoGOAHOII yHmBepcalbHOUl Q-amreGps 7'g (amreGpu
TepMOB), HODPOKAEHHOH MHOkecTBOM R, NeiicTByromuii mo ¢op-
Myae gy (r;) = t;. OGosnauum wepes G HOAYrpymily BCeX DHAOMOP-
dusmoB anreGpel I'p, a uepes Gy— ee IOAUOJYIPYNIY, ILOPOsK-
JeHHYI0 9HIOMOPOU3MAMH, COOTBETCTBYIOIUMI CHMBOJAM alda-
Buta Y. K Gy Bcersa mpucoefuHAeTCA TOMKIECTBEHHHN 3HIOMOP-
¢usm go. Pacemarpusas Gy xak Y-aBTOMAT ¢ HAYaJbHBIM COCTOSI-
HEeM go, JerKo HOKasaTh, 4T0 X-Y-aBTOMAaTH (YHKUHOHAILHO
OKBUBAJIEHTHBI TOrJa #M TOJBKO TOTAa, KOrJa OHHM OSKBHBAJEHTHLI
OTHOCHUTEJIbHO MOJYrpynns Gy m MHOMKeCTBa L HODYyCTHMEIX (yHK-
nuil BEXofioB. Ilpm stom AOIy CTEMBIME CUHTAIOTCA (YHKIOEN BHI-
XO0JI0B [, 06.]1&}1310]]11/18 CaIey omuM cpoiicTBoM: IycTh [ (g) = (o,
oy Om), u( ) =(a, ..., @), torna, ecau g(ti) =g (1) -+ -

g (tin;) = g’ (tin;), 10 o =0

B cBasm ¢ momsTHmeM (yHKIEOHAJBHOW OKBMBAJIEHTHOCTH
BOBHHIKAaeT Clefymomasn Hpoliema: 3afaH ajdasur Y, mabop sie-
MEHTaPHHX ycloBuH, mopommaromux andasur X, W JBa KOoHed-
ubX X-Y-aBromaTta. TpeGyercs oIpeNeluTh, 6yny'r JI¥ 3TH aBTO-
MaThl (YHKIUOHAJIBHO DKBHBAJEHTHHL.

Jdror BOmpoc Onur meciemoBaH B paGore [11]. Oxasamocs,
4T0 06mas npobiema ¢yHKIMOHAIBHOI SKBMBAJEHTHOCTH aJro-
PHETMAYECKH Hepaspelmma.
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B cBasu ¢ 5TEM BO3HHKaeT BOIPOC 00 OTHCKAHUY Pa3pemuMbX
crydaes (YHKIHMOHAJIBHOM DKBHBajeHTHOCTH. Ilpm »TOM Kiaccm-
PHUKAIII0 MOJKHO IPOBOJAMTEL, BO-IEPBHX, o andasury R u curna-
rypaM Q u II, Bo-BropHX, o andaBury Y uHa60pPy dIeMEHTA PHHX
ycioBuil.

Ilonmyio wiaccupmranmio mo curmarypam Q um IT gaer

Teopema 2. Ilpu gurcuposannur cuenamypaxr Q@ nll u
arasume R npobaema GyHEYUOHAALHOL IKBUBALEHMHOCMU KOHEH~
nox X-Y-aemomamos Hepaspewuma mozda u moavko mozda,
koeda R codepycum no Epaiinell mepe 08a CuMB0Ad NEPEMEHHBT,
Q — no kpaiinel mepe 00un PHYHEYUOHALLHBLE CUMBOA apHOCMU
boavwe wnyasn, Il — no wpaiineii mepe odun cumeon npedurama
apHocmu 6oavlue HYas.

HocrarouHoeTh J0Ka3HBaeTcsi paccMOTpeHHeM IPOGIeMH
(yHRINOHAIBHOM SKBUBAJICHTHOCTH X-Y-aBTOMaTOB  [IA
R=1{rs, Y={r:=0(), s:=wo(s), r:=s} u aiIe-
MeHTaPHHX ycaosuil 7t (r) 1 7 (s). ¥Yixe 11 9T0TO0 Cydas mpobiema
$yHRUMOBANbHON SKBHBaJeHTHOCTH HepaspemniMa. Jloxasarems-
CTBO IPOBOAMTCS IIyTeM IOCTPOEHMA aBTOMATa, PACIO3HAMINErO
mpoTokoa MamuuaH Thiopuara. (Taxkoe MoKasaTelXbCTBO IIpomie,
gem B [11], 1 mo umee ouens 6IN3KO K JOKA3aTEAbLCTBY Hepaspemn-
MOCTH TpO0IeMEl 9KBUBAJIEHTHOCTH JBYXTIOJOBOYHHX OJHOCTOPOH-
gux Mamue [15].)

Heob6zo0umocms noayuaemcs paccmompenuem Caedyowur cay-
uaeg:

1) R copepsxuT TonbKo ofuH cumBoi. Torma moxyrpymma Gy
ABIsSeTCH CBOOOMHON ¢ MpaBHIMH HYJaMd (HyJIbapHbe olepanun),
L cocrour #3 BceX [OIYCTUMHX QYHKIMi BEIXOJ0B (Clefyer JIHIIb
IPeJION0KATE, UTO BCe bieMeHTapHHE YCIOBHA DPa3iMYHE). JTOT
ciyuaii paspemmM B cmiry pesyabraToB paGorm [13].

2) Q coflep:KHT TONBKO HyJIbapHbe ollepanuu. Torfa aBroMar
Gy womeuen. IlpoGiema pemaercss mepeGopowm.

3) TI copep &uT TOIBKO HyTbapHbE IPEUKATH, MHOeCTBO L
goHewHo. IIpoGiema pemaercs mepeGopoM.

C moxyuennmeM Goiee TOHKOH KIACCHQUKANMHK DPa3pemmMHIX
cIIydaeB MHTePeCHO paceMOTperTh Ipobdiemy GYHKIUOHAIBHOM DKBU-
BaJEHTHOCTH JIJisl CIydYasi, KOTJa dleMeHTapHLIe yCAOBHA TAKOBH,
Y70 MHOMecTBO [ TOMYCTHMEIX Q)ym{unﬁ BHIXOJIOB cCoOBIajaeT
C MHOKeCTBOM BCeX (ymkmuit BHXO0foB. (JT0 BO3MONKHO,
HaIOpHMep, KOIJla KajKl{oe 13 YCJIOBHil B3aBHCHT OT BCeX
TMePEeMEeHHHX. )

TIpuxomuM K paccMOTPeHNIO IPOGIeME 9K BHBAIeHTHOCTH OTHO -
CHTeJNBHO KOHEYHO-TIOPOFMIeHHHX MOAIONYIPYNN MOAYIPYIIIH
BHIOMOPPU3MOB CBOGOMHOIT YHHBEPCATIBHOI Q -aare6pu. Ilpmme-
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pOM TeopeM, yCTaHABIHMBAIONHUX Pa3pemmMOCTh HpobaeMBl (yHK-
OHOHAJIHHOA SKBUBAJEHTHOCTH, MOKET CIYKUThH

Teopema 3. ITycmb Y cocmoum us ewpaxenull euda
y = (r:=1t,) 20e mepm t 3asucum om nepemeHHOl r, a MHO-
acecmso 00 nycmumvr Gyrnkyul euroda cocmoum us écexr @GYHKYuLL
eunzoda. Tozda npobaema sKeusaseHMHOCMU OMHOCUMEALHO NOAY-
epynnw Gy (paccmampusaemots kak Y-aemomam) pazpeusuma.

JloxasaTeldbCTBO BTO# TeopeMBI Tak Ke, KaK W pANa APYTHUX
YTBeP;KJIeHHH 0 pa3pelINMOCTH, CBA3AHHHX ¢ (YHKIUOHAILHON
9KBHBAJeHTHOCTBIO, cojiepskutca B [12].

9. JKBHBAJIECHTHOCTh ABTOMATOB C 3aKIIOUATEIBHBIM COCTOSHHEM
OTHOCHTEJHHO aBTOMAaTa 0es IIAKJI0B

B sToMm paspmese paceMOTpHM OAMH OOMHI THI HKBUBAJIEHTHO-
CTH, KOTOPHIA MOCTATOYHO XOPOWIO NOflaeTcs H3yYeHHo. ITO —
5KBHBAJEHTHOCTh OTHOCHTEJIbHO WHHUOHAIBHOTO Y - aBTOMarta G
¥ MHO }KecTBa BceX ero QyHKOuil BEIX00B. ABTOMaT (G mpenImoaara-
eTcd BCIOLy ONpeJeleHHEIM W HE MMEIONIUM IWKIOB, T. e. GG yHOB-
JIeTBOPSAET YCIOBHIO: €CIH g£gi10o=g, TO gq;=g HNJIAA JI00HX
CI0B ¢, U ¢, B audasure Y.

OcCHOBHOJ BOIIPOC — CPaBHEHNE H OOTHMN3allms aBTOMaTOB IO
GBICTPONEMCTBHIO, 9KBUBAIEHTHOCTh OTHOCHTEIBHO aBTOMATa 6€3 IHK-
aoB. J{na ynpomeHus 0003HaYeHwi BMecTo aBToMaTa Gy, 6yaeM 1oBo-
puth 0 camoit pymruuy p: G—>X. Haopumep, BMecTo DpuMeHeHHs
A x G, Gynem rosoputh 0 npuMeHeHHH A K |, BMECTO BHIpajKeHMi
Sa(Gy) u A(G,) Gymem ymorpe6iasaTh oGosmavenma Sa(w) m A(p).

Ilycts A — mpomszBoabuElE X-Y-aBToMaT ¢ BaKIOIATENB-
HEIM cocrosuueM. Uepes M4 Oyjgem o0603HAUYaTh MHOKECTBO BceX
¢yHKnuMiA BHIXOMOB |, K KOTODHIM HpumMeHmM aBromar A. is
Kaporo w6 M4 oupemenum T 4 () xax gaumny ciaoBa A(u). IIyers
majiee 9 — KJIAacC aBTOMATOB, SKBHBAJeHTHHIX aBTOoMaTy A OTHO-
CHTeJbHO IPOM3BOJILHOTO Y -aBToMara G m MHO:kecTBa L QyHK-
nuil BEIXO0A0B. BBemeM B pTOM KjIacce OTHONIEHHME KBasWMIOPSIKa,
cunrasn, ut0 A;<<A,, ecnm T4 (W)<<T 4,(n) s Beex w6 Ma,=M4,.
OTHOmeHne < faeT BO3MOYKHOCTH CPAaBHMBATH aBTOMATH IO GHICT-
popmeiictBuio. Ecam A,<4,, 10 GhIcTpojeiictBue aBTOMata A,
He MeHbimie, ueM OwcTpopmeiictBme A,. Pasymeercsa, Moryr GHTH
mapsl aBTOMATOB, He CpaBHHMEeE II0 ObcTpojedicTBmio. Bymem
T'OBOPHUTH, 9TO aBTOMATH A; 1 A, 9KBUBAJEHTHEI 10 GHICTPOEICTRHIO,
ecim A ;<lA, m A,<<A,, 1. e. T4,=T,4, Kinaccs sKBMBaIeHTHEIX
mo OHCTPOENCTBMIO aBTOMATOB 00pasyioT YacTHYHO YHOPATOYCH-
HO€ MHOKeCTBO. ABTOMAT A HA30BEM HAWIYImMM IO GHCTpOMIeHCT-
BHIO, €CIN KJIacC DKBHBAJEHTHHX ¢ HAM IO OHCTpPOEeCTBHIO aBTO-



MATOB fABJAETCA HAaNMEHBIIMM 3JE€MEeHTOM 3TOT0 MHOkecTBa. Ecim
KIace SKBUBAIEHTHHX A TO OHCTPOAEACTBMIO aBTOMATOB — M-
HEMaJbHE pieMeHT, To A Haz0BeM TYIHKOBHM. Boobme roeops,
Kiacc % MO;KeT He MMeTh TYIHKOBHX, a TeM (ollee HAWIYYIIAX OO
GHICTPOREHCTBHI0 aBTOMATOB.

OcHOBHOH pesylnpTaT, KOTODPHI MH HoXydmM, (GOpMyIHDYeT

Teopema 4. B Kaacce asmomamos, sK6USANCHMHBLT ABMO-
xmamy A omHocumeabHo 8noaHe onpedeseHrnozo asmomama G Oe3
yuraos u muoscecmea L=XG ecex eco gynryuil euzrodos, cywyecmay-
em mauaywwull no 6uicmpodeticmeuio agmomam A,.

IMoppo6roe mOKAa3aTeABCTBO 2TOH Teopemu wmaxosxeno B [10].
3Snecs IpuBemeM TOABKO OOIMA WIaH M OCHOBHEIE WeH PACCY:E-
MeHTH.

IIpu uccaenoBanuy 5KBMBAJEHTHOCTH ABTOMATOB OTHOCHTEIHHO
G u L oveHsr mOJIE3HEIM OKA3EIBAGTCA CJAEYOI(ee HATISANHOE Tipe-
cranierne o paGore aBromata A ¢ aBToMaroM G,. IIpemcraBum
cebe rpad mepexomos asromMara GG ®W JONyCTHM, 4TO asTomar A
MO3KeT IlepeMeImaThcAa I0 BepnimHaM aToro rpada. Bribop kourper-
HOH (yHKIHH BHXOTOB U aBTOMaTa (G COOTBETCTBYET OTMETKE Bep-
muH rpada nepexofoB aBToMara G cuMBoJdamu aidaBura X. B Ha-
YaJAbHBIl MOMEHT BpPeMeHH aBTOMaT A HaXO[MTCA B HAYAIbHOM
COCTOSIHMH @,, OyNy4Y:n HOMeImEeH B BepmHUHY, COOTBETCTBYIOMLY IO
HAaJaJIBHOMY COCTOSHHIO g, aBTOMaTa G. A BoCOpHHHMAaeT OTMETKY
aTOro cocroAnws W (g,) = T, HePeXOAUT B COCTOSIHUE QX W BEAeT
Ha BHIXOJe CUTHAJ A (a4, £) = y. ITY CUTYAINI0 MOKHO HHTEPIpeTH-
POBaTh KaK HepeMenieHue aBToMara A w3 BePWIMHH g, B BePIMAHY
goy. JMamee Bce moBTOpsercs aHAJOTHYHHM 00pasoM. ABTOMAT
A mepempuraeTcsa MmO BepmuHaM rpada mepexomoB apromMara G
70 TeX TOop, MOKA He MOMAJieT B 3aKIOYNTENbHOE COCTOAHW® a*.
Bepmnaa rpada G, B KoTOpOi HaXOMHUTCsA A B 5TOT MOMEHT BpeMeHH,
I €cTh pesyasTaT ero paboTh ua (p).

B paccmatpuBaeMoit maMu cuTyamuu, Korga rpad aBromata G
He mMeeT NUKJIOB (KpOMe eIMHMYHEIX, IIOCKOJIBKY CIydYall gy=g
HE MCKJII0YAeTCs), BAjKHYIO POJb Urpaer TOT GakT, 910 A He MOsKeT
BO3BpamaThcsA B BepIIMHBI, KOTOPHE OH OCTaBWI. Jpyroe Bammoe
06CTOATEIBECTBO COCTOUT B TOM, 9T0 QYHKUOWA | MOKeT OHITH Ipo-
R3BOJBHOI, B M1060fi MOMEHT BpeMEHH Ha BXOf aBToMara A MO -
JKeT MOCTYHATH J1000il CHMBOJ Z HE3aBUCHMO OT IPEILICTOPHH ero
HBIREHUS.

ITyers 06 G X X — KoHeunoe MHOskecTBo map (g, z). OGosHa-
uuM depes W, MHOKecTBO Beex pymKumil u € X&, KoTophie 061ama0T
TeM CBOMCTBOM, UTO p(g)=2 Aad Kaxmoi mapu (g,z) € GX X, nEHMH
coBamn, W, = {1 € XG |0 < ) (3mech U OTOMRIECTBIIsIETCA CO CBOMM
rpa¢urom). Herpynao Bnmers, uto W, == (J TOra m TOABKO TOTTA,
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ecnu IS KaKAOTO ¢ CymecTByeT He Gollee OFHOTO & TAKOTO, 910
(g, )€ 0, 1. . 0 ABIACTCA JACTHUHLIM OTOOPA;KEHHEM ¢ KOHEUHOH
obaractrio onpegelernd. Ecin oy, 6,6 GX X, 10 Wi N Wo,=Wy,ys,-
Ioasromy muO;KecTBA W MOKHO BHOpaTh B KadecTBe (asmca OT-
KPBITHIX MHOkecTB Tomosorun B X¢. J{aa no6oii mape ¢ios (p, q)=
=(21... Zn (Y1+--Yn)CF x X Fy. OGo3HaumMm 4epe3 o (p,q) MHOKeECT-
BO {(goyl’ cees Yiy Ty )}i=0,.‘.,n——1-

OTHpHTHE MHOKecTBA BAZA Wop,q HIpaloT ocobyio PpOIb;
opuMeM Jua Hux Gomee mpocroe o6osHauvemme — W, .. Mso-
yecTBO G OymeM paccMaTpUBATH TAK 3Ke, KAR TOHMOJIOTHIECKO®e
OpOCTPAHCTBO, HafleleHHOe HHCKpeTHo# Tomosormeii. OToOpame-
Hne u: M —> G, tne M€ X¢, 6ymer Torma HeIpepHBHEM Ha M,
Korga miag mwboro g€ G, u—i(g) oTkpuTo B M, paccMaTpEBaeMOM
KaK IOJNpPOCTPAHCTBO mpocTpaHeTBa X¢ . B wacTHOCTH, Ao M1060T0
aBromata A orobGpaskeHnme us: Ma— G Bcerga HeNPepHIBHO,
TaK KAK HMEeT MecTo paBeHcTBO ux (g) =M N UWp,qe aobGmacts

(P> DEPY

80,8
onpeneneHns M s oToGpajkeHnA U4 ABIASTCSA  OTKPHTHIM MHO-
JKECTBOM, HOCKONIBKY

Ma= U *Wp,q-
(P, 9)EP A

ITycrs u — otobpasxenme muo:xectBa McXG B G. Cocro-
aane g ¢ G HazoBeM CYMECTBeHHHIM /s OTOOPaKeHHS 1, ecln
cymecTByI0T QyHrnua YW @ W', KOTOPHEe 0TIHYAKTCA 3HATCHMAM I
TOJABKO B TOYKe g, W Tarkme, 90 u{p') == u (W'), — Godee TOUHO,
ofHO m3 orobpaskeHmil W' wim |’ HPUHALIERUT MHOKecTBY M,
a Jpyroe He IPUHAMJIEHKAT HIn 00a DpUHALIEKAT MHO:ecTBY M,
Ho u(p’) == u(p”). B [13] moxasamo, 4ro, eciu M OTRpHTO B

G, u — wenpepsiBHOe oTo0paskenue M B G, W' uw W’ oramuanTes
TOABKO B HECYIECTBEHHHX I OTOOPayKeHMs U TOYKAX, TO
w(p') = u ().

W3 s1or0 cxegyer, aro ays moboro aBroMata A, ecam p’ m p’
OTIHYAIOTCSA TOJBKO B COCTOAHUAX, HECYMECTBEHHBX MJs 0TOGpa-
smeHns ua, ua(p') = ua(p”).

PaccmorpuM papmxeHme aBToMata A 1o BepmmHaAM Tpada
nepexoqoB aBroMmaTa (¢ 6e3 mukaoB. llycTh B HEROTOPHI MOMEHT
BpeMeHm aBTOMAaT A Ioman B BePWUHY g, BHIAB K 3TOMY MOMEHTY
BpeMeHH ¢JI0BO ¢(g = g,g) W NOIydInB HmPH STOM HA BXOJX CJIOBO p
(pme. 3).

Haungan ¢ sToro MomMenTa, aBroMat A Gymer ABAraThbesa TOABKO
BHYTp® mojaBroMaTta H aBroMaTa G, mOpPOIKIEHHOTO COCTOAHEEM g.
OroGpamenne v, KOTopoe pealmsyeTca aBTOMATOM A, HadmHAA
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C BTOTO MOMEHTA, ABJIAETCA CYKeHNEM 0TOOPayKeHNA Us HA MHOKECT-
B0 Wy N M 4 1 3aBHCHT TOJBKO OT 3HAUEHNI QYHKINH | HA IOJaB-
romate H. IlosToMy Bce CcymiecTBeHHEIE COCTOSHNA OTOOpPakeHHs
v, Yepe3 KOTOphe aBToMaT A eme He mpoxonwi, Haxogarcsa B H.

IlockoubKy aBTOMAT G HE MMeEET MUKIOB, er0 COCTOAHMA YaCTHd-
HO YHODPSfOYeHH OTHomeHmeM g’ < g”, 03HAdJaromuM, 49To CyImie-
CTByeT cloBO ¢, Takoe, 4to g'q = g”. Ilokaskem, uro cpemm cy-
OIeCTBEHHHX COCTOAHMU oToOpajkeHWA U, cojepamuxcs B H,
CymecTByeT HamMeHbimee (eciim, KOHOYHO, 3TO MHOKECTBO HE IyC-
Toe). [IleiictBurensno, momyermm (pmc. 4), 9ro orobpakenne u
nmeeT B H pBa pasiImyYHHX MUHAMAJIBHHIX CYIIECTBEHHHIX COCTO-

6
H

29.p9

Pme. 3. Puc. 4.
aaus (B TOYHOCTH [Ba, CIydail GOJBIIEro umeda MAHAMAJIBHEIX
CYIIEeCTBEHHHX COCTOSHME PpaccMATPHBAETCS AHAJIOTMYHO).

B nanbmeiimem moBemeHmE aBTOMara A CyMeCTBYIOT YeTHpe
BO3MOIKHOCTH:

I. AsTomar A HmKorma He momajaeT HEW B o6xacte H' (momas-
TOMAT, HOPOKAEHHHI cocTosiHmeM g'), Hm B obmacts H” (momas-
TOMAT, DOPOKAEHHKH cocrosameM g”).

II. Aromar A nomapmaer B o6iaacts H' panbme, yeM B 00JaCTh
H".

III. ABToMat A momagaer B 06iacTs H” panpmme, yeM B 06JacTh
H'. '

IV. Astromar A momagaer ogmospeMeHHo B obnactn H' u H”.

[lepseiit BapmauT cpasy ke MomRHO 0oTOpocuTh. [lecTBuTeNbHO,
TMPeJHoN0KNM, 4TO aBToMar A OCTAHOBHTCA B TO4YKe A, T. e. OH
opuMenuM K U u v (p) =h. [lockoasry g’ — cymecTBeHHas TOYKA,
cymecTByoT orobpakcins u u u'’/, KOTOpEEe OTINYAIOTCS B TOYKE
g', n rakme, yro v (M) F=v(p”). W m p” MokHO BHIOHpPATH, 3acTaB-
A5 WX YPHHAMATH 3HAYCHHA HA HECYI[eCTBEHHLIX COCTOSHUAX
IPOW3BOIBHEIM 06pa3oM, B YAaCTHOCTH, HA TPACKTOPHH IBIKEHIS
A R h UX MOKHO cgejiaTh coBmaganmuMu ¢ W. Torma moayumres,
qro v(p') = v (") = h, 9TO OPOTHBOPEYNT HOMYINEHHUIO.

Ecan aBromar A momamaer B o6macts H' pambmie, 9eM B 00-
aacts H”, To 0H HuKoOrga He mocTurHet cocronnus g”. CHoBa BrbepeM
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orobpaskeHumst W' u W’, KOTOPHE OTIMYAIOTCS TOIABKO B COCTOSTHNH
g”,u Tarme, ato v (1) == v (n”). CooBa P’ m P’ MoKHO BHIGpATH Ta-
KnMH, 9T00H Ha TPaeKTOpWH ABmKeHud aBroMaTa A K obmactu H'
OHY TPWHAMAJHW Te jKe 3HAYeHWd, 4YTO M 3agaHHOe oTobGpaskenwe W.
ITosToMy ®ak mas p’, Tar # mias p' aBromar A BoiizeT B 061acTh
H' panpme, ueM B oGaacte H'. A He gocTmraer cocroamnda g’ u
mostomy v (p') 5% v (LW’), 9TO HPOTMBOPEUMT HOIYIMEHNIO. AHAIO-
ruYEEM 06pasoM OTOPACHBAIOTCHA TPETHHl W YeTBePTHE BapHAaHTHI.
IIpmxoanM K BHBOIY, 9TO Cpeiu CyMieCTBEHHHX COCTOSHMI BCEraa
mMeeTca HauMeHbinee. HeTpyamo BugeTs, uro apTomMar A o6asarein-
HO [OJ/IKeH HOHACTh IPH CBOEM JBIKeHNN B HanMeHBIIee CyIie-
cTBeHHOE cocTosiane. Ecanm me A Bcerga gBmKETCS K HAMMEHLIIEMY

/2
) ()

o040

Pnc. 6.

0/0

CYImECTBeHHOMY COCTOAHMIO KpaTyafiinmM IyTeM, To, OYeBHIHO,
oH u 6yzier HamuryymnM mo 6eicTpoxeiicTenio. Takoli aBTOMaT Beerga
cymecTByeT, HO, pasyMeeTcsi, oH He 00s3aH OHTL KOHeUHEIM.
IIpocToii mpmMep HOKA3hBaeT, YTO KOHEYHOTO HAMIYYMIETo
mo GHICTPOIEICTBHI0 aBTOMATa, YKBMBAJEHTHOrO KOHEYHOMY aBTO-
MaTy, MOskeT He cymecTBoBaTh. JleficTBmTennHo, mycTs A mMeeT
rpad mepexojioB, msobpa;keHHEE Ha pmc. o, X = (0,1}, ¥ =
= {0,1,2}, pyHKRnNA mepexoqoB aBTOMaTa ( OIpejeieHa TaK, UTO
gi0=gi, gl=girs, ecuu i ecTs mnojHEIl kBagpar, u gl = g
B OPOTHBHOM cIydae, gi2= g;. IlycTs aBroMaT A BHUHCIAET PYyHK-
nuo u,(W) = g, TAe i — HamMeHbIIee YeTHOe 9YMCIO TaKoe, 9TO
w(g:) = 1. ApromMaT A MOKHO C/leJIaTh, KOHEYHHIM, Hampumep,
KaK mOoKa3zaHo Ha puc. 6.
flcHo, 4To sTOT aBTOMAT He HAWIYUYMHH IO OHICTPOAEHCTBHIO.
B To me BpeMd HamIyumuid no GEHICTPOmeHCTBHIO ABTOMAT HOJHEH
BHIJABATh HA BEIXOJIe curHAJX 1 TOTHA M TOJBKO TOTHA, KOTHA HA ero
BXOJ IIOJlaHA mocliegoBaTelbHocTs 07, THe n — HOJHBIA KBaj-
par. Har m3BecTHO, Takoil aBTOMaT He MOKeT OHBITH KOHEYHELIM.
B cBa3m ¢ paccMOTPeHHHM NPHMEPOM eCTECTBEHHO BO3HHKAET
BOIIPOC O TOM, OPH KaKNX YCHOBHAX HaWiyunmmii mo GrieTpomeii-
CTBHI0O AaBTOMAT, 9KBUBAJEOHTHHA KOHEYHOMY aBTOMary A, MoKer
OHTh KOHEWYHEIM. JacTWYHEII OTBET HAa BTOT BONPOC JaeT
Teopewma 5. Hycmv G — noayepynna ¢ Hepasioxcumoti edu-
nuyell e(e =gh=g =h = &), @ Kkomopol ewnoiHAEMCA 3GKOH
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s1e6020 cokpawyenus (gh' = gh” =h' =h"), Y npunadsemcum G un G
paccmampusaemca kKar Y- asmomam, 8 KOmopom PYHEyus nepe-
x0008 onpedeasemcs KGE npasoe YMHOUCEHUE HA SAeMEHMbBL MHONCECIT~
6a Y, a HauaavHoe cocmosnue g, = &. Tozda e kKaacce ecex
X — Y-asmomamos ¢ 3aKA0ONUMENbHUM COCTNOAHUECM, SKEUBAACHM-
HUT KOHEeuHOMY asmomamy A, cywecmseyem KoHeiHuili, HaAUAYL-
wull no 6sicmpodeiicmeuto asmomam A,.
HoxazaTteabCTBO 9TOW TEOPEMEI.
W3 ycnosuil, HaloMmeHANX Ha IMoXyrpynuy G (sakoHA JIeBOTO
COKpalleHnsA), CIeLyer, 4To BCE MHA-

0 a OrajJbHEE TOJaBTOMATH ee m30MopQ-
Xy=e HEI.
° (— aly Ieiicrenrensro, nyers g’ n g’ &G.
] A WzomopdmaM Mesny IojaBTOMATAMU
e R ¢ G n g’G (OpaBHe uaeadH WONYyrpy-
7

s () yeTaHABINBACTCA 0TOOpAKeATeM

v (g'g) = g’g, KoTOpOE HAa30BEM KaHO-
HUYECKNM H30MOpPU3MOM.

W3 mepasiosxknMoCTH e{MHAIH ¥ JIEBOIO COKPAIIEHNs CIe[yeT,
9T0 aBTOMAT G He MMeeT LHKIOB (£¢19a = § = 192 =€=>q; = §3 =
=e=>gq,=g¢). llosToMy HamwIyYmui mo OHICTPOMIeIICTBHIO aBTOMAT,
SKBUBAJEHTHHII aBTOMaTy A, CyIECTByeT M XapaKTepuayercs TeM,
9TO MepefiBHKeHne H3 OJHOro CYHMECTBEHHOTO COCTOAHWA B [pyroe
OCYIIecTBJIsAeT 3a KpaTdyaiimee YHCIO IXaros.

PaccMoTpnM HEKOTOphie SKBIBAJNEHTHEE IPe00Ta30BaHAs aBTO-
MaTa 4.

1. Ycrparenne efnHEuns. JT0 IpeoGpazoBanme MOMKHO 00D-
AICHUTE ¢ MoMombplo pue. 7. OHO COCTOUT B TOM, 4TO €CIH B rpad)f,
DepexofoB aBToMata A mmeercs QparMeHT, n300pasKeHHEI B JeBOI
YACTH PHUCyHKa, To aBToMaT 4’, rpad mepeXonoB KOTOPOTo IOXyda-
eTcs 3aMeHOIl JeBoro (parmenta Ha MpaBHil, 9KBHBaJEeHTEH aBTO-
Mary A oTHocHTeNbHO &, M HA06OPOT.

2. Ilpeo6pasoBanne MTHHEEHHAKX yYACTKOB H300paKEHO HA PHC. &
OrcyrerBie BXOJHEIX CHMBOJOB Ha CTPEJIKAX O3HAYAET, UTO Iepe-

XOJ W3 COCTOSIHHA a; B COCTOSIHHE ai+1(aiB ai—]—i) BHIIOJMHACTCA NPU
JIOGKIX BXOQHHEX CHTHANAX M

HEe3aBHCHMO OT HUX Ha BHXOHe T~ Yo N NG
BCerAa BHIAeTCA ONUH H TOT '<“ "
36 BHXopHOH curHal y;. Hpo-

M€ TOoro, mpejuojaraercs, 4To Pmc. 8.

B aBTOMaTre A HeT Hemocpen-

CTBEHHKIX MEePeXOoj0B B COCTOSIHHE d;ij N3 COCTOAHWH, OTIHIHEIX
of g;{(i =1,...,n—1). Takum oGpasoM, 5T0 mupeoGpazoBaHme
MeH#eT JuHeliHHe yuacTKm rpada nepexomos asromara A. Ono

Pnc.
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OyfieT cOXpPaHATh DKBUBAIEHTHOCTH ABTOMATOB, €CIH CJIOBA Yp,..,
veesYn ¥ Yqy ..., yn' DPaBHH B Hoayrpymme G.

3. Nsmenenne mepexomoB (puc. 9).

OGosnagnM wepe3 A’ aBToMaT, HOJyTIeHHHE 13 A IyTeM 3aMe-
HH JIeBOTO parMeHTa pucyHKa Ha mpaBmi. [Iycts A” — aBroMmart,
moxyJeHHHHE u3 A 3aMeHoll JeBoro ¢parmMeHTa Ha (parMeHT,
mpepicTaBIeHENA Ha prue. 10. YcaoBne mpuMeHEMOCTH W3MEHEHNA
IepexojioB cocTouT B ToM, uto mopaBroMathi A'(a) m A”(a) asBro-
matoB A’ w A” DSKBHBAlIEeHTHH, T. €. N3 9YKBHBAJEHTHOCTH
aBroMaToB A’(a) m A”(a) cregyer dKBUBAJIEHTHOCTH aBTOMaToB A
u A’. Ioramem aTo.

X%y

x}yﬂ

Puc. 9. Pnc. 10.

PaceMoTpum cuavaia ciyaaii, KOTja B asToMare A HeT NUKJIOB,
OpOXOAAMUX dYepes COCTOAHME a, T. €. ag = a => ¢ = e. Torga
A’ (D) ~ A"(b) ~ A(b), A'(c) ~ A"(c) ~ A(c) (97m mOmABTOMATH
nayce msomopdHE). BrifepeM Hpom3BOJBHYI0 (YHKIHIO BEXOHOB
W aBroMaTa G m paccMoTpuM ABm;KeHHe aBToMaToB A m A’ mo rpady
mepexofioB aBToMara G mpum pabore ¢ otoGpaskeHuem W. o Tex mop,
moka ofa aBromMara He MOHALYyT B COCTOSAHWE @, OHH BegyT cels
COBePIIEHHO OfMHAKOBO M, €CIX HOHAJaHus B COCTOAHUE @ He IPOo-
HCXOZWT, pe3ydbTaTHl uX paboTel coBmAmawT, T. e. us (p) =
= ua-(p). MomycruM, 9To B HEKOTODHI MOMEHT BpeMeHum oba
aBTOMaTa [OHAJH B COCTOSIHEE & M Haxomarcsa B Touke g. Haunmasn
¢ »TOro MomeHTa, paGoranT momaBromatH A(a) u A’ (a). Ecam
p(g) == 2", To, B cmidy IpeaUooeHNsT 00 OTCYTCTBHA IHKJIOB,
OPOXONsmuX uepes a, aBroMaTH A (a) m A’ (a) paGoraior ofMHAKOBO B
ua (p) =ua-(n). Ecau xe p(g) = z’, 10, Kak HeTPYAHO BHJETH,
ua (W) = (gy"Yua (v) = (gy") uarm) (V)=gur"w (V') = guar@ (V') =
=us- (1), roe v — GyHKHMA BHXO0H0B aBroMaTa (7, KoTopas IOJIy-
9aeTcd IepeHeceHHMeM € IIOMOIIBI0O KAaHOHMYECKOTO H30MOopdm3Ma
orpaHnueHNsa ¢yHEKnmm W Ha momaBToMar (gy’)G asromara G,
noposieHHNH cocrosiHmeM gy’, T. e. v(h) = p((gy') k), dyHK-
nus v moJdydaercsa TaKuM ke 00pasoM m3 momasToMarta gG.

OTr6pocuM Temepsb mPeAIIOIOKEHNE O TOM, UTO B A HeT IUKIOB,
npoxogAamux uwepes a. PaccMorpmM asromMar C, COCTOAHHAMEA
KOTOpOTO ABIAITCA napu (o, n), rme a€d, n=20,1,2,...
Havaxrpuoe cocrosimme (a,, 0). 3akinuntenbHoe cocTosHme a* mo-
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JIlydaeTcsa myTeM OTOKIeCTBIeHNs Becex nap Buga (a*, n) (n=0,1,2,...).
@YHKUmoO IepexofoB aBToMaTa (' ompejelnM paBeHCTBAMH
(2, n) z=(az, n), ecain axr==a, (a, n)z = (az, n + 1), ecan
ar = a. OueBmguo, aBroMaT C CTPOro HKBHUBAJICHTEH AaBTOMATY
A, Ho muaa xwboro n = 1,2,. .. He WMeeT NMKJIOB, IPOXOMAMAX
gyepes cocrosHug (@, n), @ K KaKIOMy (QparMeHTy, COCTOSAMEMY
n3 cocrosHuii (a, n), (b, n), (¢, n), IPpAMEHAMO W3MEHEHIIe IIePEXO00B
(ectm a = b, To BMecto (b, n) ciexyer B3aATH (b, n 4+ 1), amagormano
a1 a = c¢). llocrpouM mocmemoBarespHOCTH aBroMaToB C,, Cy,
Cy, . ... C,morydaercs n3MeHeHHeM IepPeXox0B B cocrosHmu (@, 0)
Cpyy —u3 C, n3MeHeHWeM ImepexofoB B coctoaHmm (a, n + 1).
Bce asromarsl C; sKBuBajJeHTHH (OTHOCHTEJBHO () Me:Kmy coGoil m
skBuBaieHTHH aBToMaTy A . Iloctponmm Temeps aBroMat Co,, moJlaras
¢, ((a, n), 1) = 8¢ ,((a, n), 7). Jlerko BugeTs, uto aBTOMat o, DKBHBA-
nenated aBTomMaty C. Bcee cocrommua astromara C Bupma (@, n)
mpm n = 0,1, 2. .. CTPOr0 9YKBUBANEHTHHI, IIOITOMY HX MOYKHO
OTOXECTBUTL. ABTOMAT, IOJIYYeHHHI B Pe3yIbTaTe OTOKIECTBIIE-
HEHA, n3oMopder aBroMary A’.

ITosTromy A u A’ YKBUBaNEeHTHH OTHOCHTEIBHO (.

Cocrosinme a aBToMaTa A Ha30BeM CyImECTBEHHEIM, eClIH CyIie-
cTByIOT W' @ [”, KOTODHIe COBIIAZAIOT BO BCEX TOUKAX, KPOME €, N
TaKWe, UTO0 UA() (M) 5= ua@ (1’). Herpymmo Bmpers, uro
€CcJId B HEKOTOPHII MOMEHT BpeMeHH A HaXOUTCS B CYINECTBEHHOM
COCTOAHAHA @, a (G B COCTOSIHAH g, TO g SBISIETCS CYI{eCTBEHHHM
COCTOAHMEM s OTOOpaskeHHWs: v, peajdd3yeMoro aBToMaToM A,
Ha9@HAS C HTOTO MOMEHTA.

Bynem rosoputs, uto aBToMaT A mMeer BeTBieHme (causHme)
B COCTOSIHAA d, GCIH CYIIECTBYIOT TaKue I, W Z, (Tarume a; == d,
W TaKue r; U Tp), YT0 ax;= ax, uaum A(a, z;) = Ma, z,) (azy =
=@ay%y = a). llycTs aBTOMAT A mMeeT BeTBJEHHA M CIAHAHHUA TOIb-
KO B CYINECTBEHHHX COCTOSHHAX M, KPOME TOTO, CATHAJX € BHIIaeT
Ha BHIXOfle pasBe YTO IPH HePexofe B 3aKII0YATEIHHOE COCTOSHUE
(Ma, ) = ¢ = ax = a*). Torga sToT aBTOMAT MOKHO Ipeobpaso-
BaTh B Hamay4muii mo ORICTpPOMEeiicTBHI0 aBTOMAT, IPNMEHAA MUHA-
MH3AIUI0 [JINH BHXOTHHX CJIOB Ha JHHEHHHX yd4acTKax rpada
mepexomgoB. [lJs 3TOTO [OCTATOYHO BOCHOJB30BAThCA Ipeobpaso-
BaHWeM JHHEeHHHX y4acTKoB (2). [leiicTBuTensHO, TaKo#i aBTOMAT
OymeT mepemBHraThCSI OT OJHOTO CYINECTBEHHOTO COCTOSIHHS aB-
roMata (G R gpyromy mo Kpardaiimemy myTtu. TakmM oGpasoM, ois
IOCTPOEHN HAMIYYMero Mo GEICTPOMIeICTBIIO aBTOMATA JOCTATOYHO
YMeTh yCTPAHATH BETBICHUA U CIAWSAHUA B HECYI[ECTBEHHEIX COCTO-
SAHWAX W yCTPAHATHh Ha BEIXOJe CHTHAL €. Y CTPaHeHHe & JerKo
BHIIOJHACTCA C IOMOIbI0 NEpBOoro mpeobpasoBamms, yCTpaHEHUe
BeTBJICHNA B HECYMECTBEHHOI TOUKe — C IOMOIIbIO N3MeHeHHAA IIe-

36



PeX0J0B A Cydas, KOIZa CoCTOARMAE aHECYMecTBeHHO (CM. puc. 9).

IleficTBUTENBHO, IyCTh COCTOAHME 4 HECYMEeCTBEHHO H B
A wmeercs pparment aesoit wactu pue. 9. Torga asromats A (a),
A” (a) KBUBAJIEHTHH. JTO OYeBHWIHO, ecin B A HeT NWKJIOB, IpO-
xoaAmux uepes cocrosHne a. Ecmy jike Takue HUKIB e HCKI0Ya-
0TCST, TO I OKA3aTeJLCTREA DKBIBalleHTHOCTH aBToMaToB A’(a)
n A” (a) ciepyer IpUMeHWTH IPHeM, aHAJOTHIHKIL HCIOTB30BAaH-

Sy~ 4 Yy

:::}
©) 2 @O0
x%/” %/” Y 4

Pnc. 11.

HOMY OPH J0Ka3aTeJbcTBe HSKBUBAJEHTHOCTH aBTOMaToB A m A’.
IIpumenss wameHeHne NepexojioB, yCTpaHsAeM BeTBIeHNe B COCTO-
AHNN a.

VYerpaneHne cansAHni B HECYMECTBeHAKX COCTOAHUAX ClexyeT
OPOBOZWTH IOCHEe ycTpaHeHms BeTBiIeHuil. BrmoarseTcs 3To ¢ mo-
Mompbio ImpeoGpasoBamms, COXPAHIOIIEr0 Jaj)e CTPOryi0 9KBHBA-
aeaTHOCTH (pumc. 11. 3pmech d — OGnmkaiimee cymieCTBeHHOe
COCTOSIHME K HECYmEeCTBeHHOMY COCTOSHHIO C).

ITpnmersa MeTOox HOCTPOEHMS HAWIyymiero mo OHICTPOJEHCT-
BHIO aBTOMaTa, MCIOJb30BAHHAIA JJIA MOKA34TeJbCTBA IPEARIyIei
TEeOPeMHl, MOKHO HOJy4YuTh Clefylmee YCIOBHe pa3pemnMOCTH
npo6IeMH SKBMBAJICHTHOCTH KOHEYHEIX aBTOMATOB.

Teopema 6. Ilyemb G — noayzpynna c aegsim cOkKpae-
Huem U Hepasaoxcumoll eOuHuyeil, nOpo’COeHHAS KOHEUHHLM MHO-
acecmeom Y. Tozda, ecau 6 noayzpynne G paspewuma npobaema
modcdecmea ci08, paspewsuma npobaera u sKE6UBAIEHMHOCMY, KOHEU-
noux X-Y - asmomamos ommuocumeavro Y - asmomama G.

CymecTBoBaHme aaropmT™Ma, KOTOpHIH pemaer mpobieMy dKBI-
BaJICHTHOCTH, BHITEKAaeT W3 ClefylomuXx cooOpakeHmil. Ecim aBTo-
MaTH A1 1 A, He IMeIOT BeTBJICHHI B HeCyINeCTBEHHIX COCTOAHMAX,
TO NX BKBMBAJEHTHOCTH yCTaHABIHBAeTCsA CIeLylomunM o6GpasoM.
BribepeM nast Kasgmoro ciiosa ¢ B ajnpaBure Y HEKOTOPHM CTaH-
MAapTHEIM 00pasoM SKBHBaJIeHTHOe eMy B MOJYTpyIe CI0BO ¢.(q)
HapMmeHbme#k Aauan. Ecam B G paspemmMa mpo6ieMa TOKECTBA
cI0B, QyHKIOUA a(g) MomeT OBITH cfellaHa KOHCTPYKTHBHOM (eci,
HaOmpuMeD, B KauecTBe a(g) GpaTh mepBoe B JeKCHKOTPadmiecKOM
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HnopAmKe CI0BO, DKBABAIEHTHO® clI0oBY ¢). IloctpouM s Kamgoro
#3 aBToMaToB Ay w A, SKBWBaJeHTHHH, Hawpyumuid mo GHcTpO-
neiicrenio. Ilycrs a10 GynyT aBromMars A; m A, . IlocTpoeEHe MosKeT
OHTH CIeNAaHO KOHCTPYKTHBHO, IIOCKOJNBKY, KaK OHJIO IOKa3aHO
paHbBIme, AN aBTOMATOB, He MMEIOMAX BeTBJIeHMH B HeCYIIECTBEH-
HHIX TOYKAX, ONTHMHU3ANUS OCYIIECTBISETCA IyTeM YCTPAHCHHS
camsaAmid (mpeoGpa3oBaHmWe, COXpaHAWmMEe CTPOTYI0 SKBABAJCHT-
HOCTb) ¥ MAHEME3AIMA JJINH BHXOXHKX CIOB HA JMHEHHHX y9acT-
xax. EciIm mpy 5TOM B KadecTBe cjioBa MUHMMAJIBHOM JIMHEL,
COOTBETCTBYIONIEr'0 CIOBY ¢, BHOmparh KaKAHI pas CIOBO (),
moxydmM, 4ro A; um A, SKBHBAJIGHTHH TOrja ¥ TOIbKO TOTAA,

xorna Aj m Ay crporo oksmsatentHR. Tpoitry (@, Zi, ), THe
a€ A, z;, ,G X, Haz0oBeM BeTBIeEmeM B aBromare A4, ecilu az e
=+ azy, mam ha(a, x1) 5~ A4 (@, z,). HazoBem BecoM aBTOMaTa A uqme-
JIO BeTBJICHHUHA B 3TOM aBTOMATe.

TloxaeM, 9To 3ajja¥a paclo3HaBaHuUs YKBABAJIEHTHOCTH aBTO-
MartoB Ay m A, ¢ BecoM, He TpeBocxopammuM 2 > 0, CBOAATCA K 3a-
Jage pacIo3HABAHMA YKBHBAJEHTHOCTH aBTOMATOB C BeCOM, CTPOrO
MEeHBLIIEM 12, B K 3aj{aueé pacHo3HaBaHHS 3KBHBAJEHTHOCTA aBTOMA-
TOB, KOTOPHIe He MMEIOT BeTBJIeHHil B HOCYIIeCTBeHHHX COCTOAHMAX.
JleficTBATONIBHO, [l TOTO, YTOGH CpABHMTH aBTOMATH Ay H As,
JOCTATOYHO NOCTPOHTH SKBHBAJEHTHHE MM HAMIydmme IO OHCTPO-
[eACTBHI0 aBTOMATH A; X A;, BHIOpaB B Kadecrse KpaTdafmero
mpeNcTaBHTedsA Kiacca SKBUBAJEHTHOCTH CJI0Ba ¢ CJIOBO (9),
B 3aTeM IPOBEPHTH WX CTPOTYIO HKBHBAJEHTHOCTH., EHHCTBEHHHEIM
HeKOHCTPYKTHBHEIM INAroM B 3TOM NOCTPOEHHHA SBJIAGTCA Paclo-
3HaBaHHE NPHMEHMMOCTH M3MEHEeHHS HepeXoj0B (zpeo6pazoBanne
3). Ho saro pacmosHaBaHMe COCTOMT B IPOBePKe 9KBHBAJEHTHOCTU

mopmasroMaToB A’(a) m A”(a), KoTopre mMeloT BEC CTPOTO MeHbLIIni
ueM Bec aBromara A. Haxomern, pacmosHaBaHUe 3KBHUBAJEHTHOCTH
4BTOMATOB € HYJEBHM BeCOM CBOJHTCA K PeIleHHIO upobIeMH
PaBeHCTBA CIOB B noxyrpymue G.

OrMeTnM, YTO aJropumTM, NONyYeHHHH H3 J0KA3aTEIbCTBA
TeOpeMH 6, AaeT 0OYeHb BHCOKYIO BePXHIOW OIeHKY MEPH CJIOHHO-
CTH PACTOSHABAHWSA DKBHBAJEHTHOCTH JByX aBToMaToB (I0 Hmciy
omepanuii, KoTopsle HeoGXOXUMO BHIIOJHHATH AJA HpOBepKHA IKBH-
BAJIEHTHOCTH). JTa ONEHKA [aeT Mo Kpaineil Mepe 3RGH0H0H1!H3315:
HHA POCT Yueaa omepalif B 3aBMCMMOCTH OT UYMCIa COCTOAHNH
CPaBHHBAEeMHIX aBTOMATOB. B To jke BpeMa [Jis1 HOKOTOPHX ROHKpPET-
HBIX HOAYTPYIN C JeBBIM COKPAIeHUeM H Eepa:momnmoﬁ einEanen
9Ta OIEHKA MOKeT OHTh CyMeCTBeHHO yiydmeHa. B 9aCTHOCTH,
151 CBOGONHKX KOMMYTATHBIHX moxyrpyun [16] u pua moayrpyni,
nccaeoBaBHHX 8 [12], MoxEO momyunTh cTemeHHY(O OUEHKY THCIA
oHepanuii.
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B mocaemsee BpeMa Obim HOIYyd4eHH HOBHE DPe3yJbTAaTH IIO

NICCAEOBAHMIO AJIrOPATMITIECKOM PaspemuMocTa TPoGIeMsl 9KBIBa-
JICHTHOCTA aBTOMAaTOB OTHOCmTedabmro moayrpynn. M. A. Taiginnna,
nceIeqoBas UpoGieMy SKBHBAICHTHOCTH OTHOCHTEILHO KOMMYyTa-
tEBEHX moayrpynm*, A. A. Jletwuemckmii paccMoTpea mpoGiaemy
SKBHBAJEHTHOCTH JJisI HOJYTPyON ¢ COKPAMEHEmeM M HEeKOTODPHX
KJTaccoB rpymu**,
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Ccccrp
MockoBcruii yHEBepcHTET

0. H. TOJIOBUH, M. A. BPOHIITENH

ARCUOMATHYECKAA HIACCHOURAINA
TOYHBIX OIEPATINN

lloceayaercs namaru
dopozozo Anaroausn Heanoeuwa Masvyesa

Beegenmne

Bcem amre6pamcraM Xopomo 3HAKOMHL OIEPANHA IIPAMOrO M
¢BO0OHOTO YMHOKEHHI PYII U X POJIS> B TeOPHH Tpymm. Alek-
caappom 'emnagmesmaem Hypomem B 1937 1. (cM. [20], erp. 15)
BIePBHie GBI MOCTABIEH BOIPOC O Ieleco00PAZHOCTH PO3HCKA NI
WCCHeNOBAHAA ONepamui, MOMOOGHHX 5THM ABYM KJIACCHICCKUM.
OpHaKo NepBhie Pe3yJabIATH B HTOM HANPABICHHH CTAJH MOAB-
JAgTheA JUINb B IIOCIeBOEHHBIEe TOJIBI, yiKe IocJie BIIXONA B CBET
nmepBoro magamus kaurm A. I'. Hypoma «Teopus rpymm, rme
(em. [21], erp. 350—351 mam [22], crp. 424— 425) sror BOmpOC
GBI KOHKPeTH3MpoBaH M ocofoe BHHMaHWE 00PANIAJOch HA YCI0-
BA€ ACCOMATHMBHOCTH OIepPaTMil,

[TocTpoenne Takux acCONMMATHBHKIX oNePAOMil HOM IO B OCHOB-
HOM B ByX Hanpasienuax. OgHo W3 HuX, HAUaBMeecs ¢ o0HADY Ke-
HAS ACCONMATHBHHIX HIMIBNOTEHTHHIX yMHOMeHHH {cu. [9—11]),
mpuBesio K paspaloTke ofmeit Teopunm BepOGalBHHX oOHepaii,
ONpemelleHHHX Ha KiIacce BceX TIPyOm H ¢cBOGOXHHIX B mnpefesax
COOTBETCTBYIOWAX MM MHOrooGpasuii rpynn. DyHpaMeHT »TOMH
Teopnn 3anoken B paborax Mopama [70, 72], rae nano oGmee ompe-
ReleHne BepOadbHHIX omepanmii, /OKA3aHA MX ACCOIMATHBHOCTS,
ycTaHOBIeHA €BoGOMa Ramgoil TAKOll omepaldm B IipefelaX COOT-
BOTCTBYIOIIETO eii MEOroo0pasns, OGHAPYHEeH 1 PAX Apyrux $aKTIoB.

JarbHelimuM m3ydeHmeM BepOaJbHHX oHDepaimil M pasJioske-
Huit Tpyon B BepGalbHEE ITPOM3BeNeHNsA B3aHAMAINCH MHOTHE:
B HuibnoTenTHOM ciydae — O. H. Tomosun [10—12], H. II. T'ons-
mmaa [18], B. H. Jdudmmy [23], B. H. Jlaxosmurmi [25],
Maxrernpm [68], O. H. Manenoncraa [26], E. M. Mocrosas [28],
Crpeiix [85—87], M. C. Ilanerxro [42], A. JI. Ilimeaskun [45—46];
B paspemmMoM ¥ IOJWHAIBIOTeHTHOM clydae — Baymcaar [57],
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Baymcaar u Jleeunn [58], M. A. Bponmreiin [4], A. JI. IlMenbkan
[47]; B 06mem ciyuae — O. H. T'onormu [15], Mopan [71], Crpeiix
[83, 84], A. JI. Ilimennknr [44]; cmenmaipHO aNrOpPHTMAYECKEMH
Bompocamu — JI. C. @aepmapk [30], I'. I'. Ilemna [50,51]; moams-
ME BepGaJgbHEMM HpomsBefenuaMu — Mopar [75, 78]; BepGaxs-
HEIME Opom3BeJieHmAMH ¢ 06requEeEANMy nogrpynnmamu — B, Heit-
mau n Yaitroax [80], YVaitroayn [88, 89]. Ilopuac Teopma BepGaabHEX
omepanmil TecHefimuM 00Gpa3oM HepeIieTaeTcA € OO0mMeH Teopmei
mHOroofpasmit rpymn. Tak, manpmmep, paGore IlI. Heitmama
[82] m A. I0. Onpmanckoro [29], B KoTopHX cTposTCA HpEMEpPH
MHOr006pasnii HylIeBOH HKCIOHEHTH, CBOGOAHEE TPYINE KOTO PHIX
Pa3JOMHUME B IIPAMOE IIPOU3BefieHne, HPeiCTABIA0T HeCOMHe HHHMA
HHTEpeC M C TOYKH 3peHHs. W3ydeHas BepOalbHHX omepammid.

Ha npmanmnuaisao mERX co006paskeHusax mocrponn B 1949 r.
acconuatuBHyio onepaumio E. C. Jlannr [24] (cM. o Beilt Hmxe. § 3,
npmmep 12). PassuB ero mpmeu, o0miyo Teopmio HOIYKOMMYTAaTHB-
pux T-omepanmit moctpoma M. A. @pmuman [31—40]; omepaunm
pAfa ceMmeicTB TaKuX omepammii acconmuaTmBHE. B paboTax
M. A. @puamana, a Takxe W. A. Yatan [43] m I'. I'. Illenwnma
[48,49] wmayuaiorca pasamummie cBoiicTBa sTmX omepanmii. (Omma
omepaumsa @pmaMaHa paccmaTpmBaeTca Huswe, §3, mpmmep 15).

B paGorax [73, 74, 76, 77] MopaHOM mOCTPOEHH HOBHE CeMeii-
CTBa AacCOLWATMBHHX omepanmuil. BmpoueM, HeKoTophle M3 HHX
ykaIaneBatoTeas B cxemy M. A. (Dpmomana.

OxHako HM KOHKpETHOe ONMCAHME OTHEJbHBIX AaCCOLHATHBHEIX
omepanuif miIm TEJHX ceMeiicTB TaKuxX omepauwii, HI ONHNCAaHHe
KOHKPETHHIX WX WHAUBHAYAIbHHX CBOICTB He ABIAIOTCA IpernMe-
ToM HacTosameil cratbu. [loguepruem mumb, aro 3a 20 JeT ymgaroch
YCTaHOBUTH MHOTO 3aKOHOB, OIpPefie/IA0MHX acCONUATHBHEE OIepa-
nun Ha Kiaacce rpymn. Hac ceiigac mHTepecyer cmcreMaTH3alUd
HAKOINBIIETOCA MaTepuala.

Her yBepemnoctn pmaske B ToM, uTO caMo HCHATHE OmEpaNUH
Ha Klacce I'PYIN TpaKTyeTcA BceMH aBTopaMm opmraroBo. G npy-
TO#f CTOPOHHI, IOCTeNeHHO HAKONWJICA HEKOTOPHi Habop  moyMe-
9eHHHX «a0CTPaKTHHX» CBOHCTB, KOTOPHIMH MOryT o0iajgaTb HIH
He 06MamaTh Te wim mHHE omepaluu. IIpomecc sTOT IIeJ clepBa
CIIOHTAHHO. 3aTeM OJHEM M3 aBTOPOB HACTOAIIEH CTaThu OhLIA cpe-
naga TOmHTKA (cM. [13] m [16]) mopBectn sToMy Ipomeccy WTOT.
Hwmxe, B § 1, npuBonurcs «comcox mocTyaaToB» — IepedeHh TaKHX
abCTPAKTHEIX CBOWCTB (He3HAYNTENLHO OTIMIAIOINKIICS OT MepeYHsd,
momemeHHOTO B [16]) ¢ cooTBeTCcTBYIOMMMH JIUTEPATY PHEIMHA CCHIJI-
xaMm. TaM ke BocupowsBopmTCA ompejelieHEe TOYHOH OmeparH
(namroe Bmepswe B [16]), KoTopoe mpepIaraeTcs NOJIOKUTH B OCHO-
By Bcero. B gacTHOCTM. HNMEHHO Ha TCYHHIE OLMEPALNE M PaccyaTaH
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YKa3aHHHI CIHCOK AOMOJHMTENABHHX IIOCTYJIaTOB, 3HAKOMCTBO C
KOTOPHM (TaK e, KAK ¥ ¢ IPUBOANMHME B § 1 HasBaHMAME HEKOTO-
PHX THIOB TOYHHX OIepAaNMil) B HaJbHEIIeM u IMpeloIaraeTcs.

VcTUHERIM IIpeIMeTOM HACTOAINeH CTAThbM ABIAETCA (POPMAallb-
HO-TOTHYECKOe H3Yy4eHUEe INPeIOKeHHOr0 CHOHCKAa NHOCTYIaToB.
MccneqoBagme HTO yaeTcA JOBECTH [0 KOHNA ¢ TOYHOCTHIO J[0 ABHO
$OPMYyIHPYEMEIX B BHje «OpoGieM» OCTaBIIMXCA OTKPHTHME BOI-
poCcoB, O XapaKTepe KOTOPHX OyneT miTH pedh HMEKe. DB xope
HTOTO HWCCAETOBAHHUA HAPAXY C MCOOIL30BAHWEM MaTepHala, mpefo-
CTABIAEMOTO B HAINE - paCHOpsAKeHAe BCEMH NyOAMKANAAMHA II0
MHTEPECYIOMEeMY HAC BOIPOCY, HAMH CTPOUTCH MHOTO HOBHIX IIpHME-~
POB omepanmii, GOIPIIMHCTBO W3 KOTOPHX HE IPENCTABIAELT CaMo-
CTOATEIBHOrO WHTEpeca: OHM HY;KHH JIHINb I yCTaHOBICHAA He3a-
BACHMOCTH TeX HWJIHM WHHX IIOCTYJIaTOB WiIWm HaGOpOB IOCTYIATOB.
Opmako, cKaMeM, OJA BHACHEHHA CYTH CaMoro TpeGOBAHHA acco-
IIMaTABHOCTH TOYHOM omepanud WHTepecHH npuMepsr 18—21
(§ 5). B wacrBocTH, mpumep 18 mokasriBaeT, uTo B 00meM cayuae
He PABHOCHIBHEL MeKAY coGoil moctyiaar III-5 m maGop mocryma-
roB < I11-3, IT1-4 > (¢ aTEMu TpeMsa mOCTyJIaTaM¥ YHTATEIL XOPO-
M0 BHAKOM II0 TeOPHH IPAMWX W CBOOOJHHX NPOW3BEICHHN).
A npnmep 21 sapaTeH TeM, uTo (6yAyYHM HEMHTEPECHHM IO CBOEMY
CYIMEeCTBY) ABAsgeTCA GOPMATBHO CAMHM IIPOCTHIM IIPEMEPOM acco-
MEATHBHOW TOYHOW OUepandu, OTIAMIHOM OT MPAMOro W CBOGOIHOrO
YMHO)KeHHU: ee acCONUATHBHOCTh OYEBHIHA.

OOGpaTnM BHMMaHHe 9HTATeNs HA HeCKoIbKo TeopeM. Teopema
1 (§ 1) dmrcmpyer, aTo BceM CHOPMYIAMPOBAHHEIM HOCTYIATaM
YMOBAETBOPAET NPAMOE H CBOGOJHOE YMHO;KEHME; TeM CaMBIM
yCTaHABIMBAETCA, 9TO LpefIaracMas CHCTeMa IOCTYIaTOB COBMECT-
ua. Teopema 3 (§2) KorcTaTHpyeT, aTO mociaenEMi mocryaar IV-1*
PaBHOCHIEH COBOKYIHOCTH BCEX €My IPeJIIecTBYOIUX W, BMECTe
C TeM, 4TO COBIIAJA0T CEeMeNCTBA COBEPIIEHHHIX W ACCONMATHBHHX
cBo6GomHKX (GyHKTOpHHX omepanmid. Teopema 4 mokasuBaer, CKOIb
CHJILHHME OKAas3HBAWOTCA coverapms mocryiaaroB 1-4 m I-4* (oTHO-
CAMUXCH K OT/IeNBHO B3ATHM IIPOM3BEIEHAAM) ¢ HEKOTOPHMHA IPY-
ruMa nocryinatamu. B teopeme 5.1 (§ 3), Bo-mepBHX, HOKasHBaeTcH,
9TO0 HYU OXMH W8 IOCTYIaTOB He MABIAETCA CHEACTBHEM TOYHOCTH
omepanum, a, BO-BTOPHIX, yCTAHABAMBAETCH, YTO mocTyiatH -1,
-4, III-4 = III-2 asaamoTea «aromammy, T. e. clabeimuMa —
TAKAMY, 9T0 W3 KaKI0TO W3 HUX He CleayeT HYU OJUH W3 OCTAIBLHEIX
MOCTYNaTOB Hamell cucTeMu. HeCKONBKO CIOB 00 STHX 4aTOMAaxy.
Mocryaarsr II-1 m III-1 coBepmieHBO €CTECTBEHHBI M OYEBUIHH:
moctyiar cmMmerpuwagocTn ([I-1) nexnmapupyer «aGcTpaKTHOCTEY
omepan®md, a mocryiaT o0 egumEWYHEHX comHOmreaax (III-1)
Tpebyer, d4TOOH TpPYHOH ImOpAnxKa 1 BO Bcex ciaydasx HUrpaim
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pOAb eIMHUIE OTHOCHTEIALHO paccMaTpuBaeMoi omepammu. Ilocry-
nar sxe ycroiamBoctu (I11-2) cam mo ceGe He 3ByunT: OH BO3HHK
Kak «nomonmenue K I1I-1 B III-3».

UYro sxe kacaerca mocTyiara upapmisHocTH (I-1), To, BO3-
MOJKHO, CTONT HAIOMHHTEH, UTO OH ArpaeT BeChbMa CYMECTBEHHYIO
POAB BO MHOTHX IOCTPOGHHAX M [0KasaTelhcrBax. TpeGoBaHue
Ipa BEIBHOCTH GHJIO BuepBhle mpeaioxeno B [9] m peranbmee pas-
paboraro B [10] = [70]. KopoTko ToBOpA, mMpaBMIBHOCTE ONEpPAEH
03HAYaer, 9T0 OHA IEKHET MEMIY OPAMEM X CBOCOTHHIM yMHOMKe-
puaMmy. CHenmalsHO NPAaBUIbHHMA IPOA3BEJCHAAME 3aHAMAIICH
Benano (cm., mampmmep, [59—64]). B wacrmocTH, MM nokasama
TPAHSUTHBHOCTH HTOTO CBOMCTBA; OH jKe BBEI NOHATHE IIONHON
npaBuibaocTH (mocrynar [-2). Boéapmywo d9acTs wHcclemoBaHMIA
Benano mpoBonur Ha cTpyKTypuHOM sasmke. (Hcrarum, samermM, gTo
Ham npumep C u3 § 7 qeMOHCTpHpYeT, 9TO HPABHIBLHOCTH, BOOGIE
ToBOpHA, He 00lafiaeT CBOMCTBOM OJIOKHDPYeMOCTH: GIOKM IpaBHIIb-
HOT'O HPOHUBBEJEHHA MOLYT HE COCTABIATH IIPaBHIBHOTO HPOM3Be-
TeHHs.)

Bo Bcex ymomMamyTHX mo cHX mOop pa0oTaX H3YdYaNWCH WMEHHO
OpaBUJIbHEIE OIEPANHE ¥ UpaBWIbHEE IpomsBefeEusa. Y Bce
BooGIIe, HACKOIBKO HAM M3BECTHO, ACCONEATHBHEE TOYHHE OIEpa-
[A¥, COOOWEHNS 0 KOTOPHX MOABIAINCH B MeYaTH, OLIIH IPaBUIb-
geiME. Ecinm a10 Tak, To nmyGnukyemsie B HacTodmeil paGoTe mpu-
mepn 13 (§ 3) m 20 (§ 5) aBAAOTCA MepBHMHI IPHMEPaMH acCcONHAa-
THBHHX HeIPaBUWIBLHHX ounepanwii. OHU, HeCOMHEHHO, (BHYIYDHEE).
W cymecTBYIOT NH «eCTECTBEHHHE» ONEpAaUH TAaKOro THIA, HaM
HensBecTHO. Heratu samernmyM, uro B psajge paboT paccMaTpHBAIHCh
pasHHe 0GOOIeHHA HOHATHS NPAaBHAPHOrO HOPOHM3BENeHHs (Tax,
Hampumep, cm. paGorar B. Heitmama m X. Heiimag [79],
X. Heiimag u Yaitronga [81], a raxxe [52] u [69]).

Ecaun, maoGopor, mepeiiTe oT crafHX mOCTYIaTOB K HamGoiee
CWIBHEIM, TO TrJaBHOe BHHMAHW® MOJKHH IIPHBIEedb fBa (eciIH
OCTAaBATH B CTOPOHE NOCTYJATH AaCCONMMATHBHOCTH): IIOCTYJAT
Maraeitna (I1-2*) w mocrymar Mansmesa (11-3*). W momoxenme
mel K HAaCTOAmEMY MOMEHTY C WMCCHe[OBAaHWEM ceMelicTBa MaKieli-
HOBCKHUX ¥ ceMelicTBA MAIBIEBCKUX OHepanuii 6yKBaAbHO MOJAPHO.

Kax yme mokasamo aBropamu HacTosmel cratsm (cM. [15] m
[3]), mmacc TOouHHX omepamuii, aKCHOMATHIECKH OIPefesAeMblil
sabopom mocrymaros <II[-2*, III-1>>, mpexcrasiaser coGoit
MHOKeCTBO (He BHIIE KOHTHHYaJbHOIl MOIMHOCTH) HEATPadLHBIX
noiuBepOanbHEX OHepanuil, UTPAWIAX B TeOPHH OIePaNHiil POIb,
BIIOJIHE aHAJOTHYHYI0 POJH MHOT00Gpasmil B o0me# TeOPHH IPYII:
TOYHAsi ONepamHus ymosierBopsier mocrymaraM 11-2* m III-1
TOTAA M TOIBKO TOTZA, KOTJa AOIyCKaeT 3ajaHde CHCTeMOH Heji-
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TPAJILHHX MOMHTOIeCTB. MH He mMMeeM 37ech BO3MOKHOCTH (HOp-
MyIUpOBAaTh IMOHATASA ¥ TEOPeMbl TeOpME NOJMUBEpOANBHEX Ome-
panmii W BHHYKAEHH OTOCIATh 4YATATENA K COOTBETCTBYIOIIMM
craream: O. H. Tomosun [14, 15, 17], M. A. Bpommteim [3],
C. A. Ammanos m O. H. Manegonckas [1], O. H. Manemouckasn
[26, 27], T'. K. T'enoB [7]. OT™MeTum ToNBKO, uTO BCce BepGadnHnie
omepamu¥ TOIWBepOalbHEL, TAK YTO KajKHas MoKeT OBITH 3aljaHa
CHCTeMO#l MONHUTOKAECTB. JTAM, B GACTHOCTH, TAETCA MOI0KATENb-
mEit oTBeT Ha Bompoc Mopana [74] u Crpeiik [84] o Tom, cymecTByer
aa opMa 3amaHumA BepGalbHHX omepanuii, AHBApHMaHTHAH OTHO-
CHTEIBHO Bcex roMoMopdusmon. Ilna monmBepGalpHMX Omepamuii
BCTAeT BONPOC O CYMECTBOBAHMYE KOHEUHOW OasH ITOMATOMI6CTB
1A ®aKmol omepaunud. HunprnoTenTHse omepanan TakAMA GasaMu
obmamaror (cm. [15]). B paGorax A. JI. IImenskmua [47] nu
M. A. Bpoumreiina [4] moxasano, uTo BCe OCTallbHHE MONOHWIb-
IOTEHTHEHE (B 9aCTHOCTH, BCE PA3PEIIUMEE) OMepanmul KOHeTHHMMU
GazaMH IIONUTOKIECTB He 00JIafaioT.

Taxum o6pa3om, akcHOMAaTHYECKH BHeNseMuit riaace <I1-2¥,
ITI-4>-omepanumii ypmaeTcs TONHOCTBI0 OXapaKTepH30BaTh  Ha
COBCEM [IPYTOM ABHKeE, MO3BOJAIOIEM CHeIaTs 006 9TOM Kilacce PAJ
XOpOmuX 3aKI0YeHNA W HAMETHTH IYTH BO3MOKHOTO €ro W3yde-
gusg. JlomyckaioT nm onmucaHHe Ha KaKOM-JTH00 WHOM fS3BHIKe X
npyrue arcmoMmarmaeckme Kiaccei? I, K. TenoBrm sto cpelrano
(em. [7], Teopema 2) mua<II-2*%, I1I-4, IV-1>>-onepanmit— oHa co-
CTABIAIOT, eCTECTBEHHO, YaCTh MHOLeCTBA HEATDPAJIbHHX IOJIHBEp-
GanpHbIX omepanuii. TpuBmansHO ommceBaooTes Kiaces 11-2%-ome-
pammit m <I1-2* IV-1>> -omepanmii. Hanpumep, mepBH#l 13 HUX
B TOYHOCTH COCTABJIEH W3 BCEX «KYCOYHO-OMUBEPOAIBHHIX) Olle-
pamuaii, T. e. omepanmil, KOTOpHe [JIA KaKNoi MaHHOH MOIHOCTI
MHOKECTBA COMHOKHTeNell ompeneaanTea (Boobme roBopsa, cBoeit)
cucTeMoii moauToKnecTB. Moxuo eme cumraTh (em. [10], v, 11,
§1), 9To B HEKOTOPOM CMEICHE J[aHA XapaKTepUs3anusA BCEX
OPaBIVIBHEIX OODEpamyWii; HO KIacC BJTHX omnepanuii 0e3yMHO
muapok. W 810, HACKOILKO HAM W3BECTHO, BCE.

Bcraer Bompoc: MOKHO MM Kak-TO ommcaTh KIIace OmMeparuit
tana <II1-3%, I11-1> (unn tuma <11-2, II-3% III-1>>), B ompe-
nexesHoM cmbicie ayanpEHX K < [[-2*%, III-1 >>-omepammam?

" BMecro oTBera Ha 3TOT BOIPOC MEI HOJBEEM HMTOTH HACTO-
Ame# crarbm, pgaomue (GOPMAIBLHO-TOTHIECKYI0 KapTHHY OG-
SKeHOS el B BO BCell TEOPHM TPYHLIX OMEepALlHii.

Ias mpocToThl orpaHEYMM cefa HECKONBKO Gojlee Y3KUMMU
pamxamu. Boime ysxe roBopmmocs o Teopeme 5.1, ycramaBmmsa-
omeil «aroMHOCTRY wocrtymarton I-1, II-1 III-4. B §1 <IA,
11-1, 1111 >>-onepanuu HasBausl peryispusiMa. TpeGoBaHUA 5THX
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[OCTYJIaTOB BechbMa JOTMYHH u cilafw. VM, mo Bceit BugmMocTH,
B IHTEpaType TOIHKO TaKWe OMEePamuf W PacCMaTPHBAINCH, KOT/4
I3 pedb O <(IPABWIBHbLIXY WIM AacCONMATHBHEIX OIEePanAAX.

Taxr BOT, TIIaBHEIM WTOTOM HACTOSIISH CTATHH ABIAETCH yCTa-
HOBII@HAE BCEX AKCUOMATHYeCKMX THUIOB PEryIAPHLIX Omepamdil I
MOJHOH CXEeMHl JIOTMIECKHX HMMIIWKATHE MEKAY ONpeneAaomuM
9TH THNH mocTynaTtaMu (cM. cxemy N 4). Beero taxmx tumos oxa-
saiock 50 — ¢ TOWHOCTHI0 O 8 THHIOB, CAMOCTOATEIbHOE CYIIecT-
BOBaHME KOTOPHIX OCTAJNOCh HENOKA3AHHBIM.- OJTO THIIEL

Xy=<<I, 11-3, I11-3>>; Z,=<1-2, [1-3%, IT1-4>;
U, =< 11-2, 11-3%, TII4 >

V, = <I1-3%, III4, IVA >; D, = <I-2, 11-3, I11-4>;
Wp= < 12, 1I-3, T1I-5>>:

Wy = < 1-2, II-3%, 1115 >; Wy = < 11-3%, II1-5, I[V-1>>.

Ha cxeMe oHEH OTMeYeHH NYHKTHPHHIMA KPY/KKAMH, OT KOTOPHX
MIyT OyHKTHpHBE jKe pefpa, MOKa3HBAIOIIHE BO3MOKHEIE «o0par-
UBle» UMINTAKATAN, OO KOTOPHIM MOYKXHO CYIATh, KaKHe THIL pery-
JIAPHHX ONepanuil B AEACTBUTENHHOCTH, BO3MOJKHO, M COBIANAIOT.
YaraTenp, HaBepHOE, CPa3y 3aMeTHNI, YTO BCe 3TH S HAGOPOB IO-
cTynaToB comep:kar aubo mocrynar I[I-3, mmGo [I-3*. Cuyuaitno
au 3To?

Bomee 20 ner nasag, ® despane 1948 r., Gynyun opmmumanibusiM
OUNOHEHTOM [0 KAHNANATCKOA NHUCCepTAyd OZHOTO W3 AaBTOPOB
Hacroameir cTathd, Amnartonmii Bamosma Manpues mocTaBmu
BOOPOC: XOPOMIO, [OKA3aHO CYIeCTBOBAHWE ACCONMATHBHHX OIe-
pandii, OTIWIHHIX OT CBOGONHOTO ¥ IIPAMOTO YMHOMKEHWH TPy,
HO MOTYT JIA TAKHEe acCONMATHBHLIE OHEepamun 001aJaTh €Ife OJHAM
o0myuM CBOMCTBOM HPAMOTO W CBOOOJHOTO YMHOMKEHHH, a HMEHHO:
ecit G =AoB uw A'c A, BB — B, 0on {A’",B'}g = A cB?
Mssecrro Osuto (cMm. [11], cTp. 444; cm. Taxske npumep 11 § 3 nacTo-
Ameil CTaThbH), 9T0 HAJIBIOTEHTHHIE NPOU3BEIeHNA BTHM CBOMCTBOM
ne obGmaparor. Ilosmmee A. JI. IImenswum [44] ycramosmiu, uro
He YHOBIETBOPAIOT 3TOMY «mocTyiary Mansmesa» m Bce BoOOGImE
BepOalbHHe omepanuy (OTIWIHbE, KOHEYHO, OT CBOGOJHOTO M
upamoro ymuokennit). M. A. @puaman [36] To e camoe goxrasan
A BCeX acconmaTHBHHX [-omepammit, a I'. I'. Mlemmm [49] —
BooOme MIA BceX (puAMaHOBCKAX omepaniil. Hemansmesckumu
OKa3allACh W BCe HeBepOalbHEIE accouaTHBHEE omeparnuu Mopasa,
B ToM umcie W omepauusa m3 [77], BH3BaHHag K IKWSHA WMEHHO
’KenaHumeM pemuTs Bompoc A. M. Mansuesa.

BosunK Bompoc: CymeCTBYIOT JIH BOOOme (OTIHYHEIE OT BYX
KIaCCHYECKAX) ONepanuM, YAOBIETBOpAIMMe mocTyiary Main-
mesa? Oxasajloch, 4TO TaKile Omepamdy CTPOUTH Tpy[aHee, UeM
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acconmaTupERe. Ho Bce e MalbleBCKHe omepamuil CYIIECTBYIOT.
IlepBrM HalifeHHEM CeMeHCTBOM MAJBUEBCKHX GIEPAIHAl SBHIACH
TaKk HasuBaeMiele omepamuu ['proHGepra — IlImennkmua, ompene-
asemuie 3akonom: II°G, = F/V(C), rme F = II*G,, a V(C)—
BepOanbHag V-moArpynna gerapToBoi mogrpynnst C 1m0 IPOA3BONB-
HOMY MHO;KecTBY V cioB. JTu omepamud (mO PAa3HKEM IIOBOJAM)
8BeJIH He3aBHCHMO Jpyr oT apyra I'prombepr [65] m A. JI, IImexs-
kuH (cM. [44] m [47]). Tlocaennmit W ycTaHOBWI HMX MAaJibIeBOCTH
(6oapme TOro, aTo OHE — cBOGONHbIe (yHKTOpHEE). [lo3gHEe cpe-
¥ DonuBepOalTbHEIX omepanmil OHJIM HalieHB! €me HOBHIE ceMeii-
crBa MadbneBcknx omepammit C. A. Ammanossm [1] u T'. K. I’ cHO-
BuM [7]. TeHoB passmi TPymmHYyH TeXHHRY IOCTPOEHHS MaibIleB-
CKEX OIepamuii, 9T0 mo3BOJMMWI0 eMy Harouer (eM. [7], crp. 458),
CKOHCTPYHpPOBATh W TePBOE CEMEHCTBO MAJBIEBCKAX HEIOJHBEp-
Ganpubix omepanmmit Tama <1-2, 11-3*, I1I-3>>, T. e. cymecTBenno
OTINYAIIAXCA OT CTAPHIX CePHil MalbIeBCKUX omepanuii. OnHaKo,
kax qoxasand C. A. Ammanosu, O. H. Manenorckas [1]1u . K. Te-
HoB [7], Bce mocTpoemHme MalbIEBCKHE OIEPAIlEN OKAa3alHCh
HeacconuaTHBHHIMA. (Eme paHhIIe HeacCOMUATHEHOCTH HECKOND-
KHX Takmx omepammit ycramosmaa Crpeiix [83].) IToxa mmxomy
He Y[NaeTcsi COBMECTHTH AacCONUATHBHOCTE C MANbIEBOCTHIO BHE
cIydYaeB IPAMOro W CBOOOMHOro yMHOKeHHI. Bo3moykHO, uTO 3TO
¥ OPHHIANAAILHO HEoCyImecTBEMO. Bo BeAKOM ciywae, HaM mpej-
CTABJIAETCSA, 4YTO 9TOT Bompoc, mocrasleumnsii 20 Jer Haszajy
A. M. ManbnessiM, ocTaercs ICHTPAJIBLHKM 1O Bcedl «abceT-
PaKTHOH#» TeOpPWH TOYHHIX OHepamuii.

IHpo6aema A. CymecTByor Ju, KpoMe HIPAMOTO M CBO-
GONHOTO YMHOKEHH, acCONMATABHHE MAJIbIEBCKAe Omepamnun?

Camo cooit HampammuBaeTcs aHAJOTHSA MEKAY BTOH mpobie-
MOl ¥ HEJaBHO peEIIeHHOH B Teopwmd MHOrooOpasmii mpobiemoii
0 TpeiiepOBCKUX MHOT000pasuAX.

YactasiMm ciygaem mpobiemu MaismeBa sBiAsercs

IIpo6nema B. CymecrByloT 1m 0TIHIHEE OT WPAMOTO
B CBOGOJHOr0 yMHOKeHHIl COBepUIeHHHIEe OMEpanmn?

Hexoroprie KoHKpeTn3amuu mpoOiieMH A Ha sA3bpIKe mocTyla-
ToB unTaTens Haipmer B § 5. IlojuepkHemM eme pas, 9aTo Bce OCTaB-
muecsd OTKPHITHME BONPOCH B IpOBefeHHO# HaMH B HacTOAIE
crathe ($OpPMATbHO-aKCHOMATHYECKOH KIACCHPUKAINN TOYHHIX OIe-
panuit cBasamul ¢ mocryiatamu [1-3* mansnesoctm m 1I-3 ocma6-
JIeHHOX MAaJbHeBOCTH. JIIOOOOHTHO, YTO [O CHX IOp OCTaercs
OTKDHITHM, B 9aCTHOCTH, BOIPOC: CJHeLyeT JI W3 MAaJbIeBOCTH
IPaBUWIBHOCTH WM HEr?

B sakaouenwe HamOMHEM, 4TO pPasHOrO poOjia OIEpaNMUAMM,
DONO0HEIME OIMCAHHKIM 3/1eCh, alreGpamcTsl WHTEPEecyIOTCA, ec-
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TeCTBEHHO, BOBCE He TOJNbKO B Teopum rpymm. Tak, mampumep,
B. M. I'nymxos [8] m B. A. Kyssmenuyx [19'] paGoranm B sTOM
HATIpaBIeHUNn B Tomolormieckux rpymmax, A. T. Tasimos [6] n
O. A. UBanona [19] — B aumeiinnx anrebpax, Bamama [53—56] —
Ha kaxacce crpykryp, T. M. Bapanosmu [2] — ma yEmBepcansEex
aare6pax, M. C. Ilanenxo [41] — B rareropuax.

Yr0 KacaeTesa caMoil HACTOAIEH CTaTbH, TO BTOPOMY €€ aBTOpY
npuaagiIexaT TeopeMa 4 (§ 2), memma A (§ 7) m npumepu 8 w13 (§ 3).

OBO3BHAYEHHA

=> — JIOTHYECKaAd HMMIUIAKALASA;

43 — JIOTHYECKAs SKBHBAJIEHTHOCTS;

& ...)> ~— 3aMRHYTag CHCTeMa mocTynaroB  (CM.  ompefielieEme 3 Ha
crp. 61);

= — p30MOpPH3M;

@ — IyCTO® MHOKECTBO;

|M| — MommocTh MHOKeCTBA M;

- — cBOOOAHO® YMHOKEHHE TDYII;

X — OmpsAMOe YMHOK€HHe TPYHI;

N4 G — N meBapmaETHA B G

AG HOPMAJBHEI JeluTelb, NOPOM/eHEHH 4 B G;

"G — n-it wrem HEWKHETO OEeHTPAIBHOrO pAfa rpymms G(IG = G);

G=(G, |v€I}) — rpymma G mopo)jena moprpymmamu G, K vE€/;

{G, fver }g— TOArpynma, mopoeEHaZ B G moprpymmamm G, V€I

{a},, — DEKIAYecKaa NOArpyOna MOPANKa n;

E — epumvvAas rpynna (TOATpymma);

[A, B] — B3auMmuE KoMMyTaHT moirpymi A m B;

V(G) — sepbanpHaa V-moarpynma rpyoou G

H; — rpyoma, ompefeneHHass B § 7, mpumep B;

H(Iz)“—— Tpynna, ompefienesHasa B § 7, nupumep C.

§ 1. AkcHoMaTHKA OCHOBHBIX THIIOB
TOYHBIX Ollepamuii

Onpepnenenune 1. Byumem rosopurs, 9T0 Ha Kiacce
BceX TPYNII 33faHA MOYHAL ONEPAYUA o, €CIH NIOOOMY MHOKECTBY
rpyon Gy, v€ I (cpenu KOTOPHX MOTYT OHTB UM M30MOpQHEE),
OlHO3HAYHO COHOCTABIeHA rpymmna (, HA3HBaeMas HX o-IPOH3BE-

neEHeM u obo3nagaemas gepesd II° G, mpruem
veI

a) G = {G:[v(i I, rne G, =G, v€ I;
6) saguxcHpOBaHN KOHKpeTHHE m3oMopdusMu G, — G, v€ I,

B CMBHICTIe KOTOPHX COMHOKATeNIU G, CUYATAOTCA BIOKEHHHIMHA
s G
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B) gaa mwGoro wMHOoskecrBa rtpynn H,, H,=G,, vEl,
cymecrsyer Takoil Habop wusomopdusmos o,:G, — H,, vél,
KOTOpHe CKIeHBAIOTCA B H3oMopdusm ¢ : G— H = II°H,;

r) KakoB On HE OB m3oMopduam ¢ : G — G*, rpymma G*
TaK/Ke HaswBaercd o-mpousserexueM rpyma G,, v € [, upm
nzomopdusMax BIOKEHHA, HHAYIUPYEMHIX STHM M30MOPHE3MOM Y.

KraccnudcKuMu  IpEMepaMH  TOYHKRIX Omepanmnii ABIAOTCH
npsaMoe u CBoOOTHOEe YMHO;KeHWs rpynn. Ha mporamennn mocien-
uux 20—25 ger CTPOWMINCH, U H3YYAICh MHOrHe HOBHE KIACCH
TOYHLX omepammii. B Xojle Takoro wsyueHns pasHLIMI aBTOpPaMH
IoJMeYalnch Te WM HHEE o0mie CBOACTBa Omepanmii ACCIeNyeMBIX
KJIACCOB TUIM 3apaHee BBONMIICH ONPENENeHHOTO THOA OTpPAHIIe-
1A, HaKIagHBaeMble Ha HuX. OCHOBHHE M3 9THX CBOMCTB M Orpa-
HM9eHnH, MOMOANCHHEE HEeKOTOPHIMH HOBHIMH, MH CBOJUM B CIe-
Ay0Immue TPYNOOH IOCTYJaToB, HE3HAUUTENbHO BHJOM3MEHEHHHE
mo cpasHeHmio ¢ myGruranuei [16]. (B ckoGrax mpwsoaaTcs anTe-
paTypHHe CCHIIKY HA BCe H3BECTHHIE HaM CJIydal HepBHX GopMyIu-
POBOK AJI¥ MCUHOJH30BAHUI COOTBETCTBYIOLUINX CBOHCTB B HeYaTHHX
pacoTax.)

Cpasy oTMeTHM, 9TO M3 CaMOTG ONpeneleHnd TOYHKX Omepammii
caeyer WX KOMMYTaTHBHOCTH: MHOIKECTBO WHeKcoB | He mpemno-
Jaraercs yOOPANOYCHHEM. B 5TOM cMEICIe Hac He [OJGKHA Jie3-
OpRMeHTHpOBaTh 3amuch GioGzo - - -0 G, TOYHOTO TpOU3Bene-
HHA B ClIy4ae KOHEYHOTO YHCJIA COMHOMKHTENeH.

I epynna — enymperHue nocmyaamb
Haxnagsipaores Ha oTjedbHoe npoussegenme G = II° G..

veI

I-1. Tlocrymar npasunsroctn [9,10]: G, | D¢ = F pasa xammo-
rovEl, roe D, = {G,|p € I\v].

I-2. Venmenmeiit moctyaar mpaBuiasnocta [59]: mma moGoro
pasbmemnz I=J U K, JN K=, G/ NGL=E, tne G;=
={G,|[vEJ}, Gx ={G,[vEK}.

I-3. Tlocrynar cxnempaemoctn aproMopdmsmoB [44]: kampmas
cucremMa aBromopdusmMoB @, : Gy, — G,, v€ [, crIedmBaeTca B aBTO-
MopgnsM ¢ :G— G.

I-4. Tlocrynar ckienBaeMoctn smaomopdusmor [14]: wampmas
cicTeMa sHIEOMOpdU3MOB @, : Gy — G,, v€ I, crIenBaeTcAs B 9HJIO-
mopdusm @ : G— G.

I-4*. MMocrynar crimemBaeMocTm 5HAOMOPYUBMOE C ANAEPHLIM
ycaoBnem [16]. ITOT mOCTYNAT ABIAAETCH yCHIeHMeM IIPEAHAYINEro
¥ IONYYaeTCs M3 HEeTO HAJIOKCHHEM CAEAYIOIEro NOMOAHATEIHHOTO

ANepHOTO ycloBud, (QOPMyJLpyeMoro Hme iag Goiee obmero
caIygasd.
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filnepuoe ycaosnmune. Ecim Hekoropag cmcTeMa romo-
mopdmaMoB ¢, : G, —> H, , vE I, ckienmBaercs B TOMOMOP(HU3IM
¢:G—>H, To AP0 BTOr0 Pe3yIHTUPYIOMEro rOMOMOP(YH3MA ( MAHH-
maibao: Ker g = {Kerq, |vE 1)G.

910 yciloBUE BHPAJKAeT MAaKCHAMAIBbHYIO CBOGOTHOCTH CHJEN-
BaHHA PaccMaTpUBaeMBIX ToMoMopduamoB. Beoony B mocienymomenm
LOCTYJIaThL CO 3BE3[0UKOM IOIYJAITCA B3 COOTBETCTBEHHHIX IOCTY-
naToB Ge3 3Be3J0Yer JONONHHETEIHLHHM HANIO/KeHUEM ANepPHOro yCIo-
B,

II 2pynna — sHewHue nocmyaamel

OTH DOCTYJIaTH CBA3HIBAIOT MEKIY €000il [Ba IPOW3LENEHHA

paga G = 11I°G, u H = [I°H, n uMeOT Takyio OOMYIO CTPYKTYpPY:
VeI eI

YTBEPIKIAPTCA, YTO Kaxy[ad cucTeMa (IPOE3BQIbHLX WIH TOTO MIH

HHOTO CIeHAaNbHOTO BHpa) romMomMopdmsmoB ¢, : G, — H,, vE& I,

cKIenmBacTCA B roMoMopdusM @ : G— [, Ha KOTOpPHIH MOTYT Hala-

raTbcA Te TWIK WHRe TpeGoBaHus.

I1-1. Tocrynar cummerpuasocta [13]: Kamkmas cucremMa m3o-
MOp(U3MOB @, CKIemBaeTca B W3OMODPHU3M (.

11-2. TloctynaT cxiaemBaeMoctn smumopduamon [72]: wampasn
caciema dIHMOPQHSMOB (P, CKIeHBaeTcd B BSONUMOPHHE3M (.

I1-2#¢*, TlepBonauanpuHii BapHanT nocry’aata Maxneima [25,
83]: ecmt N, <{ G, u N={N,|v€EI)¢ To cymecTByer ectect-
BeHHH# usomopdmam: G/N = II° (G,/N,).

II-2*. Tloctynmar crIenBaeMOCTH HIBEMODPOUBMOB € SACPHEM
yeiosnem (mocrynar Maxmeiina) [72, 14].

II-3. Ilocrymar ckaemBaeMocTu MOHOMOPGA3MOB (ociabieH-
uerii mocryrar Mansmesa) [10,14, 15]: kakpmasa cicrema MoHOMOD-
¢H3M0B @y CKITEMBAETCA B TOMOMOP(N3M ¢ (He 06A3aTeNsHO ABIA-
omuiicss MoHOMOpHE3MOM)¥.

I1-3*7,  TlepeomauaspHbiii BapuaHT mocTyiata Maskiesa
[11, 441: ecin A, CG,, veéI, 1o {A,]|v€I}g=II°4,.

I1-3*. Tlocrymar crIenBaeMOCTH MOHOMOPQH3MOB ¢ sAjep-
HhiM yclIoBieM (mocryiar Manbmesa) [16]. 3gecs u @, ogeBmgo,
Oyner MOHOMOPQI3MOM,

IT-4. IToctynar ¢pynxropHOCTH [16]: Kaskmas cucrema romoMop-
$u3MOB @, CKIeHBaeICA B TOMOMODOU3M (.

I1-4*°. Tloctynar ¢yHKTODHOCTH ¢ ANEPHMM YCIOBUEM A
suamopdnsmos [16].

I1-4**. Tlocrymar (QyHKTOPHOCTH € AMEPHBIM YCIOBHEM IS
monoMopduamoB [16].

* B [16] mo HemocmoTpy B (OPMYJIHpOBKe BTOTO IOCTyJlaTa 3HATHTCA,
UTO M () — MOHOMOpPQH3M.
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J1-4*, TloctynaT (QYHKTODHOCTH C SAMePHLIM YCIOBHEM (A
Bcex romMomopdmsmon) [16].

111 2pynna — nocryaarvl accoyuaruéHocTy

I11I-1. TlocTynar 06 exAEAYHEIX coMHOKATeNAX [16]: eciin cpenn

Gy, ¥¢I, rpymun Gy, peK — I, epmmmunne n H,= G, gna v¢J ==

= I\K, To cymecTtByloT m3oMopdusmer ¢, : G, — H,, v6J, ckie-

uBalomyeca B musomopdmsm ¢ :II°G, — II°H,. pyrumm cio-
vel veJ

BaMU: IPOW3BEeHHEe HEe MEHAETCA NPH YAAJeHOH M3 HEro ejgu-
HAYHRIX COMHOKHTeIeH.

II1-2. Tloctymar ycrToitamBocTH*: eCIM B ABYX PaBHOMOINHBIX
0 9mcldy coMHO;KuTeNleir mpoussenenusax G =1I11°G, u H =1I°H,

vel vel

(coMHOKOTENH KOTOPHIX CYMTATCH OJHHAKOBO IIPOHHIEKCHPOBAH-
HBIMH) 9aCTh COOTBETCTBEHHHX COMHOKHTelIeil monmapHo u30MOpJHA,
ckaxem, G,=~= H,, v&€ Jc I, T0 cymecTByoT Takue W30MOP(HE3ME
¢.: G—H,, v&J, rortopsie crlenBawTcA B m3oMopdusMm @, : G~

— Hy, tne Gy ={G, [v¢J},, H,; ={H, | veJ}y.
I11-3. Tocryaar aoxanmayemoctu[13]: ecan G=II°G, n J— I,
vel
To {G, | v&J}, =TI°G,.
veJ

I11-4. Ilocrymar Guoxmpyemoctu [21,13]: ecam G = II°G,
Vel

am I=yl,, I,NI.=@ mpm p#yp’, TO G=H°G1H,
HEK wEK
rae Gr,={Gv[v€1,}.

I1I-5. Tlocrynar tpamsutmerocT: [21, 13]: ecum G = II°G,
a G, =I1I°G,,, ve¢I, o G= II° G,,. vel
BEJy wEJ, ,vEI

IV epynna — obwue nocrysarsl
IV-1. O6muii mocrymnar [16]: ecmm G = H:G\, a H=T1I°H,,
vE HEJ
10 mio6as cumcTeMa ToMoMopdusMoB @, : Gy—> H'={H, | peJ,}u,
eI, tnme J,cJ u J,NJ,, = upm vs=V, CKIenBaercs
B romomopduam ¢:G — H.
IV-1*, OGmmii moctynar ¢ amepasM yciosuem |16].

* B sametke [16] sTor mocrynar Boo6me He YOPMyIHPOBAJICA, a MOCTyJAT
I1I-1 mox momepom II-5 BXONHJN B mpeHIYIyI0 Tpymmy mocTyinaros. Coor-
BeTCTBEHHO MHHE HOMepa MMeJH W mocjefylomue mocryiars: 1I1-3 — Homep
II1-1, I1I-4 —III-2, a III-5 —III-3.
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B pannneiimem HaM DpRAETCSA TaCTO PACCMATPUBATH HE TONLKO
OTHelbHLIEe, BBEleHHbIe TOALKO 9TO, IIOCTYIAaTH, HO M HEKOTOpPHE HX
nabopu. Muorga takuwe maGopsl OyjeM Ha3wBarh ITPON3BOJHHIME
HoCTyJiaTaMK;, IPH 5TOM HOCTYJIaTh, Bomepguine B rpynmsl [—IV,
eCTeCTBEHHO HA3HBATL HAYAJIbLHLIMH.

TlpucBouM TOWYHHIM oOIEpau¥AM, YIOBIETBOPAWIUM HEKOTO-
PHIM HAYAJNBHHM HIH NPOUBBOTHHIM IIOCTyJaraM, ChHelHAJbHHe
HaNMEHOBAHUA (4epe3 THpe YKA3aHbl COOTBETCTBYOIIME IOCTYIATHL):

mpaBwibHBE omeparun — I-1,

BIOJHE IpaBWiIbHhe omeparmyu — -2,

cummerpuueckne omepanmn — II-1,

MaKJIe#HOBCKHe omepanun — [[-2%,

ManpieBcKue omeparui — [1-3%,

¢yurTopHEE omepaumn — [[-4,

cBobonasie pyHKTOpHbIE omepanun — I1-4%,

accoumaTuBubie omepamum — < [1I-3, III-4, III-5>,

peryaspasie onepamun — < I-1, [I-1, TII4 >,

cosepmieHALle omepauun — IV-1%,

Bynyr ynorpe6isarbca W MPOH3BOHLE HAUMEHOBAHNA, TAKie, KaK
MaKJIeHOBCKIE (WTH MaIbUeBCKIe) peryispHbie omepamnd, acco-
[[UATHBHEIC MAJbLLEBCKIE ONepanuu u T. II.

Jna TouHmX omepauuii MOKIIO BBECTH NOHATHC, aHAJOIATHOE
TOHATHIO (aKTOp-rpynmsi, EciInm [Be TOWHBIe omepamuu O M ©
TAKOBHI, UTO IJIA JIO0OHX JABYX CHCTEM IOIAPHO M30MOP(HEIX I'PYII
G, ,H,,G,=H,,vel, 06vmger CymecTBoBaThL TaKas CHCTEMa
u3oMopdpusmos @, : G, — H, , v€ I, KoTopasd CKIenBaeTci B 30U-
Moppmsm @: G — I1°G, — H = 1191, To BTOpad omepanud © Ha-
3p/BaeTcA (axTop-omepamyeir or omepanmEd ©. HOHEYHO, MOMKHO
FOBODHTS ¥ [JISI IBYX OTAENBLHHX HMPOM3BEEHUIT, 9TO OAHO U3 HUX
ABRAETCA (aKTOp-mpomsBemeHiieM apyroro. flcmo, 9To B ciaywae
CIIMMETPHYECKHX OIepaniii CKIeuBaThCA B snmMopdusM ¢ OyayT
005 M3OMOP(I3ME COMHOMKHTENEN.

Bce Toumnie omnepanmuu cyTh QaxTop-omepanmu CBOGOTHOIO
yMHO;KeENA. MoOKHO Jerko HMOHATH, 9TO Te W TOIBKO Te W3 HUX
OyAyT UPaBRIBHHIME oOmepauusMu, ¢axTop-onmepamueil KOTOPHX
B CBOIO Ouepenr sBIgeTcs mnpaMmoe ymmoxkenme. Ho mpsamoe mpo-
u3Befienre ecTh GaKTOp-rpynma CBOOONHOrO0 IPOU3BEJeHUA TeX e
COMHOKHTeNeli o ero mekapToBoil mogrpynme C (T. e. M0 HOpMaIH-
30BAHHOMY B3aMMHOMY KOMMYTAHTY CBOGOJHEIX COMHOKHTeNeit).
Iloaromy TodHOE MpoM3Besenne NPAaBWIBLHEO TOrgA I TOJHKO TOT7A,
KOrja ABAsieTcA ¢GaKTOp-rpymmoil ¢BOGOJHOIO IPON3BCJEHAA Tex
sKe TPYII IO HOPMalLHOMY HelHTeNIo, Jexxamemy B C.

HemocpescTBerno npoBepsercs, 9T0 KIACCHICCKWE OIOPAIII
IpAMOr0 % CBOOOTHOrO YMHOKEHNH YIOBIETBOPHIOT BCeM chop-
MYJIHDPOBAHHLIM BHIIE IOCTyjaTaM. TakmMm o6pasoM, CIpaBe[jiMBa
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Teopewma 1. Cucmema ecex nocmyaamos 1, II, Ill m IV
2pynn coeMecmHa.

Bupogem, 3Ty mpoBepKY NpoIme MpPOBECTH WOCHE YCTAaHOBIE-
HIA OPOCTeHmIuX 3aBHCHMOCTEH MeKIy mocTylaraMd, 9eMy IIOCBA-
IMeH CIexyoImmmid maparpadf.

§ 2. OcHoBHBIE SKBHBATEHTHOCTH M MMINIEKALHAN

Mesxny BBemeHHHIME B § 1 DoCTyJaTaMy CymlecTBYIOT MHOIO-
4YpciieHHEE CBf3M. [lerocpeicTB@HHO OGHAPY/RMBAIOTCA CIE/YI0-
1ue 5SKBNBAJIEHTHOCTH:

1-3 < 114, (1)
I1-2% &5 <T14, T1-2%r>, )
11-3* & <TI4, II-3%r>, 3)
114 & <11-2, 11-3>, (4)
1-4% & <T1-2%, 11-3>, )
11-4% & <T1-2, T1-3%>, (6)
I1-4* & <TI-2%, T1-3%>>. (7)

Bengy sksmBaisenrsoctu (1) mocryxnar 1-3 B mansmeiimeMm paceMar-
pmBath He Oyzem. He Gynem, Kak mpaBmiio, paccMarpuBaTh H
mocrynatst 1I-Z*er g II-3*¢", mockodbKy Hac B OCHOBHOM WHTe-
pecyoT JInmb CAMMeTPUYeCKIe onepanuu (XO0TA NPaKTHYeCKH YacTo
6riBaeT ynoOHee mOAB30BaThes mMeHHO ¢gopmoir [I-2*cr m II-3*cr),
Hakomen, BBumy TOro, 9ro, Kak 3T0 jokazamo B [3, crp. 1252],
TPHBHAJbHAA DKEHBAJIEETHOCTH (D) MOMycKaeT TAKOe 3HAYUTEIHHOS
ycuiIeHne:

11-4* & 11-2%, (8)

MOKHO JajibIlie OMycTuTh w moctyiar 1I-4*2. Amamormunoe ycmie-
HMe ayanbHo# K (D) snBmBalleHTHOCTH (6) y’Ke HEBO3MOKHO, KakR
pokasax I'. K. T'enos (cum. [7], cTp. 459). A uMenHO, 0H ycTaHoBHI,
970

<12, 11-3%, T11-3> = I1-2. (8"

Teopema 2. Hmeiom Mecmo caedyioujue UMRAUEAYUL
U IKBUBANEHMHOCTIU:

-2 =11, ©)
I-4 =14, 1-2, 11, (10)
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I-4* = 14, I-2, 1-4, 11, 11)

I-4* o T o <I, 14>, (11%)
I11-2 = I, TI-1, (12)
I1-2%ct — I-1, 12"
I1-2% = 10 — I-4, 1140 — 11-3, Ti-4, T1-4%, II1-2, (13)
11-3 = 114, (14)
I1-3* = I14, I1-3, 11-3*cr, I11-2, (15)
M-4= 14, 1-2, 1-4, 114, T1-2, 11-3, 11i-2, (16)
T1-4" o 14, 1-2, 14, 114, 11-2, 113 — (14, TI1-2,  (17)
T1-4% = -1 — I-4%, 114 —T1-4"™, 111-2, (18)
1-4%* o <1, 1> <1, 11, 12>, (18%)
I11-3 = 1114, I11-2, (19)
I11-3 & <TTI, 112> e <ITT4 — 113>, (19%)
TT1-4 =TT, (20)
15— 1111, [11-2, T11-3, T11-4, 1)
111-5 25 111, (21%)
1V-1 -2 11, 1-2, 1-4, T4, 112, T1-3, -4, T11-2. (22)

(Bo usheskamue mexopasyMernil pasbaciuM ¢Mbuca yruorpeliisemoii
sanucu: yreep:xpeune (13), Hanpumep, osnavaer, 4TO €CJIM HEKO-
TOpasA TOYHAA omepalus yjoBieTBopsier mocryiary lI-2*, To oma
ynosjieTrBopAeT ¥ mocryiaram I-1, I-2, I-3, I-4, BceM moctymnaTam,
HaunHaA ¢ II-1 n mo II-3 (r. e. I, II-2, II-2*T, II-2*, II-3),
a Taxske u mocrynatam [I-4, I1-4* III-2; a yrtepmmenme (18%¥)
o3HadaeT, 4To moctyiaT JI-4* skemBaleHTeH COBOKYHDHOCTH BCeX
noctynatos I m II rpymm, & KoTOpHM MOKHO [0GaBHTH W IOCTYJIAT
I11-2).

BmecTo mpoBesenmsa mopo0GHOTO JOKazaTedbeTBa Bceil 5TOM
TEOPEME! Mbl 0CTAHOBHMCS JIWINb HA HEKOTOPHX MOMEHTaX, eT0 MILIIo-
crpupyfomux. Yreepsxnenue I-4= II-1 TpuBmaapHO, ecim BcHoOM-
mnThb (1) m He 3a6HTH, YTo KakuEit aBTOMOPdH3M 0GIanaeT o6paT-
BeM. Jl1a fmorasateascTBa mMmiImkammm 1-4 = [-2 pocrarouHO
PasyMHBIM 06pa3oM HOf0GpaTh CHCTEMY SHAOMOP(H3MOB COMHO-
RETeJ]ell, COCTOANYI0 JYaCTHYHO M3 HYJNeBHX H YaCTHIHO W3 TOM-
FEeCTBeHHHX 9HAOMOPGN3MOB. ITHM (aKTHIECKHA YCTAHOBJEHH
yxe Bce dartn (9)—(11%).

3areMm pasymHee mepefiTm K JOKA3aTeNbCTBY YTBEDyKICHMIl
(19)—(21*). Haunmenm ¢ paccmoTpenns mocryaara I11-1 06 eAnEATHEKX
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comuomuTesnx. B saMerre [16] on Guir HanpacHO BRIWYESH TOJ HO-
mepoM 1I-5 Bo Il rpynmy. OcoGeHHo HarmagHO BHIHA €r0 «accomma-
THBHAS» CYI{HOCTH, eciau mepedopMy;IMpoBaTh ero B TAKOHd IKBU-
BAJIGHTHON dopme:

II-1’. Ecan cpegu G, ,v€ I, comuosxurenn Gy, 6 K I,
exnEnuane u J = I\K, 1o II°G, = (II°G ) o (II°Gy.).

vel neJ AEK

dameuanue (&). Jlerko noHATH, 4YTO M3 CAMOI) OTPEAETEeHHSI
TOYHOII ollepanuy CIeAYyeT, YTO euHHIHEE COMHORUTEAN F, Gesyc-
JIOBHO, WT'PAIOT POIEL EAMHMALK B JIOOHIX TOYHHX TPOUBBECHUAX,
BCE COMHOMUTETH KOTOPHX, 32 BO3MOKHBIM HCKJIWYCHHEM OXHOTO,
paeutt E. C gpyroii croposs, mis A n B, oranunnx ot £, BooOme
roBops, yme Ao BoE = Ao B.

Henocpencrsenno ycranasianBaercs, uro 111-3—=111-1; nvmnu-
raumpo sxe [11-3=111-2 npome Beero moHATH Tak: eciiu OH U3 Hop-
MyaupoBku mocryiara JII-2 yOpars oroBopkm O PaBHOMOIGHOCTH
MHOKECTB COMHOKHTEN el 000KMX mpousBegeHHH N O MOmapHON
PaBHOMOITHOCTH (UIYPHPYIOIMX B He#l MOAMHOKECTB 3THX MHO-
mecTB, To mocryiar [II-2 coBmaa Gw ¢ moCTyJaToM IlIOKaldmaye-
moctn 1I1-3. Taknm oGpasom, yreepxmerne (19) noxasanmo. O6par-
gy ammanranuio < [11-1, IT1-2 > —=II1-3 upepmaraercs mpose-
puTs camoMy umrareno. CKaskeM Jnmb, 9TO KaK 37eCh, TaK N
npm JokasatelbcTRe (21) mpuxogmTCA CTPOUTH HEKOTOPHE BCHIOMO-
raTeJpHble TPOW3BeNeHMsI. VIHTePeCHO, YTO TIO3/(Hee MEL CMOKeM
y6eantses, ato (21) Hetb3 st yemauTh Ao sxBuBasieHTHOCTH: M3 <I1I-3,
III-4> we caenyer I1I-5 (cm. [58]). Ws yreepsxmenmit (19)—(21%)
ocraercsi eme (20). [lorasxem ero. Ilycrs cpemn G,, vEI,
rpynust G, , A6 K < I, eqnanunasie u.J=-1/K. 3adpurcupyem npoms-
BOJBHBIH MHAEKC vy € J w o6osnaunm: J < v,=J', K |Jv,—=K'. Torna,
B cuny I11-4,G =11°G, = ({GyL € K'}g o I1°G,, = G, o II°G,= 1I°G,,

v€I ned’ ned’ veJ
T. e. (20) morazamo. (3aMeThTe, YTO B BEPAKEHHAX, CTOAIMMX
MesRIy BTODHM ¥ TPETHHM, a TAKME TPeTHAM M YeTBEPTHM 3HAKAMH
paBeHCTBA, HUKAKOH PacCTAHOBKHM CKOOOK HeT, KPOMe YKa3aHHBIX
PnrypHsIX.)

BosBpamaeMca & paccmorpennio yreepsrpeHmit (12)—(18%).
Jameuanne (& ) 06 eIMHIYHLIX COMHOMKUTENAX CPa3y MOATBePKAaeT
pmmauKanun 11-2 =14 u [I-2*cr— II-1 (mocmepmaA MMILIHA-
Kanust Omia Bmepeee ycrasosmena H. P. BpymGepr). @axrs
I1-2—111 x I1-3=11-1 gnorasmBalpoTCca Tak ke, Kak n I-4=
=I1-1. IlogpoGree ocTaHOBMMCA Ha AOKa3aTeIbCTBE YTBEDMKACHHS
IT-4 = II1-2. Ilycry omepamnsa ymoBieTBOPAET MOCTYIATy 11-4.
PaccvoTpum B mpoussenernn G=I1°G, noxrpynuy Gy = (G, |peJ

vET
c I}g. Beogmm rpyunm H,, uP,EOMopcbnme G, npu v&J n mso-

54



mopbume E mpm v€ K = I\J. Cucrema romomopdusmoB @, :G,—
-H,, v€& I, cocrosmasa m3 nsomMopdmsMoB ¢.: G,—H,, neJ
M HyJIeBHX snuMopdusmMoB ¢ : Gy, — H) = E, A€ K, crienBaeTca

no II-4 B ammmopdusy ¢ : G— H =TI°H,. Pacemorpnm ero orpa-
vel
Hu4eHwe ¢y Ha Gy:

(pJ:GJ'—)HJ':{HulHeJ}H:H.

OueBnmno, ¢y Towe Oymer smAMopduamoMm. MoHOMOpPEHIME
o712 Hy — G, (n€J) m &, : Hy=E— G, (A¢ K) cruaeworca
B CcBOI0 ouepenb B romomopdusm ¢ : H — G, xoropmii Ha ca-
MoM felle cBomuTesi R ammmopdmamy 1 : H — G,. Ilpomsse-
JeHHe @y ABIAETCA sHEOMopdusMoM moarpymms Gj. Opmako
Ha KaskgoM G, , W€ J, OH cOBIAJaeT ¢ TOKIAECTBEMHHIM aBTOMOD-
$H3MOM | IOTOMY CaM ABJACTCA TaKOBHM ke Ha Gy . Ciemoparelinb-
HO, @y — HW30MOPPW3M, 4eM, KaK JIeTKO IOHATH, W AOKA3aHO, 9UTO
omepauma ymoBieTBOpsAeT moctynaary III-2.

Bosee mapm MeHee aHAJOTHIHO JOKA3HBAeTCH M YTBep:KIeHUME
I1-3*=II11-2. Ecau wunuTaTedp CaMOCTOATEIBHO JOKaKeT emme
pmoiukanno 11-4 = I-4, T0 Bce ocTagbHBe yTBeDIHAEHUS,
pxonsgmme B (12)—(18%), serxko moayuarcs ¢ yd4eToMm CBOJHMOCTHA
MHOTHX YTBeD;KACHAH K aHAJOTWMYHHIM NpPEJBAYN{NM H HCIOTB30-
BaHmeM pesyibTaTa (8) W copepsKamuxcs B HeM MMILUIAKALMI
I1-2* = 11-3 u 1I-2* = I-4.

ITockoapky wMOAMKanmma (22) HENOCPEACTBEHHO Cleyer
u3 (16) m ouemmuoro yreepsemenmsa IV-1-=1I-4, 10 Teopema 2
JAOKA3aHa.

Teopema 3. Cosepuennuvie onepayuu ydosiemeopaiom
acem nocmyaamanm 1, 11, 111 u IV epynn:

IV-* =1, 11, III, IV-1. (23)
Tounee, umerom mecmo caedywujue 3K8UBANCHMHOCTLU:
IVA* o < I1-4%, T4 > 5 < T1-4*%, 1115 > &
S, T > e <L I > o<1 I I IV, (23%)

Tarxum o6pasom, cemelicmeo cosepPUEHHBIT onepayull cosnadaem
¢ cemelicmeom accoyuamusublr c60600HBLL HYHEMOPHBLL onepayull.

HorxasarenscrBo. WUz (22) namomenmeM sgepHOrO
YCIOBHA Cpasy MOJydaeM

IV-1* =1, 11, T11-2, TV-1., (+)
IIycts B G =1loG, mpomsBegeHa TPYNNHPOBKAa COMHOYKHUTEJEM:

v€l
I = t._élg-[(u, Io N Io = @ npu @ ==0'. Oboszsaunm {G,|v €1} =
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=G°, ®6Q, u Bo3bMeM rpynms H,, cOOTBeTCTBeHHO H30MOpPHHEIE
coMHEOEATeAAM G,, v € I. HakoBm 6w Hm Owam msoMopdmsme
Y, :H, > G,,v€ I,,08n mo IV-1* cknenBatorcs B nsoMopduam xe
Yot Ho=II°H, -» G*,
vElw
OTKYZa Ho ONpefieJieHnIo TOYHOH onepanmum caexyer, aro G* = [1°G,,
V€I,
T.e. MOKazaHA JOKaNu3yeMoCTh Hameid omepamuu. Bospmem Te-
neps H=II°H*. BraoBb 1o [V-1* mzomopdusmu P, ckiempaioTcs
wE
B m3oMopdmaM
V:H =II°H*— G = {G* |0 € Q};
WG
Takmm ofpasom, G = II°G®, 1. e. ycTraHOBIeHA U GIOKMPYEMOCTh
wE Q
omepaguu. Hrax,

IV-A* = 1, II, 114 — IT1-4, IV-1. (+2)

Mycrs, Ha0GOPOT, W3BECTHO, WTO ONMEpalAs o YHOBIETBODSAET
nmocryaartam II-4* u III-4. Uz (18), (20) n (19*) 3armwouaem, 9TO
ana mee BumoidHed u nocryiar III-3. Ecam Temeps samansr mBa
npoussefeHas G =H°1Gv u H =I1I°H,, 1 romomopdmams

vE nes
(‘P“ :G“ _—>Hv={Hu“"‘6J\I }H‘r VEI,
rae J, N Jv= & mpum vs%&v', o mo ITI-3 u I1I-4 umeem:

H¥*={H,|p€J*=y J,}g=1H,,
vl ues*

H*={HV|v€Ilg= III"HV'.
V€

Teneps ocraercsa x roMmoMopdusmaMm ¢,, vEI, TPpUMEHHTH HOCTY-
aar 11-4*: omm ckiearcsa 8 G B romMoMopdusM
p:G=1I°G, - H* =110 — H,
€1 €15
OprmYeM SBHIONHAETCA M AAEPHOe YCIOBHE, YUnTHBAaA (x+), HOUXY-
qaeM

IV-A* & < T1-4%, 111-4 > o <1, 11, 11— I11-4, IV >,

¥ TOTOMY JJIf OKOHYAHHS [0Ka3aTeJbCTBAa TEOPEMEl AOCTATOTHO
YCTaHOBHTH CHPaBeJIMBOCTD CIETYIOMEH JeMMBI:

Jlemwma 1. Jaacummempuueckoli onepayuy mpansumus-
HOCMb  9KEUEAIEHMHA OOHOBDeMEHNBM AOKAAUSYeMOCTU U OA0KU-
PYyemocmu.:

< 114, TI1-5 > < < 14, 111-3, IT1-4>. (24)
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VantaBasa (21), Ham ocraeTcAa JAIMb YCTAHOBHTH
< I14, 1I1-3, T11-4 > = II1-5 .

ycrs G = H°Gv ) G = HOGv,u (v€ I), Tax aro G={G,  Ju€J,, veI}.
’V
Bepem rpynnm Hv ,wy COOTBETCTBEHHO nsomop(bﬁme COMHOKHUTEIAM
G, ¥ crpomM muxuponmssefenme: H =I1°H,,. Ilo III-4 "
ueJ ET

-3 H=I°H,, e H, ={H,|p€J, ga=1H,,. Nan
vel uedJ .

