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Mamsmu
Cepees Bacuavesuua

POMHUHA

IIPEJUCJIOBUE

YpaBHeHAA KIacCAYECKOM MEXaHHKH HOJYYaloTCH, Kak
HA3BECTHO, M3 COOTBETCTBYIOIIAX KBAHTOBANHHX ypaBHEHHI
(B reiizenGeproBCKOM NIPEJCTABICGHHH) LYTEM HPEIEIBHOrO
mepexofa Mo MaXoMy HapaMerpy. AHAJOTHIHY HPOLERY-
PY MOKHO mpOZeNaTh AJMA BTOPHYHO KBAHTOBAHHHIX ypaBHE-
HAW KBAHTOBO# BJIEKTPOXEHAMEKHM. VIMeHHO, 3ammCHBag 9TH
YpPaBHEHHA B HPeIeNbHOM clydae GOJNHHOIOr0 dHCIa ACTHI,
KOrga KoMMyTaTop (aHTHKOMMYyTatop *) MeIay omepartopa-
MHE POKAEHHA B YHAYTOKEHAA MOYKHO CUATATh PaBHEIM HYJIO,
MEL OOJyYdM HEKOTODHE, HeJIuHeliHwe, BooOme TroBopHd,
YpaBHEHHsA, KoTophie GymeM Ha3HBaTh HEIWMHEAHEIMH ypaB-
HEHAAMA KBAaHTOBOH MEXaHWKH.

Ilonydenme pemeHmii 9THX HEJMHEHHHIX YPaBHEHHH He-
06xoaaM0 OJIA W3y9YeHHS ACHEMIOTOTHYECKOT0 IOBEIEHHA pe-
IIeH\i ypaBHEHUA KBAHTOBOX 3JEKTPOAMHAMUKH, KBAaHTOBOM
TEOPHHE NOJIA H BTOPHYHO KBAHTOBAHHKX YDaBHEHHHA [IA
6oNpIIOro 4MCIa 9acTHI[. Bce M3BECTHHIE JIMHEHHEIe YpaBHe-
HAJ KBAaHTOBOA MEXaHMKH MOJYYalOTCs M3 STHX HEJHHEHHBIX
B mpefene MJIA MaJblX IO HOPME HAYaJbHHX JaHHHIX.

VYxaszamnbie HeJamHeHHBIE YPaBHEHHA IIHPOKO HCHOIb-
3yi0TcA B QUBWUYECKOH auTepaType, OOHAKO IOCKOJAbKY MIA
HEX HEe BHIIOJIHEH OJ{AH M3 OCHOBHHIX MPUHIHUIOB KBaHTOBOI
Mexaunkn 20-X rogoB — NPHMHIMI CyOepuo3WIEA — B ydeb-
HEKAX OO0 KBaHTOBOH MeXxaHUKe OHM HOKA He COJepsKarcs.
9TE ypaBHEHHS HMEIOT BEChbMa CJIOM{HBIA BHJ, U IO3TOMY
00RYHO paccMaTPUBAIOTCA PAa3IHYHEIE YOPOMEHHEIE HX MOJe-
ad. Mexay TeM OKasmBaeTcs, 94TO CAMH 9TH ypaBHeHHA (a He
HX YOpOIMeHHHE Mojexd) obaamatoT PAKOM 3aMe9aTeJIbHBIX

*) Cm. samegamme 1 BBegeHHA.



CBOMCTB H HAa HEX MOTYT OhTh DepeneceHbl Ba)KHeHIIue Me-
TOMEI peIeHUs JIWHEHHEIX ypaBHeHHH.

OxasuiBaeTcsa TaKMKe, YTO OCTAABHBIC OCHOBHEIC TIPHHIAIIEI
CTapoii KBAaHTOBOU MeXaHWKHM (Hanmp@Mep, NPUHOUII YHHETAPHOM
SKBHBAJICHTHOCTH) COXPAHAOTCA JJA TAKHX YDPaBHEHMIA.

B HacTroame#l KHUTe Mbl ONPEAENHM KJIacC HeTHMHEeAHBIX
YDPaBHEHHA, AJNA peMeHHsA KOTOPHX BHIOIHAKTCA 3TH
mpuHnmoe. K aToMy KIaccy OTHOCATCA TakKKe ypaBHEHHA
Xaprpu — (oxa, TemnepaTypHile ypaBHeHHA XapTpH, He-
JUHeHHEEe YPaBHEHHA ONTHKA C OPOCTPAHCTBEHHOH qUCIEp-
cUell M BpeMeHHOH pellakcanuedl U ypaBHeHHA, ONACKIBAOINE
B3auMoOjelicTBHe (MHOTHX) KJIACCHUIECKHEX W KBAHTOBHIX 4Ya-
cruy. Huura npms3Bana Tak MOJAPHAUHEPOBATH pas3IHIHBE
MeTOgbl TPUOGAHKEHHHX PpeMeHHH JHHeHAHKX ypaBHEHHI,
9706bI 3TH METOMB HEPEHOCHJIUCH Ha PeIeHus JAHHOTO Kiac-
ca HeJNHEHHBIX YPaBHEHHUH.

B wacrrOCTH, Ha 9TH HeauneliHble ypaBHEHHA 0ea Tpyna
mepenocuTCs TeOPHA PA3HOCTHHX cxeM. B HacTosmed KHHre
pelienHs PAa3HOCTHHIX CXeM IOHAMAIOTCA KaK MaTpHUIbl, al-
IPOKCUMHAPYIOINEe KOHTUHYAABHEI HHTErpal, mogo6Ho ToMy
Kak genu MapKoBa amOpPOKCHMUPYIOT MAPKOBCKHA HmpPOIECC.
Ha mpumepe Takoro KOMIJIEKCHOTO aHAJIOra MapKOBCKHX Ife-
meit Jydmre Bcero MPOCJIEKHBAETCA BePOATHOCTHASA TPAKTOB-
Ka KBAHTOBO# MEXaHHKH W OCHOBHHE 3aKOHb BHIYHCJICHHA
aMIJUTYH BEPOATHOCTH.

OTMeTHM, 9TO QHCKPETHASA ANOPOKCHMANHASA KOHTAHYAJb-
HBIX HHTerpasoB, paspmrag B ria. VII, VIII, myame Bcero
mo3BOJIAET 3aMETHTH KOMINIEKCHYI0 MeDPYy B KOHTHHYaJb-
HOM HHTErpaje B p-TPEACTaBIEHAN, TAK KaK Ha JHCKDPETHOM
caydae (Tak HAa3KBAeMHKX KOMILUIEKCHHX MAaPKOBCKHX IEIAX)
Moryr ORTH TpOBEpPEHH (GOPMYJibl 3aMEHK HEDEeMeHHHX N
HHTErPHPOBAHAA 0[O YaCTAM A OpedeNbHOro ¢efrMaHOB-
CKOTr0 HHTEerpaja.

BaskneimmM MoOMeHTOM JIHHEAIIOH KBAaHTOBOH MeXaHHKH
SABJIAETCS €e CBA3b C COOTBETCTBYIOMIMMU HeJHHeHHBIMHA
ypaBHEHMAMHA KjiaccHuecKod Mexammkm. lImeer mecto coort-
percrBue ypasHenmsa llIpenmnarepa m KiaccHuecKoro ypasHe-
Hoa JImyBunaA (WiHd SKBUBaJeHTHOH €My CHCTEMBl ypaBHe-
umii 'aMmapToHA):

ypasnenne [Ipemanrepa « ypaBHenme JlmyBmiis.

9TO COOTBETCTBAE B3aMMHO B TOM CMEICJIE, ITO II3BECTHAA
mpomefypa KBaHTOBAHHA yPaBHEHAA KIACCHIECKOH MeXaHH-
KM NPHBOXAT K ypaBHeHmio llpegmnurepa, a acHMITOTHKA
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pemenus ypabuenus Illpenunrepa mpm h — 0 mpmBoamT
B CBOI0 0Yepelh K YPaBHEHHI0 KJIACCHIECKOH MEXaHMKH.
Oxa3nBaeTCA, YTO AHANOTAIHOE ABICHHE HMMEET MECTO H B
HeJIMHEeRHOH KBAHTOBOH MeXaHWKe, IPDHYEM DOJib yPABHEHHA
JInysunia dArpaer QYHRAMEHTAJIbHOE YDaBHEHHEe TEODPHH
miasMi — ypaBHenme Biacosa:

ypaBHEHHWe HEJIHHEHHOHN
<> ypasHenme Bmacosa.

KBaHTOBOH MeXaHnHKH

B aroit cBasn B ri. I naywarorca ypasueune Biaacosa u ana-
gor ypaBuesus lavuabrona — fIkobm, orBeyaromuii yparue-
nnto Brmacosa. B ra. Il BBogmrcsa ecrecTBennas mporexypa
KBAaNTOBaH|sA ypasiienuii Biacosa, KoTopas IPUBOIUT K ypab-
HEHHAM HeJHHeinoil KBAHTOBOW MeXalnNKH. ACHMITOTHYE-
CKROe pelleAMe ATIX YPaBHEHWHA B UYJAeBOM NpHOIMIKENNN
ymoBiaersopAer ypasHeumio Baacosa. B ra. III crpomrea
HelmHeNHi aHajgor 7-IpoMa3BeJeHUsa MJA ypaBHeHHH KBaH-
TOBOW MeXaHWKH H QOPMYyJbl BHIOYTHBaHWA JJA Hero.
B ra. IV m V crpourcs rao6ansnan *) KBasmrIacCHIeCKasd
aCHMNTOTAKA HEIMHEHAHHIX KBAaHTOBHX ypaBHEHME (€3 COMHA
W CO COMHOM, a TaKke cmcTeMu ypapmeumin Xaprpu. Ilomy-
9eHO YPaBHEHHE BPAlNeHHA COMHA M HOJAPH3alEM B KJac-
cageckoM mpenene. B ra. VI cTponTca HeamHe#HHA aHANOT
$efiEMaHOBCKOTO KOHTHNYAJbHOTO HHTErpaja, TOUHEE —
neJnHEeHHOe KONTHHYANBHO-HHTEIrPANIbHOE YpaBHEHHE A
pemeHnsa HeJnHeHHbIX YPaRGEHAA KBaHTOBOH MeXaHWKH.
Juas sroro mmTerpaza DPMEOMUTCA aHAJOr METOHA CTAIMO-
HapHoit Pass, B TaCTIOCTH H0Ka3HBaeTCsa, 9To opMaIbHbIE
acuMIToTHdecKue pemenma riaap 1V, V asasworca acmaMnTo-
THKAMH TOYHHIX pemenuii HeAHHEeHHHIX KBAUTOBHIX YpaB-
HeHAH.

B ra. VII, paercsa anmpoxcuMaiua nyTeii B KOHTAHYAIb-
HOM MHTErpaJic ¢ JIOMOMBIO JTOMAHKHX W AlIPOKCHMANAA Ca-
MOTO KOHTHHYQJIBHOTO HHUTerpajla KOHeYHOH CcyMMoll 1o
aTEM JnoMaHBIM. [lemaercda JombITKa JaTh BEPOATHOCTHYIO
AHTepHmpeTanuio cymmam mo myraM. B ra. VIIT ata pesymrs-
TaTel 0600mMarTcA Ha HeJMHEHHHI caygai.

B ra. IX (pesynbrarhl KOTOPOH TOJYIEHH COBMECTHO
¢ A. M. UYe6orapeBrM) paccMaTpmBAeTCA AnNpPOKCHMATMHSA

*) To ecTb BKJIIOYAIOMAs OKPECTHOCTH (OKANBHKX TOUEK N ToYeK
moBOpoOTa



$elEMaHOBCKOTO0 HWHTETPAJIa B AMOYJLCHOM HPE/CTABICHNM.
Ilyru B 3ToM mmTerpalie anmpoKCHMHDYIOTCA yrKe CTyIeHYa-
THIMH KPUBEIMHU, IOCKOJBRY JOMAHON TPAeKTOPHA B KOODAW-
HAaTHOM NPOCTPAaHCTBE OTBEYaeT CTyHeHIaTas TPAaeKTOpHS
B MMIOYJBCHOM IPOCTPAaHCTBe. B pesyabrare NOJydaeTcH
KOMILIEKCHAA Mepa B KOHTHMHYAJIbHOM HHTErpalle, cocpeno-
TOYGHHAA HA CTYNMEHIATHX TpaeKTopusx. [loxasmsaercs, 9To
KoETAHyanbueid maTerpan @DefiEMaHa MOKHO IPeACTaBUTH
KaK WHTerpaji Io 9TOH Mepe W 970 OH YJAOBJETBOPSET ypaBHe-
ummo lpegunrepa B p-mpencrapieEun. IT0 MO3BOJIAET HA OC-
HOBe TpeAHyniedl BEPOATHOCTHOW TPAKTOBKE KOMILIEKCHHX
MapKOBCKMX meneil gaTh HOBHU aKCHOMATHYECKHI MONXOL
K KBAHTOBOM MeXaHUEKe.

OTMeTnM, YTO UEPBOHAYAJIBHO IIOCTEIHHWE TJIABH OBLIN
PACHOJOMKEeHb] B Bayaje, IpuIeM poib 7-0To0paskeHNs Urpa-
JI0 KOHTMHYaJbHO-HHTETDAlbHoe (10 XKOMIIEKCHOH Mepe)
ypaBaerue, BMecT0 GopMYyN BHOYTHBAHUA NPUBOAUIACE Gop-
MyJasl 3aMennl mepeMenHbix. OgHEaKo B mpomecce peIaKTHpo-
BAHAA pemeHO OBJI0O BHHECTW BCe MPHIOMKEHMA B HAUAJO,
I0Ka3aB HMX ¢ NOMOMBIO TeXHHKH T-oToOpaskenmii.

Hacrosmuit TeKCT HaOMCaH TaK, 9TOOH Pa3BHTHI amma-
par Mor OBITh UPHMEHEH K HEeJHHeNHHM MOJYKIAacCHIec-
KAM VPABHEHWAM TeOpHH mojJsa (Hampamep, NPH B3a-
AMOMEWCTBAM IO MaTePHH ¢ TCpPaBATATIHOHHBIM TIOJEM).
Onnako, TOCKOJNBKY B 9TOH CHTYAI[HH He YAAeTCs IOCTPOHTH
CTPOTYI0 MaTeMaTWIeCKYI0 TEOPHI0, MH M30pajii B KagecTBe
MOMleNIM HeJHHeWHbe yPaBHeHHsA KBAHTOBOW MeXaHHKH, He-
CMOTPS HA TO, 4TO MOCTPOEHHA KBAa3WURJIACCHIECKOH acumi-
TOTAKA MX pelmleHmii MokKHO OpLT0 6B mpOBeCTH B PaMKax
yxe passuToro gopmanusMa [13, 16].

B saraogenme aBTop Bepakaer Gaarogapuocts A. M. Ca-
MapCKOMY 3a INIONOTBODHEIE Gecefbi. ABTOp TIiIyOoKo IpH-
snatenen Ttawkkxe M. B. Hapacery, A. M. UYeGorapeBy u
B. TI. Benasknuy, oxa3zaBmuM OoTPOMIIVIO TOMOINL B pabore
Hajg KHHUTOI.

B. [l. Macnros



BBEJEHHE

OcHOBHOA PE3YJbTAaT HACTOAMIE KHATH 3aKJI0YaeTCs
B HOJIydeHHH Ii06aJbHBIX aCHMIOTOTHYECKHX PpasioyKeHHi
0 CTemeHAM h [JIA PemeHHH IeJ0ro KiIacca HeImHEHHEIX
YPaBHEHHH, BKI0YaOMero HelWHEHHHe yYPaBHeHHA KBaH-
TOBOHA MeXaHHKH. [[oKaszarelbCcTBO 5TOTO peayixbTaTa pac-
cPefoTo4YeHO mo Bcell mepBoit wactH KHErm: B ria. I k memy
OTHOCWTCA Npe[cTaBIeHHme peNIeHHiA YypaBHenmin DBmacona
Jepes pemeHAe COOTBETCTBYIOHD[AX YPaBHEHHA XapakKTepH-
cTtuK, B ria. Il — kBasmrIaccm9ecKas aCUMITOTHKA MATPHIIBI
mioTHocTd, B 1. IV B V — monygenue dopmaabHBIX acHM-
mroravecknx pemmennii, Hakouen, B ra. VI moayuenst onen-
KH Pas3HOCTH MEXKAY TOIHLIM permmeHAeM H JOPMATBHEM acHM-
OTOTAYECKHM PAIOM.

Henuneitnvie ypaBueHusa, paccMOTpeHHEE B KHHTE, [e-
JNATCA HA TPH THOA:

1) Heanmueitnvie unrerpo-gaddepeHimaaibHee ypaBHEHIA
mepBOoTOo NOPANKA, BKIKYalompme ypaBHeHHms Biaacosa
(ra. I, II).

2) YpaBHEHHS ¢ YHHTADHOH HEJIMHEAHOCTHIO, BKJIIOTAIO-
mye HeJlHMHEeHHBe YPaBHEHHS KBAaHTOBOH MeXaHHMKH, ypaBHe-
nua Xaprpm u gp. (ra. II, VI, VIII).

3) YpasHenmsa, ToJyuaeMble ¢ TOMOIBI) «Pa3sHOCTHOTO
kBanToBanmay (§ 4 ra. II), Bra9aromme ypaBHEHHA NJIsi
MaTpEIH OJOTHOCTH, OTBeUYAOmeli ypaBHeHuio XapTpH.

Meronmueckasa 3aJava 3aKJII09aeTCA B MEPEHECEHHH OIlle-
paropuoro Meroga Pednmana ¥ MeTofa KOHTHHYAJIBLHOIO
AHTErpajia Ha HEJHHEHHHIA caydaidl, OPUIEM NOCIETHEro
B TO# Mepe, B KOTOPO OH IPHBOAUT K HOCTPOCHHUIO fHATPAMM
MDeiinmana, a [JIA TOro, Kak BHACHEHO B [2], MoxxHo orpa-
HAYATLCH YCTAHOBJIEHHEM AaTOPOKCHMHDYEMOCTH WHTErpajia
KOMIJIEKCHHIME MAaDKOBCKHMHE [EeIAMH.

Ilpemnosenunit B § 4 ra. 11 Meron gacTraHOr0 KBAaHTOBA-
HHAA MosKeT OHTH TPHMEHEH OPN KBAHTOBAHHMW IeIAHEHHHX
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ypaBHeHHI TeopHH TOIA B cly4ae, KOrfla us (GU3HYECKNX
coo0paskeHHH cjaefyer, 4TO JJIA YacTH HacCTHUI, MOKHO
KOMMYyTaTop (QHTHKOMMYTATOD) MEKAY OHEPaTOPaMH POK-
OeHHA U YHHYTOKEHHSA CUMTATh PAaBHBIM IYJIIO.

B kBaHTOBOH TEOPDHH NOJA NPOBONHTCA aHAJIOIMYHOE
yacTHunoe Kpanrtosauue [206], Korga cumraoT, YTO YACTHOA
B KaKOM-TO €CTEeCTBEHHOM CMbIcie KJjaccmuna. Hampmmep,
B TOJYKJIACCHIECKOH TeOPHH B3aMMOMEHCTBHA MOJA MATepUR
¢ rpaBUTANMOHHEIM HOJeM B OPaBYK 9acTh KJIACCHIECKOTO
ypaBneHdd OWHOITEHAHA CTABAT BaAKyyMHOE OKUJAHME TEH-
30pa dNEePruM-UHMOYJIhCa KBAHTOBAHHOTrO moasa marepum. lle-
penecenme aunapara Deitnmana, B 0coGeHHOCTA GOPMYIT BHI-
OyTHIBAHHA, HA HEJIUHEHHHII clydall JOMKHO GHRTH HOJEe3HO
B BTOH CBs3M.

B macroameili KHETe Mbl B OCHOBHOM He OymeM paccMmar-
pUBaTh KOHKDETHBIX YDaBHeHHH HeJUHeNHOH KBaHTOBOR
MeXalUK\ — HaM YyHoOHee paccMaTpHBaTh IeJBHA KIace
ypaBHEHUH, K KOTOPOMY OHH oTHocArcsa. (XoTsa 6 mo Tol
IpUYAHE, 9TO0 K BTOMY KJIacCy OTHOCATCA W HeNMHeHHHIe
ypaBHEHNA ONTWKN, YYATHBAOMKE IMPOCTPAHCTBEHHYIO JHC-
nepcuio [25].) ITosroMy ME npHEBemeM HEMe Te KOHKPETHHIE
ypaBHEHHA CO BCeMH QU3MYECKHMH KOHCTAHTAMH, K KOTODHM
IPHMEHHMH MOJIyIeHHEE B KHHTe De3yIbTIaThl.

IIpuBemeM BHauYaNe IpocTeiinee BTOPMYHO KBAHTOBAHHOE ypaBHe-
Hue naA 6ose-gacTHI ¢ MapHHM B3aNMOAEiiCTBUEM B reiiaeH6eProBCKOM
npefcTaBIeHUN:

oY (z, 1) h2

T =T At t)+‘1'(x,t)gdy‘r* @OV =¥,
LY (z, 0) h? .

-—-lhTz—%A‘i’ (z, t) +

+v e olar v ove—nrun @

rae z, y € R3, h — nocrosanan Ilnamka, m — Macca ﬁose-qac'muu,/
V(z—y) =V (y — ) — noTeAuan  TapHOTO  B3aUMOJeiicTBYA;
Y#* (z, t), ¥ (x, t) — omepaTOPH POKMEHIS M YHAYTOMKEHHUS B KOOPIM-
HAaTHOM IPeACTAaBJCHUH.

B cayuae, xorjja kommyrarop (¥ (z, #), ¥* (y, ¢)] pasen mymo, Mu
mojyiaeM HeJuHeiiHO® ypaBHeHHMe KBaHTOBOH MeXaHWKH BWAA

1% , b h?
e A 0+ e P O e =, B

rae 1 (r, t) — KoMIeKcHO3HAYHAA QYHKuUsi. (ACHMOTOTHKA pPemeHus
ypaprEeHua (3) crpoutca B ra. IV).
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B Teopunm KBaETOBAHHHX II0Jiell reiizeRGeprosckne ypaBHOHHA ANA
OIepaTopoB BaamMopeiicTBylommnx Gose- u PepMm-uacTHI HMEIOT BHS

a
(T"ihw_%rm—Mcl)W(x, t)=0, (4)
— a e
‘Y(T"zha—;,__Trm-;-Mcz):o, 5)
4
CO= ¢, (6)
f=9T¥Y, ¥=1¥"" (7

3mech ¥ u ® — reiisenGeprosckme omepaTopu ¢epmm- u Gose-moas,
M — macca ¢epmm-gacTun, e — KOHCTaHTa B3aNMOAEIiCTBHA, h —
nocrosiHHas Ilnamka, ¢ — CKopocTh cBeTa B Bakyyme, y" (n = 0,1,
2, 3) — matpunm [[upara, /] — egWHHYBAsA MAaTpuOa.
Ilnst kBamTOBOW ®aeKTpounmEaMuKun I = {y,}, ® = (4" (z, 1)},
e %“} — 4-moTeHOMAaN 3JE€KTPOMArHUTHOrO noiA.'
yere G — ¢yHEnEa I'puna ypasmerus (6). Torma, Beipakas ome-
paTopu 6oze-nodss @ wepes CHMHODHHIL TOK j

4m
c

D=GCo eVTY, (8)

niogcraBass (8) B (4) m (5), u moaaras, uro ¥ n ¥ ysxe He oneparTopH,
a KOMILJICKCHO3HAYHE® PyHKIOMHU, IOIYIaeM cucmeny ypasHeHu il HeALHET-
HOU K8AHMOB0U METAHUKL

(vin s~ [0 (6 e 6. 0T P00 ayar |

— M) piz, =0, (9

ne, O 4me —
('1' ‘héx_"—‘ﬁ'r G, t;y,T) Y (Y, T) T (v, T)dydt + Mcl) X

XY (2, 0)=0,

3ameganue 1. Mu paccmarpuBaem ypapmeHms (4), (5). mo-
nmarass, 90 ¢ 11 @ — KOMIOJIEKCHO3HadYRbe QYHKOuM, B TO BPeMs Kak
naa $epMu-9acTUI HYKHO MONAraTh aHTUKOMMYTaTOp DaBEEIM HYIIO, ¥
cneuona'renbno,g moxkHO GBiTh yHKImeIl co 3HATCTIIAMM Ha TpaccMa-
noBoit axre6pe (3]. Ho, Kak u3BeCTHO, IMepexo OT KOMINIEKCHO3HATHHX
$yaxnuit ® PyEKROUAM Ha TPaccMaHORBOIT anreGpe He WpeCTABISAET.TPY-

ma [3].
3amMeuanmne 2. Oymkoun V (zr — &) B ypasHemum (3) u

¢ymaxnua G B ypaBHeHUR (9) MMEOT ocoGeHHOCTH.

Mu GymeM B galbHeHImeM pDacCMaTPHBATh DeryJasapuso-
BaHHHE A7Ipa B HHTEIPAJBHBIX WICHAX HEJHHEHHHIX ypaBHe-
HAR, T. e. OPEANOJNAraTh, 9To 3TH AApPA He HMEIT 0COOEHHO-
cTeif. 9To CYymMECTBeHHOE OrPAaHNYEHNEe HE CKa3kBaeTcda, BOoG-
me ,I‘OBOPH, Ha& OCHOBHEIX De3yJbTaTaX KHHUIH, B YaCTHOCTH
Ha fraIaBEOM WIeHe KBa3HKJIACCHTeCKOH aCHMIOTOTHKH B Ie-
moM masa ypasmenmil (3), (9). OgHako B clefylmuX dieRax
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pasnosxkenusa mo h ocobemHoctm Pynxmum G GyayT CKasH-
BaThCsA. YUeT STHX HOHPABOK MOKeT OKhTh TpoHM3BeJeH
B paMKaX HIPENJIOKEHHOTO 3[eCh METOfla, XOTA 3TO W Ipef-
cTaBiIseT, 0 MHEHHIO aBTOpa, 6oJbmIMme TeXHUIeCKHEe TPYA-
noctu. I'py6o roBops, eciu pasioUTh HHTEIPAl B IpaBold
gacTH ypaBHEHHA (3) HA IMIagKyI0 A GRICTPO OCOUILIHDYIOM Yo
JacTE IO mapamerpy A, To, Korga aTa OGHICTPO OCHHIIAPYIO-
mas 9acTh He HOmajaeT B Pe30HAHC ¢ COOCTBEHHHIMHA Koueba-
HEAMA BOJHOBOTO ypaBHeHmAa (T. e. B o0meH curyammm),
oHa maet Bkaaj mopsanka O (h?%); ecim momamaer, TO ee BKJIAN
mmeer nopspok O (k). BecbMa rpoMo3fgKuil ammapaT, KOTO-
PHIA 03BONMI OBl Y9eCTh MONPABKH, BHOCHMbIE BTHMH UJje-
HaM¥, UMeJn0 Ol CMBICI Da3BHTH, ecau OR OBIO SACHO, 9TO
5TH HONPAaBKH TPHBOJAT K HEKOTODHIM ¢uamueckuM sdoex-
taM. Bo BcsAKoM cayuae 3qech MBI 9TOTO BOmPOCAa KacaThCs
He OymeM.

BaknBlil pesynbTaT KHHTH COCTOMT B KOHCTPYKIUH MepHI
VI KOHTHHYaJIbHOrO mATerpasa MeilaMana, KoTopas IPOBO-
matcs Bo Bropoii yacrm kmwrm. B ra. VII mposopmures Goirs-
masg OoAroToBHTENbHasA pabora, cBA3amHas ¢ BEPOATHOCTHOMN
TPaKTOBKO# cyMMHl mo myTaM. OKOHUaTeIbHAS TeOpeMa JI0Ka-
3aga B ra. IX. Jra reopema ommpaerca ®a § 1 ru. 11 o cy-
mecTBoBaHURA J-0To0paykeHNA W Ha HEKOTODHIE OIpeesIennsa
u3 ra. VI.

Ilpn w3;osKkeHWN ME! TOJNB30BANHCH HEKOTODHIMH TEPMH-
HaMHA, B3ATHIMA U3 (H3NYECKOH JHTEpPaTypsl — OHH BCETTA
3aKJI0YAl0TCA B KaBHYKH. OTMETHM TaK)Ke, 9TO JIJIA COTIAaco-

BaHUA ¢ 0603HAUeHWAMU (QH3UKOB MBl IHOHWMAaeM HWKe MOf
1 2 det 1 2
¢ (p, ¥) = @ (—ihd/dx, z) GyHKOMIO OT YHOPSATOUICHHBIX OIE-

1
paropoB, B LKoTopoii p = — ihd/dx ect» omeparop mudde-
PEHONPOBAHNA, YMHOMKEHHEHA HA —I ¥ Ha BEMECTBEHHEIH ma-

1 2 1
pamerp h, B orimuue ot f (p, ik 0/0p), rxe mon p DOHAMAETCA —
omepaTtop yMHOKeHWA Ha p, JeHCTBYIOIMUHA TEPBHIM,



FrTABA I
T-OTOBPASKEHNA [JIA YPABHEHUI BJIACOBA

CaMocorjacopaHHEEe ypaBHeHUs IIa3Mbl 6e3 ydera CTONK-
HOBEHMH ONHCHIBAIOT B3aHMMONEHCTBHE YaCTULH C yCPeHTHEeH-
HHMHA IOJAMHA APYTAX 9acTHil. ITH HeJdHeHHEEe YPaBHEHHASA
OGHYHO cOfepsKaT OPOH3BOAHHE IEePBOTO HOPAAKA, & HX
K09pPHIAERTE 3aBHCAT OT CBEPTKH HEHM3BECTHOH (GYyHKOUH
u (x, ) ¢ HEKOTODHIMH 3aJaHHRIMH ToTeHnuajnamu. M3 ¢u-
3MYeCKNX cooOpakeHmH ciaengyer, 9To KoddhPHImeHTH 3aBH-
CAT OT 3HAYEHNMSA HEM3BECTHOH QYHKIWHA B HEKOTOPHIH mpej-
mecTBylomuAii MOMEHT: u (x, t — &) (3ddeKT 3amasmLIBAaHUSA
min penakcarud). OmHako mapaMerp € HACTOJABKO Majl, ITO
B ypasuenmm MH mM npenebperaem. Ho mpm cocrasienmm
Pa3BHOCTHOR CXeMH IJIf TAaKAX ypaBHEHHH 3TOT (aKT mo cy-
mIeCTBY YYHATHIBAETCs, MOCKOJBKY 3HAUeHHA KodPPHIUEHTOB
OepyTca Ha HpembyNIeM IMare MmO CPABHEHHIO ¢ peIIeHHeM.

Mpsi BBeeM cmenmasnpHOe moHATHE I-0oTOOpaskeHHsi, B KO-
TOPOM HA CaMOM Jelle OTpasKaeTcsa PaKT 3amas3gEBaHAA K03Q-
¢unueHTOB ypaBHEHHS H KOTOPOE AaeT MeTOX HOCTPOEHHUS
penieHnsa HeJWHEHHOTO ypaBueumsa maramm mo f. B stom
cMuciie I-orobpakeHme HHOrAa CTOMT OJMKe K peajbHBIM
¢usuueckmm uponeccaM, ZemM camo ypasmemme. C ppyroi
CTOPOHH, Kak OylieT moxkaszaHo Hmxke, Meron 7-orobpaseHni
o0o6maer MeToA JoMaHmX Jiyepa. TakmMm oOpas3om, MeETON
T-orobpaxennil MOKeT CJYKATH KOHCTPYKTHBHEIM METOJ0M
JIOKa3aTeNbCTBA [CYMECTBOBAHAA | PelIeHHii. HpOMe TOTO,
T-oro6GpaskeHns TECHO CBABAHEI C HOHATHEM HOJITHHEHHOTO KOH-
THAYaJbHOTO MHTErpajsa (cM. ra. VI) m ¢ mamed ToIKHA 3pe-
HHS €CTEeCTBEHHO pEIMeHHA «XaPAKTeDHCTHYIECKHAX YPaBHE-
HEQ» A KOHTHHYaJdbHOTO HMHTErpajla 3ammCHBATL B BHAE
T-orobpaskeHnsl, HOCKOJBKY KOHTHHYAJBHHI HHTErpaj 'Mo-
#xeT ORITh TaK)Ke HMHTePIPETHPOBAH KAaK MeTOH HmOCTPOeHHS
pemenna maramda mo t.
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T-oro6pakenns, acCCONUMPOBAHALE C HOIAEEHHNIMA YPaB-
HenmaMa kBautoBoil mexammkm (ra. II, III), apasiorcs ecre-
cTBeHHBIM 0600menmeM J-mpom3BefileEMil, HOpPHYEM B 3TOM
caydae ¢popmyin BumyrhiBanaa QDedHMana ImepeHOCATCA HA
T-orobpasxenna. VIMenmHo 310 QyHZaMeHTAaXAbHOE 00CTOA-
TEILCTBO  HO3BOJAAET  HOCTPOMTH KBa3AKJIaCCHIECKYIO
aCHMOTOTHKY HeNHHeHHKIX ypaBHEHHH KBAaHTOBOH Mexa-
HUKA W HeJHHOHHHH KOHTHHYAJBHHA HHTErDajl, OTBeYal-
mud uM.

¥Ypasuenme BmacoBa, Kak yme TOBODHIOCH, HIpaeT
B HAMUX OOCTPOGHHAX TaKyl0 ke pOJb, KaK ypPaBHEHHE
JlnyBumira wjaccH49ecKol MexaHHKH HIA (PeAHMaHOBCKOILO
KOHTHHYaabuoro muTerpaka. Ho B ¢elfinMaHOBCKOM KOHTH-
NyaabHOM HITErpPalde HemocpeICTBEHHO YJacTBYeT He pele-
HEe ypaBHenma JIUyBmIIA, a HeficTsHe, T. €. DENIEHHE dKBH-
BaJleHTHOTO ypasHenmsa [ammibrona — fxrobm.

B macrosamen riaBe BBOIUTCA HeJIHMHeHHOe MHTEr po-Iu(-
depeHnuampOoe ypaBHeHHEe, KOTOPOe OTHOCHUTCA K YypaBHe-
nuwo Bracopa Tax e, Kak ypasHenme I'aMmuabroHa — fko6u
oTtHOCUTCA ¥ YypaBHenuwo Jluysmiauaa. Permrenmsi murterpo-
muddepennuanbublX ypaBHeHAH CTPOATCA ¢ moMompbio 7-oTo-
Opaskenmit. ITH pelleHHA MNOHANOOATCA HAM B JajbHEHIIEM
KaK [JIA TOCTPOEHHA KBa3MKIACCAYECKOH AacUMIOTOTHKH,
TaK W JJs OOCTPOEHHs HEJIMHEHHOTO KOHTHHYAJBHOIO WH-
Terpala.

§ 1. T-orobpaskennsn

Mirorne ypaBiieHHA MaTeMaTHYeCKo# (U3MKH H, B dacT-
HOCTH, KBAHTOBOH MEXaHHKH ABJIAIOTCS 9BOJIONHOHHEIME
YPaBHEHHSAMHA BHIA

— 20 L Feype =0,

rue P (t) — yHKIMA CO 3HAYeHUAME B IAIBL6EPTOBOM mpO-
crpanctse H, H (f) — 3ajaHHBli JUHeAHHIA HEOTrPaBEHYEH-
HBIH CaMOCONPSKeHHEIH 0mepaTop B 3TOM ke IPOCTPAHCTEE.
QopManbHO pelmIeHre TaKOTO YPAaBHEHHMA 3aMHCHIBAIOT B BHJE
T-nponsBefieHus CAEAYIOmMEM 06pasoM:

{

(1) = exp{— i§ A (x) de}p o).

to

14



Ilox 3THM DORUMAaeTcs CJIeJIYIOlIlHﬁ upenejn «XpoHOJOTAYe-
CKOI'0» NPOHM3BENCHHUA:

P(t)= lim exp {— ity H (tn-1)}- - -
Sn—0

cocexp{— iALH N (), (1.1)

roe to <<t <<...<<ly=t— HeKoTOpoe Dpa30HeHie OT-
peska [to, t] ma N wmuTepBanoB mumHE At; = by — &5,
a 8y = max At;.

Taxum oGpasom, NI moiydeHHss QYHKOUA P B (MOMEHT
BpeMeHn» { + di HY)XHO OPHMEHUTH «AHOHHHTE3NMAJHHEIAN

omepaTop exp { — i dtl ()} kK pyHKUMA P B «(MOMEHT Bpe-
MeHH» i

Y (t+ di) = exp { — i dtH (1)} (2).

ITpenen (1.1) mur muorga Gymem o6Go3EagaTh

p(0) = [ [ exp(—iav & @) ]w o).

T=to

ITycty, Temeps B — HeKoTopoe GaHaX0BO NIPOCTPAHCTBO
dyuxumit, a H — HeIuHeWHHIE HeNPEPHBHELA 0NIEPAaTODP B HEM:

PaccmorpEM 9BONIOIMOHHOE ypaBHEHUE

190 = (A 9] ¥, (1.2)

~ 2 1
rne A [p] = (H [Y]) (z, p).
Pemenne asommoumonnoro ypasuenmsa (1.2) Gymem ¢op-
MaJbHO MPEACTABIATH B BHJE

P(t) = 811\.1;1-1»10 Py, (1.3)

rie Yy OIpeNeaseTcA H3 CIeJyImel FeKyPPEeRTHO CICTeMEI
PaBeHCcTB:

Pyay = eXp {— iDGH [P0, k=0,1,...,N—1,
Yo = P (to),
wid, B gudpdepeHunanbHoi dopme,
P (¢ + df) = exp {— i dtH [p (D1} ¥ ().
15



Taxoe npexacrasienne QynKkoud P (#) M GyaeM 3amdCH-
BaTh B BHJE

t
v =[] expi—1deB p @Yo (14
t=lo

Takam o6paszoM, sHaZeHme GyuKmudm \p B MOMeHT ¢ -+ dt
Moer OBITH NMOJYYEHO HPEMeHeHHeM WHOHHMATe3EMAIBHOTO
omepaTtopa exp {— i dtH [y ()1} & oymkmmm P (2).

Otobpaskenne P (fo) — P (£), TocTpPoeHHOE WO POPMYTIaM
(1.3), Mot BazoBem T-omobpaixcenuem N0 AHAIOTHH C TEPMH-
HOM «T-IpOM3BeIeHNe», KOTOPHM O0HYHO 0603HAYAIOT MYJIb-
tamnnKaruBEnd uHTerpan (1.1). Takum o6pasom, I-mpous-
BeleHme eCTh YacTHHIA clydair 7-oroGpaskeHHA, KOTAA oIe-
parop H nmueeH.

1. PaccmoTrpuM Hexoropoe GaHaX0BO HPOCTPAaHCTBO B u
o6osnaunm wepes C ([0, t], B) 6aHax0oBO OPOCTPAHCTBO He-
opepuBEHX ¢ymkmmin P = ¢ (£) wa [0, &1 C R co BsHaue-
HMAMH B B, HaJleleHHoe HODMOIl

= S .
| "P"c((o, 11, B oggzt 14 () g
IIpocrpauncteo C ([0, 0], B) oroskmecrBuM ¢ B.

IIyers ¢ > ¢'. Kaxpoit ¢pynxumm < C ({0, t], B) como-
craBEM ee cyxeHme Ha [0, t']; moxyumm |(HOBYIO ¢yHKDMIO
Y &C (10, t'], B). B naxsuefinieM Mb GyjgeM OmyCKaTh 3HAK
mTprxa u 00603HAaYaTh depe3 Y KaK caMy HCXOAHYI0O PYHK-
mE0, TAK M BCe €€ CY)KeHAA HAa MEHBIIAE OTPE3KH.

ITycts 3agmanet €0 > 0, 7o > 0 w npa d106BIX £, & TAKHX,
a0 0 Lt < To, (— t) < &< o, OmpENiENIEHO HEROTODPOE
AByIapaMeTPAYECKOe CEeMeHCTBO 0TobparkeHmi

Si,e:C (0, t], By~ B (1.5)

takoe, aro npu aobom v & C ([0, t1, B) n awbom t & [0, T}
anemeHT Sy, ¢ [U] HeupeprBuo sapmeur ot €, u ecam & < 0,
10 Sy e [V] = v (2).

PaccmorpumM pas6bmenme Ay orpeska [0, Tol:

AN={O=to<t1<...<tN=To}.

IIycrs At; = tj, — t; m 8y = max At;. Jaa xaxmoro
oTiKN
vo (mpmHamiaexamero B) ompefelEM I0CIeZOBATEILHOCTH

dyHKROAR
Vjwy (f) = Stj, tt; [v;1 0 <t <L ty),
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e j=20,1, ..., N—1. OGozuaunm
UN = SiN_l. AtN—l O...0 Sto, Ai.[vo].

Boob6me rosopsa, mpejea lim vy mo HOpMe mpocTpaH-
Sy—0

crBa C ([0, Tol, B) cymecrsyer ne mpu Bcex vo & B. Ilycrs
D — moaMu03x%ecTBO B B, Ha KOTOPOM 3TOT IPEAeN CYmecTByer.

Onpenmeaennme 1.1. Ilyecrs vo =D &1 v = lim vy.
S ny—0

Oro6paskenne vo — v HazoBeM T-omobpazceruem ¢ ob6pasyio-
weti S, m obosHauAM

t
o) = (II 8 a) wa)-
=0

Pacemorpum vactusii caywain 7-oro0paskeHns, acCOANIPO-
BAHHOTO C HEJIMHEHAHHIM 9BOJIIONHOHHLIM YPaBHEHHEM.

IIycrs B, C B, — nBa 6aHaxO0BHIX OpOCTpamcTBa ¢ HOP-
mama || - |y > - [l,- Pacemorpmm mpocrparctea Cj (i) =
= C(l0, t], B;) nenpepriBusix orobpasenmni [0, t] > B;, j =
=1, 2. Torma C, () C,(t). Ilycts mupm KammoM
t <= [0, Tol 3zaman HemmEeHHBIN HempepHIBHLIA omepaTop

R :Cy (1) > B,,
npuueM; auaA aoboro v & C; (1) R, (v) ecth HempephIBHAA
¢yuxuma aprymenra ¢ & [0, Tol.
3adaueii Kowu pnsoneparopa R, ¢ Ha9albHEIM YCIOBHEM
Yo & B, HasuBaerca cucteMa ypasHeHmHl i QyHKuAH
¥ (2), 0< t << T,

29(t) =R, (¥),
'lp (O) = ‘Po,

npmdeM mpomsBofHasd Geperca B HopMme B,:

(1.6)

D
ITycrs samana o6pasywomas T'-oToOpajkeHHA:
Sie: Cy () > By
Onpenenenne 1.2. Ecam npm mobom ¢ & [0, Tl
obpasyromasa Si . YROBIETBOPAET YCIOBHIO

S —
Seell=0® R,(v)’L =0 (1.7)

lim

e—40 €
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Jd0KaJIbHO paBHOMEpHO mo v & Cy (t), 0 S; . Ha3uBaercs
UHPUHUMEIUMAALHYM PA3DEWAIOWUM ONEPAmopoM [N 3a-
magm Komm (1.6).
2. Jlemma 1.1, Hyemv S, — ungunumesumarvruiii
paspewalowull onepamop din 3adavu Kowu (1.6) u Oaa
t

Vo & B, onpedeaeno T-omobpaxcernue () = ( H Ss, as ) (%ol
=0

Y& C, (To). Tozda Pynkyusa P sessemcs peweruem 3ada-
yu (1.6). .

Howasarexascrtsno. Ilycte Ay — HexoTopoe pas-
6uenne [0, Tol &

Y = Siy_p atyy © -+ ° St at [P0l

Torma, ecam tj,; >t > t;, To
"PN (t) = Stj, t-t; ['le]

Mosromy B cuay (1.7) maiimerca No TaKoe, 4ro

A Af)— ;
lim“ —— Atz by &) — Ry [‘PN]" =0
2

At—+0

pasuoMepro 1o N > No.

3apurcapyem Touky ¢ & [0, To) m BrGepeM mociegoBa-
TeabHocTh pasbmenmit {Ay)} Tak, 4To6H npH KaxkaoM N oguH
H3 y3I0B f; coBmajgag c I.

