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BolyucaurenbHas reoMetpus.
O630p )

A. Au*), ©. [Ipenapara®)

Iaercsi 0630p HceaenoBaHHf B 06/1aCTH BHIYHC/AHTENbHON TeOMETPHH — JHC-
IHTJIHKHE, (PEAMETOM HCC/IeA0BAHHA KOTODOH sIBJIsSIE€TCS CJOXKHOCTb pPelleHHs reo-
MeTPHYECKHX 3a1a4 B PaMKaX TEODHH aHa/JH3a aJArOpHTMOB. JTa KELaBHO BO3-
HHKwWasi o6JaCTh HCCJAEA0BAHHNA yXe HAlJMA MHOTOYHC/IEHHBIE NPHJIOXEHHS B
Pa3NHYHBIX APYTHX 064aCTAX, TaKHX, KaK MalIHHHOE MPOEKTHPOBAHHE, MAUIHHHASN
rpaduka, Hcelea0BaHue onepaluil, pacno3naBaHue 06pa3os, poGOTOTEXHHKA H CTa-
THCTiHKa, OO6CyXAd0TCa [SATh [NaBHBIX HBanpasJeHHA HCCAEXOBaHHI: BBINYKJble
060410uKH, tiepecedelns, NOHCK, G6JAH30CT W KOMOGHHATOpHas onTHmusauus. Ha npu-
Mepax AEeMOHCTPHDPYIOTCH CeMb METOAOB Pa3paGoOTKH aJrOpPHTMOB: HTepauHOHHOE
KOHCTPYHDOBaHHe, 3aMeTaHHe MJOCKOCTH, FeOMeTPHYECKOe MEeCTO TOYeK, «pa3nensift
H BJACTBYH», reOMeTpHYyecKoe npeoGpa3oBaHHe, NMOHCK C OTCEYEHHEM H AHHAMH-
3auns. Takxe BKJO4YeH Habop npeoGpa3oBaHHil 3a1ay, NO3BOJSIOIHX WNOJYYaThb
HHXHHE OLEHKH CNOXKHOCTH pelleHHsl TeOMeTpHYeCKHX 3alau B DPaMKaX MOAEJH
NOCTpOEHHS/IIPOBEPKH.

Karouesoie crosa u ¢passt. Anre6panyeckoe nepeBo BBHIUHCJCHHH, aHANH3 aJg-
ropuTMOB, KOMGHHATOpHAas ONTHMH3auHs, BHIYHCIHTENbHAA CJOKHOCTb, BBHIYHCIH-
TeNbHAsi TeOMETpHs, BEINYKAas 00O0N0YKA, METOA «pa3fesisifi M BAAaCTBYH», MeTOR
IMHAMH3AUHH, METOJ TreOMeTpHueckoro npeobpasosanusi, MeTOl 3aMeTaHHs MJOC-
KOCTH, OJIH30CThb.

1. BBELEHHE

BbluncauTe/ibHAR reoMeTpHs, KaK OHAa MPeICTaBJRETCS CerofHs
3aHHMAETCR HCC/e/lOBAHHEM BBIUHCAUTENbHON CJAOXHOCTH pelueHHs
reOMeTpHYeCKHX 33724 B paMKaxX TEOPHM aHAJH3a aJrOpPHTMOB.
OnHaKo C/I0BOCOYETAHHE «BLIYHC/AHTESbHAS FEOMETpHUS» HCIOJB30-
BaJoOCh, NO KpaHHed Mepe ABaxX/Jbl, B CMbiCJe, OTJIHYHOM OT YKa-
3anHoro Bbllle. B paGorax [47, 146, 299] u3syuanucb BOnpocu MO-

) Lee D. T, Preparata Franco P. Computational geometry — A survey. —
IEEE Transactions on Computers, 1984, v. C-33, No. 12, p. 1072—1101.
?) Senior member, [EEE, Department of Electrical Engineering and Com-
puter Science, Northwestern University, Evanston.
%) Fellow, IEEE, Coordinated Science Laboratory, University of Illinois,
Urbana,
© 1984 IEEE. Translated, with permis-
sion, from [EEE Transactions on
Computers, Vol. C-33, No. 12,
pp- 1072—1101, December 1984
{© nepeBon Ha pycckuil u3nK, «Mup», 1987
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AeJMPOBAHHA reOMETPHYECKHX O6BbeKTOB (KPHBBIX H noBepxHocTel)
¢ noMoulbio caosafitoB. [lo cBoeMy colepiKaHHIO 3Ta 06/1aCTb HC-
cneloBatuii, Ha3BauHas PoppectoM «BuluKcaHTeNbHAS reoMeTpusi»,
6aHKe K YHC/JEHHbIM MeTOAaM, ueM K reomerpHH, Muuckuii u [lei-
gept |264] B cBoefi Knure, osarnaBJenHol «[lepcenTponbl», pac-
CMAaTpPHBAIOT CJAOXHOCTb OPEAHKATOB, pPACNO3HAOUIHX HEKOTOpHe
reoMeTpHYeCKHe CBOHCTBA, TakKHe, Kak BHOYKJOCTb'). Lleab ux pa-
60TH COCTOHT B oONpejeseHHH BO3MOMXHOCTH OOJbIIHX SIYEHCTLIX
CTPYKTYP, COCTaBJIeHHBIX H3 OPOCTHIX Lenefl, Aas pelieHHst 3a4ay
pacnosHaBanusi 06pa3oB.

Mbi cocpenoTounM BHHMAaHHE HAa BBIYHCJHTENbHOH reoMeTpHH
B COBPEMEHHOM MMOHHMAHHH 3TOr0 TePMHHA, KOTOPAst B HAWIH IHH
CTajia CaMOCTOATENbHOR AHCUHMNNHHON B o6siacTH aHasd3a W pas-
pabotkn anroputMoB. DBosbiiolt pasx npuknaanwix o6aacred, Ta-
KHX, KaK pacno3HaBaHue o6pasoB [328], mamunnas rpaduka [268],
o6pa6oTka wusofpaxenuii [286], uccnenoBauue omepauuil, cratu-
ctuka (41, 314], MaluHHHOe TPOEKTHPOBaHHE, POBOTOTEXHHKA
U T. A., SBUaUCb 6saronatHof cpefolt, B KoTopo# chOpMHpOBasach
3Ta LHCUHUNJIMHA, 10 Mepe TOro KakK B HHX MOSBJASJIHCH reOMeTpH-
yeckHe NO CyTH 3ajauH, tpeboBaBline Qs pelueHHs pas3paboTKH
apheKTHBHBIX anropuT™MoB. K uucay TaKuX 3aau OTHOCATCHA €B-
KJH10Ba 33Jaua O KOMMHBOsKepe, 3a/laya O MHHHMAa/JbHOM OCTOB-
HOM [epeBe, 3aJaua JHHEHHOr0 NMPOrpaMMHPOBAaHHS H MHOXECTBO
Apyruax. AJNropuTMHYecKHe HCCAENOBAHHS 3THX U APYrHX 3aAay Mo-
fIBJSJIUCh B HAYYHOW JIUTEpaType Ha ODOTSIKEHHH ABYX (OCACAHHX
necaTHAeTHH ¢ Hapacrawoueld uHTeHcHBHOCTbIO. K 3roR obaacru
HCCaen0Baunil, na3BanHol B crartbe [llamoca [313], nosBuBmetics
B 1975 r., «BbluucaurenbHas reoMmeTrpusi», GLIJIO NPHBJEUEHO B'IH-
MaHHe NOCTOSIHHO BO3DACTAIOUIErO HHC/IA CNENHAJJHCTOB. YuHThiBas,
YTO pe3yJ/bTaThi, NOJyuYeHHbie B 3TOH 06JacCTH HccaeqOBaliuil, pas-
GpocaHb 00 JUTepaType, APEACTABJISETCS CBOEBPEMEHHbIM H HEOo6-
XOJHMBIM JaTh HX JOCTaTOUHO noapobuuil o63op. bubauorpadus,
npeactaBieHHass B pabore daeac6pynHepa H BaH JleyBenwa [139],
JOBOJIbHO XOPOWIO OTpa)aeT paboTrhl, OTHOCALLHECH K NaHHOH 06-
JIACTH HCCJeNOBaHHl v nosBuBliHecs Ao sera 1982 r. Bosee nosunoe
H noapofHoe H3J0XeHHe BbIUHCIHTENLHOH ICOMETPHH LOJIKHO no-
ABHTbCA B GamxkahueM 6yayuieM B Buae KHuru [295].

B COOTBETCTBHH C NPHPOJAOH PaCCMATPHUBAEMBIX reOMeTPHUYECKHX
06'bEKTOB MOXHO BBIENHUTH NMATb OCHOBHBIX KaTeropu#, €Ha ocHoBa-
HHH KOTOPHIX MOXKeT GbiThb yNOOGHBIM 06pPa3oM KJacCHpHUHMPOBaHA
BCA COBOKYNHOCTb F€OMETPHYECKHX 33Jay. A HMEHHO: BHIMYKJOCTb,
nepeceyeHue, reoMeTpHUECKHH MNOHCK, ONH30CTb W ONTHMH3AlHA.
B TO xe BpeMs [1Af METOAOB pelleHHs 3a4a4 Ha CeroAHsAWHHIA

1 B u3nauuu na anrJHACKOM s3blKe KHHra HMeeT noA3arooBok «Beejenue B
BLIUHCJAHTENbHYIO reomerprios. — flpum. nepes.
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JleHb MOXXHO OlpeJeJiuTh CeMb [JIaBHbIX fapaAUrM: dTepauHoHHOe
KOHCTpyHpOBaHHe, 3aMeraHdHe UJ0CKOCTH, TeoMeTpH4Yeckoe MeCTo
TOYEK, pasiensii H BJAACTBYH, reoMerpuueckue npeobpasoBanud,
NOHCK C OTCeUeHHeM W NAHHamu3auus. Mbl B o6ux yepTax npoie-
MOHCTPHpPYEM Ha NpHMepax Kax/iylo H3 3THx napaaurm. Ho, npe-
XAe ueM TepeHTH K oOCyXJeHHwo, ciellyeT NMOAPOGHO paccMOTpeTb
HCIIOJb3YyEMYIO MOJENb BbIYHCJEHHH H Mepbl CJAO0XKHOCTH aJro-
PHTMOB.

Modeau sbiwucarenuii. B KauectBe Monenn BbYHCAeHHA OOLIUHO
HCMOJb3yeTcsl MalIHHA ¢ MNPOH3BOJBbHBIM JOCTYNOM K NaMATH
(PAM), adasornunas onucaHHoit B (1) ¢ mo6apjeHHEM BO3MOX-
HOCTH BBINOJHEHHS apHdMeTHUECKHX omnepaumuil Hag NeHCTBHTENb-
HBIMH YHC/IaMH. JTO 3HAYHUT, YTO B TAKON MalllHHe Ka)[as sdeidka
MaMsATH MOMKET COJlepXaTb ACHCTBHTE/NbHOE UHCJIO, a KaxAas apHd-
MeTHUYeCKas onepalHs, TaKas, Kak CJOoXKeHHe, YMHOXeHHe H AeJe-
HHe, MOXeT GuiTb BBINOJHEHA 32 eJHHHUIYy BpemeHH. B 3aBucumoctH
OT pellaeMo#l 3alayd MallHHAa HMeeT HEKOTOphie ApyrHe NpHMHTHB-
Hble onepaiuH, NoJobGHBlEe BHIYHC/JEHHIO NepecedeHHsl ABYX OTpes-
KOB NPSIMBIX HJIH BBIUHC/IEHHIO DACCTOSIHHS MeXAy ABYMSI TOYKAMH.
[Npu aroM mpeanoJsiaraercsi, YTO BC€ ITH NPHMHTHBHBIE ONepallly
BBINOJIHSIIOTCS 32 NMOCTOSIHHOEC BpeMS.

B o6lueM cayuae reoMeTpHUYeCKHe 3a[aYH MOXKHO OTHECTH K OJi-
HOMY W3 JBYX THMOB, YCJIOBHO HAa3biBaeMhIX 3aj/a4aMH <«Ha MO-
cTpoeHHes» (KOHCTPYHpOBaHHe) M «Ha NpoBepKy» (pacno3naBanue).
B 3adaue Ha nocTpoexue Tpebyercsl NOCTPOHTb HEKOTOPHIH reomer-
pHuecKuii OODBEKT, yNOBJETBOPAIOIUHA 3aMaHHOMY CBOWCTBY, B TO
BpeMs KakK B 3ada4e Ha nposepky HeoOXOAHMO NPOBEPHTb, Y/OB-
JIETBOpSIET HJH HET reoMeTpHYecKHi oObeKT 3aJlaHHOMY CBOHCTBY.
[NoutH B KaXXA0OM KOHKDETHOM Cjydae 3ajaya Ha NOCTPOEHHe MoO-
xer ObiTh npeo6pa3oBaHa B COOTBETCTBYWOLIYIO KOHKPETHywo 3a-
Jayy Ha MPOBEPKY, a HHXHAS OLEHKA CJAOXHOCTH s 3aJauyH Ha
npoBepKy MoXeT OnlTb HCNOJb30BAaHA AJS1 YCTAHOBJIEHHSI HHXKHef
OLIEHKH CJ0XKHOCTH ass 3apaud Ha mocrpoenue. (Cwm. pasa. III-F,
rae 6osee noApobHO oOcyxnawTcs npeobpa3oBaHHd 3anay U HHX-
HHe OlleHKH CJOXHOCTH.) TakuM 06pasoM, MBI MOXEeM OrpaHH4YHTb
Haule o6CYyX/JeHHe COOTBETCTBYIOILER BLIUHCIHTENbHOH MO/eJbIo
L5 3aja4 Ha 0pOBepKy, ADYrHMH CJOBAMH, TaK Ha3blBaeMbIM aJ-
re6paMyeckHM 1epeBOoM pellleHuii (npoBepku) [26, 108, 296, 298].
B 3Toii craTbe, ecad He OrOBOPEHO HHOE, Mbl 6YjleM HCNOJb30BATh
3TV MOJeNnb LJisl YCTAaHOBJIEHHS! HHXKHEH OlleHKH BPEeMeHH BhiuHCIe-
HHi 3a1a4 Ha OPOBEPKY M COOTBETCTBYIOUIHX HM 3aJa4 Ha 0O-

¢

CTpOeHHe.
Ancebpauueckoe Oepeso sviuucaenull [26] Ha MHOXeCTBe nepe-:
MeHHbX V = {x;, X5, ..., Xa}, rae x; € R, — 6unapuoe aepeso T,

A

pasmeueHHOe cJelylolIHM 06pa3oM.
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l. Kaxpoi Bepuinne v, HMeomefi B TOYHOCTH OJHOrO CbhiHa
(npocras BepmMHa), MPHOHCHIBaeTCs Onepalus BHAA Foi=Fo, 3 fon
HIH foi=CHE [y, HaH fy:= A/Fo, the v, (i=1, 2) — npenok Bep-
muHe U B fAepeBe T, unn fo, &V, # &{+, —, X, /}, a cER
ABJARETCA KOHCTAHTOM.

2. Kaxmo# BepiunHe v, HMeiwuleldl [1BYX CHHOBed (BepildHa
BeTBJIEHAS), MPHMHCHIBAaeTCsl OMepalHs CPaBHeHHs BHAA [, > 0,
Hin fo, <0, unn f,,=0, rae v, — OpeaoK BeplHHb v B nepeBe T,
i f, s V.

3. Kaxnomy nucty nepeBa npHOMCHIBAeTCA OJHO H3 3HAYeHHH
JA unu HET.

Mycte W = R" — npousBosnbHoe MHOXecTBo. 3adaxa o npuxad-
ACHHOCTU (sIBASIOLIASCS 3agavyed Ha NpPOBePKY) AJ1 MHOMKECTBa
W 3aksiouaercs B onpenesnieHHH TOro, NPHHAMJIENKHT HAH HET MHO-
xectBy W Touka x =(xy, Xg, ..., xp) € R* [Ins kaxaoi 3agaaHof
TOYKH X nNporpaMMa npokjaaawBaer B gepeBe T nyTs P(x), Haun-
HalouHuiAca B KopHe gepeBa. [Ipu npoxoxaeHuuw KaXKaofl npocToi
BeplUHHB BBLIMOJNHAETCS apHdMeTHYecKas onepallus, NpUNHCAHHARA
3TOH BepliHHe, a B KaXXA0OH BepLIHHe BeTBJEHHS NMPOHCXOLHT BETB-
JleHHe B COOTBETCTBHH C De3yJbTaTOM CPaBHEHHs, NPHIHCAHHOTO
BepiunHe. [Ipu mocTHXKeHHH JHCTaA AepeBa Bo3Bpaluaercs orser 1A
unn HET. [lpeanonaraercs, 4t0 BCAKHA pa3, KOrja BCTpeyaercs
BepliHHa v, a MPHMHCAHHAA €l OmepauHs SBASETCS JeNeHUEM, TO
IeJUTeNb OTJAHYEH OT HYJS, H UTO B CAyuae OnepalHH H3BJeyeHHn
KBa/[paTHOro KOpHs ofepana Heotrpuuartesed. Cuuraercs, uto ae-
peBo BbluucaeHHli T pewaer 3afauy O NPHHAANENKHOCTH, €CJAH BO3-
BpalulaeMblii OTBET fABJASIETCS BEDHBIM /5l KaXXIOH HCXOJHOH TOUKH
x & R". Cnoxaoctb aepeBa T, o6o3Hauaemas uepes C(T), onpe-
JensieTca Kak MaKCHMyM BeanuuHbl cost(x,T) no BceM 3naue-
HUAM x, rae cost(x, T) — unHcao BepmHH, NPOXOANMHBX nyTem P (x)
B hepeBe T. C/0XHOCTb 3alauW HA NPOBEpKY NPHHAMIEKHOCTH
Toukn MHOXectBy W, o6o3uauaemas uepes C(W), ectb Munumym
C(T) no BceM anreGpanuecKHM nepeBbsM BbiuuciaeHuit T, peaio-
UHX 3334y O NPHHALNEKHOCTH.

PasHOBHAHOCTBLIO aJsire6panuecKkoro JAepeBa BLIUHC/JAEHHH sB-
AsieTcs Tak HasbiBaeMoe (anre6panveckoe) JepeBo pemeHuit o-
paaka d [324] pas onpefeneHHs CnpaBelHBOCTH OTHOLICHHS 1pH-
Haanexnoctn x & W < R”. JlepeBo peltenn# nopsaka d — ato ae-
peBO, KaXXAOfi BeplusHe KOTOPOro COOTBETCTBYET CPaBHEHHEe BH,IA
f(x)?0, roe f uMeer NOJHHOMHAJBHYIO CJOMHOCTH OTHOCHUTENbHO
BXOAHbIX OAaHHBIX C [MOKa3aTtejseM CTeneHn He OGonee d
e {(,),=1}. B cayuae Korna d paBHO |, noay1uaercs auweiinoe
Jdepeso pewienuli, ¢ ACNOJb3OBAHHEM KOTOPOro MOJyuYeHb [JOKa3a-
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TeNLCTBA PAlla HHXKHHX OLEHOK caoxHoctH {99, 107, 108, 298, 349,
352].

Bpemennda u emxocrnas caoxmnoctu, Bpems u o6beM mamsiTo,
HCMOJIb3yeMble aJTOPHTMOM, SBJSIOTCS ABYMS TJIaBHBIMH MepaMH
3(ppeKTHBHOCTH KOHKpeTHOro ajroputMa. O6bYHO MBl NOACYHTHI-
BaeM JIHIIE YUCJO KJIIOUEBBIX OnepauHi, HanpHMep cpaBHeHHH, Bhl-
NOJIHAeMbIX aJTOPHTMOM, H fpPeACTaBJ/sieM ero B BHAE (YHKUHH OT
pasMepa BXOAHBIX AaHHBIX. [JocTynas TakHM o6pa3oM, Mbl JOJIKHbI
rapaHTHPOBAaTb, YTOOBl YHCJIO HEYUHTHIBAEMHIX [PH NOACYETE Ofe-
pauuil 6b1JIO NPONOPLUHOHAJNBLHO YHCHY KJIIOUEBBIX Onepanud, Tak 4to
BpeMsl BbIIOJIHEHHS] aJICOPHTMA OTJIHYaa0Ch Obl OT MOJYYEHHOH NpH
TaKOM IMOJCYeTe OLEHKH JHIIb NOCTOSHHBIM MHOXHTeseM. UTo Ka-
caercs o06beMa naMsTH, TpebyeMOro npH BHIIOJHEHHH aaropuTMma,
TO Mbl TNOJCYHUTHIBaEM MAKCHMaJibHbIH 06bEM MaMATH, KOTOPHIA Mo-
xet norpe6oBaThes B KAKOH-1HO0 MOMEHT BbINOJIHEHHS AJrOopHTMA.
Ota BeJIHUHHA TaKXe NpeACTaB/AeTcs B BHAe (YHKUHH OT pa3mepa
BXOAHBIX AaHHbIX. Huxke npuBonurcs cranaaptHas ¢opma 0603Ha-
ueHnd, npeanoxenHas Kuyrom [204].

O(f(n)) — mHoxecTBO Bcex GYyHKUHH g(n), TakKHX, 4TO cyule-
CTBYIOT N0JIOXKHTeNbHble KOHCTaHThl C H ng # npu stom |g(n)|<<
<< Cf(n) nnsa Bcex n = ny.

Q(f(n)) — MHOoXecTBO BceX GYHKLHH g(n), TakHX, 4TO cCyule-
CTBYIOT NOJIOXKHTEJbHblE KOHCTaHTH C H ng 4 mpu aroM g(n)=
= Cf(n) ans Bcex n = ny.

0(f(n)) — mMHoxecTBo Bcex GYHKuui g(n), Takux, 4ro cyuie-
CTBYIOT nosoxuresbHble KoHcTauThl C, C' u ng ¥ npu atom Cf(n) <<
< g(n)<< C'f(n) nns Bcex n == ny.

o(f(n)) — MHOXecTBO Bcex QyHKUHA g(n), Takux, uto daa scex
noAoxcuTesbHbLX KOHCTAHT C CylIeCTBYeT Takoe ny'dl AJ1 BCeX N =y
HMeer Mecro g (n) << Cf(n).

AHasn3 CJ0XKHOCTH anropuTMa MoXeT ObITh ABYX THIOB: aHa-
JU3 B XYAlleM cjayyae W aHa/Jn3 B cpelHeM cJayuae. [IpH aHaquse
XyJALIero cayyas Mbl HUleM MAaKCHMajbHOe KOJNHYECTBO BpEMEHH
(mamsTn), Heo6XOAMMOro aJIrOPHTMY N0 BCEM BO3MOXHBIM BXOA-
HbiM AaHHBbIM. [IpH aHasu3e cpeaHero caydas Mbl OObIYHO mpenmno-
JaraeM, YTO BXO/Hbie JaHHble pacrpejleqeHbl B COOTBETCTBHH C He-
KoTOpoH ¢YyHKUHeRi pacnpejeJieHdss BepOATHOCTeH, H H3ydyaeM
noBejeHHe aJropHTMa /st KaxJA0ro Ha6opa BXOAHBIX AAHHHIX, B3fi-
Toro 43 pacnpegejends. O6HYHO MB HHTEpECYeMcsl acHMMTOTHue-
CKHM MoBejeHHeM aJroputMa (acHMNTOTHUeCKHH aHanu3), T. e. no-
BeleHHeM aJirOPHTMA, KOrja pa3Mep BXOJHBIX [aHHBIX NPHOJIH-
Xaercsd K O6ecKOHeYHOCTH. TaK KaK aHasiH3 CJOXKHOCTH aJropHTMa
B CpeiHeM cJyyyae OObIYHO OueHb TPYAEH H, KPOMeE TOro, Npeanoso-
XXeHHe O pacnpejleseHHH BeposTHOCTefi BXOJHBIX JaHHBIX HHOrAa
TPYAHO NMPOBEPHTh, TO B NaHHOH paboTe OCHOBHOe BHHMaHHe Oyaer
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COCPeAUTOYEHO HAa aHAJIH3e CJAO0XKHOCTH aJrOPHTMOB B Ky[llem cJy-
yae. Mu 6yneM paccMaTpHBaTbh aHaJH3 CJIOXKHOCTH aJrOpPHTMOB
TOILKO B Xy[LlUeM cJyyae, €CJH He OroBOPEHO UTO-JHGO HHOE.

11. METOAbI PELIEHHUA 3ANAY

Tenepb Mbl JagHM OpHMEPDBI A KaiKJI0ro H3 CeMH OCHOBIHbIX
METONOB pelleHHs 3a4ay, YNOMHHABIIHXCSH BhilIE.

A. Tlocrpoenne nocneaoBaTeNbHbIM N06aBACHHEM 3/1eMEHTOB

310 mpocrefiWwHil 4 Hanbosee HHTYHUTHBHBIA MeTON pelleHHs 3a-
Jday, H3BECTHHI TaKXe Kak uTepaTuéHoli xadueii merod. OCHOB-
Hasi HAes COCTOHT B TOM, YTO Mbl KOHCTPYHPYEM HJIH BLIYHC/JAAEM

lpaman {:: ..,

Puc. 1. OnpeneseHue pacnosioXeHHS NPAMOA.

pellleiHe Mer0JAOM dTepauufi. AHanoroM 3TOro Meroaa sBJSIETCH
XOPOILO H3BECTHHI MeTOA COPTHPOBKH BcTaBkaMu [203], B KoTopom
YOOPAAOUEHHbBIl CMIHCOK TIOJAYYAeTCs1 NyTeM BCTABKH 3/J€MEHTOB OAHH
332 OJIHHM B 4HaCTHYHO VIOPSAOYEHHHH CMNHCOK. [lajdee mpliBefeHb
KOHKpeTHble NpHMepbl.

PaccMoTpHM 3anauy BBIYHC/IEHHS DPaCNOJIOXKEHHA NpsAMbIX Ha
nnockoctd. [lycth 3a1aHO MHOXKeCcTBO H M3 n NpAMbIx Ha IJOCKO-
c¢tH. Heo6X0aHMO BHIYHCAHTb (MOCTPOHTb) pa36ueHHe NJOCKOCTH,
nopoxaaemoe MHOXKecTBOM H. OueBHIHbIH MeTOA pellleHH COCTOHT
B KOHCT1pYHpOBaHHK pa3bueHHs nyrtem nocseaoBaTesbHOH 06pabor-
KH OJIHH 33 OAHHM 3JIEMEHTOB MHOXKECTBA H NOCTPOEHHA HCKOMOro
pasGHeHust MTepauuoHHbIM crniocobom [86, 133]. Tak B cayuae, no-
KasaHHoOM Ha pHc. |, Kkorma nobaBiasiercss npamas i, HeoOXOLHMO
nMpocMoTpeTb Bce 06sacTH, KOTODHE pacceKaeT 3Ta OpsiMas, MpH
3TOM CTPOHMTCs HOBOe pa3buenre. Kak okasbiBaeTcsl, TAKOH NOAXON
tpebyeT Bpemern O(n?) W gBASETCS aCHMIOTOTHYECKH ONTHMAJbHBIM
B TOM CMbICJIe, YTO MOJIHOE BPeMs NOCTPOEHHA pelueHHs [pomnop-
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OHOHAJbHO 06beMy NaMATH, HEOGXOMLHMON AJisl MpeacTaBJeHHs pa3-
6nenns. Bosee Ttoro, aror noaxon obofuiaercs Ha cayyad  mpo-
cTpaHCTB GoJiee BHICOKOR pasamepuocrd [133]. Tak Kak 3T0T Meron
IBJISETCS JOBOJBHO CAMOOYEBHJHBIM, TO Mbi OMyCKaeM ONHCaWHe
ajqropATMa ¥ GOpPMYJHPYEM Pe3ysbTar B BH/IE TEOPEMBI.

Teopema 1. 3ala4a sbiaucAeHua pPACNONONCEHUA N NPAMbBLL HQ
naockocTu mosger GoiTo pewena 3a spema O (n?) merodom nocae-
dosaresbrn020 006as8AeHUA INEMELTOB.

B kauecTBe Apyroro npuMepa 3afauu, A5 KOTOPOH C yCmexom
MoxeT OblTb NPUMEHEH MeTOA NoC/edoBaTeqbHOro KOHCTPYyHpPOBa-
HHSI, KOTOPbIA, KaK MOXeT OLITb N0KA3aHO, SIBASETCS ONTHMAJbHbIM,
pPaccMOTPHM 3aJlayy MOCTPOEHHS BbINYK/IOA OBONOUKH MHOXKECTBA
To4yeKk Ha myocKoctH (cM. pasa. 11-D). Mb npocto nocnenoBartesb-
HO TIPOCMATPHBAEM TOYKH H CPa3y K€ CTPOHM BHINYKJYIO OGOJIOUKY
st POCMOTPEHHBIX ToYeK. EcC/n ouepefHasi TOUKA NEKHT BHYTPH
y¥e nocTpoeHHOoH BbINYKiO# 060/10UKH, TO HHYero Aesarb He Hano,
H 3Ta TO4YKa pPOCTO HrHopHpyercs. B npoTHBHOM Cayuae oHA siB-
JAsIeTCsl PaHWUYHON TOUYKOH BHINYK/OA OOO/OUKH W TEKylas BbilykK-
Jast 060/10uKka N0/XKHA OblTh H3MEHEeHa, A5 Yero Heo6X0AUMO ofpe-
IeNuTh ABE ONOpHBiE NMPsiMble, NPOXOAsILLHE YePe3 3Ty HOBYIO TOUKY.
OnTtuManbHas peasii3auds 3TOro NOAXOAA COJEpPXKHTCS B paborax
{21, 221, 291]. XoTs ABa npHBeAeHHBIX NPHMEPA NOKA3LBAIOT, 4TO
METOJ NOCTPOEHHs pellleHHsl N0CJAeA0BaTeNbHLIM No6aBieHHeM 3Je-
MEHTOB M03BO/sieT NMOJAY4aTh ONTHMAaJIbHbie pelleHnsl, Kak MpaBHio,
3TO He HMeeT MecTa AJf OOJIbIIHHCTBA 3a]a4, PACCMOTPEHHLIX B JIH-
Teparype.

B. 3ameTaHHe MJIOCKOCTH

Kak caeayer u3 Ha3BadHHs, npeasaraeMasi cxeMa npexiae BCero
mpuMeHHMa K 3ajadam B Cjayuyae JBYMepHOro NpoCTpaHCTBa. TeM
He meHee ee ofoblLieHHe Ha cayuafl NpocTpaHCTB GoJsbllied pa3mep-
HOCTH AOBOJIbHO OUYEBHIHO W MoOXeT ObiTb HalileHo, Hanpumep, 8
[50]. dror MeTon n3Bected B MalwHHHOA rpaduke TaKXKe MOA Ha-
3BauueM meTola aunelinozo cxkawuposanus [268] n ucnoawbsyercs
B Da3/IHYHBIX OPHJOXKEHHAX, TAKHX, KaK, B 4aCTHOCTH, 3aTEHEHHe,
3amosiHeHHe MHOroyroqbHHX o6jacreii [58, 215, 286]. Hdas uarasa-
HOCTH Mbl ONMILEM CXEMY 3TOrO0 METO/Aa B CBSI3H C €e MPHMEHeHHeM
K KOHKDETHOMY MpPHMEPY K YKaXKeM OCHOBHbE €€ OCOGEeHHOCTH.

PaccMoTpuM 3amauy o6HapyxKeHHS BCEX NepeceKatolHXcst uap
CpellH MHOMECTBA FOPH3OHTAJIbHBIX H BEPTHKAJNbHBIX OTPE3KOB OpSi-
Mbix. [lyctb S — muoXecTBO 0Tpe3koB, S ={s;, Sz ..., Sa}. TakK
uTo $, — JHOO rOpH30HTaMbHKI, 1160 BepTHKaNbHHI oTpe3oK. Ecnn
S; — FOPH3OHTAJ/IbHbI OTPE30K, TO OH 3ajfaercs Kak (X, Xio: Yi),
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a ecsad  $; — BePTHKaJbHLIH OTPe30K, TO OH 3ajaercs Kak
(xi; Yn, Yiz), TAe X N y — KOOPAHHATHI KOHIOB KaXKAOTO OTpe3kKa.
(Il npocTOTH CYUHTAeTCs, UTO HHKAKasn napa OTPe3KOB He KOJLIH-
geapua.) [lpeanoioxuMm, 4TO Mbl «3aMeTaeM» MJOCKOCTb BepTH-
Ka/nbHOH NpAMOM, ABHras ee cleBa HanpaBoO (HJH rOpH3OHTaNAbHOW
npsMoil cBepXy BHHM3) H coobllaeM O HaJWYHH napbl nepecekalo-
IIMXCA OTPe3KOB, KAaK TOJbKO TOUKA HX [epeceyeHHsl OKa3biBaeTcs
Ha 3aMmeralomlell npaMol. OueBUAHO, 4TO B HHTEPBaJe X-KOOPAMHAT
MeX1y KOHeUHbHIMH TOUKaMH OTPE3KOB HHKAKHX HOBbIX HepeceKalo-
HIHXCA fap OTpe3koB He Oyner obuHapyKeHo. JIpyrumu crosami,
X-KOODAHHATL OTPE3KOB OMNpelesiflOT COBOKYMHOCTb flONOXKEHHH, B
KOTOPBIX BO3MOJXXHO MepeceyeHHe OTPE3KOB, M OHH Ha3bIBAIOTCA
«KpPUTHYECKHMH TOYKaMH» [269, 295].