RKajknoro v MoskHO (IO ODpefeNeHHI0 TOYHOH omepanawm)
mono6paTh TAKYI0 CHCTeMY H30MOPOHUBMOB @,y ¢ H, y—> G, p€J,,
KOTOpasA CRIedTCA B m3omoppusM ¢, : H, - G,. Ho mama omepa-
nuA cmMMeTpuyeckas. IlosToMy mosydeHHAs cmcreMa H30MOpom3-
MOB @, ,v€ I, crimeurca B msomMopdmam ¢:H—G, 9eM Bce u moka-
3aHO. 3aMeTHM, 4YTO 3/16Ch CYIIECTBEHHO MCIOJIH30BAJACh CHMMET-
PUIHOCTH ONIlepallill, TaK KaK B BHOOpe CHCTeMH W30MODPHH3MOB

, MH He BOJBHH. II 5To mo cyrm pena: Ges CEMMETPHIHOCTH
m3 <III-3, I1I-4> mocrynar III-5 me cuemyer (cm. (58)).

B nanpueiimem maMm GymeT moJdesHa JieMMa, B KOTOpOi cofep-
MaTcd IPOCTeHEbKHe SKBuBaMeHTHOCTH (25) m (26), ABamw0muecs
ycnleRuaMu mMoamkamuit (9) m (22) B npepmomoskenmm GmoKm-
PyeMOCTH HMIH aCCONHATHBHOCTH ONEpanuu.

JdJemma 2. Cnpasedausu sksueareHmuocmu u UMRAUKGYUU:

LI, T4 > o < 122, T4, (25)
< 112, TT1-2 > = 1-2, (25)

< 114, 111-3, IT1-4 > < < 11-4, I11-5 > <> < 111-5,IV-1 >.
(26)

IIpoBemeM pmokasarenncTBo yrBepmenus (257). Ilyers G =
=II° G, u I=J UK, JNN K=. llocrponmH =1I°H, , e
V6T ye€I
H, =G, gna v6J u H, = E jna n€ K. Ilo 11-2 cucrema amaMop-

du3MoB, cocTOsUAN H3 mmMop(bmuon o G~ H,, v&J,
W HyJeBHX pmmMopdusMor ¢, :Gy— H,,n€ K, ckiensaerca
B snmMopdusm @: G—H, upnuem, oueBmgHO, Ker ¢ = G, tne
Gk ={Gu|p€ K}g. Ho, ¢ gpyroii cropous, no III-2 orpammenme
¢s sunMopdmsMa ¢ Ha Gj ={G, [v6J}¢ ABIAeTCcA Ba caMOM Jiele
u30MOpdn3MOM, OTKyHa ciemyeT, aTo Gy | G% =Gy (| Kerg = E,
YeM W yCTaHOBJIEHA IIOJHAfA OPABWIBHOCTH OIEPALHHA.
Teopema 4. Huetom mecmo caedyowue umniukayuu:

< I-4, 11-3% > = 114, @7
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< 14, TI-5> = 11-4, IV, (28)

< 4%, 11-2% > = T1-4*, (29)
< I-4%, T1-3*> = I1-4%, (30)
< T-4%, 11-4 > = 11-4*, (31)
< I-4%, TI1-3, -4 > e < 14% TT1-5 > 5 IV-1* e

o<1 0, T IV >, (32)

Joxa3aTesbCTEO DTOH TEOpPEeMBI pacmafgaeTCs Ha HECKOIBKO
3TAmoB.

A. Ilycts omepauus o yaoBIeTBOPAET MOCTYJNaTy I-4 m 3amaHa
NpOM3BOJBHAS cucTeMa romMoMopdusmoB ¢, : G, — H,, vE 1.
ITo I-4 anst Kammoro v TOKIECTBeHHHBI sHmoMopdusm &,:G—>G,
¥ HyJieBon sHmoMopdusMm o, : H, — FE criearcs B sumoMopdusm
Py ¢ Ky =Gy o H,— G,, a cuctema »HIOMOPOU3MOB Yy = Y, @y,
vEélIl, B cpolo ouepenb — B 3Hmomopdmsm y: K=II°K, - K.
OueBmanO, YTO OTpaHWYCHWE Y 9TOTO 3HAOMOpdMaMa Ha G, co-
BHajgaer ¢ Q.

B. llpennonosxuM Temeph, UTO omepamud o YHXOBJIETBOPSET
Oonee cmabHOMy mocTyixaty [-4%. VGegumes, uto K pacmapgaercs
B NpaBWILHOE IpomsBefeHue cBoux moAarpynn G = (G, |vE€ [} un
H = {H, [v€l}. [leiicteuteasno, mo I-4* osumomopdusmer 1,
ckaemBawTed B sEAoMOpdusM P:K — K, upuuem Ky =G, a

K
Kery = {Kery, [ ve I}K = HX, Tax rar Kery, = H . Omnaxo
orpasmYeHne P SHAOMOPPUM3Ma P HA G SIBIAETCST TOFKMECTBEHHKIM

aBToMopdpmamom rpynnsl G. Ilostomy HX | G=Kery | G=E.
AHaJOTMYHO ycTanaBiamBaeTcsi, uto n GK N H = E.

C. Ilokaskem Temepb, YTO eciu omepamusA o YAOBJIETBOpHET
XxoTd O omHOoMy m3 mocryiatoB 1I-4, II-3*%, III-5, To
G=1I°G,, H =1I°H, (+)
AJist BBeNeHHHX B B moxnrpynn G m H rpynout K. HefictBurensHo,
ecin, HampuMep, G’ =1I°G), rne G/ =Gv, v€I, n ov:G,—> G, —
nzoMopduamel, T0 B cmiay II-4 omm ckiesaTcs B romMomopdmsm
o:G — K, npuiem G'a =G. Opnako w sumMmopdumamer P01 :
K, - G, v €1, ckaestest (onsaTs B cury 11-4) B anmMopduam p:K—
— G'. Ho af:G — G’ — sagoMoppusm rpynmsl G', TOMTECTREH-
HHIi Ha KaKXOM CoMHOxuTede G/, a motomy u Ha G', oTKyza o —
MoHOMOpdu3M, T. e. & :G — G — nzoMopPusM.

Hna coyuas ske MaJbHEBCKOH MM aCCOMUEATHBHON OIepamuu
YTBeDsKIeHne (*) TPpHBHAIBLHO.

D. Ilycts omepanus ypmosierpopser mocrynaram 1-4 m II1-3%,
Torpa m06rie romomopdusmu ¢,:G,—H,, vG I, CRIGATCA B rOMO-
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mopdusm ¢:G = 11°G, - H =II°H, — uM sABIseTcs orpaHHYeHNe
Xc dapoMopduama ¥ Ha G (cM. A 1 C). Taxum 006pasoM, EMILIHKa-
nusa (27) nokasana. CoBepmeHHO aHAJOTHIHO 06GCTOMT AAeiro ¢ (28),
eCJIM JOTOJHHUTEJBHO WCIOJH30BaTh (26).

E. Haxomen, ecin I[-4*-omepamus ymoeierBopseT XoTdA Obl
onoMy m3 mocryiaros I1-2*, TI-3* III-5, to B cmay (8), (27)
u (28) misa Hee BHNONHEAeTCA 1 mocTyaaT I1-4 u moromy yTBep:xme-
aua (29), (30) u (32) caegyror s (31), KOTOpOE TONBKO U OCTAETCS
mam upoBepuTh. (Ilna (32) HykHO eme BocmoaszoBathesa (11),
(24) u (23%).)

Urax, mycrs mpr mmeeM <I-4%  I1-4>-omepammio. ¥Yo0e-
AUMCHA, 9TO B 3TOM CJy4ae BRIIOJHHETCA sAepPHOEe YCIOBHE

Ker e = {KeI’ Oy I vE I]G. (**)
(O6o3mawennss cM. B A.) ITEM Bce Oymer AOKa3aHO.

B cmry I-4* Kery = {Kerylvel|®. Ho 3 =v.9,,
npuyem P, oToGpamaer K, snmmopdpHO Ha G, u P, =¢, HaA G,.
Ilostomy Ker g, = (Ker ¢,) \p\,_1 = Ker ¢,-Kerp, = Ker ¢, -Hf{v,
otkyna Kery = H* {Kerg, [v6I}®. Ho H® = H-[H,G], a
(Ker ¢, |61} < {Ker ¢, | veI}* < (Kerg, [v€}°[H, Gl. Tlo-
aromy Kery = H* {Ker g, |v€I}6é. Ho B B Mu mpoBepuid,
yro K saABIsAeTCH NUpaBUIBHHIM NPOM3BeJleHWEM CBOMX MOATPYNH
G u H. Caegosaresibuo, Ker Ao = Kery NG = {Ker ¢, |v EI}G, T. €.
(++) mowasaHo.

§ 3. IlepBas cxema MMIIMKAIHIA

Haa mameBeiimero GymeT yZoOHO CEeCTH BCe yCTaHOBICHHEIE

RO CMX [Op MMIUVIMKANNKA B efuHYyI0 cxeMy (cMm. Ilpmmoskemme 1,
cxemy Ne 1), mpeacraBnAomyo co0oil HanpaBieHHEE rpad, Bep-
OIMHAMHA KOTOPOTO CIy;KaT BCe HadaJbHBIe moctyiaTu®) (cm. § 1)
H TPX OPOMBBOMHEIX IMOCTyJATa:

A= I4, 111 >,

B =<1-2, 111>,

M = < III-3, I11-4 >,

Camn ke wnMIIMKanunm 0G03HAYeHH HaIOpaBIeHAHIME peGpaMnm u
nytavu u3 pedep. llyakTupaHe peGpa — 5T0 HMIIMKAUMK, BOIPOC
0 CyMEeCTBOBAaHHW (WJIU OTCYTCTBHE) KOTOPHIX OCTAICH OTKPHTHIM,

* B cxeme Ne 1 (m mocmemyromux cxemax)nocTymar 11-4%¥™ muas kpar-
KocTH 06o3uaden uepes U.



B wacTHOCTH, OHO W3 STMX NYHKTHPHHX pefep IOKa3HBaeT, UTO
He M3BeCTHO, He COBIAMAeT JH B IeHCTBHTEILHOCTH nocTyIaT [1-4*M
¢ I1-4%, Taknm 06pasoM, CTOAT OTKPHTHMHE CIeRyou(ne TpobieMs.
IIpoGunema 1. Crenyer au m3 II-3 moerymar I-1?
Mpoonema 2. Cregyer nm m3 II-3* mocrymar I-1?
llpoonema 3. Cuexyer aum m3 II-3* mocrymar I-2?
IIpo6nema 4. Cuemyer nm ms I1-4* mocrynar IT1-2%(I-4%*)?
Onpepgenenme 2. Mu 6ymem cxeMy HasHBaTh 706ep-
wunno noaHol, (B Dpenenax Toll mAm WHOU COBOKYNHOCTH IIOCTY-
NaToB), ecid OHa CONEP;KAT B KAaUeCTBe BePUHIMH HE TOJHKO BCE
HCXOMHEE IOCTYJIATH 3TOW COBOKYHHOCTHM, HO M BCe IHPOM3BONHEIE
OT HEX JOCTYIaTH, T. €. Bce X KomOumaguu. OHa Gy/meT Ha3KBATh-
¢ nopeGepro noanoli (B mpefeNax TOH WIXW WHOH COBOKYIHOCTH
IOCTYJIATOB), eclim COJeP:KUT B KadecTBe pelep wim myTeit
H3 pebep BCe WMINIMKANHH MeKIy BepPIIMHAMHA 9JTOH COBO-
KYIHOCTH.
B npomecce pemeHnsa OCHOBHOW 3ajjlagd HacTOAmMeHd paboTH
3aMeTHOe MECTO 3aHWMAaeT
Teopema 5. C mounocmvio 0o cfopMysupoBAHHBT GhllLe
npobaem 1, 2, 3, 4 crema Ne 1 nosepwunno noana é npedesax
kancdot uz epynn 1, 11, II1, IV u nope6epro noana ¢ yeaom.
JlokazaTeIbCTBO NOBEPIIHHHON MONHOTH cXeMbl (B Ipeeaax
rakpoit w3 rpymm I, 1T, 111, IV) Buosnme npremeHTapHO B OCHOBHI-
BaeTCA HA YCTaHOBJIEHHHX HaMH{ BHINEe HMIVIMKANHAX H OSKBHBA-
agearHocTaAX (1)—(23*). llpoBeferne ero M MpeoOCTABIAEM UHTA-
Tenw. MHOro croskHee 060CHOBAThH ee 00myl0 mopebepHY!O IOJI-
HOTYy. OJTO0 OygeT HaMd OCYMIECTBIATHCA B HECKOIBKO 9TAIOB.
Teopema a.1. Cywyecmsywom mounvie onepayuu, He yoos-
semegopaloulle HiL 00HOMY U3 PACCMAMPUBAEMBLL HAMU NOCMYAAMO8:

rognocts <4~ ) I, 11, III, IV, (33)

ITocmyaamu I-1, 111, III-1, III-2 — caabeiiwue («amomui»):
HIL u3 00H020 U3 HUZ He caedyem HU 00UH U3 OCMAALHELL ROCMYAAMOE
epynn I-1V:

1143 1-2—1-4*, I, 1L, IV, (34)

14 =514, 1-2, [-4, I1-4*, 112 —I1-4* III, IV,  (35)
II1-4 =3 1, 11, 111-2 — [11-5, 1V, (36)
I11-2=3 I, II, I11-1, 111-3 — IIL-5, IV. (37)

JdTa TeopeMa (KaK M NOCTeAYIOMHE) JOKA3HBACTCA MOCTPOCHNEM
PARa TPUMepOB.

IIpumep 1. HasoeM ceeprymum npamsim YMHOMKEHEEM
OTepanuio o, MOIyJaloIyIocs u3 OGKYHOTO (J{HCKPETHOT0) IPAMOTO
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YMHOXEHHS II[yTeM OTOKNECTBIEHHS B TPAMOM IPOH3BEICHHH
JIO0HX T1pymnn BceX N30MOPOHEIX MeKAY Cc000#H COMHOMKHUTedeit
C OMHEM W3 HEX. JTO — TOYHASA OUIEpAaNus, He YIOBJIETBOPAOIAA
nocryiaatam I-1 u II-1, a moromy, B cunry (9)—(22), u BceM mocry-
snatam I, IT m IV rpynno. Ograko, Kak MOKaskBaeT HENOCPEICTBEeH-
Hag IpOBepKa, 9Ta omepamusa JoKalmsyeMa m motomy (cM. (19))
niusa mee BemolHAIOTCA nmocryidaTte 111-1, III-2 u I1I-3. Ecam 6m
OHa jomyckana OmoxupoBanme, To ana A= {a},, B={bl,, C = {c};
MH Holysmiu OB G=AXC = AoBoC=A0{B,Clg = Ao(BC) =
=Ao(BXC)=AXBXC. Tem cammmM, yunTuiBasi (21) m (19%),
JIOKA3aHO, YTO

ITI-3 & <III-1, III-2 > =) 1, I1, 111-4, I1I-5, IV. (38)

Onpepgenenme 3. YcioBmMcsas HEKOTOPHH Habop mHo-
CTyJTaTOB HA3HBATH 3AMEHYMLM, €CIU U3 Hero He ClIeyeT HY OJjuH
H3 OCTAILHEIX HOCTYJAaTOB. ¥ CIOBMMCS 3aMKHYTOCTh HaGopa Io-
cTynaToB 0603HAUaTh ABOHHEIMHI cKOOKamm: (.. ..)

ITossicamm Ha nmpumepax. JloxasaHHEIEe BhIE YTBePKIACHHSA
(34)—(37) osmagaioT, UTO 3aMKHYT KasKIH{ us moctyixaroB I-1,
IT-1, 1111, I11-2, moposHb B3aATHI. A n3 (38) ciexyeT, 9T0 3aMKHYT
sabop mocrymaros <III-1, III-2, III-3>. Takmm oGpasom, cam
dakt (38) MoskeT OHTH IepenncaH B HOBHIX 0003HAYeHHMAX TakK:

III-3 & <1114, III-2 > < < 1111, III-2, III-3>. (38)

IIpamep 2. Onepamms, coBmajaomas €O CBePHYTHM
OpAMEM yMHO;KeHHeM (cM. mpmmep 1), eciu cpemym COMHOKHTeNeR
HeT eJMHUYHHX, a B OCTAAbHHX CJIyJagX — ¢ OOBIYHKIM IIPAMBIM
YMHOKeHAeM, TOYHA, ONHAKO OHA HACIe[yeT NJIOXHWe KadecTBa
CBeDHYTOI0 IPAMOTO YMHOKEHHA, [Ja K TOMY K€ U IIepecTaer
yrosaeTBopaTh nmocrymaaram III-1, I1I-2, ITI-3. Tem caMmm poxa-
3aHO yTBeps:neHne (33).

IIpamep 3. Omepanus

°G, = {Hs’ ecnn |I[=3 w G; = {gi}o, i =1, 2, 3,

€l I1XG, B mEHX caydasx

(0 H; cm. § 7, mpumep B) poxasuBaer (34). JleiicrBuTeNnHO,
nocrynatel III-1 n III-2 mapymensm mo camoMy 3aKOHY, OIpefe-
agomeMy omnepanuio. A B § 7 gokasaHo, 9T0 B IPOU3BENCHHH
H; = {g1}w o {8a}w © {g3} BEDOnBEn I-1, HO Hapymenwn I-2 u I-3,
a moromy (B cmry (1)) m TI-1.

YrBepxaenne (35) moxasmBaer
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Hpumep 4.

Q ecam |I[|=2m G; ={g; },, i =1, 2,
I1XG,, ecam [I|>2 m Bce G, ={gv}as,
II*G, B mEBIX ciygasx.

1I°G, =
v€I

IleiicTBUTeIBEO, HENOCPeACTBeHHAsA HpOBepKa HMOKAa3HBaer,
g0 TI00e aBTOMOPPuU3MH morpynn G; u G, CKIemBalOTCA B aBTO-
MopdmsM TIpynnb KBaTePHHOHOB () = G, o G,. llosToMy Ham a
omepanusA He TOILKO TOYHAA, HO U cmMMerpudeckad. Ho crpyxrypa
rpyunsl Q npuBoguT K Hapymenuio -1, a motoMy u Bcex BooGnre
nocryaaros I, IT m IV rpynm, 3a uckmouennem I1-1 (I-3) u 3a Bos-
MO;REHM uckiogermeM mocryiaroB 1I-3 m II-3*. Ommaxo mopn-
rpymnna {a?},+|{b}, mpomsBenenma {a}s o (b} = {a} » {b] He Mosmer
ABIATHCA SuuMoPOHLEIM o6pasoM rpynmsl Q. IlosroMy Hapym eHE
u II-3, I1-3*. He BumonmeHH jis Hamiel omepanmm u I11-1, I11-2,
a ¢ auMu u Bee mocryiaarts II1 rpymmst.

Ilna moxasarenscrBa (36) m (37) paccMOTpEM DmpHEMepHI.

Ipumep 5. Omepamnus, coBOaganImas ¢ NPAMBIM YMHOKeHA-
€M, eClIE BCe COMHOKHTENIN KOHEUHH, W CO CBOOOIHEIM — B OCTAJNb-
HHIX CJIy9asX, IMOKasHBaeT 3aMKHYTOCTh CHCTEMEI

«<lI, 114, 1I1-2, III-1>. (39)

IlBofictBeHEHIT IpmMep (¢ ImepeMeHOH pONAME HPAMOTO o
cB0GOJHOTO YMHOKeHHMIl) [aeT NBOIiCTBeHHHI pesyisTar (Cc 3aMe-
moit 1I-2 ma II-3):

<1, 111, I1-3, 114> (39)

Ilpumep 6. Omnepanmsa, coBmagalomas ¢ OPAMHEIM YMHO-
sKeHHeM B clIyJae KOHEYHOTO 4ucla COMHO;RMTelleli M co cBobopx-
HHIM — npu GecKOHeYHOM HX YmcCie, MOKA3HBAaeT, 9TO

II-4* = <1, 10, 1I1-2>, (40)
a MIBOMCTBEHHHII K HeMy OpHMep, — YTO
L=<II-4*, IV-A><<I-4* IV-1> < <1, 11, IT1-2, IV-1 >. (41)

Comocrasnernme (38) ¢ (39) maet (36), a ¢ (40) — (37). Teopema
5.1 mokxasaHa IOJIHOCTBIO.

Teopema 5.2. 3amrnyma éca zpynna nocmyaamos 1,
a makxe aw0bas ee nodcucmema, cocmoAWaAs U3 HEKOMODPO20 ee
rnocmyaama (Uil HeKOmMopozo Habopa ee NOCMYAAMO8) U 8ceXT NOCY-
4amos, NOOYUHeHHBT eMy 6 cuay cxemvr Ne 1.

TaxmM o6pasoM, TeopeMa yTBep:KmaeT, 9YT0, HOMHMO YiKe
JoKasaEHHX (34) u (35), uMelor MecTo clegyomue (aKTH :

A=<l 111>, (42)
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-2 & <11, 1-2>, (43)

B=<I-2, II-1> & <11, 1-2, 111>, (44)
4o <Id, 12, 1-4, TI-1>, (45)
1-4* o <1, 14>, (46)

Jlus mokasaTembcTBa HEOGXOMMMO TOCTPOHUTH PAN HPUMEPOB,
9acTh M3 KOTOPHX GaszmpyeTcsi Ha mCHONb30BanmM rpynn H{P u H,

OmmCaHWe KOTOPHX nano B §7 (cM. Tam mpumep C).
Il pumep 7. PaccmorpuMm omepanuio:
HQ), ecnn G, = (g}, pua veJ =1, tne |J|=
e G, — G, =FE mna veINJ,
vel I1XG, — B wHHX caydasx, Korga Bce G, abeieBw,
I1*G, — worpma cpemu G, xoTA 6w ogHAa Heabelesa.

W3 ompepenenus omepamuu U ¢BO#cTB rpynnsl H' 52) HemoCpeJi-
CTBEHHO cJiegyer, uto Bumomdenst I-1, 11-1, II1-1, mo mapymatotcs
1-2, I11-2, a noromy u I11-3 u I1I-5. Ha camom jgexe me ymoBieTBo-
psetea u I11-4: B H® = {g1)50 (ga)s0 (g3)2 60K [g1, go] meabe-
JieB, HO 3aBelOMO He IepeMHO;KaeTcA ¢ {g3] cBOGOXHEIM 06pa3oM.
Hapymen u 1I-2, tTax xak puas rpymust A = {a{ 40 {ay)s0{asly =
= {a;} X {a,} X {a31 orobpaskenns a; — g; (i =1, 2, 3) He ckie-
mBaoTesa B sumMoppmaM A ma H(P, tar xak H{ meabeiesa.
Haxonen, ecim {b;}4 < B;, i =1, 2, 3, rae Bce B; HeaGeaeBH, TO MO~
HOMODPQUBMH ¢; — b; COMHOKNTeJNEH {a;} B B; He MOTyT CKIEUTHCA
B romomMoppusM A B B = ByoB,oB; = B;* By* B;, Tak dTo
HapymaeTca u II-3. Taxum oGpasom, mpuHuUMas BO BHHMAH He
cxemMy Ne 1, mosryuaem

<14, 114, 111>, (47)

Jlerkas Bapwaiusa »TOro mpuMepa, 3akIOYaOmascd B HAJO-
JKeHWH J[ONOIHUTENbHOro TpeGoBaHus, 9ToGH caMo ] B IepBOM
CIydae COCTOANO JIHUIIb W3 TpPeX SJIEMEHTOB, OPHMBOAUT K JOKa3a-
TedsCTBY (42).

IIpumep 7. Onepanus

HY, torpa sxe, Kak ¥ B mpmmepe 7,
II°G, = {I1%G,,eciu gBa G, 2-ro mopsaka, a ocramsHHe G, = E
I
ve I1*G, BO Bcex MHHX CIydasx

TMOKAa3HBaeT (IOCKOIbKY quBepHaH rpyona Hueiira sBagercd

SIAMOPOHHEM 06pa30M rpymma HS), wro
<II-2, III-1> & <14, 114, 11-2, I1I-1>. (48)
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Eciam nposapbupoBaTh HTOT HpUMEp TaK ke, KaK OpuMep 7, To
1.2 & <11, 111, II-2>. (49)
Il pumep 7”. Ouepauus
an,z), TOrfAa 7K€, 4T0 W B IpmMepe 7,
[1°G, = {H?; ecin pmBa G, 2-r0 mopsnka, a ocraipsie G, = E,
vl IIXG, —BO Bcex MAHX CIyqaAx

IOoKa3piBaeT, 4To
LI, 11-3, TIA>S ¢ < I, 114, 113, 111>,  (50)
a €cyi} ee IPOBapbHpoOBaTh, KaK NpeANAYIINE, OHA AOKAa3kIBaeT, YTO

X =< 14, II-3> e <4, 114, 113>, (51)

IHpamep 8. Uz kampmoit cucremsl rpynn G,, v € I, BEHe-
JiseM Bee IPYINH, ABIAIMWECA YeTBePHRMA rpynnaMu Hieiina, u
¢nrcupyeM [IJig HUX HEKOTODHE IpAMbe pasioskeHus Gy={ay }; X
X {bp}s, W€ J = I. Ilo ompenenenuto nomaraem (K = IxJ):

II°G, = (Hx{ap})x(ﬂ*{bﬂ} *H.Gh). (*)
vel w€J weJ MK
Beuny makmneiiHOBOCTH CBOGOAHOTO W IpPAMOTO YMHOMKEHHA BTa
omepanus BIoJdHe npaBuibHA. Bolee Toro, oHA JOKA3HBAaeT, UTO

<12, I3 > & < I, 12, 114 — IT1-3>. (52)

Onepanus sxe, sanaBaemaa QGopmyuoll («) OpH ycIOBWRM, YTO BCe
G, == E, a B MHKNX cIydasx COBIAHawilas, CKameM, cO CBoOOJ-
HHM VMHO;eHWEeM, pmaeT (43).

IIpumep 9. Onepanns, coBnagaomasn ¢ NpsSMBIM YMHOKEHACM,
eclm Bce COMHOMKMTeJn abeleBH, W CO CBOOOMHEIM YMHOKEHWEM
B MHEIX CJyJadX, MOKaskBaeT, uTo

<I-4*%, I1-2, I1I-4 > & <1, 114, 11-2, 1114, ITI-4>. (53)

IT p uw™e p 10. Onepanus, coBmaganmas co CBOGOIHEM YMHO-
JKEHWEM, ecJM Bce OTIMYHEE OT F coMHO;KmTeTH CBOOOJHH, M
¢ OpAMBIM B HWEHX clydasax, Bumy TeopeMmm Illpeitepa o mnop-
Tpynnax cBoOOfHOW TPYLIH, yCTaHABINBAET, YTO

<I-4% 11-3, III-4 > < <1, 1144, 11-3, 1114, I1I-4>. (53)

Ilepemeroit polssMu cBOGOTHOrO W MPSIMOTO yMHOMKEHMEA HO-
CTHTaeM pesyibTarTa:

< I-4%, I > < <1, 114, T4 >, (54)

IIpumep 10'. YcaoBuem: npousseeHre coBIANAeT ¢ TPAMEIM,
eti: BCe COMHOJKATENW CBOGONOH, a B WHHIX cIydYasX cO CBOGOA-
HEIM, OLpefiedseTca omepanus, monTBepkpatomasn (46).
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IIpmmep 11. PaccMorpum memabeseso yMHO;KeHUE (B HUIBIIO-
TeHTHOM CMEICJe), T. . IONWBePOANBHYI0 OIepamumio o, OIpefe-
agemyio TepHapHEM cuosoM [[z, yl, zI m Gmcmosom [[x, yl, ¥’
(em. [15], crp. 425). Ora omepamms. acconumaTuBHA (CM. TaM 3Ke,
crp. 433) m, Kak BcAkaAa TolmBepOaipHAd omepamma (CM. TaM
e, Teopema 2), ymoBierBopsier mocryaaty 1I-2*. Ogmako yixe
ppocreidmuit caydaii mpomsBefeHmsi G = {a}, o {b}, meMOHCTpuU-
pyer Hapymenme mnocTylaToB I-4* m II-3*. [leficTBuTennHO, Kak
caexyer us pa6oru [11, erp. 437 m 443—444], G sBuaaerca meTa-
geneBoit rpymnuoit 16-ro mopajgka (mmeromeidl Homep 9 B cmmCKe
rpynn, [66], crp. 39; rpad ee HOpMAaNLHWX [elnTedeld CM. TaM ke,
ctp. 108, camBoa I'yey), mpuuem ee moparpymusr {a®}, u {b}, mepemMHO-
#aTca B G mpAMEM, a He merabejeBHM 00pasoM, a dHFOMOpdu-
3MH Qg a@—> a%, ¢p : b—> b HCXOAHHX COMHOKUTENEH CRIemBa-
10TcA B (7 B BHEOMOPOU3M @, oToGpaxkamuit Bcio rpyony G 16-ro
nopsAnka Ha noarpymny {a?}, X {b}, 4-ro mopsaxka, Tak uro Ker g4
4 {Kerg, , Kergy }¢ = {a?), ({¢*} npunamiessnt uerTpy rpynuu G).

M3 Bcero pmoxasammoro, yumrThBas jounoiHmTenbHo (26) m
cxemy Ne 1, momywvaem

T = < 11-2%, II1-5> ¢ (I1-2%, 111-4> ¢
o <11 — I-4, 11-4 —I1-3, I1-4, III, IV-1>>. (195)

Wrrepecro, 9To 3T0M e axCHOMATHYECKON XapaKTepHCTHKON
007ama0T 1 Bce BooGme BepOanpanie omepanmm Mopana (ca. [70],
[72] n [44], [3]), ortuamEKe OT CBOGOXHOTO W TPAMOTO yMHOMKEHHIA.
Jdtm omepammn 3agaiorca ¢opmymoir: IIVG, =F/V(F) N C, rpe
F =T1I*Gy , V(F) — Bepbaibaan moarpynma rpynnsl F, ompefiesise-
MasA MHOecTBOM cloB V, a C = [G,|v€ I|F. PaccMorpenaoe HaMA
MeTabelieBO yMHOKeHHe SBIACTCA OJHAM M3 HPOCTeAMuUX OpHMe-
poB BepbaabHO# omepanum. B wacrHOCTH, MOKa3aHHHE HAMH BbHIING
yTBep;KieHUA 0 mocTynarTax I-4* u [1-3* BrTexailoT m Hemocpeact-
BeHHO 13 00mux Teopem A. JI. lImenrkwma @ M. A. Bpommreiiaa
(cm. [45], erp. 627] u [3], ‘erp. 1254%).

IIpamep 12. E. C. Jlanur [24] BBex Toumylo omepamuio,
ompeynensiemyio sakouom: II°G, = F/L, rae F =T1*G,, L = {lg., 2,]
lgv € Gy, 2u€Z(Gy), v=p}¥, a Z(G,)— uenrp rpymm G, . He-
TPYAHO OOHATH, YTO HA aGedeBHX Tpylmax JAOAHCKOe YMHOKeHNe
COBIIafiaeT ¢ OPsAMHM, a Ha Tpynmax 0es mEHTpa — €O CBOOOIHEIM.
Jlanma nokasad, 4To 9Ta omepamus AaccOnmATHBHA (UTO CJeLyeT
B u3 MHOTO Gosiee o6mux mocaeayomux pesyasratos M. A. @pua-
mana (M. [31] m [35])). fAcHo, uro oma caMMeTpmuEA H IpaBRIbHA,
a MOTOMY M BHOJHe mpaBmibHa BBEAY (25). Ilockonbky mpu amm-
MopdmaMax IeHTP oTobpakaeTca B MEHTD, TO BHIOIHEH M IOCTY-
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jgar I1-2. OxasnBaercs, 9TO HUKAKUM JPYTHM MOCTYJIATaM, KpoMe
ysxe mepeuncresmsx (1. e. I-1, I-2, II-1, II-2, III), axsaumnckas
omepanusa He YHZOBIeTBopsAeT. B cniy cxemsr Ne 1 njisa aToro mocra-
TOYHO IOKa3aTh, YTO HapymaioTca mocryaars I-4 u II-3. Hessl-
noanennocts I1-3 cpasy ofHapys;sumBaercs Ha mpouwsBeJeHHH [BYX
rpyun Ge3 HeHTPa, eclii B HHUX BHIeINTL HeeQMHNIHHe albelleBH
momrpyrmel. Jus ompoBepswenus e I-4 pocraTowso paceMoTpeTh
rakoit mpmmep. Ilyets G = GioG,, THe G; = {@;}o X ({bi}eo *
#{Ci}o), i = 1, 2. Taxkne sumoMopPusMH COMHOMKHTENEH ¢;: a; —>
- b;, bj— 1, c;— 1 (i =1, 2) He crIemBaOTCA B HIOMOPPIIM
rpymns G: B Glay, a,] = 1, mo [by, by] = 1, Tak Kak HaXOKEeHHe
Ha G NMONONHWUTEILHHX COOTHoIIeHm# a; = 1, a, = 1 mpeBpamaer
ee B IpymIy {B}ws {c1}ae {baler {0}
Urak, JANHHCKAA ONEPANUA [eMOHCTPHAPYET, 4TO

R=<I1-2, III-5 > ¢ <14, 1-2, 114, 112, TI>.  (56)

Temepp JOKA3aTEIBCTBO TEOpPeMHl 5.2 3aBePIIAETCA MOMud-
rTanpHO: yrBepmeHus (42), (43) u (46) mamu y:e HOITBePKIEHHI,
a uYTO HKacaeTcAd OCTAITbHHX, TO (4D) HEHOCPEeICTBEHHO Clielyer
3 (46) m (59), a (44) — =3 (45) m (56).

Teopema 5.3. Bcea epynna nocmyaamoe 111, a marxce
u wiobas ee NOOCUCTNEMA, COCMOIYAA U3 HEKOMODO’0 ee ROCTRYAAMA
(usu Habopd HEKOMOPHL ee ROCMYAAMmos) U 6Cex NOCMYAamos,
noduunennnx emy ¢ cuay cxems Ne 1, sarxrymer.

Yacrnuno TeopeMa ysxe moraszaHa dawramm (30), (37) u (38).
OcTaeTca [OHOHHTENBHO YCTAHOBUTH, WTO:

(114 < <TT14, 114>, (57)

M = <III-3,[111-4> & <1112, 114> &
<l & T4, (58)
I11-5 & <TTI>. (59)

Jlasa pTOTO IpHUAeTCs MOCTPOUTH HECKOJIBKO HOBHIX IPHUMepPOB
TOYHHIX OIlepamumid.

IMMpuwmep 13. IHocrpoum TpaHSUTHBHYIO, HO He IPABUIBHYIO
7 He CHMMeTPUYECKYI0 TOUHYI0 omepaumio. ITHM GymeT mONTBep:k-
meno (59) sBumy (21%).

IIponssenenue G = II°G, B cmmcie 3Toil omepauum oIpepe-

vGI

agerca rtak. Cpemm G, BHAexswTcsa Bce «MHOmTenm G, 1-ro
THIIa», yIOBJIETBOPsoMue HAGOPY W3 CIeXYIOIIMX TPeX yCJIOBHMIA:
a) G, — mHeabexes; b) ero mentp Z (G,) = {gun}s; ¢) Z(G,) BHpe-
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agercs B G, TpAMEIM cOMHO:KuTeleM. I KasKEOTO TAKOTO COM-
HouTensa G,, peJ & I, purcupyeTcst HEKOTOpOe ero HIpsAMoe
pasnoxenue: G, = {g.}; X Gy. OcranabHbie MAOxRHUTENH Gy, ACK =
= I ¥ J, Ha3KIBAIOTCA «MHOKUTEIsIME 2-T0 Tuma». [lo onpepeneHno,

G =T1I°G, = {a}; X (H*Gl; . H*Gh), *)
vel reJ AEK

ecin J=, m
G = 1I°G, = 11*G,
ve€I vel

B IPOTHBHOM clIydae, T. e. worga K = I. Ilpm ecrecTBeHHHM
o6pa3zoM ompenesisieMbIX H30MOpGHU3MAaX BIOKEHHA MHOMKHTENeH
G, B IpousBefeHme G IOCTpOeHHAs omepaius, OYeBHIHO, OymeT
TOYHO#: mpomsBemeHme &G ¢ TOYHOCTHIO 710 wWaoMopdusMa ompeje-
IsieTCA OZHO3HAYHO — OHO He 3aBHCUT OT KOHKPETHOTo BHIOOpa
OPSAMBIX Pas3ioyKeHuil coMHOKNTeNedt 1-ro Tna. OgHaKo MO caMoMy
MOCTPOEHMIO HAINA OIePAIlUsA He ABISAETCH HU MPAaBUIBHOU, HI CHM-
MeTPUIECKO#: MHOMKATENH 1-ro THDA MMEIOT HeTpPUBHANHHOE Iepe-
ceueHue II0 MOATPYINe {a}, ¥ BOBCe He BCe NX aBTOMOPPHM3MEL 0-
MyCcK310T cKIemBaHue. [[09TOMy He BHIIOJHAIOTCA H BCe MOCTYJIATH
I, IT u IV rpynm.

IloxasxeM, 9TO omeparus TPAH3UTHBHA I IIOTOMY Y/IOBJIETBO-
pser B cuxy (21*) Bcem mocrynaram III rpymom. [eiicrBurensHo,
nyctb G,, B CBOW Odepefb, DA3IOKEHH B o-IPOU3BEJICHHUA.
Has comuoskureneit G, 1-ro Tuma 310 O3HWavaer, 4TO

— TI° — fTT* 2 - . * "
GP« =11 Gu’pu = {0}3 X !—[ Gu’pu * ”],_,[ Gu"pl‘- N (**)
PuETy, 06Ty PLEKyY

mpudeM 3aBefoMo J, =~ (Jj, COMHOKMTENH jKe 2-r0 THIA, T. e.
Gppv, MOTYT T OTCYTCTBOBaTh. UYTO jKe KacaeTcsi COMHOKHUTeNeit

[1%)
G, 2-ro TuDa, TO UX Pa3NOKeHHS MMEIOT BH[:
Gy = 1II° G’w"}‘,: Ii* G’»;"},’ (***)
opEIy opAETy

I7e Bce G,,,% — caMu 2-To THOAa. fICHO, 4TO HIpPHM WOJCTAHOBKE

B (*) pasnoeHmil (***) HEKAKUX TpPyQHOCTedl He BOSHUKHET.
IIpu mopcramoBKe jxe pasioskeHuil (**) MHOmuTelell 1-ro THOA
BO3HMKAIOT TPYAHOCTH W3-32 TOTO0, UTO B IPAMOM pAaslOKeHAH
G,={a}; X G;’L HEOJHO3HAYHO oIpefedeH  TONONHHTEIHHHI
MHORHUTeNb Gy OQHAKO BTU TPYAHOCTH CHHMAIOTCS JeMMOH A
(cm. § 7), cMBICT KOTODOIt, COGCTBEHHO TOBOPSA, 3aKII0YAeTCHA B TOM,
970 (aKT! PA3IOKUMOCTH HEKOTOPOl TpPyHOH B o-IPOU3BEJCHHE

67



HEKOTOPHX CBOMX HOAIPYIH He 3aBHCHT OT TOTO, KaK 9TH IOf-
rpynns (nMelomue Tan 1) pasmokeHH B OpsAMEe IPOH3BeJleHHA,
OlHNM M3 COMHOM<HUTelNlell KOTOPHIX fABIsETCA WX LEHTD IopAmka 3.
IlosToMy, B cuily JdeMMs A, IDH IOACTAaHOBKe B (*) pasioxmenuit
(**) m (***) HomyduM

G ={a}s X ‘S,H; Gpo * 1*G, 5« zr(jh,ch )= 1:1 Gu.ﬂu, °

n " p o
oy €K A PpETy
" ned ueJ AEK )
oIl° Guvpil oII° Gpqy = II°IGM,pu oH°IG1,q)_
PLEK, Gy, €Iy, w €1y o, €1y
wes AEK ues AEK

(Bce durypupymoonige sflech 3aIHCH C o-IPOM3BEJICHUAMH HYKHO
DOBMMATh KaK 3amucH 6e3 Kakoi-rm60 paccTaHOBKE CKOGOK), ueM
BHIIIOJIHEHHOCTH mocTysaara I11-5 u mowasama.

Jusa noxasarexncrBa yreep:meHmst (08) paccMOTpEM TaKyIo
monupmranuio upumepa 13.

IMMpumep 14. Uz gucna rpynu G, v € I, BHuelsAeM Bce Te
G,, n€J C I, xoropee 06yagaroT CBOGONHHIMA COMHOKUTEIAMH
mopsnka 2 (mau camu mopsaka 2). Jlna xampmoit Takoi rpynms Gy

’

durcupyeM ORHO m3 Takux pasaomenmit: Gy = {gula+ Gu H,
Mo OIpefeeHmio, HoJaraeM

G =11°G, = {a}) *H*G;L +11*G, (K =1\J)

vel peJ AEK
npE um30MOPQU3MAX BIIOKEHHA, OOPEleIAeMEX TOKIECTBeHH EIMK
aBTOMOpQuU3MaMn Ha G(L u Gj, JONONHEEHHME OTOGpaKeHAAMHA
gu—>a, WEJ. Bpumy rteopemn 006 mzoMopdusMe CBOGONHKX
pasiokeHuii rpynnn (cM., Haupumep, [22], ctp. 219) BBegemHan
omepanua TogHa. CaMm comHOKuTeldm G, B JalXbHedmeM Gymem
CYHTATH OTOKECTBICHHHMN ¢ COOTBETCTBYOIUME COMHOKATEN AMA
rpynma G, 1. e. Gypem momarats, 910 G, ={a}ly« G, p€J.

HenocpencTeenno BmjiHO, 9TO 3Ta omepamud JOKaJu3yeMa.
Hecxkoasro Gonee rpomMosako (ecinm Bce BHIOUCHBAaTh PaKTHYECKH),
HO TaKKe HEUOCPEeJCTBEHHO YCTAaHABAMBAETCHA ee OIOKUPYyeMOCTH
(3zech BHOBL HPHXOAHTCA WCIOJHL30BATH TeopeMy 00 maoMopdmaMe
CBOOOIHKX pasiOKeHUA IPyIIE: MH JOMKHH 3HATH, YTO rPyIOa
2-ro DOpAAKA He MOeT BHEJIATHCH CBOOOMHEIM COMHOMKHTEIEM
u3 CcBOOOJHOTO NOpOM3BelCHHA IpyII, He MMemuAX, KaKaad,
CBOOOAHKIX COMHOKHTENCH 2-ro IOPAMKA).
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HenpasmisHOoCTh OIepanuy OYEBHWAHA. ¥ CTAHOBHM €€ HECHM-
METPHYHOCTh ¥ HEeTPaHsHTHBHOCTH. I'pymmy G = {a}, * {b}, * {c},

MO;KHO paccMaTpuBaTh KaK o-IIpousBeJeHHe
G=BoC(, tHe B= {a)s* {b}y, C = {als* {c}s.

HecuMmerpuuHOCTh OmEpalmm cleflyeT M3 HeCKIemBaeMocTH B G
TOAECTBEHHOTO aBTOMOpuaMa COMHOKATENS B ¢ aBroMOPOHHU3MOM
rpyuns C, oToGpaskamuM APyr B ApyTa sleMeHTH a u ¢. OcTaercs
YCTA4HOBHTL HETPAHBMTHBHOCTH. HeTpynHO HOHATH, YTO MOYKHO
TOBOPHUTE O TAKOM pasioeHmu rpynnul B : B == B o {b},, B K0TO-
pom B oGwepmuserca ¢ {b},, ecTrecTBeHHO, 1O {b}, (a He mo {a},,
KoTopas u me JexuT B {b],). Ommaro G & Bo{b},oC, Tak Kak
KasKmasg uW3 STMX HoArpynn o0xafaeT cBOGOJHHEIM COMHOMKATEIEM
2-ro nopsAgKa, a mepeceveHnme 3TuxX moarpynd B (¢ pasmo E. Tem
caMuM BBupy cxeMsl Ne 1 yreepsxuenume (58), a ¢ Hum u (57), B
cary (53), moKaszaHH.

Temeps, mMesa B cBoeM pacmopsenmu Teopemsr 5.1, 5.2
® 5.3, RIS IMOIHOTO OKA3aTeJLCTBA TEOPEMEL 5 OCTAETCH YCTAHO-
BUTH, 9TO KK us Doctyixaror rpyno II u IV Bmecre ¢ momdm-
HeHHHIME eMy 1o cxeme Ne 1 mocrynatamu ofpasyeT 3aMEKHYTYIO
cucTeMy (3a MCKJI0OueHmeM, OkITh Momer, mocryaaros II-3, II-3*
u II-3*¥ kak sTO yKa3aHO u B GOPMYJHPOBKE CaMOil TeOpeMHL 5).
YuntaBas (35), (49), (51) n (40), maM AOCTaTOYHO [IA HTOTO HOKa-
34Th YTBEP:RICHUS:

I1-2*% & <11 — 1-4, 111 —11-3, 11-4, 111-2>, (60)
I1-3* & <114, I1-3, T1-3%, III-2> =) I-4, I-4%, I1I-2, } 1)

I1-2%, I1-4—11-4%, 1114, 111-3 —III-5, 1V,

-4 & <I4 — 1-4, 114, 11-2, 11-3, 11-4, 111-2>, (62)

T1-4%4 &3 <7T1-2, T1-3%*> o <-4, [1-3*> & <11 —

— I-4, 114, 11-2, II-3 — I1-4, II-4%*w, III-2>> -£) ](63)
FAMIIA, 111-3 — I1I-5, IV,

I1-4* & <I1-2%, T1-3%> o <[-4%, 11-2%> o

S<]I-4%, 11-3%> o <I-4%, 11-4> o <1, 11, I11-2>, }(64)

IV & <l — 1-4, 114, 11-2, 11-3, 11-4, I11-2, IV-1>, (65)

IVAA* o <TT-4%, TT1-5>e<T1-4%, T11-4>o<T1-2%,

I1-3%, II1-4> o <I-4*, II1-5> <

<I-4%) 111-3, T11-4 > o < I-4%, [1-4,
IT-4> & < T-4%, 11-2%, 111-4 > & < [-4*, 11-2%,
-4 > & <I1, 1> o <1, 11, 11> o <1, 11,

III, IV>.

(66)
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VYr1eepxnenue (60) HemocpemcTBenno cuepyer m3 (13), (40)
a (55); (61) — m3 (15), (8), (27) m (40); (63) — mz (17), (40) u
(27); (64) — m3 (7), (40), (29), (30) m (31); naronern, (66) — u3 (7),
(23%), (24), (29), (30), (31) u (32). Jlna oGocuosanus s;xe (62) u
(65) npmBemeM clemylommil HpHMep.

Mpumep 15. PaccMoTpuM ofny m3 omepammii, BBeNeHHHIX
M. A. Opugmanom [31—35], a mMenno, onepauio, onpegeIsaeMyio
sakonom: G=II°G,=F/®(F), rne F=II*G,, ® (F)=|lg., s,)|g.€G.,
su68 (Gy), vo~p)F, a  S(G,) — mogrpynma,  moposszenHasm
BCeMH dIeMeHTaMU KOHEUHOTo mopsaxa rpymnsl G,. M. A. ®pup-
MmaHoM fokasama (eM. [35], ¢Tp. 168) ee accommatuBHOCTH. flcHO,
aTo npu Mo6om romomopdusme ¢ D(F)p =ZD(F); mosTomy naHHAasT
omepanuga ynoBieTBopsaeT mocTynaTy II-4, a cmemomarenbHo, m
IV-1 B cuny (26). OgHarko BBUHY ¢BOGONHOH (DYHKTOPHOCTH Hps-
MOTO W CBOGOJHOTO YMHOKEHHMIl [Jisf paccMaTpHBaeMoil omepanun
HapymwawTcsa Anepdse ycaosua. JlefcTBuTenapuo, mycTs G; =
= {8i}e, Hij ={hijle, i, ] =1,2; Torma G =Gy o Gy = Gy * Gy,
a Hyy o Hyy = Hyy X Hyp 1 moTOMYy He BEIMONHEHO ANEPHOe yCIo-
Bue nis smuMopdusmoB (T. e. mapymen [1-2%). C gpyroit cTopoHH,
MomoMopu3Mbl BIoKenus ¢;:G; — H; = Hy+H;», ompenenn-
eMeie ycrXoBHAMH g; —> [hiy, Ryal, i =1, 2, ckaensanTcs B roMo-
Moppusm ¢ : G— {Hi, Hg}H =H; X Hyc H, rne H=H,; o Hy,=
= H, X H,, npuuem Rer ¢ = G’ =4 E, Tak 4To HE BHIIOIHACTCS
u mocTynat I1-3*. (3pech Beony A’ o3HauaeT KOMMYTaHT IPYNIE
A ) YuutoiBas eme (28) u (32), nprxoguM K BHBOLY, 9TO paccMaT-
puBaeMaa (QpUOMaHOBCKas OMepaIis JOKA3HBACT:

S=<I1-4,"'II1-5 >=<11-4, I11-4 >
<-4, IT1-5>=JI1-5, IV-1>&
&Ll1— 1-4, 111, 11-2, 11-3, I1-4, IIT, IV-1>. (67)
ComocTasmenne (67) ¢ (40) naet (62), a ¢ (22) u (41) — (65).

Tem caMBIM JI0Ka3aTeIbCTBO TEOpPEMHEl 5 BaKOHYEHO.

§ 4. Bropasa cxema mMMIanKangi

Cxema Ne 1 moBepmmuno MoiHA B Mpeferax Kakuoil U3 rpymu
I, II, IIT u IV, noposus B3aTex. KpoMe BBENCHHLIX YK€ paHee
mpomsBopaLX mocTymaToe A, B, L, X u M (cm. (42), (44), (41),
(51) m (58)), BBeneM eme HOBHIC IIPOM3BONHBIE HOCTYJXATH, ABIAIO-
muecs KoMbunammamu nocTyaaTos us I, IT u I'V rpynn, a umenHo,
mOCTYIaTH

Y'I C’ D1 ZY E, F’ G! H7 K‘! V’
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oIpejeseHne KOTOPHIX CMOTDHMTE HMKE, B BEICKasbBaHuMAX (68)—
(77). Haxounen, BBeemM Gonee KpaTRoe 00o3HaWeHNE /I8 MOCTyIaTa
I1-4;

U=1II-4" < II-2, II-3*>.

Ha HavaTpHEIX ¥ BBEIEHHHIX HAMM IIPOU3BOAHBIX MMOCTYIATax
¢TPOMM, KaK Ha BepmHMHAX, rpad, HAIpPaBICHHHMM peGpaMu KOTo-
POTO ABIAKTCA y3KE yCTAHOBIEHHEI® Ham¥ (MIM TPUBUANBHO IIPO-
Bepsaemsle) ummankanuy (cM. Ilpnnoskenne 1, cxemy Ne 2). TlyEkTH-
POM OTMEYEHEI BO3MOYKHO CYNIECTBYIONHE «OGPATHEIEY MMILTHKALIH.
MM cOOTBETCTBYIOT NMyHKTHPOM k€ 00BEJieHHLI® BepmMHEL. Tarum
06pasoM, MoK BOHPOCOM CTOMT «CaMOCTOATEIHLHOe CYIIECTBOBAHME)
mocryratos X, Y, Z, U, V, wro mosmer GuTh cPOPMYITHPOBAHO
B BHJI€ BLICKA3aHHEIX B Haanle § 3 mpoGaem 1, 2, 4 u caexywommx
npodreM.

TpoGrnema 3’. Crepyer mm mz < I-1, II-3*> mocrymarI-2?

Ilpocrema 5. Caemyer mm w3 <1I-3*, IV-I> moctyxnar
I1-2% (I-4%) ?

(flecEo, B KaKoil 3aBMCMMOCTHM HAXONWTCH TO WJIM HMHOE pelieHue
mpoGiaeMsl 3 oT pemenuit mpoGiaem 2 m 3'.)

lexpo mHacrommero maparpada #ABJIAETCA [OKA3aTEILCTBO
TEOPEMBL:

Teopema 6. Crema No 2 nosepwunino noana ¢ cosokyn-
nocmu epynn <1, 11, IV> u omdeavno ¢ npedesax epynnw 111
U nopebepro NOAHA 8 YeaoM ¢ MOYHOCMbIO 00 0CMABUUICA OMEDBIMbl-
ML npobaen 1, 2,8, 4usb.

Har » npu pokasartemncTee Teopemsl 5, yCTaHOBIEHHE IOBEDP-
IIWHHOM HONHOTH B oObemumuenmu <_I, II, IV>> BHoBBL smemeH-
Tapao. Hy&Ho 3a ocHOBY B3ATH TeopeMy D U cHadala Ji0Kasalhb
mongoTty B npefenax <1, 11>, koMOuuupys mo ouepeiy mocTyIaT
I1-3 co Bcemm mocrynaramu I rpyumsi, mocrynar 11-2 — ¢ mocty-
Jraramn 1-2, I-4, I-4* n nocrynar 11-3* — ¢ I-1 u [-2. 3aTem HyKHO
BCIOMHMTH UMIIuKanun (27), (29), (30) u (31). Haxonern, Tor daxr,
9TO PA3JIWYHBIX IIPOM3BONHBIX IOCTYJIATOB, B KOTOPHIX y9acTBYeT
moctynar I1V-1 u mocrymarer ma <1, 11>, me Gomee Tpex (K, V
u L), HemocpexcTBenno caexyer uz (22) u (31).

Iepexonmm ® goraszarenncTBy mopeGepHOil IIOTHOTH CXEMBL.
CymecTBoBaHMe BceX MMIIMKAIMil, KOTOPHIM HAa CXeMe COOTBET-
CTBYIOT CINIOINHBIE (HEIYHKTMpPHbIE) pedpa, OYeBHHHO: OHM WIH
HOBTOPAKT TO, 4TO yiKe ObLI0 HA cxeme Ne 1, mam sreMeHTapHO
CJEYIOT W3 OHpeJeNeHNil BHOBb BBEJNEHHBIX HPOM3BOJHBIX MOCTY-
aaroB. Hy;xHO mume noKasarh camy mnopeGepHyI0 MOJHOTY,
T. €. 9T0 HET HUKAKMX UHHX MMINTMKAIMA, KpoMe MMITHKAIWIL,
COOTBETCTBYIOIUX HANPABIEHHEIM IyTAM cXeMbl No 2, ¢ TOYHOCTHIO
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RO YKasaBHHX BHme npoGaeM. g sToro, yunteeaa mopeGepHyo
moMHOTY cXeMH N 1, ocTaTouHO J{0KasaTh ciaefylomue yTBep:e-
HAA, OTHOCANMECH K BHOBb BBEEHHEIM IPOM3BONHHIM IOCTYIATaM:
Y = <IH, II-3* > < <14, 114, 11-3, I1-3%, 111-2 > =£)
> 1-4, 1-4%, 11-2, 11-2%, I1-4 — 11-4*, 1114, I11-3 — I1I-5, IV, (68)

C=<I2, 112> o<1, -2, 14, 11-2>, (69)
D=<12 113> e <4, 12, 14, I1-3 >, (70)
7= <12, 11-3* > < 4, 1-2, 114, I1-3, 11-3% I11-2>,  (71)
E=<I4 112> 6 <11 —I-4 114, 112>, (72)
F=<I14 113> o<1 — 14 11, [I-3>, (73)
G=<I4* 112> o<1, 14, 12>, (74)
H=< -4 113> o<, 14, [I-3>, (75)
K = <I1-2% IV-1 > & <[4 — I-4, 1144 — 11-3, 114,

1112, IV-A>, (76)

V = < I1-3*%, IV > T14%, V-1 >o 14 — 14, 114,
11-2, T1-3 — I1-4*~, T11-2, TV-1 > 5451104, T11-3 — I11-5, IV-1*, (77)

¥ BOCIOJB30BATECS paHee JOKA3AHHBIMI AHAJOTHIHEIME yTBEpHK-
neanamu (41) u (51) gaa mocrymatos L m X.

YacTr u3 yreepsruenud (68)—(77) caenyer u3s yrke M3BeCTHHX
Ham. A mmenHo, (68) u (71) BmrerawT m3 (15), (8'), (27), (40);
(69) — m3 (39), (56) m (62); (70) — ms (39), (8), (27) u (62);
(76) — mu3 (41), (55), (60) m (65); maromen, (77) ciexyer m3 (41)
n (63). Ina mowrasarteancTBa OCTANBHHX, T. e. (72)—(75), pac-
CMOTPHM HECKOJIBKO HOBHIX IIPAMEpOB.

IIpumep 16. Ionomxum, no onpexneseHnio, OIepanuio coBIa -
fammeil co cBOGOMHEIM YMHOKEHNEM, eClId BCe MHORATENN OTIHd-
HE 0T E, a B IPOTHBHOM CJydae — COBHANAIONIEH C IIPAMBIM
ymuo;cernem. HemocpenctBenno mposepsieTcss, 910 370 — G-ome-
pauus u urto oHa He oOmapmaeT csoictBamm 11-3, III-1 m III-2,
a moToMy (B cuiry cxeMmel Ne 1) He ynoBIeTBOpsET M BCeM LIOCTY-
aaram 11-2*_JI-4* III, IV, wem mopTeepsmeno (74). C momMompio
myanbHO! omepamuu (B KOTOPOIl LOMEHEHH DOJAAMH cBoGoiHOE
¥ OpsAMOe IPOH3BENleHHA) yOerKmaemMca B CIOpaBeamBocTH (75).

Ipumep 17. llycrs O—PpupmanoBcKas omepanus mo mepuo-
puveckon wactu (cm. mpumep 15). Mur yxe snaem (cm. (67)), uro
3Ta omepailiii He y[oBJIeTBOpseT moctyiaty I-4%. TlokaskeM, wto
3TOT WOCTYIAT HapymaeTcs [Jjid Hee yyKe Ha aGeleBHX MHOKHTE-
nax. [JewictBurensno, mia A = {@}w, B = {b}w, C ={c}s,
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H =A*B, K = BXC, yautHBas acconmarTaBHocTh omepanay D.

noJIydaems:
G = ADBOC = (ADB)YDC =H x C,
G = ADBDC) = ADK.

dumomopdusmu ¢A: A — A, ¢k : K — K, onpegenensne ycio-
BAsAME: @ —> &, b — ¢, ¢ = 1, ckaemBatotca (B cany I-4, cm. (67))
B sEgomopdusm ¢ : G—> G, npuueM Gp = A X C. Ho N=
= {Kerga, Herpx)6 ={b%, ¢}¢ ={b*}¥ X C, ortkyma G/N =~
=~ (H/{b*}H) X (CIC) =~ A * (B/B?) = {a}o * {b'},. Comocrannan
9To ¢ pasescTBoM G = AX C, mnDomydaeM, uto G¢ =He
msomopprEa G/N, 7. e. mocrynar I-4* mapymaetca pgma mpo-
mepeperus ADK c aGemeBmmu MmuosxmTensiME A u K. Tloatomy
I-4* mapymaeTcs W pAs omepamud o, OIPENENsIeMOM YCTOBHAMHE

I1?G, , ecu Bce G, abeseBH,

e, = {H*Gv , B MHNX CIIy9asXx.

Iz (67) cumepyer, uTo aTa HOBasA OHEPANHAA YHOBIETBOPAET IOCTY-
aatam I-1, I-2, I-4, 11-1, 11-2 = III-1. Ogaako oweBugHEIM OGpa-
3oM mapymamwTcsa moctyiaare 11-3 (a motomy m II-4, I1-2%*, TI-3%,
1V) a1 III-2 u III-4, Kak mOKAa3KBAET IPHEMEP:

{@}e © {b}eo © {c}y ={a} D{b} D {c} = ({a} « {b}) X {c},

B To Bpems Kak ({a} * {b}) o {c} = ({a} * {b}) * {c}.
Ntak, mocTpoeHHas omepamus JEMOHCTPHPYeT, d9TO

<I-4, 112, 1T > & <11 — 14, 114, 1122, TTI4 >, (78)
Takas ee MomepHM3aNUA

[1%G, , eciu Bce G, == E m aGeneswl,
II°G, = {II1XG, , ecom Bce G, abereBEl U xoTa OW onma G, — E,
I1*G, B mEHX cryuasx

norasmeaeT (72). Hawomen, omepammd, DOAYYaOIAECA U3 HAX
8aMeHO!l POIAMH CBOGOZHOTO ¥ TPAMOLO IIPOM3BEACHWHA, JIAIOT
TaKOli pPesyibTaT:

<14, 113, 111 > & < T4 — 14, 114, 113, 4> (79)

I COOTBETCTBEHHO (73).
JlokasaTexbCTBO TeopeMHl 6 3aKOHYEHO.
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§ 5. Onucanue BcexX THIIOB aCCOMMATHBHBIX
M BcexX THIOB QYHKTOPHBIX Onepanuii

Pacmmpum cxemy Ne 2 1o cxeMsl, cojepskameii, ¢ OJHOH cTO-
POHBI, Bce THIBI ACCOMMATMBHEIX OHmeparuil (TodHee — Jaske BCeX
M-onmepanwmit), a ¢ ppyroii, — Bce ¢yHKTOpHBe omepamuu. Ilasm
Hanbollee MHTEPECHBIX NPOM3BOJHBIX IIOCTYNATOB, BO3HMKAIOIIUX
IpH KOMOMAMPOBAHWME MEKLY c0o00il mOCTyNaToOB M3 00BeUHEHHO
rpyoust <1, IT, IV>> u rpynos 111, BBeyiem ciemuansubie naIBA~
myanpane obosmagenus: R, S, T (cm. (56), (67) u (55) coorBerct-
serno) u N, O, P, Q, W3, Wp, Wiz, Wz, Wy (cu. (82) —(90)).
O6Go3HadeHrs e OCTANHbHBIX BOSHMKAIOIIUX ITPOM3BOMHBIX TOCTY-
7aTOB pacmm@poBHIBAOTCH (HOPMYIOLL:

I, =<, IllI-n>,

rme J — DpOMBBONBHBIA MOCTydaT M3 O0DBeUHEHHOHW TIPYIIE
<I,II,IV>,an =1, 2, 3 nn 4.

Ilpm mocrpoenmu pacmmpeHHoit cxemsl Ne 3 (em. Ilpumoske-
muue 1) ocrammch HepaspemEHHHIMU CJIEIYIONmie BOIPOCH (HOIo-
HUTEeIbHO K pamee copMmymupoBammbiM mpobmemam 1, 2, 3, 3,
4 u d):

Ilpo6rema 1;. Cuenyer mmus <II-3, [1I-5>> mocryxar [-1?

Ilpo6uema 2; Cuexyer mu us < 1I-3*%, ITI-5>mnocrynar 1-1?

IIpo6anema 4;. Caemyer mum ms <II-4*“, III-3>> mocrynar
I1-2% (I-4*)? )

IIpo6rxema 5;. Crenyer au ws < I11-3*%, I11-3,IV-1>> mocty-
aar 11-2% (I-4*)?

IIpo6mema 5;. Cmemyer sm uz < II-3*%, I11-5, IV-1> mocry-
aar [1-2% (I-4%)?

IIpob6rema 65 Crmegyer mm uz <I-2, I1-3, ITI-5>> mocrymar
I1-2 (1-4)?

IIpo6urema 75 Cuenyer am nz <I-2, I1-3*, ITI-5>> mocrynar
11-2 (I-4)?

Teopema 7. Czxema umnaurayuii N 3 o6aadaem caedyio-
wumu ceoticmeamu: 1) ona nosepwunno noana 6 00bveduHeHHOU
epynne <1, 11, IV> u omdesdno 6 npedeaazx epynnw I1I; 2); ona
colepacum 6ce munw  accoyuamusubix onepayuti (daxce 6ce
munv. M-onepayuii); 3) owa codepacum 6ce muns. GYHEMOPHHLT
(m. e. I1-4-)onepayuii; 4) ona nopebepro noana é Yyeaom ¢ MOLHOCTBIO
60 12 np06./zeM - 1’ 2s 3,, 4, 5, 15, 25, 43a 53’ 55’ 65, 759 HOmOpblM
COOMBEMCMEYI0M nYHKMUPHYe «o6pammubley pebpa.

HAorxasaTexscrtso. YreepkiueHue 1) ciexyer u3 Toro
npoctoro ¢akra, 49ro cxemMa Ne 3 ABIAeTCA pPa3BUTHEM CXEMEI
Ne 2. Tlepeiiziem temeps k mymkry 3). Ilycts J — moGoit mocrymnar
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us <lI,II,IV>, neswamui way 11-4, t.e. Takoir, uro J=II-4.
B cuny ummnnkamun 11-4=111-2 (cM. (16)) mmeror MecTo paBeHcTBa:

Jo=J,J5 =101, J5 =14

cM. (19%), (ZO) (24)). Ilooromy raskmas Takas BepmumHa J B pac-
cMarpuBaeMoil cxeMe Ne 3 Mosker OBITH mpoAyOMHMpoBaHA JIHINL
eme JBYMs, [JIA KOTOPBIX HaM OPeJCTABIAIOTCA HPENIOITHTEND~
HeME 0003Hadennd J; u J;. Ho Bo3MmoskHbie Bepmmms thma Jj,
BBUNY (20), mcdepusBarorca Bepmunamua S, T, Wy u IV-1%*,
CamocTosTensroe cymecrBoBanne Bepmme S 1 T nokasano paubime
{cM. (67) m (55)); amamormumsiit Boupoc niga Wy cocraBiger mpo0-
deMy O5; HocHTeXsAmMH THma IV-1%, kak MBI 3HaeM, ABIAIOTCA
IpsaMoe W cBoOOIHOe YMHOIKEHMUS.

Cxema No 2 morassiBaer, 9To HH 13 KAKOTO HOCTyJaTa 00befH-
nengoit rpynnoet <I, IT, IV> (kpome IV-1%) me caxexmyer mocrymnar
IT11-1 (a moromy m.III-3, III-4, III-5). Ilna pmowasaredbcTBa ke
CaMOCTOATEIHHOTO CYINECTBOBAHMA BCeX BePHIMH J; pemramomyio
PONs WrpalT [Ba CIERYOIMUX (paKra:

I1-4y = < I1-4%, TII-D> o< 1-4%, 11-4, TII4 >
= < LI, T4 — I11-3, IVA >,
=<II-4* TII4, IV-1> o< 1-4%, II1A, IV > =
&<, I, 1111 — [11-3, IV >,

nepBHil U3 KoTOpHX yeraHoBied I'. K. Tenossm (cm. [7], cTp. 449)
moCTPOeHUEM ceMelicTBAa HeacCONMATUBHHIX A= MAaJbIEeBCKHX HeNT-
PaTbHBIX HONNBepOATbHBIX OHePANUil, He Y[OBIETBOPAIOIHUX II0-
crynary IV-1. Omepamuamu ;xe tuma L; ABIAKTCA BCe OTIHYHELE
0T CcBOOOJHOTO M WPAMOTO yMHOKeHHWit omepamuu ['pronGepra —
IlmenskuHA (CM. BBefeHHe K HACTOAIIEH cTaThe), KaK 9TO CIeiLyeT
u3 Teopem 13 m 14 (1], erp. 1225—1226. ([lna mpocreiinieii omepa-
nun I'prondepra —IlImenskuna, ompeelseMoil KOMMYTaHTOM JeKap-
TOBOH moprpyumsl, ato ycranosiaeno eme P. Crpeiik [83], ctp. 434
u M. A. Bponmreiinom [3], crp. 1255%.

CamocTosaTeTbHOE JKe CYIIecTBOBaHUE BCeX OCTANBHBIX BePIIHH
J1 (¢ TogHocTRIO 7O mWpobmeM 4; M 5;) Temeph HEMOCPEICTBEHHO
BeBogurea u3 (80) m (81) @ momolXHHMTENBHO HA OCHOBAHMH (99)
u (67), a mmenno: yra Vy sro caegyer us (81), gia K; — u3s (81)

(80)

(81)

* [lomyTHO BameTHM, YTO KMEHHO B UHTepecyOIleM Hac MecTe Ha
crp. 1255 m3 [3] momymema omeuarka: ma 10- CTpPOKe CBepxy BMecTO
<II-4* 1IV>= II1-3 pommuo crtoath <II-4*% IV>=£ III-3. Kpoae Ttoro,
Heo6xop,uM0 OTMETHTBH, 4TO B 3TOif paboTe HCHONL30BaHa ciicTeMa 0003Ha-
YEHTIiE TIOCTYIATOB 113 [16], wacTuuno oTAMHamascs OT YHOTpedIseMOil
Hamu ceiruac.
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m (55), pia U; —ms (80), mam II-2{—wus (80) m (55), mus
IV-1;— u3 (81) u (67), maa I1-4; — m3 (80) u (67).

OcTaerca mpoBecTd aHANW3, KACAIMEACH «IPaBOi» CTOPOHH
cxemsl N¢ 3, TogHee, ee WacTH, pacmoioskemHoi# Hag M.

B pomonmenme K paHee mOKa3aHHHM yTBep:KmerHsM (56),
(67) m (55), ormocAmuMes K mocryaatam R, S m T, noxkasxem ama-
JOTUYHKE YTBEPIKACHAA JIA OCTAJBHHX HPOM3BOJHEIX MOCTYJIATOB,
CBA3AHHHX C aCCONHATHBHOCTBHIO :

N=<I1, M>=<I4,I1I-3, III-4 >&<I4, III-2, III-4> <
<<, 12, III4 —111-4>, (82)

0=<I4, II-5> e < 14, 1-2, I, (83)
P = < I, [I-5>o< I, I11-3, -4
& < I, 11122, T4 >e< 1, TS, (84)
Q=< A, II-5> = < I4, II4, III-5 >es<” I, 114, 111-2,
-4 >e< 14, 1-2, 114, IS, (85
W, = < I1-3, 111-5 > o< 11-3, [11-2, I11-4 > <5 < 114,
I1-3, 111> £)1-4%, 11-2%, 11-3%, 11-4%n | [14* IVA*, (86)
Wp = <D, [I1-5> = < 1.2, 11-3, I11-5 > es< I, 11-3,
I1-2, 4> < 14, 1-2, T4, 11-3, TI1> — (87)
— I-4%, 11-2%, 11-3*%, [1-4*w 11-4*, TV-1*,
Wie = <II-3% [11-5> > <TI-3%, T11-2, TI1-4>> <

o <104, I1-3, 11-3%, 11>, (88)
Wy = <Z, I1-5> = <I-2, T1-3%, 115> & <14, I1-3%, I11-2,
4> o <I4, 1.2, 114, 113, 11-3*, 111>, (89)

Wy = <V, III-5> = <II-3%, III-5, IV-1> &
& <-4, 11-3% T11-2, TI1-4> &

e I1-—-1-4, 114, 11-2, 1I-3 — I1-4*~, III, IV-A>. (90)

Ja sroro morpebyerca mMOCTPOUTH HECKOJBKO HOBHIX IPAMEPOB .

IMpamep 18. PaccMorpam omepanuio o, OmpefeiaeMyio clie-
AylomuM obpasom. V3 mdroGo#t Hemycroit cuctembl rpymon Gy, v € 1,
BHJeNAeM Bce rpyonmsl «l-ro Tumay — Te W TOABKO Te TPYIOE
G.,p€J = I, goropsle, He Oynyuu CBOGOJHHIME, MPEICTABHMEL
B Buge G.=F, *H,, rne F, — cBob6oguaa rpymma, a s H,
He BHIeJAerca cBOOOMHEIM COMHOKHTENICM HHKakad CBoOogHAd
moprpymma. [laa Kampod Taxod rpynnsl G, ¢uxcupyeM HeKOTO-
poe Takoe pasiosKeHWe (ITMX PAas3NOKEHNHA MHOTO, HO OHM BCO
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u30MopdHE B CHIy TeopeMH 00 u3oMopdmsMe cBOOGOIHHX pasito-
JKeEMA nDpowmsBoibHON rpymmsl). Ilo ompepesnenmio, mosaraeM

I°6, = I1*F, « (TIXH, X TG,
vel wEJ WeS AGK

rie K= I\J. 31a ouepanusa, 09eBHUIHO, TOYHA, W IJjId Hee BHIIOIN-
matorca mocrynarsl -2, I11-3 m I1I-4. JloxasareascTBo Gioxupye-
MoctH Gasmpyercs Ha Teopeme bapa m Jlesu (cm. Kypom [22],
c1p. 221), yrBepKpalomeit, 4To Ipymma He MOKeT OJHOBPEMEHHO
pasmaraTtecs B CBOOOJHOE M IPAMOE IPOU3BEJEHHSA.

IloraskeM, omHAKO, 4TO0 3TA OmEPANHA HeCHMMeTpHYeCKas H
HeTpaH3uTHBHAsA. JleficTBUTeNIbHO, ecll Gy = {a}  * {b}s, G, = {c}s,
10 GroGy ={a}* ({b} X {c}). Bryrpemmmit aBToMOopdEIM Qg
coMEOKATeNA G, TOPOMIEHHHA 3JIEMEHTOM @, He CKIeABaeTCA
¢ TOKIECTBEHHEIM aBTOMOpP(E3MOM coMHOKHTedA G,. B camoMm
mene, [b, ¢l =1, ognaro [a—ba, c]l =a—'b—tac—ta—bac 1. Uraxr,
II-1 me Bumonnsetca. Ecmam sxe Gi1 = {a}, *{b}_ _*({c}s X {d}s),
a Gy ={gh, 10 G =G1°Gy={a}*{b}*({c} X {d} X {g}). IIpu-
MeHAA K Gy aBToMopdu3M Qq, mosryuaeM Gy ={a}*{a—1ba}*({a—1ca} X
X {a—'da}) = Gy 0 Gys, THE Gy = {a} + {a"ca}, Gy, = {a—! ba} *
* {a—'da}. Ecin Gst {Gyy, Gz, Go};=G11 © Gys © Gy, T, B wacTHOCTH
6outo 6m la—!da, gl =1, aro He wMeeT MecTa B G. Taxum o6pasom,
He BHmoiHeH u mmocTyiar III-5.

Iloctpoennriit mpmmep mnokasmBaer yreepsxuenume (82), ecam
HDOICIHUTENBHO y9YecTh cXeMy HMmamrammi No 1.

SaMeuanue Takaga Bapmamusa IpefblAymedl omepamum:
€CJIH BCE COMHOKUTENN IPUHANIEKAT MHEOroQ0pasmio MeTaGeIeBHX
rpynn (B EWJIBNOTEHTHOM CMEICJIE), TO IOJ HX c-IPOM3BEJeHHEM
HoOHWMaeTcs cBOOOJHOE IIPOM3BeJieHHe BTOr0 MHOTooOpashsa (T. e.
TaK Ha3bBaeMce MeTalesieB0 IpouWsBejesdne — cM. mpumep 11),
B WHHX jKe CIydYaAX OPOU3BefeHNe 6epercs B CMEICIE TOJBLKO 4TO
PAcCMOTPEHHOH omepamui, — TepAeT AOMOJHATEIBHO CBoiicTBa
IT1I-2 m III-3, coxpamas, ogmaro, 1-2 m III-4. Takum oGpasom,
DOOYTHO MH YCTAHOBUIH, YTO

<12, 114> o <14, 1-2, T114, [11-4> (91)

IIpuwmep19. {ns obocuoBanms yrBepskaennsa (83) ycosepmen-
cTByeM omepanuio n3 mpmmepa 8 (cM. § 3) clegyrommm oGpasom. B
npoussenenrn G=II°G, commosxarenu G, nogpasmenseM Ha Tpa Ka-

vE[
reropmn: 1) comEoxmTeN” 1-T0 THOA Gy, WEJ, ABIAIOmMEeCs TeTBEP-

HEME rpymmamu Hieiina; miia Kaxporo us HEX QEKCHDPYEM pasio-
merne G, = {ap}s X {bu}ss 2) coMuokmrenm 2-ro Tuma G, A€K, —
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Hea0eIeBH, ¢ BBHIIENAIIMUMACA OPAMBIMA COMHOKMTENAME IEHT -
pamn Zj, ABIAOMEMACA 3JIEMEHTAPHHIMA a(eIeBHMH 2-TDy-

navm: Gp = Zn X Gy, Z;:E;h{c%%}z’ Gx +~ E; 3) commo-
wy,

wurenan 3-ro tuma Gy, G L, — Bce ocranpmbie. Ilo ompepne-
JIeHHIO,
*
G =1I°G, = I1* {a,}, X TIX {era,}, ¥ (H* {by)e + TT*Gy, * II*GK).
vel peEJ “’;\'EQ;L - wed MK €L
AEK

dra omepamus sABiAercs B rounoctTu O-omepaumeii. IleficTBuTeNBHO,
H3-3a COMHOkMTeNeidl 1-ro tuna mapymaercs II-1, a moromy mu
Bce moctynarel [-4, I-4* TI, IV. flcao, uTo »Ta omepamus BHOBB
puonue mpasuiasHas (I-2). Iloxakem ee tpamsutmBEOCTh. COMHO-
suTenn 1-ro Tama o-mepasmossnmil. G COMHORATENAMI 3-TO THIA
Bce 6IaromonyvHo, Tax Kak omdm JMGO o-HEPA3MOKAMBL, a eCIu
H Pas3io;KUMBL, TO UX o-DasiojKeHNe COBHAfaeT co cBOOONHBEIM pas-
moeHueM. TPynHOCTH BOZHHKAKT THINL HPH PACCMOTPEHME COM-
HOKHUTeNel 2-ro Thma. Opmako OHHM pa3pemalTCA 3aMedaHUeM
K memme A (cM. § 7). Vrsepsknenue (83) mokasamo.

3ameuanune. Taxue nse BapHAIUK onepanuyn npumepa 8:

1) c-mpomsBenenme samaetcs Popmymoit (*) mpmmepa 8, ecanm
Cpen COMHOKHMTeNeil poBHO nBe derBepHHX rpyonsl Hieiima,
a8 B WHBIX CIy4asgX COBOAJAET CO CBOGOMHBIM IIPOM3BEJIeHNEM;

2) c-mpomussesienne 3ajaercs (POpPMyYTOil (*) UPH KOHETHOM
HCIe COMHOKUTENEll, a B WHBIX CIydYasAX COBIAJaeT cO CBOOOIHBIM —
MOKA3bIBAIOT COOTBETCTBEHHO YTBEPKIEHM:

<2, TII4 > < < 14, 1-2, 1114 >, (92)
<I-2, TI1-2 > & <€ 14, 1-2, T11-2>. (93)

IMpumep 20. [lna pgorasaremncrsa yrBepsraenus (84) pac-
CMOTDHM TaKyl0 Bapuammio mpmmepa 13 (cM. § 3): B ompepemenme
«MHOJKUTeNell 1-ro THIa» BBegEM eNMHCTBEHHOE M3MEHEeHWe — M X
HeHTD [oJsKeH OBITH He TpeTbero, a BTOPOTO mopspra. Bo Bcem
OCTalIbHOM KOHCTDYKUMIO coxpaHuMm. IIpm 3ToM TpPaH3UTHBHOCTDH
omepauuH, ecTeCTBEHHO, He HAPYIIMTCA; mO-Ipe;RHEMY OyneT oHa
genpasuibHOl. OHAKO BBUAY MOZIEMEHTHOIl HENOLBUKHOCTI
LIeHTPa BTOPOTrO MOPANKA HPH JOGHX aBToMopduaMax TIPYHHOEHL,
a Tarke BBUAY JeMMH A (cM. § 7) m cnuMMeTpHUHOCTH CBOGOAHOTO
¥ OPAMOTO YMHOKeHUI HOBasg omepanus Oyger yyke CHMMeETPH-
9ecKoli (B otnmame or onepamun npumepa 13). Haronen, mocKoIbKy
Yy COMHOKHTENeHl 2-T0 THIA MOTYT MMEThCA IOATPYIIH, YAOBIET~
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BOPAWINUE YCIOBHAM, OUIPEJENAIONMM COMHORUTETH 1-ro Tuma,
Hapymaerca mocryiar II-3. Tem cameim, yumreiBast cxemy Ne 2,
npuxonuM K oOocHOBaHMIO ytBepsxuenus (84).

IIpumep 21. CopasemmuBocts yrBep:wuennsa (85) jfoKasbi-
BaeTcs ciaenylomeit omepamyeii. B mpouwssegenmnm G = II°G,

vel
pasiMualoTCA [(BA THNA COMHOMKMTENEi: coMHOuWTeny 1-ro THma
G,, n6J = I, — aGemess rpynmsl M HeaGeleBH ¢ HETPMBUAIb-

HEIMH LEeHTPaM¥ Z, , BHeNAOIMMICA IPAMBIMA COMHOKUTEIAMH,
G, = Z, X G, ; ocransasie comHoxutern Gy, A€ K = I v J,—2-r0
tuna. {lo ompenenenuio,

G =TI°G, = IxZ, X (H*GTP, * I1*Gy, )
Vel nedJ weJ MK

Ilornass UpaBUTBHOCTH HTOM omepamuu oueBUpHA. Ke cuM-
METPUYHOCTh YCTAHABIMBAETCA TAaK jKe, KaK M B IPeNBAYIIEM
npumepe. B cumay (24) nnsa moRasaTemscTBA €€ aCCOMMATMBHOCTH
noctaTdaao yBefUThCHA B €e JOKRAaIM3yeMOCTH ¥ OJIOKMPYEeMOCTH,
KOTODHIE, OJfHAKO, HEIOCPEJNCTBEHHO CIENYIT M3 JTOKATN3YeMOCTH
H OJOKMPYEMOCTH HpPAMOTO ¥ cBOOOmHOro ymuOokeHuit. Ocraercs
yOenuthca B Hapyieauu noctyiatoB 11-2, 11-3 u I-4. PaccmoTpum
ecTecTBeHHBIE HOUMOPOUBMBL @; : Gi= A; X Fi— H; = A; X M,
i =1, 2, tne A; — Heeguanunabie abemess, F; — cBOOOMHBIE He-
abexess, M; = F;3F;. Ho y M; neATps He BHIEIAITCA OIPAMBIME
coMHOMUTEeIAME W motomMy H = Hyo Hy = Hy+ Hy = (4; X
X My) + (Ag X M,). CuemoBarenrpHo, (; HE MOTIYT CKIEHTHCH
B smumopduaM ¢ : G = Gy o Gy — H, rtar Kak B G moxrpynnst 4,
u A4, mepeMHO;KAITCA TPAMBIM 00pasoM, a B H — cBOOOHHEIM.
Hapymen u mocryxar 11-3: mocrarouno paccMoTpeTs IPON3BEeHNe
IBYX rpymon 0e3 HmeATpa M BHIETNTh B COMHOKHTENAX a0eIeBH
moprpynusl. Hakonem, sagomopduamst rpynd G; = {a;}o X ({bi}e
«{ci}w), i =1, 2, onpegensieMsie ycxosuamu: §; : a; —> b;, by —> 1,
¢i— 1, He MOTYT cRieuTbcs B dHIOMOPGUSM mpoussexerus G o
o Gy={a;} X {@g} X ({bs} * {e1}* {ba} * {cs}), TAK Kak @18, = 0,0y,
HO byby~ byb;.

3amedganue Onepamus, coBmajgaioimag ¢ TOIBKO YTO
PACCMOTPEHHOM HpM YCIHOBMM, UYTO KajKIblii COMHOKHUTENH G,
0e3 kpyuerns (urm pased E), a B ocTaXbHEIX CIydagX COBIAZAI0-
mas co cBOGONHEIM YMHOKeHUEM, NioKassBaer (¢ yueroM (25)), 9ro

I, T, TT-4 > 65 < T2, TIH, TT1-4>> <
& <A, 1-2, 114, 1114, T11-4>. (94)
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A ecam ycioeme «0e3 KPYUeHHS» 3aMEHHTH YCIOBHEM IePUOINT-
HOCTH, yOe)KgaeMca B TOM, 9TO:

<12, 14, 4> o <4, 1.2, 114, 114>, (95)

Ilpm »sroM pmua Toro 4uroOH yOeguThCA, CKajKeM, B HapYyIIeHHUH
mocrynara II-2, moctaTtouHO pacecMoTpeTh €cTeCTBEHHBIE SIIEMOD-
usmet @; 1 G; = A; X By— Hi=A; X M;(i =1, 2), rie 4; —
KoHeuHas abelesa rpymna, B; — komewHasa rpynma 0es IeHTpa,
obnagaromas ¢axrop-rpynnoii M; ¢ HeTPHBHAJILHHIM HEHTPOM,
He BHIEIAIIMHAMCA OPAMHIM COMHOKATeNeM (TaKOBOW ABIAETCHA,
HanprMep, cuiereHue S,wrQ, rge S; — cAMMeTpHUecKas Tpynma
Tperheil cremeHum, a () — Ipymma KBaTepHHOHOB; B3[eCh MOKHO
M ; Baars msomopduoii Q; (cm., mampumep, [5], crp. 1222).

YuaurnBag moclefHne PACCY;RICHIA, JI6IKO OHATH, 9T0 HAIO~
sKeHNe B mpuMepe 21 Ha coMHORATENH 1-T0 THIA AOMONHATEIHHOTO
YCIOBHA HX NEPHOJUYHOCTH IPHBOJHT K OMEPANAH, TOKASHIBAIO-
med, 9To

<12, 114, 11I-3 > = < I, 1-2, 114, 1111 —III-3>, (96)

Yro kacaercsa yreep:xuenuit (86)—(90), To oHE BechMa cIalH,
4T0 06BACHAETCA TeM IPOCTHIM (PAKTOM, YTO HAKAKAX ACCOMUATHB-
HHX MAJbIEBCKHX Omepamuil (OTIMYHHX OT MPAMOTO X CBOOOAHOTO
YMHOKEHHH) [0 CHX mOpP HEeH3BeCTHO. A Bce M3BeCTHHE ACCOMHA-
THBHHE ONePandi, YZOBJIETBOPAMHAE OCIAaGIeHHOMY MHOCTYIATy
Maasnesa II-3, aBasorca S-onepanmamu. CaMa ke yTBepHAeHAA
(86)—(90) — mpaMEIe ciIeNCTBUA y:Ke H3BeCTHHIX HaM. A HMeHHO,
(86) cuepyer ms (67), (14), (24), (58) =m (21%*); (87) — m3 (67),
(25) 7 (86); (88)— m3 (86); (89)— us (87); makomen, (90)— ms (67).

JloKka3aTelbCTBO TEOPEMH 7, T. e. 060CHOBAHNE CXeME HMILIH-
Kammit Ne 3, sasepmeso.

§ 6. Onmcanme Bcex THNOB PeryaApHLIX omepamuii

Hexsio macroamero maparpada ABIgeTCA OCYmIECTBICHEE
TIONHOH AKCHOMATHIECKOH KIACCH(UKANUE BCEX PeryJAPHEIX olle-
panui, T. e., HAMOMHHAeM, olepanyi, yAOBIETBOPAIOMHAX IOCTY-
aary npasaasBocTH I-1, mocrynary cummerpmanocta I1-1 m mocty-
aary o6 equARIHEX comuoxkuTeanx I1I-1. Takyo knaccnpmranmio
HaM YAQJIOCH IIPOBECTH IOAHOCTHIO ¢ TOYHOCTHIO 0 BOCBMHE OCTAB-
mWEXCA OTKPHTEIME BOIPOCOB: MATH M3 HAX COBIAZAIT CO chopMy-
AUPOBAHHHIMA HAMH paHee TMpoGaemaMu 4, 53, Dg, 6; @ 75 (cM.
Havado § 5), a ocTalbHEE TPH TAKOBHL:

1'1112)?0 6nema 3;. Cmepyer qmus<I-1,11-3*%, III-3 > mocry-
aart I-
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IIpoonema 6, Caegyer mum m3 < I-2, II-3, I1I-4 > mocrymat
I-4?

IMIpo6aema 8;. Cumegyer am mz < I-1, II-3, III-3 > nocrymar
I-2?

Nrorom aToii KIaccudpuramun aBasercss cxema Ne 4 (cm. Ilpm-
aosxenme 1).

Teopema 8. Czema umnaukayuii Ne 4 nosepuwunno u
nope6epHo NOAHA 8 YeaoM ¢ MOUHOCMbI0 00 8 NYHEMUDHBLL «06pam-
nuxy pebep. [ pyeumu caosamu, cxema No 4 daem noanyro kaaccugu-
KEQYUI0 6cex MUN08 Pe2YiipHELT 0nepayull ¢ mournocmyvio 9o 8 yrasaH-
HYT guluie npobaem.

Jloka3aTeIbCTBO TEOPEMEl HAYHEM C YCTAHOBIEGHWS €€ IOBep-
MAHHOM MOJIHOTH B IMeloM. B ocHOBe HOBOW CXEMHI IEKHT CXeMa
Ne 3, mprmaem oTpesK:m cxeMHl Ne 3, PacHONOKEHHEIE MEKIY Bep-
mmaamMn Q m IV-1*, a tawke mexmmy II-4; mw IV-1*, moamocTsio
(z 6e3 rarumX-Im0O0 HOMOJIHEHWUIT) BXOAAT B cocTaB cXeMBl Ne 4.

Bce peryaspubie omepamum, IO CBOEMY ONpeeleHHI0, YHOB-
JI€TBOPAIOT MOCTYJIATY

r =A;, =<4, II4, III4>,

YeMy COOTBETCTBYET «aTOMHOCTBY CAMOW HEKHEl BepIIMHEI CXEeMBI
Ne 4. Bee Tumm accoquaTHBHBIX PerylAgpHHIX omepamuii (KakK IMOKa-
apiBaeT cxeMa No 3) WCUEpPIHBAIOTCA BepPIIMHAMH CXeMB No 4,
samoiaHAmuME oTpe3ok Memnmy Q m IV-1*, Uro ke kacaercs
1106010 (HAaYaIBHOTO HIM IpPOM3BoxHOro) mocryrara J ms <I,
II, IV>, xemamero B cxeme No 3 Mesxny A um IV-1* (octanbnse
mocTydarel U3 oO0bemuHeHHOo# rpymmbr < I, II, IV>>, owesunmo,
HYJKHO Telepb oTOPOCUTH), TO eMy B cxeMe N¢ 4 MO;KeT COOTBETCT-
BOBaTh AOpHMOpPH MaKCHMyM deThipe myOmmrara: Ji, Jo, J3 m J,.
Opnaxo B perynspHoM ciydae BBumy (19%) J, = J,. Takum obpa-
30M, OCTAIOTCA MWING Bepmuusl J;, J; m J,. B Taryio Tpoiiry Bep-
muu J;, J;, J, Ha cxeMe N 4 m nmpeBparmiIach Kaskmas BepmuHA J
cxemol No 3, mpumHamaesxkamas k <I, II, IV>, oramanas ot I-1,
I-2, IT1-1 u 11-3 u He ne;xaman uu Hax 11-4, au maxg 11-3*, 3a mekmio-
YeHWeM CIenylomux oco0bx caygaes: 1) Bepmunra I-2.4= B,
comana ¢ I11-4,= <I-, II, III-4> (sBumy (25)); 2) BepmmHa
I[1-2; — ¢ C; (BBEmy (19) m (25")), a Bepmmna I1-2, — ¢ C, (BBELY
(25)); 3) sepmmua II-3,=X,— ¢ D, (BBERY (25)).

SdaMeduaHnue. 3mech I Ha cxeMe N 4 maeM IpegmodTeHHE
0003HATEHUAM:

I-2, II-3,, 11-3;, I11-3; , III-4,, III-5;

BMECTO COOTBETCTBEHHO CTaHIAPTHBIX
Bl’ qu Y11 A31 A47 Q-
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Haxomen, aro kacaerca sepmur Y # Z cxemMH Ne 3, AM cooT-

BeTCTBYIOT Ha cXeMe Ne 4 Bepmmun 1I-3; m Z; B TOXBKO —
peugy mMmamRammi [1-3% = I1-1, II1-2 (cm. (15) m (24)).
Wrak, moxasaHa MOBePIIMHHEAA IOJHOTA CXeMH N 4 B IEJNOM.
Yro e KacaeTcs pedep cxeMH Ne 4, To OHE JUGO COBHANAIOT C OfI-
HOMMeHHKIME Pebpamu cxeMul N 3, 1r60 «BTOPATY UM 110 MPUHIAITY:
wecrn J =1, To m J, = I,», 1m6o wmmetor BEg: J; = J,, I, =1,
Jy=>J;, ambo TpmBmambHHI (B camoM Hm3y cxembl). OpgHako
I OKAasaTeJbCTBa MOPeGepHOH MOJXHOTH CXeMH HYIKHO 6me
UpeBAPATENBHO YCTAHOBUTH CIEAYIOMIAE JOTOJHATEAbBHECE (QaKTH:

Zy = < 1-2, TI-3%, 1114 > 14, 1-2, 114, 11-3, 11-3*,

114 — I11-3 >, (97)
G, = < I-4%, 11-2, I11-3 >o< 1, 114, 11-2, 1111 —
113>, (98)
H, = < I-4%, 11-3, II-3> & <1, 111, 113,114 —
I11-3>, (99)
-3, = < 14, 111, I11-3 > I, 114, T4 —
I11-3>. (100)

Yreepsxnerue (97) caemyer u3 (8') m (80), ecam yuects (27).
Tarum o0pasom, oHo Qaxtmaecku mokasamo I'. K. I'emosem (cm.
171, crp. 458, u BBemeHme K HacTOAmER cTaThe, ¢Tp. 46), BmepBHe
IOCTPOUBINAM CEPHI0 MATHNEBCKHEX OmMepanuil, He YAOBIETBOPSIO-
murx mocryrary 1I-2. K cosanendio, m3-3a TPOMOSIKOCTH OIpeie-
JleAWA HTUX ONGPANUi MH He MOKeM 3[eCh €r0 BOCIPOWBBECTH.

IIpamep 22. Omepanus, onpeneiseMas dopmymnoi I°G, =
= (II*G,) X (II*G)), rme G, — abemeBr, a Gj — HeaGeleBH
MHOKHTOIN #3 d9ucia G,, mgorasmmsaer (98). IyanbHaa ® Heif
omepanus (MOIYIAI0OMALCA U3 HEG MePEeMEHOH DOJAMA CBOGOLHOTO
I IPAMOTO YMHOKeHm#) moxreepsxmaer (99).

IIpumep 23. Uz Bcex commosrureneir Gy, vE I, BmpenseMm
Bce COMHOKHTOMN Gy, WEJ C I, 2-ro moOpAfgKa; OCTAIbHEIE OYCTh
6ynyr Gy, M6 K =1 J. Ilo ompegerenuto momaraem II°G, =
= HP X 11X G). (Onpemenenwe rpymmst H@ cwu. B § 7, mpm-
mep C.) OueBmpgHO, 3Ta omepamusa YAOBIETBOPAET IWOCTYIATaM
II-1 (sBumy (1)), I-1 m III-3, Ho He III-4 m I-2 (u3-3a cTpyxRTYpH
rpynmst HP). Crenylomue ske mpuMepsl IEMOHCTPUPYIOT Hapymie-
gue noctyaaros 11-2 m 11-3: a) smumopdusmer @; : a; — b;, i =1, 2,
COMHOKUTellell abemeBoil rpynosl A = {1}, 0 {@y}a = {a1} X {a,)}
HA COMHOKHUTENN Ipynnsl B={b;}, o [by}o=H? He MOTYT CKICHTBCA
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r=A, — (47), 1-44 — (53, 53’, 67), 11-2*, — (80, 55),
C,— (53, 56, 81), H, — (5%), 1V-1, — (81,67)
D; — (55, 97), W, — (89), 111-4, =As—(%4),
F3—(55, 99), 11-2, — (48), Fy— (53, 67),
H, — (39"), X3 — (55, 97), R — (56),
11-3:*=Y; — (97), E,— (78), W, —(90),

vV, — (81), I-4* — (54), By — (96),

Dy — (53, 87), Hs — (99), Cs — (56, 81),

G; — (53), U, — (80), Es — (55, 98),

S — (67), 111-3,=As — (100), G, — (39),

1-2r =B;— (95), E,— (53, 67), 11-4*; — (80),

D, — (5%, 55, 97), 1115 ,=Q — (85), K; — (81, 55),
I-4,— (55, 98, 99), T — (55), Ci — (53, 56),
11-4, — (80, 67), 11-3, =X1—(50) I-4%, — (53, 53),
G; — (98), I-4 — (78, 79), W, —(87),

Z,— (97), F;— (79), IV-1* — (23%).

L; — (81), I-4*5 — (98, 99),

B smmmopdusM ¢ : A — B Beuny HeaGeaesoctd B; 6) MOHOMOP-
dmsmer P; i e; —>di, i=1,2, @ P;: ¢g —> d2 cCOMHOKATENEH

rpyunst C = {c1)g0 [clao {csle=HY B COMHOKHTONH TIDYIIH
D = {d1)s o {ds)s o{ds}s = HP X {d) He MoOryT CKIeHTHCA B
romoMopdusm P : C—D, Tak Kar D'={d;, d,, d%} HeabereBa rpyn-
ma, a HaJoKeHHe Ha rpynny C HOMONHMTEIBHOTO YCJIOBHS mepe-
CTAaHOBOUHOCTH XOTA OH JBYX ee 00pasyoIAX IpeBpamaeT ee B
aGeneBy rpynmy. TeM caMBIM paccMaTpHBAEMBIH mpAMep JOKa3bBa-
er (100).

Teneps, parTaueckn, mopebGepHas moaEOTa cXeMH No4 (c TOU-
HOCTBIO [0 BOCEMH IYHKTHPHHIX (OGDATHEIX) peGep) ycTaHonneHa
Jia HMCUepIHBalOmell UOMHOTH MPHBOfEM Ta0IUNy, B KOTODO#
IS Ka)KIOil BepmIMHH cXeMH Ne 4 yKa3aHO COOTHOIIEHHe (HIH
COBOKYIIHOCTh HECKOJIHKHX COOTHOINEGHHMIT), yCTAHABIMBAIIIE® OT-

CcyTCTBHE HMIVIMKAAi CBEpX TeX, KOTOPHe 3aUKCHPOBAHE CaMOM
cxemoir N 4.

Urax, moxasaTelbcTBO TEOpPeMH 8 3aBepIIEeHO.

3axknoueHHEe. Yke m cxeMa Ne 4 rpomosska. Ilosromy
DOCTPOEHHE IMONHOH CXeMH HMILIAKALUE AIA BceX TOYHHIX Omepa-
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Ui Heellecoo6pa3HO: TUCA0 BepIIWH B Hell paBHaNock Gul 116 (B
To BpeMs Kak cxema No 4 copmepsxkmt 50 BepmuH). [fokasarembcTBo
CaMOCTOATENBHOTO CYIECTBOBAHUS BceX 3Tmx 116 Bepmmu Tpe-
fGyer MmMOCTPOGHUS CPABHUTENBHO HEGOJABIIOTO UYHMCIAa HOBHIX
omeparuii (KyCOYHO COCTABIEGHHHIX M3 yike M3BECTHHIX W IOTOMY
He IPeACTABIAIOMUX CaMOCTOATEeNbHOTO MHTepeca). Bee aTo yma-
eTCA ciedaTh € TOYHOCTHIO M0 21 OCTABIIEroCs OTKPHITHIM BOIIPO-
ca, 15 m3 KOTOPHIX yike cQOPMYIMPOBAaHKH paHEe B BHAE <IpPob-
aem». K HEM HY;XHO HO0GAaBUTH €Ime INECTH:
Mpodaema 4,. Cregyer am ms <II-3, I1I-1"> mocTymar I-1?
IIpoGaema 1,. Caemyer aum us < I1-3, I1I-2> mocryxar I-1?
IIpoGaema 1;. Cunegyer nu ms <II-3, IT1I-3> moctymar I-1?
IIpo6aema 1,. Cuegyer am ms <II-3, I1I-4> mocryaar I-1?
IIpo6aema 2,(=2;). Caemyer am m3 <II-3*, III-1><&
&<II-3*%, T11-3> nocryaxar I-1?
I Ilpo6aema 8,. Cmegyer am us <I-1, I1-3, I11-2™> moctymar
-2?

§ 7. Hexoropsie BcmoMoraTebHble NpeI0sKeHHsT
H TOCTPOEHH

Jls pasrpy3Ku OCHOBHOTO TEKCTa CTATHH B 9TOT 3aKIIUATEN b=
HHi maparpad BHHECEHE HEKOTOPHE BCIOMOTATelIbHHE Hpenio-
SKeHHS W TMOCTPOeHWs, MPeACcTaBIAIOMUEe, BO3MOYKHO, H CAMOCTOA~
TeJIBHHI HHTEpec.

Jlemma A. Iycmev

G=AXD, D=T*B,*C, )
ued

20e A — abeacea epynna, u nycmb das Kavxcdozo p, p €& J,

AX By=AXB,. (+4)
Toeda: 1) D'=|C, B;]uEJ}qure[:B;*C u?2)G=AxD.

MoxasaTeZbeTBoO. B cmmy (») Kamusii sIeMenT
b u3 B MpeacTaBUM B BHE b = ayby, 7€ ay €4, by €By,
npuqu GOOTBeTCTBHe b,—~> by, I{aK H3BECTHO, ABIACTCA (MEeHTPalib-
HHM) u30Mopdu3MoM MEH{JIY B u By . Ilosromy mioboe Hemycroe

cioBo f(b’, ¢) (B ToM cMEICTe, KaK 3TOT TEPMHEH YHOTPeOIAercs
B TEODHH CBOGOTHEIX ]IpOII3BeJIGHHH) oT b JEB,, pnEJ, me 6C

Oyzmer OTIMYHO OT egWHHUOH, TaK Kak
fO, ) =f@, ,senr ¥ Bl oy eean By ey Gl eens Oa) =

Miy vs™ gy vy? He, V¢
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= af (D, v ooor By vgr Dy v woes Dy vy wovy Chp vven €a) =
= ﬂf (b1 (,') 7&1)

rne aGA u f(b,c) 5= 1. Tem camsiM yTBep:kgeHme 1) mokasamo.
Ianee, BBUAY (+) B (s+), D’ mosmemMeHTHO mHepecTaHOBOUHO ¢ A.
Iomyernm, uto D' N ASd’, d’+=1. Ho d’, xax siaement ms D',
OBLT GBI TOTHA IPEICTABEM (KAK MBI TOJIBKO UTO IOKA3aIM) B BUIE
d =j, ¢) =af(b, ), rme f(b, ¢) = 1. Ho, ¢ gpyroit cTopoHH,
d' = a €A, otrypa caegosaino 6u f (b, c) = a—la’ € A, 4T0 HeBO3-
MosxHO, Tak Kak f(b, c)6D u G =A X D. HUrax, D' N A=E,
1. e. {4, D'}¢ =A X D’. Haronen, BHCAXB;CAXD’ H
motomy A X D'=G.

3daMeuanue HKark morassiBaeT aHaJIH3 TOKA3aTeIHCTBA
JIeMMEI, OHA COXPaHMAeT CUIYy W B TAKOM YCIO;KHEHHOM BapHaHTe,
KoTza A:Hj A, m yciaoBue (++) 3aMemeHO CHCTeMOHl yCJIOBHI:

pE
Ay X By= A4, X B, (n€J).

IMpumep B. Ilpu mocrpoenunm omepanmm npumepa 3 (§ 3)
HaMH HCIOOJb30Bajlach rpynna H,, KoTopymo ME ceiigac ompemelnM
a uccaenyeM. Ilo ompemesenuio, H; — mamGoaee cBoGogHAS Tpym-
ma, yXoBiIeTBopsiomas yciaosuaM: H, — meraleneBa (B HHEIBIO-
TEHTHOM cMsIicae); H, mopospgaerca TpeMsa GeCKOHEUHEIMHU IUKJIH-
geckuMu rpymmamn 4; = {a;}e, i =1, 2, 3; 8 H, BHOOIHANTCA
COOTHOMEHUSA: [a;, ay] = [a,, a;] = las;, a,l.

Uccaenyem rpynuy H,. Ee amement

u = [al, 612] =[a2, a3] = [a3, al] (u)

IpHHAAJIeKAT NeHTPY Z, W Kaskabli siaemenTt h m3 H, momyckaer
IIPECTABICHAS

b= a%agajul. (r)
HeHOCpeJﬁ[CTBeHHO npoBepAeTcsa, YTO
hh — a:‘1+ax ;a‘l-aza;s‘l'aauﬂ“}‘ﬁ o4 (ug—ag)—a2 g , (hhl)

a ’ *
ecnm k' = ala;%a;%uf’ . Ho ecim pacomoTpEM MuOecTBO H3

dopManpHHX CI0B (h), Ime o; ¥  TPEHUMAOT d00bIe eIble 3HA-
4eHHsd, IpUYeM fBa cioBa (k) m (k') cumrTaloTCA DPABHEIMH TOTAA

I TOIBKO TOTZA, KOITA a; — 0; (i=1,2,3) u p=p’, 10 mO Ome-

panum, ompependeMoil 3akomoM (hh'), MHOKeCTBO H; 6ymer
o * * .

rpynuoii, npmeem Hy = (4], A5, 43), rae 4;= |ai}e, i =1,2,3,
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# 000 * 0100 *
a a;= aladadn’, az=alaiadu’, a3 = aladadu®. Kommyramr rpyn-

uu H3 cosmagaer ¢ U* = (u*}e, Toe u* = ad adad ut =
=[ai, as| = [az ,az] = [a;,, aﬂ I Ie;RMT B HeHTpe Z*, Tak dTO
H3 — MeraGeinesa. Haxmoe dopmanbsHoe caI0BO (k) MOKeT GHITH
IIPOUTEHO KAK MPOM3BEEHMe, Tak Kak ay'ayau’ = a;*a> a3 ™u".

Ho » cuny onpenenenns rpyun H, u Hs 06a COOTBETCTBHA:
a;—ai(i=1,2,3) u a; > a (i=1, 2, 3) — onpegengior >UMMOP-
PEsMH PTHX I'PYOO APYT HA APYTa, KOTOPHE MO3TOMY OKA3HBAIOTCA
Me;RIy co00il M30MOpPHLIME, TAK YTO, B YaCTHOCTH, 3alNCh CJIOB
(k) B H; emuHCTBEHHA.

Tenepr HemocpeacTBeHHO BUAHO, 4To H, ABIASTCA IPaBUIb-
HBEIM TpoHmaBefenueM csomx moarpymu Ai, A,, A,; mampumep,
AN {4y A31Hs = A; ) A,AU = E. Ho uocrynar 1-2 puaa mee
mapymen: AX 0 (4, A5) = AU (| 4,4,U = U + E.

B upumepe 3, pamgm Kotoporo mocTpoena rpymma H,, ¢ ee
MOMONILI0 CTPOUTCA HEKOTOPas TOYHAA OMepamusd, TpPHUEM cama
rpynna H,; gomxHa paccMaTpuBaThCA Kak mMpousBefeHue (B CMEICTeE
9T0il omeparuu) cBomx moarpymm A, Ag, A;. OnmHakro, Kak moka-
3bIBAIOT PABEHCTBA (), 2T WOATPYNIH BXoaaT B H, He BmOIHe
paBHompaBHO. 1loaToMy BosHUKaer Heo0GXOIHMOCTH B [IOKA3aTelb-
CTBE CIEAYIINET0 yTBeP;KAeHus (PAaBHOCHIBHOTO, KaK HETPYHHO
HOHATH, TOYHOCTH pPacCMAaTPUBAGMOH ONMEpAIHN).

(Pr) Karosa Gbl HE 6BUIa moOACTaHOBKA W = <i —> kii =1,
2, 3>, cymecrByer Taroit HaGop msomopdusMor @; 1 A; >Ap (i=
=1, 2, 3), KoTopHil ckiIemBaeTrca B asTomopdmaMm ¢ : H; — H,.

HoxasxeM, aro TpeGyeMsMu CBOWCTBaMu 00.1a7aeT eCTECTBOH-
Hasg CcHCTeMa H30MOP(HU3MOB, ompegeiseMas yCIOBHEM

QP; L a;—> aki (l = 1, 2, 3) ((P)

B camom meme, moskHo cumTarh, uro H, = M/N, rme M — c¢Bo-
Gogmasn MerabelieRa rpylma ¢ «TeMH ;Ke» 00pasyIoIUMU a1, Gy, g,
a N = {xg, 2, 23}M, e 3= las, a1l - lag, a1], 73=1a,, a,l
- las, a,), r;=1a,, a; - la4, a;]. B M rar npuBeneHHO# cBoGOmHOMH
TpyIe ¢ CUCTeMOH CBOGOIHEIX 00pasyomuX a, ds, &3 HOJCTAHOBKA
(p) obpasyomux OIpeneIseT HEKOTOPHIH ee aBTOMOPOHIM .
Henocpencreennas mpoBepka MOKa3HBaeT, 9T0 3TOT aBTOMOPQU3M
MHIYOUPYeT HEKOTOPYIO MOACTAHOBKY Ha MHOKeCTBe 00pasyIommux
Zy, 3, Z; HopManbHoTo menutens N. ITosatomy Noy= N, oTKyna
clIeayer, 9To @y MEaymEpyeT Ha daxrop-rpynme Hy = M/N tpe-
DyeMulit aBTOMOpQH3M .

Haxonren, rpyuma Hg; rakoea, 9TO omepanua IpuMepa 3
HecmMMeTpHudeckasa. JleficTBUTeNbHO, BOBCe He Kask[as CHCTeMa
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asToMopdusmoB momrpynu A;(i =1, 2, 3) ckiemBaerca B aBTO-
Mopdpuasm rpynmst H,. Taxoma, mampumep, cHcrema: Y;:a;—>
— a7 Pyt a,—> a3, Yytaz—> a;. JleficTBATONIBHO, A TOPOK-
HZaeMoro el aBToMopdmsma Py rpyomn M Gymer xgtpleari,
asl - las, as) =lay, a,)—22,. Eeam 6 Nyy =N, t1o lay,
aPCEN, 1. e. B Hy 680 6H u? = [a;, a,]? =1, uTo HEBepHO.

IIpumep C. Breckorprux cryuasx (cM. mpumep 23 (§ 6)
7 upumepst 7, 7' u 7" (§ 3)) HaM TPHEMLIOCH MCHOAb30BATH I'PYIIH,
Gamskme K rpynme H, mpenmmgymero mpuMmepa B, Ho mocTpoeHHEe
He Ha 0a3e GeCKOHEYHHX MUKIAYECKAX TPYII, a U3 MUKIMYeCKAX
rpyon  2-ro mopamka. OcymecTBEM TpeGyeMyio KOHCTPYKIHIO.

IIycTs 3agano meKoTOpoe HemycToe MHO3KecTBO Tpyunm A, =
={ay }o, V& I. Cumrag I 5nuHeiHO YUOPAMOYCHHEIM, IIOCTPOEM

2 .
rpynny HP, snemenTaMum KOTopoil ABIAIOTCA (IYCTOE CJIOBOY,
CI0BO U ¥ CJOBA BHAA

h=a, a,, ... a, (w), (ﬁ)

rme k UpUHEMaeT HATYpPATbHHE BHAYGHHA, vi<Vp<l...<Vp,

8 (JOMOJHATCIbHAS KOMIIOHEHTa» U MOKeT WIH MNPHCYTCTBOBATH,

HIW OTCYTCTBOBaTh. DYKBH a, OyleM Ha3HBAaTh «OCHOBHHIME
3

KommoneHTamm» cxoBa k. Ilom mpomsBemenmeM cioBa h Ha CJI0BO
B =aya, -- - ay, (u) uoHHMMaeTcA CJ0OBO, MOJIYYAMINEECs U3

BANUCH Gy Gy, .-« v, (w)ay, ay, - .. a, (u) myrem  mocie-
JOBATEIBHOIO TEPEfBIGKEHNA KOMIOHEHT g, CIpaBa HAJIeBO
]
[0 MPaBUIBHOTO PACIOJOKEHNA BCeX KOMIOHEHT g, M g, , 00yc-
i j

JOBJIEGHHOTO YUOPAZOICHHOCTHIO MuoskecTBa /. Ilpn mepecTanoBKe
MeCTaMH [BYX pPsiflOM CTOSAIMZAX OCHOBHHIX KOMIIOHEHT BO3HHKAeT
TOTMOJIHUTE/IBHHNA MHOMKATENIh U, KOTOPHIT CYHTAGTCA MePecTaHO-
BOYHEIM €O BeceME KoMmoHeHTaMu. CTosmue psAoM gBe OJMHAKOBEIE
OCHOBHBIC WMIH [OTOJHUTEIbHHE KOMIOHEHTH BHODACHBAIOTCA.

HemocpegcTBeHHO MPOBEPSETCS, ITO OTHOCHTEIBHO BBEIGHHOK
omepamuu MHOskecTBo HYY ABImerca rpymmoil. (AccoMEATHBHOCTH
VMHOJKEHHsSI YCTAHABIMBACTCA, CHAjKeM, MHIYKIMOH Mo JJAHMHE
CPeTHEro COMHOKUTEIs, MOJ00HOTO TOMY, KAaK 9TO JellaeTCA B aHa-
JOTWYHON CHTYaIWd OpH IOCTPOEHHMH CBOGOAHON rpymmsl — (CM.
[22], cTp. 108). IIpu sroM caMo cIOBO h MOjkeT GHTH MPOYATAHO
yiHe KaK IIPOUW3BeeHHe ONHOOYKBEHHEIX CJOB.

IIpa (I| = n ecTecTBeHHO AIA H(Iz) u fapyroe o0o03HAYCHUE:
(2) (2) - "
H,’. Ouesnpno, ato Hi™ msomopdua dgeTBepHO# rpymme HieitHa
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Vs, a HP—rpynne mmoppa Dy B o6mem caysae npu n>>2 mHemo-
CPOICTBOHHO yCTAHABIHMBAeTCH, 9UT0 u = la,, a,] mIa Id06HX
v, W, v == N; HCXOAHHIE IPyunsl A, MOTYT CUUTATHCA BIOKEHHEIME
B HP. Bouee toro, HY ={A,|v€I}. Kommyraur U rpymme
COBIAmaeT CO B3aWMHEIM KoMMyTaHToM moarpyun A4,,v6¢I =
ABIAeTcA MUKIMdecKoll moparpymmoit {u} 2-ro mopsAmgkra, Iexamel

2
B WEHTpe Z Ipymmsl HP. Taxmm o6pa3oM, yYHTHIBag JOHOJHH-
TeJIbHO efMHCTBEHHOCTh 3ammcu (A) M060T0 dleMeHTa, 3aKiidaeM,

aro (upm |I|>1) HP — weraenera (B HAIBIIOTEHTHOM CMEICJIE)
Ipymnna, pasiaraoijasci B NpaBUIbHOE IPOU3BENEHHEe CBOMX IO~
rpyun 4, ,v€ 1.

Ipymuma H'P npeperaBaser ocoGuii mHTepec — oma ABIs-

eTCs rpynmoit HanHuamero wopsanka (|[H | = 16), pasmaranomeiics
B TPaBUJABHO® IPOM3BEIOHNE TPeX CBOMX IOATPYNI (HAUpHMED,
Ay, A, m As), He ymosaerBopswmee moctyiaty I-2: ee xoMmmy-
TauT U BXOOHMT KAK B MOATPYIIY, NOPOKISHHYI0 NIOGHME AByMSA
u3 moarpyun Ay, A, Az, Tak ¥ B HOPMAIbHOE 3aMHKaHWE Ji060#

u3 Humx. Ha caMoM jiene, KaK MOKHO IPOBEpHTb, H? BooGme
He NONyCKAaeT HUKAKHMX PA3JIo;KeHWH B MpaBUIbHOE IIPOM3BEACHHE

¢ ayMsa comEo;RmTenAMu. (Ipyoomy H ) MoxHO HaiiTm moJ| HOMe-
poM 8 B cumcke rpynn 16-ro mopsapka Ha crp. 39 kuurum [66]; Tam
e, Ha crp. 108, mox cmmBomom I',b momemeH rpad HOpMaXbHEIX
mexmreneit srToit rpymmi.) Hapymaercs mocryiar I-2 m Bo Bcex

rpynnax Hﬁ-z)c [I | > 3. Hakonem, Heo6XogEMo eme OTMETHTE,

. ~ 7@
aro B moGoii rpyme H® orrocuremsro moxrpyut A,, v € I, Brmo-
HAeTca woctyiaar 1-3, Tak Kak rpymos A, obGragamwT JIAWb
TOIeCTBEHHKME aBTOMOpQHU3MaMHu.

Hobasaenue npu xopperrype

T. K. Tenos B cBoeit paGore «K Teopum omepanmii Ha Kiacce BceX
rpynny («Tpyast MockoBek. MaTem. o0mecrBa», 1971, 25, 61—84) moxasau,
g0 m3 Habopa nmocrynaroB < 1I1-2, II-3%, I11-3, IV-1>> He cienyer mocTyiar
I1-2*, TeM caMEIM OTPHIATENBHO pemeHH CPOPMYJIHPOBAaHHEE B CTaThe
npoGueMs 4, 5, 43 B 53, YTO, €CTECTREHHO, BHOCHT OONBITYI0 3aBepIIeHHOCTD
¥ B CXEMH HMIUIEKAN@i, A mmenno, B cxemax Ne 3 m Ne 4 cREMaorca «ob6par-
Hble» IMILTAKATEE MEeRIY Bepmanamu V, u L, n mesxpy Uy a 11-4.%, ama cxe-
me Ne 3 (m cxeme Ne 2), momonmmrensro, — Mexny V u L mMexxny Um 11-4*
(mocieHEe 06CTOATEILCTBO HYIKHO yuecTh B Ha cxeMe Ne 1).