Torpa B cmny Toro, uro R; HempepiiBed m I-oToGparke-
mme ¢ obpasywomeir S;. cxommres,

e A— ) _
i [~ | o

JleMMa Hmokasama. /

B panpueiimem mHac 6Gymer mHTepecoBaTh ClIydal, KOrja
HeJHHCHHBIH omepaTop R, B 3amase Homm (1.6) mmeer cme-
NAaJbHBIA BHJ

R ($) = 4: () ¥ (2),

rie A, (y) opu KaaoM ¢ & C; () ecTh JmHeHAHHI Hempe-
PHIBHBIA omeparop m3 B, B B,, ABiAnmAici HHOHHATE3H-
MalbHOH o6pasylomeil Aad OgJHONIAPAMETPAIECKOA MONyrpym-
)
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NedunanTe3mMadbHEIl pa3pemanmimii omepaTop 3afadd
) ;
VPO =4, VO =1t (1.8)

fymeM HCKAaTh B BHJE
St,e [v] = &4 (2). (1.9)

T-oroGpasikenne, orBedaljolmee Takoil o6pasymomeil, Moker
6HTH 3a0HCAHO CJIefYMHM 06pa3om:

()= [[ e* Y%, = exp {3 A () dr} P (1.10)

=0

B cnyuae, xKorga mokasaTesb SKCIOHEHTH He 3aBHCHT OT 1,
aro T-orobpaskennme OOHYHO Ha3HBaloT I-npoussederienm.
OTtMmeTnM, 9TO B ganbHedmewm nox 7-oTobpaskenmeM Mbl 6yneMm
HOHEMAaTh CAYyYall CHeNUAJHHOW MHTErpajJbHON 3aBECHMOCTH
Ai oT 'lp. ’

§ 2. Unrerpo-mnddepenuuanbHpic  KBa3WJIHHeHHbIE
ypaBHEHHA NEpPBCro IMOpPAAKa

1. PacemorpmM  HekoTopoe oToOpaskenne (QyHKOAIO)
f:R*x R x C?(R"x R)—C,

KoTopasi Kammoi Touke z & R", KakIOMy «MOMEHTY Bpe-
mMerm» = R ®m kaxgoin ¢ynkmun F e CO (Ry X Ry)
CTaBAT B COOTBETCTBME KOMIJIEKCHoe guciIo f (z, t; [F]).

Onpenenenue 2.1. BygeMm ropopurs, 910 QyHKOuA
f = f(=x, t; [F]) unmeepaavro sasucum ot F, ecnm f Aasnger-
¢A rmagkod *) ¢yHKmme#d or x, [ M OT KOHETHOI'0 IHMCIA HH-
TerpajoB Buma

G St Y F @ ),y F @y )0, - o, i,

t
d‘l,‘]...Sd‘tmg.--sz(Iyt;?h,---, ymarly"w Tm;F(y:l?Tl)""
0

S~

LIRS ] F(y;rn Tm)) dylv MRS ) dym’

*) To ecTh QYRKuusI Kiaacca C*; HuiKe ME HATE HE KacaeMcs BOI-
Poca 0 MEHUMAJIBHO HEOOXOZMMOI TIAfKOCTH TeX WAM WHHX QyHKIUI n
BCErfa MpejlojaaraeM CymMecTBOBaHWe® y HAX KOCTATOYHOIO YHMCHIA IPO-
H8BOIHHX.
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rae o, (.’t, X Yis « - s Yms 21y -« = Zm) L. ) (.’II, t; Yo - - -
e e ey Ymb Z1s - - » Zp) — TIaAKHe QYHKOUH, HOCHTEAb KO-
TOPHIX IIO IEPEMEHHEIM Yy, . . ., Ym COHEPKETCA B GEKCHDO-
BagEHOI orpapmuenno#t obiaacrm K™ C R™, ue saBmcameit
OT OCTAJbHEIX aPLyMEHTOB Zz, t, Z.

HuTerpalsl TaKoro BHAAa B RajabHeiimem Gymem o6o3ma-
9aTh

t

Car(ayo @ t;9, % F (v, 7).
0
Paccmorpum ¢pymskomnm ay, . . ., @,, b, HHTErpaJbHO 3a-
pucsamue or F.
Onpenmenenune 2.2. Keasuruneinum unmespo-ougd-
depenyuarohblm YpasHeHUuem Ha30BeM HeJIMHETHOE yPaBHEHHE
BHJA

G+ 2 a@ b IF) G+ bt F)F =0,

1=1
O6o3nagnm
n
2 a; E = a i — (a a )
4 1.3%_ oz a = 1y ¢« oy Un/.

2. PacemorpuM 3apmauy Komm

o ta@ t, IF) Lt vt IF)F =0,

(2.1)
F|t=0 = FO)
rge Fo — raapkas ¢unmtHas oymknma ma R, q; (j =
=1, ..., n) — BemecTBerHO3HaUHKe (QyHKmEE. Paccmor-
PuUM [ABYTIapaMeTpUYECKOEe CEeMEWCTBO HEJIMHEHHEIX omepa-
TOPOB /

G [V] = exp {— &b (z, ¢, [V])} X

X exp {— ea (xz, t, [v]) 61/6x} v(z, t) =
=exp {—eb(z, t, W)} v (z —ea(z, 1, [v]), 1), (2.2)

rge v & CO (R™1),

IIycrs B, = C® (R"), B, = C® (R").

Jlemma 2.1. Onepamop G [v] seasemca ungunume-
BUMAALHYM Da3PEULAOUUM Onepamopom '0as 3adawu (2.1)
6 nape banazxoswr npocmparwcme B, C B,.
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ODoxasarteasbcrtBo. Oneparop samaum (2.1) mme-
eT BHEQ
F) .
R () = —a(z, t, p]) 5= — bz t, [U]) 0.
ITosToMmy
Gy lv] —viz, 1)
e

— R, (v) = (-fie-i-l- b> vz, )4

1 a%v(x,t)—%—v(w—‘rea,t)
-+ e“baag dr.
0

11

OueBmano, mpaBasg d9acth mo Hopme B, = C" (R")
CXOOETCA K Hyan upu & — -+ 0 JoKaJabHO pPaBHOMEPHO IO
ve C ([0, ¢, By).

3. llokaskem, aro T-orobpakenme ¢ ofpasyiomeit G,
cxomarca ¥ pemennto 3agaum Homm (2.1).

Teopewma 2.1. [Tyecmv M — aioboii Komnakm, codep-
aawui K u supp Fo. Tozda cywecmeyem uucao To >0
makoe, umo ¢ nopme C ([0, Tol, CO (M)) cxodumes T-omo-
bpascenue c¢ obpasywwell Gi., onpedeaennol 6 (2.2):

'F(z, t) = (f[ Gf,dt) [F,], (2.3)

=0

npuvem gynryus F : M X [0, Tol - C ssasemcs eaadrun
pewenuen sadawu Kowu (2.1).

HoxasarteasctBo. 1) Kospduumentn a (z, t,
[F]), b (z, t, [F]) no ycnoBuio mHTerpaibHO 3aBHCAT OT F,
T. €. ABIANTCA NIagKAMA QYHKOHAMA OT HMHTETPaNoB BHJA

t

Sdpgp(l, tv Zv p7 F(ZY l,l,))dZ.
0
Cnenaem B TEmx mHTerpanax 3ameny z = X (y, u) u o6os-

HaYUM A _
F.(y) P«) = F(X (y’ ”)’ P'),

J(y, p) = detl‘a—xtf,s;—'pl N

Ionyunm
t

Can Spa t, X@omy o F@ ) [T 00 ) [dy. (2)
0
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ITocae Takoro mpeoGpasoBammsa KodpdumumenTH a, b Gyay?
HHTErpajbHo 3aBmceTh or X, F, | J |. O6o3uaunmM nx depes
a(z t [X,F,J), bt X, F,J).

2) Buinmmem cmCTeMY XapaKTepHCTHK Aaa 3ajagm (2.1):

0X(y, t) =aX@wt),t [X,F,J) X 0=
a“"'” +BX @ 0, 4 (X, F, JDF =0,
Fi(y, 0) = Fo(y); (2:5)
WD _givaX @ 0,6 (X, F,I)T @),
J(ya 0) = 1.

n
0a,
3mecy diva (z, v; [X, F,J]) = D) - (@ T [X, F,J).
i=1 K
Ecan pemenne aToii cmcTeMul cymecTByeT, TO oTob6parke-
ume g,y — X (y, t) ects JoKajapHHHE ToMeoMOpPH3M, Tak
KaK ero AKOOMaH OTJIWYeH OT HYJA:

t
Ty, t) = exp{Sdivd(X(y, 1), 7 [X, F, J])d-r}>0. (2.6)
0

3) Paccmorpum pasGmenme Ay orpeska [0, To] Touramm

O=te< t)<<.. . <ty = To. OnpemenuM  QyEKnDHIO

XM (y, 1) CJIeJ.'[YIO]I[HM oGpasom:

x™(y, 0)=y, o

Xy, ) — ¢ —t)aX™(y, 1), 5 (XD, FO, 70—

= X(N) (yv t.’i)

opn tj < t< tj+1, j= 0, 1,. ..y N — 1.3}180]) J@ (y7 t)/=
axX{M (y, 1) /

= det | 2 ¢yaruma FM (y, t) onpemensercs

cucTeMoi ypaJBHeHnﬁ

My, 0) = F, (y) (2.8)

FO @, 1) = FO @, 1) et3 X® (g, 1), 15 [X©, 7P, 7))

opH tf<t<tl 1’j=01 1y L) N-_1'

+

Cucremy (2.7), (2.8) pemaem caexyiomum o6pasoM. Bua-
gajie pemunm (2.7) upa j = 0, satem (2.8) upm j = 0, saTem
omaTh (2.7) upm j = 1 m 7. a. Jlerko BumeTs, aTo XM (y, t),
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a sHagut u FW (y, 1) apasorca raagkuma QyHKIUAMA OT ¥,
npaYeM KX DOpPOM3BOJHBIE JIOKAJAbHO OTPAHHYEHH pPABHO-

mepuo mo N =1, 2, ... u t =0, To).
4) PaccmoTpuM ypaBHenme
XM (y,t) =z (2.9)

d Haiinem ero pemrenne y = YW (z, t). B cuny (2.7) ameem
npd 1y <E Byl

2 —(t—t)a(z, t) = X® (YD (2, 8), t,).
3nech onymensl apryMenTsl [XWM, FM JM]y pyuknuum a.
Orcrona
Y®(z, ) =Y (z —(t =t a(z¢), ), 4 <<ty
Y® (z,0) = . (2.10)

Pemas wocnegoparensno mpu j =0, 1, ..., N — 1 ypac-
uesusa (2.10), navigem ¢yurmumo y = Y™, ymosiersopsio-
mylo (2.9).

Hogcrabum y = YW (2, £) B (2.8) u o6o3naunm

F® (z, f) = F® (Y™ (z, 1), §). (2.11)

IMonywuMm, yumteiBas (2.10),
F® (2, 0) = Fo (x),
FW) (z, 1) =
= F® (z— (t — t)) d (2, t;), t;) @0 (2.42)

opr by < Pty J =0, 1, , N —1.
Ho B cuay (2.11) u (2. 9) mMeeM

F® (y, ) = FO (XM (y, 1), 1).

IToaTomy, cornacHo ompepemnenuo @, b (cm. 1)), m3 (2.12)
DOJNYYMM CHAEAYKINYI0 CUCTEMY YpaBHeEHE Jasa QyHK-
qum F@;

F™(z, 0) = F, (z),
F™ (@, t) = exp{—(t —t))b(z, t;; [FV)}x
1
X exp {(t,- —tya (e t; (™) %} F®™(z, t;)
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npn ¢; < t < tjy;. Takmm obpasom, FM (z, t) apasercst
anmpokcumanmedn T-orobpamenmsa (2.3) ¢ obpasywomei

Gie (cM. (2.2)).
5) B cuny (2.11) nnsa goxkasaTreabCTBa TeOPEMEI HaM He-

06X0AMMO YCTaHOBHTB, YTO CYIIECTBYET
lim FM(@,t) = lim FY @Y™ (z,1),t) (2.13)
3y —o 3y —oo
B mopme C ([0, Tol, B), rpe B = C (M). Hua storo pocra-
TOYHO MOKa3aTh CymecTBOBaHMe B YyKasanHo#l Hopme mpe-
IeJoB
lim Y, lim Y™, (2.14)
5y —o0 S —oo
Ho Y™ = [XM]1 (cm. (2.9)). TTosToMy MOHO mOKa3EHI-

BaTh CXOAEMOCTE X(N),
6) Bemmmem Temeps  ypaBHeHMA A sAKoGmaHa
JWN (y, t). N3 dpopmyan (2.7) monygum (npum t; < t < &j4q)

TN (y,t) =

™) () 1:
- 7 hild ) ~ , (2.15)
det 6ik—(t—tj)Wk(X(N) W, 0,15 XN, F(N),J(N)])l
J(N) (y7 O) - 1.

7) PaccmorpmMm cucremy ypasuenwir (2.7), (2.8), (2.15).
O6o3uagum

f(N) (t) = {X(N) ('7 t): F® ('7 t)1 J@ (') t)}

Taxum obpasom, ™ () — HenpepsiBHasg QYHKLMA coO 3Ha-
YeHHAMM B NPOCTPAHCTBE HEMNPEPHBHHX (n 4 2)-MepHHEIX

BeKkTOp-pyuKmui B’. )
Beemem oro6paskenue Q. : C (10, To), B') - B’ o

dopmyae
Que /™M1 = {XN (-, 1)+ e XV (-, t +e), ),
FM (., tyexp{—eb (XM (-,t +¢), 1)},
J(N)(., ) 7 } ,

oa,
l'ém—e 5 XV (ot 0).0

det

rae y d@, & onymenst aprymentst XM FMN J™) o1 KoTOPHIX
@, b 3aBHCAT MHTETpPaybHO.
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Kpome ToTO, mycTH
P ™= (@XM 1), 0, —5ED 0, 0),
diva (X™ (-, 1), 1)},

Q™ =1 () + P /™1

Torpa ypasuenns (2.7), (2.8), (2.15) MoxHo 3anucaTh B BAJE
™ (0) = fo, (2.16)
™M@ = Qut—t; [fM™]

mpu 3 <tk J =0, 0 N — 1, fo(y) = {y, Fo (y),1}.

Hcnonssya Bmecto ;. obpasyomyio Q§?Z, NOCTPOAM
cucTeMy

F™ (0) = fo, (2.17)
™) = 0:‘,‘.’,}-t,.lf‘"’1

mpH 1 Ot L
Cucrema (2.17) ects cucTeMa JoMaHEX Oiluiepa miIA 3a-
mavd

d
TP, [0)=fo (218)
CymecrtBoBanme npeaena ; = lim f®™ poxasmBaercs, Kak
5 Ny—0

4 B KJaccudeckoM caydae [16, 18]. OxassiBaerca, 9ro 3TOT
npenen cymecteyer 8 Hopme C ([0, Tol, B’) npm mocrarogno
manoM To > 0 u ymoBaerBopsier 3amaue (2.18). G mpyroit
cTopoHH, obpasyomaa (J,. OTAHYAETCA OT Q§°2 Ha O (&?).
Iostomy ua [0, To] cymectByer lim fM) = f,

Sy—0

N

Nrax, norasana cxogumocth cxems (2.7), (2.8). Teopena
JoKasaHa.

3daMevanne 3amasa Homm (2.18), annpokcuma-
nueil Koropo# ABAawTCA cxeMH (2.16) u (2.17), coBmamaer
C cucTeMoil ypaBHeHUH XapaKTepucTHK (2.5).

Cnepcrtsue. Pewenue F (x,t) sadauu Kowu (2.1)
cywecmeyem na mom ompesxe [0, T), na komopom cywecmeyem
pewenue (X, F, J) cucmemw zapaxmepucmuk (2.5), u 3a-
Odaemcs gopmyaoti

F(z,t) = F (Y (2, ¢), t),

20e Y (z, t) ecmv pewenue ypashenus
r=X(y, 1.
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4. 0606mennoe ypasuenme Biacosa. Ilycrs BemecTeeH
nag ¢yuruua H (q, p, t; [fl) wnurerpamsuo saBucar o
Jugqg, pes R, t > 0. PaccMoTpuM 9acCTHHI caydaii ypaB
Henusn (2.1):

T+ @t -
S @ P G DS — @ p s ) =0, (249
F@ 2, 0) = fo (g, ) € €3 B,

rie o0o3HadeHO

n
o*H orH

opdg ap;0q; °

i=1

910 KBasWimHeliHoe HHTerpo-mupdepeHUaIEHOEe YpaB
HeHHe Ha30BeM 0606uennbim ypasHenuem Baacosa.
QOyaxmua H no ycioBwm0 IIafiKo 3aBECAT OT MHTEIPAJol
BUIA
t

VarSo(a pots o, 05w (0, 0, ¥ g dp's
0

rge p & C* — ¢umarnaa ¢yrxnous ot (¢', p’).
B kaxgoM TakoM HHTErpaje clejaeM 8aMeHY IepeMeH
HHIX

q, g Q (z’ ®, 1:)1 P' - P (zy o, Z), (2.20
rne Q, P — HeusBecTHnie QYHKIEM, IpHIEM

D@.pr _ n
m_i, (z, &) ER". ;

Torna ¢ynxmma H (q, p, t; [fl) nepetiner B
H(q, p, t; 10, P, f1), (2.21,

e  (z, , 1) =f(Q (3, », 1), P (2, ®, 1), t), npugem A
TJIaAKO0 3aBHCHT OT HHTErpaJioB

t

SdTSp(q, ntQ(z,0,1), P(z,0, 1); [ (2,0, 1)) dzdn. (2.22
0 .
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Oyaroum Q, P onpepnesEm u3 clefyiomell CHCTEMH Ypan-
HeHHAH:

_‘?a% (2, ® ):-’?i(o(z o, 1), P (3, @, 1), T; [Q, P, fo)),
oP au

o) == 5 Qe 1, P e, (0P,
Xz 0w 0)=2z2P (z, ®, 0) = o, (2 23)

rae fo (g9, p) — navaawsHoe ycaopue B (2.19).

W3 TeopeMur 2.1 BHITekaer ciaegylomas

Teopema 2.2. Cywecmeyem T, > 0 makoe, umo npu
te [0, Tyl cucmema ypasnenuii (2. 23) Lmeem eduncinsenHoe
pewenue Q, P & C= (supp f, X [0, Tl), u moeda:

1) Omobpasenue g;: (z, ®) — (Q (z, o, t), P(z o, 1)

ABAACMCA KAHOHUYECKUM, 8 UacmHocmu,

b, p g
Dz, 0

2) Pewenue sadawu Kowu (2.19) npu t & [0, Tyl cywye-
cmeyem, eduncmeenno u 3adaemcs T-omobpaxcenuem:

f(a, p, t) = exp{—&[ oy (& Py T (/1) Oq —
0

_%%I_(q, DT [f])%]dr} fo(g, D).

3) Cucmema (2.23) seasnemcs cucmemoii ypasHeHul zapak-
mepucmuk Oan 3adavu (2.19), m. e.

@ @ o 1), Pz 0, 1), ) =fy (3 o).

WNusiMu ciosamu, pemenne sagagn Komu (2.19) noxygaer-
cA ¢ IOMOMBIO C/IBUTa HA9aJbHOH QYHKIHAM f, IO TPAEKTOPHAM
cacreMH (2.23).

SaMedaHUe. Bcwdy s darvheliwen Ha 2aMULLMOHUAH
H, nw 6ydem narazame Gonoanumenvroe ycaosue suda

o [+ | S | < 6+ Calte L+ 1

2de C; u Cp, — woHcmarnmul.

Ilpm aTOM OrpaHM9IeHMM, KaK 9TO CJeAyeT U3 TeopeMH 8.4
ra. I [16], cacrema (2.23) paspemmuma Ha J1060M OTpesKe Bpe-
mernn (0, T].
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Ecanm sxe ato ycioBHe He BHIIONHEHO, TO BCe Pe3yibTatht
ra. IV—VI umeroT Mecto JIHIIL HA ToM oTpeske Bpemend [0,
T,l, Ha KoTopoM pemieHde cHCTeMbI 2.23 CYMECTBYeT.

OnpepenuM Teneps AeficTBUE W SHTPOUMIO Ha JarpaHKeBOM
MHOToOGpasmm, oTBedameM ypaBueHHI0 BmacoBa. Ilycrs
Ay — HexoTopoe JaETpamKeBo MHOrooGpasue [13, 16]
B R¥ = R} X R} orsocurensno ¢opmet dz A dp, %, —
r1agkaf BemecTBeHHAA (WHUTHaA QYHKOUA Ha Ay, do —

Mepa Ha Ao, HHAYIUpoBaHHaA Mepoi dz dp ma R*".
Pacemorpum ypasnenne BiacoBa ¢ Ha9aJbHEIM yCJIOBHEM,

CoCpPeoTOYeHHEIM Ha Ag:

oF oF oH . aF oH . -
T+Wa—p-($,p,t, [F])—a—l) ’a_x(x)pvty[F])_O’
(2.24)

F(l‘, D, 0) = FO (1‘, P)’

supp F, C Ay, rme o6obmennas ¢pymkmus F, meiictByer mo
dopmyie
For @) =\ #(0) 9 (z (@), p(2)) da,

An

0
o —xoopmuuata Ha Af = {z =z (a), p =p(a)}, p=Cy (RTY).
Paccmorpum  xapaktepuctdrku X (z, o, t), P (z, o, ?)
oroit 3agaum HKomu. O6osmauum X (2, ) = X (z (@),
p (@), &, P(a, t)=P(x (a), p(a), t); coear Ag
[0 5TUM XapaKTePUCTHKAM eCTh Jarpa<eBo MEOrooGpasue A,:

ANl ={z=X(a t),p="P(a t), a E Ay}.

Iycrs S, — peitcteue nHa Ag (cm. [13, 16]). Oupenenum deii-

cmeue Ha A} Gopmymoit
\

t
o . ) \
S t) =S + {{P 6, v 5@ n—

0

— H(X (@), P(d ), [X; P])} d.

_ Oumponueti H, () sa A} — Gyaem HasmBaTh [eiicTBue
S (e, t), ycpenneHHoe mo GYHKIUA X,
Hy(t)y= § 5 t)yno (@) de
Ay .
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Takum o6pasoM, BHTPOLMA NOJHOCTHIO ompefeldseTca Ha-
9aJbHEIMA JaHHEEMH 3amagdm (2.24).
Ilycts, mampmEmep, MHoroo6pasme Ay 3aJaHO ypaBHeHHEM

_ 6.5’0 (x)
T o

rne S, € Cy (R"). Ilepemennne = = (z,, . . ., &,) ABIAIT-

ca TaoGanpHEIME KoopamHaTamMu Ha Ag. Ha MEOTOOGpasun

Ay paccMOTpUM HEKOTOPYIO TJIafKylo BemecTBeHHYI QyHK-
muio »y. llycrs F (z, p, t) — pemenue 3apnagd Homm ypas-
Henusa BiacoBa (—) ¢ HavaJbHBIM YCJIOBUEM

F(z,p, 0) = % (@) (p— 5= @),

cocpeforoaennrM Ha Ag. Ilyers X (z, t), P (z, t) — coor-
BeTCTBYIOmMHAE 910l 3agade Komm XxapakTepUCTHKHY, BHIIYMeH-
Hhe U3 Ag:

(X (z, 0), P(z 0) E Ay,

a 8 (z, t) —peiictBue Ha A = {x =X (3, 8), p=
= P(z, t)}. Paccmorpuym surponmw Hy(8)= {5 (z, 1) %, (2) dz
na Al. Jlerko fokasars, uro Ha ToM orpeske [0, T,l, Ha
kotopom DX (z, t)/Dz > 0, sHTPONMI0 MOXHO BBIYHCINTH
0o caepywomeir dopmyie:

Hy(t) = \(S(, ) F(a, p, tydzdp, (2.25)
rge S (z, t) — pemenme ypaBHeHMa [ammiabToHA — flKOOH
as as
o+ H (25 6 1F1) =0,
S (z, 0) = S, (x).

5. Cucrema ¢GoGigennpix ypasueruii Bnacosa. Paccmor-
~MM CcIeAYyIOmMmYI CUCTEeMY KBa3WJIUMHEHHWX ypaBHeHWI:

o, ol o ol of
T+ 5 (@ P )5 — 5, P G () 5

+ D biilg, bt /D /3=0, (2.26)

j=1

(g, by 0) = fox (g, p), K =1,..., r
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3necs BemecrBennag yuruusa [ammnbsrona H u xosddunuen-
TH b;; UHTETPAIBHO 3aBUCAT OT KOMIOHEHT BEKTOD-QYHKIHU
f=(n ... fr). Hocne samennt nepemeHHmXx Buga (2.20)
dyuxnmu H, b;; nepeiinyr 8 H (g, p, £ [Q, P, f]) u B b; (g,
p, t [Q, P, fl) mo dopmynam (2.21), (2.22).

Cuctema ypaBHeHMI XapaKTepMCTMK isa 3ajgadnm (2.26)
uMeeT cAeAyOmUA BHAM:

d oH , N

99 (20, 1) = Q0 0), P (s, 0,0, [Q, P, T,

(30 t) = — 2 (Q (3 0,1), P sy 0, 0,85 10, P, 1),

of, (2, 0. 1) (2.27)
ot

—+ 2 5}:;'(0 (Z, w, t), P(Z, , t); [01 P, f])fj(zi @, t) =0,

Q(Z, o, O):Z, P(Z, @, O)=(1), fk (Z, o, O):fok (Z, (’))’
E=1,..., r

Iaa samaunm Komm (2.26) ocrarorcs cmpaBemiuBEIMH Bce
yTBeD)KJIeHAs TeopeMbl 2.2 (C 3aMeHOl CHCTeMbl XapaKTepuc-
tdk (2.23) wa (2.27)).

§ 3. O6wmpme unrerpo-guddepeHyaanbHbIe
ypaBHEHHsA MEePBOrO MOPsAJKA

1. Ounpenenenue 3.1. Hrnmeepo-duppepernyuart-
HBLM YPasHeHUeM Nnepeozo nopadxa Ha3hIBAETCA Clefyiomee He-
J4HeliHoe ypasHeHme oTHocHTeabHo Pymkmmm @ (z):

R (z, S (), ®(a); [%‘il @]) —0, 34

rie R (z, p, s; [P, ®)) unrerpansuo 3aBucutr ot P, ® u sp-
asgercs raagkoil pymrmueir z, p & R™, s& R.

B atom maparpade Oymer paccmMoTpeH caydadi, KoTrAa
B ypaBuHeumu (3.1) omma m3 mepemeHHHX (0ofo3Hagaemas t)
BHIJIeJIeHA 110 OTHOINeHMI0 K ocraabuaM. Hpome Toro, 6es
YMEHbIICHUA OOI[HOCTH MOMKHO CYATAThH, 9TO cuMBoa R
B ypaBHennu (3.1) 3aBUCHT JMIOb OT HPOM3BOIHKX HEH3BECT-
HOU (QYHKIAH.
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PaccmorpuM cienyomyio 3agagy Homu s mHTErpo-gud-
JdepeHIEANTBHOTO YpaBHEHUA NEPBOro NopAfKa:

L@ty + Lzt 5 (@, 1) [g—i]) =0, (3.2

S (2, 0) =S, (a),

rae L (z, t, p; [Pl) — BemecTBennasa $yHKIUA, TrIagrast mo
z, p &< R" t & R, u uATerpaibno 3asucamas oT P (z, t).
Takum o6pasoM, HeaumHeiHHH wieH B (3.2) ecTb riaagkas
QYHKIMA OT HHTETrpajioB BHJA
t

1 =Sdt S p (a1, 25 @ty w, ?,—f (r, O)dy, (33)

0 R"
rie p & C®, mpuyeM HocuTesds supp p (z, ¢, p; y, T, &) conepsxut-
Y

¢A B OTPaHHIEHHOM MHO;KeCTBe K, He 3aBHCAIIEM OT OCTAaJlb-
HEIX nepeMeHHHWX (z, t, P, T, ).

B srom maparpade 6ymer moxyYeHa TeopeMa CyMIECTBO-
paHma pemenda 3afaun (3.2); HpeABABIEH MeTON CBENEHHA
samagu (3.2) K KBasmiHHe#HOMY WHTErpo-AdpepeHNAAIb-
HOMY ypPaBHEHUIO, MCCJIeJoBaHNOMY B § 2; mosydeHAa OCHOB-
Hag fopmyna A pemenus 3afagd (3.2) uepes pemeHUA COOT-
BercTByIome#t cmcTeMbl XapaktrepucTuk. (PopMymnupoBxkm
Teopem IpHBeAeHH B O. 6).

B n. 8 paccMaTpmBaerca cmemmaNbHEIA KIacC HHTErPO-
nudde peHIEATHHNX YpaBHEHAH BTOPOTr0 MOPAMKA, TAKIKE MO~
OYCKAKIMUX pEeIeHHe METORXOM XapaKTepHCTHK.

2. IMocrpomm ¢pynrnmio I'aMmnbsToHA, OTBEYAIOMYIO 3afa-
ge (3.2). Caenaes dopMalLHYIO 3aMeHy

iAy
Fr (IB, t) =D
28 ) (3.4)
y = X(z, r),a—”(X (2, 1),’t) = P (z, 1),
S (X (z, 1), ) = S (2, 7).
Ilyers, kpome Toro,
J,'j = aXi/t?Z), J = " J“ ||

Ilocne 3amenn (3.4) murerpaa (3.3) mepeiimer B mATETpak
t

T=(ar § ot X (2 1)1, Pz, 1)) | detJ (2, 7)] dz. (3.5)

0 r®
AN



IloacraBum B L (z, ¢, p, [8S/0x]) BMecTo raskmoro maTerpana
I Bupma (3.3) unmrerpan I m3 (3.5). Ionyunm PymrKmmiO

H (z, t, p; [X, P, J)), (3.6)

Koropas raafgko 3asmenr oT z, p & R”, { & R m unrerpais-
Ho ot X, P, J. @ynknuo (3.6) HazoBeM gynryued I'amurt-
mora, oTBevaromeii sagage (3.2).

3. Bpemem epgunnie 0Go3Ha9eHUA A Bcex QyHKmmA X,
P, J, or xoropmx 3asmcuT ¢ymknmusa IammaproHa (3.6).
Beenem axobuan Iy; = 0P,/dz;. Ilycrs

Yi=Xu..., Y, =X,
Y«n+1=P1,..o,Y2n=Pn,
Y2n+1 = Ju, LR st = Jin,

................... (3.7
Y7l(ﬂ+1)+l =Jnp - o oy Y'n(n+2) = Jpn»
Yn2+2n+1 =In . Yn'+3n = [1m
Y‘Zn*+n+1 = I‘nlv LY} Y2n’+2n = Inn'
Beero monyuaem m= 2n? + 2n pyurnui Y, (z, 7), R o (2, T)-
Ilycrs, kpome Toro,
YO =(Yy,..., Y,
Y® = (Yot + - o Yau)
Yonits o Yan
y®=( .......... ,
\Yn’+n+11 RS ),112+2n
Yﬂ’+2n+1’ LS Yn’+3n
sz( ........... . \
\ Y2n2+n+11 cey Y2n2+2n

Oyuxnua Famunsrona H m3 (3.6) B atEX 0003HATeHUAX NPU-
mer Bag H (z, t, p; [YO®, Y®, Y®]),
4. Bummmewm cucmemy xapaxmepucmuk Ana 3agady (3.2):

ay® (z, ?) _ -?i(Y(l) (Z, t), t, Y(‘Z) (Z, t), [Y(‘), Y(Z), Y(3)]),

ot op
aY®(z, 1) oH (3.8)
ot - dz
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aY® (z, 1) ®H @, 2H )
%t Opox Y 0+ apop Y9G, 1), (3.8)

wWan  #H
at - dz 9p

. 0H
YO @ t) — Y9 (3, 1),

rie ¥ byexkmum H ¥ ee npousBOgHBIX ONYMEHHI apryMeHTHI,

- 0*H
BHIINCAHAHE B mepBoil ctpoke (3.8); uepes pon oGo3HaUEHA
otH 02H a*H 02H
Op;0x; 0z dp ' dxdx ' dpdp —
BTO MATPMOB W3 BTOPHX IPOM3BOAHHX QyHkmuu H.
Haganrane nammme mia (3.8) ompemensalorca ms dopMyd
(3.7), (3.4) v mavaneEmX gaHHEX (3.2):

Y% (z,0) = z,

Y®(z, 0) = 2 (2),

Y (2, 0) = 8],
Y(d) (Z, O) — u 025 (2) ” .

n X n-MaTpuna I

“E AHAJIOTUIHO

(3.9)

Huxe Gyner nokasano, uro cuctema (3.8), (3.9) apunserca
CHCTEeMOWl ypaBHEHMil XapaKTepPHCTHK /s 3agazu Homm
(3.2). Ilycrs

Yo(2) =YY@ (z, 0),..., Y® (3 0)). (3.10)
Ilepenmmmem cueremy (3.8), (3.9) B KoMumaxTHOM BUJe:

D oy (s 1)t 1Y), V(& 0) = Yo(2). (3.40)

3mecs Bekrop-dyHrmusa a (y, t; Y) MHTerpaibHO 3aBHCHT OT
Y u sapaerca dopmymamm (cM. (3.8))
a=(aW,...a®), y=(@uo,...y0),

oH
a® @, t, [Y]) = 5~ 6, y® (YD, Y?, YO,

a(z) = e— %,
) 3.12)
o*H *H (
9 — (3) 4)
al op 0z yo + dpdp ¥,
oeH 2H
1) o (1) — 3)
at 705 ¥ — Fzas ¥
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rie y dyaknum H 7 ee OPOM3BOAHHIX ONyMmeHH apryMeHTHI,
BHIIMCAaHHLIE BO BTOPO# CTpOKe.

5. Kak ye oTmeuasnoch, pynkmua I B ypaBrenumm (3.2)
raafko 3aBmcHT oT HETerpanoB Buma (3.3). Kampmii rakoi
murerpan I mocme 3amenu (3.4) mepexomur B I (cM. (3.9)).
ComocraBuM Temeph KaskmoMy uHTerpany I ¢QyErnmio

T=(ar § ot o y®, 7, y@)[det yo | F(y, 7)dy. (3.13)

0 R™

3mecs F — HewssectHaa PyHKIUA

dy = dl/l’ ey dym’ y= (y(l) R y(4))’
YO = (yy, .., Yu)y YO = (Z/n+1’ v+ ey Yan)s
Yan+1s -+ +y Nsn
!/(s) ={ ... s
Yntsnals + - o» Ynrpon (3.13%)
Ymarant1s <« «5 Yn2esn
y(4) =1 .. .. ,
Yantintls « « +y Yon2ean
m = 2n® 4 2n.

TlomcraBum B dymukumio L (z, ¢, p; [65/096]) BMECTO KaKI0TO
marerpana I Buma (3.3) mmterpan 1 ms (3.13). IMomyumm
dyrrnUI0

T (z, t, p; [F)), (3.14)

AHTETPAJBHO 3aBHCAMYIO oT F.
Ucnonssys dyuxuymo 7, mo d)opmyJIaM aHAJOTHYHLIM

(3.12), mocrpomm BekTop-pymKmMI0 & = (AW, . . a(\)

a® (, t; F) = S22 (50, £, y@; [F)),

G0 — _ 9%
ax 9

R i3 0 %

@ = rs yo 4~ y(4> 15

W — — mﬂy@)- a.%’ /O, (8.19)
ow 0p v Y

Oyuxruus @ (y, t; [Fl) aarerpansuo 3asucHr ot F.
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6. ChopmynupyeM Temeppr OCHOBHLIE PE3YJILTaTH O pas-
pemmMoctu 3afjauu Homm (3.2). Hamommmm, 9ro, mo mpep-
H0JI0KeHMI0, HocuTeau QYHKIuH p (z, ¢, p, y, T, §) mo mepe-
MeHHOU y B mATerpasax (3.3), oT KOTOPHX 3aBHCHT QYyHKIUA
L (z, t, p; [0S/0z]), comepsxaTca B puKCHpOBaHHOM KOMIDAKT-
goM MHoxectBe K C R™.

PaccmoTpuM GaBHaxoBo DpocTpaHCTBO By HenpepHIBHEIX
¢yuxmuit Ha kKommakre M C R™ co smavenmamu B R™,
m = 2n% Ilyere M DK u M DsuppS, ¥YpaBHeHue
(3.11) G6ymem paccmarpmBaTh Kak oObIKHOBenHoe guddeper-
IMaJIbHOEe YpaBHeHME JUIA (QYHKUHUA CO 3HAYeHHAMH B By
(cm. § 2):

dY

- = a(Y,t; [YV)).

BILGCB Y ('7t) = BMY Y(Zr t) = (X (ty Z), p (ty Z), Jij (t7 Z)v
I;; (¢, 2)). Bagaga Komu fpois 91010 ypaBHeHUs ¢ Ha4aJbHBIMU
yeaoBusamma Y (z, 0) = Y, (2) us (3.9) paspemuma HA HeKO-
topoM orpeske Bpemenu [0, Ty]. lTycrn pma Beex ¢t & [0,
Tm) cupaBegnuBo BKIHUeHAE

KC{zlx=X(t 2, 2& M}.

Pemenue Y (z, t) 3agauu Homu (3.11) Geckomewno mmd-
Peperiupyemo. Hpoxve toro, merko mokasath ciemyiomee yT-
BepIKIeHHe.

Jlemma 3. 1. Jaa awbozo komnarma G C R™ maxoeo,
yumo G DK, GDOsupp S,, cywecmsyem uwucao Ty >0 u

enaldkan Pynkyus z = z (z, t) Ha G X [0, T,) co snavenuamu
é¢ R™ makue, umo

z=X (Z (.’IJ, t)7 t))
det | T3, (2 (z, 9), 8)] > 0, (3.16)

P(a(z, 1), 8) = 28 (z(a, 1), 1),
t

5Ga,0=S%@+{{Pev 56—

0

— H(X (z ), 1, P(z, 7); [X, P, J]}dr. (3.17)

20e

Ilpr nmomomu aTo# JeMMH HemoCpeICTBEHHBIM BHUHCIIE-
HHEeM [0KAa3KBAeTCA CASAYIOmas
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Teopema 3.1. Oyuryus S : (G X [0, T,l) > R, sa-
Oaeaemas gopmyroii

S (z, ) = 8 (z (z, ), ¥),

ede & onpedeaeno ¢ (3.17), seasemcs eaadxum pewernuen sada-
vy Kowu (3.2).

dra Teopema cBogaT pemeHue 3amayn Homm (3.2) x pe-
mieHdI0 cucteMH Xxapakxrepuctur (3.11). MoskrO Takke cBe-
ctm 3agagy Komu (3.2) k xBasuauneiitHoMy nETETrpo-nEPdepen-
I[MaJbHOMY YPAaBHEHUIO, U3YIeHHOMY B § 2.

Teopewma 3.2. IIyemv ¢ynkyus F ydosasemsopaem
sadaue Howu 0aa reasuauneiinozo unmezpo-Ouggeperyuaso-
H020 YPABHEHU:

LT +2 218w, 6 IFDF (3, 9] =0,
(3.18)

F(y,0) = H 5y — Y (y™)),

j=2

20e m = 2n* + 2n, a gynkyuu a;, Y‘(P onpedeaenn ¢ (3.15),
(3.9), (3.10), (3.13'). Lycmv S (z, t) — pewenue caedywowei
sadauu Kowu 0Oasn ypasnwenus Iamuabmona — Hrobu:

a8 as .
S(x,0)=So(x)- ( * )

To20a pynryus S ydosremeopsem sadaue (3.2).
HowxasaTeabcrTso. PaccMorpaMm cucremy H3 m
o6uKHOBeHHHX fupdepeHNUaTIBHEX YpaBHeHWHA

oY

B —a@ 6 (), Ploo =uesR™ | (3.20)

Hyers ¥ (, t) — ee pemenne. Torza

~ t
D (Y (u, t)) . P4 .
D@ exp{§a(Y(u, ), T [F]) dt}. (3.21)

Paccmorpum dyHKIEIO
Fu o=FF @ 9, 9.
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B cuay (3.18), (3.20) oma ynosierBopsier clegyomeii 3afgage
Hommn:

—ﬁg’ Lt F (u, t) divya (F (u, 1), 8, [F]) = 0,
(3.22)

4
Fu,0)=]] 8@ —v{ @m).

i=9

3mech ucnosnb3oBaHo mpefcraBienne BekTopa u & R™ B Bupe
u=(uv,... u®), rge u®, u®e& R a KOMOOHEHTH
u®, u® cyrs n X n-marpuon (cp. (3.13%)).

Pemerwe samavu (3.22) BHOHECHBaeTCA ABHO:

4
Pty =] 8@ —v§ @) x

i=2

t
x exp{—div,a(¥ @ v), v (Fl)dr}. (3.23)
0

Crenaem Temeph B KamaoM wmrerpaze I muma (3.13) sa-
MeHy TepeMeHHHX y = Y (u, T). Hoayumm
ot
I= Sd‘t S o t, p, ¥ @, 1), 1, Y® @, 1) x
0 RrR™
D (¥ (u, 1)

D) du.

x | det ¥ (u, ©) | F (u, t)I

Bocooasayemcss dopmymama (3.21), (3.23). Torma muTerpaa
I noce wrTerpupoBanms mo u® , . . ., u® Gymer mMeTH BAJ

t
1= Sdr S oz, t, p; Y (z, 1), 7, Y? (2, 1)) | det YOz, 1)|d3,
0 RrR™

(3.24)
rge
¥ (1) =Y (Y, (2, 7). (3.25)

®opmyna (3.24) m ompepmenerme $ymrknmit @, a (cm. (3.15),
(3.12)) mokasmBamor, uTO

a(y, t; IF1) = a (y, t; [¥). (3.26)
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Bocmoassyemca Temeps ypaBHeHUeM (3.20). Ilomommum u =
=Y, (2). Torpa m3 (3.20), (3.25), (3.26) moayumm

¥ (z, 1)
t

LD — @@ n s F) T 0=Y,0)

Jdra samada Homu coBmagaer ¢ cACTeMOH XapaKTePHCTHR
(3.11) m B cuny eMHCTBEHHOCTH €€ PENmEHHS MBl MMeeM

Fe =Y 9.

U3 (3.7), (3.24) BeITexaer, 910 WHTErpaJ 7 cosmagaer ¢ 1 (cu.
(3.5)). CmemoBarespHo,

F (x, t, p, [Fl) = H (z, ¢, p, [X, P, J).

W3 aroit PopMysanl, a Take B CAIy TeopeMsl 3.3 u ompe-
nenenns (3.6) pyaxmua H nonyaam

H@t,p, F)=L (2t p | 57]) -

Taxum o6pasom, pemenne 3agauu (3.19) ymoBiaerBopser TaKkxe
samage (3.2). Teopema moxasaHa.

7. B sawxmogeHue paccMorpuM 3afadly Homwm mmsa ugxTer-
po-nuddepeHIMANTBPHOTO YPAaBHEHHsA, COJEPHMKAMET0 BTODHE
IPOM3BOJHEIE HEM3BECTHOH QYHKUMH. OTH OPOH3BOLHEE BXO-
OAT B YpaBHEeHUs1 TaKuM o6pasoM, dYTO yHaeTca Ham@CcaTh
CHCTEMY YpaBHEHUU XapPaKTEPUCTUK M C ee MOMOMBIO PEIIUTH
HCXONHYI 3afauy.

Ilycrs Lis) (z, ¢, p) — rmagkas BemecTBeHHasA QYHKIHUA,
sapucamad or z, p & R*, t & R u or KoHewHOr0 THMCIa MH-
TerpajoB BHIa

t
Il = S d‘lf S /(.’l, tv p; Y, o, T %(yv w, T), %(yv w, T)) X
0 R2"
%8 (y, ©, 1)

-1
Tyge | dody 320

X det

e f — raagrasg QYBKOHA, HOCHTENIh KOTOPOM MO Yy H ©
comepxETca B PuKcHpoBaHHOM KoMmakte K.
Paccmorpum 3amagy Komu

oS (z, o, t Ay
#'—) + L[S] (.Z', ti W (x’ w, t)) = Oi

S(z, 0, 0) = zo.