3aMeTHM TaK¥e, uTo 3aMeralowas npsMas c abcunccoll x pas-
6uBaeT MHOXeCTBO OTPe3KOB Ha TPH MoAMHOXectBa S;, Sy H Ss,
rie S;— MHOXecTBO OTPE3KOB, JieXXalluX LUeJHKOM clieBa 0T 3aMe-
Taiollefl apaMoil, S; — MHOXecTBO OTPe3KOB, Hepecekalouinx 3ame-
TAOWYI0 ApAMYI0, H S3— MHOXECTBO OTPe3KOR, JieXKalluxX UEeJHKOM
cnpaBa oT 3aMertaiouiell uHHH. MHOXecTBO OTpe3koB S; He GyneT
Hrpath HHKaKoil posin B «OyaylleM» fpH ABHXKeHHH 3aMeralouledt
npAMON CseBa Hanpaso, T. €. [Jis 3aMeTaloWHX npambix ¢ abcuuc-
coit x’ >> x; MHOXeCTBO Sy CONEPXKHT «aKTHBHBIe» OTPe3KH, KOTO-
pble MOryT BOHTH B OTBeT, T. €. MOTYT B JajibHeHllleM mepeceub OT-
pe3kH W3 MHOXecTBa S3; S; — MHOMXeCTBO OTPE3KOB, He HIpPaIOHIUX
HUKaKoll ponH B Tekyuinii MomeHT BpeMeHH. CyTb aToro Mertona
COCTONT B OOAJEpPMaHHH «afeKBaTHOW» HHPOpPMaUHH O MHOXKeCTBe
aKTHBHbIX OTPE3KOB B KaXIoW KpHTHYecKoil Touke. Kak TonbKO He-
KOTOPbiil OTPE30K CTAHOBUTCA aKTHBHLIM, OH 106aBnfeTcs Kak co-
CTaBHOH 3/JeMeHT K 3TOH ajekBaTHON MHdopMmauuu, a Korga szame-
Talolas npsaMas HpPOXOAHT OTPE3OK, OH ylansercs.

B nawem npumepe agekBaTHas HH(popMauUHa — 3TO nocjeLOBa-
TeJbHOCTb OPAMHAT BCeX aKTHBHLIX OTPe3KOB, MpeACTaBJieHHas B
Buae c6asaHcHpOBaHHOro no Bbicote AepeBa [1]. Ecau crepyiomas
KpHTHYeCKas TOYKA COOTBETCTBYeT BePTHKAaJbHOMY OTPe3KYy, TO 3TOT
OTPe30K HCOoJb3yercs [Jf NPOCMOTPa TeKyLIero COCTOSHHA CTPYK-
TYpbl AallliblX, H BCe FOPH3OHTaJbHEIE OTPE3KH, Y-KOODAHHATH KO-
TOpHIX JexXaT B HHTepBaljle, ofipelleNeMOM BepPTHKaJbHbLIM OTpe3-
KOM, DEerHCTPHPYIOTC KaK nepeceKaloulnecs ¢ 3THM oTpe3koM. Ecnu
ciefyiolas KpuTuiyeckasi TOYKA COOTBETCTBYeT JIEBOMY KOHUY ro-
PH30HTaJbHOIO OTPe3Ka, TO 3TOT OTPEe30K CTAHOBNTCA AKTHBHbIM H
BCTaBJSIeTCA B [1epeBO; B IPOTHBHOM Cllyyae 3Ta KPATHUYECKas TOYkKa
ABJsieTCy TNpPaBbiM KOHUOM TOpPH30HTANbHOrO OTpPe3Ka, KOTOPLIH
BBHAY 3TOro AOJKeH GbiTb yaaseH u3 AepeBa. KoppekrnocTb 3TOrO
aNroputMa MoXeT GbiTb Jerko ycraHosjeHa. C TOuKH 3peHHs Bbl-
MOJHEHHs  aNropuTMa noJHoe BpeMs ero paboTel  paBHo
O(nlogn+ k), roe k— 4ucno oGHapyKeHHLIX nepecedyeHHi, Tak
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KaK B KaXIOH KpPHTHYeCKON TOYKe HEeOOXOAHMO BLIMOJHUTbL JHOO
onepanuio BCTaBKH 3jieMeHTa B AepeBo, NHO60 omepanuio HCKJioYe-
HHf 9JieMeHTa M3 JepeBa, Kaxjaas H3 KOTOPbIX TpebyeT BpeMeHH
O (log n), nmu6o coobuuth 06 0GHapy}XeHHOM OepeceueHnn. Mmeer
MecTO cjefyiolllas TeopeMa.

Teopema 2. 3adaua obrapyscenusn acex k nap nepecexkaroujuxcs
OTPE3K08 8 MHONCECT8E U3 N 20PUSOHTAAbHOIX U BEPTUKAALHBLLX OT-
pe3akos modxcer 6biTo pewena 3a spema O(nlogn + k) merodom
3aMeTAHUS NACCKOCTU.

B 3akJl04enste OTMeTHM, YTO HMeIOTCS JBe OCHOBHBIE CTPYKTYpPHI
NaHHbIX, CBSI3aHHble C MeTOAOM 3aMeTaHHA MJOCKOCTH, 8 HMEHHO:
(1) cnucok kpuruweckux To4ex, OpeACTaBAAIOUWIMN NOCAeXOBaTENb-
HOCTb abCUHCC, yNOpPsIAOYEeHHbIX B MOPAAKEe NPOXOXKAEHHA CleBa Ha-
npaBo, u (ii) craryc samerarowieil npamoti, npeACTaBAAOMWHUA CO-
OTBeTCTBYIOllee ONMHCaHHe HeoOXOAMMOH HHGOpPMalHH OTHOCHTEJIbHO
reOMeTpHYeCKHX OObeKTOB, HaXOASLIHXCA Ha 3aMeraiouledl OpsMoH.
3ameTuM, YTO 3TH CTPYKTYpbl AAHHBIX B Pa3JM4YHbIX CHTYyaHHAX MO-
ryT OblTb pPa3HbLIMH, a CNHCOK KPHTHYECKHX TOYEK MOXeT AHHaMH-
YeCKH M3MeHSTbCH B mpolecce BbiMoJHeHHs ajnropHtma. Tak, B pac-
CMOTPEHHOM Bblllle NpHMepe COHCOK KPHTHUECKHX TOUeK sBJsercs
(DHKCHpPOBaHHbLIM YNOPSIAOYEHHbIM CMHCKOM, a CraTyc 3ameTtalomledt
npamoil peann3oBaH Kak cOanaHCHpPOBaHHOe [0 BbICOTE JE€PeBO.
Canyuay ©cnonb30BaHHA MeTOAa 3aMeTaHHs IJIOCKOCTH, B KOTOPBIX
CIHCOK KPHTHYECKHX TOYeK AMHAMHYECKH H3MeHsieTcsi, 06CyXAaaloT-
ca B paborax [38, 63, 229, 269]}; B 3TOM caydyae OGBLIYHO HCIOJIb-
ayercsl ogHa u3 GopM odepelu ¢ npuopureramu [1].

C. Teomerpuueckoe MecTO TOUEK

OT10T MeTol cBf3aH, rjaBHbIM o0pa3oM, ¢ 3adayaMH reOMeTpH-
YecKOro moyucKa B TaK Ha3biBaeMOM pexHMe C NMoBTOpeHHeM (mpo-
H3BOJILHO AJNIHHHAA [OC/AeJ0BaTeJbHOCTb 3anpocoB K (HKCHPOBaH-
HoMy ¢aiay), korpa Heob6xonuMo 3 dexrnBHo o6pabaTeiBaTh OLHO-
TunHble 3anpockl [278). Hanpumep, Mbl XOTHM caenath npenoGpa-
6OTKY HEKOTOPOro MHOXecTBa TOUYeK Ha MJOCKOCTH C TeM, 4tobhl
OTBET Ha 3aMpoc, H3BECTHbI KaK 3anpoc Ha UHTEPBAAbHLLI NOUCK,
Hcrnoab3yeMblil A8 oOHapyKeHHA TOYeK MHOXecTBa S, Jjexaulux
BHYTPH HEKOTOPOrO MPsMOYroJbHOrO OKHa, MOT ObITb MOJNyYeH KakK
MOXHO ObicTpee. HMcnonb3ys 3TOT MeTon, HaM XOTe0Ch Obl pa3BUTD,
NpPOCTPaHCTBO 3aMPOCOB Ha «KJETKH» TakHM o6pa3oM, 4ToObl Bce
TOUKH H3 JaHHOW KJEeTKH Nopoxkaajn Obl OIHH H TOT ¥Xe OTBeT Ha
3anpoc. Bonee dopmasbHo, Mbl pa3bHBaeM NpPOCTPAaHCTBO Ha psf
KJaCCOB «3IKBHBAJIEHTHOCTH» Ha OCHOBE OTHOLUEHHS, 3aBHCALLEro
HCOOCpPeACTBEHHO OT 3ajaud. PaccMoTpuM, Hanpumep, O8ymepHYytO
3adauy 0 GOMUHUPOBAHUL, KOTOPAA NPHBOAUTCS HHXKeE.
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Hsymepras 3adaua o domunuposanuu. Ha anockoctw 3anaHo
MHOKEeCTBO S H3 n TOYeK Py, Pa. ..., Pa. [onyckaercs npemoGpa-
6oTtka. HeoGxoanmMo HalTH 4HCIO TOYeK MHOXecTBa S, Hag KOTO-
pbIMH AOMHHHMPYeT 3afaHHas Touka ¢. (CuMraercs, 4TO TOYKa ¢
domuHupyer saf TOUYKOH p, eCNH KaK X-KOOPAHHATA, Tak ¥ y-KOOp-
IHHaTa TOYKH P He OIPEeBOCXOAAT COOTBETCTBYIOLIMX KOOPJAHHAT TOU-
KH ¢q.)

MpI noKaxeM, Kak MeTOL reoMeTpHUYeCKOro MecTa TOYeK M03BO-
JseT oTReuaTr Ha 3ampochl 3a BpeMms 6(logn), yro aBasercs onTu-
ManbHbiM. CHauana onpepenum ortuowenne 7 B R? takum obpasom,
4yTO ANA napb To4Yek (p,q) B R? nMeer mecro orHoweHue T, ecnu
MOAMHOXeCTBa MHOXecTBa S, Hall KOTOPHIMH AOMUHHPYIOT TOYKH p
H ¢ COOTBeTCTBEeHHO, coBmapalor. OTtHoweHHe T, 98a8scH OTHOLUE-
HHeM 3KBHBAJEHTHOCTH, MOpoXaaeT pa3bHeHHe MJOCKOCTH B oBieM
cnaydae Ha (n + 1)? KnaccoB 3kBHBaseHTHocTH. [eoMeTpuueckn 3TO
MOXHO MpeacTaBHTb Tak. Ecan Mbl opoBefeM BepTHKajbHLle H rO-
pPH30OHTa/bHble OPsiMble Yepe3 KaXAyl0 TOUKy MHOXectBa S, TO n
3THX BEPTHKAJNbHBIX H FOPH30HTAJbHBIX JHHHH pa3flensiT NJOCKOCTb
Ha (n 4+ 1)? gnerok. Kaxnaas Takan knetka npeacrasisieT Kaace
3KBHBAaJeHTHOCTH, TaK KaK AJs JOObIX ABYX TOYeK B KJIeTKe [OA-
MHOKeCTBa MHOXecTBa S, Hal KOTOPbIMH [OMHHUDYIOT 3TH ABe
TOYKH, HAeHTHYHb. Takum obpa3om, Hauwla 3ajadya CTAHOBHTCH MO
cyTn 3adavel onpedeseHus NOAOHEHUS TOYKU, T. €, ONpeneseHHs
TOro, KaKOH H3 KJIeTOK OpPHHAAJEXHT TOUKA M3 3anpoca, U T3 KJjer-
Ka, B KOTOPYIO mnonajaer TO4Yka H3 3ampoca, H OyneT coaepxkarh
pelleHHe HCXOAHON 3asaun (HekoTOpoe Lenoe yuchio). Tak Kak ABy-
KpaTHOe MOpHMeHeHHe OpOLedyphl [ABOHYHOrO MOHCKa [103BOJfAET
onpexeautb, Kakoit u3 O(n?) KneTok, ompelle/ieHHbIX paHee, OpH-
Haf/IeXKUT TOYKA M3 3ampoca, TO Mbl HMeeM CJAeAYIOUIYIO TeopeMy.

Teopema 3. dsymepras 3adaxa 0 GOMUHUPOBAHUU mMONceT BbiTh
pewera 3a spema O(log n) merodom zeomerpudeckoeo mecra Touex
¢ ucnoas3osatuem npedobpaborku, Tpebyrowsed 8(n?) 3arpar no
8peMeHU U N0 NAMATU,

K uyucay apyrux 3agad, K KOTOPbIM PHMEHHM METOJ reOMeTpH-
4eCKOro MeCTa ToueK, OTHOCATCH 3adayH MoHcKa 6auxakulero co-
cepa [147, 157, 354], sagaua HaxoXIeHHA HaAHKpaTuallllero myTH
npH HasnWyuH openstersuit [229, 327] u r. A

Ry
&7 D. « Pasneanii n Baracrayi»

Q/STO KNacCHYeCKH# MeToJ pelleHHs 3afay, OKalaBHIUACA Takxke
UeHHBIM H AA8 reomeTpHdeckux 3amau [30, 40, 42, 83, 172, 174,
198, 205, 220, 228, 293, 315]. [IpumeneHne 3TOro Meroia OOLIYHO
3aKJiouaeTcs B pa30veHHM HCXOAHON 3aAa4y¥ Ha HECKOJbKO n0oA-
3ajay, peKYPCHBHOM pelieHHH KaXKAofl MoA3ajadu ¥ nocjefyiouieMm



Botuucauressnan ceomerpun. 0O630p 15

O>)beHHEHHH NOJYyYeHHbIX peLIeHHWH noA3agay C I1eJbl0 [ONYy4YeHHS
pellleHHA HMCXOAHOW 3aaauyH. XOpOlIO M3BECTHbIM OPHMEPOM OpHMe-
HeHHs 3TOro MeToja fBJIAeTCs 3ajaauya OOCTPOeHHUA B8blnYKkAol 000-
A0HKU. A HMEeHHO, NycTbh 3a/laHO MHOXKeCTBO S H3 n TOYeK Ha 0n0-
ckoctH. Heo6xonquMo 0OCTPOHTb BbIYKJYIO O00JMIOY4KY MHOXKeCTBA
ToyeKk S (HaWMeHblllee BbIIYKJA0e MHOXeECTBO, Coaepxaulee S§).
Huxxe opuBeseH aJrOpHTM BbIYHCJEHHS BbLIOYKAOW 000JOYKH MHO-
XecTBa S MeTOAOM «pa3jensil U BAacTBYH». 3ech npeanonaraercs,
4TO MCXOJAHbie JaHHble MPeACTaBJl€Hbl COBOKYMHOCTbIO TOYeK, 3a-
NaHHbIX CBOMMH KOOpIAHHATaMH, a pe3yJJbTaToM paboThbl aJropurMa
q3/eTCcA MOCJeOBaTe/JbHOCTb TOYeK, MNpHHaANeXaUlHX BbINYKJOH
0j0/104yKe. 3aMeTHM, 4TO Bbinykaas o00N0UKa MHOXKeCTBa TOYeK Ha
0JOCKOCTH $fBJfeTCS BbINYKJABIM MHOroyrojsbHukom. [lostomy pe-
syJibTaTOM paboOTH aJropuTMa sBASETCS NOCJe]O0BaTeJbHOCTh Bep-
LIKH 3TOrO BbIMYKJOr0 MHOTOYroJibHHKa, NepedHcJigeMbiX, Halpu-
Mep, B nopsiike 06xona no 4acoBOH CTpeJIKe.

Anrezopumm Bwinykaas oboarouxa (S)
If | S|<<2 then return (S)

else begin
pa3buth S Ha §; n S, Takum oOpaszoMm, 4TO

1S, =L 1/2_11S| 1 $,US,=S;
S’ := BbBITTYKJ/IASl OBOJIOYKA (S));
S” := BbITTYKJ/IAS OBOJIOUKA (S,);
7 := OBBEIHUHHNTD (S’, §8”),
return (7)
end

3pece OBBEAVHUTDL (S’,S”) peanusyer war «BaactByf». It0
npoueaypa, Kotropas coeldHHAeT [Be BbilyKJbie OOOJOYKH B ONIHY,
T. €. BBIYHCJAAET BhINYKAYI0 000/0uKky HX oObeaunHeHusi. B pabortax
(293, 313, 316] Obino mokasaHo, YTO 3TO 00beAHHEeHHe MOXeT ObiTb
HaiiieHo 3a Bpems O(|S’|+|S”|) (cm. 3apaay 3.1.2 B pasa. IIl).
AnaJii3 anropHTMa «pasjeligii ¥ BJAACTBYH» OTHOCHTEJIbHO MOPOCT.
()603nauynm yepe3 L(T) spems, TpebyeMoe [AJi3 BbINOJHEHHA aJro-
outMa Boinykaas oboaouka, rae n = |S|. [Ipeanonoxum nanee, 4te
n — cTelleHb uucad 2. lTorga uMeeM caeaylouiee peKyppelTHoe Co-

QOTHOUWIEHHE:

T (1) = const,
T (n)=2T (n/2) + M (n/2, n/2),

rpe M(s,{)— BpeMs, HeoOXoaumMoe MJisi BbLIYHCAEHHS BbIYKJOH
060J104KH 00begHHEeHHS ABYX BbIIYKJBIX MHOIOYroJbHHKOB C S H
BepliuHamy cooTBetcTBeHHo. Tak kak M(n/2,n/2)=0(n), ro
T(ny=0(nlogn). Takum o6pa3oM, HMEeT MeCTO CcJaeAyloHlas
Teopema.
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Teopema 4. 3adaua HaxoxOeHus BunyKaAol 0060A04KU MHOXNCE-
CT8A U3 N TO4EK HA NAOCKOCTU MOXceT GbiTy peutena meTodom «pas-
deasii u 8aacreyi» 3a epems O(nlogn).

E. leomerpnyeckue npeoGpa3oBaHus

[IpuMeHeHHe MNOAXOAALIHX NpeoGpa3oBaHHB K reoMeTpHYECKHM
06BbeKTaM 4acTo MoeT OblTh BbI3BAHO CTpeMJieHHeM npeo6paso-
BaTb HCXOHHYIO 3ajayy K HEKOTODOH 3JKBHMBaNeHTHOW el 3ajaue.
B omHuXx caydasax TOYKH d-MePHOro HOpoCTpaHcTBa oTObpaalorces
B TOYKH 3TOrO XKe MPOCTPAHCTBA, B APYrHX caydasix npeoGpa3oBa-
HHe oToOpaXkaer k-MepHble MHOroobpasus B (d — 1 — k)-MepHble
MHoroo6pasusi. FiMeercsi BaKHbli Knacc npeoOpa3oBaHHH moc/aen-
Hero THHa, H3BECTHLIX MMOJA Ha3BaHHWeM HOAAPHOE HAH 0BOLCTBEHHOE
npeo6pa3oBaHHsl, KOTOpbie B NOC/e[Hee BpeMs C GONbUIHM yCeXoM
ObIH HCIOJIb30BaHbl B psije NpuoKeHHH. [MaBHas apHYMHA 3TOro
ycrmexa COCTOHT B TOM, 4To npeobpa3oBaHHas 3amauya Gosee Helo-
CpeACTBeHHO BO3AeHCTBYeT Ha HHTYHWUHIO H, Cnef0BaTeNbHO, B 60Jb-
el cTemeHH crnoco6CTBYeT CO3AaHHI0 3(PeKTHBHOrO anropurma.

[IpuBeneM KOHKpPETHBIH OpHMEp, HANIOCTPHPYIOUIHHA 3TO nOJIO-
XeHue. PaccMOTpHM 3ajauy O lepeceyeHHH n 110MyNaoCKocTeH (Ha
MJOCKOCTH). A MMeHHO, NyCTb AaHbl n MOJYNJOCKOCTeH, KaXXAas U3
KOTOpbIX ompejesiseTcs JHHeHHbIM HepPaBEHCTBOM BHAA Y << aix +
+ b; uan y = aix + b, HeoGxonumo HafiTn nx nepeceuexne. Tak
Kak nmepeceyeHHe ABJAeTCS BbINYKJbIM MHOIOYroJibHHKOM, KOTOPbIii
MoxeT ObiTb, a MOXeT W He ObITb OrpaHHYeHHBIM, 3Ta 3ajaya Mo-
XKet OblTh pellleHa MeTOAOM «pa3ieqsiii 0 BNACTBYH», OPH 3TOM luar
o6beaHHEeHHs pelleHHWH MOA3ajay 3aK/Ni04aeTcs B HAXOXK[AEHHH Me-
peceyeHds ABYX BBINYKJAbIX MHOroyronbHukoB. Tak Kak nepeceue-
HHe ABYX BbIYKJbIX MHOTOYrONbHHKOB MOXeT GObiTb BbIMOJHEHO 3a
JHHefiHOe BpeMs, TO BpeMs BBLINOJHEHHs aJropHTMa «pasjensil
BnacTeyii» pasHo O(nlogn) |[313, 317]. Oagnako uas peileHus 3Toi
3afgayd Mbl BOCIOJb3yeMcs MCTOAOM [eOMeTpHYecKoro npeobpaso-
BaHHUA, HUMEIOUIHM Ty 2Ke OLEHKY CJAOXHOCTH, KOTopas sBJ/sercs
ontuManbHoii [315] ¢ TOYHOCTBIO 1O MOCTOAHHOrO MHOXKHTENH B
paMKax MOJeJH BbIYHCJIEHHH, JoNycKaiolled aHanHUTHUeCKHe GYHK-
UHH OT BXOAHBIX mapaMetpoB [155] wam B pamKkax momenu aJre6-
panueckHx aepeBbeB Bbiuncaennii Beu-Opa [26].

[Tpexxne Bcero GyaeM CYMTaTh, YTO HH OAHA H3 3afaHHLIX Nps-
MbIX, OMpeaeNfiOUIHX MOJYNJIOCKOCTH, He fBJSAETCA BEPTHKAJLIOR.
(310 Bcerna MoxeT ObITb AOCTHTHYTO B pe3yJsbTaTe NMOBOPOTa CH-
cTeMbl KoOpaHHaT.) ByaeM Ha3blBaTb MONYNJNOCKOCTb HUXCHed no-
AYNAOCKOCTHIO, €CNH OrPpaHHYHBAIOLLas ee NpAMas pacloJoXKeHa
Hal OTKPHLITOH MNOJNYMJOCKOCTbIO. B OpPOTHBHOM ciydae moaymJjo-
CKOCTb Ha3blBaeTcs 6epxHell Noaynaockoctoro. Takum obpasom,
HHXXHAA MOJYMAOCKOCTb olpellensielcsl HePaBEHCTBOM BHAA y <<
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< aix + b;, a BepxHAf MNONYMJIOCKOCTb — HepaBeHCTBOM BHAA
y = aix + b

Ucnonb3zyemoe HaMu reomerpHyeckoe npeobpa3oBaHue orobpa-
»KaeT TOYKH B OpsMble JMHHH H H3BeCTHO [OJ Ha3BaHHEM nOAAp-
HocTs. [lonspHocTb B cJyuae mJIOCKOCTH (M C o4eBHAHBIM 0Gobuie-
HHeM B Cllyuyae OPOCTPAHCTB MPOH3BOJbHON Da3MepHOCTH) cBf3aHa
C KOHHYECKHMH KPHBBHIMH BTOPOro fopsiaka. DTH KpHBble MOTYT
6biTb BbIOpaHbl MHOMECTBOM Pa3fiHYHBIX YROOHLIX cnocoboB. Ecau,
HanpuMep, Mbl BbibupaeM B KadecTBe KOHHYECKOH KpHBOH napa-
Gony y=x%/2, To Touka (a,b) ortobGpakaerca B MNpAMYlo y =
=ax —b n Hao6opoT (NMONSPHOCTL BCerja SABAAETCS UHBOAHOTUS-
Hoim npeobGpa3oBakueMm). Ecan (a, b) dsnsercs BHelllHed MO OTHO-
ieHHi0 K napabone Toukofl, To ee 06pas, HasbliBaeMuil n0AApOL,
€CTL OpsiMasn, NpPOXOoAsulas depe3 TOUKH KacCaHHS OMOPHBIX MPAMbIX
K mapaGosie, MpoBefeHHBIX H3 TOUKH (&, b). 1o npeobpaszoBanue
COXpaHseT HHUHAEHTHOCTb, T. € ecaH Touka (¢, d) JNeXHT Ha Ops-
MO y = ex — [, TO Xe camoe ClpaBefJHBO H ANA ABOHCTBEHHBIX
K HHM 3JIEMEHTOB: TOYKa (e, [) NeXuT Ha npaMoit y == cx —d.

PaccMoTpuMm Tenepb 3ajauy HaXOMAEHHA MepecedeHHsT HHMKHHX
nosynaockocTed. 3aMeTHM, YTO HHXKHSAA OOJYIJIOCKOCTb R ABJISeTCs
Hecyu,ecT8eHHOll TOrRa M TOJbKO TOrA3, KOTAA CYHIECTBYIOT ABe
HHXKHHe MOJYNJNOCKOCTH [ H j, TaKHe, 4TO

(i) orpaHnuuBamoulas npaMas L, DacrnosoxeHa Bbillle TOYKH p
nepeceveHnst npsAMbix L; ¥ L, orpaHuYnBalOm¥X MOJYMJOCKOCTH
H j COOTBETCTBEHHO, H

(ii) yron naknona mpsmMo#l L, HaxogHTCS MeX1y yrnaMu Ha-
KJOHa npsaMbiXx L; u L;.

CooTBeTcTBYIOWINE yTBEPXKAEHHS HMEIOT MecTo H B JBONCTBeH-
HON 0N0CKOCTH. 3aMeTHM, YTO Mbl oToGpa)kaeM NpsiMble, ompeje-
Jsiionife NOJYNJIOCKOCTH, B TOUKH B ABOHCTBeHHOH miockoctH. Touy-
Ka pe B ABOICTBEHHOH MJOCKOCTH, npeacrtaBasioumlas obpas npsaMoi
L, aBnsercs HecylleCTBeHHOW TOrjga H TOJNbKO TOTAa, KOTJa cylie-
CTBYIOT ABe TOUYKH p; H pj, TAKHE, 4TO

(i) p. naxopmtca HHXe npsMol L,, npexcrasisioume# o6pas
TOYKH NepecevyeHnss npamuix L; n L, n

(ii) x-kKoopAHMHATa TOUKH P, HAXOJHTCA MeXAy X-KOODAHHATAMH
TOYeK p; U pj.

IpyruMu cjaosaMH, TOYKa B [BOWCTBEHHOH MJOCKOCTH siBAfeTCs
HeCyllleCTBEHHOH TOrja M TOJbKO TOrAa, KOrja OHa HaXOAHTCH He-
NOCPEACTBEHHO MOJ OTPE3KOM, OlipefeNiseMbIM ABYMA APYTHMH TO4-
Kamu. C yyeToM CKa3aHHOTO MOXHo nokasatb [61], 4yto cymecTBeH-
Hble BEepXHHUE MONYMJIOCKOCTH COOTBETCTBYIOT BepLUHHAM JIOMaHOMH,
orpaHH4HBalOllell CHH3Y BHIMYKAYI0 000/NOYKY TOYeK B ABOHCTBEH-
HOM nsockocTH, Tak Kak BbilyKaas o06oJo4Ka MOXKeT ObiThb NO-
cTpoena 3a BpeMa O(nlogn), To nepecederne n BepXHHX MOJy-
njacckocTeidl Moxet OblTb HafifeHo 3a apemst O(nlogn). Auanoruy-
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HO mnepeceyeHHe n HUXKHUX MONYIJIOCKOCTeH TakKe MoXKeT ObITb
naiaeno 3a speMs O(nlogn). Ecam yxe Hailenn nepecedenus
BEPXHHUX MOJYIJIOCKOCTeH W HHUXHHX MOJYMJMOCKOCTeH, TO mepecedye-
HHe ABYX HEOrpaHHYEHHbIX MHOrOYroJibHHKOB MOXeT GbiTb HailjeHo
3a JiMHelHoe BpeMms, HampuMep, METOAOM 3aMeTaHHs MJIOCKOCTH,
Tak Kak pe0pa, onpefensionlle nepeceyeHHs, ynopsaodenbl. Takum
06pa3oM, HMeeT MecTO CJeayloulas TeopeMa.

Teopema 5. [lepecewenue n noaynaockocrel moxcer 6oite Hall-
deno 3a spems O(nlogn) merodom zeomerpuueckozo npeobpa3o-
8aHUSA.

3aMeTHM, 4TO AaHHbIH MeTOA npeo6pa3oBaHHs JerKO MOXKET
ObiTb pacIIMpeH Ha chaydyait npocTpaHCTB GoJsblliedl pa3MepHOCTH.
B uacTHoCTH, mepecedeHue n MOJYNPOCTPAHCTB MOXeT ObiTb Ha#-
neHo 3a BpemMs O(nlogn) nyreM MOCTPOEHHS] HHMXKHEH 4acTH Bbl-
NyKJOH 06OJOYKH TOYEK B JBOHCTBEHHOM MNPOCTPAHCTBE C MOMOLIbIO
ajaroputMma, paspaboranHoro [lpenapartoit u Xourom [293]. Onn-
caHde obIHMX CXeM HaXOX[EeHHs [epecevyeHHs n MNPOU3BOJNbHHIX MO-
aynpoctpaucTB 3a BpeMs O(nlogn) MmoxHo uaiity B [294] (cm.
takxe [117]). Bonee noapo6Hoe o6cykaeHHe reOMeTpHUYECKHX Mpe-
o6pa3oBaHHil M HX OpUMeHeHHS MOXHO HaiiTH, Hanpumep, B [61,
62, 71, 86, 132, 133, 265, 295].

F. Mounck ¢ oTceueHnem

DTOT NoAXoA, ucrmonb3osaHHbl Menxuano [257—259] u [lafie-
pom [118], nepBoHayanblO OpHMeHsJICA AJA pelleHHA ONTHMH3a-
UMOHHLIX 3ajay H, Kak OblJIO MOKa3aHo, SIBASETCH MOLIHbIM Cpef-
CTBOM, TMO3BOJSIOMUM CO31aBaTbh 3G deKTHBHble aNrOpHTMbI A5
pellieHH psifa [eOMeTPHYECKHX ONTHMH3aLHOHHBIX 3aja4, OXHOM
M3 KOTOPbIX SBJSETCH XOpOollO H3BecTHas 3ajaya NHHEHHOro mpo-
rpaMMHpoBaHHsa. BiecTamui MONHHOMHANbHLIA aJFOPHUTM, pa3spa-
GOTaHHBI HECKOJIbKO JeT Ha3al XauusinoMm (cm. [195, 28%, 38*]),
npeAcTaBAsieT MMiaBHbIM 06pa3oM TeopeTHUeCKH#l HHTepec, Tak Kak
OH He MOXeT KOHKYPHpOBaTb ¢ Gosiee OPAKTHYECKHM CHMILIEKC-Me-
tonoM [96]. Coscem nepasHo Memxkuaao u Haillep HesaBHCHMO
NPefJOXKHUAN HOBHIE MeTOJl MHOTMOMEPHOI'O [MOHCKAa, KOTOpPbIli Mbl
knaccuPuuupyeM Kak meTod noucka ¢ oTcederuem, C Lesblo Moay-
YUTh JIHHEHHLI# 00 BPEeMEHW aJrOPHTM AJA 3a4a4H JHHEHHOro fpo-
rpaMMHpOBaHHA B cJydae, KOTAa pPa3MepHOCTb OPOCTPaHCTRA (HK-
cuporaHa [257, 259].

3aMeTHM, OfHAaKO, YTO BpPEeMEHHAsi CJOXHOCTb fBJSETCs [ABa-
Kbl SKCIIOHEHUHaNbHOA OTHOCHTENBHO PasMepHOCTH NpOCTPaHCTBA.
HMcnonb3oBande 3Toro Merona nossonseT 3QQeKTHRHO peluaTb He-
KOTOpble reoMeTpuYecKHe ONTHMH3alHOHHHe 3ajaud. B uyacthocTy,
yKaXKeM caeaylouiue: 3agaya JUHEHHOW OTHGJIHMOCTH, T. €. 3ajaibl
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n Touek B R?, crpynnupoBaHHble B fiBa HenepeceKaloOHIHXCA MHO-
XKecTBa, U Tpebyercs HalTH rHOEPMJIOCKOCTb, €CIH OHA CYLIECTBYET,
KOTOpas pasjfefifeT 3TH ABa MHOXecTBa; 3anaya Yebblménsa o pe-
rpeccHH, a HUMeHHO: 3afaHbl n TOYeK P ==(Xi, Xig ..., Xua) E RY,
i=1,2, ..., n, Tpebyerca HaliTH JuHeAHYIO GYHKIHIO

d—
Fxy, xg ..o, Xg)= Z; a;x; + ay,
):

MHHUMH3HDYIOLLYIO

max{

3asaya o0 oxBaThiBatouleil runepctepe, a HMEeHHO: 3ajaHBl n TO-
yek B R9, tpebyercs HaliTH HaWMeHblIylO rHnepcdepy, coAepKauUly o
Bce 3TH TOYKH. Bce 3T 3apgaunm moryr ObiTh pelieHb 3a BpeMms
O (n) npu ycnoBuH, uyto d puKcupoBaHo. Merton moxeT 6bTb 0606-
UleH AJI8 pellleHHs ONTHMHU3alUHOHHBIX 3aflay KBaApaTHYHOro Mpo-
rpammupoBaHusa. O6cyxaeHHe noapoGHOCTE# TAaKOro paclIHpeHHs
W APYrHx CBA3aHHbIX C 3THM 3ajay, pellaeMblX YKa3aHHbIM HJH
aHaJIOTHYHBIM eMy MeTOfOM, MOXeT ObITb HaiiieHo B [257].
Tenepr Mbl ganum HeBoabliod HaGPOCOK 3TOro 3aMeyartesibHOro
Metoja ANA cJydas JByMepHOro mpocTpaHcTsa. 3afaya JHHeHHOro
nporpaMmupoBaHus Qopmynupyerca ciaepyiouium obpasom:

da—|

Zalxil+ad—xid! l—_—l, 2v°'-v n};
I=1

MHHHMH3HPOBaTbL ax -+ by
npu ycqaosuu ax +by+ ¢, <0, i=1, 2, ..., n.