VinrepecHEIi HOBH pesybTaT cogepsxurcsa u B 3amerke M. IIl. Hazenxo
«Omepanyn B KaTeropusAx, HAAYLAPOBAHHEe Pe)IeKTHBHHIME ¥ KOPe(IeKTHB-
BHIME TOAKaTeropuaMmE» (Ycmexm MareM. Hayk, 24, Ne 6(150), 1969, 197—
198): TaM pmowasaHo, WTO PA3IMYHLX ACCOIHATHBHEIX OIepamui, YHOBIETBO-
paomax mocryaary 1V-1 (r. e. omepanmit tuna S), He MHOMKeCTBO, & KJIACC.
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OHpunoxenue 1

CxeMpl MMIUKAMH

Cxema n 1
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IIpnao:xkenme 2

Cnucor NIPOM3BOHBIX HOCTYIATOB
A=< I4, 114>
B=<I2, II-1>
C=<I2,1I2> J =<J, Uln >, e JE€SL, I, IV>; n=1,2,3,4
D=<1I2 II-3>
E=<I4, [I-2> 1.2, =B, =<I.2, II-1, III-1 >
F=<I4,1I-3> II-3, =X,=<I1, II-3, III-1 >
G=<I4* 112> II.3}=Y,=<I1, II-3% III-1 >
H=<I-4% II-3> 1II-3, = As= < I-1, II4, III-3 >
K= <II-2% IV-1> III-4, = Ay= < I, II-4, II1-4>
L= <II4*, IV-41> III-5, = Q=< I, II-4, III-5 >
M = < III-3, III-4>
N = < I, III-3, 1114 >
0=<1I41, III-5>
P = < II-1, III-5>
Q= < I, II1, III-5>>
R=<II-2, III-5> r=A,=<I1, II1, III-1>
S= < II-4, I1I-5 >
T = < I1-2%, I1I-5>
U=1II4™ Ws = < II-3, III-5 >
V=<II-3% IV-1> Wp=<D, III-5 > = < I-2, II-3, III-56>
Wye = < II-3%, II1-5 >
X=<I4, 113> W,=<Z, [II-5>=< 12, II-3*, II[.5>

Y =<4, I1-3*> Wy=<V, [II-5> =< II-3%, III-5, IV-1 >
Z=<1-2, II-3*>
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10. Iil. TYPEBHY

®OPMYJBI C OJHUM V

Hlanaru Anarosus Heanoeuva Maavyeca

Dopmynoit 8 Hacroameil pabore GymeM HaseBaTh GOPMyIy
9UCTON JOTHKU UpeNuKaToB m omepamuii, MMeeTcst B BEAY JIOrEKa
mepBo# crymeHu. UmcroTa 0603HATAET OTCYTCTBHE CHMBOJIOB II0-
CTOAHHEX TPeJWKaTOB M ONepanuil. B wacTHOCTH, OTCyTCTByeT
npegmxaTr pasercrra. Ilpm rasxkmom n= 0, 1, . .. Hamu PopPMyIH
MOTYT COHEep:KaTh NPOW3BOJIBbHOE (KOHEIHOE) UHCI0 IepeMeHHBIX
n-MeCTHHIX IPefUKaTOB M HePeMeHHHKX R-MeCTHHIX onepanuil (B apy-
TO# TEePMHUHOJOTHH «DYHKTOPOB»).

Pasanume Me;HAy HepeMEeHHHME HYJIbMECTHEIMHE OIePalHAMHE
¥ NepPeMCHHBIMHA WHINBHIAMH TOBOJbHO mpmapagnoe. Tem me Memee
yuorpebienne mepeMeHHHX HYJABMOCTHHIX OIEpamuil ZOCTABUT OI-
pefleneHHbie yRoOCTBa B H3JIOKEHHH.

Cornacuo [3] JI. JleserreitmM mepBriii 00HapY;KmI CyHIeCTBO-
BaHH® (OPMYJ, BHIOOIHAMHX JUMEL B OSCKOHETHHX 06IacTAX.
B cBasum ¢ staM magmm

Onpegenenne 1. Kaacc gopmys @ masosem npumu-
mueHo pexypcusHum no JleseHeelimy, ecal cyuecmeyem makas
nPUMUMUEHO perypcusHas Pynryus f(o), ymo npocmas ewinosnu-
MOcmb POPMYABL O 8ACHEM GHNOIHUMOCINL €e 8 HEKOmOoPO i KOHeuHOl
obaacmu mowrocmu < f(e).

Omnpepnenenne 1 TpefyeT HEKOTOPOr0 YTOYHEHHS B OTHOUICHHM
dyarmnu f(e). BymeM cuamTaTh CIOMCKE HHANBHIHHX DePEeMEHHEIX,
nepeMeHHAX HPEIUKATOB H HePEeMEHHHX ONePAAH JOCTATOYHO XO-
POIMIEMH ¥ HOJPasyMeBaTh HOKOTOPYI0 TréfeneBy HyMepammio gop-
mya. IIpn stom f(a) ects f(la]), tme loe] —rénexen HoMep dopmyast c.

Cogepmagne HACTOAMEH CTAThH COCTABIAET HOKA3aTEIHLCTBO
CIefyIomell TeOpPeMEl.
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Teopema 1. Hyemv O (gPyVH®) — cosoKYynrocmyv 8cex
npedsapennuir Gopmys uwucmoii s02uku npeduramos U ORepAyuii,
codepacawyyur He 6oace 00H020 6x0%*COeHUL Keanmopa OOWHOCMU V.
Kaace @ (°vH®) npumumueno  perypcusen no Jlesen-
2eumy.

W3 Teopemsr 1 BhiTekaer ciemyomuit pesyasraT B. II. Opes-
kosa. CymecTByer aJaropuT™, pacHOZHAIOMHA BEBOJAMOCTH B
YACTOM HMCYHNCICHWHM NPeJUKATOB ¥ omepammid ¢opmMyad Bmpa
V- ZmY V21 - -z ¥, Tme ¥ me comepiKUT KBaHTOPOB (CM.
[2]). Kax coo6mun aBropy B mioixe 1968 r. OpeBros, mogpoGuoe
J0Ka3aTeIbCTBO STOr0 pesyinTaTa IOKAa He ONMyGIMKOBAaHO.

B mewarm maxommress crarba aBropa [1] o mpoGueme paspe-
mMeHus AJIA JIOTMKH NpeguKaToB m omepamui. TaM BeifcHAercs
Mecto Teopemsl 1 «B o0meMm cTpOIO».

Asrop Gaarogapern B. II. OpeBroBy um B. A. JIupmuny sa
nadpopManmic O pe3yAbTaTaX TPYNUOH JIEHMHTDAJCKHX JIOTHKOB
o mpobieme paspemeHus.

§ 1. llepBonauaanubie cBenéHusA

Jemma 1. Iyemv @ (y)— cosorynuocmv ecex gopmys
euda vz A, 2de A He codeprcum Kearmopog u ce0600KHE UHAUBUD-
HOZ nepemeRHuz, omauynsiz om z. Kaace @ (g® yvg®) npumu-
mueno pekypcuser no Jeeeneeiimy, ecau makos raacce O (y).

Jlemma 1 morasmBaercs OYeBHIHHEM 00pasoM ¢ TOMOIIHIO
BBeieHEs cKOIeMOBEX pyHknuil. [loscaum Ha mpumepe. [Iycts av—
=Vygdz¥ (z, ¥,'2) 1Y He comepKUT KBAHTOPOB M HHAWBUIHEIX IEpe-
MeHHHX, OTIMYHHX OT Z, Y, 2. I mycrs caMBox F, HYyJIBMECTHOR
omepamuy W CHMBOJI F; OJHOMECTHOM OImepaluy HE BCTPEYAIOTCH
B ¥ . Ilonoum a* = vy¥ (Fy, y, F1 (y)). OgeBugno, ur0 KaKOBO
65 HM OBHUIO HemycTOoe MHO;KecTBO M, o BEmorHumMa B M Torma m
TONLKO TOrZa, Korga o smmonmuma B M.

Jdemma 2. Ilyemv p — cumeon 0dnomecmnoz0 npedukama
u @, (V) ecmb cosorynnocms ecex marux gopmys o ¢ D(y), umo
Kaxcowil cumeos npedurama us o ecmsv p. Kaace O (y) npumumusro
perypcuser, no Jlesenzeiimy, ecau Op (V) maros.

HorxaszareabcrBo. Ilyers o€ ® (y). He mapymasn
06mHOCTH, MEL MOKEM CYUTaTh, 9TO P HE BXONMT B o. Haskmomy
CUMBOJIy mpemmKata () W3 @ TOCTABEM B COOTBETCTBHE CHMBOJ
omepanmy Fg Toit ke MectHocru. IIpm sTOM moszabormMcsa O TOM,
9TOGH PasHEIM () COOTBETCTBOBAIM Pas3HEe Fo W 4TOOE CEMBOIEL Fy
He BCTpeJaInch B o. 3aMeHHM Temeph B o Q(...) Ha p (Fg(. . .)).
IToxyunm meroTopyio a*.
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Ouepmnpo, 9T0 KaKoBO O HEW GEIIO MHOKeCTBO M Mommo-
cTd > 2, oo BumoaEAMa B M TOorga ® TOJIBKO TOrfma, KOrja o* B
nonarMa B M.

Jlemma 2 moxasama.

§ 2. Tepmsl ¢ opHoIi HAAUBUAHOMH NepeMeHHOiH

Ilyers & ectb HAGOpP CHMBOJOB OmepaNuil, cOjep;Ramui xOTA
OH ONMH CEMBOJ HYJIBMECTHOH OIepPALHMU.

Onpepgexnenne 2. Hocpedecmeom T=T (Q,z) obosna-
YUM COBOKYNHOCMb 6CEEX MAKUT mepMoe t, umo Kaxcoas undusudnas
nepemennas u3 t ecmov T u kasjclwil cumeos onepayuu u3 t npurald-
aescum muoxcecmeay Q. Cosokynnocms mepmos u3 t, He codepiucaju®
HU 00HO20 exoscdenus xz, obosnauum T,.

B Bacroamem pasmene paccMOTDEM TepMH aumb m3 7.

Onpenenenume 3. Hudyrmusnoe onpedeieHue BHICOME
ht u eaybunv dt mepma t:

1) hx = dz = 0;

2) ecau F ecmv cumeon nyavmecmnoii onepayuu us Q, mo hF =0
udfF = —oo;

3) npun>1hrFE, ..., 1) =14 max ht; w dF(t;, . .. b)) =
=1 -+ max d.

Hazsanne «rayGuna», nagnoe df, MOKHO CUMTAaTh COKDPAINCHMA-
eM JJIA Ha3BaHUA (IIyOHHA 3ajeTaHHs NEePeMeHHOH Z B TepMe i,

CrnepmcrBma
1) dt > 0 pasnocuavro momy, umo t6T —Ty;

2) dt = 0 pasmocuavno t = x;
3) dt < ht.

Onpenmenenune 4. Onpedeienue onepayuu ymuorceHus
mepmos. t - T ecmb pezyabmam nOGCMAHOBKU 8 T 6MECMO 8LONCOEHUR
nepemenHol x 6x0xclenus mepma t.

Jdemma 3. Hmeom mecmo caedywowue ymeeprcoeHus:
1) Aaeebpa T, -> ecmwb noayzpynna;
20dt >0 & t-ty=1-T,—> T =1y
3) dT>0 & ty - T=1{y - Tty =1
4) hT1<ht & h12<ht& t 'Tl_'—_:t + Tg—> Ty = Ty;

9) d(t- 1) =dt + dt
6) h(t - ©) = max {ht, ht - dt);
7) h(t - 1) < ht+ b

HoxasarTenscrso. Yrsepxuenue 1) Temvm 3 oue-
BUOJHO, YTBepPJKIGHHe 2) JOrko JOKA3HBaeTCa WHAYRIMeH mo d =
=min {d1y, d1,}, a 3) n 5)—unnyKnumeii no dv. Yreepsxenne 4) zem-
MBI JIOK)KeM MBAYKnueil no d = min {dt,, dt,}. B ciyuaax d << 0
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yrBepskaenne ogepEnuo. Ilycrs d > 0. Torma mias HeKOTOPHX T,
F n t; wmmeem To = F (Tag, ..., Tow) M- T1; = ¢ - T2;. B cmny
TIPEIIOJIOKEHAS HHAYKIWH T1; = T2i, 4 IIOTOMY H T; = Ta.

Vrrepmnenne 7) JeMMBI €CTh HEIIOCPEJICTBEHHOE ClIefcTBEE 6).
VYreepmpaenne 6) mokameM mHZyKnmei mo dt.

Ono ogesmpno, ecaum dt << 0. ITyers dt >0, 7= F(t, .. -
coorTn) BA(E - 1) =1 + max {h (¢ - ;))} = (@18 ompenexeEHOCTH)
1+ h(t- 1) B cuny npegmonosxenua memyrumm h(f - T,)= max
{hty, At -+ dty}.

IlepBuiit ciyuait A(t - 1) = hty. OgeBmpwo kv, = max ht; , B
moromy h(t - 1) =1 + hty = 1 + maxhr; = hr.

Bropoit crywait A(t - ©) = ht + dt,. OveBugno dv, = max dv;,
u moromy h(t - 1) = 1 4+ ht + max dv; = ht + dr.

Jlemma 3 ;oKrasama.

Taxkum oGpasom, mogmuomecTso I' — Ty oGpasyer mojmoxy-
TPyOOy ¢ JBYCTODOHHUM 3aKOHOM COKDAINGHUS; IIOJMHOKECTBO
o — OBYCTODOEHUA mpeas moayrpymust < T, ->. Ramgsii ane-
MEHT 3TOTO WpeaNa ecTh NIpaBhil HYIh monyrpymmsl. Tepm z —
ABYCTOPOHHAA eMHUNA IMOMYTPYIIIH.

OrmernM Tarske, uT0 mpu df = —co MOKeT OHTH f - Ty
- T U1 # 1. Hanmpumep, eciim Ty = 2 H T, = [ AL Ty
F(z,t) m v = F(t,x). :

Jdemma 4 Ilyeme t =14 - 1y =t * To, dt > 0 u dr,
<dvy. Toz0a cywecmeyem makoe T, umo to =1t - T U T; =T " Ta.

Jlemma 4 Jerxo pokasniBaerca MHAYKUEEH 10 di,.

Onmpegenenme 5. Tepm t Hasosem npocmum, ecau
dt >0 u t He umeem omauunwx om T u camoz0 cebs Oeaumenels.

Jlemma 5. Kawdwi mepm ¢ us T — T, eduncmeennoim
o6pasom pasaazaemcs ¢ npoussedenie NPOCMUT MePMO8. []pyeumu
caoeamu, nodnoayspynna <T — T,, -> ce0600na.

JleMmma 5 erko paorasmBaeTca HMHAYRUHMeir o riyGume dit
TepMa [ ¢ MOMOMBIO JIEMMH 4.

Jdevma 6. IMyemv t, - v =1t - Ty 1 0<dr, < dvyy ®
max {hty, At} < min |{hty, hty). Toz0a cyyecmsyem makoe T, umo
b=4L-T0 1,=1" 1.

Hdorasarenpbcrtpo, OrmMermM cravada, 97O B CHIY
yrBepssnenna 6) xemmut 3 h (t, - T,) = ht; + dv, = hty + dvp, 01-
Kyna ht, — ht; = dv; — dv, > 0

Hanee Bocmonszyemesn mumyrnumeir mo dty. B crygae dtp =0
aemMMa 6 ouwesmyHa.

ar wapykmmm. ITycrs Ty=F (Tay, - - - ,T20). Torma 7, =
=F(Tu, ..., Tpn) Wty » 15 = b, - T2i. llycTh s Ompeme;eHHO-
¢rH dty =max dtg. Torma m dr,, >0, n60 B HPOTHUBHOM CiIydae
bty = h(t, - v5) = bty - 1) = hty 4 dtay > hly > by > by,

~3

I

N
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HPOMG TOTO, ht1 + d’lfu = h(tl . Tu) = h(tg . 721) = ht2 -+ del,
otkyma dty — dty, = hiy — ht; > 0. B cmay npemgmonosxenus
HHAYKOUA TOJXy49aeM, d9TO [JJA HEKOTOPOIO T iy = 4 - T | Ty =
=T -Tg;. TaxuM oOpazom,

1 - T4 = (tl . T) - Tg. (1)

Ipu arom Aty < kty m k(T - T5) < hty, B60 hty < hiy, u ht +
+ dvy = ht + 1+ drvyy <1 + by <<hty < bty B cuny yrBepixme-
Hua 4) aeMmer 3 MoxeM corpatuth (1) Ha .

Jlemma 6 mgoxasama.

Hna panpHeiimero QUKCHpPyeM HEKOTOpOe IONOKUTEIbBHOS
meyxoe m.

Oupegenenne 6. Ecau dt >0 uau ht > 2m, mo
nocpedcmeom Ri o6osHauum mepm MAKCUMAAbHOU 2aybunbtl cpedu
npaswx deaumeaneii mepma t gucomu. <<m. IIpu smom nocpedcmeom
Lt o6o3ravum mepm, ydossemeopsrowuti coommowernuto Lt - Rt = t.
Ecau dt = — oo n ht << 2m, mo noaoxcum Rt = Lt=1.

Jlemma 7. Onpedeacnue 6 koppekmrno, m. e. mepmer Ri
u Lt scezda onpedeasiomca 00H03HAUHO.

Joxasareancrtso. Ilpu df >> 0 nmemma 7 ecth Hemo-
CpeAcTBeHHOe ciaexcTeHe JdeMMH 5. [Ipm ht < 2m jgemMma 7 TPUBH-
anpHa. [Iyctb dt = — co m ht >2mu t =1 - 1 = tp - Ty, THAE
KaK[IHH T; yaoBiaeTsopser oupegenenuio Ri. B arom ciyzae dt; =.
=d1,. Kpome TOoro, B cuiy jdemMMbl 6 fy=# + T ¥ T;=T * Ty AIA
mogxonamero t. Orcioga dtv = dty — dty, = 0 u moromy T =z,
ty = tgy, Ty = To.

Jlemma 7 moxaszama.

Cormamenne. Hauunas c smozo mecma Oyreoli t ¢ un-
Oexcamu u 6e3 Hux 6ydem 0603nauamd auwb ssemenmul Ty, a 6yKeol
T ¢ undekcamu u 6e3 HUT — Auwb mepmel geicome << m. Jas 0603-
HAYEeHUS NPOU3BOLLHLLE MepMmO8 6Yydem ucnoavb3osamv OYkevl U H V.

Jdemma 8. Cuaedyowue ymsepocdenus pasHocuibHb

1) ht < 2m;
2) Rt = ¢;
3) dRt = — 0.

Kpome mozo, ecau ht; < 2m u Rty = Rty, T0 1 ) = I,.

,I[ouasaTeJILCTBO OYeBUIHO.

JdJemma 9.

1) ecaw ht >m u dv > 0, mo h(t - 1) = ht + dv;

2) ecau h(t - T) > 2m, mo ht> mudt > 0uh(t - t)=httdr;

d)ecauw t-1, =1t -1 @1 ht >m, mo 1, = T;

4) ecau t - T =1t 1, m A(t- ) > 2m, mo T = Ty

S)ecau ty - 1 =1ty 1, d1, << dv, u ht; > m, mo Filty =
=t 1& 1, =171 1];
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6) ecau t - T =1y T, drp < dr mh(t ) > 2m, mo
HT[t2=t1 . T&T]_ =T- Tg].

Jlemma 9 ects oweBumHOe ciegcTBue demMM 3 u 6.

JTemma 10. Ecau v deaum cnpasa u, mo t deaum cnpasa
u Ru.

NNorxasareascrtso. Jlemma 10 oueBnana, ecnu du > 0
win hu < 2m. B ocraBmeMcs ciydae JeMMa ClefyeT U3 PaBeHCTBA
u=Lu- Ru=u, -1 m yrsepsknenus 6) mdemms 9.

Jlemma 10 moxasama.

Jlemma 11. R(¢ - 1) = R(R! - 7).

JorkasarteaspcrTso. JleMmMa OueBHMiHA B CIydaAx, KOT-
ma Rt =t wnm dv = —oo . yers 2t >2m n dv > 0. B cuny
mpegergymeit meMMu R(: - T) = 15 - T ®mIa HeKoroporo T,. Ilpm
9TOM T, AeadT cupasa £, m60 £ + T = L(f - T) - Ty - T B HA T MOYKRHO
cokparurh. [loatomy dty, 2> 0 u v, genmr cupasa Rt, 7, - T HeN&AT
cupasa (Rt) - v u 7, - T geamr copaBa R(R? - 7). Ilyers R(Rt -
“T) =Ty* Tp * T.

[Ipm sToM TepM Ty - Ty - T jgeiadr cupasa Rt - tuTtepm 1y - T
gemur cupasa Rt, a moromy m f. TaxmMm oGpasoM, 1y - Tp - T €CTh
OpaBHil [AEAMTeNb ¢ - T BHCOTHL <_ m, LHOTOMY TepM Ty * Tp - T
menar cupaBa R(t - 1) =1 + 7. Orciofa Tw= z, # Jemma 11
HOKa3aHa.

Jdemma 12. Hycmo 0 < dv' < dv? u Rty - ') = R(t, -
-1Y). Toeda u R(t; - %) = R(t2 - 1%).

Hoxraszareascrso. Ecam h(h - ') < 2m mim h(t; -
-7)<2m,r0 B cuny demmsl 8 f1- Tt = I, - T}, OTKyZA f1 = I,
" b=t - 1%

B panpmefimem cumtaeM, 4to h(fs - t') > 2m. Ilpu atom &
h(ts - %) > 2m.

B cuny aemmsr 10 miIs DOXXOAAMUX Ty HMeeM

R(ts -vt) =74 - 1. )
Monaras Ly = L(ts - 7' ), momxydaem
to = L3 - th=L}- . (3)

B cmny (3) T3 - ' pmeamt cupasa fs-T! m (-t < m, mbo
M<mu hiy + di'<<hid + di? < hR(t, - ) < m.

B cmny nemmur 10 . ¢ memmr cmpaBa u R ({5 - T¥) = % -,
" OOTOMY [JasA IOAXONAmMEero Ts

=1y - 5. (%)
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B cmny ycaosmit aemmst R (f; - t!) = -t =R(t- ) =
=13 - ©t. Orcioma

T =15 )

Tepm 1:% JeJUT cupaBa B cmIY (4) TepM T = 'c;‘z, a TOTOMYy H
TepM 91‘2 =L} T3 , TaK 9TO TEPM T; - T2 JEIHT cupasa fa- T
u k(% - %) = max {h, bt} + dv*} = max (he?, kR (t, - )} < m.
oromy ©5 - ©° memnt cupasa u R (£, - T°) = 73 -T2, oTRYyHA ciexyer,
uro T menut cupasa T3. s cOOGpasKeHMii CEMMETDHH SCHO, WTO
W T2 JendT copaBa 2. Tax uro 72 = 1%, a motomMy u R (t - %) =
=1 -?=1 -7 =Rt 1).

Jlemma 12 poxasama.

Jdemma 13. Hyemv 0<dv'<dv® u h(f1 - t)=h(t2 - ')
(mod m), mozda u h(t,- %) =h(t, - 1°) (mod m).

Hdorasareabcrso. Ecuu h(fs - ') <<2m, 10 t; = ¢,
(cM. Hawano pokasarenpcra Jemmsr 12). Iycrs h (t5 - ©%) > 2m.
Torma m h(ts - ©%) >2m m h(ts - v)) = hts + di’. Jlanpmei-
mee OYeBHIHO.

Jlemma 13 poxasama.

§ 3. OxmomecTHHI mpeAAKAT H  ~TEpMB

@urcEpyeM HEKOTODO® OImpefieieHMe OJHOMECTHOI'0 IpegEKaTa
p Ha mEOKecTBe T'j.

Ounpenmenenne 7. t = t(mod n) ecmb cokpawerue daa
vulhu<n-[p(t,-u) ~p(t:- ull

Cnepcrame. Ecau t, =t(mod n)m hu < n, mo tiu=
=t, - u(mod n — hu).

B camom pgexae, mycth hv << n — hu. Torma v << n m hu
+dv<bu+mw<hu+n—hu=n, tak 90 h(u - v) << n. Ilo-
tomy p(t - w - U)~ p(ts - u - U), 910 B TPe6OBANOCH MTOKa3aTh.

Onpeneaxnenue 8. Ilocpedcmeom rt oboswawum npu
dRt > 0 swcomy npasozo npocmozo deaumeas t. B cayuae dRt << 0
noaoxcum rt = m.

Bameuganue. IIpu dRt> 0 npasuil npocmoii deaumesd
t ecmb makwce npaswii npocmoli deaumesavr Rt (cM. nemmy 10).
Tak uro ompefeneHde 8 KOppeKTHo. B mioGoM ciyuae rt << m.
Ecar Rt = Rty, 10 rt1 = ri,.
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Onpepgexnernue 9. E(t, t;) paswocurvno momy, umo

1) Rt]_ = th;
2) ht; = ht, (mod m);
3) Lty = Lt; (mod m (2 + m — rty)).

Caepmgctsue. Eecmbomnowenue sksusasenmuocmu va Ty .
Ipu hty < 2m-omnowenue E(ty, t;) pasmocuavno t; = tp.

B xampgom kaacce t/E sadmKcEpyeM dJIeMeHT, KOTOPHHA 0603-
HauuM St. B wacrmoctn, upm ht << 2m meobxommmo St = . Coso-
KYOHOCTh BCeX KiaccoB i/E oGozmaumm, kKak o6wruno, To/E.

Jdemma 12'. B ycaosuax semmu 12 R(Stl ) = R(Sty - B°).

JorkaszateasbcTBO. R(SH ) = (chIyJIeMMH 11)
R(R(St) - 1%) = (8 cmiy ompemeneHus 9) R(Rt, - 1%) = R(t1><
X 1%) = (B cmny memmst 12) R(t2- 1%) = R(Rt.- 1*) = R(RSt2 X
X% = R(Stz - 1%).

Jlemma 12’ pokasana.

Jdemma 13 B ycaosusz aemmur 13 h(St - 1) = h(Sta X
X1%) (mod m).

JloxasaTexsbcTBO OYEBHIHO.

Ounpepneaxenue 10.0npedesenue onepayuii Oz nad To/E:

1) ecau dv = — oo, mo O- (t/E) = 1/E;

2) O, (¢/E) = t/E;

3) ecau Tt npocmoti mepm, mo O (t/E) = (St - 7)/E;

4) ecau dvy > 0 u dvp > 0, mo Oq,.x, (t/E) O, (O, (¢/E)).

CrepgcrBusa Ilycme OI(t/E)

1) Rt* = R(t - 7);

2) ht* = h(t - t)(mod m);

3) ecau ht* < 2m, To t* = ¢ -

JoxaszareabcTso. Hpu dv << 0 caemcrBua 1)—3)
ogesugubl. Ilycts dtv > 0.

Ecam rtepm t mpocr, 10 Rt* = R(St - 1) = R(RSt - 1) =
=R(Rt - t)=R(-1).

Ecmm 1=17 -7 1 0<dy<dv un O(t/E)=1t/E,
10 Rt* =Rt - 1,) = R(Rt* - ©,) = R(R(t - @) - ) = R(¢-
© Ty v T2).

Cnencreue 1) pmoxasamo.

Hamee, ecam ht* < 2m, 10 t* = Rt* = R(t - 1) = (B cmay
demmu 8) ¢ - 1.

Tem cammMm caefcrsue 3) A0Ka3aHO.

Hycn, cHoBa T mpocToit Tepm. Ecam ki << m, 10 St =1 1

t* = h(St - 1) = h(t - 1)(mod m). Ecan ht* > 2m, 10 ht* =
.Eh(St 1)=hSt + dv= ht + dv= h(¢ - 7) (mod m). Ilycts T =
=1 T 1 0<du<dy um O (t/E)=t/E. Ecim ht’<
<2m, 0 =1¢- T uht* =h(t" - 1) =h(t - 1 - T2)(mod m).
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Ecam sxe ht® > 2m, 10 ht* = h(St® - T3) = hSt0 + dv, = hiv +
+dia=h(t - 1) + die=h(t - 71 - 2)(mod m).
CinexcrBrme 2) TCKe JOKa3aHO.
Jemma 14. ITycmo
1) 0 < dvy < dr;
2) T npocmoii mepm;
3) hty < ht;
4) O, (tYE) = O+, (t*/E).
Tozaa O (t4,/E) =0+ (t¥/E).
JHorasareansbcTBO. B cmry ciegcrsumii 1) m 2) m3
onpenenennsa 10

R(#'- 7)) =R(£ - %) (6)

h(tt- 1) =h(? - <) (mod m).
ITpamensa xemmsr 12’ m 13', momywaem:
R (S - 1) = R (St - 1) (7)

(St - o) = h (S£2 - o) (mod m).

B cmny onpemenenua 10 O (8 /E) =(St® - T)/E.
CoruacHO ompeferennio 9 HaM OCTAIOCh AOKAsaTh armb, aro L(St! -
- 1) 1 L(St® - 7) cpaBHAME 0 Moayaio m(2+4 m — ht). Ilycrs 1, =
=Ty .5 Th, IJI® TEPMBL Ty, ..., Tz HPOCTHI.
Tlomosxnm: '
td=1%, tJl_1 = St8. Tipy,

T;+1 = Tit+1+.0+ Th> h“H—hT;—I-i

Jdemma 15. L(St!- t;_H)EL(St% -7y y) (mod m (2 +
+m — hiyy)).

JorasarteasrcTBO xemMMH 15 mposemeM HHAYKIZEi
mo i or kK — 1 go 0. Basa magykmun: i = k — 1. QOuesupno,
Os,.... vy, (P/E) = £ |E m, B wacraocrn, O, (t%/E) ={f3/E.
ITosTroMy ®3 ycnosua 4) memmur 14 BrTekaer E (t}&, t%), OTKyJa
L(Sty_ v,)=Lt} —LtZ—L(Stz * Ty ) (mod m(2+m he)).

Hpe;mo.nomeﬂue magykman: 0 << @ < k—1 n L (St +2) =

=L (St - 1;,,) (mod m (2 + m— hi1a)).
Hlar meaykmmm. Tak kak t6 = St%+ Tiyy, 10 LSE Py =
=Lt;, =L (St i) (mod m (2 + m — htiyy)). JoMuomuM
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IociefHee cpasHeHue Ha T ... Iloaywmm, aro L (Stg e T, +2) "
L (St? - T, _H) CPaBHUMH IO MOAyI m(2+m—hti1) — hiys u
TeM Goxee mo Momymio m (2 + m — hiqy).

B cmny :xe mnpepumonoskemus wmEpykmma L (St - T 2B
L(Stfﬂ-'c;“) CPaBHEME IO MOAynio m(2-4-m—h;12) B TeMm
Gomee mo Mopymo m (2 m—h;yy). Taxum oGpasom, L (St!-
"Tiy4) B L(St] - T, ) cpammmst wo mopymio m (2+ m— hiti)-

Jlemma 15 poxrasama. Ilpomomxum jokaszaTeancTBO JemMel 14.

Ecmu R(St! - 1)) < 2m, 10 St - 1y = R(St' « 1)) = (B cmuy
(6)) R(St - vy) = (B cmmy nemmbt 8) S#* - 1,. Ilosromy coriacuo
yrBepsxfeHnI0 3) memmur 3 St' = S, u nemma 14 norazama. Aramo-
THYHO parcy:KkmaeM B ciayuae A(St° - 1) << 2m. B pganpneiimem
camraeM, ato h (St8 - t,) > 2m npu 8 = 1,2. llpa srom u A(St® X
X T) >2m.

B cany memmu 10

R (St - t4) =1* - 1, (8)

1 R(St% - T)= T, - T, 1A HOKOTOPHIX T* U T4, HE 3ABACANHAX B CAIY
(6) m (7) or 8. Tar kKak hto << ht << h(ty - To) B bty + d70 <
<hvy Fdr<<h(ty - T), 10 h(T, - To) <h(T,  T)<m. Kpome To-
ro, T, - Tp feadT cmpasa St° - T,. Ilosromy T, - T, AeMMT cHpasa
R(St - 1) =1*-7ym v* =7 - T, aua HeKOTOPOro t'.

B cmmy (8) St8 . vy = L (S0 - 1p) - T - Ty, OTKYHA SO - T=
=L (St -mp) - t* v =L(SF - T)T Ty
"

L(StP-1)= L (St° -7 - 7. 9

IIpm i = 0 ;emma 15 yrsepmpaer, aro L (St! - 1p) = L(Se -
-1p) (mod m (2--m — hvy)). Vs sroro cpassenna u u3 (9) BhTexaer,
aro L(St* - 1) m L (St?- T) cpaBEEME @0 Moayo m (2 + m —hty)—
—ht’ (cM. cleAcTBEe W3 OmpefeleEMA 7), U TeM (ojee MO MOAY-
a0 m (2 + m — hr).

Jemma 14 poxaszama. -

JTemma 16. IHyemv v = F(u,...,T,) u npu Kaxdom
i=1,...,n 0 (t/E)= 0 (t,/E). To20a O: (t,/E) = O (t,/E).

JoxasateasrcrBo. Ecmm dv<0O, nemma 16 oue-
BagHa. Cayuaii dv = 0 meBoaMokeH. Ilycts dt > 0. Ecam t =
=1° - v muA HeKoroporo ©° 7 I, TO A HEKOTOPHX T, HMMeeM:

W=7, V=F(5,...,7), O Op (L/E) = 0:(0x (tyE)).
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Orciona mo mpemmonoxemmio WHAYKOEA uoxydaem O (f/E) =
= 01 (0x(t,/E)) = O+ (O (ta/E)) = O: (t,/E). Ilycrs, Hakomem,
TepM T mpocT. B arom cayuae memma 16 ectr memocpemcTBeHHOS
clencrue JeMMBI 14.

Jlemma 16 poxasama.

Ounpepmenenne 11. Onpedesenue onepayuii na To/E:

1) nycmo F ecmb cumsor nwyavmecmuotionepayuu us Q. Ha To/E
snauenuem onepayuu F o6ossasem asemenm F/E;

2) ecau F ecmb cumeo.n o0Homecmuoli onepayuu ua Q, mo noA0N UM
F (t/E)= Opw (¢/E) = F (St)/E;

3) nyembn>1u F ecmb cumson n-mecmuoii onepayuu us Q. Ecau
ti/E= Oy, (t/E)yumepmt=F (ty, . .., Tn) npocm uau ne codepacum
ezoxcdenuli x, mo noaosum F (4,/E, ..., t,/E) = O:(t/E).
B npomusnom cayuae, k0z0a He cywecmeyem nodxodawuxr t u T,
noaoxcum F(4L/E, . .., t/E) = 4/E.

Koneano, nyuxr 2) us onpegenenus 11 ects gacTHHE crydait
OyHKTa 3).

Jlemma 17. Onpedeacnue 11 roppermno.

JoxasareaxwscTno. Ilycte n>1, B cmuiy ompepe-
nemnsa 11 F(4/E, ..., ty E)= 0. ({/E) n B cuxy 10ro xe oupe-
mexenus F (4/E, . . ., to/E) = O, (t*/E). Ilycts 16 = F (5, - - -
«e.yTon) M OIS OMpEReNeHHOCTH dty << dT;.

B cmry mammx mpegmonoKeHMi

tt/E == 01;“ (tl/E) = szi (t2/E),

OTKy/Ja coriacuo clenctBuaM 1) m 2) u3 oupepgenenus 10
Rt; = R (- vy) = R(£ - 72:) (10)

ht; =h (' - vy;) =h (£* - T2;) (mod m). (11)
Ecam b (2 - ts) <2m, 10 ' - T4 = R(* + ;) = R(® - v2) (B
cuiry JeMMH 8) = {2 - Ty;.
Orcioma #'-71; =¢2- Tou Oy (tY/E)=(t'-7,)/E = (- To)/ E=O0py, -
-(¢3/E). Ilycrs moasroMy
h(£ - ) >2m. (12)

Torpa coraacuo (11) k' + drvy; = h® -+ dtg; (mod m) u moTomy
passocth d = dty; — dty; He saBucuT OT i M paBHA dT — dTs.

Ecaan dR (t* - 7)) >0, 10 m3 (10) cxemgyer, uTo A He-
KOTOpOro T

Ty = T - Ty (13)
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4 mpu BTOM JAA HEKoToporo t2
12 = {2 . i, (14)

Ecam e dR (85 - 73;) < 0, 10 B cmay (10) m qemmm 8 ' - vy =
= t* - T9;. Beupy (12) u yrBepsaenua 6) memmsr 9 upm sTOM A
TOAXONAIEro v/ mmeer mecto (13) m 2 = £ . i, 1. e. ' mrpaer
poas t2 m3 (14). Takmm oGpasom, B T¥0G0OM ciyuae MMeeT MeCTO
(13) m (14). Ilpm srom dv' = dty; — dre; = d.

Mu xoTHM OKasaTh, 94TO 7' He 3aBmcHT OT i. I3 cooGpaskenmit
CEMMETPHH JOCTATOYHO [0Ka3aTb, 4T0 v = 1°. Ha ocmopanmm (14)

£=p. =2, (15)

B cuny (12) h#® + dv, > 2m > 2dry, orcioma
ht? -+ 2dT2 > 2d'L'1,

ht? > 2dvy — 2dt, = 2d.

IIoaTomy htYi=ht? —d>d u mo nel\me 6 r JendT T° MAH T2
mexnar 7. B mao6om caywae momydaeM Tt = T°. TaKHM 06pa30M,
v me 3aBmcut OT i W mosromy ms (13) cmemyer v = '+ T,. Tak
KaK TepM T; IpOCT, TO 7' = z ® T, = T,. Ilpu sromM nelvma 17
CTAHOBUTCA HEMOCPEICTBEHHEM CIeIcTBHEeM JIeMMH 16,

Jlemma 17 mgoxazama.

B cuny ompemenenma 11 mmosectso T'y/E cramopmrca Q-am-
redpoii. HampgoMy u €T coorsercrsyer B To/E (kak u B J1060i
npyroir Q-anrebpe) omepamms, KOTOPYIo MHL OymeM 0603HAgaTh
3Be30uKoil. OUeBUAHH CIeNYIOINAe YTBEP:KICHOA:

1) t/E:x = t/E;

2) ecit du = — o, 10 t/Esu = u/E;

3) tIEF (uy,. . . Jup) = F(t/Esuy, ..., t/Esu,);

4) tIE«(uy - Ug) = (t/Exuy)su,

Jemma 18. t/Est = O (t/E).

JHoxasarenscrso magyknuein no dv. Ecam dv << 0, To memMma
18 oueBumgna. Hycrs dv > 0. Ilepnutit caywait: T =1, + 7, 1 0 <
< dvy < dv. Torga t/E+t = (t/ E*ty)*1,=0x, (O, (t/E)) ——OT (¢/E).
Bropoit cmyuaii: T — mpocroit tepm. Torma t/E »tv = F (t/E«
Ty, o ooy HEw 1) =F (O, (¢/E), ... Orn (t/E)) =0 (t/E) B

cuay ompenerxerusa 11.

JlemMa 18 pokasasma.
Jdemma 19. St= t(mod m).
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JlokazarenbCTBO OUEBHMAHEIM OGpPa3sOM BEITEKAeT W8 OIpefie-
Jennsa 9.

Onpenenenme 12.Onpedescrue npeduramap 8 Ty/E:p(t/E)
pasrocuabHo p(t).

JJemma 20. p(t- 1) ~ p(t/E «7).

JHorazaTeascTBo oueBHAHO B ciydae dt << 0. Ilycts dv > 0
M T=T...Th, T Ramnmn w3 TepMOB T; mpoct. Ilonommm
t0=t, tt+1——St * Tit1s Ti+1= Ty * =+ ¢ Tit1y h’+1—_.h1:t+i

Jdemma 2. Ipul < i<k t;=t -7, (mod m — h;).

JloKazaTenlncTBO HHAYKOHed mo i. Dasa mHgykmmm: | = 1.
Tax xak St = t(mod m), 10 t;y = ¢ + 7 (mod m — hy).
pegmonosxemme mapgykmun: 1<i<<kunt;=¢- 'c; (mod m — h; ).
IMar magyxkouu. B cuny npepgmomomienus wurayknmE St; =t¢ -
-7, (mod m — h; ). Orcrona £;44 =% - t;+1(mod m — hit1).

Jlemma 21 moxasama.

Ilpn i = k nemma 21 maer tr=1t - v (mod m — ht1), OTKyHA
p(tr) ~ p(t - 7). Nmeem ¢;/E«Tip1= (B cmmy mdemmer 18)

it (¢; /E) = (B cummy ompenemenns 10) £;44/E.

Orciona t/Esxt = th [E u p(t/E+t)~ p(te) ~ p(t - 7).

Jlemma 20 goxasanma.

Bygem cumrats MHOMKecTBO 2 KomewmniM. Torma wmmeer
MecCTO

JJemma 22. Mnowecmso To/E konmeuno, u mowpocmdv e20
ecmb NPUMUMUBHO pekypcusHas Gynkyus om Q u m.
JoxasaTeaIscTBO OYEBHAHO.

§ 4. 3aBepimeHue oKasaTenbcTBa Teopems: 1

Jemma 23. Ilyemv a =y = A ecmb sunosnumas gopmyaa
us Oy (v), Q ecmv cosorynnocmb cumeonve onepayuii us o, m ecmo
MAKECUMYIM 6LICOMEL MePMO8 U3 O, U 6ce codepacarue §2omuocumes
umenrno ¥ smum Q u m. Tozda ¢ mHoxcecmee Ty m0xcHO mar onpe-
deaumdv npedukam p, umo cucmema 3 =< Ty, Q, p > okasxiemca
Modeablo das o (m. e. o 6ydem npuruUMAMb 3HAUEHUE UCTIUHLL 8 35 ).

HJoxasareasrctrso., Ilycts M =<M,Q, p> ects
Modeab Oas o m Y — ecrecTBennslin romMomopfuam < Ty, Q > B
< M,Q >. Nna xasxporo €T, momosxum, uro p(f) PaBHOCHIBLHO
p(x(t)). Jlerko Bujerp, 4TO yKa3aHHOE ONpEMENeHWE P HCKOMOE.

Jlemma 23 poxaszaHa.

Jemma 24 IIyemv cucmema 3= Ty Q,p> ecmo
modeav dan o. Toeda u cucmema 3T /E =T /E, Q, p>
(cm. onpedeaenus 9, 11 u 12) ecmb modeav 0as a.
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HNoxasarteabcTBOo. ¥(r) ecTp NPONO3MNHOHAILHAA

¢ynxnma gopmya Buaa p(t). IlosTomy memma 24 BHTEeKaeT M3 JeM-
MHE

Jlemma 24 moxasamna.

Jdemma 25. Kaace Dy(Y) npumumusro pekypcuser no
Jeeernzetiny.

Jlemma 25 BHITeKaer m3 Jemm 23, 24 m 22.
Haxomnen, n3 Jdemm 1, 2 m 25 surexaer Teopema 1.
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ccee
HncTATyT MaremaTHKE CHOBpCckoro otaenenna AH CCCP

10. JI. EPHIOB

KOHCTPYKTHUBHBIE MOJEJIN *

Hopozomy yuurearo
Anaroauto Heanoeuny Masvyeey noceswaercs

Teopns HyMepoBaHHHX ajJre0p W Mojelieil EMeeT HE OYeHb
Goapmyio mcropmio. IlepBoit 0630pHO# crarheit mo 3TOM TEopHH
6ua cratba A. W, Maasnesa [4], 8 KoTopoit pazpaGorana cucrema
MOHATHA, CHCTeMATH3WPOBAHH OCHOBHHE pe3yAbTaTHl, OTHOCH-
muecd K o6muM HyMepoBaHHEIM ajdrebpaM. W3 Gojee paHHAX pa-
GoT caegyer orMerATh pafoTH IO HymepoBaHHEM moasam [11, 14],
B KOTOPHX MOJYYeHO JOBOJBHO MHOTO HHTEDECHHX pe3yIbTaToB,
oTHOCAmMEXCA K moasaMm. Hacrodgmas craThd HOCBAMMEHA WCCIe-
JOBAHAIO BOIIPOCOB, CBA3AHHHX € pPACIIHPEHHAAMI HYMEDPOBAHHHX
anre6p. Bmpouem, Teopema 1 maer mocrarouHEIe YCIOBHS CYINECT-
BOBAHUA KOHCTPYKTHBHHX (aske CAVIbHO KOHCTPYKTABHKIX ) MOJeJIe,
OcTallbHEeE e PesyJAbTATH BO MHOTOM IOSYHHEHHI 3a7a4e OTHCKA-
HAA QHAJOTA TEOPEME 0 PaCIIEpPeHHH B TEOPHN Mojeleil [1A HyMe-
poBaHHHX Mopeaeir. DopMyadpyerca TrEmoTe3a O JOCTATOIHEIX
YCJI0BAAX CIPABEIEBOCTA TeOpeMH o pacmupenuu. I[Ipemmara-
I0TCA HEKOTODHE TeXHWYEeCKHe CPELCTBA A pPeIieHusd dTOi rumo-
resrl. OKaszalloch, 9TO W3BECTHOE B TEOPHH MOMelei#l MOHATHE OT-
HOCHTeIHHOI MofenbHOM moaHoTH [7] BechMa moliesHo m1A pemeHnns
3agaq pacmupenud. C Apyroi CTOPOHH, MOHATAE TEOPHW TPACIEH-
HeHTHHX 3JIeMeHTOB, ECTeCTBOHHO BO3HHKAIONee IpA HUCCIeoBa-
HOW, WMEeT W YHCTO TEOPeTHKOo-MoRenbHH# wHTepec. Ilpemio-
JKOHHHEIX CPEJCTB JIOCTATOIHO WIS 000CHOBAHUA TUNOTE3Hl JJIA MHO-
TAX WM3BECTHHIX paspemuaMbX Teopuil. CIpaBegiwBOCTb Ke THIO-
Te3H B 0o0meM BHe 0CTAeTCA HEW3BeCTHOW.**

* HacroAmas CTaThs IBIAETCA PACIIMPEHHHIM BapHAHTOM YaCTH LOKJIA-
Aa aBTOpa, IPOYMTAHHOTO Ha BapmaBcKoiél KOoH(pepPeEIHH IO TEODHH MOfe-
aei (ocemp 1968 r.).

** M. T. IleperaThKuH IOCTPOHJI HPHUMEPH, OOpOBepraiIye 3Ty IHEOO-
Te3y.
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I. HaugeM ¢ HeKOTODHX COTJAWEHWA W ONpeeleHMNH.

Bee oGmue paccMoTpeHES OYAYT BECTHCH ¢ HOKOTOPOH fmEcH-
poBaHHO# curHaTypoit 6,=<_Py°, PY',..., Pp* ... >p<0, COAeprKameit
TOJBKO HPEANKATHEE CAMBOIE* ,— TaKoi, uro pynrnusa f:f (k) = n,
obmepexypcuBHa. HaMm GyayT Hy;KHH eme Ciefyomiie CHTHATYPEHL:

01 =0y J <<Gp Qgy + « oy Qrs - + + Sh<os
6, =0, U <EC>;
USZGIU <C>,

KOTOpHE MOJYydaloTCA IpHUCOeNHHEeHWEM K CHTHATYpe O, CHMBOJOB
Ias KOHCTaHT. Beerma Gyaem Ipeamosnararth, 9T0 Ny=2 U HpefAKAT

P% Ha 000 Mofenay ompeiesieH KaK PaBEHCTBO (BMeCTO P% (z, y)
Oymem mmcats T=y).

Hyers L;, i=0, 1, 2, 3— coBokymHOCTE BCeX GOPMYT A3BIKA
Y3KOTO WMCYMCIGHHs NpegnKarToB ¢ pasemctsoM (P2) curmaryphi
o, i=0, 1, 2, 3.

Umelor MecTo craegyiomme OYeBHHLIC COOTHOIISHHI:

¢ ba
b L3 LN, =

Ly < 4 2 Ty

IIpemmonoxam eme, 910 3ajjaHa KaKasg-EUOYOb QUKCHpPOBAHHASN
réaenescKad mymepamaa** g mHoiKecTBa L,(g:N~> Ls). C Kammbm
moamuoskectBoM S C Ls cBasmBaerca MHOkecTBO g—1(S) BCex
momepos Gopmyn S. Haszoeem S paspemmMBIM MHO:KECTBOM, eCIH
g—1(S) pexypcuero. Taxr, maokecrBa Lo, L1 m L2 paspemmms.

BsemeM HeCKOIBKO OLNpefieNeHNil, OTHOCAIMNXCA K HYMepPOBaH-
HEIM MHOKECTBAM H MOJEJIAM.

Hycrs S — mpomssonbHOe MHOKecTBo. Hymepayueii v wmwmo-
mectBa S HasosBem orTobpaskeHme v:N->S MHOKeCTBa BCeX HATy-
pansEEx uncen N Ha muo)xectBo S. Ilapa (S, v,), rme S — muo-
MeCTBO, a4 V — ero HyMepamus, Ha3HBAGTCA HYMEeDOSAHHLIM MHO-
acecmeom;  Mopgusmom  OFHOTO HYMEDPOBAHHOTO  MHOKECTBA
(So, vo) B gpyroe (S1, v1) HazoBeM BcAKOe oToGpaskeHme p : So —>
— S1, [JIg KOTOPOTO cymecTByeT oOmepeKypcHBHAA (yHKOASL
(0. p. §.) g Tarasm, 9TO WUvo= ;4.

Hymeposannasie MHOKeCTBA ¥ AX MODPHU3MH 0GPasyIoT KaTero-
pumio . HerpyaHo mOKa3aTh, YTO B 9TOH KATETOPHH CYMECTBYIOT
KOHOYHEE CYMMH U KOHEWHEHE IIPOW3BeJeHHA.

* Dro orpaEEYeHEE HeCYIIeCTBEHHO M He OymeT coGiiopaTecA B IpHMe-

Pax M CHefCTBHAX.
** HanpmMep, kKak B [8]. HexoToprMm oueBHAHEIME cBoficTBaMA TaKOK
HyMepanm® GyfeM mOJL30BaThCA B HalbHeimeM 6e3 cHem@albHHX OTOBOPOK.
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Hywmeposauuoit Momenbi0 (CHTHATYpH ©,) HasoBeM ©Napy
(M, v), tme M= <M; Py, Py,...,Px,...>pco— MOTEIB
(curmatypm 0,), 8 v — HyMepanus OCHOBHOTO MHOKecTBa M
Moftett M . [omomopdusmon Hymeposannoli modeau (Mg, vo) 6
HYymeposannyr Mmodeav (IM;, v;) HAZ0BEM BCAKOE OTOOpAKeHTe
B : M, —> M1 ocnosHOTO MHO;KecTBa Mo Momeam IR, B OCHOBHOE
MHOkecTBO M1 Mojenu i;, KOTOpOe ABIAETCS KaK roMoMOpQu3-
moM Mogenu M , B Mozieas My, Tak ® Mopduamom us (Mo, vo) B (M, v1).

Ilo wxampmoir mymepoBamHOW Mmomenm (M, V) MOKHO KaHOHU-
4eCKHM 00pa3oM HOCTPOUTH HEKOTOpPOe o;-oGoramenne P, MOAEIH
M, T. e. MONENs CHTHATYDPH G1, OCHOBHO® MHO;KECTBO KOTOPOi
€CTh OCHOBHOE MHOKeCTBO MOAean %P}, a OpefHKaTH W3 oo B Iy
COBIANIAIOT C COOTBETCTRYIOINEMM NpeAMKaTaMH M ClaemyomuM
0o0pa3oM: B KadyecTBe 3HAUEHWS KOHCTAHTH ap, k< @ HOJaraem
smemenT v (k)€ M.

Beemem caxexyiomme oGosmauenma: Thy( I, v) — smemen-
TapHag Teopus momen:m M , T. . MHOKECTBO BCEX BAMKHYTHX Qop-
Myl CHIHATYpH Gp, HCTUEEHX Ha Momeam 9N; Th; M, v)—
djeMenTapHas TeopuUd Momeam 9f,, T. €. MHOKECTBO BCeX 3aM-
KHYTHX (OpMyN CHIHATYpH ©,, WHCTUHHHWX Ha Mojer:m My;
Th; (M, v) — Teopus CUTHATYDH G,, CHCTEMOH AKCHOM AJS KOTO-
poii aBasercsa MuoKecTBo gopmya Thy (M, v) U {c 5 aq ¢ 5 @y, -v-s
€= Qry - . - Jr<o; Thy(@M, v) =Thy (M, v) N L.

Ocnosunie onpenexenus. Hymeposagnaa mogens (M ,v) Hash-
BaeTCA  KOHCMPYKMUBHOU modesvio, ecam mpozkecTBo D (M, v) =
={<k, 21y - ., T, > M E Py (v(zy), - - -,V (Z,,) | PERYPCHBHO.

Hywmeposanmas wmomens (M, v) HasHBaeTCA CUALbHO KOHCMDYK-

musnol, ecan Thy (M, v) — paspemmmas TeopuA.

SaMeganne K OHCMPYKEMUBHOCIb HYMEPOSAHHOU Modeau
(M, v), ouesudno, pasrocuavna paspeusumocmis MHOIeCMEa GECKEAH-
moprux gopmya us Thy(M, v), max umo 6caras CuIbHO KOHCM~
DPYEMUSHAL M00eab A8AAEMCL KOHCMPYKMUEHOL.

II. Jloxaxem paj momesHmX yrBepfeHmit 0 (CHIBHO) KOH-
CTPYKTHBHHX MOJEJIAX.

Hpenmomxenne 1. ITycms (M, v) — KOHCMPYEMUEHAL
Modeab, Mo T M, Ty, — nodmodeavr Mmodeauw SR ¢ OCHOSHBLM MHO-
sicecmeom Mo. Ecau v—1(M,)— perypcusro nepeduciumoe MHox*eCM=
60, Mo cyujecmeyem maras nymepayus vo : N — Mo munosxcecmea Mo,
umo (Mo, Vo) — Koncmpyrmusnas modeas u eaomcenue i > Mo— M
ABAAEMCA 20MOMOPPuUsMOM Konempyrmusgroil modeau (Mo, Vo) 6
KOHCMpYkmugryio modeav (I, v). Ecau, kpome mozo, (M, v) —
CUNBHO KOHCMPYKmMueHas modesv u M, — apugmemuieckas nojmo-
deav M, mo (Emo, Vo) — CUABHO EOHCMPpYKmMUeHas Mo0eab.
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OHoxasareasncrtso. Ilycts f— 0. p. ¢. Tarasa, duro
f(N) =v—1(M,). Homoxum vo(r) = vf(n), oTuM, OUeBHAHO, 3a-
mama ByMepamus vo: N — Mo wHOKectsa Mo. lloramkem, dTO
(Mp» Vo) —KOHCTPYKTHBHAA Mopenlb. VMeem ciexyommue JKBHBa-
JEHTHOCTH:

My = Pr (Vo (1), - - s Vo (Tnp) @M E Pr (v (1) - - - s
c V@) S ME P (Vf (1), e, V(@) >
<k Ty oy Ty > €D (R, vo) & <k, Flay), .-,
- f(xnk)> Eﬁ(m, v)-

Wz mocmenHeit 9KBUBaJIeHTHOCTH M pekypcusHOCTH D (M, V) cie-

ayer perypcueHocTs D (M), vo) m KOHCTPYKTHBHOCTH ( My, V).
Inas QyHKROEM f W BIOKEHHS { U3 OMpPENeNeHUs Vo BHTEKAET
paBencTBo ivo= vf. CiemoBaTelnbHO, { — TOMOMODPYHU3IM KOHCTPYK-
THBHHIX MOJeNeil.
Tocnennee yrBeps;kaenne IpedIoKeHHsA BEITEKAeT W3 CHERYIO-
meil IeNoYKN DKBHUBaJeHTHOCTeH W pexypcusHocTH Thy (MM, v):

®(a, - ..y ar)EThy (Mo, Vo) = Movy F P (ar, .-y a) &

S ME D (v (L)) s VoE)) & M = D (vo(tr), ..y Volts) <

& ME O (v (t), - V) S D F O(agsy - 1) <>
& D (ags), - --» 1) € Thy (M, v).

IIpenmnosxenue morasaHo.

Cneacrsue 1. Ecau M, v) — woucmpysmusnas as-
2e6pa, mo dan 406020 muoxcecmsa Mo CM, marozo, umo v—i(M,)
DEKYPCUBHO Nepeuciumo™, cyujecmsyem maras HyMmepayus nodai-
2e6pwr, noposcdenuoti 6 M muoscecmeom Mo, umo coomeemcmeyio-
yas HYMeposarHas aacebpa 6ydem KEOHCMPYKEMUSHA U BA0JCEHUE
bydem 20MmOMODHUIMOM KOHCMPYEMUBHUT ar2e6p.

Canegcrsue 2. Ecau (MM, v) — roucmpyrmusnoe noae
u Mo M perypcueno nepewuciumo, mo cyuecmeyem marasi HYyme-
payus aszebpaudeckozo 3amuikaHus 6 M noas, nopoxrdeHHoz0 MHO-
acecmeom Mo, wmo coomeemcmeyioujee Hymeposarroe nose Oydem
KOHCMPDYKMUGHBM U 840%CEHUE — 20MOMODPUSMOM KOHCMPYEMUS-
HUT aazebp.

ITH CIeCTBUA CIPABEJIMBE MOTOMY, 4TO a) momaaredpa, IO-
POSKJIeHHAS PEKYPCHBHO IEPEYMCINMHM MHOKGCTBOM DIEMEHTOB
KOHCTPYKTHBHON anreGpH, PeKypCUBHO Iepeumcamma ¥ 0) aj-

¥ Takme nogMHOXECTBA HyMepOBAHHOrO MHOKecTBA OymeM B jajbHe ii-
IMeM Ha3HBATb PeKypPCUSHO  NEPEUUCAUMBIMU,
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refpamyeckoe 3aMHKAHEE PEKYPCUBHO IEPEYMCIMMOTO IOAIONs
B KOHCTPYKTHBHOM HOJe TaKKe PEKYPCUBHO I€PeYHCIUMO .
Iycts (Mg, Vo), (M, vi)—7aBe HymMepoBauHsie Mofenu. Ompe-
Jenmm ux upamoe mpomssegenue (Mo, vy) X (M ;v;) Kaxk HyMepo-
Bagayl Mogenb (M,wv), rme M= M, X M;, a ©wyMepanusa
vi:N-—>M(E M X M,) oupegerera Tak: v (z) = (vol (),
vir(z)). 3aech I m r Takue OHOMECTHHE IPUMHUTHBHO DEeKYypCHUBHEE
{yHKIUY, 9TO BMECTe ¢ HEKOTOPOH [BYXMECTHO# HPWMHTHBHO pe-
KypcuUBHOM (QyHKOueHl ¢ yMOBIETBOPAIT TOKIECTBAM:

c(l(@), r(z)) =z, l(c(z y) == 1z y) =y,

T. €. OCYImECTBIAIOT B3aUMOOJHO3HAYHOE OTOOpPasKeHUe Iap HATY-
paubHEX 49ucen Ha V.

IMpegnomenune 2. Ilpamoe npoussedenue (cuabo)
KOHCMPYKEMUSHHT Modeaell makxce (CuAbHO) KOHCMPYKMUEHO.

HJoxasarexsbcTso. [lng mpousBefeHUss KOHCTPYKTHB-
HHIX MOJeJell yTBep;kJeHWe HOYTH OYEBHUNHO. B cilydae CHIBHO
KOHCTPYKTUBHEIX Mojedeil xopomo mnasecten Merton [8], sddex-
TUBHO CBOJAIIHII BOXIPOC 00 MCTHHHOCTH (OPMYIH HA IPAMOM IIPO-
U3BEJEHUM K BOUPOCY 00 MCTUHHOCTH HEKOTOPHX 3()PeKTUBHO
crpoAamuxcsa GopMysT HA COMHOMKUTENAX, KOTOPHH U JaeT 3aKJII0-
9eHUe IPeNIoKeHus.

ITI. JloxaskeM Temeph OCHOBHYI0 TEOPEMY O CYINECTBOBAHUK
CAJBHO KOHCTPYKTHBHEIX MOJeJdeil. dTa TeopeMa B Apyroit (KBH-
BaJIeHTHO#) (OPMYIUPOBKE MAJNA CiIydasd HYMepOBaHHHX  moJel
0e3 mokasaTeabcTBa OBIIAa IpUBefeHA aBTOPOM B gokaame ua I[II
KOHTpecce 1O JIOTHKe, METONOJOTHH M ¢(uirocofun HAyKm B AM-
crepgame (1967 r.) [10].

Teopema 1. Iyemv T C L, — paspewumas meopus,
mozda cywecmeyem makas nocaedosamesbHocmyd CUAbHO KOHCMPYK-
MUSHHLL Modeaell

(ED?O’ 'Vo)v ( SD?I’ Vl)v e e ey (W?k, Vk)v ceey k<0~)7
4ymo
1)T:Th({ ﬂno, wzlﬁ"‘? mh,‘..}h<m);
2) mmoxcecmeo <z, y> (g (y) € Thy ( Mx, vx) #6456MC PELYP-
CUBHBLM.
HJoxasarexnscrtso* Ilycts T'— reopusa, mopoxmen-

Hag MHOKecTBOM 7' B sspike Li1. 3ameuaem, uro I'— paspemmumas
teopus. Jleiicrurensno, ecau O — mpousBoabHAsA 3aMKHYyTas Gop-

* Hacrodmee A0KAa3aTeNLCTBO TECHO CJefyeT H3BeCTHOMY H0KA3aTeNh-
crBy JI. X eHKHHA TeOpeMBbl OJHOTEL M J,0KA3aTeILCTBY TeopeMs 1 crarem [1].
TosTOMYy HEKOTOpHE AEeTANTH PaCCYXKAEHUS OIYCKAITCH.
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myla B L1 m Bce xoHcrautH m3 D comepsrarcs BO MHOKeCTBe
{ag, - - ., ar}, T0 oweBmARO, aT0 O € T & VY., T D(Zy,. .., LR)ET
(B OpenmoNOKeHNN, ITO Zy,..., L, He BeTpedatorca B @ a D (xo, . . .,
xp) — 310 peayuanrar nopcranosku B (D BMecTo BCex BXOKueHmi
OyKB @; OYKB 2;, i<Ck COOTBETCTBEHHO). DTa DKBHBAJEHTHOCTH
BMeCTe ¢ paspemumocThio 7' W HaeT paspemmmocTh I

Iycrs S — mmokecTBo Bcex 3aMKEYTHX Qopmyn sasaka Li,
cosmecTHEIX ¢ T!, m mycrs {@o, @1, ...} — addexrTEBHNE mepe-
cuer Bcex fopMyd u3 S B HopsAfKe Bo3pacTardsa HoMepoB (g ;)<
< g (9)), ecan i<j). Ormernm, uto S — paspemmmoe MHOKe-
ctBo Gopmyn. Ilycrs {Pg, Yy, ...} — addeKTHBHEI HepecTeT BCEX
3aMKHYTHX ¢opmyn siamka Li.

ByneM MHIyKTHBHO CTPOMTh HEKOTOPHE HOCHEX0OBATEIHHOCTH
HOHEUHHIX MHOMKECTB Sn, . opmya u rteopmit T, . (B Asnike Li).

HMasa mo6oro n € N mycrb

0y Su, 0= {@n}y, Tn,o — Teopns, MOPOKIEHHAA MHOKECTBOM
'Sn, o U T

k+1) Paccmorpum dopmyny Yp. Ecam P, coBmectHa C
Teopueit 7', r M uUMeeT BHJ E[xlp'h(a:), TO HAXOMUM HaWMeHb-
mee s € N, Takoe, YTO KOHCTaHTa @, He BXORUT B \p U He BXOIHT
HE B oy ®3 dopmyxn u3 S, . lomaraem B aTOoM caydae Sy, r+1==
= Sn,n U {$r, P, (as)}. Ecam ¢, cosmectsa ¢ Tnp B He HMeeT
YKa3aHHOTO BHIe BHAA, TO HOJaraeM Sp, r+i = Snk U {Pr}-
Ecau 1, He coBmectna ¢ T, , T0 HoRaraeM Sy, k+1==Sn, k U{ |1}

B x06oM crywae momaraem, 910 Iy, p41—TEOPHA, HOPOKICHHAA
MHO3KeCTBOM Sy piq U T OrmermM, 49t0 au60 Yi € T'p, ryq, AHO0
TR € Tokps

Taxmm o6pasom, s NO6HX n B k TocTpoeHa HEKOTOpas
reopuss Tn, . llomaraem Tn:kU Ta, n.

<@

CranpmapTHEE pacCy:KmeHud IOKAa3hBalOT, ITO

1) gns mw6ux n, k teopua I, HeOPOTHBOPEUIUBA;

2) Tn v =Ty ryy, CaemoBaTenbHo, Iy HENPOTUBOPEYHBA;

3) maa miobGoro n T, — momHAA TeOpHA.

s ¢uKCEpoBaHHOrO 1 OlpefelgeM OTHOIMEGHAE JKBUBAJEHT-
HOCTH ~ , HA MHOJKECTBe HATYpaJbHHX YHCeNl TakK:

T~nY & Py(ax, ay)€Tn.

Ha wmuomecrse N/~, KIacCOB SKBUBAJCHTHHX 3IEMEHTOB A
m060T0 k< @ ompefieNAeM np— MECTHHIH mpegmkar "Pp Tak:

nPh(tl/"\’n'- . .,tﬂk/""‘n)‘#)})k(atl ] ...,alﬂk)e Tn-

Herpynao mposepnTh KOPPEKTHOCTH 3TOTO OIpefielIeHAs W COpa-
BeIIMBOCTD CIEeIYIOMEro yTBep:KAeHHA.
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Hych mn:<N/~n, nPO, nPI, v ey nPk, .o >h<a)-—'
MOl CHTHATYpPH O, Vo : N — N/~p, — HyMepanud MHOKe-
¢TBa N/~ , OIpeJeleHHAA eCTECTBERHEIM 06pazoM (vu(k) = k/~4),
Torna Ha Momeam M,,v, ACTAHHE BCce ¢opmyan m3 I, Wim,dTo
to e, I'n = Thy (Mn,vy).

Ina moxaszaTeqbCTBA TEOPEMBI OCTAETCHA TONBKO 3aMETUTH, 4TO:
a) reopunt 7, PAaBHOMEDHO DAa3pPemIMMH, T. 6. MHOKeCTBO {<m, k,
2>\g(x)6Tp,r} pexypcuBHO. JTO BHUIHO W3 LOCTPOEHUSA;
6) reopmu 7, paBHOMEPHO pa3peIIMMEI, T. €. MHOKECTBO

{<n, 2>g(2) €T} = {< 0, 2>g (2) € Thy (P, v,)}

PERYPCUBHO. ITO JErKo CIefyeT U3 a) U MOMHOTH I'p;
B) Th({Mov, .. -, Mavy, - - - Yeco) = T'. 910 caegyeT U3 HOCT-
poenusi.

YreepkaeHue G) eCTh 3aKIUEHANe 2) TeOpeMH, a yTBepK-
nemme B) Goaee cmanHO, ueM sakmaiouenme 1). Teopema forasaHa.

CanegctBme. Ilous: 1) ecex ancebpaudeckuxr 4uced,
2) ecex aazebpauueckur seujecmeennvix Huces, 3) ecex aszebpaue-
ckuxr p-aduxeckux duces (04akaxncdozo p) umewm Hymepayuu, npu
KOmMOPHT OHU CMAHOBAMCA CUALHO KOHCMPYKMUSHULMU NOAAMU.

HoxrasarexascTso. [eiicTeuTensHo, TEOPHSA KaKAOTO
73 9THX mojei paspemuma [2, 3, 7, 9]. IosToMy mo Teopeme cymecT-
BYIOT CHIBHO KOHCTPYKTHBHBIE MOJend Miasa 3tux Teopuil. Hpome
TOTO, KajKfoe W3 YKA3aHHHX NHoJeil sABIseTcs apupMeTHIecKOM
MOAMOJIeNhI0 B JIO0OM IOJNe, eMy 3JIeMEATAPHO SKBUBAJICHTHOM.
IlpuMensa npepgnosenme 1, moxyuaem xemaemoe.

3aMeganmmume. Hak Jerko caegyer us pesyiabraToB pabo-
i [11], m1a Ka:KmOTO W3 YKAa3aHHHX B CIENCTBHU HoJell cripaBen-
JUBO ClIeAylomee: JNIO0He ABe HyMepanuu (eclu TaKme CYIecTBY-
I0T), KOTOpHe [eNaloT W0Je KOHCTPYKTHBHHM, SKBUBAJEHTHH
(r. e. TommecTBeHHOE OTOGpaKeHme mBaserca mopdusmom B obe
CTOPOHE). BMecTe ¢ yRaszaBHEIM ClIe[CTBAEM 3T0 [[aeT YTBEPIKACHNAS:
AIg Ka)KIOTO M3 YKa3aHHHX MOJed CYmecTByOT HYyMepanuH,
Helal0mMue UX KOHCTPYKTUBHHIMIE, ni00asA Takasg HyMepanus gelaeT
mojie CHIBHO KOHCTPYKTHBHEIM.

IV. B os1oM paspgene wuccienyimoTca BOIpPOCH, KacCalmAecs
paCmIMpeHHil CHIBHO KOHCTPYKTHBHHX MOJeleil.

B 1957 r. A. Mocrosckwii [13] u, nesasucumo, I'. Kpaiizeas [12]
YyKa3alu IpuMep GeCKOHeYHON KOHCTPYKTHUBHOH Mopmenu (oOndHas
apuMeTHKA HATYPAJbHHX UHCEJ M INeCTh MOTOIHUTEILHBIX IpH-
MUTHBHO DEKYPCUBHHIX (YHKOUI), TAKOW, 9T0 BCAKAA KOHCTPYK-
THBHAA MOJENb (TOYHEe, BCAKAs MOJiedb, A KOTODPOil CymecTBYeT
HyMepanas, [elalomas ee KOHCTPYKTHBHOW) H3oMopdHA MaHHOM.

Crenyromee mpefioskerme ecth mepedopMyIupoBKa (TOYHEe,
CJAOJICTBHE) DTOTO PE3YIABLTATA.
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IMMpennosmenme 3. Cywecmeyem GeckoHeuHas KOKCMpPYk-
muenas modeasb (M y,V,), MaAKas, Ymo y amotl KoHem pyEMueHol mode-
AU Hem cOOCMEEHHBT KOHCMPYKMUSHBL ADUBMemUYeckUT pacuupe-
KU, m. e. hem makotl nymeposarnnoli modesu (M,v), umo My— cob-
cmeennat apugmemuieckas nodmodesv M u a0xceHUe A845eMCL 20~
MOMOPPHUIMOM HYMEPOBAHHBLL Modesetl.

970 IpefloKeHNe IMOKA3HBAeT, 4TO NIA KIACCA KOHCTPYKTHB-
HHX MoOJiejieil HeCIpaBefJIMB AHAJOT TEOPEMHl 0 paCHIApPeHNH.

CymecTBenHO# 0cO0eHHOCTBIO IIpEMEpA, 0 KOTOPOM TOBODH-
JoCh BHIIE, SABIAETCA TO, 9T0 JJIA TOH KOHCTPYKTUBHOUM MOJENN
MOKHO YKa3aTh Takue GOPMYIbHHE IPeJUKATH, YTO PAacCMATPUBA-
eMasg MOJENH ¢ NoOaBIeHHKME GOPMYIHHHMIA IpeflUKaTaMu yiKe He
OymeT KOHCTDYKTHBHOU HEM Op¥ 3aJaHHON HyMepamuu, HE TpH
Kaxoil mpyroii.

IousTHe cUABHO KOHCTPYKTHBHOM MOJENN WHBAPHAHTHO OTHO-
CHTENBHO TAKHX (OPMYIBHHX MOpeo0pa3oBaHWA CHTCHATYPH.

PaccmoTpenue KOHKpeTHHX NpPEMepoB M YKa3aHHOE CBOMCTBO
WHBAPUAHTHOCTU NO3BOJAIT HANEATHCA HA HCTUHHOCTH CIEXYI0-
meil THUMOTe3H.

I'mumoresa. [asn ecakoil GeckoneuHOU CUuAbHO KOHCMPYK-
musnoti modeau (Mg, Vo) CYUlecmeyem MAKAL CUALHO KOKCMPYK-
musras modeav ( My, vy), umo My— cobcmeennas apugmemuieckas
nodmodesv modeau My u eaoxncenue Wy 6 My a6asemes 20MOMOP-
gusmom roncmpyrmuenuxr modeseii* . (Taryio HymeposanHyw Mo-
Oeav (My, v;) Oydem 6 OaavHeliwem HABAMb KOHCMPYKMUBHHM
apudmemureckunm pacwupenuerm oas (Mg, vo).)

Paccmorpum opmm mpumep.

AGenesn rpynmet. Ua pesyasratos B. Illmexesoit [15] merxo
BHITEKAIOT CJeAYIIMHue cBoiicTBa abejeBEHX TIpyI.

Ecau 9 — GeckoHeunmas alejieBa rpynma, Bce MNOPAAKE
3JIeMeHTOB U3 Q[ OTpAaHWYEHH B COBOKYIHOCTH U ¥ CONEpIKUT 1A
(MKCHPOBAHHOTO MPOCTOr0 p ¥ HaTypalxbHOro k>0 cepBaHTHHE
HOArpYyNnsl, usoMopduble Zyk NI BCeX n, To Y sABIgercA cob-
CTBEHHON apudMeTmaecKoll moarpynnoit rpynnsl % - Z,*. Tarme
p ¥ k Bcerga CymeCTBYIOT.

Ecan 9 — Geckomeunas aGexeBa rpynna ¢ HeoTpaHAIeHHEIMA
B COBOKYINHOCTH »dieMeHTaMH, TO 9 — coGcTBeHHas apudMern-
9ecKas Hoarpymma rpynns 9 - Q, rme Q — rpynma panmoHAlb-
HEX YHCeNI MO CJOKEHHUI0.

* B panpHedimeM BMeCTO CJIOB «IOAMOAeNb 9, Momenm ), TaKas, 4TO
BJIOKEHHE SIBIAETCS KOHCTPYKTHBHHM roMOMOppu3MoM», OymeM TOBODUTDH:
4}y KOHCTPYKTABHO BRJIAAKIBAETCA B N};».
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IIpepgnosmenme 4. Bcakas Geckoneunas CUAbHO KOH~-
cmpykmuenas abeaesd 2pynna codepicumcs é HeKOmopoM cobem-
BEHHOM KOHCMPYKMUBHOM GDUPMEMULECKOM DacullpeHUL.

HorasarTenscrtso. CymecTBoBaHNe HyMepamum vpk
Ans KOHeuHOH afemeBoil TpymmH Zyk , KOTOPAsd A€IaeT ITY TPYNIY
CHJIBHO KOHCTPYKTHBHOW, oOueBMAHO. KEcTecTBeHHas Hymepanmsa
vy ITpynus () memaer STy rpynUY CHIBHO KOHCTPYKTHBHON, Kak
9T0 HETPYAHO IPOBEPHUTH HemocpencTeenno. Ilpemmomenue 2 moka-
3HIBAET, UTO HyMepoBaHHHe TPynmsl (U, v) X (Zpr,ver) m (%, v)X
X (Q, Vo) CHIBbHEO KOHCTPYKTHBEL. Ilpuseilennsle BHIIE yTBeD:KIe-
HUA TOKA3HBAKT, 970 IO KpafiHe#l Mepe OfHA U3 HHUX ABIACTCA
coGcTBeHHBIM apudmeruveckum pacmupenuem %Y. To, uro coor-
BeTCTBYIOIee BIOKeHUE HABIAETCA TOMOMOPOHIMOM KOHCTPYK-
THBHHX axredp, ouesummo. Ilpemmosxenue porasano.

V. VYra:xeM 37iech pAX CPEACTB AJIA NOJOKUTEIHHOTO PENICHUA
chopMyIHPOBAaHHON BHINE THOOTE3H B PA3IMIHHEIX YACTHEIX
caydasax.

Hmxecnegywmas Teopema HOKA3HBaeT IOJE3HOCTH TEOpETH-
KO-MOJIeIBHOTO HOHATHSA OTHOCHTENBHON MOJensHoit moauorh [7]
A WCCAeOBAaHUA BONPOCOB pACIDUPEHHA KOHCTPYKTHBHEIX
axredp.

Teopema 2. IIycmv meopus T, (cuenamyps. o) ModeavHo
noana ommuocumenvno meopuu T (cuenamypwv oy). IIpednososcumn
ewe, ymo T'— perypcusro arcuomamusupyema. Tozda ecaras KOH-
empyrmusnas modeav (Mo, vo) meopuu T usomopgra perypcusHo
nepeduciumoll nodmodesu HeKomMOPOU CUALHO KOHCMPYKEMUSEHOU
modeau (M, v;) meopuu T;.

Hoxrasareascrtso. Pacemorpum Ty = [T U, Di(My,
vo)l, e Dy ( My, vo) — Auarpamma mopenu (Mo, Vo) (B cHrHATY PO
0;). Y3 ycnosus rouctpykrurOocTH (M4, Vo) CAEAyET, 91O D;(M 4,
Vo) — paspemmmoe MHOMecTBO. CregopaTennro, Teopus I'2 peKyp-
CHABHO aKcWoMaTHsmpyeMma. Tark kKar Teopusa I'i MOJENIBHO IOJNHA
orHocurensso 7, Tto rteopus T, moxma. CiuemoBarexbHO,
T: — paspemumasgs  Teopua. Ilo Teopeme 1 rteopugs T
uMeeT CWJIBHO KOHCTPYKTHBHYI0 Mofieab (Wty,vi) (smecs My —
MOJeNb  CHUrHATYPH o1). Herpymao  mpoBepuTs, 910
oroOpaskenne ¢ :Mo— M1 (ompepmenemnoe Tak: ecam vo(n) =
= a € Mo, 10 @(a)—3HaueHHE KOHCTAHTH an B M1) eCTh rOMOMOP-
$usm (ma camoMm fene mzomopdmam B) momenu o B Momens Ph—
oGegHeHNEe MOMIENH M fio cUrHATYPH Oo. KpoMme TOTO, HETPYNHO BH-
ReTb, 910 ¢ ecThb Mopduam u3 (Mo, vo) 8 (M1, v1). Teopema goxasana.

Crnegcrsue 1. Bcakoe koHCMDYKMUSBHOE nose umMeem
KEOHCMPYKMUBHOE 6A0XCCHUE 8 CUAbHO KOHCMPYKmMusHoe a.azebpau-
YeCKU 3amknymoe no.e.
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Canepgcrsue 2. Bcakoe Koncmpykmueroe ynopsadouennoe
noae umeem KOHCMPYEMUSBHOE 8A0HCEHUE 8 CUALHO KOHCIMPYKMUBHOE
6eUjeCmBeHHO 3AMEHYMOe noJe.

Canepgcreue 3. Bcakoe HopmuposanHoe Gopmalbho p-adu-
ueckoe (9] romcmpyrmuenoe noae umeem EKoncmpyrmuewoe éio-
JceHue 8 CUAbHO, KOHCMPYKMUGHOe no4e, apudmemuuecku sxeuéa-
AEHMHOe NOoAI0 D-GOUMECKUT uuced.

VkasaHHEE YTBED;KIEHHUS HBIAIOTCA CIeACTBUAMH TEOPEME 2
7 uapecTHHX [7] (aKToB 00 OTHOCHTENBHON MOENHHOI IOMHOTE
anre0pamvecKyu 3aMKHYTHX HOJell (1Id BCeX Woxeii), BemeCTBEHHO
BAMKHYTHX HoXedl (is ymopsigodeHHHIX moieit). W3 pesyabraToB
paGors [3] MokHO m3BIeuh W yTBep:;&JeHUE 00 OTHOCHUTEILHOM
MOJeIbHOYN MOJHOTEe TEOPUH pP-afHYeCKUX HOJell AIA HOPpMUPOBAH-
HHX (OpMaIbpHO p-afiWdecKUX IOJeil.

Eme oo caencreue TeopeMu 2 copMyIEDPYeM TaK:Ke B BULE
npegnoxennsa. OHO JaeT TOMOKUTENILHEN OTBET HA IMIOTE3y HIA
anre0panmdecKM BSaMKHYTHX, BeNIECTBEHHO 3aMKHYTHX WoJe# #
moneit, apnMeTMUeCKW OKBHBAJEHTHHIX NOJI0 p-afHIeCKHX
9HCel.

Mpegnomenune 5. Beakoe cuibHO EOHCMPYKMUSHOE
arcebpauvecku 3amEHymoe (8elyecmeeHHo 3amMEHYMOe, apuPMemu-
YeCKU SKBUGAICHMHOe N0 P-a0UYeCKUT uucea) node co0epicumcs
8 HeKomopoM COOCMEEHHOM CUABHO KOHCMPYKMUCHOM apugdmemu-
YECKOM PACUUDEHUU.

HaGpocorkx foxasarexbcTsa. Paccyixaenus aus
OpOCTOTH GymeM HpOBOJUTH TOABKO NIA CIy4asd aaredpamdyecKi
3aMxHYTHX moxedl. Ilycts (Fo, vo) — CHIBPHO KOHCTDYKTUBHOE ajt-
reGpamuecku 3aMKHyTOe Ioixe. Paccmorpum mnoxe Fo(z)-pammo-
HATBHHX (YHEOUA oT ofHoil mepemeruoit x Hafg Fo. Herpyzmo
yrasats [11, 14] mymepammio v: N — Fo(x) moxs Fo(z), Tarywo,
aro (Fo(x), v) — KOECTPYKTUBHOE IOJ€ H 9TO BJIOKeHue i: Fo —
—Fo(x) ects mopdusm. Ilo caencrsuw 1 cymecTsyer CHIBHO KOH-
CTPYKTHBHOE alnre0pandecku zamkmyToe moxe (F1, vi), Taxkoe, 4TO
(Fo(z), v) xomcTpyrTHBHO BRuagsBactes B (Fy, vi), mo Torma u
(Fo, vo) KOHECTPYKTHBHO BKIaguBaerca B (F1, vi). Ocraerca Tonsko
3aMeTuTh, uro F1 Oyfer cOOGCTBOHHHM apHPMETHYECKHM paciiii-
peruem Fo.

JorazaTenbCTBO 3aKOHYEHO.

3dameuanme. s paccmaTpuBacMBIX KIaccOB WOJCH
cUpaBenBo, HAIPUMep, Takoe yTeepaenue. Ecau F — aazepa-
uuecku samrnymo u v : N — F — nymepayus makas, ymo (F, v) —
Koncmpykmusnoe noae, mo (F, v) — cuabHo KOHCMPYKEMUBHOE Nnoje.

Cunepyoman TeopeMa JaeT HeoGXOAMMEE U OCTATOYHEIE YCI0-
BHA CIPaBEJINBOCTE TUIOTE3EE 0 paCHIUpeNnH [JJA MPOU3BOJBHBIX

120



CHIBHO KOHCTPYKTHMBHHX Mofieleil. BHIONIHAMOCTE OTHX YCJIOBHi
EHOTAA [IOBOJBHO JIETKO IIPOBEPHATH.

Teopema 3. IHyemv (M, v) — beckomeunas, CULLHO
KoHcmpykmueHas modeav. ¥ modeau (M, v) cywecmeyem cobemsen-
HOe CUAbHO KOHCMPYEMUGHOEe apugmemureckoe pacuupeHue mozda
u moavko mozda, Kozda meopus Ths (M, v) He Aeasemces cywecmeeHHo
Hepaspewunoli [8], m. e. ecau y meopuu Thy (M, v) umeemcs pass
pewumoe pacuuperue.

HDorasarteabctno. Iycre (M, vi) — coberBerHO
KOHCTPYKTHBHOE apudMmernueckoe pacmupenue mig (M, v). ycrs
i:M—> M:— suossenwe m f—o. p. ¢. Takaa, uro iv = vif.
ycrs a € M1\ i(M). Paccmorpum MuosxecTBO T QopMyn curHa-
TYDH O,, OIpefeleHHOe TaK:

T={® @, - .., an,, )| Ty, EDVif(ke)s - - . » i (kn), @)}

Herpynuo mpoBepmth, 9T0 I sBIAeTCsA paspemuMoil Teopmeil m
910 I D Thy(M, v).

Ob6parso, mycts 7T D Ths(M, v) — paspemmmas Teopus.
Tlo Teopeme 1 y Teopum T cymecTByeT CHJIBHO KONCTPYKTUBHAS
momenn( My, v1). Mycrs Mi— oGeguenne mopmenn My fo curHaTy-
pH Oy, j : M — M1— oTobpaskeHue, ompeaeJeHHOE IIO TpaBmly:
«Ecmm v(k) = b € M, To j(b) — 3Hauenme KOHCTaHTH ap B M.
Tornma ogeBupHO, 4TO j ecTh BiaoseHne M B My, mpwdem j }IBJIHeTCﬂ
MopduamMoM HyMepoBaHHHX MHO;kecTB (M, v) B (M1, vi). Bouee
troro, mu3 Yyciaosus 7 D Th, (M, v) D Th, (M, v) BHTexaer, 1UTO
M1— apudmernaeckoe pacmupenue M. Tar Kark maa a1060ro
EGN cstar ¢Thy M, v)CT, TO dIeMeHT C, ABIAOMWACA
3HAYEHAEM KOHCTAHTH ¢ B My, tesxmr B M1, Ho me B j(M). Cremosa-
TexbHO, (M1, v1) — coGCTBEHHOE KOHCTPYKTHBHOE apuPMeTHYECKOe
pacmupenue (M, v).

Teopema foxasana.

Brsicuum Goiyee mompo6uo crpoenme Teopuit Ths (M, v) m
Tha(M, v) = Ths(M, ) N L.

MIpeanomenne 6. IHycmo (M, v) — beckoneunas nyme-
posantas modeav. Popmyaa D (ay,, ..., @n, s c) saswka Ly npunadae-

acum Thy (M, v) mozda u moavko moz0a, koz0a mHoxcecmeo sae-
menmos {z|z€ M u Ty £ " D(an, - . ., @n, s z)} Koneuno. Popmyaa
i3

D(c) asura L, npunadseacum The (M, v) mozda u moavko moezda,
Kozda cywecmeyem HamypaavHoe wucao k makoe, umo qIy, . . -
3 B

e oyy (@ (y)=>i\=/1y = z; ) € Thy (M, v).

JloxasaTeaXxbcTso. 3aMeTuMm, UYTO BTOpOe yTBep:Kje~
HHUe OpeJJIOKeHNsA BHTekaeT M3 IepBoro. [us moKasaTeabCcTBA
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HDePBOTO YT BePIeHHA [OCTaTOYHO J0Ka3aTh, 410 dopmyra P(a,,,...
cees anh,c) coBmectHa ¢ Th, (M, v) Torma m ToABKO TOTHA, KOTHA

mHOKecTBO {Zjz€ M m My = @ (an, .. ., @n, s z)} OecroHeUHO.

HeiicTBuTenbHO, ecaum 9TO joKasano, To M€ Th, (M, v) Torma u
TOJIBKO TOTfa, Korma @ Be coBmecTHA ¢ Thy(M,v), 9To U maer Hame
yreepsxnenne. Mrak, mnycrs @ (ap, . . ., @n, s c) COBMeCTHa C
Thy(M, v), Torma fAaa moboro s cuctema dopmyr {D (an, . - - "an, s
¢), c#ay, ¢#~ay, . . ., ¢~ as } coBmectHa ¢ Th;(M,v), Torma m dop-
myna Q' =gz (D (an, - - -, ank,x) &rHay &rta &- . . &rF~as)
cosmectHa ¢ Thy (M,v), a crenosatensso, n mpuaagiaexut Thy(M,v)

rak kak @' € Li,a Thy(M, v) — monnas teopms. Orcroma m cie-
nyer, aro {z|r €M un M, £ D(an, .- -, Gn, z)} GecKOHEUHO.

Hao6opor, mycts {z| 26 M u M, | =D(an, - . -, @n,»2)} 0eCKOHETHO .
Torpma cucrema dopmyn Thy (M, v) Y {DP(an, - - - » @n, » c), c == ay

c=%~ay, ..., cs5=as,...} coOBMecTHa II0 JIOKAIBHOH TeopeMe, TaK
KaK, OYeBMIIHO, COBMeCTHa JI00ad KOHeuHasa HOfcucTeMa (OPMYJI
DTON CHCTEMBI.

ITpeanosxennme mokasamo. Omo mokasmsaer, uto Th, (M, v)
He 3aBUCAT HA CaMOM Jiejie OT HYMepanuu W.

QopmynnpoBka mpemioskenus 6 momcxasbBaeT BBelleHHE Clie-
IOyIOmero oIpeJeieHns.

Ilycrs L, — A3HK Y3KOr0 WCYHCIEHUs IPeJAKAaTOB CHIHA-
TYpH O , OycTh I — IpPOHW3BOJIbHAA (HEIPOTMBODPEUNBAS) TEOPHUA.
Teopueii mpancyendenmunix asemenmos meopuu T Ha30BeM TeOPHIO
T. curHaTtypH o |J (¢ ), KOTOpas OIpefiedseTcs TaK:

Tc = {@ (c)| cymecTByer k€ N Taxoe, 4TO

3
TEqgz. ..., xhvy(*ld)(y)ﬁl{y:xi)}.

Teopema 3 maer HaM cieqylomee IOCTATO4YHOe YCIOBHE CY-
MEeCTBOBAHNSA COOCTBEHHHIX paCIIHPeHMUil.

Ilpepnoxenne 7. Hycme (M, v) — cuabHO KOHCMPYE-
musnas Geckoneunas modeav. Ecau meopus mpancyendeHmHbL
anemernmos modeauw My paspewuna, mo y (M, v) cyyecmsyem cob-
CMEEHHOe CUAbHO KOHCMPYKMUSHOe apugdmemuyeckoe Dpacutuperue.

Herpynuo mpoBepurh, uTo eciaum M — anreOpamvecK:m 3aM-
KHyTOE TIoye U Vv : N — M — HexoTopas HyMepanus, TO TeOpHs
TpaHCIEHJeRTHHX daemerToB Th, (M, v) momean M, mouxna. Tar
qro, ecaun (M, v) cunpuo kKoHcrpykTHBHA, Thy (M, v) paspemmma.
W3 sToro saMeuaHHMA W IpeJJIOKeHHMSA | BEITEKaeT elle ONHO JOKa-
3aTeIBCTBO HPEUIOIKEHNA O JUIA caydas anrebpandecKW 3aMKHY-
THX TOJeH,
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Opnako mocrarounoe ycinosme, cHOPMYIHpPOBAHHOE B IIPENJIc-
MEHNA 7, He ABIAETCA He0OXOIMMEM, KaK IIOKA3HBaeT IpUMeEp,
HOCTPOeHHHHE manee B 1. VI

VI. B stom maparpade OymeT maHO IOJOKHATEILHOE PelleHre
THEIOTE3H IJIA cirydas OyJieBHX ajrebp M HOCTPOEHH [Ba IIpuMepa.

Npennosmenne 8. Ilyemv (B, v) — cuibHo KoHCM-
pykmueHas GeckoHewnas 6yaesa aazebpa. Tozda dan (B, v) cywecm-
syem CcOOGCMBEHHOE CUABHO  KOHCMDYKMuUGHoe  apugmemuneckoe
pacuiuperue.

Hao6pocox HIOKa3aTeJabCcTsa. PaccmoTpum
IoBa Caydas.

1. Byaesa axt,ee6pa B codepacum 6e3amo.uubzu asemenm, my e,
AEMEHM @, OMAUMKYIL OM HYAS U He COOepaHcauuli HiL 00HO20 amoMa.

Torna 8 umzoMopdHA MPAMOMY IPOW3BEIEHHI0 OYIEBHX al-
re6p B, X B2, e B,={c|c€B, cCa}, Bo=={clc €B, alc}.
ITpuaem, HCHONB3YA CHIBHYI KOHCTPYKTHBHOCTH (B, V), MOMKHO
CYNTATh, YTO CYMECTBYIOT HyMepauun v, : N — By mve: N — B,
rarue, 910 (B, , v,) u (B*, v¢) — CUABHO KOHCTPYKTUBHEIE 6yneBm
anre6pH ¥ (B, v) ecth upsimoe mpoussenenne (Bg, vq) T (B2, va)
Kak HyMepOBAaHHEIX anreGp. 3aMeTuM Tax:ke, 4To ecad B; — apud-
MeTudeckoe pacmupenue B, , 10 B; X B, — aprpMeTmIecKoe pac-
mupenne B, X B, (I10 cmpaBemTEBO NIA IMIOOHX Mojenei, a He
TONBKO JAsA OyJIeBHX aireGp.) 3aMeTHM eme, 4TO B HAmeM CJIydae
B, — OesaToMuas Gynesa anre6pa. IlosToMy cleaHHEE pPaccMOT-
peHMs IIOKAa3HBAIOT, 4YTO A MOKA3aTeIbCTBa HpeNJoKeHHs B
IepBOM cilydae JOCTATOYHO OTPAHMYUTHCSH pACCMOTpeHMEM 0es3-
aToMHO# OymeBoii anreOper B.

Urak, mycts (B, v) — cuibHO KOHCTPYKTUBHAs GesaToMHas
OyneBa anre6pa. CTpoum [Be IOCIENOBATEJHHOCTH BJIEMEHTOB:

Co,cl,...,cn,...;d(],dl,-..,dn7..

OyneBoil anre6per B caexynomuM oGpaszoM.

Ilyers ay=v(0), a,= v (1), ... — Bce suementnr B. Iloxa-
raeM ¢o = 0€9. Ilonaraem do= 169B. Iycts cr,dr, k€N
oIpeNeleHH, mpmdeM cp Cdp. meM HawMeHbINEe UHCIO Npti,
TAaKO0e, UTO Cp C Gn, O dr. llomaraeMm cpyq = Uy Nmem
HaEMeHbINee UNCJIO Rf4 4, TAKOE, YTO ck+1c: Ay 1 c:dk. Tlomaraem
drr1=a,, —_ BameTnM, 9TO TAKMe Ny, Ny BCETNA HARTYTCH, TAK KK
B 6eaaT0MHa. WUrak, mocrpoeHs mociefoBaTeIbHOCTH Co, C1, . - -
a dy, dy, . . . .3aMeTnM, 9TO CIPaBeIABH CJACIYIOMAe BKIIOYCHNA:

—aC....CarCerpt1C.. . Cdppt1CTde T - - — dyZd,.
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HoxasxeM eme, 4T0 B B He CyImecTBYeT djeMeHTa 4 TAKOTO, 4TO-
661 qug Bcex kKEN ¢ CaCdy. Upemmomomum mpormsmOe,
Ilyers gug Bcex k€N cxCaCdr. Ilyete m € N rtakoso,
9T0 4 = @p. TaK Kak IO0CHef0BATeNBHOCTH Co, €1, ... ; do,
dy, ... 0eCKOHETHH, TO WHCHAA Ny ¥ 1, MOTYT OHTH CKOJB YTOHR-

Ho Gonpmumu. Ilycrs & > 0 — mavmeHpmee wmcao, Takoe, 4TO
np>m. Torga Ha ware k MOCTPOGHHA UMeeM Cr—y ( Gy (C Gr—y .
Tlostomy moskHB uMeTh np << m. IlpoTmBOpeune.

IIycts f rakas GyHEKOHA, 9T0 Cp=ayy) [IA BceX kG N, nycTh g
TaKas QYHKINsA, 9T0 dp=a,x) A1s Bcex kK€ N. W3 ycmoBua cmip-
HOM KOHCTPYKTHBHOCTH (B, v) M oOIpefeleHHA IIOCHef0BaTeNb-
HOCTeH Co, C1, . . . ; do, d1, . . . JIETKO BHITEKAeT, 4T0 f M g MOJKHO
BHOpaTh 00mexypcuBubiMa, PaccMoTpuM Teopnio T cUrHATYPH Oy,
KOTOPaA Ompele’sieTcd aKCHOMAMH:

Thy (3, v) U {ajm C ¢ Cagmy |k €N}

Herpygao mpoBepmTs, 9To sTa Teopma T monnma. Kpome toro, T
pekypcuBHO akcmomaTmaupyema m T D Th,(8,v). Ilo Teo-
peme 3 (B, v) mMeeT cOOCTBEHHOEe CHIHHO KOHCTPYKTHBHOE apHdMe-
TUYECKOE paCImpeHmne,

2. Beckoneunas 6yacea ascebpa B amomapha.

MguomecTBO BceXx HOMEPOB aTOMOB aireOpwH B ABIAETCA pe-
KYPCUBHHM, TaK KaK MHOECTBO aTOMOB — 3T0 (OPMYJIHHO® MHO-
sectBo. Ilycrs R = {z|a, —atom B}, f — 0. p. §., mepewmcis-
1omas R Ge3 moBropeHumil. Haykmomy siteMeH1y @ u3 B IocCTaBuM
B COOTBETCTBHE PEKYPCHBHOe MHOMeCTBO R, =={Z|as. Ca}.
Bce Tanme MHOKecTBa 3amymepyeMm Tak. Ymeny €N mocraBuM
B COOTBETCTBWE MHOKECTBO vo(x):Rax. Jlerko mpoBepHTH, YTO

HOCTPOCHHAA HyMepanusa vy : M — {R,|a € B} obnamaeT crenyomnm
CBOMCTBOM:

MHOKecTBO {<Z, > |Z € vy (y)}— pexypcuBHO.

JlokaskeM Temeph [Be JIEMMBHI.

Jemma 1. Ecau v, : N - {R}— nymepayus cemeticmea
PEEYDCUBHBLY MHONCECTE, MAKA S, YN0 MHo¥Cecmeo {{, y)[mE vo(y)}
PeKYDPCUsHO, Mo cywecmeyem peKypeusKoe MHowcecmso R, maroe,
umo 048 4106020 Geckoreuno20 MHoNCecmea vy (x) nepecewenus R(vo(z)
u (NNR)Nv, (2) ne nycme.

Joxasareasbctno. Bygem o6o3nagars uepes vy(r)? Mao-
#ecTBo {ufu € vo(r), u << z}. MEOs®ecTBO R Oyzem crpomrh IO ma-
ramM. Ha mare momepa z Gymem moMemaTthb YHCIO z BO MHOMKECTBO R
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WU B €ro IONOJHEHHE B 3aBHCAMOCTH OT BHIIIOJHEHHST HEKOTODPHX
yemoBuii. Yacts MHO;kecTBa R, IOCTPOEHHAS K KOHNY mara z,
Oynmer oGosmauaTbes R?, mEOMKecTBO {uju <z, ufRz }— Ri. Hrax,
VKa)keM IIOCTPOGHHE:

HOlar z >>0. Paccmorpum MuO0sRecTBA vo(0)2, vo(1)?, . . ., V4 (2)=.
Ecnm cymectByer _TaKiOG z <z, 910 2 € vy (2)% vg (2)*NR—1=
= @ nam vo(x)"N Ry~ = J, TO I HAEMEHBIIEr0 TAKOIro Z, mO-

b 5 5 3 pr—1
naraeM Rz=x= R=—1J {z}, ecum vq(2¢)? N R—1= @, uR:=R",
—1 z—1
ecn vy (zo) 1 R*'54 @ 1 vy (2o)* N R

Ecnm wncia 2 ¢ yKasaHEEHME BHIIe CBOHCTBaMH HE CYyIecT-
BylOT, To momaraeM R* = R:—1 ] {z}.

ITomaraem R == |J Rz. Ormerum, uto U Ri=N % R. Ilocrpo-

z>0 220
€Hre 3aKOHYCHO.

Nz ycuoBmit nemMMH m mocTpoeHus BUEHO, 3T0 R — peryp-
CHBHOE MHOKeCTBO.

Jlokamem Temepb, 9To R ymOBIETBOPsieT 3aKI0YCHHUIO JeMMEI.
IIpeamonosxmm, uTo 5TO HeBepPHO K MYCTh I, — HAKMEHBIIEEe THCIO

TaKoe, ATO V(Z,) Geckomeuno, O am60 R N v4(zo) = &, mmbo
(N \ﬁ) N ve(ze) = . BBugy MuHIMAIBHOCTH T, CYImECTByeT Ta-
Koe Y, > 0, uro gans mwboro z < z, 1ubo v, (x) KOHEIHO W TOrfA
BCe JIEMEHTH W3 Vy(Z) MeHbIIe, 9eM Y, Tu00 vy () GecKoHeTHO
H TOTHA Vo (2)¥—1t () Ru—1s£ QS 1 vy (z)¥—1|R¥—1 54 . Tar kax
MHOKECTBO V,(%,) G6CKOHEYHO, OHO COXeD:KHT JJIEMEHT I, > max
(%q, Yo). PaccmoTpuym mar z;. Ha mare x; yncio z, ymoBIeTBOPAET
YCIOBUAM mara, IpwieM u3 BHGOPa Y, CIeRyeT, 4T0 Zo ABIACTCA Hal~
MeHBIIM TaKEM YncioM.Ilosromy ecim G510 Ru—1v, (2=, TO
Re = Ru—1 {z;} n R (v (o) 5% & m Tem Gomee R N vo(Z,) 7=
5 . Ecan sxe Rx—1n Vo (Zo)% =&, TO RN Yo(Zo)® = &
u R* = R=—1, mostomy RE[) v, (o)== m (N\R)N Vo(Zo) =
=4 . B mocmemmem ciyuae mmeem R (Vo (zo) == T, (V \R)N
N vo(z)) # &, uT0 HeBoaMOKHO mO mpeymonokenmo. Caenopa-
TerbHO, uMeeM Ru—1 () vo(z)s = & 1 R® ) vo(Zo)™ = &. Ha-
X0/ Teneph HauMeHBIIe® Xy > &y ,TAK0e, YTO T3 € Vg (o) Ha ma-
re I, OymeM mMeTh, Kak BEIe, Ro’“z—1 N vo(%o)** == & nu, cue-

moBaTennro, R N vo(Z) == @& m (NN\R) N v, (xo) 5= . Ilporm-
BOpeYnme.

JleMma mokasama.

Jdemma 2. Ecau npumenumv nocmpoenue aemmo 1 & yka-
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sannotl ewwe Hymepayuu vo:N—> {R, |a€B}, mo 0ax muo-
wecmea R 6ydem paspewuma npobiema 6ToXcIeHUS 60 MHONCECM 6
{Ra|a€ B}, dpyeumu caosamu, muoscecmeo C={z|R C Ry, = Vo (7)}
DPEEYPCUBHO.

HoxasarteanbcTsBo. I3 mocrpoenna R merko zame-
TUTHh, 9T0 MHOMecTBa R m N R 00a sABigoTca O6eCKOHETHHIMIY .
Orcropa Taxsxe ciegyer, uto B otawmduo or Bcex R, , a € 9.

W3 cunpbHON KOHCTPYKTHBHOCTH Mofelu B Ierko clexyer,
qTO;

1) MHOmteCTBO HOMEDOB 3JIEMEHTOB, KOTODHE ABIATCA 00be-
AWHEHWEeM KOHEYHOrO0 YMCIa aTOMOB, DPEKypPCHBHO IIepedncimMo,
T. €. MHOECTBO A:{x]Rax: vy () KOHEYHO} peKypCHBHO

IepevucaIuMo, Goiee Toro, mo €A MokHO 3PPeKTHBHO HaUTH
TUCIO DJIeMEeHTOB B Ray;

2) cymecrsyer 06mepeﬂypcnnﬁaﬁ ¢yHEKOMA g, Takag, 9TO
Qg(x) €CTH JOTONHEHVE DJIEMEHTa ady s Hiboro T€N.

Hcnonssys »tm $akTel, foKaseMm Teuneph Jemmy. llycTsh
zy € N mpousBoiapHO. ByneM oqHOBpeMeHHO pPAa3BePTHIBATL JiBa
alirTOPATMUYECKUX MpoImecea.

I. Ilepeunciasem MHO;kecTBO A W CMOTpWM, He IOHmANeT JH
g(z,) B A. Ecam g(z,)€ A, To maxopum 3PHeKTUBHO Bce DIEMEHTH
MHO>KecTBa Ra( ) = Yo (%o); myers by, by, ..., bp— Bce

g(Xq .
DlleMeHTHl 3TOr0 MHO;kecTBa. 1IpoBepuM fmasee A Joboro i < n,
6ymer an b, €R. Ecam Ans Beex i<Cn, b; ¢ R, 10 Ra iy =
={bgy ..., bn }CN\R, a RCRax = N\Rag(x) Cnenom\TenL—
HO, Ty 6 C; ecam xe mms meKoToporo i<Cn, b; € R, o R N
ﬂRag(X) = Rﬂ(N\Rax )5~ & W, CHeM0BATeNbHO, | (RCR, xu) u
] 0

Zo €

II. lepeancusiem MuOMECTBA RuR, sy W CMOTPRM, Oyner

Id Oepecevende RﬂRa( , He mycTo; eca OKaskercs, 9TO mepece-
Xo,

YeHme He MyCTO, TORnR“g(xo) =RN (N\Rax )7~ I, ] (RCTRe)m
0
z, ¢ C.
IToxaskem, uro Mo Kpaiineir Mepe OAMH TPONIECC [ACT PE3yilb-
rar. HleiiciBurensno, ecam pomonmenme N\ R, MHOFKEeCTBA
Xo

R“x° KOHEYHO, TO 00A3aTedbH OTBeT OyaeT HOMy4YeH ¢ MOMOMBK)
nmepsoro mpomecca. Ecam xe Ra )—-N \R 6eCKOHEYIHO, TO
0O YCIOBMK) Ha R,RﬂRa( )7& @, u IIOdTOMy oTBeT GymeT
DOJy49eH IO BTOPOMY IIPOLECCY.
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JleMMa nokasa¥a.
PacemoTpum reneps 1e0puio T CHTHATYPH oy, CHCTEMA AKCHOM
KOTOPOH oIpeneisieTcsi Tak:

Th; (8, V)U{cSa,|z€ CYU{ | (cCSax)\z¢C}.

Teopuss 7' HempoTmBOpeunBa, TaK KaK FETPYAHO IIPOBEPUTh, 4TO
Gyanesa axnrebpa moaMHO;kecTB [V, IOPOKEHHAA MHOKeCTBAMH

{E} U{Rs[a€B} BMecte ¢ oUpefeeHNEM _3HaYeHmd KOH-
CTaHT ayx , £ & N, Tax: 3 (@, ) = R“x , a 3(c) = R, ectr Monens

T. Nanee, T—peKypcuBHO akcuoMaTu3npyera,Tak Kax Th, (B, v)—
PeRypCUBHO akcnoMaTtuaupyema, a C — pexypcmBHOe MHOKECTBO
anced. OcraeTcA TOJBKO 3aMeTHTh, 4To I — OONHA. JTO clepyer
M3 TOTO, 4TO IOCTPOEHHAsl BHIme Mojelb Teopuun I Amisercs, ode-
BHIHO, HaWMeHbII eif Mogennio Teopmu I'. Utaw, 7 — paspemmmoe
(moMHOe PERYPCMBHO AaKCHOMATH3UPVEMoe) pacIimpeHne TeOpHH
Th; (B, v), nmostomy mo Teopeme 3 (B, V) mMeeT cOGCTBEHHO®
CUIBHO KOHCTPYKTIWMBHOE apudMeTnIecKoe pacIInpeHre.

Ilpepmonceane mOKazaHo.

3aMevuanmme. AHAJOIMYHO MOMKHO LOKa3aThb, 9TO IHOO-
Te3a CIpaBeInBa M JIA CHILHO KOHCTPYKTHBHAKIX [HCTPHOYTHB-
HHX PemeTOK ¢ OTHOCHTeNBHEIMH omoiXreHusmm [1].

IMocTpoum Temeps mpwmep, HOKA3LIBAGINNIA, UTO YCIOBEE Ipefi~
JOyMeHHUA ¢ He ABIACTCA HeoOXOTIMEIM.

Mpamep 1. Cywecmsyem cuavro KoncmpyEmugHas GecKOHE =
nas abeaese epynna (A, v), 0ai Komopol me paspewsume meopus
Th, (A, v) (daxe ne paspewuna meopus Thy (¥, v)). Tem mHe
MeHee, 10 mpepiokennio 4 mus (4, v) cymecTByeT coOCTBEHHOE
CHIBHO KOHCTPDYKTMBHOE apuMeTHyecKoe PACH WDeHHe.

Hoxrxasareasctso. [lycth A — peKypcmBHOE MHO-
#eCTBO Ia] HATYPAJNLHRIX 4Yuceld, TaKoe, 9YTO:

a) <z, y> € A&z <z=<(x, y> € A4,

6) B={y\vz(Kz, y> € A)} HepexypcuBHO.

Ilycrs ¢ — ¢ymrnusa, ompenenenmas Tak:

max [{z, y) € A], ecim max cymecTByer,
X

?(y) = o, ecta (yz)z, y> € Al

AGenesy rpynmy Ga ompemeinM  CNeAyION[AM  00pazoM:

«©
Ga==Zy + 280+ . 2804 = X 7.
n n= n
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3pmeck p; 06o3HAauaeT i-e IpOCTNe IACHIO0, Z,—UKIHIeCKYI0 rpynny
mopaaka p, + — OpAMY0 CYMMy rpynm, Zp—HpPAMYIO CyMMY
n OK3EMIUIAPOB  rpyumun Zp, Z, — IpAMyl0 CYMMYy CYEeTHOTO
ymena 9K3eMIIAPOB Z,, .

W3 pexypcmsrOCTR 4, yclnoBus a) m pesyasratoB B. Ilmede-
Boit [15] nerko cumemyer, uto smemenrapraa Teopusa I = Th (G 4)
rpyunsl G4 paspemmma. Cremosartennno, mo teopeme 1 y T cy-
mecTByeT CHIBHO KOHCTPYKTHBHasa Mmomedsb (¥, v), rae % — abe-
JleBa rpynma, SJeMeHTapHO >KBmBajlenTHasaA vpyume Ga. Paccmor-
pPuMM Teleph TEOPHI0 TPAHCUEHAEHTHHX bsiaemeHToB T'. teopum T';
samermM, ur0 T, = Thy (%, v).

ITycrs dopmyanr A (c), k€ N, onmpenelneHs TakK:

B ()= (c#4~0& cc+ ... +e=0)

P, paz

ITo mpepnosxennio 7 (TouHee, MO [OKA3ATENBCTRY STOTO IpeJIo-
smennsa) Ay (c) cosmectHa ¢ . TOrga m ToIBKO TOrga, Korma k € B.
Ecnu 6m teopma T, Gmura paspemuMa, To @ mpoGiema coBMeCT-
HOocTH ¢ T, Omia OH Takske paspemmMa, a, clefOBaTeJbHO, MHO-
mecTno B Orro Gu paspemaMo, 9T0 IPOTEBOpedHT ycloBmio 6) Ha
MHOKeCTBO 4.

Ocraercsi TOIbKO MOKA3aTh, YTO CyMECTByetT MHO;KecTBO A
¢ Hy:KHHMHE cBoiicTBaMu a) u 0). Ilycrs DC N — mponsBoJInLHOE
PeKypPCABHO NepeYncimMoe, HO He pPEKYPCHBHOE MHOMKeCTBO.
Ilycerp y*— ero uacTMYHas XapakTepncrudyeckas QyHKUZA, T. e.

0, ecim € D,
He OoIpeJelleHa B HPOTHBHOM CHydae.

x* (z) = {

Iycrs M — mammea Triopmara, Buuncisomas OyEKnmo y*.
Monommm A =={{z,y)| mamnea M 3a z maros eme He BH-
ypeawia 3HadeHme QyHKumm Y* B ToUKe y}.

OueBupgHO, 9T0 A — pPeKypPCHBHO® MHOKecTBO m B ={y |
vz ({z, y> € A)} = N\ D — He peKypCABHO® MHOKECTBO.

YTBep/KIeHENe [OKa3aHO.

Crenqyrommit IpyMep IMOKa3KBaeT, 90 BajKHOE CBOHWCTBO CHIb-
HO KOHCTPYKTHMBHHX MOjiesieil MMeTh TOIBKO POKYpcuBHEE HOpMyIib-
HEle IpejuKaTH He ARIACTCA AIA HAX XAPAKTePHCTHICCKHM.

IMpramep 2. Cywyecmsyem roncmpyrmusnas modeav (M, v),
maxras, umo 4060l gopmysvnuii npedukam na M pekypcusen., m. e.
das 110607 gopmyan D (xy, . . ., xp) cuzHamypwu modesu M, mro-
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acecmeo {{ng, » ., e Y| ME O (v(nrg), - « .,V (nr))} Perypcusno,
u Oan Komopoi Hepaspewuma asemenmapuas meopus Th (M).

HorasareasbcrBo. Cnrmarypa OGymer cOCTOATH W3
OJIHOTO CHMBOJA JJi OJHOMEeCTHOU (yHKuuH f.

IIycts A — peKypcuBHO IlepeymciuMoe, HO He PeKYDPCHBHO®
MHOtecTBO, He cofep:kamee 0, u mycts 2 — 0. p. ¢., mepewmcisd-
fomasn Oes IOBTOpPeHHmil MHOMecTBO A, T. e. A= {h(0), A(1), . ..}
o h(n) ==h(m) gia n=tm.

onaraem F(x):}:‘ch(i), Gy ={z|z<F(0)}, Gr={z|F X
=0

X (k—1)<zlF (k)}::k> 0. 3amermm, aro G comepur h(k)-
saemenToR. Mynximio f va N ompegmenseM Tak:

z+1, ecim z¢{F(0)—1, F(1)—1, ...},
fzy=10, ecia z = F (0) —1,
F(k), ectm x=F (k1) —1.

Taw wax F — momorounasg Qymkuma, 0 f — o. p. ¢. Mopeas
M==(N, f>, mymepanma v : N -» N roKIecTBeHHAA.
IlpoBepka TOro, ur0 BCAKMA (OPMYJNBHHH IPEIHKAT PEKyp-
cuseH B (M, v), He cHokHA, HO YTOMWTEJHHA U IIOITOMY 37ecCh
omycCKaeTcs.
Iloxaskem, gro Th (M)— Teopuss Monexm M mHepaspemmma.
ITycrs U, — dopMmyna, ompenelleHHas CJAeAylomuM o00GpasoM:

A== Hz(l;gix%fi (z) &z = f"(x)), k> 0.

Torga, Kak HeTpyQHO BHAETh, HMEET MeCTO COOTHOIIEHHE A
E>0
%,6 Th(M) = kE A

Orciofja ¢aexyer Hepaspemmmoeth Th (D).
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P. M. COHN

BOUND MODULES OVER HEREDITARY RINGS

To the memory of A. I. Mal’cev
on the occasion of his 60{h birthday

1. Introduction. The notion of a {initely generated torsion
module .over a principal ideal domain was generalized in [4]
to firs (defined in [4] and in § 2 below). To be precise, there is for
any right fir R, a full subcategory Tz of the category Mz of all
right R-modules, which reduces to the category of finitely gene-
rated torsion modules over R in the commutative case. Moreover,
for a two-sided fir R, Tr is an abelian category whose objects
all have finite composition length, and the corresponding cate-
gory grT of left modules turns out to be dual to Tg, the duality
being. effected by the functor Ext (—, R).

Our purpose here is to treat a natural extension of the class
of torsion modules, which arises from the fact that over a noncom-
mutative ring there may be rectangular matrices that are non-
singular. This suggests the problem of studying the factorization
of general non-singular matrices over firs; we shall find that
every such matrix can be factorized into a finite product
of 'unfactorable’ ones (Th. 5. 1), but the examples given in § 5
show that the relation between different factorizations of a given
matrix is not usually very close: not even the number of factors
need be the same. Thus not much can be said about the factori-
zation of rectangular matrices, but in any case the language of
matrices is not the most appropriate one, since e. g. the relation-
ship between two matrices defining isomorphic modules is far
from simple (§ 5).

Let us call a module bound when the matrix presenting it
can be taken to be non-singular; this notion of bound module
can be extended to quite general rings (§ 2), giving rise to a torsion
class in the sense of S. E. Dickson [5]. On restricting the ring
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to be hereditary we can show that the finitely related bound
modules satisfy both chain conditions for bound submodules,
and that there is again a duality between left and right bound
modules (§ 2—3). Of course this includes some of the results
obtained in [4] for firs (a special case of hereditary rings). It also
underlines the difference between firs and principal ideal doma-
ins: over the latter every submodule of a bound module is bound,
but this does not extend to firs (in fact it can be shown to charac-
terize principal ideal domains among firs). We therefore con-
sider briefly in § 4 the class of modules all of whose submodules
are bound. On extending such a module by a projective module
we can obtain all finitely related modules in this way (Th. 4. 2).
This is reminiscent of Lewin’s result on free algebras [8]; it would
be of interest to find a derivation of Lewin’s theorem from the
results given here.