(3.28)



TpebyeTcs HafiThm ee pelleHMe HAa HEKOTOPOM OTpe3Ke Bpeme-
gu [0, 7], na KOTOPOM

det

o g (@ 0,1 H >e>0. (3.29)

ITpz ycnopmm (3.29) mopmmHTerpansHoe BrpakeHue B (3.27)
KOHOTHO. :

BrnnmeMIoynkuuio TamuiaptoHa, oTBeYalmylo 3ajade
(3.28). Ilycrs X (3, o, t), P (x, ®, {) — HEKOTOpHIE INTagKHAe
pemecTBeHHHE (yHxkmuu co smagenmamu B R". Ilycrs

t
1, = Sdr S f(x, t, p; X (2, 0, 1), 0, T; 2, P(2, @, 1)) dodz.
0 R2"

(3.30)

3amennm B dymruuu Lps) (x, ¢, p) Kamubiii uuTerpan [, Bu-

ma (3.27) (ot KoToporo oua 3aBmcut) Ha mHTerpai I, us (3.30).
IMonymm ¢yurnuio 'amunsrona

H (z, ¢, p; [X; P), (3.31)
AHTETPANIbHO 3apHcaAmyio ot X, P.
PaccmoTpum cucTeMy xapakrepHcTuK 3amaud (3.28):

0X (z, 0, t) 611
el (X( o, t), t, P(z, 0,t); [X; P]),

oP BH

Bt T T Tox
X(z 0,0 =2 P(z 0,0 = o (3, 0) E M,

(3.32)

rie y ¢yarnmit X, P 4 MX OPOU3BOTHEIX ONYIIEeHH apryMeH-
TH (2, ®, {), a y dyuxnun H ¥ ee npon3BOXHHIX OYMEHH aPTy-
MeHTH, BHIOMCAHHHE B mepBoii crpoke (3.32); M — xoMmakr
B R,

Bce yrBepskmenma um. 6 storo maparpada ocTaoTes cupa-
Be[IABLIMEA s 3amadu (3.28) u ee cmcTeMbl XapaKTePHCTHK
(3.32). K

Haa aio6oro xomnakra M K cymecTByeT Ty > O Ta-
Koe, 910 npm t < [0, Tyl pemeHue {X (-, t), D(, -0}
cuctemu (3.32), paccMaTpuBaeMoli Kak 3anaqa Komu s Ga-
HaxoBoM mpoctpancrBe C (M, R2?**!), cymecrByer, mpmuem
nns ao6oro ¢ & [0, Tul copasemnimso BrIIOYeHHE

KC{z, 0)|z=X(z o, 1), (2, 0) E M}.
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Cnencreue. IIpeobpasosarue

(z, ©) > (X (2, 0, ?), P (z, 0, 1)

npu awboxn t < [0, Tyl sessemcs kanoruneckKUM OmMHOCU-
meavio gopun dz /\ do.
Omnpepeniam pynrmmo S: M X [0, Tyl — R dopmyanoit

t
§(z,’ 0, 1) = z0 —{—S{P(z, o, 1)g—f(z, o, T) —

— H(X (2, 0, 1), tP(z, 0, 7); [X; p])} dv. (3.33)

JJemma 3. 2. Hycme G — awboii komnaxm ¢ R, co-
depacawuti K. Cywecmeyem wucao Ty > 0 u enadkan Pyns-
yus z = z (x, @, t), onpedesennaiwa G X [0, Tyl u npurumarn-
wan snauerus ¢ R makue, umo

= Xd(tz (z, 0, 1), 0, t), (3.34)
¢ Dx
J(z,0,t)= -7 ¢ (z, 0, 1), e, t)>0.

Paccmorpum Temeps dymrmmio S (z, o, t) = S (z (2, o,
1), o, t). U3 xnaccugecKoli TeopAN ypaBHeHAH MePBOr0 mMOPAL-
Ka m3BecTHO, 9To PyEKIEA S yHoBIeTBOpAET 3afave

S+ H (ot 251X P)) =0, (3.35)

S (z, @, 0) = zo.

Kpome Toro, cmpamBeamumBHl TOMAECTBA /

z2(z, ®, t)=‘%@‘°")'

P(z(z, 0, t)o,t)=2&00, (3.36)
%S (z, w, 1)

-1
3:!:,130),- = J(.’II, ®, t)-

det

CnenaeM B muterpane I, ms (3.30) 3aMeny mepeMeHHHIX
y = X (z, o, t). Torna B cany (3.34), (3.36) mmrerpax I,
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cosmagaer ¢ I, (em. (3.27)). CaenoBatennno,
H (z, t, p; [X; Pl) = Ly (=, ¢, p).

CpasHHBas 310 TOMAeCTBO ¢ (3.35), moayumm, aro Pymxmua
S ynosuerBopser sagave (3.28).

Taxmm o6pasoM, HOKasaHa CleAyIOIMad

Teopema 33. Pyuwyus S: G X [0, Ty > R, sa-

dasaemas paseHcmMEoMm
Sz, t) =8 (z(z, 0, 1), @, 1),

20e S (z, 0, t) u z (z, @, t) onpedesenwr coomeemcmeerno 6
(3.33) u (3.34), seasemcs anadkum pewenuem sadawu Kowu

(3.28).



'ITABA II

EBA3NRJIACCNYECKAA ACAMIITOTIKA MATPHIIbBI
MMJOTHOCTN 1 KBAHTOBAHNE YPABHEHUA
BJIACOBA

KBarToBaHEEM 06GHYHO HA3HBAKT HEKOTOPHH dopMalb-
HEIH cHocol CONOCTaBIE€HHA BeJIMIAHAM KJaCCHYeCKOd MeXxa-
HAKM HEKOMMYTHPYIOMHX olepaTopoB B I'miansbeproBoM Hpo-
cTpaHCTBe. B HacTosmee BpeMa mpoGieMa KBaHTOBAHHA HO-
Tepsanaa CBolo ocTpory. B 20-e rogs mamero crojeTus mocie
oTKpHTUA KBaBToBaHmi ['eiizenGepra m Illpemmurepa m yc-
TaHOBJeHMA J[MpaKoM HMX SKBHBAJEHTHOCTH 9Ta Hpobiema
6HIa 0OYeHb aKTyaJbHA.

HamomMmwMm kKpaTko cXeMy KBamToBaHUA [eiizembepra,
Ipeguarepa u MeitEMana.

1. KsanrtoBanme TeiizenGepra. Ilycrs z (¢), p (f) — peme-
mne ypaBuennii HrioTroHa

. N av
&= p, p=—~—a§, M

VIOBIETBOPAIMEe HEKOTOPHM HagaarbHEM gaHHEM z (0) =
= z% p (0) = p°. Paccmorpum Te ke ypaBuemus (1), mo
¢ 0HepaTOPHO3HAYHKEIMA HAYaibHHIMA AaHHEME £°, P°, KoM-
myratop Kotopmx [£°, P°] pasem ik, rme h — mocrosmmasm
Ilnamka. Herpyano Bmpers, 9ro pemenme X (f), P (f) ypas-
Hemm# (1) ¢ TAaKUMH HAYaJAbHEIMHE [AHHKEIMH CYINecTBYeT,
OpEYeM COOTHOMEHHEe KOMMYTAIMHM COXPAHSETCA BO BpeMe-
HE: . R
X (8), P ()] = ih.
CooTBeTCTBHE

(@, p ) > (X (0, P (®)
HA3HBAKT Keawmosanuem [eiizenbepza.
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2. Keanrosanue Ilipegquurepa. ComocraBuM KoopgmHaT-
HbIM QYHKIAAM Z = (Zy,. . ., Z,), p = (P1,. - ., Pa) B Qa-
soBoM mpoctpamctBe R*" = R} X R} crenyiomme omeparo-
pu B L2 (R™):

zj; — &; — omepatop yMHO/KeHMA Ha Zj,

oy ., 0 .
Dj—>pi=— lh%; (Gj=1,..,n).

Oyexumn Famansrona H (z, p) = p*2 + V (z), orseuamn-
mei#i ypaBmenusaMm (1), mpu asroM Gypmer comocraBieH omepa-

Top H = P2 4+ vV (2). Hammmem ypasuenne lllpenmarepa
oA raMuibToHmana H:

., 0 5
—ih SE 4 Ay =0. 2)

Keanmosanue Illpedunzepa — 310 mepexox oT ypaBHeHH
Heiorona (1) x ypaBmenmio Ipenmarepa.

Herpymuo Bupets, uro omeparopk IeiisenGepra X (1),
P (#), moctpoernsie B 1. 1, mMeror Bax

PN

i a
—h—Hi" Ht

[ PN 1 -~
o —Ht~ - Ht 4 -
X(@t)y=-¢eh 2% ", P(t)y=e ple "

3. KBanrosanue ®@eitumana. Paccmorpum omepatop T a;
B L* (R"), peiictByrommii mo dopmyie
T au(z) = SSexP {LT [p(:c —Y)—
2 00
— (BE+v (2Fy)) ac}urayap, e cs @,

Ilomoxmm
Y(z, t) = Al,im (Tyn)Np, ().

JroT mpenes MoKeT OHTH HHETEPOPETHPOBAH KaK KOHTHHYAIb-
HEIE HHTErpaJ H0 TPaeKTOPHAM:
t
i
v )= ({ DoDyexp{4-{pmde( -

q(t)=x 0

— (LZ8E 4 v (g (x) de} o (g O

MoskB0 mokasath, uro P (#, t) YNOBAETBOPAET ypaBHEHHIO
Ulpepmarepa (2) m_BavaapBoMy YycaoBmio P (z, 0) = ¢, (z).
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Takam o6pasoM, MK BHJHM, 4TO BCe 3TH CIOCOGH KBaH-
TOBaHAA OKBHBajeHTHH. Onmako B ciydae Oomee oOmpei
¢yaxunn TamaasroBa H (z, p) taxoeit, aro 4% H/dp dz + 0,
3TH CHOCOOK 3aBACAT OT AeHCTBHA 0LePaTopoB D M £ B ypaB-
genmax (1) manm (2) (em. [4, 16]).

Hanpamep, peasTHBACTCKOMY YpaBHeHWIO AnA (QyBKOAR
Tammasrona

(H — e (2))* = (p — €A (2))* + me?, @)
¢ (z), A () E C>, e, m, ¢ = const,

oTBeuaeT KBaBTOoBoe ypasHeHme KieitHa — I'opmoBa
., 0
(th5r — @ @)Yz, 1) =
= (ihg‘l—— eA(x))allJ(x; t) 4+ mep(z; ).  (4)

C npyroi CTOPOHH, MOKHO HaiiTd U3 ypaBHeEWA (3) ¢yHKUHEIO
H saBnvo:

H =eq(z)t V (p—eA ()} + mc,
H COIOCTABHTH € KBAHTOBHE YpaBHeBHA

0
2t — eq(2) ¥ 4

il/ (ih% +ed (;c'))2 +meP(z, y).  (9)

KBasToBaEMe B 9TOM Ciydae HE efHHCTBeHHO (C TOYBOCTHIO
no O (h?) =m Bu6op ypasHenusa (4) (a He (5)) gEKTYyeTCA KOHOJI-
HATEJIBHHIMA COOOpa’KeHAAMA DENATHBACTCKOX HHBApPHAHT-
HOCTH.

B xBasmkJIaccmYecKoM MpmOIMKeHMHE aBTOPOM OLLT Hpen-
J0KeH Cmoco0 KBAHTOBaHHMS He yPaBHeHWA MIHM TaMHBIbTO-
HWaHA, a IIOBepXHocTe# B ¢da30BOM IPOCTPAHCTBE, HAa3BaB-
HEIX aBTopoM jarpamxeBmma [13, 32). Tor ¢akr, uro ypas-
HeHHs XapaKTePHCTHK, OTBewaiolue ypaBHeHWN) BiacoBa,
COXpPAHAIT JarpaB;KeBOCTh IMOBEPXHOCTEH, I0O3BOJsAET NpH-
MEHHTb 3TOT CIOCO0 A KBAHTOBAHMs pPEHIOHAA ypaBHOHAA
Biaacosa.

B macroameir rnape Gyaer o6o6men ¢opmMalimsM KBaHTo-
BaHHJ Ha ypaBHeHWA BiacoBa M moiydYeHH YpPaBHEHHWA HOIH-
HeifHO KBAaHTOBOH MeXaHHMKH, KaK KBAHTOBAHHHE YpaBHe-
mag BnacoBa. Bygmer ycTraHOBIeHO COOTBeTCTBHEO MEKAY
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(xaaccmdeckrM) ypaBEeBmeM BiacoBa m (KBaBTOBHIM) ypaB-
HeHWEM [JIA MaTpHOH IIOTHOCTH, OTBedaromell ypaBHeHMIO
Xaprpr. B ommy cTOopoHY 310 cooTBercTBme (hopMagm3yeT-
cd ¢ moMombl0 pasBocTHOro KBamToBamusa (§§ 1,4). Ilepexon
opa A — 0 oT MaTpaIH NIOTHOCTA K peIeHAN ypaBHeHHS
BaacoBa (§ 2) 0GocHOBRIBaeT 9T0 COOTBETCTBHE B APYI'YIO CTO-
poHY.

B rnaBe mpmBommTCA TakKe Cmoco0 KBAaHTOBAHWA YaCTH
KaaccmyecKax dactan. HampmMep, mycTs mMeOTCA /iBe da-
CTHIH ¢ KOOPAHMBATAMHA T = (2, Z3, Z3) B Y = (Y1, Y3 Us)>
7 nycrs V (z, y) — moTeHIHMaJ B3a@MONIEHCTBHAA MEKAY HH-
MH, TaK 9TO KJIACCHMUeCKHUIi TarPaHIKUaH PaBeH

2 72
L@, § 2, 9) =+ —V(z, ).

Ecam mepBas uacTHima — KBaHTOBasf, a BTOpas — KIACCH-
9eckas, T0 ypasHeEwsa HpoTOHa, IPOKBAHTOBAHHHE IO HEp-
BOI 9acTHIe W KiaccHYeCKHme IO BTODOi, MMEIOT BHJ

—in & WA+ V (@ Y Wor Gt WD) =0, (6)
i=—\1v@oprS-e v, :
YO0) =19, §(0)= Y. 0

JTH YpaBHeHAA TaK)Ke BXOAAT B KiacC YDaBHEHWH C YHHM-
TapHOY HEJIMHEHHOCTHIO, PACCMOTPEHHKX B 9Toi kHure. Eciu
3ajana QyHKOUA pacupefeleHHs KiacCHUecKHX gactai O (Y,
Yo,) B HAaYaABHEIA MOMEHT, TO B ypapHemunm (6) mocremHmi
YjleH HYKHO IPOMHTeIpHpOBAaTH WO Y, ¥ ¥, ¢ BecoM p (Y,
Jo)- Cmcrema ypaseemmii (6) (7), Tak ke Kak M HelMHeHHHe
ypaBHeHAA KBAHTOBOM MeXaHWKH, OTHOCHTCA K eJAHOMY
KJaccy OmepaTopoB € YHATapHO# HEJIXHEeHHOCTHIO, BBEJIEH-
mux B § 1.

Vpasrerua tana (6) (7) B mocaennee BpeMa ECHOOINb3YIOT-
€A B HOJYKJIACCAYeCKON TeopHMH B3amMOJeHCTBAA KBa HTOBHX
H KJaCCHYeCKHX YaCTHI B KBAHTOBOH TeopH: moJsA (HaupuMmep,
IpH B3aMMONEMCTBHA C TPAaBATAIMOHHHKIM moiaeM). OrmermMm
eme pas, 9TO MEeTOAK, Pa3BUTHE 3[€Ch s ONePATOPOB C YHA-
TapHOA BeJNHEeMHOCTHIO, WBJNOMKEHEl C TAKAM PacueToM, dTO-
GH HX MOKHO GEUIO IPAMEHATH (Ha HOCTPOTOM YDOBEE) K IO-
o6 HHM ypaBHeHAAM KBAaHTOBOM TEOPHH WOJA.
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§ 1. OnepaTopm ¢ yHATapHOi HeaMHe#iHOCTDHIO

B sroMm maparpade BBOAHTCA KiAacC HeJMHEHHKIX IICEBJO-
mupdepeHIAATBPHHX ONEPATOPOB, MCCHEA0BAHAI0 KOTOPHX
Oyder mocBAMmEHa OCTaJbHasA 9aCTh JIAHHON TIiaBH, a TaK:ke
raaBu III—VI.

IIpenBapATeIbHO HATIOMHAM ONpeJielieHNe T[JIAJKOTO OTO-
OpaskeHmsa*) GamaxoBa mpocrpaHctBa B, B GaHaxoBo IpPOCT-
paHctBo B,. O6osnauum gepes C; = Hom (B,, B,) Ganaxopo
OPOCTPAHCTBO JWHEHHHX OrpaHMYEHHBIX OTOOpaskeHWH wn3
B, B B,. Ilycrs

Ckw1 = Hom (By, Cy) upn k =1,2,. ..

Oro6pakenne r: By, — B, HasmBaerca 24adkuMm, eCIH OHO
amMo m Bce ero amddepeHImaIH

Dk r: By, —~>Cy, k=1,2,. ..
OTpaHWYeHH, T. €. I noboro M > 0

sup [(D"r) [v] e, < oo

el <M

Hpuamep 1.4. Ilyers L = L* (RE, m) — ruasGepro-
Bo mpoctpaHcTBo Pymrnmit Ha R¥ co sHauenmsamMm B MHOMKe-
cTBe m X M-MaTpPHUI] ¢ KOMINIEKCHBIMH KodpdnimeHTamu,
HAaJIeIeHHOE CKAJAPHHEIM OPOH3BeIeHAESM

(& Diamt, m= gku [ (2)/ (z)'] da,
R
I/l 3Be30YKOM 00603HAUEHa BPMUTOBO-CONPAKEHHAs Mar-
puna, a gepe3 tr 0603HaYeH CJe MaTPHIHL.

ITyers p (z, y) — HekoTopag m X m-MaTpHIA, Koaf-
PAIIeHTH KOTOpPO# Tiajgko 3asucAT of z, ¥ & RF u [punur-
uHe. Kpome Toro, myets 7 (z, z) — moadmHOM 1O z ¢ Kodddm-
nmentamu u3 L2, Oro6pamenue n3 L? (R¥, m) B ce6Gs, 3aman-
HOEe opMyoi

g—#(z § trlp@ vy e @) dy),
Rk
ABIACTCS TIAJKUM.

*) O6mee ompefeseEHe omepaTopa ¢ YHUTapHOI HEJUMEEHOCTHIO
MOKHO NPONYCTHTH OPH MePBOM 4TeHMA. B NPHIIOKEeHHAX MCHOJb3yer-
es omepaTop, ompefieJileHHH B 3aMEYaHME 2.
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uHaHOMHHM Telieph HOKOTOPHE OoNpeleTOHHA TeopuH iau-
HEHHEIX nceBfojupdepeHIaNbHEX  omepaTopoB. Ilycrs
L#™(R") — rEas6eproBo IpPOCTPAHCTBO BeKTOp-(yRKImt

Y= (PP, ..., P) co craxApPHHM Ipod3BefeHaeM
b Pz, = 3 \ 49 (2)97 @) de.
= Rn

Hyers 0 <<k < 1. OGosnauum wepes 1~p (p) mpeoGpasoBanme
@ypre BekTop-dyHKIMEU P (2):

P9 (p) = (2mh)™2 ‘5 PO (2)e * T dxy,  j=A1,..., m.
®opmyna

Vv f (; - ih%) ¥ = (2mh)h Sﬁ”’f(x, PP @)dp (1.9)

dajaer amHelHsl 1/h-mceBpommddepeHuAANTBHITE omepaTop
- 2 1

= f(x, — ih 9/0z) B L>™(R") paa amboro riagxoro ¢m-
HuTHOTO caMBona f & L? (R*™, m). ConpskeHHHEI omepaTop
- - -~ 1 2
f* maerca ¢gopmymoir f* = f* (x, — ihd/dx). Hpome TorO,
CIOPaBEIABO TOMAECTBO

~ay 1
tJI' [fg ] = W(f’ g)L'(R‘Z'ﬂ, m), (1.2)

rAe depes tr o6osHageH caen omepatopa B L*™ (R). Ua (1.2)

cileflyer, UTO COOTBETCTBHE Wu: f—- f pacmmpserca /0 H30-
MeTpHAYeCKoro orobpasendas upocrpancrBa L? (R?", m) ma
opoctparctBo H, (L*»™ (R™) omeparopoB I'mapbGepra —
Wmagra, meiicrByromux B L»™ (R™). O6paTHoe oToGpakeHne

wloo Hy (L ™(RY) > L (R*, m)

comocrtaBiser KamoMy omeparopy I'min6epra — Immpara f
ero cumBox f = smb f. Taxmm obGpasom,’

T
b =F=71le —ihi].

Bypem B pnanpmedimem coxpamenmo oGoamadats: L*™ (R")
gepes L»™ m L (R?, m) wepes L?(m). Haxpmo#r Bek-
Top-pyHKIEE Y & L*»™ comocTaBAM MAMPUYY NAOMHOCTMU
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gw) € L? (m), (j, k)-ia, anemeBT KoTopoii safaerca Gopmymoit

— 3. _n
gy (@, Pl = 10 @) PP () e T T (2mh) 3. (1.3)

OnpeneJmM Temeps ncennonmbd)epenunanbmn omepaTop
¢ YHATAPHO! HEIMHEHHOCTHI0 B mpocTpaHcTBe L*™

Onpenenenme 1.1. Ilycrs H—-manxoe orobpa-
xmenme L? (m) B ceba: g(z, p) — H[g](«, p). Onepamopon
¢ YyHumapHoil HeauHeliHocmblo HasoBem otobpaskemme H

npocrpancrBa L*™ B cebs, ompeneaeHHoe ¢opmyroi

1
Rl = H [go] (:v —ih ai) ¥.

Oyurymo H [gw! (z, p) HazoBeM aukeinsm cumsorom one-
pamopa H ¢ cocmosnuu .

PaccmorpuM cBo#CTBO omepaTopoB ¢ YHATAPHOR HeJHHEM-
HOCTBHIO.

Ilycrys V — nnHedHwWi# yuATapHH#E omepatop B L»™. Om-
penennym omepatop Ady B mpocrpascrse H, (L%™) oneparopos
T'ansbepra — HIMapgra:

Ady (f) VfV"

Jemma 1.1. Jas onepamopa H ¢ ywumapnot neauneis-
Hocmblo cnpasedausa Fopmyaa

VieHoV=Hy, Hy=U?lHoU,

20e U — aunetinwii ynumapHuii onepamop ¢ L* (m), sadan-
Kbl paseHcmeom
U =pt-Ady-p. (1.4)

VrBep:ueHne JeMMBI ClefyeT W3 ONpefedeBHd.
Ecam g (z) m f(z p) — HEeKOTOpHIe m >< m-ma'rpméu, TO
2

o6o3HaYIM qepe:—;]‘ (x p) g@ng)f(z p) MATpPHIH, ¥ KO-
TOpHX (i, j)-# 2lleMeHT pPaBeH COOTBETCTBEHHO

(/ @ P) g (@) = 3 (=, D) 24 (@),
€ (@) ] (@ DY) = 3 @, P) g ().
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Paccmorpam 3agady Komm nisa omepatropa ¢ yEHTapHOH He-
JAHEeAHOCTHIO:

2
—ith -+ B y) =
'lP(-?": ty b) =0 = o (x, h), B (-1 R)E L™,
Jlemma 1.2. Mampuya naomrocmu

R ]
g (@, Py £, B) = (O (z, t, )PP (p, t, hye " (2mh)i3),

omeenaiowan pewenulo P 3adawu Kowu (1.5), ydossemsopaem
ypasHeruio

(1.5)

—ih

%8 P
D+ Higw) (&", —ih5- +P) 8w —

2
—8wH [gwl* (z—lk ) P) 0. (1.6)

JorxasaTeancTBo. BummmeMm ypaBHeHEA RIS

VP (z, t, k) n{l;(p,t h):

1

—ip 2 3\P + 2 Hlgwl\z ( ih% , t)jl¢(l) =0,

2
., P - 2 _
—ih —‘%t - EIH lgw] (-— ih TR P, t)ks'lp(” =0
(j’ k = 1) eeny m).
VYMHOXMB mepBoe H3 YTAX YyPABHeHWI Ha . (2rh)n/2

—_—— L
X ¥ (p, t, h)e * * a Bropoe Ha Y@ (z,t, h)e " Jc1’(21'ck)"‘/3.
HACIOOJb30BaB (opMyiLy

ehpor(—ih%)=r( lh—-{-p)oe%p

7 ciouB 00a ypaBHenus, moaymmum (1.6). Jlemma mokasama.
JJemma 1.3. Mampuya naomnocmu g, onpedescH-
Has_0aa kaxcdozo p & L¥™ opmyaod (1.3), obaadaem cae-
dyowumu ceolicmeamu:
a) Jaa awbozo cumsosa f = L? (m) cnpasedausa gopmyra

(P, Ab)pa, m = (€wr» Nrsem- (1.7
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6) Onepamop gy camoconpsocen ¢ L>»™, umeem Hopmy
18w | Lom ,p2m = CuR) ™" || om u deticmeyem no popmyase

g = Ry v, P)p mp, veELP™

npu donosnumenvrom ycaosuu | P | po,m = (2nk)™/2 smom one-
Pamop A6AREMCS OPMOOHAALHELM NPOEKMOpOM Ha 00HOMep-
Hoe nodnpocmpancmeo ¢ L™, nopoxcOernnoe ssemenmoM ).

B) Hopma gy kak asaemenma npocmpancmea L* (m)
pasHa

1&g lLagmy = (b)Y ™2| [fa, m. (1.8)

JTa JeMMa HenoCPeJCTBEHHO BHTEKaeT U3 oOpefeleHuid I
dopmyasr (1.2).

Temepb paccMOTPUM HOPMY MATpPUI(EL IJIOTHOCTHA, OTBeda-
omeiit pewennio 3afadm Homm. Ilyers mpm 0 << h <1,
t = R, 3agaHo ceMeACTBO I'Tafkux oToOpaskeH:#E Hnp upo-

chch'.rBa L™ B cebs takoe, uro omepatop Hpn: [gwl (x,

—iha/t?x) camoconpsisken mpm Jao6Gom Y & L™, Ilyers
Y =Y (2, t, h) — pemenue 3agaun Komu (1.5), ¢ omepaTopom
H =H; a gu(x, p, t, h) — orBevaomas P MaTpHIA
MIOTHOCTH.

Jemma 1.4. Hopmu

"‘P(v Z, h)"L?v m "g(¢) (" s by h)"L’(m)

He 3asucam om <«epemenu» t.
HJorxasdarenscrBo. CoxpaHeHue CO BpeMeHeM
HOPMEL 1\ eCTh LPsAMOe CIefCTBAe CaMOCONPAMKEHHOCTH OIe-

2 1
paropa Hp,lgwl (x, —ihd/0x), a coxpaHeHme HOPMH g
caepyer u3s (1.8).
3ameganue 1. Cormacmo ompepenenmio 1.1 nmuei-
HH CHMBox oueparopa H ¢ yHETapHO# HeJuHEHAHOCTBIO €CTh
¢ynkuaa n3 mpocrpanctBa L>™ (R"). Jlerko 0606muts ary
CATYaIFi0o ¥ JOUyCTATH poct cuMBoxa H [gyl (z, p) mo me-

2 1
pemennoit p & R". Oneparop H lgyl (z, —ikd/dz) npm
9TOM CTaHeT HeOoTpaHAYeHHHIM B L2™,

HKpome Toro, gacro GrBaer HeJOCTAaTOYHO paccMaTpPHBaTh
omepatop H B mpocrpaHcTBe L>™ m Tpebyerca ompeRendTh
H ua 0606meHHNX YyHKOUAX. JTOro MOKHO [OCTHTHYTB,
ecim HequHeliHOe oTobOpakeHme H ompefendTsh Ha HEKOTOPOM
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knacce <y 06o0menHEX §yHKMuii:
H: &y—C=(R™M),

3aTeM Hafita Kiaacc o6obmennux ¢ymkmmia L'y C S’ (R”)
TaKoM, dTO

VEL =80 ETL e

A 3aJaTh oIepaTop ¢ YHATAapHO# HEIMHEHHOCTBIO B <’y Toi
sxe PopMyJIoH, 9T0 W B ompepenenuu 1.1:

) } )
Hy)=Hlgwl |\ —th | b,

Samevanue 2. Besge umxe Mbl GymeM s HarIAf-
HOCTHM paccMaTpPMBATH OHEPATOPH ¢ YHUTAPHOH HeJIMHeiHO-
CTBI0 CJIEAYIOMEro YaCTHOTO BHAAA.

IIycrs S (R") — OPOCTPAHCTBO ITAJKMX KOMIIEKCHHEIX
dyukmmit f ma R, pacTtymmx co BceMm IPOU3BOJHHIMA HA
GeckoHegHOCTH He OBICTpee Hekoropodl cremenm k = k (f)
cBoero aprymenTa. Yepes S (R¥, m) o6o3maumm knacec m X m-
MaTpHI[, dJeMeHTH KoTophx mpmHammexar S (RY). Ilycrp
H (z, p, t, h, p) — HexoTopHit cmMBox kaacca S™ (R X
X Ry X R, X R, X Ry'; m), orpanmvennsii co BceM: 1po-
u3BOAHEIMA upH A — 0 u BemecrBenswii nmpu h = 0.

PaccmorpuMm taxme M X m? X s cuUMBOJOB Kiacca S*:

ng - tgds (.Z' b & ya g)’ rme k = 1 s M; by e s =
= 9 m; ’ Rns’ HPE‘IBM y = (y(l)’ MRS y(S))?
E= («S(l) - E“)), me y®, O & R™ llyers nocrrean

supp L,,_ i (x, p, t; y, & h) sakniodeHH B (PHKCWpPOBaHHOE

orpammennoe MHOKECTBO, He 3aBUCAmEe oT Z, p, t, . OGo-
WA SR S —ih9
3HAYAM th5y = ( i 5,0 i 57®
IIycrs ¢ (x, ) — HexoTopasa m-MepHas BeKTOP-QyHKIHA.
IToctpomM nHTErpaiH
a®(z, p, t; [P]) =

= Z de(l) net de(s)lp(ii) (yh t) o lp(is) (ysa t) X

11, 15 veen {8' j3=1

1

X L'h F1s veny "' (z’, p, t y, —_— lh — h) "l)(?l) /'.P(Js) . (1.9)
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ByneM YOpOmeHHO 3alHACHIBATH 3TO PaBEHCTBO B BH[E

a(z, p, t; [$)) =

1
= dex]; (u, t)L (x bt Yy — ih% , h) Yy, t), (1.10)

rme a = (a®, ..., a®),
BBesieM Temepr MaTpHYHO3HAUHEI CHMBOJ

det
.%(1‘, Pt h; [‘P]) = H(:L‘, Py t, h, a(x, bt NJ]))

Ucnonnays cumBox J7, onpefeneHne omepaTopa ¢ YHATAp-
HOA HEJMHEAHOCTHI0O MOJKHO CHOPMYIHAPOBATH CJHeqYIOmMAM
obpa3om.

Onpenenenmne 1.2. Onepamopon ¢ ynumaproi He-
aUnetinocmuio ¢ L»™ (R™) HasoBeM omepaTop, AEACTBYIOI[AMA
no gopmyie

H Y] (z,0) = 92’(; —ih%’ t, h; NJ])IIJ(x, t).

Oyexnmo J7 (z, p, t, k; [pl) Hasosem suneinvim cumsoson
omepatopa H B cocrosinmm . Hmxe Mu 6ygeM B 0CHOBHOM
HOJIb30BAaThCsI MMEHHO 3TAM YaCTHRIM oOIpe/elieHAeM OIepa-
TOpa ¢ YHATAPHO! HEJAHEHHOCTHI0. BBeieM psaf 0603Ha9eBH.

Ilepeiinem B dopmyne (1.10) or dynrmmm Y x MaTpmue
IIOTHOCTH g« (z, p, t):

a (1}, p, t [g@)]) = SS g('l’)(y, gy t) L (IL‘, D, LY, g, k)* d!{ dg'
(1.11)

Anarormugo OymeM o00603HaTaThH

H (z, p, t, b; Igl) = H (z, p, ¢, h, a(z, p, t; [g])). (1.12)
Cnenaem B Kaxaom muterpade (1.11) sameny nepemennux y =
=X (2 o, t), § =P (z o, t) c eNWEAIANM AKOOHAHOM, a
pysknE0 gy (X (2, ©, 1), P (z, o, t), t) savenam Ha g, (2,
). Raxpui marerpan (1.11) npm srom mepeitmer B caepyio-
Ia# WHTErpaJ:
a(z, p, t; [X, P, g)) =
= SS 8o (Z1 (D) L (x’ P, t; X (Z, ®, t)v P (Z, o, t)v h) * dz dm‘
Bynem o6Gosragarh

%(I, p, t, h; [X: P» gO]) =
=H(z p, t, ha(z, p, t; [X, P, gl)). (1.13)
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§ 2. AcuMnTOTHKA MATPANB IJIOTHOCTH

1. Caywaii ofmero omepatopa ¢ yHHTapHoli HeJHHeiiHO-

A 2 1
croio0. Ilyctes H [yl = H lgwl (z, — ihd/dz) p — omepartop
¢ YHATApHOH HENHHEHHOCTHLI0O HAa HEKOTOPOM NpOCTpPaHCTBE
ckaaApENX (m = 1) ¢ysxumit ¢ = ¢ (z), z & R". Marpe-
0y IIOTHOCTH g (Z, p), OTBEYAOMYI Y, B CKAIADPHOM CAY-
yae GymeM HasuBaTh @PyHKYuel naomHocmu.
PaccmorpnM ypasuenme (1.6) nma ¢yurnmm g = gy (z,

,t):
1
—in 2 +H[gh1(x, 2t p) e —

2
—_ 29 1
—H [gh] (x - lha_p' P> &nh = 0. (2'1)
Ilyers H [gy] (x, p) — rmagkas BemecTBeHHasA QYHKIHA.
B umepBoM mpmbGamsenma mpa kb — O mosydmM ypaBHeHEE

_a_g;_. oH [gh] ( )6gh angh] ( )
at
[gh]

—W(x’ p)gn+ O(h) =

0gh

Mu DokaykeM HMKe, YTO IOHHMAaeMHH B HeKoTopoM 0600-
IMEeBHOM CMHCIe Ipefes

&o(z, p, t) = lim gy, (z, p, 1)
h—0

VAOBIETBOPAET HpefeJbHOMY YDaBHEHMIO

980 1 Ao(8or )80 =0, (2.2)
rae
_0H[g] o oH [g] o 0*H (g}
Ml )=3"3 "3 p  axdp °

910 yTBep:KmeHEMe OymeT HHUKe MOKasaHo 0e3 orpaHEYeHAS
o0mMBOCTE JJiA OWEpPaTOpPOB ¢ YHATAPHON HEJMHEAHOCTHIO
9acTHOr0 BHAA. YpaBHeHme (2.2) HaB0BeM 0006WeHHYM Ypas-
HeHuem Buaacosa.

Xapaxrepuctakn X (z, p, t), P (z, p, t) Ana ypaBHeBHA
(2.2) sagaror oToGpaskeHme

Ty (=, p) > (X (z, p, 1), P (x, p, 1))



obnactm dasoporo mpocrpamctBa Ry X R} m coorBercTBy-
omee oTroGpakeHme rIagkAX GYHKOuii Ha 3ToM o0KacTh:

(TH@, p) =F(X @, p, ), P(z, p, 1),

YRooBaeTBOpAKmeEe YpaBHEHAAM
LT = THHIT) %@ p, OL /), Tof=1, (23)

rae {k, f} osmawaer ckobky Ilyaccona
ok of ok of

Bsaas B kagectse pyuruana f B (2.3) KoOopAUHATHRE (YHK-

g z = (zy, . . ., &) WA p = (py, . . ., Pp), DOIYIUM CH-
CTeMYy YpaBHEHHH
d p  OHITY) gl p, O] o
Wl"txj = t 0,,3 (th, P[p),
d BH [T go(z, P, O)] o -
= Tipi = — S (Tez, Tip),  (2.4)

j
T ;a: =z, F;p = p.
Ilycrs cymecTByer pemenue
Tiz=X(z, p, t), Tip =Pz, p, 1)
aroit cacremu. OroGpaskenne I‘,,noqumIHO, ABJIIACTCA KaHO-

HUYECKUM OTHOCHTENbHO opmer D, dz; /\ dpj, a orobparente
i=1
I} YHEMTADHO OTHOCHTEJBHO CKANAPHOTO IPOM3BE/EHHA B
L2 (R™).
VumrapHoe oTo6pamenue I'; ects mpepnean mpu b — 0
yHATapHOTO 0TOoOpaskenma U, ,, yHOBIETBODAIOMETO CHCTEME
ypaBHeHHH

LU (3) = Unn[H Uhenta, 0, 00, (5)} @29)

(Bcero smech copep:xurca 2n ypaBHeHWM, OTBEYAOIHX KOM-
x
DOHEHTAaM BOKTOP-CTOJN6IA ( b ) )-

*
OrMernM, 9TO0 KaHOHMYeCKoe orobpaskeHme I'; coxpaHser
ckob6ky Ilyaccoma, a orobpaskemme U,; coxpaHser CKOOKY
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{k, f}n, HEAYOEPOBaHHYI0 Ha IPOCTPAHCTBE CAMBOJOB OIe-
palmedi KOMMYTHDOBAaHHS B LPOCTPAHCTBE OIEPATOPOB:

def i A A
{k$ f}h = 'h_smb [k'r f]'

B nmpepene npn 2 — 0 cko6ka {-, -}, mDepexoamT B cKOBKY
Ilyaccona.

2. Oneparop ¢ yHmTapHOii HelMHeHHOCTBIO CHENHUAIBHOrO
pufa. B 5TOM DyHEKTEe MEI YyCTAHOBEM CXOAMMOCTH pPEINOHAA
gn ypaBueHEmA musa ¢yukmum miaotrroctn (2.1) K pemenmio
g, obo6meHHOTO ypaBHeHAA BiacoBa B ciIydae omeparopa
¢ VHATapHO® HeJIMHEHHOCTHIO cOelmasibHOro BuAa (CM. ompe-
nenenune 1.2):

2 1
H Y] = (x, — ihd]dx, t, h; [P])$.
Paccmorpum sagagy Homm

a
%n - Mu(gn D8 =0, g (z. 0 D)o = palz,p) (26

rae

— T« — 1h0Jop, p,t, b €I (2.T)

a ¢yexunaa ¥ (z, p, t, h; [gl) onpenenena B (1.12). Ilpen-
OONOMAM, UYTO (QYHKIHA O, CXOOATCA B OPOCTPAHCTBE

CoGoaeBa W3, s >0 k dunaTHOIM 0606menHOH GYHKIAHM P,.
BuGepeM 3Ty mpefelbHY0 PYHKIMIO B KadecTBe HAa9aJIbHBIX
JaHHHX A1 ofobmeHHOTo ypaBHeHAA Biacoma:

g
?i‘q +Ao(gnt) 8 =0, g, (z, p, 0) =p,(z, p). (2.8)
Paccmorpam cacreMy xapakrepactak A (2.8) (em. § 2 ra. I):
X a .
—r (o )= %(X (z, 0, 1), P(z, 0 1), 8, 0; [X, P, po]),

(2.9)
P (a0, )= =2 (X (2, 0,1), P(z, 0, 1), 1, 0; [X, P, pu)),

X(z, ®, 0)=13, P(2,0,0)=o0,
rme (z, ©) € K, K — xomoakt 8 R*" (cp. (1.13)).
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Homnakr K BnifepeM Tak, 9T0GH OH Cofiep:kall HOCHTENB

¢ysxnmn p, m Bocurean supp L (z, p, ¢; y, &, h) Bcex Ppynk-
A3
nEit L, or XoTopHX 8aBHCAT muTerpaix B (1.10).

IIycts pemenme cmcreMul xapakrepmcTEk (2.9) cymect-
ByeT Ha HekoTopoM orpeske { & [0, Ty]. Ha Tom »xe oTpeske
cymecTByer pemenmEe g, (z, p, f) sagaum Komm (2.8); aro
pemenme sapgaercs QopMynoi

§fgo @, p, O @ (z, p)dzdp =
= §§py (2, ©) ¢ (X (z, @, #), P (2, 0, 1)) dz do,
9 < Cs (R¥).

Teopema 2.4. Hyemov cumeon F (x, p, t, h; lgl)
co ecemu npoussodHmmu pacmem npu | p | — oo He Guicmpee
€ +|p™, onepamop

2 1
FH (x, —ihdloz, t, h; [g])

camoconpaxcer ¢ L* (R") u navarvhvie danHvie 3adayu (2.6) cxo-
dames e W, (R®™):
Pn = Po npu h — 0.

ITyemv pewenue
&h (’1 M) t) 55 W2—8 (Rzﬂ)
aadauu (2.6) cywecmsyem na nekomopom ompeske t = [0, T\l C
clo, T)u
sl'llp é:lgpnﬂ gn(sy +» t) "Wg‘(n"‘) < const, s >0.

ITpu smux ycaosusx gﬁyum;ua naomuocmu g (+, -, 1)

pasnomepro cxodumes ¢ Wi (R na ompeske t < [0, T,]

k pewenuio g, (-, *, t) 3adauu Kowu (2.8) daa o6o6u4,enuoeo

YypasHerus B.wcoaa, sdeco r>s+m+ 1.
OHoxasaTeabcrTBo. Brurem (2.8) m3 (26)‘

d(g
—"—— + An(gn t) gn — Ao (gor 1) g0 = 0.

Ilocae To)xmecTBeHHEIX IpeoOpasoBaHAN HOJAYIAM ypab-
HOHHE

V]
En 8 4 Ao(Eor 1) (gn—£0) +

(Ah(gru t) — An(8os t)) 8n + (An(8os t) — Ao (g0, t)) 8n = 0.
2.10)
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Teneps 3ameTEM, 9TO

(An (8o 1) — Ao (8o, 1)) &n = (— ih) f (1 —7)dr X

n 1
2
« 3 [ (b ek e 22

2 2 2
o 3 oz o9 1 . ) }
—3;;%7,%,??,-(””-1’%7'1"“"’ (6ol Jén] -
(2.11)

IlpeoGpasyem Ttaxe Tperse ciaaraemoe B gopmyrne (2.10):
(An(gn t) — Ah (80 t)) gh =

1
gdrgdpz 3 (2 (5 p— ey

j=1k=1

1
pa (x,p—ih‘ra—x,t; [gn])-f-(i—ﬂ)x

X a (;, p— ihfﬁl%;, t; [gO])> [Sg (gh(yr & t) —go (¥, g, t)) X

9y (@ pyt)
Oj

—_f 3 >
< L® (x p—ikt L, tiy, E) dydﬁ]

2 2
»H .9 1 . LD . )
- 3"’53“;, (x - lh‘r‘gﬁ » Py by h; na ($ -— lh‘[,'g]—) y p, t; [gh] +

+(1—P)a( ihv ; Pt [gol))
X [S& (8n (¥, &, t) — g0 (¥, &, 1)) X

T (e d ;
x L® (x —ihT 5>, Py £ Y, E) dy dg] 37,8 @ Py t)] . (2.12)
Beegem Goaee mpocrhie 0603Ha9eHHMA:
a = (:L‘, P)’ ?' (a) = (X (av t)7 p (ar t))
Topcrasans B (2.10) dopmyan (2.11), (2.12), moayuam
a
55 (&, — 8o (v (@), 1) +

+\ 0nta, &, 1) (g, — g) (' (@), £) 48’ + (— ih) Fy (&, 1) = O,
(2.13)
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rae . .
Qh (a, d’, t) = IL ('fi (d'), Z h)th (79 t)]y=y’ (@)’

Fo(a 1) = [M(t, 1),8, (0 D]t oy (2.14)
a omepatopn L m M nmeior BH[

1 1
, _ L2 9 a\"
L(1\t, h)Y_I’éoLﬁ(y,*(,—zha—T,t) (&)
: 2 3 0\"
M(t, by, = l§=oM"(7’_m3"f_' t) (57) ;
n = (ny, ..., Ngp) — MyAsTAEHAAEKC, L., M, — HeKoTOpHLIE
rnafkme Gymrunu; dynkuua L. (y', y, 8, {) ¢mEarHa mo y’
(aBurtit By L. m M, Momer GhiTh JierKo Haifmen m3 (2.11),
(2.12)).

B pesynbrate mmrterpmpoBanzma (2.13) moaxygaem
t

(6n — 8 (1 (@), 1) = exp {— § 0w () dt} (0, — o) (@) +
0

t t
+ ik exp {— {onm d-r} F (@, p) dp,
0 i

rae wepes Q, (T) o6o3HaYeH HHTETpaJbHLIHA omeparop B (2.13)
¢ agpoM Qj (a, &', 7). Orciona maa xawboir ¢&= Cy (R¥)
MOAYIAM

S(gh—go)(xv Db, t)‘P(v’U, p) dx dp ==
= S(Ph — Pg) () W, (&, t, k) do + ik SlpM (@, t, k) da, (2.15)
e

i
¥y (0 £, h) = OSdugh (o, 1) (M (Y@ (¥ (@) + ,,

oo T2

t 1
+ 2 (— 1)kgdugdrk. . S drig, (@ p) X
k=1 o P u

X (M (W)@, (Y H (@), Tay o o1 T 8y R)),

) t Tk
'lPL(ét, L h) =1 + 2 (— Dkgdrk S drk—l' v
k=1 0 0

.o .S d‘flq)k (Pr'fx(a), Tl" ooy Tk’ t, h).
Q
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3aech

(Pk(T’Tlv' .y kvt h) S..'Sgh(dl’rl)"'gh(ak’fk)X

X D (Cgy ooy Oy Tayvees Ty Yo by R)ddly .. doy, (2.16)
npageMm
D (g« v oy Oy Ty ey Ty Yy £y B) = L (7, Ty, R)g, X
X Dpg (Olgy v v vy Oy Tag e v oy Ty TH L (), 8 R) (B=2,3,...),
@%wmwm L(y, T, Wa (1™ (), 1, B)-

U3 ar1oii pexyppentHoit dopmyns gas Dy monydaem OLEHKY

Pai Sl(%)m(ﬁa&)lq’k@v”w“k;fn---,'vk: Tty B) [P da <

Y, T, L0
K2
<(C) n(P”W; (R2n)’
rge C — Hekoropaa KoucraHTa, [ = (IO, . ., 10) m |m]|,

P=0,1,...,supm j=1,..., k.
Kpome toro, mo ycioBuio

sup s \su\pTo lg, (-, 0] s ey < const.