Paccmarpusaemblii Meto oTbépachiBaer He TOJbKO HecylilecTBeH-
Hbie OrpaHHuYeHHs, HO TaKXe H Te OrpaHHYeHHs, KOTOpble rapaH-
THPOBAaHHO He COMepXKAaT BEepUIHHY 06,1aCTH BO3MOMXHbIX pelleHHH,
MHUHUMH3HPYIOUell ¢yHKUnoHaa. CHavana Mbl peajn3yeM JinHelHoe
npeo6pa3oBaHHe TOYEK MNJOCKOCTH TaK, 4To (yHKIIHOHAJ CTaHer
paBHbIM OfHOW W3 ABYX KOOpJAMHaT, HalpuMep opaHHaTe. Toraa uc-
XOllHaA 3ajavya CBOAHMTCA K HaXOXAEHHIO 3KCTpeMvMa KyCOYHO-JIH-
HefiHO# BbINyKAOM (QyHKUWH, 3aBucAllelt or abcuucchl. Katoueroit
MOMEHT COCTOHT B TOM, YTO TaK KakK BCe, 4TO HaM tpebyeTtcs, — 31O
onpefenuTb abcUHCCy TOYKH 3IKCTPeMyMa, TO HeT Heo6XonHMOCTH
HBHO CTPOHTb 3Ty BHIOYKAYI0 (YHKUHIO, KOTOpas OCTaeTCsi HesiBHO
onpegeneHHON MHOXeCTBOM JHHeAHbLIX OrpanH4yeHnil.

[Tpexne Bcero nosoxum Y = ax + by, X = x. [lpeanoaaras Ges
notepH obUWHOCTH, 4yTo b = 0, mosnyyaem

MHHHMH3HPOBATDL Y
© npn yeaosud o, X +B,Y + ¢, <0, i=1, 2, ..., n,
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rae
a,=(a; — (a/b)b;), B,=1b,/b.

B Tako#t HoBO# (opMe Mbl AOJIKHB BbIYHCJIHTb HaHMeHbllee 3Ha-
yeHHe Y ANR BepUIHH BbINYKJIOrO MHOroyroJbHHka P (o6.aacTb BO3-
MOXHBIX  pelleHHH), ofpefensieMoro 3THMH  OrpaHH"eHHAMH
(puc. 2). B 3aBucuMocTH OT TOro, fiBgeTcs AW B; paBHLIM HY.JI0,
OTPHUATENbHbIM HJIH MOJOXHTENbHbIM YHC/AOM, 1 OrpaHHueHnil pac-
napaloTcs Ha Tpu Knacca lo, /-, I. MuoxecrBo /, onpenenser HH-
TepBan [uy, up] 3nadeHuit X, B KOTOPOM HeoOXOLMMO HCKaTbh pe-
lIeHHe, B TO BpeMf Kak MHoxectBa /_ u [ onpenesnsior B HeSBHOM

*2 F_(X)
—
P ™~
F.(X) < [
+ N
1] A\
>X
/ \
u, Uy

Puc. 2. MNprmep 064aCTH BO3MOXKHBIX peLIeHHH, ONpeleNsieMoii MHOXeCTBOM JHHed-
HbIX OrpaHHYeHHH.

BHJe COOTBETCTBEHHO BbLINYKJYIO BHH3 H BbINYKJYIO BBEPX KyCOYHO-
auHeiinbie yukuun F_(X) u Fy(X), onpenenstoue rpanuuy ob-
JIaCTH BO3MOXHbLIX peweHul. Takum ob6Gpa3oM, HcxOAHas 3ajgaya
npeobpasyercs B cleAylollyio:

MuHuMu3nposath F_ (X)
npu ycnosud F_(X)<KF, (X), yy, <X <u,.

3uavyenus F_(X) » Fi(X) ana npoussoabHoro X moryt GbiTb Bbi-
uncsiedb 32 BpeMs O(n). D10 OTHOCHTCA M K BesJiHYHHe HAKJOHa
dyukunit. Takum o6pa3oM, B paMKaX YKa3aHHOro orpaiHyeHHs no
BpeMeHH A7 KaxAo# Toukn X' & [uy, uz] Moxer ObiTb NOJYyyeH
OfMH M3 cJelylowHX pesysnbraToB: (i) 3Hauyenuwe X’ HegpomycTHMmo
W 3ajaya He WMeeT pelueHHsn; (ii) 3HayeHHe X’ HeIONMYCTHMO W HaM
113BECTHO, C KakoH cropoHbl oT X’ (cieBa WJM crnpaBa) MOXeT Ha-
XOAMTbCA HEKOTOpPOe aonycTHMoe 3HauenHe X, (iii) 3Hauenne X’
JONYCTHMO W HaM H3BeCTHO, C Kakoi cTopoHbl oT X’ Haxoautcs
Touka MHuuMyMma F_(X) u (iv) 3Hauyenne X’ cOOTBETCTBYyeT MHHH-
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Mymy ¢yHkuun F_(X). Cayuan (i) n (iv) AaioT okoHuYaTeNabHbIe
pelieHus.

Yrob6bl BbIOpaTh X', Mbl pa3buBaeM Kak /4, Tak M /_ ua napu
orpaHHyeHlli (NpsiMbIX JWHHA) W onpegenseM abcuuccy X;; HX
nepecevennsi. Ecnu X, € [ui, uz], TOo 0AHO M3 orpaunyeHHit MOXet
6bTh HeMeaJieHHO oTOpolleHo Kak HecyuwlectBeHHoe. [Ins MHOXKe-
crBa 3nadenuin Xy &lwy, uz] 3a spems O(n) [I, 111, 306] wmu
HaxonuM Hx MelnnaHy X” u ouenuBaem Fy(X”) u F_(X”). 3arem,
COrJIaCHO NMpHBEeleHHBM Bbillle cOOOpaKeHHAM, MOJOBHHA 3HadeHH
Xij nexut B obsacTH, He cojepiKalledl 3HayeHHs, Ha KOTOPOM [0-
CTHraercs MMHHMaJbHOe 3HayeHue, TaK YTO OJHO OrpaHHUeHHe Naphi
MOXeT OblTb HCKJIOYeHO. TakuM crnocoGoM MpH KaXKAOM BbIYHC-
aeuun F(X) n F_(X) nekotopas (pHKCHpOBaHHAs 4acTb o OCTaB-
WHXCA HA TeKYLIMA MOMEHT OrpaHHueHHii MoxeT ObITb yHaseHa.
9710 OPUBOAHT K 3aKJIOYEHHIO, 4TO 33 logi/1—qft WIAros pasmep
MHOXeCTBa OCTaBUIWXCA OrpaHudeHHH CTaHeT AOCTATOYHO MaJibiM
AJis1 TOMCKa pellleHHA npAMbLIM cnocoGoM. Tak kak TpeGyeMoe Bpems
paBHO

Cn+Can+4Ca’n+ ... =0 (n),

rie C — HekOTOpasi KOHCTAaHTa, TO HMeeM CJeiYIOUlHi pe3yJIbTar.

Teopema 6. [symepuas 3adaua AuHEUHO20 NPOZPAMMUPOBAHUA
C n oepanuueruamu moxer 6uTo pewena 3a spema O(n).

G. Meroa AMHAMH3ALHMK

Stu Meroab pa3paboranbl A8 3ajay, 6a3a JaHHbIX KOTOPHIX
H3MeHseTCA €O BpeMeHeM (BpeMs H3MeHAseTCs aAuckpeTHo). Hnes
COCTOMT B TOM, 4TOOBI HCMOJb30BaTbh XOpOMIHe CTPYKTYpPbl AaHHBIX
a8 cratHyeckol (bukcnpoBaHHoH) 6a3bl JAHHLIX M JONOJHHTH HX
MeXaHM3MaMu AHHaMH3alUuH TaKuM o6pa3oM, 4TOGbl omepaunud ¢
6a30fi gaHHLIX (BCTAaBKH H HCKJIOUYEHHS 3JIeMEHTOB) MOXHO OBLIO
BLINONHATL 3P deKTHBHO.

Kak u paHee, onumemM o6uiuit noaxox ua npumepe. [1pumep or-
HocHTCA K KJjaccy 3adad zeomerpu4eckoeo noucka. THNHYHON 3a-
Radell MOUCKa ABJSETCA 3ajfaia O NPUHAOAEHHOCTU, @ UMEHHO 3a-
AaHO MHOXecTBO 00beKToB F U HeOGXOAMMO ONpefesHTb, MPHHAM-
JIeXKUT Ju X MHoXecTBy F? Ecan F— MHOXeCTBO BellecTBeHHBIX
ypces, TO MOXeT MpeACTaBJsiTh HHTepec Bonpoc o OaHKafilleM co-
cese x, T. e. TakoM 3JjeMeHrte F, Kotopbl#l HauGonee 6AH30K K X.
B snurtepartype 3Ta 3ajaua M3BeCTHa MOJ Ha3BaHHWeM 3ajayH O HaH-
Gonee moaxoasiueM ssnemedte [64, 156] unu 3agadn noucka 6aH-
Kaituwero cocena [147, 157, 171, 354] . Bonee ¢popmanbHo, B 061eM
cayyae 3anpoc K 0ase AaHHbLIX MpeACTaBJseT HEKOTOPHId BOMmpOC,
cojepxauuil nepeMenHyio Tina Tl u oTHocswKiicas K MHOXeCTBY,
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cocTosilleMy M3 3JeMeHTOB THma T2, a oTBeT Ha BOIpOC — 3Haye-
nue tuna 73. B 3anpoce o npunanaexHoctd T1 v T2 cosnamator,
a T3 — noruvecku#l Tul; B 3ampoce o OamnxalweM cocele THNH
T1, T2 u T3 onuHakoBb — BellleCTBEHHBlE YHC/aAa, 3anpoc Q MOXKHO
paccMaTpuBaTh Kak ortoOpaxeHHe u3 T1 H MHOXeCTBa MOAMHO-
xectB T2 B T3, 1.e. Q: T1 X 22— T3 [39, 304].

Hanee ompenenen Kjaacc 3ajay, Ha3biBaeMblX 3adauamu noucka,
donycraroujumu O0exomno3uyuro, K KOTOPbIM MPHMEHUMbl METOIbl
NHHAMH3alNH.

Onpeneaenne [29]. 3agaua moucka c onepauueli 3anpoca Q Ao-
nycKaeT AeKOMIMO3ULHIO, eC/H cyllecTByeT 3QQPeKTHBHO BBIUHCIH-
Mblil GliHapHBIA onepatop (@ (accoUMaTHBHBLIH H KOMMYTATHBHBbIfM),
YIOBJIETBOPAIOLIHH YCOBHUIO

Q(x, AUB) =@ (Q(x, A), Q(x, B)).

Jlerko Bulerh, uto 06a NpHBeleHHLIX Bbille MpHMepa AONYCKato1
LEKOMIO3H KO,

B 3agaue noHcKa Mbl HMeEeM HEKOTOPYIO CTPYKTYDPY AaHHBIX AJS
MHOX>KECTBA 3JI€MEHTOB, CPeld KOTOpHIX MPOH3BOAHTCH mnoHcK. Cy-
IIeCTBYIOT TPH Mepbl 3aTpar pecypcoB, CBA3aHHbIe C HEKOTOPOR
CTPYKTYpO# Hauublx A, a HMeHHO:

1) P4(N) — Bpemsa npeao6paboTkH, Heo6X0AHMOe A8 MOCTpoOe-
dHs CTPYKTYpH A,

2) Q4(N) — Bpemsa, HeoOXoAHMoe AJS NOHCKAa B cTpyKType A
no 3anpocy, :

3) Sa(N) —ob6bem naMaTH, HeOGXOAUMBIH A8 XPaHEHHS CTPYK-
Typh A.

3nect N —uucao 3JeMeHTOB MHOXecTBa, AJ9 INpeAcTaBJeHHS
KOTODOro HCOOJib3yeTca CTpyKTypa A.

[Ipouenypa IAHHamMH3alUHH BKJOYaeT B cebs npeo6pasoBaHHe
HeKOTOpOro BHIa, KOTOPOe mpeo6pa3yer CTaTHYECKYIO CTPYKTYpy
JaHHbIX B OHHAMHUYECKYIO, AONYCKAIOMYIO BCTaBKY H HCKJKOUYEHHE
sneMentoB. PaccMoTpuM 3ajauy nokcka Oauxaillllero cocepa Ha
naockocTH. [lycTs Ha NJIOCKOCTH 3alaHO MHOKECTBO H3 1 TOYeK W
tpebyerca HalTu Oamxaliwero cocela HeKOTOPOH 3ampallHBaemof
toukd x. Jlas craTuyecKoro BapHaHTa 3ToH 3allauH HMeeM cJe-
AYIOlHe Mepot 3aTPAT pecypcos:

Ps(n)=0'nlogn), Qu(n)=0 (logn) u S,(n) =0 (n),

rie A, HanpuMep, 0AHA W3 CTPYKTYP AaHHBIX, PaCCMaTPHBaeMblX
B pa6orax Jluntowa u Tapbana [242|, Kupknatpuka [197] uau
Anenc6pyuuepa u ap. [128]. Tenepb paceMoTpum, KaKk MOXHO Mpe-
06pa3oBaTh CTPYKTYpy AaHHbIX A B AHHAMHYECKYIO CTPYKTYpPYy OaH-
ublx D, uto6h UMeTl, BO3MOXHOCThL BHIMOAHATL ONepalHH BCTaBKH,
UCKJIIOUeHHs! H noHcKa no 3ampocaM. CyllecTByer nenbléf psajg Me-
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Tono8 AMHamu3daunu [121, 164, 166, 248, 262, 263, 276, 279, 280,
282, 304, 339, 340, 341], u3BecTHbLIX B JHTEpaType, HO 31€Cb Mbl
onumem Merol, paspaboraHHuii BaH Jleysesom H Byaom [341],
KOTOPHH BONJOLIAeT BCE CYILeCTBEHHbIE UepThl 3TOr0 MOJAX0Aa.

O6wui npUHUHN COCTOMT B TOM, 4TOOb OpraHuloBaTh Qaiin
B BHJe COBOKYMHOCTH OTA€JbHbIX CTPYKTYP RaHHbIX TAKHM 06pa3om,
yTo6bl KaXk1as KODPEKTHPOBKAa AaHHbIX 3aTparuBaja OJHY H3 HUX
(nnu, Bo3MOXHO, Hebousbioe ukcupoBattoe 4ucao). Oanvako, 9ro-
6 u3bexkaTb NMepeHoca LEHTPa TAXKECTH 3ajdayH Ha o6paloTky 3a-
npocoB, cJAelyeT BO3JepXHBaThCd OT 4Pe3MepHOH ¢parMeHTalHH,
TaK KaK OGbIYHO 3anpochl OXBaTblBalOT BCIO COBOKYMHOCTb JaHHbIX,
Boopyxusmuch 31ofl ofmell Haeell, pacCMOTPHM CJleldylOUlHH npu-
Mep. [lyetb {xz}a>1 — Bo3pacraoimias mnocneloBaTeNbHOCTb LEbIX
yuces, Ha3blBaeMblX TOYKAMU NEPEKAOYEHUS, TAe X, [IeJHTCH Ha R
H Xeqi/ (R + 1) > xp/k. Tlonoxum xo =0, yr = xx/k v nyctb n —
TeKyUlH# pa3Mep MHOXecTBa ToyeK. MHoXecTBo Touek pa3buBaercs
Ha COBOKYMHOCTb MOJAMHOXECTB, KaX10e H3 KOTOPbIX IIpeACTaB-
JAgeTcs OTAeNbHOH CTaTtH4ecKod CTPYKTypo# aauubix. [as 3agau-
HOro 1esI0ro 4HcJa k, Ha3biBaeMOro yposHem, JHHaMHYeCKas CTPYK-
Typa AaHHbiXx D coctoHt H3 (k 4+ 1) CTpPyKTyp OAHOro H TOro e
tana A: k u3 HHUX, Ha3biBaeMble 640Kamu, UMEIOT pa3Mep B nHa-
na3oHe OT Yx OO Yi+i. B TO BPeMS Kak OlHa, Ha3blBaeMas kyued,
umee1r pasMmep oT 0 no (ye+1 — 1) Kaxnas rakas crpykrypa B
cHabeHa cuyeTunkoM S(B), onpepensioliuM ee craryc— «MaJjio»,
«4aCTHYHO> WJIH MONHOCTHIO» B 3aBHCHMOCTH OT TOr0, UMEEeT MecTo
S(B) = Yk, yr < s(B) << yr41 AU 5(B) = Yr41 COOTBETCTBEHHO.

Kak orMeuanocL pauee, 3anpoc oxsatuiBaer Bce (k-4 1) cTpyk-
TYyp C MOJHHIM BpeMedeM oTBeTa Ha 3anpoc O(kRQa(yrs1)), Tak
KaK Yr+) SBASETCS rpaHuiled ans ux pasmepoB. Bosee ToHko#H fB-
Jasercs o6paboTKa KOPPEKTHPOBOK, rie, AJS TOro YToObl KOHTPOJMN-
poBaTb pacxoj pecypcoB, HEOOXOAHMO KOHTPOJUPORATH MAaKCHMaJlh-
HbIH pa3Mep C1pyKTyp AanHbiX. BeraBku sBigioTcs 6osiee npocTbiMH
onepaunHsMH, TaK Kak BCe OHH MOryT ObITb OTHeceHbi K Kyue. [c-
KJIIOYEHHS] K¢ JEMEHTOB MOTYyT BO3HHKHYTb, I'le YrOAHO, H MOXKET
0Ka3aTbC HeOOXOAHMBIM COYETaTb HCKJIOYeHHe 3jeMeHTa B GJOKe
c nepeMeleHHeM H3 apyroro 6noka (oco6eHHo H3 6J0Ka co cra-
TYCOM <«4aCTHYHO», €CJIH HCKJ/IoueHHe uMeeT MecTo B OJIOKe co
CTaTyCOM «MaJsio»).

Pasymeercs, cratnyeckas CTPyKTypa JAaHHblX [ROJMKHA Ouirh
cHabxeHa cnosapeM [l] pasmepa n ans Toro, utobbl 3a Bpemsg
C(n) MoxHo OblO OnpenesHTL OJIOK, H3 KOTOPOro yaansiercs sJje-
meur. Bo Bcex csyyasx 3arpaThl Ha KODPCKUHIO NAaHHBIX COCTaB-
A0t O (Ua(Ye41y+ C(n)), Tak Kak Ye41 — MAKCHMAJBHBIA pasmep
craTHuecKuX cTpVKTyp. OTMeTUM, YTO 3HauuTeNbHble H3MEHEHHS n
conpoBoxaaloTcs Gosec VMepeHHbIMH H3MeHEHHSAMH napameipa k.
HeiicrBuTenbHo, Korga Bce OJIOKH Ha ypOBHe & 3allofHeHbl, Ml
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nepek/ioyaeMcsl Ha ypoBeHb 2+ 1 B TOT MOMeHT, koraa pa3mep
KyuH TaKXe JOCTHTaeT Yr4i. DTO A€NaeTCs NyTeM BKJIOYEHHS KyUH
B COBOKYMHOCTb 6JI0KOB (uHcao 6s0KOB noBoautcs a0 k + 1), H3-
MEeHEeHHS HX CTaTyCa C «MOJHOCTbIO» Ha «MaJio» H HHHUIHAJH3ALHH
HOBO# KYYH C YHCJOM 3jeMeHToB, paBHbiM 0. 3aMeTHM, uTO Koraa
Mbl MepeksioyaeMcs C YpoBHS Kk Ha ypoBeHb k 4 1, To HMeeMm B
TouHoCTH (R + 1)Yry1 = Xpy1 TOUek B MuoxectBe. C apyroit cro-
pOHbI, KOTJ1a pa3Mep MHOXeCTBA H3MEHReTcs C xp 10 Xp — 1, MbI
aHaAJIOTHYHbIM 00pa3oM nepeKksYaeMcsi C ypOBHA k Ha ypoBeHb
k — 1, npu srom O6s0Kk npeBpamaercs B Kydy. MoxHo nokasaTb
[341], uTo nepeknoYeHHe MeXAy YPOBHAMH MoXeT OblTb KOp-
pekTHO BbimosiHeHo 3a Bpemst O (1). Caeayoowas teopeMa MOABOAHUT
HTOr npelblaylleMy o6cyxK/AeHHIO.

Teopema 7. Jlrobas craruueckas cTpykrypa Gamnoix A, ucnoao-
3yeman npu peweruu 3ada4u noucka, donyckaroujeli OekoOmMno3u-
yuo, moxcer 6oiTo nPeobpa3osana 8 AURAMUYECKYIO CTPYKTYPY OaH-
Hotx D Oan Todl sce camod 3a0auu co caredyrouumu xapaKTepucTu-
kamu. Ecau x, < n << xeq1, 10 8pema Qp(n) orsera wa 3anpoc
0as D ecto Qp(n)= 0(kQa(Yes+)). Bpemsn Koppexruposxku darnolx
Up(n) (scraska uau yOarenue sremenra) dan D ecto Up(n)=
= 0(C(n)+ Ua(yrs1)). Heobxolumoii ob6vem namaru pasex
Sp(n)=0(kSa(Yr+1))-

Ecau, nanpumep, Bbi6HpPaThb B KayeCTBe TOYEK MepeKJIOYeHHS
TaKHe IleJible YHCJIa, 4TO X — MepBoe 4HCJO, KpaTHoe k, Gojbliee
HJaH paBHoe 2%, T0 k npuMepHo paBHO loge n H Yy, MpUMEpPHO paBHO
n/logs n. Tak kak ana 3agayv moHcKa GJHXKaliero cocega HMeercs
CTPYKTypa naHHbIX A, Takas, 4T0O

Qa(n)=0(logn) n Uy(n)=P4(n)=0 (nlogn)

[197, 242], o uMeeT MecTO NPHBOAHMOE HHXKE CJIeNCTBHE.

CaencrsHe 1. 3adaua noucka 6auxcaiiuezo coceda Ha NAOCKOCTU
moxcer 66iTo pewera Takum ob6pasom, 4TO 8peMa OT8eTa HA 3anpoc
6yder O (log?n), a epems xoppexTuposxu cTpyxtypsr 6yder O (n).
(Ormerum, uro 8 nawenm caywae C(n)= 0 (log n).)

CylecTByeT HeCKONbKO APYrHX CXeM AHHAMH3aUHH C Pa3HbLIMH
cooTHOIeHHAMH (Bpems oTBeTa Ha 3anpoc)/(tpebyeMas naMsTh) H
(Bpemst oTBeTa Ha 3anpoc)/(BpemMs Ha mepecTpodKy). Hampumep,
ec/ld B paccMoTpelHOl cXeMe BblOpaTh HHYIO MOCJA€L0BATENbHOCTD
TOYEK MepeKJIOueHHs, TO moJyyaTcss M Apyrde BpeMs OTBETa Ha 3a-
npoc W BpeMsi KOPpeKTHPOBKH. UuTaTens, uHTepecyloulerocs nera-
JISIMH, Mbl OTCblJlaeM K YMOMHHaBIUHMCS Bbllle paboTaM.
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1. KJACCHl 3AJIAY

B stom pasfaese Mbl JaaguM 0630p KaXJaoro H3 KnaccoB 3ajnad,
O KOTOpbIX 661710 CKa3aHO B BBEAEHHH.

A. Boinykabie 060J04KH

3ajgaya nocTpoeHHd BbINYKJI0H 060OMOYKH He TOJbKO OKa3bl-
BaeTCs ileHTpa/JbHOH 1J15 NPaKTHYECKHX MPHJIOXKeHHH, HO sABJIAETCA
TaKkxe OCHOBOH A/ pelleHHs psga ApPYrdX BaXKHbIX BONPOCOB BHI-
YHCJIHTENIbHOH reoMeTpHH.

3adaua 3.1.1. Bsinyxkaran o0b6oaouka. 3agaHo MHOXKECTBO S H3
n Touek B d-MepHOM mnpocTpaHcTBe. Tpebyercss HaHTH BHOYKIYIO
060J104Ky 3TOro MHOXecTBa. (Beimyksnas o6osouka MHOXecTBA —
3TO HauUMeHbIllee BhINYKJOE MHOXECTBO, COAepKailee 3ajgaHHOe
MHOXeCTBO; rpaHulla BHNYyKJ0# 060s0ukH S o6o3rnavaercas CH(S).)

3anavya mocTpoeHHs BHIYKJ/OH 0060JOYKH, B 4aCTHOCTH A8 MHO-
KeCTBa TOYEK Ha MJOCKOCTH, HHTEHCHBHO H3ydyaJacb H HMeeT pas-
HOOGpa3Hble MPHJOXKEHHS B pacmosHaBaHuu o6pasos [5, 115], o6-
paGorke wu3o6paxenuii [301] w apyrux o6aactax [152].
B pasa. II-D mbl yxe BHgenH, uTo 3Ta 3afaya MoXeT GbiTb pelleHa
MeTONOM «pasfiensii W Baacteyii» 3a spems O(nlogn). Vmeer-
csl AJTUHHBIF CMHCOK cTaTef, colepXkamluxX pe3y/bTaThl O BbINYK.OIM
o6on0uKe MHOXeCTBa ToYeK Ha mjockoctH [3, 4, 6, 7, 31, 32, 42, 66,
68, 120, 167, 184, 293, 310, 313]. Bpemsa pabotbl npeanaraembix
anroputmoB pasHo nubo O(n logn), anbo O(nH), rae H — uncno
TOYEK Ha rpanuile BblnyKaol o6osiouku. Mckniouenue cocraBagioT
pabotul [68, 310], B KoTopbIX paccMaTpHBaeTCsi MOCTPOEHHE BbIMYK-
Joit 06004k B npocTpaHcTBax Gosiee BLICOKOH pa3MepHOCTH.

OtMeTHM 3/1eCb, YTO pe3ysibTaTOM pelleHHs 3ajlayd MOCTPOeHHs
BBINYKJIOH 060/0YKH Ha MJOCKOCTH sIBJAIETCA yNOPsAOUYEHHBIH Cru-
COK BepuIHH, JEXaIllHX Ha rpaHule BbiNyKJIoH o6osnouku. Crejgosa-
tesbHO, BpeMs O(n log n) aBasercs Heo6XOAHMbIM H AOCTATOYHBLIM
AJ1f1 MOCTPOEHHA BHINYKJ0H 06004k (cM. nemmy 3.6.2).

Mbl HauHeM C KpaTkoro o0630pa ABYX paHHMX MOAXOLOB K pe-
UIeHHIO 3TOH 3ajayH, H3BECTHLIX TMOA HAa3BAHHSMH: MeTO] CKaHHPO-
Bauns [paxama [167] u meron o6xona [xapsuca [184]. O6e 3tu
cXeMbl COAEpXXaT MHOro MJIOJOTBOPHBIX ANS AaHMHOH TeMbl Hueil.
B cBa3H ¢ 3tuMm cneayer obpaTHTb BHMMaHHe Ha paGory [333],
B KOTOpO# npuopHTeT Ha pa3paGoTKy nepBOro ajJropHTMa MOCTpOe-
HHS BBINYKJOH 060s04KH npunuchiBaerca Baccy u Ily6epry [25].

Merod cxanuposanun [piaxama. [p3xaM B OAHOR H3 nepsuik
pa6oT, MOCBAILEHHBIX 3ajlauaM BbiuWcAuTeNbLHOR reoMmerpun [167],
NPeAJIOXKHA aJropHT™M co cioxHocTeio O(n log n) ans BbluucaeHHS
BHIYKNOH 06OJIOYKH n TOYEK HAa MJIOCKOCTH. DTOT aNroputm pabo-
Taer cjeaylowuM obpa3oM. DBo-nepBbiX, MpOH3BOMLHBIM 06pa30M
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BblOHpaeTcsi HeKoTopas BHyTpeHHsia Touka (O, HampHMmep reo-
MeTpHUYeCKH/ LeHTP Macc TpeX H3 3alaHHbIX Toyek. Bo-BTOpHIX,
TOYKM MHOXECTBA YMOPSAOUHBAIOTCS B COOTBETCTBHH C HX YIJIOM
noBopota oTHocHtesbHo Toukd O. 3artem BbiOHpaercs TovKa, Npo
KOTOPYIO 3aBeIOMO M3BECTHO, YTO OHa JIEXHT Ha BHIMyKJO#H 0604101
Ke, HanpHMep TOYKa Uy C MUHHUMAJIbHOH y-KOOPAHHATOH (H MaKCH-
MaJbHO¥ X-KOODAHHATON, €CJH TaKUX TouyeK HeCKosbKo). [lpeano-
JIOXKUM, 4TO MHOXECTBO TOYEK MPeACTaBJCHO YMOPAJOYEHHLIM CrH-
CKOM Ug, Ui, ..., Un—1, B KOTOPOM TOYKH M€peyHCJeHbl B nopsake
0o6xona NMPOTHB YacoBOH CTpPeJKH OTHOCHTENbHO BbIOpaHHOH paHee
roukd O, u npu atom v; = CJIEAVIOILIUH (vin), i= 1,2, ..., n,
U U, = Uo. ¥Kasatenr [TPEIABIAYIIHNM coorserctByer o6xoay B
ofpaTHOM NOpsiZKe MO 4acoBoi ctpeske. Temepb MPOCMOTPHM BCe
TOuKH, ob6pabaTbiBasi Ha Ka>kioM miare no TpW Toukd. Byaem ro-
BOPHTb, YTO TPH TOYKH ¢, u, U 06pasywT aesobil nOBOPOT, eciH
TOYKa U pacrnoJsioXkeHa CTPOro cJjieBa OT HamparJeHHOH 1PAMOH,
uayume#i ot ¢ K u. [IpocMOTp TOYeK BBIMOJHSETCSA CAEAYIOUIHM 00-
pa3oMm.

begin v:=v;
while CJIEAYIOUIHUW(v) 5= v, do
if v, CIENYIOUMH(v), CJEAY IOILIHUN
(CJEOYIOUIUH(v)) obpasyioT JeBbiif 10BOPOT
then v:= CJIEAYIOLLHWP(v)
else begin
YIAMUTD CINEAYIOUIUH(v),
if v 4 v,, then v:=TIPEIbBIAYLIUN(v)
end
end

Beskuii pa3, Korla nocneaoBaTteqbHas TPoHKa sepuiMH obpasyer
JIeBbIi MOBOPOT, Mbl MpPoABHraeMcs Aanbiie. B npoTuBHOM cayuae
cpeanan touka CJIEAYIOIIMM (v) He npHHaANeXHUT RLINYKIOH
o6osouke W ROJKHA OblTh ylajieHa (H 6OJible HHKOrga He Mpo-
cMartpuBaTthcs BHOBL). [IpH ynasneHun BeplUIHHB Mbl 6038paujaemcs
Ha3ad Ans Toro, 4ToObl MPOBEPHTh, YTO TOYKA U MO-MPEXHEMY NMpH-
HalJleXXUT Boimykaol o6osouke. Takum o6pasom, mbl J1H6O 11POABH-
raemMcs Brepej MO CNHCKY BepiIHH, 1ubo BO3BpalLlaeMcs Ha3al Mo
CMHCKY BepIIHH, OTHECEHHBbIX MpeABapHTENbHO K BHIMyKJaoH 06o-
nouke. Tak Kak Ha BolmoJHeHHe KaXKaoro uara tpebyercs MOCTONH-
HblH KBAHT BpEMEHH, TO BeCb MPOCMOTP CMHCKAa OCYyLIeCTBJseTcs
3a JsHHefiHoe BpeMms. [loaToMy nojiHoe BpeMs BBbIMOJIHEHHS aJro-
putMa pasHo O(nlogn), Tak Kak onpele/SiOLHM SBJASETCH war
COPTHPOBKH.