2. Bound modules. Throughout, all rings are associative,
with 1, all homomorphisms preserve the 1 and all modules are
unital. We recall that a ring is said to be right (semi-) hereditary
if every (finitely generated) right ideal is projective. By a right
fir (=free right ideal ring) we understand a ring in which all
right ideals are free, of unique rank. Clearly a right fir is right
hereditary. The left-hand notions are defined similarly. Most
of our results will be stated for two-sided (i. e. right and left)
hereditary rings, but to begin with no restrictions are placed
on the ring.

Let R be a ring, then an R-module M is said to be bound if

Homg (M, R)=0.

For firs this is clearly equivalent to the definition given in § 1.
As an example, if R is right hereditary, any homomorphism
M —> R has a projective R-module as image, which leads to
a splitting of M, whence in this case M is bound if and only if
it has no non-zero projective module as direct summand. In the
particular case of a right fir, M is bound if and only if it does
not have R as a direct summand.

Let us return to the general case. By the results of S. E. Dick-
son [5], the class Bg of bound right R-modules is a torsion class,
as defined in [5]. We deduce the following result, which is also
of course easy to verify directly.

Proposition 2.4.Let Rbeany ring, M a right R-modu-
le and M’ a submodule. Then (i) if M is bound, so are all its homo-
morphic images, (ii) if M, M/M' are bound, so is M, (iii) the
direct limit of a system of bound modules is bound, in particular,
(iv) any sum of bound modules is bound.
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By Prop. 2. 1, any module M has a unique maximal bound
submodule M, and M/M, contains no bound submodules other
than 0. More precisely, let us call a module N unbound if Hom
(M, N)=0 for all bound A. In Dickson’s terminology, the un-
bound modules form the torsionfree class corresponding to the
torsion class Bg of bound modules. The maximal bound submo-
dule M, is then characterized by

Proposition 2. 2, Given any R-module M (where R is
any ring), there exists a unique submodule My such that M, is bound
and M/My is unbound. In particular, the only module which is
both bound and unbound is the zero module.

The proof is immediate (c¢f. also [5], Prop. 2. 4). We remark
that in a hereditary ring M, may also be defined by

My = N {ker k| h < Hom (M, R)}.

For unbound modules we have, dually to Prop. 2. 1.

Proposition 2.3.Let R beanyring, M an R-module
and M’ a submodule. Then (i) if M is unbound, so are all its sub-
modules, (ii) if M’ and M/M' are unbound, so is M, (iii) the
inverse limit of any system of unbound modules is unbound and
(iv) any product of unbound modules is unbound.

Thus e. g. a projective module is always unbound, For it is
a submodule of a direct sum of copies of R, hence a submodule
of a direct power of R, and R is clearly unbound. By Prop. 2. 2
we also see that a module is unbound if and only if it has no
non-zero bound submodules.

Our first objective is to obtain chain conditions on bound
modules, and here we have to restrict the rings. Our main tool
is the following theorem of F. Albrecht [1]:

A projective right R-module over a right semihereditary
ring R is a direct sum of finitely generated modules.

Theorem 2. 4. Let R be aright hereditary ring and let
M be any finitely related right R-module. Then every submo-
dule of M is the direct sum of a finitely presented module and
a projective module.

Proof. By hypothesis, M=F/N, where F is free and N is fi-
nitely generated. Every submodule of M has the form P/N, where
NCPCF and here P is projective, because R is right heredi-
tary. By the result of Albrecht quoted above, P is a direct
sum of finitely generated modules and so it contains a finitely
generated direct summand P’, containing N (because N was
finitely generated). Write P = P’ @ P”, then we have the exact
sequence

O— P'/N— P/N— P/PP~P"'— 0.
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Since P’’ is projective, the sequence splits and P’/N is finitely
presented. This completes the proof.

Let R and M be as in Th. 2. 4 and consider a chain (P.)
of projective submodules of M. Their union can be written
as P @ K, where P is projective and K finitely presented. Hence
KCP, for some o, and so K is projective. Thus the union
is itself projective and we obtain.

Corollary 1. If Rand M are asin Th. 2. 4, then the pro-
jective submodules of M form an inductive system.

Another consequence of Th. 2. 4 is that every bound submodu-
le of M is finitely generated. Hence (by Prop. 2. 1 (iii)) we
find.

Corollary 2. A finitely related module over a right
hereditary ring satisfies ACC*) for bound submodules.

Taking M itself to be bound, we find.

Corollary 3.Let M be a finitely related bound module
over a right hereditary ring, then every bound submodule of M (in
particular M ifself) is finitely presented.

As a matter of fact it is easy to show that over any ring,
a finitely related bound module is finitely presented.

We can form the category of bound modules, as a full subca-
tegory of Mp, the category of all right R-modules and homomo-
rphisms, but in general this will not be abelian, because every
submodule occurs as kernel but not every submodule of a bound
module need be bound. E. g., when R is a right fir, this is so
if and only if R is a principal right ideal domain. A possible
modification might be to take the class of all bound modules
together with all mappings f such that ker f is bound. But this
need not even be a category; however, if the intersection of two
bound modules is always bound, we get an abelian category
in this way. We shall see later that in general firs even this
condition need not hold.

3. Duality. We shall now show that DCC holds as well as
ACC, under some further mijld restriction on the class of
modules. This will in fact follow from the duality described
for firs in [4], which is generalized here; for a similar develop-
ment obtained independently, cf. Bergman [2]. o

For brevity let us call a module M special if ¥it is finitely
presented and of projective dimension at most 1. Thus a special
module M is a module with a presentation

0> P - P> M- 0,

*) Ascending chain condition.
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where P, P’ are finitely generated projectives. E. g. over a right
hereditary Noetherian ring, every finitely generated right module
is special. In what follows we write Ext for Extl.

Theorem 3. 1. Ouer any ring R, the functor Ext (—, R)
provides a duality between special bound right R-modules and
special bound left R-modules.

This was proved in [4] in the special case where P, P’ are
free, but the same proof applies in the present case (cf. also [2]).
The duality of Th. 3. 1 in the case R=Z is just the familiar Pont-
ryagin duality A 1— Hom (4, Q/Z). We shall briefly indicate
the conditions under which this simplification can be made.

A module M is said to be strongly bound if M and all
its submodules are bound. Such modules were briefly considered
by Gentile [6], who showed that over any ring with zero singular
ideal (e. g. an integral domain) a module is singular if and only
if it is strongly bound.

Denote by I the injective hull of R, as right R-module,
and put K=coker (R — ), so that we have the exact sequence

0> R—->1I1I—-> K-> 0. )

Clearly M is strongly bound if and only if Hom (M, I)=0.
Proposition 3.2. Let R be any ring, and define I, K as
above so that (1) holds. Then for any strongly bound module M,
Ext (M, R) =~ Hom (M, K). 2)

Proof. By (1) we have, since I is injective,

0 - Hom (M, R) - Hom (M, I) - Hom (M, K) —

-Ext (M, R) — 0. (3)

But Hom (M, I) = 0, because M is strongly bound, and
the result follows.

Over a principal ideal domain (commutative or not) every
bound module is strongly bound and we can therefore use Prop.
3. 2 to express the duality in terms of Hom. Moreover, in this
case I is just the skew field of fractions of R (by Prop. 3, p. 95
of [7]). This is an R-bimodule, hence K is also an R-bimodule
and it follows that (for a right R-module M) (2) is actually a left
R-module isomorphism. When R is a fir but not a principal
ideal domain, there will generally be modules that are bound
but not strongly bound.§{Even then we can use the exact sequence
(3) to describe Ext (M,® R)*as'the cokernel of the mapping Hom
(M, I)— Hom (M, K). However, a closer analysis of I is necessary
to reveal its R-bimodule structure. This is always possible but it is
not clear that this would throw further light on Ext (M, R).

~ Returning to Th. 3. 1, let us apply the result to hereditary
rings. In the first place, every finitely presented module is now
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special. Moreover, by Th. 2. 4, Cor. 2, every finitely presented
bound module satisfies ACC on bound submodules (necessarily
finitely presented, by Cor. 3), and applying the above duality,
we find that the module satisfies DCC for bound submodules.
Thus

) Theorem 3. 3. A finitely presented bound module over a
(left and right) hereditary ring satisfies both chain conditions for
bound submodules.

4. Strongly bound modules over hereditary rings. Let R be a
(left and right) hereditary ring. We saw that an R-module is
bound if and only if it has no projective summand =< 0. Hence
an R-module is strongly bound preeisely if it has no non-zero
projective submodule. This makes it clear that over a heredi-
tary ring the class of strongly bound modules is closed under
homomorphic images as well as under submodules. By Th. 3. 3 we
get

Proposition 4.1. A4 finitely presented strongly bound
module over a hereditary ring satisfies both chain conditions on sub-
modules.

We can use Th. 2. 4 to show that every finitely related modu-
le over a hereditary ring is an extension of a projective by a
strongly bound module:

Theorem 4. 2. Let M be a finitely related module over a
right hereditary ring. Then there is an exact sequence

0> P> M- Q- 0, 1)

where. P is projective and Q is finitely generated and strongly bound.
Proof. By hypothesis M has a presentation of the form

0>G—> F—> M- 0, 2)

where F is free and G is finitely generated; for simplicity we
shall identify G with a submodule of F. Since G is finitely gene-
rated, we can write F in the form

F:‘—‘FO@FI’

where F,, F; are both free, Fo is finitely generated, and contains
G. Thus M = F/G = (F,/G) + Fy, so that F; may be identi-
fied with a submodule (again written F,) of M. Applying Zorn’ s
lemma (and remembering Th. 2. 4, Cor. 1), we find a maximal
projective submodule P of M containing F,. Writing Q=M/P,
we obtain the exact sequence (1). Since PDF,, we have, on
writing G, = F,/G,

P=P G+ Fy)= (P () Go)+ E;, whence Q=M/P=(G,+

+ F)IIPN Go) + Fil= Go/(PNGy) = (Go+ P)/P.
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Thus Q as homomorphic image of F; is finitely generated. It is
also strongly bound, for any non-zero projective submodule wo-
uld correspond to a submodule P, of M such that P; D P and
P,/P is projective. But this means that P, splits over P, hence Py
is itself projective, and this contradicts the maximality of P.
Hence Q is finitely generated and strongly bound, as asserted.

Let R be a two-sided fir, and 7 its injective hull, as right
R-module. If M is any finitely related right R-module, we have
an exact sequence (1), where P is now free, say P =XR (a direct
sum of copies of R indexed by X), and Q is strongly bound.
Hence Hom (Q, I) =0, and applying Hom (—, R) to (1) we
obtain

0 - Hom (P, I) - Hom (M, I} — O.

But Hom (P, I) = I¥X (a direct product of copies of I indexed
by X), and so we have proved the
Corollary. Let R beatwo-sided fir and 7 its injective
hull. Then for any finitely related R-module M, there exists
a set X such that
Hom (M, 1) = IX.

We note that in general X may be infinite, even if M is fini-
tely generated. E. g. let R be the free k-algebra (¢ a field) on
Zy, Zay . - ., and put M = R/z;R, then M contains as maximal
projective P = X z; R/z;R which is free of infinite rank, while
M/P ~ k. Hence Hom (M, I)=IN (where N is countable)
even though M is cyclic.

Th. 4. 2 may be compared with the following result proved
by Lewin [8]:

Let M be a finitely related module over a free associative k-al-
gebra (k a field). Then there is an exact sequence

0—>F—>M-—>0Q—0,

where F is free and Q is finite-dimensional over k.

It is not clear whether this can be deduced directly from
Th. 4. 2. In fact the module Q need not even be finitely presented,
as the example just given (for the corollary) shows. On the
other hand, the existence of infinite-dimensional finitely gene-
rated simple algebras shows that not every strongly bound module
over a free algebra is finite-dimensional. For if R is such a sim-
ple algebra (e. g. take R to be generated over afield of characteri-
stic 0 by z and y satisfying 2y — yz = 1), and if m is a maxi-
mal right ideal of R, then R/m is simple and so is certainly
strongly bound, but it cannot be finite-dimensional, because
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by simplicity it is a faithful R-module and R 1s infinite-dimen-
sional.

To obtain a description of strongly bound modules in the
general case, consider a cyclic module Q, with a presentation

0—-a¢—>R->0Q0->0, 3)

where ¢ is a right ideal of K, If we again write 7 for the injective
hull of R, as right R-module, we have the exact sequence

0-> Hom {(Q,I) — Hom (R,I)— Hom (a ,I)— 0, (4)

and @ is strongly bound if and only if Hom (Q, I) = 0. Consider
the mapping

A : I=~Hom (R, I)-> Hom(a ,I)

occurring in (4). For any u & I we have A, :zj]— uz, and by (%)
Q is strongly bound if and only if A is injective, i. e.

ug =0 implies u =0, for all u& 1. (5)

Let us call a right ideal a of R dense if it satisfies (5). This agrees
with the definition on p. 96 of Lambek [7]. Now Lemma 2, p. 97
of [7] shows that of a is dense, then for anyb € R, b—1 a={x &R/
/brxca} is dense; moreover, Lambek shows thata is dense
if and only if for any a, b & R such that a=40, we have
ab—1qa s£0. Thus we obtain

Proposition 4. 3. Let R beanyringand ¢ aright ideal.
Then R/a is strongly bound if and only if ab—1a 40 for
any a,b SR with as~0.

For integral domains we obtain the

Corollary. Let R bean integral domain and a a right
ideal. Then R/ a is strongly bound if and only if R is an essen-
tial extension of ¢.

For example, any maximal right ideal in an integral domain
satisfies the condition of this corollary, but not necessarily
conversely. ’

o. Factorization of general matrices over firs. Over a fir R
every {initely presented module is completely specified by a
matrix. Thus if M is a right R-module, with the presentation

0—> R Rm & M~ 0, )
then A corresponds to left multiplication by an m X n matrix «a
say, over R, which determines M completely: M==R™/aR",

where aR” stands for the submodule of R™ spanned by the columns
of a. The fact that % is injective means that a is right non-singular,

138



i. e. ax=0 implies z =0 for all z & R*. It is easily seen that
M is bound if and only if a is also left non-singular. Thus bound
submodules correspond to non-singular matrices. Of course, a
given module may be defined by more than one matrix; in fact
an mXn matrix @ and an r)<¢ matrix a’ define isomorphic modules
if and only if there exists an m X r matrix b such that

aRn + bRT - Rm7
@R = [z € R"|bz € aRr ).

This is proved in the same way as Prop. 6. 1 of [4].

An mXn matrix a is said to be a unit, if there is an n X m
matrix b such that ab= I,, ba = I,. Of course, when a is non-
singular, ‘either of these conditions implies the other, Over a ring
with invariant basis number (cf. e. g. [3]) all units are square,
(i.e. if @ is a unit, then m=n), in fact this condition is sufficient
as well as necessary, for the ring to have invariant basis number.

By a proper factorization of a matrix ¢ we mean arepresenta-
tion of ¢ as a matrix product

¢ = ab, (2)

where @ ism X p,bis p X n say, and (i) a is right non-singular,
(ii) & is left non-singular and (iii) neither a nor b is a unit. If
the matrices a, b, ¢ define modules M”, M’, M respectively,
the equation (2) corresponds to a short exact sequence

O-M->M->M'->0.

A matrix is said to be unfactorable, if it is non-singular, a
non-unit and has no proper faciorizations. In particular, an
element of R which is unfactorable in this sense is an atom (i. e.
it cannot be expressed as a product of non-units), but the converse
need not hold, e. g. over the free associative algebra on zy, z,,. . .
we have the element

C == xlxr+1 + x2xr+2 7"‘ e _I_ x'r x27‘7 (3)

which is an atom if r > 1, but not unfactorable, because it
can be written as a proper product of a row and a column.
This also provides an example of rectangular matrices that are
non-singular. By contrast, over a commutative ring all non-
singular matrices must be square. E. g. if we allow the 2’ s to
commute and consider the element (3) over the commutative
polynomial ring in the 2’ s, we find that it is unfactorable, because
now there is no proper factorization: the row and column used
before are singular.
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We can use the chain condition of Th. 3. 3 to obtain a fac-
torization of matrices:

Theorem 5. 1. Every non-singular matrix over a two-sided
fir is either a unit or a proper product of a finite number of
unfactorable matrices.

For any proper factorization ¢ = aiaz ... a;, whereay is
anry_y X ry matrix (ro =m, r,= n) corresponds to a series of
submodules

Rm 3 aR" D ayayR? D - - - DcRm,

The inclusions are proper, since no ay is a unit, and the quotients
are bound modules. Thus the factorization correspends to a chain
of bound submodules of R™/cR", and by Th. 3. 3 any such chain
has a maximal refinement, which is still finite.

We note that this result still holds for «pseudofirs», i. e.
rings in which all left and all right ideals are free, but not
necessarily of unique rank. On the other hand, the result does
not extend to semifirs (rings in which every finitely generated
right ideal is free of unique rank); this is shown very simply
already in the commutative case by taking a Bezout ring which
is not a principal ideal domain.

Th. 5. 1 naturally leads one to ask how the various facto-
rizations of a given matrix are related. We shall see that apart
from the rather special case of strongly bound modules, there is
no very close relationship between different factorizations.

The strongly bound modules (over any ring) form an abelian
category, and over a hereditary ring the finitely presented bound
modules have finite composition length, so the Jordan-Holder
theorem holds in this case. The examples which follow illustrate
the failure of the Jordan-Hélder theorem for bound modules
over the free associative k-algebra R = k< z,Y,2, U, V...,
where k is a field.

(i) Let M be generated by e, f with defining relations ex =
=fy =0, ez = fz. This module is bound, as well as its submodu-
les eR, fR, but their intersection eR ) fR=ezR is free. Thus
the class indicated at the end of § 2 is not a category in this
case. M has the following maximal chains of bound submodules:
0CeRCM, 0CfRCM, O0OcC(e—f)RC M, whose quo-
tiel}ts ;u'e defined by the following matrices: z, (y 2); y, (r 2);
z, (xy).

(ii) Let M be generated by e, f with defining relations
ex =fy =0, ez = fu. Here we have two maximal chains:
0ceRc M, 0 < fRc M, whose quotients have the matri-
ces z, (y u) and y, (z 2).
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(iii) Let M be generated by e, f with the defining relations
ex = fy = 0, ez = fuv. Here we have the following maximal
chains: 0CeRCeR+fuRCM and 0cC fRcC M. The
quotients have matrices: z, v, (v y), and y, (z z). This shows
that not even the number of terms in a chain need be constant.
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CCCP
Maremaruuecknii mgcTutyr um. B. A, Crexanosa AH CCCP

A. 1. ROCTPURUH

HEKOTOPBIE ACIIEKRTHI TEOPUHI AJITEBP /[N

Ilaxaru Anaroaus Heanosuuwa Masvyesa

Nerorcss B BUAY NpPENMYINECTBEHHO 3aqad¥l, crenmpuueckme
naa anre6p Jlu, ompeneseHHEIX Ham ToJdeM £ XapaKTEPHCTHKYU
p > 0, KoTOpoe HOYTH BCIOAY NPEITOJIATAeTCH aldreSpanmdecKu
3aMKHYTHIM. Takum o0pasoM, B CTOPOHE OI HAINEr0 PacCMOTPeHUH
OCTAIOTCA MHOTHE WHTEPECHHE TeMH, OTHOCHINYEeCH K HYJIeBoil
XapaKTepUCTAKe, PaBHO KaK W TeMBl, Ha Pa3BUTHE KOTOPHIX OKa-
3uBal0T GoJblliee BAMAHIlE He 3HAYEHUA XAPAKTEPUCTHKH, a COB-
ceM HWHBIe $aKTOPHI.

Hampumep, CTPYKTYpHAs TeOpUS PA3PEIIUMHIX WIH HIJIb-
DOTeHTHHX airefp HaXOIMTCA B 3a9aTOUYHOM COCTOSHHH HAJ JIO-
ObiM mosteM. CpaBHUTENHHO HEeBEeMHWKa UX POJb WM B IPUIOKEHHAX,
MCKII0YaA HEKOTOPHe W30IAPOBAHHHE, XOTA H He JIAIMEHHLe HH-
Tepeca BODPOCH U3 TEOPUM KOHEUHHIX p-TPYIN, AUHAMUYECKUX
cucTeM u T. J.

Ecnu, ogHako, o6paTuThCA K KOBEYHOMEDPHLIM TOJYIIPOCTLIM
aarefpaM Jl¥, TO HY;KHO OTMETMTH jiBa OOCTOATENHCTBA. OTH aJl-
re6pel B caygae xapaxrepucTnky (0 TCCHO CBA3AHEL C CaMBIMU Pas-
NUYHBME 00JaCTAME MaTeMaTIIKW; COOTBETCTBEHHO TeXHHKA MX
KracCHMUKANA® M ONNCAHMA pA3NHYHKRX CBOICTB JloBemeHA JO
COCTOARMA HMICAIBHO OTIaKeHioro mexauuama. C qpyroif cTOpoHH,
monyupocteie anreGprt Jlu Kowewmoit xapawrTepmernku (T. e. al-
reGpHl, ompepneideHHHe Haj IOJIAMH XapakTepuctuku p > 0) 3a-
HUMAIOT IOKAa CKPOMHOE MECTO B 0fmeM PasBUTAM, a ¢ HPOTHO3aX
ux 0oJee MM MeHee IIOJTHOTO ONUCAHNA BILUIOTH 10 HEIaBHETO
BpeMeHE He GHT0 OCHOBAHUH TOBOPHTH CEPLE3HO BBUAY OTCYT-
CTBHA HaNJe:RAIMmero aswika. Ilo cyTw fera, B KaTeropuio «3K30-
THYECKUX» MOMAIaidn (conepmeHHo He3acayKeHno!) Bce WPOCTHE
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anTeGphbi, He ABNAOMALCCH KIACCHYECKUMI, T. €. He IOIyYalomuecs
peaykmuei mo mod p M3 KOMILIEKCHEIX mpocThix anrebp Jim.

Tpu roixa masax Geumo s3amedeno [1], 9To momoskemme, mo-
BHIAMOMY, MOJKHO IIOMPABHTh, €CIH 3a HCXOJHYI0 MOJENL B Xa-
paxrepmeruke 0 6paTh e TOJIBKRO KOHEYHOMEPHSBIE IIPOCTbie ai-
re6psl JIu, mo u Tak HaseBaemble OeckoHeunkble amreGprl KHaprama
[2], mrpawomite BUAHY0) pPONh B AMPPEPEHIMATBHON TEOMCTDHH.
ITocme paGoret [3] aTo cTamo eme Gosee oueBMAHHM, XOTA B 0Omeir
LeNn paccy:aeHuil e ocTaer mMoKa psAga 3BeHkeB, K HacToamemy
BPDEMEHN NPOACHWIACH TaK:Ke KapTUMHa B3aWMMOOTHOIEHHil (ra-
JeKO0 He TPUBHANbHLTX) MEIY IIPOCTHIMH M IOJYIPOCTHIMHE al-
re6pamu (cm. [4]).

Takum 00pasoM, e€CTb OCHOBAHHA [JIA IOJBENEHUS HTOTOB
B NCCIENOBAHUM TIOJYHOPOCTHIX aixre6p JIu KomeuHOH Xapaxrtepm-~
CTUKM, I UMEHHO 3TOH NEeNH MOCBAINEHA, B OCHOBHOM, HACTOAMAA
cratha. Ciaexyer o6parurh BHHMaHWe Ha HeJaBHO BLUIEIMIYIO:
0030puyio momorpaduio [5], Tme meTambHO HCCIEAYIOTCA KIACCH-
YecKWe MOJympocThie anreGpsl Jlm, ux ¢opMH Haj pPa3IHYHHIMA
TIOJIAMH, TPYOIH aBTOMODP(H3MOB, a Takke BOCIPOHL3BOJATCH
IPUMEPH BCeX (IK30THYECKUX» MPOCTHIX aiareGp B RX HepPBOHA-
qanbHOft dopme. Mul moutu He Kacaemcs 3TAX BOIPOCUB HIM pac-
CMaTpHBaeM WX ¢ HECKOJbKO APYTOf TOYKN 3peHns.

§ 1. Kaaccor npocrsix aare6p Jin

Hanee npepmonaraercst, aro p > 5. Orpanuuenme p =4 2, 3:
CBA3AHO C CYINECTBOM jlella, TOTKAa KaK 3HaueHme p == 5 WCRIIO-
YaeTcs, cKopee, H3 COOGDasKeHMN IPOCTOTH (HOPMYIAPOBOK.

O6osHauum gepes II mMEOKecTBO Bcex (KiaccoB m3oMopdusMa)
KOHeYHOMEDHKIX Haj k mpocTHX anre6p JIu m 3ammimem ero goyms

cIocofaMn B BHUJe TEOPETHKO-MHOKECTBEHHON CYMMEL:

g Uy == g U .
3pecs I, ={4,, B,, G,, D,, Gy, F4, Eg, E;, Eg} — MHOKECTBO-

BCeX HmpOcTHIX ajare0p KJIaccHdeckoro tama; Ilg — fgomonHe-
msue II, mo II, maswiBaemoe TaK)Ke KiIaccOM BHIPOKIEHHBIX aJ-
re6p Jlu (cm. [6] = [7]); II5; — momosmernne mo II mHOmecTBa
I1,, anre6p ¢ cuapHbvM BEiposKmenuem. [lo ompemenenuto, £ < Il
TOrZa M TONBKO Torfa, KoTga B & maiimerca aiemeHt ¢ 5% 0, jaua
roroporo (ad c¢)® =0. KHaxercs Becbma mpHBIeKaTeJbHOH clegy-
101masn

I'mmortesa 1. Vmeer mecro paserncrso 11, = I, (coorner-
crsenno Il = Ilg).

n?
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JorazaTenscTBO 9TOH rHIOTE3HI 1a’0 O OJIUH U3 MHCTPY-
MEHTOB MCCIe0BaHNA HEeKJIACCHIECKUX (REIPOKICHHEX) MPOCTHX
anrebp. [eiicTBurensro, B cTathe [7] 6BUIO ycTaHOBIEHO, 4TO
aarebpa ¢ mpumague;kut Kiaaccy Il Torma m Tompko Torna, Kor-
Ja B & Haiigercs ¢masTpanua gnuas r > 1, T. e.

=2 4D ¢LDYD, - DL, D018, 1S4y, (¥)

The &, — KaKkag-To MaKCHMallbHasg mouaireépa B £, a WIEHL
$uaprpamuu L; ompemersIOTCA PEKYpPPEHTHO:

Lipr={rce;|lz, 8] ¢ }.

Jansa r ¢unerpanna { &;} 3asucuT or ¢ ,, HO ecam, HampuMmep,
Lo conep:xutr HOpMaamdatop Ng(€) mnDoparredphn

€ =<ce& g(ade)® =0>,

T0 obGsBarensHo Oymer r > 1. IT0 oueHH CHMIBHOE CBOMCTBO, KO-
TOPHM MOKHO 3(QPEeKTHBHO BOCIOJb30BaThCSI. B TexHM4YecKoM
mJIaHe He JHNIIeHa WHTepeca

I'mmo resa2 Hopmanuzatop N ¢(€) aABIgeTcA MaKkCH-
ManbHOH momanre6poit B ai06oit amreGpe £ & Ilgg.

ITo cBoemy ompepgenenuro, &,= Ng(G) — moganrebpa, mm-
BapHaHTHAA OTHOCUTeTBHO BCeX aBTOMOpPQU3MOB aiareGper ¢,
II03TOMY €e MaKCUMaTbHOCTh B £ mpHaaBala OLI COOTBETCTBYIO-
mei#t ¢uapTpamuu {¢ ;} M BceM CBA3aHHBIM € Hel0 KOHCTPYKIUAM
abCOMI0THO WHBAPUAHTHHIN cMEICI. B monn3y sTO#M IMIOTESH TO-
BOPAT IOKa JWINb HKCIepHMeHTalbhble naHHHe (cM. § 2).

UYro racaercs ocHOBHON rumotesnt 1, To ee 000CHOBaHUE OHU-
paeTcsi ceiiuac Ha Jerko mposepsiemoe Briogenue Il ClIlg
(coorBerctBenno Il CIl;) w Ra caejyoulylo MeHee TpUBHAIb-
Hylo Teopemy (cM. [7] m mpumeuanne B womme crarsu [3]). ITycs

E=9H+2¢y
Y0

— KapTaHoBCcKoe pasnoskenme anre6pel LI, Ecam wmaiipercs
HeHyJeBOll aleMeHT a & wiu ¢, Inpa Hekoropom y 550 ¢
(ad ayp~1=0, 10 ¢ &Il.;. B cBsa3u ¢ 3TUM yTBep;KIeHMeM BO3HU-
KaeT BOIPOC, IMOYTU SKBUBAIEHTHHA rumorese 1: cymectByer iim
HaJ[ aiareGpamyecKM BaMKHYTHIM moieM k mpocras aireGpa JIm
¢, B Koropoii (ad 2)? —1==0 puas sBcex z == 0? Ecau maxe mpen-
NOJNOKATE, uro £ — p-anrebpa JIu, To MOKHO TrapaHTHPOBATH
aamb cymecrsoBanue aemenTa y =%~ 0 ¢ (ad y)? = 0 (cm. [8]),
O{HAKO HE COBCEM fCHO, KAaK OCYI[eCTBMTH Ilepexon OT Y K a.
Moser mokasaThca CTPAHHBIM, 4TO MG feJaeM aKOeHT Ha
¢uabpTpamuu (*), Torma Kak IpoBepeHHHIH BpeMeHeM MeTOf Kap-
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TAaHOBCKAX PAa3;IOsKeHuil, cucTeM KOPHeil I T. I. OCTAJICS B CTOPOHE.
910 me coBcem Tak. Merog Kmmmuara—HKaprana ycmemmno meii-
CTBYeT IIpHM M3Y4eHNN KJACCHYECKUX aareGp M NmpU HX XapakTepu-
sanuu BHYTpR Bcero Kiacca Il, T. e. B Bompocax, cBABaHHBIX ¢
runoresoit 1. Ilycip, pamee, € — anreGpa ¢ ¢unbrpanueir (*) u

,
gré¢=L= D 1Li Li =8 [€ip4
=
— acconUMpOBaHHAA ¢ Hell rpajyupoBaHHas ajirebpa, yMHOKe-
HAe B KoTOpoil (06o3Hagwaemoe cHOBa cKoOkoil [, ]) magynupyercs
COOTHOIIEHNEM:

2+ Qi1 y+ Gl =, yl+Lip1, 2€ 8, y € 85,

Ouesnpano, gro [L; , L; I1ZL;1; u 0s4x& L, j>0,=>[L_4,2] 540.
B wacruoctn, [L_y, L_41=0, [Ly, LyJZL,, a I': Ly—>Hom (L_4,
L_,) —mpexncrapnenne mogaire6pr L,, ompenensemoe BRIIOUERH-
em Ly, L_41C L_y. B Goapmmacrse paccMATPUBAEMBIX HUKE CITY-
qaes Ly = L, @ 3, rae dim 31, a Ly €Il 3xeck Takke poas
KJIACCUIECKNX METOMOB OCTAeTCA 3HAYMUTENHbHOH, eCiAU YYecTh emle,
yro mpu r > 1 rpajynpoBamHas aarefpa HeceT 3HAYUTENbHYIO
ooa0 wHGoOpMamuU O (UIABTPOBAHHOI.

C npyroif cTOpPOHE!, MOMBITKY INTOOAJHHOTO MEPEHECEHNA Tex-
Eakx  Runmuara—HRaprana HaramrkuBaloTcA Ha TPYLHOCTH, BbI-
3BaHBLIE TOKNECTBEHHKIM OOpamenueM B HYJb OuIuneifiHOR (opmol
ciefa ¥ HEAHBAPMAHTHOCTHI0O KAPTAHOBCKHUX Pa3IOKeHHIl.

§ 2. AureGps KapTaHOBCKOTO THIIA

OcraHoBMMCH BKpaTHe Ha KOHCTPYKIEM dYeThipex cepuil mpo-
creix anre6p: W, (F), Sp(F), Hy(F) n K, (F) (kopotko L(F)), aB-
JAmMAXCH aHaToramnm OecKoHeuHoMepHHX aaredp Haprama B
xapaxrepucture 0. ITa KOHCTPYKIUsL HMeeT BeChbMa eCTeCTBEHHOE
HOPOMCXOKIeHNe 1 00JafaeT HeoOX0quMoi 00mMHOCTHIO.

Heckomsro ynpomas ompenperenne (cM. [3]), Gymem monmmats
mox aaredpoil pasmenenHbIX cremeneir O,(F), coOTBeTCTBYIOMIEH
¢unary F Bertopnoro mpocrpanctBa E = ( z,, ... ,r, > pasmep-
HOCTH 7 Haj &, KOMMYTaTHBHYI0 ajreGpy ¢ GABHCHBIMM BJIEMEH-
TaMu (MM OXHOYIEHAMN)

.'I:C"=x;‘1 e .‘L‘:n, 0<ai<pmi , 1<m1<. . .<mn’

4 HPABHIOM YMHOMEHMA
n

z* 2% = (a, B) 22+P, rne (o, f) =11 ( a; + Bi )
a; .

i=1
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Co6ersenno rosopsa, or ¢nara F : E=E,DE,D---2DEy D
DEr1=0 3j1ech ocTancg IUMIb YIOPAXOYEHHBH Ha0OP LENBIX IT0-
JORUTENbHBIX 4Rced {my, ..., m,}. Ecan m = m; +. .. +m,,
10, oueBnIHO, dim O, (F) = p™. Aareépa O, (F) rpagyuposana:

r+1
011<F)=iiﬁ00n.(p)i y On(F); = < z* “a]:al_l" s Fay =1,

n
m. o
r4+-1=2(p t—1).aa parsreiimero mome3Ho BBeCTH 0603Ha-
i=1

1=

wepnsa: e=2%,8]|=r+1; ¢ =x5i, L =(1—8;) (pmf — 1)

O (F) '=i6é00n (F); 8=, ..., 11, .« .,0). Jlerro mporepurs, uro

InHelHOe oToGpaskeHue 0; ¥ — ' apmsmercs anddepeRnUpo-
Bapguem anaredprr O, (F).

O6mas aaredpa W, (F) cocrowT u3 BCexX ee (CremmajbHHIX)
nuddepennmposannit supa D =Y f,0; , f; € 0, (F), ¢ ofSbunoit
omepanueil ROMMYTHPOBAHHA OMEPaToOpOB.

Cuenuansuas aare6pa S,(F), rn > 2, narsayra ma nndde-
PeHIMPOBaHYA +li)ij{u} = (0;u)0; — (0;u) 0;, uSOnyy(F). [Ho-

n

GaBUB K Heil E z;0;,¢€ 0y, i=1,...,n+]1, momygum aareGpy
i=

S, (F), n woropoit S, (F) ssasercs mieazom: dakTop-anareSpa

Sy (F) /Sy (F) abenesa.

Tayuabronosa aaredpa H, (F) cocronr 13 omepaTopos

2n
D,=2 a, qi0; U+ Oqiy U © 0én(F), n>1,

i=1

Ije 1T — WIBOJIIOTHBHAA IEPeCcTaHOBKa 0e3 HEHOIBMKHLIX TOYCK
maOokectsa {1, 2, . . ., 2n}, o 0 = 1, &, ;o 3 = 0. Ymuomxe-
mue samaerca Gopmyaoit [Dy, Dyl= Dy, w =3 o, 5; - 0; u-0g;v.
*
Buopwrest Tarske anredpa H, (F), saranyras ga H, (F) u 5a qud-
2n m; —1
depernuposanns D, , X z; 0; , z?P Oniy i=1,...,2n. llpn
=1
®
n > 1 ¢axrop-anrebpa H, (F)/H,{F) abenesa.

Haxonen, womrakrnaa anrefpa K, (F) momxywaercs cienyio-
muM odpasom. Ee 0(asncHoe mpocTpaHCTBO OTOKAECTBISIEICA ¢
Oop—1 (F) mput n + 1 == O(mod p) u ¢ Oy (F) mpn n + 1=
=0 (mod p). Bupouem, meo6xonuma ongaa orosopka. Ilojg ¥ 3pecs
clenyer monmMarb o0DeARHeHme NIBYX (raroB — OIHOMEPHOTO
npocTpaneTBa £ =(r,> B (2n—2)-MepHOro E;={T), « .+ y Ton_3 .
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Cneponareitbhno, my<_-+ - < Mgy—2, HO m, — BHICOTA IepeMeHHoM
x, — C UMCIAMH Mm; HUKAK He cBaszaHa. llycTh n — MHBOMIOTHB-
nag HepeCTdHOBHd 6e3 HemoIBURHBIX TOYeK MHOKeerBa {1, . . .

2n— 2}, a;, mp = & 1 a3, mi + anl,g-g—-pz ﬁ = {61, eeey ﬁZn 2}7
Bi =410, BiPui=0 Au=2u— 2 (25 + % Baj) 0; u-

JZn—-Z
Dopmyna [u, vl = Au - 0v — Av - Ogut - > % 7i0; U + 00 BagAET
i==1

ymuosxenne 8 K, (F). B o6osravenuu L, (F) porb JUCKPETHHX ITa-
pameTpoB «; ;, &, [ He orpakena. MasecrHo (cm. ra. 1 padorsr [3],
aro anredp L(F) nanﬂoﬁ Pa3MepPHOCTH — KOHETHOe WHCIC.

W3 ompepenennii HemocpeyicTBenno BHTeKaeT, w10 dim W, (F)=
= np™, dim S (F) = n(p™—1); dim H  (F) = p™—2, dim K,l(F)
=p"—A, tne A=0mpun n -+ 1 == O(mod p) un h=1 n npo-
THBHOM CJydae. bce IIOCTpOEHHbIE [0 CUX TIIOP BEHPOKICHHEE
IpocThie ajireGpn, 0630p KOTOpPHX maH B kaure [5H], mmerwr yra-
B4HHFIE BbIOIe PA3MEPHOCTH, HO DTO He 3HAUNT, UTO KayKJas U3 HUX
nzomopdHa oxmoit us anredp L(F). llonosxenne 3pech HECKOIbKO
cuosxnee (cm. § 6). C pyroit cropoun:, BCe M3BECTHHIE IOKA TPO-
cThie p-aireGpst JIm mpu p ©> 3 ucuepmbiBaloTCA adredpaMmu Kap-
TaHOBCKOTO THHDA C TPHEUadbHEIMH (aaramnm F  (Rorma m; = 1)
U pasMepHocTell np”?, n(p”“——l), p2n—2, p»—1(umm p*-1—1).

Ipocrpancra Ly ¢ Z On(F)oy10; = Wo(F)ry So(F)r =
=Sn (F)NWata(F)r, Hy (F)HWZn( )h«Hn(F)k,—1<k<r,

OIPEJIENAI0T B COOTBETCTBYIOIMX ajirefpax rpajgyupoBKY, T. €.
[L;, L; 1C L;;;. O606mennywo rpagyuposky ¢ L_s=~0 moskHO
BBecT N B gactn anreSp K, (F) (memssectHO, Bo Beex au). Iloa-
aaredSpa L, mnsomopduas coorsercrBerno A, Dk, A,,Cn 1
Cpo—1 @Dk, umeer L_4 B KauecTBe CTAHJAPTHOTO HEITPHBOJKMOTO

monyna. Ecam L= & L; u r gocrarouno semuko, 1o LIy,
—2<i<r

nockompky L,CE€=<c|(adc)*=0). Taxosu Bce anre6ps
KapTaHOBcKoTo Tuma. lloganrefpa £,= > L; B HuUX sBIAerca

i=0

MaKCIMAJLHOM, mpmueM, Kak Jokazan B. A. Kperunn, oHa uu-
BapMaHTHA OTHOCUTETHHO aBTOMOpPm3MOB anrebpst L(F) m co-
JEP;KUT BCe [PyTWe HMHBAPHAHTHBIC MOLaIreSpbl, ITO YACTHIHO
IOATBePATACT TUMOTesy 2, KOTOpas IEJIKOM BBIIONHserca B
p-anrebpax kapramoBckoro Thma (eam. . I paSorsr [3]). Hua
mpon3BoNbHOHE anreSpm L(F) pasemetBo Np(;) (€)= &, ycrano-
BUTH, IO-BHANMOMY, HeJeIKO, TaK KaK OJHODPOXHEE KOMIOHEHTH
€; pasSpocann 1o L(F), BechMa mpruygiauBeM obpasom. Ilycrs,
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Hanpumep, L = W,(F), dim L = p = 5. [IpsMbie BRUMCIeHnA
moxaszsiBalor, 910 € = L, +L5+2, i .B o0meym caydae curya-

i>12
musga ocTraercA HesCHOM.

3aMeTHM, OIMAKO, 94TO OJHOTO JAIL (aKTa IHBAPHAHTHOCTH
QO—VL JIOCTATOYHO [JiA pemeHusa Bompoca 00 M30MOopdHma-

Max Mem;ty aire6paMu KapTaHOBCKOTO Tuma. J[Be Takue ajreGphl
He M30MOPQHEI, ecaM OHU IPUHAJIEKAT DA3HBIM CepuaM. OITO
BAJHO NIPAMO W3 CPABHEHMA HMX pa3MepHOCTeil, KOTOpHE MOTYT
coBmacte Tombko mia L = Wy(F), n=ps, u L' = K, (F'),
n = (ps + 1)/2 TIPU HAUTRANUX WACTAX 1 == My + . . . 4 My
V

B m =my+mi+ ...+ mopy_o=s-+m. Msomopdrocts L u L'
o3uavara OB H30MOPYHOCTE MX MAKCHMANbHBIX HMHBAPUAHTHBIX
nojanrebp £, m £(, a TaKKe COBIANeHNEe OMpeAeldeMHIX HMIl
¢unpTpamuii, uro Baeka0 6bt wzomopduamut L; =~ L;, i =0,1, ... .
Ho Ly=A4, 1Dk u Ly=Cn_1 D k Be nzoMopdHE.

Eme Gomee uaTepecen Bompoc 06 mszomopdusme aire6p BHyTpPH
cepuit. Ilomosum

1-1
L (F), :;1 [L(F), , L(F);_;), L >1, Ly =V.

Bwmecre ¢ L(F), npBapnaHTHEI CMHCT IpHOOpeTaloT M TOAEPOCT-
pauctBa L(F),. Mssecrro (cm. ra. III pa6otsr [3]), aro ecanm [ =
=pt—1, To L(Fy /L(FZW=E;:®V, rme E, — mogupocrpan-
CTBO, BXOjfAmiee B ompejeaenue ¢uaara F. HOCJIOI[OB&TG’IBHOCTB
{dlm E,, ...,dimZ,} mogHOCTRIO 3amaeT YHOPAZOUEHHOE MHO-
SKeeTBO {my, . . . ,m,}. Takum o6pasom, uzomopduam L(F) = L(F’)
BO3BMO;KCH TOJNBKO IIPH 9KBUBaJeHTHHIX (uarax F, F/. Haopuwmep,
YuCNIO Heu3oMOpP(HEIX o0mux aire6p AaHHOH pasMepHOCTH np™
paBHO umMCIy pasbueHMit m == my; -+ ... +my, 1 <m < ... <
<m,. Y:Ke IpH n = 2 5TO YHCIO pacTeT HeorpaHWYeHHO BMeCTe
¢ m. AHalorugHoe 3aKJIOUEHNEe BEPHO M B OTHOMIEHUU IPYIHUX
anre0p KapTaHOBCKOTO THIA.

B cBasu ¢ megokasammoit moxa «rumotesoii Ulpeitepar o gmd-
depeHnupoBaHUAX TPOCTHIX anrebp JIu XapaKTepHuCTHKH p > O
yoomaHeM ciencreue TeopeMu M. 0. IlemoycoBa (pumiomMHasn
pabora, 1969 r.); anre6pa premuux auddepenmupoBanmii d1060it
IrpajlyipoBanHOM aireOpH KapTaHOBCKOTO THUIA ABISETCA paspe-
mUMOH aire6poil ¢ aGeleBEIM KOMMYTAHTOM (Ha caMOM fiele OHa
afereBa, 3a HCKIIOYEIMEM CIydaeB, COOTBETCTBYOIMHAX alAreOpam

S,(F) w Hy(F)).
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§ 3. KapranoBckne pasioskenus

Karx n y xaaccuueckmx aareép A,, B,, ..., E; sxaui
MHJ[EKC B 0003HAYCHUAX am*eﬁp KapTaHoBcKoro tuma W (F), ...
« v, K,(F) umeer suyrpensnit cubica. OH yxassiBaeT Ha pasMep-

HOCTH HOJYIPOCTOR KoMImoReHTH moxgaiare6psl Haprana. B kauecTBe
npuMmepa paccMoTpuM oOmylo anrebpy W, (F) m ee xapraHOBCKO®
pasioxenne

W'n(F):‘ﬁ_I—YEOQY )

§ =<2*0; |a; =8;; (modp), 0<La; < p™i 3,
87 — <x ai IGJ + '\7] ESU (modp >-

Kopaxm y=(y,, ...,y,), 0 <<y; <<p—1, obpasyor alemeHTap-
wyo abereBy rpymmy nopagka p"; dim § = dim &, = pm—",
onanre6pa Haprama § mpepcraBiserca B BHmEe OPAMOH CYMMH
TOIYAPOCTON KOMITOHERTH 1 = {Ty0;, . . . , Tn 0y > H HUTb-KOM-
HOHEHTH § o = {x%0; ||al >1> v (k) = 0 Mg Beex hy & H,
u[$, §]1=0, Tax aro p(hy + hg) = yv(hi), bi & $i. Amagornu-
HEle PaslOoyKeHNsA MOMHO YKa3arh M niag apyrux anreGp L(F).

Hamomaum (cm. [5]), uro B Kiaaccmueckmx amre6pax Jiu sce
mopaire6psl Kaprama compssikeHBI OTHOCHTENHHO TPYII aBTO-
MopduamoB, — GaKT, KOTOPEHIH mepecTaer GHITL BEPHHM B CaMHIX
TIPOCTHIX HpHMepax BHpomeuunx anrebp., Tak, B aarebpe W,
PasMepHOCTH p WMEHTCH JBe HECONpPAKeHHBIe ONHOMEDHBIE IMOJ-
anre6pr Haprama (20, u ( (1 + z)dxy. OO6parum BHEMaHHE
Ha To 00CTOATENBCTBO, 4TO OJHA W3 HHUX COJSRITCS B MakcHd-
MaJBHOH HHBapHaHTHOI moyanreGpe €, , a Apyras — Her. BecbMa
TI0OX03KasA CUTYAIUS MMeeT MecTO0 B JIOOHX p-aire6paXx KapTaHOB-
cxkoro tuma. C. II. Iemymkun mokasali (ycrHoe coolImeHwe), 9To
Kamgaa us aareép W,, S,, ... cogepsxnr no » + 1 kKuaccy com-
psoxeBHOCTH momanrebp Haprama. Bee omu aGesieBnt M HMEIOP
OIMHAKOBHE Pa3MEPHOCTH.

B axreGpax L(F) ¢ mpousBOJIBHBIM (raroM pacipejeleHne
nosianre6p Ilaprama mo opGmram oTHOCWTEALHO TPYII ABTOMOP-
¢U3MOB HeN3BecTHO. HasKercsa HpaBHOHOgOOHEIM, WTO pa3Mep-
HOCTh TOJXYHOPOCTOH KOMOOHEHTH f, OCTaeTca WHBADUMAHTOM al-
reGpu. Ha Goxbmee Hexp3s pacCcUMTHIBATh, KAaK TMOKA3hIBAET YiKe
npnmep anre6psr W, (F). MoskHo nokasars, ato ecian dim W,(F) ==
=p™, 10 W{(F) nzomopdpra aareGpe Ilaccenxaysa ¢ Gasmconm {eq |
ac GF (p™)> u rabauumell yMHONKEHWA €qoeg = (a—PB) e1tp.
3mecs § =<e,» — momauareGpa Kaprama, &y = ey ) — unBa-
PHaHTHEIEe HojupocTpaHcrBa. CpaBHHB 9TO ¢ yKAa3amHBIM BEHIIe

rae
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pasaosxenvieM, Bugum, aro Wi(F) obramaer momanreGpamu Hap-
TaHa pasmepHocreii 1 m p—1. Vmerotcs u mpyrue mpuameps Hopo6-
moro popa [9].

Tenepb CTAHOBUTCA WOHATHHIM, II0YeMy TEXHHKA KOPHEBHIX
CHCTEM, CTONEH COBEPINEHHAs B MPUMEHEHUM K RIACCHYECKUM al-
rebpam, TepdeT,cBoil yHHBepCaJbHBIl XapaKrep Haj IOASMM Ko-
HEYHOHM XapaKTepHCTHUKI.

IMpodaema EmaccmUKANON OCTAaeTcA CONep:KaTedbHOW, maske
eCaM MCXOJHTH M3 CYMECTBOBAHUA ONHOMEPHOH momaireOpsl Hap-
rvama. Onmpance ma pafory Rauwramcroro [10], Bmor poxasan
[11] caenywomyo Teopemy. llycts L — anreGpa JIu pazmepHOCTH
> 3 maj anrefpamuecKM 3aMKHYTHIM I0JeM A XapaKTePHCTHKN
p>3. Ecan L o6Guamaer ogHoMepHOIT moganrebpoir Haprana m B
COOTBETCTBYOMEeM Pasaoskenun ad 2, | ¢ FU0mpnaodon . € Lo,

r 4
@£ 0,10 L = (ea|a € G; excep = {a— b+ ah (B) — Bh (@)} eutp s
rae G — KOHewHAs agmUTABHAA Ioarpynnma B &, a A — IPON3BOIE-
Hoe ajayaTuBHOe oTobpaskenue (¢ B /. Hexoropoe ociiabienne ycio-
Bus ad zq |y <0 momydeno A. X. JlomorkasuHuim [12]. B crarpe

[13] amoncuposam pesyawrar, coraacmo rotopomy A, Wi, H,
MCUEPIIHBAT MHOKECTBO NPOCTIX p-anreSp Jim, obaaparomux
nopaiarebpamu Haprama § ¢ ogHomepHONl mOTYIPOCTOR KOMIIO-
BeHTON 1 Taxnx, 4o a{lH, H1) =0. Tam ke, a Tarsxe B paboTax
[14—16] moskmo Bafitm Apyrue cpoiicTBa KapTaHOBCKAX DPasyio-
smennit. Memxay mpouuM, B [13] porasano, wro HepaspemuMmas
anre6pa Jlm KoHewno#l pasmepHocTH mapm k(p > 3) 00A3aTEIbLHO
COMePIKUT TPEXMEPHYI UPOCTYIO HOpaliredpy.

§ 4. IlpencraBaenus

B xapaxrtepucruke 0 pesko pasamuaroTca Kak MeTOFaMH, TaK
H pe3ylbTaTaM¥ TeOpPUH KOHEYHOMEDHHIX M GeCKOHeYHOMEepPHEIX
mpepcTaBlIeHnii mpocThix anre6p (rpymm) Jlu. 3amedaTelBHO TO,
gT0 B Xapakrepuctuke p > (0 HexoTopHe uepTH 00emx Teopmit
MO’KHO TIPOCHE[UTh y/Ke Ha TpHMepe KOHEYHOMEDHEIX IIPeCcTan-
sepnii. VIMeHHO aHaJoraMm HeMPMBOEMMEIX IIpefCcTaBIEHUE O ¢
dim p < oo cAy:eaT p-mpeacTaBlenus (WIH OTpAaHUYEHHBIE HpPeA-
CTaBJEHIST), KOTOPEIX BCEro JNMIIL KOHEYHOEe WHCIO0, 4 CAYUalo
dim p = co coOTBETCTBYIOT BCe OCTalbHEE IJIPEICTABIEHNA, 3a-
BHCAUINE OT MapaMeTpoB (HempepHIBHEIE CePUIl B HeHy/IeBOH Xapak-
Tepucrake!). Ha mx ocHOBe BO3MOMHO MOZETUPOBaHUE PABTUIHLIX
OeckoHeTHOMepPHEIX 3((eKToB.

Corxacuo Haprucy [18], mmeercs BBaUMHOO[HO3HAYHOE COOT-
BOTCTRME ME/KAy KJIacCaM¥ SKBHBAJEHTHOCTH HENPHBOJAUMEIX p-
mpecTaBIeHHIl MONYIpOCTOH Kiraccwueckoil amre6ps Jlu € ¢
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KapTaHOBCKNM  pa3loKeRWeM & = § -+ D &, U JudeidHuMA
==

5
dyEKIUAMN /cTapmIMMH  BecaMll) A Ha § CO B3HAYEHHAMH
Mh)eF,=Z/pZ, rpe <hy, . . . ot >— I{aHOHI/I‘IGCI\Hﬁ Gasuc §.
Cymec:rBye:r, CJeJ[0BATEIBHO, B TOYHOCTY p! pasauaubIx Hempm-
BOTEMEIX p-ipeftcTaBienuil anredper €. 06 mx darrndyeckoi pea-
AU3aUWUM WIR X0TA OBl 06 UX PasMepPHOCTHX M3BECTRO OYCHb MAaJo.
Jasxe A anre6p A, u By Bonpoc permed aumb vactiano (cm. [19]).
Mesxny mpoynM, Ha npuMepe B, norasano, 4ro ycaosue p (e, )P—1=0
(o npo6erae’r cuctemy  Beex HeHYIeBHX KopHeEi) He ofecredn-
Baer MOJAHOH HPABOMUMOCTH pP-TUPEJCTABICHEA . B To Ke BpeMsA
nia A, ycaoBue p (e, )P—!=0 smaserca mocrarounwtim [20], HO He
neoGxoarMuM. Bompoc o modHo#l IPABOARMOCTH p-IIPEACTABICHNSA
p Kiaccwdeckoil axre6psl £ SKBABAJIEHTEH BOUPOCY 006 OmMmCaHWN
pamuraiza R u-aare6psr 1(¢). Ho Cexnrmamy ([5, crp. 99]),
B caydae € = A4A; =<{es, h, e,y pagmran N HoOpORTaeTCA dIIE-
menTamu  eP~4h 1), (b4 1)er_ 1.

Anre6pa A, — eIUHCTBeHHAA KJIaccudecKas IpocTaa ajired-
Pa, AJiA KOTOPOH MOTydeHo HCYSPIIHBAKINSEe ONUCAHNE MHOKECTBA
BCEX HEOPWUBOAUMEIX [PeJCTaBIeHUil, He 00ABATEIBHO OrpaHH-
9eHHHX. JTO He TAK TPYMHO CHAGNATH B TEOPETHKO-MHOKECTBEHHOM
cmricre, Ho B crathe A. H. Pygmaxoea u U. P. Illagapesnua [21]
CYIIECTBOMHO YTOYHAETCH, KAK MHOMKECTBO IIpPEICTaBIeHWil mapa-
METpU3YeTcA alireHpandeckuM MHOT000pasneM (TpeXMepHEM B CIy-
gae 4,). HeoGxomumocts BBegeHUA MeTOAOB ajrebpamdecKoil reo-
METpUHM B ONHCAHNE HEOPABOAAMEIX HmpemctaBiemuit anrebp Jlum
KOHEUHO# xapaKTepHCTHEM Onia ycramoBiena paHee Ilaccemxay-
som [22].

IMMycts, manee, S(L)— MEO0MECTBO BCEX (KIACCOB SKBHBATEHT-
HOCTH) TOYHEIX HeHPHBOIUMLIX IPeACTaBIAeHIH anreOpsr ¢ Haf mo-
nmeM k xapaurepueruka p > 0,

Tlomosmum

d(&)=mindimp, D(¢) =maxdimp.
PES (L) PES(L)
IlpencraBaennsa p ¢ dimp — D{(§), Kak npasmio, HAXOMATCA
B 00mIeM IMOJOMKEHHHN, a IPCICTABICHUA PasMePHOCTH d( £) d"acTo
BCTPEYAIOTCA B DPasAUTIHBIX upuioskenuax. Ilas moboii amredps
ecllg A. H. Pynaros pokasan paserctso D (&)= ps, rnme
s = (dimp € —rang £)/2.

[lepexoms r mpepgcTaBIEHIAM HEKIACCAYECKEX HPOCTHX adl-
reép, ckaxkem, p-aareép W,, S,, H,, K,, okasszaeMmca B 00-
MacTH NOYTH MOMHOro Hesmauums. Jlumbs muoa W, naiimesst Bce
HenmpUBOAUMEE TpemncraBieHns. B wacrmoctu, D(W,) = ps,
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s =(p—1)/2 m d(W,)=p—1. Anre6pn Kapranosckoro tuma L(F)
00IafaloT ecTeCTBeRHHIMA MOxyJIsamm O(F), KoTopHe «Oam3Ku»
K CTaHJAPTHHM MOLYJIAM Kiaccumgeckux aare6p. B O(F) copmep-
suTcst ogHoMepHEE W(F)-mopMmoxyas k, daxrop mO KOTODOMY
menpmsopuM. Oupeperns pelictBre W(F) ma O(F) mo dopmyre
D =310 :u—>D(u)+a(ivD)y, a&Ek divD =30;f;,

monyuM IapaMerpmdeckoe —cemeiicteo Mmopuyiueir {Ve}. Ilpu
as£0,1 W(F)monyne V, =HempuBogum, HO V, COHEGDKET
mopMonyib 'V, KopasmepHocTH 1, W30MOP)HHI IPOCTPAHCTBY
O'(F) (cm. § 2). Tax rak Hp (F) C Son—1(F) C W, (F)m div D =
=0 pa D& S(F), To Vy, paccmarpmBaeMblli Kak MOIYyIb
vax H(F) wmmm S(F), Oynmer cHOBa  cojiepyKaTh OXHOMEDPHEL
mogMonynb = k., DarkTop TO HeMYy HEIPABOAWM M COBIANAET
B caxygae H(F) ¢ perynapemm Moxyiem. llo-Bupumomy, mer Momy-

Jeit MeBBIIel Pa3MEPHOCTH, M €CTECTBEHHO IIPEJIOJNOMKATH, 9TO
n n-1

AWn(F) =pn—1, m=Zmi; d(Sa(F)=pm—2, m=2m;
2n

d (H,(F)=pm—2,m= ;imi.

OGozmaunM vepes p, ;{_GIIPHBOI(]AMOG npexgcTaBieHAe aareGpH
Wi (F) = < faj_f € 0y (F), degf<pm =1, cooTBercTByiomee Mo-
ayiaio Vy=04(F): )

p1(70)u =0 (fu), u € O1(F).

IIpnmevaTensno, uto p; sBagercs siaoxkennem Wi(F) B camm-
aexrrIecKyo aare6py Cq—pe . B aToM Jderko y6e,zm'.r1,0ﬂ,' pac-
CMOTpeB OHIMHeHHYIO KococumMerpmueckylo gopuy @ ma Oy (F):

(D (_xi N zi ) = (-—- 1)i+1 (Si,?j, 1—24
unn, uto Golee MHBAPHUAHTHO:

(a2
D, )zt - .- =1 20 (— D+ (a; Pr—z-i —Pi i—2— )} X

i=

X1 . Zvjudx:;—(vfudx—ufvdx),

1—2 —2
u= oz, v= XPizi.
i=0 i=

Ouesuyno,

@ (p1 (/0) u, v) + D@ (u, py (f)v) =0,
oTkyaa M caexyer, ato oy (W, (F)) C Cu-yy2-
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§ 5. 'pagymposannsie aaredpsr JIn

Hac murepecyloT rpagyupoBanmse aireGpe, acCONUEPOBAH-
HHe ¢ (UIBTPOBAHHHIME KOHEYHOMEDHEIMH IPOCTHMIA ajlre0pamu
JIu (camu oHE MOTyT B He OHTH MPOCTHIMN), HO yoGHee paccMaTpH-
BaTh WX HE3aBUCHMO, IOCTYJIUpOBaB HeOOJBIIOE 9MCIO CRBOHCTB.
Bynem ma3sBars v-rpagfyHpOBaHHOM (V—11€0€ OI0KIETe b HOe ;e
n0) anredpy Jlm

L=oL;
iz—v
(re o6GasaTenbHO KOHEUHOIN pasmepHOCTH Haj k), rje

1) dim L; < oo}

2) [Li, L;1C Ly

3 [L_1,z]5£0 pus Beex O£z &L, i >0

4) [z, L1540  pgma Bcex 04z & L;,i<O0.

Anrebpa L maseiBaeTcs HEIPHBOAMMOI, ecaIM HEOPHBOIUMO IIpej-
crapiaenue I': Ly— EndZ_4. B cayuae v=1 rosopum mpocto o©
rpagyupoBarHoil aare6pe Jlw. 3amermMm, uTO HEMPHBOAUMOCTL
IPafyupPOBaHHON aiare0pHl memaeT HEHYIKHHM YCIOBHE 4) M CBO-
mutr 1) K emumucrBeRHOMY yciaosuio dim L_ 1< co.

JloGyw kaaccmueckyo mpocryw anrebpy Jlu mMoixHO 3amath.
B BUie 2-TpajyupoBaHHOM, He 0053aTENBbHO HENPUBOAUMON, ai-
re6par Jlu. Ilommoe omucamue ux 1-rpagyuposor mamo B [23]
n [24]. Becroneunomepnsie v-rpagydposaHHEe aireopst Jlu wos-
HHKAIOT eCTeCTBeHHHM oGpa3oM B puddepeRnmaIpbHON reoMeTpHis
B CBfI3H C U3yYeHHeM ICeBorpynm, G-crpykryp u T. A. C Texumroii
HX KIacCHPUKAUHAA MOKHO IIO3HAKOMETHCs M0 paboram [25—28].
B mocrnegmeit us Rux geimaercs TaKyKe HMHTEpecHAs NOOEITKA IO-
HOMTH K ONmMHCAHUWI0 TPOCTHX p-airedp Jlu ¢ xommomenrtoit L =
=P M, D 3, M; €1y, dim 3< 1. B ar10ii cBsA3u npuBegeM TaKkKe

1

caenyomee yreep:aenne (cm. [3]). TI'pagymposammas mpocras
p-aaredpa JIn(p >7) ¢ dimL_y<p—1 saBaserca uam Kiac-
cHUecKol, uian aare0poll KapTaHOBCKOIO TUIA, OTINYHOH OT KOH-
TaKTHOI.

Chopmynupyenm Temeph OCHOBHOUW pesyapTar crathit [3],
B KOTODOM HET CTECHMTEIBHBIX YCIOBMII MPOCTOTH H OrpaHMYeH-
vocru. Om raacur, aro aarebpamm L  Buma 1) L = W(F);
2) S(FYCLCS*(F), 3) H(F)TLCH*(F) mncuepnsBaoIcs, ¢
TOYHOCTHIO N0 M30MOp(H3Ma, BCe KOHEYHOMEPHEE HelPHBOXHMER
rpagynpoBaHEse aire6ps JIm, B xoropmx dimL_,<p—1 =
Ly=~0 (cm. §. 2, re janst HE0OXO/HMbBIE OMPE/ITEHMs).

Yeaosne L, =0 neoOxoiuMo pBOIUTH, 4YTOOH m30aBOTHCH
0T Kiaccudeckux aiarefp. Ycaosue dimL_y3 < p—1 me ycrpa-
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HEMO, KaK DOKA3HBAIOT MHOTOYHCIEHHBIe mpumepn. Ilpocreii-
nmi W3 HAX OOAYYAeTCA WPHM  M3MEBeHHH TpPaJlyHPOBKU
B H,(F), xorga xomuomentoii L, cramosmrca W, (F’) (cm. [3]
u [29]). Bcee HEIPHBONUMELE IDAJlyNPOBAHMbIO axre6pst Jlu ¢ Kom-
nomenToli Ly = W, nzyuens B patote [29]. IIpu sToM cymecTBeHHO
ucnonessyercsa mHdopmalmud O mpocTHx Wi-momyasax (cm. § 4).

Omnmewm ceffuac ogHy OOIyi0 KOHCTPYKIUMIO TPanydpOBAHHBIX
aaredp, OTIHYHBIX OT BCeX paccMaTpmBaBmuxca panee. Ilycrs
M — mpocras axrebpa ¢ rpagyupoBkoit M — M_, & M,PH M.,
HalpuMep, OxHa u3 KJIacciueckux anreGp. Temsoproe mpomsBe-
nemue M & O (F) nagensercs cTpyKrypoil axre6pst Jln:

[m1 X f1s my @ fol = [mlr m] & f1fa-

AnreGpa xaprarosckoro Tuna L(F) HHIyIUPYeT cOOTBETCTBYIOLIYIG
anreGpy mddepenmupoBanmii axredper M & O(F). Mo moma~
raeM [D,m & fl=D(mQ f) = mQ D (f). llonyupsimoe mpomase-
Jenne

L(F)+ M QO (F)

ABISIETCST BapHaHTOM KiIaccHueckoro mpumepa [Isxerotcoma [30]
OOAYMpocToil alrefpsl ¢ MPHCYIUMH [ XapaKTepuctukum p >0
cBoiicrBamu. Temepsr BOCHOJIL3YEMCA I'PAfYAPOBAHHOCTHIO ANTreGpH
M n BRemeM maganbHEIE KOMIOHEHTHL CTposAmelcs anreGpsl L:

Li=M_1QO0F), Ly=M,QO0(F)+L(F), Ly=L{".

Bpecs L’ — mommoe mpofomkenme, T. €. IOZIPOCTPAHCTBO
B Hom (L —1» L) Bcex bpaeMeHToOB ¢, Takmx, 4To [@ (1), ¥] =
= [p(v), ul gna mo6ex u,v&E L_y. Has yJJ;o6cha TMOTORAM

T, ul=(x). Orvermm, a0 L§’— Hemycroe MHOKECTBO, MOCKOIBKY
LD Li=M,®QO(F). HolL_y, Lil=M,® O(F), a mnam
XoTenoch 6K umeTh pasederso [L_y, L] = L,. B asrom cuy-

yae (GecKoHeuHoMepHAs) TIpPajympOBaHHAA HENPUBOANMAsA al-
rebpa Jlu

L=L_y+Ly+ Lt ...,Le =L =LY,

Oyner mpocToii, Tak JKe Kak WM ee KOHEYHOMepHas mogairedpa,
moposkieHnas mpocrpancrBamn L_4, m L,. PasenctBo L, ==
=[L_4, L,} sumonanaercsa, Hanpumep, Bceaysae M = A; ={e_> +
+ ey +<er> n L(F) =Wy, (F), xorma

dim L = (njz) p™
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BrpoueM, Herpy/io moKasarh, uTO MOJIYydYaromasacs alrefpa H30-
MoppHa KoHTaKTHOII aarebpe I, 4 (F).

IIpusegennsiil Brime MeTOX HOCTPOEHUSA HEIPUBOJIIMBIX IIPO=
CTHIX IpafiyHpOBAHHKX ajirefp oIycKaeT, OYCBHIHO, DPA3IWIHEE
MOmUPHUKAIMIMY I JOCTATOTHO YOeIMTeIbHO IHOKAZHIBAET, YTO RJIACC
rpafydpoBaHHEX ajiredp B Xapakrtepuctuke p >0 ropasmo mmpe
COOTBETCTBYIONEro Kiacca B xapaKrepucruke 0. Ilpm kmaccugura-
AN TPOCTHX KOHeTHOMePHHX aire6p JIm — a sTa samaua mac mH-
TepecyeT B IIepBYI0 ouepeAh — OOHaIeKHBAOIMHI GakTopP, BO3MOIK-
HO, 3aKII0YATCA B TOM, YTO HPABIUIbHEI BHOOp $UILTpamuil B HUX,
cKakeM, Ha ocHoBe Tunoressl 2 (cm. § 1), ofecnewtT 3HAYNTEILHOE
Cy’KeHHe KJacca acCOMUIPOBAHHHX TpaXynpoBaHuLIX aare6p. Ec-
J1 BTO TaK, T0 KiaccupuKkamuonHas Teopema us [3], npeskme Beero
BBOIAIAS B 00NXOM A3KK, HA KOTOPOM HY’KHO BeCTIH ONICAHUE Ipa-
AYUPOBAHHHX ajredp, Ipuobperaer 0ojdee obuiee 3ByUaHIIe.

§ 6. Tedopmanun

Ilyere L—=L_4+ Ly-- Ly -+ ...— rpagyupoBansas auared-
pa Juum &€=¢ 1D D & D...— anrebpa ¢ uapTpanuei,
OTHOCUTeIBHO KoTopo#l gr& ==[. Torma romopaAT, urto £ moJyda-
erca medopmanmeil rpafyHpoOBAaHHON CTPYKTYpH [ IIH, mpoime,
aro0 & — medopmanus anredpsr Jlu L. B unoii noctanoBKe 3amagy
nedopmanuu anreGp ucciaemopanu L'eperenxabep (em. [31] ¢ mocae-
nytouumu popokenusamu), Pum [32] u gpyrue astopmn. Ee mpo-
o6pasoM caykur Teopust AedopManuil aHATUTHUECKAX CTPYKTYD.

Anre6py L, y KOTOpOil HET HeTPUBUAILHEX AedopMaluil, Ipr-
HATO HA3HBaTh KecTKoil. HHecTRuMU ABIAI0TCA BCe GeCKOHEYHOMED-
Hie (moimbie) rpaxyupoBannme aiareGpst Haprama ([27], [33]).
Anre6psr kapranosckoro tnua L(F), tounee, aurebpst L, L (F)C
C LCL*(F), yae mMoryr o0magaTh HeTpHBHAIBLHEIMA RedopMani-
AIMM, KaX NMOKa3HIBAlOT IMPHMEpH, IpuBenennsie B padore [29]. Mx
MOJTHOE 0003peHue enie He 3aKOHUYEHO, IOBTOMY OTPAHATAMCS O71-
JIeIbHEIMA 3aMOUAHHUSIMN.

Crenceposcrue rpynisl xoromoaormit Hi-1(L), H>? (L), B rep-
MEHAX ROTOPHX OGHYHO OMUCHBAITCA HedopMarun, BOOOIIE roBo-
psi, HE aNeRBaTHH 06BEKTY W3yuenmsa. PasemctBa HHYL) = 0 =
= H%2(L) obecmeuuBarOT KECTKOCTE, HO MMEIOTCSA FRECTHIIE alreGpsl
Jlm romeunoii xapakrepuctuku ¢ HiJ (L) 4 0 mpm HeROTOPHX i
(j = 1, 2). 910 06cTOSITEIHLCTBO BHPAKALTCS B CYIMeCTBOBAHAN HeT-
PUBHATBHKX [eOPMUPOBAHHHIX anredp £, W30MOPPHHIX HCXOH-
Hoit anre6pe L. Boriee Toro, MoskHo MOCTpPOUTH IapaMeTpUEEcKIe
ceMeiicTBa AedopMaruii, KoTophie, OMHAKO, PACIANAIOTCA HA KOHEY-
HOE YHCI0 OpOMT OTHOCHTENBHO aBTOoMOpHuU3MOB. OT ImapaMeTpoB
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3aBHCAT TAK;Ke MHOTWE axre0pH, MOCTPOeHHEIE paHee, HALPAMED,
paccmorpernse B § 3 anre6pmt AuGepra — Ilaccerxayza. B wux
olpejeienue BXOMAT OPOU3BOALHAA JuHeHHas Hajk Fp yHRIMA A
u HaGop B k& Oa3sWCHHIX DIEMEHTOB KOHEYHOMEPHOIO BEKTOPHOIO
gpocTpaHcTBa. B OTAGIBHENX CIydYaax HOKasaHa KOHEYHOCTh YHCIA
Takux axredp FaHHoli pasmepHocTH. He mcrmioueno, wro nobasn
KOHeTYHOMEpHAA Ipoctas p-airebpa JIum map anreGpauuecku saMu-
HYTHM IoJxeM & TipefcraBiAercs B Bufe & = &, QF o k, rne £o—

anre6pa Jlu may mpoctriM mogmonem F,C k. KHiaccuueckne anreGpst
¥ anre0psl KapTAHOBCKOTO THIA ABIAIOTCA TAKOBHMH IO OIpefe-
JIeHAIO.

HoHerpyrmuio alre6p KapTaHOBCKOTO THIIA, W3JI0KEHHYIO B
§ 2, MOKHO MONMPHUIUPOBATEL TAKMM 06pazoM, ITOGH 0HA OXBATHI~
Bajla BCe M3BECTHHS K HACTOANEMY BPEMEHI HOKIIACCHUECKME MPOC-
THe anre6psl JIm. d10 cpenaHo B muccepramuu P. Yuacoma [37].
I'pagympoBaHHOCTH, €CTECTBEHHO, TEPSAETCSA, HO 6JWHAS KOHCTPYK-
muA TO3BOJUT, OYEBHJIHO, OTBETHTHh HA DPAJ BOIPOCOB O IPOCTHX
anreGpax Jlu, B TOM Uncie ¥ HA BONIPOC O CYIMECTBEHHOCTH MapaMeT-
pos. HeoOxoqamMyIo [ 9TOTO TEXHUKY [aeT Teopus Hedopmanuu.

§ 7. Ppymust G, (L,p)

Mpuorue paspo3HeHHEHE QaKTH 0 KOHEYHHIX IPOCTHIX TPYIIMAX
GHIM yHopagoveHH Hocae Toro, Kak Illesamme [34] npegmosxnn we-
KY10 oIUHyI0 KOHCTPYKIHIO, KOTOPafA BIOCAENCTBHE ORIA PA3BUTA,
akcuomaTuzupoBana ({(B, N) — mapul Turca, cM. [3D]) n mpumenena
B HECKOJBKUX [JDPYIHUX CHTyar#uax. Bce 310 HacTONBKO 00mieusBecT-
HO, UTO MBI INIb KOHCTATHPYEM HEHNOCPENACTBOHHOE OTHOMIEHHE
rouHcTpykumn lleBaiie K KIACCHIECKUM HPOCTHIM ajrefpamM WM uX
rpyanaM aBTomopdusmoB. Momno, ciaenys lllesanie, crpouts as-
TOMOPGU3ME! KOMIUIEKCHBIX TONYHpocTHX aixredp Jlum u upu mag-
aeskameM Boibope fasuca MepeXoAuTh K MATPHIAM aBTOMOpPPU3MOB
HaJ MPOU3BOALHBIM mojaeM. MoKHO, HaIpoOTHB, CTPOUTH AaBTOMOP-
duaMH HemoCpeXCTBEHHO B KiIaccmueckux ajirebpax Jlu, memoabays
SKCOOHEHNHMAJAHHEE (QYHKUHMN NPHCOSTUHEHHHX 3JHIOMOPHHIMOE,
COOTBETCTBYIOIEX KOPHEBHIM dileMenTaM. [{MarpaMma sTux gefcTpuil
opm p>3, mo cymecTBy, KommyraTtusHa (cM. [5], ra. III) m xawmo-
HHYHA BBUJY COIPMKEHHOCTH KAPTAHOBCKUX Pa3lioKeHUM.

T'pynos aBTOMOPPHSMOB HERJIACCHYECKHX MPOCTHX aareGp
B KAKOM-TO cMEICJle Maxomomuw. [leficTeutentro, B axreGpax xap-
ragoBcKoro tTuma L(F) OHW 0CTaBIAI0T WHBAPUAHTHHME Goabmme
mopmanreGpst (cM. § 2) ¥ X KOMIO3UIWOHHEIE PAXEL NMEIOT TI0 MEHB-
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mieil Mepe TaKy1o ke ALY, YTO U eCTeCTBeHHHE PUILTPALUY B aJi-
redpax. Hawx nerxko BHAeTh, TPyHNa aBTOMOPPUIMOB AJTreOPH
W(F) aBnsierca maske paspemumoii.
Hasxercs sxematensHEM comoctaBuTs anrebpam L(F) (m BooG-

e — HeKJACCHIECKUM HpPOCTHIM ajareGpaM) PPYIIE, GIMKE CTOM-
mue ¥ xorcrpykumu llepanie, yem rpynnst asTomopdusmor. Bpan
JM TO BO3MOKHO CJIeNaTh KAKUM-IM00 BHYTPEHHUM CIOCO00M, HO
CAeNYIOMUA IYTh 3aCHYKUBAET TOr0, 4TOOH OHTH OTMEICHHBIM.
B mpocroii p-aaxrebpe JIn L = W, Sp, H,wiu K, 5ag F,, paccmar-
pEBaeMoii BMecTe co cBOeil cTaHJapTHOI rpagyupoekoit L = P L;
H HEKOTOPHM HEOPHUBOJAMHM p-IPEICTABICHUEM O, BHIJIGIEM BCE
OJIHOPOJHEIE DIEMEHTH T L; , — 2< i < r, I KOTOPHX p(z)? =
PazmepHOCTs HATAHYTOTO HA HYX HIpocTpaHcTBa paBHa dim L—n.
I'pynny, moposxnenuyio sumomopdusmamu Buja exp fp(r), t€F,,

= p¥, obosHazuM cmmBoioM G, (L, p). Xora G, (L, ad)N
(MAut L & Fy 541, rpynna G, (L, ad) He cofmepswurcsa B Aut L &
& F,, mocrkoasky exptad x Oymer asromMopgusmom, BooGme
roBops, Jgmmb npd (adz)’ =0, s << (p+1)/ 2. Hecummerpmu-
HOCTH IpagyupoBru L, BHpaskalomascs B IpeobiaJaHAu 4YIeHOB
L; ¢ i>0, sarpynmsier ucciegosarue rpynn G,(L, p), o ctpoe-
HIA KOTOPHX U3BECTHO Kpaiine mano. HecomrenHo, 410 OHHU CcyIne-
CTBEHHO 3aBUCST OT P, HpHUeM 60s1ee JOCTYIHHEMA KajKyTCA IPYIIIBI
G,(L, py), TAE py— «CTAHJAPTHOE» MNPEJCTABICHUE pA3MEPHO-
cre dimp, = d(L) (cm. § 4). B cayuae aarebpmr L = W,
BJIIOKCHEE p1 (W1) C Cp—1)2 COIPOBOKAAGTCA  BJIOSKEHHEM
Gy (W1, p1) ©Cip—12(q) (0003HAUCHNE CHMIIEKTHYIOCKOH TPYIIIEH),
HO. coBceM He ougesupmo, uto Gy (Wy, p) = Cip—1y2(g). Ot0
IpOBEPEHO HOKA JIHMmb AjIA p = I, 7 I'pymna G,(W,, ad), mo-
BUIHMOMY, cosuamaer ¢ SL(p, q) CrypocTs ahCHepI/IMeHTaJIL-
HOTO MaTepHmaja He IaeT OCHOBAHUN JiA KaKUX-IH00 OmperesieH-
HHX BEICKA3HIBAHNIH.

§ 8. Iloxympocrere aareGpui Jlu

Har n B xaparreprctare 0, moaympocroit Ha3HBaeTcsa aireGpa

JIm & ¢ myneenm (paspemmmuiM) paguraigomM. Ecau € gomyckaer

TOYHOE IIpeficTaBieHMme pasMepHocTH < p—1, TO &€= ¢, THE
i

{; — KIacCHYeCKHe T[pocThe anre6pnl ¢ HEBHPOKHEHHON Qop-
Mot Kuanmara (cm. [36] n mpmmeuanne B xomme craten [3]). Ucky-
TeHue 3alucaTh IPOW3BOMBHYI0 HOXyTpocTylo anre6py Jlu B BHfe
IPAMOM CYyMMHI IPOCTEIX HAEAJ0B, He 00A3aTeAbHO KIACCHICCKAX,
OKa3HBAETCA HEOIPABNAHHKM a3Ke TIPH JONOJHATEIHHOM YCIOBHN
[¢,8]=¢, vax mokasmBaer upumep aareGpx & =L (F) +
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+ M OF) (cm. § 5). Jlump Hano)kuB yciosue, 4T00H BCe MIi-
HHMAJbHBE uieadsl B € =[¢, ¢ ] 6ouim mpocromm, ¢ paspemmn-
MBIME aire0paMu BEemHAX Auddepernupopannil (rumoresza Ilpeii-
epa; cM. § 2), MBI MOKeM rapaHTHPOBAThL YKA3AHHOE PasioKeHue,

Bompoc o cTpoeHmu MPOUMBBOIABHHIX HMOJIYIpPOCTHX anarebp Jiu
TEeCHO CBA3AH ¢ 3ajaueit onmcanma JudPepeHmUATHLHO IPOCTHIX
(unm: XapakTepUCTHYeCKHU HPOCTHIX) airedp, T. e. axrefp, B KO-
TOPHX HET H7leallOB, NMHBAPHAHTHHX OTHOCUTEILHO BCEX HHpdepen-
nupoBaruil. lcueprrisatonige pemenue »10il 3ajaus ObLIO THOTYUSHO
nemaBHO Baoxom (cm. [4]; Tam sKe HMEHOTCHA CCHUIKM Ha [OMOJ-
HUTENBHYI0 auteparypy). Vim mokasamo, 4To BCARAS KOHSTHOMEp-
pasi auddepeHnuaapHo mpocras anredpa A (¢ IPOM3BOJILHEIM 3d-
KOHOM yMmHuOxenus; AZ40) max momem k xaparrtepucturm p >0
npepcrasiserca B BHae S & Oy (F), rae S — mpocras aurebpa
(pmar F moxuo cumTaTh TpUBHANXLHEEIM). OTCIONA BHITEKaeT Cie-
nytomee. Ilycte My, . . ., M,— mpocteie anre6psl Jlu Hapx anreb-
pamduecKn 3aMKHEYTHM moxeMm k; ny, . . . , ,— He 0043aTeIBHO pas-

3
JUYHBIE NeJHe HeoTpHUIaTenvEbe uncda; M= P M; R0, ;
T

der M—aareGpa ampdepentmpopanuit; In M — anreGpa BRyTpeH-
rux guddepennupoBanTii, oToIeCTRIAAeMasn ¢ M

k k
M=InM=pInM; R0, Cder M =@ {(der M; )R On. +
i=1 t i=1 i
+ 1, @ Wi ).

Ilycts, masee, £ — nwbasg momanredpa B der M, comepsxammas M.

Torga mIs DOnympocTOTH £ HEOOXOAUMO ¥ [OCTATOYHO, YTOOHL B

O,. He OWLI0 mofaiaredp, MHBAPHAHTHEIX OTHOCHUTEILHO MHOKECT-
(2

Ba KoMmmoHeHT B W, smementoB u3 £.

OfpaTe0 kKaykmas MOIyUpocTas aarebpa ANk MMeeT 3TOT BUL,
OIIPe/IeNsAsaA OJHO3HAYHO, ¢ TOYHOCTHIO O M30MOpPOHIsMa H YIOPANO-
verusi, maps (M;, n;). Takum o6pasoM, yKasaHHLI{ BHme HpHMED
AIBJISIETCA [OBOJABHO THNHYABIM, VsywueHue mOITyIpocTHIX axredp
Jln oxoHuAaTEeNRHO CBEJEHO K W3YYSHWI0 IPOCTHX — pPO3yIbTarT,
MOKA3aTeTLCTBO KOTOPOTO B TEUCHHE JOJTOr0 BPOMOHH IPefcTaB-
AAIOCH BechbMa KEIATENHHEIM,
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HUNGARIA .
Magyar Tudomidnyos Akadémia Matematikai Kutat6 Intézete

M. MAKKAI

PRESERVATION THEOREMS
FOR PSEUDO-ELEMENTARY CLASSES

Dedicated to the memory of Professor A. I. Mal'cev

§ 1. Introduction

Professor A. I. Mal’cev considered in [10] the relatively
projective or PC) -classes of structures (see also [12]), and
asked whether PC, = PCa was true. A positive answer to
this question was given by the author of the present paper in [7].
As it was mentioned by Mal’cev in [10], this result implies that
the family PCa of classes is closed under a number of algebraic
operations on classes of structures, e. g. KE&PC, implies
Hom (K)E&PCa. In this paper we want to refine a number
of corollaries to PC, = PCx of the latter type in such a way that

we obtain «PCj,-analoguesy of known preservation theorems.

In more detail, let us consider a relation R between structu-
res of a given similarity typet. In the following, let K always de-
note a class ‘of structures of . Put K = 4 {8:9 is elementarily
equivalent to some structure in K}. Also, define Cg(K)=
= ¢{® : ARD for some U € K}. For the case: YRY iff B is a
homomorphic image of 9 we have, according to Lyndon [6],
the following two facts (a) (R, A) and (b) (R, A) where A is
the set of positive sentences of 1. (a) (R, A). For any > CA,

Cr (Mod; (2)) = Mod: (3). (?) (R, A). For any class K¢ ECa
of structures of v, Cg(K)=Mod: (D)) for some X C A.

As a consequence, we have (¢) (R, A). For any K,
K = Mod, (Z) for some N CA iff K€ ECx and Cr (K) = K.

It is interesting to note that the mere existence of A such
that (a) (R, A) and () (R, A) hold for the given R is already
non-trivial; in fact, no proof is known of this fact without
constructing A explicity as the set of positive sentences. On the
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other hand, it turned out (see e. g. [5], [11], [6], (3], [4], [1])
that for a number of relations R one can explicitly construct
sets A such that (a), (b) (and thus (c) too) hold. Presently we
do not know of any natural and sufficiently comprehensive
class of relations R which provably admit a set A with (a) (R, A)
and (b) (R, A).

[Note added in proof, May 3, 1971. It was only after the
submission of this paper that the author became aware of Per
Lindstrom’s important work: «On relations between structures»,
Theoria (Lund) 32 (1966), 172—185, where such a class is exhibi-
ted and called the class of regular relations. As regularity im-
poses essential restrictions only on countable structures,
regularity does not seem to be the right notion for unifying
the work of the present paper.]

For the case: YRY iff B is a homomorphic image of %,
we constructed in [7] a proper class F of sentences such that the
following analogues of (a) and (b) hold.

(4) (R, F). Forany SCF, Cr(Mod (Z) } 1) =Mod (2) } =
(where the similarity type ©” is such that it contains the elements
of v and every non-logical symbol in formulas in )

(B) (R, F).Forany K¢ PCa we have Cg (K)=Mod (Z) } T
for some subset = of F (and for a suitable 1"2D7).

As a consequence, we have

(€) (R, F). For any K, K =DMod. (Z) } v for some set
MNCF iff K¢PCy and Cg (K)=K.

Also note that (B) has the following consequence.

(D)(R). KEPCy implies Cg(K)€PCa.

In this paper we show that for each of a number of rela-
tions R there exists an explicitly definable class F such that
(4) (R, F) and (B) (R, F). Again, the mere existence of F with
this property seems already to be non-trivial. It is interesting
that the relations for which such F exists seem to be exactly
those for which some A exists with (a) (R, A) and (b) (R, A),
although we do not see how to deduce either of the two kinds
of results from the other. Sometimes, but not always, the syntac~
tic forms of formulas in A and of those in F (for the same R)
are closely related. To indicate another puzzling circumstance,
we note that, under some natural conditions for R, (a)(R, A)/\
/\(B)(R, A) implies (a)(R~Y A)/\ (bR, A’) where A'=
={ ]¢@:9EA} but on the other hand, there does not seem
to be a direct deduction of I F[(4)(R-t, F) \ (B} (R, F)}
from d F[(A)(R, F)/\(B)(R, F)]. In fact, although (A)(R, F) A\
/ABYR ,F) and (4)(R—1, F')/\(B)(R-1, F') both hold for the rela-
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tions R considered with some F and F’, there is in
general no immediate connection between the syntactical forms
of formulas in F and of those in F' (see e. g. § 3 and 6).

We will actually carry out the construction of F and the
proof of (A)(R, F) \(B)(R, F) for three relations, defined
respectively by the following conditions (i) — (iii): (i) %R®
iff ¥ is a homomorphic image of %, (ii) LRV iff B is a direct
factor of %, i. e. there is € such that =B X ¢, (iii) P is
an E — extension of ¥ , i. e. ¥ is a substructure of B and when-
ever b6B,a€¢A and (b,a)6E® we have b6d4 (§ 3-5).
As we mentioned above, the first result was already proved
(in fact, in a more general form) in [7]. Here we present a simpli-
fied proof.

In § 6 we give a list of additional relations R;, each accom-
panied with a class of formulas F;. For these pairs R;,F; we always
have (A)(R;, F;) and (B)(R;, F.), however, we do not give the
proofs of these statements. The proofs of all results of the paper
are somgwhat similar, and the most complicated proof of all
the results of the paper is the one given in § 4.

Note that, since we do not use the equality PC, = PCa,

we obtain essentially new proofs of a number of results of type
(D)(R) above as corollaries to (B)(R, F).

Finally, we wish to mention that it seems that the reflexi-
vity and transitivity of R are important for the validity of
A [(@)(R, A)/\(b)(R,A)] and I F [(A)(R,F)/\(B) (R, F)]. In fact,
we conjecture that a certain «pseudo-elementary definability» of R,
the reflexivity of R and a «definable version of transitivity»
of R are jointly sufficient for both statements to be true. The
exact formulation of the conjecture is somewhat involved, hence
we do not give it here, the more since we cannot prove it.

The results of this paper were announced in [8].

§2. Preliminaries

We will have to deal with proper classes as well as with sets;
accordingly we work in an informal version of the Godel —Bernays
set theory. Classes which are not supposed to be sets will be deno-
ted by capital letters; however, some capital letters will always
denote sets. In short, the following kinds of proper classes will
appear: (i) classes of symbols (of first order logic), (ii) classes
of formulas, (iii) classes of structures, (iv) relations between
structures, i. e. classes of ordered pairs of structures.

Concerning the set-theoretic notation used in the paper
we mention the following. If R is a relation (i. e. a class of orde-
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red pairs (z,y) dom (R) and rn () denote the classes{z : {r,y)E R
for some y}, {y : (z,y) € R for some z}, respectively. For relations
R and S, RoS =q4i{(z, z): (z, y)€ S and (y,z)c¢R for some y}
and R-! =4 {(y, ) :(z,y) € R}. Functions are identified with
relations in the usual way. The notation A : 4 — B indicates
that A is a function, dom () = 4 and rn (k) C B.

A similarity type 7 is a set of finitary relation and operation
symbols. If ¢ is an » - ary relation or operation symbol, n is
denoted by p(0). A structure % of type 7 (or simply: a structure
% of 1) consists of a non - empty set |%| (called the domain of ¥)
and proper interpretations ¥ of symbols ¢ in 7.

If t C 1" and 9’ is a structure of ©’, then the reduct %'}«
of %' to v is the structure ¥ resulting by deleting from %’ the
interpretations of elements of t" —t. Conversely, if v’ D,
% is a structure of v and G is a function on v — T assigning pro-
per interpretations G(o) on [¥] to every oGt —7,, then (¥,G)
denotes the structure %’ of v’ such that %’ } 1= A and 0 %" = G (o)
forc € v —r.

We will adhere to the following conventions throughout
the paper: 7,7’ denote similarity types such that 1t C v/, %, 93, €
are structures of 7, %', ¥’, € are structures of ©. 4, B, C denote
the domains of %, B, € respectively. %, 8, € will be reducts of
%', B, &’ respectively, whenever they appear in the same con-
text. K denotes a class of structures of T.

With any similarity type T we associate a first order langu-
age L{t) with equality; the elements of v are the non-logical
symbols in L(r). We will say «term of m, «formula of m etc for
«term of L(v)», «formula of I(t)», respectively.

It is convenient to assume that the set Var of variables
coincides with the set of natural numbers 0, 1, . . . To avoid con-
fusion, v, will often be written for » when n plays the part of a
variable. Suppose « is a function, dom () C Var and rn () C 4
and let ¢ be a formula of T, ¢ a term of T, all free variables of which
belong to dom (t). Then A £ ¢la] means as usual that ¢ is satis-
fied in ¥ by the assignment of a(z) to z for all & dom () and
t¥%[a]is the denotation of ¢ in U by the same assignment. We will
write 1G[a]for ¢ (¥,G)[a] if all non-logical symbols occuring in
t are in dom (G). Also, f% will be written for f (%.6) = G(f) if
f€ dom (G). We write¥% = ¢ if¥ £ ¢lal for every a: Var - A.
Hence % | ¢ is equivalent to saying that % = ¢’ where ¢’ is
the universal closure of ¢.

We use (as before) usual model-theoretical terminology.
In particular, K is a pseudo-clementary class (in notation:
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K€ PCp)if K =Mod: (Z) t ™ for some set I of formulas
and some similarity type v Dt such that every formula in =
is a formula of 7t’. «<Introducing Skolem-functions», we obtain.

2. 1. Lemma. K¢&PCa iff for some v D1 and for some
set 3 of quantifier-free formulas of v/, we have K = Mod,' (Z) } .

Partly owing to 2. 1, we will have to deal only with quanti-
fier-free formulas, therefore in the sequel «formulay will always
mean a quantifier-free one.

We will need large supplies of operation symbols. In parti-
cular, for any set a, < a, n>> denotes an n-ary operation symbol
such that <a, n> == <b, m> for a 5= b; we call operation
symbols of the form < a, n> to be of the first kind. The class
of all operation symbols of the first kind is denoted by Si. More
over, for any set a, [a] denotes an individual constant of the
second kind such that [a] == [b] if a =+ b, and, writing S, for
the class of individual constants of the second kind, we have
SiNS;=@. v, v will always be similarity types disjoint
from S;US,.

If r is a function such that dom (r)=Var or dom(r) consists
of induvidual constants, and r(z) is a term for each z€dom (r)
(in which case r is called a substitution), @(r) ({(r)) denotes
the formula (the term) resulting by the substitution of r(z) for
z in @ (in ¢) for all z€dom (r).

Let u be a term. In order to define when we call u a term
form, let O be the set of all occurences in u of variables and let ¥,
U5, . . . ,¥n_s be an enumeration of the elements of ¥in their natu-
ral order in u from the left to the right. u is a term form if for
every k < n, ¥, is an occurence of 3. In this case n is denoted
by p(u).

2. 2. Lemma. For every term t (of some similarity type}
there is a unique termform u (of the same similarity type) and a uni-
que substitution r such that dom (r) = {®;: i<p(w)}, for every
i < p(u) r(i) is a variable, and t = u(r).

We will use tacitly this obvious lemma several times.

Finally, we call a term simple if it is either a variable
or of the form fz,, ..., z, 1, forsome f€S;, n< o such that
Zgy « .., Tpn_y are variables.

§ 3. Homomorphic images

We say that & is an homomorphism on % onto 9 ifh: 4 - B,
rn(h) = B and for any atomic formula ¢ of v and for any a:
y P

*) Mod,, (2) = {9 : 9’|= g for all ¢€3}.
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Var - 4, % £ ¢la] implies 8 = ¢lhoal. B is called an homomor-
phic image of ¥ if there is an homomorphism on % onto 3.

Define the relation R between structures of v such that
ARY (i.7e. (A, B)ER) iff B is an homomorphic image of «A.

Define F as the class of all finite disjunctions whose disjuncts
are of the form ¢(r) where ¢ is an atomic formula oft, r isan
w-sequence”) of simple terms.

3.1. Theorem. (A) (R, F) and (B) (R, F) hold.

Proof of (4) (R, F). Suppose ZCF, (%, G)€EMody (2)
and suppose that 2 is an homomorphism on % onto B. Let
(by the axiom of choice) »’ be a function such that »’: B -4 and
hoh' = ldpg (= the identity mapping on B onto B). Define the
structure (B, H) such that

FEP) =R (f¢ (R =)
for any f€édom(G) =dom (H), and for any P :{0,
o(f) —1} — B; here f(p) stands naturally for f”(B(O), ..

ﬁ(p( H—1) and similarly for fG (h'op).

"As a consequence, we clearly have

th [B] = h(t9 [h'-B])
for any simple term ¢ of v’ and for any p : Var — B. Hence, using
also that % is an homomorphlsm we obtain that (¥,6)E ¢ (r) (o]
implies (3, H)E= ¢(r)[p] for any atomic formula ¢ of T,
for any w-sequence r of simple terms and for any P: Var — B.
It follows that (%,G) = ¢ implies (g, H) E ¢ for any $€EF,
consequently (8, H) ¢ Mod. (2), q. e.

Proof of (B) (R, F). Suppose KEPCA By 2. 1 we have
K =Mod. (8) } t for some v Dt and for some set © of quan-
tifier-free formulas of t'.

For every termform u=£v, of v’ let f* = g1 < u,p(u) > and
for any term ¢ = u(z) of v’ (where u is a termform and z is a sub-
stitution  of variables such that dom (2)= {vi: i <p(w)})
define t = grf¥z if w == v, and ¢ = o ¢ if u = v, (. e, if tis
a varlable) Define = to be the set of formulas ¢(r) such that
¢ is a disjunction of atomic formulas of T, r is an w-sequence of
terms of v/, 7 = <r(i) : i < © > and ¢(r) is a logical consequence
of 6. Clearly, ZCF.

Suppose 4’ € Mod,- (0). We want to show %= de[ }TE
€ Mod~(2) t v where t"=tJ{f*: u is a termform of T, u 5= vo}.
To this end define the structure (¥, G) of type ©” by

(74)% (o) = u?' [l

*) An e-sequence is a function with domain m = {0, 1, 2, . . . }.
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for any termform u = vo of v’ and for any « : p(u) — 4. It fol-
lows that

o] =t¥ [l
for any term ¢ of 7" and o : ® ~A4. By the definition of = this
clearly implies that (%, G) € Mod.(Z).

We have shown K CMody (Z) t t. This, combined with
(A)(R, F), yields that

Cr(K) S Mode (3) t 7.

To show the opposite inclusion, suppose that (3, H) € Mod+ (2).
Put D =g {[b] : bEB}. If t is a closed term (i.e., a term
without variables) of v |J D and ¢ = u(y) where u is a termform
of v’ and y is substitution with dom (y) = p(u) = {0, . . . , p(u)—1},
put t = qif4y for ws~ve and t =1¢ for u =wvo (i. e. t€ D),
f¢y means of course f«y(0) ... y(o(xw)—1). With this definition
we obviously have #(y) = #(y) for any term ¢ of v’ and for any
y:Var - D

Now let us define A as the set of formulas — ¢ (r) such that
¢ is an atomic formula of 1, r is an - sequence of closed terms
of v U D, and (8, H,n) F — ¢ (r) where n= (([b], b): b€ B}
and r = <r(i): i< ® >. (The role of 0 is to ensure that [b]
is interpreted as b).

We claim that O UA is satisfiable. Using the compactness
theorem, it is sufficient to prove the satisfiability of OUA’
for any finite subset A’ of A. If OUA’ is unsatisfiable, we have
O V{y: veAN]. \/{p: wpEA’} may be written as
¢(r) where ¢ is a disjunction of atomic formulas of v and r is an
o-sequence of closed terms of t'\UD. Because of the defi-
nition of A, we have
Let v be any one-to-one mapping on the finite set of elements
of D occuring in ¢(r) into Var. Since O = ¢(r) we have OF
Fo() (where 7r(y)=<(r())(y): i< w>>) and thus
¢(r(v)€XZ. By (8, H)¢Mod. (2), we have (3, H)E ¢(r(y)
contradicting (8, H)= — ¢ (r (y))[y—tonl, which follows from
(1). Thus we have verified that @ UA is satisfiable.

Let (%', €) be a model of OUA of type v UD. Since
every formula in @UA is quantifier - free, we may and do
assume that (%', ) is generated by <UD, i.e. every element
of [’ isof the form ¢(¥:%) where ¢ is a closed term of v'UD.
Define: h = df{(t(%"z‘), tH,m) : ¢ is a closed term of v'UD)].
We claim that % is an homomorphism on % = 4%’ ¢ Tonto J.
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Since (%', E) is generated by v"UD, dom (k) = A. Since
([B)ED — [p]F™ — p  for any b € B, we also have rn(h) =
Consider now an arbitrary atomic formula ¢ of v and let r be
an o - sequence of closed terms of v'|JD. Using the definition
of A and the fact that (¥’, §)€éModyyp(A) we see that

(2, &) o(r) implies (B, H, m) E ¢(r). Equivalently,
A (258N implies sk ¢ [FE]

which, applied for ¢ = vo = vo, shows that & is a function, and
applied for a general atomic ¢ of v, verifies that % is a homo-
morphism on % onto B.

As a conclusion, A€Mody(0) + T=K and B is a homo-
morphic image of % Since B was an_  arbitrary element
of Mod.~(2) = 7, we have obtained the inclusion Mod,- (Z) f1 s
CCgr(K). The opposite inclusion shown earlier completes the
proof of the equality Mod(Z) } © = Cg(X), q.e. d.

§ 4. Direct factors

Let R be the relation between structures of type T such that
ARDY iff B is a direct factor of U, i. e. there is a € such that § X ¢
is isomorphic to .

In this case even the definition of the class F requires some
preparations these will follow after stating two simple lemmas.

1. Lemma. Suppose A =9 X6C, a;:0—>A4A,
it > Bfori=1, i=2, y: o - C. Suppose moreover that
a; (n) = (B; (n), y(n)) forn < 0, i = 1,2 and @ is an atomic for-
mula of ©. Then AE @lou]l and Y= — ¢la,] jointly imply
BE@lp] and BE — ¢lfs)l. Also, ¥ =¢loy,] implies BE
Eolp,l.
The proof isan easycomputation.

4, 2. Lemm a. Let the structures %, B be given. Suppose
that there is a set C' and a subset h of A X (B X C') with the fol-
lowing properties:

(i) dom (k) =

(ii) rn (k) = B >< c’,

(ii1) whenever @ is an atomic formula of T, and o;: ® — A,
Bi: ®— B (for i =1,2) and vy: o — C’' are such that (o; (n),
Bi (n), y(n))ER for all n< @, then UE @loy] implies B E

308 @) * D vi g dom ().
" (F)ED = {EH)FW i € dom (7).
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Folfy] and A E@loyl, A= @ lan] jointly imply B @lf,]
and BE — olpa].

Then B is a direct factor of %U.

Proof. A straightforward computation shows that there
is a unique equivalence relation ~ on C’ and there is a unique
structure ¢ with domain C = {c/~:c€C’} (where ¢/~ =
= {c¢’ : ¢’ ~ c¢}) such that forany y : ® - (' and for any atomic
formula ¢ of T we have @ E@ly/~] iff there are @ : 0 - 4,
p: ®—> B such that for all » <o, (a (n) B (n), v(n)))eh
and Ak q@la)] (here y/~ = < y(i)/~:i< ®>). Having
the structure €, we may verify by further computation that
K = at{(a, (b, ¢/~)):(a,(b,c))Eh} is an isomorphism on ¥ on-
to 8 X €.

For the construction of F we need some auxiliary termino-
logy. For finite sequences s1, Sz we write §; <] sy if §; is a (not
necessarily proper) initial segment of s2. In the sequels, s1, sz, ...
range over the set S, of finite sequences of natural numbers.
5;7sy denotes the concatenation of s1 and s.

We call a non-empty finite subset X of S, a bare tree if
(i) séX,s" s imply §€X, and (i) s"<<mn>€X, m<n
imply s»<m>€X. Note that for every bare tree X the
empty sequence, 0, belongs to X. {0} is a bare tree itself. .

For a bare tree X, let p(X) be the number of elements in

— {0}, and let <ls¥ :i<<p(X)>be a fixed enumeration
of X — {0}. For any i < p(X), let X/i denote the bare tree such
that s’ € X /i iff sf“s’ € X. s is called an endpoint of X if the-
re is no ¢ € X such that s’ s and s<]s’.

A tree is a pair Y =(X, I)such that J is a function, X is a bare
tree dom (/) CX and every element of X which is not an endpoint
of X belongs to dom([). A labeled tree is a triple Z = (X, I, E)
such that (X, I)is a tree and & is a function with dom (E)
=p(X) = {i: t < p(X)}.

The one-element tree ({0}, 0) is denoted by Y® and the
one-element labeled tree ({0}, 0,0) by Z©. Note that ({0},(0, a))
is also a one-element tree for any a.

With Y = (X, I) and Z = (X, I, E) as above put for i < p(X)
Y/i = 4(X/i, 1), Z/li = (X/i, I', &) where the function I, &’
are defined such that

dom(I') = (s € X/i : 5775’ € dom (I)};
dom (&) = X/i — {0};
I'(s') = I(si"s);
g () = E(k) )
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where k is the unique number such that
s¥ nsXit = sX. )

Obviously, Y/i (Z/i) is a tree (a labeled tree) for any i < p(X).
We also have

Xlilj = Xk, (3)
Y/1)lj = Yk, 4
(Zli)lj = ZIk, (5)

whenever (2) holds.
We will also write X/s (Y/s, Z/s) for X/i (Y/i, Z/¥) if s = s¥
For a tree Y = (X, [) different from Y(©), let f¥ be the ope-
ration symbol < Y, p(X) > of the first kind. Denote by D, the
class of the induvidual constants [e, Z] = [(e, Z)] of the second
kind where Z is a labeled tree. Ford = [e, Z], Z is denoted by n(d).
A term is called admissible if either it is an element of D,
or it is of form fY § for some tree Y = (X, [) == Y©® and for

some § which is a p(X)-sequence of elements of D, such that for
some labeled tree Z = (X, I, &) we have for every i < p(X)

8(i) = [&(2), Z/il. (6)
The admissible term t= fY 6 determines the lebeled tree Z

uniquely; denote Z by =(2).

Conversely, for every labeled tree Z=£Z(® there is a unique pro-
per (i. e., not an element of D) admissible term such that n(f)= Z.

Define @ to be the class of all formulas ¢(r;) and ¢ (ry) /\ — (1)
where ¢ is an atomic formula of T and r;, r2 are w-sequences
of admissible terms such that for any n < © we have n(ri(n)) =
= g5i(ra(n)). (In the latter case we call the w-sequences ri, ra
related.)

Specify in some arbitrary way a one-to-one substitution &
to every formula @ such that dom () is the set of individual cons-
tants of the second kind occuring in ¢ and such that 6(d) is a va-
riable for every d € dom(§). Let us denote ¢(5) by ¢*.

Let ¢ be the class of finite disjunctions of formulas in @
and finally, let F be the class of formulas {* where P € ¥.

4. 3. Theorem. (A) (R, F) and (B) (R, F).

Proof of (4) (R, F). Suppose A =8 X €, 3 CF, (%, G)€E
€ Mod.+(Z). We may suppose that for some set W, dom (G)
consists of all operation symbols f¥ such that Y is a tree, Y ==
# YO, and if Y =(X,I), sn(I)C W.
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We define the interpretation H(fY) on B of f¥ and the opera-
tion g¥:BPX —C for all tree Y = (X,]) < Y©® with
rn(l) CW by induction on p(X) simultaneously. Let ¢, be a fi-
xed element of C = |€|. Let N =p(X) and f : N — B. For any
i <N, let

N, = p(X/i) (7
and define
i : Ni— B ®)
such that for any j<N;
Bi () = ar P(k) 9)
for the unique & << N with the property
s¥O sF = g (10)
Define
v:N->C
such that for every i < N
P(0) = at o (11)
if
Y/i =YW,
and
(1) = ar 8¥/Hps) (12)

otherwise (note that by the induction hypothesis g¥/t is already
known since p (X/i << N). Define

a:N—- A4
such that
a(i) = ar(B(2), ¥(2)) (13)
for i <N, and finally, define H(f¥)(p) and g¥(B) so that wehave
G(M)(@) = (HG)(PB), g¥(B)). (14)

Note that for p(X) = N = 0 our definition gives H(f") ¢ B
and g¥ ¢C so that

G(fY) = (H(fY), g").

4. 4 Lemma. Suppose Uis a set of admissible terms, D
is a subset of D, including every induvidual constant of the second
kind which occurs in some term in U, and let B’ : D — B.
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Then there are functions

a':D-> A
v:U->C
such that
1Ga') — (t(H.ﬂ'), ‘\;' (t)) (15)
and
wt(t1) = m(t2) implies y'(f1) = ¥'(te) (16)

Jor any t, 1, 1t,€6U.

Proof. For any d€ D, write Z¢ = (X4, I4, t4) for m(d)
and Y? for (X4, I4). Denote by 6¢ the function with domain p(X%)
such that ‘

84(j) = [82(), 24 /j A7)
for j<<p(X4). Enlarge D so that we have 84(j)€D for every
dEDs]<p(Xd)' '

Define the function 9" : D - C such that for any d&D
" d 14
7' (@) = ag’ (B'-8?) (18)
if Yé=£Y®, and
¥'(@d) = ¢ (19)
if Yd=Y®, Finally, put
o(@) = ulp'(@, v'() (20
and
Y& = ar¥"(d) (21)

for t=deU, and
Y'(2) =ar g¥ (B> D) (22)

for t =fY8€6U. With these choices of o' and y' we seek
to prove (15) and (16).

First, consider (1G). If the admissible terms ?,, fz are not
elements of D, then m(f1) = n(fz) implies & = ¢z since w(f) uni-
quely determines ¢ = f¥§. Looking at (17)—(19) and (21) we see
that y'(d) for d€ D depends only on Z¢ = zi(d) hence for ¢y, t,€ D
we again have that m(f1) == st(f2) implies y(t1)) = y’(¢2). Finally,
let (e. g.) t1 =fY98, ty=d€D and =n(f1) = n(fz). Then by the
admissibility of f¥6 (i. e. (6) for Z = n(f¥6)) and by (17) it follows
fhat 6 = 84. This, together wiht Y = Y¢, implies by (18), (21)
and (22) that y'(fY8) = y'(d) indeed. Thus we have shown (16).
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Second, consider (15). For ¢t =d€&D the assertion fol-
lows {from (20) and (21). Suppose t=fY6e¢U,Y = (X, I),
Z = n(t). Pick an arbitrary i < p(X), put d = 46(i). Let p =
= 4;p’o8 and consider a, y, N, and B, as defined in (7) — (13).
Since t is admissible, by (6) we have

74 = Z/i (23)

and a fortiori Y4 = Y/i (24)
and

X4 = X/i. (25)

Using (8) and (7) we obtain
dom(p’ed?) = dom (89 = p(X9) = p(X/i)= N,= dom (B,). (26)
Now choose j<< N; to be arbitrary, and let £ be the number
defined by (10). We have by (5) that (Z/i)/j = Z/k, hence
by (23)
Zdlj = ZJ[k. (26)
Denote for a moment Z/i by (X’, I, &',). By the definition of
Z/i, in particular by (1), we have
E'(j) = &(k).
Since by (23) &’ = &4, we obtain
&4(j) = (k). (27)
We have (B'089)(j) = B’([&4 (j), Z4/jl) by (17), and B,3) =
= P(k) = B'(8(k)) = B’([E(K), Z/k]) by (9) and (6). The last two

equalities, (26’) and (27) imply that (B’<6¢)(j) = B; (j). Since
this holds for arbitrary j < N, using also (26) we have that

ped? = B; . (28)

Assuming for a moment that Y4 == Y, it follows by (12),
(18), (28) and (24) that

() = (). (29)

This is true in case Y = Y too, which is seen by (24), (11)
and (19). By the definition of B, p(i) = p’(d), hence by (13) and
(29) a(i) = (B’(d), v"(d)). This, together with (20), implies that

a() = o (d)=a'(8(3)).

Since this holds for any i < N, it follows that
o = 0/0d.
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Substituting in (14) a’c6 for o and p’'c8 for f we obtain that
G () (@'e8) = (H () (B'oB), g¥ (B'~6))-
Taking into account (22), we conclude

(fY )G = ((f¥ 8) B, 9" (2))

as required in (15).

The proof of 4. 4. is complete.

Now we proceed with the proof of (4)(R, F) as follows. By
hypothesis, we have (¥, G)EMod. (Z). Pick an arbitrary
element YP*&>, YeY¥Y. We want to show (B, H)E P*,
or equivalently, (3, H, p’) = ¢ for every p’': D—B, where D
is the set of elements of D, which occur in . Choose p’: D—B
arbitrarily. Let U be the set of admissible terms occuring in 1.
By 4.4 there are functions a’': D—-A4 and 9 :U — C such
that a’, p’, v’ satisfy (15) and (16) for all ¢, £, £, € U.

We have (¥, G,a’)[= P. By the definition of ¥, ¢ is a
disjunction of elements of @, hence (¥, G, ') =y where ¢ ¢ D
is a disjunct of 9. According to the definition of @, ¢’ may have
two forms; suppose first that V' = ¢ (r)) /\ — @ (ry) where @ is
an atomic formula of v and r1, r2 are related w-sequences of
admissible terms. Define a;: ® — 4, p;: © - B (fori =1, i =2)
and y:0—C such that a; (n) =a(r; (n))C*), B; (n) = ar (r; (n))E:B)
and p(n) = a4y (r(n)) = ¥'(ry(n)) (the last equality follows from
the relatedness of r; and ry and (16)). By (15) we have a(n) =
= (B,(n), y(n)) for i = 1,2 and n < ©; also, by (¥, G, a’)= Y,
A @loy] and ¥ — @la,]. Hence by 4.1 Lemma B ¢lp,]
and 8 — ¢lpl, i.e. (B, H pYE. If ¢ = ¢(r), we ob-
tain similarly that (3, H, p’) = ¢'. We conclude that (8, H, p')E
= 1. Since this holds for arbitrary B’ : D — B,and ¢ € ¥ (. e.,
P* € Z), we obtain that (B, H)EMod.(Z), q. e. d.

Proof of (B)(R, F). Suppose © is a set of quantifier-free
formulas of v, 1 C1'. By a tree (a labeled trec) we mean in the
following a tree Y = (X,]) (a labeled tree Z = (X, I, E)) such
that for each sédom (), 7(s) is a proper termform of v’ and
the number of immediate predecessors of s in X. (i. e. the se-
quences s"<_m > in X) is p(I(s)).

Observe that the trees in the restricted sense form a set of
power at most max ([t], R o).

Let D, be the (proper) class of all individual constants
d = [e, Z] such that Z is a labeled tree (in the restricted sense),
and let E be the set of operation symbols f¥= <Y, p(X) > for
trees Y == Y®, Denote the class of closed terms of E {J D, by To.
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For an arbitraty t€7T, define = (f) as follows. For t =
=d = le, Z], let n(t) = Z as before. For an individual constant
teE,t=fY, letn () = ({0}, (0,c),0) where Y = ({0}, (0, ¢)).
For a proper termform u such that p(x) > 0 and a sequence § =
= <lei, Z;):i < p(u) > let m(u(d)) be the unique labeled tree
Z = (X, I, &) such that the number of predecessors of 0 in X is
o), IO)=u, Z/I<i> =2;" and (@) =¢; fori < p(u).

Now define ¢ forany €7, as follows. Put ¢t = ¢ if t€D,
If ¢ is a proper term, i. e. not an individual constant, let ¢ be the
unique proper admissible term such that n(f) = =n(f), i. e. if.
Z=un() = (X, I, § 542, then t = f¥6 where Y = (X, 1)
and 6 is determined by (6). Observe that every element of D, occu-
ring in £ occurs in ¢, but not conversely in general. But if ¢ is an
individual constant, then so is t. Also, we always have (¢ ) = nu(t).

For a sequence r of terms in To, write r for <r (n) : n € dom (r)>.

Let X2’ be the class of all finite disjunctions

W (@ (e )/\ — Pn (5n DAV (rv) (30)

such that NV 1< N2 < o, @pisan atomic formula of T, rp, s, are
o-sequences of elements of Ty, nu(rr(n) =m(sr(n) n < 0, k<N,

and
V (@r ()N 0DV /() (31)
R<N, Ni<k<N,

is a logical consequence of O. Let 2 |be the set {Pp*: e}
(of power at most max (|t'|,R o)). Clearly X C F.

Proof of Mod«w (©) } rC Mod:~ (Z) } T. Suppose
A€ Mody (8), A=A A1. Define the function G with
domain E as follows. For an arbitrary tree ¥ = (X, I) = Y(©
let u =g I(0). Given a: p(X) -~ A, determine a’: p(u) ~ 4
such that a'(i) = a(k) for the unique & with {(i> =sX and put

G(f¥) (o) =ar u¥ '[a].
It is not difficult to verify that with this definition of G we have
1@ _ (0, @)

for any set D including alld € Dy occuring in ¢ and any & : D—>A.
This has the consequece that (¥, @)=’ implies (¥, G, a) =Y
where ', ¢ are the formulas in (30) and (31), respectively. Hence,

*) (i) is the one-element sequence with member i, Z/{i> = Z/; where

> =i
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if 8k ¢/, then % €Mod, (0) yields (¥, G)i= ¢*. This proves
that (%, G)6Mod-(Z), q.e.d.

Taking into account that SC F and (A)(R, F) holds, we
obtain

Cr Mod; (O) } TS Mod»(Z) | 7.

Proof of Mody(Z)}tCSCr(Mody(0) | 1). Suppose
(B, H)€¢Mod-(Z), dom (H) =E. Let the subset D of D,
consist of the elements [b, Z] such that b€ B and if Z = (X, I,§),
we have E(i}€ B for each i < p(X).