Taxkmm obpasom, ectm ¢ & W; (R?), 1o m3 (2.16)
mONyYaeM OIeHKH

sup KSPSPTO | S Py (@ 2, B) dal < const,

h o<t<Te «

( aa) P, (a, 2, h)lgconst,|m| =0,1,2,...,s.

Temeps yrBep:menue Teopemsl cienyer u3 (2.15) m cxo-
OAMOCTH Q) —> Qg

YrBepsuigenne TeopeMir 2.1 MoxHO0 0600OIATH CIEeRYIOIMUM
obpasom. IlpenmosokuM, 910 HaJadbHEE JaHHHE JOMYCKAIOT
pasioskeHue OO CTENEHAM %2 B aCUMITOTHIECKAR DPAN

N—1
mwm=mwm+§odwmmm+
+ (—in oy (x, p, h),  (2.47)

rae P, P - - -, PN — HeKoTopHe o6o06meHHHle PyHKIHEM M3
w.* (R¥).
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Ecam sionyuats pemesme aumb ¢ Toumocthio Ao O (AY),
T0 B KauecTBe HAaYaJIbHHIX KaHHHX 8afgaum (2.6) ecTecTBeHHO
B3ATH JHIb DepBre N uinenoB pasnoxenmsa (2.17), or6pocms
ocratok (—ih)Npy.

IlpegmomoxuM, 970 MK HAIIVIA aCAMOTOTHYECKOE PEIIeHHAO
ry (z, p, t, h) «ykopodenHoi#» samagm Homm (2.6), T. e. 3a-
gava

or 2 3
—iha—?—!—%’(x, p—ih -;—z, t, h; [rN])rN—
2

— 1

—H (x — ih%, p,t, B [rN]) ry=(— ih)NQN (z, p, t, k),
(2.18)
N—1

ry(@ b 0, By = D) (— i)', (z, p),

k=0

rie (N — HEKOTOPHIl O0CTaTOK.

Ilopcrasum ¢pyHKUAIO ry B caMBox FZ (z, p, &, h; lghnl)
BMecTo QYHKIEA MUIOTHOCTH g;. Bo3HEKaeT BOIpoC, HACKOIb-
Ko camBon 5 (z, p, t, h; [rn]) oTTE9aeTCA OT AHBEHHOTO CAM-
Bona omeparopa H B cocrosHum 1, eClE ) — peIIeHWe 3a-
naua (1.5), ymoBmerBopsAOmEee YCHAOBHIO Ly, h)) = Oh.

MoHo 3TOT BompoC mocTaBuTh HMHaue. IlycTs, 3Haa caM-

Box FZ(z, p, t, k; Iry]), Mu mocTponim acmMuTOTHYECKOE pe-
2 1

menue (ImBeiiHoit) 3amaum Homm paa omeparopa 7 (z, p,
t, h; Iryl), 1. e. Bamna Takyo ¢pyEKmEL YN (z, f, k), ITO

., PN w21 N )
— ih—— 4 F (@, p, t, i [Ty]) by = (— ih)" An (2, 1, h),
(2.19)
YN (.27, 07 h) =P, (x’ h’)7

7

{
rae £y — HeKoToDHit ocraTok. DyHkmEA Py GymeT Takie
aCHMITOTHYECKAM pemmeHHeM HCXOAHON HeJddHeHHON 3agaum
Komm (1.5).
Jdenwma 2.4. Hyemsv Qn (z, p, t, h),

oy (@, Py B),
def —
In @, Dy by h) = [BN(x, 8, ) Yy (ps 8, R) +

»|3

—_— -
+ by @t h) By (p,ts i) € 7 (2mh)



ozpanunens ¢ Ws' (R*™) npu h — 0. Tozda

. 6\[) r - 2 1
— th—2- + H [$y] = (— ih)" Py (2, p. t, B) Py
'llJN (Z’, 07 h’) = ‘Po (Z’, h)1 (2'20)
20e cumeon neeasku Py (z, p, t, h) aseisemca aradroli Pyrk-
yuell cmeneHHo20 pocma nNpu p —> oo.

HJorasarteascTBo. Ouengmo, ¢yHKmEA Py
yI0BIETBOPSAET YpaBHeHHAIO

P 21 2 1
—th T H (@, Bt B a2, ot o)) —

N 2 1
— (—ih) " bn (z, p, 85 R) Yy =0, (2.21)
rae
o\ (z, p, t, ) =

~ oy @ &t IO @, p, iy, Ddydt, k=1,..., M,
a rl)ynmma gN ABIAETCH pemelmeM 3ajgaun

—zh +9€(:¢ p—-lh— t, h; [rN])

7 , 6
—%’(:v—-thﬁ,p, £, by [rN])qN=
= fN (z, p, t, h) - QN(xv ps i h)y
a~ (xv D, 01 h) = PN (I, D, h)

Pemenme sToi (nmEeiiHOi) 3ajaum orpaHmYeHo B W,
opr kh — 0. 910 NOKAa3HBaeTCA AHANOTMIHO Teopeme 2.1.
ITosroMy m3 (2.21) caengyer yTBepiKEeHHE JEMMBEI.

3amegarnnme. CHoco6 mOCTPOEHAA ACAMITOTAYECKHX
pemennii (2.18) u (2.19) 6ymer moapoGHO paccMOTpeH B cile-
AYIOUWEX riaBaX. YKajkeM 3/IeCh JHMb Ha TO, YTO pelIeHHMe
rN HIOETCA B BuJIE PEryJAsAPHOTO DANA OO CTemeHAM h:

N—1
ry@ pt )= 2 (—ik)'r® @, p, 1),
k=0

a pemeHme Py — B BAJle AHAJOTHYHOLO PANA, YMHOKEHHOTO
Ha OCHALIADPYIOILYIO axcuonen'ry'

by@ by =e" 2} (— in)’o® (z, t).

k=0
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ITo atoii mpuunue iA oumeHKH ocratka B (2.20) cymectsen
pocT cuMmBoia Py IO aprymenty p — oco. Ecanm

@ pEa)|<CU+[pD U+ al),
3ug>|L<"> @ ptyE|<CA+[p)hm,

TO

'gDN (z, p, ¢, h) l <C 1+ lp])k+(l+1)m.
CrnemoBatenbro, ocTaTok B (2.20) nMeer onenky

. 2 1 C
[Py @ bt W) ¥y | < e -

IToaToMy, ecim mOPAJOK acMMOTOTHKE [N JOCTATOYHO BEJHK,
npaBaa dacts (2.20) mocrarouno masa upm h — 0.

TaxkaMm o0pasoM, [jig aCHMOTOTHYECKOTO peINeHMA HEJNd-
weitHo#t 3amaun Homwu (1.0), mavanoume paumme ¥, (z, A)
KOTOPO# NOPOJKAAIOT acuMOToTHdecKoe pasnoskenue (2.17)
GyHKIIK

n

on (@, P) = Vo (@, W)Yo (0 R) e * " (2mh)” F,

DOCTATOYHO PEemATHh PeryisApHyo 3afaqy (2.18) m nmueiinyio
samagy (2.19).

B rx. IV, V oror npmem Gymer mcuoib30BaH B KOHKDET-
HBIX 3aJadax.

§ 3. KeauroBanne KuHeTHYeCKMX ypaBHeHMik

1. ReanroBanme Ieiizendepra. B mpepmsiiymem maparpa-
de OO mOKa3aHO, 9TO KHHETHYeCKoe ypaBHeHme Bmacoa
ABIsAETCA KiaccadecKkaM npenesoM (b — 0) HelmHe#HOTO KBaH-
TOBOTO ypaBHEHHA MJIA Marpuubl mwirotHocTH (2.6). Oxrass-
BaeTcs, 4To W 00paTHO — IponeAypa KBaHTOBaHAA ledsen-
fepra mo3BOJIfET HOJAYYUTh K3 KHHETAYECKOTO YPaBHEHHSM
KBAaHTOBHE HelWHefiHble ypaBHEeHWA.

Pacemorpum 3amagy Komn ia KuHeTwyecKoro ypaBHEHAA
Bnacosa:

o, I ad
‘?;’," + %(«’r, Pt lgol)%‘;? —a—if(x, Pt lgol)g%’ =0,

go(z, p, 0) = po(z, p),

Tie P, — BemecrBeHHasa Qyurums, 7 (z, p, t; [g,)) — raag-
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Kag BemecrBeHHasa ¢yHKmma IaMmIBTOHA, HHTErpaJbHO
3aBHCAMASA OT g,. ITO 03Ha"aeT, 9T0 F¢ ecTh riafikasa GyHRIUA
OT MHTErpajioB BHJA

Sy ats. .. ayn denV @, p, ti v, .
LI y;m gl'l ce ey gm) go (ylv glv t) LU go (ymv gm'l t)?
KOTOpbIe MBI 6YI[0M KpaTKO 3alOHCEIBATH

5 5 dy deV (z, p, t; ¥, £) &, (¥, & ). (3.2)

3necr dyuruma V (z, p, ¢; y, &) BemecTBeHHa W (HHUTHA IO
(y, &). Ilpenmomnoskmm, KpoMe TOro, UTO Bce NPOM3BOJHEE L0
(z, p) dyukumn % (z, p, t; [g,)) Bxomar 3 L? (Ry X Rp).

CpoenaeM B rakmom mHTerpate (3.2) szaMeny mepeMeHHBIX

y=X(z o, t), Et=P( o1

¢ AKoOHAaHOM, paBHHIM eJWHHUIE, M B3aMeHHM QYHKIHUI g,
Ha P, (z, ®). B pesymprate muTerpax (3.2) mpmMeT BHR

§§dzdoV (z, p, t; X (2, 0, 1), P (2, o, 1)) p, (2, ®). (3.3)

O6osuaunm gepes 7 (z, p, t; [ X, P, pol) dyuruuio, nonyans-
Iy0CA IOoCHe 3aMeHHl Kajkmoro muTerpata (3.2), BXopgAmero
B % (z, p, t; [g,)), Ha mHuTerpax (3.3).

CucTeMa XapaKTepHCTHK Ans 3amadum (3.1) mMeer BH[

X

S =Z X, PG IX Py X(z0,0=1,

P 5% (3.4)
=" 3 X, P, [X, Pypg)), Pz 0,0)=o.

Keanmosanuem Ietisenbepea (ypaBHenmit (3.4) nam (3.1))
HA30BeM CllefyiolHe MpPaBHJa COMOCTABIEHHA KIAaCCHICCKHUM
BeJMUAHAM KBAHTOBHIX OLEPaTOPOB, 3aBnoamnx oT uapaMeT-
pa h= (0, 1).

I. Knaccmaeckmm — Xapakrepmeraram X O) (z, o, 1),

P@(z,0,1),j=1,...,n, conocraBuM cemeiicTBa caMocomps-
K HHBIX onepaTopOB X, (t), P, (®) B L?(R") ¢ wommyrTa-
OO HHKIMY § COOTHOIIE HAAME

(X (1), PP (£)] = ihSj;
N Pa o o k
XV @), X o =12 @), PP 1 =0.  (3.5)

II. Kasxnoit BemecTBenHoil ¢yuxmuu f& L2 (R?),
f=7f(x, p) comocraBEM CcaMOCONpAKEHHHH oIepaToOp
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Taas6epra — Mmanra

FX(t), P (t), h),

I

]‘(Iv 14 h) = exp {(-zih) g ax:;pk}f(z; P)-

II1. Havanbmoit pyarman p, (3.1) comocTaBEM HEKOTOPHIH
caMoconpsiKeHHHE omeparop [masGepra — Hmmpara P
8 L? (R"), a xaxnomy murerpany Bmaa (3.3) — cramrspuoe
mpomssenende B mpocrpamcrse Immmra H, (LP):

2 1
\V (X, Py, — @by tr [V (X, B YD1 (3.6)
IIpeoGpasyem kampment murerpai (3.3), sxondiqmit B yHK-
nmo 7 (z, p, ¢ 1X, P, p,]) no npasmny (3.6). Tloaysmm ne-
roTopyw HoByl dymxmmio 37 (z, p, t; [Xh, Py, pnl). O6o-
3HAYAM
'-%,(x’ Dy t, h; [Xh’ th ph]) =
— ik

= exp {( zt )Bzaap} H(z, p, t; [Xh, 2 Pn])

Knaccmueckas cacreMa xapakrtepuetuk (3.4) mocie KBaH-
rosamms I, II, III mepeiiger B cmcreMy omepaTOpHEIX ypas-
mennit ['eitsenGepra

X
_‘f_d';_(‘)_ 0% (X (®), P,,(t), t, h;[X,, P,, onl):

F G
@ == ?;(Xh(t)' ﬁh (t)’ ¢ h, [th ?ht ph]).

ITycts mHaiineHo pemenwe ypasueHmit (3.7) ¢ HawaJIbHREMA
NaHHKMHA, YNOBIETBOPAKIAME COOTHOINEHHAM KOMMYTANAR
(3.5) (upm t = 0). Torpa coornomenua (3.5) ocraorca cuopa-
BeAJABEIMA OpPH BCeX I.

ITo Treopeme HeiiMama cymecrsyer yHATADHHA omeparop
U: 8 L? (R") raxkoit, ugro

N _ A _ ., d
Xh(t)=Ut 1'Un Ph(t):‘Utl(_lhE)Ut'

MosxHO BHOGparh U; Tak, 94T00H GHUIO CIpaBeIABC ypaBHEe-
HHE

zh——«]—.%’(x zh— t, h; [ X, P, p,,])U,_o



[Tyero

def ~
g, (z, p, ) = smbU 0, U;".
Torna

2 1 s
@rh) e [V (X, Py, ) p,) = S V(& h)g, (& t)dy dt.

Orcroga @ n3 yeMmbl 1.1 DoJy9uM psAK DPOCTHIX CIeACTBHIA,
KOTOpHE MbEl CPOPMYymHpYyeM B BuJe ABYX JeMM.
Jemma 3.1. DQyuryus g, ydosremsopiem ypasHeHUIO
oan Pynryuu naomuocmu:
g 1

. agh 2 7 0 N
_lha—t—[-%(\x, p'— lh‘a71 fv hi [g],'j)gh-—‘

— 3 1
—.7£(x—ihw,p,l, h; [gn])gh= 0. (3.8)

ITpeamono:KuM Temepb, 9TO HadYajdbhHHIE NTAHHKE CHCTEMBI
(3.7) mmeror Bum X, (0) = z, P, (0) = —ihd/0x, a omepa-
top Pn B LIl pmeficteyer mo dopmyie

?)],U = (2nh)—n (7), wO)L'wO7

e P, = P, (o, b)) & L2 (R?"). B »sroM caydae H3 ompefie-
aeras Gyuxumu g, (z, p, f) DOTyIHM cIenyloliee yTBepiKMe-
HHAE.

Jemma 3.2. Dynkyus g, umeem 6ud Pyrkyuu niom-
Hocmu

1
g, (@, p,ty = 2ah) ™ (z, t, B)b(p, t, hye Ty (3.9)
20e Pynryua \p asisemcs pewenuem 3adavu Kowu das onepa-
mopa ¢ YHUMAapKOoh HeAUHelHOCmbIo

1

—in 2 —1—{«'}5(3:, Ltk (1) % =0,

VP (z, 0, ) = wo (x, h).
3decv cumeor F (z, p, t, h; [pl) nosyvaemes us dynryuu
—_— 2
exp{ zih a:a p} H (x, p, t; lg,)) sameroti ramdozo uwmes-

paaa euda (3.2) ma ummezpaa

(3.10)

2
Stb WtV (z, p, t; y,— ik 5/ay, k) (y, ¢, k) dy,
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2de

h
Ve p iy b ) = exp {5 5T V@ op i B

Takmm o6pasoM, or ypapuernusa Biuacosa (3.1) m cmcremun
ypaBHeHA# XapaKTepHCTHK RIaA Hero (3.4) Mn Hepemun
¢ noMompbio npaBma keanroagma 1 —III k kBaETOBEIM ypas-
HeHAAM:

— cucreme l'eitsenbepra (3.7),

— ypaBHeHHIO [iA (yHEmEE miotHoctH (3.8),

— ypasmernio lpegaurepa Au1A raMAibTOHHAHA C YHO-
tTapHo#l HexmmeitHocThIO (2.10).

2. PaznocrHoe xsantoBanme. OTMeTHM eme OJUH CMOCO0
nmepexofa ot o6o0menHoro ypaBHeHnsa BiacoBa kK ypaBHeHHI0
0 (QYHKOME DIOTHOCTH.

Iyers H — mexotopoe otoGpaskenne L® (R¥) B S~ (R¥),
npmdeM misa a0boit yukmum ¢ E Cp (R?') oroGpaskenne
g — oH [gl aBugerca rmagrum B L* (R?"). Hanomumm (cm.
§ 2), uro 0000meHHNM ypaBHeHHeM BiacoBa MH Ha3eIBaeM
cleqyiomee YypaBHeHHe:

0go +3H [30] (=, p)0go _ OH [go] (=, P) g, .
oz ox dap
?H 8 .
_ _Iag___;]a(: g =0. (3.41)

Tlycts @ (z) — aHanmTHYecKaa QYHKOAA ABYX KOMILIEKC-
HHIX HePeMeHHBIX 2;, Z,, PACTymasd Ha BeleCTBEHHOH IIO-
ckoctda Im z, = Im 2z, = 0 me GwicTpee crenmenu. OGo3HaTEM
z = id/dp, P = —i dlox, m nycTh

%x(z, y, p, & lgl) =D (§z, yp) H (gl (x, p).

Paccmorpum ciepyromee 0606111e1me ypasuennsa (3.11):

3,‘;0 + %(xa J,', Pv p7 [g,)) g0 = 0. (3.12)

B cayuae D (z;, z,) = z; — 2z, ypaBuenme (3.12) cosmagaer
¢ (3.11).

"B o6meM caydae cumBoa D HazoBeM npoussodauum cum-
sosom ypaBmenus (3.12). Pasnocmuum keanmosanuem Ha-
30BeM Clefiyomee mpeoGpasoBaHme NPOU3BOJAMEro CAMBOJIA:

-ihz; — 1 —ih22 — 1
(I)(z)—>(I)h(z)=CD(e — — )




3neck A — HeroTopHiT BemecTBeHHHIH mapamerp. OdueBmpHO,

}lim D, (2) = D (2).

PasnocrHoe kBanToBanme @ — D), mepeBogUT ypaBHeHHe
(3.12) B ypaBHenme

agh 2 2 1
+ %h (x’ x1 v P [gh])gh = 0 (3'1’3)
rae
Rh (xv Y, D, E; [g]) = (I)h (5‘57 I/ﬁ) H[g] (.73, p)'
B caywae nponssonsmero cumsona D (z) = 2z, — z, KBaH-
tToBaHHOe YypaBHenume (3.13) mmeer Bup

1

2
(— i) k4 H1g,] (2= p— ih) g —

2
g 0 1
—H [gh](x—zh;g, p) g,=0.

Taxkmm o6pasoM, pa3HOCTHOe KBaHTOBaHNe IePeBOJMT YpaB-
nenne Biacosa (3.11) B ypasHenme i (YHKOUHA IIOTHOCTH.

WNnTepecHEM CBO#CTBOM PpasHOCTHOI'O KBAHTOBAHHA sB-
JfAETCSA BO3MOKHOCTH €ro BTOPMYHOro npumeHeHmsa. Ilycrs
0 eme onuH BemecTBeHHH mapamerp. PaccMoTpuM «BTOpHU-
10e» Pa3HOCTHOE KBAHTOBAaHHE:

1021 g 1072 __ 4
m,t(b)_>cb,,.,(z)__cbh( — — )

—i0 — i

ITycrs
%in,0 (.1‘, Y, D g; [g]) = th,B (E£7 yi)) H [g] ("L’, P)‘
«BTopnYHO pPa3HOCTHO KBaHTOBaHHOE» ypaBHeHHEe NMeeT BHN

3gh 9

+”h 9(.2',5(«' p,P, [gh el)gh ] = 0.

YxasaHHHI MeTO[ KBAHTOBAHAA MOKeT GHTH NPAMeHEH MHO-
TOKpAaTHo.

3. Yacrmunoe xBamToBaBHWe. B KawecTBe mpEMepa MCHOJb-
30BAHAA METOJ0B KBAHTOBAHAA W3 O. 1 mOJyYMM ypaBHeHHA
JJA CHCTeMH, COCTOAImMEH M3 NIBYX dYacThi — Jerkoi (KBaH-
TOBOH) ®W THKeJIOR (KIACCHYeCKOH).
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PacemorpuM ypasmenma Hbrortona

. ov .
€T = "':9;'(5" ), Zl_y = %o $|t=o = Py

(3.14)
. oV :
4=—77@ 0 g =9 Glmo=5%

e Zo, po & R, go, & E R .

IlpokBaHTyeM 3Ty cHCTeMy IO IepBOIl rpynme IepeMen-
HHX z. [{us osroro BHoumeM cHcTeMy ypaBHeHuil Baacosa,
otBedaomyio (3.14):

0 6 6 0V ’ ’ ’ 1 e
S pg%—ai;SSg(x,q)fo(q,E,t)dq &' =0,

I e 2B @ e, pndedp =0,

8o (1'7}71 0) = 6(‘1"_1:0)6(}7 —pO)v
fo (y, & 0) = 8 (g — q0) 6 (8 — &)-

ITpokBanTyeM OT/eJbHO HmePBOe ypaBlieHHe CHCTeMH (3.15)
no upasmiaM n. 1. Ioxyaum
1

do 2 F] \
. 5h .
—ih —* -+ H (x,p—zh o t)gh—

(3.15)

2

—H(x—ihi,};, t) g, =0, (3.16)
.afo+§a—f1——a—é—gg (@', 9) g, (', p's t) dz’dp’ = 0,

rue

Hw p, ) ="55 4+ (V@ ) f0(0, 80 dg'a.

Hasa Toro uTo6H peirenme g; cacTeMsu (3.16) cnaGo cxonmnock
K g, mpu h — 0, Hy;kHO moTpeGoBaTh, YTOOH B HAYAJbHEIA
MoMeHT QyHKuEA g (z, p, 0) cxabo cxommnacy k8 (z — x,)-
8 (p — po)-

Ypapaesns (3.16) sABAAKTCA HCKOMEIMM YacTHYHO KBaH-
TOBAHHHME ypaBHeHHAMA. MojKHO mepenmcaTh HX B BHAE
ypapuermit llpegmurepa 1 Houlotona:

‘Pn

— th—r th‘l’h + 'll)hV (= 9 t) = 0,

. 3.47)
q = S'b;' (x,’ q) l ‘ph (xlv t) l2 dx,7



npueM
i

lim ()™, (2, ) Pu(p0) e T = 8(z —20) 8(p — B,
—0

q(0) =g, ¢(0) =E,.

Ipu stom dyuriumsa g, u3 (3.16) aeBamercs dyHKumeil miIOT-
HOCTH, OTBeualome#l Y.

PaccMorpaM Temepp Gosnee obmyio cmcTeMy ypaBHEHMI
Burxacosa
F41 0H 0F, O0H1 8k, dFr ¢ Opr, .
ot T op ox aw op T op R:m—f,?(z,y,&)x

X Fy(¥,8,0)dyde=0,  (3.18)

aFs 0H> al2 0H2 8/2 0ks ( 0p2 , . .
AR ) \ G wia )«
R.l

X Fy(z,p,t)dzdp =0

rne z, p&ER", y, EE R", a Hy, H,, p;, p; — 3aTaHHbIE
BemecTBeHHble QyHkiAn. llocTaBEM HEKOTOpHE HAYAJbHEE
YCI0BHSA

Fl(zi P, O)=F10(x) P), Fz(% E‘l O) =F20(y’ §)~

IlpoxBaHTyeM mepBoe ypaBHeHue cucremsl (3.18). Anano-
rMYHO OpefHAyIeMy OpuMepy moayaum ypaBuenue Ulpe-
OUHTepa

2 1
—ih%-l-ﬂl(z,—ih% ) P+
+o{ @y O F (.8 DdydE =0, (3.19)

opudeM HadaldbHEIE JaHIUbe P, (2, 0) yIOBIETBOPAIOT Cley-
OIMEMY YCIOBHIO:
n i

. -5 - %P =

lim k) * ¢ ™y (@, 0) (P, 0) = Fuo . )
(apepen Gepercs B mexoropom mpocrpanctee CoGomeBa W;°).

Bropoe ypaBueHme cmcremn (3.18) mocie Takoro KBaH-

TOBAHHA TepeileT B cCleXyiomee:

afa + 8Ha 012 _ 0H2 012 _
at 9t 9y oy 9%

1
2
_ a? S%(x’ ) Z;;z (v:2, —ih%) ¥ (2, t) dz = 0. (3.20)
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Cucrema, cocroamas u3 ypasmenmsa Ulpemumnrepa (3.19)
7 ypasHeHEs BumacoBa (3.20), sBiseTcst pea3ynabTaToM dac-
TAYHOTO KBaHTOBaHmsA cmcreMH (3.18).

MoxHO TakKe DepemnmcaTh ypasmeHme (3.19), BBens
xapaxkTepucTEKE ypaBHenmsa (3.20). B peaynsrare M npu-
IeM K clefymommeill cmcreme:

2 () + 0 o1 (55 Yo 0,50,
‘—h (y, g: t)) F20 (y, g) dy dg = O’

oY 3H
_6Th == (YnBut), Y,§0=uy
2%1‘. = aHz (Y’H =hy t) - %ﬂ/h (x t) X
1
ap2
X—[—(me,—‘ )%(x t)dz,
B (y1 g, 0) =

IIpmmep 3.1. UacTuuHoe KBaHTOBAHHE 3JIEKTPOHA
B KJAaCCHYECKOH CHCTEMe DIEeKTPOH — OCHMIIATOPH MOIA.

PaccmoTpEM Kilaccmueckoe NBUIKEeHHe IJIEKTPOHA B JJEK-
TPOMarHATHOM IOJle ¢ yueToM camofeicrsda. IIyers (g (t),
p (t)) — xoopimHAaTa ¥ HMIYJIBC BIEKTPOHA, YHAOBIETBOPSIO-
mue chacreMe I'aMHIbTOHA

i=L, i=—3%; (3.21)
e

H(g p)=9(g ) +|p+A4( 0]3
¢, A = (A, A;, A3) — CKaJADPHHI W BEeKTOPHHIA HOTEH-
OMHAAJE 3JeKTPOMArHATHOTO MOJA. Nmeetr MecTO pa3inoxeHne

p=9¢ +¢", A=4"+ 4"

rae (¢p’, A’) — motenmEann BHemuero mojs, (¢”, A”) — mo-
TeHOWAJIH COGCTBEHHOTO TOJA dJIeKTPOHA. Y PaBHEHHA A
noteng@aioB ¢ (r, t), A (z, t) nMewoT BHQ

He=ad(z—q (), A== —q@), Q22

e (] = W — ¢*A — omepartop [amambepa, ¢ — cKOpoCTB

cBeTa, O — HEKOTOpasg KOHCTaHTa, f = ag.
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Ypasuernus (3.22) 6ymem paccMarpmBaTh Kak GeckoHey-
HOMEPHYI0O TaMIIBTOHOBY cHCTeMY ¢ ¢yukmmeir 'aMHIBTOHA

7 (@, 4,9, 4) =\ { (9P +¢[ Vo) —o0d @ — g () +

3
1 p .
+ 33 (AP + | VA ) —BAS (z — g ()]de.
i=1
TaMmabToHOBO mpefcTaBieHue ypapHenuir (3.22) mmeer
BN
o 0 i _ 7
¢ = 50 A SA - (3.23)
IlpokBaHTyeM 9acTM4HO TepByo0 Tapy ypaBueumi (3.21)

B cucreme (3.21), (3.23). Ilonyunm KBaHTOBOE ypaBHeHHE A
BIIEKTPOHA

—in D (g, 0 inle, ) + | — "‘_+A‘q*t)| X
X (g, t) = (3.24)

B YPaBHeHHA NOJA
3.5 c— 8%
(P'“—Slil’hlz dq, —'S‘ll’hﬁ—A‘Phdq

Hcmonrdya saBHHi BEA (YHKOWE F7, YpaBHeHAA NOJA
mependmeM B CIeAyIOMeM BHe:

D(P = aTPh (z, t) Y (l’, t)?
[]4 = — Re 2iha p,, (x, 1) V 4, (2, 1) (3.25)

ITonyuennaa cmetema (3.24), (3.25) aBisercA HelHHEH-
HEIM ypaBHeHHeM KBaHTOBOI MeXaHAKH (CM. BBeJleHHe).
Taxum obGpasoMm, HeJHHeHHHE ypaBHeHAA KBAHTOBOHW MeXa-
HEKA MOTYT OHTh MHTePOPETHPOBAHH TaKiKe, KaK JaCTHTHO
kBanTosanane. Crano OHTH, UYTOOH MOJYYATH YPaBHEHHE
KBaHTOBOil odieKTpopmHaMEKE (4)—(7) =8 cmcremn (3.21),
(3.23), myxHO cHaYala dYACTHYHO IPOKBAHTOBATH YPaBHe-
sue (3.21) (@aA aJeKTPOHA), M TOJABKO IOTOM HPOBECTH IOJ-
HOe BTOPAYHOE KBAaHTOBAHHE YACTHYHO NPOKBAHTOBAHHKIX
YpaBHeHHI.




FTITIABA III

T-OTOBPAJKEHUE JIJ1 OIIEPATOPOB
C YHUTAPHON HEJIMHENHOCTBIO

B teopnn (eldHMAHOBCKOr0 OMEPATOPHOTO HMCUUC/EHHSA
CYIECTBeHHYI0 POJIbL UTPaeT TaKk Ha3biBaeMHI IpPOmece BHIOY-
TeiBauus qus 7-mpounspefenuii. @opmyas srinyTrsanus QOeitn-
MaHa B HacTofme#l riaBe 0000maioTcs Ha IMMPOKAA Kiacc
T-orobpaskeHnil, B TOM 9UCIe U TeX, KOTOPEE OTBEYAIOT BCEM
paccMaTpmBaeMEIM B BTOH KHHTe YpPaBHeHHAM.

§ 1. Teopema cymecrBoBanma T'-oToOpakeHAsn

Pacemorpum 3amavy Homm ana ciegyromero ypaBHeHUA
C YHHTAPHOH HeJIMHEHHOCTHIO:

— 2D A (2,0) 4 D V@) (1) +
=1

+ D @) e @) |9 (v, 1) Pdy =0,
!

» =1 (1.1)
Py (z, 0) = Poy (), k=1,... m
3mecs Yo = WPy, - - -, Yom) E L™ (R"), a Pynrmmm

Vi, pY) HempepHBHb, OrpaHHYeHH H CEMMETPHUHEL:
T ) IR
V@) =V, ol (zy) = otk (z,9)
Hamomumm, uro L%™ (R") — mpocTpaHCTBO M-MEePHEIX BeK-

Top-VHKOAN ¢ HOPMOH

m

lelr =3 § (v (2) [P da.

i=1
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Amamormuno oitpefiensierca  mpocrpanctso CoBGomesa

WE™R"™) ¢ mHOpMoi
m

o ":V;\m =X "‘Poo'":vg .

) i=1

Bsenem ciaenylomume coxpamexHble oGoaHaweHHus. Ilycrts
Y (f) — ¢yuxknmsa Ha R co smauvenmamm B L%:™ (R")

PO =0 ... u@), v@OE LY (R

IIyers v & L*»™ (R™). PaccMoTpEM HempepHBHYI0 MaTpHd-
HO3HAUHY0 (QYHKOUIO ¢ MATPAYHEIMA 3JIeMEHTaMM BHJa

Vi() + 2 ok ool ay,
l=1

KOTOPYIo MH 0Go3HaumM uepe3 A [v]. OGosnauum wepes A [v]
OrpaHMYeHHHR JHHeiHHU omepatopB L*™ (R"), neiicTtBylo-
muit mo dopMmyie

(;‘i fviu); = 2 A [v]iu5 (i= 1,...,m),

=1

roe u & L5™ (R™. MHcomoakaysa BBeleHHHe 00603HAUeHMs,
wepenmmem 3amady (1.1) B Bmpme

—i Lo -0+ AEOIve =0, (12
P (0) = Po-

Hoxamem, aro pemenme P (f) E L>»™ (R") osroit 3agaun
Komm cymecrByer m 3agaerca I-otoOpaskeHmeM

(&) = (I] Ges (9 (¥)]) [1po]

=0
¢ obpasynomei

G. [v] = exp {ieA} exp {ied [v]}, »& L»™ (R"),
rme A — omeparop Jlanraca.

Iyers § = t/N, N =1, 2, ... PaccMorpum mociefoBa-
TeIbHOCTh (PYHKIUIA

'le,D = ’q’oa
\PN,k+1 = GS [\PN,k] \pN,k, k= Oy 1! LY N —1.
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OGosHauaM Py () = Pn,n. Joxaxem cymecToBanme I-0To-
GpaskeHAA P, —> }}m P (2).

Teopewuma*) 1.1 [17] Hyems py < W™ (R"). Tozda

6 nopme L¥™ (R™) pasnomepro Ha awGom ompeske t < (0,

Tol cywecmeyem npedes P () = lim Py (t), ydosiemsopsio-
N—x

wuti sadaue Kowu (1.2).

HoxasareabctBo. 1) Ilpexae Bcero 3amernM,
4TO IOCJHEef0BATeNBHOCTh {\{n,k} OIPAaHHUEHA DPABHOMEDHO
mo N m k. JleficTBETeAbHO, HMEIT MeCTO PaBeHCTBA

lexp {ied[v]}| =1, |exp{ied}|=1

(HOpMEL BCeX OmepaTopoB — 3TO OGLIYHLIE OIEPATOPHLIE HOP-
mu L3™ — L3™). [HostoMy

I, &} = o - (1.3)

2) Horaxem dopmyny
P, & = exp {{kdA} 4

k-1

+183) exp{i(k —j— 168} A [, 10n,; +0 () - (1)

=0

3aMeTHM, 4YTO NIOCJHENOBATENIBHOCTH OMEPaTOpPOB :4[2)]
paBHOMEDHO OTrpaHAYeHa Ha goboM mape |v| < r, T. e.
cymecTByeT KoHcTaHta C, Takasg, 4TO

14 pI<C, (1.9)
IToaromy (cM. (1.3))

exp {i8A [Yw, 1} = 1 + i6A [P, ;] +O(1/N?).

Otcroa moaydaeM CJefiYOIMYH pPeKyPpPeHTHYID (opMyay

o Py, x-

Y, k= .

= exp {i8AY b, k-1 + 18 exp {I8AYA [, k1] Yv.ir + O (777 ),
(1.6)

*) Vinea noxasaTeabcTBa CORep:uTca B pabore [30}, mocBamenHoit
JVHeHHOMY CJyYalo.

Iocne Toro, ®ak kKEWMra OWja chgaEa B meJaTh, aBTOD LO3HAKO-
maica ¢ paboToit [29], B KoTopoit fokasaHa TeopeMa CyIIeCTBOBAHUSA IS
Gonee mapoxroro, Jem (1.2), Knacca HelWHeHANX ypaBHEHHI.
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rae ocratok O (1/N?) mmeer omemry |[O (1/N?) [ < C/N?,
npuuem C He 3aBmcut or £k = 1, ..., N. 3 (1.6) anemenrap-
HEIME BHIUAcIeBAAME noaywaMm (1.4).

3) okasxeM HepaBEHCTBO

1w, 1ok — b, 1| S Coe®t (kS - [exp {i8kA} ho — o), (1.7)

rne C,, C; — HeKoTOpke mocTosiHHME, [+ k< N. Us
dopmynn (1.4) ciemyer, uTO

Y, 14k — Y, 1 = exp {il8A} (exp {iASA} o — o) +

k-1

+ i D) exp {id(k + 1 —j— 1) A} A [pw, ;] b, +

j=0
-1

+ 8 Dlexp (i (1 — j — 1) A} (A [bw, jok] Y, 45 —
i=0

- 1
— Alpw, 19w + O (77) -
Orcioga n m3 (1.5) mosiydaeM CHCTEMY HepaBeHCTB

ay < CB,

-1

x
4 <Cle++ ba;), 1=1,...,N,
i=0

e
a; =N, ek — P, il & =P — exp {1ABA} 1o |.

W3 orax uepaBencts ciegyer omenka (1.7).

4) HokaeMm, d9to mociefmoBaTenbHocTh {Yn (¢)} dymna-
MeHTajibHA. 3aduKcmpyeM, noMaMo NN, eme OJHO LeJoe IHCIO
M > 1. OrmeruMm, uTO

3 —[arl<t,
rie wepe3 [j/M] obosmauena neaas 9YacTh PamEOHANBHOIO
gucna j/M. Ilosromy m3 (1.7) momywmm

Yun, ;= VYuw, mpim + O ('11T) , (1.8)
rne | O (1/N)| << (8 +1bo — exp {i6 (/M — [i/M1) A} o) <
<6 ol yy2im Ry - O00sHaTmM py = 8 o |l 2,m .

2 3

Wrak, mu mMeem asa pasbmenns otpeska [0, f]: mepsoe —
Ha OTpe3K:m MImHH ¢/N, a Bropoe — Ha OTDPe3KH JJIHHH
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t/(MN). flcuo, 9To y3iH DHepBoro pas(HeHHS COIePHKATCA
B MHOJKECTBe y3JI0B Broporo pasémennsa. IIpm aroM yaum mep-
BOT0 pas0HeHHA BHAEIAITCA CPelH Y3J0B BTOporo pasbme-
HHEA TeM, 970 HX Homep kKpaten M. @opmyxna (1.8) ozmauaer,
910 OaA J1060ro ysia BTOporo pas0HeHHS ¢ HOMepoM jE
€ {1, ..., MN} Bafimercs ysea DepBoro pasGHeHWs C HO-
MepoM j, = M [j/M] rako#t, 9ro OyHKmEE Yuy; B VYmw,j,
OTIAYAIOTCs APYT oT Apyra mo mopme L™ (R™) nHa Benmumuy
mopsaaka O (yy) PaBHOMEDPHO IO j.

3anumem dopmyay (1.4), samenss N wa MN mis Homepa
k, = M, xparsoro M, npudeM B IpaBoil gacTH Bce QYHKIUH
B y3Xax BTOPOro pa36meHAA amnpPOKCHMEUDPYeM (YHKIHAME
B y3lax mepBoro pasbmenns, mcnonbsya (1.8). B peaynbrare
MOy IHM

-1
Y, i = exp {il6A} Po+ i D) exp {i6(1 — j — 1) A} X
1=0
VA uw, a5l Yary, a5 F O (YN), (1.9)
l=1,...,N.

V0o3ragaM

by = ¥n,; — Y, mi-

Brranrasa pasenctso (1.4) u3 (1.9) u omenmBas HOpMY JeBoi
9acTH mOJdyynBIIeiicA PasHOCTH, NpPUAEM K Cle[yiomel cucre-
Me OIEeHOK:

by <o,
-1

<oy +cd b, 1=1,...,N,
j=0

e ay <. Cyyn. Otciofa mosrygnsm pasHOMeDPHYIO 1O [ OIEHKY
b, < ayeCt. (1.10)

B wacrroctH, upzm [ = N umeeM
t
Ibn (8) — ¥nm O <57 Cae®* | o2 mgny -

TeM caMEM [0OKa3aHa PaBHOMePHAS CXOJEMOCTb HOCJEH0-
Bareasnrocta {Py (¢)} Ha m06oM otpeske [0, Tyl k HexoTopOIt
¢ynrnunm P = P (¢) co snavenmamu 8 L™ (R™).

5) IMockonbky Kakmas QyHKOEA Py HempepsiBEa Ha [0,
T,l, o ¢V menpepsieHa Ha [0, Tl
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k (Nt

W3 (1.10) caenyer, aro npu T < £ n —> T HOoCHeaoBa-
TeAbHOCTH GyHKIUE {Pn,kwv)} cxXomuTea K P (t). CrefoBaTenn-
HO, PHMAHOBH CYMMH
g t
3 rexp {ip OV — & — A} Ahw, 1) v, o
k=0

cxogarca opa N — oo B Hopme L>™ (R") ® wumHTerpany ot
HOIPEePHBHOX (YHEKOUA CO 3HAYeHHAMH B O0aHAXOBOM IPO-
CTpaHCTBE:

t
[ arexp(i(t —v 8y A () v (v).
0

Iepeitnem & npeneny opa N —> oo B pasencrse (1.4). Ilomy-
YAM HHTEerpajbHoe ypaBHeHHEe nia GyHrmum ¢ (t)

t
b () = exp {itA) o + i { drexp {i(t — 1) A} A (¥ (1)) ¥ (1)

0
(1.11)
Orcrona ciegyer, uro ¢ymkmua 1 (f) ymoBierBopseT 3a-
nawe (1.2). Teopema [oxaszama.
BamMeugamme 1.1. IlpenmonoxaM, ato Koaddmumen-
TH Vi, 1| p,,(jl) ypaBuenms (1.1) AsnsroTcsa THafgKUME (YyHK-
OHAMH, OTPAHAYCHHHIMA CO BCEMH CBOUMH NPOHM3BOTHEIMH.
B aroM caygae TeopeMa 1.1 momyckaer cienyiomee yTo9HeEHe,
Hycrs P, E W™ (R"), roe k — HekoTOpoe BeImmecT-
Bennoe aAca0. Torma T-oro6pamenne P, — P () = lim P ()
cymectByer B Wi™ (R®), OpuYeM CX0ZEMOCTH Yy () —
— 4 (¢) paBHOMepHa Ha a06oM oTpeske € [0, T,], a mpe-
NedbHAA (QYHKUAA HMeeT ONEHKY

| (t)\lwg. m << | Yo “W;"’" eCt

JIR T MATPHLH IUIOTHOCTR (em. § 1 ra. II) g =

= p; () (t)e T T (2mh)~"/? crpaBerABA AHATOTHYHAS OLEH-
. X 8 (R2" a\a( 3 \B 2
xa: eom g5 (0) & WiR™msup (| (2)* (2.)%0f) o, )
X dy < o, T0
lgi @l s <1ein O, 5 e
OGa 3THX yTBepIeHHA JOKA3HBAKTCA TaK jKe, Kak I
Teopema 1.1,
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§ 2. Dopmysasl BLIIyTHIBAHEA HA NpAMepe
KBasmmaeiinoro mATerpo-maddeperIAAILAOrO ypaBHeHUs
NepBoro NOpARKa

t t
Paccmorpmm  T-oToGpaskenne H A — exp {i 3 Ay dp}
=t T

¢ obpasyromeit eu‘*", TOPOXKAEHHON JHHEeHHBIM OIepaTopoM
Ay (1. e. T-mpomsBefieHme).
Iyers U, — _HEKoTOpOe nupdepennupyemMoe ceMeHCTBO
o6paTUMEIX JIPIHeHHHX omeparopos ma oTpesre [T, t].
Oupenenennme 2.1 Bunymusanuem oneparopa U,
t

u3 7-mpousBeieHUA eXp {i S Apdp } Ha3oBeM Ipeobpa3oBaHme

. <
npousBojsImero omepatopa Ay B HOBHIL omepartop A, TaKoii,
4910

t
exp {iStAp,dP/}= Uy exp {iSZpdp}U;l. 2.1)

fIBpas dopMyna IIA yKasaHHOTO NpPeo0pPa30BAHHA IIPOHM3-
BOJISIMETO OIepaTropa HMeeT BHJ
_; AU,
Ap = Ui AUy + iU d: (2.2)
Mosxao chopMyanpoBaTh 910 yTBepkueHAe maaze. IlycTs
3aJlaHEl IPOM3BOAAMHe onepaTophl Ay m B,, mopoxkaawmuae
t

t
T-npousBefieHHs exXp {i S Apdp } Hexp {i S Budp } . Ecim ce-
<

MelictBo U, yHoBIeTBOPAET YPaBHEHHIO
au .
i+ (AUp—UpBy) =0, peElwtl,

TO BHIOyThHBanme omeparopa U, mepeBoguT IpOM3BONAMMAR
omepatop Ay B Bp. B uwactEOCTH, BEIIYTEHBaHHE OmepPaTopa
U,, yIOBIETBOPAIINETO YPAaBHEHHIO

i

G 4 U =0, peln i,

He W3MeHAeT MPOH3BOAAMETo omepaTopa I-DpoU3BeleHHS.
HIpamep 2.4, Ilyers {4,} — cemeiictBO HecaMo-
CONPKeHEWX JIMHEHHHX OoHDePaTOpoB B ruas0epToBOM
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oOpocTpaHCTBe, YHOBJIeTBOPsAIOINee YCIOBUIO
Tm Ay = - (Ap — A3) >0.
O6o3ragmm
Re Ay = 5-(4p + 43).
ITycth 270 ceMeiicTBO CaMOCONPAMKEHHHX OHEePAaTOPOB IOPOK-

>
naer T-mpomasemenme Uy = exp{i | Re Audpt. Torma Uy —
» Y p
0

g
yumTapHHit omepatrop m Up' = exp {-— i\YBe Ap dp} .
0

BunyreiBanme  omepatopa U; w3  T-mpomssefienus
t
exp {iyApdp.} OPUBOJET K (popMyie
: t t
exp {i { 4, dp,} — U, exp {-— (T4, dp} U,
T <
rfe HOBHil NPOE3BOAAmE omepaTop Im A, paBen Im Ay =
= U}_;,l Im Ap.Up..