Merod o6x0da [xapsuca. Yka3zaB Ha TO, 4TO HE3aBHUCHMO OT
OKOHuYaTenhHOH BbIMyKNo# o6onouku anroputM [Ipsxsma Bceraa
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Bunosnsercs 3a spema O(nlogn), [HxapBuc npensoxua ajibTep-
HaTHBHOe pelleHUe 3aaYH MOCTPOEHHS BbINYKJOH 060J0YKH, Tpe-
6youlee Bpemern O(nH), rae H — yucno BepilinH BRINyK/OH 060-
aouku [184]. Crenosarenbo, ecnun H = o(logn), to anropurm
Ixapeuca nydwe, yeM anropHtM [paxama. [loaxon, Bul6paHHbii
I xapsucom, cobnasuuTenen Hieell «3aBOpayHBaHug moaapka B Gy-
Mary», Takxe MNpUMeHHMoli k Mertoay [68] Hauuras ¢ Touku u,
PO KOTOPYIO H3BECTHO, YTO OHA MPHHAMNEXHT BhiNyKJao# 060J0y-
ke (kak u B Metonae I'paxsama), 3a sHHefiHOe BpeMs Mbl HaXOOAHM
C/lelyloly0 TOYKY U, TaKylo, 4To pe6po u, v BXOAHT B BbIYKJYIO
060JI04Ky, T. €. BCe OCTaJbHBLIE TOYKH JNeXKaT MO OAHY CTOPOHY OT
OpUeHTHPOBaHHOH npaMoil, conepixaillei pebpo u, v. [locne Ttoro
KaKk BepiidHa v HaHleHa, TOT Xe caMblil MeTOL mpumeHnsercs s
BBISIBJIEHHA CJlelyiollefl TOUKH W, TaKOH, 4T0 v, @ ABJAseTcs peGpom
BbIMyK/10if 000/OUKH, H Tak jajee A0 TeX MOp, MOKa Mbl He «obep-
HEeM» CHOBAa HauYaJ/JibHYIO TOUKY u. JIerko BHAeTb, YTO YHCJO Heo6-
XONHMbIX HTEpalUH# B TOUYHOCTH PaBHO UHC/Y BepWHH BHIMYKJOWH
060JIOUKH, TaK 4YTO nojHoe BpeMs paBHo O(nH), Tak Kak Kaxaas
urepauHs tpebyer speMenu O(n).

Ipyroit nHTepecHsl#t moAxoa, AoNyCKarWHHA o6o6uleHHe Ha cay-
Yyail TpeXMepHOro mMpoCTPaHCTBA, OCHOBAH Ha MeTOle «pasiefsii H
paacteyi» [293, 315]. [locne pa3bueHHs HCXOAHOrO MHOXECTBA TO-
yeKk Ha JBa NPHMEPHO PaBHbIX MOAMHOXECTBAa H PEKYPCHBHOrO MO-
CTPOEHHS HX BbIMYKJOH 060JIOYKH LAl COeJHHeHHS MOJYYHBIIHXCS
pemieHHil BbIMONHSETCS Ha OCHOBE pelleHHS cJelyioluell 3axauu.

3adaua 3.1.2. O6wedunenue 08yx HenepecekaroUjuXCa BolNYKAbLY
MHO20Y2oAbHUKOB. 3ajaHbl 1Ba HeMePeceKaiolHXCH BbUIYKJbIX
MHoroyrosbiuka P u Q ¢ p u g BeplInHaMH coorBercTBeHHo. Tpe-
6yeTcs HaWTH HX BbIIYyKAYIO 060J0UKy.

d7a 3afnava peireda B pabote [293] nmyreM HaxoxiaeHusi o6uiHX
OMOpHbIX MPAMBIX K P H Q, rie 0onopras npamas K MHOTOYTONbHHKY
P — 310 npAMas JuHHA, HMellas no KpakHe# Mepe oaHy o6uiyio
TouKy ¢ P, H Bce BepuwHHb P pacnosioxesbl M0 OLHY CTOPOHY OT
aTo#l MuHuK. Tak Kak Mo mpeanosnoxewuio P u Q He nepecekaiorcs,
1o P u Q uMeT ABe onopHble mpsimble, TakHe, uTo P u Q Haxo-
asTca Mo oAHy crtopoHy. Takue npamble MoryT ObiThb Halilenbl 3a
spems O(p + g).

CraruBass Q 10 OAHOH TOYKH, MOJyyaeM HEMNOCPENCTBEHHO pe-
[leHHe cJelyiolieii 10MOAHHTeIBHON 3anayH.

3adaua 3.1.3. Onoproie npamole K 8bINYKAOMY MHOZ0YSOALHUKY.
3ajgan BbIIYKJIH MHOroyoJbHHK P ¢ n BepmiHHaMH H BHEWHss no
orHoweHuo K P touka u. Tpebyercss HalTH JABe OmopHHE mpsiMble
K P, npoxoasiliHe uepe3 TOUKY u. 1119
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dra 3anaua, rpuBHaNbHAa 0e3 HCMOJMb30BaHus (penv6paboTKH,
craHoBHTCA OoJiee HHTEpeCHOH B pexHMe MHOrOKPaTHOTO HCMOJb-
30BaHHA H MoxeT OblTb pemteda 3a speMs O(logn) nyrem oue-
BUAHON ajanTanHu npouexypsl 6uHapHoro noucka [316].

Hekoropbie 43 npeacrtaBjeHHbIX Bbllle uieHl OblH 3JeraHTHO
coeqHHEHb B HOBOM HHTEDECHOM MeTOJe MOCTPOEHHS BbLIMYKJOH
o6oJsioukH, paspaboranHoM HenaBHo Kupknatpukom H Cefizesom
[198]. Mx meron npeacrasiser KoMOuHAUHIO MOAXOAOB pa3fensii
W BJaCTBY#l H MOHCKa C OTCeYEHHEM H [J1 ero BLINOJHEHHS Tpe-
6yercst BpeMss O(nlog H), uto sBAfeTcs aCHMNTOTHYECKH OITH-
MasbHBIM [199]. Anroput™m pasfiesbHO CTPOHT BEPXHIOW H HHIKHIOK
yacTH OGOJIOYKH, a HMEHHO [Be LeMOYKH BeplHH 060JIOYKH, pas-
nejieHHble camolf JieBoil ¥ camoii mpasoit BepwuHaMH. C yueroM
CHMMETPHUYHOCTY MOCTPOEHHS PaccCMaTpPHBAeTCsi NOCTPOEHHE TOJIbKO
BepxHeli yactd obonouxkn. CHavana MHOXKeCTBO Touek S pa3buBaer-
cf Ha JiBa MOAMHOXXeCTBAa MPHMEPHO PaBHOro pas3Mepa. [lasee Bme-
CTO PEKypPCHBHOrO MOCTPO€HHS BepXHefl yacTd 0OGOJIOYKH ABYX Mo-
JIOBHH © BBIYHC/JEHHS WX oOllefi omopHo# npsMoil (Ha3slBaeMo#
gepxHum coeduseruem) cHadana CTDPOHTCS 3TO COejHHEHMHEe, a 3a-
TEM pa3jeNbHO BepXHHe 060JOUKH MHOXKECTB, COOTBETCTBEHHO cJie-
Ba 4 crlpaBa or caMofi JeBofi H caMofi NpaBoii KOHEYHHIX TOYeK
coejHHEeHHN (TOYeK coeduHeHUSR).

KaoueBbiM MOMeHTOM MeToda fBasiercs 3ddexTHBHBI cnocob
MOCTPOEHHS COeJHHEHHs, KoTopblli 6yaer obcyxnen uuxe. CHauana
Mbl OaduM He coBceM (opMasabHOe OMHCaHHe CXeMhl aJIrOpPHTMa.
Ecan M; u My;— unaekcbl TOYEK MHOXeCTBa S, UMEIOUIUX CaMmyio
MaJieHbKYI0O H caMyio GoJsbllyio abcuHcchl (I8 NPOCTOTH CHHTaeT-
cfl, yTo abCUHCCHl BCeX TOYEK DPAa3JHYHbl), TO BePXHAR yacTb 060-
Jouku crpourcs B pesyabrate obpamenns COEJMHHUTH(M,,
My; S) Kk cnenyiowei npouenype:

Procedure COE/ITMHUTD (min, max; A)
begin
1. Haiith BepTHKaJbHYI0 NpAMY® X ==m, pasaeamouiyio A
Ha [Be MOJIOBHHBI.
2. (i, j):=COEJAHUHEHHUE(A, m)
(Comment: i u j— uHIeKcbl TOYEK COENUHEHHA P, ¥ Py
pacrnoJIoMKeHHbX COOTBETCTBEHHO CcJeBA H chpaBa oT
BePTHKANbHOMH MPSMOil.)
3. Hycte Aj={ps A, x(p)<< x(p)}
Mycte A,={p= A, x(p) = x(ps)}
4. If i=min then newatatn(i)
else COEJUHHWTb(min, i+ A,);
if j=max then neyatath(j)
else COEJUHUTD(j, max; Ay
end
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Bpems sbinonnennss npouenypst COEJJMHHUTD 3aBucut ot Bpe-
menu solmosHeHHs QyHkunn COEINHHEHHE. Ilocneanss, oaxa-
KO, Kak Jierko BHAeTb, MpeACTaBJseT 3ajauy JHHeHHOro nporpam-
MHPOBaHHS I/ JBYX nepeMeHHbIX H n orpaHuueHuii. efcrsu-
TeJIbHO, COelHHeHHe MpHHalJexHuT npaMoit L*, takofi, 4yTo KaxAas
TOYKa S HaxoAHTcs HHXe L*, H opauHaTa nepeceueHHs KOTOpoOH
c npsiMofi x = m MHHHMasbHa. TakuM o6pasom, nmojoxus L: y =
= ax + b, uMeeM

MHHMMH3HpOBaTh (ma - b) '
mpu ycaosud x;a+ b=y, j=1,2,..., n "

Ucnosb3ysi Metol moHcka ¢ oTceyeHHeM H3 pabot [118, 257], ko-
poTko paccmotpenHbifi B pasa. II-F, aty 3anauy MoxHo pewnTh 3a
BpeMsa 0(n). OTMeyasn, yTo HaxoxiaeHHe MeAuaHbl Ha ware | Bbl-
noauenns npouenypst COEIMHHTD Ttakxke tpebyer BpeMeHH
0(n), u o6o3Hauas yepe3 h 4Hcsao pebep BepXHell yacTH 000J0UKH,
HaxoaHM, uto BpeMmsa BoinosnHedus T (n, h) COEAHUHUTD ynosne-
TBOpsieT cJeAyioueMy peKyPpeHTHOMY COOTHOLUEHHIO:

T(n, h)=cn, ecau h=1,
T (n, h)= cn+ maxn+n=r (T (n/2, b)) + T (n/2, hy)), 4
ecqH h > 1, ¢ — HekoTopas KOHCTaHTa.

Herpyano 3amernts, uto T(n, h) pasHo O(n logh). Takum ob6pa-
3om, 3a BpeMss O(nlogh) MH MoXeM MNONYYHTb BEpPXHIOK 4Yacth
BbINYK/I0f 060/M04KH. AHaJIOTHYHBIM 06pa30M BBIYHCISETCS HUXKHAS
yacTb BbIMYKJIOW 0GOJIOYKH, TaK YTO Jerko ycraHaBJHBaercs BepX-
Has ouedka O(nlog H) BpeMeHH NOCTpPOEHHS] MOJNHOH 060JIOUKH.
Ob6pamaem BHHMaHHe TaKxXe Ha pabory [254], B Kortopoii naua
MolH(puKauHsa ajaroputma H3 pabornl [198], obnanawomas nyymum
nosejieHHeM B CpPeHEM.

I1pun pasmepHocTn npocTtpaHcTBa d = 3 HMeeM cllelyiolide pe-
3yabTaTthl. B pabore [8] mpHBeaeH aNropHTM MOCTPOEHHS BHIMYK-
J0ii 060JIOYKH B TpPeXMEepPHOM MpOCTpaHCTBe Ge3 aHaJH3a BpeMeH-
HOfl cJOXHOCTH anroputMa. B [I185] nmau anropHt™M co ciox-
#Hocteio O(nfF), rae F— uucao rpaHeit TpexmepHO# BbinykJo# o6o-
JOYKH, pa3paboraHHbii Ha OCHOBe MOAXOHa, aHAJOTHYHOTO pac-
cmotpenHoMy B [184]. B pabore [293] nan onTHManabHbif
(O(nlogn)) anropuTM Ha OcHOBe MeTOMa «pa3fe/fiil H BJACTBYH»
IJ19 MOCTPOEHHS BbINYKJOA 0GOJIOUKH B MPOCTPAHCTBAaX pa3Mepio-
ctd 2 n 3. B paborax [68] u [310] naH anropHT™M pewieHus 3aaauH
NOCTPOEHHS BBIMYKJOH 000JIOUKH B cJydae MpPOCTPAaHCTB pa3Mep-
HoctH d = 3. Aaroput™ B paGote [185] sBasieTcss yacTHbiM cay-
yaeM a9 d =3 Meroaa, paccMorpexHoro B [68], a asroputm B
pa6ore [310] sBasieTcs ONTHMaJbHBLIM JJIsi MPOCTPAHCTB YETHOH
pa3MepHOCTH, ‘
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B pabote [42] nau anroput™ c JHHeHHOH CJ0OXKHOCTbIO B Cped-
HeM IJsi 3ajlayd MOCTPOEHHS BHINYKJoH 000JOYKH Ha MJAOCKOCTH.
(CM. Takxke paborty [97], coaepxkamyio 0630p aJropHTMOB MoO-
CTPOEHHS BbINYKJOil OOOJOYKH C JHHEHHOH CJOXKHOCTBIO B Cpel-
HeM.)

Mpl 3aBepimiaeM 3TOT pa3fgen 0630pOM HECKOJBbKHX AOMOJHH-
TeJIbHbIX 3a/ay, HMeIOUlHX OTHOWeHHe K MOHATHIO BbINyKJOH 060-
JIOUKH.

3adaua 3.1.4. Boinykaans oboaouxa npocTroco mHO20Y20AbHUKQ.
Ha nJockocTH 3ajaH MpocTOH MHOTOYrONbHHK C 7 BepUIHHaMH.
Tpebyercs HaliTH ero BLIMYKJYIO 060JIOUKY.

ToT ¢dakr, 4TO TOYKH 3a/aHbl B BHIEe HEKOTOPOi moc/en0oBaTeNb-
HOCTH BepIUHH MPOCTOr0 MHOTOYTrO/NbHHKA, NO3BOJSET PEeWHTb 3TY
3anauy 3a Juteiinoe BpeMs [48, 168, 214, 249, 334].

3adaua 3.1.5. [IpunadienHoCTo BLINYKAOMY MHOSOYSONbHUKY.
3apan BbIIYKJbH MHOroyroJbHHK P ¢ n BepuuHamu. Ilpu ycnosun
yto JOMycKaeTcs npefo6paborTKa, onpenesHTb, HAXOLHTCS JIH HEKO-
Topas mpob6Has TOYKa u BHyTpH P.

Ara 3agaya MoxeT OblThb pelleHa oueHb Jerko. BossmeM npo-
H3BOJIbHYI0 BHyTpeHHIOI0 ToukKy O MHoroyrojbHHka P B KauecTBe
Hauasa. [IpeacraBHM BeplUHHbl MHOroyrojbHHka P B BHAe GHHap-
HOro IepeBRa MOHCKA (3TO MOXHO ceJaTth, TakK Kak BepmHHb P
ynopsijoueHbl B nopaike o6x0fa MpH ABHXKEHHH BOKPYr Toukn O).
Bpinonuas OuHapHBIY MOHCK, ONpefesHM CEKTOP, B KOTOPOM HaXo-
autcs npobuas touka. (Cekrop — 310 06/1aCThb MJIOCKOCTH, onpene-
asieMas Toukoil O H ABYMS nocJiefloBaTeJbHbIMH BepIIHHAMH MHOTO-
yronbiHka P.) Ecin cektop yxe onpeaesed, 10CTaTOUHO BhIMOJ-
HHTb eJHHCTBEHHOe cpaBHeHue, 4ToObl OmpefesuTh, C KakKo# CToO-
poHbl OT pe6pa MHOrOyrolbHHKa P HaxoQuTcs Touka, T. €. onpele-
JUTb, HAXOJHTCA JH OHa BHYTpH P.

3adaua 3.1.6. [locaedosareavHoe nocTpoeHue ebvinyxaiol obo-

AouKky. 3ajaHo MHOXeCcTBO H3 n ToYeK pi, P2, ..., Pn, MOCTYMalo-
HIMX MOcJejoBaTesNbHO MO OAHOH Touke 3a pa3. Tpebyercs Hai1u
BLIMYKJYIO 000JI04KY MHOMXecTBa {pi, P2, ..., p:} mocse nocrymJe-

HUSl TOYKH pi.

[Tpsimoit mogxon HemocpeaCTBEHHOrO MOCTPOEHHS BbiMyKJOW 06o-
JOUKH KaXXIblfl pa3, KoTra mocTylnaer HOBas TOYKa, sIBJSeTCS BMOJI-
He KOPPEKTHbIM, HO MPH 3TOM BPEMS BbIYHCJEHHH paBHO

,-; O (i log i) = O (n* log n).

Bonpoc COCTOHT B TOM, MOXHO JH CAeJaTb 3TO NYYIUHM 06pa30M.
(OkasbiBaercs, 4TO, HCIIOAL3YSA CBOHCTBO BbIMYKJOCTH, MOXHO pas-
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paboTaTth aJroputMm co cjoxuoctblo O(n log n), npu sToM Bpewms,
J0CTaTOYHOE AJIS KOHCTDYHPOBAaHHS HOBOH BbINYKJIOH 000JOYKH ANS
Kaxao# BHOBb nocrynuBuie#t ToukH, coctraBaser O (logn) [291].
OcHoBHas uaes COCTOHUT B TOM, 4toObl OpPraHH30BaTh BepIUHHLI Te-
KylleH BbIMyKJOH 0060JIOUKH B Bujae OGHHApHOro nepeBa ompeje/eH-
HOro BHAa H IJIA KaXXJOH HOBOH TOYKH p; Mpexjae BCero ompepe-
JIiTb, HAXOAHTCA JH OHa BHYTPH TEeKYLIeH BHINYKJOH 06O/JOUYKH.
Ecnn 3to Ttak. TO TOoYKa HrHopHpyercsi. B mpoTHBONONOXHOM Ciay-
yae HILYTCH [ABe OonopHble MPAMble M3 TOUKH p; K TeKyulefi BblMYK-
no#i obosouke. 3areM BbimyKsaas 060J0UKa H3MeHseTcs NyTeM yjaa-
JIeHHS COOTBETCTBYIOILEr0 MHOXXeCTBA BepUIHH, 3aKJIOUeHHBbIX Me-
Xy OMOPHBLIMH MPAMBIMH, H BKJIOYEHHS TOYKH p; B KayecTBe HO-
Bofi Bepurutbl. [IpoBepKka NpHHAAJNEXKHOCTH TOYKH K BHYTPEHHOCTH
BbIMYKJIOH 0060JI0YKH, Oflpelle/ieHHe OMOPHLIX MPSMBIX H yoajeHHe
BepLWIHH, He MpHHaQJeXalmKuX BblNyK/JOH 060/0uKe, MOTyT ObITh Bhbl-
nmostenbl 3a Bpems O(logi). Heranbhoe obcyxaenne cm. B paGo-
te [291]. Bosiee npocroit anbTepHaTHBHBIN MeTOL MOXeT GbITh Hail-
Ieu B paborax [21, 221].

EctectBenHblil BONpoc, KOTOPbIH MOXeT OblTb 3ajJaH B 3TOM Me-
cTte, COCTOUT B TOM, a YTO Ke MPOU3OH/eT, eCNH pa3peliuTh yAalaTh
TOYKH. B 3TOM cayuae Mbl GoJsblile He MOXKEM YHHYTOXKATb Te TOYKH,
0 KOTODLIX CTaJl0 H3BECTHO, YTO OHH He HaX0oAATCA HA BbINYKJOH
060/104Ke, TaK KaK OHH MOTYT BHOBbh CTaTb BeDIIHHAMHU BbIMYKJOMH
060JI0YUKH nocJje yjpadeHuss HEKOTOPOH TOYKH BbIMYyKJOH 0GOJIOYKH.
Taknm o6pa3oM, Mbl HMeeM CJEAYIOULYIO 3aj1ayuy.

3adaua 3.1.7. Ilodd%epmanue svinyxaoli o6osouku. 3anaHa no-
cJiel0BaTeNbHOCTb TOYeK pi, P2, ..., Pn, YaCTb H3 KOTOPBIX COOT-
BETCTBYeT HCKJIOUaeMblM TOYKaM, a yacTb — Ao6aBaseMmbiM. Heo6-
XOAUMO MOdAePXKHBATh BHIMYKJAYI0 OO6O0JOYKY 3TOr0O MHOXeCTBa
TOUEK.

dta 3anava Gbina dneraHTHo petlena OsepMapcoM W Ban Jley-
BeHoM [281). OHH noka3sanu, 4To BLINYKAYIO 000J04YKY MOXKHO mol-
ACpXKHBaTh, 3aTpauuBasi Ha onepauHd A06aBJEHHS H HCKJIOYEHUS
Touek Bpems, pasuoe O(log?n).

3adaua 3.1.8. ['arybuna u sovinykavie caou muoxecréa. 3ajgaxo
MHOXecTBO S H3 n TOueK Ha nuockoctu. Tpebyercsas Halitu mocue-
posateastocth (CH(S:)|li=1, 2, ..., d), rae So=S8 u S;i=
=8, — V(CH(Si-)), i=1, 2, ..., d 3aecs V(CH(T)) o060
3Hauaer muoxectBo Bepiwud CH(T), a Sy = V(CH(S4)). TnyGuna
MHOXeCTBa TOUYCK paBHa d, T. €. YHUCAY BLIMYKAbIX CJ0EB, MOJY-
YeHHBIX B pe3yJbTaTe YKa3aHHOH npouedypbl.

drta 3anaya BO3HHKaeT MPH CTAaTHCTHYECKOM OLEHUBAHHH, rie
«HabnoneHua» (TOYUKH) HA BHEUIHHX CJ0AX BBIOYKJIBIX 060/04YeK
NpeACT4BASIOT «UIYM» H JOJXKHbl ObITb HCKJIKYeHbl H3 YHC/JAA HC-
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MoJab3yeMbix Ans oueHHBaHHs. Moauduuupys anaroputm [dxapsuca,
JIETKO MOJYYHTb anropaT™ co cjoxuHoctoio O (n?). [lpa ucnosab3o-
BaHuu anroputMa OBepMapca d BaH JleyseHa [281] rpanuna mas
XyAILEro cayuyass Moxer ObiTb ynyuwleHa Ro O (n log? n). Henasno
Yaszenne monydyun AAs 3TOH 3aAauyd ONTHMAJbHBLIA aJrOPHTM CO
cnoxHoctbio O (nlog n). SToT pe3ysbTaT uMeeT NPHMeHEeHHe B 3a-
Aaye MOJYNJaHAPDHOrO HHTEPBAJbHOrO MOMCKA W TMPH BbIUHC/IEHHH
eaybunbl TPOU3BONbHON 3ajaHHOW Touku. ([aybuna HeKOTOPOR
npoGHo#l TOYKH B MHOXecCTBe TOYek S onpepensieTcs Kak YHCIO
BHIIYK/AbIX CJIOEB MHOXecTBa S, OXBaThBalolWux 3Ty Touky.) C no-
MOLIbI0 NPeAoOpaboTKH BLINYKAbLIX CJ0eB rayO6HHa npo6HOH TOYKH
MOxeT ObITb OmpejesieHa B pe3yJ/bTaTe BLIYHCIEHHS, B KAKYIO H3
obaactell MeXAy noOCNeOBATENbHLIMH CAOAMHM OHA momagaer (cp.
c 3ajaveii 3.3.10).

b dexkTUBHBIA anropuTM, OTAHYHLIA OT TPHBHAALHOIO, AJIS BHI-
YACMEHHs BbLIMYKABIX CAOEB MHOXECTBA TOYEK B MNPOCTPAHCTBAX
pasmepHocTd d == 3, HEH3BECTEH.

B. llepeceuennus

3anauH nepeceyeHHss W HX BapuallMd BO3HHKAKT BO MHOIHX 06-
JacTAX HAyKH H NPAKTHKH, TaKUX, KaK NPOEKTHpOBaHHE B apXH-
TeKType, MalldHHas rpaduka, pacno3HaBaHHe o06pa3oB H T. A. [Ipu
apXHUTEKTyPHOM NPOEKTHPOBAHMHM HEJNb3d MOMECTHTL [Ba HENpOHU-
naeMblx 06beKTa B OAHO 4 TO Xe mecTo B npocrpanctse. [Ipu oto-
fpakeHHH OOBEKTOB Ha NBYMEDHOM NOJIe CKPHITHIE YACTH (WM ne-
pecekaloulecs 4YacTH) AOJNMKHB ObITb YAaJdeHbl, YTOGb YCHJIHTDb
OULyLIeHHe peabHOCTH. DTO — [LABHAA 3ajava, H3BECTHAs KaK 3a-
faya yjaaneHus CKPLITHIX (HeBHAMMBIX) JIHHHA HJIW noBepxHocTel
[268].

[Ipu nMpoeKTHPOBAHAH HHTErpPabHbLIX CXEM JBa PAa3/JHYHLIX 3Je-
MEHT4 JAOJXKHB ObITh yHasjeHbl APYr OT APyra Ha OmpejaeseHHOe
paccTosiHHe, H OGHApYXKeHHe TOro, BHIIOJHAETCA HJAH HET 3TO yc/o-
BHE, MO CYTH [eaa siBjseTcA 3ajaueil nepeceuexus. Tak KakK KoH-
KpPETHAR 34/4d4a MOXeT COAepKaTh TLICAYH OOBEKTOB, TO HeobXo-
AWML ObICTpLIE anropaTMBLl AN OOHApYKEHHA 0epeceueHHs WA
CHUTHAJM3alUA O HAaNHUHH MEPEcEUeHHs NnepekpLIBAtOWHUXCS OObeK-
ToB. [lpyroit moBoA ANA W3yueHHS CNOXKHOCTH aJropHTMOB ANs 3a-
A3y [epeceyeHHs COCTOHT B TOM, YTO 3TO MOXKET NPOJHTbL CBeT Ha
NPUCYLIYt0 FEOMETPHYECKHM 3ajauaM cjoxHocts. Hanpumep, Ha-
CKOJILKO CJIOKHOH fiB/siercs npoleAypa ONpeneneHus, ABJASETCs JH
3ajaHubli MHOTOYTrOJbHHK C M BepLIMHAMH NPOCTHIM (APOBepKa
npoCTOTH), HJIH KaK MHOro BpemeHw HeoOXoauMo A onpepjene-
HUfA, HMeIOTCS JH cpeAd n OOBEKTOB HA MJAOCKOCTH, TaKHX, Kak
MHOTOYTOJIbHHKH, OTPE3KH M T. A., ABa nepecekalomnxca (obrapy-
werue nepecevenusn)? O6e 3agauu pewatrcs 3a Bpemsa O(n logn)
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[317]). Stor pe3yabrar fBJAAETCH ONTHMaJbHbIM B PaMKax MOJAENH
anre6panyeckHx JepeBbeB BHUYHCAEHHH (C HeKOTOpbHIM HabGopom
NPUMHTUBHBIX onepauuii) [26] Ans nocnenHe#t 3amauu, B TO Bpems
KaK [Jis nepBoid 3ajaud OCTAeTcsi OTKPHITHIM BONPOC O TOM, f1B-
asercs ad Q(n log n) HHXKHeH OLleHKOH.

Cpenn MHOXeCTBa 3aAau O nepeceyeHHHd OODHEKTOB MOXKHO Bbl-
IenuTh [Ba OCHOBHLIX THIA: 3ajaud Ha NOCTpoeHHe H 3ajAayd Ha
o6HapyxeHHe nepeceueHuss. B 3amauax nepsoro THma Tpebyercs
SIBHO BBLIYHC/IHTb NepeceyeHue, B TO BpPeMs KakK 3a/aud BTOPOro THna
OTHOCATCA K KaTeropuu 3ajgay Ha npoBepKy (B KotopoH Tpebyercs
onpeaesHTb, KaKHe JBa O6BEKTa NMepeceKkaloTcs, €CM mepecevyeHHe
BooGule umeer Mecto). OueBuAHO, uTo 3ajauya oOHapyKeHHs nepe-
ceueHHsl Jerde 3ajauyd MOCTPOEHHSA NepeceueHUss OOBEKTOB, H yOe-
AATENbHOE [0Ka3aTenbCTBO 3TOro npHBeAeHo B pabore [82]. Te-
nepb Mbl 0OCYAMM KJacC BaXKHbIX 3ajay O NepeceyeHuH OOBHEKTOB.
B nanbueiilieM Mbl npeanoJaraeM, 4yTo ecaH 3a1aH NpoCTOH MHoro-
yroabHak P, To cTrandapTroli GOpMO# onpeaeneHHss MHOrOYroibHHKA
fiBJfieTCS TMOCJAEAOBATENbHOCTb BepWHH, T. e. P=(v,, v, ...

.y Un—1), B (Vi Uiy;) fBAfeTca pebpom masg (=0, 1, ..., n—1,
a v, = Up. [Ipn 3TOM BHYTpPEHHSA 006/MaCTb MHOrOYroJibHHKA OKa3bl-
BaeTcs pacroJioXeHHOR cneBa MpH NMPOXOXKAEHHH pebep B yKa3aH-
HOM nopsilKe.

3adaya 3.2.1. [lepecewenue gbinyKabix MHO2OY20AbHUKOB. 3a-
NaHbl [ABa BbINYKJAbIX MHOroyronbHuka P u Q, uMmeloliHe m u n
BepLIHN COOTBETCTBeHHO. Tpebyercsi MOCTPOUTb HX MepeceuyeHHe,
Ara 3a4auya MoxeT ObITb PelieHa ONTHMajabHbIM 06pa3oM 3a BpeMms
O(m + n) [317] meromom 3ameraHuss miaockocTH. OueBHAHO, YTO
nepeceyeHHe KaxKJAOM0 MHOrOyrosbHHKa C BEPTHKAJbHOH MNOJOCOH,
pacnonoXeHHOA MeXAYy NBYyMs MOC/JeL0BaTeNbHbIMH KPUTHUECKHMH
TOUKaMH, fBJAsEeTCA B OOLIeM Clyuae Tpameuouaom (BO3MOXKHO, my-
CTbIM HJM BBIDOAHMBLIMMCH B TPEyrosbHAK). YuHTbIBas, YTO nepe-
ceueHde ABYX TpalelouloB MoxeT ObITh Ha#inewo 3a sBpems O(1),
nosyyaeMm ykasaHHubli pesyabtart (puc. 3). AnbTepHaTUBHHIH METOA
6b11 npeanoxeH B pabore [273].

3adaua 3.2.2. [lepeceyenue 38e30HbIx MHOZOY20AbHUKOB. 3afa-
Hbi B2 3Be3/lHBIX MHOrOyrojbHUKa € m ¥ n BepUIHHAMH COOTBET-
crBeHHo. Tpebyercs HailTH ux nepeceueHue. (MHoroyronbuuk P
Ha3blBaeTCs 3Be3[AHbIM, €C/NH CyWecTByeT No KpaliHeil Mepe onHa
TOuKa ¢ BHYTpH P, Takas, 4To Ka)K[1as TOYKa MHOroyrojbHuka P
8udHa U3 ¢, T €. OTPe30K, COEAUHAIOUHA ¢ H MPOU3BOALHYIO TOUKY
MHOroyronbHHKa P, eJMKOM JeXHT BHyTpH P.)

Hnn pewenus 3T0# 3afayu, onHako, TpeGyercs Bpems Q(mn),
TaK Kak nepeceueHHe Moxer coctoatb u3 O(mn) oraenhHBX KOM-
noHeHT. TakuM o0pa3om, ofinas 3anaya nepeceyeHHss MHOrOyroJib-
HHKOB MMEeT KBaApAaTHUHYIO CJOXHOCTb PelleHHsl B XylleM cjayuae.

2 3ak 469
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3adaua 3.2.3. Obrapyncenue nepecewenus orpesxos. Ha nnocko-
cTH 3apaHbl A orpeskoB. OnpejaenauTb, HMeeTcsl Ju XOTA 6H OAHA
napa nepeceKkamolHXcA OTPE3KOB.

dta 3aAaua MoxeT ObiTh pelieHa 3a Bpems O(n logn) metoaom
3ameTaHus maockocTH [317]. AnroputM ocHoBaH Ha caeaylouel
ujiee. PaccMoTpuM BepTHKAJbHYIO 3aMeTalowyo npsMyl L, KoTo-
pas [epecekaeT HEKOTODOE MOAMHOXKECTBO H3 3aJaHHBLIX OTPE3KOB,
H 3TH nepecedeHHs 06pasyloT NOJHOCTbIO YNOPAAOYEHHOE MHOXKe-
CTBO. JTOT MOPAJAOK COXpaHAETCH B KaXJ0H BEPTUKaJLHO# mnojoce,
He cojepxkallleli nepeceueHH HJH KOHeUYHLIX TOYEK OTpe3KoB. Ecan
ABa OTpPe3Ka MepeceKaioTcs, TO OHH AOMKHbI ObiTb CMEXHBIMH APYT

BHyTpH nonoco!
! I 1| Kamnbit MHOro-
yronbHnk 06pasyer

1
1
i
! Tpaneyoug
|

)
1
|
)

1
1
i i 1 |
' | i f
! ! i I 1
I ] [ | ]
1 ] I 1 ] ] 1 I
| ! | 1 | 1 1 1 1
! 1 1 I ] t | 1

Pxc. 3. Bepruka/bHbie N0JOCH, OnpeseasieMble BEPIIKHAMH ABYX BHINYKJAWX MHOTO-
yroJIbHHKOB.