Let B: D— B be such that B([b, zI) = b. Let A be the set
of all formulas 7] such that for some atomic formula ¢ of v and
for some w-sequences r, and rz of terms in 7o such that
(m(r1(n)) = w(rz(n)) (n < ) we have either { = ¢(r1) and
®, H, p)Eo() or v=0()/\ lp() and (3, H,p) E
E ¢ (r) /\ ]9 (ry). Using (8, H) ¢ Mod.~ (Z) and the definition of
Y, we infer immediately that ® U A is consistent. Hen-
ce the sompactness theorem  vyields that O U A is
satisfiable Let (%’,a) be a model of ® U A, dom(a) = D, such
that (¥',a) is generated by v/ U D. By the definition of A we have
that (A, o) ¢(r,) implies (B, H, ) E cp(rl) and (¥, a) =
E o@) /A1) implies (8, H, ) Eg(r) A 1@ (rs) for any
@, ry, r2, as before. Let 4 —= A I‘T C'={n({t):t€Ty}, and k=
= (%", (5P () : t€T,). Now we easily verify the hypo-
thesis (i)—(iii) of 4. 2. Lemma. The lemma leads to the desired
conclusion that § is a direct factor of A€Mod, (0) } 7, q. e. d.

§ 5. E-extensions

Let E be a particular binary relation symbol belonging to .
We write t1Ef2 and a1E?¥ gz for Etstz and (a,, a;) € E¥, respecti-
vely. We call (see [1] @ an E-extension of ¥ if % is a substructure
of ® and for any b€ B, and a€ 4, bE Ba implies beA.

Define the relation R between structures of type v such that
ARP iff B is an E-extension of <.

Let X, be an infinite set of variables for every n << ® and
suppose that X, ~ X,y =0 for ns%4n" and | X, = Var. De-

<o
fine i(x) for z € Var such that 26 X ;. "
Let F be the class of all formulas ¢ of form

(AzeEte)=> \/ @r(re)

k<n, nm<k<ny
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such that the following are satisfied:

(i) @r is an atomic or negated atomic formula of T, rx is an
o-sequence of terms (n1 <k < na),

(ii) every variable occuring in % is among z,, ..., Zn—1,

(iii) if a variable z occurs in ¢, then i(z) < i(z) (k< n1)

5. 1. Theorem (4)(R, F) and (B)(R, F).

We omit the proof of (4)(R, F) except that we mention that
if ZC F, the elements of X are formulas of 'D1, (%, G)€
€Mod-(Z) and % RY, then any structure (3, H) such that (%’G) is
a substructure of (% H) will be a model of =.

Proof of (B)R, F).

Suppose K = Mod+ (8) } twhere © is a set of quantifier-free
formulas of 1’. Let ¢ be a new individual constant, e. g. ¢ =
= <0,0>€¢S;, and let <" be the similarity type consisting
of the elements of 7, the operation symbols in v — T and ¢. Define
2 as the set of all formulas of t” in F which are logical consequ-
ences of O.

Since obviously K C Mody *#(2) t we infer by (A)R, F)
that Cr(K)CSMod:~(Z) p v. Our task is to prove the opposite
inclusion.

Suppose (8, H) € Mod»(2). By induction on the natural
number n we define the set 4, by the following equality:

A, ={a€B:aE %% [g] for some term ¢ of ©” and

for some a:Var(t)—> U 4;} ¥
i<n

Of course, U A; 1is to be interpreted as the empty set; accor-,

dingly Ao_.{aEB aE%t(%’m for some closed ferm ¢ of t"}.
Observe that since t” involves at least one individual constant,
the set of closed terms of t” is non-empty.

Let A be the subset of B generated by U 4,, i. e. the set

) <w
of elements %2 [¢] such that ¢ is a term otp v and a: Var(f)—>
— U A,. By the above observation, A=:0. Clearly, there is a

n<w
unique substructure (¥,G) of (B, H) such that | =4. We
claim {first that $ is an E-extension of ¥.
Suppose indeed that bE%a, a¢ A. By definition of 4, a=
=3 B [g] for some ¢t and & as above. Let n < @ be such that
rn (¢)CU 4;, Then by the definition of A, we have b64,C4, g.e. de

i<n

*) Var (f) denotes the set of variables ogcuring in z.
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It remains to show that % is the reduct of a model of 8.
Define for every n << @ and for every a€ A, the individual
eonstant a™ to be [(a, n)] € S,. Let 7, be the similarity type «”
plus all individual constants a™ (n<w,a€ 4,), and let
E={(a", a):n<w,a€¢A4,}. Then (B, H, E) is a structure
in which the interpretation of each appropriate a™ is a. Now,
let A be the set of all atomic and negated atomic sentences *}
of v; which are true in (8, H, £). Since O is a set of quantifier-
free formulas, the satisfiability of the set ® U A clearly implies
the existence of %' EMod.r (0) such that %4’ } v= %. There-
fore, all we have to verify is the satisfiability of ® J A, which
we are going to do by using the Compactness Theorem.

Accordingly, let A’ be any finite subset of A, and let o be
a (finite) disjunction of atomic and negated atomic formulas
which is logically equivalent to ~|/\A’. Assuthe O = ¢. Using

(n, .

the definition of A,, we can construct a sequence <aint) i<l
of distinct individual constants in 1, and a sequence <f; : i<l
of closed terms of v, such that the following three conditi-
ons hold:

(i) every individual constant of form a™ occuring in o or
. . n,)
in some ¢; is among the ain‘) , 11,

eoy s ) .

(ii) if a;ni occurs in #;, then n; < n,

(iii) a(ini) Et; is true in (B, H, E)
for every i < L.

Let r be a one-to-one substitution such that

dom (r) = {a? 11 <1}, m () S Var
and
(iv) if 2 =r(e;?), then i(z;)=n..

By Ok o we have a fortiori @l—‘-(/\a(i"i) Et;)—>o0, hence
i<l

I~ (i/<\lxi Et; (n)—>o(n).

Denoting the right-hand-side formula by ¥, by (i), (ii) and (iv)
we obtain that P& F, hence by © =1 we have (¢ 2.

Using that every formula in A’ is true in (8, H, §) we see
that — ¢ is true in (B, H, &). This, combined with (iii) above,
shows that ¥ is not (universally) true in (8, H), contradicting
the assumption that (8, H) is a model of =. Thus we have refuted

*) A sentence is a formula without free variables,
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Ok o, i. e. we have shown the consistensy of © U A’ for each
finite subset A’ of A, which completes our proof.

We note that with a more comprehensive class #° we could
still prove (4)(R, F') and (B)(R, F') without using the Compact-
ness Theorem. F’ is obtained if in the definition of F, ¢, (see
above) is allowed to be any atomic or negated atomic formula,
not only those of 7. In §§ 3 and 4, however, the Compactness
Theorem seems to be an essential tool in the proof of

(2F)(4) (R, F)\(B)(R, F)l.

§ 6. Further results

In this § we state further results analogous to the above
ones which could be proved somewhat similarly; however, we
do not give proofs. In more detail, we give a list of relations
R(i =1, ... ,10) between structures of type v and a correspon=
ding list of classes F; of formulas such that:

Theorem. For every i =1,..., 10, (4) (R,F;) and
(B)(R;,F;) where R; and F; are defined below.

e note that in this paper we consider exactly those
relations R for which preservation theorems in L, . were proved
in [9]; all these relations have been considered somewhere else too
(see the corresponding references).

We start by mentioning two known facts. If R is defined
such that % RY iff B is a substructure of ¥, then the well-known
theorem of Los [5] and Tarski [11] says that (4)(R, A) and (B)(R,A)
hold for the set A of universal (i. e., quantifier-free) formulas of 7,
If we turn to the inverse relation, i. e. to R such that § Ry iff A
is a substructure of @, then it is a consequence of a theorem in [2]
‘that (A)(R, F) and (B)(R, F) hold where F is the class of all quan-
tifier-free sentences in which every non-logical symbol outside =

is an individual constant.

Now we turn to our list of relations R, and classes F; to which
the Theorem refers.

6.1. Homomorphic preimages. Define R, as the relation (bet=
ween structures of t) such that 9 R,® iff 9 is a homomorphic
image of 9.

Define F; to be the class of all finite disjunctions \/ 7|q; (r;)

i<

n
such that for every i < n @, is an atomic formula of v and r, is
an o-sequence of simple terms.
6.2. Direct multiples. Define R,such that ¥R,H iff % is a
direct factor of B, i. e. there is a € such that % X € =~ 9,
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Let us call a simple term special if it is not an individual
constant. Define n(z)=z for any Z€ Var, & (fz,, ..., Tn—1) = Tn—t
if fz,, ..., Zn—1 is a special term which is not a variable.

Define F, as the class of all finite disjunctions

h\(/m—l (Pr(rz) AT @ () mé{;l) or(re)

such that for every k < n, ¢, is an atomic formula of 7, r, is an
o-sequence of special terms and for every k < n; sp is an
w-sequence of special terms such that 5i(s, (n))=n(ry (n)) for n<e.

6.3. E-substructures. Suppose that the binary relation symbol
E belongs to . Define R, such that % Rs® iff & is an E-extension
of @ (see § 5).

Define F, as the class of all finite disjunctions whose di-
sjuncts are either atomic or negated atomic formulas of 7, or of the
form ¢ E z /\ t %y where ¢ is a simple term and z, y are variables.

6.4. Endomorphic images. 9 is called ar endomorphic image
of % (see [7]) if B is an homomorphic image of % and @ is a substru-
cture of % . Let R, be defined by: A R,P iff P is an endomorphic
image of ¥,

Let S be the class of operation symbols <((a, o), n> of the
first kind such that 6Cn={0,...,n—1}. Let X and Y be two
infinite disjoint sets of variables such that X UY = Var. Call
a simple term ¢ special if either t€Y or t=fzy, ..., Zn
for some f=<(a, 6), npES such that z;€X if i€c and
z; €Y if i6n—o. Define Fu to be the class of all finite
disjunctions whose disjuncts are of either of the following two
types:

(i) atomic or negated atomic formulas of T whose variables
are all in X,

(ii) formulas ¢(r) where ¢ is an atomic formula of © and r
is an @-sequence of special terms.

6.5. Endomorphic preimages. Define R; such that ¥ R, 9B
iff % is an endomorphic image of 3.

Let S, S® be the classes of operation symbols of the first
kind of the forms < (a, 0), n>>, <(a, 1), n>>, respectively.

Define F, as the class of all finite disjunctions whose dis-
juncts are of either of the following two kinds:

(i) (r), where @ is an atomic or negated atomic formula
of v and ris an @-sequence of simple terms such that for every
i < o, r(i) is not a variable, and the operation symbol in r(i)
belongs to SO,

(i) —@(r), where ¢ is an atomic formula of v and r is
an @-sequence of simple terms such that for every i << @
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either r(i) is a variable or the operation symbol in (i) belongs
to &

6.6, Retracts. We call 8 a retract of & (see [4]) if B is
a substructure of % and there is a homomorphism %z on ¥ onto 9
such that A(b) = b, for every b€ B.

Define R; by: AR, B iff B is a retract of 9.

Define F; as the class of all finite disjunctions whese dis-
juncts are of either of the following two kinds:

(i) atomic or negated atomic formulas of ¥

(ii) o(r), where ¢ is an atomic formula of v and r is an
w-sequence of simple terms.

6.7. Preretracts. Define R, by: ¥YR,P iff A is a retract
of B.

Define F, as F, was defined except that at the end of (ii)
replace S(® by SO|YS®,

6.8. Strong homomorphic images. 9 is called a strong homo-
morphic image of % (see [4]) if there is an homomorphism 7%
on % onto B such that whenever P €t is a relation symbol,

n= p(P), and (by,...,bu—y)€PB, then there are elements

@y ..., 8n—6A such that A(g; )=b, for i << n and (g, ...
oy Gp—1)EPY,

Define Rg such that 9 R,® iff 8 is a strong homomorphic
image of .

Let § be the class of all operation symbols <(a, o), n>
of the first kind such that ¢ is a function with dom (¢) = n =
={0,. . ., n—1} and for every i < n either ¢(i) =0 or o(i)=
=(P, j) for some relation symbol P in v and for some natural num-
bers k, j with j < p(P), moreover, whenever i < n and o(i)=
=(P, k, j) then for every j/ < p(P) there is exactly omne i’ < n
such that o (i') = (P, &, j).

Let X and Y be two infinite disjoint sets of variables such
that XY = Var. Let v be a one-to-one function on Y onto
the set of all pairs of natural numbers. If v(y) = (m, j), we denote
m and j by vy(y) and v,(y), respectively. Let us call a simple
term special, if it is either a variable or of the form fz,,..., p—1
where f={(a, 6), n>€ S, and the following two conditions are
satisfied:

: §i) for every i < n, if o(f) = (P, k, j), then z; € Y and
V1 xi = j’

(ii) for every i, i, <n, if o(iy) = (P, k, 1) and o(i,) =
=(P’ ko jZ)? then v0("1"1'4)=lvl)‘(:l"‘irﬁ)'

Define F; as the class of all disjunctions v such that the
following four conditions are satisfied:
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(i) each disjunct of P has either the form ™| Pxzy, ..., Zp—y
such that P€t,p(P)=n and x,, ..., x, 46 Var or the form
@(r) where @ is an atomic formula of v and r is an w-sequence
of special terms,

(i) if ] Pzyy...,Tn—1 is a dls]unct of ¢, then ;€Y
vy(z) = z, and vo(z;) = vi(z)) for every i, j<n,

(iid) if 7} Pz, . . ., Zp—1 ‘and 1 Qvor - -« » Ym— are two dif-
ferent disjuncts of 'llJ, n>1 and m > 1, then wy(z,) 5% vo(yo),

(1v) if ¢ is an atomic formula of T, v, is a variable occur-
ring in @, (r) is a disjunct of P, r(l)=fry ..., Tpn—, =
<(a, 6), n>, i <n, o{i) = (P, k, j) and z; occurs in a disjunct
of P of form 7] Qygy ..., Ym—1, then Q=P.

6.9. Strong homomorphic preimages. Define R, such that
A Ry iff ¥ iz a strong homomorphic image of 9.

Define F, as the class of all finite d1s3unct10ns whose dis-
juncts are of either of the following two forms:

(i) Pty ... tn—y, where PE7 is a relation symbol, and
there are a set ¢ and a natural number % such that for every
i< n=p(P) we have t; = f; z,, . . ., Zr—1 for some variables
Zos . . .y Tr—1 and for f; = <(P, a, i), k> = Sy

(i) 7] @ (r), where ¢ is an atomic formula of v and r is
an @-sequence of simple terms.

6.10. Direct roots of direet squares. Define R;, by: AR, B
iff 4 X ¥ =B XS

Let <zn: n<<o0>, <yn:n< o> be repetition-free
sequences of variables such that z,+y, for n, m <<w. Let us
say that a term ¢, is related to t, if either of the followmv two con-
ditions hold:

(i) t;=z, and ¢,=y, for some n,

(ii) t]_ :'-f]_Zo, < ooy Zo9n—1 and tz = ngo, e e ey Zon—1 such
that there is a set @ with the property f;=<(a, j), 2n> for j=1,
j=2, and for every i < n there is k < @ such that zy; = z; and
22i41 = Yr

Define Fi, to be the class of all finite disjunctions whose
disjuncts have either of the forms @(r) AQ(r2), ] (9(r)/\o(r2))
where ry, r, are w-sequences of terms such that for every n << o,
ry(n) is related to ry(r) and @ is atomic of 7.
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A CONTRIBUTION TO TERATOLOGY

Dedicated to the memory of A. I. Mal'cev

Introduction. Let M= < Uy, Ny, Zyy €ny+a0 X D
be a model of the second order arithmetic*); here Uy is the uni-
verse of M, Ny and Zy are disjoint subsets of U called resprecti-
vely the set of integers of M and the family of sets of M, €y is
the binary relation called the epsilon relation of M and -+ and
X » are ternary relations called the arithmetical relations of M.

An example of a model is the «principal modely M,—
{ NUP(N), N,P (N), €, -+, X > whose integers are the ordi-
nary integers, whose sets are arbitrary subsets of V and in which
€, + and X have the usual set theoretical or arithmetical mea-
nings. It will be convenient to assume that elements of N are
not sets.

We assume that the usual axioms of the second order arith-
metic are valid in all models which we shall consider. It follows
that for each M there is an initial segment of N which is iso-
morphic with N. We shall always identify this segment with N,
For z in Zy we put 2* = {n€ N : n€yx} and denote by Z},
the family of all sets z* where x ranges over Z;;. The relatio nal
structure M* = (N UZ;, N,Z;[, €, -+, X > may be called
the standard part of M. Our aim is to prove the following.

Theorem. There is a model My elementarily equivalent
with M, such that M", is not a model of the second order arithmetic.

*) Axioms for the second order arithmetic are given e. g. in [4]; in the
present paper we exclude the axiom scheme of choice. Also we denote the
predicate «x is a set» by Z (x) and not by S(x) as in [4].
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Remark. Itis very easy to show that if M is a model of
the second order arithmetic such that Ux= N and in which the
sets and relations Ny, Zy, €y, -+, X are arithmetically
definable, then M* is not a model of the second order arithmetic.
This is so because for each model M with N = N and each =n,
the set Zj contains an z such that z* does not belong to pAR
This example works also for extensions of the second order arith-
metic in which the set of G6del numbers of the axioms is arithme-
tically definable.

Notation and terminology. We shall identify integers with
finite ordinals; thus V is a segment of ®.2. Our model-theore-
tic notation is the standard one but we shall use the words «<model»,
«structure» and «relational system» interchangably. The language
of a relational system is the language of the applied first order
logic with identity whose predicates correspond to the relations
of the system and whose variables are arranged in a fixed sequen-
ce Uo, U1, ... Whenever possible we shall use Roman letters as
predicates of the language; the predicate which corresponds to
the relation € will be denoted by E. Whenever F is a formula,
Fr(F) denotes the set of all those integers i for which v; isfreein F.
Dealing with models of the second order arithmetic we shall
adjoin to their language symbols for all arithmetically definable
functions and shall use for them the same letters as in the intuitive
arithmetic but printed in Roman characters. Thus if m and » are
terms of the language, then so is J(m, n) but if m and =» are inte-
gers, then J(m,n) is an integer. This notational convention cannot
be used in the cases where the usual symbol for the function is
not a letter but a special sign (e. g., 4 or —). In these cases the
same symbols will be used in the formal language and in the intu-
itive arithmetic. We denote the pairing function m --(m + n)X
X(m + n 4+ 1)/2 by J and by K and L its inverses.

The ternary relation of satisfaction is denoted by . The
arguments of the relation are: a model M, a formula F of the
language of M and a sequence p with domain Fr(F) and with range
contained in Uy, Notice that a sequence is a set of ordered pairs;
thus if p = {<i, )}, then p is a sequence with domain
Dom(p) = {i} and with the unique term z: Rg(p) = {z}.

Let M be a model and f a binary relation with the field Uyy;
in particular f may be a function from Uy into Upy. We shall
say that f is definable in M if there is a formula F of the language
of M and a sequence p such that {0,1} = Fr (), Dom(p) =Fr (F) —
— 10,4}, Rg(p) T Uy and {z,y>€f= M= F{0,z>, 1,0} U p}
for arbitraty z, y in Uy. This notion of definability of relations
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is closely related to although not identical with the notion of
definability of subsets of V and of infinite sequences with terms
in Uy which will be introduced in section 2 below.

1. S-structures. A relational structure M = <U, R; dier
is said to be an S-structure if for every formula F of the langu-
age of M and every i in Fr(F) there is a function f definable in M
such that Dom (f) = UFr")—{i}, Rg(f)CU and for every p in
Dom (7)

ME FI{G, zp} U pl—= ME FI, f(p)>) U pl.

1.4. For every relational structure M = U, R; >ie; there
is an S-structure of which M is a reduct. '

Proof. Let U be well ordered by <. Then the required
structure is ¢ U, R; , <Dier.

1.2. If M is an elementary substructure of M' and M’ is an
S-structure, then so is M.

Proof is obtained directly from definitions.

‘We denote by M~+a fixed S-structure of which the principal
model M, is a reduct. We can assume M+ to be of the form

M+ =N UP ), N, P(N), € +, X, <D

where < is a well ordering of N (J P (N). As is well known there

exists an elementary substructure of M+ with a denumerable

universe N {JZ where ZCP(N). We can map N J Z onto

ordinals < ®.2 in such a way that V be mapped onto itself and Z

onto @.2 — N. In this way we obtain the following lemma:
1.3. There ezxists a relational structure

M1=<(l). 2,N,03.2—N,81'+. ><)<1 >

which is isomorphic to an elementary sub-structure of M+. The re-
duct of M1 obtained from M1 by omitting <, is elementarily equiva-
lent with the principal model Mo.

2. Definable sets and sequences. All relational structures
to be discussed in the sequel have the property that V is contained
in their universes. The universe of M will always be denoted by Uy,

Definition 1. A set bC N is definable in M (in sym-
bols b& B (M)) if there exists a formula F of the language of M
with 0€Fr(F) and a sequence p in U —{0} such that for
each n in NV

(1) n€b=ME FI[{0,nd} U pl.

Definition2. Asequence s&UY, is definable in M if
there exists a formula G of the language of M with 0, 1€ Fr(F)
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and a sequence p in U @ —(0.1} such that for each z in Uy
and each n in N

2) z=s({n)=M =GI[{0, n>, {1, 2>} U pl.

The following lemma needs no proof:

2.1, The family B(M) is a Boolean algebra.

2.2. If b is definable in M1, then there is an ordinal B such
that o < P < 0.2 and for each n

nefp=nchb.

Proof. Let (1) hold with M replaced by M,. Since M1 is
isomorphic (via an isomorphism i) with an elementary submodel M
of M+ we obtain (1) for this model M but with p replaced by the
sequence pt =i—1o p of elements of M+ . Now we notice that
the formula

(Ev)(Z (v1) & (vo){ NV (vg)— LE (vo, v1) =TF1})

is valid in M+ since the family of sets of M+ is equal to P(NV) and
hence contains all sets. Hence the same formula is valid in M and
there is an element b’ of Zy; such that the formula (1) holds with b
replaced by b’ and p by p*. It follows that b = b’ and hence
i(b) = P is defined. This element satisfies the equivalence given
in the lemma.

Remark. Weshall give an example of a model M of the
second order arithmetic without the axiom of choice for which a
lemma similar to 2.2 is false.

2.3. There is a denumerable model M =<{N U Z,N,Z, €, +, XD
of the second order arithmetic without the axiom of choice such that
for every S-structure M’ of which M is a reduct the following is true:
if M” is an elementary substructure (in the language of M') and M"
is an isomorphic image of M” of the form { w.2,N, w.2 — N, e, 4
X .. >, then there is a set b definable in M™ such that for
no B in 0.2 — N does the formula

3) (n)[nep=n¢€ bl
hold.

Proof. From a well known construction of Levy [3] we
obtain a model M for second order arithmetic withont the axi-

om of choice and a formula A with two free variables such that
(4) for every integer n there is an z in Z for which

M= A{0, n), 1, 2>},
(5) there is no y in Z such that for every integer n
ME AKO, n>, <1, {p: J(n, p)EyDL
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In view of (4) the sentence (v,) {N (vo)— (Evi)[Z (v;) & Al}
is valid in M. Hence this sentence is valid in the elementary
substructure M” of M’ since M is a reduct of M’ and the sentence
in question is written in the language of M. Since M” and M*
are isomorphic we infer that the sentence is also valid in M”.
Now M’ is an S-structure and hence so is M”; thus there exists
a function f definable in M”” such that for each r in V

f(n)€w.2—N, M” EAKO, n), 4, f(n)D}].
From the definability of f it easily follows that the set
b={m: L (m)ef (K (m))}

is definable in M", i. e. belongs to B(M"). Let us assume (3).

Since M is a model of the second order arithmetic we easily
infer that for each n in N there is an ordinal y(r) in ©. 2 — N
such that

©) pey (m)=/J (n, p) .
In follows from this formula that pef(n) = pey(n) whence

f(n) = y(n) because the axiom of extensionality is valid in M"™,
The function ¢ has thus the property

M” = A0, np, {1, v (R)DH
from which we obtain
M E AL, m), 4, i~y (n) > ]

where i is an isomorphic mapping of M” onto M”. Since i—iy(n)
belongs to Zy~ and M" is an elementary substructure of M’
we may replace M” by M'; but since A is written in the language
of M we may even replace it by M.

The set i—iy(r) can be calculated from (6). If we put y=
= {—4(f) and apply i—t to both sides of (6) we obtain

pE€i—iy(m)=J(n, p)€y
whence i—ily(n)={p:J(n, p)€y}. Thus we obtain finally
M E AKO,n>, {1, {p:J(n, P)EYP]

which contradicts (5) because i—1(B)€ Z.

3. Definable reduced powers.(*) Let M = (U, R; Dier be
a structure such that N C U and let & be an ultrafilter of B(M).
We say that two sequences s, s’ of UN are equivelent mod § if
{n:sn)=5 (n)]€&. We write then s~ s'. It is easily

(*) These powers were first investigated by Scott [5].
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seen that ~ is an equivalence relation. We define s as the set of
all sequences which are definable in M and equivalent to s and
denote by U the family of all non-void sets s.

Let R be a relation definable in M, i. e., such that there is
a formula F with the free variables vy, ...,0—1)...,Un
where % is the number of arguments of R and a sequence y in
Uit oo oom} such that

= (z€U{%--- k1M = Flz U yl}.

If s: j - s; is mapping of the set {0, ..., k — 1} into the
family of sequences definable in M, then we denote bys s, the ses
quence { <j, s{n) > :j<k}. We also put

s={<{j,s; > 1j<khL

3.4. If R is a definable relation and s a mapping of the set
{0, . . ., k — 1} into the family of sequences definable in M, then
the set {n: R(s,)} is definable in M.

3.2. If Rand s are as in 3. 1. and s’ is another mapping
of the set 0, . . . , k — 1 into the family of sequences definable in M
such that s; Ns,'. for j <k, then {n:R(s,)=R(s,)}€F.

Lemmas 3.1 and 3.2 are evident and need no proofs.

For R definable in M we put R ={s€U* : {n: R (s.)) €T}
In view of the previous theorems this definition is correct, i. e.,
the truth value of R(s) depends on the equivalence classes E; and
not on the particular s; selected fromN.g. o

We call the relational structure M =<U, Ry dicr the defi-

nable reduced power of M;obviously # depends on & .

3.3 If M is an S-structure, then M is isomorphic to an elemen«
tary substructure of M; the imbedding function is x — ¢x where
¢x(n) = n for each integer n.

The proof of 3.3 follows immediately from the

Lemma of Lo§'(¥).If F isa formulaof thelanguage of M
and s : j — s; a mapping of the set Fx(F) into the family of sequen-~
ces defmable in M, then

MEFGBl={nM=Fls, }€8.

The proof is routine and will not be given here; notice that
the assumption that M is an S-structure is needed in the proof
of the lemma of Los’ in the case of an existential formula.

(*) See e. g. Scott [5] or Frayne, Morel, Scott [2].
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As a corollary to 3.3 we obtain.
3.4. M, is elementarily equivalent to M+.
We shall denote the structure M1 by M2 or more precisely

by M2(8 ). This last notation will be used in cases when the depen-
dence of M2 from § needs to be stressed. The standard part of Ma
will be denoted by Ms or Ms(&). We shall prove that for a suitable
& the reduct of Ms(§) to the language of Mo is not a model for the
second order arithmetic. This will prove our theorem because, in
view of 3.4, M(&) is elementarily equivalent to M+.

4. Determination of the standard part of M2. For b in B(M1)
we put () = Rg (b) ={j:{i:J (i, j)€ b}€ &}.

4.A. For every x in Zy, there is a b in B(M1) such that x*=R(b).

Proof. Theset Zy, consists of elements s where s is a se-
quence definable in M1 which satisfies the condition s (n) 6 w.2— N

for almost all n. The set’s* consists of all the integers m for which
{n:m & s(n)€F. To see this we merely notice that the ini-
tial segment of N M, Which can be identified with N con-
sists of classes ¢,, where m is an integer; since the condition
{ ém,5Y G&; is on] the one hand equivalent to the statement
més* and on the other to the statement: for almost all
n, {tm(n), s (n)> € e;, we obtain the equivalence m¢ s =
={n:m &;s(n)} €.

Let G and p satisfy (2) with M replaced by M1 and consider
the formula F:(Ev;)G (Kvy, vy, .. .) & E (Lvy, v1). Hence

M EF {0, J (n, m))} U pl = (E P)o. 2 [(My F G [{K0, n},
<L, B>} U p)) &(mesf)l =me; s (n).

It follows that the set b= {¢:M;EFI{0, ¢d}U pl
belongs to B(M1) and that J(n,m)Eéb=mes(n) for each m
whence m € R (b)={n:J (n, m) € b} ¢ F={n:me;s (m)} ¢ F=me s*,
i. e, = R (b).

4.2. If b€ B (My), then R(b)€Zy

Proof. Let F besuch that (1) hold with M replaced by M.
By 2.2. there is a B in . 2 — N such that J(n, m)€Eb=

=J (n, m)&,B. Since all the axioms of the second order arithme-
tic are valid in M,; we infer thaf the sentence

(@) (UNZ (v1) &[N (v) > (Ev)Z (vs) & (U)E (us, vs)
= E I (©p vs)y ‘01)]}
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is valid in M,. It follows that for every integer n there is exactly
one y(r) in .2 — N such that mer y(n) = J(n,m)e,p and that
z = y(r) if and only if n, p and z satisfy in M the formula in
brackets {,} in the above sentence. Hence the sequence y is defi-
nable in M1. Moreover me,y (n)=J (n, m)€ b i. e., ¢y (n) &1y (B) =
=J(n, m)€b. _ B

This proves that m € y*=m¢€ R (b) and hence R(b) = y*.

From 4.1 and 4.2 we obtain

4.3. The family Z(M, &) consists of sets Rg(b) where b ranges
over B(M3).

5. The set Stsf. We shall associate with each set b in B(M1)
an integer m of which we shall say that it codes b. Informally
speaking K(m) is the Godel number of the formula F which appe-~
ars in (1) (with M replaced by M,) and L (m) is a sequence number
which codes the sequence p of parameters which appears in (1).
The choice of the particular G6del numbering is not very relevant
although an entirely arbitrary numbering of formulae would
not do. In order to be specific we select as our G6del numbering
the original numbering defined in [1].

We describe in more detail the component L(m) of our code m.
A sequence p in (1) is a set of ordered pairs (j, pj) where j =40
and j is in Fr(F) and p; is an ordinal < . 2. We put [z] =
=2z +2if 26 N and [z] = 22’4 1 if z = ® + z’. The sequence
p can now be coded by Il;¢p (F)__{o}n‘jpil. Thus the set C of
integers which are codes of definable sets is characterised

by the equivalence
n6C=(K(n) is the Godel number of a formula F)&

(Nrm{(L(n); # 0) = (GEFr (F)) & (j #0)I}.

(In this formula L(n); denotes the exponent of the j-th prime m;
in L(r). The bound K(r) in the quantifier (j) is justified by the
remark that in the particular G6del numbering which we use the
Godel number of any formula is larger than the G6édel numbers
of its free variables).

From the formula given above it follows

5.4. C is a primitive recursive set.

We shall still introduce a notation for the fomula and the
sequence coded by an integer n in C: The formula whose Godel
number is K(n) is denoted by F, and the sequence

{Ki, (m —2)/2) : (n|L(n)) & (ap+17 L(n))& (mis>0 and even)}(J

U {Ki, o + (m —=1)/2) : (nL(n)) & aptl7 L(n))& (m is odd)} is
denoted by p@™.
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Definition 3. Stsf is the set of integers J(m, n) such
that neC and M1 L——Fn[{<0a m)} Up(n)]_

Remark. In view of the way we selected the Godel num-
bering, the set. Stsf does not contain O.

Definition 4. Wesay that nisa code of aset b in B(M1y)
ifneC and (m) ImEb=J(m, n)€&Stsfl; a smallest integer
which is a code of b is called the distinguished code of b.

5.2. Each set in B(M1) has a unique distinguished code.

Proof. If bis defined as in (1), but with M replaced by
M3, then we determine » in such a way that K(n) be the Godel
number of F and p(*) = p. Hence n is a code of b and hence the
smallest code of b exists and is unique.

5.3. The set C* of distinguished codes is arithmetical in Stsi.

Proof results from the equivalence n€C*=(né€C & (')

{(n’ < n)— (Em)lJ (m, n)i¢ Stsf =1J (m, n’) ¢ Stsil}.

We can use distinguished codes to define families of defi-
nable sets and in particular filters of such sets.

Let Bo be a basis of a filter in B(M1) and § a function which
enumerates the distinguished codes of the members of B, and
which is arithmetical in Stsf.

5.4. There exists an ultrafilter & DB, such that the set of
its distinguished codes is arithmetical in Stsf.

Proof. Let y be an increasing function which is arithme-
tical in Stsf and enumerates C*. We denote by b, the set whose dis-
tinguished code is () and by d, the set whose distinguished code
is 8(n). Let ¢ be defined by induction in such a way that ¢(n + 1)
is the least integer m such that b,NNj<nbeyn NNj<e @i 40
for every k. We easily prove that the set of all by is an
ultrafilter which contains B,. We can now define a function § such
that y(n) is a distinguished code of bym):x(n + 1) is the least
integer ¢ in C* such that

(B)Em)T (m, £) € Stst & (a1 (J (m, % (7)) € Stsf) &
&1 (7 (m, 8 (7)) €Stst)l.
Since 6§ is arithmetical in Stsf, the same is true of % and
hence of Rg(y) which proves the assertion 5.4,

3.5. If § is as in 5.4, then each set R (b), where b is in B(M,),
is arithmetical in Stsf,
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Proof. From the definitions we obtain the equivalences
JER(B)={i:T (i, NED}EF =(Eo)(c€ §) &(I)i€c=
=J (i, j)€D).

Let 7 be a function which enumerates the distinguished codes
of the membersof & and let e be the distinguished codeof b. Then
the condition j € R(b) is equivalent to

(Em)G)T G, x (m)) € Stst =T (J (i, j), ¢) SStsf]

which proves the assertion 5.5.

In the next lemma we reduce our problem to a determination
of a suitable Bo and b,

5.6. If there exists a basis B, of a filter in B(M1) and a bo in
B(M1) such that

(7) there is a function arithmetical in Stsf which enumerates
the distinguished codes of the members of By

(8) for every ultrafilter & D B, the set Stst is arithmetical
in Rg (bo), then there is an ultrafilter & such that all members of
Zy,g are arithmetical in Rg (by).

Proof. Select & according to 5.4. Then all members of
Zy,(w are arithmetical in Stsf (see 4.3 and 5.5). By (8) all these
members are arithmetical in Rg(bp).

Since the family of sets of a model of the second order arith-
metic cannot contain a member in which all the other members
of this family would be arithmetical, we infer from 5.6 that if
there are B, and bo satisfying (7) and (8), then there is an ultra-
filter & sucht that the reduct of M2(%F) obtained by ommitting
the relation <G, is elementarily equivalent to Mo (cf. 3.4) but
its standard part is not a model of the second order arith-
metic.

6. Dyadic sets. In this section we shall prove the existence
of B, and b, satisfying (7) and (8).

For each integer n > 1 we denote by n and n’ the umquely

determined integers which satisfy the conditions: »n, n’ >0,
n' <2 and n =2"+n'.
Let D, be the set {m:(m >1)& (m=n' (mod 2" )}. The

sets D, form a full binary tree under inclusion (with the ma-
ximal element Di= N — {0}) in which the immediate successors

of Dy, are D, a_l_nd D, where I = 2"t p/ =270 4 pandr = 2+t
+ 27 4 p' =201 p,

193



Let us define by induction a function f: f(0) = 1,

_ [ 2n+ f(n) if n ¢ Stsf,
f(n+1) - { 2n+1_l_f-(n) if n € Stsf.

By induction on n we show easily that
©) 20 L f () < 274

Put By={Dsmn:n€N}. Since Djniy is an immediate
successor of D juy we obtain Dy (py1y D Dy my5%~0 whence.

6.1. Bo is a basis of a filter.

We shall now prove

6.2. Bo satisfies condition (7).

Proof. Since the relation m¢& D, is primitive recursive,
there exists a formula F with exactly two free variables v, n
such that

m€ Dp,=M, F FI[{K0, m), 1, n)}l.

Let A, be an arithmetical formula with the free variable v,
such that » is the unique element of the universe of M1 which satis-
fies A, in M1. We can select 4, so that its Gédel number be a re-
cursive function of n.The formula G, = (Ev;)(4n &F) defines D,
in M; in the sense that mé&D,=M, = G, [{<0, m)}] for
each m and it follows that if g, is the G6del number of G, , then
J(gn, 1) is a code of D, « The distinguished code of D, is thus

8 (n) = min {k:(k € C*) & (m)lJ (m, k)€ Stsf=J (m, J (gn, 1)) €
€ Stsfl}.
Since g, is recursive in n we infer that § is arithmetical
in Stsf.
6.3. The set by=1{J (m, n):(n> 0)& (m€ D,)} belongs to
B(M1) and satisfies condition (8).
Proof. The definability of bo in M1 is obvious. Let us

now assume that § is an ultrafilter containing Bo.
For n>> 0 we obtain from the definition of b the equivalences:

n € R (bo)=={m:J (m, n) € by} 6§ & {m :m€ Dy} 6§ =D, € §.

Thus if n € Rg(f), then n€ Rg(by) because the elements

r of Rg(f) are 40 and have the property D,€B,C¥%.
Conversely, let us assume that n€Rg(by). Since the set

{m:J(m,n)€by,} is non void {(as a member of &) it results
that » 54 0 in view of the definition of bo. Thus we can use the
equivalence given above and obtain D,€¢ §. Now we repre-
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sent n in the form 2* - y where y < 2*. Hence 2*<{n < 2x+1
whence 7 =% f(s) for each s=s4z. We shall show that n = f(z),
To prove this we notice that D, D;H€S and hence
there exists an integer u in D, N Ds(yy. Hence u =y (mod 2%)
and u=(f(x))'(mod2V®), Since f(z) =z we obtain (f(z))’' =
= y(mod 2*) whence y = (f(z))’ because both y and (f(z))’ are
non negative and smaller than 2%, Thus weobtain n =2* 4 y ==
= 27 4- (f(2)) = f(z) which proves that n€Rg(/).

We have thus established the equation Rg(f)=Rg (bo)s In
order to establish 6.3 it isnow sufficient to show that Stsf is arithe
metical in Rg (f). To prove this we notice that in view of (9) f(n)
can be characterised as the unique element ¢ of Rg(f) for which
2r<e< 2nt!, Since n€Stsf=f(n+1)— f(n) =271 we ob=
tain the equivalence

n € Stsf= (Ee,)(Ee,)[(e; 6 Rg (/) & (6Rg ()& @<L ey
L 2nH ey < 272 & (g — €y = 2WH)]

which proves that Stsf is arithmetical in Rg(f).

7. A generalisation. The proof given above uses only
the following properties of the principal model:

(A). M, is an o-model of the second order arithmetic,

(B). There is an S-structure M1 of which M is areduct and
which is such that the axiom scheme of comprehension

(Evo)(Z (v5) & (0}{N (v1)—> [E (03, v) =F1}}

is valid in M for every formula F of the language of M1 provie
ded that O¢ Fr(F).

Thus we can repeat the proof given above and obtain the
following theorem:

7.4, If Mo satisfies the assumptions (A) and (B), then there is
a model M elementarily equivalent with Mo and such that M* is not
a model of the second order arithmetic.

In particular the assumptions of 7.4 are satisfied if Mo is
itself an S-structure satisfying assumption (A), e. g., if the axiom
of constructibility is valid in Mo.

Problem: Is there an ©-model for the second order
arithmetic, Mo, such that for each M which is elementarily equis
valent with Mo the model M* is a model for the second order
arithmetic?

(Added in proof: In a paper forthcoming in Fundamenta Mathes
maticae the author has shown that if M is an ©-model in which
the axiom scheme of dependent choices is valid, then the above
problem admits a negative solution),
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GROUP PROPERTIES OF COUNTABLE CHARACTER

In memoriam Anatolii Tvanovich Mal'ceo

1. Preliminaries and notation. We use capital German letters
for properties or, indifferently, classes of groups: thus «GE€ X »
can be read «the group G has the property & ». The properties
we are interested in are group-theoretical, in the sense that
if GE€ % and G’ =G, then G € X.

We denote by C¥ the class of groups all of whose countable
subgroups belong to ¥ ; «countabley always includes «finite»,
Properties ¥ for which

Cxck @)
were called abzdihlbar erkennbare Eigenschaften by Baer [1].

If ¥ is inherited by subgroups, or «subgroup closed», that is to
say if with G ¢ £ also all subgroups of G are in ¥, then clearly

¥cCg, )]
so that in this case (1) implies
C¥=%. (3)

A group-theoretical property X that satisfies (3) will be said
to have countable character. This definition is analogous to that
of local character: a property or class ¥ of groups is said to have
local character if a group has ¥ if, and only if, it has ¥ locally,
that is to say if, and only if, all its finitely generated subgroups
have ¥. Thus, if L¥ stands for the class of locally-¥ groups,
then ¥ is of local character if L¥= ¥. Clearly LL¥ = LZX
and CC¥ = C#, so that every class of the form L# has
local character and every class of the form CZ has
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countable character. The properties of having finite general
rank or finite special rank defined by Mal’cev [4] have local
character; other examples can be found in [5].

Obviously

CxclLs; 4

and both L¥ and CZ% are always subgroup closed. It follows
at once that a group property has countable character if it has
local character. The converse of this is, however, not true: we
shall see presently that finiteness is a property of countable
character, while there are well known examples of groups that are
locally finite but not finite.

Baer [1] is mainly concerned with a general theory of pro-
perties ¥ that satisfy (1), and with methods of making new
such properties from given ones; though specific examples of
such properties are by no means lacking in his paper. Qur present
aim is less ambitious: we shall exhibit some properties of coun-
table character, among them residual finiteness. In fact this
paper was written in order to answer positively a question posed
by Dr A. Shafaat in a letter to Dr L. G. Kovaes: if every coun-
table subgroup of the group G is residually finite, must G itself
be residually finite?

If again ¥ is a class of groups, then RE denotes the class
of residually-% groups, that is to say, the class of those groups
that are isomorphic to subcartesian products of groups in ¥ .
Equivalently, G € R¥ if, and only if, there exists, to every element
g € G other than the unit element 1, an epimorphism

N G-XEZE with gn s=1.
We claim, then, that Shafaat’s question is answered by
CR§ = R§ , ()

where & stands for the class of all finite groups. The proof of (5),
which will occupy § 3, requires some techniques related to well-
order or the Axiom of Choice. Instead of postulating the Axiom
of Choice for our whole universe, we shall tacitly assume that
all our groups are small, where we call the group G small if the
carrier (or set of elements) of G and all finitely iterated power
sets of the carrier can be well-ordered. [It would, in fact, suffice
to assume well-order for only two or three times iterated power
sets of the carrier.]

It is not difficult to extend the definitions, methods, and
results of this paper to universal algebra; but we refrain from
carrying out this extension.
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I am indebted to Dr L. G. Kovécs for drawing my attention
to the problem and also to some of the literature.

2. A simple lemma and some consequences. An ordered set
is directed if every pair in it, and consequently also every finite
subset, has an upper bound. We shall say that an ordered set
is o-directed (in analogy to o-completeness of lattices, and so on)
if every countable subset has an upper bound; or, equivalently,
if it is directed and every countable chain has an upper bound.
We then note that the set of countable subgroups of a group, or-
dered by inclusion, is a o-directed set; and so is the set of countab-
le subgroups that contain a preassigned element. The following
simple lemma will be found useful.

Lemma 1. Let the set S be o-directed by an order relation<,
and let © = {0, 1, 2, ...} denote the (naturally ordered) set of
non-negative integers or, indifferently, the set of finite ordinal
numbers. If f: S — o is a monotone function, that is to say, if
s, t € S and s < t imply also f(s) < f(t), then f is bounded.

For if not, there would be a subset 7T = {s;, S1, Sgy + « +}
of S such that i< f(s;) for all i € . Let ¢ be an upper bound
in S of the manifestly countable subset 7', and put f(f) = j. Then

F<iHIK G <) =1

which is absurd.

This lemma immediately leads to some obvious applications.

Theorem 1. The class § of finite groups has countable
character. :

As ¢ is subgroup closed, it suffices to show that CFC § .
Let G € C%, and if H is a countable subgroup of G, put f(H) =
= |H|, the order of H. Then f is monotone. By the lemma then f
is bounded, say by r, and it follows that G can not coutain more
than n distinct elements,

Theorem 2. Let

B B1E€ BCS..ne

be an ascending sequence of varieties of groups, ana denote their
union by U. Then W has countable character.

Again it suffices to prove CU C U1, as U is subgroup closed.
If then GECU and if H is a countable subgroup of G, let f(H)
be the least suffix i such that H6 8 ;. Then f is monotone. By
the lemma there is an upper bound j, say, of the values of f.
Thbns every countable subgroup of ¢ isin - . If Bis the variety

199



generated by &, then @ is also generated by some countable
subgroup of G (Hanna Neumann [6], 15. 63). Thus 8 C 8;, and
it follows that GE€ll, as claimed.

Note that Ul need not be itself a variety: the class of all
nilpotent groups, the class of all polynilpotent groups, and the
class of all soluble groups are obvious examples: see also Baer
[1], 5.3, where a generalization of solubility occurs as an example.

Theorem 3. With the same notation as in Theorem 2,
the class RU has countable character.

As Ul is subgroup closed, so is R1l, and it suffices to show
that CRUCRU. Let then GECRU, and let g€G be
an arbitrary element other than 1. If H is a countable subgroup
of G co ntaining g, then HERU, and there is an epimorphism

n:H->>UEUN with gn=-1, (6)

Denote by f(H) the least suffix i such that n and U in (6) can be
chosen with U € ¢; . Then f is monotone. By the lemma there
is an upper bound j, say, of the values of f. As usual, we denote
by V;(H) the verbal subgroup of H corresponding to the variety
g; . Then we have, for every countable subgroup H of G, that

ge¢v; ().

It follows from this that also

g¢vV;(G) (0

for every element of V; (G) is contained in some V; (H), with H
a finitely generated, and thus countable, subgroup of G. Equation
(7) in turn implies that there is an epimorphism, namely the
canonic epimorphism,

N*:G->>G/V; (G)ED ;
with

gn* 5~ 1.

As this is true for every g=£ 1 (with j depending on g), we see
that G € Rll, and the theorem follows.

Thus, for example, residual nilpotency, residual polynil-
potency, and residual solubility are properties of countable
character.

3. The main theorem. We turn to the proof of equation (5),
which we restate as our main theorem:
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Theorem 4 Residual finiteness is a property of coune
table character.

The class R& of residually finite groups is subgroup closed,
so that we need only prove CRF CR% . Let then G be a goupr
all of whose countable subgroups are residually finite, and let
g6 G be different from 1 but otherwise arbitrary. If H is a coun-
tabl e subgroup of G containing g, there is an epimorphism

N:H->>F¢§ with gns&1, t3))

Denote by f(H) the least integer that occurs as order of F in
(8) as 1 is allowed to vary. Then f is easily seen to be a monotone
function. By the lemma there is an upper bound =, say, of the
values of f.

Let S, denote a finite group in which all finite groups of
order less than or equal to n can be embedded: for example,
the symmetric group of degree n. Let] & denote the set of finitely
generated subgroups K << G with g€ K, and for each K& , let
T'x denote the set of all homomorphisms

v: K=»S, with gy=~1.

From what we have seen it is clear that I'x is never empty.
Also 'y CHom (K, S,), and this is finite, as a finitely generated
group has only finitely many homomorphisms into a finite group.
If L, Ké & and L < K, and if y€T'k, then the restriction 6,
say, of y to L is an element of I'y. We can, therefore, define a
mapping ¢gz, of 'k into T’y by putting ypxr= 6. Clearly pxx
is the identity mapping of I'x, and if M <LL K with M, L, K= &,
then

Pxm = QKLPLM-

Thus the set &, directed by inclusion, the sets I'x, and the map-
pings @x; define an inverse mapping system, and we can form
the inverse limit T',, together with its (natural) projections
K of T'y into I'k; these have the property that if L < K then

@*1, = Q+k PKL.

As we have seen, the sets I'x are finite. We give them the
discrete topology, thus turning them into compact Hausdorif
spaces. The mappings ¢z then become (trivially) continuous.
We have also seen that all the spaces I'x are non-empty. As we
have assumed that G is a small group, all relevant sets can be
well-ordered, and we can apply Steenrod’s Theorem ([7], Theo-
rem 2.1) to conclude that I'y is not empty.
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Let y, be a point of ', , and put, for K€ &,
Y= V2 Pag-
If also LE & and L < K, then

YL = YKPKL,

which means that y;, is the restriction of yx to L. We define then
a homomorphism

simply by putting all the yx together: if k6 KE & , we pus

ky = kyk.

A routine verification, which we omit, then shows, firstly, that
this does not depend on which particular K € &, we choose to
define ky — we could, for example, always choose the subgroup
of G generated by g and & — , and secondly, that ¢ is indeed a
homomorphism of G into S, . Finally we note that gy 4 1. As g
was an arbitrary element, other than 1, of G , we see that G is
residually finite, and the theorem follows

4. Some further results. Let @ denote the class of all finitely
generated groups. What is C® ? It can not be @ itself, asC@
is subgroup closed and @ is not. It would be tempting to define,
for a countable subgroup H of a group GEC®, the function
value f(H) as the rank, that is the minimum number of genera-
tors of H; but f is then not a monotone function, and our lemma
remains inapplicable. However, the answer to our question is
almost obvious:

Theorem 5. TheclassC@E of groups whose countable sub-
groups are finitely generated is the class of noetherian groups, that
is the class of groups with maximum condition for subgroups.

Noetherian groups are precisely those all of whose subgroups
are finitely generated: thus they all belong to C@®. Conversely,
if a group G is not noetherlan, it contains a properly ascending
sequence of type o,

H < h<H<.
of subgroups. In each H;y; we choose an element hi that d oes

not liein H,. IfK , is the group generated by {%,, 4, . . . , h; }, then
K, <K, <Ky<...
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also form a properly ascending sequence of subgroups of G, and
the group K they generate is countable and can not be finitely
generated. Thus G¢C@, and the theorem follows.

Finally we consider simplicity, or rather non-simplicity;
and we show that if none of the countable subgroups of a group G
is simple, then G itself isnot simple. This does not mean that non-
simplicity is, in our terminology, a property of countable cha-
racter, as it is not inherited by subgroups: it only means that
it is in Baer’s sense [1] abzdhlbar erkennbar. More precisely we pro-
ve the following proposition.

Theorem 6.Every countable subgroup of a simple group
G is contained in a countable simple subgroup of G.

Our argument will in fact show a little more: every subgroup
H of a simple group G is contained in a simple subgroup K of G
such that |K| = |H| if H is infinite, and otherwise K is at most
countably infinite.

Let then G be a simple group and H a subgroup of G. Every
element of @ is in the normal closure of every other element =% 1.
Thus to every ordered pair { h, &k > of elements of H with h 541
wecan find elements g, g, . .., & in G, with r depending on
the pair (hk, k), such that

k = Tlhte; | 9

Dénote by H* the subgroup of G obtained from H by adjoining
elements g; for each pair ( A,k ) so as to make (9) valid. As this
needs only finitely many such elements for every pair of elements
of H, the order of H* will equal that of H if H is infinite, or be
countable if H is finite. Now H* has the property that every
element of H lies in the normal closure in H* of every other ele=
ment %41 of H. Next define the sequence of subgroups

H=H<H <H<... (10)

of G by H;y;==H; as just described, and put K equal to the
union of the sequence (10). If (A, k) is a pair of elements of
K with k=41, then there is an H; in (10) that contains both A
and %, and H; s then contains elements g, . . . , g that make (9)
valid: thus & is in the normal closure of % in K, and K is simple.
Also the order of K is at most X , times that of H; that is to say,

IK|< max (|H|, R o).

This completes the proof of the theorem.
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By contrast with this result, a simple group can well have
all its finitely generated subgroups non-simple: there are simple
groups that can be fully ordered (Chehata [2]), but a non-trivial
finitely generated fully ordered group is non-simple, becauise
its derived group has infinite index (Levi [3]).
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€CcP
Jlaremiickmil yaaBepcHaTeT

B. 1. INIOTKHH

PAJNKRAJIDI B I'PYIIIIAX,
OIEPAIINN HA RJACCAX TPYIIIL
N PATURAJBHBIE KJACCHI

Csersoil namame
Anarosusn Heanosuva Maavyess

Brenenne

Wgea papgumkaia sBIAETCA OXHOH U3 BelyIIMX OpPL&HE-
sylomux uieir B Teopumu rpynn. Mo;KHO OTMETHTH [BA OCHOBHEX
acmeKTa B Teopm:m pafgmkana. G OgHOU CTOPOHH, pagHKAIH
B Ipymnax — BayKHHE XapaKTepHCTHYSCKHe MO PYIOE, HIDAOIHe
SHAYNTENLHYI0 POJIb B TEOPHH CTPOSHHS WHTUBHIYAILHHEX IPyO.
B wacrmoctm, mMOKasaTeIhCTBA MHOIEX TEOPETHKO-IPYIIIOBHX
TeopeM CYImeCTBeHHO YHPOIMAIOTCS 34 CYeT OPAMEHEeHHA B HHX
pagmeamos. B sToM mpumRIagHAS POJb pPamgEKaNoB. BMecre ¢ Tem
HM3BECTHO, IT0 W3yUYeHHME MHAUBHAYAILHHRX T'DYOI TEeCHO Nepemie-
TAaeTCA ¢ PACCMOTpPEHHEeM KJIAacCOB Tpydd, a B IOCIe[Hee BpeMs
HAMEeYalTCA KOETYPH HOBOTO 0OJBINOTO pasjmelia TeOpPHH IPydm —
o0meit Teopmm KiIaccop rpymu. OumpefensioTCs pasidmIHEE OHmepa-
Iun Haj KIaccaMud, MO3BOJIAIEE HA 3TOM f3HKe TOBOPHATHL O CTPOe-
HEM KJIAaCCOB TIPYON, pPACCMATPHBAIOTCA PA3JAAYHHE CHCTOMEL
KIIaCCOB, XOPOIO OPTAHM3OBAHHHE HEKOTOPHME OHNepPANHAAMHA HAR
KiraccamMn*. BaykHoe MeCTO B TeOpHH KJIACCOB TPYINO 3aHEMAIOT
PaEKaIbHEE KIAaCCH, — M B OTOM BTOpPAs CTOPOHA TEODHH pa-
AHKAJIOB,

B mHacroameit paGoTe OyayT chelaHs! HEKOTOPHeE HOBE®
AKOeHTH B NOHATHAX PAJUKaia H PagHKAIBHOTO Kiacca. Pagmranx
MEL BesJe paccMaTpmBaeM KAaK TeOpeTHKO-TPYOmOBYI (YHKIHIO
¢ HEeKOTODHMH CHeOHaJbHHMH CBoiicTBaMu. Pamgmean B mEIABH-
AyalIbHOA Tpydme — 3T0 3HAYeHHe B Hell Taxoil dymxmmum. Memmy
pagmKaIaMu-QYyHKOMAME # PAfgUKAILHEIME KIACcCaMu TpyIOO

* Har M3BeCTHO, HPYNHHI BRIAK B OGI(YI0 TEOPHIO KJIACCOB aireGpam -
gecKkEx cmcreM BHec A. V. Maabmes.
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WMeeTrcs 9eTKO OIPefielIieHHOe B3AaNMHOOJHO3HAYHOe COOTBeTCTBHe, B
TEOPUH PagUAKATBHHX KJIaCCOB CHCTEMATHICCKH NPHEMEHAETCA SABHK
omepaTopoB Ha KJaccax TpyOO, pPacCMaTPHBAIOTCA ONEPATOPH
PagUKaIBHOTO 3aMHKaHWs KiIaccoB. Vsyuarorcs HeKOTODHE aireG-
pamdecKme [eHCTBHA B CHCTeMe BCeX paJMKaJbHHX KJIacCOB,
¥ 3hech PacCMOTPeHHs (IH3KH, HAIPHEMED, K aHAJOTAYHEIM pac-
CMOTpPEHHAM Teopmu MHOT00oOpasmii rpynn. MssecTtHO, 9TO CHECTEMa
BCEX MHOT000Gpaswii rPymm e€CTh MHOKECTBO, M 3TO MHOKECTBO —
cB00OIHASA MmOJNYrpymma OTHOCUTEAHHO YMHOKEeHHA KiaccoB. Cu-
CcTeMa BCeX paJWKalbHEX KJIAaCCOB He HABIAECTCA MHOMKECTBOM,
OJfHAKO OHA TaK;Ke 3aMKHYTAa [0 YMHOKEHHIO, X YMHO3KEHHe 31eCh
acconEaTuBEO. MOKHO TaK)Ke paccMaTpUBaTh M GeCKOHEYHEIe IpO-
M3BEeHHA PAfHKaJIbHHX KIaccoB. OTHOBPEMEHHO ¢ pajuKaJaMm
MEL paccMaTpHBaeM M KODaJHKAalH, M B JalbHeimeM 6yayT oTMe-
9eHH HEKOTOPHE HOBHE IPOSBICHNUS JBOACTBEHHOCTH MEXKIY pamd-
KallaME ¥ Kopagmpainamu. VMeloTca W HEKOTODHE Apyrue 0CoO-
fOerHOCTH.

Onepanuy Ha KilaccaX HPHBOAAT K CYIMECTBEHHOMY oGoraime-
HEIO 3a11aca PaMKaJ0B U KOPAaJUKaJIOB, MOJE3HEX B IPHIOKEHTAX .
B KOHKpETHHX CATyaOuAX MOJKHO BHOHpPATh TOT WX WHOH paguKa
HIE KOPAJHKaJ OO0 BKYCY W ¢ YU€TOM 3aJJaHHBIX YCJOBHIA.

IlepBaiMm paGoramm mo oO0meil Teopum pagUKaJOB OBHLIM,
Kak m3BecTHO, paborst A. I'. Kypoma [1] n C. Amunypa [2], omyG-
aukoBaHube B Hagaxe 50-x rogos. Ilpm sTom B pabore A. I'. Kypo-
IIa MeHTp TAKeCTH OHUI CMemeH B CTOPOHY PajHKalIbHOTO KiIacca.
Xora o0e aTH pabOTH HaXOMUAMCH IO GONBITAM BIMSHUEM Teope-
TEKO-KOJBIEBOH CHTyaIun, 3HaYeHNEe NX OHJI0 3HAUNTEIBHO INHUPE;
PagUKaNsl HAa4YalW AKTABHO MIPOHEKATh B APYIHe KIacCH aareb-
pamdecKux cHCTeM. B 0COGEHHOCTE MHOTO BHUMAHHUS Y[edSAJIOCH
pagEKajaM B rpynmax. B mocienylommx nyOiamrammsax A. I'. Hy-
poima, a TakKe JPYTEX aBTOPOB BEIACHWIOCEH, YTO POJH PajAKa-
JIOB B IPyIaxX BO MHOTOM OTJHMYHA OT HX POJH, CKayKeM, B KOJb~
nax. Kpome Toro, B Teopum rpynn mpes pajpmKaia Hadajda KOHKY-
PHEPOBATh ¢ PA3IMYHHMHA [PYTEMHA OPraHM3yIOMVMH HiesMH. Bce
9TO CKA3HBAeTCA HA aKCHOMATHKE PAJMKaJIOB B IPynnax, ¥ K HacTo-
sAmeMy BpPEMEHH YCTOMYHBOM aKCHOMATUKHE 37ech, IO-BHANMOMY,
Her. HaM Kakercs, 9To B 9T0ii paboTe BHOpPaH HeKOTOpHH OmTH-
MalbHHI BapHAHT. B wacTHOCTH, MH yBHAWM, 4TO Ielecoo06pasHO
pasgeauTh NOHATHE PAfMKAJIa Ha OPeIPafiKal, PafuKal U CTPOTHIT
pagmraa. OTmeTnM, fajee, YTO MMeeT MECTO W OGpATHHIH Ipomecc:
PasBHTHE TEOPHH PAFHKAJOB B TPYIIAX BJINAET Ha OOmMYI0 TEOPHIO
pagumkaioB B aiarefpamueckux cmcremax. CooTBeTcTBylomue Iepe-
HECEHHA BO3MOKHE W JJIA HEKOTOPHX IMOCTPOeHHH NaHHOH paboTH.
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Wrorma sTo menaercs TPHBHAJIBHHEIM 00pasoM, a B psAle CIydaeB
KapTHHA CYmMEeCTBEHHO MEHSIETCH.

Ilpegmaraemaa paGoTa B OCHOBHOM MHOCBSINIEHA BHIACHEHWIO
CHTyamum; i ee TaKKe MOKHO PaCCMaTPUBATH KaK 0030P HEKOTOPHX
PasfienoB Teopuu PAfHEKANOB B rpymmax — 0630p ¢ y4eToM HOBHX
mosunuii. 37ech He COMeP;KUTCA CBeleHWH IO BCell TeopuH pamd-
KaJoB B rpynmax, OJHAKO JOCTATOYHO MOJHYX KAPTHHY MOKHO
MoNy9YnTh, PaccMaTpUBas NAaHHYI0 paboTy BMecTe ¢ 0030pOM IO
panukanam u3 nobasienmii B kaure A. I'. Kypoma [17], a Tawme
¢ cooTBeTcTBYlOmuME paspmeramu (§ 5.2, 5.3 m 5.4) w3 KHurm
aBropa [4]. [lokasarenncTBa W3BECTHHX pE3YJIBTATOB WIH JETKO
MOJy9IaeMHEX W3 M3BECTHHX 37IeCh, KaK IIPABUIO, He MPHBOJATCA.
Bes moxasaTedbCTB COOOMAIOTCA TaK;Ke HEKOTOPHE pPe3yJIbTaTH
u3 crareir aBropa [5] m [6], moaroTOBIEHANX K meYATH OJHOBpE-
MEeHHO ¢ Hacrosmeil pabGoToii. B »10i1 crarhe QopMyampyloTCa
HEKOTOpPHe IPOGIEeMEL.

§ 1. Onepanmm ma Kuaccax rpymom,
oIepaTopsl 3aMBIKAHAA

1. Omeparopsi. B Teopuzm rpynn K HacTOSmeMy BpeMeHH
HAKOmIeHO MHOTO BAJKHEIX OIepanuil Ha KiIaccax rpynm, W B paje
CIydaeB MEKLY STEME ONePANUAMH HMEIOTCsS HHTEDECHHE COOT-
HOIIEHWS, MPHABOAAMUE K HEKOTOPOMY HCYWCIEHWI0 TAKHX Omepa~
nmii. ME nMeeM 3fiech B mMEPBYI0 0Yepefb B BUAY ONEPATOPH, CO-
DOCTABIAIOMYE OJHAM KJIACCAM IPYII HEKOTODHE JDPYyrue KJIacCHL
V3y4enne COOTHOINEHWH MeKIYy TAKAMH OHEPaTOPaMu B YHCTOM
BHjle — 9T0, IO CYMECTBY, 3HAYATENBHASA 9acTh TEOPHH Tpymm,
¥ 37ieCh TAaK’Ke MOKHO BH/IETH OfWH N3 OPraHN3YIOMWUX OPMHIHUIOB,
B sBHOM BHAe 3TO 0GCTOATENHCTBO OHIIO HEJABHO HIOTICPKHYTO
®. Xommom [7] m mupoko ceifgac mpomaraEmEpyerca. SIBHK ome-
paquii Ha KiIaccax rpylI OKasHBAaeTCsA TaK:Ke yJoOHHIM M B Teo-
puEM pajuKamna.

Wanoxum HekoTopHe HCXOmEHE mOHATHA. OCHOBHHIM HCTOY-
HAKOM ABJsAETCA yHnoMAHyTas pabota @. Xoina, MMeIOTCA TaK:ke
HEKOTOPHE MOHATHA, He OTMEYABINHECS DPAHbIIE SABHO.

Yepes ¥,%,,... T HEKOTOpHEe jppyrme mnomo0HEE OYyKBH
OymeM o0003Ha9aTh mepeMeHHHE, mpoferaomue KIACCH I'PyIIL.
IOns pasanuHHIX KOHKDETHHIX KJIAaCCOB, 3aHWMAIONHAX ceiigac 0CO-
60e mOJIOJKeHNe B TEOPHH IPYIN, NPUHATA HEKOTOPas CTaHIApT-
Hag CHCTeMa CIeNUATpHNX 0003Hauenmit. Hampumep, ¥ — wiace
Bcex afermeBmx rpymm. Bce paccMarpuBaeMble KIAcCH sBISIOTCH
a0CTPaKTHEIME KJaccaM¥, T. €. BMecTe ¢ KasKmoil cBoedl rpymnmoit
TaKo# KJIacCc COHEP;KET ® Bce m3oMopdHEe eii rpymmu. Hpome
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roro, GymeM mpeqmoiIararh, 94T0 Bce KIACCH CONEPKAT eNAHAYHYIO
rpynny.

EcTecTBeHHO rOBODHUTH 0 mepecedeHUH W O00HEAWHEHUH KiIac-
coB. Hapagy ¢ oTuMu CTPYKTYPHEIME OIEpAI[AAMA MOYKHO Pac-
CMaTpHUBATh U Pa3TUYHEe COCMUATbHEE Omepanun, 00yCcI0BISHHEE
TeOPETUKO-TPYNIOBOT coemuPuKoil. ITO MOTYT OHTH OmEPAI[AHA —
QyHKIUE MHOTMX IePEeMEHHHX W YHApPHHE Omepamuu-OMepPaTOPHL.
Mg HEKOTOPHX W3 THX OMEPANHii, ArPAOIAX 0c060 BHIAIOMLYI0-
cd DPOJNb, MO)KHO YIMOTPEOIATh HOAXOAAMEE CHEMUAIbHEE 0003-
HaueHusA. I[lepemenmnnie omepaTopsl MH OymeM 0003HA9aTh Yepe3s
U, V, Ui, ...,apesyiprar uX OpPAMEHEHHs K Kiaccy ¥ — de-
pes UZX wmim, mmorga, U[¥] . OGuumsiM myTem ompepmersior-
cA KoMmosmmum (cymepmosumunm) omepanuwit. Ilpm stom maps-
Oy ¢ KOHEUYHHIMH KOMIO3HIOUSAMHI OHOEpamuil MOMKHO paccMar-
puBaTh M GECKOHEYHHE KOMIO3WANUNM, B KOTOPHX Yy4acTBYIOT 00b-
eINHeHAA WIN HePecedeHnsa KIAcCOB.

Ilyers, manpumep, U — omeparop, W MOIYCTHEM, 9YTO B3TOT
omepaTop ABIAETCA OIMEPATopPoM pacusuperus kaaccos. Ilocienmee
03HA4YaeT BHIOJHEHWe ciaeqylomux nByx yciaosmii: ¥ C U X
npu ao6om ¥ m ecam X ,C¥ 5, ToUX ,CUZ%,. Cremenn Takoro U
JUIA OOPAJKOBHX UHCEN ¢ OMPeeNsiOTCsA CIERYIOMmAM 06pasom:
Ux=2%,U0l=0U, Ustix=U(U*>%), u ecam o — IIpemeib-
Hoe, U*¥ ecrhb oObemumenme kiaccoB UP ¥ ¢ P < . Ompepe-
amm eme omeparop U, moxaras, uro UZX ecTh o0benuHeHHEe BCEX
U*¥ mo xaaccy Bcex tpamchuamtEbiXx uncel. [lomarmo, wro

Bce cremenu omeparopa U m omeparop U saBIATCA omeparopaMm
pacmupernma. Mu Gymem mmecars U < V, ecim mpum Jdio0om ¥
Bumnoaaserca U ¥ C VE. flecmo, uro ecaim U — omeparop pac-
mupenus, To o < f Baezer U* < UB,

Hexotopsiit kiaace ¥ Ha3HBACTCA 3AMKHYMELM OTHOCHTEIHHO
omeparopa pacmupersua U, ectu UX¥ =% . C gpyro#i cropoHH,
omeparop pacmupenusa U ecTh onepamop 3AMHEAHUA, €CIH KaK-
muiii kanace UZX  ecrs U-3aMKHYTHE Kiacc. 9T0 PaBHOCHIBHO
cootnomermio U2 = U = U. Ormermm eme, 9T0 omepatop U Ha-
BEIBAETCS 02PAHUYCHHBLM, ecld IPH HEKOTOPOM O, BHIOJHAETCH
Uot!l =U2 =U. MuEnMagpHOe o ¢ TAKEM CBOHCTBOM HA30-
BeM nopadkom (epanuyei) omeparopa U.

Hax npasmino, Bce paccmMarpumBaeMEle HAMH OIepaTOPEL pac-
IIAPEHUSA  YAOBIETBOPAIOT CIEAYIOMEMY YC408Ul0  A0KAAUSA-
yuu:

Ecau ¥ — nexomopuwti kaacc zpynn u GEUZX, mo ¢ %
Haiidemcs makrol nodkaacc £’,umo X' ecmb abcmparmmuoe 3aMbl~
Kanue Hekomopozo muoxcecmséa epynn u GE=UE’,
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Mu mpegmosaraeM, uTo IMeeTCH CIIOCO0 pasimyaTh MHOMKECTBA
¥ KJACCH, B YaCTHOCTH, KajKgoe MHOMKECTBO o0safaeT MOIMHOCTHIO.
AGcTpaKTHOE 3aMHIKaHAE MEOKECTBA TPYII, T. . KJIacc BeeX TPYII,
E30MOP(HHX IpymIaM AaHHOTO MHOKecTBa, TaKiKe KOPOTKO Oymaem
HasHBATh MHOKECTBOM rpymi. B jpanprelimeM OpupeTcs, BONPEKH
VMEIIIMCA 3a0peneHnaM, 00beIUHATh eme W KJIacchl B HEeKOTo-
pHle cmeTeMbl 6oJee BEICOKOTO MOPAAKA — HamgkiIacchl. Bee Takme
¢HEe3aKOHHBIe» NeMCTBUA B KOHKDETHHX CUTyaIlmaX Jerko o0bsc-
mrMe. G IpYToi ¢CTOPOHBI, TO-BAMAMOMY, 3[eCh BO3MOKHO H OTIPaB-
JaHNe Jepes MOIXONAMmYyI0 aKCHOMATHKY.

OTrmernM ceituac clenymomee IpemiosKeHne.

HDpengnomenue 1. Ecau onepamop U ydosremeopsa-
em yYcroeur Jaokaauzayul, mo npu awéom ¥ rKaacc epynnet U ¥
ecmp munumasvruy  U-samenymuid — kadce, codeprcawyuts
kaacc ¥F.

HowrasaTeansbcrtTso. [lpesme Bcero sameraM, 9o s
aogoro omeparopa pacmupenns U mepecedenue 3aMKHYTHX OTHO-
CUTENBHO BTOTO ONepaTopa KIaccoB ecrTh B3aMEHYTHIH Riace,
M I0ITOMY MOKHO TFOBOPHATH 0 MUHEMaJbHOM U-3aMKHYTOM KiIacce,
cojepsxamem sagannsit krace ¥ . Ecam U — omepaTop 3amsika-
HOA, TO 9TOT MUHEMAJIBHHI Kiacc coBmamaer ¢ UX. B obmem
cIydae fCHO, 9TO ecam¥, — HerorTopsii U-saMKHYTHiT Kiacc,
comepsRamuii Kiace ¥, To, BBUAY MOHOTOHHOCTH OIepaTopa, 3TOT
Kiaace comepysmt # Bee U* ¥, a moromy # U ¥ .

Haa noxasaTenscTBa MpeIIOKeHHs HAM OCTAETCSA HPOBEPHTSH,
uro mWpm HameMm yciaoBmm Kiaace UZX  asugerca U-3saMKHYTHM
rmaccom. Ilyers rpymma G npmmapmexmr knaccy] U(UZ) =
mycrs ¥/ — HEKOTOpOe MHOKEeCTBO I'pymi, mpumHamiexamee UZX ,
u taxoe, uwro GEUZX'. Ilomarmo, uTo OpH HEKOTOPOM & BCe
rpynus! u3 ¥ ' npmrEagiemar U% ¥. Ilpm arom knace U ¥ 7 comep-
skuress 8 UsH1E . Cremosarensmo, G6¢ U ¥, uro m TpeGoBamocsk.

M= BuguMm, uro omepaTop U ecTh OIepaTop 3aMbIKAHAA W 9TO
3TO MUHVMAIBHBIA omepaTop 3ambiKaHuWA, copmep:kamumid U. [lo
a1oit mpmurHe U HasoBem samwkanuem omeparopa U. Herpymmo
3aMeTUTH, UYTO YCJIOBHE JIOKAIU3AIMU CYIIECTBEHHO — (e3 Hero
U wmosxer He OHITH omepaTopoM 3aMELIKAHMA.

Hapsany ¢ omeparopaMm pacimpeHHsS KIACCOB HMHOTHA IIOJE3-
HO paccMaTpPHBATH U APYroil TN MOHOTOHHHX ONEPATOPOB — One-
pamopu cyxrcenus, T. e, Tarue omepatop U,aro U X C¥ (m £,C ¥ 4
Breger U ¥, C U ¥ ,). lIpm ompefelennn crememeii TakWX omepa-
TOPOB CY;KEHUA eCTeCTBEHHO HCXOJUTHL W3 IepecedeHnsa KIaccoB.
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Hac B ocHoBHOM OyqyT HMHTEPECOBATH OIEPATOPH PACIIMPEHHA.

Ilo amaxormm c 3aMBIKaHEEM OJHOTO OMEPATOPa PACHIAPEHHS
MO’KHO TOBOPHUTH M O 3aMHIKAHWH HEKOTOPOil CHCTEMH TAaKHX OIe-
patopos. Ecanm, sanpumep, U w V — aBa omepaTopa pacmupenus,
TO HX COBMECTHOe 3aMHBIKaHNe ecth omeparop {U, V}, comocraBia-
lomwmit kaxaccy £ kiaace (U, VI¥ , aBiaomuiicd MAHUMAJIbHLIM
U- m V-3aMKHYTHM KJIaccOM cpea¥ cofep;KamuXx HCXOIILIH
ka1acc ¥ . Omeparop {U, V} ects omepaTop samMekaHOA. AHa-
JOTHYHO MOKHO roBopuTh ¥ 00 omeparope {U;, U,, .. .}, mpiuem
YHCI0 HOPOMKIAIOMUX 3[eCh MOKET OHTh M GecKomeynwiM. [Ipm
oxpaoM noposxpatomeM umeeMm {U} = U, ecnm ana U Bmmondsercs
yCIOBHE JOKalW3alum,

OmueE ®3 Ba)KHEIX 31ech BOIPOCOB — CTPOEHHE OmepaTopa
{U;, U,, . . .} B 3aBucumoctu or coctasigiomux U;, U,,. . . IIpuse-
IeM ce iigac ogao rpyboe mpasmio Ha 3TOT cuer. Ilyers Uy, o 6 1, —
HEKOTOPHIil Ha0op 0mepaTopoB pacIIUPeHUsA W IYCTh BCe OHA YOB-
JIeTBOPAIOT yeaoBuio Jokanuzanuu. O6o3HagnM uepe3 U KoMmosuT
Bcex stux omeparopoB: UZX ects oObepunenue KiaaccoB Uy X .

Herpynao monsts, wro umeer mecto coornomenne {..., Ug,...}— U.
Ecnu mcXOmHEIX 0nEpaTopoB KOHEYHOE YKMCIO, TO BMECTO KOMIO-
3WTa HX MOKHO B3ATh 3a U IpousBefeHume BceX STHX OHEPaTOPOB
B HEKOTOPOM MPOM3BOJIBHOM MOPAAKE, M NMOIYIUTCA AHATIOTIYHOE
IPaBAIO.

Paznugnrsie yopomenns moJdy9anTcsa, ecTeCTBeHHO, IPH HAIN-
9AN [JOHONHHUTEIHHHX COOTHOIIEHWH Meskay omepaTtopamu. OTme-
TUM B CBA3H ¢ 3THUM CJeRyloIde IPOCThie M mojesHsie ¢axts [7].
ITyers U m V—oneparopu samuikaansg. Torpa paBerctsoj{U, V} =
= UV pasnocuinsro coornomenuio VU < UV. Hpome Toro, cie-
mytomue Tpu ycioBusa sksusadentns: 1) V<L U, 2) U ={U, V}
u 3) Rarmprit U-3aMKHYTHIT KIace ABIAETCA TAKKe I V-3aMKHYTLIM
KJIaccoM.

9t mpasmia 6yAyT OPUMEHATHCA HAMH HEOJHOKPATHO.

Muorne wnTepecHBle THNE KJIACCOB TPYII OIPENeNAI0TCH
CBOMCTBOM OHITh 3aMKHYTHIMH OTHOCHTEIHHO HEKOTOPHX KOHKDeT-
HHX HaGOpoB omeparopoB Haj Kiaccamu. Ciofja oTHOCATCA, HAUPH-
Mep, MHOT000pa3usA IPyNil, pagdKaJbHEE H KOPaAUKaJbHEE Kilac-
cel. OmpenermMm ceiiyac oTHocamuecs CIOa OHePaTOPEL.

Yepes H ¥ (Hom X)* Gymem o6GosHadaTh Kjacc BceX TPy,
SBIAIOIAXCA TOMOMOPHHMA ob6pasaMu rpynn 3 Kiacca ¥ . SE
(Sub %) oGosmawaer KIacc Bcex rpyIim, BIO;KHUMBEIX B KadecTBe IIOJ-
rpynos B Hekoropyto rpyumy m3 ¥ , CX (Cart¥ ) — wmacc Bcex

* Ceifuac mpuprruHee crado mmeaTb QX .
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NEeKapTOBHX (MOJIHHX HPAMBX) NPOU3BENEHMII I'Pynm H3 KiIacca
¥, R¥ — kmacc rpymm, KOTOpHE NOPOKAAKTCA CBOMME HHBa-
puantHEMEH X -nogrpynnamu. JiBoiicTBeHHEM o0pasoM paGoraer
oneparop CoR :CoR ¥ ecrp Kmacc rpynm, ammpoKCHMUPYeMbiX
X -rpymnamu. [pyrmmm caoBamm, GECoR¥ , ecim B G mme-
eTca cmeTeMa HOPMAJBHHIX pmenmreneit A, Takumx, 4TO Bcerga
G/Aq € ¥ m mepeceueHue Bcex A, coBmajgaer ¢ egumHHUIEit. 060~
3HaumM eme gepes 1¥ Kiacc BceX IPyNH, BIOKUMHX B KadecTBe
HOPMAJIGLHEX MHeauTeneil B rpynmel Kaacca ¥ .

Ouesugno, uro omeparopul H, S, C m CoR asaswotca omepa-
TopaMu 3aMEKaHuA, a R n | takumu He aBiaAoTca. Jlerko moHaTs,

a0 ] =19 m1¥ ecrs KIacc Ipymnm, BIOKUMEX B Ka9eCTBE JOCTH-
JKAMBIX TOATPYNI B rpymmbl kldacca ¥ . B manpHeiimeM yBumpmm,
a0 nmeeT Mecto R= Ro+!u R ¥ ects wiacc rpymm, moposxmaeMsix
CBOUME [OCTY;KAMKHMN ¥ -HOATPYNTIAMI,

NsBecTHO, 9TO KJIAcc IPyHm TOTHa H TOJABKO TOINA SBIAETCH
MHOTOOGpa3meM, KOI[a - OH 3aMKHYT OTHOCHTEIHHO OIePaTopoRB
H, Su C. OGosmawim V —{H, S, C}, n rorna npn awobom ¥
kaxace V¥ ects Muoroo0pasme, mopokieHAOe KiaccoM ¥ . B cBasu
¢ BTHM ;KelaTelbHO BHYHCINTH ABHBIA BHJ] omeparopa V. Jlerko
BUMIeTH, uT0 uMelT mecTo cooTHomenus SH < HS, CS < SC u
CH << HC. C nomompio OTMEYEHHOIO BHINe MPaBmIa OTCIONa He-
mocpencreenno seBomuM {H, S, C}=HSC. Jlpyroe srpakenue nias
V MOMMHO HOIYYUTH ¢ HOMOMIBIO ONHOLO HEJ[AaBHET0 pesyabTaTa
-C. P. Koraaoseroro [8]. Cormacuo satomy pesyasrary {H, S, C}=
={H, CoR}. Jlerko Ttamme Bumerb, uro CoRH < HCoR,
n moatromy V = HCoR. Utax, npuxogum K J000ILTHOMY COOTHO-
nmienuio mesxny omeparopamm: HSC = HCoR*.

Kuacc rpynn ¥ MBIl nassBaeM padukALbHBM KAACCOM, €CIH
oi R- u H-samrmyr. OGosumawum Rad ={R, H}. Jocrarouno
ouesmmno, wro HR < RH, un orcroga Rad= RH. Taxkum oGpasom,
ectn ¥ — HeKOTOpHI Kiacc, TO paguKkalbHEIA ki1acc Rad¥ ecrs
kiracc RH¥ . Papuxanbusii Kiace ¥ HasHBaeTcs HACAeOCMECHHBM
pajEKalbHRM  KiIaccoMm, ecau I¥ = F. Ilostromy O®mo OB
’KelaTeNbHO BEumeamts omepatop {R, H,1}. 9ro, ommako, yme
HEe TPOCToe Jelo.

Kopaduraabuuili kaacc — 3T0 KiIacc 'PYNI, 3aMKHYTHE OTHO-
cutembHo omepatopoB CoR m I(= CoH). M3 mHepaBencrsa
I CoR << CoR I momywaem {CoR, I}=CoRI. OueBumno, uto
ecin ¥ — KOpagumKaJgbubi Kiacc, To H¥ — mHOrooGpasme.

* 370 COOTHONIEHHE XOPOMIO W3BECTHO W B 00Iell CHTyanmuw yHHBepCAJhb-
HHX anre6p. Cp., Hampmmep, [25].
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BosBpamaachk X ompejielennio MHOrooOpasuil, HAIOMIHM,
yTO 71 omepaTopa V uMeeTcs clefyioma:x yno0Has XapaKrepu-
oruka: V¥ ecThb Kiacc BCeX IPYNII, Ha KOTOPHIX BHIIONHSIOTCSA
BCe TOKMmecTBa Kiacca ¥ . PaccmarpuBas BMeCTO TOMKIECTB HEKO-
TOpHIE IpyTue TUDE GOpMYJI, CKasKeM B A3bIKe y3KOTO HCIUCIEeHUA
npemuraros (YHUII), momxno aHaZoruumwiM 00pasoM 3ajaBaTh o
HEKOTOpHIe Apyriue omeparopw (cp., mampmmep, [32]). Hamomuum
najee CIEAYIOMYI0 BajKHY! OCO0EHHOCTH MHOTrOO0pasmil: Karkuoe
mHOT0OOOpasue MoskeT OHITH IOPOKIEHO YsKe ommHoil rpymmoil —
noxpxonAmel ¢BobomHON Tpynmoi.

OnepaTopHBlil mOAX0J] MPUBOAUT K HEKOTOPHIM HOBLIM IIOCTA-
noBKaMm 3aja4. Ilyc1s, ranpumep, U—mnexoropHit omepartop. Bymenm
roBOpuTh, YTO [BA Kiacca rpynn ¥ ; U ¥ , U-sxsusasenmmu, ecan
U¥,=U%, Moxro Tamske ropopurb u 06 U-3KBUBalIeHTHOCTH
OTHeNbHHX rpymnm. Pajp wHTEpecHHX 3amad CBsA3aH, B YaCTHOCTH,
¢ HCCIeqoBaAHWEM PaJuKalbHON BKBUBAJNEHTHOCTH TPYIII,

Ecmm U — omeparop m ¥ — HEKOTOPHH KiIacc rpymm, TO
€CTeCTBeHHO OTMETHTh CIefYIINy0 XapaKTepuCTHKy X OTHOCH-
rexpro U: MEHEMaNbHOEe o (€Ciau TaKoe ecTb) ¢ TeM CBOMCTBOM,
yto U%¥ =U%tly ., Ecan #F U-3aMKHYT, TO COOTBETCTBYIO-
Iee o, COBIIAZAeT ¢ HyleM, a B 00IgeM caydae o OLleHNBaeT OTKIOHe-
Hne ot U-3aMKHYTOCTH.

Ilycerb, mamee, G—HeroTopad Ipynma, I WycTh 3Ta Ipynma

npuHamIexuT Kaaccy U £. Mo MomxeM comocTasuth (¢ HamMeHb-
Imee MOPALKOBoe gmeao o ¢ ycaoBmeM GEU® ¥, Iro o mHazoBeM
U-cmynenvio rpynns G pan kiaaccom ¥£. Ilomarno, dro »aTa
CTYIEeHh He MO;KeT OBITH NpeleIbHBIM dHcIOM. JI3yueHWe Takmx
CcrymeHell B KOHKPOTHHX CATYalUsAX 9acTO OKa3BIBaeIcd MHTepec-
HBIM [IeJI0M.

2. YmHokeHHMe KraccoB. BakubM mpumepom GmuapHO# ome-
panuum Ha KiIaccax IDYNO SBISAETCS YMHOMKEHNE KIacCoB: eciyd
¥, m ¥, — pmBa KIacca, TO X IIPOM3BEfeHHe ecTh KiIacc Xq X,
COCTOAIMUI M3 IPYII, ABIAOIMUXCH PACIIPEHUAME TPYII KIacca
¥, ¢ momompio rpymm u3 ¥,. OGobimmenneM sTofi omepanuu sBIs-
eTcsi n-MecTHAsg OIepalys, COIOCTABIAIMAA YIOPAZOICHHOMY
HaOopy kmaccoB Xy, ¥y, ..., En KIace E; ¥, ... Ea,
COCTOAIMUYA W3 IPyni, 00JaalomuXx HOPMAIbHLM PAXOM AJWHEL 7,
B KoropoMm i-it ¢axrop, 1 < i< n, ecrb Tpymma u3 Kiacca X .
Amamornano MOKHO 3ajaBaTh H-MECTHYIO OIlepanuio Ha OCHUBE
PHBAPUAHTHHIX PAfoB. Ecim mpm stom Bce Kaaccw X; Opars
COBIafal0OMUIMA, TO IPUXOJUM K HEKOTODHIM CIenuaibHBIM OIHO-
MECTHBIM ONepamAaAM.

Hemecoobpasgo paccMarpuBaTh ¥ 0ECKOHEYHO-MECTHEIE IIPO-
W3Be[eHNUA, OCHOBAHHEE HA BO3pPACTAIMUX M yOHBAOIMAX HOP-
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MaxeHEX psngax. IlpmeemeM oTHOcAmuMecA cioga OIpemeleHH .

Ifycrs y — mopanxosoe umeno m M, — MHOKeCTBO (OTPE30OK)
BCeX IIOPANKOBHX UWCeNl o ¢ ycloBmeM a.<'y. JlomycrmM, paiee,
UTO KaKIOMy HempefelnbHoMy o (G M, comocraBieH HEKOTOPHI
kaace rpyun ¥, . HazoBeM eeprrum npouseedenuem KIacCOB Xq
KJIacc rpynno ¥, cocroAmuii w3 Bcex rpynn G, oGiaamaiomux Bozpa-
cTalomuM HOPMAJABHEIM paAmoM [Aq]l, B Roropom BooOme
HOIYCKATCA TOBTOPEHHUA, [JIHWHH Yy, U TaKkdM, dYT0 IpH JI000M
o<y sunondsaerca Agyy/Aq€ ¥qq1. AHanOrHIHO Ha OCHOBE YOHI-
BAOIIUX PAJOB OIpeNelsAeTca HUdMCHee npousecdenue KIAccoB ¥ ¢ .
MoskHO TaKKe TOBOPHTH W 00 UHEADUAHMHHZ TIN TAPAKMEPUCU-
yecKUT BEPXHWUX W HIKHANX ITPOM3BENEHMAX, CCIN HCXONHUTH COOT-
BETCTBEHHO M3 WHBAPWAHTHHIX MJIM XapPaKTePUCTUIeCKUX DAIOB.
Boobme 3r0 paszHHe ITpPOM3BETeHUA.

Wmeer Mecro caemgyiomas teopema [5].

TeopewMmal Hueapuanmmnoe seprhnec npoussedenue 1106020
MHOKHCECMBA DPAOUKAALHUY KAACCO8 CHO8A A8Aemcs PAOUKAAbHLLM
KAACCOM, U MO0 Rnpoussedeniie a8MOMAMUMECKU  OKA3bI8ACTCS
zaparmepucmuueckum. Huocnee nopmasvHoe npoussedenue kopa-
OURAABHBIL KAACCO8 MAKJCe ecmb KOpAOUKAAbMHLIL Kaacc, U 30ech
MAKyHCe UMEET MECMO TAPAKMEPUCTMUNHOCY RPOU3BEOCHUS.

BepxHee HOpMalbHOE IPOW3BENEHWE PAJUKAIBHEIX KIACCOB
TaK;Ke OKA3HIBAETCS PAfMKANBHHM KJIAaCCOM, €CIH YUCIO COMHO-
mureneil KoHeuHO. B 00meM ciydae 370 He TaK, W COOTBETCTBYIOIIEe
CBOWCTBO BHIIOJNHAETCA WL [JA COEMUAIBHHX pPafuKaIbHHEX
raaccoB (cM. § 5).

Ilonarso, 9ro MO;KHO TaK;Ke TOBOPHTH W O BePXHUX H HY/KHHX
CTeTleHAX OJHOTO Kiacca.

§ 2. Teoperuro-rpynnossie pyHRIHN

1. ®ysxropuansi. B XKammoll rIpymme BHIEIHIOTCA IEHTP,
KOMMYTaHT W MHOI'HE [pyrue XapaKTepHEe mogrpymubl. Taxue
HONI'PYIIIE €CTECTBEHHO PacCMaTpPUBarTh KaK 3HaueHusA HEKOTOPHIX
CHenUAIbLHEX (QYHKIMA, ONpeNedeHHHX Ha Kiacce BCeX TIpPyno
WI¥ Ha HEKOTOPOM ero mogKiacce. J70 QYHKmmE §F , COMOCTAaB-
AA0mue KasKmoit rpymne G (Mim Kasgodl rpynme us HeKOTOPOIo
3aflaHHOTO Kiacca rpynn K) Hexoropyw ee unofirpyunmy F (G).
Tlpm 37T0M JOMKHO BHIIOIHATHLCA clepylomiee yciaoue abcrpaKrTao-
crm: § (G°) = § (G)® mgus Kammoro msoMopdhmsMa ¢ MeRAy Ipym-~
maMu G u G9 . Takme a0crpakTHEIe TEOPETUKO-TPYIIOBHE (yHKIAK
OyneM 3mech HAasHBaTh gynmkmopuesamu. W3 onpepmeneHus cpasy
clexyer, 4T0 ecim § — (PyHKTOpHAN, TO B KaKAOH rpymme &
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ero sHadeHme § (G) sBIAercsA XaPaKTEPHCTHUECKON IOATPYNIION,
Hapsiny ¢ ¢yHKTOpmMamaMm mMHOIEA NOJE3HO pACCMATPUBATL W
Kofynkmopua.asl, COMOCTaBIAIOIIAE TpPyIme ee (HaKrop-rpynmy.

IlosaTHO, 9TO0 aGCcTpaKTHEE TEOPETHKO-TPYIMOBHE (QYHKIUN
B HeABHOM BHJe paccMarpuBaofcs yie HaBHO, OFHAKO JIHUIIb
B HepasHeil padore P. Bepa [9] omm Gouim werko HazBaHEI W pac-
CMaTPHBAIIACH KAK CaMOCTOATENBHEIH 00bekT. TeopermKo-rpynmo-
BHIM (YHKIWAM M MX TIPHMEHEHWIO B TEOPHM PAaRMKAIa IMOCBAINEHA
Takske pabora aBropa [5].

2. Jleiicteusa ¢ QynrTopmadzamu. B cumcreMe Bcex GyHKTOpH-

aJI0B MMETCA HEKOTOpPhle eCTeCTBeHHHE OTHOIIGHHA W OIepaliiH.
Ilpeskne Bcero »ro OTHONIEHHWE MOPALKA: eclId Fy U T, — IBA
¢yarTOpHANa, TO i < Fs, KOrma AIa Ji00oil rpynmel G uMeer
MecTo0 BRIOYeHHe F1(G) C FofG). Ilyers, namee, Fo, o€ J,—HeKo-
Toperit Habop ¢ymxropuanor, I He 00g3aTeIBHO MHOKECTBO.
Komnosum u nepeceuenue |J Fo ¥ | Fo ONpeNeNsorcsa HpaBUIa-

a [0 1
mu: s mo6oil rpymmit G momrpymma (U Fe) (G) ects KoMmosmT
) o
noxrpynn §q(G) u (N Fo)(G) — nepecegenme Bcex o (G).
a

NMeercs nBa yMHO}KeHHS — 8epXHee u Hudxchee. llyers §, u
. — nBa ¢QyHEropmama. Uepes F,3F, oOozHAUAM OGYHKIHIO,
CcOMoCTARIAINIYI0 Ipynne G ee moxrpynny ¥, §,(G), ABasiomy-
0CS1 MOMHEIM IIPoo6pasoM B G noprpynusl §» (G/F 1 (G)) us dpaxrop-
rpynnsl G/ ,(G). 9ro BepxHee mpousBeneHne. HmxHee mpomsBe-
menre F,9Q . ompeneisercd mpaBmiIoM: F1Q F s (G) = F2 (T 1(G)).
O6a 3Tm yMHO}KeHUA — acCOUMATHBHEE OIEePANUM.

MosxHO TaK;Ke rOBOpPUTH W 0 OeCKOHEUHHIX BePXHHX H HIK-
Hux mpoumsBeneHusx. [lycrs M, — oTpesorR HOPAIKOBHIX dHCe,
MEHBIIUX 3a[aHHOTO Yy, W JOIYCTHM, YT0 KaXKIOMY HeuperelbHOMY
a6 My comocraBieH (yHKTOPHAT $,. Ilpomssenenme II° (y)F«
ompenelnM mo mHnyKumm, onpemedss I1I¢ (B) §q ama Bcex P <y.
Tonaraem IT° (1) § o = § . Jomycram, uro nas Bcexn < f mpousse-
geausi 1I° () § . yswe ompenenensi. Ecam B He mpemeibHoe, 70
ompemermm: 118 (B) Fo — (1% B—1)Fa) & Fp. Ecam e f — mpe-
menbHoe, T0 I1° (B) o ompenensercs kax Kommo3uT Bcex II° (M) Fa
¢ M < p. AHamorg4HO, HA OCHOBe IlepeceYeHmii, ONpeelaaercs
HmKnee npoussenenne 119 (y) §. .

ITpu stom faa ogHOro PyHKTOpHAda § MOKHO paccMaTpwWBaThH
ero BepxHHe W HWKHEUe cremeHH. VIx GyaeM o6o3Ha9arbh COOTBET-
cTBeHHO wepes FY m FeY, rme y — mopsAnKosoe umcdo. O6oz-
HAYUM, Jalee,

F=UGF™ & =NF»,
h1 Y

N
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rie y mpoGeraer KIacc BCeX TpaHCYUANTHHIX uwmced. ITpm aToM
nMeeM § 5‘{‘;‘ =&, % &F =% u cooTBercrBenmo ¥ ki =% m
8’98 8’ @Oyaxropran §, pia xoroporo §FIF = &, HazoBeM
6epXHUM  udemnomenmom, a ecin & O & =&, — nusnum udem-
nomernmom.

MoskHo yKasaTh pAx Apyrax, ys;ke 0Oollee crenuuIecKHX
onmepauui. OTMermM, HampuMep, KoOMMYMUDPOSAHuUe: ecld %K, U
&9 — nBa QyHKTOpHANA, TO UX KOMMyTaTop [Fy, §2] HeficTByer mo
OpaBUIy:

[%17 %2](G) = [SI(G)v %2(G)]-

CuacreMy Bcex (QYHKTODHANOB MO;KHO pAacCMATpPHBATh Kak
HEKOTOPYI0 anre0pamdecKyI0 CHCTeMy, XOTA OHA W He ABIAETCS
MHO#ecTBOM. B 9acTHOCTH, MOMKHO TOBODHUTL O @eprHell U HudcHel
noayepynnaz $ynrmopuasoe, © B 3THX MOIYTPYIIAaX MOKHO BHIe-
naTh PpasiuIHEe WHTepecHHe Iogmodyrpymusl. OTMmermM erme,
910 B [5] mpmBopmATCA HeKoTOpHle MpocTefimime COOTHONIEHUS A
HA3BAHHBIX BHIIIE ONMEPAIHA.

3. Heroropsie orpanndeHus, HajaraeMmoie HA (DYHRTOPHAILI.
Pasnmannie orpanuvenwms Ha (GYHKTODPHATH BO3HHKAIT W3 pac-
CMOTDeHHUsI TOBENeHMS WX OTHOCHTENbHO OIpe/eleHHHX BLITIe
onepanmii. Tak, MH yike BHIeIWIN BepXHEe N HILKAWE HIEMITO-
renTsl. MOKHO TalkiKe XapaKTepU30Barh (QYHKTOPHAJAH IO HX
TIOBEJ[eHNI0 B PASIMIHBIX TEOPETHKO-TPYNHOBHX KOHCTDYKIMAX.
Hanpumep, MORHO BEeIuTh (YHKTOPHAIE, IepecTaHOBOYHEE
¢ IPAMHIMU npom3Befennamn. Hmxe Oynyr Ha3BaHbl OTpaHHYeHnd,
OpUMeHSeMble B TeODUH pagmKata U Kopaamkala.

Oynrropman § masoeMm H-zamrnyTthM, ecim F (G)° =F (G%)
npn mo6oM snuMopdmsme ¢ 1 G— G®. Ecau 3gech mMeer MecTo
aumb BKIYenme F(G)® C § (G?), To § nasusaerca H-sanknymun
c/eeq, a eclN BHEIoMHAeTCA BRaovenne § (G)® D F (G*), ro § —H-
samxnym cnpasa. H-zsameHyToCTH CIpaBa y Hac BCTPEUaThCA He
Oyner, m moosromy H-samkmyTile cieBa (QYHKTODHAIH Ha30BeM
HO-IPYTOMY — cuabkbimu gynkmopuasamu. H-3aMkayThie dpyHKTO-
pHANH HA3HBAOTCA elne eepbaaamy, TaK KaKk OHU BCeIfa BLIIeIAI0T
BepOaIbHEIe IOAPYNIB TI0 HEKOTOPHIM MHOr0o0GpasuaM (cM. cae-
Rylomuit maparpad).

Ilycte Teneps p — HeKoTOpOEe aGCTPAKTHOE OTHOUIEHHE Me -
Ay Tpynmoit m ee moarpymmoii. Ecam A — moxrpymma B G, 10
ApG ozmagaer, uto auas A m G umeer mecro p. Pynxropman F
Hazo0BeM p-coeaacosannmm, ecim ApG Buaeuer F(A)C F (G).
Hna HeKoTOPHX CHeNuaJbLHHX OTHOMEHHIl p 3TO Bieder JalbIe
u FiA)pF(G). § wnazosem p-rnacaedemeennwbim, ecnn uz  ApG
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caegyer § (G) N A C F(A). Ecim § ongHOBpeMeHHO P-COTIacoBaH
" p-HacuaencrBeHeH, 10 ApG Bueuer F (4) =T (G) N A.

B reopmm pagmkana wame Bcero IPHMEHAIOTCA OTHOINEHUA:
«OHITH HOPMAIBHEIM JeluTeNeM», «ObITh JOCTMKIMON IOAIPYIIIIOiy,
«OHITH cyOmHBapHaHTHON moarpymnoiny. Ilomesno rak:ke paccMarpn-
Barh clepylomwii tun orHomeHuit. Ilycrs p — mexoropas Gecko-
HeuHasA MomHOCTh. DBBemeM orHomenme p = p(u), ompeneisemMoe
mpasmiaoM: ApG, eciun A —9jleH BO3paCTAIONEro HOPMAJIbHOTO PAnA
rpynnsl G, MOIHOCTH KOTOPOro MeHbme 3amaHHoro w. [loHATHO,
970 Ha KQKNO0H KOHKPETHOH IrpyIIe OTHOMEHNe CyOMHBApHAHTHOCTH
cosmagaer ¢ HexoropeiM p(p). Ecam p — cduerHas MomHoCTb,
T0 P(Q) — MOCTHIKEMOCTD.

Ecrecrsenno BHmennTh GyHKTOPUAIE, COMOCTABIAOMAE KarK-
IO# rpymme ee BIOJHe XapaKTePHCTHIECKYIO MOArpymIy. B cBA3H
C 9THM OTMETHM cJe[yloIiee IIPOCTOe IIpefIo:KeHme.

Ecau § —cuabnwiil fynkmopuas u coeaacosan ¢ nodepynnamu,
mo eceeda F (G) — enoane zapakmepucmudeckas nodepynna é G.

HeiicTBuTensHO0, ecau ¢ — dHIOMOP(U3M rpynnsl G, 1o mpH
3aaHHHX YCIOBAAX WNMeeM

F(G)P CF(G®) C F(G).
VxazaHHEIM YCIOBHAM YIOBIETBOPsieT KajKHi BepOad.

§ 3. Papukansl B KOPaMKAILL

1. iBa cnemuaabHBIX COOTBETCTBUA MeKAY (YHKTOpmAIaMu
u Kraccamu rpynn. Rampgeiii pyEKTOpHANI § ecTecTBEHHO BHImEIA-
er Ba Kiaacca rpym:§’ u §*. Haace §  cocronr u3 Beex rpynn G,
aaa KoTopHX T (G)=G. Taxme rpynnsl HazoBeM §-cosepuser-
HuMmy epynnamu. § * ecrs Kiaacc Bcex G, maa Koropux F(G) =E.
Tpynmsi s1oro Kiacca HazoBeM F -Rpocmumiu.

C gpyroit cTopoHH, KayKmoMy abcTpaKTHOMY KiIaccy rpynn ¥
comocraBigerca nBa ¢yHkropmata: X’ m ¥*. Ilepsmii m3 HEX
BHeIAeT B KORHoN rpynne G mogrpyuny ¥’ (G) (xoropywo Oymem
rakKe o0o3Hauarb depe3 ¥ (G), MOpOKIEHHYI0 BCeMI MHBAPHAHT-
guiMz ¥ -moprpynnamu u3 G. Bropoi pyHKTOpDHAT BEIEJISAET B IPyI-
ne G monrpynny £* (G), ABAAIOIYlocA IepecedeHWEeM BceX HHBa-
PHAHTHHIX Ko-¥ -moprpynm m3 G, 1. e. rakux A, uto G/A=¥.

[Tomaren Tak:ke cMBIcHI obo3HaueHW# §”,F **, ¥, ¥**, a pa-
BeHeTBAF =F ", ¥ = X", F =T **, ¥ = ¥** rosopar 3/ech 0 B3a-
AMHON OHO3HAYHOCTH COOTBETCTBYIOIEX OTOOpas;KeHUI.

Huaace rpynn ¥ HaszoBeM npedpadukasbHuim KaaccoM, €CIH
B moboii rpynne G ee moprpynna ¥ (G) ects ¥ -mogrpynna. X Ha-
30oBeM konpedpadukarvbruim, ecanm Bcerga X* (G) ecrs Ko-¥ -mop-
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rpynna. Jlerko Bmuerh, 9T0 mpelpanguKalbHOCTL KiIacca ¥ paBmHO-
cUILbHA ero 3aMKHYTOCTH OTHOCHTeNbHO omeparopa R, a Xompep-
pamzmraabrocys — CoR-3aMrmyrocTm sroro kiacca. C apyroit cro-
POHEL, HETPYNHO IMOHATh, 9TO WMEIT MecTo paBeHcrsa ¥ "=RZ
n ¥ ** =CoR¥. Taxum oGpaszoM, paBeHcTBO ¥ = X" paBHOCHIbL-
HO IpenpaimKaIbHOCTH KiIacca ¥, a paBeHCTBO ¥ =F** o3Hazaer,
gro X — KOUpenpagWmKalbHBI Kiacc.

IIpmBegem Temepsr mapalieibHble OIpeneleHnAa iad QYHKTO-
puanos., Oyukropman § mazosem npedpadukasonm, ecim: 1) § as-
nsgercsA HIKHAM HAeMIIOTEHTOM ¥ 2) § COrlIacoBaH ¢ HOPMATLHLIMU
HgenuTelaAMHA. § HasnBaercs konpedpadukasom, ecadm 1) § apua-
eTcs BEPXHAM HIeMIOTeHTOM W 2) § — CHIBHEN ¢QyHKTOpHAJ.
Herpynuo saMermth, 9T0 KaK IepBrle, TAK X BTOpble YCJIOBHSA
37eCh — NBOMCTBEHHEIE YCIOBHA.

M eer Mecro caemyiomee mpenuosernme [9], [5].

Ilpegnosmenne 2. Pasercmeo § = F' uneem mecmo mozda
u moavko mozda, kozda § npedpadurar. Pasencmeo F = §F **
DasHocuabHo momy, wmo §F — konpedpaduraa. Ecau § — nped-
padukan, mo F’ — npedpadukasvrwii Eaacc, u ecau ¥ — npeod-
padurarvunii Kaacc, mo ¥’ — npedpadukar. Ecau § — konped-
padukaa, mo F*¥ — konpedpadukasvruli kaacc, u ecaw X —
npouseosbHnll Kaacc, mo ¥* — konpedpaduraa.

Tarkum oOpasoM, ' ycraHaBimBaeT B3aHMHOO[HOBHAYHOE COOT-
BETCTBUE MEKNY IpenpajuKkajlaMu ¥ IpeApajuKaJbHBIMH KIac-
caMH, a * qgaer aHaJOrm9HOEe COOTBETCTBHE MERNY KOUpenpagu-
KaJaMHI ¥ KONpeqpajiKajJbHBEIME KJIaccaMm.

Brenem remepsr o6osmauenna: r§ =g m Cor § =g**, u
HepeuncinM HeKOTOpHe CBOICTBA STHX OIIepaTOpOB Ha (QYHKTOPH-
amax [5]. 5 B

Bceerna mmetor mecto HepaseHersa r > § u Cor § < §. Cue-
[IOBATeNLHO, eclN § — HIKHOH HeMIOTeHT, T0 IF > F M eciln
% — Bepxumit muemmorenr, to Cor® < F. Ecam § — cuuabpHEIR
¢yurropman, to Cor ¥ = &, mw eciam § COINIACOBAH ¢ HOPMAJIbHBI-

MH pAelnTenamu, To 1F = F. Kpome Toro, ecam F — CUIbHEH
($YHKTOPHAN, TO TAKOB ke MW I'{, a eclH § COTIAcOBAH ¢ HOP-
MAaJbHBEIMH JelmTelAMH, TO JTHM e cBoiicrBom obnanaer H
Cor &.

Omneparop Cor coBmajmaer €O CBOHM KBagpaioM, I IOJTOMY
INg IPOM3BOAbHOTO §F (pyHkropuan Cor § aApisercA yiKke Koupei-
pagmKaioM. IT0T KoImperpajuKali, OgHAKO, MOKeT He IMOKPHBATH-
ca § . Ecnn e § — Bepxuuit npemuorent, 1o Cor § ecrh MakrcH-
MAJIBHH{ KONPEMPAIIKAT B § — OH CONP/KHT Ka;KAbd KOIpen-
pajguran, MeHbImmid .

217



Omeparop T He COBIAjfaer cO CBOMM KBANPATOM, W 37ecCh IIO-
HATHHIM 00pa30M ONPeeNsiioTCA ero CTeneHn, B TOM JucIe B GecKo-
Heduhie. ITH CTENEHN CTabIITH3APYIOTCA YiKe Ha NEePEOM Ipeielb-

HOM Mecte. O6o3HaumMm r — @, Onepa’rop I COTIOCTABIACT KarKIOMy
d)yHRTopna.ny% apenpamukal r §.Ecam § — gmmanii mpemmo-

TeHT, T0 IF ecTh MUHIMATHHEII OpenpajuKai, MOKPHBAIUE F.
OrmemM ellle cCJIeAyIINe HEMOCPENCTBEHHO NPOBEPIeMble
COOTHOIIIeHHA:

rg) =Rg5 RE) =r&]
(Cor §)* = Co RF *; (CoR ¥)* = Cor #*.

2. OnpeaeneHns pagukaios u KopapuradoB. Ilpocreiimme
COOTHOLIEHNA. B COOTBETCTBAM ¢ yiKe OTMEUABIMIAMCA PASIKAI bHEIH
KIace — 5T0 MPepajaKalIbHE KIACC C JOMOMHATENHHKEM YCIO-
BeM 3aMKHyTOCTH To romoMopdmamam. CoorBEeTCTBERHO KOpaju-
KAIbHBIN KJIAacC — BTO KOMPeApagAKaJbHEIA KIacc, HacIeNCTBEH-
HH{ 10 HOPMAILHEIM jenmreisM. llepexoys Ha sA3WK QyHKTOpPH-
aloB, MEL ONPeNeINM PaguKal KaK Taroil ¢yHxropmaa §F, KOTOPHIH
YOBIETBOPAET JIBYM YCIOBHUAM INIPeNPaAKAIa W elle YCIOBHIO:
$ — cunsHHE Qyakropmaa. CoorBeTcTBEHHO B ONIpPeeleHnn Kopa-
JAKaJda § K [BYM YCIOBHAM Kompenpanmkana nobaBiusgercsa ycio-
BUe: § COIIAcoBaH ¢ HOPMAILHHIMHU [eIATENAMH.

3ameTnM 37ech, 9TO TpeThe YCJIOBHE ONPENeIeHAS pammKala
BXOAWJIO BTOPHIM YCIOBHEM B oOmpeJeleHne KoUpenpaguKaia, u,
Ha000POT, YCIOBHE TpeThe ONpPeneIeHds KOPAajgmKala ecTh TaKie
ycloBHe BTOpPOe OmpejeleHda mpenpanukaia. Jlerko BHAersb,dro
IIPH 3TOM COOTBETCTBHE ' eCTh TaK/Ke B3aMMHOOHO3HAUHOE COOT-
BETCTBHE MERIY PATAKAILHBIMA KIACCAMH W pajmKajiamm, a * —
TaKoe >Ke COOTBETCTBHE MEKIYy KOPAOUKATBHBIMA KIAcCaMH X
KopajgHKalaMn,

HanoMHENM nanee,9ro pagmkan § HaclencTBeHeH (M0 HOPMAIb-
HEIM JIeJIATeNIAM), eCI W3 TOro, 40 A — HOPMAJLHHIA nenmrein
B G, cuegyer, uro F(4) = §(G) NA4. 910 yclosme, Kak Jerko
3aMeTHTh, BlleYeT yjKe IIePBOe YCJIOBHE OTNpejielleHAA Iperpaga-
Kaja. {§ Tornau ToJIbKO TOr[a HacJeICTBeHeH, KoTna HaclencTBeHeH
COOTBETCTBYWOIINA pandKaIbHbl Kiaacc. JlBoiicTBenHOe yciIoBHe
I KOPAAUKaJIBHBIX KIAcCOB 03HAYaeT 3aMKHYTOCTH 3THX KJIACCOB
OTHOCHTEILHO rOMOMOPGU3MOB, a 3T0 paBHOCHIbHO H-3aMKHyTOCTH
COOTBETCTRYIOIero Kopanmkana. OxaseiBaercs, wro H-zamkay-
TOCTH IPOM3BOJIHLHOTO PYHKTOPHAIA yiKe 03HATALT, YTO TaKoll QyHK-
TOPHAN ABIAETCA KOPaJMKAIOM.

Dynrropman § HazoBeM eepbasom, ecam §F=¥*, rne X —
muorooGpasue. Hceno, 9To KamKmplit Bep6at ABIAeICA KOPAJHKAIOM,
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H-zamkEyr m coriacoBaH ¢ moprpynmamu. MMeer MecTo Takixe
clenyomee mpexsokenye (cM., HanpmMep, [5)).

Mpepganomenne 3. Pynusmopuas F mozda u moavko mozda
aeasemcs sepbaaonm, kozda on H-samrnym. Kaacc ¥ mozda u
moavbko mozda asasemcs MHoz2000pasuem, kozda ¥ — X** m F*—
H-samrxnym.

TakuMm o6pa3oM, yCTaHABJIUBAEGM TaKske JBOHCTBCHHOCTDH Me-
3Ky HACJEICTBeHHHIMU pajumKajaMm m BepGamamz. [lBoiicTBeH-
HOCTb MEXAY HACIC[CTBeHHLIMA paJUKaJILHEIMA KjIaccaMu o
MHOro00pasMgaMu IPOCMATPUBACTCA M3 ONPEIeNeHAN 3TUX KJIaCCOB
HA ONEpPAaTOPHOM s3biKe (IO IOBOAY [BOWCTBEHHOCTH CM. eIne
O. 9 B 9TOM maparpade).

OrMernM pmazee, 9TO HapAAy ¢ MHOroo0pasmaMd M Bepbaia-
MU WHOIJA MOJE3HO PacCMaTpuBaTh npeiMHOrooGpasmsa W mpef-
pepbaunsi, onpejiensaeMele ClaefynmuM 00pasoM.

Kunace ¥ maszoseM mpemmmoroo6pasmeM, ecian OH B3aMKHYT
OTHOCHTENLHO omeparopa {S, G}, mau, IT0 PaBHOCHIBHO, OTHO-
curensHo omeparopa {S, CoR}. Tarkum o6pasoM, ecam ¥ — mpo-
W3BOJNBHEE Kiace rpymm, 10 ¥; = CoR¥ ecrs KompenpaauKaib-
Apil Kxace, ¥, = S¥; — mpegMHoroo6pasme (m OXHOBPEMEHHO
KopajguRanbHeil Kaace) n ¥, = H¥, — Muoroo6pasue. Herpynuo
3aMETHTH TAKKe, 4TO KajKHnoe KpaswMuoroobGpasue rpynn [10] aB-
JgeTCa Beerga mpeaMHOT000pasmeM, HO He Haobopor. CM. TaKke
[32], rue naa mpenMHOrooOpasmit MCHONB3YeETCA APYyroe HasBaHMUE.

@yHRTOPHAT § HA30BEM npedsepOaiom, eCIU 3T0 KOUPeIpain-
Kal M OH COIJIACOBAH C MHOATpyHIaMu (4 He TOJIBKO ¢ HOPMAlb-
HEIMH J{eIUTeJIMA, KAk 9T0 Tpebyercs B ompereleHn# KOPAIUKa-
Ia). § Torja H TOJNBKO TOrfAa IIpeiBepbdal, KOrma CoOTBETCTBYIO-
mmit F* ecrb upenMHOrooGpasme. M3 NpHBONMBIOHXCSA paHbIIe
3aMeuaHN# cleyer, 9T0 B KasKmOd rpymme mpensepOal BLHIeNseT
BIIOJIHE XapaKTePUCTHUYCCKYH HOArPYIITY.

Panmran § masoiBaercsa cmpoeum paduka.iom, ecln sIBISETCH
TAaK)Ke BEPXHUM HIEMIOTEHTOM. J3aMeraM 37iech, 9T0 TEPMUH
«crpormil pajgmKaid» He OYeHBL y[adeH, TAK KaK OH NpHUMeHAICH
yie B gpyroii curyanuu B [3]. Hopapukan § wuassBaercs cmpo-
2uM Kopadurasom, eclin OH HIDKHWH HeMIOTEHT. Y CIOBHE CTPOroro
pagMKala paBHOCHILHO TOMY, 9TO COOTBETCTBYIOIIHH KIacc 3aMK-
HYT IO DAcCHINpeHHAM, T. €. ABIAETCA PAJUKAIbHEIM KIaccoM B
axcmomarnke A. I'. Kypoma [3]. § — crpormii xopajgumkax rorma
M TOJABKO TOTJA, KOrja §* ABAgercA 3aMKHYTHIM II0 PACIIHPEHUAM
KOPAJUKAJIbHEIM KJIaccOM, 9T0 PAaBHOCHILHO IOJYIIPOCTOTE TOrO
Kiacca B cMuicie A. I'. Hypoma. V3 ompepmenenuil Hemocpejcr-
BEHHO BHTEKAaeT clefylulee yTBE)RIeHWE: €CIH §F — crpormit
PaguKa’z, TO OH OJHOBPEMEHHO W CYPOrHH KOpaJuMKa:; ecld §F —
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CTpOrumil KOpajmKal, T0 OH TaXske W crporuit papmrai. Ilpm srom
§’ — crpormil pagUKAJIBHBINA KiIacc I F¥ — mMOIympocToil KiIacc.
Crenyiolmee mpemio;KeHNe CBA3AHO C BBeNeHHEIMI pPaHee OIle-
paropamu r m Cor [5].
Ilpennoxenne 4. Ecau § — cusvnwid ynrmopuaa,

mo r§ — padukar. Ecau § coenacosan ¢ HopMasbHuiMU Oesume-
asmu, mo Cor§ — kopadukax.