Bamernm, uto 1m 4. >0 u omeparop exp{ Smpdp}

CaMOCOUPsIKeH.

Ilpemep 2.2. @opMyna BHOYTHBAHAA JJIA KBa3H-
JIUHEeAHOro MHTerpo-guddepeHnualbHOTO ypaBHEeHNA HepBO-
ro omopaaxka. B ra. I Mu m3ywanm Henmueiinkle ypaBHeHHSA
IEepBOTO0 HOPAAKA

A& 1o LS 4@ b 6 11) =0,
f(‘rv O) = fo ($), r e Rn,
rie ¢oyukmum a (r, ¢; [f]) = (a; (2, & [f]), . . ., a, (z, &; [f])

a b (x, t; [f]) murerpanbHo 3aBHCAT OT f, T.e. ABIANTCA
TagKEMH QYHKLUAMA OT MHTETPAJTOB BHAA

(2.3)

t t
ydtl...SdthdM dem (.Z' t yl’ . !y;n-yrly"wrm)x
0 0

Xf(yl’rl)”'f(ym,‘tm)v m=1,2,~.. (2.4)
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Kpoue ToTo, IpeAIoaIaraioch, 9T0 @; — BeleCTBeHHEEe PyHK-
wm (=1, ..., n).
Pemenne 3agaau (2.3) MokHo 3ammcaTh B BEAe I-oto6pa-
JKeHNA
t

1@ 1) =exp {=\[ae, w U Z + 0@ w U] dr} fu o).

0

(2.5)

ByneMm BHOYTHBaTH B NpaBoil 9acTu 310 POPMYIH omepaTop
t

exp {— % [a (z, T, [FD %] d‘t} .

0

ITo popmymam (2.1), (2.2) moxyaum

f (z, t) = exp {— § [a (z, T [/])%] dr} rz,t), (2.6)
0

Tae

Oy~

r(@ t) = exp{— [bac} o (@),

~er
a omepatop b. paBen

<

by = exp{—ia %}—lb(x, T; []‘])exp{—-ga aix .
0

0

——

2.7
HNMmeeT MeCTO TOMIECTBO

t
a ~
exp{—{ate. w15} 0@ =0 @)
0
Iie g¢ — COBHT BIOJb TPAGKTOPHUH CHCTEMBI

oD —aX@ i) X@0) =2 (28

1. ¢. g (z) = X (=2, t). Hoatomy omepatop b: n3 (2.7) ecTh
omepatop yMmHokenua Ha ¢ymxomo b (X (z, 1), T; [f]).
Temeps coBepmuM mnpeoGpaszosamme (2.6) B KaskIoM HHTe-
rpaize (2.4) w Bocmonb3yeMca xapakTtepmcTmramu (2.8). B
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pesyabTaTe mHTerpan (2.4) mepeiiner B caefyomuii:

t t
Sdrl...jdrmfdyl...jdymp(x, L X (g ta)y -
° 0

o X WUmrTm)y T e o Tt Yy T) « « o T (Umy Tm) X
X (Y ) eee JUm ), (2.9)
rae 0003HaYeHO
X (y,
J(y, T) = det " (y 7 "

HamomunmMm, gTo
2~ J(diva)(X, 8 [11); J (z, 0) = 1. (2.10)

ITocme 3aMenH Kasimoro maTerpana BHAa (2.4) Ha mHTerpa
(2.8) dpynkmmm a (z, t; [f]), b (z, t; [f]) mepeiinyr B a (x, &

X, J), b (z, ¢ [r, X, J]), a ypaBuenna (2.8), (2.10) npn-
MYT BHJ

BX,;:" ) _ a(X(zt)ytfr, X,J)), X(z,0) =a,

(2.11)
aJ (z, L
_(;t_‘) = J(x, ty(diva) (X (z, t), ; [r, X, T]), J(z, 0)=1.

Hpome Toro, dpopmyaa (2.6) B HoBuX 0603HAYEHAAX MMe-
eT BHJ
t

/(x, t) = exp {-— OS [c’i (z, v; [r, X, J)) 0%] dr}r(x, t), (2.12)
rne

t
r(z, t) = exp {— jB(X (x, 1), 73 [r, X, J)]) dr} fo(x). (2.13)
0

OTHEM 3aKOHYeH OPOIECC BHIOYThiBaHmA. MH [JoKazajlm, 970
acxonuoe I-orob6paskenme (2.5) 3KBHBAJEHTHO CHCTeMe ypPaB-
Henmit (2.11), (2.13), Koropasa mpencraBiser coGoit cACTEMY
XapakTepucTuK AiiaA 3agaud (2.3) (cm. § 2 ra. I).

Jas Toro aToGH cHOoPMYIAPOBATE BTOT Pe3yaAbTAT Ha A3 -
ke T-orobpakeHnil, BBefieM ciefgyomue o6osnauenns. Ilycts
o) =(r(,8), X (,0t),J (-, 1t) — pyuKnHEA co 3HAUCHHA~
MH B OPOCTPAaHCTBe HEeNPeDPHBHHIX (n - 2)-MePHHX BEKTOD-
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¢yuxnuit Ha R, Onpenenum obpasysomyio T-oTolpasienusn:

Gr, e [@] = (exp{—eb(X (-, 1), & [@])}, X (-, ) +
+ea (X (-, 1), t; [@]), exp{e diva (X (-, 2), £; [@])})-
IIycrs, kpoMme TOTO,
@ (0) = (fo, X (-, 0), 1),

rme X (z, 0) = .
Teopema 2.1. Paccmompum T-omobpaxcerue
t

f@ ) =exp{=\(ae. v )5 + b D) de}fo @),

0

a maxsce T-omobpasxcernue

o) = ([[Goulol) 0O (00 o= (r, X, D). (214)

T=0

Hmeem mecmo gopmyaa (ssinymeieanus)
t
1@ ) =exp{—{ (2@ v lo) 55 ) dr} o (el 0. (2.15)
0

Mosxno Tarke paccMaTpuBaTh (2.14) Kak cucremy I-0T10G-
paxenmit, orBewaromux (2.11), (2.13). Bunyrtusanme (2.15)
mpeoGpasyer mcxoauoe IT-oToOpamkenue (2.5) B cucTeMy
T-orobpaskenmii (2.14).

§ 3. BomyreiBanme B T'-oTobpasikenmn
¢ yHHTapHO# HeJWHeHHOCTHIO

ITyers - omepaTop € YHHTApHOW HEJIWHEIIHOCTHIO
(eM. § 2 ra. 1I):
~ 2 1
H WYl = 7y, (v, —ih 0/0x, ¢ [plnp,
P =1y (z 1),z ER".
Hamomuuwm, uto cuMmBon %, (z, p, t; [Y]) aBaserca raagkoi

¢yuxnumed or z, p, ¢, b MemenHoro pocra mpd |z |, |p | —
— 00, 1/h — o0 u rmagroii pyHKOHed OoT mHTerpajoB BHIA

t 1

o—— 2 ) o
Sdrgdylp(y’ T)p('ry D t, Y, "‘lh‘é?y T>1|>(y, T)y PECO‘(31)
0
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ITycrs mpm kammom § omepaTtop

Fon(ts 1)) = Fn (& — th 8] 0z, £ [])

camoconpsiken B L* (R™). B pmanpmeiimem GymeM omyckKartb
aHAeKe h y cumBoua Fy.

Ipexnomosxmm, ato 57 (t, [y]) sBAseTcA mpom3BoOAAMEM
omeparopoM I-oTo6parkeHns

(@, 1) = [ﬁexp (5 #@uwndd]eE0. @2

=0

ITpeoGpasyem sro T-orobparkeHMe ¢ TOMOINBIO (OPMYI
BHIOyTHBaHuA. PaccMoTpum ele ogun omepatop B ¢ yHHTap-
HOH HeJIUHEHHOCTHIO:

B 1yl = By (z, —ih 8/6z, t; [p)p.

2 1
Jlumeiinsiit omeparop By (z, —ik 0/0z, v; [p]) mpn fuxrcmpo-
BaHHOM P Gymem Taxme oGosnavaTh gepesd B, (¢, [P]). Ilpen-
HOJIOKAM, YTO OLEpaTop

2 1

By (x, — ih 0/0z, t; [p])

npm ¢urcupoBaHHOM 1 camocompsukeH. Vmmexkce h HmKe
6ynem omyckarb. CamBoa R (z, p, ¢, [{]) aBusercsa rmagkoi
¢ynrnmeir or maTerpaaos Bmma (3.1).

Ucooubsya dopmyast sunyTusanma (2.1), (2.2), moayaum
n3 (3.2)

P(, t) = exp {— —ﬁ,—if@(w, [9]) du} X
0

x exp{— §%(r, (b)) de} b (@, ),
0

e
2 1
% (%, [91) = F X (v), Py (¥), 75 [9]) —

2 1
— B (X4 (v), Py(7), 75 [$]),
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a omepatoph X, (1), P, (¥) ompemensotca mo CuemyOmmM
dopmynam:

T
2N

()= (exp {—— —f,— S B (1, [¥]) du})_l X
xz (exp{— %iﬁa (1w, 191) du}).

Pa(e) = (oxp {— - { B, o) )™ x
0

x (= ih o) (exp{— 4 { B @, 1w du}).

0

Qopmyna (3.2), TakuM oGpa3om, mpEEAMAaeT BHA

t
Y@ t) = exp{— - (B @, whdulo@ 0, (33
rae (:

o 1) = exp{— - {#( WDdf v 0. B4
0

Hcmoassya (3.3) m camocompsskennocts B (W, [Pl), mpe-
o6pasyeM Kakanit marerpax Bupa (3.1) B muTerpax

far [ ay oG Dot b, t; Xa(@), Pa(x) Do (-, VI G). (3.5)

3amenuM KakAauid wmuaterpas (3.1), BxomAmu# B GyHKOURA
K mnm B, na marerpax (3.5). ITonyumm nosoie ¢yHKmum

‘%1 (Z, P t; [Xh’ ph' (P]) n531 (xv p, t’ [Xh’ phv (P])) ABIAIO-
mueca (YHKOAOHAJIAMH OT ODEPAaTOPHHX ceMedcTB Xy, ﬁh
7 QyEKOUZ Q. R

Ob6o3naunMm (37eck oueparop P (T) meficTByeT IEPBEIM):
Fr(, 1R, Poo) = (X (1), P (1), w 1K, P, o)) —

— B (R (), P(x), v (X, P, o)),

B atux o6osmavenmax popmymrs (3.3), (3.4) mpmBomAT K

caeayomen TeopeMe,
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Teopema 3.1. Paccuompum T-omobpascenue

1
@ (z,t) =exp {— ih‘gﬁ'l (T, [th phv )} dt}(P(xv 0),
0

9 (2 0) = ¥ (z, 0), 36)

ede X, P, ydosaemsopsaiom cucmenme ypasuenuili I'etisendepea

aX 2 1 P
L0 25 (R, (1), Pale)s b (R P ),
dP, (1) 0B
—— = ‘(Xh(t), Bu®) t (B Pool (37)

X1 0) = z, P, (0) = —ih—a?.

HUneem mecmo caedyiowas gopmysa ulnymuleanHus:

V(@ 1) = exp{— - { Br(w, (R0 Pr o) difo@ 1), (3)
0

2de
~ a 2 1 a
%1(”, [Xha Phr (P]) = %l (.T, - ihv 6/61, t; [th Ph? q)])’

IIpmmep 3.1. T-oro6parkenne B MpeACTABICHUN B3aH-
mopeiicrsusa. Ilpegmomosxmm, uro cmmBoax 3B (z, p, t; [pl)
He 3aBHCHT OT P, T. €.

B(t) = Bz, ih 4 oz, t)

— JMHEHHHHA omepaTop (HA30BeM ero ce0600HHM 2aMUALMO-
nuanom). ITycts

F (z, p, t; ) = B (z, p, ) + & (z, p, t; [}]).

2 1
Ounepatop & (z, — ih 0/dz, t; [p]) HaBOBeM zamusbLMOHUAHOM
a3aumodelicmeus.
@opmyanr TeopeMsl 3.1 mO3BOJAAIT HPEACTAaBATh PEIICHUS
YpaBHEEHAA
l

- halp(x d +%( v [‘Ph])il)h(x, =0
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B cIefyiomeM Buie:
ot

¥z 1) = exp{— -\ B@dn} o (2, 0,
0

rae
t

@p (z, t) = exp {— -;l— S #y (T, [Xn, Py, Prl) d":} P (z, 0),

[

Pr (x, 0) = Py (z, 0).

Omneparop %, (omepaTop /4 B HpeACTaBIEHAA B3aUMONEIHCT-
BUA) 3agaerca (GopMyxoi

2 1
K (81 th th q>h) =% (Xh (1:)1 Ph (1:)’ T; [th th (P])’

rae omepatopsl X (£), P, () yZoBIeTBOPAT CHCTEMe ypaB-
uennit leiizenGepra

¥, 0  m & . 4
+ = W(Xh(t)’ Ph (t)y f')v Xh(o) =z,

aP, 1) 0B (% . B 5 i, 2
T = — 5= (Xn (), Pr(t), 1), Pa(0) = —ih o




TIABA IV

KBABUKJACCNYECKAA ACHIMIITOTHKA
Ui HEJIMTHENHBIX YPABHEHUN
KBAHTOBON MEXAHUKN

§ 1. IlocranoBka 3agaam

B sroifi M ciaefymomuX INaBax NIOCTPOGHA KBa3HKJAC-
CHYeCKaA AacCHMIOTOTHKA DeIleHUA KOHKDETHHX ypaBHeHUH
C YHHATApHOH HEIHHENHOCTHIO, BO3HUKAKIMUX B KBaHTOBOH
2JIeKTPOAMHAMEUKE B Teopud mosa. K 3TomMy THny oTHoCATCA
Tak)xe ypaBHeHHA XapTpH U HeduHelinkie ypaBuenums Maxc-
BeJJIa ¢ IPOCTPAHCTBeHHON Aucuepcmeit. B mawmoil riase
MH ogpo6HO paccMOTPUM IIpOCTeitlllee, HO B TO »Ke BPeMA Xa-
paKTepioe ypaBHEHHE C YHUTAPHON lleNHeHHOCThIO: yPaBHE-
mge lpenunrepa aisa mapHOro B3auMOXEHCTBHA.

Bynem pemats caeayromyio 3agaay Hommn:

A 2 ~ "

—ih = — RPAYy + Vi =0, £>0, zER7,

. (1.1)
Pr |t=o = €S0y,

rme P, = Yy (z, t) — nemsBecTHan ¢ynruusa, Yo & Cy (R,

So = Cy (R, So m Yo — BemecTBennue Qynknuma. IloTen-
nwan V), samaerca dopmyroi

Valz )= [ o 1) |4ty 1) P dy, (1.1)

rae p & Cy (R™), p — BemecTBenHaA QYHKIHAA.

Taxum obpasdoMm, 3agada (1.1) oramuaercs oT OGHIYHOTO
ypaBEeHna [llpenunarepa KBaHTOBOM MeXaHHKH TeM, 9TO IO-
TEHOMAJ II0JA 3aBHCHT OT BOJHOBOH (yHKIMH 1) TaCTHIHL.
Ilostomy ypaBmemme (1.1) MOkHO Ha3BaTh ypashenuem ca-
MOC02AACO8AHKO20 NOASL: YACTHIA CaMa H3MEHAeT NIO0Je, B
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xotTopoMm aBmwkercs. Ilapamerp 2 B (1.1) cunraerca MaabiM.
Hameit 3amadeit GyfeT oTHCKanAe OPAGIHEHHOTO (aCHMOTO-
tryeckoro) pemenua (1.1) mpm 2 — 0.

Byner nokasano, 9To 3agava (1.1) 1 meusiit pax nogoGHRX
eit HeIMHEHHHX 3afiad, KOTOPHE MBI PacCMOTPHM HEKe, HMe-
10T aCHMOTOTHYECKH® DelieHHA BHMIA

iS(::c, t)
Yu(z, t) = e" (¢ h), (1.2)

Iffe aMILIATyRa @ peryuasipHa upm i — O (B oTapude OT 3KC-
nouesTH ¢S, mpom3BofHIle KOTOPOH CHHIYJAAPHE IpH
h — 0). Touree, acumuToTuuecKkoe pemenne umeer Bupy (1.2)
JHMIIL TP JOCTATOYHO MAlOM «BPEMEHH» f; B IIJIOM e OHO
CTPOATCA ¢ MOMOMBIO GoJlee CIOKHON KOHCTPYKUUN KaHOHU-
geckoro omeparopa [13, 16] (cm. HmKE).

Hannune y paddepenquanpuoro ypasHeHus pelmeHdl Ta-
nma (1.2) TeCHO CBA3aHO C CYmMECTBOBAHEEM Yy HEro Xapaxre-
puctuk m Gmxapakrepuctuk. HamoMHmM, 9To Hisf JTHHEHHEIX
ypaBHEHHH TeOpHA Pa3pelIMMOCTH M IIOCTPOEHHE ACHMITOTH-
9eCKMX DPeMIeHMii pa3BABAeTCA MMEHHO Ha (a3e MOHATHA Xa-
pakTepmcTEHKA M OmxapaxktepucTmka. OQOHYHHIE OYTH acHMI-
TOTHYECKOTO PeMeHHA JHHEHHOTo JEPdepeHnralIbHOTO0 ypaB-
‘HEHHA TaKOB:

1) Bupenserca ¢yakuma l'ammneroma H, T.e. caMBOX
cTapmeil gacty guddepeHnUAIBHOT0 OmEPaTOpa.

2) Crpourca cmcreMa I'amunprona (ypasHeHHma GEXapak-
TePHCTHK):

0X 0H apP dH
a_t='a_P'(X)Ptt)) w=__ax_'(X’P1t)‘ (1‘3)

3) C momompio 6Guxapaktepuctak (X, P) aABHo BHUUCIALT-
ca ¢asa (xapakTepueruka) S W aMILIATYAA @ B BEPaYKeHAHN
(1.2).

OCHOBHHIM MOMEHTOM 3[eCh ABJIACTCA HAJNIHAE Y CHCTEMEL
(1.3) rmagkax pemeHwuil, «Xopomo» B3aBHCAMAX OT HAYAIb-
HEIX JTaHHBIX.

Hax 6o mokasano B ra. I, I, mqua HeruHedHHX ypaB-
Henmi Bufma (1.1) Takke MOKNO ONPENEIATH HOHATHE XapaK-
TePHCTHK X GHXapaKTepucTAK. PacCMOTPHUM € 5TOM TOYKHU 3pe-
una 6oxee moapoGHO 3amady (1.1).

Ilpeskae Bcero MH DoKaskeM, 9TO IPeACTaBIEeHAS PeIICHESA
B Bufe (1.2) ABAAeTCA HEMOCPEACTBEHHKM CJAEACTBAEM Gopmy
BEIOYTHBaHHUA, MOXydeHHHX B ra. 1II.
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§ 2. HocTpoenne acEMIOTOTHKH B MaJoM
¢ noMomp0 GopMyJI BHIIYTHIBABHSA

3amaua (1.1) oKBuHBanenTHa cxenylomemy ] T-oroGpa-
JKEHHIO !

Pn (2, t) =

= exp {— - § dv (— R*A +- Sp @ 9) [y, ) [* dy)} Pn (2, 0),
° (2.1)
(2, 0) = exp {4 S0 @)} 10 (@)

IIpumernM k HeMy PopMyay BHOyTHBauud u3 §§ 2, 3 ru. II1.
«BHIyTaem» OCIAIIAD YIOMUi MHOKATEIH XD {-Fi- S(z, t, h)} ,
roe S (z, 0, &) = So (z). Honyaum

< 50e, 1, h) N
Ynlz,f) =€ o, t, h),
rae
; i a8 i ] as J?
i i
@(z, t, h)=exp{gdr<-—_h_7;__h_ o

0

“%SP(% Doy v Pdy —

as 9 .
57— As +ira)le @ 0. k), (2.2)

(P(xv 0, h) = Xo (x)

—2

DOyrriyuio S B 5TEX opMyaax MH BHOepeM HHKe TaK, 9TOOHI
g1ed mopsaka 1/h B mokasarede dKcmoHEHTH (2.2) GHJI pa-
BeH Hym0. A ceifiac MOBTODHO IpHWMEHUM (POPMYIY BHOYTH-
BaHuAa K T-orobpaskenuio (2.2), ompefendiomeMy (YHRIHIO
¢ (z, t, ). «Broyraem» omepatop

0= esp (= (285 0,010 )

TTonyumm
(@ t,h) =Uif(z, t, b),



Te
t

f(z, t, k) = exp {S (——,‘;-ao @, TIf]) — a1 (z, 7) +

(1]
(B O oA ’0)} f(z, 0, ), (2.3)
f (.’B, 0, h) = %o (.1‘).

3mech MH 0003HAIHIHA:
a(z, t, h)=AS(X (3, t, h), ¢, h),
ao (2, ¢, by [f]) =
= (‘Z_‘f (X (3, t, h), t, B) + | VS (X (z, £, ), £, B) [ +-

+ o Xt b Xy, t, ) x
t
X exp {2 Sal(y, 7, h) df}ll’(y, t h)l"dy>’
(]
Xi(z, t,h)y=Oftozjol, j=1,...,0, X =(X1,..., Xp)-

OrmerEM clengymomee 09€BHJTHOE TOKAECTBO:

t

DX D —oxp(2(as(z, v, ) ),
0

¥ ellle OMMH pa3 opEMeHAM HOPMYIy BLHIIyThiBanuA K I'-oto6pa-
!

sxenmo (2.3). «Brmyraem» MEHOMKHTEND eXP {— S ay(z, 7, h) dr} .
0

IHonyanm
t

f(z, t, h) = exp {— 5‘ a;(z, T, k) dr}x (z, t, h),
rjae ’

x(z, ¢, h) =

t

= exp{{(— b v A 1) + () R )i @ 0,m, (24

0
x (, 0, k) = xo ().
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Brmech MH 0G03HAYNIIN:

b(Z, t, h7 [xh]) =
= B Xt )t )+ | VS (X (2t b, 8, )P+
+ (o (X @t 1), Xy, t, W) [x(ys t, ) Py, (2.5)
I VRN Y R

DXz, i, )
Dx

BriGepem remepp ¢ymrmmio S Tak, 9To6H KodpduuueHT NpH
(—i/h) B mokaszaTese sxcHmoHeHTH (2.4) 6vu1 paBer Hyqo. Io-
ayaum ypasHeHnmA (cM. (2.4), (2.5))

t
% (@ t, h) = exp{ih | Kedr} o (2),
0

2.6)
as (
S +1vsp+{elxpay =o.
Pemenne BTOporo ypasHEHHA JerKo BHIPa3HTh depe3 (PyHK-
ouio X:
S (.Z‘, ty h’) = S (X—l (.Z‘, t, h)’ t, h)v
t
X
Sz t, ) = So(2) —[—S(%—(z, T, b4 —

0
- f (X (27 k), X (v, v, B) | x (v, v, B)? dy) dv, (2.7)

3nmecs wepea X1 (-, ¢, h) o6o3navena Qynrmusa, obpaTHasa X
X (-, 8 h).

B cBow ouepenr ¢pymrmua X MmokeT GHITH IOJNYYeHA KaK
pellenne ypaBHEHUA

2X(z, t, h i}
FRELD - (22Xt ), X (g t, ) |2 (v, 1 W) Py,
2.8
X0,k =2 Z(z0,k)=VS(@) (29)
Ypaererne nia $yExmmm y momydaM us (2.6):
] o .
-a—)t‘ = ihAyy, % (3, 0, k) = %o (2)- (2.9)
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Omneparop A; B (2.9) meficTeyer mo dopmyie
Ntf (2) =

l/ DX (z t, ) f(2)
- DX (z, i, h)

Dz

]

Taxum oGpasoM, MH [OKa3aJH ClIefyIOmee YTBepiKIeHHe.
Jemma 2.1. Pewenue *) Yy, (z, t) 3adawu Rowu (1.1)
na ompeske [0, Tol, na komopom DX/Dz > 0, umeem eud

‘q)h (x’ t) - (exp {—;TS (z’ t’ h’) —Z’%) )
z=X-%(x, t, h)

z=X-1(x, t, h)! “x=X(z, {, h)

DX (3, £, &)
Dz
2fe Pynryuu S, X, ¥ onpedeastomes us (2.7) — (2.9).
3amevanue 2.1. Pemenue sagauu (2.9) perymspiio
upda k — 0 1 mMeeT BUX

x (Z) i, h’) = %o (Z) =+ (_ih>X1 (Z, t) +0 (h2)7

rpe Y, — BemecrBennad ¢yukuus. IlomcraBasas sTo pasio-
sxenme B (2.8), molaydInM aHANOTHYHOE PasiokeHne Jid QyHK-
uaa X

X (2,4, ) = Xo (z, t) + O (h)?,
rae pynkuma Xo yOOBICTBOPAET ypPaBHEHUAM
92X [i]
G = =\ X0 Xo (1 )2 (2) 2,

2.10
Xo(z,0) =2, 25(20)= VS, (2). 19

CuemoBatensro, B cumay aemmsl 2.1 pemenwe 3amaum (1.1)
HMeeT BHA

¥ (.'I?, t) =

= |exp {—Z—S(z, t, 0) Xo Sl

VDX 0 (2, 1)

(mogpoGuee cm. § 3 ra. VI).
Bameugannme 2.2. Ypasuenus (2.10) apiaorca xa-
PaKTePUCTAIECKAMHA JJIA CIeAyomero ypabmemusa Biacosma,

+ O(h)

=Xy (x, 1)

;I)ICymec'rBonanne pemenna sapgauu (1.1) Owao pgoxasamo B § 4
riL.
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oTBedaromero 3agage (1.1):

oF
%f—+2p3—5 +55 Sp(x, NF(y, & t)dydt = 0,

F (2, p,0) = % (2)8 (p — VS0 (2)).

Pemenwne zagaun (2.11) gerko BHnHCaTh ABHO C OIOMOMIBIO
¢oyurmur  Xo:

(2.11)

aXo
208 (r— 5 )
DXo(z, t) *
Dz 2=X5\ =, 1)

F(z, p,t)=

dutponmsa 3agagn (2.11) (em. § 2 ra. I) pasma
Ho(t) = (S, t,0)F (2, p, tydzdp = [ 8(z,1,0)%} (2) dz.

C apyroit cropounl, B3 GOPMYJIH JeMMH 2.1 moayumm

§ (= i) (s (2, 1) |9 (@, )Pz =

_ S (S(z, t, h) —ikIny (2, t, b) +

4B 22 LA )xz (, t, h) dz.

CiemoBaTelbHO, HMEET MeCTO clefyomas ¢opmyia BIA
SHTpOIHM ypaBHeHHMA Biacosa:

Ho (1) = lim (— i) .G, D) (n s (&, ) ¥ (2, 1) de

§ 3. AcmmnroTHKa B Heiom

B npegmpymem unaparpage acEMUTOTHYIECKOE pelleHHE
3agaum (1.1) GhuIO moCTpoeHO JWINp HA OTPe3Ke BPEeMEeHR
0 < t< T, B 1o BpeMA Kak pemenus cucreMu (2.10) cyme-
cTByloT raobansuo. IIpmumaa Takoro orpaHmYeHus 3aKiIioge-
Ha B HEBOBMOKHOCTH o6patmth ¢ymxmuio X mpm Beex £ > 0.
HeiicrButensro, Axobuar J (3, t) = DX (z, t)/Dz aummp B
HCKJIIOUATENIHHBIX CIYy9aAX MOJKeT GHTH OTIHYEH OT HYJIA HPR
Bcex ¢t >0, a, Boo6me rosops, J (z, ) = 0 — B HEKOTODHE
MOMEHTH BPEMeHH ¢, fy, . . . CoorBercreyromue To9kn X (z,
t), X (2, &), . .. Ha3mWBawTCA (POKANBHEIMH. ACHMOTOTHYIE-
CKOe peleHHme B OKPECTHOCTH (POKAJIBbHOU TOYKH HE HMeeT
Bufa (1.2), a cTpouTca ¢ MOMOIMBI0O KAaHOHMYECKOTO OIepaTo-
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pa. JtoT omepaTop MO3BOJIAET BRIUKUCATL (OPMYINY JVIA acUMIl-
TOTUYECKOTO PasiioskeHus cpasy npu Bcex ¢ > 0.

Pacemorpam (n -+ 1)-mepuoe wmuoroof6pasme A B ¢aso-
BoM mpoctpamctBe R™2 = {(z, t; p, p'); 2z, p ERY L, p' €
& R}, sagaBaemoe Qopmyaamu

zr = X (Z, t)7p=P(Z7 t),p‘ = '_l p (Z1 t) l‘).___ VO (X(Z, t)’ t)’
Volz, t)=fo (@ X (3, 1))%(2)dz, (3.1)

rne X, P — pemmeuua CHCTEMbI XapaKTePACTUK NIA
ypaBuenua Buacosa (2.11). Muoroo6pasue A xarpanmeBo
otHocuTeasno $opmu dx N dp + dt )\ dp! (cm. § 2 ru. ),
Iyers %" — wamonmueckuii omepatop na A, ompene-
JeHnslit ¢ Tognoctho go O (k) no mepe do = dz /\ dt [13, 16].
FnoGansuoe pemeune 3amagm (1.1) 6ymeMm HCKATh B BEAe

¥n @, 1) = [5X"%] (@ ). (3.2)

Ilo memme 12.2 rax. V xuuru [16] maiimem

Vi (2, 1) = { p(@ )| 19650 (2, ]2 dy =
= [p@ X @ )2 @) dz + o).

Taxum obGpasom, dopmymna (3.1) mua Vo (z, t) mmeer mecto
npu Bcex ¢t & [0, oo). ITogcraBaM Temeps Py (z, ¢) B ypaBHe-
mue (1.1). Ucmonrssys teopemy 11.1 ra. V kuurnm [16], mony-
quM

[— ih ;’7 — B2 - Vi (2, t)] (M) (2, t) =

— (=it (#") @ y+oE)y =00,  (3.3)
TaK Kak 0y0/0t = 0.

Takmm obGpasoMm, dopmyna (3.2) samaer npm Beex £ > 0
acuMnToTHYeCKoe pemenne 3amaqm (1.1), Koropoe ymomierso-
pAer HavaabHKM AaEHNM (1.1) @ ypasmenmio (3.3), npmuem
¢ynruma O (k%) B (3.3) umeer OouEHRY

($1(5) o0
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§ 4. Boruncnenne cpegamx

BonmoBas ¢yEkuma P, ymoBiIeTBOpPAET 3amade
. aq; 2 1
—-zh—aT" + H (z, p, t) ¥p = 0,

V(2 0) = %0 (2) exp {— - S0 @)}
rue
H(.l‘, p, t) = p2 + Vh (.13, t),

(h.1)
Vh = (p'lph’ ‘lph)Lg(R'n) .

BrlumcnmM acmMuToTHdeckoe passmorkenme Vi, mnpm h— 0 ¢
moMompbio MerooB § 2 ra. II. Oyskuua miotHOCTH

g(@, Dyt B) =y (& 1) Ty (ps e © (2o ™,

cocraBieHHasa u3 V{, u ee 1/h-mpeoGpasoBahma Dypre {I;h,
yHoBierBopsier ypasueHmio (cM. § 1 ra. II)

1
., 0g 2 ., 0
— ih 5t—+H(x,p—zh-a—x,t)g—
2

—H (:r—ih(%;,i),t)g: 0 (4.2

M TO3BOJIAET BHYMCIATE CpeXHee OT Jio0oro mceBgomudde-

- 2 1
pennmaibHoro omeparopa f = f (z, p):

(Prs PRy = | ) 7@ P& (@, py &y Wy dzdp.  (4.3)

Ilo dopmyire KoMMyTalum ¢ sKcnonenTol [16]

2 1 s 2 g N2 2 1
f@ et m@=e 3 (— i) L (2 o) 10 @) +
k=0
850 noa
+e (—ih)" Qnyo (2), (4.4)
rge
2k k o
L@ & = 2 D +L(@8)(@) O, s@t”,
lal=k |8 =0 77
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Dy,s — BemeCTBBIIHHe NOJIAHOMH OT IPOU3BONHHX QYHKIHA
So, = . En", OCTATOK QN AMeeT OMEHKY

(Xo? QN XO)L’(R") <const.

Onpegenrnm 0600MEeHHYI0 (QYHKIUIO

N-1
Tn(@ D) = D (@ ) (— ik,
k=0 (4.5)
2k k
(@, p) = 2 2 (=1 x

laj=k |B|=0

2 B -
X 8 (p — VS5 (1)) ®a, 6 (2) 10 (2) % '

Hax moxasano B § 1 ru. II, cpenuee 1/h-nceBgoguddepen-

~ 2 1
nuajpHoro omepatopa f = f(z, p) Ha BOAHOBOU (yHKUHHA
P, BRURCAAETCA TI0 GopMyie

(Bo 00 oy = § § 7@ DT pr ) dzdp + O ("), (4.6)

rie QYHKOUA 7, ABIACTCA peIIeHHeM Ciaefyiolled 3amadn
Kommn:
1

zh—~+H(x, —th e, t)rm—
5 1
—H(x—-iha—P-,p,t)rh=O, (4.7)
rh(x7p7 O)Z'Yh (l', p)'

B cnyqae ramuabronnana (4.1) r, yEZoBieTBopsAer 3ajfade
7}
— ih =5 (2, pr £) + 2(— ih) p 52 (2, p, £ )= B*A (2, P, 1) +

+ (SS[p(x»y)—p(x— h—o 1Y) | %
X ra (4 & ) Ay dE) ro (@ p 1) = 0, (48)
Th (xr P, 0) = Yh (xv p)'
AcuMmurornyeckoe pemenme 3amaum (4.8) mmeeT Bu[
rp=ro+ (—ik)ry, + ... + (—ik)N1ry_, 4 O (AN), (4.9)
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riae GyEROUA To, I'y, . . . OIPefeNA0TCa u3 (4.8) craHAapTHHM
obpa3oMm.

Jaa popMynupOBKM OKOHYATENBHOI'0 pe3yJabTaTa HAaIIAX
BHYACIEHUA BBeleM 00603HAUSHHE:

LY (@, p,t;r) =
- 3 {8

Et)dydt 0. pt) |
ap*

la)]=k-1-m
k-2 k-1-1
Mz, p tyr)y =2 X L¥, + 2 Lo k> 2.
=1 m=0 m=0

Jlemwma 4.1. Kospuyuenmn r; us (4.9) ydosaemsops-
tom caedyoweli pekyppenmmuoli cucmeme YpasHeHull:

2 rop 3 — ({2 @ yyrow b nayae) Fo=0
u npu k> 2
Pt op 2 — ({2 @ v b dydr) Bt —
— (SS @ )95 ) dy &) T B0 4 Aryy — My, = 0; (4.10)

npu amom
rj(.’l),p,O) =Yj(xvp)7'j=01 1s21

3amernM, 9TO MIA QYHKOHH ro MOJYYAaeTCA KBa3HIHHeN-

Hoe mHTerpo-guddepennuanbHEOe ypaBHenue tTHna Biacona,

HCCJIeNOBaHHOE B I'l. 1.
Bsenem xapaxrepumerurm auasa (4.10):

0X (z.0,t) _ n.
——at——.—ZP(z,m,t), X(2,0,0) =z R

P (z,0,t)
at -
= S Sg:% (X (Z, ®, t)1 X (Z', 0)” t)) FO (Z" (D’, t) dZ'd())' = O'
(4.11)
P(z,0,0) =0 R"

ar" S (@ 0,1)=0, 7 (20,0) =1z 0)

B cuny (4.5)
Yo (@ ©) = o3 @8 (@ — Vo (2)).
4 B. I. Macxos 97



IToaToMy cncTeMa XapaKTePHCTHK IepeXofuT B 3afavy Homu
IJIA offHOTO OOGHKHOBeHHOTo NuPdepeHATBHOr0 yPABHEHAA
B 6amaxoBoM mpoctpanctse C (R?"):

axX s F) , ) ’ ,
2 ((;t;m t) + ZS%(X (2, @, t), X (2", VS, (2), 1)) ¥ (z')dz'= 0,
(4.12)

X(z,0,0)=z 2X(z0,0)=20.

QOyurnua ro onpeeaseTca depes pemenne (4.12) caenyomum
obpasomM:
ro (z, p, t) = % (z (z, p, V)8 (o (z, p, t) —

—~ V8o (z(z,p, 1), (413)

rae {z (z, p, t), © (z, p, t)} — pemenme ypaBHeHHH

X (3,0,0) =2 P(3 0, =p.

Ocranpunie Ko3(uimentst ry, kK = 1, 2, . . ., BHIUCAAITCA
a3 JHHeNHHBIX ypaBHeHuil (4.10):

Ty (‘T’ P, t) = ;k (Z (.Z‘, Py t)v o (‘Tv D, t)7 t)?

¢ -
Tr(z,0,t) = 1e(2, 0) + SM,;+1 (X (3, 0,7), P(z,0,7), 7;7) dv —
0

t

—r) (X (3,0,7), P (2, 0,7), ) dT +

t

+ Sdr S S % (X (3, 0,1), X (2, 0", 7)) 7 (2', 0, T) dz'dw’ X
0
a
X —ar,f (X (z, @, 2), P (2, 0,1), ). (4.14)

Taxum o6GpaszoM, (GYHKUHAA 7y YHOBJIETBODPAET JIHHENHOMY
YpaBHEeHHWIO BHJA

T = Jo 4 I (ry),

rae fo — 3aganHaa QyHKOEA, a /| — MATETPAJbHBIA omepaTop
tHna omepatopa Boubreppa. OtMmerwM Takike, 910 B (4.14)
HHTErPAJH Mo «AMOYJIbcaM» ©' GepyTcs ABHO 3a c4eT §-¢pyHK-
OHHE B HAYaJBHEIX YCIOBHAX AIA r; (cM. (4.9)).
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Jlemma 4.2. [Homenyuar V, ¢ gopmyae (4.1) umeem
acuMnmomuueckoe pasnoNcenue
N-1
Vi, t) = D) (—ik)t Vi (z, t) + O (BY), (4.15)

k=0

20e O (hWN) — enadkas gunumnas gynryus no xr = R™, pas-
HOMEDHO OzpAHUNEHHAR eeaununoli hN . const. Ilpu smom

Vo (.Z‘, t) = Sp (-7/', X (Z, _VSO (Z), t))Xg (Z) dz,
V, (z, ) =0,
Vi, ) =[{p(z, X (z, o, )7, (2, o, O)dz do, k> 2.

§ 5. Pewienne ypaBHeHmii ¢ DpHyMEHeHHEM OIEpPaTOPHBIX
MeTo/[0B

Qopmyna (4.15) 103BONAET BEIUMCINTEH aCUMITOTAKY Cpejl-
uero (p 1, ¢) na pemenun 1 zagawu Hommu (1.1). Taxum 06-
pasoM, 3agada (1.1) cBefeHa K JMHEHHOIM.

Ilpr maamx ¢t >> 0 pemenue momyumBIneiics Juneinoi 3a-
flayd OyaeM WCKaTh B BHMe
%S.,(x)

Pz, t)y =T (t)e (5.1)

XO (I),
rjge

7 21 i 2 1
T(t)———(p(x’p,t,h)exp {%S(l', p t)} ’

S — BemectBennaa ¢ynknua, S, ¢ & Cy, dynruma ¢ pe-
IyJsSPHO B3aBHCHUT OT h:
N1

¢, p,t, h) = 52 (— ih)j P; (.Z‘, p, t)' (52)
=0

Hdus Toro uto6m ¢yrkima (5.1) ymoBIeTBOpAiIa ypaBHe-
gm0 (1.1), mocrarogHo, 9TOGH

— LY dT“) +H@ p )T @) =0. (5.3)

IIo ¢opmyine rommosmmuum [16]

S(x, p t)

2 ~
H( p. )T () = Q (2, p,t, B) T :
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rae
Q(z, p,t,h) =
LSz, py t

i 2 ) ’
] LS A Pl T

2 1
=H(ap+%&—m%qumphﬂ
Ilosromy ypasuenme (5.3) BHmOJHAETCA, €CIH
o 0@ S
—ih g+ (5)e+0=0 (5.4)

Hcnonbaya ¢opMyry xoMmyramuum € dKcooHeHTod [16]
u ABHHH BuY pyEKnmr [ammiabroma H = p? + V,, monyumm
73 (5.4)

(S + @+ +Va)o+(—ih) (- +2p3E +
+(8:85) ) + (— k) Ap = 0. (5.5)

BpeneM HadasipHBE YCJHOBHA:
Sz, p,0) =0, ¢ (z,p,0,k) =eo(z,p), (56)

rae eo = Cy (R?") — nwb6aa ¢uuutHas GYHKIHEA, TOMKIECT-
BeHHO DaBHAA JMHHIE B OKPECTHOCTH KOMIIAKTHOTO MHOMKE-

cra Q B R} X Rp:
Q = {(z, p) | p = VSo (z), z & supp Yo}

Ypasuenus (3.5), (5.6) pemaioTca mo cxeMe, DpUBefeHHON
B [13]. Hua ¢yakmum S monyuaeM ypaBrenme I'aMmuabrona —
fAxo6um

2 LIS+ Vo =0, S p0)=0.

Cucrema xapakTepHCTHK 5Toii 3ajadd umeer Bup (4.11).
Pemenne S (z, p, t) 3anucnBaerca ABHOH (opMyioil

t
S(@ pt)=pG—2)+ | P22, p, ) — Vo (X (2 p, ), D] dr,
’ G.7)
roe z = z (z, p, t) — pelueHMe YypaBHEHHA
z= X (z, p, 1).
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OTMeTnM, 9TO
z(x,p,t) =2 + (x, D). (5.8)

Ina xoappunnenTos pasiosxeHHA QYHKIUHE ¢; DO CTEHEHAM
(—ih) momyanm u3 (5.5) cucreMy ypaBHeRHiA

6cpo 4+ 2p 6(Po+(A S)%+V1CP0 =0,

09, 0p; :
<+ 2p 5 4 (B:8) @5 + Agjy + 2 Viapix (G 2>1),

k=0
P (2, 2, 0) = o (2, p), @5(x,p,0)=0 (j>1)
(byurmum V, Gepyrca m3 (4.15)).

Kax 6bu1o nmoxasauo Bri. I, cucTema Takoro Buia Jerko
pemaerca ¢ moMombio xapaxkrepuctuk X, P. Ilycrs

y Pt py it .
¥ (x,p’ t) - Vu!}zz(fxpp :)pp )t) ! ]>Ov (59)
riae
. DX pt 825 (X (z, p, 1), P a

(5.10)

Bpems ¢ cumraem MaxnmM, Tak 9ro J > 0. Oyukumu u; ompe-
QeNAIOTCA U3 Caefyomell CHCTeMEI:

- Vluo = 07 Uy (Z, Dy 0) =€ (27 p),
(5.11)
—I-Au,_l—i— 2 Vialie=0,u;(z,p,00=0  (j>1),

k=0
rae

Bu(z,p,t)y=V7 (z,p,t)[Ax u(z(z, p, 1), p. 1) ]

VIiG, p. b, p.t) Jle=x@p 0

Orciona maiifieM Bce QYHKUUHA Uj; HAIpPAMep,

t
uo(z, P,1) = e (z, p) exp {— \ V1 (X (2, p, ), v d1} .
[1]
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®@opmynn (5.7), (5.9), (5.11) moxHOCTHIO ONPEAEIAIT
acmMurorndeckoe pemenue P,. CHopmymmpyem monydeHubiii
peayabrar. IIpeskne Bcero, B cmay Teopemsr 2.2 ra. I cymecr-
Byetr I'o > 0 rakoe, uro mpu 0 < ¢t << To, (2, ®) & supp eo
CHCTEeMa ypaBHEHEH

X (Z.tm,t) =2P(z3,0,t), X(3,0) =z
ol ' (5.12)
oP (z, o, t) ap .
at S% (X (z,0,t), X (3, VS, (¥), ) %3 (v) dy,
P (Z! o, 0) =
mMeeT riaagkoe pemenne (X, P), mpuuem DY (z o, t) ~ 0.

Ha orpeske 0 <t <C 7o mocrponM QynrIfo

225 2 1

1/
Y (1) = [e . @(x p X (detl“su + Bz.ap, i9P; (x, ps 1) ) X
N-1

X 2 (= ih)uy (¢ + 5 @ 5.0 D, p, 1)) )
=0
(5.13)

rue ¢yarmus S (z, p, t) onpegexnsercsa uo Gopmyie

t t
S@ pt)=[pE—2)+{|P@poPdr—{ar{oX o),
0 0

X (¥, VSo(¥),v) x5 (¥) dy]

z=2(x, p, 1)’
npnueM z(z,p,t) =z + %i— (z, p,t) ecTp pemienme ypaBHEHHA
z=X(zp,0.