¢ Apyrom B XOAe mpoliecca 3aMeTaHHsi maockocTH. TakdM o6pasom,
KaK TOJIbKO OTPE30K CTAHOBHTCA AKTHBHLIM, OH MNDPOBEPSETCH Ha
nepeceueHue ¢ ABYMSl €ro COCEASIMH, a KaK TOJbKO OTPe3OK 3aKaH-
YHBaeTcs, NPOH3BOAHTCH NMPOBEPKAa HA NepeceueHHe ABYX ero coce-
neft (OHH Temepb CTaJH CMeXHbIMH APYr ¢ Apyrom). Tak Kak Mbl
BHIIOJHAeM He Gosiee n BCTABOK H M HCKJIOUEHHH, a Kampas H3
3THX omepauH#i Moxer OhiTb npogenaHa 3a Bpems O (logn) (mpo-
nepKa nepeceueHus BbinoaHsetcs 3a Bpems O(l)), To noaHoe Bpe-
v paBHo O(nlogn), Yto sABaAseTcs oNTHUMAaJALHBLIM (Cp. C JIeM-
moii 3.6.4). Otciona caexayer, uto 3adava nposepKu npocToTsl, T. €.
onpejeieHHe TOTO, YTO 3ajJaHHbi MHOrOYroJbHHK fBAfeTCH MpPO-
CThIM, MOXer ObITb pellleHa 3a Bpema O(nlogn), u 3ajnaua ompe-
AeNeHus TOTO, MEepeceKalTcs JH KaKHe-nd60 JABe H3 A 3aAaHHbLIX
OKPyXHocTell, Takxke Moxer ObTb pellieHa 3a Bpemsa O(nlogn).

3adawa 3.24. Ob6HapysceHue nepecewenus MHOZ0Y2OAbHUKOB
3aaansl ABa NPOCTBIX MHOroyroabHuka P n Q, ameowne m H n
BEPIIHH cooTBercTBeHHO. OnpeaenauTtnb, mepecekaroTcs JH OHH.

IlBa mHoOroyro/sibHHKa nmepecekaloTcs, eciu 060 HekoTOpoe peb-
PO OLHOrO MHOrOyroJabHHKa mepecekaeT pe6po APYroro MHOTOYroJsb-
HHKa, JH60 OAHH MHOrOYrONbLHHUK UEJHKOM COAEPXXHMTCH BHYTPH
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apyroro MHoroyroabHuka. [lepBoifi cayua#t moxer GbiTh OGHapy-
xkex 3a spema O(N logN), rae N =m + n, a Bropo#i Tpebyer aaga
ceoero pellenns BpeMmeun O(m + n). [TocneaHol0 NpoBepKy MOX-
HO BLINOJHHTb, BHIOHPa# MPOH3BOJbLHYIO BEDPLIHHY MHOCOYrOJbHHKA
P n Q ¥ npoBepsfl ee NPHHAAJEKHOCTb APYroMy MHOrOYroJMbHHKY,
TaK KaK €CJH MHOrOyroibHHK P CcOAepKHT MHOroyrojbHHK Q, TO
OH J0JKeH coAepkaTb H J00yt0 BepuluHy MHoroyrosbHHKa Q. Ta-
KuM oOpa3om, mosiHoe BpeMs paBHo O (N log N).

(3adaxa 06 oxsare TO4KU, T. €. OmpejiesieHHe TOro, NpHHalNe-
AT JIH TOYK3 p MHOTOYronbHHKY (J, MOXeT paccMaTpHBaTbCs Kak
3ajadya O mepeceyeHuH, T. €. NPOBEPKa COPaBeAJHBOCTH PaBEHCTBa
{p}N Q =5, u moxer ObTb peluieHa 3a auneiiHoe Bpems [313].)
OTMETHM, UTO eclH Kak P, Tak 4 () sBJAAIOTCA BLINYKJLIMH, TO 3a-
Aauya moxeT OuTb petena 3a spemsa O (log N) [82].

3adaua 3.2.5. [lepeuucrenue nepecedenull oTpe3xos. 3ajaHHn
n oTpe3koB npsMblx. HaliTu Bce nepecekarolinecs napbl OTPE3KOB.

dTo THNHYHAA 3a43ua Ha MepeuHcaeHHe mnepeceueduil. Merton
3aMeTdHHA MJOCKOCTH paboTaer 3Aechb TAK XK€ XOPOLIO, KaK H pa-
Hee. B pabore [38] MoXKHO HAHTH aNrOPHTM, HMEIOUIHH BpPEMEHHYIO
H eMkocTHyio caoxHoctH O((n 4+ k)logn) n O(n + k) coorBer-
CTBEHHO, A€ k— YHCJI0 MepeceKalollAXCA Map, O KOTOphIX cO06-
KT anroput™. bpayd [63] nokasan, yto ¢ noMoubw Gosee Tina-
TeNILHOH peafH3alUHH CAHCKA KPHTHYECKHX TOUYEK, KOTOphlfi H3me-
HAIETCA CO BpeMeHeM, HeOOXOAHMHIH 00beM NaMATH MoXeT OblThb
ymesbiied Ao O (n). Henasno Yazenne [76] noayuun aaroputm c
BpeMeHHON caoxHoctbio O(nlog?n/loglogn + k) ® emKocTHol
canoxHocTbio O (n 4 k). D10 mepBoe H3 H3BECTHLIX pelleHHH obuiefi
3aJa4H, HMEIOILEe CJHOXKHOCTb, NPONOPUHOHANBHYIO Pa3Mepy BHIXOA-
HBIX JaHHBIX k.

3adava 3.2.6. [lodcuer wucra nepecewenuil. 3ajaHbl n OTpes-
KoB. HallTn uncyio nepeceKalollluxcs nap OTPE3KOB.

DTa 3ajaya OTJAHYAeTCs OT 3ahaud 3.2.5 TeM, 4T0 HeoOXOAHMO
NMIb TNOACYHTETb YHCAO MEPECeKalOUUXCH Map, a HEe NepeuncanThb
Kaxaoe nepeceyeHHe. OueBHAHO, uTO N1060H aNropuTM, CTpOALIHH
TOYKH NepeceyeHusi, MOXeT ObITb HCIONb30BaH AJS PelleHdss COOT-
BeTCTBYIOllefl 3ajaun Ha nojicuer nepeceueHui. Ho, Tak kak na-
pameTp k, KOTOPHIH OMpelensieT pa3Mep BLIXOJHLIX JaHHBIX aJro-
puTMa, Moxe1 ObiTh AoBoabHO Goabiuum (O (n?) B HaueMm cayuae),
TO 3TO MOXeT oKa3aTtbcsi HesdderTusHbiM. Yasenne B Toit xe pa-
6ote [76] ccblmaercs Ha paHee MOJAYYEHHbIH AACOPHTM C BpeMeH-
HOM caoxHOcTbio O (n'6%5) u eMKocTHOM cioxHocTbio O(n).

3adawa 3.2.7. [locTpoenue nepecewenus n nosynaockocrefd. Ha
IJIOCKOCTH 3afAaHbl n noaymaockoctefl. I[TocTpouth uepeceyeHue
BCeX 3aAaHHbIX nonynnocxomeﬂ.‘

2*
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MoXHO MOKa3aTb, YTO nepecederue n NOAYNAOCKOCTEH MOXKeT
6biTh HafineHo 3a Bpems O(nlogn) meTogoM «paspenst H Baa-
CTBYH», TaK KaK lIar coeAuHEHHs pelleHHH NO cBoeH CYTH €CTb He
4TO HHOe, Kak 3ajaua 3.2.1, koropas MOXeT ObITb pelleHa 3a JH-
HeliHoe BpeM#f. DTa oLeHKa ABJAAETCH onTHMaJabHo# (cM. pasn. HI-F).

3adawa 3.2.8. fdpo mHozoyezorbrHuxa. 3agaH npocTofi MHoro-
yronbHHK ¢ n BepwHHamu. Haiith ero agpo. (0po mHoroyroJb-
HHKA — 3TO MEepeceYeHHe 1 NONYIIOCKOCTEH, Ka)KAas H3 KOTOPHIX
pacnoJio}KeHa cJeBa OT NMpPAMOH JIHHHH, coAepikalleli pe6po MHOro-
YroJibHHKa H OPHEHTHPOBAHHOH B COOTBETCTBHH C IPOXOXKAEHHEM
peGpa B CTAaHAaPTHOM NpeACTABIEHHH MHOrOyroJbHHKA.)

OueBHAHO, uTO AAPO MOXKeT OblTh HafigeHo 3a Bpems O (n log n)
NpOCTHIM NPHMEHEHHEM aJropHTMa AJS BbIUHC/IEHHA [epeceyeHns
noaynaockocreit. OnHako yuet Toro ¢akra, 4to 3TH 7 MOJYNAOCKO-
cTell He sIBJAIOTCA NPOH3BOJbLHLIMH, a onpefensiotcs pe6pamu npo-
CTOro MHOrOyroJbHHKa, NO3BOJAET TOJNYYHTb aJrOPHTM CO CJIOX-
HocTbio 0 (n) [227].

3adaua 3.2.9. [locTpoenue nepeceuerus 8bINYKAbLX MHO202DAH-
Huxos. 3alaHbl JABa BLINYKJbIX MHOrorpaHHuka P H Q, uMmelollHe
m H n BeplUHH cooTBeTCTBeHHO. HaliTH HX mepeceueHHe.

drta 3ajaua gBJAseTCA elle OAHHM MPHMEpPOM, AAf KOTOPOro
MoxeT ObiTb C ycneXoM NPHMEHEH MeTOoA reoMeTPHYeckoro npeo6-
pa3oBaHHsA, H3BECTHOro KakK jaBoicTBeHHoctb. Maanep u [Ipena-
pata [265] nonyuunu aas 3TOM 3a4ayH aNropHTM CO CJOKHOCTHIO
O (N log N), rae N = m + n. laliep takxxe paspaboTan anropHrm
pelleHus 37O 3ajAauH, uUMeloutu#t caoxuocts O(N log N) [117].
HenaBHo ansa peienus stoft 3agaud 6bln NPeANIONKEH COBEpIUEHHO
APYro#l 3JeraHTHBHIl aJAropHTM, HCHOJbL3YIOLWIMH MeTOJ 3aMeTaHud
npoctpaHcrea [176].

3adaua 8.2.10. ObHapyxcenue nepeceueHus BbiNYKAbIX MHO20-
epanHukos. 3anaaHbl ABa BLINYKJBIX MHororpaHinka P n Q, umero-
IlHe m H n BepLUHH cooTBeTcTBeHHO. OnpeaenuTb, NepeceKkarTcs
JIH OHH.

OueBHAHO, aNrOpHTM peLIeHHS COOTBeTCTBYIomeH 3ajauu mno-
CTPOEHHs MepeceueHHs paboraer H B 3ToM cayuae. OfHaKO TaK Kak
HaM HEeoOXOAHMO JHILIb 33CBHAETENbCTBOBATbL HalHUYHE NepecedyeHds
(TOYKa B nepeceueHHH), ecaH MHOrOrpaHHHKH AefCTBUTE/NLHO ne-
pecekaloTcd, TO Mbl BIpaBe OXMAaTb OoJsiee OLICTPOro pelleHHus.
Ilo6kun n Kupknatpuk B paGore [104] paior Ans 3toil 3apgaun
anropuT™ co cnoxHoctbio O(n). B 3To#t ke paGoTe OHH yKa3wiBalOT
Ha anaropuTM, paspaboraHHbii He3aBucHMo [laliepoM H uUMelOMmIHH
TaKXe JHHeHHYI0 BPEMEHHYIO CJOXHOCTb. EcaW BHNOAHUTL mpen-
06paboTKYy MHOrorpaHHHKOB, TO MOXeT ObITb NMOJY4eHO pelleHHe,
‘CNIOKHOCTb KOTOPOro €CTb HEKOTOPLIAH MOJIHHOM OT JorapHgpma pas-
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Mepa 3agaud [82, 103, 105]. AnanorduHble yTBEPXKAEHHS MOryT
GbITL CAeNaHbl H OTHOCHTENBHO 3a/aud OOHapYKeHHs! mepeceyeHus
BLITYKJABIX MHOroyroibHukoB. B pa6GoTtax [2, 57] npHuBemeHw Apy-
rHe MeTOoNbl OGHapyKeHHs nepeceyeHHs MeKAY TBEPAbIMH TENaMH.

3adawa 3.2.11. [locTpoenue nepeceieHus HOAYNPOCTPAHCTS.
B TpexmepHuMm mnpocTpPaHCTBE 3ajaHbl n noaynpocrpaHcre. Hafitu
HX mepecedeHue.

Jra 3aaaua co Bcefl OYEBHAHOCTbIO MOXKeT GLITh pellleHa MeTo-
nom «paspensfi u Baacteyii» 3a spemsi O(nlog?n), Tak Kak war
COe/lMHeHUs pelleHHH Mo cyTH ecTb 3agauya 3.2.9, KoTopass MOXeT
6biTh peweHa 3a Bpemsi O(nlogn). I[Ipenapata u Maanep [294]
MCIONb30BA/IH METOJ reoMeTpHYecKoro nNpeo6pasoBaHds H aJropUTM
oraensiomed noaymiockoctd (cM. 3afdauy 3.5.2) ans noayueHus
ONTHMAJBHOrO aJrOpHTMAa pelleHHs 3TOA 33a]ayH, HMEKOLIEro CJA0X-
Hocte O(nlogn).

3adawa 3.2.12. llepewucrenue nepecedeHutl npamoyzoibHUKoS.
3anaHbl n H30TETHYHLIX NPAMOYrOJbHHKOB, T. €. MPSAMOYroJabHHKOB,
CTOPOHBI KOTOPBIX MapasenbHbl ocM KoopAHHat. Hafitu Bce £ nap
nepeceKalomuXxcs NPAMOYrofbHHKOB.

Ara sagava Bo3HukaeT npu npoektupoBanun CBUC. Kaxawi
OpSIMOYrONbHAK HCMOJB3yeTcs AAf MOAEIHPOBAHHA KOMIOHEHTH
Leny ¥ NpH 3TOM HeoOXOAHMO MPHJIEPKHBATLCSA ONpPeAeseHHbIX npa-
BH KOHCTpyHpoBauus [24, 35, 46, 126, 207, 250, 251, 320]. OnTu-
MaJabHbli IO BPEMeHH aJropHTM, HMEIOUIMH BPEMEeHHYIO CJI0XHOCTb
O(nlogn <+ k) u emKocTHylo cioxHocts O(n), Gbln He3aBHCHMO
noayued Mak-Kpefitom [250] u Daeac6pynnepom [123). O6a onu
HCAOONb30BaJAH METO[A 3aMEeTaHHs MJIOCKOCTH B COYETaHHH C HOBOH
CTPYKTYpOH NaHHbIX, Ha3biBaeMoH Oepesom UKTepsaros, AAs NOA-
JepakaHus cTatyca samertalomeil npamofi. Te Xe camble OLEHKH 1O
BPEMEHH H NaMATH MOryT ObITb AOCTHTHYTH NPH HCIOJNb30BAHHH
meTona «pasnensi H Bnacreyi» [174, 220]. Hcnonn3ys depeso or-
peskos |28, 292], Yasenne n HMuuepnu [87] rakxke paspaborann
aJropuTM, MMeEIOUIHH Te XKe OUeHKH choxHocTH. Bosee toro, me-
TOJ, Ha3biBaeMbI METOLOM PACNYTHI8AHUS NE€PEBbEB OTPE3KOB, pac-
cMoTpeHHbiit B pabore [87], moxeT ObiTh 06001IeH HA cayyall npo-
crpaHcTs GoJiee BBICOKOH pa3MepHOCTH, Kak 00 3TOM rOBOPHTCH
HHxe. MetosoM npeo6pa3oBaHHA 3TOM 3aAa4H B NaKeT 3anpocos,
BCTABOK W yAanenult dneac6pydHep n Osepmapc [136] Taxkske mo-
JYUHJIH aHAJOTHYHbIE Pe3ysbTaTh.

3adaua 3.2.13. [lepewucnenue nepecevenuil d-mepuvix napanre-
aenunedog. 3afaHbl n U30TETHUHBIX d-MEpPHBLIX napanjesneninenos
B d-MepHoMm mpoctpaHctee, d > 2. Haiith Bce k£ map nepecekaro-
IIHXCHA d-MEepHBIX MapajjeennneioB.
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Cukc 0 By monyuusH anropuT™, HMEIOIIHH BPEMEHHYIO H eM-
KocTHYIO caoxHoctd O(nlog?'n 4+ k) u O(nlog®'n) coorBer-
creenHo [321]. [losaHee DpencGpyHHep yaAyulinJ BpeMEHHYIO OleH-
Ky 3Ttoro aaroputma Ao O (nlogd2n) [126]. B nmpeaenax to#i xe
OLEHKH BpeMeHH BhioNHeHHs anroputMa Yaszeane u Muuepnu [187]
n daencopyHuep u Oeepmape [1365) CHH3HJIH €EMKOCTHYIO CJIOXKHOCTD
aaroput™a fo O(n), uTo fIBASIETCA ONTHMAJbHHIM.

3ada«a 3.2.14. [lodcuer uucaa nepecewenuli d-mepHbix napan-
nrenenunedos. 3afaHbl n H3OTETHUHBIX d-MepHBIX MapaaJesendne-
JoB B d-mMepHoM npocTpaHctBe, d = 1. HaliTh 4yHcao mepecekalo-
UHXCA nap.

B oTriHuYHe OT 3aAauH NoJACYeTa UYHCAA NEpPeceueHHM OTpesKoB
3Ta 3ajgaya Moxer ObiTb peileHa 3a Bpema O(nlog'n) apu
o6beMe namatH O(nlog42n) nyrem He3HAauHTENLHOrO HU3MEHEHHS
aArOpHTMa pelleHHs 3ajayn nepeuncieHus mnepeceueHuin [321].
OTMeTHM, YTO aaropuTM, NpuBefeHHbIl B paGote [87], He MoxeT
6biTh mpucnocobaed AJis 3bdeKTHBHOrO pelleHHs 3aJauH NojAcyeTa
yHCNa MepeceyeHHH.

3adaua 8.2.15. [lepeuucrenue BKAIOHEHUL NPAMOY2ZOAbBHUKOS.
3aaaHbl n H30TETHUHbIX NPpsMoyroabHukoB. Hafitn Bce k& nap aps-
MOYroJIbHHKOB, TaKHX, YTO OJHMH BKJIOUaeT APYrof.

Bnepeule 3ta 3ajaua Gblna H3yuena B paborte [336], B KoTopoR
coobianocb 06 aJropHTMe, HMelolleM BDEMEHHYI0 U eMKOCTHYIO
cnoxunocrn O(nlog?n 4+ k) u O(nlog?n) coorserctBeHno. JIH u
Bour [234] u nesapHcuMO oT HHX JaencOpynnep [122] noayuusn
TOT XK€ caMblii pe3yJbTaT, HCMO/AbL3YS reoMeTpHYecKoe npeolpaso-
BaHHe, KoTopoe oroOpakaer 3ajfauy Aasf d-MEepHOro cjyuas B 3a-
nauvy Aas 2d-mepuoro cayuas npu d = 1. INosanee Jlu u Ilpenapara
[228] ucnonb3oBann MeToA «pa3aensii v BAACTBYH», UTO MO3BOJHJO
YAYULIHTL OLleHKY Tpe6yeMOH maMsaTH A0 Ou(n). Brino nokasano,
uTO 5Ta 3374aya SKBHBAJEHTHa YETHIPEXMEPHOH 3aJaue O JOMHHHPO-
Banun [135, 228] (cp. pasa. I1-C).

3adaua 3.2.16. Obrapyncenue BKAOHCHUL MHO20Y20AbHUKA, 3a-
JaHb ABa MHOroyroibHuka P H Q, MMelOUIHe m W n BeplliuH COOT-
BeTcTBeHHO. [IpH yc/ORHH uTO JAomycKaeTca NepeHoc H BpalueHue
MHOrOYTONbHHKOB, ONpPEJEJNHTb, BK/AIOUAeT JH MHOTOYroJbHHK Q
MHOroyroJbHuK P.

Yazenne [71] pazpa6oran HecKoJbKO aJroPHTMOB pPelIeHHA 3TOH
3a/layd A8 cJaydyas MHOIOYroJbHHKOB OOLero BHAE, BBIMYKJBIX
MHOroyrosbHHKoB H T. A. Ecau kak P, tak u Q sABasioTca MHoro-
yroibHHKaMn obulero BHAa, TO 3aAaua MoOXeT ObiTh pelleHa 3a
speMa O (m®n®(m + n)log(m 4 n)), a B cayuae, Koraa Q— BHI-
nykablfi MHOroyronbHHK, 3ajaua MmoXKer ObiTb pelleHa 33 BpeMsf
O (mn?). :
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3adawa 8.2.17. Budumocrs mnoeoyzosbruka u3 Touxku. Ha nno-
CKOCTH 3a3/laHbl MHOXXECTBO HelepeceKalolHXcsl MHOroyroJbHHKOB H
HekoTopasi Touka ¢. Ha#iTh yuacTKH rpaHulubl MHOrOyroJbHHKOB,
BHAHMbIE H3 TOUKH g.

31O Mo CyTH Aena 3ajauya yjaneHus HEBHAMUMBIX JHHHHA, BO3-
HUKAWoUlass B MAlIMHHON rpaduke. 3anaua yjganeHus HeBHAHMbIX
JAHHHA MM HEBHIHMbIX MOBEPXHOCTEH MHTEHCHBHO H3y4yanach B
uesiom psine pabor [65, 152, 153, 159, 326]. Ecnu mHoXecTBO co-
CTOHT H3 eAMHCTBEHHOrOo NMPOCTOro MHOrOYroJlbHHKa, TO AJSl 3TOrO
clydyasi H3BECTHBl MO KpafHell Mepe ABa aJropHTMa, HMelOlHE JIH-
HellHyl0 BpeMeHHYI0 cjoxHoctb [143, 218}. Hcnons3dyembilt mpu
3TOM METOA aHaJorHyeH MeTOAy CKaHHpoBaHHA ['paxsma B ToM
mJaHe, 4TO CHauaJ/la onpeaeasiercs HEKOTOpas TOUKa, BUAHMan H3 ¢,
a 3aTeM OpH NOMOIIH CBOHCTBA MPOCTOTHl MHOrOYro/bHHKA OpraHu-
3yercsi MpOCMOTP BEPLIHH MHOrOyroJbHHKa P W NIpH 3TOM Te yuacrt-
K4 rpasdubl P, KoTopble He BHAHBI M3 ¢, yAaasiorca. B cayuae
KOrja MHOXECTBO COCTOMT H3 m HenepeceKalolU(HXcs BLINYKJbIX
MHOrOyrofbHHKOB ¢ OOLLHM 4YHCJOM pebep, paBHbIM n, 3Ta 3ajaua
Moxer OuiTh peuleHa 3a Bpems O(mlogn + F), rae F— pa3smep
BbLIXOJAHBIX AaHHbIX [221]. B paGore dnencGpynuepa n ap. [138]
TaKKe H3yudeTcs 3Ta 3ajpavya. B sto#l ke pabore obcyxpaercsa 3a-
Naua BHAMMOCTH MHOrOYTOJNbHHKOB H B cJyyae, KOrga [ONyCKaeTcs
AoOaB/eHHe HJIH HCKJIOYeHHe MHOrOYroJbHHKOB, a TakK)Ke BOMpOC
H3MeHeHHs BHAMMOH YacTH rpaHHULI MHOTOYTOJbHHKOB NDH H3Me-
HEHHH HANP4BJEHHS B3rJsiAa WIH KOrja NONYCKAeTCs mepeMmeineHue
TOYKH 3peHHs (HaOAI0LeHHs).

3adawa 3.2.18. Budumocrts mrozoyeoavHuxka c¢ pebpa. 3anaHbl
npocTo#l MHOTOYroJabHHK P ¢ n BepLIHHAMH H HeKOTOpoe pebpo MHO-
royronbHuka P. HafiTh 4acTe rpaHMubl MHoOrovroibHHka P, BHAH-
Mylo c pebpa e. (Touka g, npunaanexauan P, cuuraercs sudumod
¢ pebpa e, ecau cyLIecTBYeT TOYKa r, Jexauias Ha peGpe e, Takas,

UTO OTPE30K ¢, I He nepecekaeT rpaHUly MHOroyroibHuka P.)

3anaua BHAMMOCTH c pebpa Bhnepsble Oblia H3yyeHa ABH H
Tyccenom [22}. OHn nmpeinoxuau aiaroput™ co ciaoxuoctbio O (1)
Aas onpejejeHHs BUIMMOCTH MHoroyrojbHuka P c peGpa e (B [22]
SISl 3TOro HCHONL3YeTCA TepMHH caabas eudumocts). B pabore
[22] noka3auo, uTo rpaHula MHOroyroibHHka P Buauma c pebpa e
TOrAa@ M TOJLKO TOr[a, Koraa BHyTpeHss yacTb P Buauma c pebpa
e, H BMECTE C TeM 3aja4a ofpejAeneHHsi BAAHMOCTH MHOrOyroJbHHKa
3a BpeMs O(n) oTMeueHa KaK OTKPHITas, AJropuT™M CO CAOXKHOCTbIO
O(nlogn) 6bln He3aBucuMoO mpeanoxeH Aab ['muaun [142] u Jlu
u Jlunom [223]. Yasenne u Tyn6ac [85], ucnosb3ys Teopemy o
pa3pe3aHHH MHoOroyrojsbHukKa [70], TakKXe NOJYUYMW/IH aJTOPHTM,
HMewwui BpeMeHHyio cnoxHoctb O (n log n).

HMeercsa psa Apyrux 3ajay, CBS3aHHBIX C BbIYHCJAEHHEM NJIO-
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L1A4H, TEPHMETPa, HaX0XK/AeHHEM KOHTYpPAa WJH YUCJIA CBA3HBIX KOM-
MOHeHT OGbeJHHEHHS H30TETHUHBIX MPAMOYTOJbHHKOB HJH APYIHX
0o6bEeKTOB, TaKHX, Kak KBaapartbl uan kpyru [87, 134, 172, 178, 179,
182, 183, 239—241, 323, 342]. OaHako HccaenOBaHHA mepeceueHHi
MEeXY MHOXECTBAMH OOBEKTOB He MOJYYHJIH HOMKHOMO BHHMAaHHA.
HanpuMmep, nycth 3afaHbl JBa MHOXECTBA OTPe3KOB H TpedyeTcs
Ha#iTH Bce napbl NepecekaloUluXcsi OTPe3KOB, TaKHX, uTo oba OrT-
pe3ka He MpPHHaAJEXaT OJHOMY H TOMY e MHoxectBy. HexaBusas
cratba Mapcona u Crondn [246] coaepHT onTHMaJbHBIA aJjro-
PHTM pellleHHs 3TOH 3ajauH, HMeIOIIHH BPEMEHHYI0O H €MKOCTHYIO
cnoxHoctn O(nlogn 4+ k) u O(n) cooTrBeTCTBEeHHO, B NpPEANoJo-
XKEHHH, YTO HHKAaKas Nmapa OTPe3KOB, NPHHAANEKALIHX OLHOMY H
TOMY K€ MHOXecTBY, He nepecekaerci. TakuM o6pa3om, OTCIOAA
ciaenyer [246), yto mepeceueHHe ABYX NPOCTHIX MHOIOYro/ibHHKOB
Moxetr ObiTb HalijeHo 3a Bpemsa O(n logn + k).

C. FeoMeTpuueckne 3ajaud MOHCKA

B arom paspene Mbl npeiacTaBHM PsiJi FeOMETPHUECKHX 3ajay
noucka. 3anaua noucka onpeaessieTca 3anpocom K Hekotopoil 6ase
NaHHbLIX W npoyedypoli evibopa oreeTa 8 6a3e Oannbix. Ba3za naH-
HbIX mpejcTaBisfeT Ha0Op reoMeTpHUeCKHX 0ObEKTOB onpeaeseHHOro
BHAa H OGLIYHO OPraHHW30BaHa B BHJE HEKOTOPOH CTPYKTYPbl, YTOGH!
obGserunth nponecc nolicka. B cooTrBeTcTBHM ¢ Kaaccuhukaume,
npeasoXkeHHoit B [295], uMeloTca ABa THMA 3aNpOCOB: OOHOKPATHHLE
M MHO20KpaTHbie. B 3aBUCHUMOCTH OT TOro, sisjsiercs aH 6a3a aax-
HBIX (DUKCHPOBAaHHOW HJIM H3MEHSIeTCA Ha MPOTAXKEeHHH BpPeMeHH pa-
60TH ¢ HeH, Mbl HMeeM 1Ba THma opraHusaiuuu 6a3bi AaHHBIX: CTA-
TU4ecKyto W OuHamu4eckyo cooTBeTcTBeHHo. OAHOKPATHHIE 3aMPOCH!
MeHee HHTEpecHbl, 4eM MHOroKpaTHbie. Mbl HMeeM ueTbipe Mephi
CTOMMOCTH, 3aBHcslllHe OT pa3mepa 6a3bl MaHHBIX 1 H pa3Mepa oOT-
BeTa Ha 3amnpoc F.

1) Bpems ortBera Q(n, F) — Bpems, Heob6XxoluMoe IJf OTBETa
Ha 3amnpoc.

2) O6bem namatu S(n) — obbvem namaTH, Heo6GXooHMON Ang
npeACTaBJEHHS CTPYKTYPHUPOBaHHOH Oa3bl LaHHbBIX.

3) Bpems npenobpabotkn P(n) — Bpems, HEOOXOAHMOE QSIS Op-
ranu3auud 6as3ol gaHubIX B opMe, Hanbosee ynro0HOH AnA moucka.

4) Bpemsn nepecTpoiikn — Bpems;, Heo0XOAHMoOe AR BCTaBKH
[(n) n ynaneuwus D(n) 31eMeHTOB. OTH Mepbl HMEIOT CMbICJ TOJb-
KO AN AHHaMHueckux 0a3 pauubix. Ecau [(n)=0(D(n)), T0 ™Mbl
nonaraeM, uTo Bpemsi nepectpolikn ectb U(n)=O0(/(n))=
= 0(D(n)).

PaccmatpuBaembie nasnee 3afaaun GpopMyaHpYIOTCR A4S Cayuvas
nBymepHoro npoctpaHctBa. [Ipu Heo6xoaumocTn OyAyT yNOMUHATL-
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ca o006uieHHs Ha cayyail d-mepHbIX npocrpaHerB. B stom cayuae
yKa3aHHble Mephl CTOHMOCTH OyLyT HMeTb HHAEKce d.

3adaua 3.3.1. Hurepsaavuuii nouck ¢ nodcuerom. Ha naocko-
CTH 3aJaHbl n Touek. HaliTH uucao Touek, pacmonoXKeHHHX B 3a-
AaHHOM (B 3ampoce) NPSMOYronbHHKe, ONPEeAE]sieMOM KaK AeKap-
TOBO npoH3BejleHHe UHTepBanos (ai, az) X (bi, be). ATo 3HAUHT, UTO
HeoOXOMMMO HANTH YMCAO U TOUEK p ==(X, y), TAKHX, UTO @) << X <<
< a;, b <y << by. (OrmernM, uto pa3Mep orBera Ha 3ampoc F
onpe/ensieTcd eAHHCTBEHHBIM LEbIM YHCJIOM.)

Ara 3a4aya MOXKeT GbiTb pellleHa METOJOM reoMeTpHUecKoro me-
cra touek, ob6cyxaaBwnumea B pasa. [I-B. [lonoxum, uto Bepiuu-
it A, B, C u D 3aaaHHoro B 3ampoce npsiMOyroibHHKa HMeEIOT KO-
opauHartel (ai, b2), (ai, b1), (as b1) n (as bs) coorBeTcTBEHHO, H
0603Haunm uepe3 Domi(g) uHCJIO TOYeK, HaA KOTOPbIMH AOMHHH-
pyeT Touka ¢. Tak Kak uucj0 TOyek, monajalollHX B 3aAaHHbIl Aps-
MoyronbHuk, pasio Dom(D)— Dom(A)— Dom(C)+ Dom(B), To
AR pellleHHs 3aAayd NOCTATOYHO YeTblpe Pasa BHINMOJHHTb APO-
LeAYpy NMOHCKa C TeM, 4yToObl ONPEAEJNHTL MOJOXKEHHE KaxXAOoH. 3
BeplIHH npsMoyronbHuka cpean O(n?) kaeTok, Ha Kortopbie pas-
6HBaeTCsl NJOCKOCTL HCXOAHbIMH Touykamu. ([TosokeHHe TOUKH Ha
MJIOCKOCTH ONpejeNsercs B pe3ynbTaTe 08yKPATHO20 BHIIOJHEHHS
npoueAypbl GHHAPHOro MOHCKA: OAHH Pa3 AJsl oNpejieNeHus BEepTH-
KaJbHOH MOJOCHI, B KOTOPOH HAXOAHTCA TOYKa, H BTOPOH pa3 aas
onpe/e/neHHs ropu3oHTadbHOH nosochl.) Takum o6pasom, Mbl uMeeM
Q(n)=0(logn), S(n)= P(n)= 0(n?). B d-MepHOM npocTpaHcTBe
METOJ reOMeTpPHYECKOro MecTa TOYeK, WJIH MeToj pasbueHds Ha
KJETKH, MOXeT ObiTb ecTeCTBeHHbIM 00pa3oM 0000lieH, 4yTO AaeT
caeayouHi pe3yabTar:

Qis(n)=0(logn) u Sy(n)=Py(n)=0 (ﬂd)-

Ons peweHns 3ajaaun HHTEpBanbHoro mnoucka bDenrtan Been
CTPYKTypy AaHHBIX, Ha3BaHHYl Odepesom uuTepsaros. Hcrnoabsys
3Ty CTpyKTypy, Jliokep u Buanapa [244, 344, 347], Jlu n Bour
[233] u Beutan u Wlamoc [41] cymean noaydutb caeayomnii pe-
3yAbTAT A/ 3afaun MOACYeTa HCAA ToYeK NMPH HHTEPBAJIbHOM IO-
HCKE B cl1yude d-MepHOro npocTpancTBa: d = 2, Qq(n)=0(log?n),
Py(n)= Sa(n)= O (nlog®!' n). CtpykTypa AepeBa HHTepBa/oB Gy-
AeT ONHCcaHa HHXKe.