3. CoraacoBanHoCTh M HacleqcTBeHHOCTh. CoriacoBaHHOCTL
H HACIEJCTBEHHOCTh SABIAIOICA HOCHUTENSAMH OTpefeleHHON ABOii-
CTBEHHOCTH: eclU F — QYHKTOpHAI H O — OTHOIIEHHE MEKIY
TPYNIOH W ee MOATPYNIIONR, TO p-HACHAENCTBEHHOCTL § BIledeT HAc-
JeJICTBEHHOCTh 10 O-MOATpyHnaM Kiaacca §', a P-COrIacoBaHHOCTh
¥ BIeuer HACIAENCTBEHHOCTH MO P-HOArpynmaM kiacca g*. Ilpm-
BelieM Tenephb OAUH TPH3HAK O-COrJIacOBAaHHOCTH pajUKala.

Onpenermm omeparop R, Ha kmaccax rpymnm: rpymna G
TOrga W TOJABKO TOrna npHHAIEeKRAT kKiaccy Ry ¥, Korma oHa
TIOPOMKIaeTCsi CBOMMH p-mojrpynnamu m3 kiaacca ¥ . Ilapanmens-
HO ONpeNie]IAM OnepaTop Ip Ha yHKTOpHamax: Tp§ (G) ecrs moj-
rpyuna B G, mOpOKIeHHAS BCeMHU & -COBEPIIEHHBIME Q-TOATPYII-
namz u3 G. OgeBmpuHO cienyiomee coorHomenme: (Tp %) == RoF’.

Ilepeuncamm Tenmepsr HEKOTOpPHE OrpaHAYeHNsd, HAKIAIbIBA-
eMBle Ha OTHOIIeHWe O: 1) KasK/plii HOPMAJIBHEIH [eINTellb B IPyNIe
ABIAeTca ee p-noxrpynnoi; 2) ecam ApG m B — HopMalabHHHA
nenntens B G, comep:ramuit 4, ro ApB; 3) ecim BpG 1 A — xa-
pakTepHcTHIecKasa noxrpynna B B, 1o ApG. Kamoe orHOmeH e O,
YIOBIETBOPAIOMEe TPEM OTMEIeHHEIM YCIOBHUAM, Ha30BeM HOPMA.Ab-
HoM omuouweHuem. OTHoIIeHHe P HA30BEM CMPO20 HOPMAALHBIM,
ecln emme BEINOJHEHO ycloBHe: 4) ecam ApG m ¢ :G—> Gop —
snmMopdumam, To A®p G®. Hpome T0ro, wacro okassBaerca Heol-
XOMUMBIM YCIOBHE TPAH3HTHBHOCTH p.

Jlerko 3amernth, 4TO ecam O YHOBIAeTBOPsieT yciaoBHmAM 1),
2) n rpamsmrueHO, 10 (Rp ¥ ) (G) ectp moprpynna B G, mopo:xjeH-
Haa BceMu ee ¥ — p-moprpynnamu, upudem nMeeM (Rp ¥) =1, ¥,
Jaa rTakoro p oWeBHIHO TarKe, 9470 R, ecrb oIeparop 3aMbIKa-
HAA # rf; =Tp,.

IMpeganomenne 5. [5]. IIyemv p nopmasvrno. Kaace
epynn ¥ moeda u moavko mozda sfeasemci  npedpaduraibHbLM
kaaccom ¢ p-coeaacosannvim X', koeda Ro ¥ =% . Ilpedpaduras §
mo20a u moavko moeda p-coeaacoéan, kKoeda T, F =F. KEcau
p mpausumuerno, mo O0al npoussosdbrHozo F Gynrmopuas T, F
ABAACMCA  P-CO2AACO8AHHYM npedpadurarom. Kcau ewe p cmpozo
HOPMAAbHO U § — cusbublli gynkmopuar, mo TpF — p-coeaa-
coearnn vl padukaan.
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g cTporo HOPMalbHOTO O BEPHO eme CJemyomee: eciId
& — p-cormacoBarEH ¢ymrropmanx, To CorF TamKe p-coria-
coBaH, a (Cor §)* ecTs HacleqCcTBEHHHII IO P-mOATpYIIaM Kopa-
JUKAJIBHEIN KJIacc.

s HOpMAaTBHOTO O HETPYZHO IIPOBEPHTH, 4TO IIepecedeHme
ao6oro Habopa p-HACIENCTBEHHEIX DAafHKalIoOB ecTh P-HACIecT-
BeHHSII pagmkan. OTcioma cieqyer, 9To [IA KAXKIOro pagmrala F
MOKHO YKa3aThb MOHHMAaJBHHIN Q-HacJefCTBeHHHII pagmeal, Co-
mepsramuii g .

4. YMHOKeHHe paguKajoB U KopaaukaioB. Pagsme Gounm om-
pelielleHb! BepXHIE M HIJKHNE IPou3Beenns QyHKToprantoB. OrMme-
THM Temeps cienyiomyl Teopemy [5], mapammenbHylo Teopeme 1.

Teopema 2. BepzxHee npoussedenue 4106020 MHONCECEA
padukasoe makdxe seasemcs padukasom. Huxcnee npouseedenue
4106020 MHONcecmea kopadukasoe — cHoea kKopadukar. Ecau §F—
padukaa, mo u §F — padukaa, ecau F— kopadukas, mo U F—
Kopadukaa.

JTa TeopeMa JOKAa3HIBAeTCA IPOBEPKOH COOTBETCTBYIOIHUX
CBOICTB (YHKTOPHANOB, W HET HEOOXOJMMOCTH IepexoinTh K
kaxaccam rpyoo. Hpome Toro, MoKHO IpOBepHTh, YTO IPH MIHH-
MaJIbHHX OTPAaHNYEHNAX HA OTHOIIEHWEe O BepXHee IPOM3BEJeHNE
p-COINIACOBAHHBIX pAJMKANIOB TAKKe (-COINIACOBAHO, M €CIH
BCe COMHOKHTENN {-HACIEICTBEHHHI, TO TAaKOBO jKe M HMX IPOM3-
BeJleHNE.

N3 xapaxrepmcTmkn Bep6anoB, cojep:;ramelica B IIPeIOKe-
HAX 3, cpasy cieayeT M3BeCTHHI (aKT, 9To HI)KHee IPOU3BEIeHEe
KOHEYHOTO dYHCIa Bep0aloB TaksKke BepOal. AHAJIOTAIHO WMMeEeM,
9TO KOMMYTAaTOp BepOalioB ecTh Bepbay, W Jerko BHETh, 9TO KOM-
MyTaTOp ABYX KOPAJWKAJIOB — KOPagmKal.

YMHOKEHAA KIaccOB M (YHKTOPMAIOB eCTeCTBEHHO CBS3AHH.
O6osnaunmv wepes II°(y)¥. BepxHee WHBapWAHTHOe LPOHM3Be-~
JleHWe DpaJMKaNbHKEIX KiaccoB, m 1ycTs II°(y) ¥. — HIKHee
HOPMalbHOE IPOM3BeNeHNe KOpaJMKAaIbHHX KiIaccoB. IIpm arom
HMeT MecTO (GOpMYJIH:

(I (v) &o) =TI (p) £, m (IF° (v) ) = T0° () .

IlepBas W3 HEX BepHA TaK:xke [IA KOHEYHHX HOPMAIbHHIX IPOW3-
BeJIeHNIT 1, €ClIN BCe COMHOKATENIN ABIAITCA COeNUAIbHEIMI PaIi-
KallaMu, 1ig OeCKOHEYHHIX HOPMAJLHEIX HmpomsBenenmii. Ilpm sTom
pagmkan ¥ HasHBaeM cneyuabhbim, ecim X’ coriacoBaH ¢ cy0-
VHBAPHAHTHEIME DOArPYIIaMH.

YanTHBas, 4TO BepXHee W HUKHEE YMHOKEHUS QYHKTODHAIOB
BCeT/{a aCCONMMATHBHE, M NPUMEHAH OTMEYeHHEIE ceifuac GopMyJIH,
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BHJIMM, YTO MOKHO TOBOPHUTH O IOJYTPYINAaX PAjAKRATBHHX H KO -
PagMKalbHEX KIACCOB. JTH MOIYTPYINH OKa3KBATCA M30MOPY-
HEIME COOTBETCTBEHHO MOJYIPYHIe PpagMKaloB (OTHOCHTEIBHO
BEPXHET0 YMHOKEHHs) U IOXYIPYINe KOPajuKaioB (M0 HE;KHEMY
yMHO¥keHM0). Bo BTOPO#l M3 2THX WONYrpymum comep;KHUTCA IOJ-
monyrpynna Bep0aioB, m3oMopdHAA HOIYTpymme MHOT000paswHii.

5. Paguraisl u Ropafukaas! Kak QyHRTOpbI. [l0 cuX mop paju-
KaJkl M KOPajJMKaIsl BHICTYIANH 3jeCh B JABYX KauecTBaX: KaK
HEKOTOPHIe KIACCH IPYII M KaK HeKOTOPHE TeOPETHKO-IPYIIIIOBEe
¢ymkunu. Temeps paccMoTpuM HX KaK (YHKTOPH B TOXXOMAIIAX
KaTeropuAx, W I[pHA HTOM [BOMCTBEHHOCTb ME:KIY HUMH CTaHeT
0c0GeHHO OTYeTIAUBOI — OHA Oy[MeT CBOJUTHCSA K MOBOPOTY CTpe-
IIOK.

Ilyecrs K — mexoropas wareropus u O — oxHOMECTHHIA KO-
BapHaHTHHI QyHKTOpP M3 9TOH KaTeropud B cebsa. Dymrrop D
HazoBeM paduka.iom Ha K, eCIM BEIIOTHEHHl CIE[YIOIMHe yCIOBHA:

1. Bmecte ¢ @ ompenmeneHa Taksxe QYHKIMA f, KOTOpad Kai-
noMy o6GbeKTy A comocraBmger MoHOMopguaM f(A) : ©®(4) — A.

2. Ecau samam mopdusm p: A - B, a =f(4) n p = f(B),
UMeeT MEeCTO KOMMYTATHBHAS [HMATpPaMMa

®© (4) 2™, © (B)
ajl vB

1

3. O*= 0,

Ilepsruie gBa ycroBus ozmadaior, aro O ecrp mogdyHKTOD
equanyHoro ¢yakropa. Ecim HX 3aMeHUTh Ha JIBOHCTBEHHLIE,
TO OpUIeM K IOHATHIO Kopagukana. Tawmm obpasom, @ — kopa-
Jukan, ecau:

1. Bmectre ¢ @ ompenenenma Takme ¢QyHxkimusa f, KoTopas
Kaxpgomy o0perTy A comocraBuser suumopdusm f(4) : 4 » D(4).

2. Ecam samanm Mopdpmamp: A — B, o =f(4)n f = f(B),
TO HMeeT MECTO KOMMYTAaTHBHAA JUarpaMma

A—>B
oy vB
@ (4)—> O (B)
(p)

3. @2 = O,

Yemopumes pgadbime roMomopdusm rpynm w i A — B HasH-
BaTh Jocmudicumbim, €CIH ero o0pas ABIAETCH JOCTHKAMOH IOf-
rpyumnoit B B. Jlerko BmmeTh, 9T0 KIacC BceX rpynIm, pacCcMaTpH-
BaeMEIi BMecTe ¢ NOCTIKEMEIMA TOMOMOp(H3MaMi, €CTh KaTero-
pua. Ilycre K — sra Rareropds.
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Iycre @ — pagurkan B K. Jua rammoil rymmel A depes
F (A) oGozmaamm o6pas momoMoppuama f(4). Ilpm sTtom F ora-
3EIBAETCA pAJUKAIOM B Kiacce Bcex rpymm. C gpyrod CTOpOHH,
KaKOMY pPajUKaly § ONHO3HAYHO, C TOYHOCTHIO IO DKBHBAJIEHT-
HocTH (yHKTOpPOB, oTBedaer pagarax @O B rareropan K.

IIycte Temeps @ — wopagdkanx B Kareropud Bcex rpymn K.
Huaa kasxpoit rpymnn A dgepes § (4) oGosmauum sAnpo >HEAMOP-
¢usma f(4). Torga § ecTp KOpajuKaN B KJIacce BCeX TPyUI, H
3eCh TAKyKe HMeeM B3aMMHOOIHO3HAYHOE COOTBETCTBHE.

Homyctum pansme, aro K ecTh HEKOTOpas Kareropusa, B KOTO-
poil mMeeTcs HOHATHE TOYHOH IociemoBaTelbHOCTH. Torma pajgd-
raix @ ma K mazoseM HacaedcmeeHHuM PAOUKALOM, €CIIA GYHKTOD
@ aBaserca rTounbM cieBa. Eciaun O—Kopagukad @ TOYeH cIpasa,
HA30BEM er0 HaAcaedCmeeHHbLM.

Ilycre Temepnr K — oTMeueHHAas paHbIIE KaTeropusa TIPyNnn
€ eCTeCTBEeHHHM® IOHATHEM TOYHON IIOcieqoBaTersHOCTH. Torma
nMeeT MeCTo ciaexyiomee mpejioxkeHme [5].

[Ipegnosxkenne 6. 1. Padukar ® ¢ ramezopuu K
mveda U moabko mozda Asasemca HaciedcmeeHHBM DPaAdurarom,
koz0a coomsememeylowyull § ecmv nacaedcmeennblll paduras ¢ kaacce
gcex epynn. 2. Kopadurasr @ e kamezopuu K mozda u moabko mozda
Hacaedcmeener, Koeda coomeemcmeywuli F ecmb eepbas.

Orciona Takke ciengyeT, uTo ecau @ — HacaexcTBeHHHN paxu-
KalX B KaTeropuu K, To ero o0pasH mpoGeraiT HAacIeZCTBeHHHI
paguKaNbHE KiIace rpynn, a ecau @O — HaclencTBeHHBIH Kopa-
OUKAJX, TO ero o6pasbl COCTABJIAKT MHOT00Opasde TPYIII.

6. JomoaaurenpHnie 3aMedanua. Bo Bcex Hammx paccMoTpe-
HAAX PAaguKaisl MW KOpagnWKaldbl OIIpefeJeHs Ha KJIacce BCeX
Ipymm — 10 abcoaiomubie padukaatt u Kopadukaas. llorarao, omma-
KO, UYTO MO;KHO OBLIO OB MCXCAHWTH W3 HEKOTOPOro mopriacca K
KIacca BCeX Ipyil, 3aMKHYTOTO, CKasKeM, OTHOCUTEILHO TOMOMOP-
¢m3MOB W B3ATHA WHBAPHAHTHHIX MOATPYHI. BClo TEOPHIO MOKHO
OmLIIO OH OTHOCHUTH K TakoMy Kiaccy K. IIpm aToM Bce pyHKTOpHAIIE
IOJKHH GHTH OIpejeliensl Ha wiIacce K, a meiicTBme omepaTopoB
Ha KJIAcCax JOJKHO OHTH Cy;KeHo Ha Kiaacce K (mo aToMy moBomy
cM. eme [5]).

IIpmBenem, ¢ apyroit cTopoHH, HECKOIBKO 3aMETIAHUI II0 IOBO-
oy o6o0menuit. MHOrme m3 OTMEUAaBHIMXCH BHIOIE IOCTPOGHHMIA,
CBA3AHHHIX C PaJHKalaMm, MOTYT GHTH 0Go0mens Ha Q-rpyimsH,
a I TEOpHH KOPajguKalia MOKHO MITH eme AajJblie I IepeHOCHTH
ee Ha YHmBepcaJbpHEE axreOpel. [Ipm »ToM coxpaHsercs mOYTH
BCe, CBABAHHOE C COOTBETCTBHMEM *, @CIIM TOIHKO MMETHh B BHAY, YTO
dyHrTOpHAT PUHKCHPYeT B yHWBEPCAIBHON alreGpe HEKOTOPYIO ee
roHrpysHnmio. He mpoiinyT amech, mo KpaifiHell mMepe Hemocpemcr-
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BeHHO, (AKTH, CBfA3aHHGE C YMHO;KeHHEeM HKopammkamoB. OHnu
He LIPOXOMAT cpasy Mmaske B Q-rpymmax, Tak KaK 37iech BooOme
OTCYTCTBYOT XapaKTePHCTHYHOCTH BHIEISeMHX (QYHKTOPHATIAMEI
Heanos.

Ta e mpwYnHA TPHBONHUT K TPYTHOCTAM H B TEOPHU PaHKa-
a0B B Q-rpynmax. OTMeTHM emie, 9TO B ciaydae Q-Tpymil B ompepe-
JeHMW pajuKaia § ycloBme 2) 3TOro OmpefeleHns HYKHO 3aMEHUTH
CIeRYIOMAM yCclIoBueM: ecim A — §-coBepmeHHHHR nmean Q-Tpym-
el G, To AC §(G). llpm TakoM w3MeHeHWH oOIpefieNeHNd,
KAK HETPYMHO NpPOBEepHTh, [AAd Q-rPpyHm TPOXOJAT IpocTedmmne
($aKTEl, CBA3aHHBIE C COOTBETCTBHEM '

Pasnuunsie 0600mennsa TOPNH PATAKAIOB MMEIOTCSA B PE3yiIb-
TaTe NepeHeCeHNHsA ee B TeopHMI0 KaTeropmil. XOTA 37eCh HMeeTcsa
JIOBOJIBHO MHOTO y;ke paGoT, meo0Xommmas SCHOCTDh B TeOPeTHKO-
KATETOPHOH TPAaKTOBKe pajMKala emme [JajJeKo He OCTUTHYTA.

§ 4. PapmransHoe 3aMBIKaHEE KIACCOB IPYNN

1. Onepatop R u Guanskme k memy omeparopsl. Hamommamm,
g10 omeparop R comocraBrger kiaccy rpynn ¥ krxacce R¥, cocro-
ADIWH U3 TPy, HOPOKAAEMEIX CBONMI NHBAPHAHTHHIME ¥ -IIOAT Py -
mamn. Cremgyiomas TeopeMa XapaKTePH3yeT 3aMHIKAH@E 3TOTO
omeparopa.

Teopema 3. Onepamop R ssatemcs ozpanuverHbM
onepamopom. R = R+ u sma oyenra seasemcs mounoti. Kpome

mozo, samukarnue R moxcem 6uimb onpedeacHo KGK onepamop, cono-
cmagasioyull kKaaccy ¥ KAQCC 8ceT 2DYRN, NOPOHIAEMYMT CEOUMU
docmuscumvinu ¥ -nodepynnamu.

Paccmorpum Gosree obmyio curyanuio. Ilycts p — HeroTopoe
HOpMallbHOE OTHOINEHMEe Me;KIy T'pyIIoil m ee HOArpyUIOd m p—

ero saMHKaHWe 1o TpaHamTHBHOCTH. MH moxameM, uto R, = R; =
—R“"H- Bragaxe mposepum, 4TO BBIHOJIHHGTCHB =R;.B ca-
MoM pexe, mycTs G € Rs &, ApG u A€ % . TlomsrHO, uro Kiace R, ¥
ABIISIETCS npenpanmcaJILHHM YA0BIETBOPAIOIIIM YCIOBHIO P-COTIIa-
coBaEHOCTH. VIMeeT MecTo Takie H P-COIIACOBAHHOCTD, M MOBTOMY
A4 =R, ¥)4)C (R, £ )(G). Tax xar G mopompaercs Takmmu A
10 G = (R, %)(G), n a10 osmawaer, aro G € R, (¥). Ta rum o6pazom,

s<<R,. Cppyroit cropossi, oaesnpro, uro R, < R;, n Tak rak

cIpaBa CTOWT OIEpATOp BAMHKAHMA, TO R, \R;.
Haxpme Gynem mokassiBars, aro Ry =Ret!  Ecam Ry = R,

TO 3eCh MO3XHO BOCIOJIB30BATHCA XOPOIIO M3BECTHHIMU cooGpame-
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muamu (cp., ranpumep, K. K. Mlykun [11]), a B o6mem cayuae Ham
moHAf00ATCA eme HEeKOTOpHEe BCIOMOTaTelbHEIE (aKTH.

Ilycts p — HeKoTOpoe OTHOmeHHe # ¥ — KiIacCc TpyMI.
Yepes £ P Oymem 0003HauaTh (GyHKTOpPHUAT, BEAEIAOMUR B KaiK-
goii rpymme G ee NOAIpPynmy, HODOAeHHyI0 BcemMu X -p-
moarpynnamu u3 G. [lnsg HOpMambHOTO 0 0ueBmAHO, uT0 X° (G)€
€R, ¥,(%°)=R,¥,mecau R, ¥=%,10 ¥° =% '. Mu1 Gyaem mu-
cats Ap"G, ecim B G mMeeTcsA BO3pacTaomuil pAf

Ap A;0 - - - pAn—1pG. *)
. —1
Homstro, uro ectd ApG, 10 £°" (A) ¥ e" @).
JlokasxeM [ajbmie COOTHOMIEHWE
n
2 @=0T"Er©.
9JTO COOTHCIIEHNE OUeBUMAHO A 1 =1, U HomycTHM, 9TO 0HO JOKa3a-
vo s Beex m < n. Ilyers A€ ¥ um Ap"G. BosbmeMm nua sroit
—1
A pan (*), u oyerb B,y — & e (An—1). IMmeem A C B, 0G. U3
IPeTIONCKEHI A THAYKIUH nMeeM By 1= (R) 2% )P (An_)ERT %,
CaegoBarensno, B,y C (R% ' £)°(G). Tak kak Bce tarme B,
HOPOsKAAIOT x" (G), T0 & ¢ (@) c(BR'% ) (G). Bamerms gans-
me, dYTO Bg—i ¥ Can_if * moJygaeM oOpaTHOe BKIIOYeHHE

R'# @cE @),
Ilycrs Temeps GER‘; ¥ . B rakoil G umeercsa BO3pacTaIOMUi

n
pAn xapakrepmcrmdeckux moxarpynn X ° (G), o0bequmHEHHE KOTO-
poro jgaer Bcio rpymnny. M3 moka3saHHOrO BHIE COOTHOMIEHUS Clie-
. n

nyer, uto X° (G)€Rp%. MWrak, GER-RJ ¥, m orcioma yrxe
crenyer R; R - RY. Tax rar R; =R,, To mmeem RST'<(R;.
Taxum o6pasom, qokasaro, aro R; = R - RY= R®™",

TouyHOCTh HPHUBEJEHHON B TeopeMe ONEHKH [0Ka3aHA HEIaBHO
N. A. Puncom [12]. Ilpu sToM OHIIO yCTAaHOBIEHO, YTO 3T OMEHKA
IOCTHTAeTCS yyKe Ha Kilacce HUJIBIOTEHTHHIX TPYNI: ecad N —
KJIace BCeX HMIBIOTEHTHEIX TPYIII, TO MBI MMEEM CTPOTO BO3pacra-
I0IIYI0 IOCJICHOBATONBHOCTh KIACCOB

RCRRCRERcC...CcR*"C...,

H OTCIONia CIeIyeT HYKHOe CBOWCTBO.
3amernM, uTo rpynms ki1acca B % —sTo uTTHHIOBH rpymi,

* B peliCTBUTeNLHOCTH, KaK 3TO CIeAyeT M3 NOKAsHBaeMoif (OpMyIH,
mmMeeT Mecro paBeHcTBo RY = Rp,.
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a R % ectp wimacc Beex Gepoeckux epynn. Tor daxr, aro R R4R %,
6L ycTaHOBIEH Heckoxbko passme P. Mapwom [13]. B meiicrem-
rexpHocTn P. Jlapk, pemas msBecTHyw mpoGiaeMy, Iokasal,
YTO CymEeCTBYIT OepoBckue rpynnsl 0es afeleBHX HOPMAaIbHEIX
TeIATeeH.

IIycrs Temeps ¥ — HeKoTOpHi Kiacc rpymn m# H ¥ = %.
Hasraxoro ¥ wracc R¥ =Re+1¥ asngerca paguxaibEEM KIaCCOM.

Mosxer, opEaKo, cayaurbesa, 9o R ¥ =R* % nma mexoroporo
a<o-+1 Iycrs t=1(¥) ecTs IepBOoe Cpexm dUuCex o, NI
koropux R® ¥ — pagukansHeii Kmacc. ITO T YHOBIETBOPAET
HepaBeHCTBY O0<(t<(®-+1, H, Kak HeTPyZHO IOHATH, OHO
He MoskeT paBHATheA ©. Ecam v = 0, To 10 o3Ha9aer, aro yme X

eCTh pajMKAIbHELI KJIacc, a BooOme MH mMeeM 31eCh HOKOTOPYIO
XapaKTepPHCTHKY OTKJIOHEHWsI OT pagumransHocTm. M Bumenn,
9T0 ecim X — KIACC BCeX HHUIHNOTOHTHHX TpPyII, TO 3/ech T
npuauMaeT 3Hadenme ® -+ 1. MsBecTHO Takme (cM., HampmMmep,
[14]), uTo ecim ¥ — HEKOTOPHIT KIAacC IPOCTHX HEKOMMYTATB-
HHIX I'pynm, To nas rakoro ¥ seerga ©(¥)=1. B pasnrwyusx KoH-
KPeTHBIX CIydJaAaX BEIIUCICHNE XaPaKTePACTHKL T MOKeT OKA3aTHC A
HHATepecHO# 3ajnadgeil. EcTecTBGHHO MOCTABUTH TAKKe CIeIYIOMAA
BOIIPOC.

Mpo6aemal. Cyuwecmsyem au das kaxclozo wamypaab =
H020 n 3amErRymMuil omuocumeavno onepamopa H ®aacc epynn ¥
das komopozo T(¥ )= n?

OnHOBpEMEHHO 3aMETHM, 9TO HAM HEeH3BECTHO HH OJHOTO CIY-
YasA, KOrma T oKasbiBaeTca oramaueiM oT 0, 1 m o ++ 1.

IlomoGmasn samada pist APYroro omeparopa, CBA3aAHHOLO CO
CTPOrMME PafiMKAJBHGIMA 3aMEKAHHSAMU, OTMEJATach PAHLII2
A. T'. Kypomewm (cM. 3mecs mpobiaemy 8).

PaccMorpuM Temeps HEKOTOPEIE OIepaTOpH, OMM3KHe K Omepa -
ropam R u R. Uepes K £ Gymem oGosmauars KiIace IPymu, TOKPH -
BaeMEIX CBOMMY WHBapHAHTHHIMAH X-moprpynnmamm. flcmo, uro
K < R mmoaromy K < R. Omeparop K paccmarpuaicsa II. I'. Ho:-
TopoBmueM B ero BakHoil paGore [15]. Jror omeparop HazoBuM
onepamopox Kowmoposuwa. B Tom cryuae, korma X =% —
Kmacc Bcex abeleBHIX rpynm, coorBercTBylommii kirace KU ecrs
Kiacc rpymr ¢ Kareropueil. Jlerko momsaTs, aro KiIace R ¥ ects

Kaacc Bcex OGepoBckmx rpynm, m Tak kKak K < R, Mu Bugmm,
9ro Kajypas rpyIIa ¢ KaTeropmeit ABisercsa 0OepOBCKOI TPyHIOI.
Ha camom fiee mmeet mecro ciexytomas Teopema (M. A. Pamc[31]).

Teopewma 4. Kaacc epynn c kamezopueii cosnadaem ¢ kaazs-
com GeposcKu epynn.
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Taxum o0pasom, BaikHBEI{I B TeopH:m pajuKajia Kiaacc Gepos-
CKHUX TPy eCTeCTBeHHO HA3HBaTh TaK:Ke KiaccoM rpynd Bepa —
Konroposnga. M BuamM, 9T0 Ha Kiacce BceX abeleBHX [Py

omepatopsl K u R paboraor omgmEaroBo. B paGore U. A. Pumca
[31] BEimenens HekoTOphe Kpyrme KIacCh TPYyNN, Ha KOTOPHX
onmepatrops K 1 R cosmapaior. Tak Gyzer aia Kiacca BceX KOHET-
HHX TPYIH, I KJIacca BCeX HETEPOBHIX TPYIN u T. A. B aToit xe
pabore paccmMaTpmBaercs omepaTop F, ompenensieMslil ciaegyromum
ofpasoM: FZX ecTs Kiacc Ipymm, B KOTOPHX KayKI0€ KOHEIHO®
MHOKECTBO 3JIEMEHTOB INPWHAHJIEKHT HEKOTOPOM WHBAapHAHTHON
% -moxprpyome. Ilomsrao, uro F < K. PaccMoTpeHS HEKOTOpHE
KJIACCHl I'PYII, HA KOTOPHIX neficTBme omeparopoB F m R cosmapaer,
OpUBOAATCA HEKOTOPHE ONeHKH, CBI3aHHHE ¢ omeparopoM F.
YcranoBiaeHo, HampmMep, 9TO HA KiIacce BCeX HETEPOBHX TIpynm
9TOT OmepaTop OrpaHWYeH, HO €ro IpaHHIlA CYIIEecTBeHHO OoIbIIe,
geM rparmna omeparopa R.

OTtmernM eme, uTo nmeiictBme omepatropoB K m F ma wkmacce
KOHEUHHIX TpPyII paccMaTpmBaioch B pabore JI. A. Kamy:xammaa
[16], mocBamemHOM 0GOOIEHHHEM JOKAJIbHO HOPMAJbHHEM TIpYII-
ImaM.

Omnpenennm nallee ciegyomuii omepatop V:GEV ¥, eciam
KajKkq0€ KOHeYHOE MHOJKECTBO 3JIEMEHTOB IPYHIOH G COXepP:RUTCA
B HeKoTopo#l mocrTmkmmoi X -moarpymme. Ilomarmo, aro F <
V < R, a Tak kKak V, 09eBHIHO, ABIAETCA OIepPaTOPOM 3aMBIKA =
mns, 1o F < V < R. To-Buxnmomy, 0IepaTopHl Fuv Pa3IdyHH,
OJHAKO COOTBETCTBYIOIIUM [OKA3aTEeIBCTBOM MBI HE paCIOaraeM.
B menaBmein paGore [[:x. PoysGmeiina m C. Cromexesepa [19]
OBLTa [OKA3aHA CJHeNymAas oOdYeHb IOJesHas TeopeMa.

Teopema 5. Ecau raacc ¥ HacaeOcmeeHer no HOPMALL-
HBM Oesumensam U 8 npouseoabHol epynne npouseedenue dsyr ee
uneapuanmuux X -nodepynn cnosa ssasemcs ¥-nodzpynnol, mo
0as marozo %

Dra Teopema Ohlra maBectHa pambme [20] mpm momonHRETENB-
HOM IPeHIOJOKeHIIH HeTePOBOCTH IPYII H3 Kiacca X .

OGoznaunM "epes R, omepaTop, COMOCTaBIAIIMNIA KIaccy #F
KJacC TPyNH, MOPOKJaeMHIX JBYMS CBOMMI NHBADHAHTHHIME ¥ -
moarpynmamu. Ilomsatmo, wro R, =R{. Ilycts eme R;% —
KiacC rpymn, ABIAmMuxcsa o0befUHEHmeM BO3pacTaomel Iocie-
JIOBATeIBHOCTH CBOMX MHBAPHAHTHBIX X -mOArpynd. Jlerko Bumjaers,
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qro nmeer Mecto cootHomernne R={R,, R,}. Kpome Toro, morsaruo
coorsomenne R = R;R® = FRe,
2. PaguraipHoe m HAaCIEICTBEHHOE PAJHKAIbHOE 3aMbIKaHNe
kaaccos. Hak ysxe ormewasocs, omeparop Rad, comocraBiaiomunid
KiIaccy X MEUHMMAJBHHE pafgmKaJIbHHEE Kiacc, cofep:Ramuid X |

mMeer ciefylomee npocrtoe crpoeHme: Rad-=RH. Jlerko rtamsxe
BUAETH, 4TO ecim ¥ — HEKOTOpPHH IpeApagmKadbHHNA Kjiacc, TO
moxkaace X, B ¥ , cocToAmmil M3 BCeX IpymIl Kiacca ¥, JeKamux
B ¥ BMecTe CO CBOMMH TOMOMODPQHEMHI 06pasaMm, ABIAETCA YiKe
PaJUKaJIBHEM KIACCOM. 37iech mepexon or ¥ K ¥, OCymecTBIAeTCH
OIepaToOpoOM CYy:KeHUd KIAacCOB.

MunumanpHBIA HACJeICTBeHHHN paguKajJbHBIH KJiacc, CO-
Jepsxamuii sagaHHnii X, ectb kaace {R, H, I} #. Mu me 3Haewm,
mokuo am ceectn omeparop {R, H, I} x mexoropomy KoHeuHOMY
npomsBenenno omeparopoB R, H u I. [lo-Bumumomy, aT0 chenars
HelIb3A, TaK Kak omepatopil R m I BzamMopjeiicrByioT ILIOXO.
MoxHO OTMeTHTH JIWIIG CJeAyIolee YIPOmeHne, KOTOpoe dacTo
IOMOTaeT.

HDpepnaoesxenne 7. Hmeem mecmo ¢opmuyra

{Bv H7 I}: R{RO, H7 I}-

YroOu y6equThes B CIPaBeAINBOCTH 3TOH (OPMYIIHI, JOCTATOU-
HO mpoBepmTh, uTo Tpu mbom ¥ kmace R{R,, H, I} ¥ samxuyT
orgocuTenbHO omeparopoB R, H m I. 3aMKHYTOCTD OTHOCHTEIHHO
R u H oueBmpHa, a 3aMKHYTOCTH OTHOCHTEIHHO | IONydaeM ¢ mo-
Mompbio TeopeMu 5. OGosmaumm X ; = {R,, H, I} ¥. W3 Teopemn
5 cuenyer: R £, =V X¥,, a omeparop V yske X0OpOImo B3amMojeii-
creyer ¢ I : IVCVI. Ilosromy kmace V £ ; 3aMKHYT OTHOCHTEIBHO .

ITycrs mamee 0 — OTHOmIEHWME Me;kAy CPYLNOONA W ee HOArpYI-
moii. Yepes Sp 0003HAUMM OmepaTop, COMOCTABIAIOMUNA Kiaccy ¥
KIacc BCeX O-TOATPYIN rpymn Kiacca ¥ . MOKHO TOBODHTH O
PaJIMKAJIBHEX Kiaccax, HACHEJCTBeHHHX II0 Q-IOATPYIIAM, W
IO3TOMY sKeJIaTeNbHO TaKske 3HATH cTpoeHmne omeparopa {R, H,S, }.
Jlerko 3aMeTmTB, 4UWTO eCIM O — TaKoe OTHOmeHHme, uro APG
Bieder (A N B) oB mius m1060i JOCTHKEMOM TOATPYUNE B rpymms
G, 10 JULA TAKOTO 0 MMeeM Se VL VS, . Ecgm eme KasKIei HOp-
MaJbHBIA JeIUTeNb SBISAeTCH O-IOATPYHOOil, TO, KAK H BHIme,
noxysaem coormomenme: {R, H, Sp,}=R{R,, H, S,}.

PaccmMoTpuM mOpmMeHeHMA K HEKOTODHIM KOHKDETHHM X .
ITycrs & — wimacc Bcex paspemuMeix rpynd. fIcHo,  9TO
{By,H, S} &= &. Ilosromy HaceqCTBeHHELH O MOATPYIHAM DPajd-

KaJbHHI KiIacc, DOPO:KIeHHKT KiaccoM &, ects Ki1acc R & =V6&.
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Bee ero rpymmm mokampHO paspemmmil. Tak Kak riace & ecTs
o0sepnHEeRNe KIaccoB A" mo pasEeM n (U — Kaacc Bcex abeleBHX
IPyII), To, IpUMEHSS COOTBEeTCTBYIomylo ¢opmyry ms m. 6, 1,
ME moxydaem eme BkiIodenue RE C (R%)”. 3mecs RY ectn
Kdacc GepoBCKMX I'DYIII, a CTeIeHb KJIAcCa MOHNMAETCA KAK BepX-
Hfd NABAPUAHTHASA CTEIeHb.

Iycrs Temeps &), — Kmacc BCeX IpPyNIT, MONHOCIL KOTODHX
MeHbINe 3afaHHON OecKoHeunoil Mommoctu W. IlomarHo, uro
{Ry, H, S}®&, = &, m orciona cmenyer, uro (R, H,S} &, —
=R, =7 &, . Tawke moraTHO, aT0 ecay M—KITacc HeTePOBHIX
rpyum, TO IOPO;KASHHHN 9TUM KIACCOM HAC/ICACTBeHHBIA IO IMOJ-
rpynmaM pajuKaNbHEI Kiacc cosmagaer ¢ RM. Hpome Toro,

cormacao [20] rammas rpymma ns R 9N o6razaer JToKaIbHOHE CHC-
TeMO M3 JOCTIKAMBIX HeTepoBHIX monrpymm. OrTmernM 3iech ue,
aro w3 pesyasrTaToB paGorsr [19] caenyer, uro ecnu §F — KIace
BCeX KOHEUHO-TIOPOKAEHHHX TIPYyIH, TO Ka:KIad rpymua u3 paju-
KalLHOTO KiIacca RF oGixamaeT TokaJpHOIL cmeTeMoll M3 NOCTH-
JKUMBIX KOHEYHO-IODO;KISHHBIX IO TPYII.

Ilycrs Temepr X — KiIacc BceX apTUHOBHIX [PYyOI, T. €.
IPyII ¢ yclloBmeM MuHHMAaXbHoCTH. fcmo, uro (Ry, H,S) ¥ =¥,
n TO3TOMY COOTBEeTCTBYIONIMII HACIEICTBEHHHN pagHKal ecThb
RE=7%.

Yerosnmes Jadbimie NOPEMEHATH ciedyiomee obo3HadeHHe:
ecnin A— gexoropas rpyumna, to [A] oGosHavaer Krace BceX rpyunm,
M30MOPOHEIX A.

Ilpegnomenne 8 IIyembv A — beposckas zpynna u
¥ ={R, H, I} [A]. Toeda, ecau A — Henepuofuueckas zpynna,
mo ¥ ecmbv kaacc ecex Geposckux epynn. Ecau A — nepuoduueckas
2pynna U T — MHO¥ECmE0 npocmux Oesumeneli nopadkos ee dae-
MeHMO8, Mo ¥ ecmb Kadce écex beposckur w-epynn. B oboux cayuasz
kaacc ¥ OKasbiedemces makdce HACAOCMEEeHHBM nO nodzpynnam.

HorasartenbcrBo. Ilycts Bmagame A — Hemepmo-
gmueckas rpyuma. Torma B A nMmeercss GeckoHeUHAA IMNKITHISCHAA
moarpymma, ckaxem A, Tak kak A — GepoBckas rpymnma, To A,
DOCTIZKAMA B A, a M3 YCJI0BHA HACIENCTBEHHOCTH II0 HOPMAJIbLHEIM
neamredsaM B ¥ caexyer, aro A, € ¥. B ¥ copmepmarcsa m Bce
romoMopdHEle o0pazel rpynnsl A,, n IodToMy Kiace ¥ CORepIKuT
BCEBOBMOKHABE LNMKIHYeCKHme rpynmsl. IlpmMeHsas K Kmaccy Bcex
MIKINYeCKNX TPy omleparop R, MH moiyuaeMm Kiacc BceX Gepos-
cknx rpyuu. Orcioma ¥ ecTh KiIace BceX 0ePOBCKHMX I'DYIN.

Ilycte memeps 4 — mepmommduecKas rpylnnma H Jt — COOTBET-
CTBYIOIIEe MHO;KECTBO HpocTHX duced. Hak u Brme, ycramaBiIm-
BaeM, 9710 B KJacce ¥ COmepP;RATCA MIKIWIeCKIe IPYINLl IPOCTHX
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mopsaxKoB p; WO BceM p; €x. Ilyers A — onma m3 Taxkmx rpymm,
7 mycTh ee MOPAAOK ectb p. OGozHaumm: AP = A, wr A, ...,
A — A wr A,, ... Tpynna A{Y EmABIOTEHTHA W MOPOKMIACT-
¢ cBouMu (MOCTMRyMEIMA) THoprpynmamm mopspka p. Cuemosa-
rersmo, A6 &. B rpymme A comepiKUTCA B KAUeCTBE OCTHIRM -
Moii moprpynmsl INuKIndeckas rpynna nopspaka p”. Taxum oGpa-
30M, yCTAHOBJEHO, 9TO B KIacce ¥ cOLePKaTCA NUKINYECKIe TPy~
IH mOpARKOB p" HO BCEM n, a p 37echb mpoferaer BCe MHOE-
crBo 7. Tak Kak Kaskmas 0epOBCKas T-TPyOIa TOPOKIACTCS CBO-
AMI MEKIMIeCKUMIL TOCTIKAMEIME p-TIOATPyNOaMa ¢ p € 7T, T0 Te-
mers AcHO, uT0 ¥ €CTh KIace BCEX GEPOBCKHX J-TPYIl.

Hazosem 3mech fiBe Tpynnsl A m B 5KBABaJeHTHEIMHE, eCJIH
{R, H, I}[4] ={R, H, [B]. Mu Bupgean ceitvac, aro ecim A u
B — memepmofmyecKne 0GepOBCKME TPYIIb, TO OHM DKBUBAJCHTHEL.
Fcin A m B — lepunofwveckme OepPOBCKME T[PYIIH, TO HKBH-
BAJIEHTHOCTh 1X DABHOCWIBHA COBHIANEHWIO COOTBETCTBYIOI{MX
7. PaccMorperne NPA3HAKOB PafiIMKAaIBHON DKBIBAIEHTHOCTH TPYTIIT
NpUBOXWT K pasIMyYHBIM WHTePeCHHM 3afiauaM. B wacrmocrw,
B. I'. Buasmep # A. C. Xaxyraumsuiau (paboTa TOTOBHTCA K IIe-
waTH) paccMaTpHBAIN HEKOTODHE NPW3HAKM DafWKalbHON >KBH-
BaJIe HTHOCTH CIIeTEHMIL.

Mporme HETEPECHEE 3aaYd CBSA3AHKE C PACCMOTPEHNMEM YCJO-
puii mOOOHON PASMKATBHON SKBHBAJEHTHOCTH KJIAacCOB TpPYI.

3. OnepaTop CMENMATHLHOTO PajMKAILHOrO 3aMbikaHmA. B
IPWIOKeHNAX K MHIHBHAYAIBHHM IPyInaM, 0co0eHHO B 3a/ja9ax,
CBA3AHHEHX ¢ PaccMOTpeHmeM GECKOHeYHO BO3PacTAioIuX HOPMaib-
HHX pAOB, BaKAYI0 POIb HTPAIOT CHENMANbHbIC DANMKAIEL, T. .
PANEKaE, COrJaCOBAaHHBE ¢ CYCHHBADHAHTHBIMA HONTPYIIAMI.
Ecanm p — CBONCTBO IIOATPYIIIB §LITI> cyOMHBapMAHTHOM, TO CO-
orserctBylomuii Rp ofozmawum R. Ecam ¥ — mpomspombmsiit
KJjacc rpyiui, TO ero cuenuaJbHOE pagnKaJIbHOE 3aMbBIKaHHE €eCTh

raace RHE. _

OGosmauum eme uepes R;¥ wiacc rpyun, gBIAKNMAXCH
GhenuHEeHmeM BO3PACTalONIeil HOPMAJBHOH [OCIEOBATeNIbHOCTH
B3 X -IOArpyImi.

Teopema 6 [21]. Hmeem mecmo caedywowas gopmysa:
R= {El, R,}. B uacmuocmu, padukaabrulli kaacc ¥ mozda u moab-
K0 mo2da feafemci CReyuaibHum padukaibHBM Kadccom, kozda

on Ry-samrnym.

B sroii TeopeMe TAK;Ke CONEPIKMUTCSA CIefylomee yTBEp KICHEE,
Ecan LF — wmacc BceX rpymi, o0XajjaomnX JOKaXbHOH cmcre-
MOii w3 X-momrpynm, TO Kaskiei L-saMKHYTHI palmKaibHEIN
RIIaec ABIACTCS CHeNMaTbHEIM PaTuKadbHEM KIXaccoM. [JlIsa rarmx
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CHJIBHHIX CHENUATHHEX PaJHKAIBHEX KIaccoB ¥ (HpH NOTIOIHNTEIE-
HOM YCJOBHH HACIENCTBEHHOCTH) CHPAaBENIMBO TAKyKe CIETYIOMmee
yreepmperne [4]: ecin A — MokaTpHO CyOMHBApUAHTHAA HOXTPYH-
masG, 10 ¥ (4)C % (G). Ilpn sToM A moranpHO cyOMHBApUAHT-
Ha B @, eciu B G uMeercd JOKANBHAS CHCTEMa U3 COREPs;Kam{uX
A moxprpynm, B KajKaod u3 KOTOPHX A cyOmHBapHAaHTHA.

B n. 2. 3 Mu ompegenuin orHOmeRusA O(W) AIA (ECKOHEUHHX
momuocTeit p. CoorBercTBylomuit omepatop R, MH oGo3HA-
apm uepes R, . Ilcesino, wro mpum axbom ¥ Kiace R¥ ects
oOnennHenue kixaccoB R,¥ mo Bcem |, a ecim p, — mepsas
GeckoHeuHass MomHOCTh, To Ry ¥ = R¥. Jlerko Taxske BumeTs,
9TO BCETJa HMMeeT MeCTO COOTHOMIEHme

{RM 9 H} - BH H -

Cnepyomas TeopeMa HOCBAMIEHA CTPOEHHMIO OIEPAaTOpoB R m
R, B nmpmMeHeHNME K HEKOTODHIM CDENUANBLHHM KiIaccaM ¥ .

Teopemad. Ilycmv ece zpynnw Kaacca ¥ Hemepoed,
R¥=ZFulX¥ =2%. Toeda R¥ ecmd kaacc epynn, obaadarwyuz 1o-
KaabHol cucmemoli us cybuneapuanmunxr ¥ -nodepynn. R, ¥ ecmv
Kadcc zpynn, 004a0aioyux A0EAAbHOU cucmemot uz ¥ nodepynn,
DOCINUNCUMBLT 6 YUCAO ULA208, MeHbUlee .

JoxasaTexbcTBO 2TOMl TEOpEeMH HENOCPEACTBEHHO
clemyeT u3 OCHOBHOTO peayiaprara paGotsi [20]. Kpome Toro,
13 DTOTO 7K€ Pe3yJIBTaTa Jerxko BHBECTH, 4TO B IPOM3BOIBHOM I'PyIi-
me KOMIOBHMT [BYX ee CcyOmHBapHAHTHHX HETePOBHX HOATPYII
CHOBa fABJIAeTcA cyOHHBapPUAHTHOH HETEPOBOH HmOATDYNIOWH.

IlogoGHO TOMY, Kak DpUMEHSIACEH TeopeMa b, TeopeMa 7 HpuMe-
HAGTCH NP MOCTPOSHHH HACIENCTBEHHEX CHONNATbHEX PAaTHKAIL-
HHX 3aMHKaHu Ki1accoB rpynn. Ogmaxo meiicrBue »TOH TeOpPeME
OTPAHNYEHO JONONHHUTEIHLHHM YCIOBHEM HETepPOBOCTH. DO OH
WHTEPEecHO WHCCIeN0BaTh, B KAKOM Mepe DTO YCIOBHE MOKHO OC-
1a6xaTh. OTMETHM HO TOMY HOBOJY HEKOTODHE 3aaum.

Npodbunema 2. Iyemv ¥ — Kaacc epynn, AGASIOUUXC
PACWUDPEHUAMY ADMUHOGHE 2PYRN ¢ NOMOWDLI0 Hemepoewir. Bepno
AU, ¥umo cneyuasvhbili padurarohuli kaace R ¥ nacaedcmeenen no
nodepynnam?

3ameTuM 37mech, UTO, KaK mM3BecTHO mu3 [22], xomMmosmT HBYX
cyOMHBApPUAHTHEIX apPTUHOBHIX HOATPYHH B IHPOM3BOJIBHOI rpymme
eCTh CHOBa CyOMHBAapHMAHTHAA APTHHOBA HOATPYINIA.

MMpob6ux ema 3. Illyemv & — Kaacc 6cex  paspewsumuly
epynn u GER&. Bepro au, umo kamdoe KOHeUHOe MHONCECMEO
aaemenmos us G codepacumes 6 Hekomopol CcYOUHBAPUAHMHOU
paspewumoll nodepynne? Bepro au, xroma Ov. umo G 40KaAbHO
paspewuna’
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Jlerko momars, wro R& C (RYA)”.

MpotGaema 4. Iycmv U — beckomeuHas MOUHOCMYL U
& u — Baacc ecex zpynn, MOYHOCMU Komopwx menvute . Bydem au
padukasvnuil kaacc R{, Hacaedcmeennuim no nodepynnam?

Crexyromue 3agadn oTHOCATCA K omeparopam Ry, .

IIpot6aema 5. Cyuecmsywom au marue kaaccet epynn ¥,
dasa komopuix ece R, ¥ pasautnun?

Bonpmero TpeGyercsa B cilegyiomei samadge.

Ilpo6unema 6. Cywecmeyem au makol kaacc zpynn X,
umo 0aa A00HE 06YT DPASAUMHBLE MOWHOCMEU g M WE , Mo < B,
MOHHO YKazamb zpynny G, uwmo GEP\lLB X um B”a X (G)=E?

Bosmosxkuo, 9TO 7Be HOCHETHHE IPOGIEME PeIaTCsA ITOJNOKK-
TeIBHO YiKe Ha Kiacce aGeJeBHX IPyII WiIH Ha Kiacce BceX KoHed-
mrx rpymr. Ecan 9 — xiace Beex aGeneBsix rpymm, to R ecTsb
RIAcC BCOX HAOHUABNOMEHMHBLX TPYNI, T. €. TPymi, B KOTOPHX
KQKmas  OUKIWYECKas  moArpymnma CcyOMHBapHaHTHA.  OTOF
$aKT M3BECTOH, M OH TAKIKe JIETKO cienyer m3 TeopeMul 7. M3 sroit
JKe TeopeMHl II09TH HeIoCpefcTBeHHO BEIBoxmTcsa, uro R, ¥ ecrs
KJlacc TrpyHnm, B KOTOPHX IUKINYeCKHe TOATPYHOB JOCTH-~
JKUMEL B wmeao mmaroB < [ (0 MONIHOCTH) — |-[OCTHHS{MMEL,
Tpyuns kiracca R, ¥ masoseMm p-madnuavnomenmuuimy rpynmaMu.
Ecmu G — upoumsBoxbHas rpymma, o R¥Y (G) ecrsr MHOKecTBO
BceX CyOMHBapmaHTHHX siemenTtoB, a R, ¥ (G) — mHOKECTBO Beex
p-mocTmRuMbIX dneMeHToB u3 (. Ilpu srom smemeHT p-mocTmIREM
(cyOunBapumaHTeH), €CIH TAKOBA UOPOKAEHHAS WM IHKJINIECKAS
HoOArpyuma.

OrmeuaBmyoocsa Bume upobiemy 6 B HpuMeHEHWH K KiIaccy
a0exeBLIX TPYIMI MOMHO TeHepb CQOPMYIHPOBATH CIEHYIOMAM
o0pasomM.

IIpo6uaema 7. IIycmv po u pg — 06e pasiuunbie 6ec-
KOHeuHble MOUHOCIMU U Wo, < . Cyyecmeyem au makas epynna G,
umo ece ee asemenmul g -0ocmuicumsl U 6 G Hem g -OOCTUNCUMBLY
3AeMEHT08.

4. Crporme pagukaxei. Hak yrke oTMedaroch, 9T0 pajaKaIH,
ABIAWIHECA MIeMIOTEHTaMMU B IIOJYTPYIIe BCeX PajuKalioB, WIH,
970 TO Ke, — HTO PATUKAIBHLIE KIACCH, 3AMKHYTEHE IO pacilupe-
HusaM. llyers E ¥ (Ext ¥) ects wiacc ¥ ¥ — wiacc Bcex rpynm,
ABINAOMUXCA paclIupeEuAMn X -rpynn ¢ IIOMOIIBI0 & -TPyI.

3ammikaHme sroro omeparopa E— omepatop E comocraBasier xirac-
cy ¥ wiacc Bcex rpynH, obraganmux KOHETHHMH HOPMAJBHHMUI

pafamu ¢ ¥-Paxropamu. Ilonarno, gro E = E®. Jlerko Taxxe Bu-
zety, uto HE<EH u SE<ES, unosromy {H, E}=EHu {S,E}=ES.
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Crporoe pamuKaIbHOe 3aMBIKAHAE OCYIIECTEIAETCH OePATOPOM
{R, H, E}. Jlng npencraBIeHWsa 3TOr0 ONEPAaTOpPA W HEKOTOPHX
nogoGHEIX eMy B ABHOM Buje BBEIEeM HEKOTOPHE APyTrue omepaTops.

J:J ¥ ecrp kIacc rpynn, o6IaaomuXx Bo3pacTalomuM HHBa-
PHAHTHHM PAIOM, Bce QaKTOPH KOTOPOTO HpPUHALIe;KAT Kiaccy ¥ .

N:N# xxacc rpynn, o0IagalomuX Bo3pacTaAIUM HOPMAh -
HHM psgoM ¢ ¥- daKkropamu.

Ny : No¥ —wrmace rpymnn, o6ragaomux BO3PACTalOOIAM HOD-
MAaIbHEIM DAXOM, BCE TIEHE KOTOPOTO JOCTHKHME! IO 3TOMY PANY
B Trpynme u Bce (AKTOPH KOTOPOTo INIPHMHANJIERAT Kiaaccy X.

Ny : wmace Ny ¥ ompepensercsa rak sxe, kak u kracc Ny ¥, HO
TOJBKO YCIOBHE JOCTHKUMOCTH 3aMEHAETCA YCIOBUEM WL-TOCTHKI-
MOCTH.

Ouesupao, aTo omeparopsl N, N, u Bce N, ABIg0OTCA omeparo-
paMmn 3aMHIKAHWA, 4 omeparop J TAKOBHIM HE SBIAETCH.

C moMompi0 3THX OIEPATOPOB HECKONLKO M3BECTHHX TEOPeM
TEOPHN PASMKANA MOTYT OHTH 3aHUMCAHK crepynmuMu GOpMyTaMu.

Teopema 8.

1. {R, H, E} = J*T ' H=N,H = JRH.
2. {R, H, E} = NH = JRH.
3. {R,, H,E}=N,H=1IR, 1.

HoxraszarenrscrBa gopmyn 1) m 2) mosxHO Halitm B paborax
A. T. Kypoma [3], K. K. Ilyxmua [11] » B. N. Ilnorkuna [18].
Temnu sxe Meromamu foKaswBawoTea u Qopmyns 3). llomsrHo, 9TO
GOPMYJIH 2) ONHCHEBAIOT CHEMHAIBHOE CTPOTOe PATMKAIBHOE 3aMH -
ranwue, a GopMyIs 3) UrParOT AHATIOTHIHYI DPOIB IS olmepaTropa
R, . Us ¢opmyxn, oTHOCAmMUXCA K CHEIMIBHBIM pafuKazaM, B 9acT-
HOCTH, BHTeKaeT CIeIyIoNee BajKuoe zaMedanue: ecau ¥ — cneyu-
.QabHBL padukaavnbiii Kaacc, mo N¥ = JZ%.

Samerum eme, 9to B popMmyrnax 1) omesra -1 aBusgercd rou-
nO#l. IT0 BHTeKaer us ogHoro pesynbrarta JI. Hosauva n 5. Heiimana
[23]. UmMu norazamo, uro ecim 9 — Kiacc Becex abeieBHIX rpymm,
TO CIeAyIonias IOCIe0BaTeNIBHOCTh KJIACCOB

yclyec...cIhacitiyc...

ABIAeTcsA cTporo Bozpacramomeii. OTcioa cpasy cilegyer yHIoMs -
HYTOEe HaMH yTBep;KIeHue o TouyHoCTH oreHku. C JPyroid CTOpPOHH,
Kaskercsd, eme He pemena ciemyromas samasa A. I'. Kypoma.

IIpo6aema 8. Cywecmsyem au 0as kKaxdozo n makol
kaace epynn X, umo J*H ¥ — yoe cmpoeuli padurarvnurii Kaacc,
wo J»—1HZ makum He agasemca’?
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B orauume or omeparopa Rad omepartop crporo paguxaibHOTO
3aMBIKAaHHSA y7Ke XOPOHIo0 B3anMofieficTByeT ¢ onepaTopaMu, CBA3aH-
HHMMY C YCIOBUAME HACIe[ICTBeHHOCTH. 3IeCh, KaK IPaBUIO, eCIK
HCXONHHI KiIacc ¥ HacleqcTBeHEeH, TO TAKOBO Ke U ero 3aMHKAHEE.
Mu me GymeM Ha 5TOM OCTAHABIMBATHCHA IOTPOGHO M OTMETHM emie
clefyiomee MPeRIoKeHNne, TAK)Ke CBA3AHHOE ¢ YCIOBUAMMA HACTe-
CTBEHHOCTH.

IIycre p — oTHOmeHHe MeKIYy TIPYHIOA M ee HOATPYIILO,
IycTh OHO TPAaH3WUTWUBHO, COXpaHsAeTca IOpu sNuMopdusvax m HPH
B3ATUN IIOJNHBIX OpoofpaszoB suuMopdusMoB, m myers eme ApG
BreueT (A () B)poB pus mioboii moprpynns B uz G. Qua waskmoro
TAKOTO 0 MMeeM:

Dpepgmomenne 9. Tycmv ¥ — nenomopuu cmpoeuli pa-
Juraavnull kaacc. O6osnauum uepes X, kaacc écex epynn us ¥, ae-
scawyut 6 ¥ emecme co ecemu ceoumu Q-nodepynnamu. Tozda
¥p — p-Hacaedcmeennwiii cmposull padukasvnblll kaacc. Ecau ¥
cneyuasbublil, mo makos e u ¥ o .

JoxasaTexXbcTBo 3Hech CBOIUTCA K OPOCTOH TpoBep-
Ke yCJIOBHWil, W MEL ero OIOyCKaeM.

§ 5. HopapukaasHoe 3aMbIKaHHE KIacCOB

1. Eme HEeCKOIbKOo OHEepATOpPOB. YCIOBHMCA B CISIYIONUX
oGozgauenunx. Ecia ¥ — Hexoropuil Kiace rpymm, To udeped | ¥
GyneM 0Go3HAaYaTh KJIace Bcex IPYII, B KOTOPHX HET HeeJWHHIHEIX
pocTmxuMHX  X-moarpynm. Yepes | ¥ ofGosHAUMM KIAcC BCex
IPYII, HPKAKON HeTPHBUAIBLHHIN IoMOMOPQHHIE 00pas KOTOPHX
He gABJserca X -rpyunmoit. pyrmmm croBamu, G€_|¥, ecanm
¥* (@) = G. 3mech MH TaKKe MMeeM JeJIo ¢ oepaTopaMi Ha Kiac-
cax rpyni, OMHAKO 9TH OIEPATOPH YiKe He ABIAIOTCS MOHOTOHHEIMH.

CormacHo ompefeienno, rpynma G Torma W TOJIBKO TOTHA
mpmHAJIERUT Kiaccy _ | | ¥, Korga Kaskoeli HeTPUBHAJIBHHIH
roMoMopdEHIT 06pas 9Tofl rpyDIH 00JaKaeT HeTPUBUAIBHON TOCTH-
skumoit F-moprpynmoii. Ecemnm riace & 3aMKHYT OTHOCHTENb HO
roMmoMopdu3MOB,TO ME IpuXxoguM K paBeECTBY _| | & = N ¥.
Taxkum o0pasoM, MOKHO 3aMeTuTh, 4TO paBeHCTBO _ | |¥ = ¥
BMecte ¢ H¥ =% osHawaer crporyo paguKaJIbHOCTH KiIacca X.

Paccmorpum agamormauuM oOpasoM kiace |_|¥ . Brawouenue
G€ |_| ¥ osHa"aeT, 4TO Kaskmas HETPHBMAIBHAS NOCTH)KHAMASH
moarpyina m3 G o6rafaer HeTPUBRATIBHEM TOMOMOPHEM 06pasoM,
npuHAgIeKamuM Kiacecy ¥ . Jlerko BumeTh, 910 IpuU STOM YCIOBHHU
B rpyume (G uMeerca yOnBaomuii nHBAaPUAHTHET psAx, Bee GaAKTOPHE
KOTOPOT0 alIPOKCUMUPYIOTCH X -TpylmaMi.

Bremem eme nBa omepatopa.
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CoJ :CoJ¥ — waacc rpymm, o6namamomux yOHBAOIINM 1H-
BapPHAHTHHM DAXOM ¢ X-daxrTopamu.

CoN:CoNZ — wmmace rpymu, o6ragaomux yOHBAOIIM
HODPMAaJBHEIM DPAJOM ¢ F-parTopamm.

Jlerko mpoBepsercs ClemyoIiee COOTHOMIEHHE.

IIpegnoxenne 10.  Ecau kaacc ¥ Hacaedcmeenen
no nopmasvrum Oeaumensn (1% = ¥), mo umeem mecmo pasercmeo

T1_1¥=CoJCoR¥

Hnace &, ynmosaerBopsromuii  ycnoBuaM & = & u
CoJCoRZ = ¥ saBasercs mOJyIpPOCTHM KIACCOM — CTPOTHEM KO-
pagmraIbHEIM KiaaccoM. Taxkum 00pasoM, MHB BUJHM, 49TO IO Iy -
IpPOCTHe KJIACCH — 9TO TAKKe Takme RiIaccH ¥, ato I¥ = ¥ =n
1 E =Z.

2. HopagurkaasHoe u CTPOroe KOPAAWKAILHOE B3aMBIKAHNE
KaaccoB. HopaguranbHoe 3aMbIKaHHE KIACCOB OCYH{ECTBISET OIIe-
parop {CoR, I}. Mer y:xe Bumesu, 9T0 mMeeT MECTO COOTHOIIGHME
{Co R, 1}=Co R 1. 9101 oIe paTop BOMCTBEHEH OIIEPATOPY PALUKANb-
HOro B3ameikaHus. OmepaTop, ABOMCTBeHHHII omepaTopy Hacaeq-
CTBEHHOT'0 DafguKaIbHOTO 3aMHKaHus, ecrb omeparop {CoR.
I, H}. Ilocnegnuii omepaTop, Kak y;xe OTMeUATOCh, COBIAJUET
¢ omepatopom H Co R, comocraBmgomuM KamiaoMy  Kjiaccy
rpynn MEOT00Gpa3ne, NOPOKIEHHOE DTHM KIaCCOM.

Ilepeiifem Temepb K CTPOTHM KOPAJMKATBHEIM 3aMHBIKAHUAM.
Cremywomas Teopema MosKeT OBITH BHBEJEHA U3 pPE3YIbTATOB
A. T. Kypoma [3] u Yar-Ban-Xao [24].

Teopema 9. Hnmeom mecmo caedywowue pasercmsa:

{CoR,I,E}=CoNT=Co JCoRT = (Co J)2I.

Mz oroit Teopems ciaemyer, B 9YACTHOCTH, UTO eCJH
Kjaacc ¥ aBIdeTcA KopajguKajibHbiM KiaccoM, To CoN ¥ =
ColZ%.

Teopema 10, (Cp. A. I'. Kypom [3]). Ecau HX =%,
mo | ¥ — cmpoeuil Kopadukaavkwi kaacc. Ecau 1% = ¥, mo
"1 & — cmpoeuii padurasvruii Eaacc.

HKpome rtoro, mm yxe Bumenn, uto eciu ¥ — crporuii pagmd-
KaJpHBIA Kiaacc, To | | ¥ = ¥, mw ecitm ¥ — crporuil Kopagm-
KaJpHHIL Kmacc, To |_| ¥ =% .

HomommuM dTy TeopeMy ClefyIOMuM JIETKO IIPOBEPSEMEIM
IPemIoKeHueM.

IHIpenunomenne 11. Ecau ¥ — cneyuasvnuli padu-
KQabHbil Kaacc, mo kaacc | ¥ Hacaedcmeenen no cyOunea puarm-
oty nodepynnam. Ecau kaace ¥ nacaedemsenen no cybuneapuanm-
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HuM nodspynnam, mo | ¥ — cneyuasvruii cmpoeull padurasbmulii
kaacc.

B sroM mpepioskeHMH MOKHO TaKKe HCXONUTH M3 HEKOTOPOTo
00mero OTHOMEHNA P MeKIAY I'DYHIoil U ee HOATpyUIOH U cBA3aTh
aHAJIOTHIHEIM 00pasoM p-COTNIacOBAHHOCTH PAJUKAIBHOTO KiIacca
¥ P-HACIEJCTBEHHOCTH IIOJIYIIPOCTOro Kiacca.

Teopema 10 ycranaBiuBaer B3aUMHOOTHO3HAYHOE COOTBETCTBHE
MeKIY IOIYIPOCTHIMUA ¥ CTPOTHMH DaJUKAJbHHIME KJIaccaMim,
TpHYeM CleNUalbHbe CTPOrHe pajuKalbHEe KIACCHL HAXOMATCH
BO B3aMMHOOJHO3HAYHOM COOTBETCTBUH € IOIYIIPOCTHIMHA KIaccaMu,
HacJeICTBeHHBIME 10 CyOMHBAPDHAHTHEIM HOATPYIIAM.

3. Paguraabpabie 1 OJHOBPEMEHHO KOPAJHMKAIbHBIE KIACCHI.
HoxaskeM ciegyomee IpefIosKeHue.

IIpepgnomenne 12. Ecau EKaacc epynn ¥ seasemca
00HOBPEMERHO DPAOUKAALbHBIM U KOopadUKAlbHuM Kaaccom, mo X
ecmv  Kadcc 6cex 2pynn.

JorasareaxbcrBo. W3 ycuoBuit ciaegyer, uro X
ectb MHorooOpasme (9ToT ¥ 3aMKHYT OTHOCHTENLHO OHEPaTOPOB
HuCoR) us ¥ comepsurca HeKoTopasd OUKINIeCKAaA IpyHua
npocToro nopsaka p. Hak um B mpepioskeHAH 8 ¢ IOMOIIBIO CILIE-
TeHWil Teneph ycTaHABINBaeM, 970 B £ JeKaT BCe NHKIMYECKHE
p-rpynnsl. BeckoHeunasa mukinnueckas rpynna amupPOKCHMEDYeETCA
TAKUMHU p-TPylnaMu, 4 1mostoMy B ¥ uMeercsa OecKoHEYHAsd
murIMdeckas rpynma. Ho torma B ¥ cOfepiKHTCA Bech Kiace
0epoOBCKMX TIpymd, B YacTHOCTH BCe HUIBIOTEHTHBIE TDYIIIEL.
C momompio oneparopa CoR mm BrmiouaeM B ¥ Bce CcBOOOTHEIE
rpynuti. llpumenss pampme H-zamMeEyTOCTB, HONydaeM HYKHOE
CBOMCTBO.

3aMeTuMm eme, UTO yKasaHHOe IpeJoskeHWe IiepecTaeT OBITh
BeDHEIM, eClI¥ BO BCEX PACCMOTPEHHAX B KadeCTBe HCXOLHOTO KIacca
OpaTh He KIacc BcexX Tpymn, a HeKoTophii ero moxkiaace. Hampumep,
OHO HEe BepHO B Kiacce BceX afeaeBHIX IPYII.

K mpuBeneHHBIM T0IbKO 9TO paccMOTPEHUSAM NPUMBIKAET TAKIKe
MHTePeCHH BOLPOC 0 3aJaHAM PafUKaTbHBIX KIacCOB QoPMyIami
HEKOTOPHIX JOTMYECKHX aA3HKoB. M3 mpemioskemua 12 caemyer,
9710 eCIM PagMKAIBHEIR KIace ABIAeTCS OJHOBPEMEHHO MHOroo0pa-
BHeM, TO TaKOW KJIacc COBHAjaeT ¢ KJIACCOM BCEX Ipymim. AHaimo-
THYHAA CHUTyanMs COXpaHAeTcA, ecium MHOrooOpasus B3aMeHHTDH
31ech KBazHMHOrooOpasusaMu. Boolme MoKHO YyTBeD:KAaThb, 9TO
ecau padukaavHwli kaacc epynn onpedeasemcs  YHUBEPCAABHLLMU
gopmyaamy YHII, mo makoii kaacc ecmb kaacc écex epynn. Jlis
TIOKA3aTeIbCTBA MOCIEHET0 YTBEP;KIEHUA HY;KHO BCIOMHHTE Clle-
nywomue ¢arTs reopun mopeitei [25] . Kimace rpymm, oIpefeise-
Ml yHUBepcaabHEIME ¢opmyramu YUII, — sTo KiIacc, ompeje-
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asgeMHil Boobme HeKoropeiMu ¢opmyramu YUII @ macmexcr-
BeHHHI mo moArpynmam. IlsBectHo Taxske, 9T0 eciau KIacc TPy
akcuomarusupyem ¢gopmyramu YUII, To u3 s3aMRHEyTOCTH 3TOTO
KJIacca OTHOCHTEIBHO UPAMEX IMPOU3BENEHUI claeqyeT 3aMKHY TOCTh
OTHOCUTEIHHO MEeKAPTOBBIX IpousBemenuii., Ilambme ocraercs mpu-
MeHHTh Inpepio;kenue 12.

EcrecTBeHHO IOCTABUTH TeIeph CIETYIOIUHA BOIPOC.

ITpo6 xewal. Cywyecmeytom au Hem pusuaibrse padurd.i-
Hble Kaacchl epynn, onpedeasemvie gopmysany YHUII?

Hopaguxanbmeie Kiraccel ¢ 3TUM CBOICTBOM, KOHEYHO, CYIUe-
CTBYIOT.

§ 6. [leiicTBnsa ¢ pagnKaIbHBIMU
H KOPaJiNKAIbHBIMYA KAACCAMM

1. Hoayrpynna pagmkazbHBIX KIaCCOB. Y3Ke 0TMEYIAIOCH, ITO
cucTeMa BceX pAJAMKANBHBIX KIACCOB SBJIAETCH B3aMKHYTOH IIo
YMHOKEHHUIO acCommaTuBHON cucTemoil. MBI Ha3bBaeM 3Ty CHCTEMY
HoJyrpynmoll, X0TA OHA W HEe ABIAETCA MHOMKECTBOM. OJIEeMEHTH
9TOH HOJXYrpyHOsr Oy7eM HA3EBATH TAKKE pajuKajaMu, UMes B BH-
Ay cyIecTBOBaHHMe H3oMopdmaMa. ilDUBefeM eIe IOINYTHO TPH
$opMyIH, HMemUe OTHOMEHHEe K IOIyrDYIIIOBOMY CBOHCTBY
paguKanoB:

Hif %l HEH)HE,); I1E FlT £)I %2),
", eciu

H'*‘l: x4, H X=X,

R [-%‘1 .%'2] C (ﬁ fl)(ﬁxﬂ-

9t QopMyIH O9EBUIHEL, 1 HETPYLHO 3aMETHTH, ITO BCE BRIIOYEHUS
3716CH CTPOTHE.

OnuHE 13 BO3MO/KHHIX CIIOCO00B KIaccupUKANMU PafUKaAIOB —
5TO PACCMOTPEHME MX C TOUYKH 3DEHYV IIOBEEHUS B IOIYrPyIme
Bcex pagmkaios. Jla M caMa IOXYrpynma KasKeTCs 3aCIly;KUBAi0-
M¥M BHUMaHEA 00BeKTOM. B oTIndue or mMOXyrpyims MEHOrooGpa-
3wt oHA He cBoOoxHA. 37[€Ch UMEIOTCHA HIEMIIOTeHTH — CTPOTHE
PajIVKaNE, He KaKbli pajgMKal IPejcTaBUM KaK HIPou3BeneHHe
HEepPa3J0KUMHX, D5 COOTHOUMEHMI BOSHMKAET 3a CYeT HAIWGUA
0 ecKOHeYHHX HpousBenenuii. Bce »tu oTKIOHEHUS 0T ¢BOGOTH
0CTalOTCH X B NOJYrpynme BceX HACHENCTBEHHHX paJUKAJIOB.
ITomyrpynme HaclIeIcTBeHHHX pajuKalioB IocBsmena pabora [6].
B mHeil BHpeleHH HEKOTOPHE CBOGOINHBIE CHCTEMH PaguKaiioB, pac-
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CMOTPEHH HeKOTOPHle KPUTOPUA HepasiIo;uMocTu pagukaioB. Taxk,
HAIpEMED, Ka#Owil HacaeOcmeeHHBE padukas, NOPOHCIEHHbLE
RPOUSEOALHBM KAACCOM DA3PEUWUMBEL 2PYNR, A8ALEMCI HEPaA3A0-
HCUMBIM INEMEHMOM 8 NOLY2DYNNe 8CeX HACACOCMEEHHHL PAOUKEAA08.
AHaIOrW9YHEIM CBONCTBOM 00IANalOT U Ma.ble padukaast, T. €. PaId-
Kais, nmoposknaemeie MuaoskectBoM rpymn. C. M. Bosen [26] moka-
3aJI, 9TO KaxcOwl nacaeOcmeennuii paduran, He aeasouuiics udem-
nOMeHmoM, 26aiemca c60600HbIM, U Daxrce abCcoOmHo c60600HBM, PA-
OJukasom — Bce ero CTeleHH, B TOM Uucie u GeCKOHETHE, PA3/NTIHH,
JpyraMu ciroBaMu, ecim ¥ — HecTpOTHI HacIeqCTBeHHHI pajn-
KaJX, TO HHU IPH KAaKOM IIOPARKOBOM dmCIe o pagukait X* He
ABisercss crporuM. JlBoficTBeHHOe YTBepIKIeHHe WMeeT MecTo
misa npenmuoroo6pasuii. HesaBucumo or C. M. Boseu ero morasan
JI. M. MapreiroB. C. M. BoBcu s3amerns Tak:ke, 9To CTPOTHIL Ha-
CJIEeICTBeHHE PAUKAI He MOsKeT HeTPUBHAIBHO PACKIAMHBATHCHA
B Ipou3BefeHNe HACIeACTBeHHHX pagukantos. C(CilegoBarelabHO,
€CIM U3 MONYTrPYUIH BCeX HACHECTBEHHHIX PATUKAIOB YIAIATh
HAEMIOTEHTH, TO OCTABINASCH 9acTh TaKyke Oymer WOJYrpyIion,
u BCE €€ 3JEeMEHTHl CBOGOMHEL.

B sroii monyrpyume ¢cBo0OIHHX paguKamoB HMEWTCA COOT-
HOOIEHHdA, W MH He 3HaeM, peajbHa JI 3afada ONNCAHHA
BceX aTuxX cootHomeHuiH. C gpyroil CTOPOHE, OTMETHM CIENYOMYI0
upobiIeMy.

IIpob6aema 10. Huetomesa au nHempusuatbhue coomuoute-
HUSL 6 noayzpynne, NOPONIeHHOT HeDABAOIUMBLMU HACALOCMEEH-
HBLMU padukaramu?

Sajaua onmcaHWA BCeX HEPA3MOKUMBIX DAaJMKANOB KajKeTcs
B oOmem HepeaiapHoH. OnHAKO MOKHO CTaBUTh TaKyl 3amady
B HEKOTOPHIX CIENUATBHBIX coydaax. OTMeTuM ciefynomyio Ipob-
ieMy.

IIpo6xema 11. Hecredosams mepasaodscumbie Hacaedcm-
BeHHble PAOUKALL, 8 KAdCCe A0KAAbHO KOHEYHbT p-2PYnn.

ITommoE onmcanme 3mech Tak:ke, Uo-BUUMOMY, HepeanbHo. Ofi-
HaKO MO}KHO HafleIThC A BHIIENUTh MHTEPECHHIE CePHH.

Haxr ymxe oTMedanoch, pBoiicTBeHHBIH 00BEKT K HACIEJCTBEH-
HOMY PajMKaly ecTh MHorooOpasme. Tak 910 B N3BECTHOH cTeIeHH
HOJYTPy IIa HACJIeI¢TBeHHEIX DAAUKAIOB IBOWCTBEHHA HOIYyTPyLIe
maOro06pasmii. lloxyrpymma wmmoroofpasuii, B ¢BoI0 od9epens,
COTeP/KHUTCA B HOJYrpynme BeceX Kopamukatos. OC sToil moelennei
OONyrpynne IMoKa HUYEro WHTEPECHOTO HEeM3BECTHO.

2. O0bennuenus u nepecevenns pamnkanos. [Lycts [ ¥o1 —
HeKoToDHI Habop KiaaccoB rpyun. Jlerko mpoBepserca cIefyo0IMas
dopMyTa:

R[gl ¥« =RIUR %.1.
@
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Ecau mpu astom Bce & o — mpeppaguralbHEeE KIACCH, TO
U Zo=RIU £1) =(U %)
[/ ¢/ o

Jlerko Tak;xe BUIETH, YTO €CJIU BCe ¥ o — PaTUKAIbHEE KIACCH,
7o u xommosur R[| ] £, ] Tawsxe ABiIAerca pagARaTbHEM KIacCOM.
¢

Ilepecedenne paguKATBHEIX KIACCOB TAKyKe ABIACTCA PAgUKaIb-
HEIM KJIaccoM, M IepecedeHue HACTeCTBEHHHX PAaJUKAIbHBX KIac~
COB eCcTh HAclIeqCTBEeHHHH paguKaitbHuR Kiacc. Eciau Bce ¥o —
P ,
HACJeJCTBeHHEIO PAaJMKAIG,T0 UMeeM (Q X.) = Q x,.

K cosxanenuio, HACIeCTBEHHOCTh TEPAETCA NPHE B3ATHU KOM-
MO3UTA PAJMKATBHEX KIACCOB.
IlepeunciauM ceiidac HECKONBKO JErKO IPOBEPAGMEX (GaxToB
0 CBA3H KOMIIO3MTa Y IIepecedeHHsA C YMHOKEHHEM. I/IMeeT
MecTo clexylomas neBas pgucrpubyrmeHocth: X (R[U %ql) =
[+

=RI[U % #. 1. CoorBerctByomas mpaBad qucTpuOyTUBHOCTL HE
o

BHIIOJHAETCH W WMeeT MecTo Jumb BRIodgeHme RI[U ¥o ¥]1C
R [|J)%,]%. Hua uepecegenuit mmeem ¥ (N ¥o)=N ¥ %, . [IpaBaa
o 04 o

aucTpulyTUBHOCTD 37IeCh He BeimoxHsmercsa. OxHako, eciau oo mpode-
raeT KOHOYHOE MHOKECTBO M BCE paccMarpuBaeMble pajuKalhl
HACTEACTBeHHL 10 HOATPYIIaM, COOTBETCTBYIOINAd IIpaBas JUCT-
pubYTUBHOCTE MMeeT MeCcTo.

Hanrsme o wopagukanax. HEciam Bee ¥4, — KOpaguKai s, TO

TaKkoB e U Kiace [) ¥, . OOBeguHeHme KOpamguKaJIBHHIX KJIACCOB
[0

He SABJIAETCA KOPAJHKAIBHEIM — K DTOMY OOBeIUHEHHIO HYKHO

npumeruTs eme omepatrop CoR. OrmeruM Temeps ¢opMydy:

(CoRIU . N)* =N ¥, =(U #,)*. Umea B BUIY CBA3D C YMHO-
[0/ o a

JReAWeM, OTMeTHM, UTO WMeeT MecTo IIpaBas AMCTPHGYTHBHOCTD
CoR[U %#«1%=CoRI[U ¥, ¥]. ua paguraibHHX KIACCOB MH
o o

AMeJH B aHAJIOTMYHON CUTYAIHH JEeBYI0 MUCTPUOYTMBHOCTH, a mpa-

Basg TaM He BHIOIHAIAch. 3ech (I KOpaJUKATOB) HET JIeBOI

nuctprbyrusHocTU. [lna mepecedenmii umeeM ([ )% =N (¥ o ).
a a

B 3axai09eHMe OTMETHM, UTO MHOTHE Pe3yIbTaTH 0 ACHCTBHAX
¢ pagUKAIaMM JOKA3HBATCA C UOMOMBbIO cIUleTeHmii. B cBsasm ¢
atum B paborax [6] u [26] upuBogATCca meKoTOpHIe NpaBWiIa BEYMC-
JeHAs DAJAKAIOB B CIIETEHUAX TPYII.
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§ 7. Paguraasl B MHAMBHAYANHBIX IPYNIIaX

1. Briunciaenue pagukaia B rpynne. B page caydaeB paguran
B KOHKDETHOH rpymme MokerT OHTH 0XapaKTePU30BAH KaK MHO-
JKeCTBO DJIEMEHTOB IPYHIE ¢ oIpexeleHHEIME cBoiicrBaMu. IlomoG-
HYI0 XapaKTepHCTHKY HMEIOT, HampuMmep, pagukana Bepa, HagHWIB-
UOTEHTHHIA ¥ JOKAJIbHO HUWJIBIOTEHTHHIH paguKaibl. AHAJOTHIHYIO
XapaKTepHUCTHKY MOKHO 1aTh M BCeM U-HATHWIBIOTEHTHHIM Daju-
KaJaM.

B paGore [20] comepssurca omuH o0muil upueM moTydeHHs
TaKUX BJIEMEHTHHIX XaPAKTEPHCTHK PagUKalIoOB. 3aMeTHM emie, 9T0
HEKOTOPHIe n3BecTHEIe (aKTH 0 TOM, 9TO MHOKECTBO BCEX 3JIEMEHTOB
TPYLOH ¢ HOKOTOPHIM 3aJJaHHBIM CBOWCTBOM €CTh IOATPYHOa, MOTYT
ObITh TaKike IOJNYdYeHH depes pamMKaisl. Pam Teopem mocBaAmen
9JIeMEHTHOM XapaKTePUCTHKEe DAJMKANOB B IPYHIAX ¢ OLpeselleH-
HEMH cBoficTBaMu. Tak, HampuMep, ecIn rpynoa obJiamaer Bo3pac-
TAIOMIM HOPMAJIBHEIM PAIOM C JIOKAJIBHO HETePOBHMHU daKTopamu,
TO B TaKOi I'pylme ee JOKAIbHO HUJIBNOTEHTHHHA pajgMKajJ COBIA-
JlaeT ¢ MHO?KeCTBOM BCeX HUJIHIJIEMEHTOB.

s kamgofl KOHKpPeTHOH TI'PYHIEL MOKHO CTaBUTH BOIPOC
06 omumcaHUM BCceX ee PajUKaJIoOB — 3HAYEHWH B HEH BCeX paju-
KaJIbHHX QYHKTOPHAIOB. B cBA3H ¢ 5THM 3aMeTHM, 9TO HETPYIHO
UPABECTH HEOOXOMUMEIE W TOCTATOYHEIE YCIOBHMA, HAKJIAHBAaEMEE
HA DOArpyHNy B Ipynme, IPH KOTOPHIX 3Ta HOATPYHIIA OKA3HBAETCSA
pamukKajJoM IO HEKOTOPOMY paguralbHOMY KJIaccy. IlomoGHbIe
YCIOBUS MOKHO HIPMBECTH M IJIA KOPATUAKAIOB.

2. Pagukaas n eTpyRTYpHBIE ¢XeMbI. B reopun rpynn usBect-
HH Pa3JINYHBIe CTPYKTYPHEIE CXEMEl, IOMOTAIOMKe B UCCIeNOBAHNA
KOHKPETHHX Tpynm. Yacro B TakHX cXeMaX yIaCTBYIOT PagHKAJIEL
u Kopagupadsl. Ilpm sToM, KaK IpaBWiIo, pagUKalIn paGoTaioT B
TeX CJIydJadaXx, KOrJa DPedb HAeT O BO3PACTAIOMUX HOPMAIBHBIX
pPAmax, a KOPaguKAaJIH NIPUMEHSIOTCA B 3ajadaX, CBA3AHHHX C
yOBBAIOMIMEA HOPMAJIBHEIME PATAMU.

Muorne mnpumeneHus cBsisaHEI C DPACCMOTPEHHEM YCIOBHil
romeunocTH. IIpu 3TOM 9acTo MCHONB3YIOT HE TOMBKO a0COJIOTHEE
PaguKajisl, HO W DPAfUKAIH 3aJaHHNX KIACCOB — NPH HAINIHH
yea0BHil KOHEIHOCTH HEKOTOPEIe, BOOOIIE HE PaSUKATIbHEE, KIACCH
OKAa3HBAKTCA PaTNKAJIbHEIMH.

B nprmenenuax 6oibmiyo polb Urpaer ToT GakT, 9To PamHKAI
YacTo OTPAHWYMBAET IPYHOOY — COMEPKUT CBOI IEHTPAIH3ATOD.
Ilo moBoxmy ycioBuii, Korma 9To CBOMCTBO MMeeT MECTO, CYIeCTBYeT
HECKOJIBKO TeopeM. B CIHCKe JTuTepaTypH MOKHO HaliTh pAx padoT
0 3aTPOHYTHIM 3[eCh BOLPOCAM.
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B nomoiHerwe K y:Ke IPHBOJMBIIAMCS Ipo6GieMaM Has0BeM
HEKOTODHE Apyrue.

MpoGanema 12. Cywecmsyem au padurasbrbili Kaacc
zpynn, 604ee WUPOKUL, HeM KAACC JOKAAbHO HULbNOMEHMHBEL 2pYnn,
u cocmoswuii u3 spynn, 064a0aOWUT YEHMPAILHOLU cucmemoli?

Mpo6aema 13. Bepro au, umo 0as kaxdozo padurara %
umeem mecmo caedywujee ceoticmeo: ecau G — A0KAABHO HUABNO-
menmuas epynna 6e3 kpyuenus, mo X (G) — usoauposannas
nodzpynna ¢ G?

Ilpob6unema 14. Ilopoxcdaemea au A0KAALHO HUALROMEHM-
Kbl padukan céoumu zpynnamu 6Ge3 KpyueHus?

IMMpobanema 15. Moxem au zpynna obaadams Gosee
uem OOHUM, HO KOHEUHBM UYUCIOM MAKCUMAILHHE A0KALbHO Dpa3pe-
WUMBIT HOPMAAbHUL Oeaumeneli?

BeckoHewHoe 49HMCIO TAKHX HODMAJBHHEIX [eNHTENEH MOMKeT
obiTe [28).

Cuepgyromue Tpo0IeMEl MOCBAINEHH PagUKalaM B HEKOTODHIX
KOHKDeTHHX KiIaccax rpynn. Herpyuo omucars Bce HacIenCTBEH-
HBle DPAJUKaNb B KIACCaX NM-CTYHNeHHO HHJIBNOTEHTHHIX TI'DYII
(mpm n060oM n) ¥ B KiIacce Bcex HmabnorenTHHX rpynn [29]. ITogo6-
HYI0 33a9y MOJKHO CTaBHUTbH s cIydas, KOrja HEILIIOTEHTHOCTD
3aMeHSeTCs Pa3permmmMocThbio. MBI orpaHMamMcs 37ech cJejylomei
sagageH.

Mpo6axema 16. Onucamv sce nacaedcmeennsle paduras
6 kaacce dsycmynenno paszpewumnz epynn. To ye 6 kKaacce noau-
YUKAULECKUT 2pynn.

B pa6ore A. I'. Kypoma [3] mokazano, Kak HaxomATcs Bce
HaCIe[ICTBEHHBIC CTPOTHe DPAAMKAJH B KiIacCe KOHEYHHX IpYI.
OTrMeTnM Temephb Ciaeqyomylo 3ajgady.

IMMpo6nema 17. Halimu ece nacaedcmgennvie paduranbl
8 KAacCce KOHEYHWET zpynn.

Mpob6nema 18. Hecaedosamv nosayzpynny wnaciedcmeen~
HUT padura.nos @ Kaacce KOHEYHBT 2pYnn.

OGoznaunM ceifuac yKaszauHylo moayrpynny uepes X, Herpyn-
HO DOHATH, YTO X HMeeT MOI(HOCTH, KOHTUHYyM. EcrecTBenno
IOCTABHTh TaKKe BOHpOoC 00 OmUCaHMA HEPA3IOKEMLIX 3JIeMEHTOB
B 2. OrMermM ceifigac HECKOJIbKO YaCTHHX BOIpPOCOB IO 3TOMY
noBoay. IIycts S, ecTs pneMenT B 3, MOPOKIEHHEL KIAaCCOM BCeX
n-CTYHeHHO paspemuMbIX (KOHEYHHIX) rpymnm m R — KiIacC BceX
KOHeYHHX HHJIbHOTEHTHHX rpynn. Tak kKak R — pajuKalbHBIE
rkaace (paguean Durruara), To S, < R™. Ilo-Bumumomy, 3pech
BKJII09eHHe cTporoe. Ecau aTo Tak, 10 BOSHEKaeT BOIPOC O Hepas-
JOKEMOCTH BCeX Sp. ITOT BOIPOC HABEAH IIONOKATEIbHBIM OTBETOM
Ha moJIoOHKA BOIPOC JiA pajuKadoB B Kiacce Bcex rpymm. Haso-
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BeM, jajlee, pajuKal u3 X MalHM, eclIn OH IOPOKAAeTCA OfHOM
rpynnoi. MankiMu pajukalaME ABIAKTCH, B 9acTHOCTH, Dajd-
KaJIBl, COCTOSIME U3 BceX KOHEUHHIX p-IPYIN AJA KaXKI0ro QuECH-
poBauuoro p. Hampapii Tako# pajmKal sBIsgeICS HAEMIOTCHTOM.
C gpyroi cTOpOHBI, KasKeTCA NIPaBROHNOJOOHLIM, WTO €CHU MAJbIik
pajuKal OTIMYeH OT HA3BAHHHIX, TO OH HepasJIo:KEM. Paguran
HA30BEéM IIPOCTHIM, €CHYM OH IIODPOKIAeTcsA HEKOTOpPHM HaGopom
IPOCTHIX HEKOMMYTATHBHBIX Ipynm. IIpocToil HUIABpaguKaI — 9TO
PanuKal, TOpOKIeHHEH Ha60POM NPOCTEHX KOMMYTATHBHEIX TPYIII.
Mosmxuo mokasare (A. C. XaxyrammBmian), 9TO uUpou3BejeHNe
OPOCTHX pajiKaloB He MOKeT OBITH MalHM pajgukamom. Hewus-
BECTHO, OIHAKO, BepHO JIU MOo00HOe yTBEP:;KIeHUSe IJiaA IMpPOoU3Beie-
HMA POCTHX HUJIbPAJUKAIOB, HE ABIAIOMETOCA HIEMIIVTEHTOM,
OrMeTuM emie caepylomuii BOMPOC: BEPHO WIN HET, 9TO MOAPa)Kalk
MaJlOro pajuKaga TarkKe Mai?

HccrenoBaunii mo paguKaizaM B KOHEYHbIX IPYIIIaX HOYTH HeT,
H HaM KayReTCsd, YTO 37[eCh MOKET BO3HHKHYTh MHTepecHas mpoodsie-
MaTHKa.

Ilepex TeM, Kak cOOpPMYIHpPOBATH CIHEAYWOIIYI0 3ajady, Hpu-
najemanyw O, Xoany, caeraeM HeCKONBKO 3aMedaHHil 0 pau-
KajlaX, BO3HUKAIOINMX W3 KIACCOB IPOCTHIX TPYII,

Ilyere P — HekoTOpsIii abCTpaKTHBIA KIACC MPOCTHIX TPYIIX
H oycTb ¥ -— KJacc BCeX rpymm, He BXopamuXx B Kiracc P. Haace
¥ sABIseTcA uUpeIpagUKAIbHHIM, HO He pajUKaJIbHBHIM KIac-
com. HerpyaHo Takske mOHATH, 9r0 ¥ TOT/AA U TOILKO TOTRA SABIS-
eTcsa CIeIUAABHEIM IPefpaguKaIbHEIM KIACCOM, KOT/a BCe TPYIIIEE
H3 B CTPOTO IPOCTHIE, T. €. HE COMEeP/KAT COOCTBEHHHIX CyOWHBA-
puantueix noarpynu. Ilycts npamee ¥, — KiIacc Bcex rpymm,
JAe;KaIuX B ¥ BMeCTe ¢cO BCEMH CBOMME roOMOMOPQHHIMHI ofpasaMu.
flcHo, 9T0 ¥; = _|P W 3TOT KiIacc ABIAETCA CTPOTHM PATUKAIE-
asM KadaccoM. Ecanm Bce rpymnst m3 f crporo mpoctsie, To ¥, —
CIeIUAJIBHEIN paguKal.

Beenem eme wimacc ¥ 5, COCTOAIMAIN M3 BceX TPYIN, JesRAIIAX
B X, BMecTe cO BCeMH CBOMMHE MOArpPyIIamMu. ITOT KJIACC SABIA-
eTcs HACIAeSCTBEHHBIM II0 NOJATPYNIaM CTPOTMM DafMKAIbHBIM
KIIaCCOM.

Honycrum Temeps, 4T0 MCXOAHBIE KIAcC P COCTOMT U3 BCeX
abCOMIOTHO IPOCTHIX rpynn (HEKOMMYTaTMBHBIX Trpynm 0es
HeTPHBAAILHHX HOPMaIbHEX cucreMm). CoorBercTByromumii ¥ , 060-
sHavmM ceffuac wepes . Jlerko moHATH, 9r0 Kiace  COCTOHMT
u3 Bcex rpyun G, takmx, gro ecim B C G u A < B, To rpyn-
na B/A obragaer paspemmmoii HOpManbHOH cHcTemoil (ABJIAETCH
RN-rpynmoii). B ruacce § BooGIie MMeIOTCA IPOCTHE HEKOMMY-
TaTHBHGE rpynnsl. Yro6s WX HCKIANYATH, BO3bMEM 34 HMCXOTHBII
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P KIace BceX HEKOMMYTATHBHEIX IIPOCTHX TPYHIl H COOTBETCTBYIO-
muit ¥, o6GosHaumM vueped §,. fcmo, aro Hy << H. Hmace §,
MoxeT OBITH olpejieleH eme clenylomuM 06pa3oM: BOBBMEM KJace
Bcex RN-rpynm, 3aTeM B 9TOM KJacce BO3bMeM Bce TPy, HHKa-
Kot romoMop(HEHI 00pa3 KOTOPHX He ABIAEGTCA IPOCTOH HEKOM-
MYTAaTHBHOW TPYIIOi, a 3areM BIOcJHegHeM KJacce BO3bBMeM BCe
IrPyOOE, JIeKaliEe TaM BMECTe CO BCeMH CBOMME IOTDYIIIAMH.
Tax npmmeM K KJIaccy .

Jlerko Bugers, UTO KJAACC § BaMKHYT OTHOC HTEJIBHO ouepa-
ropa L, # mosToMy ABAseTCA CHeIUAJbHHM PaJAKAIBHEM KIACCOM.
Chopmynmpyem Temephr ciepylomyto npobiemy m3 [7].

IIpo6mrema 19. Heasemea au cneyuasbhHum padukaib-
HuLll Kaace H,?

Otmeuenunie @, XoaioM paguKaIbHEe KIacch $ A §H, ABIA-
orca Hawbogee INMAPOKAME pPAgAKAJaMu Pa3pelmuMOro THIIA.
B wmacce § copepskarcsa, HaIpuMep, Bce TPYImE, ofIagaronime
BO3pacCTAlONM HOPMAJIBHBIM DPAAOM € JOKAJIBHO PATMKATIBHEIME
daxTopamu. HewusBecTHO, ORHAKO, Je;RaT JH BCe TaKHe TPYIIIHI
B $,. B cmaszu ¢ oTiM 3aMeTwM, 9YTO, OTBEYas Ha ONWH BOIPOC
®. Xouna, b. Xapran u C. CroxexeBep nemasuo moxasamu [30],
9T0 Bce JOKATIBHO pPagUKaJIbHEe TPYIIE Je/KAT B KJIacce .

IIpu sToM, Kak u B [21], paguKagbHbe PYIOB — 3TO IPYIIIH,
obmajaromue BO3PACTAIONMM HOPMAIBHEIM DPSAAOM C JOKaJbHO
HWIBIIOTEHTHHME (arropamu. Takue IPYOHE COCTABIAIT CIEIH-
QIBbHHIA pagUKAJBHHI KJAacc, XOTA 3TOT KJIAcC W He BaMKHYT
OTHOCHTENBHO omepaTopa L.
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Dedicated to the memory
of Anatolii Ivanovich Mal'ceo

1. Tt is well known that if,in a first order theory T, an infi-
nite disjunction of sentences X;, X5, X3,. . .is a consequence of T'
then already a finite disjunction of X; must follow from 7. An
argument which is by now familiar shows that this fact can be
applied in order to prove the existence of certain bounds in the
theory of ideals and elsewhere. For example (ref. 3), let K be
(a set of axioms for) the theory of algebraically closed fields.
For given positive integers r, d, and %, let Y be a sentence which
states that the zeros of a set of general polynomials g;(z,, ... ,
Zn)y - . -, Gu(@1, ..., xy) of degree d are also zeros of another
general polynomial f(x;, . . ., z) of degree d. In this connecti-
on, the polynomials gy, . . . , g, f, are meant to be general in
the sense that their coefficients are distinct and otherwise ar-
bitrary individual constants which do not occur in K. Also,

for p=1,2, ..., m=1, 2, ...,let X,, be a sentence
which asserts that there exist polynomials Ai(zy, . . ., Zn), . . .,
hu(xy, - . ., x,) of degree (not exceeding) m such that

R
11. (f(xy, ..., Z2))P = szihj (T1y o ooy Zn) @i (X1 o v vy ).

Then Hilbert's Nullstellensatz asserts that at least one of the
Xpm is a consequence of K |J {Y} or, which is the same, that
the disjunction of the X, is a consequence of K U {Y'}. It follows
that a finite disjunction of X;,,, and hence a single X,,,, already

* Research supported in part by the National Science Foundation,
Grant Ne CP 8625.
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is a consequence of K |J{Y'}. This shows that if, for a given bound d

on the degrees of gy, ..., gr, and f, the polynomial f vanishes
at all zeros of gy, . . ., gr, then the identity 1.1 is satisfied for
an exponent p and degrees of ky, ..., ks, which are bounded by

numbers depending only on d, n, and k.

However, there are in ideal theory and algebraic geometry
many cases where similar bounds are known to exist, or are beli-
eved to exist, and where the existence of such bounds again
corresponds to the extraction of a finite from an infinite disjunc-
tion although no single sentence corresponding to the above Y

appears in the case. Thus, for given gy(xy, ..., ), --., gu(®y, ..., Tn),
and f(z;, . . . , Z,), as before, consider the assertion that 7 belongs
to the ideal generated by gy,. .. .,gx, f€(gy, . . . gr).In terms
of the first order predicate calculus this assertion is equivalent
to the disjunction of sentences X,,, m =1, 2, ... which assert
that there exist polynomials 2y (zy, . . . &), - .., *plx], . . ., Z4)

of degree not exceeding m such that

k
1.2 fzy, . . ., Zn) :'Eih]‘ Ty, . . L, xn)g (X1, -« ., Zn).
j=

Although the argument sketched above is not applicable
in the present case it is true nevertheless that if 1.2 is satisfied at
all then it is satisfied also with a bound m on the degrees of &,, . .
.« ., by, which depends only on n, k, and d. We observe immedia-
tely that if such a bound exists then we may take it to depend on
n and d only since the number of polynomials g; which are line-
arly independent over the field of coefficients is bounded in terms
of n and d. We also notice that the linearity of the conditions on
the coefficients of the %; implies that if such a bound exists for
all algebraically closed fields then this is, more generally, a bound
for all fields (see ref. 5) Accordingly, we may confine ourselves
to the consideration of algebraically closed fields. Similar remarks
apply to the case considered previously.

The existence of the bound in question was established in
principle by J. Konig (ref. 2) and the proof was completed by G.
Herrmann (ref. 1) who also developed a primitive recursive
formula for m in terms of n and d. This implies the existence of
a uniform procedure which decides, for any given g; and f whether
f€(gs, .-, gr). Conversely, the availability of such a bound
which depends only on n and d, but which is independent of the
particular field under consideration, and even of its characteristic,
establishes the existence of procedures which decide for any
given n and d whether or not f€(gy,. .., gx) for arbitrary poly-
nomials of n variables and of degrees not exceeding d. We observe
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however, that this does not establish the existence of a uniform
procedure to test this question for arbitrary g; and f.

In the present paper, we shall establish the existence of
such bounds by a method which relies only on the elements of
ideal theory, coupled with an argument from non-standard
analysis. This may be contrasted with some lengthy computations
involved in the methods of Konig and Herrmann.

Another topic in which the question of a bound arises is
related to the so-called Nullstellensatz of Hentzelt. We shall
prove

1.3. For any given positive integers r, k, and d there exists
a positive integer p = p(n, k, d) with the following property.
If F is any algebraically closed field then a necessary and suffi-

cient condition for a polynomial f(zy, ..., z,)EF (24, ..., z,]
to belong to an ideal (gy(®y,...,%n)y ..., 8n (T ..., 20))=
=JCFlz,...,z,] where the degrees of f and of the g; do

not exceed d is that for every algebraic zero & of J,E=(§;, . . .
..., En)EF™ the polynomial f is contained in (J, P° ), where P
is the primeideal (z; — &, . .., zn — &)

Here again, we shall establish the existence of an integer p
of this kind by a combination of ideal theory and non-standard
analysis. However, it should be mentioned that the method of
Hentzelt—Herrmann, though very much more complicated, estab-
lishes a stronger result by showing that p may actually be chosen
50 as to be independent of the degree of f. Nevertheless it is hoped
that the arguments given here will be of some interest to the
reader by pointing out the existence of abstract-metamathema-
tical proofs in an area in which the previous, more concrete,
methods have left a number of related questions untouched.
2. Let F be an algebraically closed field, let R = Flzy, . . . . z,l,
n > 1, and let J be any ideal in R. Then R is Noetherian and
so J is the intersection of a finite number of primary ideals,
J=0:N...NQ, Suppose J =4 R then all Q; may be taken
to be different from R. We take any one of them and, for sim-
plicity, drop its subscript, Q; = Q.

Since Q < R it possesses a zero & = (§;, ..., E,) with coef-
ficients in F. Let P be the ideal (z; — &, . . . , Zn — &x) so that
P > Q. Then it is a consequence of Krull’s intersection theorem
{(ref. 6) that

2.1. 5__1(0’ Pv) =0.

We insert a proof of 2.1 in order to illustrate the character
of the ideal theoretic arguments involved.
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Let S be the image of P in the quotient ring R’ = R/Q.
Then S is prime. Put U = N SY, T'= SU, then we propose to

v=1i
show that T = U. Evidently, T C U so we only have to verify
that UCT, i. e. that if T=Ty (... N Twn is a representa-
tion of T as an intersection of primary ideals then U C T;,
j=1,...,m. But T; is primary and so 7 = SU C T; implies
that either U C T; or S¥C T; for sufficiently high v and so,
again, UC T; . Hence UCT,U=T.
Now let uy,...,ur €U be abase for U in R’. Since SU =U
there exist q;; €S such that

22} =ai1u1+. . .-l—aihuk, i = 1, c e ,k.
If A = (a;;) and I is the identity matrix we then have
U— Aju; =0 for j=1, ... ,k. Now [ —A|=1—s for
some sE S, so that (1 —s)u =0 for all u€U. Let s be the

image of a polynomial p(z;, ..., Zn)GP under the canonical
homomorphism R — R’ = R/Q and let u be the image of any

r(zy, ...,Tn)E 8 (Q, Pv) under the same homomorphism. Then
v=1

u€lU and so
—pley ooy z)r(z, ..., 2,) =0 mod Q.
But (1 — p)¥=:20mod Q for all v since

I—p@y ..., Za)) =h(2g,...,20)q(Tyy ..., Tn)
with ¢(zy, . . . , ,) € Qyields 1= 0 after substituting &;, ..., &
for zy,...,2,. Also, Q is primary and so r(z,, ..., z,) € Q.

This proves 2.1.

3. Let » and d be positive integers.

34. Theorem. Thereexists a positive integer m = m(n, d)
such that for any field F and for any set of polynomials f(zy, . . . , %),
giTyy - o s Zn)y - v o, g @y - - -y ) Of degree << d with coefficients
inF, f belongs to the ideal generatedby gy, ..., gn inFlz,, ..., z,l
if and only if there exist polynommls hy(@gy -« .y Zn)y -

Py (Zyy oo ., Zy) with coefficients in F and of degrees not exceedzng
m such that

|3 .
3.2. f(xlv R ) xn) :jgihj (Z1, .0 o xn)gj (1'1, CEENC ) l’n).

Proof. Asexplained in section 1 above, we may assume
that F is algebraically closed and we may also assume that the
number of polynomials gj, k, is bounded in terms of » and d.
For given n, k and d, and for any integer p, consider the follo-
wing statement, to be denoted by X,,.
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«There exist polynomials f(z,, ..., Z,), gz, ..., Zn),.
gn(Zyyeen... , In) with coefficients in an algebralcally closed field F,, "
and of degrees not exceeding d such that f belongs to the ideal gene-
rated bygy, ..., gnin Fylz,,. .., z,] but such that in any represen-
tation of f as a linear combinatlon of g,...,gn of the form 3.2
at least one of the polynomials 2;(zy, . .., z,) is of degree greater
than p».

Either the theorem 3.1 is correct or there exist algebraically
closed fields F, such that X, is satisfied for p =1, 2, 3,
Supposing the latter to be true, let M be a mathematical structure
which includes F,, Fy, F5,. .., Fy, ... Passing to an enlarge-
ment *M of M (ref. 4) we choose p = ® where ® is an infinite
natural number, and we consider a field F, which contains
polynomials f, g, . . ., gr satisfying X, for p=o. Then f, g,...

.» gr are polynomials in the ordmary sense, since their degrees
are bounded by the finite natural number d. However, when
we say that f€ (g, . - ., &) = J, J C Folzy, . .., zo] we now
refer to the non-standard polynomial ring F, lzy, . .., 2,] which
contains polynomials of infinite as well as of finite degrees.
More particularly, although an identity of the form 3.2 must
exist, since f ¢ J, at least one of the polynomials k; (2, . . ., Zn)
which occur in it must be of degree greater than ® and, hence,
of infinite degree.

Consider now the subset of Fy,l[z, ..., z,] which consists
of all polynomials of finite degree in that ring. These constitute
a subring of F, [z, ..., z,] which will be denoted by
Fllz,, ..., z,]. Then F [z,, . .., z,] is Noetherian and contains
g1y -+ & and f. Let J' be the ideal which is generated by
€, - grin Folz,, ..., z,]. Then J' isa subset of J. We pro-
pose to show that f belongs to J’. This is trivial if

J' = Fllz, ..., z,]. We may therefore rule out this case and
may write J'= Q;N---NQ: where the Q ; are primary ideals,
all different from F [z,, . . ., z,]. Consider any one among them,

Q; = Q. We have to show that f& Q. Since F, is algebraically
closed, Q possesses a zero (&, ..., &) with coordinates in F, .
Let P = (,—&;, ...,2n— &) be the prime ideal generated

by 2,—&, ..., 2, —E&, in Folxzy, ..., z,]. We shall show that,
for every finite positive integer v, f & (Q, PV). This will prove

our assertion since ﬁ(Q, Pv) = Q, by 2.1.

By assumptlon, there is a representation 3.2, where the
gj belong to Q and where the %; may be of infinite degree. Put
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z;=y;+ &, f=1,..., n This transforms the polynomials
which appear in 3.2 into polynomials of y,, . . ., y, with coef-
ficients in Fy, to be denoted by

j(yla AR yn)f k;(yh AR ] yn)v g-;(ylv LY yn), ]: 17 RS} k
respectively. Then

k
33. fWu.. . ¥n) = Zihj Y1y« 5 Yn) & (Y1se -5 Yn)-
=
For any finite positive integer v, put

hi (Urye o s Un) = Piv(Urs- - s Yn) + Qv (Yrae o 5 Yn), i=1,...,k,

where the ¢,y include all monomials of %; that are of degree
equal to, or greater than, v. By 3.3

Rk
3.4. f(yl,---,yn)—jgipjv(yl,.--,yn)gj(yu...,yn)

k
= 'EQjV(yIW "1yn)gj (yl,"'v y”)'
j=

Since the left hand side of 3.4 contains only polynomials of
finite degree the right hand side must be of finite degree also. At
the same time, all monomials that appear on the right hand side
are of degree greater than or equal to v. It follows that the right hand

side of 3.4 belongs to the ideal P’ where P = (y;, - - ., Un) is
generated by ¥, ..., Yo in the ring of finite polynomials

Fly,, . . ., y,l. Thus,
k

3.5. F—2 pivgi €P° for v=1,23,...
j=t

Transferring back to the variables z;, we obtain

Rk .
8.6 flEne.nan)— 2 pp e —Ee 2 )
1=

X gi (X1,. .., %) EPY
and hence, f€(Q,PV), v=1,2,3,... As pointed out above,
this shows that f € Q. In other words, there is an identity
k
f(xlv' vy xn) = ]21 rj (.7:1,. ) x”fl)g] (xl,' ] xn)

where the polynomials r; have coefficients in F,and their deg-
rees are all finite. This contradicts the conditions imposed on
F,, f and the g; , and proves the theorem.
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4. Let F be an algebraically closed field and let & = (&, ...
..., &n) be any point with coordinates in F, & € Fn. Let Pg
be the prime ideal (z; — &, ..., 2, — &), let f(zy, ..., Za)
€ Flzy, ..., z,] and let J be an arbitrary ideal in Flzy, . . ., z,].
IfEis not a zero of J then J and P have no zero in common and
so (J, PY) is the unit ideal and, in particular f€& (J, Pg), v
=1,2,3 ...

Suppose now that Eisa zeroof Jand let J =0, N - - - N O
be a representation of J as an intersection of primary ideals
all different from the unit ideal. Then & is a zero of some of the
Q;i, Q1 ..., Qn, say, m > 1, and not of others, Qyt4,..., Q1
say, where the second set may be empty. It then follows from
the previous remark that, for m + 1 <j <1, f€(Q;, P},
forv =1, 2, 3, ... whether or not f belongs to Q;. On the other

hand, for j =1,...,m, f belongs to Q; only if f€(Q;, P}
for v =1, 2,3,... Forin that case, N (Q;, Pt) = Q,; by 2.1 and
v=1

so, if f¢ Q; there must exist a positive integer p: such that

F¢(Q;, PZE ). We conclude that if f does not belong to J then
we can always find a E€¢F" and a positive integer pg such

that f¢ (J, P‘;E ). The converse is trivial.

Suppose now that, contrary to the assertion of 1.3, there
exist, for given n, k, and d, and for an arbitrary positive integer
0, polynomials f(z;, ..., Za), g1(@, - - - &)y o+ o, Gr (T1ye .oy Z0)
€Fpolzy,. .., z,]1, all of degrees not exceeding d, F, algebraically
closed, such that f¢ J = (gy,...gx), J C Fplay,. .., z,] although
for all E€ Fy, f€(J, Pf). Passing to an enlargement as in section
3, above, we find that for any infinite integer @, there exists
an algebraically closed field #, and polynomials f(zy, ..., ),
gy oo 5 Zn), oo, Br(Zy, .. oy Zn) G Folzy, - . . 2n] of degrees
not exceeding k such that f ¢ J = (gy,...,8r), J C Folry, ..., 24l
although fé€(J, Pg). But fe(J, Pt) signifies that there exist
polynomials %; (z,, ..., £,)€ Folzy, . . ., z,] whose degrees
may be finite or infinite such that

k
-
Since f¢ J, the polynomials gy(x;, ... ,Zn), -« s 8 (Trs -+, Zp)

must have a joint zero in F,. We introduce the subring FJ [z;, . . .,
eeey Xyl of Fylzy,..., 2,1 as in section 3 and we again denote
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the ideal (gi,....gr) CFJ lzy,..., za] by J'. Then J
= FYlzy,...,2,] and we may write J/=Q, N - - -NQ: where
the Q; are primary and are all different from the unit ideal.

We propose to show that f€& J’ or, which is the same, that
f€Q;,j=1, ..., 1 Choosing j and putting Q; =Q, for simpli-
city of notation, select &= (&,,...,E)€Fy as a zero of Q.
Then 4.1 implies that

3
4.2, f— hj g; € P} for all finite v
j=1

We introduce new variables y; by z; = y; + &;,j=1,...,n
as in section 3 and obtain, with the notation of that section

k
4.3. f(yu...s Yn) —,Z:Pjv (Yre e s Yn) &5 Waye ooy Yn) € PE
]:

where the ideal P; is obtained by substituting y; 4 E; for z;
in the polynomials of P .
‘ 3

But f— > pjvg; is a polynomial of finite degree and
=1

4.3 tells us t}:i:t all monomials in it are of degree v at least.

Hence, transforming back to the variables z; and denoting by Pg

the ideal generated by z,—E&,,..., 2, —Enin Folzy,..., 2,1, we have
R

f(xh' L] x'ﬂ)— _-s:ipjv(xl—glv' sy xn‘—gn)gj (xl?' « ey xn)EPEV
J=

and hence, f(zy,...,zn)€(Q,P:"). Since this relation holds
for all finite positive integers v, 2. 1 shows that f(zy,..., Zn)
€0Q0=0Q;, j=1,...,1, and, further, f(z,,..., z,) € J and hence,
f € J. But this contradicts one of our original assumptions
on f and proves !.3.
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AXIOMS FOR NUMBER THEORETIC FUNCTIONS

To the memory
of a friend and a leader in mathematics

We shall give a finite set of axioms in terms of one binary
operation (composition) and three designated elements O, S
and 7 for number theoretic functions of one variable. The theory
9 based onthese axioms is sufficiently strong so that the first-
order Peano axioms of arithmetic can be derived for the set of
,,constant‘‘ functions,

Ryll-Nardzewski [1] showed that Peano arithmetic is not
finitely axiomatizable. Rabin [2] showed that it is not a subtheory
of any finitely axiomatizable theory of arithmetic. On the other
hand, it is well-known that the Peano axioms can be derived
from a finite number of axioms of set theory.

We shall use the following logical symbols: = (equals),

“}(not), /1\ (and), \/ (or), —~ (if, then),«~> (if and only if), \/(there

exists), \/ (there exists exactly one), and /\ (for every). We
will usually drop the initial universal quantifiers.

The axioms

1. F(GH) _(FG)H (Associative axiom)
2. IF=FI =F (Identity axiom)
3.0F =0 (Axiom of constants)
4, (/\ X)IF (X0) =G (X0)] - F =G (Axiom of extension)
5. SF =<0 (Zero axiom)
6. FO = O\/ (\/X |SX = FO] (Predecessor axiom)
7. FO=0ONFS = SF-—> F=1 (Induction axiom)
8.

(V K, L)N\F, G(\/X)[KX FALX =Gl

(Axiom of pairing)
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9. (VX, V)IUX =VY1\/ (\/ F)[FU = AU \ FV = BV
(Axiom of piecing)
10. (\V F)IFO=AO )\ FS = BF]  (Axiom of iteration)
1. (NX)V IFY = X0]—> (\V/ OIFG =1
(Axiom of choice)
12.(VOHNX)IG(X0)=0 <« (\VY) [FY =XO0]]
(Axiom of the characteristic)

The first four axioms hold for any class of functions from
and to an arbitrary domain provided it is closed under composi-
tion and contains all constant functions as well as the identity
function.

A standard model is a class of number theoretic functions of one
variable closed under composition (indicated by juxtaposition)
and containing O, S, I representing the zero, successor, and
identity functions. Notice that the first seven axioms are true
in all standard models.

Every axiom is true in the model of all number theoretic
functions. The last five axioms insure that the class of functions
satisfies certain closure properties. We shall show that the
least standard model which satisfies all the axioms is the class of
arithmetical functions.

We have not investigated the independence of the axioms.
However the pairing axiom cannot be dropped since the class
of number theoretic functions which assume at most a finite
number of values infinitely often satisfies all the other axioms.
Another version of the axiom of piecing is

Y. (AX)(NDIUT = X0 <> T (V DIVT = X0l -
> (\/ F)IFU = AU \/ FV = BV1.

This can be substituted for 9 without changing 7 (see the corrol-
lary to Theorem 2). The class of recursive functions satisfies
8,9, 10 and 11 but not 12.

Informally, we shall identify the ,,constant‘* functions with
numbers, i. e, X is a number if and only if X = X0O. We shall
use small letters only for numbers. Thus, (/\z) (¢ ()] stands for
[(/\X) ][X=X0—>(p (X)1, etc. Also z is in the range of F if( \/ ?)
Ft=x).

Pairing functions

We shall select one pair of functions K and L which satisfy
the axiom of pairing and keep them fixed throughout the paper.

Definition. J (A, B) denotes the unique function X
such that KX = A and LX = B.
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Of course J is not a function of the theory 7 but just a sug-
gestive abbreviation.

Lemma 1. J4, B)C = J(AC, BC).

Proof. Let X = J(A4, B). Then K(XC) = (KX)C = AC
and L(XC) = (LX)C = BC.

Lemma 2. J(K, L) = 1.

Proof. Since KI = K and LI = L, it follows from the
uniqueness of J(K, L) that J(K, L) = I.

Definition. Jy(X;) =X, and Jo11(Xy,. .., Xntt) =
=J (X1, Jn(Xsy..., Xp41) for n>0. (Here n is an index
and not an individual of T).

Lemma 3. For every X;,. . .,X,, there is exactly one func-
tion F such that F = J, (Xy, ...,Xpn).

Proof- by induction on n.