ITycty B popmyne (5.13) wo (z, p, t) = eo (x, p), a PyHK-
nE| Uy, Oph k > 1 ompejensaoTcA U3 PeKYPPEHTHOI CHCTeMEI

(5.11)

Jemwma 5.1. Qynryus P, us (5.13) asraemes acumnmo-
muueckum peuienuem sadauu (1.1):
-:—So(x)
PYa(2,0)=e Xo (x) + O (A=),
d . .
—ih %’”‘) — B2y (, 1) + Py, (2, £) S 0 (2, ¥) [bn (v, 1) Py =
= hN*L [y (2,8, h) (5.1%4)
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20e uepes O (h™) o6osnauena 2aadkas yrKYUs, UMEOWaAsL cae-
oyrwyyw oyerky Oas aw0buix k=1,2, ... u |a|=0,1,

) e e ee

l(g’;)“oww)[gca, JF.

IIpasas wacmv fy ¢ (5.14) — smo Hekomopas eradkas @Gyrk-
yus, umenwas oyeHky (3.4).

3amewanue. Ilpumensasa meron cranmoHapHO# ¢a-
3HI, JIETKO JOKa3aTh, 910 ¢yHKIHA (5.13), nocrpoerHas ¢ no-
MOIIBI0 OMEePATOPHOrO MeTOHa, COBIaaeT B pacCMaTPHBAEMOM
gactHoM caydae mo mod O (k) ¢ uaiimennoi panee B § 2 acum-
nrorukoi. Ilpemmymecrso mpencrasiaenusa (5.13) cocromr B
TOM, ¥TO OHO mouTH (e3 M3MeHeHHMil mepeHocurcs Ha Goxee
CHIOHBEIC 3afladM, B KOTOPHIX HAYaJblibie NaHHBE HE HMEIT
TAKOTo mpocroro Bupa, Kak B (1.1) (cM. moxpoGHee caenyro-
My IJaBy).

Acumnroruueckoe pemenue coxpamser Bufx (5.13) Ha
orpeske Bpemeru, rae axobman J > (0. B oxpectnocru ¢o-
KaJIbHHIX Touek ¢opmyaa (5.13) mHempumermma.

Has roro wro6s Hamucath riaobanbHyw ¢GopMyay, pac-
CMOTPUM CeMeHCTBO JarpaHKeBHX MHOTroo6pasuii

Ao ={z=X(z0,t); p=P( 0,t) — 0, 2z&R"}

¥ KaHOHWYECKHH OIepaTop .92'}.,”; na ueM. 3mecb X, P — pe-
menue cucreMu (5.12) xapaxkTepHCTHK niaa ypasHerua Bia-

coBa.
IToBTOpAa mocrpoenusa § 3, MoKHO HOKa3aTh, 4TO PYHK-

s

N-1 i
2 1
1/h , —— So(x)
P = [ D (— ik ug] (@0 p 1) ™ T 0 (2,
k=0
Iie uo = eo, Uy, Uy, . . . ONPEAEIAITCA U3 CHCTEME YpaBHE-

Hu# tama (5.11), ABIgeTCA ACHMITOTHYCCKUM DeIIeHHeM 3a-
nauz (1.1) mo mod O (hV).

ITogpoGurie BEHYHCIEeRHA GYAYT HPOJEMOHCTPHPOBAHH B
ciaefylomell riaBe Ha IpHMepe CHCTeMH ypaBHeHHMH XapTpu.



TIABA YV
KBA3BNKJACCHYECKAA ACHIMIITOTUKA
JJIA CUCTEM YPABHEHHUI C YHUTAPHON
HEJIMHENHOCTBIO
§ 1. YpaBuenna Xaprpu

1. IocraHoBka samaun. PaccMoTpuM cucteMy us m dac-
THI[ C BOJHOBHIMA QYHKIIAMYU

Yo, L., pm),
Ilyery B3aumMopeilicTBHe ONMCHIBAETCS TOTERIMAJIOM
Vi@, t) =V (z,8), k=1,...,m}),
npunieM

V@O =3\ fu@u 0l v @ 0Py, s R,

j=1R

e fi; (-, -, t) € Cy (R™) — HekoTOPHIE TIIaJAKHEe BeIecT-
BeHHbIe (YHRIUM.
Ilycrr sapama ¢ynkoua Iammibrona

!
F(z,p,t,V,h) = D) (— ik} Fe(z, p,t, V), hes(0,1) (1.4)
k=0

kxmacca S® (Ry X Ry X R})*), rmanko saprcamas ot ¢ € R.
ITycts Fo (z, p, t, V) — BemecTBeHHAA (QYHKUHUA.

*) Knace S (R™) cocronT u3 KOMIJIEKCHRX (GYHKIHil, BCe MPon3-
BO)HHE KOTOPHIX PacTyT He OHCTpee OfHOL M TOl e cTemen: |z |.
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PacemorpnM caemylomylo HedumHeiinyno 3safazy Homn
(ypaBuenua Xaprpm):

(7
b2 F @ p,t, Vi@, 0, h) 40 =0,
. 1 (1.2)
Vv (z,0) =px@ (z,h), j=1,...,m; p= —ihaix

3neck nauanbuHe gauubie %@ YHOBIETBOPAIT YCIOBUAM:
a) ¢unutHoctn: Pynxnmu %P m ux 1/h-npeoGpasosanns

Dypre co BceMn NPOU3BOAHKME uUMeT mopsanok O (h>®) Bue

KOMIAKTHO#! 06JacTH, T. €. CYMECTBYET BellecTReHHAsA JYHK-

mua eo = Cy (R*) rakas, 9rto

X0 (2, h) = eo (2, Py (2, B) + O (h=);  (1.3)

6) mpemeabmocTH: maA Jdwboro cumpomra [ & S (R
BHIIOJHAETCH DPaBEHCTBO

(2 @ B/ @ )1 (2, By de —
N
= D (— ity \§ o (z, p) (2, D) dp + O WV ), (1.4)
k=0

rae p(k’) — HeKoTophe 06o6menHble QYHKIUN ¢ KOMOAKTHRIMHI

HOCHTeJsIMH, mpaueM p§) — BemecrBenHbie; uncio N ompe-
JlelIieT TOTHOCTD, ¢ KOTOPOo# MH OyneM pemars 3amady (1.2).

2. Beramenenme cpemumx. bBymem uckats acHMITOTHKY
opu h — 0 pemenus sagaau (1.2). Ilpemkme Bcero Halimem
PasioKeHue mOTeHnuana V, B aCHMITOTUIECKHH CTeNeHHOi
pan mo k. Touno Tak ke, Kak 9To ObIO cHenano B § 4
ra. 1V, monyunM ciepywomee yTBepIKIeHHe:

Jemma 1.1. Cnpasedausa gopmysa

N
Vi (z,t) = D) (— ihy VI (x, 1) 4+ O (AV#Y), (1.5)
$=0
20e
ReV{® = 0,
m
V¥ @, t) = N 1@ 0. )r? @, p. ) dy dp,
j=1
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npuuem psd
N

D (— ihyrd (z, p, 1)

s=0

A6AAEMCS ACUMRIMOMULECKUM pasdaoxceHuem npu h — O peuwe-
nua r9 (z, p, t, h) sadawu Kowu

1

) 2 .
—lh ar —|—F(.’L’ P h 00:‘. ,t,Vh(l',t),h)r(’)—-
2 2
—F(ac—ihi p t,V (x—ihi t)' h)r(j)_O
6p 'y Dy by Vip ap ) ) =Y,
N
r (z,p,0,k) = 2\ (— ik} old (z, p).
k=0
CnencrBue. Pyuryuu (G =1,... m)ydoesem-

gopsawm cucmeme ypaenenuu B/Lacoea

o a®  sp, ol (aFo 8F Vo
at ox  dp ap

6x+6V ax)"'
+ (2ReFy, — Q)rf = 0, (1.6)

)

rd(z, p,0) = o8 (z, P),

20e

n
3 Fo (2, p, t, Vo)
y t’ = ——
Q ,(x’ D VO) El axiapi I

n m . ’(k)
®Fo (@, p,t, Vo) Vg (2,1)
+2 X : , (1.7)
i=1 k=1 op;0 vy 9z,

nomenyuaa Vo sasucum om r:

m
Vsk)('r’ t) = 2 ngk,‘l (.Z', Y, t)"g)(y, D, t) dy d]% k = 17 PRI /(4

=1

a gynkyuu Q, Fy, 0Fo/dp, dFo/dx, 0Fo/dV ¢ (1.6) paccmampu-
eaiomes ¢ mouke (z, p, t, Vo (z, 1)).

AHanormmo BHIYHCIAOTCA M OCTAJbHEE QYHKIHHA T
s=1, N — 1 (cp. § 4 ra1. IV),
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Kak 6umo mokasamo B § 2 ra. I, cucrema (1.6) momer
GBITH peleHa ¢ HOMOMBI0 XapPaKTePHCTHK:

%=8Fo X(Z,O),O)—ZERn
9P aFy _ (8Fo\ aT% n
3{—-—%——(57) , P(3,0,0) = o= R",

70 (1.8

or

——— + Qr”(f) =0, r‘J) (z, o, 0) = p‘()f)(z, o),
rae

Vo = {78, .., 7E™y,

m
78z, £y gt D) SS Fei (2, X (2", ', 1) P (2, ', ¢) d2’ do’,
j=1
a y ¢yuruuit Q, 0Fo/0x, 0F o/0p onymenn apryments (X, P,
t, Vo (X, ).

Cacrema (1.8) mpeacraBiser co6oit o6sKHOBeHHOE RuDPe-
peHIAAJbHOe YpaBHeHHe B GaHAXOBOM LIDOCTPAHCTBE HeIpe-
PHBHEX BeKTop-d)yHKunﬁ {Xy, ..., Xo5 Py, ooy, Py

oL, ri™). IMocrarouno pemuts (1.8) Ha KOMITAKTHOM

MHOH(GCTBe Haanlemx ZaHHBIX (2, ®), Colep/ameM BHYTDH

ceba mocmrennm dymkmui pf (z, ®) u eo (z, ®) (cm. (1.3),
(1.4)). Ilycrs Takoe pemenue cymmecTByer upu JioboMm I &
& R (cM. Teopemy 2.2 ra. I u 3ameuanme x ueii). OHo 3agaer
KaHOHMYeCKoe npeobpa3oBaHHe

& (Zr 0))—* (X (Zr o, t)r P (Z7 w, t))'

Iycrs z (z, p, t), o (z, p, t) — dyakmum, 3agaomue ob-
paTHOe npeoﬁpaaona}me gi*. Torga

D@ p, ) =70 (D 1), o p 0.

3. Acumnroruueckoe pemenue. OnpepmennB Bce Ko3(Pu-
mueHTH paanokenuda (1.5) morennmana Vj, MH cBejeM 3afga-
yy (1.2) k pacmapjaromefics cucTeMe JHHCHHHX ypaBHeHHH.
IlycTs

At‘:.t = {(.Z', P) lx = X (Z1 (O t)a

p=P( 0 t)— 0, z&R"

— CeMeHCTBO Jiarpam)XeBHIX MHOrooOpasuit B R” X R',:
IocTpoum mo mod %N xamonmuecknii omeparop KL , ra A,
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[16]. ITyctop

W (x, t) = [HI ) (2, P, )19 (@, R), (1.9)
? (2,0, t,h) = Z (— ih)egy (2, ©, 1), (1.10)
k=0

Qo (2, ®, 0) = eo (2, ®), @; (3, ®, 0) =0 (k>1). (1.11)
"z (1.9) — (1.11) enegyet, uro npu t = 0

. 21
Vi (@, 0) = eo(, p) 1z, ) = XD (2, ) + O (™)
(cm. (1.3)), 1. e. pyuruua (1.9) ymoBieTBOpseT Ha9aJIbHHM
yearosuaM (1.2) ¢ Tognoctrio mo O (h®).

IMogcrasum (1.9) B ypasuenne (1.2). Ucnoasays dopmyny
KoMMyTanuu 1/h-nceBgonuddepenuatbHOT0 onepaTopa ¢ Ka-
HoHMYecKHM omepaTopoM (cm. [16], ra. V), a rakme pasimo-
aendsa (1.1), (1.5), monyaum

2 1 2 )
[—ih 5 +F@pt, Vh(x, £, 1) |99 (z, 1) = w12

= (— ih) [P (@, B 1)1 (@, B) + (— i)V A, ;@ 1, ),
rae omeparop JP ummeeT BUJ

N
gﬁ = Z (_ ih’)kgaky
k=0 (1.13)
Po= 2 F1(X, P, 1, Vo (X, 1) —5 Q (X, P, 1, Vo (X, 1))

Py upn k> 1 ects muddepennmanpanii omeparop Ha Ag
¢ IJIaJKUMH, He 3aBUCAMMUMHU OT k Ko3dPuimenTamu,

Ocratox £n,; B popmyne (1.12) umeer caemyromyro onen-
Ky B HOpMe mpocTpaHcTBa CoGomesa (npm k = 0, 1, 2, . . .):

2N ORI WES 0t (1.14)

W3 popmym (1.12) — (1.14) BEITeKaeT caemylomas TeopeMa.
Teopema 1.1. Hyemv gynryuu ¢, ydosiemeopsawm
nauaavhbim ycaogusm (1.11) u cucmeme ypasnenuii *)

gboq’o’=0,
k
PoPr+ D Pipr-j =0, k=1,...,N.

j=1

*) VamtuBan AsEHi# Bup (1.13) omepatopa Py, cHcTeMy (1.15),
(1.11) aerxo pemnTs.
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Tozda ¢ynryus

N
W (2, 1) = [ 3 (— 0w @ 2 )20 (2, )

k=0

A6AREMCR ACUMNIMOMULECKUM PeuleHUeM CUCTNeMB YDABHEHUL
Xapmpu, m. e.

. 3 2 1 2 i
[—ih 3+ F (e, p 6, Vi, 00 1) | Wh(ant) =
= (— )" &Y ;(z, t, ),
¥ (2, 0) = 19 (2, h) + 0 (r™),

20e ocmamox BY; ydosaemeopaem oyenxe (1.14).

§ 2. TemmepaTypHbie ypaBHeHHs Xaprpa

1. Ilocranoska 3agaum. Paccmorpum GeckomeuHOMepHOE
o6o6menme 3ajaun Homm (1.2). Ilyers H = —h?A +
+ U (x) — omeparop WMlpenmurepa L? (R™) ¢ raagkuMm Be-
mecTBeHHNM noreHnuanoM U, npuuem pymrmus U (z) moc-
TAaTOYHO CHJIBHO pacTeT Ompu | x | — oo, Tak, uT0 cmeKTp H
IUCKpeTeH

EEW<E,W<... <E;H<...

u peryaspen npu h — 0:
sup E;(h) < oo,
o<<h<

omeparop et u Bce ero XKoMMyTaTOpH ¢ Z m —id/dx mpu Jio-
Gom t > 0 seasworca omeparopamu I'mirbepra — IllImmpra
B L? (R™), a co6crBenunie pynkmum y; = X; (, k) omeparto-

A~

pa H:
Hy;=Epw;, j=1,2,...

m ux mpeoGpasoBandsa Dypwe ¥; (p, h) co BceMn mpOm3BOA-
guMu uMeror 1o mod O (k) HOoCHTENHW, orpannmdeHHEie B R"
paBrOMepHO mo j (cM. ycaopme a) § 1).

O6o3naauM

6@=ZWN—MM&B=%=mm>O
=1
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(R — mocrosmnas Boabmmara, T — remmeparypa). Cxopm-
MOCTh M AaCHMIOTOTHKA pAfa O (k) GymyT HOJAYy4eHHl HIKE.
Paccmorpum GeckomeuHsi HaGOp BOJHOBHX (PYHKIMEA

{‘lpl ($, tv h)7 ¢2 (-t, t7 h)1 L -}
u nocrpouM Hab6Op IOTEHOUAIORB

Valz, 8 ={VP(z, 1), k=1,2,...),

Vid(z, t) = (h)ze""”"gw Y, 1) [ (9, £, ) Py,

=1

2.1)

rge L, & S pasromepHo mo k = 1, 2, . . .; dynxknun L, —
BeIMeCTBEHHHIE,
O6o3raTumM yepe3 [*® mPOCTPAHCTBO BEMECTBEHHHEIX MOCJe-

moBarexbHOCTed U = {v,} ¢ HOpMOH
Iv]o = supfval.

Hpeanonosxum, dro
4
F(z,p,t,k, V) = D) (— ik)sFy (z, s t, V), 2.2)

k=0

rnez,p =Rt R, VeEI® he (0,1), Fo — BemecTBen-
HaA (QYRKUMA; OAA IMIOOHIX MYJBTHHHIEKCOB @, f m y =
= (W - - or V15)
- AN\ A\ T
RCRORBYE
<CopxO@H]z) (L4 [p)* L +V =" (23)
j=12,...1

Temnepamyproimu ypaswenusmu Xapmpu HasHBaETCH
[23] cnenywmas menuneiiras samasa Kommu:

K

—i ——I—F(.’L‘ pvtth(x7tvh))\lJ_O (24)
"‘pj(x’07h)=Xj(x7h)' ]=1’27“'9

rue Bermop-tbynuuua V) saBucur ot ¢ mo dopmynam (2.1).
Hamei#t 3amageit Gyger IOCTPOCRME ACHMITOTHIECKOTO
(npu k — 0) pemenus ypapuemmii (2.4).
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Bynem mckarn pemeune (2.4) B BHie
3

Vi@t h) = e®

Ej ) 2 1 .
G (1'! P, 1) x; (&, ) (2.5)
rae

2 1 3 1 B 2
Gy (2, p, t) = R, (2, p, t)exp {— 7H} . (2.6)

Ilogcrasus ¢pynxnuu (2.5) B dopmyny (2.1), noxyumm

o

Vi (a,1) = ;,) 2 (EkéhXiY éhXj)L"

ITockonbky cucrema {x,} oGpasyer Gasmc B L? (R"), TO
01A a6ux 1/h-uceBnonuddepeHIBAIBANX 0OepaTopoB f ==
2 1

2 1
= f(x, p) 8 g = g (z, p) ¢ HOCTAaTOUHO GHCTPO YOHBAOIMUMHI
CHMBOJIaMH cOpaBeiyimBa ¢opmysa Hisa ciaena tr (fg*)

2 a1 = o \V /(@ p) 8 )z dp.

i=1

Kax 6yzer mokaszano Hu:ke, cumBoi G, ObicTpo yOHIBaeT
oo (z, p), U TO3TOMY

Vi (z, t) = WSng(x, Y, 1) |Gh (¥, & ) PdydE.  (2.7)

Hua toro uro6s ¢ynkuma P; us (2.5) ymopiaeTBopsia
paBHeHmo (2.4) JOCTAaTOYHO moTpeboBaTh, 4TO6H

zh - (x, p, £+ F (x, p,t Vh(x t), h) Gh(x, p, ) =

Ycnonpsya GopMyny IiIf cEMBOJIAa KoMUo3unuu AByx- 1/h-
ncesonudpdepennuanpunx omeparopos ([161, crp. 340), mo-
Jy9IHM ypaBHeHMEe B CUMBOJAX

G 2 1 2
h 'a_th(x'(‘)»t)'l'F(xv(‘)‘l‘ ot Vi (2, t))Gh(xv 0, t) = 0,
(2.8)

rae V, sasucur ot G, no dopmyine (2.7); ® € R™
BuiGepem Hauasmbusie yemosusa A Gy Ilomosxmm
Ry (x’ P, 0) = € (x, p)1
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rie ¢, = Cy (R*™), mpmuem
g2 _B g
-Lr s

1 J o0 ry
e T a@nu=c - WGHOE), i=12... (59
nO(hw)"Lz<hka, /C = '1, 2, oo

Taxas ¢yHKuus e, HalifeTcs B CHIY YCJIOBMH, HAJIOKEHHBIX

ga oumeparop H.
Hs (2.5), (2.6), (2.9) cmenyer, a0

Pi(z, 0, h) =y;(z, h) + O (k) (2.10)

TAK 9TO HaYaJbHHE YCIOBHA HA 1; YAOBIETBOPAIOTCA C TOU-
gocTRIO 0 O (h™).
2. Brraucienue cpegunx. Pacemorpum cumBos T, onepa-

TOpa exp{—%- ﬁ} ) T. €.
Ty (;, — ihc;/ax) = exp {,_% ﬁ} .

B cuny ycaosmii, HajoskeHHHX Ha omeparop H, cUMBOJX
T}, ¥ ero npom3Boube IpAHAHNEKAT mpocTpancTBy L? (R*").
ITo dopmyse wina cumBona caoxuoit pyuxmuu ([16], crp. 340)
DO YIUM

Ty (z, ®) = exp {— %ﬁm} 1,

roe H, =|o — ihd/oz]? + U (z). Namee u3 Qopmyas auns
caoxuoit pymruma ([16], crp. 40) cregyer acummroTHdeckoe
pasio)Kenne

T, (z,w) = exp {— %H(.r, 0))} X
N—1

X D) (— ik (2, 0) + O RBY), (2.41)

k=0
1 .
rae QyHROUA h—NO(hN ) ¥ Bce ee IPOM3BOJHbIE IIPHHAMJNEHKAT

L*>(R*") u orpannuenn npu kb — 0, a xodduIEeHTH f MOTYT
OBITH ABHO BHIYMCIEHEI:

f(l (.Z', 0)) = 17
2
fi(z,0) = E26)., (2.12)

...........
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Ionaraa B (2.7) Ly =1, t = 0, monyuum

3(0) = G || Tz, 0) 2 de o (2.13)

Teneps Mbl B COCTOSHWH BEMHCIHTh moTeHImaxsl Vi.
N3 dopmyxn (2.8), (2.12) u § 2 ra. II BHTEKaeT, 9TO

SS Ly (z,t,y) | Gu (¥, &, t) [P dy dE =

N—1
= 2 (— ih) SSS Ly (x, ¥, )15 (4, &, 0, 1) dy d& do + O (bY),

7=0
(2.14)
roe pAx

2\ (— hYry(z, p, 0,1)

ABJIAETCA ACHUMITOTHYIECKMM pasTokeHWMEeM pemieHus r (z, p,
o, I, h) ypaBHeHUS

1
P p—ih LV, (1), By —
at $p axQ 1 h 1 £
2 2
—F(éz—ih—a— R (z-ihi t) h>r=0 (2.15)
01’1 1Yy Yh ap’ ) ’ .

IpHIeM

i s s
@ p oo 0)= 3 3 L0 ERTERA) 50 p o)

§=0 m=0

X Ji-s-m (%, ©) ((% ——g—%(x, (o))sf,,.(x, ®). (2.16)

3a cuer mHTerpana mo do B (2.14) gocratouno yuecTs JuIbL
cinaraemue ¢ gugexcom s = 0 B (2.16). Takum o6pasom, na-
qaJipHbIe YCJIOBUA [UIA r; OPEMYT BHJ

ry (z, p, ®, 0) = exp {— BH (z, 0)}f; (z, ©)*0 (p — o).
(2.17)

Tax e, kak u B ra. IV, piaa ¢yErumii r; moxyanm us (2.15)
PEKYDPPeHTHYI0 CHCTeMY YpaBHeHUil. YpaBHeHHE IJIA I;
opm j > 1 cBoguTcA K JMHEHHOMY HMHTETDAaJbHOMY YpaBHE-
guio tuma Boabreppa (cMm. § 4 ra. 1V), a gna r, mosygaem
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ypasuenue Biacosa
oro aredFo Oro {0Fe OFodVyo
Tt e e T

a2ty d2Fy V),
+[2R0F1—-(m+mw)]ro=0, (2.18)

ro(z, p, ®,0) = exp {— BH (z, )} § (p — ®).

3necy ¢pyukuuu F,, F; 6epyrca B touke (x, p, t; V, (z, t)),
a moreHuuai V, pasen

VP (e, 1) = £\ Lt 0, 0r0 (0,8, 0,0 dy di do,
gp = \exp{—3H (z, o)} dx do
(mocnemuas gopmyna gma o, caemyer ua (2.11), (2.13)).

Kax uaBecrno (§ 2 ro1. 1), ypaBuenue (2.18) pemaerca ¢ mo-
MOIIbI0 CHCTEMBI XaPaKTepPUCTHK

0X _9Fo 9P 0Fy 0k OV
at — 9p ot az Vv 9z’
aro 9%Fo &F Vo) .
T+ [2ReF— o — 5T SR R = 0, (249)

X(Z’ E’ w, 0)=Z,P(z, g’ (D,O)=§,
ro(z, & o, 0) =exp { —pH (z, 0)}6 (§ — o).
Ilpu sTom
To (.’II, b, o, t) =T, (z (z, D, @, 1), g (I, p, O, t)a o, t),

roe ¢yurmuu z (...), & (...) 3amaror oGparHoe oTo6parKkeHH®
K KaHOHUYECKOMY OTO6paKeHHIO

g: (2, 8 —>(X(z & o, ), P(z & o, ).

3. Hocrpoenue acuMoTOTMYECKOro pemieHUst, Mn BHYH-
CTMJIM aCHMITOTHYECKOE PA3jo;KeHHe MOTEHIMaa:

N-1
Vit = ( X (—iny \{etw 9y, 0) dy do) 2
j=0

N—1
< (2 (= \{Zue, v, 0rm@ 80,0 dy dedo ) +0(0 ).

m=0
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Ilpm aroM

VO 0 = £ Lo X0 0. e, 8 0 o,

So

def
I‘Ile Xo (Za gy t) = X (Z7 gy §7 t)1 roo (Zv gv t) - Fo (Z, gy Ey t)-
Ilyers, kpoMe toro, P, (z, &, t) = P (z, E, &, #). Oyrrnoun
X0, Pg, rgo YAOBIeTBOPAWT ypaBHeRUAM (2.19) mua X, P, r,
M HAYaJbLHHIM YCJIOBHAM

Xo(z, & 0) =2 Py (s, & 0) = & ry (3, & 0) = ebHe®
(2.20)

3amaga Komu (2.4) cBenena k auueinoit. Haiinem ee acum-
uToTHYecKoe pemenne. ITycrs

Aot = f{x =X,(z2, 0, 1), p=2Py(z2, 0,8 —0; zE R"}

— CeMeHCTBO n-MepPHHIX JarpaHxkeBHX MHOTo0Gpasuit B Ry X

X Rg. O6ozpaunm uepes %‘},,/h ; KAHOHHYeCKHA omepaTop mo
mod AN na zem [13, 16]. Pemenwue (2.4) nmem B Buse (2.6), rue

Gr(z, 0, t) = [%0'9) (z, 0,1),

N—

(P(zv(‘)vtv h) = 2 (— ih)kcpk(zv(’)v t),

=0

@0 (2, @, 0) = exp {—-%H(z, o))} €0 (2, 0), @.21)
o (2, ©, O):exp{—%H (z, (o)} fr(z, e, (2, ), k>1.

Hauanpame ycnoBds 3fech BhiGpamH ¢ ydetoM (2.6), (2.9),
(2.11), (2.20).

Touno Tax sxe, kKak u B § 1, mafigem m3 (2.21) u ypaBHeHUHA
(2.8) pexyppemTHYyI0 cHcTeMy OOHKHOBEHHHX AHpPepeHmU-
aNbHHX YypaBHeHHH miuA ¢ynrnui ¢p. Hampumep, amrsa o,
HOJIY9EM 3a7aqy

0o 1 0%Fy 0tFy Vo
ot + [Fl ) ( gz dp apaoV 8_:':(X°’t) +
oF,
+ 3—;V1(Xor t)] o= 0,
Qo (3, ®, 0) = exp {— %—H (z, (o)} e, (2, 0),

rac y pyakumii F, Fy omymens apryMents X o, Py, ¢, Vo(X,, t).
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Taxum 06pasoM, DOCTPOEHO ACHMIOTOTHYECKOEe peMEeHHS
TemMOoepaTypHuX ypaBmenuii Xaprpu (2.4). VImenmo, mmeer
MEeCTO

Teopema 2.1. Oynkyuu

wj (.’L', t h) =
= exp{ (h)}[ I/h( D (— ih)k@k)](ﬂzﬂa I;»t) X3 (%, k)

k=0

yaoe./zemeopmom Hauaavhbn yeaosuam (2.10) u coomuoweruo
lh — + F(x p,t Vi (x, 1), k) P; = (— Lh)N“%’N,,(x, t, h),

2de ocmamor By, ; oyenusaemes ¢ Wy (R™) caedywouyum 06-
pasom:

[0, (ot W) fys < v, (8) B

§ 3. KBasuxiaccnyeckas acAMOTOTHKA pemeHHH CHCTEMbI
YpaBHeHWil HeluHelHO# KBAaHTOBOH MeXaHHMKH

1. Hocranoska samaum. B stom maparpade Mu wm3ygmm
acEMIOTOTHYECKHE DpelleHHA CHCTEM HeJMHeHHHX ypaBHeHUN,
HE paclafalomuXcsA, B OTJIHYMe OT ypaBHenui XapTpH, Ha
OTAeJbHbE CKaJADHLEE YpaBHEHUSA DOCJ€ BHYHCIECHUA HOTeH-
muaja B3auMopeicreua V.

CEMBOJH omepaTopoB, KOTOpPHE MH Temeph OyaeM pac-
CMATPHBATh, ABJAIOTCA MaTPUIHO3HAYHKHME (QYHKOUAMH.
Hycrs

V=(Vo, ..., VMERY, = R" t= R, h < (0, 1).

Pacemorpum marpuunosnagnyio pyuriuio F (x, p, t, V, h)
rkaacca S* (R: x Ry X RY, m)*), raagKo 3aBACAIYIO OT !
m h. Ilycrs

8
F(z,p,t,V,h) = D) (—ih)} F;(z, p,t,V) (3.1)
i=0
u mMatpuua F, (z, p, t, V) mMeer ! pa3iWmUHHX BeIeCTBEH-
HHX COOGCTBEHHHIX 3HaueHHH py (r, p, ¢, V) mocToARRO# KpaT-
HOCTH I'y H He EMeeT KOPHaHOBHX KIETOK.

*) Bce aaeMeHnTH MAaTpHIH Kaacca S (R”?, m) npuragnexar S (R™)
(cM. cHOCKY Ha cTp. 104); m — aT0 pasmMep MaTpUOH.
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Tlonoxmm

Mz

Var § fiw (@t v, 9 0T Pdy, (32)

n

’(xt =

v

[
=

rae fio (., t,- -, T)E Cy (R*™) — rmagkme BemecTBeHHHE
¢yrruuz ¢, 1 R. lloTeEnuann 4% KBaJ[paTHYHO 3aBHUCAT

M o (W) (m)
oT BeKTOp-QYHKOUHA ¢, = (P, , . ).

Paccmorpum 3zagauy Homum ,qu CHCTthI HeJIMHEeAHRIX
ypaBHeHHH, 0000mMaionimx ypaBHEHHA HEJIHHEAHOW OOTHKHA
¢ OPOCTPAaHCTBEHHOHW M BPeMEHHOW pucmepcHeir (B 9aCTHOM
ciydae — ypaBmEerumii Makcpesna) [25]:

1 2
at ) t? Vh (33, t), h) 1PV = Ov
Py (2, 0) = Pou(, B), v=1,..., M.

Haiinem ee acmMmToTHYecKoe pemerue mpu h — 0 ¢ mpo-
H3B0JbHOIM TognOCTEI0 O (RYN) (mas ypapHemHH omTHKE h =
= 1/®, rne ® — gacrora).

Hanosxum cuepyomue ycioBHA Ha HadJaJbHEE NaHHEE
(3.3):

a) PHHAMTHOCTh: BCe KOMIOHEHTHI wéﬁ) (x, h) m ux 1/h-
npeoGpasoBanua Dypne \p,g’v) (p, h) BMecTe co BceMH HpOH3-
BOJHKMHA BHEe KOMOAKTHOM oGnactu (r, p) MMelT HOpAROK

O (h=); T. e. cymecrByer pynrnusa ¢,=C, (R") Takas, uro
& (2, h) = ey () &0 (P) Yoo + O (B™);
ﬁ=—m£,

(3.3)

(3.4)

6) yciloBHEBIE TIpeleIbHOCTH: ANA J11000ro MaTpHYHO3HAU-
goro cmMBoga AES> (R*, m)

2 1
(A (z, p) Yoy, Yov) =

N—-1
= 3 (— (e (A (z, p) oW (e, p)) dz dp + ORY), (3.5)

k=0

m
rae (X, V) = SZ x® (2) P (z) dz; tr obosmagaer cuen,

i=1
k
% — SPMHUTOBO compsKeHHe MarpuIsl, i — HekoTopHe m X
X m-MaTpUOH U3 QEUEATHHX 060GmeHHHX (QyHKUUHA, MaTpu-

na o spmmrosa.
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2. Beruncienne cpegunx. B oramume oT mpemBAYIHX
IpEMePOB, 3feCh MBI He OyleM CBOAUTH BHIYHUCJEHEE MOTEH-
IFaja B3aHMOMEHCTBHA K ACHEMITOTHYECKOMY pa3ioMKeHE
MaTPHEOH IIOTHOCTH. Mcmonbayem Opyroit MeTos.

Iyecre X O (2, o, t), P® (z, ®, t) — rnagkue QyHKNEE
co smauenmamu B R" (j =1, ..., [; z, o= R"; t= R), ynos-
JAeTBOpAOINe TaMHJIBTOHOBOM CHCTEMe YpaBHeHWNA:

ax® 3_7»5(X(5> PPy, X9 (5 0,0) =z
T 3p ’ »UN . (3.6)
apw __6_>»,~(X(j> Py, PD(z0,00=0

a o ! A R

rae A; & C® — BemecTBeHHbe (QYHKOUH, IpHIEM
}“i (xw D, t) 7"- 7"} (.’L‘, o, t)y i 7& j- (37)

Paccmorpum (n -+ 1)-MepHEe JarpaHKeBH MHOr000pasdsa
B (RE X R) X (Rp X Ry):

Aj(0) = {(z, t,p, p) |z = X (2, ®, ), p=P(z, 0, t) — o,

pt = — A (X, P, t); zER"}.

Ilyers 5%; = .%‘}/f,} — KaHOHMYeCKHH olepaTop Ha CeMei-

crBe A; no mod AV [13, 16]. Bysem mckath acHMNTOTHYECKO®
pemenne sagaum (3.3) B BAmE

! 2 1
P (2,8, h) = g 18] (z, P, £) Yov (2, B), (3.8)
e =1
N—1
a;(z,0, t,h) = D) (— ik)*a® (3, ©,1), (3.9)

k=0

af® — rnagkme m X m-marpmumosmaumme Gymxmmm. Ilon-
craBEm (3.8) B gopmyny (3.2) mna DoreRnmmasa B3amMOgel-
CTBHUSA

M

! 3
V@0 = D D (v (941 @, p, ) fuk @, £ %,7) X
0

v=1 4, j=1
2 1
X [%#;a;1(Z, Py T) Povs Pov)s  (3.10)

- ~
rme a; — CONpsyKeHHaAa K MarpmEme a;. B 9roid cymme oc-
TAaHYTCHA JHIOb ClHaraeMile OpE { = j, a OCTAJbHHE WICHH
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..

pmetor mopagok O (h*). B cmany ycnosua (3.5) auna srtoro
MOCTAaTOYHO JOKa3aTh, 9TO LPH i 7= |

t —_— 2
$ (%@ @ 1) o v @ £z, D) 5951 @ p, 1) d = O(K)
0
(3.11)

A JMIoOHX CKaIAPHMX (QYHKUME @;, ¢;, OpHdeM OpaBas
2 1

gacty O (k) ectp omepartop %, (Y, Z, p, t), CHMBOJI KOTOPOTO
ABJAAETCA TiagKkuM B GHICTPo YOBBaeT mo x, p u mo 1/h co Bce-
mu npoussopusimu. Popmymna (3.11) BuTekaer U3 cnegyiomen
JIEMMEL.

Jdemma 3.1. Hpu i #j u anbor u=C; (R?™) uneem
Mecmo Coommuoulernue

: %x(p’—-p) —_— ) , o
(ar(e (%91 (2, p, ) (73951 (2, P, ) u(z) dx = O (™),
’ (3.12)

20e ocmamok O (k™) = %n (p', p, 1) seasemcs zaadkum u
owcmpo y6weaem npu (1/h, p’, p) — oo co ecemu npous-
800HBIMU.

HDorasareascrso. IlogcraBuM BMecTo KaHOHH-
YeCKHX 0NepaTopoB J7;, J¢; B (3.12) ux pasnorkeHUA o 0COGHM
u HeocoOnM Kapram [13, 16]. Berancnum 3aTem cranuoHapHEE
TOYKN MOJNYIMBIIUXCHA HHTErpaoB. OxaseBaercs, 9To IpH
yeaopun (3.7) cramOHAPHHIX TOYEK y STHUX MHTErDAJOB HeT,
u noatomy ouu paBusl O (h*). IIpogemMoHCTpHpYeM 3TO AMINL
B ciiyuae HeocoOnX KapT. AHaJOTHYHO paccMarpiBaercs 00-
MU caydau.

C TOYHOCTBHIO 10 HECYLIECTBEHHBIX MHOKUTEINeil HiITerpaJ
(3.12) nepenucsiBaercs (B HEOCOBBIX KapTax) B BHJE

t
S drv S exp {]—i [x(p"— p)+ S;(z, p', 1) — Si(z, p, 1:)]} X
0
¢; @@ P, P, 0@ @ (@ p), P
VIiTj@ 2,07, @ p 9l

w(z)de,  (3.13)

rae z{) (z, p, T) — pemenue ypaBHenus z = X (z,, p, T),

. DX® .
s =1, j,al(z,p,T)= Dzo (@ (x, p, 1), p, 1) # 0. [leit-

crBug S; u S; YIOBIETBOPAIT ypPaBHEHHAM I aMHIBTOHA —
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fAxobu
s, (z, p. 1) 9S8, (. p, ) .,
R N ) LY YR ACXT)

Brraucaum cranumonapryio Toury (%, T) unterpaina (3.13).
O=a onpepessieTcss A3 ypaBHEHHA

sy o~ 88 det
2 &P )+p =5-E@p)+p=0
as; R X
7(7, p,1)= (')_T(L" p, 1)
Orcroga u u3 (3.14) BrireRaeT paBeHCTBO
)"i (7, ?s 7[’) = }"j (Ty pi ?)1

KOTOpOe OpH i 7 j He MOkeT uMeTh Mecta B cuay (3.7). Ciue-
JoBaTenbHo, HHETErpat (3.13) He MMeeT cTalHOHAPHBIX TOUEK
u paeen O (h~). Jlemma 3.1 nokasaHa.

Tenmeps B popmyie (3.10) ocraroTca numsp ciaraeMee ¢ UH-
mexcamu i = j. Onu npeoGpasyrorcsa ¢ noMombio Teopem § 12
ra. V [16]. T'naBabiii wien moayuuBimeiicas acHMOTOTHKA V)
HMeeT BHUI

M
Vi, t) 2

2
X/v h(y1t X(j) z,

! L2 3
Sdt (@; () p, T) X
0

J=1

Ew

, T) y T) aj; (x?» ;)r T) Yoy, \PovH‘ 0 (h)

Ucoonpsys (3.5) u (3.9), orcroa HaliieM oKoHYaTesbHOE
BHpaskende s acumuroTukm V). Chopmymmpyem atoT pe-
3yJABTAT B BUJIE JEMMEL.

Jemma 3.2. Hueem mecmo pasroscerue

N—1
Vi@, t)y=Vo(z, t) + D) (—ih)V, (z, t) + O (RY), (3.15)
r=1
2de wosppuyuenmw Vg, . .., VN; — Herxomopue Pynryuu,
UHMezZpalbiho  3aeuciyue om a§k)1 k=0,1, ... N—1;
j=1, ..., L Jaa V, uneemcs senoe gvipaxcerue

M [
Vi @ 0= X 3 (a0 @ o, 17 e (2, 0, 1) X

v=1 i=10
o (z, )] fiu (@, £, XD (2, 0, 7), 7) dzdo. (3.16)
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3. Mocrpoesne acummrornyeckoro pewenas. Ilopcrasmm
pasnoxenue (3.15) B ypapmenme (3.3). Henuueiinnii onepa-

Top F B (3.3) mpumer BEL

. 2 1 2 2 1 2
F=F(z, pt, Vo(z,t)) & (—ih)Fy(z, p, t, Vo(z, 1)) +

aFo 2‘ 1 2 2
+(—ih) 5 (@5 Py 8, Vo (z, D) Vi, 1) + O (R, (3.17)

Hanomuum, uro gepes pj (z, p, ¢, V), j=1, ..., 1, mm
o6osnauaeM cobcTBeHHEE uwHchaa Mmarpuum F, (z, p, t, V).
Ilycrs P; (z, p, t, V) — cooTBeTcTByMOMmMHEE OOEPAaTOpPH HPO-
ekTHpoBaHUA B C™ Ha j-¢ coOGCTBeHHOE HOANPOCTPAHCTBO, NPH-
geM

l 4
PiPy=8;,xP;, D Pi=1, X wPj=Fo,
=

i=1

(Fo—pj) Pj= Pj(Fo—n;) =0.

(3.18)

KpatnocTs ry cobcTBeHHOr0 dmcaa [y IO YCJIOBHIO HE 3aBHCHT
!

or (z, p, t, V) u 2r,-=m.

i=1

N3 (3.17) BupHO, 4TO MIABHYIO POJb OIPH KOMMYTAIUH oIe-
paropa F ¢ kaHoEMuecKHMH omepartopamu (3.8) Gymer urpath
MarpuuHHi cumBoa F©®, rpme

F@) (z, p, t) = Fj(x, p, t, Vo (2, 1)), ] =0, ¢, ...
O6031a9uM

}"i (.Z’, D t) = W (.Z', p L VO (.Z', t))’
Ef(x’ D t) =Pj(xa D L Vo(x, t))7 ]‘:17 LI

Torma E; u Aj yioBnerBopsAIoT cooTHOmeHuAM Bufia (3.18) ¢ 3a-
meno#t F, ma FO.

@opmyna (3.19) sanaer ¢ymrummwo lamumnvrona A; mis
cucreMsl ypaBHenmil (3.6). Otmermm, uro A; saBucur or Vi,
a V, ecrb ¢yurmumonaa or X®, i =1, ..., I (cMm. (3.16)).
Tarum oGpasoM, A; (z, p, ¢) UHTErpabHO 3aBACHUT OT QYHKIHM
X® r.e. cucrema (3.6) npeacrasisier co6oil CHCTEMY HHTEIPO-
nudpdepeHUATFEEX YPaBHEHUH, PAaCCMOTPeHHYIO B IaI. I.

. Orvernym, uro B dopmyre (3.16) pna V, yuacTeyror eme
weprumcaennse Marpuis af”. Jlag MX HaXOKIeHHA mOACTa-
BuM ¢ymrmuio (3.8) B ypaBmemme (3.3) m Bocmosb3yemcs

124

; (3.19)



teopemoii [16] o kommyramun 1/h-nceBmomudde peHIEATBHOTO
oIepaTopa ¢ KaHOHAYECKHM OIIePATOPOM:

op, .21 >
—zhﬁ'l‘l' (z, pi t, Vi (z, 1), B) Py =

! 2 1 2 1
= D [0iRa;1 (z, p, ) You (x, ) + (— i)Y Qw (&, P, £, ) Yor
t

(3.20)
Ie CHMBOJ oCTaTKa Qn HMEET ONEeHKY
9 \a 9 \B Ca B, 1 (t) h‘|a|‘“3|—"‘
-y -y y My tv h/ 2 2 3.21
|(3)" (35) @n e p o | < i @)

s n06sx @, f, ry, ;. Onepatopn R; B (3.20) pasmaratorcs

0 CTeUeHaAM h:
N—1

= D) (—ih)kR{. (3.22)
r=0
3necn R,(r) — nuddepeHIMaAbHIA oIepaTop HopsagKa j ©
[ KAMHA, HE 3aBUCANUMHU OT % MAaTPAIHO3HAYHEIMEH (m X
X m)-kosdpdunuenramu,

!
R = >\ (s — \y) Ey,

k=1
k3
(3.23)
9
E;RPE; = (5 + r,.) E;,

npudeM Bce QYHKIUA B (3.23) BHIUHCIAITCA B TOUKE & =
= X®, p = P®W, Marpuna I'; sagaerca gopmynamnm

1 o aL; 41O dL; GF©

P":—Taxap it ap o 1T ap ar Li+
4 EFOE; + B2 VB, (3.24)

raoe Li (p" z, p) = (P' - A‘.i (.‘lt, D t)) (P — FO (.Z’,l D, t))-l
npudyeM npomsBopuuie oT L; B (3.24) Gepyrcsa B Touke W
= — Ay (X0, PO, }).