3adaua 3.3.2. [lepeyucsenue Towex npu UHTEPBAAbHOM NOUCKe.
Ha nnockoctn 3aaanbl n Touek. [lepeunc/uth Bce TOUKH, MOnapaio-
uiMe B 3ajaHHbll (B 3anpoce) npAMoOyroabHHK. (3anpoc genaercs
B Takoii xe ¢opme, urto u B 3agaue 3.3.1.)

drta 3ajaua uMeeT OueBHAHOe NPHJIOKeHHE K cHcteMaM 6a3
RanHbIX. B 6a3e RauHbIX, coAepiKallel 3aMHCH O CYXallHX HeKO-
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TOPOH KOMIaHHH, Ka)kJas 3amuCb MOXeT HMeTb HECKOJbKO aTpPH-
6yToOB, TaKHX, KaK BO3pacT, XaJIOBaHbe H T. A., H MOXeT paccMar-
pHBaTbCsA KaK TOYKa B d-MepPHOM IPOCTPAHCTBE, B KOTOPOM KaXJIbli
aTpHOyT COOTBETCTBYET M3MEpeHHIO, a YHCJIO H3MepeHHH NpocTpaH-
cTBa d paBHO uHcsy artpuOyToB. TunuMYHas 3afaya HHTEPBAJbHOTO
nmoucKa A/s ABYX H3MepeHHH 3aKJ/louaeTcs B BblsiBJE€HHU BCeX CJy-
JaUlMX, YbH BO3PACT M XKaJOBaHbe HAXOJATCH B 3aJaHHBIX HHTep-
Banax. B a3T1o#i ob6sactn BblmosiHeH 6OJbIIOH pSA HCCJeLOBaHHH.
B paGore Bentau n ®puamena [34], comepxalieit 0630p anropur-
MOB M CTPYKTYP NaHHbIX AJs HHTEPBaJbHOro MOUCKA, OMUCHIBAETCS
coctosiine gesn Ha 1979 r. Pewenne 37O 3apnaun, a Takxe ee Ba-
pHaHTa, Kacawllierocs Mojcuera yucsaa Touek, NojydeHHoe Busnap-
oM [346], ocHoBaHO Ha MCNOJIb30BAaHUH AepeBa MHTEPBAJIOB; HMeEM
clenylolllHe XapaKTepUCTHKH:

Qu(n, F)=0 (log%'n+F), Py(n)==S,(n)=0 (nlog? 'n).

I pyrue Meroxbl, HMeOLIHe Te XK€ cCaMble OLEHKH, NpUBENEHbl B pa-
6ote [158]. IlosnHee oueHka Heo6xoauMoro o6beMa naMmsTH Gnula
yayuuweHa Yasenne Ha MHOxHUTeNIb log log n [74]. OnHako 310 yayu-
lIeHHe HMeeT MECTO TOJIbKO AJs 3aJauH NepeyHCeHHs Touek.
JlepeBo HHTepBaJoOB N0 CBoeH (popMe HANMOMHHAET «MHPAMHAYY,
H OObIYHO O HEeM TroBOpAT KakK o JepeBe JepeBbeB. Mbl HauHeM co
CTPYKTYpH A/ OJHOMEDHOro cJjyyas, a8 3aTeM PEKyPCHBHO ofpe-
neNUM JepeBbsl AJs cjaydas d-MepHBIX NPOCTPAHCTB, OCHOBBIBASChb
npu stom Ha (d — 1)-mepHoMm caydae. OnHoMepHOe JepeBO HHTep-
BaJIOB — 3TO YNOPSAOYEHHBIA MacCHUB, T. €. MaCCHB MJIH CIIHCOK 3a-
nucell, ynopsaoyeHHbIH B NOpsAKe BO3pacTaHHs 3HauyeHHH nepBoii
KoopauHatbl. JlepeBo HMHTEpBaJoB AJS ABYMEPHOro cJ/ydas — 3TO
o6blyHOe cOaslaHCHPOBAHHOE AepeBO GHHAPHOro MOHCKA, OPraHH30-
BaHHOe B COOTBETCTBHH CO B8TOPOL KOOPOUHATOU KaXXJOH 3amHCH.
KaxaoMy Jaucty nepeBa COOTBETCTBYeT OZHA@ 3alHCb, 3 KaXIOMY
yaJly — 3anucH B ero nojaaepese. Kpome Toro, K KaxiaoMmy yamay
NIpHCOeUHEHO OJIHOMepHOoe JepeBO HHTEepPBAJOB, OpraHH3yiollee
3aMUCH, COOTBETCTBYIOLHE Y3Jy, B 3aBHCHMOCTH OT HX nepsod Ko-
opOunars.. Orcioaa BUIHO, YTO N 3amHCeH Ha YPoBHe [ NPHMEPHO
paBHOMepllo pacnpelescHbl Mexay 2¢ ysnamu. JTo pacnpejeseHue
pacnpocTpaHsieTcss NpHMepHo Ha loge n ypoBHEH M NOAXOASLIUM 06-
pasoM 3aKaHYMBaercs, KOrAa MHOXECTBO 3amHced CTaHOBHTCH Ha-
CTOJIbKO MaJIeHbKHM, 4TO BC€ OHH MOryT ObiTb 6e3 3aTpyJdHeHHH
NpocMOTpeHnl MeToloM «rpy6oii cuabl». dTa xe uies oGobuiaercs
Ha ciayyal npocrpaHcTB 6oJjiee BLICOKOH Da3MepHOCTH, TaK 4TO B
caydyae d-MepHOro MpOCTPAaHCTBA Mbl HMeeM cOaslaHCHpOBaHHOe Je-
peBo OHMHAapHOro MOHCKAa Mo KOOpAHMHAaTe C HOMepoM d, a KaxIhlH
ysen cBf3aH ¢ (d — l)-MepHBIM JepeBOM HHTepPBaJIOB [Js
(d — 1)-mepHbIX 3anucel, COOTBETCTBYIOWIUX Yy3Jy.
. AJropuT™M HOHCKa MO JepeBy HMHTEPBAJOB SBJISETCH PEKYpCHB-
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HbIM, H 6e3 norepH OOIIHOCTH MBl ONHILEM ero AJs cjaydass ABYX
usMepeHnuit. Kaxabl#l ysen B nepeBe npeiacTaBJisieT HEKOTOPbIH HH-
TepBaJl 1o y-KoopAuHarte. [1pu NpoXoxAeHUH y3sia Mbl Mpexjae BCe-
ro cpaBHMBaeM y-HHTEpPBaJ 3ampoca C y-HHTepBajoM y3iaa. Ecan
y-uHTEepBaJ yasa LeJHKOM IoNajaeT B y-UHTEPBaJ 3ampoca, TO Mbl
OCYIIeCTBJISEM MOHCK B YNOPsAJOYEHHOM MacCHBe, 3alIOMHHAaeMOM
B yaJe, 415 o0HapyeHHs BCEX TOYEK, MOMalaloliMX B X-HHTepBaJ
sanpoca. Ecau y-uHTepBas 3anpoca UEJHKOM HaXOLHUTCH HHXKe Be-
JMYUHBI, C KOTOpPOH [pPOU3BOAHTCH CpaBHeHHe B y3Jie, TO MH pe-
KyPCHBHO NPOXOAHM JeBoe moifepeBo. Ecau y-uHTepBasn 3ampoca
HEeJJMKOM HaXOIMTCs BbILIlE BEJHUYHHBI, C KOTOPO# IPOM3BONHTCH
CpaBHeHHe B y3Jie, TO Mbl PEKyPCHBHO NpPOXOAHM NpaBoe MOANEepPEeBO.
B nporuBHOM cayuae (y-uHTepBaJ 3ampoca COAEPKHT BeJHYHHY,
C KOTOPOH NMPOM3BOAHTCS CpaBHeHHe) Mbl npoxoaum oba mojpmepesa.

AHanus njaHapHOro gepeBa HHTEPBAJOB AOBOJILHO cJoxeH. Tak
KaK uMeloTcsi loge n ypoBHel W KaxAbli ypOBeHb COAEPMHT N TO-
YeK, TO CyMMapHeH o06beM TpeGyeMoH [aMATH COCTaBJsET
O(nlogn). (ITpeno6paboTka TakKe MoXeT GbITb BHNOJHEHa 32 Bpe-
ms O(nlogn). Uto Kacaercs BpeMeHH OTBE€Ta, TO aHAJ/HU3 [10Ka3bl-
BaeT, YTO HAa KaXJOM YpPOBHe JepeBa NPOH3BOJIMTCS NMOUCK He GoJiee
yeM B [IBYX yMOpsiJOYeHHHX MaccHBaX, Ha YTO B KaX/OM cJayuae Tpa-
tutcsi BpeMs O(logn), nostoMy cyMMmapHble 3aTpaThl COCTaBJSIOT
O (log?n) nmoc BpeMs Ha BHOOPKY oTBera. TakuM o06pa3oM, Mbl
nMeeM

P(n)=S(n)=0(nlogn) u Q(n, Fy=0/(log*n+ F).

O6o6uas npuBefeHHble Bhillle apryMeHThl, AJs d-MepHOH 3ajmauu
nepeyncaeHust ToYeK IPH HHTEPBaJbHOM IIOHCKe NOJydaeM cJie-

nyloulee:
Py(n)=S8,;(n)=0(nlog?'n) u Qu(n, F)=0 (logén + F).

TuwaresbHOe uccleJOBaHHe MO3BOJAET yJAYYLIUTb BpeMs OTBETa
Ha 3anpoc Ha MHOXHUTeab log n. O6paluiasick BHOBb K IBYMEPHOMY
cayvalo, Jlerko coo6pasutb, YTO HMeeTCs CyllecTBeHHas H36bITOY-
HOCTb MpU MOHCKe B yNOPSAOYEHHHX MAacCHBax JJs X-KOOPAHMHAT,
TaK KaK MHOXECTBO KaX{JIOFr0 y31a fBJSETCS MMOAMHOMXECTBOM MHO-
*ecTB ero npeakos. MMes B BuAy 3To coobpaxkeHue, MacCHBbl BCeX
y3J10B, KpOME KOpHS, 3aMeHAIOTCS cNHcKaMHi. MATepBanbHbIH NMOHCK
0 X-KOOPAHWHATE BBIMOJHAETCH HCKJIOUHTEJIbHO B OLHOMEpHOH
CTPYKTYpe, CBi3aHHOH C KOPHEM JepeBa, a MOJIOXKEHHe B KaXIOM
OTOMKe 3ajaeTcs ykasartensMu. [Ipu TakoM cnocobe opraHusaluu
MoxeT GbITh HOJIyUeHa CAeLylollas omeHKa BpeMeHH OTBeTa Ha 3a-
npoc: Qa(n, Fy=0(log¢' n 4 F) [344, 346, 347].

OnucaHue [pYrHX CTPYKTYP [aHHBIX, HCHOJIb3YEMHIX IJs pe-
HIeHUs 3a/aud nepeuyncseHHsl ToUeK NMPU UHTEPBAaJbHOM MOMCKE, MO-
xer GuiTh HaliieHo B paGotax [27, 37, 43, 231].
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OTMeTuM, 4TO CTPYKTYPhl JAaHHBIX, OOCYyXAaBIUHecs Bbille, 'He
NO3BOJISIIOT JejaThb BCTAaBKH M HCKJoveHna 3anucell. OaHako, wuc-
nonb3ys Merold AWHamu3dauuu (cp. pasi. II-G), aepeso mHTEpBaJsioB
MOXHO ajanTupoBaTth AJAs paboTHl B AHHAMHYECKHX YCJIOBHSX,
TAK KakK 3ajaiyil HHTEPBAJbHOrO MOWCKA JOMYCKAalOT AEKOMIIO3UUHIO
B cMmbicsie Bentain [29]. Ecav monmyckalorcsi TOIbKO BCTaBKH, HaYu-
Has ¢ nycTtoil 6a3bl AaHHLIX, TO, KaK MokasaHo B paborax [39, 304],
MOIYT 6bITh AOCTHTHYTHI CJelyIollHe XapaKTePHCTHKH:

Ps(n)=0 (nlog?n), S;(n)=0(nlogé'n) u ‘
Q4 (n, F)=0 (log**'n + F),

rle n— TeKylllee KOJHYeCTBO BHIMOJHEHHBX BCTaBOK. JIIOKep H
Buanapa [244] yaydminan BpeMs OTBeTa HA 3aNlpoC Ha MHOXKUTEJb
log n, coxpaHus Heu3MeHHbIMHU ABe Apyrue Mepbl Jaxe B TOM CJy-
yae, Koraa AoNycKaloTcs HCKaloueHns 3anucefl. B paGore [347]
NOKa3aHo, KaK MOXHO ofecneunTb ObICTpOe BbINMOJHEHHE KakKaodf
OT/le/IbHON omepaluu MO fnepecTpolike CTPYKTYpPH, a He TOJbKO HO-
c/leAoBaTesNbHOCTH TaKHX oflepauuit. B wactHocTH, Moryt 6bITh 0O~
JyyeHbl caelylollHe XapaKrepucTHkH: Qq(n, F)= O(log®n 4 F),
Sa(n)=0(nlog? ' n), a BpeMs BCTaBKU H HCKJIOYeHHS 3anucei
npu 3toM paBHbl la(n)=0(log?n) u D4(n)=l4(n)/logn coort-
BercTBenHo [283]. YBenuuuB BpeMs onepaldH UCKJIOYEHHS Ha
MHOXHUTENb log n, dnenc6pyHHepy yAajoCb YMEHbUIHTb BpeMs OT-
BeTa Ha 3anpoc Ha MHoxuTeab logn [125].

C ucnonb3oBaHueM MeToJa IHHAMH3aUHHW GbJIH MOJyYeHbl H He-
KOTOpHeE ADYrHe pe3yJbTaThl C HHbLIMH MoKa3aTejsMH (BpeMs OT-
BeTa Ha 3ampoc)/(tpe6yemas mamsaTb) HaH (BpeMs oTBeTa Ha 3a-
npoc)/(BpeMs Ha nepectpoiiky). (CooTBeTcTByIOWUHE CCBUIKH MpPH-
Beflednl B pasi. 11-G.) dpuaMeH Ha HeKoTOpOH orpaHuueHHOH MO-
nenu mokasaj, 4to (n log?n) ABAseTCs HUKHeH OLEHKOH CJOX-
HOCTH BBINOJIHEHNS NOCJeAOBATEJbHOCTH U3 1 ONepallHii nepecTpoi-
KH CTPYKTYpb 6a3bl JaHHbIX WM BhiGopa oTBera Ha 3anmpoc [151].
Bonoyp omucan meron xewupoBaHHs [b52], KOTOpHI OH HCHOMbB30-
BaJ BMECTO MOKHCKAa MO APEBOBHAHBIM CTPYKTypam B 3ajlaue uH-
TepBaJbHOIrO mMoHcka. [IpuMeHeHHe 3TOro MeroAa MO3BOJMUJIO MOJY-
YHUTb NOBOJIbHO OBICTpblE B CpelHeM pelleHHsl 3a1auyl HHTepPBaJib-
HOTO MOMCKa [PH YCJOBHH, UTO 06J1acTh 3alPOCOB HAXOAHTCH B 3a-
paHee onpenesieHHBIX rpaHulax.

3adaxa 3.3.3. llepewucarenue Touex 8 muozoyeonvruke. Ha mnao-
CKOCTH 3aJaHH n TouyeK. HaiiTh Bce TOukH, HaxomsllHecs B 3anaH-
HOM B 3alpoce MHOroyroJbHHKe ¢ k2 ctopoHaMu. Jlonyckaercs npef-
obpaboTka.

310 noBoJbHO ofmas 3agaua nowcka. Busanapa [345) paspa-
60Tas CTPYKTYDPY AAHHbIX, Ha3BaHHYI0O 0epesoM MHO20Y20AbHUKOB;
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H MOKasan, uYTo NaHHAs 3afaya MoxeT OblThb pellileHa 3a BpeMms
Q(n, F}=0(kn®"" + F) u P(n)= 0(n?) B xyAweM cayyae (BpemMs
npeno6paboTku MoxHO yMeHblwuThb A0 P(n)= O(nlog?n) B cpexn-
HeM cyyuyae). Heo6xoaumas nupu atom namste S(n)= O(n). B cay-
yae MOHCKa C MOACYETOM YHCJa TOYEK BpeMs, JOCTATOYHOE AJs OT-
BeTa Ha 3ampoc, paBHo O(kn®’7). Ilpu ncnosnb3oBaHuH HOBOI
CTPYKTYpHl AaHHBIX, Ha3BaHHO! JlepeBoM coeauHeHuil [141], atu pe-
3ysbTathl Gblin yayuueds! 10 Q(n, F)= O (kn®®% + F) u O (n®9%)
AJ15 3ajlay nepeuucseHds H NOJCYETa COOTBETCTBEHHO.

HMuTepecHoe ynpolueHue xaHHOH 3ajaun npeicrasfsier 3adaua
nepeuucaenus Todex 8 noaynaockocru [140], B koTopo# MHOro-
YroJIbHUK BbIpOXKJaercs B noJymnjockoctb. Cpeayn pesysnbTaToB, Mo-
JYUYEHHBIX AJs 3TOf 3ajaud, cJelyeT OTMETHTb CJefylouiHe:
S(n)=0(n*), Q(n, F)=O0(logn+ F) [131], S(n)=0(n),
Q(n)= 0O (n®% 4 F) [141] u, KOHeYHO, pe3y/bTaT, NOJYYEHHBIH
B pa6ore [345]. Cammit mocnennuit pesysnbrart [86], ocHOBaHHHH
Ha COueTaHHH HJeH reoMeTpHYecKHX NpeoOpa3soBaHHH M BLIMYKJBIX
ciroeB (3apmaua 3.1.8), moxkaspiBaer, 4To 3ajnaya MoXeT ObiTb pe-
weHa 3a onthManbHoe Bpems Q(n)=O(logn + F) ¢ S(n)=0(n)
u P(n)=0(nlog n). Onnako Metoa, npuMeHeHHu# B [86], He mo-
xeT ObiThb HCIOJb30BaH [JSi pellleHHs COOTBETCTByIOLIeH 3anauu
NOACYETa YHC/Aa TOYEK C COXPaHEHHEM TeX XKe caMbiX OlleHOK. DToT
BONpoC ocraercs OTKPHThIM. Hcmonb3ys nepeBo okranros, $lo
[353] nmonmyumn ans 3amauu nepeuucjaesus TOUeK B MOJYIJIOCKOCTH
pewerue ¢ S(n)=0(n) u Q(n, F)= 0(n®°* + F). INo3anee BpeMs
oTBera Ha samnpoc yayuyminau ao O (n®9'%) o6kuH u daencOpyHHep
[101]. [1pu obveme mamstn O(n*) 3agaua Moxer GbliTb pelleHa 3a
spems O(logn + F) [95]. B neficrButensHocty Koyn u fn [95]

29-1
nokasanu, u4r0o npu obbeme npocrpaHctea O(dn?* ) BpeMs
O (24log n) oxka3biBaeTcs JOCTaTOYHBIM.

3adaua 3.3.4. Illepeuucrenue Touexk 8 Kpyze (PUKCUPOBAHHO20
paduyca. Ha nuockoctu 3aaaHsl n touek. Halrn Bce Touku, mno-
najawpollige B Kpyr, paauyc KoToporo &$HKCHPOBaH, a MoJOXeHHe
UeHTpa MOXeT ObiThb NMPou3BosbHBIM. [lonyckaercs npepo6paboTka.

dta 3axava H3BecTHa TaK JKe, KaK 3ajauya Noucka coceaell B
npesenax QuKcHpoBaHHoro panMyca. Mcmosb3ys Mmeros reoMerpH-
yeckoro Mmecra touek, BeHtsin u Maypep [36] paspaGoranu asaro-
PHUTM cO cJeaylllHMH Xxapakrepuctukamu: Q(n, F)=0(log n + F),
P(n)y=S(n)=0(n®). Yaszenne [73] yayuwun Kak BpeMms TNpex-
06paboTkH, Tak u TpeGyeMblili 00beM 0OaMATH, MNOJYyYHB IJIS HHX
ouerky O(n?logn). OueHka Heo6xoauMoro o6beMa maMaTH Gblia
BrocaeAcTBuH yayuwena no O (n?) [128]. CoBcem HenaBHo Yazeane
1 dnenc6pyHrep [84] coobiwnnu o paspaboTke onTHMasibHoOro (mo
namsatd O(n) u BpeMmenn O(logn + F)) anroput™ma pewmeHnus naH-
HOf 3ajaum, npu 3toM BpeMs npexo6pabGorku cocraBaser O(n?).
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3adaua 3.3.5. [lepeuucsrenue TOouex 8 Kpyee nepemeHHo20 pa-
duyca. Ha njaocKocTd 3afaHbl n ToueK. Ha#iTi Bce ToukH, nonaznalo-
IIHe B KPYr NpPOHM3BOJNBHOrO pafgHyca U C MPOH3BOJbHBIM pacroJo-
enueM nedtpa. Jonyckaercs nperobpabortka.

Slo paspaGoras aaropuT™M C BpeMeHeM OTBeTa Ha 3ampoc, pas-
HBIM O (n®°8 4 F), nuHefiHO# oueHKOH Tpe6yeMOH naMsTu H Bpe-
meneMm npeno6paborku O(n*) [353] — mepBblit anroput™, UMeIHH
CNOXKHOCTb 0(n) B xyaweM ciayyae. Koyn u fIn [95] noayunam an-
FOpUTM C olleHKaMu TpebyeMoro o6beMa NaMsATH W BPEMEHH BHINOJ-
Heunss O(nlog®n) n O(logn + F) coorBercrBeHHo. OueHka AJs
o6bpeMa namaTtu 6ria yayuwena xo O(n(lognlogn)?) [80].

B paccMorpeHHO#H Bhillle 3ajaye HHTEPBAJbHOFO NOHUCKA 06beK-
Thl B 6a3e JaHHLIX NpPeACTaBJASIH TOUKU npocTpaHcTBa. MutepecHbie
3allayd HHTEpBA/JbHOrO NMOMCKA BO3HUKAIOT B CJyuyae, Korla o0bek-
Tl HMeloT OoJee CJOXKHYIO NPHUPOAY, KaK, Hampumep, npsMble
OTPE3KH HJIH MHOrOyroJibHHKH. HuXe Mbl pacCMOTpHM 3TH BaKHbie
060611eHHs.

3adaya 3.3.6. Hurepsarvubil nouck ¢ nepewucnrenuem 8 MHO-
aecTse orpe3kos. Ha NAOCKOCTH 3aAaHO MHOXeCTBO M3 1 OTpes-
KoB. HafiTh Bce oTpesky, HMewlllHe HenycToe nepeceyeHne C 3a-
NaHHBIM NPSAMOYrOJIbHHKOM.

B MamuHHOH rpaduke 3Ta 3ajaya u3BecTHa NOJ Ha3BaHHEM
o6Gpesanus no okHy [268]. Oepmapc [277] u DxencbpyHHep ¢ co-
aBropamu [137] mosyuusu sneraHTHoOe pellieHHe ITOH 3afayH, pas-
peluuB NpH 3TOM jaxe nepectpolky 6asbl HaHHbIX. Peulenne umeer
cJelyIolIHe XapaKTePHCTHKH:

Q(n, F)=0 (log’n+ F), U(n)=0 (log’n) n S(n)=0/(nlog n).

Ecnu okHO aBuraercs B HeKOTopoM (HKCHDOBAHHOM HampasJe-
HHH, Dapaj/e]bHOM OXHOH M3 KOODAHHATHBIX oOcell, TO OTpe3KH,
CTaTyC KOTOPBIX MO OTHOIUEHHIO K OKHY HM3MeHHJCH, MOryT ObITb

k)= O (log? k k— -
onpeleneHnl 3a BpeMms Q(n, k)= 0/(log?n 4 k), rae cymmMmap
HO€ YMCJIo TaKHX OTPE3KOB.

3adaua 3.3.7. [Touck nepecewenusn oproeonarbubix obvexros. Ha
NJIOCKOCTH 33JaHO MHOXECTBO H3 1 OPTOroHa.bHHX o6bekToB. Haii-
TH Bce 00beKThl, nepecekalolue 3aJaHHbIH OPTOrOHa/NbHbIA O0GBEKT.
(Oproeonaavnoili 06beKT pasMepHocTH d npeactaBasier coboil ae-
KapToBo NpoH3BeleHHe d WHTEePBaJioB, KaXKAbli M3 KOTOPHIX MOXKeT
BHIpPOXKAAaTbCs B TOYKY. Hanpumep, TOuka, H30TeTHYHBIH mpaAMO-
yroJibHHK M BEPTHKAJbHBIA WIM FOPU3OHTaJbHbIH OTPE3OK SBJASIOTCS
OPTOrOHaJIbHHIMH O6bEKTAMH. )

3T1OoT KJacc 3alay noucka BKJwodaer 3ajgaun 3.3.1 u 3.3.2. O6-
PATHbLI UKTEPBAAbHBLE NOUCK, WK 3aaua 06 0x8aTe TOYKU, TAKKe
NpHHAJJIEXHT 3TOMY KJaaccy. B 3toil 3agaue tpebyercs B 3alaHHOM
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MHOXKeCTBe H3 1 H30TETHUYHHIX NPAMOYroJBLHHKOB HafiTH Bce mps-
MOYroJMbHUKH, OXBaTHBalollHe 3aJaHHyio (B 3ampoce) TOUKY.
Baimuasu [335] npenmnaraer CTPpyKTYpY HaHHBIX, MO3BOJIAIOLULYIO
OCYILEeCTBJATb MOHCK c BpeMeHeM oTBera Ha 3ampoc O(logn 4 F)
uc P(n)=S(n)=0(nlog?n). Yasenne [74] naer ontumasbHbli
aJrOpUTM pellieHHs 3ToR 3ajxaun, tpebyownid O(n) namsTH, BpeMmsd
otBera Ha 3anpoc Kortoporo paBHo O(logn +4 F). Osepmapc 4
BaH Jleysen [279, 282], ucnosb3ysi MeTOA IMHaMH3alMH, NOKa3aJH,
uyTo AMHaMHuecKas 3anaya o6 oxeaTe TOUKH MoOxKeT OHITh pelueHa

3a BpeMH
Q(n, F)=0(log*n+F)
c I(n)=0((log®n), D(n)=0(log?n) u S(n)=0 (nlog?®n).

3anaua noucka nepecewenuti OpPTO2OHAAbHbIX OTPE3KOS, B KOTO-
poit TpeGyercsi HAaNTH BCe OTPE3KH M3 3aTaHHOTO MHOXECTBa, CO-
1epKamero n rOPU3OHTAJNbHBIX H BEPTHKAJbHBIX OTPE3KOB, Mepe-
cekalollue 3afaHHHH OPTOTOHaNbHBIA OTPE30OK, HCcaenoBaslach
Baitmnasn u Byaom [337]. OHH npeasoXu/¥ alTOPHTM CO Bpe-
meHem orBera Ha 3anpoc O(logn 4 F) u BpeMeHeMm npeno6paGot-
ki u namateio O(nlogn). Ouenka naas naMsiTH MoXeT ObITh
ymenblleHa fo O(n) [74]. Ins cayuas Korfa MHOXeCTBO pasjuy-
HblX 3HauyeHHH KoopauHaT HMeer MoiHocTb O(n) M monyckaercs
no6GaBjieHe U HCKII0YeHHe oTpe3koB. Mak-Kpefit [251] npemnoxua
IAHAMHYECKYI0 CTPYKTYPY MXaHHBIX, HCNOJb30BAHHE KOTOPOH 1Jis
pelleHus naHHo# 3anauM tpebyer O (n) nMaMsTH ¥ OPH 3TOM

Q(n, F)=0 (log?n+ F) u U(n)==0(log*n).

Jluncku#i u T[lamagumurpuy [239] paspaboranu anropurm,
HMeOLLHA

I3

Q(n, F)=0 (lognloglogn + F),
U(n)=0((lognloglogn) n S(n)=0 (nlogn).

Ins oblielt nuHamuyeckof 3anauu InencOpynHep [124] nan
aJTOpPHTM C

Q(n, F)=0(log?n+ F), U(n)=0 (log’n) u S(n)=0(nlogn).

3anaya noucka nepeceweruil npsamoyeoLbHIKOS KacaeTcsi H30TeTHY-
HbIX MPSIMOYToJIbHHKOB M paccmatpHBaercs B paborax JIu u Bosra
[234] u Dmenc6pynnepa [122, 123]. IIpeobpasys 3ty 3amauy ass
cayuasi d-MepHOro MPOCTPAHCTBA B 3aZauy HHTEPBAJBHOIO MOHCKA
¢ nepeuncleHneM B 2d-MepHoM npoctpaHcTBe, JIu u Borr [234]
paspaboraJin aJropHTM, HMeEOUH

Q4(n, F)=0 (log?-'n+4 F), P4(n)==384(n)=0(nlog?-'n).

Dnencbpyunep [122, 123] o6o6wiun CBOH pe3ysnbTaTH O mepe-
YHCJIEHHuW BcexX map HepeceKalOLU,HXCﬂ HPHMO)’FOJIBHHKOB (Cp c 3a-



48 A. JIu, &. lpenapara

Hauel 3.2.12) Ha cjayyad d-MepHOTO MNPOCTPAHCTBA H YJydLIHA
OLleHKH [Jis BpeMeHH npeno6paboTkKH u TpefyeMoll mamsaATH, Nojy-
yeHHble B pabote [234], nosny4us

Pyn)=0(nlog?n) u S;(n)=0 (nlog4-'n).

CoBcem HemaBHO SnencOpyHuep u Maypep [129] o6bexaunHunu
BCe MpelblAyliiHe MOAXOAbl K PELIEHHI0 3TOr0 KJjacca 3ajfay NMOUCKa
nepeceyeHHH M MONy4YHIM cJaeaylouiHe pesyabratsl. s cratude-
CKOro BapHaHTa 3a/1a4M HMeercs CTPYKTypa [JaHHBIX, HCNOJb30Ba-
HHe KOTOPOH MO3BOJISET AOCTHYbL CJAEAYIOUIMX XapaKTepPHCTHK:

Qa(n, F)=0(log¢~'n+F) u Py(n)=S4(n)=0(nlog?n).

Ouenka tpebGyemoii nmamatH yaydieHa o O(n log?!n/log log n)
[85]. s muHaMHyecKOro BapHaHTa 3ajayd HMeercs JUHaMuue-
CKas CTPYKTypa AaHHBIX, MO3BOJAOUIAS NOCTHYb CJIEAYIOUIUX Xa-
PaKTEepPHCTHK:

Qs(n, F)y=0/(log?n + F),
Sy(n)=0(nlogén) nu Uz(n)=0 (log4n).

bosiee mnogpo6GHoe o6GCyxJeHHe COJepXUTCA Takxke B paborax
[124, 158].

3adaua 3.3.8. Haxosdenue mnoscectsa o6vekT08 u Haxoxnde-
Hue yucaa 06%exkT0o8. B mpocTpaHCTBe 3aJaHO MHOKECTBO, COCTOS-
uee u3 n oGbEKTOB, M HEKOTOPHIH 3anpalluBaeMblit 00beKT —
o6beKT, BXoAALKE B 3anpoc. Heo6X0AHMO nepeyncinTb MHOXKECTBO
06BEKTOB, NepeceKalolliux 3anpaluiuBaeMbli OOBEKT (HaXoXxAeHHe
MHOXeCTBa), WM MPOCTO HAaHTH MOLIHOCTb 3TOTO MHOXKecTBa (Ha-
XoXeHHe uncaa ob6bekroB) [173].

BriGop TaKoro 3K30THYECKOro Ha3BaHus!) cBsizal ¢ AByMepHbIM
BapHAHTOM 3aJaul, Koraa oObekThl (HanpuMep, MHOrOYro/bHUKH)
JexaT B MJOCKOCTH, a 3alpalluBaeMblil 0O'bEKT fIBJSIETCS TOUKOI,
accolliupyeMol ¢ «urJjoi», nepneHAMKyJaspHo# nnockoctdH. Ecum
06beKTHl OPTOrOHA/bHBI, TO Mbl BHOBb NPHXOJAMM K 3ajadyaM mepe-
YUCJEHHSl llepeceyeHHil W moAcCyeTa INepeceYeHHH OPTOroHaJbHBIX
06bekToB cootBeTcTBeHHO. B pafote [131] naHm oblue pemenus
3aay HaxoXJeHHS MHOXecTBa OOGBEKTOB W HaXOXAEHHS 4YHCJ]a
o6bekToB, Aas  kKotopuix Q(n, F)=O0(logn+F) u Q(n)=
= O(log n) cootBercTBeHHo. Ho npH 3TOM CTOMMOCTD U BpeMsi
npeno6paboTKH OKa3asauch oyedb OosbiMMu. B opHOMepHOM mOpo-
cTpaHCcTBe, Korila oOObeKTbl — MHTEPBaJbl, a 3anpallinBaeMslii
06beKT — TOUKa, OblIM NOJY4YeHbl ONTHMAJbHble DelleHHs, Bpems
oTBeTa Ha 3ampoc mis kotopuix paBHo O(logn + F) B ciyuae 3a-

') B opurunane Hcnosab3yercs TepmuH stabbing — HakaanBaHHe, nepeBejeH-
Hblll KaK «HaxoxAeHHe», — [1pum. nepes.
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nayu HaxXoXJeHHd MHoXecTBa o6bekroB [74, 122, 250] u O (log n)
B c/Jyuyae 3a/ayM HaXoXA€HUs yucaa ob6bekToB [129, 164].