Lem ma 4. Forevery F and index n >0, there are X;, . . . ,Xn

such that F = J, (Xy,...,X,). Indeed, X,, ... ,X, are deter-
mined by

(@) Xpn=L"'F, (b) if 1=1i<n, then X; = KLi~'F.

Proof by induction. It is clear for n =1, 2.
Suppose n >1. Then F = J(X;, G) where X, = KF and
G=LF. By the inductive hypothesis, G=J, (X,,. .., Xn+1) Where

Xi—l—i =KL—1G=KLF and Xn_|_1 = L~—1G=L"F.

Lemma 5. (A2)l(\/HIJ(K,O0)t =z] <
TN O (K, SLYt = z]].

Proof. LJ(K, Ot = Ot s~ SLt' = LJ(K, SL)t'. Hence
no z is in the range of both J(K, O) and J(K, SL).

On the other hand, every z is either in the range of J(K, O)
or in the range of J(K, SL). Indeed,

(). Lx = 0. Then J(K, O)x = J(Kz, 0) = z,

(b). Lx == 0, say Lz = Sy. Then J(K, SL)J(Kz, y) =
= J(Kz, Sy) = «.

Remark. These lemmas depend only on the axiom of
pairing and the basic theory of axioms 1—7.

Development of the theory
Theorem 1. (\/2)Gx=0]- (\/F)N\2)Gz=0—
<~ (\V t)Ft = z]].

Proof. Suppose Gr = 0. Let M satisfy the piecing
MJ(K, 0) = KJ(K, O) =.K, MJ(K, SL) = zJ(K, SL) = z.
M exists by Lemma 5 and the weak piecing axiom 9’. Then
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F =MJ(, G) will satisfy the theorem. lndeed, if Gy = O,
then Fy = MJ(y, 0) = MJ(K, 0)J(y, O) = y; if Gy # O, say
Gy = Sz, then Fy = MJ(K, SL)J(y, z) = x.

Theor'em 2, V 2) A\ v)Gy 5% z] -
- (\/ FY A DNV Fu = t] «— ] (V u)lGu =t1].

Proof. Let H be a characteristic function of F and Z
be defined by the weak piecing axiom, ZO = SO, ZS = O.
Then ZH is a characteristic function of the complement of the
range of G. If « satisfies the hypothesis of the theorem, then
ZHz = 0. Hence by Theorem 1, there is a function F for which
ZH is a characteristic function.

Corollary. Azioms1—8,9', 10 and 12 imply Azxiom 9.

Proof. Suppose UX =4 VY. Let U’ be a function whose
range is the complement of the range of U by Theorem 2. Then
by 9’ there is a function F such that FU = AU and FU' = BU’.
Since Vz is not in the rangé of I/ by hypothesis, there is a z such
that U’z = Vz. Hence FVx = FU'z = BU'z = BVx and by
extension 'V = BV. Thus Axiom 9 is satisfied by F.

Theorem 3. (VX)IGX=0 -

- (VA X)NGX=0 «— (VDIFT =X]I.

Pr o o f. Suppose O is in the range of G. Then by Theorem 1,
there is an H such that Gz = O<—(\/#)[Ht = z]. If H assumes
all values, the theorem is satisfied. Indeed, by the axiom of
choice, there is a function M such that HM = I so HMX = X.
Thus F can be put equal to HM. Otherwise, suppose there is
a number not in the range of H. By Theorem 2, there is a function
H’ whose range is the complement of the range of H. Define
M by the piecing

MJ(K, O) = HKJ(K, 0),

MJ(K, SL) = H'KJ(K, SL).
M assumes all values, so by the axiom of choice, let T satisfy
MT = I. Suppose GX = O. For all z, GXz = O. Hence Xz is
in the range of H, i. e. MTXz is in the range of H. Hence Xz is
in the range of J(K, 0). So MTXz = HKTXzand by extension
(MT)X = HKTX = X. Hence F equal to HKT satisfies the
theorem.

Theorem 4. (VX)FX=6GX]->
—(V HY(\ X)IFX = GX «— (\/ T)IHT = X]1.

Proof. Since J(I,)X £ J(O, SO), there isa function M
whose range is the complement of the range of J(Z, I). Let C
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be defined by the piecing
cJI,I)=0JI, I) =0,
CM = SOM = S0.

IHFX =GX then CJ(F, )X = CJ(FX, FX) =CJ(I,)FX =0.
If FX £ GX then for some ¢, FXt <& GX¢ by the axiom of exten-
sion. Then CJ(F, @)Xt = CJ(FXt, GXt) = CMy = SO =4 O for
some y. Hence X = GX if and only if CJ(F, G)X = 0. Now
by Theorem 3, there is @ function H such that

CI(F, ) X =0 «~—>(\/ T)IHT =XI]

so H will satisfy Theorem 4.
Theorem 5. (\/F)A2I(\/)IGt=2z\/Ht =z]<«—

> (\V)IFt = z]l.

Proof. F can be defined by the piecing
FJ(K, 0) = GKJ(K, 0),
FJ(K, SL) = HKJ(K, SL}.
Since FJ(t, O) = Gt and FJ(t, SO) = Ht, the range of F includes
the ranges of G and H. On the other hand, if Lt = O, then Ft =
=FJ(Kt, O) = GKt; if Lt = Sy, then Ft= HKJ(K, SL)-
J(Kt, y) = HKt. Hence the range of F is the union of the range
of G and the range of H.
Remark. Notice that up to now, we have not used itera-
tion nor will we use it in proving the following metatheorem.
Metatheorem. Let @Ay,...AmTy...2Zn) be a
formula with at most the indicated free varlables and any num-
ber of bound numerical vaviables but no other bound wvariables.
Then

(ANAy. .., AV 21, - -, Zn)l@] >
= (VF) A\ 21, .., Z0) [@ = (\/ DIFt = Jn(zy,. .., z)11]

is a theorem of T .

Proof. We can take formulas of the sort Az = y as the
atomic formulas of 7. Of course z and y may be the same variable
and A may be O, S, or I. Indeed,

AB =€ «—(A\x)(Vy, 2)lAdy =z ;\ Bt=y A\ Cz = z]

by the assoc¢iative and extension axioms.

It is sufficient to prove the theorem for atomic formulas
and for 0\/¢, 710 and (\/2)[0] assuming the theorem holds
for 0 and 4.



I. Suppose ¢ is Av, = v; with r =4 s. Then take F equal to
Jo(Kyy. ., Ks_1, AK,, Koy y,. .., K,) where I=J,(K;,... K,). If

T =Jn(Tgs. ..y Ts—1, A:c,.,:cs+1,...,xn) then Fz=1=x. Also if
Fy=Jn(yy-..,Yn) theny, = K; Fy = AK, y = Ay, .

I1. Suppose @ is Av, = v,. If there is no u with Au =u
then we have nothing to prove. Otherwise, there is a function B

such that
(A wldu = u < (\/ HIBt = ull

by Theorem 4. Take F equal to J,.(K,,..., K, 4, BK, , K,4,...

, Kn). Then K, Fr = BK,x = ABK,x = AK Fz. Also if r—
=7, (x4, - - ., zn) with z, = Az, then (VHBt ==z,]. Hence
FJlo(xyy. .oy Tr—ty by Togtye ooy Tn) = 2.

In the following two cases, there is no difficulty if either
0 or ¢ cannot be satisfied. Hence we can assume that there are
functions G and H such that

0(z1,. .., Zn)e—>(V )Gt = Ty (z4,. .., z4)],
Y(Z1y. ooy Tn)<—> (\/ )HE = Ty (21,. .., Za)].

IT1. Suppose @ is 0\/¢. Then F satisfying the theorem exists
by Theorem 5.

IV. Suppose ¢ is 7| 0. If every number is in the range
of G then @ cannot be satisfied; if O cannot be satisfied then
take Fequal to /. Otherwise by Theorem 2, there is a function F
whose range is the complement of the range of G and this F sat-
isfies the theorem for ¢.

V. Suppose ¢ is (\/ z)[6]. If O can be satisfied so can ¢.
By hypothesis there is a function G such that 0 (z, zy,..., zp)<—
~—> (V 9)IGt = Jpy1 (z, 21,. .., Zn)]. Take Fequal to LG since

Jap1(Zy 21y, ooy ) =T (X, Tn(T1y ooy Tn)).
Theorem 6. FX=0AFY =S8SF—(\/G)IFG =1].

Proof. By iteration, there is a function G such that
GO = X0 and GS=YG. Then (FG)O=FX0=O0 and (FG)S=
FYG = S(FG). Hence by the axiom of induction, FG = I.

Corollary. (\/a)Fz=0lN\(\)(\VylFy = SFt]—
= (A z)(\/ )IFt =z].

Proof. By the metatheorem, there is a function H whose
range is {J(y,t): Fy = SFt}. By the axiom of choice, choose
T so that LHT = I. Then Y equal to KHT satisfies the hypothe-
sis of Theorem 6.
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Principle of Induction. Let ¢ bea formula
with at least one free numerical variable x and no bound function
variables. Then

? (O) N\ (A 2)lg (2} > @ (Sz)] > (A 2)lo ()].

Proof. Any free numerical variables can be considered
as free function variables in the metatheorem putting in the
usual condition that V = V0. Hence there is a function F such
that ¢ (x) <— (\/ t)[Ft = z]. Hence by the corollary to Theorem
6, the Principle of Induction follows.

Remark. While the corollary and the Principle of Inducti-
on are true in all standard models, Theorem 6 is not. In the
least standard model containing H the function given by Hx =
=[xz/2], we have HO=0 and HSS=S8H but there is no G with
HG=1.

Theorem 7. (\/P)PS=1Il.
Proof. Define H by the piecing
HO = J(0, 0)0,
HS = J(SK, K)S.

Then KH assumes all values. Namely, KHO = O and if J(y, 2) =
= St then KHSt = KJ(SK, K)St = Sy. Hence there is a func-
tion T such that KHT = I. Then by extension, we can take P
equal to LHT since LHT Sz = z.

Theorem 8 S4 =8B + A =B.

Proof. Let P satisfy Theorem 7. Then 4 = PS4 =
=PSB = 3

Theorem 9. (Az)\y)lFz=_Gyl—- (\/H)IF =GH].

Proof. By Theorem 4, there is a function M such that
FKX = GLX <~ (\/T) IMT =X1. 1f Fz = Gy then there
is a z such that Mz = J(z, y). Hence KM assumes all values
and by the axiom of choice, there is a function N such
that KMN = I. Then FKMN = F = GLMN and H equal to
LMN satisfies the theorem.

Theorem 10. FO=0AFS=F—>F=0.

Proof. The set {z: Fz =0} contains O and Fz = 0
—FSz=0. Hence by the Principle of Induction Fz= O for all
z and by extension F = O.

Recursion

Next we will show that we can also define functions by
simultaneously carrying out infinitely many iterations.

Recursion theorem. There is a unique function F
such that FU = AU and FV = BF where U J(K, O) and
V = J(K, SL).
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Note that J(r, s) = J(K, SL)* J(r, O). Hence FJ(r, s) =
=Bs AJ(r, 0). Thus the values of F are given by A along the
z-axis and are obtained elsewhere by iteration along vertical lines.

Proof. Theidea is to define a function H such that Ht =
= Jg(Z;, Za, ;) implies that 22 = Fz, and z, is an index which
insures that KH assumes all values. As ¢ runs through consecu-
tive values, z, will traverse the zy-plane by repeatedly star-
ting up vertical lines and then returning to the z-axis. Let
K, =K, Ky =KL and K; = LL.

By the metatheorem there are functions W and W’ such that

(V OWt = J5(z;, 22, 23)] «<— Lz, = Lz,
(V O)W't = J3(21, T3, 73)| <> Lz, 7 Lzs.
Clearly, the range of W and the range of W’ are complementary
sets. Hence M can be defined by the piecing
MW = J, (USK;, AUSK;, SK;) W,
MW’ = J4(VK,, BK,, K;) W'.
Let H be defined by the iteration
HO = J4(UO, AUO, 0),
HS = MH.
Now we shall establish some properties of H.
A) (VK Hy =z N\ K\Hy =Uz]— (\/2)[K;Hz =
=z /\ LK,Hz = Lzl.

Proof. Given z and y such that K;Hy= z and K,Hy =
= Uz. Suppose there is no z satisfying the conclusion of (A).
If Lz = O, then z equal to y satisfies the conclusion of (A). Hence
under the assumption, Lz ==0. Suppose K,Hw =z and
LK;Hw = u. Since w is in the range of W', HSw = J,(VK,,
BK,, K;)Hw. So K,HSw = z and LK,HSw = Su. Hence by
the induction principle, LK,Hw assumes all values with K;Hw =

= g. This contradicts the assumption that the conclusion of
(A) is false, proving (A).

(B) (VylKHy =z \ Ky\Hy =Uxzl.

Proof. For x = 0, we can take y = 0. Suppose now
that (B) holds for 2. Thus for some ¢, K;Ht = z and K,Ht = Ux.
Then by (A), there is a z with K;Hz =z and LK,Hz = Lz.
Hence zis in the range of W so K,HSz = Sz and K;HSz = USz.
Hence by the induction principle, (B) holds for all z.

(C) KK,H = KK,H.
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Proof by induction.
(a) KK,HO = KJ(KO, 0) = KO = KK HO.

(b) y = Wt \ KK Hy = KK Hy—>
—>KK;HSy = KUSK,Hy = KK,HSy.
() y=W't NKK,Hy = KK, Hy— KK,HSy =

=KVK,Hy= KK,Hy = KK ,Hy = KK HSy.

(D) (V)IK,Ht = z].

Proof. Choose z by (A) and (B) so that KsHz =2z and
LK:Hz = Lz. By (C), KK1Hz = KK Hz= Kx. Hence K Hz =z

(E) K]_Ht— UZ'—>K2Ht AUZ

Proof. For t =0, KiHO = UO and KJIO AUO by
definition of H. Suppose t =~ 0, then HPt == Wz for some z
where P satisfies Theorem 7. Hence K,Ht = USK,HPt and
K,Ht = AUSK,HPt = AUK,Ht since U? =

(F) K,Ht = K Ht' - K,Ht = K, Ht'.

Proof. The proof is by induction on LK,Ht. 1f LK,Ht =
= 0, then (E) implies (¥). Suppose (F) holds whenever LK, Ht =
=y. Now K,Hu= K Hu' and LK,Hu = Sy implies that u
and u’ are not 0. Hence

K\Hu =VK,HPu \ LK,HPu =y,

KlHu, = VK]_HPu, /\ LKIHPu' =Y.
So K]_HPu = KlHPu, and KzHPu = KzHPu,. But KzHu =
=BK,HPu= BK,HPu'=K,Hu'. Hence (F) follows by induction.

(G) K,Ht =VK,Ht' - K,Ht = BK,Ht'.

Proof. For the hypothesis to hold ¢ == 0. Hence K,Ht =
= VK,HPt =VK,Ht'. Also K,Ht= BK,HPt = BK,Ht by (F)
since K,HPt= K,Ht'.

We now return to the proof of the theorem. Since K,H as-
sumes all values, there is a function I' with K,HT = 1. Put F
equal to K,HT. Then FU = K,HTU = AU by (E). Also
K,HTV = VK,HT so K;HTV = BK,HT by (G). Hence FV =
= FVK\HT = FK,HTV = BK,HT = BF.

Suppose F’ also satisfies the recursion equations. Then
FJ(z, O) = AJ(z, O) = F'J(z, O). Suppose FJ(z,y) =F'J(z, y).
Then FJ(z, Sy) = BFJ(z, y) = F'J(z, Sy). Hence by induction
on y, FJ(z, y) = F'J(z, y) for all z and y. But u = J(Ku, Lu)
so by extension F = F',

The Peano Axioms

1n this section, we shall show that the first order Peano
axioms hold! for the numbers of 7. Let =N, S,+, - ,0>
be Peano arithmetic, i. e. the theory of the axioms
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Pl. Sz =Sy —»>z =y.
P2. 0 =4Sz,

P3. ¢ () A (A 2)e (&)= 9 (S2)] - (A 2) [9 ()].

P4. z + 0 = =z.

P5. z + Sy = S(x + p).

P6. z - 0 = 0.

Pl.z - Sy =(z -y + =
In the axiom scheme P3, ¢ is any formula of # with at least one
free variable. .

We shall now define a subtheory of & which satisfies
P1—P7. Let # ={X:X=XO0}, 0 =0, and S be the unary
operation defined by Sz = y «— SX0 =Y0. By the Recursion
Theorem, there is a function 4 such that

AJ(K, O) = KJ(K, 0);
AJ(K, SL) = SA.

Definition.z+y=z<«— (\/H)IKt =z/\Lt =yN\At=
=z], i.e z+4y=AJ(, y).

For a particular choice of K and L satisfying the pairing
axiom, there is a unique ¢ such that K¢ = z and Lt = y. Hence
z -+ y is uniquely determined for each z and y. We will show
that in fact + is uniquely determined independent of the choice
of K and L. We prove by induction on y that -+ satisfies P4
and P5.

z+0=AJz, 0) =AJ(K, 0)J(z, 0) = KJ(z, 0) = =z,
z+ Sy =4J(K, SL)J(z, y) = SAJ(z, y) = S(z + y).
Now by induction, we see that
FO =z N\(N\2)IF Sz = SFz] \GO = z/\(/\ 2)IGSz = SGzl-> F =G.

Hence z + y is uniquely determined for all 2 and y without
regard to the choice of pairing functions.
Let W be defined by the Trecursion

WJI(K, 0) = J(0, K)J(K, O)
WJ(K, SL) — J(A, L)W

where A is the addition function defined above. Notice that

ILW)J(K, 0) = KJ(K, O) and (LW)J(K, SL) = LW. Hence

LW satisfies the same recursion equations as K so LW = K.
Definition. z-y= KWJ(z, y).
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We now check that z - y satisfies P6 and P7.

z-0=KWJz, 0)= KJO, K)J(z, 0) =0.

z - Sy = KWIJK, SL)J(z, y) = KJA, L\WJ(z, y) =
= KJ(A, L)J(KWJ(z, y), LWJ(z, y)) = KJ4, L)J(z -y, z2) =
= (z-y) + =

As before W is uniquely determined in terms of K and L. Further-
more, we can show by induction that

FO=0 A\ (A 2)FSz =Fz + 21 \ GO=OA (\ 2)lGSz=Gz - z] -

- F=@G.
Hence z-y does not depend on the choice of K and L and does
satisfy P6 and P7.

Finally, P1 and P2 are special cases of T8 and the zero axiom.
P3 is simply the Principle of induction applied to arithmetical
formulas, i. e. formulas which can be expressed in the language
of #.

Theorem. The classof arithmetical functions is a model
of T and is contained in every standard model of 7.

Proof. Any arithmetical function F can be defined in the
form Fz=y<—>¢ (z, y) where ¢ is a formula with two free variab-
les in the language of #. By the metatheorem, there is a function
G whose range is {J (z, y) : ¢(z, y)}. Since KG assumes all values,
there is a function T with KGT = I. Then F = LGT. Hence
every arithmetical function is contained in any standard model
of 7.

The class &£ of arithmetical functions does indeed satisfy
the axioms of 7. We can take K and L corresponding to J(z, y) =
= ((z 4+ y)*+ 3z + y)/2. There is no difficulty in showing that
S is closed under piecing. Gédel’s classical argument shows
that it is also closed under iteration. It is easy to give an arith-
metical definition of the function G satisfying the axiom of choice
such that Gz = pz{Fz= z}. Finally, the characteristic func-
tion which is 0 on the range of ¥ and 1 elsewhere is easily
defined arithmetically.
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SOME DEFINITE POLYNOMIALS
WHICH ARE NOT SUMS
OF SQUARES OF REAL POLYNOMIALS *

To the memory of A. I. Mal’ cev
§ 1. Introduction

A real polynomial is called (positive) definite if it does
not assume any negative values. In particular, we may apply
the term definite to forms (homogeneous polynomials). We shall
call a form strictly definite if it is definite, and vanishes only
when all of the variables are zero.

In 1888, Hilbert [6] raised the question whether all definite
forms are sums of squares of real forms. This is easily seen to be
true for quadratic forms and for binary forms. Hilbert showed
that there is just one additional case where this conclusion can
be drawn, namely for ternary quartics. The basic cases in which
counterexamples were required are for. ternary sextics and for
quaternary quartics. He showed that there are definite (and
indeed strictly definite) forms of these types which are not sums
of squares of real forms.

Hilbert did not give explicit counterexamples**. I have
seen an unpublished example of a ternary sextic worked out
recently by W. J. Ellison using Hilbert’s method. It is, as would
be expected, very complicated. After seeing this, I discovered
that an astonishing simplification would be possible simply
by dropping some unnecessary assumptions made by Hilbert.

* This work was supported by the Miller Institute for Basic Research
in Science.

** When I submitted this paper for publication, I did not think that
any such example had ever appeared in print. However, shortly thereafter,
T. S. Motzkin called my attention to the fact that he had published a coun-
terexample for the case of ternary sextics in 1967. I have added an Appendix
which discusses Motzkin's results.
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For example, where Hilbert used (as the points of intersection
of two cubic curves) nine points with no three on a line and no six
on a conic, I use in § 4 nine lattice points in a three-by-three
square array. Thus, with only minor modifications of Hilbert's
method, it turns out to be possible to produce quite simple coun-
terexamples, and that is the main goal of this paper. Futhermore,
the arguments used in this paper are completely elementary,
whereas Hilbert assumed various facts from algebraic geometry.
No knowledge of any other paper is assumed, except in connec-
tion with certain peripheral remarks.

Instead of forms, we may also consider nonhomogeneous
polynomials in one less variable. Thus the basic counterexamples
will be a sextic polynomial S(z, y), constructed in § 4, and a quar-
tic polynomial Q(z, y, z), constructed in § 6, which are positive
definite but are not sums of squares of real polynomials. Some
elaboration of these examples is given in § 5 and § 7, including
the construction of strictly definite forms, as was done by Hil-
bert. In addition, a few general results about the representation
of a polynomial as a sum of squares of real polynomials are given
in § 2 and § 3. However, the construction of the basic counter-
examples in § 4 and § 6 is'independent of the earlier material.

We conclude this introduction with a brief history of the
problem of representing definite polynomials as sums of squares,
which will serve to place our results in perspective.

After Hilbert found that a definite form is not in general
a sum of squares of real forms, he raised the question whether
it might not be the quotient of two such sums, and showed in [7]
that this is indeed the case for ternary forms. Equivalently,
we may ask whether a definite polynomial is the quotient of two
sums of squares of real polynomials, or whether it is a sum of
squares of rational functions with real coefficients. If the coef-
ficients of the given polynomial are rational, we may also make
the stronger demand that the coefficients in the representation
are rational. In 1900, Hilbert [8] formulated these questions
as his 17th problem.

A contribution to the case of definite polynomials in one
variable with rational coefficients was made by Landau [9],
who showed that such a polynomial may be expressed as a sum
of 8 squares of polynomials with rational coefficients. The general
problem was solved by Artin [1], who showed that a definite
polynomial in any number of variables is a sum of squares of ratio-
nal functions with real coefficients, and that if the given polyno-
mial has rational coefficients, then rational coefficients may
be used in the representation. However, he did not give any
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estimate for the number of squares needed. He also showed that
one variable may be avoided in the denominators, thus including
Landau’s result, except for the number of squares which may
be used. Habicht [4] gave an alternative partial solution to Hil-
bert’s 17th problem His proof has a more constructive character
than Artin’s, but is valid only for strictly definite forms. It is
based on a theorem of Pélya [11]. The book [5] discusses this
theorem on pages 57—60 and the second edition also has an ap-
pendix which covers Habicht’s proof.

More recently, Cassels [2] has shown that if a definite poly-
nomial in any number of variables is represented as a sum of
squares of rational functions, then one variable can be eliminated
from the denominators without increasing the number of squares.
The coefficients may be either real or rational throughout. Pfi-
ster [10] has shown that for definite polynomials in n variables,
2" squares of rational functions are sufficient if real coefficients
are allowed. No estimate is known for n > 1 if rational coef-
ficients are required. In a paper to be published soon, Ellison
13] considers some problems concerning the representation of
a given form as a sum of powers of other forms, thus returning
to the questions raised by Hilbert in 1888.

§ 2. Some general conclusions

In this section and the next section, we shall prove a few
general results concerning the representation of a polynomial
as a sum of squares of real polynomials. These results will not
be used in the construction of the basic counterexamples, and
these are independent of each other, so the reader may proceed
directly to § 4 or to § 6, if he wishes.

Suppose that we have real polynomials satisfying the equa-
tion

F(xla---v xn):jéifj (xlv---a xn)z-

The highest degree terms on the right cannot cancel out. Hence
F has an even degree 2d. Each f; has degree at most d, and at
least one of them has degree exactly d. If F is a form of degree
2d, then each f; is a form of degree d.

If a representation of the above sort is possible for a given
polynomial F of degree 2d, then such a representation is also
possible with m = m(2d, nr), where

m(k, n) = (k+")
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is the number of terms in the general polynomial of degree &
in n variables. Indeed, if m > m(2d, r), then the squares on the
right side are linearly dependent. Thus one of the squares can
be expressed as a linear combination of the others with coeffi-
cients in [—1, 1]. Substituting this value reduces the number
of terms, but introduces coefficients in front of the remaining
terms. Since these coefficients are not negative, they can be ab-
sorbed into the squares. The process is continued until m is re-
duced to m(2d, n). This argument was used by Hilbert [6].

If we know a polynomial which is positive definite but is not
a sum of squares of real polynomials, we can construct from it
other similar polynomials of higher degree. For example, if we
know that F(z;, . .., x,) is positive definite but not a sum of
squares of real polynomials, then z2F (z,...,z,) will also

have this property. Indeed, if

m
23 F (21,...,2,) =2{f,~(x1,...,xn)2,
=

then each f; must vanish when z; = 0. Hence f; has z, as a fac-
tor, so that we can divide out 2 from each term, obtaining
a representation of ¥ as a sum of squares.

In § 4, we construct a definite sextic polynemial S(z, y)
which is not a sum of squares of real polynomials. Repeated
application of the preceding paragraph yields similar polynomials
F(z, y) of degrees 8, 10, 12, etc. Also, in § 6, we construct a defi-
nite quartic polynomial Q(z, y, z) with the same property. Each
of these polynomials may also be regarded as a definite polyno-
mial in a larger number of variables which is still not a sum of
squares of real polynomials. In this way, from the two basic
counterexamples S (z, y) and Q (z, y, z), we find definite polyno-
mials which are not sums of squares of real polynomials for each
degree 2d and number of variables n where they can exist, that is,
forn =2 and d > 3, and for n > 3 and d > 2. For homogeneous
polynomials, » must be one unit larger.

If we know a bound for the absolute value of a polynomial
F(xy, ..., z) of a given degree on some set having an inner
point, or more generally on a suitable finite set of points, we
can compute bounds for the coefficients of F by repeated use
of the Lagrange interpolation formula. If the bound is small,
then the coefficients will be small.

Suppose that we have a convergent sequence of polynomials
of degree at most 2d:

Fr(zy,.. -,\xn)—>F(xl,. .oy Zn) @S k—oo.
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This may be interpreted as pointwise convergence, uniform
convergence on bounded sets, or convergence of the coefficients,
since all are equivalent. Suppose that each Fy is expressible as a
sum of squares of real polynomials:

m
Fk(“l:l, .oy a:n)=2 fhj(xl, s e ey xﬂ)z'
=1

As pointed out above, we may assume that m = m(2d, n), and
hence is independent of k. All of the polynomials fx; are of degree
at most d. They are uniformly bounded on any bounded set,
and hence their coefficients are uniformly bounded. We can
therefore choose a sequence of values of k& for which all of the
coefficients of the polynomials fx;(j = 1, ... ,m) will approach
limits. The limiting polynomials will give a representation of
F(z1, . . . ,z;) as a sum of squares of real polynomials.

If the real polynomials of degree 2d inn variables are thought
of as points in the m(2d, n)-dimensional coefficient space, then
the definite polynomials are seen to form a closed convex cone
in this space. The polynomials which are sums of squares of real
polynomials will also form a closed convex cone, which in general
is a proper subset of the first cone. We can also make further
restrictions. Sums of squares of real binomials (including mono-
mials) and sums of squares of real monomials will give successi-
vely smaller closed convex cones. The last cone clearly has no
inner points, since it lies in a m(d, n)-dimensional subspace.
In § 3 we shall show that the other cones do have inner points.

The polynomials which are not sums of squares of real poly-
nomials will form an open set in the coefficient space. That is,
if F(zy,...,z,) is not a sum of squares of real polynomials,
then the same will be true if we modify the coefficients slightly.

Similar results may be stated for forms, except that the
coefficient space for forms of degree 2d in n variables ism(2d, n—1)-
dimensional. In particular, if F(z,, . .,z,) is a form of degree
2d which is positive definite but not a sum of squares of real
forms, then, for small positive P, the strictly definite form

F(xl,...,xn)+ﬁ(x§d+ C ..]_xid)

will still not be a sum of squares of real forms. Thus strictly
definite forms exist which are not sums of squares of real forms
for all values of d and n for which definite forms with this pro-
perty exist.
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§ 3. A contrasting result

Although the main purpose of this paper is to present exam-
ples of definite polynomials which are not sums of squares of
real polynomials, we shall stop long enough to prove the following
theorem, which is in striking contrast to the last result in § 2:
If F(z,, . . ., zy) is any real form of degree 2d, then

F(xlv---,xn)—i—ﬁ(x%d—i—-. R +xid)

is a sum of squares of real forms of degree d when P is sufficiently
large. Furthermore, these forms of degree d may be chosen to be
monomials or binomials.

It will be clear from the proof that a suitable value of §
may be estimated in terms of the maximum absolute value of
the coefficients appearing in F(z;, . . ., &,). This means that the
polynomial xzid—l— « . .+ is represented by a point in the
coefficient space which is an inner point not only of the closed
convex cone representing sums of squares of real forms, but also
of the smaller cone representing sums of squares of real binomials.

It will also be clear from the proof that if F(zy, ... ,zn)
has rational coefficients, then the binomial forms of degree d
can be chosen to have rational coefficients. We need only use
the fact that a positive rationalis a sum of squares of rationals.

To prove the theorem, it will be sufficient to show that we
can successively subtract squares of real binomial forms of
degree d from F(zy, . .. ,r,) until the only terms remaining are
those which involve a single variable.

We can first eliminate all terms in which any variable occurs
to an odd power. There will be an even number of such variables
in any term. If the term has the form cz,z,X%, where X is a pro-
duct of powers of the variables, then we may subtract (z;+czo/2): X2,
For the term cz,z,z,2,X%, we subtract (z,z, -+ czzr4/2)2X?, and
similarly in other cases.

We are left with a form in which only even powers of the
variables occur. For such forms, we shall prove by induction
on n that all terms involving more than one variable can be re-
moved by successively subtracting squares of real binomials.
The case n = 1 is trivial. The basic case to consider is n = 2,
Here we use the identities

(22 — 22)? = 2 — 227 2% - 7},
(3 — z)(at — 28) = 2§ — 2} 2} — 2} 2} |- a8,
(2% — z§) (2} — 28) = 2§ — 2§ 22 — 232§ - 2}
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and so forth. Each left hand side is (27 —z3)? times a sum of
squares of real monomials. It follows that the polynomials on
the right are sums of squares of real binomials. Multiplying

these polynomials by large positive multiples of powers of z2z2

and subtracting from the given form will tend to move any nega-
tive coefficients towards the ends. If d is even, we use the first,
third, fifth, . .. identities in turn, and if d is odd, the second,
fourth, sixth, ... identities. Eventually, all coefficients will
be made positive, except for the coefficients of z3¢ and z2%d.

The positive terms may be removed by subtracting squares of
real monomials, so that the only terms which remain are multi-

ples of z% and z2.

Now suppose that » > 2, and that the possibility of removing
all terms involving more than one variable by subtracting
squares of real binomials is known for any smaller number of vari-
ables. Consider the terms of F(zy, ...,zr,) involving a fixed
power of z,, say z2:. Applying the inductive hypothesis for
n — 4 variables, we see that all of these terms can be eliminated
except for z2d—2 g2 22k g2k Do thisfork = 0,1, .. .d.
Then apply the inductive hypothesis for two variables repeatedly
to eliminate terms involving both z; and z,forl = 1,2,...,n—1.
Only the terms which are multiples of zﬁd, cea, 22 will remain,

and the proof is complete.

§ 4. A sextic polynomial in two variables

Our construction of a positive definite sextic polynomial
S(z, y) which is not a sum of squares of real polynomials depends
on the following lemma:

A polynomial f(z, y) of at most the third degree which vanishes
at eight of the nine points (z, y) with z, y = —1, 0, 1 must also
vanish at the ninth point.

To see this, consider the general cubic f(z, y). This has 10
coefficients, which will be forced to satisfy 8 linear equations.
These 8 equations are independent, since we can find a cubic
curve passing through any 7 of the 9 points,but not through the
other 2;indeed, it is sufficient to look at cubics consisting of
three straight lines. Thus any cubic vanishing at the 8 points
is a linear combination of any two linearly independent ones,
say #* — z and y®—y, and hence has the form

f@, y) = M2® — z) + n(y’ — v)-
This vanishes at the ninth point as well.
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The lemma can also be proved in a quite different way.
Assign weights to the 9 points as follows: weight 1 to each of
the 4 points (1, 1), weight —2 to the points (F1, 0) and
(0, *1), and weight 4 to the point (0, 0). Then the weighted sum
of z*y! over the 9 points is 0 unless k£ and ! are both even and po-
sitive. Indeed, if either % or l is 0, we have a multiple of 1 —2 4-1,
whereas if £ > 0 and 1 > 0, only the 4 points ( =1, +1) remain,
and the sum is O unless & and ! are both even. It follows that
the weighted sum is 0 for any cubic f(z, y), that is,

41 (0,0) — 2f (1,0) — 27 (—1,0) — 2f (0,1) — 2f (0, — 1) + f (1,1)
+HA, =)+, 1) +f(—1,—1)=0.

In particular, if f (z, y) vanishes at 8 of the 9 points, it also van-
ishes at the ninth.

The polynomial 2%*2? — 1)? + y?(y? — 1)?, obtained by
adding the squares of the two basic cubics #® — z and y® — y,
vanishes exactly to the second order in all directions from each
of the 9 points. On the other hand, we can find a sextic curve
which does not pass through the origin but which has a double
point at each of the other 8 points, for example

(e — 1) (52 — 1) (@ + y* — 1) = 0.
It follows that the quotient
(BN D@ +y2—1)
2 (@ — 1P+ y? (v —1)*

is bounded near these 8 points. It is also seen to be bounded
at infinity, but approaches — oo at the origin. Hence it is
bounded from above in the whole plane. It follows that

Sa(z,y) =2 (22— 1 + y* (y* — 1)
—a@—E—) @+ —1)
is positive definite if o is a small positive number. Notice that

S«(z, y) does not vanish at the origin, although it does vanish
at the other 8 points. It follows that we cannot have

Sale, 1) = 2, £ @ 0

for real polynomials f;(z, y). Indeed, these polynomials would
have to be cubics, and would vanish at the origin since they
vanish at the other 8 points.
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We can in fact take o = 1. (Actually, this is the largest
possible value.) We shall put S(z, y) = S;(z, y), so that

Sz, y) =2 (@ — 1)+ y* (* — 1)*
—@ =)@ —1) @+,
This may also be written in the form
S, y) =@ + ¥ — D@ — ) + @ — )E* = 1).
From these two representations, we can check that S(z, y) is
definite, since there is no point at which both expressions contain
a negative term. The conclusion can be made more apparent as

follows. Multiplying the two equations by 1 and z? + y* — 1,
and adding, we obtain

@+ ) S (z,y) =22 (@* —1)* +y* (y* —1)?
(2 + 3P — 12 @ — )"
Thus S(z, y) isrepresented as a sum of three squares of polynomials

with rational coefficients divided by a sum of two squares.
If we multiply this equation by z® + y*, and use the-identity

(@® + %) (¢* + @) = (ac + bd)* - (ad — br)?,

we obtain
@4y S (z,y) = (@ —2* + y* — y?)* 4 2%% (2% — 3%
+ (@2 + y?) (@ 4 y* —1)* (2 — y?)%

This yields a representation of S(z, y) as a sum of squares of four
rational functions, all having the denominator z2 4- y2.

Cassels [2] has given an effective procedure for eliminating
one of the variables from the denominators, without increas-
ing the number of squares. Carrying out this process leads to
the formula

@E+1)Se@ »y=c+r+1)E — 12—y 1)
+ 2 @ — 2+ D
So now we have a representation of S(z, y) as a sum of squares of
four rational functions, all having the denominator z* 4+ 1.
However, the same result, and an even stronger one, can
be obtained in an easier way. If we introduce the corresponding
form S (z, y, z) = 28 (2/z, y/z), then S (z, y, 2) = z* (2 — 2?)% }-
¥R (y? — 22)? — (2 — 22)(y® — 2%) (2% + y* — 2%). Multiplying out,
we find that
S, y, 2) = 2% + y® + 28+32%y?® — 4y — %yt — t2?
—_— 1224 — y422 . y2z4'
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so that S(z, y, z) is symmetric. Thus in the formula
@ +y°) S (z, ¥, 2) =22 (@ — 2 + 22 (y* — 27
+ (@ 4+ y* — 2 — P,
we may interchange y and z to obtain
@+ 22 Sz y, 2) =2 @ —y)? + 2 y* — 2
+ (22 — y? + 2)? (22— 22)2,
Putting z = 1, w» have
(2 + 1) S(z,y) = 2%@® — y*)* + v (* — 1)
+ @ —y + 1) —1)%
If we multiply by 22 41 and use the two-square identity, we
recover the formula found by Cassels’s method. But the last
identity is actually more informative.

If we add the above expressions for (22 4 y?) S (z, y, z) and
(x®+2%) S (z, y, z), and a similar expression for (y2+2%) S (z, vy, 2),
we express 2 (z? 4 y? -+ 2% S (z, y, 2) as a sum of squares. Hence
22 4+ y?, 2® 4 2%, y*+ 2%, and 2% + y? 4 22 are all possible
denominators which we may use in expressing S (z, y, z) as a sum
of squares of rational functions. More generally, by multiplying
the three equations by positive constants before adding, we see
that ax?® 4 by? —|— ¢z? can be used as a denominator, at least if
0<<a<<b+ec, 0KbLa+tc, 0KLec<La+ b, but not a =
=b=c —O If a, b, ¢ are rational, we may use rational co-
efficients throughout. I do not know whether there are any other
values of a, b, ¢ which are also permissible, but some impos-
sible cases are mentioned n; .

From the expression for (z%-+ y?®) S (z, ¥y, z), we can easily

find all zeros of S (z, y, z). Those lying on the sphere 2% + y2 +
-+ 22 =1 are the following'

(+3r

where all combinations of signs are to be used. If we divide the
sphere into 8 triangles by the coordinate planes, then the first 8
points are the centers of these triangles, and the other 12 are
the midpoints of the sides. These 20 points correspond to just 10
points in the projective plane. For S(z, y), two of these points
are lost at infinity, and we are left with zeros at just the eight
points.( &1, *1), (0, 1), (X1, 0), which we used in the proof
that S(z, y) is not a sum of squares of real polynomials.
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§ 5. Modifications of the sextic polynomial

Since S(z, y) is not a sum of squares of real polynomials,
it follows from § 2 that the same is true for S(z, y) + P and for
S(z, y) + p(=® + J —+ 1), if B is small. However, to get explicit
estimates for §, it is best to proceed in an entn‘ely different way.
If a sextic polynomial F(z, y) is expressed as a sum of squares

of real polynomials, say

(z, y) = 2 fi (2, )
then each f; (z, y) is of degree at most 3, so that by § 4 we have
75 (0.0) =5 71, 0) +- 1 £; (4, 00+ 115 (0) +5 75 (0, — 1)
i) = fi (4, =) — 1 f; (=1, 0) — 315 (— 1,—1).
It follows from the Cauchy-Schwarz inequality that
£ (0, 0P < 215 (, 0 4 fj (— 1, 02 + £ (0, ) + /; (0, — )2
F AR+ — P £ (— L2 5 (— 1, — 1),
Summing from j =1 to j = m, we find that
F(0, < IF (4, 0)+ F (=1, 0) + F(0,1) + F (0, —1)
+FA,)+F, — )+ F(—1, )+ F(—1, — 1.

Applied to F (z, y)= S (z, y)+ B, this yields 1 + <10 B, or
p > 1/9. Applied to F (z,y) =S (z,y) + b (z° + y° + 1), we
find that 1 4 B<C 258, or § > 1/24. Thus S(z, y) + P is not a
sum of squares of real polynomials for g < 1/9, and S (z, y) +
B(x® + y*+ 1) is not a sum of squares of real polynomials
for p << 1/24.

In both cases, we can improve the estimates by a more
careful use of the Cauchy-Schwarz inequality. If we split the coef-
ficient 4/4 in the last four terms of the expression for f; (0, 0) as
(p/4) - (4/p), we obtain, after applying the Cauchy—Schwarz
inequality and summing, the inequality

FOO<(1+E)IF(, 0+ F(—1,0)+F 0, 1)+ F (0, )]
+HF A +F U —)+F (=1, +F(—1, —1)1}.
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For F(z, y) = S(z, y) + P, this yields
1+ (145 )[4 +35) =(5+ 7 + 5B

The last term is minimized when p? = 2, so we obtain 14 p <C
<9B, or p > 1/8.Thus S(z, y) 4 P is not a sum of squares of
real polynomials if § < 1/8. For F(z, y) = S (z, y) + B(=® +
y® + 1), we find that

128

<[t +5)(88 + %7) = [11 +2(p* + 55| B.

The last term is minimized when p? = 16, so we obtain1 + p <
<1 +4V'6)B, or

P >10 +4Y6 2
Hence S(z, y) -+ p® -+ y® -+ 1) is not a sum of squares of real
polynomials if B<C5/2—7)6.
If we go over to the corresponding forms, we see that for
0<p<5/2—16, the form

S @ y,2) +p @ +y°+ 2

is strictly definite, but not a sum of squares of real forms. On
the other hand, it was shown in § 3 that such a form is a sum of
squares of real cubic forms for P sufficiently large, and indeed a
sum of squares of binomials. It is easily seen directly that this
holds for § = 1 and hence for all p > 1. Indeed,
S@y,2) + 2 +y° +2° = (@ +1?) (@ — ¥’ + (@@ +20) (2P —27)

+ (y2 + Z2) (yZ _ 22)2 + 3x2y222.
There will therefore exist a number B, with 5/2—)/6<C B, <1
such that S(z, y, z) + B(z® + y® + 2%) will be a sum of squares
of real cubic forms for § > B, but not for f < p,. Notice that
a result from § 2 guarantees that the answer is positive at the
division point By. I do not know the value of B,. The division
point may be different if we insist on using squares of binomials,

but it will still lie in the same interval.
For 0 <<B < B,, the form
(@ + ey + 2k [S(z, y, 2) + BE® + ¥° + 2]
is not a sum of squares of real forms when ¢ = 0 and hence is
also not a sum of squares of real forms when ¢ isa small positive

number, the size allowed depending on k. We make use here of
two results from § 2. On the other hand, if f > 0 and ¢ > 0 are

L S _1YB=0,05051. ..
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fixed, we can choose k so large that every coefficient in the above
product is positive when it is multiplied out, so that the form is a
sum of squares of real monomials. Indeed, since only even powers
of z, y, z occur, this follows from a theorem of Pélya [11]; or see
[5], pages 57—60. If we hold p > O fixed, and let ¢ — 0, then
in order for the above form to be a sum of squares of real forms,
we must make k— co, since, for a fixed %, no such representa-
tion is possible for small ..

For § = 0, I do not know whether a value of %k can be found
for every ¢ > 0 which will make the form considered be a sum
of squares of real forms. However, it follows from § 4 that if
e > 1/2, then we can take k = 1.

§ 6. A quartic polynomial in three variables

Our construction of a positive definite quartic polynomial
Q(z, y, z) which is not a sum of squares of real polynomials depends
on the following lemma:

A polynomial f(z, y, z) of at most the second degree which
vanishes at seven of the eight points (z, y, 2z) with z, y, z = 0,1
must also vanish at the eighth point.

To see this, consider the general quadratic f(z, y, z). This
has 10 coefficients, which will be forced to satisfy 7 linear equa-
tions. These 7 equations are independent, since we can find a quad-
ric surface passing through any 6 of the 8 points, but not through
the other 2; indeed, it is sufficient to look at quadric surfaces
consisting of two planes. Thus any quadratic vanishing at the
seven points is a linear combination of any three linearly inde-
pendent ones, say 2 — z, y® — y, 22 — z, and hence has the form

f@y,2) =A@ —2)+p@* —y) +v(EE — 2.
This vanishes at the eighth point as well.

The lemma can also be proved in a quite different way.
Assign the 8 points weights which are alternately 1 and — 1.
Then the weighted sum of x*y!z™ over the 8 points will be 0 unless

k>0,1>0, and m > 0. It follows that the weighted sum is
0 for any quadratic f(z, y, z), that is,

1(0,0,0)—f(1,0,0)—f(0,1,0)—f(0,0,1) +£(0,1,1)
_I_.f(l’O’ 1) +f(1,170)_.f(11111)=0.

In particular, if f(z, y, z) vanishes at 7 of the 8 points, it also
vanishes at the eighth.

The polynomial 2%z —1)% 4 y%(y —1)2 + z2(z — 1)%, ob-
tained by adding the squares of the three basic quadratics 22—z,
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y?* —y, and 2z — z, vanishes exactly to the second order in
all directions from each of the 8 points. On the other hand, we
can find a quartic surface which does not pass through (1, 1, 1),
but has at least a double point at each of the other 7 points, for
exanple

ayz(z +y + z2—2) = 0.

It follows that the quotient
zyz (2 +y+2—2)
=1 L@ (y— D2t 2 (z—1)°
is pounded near these 7 points. It is also seen to be bounded at
infinity, but approaches -+ co at (1, 1, 1). Hence it is bounded
from below in the whole plane. It follows that
Qu(, y,2) =a*(z— 1) +y°(y — 1) + 22 (z — 1)
tazyz (@+y+z—2)

is positive definite if o is a small positive number. Notice that

Qc (z, y, z) does not vanish at (1,1, 1), although it does vanish at
“ e other 7 points. It follows that we cannot have

@w%@=%n@%w

for real polynomials f; (z,y, z). Indeed, these polynomials would
have to be quadratics, and would vanish at (1, 1, 1) since they
vanish at the other 7 points.

We can in fact take o = 2. (Actually, this is the largest
prssible value.) We shall put Q(z,y,z) = Q,(z,y, z), so that

Q@ y,2) =2 — 1) + 2@y — 1) + 2 (z — 1)
+2zyz(@+y+z2—2).

This polynomial may also be expressed in the following three
ways

Q@ y,2)=2* @— 1+ ly@y—1) —z2(z— 1)
+2z@+y—1)@+z—-1),

Q@ y2=yg—1)P2+zGE—1) -2z @x—1P
+2rz (2 +y—1D@y+z—1),

Q@, ¥, 20 =2 z—1) + la@@—1) —yly — DI
+ 22y (x+z—10)@y+2z—1).

In each case, Q(z, y, z) is represented as a sum of two squares,
plus a third term which may not be positive. But the product
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of the three third terms is a square of a real polynomial. Hence
not all three of the third terms can be negative at any point,
so Q(z, y, z) is definite.

We shall now show that the above representations may be used

to express Q(z, y, z) as a quotient of sums of squares of polyno-
mials. Let '

A=zx—1), B=yy—1), C=z(z—1),
A'=B—C, B =C—A4, (C =A4—B,
D=2zyz(z+y—)(z+z—1)y+ 2z—1).
Then
Q@—A4*— A" (Q —B*— B*(Q—C*— (%) =2D*
and hence
Q*— FQ*> + GQ — H = 2D?,
where
F =A?+ A2 4 B® 4 B'*+ C?* + C'%,
G = (A% + 4" (B* + B + (4° + A7) (C* + C?) +
(B® + B (C* + €,
H = (4% + A4'?) (B + B'?)(C?* + C'?).
Thus we obtain the following representation for Q(z, y, 2):
0= FQ*+H-+2D?
QR*+G
Over the field of rationals, the numerator is a sum of 10
squares and the denominator is a sum of 7 squares of polynomials.
Using the known 8-square identity (which is written out, for

example, in Landau [9], page 276), we can find a representation

of Q(z, y, z) as a sum of 16 squares of rational functions with
rational coefficients.

It follows from a theorem of Pfister [10] that 8 squares are
sufficient over the field of real numbers. We can find such a
representation as follows. Notice that

F=A+4+B+C*+(B—Cp+ (C—A)+ (A— B)?
—34% + 3B% - 3C* — 2BC —2CA — 2AB

= (AB — %)24- (AC - ‘%)2+ (M - %)2’
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provided that A% + 1/A% = 3, and hence if A =(141/5)/2.
Thus F is a sum of three real squares. Since 2D? is a real square,
the number of squares in the numerator of the expression for Q
is reduced to 6. Using the 8-square identity, we can find a repre-
sentation of Q(z, ¥, z) as a sum of 8 squares of rational functions
vith real coefficients.

The corresponding form Q(z,y, z, t) = t*Q(z/t, y/t, z/t) can
be expressed in various ways, including

Q. y,z2,0) =22 @— 1 +ly g — 9 —z (z— 9P

+2yz(x+y— (x4 z— o).

There are similar equations obtained by permuting z, y, z. At
any given point, the third term on the right will be nonnegative
in at least one of the three equations. If Q(x, y, z, t) = O at this
point, then all three terms on the right of this equation will
vanish. We can use this to locate all the zeros of Q(z, y, z, ?).
It is found that there are just seven such zeros in the projective
3-space, none of them lying on the plane ¢ = 0. These correspond
to the seven known zeros of Q(z, v, z), and hence this polynomial
has no additional zeros.

§ 7. Modifications of the quartic polynomial

Since Q(z, y, z) is not a sum of squares of real polynomials,
it follows from § 2 that the same is true of Q(z, y, 2) 4+ B, if B
is small. However, to get explicit estimates for f, it is best to
proceed in an entirely different way.

If a quartic polynomial F(z, y, z) is expressed as a sum of
squares of real polynomials, say

F(z,y,2) :jgtfj (=, ¥, 2)21

then each f; (z, y, z) is of degree at most 2, so that by § 6 we have
f;(4,1,1) =§;(0,0,0) — f; (1,0,0) — /; (0,1,0) — £; (0,0, 1)
+f;i (07 1, 1) + f]' (1’ 0, 1) + f]' (11 170)
It follows from the Cauchy-Schwarz inequality that
fj (1’ 11 1)2 <7 [fJ (01 01 0)2 + f]' (1’ 01 0)2 + f]' (Ov 1 0)2
+ f]' (Ov 01 1)2 + f]‘ (01 11 1)2 + f]' (11 01 1)2+ f]' (11 11 0)2 .
Summing from j = 1 to j = m, we find that
FA N, D<L7[F0,0,0)+F(@1,0,0)+ F(0,1,0)+ F(0,0,1)
+FO,1, D)+ F({U,0,1)+ F(,1,0)].
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Applied to F(z, y, z2) = Q(z, y, z) + B, this yields 2 4+ B << 498,
or B > 1/24. Thus for P << 1/24,the po ynomial Q(z, y,z) + B
is not a sum of squares of real polynomials.

The corresponding form Q(z, y, z, t) + Pt* is strictly defi-
nite if § > 0, since Q(z, y, z, t) ‘'does not have any nontrivial
zero for £ = 0 by § 6. For § << 1/24, it is not a sum of squares of
real forms. However, it can be proved to be a sum of squares of
veal forms when p is sufficiently large.

Appendix. Motzkin’s counterexample ,

A remarkably simple example of a definite sextic polyno-
mial F(z, y) which is not a sum of squares of real polynomials,

namely
Flz, y) =2 @ +y*—3) + 1,

and similar examples of polynomials in more variables, were
given by Motzkin on page 217 of his recent parer®.

I did not learn about Motzkin’s example until after this
paper was submitted for publication. Unlike my examples,
which used Hilbert’s ideas in a simplified form, Motzkin’s examp-
le was constructed in a quite different way. We shall show here
how Motzkin’s example can be derived from the following more
general theorem:

Let P(z,, . . . ,x,) be a real polynomial of degree less than 2n.

If

F(zy,...,zp) =22 ... 22 P(xy,...,2n) +1

is a sum of squares of m real polynomials, then P(zy, . .. ,xn) is
also a sum of squares of m real polynomials.

The result remains valid for polynomials with rational
coefficients. On the other hand, it is no longer true when P has
degree 2n, as shown by the example P(z;,. .., &n) =2} ... 22 —2.
Here F is a square, but P is not definite.

To prove the theorem, suppose that

m
F(zy,...,2,) =21fj (T4, . s Zn )2
j=

where the f; are real polynomials. When we put z; = 0, the
left side reduces to 1, hence each f; must reduce to a constant.
Thus each term of f;, except the constant term, must have the
factor z;, and equally the factors za, . .. .z,. Hence

Ji(ry, o oo zp) =21 .. .2k (2, - - - VIn) = Ciy

* Motzkin T. S. The arithmetic-geometric inequality, pages 205—
224 of Inequalities, Academic Press, 1967.
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where h; is a real polynomial and ¢; is a real constant. Notice
the following restrictions on the degrees of various polynomials:
deg P < 2n, degF < 4n, degf; < 2n, degh; < n.

Squaring the above equation, and adding for j =1, 2, ;. <
¢..s m, we find that

m
F(x1,~ .oy xn)zx? “cee zﬁz.h] (xlgvcoy x'n,)2
1=

m e
+ 2z,... z, Zic,- Bi (Zgye - vy :Acn)-l—_Z1 c2.
j= 3=

Since the second sum on the right has degree less than r, it must
vanish identically, as it can contribute only terms which are
absent in 7. Hence we must have

Zlh,- (@1, .0 T2 =P (21,..., Zp),
]=

m

m
Ethj(zi,-..,xn)=0, Ec?,___i.
=t 2,

Thus P(z;, . . . ,xn) is a sum of squares of m real polynomials,
as was to be shown.

The interesting thing about the theorem is that F may be
definite even though P is indefinite. In this case, F will be a defi-
nite polynomial which is not a sum of squares of real polynomi-
als. We cannot find such an example when n = 1, but for any
n> 2 we may take

Py,...,zn)=224- -+ 22—aq,

where a isa small positive constant. Indeed, Motzkin showed that
Fi,...,z,)=2a}.. . 22(x2+ - 422 —a)+1

is definite for @ == n -+ 1, and hence for alla< n + 1. To prove
this, apply the inequality relating the arithmetic and geometric
means to the n - 1 quantities z7, . . ., z2, 1/:1:%. .. z2. This
yieldr the inequality

1 1
PR (x%+ vt 2

2
..zl

) >t

which expresses that F is definite for & = n + 1. This polyno-
mial F is Motzkin’s example of a definite polynomial which is
not a sum of squares of real polynomials.
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CCCP
MockoBcknii yHEBepCHTET

JI. A. CKOPHAKOB

0 PATHKAJAX Q-KOJIEI]

Ceeraoll namaruy
Anaroaus Heanosuua Maavyesa

Lexnp mHacTosumeii paboTH — HepeHecCeHHe pPe3yIbTaTOB AHJ-
pvHakueBnda n Pabyxmma [1—3] o mpemcraBrenwnm pagukaios
AaccONMATHBHEIX KoJel IPH HOMOIM KJIAaccoB MonyJjeidl Hay HuMA
Ha Q-KOJbLA, W B YAaCTHOCTH HAa moayrpynosl. CooTBercreyiomue
Teopemsi comepskarcsa B § 2. Hexoropme mpmMeps! paccMOTDEHH
B § 3. IloaroToBuTENBERIT MaTepnal cocpengorouer » § 1. Mamarae-
MEeE 37eCh Pe3yJbTaTH O paAMKalaX YHHBEPCAJIhHHIX aJredp
npmHALIe;RaT, me cymectsy, Xénre (21, 221. Im Tonbko mpumana
foxee ymoGmas dopma.

§ 1

HeoGxonumbie cBejeHHs ©3 TEOPUHM YHUBEPCAJBHHIX all-
re6p Mmommo Haittm B kumrax Hypoma [6] mam Horma [4]. Coso-
KYOHOCTH BCeX HYJIbapHHX omepanumii anreGpu (A, Q) yciaoBmMcsa
o6osHauats wepes Q°. Ecam v € Q% 10 gepes 0, oGo3HaumM
pIeMeBT adreOGpst A, ormewaemuli omeparmeir v. HawmeHbmyio
KOHTPY?HOmMO OyaeM o6osnawars dwepes 0, a Hamboapbmyno —
gepes 1. Cnmson A|—|— IIA, o3nauaer, uto anre6pa A mmpen-
CTaBleHA Kak momnpaMoe mpomseemenme (coriacuo [6] — cymma)
anre6p A,. WaBecTHme cBoiicTBa DOANPAMEX NPOXA3BEIeHUI
([6], crp. 214—219 num [4], crp. 114—115) GynyT mcuoan3oBarhca
0e3 CCHLUIOK.

Knacc & yumbepcaipHBIX anreGp HA3HBAETCA PASMEUCHHBIM,
ecIn NiA Rakmou aareGpsr S ma K orMedeHO MHO;KecTBO O(S)
KOHrpysHOmiA Ha S, mnpmuem: (01). Ecaim SER, ¢ — romo-
mMopdusM SHa Su @ =kerp€ O (S), To S€&,a 01/0¢ O (S) rorna
n TOoNbKO TOorma, korma 0'€ O (S); (O 2). Ecam {0, }C O (S), 10
[18€06(S); (83) 0,160 (S).
¢
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[TognpsMoe npomsBeneRme SI-—]—»HSa HasnBaerca O-rod-
npamslM, ecln Agpa ecrecTBeHHHX mpoekmuit S Ha S, mpuwHagIe-
mar O(S). Ilpm srom BBUmy O1 Sq€ K.

Ecim mmacc & 3aMKHYT OTHOCHTEABHO TrOMOMOPOH3MOB, TO
B KavecrBe O(S) MOKHO B3ATL MHOMECTBO BCeX KOHIDYIHIME.
Ecnn Kampaa anre6pa S w3 £ comep;KuT ONHOZIEMEHTHYIO IOJ-
anreopy 0, TO MOKHO HOJOKATH

0(S) ={6z60 =)z = 0}.

ITycrs Temeps § — pasMeveHHHI KJIACC OMHOTHOHHX YHABED-
CANBHHX ajreGp, cojiep:ramuil OHOBIEMEHTHYI0 anre6py o saMK-
HYTHH OTHOCHTeIhHO O-momumpsaMpix mpomsBemeHnmil. OyHKIUA O,
CTABALIAA B COOTBETCTRHE KaKIOM anrebpe S ma Kiaacca & ee KOHT-
pysEnmo p(S)€ O (S), HasmBaerca O-padukasom, ecrd BHHOI-
HEeHH CcIexylomme CBOHCTBA:

(P1). Ecnm S = T m p(S) =0, 10 o(T) = 0;

(P2). Ecam 0€60(S) m p(S/8) =0, 1o p(S) < 6;

(P3). p(S/o(S)) = 0.

IIpepnnosmenune 1. Ilpu sunoanenuu ceoiicme P1 m
P3 ceoticmeo P2 sxeusasenmmo ceolicmey

(P2). Ecam 0€0(S), To (sup{p(S),0})/6<p(S/0).

Hoxasarearcrso. Ecnu sunmosnneno P2’ up(S/0)=0,
tosup {p (S), 6}/0 = 0, orkyma 6 = sup {p (S), 6}, 1. e. p (S) < 0.
Ecanm sxe copasemimso P2, To BBuay [4, crp. 76, caencrame 3. 12}
nmeem p(S/0) = 61/6, rme 0! —xonrpysuuus ma S. Ilpm sTOM

S/6% =~ (8/8)/p(S/6)

", B cuny Pl u P3, p(S/61) =0. Yaurusas P2, moayuam sup {p (S),
0} < 0!, orkyna ¥ BHTeKaeT HOKasHBaeMoe HEPABEHCTBO.

AnreGpa S HasuBaercs p-noaynpocmoti, ecam p(S) = 0.
flcio, uro ogHODIEMenTHam ajirebpa P-JNOIYHOPOCTA A BCAKOTO
pajguxata p.

NHpenaosxenue 2. Haacc p-noaynpocmux arzebp samx-
Hym ommocumeabho O-nodnpamur npoussedenuii.

HDoxazarteasctBo. Illyers S|—|>ISq u p(Se) =0
ana Beex . Torma Sq=S5/6, m Bemay P1 m P2 o(S8)<C0,.

Orcona
p(S)<< Dea =0.

MMpegnoxenune 3. IHyemv & — nodkaacc pasmeueH-
K020 Kaacce &, codeprcawuii 00H0IIEMEHMHYIO A12e0pY U 3AMEHY-
muil omuocumeavro usoMopPrunzr 06paszoe u O-nodnpamur npouase-
denuti. Iloaowcum

B (S) = {xn €O (S), S/x€ L)
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Tozda Pynryus
a8 = N x
XEE(S)
asaaemes O-padukasom na Kaacce & u kaacc € coenadaem ¢ Kaaccom
p-noaynpocmulr aazebp.

JHorxaszateascrBo. B cury 82 mueem p(S)€0(S),
CupasengnuBocts cBoiictBa P1 surexaer us 01 u 03. Ilycrs Temeps
0€¢0(S). Ecam %/0€E(S/0), 1o %€ 0O(S), cormacao O1. Hpo-
Me TOro,

S/n = (S/0)/(»#/0)€ &.

Tax aro %€E (S). Jlazee Jerxo BumeTh, 4YTO €CTECTBEHHOE B3amMHO-
ONHO3HAYHOE COOTBETCTBHE ME;KAY KOHrpysHEmusavz Ha S m Ha S/0
(4, crp. 76, caencrame 3.12]) coxpamser mopsmok. Iloatomy
%)/0 = N (%/0) = p (S/6).
x/0 € Z (8/0)
Ecam p(S/€) = 0, To

S)< % =0,
o )\x/BErE] (8/9)

T. e. p obmagaer csoiicrBom P2. Ecim makomen S = S8/p(S)
7 % EE(S), 7o, corracao O1, x = %/p(S), rme x€O(S), =

S/x=8/%€ &,

T. e. ® € B (S). HaoGopor, ecim € Z(S), To m3 Tex ke €000~

paskeHuif Jerko BmBecru, 4To %€ Z (S). Iloatomy, yumTHBasfg
IpuBefleHHEE BHIIE COOODasKeHHSA, MOJIYTdM

N x= 0 @)= N =/p(S) =0,
%68 (B) x€E (8) XCE (S)
9eM H JOKA3HBaeTcA cupasegimBocTh csodcrsa P3. Takmm oGpa-
30M, p — O-pagmran. ficHo, 9To Bee anreGpH m3 £ IOJYHPOCTH.
Ecanm p(S) = 0, 10 S|l—|— H(S)(S/n) n SEL B cuUIy 3aMKHY-
xXEE .
TOCTH KJacca £ OTHOCHTEIbHO O-mOIUpPAMHX IpOoX3BejeHN.
ITpennosxenne 3 mokasHBaeT, wTo ompeieleHHEIA BHIIE pafum-
KaJ1 He COBUAMaeT ¢ paflAKAJoM, OOBYHO PacCMATPHBAEMEIM B KOJIb-
nax [5, 17], rpynnax [7, 10] n moxyasax (8], Tak Kak B arax ciy-
9asIX DOMYNPOCTEIEe KIACCH TOMMKHE OGHTH 3aMKHYTEL OTHOCHTEIbLHO
WMAeAaJIOB, HODMAJbHKX JelmieNeidl m DOAMOKYJNeH COOTBETCTBEHHO.
Cnegysa Xumomy [12], mazosem Q-koasyom Q-aunreGpy S, obGxa-
Jalomyo, KpoMe omepammi m3 Q (gomyckaercs, uro Q mycro),
OMHADHHM aCCOMHATHBHEIM yMHO;KEHHEM, MPHYEM:

(K1) @ (Bs. . -Bro) = (@By) - - .(2Bn)w;
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(H2) a;. . .an® - f == (a1f). . . (@nBw;
(Kg) OLO-V :0'\) = Ova
(@ya1,..c,an; B, B1y...,Pn€ S, 0€Q, vEQDL).

Wa K3 shirexaer, wro Bce HynbapHHE omepammu u3 Q oTMe-
4al0T B Q-KOJBIlE OJMH M TOT JKe BIEMEHT, KOTODHIT OyxeM oGozHa-
gate uepes 0.

IIpocreiimumu 9acTHEIMK cayvaamu $2-KOJel, ABJAITCA HOIY-
rpyomet (Q — mycero) m konpua ((S, Q) — aGemeBa rpynma).

Hyere § — Q-rompuno. Hazosem Q-anreGpy A aesvim noauzo-
Hom Q-wonpma S BIE aesblM S-noauzoHOM, €CITH g IIOOKX A E S
m a€¢ A ompepmeneno mnpoumsBefieHue Aa€ A, mpuuem:

(I11). May. . .an®) = (Aay). . .(ha,)o;
{12). Ay . Ap o - a = (Ma). . .(Apa)o;
(I13). (Ap)a == Mpa);

(T114) A0y = 0y

(, li,...,?»n,peS.,a, a ,...,anC A4, ©EQ, vEQ.

flcno, 4T0 Bearoe Q-KOIbHO ABAAETCA CBOEM COOCTBEHHHIM MOJIK-
roioM. Ecam S — accommaTmBHOE KOJBIO, 10 S-HOJIWUTOHEL —
aT0 B TOuHOCTH S-Monyiau. Eciam § — momyrpymma, 10 S-momm-
roHH oOKasuBawTca S-mojmroHamm (S — set, operand), paccmar-
pmBaBmuMucs papee (cM., manpmmep, [14, v. 11, ch. 11, nin 11,
a tame 18 m 23]).

Hycts A — mesmi monmror Q-wonsma S. duemenr 06 A4
HagmBaerca wysem, ecaum AQ = 0 mma Bcex AE€S. Ecam Q°
He IyCTO, TO HYJIAMH ABIAOTCA diIeMeHTH Buma Oya4 u TOJBKO
onn. Ecim HylAMEm ABIATCA BCe 3HJIEMEHTH TOJMTOHA, TO OF
HA3KBAETCA HYLCELLM.

Komrpyosnmuio 0 ma S HazoBem A-anuyaupywweid, ecau AOp
BledeT Aa = pa A Bcex a € A. Toumyw BepxHOIO rpaHh BCeX
A-apHyIRPYIOMNUX KOHIPYIHIMA HA3GBEM aHHYAAMOPOM TOJM-
rona A w Gymem obosmadarp uepes (Ann A)s. Ecam 4 — myunesoi
nosurou, o (Ann 4)s = 1.

IMTpegnomxenue 4. (Ann A)g — A-annyiupynowas koH-
2pyaHyus.

HJorxazareanscTBo. EcamA(Ann 4)gp, To Halimyres
smeMeHTs & ,...,Em_16S m A-aEEyIupylomme KOHTPYSH-
muu 04, .. .,0,,, Taxkume, TTO

7V91§192§2 c  Epet Oy w
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[4, crp. 104]). TlosToMy nast moGoro a € 4 umeem
M=ta=§t= - =Era=pa.

Ilycts ¢ — romoMopdmam Q-kombma S Ha Q-Kompmo S w
A — nepwii S-monmroH. Jlerko HpoOBepUTH, YTO OHpeJeJeHue
Aa=¢@})a(A€S,a€ A) mpespamaer A B JNeBHH S-TOJATOH.
TaknM o06pasoM, Ha BeAKmA S-TIOJHWIOH MOMKHO CMOTPETh Kakg
Ha S-TOJUIOH.

Mpegaomenue 5. Jesuil nosueon A Q-roavya S
seasnemea aesvim (S/0)-noauzonom mozda u moavko mozda, Kozda
0 << (Ann A)s.

JdorasartenbcTBo. Ecam n — ecrecTBeHHHI romo-
Mopdpmsm S ma S/0, TO KOPpPEKTHOCTH ompepedeHns w(A)a = Aa
(L€ S, a€A) paBHOCHIBHA WMILIMKALUA

«AOp = Aa = pa mas Bcex a € Ay,
KoTopasa ozHauaer, 9yT0 O < (Ann A4)g.

IIpennomeunue 6. Ecau aesull noauzon A Q-roavya S

asasemes  aeetim (S/0)-noauzonom, mo

(Ann A)spe = (Ann A4)g/6.

_ Roxrkasareanctro. Ecmm A€S, To 0GosHaunmm wepes
A coorBeTcTBYOmMuil CMEKHBIH KIace u3 /6. Beany mpeasoxenns 5
0 < (Ann A)s. Ecam Al(Ann 4)g/8lp, o A(Ann A)sp. Caenmo-

BaTeNbHO,

A = dta = pa = pa
ang Bcex a€ A, T. e.
(Ann A)g /6 < (Ann 4)gjs.

Hanee zamernm, wro (Ann 4)gp = 0'/0, rtme 6' — RomrpysHIEA
Ha S. Ecawm A6'n, 10 A(Ann A4)gpep.
Orcona

M = da = pa = pa,

aaa Becex a€ A. Takum o6pasom, 0' < (Ann A4)s, oTKyxa
(Ann A)g;p < (Ann A)g /6.

Npegnomenne 7. Ecau A=II Ay — npamoe npous-
sedenue seeblx noauzonos Q-Koavya S, mo (Ann A)s =N(Ann 4g)s -
Hoxrasarensbcrtso. Ecim MAnnd)gp, 1o Mag )=p (aa)
IIg BCAKOH CTPORM (aq )€ A. Otcioga hag = pa, AIA Beex o
H, caegosarensro, (Ann A)s< N (Ann 4g)s . Ecan Al N (Ann A,)slp
u(aq)€A, 10 Aag =Nag A1 BeeX o, OTKYAA [ (Ann 4, )s < (Ann 4)s.
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§ 2

a9 anpHeAmnX PpPacCMOTpeHMA  3aduUKChpyeM  pasme-
ueHHHIA KiIace & Q-Kouenm, cogep:Ramuil OZHO3AeMEeHTHOe (2-KOJIb-
0 ¥ 3aMKHYTHH OTHOCHTEIbHO M30MOpPOHHX 06pasoB m O-n mop-
OpAMHIX Opou3BefieHui. JIeBHi S-noauron A mazoBeM O-ommeuen-
nun, ectr (Ann A)g€ O (S). Pyrrguno I, cTaBAmMyo B COOTBET-
cTBEe KaskmoMy Q-roapny S m3 & mimace X (S) ©-0oTMe9eHHEIX JEBHIX
S-nonmroHoB, HazoBEM @-o6wum KEAQccoM, eclId KA KajKgoro
Q-rompma S m3 &, kaxkpod KoarpysEumm 0€ O (S) m Kammoro
©-ormeuenHOrO seBoro (S/0)-modmroma A BraoveHEmA A€ 2 (S/0)
u AEX(S) pasrocwinHE (cp. [3, crp. 991]).

Ilpepaomennme 8. Emu & — pasmeuennuwli Kaace

Q-koney, mo
3 (S)={A4[(Ann A)s €0(S)}
asasemes O-o0wum Kaaccom.
Horasareanbcrso. Ilyctb A — neswii S/0-mommrom,
rie 0€0O(S). Torma, cormacmo upepioxennio 6, mmeeMm

(Ann A)g; = (Ann A)g /6,

A PaBHOCWIbHOCTH BKI0UeHnH (Ann A)g €0(S) 1 (Ann 4)g,60(S/0)
ABIAETCA CcJeAcTBHMEM CcBoicTBa O1

Teopema 1. Iyemv p — ©O-paduras ¢ kaacce K. Ecau
SE &, mo kaacc Xp (S) 6cex maxux O-ommeveHHUT ac60lX S-nosu~
eonos A, umo p(S/(Anud)g) = 0, sassaemca O-o6wum Kaaccom.

HoxasarteanbctrBo. Ecam 060(S) uw A4 — 6-
or™evueHHN (S/0)-moauron, To w3 upemto;keHmsa 6 m cmoitcrBa O1
BHITeKaeT, 9T0 A — O-orMeuennmi# S-nmonuron. G momompiv TOTO
JKe Ipepiio:xeHus 6 moaydaem

S/(Ann A)s=Z(S/0)/[(Ann A)g /0] = (S/6)/(Ann A)sp,

H DaBHOCHILHOCTh HY;KHHX BKJIOUeHHmA cpasy ciemyer us Pi.
Teopema 2. Hyemb T — B-o6wuii rKaacc u

pz(S) = 1, ecau 2 (S) mycro,
z n (Ann A)sB OPOTHBHOM CJiydae.
AEX(S)

Tozda py — ©-paduraax.

HoxasatTeaxncTBo. B cary 62 m 63 pz(S)EB(S).
IIpoBepmM cmpaBepimBocTs cBoiictB P1—P3.

(P1). yere S =T u pz(S)=0. Ecam A€T, To oGosHa-
gmM vepe3 A ero o6pas B S. Beumy 63 X\ (T) C >\ (S). Hoaromy,

ecim Apz(T)p, To AaA Beaxoro moauroHa AEZ(T) m moGoro
at A mmeem

Aa = Aa = pa = pa.
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CuepoBareabno, Aps{(S)p, 1. e. A = p. Orcioma A = p, dro
ozHauaer px(7) =0. _

(P2). Tlycrs 06 O(S) m px(S/0) ==0. OGosnaunm wepes A
cMeREEEA Kiaace u3 S/0, ompenensemsiii sremeHTOM A. Kcam
Apz (S)p, to mas Beskoro A€2(S/0)CE(S) m aoboro a€ 4
uMeeM

M = Aa = pa = pa.

CaenoBarensrnio, Aps (S/0)u. Oreroma A = w, a smaunt, ABp. Ta-
xuM obpazoM, px(S)<C0.

(P3). lomommm S = S/pxg(S). Ecim AEZ(S), T0o B cuny
ompejiesieHnsl pajumkasia Oy umeeM px(S) < (Ann 4)s. Bsuay
upengoskenns 5 A gBISETCS JIEBHM S-MOJUTOHOM o, CJejloBa-
trensHo, A€Z(S). Takum oGpasom, 2 (S)DX(S), a us ompege-
JeHns ofmiero Kiaacca BETeKaeT o0parHoe BrIoueHue. IlosTomy,
YUHTHBas Opejio;keHne 6 1 coXpaHeHme HOPATKA TIPH COOTBETCT-
Bum, yrazauuoM B [4, crp. 76, caegersue 3.12], moxyumm

p=(8) = N _(Ammd)gz= N [(Ann d)s/ps (S)] =
AEZ () AEZ(S)
=[N ) (Ann A)g l/px (S) = 0.

AEx (S

Ecan p w p’ — ©-papuraxs, 1o ycaosuMmcs mucaTh p << o,
ecnn o (S) < p’(S) mas Bcex SER. AHAIOIUYHO ONpPEEIICTCS
cootHomenne X C X' nmug ©-o6mux KiaccoB X u 2.

Teopema 3. IHyemv p u p' — O-padukasr, a = u
2/ — B-06wue kaaccw. Tozda:

(a) ngzp;

(6) S35, .

() ecau p<Cp',mo Ty & 3p ;

(r) ecau 2CX', mo py < Px;

(m pz=pz_; '
Pz

(e) Zp :ZDE ;

o
() ecau p (S) = 0 eaevem o' (S) = 0, mo o’ < p.
HlokxasareancTso.

(@) Bcxu 3, (5) £ @, 10 ps (5) = N (Ann 4o)s,

rae
AOLE ZD (S)1
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p (S/(Ann 44 )s) = 0.

ITockombry S/p;;p(S)H|—[—>H S/(Ann Ay)g, u3 upemIoxeHHs
2 n cBoiicte ©2 u P2 BuTexaer, uro p(S)gp;;p (S). Ecnm sxe
% (5)= @, 10 p(S)<1=ps (5).

(6) ITycts AEGZ(S) 1/1_3' = S/(Ann A)s . YumTHBasg mpemiIo-
JKeHAe O, NOoIaydInM AEZ(S), OTKYZAQ, HCHOOAB3YA IPEIIO:KeHHe
6, BHBOIUM

pz ()< (Ann A)s = (Ann A)s /(Ann 4)g = 0.

Cnemosareasso, A € sz (S).

(8) u (r) ogeBmEHEL.
(x) HepaserctBo Pz, <pz BoTexaer w3 (6) m (r), a mpo-

THBOMONOKHOe — W3 (a)
(e) Amamormumo.
(&) Beugy P3 p'(S/p(S)) == 0, orryma p'(S) < p(S) » cmay

JIeBLm moanron A Q-Koabua S HA3HBAETCHA KOH2AOMEDAMOM
JeBHX S-IoJanroHoB Ay, rie a €/, eciu (Ann A)g = () (Ann 4, )s.
acl

Beuny mpenmnoskenma 7 mpaMoe IPOM3BENEHHE JEBHIX MOJIHTOHOB
AIBIAETCST KOHITIOMEPATOM cBOMX coMHO;EmTexeil. Ecam (Ann A)g =
= 0, TO HOAMroH A HA3HBAETCH MOYHLM.

Teopema 4. Ecau X — O-o6wuii kaacc, mo sxeusa-
JAeHMHY  caedyowue ceolicmea HeodHodsemenmHuozo Q-Koavya S
us &

(@) pz(S)=10;

(6) S npedcmasasemca kax ©-nodnpamoe npoussedenue marux
Q-roaey S, us &, umo xaxwdwul us kaaccos (Sa) codeprcum
mounnil aesuli Sq-noiUzOH;

(B) cywecmeyem mounull aeswiii S-noauzon, AeiswUlica nps-
MBM npoussedenuem aeenr S-noauzonos us kaacca %(S);

(r) cywecmeyem mouHiL, seeblil S-noauzon, aeafwwuiica KoHe-
A0MEPAMOM 268wz S-noauzonos us kaacca 3(S).

HJoxasarteuasctso. (a)=(6). Beuny (a)n(AnnA)s——_
= 0 m, caenoBaTesNLHO, Sl—lf H(S) S/(Ann A)s. B cmy {II))GJIJIOH{G-

b
Bust 5 A€ Y (S/(Ann A)g). Iosromy w3 mpepnoskenus 6 BHTEeKaeT

(Ann A)S/(Ann Ag = (Ann A)s/(AIlIl A)s = 0
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T. e. A oxaswmBaerca To9HHM JeBHM (S/(Ann 4)g)-monurosom.
(6) = (8). Ilycrs S +—1II Sq, Og—sanpo mpoexmum S =Ha
ael

Say 06O(S) m Ay — TounEN JeBHE So-moiuror u3 X(Sq)-

Torma A€ D (S). lonoswns 4 = II A, m ucHoONBL3yA TPEHIIOKe-
ael
Hume 6, moxysmM

(Ann 4¢)s/00 = (Ann 4g)s, =0,
OTKyJa, B CHIy upeJjlo;KeHusa 7:
(Ann 4)s = N (Ann Ay )s = ) 0, =0.
a€l acl

(8) = (r). Cpasy ciaepyer u3 mpemyio;KeHUsT 7.

(r) = (a). IllycTs A — TOYHMIi JeBHE S-TMOJIHTOH, ABIAIO-
muiics KoHTIoMepaToM S-moiurouoB A, o€ ms rmacca Z (S).
Torma

ﬂI(Ann Ag)s = (Ann A)g =0
o€

n, cuefgoBatedsno, S H+—>1II Sy, tae Sq = S/(Ann Ay)s. Bsuny
2

mpepiioxeans 5 A, — Jdesnie Sq - Noxurons., IlosTomy m3 mpen-

noenna 6 BETeKaer

(Ann 4y) g = (Ann A4g)s/(Ann 4g)s =0,
oTKy7na *

0:(Sa) < (Ann A4g) 8¢ =0,

n6o Ay€ > (Sq). Temepr paBercTBO px(S) =10 ciexyer w3 Teo-
peMH 2 m npenio;keHus 2

O-pajiuKal P HAZKIBACTCA SAMKHYMEM, €CIA P = [ W3 1e0-
pemul 31 BHTEKaeT, 9TO BaMKHYTOCTh O-pafinkalla pPaBHOCHIILHA
BOSMO;KHOCTH oOIpefieJieHuss ero ¢ momompo O-o00mero xiacca.

Teopema 5. O-padurar p samrHym mozda u moabko
mozda, kozda ecaroe p-nosynpocmoe Q-roavyo S u3 & obaadaem
moyHvM JeetiM S-nosuzonom A.

JoxaszareannscTBo. Ecam p 3aMKHYT, TO CymecTBO-
BaHMe HY;KHOTo moamrona A BHTeraeT us TeopeMH 4. Ecum e
TAKOH DIOJHMTOH CYIEcTByeT, TO

P (S/(Annd)s) = p (S) = 0.
CxemoBatensno, A€ 3p(S) m p5/(S) =0 B cmay rTeopemn 4.
Tarmm oGpasom, p(S) = 0 Biewer p5 (S)=0 u px < p B cmry
TeopeMu 3. OOpaTHO® HEPABEHCTBO BHTEKAET U3 TEOPeMH 3a.
CrnepgcrBue 1. Ecau kandoe p-nosynpocmoe Q-Koavyo

MOJCHO 6a0XcUMb 6 S-Koabyo ¢ edunuyeli, mo p — samkHymul
O-paduraan.
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Uz pesynsraTos Xmoma ([12, crp. 35, Teopema 10]) u cuepn-
erBusa 1 BHTEKaer:

CaepgcrBue 2. Ecau kaxdoe p-noaynpocmoe Q-k0abyo
caabo abeaeso ([12, crp. 311), mo p — samrnymuii O-paduraa.

Hasosem S-mosturor A yewmpuposarnvim, ecin COBOKYITHOCTh
A® ero myueil comep:;xuT He GoJee ogHOTO siaeMeHTa. Ilepecedenne
3 (A) Bcex TaKMX KOHIPYSHImH JeBoro S-mommrona A, dUTO
IO Kaka0il m3 HEX JI00He JBAa HYJId CPABHMME, HA3LIBAETCS €ro
yenmpupyroueli kKonepysnyuel.

IIpegunoswenune 9. Ecau S — Q-koavyo, 0 ne nycmo
u 3 (4d) — yenmpupyowas krowepysHyus aeso2o S-noauzorna A,
mo Al 3(A)— yenmpuposannwii S-nosuzok.

Horaszareapcrso. Ilyetp vGQ. Eeamu aGA u
a nyas momurona A/ 3(A4), o 0ya = Ovya=a, T.e. a3(A4)0,a € A°.

TpeGosanme HemycTroTsH MHO;KecTBa 20 cymecrBenno. [lei-
cTBUTeNBHO, nycTh S — {1, A} — mBysiemenTHoe - -KOJIBIO,
e 1+A=A4+2=1, A4+1=1+1=4A, lA=M=2»
m 1-1 =2 = 1. PaccmorpuM ueTHpexsieMeHTHHI JeBHH S-
mOJMIoH A, ompefeaseMblii Tadanieid CIOKEHHUA:

OQuatdb
uuba
abba
baba

¥ npaBwiamm ymHOxKeHuA: A0 = 0 =1 -0, Au = u = 1u, ha =
= b =1b, &b =a = 1la. flcwo, uwro A°={0,u}. Herpyano
IpOBEPHTH, YTO KOHTPYSHIHA cO cMemHuMH Kiaccamu {0, u} m
{a, b} saBIAeTcA NEHTPWPYIINEH KOHTPYsHOmWeidl moamrosa 4.
OpHAKO COOTBETCTBYIOMUIT IBYDJIEMOHTHHE (PaKTOP-HOJHTOH OKa-
3HIBAETCS HYJEBHIM H, CIe[0BaTeNbHO, HEIeHTPMPOBAHHEIM.

3ameqganune. Harmunme HynsapHHX omepamuili He ABJIA-
eTca HEeOOXOZMMHM YCIOBHEM [JIs UEHTPUPOBAHHOCTH HOJAMTOHA
A/3%(4). Hanpumep, eciu S—mnonyrpynma, TO PasiuyHbe 3JIeMEH-
15t 3 A cpaBHuMH no 3§ (4) Torma m TOIBKO TOrma, Korjga oba
oHm IemaT B A0 u, caejoBaTelbHO, HEeHTPHPOBAHHOCTH (aKTOp-
moiurona A/3(A) oueBujHa.

Ilyers X — @-06muit kmacc. C HEM ecTeCTBEHHHM 00pasoM
CBABAHH JIBA Kiacca

DX (8) = {43 (4) A€ 2 ()}

n I'2(S)—xracc BceX MEeHTPHPOBAaHHBIX JEBHX S-HOJHTOHOB,
npuHagiIexamuax 2 (S).

Hpeganosmenne10. yemp S — O-06uyuti raacc. Tozda
(a) T2 —O-06uuti raace u pz < ppy; (6) ecau (Ann[A/ 3 (4)]s € 6(S)
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oag ecex  ACE(S), mo DI — B-06wuii kaace  u
oz < por<<prz; (B) ecau ewnoanenvr ycaosus nynrma (6),
a AcZ(S) u (AnnAd)s=0 eaevem (Ann[A/¢, (A)])s =0, mo
Pz = Poz=-

Noxaszateabcrno. Iyers A — xeBwit (S/0)-mo-
muron, npuyem 060 (S). Hax yime ormeuanocs, 4 MOKHO pac-
cvaTpuBartk Kak S-moiuron. JIerro BujCTh., UTO KaK MHOMKECTBA
RyJded, TaK W MHOMKECTBa KOHIDYDHIOUI NPl TOM M JPYIOM pac-
cmoTpennax cosmagaior. Orciona cpasy ciaenyer, wro I'Y2 — O-
obmuit KiIace, a yYNTHBAA YCIOBUA NYHKTA (0), HETPYHO BEBECTH,
ur0 O-00mum Kiaccom smiasercsi (MX. HepaBencrso ps<Cprg
BHTeKaeT M3 O9YEBMAHOTO BRiIGeHua I[X2C X u Teopemsl Jr.
Ecan namee pez(S) =0, To, cormacro Teopeme 4, S mpepcraBisa-
erca Kak O-mojgmpsmoe mpomseenenue S | +-—I1Sy, mpuyem
rasanit m3 kaaccos DE(S,) comepur rTogHnil S -HOTUTOH

Ao . Torna Ay — Ao/ 3(Ag), e Ag €2 (Sq), 1
(Ann Aa)sa < (Ann Za)sa = 0.

CuoBa, mpumeHsas Teopemy 4, wmoayuun px(S)—0 o Hepa-
BEHCTEO 3 << Oy BbITeKaeT U3 Teopemhi Ik. Tar Kax ['Z2C DX,
TO Pex << Prs COrIacHo reopeme Ir. ECiu BHIIOIHEHH YCIOBUs
nyeKTa (B), 10, moarad Px(S) — 0 1 mMOBTOpPS: TOIHLKO UTO HpOBe-
JIleHEble DPAacCYMRJeHAs, TMoIyyuM Pox (S) =0, oTKyma pox << Px.

Hepasenctso px <l pos MOMET OKa3aThCa CTPOTHM Jlaske b
cllydae MOJHi'OHOB HaJ HOAyrpymmamu. [{eHCTBHUTEIBHO, HYCTin
& — KiIacc Bcex HOJYTPYOHI C HYJIeM H O — TaKOH 3aMKHY I
papmraix, uro p(S) 54 1 mis xaxoi-umGyns monyrpynnst S. Torma
xaace 2, cocrosimnil u3 o0bemumHeHEMI JBYX HemepeceXalomuXcs
MOJIMTOHOB, HPUHAJJIeKAONX Xp, OKasHBaeTca OOmMM KIacCOM.
W3 reopemnt 4 nerxo BeiBectw, uto pz = p. Mexny tem I'Z =&
u, cieoBaTeNbRo, ps—p <_ 1 = prs. Boiee Toro, cymecTsyior pajm-
KaJe, KoTophle He MOTYT OWTh ompejeJeHH OGmuM XKJIaccoM,
COCTOAIMUM H3 LeHTPNPOBAaHHHX Ioanronos. Paccmorpusm, Hanpu-
Mep, MHoroo0pasme moJyrpynm £, ompemeiseMoe TOKIECTBOM
zy = y. B cmny mpenioskenus 3 mimacc ¢ ompemendeT pamuKal
O Ha Ijacce BceX HOJYIpYON, Kotopomy mo Teopeme 1 coormer-
CTByeT obwmmil KiIacc Xp.

Ecim  A€3,(S), 10 S/(Ann A)s€ &, oTkyma Apa = pa
aia awbhx a @A, A, p€S. CaeponaTenpHo, BCAKMIT JIeBbIH
noanror A ms 3y(S) comep:mnT Hyauw u, eciu A COLEPHUT TOIHKO
omuB Byab ,To A = O pnsascex a G A mBeex AE S, 1. e. (Ann A)g=
=1. Honmycrum, 9T0 p = py’, Ije 2/ COCTOHT M3 LEHTPAPOBAHHEIX
JIeBHIX NOJUTOHOB., YuUTHBaA Teopemy J6, moaysum ' C 3.
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B cuny pokazammoro BEme Juia  Kaxmgoro A€Z(S) umeem
(Ann A)s =1, otryma p(S) = pz (S) =1 mua scex S, uro, pasy-
Meercs, HeBepHO.

§3

PaccMoTpnM HECKONBKO IPHMEPOB OOMUX KJIACCOB, IPeNmo-
jaras, 4To Kiace & 3aMKHYI OTHOCUTEJNBHO romoMopdHHX o0pa-
30B ¥ MOUOPSIMEIX OpousBenenuii, a O(S) — MHOMeECTBO BCeX KOH-
rpyoniuit Q-rombma S.

JleBriit S-moimmron A HazoBeM HempusuaabkbiM, ecim Aa ( A°
NIA HEeKOTOPRX A G S u a€ A. Herpuswanbaulil eHTPAPOBaHHD
meBuit S-momMroH A Ha3RIBaeTCA:

npocmuM, ecid BCAKag ero KOHTPYSHIOWA MHAyOUpYyer Ha
A/A® mynmeBoe MM egUHMYHOE OTHOIIEHWE SKBUBAJEHTHOCTH:

HenpusodumblM, €CIW BCAKMI HETPHBUAIBHBINA IONTOJUTOH
moauroHa A coBmagaer ¢ A;

mpansumuerbim, ecan s aoboro a ¢ A nmeer mecto A==Sa[)
N awm SaC A%

cummempuunbli, eciu a€ A u b€ Sa Bieuer unu a€ Sbh,
nmm SbC A9

cAa60 nepsutmblM, eCIM NN BCAKON KoHrpysuumm O Ha S
TaKoil, uro coorHomeHMa a€A u AOp BIeKyT Aa = pa, mmeer
mecro win 0 < (Ann A)g, mmu SaC A%

nepeudKLlM, eCIH JiA BCAKOW KoHrpysumuu 0 ma S Taroif,
uro cooTHomesMA a€ A u AQp BIeKyT Aa = pa, HMeeT MecTo WIH
0 < (Ann A)g, uam a € A°.

Ilepeunciennkie KiIacchl IOJMTOHOB 0003HAYUM uepes i,
rme i = m, H, T, ¢, S, P coorBerctBerHOo. Hiacc meRTpUpoOBaHHLIX
moMurouoB oGosmaguMm gepes I'. Jlerko Bumerb, gto I' m 2 (I =
=, H, T, ¢) — o0mue KIacCH. OﬁmnMH ABIAIOTCA T KIACCH

2 oum 3P, JleiictBuTeabHO, HyCTH S = S/x m A — S-nmoxuros.

Ectr A€Ys(S), AOp Bmewer Aa — pa u 0 = 0/x, 10 ABp
Brever Aa = pa. Orcioga mium 6 < (Ann A)s, 9T0, B CHIy Hpeo-
sxeansn 6, Bieuer

0 < (Ann 4)g /% = (Ann A)g «,

nin §a =Ea€ A° naa seex £€S. Taxmm obpasom, A€ 37 (S).
Ecim e A€ _25 (S) m AOp Buewer Aa = pa, TO paccMOTPHM
Koarpysanuio O = sup {0,x}/x. Ecan A0pu, T0

A %1‘§1 Kge s Kt En—1¥n 4,

rae x; = 0 miu %. Beuny npemiomxerns 5 x < (Ann A)g. Ilosaromy

M==ta=..=E _1a=pa=pa,
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n, yumTHBasA npeyiokenne 6, moixygaem
. 0 < (Annd)s = (AnnAd)g/x
nru Ea =Ea€A° pms Bcex E€S. Opmako mepsoe mpemuoso-

JKEHHEe BJIeYeT
0 <sup {0,%} << (Ann 4)s.

8
Taxk wro A€ (S). Hua wmacca X® [okaszaTenbcTBO BIOJIHE
aga;oruyno. IS KParKOCTH MOIOMKHAM

pi:p i((=mn,m,T,0,8,D).

Hpeu.ﬂomenne 11. pE = pT = p°.

HoxasareancrBo. Ecam A€Y*(S) u B — merpu-
BHAJBHHI DOgmoMNTroH noaurona A, tro cymecrByer b¢ B, rakoi,
910 Sb = A°. U3 TpaH3WTMBHOCTH HOJWUTrOHA A BHTEKaer, 9To
A=S8SbCB, 1.e. YTC Y . Ecim ACZ¥(S), a€A4 n Sa A%
t0, coriacuo II2,

Ma) - - -(Ma)o=R;- - - M@)a
Ecmu v € Q°, 10 Oya€A° seuny K3. Ilpm srom A° copmepskur
TUIOb ORWH 3ieMeHr, cosmagatomuii ¢ 0y 1A Bcex vEQ °. Itum
ToKa3aHo, 4T0 Sa — HerpuBmajbHEI noxnoiuroH B A. Ilosromy
Sa = A, orxkyma X"CY". Takum o6pasom, pf = pT . [lamee
sacHO, uto X' C ¥°, orkyma p°< p* coraacHo reopeme 3r. Ecan
BE&Y°(S), To momoxum
B — {p|ShC BO}.

YuureBag CM MMETPUYHOCTH IIONHTOHA B, HETPYNHO NPOBEPHTE,
aro b (J Sb €& ZT (S) pua Beex b(EB"0 CnemoBaTenpHO,

B = BOOU( (U SD). )
Ecnm 0 =b¢gm (Ann (b|J Sb))s m Aeu. 10 Ab=pb nus Beex b ¢ B.

Ectm e b€ B®, 1o Ab = wbBBUIY HEHTPHPOBAHHOCTH IOJH-
rora B. Taxam 06p330M B oxasmBaercs KOHIJIOMEPAaToM NOJIHA-
ronos m3 2 *(S). Ecam remeps p° (S) = 0, 10, cormacno Teopeme 4,
CymecTByeT TOYHHI JeBhil S-moguroE A, ABIAOMUACT KOHIJIO-
MepaToM JIeBHX MOJIHTOoHOB n3 X° (S), KoTOpHe, B CBOIO OuYepenb,
KaK IOKa3aHO BHIIE, SABIAITCI KOHIJIOMEPATAMHA IOJHUTOHOB

T
u3 2" (S). CregoBarensro, 4 — KoHrITOMEpAT MOJHIOHOB H3 % (S)
U B CuIy TeopeMsl 4 pT(S) =0.Orcroma mo reopeMe 3K BHTEKaeT,
uT0 Pt < pC.

B caydae momyrpynn owesmpmo Braoowenme X C ZF, us xoTo-
poro mo TeopeMe 3a ciegyer HepaBeHcTBO PT> pY. Ecim & —
KJIacC BCeX aCCONMATHBHHX KOJeI, To pT= P® M COOTBeTCTBY O
paguKal coBHajfaeT ¢ oOmem3BeCTHHIM pamukagoM J[[;xexobGcoHa.
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HeranpHoe mcciegoBanme pagmkaia PE A ciayuasd, Korja & —
KI1ace moxyrpynn, npexanpuHsan Xemxe ([21—23]). dror paguran
maydajucs u gpyrumu aBropamum (cMm. [13, 27, 29, 34, a Taxme 14,
v. II, ch. 11]). B cayuae monyrpynn mmeem p'< p" . JleiicTBurens-
HO, BCAKAA IPyONa ABIASAETCA CBOMM TOYHHIM TPAH3UTHBHEIM JIEBEIM
MOJIUTOHOM M COTJAcHO Teopeme 4 m mpeminoskenmioo 11 p'-momy-
npocra. B 10 sxe Bpemsa p'-mosympocrora IPYNOE 03HAYAET, 9TO
PaBHO HYIIO IepecedyeHne €e MAKCHMAJIBHEX Noarpynm, ubo,
KaK JIETKO NPOBEPHTDH, KaK[asA KOHIPYSHIUA TPYIIE, pPaccMarpu-
BaeMoil KaK CBOil cOOCTBeHHEIH JIOBEI HONHTOH, ABIAETCA pasbme-
HWEM HA JeBHE CMEKHEC KJIACCH [0 HEKOTOPOHl MOATpymme.

3ameTuM eme, 9To, eciim § — Kiace JucTpuOYTHBHHX CTPYK-
Typ, To p" = p" = 0. JleiicrBurenrHO, Kakmas IuCTPuOyTHBHAS
CTPYKTypPa NpeAcTaBuMa KAaK NOANPAMOe IpOoW3BejeHme [BYX-
DIEMEHTHHX Ilemeii. [[ByXaneMenTHas jxe Ielh TOYHA KaK CBOIH Je-
BHI TOJHTOH W Jemar B DT (1 DH. Ocraerca OPNMEHHTH Teope-
My 4 um mpemiosienne 2.

Iogvuoskecrso | 3 Q-Koabma S HaswBaercs maeajoM, eCiu
Q,y..., A€ I BIEHST ay,...,a,061, ams aCGl sBHTERAET
sa€l wmas@l puaa Bcex sES. 3amermM, 9TO0 B OTIHYHE
OT HOMYI'PyHO K KOJIEl He BCAKUI ujeas ABIAeTCSI CME;KHBIM KJac-
COM HEKOTOPOH KOHIDYDPHIUH.

IIpengaomenne 12.Q-koavyo S asagemes mouHuM nep-
BUUHBLM Ae8BlM S-noauzorom mozda u moavko mozda, kozda S*& SO
u (Ann s = 0 daa ecarozo udeasna I S°.

JdorxazaTtenscrso. Ecam momurom S TouyeH um mep-
BuueH, 0 — xomrpysmmua Q-rompma S m ABp Biewer Ao = pa
NS BCEX ¢ M3 HeKoroporo mieaxa I, To BBmAy mepBuuyHOCTH S
aveeM uin [ << S0 nam 0 << (Ann S)s = 0. [omycrum renepsn,
uro S oGnagaer yKasaHHEME cBoiicTBaMu, Ilockonsry S & S°, To
(Ann S)g =0, 7. e. S — rounmit meBmii S-moimroe. Ecam 0—
KOHTpysHIua Q-roubma S, a¢S° m AOp Bmewer Ao = po, TO
AP = up masa Bcex BE I, rue I — maean Q-xoxbma S, DOPOsKIEH-
HHII saeMeHTOM . Torga

0 < (Al'll’l.[)s = 0= (AHDS)s,
T. e. S — HepPBHUYHEH NeBHIiT S-TOJHTOH.

3ameuanue. Q-Koibuo, oGrajgamomee CBOWCTBAMH, YKa-
33HHKMHA B Tpenno:keHnu 12, ecTeCTBeHHO HA3BATh NePEUUHBIM
cacéa. B cayuae Kojen »To MOHATHE COBHAfaeT ¢ OGRYHON mepPBHY-
poctpio. OHAKO JId HOJYTPyOO JeBas IePBMYHOCTL HE BieYeT
npasylo. JleficTBuTensHO, paccMOTpHM IONyrpynmy ¢ o6pasyio-
muMa {a, £, y} W OUPEeNHdIOMUMI COOTHOMEHHAMA aZ = ay u
zy = yr. Ira moayrpymnma, Oyaydm COKpaTuMOil cjeBa, OKAa3hH-
Baercsa mepBuyHON caesa. Me:xry rem, momaras u0v, ecian u coOBua-
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JaeT ¢ v mocJe 3aMeHH BCeX Y Ha X, HOJIYIUM KOHTPYIHIIK, ABIAIO-
NIYIOCA OPaBHM aHHYJIATOPOM Meala, MOPOKIEHHOTO 3JIEMEHTOM
a. Ilocumegnee mDoOKaswkBaer, 9ro paccMaTpuBaeMas NIOJyIpynIa
He IePBWYHA CIIPaBa.

B reopun moxyrpynnm Hapsagy ¢ pajuKajiaMm, paccMaTpHBae-
MBIMI KaX HEKOTOpas KOHTDYSHI[HH, BBONUWINCH PagMKaJbl, pac-
cMaTpuBaeMbie Kak HexoTopwie mpueans (cm. [15, 16, 18, 19, 26—
33]). YGexgmMmesa, 9T0 HEKOTOpPHE M3 BTUX WAEATOB BHIABIBAIOTCS
B HpefJOKeHHyI0 B Hacroamei#l paGore cxemy. C oroil HeJIbIo
HA30BeM KOHTPY»HIuI 0 Ha moayrpymme S udeasabnoil, ecim B S
HalijeTcsa Takoil upeaxn, H (Boamosxuo H =), aro x 0y paBHoCHIE-
HO x =y unu z,y GH.

IMMpegunomenue 13. Tounas HUIHAL 2PAHb 4106020 MHO-
scecmea uleasbHuly KOHeDYIHYUL Aeasemcst UOeasbHol.

Joxasareascrso. Ilyecre 0y — mgeanbHbie KOHT-
pysnnum m H, — coorBercrBymomume wupeastsi. PaccMorpuM ueall
H = NHq. Ecau H nmycr, to infBy,=0. B mpormsmoM ciyuae
monoskuM 0y, ecim 2z =y wm z,yCGH. fcmo, uro z6.y
naa Beex o. Eenm 20,y mus Beex oo m x =y, 10 z, yG Hgy
oA BceX o, T. e. T, YyEH.

Hpexnomenne 14 Kaacc noayepynn, samenymuviié
OMHOCUMEAbHO NOONpAMBEL npousdsedenuil u neperoda ¥ dakmop-
noAyepynnam no uleaibHbiM KOHEDYIHYUAM, MOHCHO DPASMEMUMDb,
omMmemus udearbHsle KOHZPYIHYUL.

Hdorxasarenascrso. CnpaBegmmpocrh csoiicrs O1 u
©3 oueBngHa, a O2 BHTekaer m3 npemIOKeHua 13.

TTomomum

XH(S) = {A|(Ann A)s— npeanpHas KORTPYdHIIIA).

YunTeiBag ~ IpejIoKeHme 8,  HeTPYyAHO  yOenmThes,  9TO
2ut =XuN3t (i =mu, H, T, C, S, p) — ob6mue Kaacch. CoriacHo
TeopeMaM 2 I 3r 3TH KJIacCH ONPENeNAlT PaguKalIs pvi > pi.
W3 peayarraros 3eiigensn [28] suireraer. uro pvH = pully coBma-
naer ¢ pagnkaioMm Xenre rad® S (eum. [18]). Hak n B cirygae xoiern
[3], merpynHO mopmo6paTs ofmEe KiIacchl, olpefeadioniae mpoCToil
u BIOJNHe Hpocroii pajpumransr [26].

B mpemioskennyio cxemy, IO-BHANMOMY, He YKIAaZbIBAOTCA
HIUTBTIOTeHTHH 1 HmIb-pagurais [15, 16, 26, 30—32].
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Bocnomuuauna o6 A. . Manbnese

N3 BBICTYHJEHMIT HA OTHKPBITUN JNECATOIO
BCECOIO3HOTI'O AJITEBPANMYECKOI'0 ROJJIOKRBUYMA,
HNOCBAIMEHAHOTO IIAMATH ARAJEMHKA
A. 1. MAJIBITEBA

(Hosocubupcr, 20—26 cenrabpsa 1969 20da)

Arajgemur I'. M. Mapuyr (Hosocubuper). Ceromusa Benyimume
MaTeMaTHKH CTPaHH cO0pasuch B AKaJeMTOPOKe IS TOTO, YTOGH
TIPOBeCTH CBOIl ouepemHOil, yiKe TpaAnnuOHHHII, Beecolosnuiil Ko~
JOKBHYM IO ajrefpe. ITOT KOMIOKBHYM TOCBAIAETCH NAMATH
BHigawnieroca marematuka A. V1. Maasnesa, 3ax0KuBmerc oCHOBE
MHOTMX HAaY9IHHIX HampaBJjeHuil B ajgreGpe, MaTeMaTHIOCKOMH JTOTHKE,
TeopuH Mojedeil m Jpyrux o6macTAX Mmartematunru., MaremaTurm
Hallefl CTpaHH 1 MHpa TaIyGOKO YTAT maMATh 9TOTO 3aMedaTedab-
HOTO YYEHOTO, BHOCIIEr0 HCKJIIOUNTENBHO GONBIIOH BRIAL B HAVKY.
Nocnepane rogy musan Anarorus VBaHormua, 7—8 xger, mepas-
PHBHO cBAsaHH ¢ CubnpcrunM ormeseHneM Axamenuu Hayk. AHarto-
aufi VIsarosuu 6uia wieHos Ilpesmanyma Cubmpexoro ormenenus
¥ ARIAICA 1O CYINECTBY OTHHM 13 PYKOBoAmTeJeil 0oibmoil MaTe~
maTnueckoit mroasr Cubupckoro orgenennsa Axajenmu Hayk. OB
BCerjga CTpacTHO, ¢ AYINOii, ¢ CO3HAHMEM BHCOKOW OTBETCTBEGHHOCTH
Gpaicd 3a pereHme GOABINIX I MAJHX 3alad, KOTOPHE eMy mopy-
gax Ilpesmamym CuGuperoro ormenenus. Biaarojaps cBoeii sHep-
THUI, NCRIYATEIBHOI ipote mayuasix nHTepecoB A, V. Maabnes
co3fas OJecTAILYI0 ITKOAY MaTeMaTHKOB.

Anaronuit VBaHOBHMY GBI HE TOAbKO BHJAWIIUMCH YYEHHIM,
HMA KOTOPOro Beerga GyAeT NOMHITH MaTeMaTidecKas oGHmIeCTBeH-
HOCTHh MHPA, HO ¥ 3aMEYaTeJbHBIM YEJOBEKOM, YMEBOIMM HANTH
TOAXO0] K JIOAAM pasHHX HHTEJJIEKTOB U pasHEIX B3TJIANOB Ha
JRU3HEb. ME go/seEm yunTthesa y Amaronnsa MeamoBumua 60JBINON
HayKe, TPYAHOMY, HO IPHHIIINANBHO BAKHOMY JIETy OpraHu3anuu
HAY4HBIX ITKOJI.

300



IIpodeccop JI. A. Ryanros (Mockea). By, BeposaTHO, TOMHHKTE,
4YT0 TepBoil omyOmumkoBaHHON paboroit Amaronms VBamoBHua 1o
TEOPHH T'PynH GELTa pafora Mo Teopuu afeeBHIX IPYNI, B KOTOPOi
JaHa Kiaaccupuramua abesleBHIX I'pynn 0e3 KPy4eHHSA KOHEYHOIO
paura. Kak s ceGe mpefcTaBnsio, NpHYMHON MHTEpECa K OMUCAHUIO
3TOr0 Kjacca abexeBHXx rpynn mociyskuia cosfannas JI. C. Ilon-
TPArMHEM TEOPHS XaPAKTEPOB TONMOJOrmYecKux rpymnm. B  wact-
HOCTH, BOIIPOC O IIOJTHOM ONMUCAHWY OMKOMIAKTHBIX CBA3HBIX TOIO-
JOTWYECKHUX TPYUH IEINKOM CBOAWMICA K ONHCAHWI0 AUCKPETHHX
abeqeBHX rpynn 0e3 kpyueHus. VIMenno 5TuM GEIIO BEI3BAHO IO-
sasiaenne B 1937 roqy cuauana padorsr A. I'. Kypoma, a Heckorsko
mo33ke (¢ paspEHIBOM TPHMEPHO B ofuH roj) — pador Anartonusa
Banosuua ManbueBa u anraumitckoro maremMatuka appn. B paGo-
te Anaronus llBanoBuua Geima aHA MoNHASA KiaccupuKamusa ade-
JeBHX I'pynn Ge3 KpydYeHWs KOHEYHOT'O pPAaHTa.

OpHoit u3 MepBHIX paboT, ¢ KOTOPOil 51 MO3HAKOMUICH, KOTOpasd
HAa MeHf 0Ka3ala M OKashkIBaeT 0 CUX IOp BIugHue, OblIa NMEHHO
aTa pabora Amaronus MBamoBmua. Tam ecth Takasg 0coGeHHOCTS.
Has Toro, 4ToGH jaTth KJIaccupuUKAnmio, HY3KHO ObLIO 0600mMuTH
TOHATHE pP-aINYeCKOTO Ymeia. p-AfuuecKue 4mcia OBLIN BBEJCHHL
oueHb JaBHO B HayKy. A Bor ux o6o0ImeHHWe, TaXk Ha3bIBaeMEe
n-aJuuecKye WIN Z-afMYecKie YHCJIa, HACKOJIBKO S TOMHIO, OBLIN
BIepBEHE BBeJeHH B pabore Anaronus VBaHOBWYa M yCHeNmIHO IpH-
MeHEHH UM K KiaccupuKaiuy Ha3BaHHOTO Kiacca rpyunm. B pans-
HelimleM 5Ta wWjes He p-aJu4yecKoro, a N-aJu9ecKOro HOTOJHEHUA
KOJIBI[A IeNBIX YHCEN CHIrpajia CylecTBeHHyio poiab. OHa oKasarach
TI0JIe3HO! IpU M3YyUYeHUH He TOAHKO afelleBHX Ipynn 6e3 Kpy4eHns,
HO W CMEMAHHLIX abeleBHX I'pyII.

C Anaronuwem VIBaHoBHYeM 51 TO3HAKOMUJICS , HACKOIbKO IOMHIO,
B 1939 mnm 1940 rogy ma sacemanun cemmumapa O. 10. HIMuara mo
TEOpUH TPYNN, KOTOpoe mpoBogmioch B crapom spamum MI'Y. On
OB OUIHANBHEEIM ONTIOHEHTOM IO MOeil KaHAWJATCKOH amccepTa-
nuu. B ocHOBHOM ke Hamu BeTpeuw TPOMCXOAWIN HA ajrefpamduec-
KUX KOJNJIOKBHYMAaX M CHMIIO3MyMAaX.

Xo4y 0CTaHOBUTHCA Ha MPENONABAHAN anreGpH B MEIHHCTHATY-
rax. Ilockonbky Amaronmit VlBanoBua mMes OorpoMHEL, TpHALATH-
JeTHHH ONHT IpemofaBaHus, ocoGeHHO B lIBaHOBCKOM TemHCTH-
TyTe, TO BCAKasa Gecega ¢ HuM 06 5TOM, €CTeCTBEHHO, OHIa IS
MeHa cobetneM. Amarosmii VIBaHOBMY roBOpmI 0 HEOOXOLHMOCTH
o0BeUHEHNST B OfHOM Kypce Jorukm u Beicmeil amreOpel. ‘Hax
Ha Y[Ja4YHH OpHMep TaKoro o0beJUHEHWS OH YKa3HBAal Ha KHA-
ry Qegepmana «Uucmosre cuctemen. OH cuuTas, 4T0 3TAa HMHTE-
pecHasg KHHUTA MOJKET HOCTYKUTH OCHOBOH JIJIA CO3[[aHHA ICIMH-
CTUTYTCKHX y4e0HNKOB B HOBOM HampaBjieHWH. Buammo, MHOTHE
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3 LPHCYTCTBYIOmMX 3[€Ch SHAKOMIIACH € [OPOEKTOM NpoO-
rpaMMEL 110 O0BEMHEHHOMY KypCy aire0pi W Teopud dmcel
IAA TeIAHCTHTYTOB. B 4acTHOCTH, OOHO u3 IoKedaHmii Ana-
rTonnss VlBamosWda y4TeHO, W SNEMEHTH MAaTEMATHYECKON n0-
TAKM YyKe NHOABHINCH B HOBoii mporpamme. Ommaxo Bompoc O
GoabIeM CIUAHAW ANTe0PH M JIOIMKHA He TOXHKO B Hay4HO# paboTe,
HO U B NpemofaBaHmm, Kak Toro gobmsancsa Auaronuil ViBamosnd,
ellle He pemeH moiHocThI0. HeoGxoquMsl B mepByo ouepean HOBHE
y4eOHmKH, Gojee pajuKaldbHAA IEepPeCcTPONIKA IpOrpamMM W MHOTOE
Hpyroe.

§1 Bcerpa mopaskascs He TONXBKO IMAPOTOR W rayGmHOM mHTEPE-
coB Anatonus VeamoBmua. Anartonmit Banowa momyaun §ympd-
MeHTAJIbHEIE pe3yibTaTH 10 BCeM pasjexaM o0meit amreGpbl.
Ero ponp xak TBOpna HOBHX Wjeid, HOBHX HaydYHHIX Pe3yiabTarOB
U Kak co3jiaTesis HOBHIX HaUlpaBjeHWil B obmell anredpe ABaAeTCA
COBepIIEHHO meKIIounTeNbHOM. fl He s3Hat0 anreGpauncra Goree KpyD-
HOr0o B oOTeuYecTBeHEOM MareMarmke, deMm Amartoamit Vsamosnd.
B cBA3Hm ¢ 9THM MHe KasKeTCA UeIeco00pasHbIM, IT00b Hanl KOJJI0-
KBuUyM ofpartmicsa ¢ xoparaiicteoM B llpesmumym Axagemun HayK
06 yupemxpennn npemun nmenu A. V. Mansuesa, KoTopas npucysk-
Jamach OBl 3a BEJ[atoImecsa paGoTH B oOmacTn 06meit anreGpHL.

Ynen-roppecuonent AH CCCP M. M. Kapranomos (HosocH-
oupex). f 3nam, roneuno, yto AHaronnit VIBanoBuy yumncg B acun-
paurype aramemmka A. H. Hoamoropora, mo BCe me ommasiibl
CIpPOCHII €0, KOTO OH CYATAET CBouM yunresneM, llogymas, oH orse-
i «Tunpbepray. U meficTBiITeIBHO, MOMKHO IPOCTEeIATH B UAHIE
Tunb6epra Ha passutme amunoctu Anatonmsa Vsamosmua. Amaro-
ani ViBaHoBHY OKa3ajcs JOCTONHBIM YYEHHKOM M IOCIEZ0BaTEIEM
I'mibGepra Kak B MaTeMaTHYeCKOi Jormke, Tak u B amareope. HO
ceifuac A xorex OH ckasath 06 Amaronnu VBamoBmue He TOXBKO
Kak 00 yueHOM.

Mgue xodercd paccKasaTh O HamMUX BOCKPECHBIX MpPOTyIKaX.
Jro s1 TAaR TONBKO TOBOpIO — Dporyiku. Ha camoMm mexe »TO
ObLTE  TOXOAB, U3HypUTEJbHHE JIayke IS HAC, MOMOAEIX.
Cryualoch, MH YXOJAUJIW 32 /[BaJNATH-TPHAIATH KHIOMETpoB.
Nuorga cagmnuch Ha MOMYTHYIO I'PY30BYI0 MAIIWHY, yessKaiu 32
McxnruM, a DotoM o6paTHO HMUIA 10 GepacknM kanbonam. [lo myTH
06CYIaNNCh BCEBO3MOKHBEIE BONpocH. B wactHocTm, Amartomdit
NBanosnu ouens HHTEPECOBAICA TPOGIEMOH TOJATOTOBKA MaTeMa-
THYECKNX KaJApPoB, MPerolaBaHeM MaTeMaTHKM B ITKOJIE I B BHICIIAX
yYeOHHIX 3aBeJIeHHAX W BOOOMe pasBUTHEM MaTeMATHKHM B Hame#
crpaue. Ilo aTum Bompocam B cBoe Bpema (B AnBape 1967 r.) Gela
omy6ankosana ero crarei B «IIpaspme». He Gymy mepeckassBaTb
ee ComepIKaHie, 0TMEYY TOABKO HEKOTOpHE ero MBICHH, He BoleHd-
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A. V. Manbnes. 1964 r. Kadp us guavma «Illyrs 6 nayry»s.

niwe B 9Ty cTaThio. B wactHOCTH, ero BorHoBaxo 10, 4ro u3 Cubupu,
¢ Ypamga yesKawT XOpomMe MaTeMaTHKH, Ipodeccopa, HOUEHTHL.
VYesskaor B eBponeiickyno gactb Coioza. Hak saxpemuts Kagpsi?
Amnaronnit lBanosmu mpejaran martepuanbaie crumyiasl. OmHaxo
HapALy ¢ 9THM OH CYMUTAJ, 9YTO HHTEPECHO OHIIO OH BBECTH, KpPOMe
IBYX CYIIECTBYIOUIMX YYEHHX CTeneHeil — KaHOugaTa M JOKTOpA,
— elie HECKOJBKO, IO yke 6e3 MaTepnaibHOro moompeHus. llpu-
Cy;KNeHNe BHCHOIAX CTeleHeil — mycTh Aaske 6e3 MaTepHAJIbHOTO
NOOIIpPeHUsT — MPUHOCUIO OH yAOBIETBOpEHHE YYeHOMY H CBUJe-
TEJIhCTBOBAJIO GBI O TOM, YTO €TI0 JeSATeJbHOCTh OIEHMBAETCA BEICOKO.
Vmes takoe MopalbHOE YIOBIETBOpEHME, YYEHEIH, KOHEUHO, pao-
TaJ OB ¢ GONBIIEH OTHaYeH CUJI B YIOBOIBCTBHEM.