Kpome Toro, cnpaBe[JIMBE TOKIeCTBa

Ih.

TE;=T; ET;=T;4+(1— ,).‘ﬂ, (3.25)
J
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W = 6t —I— op % _— W a—p — IIPOM3BOJHAsA BAOJb Tpa-
extopuit (3.6).

ITomcrasum B (3.20) pasmoskenue (3.9) u morpe6yeM, 9T06H
B IpaBoil JacTH Koddpduumentn upu cremeHsax (—ih)k, k =
=0,1, ..., N —1, 6suiu paBuu Hyawo. Ilonydum cucreMy

ypaBHeHMHU AJIA MATDHL a§k):

rie

R(o)a@) =0,
R(O) w + R(I)a(o) . 0’
e (3.26)

R](O)a;N-l) _l +R(N 1) (0) =0,

ITorpeGyem, aT06H B HadaabHBIA MOMEHT ¢ = O

Z al” (z, 0, V) = ey (2) ¢ (0) 1,
(3.27)
2 ag-") (2,0,0)=0, £>1,
j=1
riae ] — eguHAYHAaA MaTpHIa.
Torma ua (3.8) m HavaabusX ycaoBuil (3.6) moayamm

I N—1

Pz, 0, k)= 3 D (— ik)¥af? 2, p, 0) o (&, h) =

=1 k=0

= e0 (%) €0 (P)ov (2, h) = Yo (2, K) + O (h=).

B mociemHeM paBeHCTBe MBL HCHOJb30Baidu Gopmyay (3.4).
TakuM o6pasom, ycaosus (3.27) rapaHTEPYIOT YAOBIETBO-
peH¥e HadaJbHHM faHHEM (3.3) ¢ TogHOCTRIO HO O (h™).
Pemum cucremy ypaBuenmit (3.26), (3.27). M3 mepBoro
ypaBHenmsa (3.26) m dopmynn (3.23) umeeMm

D) (b —Ay) Exaf® =0,

K=j
wim, yamteBas, 910 O MEy = F©,
k
FO® = ra.
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Orciona caeayer, ato obaacTs sHavenmi a® (Kak omepa-
tTopa B C™) JoJKkHA TPHHALJIEIKATH coﬁcTBeHnomy DO po-
crparcTBy F(©®), oTBewanomeMy cOGCTBEHHOMY THCIY Aj, T. €.

E;af® = a°. (3.28)
Bropoe ypasuenme (3.26) sanmmeM B BHfe
ER(!)E a(l) + R;o)ajgl) 4+ — E ) R(l) (0) +

+ E; R"’ — Epaf” =
B cany (3.23) u (3.28) orciona mosydaem ABa paBeHCTBA:
E B o) (0) =0
' 3.29

R,(O)a,l) +( _ EJ) B;l)a:(’O) = 0. ( )

HepBoe U3 9THX PaBeHCTB JaeT YypasHerHue neperoca A a,(o)

(7 + r,-) a® = 0. (3.30)
Hagaabuoe ycaosue BribepeM, aexoms u3 (3.28) m Hava bHBIX

yeaosmia (3.27):

a® (2, ©,0) = ¢, (2)e, (0)E; (XD (z, »,0), PP (z, ®, 0), 0).
(3.31)

Iloxasxem, 9To pemenme ypaBuenmii (3.30), (3.31) ymos-
aerBopsaer ycaosBuio (3.28). lleiicTBATeNbHO, DOTOKHM

o’ = Ebf”

Torga maA MaTpHIEI b,‘o) HOJYy9UM YPaBHEHME

oabl® g
Ej—r + (d_tj Ea‘) b + LEHY = 0. (3.32)

Brtepem Manﬁuy b}") TaK, 94TOOR OHAa YHOBJIETBOPsJA
3ajade
6b§°) d
i 0) (0
_at""l_(dt ) +Tib" =0, (3.33)
5% (2, ©, 0) = e, (2)eg ().

Torma B cany (3.25) MaTpua b,§°) aBTOMaTH9ecKd Oyder yEoB-

JIeTBOPATH M ypaBmeHuio (3.32), a ciegoBaTedbHO, pemeHUE
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8agaum (3.30), (3.31) obssaTennmO MMeeT BN
a® (z, 0, 1) = E; (X (z, 0, 1), PD (3, 0, 8), Db (2, o, 1),

t. e. ycaosue (3.28) Bumoamero. OcrtanpHEe KO3(YPUITHEHTH
af k=1,2, ..., BHUMCIAITCA AHATOIMIHO W3 CUCTEMEI
(3.26).

B kagectBe mpmMepa HailifieM MaTpuUny aj
(3.29) m (3.23), monyumm

Eha?) =

M Yemonnsys

Ty TR, kel (334

Jina TOTO 4TO6H OLpefeNHTD caMy Ma:rpm(y a“) = E;u +

+ 2 Eha(l) 0CTaeTcsl HaliTH KOMIOHEHTY F ja, . OHa BHYH-

k]
CJIAETCA W3 TPeThero ypaBHeHHs cHcreMH (3.26):

Rgo)a?) + RJ(l)a;l) + R’§2)a;0) = 0.
Heiicrurensso (eM. (3.23)),
ERPEa’ + ERPa) + 3, ERPEaf? =0,

k]
HIan

a
(55 + Ti) (Bai) = — EiR{Paf’ +
+ D) (K 5E RPERPP. (3.35)
k=j K
ITocTraBuM HadaJbHBIE YyCiI0BHA

E_R(l)a(())
W ik %k
B i = 2( hj— by )

k+#j

(3.36)

t=0

Torma ycnoma (3.27) aBroMaTHuYecKM BmOodHsATCA. Hak
u npu mepexoge or (3.30) k (3.33), paccMoTpmM MarpHIy

b?) (z, o, t), ymoBleTBOpAKIMYI 3ajfade
d dE.
(—,37’*-,1—,; + Fi) b = (

b (2, ®, 0) = D)

kA

RMVE, RVE.
2 J}» l:_;» ’—R,@Ej b§°),
k 7

(3.37)

ki

RWE 30
(525 ) e oo
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Torma pemenue (3.35), (3.36) Emeer BHL
Eal® = Ed.
Takum o6pasoM, B cuny (3.34)

(l) Ebgl) + 2 (k EkR’(l)E’b(O)

AHaJOrm9a0 BHYMCIAIOTCH H OCTAJbHEE MaTpPHIIH aﬁ"), k=

=2,..., N—1;, opu srom

k) k) )
ol = EpP + 3 Eaf”, (3.38)
s3]
rie marpuust Eaf" onpeneisiores Ao wepes , af' v,

., af” amamoruuno (3.34):

® 1 (A) ) (k1)
bsa,( ——————UV (@; "y veovay )y
7

a MaTpHIa b(}") y,uOBJIeTBopHeT 3agade Komm Bupa

( = + . _I_ P) (h) Q\) (b(O) ey b]{k—l)),
' J (@, alhD)
b |y = 2 ( s L

¢ mapecTunMn  pymxmuavu D ") B upaBoii vacTu u f(") B Ha~
9alibHHX J@HHBIX.

IlogBemem mror. CunTas W3BECTHRIMH pelieHAs X @ pw
cuctemst (3.6), mn onpepenman morenmumans V" (cm. (3.16))
U CBEJH BHIHCJIEHHME MaTpPHUI]

o k=0,.. ,N—1,j=1,...1

(3.39)

t=9

K pemeHul OOHKHOBeHHHX nudpdepeHI[HalbHEX ypaBHOHUH
Buza (3.39).

Taxum o6pasom, us (3.6), (3.16), (3.19), (3.33) monygaem
CIeYIOIYI0 CHCTeMY ypaBHeHMi mnsa ¢ymxmmin Xi, Pi:

@ O )
3);; — apj (X(J)’ P(]), l'), X(]) (Z, o, 0) =z
(D ;
AP OA; i) i) i
= = — 5= X2, P9 1), PV (z, 0,0) = 0,
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m marpun b{:

3b§o) F . .

G+ [ B (xO0, 0 PO (201, )60 + TP =0,
(11) Y (2, 0, 0) = e, (g (0) I,

rae
A'J (xv P t) = W (x’ p, L Vo (x’ t)),

E;(z, p, ©) = Pj(z, p, t, V, (z, D), i=1,...,1

a moTeHIWaJ BaaumofmeilcTBusA V, 3ajaercs ¢dopMymnamu

M o1t
Vc(vk) (z, t) = Z 2 Sdt SS T (2, 8, X(i)(z, o, 1), T) X

v=1 i=10
x tr (B2 (z, o, 1) E; (X9(z, 0, T)P? (2, 0, T), T)" X
X E(X9(z, @, 1), PP (2, 0, 1), T) ¥
% b (z, @, ©) p? (z, 0)] dzdw, k=1, ..., M.

Marpuna I'; 3gecy omperenena gopmyioir (3.24).

Cucrema (I), (II) aBaserca cHcTeMo#t OGEHKHOBEHHHX MH-
Terpo-nadpepeHNHaNbHEX YPaBHEHUA IePBOro MOPAAKA, U3Y-
9eHHHX B ri. 1. OHa EMeeT pemmeHHe Ha HEKOTOPOM OTPE3Ke
[0, T,]. Ha aroM orpeske Bpemenm u3 ¢opmynu (3.38) Mu

ompeieIEM Bce KOdPPHIMEHTHI a§"" pasnomenus (3.9), 1. e.
BuaucamM PyHkuum 1, u3 (3.8). Urak, nokasaHa
Teopema 3.1.  Bekmop-gynkyuu  ¢,(z, t, h)=
! .
2 1
= D [#3;](=, p, ) bov (z, h) ydosaemsoparom sadaue
=1

o, .81 2
— ik F (2, pyt, Vi (2, £), R)py = (— i))VRy, o (2, 1, B),
Vo (2, 0, B) = Vg (&, B) + O k™), v =1, ..., M,

npuvenm «Heeaskuy Ry ., umerom caedyowyio 0yeHKY 8 npocmpar-
cmee Wi
t
S" Ry, v(-» T, h)||W§ drC (YR, £=0,1,2, ..,
9
V= 1, veey M.
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Il pu m e p. Paccmorpum cucTeMy ypaBHeHH I HeJlMHEHHOM
KBaHTOBOM MeXaHHKH:

—in S LD tc (- ih%——%A)aip—l-mc?ﬁt]):O,
(3.40)
(00 = 22 [y, A= Fay,  (3.41)

rie O, A — CKaJAPHH 1 BEeKTOPHHI HOTEHIWAJHl JIEKTPO-

0 c) 8 1 0 4% 4
MarHATHOTO WOJA, & = s 0/'"=lo — 1) — 4 X 4-Mart-
puusl, ¢ = (0;, G, G;) — marpaus Ilaymu, P — TeTHpeX-
KOMIOHEHTHAast BeKTOp-QyHKIMsA. ['aMUabroHHAH YypaBHEHHS
(3.40) umeer nBa cobeTBeHHBIX aMcna A (z,p,t) = eD(z, ) F

$c]/m2c2—|-[p—%A(x, t)r, z, p &= R3; 3makm =+ coor-

BeTCTBYIOT YpaBHEHHsM i 3JE€KTPOHa M Ho3uTpoHa. llo-
CTaBUM HagdaJbHEE ycaoBdsa ansa  (3.40), orBeuawommee 9JeKT-

poHy:

% So (x)

Yz, 0)=e Xo () €0 (), (3.42)

rae e, = Cqy (R?), %o = % — co6cTBeHHAA (QYHKIMA, OTBe-
0
gajomas A, (z, VS, (z), 0), . e.
%@ (me + )/ me 1 [v8,@0 — L 4@ ) +
+ (VSo(@) — = A (z, 0)) oo () = 0.

Buinumem cumcremy Iammaprona:
t=H, p=—H, {=Hpn, p'=—H,
T im0 = Zos Plimo = VS0 (20), t|:=0 =0, (3.43)
P! li=o = M, (%0, VS0 (20), 0),

me H(, 1, p,p) = (p'— ez, ) — | p— = Az, 1) —

— m?? a TouKa oGoamavaer mudPepeHMUPOBaHME IO T.
Kpome Toro, paccMoTpHM ypaBHeHHE BDANIEHHS CIHHA
s (3.40) (cm. Bume ypasuemme (II) mam [13], erp. 323):

.0 'y s
i ?x = ﬁ(%c + i8%) %y | =0 = %o (%0) €0 (Zo), (3.44)
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e ¢ = (8 g) — 4-panHnie Marpans Iayam, B = rot A —

MAarHMTHAA HHAYKIHA, § = — Je — o3 — PJeKTpHIeCKas
HaOPAKeHHOCTh, IPHIeM BeKTOD-QyHKIuE B u & GepyTcA B
TOUKe & = Z (z,, t). YPaBHEHMSA [IJIA NOTEHIMAJIOB 3JIeKTPOMAar-
gurHOTO mosis (3.41) B mpemene (h — 0) mpumyr Bun:

0 =2 /17), A=) T),  (3.45)

rae J = Dz/Dx,.
Iyers @, A4, ¥, z, t, p, p' — pemennme XapaKTepHCTHUE-
ckoit cucreMsr (3.43) — (3.45). PaccmoTpuM JarpaHKeBO

muoroo6pasme B Ry X R; x R} X R«

A’n+1 — {x = x(xo, T), t = t(:):o, T), p= p(xo, 1;)'
p' = p'(zo, T), o E suppey, TE R},

ITycrs %1/ — KanOHHYECKH# omepaTop Ha HEM C TOYHOCTHIO
mo O (h). U3 Teopemsr 3.1 monyunm ciaenyomuii pesyabTat.

Teopema 3.2. Cywecmsyem ompesor [0, T;], na xo-
mopom PyrKyus

¥ (z, ) = " (%)

ydosaemeopsem cucmenme ypasnernuii (3.40), (3.41) ¢ mounocmoio
do O (h?) (¢ nopme L?).

ABanora9Hsit pPe3yabTaT MOMKHO DOJYYATh OPH BeeX 1E
&R, HakIafHBasg HEKOTODHE YCJIOBHS «OOIMEro IOJIOKEHHIH
Ha MHOTOOOpasme A.

3ameuanue. HerpynHo y6e/mrbes, uro cucrema (3.43)-—
(3.45) sBnNseTcs 3amMCAaHHEOE B JArpaH)KeBEIX KOOPAHHATAX
CHCTEMOil YPAaBHeHNT PeJATUBUCTCKON I10JIeBoIl TUpOAUHAMUKY
3apAYKEHHON JKUNKOCTH:

m (5 +0V) s V1 =8 + = v X B,

_t -+ divpy =0,
[(J® = 4mp, [JA = 4mpv.

§ B. II. Macaos



I'TABA VI
KOHTUHY AJIbHO-MHTEI'PAJIbHBIE YPABHEHUA

B sroii rmaBe BBOOMTCH KOHTUHYaJbHO-HHTErpaJbHOE
ypaBHEHUE, KOTOPOMY yaoBiaersopser T-oTobpaskeHHe, oTBe-
yapmee HEJIHHeMHHIM YpaBHeHMSAM KBAaHTOBOM MeXaHUKH.
IlpaBas 9acTh 3TOr0 ypaBHEHUS MOKeT ORTbL HHTEeDPIPETHPO-
BaHA KaK HeJUHeWHHI KOHTHHYaJbHHI HHTErpas.

AcuMnToTHYeCKOE pemeHHe JTOr0 KOHTHHYaJIbHO-WHTE-
rPanbHOT0 YPaBHEHHA HPOBOAMTCA METOHOM, oOobmarommum
H3BECTHHIM METOJ CTaIMOHApHOW ¢assl AN KOHTHHYalIbHOTO
mrTerpana Meitumana [14]. Kax usBecTHO, MeTOA cTaliMOHAD-
po# a3k MPUMEHUM K HHTErpasy BHJA:

i
1= "o@dz, o=cy, Fec®

OpH YCJOBHM, 9TO CTAIMOHADHEE TOYKM = Ty, ..., I, pe-
menns ypaBuemua dF (r) = 0 — HeBHIPOKIEHH, T. €. MAaTPH-
na A dopmu d*F HeBHpOKIEHa B CTALMOHADHHX TOUKaX.
MopMysna MeTofa CTamMOHApPHOU ¢as3s MMeeT BHJ

1= @riby 3| D (@)-exp [ (F @) — %)o@,

rae D (zr) = detA, a y, — mamexc Mopca cranmoHapHOi
TOUKHA xy. JTa Popmyna Owuia mepeHeceHa aBTopoM B 1965 r.
[13, 14] Ba cnydait KomTHEyanbHOrO MHTerpasna (DeiEMaHa.
Nurerpan DeitHMaHa UpefcTaBAACTCA B BUIE

1= exp { S19(m1} dg (0), )
t

e Slg W= (L@ g, v)dv, g=q@, ¢ =y, q(t) =
0 .

=1z, L(¢q 7)= —";—V(q, 7). Ecim 8S [g (v)] = 0 mmeer
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HeBHDO;AeHHEE pemesrs ¢ == ¢¥ (1), 1. e. 825 mpu ¢ (1) =
= ¢* (1) He HMeeT Hy1eBOr0 COGCTBEHHOr0 3HAYCHHST, TO

1= @ity 3 D@)rexp {5 (Siet 1)} @

rae vy — uagekc Mopea akctpemanm ¢F (1), a

N
925 1¢” (1))
Dy = det————m 5
OTOT OTBET MO:eT OBITh Hepenucad B BHJIE KAHOUMYECKOTO
omepaTopa, OTBeYAIOIIero JarpaH:keBy mmoroo6pasuio A™ (f)
B a30BOM IPOCTPANCTBE p, . ITo MHOrooGpasme B obrac-
TAX, XOPOLIO IPOEKTHPYEMBIX HA Z-IJIOCKOCTh, 3a[{aeTCA ypaBs-
98 " 1)

HEHHEM p = o . B nexom A" (f) samaercsa ypaBHeHHA-

Mu p =P (t,Y, py), x =X (.Y, p,), tie P, X ynoBierBopaior
. . 7 X

ypaBuennsaM Hewrona X = P, P = — L%z'—i), ¥ Had9aJbHEIM

yeaoBuam X |i—y = y, P |i—o = po. YpaBreHue X (t,y, p,) =
= Z OTHOCHTEJBHO p, AJNA (PHKCHDOBAHHBIX ¥, Z H ! onpe-

nensier TodukM pg Takme, 4to ¢ (t) = X (v, y, po), a
D@%—%ta(t%mw
0j

Ecam Brpo;kieHHHe 9KCTPEMANH OTCYTCTBYIOT, TO OKPECT-
HOCTH TOUKH £ Ha A™ () X0pOIIO HPOEKTAPYETCA Ha IIOCKOCTD .
Ilpm 5TOM YyCIAOBHH B OKPECTHOCTH TOYKH z KaHOHHIECKHI
omepaTop paBeH IPaBoil FacTH Bm%?&cenna (2). B oxpecrro-
0

CTH TOYeK, B KOTODHIX MaTpPHI[a BHIPOsKAEHA. JTa Pop-

Myla JJAA KaHOHAYECKOIO onepaTopa coxpaHseTcda, ecad
9acTh KOOPHHMHAT (BEHIPOKAEHHBIX) 3aMEHHTh Ha HMIYJIbCHI
7 COBEPIIUTH IO HUM upeo6pasonarme Dypre *).

o 1/h n
Hanonmueckuii omepatop  yn o Ha A" (t) maeT acEMIOTOTHRY

npu b — 0 KOHTHHYaJabHOTO HHTerpada (1) Kaxk B HEBRIPOK-
HeHHHX, TaK H B BHIPOKAEHHHX CTanHOHAPHEIX To'max —

TpaekTopusax. Takum oOpasom coorrOmenue I ~ A'n(t), 0606-

maet (2) H 3TO COOTHOIUEHHE MOMKHO CYATATH (OPMYIOA MeTO-
Ja CTandoHapPHOH ¢asH.

*) To ecThb B TaKOM CMemaHHOM p, & TpeficTaBIIeHIH dopmyna mas
KaHOHMYEeCKOro olepaTopa coxpaHseT Baj (2).
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Henuneiinai KORTHHYalbHHM Qyaknmoman @, KOTOpPHIA
MH IOJYYAM B 3TOH riaBe, 0000IMaeT KOHTEHYaJbHEN HHTe-
rpan Qeiitnmanma. Poanp ypaBuemmii Hpioroma B HeM Hrpaer
cECTeMa YDABHEHHH XapaKTeDHCTHK AJA ypaBHeHHs Buiaco-
Ba. Tpaexropuit (B $a30BOM IPOCTPAHCTBE) Y 3TOH CHCTEMHI
HeT, HO HadaJbHOE JarpaH;keBo MHEOroo6pasme {(z, p)lr = y}
0Ha TIEPEBOJIAT B HEKOTOPOE JarpaHKeBo MHOT00Gpasue A™ (t).
Ona ¢yurnmonana @D raxke mMeer Mecto coorHomenme O =~

h
= Jf}(na), KOTOPO€ eCTeCTBEHHO TPAKTOBaTh Kak (opMyry
MeTofa CTalHOHapHO# (assl g HETo.

§ 1. KonrunyanbHo-uHTErpajbHOe ypPaBHEHME,
otBeqaoutee 1 -oTo0paskeHMIO

Paccmorpum T-oroGpakenme ¢ obpasyromeit

2 1
Gt,s [Z)] - Gt,s (:L‘, - zh(?/(?x, t; [‘D]) v (JL”, t)y

ABJAMeNCcA mceBRoguddepeHIINaIbHEM 0TePaTOPOM € yHH-
TapHO# HeamueiHocThio. Ilyethr 0 =, <, <...<
<< tyy; = t — HeKoTopoe pasbmeHme orpeska [0, t], At; =
=ty — tj, Oy = maxAf;, zE R". T-oroGpasxenne

7

t
o (2) =¥ (x, 1) = (1] Gu,ae) 0] (1.1)

<=0
CTPOHTCA 1O d)opmy.naM

Pz, t)= lim Py (2, t),
Sy—0
Yo (2, t) = Pyo(z),

Tae Pgey (2, 1) = Px (2, ) mpm OECy m

2 1

Pis1 (25 1) = Gy, 10, (%, — 1B 0/0x; [\px]) i (z ty)
mpy 5 < Ly (K =0,1, ..., N). M3 stux dopMyn u u3
ompepejeHAsA IceBRomudPepeHIAAIBHOrO omepaTopa *)
1 i i
2 . _a_ I 7 XP — P

/(x, ih ax> u(r) = —(Znh)”gdpe f(z, p) Se u(y)dy

OONYYHM CJaefyIYI0 JeMMY.

*) WaTerpann 3jech U HEKe HOHEMAIOTCA B CMEICJIE TeopmH 0000-
IMeHHNX QyHKImi.,
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Jemma 1.1. IIycmv 6 Hopme Hexomopozo npocmpancmea

Coboaesa WE(R™, k>0 cywyecmeyem T-omobpascerue
(1.1). Tozda cnpasedauso paserncmeo

P (z,t) =
1 i ol
= 51;130 IR S . SGXP {7 Eo(xkﬂ — Tx) Ek} X
N
x [1 Gy, at, (Ter, & [9]1) o (%0) d dE, (1.2)
k=0
20e TNy =z udr =dzy ... dey, dE = dE, . .. dEN, Ty,

&, R"; npedea Gepemes 6 nopme Wy (R").
damumem paBeHcTBo (1.2) B caenyiomeit (KOHTHHYaJIbHOM)
dopme:
t

Y (1) =
= § 20\ gpvegoyexp {5{p g} x
0

q(t)=x
t

X 11 G-, as (a(x), p(x); 19]), (1.3)

T=0

t
e dopmansHo ofosmazeno Dg = || % , g(1)ER™
=0

PaBencrBo (1.3) Ha30BeM KOHMUKYAALHO-UHMEZDALLHELM
ypasrenuem, orsedaomuM T-oroGpasxemmio (1.1). 910 ects
ypaBHEHHE OTHOCHTENbHO Hem3BecTHOH Ppyurnun . Jlemma 1.1
AaeT MeToj BHIYACICHUS QYHKIHAU 1 (z, t) mo ee 3HaYEHMAM
B IpeNHAYIIHEe MOMEHTH BPEMEHH.

W3 nemmu 1.1 1 ckanapHoro (m = 1) BapmaHTa Te€OpPEeMH
1.4 ra. 111 monxyunMm caepylomui pesyibrar.

Cnegcrsue. ITycmv V (2) u a(z, y) — eeyecmeen-
Hble Henpepulerble 02parnuuerHble BYHKYUL COOMEEMCMEEHHO Ha
R" u R?", Toz20a pewenue sadauu Kowu

—in 2D ey (2, 1)+ V (@) (1) +
+v@ 0 a@ylv@npay =0, 14

¥ (z, 0) = (2)
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ydoesemsopsem npu kascdom P,=Ws (R") ypasnenuio

(N+1)
) T ek Yo (zo) dxo. . . dzy
b1 = nl'fg (4nik) S (Vih. .. aty)" X

N
. 1 x —x 2
X exp {';— ’éo [Z ( kﬂAtk k) —V (@kn) —

~ (e v wPayjan), @5

2de INi = .
Hoatnuyaabuoit samuchio gopvynn (1.5) masoseM cie-
Aylomee KOHTHHYAJIbHO-MHTEIPajbHOE Yy PaBHEHHE:
t

v = | Davi@@yexp{z | [LEE —v gy —
0

q(t)y=x

—{e@@ viv@oralal, @)
rge ¢opMaipHO 0603HAYEHO

t
_ dq (v)
Dq LIO (dvmik)™?

§ 2. KontnayaseHo-MHTErpajbHOE ypaBHEHHE
A1a GyHKOMY TTIOTHOCTH

Pacemorpum  T-otobpaskenue ¢, () — ¢ (z, t) ¢ obpa-
aylome#t G,., mocrpoennoe mo ¢opmyrne (1.1). ComocraBEuM
¢yukIuE P yHkumo maorHoctd (cMm. § 1 ra. IT)

@ahy™e T (2, 8) B (p): @2.1)
Ilycrs
Py (0,8 0,2 [g]) = Gy, (2, E+ @5 [8]) Gy, e (x + 2, &; [g])-

C momompo o6pasyromei

21 b 5
Pl,:[g] = Pl,e (x,ga_iha_xv —lh‘ﬁ—ﬁ; [g]>g(xs §1t)

nocrpouM I'-oToGpaskeHue
t

g@50=(1II 2..) el g0 (2, B) = 8(2, £,0).  (22)

=0
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Jdemma 2.41. Iyems cywecmeyem T-omobpaxcenue
(1.1), onpedersrowee gynryuio Y. Tozda cyuecmeyem T-omo-
6pascenue (2.2), npuven g (z, &, ) cosnadaem c gynryuei

naomnocmu (2.1). o
Jlemma nokasmBaerca aHajormumEo nemme 1.1 ra. II.

Iepenumem” T-oro6paskenne (2.2) B popmMe KORTHHYaIHHO-
HHTerpajJbHOTO YPaBHEHHSA:

. 1
gt = lim sy |\ (oo )

N
X exp {% Z (e — zx) O + s — &) Zk+1]} X

k=0
N

X H Py, at, (@xa1 Eier O Zigas [8)) da dgdzdo, (2.2')
k=0

rae
INy1 — X, §N+1 = E, dx = dxo PR de,

d§ = dEo .. .d§N, dz = le e dZNﬂ,
do = do, ... don.
B xonrunyansHHX 0603HageHAAX (cM. § 1) ypaBHenme (2.2)
nMeeT BH]|

ewtn= | 70 | 2p{79| D@0, p(O)
a(t)=x p=§

X exp {ﬂ [y () dq () + n(r)dp ()} dr} X

t

X [T Peax(g (@), L), ¥ () n(¥)i [g]).  (2:3)

=0

Npumep 2.4. Paccemorpum 3amagy Komu (1.4). B cu-
ay nemmu 2.1 ra. II copasenimBo paBeHCTBO

Sa(x,y)lw(y,t)lzdy= Sg(y,a,t)a(x,y)dydﬁ.
BeeneM cmenmansHOe 0603HadeHHme [JA 9TOTO MHTErpaa:
O (2, 1) = g, & t)a(z, v) dy .

Ws ¢opmyan (2.2') monydum caefyiomee ypaBHeHHE AJIA
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¢yaxnun O:
( 4t ih)—n(N+l)

O 1= sl;,l-]}o (Ato...AtN)nSa(x’ y)dy X
—_— i d 2 — Z'i i N
X Po(Zo)Po(20) (eXP {7{ 2 ( u % ) Atk} exp {T Z [V (z341)—
k=0 k=0

— V (@ys1) + D (Zgs1r k) — P (Tyss 1)1 Atk})

dzr dz,

Xk+1=%k41=V

x — z — 2
rae i":’”ts_tkk’z"= kit *'u dr=dz,...dzy, dz=
k

= dz,...dzy.
Ananorguno (1.6) sTo ypaBHeHHMe 3ammmmeM B KOHTHHY-
aJbHOH dopme:

o@ ) =\a@y | Da § Dabe(@@)THmO) x

aty=y M=V

X exp{ﬂ (LR _OF 4y ) — V(g @)+

+OM@E, T — g D)|dr}. @24

Pemenne sagaun Komm (1.4) Bupaskaercs depes pemenue
KOHTHHYaJIbHO-MHTErDANBHOTO ypaBHeHAA (2.4) ¢ mOMOMBIO
uaTerpana Deinmana (cMm. (1.6)):

v =\ Dape(q(0)x

q(l)=x
. t

X exp {%(g["’"—?‘z- —V (@)= @), v]dr}.

§ 3. AcmMnTOTHKA PemICHHMA KOHTHHYAJIbHO-HHTErPaJIbHOTO
ypaBHeHM

Paccmorpum 3amawy Homm gna omeparopa ¢ yHMTapHOMR
HeJIMHeIHOCTHIO!

3 2 5
—ih T‘tpl‘(x, t)+ Fn (x, - ih‘%, t; [gp,J) Py (z,2) = 0,
. 1 3.1
(5,0 =0 (2 — ih ) 1 (2, ),
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rne 7 (z, p,'t; Wpl) — r.uammn cuMBo.n MeQJIeHHOT0 POCTa Ho
z, p, omepatop n (:c, ih 6/6.7:, ¢ [yl) camocompsixen
B L2, ¢ Cy (R¥), x&= L* (RY).

KorTuHyanbHO-UHTETpAIbHOE YypaBHeHMe A (yHKIMU
Y mmeer Bup (cMm. (1.3))

Yo = | 20\ Dpen(a(0), 0 x
q(t)y=x
xexp{x{P@i@—Hr@@, p @, G w1 &t} (B:2)

0

Haiinem acumororuky upd b — 0 pemenms ypaBHeHHA
(3.2) mam, 4ro TO Ke, ACHMIOTOTHKY pelneHds 3afadu Homum
(3.1). Ilpepponoyum, 9T0 QYHKIHA MIOTHOCTH, OTBEYAIOIAA
HadaJbHHM HaHHEM (3.1), HMeeT acHMIOTOTHIECKOE pa3Jio-
YKeHHe

(@ O (7,0 ¢ * T ()™ =
2 (— ih)ky (z, p)+ (— )N+1 8y (2, Dy B), (3.3)

k=1

rie 8y, . .., Ony; — OGOGmennnie ¢ymkmmm uz W, (R,
opuueM

SII];p " 6N+1 ( ‘e " h) "W;S(R2”)< conSt'1 (3‘4)

Ilycts 8, — BemecrTBenHaa ¢uHHMTHas OyEKRnEA. CEMBoOX
Fn (z, p, t; ¥) D0 ompefeseHHIO onepaTopa ¢ YHATaPHO! He-
auHerHOCTHIO (§ 2 ra1. I1) rmagko 3aBmEcuT OT HHETETPAJOB BHAA

4

SdrSW,r)p (x, p:t; 33, - ihaéy , r) Y (¥, 1) dy, (3.9)
0

rae ¢yskuma p (z, p, ¢, y, &, T) BemecTBeHHA M QUHATHA IO
z, p, ¥, &. KRaxmeit Taxkoli mHTErpas 3aMeHMM Ha BEIpaskeHHe

¢
Var$8,w, Hot po 8 X@E 0, P, L)1) dydE, (3.6)
0

rge X, P — HeKoTopHe Triafkue (yHKIHMM.
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Hocae Takoit samens dyukmua 77, (z, p, t; [P]) mepeiiner
B HeKoTOpYI0 $pyHKIEIL F7, (, p, ¢; [X; Pl). Paccmorpnm cu-
cremy l'aMHJIBTOHA

0X (z, n,t A -
G20 =290 (X (2, p, 1), Pz, p, 1), 51X P), Xz, p,0)=2
3.7)
Al (x,p,t XA .
(a;tp L axo(X(x, p.t), P(z, p,t),t; [ X; P)), P{z, p,0)=p.
W3 teopemur 2.2 ra. I m 3aMedaniig K Heil HOJAYIHUM JIeMMY:
JJemma 3.1. Cywyecmseyem romnakm V C R¥™ maxoti,
ymo supp 0, C V,suppe, C V u npu (z, p)EV cucmena
(3.7) paspewuma na awbom ompesre [0, T1.
IlocTpoum cemelicTBO MarpaH;keBHX MHOroobpasmii A =

= {AL:} B R¥ = RY X R} mo dopmyie
Aoy = {(z,p)lz = X (2, 0,t),p =P (3, 0,0, (z,0) EV},
te 10, TI.

h o o
Hyers y" — xaHOHmYeCKmit omeparop [13, 16] na cemeiicrse
A, 1. e. orobpakeHHe

a{": Co(VXI0, To))— S (RY x Ry x [0, 77),

rae S — ppocrpatcrBo IlBapua. Ilyers N — mofoe peaoe
LHOJIOKATeIbHOE YHCI0, a gy — awbasg 0600meHHas QyHK-
uds, yaoBjerBopanmas oneHke (3.4).

JlemmMma 3.2. Cywyecmeyem gynrkyus ¢y euda

N
PN (Z’ @, tvh’) = Z (— "h)h(PIC (Z’ @, t)’ (PkEC(G)O<V X [07 T.I)’
k=0
(3-8)
Y0064emeopaI0WaL HALALLHUIM YCAO8ULM
©o (2, @, 0) = ¢y (z, 0),
(Pk(z; , 0) :01 k}i,
u makaf, umo PGYHEYUR
Wi (2, p. 1) = (%X 9n] (2, P t)
ydosaemeopsem YpaASHEHUIO
aI’(N) 1 N
—ih +=7t’h(x p— lha o1 [gul) s
3.9

IP(N) —_ ( )N+1ﬂN (=, p.t, h)



3decv npasas vacmy Ky uneem oyerky (0aa 4106020 seujecmsen-
HOZ0 T)

Ca 8.r, N
2o 3.10
Lerny @+ 12D 310)

6
<t<T'| 3P ﬂN @, pots b)
YTBepxieHue 5T0il JeMMEI AoKasauo B 1. V kuura {16].
OrMernm, ato dyurmuu ¢, B (3.8) cTposaTcsa ABHO Kak pe-
meHMs PEeKYPPeHTHOW CHCTeMH JMHEHHHX OOBIKHOBEHHEIX
nuddepeHIMaNbHAIX YpaBHEHHH NEepBOro DOPANKa (IPHUMEPH
cM. B ra. IV, V).
Teopewma 3.1. Ha awbom ompesre [0, T1, na komopom

cywecmsyem *) pewerue Py, (-, ) EL* (R") sadavu (3.1), ono
npedcmasumo ¢ eude
1

2
Py (2, 1) = (X o] (x - iha%, t) x (z, k) +
+ (— ih)" By (z, 8, k), (3.11)
20e
By (-,t, h TC L?),
ogs};pT | B~ ( N <KTCy 7 (wopma & L?)

a fynryua Oy obaadaem céoticmeamut, YraA3AHHBLMU 8 AEMME 3.2.

0OKas3aTeNnhbCTBO. BHpasumM KaKAHA HHTETpPal
(3.6) B 1, (x, p, t; [b]) uepes pynruuio niorHoctn g (2, p, ¢, h)
(em. ra. II). IMoayumsmyrocs ¢yHKIEio Ml o6o3HadaeM
Fn (z, p, t; 1g]). Hocrpoum acuMIiTOTHIECKOE PelleHne 3afadn
Komu nna ¢yurmun maoruocta (cM. (2.6) ra. II). dro peme-
HHe gy mMeer BuN (CM. mogpobHee ri. IV)

N
gn (z, p, t, By = D) (— ih)kg® (x, p, t)

k=0
H YIOBJIETBOPAET 3aJave

—n %, (:i, — thdjo,t; (1) & —
— (s ko p rgn) g = (— )" Qn (&, p, 1, h)

gn(z,p,0,h) = Z (— ih)t 8 (z, p).

k=0

*) Cm. ra. III, § 1.
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3necy ocrarok Qy orpanmuer B W;" " (R?*") mpm HekoTopoM
r > 0. Kak moxasauo B § 2 ra. 11, dynknua

1
"IT_H“ [g (.1’, p, ta h) — 8N (.1,', P, t, h)] = TN (.’D, D t’ h)

orpammdena B W3 - Ilna ¢ymkmum Py, (z, £) moaydaeM cie-
Ayloliee ypaBHEHHE:

K] 2 1
—ih —;pt—h + Hn(z,— 1k 3[0z, t; [gn + (— iB) ¢yl Py = O.

(3.12)
IIpepBapuTeAbHO DOCTPOHAB PYHKI(HIO gy, C MOMOIIBIO JeM-

ME 3.2 HOCTPOEM aCHMITOTHUeCKoe pemenme i (z, p, ) =

= [%4L" onl(z, p, 1), ynoBiersopsaromee Gopmyzam (3.9),
(3.10). HNamee 3amermm, 9TO

%h (.’13, P, t; [gN + (—ih)N+lYN]) ==
= '%h (-’IJ, D, L [gN]) + (_ ih)N+1 %g) (x, D, t)’ (313)

e camBox FL P ¢unATeH IO 7, p (TaK KaK QYyHKIWs O B HHTET-
pare (3.6) ¢unmrra), a mDoaromy omepatop .FZW (1) =

2! 1
= HP(x,— ihd/dz, t) orpammuen B L* (R™).
W3 opencrasiaesus (3.13) ypasuemmit (3.12), (3.9) m m3

2 1
caMoconpsyKeHROCTH 57y (z,— ith 0/dz, t;[gn]) ciemyer, dTO
Yp— iy

. )B (3.11) ynosnersopser ypas-
—

pasHocts By = (
HEHHIO
~ 1) .
21w oty W = (—1)" B, BV + (=) By, Fwy) —
— (FD, By) — (Bnx, By). (3.14)

3mech ckobrm (-, -) 0003HAUAT CKalsgpHOE IPOH3BelleHHE
B L? (R"). U3 ypaBmenua (3.14) cmenyer, 9T0

t
1Bn (5 . <2\ (2 (@ e [$ (- O+

0

2 1
+ | &N (@, — ih0/0z, v, h) | Lmra | X Y AT E-Chn, 1
Teopema moxasaHa.
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CnencrBue. Ilycmy Pynryus Py (x, 0) ydosremsops-
em ycaosuam (3.1), (3.3), (3.4). Tozda pewenue konmuryarvho-
UKmMezparvHozo ypaswernus *)

q(f)y=x

Vi (2, 1) = & Dq%(q(O),O)exp{’i['”“” —V(g(r)—
0
(v,

~{e@@ »inw Drawla} @5

npedcmasumo 6 eude
1

2 ., 0
n (z, 1) = [#X"pn] (a: —ih g,

N
s h I
20e ¢y = 2, (—ihYoy, @o=¢6y a Y — rawonunecruil
=0
onepamop Ha cemelicmee MHozoo6pasuli {AG:}, nocmpoen~
Hom no peuenui (X, P) unmezpo-duggepenyuasvrnoil cucme-
no Camuromorna

t) x (z, B) + O (hY), (3.16)

Werd) _ 9p(z,p,t), X(ap,0) =z,

at
P (zétn, y _ ‘;_: (X (z, p,t)) — (3.47)
_gg_g (X (z, p,’t), X (4, &, 1))8(y, &) dy dt,
P, p, 0)=

®opmyna (3.16) mpexgcraBager coGoit 0600MmeHHBH METOT
cranqdoHapuo#t $pasu Ans muTterpana (3.15). HeiictBuTensHo,
CTAUMOHADPHEE TPAEKTOPHH IOKA3aTEeass SKCIOHeHTH (3.15)—
aT0 Kaaccuueckde Tpaekropud X, P cucrems (3.17). Ho umen-
HO Ha HEX U cocpefoTodeH (mo Moayawo O (A®)) KaHOHMIECKMA

h o
omepaTtop A (CM. BBelleHHe K [AHHOM IiaBe).

*) QyEKOUM V ¥ o — BemeCTBeHEHE OTpaHWdeHHRe W TIagKue
(cM. cnepcteue ma aemmh 1.1).



TITIABA VI
ANIIPOKCUMAIINA JJOMAHBIMHI TPAEKTOPUI
NHTETPAJIA ®ENHMAHA
N EE BEPOATHOCTHAA MOJEJIb

B npepupyueil riaase MBl OHPeXeIliH HeJWHEEIHOEe KOHTHHYAJIBHOE
ypaBHeAre. OHAKO BO3HITKAET BONPOC: HA KAKOM OCHOBAHUM MBI Ha3Ba-
JI1 TOJIy9eHHOe BHPAKeHNE MHTETPANOM. ITOT BOMPOC MOMKET OBITH OT-
HeceH M K (eilHMAHOBCKOMY HATErpaiy, IOKAa KOMIIEKClad Mepa B HeM
e ompepmesiena. C GoapmuM TpaBoM MOMKHO OEIo 6H (eltHMAaHOBCKHMIL
HHTErpaJj I0 HyTAM HA3BATh WHTErPANOM, €CIU Obl OH AIIPOKCHMEPO-
BaJICA CyMMAaMIH MO JOMAHBM NyTAM. VIMEHHO TaKoii ammpokcumarmeit
1 ee 06oOmeHIICM MBI M OYAET 3aHMMATBCS BO BTOPOIl 9acTH KHUTH.
Myl TONBITAEMCST aTh CYMMaM JI0 Pa3NNIHEIM COBOKYITHOCTAM JOMAHBEIX
nyTeii BePOATHOCTHYIO TPAKTOBKY. HerocpencTBeHHOe OTHOIIEHHE K
BONPOCY O Mepe B KOHTHMHYaJbHOM MHTErpajie IMeeT 3ajiada o «jpeiinma-
HOBCKOIl TpyOKe», T. e. 00 ompejejeHMH KOHTHHYAJHHOro HHTerpaia
HE 110 BCEMY NPOCTPAHCTBY, a 10 HCKOTOPOIl «TpyOKe» B IPOCTpAHCTBE
Tpaekropuii. ME yBHguM HIKe, UTO «TPYGKI» He MCUEPIKIBAIOT BCeX
MHOKECTR TyTeil, Mepy KOTODHIX HAM HYXHO OnI0 O OoNpEeedanTsh, 4To-
OBl OTBCTHTH HA BONPOC O MCpe B KOHTWHYajJbHOM unrerpame dejimma-
Ha. IlogMHOMECTBO «TPYOOK» o0pasyer JUUIL IIOMHOMKECTBO «COOBI-
TIi{i», KOTOpPOoe MBI HA3KBaCM HWKe ICeBIOUCTHHRmMH. TeMm He Menee
B § 1 M HaYHeM WMEHHO ¢ METepmperalmn «Tpy6ok» Deilamanma, Kak
«TpySoK» ¢ abconoTHO YepHOIl TpaHmIei.

§ 1. ImpucTHueckue coobparkeHus

1. JuckpeTHBIl aHAA0r MHTETPA:IA IO MyTAM. 3a1a9a 0 CJAYYaiiHOM
Ony:kpaEUn GpPOyHOBCKOII 9YacTHIRL ecTh mpuMmep menn Mapwosa. Ilo
aHaNOTMM MBI BBOJAUM Jif 3a4a4d 0 Koue0aHMAX DPemeTKH ¢ JUCKpeT-
HHM BpEMEHEM HOHATHE KOMIJIEKCHO MapKOBCKoil menu. 3To moraTtne
H ecTh AUCKPEeTHHIII aHajor WRTerpaja nmo myTaMm. Teopema o ToM, 4TO
KOMIIJICKCHAA MapKOBCKAasA LNk YAOBJETBOPSIET YDABHEHNI) B KOReY-
HLX PABHOCTANX, ABJIAETCA aHAJNoroM Teopemn (eiilEHMaHA 0 TOM, 4YTO
KOHTHHYaJhHBI] MHTerpajl ynoBieTBopseT ypaBHeHmi0 Illpepumrepa.

AMungTya ONHOPOZHOII MapKOBCKOIT IienmM, KOTOPOHl ABJsercs,
HampuMep, Pelnerie oTHOPOAHOI Mo ¢ pasEOCTHON cxeMHl, 3a ONMH mIar
T [0 BPEMERIT MOJKeT OBITH IpefcTaBI€HA B BMJIe

w(®)=Au(0), 4 =/aijl. & j<s
u (O) = (”l (0)1 ooy Ug (O))1
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rme A — marpuua, Be 3aBHCAIIAA OT f. JIlAA mara nt moixydaeM
u (nt) = A% (0).