HexkoTtopele cBoficTBa 3TOH 3afayn B HAcTosillee BpeMs [pPOROJ-
XalT HccaenoBaTbCes. Hanpumep, 3agada HaxoXxJAeHUs uucja 06b-
€KTOB A/I8 MHOXEeCTBa M3 /1 MHOTOYrOJIbHUKOB, CTOPOHBI KOTOPbIX
MMEIOT KOHEYHOe INOCTOSSHHOe MHOXXECTBO HampaBJeHHH OpHeHTa-
UMH, MOXeT ObITh pellieHa C BpeMeHeM OTBeTa Ha BOMPOC, PaBHLIM
O(log n), n ouenkoit O(nlogn) ans BpeMeHu npero6paGoTKH U
Heo6xoauMoii naMstu [173]. Dxenc6pysHep c coaBropamn [132]
pa3pafora/u aJropuTM HaXoXIEHHs TPaHCBepCalbHOH npsiMoil, Ko-
TOopas nepecekaer KaxJAbl# M3 n 3aJaHHbLIX OTPe3KOB. ANroputm
uMeer cnoxHocts O(nlogn) u tpe6yer O(n) namsartn. B paGore
TakXe NpHBEIEH aJropuTM OmpefeseHHs, BJASETCA JH HeKoTopas
3aflaHHas  npsiMas  TPAHCBEPCAJbHOH, HMEIOLHH  CJOXKHOCTb
O(log n). 3anaun HaxoXAeHHs TOro, KaKHe OTPE3KH WM CKOJIbKO
OTPE3KOB MEpeceKaloT 3aJaHHBI OTPe30K, M 3alaua HaXoXIEeHH:
TOro, KaKHe WJIH CKOJIbKO MHOrOYrOoJIbHHKOB € OrpaHHYeHHBIM YHC-
JOM CTOPOH COAEp:KAaT 3aJaHHYI0 TOUKY, MOryT ObITb pellieHbl 33
speMs O (n®®%%) [102]. B paGore [74] npencrasseH anaroputm ne-
pevHcJeHHsi OTPe3KoB, MepeceKalllnX 3aJaHHbIH OTpe30K, HMelo-
Wil caepyIOlIHe XapaKTepHCTHKH:

P(n)=0(n%logn), S(n)=0(n* u Q(n, F)=0(logn+ F).

3adaua 3.8.9. Iouck nepeceuenuii mHO20y20A6HUKO8. 3afaHo
MHOXECTBO NPOCTbIX MHOIOYTOJIbHUKOB, KaXKAblfi W3 KOTOPbIX HMeeT
orpaHHyeHHoe 4ucJjo pebep. HalTu MHOroyroJbHHKH, HMeIOIHE He-
MycToe NepeceyeHne ¢ HeKOTOPHIM 3anpaullMBaeMblM MHOrOyroJbHH-
KOM TOrO ke THIA.

310 Hanbosee obuias 3ajaya NMOHCKAa lepeceueHHd, AJs KOTO-
polt GOJIBIIMHCTBO M3 NPUBENEHHBbIX paHee 3aJad Ha fJIOCKOCTH $iB-
JNSIOTCA YaCTHRIMH ClydasMH. Ota 3ajfava nyTeM UpUMeHeHUS TOL-
Xoas1MX nped6pasosanuii [131] Moxer GHTh CBeleHa K TpeM MOA-
3ajauaM, Kaxjaaa U3 KOTOpbIX fBJseTcs 0606lleHHeM CBoero IBOi-
HUKa B 3ajaye MOHCKA nepeceyeHHil OpTOroHasbHBIX 00beKTOB (3a-
naua 3.3.7), T. e. o6paTHON 3a4aun MHTEPBAJBHOrO MOHUCKA, 33Ja4H
MoHcKa mepecedeHHH OPTOTOHA/IbHBIX OTPE3KOB U 3agauu HITep-
BaJILIIOro MOHCKA.

STtu Tpy noasagauu caenymwipe: (i) 3agaHa HeKoTopas TOUYKa;
TpeOyercs HaHTH MHOXECTBO MHOIOYroJIbHHKOB, OXBaThIBAIOIINX
3Ty TouKy; (ii) 3amaH orpe3ok u Tpebyercss HafiTH MHOXECTBO Me-
peceKaloLUinXcs € HMUM OTPe3KOoB H (iii) 3agaH MHOroyrosbHHK M
Tpebyercs HaiiTM BCe TOYKH, NMomajaoline B Hero. 3agaya (i) Mo-
)eT ObITb pellieHa MeTOJOM ONpelesieHHsl MOJOMKeHHs TOUKH (cp. C
sapauedt 3.3.10, npuBeneHHo#l Huxe), 3agaua (ii) — meromoMm reo-
MeTpUUecKoro npeob6pa3oBaHus, a 3agava (iii) —B pesysabrare oT-
BeTa Ha OrpaHMYeHHOe YHCJIQ 3aMPOCOB OTHOCHTENbHO NMPHHAJJIEX-
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HOCTH TO4KU HEKOTOpomy TpeyzoavHuxy. B nesom Ha sto tTpebyercs
Bpemss O(logn -+ F). Ilpu 3toM croHMocTb npefo6palOTKH H He-
o6X0onIHMOl naMstu MoxeT JAoxoautb Ao O(n’) (131). Henasno
Hob6xnun n Dpenc6pynuep [102], u3yuusB 3ty 3amauy, noJydusu
NOYTH JIMHEHHBIH aJTOPUTM.

3adaua 3.3.10. [losoxerue TO4Kku. 3amaHo pa3bueHHe MJOCKO-
cTH, coxepxaulee n pebep. Hafitn obmacrte pas3buenus,, colepixa-
Wy 3afaHHylo Touky. (Pas6uenne miaocKocTH MOXHO paccMaTpH-
BaThb KaK COBOKYIMHOCTb MHOrOYroJIbHHKOB, H Mbl HILlEM MHOIOYIOJlb-
HUK, HMelolluil HemycToe nepeceueHue ¢ 3aJaHHON TOUYKOI.)

ATy 3amayy cjaelyeT DaccMaTtpuBaTh KakK OAHY U3 (yHAaMeH-
Ta/JbHBIX 33434 MOUCKAa B 06JaCTH BHIYUCIUTENBHOH TEOMETPHH.
OHa BO3HHKaeT BO MHOruX o6sacTax Hayku. Tak, Hanpumep, HpH
KjaaccuduKaluu o6pasoB KejaTesqbHO COOTHECTH 3alaHHbIl 06pas
C OXHHM M3 KJAacCOB HEKOTOPOH KOHEYHOH COBOKYIMHOCTH KJ1aCCOB.
O6pa3pl oToOpaxaloTCs B TOYKH HEKOTOPOro NMPOCTPaHCTBA, KOTO-
poe pa3buto Ha 06s1acTH, KaXKAas U3 KOTOPHIX COOTBETCTBYeT KOH-
KpeTHoMy Kaaccy. Kaaccuburauus ocyllecrBiasercs nyteM olnpefe-
JieHusi 06J1acTH, KOTOPOH NpHHAMJIEXHT KjaaccHduuupyemsblil obpas,
H Ha3BaHHEe COOTBETCTBYIOIUEro KJjacca M GYyIeT OTBETOM.

Ho6xux u Jlunron [106] Gbinn, no-BHAMMOMY, NEPBBIMH, KTO
npemyioKu anroputM co ciaoxHoctolo O(logn) ans onpenenenus
NOJIOKEHUs TOYKH B pa3bHeHUn MHOroMepHOro MHPOCTPaHCTBA Ha
o6sactu [297]. Ux Mertox ocHoBaH Ha ujee pa3bGueHus NPOCTpaH-
CTBa Ha CJIOH (TaK HasblBaeMblli meTod ca0es), B AByMEDHOM CJy-
yae 310 6yAyT noJockl; Haubosee XOpOWIO OH OMHUCAH IJs AByMep-
Horo cayuast (cMm. takxe [295, 315]). O6oGienue Merona Jlo6ku-
Ha — Jluntona [106] copepxurcs B paGote [78]. Ilpeanosnoxum,
yTo HMeercsi pa3bueHue MJOCKOCTH, KaxKIoe pe6po KOTOpPOro fB-
asercs orpe3koM npsimoH. Ilonyunsuiniics rpad HaswlBaercss n.o-
ckum npamoarunelinoim epagom nau cokpainenso [ [295]. [Mpea-
NoJIOXKHUM [Jsi NPOCTOThl, YTO HHUKAKWe JABe BepWHHH rpada He
MMEIOT OMMHAKOBBIX 3HaYeHHil y-KOOpAMHATH, H INpoBeleM uyepes
KaxAyl BepIUHHY ropuH3oHTaJbHylo npsmyio. [[Be Takue nocneno-
BaTeJsbHblE NMpAMble 00pa3yloT noJocy (cJjo#), BHYTPH KOTOPOH HH-
kakue asa peGpa [III' He nepecekatorcs (puc. 4). 3ameruM, uto
BHYTpPH Kax/0H [0JOCH MHOXeCTBO peGep fBJAETCA MNOJHOCTbIO
ynopsiioueHHbIM. 3ajfaya onpejesieHds MOJIOXKEHHS TOUYKH MOXKeT
ObiTb pelieHa B pe3y/bTaTeé ABYKPAaTHOrO MPHMEHEHHS OpPOUeXypHl
GuHapHOro MOMCKa — OAMH pa3 JJs onpelpeneHHs MOJOCH, KOTOpoH
npuHaJleXHT 3aJlaHHas ToYKa, H BTOPOH pa3 AJs onpeaeleHHs MNO-
JIOXKEHHS TOUKM BHYTpH noJocel. [lonHoe BpeMs moucka pasHo
O(logn). Kaxnaas nosoca npeacraBjseTcs ¢ NOMOWbK OHHAPHOroO
JepeBa Moucka ¢ o6wum o6bemom namatu O(n?). Ilpeno6paborka
TaKXe MOXeT ObiTh BHnosHeHa 3a BpeMsa O(n?) [295]. O6oGiuenne
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3TOr0 MeTOoAa Ha Cay4yad NmpocTpaHcTB 6oJiee BLICOKOH pa3MepHOCTH
OYEeBHAHO.

OgaHako, yuuThiBaf A0BOJbHO GOJIbLIYI0 CTOMMOCTb mpelobpa-
6OTKH H HCNOJb3yeMOH MaMsATH, BIOC/JAEACTBHH MPENJIOXKHIN He-
CKOJIBKO yJayullieHu# Merona. MeroX uened, paspaborauublit JIu
u Tlpenapatoit [225], umeer Bpems BbinosHenus Q(n)==0/(log?n)
1 npu atoM P(n)=0(nlogn) u S(n)=0(n). Jlunton u Tapbau
[242] npepnoxunn upesBbYaHHO HCKYCHO paspaboTaHHBI aJro-
PHTM, OCHOBaHHHIH Ha TeopeMe O MJaHAPHOH OTAENUMOCTH H AOCTH-
FajouiMd ONTHMaJIbHBIX XapaKTe-
PHCTHK, T. €.

Q(n)= 0 (log n),
P(n)=0O(nlogn),
S(n)=0(n). B

K coxasenuio, merom Jlunrto-
Ha — TappsHa npeacTaBsisieT
TOJBKO TeOpeTHYeCKHH HHTepec.
[Moaxnee [lpemapara  [292]
MpeisoXKHJ/ HOBYIO CXEMYy, H3Be-
CTHYIO Tenepb Kak meTod Tpane-
youdos, ynpasasemoii meduanod, KOTOpHH peliaeT 3Ty 3ajady, Aa-
Bas ONTHMaJbHOe BpeMsi oTBeTa Ha 3ampoc, T. e. O(logn), Ho npu
3toM Tpebyercs P(n)= S(n)= O(nlogn).

Kupknatpuk [197] Hcnosb3oBas TPHAHTYJASUUH AJS NOJYUYEHHS
nepapxuueckoro npeacrassnenus [ ¢ O(log n)-ypoBHAMH TpH-
aHryJasuul, Kax bl H3 KOTOPHIX §IBJSETCS yTOYHEHHWEM JAPYroro
YyPOBHS. DTO MO3BOJIHJIO NOJYUHTb OoJiee MPaKTHUHBIH ONTHMAJbHBIH
ajqroputM co BpeMeHeM orBera Ha 3anpoc O(log n), BpeMenem
npego6paborku O(n log n) u o6beMom Heo6GxofuMoi namstu O(n).
Bce npuBegeHnHble Bblllle METOABI, 3a HCKJUeHHeM Mertoxa Kupk-
naTpuka, Moryr ob6pabarbiBaTh I1aHapHble pa3bHeHHs C KPHBOJHU-
HeliHbIMK pe6paMu onpefesneHHoro Buaa. Jlpyro#l anroputm c aHa-
JIOTHYHBIMH BO3MOXHOCTAMH OblJ1 NpefsoXxeH JAeJCOpyHHepoM W
Maypepom [130] u nMeer crenytolline XapaKTepUCTHKH!

Q(n)=0(log®n), P(n)=0(nlogn) u S(n)=0 (n).

Puc. 4. BHyTpH nosocel HHKakHe [Ba
OTpe3Ka He mepecekaloTcs.

Henasnee coobiuenne dxaxupo v ap. [119] copepHT BcecTopoH-
Hee CpaBHeHHe, BKJlo4as [eHCTBUTE/bHble BpeMeHa BbLINOJHEHUS
paccMOTpeHHbIX Bhlllie aJFOPHTMOB ONpeJeseHHs MOJ0XKEeHH TOUKH,
HenaBHo Obln mpenJioxeH HOBbI onTuMmasbHblil Metod [128], Bo3-
MOXHO caMblfi NPaKTHYHBIH H3 HUMeEIOILUXCs Ha ceroiHs. KmioueBas
ujes MeToAa COCTOMT B ajamnrtauud ¢uaocodun BblaeJeHUs CA0eB
[346] ¢ ynyuweHHo#i oueHKo#l ucmonb3yemodt namsatH O(n) [74]
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K metoay uenedt Jlu — [1penapatel {225]. Yasense nonyuua anaro-
pUTM onpeleseHUs MONOXEHHS TOYKH B TPEXMEPHOM KOMIIEKCe C
O(n) BepwmuHamu, WMewollHH BpeMeHHYl0 caoxHocts O(log?2n) w
Tpebytowuit O(n) namsTH.

D. bau3ocTb M CBSI3aHHBIE 3a8aUH

TeoMeTpuyeckne 06beKTbl, TaKHEe, KAK TOYKH U OKPYKHOCTH, HC-
NOMb3YIOTCA AJSA MOAEJUPOBAHHA (PU3HMUeCKUX OOBHEKTOB peasibHOro
mupa. B HekoTOpbIX Cy4assx HaM XoTesaoCb 6bl UMETb NOCTYN K CO-
OTBETCTBYIOLIHM coceasiM 3TuX o6bekToB. Hanpumep, npu ynpas-
JIeHWH JBUXKEHUEM CaMOJIETOB Mbl XOTHM CJeAHTb 3a NBYyMs Hau-
6osnee O6MM3KMMH JApPyr K IOpyry camoJeraMu. [Ipy mozenupoBanuu
CaMoJIeTOB NBHXKYILHMHUCA B NPOCTPAHCTBE TOUKAMU Mbl XOTHM B
KaXAblH KOHKPETHbIi MOMEHT BpeMeHM HaXxoAuTb napy HauboJee
6au3kux Apyr K Apyry Ttouek. CHauyasa nepeuucium psid 3aiaav,
npHueM HEKOTOpble M3 HUX MOTYT MOKa3aTbC He OTHOCALIUMHCSH
K deJy, a 3aTteM ONHINEeM HEKOTOPYI reOMeTpPHYECKYl0 KOHCTPYK-
uuio, HasbBaemyw Ouazpammot Bopowoco, kotopasi moXet OblTb
HCMOJB30BAaHA AJf1 pelleHHS 3THX 3ajlay B npejesax BpeMeHHBIX
3aTpar, UMeIOIHX TOT e CaMbld MOPANOK, YTO M 3aTpaThl Ha mo-
cTpoeHue puarpammbl. Jlajlee npHBeleHb HEKOTOpble 3agayu, CBS-
3aHHble ¢ 6JM30CTbIO.

1. OCHOBHbIE 3AJAYH, CBA3AHHBIE C BJIM30CTbIO

3adaua 34.1. Bauxcatwan napa. Ha naockoctw 3agaHe n To-
yek. HafiTu nBe Haubosee 6,1u3KHE APYT K APYTY TOYKH.

OueBuAHO, YTO 3anaua, sBJaflIascad 0606IeHHeM 3TOH 3aaauH
Ha k-MepHBHl cayual, k> 1, Moxer ObTb pelleHa 3a BpeMms
O(kn?) nyteM cpaBHEHHsi pacCTOSIHMH MeXAy Kaxno#l napo# To-
yek. B ollHOMEpHOM cJyyae MBI MOXeM pellHTb 3Ty 3afaqy npoule
3a BpeMst O(n log n), ynopsiiouHB npeaBapuTe/]bHO 3aAaHHble TOY-
ku. OkasbiBaeTcs, 4TO COPTHPOBKY He/b3si 0000uwMTb Ha cayda#d
npocTpaHcTB GoJiee BHCOKOH pasmepHocTH. HMcnoab3ys meton «pas-
genasd u BnactByi», beHtau u lllamoc [40] nmoka3danu, 4t0 Aas pe-
IeHus 3TOW 3aiauu B k-MepHom cayuae (B = 1) Bpems O(nlogn)
IBJISETCA JOCTATOYHBIM, a yKa3aHHas oOleHKa OnTHMajabHa (CM.
pasn. 111-F). B pa6ore [45] npuBenaeHo uccaenoBahHe 3TOH 3ajauy
B cpelHeM cayyae, a TaKXe NPOUJJIOCTPHPOBAH ONTHMAJbHLIH B
cpelHeM cayuae ajsroputM. JIpyrue otHocsuiHecs K JaHHOH 3ajadve
pe3yJbTaThl coaepxarcs B paborax [93, 158, 189].

3adaua 3.4.2. Bce 6auncaiitue cocedu. Ha niocKOCTH 3anasu
n touek. Tpebyercs /s KaXkaoH Toukd HalTH Gauxafiuero cocena
(oTaMUHOrO OT CaMoil 3TOH TOUKH).
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3adaua 3.4.3. Eekaudoso MuHumaibHOe OCTOBHOE O0epeso —
EMO/. Ha naockocty 3anann n toyek. Tpebyercs HaiTu aepeso,
KOTOpoe coeaHHsieT BCe 3afaHHble TOYKH W HME€eT MHHHUMAaJbHYIO
CyMMy AauH pebep.

Jrta 3apaya HMeeT OYeBMAHOE MNPUJIOXKEHHe K CO3JaHHI0O CeTeil
3BM, Korna Mbi XOTHM COeAMHHTb MeXAy coboit Bce IBM, noay-
YUB NIPH 3TOM CeTb MHHHMAaJAbHOH ctoumoctH. OaHAaKO NpH TakoH
tGopMyJHPOBKe 3ajauu 3anpelllaercs BBOAUTbL AONOJHHTENbHBIE
toyku. Ecau xe Jonyckaercss BBOAHTb JOMOJHHTE/bHbIE TOYKH, KO-
Topble HasbiBalotcs Towkamu I[lrednepa, to naHuas 3ajaya npe-
Bpallaercss B 3afauy nocrpoeHusi depesa llrednepa munumasbroll
Oaunbl, KoTopasi, Kak nokasaHo, siBasiercs NP-tpynsoi [160]. 3a-
MeTHM TaKxe, 4To 3afiauy noctpoeHuss EMOJl MoxHo paccmartpH-
BaTb KaK 3ajfady Teopud rpacdos, B KoTopoH Bec peGpa omnpefe-
JIfeTC KaK PacCTOsiHHE MEXAY TOYKaMH, coeJHHSIeMbBIMH 3THM peb-
poM. B pabore [90] mpounaocTpUpPOBAHO HECKOJbKO aaropHTMOB
NOCTPOEHUsT MHHUMAJAbHOrO OCTOBHOro fAepeBa. B obuiem cayudae
npu pellleHHH 3aJaYH O MHHHMAaJbHOM OCTOBHOM j€peBe C n Bep-
wuHamu Tpebyetcs Bpems Q(n?) ans onpenedenus pebpa, Hmelo-
1ero MuHUMaJbHHE BeC W BXOAsILero B [epeBO, a BXOAHble AaH-
Hble npeacrasiensl HabopoM u3 O(n?) He3aBUCHMbIX BecoB pebep.
OnHaKo MOXHO BOCHOJIb30BATbCS CBOACTBAMH €BKJAMAOBOH MeTPHKH,
YTO MNO3BOJHT pelHTb 3ajgauy noctpoeduss EMOJL 3a Bpems
0(nlogn).

3adawa 3.4.4. Tpuaneyaayua. Ha njockocTH 3ajaHbl n TOYEK.
Tpebyetca nocTpouTtb NIaHapHLIK rpad ¢ BeplIMHAMH B 3alaHHbIX
TOYKaX, TaKoH, 4TO KaxJdas rpaHb BHYTPH BbINYKJOH 060J0YKY fiB-
JISIeTCH TPEYyroJIbHUKOM.

dta 3ajaua BO3HHKAeT npu HHTepnosuud ¢GyHKUHH OT ABYX
nepeMeHHbIX, KOTa 3HAauYeHust QYHKUUH U3BECTHbl B HEKOTOPHIX He-
peryJsipHo pacnoJoXXeHublX B mJaockoctu Toukax [208—210, 253,
289], u npu npuMeHeHHH MeToJla KOHeUHbIX 3jemeHToB [67]. Tpu-
aHryJsiiHs 3THX n TOYEK MOXeT OblTb HCMOJAb30BaHA AJS OUEHKH
3HayeHds1 QYHKIHY B HEKOTOPOW HOBOH TOYKE MyTeM HHTEPNOJALUUH
mo 3Hayennsim QyHKUHH B TOUKaX, ABJASIOMHXCA BepIIMHAMH Tpe-
yrosibHuKa, Cofepxalllero 3Ty HOBYIO TOUYKY.

3adaua 3.4.5. lNouck Gauscaliweeo coceda. Ha naockocTH 3a-
NaHu n touyek. Tpebyercs HalitTu OGauxalimero cocena Adsi HEKOTO-
po#l 3anpamuBaemMoil TOUKH.

Srta 3ajaua, u3BecTHas TaKXe KaK «3ajaya o MOUYTOBOM OThe-
JeHuU», BO3HUKaer npu kJaccHukauuu o6pasos [115], korma uc-
noJb3yeTcs npaBu/ao KaaccubuKauud no 6auadieMy cocelly, Ko-
raa HoBH#l oOpasell COOTHOCHTCA C KJ4aCCOM, KOTOPOMY NpHHajJe-
XKut ero 6snxkalui cocen, a Takxke NpH BbIOOpKe HPOpMAaL UK H3
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6a3bl JAaHHBIX, KOrjla B KayecTBe OTBeTa Ha 3amnpoc BblAaeTcd
3anuchb, Hauayuuwium o6pasom conocrasumas c¢ 3anpocom [64, 156].
CM. rakxe pabGotnl [264] m [116], B KoTOpHIX paccMaTpHBaiorTcs
JApyrue Mephl «pacCTOSIHHA» NPW DelleHuH 3aj4ad noHcka Oauxkai-
wero cocefa.

3adaua 3.4.6. Ilouck k 6auscadwux coceded. dta 3agavya aHa-
Joruuyna 3agauve 3.4.5, 3a TeM HCKJAOUeHueM, YTO HuryTcs k Gau-
XKaHIUX cocelled TOUKH.

2. JMATPAMMA BOPOHOrO

[Mpenbinyiue 3agaduu Moryt GbiTh pelieHbl ¢ HCMOJb30BaHHEM
meToda 2e0METPUHECKO20 MecTa TOodek, yNOMHHABILErocs B
pasa. II-C. IMycrb 3ajano MHoXecTBO S H3 n Todek {pi, P2, ...
..., pn}. TMoctpoum Ouaepammy Boporozo MHoxecta S [300],
o6osnauaemyo Vor(S), Kotopas pasbuBaer mJAocKoCcTb Ha n KJac-
COB «3KBHBAJEHTHOCTH», MpHYEM KaXKJABIl H3 HHX COOTBETCTBYET
HeKOTOPOfi 3aflaHHOH Touke, B yacTHOCTH, KJacc 3KBHBAaJIEHTHOCTH,
COOTBETCTBYIOIIUA TOUKE p;, — 3TO MHOroyroJabHHK Boponoro V(p;),
onpeaensieMbil Kak

V(pl)={r|reR2’ d(f, Pl)gd(r, p])r i%ﬁ ]}

Ilpyrumu caoBamu, V(p;) — 310 reometpuyeckoe MeCTO TOUeK, Ta-
KHX, YTO OHH pacnoJoXeHH OJiuXe K Touke p;, yeM K moboll apy-
rof TOYKe MHOXeCTBA S, H 3TOT MHOTOYFO/NIBHHK MOXeT GbITb TaKKe

ompejesieH Kak nepecedeHue MoJynJaocKocted ﬂ H(p;, p)), roe
P

H(pi, p;) — nonynnockocTtb, onpefensieMasi NpAMOH, MepneHAuKy-
JSDHON OTpesKy pip;, Ae/Alledl ero nomnoaaM ¥ Coaepxkalled TOUKY
pi. Takum o6pa3oM, aAnarpaMma BopoOHOTO MHOXECTBA H3 1 TOYEK
npeicTaBiasieT COBOKYMHOCTb 7 BbIIYKJBIX MHOTOYroNbHHKOB Bopo-
HOro, Kaxablfl M3 KOTOPHIX COOTBETCTBYyeT TOYKe MHOXKecTBa. Jlua-
rpamma BopoHoro usBecTHa Takike MO Ha3sBaHHEM MHO20Y20AbHU-
ko8 Tuccena [59].

Jlajiee npuBelleH CHHCOK cBOficTB Auarpammb BopoHoro (cm.
[211, 212, 316]), KoTOopbie MoOryT ObiThb NOJY4YeHbl, €CJlH NPHHATDH
ynpolulalonlee NpeanosoXKeHue O TOM, YTO HHKAaKue YeTblpe TOYKH
H3 3aJaHHOr0 MHOXeCTBa He JieXaT Ha OAHoH okpyxHoctH. (Ha
puc. 5 npuBeseH npuMep AHarpaMMbl BopoHoro MHoXecTBa u3
16 Touek.) (i) Kaxkmas Bepwuna Aunarpammsl Boponoro, HasbiBae-
mas Toukoli Boporoeo, umeer ctenenb Tpu. (ii) Kaxnabiit Gauxail-
Wi cocen p; KaXAOH TOUKH p; onpenensier pe6po MHOroyroJbHHKa
V(p:), KoTopoe fBJSieTCS 4acTbi0 NPAMOH, NepneHauKyJspHOH OT-
pe3ky pip; u peasiueh ero nononam. (iii) V(p:) sBngerca Heorpa-
HHYEHHBIM MHOTOYTOJLHHKOM TOrAa M TOJBKO TOrAd, KOrla TOUKa
pi JIeXUT Ha rpaHulle BHOYKJIOH 060J04KH MHOXecTBa S.
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(iv) Tpad, aBofictBennblii nuarpamme BopoHoro, pe6pa kortoporo
ABJSAIOTCH NPAMOJUHEAHBIMH OTpe3KaMH, fABJSETCH TPHAHTyJsAuHeld
MHOXecTBa ToYeK S. DTa TPHAHIYJfALMSA U3BECTHA TaKXKe NOA Ha-
3BaHUAMH Tpuaneysayuu [eaone w auetixu Jupuxae [55]. (v) HOas
yucsaa pebep u BepwuH B guarpamme Boponoro Vor(S) umeer
MecTo ouedka O(n), rae n =|S§]|.

Ioctpoerue duaepammer Bopornozo. [luarpamma Boposoro muo-

KecTBa S M3 n TOYEK HA MJIOCKOCTH MOXKeT GbiTb MOCTPOEHA METO-
IoM «pasfieasifi v BaactByi» 3a BpeMs O(nlogn). CHauana MH pas-
JessieM MHOXeCTBO S Ha ABe MOJOBHHH Sy H Sz, OTAe/EHHblE APYT
OT Jpyra BepTHKaJbHOH nps-
mo#t L. [lpm 3tomM S; pacno-
Jaraetcss cjaeBa ot L, a S;—
cnpaBa OoT Hee. 3aTeM Mbl pe-
KypCUBHO CTPOMUM JHarpamMul
BopoHoro aas 3Tux AByX moa-
MHOXECTB TOYeK M 3aBepluaeM
BbIUHCJEHHAA, O0ObeaHHAA  NBe
3TW JMIPaMMbl B OKOHYaTe/b-
Hyio nuarpamMmy Bopounoro. Hec-
nosnb3ys cBolictBo (iii), MoxHO
noKasaTb, YTO KaXJoe Heorpa-
Hu4ueHHoe pebpo aAuarpamMmbl
Boponoro npuHaanexut npsi- Puc. 8. lnarpamma Bopokoro aas mko-
MOH, NepPneHAHKYJAPHOH HeKo- Hectea 13 16 Totex.
TOpoMy pebpy BbnykJI0oH 060-
NOYKu u Jensimed 310 peb6po nomonaM. Tak Kak BbOyKJble
060/10uKH MHOXecTB S} u S He mnepecekaloTcd, TO JABe HX
obuiue onopHbie npaMbie (cM. 3agauy 3.1.3) cooTBeTCTBYIOT ABYM
HeorpaHuyeHHbM pebGpam auarpammbl  Boponoro Vor(S). Itu
aBa pe6pa mpuHaA/iexaT JOMaHOH G, Ha3biBaeMoil pasdeasroujed
yenvio, KoTopasi Mrpaer pellaiollyl0o PoJab Ha mare o6beAHHEHUS
pewenuii. JleficTBuTeabHO, 0 pa3buBaer MJIOCKOCTb Ha ABe (Heorpa-
HH4YeHHble) o6aacTH Ry u Ry, pacnojioXeHnHble COOTBETCTBEHHO cue-
Ba H capaBa oT 6. MOXHO nokasaTb, 4TO

Vor (S) = (Vor (S)) N Ry U (Vor (Sp) N Ry),

v TeM cambiM ofecneuyutb Metoj coeanHenus pewmeHudl. [TocTpoe-
HHe JIOMaHOH OCYIIECTBJAETCH MOC/AEAOBATeNbHBIM BhiyHC/IeHUeM ee
pe6Gep, HauuHas C OAHOTO U3 HeorpaHudyeHHbIX pebep. B stom npo-
llecce pewairouitM o6pa3oM HCMOAb3yeTcss CBOHCTBO BBIMYKJOCTH
MHOrOyroJbHHKoOB BopoHoro, 4to6bl mokKa3artb, YTo Kaxaoe pebpo
Vor (S;)U Vor (S2) npocmatpuBaercs He 6onee YeM (HKCHPOBAHHOE
4ucj10 pas. ATo MO3BOJAET MOJYUYHTb AJATOPHTM COEJHHEHUS pele-
HH#A, BpeMs paboThl KOTOPOr0 NMpONOPUHOHAIBHO CYMMAapHOMY YHG-
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ay pebep auarpamm, T. e. O(|S1|4+|S2])=0(n) (196, 211, 212].
[TosaToMy mosiHOoe Bpems, HeoOGXOAHMOe IJs MOCTPOeHUs AHarpam-
mMbel BopoHoro MHoxecTtBa S u3 n Touek, paBHo O(n logn), uto sB-
JAseTcs onTuMajbHbM (cM. pasd. III-F).

Bpayn npoaeMoHCTPHPOBAaJA HHTePeCHYIO CBA3b MeXAy Auarpam-
mMamH BopoHnoro u BelnykabiMi oGosaoukamu. B paborax [61, 62]
OH NPeJACTaBHJ aJbTePHATHBHBLIA aJropHTM MOCTPOEHUS AHArPaMMBI
Boponoro, uMmeromuil caoxuocts O(n log n), meronoM mnpeobpaso-
BaHuf 3aJa4d NmOCTPOeHus n/aHapHo# avarpamMmu BopoHoro MHO-
JKECTBAa H3 n TOYEK B 3a/avyy MNOCTPOEHUA BbIIYKAOH 060J0UKH N
TOYEK B TPEeXMEePHOM MNPOCTPAHCTBE C MOMOLULIO rEOMEeTPHYECKOro
npeo6pa3oBaHus, U3BECTHOrO KaK UHBEPCUA. DTOT METOJ sBJaseTCH
061MM 1S NPOCTPAHCTB NPOU3BOJNBHOH Pa3MepHOCTH, T. €. AMa-
rpamma BopoHoro B k-MepHOM 1pOCTPAaHCTBe MOXKET ObITh NOJydYeHa
U3 BbIIYKJAON 06oJiouku B (k 4 1)-mepHom npoctpaHcTBe (noapoG-
HOCTH CM. B pabore [61]).