Haxee, y Anaronus MBanosnua GeIIa mHTEpECHAS MBICJIB Opra-
HI30BaTh UMEHHBIE KadeApsl B HEKOTOPHX HepudepniiHkX yHUBep-
curetax, ¥ B wacruoctu B Cmbupu u ma JlaxpHeMm Bocroxe. Peun
ujeT 0 TOM, 9TOOL HA HEKOTOPHX Kadegpax moBHCHTb B 2—3 pasa
3apmiIaTy 3aBeAylollero, a MoKGOp 3aBefyIOHIET0 IIPOBOAUTEL IyTeM
BCECOIO3HOTO KOHKYypCa, MpHYeM roJlocOBaHHe IO KaHAWAaType He
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00s13aTETHLHO JOJMKEH MPOBOAUTDL YUYEHHIH COBET COOTBETCTBYIONIETO
By3a, IIOTOMY 4TO OH MOJKET OKa3aThCH HEKOMIIETEHTHHM B BOIPO-
cax MaTeMaTuRH,

Boo6me Anaronuit YIBaroBud Beerga GHII MOJIOH pasHBIX mpeil.
K comkanenuio, He Bce M3 HAUX eMy yJaJ0Ch OCYIMECTBUTh. TaK, OH
MeYTaj 0 CO3JAHUHM MHCTATYTA BHICIDUX MCCACHOBAHMII HA MERIY-
HapogHoit ocHoBe mpu yuactuu Cosercroro Comosza. B mocmesmmie
TOXH JKH3HU OH O4YeHb WHTEPECOBANCH CO3MAHMEM NIPOOIEMHHX
naGoparopuil.

Jler maTh Hazag MoKHO OBLIO YACTO CIBIMIATH, MO KpaitHei
Mepe, y Hac, B AxameMropogke, paccyaeHus o0 oprammsatopax
nayku. LoBopuioch fase 0 sKexarelbHOCTH MOATOTOBKM, BOCIHTA-
HUs KajpoB Taxoro Tuma. AHaronmii IBaHOBUY CKENTHYECKH OTHO-
CUJICS K 9TUM PA3roBOpaM ¥ B WIYTKY MPEIarajl OTKPHTH IMKOTY
0 TOJITOTOBKE OPraHm3aTOPOB Hayku. Kro mpoHmYecKoe oTHOIIe-
HHe K TMOHATHIO OPTraHM3aTOpa HayKu OOBACHAIOCH T€M, UYTO MPH
HTOM TIO/PAa3yMEBANCH TOJNBKO YUEHBIII-aJMUHHECTPATOP: yYeHbIii-
TMPEe3UIEHT, YICHHI-AUPEKTOP, YUeHLA-TeKaH u T. 1. AraToanii UBa-
HOBMY BHICOKO NEHWJ TeX YWUeHBIX, KOTOpHE, 3aHUMad afMUHU-
CTPATHBHEIE TOJKHOCTH, pPEINalT MPAKTHYECKNE BONPOCH IO CO3-
DaHWI0 HayuHHX yupe;KAeHu#, pasBurmio Hayku. OpgHarko OH c4u-
TAJ, YTO HAZO ¢ HEMEHBIINM YBAKEHMEM OTHOCHTHCH W K TeM, KTO,
He 3aHMMAsg aMUHHCTPATABHOTO MOCTA, BCE jKe 3ACIyIKUBAaeT 3Ba-
HUA OpraHna3aTopa Hayku. B KadecTBe mpmMepa OH HA3bIBAI aKaje-
mnka A. H. Hoamoroposa. Tak, ofHasKibl Ml 3aTr0BOPUAE O Pas-
puTHu MaTeMaTuku B HKasaxcrame, m Amartonuit MBaHOBMY, yIbI-
Gasich, ckaszax A. JI. TaiimanoBy: «Bw mpuriacure B Aama-Aty
A. H. Koamoroposa, # on BaM 4epes ABa rojla CO3[acT MHCTHTYT,
KOTOPEI OymeT comepHu4ath ¢ lIpumcToHCKIMY.

dacayru A. V1. Mansuesa B passuruu Hayku B CuGupu orpom-
ve, Hak usBecrno, B AkafieMropofke co3jgaH ¥ yCIIEMMHO pasBHBa-
erca HoBocmGupckuil yHuBepcuTeT. YHUBEpPCHTET CBoeo(paseH,
B 4aCTHOCTM, CTYJGHTH-MATEMaTUKH YUYaTCsA 0 yueOHOMY LIaHY,
CYyMECTBEHHO OTINIAIMEMYycsa OT yIeOHHX MIaHOB APYTUX YHH-
BepcutetoB. Ilo muunmmatmee Awartomums HMsamoBuwa B ydUeOHHIH
mwian g crygenroB-MareMaturoB HI'Y smepesie B Coloze GEIIR
BXJIIOYCHHl ¥ UM e TOJpoOHO paspaforaHHl TOf0BOH Kype MaTeMa-
THYCCKOMH JOTHKHA N CEMECTPORHI KyPC TEOPHH JITOPUTMOB U PEKY -
cuBHHX ¢ynrnuii. Poxs A. M. ManbueBa B cTaHOBJIeHUN HAIIETO
yHUBEpCHUTETa HACTOABKO BEJIUKA, YTO, HA MOl B3TAAL, €TI0 MOMKHO
1Mo MPaBy HA3BATH OJHUM U3 €T0 Co3aTene.

Kax usBectno, A. . Manbues, padoras 8 CubupckoM oTjemne-
HHU, CO3[aJl JOBOJLHO GOJBIION KOMIEKTHB aare6pancToB W JOTH-
KOB, UMeONIuii XOpomyl0 HepCcIeKTHBY ANA JalbHeimero pasBu-
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tua. EMy ypgamochk HAaCTOMBKO YAAa4HO MO00paTh YYEeHBIX, UTO
MPAaKTAYECKH He 0KA3aJ0Ch HU OJHOM MaPHl NCHXOIOTHIECKH HECOB~
mectuMiurx nuanocreit. Ilocae konunnsr A, M. MansieBa mekoropsie
yexanu. B Gygymiem, BO3MOMKHO, YyeAyT W Apyrue, HO KHUBHECIIO-
CcOGHOCTH CO3MaHHOTO MM KOJJIEKTHBA TAaK BEJIWKA, 9TO, HECMOTPH
HA 9TH ¥ Apyrue BO3MOKHBIE MOTepH, ajredpa W JOTUKa, Kak s
nyMaio, 6ynyr B HoBocuGupcke ycrmemno pasBuBaThCS.

Eme mHe Xouercsi cKasaTh HECKOIBKO C€JI0B 00 AHATOINHU
WBanosuue kKak pykKosogmrene uw deiroBeke. Hu B mmcruryTe, Hu
B yHuBepcurere y Hero He GBIIO cayskeGHoro kabmuerta. BceBos-
MOKHEIE BOIIPOCH OOCYKAAaNUCh M pPEHIaJuch HA CeMHHApax, BO
BpEMSA NPOTYIOK W HAMATHHX BCEM HaM INECTBHHl aare6pamcTos
or yHmBepcuTera 10 MOpPCKOTro IpPOCIEKTa IOCTe 3aceJaHns CeMu-
Hapa «AnreGpa u mormka». Amartonuii VlBamoBmda mo cymiecTBy
HPKOT/la He MPUKAa3kBaJ W MOYTH HUKOIJA He «mopygamry. Hecmorpa
HA MATKUA CTHIH PYKOBOACTBA, BOKPYr HEro mapmiaa armocdepa
HaIpsKeHHOTO TpynAa. Anaronuii VIBanoBrmY BHMMaTeNTbHO BHCIY-
IIMBAJI MHEHHWE CBOWX KOJJIET, YYMTHBAJ €ro, CTapajcs peiurb
BOIIPOC KOJIJIETHANBHO ¥ JAEMOKpaTuiHo. MHOrme mOMHAT, KaK BO
Bpemsa HummunneBckoro komnoxBuyma Amaronuit lBamoBua mposex
TallHOe TOJO0COBaHWE KaHIHUIATYP COBETCKUX ajreb6pamcroB s
BHICTYIUJIEHHH C TONy4acOBBIMI JOKTagaMn HA MOCKOBCKOM MeMJIy-
HAapOJHOM KOHIPECCE MATeMAaTHKOB, XOTH, OyAyd4M WpejcefateseM
anre6panvyecKoil CeKIMU KOHIpecca, OH MOT OR IPeAIOKHTh DTH
KauguAaTypH mo cBoemy ycemorpenmio. llommio, rak Ha Pumscrom
KOJJIOKBHYME pemIajicsi BOHPOC O MeCcTe NMpOoBefeHus CraefyIoImero
KONLIoKBUYMa. Mue Xopomo msBecTHO, uro Amartonmii MBamoBuu
CUNTAN, YTO NEBATHIA KOJJIOKBUYM ciefyer mpoBectu B Hpacuo-
Aapcke nau Anma-Are. He coMHeBaioch, 4To, HCHOIB3yA CBOH 0T poM-
HEIl aBTOPUTET, OH CyMea OBl yOeauTs B 3TOM 0OJIBIMUHCTBO amred-
PAuCcTOB, HO, y3HAB TPEABAPUTEIHHO Jpyrue MHEHHsA, OH He
CTal HACTaWBaTh HA CBOEM MPEJIOEHNU. DEIIO0 TpUHATO HHOE
pemerine,

Mue KaskeTcsi, CTOUT MOJJieP:KATh TpeIoKenne 00 y4upesKie-
Hum npemun umenu A. V. Maabnea, tem Gosee, 970 B CBOe BpeMs
IIpesupmym Cubupcroro ormenenwss AH CCCP mpummman Ttakoe
pelienue,

Axragemurx AH Kasaxcroit CCP A. [I. Taiimanos (Aama-Ara).
Horma Amaronmuit lsamoBuu mepeexan B miome 1960 roma
B HoBocuOupck, oH 3amHTEpECOBANCA OpPraHU3aHed MaTeMaTHIec-
xnx mceaenoBanuit B Hazaxcrame. ¥Yixe B centabpe oH 6 B Anmma-~
Are. B rewenwe Hemenm sHakommics ¢ pa0oToll  alIMaaTHHCKHX
MaTeMaTHK OB, (U3NKOB U, KOI/[a MH BoazBpamanuck B HosocuGupex,
mofiexuics cBOMM MHenmeMm 00 oprammsanum patdor B Haszaxcrame.
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H 3ToMy Bompocy OH BO3BpPAalNajicsi 9acTO, HECKOABKO pa3 ORBa
B Anma-Are, mocaegnuit pas B 1966 roxy B cocrase memerammn Axa-
meMunm Hayk, BosraaBiasgemoit M. B, Keaxgumewm. Ilocie smakomcTBa
¢ pafoTaM¥ aTMaaTMHCKAX MATEMATHKOB OH COCTABNI HOAPOGHYIO
JOKIATHYIO 3a0ACKY, Ille YKA3aHH HEJOCTATKY W HAMEYEH OIOPHEIH
miaf paGoTH Ha '0amKainive HeCKONBKO JeT. Tenepp 9T0T HAOPOCOK
CTAX y HAC OCHOBHHIM JIOKYMEHTOM, MLl CTPEMWMCH pealu3OBaATh
mokenannsA Anartonus Visanosmuya.

H Bompocam opranmsanun MaTeMATHYECKAX WCCIeNOBAaHMHA H
MaTeMaTHIecKoro ofpasoBanua Amatouumit IBanosmu Bosspamancs
049eHb dacTo. f1 ceiiwac xores GH IO3HAKOMHTEH Bac € OJHOM mpPo6-
nemoit, xotopo#i oH sammmanca B mociegume mum. B 1967 romy
Yy HEro BO3ZHEKIA WAesA CO3JAHHA WHCTHTYTA JUCKPETHON Marema-
THKE W MareMatwaecKo#l moruku. Ilepes Pmmckum kommorBmymMom
OH COCTABWJ BUYepHe JOKIafHYyI0 3ammcky. N Tomomormweckoi
KondepeHuwE, Kotopas padorana sgeck ¢ 3 mo 10 wrons 1967 rona,
Anaronuii VlBaHoBWY Jan MHe OKOHYATENBHH BapuaHT. Bo Bpemsa
KoH(EepeHnuY 0H 0GCYKAAN €O MHOTYMY YYACTHHKAMM pasHHe ac-
MEKTH OPTAHH3AIMY MATEMATHIECKOTO MHCTUTYTA, A HPUCYTCTBOBAI
Ha ero Oecege ¢ mpodeccopom Kypemoit. drto 6mma Hama mocaem-
uaA Berpeda. Ilsaroro mioms mul npuraacmin mpodeccopa Hypeny,
u Ha 0epery pexu o6CYsKJalu BOIPOCH 0 paboTe WMHCTHUTYTOB, 00
opranmsanud HayuHHX wccraegoBapuii B IOrocmaBswm m crpamax
3anamuoit Espomnsr. C sTumn Bonpocamu Hypema GeI xopomo 3Ha-
KOM, IIOTOMY 9TO OH CIIEI[AATHHO WCCIEZOBAT HX, GyAyYd WIeHOM
onuoi n3 xomucenit OOH,

Y meng ocranach sanmeka Amaronusa VBaHOBHYA O CO3JAHHHA
HOBOT0 MHCTHTYTA — JHMCKPETHON MATEMATMKH W MATEMATHIECKOH
JOTMKM, YTO OH CUMTAN BIOJHE HA3peBmIMM JeroM. B mei
HEPEYRCIAITCA NPOGIEMEI, KOTOPHE [IONKHEL M3yYATHCA B 3TOM
nacturyre. llepBag — pasBuTHe Bcex ofmacTell MaTeMaTHIECKOM
JIOTUKHY: TEOPUH AJITOPHTMOB, OCHOBAHWI MATEMATHKHN M CMEKHEIX
gucnumawH. Xapakrepua Masa Auartonusa JBanoBwya MBICIB 0 pas-
BUTHH WMEHHO BceX oGaacTell Matemarwueckoil morumkm. Bropas
mpobieMa — pasBUTHE HCCIETOBAHMN B CMEKHHX 00JacTAX Mare-
matuku: obme#l amrebpe, JUCKPeTHOM AaHANM3e, TEOPHH HHEHOD-
Manpd, TEeOMETPUH ¥ MATeMATHIECKOM aHajam3e. Tperhs — HC-
CIefOBAHME MAaTEeMATHIECKAX BOHNPOCOB TEOPHY A3KKA M MHII-
JIeHW.

3atem Amartoawmit lBanoBuY cocTaBiAeT CTPYKTYPY WHCTHTY -
Ta, KAKHM OH TPE/CTABIAN 6ro 4epe3 CeMb JeT Hmocie Opranm3a-
nuu. fl xouy mpouects 9Ty 3amMCKy, HDOTOMY 4TO K3 Hee BHIHO,
KaKye HAamPABIECHHS B MATEMATHKEe OH CUYATAJ I EPCIEKTUBHEIMH.
NuctaTyT momser ORI COCTOATH M3 CEMH OTHEJOB.
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Tlepeuit ormer — dormem. 37eck Tpm nHaboparopmm: mep-
Basg — o6meil NOTHKA M TEOPHH HOKA3ATEIHCTB, BTOPAA — TEOPHHE
MHOKECTB ¥ OCHOBAHHH MaTEeMaTHKH, TPEThA — KOHCTPYKTHBHOMI
MaTeMaTHKA, KOHCTPYKTUBHOIO aHAXN3a M KOHCTPYKTHBHOHN ai-
reGpul.

Bropoit 0THEX — OTHEN TeOPAHN ANTOPATMOB — BKIIOUAET TPH
aaGopartopun: o0meil TeOPHH AJATOPATMOB, TEOPUHM KOHEUHHIX aB-
TOMaTOB M HEIPEPHIBHHX CETEH M JUCKPETHOrO aHAajm3a.

Tpernit orgea — obmel anreOpu. 37ech HPEAIONAraloch CO-
3aTh TaK;Ke TPY JMabopaTopHMM: TEOpHH Mojeleil m axreGpamue-
CKHX CHCTeM, TEODHH TpyOI, TEOPAH KOJel ¥ CHenHANbHEX
axre6p.

YerBepTHA OTHEN — TEOPHH HBHKOB M coobmerma. Yernpe
aalopaTopuMA: CEMHMOTHMKM, JIMHTBACTHKY, TeOPHH HHOOPMANME H
TEOPUH MIP.

Ilarmit oTHen — KiaccwdecKoil MaTeMaTWKH, ¢ UATHIO Jabopa-
TOPHAMH: TONOJOTHK M TEOMETPHM, MaTeMaTWIecKOro amaim3a,
TEOPHUH BEPOATHOCTEH WM MATeMATWIECKOH CTATHCTHKH, MaTeMaTH-
9ecKOro o6pa3oBaHMs W MCTOPHY MATEMATHKY W JOTHKH.

MartemaTudeckomy obpasosannio Amaronuit samosud ymexsn
oueHnh Muoro BuumanmA. Cam mmcas yueOHuKM m co0Mpalcs cocTa-
BUTH KOJLIEKTHB, KOTOPEIH OHl co37jaBal y4eOHMKHM KaK A Cpef-
HAX TMKONX, Tak ® A4 yaupepcureroB. OH cumMtal, 4ro yueOHAKH
HOMKHE 00HOBIATHCA depe3 Kampune 10 mer. Kax-1o 2 ero curpocna:
«HKoro BH myMaeTe MpPHUIIacHTh Ha 3aBELOBAHUE OTHEIOM MaTEMAaTH-
geckoro obpazosanua?y On cxazan: «f 0u mpuraacun Ceprest Ba-
cunpepmya CMupHoBa, HO OH w3 VIBaHOBa HE TMOERETY.

N nocaemunii ormen — 9710 0THEN OHOIOTUIECKOH MaTeMATHRH.
3nech JOmMKHO OBITH YeTHPE TabopaTopun: TeOPHH 06PAa30B, TEOPHA
camMoo0y4eHns m o0ydeHUsA, TEOPHA MPOCTEHNIAX PEANBHKX A3LIKOB
RUBOTHEIX, MATEMATHIECKOM TCHXOIOTHA.

Amaronunit UBamosna cumray, 970 B WHCTHTYTE HOJKHO OHITH
100 wemorex: npumepno 20— 25 goxkTopoR, 40 KaHANAATOB A OCTANE-
HEE — cTaepHl, acumpanTthl. CempMoro miondg o0opBaiach JKE3HD
n pabora Amaroana samosuaa. Yepes memeaio, Korjga Msl OMOMHH-
anch, A otHee ator mokyMment M. A. JlaspenrseBy. Uepes meroro-
poe BpeMa Muxaua AnexceeBnd mpuriacui MeHA u cKasal: «f mpo-
gmTal, JOKYMEeHT XOpOImnii, HO KTO0 jKke GyHeT BO3IIaBIATH 3TOT WH-
craryt?» Komeamo, a me Mor math orBera. Mosxer OHITH, CEroOmHAM-
Hee co0paHme B COCTOAHMA OTBETHTH HA TOT BOIpOC?

IIpogeccop B. U. Ilnorkun (Pura). A. V. Manbsues Ooun Beam-
KuM axrebpamcroM. Emy npmHamme:ar BHIFAIOMUECH OTKPHTHA
B pasgoo0pasHedmux pasfgenax aarebpsi, HO, MOMKAIYH, caM0e
3aMedYaTeNbHOE ero OTKPHTHE — 3T0 OTKDHTHE HOBHX CBS36H
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MKy aiaredpoil m MaTeMaTHYeCKOH JTOTHKOM, MKy PasHEIMHA dac-
TAMA caMoi anreopel. OH IpAHAMIEKAT K TeM PeJKAM YIeHBIM, KTO
COeHWHSAET PA3HEIE OT/EIH HAYKU B OfHY HayKy. Anatonmit Msano-
BHY BRIIBHHYJ PSR 00mux mjeil, KOTOPHe 3aTeM NPHEMEHSINCH BO
MHOTUX KOHKDPETHHX cuTyaumsx. B pesyibraTe OH cTajx BHIIalo-
mUMCSA TBOPIOM ¥ B TEOPHU IPYII, ¥ B TEOPUA Kojel, W B o0mei
Teopuu aJIre0pamvIecKuX CHCTEM, H B TONMOJOTAYECKON W IHHEHHOH
anrebpe, W B TEOPUHM aJTOPHTMOB, ¥ B PAasHBIX [PYTUX pasfeiax
anreopsr. Ilogrn Kasxgas gacTh anreOpsI, KaKablid Ham ajare0paucT
menbiTan? BiausEme Amartonums Vsanoemua. Bospmem, K mpummepy,
TEOpUI0 Ipymnm. 3/iech, €CIU HE CIUTATH a0eJeBBIX TPYII, JeATe/hb-
mocTh Amaronms VBamoBnYa Hadajgach, BEPOATHO, ¢ MPUMEHCHHUS
JOKANBHBIX TEOPEM K HEKOTOPHIM TEOPETHKO-TPYIIOBHIM 3ajadaM.
Ceiigac 5T0T MeTOJ CTaJ OOBIYHEIM U KiaccudecKuM. Bo3MoskHO, 910
MaTeMaTH4YecKas JIOTHKa mpuBeia AHartonus JBaHOBmua TaKMke
K CepHUM TeOPEM O BIOKEHHAX KOJeIl B Teja, HOJYTPYNIN B IPYIIIEL,
Tlo-BummMoMy, TEOPEMEI BIIOKEeHAS AT PATY KAKYI0-TO POJb ¥ B pabo-
TaxX IO TOHOJOTMIECKOH ajrebpe, Iie B jJanbHellleM OH NOJTYIHI
pAx rry6oxmx pesyabTatoB. B ¢BOI oYepenb ero WCCIEMOBAHUSA IO
TOMOJOTAYECKAM IPYIINaM W TeCHO CBSIBaHHEE ¢ HEMH WCCJEI0Ba-
HUA [0 JWHEHHHIM TpyIIaM HOBJIEKJIN 3a co0oi 3aMedaTeNbHEIE pa-
0O0THI, OTHOCAIMECH yiKe K abcTpaKTHOI Teopmu rpynm. I wMeio B
BH[IY JIOKAJbHO HAJIHHOTEHTHHIC TPYUNLI 0e3 KPYIeHHS, UX CBABN
¢ panmoHAXbHEIME ajreGpamu JIun u BEajomylocsa pabory Amaronns
Msamosmaa 1949 roga «O OecKOHEYHHIX pa3pemUMHX TI'PYIIIaxy,
KOTOpasi fajia TOJIY0K MHOTHM HCCIeTOBAHUAM B manbpHeHmeM. [le-
tameM Anatonns Vsamosnua Gbia o6masi Teopus anrebpandecKkux
cmcTeM, KOTOpas O4eHb CHJIbHO BJWSIA HA CIOKABHIMECH HaIpaB-
aerus B amarebpe. Ero wucciemoBamms mocie MATHAECATHIX T'OJOB
OBLIM HEHOCPEJICTBEHHO CBA3AaHH C 9T0# obmei Teopmedl. bymydn
BHIJAIOIUMCS CTIENIAIACTOM B ajredpe B [eJioM, OH MOT KOMIeTeH-
THO cyJuTH 060 BceM, 9To B Heil memaercs. OmHaKo ecad u OBLT Ka-
Koit-HnOyp pasmes, koropbiM AraTosmit lBaHoBEY HeIOC PE/ICTBEH-
HO He 3aHAMAJICH, OH yMell BHEMATEIBHO ¥ 106poKeIaTeaIbH0 0THO-
caThCA K TPYAY coceneil mo mayke. IlostoMy ero MHeHHWe JJisi BCEX
0BL10 0c00eHHO IeHHEIM. AHaToanil MBamoBmY mMeJ MCKJIIOYATENE-
HH{l W BHOJHE 3ACIY/KEHHBI aBTOPHUTET.

Amnaronmit IBaHOBAY npH Beell eTo KAIydYel JesATelIbHOCTH , IPA
BCEH ero 3aHATOCTH BCErJa OCTABAJCA OYeHH YYTKHM YeIOBEKOM.
Co MHOTEME OH IEPeNHCHIBAJCH, IPAYEM yMeJ OACATh TAKHE MHChH-
Ma, 9TO0 Kaszajloch — K Te6e OF OTHOCHTCA 0CODEHHO BHUMATEIBHO,
Ecnam xro 3abomeBai, 0OH 09eHDb Mepe;KUBAJ, CTAPAICA HOANEPHATE
HTOTO YeJOoBeKa M IMPOCHJI APYTHX mmcarth emy. Lo Bcex, KTO 3HAI
Amnaronnsa Msamosuua, o0merne ¢ EuM OBUIO GONBMIIM CIACTBEM.
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Hpogeccop 1. C. HKemxapze (Barymm). 3pecs yswe
ropopand, dro pabGorn Amaronus JBaHoBmua orHoOCATCA K ca-
MEM Da3IMYHHM HANPaBIeHAAM anreOpH H BooOmE MaTeMaTHKH.
A nomxen ckasarh, YTO OJHOM W3 JAydmmX ero pabor cuuraio pabo-
ty 1951 roga «O HexoToprx Kiaccax GECKOHEYHHX Pa3pPeIIMMEIX
rpyumy. ITo MmoeMy MHeHWI0, HMEHHO OHA [jaja TOJY0K PA3BUTHIO
B Coserckom Coioze Teopud pafimKaloB B IPyNNax, cHrpaia 6oan-
Iy POlb B Pa3BHTHH STOTO HANPABICHUS.

fI nosmaxoMumiaca ¢ AnaronmeM VBanoswueM B 1949 rogy n moc-
Je DTOTO BCE BPEMs TOJJEP:HABAJ ¢ HUM HAYTHYIO H [PYMECKYIO
cBaA3b. A. V. Manbnes ouennh 0oJblloe BHEMAaHWE YASIAT MaTeMa-
THKaM, pabotaromuM aa nepudpepun. OH ABarKIL mpuesxad B Ba-
tyma. Ilepeuit pas — B 1964 roxy Bmecte ¢ mpogeccopom C. M. Hn-
KolbckaM. Torma oH BHCTYUHJ ¢ HOKIAMOM B HAINEM IEaTOTrAYec-
KOM WHCTATYTE Ha COBEIAHMH MPeIOfaBaTes el mKox u paboTHAKOB
By30B. Bropoit pas Amaronuit Usanosny mprexanx B Barymu -8B 1966
rony Ha Bropoill ¢cuMmosmyM 1o TeopHmH IPYNI. OTOT CHMIIOZHYM,
HYKHO CKa3aTh, OLLI OpTaHM30BaH TPH 0OIBIHOM €ro CONeHCcTBHH.
O caM UpHHAT AKTHBHOS YJacTHE B CHMTO3HyMe, BHCTYIHI ¢ IOK-
TIaoM.

BaryMckas rasera nucaga, 4YTO A MAaTeMAaTHKOB BCeH
T'pysum npumesy A. . MaapneBa — Goabmoe coOuTme. AHATOMMIA
VigamoBwu Oma npuriamed TOMAACCKUM yHHBEPCHTETOM [JIA dYTe-
HAA CHenKypcos. IIMCEMO ¢ IPHIVIANIEHWEM HAIPABHI PEKTOP
yaupepcurera akanemur M. H. Berkya. Amartoanit MBamosmu pgax
coriacue, HO €ro IPHUE3] YiKe He COCTOAICH.

Axanemar AH Moapascroit CCP B. A. Annpynaruesny (Kumn-
nen). B anne A. Y. Manbnesa ot Hac yImes He TOABKO BREAKIANCA
YHUeHHIA-MaTeMaTHK HaINero BPEMEHH, HO W 9el0BeK BO3BHIISGHHOM
¥ CTPACTHOM MHCIH, HETEPECOBABINNACA BCEMM 160BEUCCKIMHE HPO-
Gaemamu. OH GHJI KPYIHKM OOIECTBEHHKIM JEATENEM, 0PTaHEA3aTO-
POM HAYKH, 9€JI0BEKOM [[€ACTBHS, SHEPIMIHKM IPOBOJHAKOM HAYT-
HHX #Jeil. 9T0 GBI BeIUKA# TpYKeHNK. TaKas coBOKYIHOCTH IOJI0-
FATEIBHAKX KAYeCTB yMa U BOJM BMECTE ¢ BHICOKMMH MOPAabHEIMA
KAYeCTBAMM [EJNAJIM €r0 OYeHb SIPKOH JTUIHOCTHIO.

Mz1, coBetcKme anrefpancTsI (4a ¥ He TOJBKO COBETCKHUE), B Tol
WIE WHOI Mepe ABageMcs ydeEHnKaMd AHaronua VBamoBmwa, Tak
KaK HeIb3d B Hame BpeMs cIMTaTh celsa o6pasoBaHHKM aireGpanc-
TOM, HE M3YYUB MJIH, BO BCAKOM CJIydae, He HO3HAKOMHABIINCH ¢ TPY-
namua Anaronns Wsamosmda. Yxe oTMeuasioch, 4TO €IIe [0 MOCTYI-
Jenus B acOHPAHTYPY,COBCEM MOJNOIAEM dejiosexoM, B 1936 romy
Anaronmit VIBanoswy mammcan mepByio pabory B obractu MareMa-
THYECKOM JOTMKH, Tfe paspaboTal cuibHHMA B 00mmit MeTox A
IOKa3aTelbcTBa JTOKAJNBHHX ToopeM. Bropas ero pabora ysxe umcTo
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anarefpamvecKas: 0 BJIOKEHUY acCONHMATMBHHX Kolemn 06es fexmre~
neit Hyna B Texa. Ilopasurensnasn paboral! Ceitdac met morwka, HeT
anreGpaucra, KOTOPHIHA He obpamanca OH K 9THM IePBHM JBYM eTo
pabotam. A 3aTeM WOCJIEROBANA CEPHUA NPEBOCXOZHHIX PaGoT, BH-
IBUHYBIIMX ©€r0 B THCJIO TEPBHX MATEMATHKOB TOT0 BPEMEHH.

Vike orMetamoch, d9ro AmaTtonameM lBaHOBEYEM TIOXYdYeHE
{yHgaMenTasbHbie Pe3yJAbTATH M B TEOPHH TPYyON, © B TEODHUH
KOJIeI[, B TONMOJOTHMYecKoil amredpe, B reopuu rpyum Jlu, B Teopun
alropuTMOB, B TEOPMH YHHBEPCAJILHEIX anre6p, B TEOpHE MOfeNel.
On ABIdeTCA ONHEM W3 CO3[laTes el Teopuw o0muX aaredpamdecKux
cucreM. QueHb MHOTHE €ro PesyJbTaTH BKIYEHH B HAIIM K 3apy-
Gesxante MoHOTpadmu, o6sopunle cratbn. OHE WOJYIHIH MApPOBYIO
H3BEeCTHOCTh. UeM 00BACHUTD, 9TO 34 HEOATYHI KWU3Hb AHaroawil
NBanmoBwu mocTwr cTONb 3aMedaTeNbHHX pesyinbraroB? Homeuro,
Anaromnmnit VlBanoBua 6B 0uensb ogapeHHHM wenosexkoM. On AeiicT-
BATENbHO GBI TAXAHTIHB, 00JaJal MOTYYHM, ACHBIM, 1 OH CcKasali,
GorarsipckuM ymoMm. Kto-To MeTrKo BuIpasuics, aro sto llamammna
B aarebpe. Ho me TOAbKO ofapennocThi0 00BACHATCA €ro Tyjec-
HEIe pesynbTaTH. B mamme Bpemsa Gecmokoiinad ;KMsHb TOCTOSHHO
OTBIEKAeT YYEHOTO OT ero pasmunuienmii. B camom fpeme, He Tak
JIETKO cepbesHo J[yMaTh 34 IMHCHMEHHEIM CTOJOM, ITy0OKO Pa3MEII-
IATE HAJ Opo0xeMoil, eCIH TOCTOAHHO 3BOHMT Tele(OH, eCJH TO
H J1eJI0 HYKHO IPePHBATh HAYaTyI0 paboTy Jiisd TOro, Iro0H exarhb Ha
COBEIIAHNE, CJIY BCe BPeMs HYKHO OTKJIAAHBATh PeHIeHHWEe KaKoi-
1u60 3afady JIIA TOT0, YTOOK TOAIOTOBHTE BHICTYTUICHAE WY HATIH-
cath CTAThI0, 9aCTO CEPhE3HY ¥ CPoumylo. A BoT Anarommii Uea-
HOBYY 00Jafan yAUBATENHHOI CTOCOGHOCTHIO BCe BpeMA IyMarth,
rje GH 0OH HA HAXOAMJICA ¥ HECMOTDA HE HA YT0. JTO GBLI KPYTHEHIR
MEICITATEIb.

Hayuanoe nacaencrso, ocraBmennoe AmaromxmeM llBamoBmieM,
MCKIIOINTENbHO OoraTo ¥ pasnocToponse. Ero riayboxme mien eme
MHOTTE rofi! OyAyT murath aare6py W CMe;KHble ¢ Hell BETBH Mare-
MatuKg. Anartonuit VlBamoBmu ymienm w3 ;KM3HM B MOJHOM PacmBeTe
OTPOMHEIX TBODYECKHX CHJI, KOTOPHE OH (eCKOPHCTHO ¥ IIEPO Ha-
IPaBJIAT HA PA3BUTHE COBETCKOI MaTemMaTukn. Ero TBoOpUYecKad Hed-
TeJIHHOCTh PA3BUBANACH 063 TMEpepLIBOB W 3a MOCIe[HHUEe TONHL J[0C-
TATJa HeOHBaNOl HHTEHCWBHOCTH, XOTA BMECTe ¢ BTUM POCIa U Ha-
YIHO-OPTaHH3ATOPCKAA HeATenbHocTh. AmaTonwit MBamoBmd BEIpac-
THAJX MHOTO TAJAHTIWBHX YYEHWKOB, KOTOPHIM II0CIACTIMBHIOCH
H3BIEYb A ce6A OTPOMHYI0 MOxb3y M3 ero Haywmoro ombita. Ha
OCHOBE IDOYUTAHHEIX JeKnuit Amaronwit ViBsanoswd Hanmcall KHATY
«OcHoBnl mmEeiiHOM anre6pr». J1o obpasen, Kak HY;KHO IHCATh
y9e0HNKE — 9eTKO, ACHO, HA BHICOKOM yDOBHE W B TO K€ BpeMs:d
O4eHb JIErKo.
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Amaronuit sBanosud 6511 KPYDHBIM OGINECTBEHHEIM JeATEIIEM.
Bcerogy ero geareasHOCTs OBlNIa MIOKOTBOPHOM. Besne oH monsso-
BaJiCA ABTOPHTETOM, Ha KOTOPHH €My JaBaJIW IPAaBO YM U BOJfA, €ro
1pyn. Tpynno mpemcTaBuTh, KaKy0 OrpOMHYI0 pafory oH Bexa, 0y-
ny4em pemyrtatoM UsamoBckoro obmactaoro CoBera memyTaToB Tpy-
namuxcsa, pemyraroM Bepxosuoro Cosera PCOCP m memyratom
Bepxosroro Cosera CCCP. [locTaTouno ckasath, YT0 UM HAIHCAHO
Gollee MATH THCAY MACEM TPYIAMMAMCH, IpAIeM COOCTBEHHOPYIHO,
9T0 He TATH THICAY, 3TO BCE [AECATH THCAY NACEM, IIOTOMY 4TO OH
0TBEYAJ CaM W IOTOM, IPAHAB pelmeHne, IUCajl B COOTBETCTBYIONMHE
oprammsanuu. Homoccansnaa pabora. B To ke Bpema Amaronmi
WBanoBnY GHJI HOpasUTEIBHO CKPOMHEIM YeJIOBEKOM.

Haxoit 051 oCT OH HE 3aHEMAaJ, OH COXPAaHAJN B CBOEM cepjme
m000Bs K HayKe W JKeJaHWe CIYKATH efl. Yjke IOBOPHIOCH, UTO
rananT Anaronus VBanoBmua Kak OpraHmaatopa COBETCKOH HAYKH
0c0o0eHHO IUPOKO mpoABmicA B mepuox ero paborst B HoBocubupce-
KOM HayYHOM IIHTpPE, I'/Ie OH CO3[aJ W3BeCTHYI0 JOrmKo-ajireGpan-
YeCKyI0 KOy ¥ BCEMUPHO M3BECTHEHIA CeMUHAD W KypHAI «Anre6-
pa m Jormkay. KRakneil MateMaTuK, Haml W 3apyOesKHEI, cUuTaer
1751 ce0A JecTbl0 OBIBATH HA 3TOM CEMUHApE, eYaTaThCA B JKypPHA-
ne «Anrebpa m normkay. Ouens mpaBUABHO, XOPOIIO CAENATH HOBO-
cubnpnsi, pemuB mocBATATH JlecATHI BcecolosHHI anredpamdec-
KA KOJJNOKBAYM HIeCTHIECATHACTHIO cO THA poskaenna A. V. Mans-
IeBa, BHAAIMEroCA YIeHOTO M MHCIATENSA, 0JapeHHOT0 W CHIHHO-
T0 YeJ0BeKa, KOTOPHH MeNaeT 4eCTh PYCCKOM W COBETCKOH HayKe,
ee akamemun. f mymar, 4ro nmydmnM naMATHAKOM AHaTtonmio Vpa-
HOBHYY OBLTIO OH cO3aHWEe WHCTATYTA MHCKPETHOH MaTeMaTHKH
I MaTeMaTW9ecKOod JOTMKH, O KOTOPOM OH Me4Tall, W IPHCBOCHUE
emy mmenn A. U. Maxsnesa.

IIpodeccop I0. JI. Epmos (HoBocuGmpck). Xouy oTmernth
HEeCKoJbKo uept Anatonma JIBaHoBmua, 0 KOTOPHIX eme He OHJIO
ckazano. Ilpesxme Bcero Mens mopasmio B HEM W IIOKA3ai0Ch He-
OOHYHHM ciIemylomee. 3Tech yike roBopmid, 4o Amartonmit VIBano-
BHY OHJI HIMPOKO 0Gpa30BAHHHM, JPYAAPOBAHHHEM YeJIOBEKOM,
CIeuI 33 pasBHTHEM HE TOJBKO ajire0pH, HO W BCell MaTeMaTHKH,
BHEMATEIbHO NPUCIYMAUBAICA K MHGHUIO PA3TWIHHX JIONEH u Beer-
Ja MOHMMaJ, KaKoe HaIpaBiaeHne B aire0pe m BooOIIe B MaTeMaTHKE
B IaHHOE BpeMs ABJIAETCA TIaBHBIM, BayKHEM. Ho ofHO memo cie-
IATh 32 HOBeHmUME pesyJabTaTaMd, OHTH IPYIAUTOM, & APYroe —
OTHOCHTHCA K 3TOMYy [fefiCTBEHHO. ¥YAUBATENBHO, YTO AHATONHHA
WBamosmu B 37 mer BmepBHE CEI 3a POAIb W CyMel HAay4IATHCSH
mrpars. Ho Kaxoe MysxecTBO Tpefyercs OT UeIOBEKA, KOIZa OH B
50 mer camuTea 8a y4eOHUHKH W M3ydYaeT HOBYIO s ceOA HAYKY,
IpHYeM TaK, YToOH moToM paGorath B meii! fI mMeo B Bumy Teopmio

31t



axroputMoB, MaTemMaTnuecKas JOTHKA — 9TO GBI MEPBHIl HHTEpEC
Anartonua ViBanoBmua, mosToMy BO3BpAT K Heil MOIKHO OOBACHHTH
BO3BpalleHHeM K cTapoil J100BH, TeOpPHEH jKe aJIrOPUTMOB OH [0
50 mer me sammmancsa. U Bor ma pedepaTuBHOM CeMHHApPE OH H3Y-
94aeT HOBHE paGQTH, 3aHMMAETCSA TEM, YTO AeNAI0T 0OLIYHO ACHIPAH-
TH. YemoBeK ¢ MHPOBHM HMEHEM, KPYIHEIH ydYeHEIH, OH H3ydYaeT
He TOJBKO MY3HKY, YTOGH Hrpath B JOMAITHEM KPYTY, & B HOBYIO
HayKY, 9T00H paGoTaTh B HEH — HOTOMY 9YTO OCO3HAJN, YTO TEOPH
aATOPATMOB B HAmIe BpeMsA ABIAETCH 0YCHD BAKHEIM DPasesioM Ma-
TemaTuku. Ilo Kpaiineii mMepe, yeTEHpe WiIE OATH PaboT MO TEOPHH
aNropuTMOB W TEOPHN HyMepaumii HaoumcaHH wM. Amaronmit Una-
HOBHMY MHOTO TaK:Ke clexaJ [0 mpomaranfe artoro mpeamera. On
JoGuBaeTcA TOro, YTO KypC TEOPUH AJTOPHTMOB CTaHOBATCH 06s-
s3aTeabHEIM B HoBoCHOMpPCKOM yHHBEpCHATETE, IAIIET KHATY IO 3TOMY
Kypcy. A Beb 3T0 OB HepPHWOJ pacmBeTa ero TBopuecKmx cmi. Bee
NOBHAMAIOT, — YTO0OH HANMCATH XOPOMHAN YUYeOHHUK, TpeOyeTcsi MHOTO
BpeMenn. VM oH, oueHb 3aHATON YEIOBEK, T0 HAXOAAT. ¥ 4eGHUK
«ANTOPUTME U PERYpPCHBHBIE YHKIUM»— ORMH M3 JYYMMUX B 9TOH
ofimacra.

Eme opma cmemmpuueckas uepra. Ecre pasubie cmocoGH
o0yueHIsA WA PYKOBOACTBA, CKa’KeM, aCIHPAHTAMH HIA CTYHEH-
TaMu, yueHnkamm. ¥ AmHatonumd VBanoBmuya Mamepa Oblia BechbMa
CcBOeoOpasHoil, PYKOBOACTBO OHIIO HEHABA3YMBEIM, IpPaKTHYE-
CKM HEe3aMeTHHM H B TO ;Ke BpeMs OYeHb AefICTBEHHHIM U riyG6o-
koM. Jlaske TpyAHO 0OBACHAUTH, KAK OH YMeNI BO3JEiCTBOBATH.
Bauaaume Amartonumsa WBamoBuua Ha miofeil,  KOTOPHX OH Oinm3-
KO 3HAJN, Ype3BHUAlHO BEINHKO. ‘

Cexperapp Cosercroro paiikoma RIICC HoBocubupcra ramjgm-
mar ¢unocodernx nayr P. I'. fAnoscknii. Mue foBexocs BuepBEe
yersmath Amaronua Vsanosmua B 1947 rogy. A me Marematmk,
HO MeH#, TOTKa COBCEM MOJO[OTO YeN0BeKa, Mopasmia B AHATONAA
WBanosuue crpacth k mayke. B 1950 rogy s mocrymma B WBaunos-
CKUil NeIAHCTATYT, B MHE BHOBb IOCYACTIMBHUIOCH HECKOJBKO pas
BCcTpeuatbed ¢ AHartonmeM VBanoBwueMm. OH GHII HeIyTaTOM YeTBEP-
Toro u msaroro cossiBoB Bepxosuoro Cosera CCCP, m HaM mpuxo-
JAJI0Ch y4acTBOBaTh B ceccmax oGmactHoro Comera. Be xopomo
8HaeTe, 9T0 OH He GHLI GIECTAIEM OpaTopoOM, HO BCEr[a TO, YTO OH
roBopui, 66110 6oraTo mo cofiepkannio. ME, r'yMaRUTaPHY, HCIEITH-
BAJW XOPOIIYI0 YeJOBEYECKYI0 3aBHCTh, BHAA BOKPYr AHartoxms
VBamoBmua, CTOAMEro y JOCKH C MeJIOM B pyKe, BCErja TaK MHOTO
Moxonesxu. Bes ero skusHB GHa CBA3aHA € MOJONEMKBIO W C BH-
ABI:KeHmeM ee. fI moMHIO ero ZeaTelbHOCTH yiKe 3fech, B HoBocn6up-
CKe, er0 CTPAcTHYI pedb Ha OgHOM M3 NocaemHux IIpesmmmymos,
KOT/la OH TOBODWI O BOCIPOW3BOJCTBE HAYYHHIX KAajpoB, O TOM,
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A. N. Maabues ma mepsoMaiickoit memomcrpammu 1952 r. B MBaHoBe.
@omo C. B. Cmuprosa.

Y4TO HEOOXOAMMO BEIpAIIIBATh MONOJEKE B HayKe. PamocTHo ceiivac
BUAETH MAJNBIEBCKNE YePTH 30JOTOH pPOCCHIOBI0 B €T0 yIeHMKAX.
Hawm Bcem B Mepy cumil, B Mepy MHTEIJIEKTYAJIbHBIX BOBMOMHOCTEH
Hafo 6paTh TO 6OTATCTBO, KOTOPOE OCTABWI STOT BEMMKHN yYeHHIH,
Hago mayunrtscs Gepeus mpy sKE3HA 9TH 4epTH. Ta TIpaskgaHCTBEH-
HOCTb ¥ Ta JIOGPOTHOCTD, KOTOPHE B HeM GHLJIN, HABCET[a OCTAHYTCS
Yy Hac B IAMATH.

Ynen-roppectongenar AH CCCP A. M. Impmos (Hogoca-
oupcx). Ouens MuOrorpamHoil Obljia €ro JIMYHOCTH: M YUYEHHIH,
u npodeccop YHHBEPCHTETA, MOJKHO TI'OBOPHTE O HEM M Kak 06 agMu-
HACTpaTOpe (XOTA OH BCAYECKW OT 3TOr0 OTKpemmBAICA), BeHb
OH Bee e pyKoBofamiI u xadenpoii, n orgenoM. VIMEHHO PYKOBOAWMI.
MoskHO roBOpHTH 0 HEM M KaK O 3HATOKE MCKYCCTBA, KUBONUCH
¥ KaK O IyTelleCTBEHHUKe — MHE He HA OJHY IOpy IPHILIOCH
HEM HONHATHLCS, OpOiiTH He OXWH KuioMeTp. MOKHO CKa3aTh 0 HeM
Kak O TOCTENPMMMHOM XO3fHMHE, YAMBHTEIBHO IPOCTOM YEJIOBEKE,
KOTOPHH MOl OfMHAKOBO IIPOCTO pAa3roBapWBATHL M € AKaJeMU-
KOM, M CO CTy/[leHTOM IIepBOr0 Kypca, ¥ ¢ 9YeIOBEeKOM, CIyJaiHO

313



sBerperusmumesi. [Ipu Beelt cBoell sHaUNMOCTH OH BCerjga 0CTaBaNCHA
TIPOCTHIM.

fI yBepen, uro Te maem, Te ceMeHa, KOTopie mocesn AmaTonuit
WBanoBu4, ¢ KaKIHIM rofoM OYAYT maBath Bce Gomxbiie M OoJbime
BcxofoB. fI yBepen,uro reflanexo Bpems,koraa reopemsl A. M. Maxis-
meBa BOWAYT B YueOHWKEM [AJAA BHCMEH HIKOIH, a HOCTEIEHHO
u B yueGuaku cpepneit mroaku. [Tamars o6 Amatomrmu VBanoBuue
Manbnese Gymer ;KETH B HAIMAX CEpANAX, a MM €ro HaBCErjga
OCTaHEeTCA B HaAYKe,

B. B. MOPO30B

B3rJIAl HA3AJ

(Heckoavko cTpanuy eocnomunanull)

Bricornii, MUpPOKAN B KOCTH, CIAErKa CYTYINUTCH, TONOC HET POM-
KHH, IPUTAYIIEHHSIH B He COOTBETCTBYET KPYIRO# (urype, roiona
obpmra Haromo, yabibaeTca pPe{Ko, BHIDAKeHHe JHIA CIOKORHOE,
cephe3Hoe W Kak OyATo Cierka HeJOyMeBAIOMee — TAKUM OCTAJCH
B Moeli mamsatu Anaroamit FBamoBmd co BpeMeHm Hamel IepBoi
serpeun 8 1939 rogy B Crewidosckom mueTHTyTEe. ¥ MEHS COXpa-
Hmiaca cHEMOK — Amartonmii Wsawosmu pmoxmagpiBaer, mpepcena-
renberByer JI. C. Iomrparmu. Boamoxuo, 10 OBLI0 mepBoe myO-
IWYHOe BHIcTymenwe Amartonms VBanoBWua Ha COBENIAHWH IIAPO-
KOTO 3HAYEHWS.

He nomnuio, kro mosmaxkommn mac: H. I'. UYeGoraper wmim
Jl. C. IlonTparmu,— Ho sra BeTpeda Obiia MmMoserHoi, Bropas —
okTaA6ps 1940 rosja — okasanmach Gomee IUPONOIBKATENHHOM,

9ro Owim mepuonm, Korga cialhie POCTKH HCCIEOBAHHH IO
TEOPUH HEIPEPHIBHBIX TPYII PACTYCTHIACH BAPYT ¥ HAC NHIIHBIM
mBeroM. Passmrme 3Toft Teopmm M0 B /BYX HAIpaBIeHUAX —
H3YYAINCH JOKAIBHEE Ipyunsl m airedpsr Jlm u cofcTBeHHO TOTIO-
JoTrMYecKne TPYIIBI, B dacTHoctn, rpynust JIm. Xpomuka cobbituit
OBlIa IPAMEPHO TaKOBA.

1930 rom. H. T. Yeborapes Bcrpeuaercs ¢ 3ajaueil ojeBanuA
KOHEeYHBIX Tpymn HelpepeiBHRIME B paGore «06 opHo#l anrebpam-
qeckoii samaue Imasbepra» (mpoGmrema pes3onsBeHT) um TaAyOOKO
3aMHTEPECOBHIBAETCS BONPOCAMHI TEOPHH HEIPEePHIBHBIX IPYIIL

1934 rom. JI. C. Ilomrparma mybamxyer B llapmeckmx mOK-
mamax 3aMeTKH «(O KOMMYTAaTHBHBIX TONMOJOTMIECKAX TIPYUIaX M
5-i1 mpobneme I'manbepray m «O ROMMYTaTMBHBIX HEIPEPHIBHEIX
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rpynnax» u 8 Ann. Math. Gompruyio crareio «Teopua Tomomormie-
CKHX KOMMYTAaTHBHEIX Ipynn». Bpam am a ommbych, cKasas, 9TO
€ro Pes3yihTaThHl UPeACTAaBIANN OXHO N3 KPYUHEHIINX HOCTIKEeHHR
HaIlell TociaepeBOMONUOHHON MareMarmku. B Hasamm yuenmk
H. I'. YeGorapensa U. JI. Ago momaydaer pesyiasTaT Tak:Ke Qymma-
MEHTANBHOr0 BHAYEHWS — TEOPEeMY O MPe[CTaBHMOCTH JIHHEAHHIMEA
1Ipeo6pasoBaHmAMKY KOMIIEKCHBIX axrebp Jlm (Temeph Tay HA3bi-
BaeMag TeopeMa Ano). HesaMemanTenbHEIMA OTKIMKAMU Ha 3TOT
pesyaprar sBuimch paborer 9. Haprama, mpemmomusimero muoe
JoKa3aTelabCcTBO Tod Ke Teopemsul, u I'. Bupkrogda, masmero mpoc-
TOH anrebpamuecKuil MeTOX AOKA3aTeaLCTBA TeOpeMEl Amo muasa ciy-
Yas HWILINOTEHTHBIX anre0p W JI000TO IONA HYIEeBOA XapaKTepHC-
TAKE W OXHOBPEMEHHO YKa3aBINEr'0 Ha CYIIECTBEHHYI Da3HHNY B
TEOPHUH IpeAcTaBleHni rpynn u anredp Jln.

1938 rox. Brixopmr kmmra JI. C. Ilomrparwma «Henpeprisnnie
TPYIIB» — IEPBOE CACTEMATHIECKOe MBJIOKEHNe TEOPHH TONOIOIH-
YeCcKUX TPyNI B COBETCKONH ¥ MHpPOBOA JImTepaType; BCKope
oma Opima mepesefieHa W BpimymeHa B IlpmAcroHCKOE CepmE
B arom ke rogy sammmiaer moKTopckyio mmccepramuio @, P. Tanr-
Maxep.

1939 rog. Onybmuxonansl B MaremaTuueckom cOopamke paGoThL
®. P. Tanrmaxepa o6 aBToMopdusMax IOIYIPOCTHIX TPYIO H O
KraccudmKanad TIOAYIPOCTHIX BEIIECTBEHHBIX Tpynm Jlm, crarbs
B. B. Mopososa o npamurusaEX rpynnax, a 8 Compositio Math.—
ctates H. I'. YeGorapera 06 npperynﬂpnmx TIPeACTABICHAAX TOIY-
npocTHX rpynua Jlm.

1940 roa. Bmimma xmmra H. I'. YeGorapesa «Teopusa rpyum
JIm», B KOTOpO# BHEpBHE GHUIM MOZPOOHO W3IOKEHE CTPYKTYpHAsA
reopnsa Humnmara — Haprama —Beiing u reopusa upepcrasiaenmi
IOXYHNPOCTHX Tpymn Jlm.

JI. C. IlorTpsarne u @. P. lanTMaxep paGorain B WHCTHTYTe
nM. CrekmoBa ¥ Beiau Tam ceMmEAap mo rpynuaM u aireGpaM Jlm.
Nmenno sT0T cemnmap 3amHTepECOBAN MEHS, OFHAKO A OHLI TOILKO
TacTpolepoM, OCHOBHOE jKe MAAPO 6ero COCTABIAIM MOCKBAYHN —
Taxui n cBepxxkoppextHHE M. @. BoxmreiiH, HOpHBHCTHIA
H. H. Meiiman (xoTopHii Bcepbes rpylnaMi HAKOrAA HE 3aHEMA-
¢4 W NOABICHMEM CBOMM HA CeMAHADE OTAABaJ, BHAUMO, NaHb
(Ka3aHCKUM TPAfWMUAMY), IIYMHBIH, YIHOAIOMUNACA, HKECTHKYNH-
pyromuii A. V1. ¥3K0B 1 — MOCKBMY ¥ HE MOCKBHY — CIIOKOIHEIH,
Cephe3HHIH 1 Kax GyATo HOrpyKeHHE B ce6a AnaTonmii isamosmy
Manbnes. Hepgasno, secnommuas o6 sTom cemmuape, H. H. Meiiman
nanncan mue: «Ilosnnee, B Kasanckme BpeMeHa, Mambnes rosopmi
MHE, UTO IIPH I0ABICHNH HA 9TAX CEeMIHAPaX ero BCeraa IMoTpacalo,
KaKme Bce KPyroM yMHEE, a BOT OH. . .»
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f1 mpexmosnaran Ha ciaeAyomuii Tof CHoBa npuexatbh B Crex-
JOBCKHMH MHCTHTYT, HO CHTyamud cuomnach maade: CrexmoBCKmil
HHCTHTYT 3BakympoBasics B Hasaus. B apkmit nens 23 aBrycra
1941 ropa, ABWBIIACH K PEKTOPY yHUBEPCHTETa, S YBHAEN mepe[
OBepsAME ero KaOmHeTa GIHCTAIONY0 B 0EI0M KOCTIOME (UTYPY
O. 10. IlmMunra; KoTOpHIA ABHO WyBCTBOBAN ceGd XO3AMHOM, a B
IPHeMHOH PEKTOPa — HECKOJNBKO XOPOIN0 3HAKOMEX JHI[ A MEXIY
mavz B, H. Tlexone.

Boasmasa 9acTh yHUBEpPCHTETA OKa3alaCh 3aHATOH MHCTHTY-
TaME AxajeMum HayK; pesumeHOWS YHABEPCHTETCKHX MaTeMaTH-
KOB — TeoMeTphuecKmii Kabwmer — cfenanach kBaprupamum Ha-
nrrsr, OpGenn m momemenmeM CTeKAOBCKOTO WHCTHATYTA, K KOTO-
poMy TO033Ke IpPUCOeTUHUNOCHh ¥ JIGHMHIPAaZCKOe ero OoTHAeleHwme.
ITo cy66oTaM OBOMBHO PEryJApHO CO3HIBAINCH COBMECTHEHE 3ace-
JaHWA WHCTATYTa M HasaHCKOro ¢uanmko-mMareMaTwdecKoro ooOme-
CTBa — Ha OOHOM H3 HEX A caymanx moxiaag M. B. KHeagmima 06
yIape ABWKYLIEroCS Teia 0 BePTUKANbHYI HUTH, a 29 mexalOps
cocToanack sammra AnatoaueM VBanosmuem muccepranum «CTpyx-
Typa u30MOpdHO MpeACTaBUMHX 6eCKOHEUHBIX aire0p W IpYIIy.
Onnosenramn 6eim A. H. Koamoropos, JI. C. Ilontpsarmr m
f. T'. YeGorapes.

Jra sammra sHamMeHOBaJNa c000ii KoHEN ONpPENeAeHHOTO IIepu-
ofia B pabore Amartonma VMpamoBmua, HOCBAMENHOTO MaTeMaTHIeC-
Koli Tormke u a0CTPaKTHREIM TPpyNNaM, I HaYajlo HOBOTO, BOSMOIKHO,
UHIYOAPOBAHHOTO ONHCAHHHIM BHINE DPA3BHTHEM TEOPUH TPYIIl
u aare6p Jlm m cosmasmmMca B HKasamm oxpy:keHmeM, NepHoma
B IIECTH JIET, KOTOPH MOKHO OHLIO Gbl HA3BATH «KA3AHCKIMY.

Huzue Gena TpymHoOii, o oHa mua. Jexan ¢mamara II. A, In-
POKOB CyMeJ, HOAb3YACh MPHCYTCTBHEM IPHE3KHX, OPTaHA30BAThH
HHTepeCHHe Kypes — TaK, Jl. G. lowrparmn u I1. C. Anekcargpos
YATANH TOMONOrHo, a AHartonumii paHoBUY — TEOpHI0 HEIIPEPHIB-
HHX rpynu. Heckoabxo mosse u, BugmMo, gratis, Y. P. agapesnu
IpoYes Kypc Teopuu ajireGpamdyecKux moJeil; OH 4aTax ero o ¢es-
pans 1943 roga B xommate Bo [IBopue Tpyna, rae sxma I K. Pax-
JeeB, mpn HeGoabInoM ynciie caymarTenaeil. Uro xacaereca Anaronns
VBaHoBWuYa, TO OH YUTAN TI0 YETBEPraM B IJIaBHOM 3[aHMH yHUBED-
curera. llomMHlo, Kak B ofimH ampedbCKmil [ieHb IOCTe JEKIUH OH
TofomeN KO MHE 1 CIIPOCHJI, W3BECTHO JIK MHE YTO-IHG0 0 CONpAKEH-
HOCTH MAaKCHMAJIBHHX IOJAYIPOCTHX anre6p B pasinIHHEX pasio-
menuax Jlesm axre6ps Jlu; g cMor ammmb OTBETHTH, 9TO, KAK MHE
BCerJa MpeficTaBAANOCh, OHH HOJKHH OHTEH CONPAMKEHEl, HO 4TO
JI0KazaTenbcTBO 3TOro (hakTa MHe mHemsBecTHo. llpmMepHO uyepes
MecdAI, Iocje 9Toro pasroBopa Amaronmit lBanornd cax B pejax-
noio JornamoB ArameMum HayK 3aMeTKy, B KOTOpOil, Mexay
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IPOYMM, pelajica W 3T0T Bompoc. HecKoIbKo mo3ske, Ha OLHOM M3
sacemanmit O6mectsa Amatonuit VBamoBWY coo0mma cleyomee
W3 9TOTO PesyaAbTaTa JOKA3aTeAbCTBO MOMHON IPUBOAMMOCTH IIDE/I-
cTaBieHu#i moXAympocTHX anredp Jlu — pegxo Berpewanmces Mue
JIOKasareabCcTBa, KOTOpHle MpousBofmim GE  CTOdb ray0o-
Koe BIevaT/ieHne BHYTpEeHHEH mpospavHocTh0 u kpacoroir. Ilocre
saceganusa s 3aABua AHatoauo VBaHoBHYY, 94T0 5TO HOKa3aTeb-
CTBO HENpeMeHHO HYKHO omny6mumxoBath B Jloxmamax AH; om
HECKOJBKO KOJEGAJCA M MePECHpPOCHI, MEHCTBUTENBHO JIH TAKOBO
Moe mueHne. JJokazaTersCTBO 6RO omyGiankoBano, mo B 1944 rogy
B QoxbmIOi cTaThe 0 TOATPYINAX HOJYIPOCTHX rpynm. Boobme
MHe Kasanock, wro B Hasamm pesyabrath Amatonusa MBanosuua
1o axreGpam Jlm HamGosdee GIM3KO BOCHPHHEUMAJ JHUIOb f, W, H2060-
POT, X MOMM pPe3yabTaTaM — & OHH OTHOCHIANCH TONBKO K ajxrebpam
Jlm — peficTBUTENbHHIE WMHTEpPeC NPOABIAX Jaumb Arartonmit
Usanmosuu. Tax, B Hagane mag 1942 roma a meGoTupoOBAL C [OKIa-
JoM Ha sacemanun O0mecTBa, M MHTEPEC 1O CYMECTBY €TI0 BEHKA3aJ
TOJIBKO OH; B KOHOE rofa mogBmiach mod zamerka B J[AH o
HANBIOTEHTHOM JJEMEHTe; W B OFWH AeKaOpLCKUU meHb, Kormua s
u Aratonmi MBsanosnd ojKuaIn HavajJa ceaHca B KIMHO, OH 3ar0BO-~
pu o6 3Toi 3aMETKe W YIPEeKHYJ MEHA B TOM, 9TO AOKA3aTEIBCTBO
B Hel CONMKOM Ci1osKHO. [lelicTBATENbHO0, BHKIAMKE GbLIN CIOIKHBI,
HO Wfied JOKasaTelbcTBA sCHA. KHak-To caydaimo s BepHYICA
K 9TOMY BOIIPOCY 4€pe3 MHOT'O JIeT M CMOT IPeACcTaBuTh AHATOIAIO
MBanoBudy ympomeRHOE JOKAa3aTeABCTBO.

Ox B To Bpemsa sanumancsa Gonsbimoii m GiE3Kof MHe 3samadeit
ONpefeIeHusaA BCeX IOMYHPOCTHX NHOArpymm mpoctHx rpynm. O6
3TOM A y3HAJ aumb B nagane ausaps 1943 roga or JI. C. IlonTps-
runa. 9 sasapa Mel ¢ AratonuneM VBaHOBIYEM OTIPABHANCH B IHADK.
B mepepsiBe on pacckasan MHE 06 OCHOBHBIX HUAEAX 3TOH paGOTH,
KOTOpafd, KaK MHE Ka;KeTCfA, 3HAYNTENHHO CTEMYJINPOBaa €ro nHTe-
pec K amueiitnoi anre6pe u mossienne B 1948 rogy «OcroB nnneiHOK
anreGpey. fI Geim Bocxmmen aToit paGoroii. Bricoko menmn ee
u H. T. Ye6orapes. Keratn, mo moBojy Hee oH roBOPHIL, 9TO BOT-Ie
A. H. Koamoropos yrsep:sfan, ato m3 MaiabnesBa HuHKOrga He
DOJYUATCA MATEeMATHKA KIACCHYECKOT0 CTHIA, HO CMOTDHTE —
OH 3aHWMaeTcH KiaccwdeCKmMu rpynmamu. J[as MeHA oHa Ipep-
CTaBAATA OCOGHH wWHTEpeC mOTOMY, 4TO A 3aHEMAICA BoolIIe
MAaKCHMaJbHEIMU HopmanrebpamMm mpocThx axre6p Jlm, Bompoc o
HEOOAYIPOCTHX MaKCHMANBHHX Homajire6pax yme ObLI MHOH pe-
IeH, pe3yabTarH ke Amaronma VBamoBmya IpefCTaBIAIN 09eHB
BajKHHH IMar K OMpeReNeHNI0 MAKCHMAJLHHX HOJYHPOCTHX IIOf-
anre6p. Horga Anatonnii isanoBmd y3san 0 TOM, KaKme BOIPOCH
MEeHA WHTEpecoBaNHW, OH HECKOJLKO BCTPEBOKRWICA, HoueMy o
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paHbIme He CKa3aj eMy, YTO 3aHAMAICh AHATOTWYHHME BOIIPO=
camu: «Torga g He cran GH 3aEEMATBCA BTOH TEMOID».

ITocnepuan mod genoBas Berpeua ¢ AHatommeM VBaHoBHmueM
8 Hasamu mpomsomna na moeit sammre 13 asrycra 1943 roma —
OH OB OTHEM U3 ONMOHEHTOB. B 910 BpeMA monosxenne yiKe qocTa-
TOYHO CTafWIAM3MPOBATIOCh, MHOTHe MOKHHYIH HKazamwn (ecmm 40-it
roMm JJAH mapasanca B Kasaum, ro 41-it — yme B Mockse).
B 1944 romy spmeck ocrammch TONBKO JIEHEHT DAL

INocae «kasaHCKOro MIeHEHHA» MOCKBHYEH MOH BCTPEYH C
Anaronmmem llBamoBmueM cTaim OueHbL peAKWMA. Bugenmch M
Bcerga ¢ GONBIIMM YHOBOXBCTBWEM, Kak cTapbie Apysbsa. Ilepe-
MHCKa, OBONBHO CKymasa, omsmiack mocre 1962 roga m BoT 10~
9eMy: K 9TOMY BpeMeHW GRLIN, HAKOHEI, HapyIUeHEl cTapHe Tpajd-
OUA CO3HBATh HAYYHEIE COBEIIAHWA W KOH(QEpeHINH TOIBKO B
Mockee, npoune ropoga Cowo3sa TaxKe MONYIMIN B TOM OTHOMEHAH
HEKOTOpHE IIpaBa; MOAYMEIBAJIA W MBEL O CO3KHBE OJHOTO W3 KOJJIOK-
BEYMOB mo obmeit axre6pe B KHasamm, nmpm4eM ecrecTBeHHO HaMe-
ranach gara — 1964 rog: 70-merme co mua pompenua H. I'. Yedo-
TapeBa. H aToMy Bpemenm MBI HaMepeBaJWCh BRIYCTHTH COOPHUK
pabor mamatm YeGorapesa (mpuBieyb K y4acThio B HeM anxre6-
pamcToB cTAapmIero MOKoJeHHmA) W HeGoabmoit ToMEK ero paodor
«O maremMaTuke mw MareMatukax». fl ofparmica kK Amaronmio VBa-
HOBOYY € IIPOCHGOM HaTh CTATHIO MISA COOPHHKA, a TaKiKe BEICKA-
3aTh MHeHme o Ipenmoxaraemom Tommke. Grathio OH mooGemau,
HO He IPUCIaN — BIPOYEM, S IPEfoCTaBIAI CI0BO camMoMy AHa-
ronuo VBamoBauy (HaTH nmceM yKa3aHH B KOHIE IATAT).

Hseunenuem 0as Mmens, Guimb Moxucem, NOCAYICUM AUULD
mo, umo 8 3a 9mo epems 6000uwe He HAnUCAL HU 00HOT cmambl.
Y mens ecmv pad pabom, nodpobHoe usa0NeHUe KOMODHLT
HUu20e He noABALL0Ch, HO D0deaamb UX Y MeHA He 6bla0 6PeMEHU
(m. e. camoe menvuwiee enoane c60600HbLL dyYr-mpexr Mecayes).
A ewe ¢ 1961 2. doascen 6via npedcmasums no dozosopy py-
Konuco Erueuy «Aazopummsl u perypcushsie yrnryuuy. B anpe-
e m. 2. MHe 0aal, HAKOHeY, NOKAMb, YMO PYKOnuch aubo nado
npedcmasumb, aubo cuumame 002080p Ympamuewum cuiy.
H eom s, marodywno nonpocue (e 3-ii pas!) omcpoury Oo
KoHYya dexabps m. e., ombpocua ece 6 cmopony u ¢ 1. VIII,
ucmpamus Ha amo 0eao c60t OMNYCK, CUIY U nNUUWLY, CUKY U
nepenucwvigaro ecem useecmmuvie meopems. Celiuac s umerw
Yoce Hanucawnwx u 2 uau 8 pasa nepenucannvxr 300 cmp.,
ocmaemcs wanucambv ewe 60 cmpanuy, w I1- mom yeesy
6 Mocksy. Ilocae smozo s croea ceo60OHBIL weso6er U 30UMYCH
ecemu Opysumu Odoseamu.

318



A He 3Hal0, 6 KAKOM COCMOSHUU Ce200HA 6aus COOPHUK.
Jnasn, kax Ooaeo cobupaaucv cOOpHuUKy 6 uecmd 60-iemuii
HbHE HUSYWUT U npassawyux, 1 6ydy yousaen, ecau cCOOPHUE
yoce 2omoe u Halupaemces (20. X1I. 1963).

COopHEK Bce xe BHINEN NOYTH B CPOK, OMO37AB K KOJIIOK-
BayMy Ha 1 wim 2 MecAna, HO IMeJ 3HAYNTENHHO MEHLIIHN 06BheM,
9eM [PeRIoIaTalioch.

Boavwoe cnacubo 3a c6oprur namsmuy H. I'. YeGoma-
pesa. MHue ouenv epycmmo, umo e HeM Hem Moell 3amemEu.
Ewe pas noseonio cebe crazamv, umo ¢ gespars 1963 2. u no
CEHMAOPL M. 2. HUHE20 He 0MOA8AL 6 NEUAMb — HUHE20 He OBLI0:
A nucas U nepenuckiéas KHUIMCKY «Aazopummsl U peKypcus-
noie gynryuuy. Tenepv, nocae ee cdauu 6 neuamv, i euHYy
SACHO, YMo npenodasams HADO coscem He MAK, KAK 1 HANUCAAL,
e ayuwe nauunamv ¢ mawun Teiopunea. Tax noayuaemcs
U Kopoue u eecence. Imo mre naraszanve (7. X. 1964).

Yro xacaerca tommxa pabor H. I'. YeGorapeBa, 10 MHeHme
Anaronms VBamoBmua GBHLIO TaKoBO:

Bawu namemryu omHocumeavbro u3danus moma pykonucet
H.TI.Yebomapesa o mamemamure U MAMEMAMUELL KAHYMC
MHe CO6EPULCHHO NPASUAbHBMU. Braouame 0630pubie cmambu
6 Hez2o Heyeaecoobpasno. A npedsuscy, wmo 6 camom Hedaaekom
6ydywem npedcmoum 6OAbWOL pacCysem MeMYapHO-Mame-
mamunecku-guaocofickoti aumepamypn, u H. I'. Yeboma-
pes — nuoHep Ha smox nose. Hawu mamemamuuecku-admu-
Hucmpamuerbvie 603U, NPasda, HAUUKAIOM 2060PUMb 0 HACHL
Weruu CMPAHb MAMEMAMUHECKUMU JCYDHAAAMU U M. N.,
70 6 mo e epems cuumaemes, yumo 10 000 xandudamoe Pus.-
mam. Hayk u 2000 OJormopos mamemamuru O6biao Ob He
max naoxo. A smo snauum: umemds okoao 15 000 cmpacmunz
yumamenetic. MameMamu4eckux Memyapoe.

Bo scakrom cayuae, yace cywecmeyiom memyapw JI. A. Jio-
cmepHuKa, Komopbie OH He u3faem,—e6eposmHo, No NPUHUHE
edKoCMU dnUZDAMM U 3AMEHAHUL, KA KOMOpHe OH 6eAuKull
macmep (19. V. 1963).

Wpegmonomxennss Amaronms VsanoBmga He OIPaBRAINCH:
pacmBera MeMyapHO-MATeMATHYECKON JIWTepaTryps He IPOM3O0IIIO,
a BocmoMmHaHmA Jlocrepumka Mul umraim B YMH, ogmako mamra
KHIDKKA Tak m He ysmpena csera. IIpemiosxenne cosBarh KOJIOK-
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BuyM B Haszanum OHI0 pemmATeNBHO OTKJIOHEHO, HO AHATOXRE
HBaHOBHMY BHICKA3aJI TAKYI0 MEICIb.

Y nac umauwunaem craadueambcs o6WHALL NOMUMO WULPO-
K020 KOAAOKEUYMA CO3B6AMb ewje Y3Kull cumnosuym no osym-
mpem docmamouHo y3kum HanpasseHuam mayku. B Muncke
KOAL0K8UYM, 6ePOSMHO, co306ym & cenmsabpe. He coseamd
au 8 mae 1964 2. ¢ Kasanu nod Bawum npedcedamenbcmeom
cumnosuym namamu H. I'. Yebomapesa? IIpuesacumb Ha
Hez2o moxcro 10—20 eudnux aszebpaucmos u Heaoser 20 doyern-
moe U acnupanmog, pabomawwur ¢ mexr 06.acmsr, KOmopue
6ydym Bamu ewbpansi. Coscem He Oesamb HA CUMNOSUYME
Epamkur coobweHuli, a 0ambv épema auulb 04l 00HOUACOBHT
uau 0syxuacosuir 0630pos. Imo 6ydem uHmMepecHo U NOYHu-
meabHo. C Opyeoli cmoponw, Bw 6ydeme usbasaenti om
02DOMHO020 KOAUHECEA Meaoueli NpU COXDAHEHUU 8bCOKOLE
nayunocmu meponpuamus. Hakoney, mozxcem 6umb, gopma
CUMNO3UYMO8 OKadcemcs Goaee Yeaecoobpasnoll, yem KoHgdepen-
YUl € UT COMHAMU cooOwerull?

A nuwy nod ceexcum enenamaeHuem OmM MOALEO UMO
3aKOHHUBWe20CA Koarokeuyma. Mue kasxcemcsa nopoi, umo
noaoxceHue 8 aszebpe cMaLo NOX0¥e HA NOAOKCeHUE 8 HauleM
Pymoboae: 02poMHAL APMUS CILAPAMEALHBLE U 4100AWuT Deao To-
PUCM08 U NoYmu Hem HACMoAWUL coaucmos. Il o-eudumony, kar-
mo Hado dobweamd sMux COAUCTNOE, U CUMNOIUYMBL MOLYIM NO~
Moub & amom Oese. Hado 6oavwe ob6pawamsd 6HUMAHUL HA 6Ce-
603MoxCHUL coaucmos. B Mockee kak-mo naxodam ur 04i
Opyeur cneyuaavrocmeti. Aacebpe nocaednue 200w eesem
menvuwe (1. VI. 1963).

B mauane 1967 roga MHE MoBeioCh BHIOIHATEL OTHY IPOCHOY

Anatonma VlBanoBmWua, CBA3AHHYIO ¢ I00WIeiHol aToM.
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Mue ewinato Ha O0oal nucamv Kpameyi cmambio no
ucmoput axzebprt 6 CCCP x 50-remuio. Bosmoscno, umo
amo 6ydem npocmo 5-U ewnyck «Aszebpwr u aozuruy 3a 1967 .
B cessu ¢ smum s xomea 6u o6pamumbcs £ Bam ¢ npocvbamu:

1. Coobwyums, kar séaru H. A. Bacuavesa noanocmoio.
Moocem Owmb, coobuume HecK0AbKO APKUX Harmos u3s ez20
npenodasanus? Kar O6waa ecmpeuena e2o0 «Boobpascaemas
aozuray? Modcem 6vimb, MoHHO noayuums ee HoOmMoKonuUI0
u gomonopmpem camozo Bacuavesa?

2. He cmomeme au Bw mnanucamv cmpanuys 2—3
o H. I'. Yebomapese? Karum cnocobom (u 20e) oH npuesex



Bac u Ado x pabome? Ilouemy ne ocmasua 6 Kasanu yuenukos
no anze6pauteckum wucaam’
Onuwume, Kak npoxoduau cemunaps H. I'. Yebomapesa.
He nado nucamb o 3HavenHuu pabom ezo u m. 0. Imo éce
u3gecmHo, @ HaA00 cmpanudry eocnomunanuti. A npocmo ee
6KAIOHY 6 MeKcm cmambu co cculakoll Ha Bac...
... ITpocmume 3a npocvby. Mne xomeaoce 6b coeaamn
cmambio uymb-uymb UHMepecHee, Yem 00buHble nepeiucieHusl
pesyavmamos (16. 1. 1967).

Bce Tpebyemoe s BrmommmI, TeM (olee, YTO MHe 096Hb HMIO-
HOpOBajia MIesA CHelaTh CTaThi0 YyTh-IyTh HHTepecHeil. IOcTmH
Huxonaesmu, cuim H. A. BacmapeBa, coolmmi MHe 0 CTaThe
B ONHOM W3 Ka3aHCKHUX ra3eT, KOMMEHTHPOBABIIEH BHCTYIICHHE
Huxomaa AnexcamgpoBmya HA 3acefaHmm IHasaHCKOro ¢mamko-
MaTeMaTudeckoro obmecrBa 13 smBapsa 1913 roma. Mme ymamocs
Pa3HCKATh 3Ty CTaThi0, a TAKMke coOparh paAx GmorpadmiecKmx
MaTepuayoB. AHaronwmii VIBamoBHY mmcan mosixe:

... 6aazodapio makice 3a kKonuu 2a3emHur cmamell,
Komoptie & npoduman ¢ oderd 6oarvwun youssenuem. Iposun-
Yuasbkas 2asema, G CO4AQ B03MONCHUIM Ydeiumdb MArK MHO20
mecma makum abcmparmubiv  eonpocam! Hecmompsa ha
9K30MUNHOCML U, BPAMO CEAxy, HedopabomarHocmb, 00kaad
Bacuavesa, HecomHeHHo, — 00HO U3 3aMeLAMEALHUT coOMULL
mozo epemenu. Haav, umo npogp. Bacuasves 6wl cmpawro
omopean om 0604bWOll MAMEMAMUHECKOU KHCUSHU MO020 8pe-
MeHU, HO U mo, wmo ok cdeaan, samedameavro (26. 111, 1967).

H. A. Bacunbes 3aK0HYII MEIUIMHCKHAA, & TOTOM HCTOPHKO-
$mnonormaeckuit GaryiabpTeT, W K CBOGH JIOTHKe MOMXOMMI He Kak
MaTeMaTuK, a Kak ¢uiaocod, BCIeCTBME Yero B ero pafoTax OYeHb
MHOTO O0mAX PACCYKIeHHI ¥ Malo Pe3yIbTaToB.

Eme opgHO IHCHMO: OHO IEPEKIHMKAETCA ¢ OHCHMOM OT
1/VI 1963 r. n noxassBaer, B Kakme (OPME BHEUIMIACH CKBO3AMAS
B HeM 3a00Ta 0 MOATOTOBKE MaTeMaTmIecKux KagpoB. OHO maTmpo-
BaHO 12 HOAGPsA 1967 roma; B HeM Amaronmit VBamoBmY mpmcias
Mmue BHpe3Ky m3 «IIpaBamy ot 29 smBaps 1967 roga, comepsxamyio
ero cratei0 «MaremMaTmra Hy)KHa BceM» (HACKOIBKO CepPHE3HON
CUHTAN OH 3Ty CTaThl0, IOKA3HBAaeT TO, UTO, IIOCHIASL, OH CHAGKHI
ee aBTOpPCKol Hagnucho). B mucbMe oH moGaBmiI:

ITocviaaro Bam ommuck ceoeti cmambu. B 1966 2. y mena
00Hapycusca «3Yo» U Hedepicanue pewu: L Yoce 3ases NAnNKyY
¢ HauMeHosarueMm «npodcekmuy. Odun uz nur — Huecmumym
eblcWUT Mmamemamuueckux uccaedosanuil. . . . [ pyeoil «npo-
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acekmy: scypHaa «Cucmemst U meopuuy no A02uKe, AAZ0PUM~
mam, obweill aaszebpe, cemuomuke U Meopuu UHMeAICKMA,
a makKsce UHcmumym smozo e npoduas.

TemerpaMma o KomumHe AHaroiusa lBaHoBmua He 3acTala
MeHsA B HazaHm u OHia mocraBieHa MHe CO 3HAYHTEALHHM OMO3/a-
BueM. He MHe roBopmrs 0 TOM, KaK Tsaela 3Ta IOTepsd,
¥ He MHe OIeHHBAThH 3HadeHue AHarolimsa VBamoBWua i MAPOBOIA
anreOpsl. JTy OLEHKY IPOM3BEIET WCTOPHS, M 5 YBEpeH, 4TO OHA
Oymer BEICOKOIA.

C. B. CMIPHOB

13 BOCIIOMIHAHMUII OB A. . MAJIBIIEBE

B redyenvwe MHOTHX IleT MHe [OBejoch paGoTaTh BMecTe ¢ AHa-
Tondem llBaHoBmueM. BmepBnie s BcTpermm ero rae-ro B 1927
max 1928 romy, 6ymydum emie CTYMeHTOM, B IOCIHeRHHI pas — Ha
anrefpamueckoM KoIOKBIYMe B Pure BecHoit 1967 roma. C 1937
mo 1962 rog Gsin corpyaEEKOM Kadeapsi Manbnesa B MBaHOBCKOM
[IeJarOTMIeCKOM HHCTHTYTE.

M=u "acTo BelM ¢ HAM OJHH M Te Ke KYPCH, IepefaBas WX
gepes rox Apyr apyry. CopmepsxaHue JieTaJdbHO 0GCYKEANOCH BO
BpeMs [UIATeNBHHX Gay:KmaHuoil B oxpectHoctsax Weamosa. Ilo-Bu-
mamMoMy, Awmaronuit lJBaHOBMY HepeumTas BCe MaTeMaTHWICCKUE
KYpCH, KOrfa-auGo cymecTBoBaBmme B yieOHHX mganax 1937—
1962 rouos, He YRIOHAACHL M OT mpaKTHuecKnx samaTmil, OH Ipo-
HOJKAJ BeCTH UX, OYAYyYd yKe IPOCIAaBIACHANM YICHKM U o0aafias
BHICOKUMM aKaJeMAYeCKUMH 3BaHUAMI.

Ha Mmoumx raasax CI0KHIOCHE TO 00hefUHCHHEe MaTeMATHKOB,
KOTOpoe CTajJW HAa3HBaTh ajrefpamdeckoil mronoit Manbuesa,
TepBOHAYANBHO CBA3KBag ee ¢ lBamoBOM.

B KopoTKOM oOYepKe HEBO3MOMKHO OIMCATH BTOT T'POMATHHIA
TPOMEKYTOK BpeMeHn. HeBoaMo:xHO pacckasaTh # 06 OTHOWIEHHAX
OonpImoOro wumcia Jofiell, BXOAHBIMHUX B OPOHUTY [eATENLHOCTH
Anatonua WMsamosmua. Paccraky toapko o mepumope ¢ 1937 mo
1940 romm. dto 6mIO BpeMa MolofocTH ¥ ucKaHmi. Ho xora
Anaronuii VipanoBwy ¥ He GHI TOTHa CTOJh H3BeCTEH, KaK BIOCIE] -
CTBHM, OH YiKe CJIOKHJICH KaK MaTeMATHRK W IpPefCTaBIAL co0oif
MOTYYIyK HHATeLICKTYAJIbHYI0 CHIY, HEBOJIBbHO IOKOPABIIYI0 KajiK+
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Ilpesamenr Aragemum mayk CCCP M. B. Hemmwmr Bpysaer A. . Mais-

nesy Jlemmackymo mpemmio. HosocuGupek, 1964 r. Kadp us gutsma «Jec-
HAR CRA’KA».

Aloro u3 BerpedaBmuxcsa ¢ HEM. Heabssa OBIO He CUMTATBCS C €r0
BRIJIAIOMENCA YMCTBeHHOM MOIIBIO.

Agmatonnit ViBaHOBUY TOBOPHI, ITO CUATAET MATEMATHKY OTpa-
eHNeM BHYTDeHHWX, NPUCYIIHX YeI0BeYeCKOMY MO3TY 3aKOHOB
MEmIeHusa. OH BHJeNAN ee W3 JPYIHX eCTeCTBeHHHX HayK W,
TOBOPA O MaTeMAaTWMKAaX, KOTOphie CBA3HBAI0T BO3HNKHOBEHWE M
CYABOB CBOell HayKM TONBKO ¢ TPMIOMKEHHAMH, IOXyIpeHelpe-
JKUTENBHO HA3HBAX HX «(HU3HKaMU».

Bripouem, MHOTO pas MHe OpIXOAHMIOCH CHKIIATE OT AHaTONAA
VBamoBuya 0 Ba)kHOCTH pPAasBUTHA MATeMATHKH MMEHHO KAk IIPH-
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KIagHoil Hayku. Ho ocHOBHEM oH cumTajl HepBOe: BHyTpeHHHE
3aKOHH MHIUICHHA,

K »570it TeMe B pasHEX aceKTaxX ME BO3BPANAJNCh MHOTO
pas, M Bcerjja OH BHCKasHWBajca Oolee MINM MeHee OJTHAKOBO,

Anaronuit IBaHOEMY POBHOCTHO 3a0OTHIICA O MATEeMATAICCKOM
00pa30BaHAY CBOMX COTPYAHUKOB, 0 BHOOpe obracTeil MpHIOKEHAS
WX HAYYHHX Bo3MOKHOCTe#l. OH GHCTPO CTal pPYKOBOJHTEIeM
MOJIOZIOM MaTeMaTWIeCKOH MIKOJH,

PasHoCTOpOHHEIT MaTeMAaTHK, OH JIOOMI TOBOPUTH, YTO SBIIA-
ercA anreGpamcToM, a 06 OCTANBHHX 06IACTAX MATEeMaTHRHU CY[IATDH
He Geperca. Ilo-BugmMomy, Gomee Bcero 9To GHIIA 3amATHAS peak-
nudg Ha cixydad, Korga KTo-mub0 ¢ IPHCTPACTHEM BHHYRIAI
BHCKA3aThCA WO TOMY WJIH JApyroMmy Bompocy. Ha camom pmeme,
KOrga OH 9TOr0 XOTeN, TO BHUMATeJIbHeHm®WM 00pa3zoM BXOWI
B a6y MaTeMaTHiecKy®o IpoGmematury. [oGpas ke Boxs
OpPOABNANACh BCAKHA pa3, KOTHA [el0 Kacaloch, Hampwmep,
HAYYHBIX WHTEPEeCOB ero cOTpy/iHEKOB mo Kadexpe. Ouennr wacto
9TO BMeIATEIHCTBO MOBOPAYMBAJIO OYepeAHYH mIpobaemy, Hesa-
BHCHMO OT ée Ba;KHOCTHW, TaK, YTO BAPYT HauWHANH CBEPKATH ee
rpaEM, CKpEITHE JI0 TOr0 BpeMeHH.

Te, kro 3HaBan AmHaToinua /BaHoBHYa HociIefHWX JeT, LpH-
BHIKJIN IPEACTaBIATH ero cebe JOBOJIBHO TIPY3HHM YeJIOBEKOM,
WHOrJa 3aMKHYTHM # He Bcerma gocrynHmM., Ha ero moprpete,
HaxojsAmeMcss B HoBocuGupCKOM YHMBepCHTETe, €CTh YTO-TO OT
camoprTocTd 'eTe. 3a 9T0¥ BHEITHOCTHIO CKPHBAJICA, KAK X B MOJIO-
mocTH, rIy0oRWi HHTepec K JIOJAM, CepHeIHOCTh H 0coGoe ofasHme
GONBINOro, IMPOKOT0 M pasHOCTOpOoHHero yma. Ho B Te roms,
0 KOTOPHIX HJeT pedb, OH 06Iajial CTPOHON aTieTHYecKOl Uy poit
¥ OHn (n3uvecKu OUeHL cwmieH. YacTo cMymaicA H KpacHe,
Mue He HOpPUXOZHIOCH BUeTh XopomuX (GoTorpad@UecKHX HIH
JKHBONNCHHIX IOPTPeTOB ero Tex BpemeH. Ilo Moemy wMmueHHIO,
CaMBIM YJA9YHHM OB DOpPTpeT, IpefcTaBiaBmuii AHaTonaus VBaHo-
BHYA TaKUM, KakuM OH Ol B 1946—1952 romax. K comanenuo,
mopTpeT GHI YHAYTOKeH XYHORHWKOM: IOBepX HaNWCaH BapHaHT,
COOTBeTCTBYIOmMU (ojee O3 HEMY BpeMeHH.

II

Haupasaernasiit mocine okonwanmsa Mexmatra MIY ma pabory
B VpaHoBcruil sHepreTmuecKuil wHCTATYT, AHatouuii MsamoBma
B 1932 rogy mepemen B memmacTHTYT Ha Kadenpy B. C. DemopoBa
B CTan OfHAM M3 BeAyIIUX paGOTHMKOB,

B »TE TOEH OH 3aHWMAJCS MaTeMATHYECKON JOrMKOi, cie-
IHaIBHOCTHIO AJIA TeX JeT IPe3BHYIAfHO PeAKOil.
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Orkpoitan B 1932—1934 romax mnokanpHas TeopeMa — 10O
repmmHONornn A, Tapckoro, npwAmuMn koMmmakTHOCTH Mads-
meBa — Torja He 6HIa WO-HACTOAMIEMY HOHATA M OIeHeHa.

MHe npamIOCh BHAETH TeTPAAb B KJIETKY, ACINCAHAYIO MIKOIb-
HEIMH JINJIOBHIME YeDHHJIAMHA, COMePKamyl0 IepBYI DeJaKINio
cratrem  «Untersuchungen aus der mathematischen Logik»
(1936).

Orruckamm »Tod pabGorni Amaronmit MBamoBma pasa [Ba,
a Mo;keT GBITH 1 GONbINe, IOIH30BaJNCA B KA4eCTBe MUILEHH, KOTJa
HECKOIBKO JIeT CIIYCTSA YYWJICA CTPEeIfTh M3  OXOTHUYBEro
py#ba. Bopouem, TaM, HO-BUAMMOMY, OBLIHM OTTHCKH W APYrux
pabor.

Mesxay mpoumm, IpuMeHeHHe 3TOH TeopeMbl B TEOPHH I'PYIN
6m0 omybGamkoBano Touabko B 1941 rogy B TOHeHBKOW Terpamu
«Yuennx 3ammcorR JBaHoBckOro mefmHCTHTYTa». Temeph 9ra
TeTpamb crama Oumbnamorpadmueckoir pegrocThio. Ilpoburs mopory
[JiA OPIMeHeHNH TeopeMbl KOMIAKTHOCTH, KOTOPYIO MOJKHO OTHECTH
K YICAY BEJVIKWX TeopeM MaTeMaTHKi, OKa3aJoch He TaKk MPOCTO,
M BPAJL AW KTO JPYroit MOr yrasaTh ee, 8Ty mopory. Temeps, kar
XOPOMmI0 W3BEeCTHO, OHA IOPOIWJIA He TONBKO JORAJBHEE TEOPEeMEL
TeOpHA TPYII, HO ABIAseTCsS M OfHOI I3 BaJKHBIX TEOPEM MaTe-
MATHYECKOTO anajimsa.

Muoro moze Amaronmii lBaHOBHY pacmpoCTpaHWI IPUHIUII
KOMUOAKTHOCTH HA MCYNCJIEHHSA BHICOIWX CTyOeHeil, W clexaj 3TO
OH BIepBHe B cTaThe «MojeabHaHe. cooTBeTcTBUA». VHOrTa B 5TOM
ciydyae HA3EIBAIOT IPYriX, HO BCe jKe aHAJOrmunbie paboTH MOsSBH-
JAUCh IOCHTe OMYGIMKOBAHWA WM YIOMAHYTOH CTATHH.

Hmenno mepBasa pabora AmnaTonusa HMBamoBnua mo IOTmKe
mpomnsBelna cepbesnoe BuevaTienne Ha A. H. Konmoroposa, kKoTopurit
CHeNaJl BCe BO3MOKHOE MJA 3aYACIeHHA ero B acCOHPAHTYDY IpH
mexmate MI'Y. Bopouem, Torga sTo mMmenoBasoch naage: upu Moc-
KOBCKOM YHHBepCHTeTe GBI HaYyYHO-HCCIEHOBATEIBCKUH HHCTHTYT
MaTeMaTHKH, AuperTopoM Koroporo m O0win A. H. Koamoropos.

Mue 04eHD JKIBO BCIOMHHAXTCA BCEBO3MOMKHLIE LePUIIETIH
UPHEeMHHX B5K3aMeHOB B acOHpAaHTYPY. AOGHTYpHeHTOB MHOTrO,
9K3aMEHBE JOCTATOYHO Cepbe3dsl, lloMHMO 5K3aMEHOB MO MaTe-
MaTtHKe, OBIINM SK3aMeHH H 10 ¢mrocodmu m A3KKY. Hammsii
mocTymaomui feranpHo o0cykpancsa. MHe ciayvafiHO IpHITIOCH
ciumath peub A. H. Koamoropoa mpm oGey:mmeRwn Kammwja-
TypH Agartonmsa lBaHoBHYA: IO KAKOMY-TO Aeldy A OBII BH3BAH
Y9YeHHM CeKpeTapeM HMHCTUTYTa X TONaj Ha 3acefjadue MPHeMHOI
KoMmccHM, pemaBmeil m Mo yuacth. A, H. Koamoropos, sumumo,
OTBOJA KAaKME-TO BO3PasKeHHs, TOBOPHI 00 OYeHHL cephbe3HOM 3Ha-
geHnn paborst Amaronns HBaHoBmWua.



B 1934—1937 romax Amartonuii MBamoBMY cOBMemIax acmm-
pPaHETYpPY ¢ IpellofaBaTeJbCKO# paboToit B MBaHOBe, BHe3xas
TYAa 33 MeCAI 0 HeCKOAbKY pas. Ilocie oxonuaHusA acmmpanTyph
B 1937 roxgy om BosBparmica B VBanoso.

111

Ocenpio 1937 roma papmranbHO HM3MeHMIAach Kadelpa Mate-
MaTEEH VIBaHOBCKOIrO IefHHCTHTYTA.

Namenerne cocraBa Kadefph COBIAIO C GEHICTPEIM DPOCTOM
Pu3NKO-MaTeMaTHIeCKOTO0 (aKyJibTeTa: B IPe[IIeCTBYIOIMe OB
npueMbl GBIIM HeGOJBINNEe — B TeJarOrMIeCKUNl WHCTHTYT 3aTMC-
asanochk 50 demoBek, T. e. ABe rpymnsl. C TpeThero Kypca mpoucxo-
OUJIO JlejieHHe IO CIEMUANBHOCTSM, IOJyIalach OffHA IPyIla MaTe-
MaTHKOB M ofHa — (u3mkoB. Hpome TOro, GHINM HPHEMH B y4H-
TeJIBCKAN WHCTUTYT, OOBIYHO MBe IPymms — 50 deloBex.

XapakTep IpenofaBaHusA Cepbe3HO H3MeHWiICA. Bca opra-
HU3aNMOHHAA 4acTh GBIa AenoM Anatonma VIBaHOBHMYA, KOTODHIA
¢ oceHH cTax 3aBefioBaTh Kadenpoit matematurku. C 1938 roma sra
Kadenpa paspenmnach Ha JBe — BHICHIeHl anreGpH M reoMeTpHH
M MaTeMaTH4ecKOro aHanmsa (mociefHeil 3aBegoBax A. B. Jloron-
RUM).

B pesynbrate Bcex 3TMX W3MeHeHHH NpelofaBaHIle MaTeMa-
TAKH B HMHCTUTYTe NOJHANOCh Ha B3HAYATEIBHO 00jiee BEICOKMIA
yposerb. HeoOxomuMo cKazaTh, 4YTO, CTPeMACHh K YJIYYMeHHIO
IIpelOJlaBaHMA MaTeMaTMIeCKUX AUCHUILINE, AHatonuit lBamosumu
HUKOTJia He 3a0BBaJji, YTO WHCTUATYT IOTOBHUT ITKOJBHHEIX YUHTeleil.
Torpga sxe wM OB 3aBefieH IOPANOK, 4TO IPAKTHKA CTYNeHTOB
B IIKOJIe MOJYKHA B 3HAYNTENBHON CTeleHW IPUBIEKATH He TONBKO
CHeNMaINCTOB II0 MeTONMKe WMJIM ONBITHHIX IDKOJBHBIX YUHTeseil,
HO TaKKe ¥ COTPYJHMKOB MaTeMaTHYeCKUX KadeAp, UHUTAIOMUX
OCHOBHBIe MaTeMaTHYeCKHMe MUCIMIUINHABL. AHaTosnmit ViBaHOBHMY caM
IoCemaJ CTyleHIeCKAe YPOKH u TpeGoBax aToro or Apyrux. Odensn
OHICTPQ GBUIM HajaKeHBI KOHTAKTH MEXAY KadeapaMu WHCTHTYTa
M JIyYIIAMHE YYUTeJAMH MaTeMaTHKH.

Hano crasaTh, uro pamblie B HameM IeJarOrmieCKOM HWHCTH-
TyTe KYPC MaTeMAaTHYeCKOr0 aHanm3a 0ojiee BCEr0 HADOMHMHAM
BTYB0BCKHI KypC BHICIIeil MaTeMAaTHKH, B 0COOEIl KypC OBLIM BhIfe-
JIeHbI HEKOTOPhIe dileMeHTapHEe CBefleANs 0 HeCOOCTBEHHHIX MHTEr-
pajax, IpHMeHEHHAX KPATHOrO WHTEIDUPOBAHHMA K BEIUHCICHHIO
00beMOB ¥ IIIOmAAM IOBEPXHOCTH, HCCIEOBAHHE IIPOCTEHIHX
THIOB OOBKHOBeHHBIX [Au(PdepeHNMATHHEX YPaBHEHHHA H caMble
HavaJbHBIe CBellcHUA U3 Teopun QYHKIHI KOMILIEKCHOTO MepeMeH-
HOro. 3areM IOABHIHCH 0COOble KYpPCH TeOpHH (PYHKIME OelicT-
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BHTEIHHOr0 NepeMeHHOI'0 M TeOpHH (YHKOWH KOMILIEKCHOIO Iepe-
MEeHHOr0, GBI YCWIIeH KypC BHcHIeil anreOpH ¥ cOBepUIeHHO W3Me-
HEJIaCh HHTepIpeTamus Kypca MaTeMaTHIeCKOro aHaJm3a.

B 1937/38 yue6HOM romy Amnaromua HBaHoBmua 0coGeHHO
3aHHMAJ KypC OCHOBaHMiI reoMeTpmu. A Hajgo0 CKasarTh,
9T0 4TeHMe DHTOr0 Kypca (aKTHIeCKH OBIIO COBCeM IPeKpameHo
K BTOMY BpeMeHH.

CoBepmeHHO HOBOe, CBe)kee HaIpaBieHWe B 93TOi obaacta
comepskanmoch B mexmuax A. H. Koamoroposa, xoropsie oH 9dTa®
B MockoBckom yruBepcuteTe B 1934/35 yae6HOM romy s HayIHEIX
paborHUKOB ¥ acmapanToB. CiymaTeineil OHIO MaJ0 — B peIKHAX
crygaax 10—12 uenosek. Amartoimit ViBaHOBMY ke, KaK MHe
Kajkercs, He OIPONYCTHI HYM ONHONM JeKuuwd. BDHIM gBe-TpH JTeKmuu,
Ha KOTOPHX MBI ¢ HUM HOPUCYTCTBOBAJIM TOIBKO BIBOEM.

Amaronnit IBaHOBMY CTPOMI CBOH Kypc OCHOBAHUII reOMeTpHH
Ha Cepbe3HOM H3ydYeHHH OOImMpHOH Jaureparyphl. MHe mommATCA
JOJNryve HAmyM PasroBOPH O KOHEYHHIX IeOMeTpUAX, O IeOMeTpHHI
JloGageBcroro n Hambonee ecTeCTBEHHOM M SKOHOMHOM ee H3JI0Ke-
HAH ®H T. [.

Muoro mer cmycra Amaroamit VBamoBwd, BCOOMUHAA 3STH
BpeMeHa, CBA3HBAJ CBOM B3aHATHA KYPCOM OCHOBAHHUII I'eOMeTPHH
¢ Teopueit Mopmeneit. Ommaskpger, Yy:ke B KoHme o(0-x romgoB, OH
melal 0030p IO TeopuM Mojeleil A MAIPOKOT0 Kpyra Cciy-
maTelel, 0630p, eCTECTBEHHO, [OCTATOYHO HONYJIApHHIA. Mare-
PHAJT, KOTOPEIM OH IOJb30BAJICA MJIA HILIOCTPanuii, ORI MOYepIHYT
Kak pa3 M3 Kypca OCHOBAHMI reOMeTpUH, K TOMY BpeMeHH JOBOJb-
HO YCTOABINETOCA B WHCTUTYTe M WM3BECTHOTO IIOYTH BCEM IPH-
CYTCTBOBABIIIM,

Y MeHA COXPAHMIIOCH OrjIaBIeHHe MOHOrpaduy IO OCHOBAHMAM
reoMeTpuH, KOTOpyl Amartonmii lBamoBmu 3agymal HammMCaTh
B 1938 rony. Coxpammica rakme HaGPOCOK mepBHIX maparpagos.
ITpenmomaraioch, uTo B Kakoil-ro Mepe s Gymy yJacTBOBATH B HallH-
caHmm dTo# kHmru. IIpocmMarpmBas pyKONHCH, YAUBIAEIBCA CBe-
AKECTH 3aMbicia fa)e M [JIA HacTOAmero BpeMenu. B pasrosopax
mepel YMCTBEeHHHIM B30pPOM 5Ta KHHTA YiKke BCTaBaja KaK jKUBad.
ITomemana meperpy:keHHOCTB, a IOTOM — BOEHHEIE TOJHL.

IV

Y MeHA B TO BpeMs coBceM He GLIJIO HABHIKA IepeflaBaTh TOHKHE
H CIOKHHe HJer HaJYal aHalu3a B pacueTe Ha MUHAMAJILHYIO
noxgroroBky. HauaB pacckassiBaTh, Kak TpeGOBAJIOCH IIPOTPaMMOi,
TEOpMI0 BeH[eCTBEHHBIX 9mCeNd, s1 TMOTYyBCTBOBAJ, YTO BCe MOW yCH-
nuA HagpacHH. Bor Tyr m mpmmenx ma momomp Amaroimit BamO-
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ey, G Benmwaiimeil OCTOPO/KHOCTHIO, UTOOH KaK-HHOYIh He 00W-
IeTh, OH cTadl ofCy:xmaTh CO MHO# Ka)KAYI0 O4epeqHyio JIeKI(Hio,
BHIACHAA U ee COoHeprKaHue, W Xapakrep ualoskeHuAa. Hax MHOrue
CaMOYYKH, S CKIOHEH OHI CYHTATH caMoO CO0OM pa3yMeIImMUCsT
HadaJlbHbIe MOJOKEeHHA, He CIMIMKOM mx orpabarnBasg. Ot AHaro-
nnsa VBamoBm4a A HayywiIcsad CaMOMY BHUMAaTEIbHOMY OTHOIIEHHIO
K HavajaM Ji06oif MareMaTmuecKod pucnumimuai. OH TpeGoBanx
TAaKKe II0 BOBMOMKHOCTH 00Jee IIONHOW YKOHOMHOCTH H 3aKOH-
YOHHOCTH KaKIOTO KYCKA W3IOKeHHWA, KayKIOTO0 IOKa3aTellb-
CTBa.

Amnaronmit IBagoBAY 3aHMMaJICA CO MHOH 04eHB CBOeOOpPa3HO.
Co6CcTBEHHO FOBOPS, 9TH 3aHATUA COBCEM M He IOXONWIH Ha 3aHA-
tasa. Cldywamoch, A mpuxogui K HeMy J[OMOH, H OH HepeMe:Rall
KOPOTKHE peINIMKM NPOM3BOICTBeHHOTO XapaKTepa HIpod Ha
CKpHIKe, KOTOPYH TOrma eme He ocTaBwi. MHe OueHb XO0pOIIO
3aHOMHMJICA OfMH Bedep ¢ dopmyoil Teilopa i1 ee OKpYy:KeHHEM,
CKPUMIMYHON HTrpo#l M TeaTpaJbHHIMHU BOCIHOMMHAHWAMH. ['oBOpH-
mocs o memmm B. DBapcosoil. Amaronmit VBaHoBWd cpaBHHBal
BIeYaT/ieHNe OT ee IeHWA C TeM, KOTOpOe [POM3BOAAT IIHPOKHE
HPOCTOPH OTKPHBAIONeACs aHQUIagsl Iapagubix 3al. Bepoarso,
O4YeHb MHOTHE IIOMHAT €ro CTeCHHTeIHHOCTh M HaMepeHHYH0 IIpOo-
CTOTY peddm, HO OH yMel TOBOPHTh M TOpsKecTBeHHO. Uepes He-
CKOJIBKO JIeT IOcJe 3TOro pasroBopa Amaronumit VBamosmu cme
HaalbHo Bogwi MeHs B Boasmoit Tearp caymars bapcoBy, koTopas
mena Ilapesay-Jle6ens B «Craske o mape CanraHe».

B ot rommt Amaronumii VBamosnu Hawal WHTepeCOBATHCA
TOIOJIOrMYeCKHME rpynmamua. [[yMmaio, 9To MOKHO OBIIO, HE YMTas
IaTepaTypsl B 3TOH 0GJAcTH, MOCTATOYHO XOPOMIO IPOHHKHYTH
B Hee IIOCNIe HEeCKOJIbKHX NPOTYJIOK B €ro 00mecTBe.

v

B cepemmne 1937/38 yue6noro roga Gsul opraEmsoBaH HCcle-
JIOBaTeNbCKUI MaTeMaTHIeCKHH ceMHHAp — HadYajlo TOTO ceMmHapa
MansneBa, KOTOPHIA MPOHOILKaIcH Ao mepeesga AHaronma VBago-
saya B HoBocmbmpcek. Bmpodew, s1 crkiIoHeH paccMarpmBath ero m
KaKk Hagalo lIBaHOBCKOro MaTeMarmuecKoro obmecrBa. Mue xore-
J0och OH MAIOMHWUTDH, 9TO ceMuHApP AmnaTonmsa VsaHoBmua 3a 25 Jer
cBoelt paGoTH HHKOIZAa HE OrPAHMIMBAICA TOIBKO ajirefpamdecKoi
TeMaTHKol; m3 paGoT, He OTHOCAIMUXCA K alre6pe B CHCTeMATHIeCKH
JOKJIagEBaBmMIAXCA Ha ceMmHape MalbneBa, [0CTaTOYHO B Kade-
CTBe mpumMepa IpuBecTH OOmupHHe nEKIH paGor B. A. Edpemo-
BHYAa @0 MHEPUHUTe3sWMalpHO#M reomerpmu m B. C. (Demoposa mo
MoHOreHHEM QyHKImAM. Horma B 50-X rogax HaMeTmiIoch keJIaHMe
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CHeNIaIN3nPOBaTh MATEMAaTHIeCKIe HCCIeN0BATEILCKIEe CeMPHADHI,
KOTOPHX OHJIO yiKe HEeCKOIbKO, AHaronuii VIBaHOBAY WPHIOMKII
MHOrO ycuimii, 9T00H CO3[(aTh MaTeMaTHiecKoe 00mecTBO, 00henu-
HAOOIee CeMUHADH W JIHI, HHTEPeCYIOMAXCA MaTeMAaTHKOR B JKHBY-
myux B HBanoBe.

Ho B 1937/38 yueGHOM romy Bce eme TOABKO HAYMHATIOCH.
Amnaronuii VBapoBmu mposiBmi GONBIIYI0 HACTOWYHBOCTH B MPO-
marasge uued HAYTHO-HCCJEIOBATEIHCKOTO CeMHHAPA CPeNH mpe-
mojaBarellell M CTYMeHTOB HAmero ¢axyibTeTa W Cpegd HAyJIHHX
PaGoOTHHKOB ApPYTHX BY30B TrOpoOja.

CaMure mepBHe 3acefaHus ORUIM MOYTH yYeOHHIME 3aHATHSMA.
J. M. CmmpHOB, TOrma emme CTyJZeHT OepBOr0 Kypca, meTalbHO
pazobpal Bajauy ANOIIOHMA O Kacanum OKpy:KHOcreid. Cremadt
XOpONIme YePTe;KH M OUYeHb OTIETIHBO BEIABUI AIreGpamvecKyro
TPAKTOBKY 3TOM 3aady. JTO UOCHYKMIO IOBONOM A AHATOJHA
Wpanosuya 3aroBoputs 0 rpymme ['ajya ¥ paspemmmbix rpymmax.
Hanee ceMuHap Ha JJIMTeJIbHOE BpeMA Iepeinel Ha Tpo6ieMaTuKy
u3 Teopum Ipyun. MareMaTmuecKO#l JOTMKON WM €€ IIPUIOosKe-
HAAMEA, HACKOJBKO A IOMHIO M KaK MOMKHO CYQUTh IO COXPaHMB-
mMEMCA TPOTOKONAaM 3acemammil, sammmaimch wMano. Ho yxe
B 1939 romy Amarommit VIBaHOBHY HECKOJBLKO pa3 BO3BPAINAICA
K JIOKaJbHEIM TeopeMaM TeOpuH Tpymm, pasbupas pasTudgHble
BapHaHTH OpOOJeMaTHKH, KOTODOM mOcBAmeHa ero pabora
«O6 onHOM 00meM meTofie MOJNyYeHHs JOKAJIBHBIX TEOPEM B TEOPHH
rpyumy (1941). llpeo6Gnaganme MaTeMaTHIeCKO} JOTAKY B 3aHATUAX
CeMHHapa OTHOCHTCA K 3HAUMTENBHO Gojiee UTO3MHEMY BpeMeHH.

Bupouem, anreGpamueckas TeMaTHKa cOcefcTBOBaJZa C TeMa-
THKOH aHAJIWTHYeCKOX m reomerpmueckoil. B 1938—1939 romax
HecKONBbKO pa3 mpod. A. C. KoBaHBKO pacckassiBal O CBOHX
paborax mo teopmu ¢ymrnmii, mpodp. B. C. Memopor cpemax psax
HOKIAN0B O HauYMHABHIeiicA B TO BpeMsa MoHOreHHoctu 1o PDexo-
posy, . M. CMupHOB peepmpoBaT HECKOJILKO paGoT IO TEOPUH
amopoxcuManuii — Amaronumii /BaHOBHY cepbesHO QyMalX TOI7a
0 3amATHAX 3T0# Teopmeir B myxe C. M. Huroanckoro.

Ha 3zacejanuax cemmHapa mouTE mOCTOSHHO HpPHCYTCTBOBAIN
BCe COTPYSHHKHM MareMarddecKux Kademp Hamero HHCTUTYTA,
HEM3MeHHHIM ydacTHMKOM OwI mpod. A. C. HKosampko, wacro
OuBan B. C. Memopos. T'ocTamMu ceMuHapa, a WHOTAA M JOKIafi-
guKamu Gsuin npog. M. H. Togres, gonenr E. @. TutoB — $usury,
paboTaBume B Apyrux HHCTATYTaX ¥ HMeBIIMe HeGOIAbmyH Ha-
TPY3RY u y Hac. K aTOMy BpeMeHE OTHOCHTCA, HalpuMep, BOSHUK-
HOBeHMe paxa sameicioB M. H. T'ogEeBa 0 mpuMeHeHNH TEOPHH
TIPefICTAaBIeHNH B MONeKyIAPHOH ¢usukre. HaramyHe BOHHH W yxe
B 1941—1942 romax om crapaTelpHO W3yYAd TEOPHI0 TIPYMI.

329



CBoeoOpasHEIM  IPONOIXKEeHWEM ceMuHapa MadbmeBa 3uMoOit
1941/42 rogma Obinm HAIMKM 3aHATHA 110 TEOPUH IIPEICTABICHMUIL,
Ha KOTOpHEe ME cOOMpaiuch B XMMHKO-TEXHOJIOIMIECKOM HHCTH-
Tyre. B DpOMOpOKeHHO# ayauTOPMM ¢ B3aTeMHeHHHIMH OKHAMH,
mocie YTOMHUTENBHHIX JIeyperB, 03A0mMMe W TONOGHBIE, JIONH
HAXOJIWJIN CHJbI, 3a0BBasg BCe TATOTH MUHYBIIErO NHA, IO IO3THEH
HOYM 3aCIWKMBATHCA HAJ{ BompocaMu Teopmu anreGp.

WNEurepecro, 49r0 pasHOPOgHASA TeMaTHKA CeMHHApa B OYeHB
3HAUATENbHOH CTemeHr OOBEIMHANACH AadreOpamyecKuMy HHTE-
pecaM:m Amartonusa UBamoBmua. Hymmo mpubGaBurb, 910 B 3TO
BpeMs OH OB ele MOJIOJHIM KaHIMJAaTOM, TOJIBKO UTO U3 aCIUpam-
typer. OpgHaro ouens ckopo Amaronmii HBamoBmu cran Gesycion-
HHM aBTODHMTETOM Mg BCeX, XOTA MeHee BCero OH HaIOMUHAJ
CTPOTOro W JMKTYIOIIETO CBOI BOII0 pPYKOBOMHTEIA.

JacegaHNa NPOXOMUIM BeCEN0 W HECKOIBKO TODPKECTBEHHO,
4 B TO 3e BpeMsa Obiim OYeHb gemMoKparwineMmu. MHOrja Kpmianm
Bce, IepebmBas Apyr Apyra.

TpynHO GBINO ¢ NUTEpaTypol, W NOBOJXHHO YACTO A0 IIO3HEN
HOYW MH ¢ AHaTonweM lBamoBmueM newaTany A YYIACTHHKOB
ceMuHapa $OTOKOIMM crareldl, a WHOI[A IeIHX IJiaB W3 TOH HIH
uHO KHMTM. AHaronwii VIBamoBuu me wmaGerall mpu BTOM caMoi
9epHOBOHl paboTH, BHIIOJHAA POXb JabopaHTa.

VI

M=uorne u3 mac Gbuim GyKBanbHO BIHGIEHH B HEro, JOBHIH
ceb Ha TOM, YTO HEBONBHO MOAPAKald ero MaHepe TOBODHUTS,
HECKOJIbKO HEPOBHOH m yrioBaroil. Muicapb ke ero Obiia Bcerga
ray0OKO# U comep:xaTelbHOM.

Tafina HeoObruaiimoro Biamarma Amaronmsa ViBamoswua Manb-
IeBa Ha JIOfed, KaK MHe KajKkercd, OIia OT apTHCTHYHOCTH €ro
Hatypsl. OHA OposBAANiach X B GONBIIOM, ¥ B MellOYax.

ApTHCTHYHOCTD 3Ta HCXOAHMIA OT CeMbH, B KOTOPOH OH poc.
Orenr Amaronmsa VpamoBuwa, WBam AxexcamgpoBmy Maibnes,
CTeRJIONYB 1m0 Opodeccun, GHA HEILIOXHM XynoxunkoM. OH Hurme
He yYWiCA >KUBOIMCH, HO MOT cjelarb, mpaBia, B cTapoil m He-
CKOIIBKO cBOeoOpa3Hoii MaHepe, moxos;kmii moprper. Ero paGorm
MHE IpHXOmuiock Buaers. Jla m cama mpodeccHs MacTepa-CTeRIo-
nyBa TpebyeT M3BECTHOTO AapPTHCTH3MA.

Mue npuxommmocs GmBarh ¢ AHaronmeM JIBaHOBmueM Ha
XY/[OEeCTBeHHHX BHICTABKAX, CIALINIATh €ro cy:meHus o paborax
KPYIOHBIX XY/O)KHUKOB, OTH CyKIeHHA Bcerja ObiM TIy6OKEMH
¥ 9aCTO HEeOXKMIAHHHMHA HACTONLKO, YTO HAJEKO He CPa3y MOKHO
OHLI0 WX MOHATH. BmociefcTBm;m OHM yIWBIANE cBOeH IIyOGmHOI.
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ApPTHCTHYHOCTh CKa3biBAJach W HA BaHATHAX MaTeMaTHKOIL.
Tonkaa ormelKa NeJIOro, OTCYTCTBHE NHIOIHMX [eTajliell, yMeHme
HAXOIUTH IJaBHOE — BCe BTH OcobemHoctn oriamuanm Malbiesa-
y4aeroro u Jekropa. OH He yMelX KpacuBOo M, rJiiaBHOE, IJNALKO
rOBOpPUTH, HO CKAa3aHHOE WM IPOM3BOIIIIO BIEUATICHHE XYIOMKeCT-
BEHHOTO TPOM3BENeHMsA.

Husreno0ne, APKOCTh BOCHPUATHA KU3HH BO BCEX ee IPO-
ABIGHAAX, CTPACTHHII HHTEpEC K JIOIAM — BCe 3TO IIPHIABAIO
HeoObgaiiHOe oOaaHme JuaHOcTH AHaTonua MBaHoBWMYA, IMAMATHOE
BCEM, 3HABIINM €ro.
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