Ecan umeerca amarpamma Boponoro, To 3ajaus HaxoxaeHus
napo Oauxa#ux ToyeK, HaxoXleHus BceX OnHkafimux cocepeft
M TPHAHIYAAUMH MOryT OHITh pemenbl 3a Bpems O(n) caefyiOUIMM
o6pasom. [lpocMarpuBas kaxpoe pe6po auarpammb Boposoro, no-
CTPOUTb NpsAMoJuHeAHb ABolicTBeHHB rpad. Tak Kak ABO#CTBeH-
Hefi rpad sABAseTCs TPHaHTyasuued, a no/dHoe 4ucio pebep B
Vor(S) paBuo O(n) (coraacHo cBoficteam (iv) u (v)), To 3TOoT
npouecc Moxert ObITh BbimonHeH 3a Bpemsi O(n). CoraacHo cBofi-
ctBy (ii), MBbl Takxe HMeeM, YTO napa GauXafilPX TOYeK onpee-
Jasietrcd peGpoM TPUAHTYJAAUHHM M aHa/JOrMYHO Oamxalimui cocen
Kaxnofi Touku 3anaercs pebpom rtpuaHryasuuu. [lostomy obe 3a-
Aayu MoryT 6biTh pemeHd 3a Bpema O(n). B pabore [316] 6wiao
nokasao, uro EMO]J] aBasercs noarpacdom tpuanryasuus lenone.
Takum obpasom, 3agaya nocrpoenns EMOJL Moxer ObTb TakXe
pelieHa ¢ AOMOJNHUTeNbHBIMU 3aTpatamu Bpemenu O(n) aaropur-
MoMm Yepurona u Tappsina [90}. Kak u aas 3agayu moucka G-
X)afilllero cocena, BCe, 4YT0 HeOOXOAMMO cAeNaTh, — 3TO HaWTH MHO-
royronbHHK BopoHoro, B KOTOpOM pacnoJjaraeTcs HoBas TOuYKa.
[Mo3toMy nouck sBAseTCH 3adaved O NOAOHEHUU TO4KU, KAK 3TO
obeyxaanoch B pasa. I11-C, u MoxeT ObITb BEINOJHEH 3a BpeMms
O(log n) (cMm. 3apauy 3.3.10).

Pacwupenus duazpammot Boporoeo. Bbin npeanoxen psaa pac-
wupeHnit ¥ obobwennii auarpammpl Boponoro. Juarpamma Bopo-
Horo, oOcy»X/aBllasicd Bbllle, CB3aHa C €BKJAHAOBOH MeTpUKOH
(1. e. ¢ TaK Ha3bBaeMoH Li-MerpuKkoit B (GopmyaupoBke MHHKOB-
ckoro). Omnpenenenne auarpaMMbl BopoHoro moxet ObiTb Jerko
pacuiupeHo Ha cayvai L,-MeTpHKku, rae 1 << p << oo [212], a aua-
rpaMMa no-npexseMy Moxet OblTb noctpoeHa 3a Bpems O(n log n),
€CJIH Mbl JIONYyCKaeM, 4YTO KOpeHb p-H cTenen# MoXKeT ObITb BHYHC-
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JleH 3a nocTossHHoe BpeMs. IloHsATHe OCTOBHOrO fAepeBa TaKXe MO-
XKer GbiThb pacliHpeHo Ha cayuail L,-Merpuxd [177, 232]. OtMmerum,
YTO OpPH UCNMONB30BAHUHM Li-MeTrpukH nuarpamma BopoHoro He fB-
JseTcsl OJHO3HAYHOH, H KaK CJeACTBHe ee ABOHCTBeHHbIl rpad He
aBasercs tpuaHryasuueid Henone. Tpuanrynsuus [enone — 3to
(exuHCTBEHHAs1) TPHAHTYJSALUHs, TaKas, 4TO OKPYXKHOCTb, OMUCaH-
Has BOKPYr KaXJOro TpeyrosbHHKa, He COAEPXHT BHYTPH HU On-
HO# Apyro#l Touku. TakuM o6pa3oM, AJs MOCTPOEHHS! TPHAHTYJAAUMH
Henone B ciayuyae L;-MeTpHKH Mbl He MOXeM BOCIOJb30BATbCA JHA-
rpamMmoit BopoHoro u TpeGyercst mpsimoi MetoJ. AnropuT™M moctpoe-
HHA TpHAHTyAsAUUH JleJoHe NPAMBIM METOAOM, HMEIOILHH CI0XKHOCTD
O(nlog n), npusenex B pabore [230].

Bropoe pacumupenue auarpaMMbel BopoHOro COCTOHT B TOM, 4TO
BMECTO MHOXeCTBa TOYeK PAaCCMAaTPUBAETCSl MHOMXECTBO OOBEKTOB.
B pa6orax [211, 222] paccmoTpena auarpamma BopoHoro aas MHO-
JKeCTBa MPSAMOYTFOJBbHbIX OTPE3KOB HJIH OKPYXHOCTeH M JdaHbl aJ-
FOPUTMbH ee MOCTPOeHHus, uMemole caoxHoctb O(nlog?n). Tlo3a-
Hee KupKnarpuk yJayumina oUeHKY BpeMeHHOH CJ0XHOCTH [0
O(nlogn) [196]. Cpedunnas ocb npocTOro MHOrOYrOJNbHHKA, H3-
BeCTHasl KaK CKeAeTOH, KaK OKa3blBaercs, SIBJASIeTCA YacTblo JAHa-
rpammbl  BopoHoro asns npoctoro mHoroyrossHuxka [217, 290].
HOuarpamma BopoHoro mMHoXecTBa MpsMOJIMHEHHBIX OTPE3KOB HJH
OKpy»HOCTe!l B cayyae Ly-MeTPHKH cocTOMT u3 pebep, KoTOpble B
obuemM cayuae He fABAsAOTCH npsMoJauHefiHbiMu orTpe3kamu. (OHu
MOryT BKJIOYATb Ayryd Kak napabos, tak v runep6oa.) OnHako He-
naBHHi pesynbrat |183] (u ue3aBucumo [16]) nokasbiBaer, uto
Anarpamma BopoHOro MHOXKeCTBa H3 1 OKPYIXKHOCTEH B reoMeTpuH
Jlareppa cocrout u3 npsmoaHHeHdHbIX pebGep W BbUHCJIHMA 32 Bpe-
M O(nlogn). dra vacTHas guarpamMMma NoJesHa A8 BHIYHCJAEHHSA
CBAI3HBIX KOMMOHEHT MHOXeCTBa KPyroB, BHIYUC/IEHHS KOHTypa 00b-
eNMHEHUsS MHOXKeCTBA KPYyroB H NPOBEPKH NPHHANJIEXHOCTH TOUKH
3TOMYy 00befuHeHHU!O.

Tperve pacwinpenue dokycupyer BHHMaHHe Ha ToM ¢akTe, UTO
B oOcyxaaBiiefics A0 cuX mop AuarpaMmme BopoHoro kaxab#i MHo-
royroJbHUK MNpeACTaBjseT reoMeTpHyecKoe Mecto Touek, OJIM3KHX
K oAHOH Touke. UTo6bl O6BITH 60Jiee TOUHBIMH, TAKYI0 AMarpammy
cllepoBano Obl HasbBaTbh duazpammoti Bopowozo 6Gauscatiwux co-
cedei. llamoc u Xo#t [316] paccmorpenu anarpammy BopoHoro
nopsiika R MHOXeCTBa TOYEK, B KOTOPOH KaXAbli MHOroyro/bHHK
AHarpaMMmbl CBsi3aH ¢ R Toukamu, k > 1, TeM cBOHCTBOM, 4TO NS
Ka)Ko# TOUYKH BHYTPH 3TOro MHOrOYronbHuKa ee k GiuxafImux co-
ceflel B TOYHOCTH COBMAafalOT C COOTBETCTBYIOLIHMH k& TOYKAMHU.
C ucnoab3oBaHHeM AHarpaMMbl nopsika k 3anaua noucka k Gau-
Kafimux coceneit Moxer ObiTh pewena 3a Bpems O(logn 4 k).
B 3TOM BbipaxkeHHH nepBOe cJaraeMoe yuHTHIBaeT 3aTpaThl Ha
ompeje/eHHe MOJNOXKEHHS TOYKH, a BTOpOe cjaraeMoe — 3aTpars Ha
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nepeuucsaenue Ttouek B otBere. CBofictBa auarpammb BopoHoro
nopsiaka k U MeTOl ee MOCTPOeHHss MOXHO Hafitu B paGorax [133,
216, 316]. Ha apyrom KoHue cmektpa (HauuHas ¢ Auarpammbl Bo-
poHoro Gamxafimux coceneit) Haxoautcs Aunarpamma Bopoworo ca-
MOro fajnbHero cocefa, Kotopas B J€fCTBHTENbHOCTH ABJAsAETCA AUa-
rpammoil BopoHoro mopsaka (n —1). Jlmarpamma Bopouoro ca-
Moro jajbHero coceia Moxer ObiTb NOCTpOeHa 3a BpeMf
O(nlog n) [213, 315] u ncnoab3oBaHa A48 pelueHUs 3a4aud O Aua-
MeTpe (CM. HuXe) u 3anaun o6 l-uentpe 3a Bpems O(n).

UerBepTtoe paciwiupeHne COCTOHT B TOM, utobbl CBf3aTh € Ka-
XA0H TOUKOH HeKOTOpoe MOJOMHTEJbHOE HHCJA0 — BeC 3TOH TOYKH,
4TO TPHBOAMT K «B3BewieHHOA» auarpamme Boponoro [53]. Bsse-
weHHas Auarpamma BopoHoro coctoMt M3 n «obaacrefi», Kaxaas
M3 KOTOPbIX NpeACTaBJsieT reoMeTPHUECKOe MECTO TOYeK, [J5 KOTo-
pPBIX B3BelleHHOe pPaccTosiHHe A0 HEKOTOPOH 3aAaHHOH TOYKM $B-
Janerca MUHHMaabHbIM. B paGorte [17] mokasaHo, uto 3TH «06aa-
CTU», CBA3aHHble ¢ KaXXAOH TOYKOH, MOryT ObiTb HECBA3HBIMH H
auarpaMma B NefCTBHTE/NBHOCTH MOXeT colepxaTb 0(n?) peGep u
BepuinH. AJATOPHTM MOCTPOEHHS TaKo# B3BeLIeHHON AuarpaMMH 3a
Bpemn O (n?) MoxHo Hafitu B pabote [17].

[MocnenHee paciinperue 3akialouaercs B 0000LIEHHH AHarpaMMbl
WJH TPHAHTYJALHH HA OpocTpaHCcTBa Gosiee BLICOKOH pasMepHOCTH.
HekoTtopble pe3yabTathl, KacaloLlHecs 3TOro BONpoca, MOXHO HafiTu
B paborax [20, 51, 60, 200, 311, 343]. Hicnoanb3ys cBA3b MexAy Aua-
rpammofi BopoHoro B d-MepHOM mPOCTPaHCTBe H BhINyKJAOH 060104-
Koit B (d + 1)-MepHoM npocTtpaHcTBe [61] M anropurM mocrpoenus
BHINYKJ0# o6onouxku, nanubiii Ceiinesom B pabore [310], moxHo
noayyYuTh 3¢ (heKTHBHOE pellleHHe 3a4aYH MOCTPOEHHUS AHATPaAMMBI
BopoHoro B mpocTpaHCcTBaX BHICIIHX pasmepHoctefl. 3ajgaua mo-
CTPOEHUR] MHHHMAaJbHOTO OCTOBHOrO N€peBa B NPOCTPaHCTBaxX BhbIC-
IIMX pa3MepHocTell TaKxe paccmatpuBanach B paje pabor (cM.
[33, 98, 158, 192, 267, 351]), Ho ocTaertcss OTAENbHbLIM NPEIMETOM
HeeneqoBaHui.

3. IPYTHE 3AJ1AYH O BJIN3OCTH

3adawa 34.7. Bbaunmadiwas napa sepuiuH B86INYKA020 MHO20-
yeoavruka. Ha nnockocTy 3anaH Bbimykablit MHoroyroabHuk. Hafi-
TH aBe O.nxaiiluue APYr K APYry BepIUHHbI MHOFOYrOJbHUKaA.

3adaua 3.4.8. Bce 6aumcativue cocedu 0ia 8bINYKAOZO MHO20-
yeoavruxka. Ha naockoCTH 3ajaH BHIMYyKJABIA MHOroyroabHHK. HafiT
6anxafiliero cocefa A4 KaXAofl BeplIMHb MHOrOYroJibHHKA.

Hcnonb3ys Bbinyk/aocTs MHOroyroibHuKa, Jlu u Ilpenapara pas-
paborasu aJropHTM pelieHHs 3TOH 3ajaud, HMeOLHA JHHEHHYIO
CJOXHOCTb no Bpemenu [226, 348]. Onnako Bompoc o TOM, MOXKHO
JH HafiTH napy OauKafwux BeplIHH OPOCTOrO MHOTOYroJbHHKA ¢
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n BepmuHaMu 3a BpeMs O(n log n), octaerca OTKpHITHIM. K3Becr-
Hoe N0Ka3aTeJNbCTBO HHXKHeH olleHKH (cM. neMMy 3.6.5) Henmpume-
HUMO B AAHHOM CJyYae, TaK KaK BepUIMHH 3aJaHbl B H3BECTHOM
nopsanke.

3adawa 3.4.9. Camasn yoasennan napa uasu 3adasa o ouamerpe.
Ha naockoctu 3anaHH n Todek. Hafith aBe u3 HuX, caMble yaaJieH-
Hble ApYr OoT Apyra.

Sta 3agaua Bo3HUKaer npH KiactepHsauuu [175] u o6paborke
uso6paxenuit [322]. Tak kak mapa HauGonee ymaneHHbIX Toyek
HOJIKHA OpHHAAJMEXAThb IpaHulle BHNYKJo# obosouku, To 312 3a-
Zadya Mmoxer ObiTh pelleHa 3a BpeMs O(n) B OLHOMEpPHOM cJjydae
u O(nlogn) B nByMepHoM cayuae [295, 313]. O6Ga stux pe3y.sn-
TaTta fBAAOTCH onTHManbHuMu (cm. paspa. III-F). B aBymepHom
cyYae MeTold 3aKnioyaercs B moctpoeHuu 3a Bpems O(n log n)
BLIIYKJOH 060JIOUKM n TOYEK M MNOCJAEyIOLLero NOMCKa 3a BpeMd
O(n) nByx Haubosiee yaasNeHHLIX APYT OT Apyra TOYeK NyTeM Bpa-
IeHHs ABYX MapajiieJbHHX OMOPHBIX MPAMBIX, KAK 3TO OHNHCAHO
B [316, 330]. 3amerum, uto AAs peiteHHs 3ajaud o nape GaMKai-
wux tovyek Tpebyercs Bpems Q(n logn) Aas M060H pazMepHOCTH
npoctpanctBa d = 1. Ilas 3agaun o nape Haubosee ynajeHHbIX
TOYEK B NMPOCTPAHCTBAX BhICOKMX pasmepHoctefl, d =3, o [351]
NOJIyYHJl aJropuT™M Co CJA0XKHOCTBIO 0(n?). B wactHocTH, BpeMeHHAS
OLEHKa paBHa

T (n, d)y=0 (n2-%@(log n)!—¢9), rpe a(d)==2-1@+D,

HOas d =3 3ta oueHka Moxer OnTh yayyumieda no O((nlog n)'8),
MoXHO a1 yMeHblIHTL pasphiB Mexay T(n,d) u Q(nlogn), ss-
J€TCs OTKPHTHIM BONPOCOM.

3adaua 34.10. 3adaua o Juamerpe OAf NPOCTO20 MHO20y20Nb-
Huxa. 3agaH APOCTOA MHOroyroibHuK ¢ n BepluuHaMmu. Hafitu gge
Hau6oJsiee yaajeHHble U3 HHUX.

dra 3amavya Moxet ObITh pelleHa 3a Bpemsi O(n), TaK Kak Bbl-
nykJsas 060J04Ka NPOCTOrO MHOMOYroJbHHKA MOXeT ObiThb mocTpoe-
Ha 3a BpeMms O(n), a napa naubosee yAaneHHbIX BepPIIHH BblYK-
JIOr0 MHOTOYroNbHHKa MoXeT OblThb HafjeHa 3a JuHefiHoe Bpems.
TakuMm 06pa3oM, BHOYKAOCTb ¥ 3JleCb HrpaeT BaXHylo poab. Ho
CMOXET JIH 3TO MOMoYb TaKXKe B c/y4ae TPEeXMEepHOro npocTpaH-
CTBa, OCTaeTc HescHbIM. B 4YacTHOCTH, HeM3BeCTEH ajropuTM Ha-
XOXJeHusa nuaMerpa BHMYKJOro MHOTOTpAHHHKA 3a BpeMs, MeHb-
wee, yeM O ((nlog n)'®) [351]. 3amerum, uto 3afaua HaxoxAeHUs
napu HauGoJsiee yaaJleHHbIX BepIIMH NPOCTOTO MHOTOYTONbHHKA fB-
asetca GoJee mpocToft (Mo KpalHed Mepe He cJOXHee), yeM 3a-
JNaya Haxox/JeHHA napbl HanGoJsiee ONHM3KHX BEpPIIKH NPOCTOIO MHO-
royroJibHUKa. o
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Cnenyroune 3ajaun HeCKONbKO OTJHYAIOTCA OT PacCMOTPEHHbLIX
Bhlllle B TOM MJIAHE, YTO B HHUX pe4b WAET O DPACCTOSAHAM MENIY
ABYMsI MHOXeCTBaMH TouYek. PaccrosHue meXay aBymMs MHOXe-
ctBamu Toyek A u B oObYHO ompefenisieTcsi KAK MUHMUMYM pac-
CTOSHUA MEXAY TOYKOH MHoxecTBa A M TOYKOH MHOXKecTBa B,
a4 HMeHHo:

d(A, B)=min m};nd(a, b), R

rme aA w be B, a d—eBkaunoBo paccrosHue. [Ipu Takom
onpenenennn d(A, By=d(B,A). Jlpyras wmepa, npeacrapasioias
HHTepec, — 310 paccrostne Xaycdopga [170], kKoTopoe He ABasieTCS
cammetpuuHbiM. Paccrosinne Xaycacpda mexay MHoxectBamu A
" B onpenensercst Kak

max m’fn d(a, b)

H paccrosHue Xaycaopda mexay MHoxectBaMu A u B pasHo ‘
max {d (A, B), d(B, A)}.

3adaua 3.4.11. Bausxcaldwan napa Touex mewdy muoxmecrsamu.
3apnanbl ABa MHoXectBa A u B (uMewollve m H n TOYeK COOTBeET-
CTBeHHO, ecan A u B — koHeuyHble MHoXecTBa). Halitu gBe ToukH,
no ORHOH M3 KaXAOTO0 MHOXECTBa, TaKue, YTO OHH fIBAAIOTCH HaH-
6onee 6AU3KUMU APYT K ADYTY.

Ecan A u B—o06a KoHeyHble MHOXECTBA, TO C MNOMOLIbLIO AMa-
rpamMbl BopoHoro 3ra 3agaua moxer OblTh peliieHa 3a BpeMs
O(N logN), rae N = m+ n. A umeHHo, onpeje/siercss nojoxeHHe
kKaxao# tTouku ae=A B aunarpamme Vor(B) H Kaxaod TouKH
b = B B nuarpamme Vor(A4), 4To NPHBOAHT K CyMMapHbLIM 3arpa-
taM BpemeHu O(mlogn -+ nlog m) mocne TOro, Kak MOCTPOEHH
auarpaMmbl BopoHoro ob6oux MHoxecTB touyek. OTmeTuM, uTO 3Ta
OlleHKa BpeMeHH fBJAseTCs onTHMaJjbHON (cM. aemmy 3.6.11).

Koraa touku siBasioTcs BepUIMHAMH JAu60 MPOCTOTO MHOTOYTOJb--
HHKa, JHO0 BBINYKJAOro MIIOFOYrOJbHHKA, MOXKIO 0XKHAATb MNOJy4UTh
Gonee 6bicTpoe pellieHue. B pabote [41] obGcykpaercss BblyHCieHHe
paccrostusa no Xaycaopdy Mexay ABYMs BbIYKJALIMH MHOTOYTOJb-
HUKAMH W OPHBOAHMTCA alroputM co cJjoxioctbio O(n). B pabore
[49] npuBesen aaroput™ co caoxHoctbio O(n log n) BbUUC/IEHus
napbl Haubosee yoaAeHHbiX TOYEK ABYX MHOXECTB M ajJrOPHTM CO
cnoXHOCTbIO O(n) peuleHHs 3Tofi XXe 3ajauu AAsA cayuas, Koraa
TOUKM KaXAOTO H3 MHOXeCTB o6pasyioT BbINYKJAble MHOTOYTOJb-
HukH. B pabore [308] paccmarpuBaercs 3agadya HaxoX/AeHHs Naphl
Hanbosee OJU3KHX TOYeK JABYX BBIMYKJbIX MHOTOYTOJbHUHKOB (ABa
OeCKOHEUYHBbIX MHOXeCTBa) H NPHBOLUTCA aJIFOPHTM CO CJOXHOCTLIO
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O(log?n). 3drtor pesynbrar OblA BHNOCTAENCTBHM yJaydlleH [0
O(logn) [91, 127]. as HaxoxieHusa napu HauOosaee OJH3KHX
BepIMH [ABYX BHIMYKJbIX MHOroyroJbHuUKoB Bpems O(n) sBasercs
Heo6XoAMMBIM | JoctatounbiM [92, 252, 331].

3adaua 3.4.12. Bausaiiwue cocedu 8 0OKPeCTHOCTU puKkcuposar-
Ho2o paduyca. Ha naockocTd 3aaHbl n TOYEK W HEKOTOPasi KOH-
cranta d > 0. JIna kaxaodl ToOYKH HaiTH cocellell, yaaJeHHbIX OT
Hee Ha paccTosiHde He GoJee d.

Srta 3ajaua BO3HHKAeT B MOJIEKY/IAPHOH rpacuke, KiacTepHOM
aHaju3e u npu nepenave aanubix [44]. Ucnoab3ys merox reomer-
pHuecKkoro Mecrta touek, bentanm ¢ coaBropamu [44] noka3saa, uto
B cayyae Lo-METPUKH H NpPUH HEKOTOPOM MPEeANOJONKEHHH O MJIO0T-
HOCTH TOYeK, a HMeHHO uTo runepchepa AuamerpoM d COLEPKHUT
He GoJlee HEKOTOPOro MOCTOAHHOTO 4MCJa € TOYEK, 3Ta 3ajlaya Mo-
XeT OniTh peiweda 3a Bpems O(3*kn(logn+c¢)), rae k — pasmep-
HocTh npoctpaHcTBa. Ecan mpeanosnioxkekue o MJIOTHOCTH pacnpe-
JeJleHUn To4YeK He BLINONHAETCA, TO OHM MNOKAa3aJH, YTO NOJHOe
YHCJIO BHIYHCHAeHHA pacctosHusn paBHO 3*F, rpe F— nosHoe 4ucao
map cocened, T. €. pasMep BHXOAHBIX [aHHBIX pelleHusn 3ajaauy,

3adaua 3.4.13. 3adaua o kparwaduwem nyru ¢ 02PARUYEHUAMLU.
Ha nnockocts 3aaaHbl n reomerpuueckux oObeKTOB (Ha3blBaeMbiX
«TpenmsiTCTBHAMU®) M JABe Touku s W f. Haiitu kparvaiwmii nyrs
MeXAy S W ¢, He mepeceKaiomufi BHYTPEHHOCTb HM OAHOrO H3 mpe-
OATCTBUA.

B pabote [229] O6wmwiu u3yuvenbl ABa BapuaHta 3ToH 3anau,
KaxXIbii M3 KOTOpHIX MoxXet ObiTh pelleH 3a Bpema O(nlog n).
B nepBom caydae npemsTCTBHAIMU fABJAAIOTCS pebpa, orpaHH4YHBalo-
IHE HEKOTOPhI MPOCTOH MHOroyroJbHuK, colepxaliuii Kak S, Tak
u ¢t. Bo BTOpoM cayuae s u ¢ — 3TO NPOU3BO/IbHBIE TOYKH MJIOCKOCTH,
a OrpaHHYEHs NPEACTaBAAT COBOKYNMHOCTb NapaJiyiesIbHhIX OTpe3-
kKoB. B paGore [224] npeacrtaBieH aNrOpUTM CO CJAOXKHOCTbIO
O(n?log n) pewenus 3toft 3ajaud AAsA CJaydas, KOria orpaHuye-
Hus npeacrabnaeHbl n kpyramu. Tomna [327] usywan sty 3apauy
B CBA3M ¢ npobJemofi mpokaaAKH NPOBOAHHKOB. [lpyrue pesysib-
TaThl B 3TOM HanpabJeHuu cM. B [206, 243, 309, 318].

4. 3AJAYH O PA3BMEHMHM MHOIOYTOJIbHHUKOB

3anauu 0 pa3bueHuH MHOTOYTOJbHUKOB HMEIOT NPHJIOXKEHUS B
pacno3naBanuu 06pa3os. Yrobbl 06/1eryuTh mpouecc pacno3Hasa-
HUA HopMbl 0OBEKTOB, YaCTO NPUMEHSETCA CTPaTerus pasbHeHus
o0beKTa Ha Npoctble YacTd («OPUMHTUBHI») H HX CPABHEHHe C He-
KOTOPHIM HabopoM 06pasuoB, UMEIOUINXCA B GHOJHOTEKS, C UCIOb-
30BaHUeM HeKoTopoil mepH cxoactBa [274]. Yacto Habop npumH-
THBOB OrpaHHYMBaercs oO0beKTaMH onpejesieHHHX THIOB, TaKHX,
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KaK BBINYK/ble MHOIOYrOJbHHKH, 3Be3JHble MHOrOYrONbHHKH H T. 1.
Tyccen [328] HaswiBaer 3TOT KJacc 3afay AEKOMNO3HLUHH OPUEHTU-
posannbim Ha coctasasroujue (cM. pabotn [328, 329], conepxauiue
COOTBETCTBYIOIIHE CCHIJIKH). 3aMeTHM TaKKe, uTo 3alaya o «TpHaH-
ryJAUHMA>» NPRHAMJIEXHT K 3TOMY KJaccy 3ajau. BeiBaiot cutyanuy,
KOrja HeKOTOpble BbIUHC/IEHHS TPYAHO BbINOJHHUTbL /ISl MHOTOYroJib-
HHMKOB OOILEro BHAA, HO OHH MOTYT OhITb JIETKO BLIOJHEHbI IJ/151 BHI-
MyKJBIX MHOTOYTOJIbHHKOB. B 3TOM cCJjiyuae MO0XHO H3BJieyb onpe-
J€JIEHHYI0 BBHTOAY, pa3bUB MHOroyroJbHHK ofulero BuAa Ha BH-
NYKJble YaCTH W BHINOJHHB BBIUHCJAEHHS AJis KaXAOH 4acTH B OT-
neabHocTH. HMeHHo Takofi nmoaxon 6weln BhiGpaH B paborte [2] mas
oOHapyXeHHsl B3aHMOAEHCTBHH HJIM CTOJIKHOBEHHH MEXAy MHOro-
yroJbHHKaMH.

B oCHOBHOM HMeIOTCS ABa THNA AEKOMMO3HLMH: pa3bueHue, NpH
KOTOPOM He AONYyCKaeTcsl NepeKpbiTHE KOMMNOHEHT (COCTaB/SIOUIHX
yacted), U noKpeiTue, NpH KOTOPOM [AONYyCKAaeTcs nepeKpbiTHe ya-
crefi. MHorma MOXHO BBOAMTB [JOMNOJNHHTE/bHbIE BEPUIMHBI, Ha3bl-
BaeMble TouKamu [lrednepa, ana noiayyeHus AEKOMNOO3MLHA C MHU-
HUMaJbHbIM ducaoMm vacreil. B uepaBHem oG3ope Keilna u Coaka
[194] ¢ 6GoabliuMH NOAPOGHOCTAMH OOGCYXAAIOTCS MUHHMAasbHBIE
JNE€KOMITO3HLIHH.

3adaua 3.4.14. Tpuaneyaayus npocToe0 MHO20Y20AbHUKA. 3a-
daH NpocToH MHOroyroJbHUK P ¢ n pe6pamH. BeimosHuTb nekoM-
MO3MUHMI0 BHyTPEeHHeH 06J1aCTH MHOTOYTOJIbHHKA HA TPeYroJibHHKH.

[Tnonepckas pabora B 310H o6jactdH Oblsa BeiNOJHeHa [apu
c coaBropamu [162], npeasoOXHBIIHMH a/JTOPHTM CO CJIOXKHOCTHIO
O(n log n). BeinosHeHHe 3TOro ajropurMa COCTOMT M3 IBYX 3Ta-
nos. Ha nepBom stane 3a Bpemsa O (n log n) mHoroyroabunk P pas-
OuBaeTcss Ha pAL MOHOTOHHOLX MHOTOYroJbHuKOB. (MHoroyrosn-
HHK Q SIBJISIETCSI MOHOTOMHbIM, €CJIH CyllecTByeT mpsmasi L, Takas,
YTO rpaHMlla MHOrOyrojbHHKa Q Moxker OBITb pa3jeseHa Ha JBe
nenu pebep W Kaxkaas uenb mepecekaercs He 0oJiee OJHOro pasa
¢ Kaxjao# npsamoili, oproronanbHoil L.) Ha sTopom 3rame c¢ mo-
MOUIbIO AUHEEHO20 NO BpPEMEHH aJIrOPHTMA KaxAbli MOHOTOHHBIM
MHOTOYrO/IbHHK pa30HBaeTcs Ha TPeyrosbHHKH. [ pyrue aaroputMel
TpHAHryJAAUHH, HMewowHe caoxHocTb O(n log n), onucaubl B pabo-
tax [70, 334]. Henasuo Yasenne n HHuepnu BBenu nosesHoe mo-
HATHE, Ha3BAHHOE W3BUAUCTOCTbr0 MHoOroyrosvHuka P [88], 1. e.
YHCJIO TIepeMEH HanpaB/eHHs ABHXKEHHS OTHOCHTENbHO HEKOTOPOH
TOUKH [IDH KPYroBOM MBHXE€HHH MO rPaHHLe MHOrOyroJbHHKAa 3a
onuH o6opor. Mcnoab3ys mertox paspensii u sjaacTByii, OHH moJay-
UHJIH aJTOPHTM TPHAHTYJSLHH MNpPOCTOrO MHOroyroibHHka P 3a
Bpemsi O (n logs), rae s — H3BHJIHCTOCTb MHOroyroJbHuka P. Mox-
HO JIH BHINOJHHTb TPHAHTYJSLHIO NPOCTOrO MHOrOYroJbHHKa 3a
BpeMss O(n), ocraercsa ortkpbiTofi mpobnemoii. Ecau nomyckarorcs
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AbIPBI, TO, KaK OBIJIO MOKA3aHO, BpeMsi, HEOGXOAHMOe AJis DelleHus,
paBHo Q(n log n) [12].

3adaua 3.4.15. Tpuaneyrayus 36e30H020 mHO2OyeoAbHUKA. 3a-
daH 3Be3[Hbli MHOTOYroJbHHK ¢ n pebpaMu. BunosHHTh AEKOMMoO-
3ULHI0 BHYTPEHHeH 06JacTH MHOrOYroJbHHKa Ha TPeyroJibHHKH.

Hlone u Ban Jleysen [307] mpeasoxHJIH ajrOpHTM PpeIICHHSA
370 3axaun co caoxuoctbio O(n). B nefcTBUTENIBHOCTH HMeeT Me-
cro Gosee obulHi ¢akr, uro a060H L-BHIMYKJABIH MHOrOyroJbHHK
MoxeT ObiTb PasGHT Ha TPeyroJbHHKH 3a JHHeliHoe BpeMsi [144].

3adaua 3.4.16. Pa3buerue u30TETUYHO20 MHO20Y2OALHUKA KA
4eToipexyeoabHuKy. 3ajaH U30TETHYHBIH MHOFOYroJbHUK C n pebpa-
MH. BBIMOJHHTE AEKOMNO3HLHIO BHYTpeHHelt 06/1acTH MHOroyroJb-
HHKa Ha BEINYKJble YeThIpeXyroJbHHKH.

[MpocTofi MHOroyroibHHK He Bcerfa AOmycKaeT pa3GHeHHe Ha
YeThIpeXyroJNbHHKH, HO H30TETHUHbIH MHOrOYroJIbHHK BCErfa MOXeT
Gbith pa3burt Ha uyetbipexyroabHukd [188]. Csk [302] nokasas, uto
J10060# H30TETHUHBIH MHOrOYyroJbHHK ¢ n peGpamu Moxer OblTh
pa3but Ha derbipexyronbHHKH 3a Bpems O (n log n). Ocraercs ofT-
KPBITHIM BOMPOC, MOXHO JIM cAenath 370 3a BpeMs o(n log n). Ecan
H30TETHYHbIH MHOTOYrOJIbHHK SIBJISIETCS MOHOTOHHOLM HJIH 36€30HbILM,
TO ego MOXKHO pa30HTb Ha UYeTHIPEXYrOJbHHKH 33 JHHEHHOe BpeMs
[303].

3adawa 34.17. [lekomno3uyus npocrozo MHOZOY2OALHUKA HA
36e3