Temepb ompefeanM aMIJANTYAY BUPTyajbHoro myTH. IIycTh B Mo~
MeHT 0 Koxebancsa ig-il aToM KPHCTAAANIeCKoli peleTKn (BCe OCTaJbHNE
MOKOMIANCH). B MOMEHT T 0cTaBHM Koae6aommMca ToAbKO i1-H aTroM, a
BCO OCTaJbHEIE OCTAHOBHM, T. €. HOJOKMM BCE€ KOMIIOHEHTH BEKTOpA
u (t), 3a mCKiuiodeHHMeM i,-ii, paBENME Hyxio. [lajee felicTByeM BHOBb
MaTpuneii 4, 3aTeM TOJOKMM Bce KOMIIOHEHTHl TIOAYI6HHOrO BEKTOPa,
33 UCKIIOYCHMEM iy-if, PAaBHEIMIT HYJIO, H T. §. B pesysbraTe MH HOJY-
9HM aMOJNUTYAY BUPTYANBHOTO OYTH (ig, iy, - -, iy, k) (N — 9¥HCIO ma-

TOB IO 1), PABHYIO U, 0) 815,844, + + BiN-1i NBiNk OueBUHO, 9TO

u, (V1) = 2 u; (0) Bigig o+ iy _1i NYink
forits iy g
¢ eIMHCTBEHHOI OTIHMYHOI OT Hyas k-vKommomesToil. IIyeTs biiy,, =
= In @i, i;,,, ¥ Oycts u; (0) — emuunuseiii Bexrop. Toraa

we (VO = D) exp{i(bpoay -+ by, i)+ 1.1

iayiz.0iy
O6ossauuM vepes & (iy, k) MHOKECTBO BceX BMPTYaJbHHX IyTeil, npH-
XOAAWMX U3 i-T0 yana B k-it, a yepes ! = 1{; iy T BUPTYaJbBEHIl

0yt (igy igse « +, iy ). HycTs

|
= 2 (bio.il) + b(‘it,‘iz) +-. '+b(iN.k)) ¢
theonty
Torpa dopmyny (1.1) MoskHo Gyner mepenmcarh B BHje

u (V1) = 2 exp {’2 b,}.

1= £(10,k)

CyMMy B DKCIOHEBTe BETPYABO TIPEACTaBMTL KAaK KPHBOJHUHEHHHI HE-
Terpaj IO JIOMAaHOIl OT HEKOTOPoTo QYBKIOHANA, KOTOPHIL MEl OymeMm
HA3HBAThH 42 AHACUAHOM NABHOI PA3HOCTHOIl CXeMbI (MM KOMIIEKCHOIl
MapKoBcKoit uenu). B dacTHocTi, ecayu cxema ojHOpPOAEA mo r, T.e.

ag; = a (k — j), To, momaras L (z) = — iln a (z), mouyunm *)
7. 9 i‘ \ N
u (N7) = 2 exp {_T_S L (x) dt},
1 L(iok) [

rae I — uyTh 10 JOMaBoOji, CoemuBsTIoOmeli i-ii 1 k-if y3Jasl.

MH Doayumau BHCKDeTHEH! aHajor mHTerpasna no nyram Deitimana,
flcHO, 4YTo MICKpeTHAA aunpoxKcumannd IT-mPol3BECHHA TarKe Npl-
BonuT K uETerpany @eiiamMasa. C TOIKH 3PeHHA MOJYIEHHA KBa3li-
KJIacCMYECKNX aCHMITOTUK TaKoe mpercTaBieBue 7-POM3BeNeHAA Hpe-
CTaBJAETCA BechbMa YHNOOHBLIM, TAaK KaK K KORTMHYaJbBOMY HUHTErpafy
deitAMana MOKeT GHTL NPUMEHEEH METOJ CTAIMOHAPHOIT (askl.

*) Besuuuga ln a (z) uMeeT CBA3DL ¢ AHATOTOM SETPONMHU B KOMIIEKC-
Holi Teopus BePOATHOCTEIl.
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2. BepoATHOCTHAA TPAKTOBKA HOAMHOMKECTBA_MHOKECTBA MYyTeil.
ME mONLITaeMCA 37ech JaTh HOKOTOPYI0 PM3MIecKyl0 HHTOPIPOTAMHUI0
PasnMIHEBIX MOAMEOKECTB MHOKeCTBa myTed B cymme (1.1). Ilpexne Bce-
IO BO3HHMKAET BOIDPOC O TOM, MO)KHO J¥ HA KAaKOM-EUOYNb 8KcOHepHUMeOH-
Te MOJYINTH «CODORITHE», OTBedaomee JI00MYy HOAMHOKECTBY MHO-
skecTBa nyTed & (ip, k). [nA BaKHOro Kjacca HOJMHOKECTB OTBET HA
3TOT BOIIPOC COAEPIKMTCS, 1O CYMECTBY, B IePBOHAYaNbHOIl pabore
deligMara 0 KOHTHHYAIbHOM HNHTErpage Ais ypasHemus IIlpemunrepa.
Jas Toro 4robn nepemecTn coobpaskeHua PeilEMaHa Ha JUCKPETHHIH
caydail, ME DOBTOPMM HX BHajajie NPUMEHWTEJLHO K 3ajade o pac-
NpPOCTPAaHEHUN CBeTa.

COBEpHIGHHO fCHO, KaK IMOCTaBNTb DKCIHEPUMEHT, KOTOPHIIl Ohla OB
O0TBETOM HA BONPOC, PacNpPOCTPAHAETCA JHM CONHEYHKH JydI mpaAMoO.
QueBNpgHO, YTO HYKHO DOCTAaBUTH HEPHeHAMKYIAPHO II0 OTHOWIGHMIO K
ganpasierulo Ha CoJENe YePHHE IIOCKOCTU ¢ OTBEPCTHAMM (9ePHHE
nmuadparmnl), EHTPH KOTOPHX HAaXOAATCA Ha dToli mpamoiil. Ecau (opu
papiyce oTBepoTHii, MHOro OONbIIEM [JIVHB BOJHH) HHTeHCUBHOCTbH
cseta /, B6ausm npsAMmoil, mpoxomsmeil depe3 pguadpparmel, He OTIH-
yaeTcA (C 3aj@HHON CTENEeHBI0 TOYHOCTH) OT MHTEHCHBHOCTH CBeTa [
Ges guadparmel, To MOKHO CKas3aTh, 9T0 CONHEYHHI Jyd IPAMOH. OTOT
3KCIIEPUMEHT MOKa)KeT OJHOBDPEMEHHO NPMMEHMMOCTh B [AHERIX YCJO-
BUAX reOMeTPO-ONTHIECKOro MOEXOa.

MaTteMmarndecKoe omlCaEMe HOCTAHOBKY 9KCIEPUMEHTa C 9ePHBLIMHA
WOTIOMAINMMM fuadparMaMu B CTAaWOHAPHOM Ciaydade BecbMa CIOMK-
Ho. B caydae e cBera, pacnpocTpaHAIONIETOCH OT MTHOBEHHOTO HCTOy,
HHKa, 33aia ¢ yCTAHOBKOU YePHEIX fuadparM B MOMEHTH fy, Iy, ..., I-
craputcs caepyomuM o6pasom. Pemaem 3amawy Komwu gusa  momenTta
¢, M IOJIyYeHHOE Penienyre H ero Npou3BoJHLE OO ¢ YMHOMKAEM Ha XapaK-
TePUCTUYECKYIO QYHKIMIO [uagparMu ¥, PAaBHYIO eJUEHMLE B OTBEPCTUM
nuadparMu M HyJaio BHe ero. {lonydeHEne yHKnuM mpuHENMaeM BHOBb
B KayecTBe HAYaJABHRIX YCJOBHIl If pemaeM 3agady Komu po MoMmeHTa
t,, 3aTeM CHOBA YMHOKaeM IOJyYeHHOe pelleHHe,Ha XapPaKTepuCTUIe-
CKylo QYHKIIO BTOpOil guadparmul ¥ M T. 4. YMHOKeHMe Ha QyHKIUIO
y 03Hadaer, 9T0 BCA YaCTh DEMICHUHd, 33 MCKIIOYEHUEM OTBEPCTUA, HO-
raomaeTcA.

Ecan Bam 5KCIECPUMMEHT BACTOJBKO TOYEH MM OTBEPCTUA HACTOIB-
KO MaJIk, 9TO WETEHCUBHOCTH [, U I, He PaBHHI, TO OYEBHIHO, 4TO, BOOO-
me rosops, Oymer OTAUIHA 0T HYAA U MHTEHCHBHOCTH CBETa, PAacmpo-
CTPAHAIOWETOCA BJOJb KpuBoL. VIHWIMM ciloBaMu, eciu MBI BIOJb He-
KOTOPOil KPMBOii mocTaBuM YepHEE gnadparmbl, T0 MHTEHCUBHOCTH 1iPoO-
mepgulero 9epes HUX cBeTa GyAeT OTINIHA OT Hydsa. VIBTeECHBHOCTD CBETa
IPONIOPUMOBAJIbHA IUCIHY POTOHOB, IOITOMY ME MOMKEM HETEHCHBHOCTH
cBeTa, OpolueAlero iepes Anadparmy, TPaKTOBaTh KaK BEPOATHOCTD
OPoXOKAeHNA GOTOHOB BAOJH HAHHOI KPHMBOIl, Mau, TounEe, TPYOKM Bo-
KpYT 5Toil KpuBoif. [1pu aTOM geM GoabIe Mul HOCTaBuUM Juadparm BAOID
KpHUBOii, TeM TOYHEE Mbl BLITMCIUM BEPOATHOCTH TOTO, YTO (OTOH HPOXO0-
AUT BHOAL dTOH TPyOGKu. B mpepeine, KOrfga IPOMEKYTKU MEMKAY AMA-
¢dparMaMu yCTpeMATCA K HYJI0, MB IO yIUM YepHYI0 TPYOKY, T. €. TARYIO
TPYOKy, CTEHKH KOTOPOji HOTAOmWAT, KaK abCOJIOTHO TepHOe Telo.

HBTYNTUBHEO ACHO, 970 ecau TPyOKa upaMas, TO BMYMCIEHU® UH-
TeHCUBHOCTH CBETa, NpolleAmero Iepe3 aTy TPyb6Ky, JaeT HaM BepoAT-
HOCTb TOTO, 4T0 (OTOHBL PACHPOCTPARAITCA MO UPAMoi., MeHee ode-
BU/eH CIeAYIODIMil JOrWYecKuii nepexopn: ecam TPyOKa Kpusas, To UH-
TeHCUBHOCTb CBETa, LIPOINEAUIero vuepes 3Ty TPYOKY, faeT HaM BepoAT-
HOCTH TOro, 4T0 (GOTOH PacHpOCTPAHASTCH BHOJb STOH KPUBOIA.

144



TIponenaem Takoii je onut Aaa gudpdyspupyonmx vacrun. Maemu
cJI0BaMm, IOCTaBHM «YeDHLIE» BOPoTa Aasd nuddysmupyomux 4HacTHI
BIOJIb HEKOTOPOIl KPHBOII: IYCTh CTEHKN BOPOT 06;12a10T TeM CBOHCTBOM,
yro J06an 4YacTMna, AOTPAruBalINAsCA [0 HHX, NPUIHDAET K HUM.
DT0 03HAYaeT IOJHOE HOTJOUIeHNWE HaCTHI[ HA CTeHKAaX, T.e. aHajor
abcoaioTHO Yeproro Ttexa. Ilo aEamornm MEI Gynem TOBOPHTH 06 9THX
BOPOTAX KAaK O YepHHX Auapparmax. MareMaTHYecKH MX MOMKHO OUM-
caTh, YMHOKaA pemenue ypaseemus auddysun sa dyHkuuio y, pas-
HYI0 HYJII0 BHE BOPOT B MOMEHT #,, 3aTeM, CHOBA pemasd ¢ 3THM HOBBIM
HaYaJbHKM YCIOBUEM ypaBEeHue nuddysnn [0 MOMEHTa f, U T. ., CIO-
BOM, COBEPIIEHEO AHAJOTMYHO CJHYJal0 BOJHOBOro ypasHeHusa. [lony-
4yeHHOE pemieHEne (a He KBafpaT ero, Kaxk B clyiae BOTHOBOrO YPaBHERUA)
OIpeNielifieT BePOATHOCTh NMPOXOKACHUA AuPPY3MOHHHX TacTUL depe3
BopoTa — fuapparmil. Eciu DPoMeXYTKH Mexpy Auadparmamm yc-
TPeMuTh K HyJO, MW IIOAYYMM YePHYKH TPYOKY, Ha CTeHKax KoTopoil
9aCTUIA IPUIHIAOT.

Kax nspectHo, ycu0BHA NPUAMIAHNA HA CTEHKAX TPY6KM paBHO=
CHABER HYJEBHM KPaeBRIM YCJIOBUAM Ha 3ToH CTEHKe [ PemieHHA
ypasHenusa pupPysnd. AHANOTUIHO IJIA YPaBHEHUA TemJoIPOBOIHO~
CTH YCIOBMEM IOJHOI'O MOTJOMEHUA ABJIAETCA, 09eBIAHO, AGCONOTHRIT
Hyab TemuepaTypsl. Takum o6pasom, B 3TOM ciy4ae, B OTIUIHE OT BOJ-
HOBOTO ypaBHEHNA, upobieMa a6CoMIOTHO YePHOTO TeJa PemaeTca mpoc~
t0. B caydae BoaHOBOro ypaBHEHUs 9Ta Hpobjema He peweHa (cm. [10]).

OTMeTHM, YTO BEPOATHOCTH AAA AuPPY3MOHHOI HACTHON NPOHTH
gepHyio TPyOKY paBEa Mepe Bumepa aroit Tpy6ru. Ilo amamoruu MoxHO
CKazaTh, 9TO PeIeENe COOTBETCTBYIoweil 3ajain gias ypasHerus Illpe-
puErepa fajxo On «vepy @eiiamana» Tpy6KM ansa ¢dedEMaHOBCKOTO
KOBTHHyallbHOro nETerpana. Takum oGpasoM, mpoGieMa ompegeneHus
oeprt MeiiEMaBa» TPyOKM SKBHBAJeHTHA TpobieMe MaTeMaTHIeCKOIro
onmcaHuA «abCoJIOTHO 9epHOTO Tejda» Ha rpamume TpyOku. ITocaepmaa
npobiema MOCTaBJIEHA emie B MPOIIJIOM BeKe, a 1lepBasd BO3HMKIA mocle
pagor deiigmaBa B 90-X rojax Hamiero CTOJETUA.

«ECTh eme 0RO cymecTBeEROe U r1y6oKoe PUaUUECKoe, pasindue B
poJaHOBOIt ¥ puddysuonHoil 3agavax. Nnddyspupyromas vactuna, Ko~
TOpas IPOXOAWT depe3 BOPOTa, «HE 3HAeT» O TOM, 9TO PANOM BOPOTa,
a ¢oroH «3Hae™. Vuate roBopsA, AaA AuddyEAMpYIOmEH TacTHOE MK
MOKeM MOCTABHTH MBICIIEEHO BOPOTA ¥ CJAEAMTH TOJbKO 32 TEMH YacTuOa-
M, KOTOPHE Yepe3d HUX HNPOXOJAT. ITO HEBO3MOMKHO CHeJATh s CBETa
B cuay ero BoaHOBoI mpupops. Takmm o6pasoM,, cTaBsa Aua¢parMsl, B
caydae cBera, MBI CYIECTBEHHO BJLAEM DKCIEPUMEHTOM HA Ipolmece
pacupocTpaHeHHs ¢BeTa, a B cjayiae NAPGYHTUPYOMMX UACTHD —
HECYI[eCTBeHHO. JTH PacCyIeHAS CTAHOBATCA ACHHIMM UPY Llepexofe
R JAMCKPETHOMY aHAJIOTy mponmecca auddysum — caydaitHoMy Oayxpa-
HH0 OPOYHOBCKOH 9acTHUM M JUCKDPeTHOMY aHAJOTy BOJHOBOTO ypaB-
HeHHs — CHCTeMe YPaBHeHMil Kohebasmil KpuCTaAauIecKoil, pemerky,
B To BpeMsa KaK B 3ajaye 0 crydaifHoM OdyKpaHuMmM 9acTUOA MOKeT
APOXOAUTH .moﬁofx OyTh ¢ HEKOTOPOil BEPOATHOCTHIO, B CIydae, HAUpPH-
Mep, ONHOMEPHOH KPHCTRIIMYECKOH PpeumleTKd M3 n HEHTPOB zj, i =
=1,. .., n, Ge}KAMHUX BA OKPYKHOCTU *), CMTyalus yBasg. ITy mociae-
HIOI0 3aya4y, JJIA NPOCTOTH, 6yaeM paccMaTpuBaTh C HACKPETHHM Bpe-
MEHEM 4y, I3, . . ., ¢y (HAUPHMEp, ecay 6hl MH cuuTajy 3a5avy Ha 9BM,

*) To ecTh n MAPHKOB, COGAUHEHHKX NPY:KAEKAMU., ITa 3amada
HoJHOCTbIO ReTepMuBnpoBaEa. Ho mo aBaxorud ¢ BoliEOBOM MeXxaHMKOi
MH HI)KO IPVWAAeM eif BEPOATHOCTHYI0 HHTePIPETamuio.
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70 MK paccMaTpuBajy OH pA3HOCTHYI0 ANNPOKCHMATMI0 WPOU3BORHOLM
mo BpeMmeBu). CUTyanus, Opu KOTOpoli B MOMEHT f, OTKIOHsETCA LEHTP
Z;,, @ OCTAJNBHLIE OCTAIOTCA B MOKOE, B MOMEHT f; — HEHTP Z;, & 0CTaJIb-
HHO HOKOATCH, W BOOOMmME — B MOMEHT f; OTKIOHAETCA HEHTP Ziy, 0C
TajJbHLE B IOKoe, PasyMmMeercs, HEBO3MOKHA — TAKOTO coOnTHA He Cy-
wmecTByeT. IloaToMy TaKoe ABJIEHUE MH OyleM HA3HBATH 6upMYaibHHM
cobumuen (supmyarvuuk nymex zi). Taroe BupTyanbHOE cOOHTHE
MB MOJKEM OCYIIEeCTBUTH JHMIIb HACHIABCTBEHAO, OCTAHABJIMBAA B Kayk-
Ot MOMEHT #; Kone0aHNA BceX LERTPOB, 33 UCKIIOUeHHEM ;.. Mate-
MaTWIeCKM 3T0 03HAYAeT, YTO B MOMEHTHl fx MHl JeHCTBYeM Ha peleHue
MaTpHUeil, y KOTOPOIl BCe SJeMEHTH a;j PABHM HYJIO U JUMb ajs, = 1.
J9Ta omepagys ABAAETCA NAHUCKPETHHIM aHAJOTOM YMHOIKEHNS HA XapaK-
TEPHCTHIECKYI0 (QYHKIUIO AuadparMel.

B caydae sapauy o cayyaiiEOM 6ay:KnaHEM, CKIA/INBAs BEPOSTHOC-
TH DyTeil 1acTUOH, MBI MOJKEM MOXYYHUTH BEPOATHOCTH JA000ro COOHITHA.
B cayuae KoneGaBmil pemieTku, pasymeercs, cyMMa BEPOATHOCTOl BAP-
TyanbHHX OyTed zy, k= 1,..., n, He DaBHA BEPOATHOCTH CYMMEI,
Lcau nepmsas cyMma 110 NYTAM ABJAAETCA AUCKPETERM aHaJOTOM BH-
HePOBCKOT0 KOHTMHYaJAbHOTO MHTErpaja, To BTOPas CcyMMa IO IYTAM
€CTh HUCKPETHHI aHAJOT (eilHMAHOBCKOTO KOBTHHYaJNbHOTO HETErpa-
aa *). Ilo cymecTsy, ypaBHCHIE, ONUCHBAIONIEE CIY QitHEE OayHEARAA,
SIBIACTCA PA3HOCTHOI CXeMoll, aNupPOKCHMUPYIOINell ypaBEeHue aud-
dysuu, a sajada 0 KoaebaHMH pelIETKH C JUCKPETHHIM BpeMeHeM —
PasHOCTHOII CXxeMoOH, annpPOKCHMMUpYIoImeil BOAHOBOE YPaBHEHHUE.

MHoTHE CBOIiCTBA MHTETPAJOB MMEIOT TOIHHIII AUCKPETHHII aHaNOr H
MOryT GHITH NpPOBEPEHH HA cyMMax mo nyTaM. Eciam MH paccMaTpuBaeM
CYMMY IO BCeM HYTAM (Zj,. ty), AeManuM B HEKOTOPOIl 3aKaHHOI TpYO-
Ke, TO IoJydYaeM JUCKPeTHHH aHanor abcomoTHO dYepHOM TPYORM u
wepn Mefiamagay. OKasnBaercs 6onee yI0OHKRM paccMaTpHBATh MMEH-
HO TaKyl0 amnpoKcHManuio gepmoil TpyOKu; a He KoHeYHo-mHadpar-
MeHHYI0, Kar dTo Jexall cam Deiimman.

_ Ipocreitmeit yeprOit TPyOKol GyneT OMUCAHELIA PaHee BHPTyalb-

HRI{ OYTh %, KOTOPHLl €CTECTBEHHO NPHAATL B KaYeCcTBE 9JIeMEHTAPHOTO

BUPTYaAbHOTO COGHLITHA. '
Amnasorom wepHoii TPYOKH, He 3aBUCAmell OT ¢, CAYKNT Npousne-
nesue
g = (PA)"u(0),

e P — MmaTpuna, Y KOTOpOil BCe dJIeMEHTH HyJAM M JHIb Ha JHATOHA-
aM, B 4acTH, OTBeYameil orBepcTuio TPYORM, cToAT efumMnou. Lcan
BHOpOCUTE M3 MaTpHIOA A BCe Té CTPOKH M CTOJOOBI, KOTOPHE COOT-
BETCTBYIOT HYJEBHM CTPOKaM M cTox6IaM MaTpHOop P, TO MH NOAy9uM
HOKOTOPYIO KBajpaTHYI0 MaTtpuny B Dopsajka, passHoro pasry 4.

SicHO, 9TO HEHYJEBLI® BJEMEHTH BEKTOPA u,, PABHAE B"Puy (uox
Pu, mouuMaeM Te dJIEMEHTH u,, KOTOPHE O0TBe4alT eNBHLAM MATPHILI
P). TakuM ofpa3oM, ZMCKPeTHAS anIPOKCHMAIUA YepHOil TPyOKM jer-
KO MOJJaeTCsA UICIEHBOMY CYeTY.

Kpome ¢eiiEMaHOBCKOI TpPYOKM, BeoOXOIMO paccMaTPUBATh BCe-
BO3MOKHHE UOZMHOKECTBA MHOKECTBA DJIEMEHTAPHHIX BHPTYaldbHHIX

*) Tounee, 0600menne peliHMaBOBCKOTO HATEIPAA HA PEIATHBUCT-
CKUll ciy9ail BOJHOBOrO YPaBHEHMs, KOTODHIH MEl 3[ecCh JaeM.
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myTeil KAA TOro, YTOGH IONYINTH AICKPETHLI aHaXor He TOALKO TPyG-
Kd, HO W Jio6oro MHOMeCTBa.

PaccMorpnM DpuMepH TaKUX TOAMHOMKECTB B ciiygae n =2, T. e.
KPHCTAANHIECKYI0 PelleTKy N3 ABYX HeHTPOB z,, Z, ¥ IBAa MOMEHTa
BpeMeHM: t; — HAYaJbHHII MOMEHT U f, — KoHeyBWil. B 3ToM caydae
nyTh (x, — z,) ABAAETCA COOHITAEM, O03HA9aoMuM, YTO B HATAJbHBIH
MOMEHT BPeMEHH MKl OTKJIOBWJIM JAWNIb aTOM Z;, & B KOHEYHH MOMEHT
¢, CMOTDUM, KAK OTKJIOHHJICA aTOM 2, (MHCIEHHO OCTAHOBHB BCE OCTAaJb-
Heie). PaccMoTpuM Tarome nytH (x; — 24), (2, = ), (3 - 27), (*a —
— z,) (CM. PHCYHOK).

7 ¢, 17 (727 % % 2

z,e [ ] q [ [

Vo

aa) as) as) az)

6a) a6) 08) 02)

O6bepiHeH e ABYX mePBHIX cobbiTnil (z, — z,) + (x1 — ) cocTouT
B TOM, 9T0 MH OTKJIOHNJUI B NepBHT MOMEHT #; aToM x; H HabmiofaeMm
B MOMEHT f, OTKJIOHEHI'T ABYX aTOMOB ¥, W z,. TogrHO Takxe obfbequHC-
mue (z1 — x1) 4 (zp — z21) ecTb cobLiTHe, cocTosliee B TOM, 49TO MBI
OTHJIOHIIIY ATOMH 71 M 7, B MOMEHT {1 4 Habii0aeM OTKJIOHEHIe aToMa
z1 B MoMeHT f,. Ho cobuTne, cocroamee B ofbveguHeHun (21 — x1) +
+ (z, — z,), BooOme HmKOMM 06pazoM He MOKeT OMTb OCYMIECTBIEHO
Ha OfHoil pemeTKe Jaske € IIOMOINBIO BMelIaTeabCTBa HAGIIOMATENA
B IIPouece KoaeGaHuil (0 KOTOPOM MBI TOBOPWIN paHee *)). T cOOMTIA
MOTYT OLTh O {HOBPEMEHHO OCYLIECTBJIEHH JIIIh HA ABYX 9K3eMIIAPaX
peiteTKn **), 910 oGBEUHEHHME — BUpTyasibHOe cobbiTHe. TOYHO TaK
sKe oObequnenne (z; — r,) + (7, — x1) BIPTyadbHOE.

* Tar Kak B TOM COBLITHM OTRIOHEHNE 71 B MOMEHT /1 He BJIUAET HA
OTKIIOHEHNE T, B MOMEHT f,, & OTKJIOHEHME r, B MOMEHT f, He BIMsET
Ha OTKJIOHEHME Z1 B MOMEHT f,.

*¥) 3HAYUT, BEPOATHOCTH CYMMAEI TAKUX COOHITHI MO>KeT GwITH(B0OG-
e roROp#A) 6oJble eUEMIEL, ILIH, TOYHEe, AOMKHA ORNTb HOPMUPO-
BaHa yKe MO-IPyroMy (IepeHopMUPOBAHA).
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3ameuaTesnbH0, 4TO OOBEfuHEHHE ABYX IOCJHEAHNX BHPTYAILHHEX
COGRITHIT yie OYNeT UCTUHHLIM COOGHTIEM *); 0HO COCTOHT B TOM, 4TO
MBI OTKJIOHRJIM B MOMEHT {1 aTOMHEL 21 U z, U HabxiomaeM IiX jKe B Mo-
MeRT t,.

ABaJOTMYHHEI IIpUMeDP MOKHO UPMBECTH, B3fAAB ABA HOCAEAYIOIIMX
MOMOHTa BPEMEHU { ¥ t, , W PaCCMaTPUBasA COBOKYNHOCTH BCEBO3MOIK-

HHX myTei, NPABOJAINNX U3 (UKCHPOBAHHOIN HAYANBHON TOUKH x4, f1
B QMKCHDOBAHHYIO KOHEWHYIO Zr, £y, @ B MOMERTH fj, l\,,, IPOXONAIIAX

OfMH U3 OTPe3KoB prucymka. CobnTne, oTBeYalomee PUCYHKY a6, coc-
TOMT B TOM, YTO MBI BMELIMBAEMCH B Ipomecc KoJeOaHHA aTOMOB, 0CTa-
HaBAHBAasg B MOMEHT Iy (Z;,,) BCe aTOMEI, KpoMe z1 (z,). CoBOKYNHOCTH

ABYX TakKnX CoOWTHil (6a) y:e HEBO3MOIKHO OCYMIECTBUTHL HA OHOH
pemerke ¢ pomMompblo ruadparm. YToful 0TANYATH BUPTYadbHbIE COOBITHS,
HKOTOPLIE MOTYT OCYMIECTBIATHCA Ha OMHOII perneTKe ¢ MOMOIbIO BMPINa-
TeJbCTBA HAONIOAATENs, OT BHPTYAJBHBIX COBHITHII, KOTOpHE BooOMIE
He MOryT OBITh OCYIIECTBJIEHH Ba OJHOIT pemieTxe, Msl OygeM nepshe
HA3HBATh HCeBAOMCTUHHLIMA, TaKiM 06pasoM, seMeHTaDHEE BUPTYaNb-
Hble COGHITASA — UYTH — NCEBIOUCTHEELIe *#*),

B Teopun memeit MapkoBa 9acTo roBOPAT 0 HEKOTOPOI PusmdecKoit
cucreMe S, KoTOopasA B KaMpPHIil MOMEHT BP°MEHM MOKCT HaXOAWTLCA B
OJHOM M3 cOCTossHWI A1, ..., Ay M MeHSeT CBOE COCTOSHNE TOJbKO
B MOMEHTHI I1. . ., ty.. . . TaKas ke TePMUHOIOrUA MOKET OHITh €CTECTREH-
BEHIM 06pa3oM OPMHATA MIAA caegyiomeil 3amgadn B cayyae KOMIIEKCHBIX
MapKOBckIX wuemeil. PaccMaTpuBaeTcs 9BOMIONMOHVPYIOMmMAsSI KBAHTOBASA
CHCTeMAa B 9HCPICTHYECKOM IIPEACTABJICHHN HEKOTOpPoro omepatopa f,
puyeM NpOM3BOAHAA II0 BPEMEHH 3aMeHAETCH KOHEYHO-PasBOCTHOI B
MOMEHTH t = f1, tg,. . ., by,. . . B 3ToM CiIy4ae 3agava o 9epHoOil TPyOKe,
T. €. 00 oNpemes e NN aMIIHTYIH ICeBIONCTHHHNX COOHTHII, eie Godee
aKTyasbHa. 37ech peyb UAeT 06 BBOJIONITH KBABTOBOII CHCTENEI IPHM HaJu-
YUK 9HEPTETHYECKOro QuAhTPa, T. €. PE30HAHCHOTO MMOTIOMEHASA HEKO-
TOPLIX 9dHEpTMIl (MM JACTOT).

BseneM Tenepb CTPOroe ONpCAedeHNe BAPTYAIBHOTO COOKMTHA A
IPOCTOT0 9acTHOTO caydad. Paccmorpnm 3apgady Komm s ypaBuenus
Mlpenmarepa (z & R, ¢ > 0):

0 1 o2
i—éltB:‘T awll; s W (@,0)= Yo (),

rae ¢ =V (z, 8), P, € Cy (R). Mycrs G (z, §, t) — dyrkuua I'pnaa
STOTO ypaBBeHAA H X, ; (¥} — XapaKTepuctadecKas' QyBEKIMA OTpesKa
[a, b]:
1 gaa « & [a,b],
Xayp @) = 0 mprn z & [a,b].

OyaKnus

Vo @09 = § G0, 0y § 6w80wE

— —o0

*) A 3BauuT, €ro BEPOATHOCTh He OOJbIIe SAUHAMIH: UPOUCXONUT

HHETePPEpeHNus.
**) 11X BepOATHOCTH HO LPOBOCXONAT ENWEHIH.
P
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OIUCHIBAET COCTOABUE B MOMEHT f -}~ s 9JIEKTPOHA, IIPOJIETABMEro gepes
yepHyio numadparMy B MOMeHT s. OdepupgHo, uTo AiA Aoboit Toukm
¢ € [a, b] mMeeT MeCTO PaBEHCTBO P, = P, , + Yo, b

O6osHauumM uepes Vg (z), tme Q = [a, 8] X [a, B], Pysxnuw0,
paBay® ¥, 4 (2, t, s) opn z € la, ] 1 Bymo wpu z € R\ [a, Bl.
BepoaTeOCcTh O0HApY;RHTH Ha orpeske [o, f] wacrumy, mpomenmyo
gepes pguadparmy f[a, b], paBma

00

P=lyof= { 1¥o@pdr.

-—00

Taxnm o6pasoM, npAMOyroipENKY Q niockoctn R2 MoMKHO comoc-
TAaBHTh (BUPTyalbHOE) cOOLITHE, COCTOANIEE B TOM, YTo BIEKTPOH, IpOii-
A 4epEyio nradparmy [a, b], monaa ma sxpam [a, §]. BepoarHocTs
aT0To0 cobLITHA pabHa | Pg [2. 910 cooTBEeTCTBIIE MOKET GLITH ECTECTBEH-

BRM 0Gpa3om 00606meHo.

ITaockoets R2 ecTh NMpaAMOe MpoON3BE€HNEe NPAMOIl z, Ba KOTOPOI
pacrosioykeH 3KpaH, M IpAMoii y, Ha KOTOpoii- pacmoaoykeHa muappar-
ma. IlepBywo npamyio 6ymeM HA3HBaTH 6430, a BTOPYI —- CA0€M.

MHOMecTBO BCeX TOAMHOMKecTB U3 R2 cocTaBisieT GysneBy aare6py
OTHOCHTEJbHO ECTeCTBEHHBIX onepaunil o0neylHeHNA M ICpecedenys.
JyeMenTH 3Toi1 anre6py MH GyneM BasHBaThb 6UpPMYAibHHMU COGHMUR-
MU, & BCIO IIIOCKOCTh — npocmpancmeom IAeMEeHLMAPHBT eupmyans-
nuz cobamul. OyREIUIO Pp, (), crenya Peiinmany, GygeM HaswWBaTh

(KOMIIEKCHOIT) axnaumydoii cobuITHA Q. ABaJormuHo, o0o3Hauan yepes
Yg (z, y) xapaxrepucTnyeckyio QyEKumio obractn g & R2, moyomum

oo <]

Ve = { aweemnren § 6wE9ve@as

—o0 —o0

W, eCM 3TH MHTErPANH CXONATCHA, HymeM HasHBATL Vg (¥) aMnanTymoi
cobbita g. Humencusnocmuio P (g) codrtug g GymeM Ha3biBaTh KBaj-
paTt HopMbl aMmuTyasr. (MOMeHTH BpeMeHN ¢ H s 3nech (HKCHDPOBAHE).

dJicMeBTaPHOMY BHPTYAJAbHOMY COOBITHIO — TGUKe w & R2, ¢ Koop-
mneaTaMu (r, §) — CONOCTABHM KOMMJICKCHOE YWCIO

oo

() =G (@50 { GE w9 b ay,

— 00

KoTopoe GyueM BasbiBaThe amnaumydoii dIEMEHTaPEOTO BHPTYaJNbHOTO
cobuiTuA.

Cpean BHPTYaNbHHX COORTHIl BEACJIIIM BajKUBIil Kjacc DCeBRONC-
THHHEIX COGHT, a cpen TCEBIOUCTHEHLIX — KJIACC MCTITNHELX COOBI-
Tnil., BupTyanbpHere COONTIA COJEPIKAT TCEBIOMCTHNIbIC, KOTOPHE B
CBOIO OYepenb comepskaT UcTwHItbe, Ilccedoucmunnsy coOOHTHEM GyneM
Ha3HBaTH COORITAE, OTBeYalONmIee IPAMOMY NPOU3BENEHUI0 OTPE3KA CI0A
Ha 0Tpe3oK 6asul. Takue coOHTHA MOTYT OBITH OCYHIECTB IEHB! ¢ IOMOMBIO
TepHHX AuadparM ¢ OTBEPCTHAMH, OTBEHYAIOIUMU OTPe3KaM CJOH, H
2KPaHOB, OTBEYAMuUX oTPe3KaM O0assl. IlepeceueBme (mpomspencHue)
ABYX MNCEBAOMCTUHEHX COOHTHMI ~— NCeBAOHCTEHHO® co6nTme., EMy oT-
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BEYAIOT HAJNIO)KEHHHE NPYT Ba Apyra auadparMbl u sKpaH, PaBHEHNA mepe-
cedenmo dKpaHoB. Ob6beanHeHHMe NCEBIOMCTUHEBIX COGHITIHII, OYEBHAEO,
yiHe He ABIAETCA IMCEBIOMCTUHHHIM, 9T0 MH yKe BHAeJn Ha ODpuMepe
KosjteGaHMt KPHCTANAMTECKOIT pemeTKH.

ITpnmeM B KadecTBE CYMMH JIBYX TICeBAOMCTHHHAKIX COOLITHR HAUMEHp-
myio (EeCBA3HYI0, Boobie rosops) ob6aacTh, COCTABAENHYI H3 MPAMO-
YTONBHUKOB, KOTOPadg WX 3aKijiogaeT. TOTMa MHOKECTBO IICEBNONCTHH-
HEIX cobmruii o6pasyeT cTpyKTypy *). CymMme oTsedaeT coOHTHE, KOTO-
poe nmoxydaercsd, eciu oOBeAMHHTH AMadpAaTMH U DKPAHH WIEHOB CYM-
Mil. VIHTeHCWBHOCTD NCEBJIONCTANHOTO COOLITHA, KAK HETPYAEO YOemnTh-
csi, HO IPeBOCXONT EUHANIH W UMeeT CMBICJ BepoATHocTH (eM. [19, 22]).

Hemunnan cobuTueM 6yaeM HasHBaTh NPAMOYTOJBHNK {(z, ¥) : 00 <
TP, —oo Ly<<oo). AMIINTYOA TAKOrO MCTHHHOTO COGHTHA
paBHa

§avcewn (cwromma= { ¢eunttamway

-0 -—20

npu o g « < B m Byaio BHe dToro orpeska. TakuMm o6pasoM, Opn z €
& [a, B] aMmuuTyna cosrnanaeTr ¢ perneHreM ypasHeHus Ilpenunrepa,
a MHTerpaj OT ee KBajpara onpefieiser (NCTHHHYIO) BEPOATHOCTb Ha-
XOKNeHus DAEKTPOHA Ha HETepBaxe (¢, B) B MoMeHT ¢ -+ s. MHOMKecTBO
HCTHHHHKX COOBITHII, OYEBHAHO, COCTaBJseT momanreGpy axre6psl BHp-
TYaJbLHKX COGRITHIL.

BsemeM Teueph MOHATHE BAPTYAJbHLIX HECOBMECTHRIX COORITHIL,
oTBEYAIONIEe KJIACCHIECKOMY HOHATHIO TEOPHU BepoATHOCTA. CoGHTHA
Ha3HIBAIOTCA HecoemMecmHuMu, €CATl DX NpoeKnuu Ha z (Gasy) He
MepeceKanTcsa (B OTJIYME OT KJAACCHYECKOro ciayyas, rae Tpebyercs,
9106l He mepecerancs Jiub caMy cofpTis). QueBUaHO, YTO A MBYX
HECOBMECTHBIX COOBITIIH HMHTEHCIIBHOCTb MX CYMMBI paBBa CyMMe IH-
TeHCUBHEOCTEIT,

B axre6pe BHPTYasmbHBIX COORITIII OTHENbHO BRINEJSNETCA BayKHbIIT
cayuail HerepeceKaoImuxca cobLTiii. ByaeM HagpiBaTh BUPTyadbHLIe CO-
6HTHH HenepecekanWuUMUCA, €CAN OTBedalome WM OGJ]B.CTH He T1epe-
ceKalTcA. AMIUINTYA CYMMBI ABYX NenepeceKalomuxcs coObTHIl paB-
HA CyMMe aMINTHTY1 KajKIOTo 13 COOBITUI, HO HETEHCHBIIOCTb CYMMBI
TaKMX coOHTHi, BooOUle TOBOpsA, He paBHA CyMMe IHTeHCHBHOCTeii.
Kax HerpynmHO BMfeTh, MMeeT MeCTO JMIIb IPyGoe HepaBEHCTBO

n

P(Da)<n2P @)
1

1
ecan g; () g = ¢, i+ k.
§ 2. Onpenmenenne KOMIJIEKCHOH MapkoBCKO# nenm
ITycts 3apado KoBewHoe MHomkecTno K = {a1,. ., a;)}, dJeMeH-

TH KOTOPOTO HA3BBIBAIOTCH JAeMEHMADHBMU COCMOSHUAMU, U UeJ0e
poaoxurensHoe N. PaceMoTpuM  MHOMECTBO 2 BCEBO3MOMKHBIX

*) 9Ta CTPYKTypa HasHBaeTcsa OPTOMOAYJApPHOI! U Bnepsue Gblia
PaccMoTpena HeiiMaHOM B Apyroil CHTyanmun s onpeeieHus JOTHRU
KBaHTOBHIX CHCTEM.
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nocaegosarensrocreii N cocTogHMIT
@iy @)= 0, £ (i1 iy,
HA3BIBAEMEIX S4eMEHMADHNIMY GUDMYAALHBM U cOBLLMUAMY, U TIPERNON0-

JKMM, 4TO KamNol IOCHAeZOoBATENbHOCTHI COCTOAHRMII ®; COMOCTABIEH
KOMIIZIeKCHEIT BeKTop P (®,;), HMEIOmMUA &k KOMIOHEHT:

P () = (Y1 (04 « - Pi (04)),

npugeM P (w;) = 0, ecam k =~ ip. Onpepenum dyRrimo P Ha anrebpe
9 Bcex NHOAMBOMKECTB MBOKecTBa Q, HoJarad

D V), Aed. (2.1)

oA
TaxkuM oGpasoM, Ha aareGpe %, 9JeMEHTH KOTODPOil HA3hIBAIOTCA 6up-
myasbHbimu COOHTMAMMI, 3aJaHA anjuUTWBEAsA (YHKUUA MHOKECTBA

Pp: U — CF *), Bupryaubnnie coOutia 4 u A’ HAsEBAOTCA opmo-
2OH@AbHBMY, €CHHM OPTOrOBAJLIE BeKTODH P (4) u ) (4'). Bupryans-

HOe coOHTHE, 0603BaYaeMoe 4epes A’“, cocTosilee H3 BCEX IOCJef0Ba-
TeJAbHOCTEIl COCTOARUIT, y,aonne’mopamnmx yeaosuo a;, = aj, 6y-

1éM Ha3BIBATb COCMOAHUEM aj e MoMerm m, MU KOPo9e — CoOCmoasHUeM.
QyERUMA  HA3HBAETCA axnsumydoi, eciin OHA HOPMUPOBaHA:
k

[ (2= Z [$; @) F=1w B moboii (UKCUPOBABHEEII MOMEHT
j=1
m PasiMYHLe COCTOAHUA MONMAPHO OPTOrOHANBEEL: <Y (47"), ¥ (4]') =

=0, ecun j == I,
IMpegnomenue 2.1. Keadpam nopmbr amnaumyodwn o6wedure-

nus cocmosnui \J A;" pasen cymMme K6adpamos HOpM UT amnaumyd,
je=J

Keadpam Hopmu amnaumyodsl 106020 cocmosnus He npesocxodum edu-
HUYb.
HoxaszarteansbcTBo. Hua aoboro m < N aMOIUTyRa MHO-

secTpa (A" paBHA cCyMMe aMIUIMTYA BHPTYaubHLIX cobuTuii A" (j &
=

& J). HockoapKy aMIUIATYAR 3TUX COOWTHI mODApHO OPTOrOHANbLHE,
TO

k
19 (U ATP=| 3 b = Zuxp(A"' B < D b e =1.
isJ ied i=1

M pennoxenne, JoKasaso.

*) Yepes CF 06o3naueno KoHeUHOMEDHOE JHMHEiIHOE IPOCTPABCTBO
BOKTOPOB P = (Y1,. . ., P,) €O CKAIAPHEM OPOM3BEAEHHEM (P,P) =
K

= 2 @\bin HOpMOil [P | = (<, P>)'2. Uepra ceepxy osmagaer

i=1
KOMILJIOKCHO® CONPAKeHue.
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ByneM Ha3KBATh UKMeEHCUSHUCHbI0 BUPTYAJbHOTO COONTHA A KBaj-
par HOPMH ero amMuymTyne. IIpengoskemue 2.1 moOKa3piBaer, 9YTO MH-
TeRCHBHOCTh JI000TO COCTOAHUA HE NPEBOCXONHT eNUWHWMIK.

Onpepexnenne 2.1. IIycts Ha anreGpe Y BUPTYAABHBIX COOBI-
Tl 3ajaHa aMILIETyAa . ByaeM roBopuTh, 9TO OHA OLpEReaseT Kox-
naexcnyio maprosckyio yens (KM-mens), ecam cymectByer Habop yHM-

TapEEXx Martpunm {Z! }llv 1 u epuEUTHHI perTop PO *) TAKUe, UTO AMILIIL-
TyRa M060ro 9IEMOHTAPHOTO BUPTYAABHOTO COORTUA ;= {@iy, .. -
<. ., @iy} paBHa

w(m‘)=(¢1"")¢k): IP‘ZO, eciu i=iN
u 2.2)
N—1 Heke

Yiy (@)= ( t]'=_[1 zlil+1iz) 8

Matpunu Z!, 1=1,2,..., N — 1, HaswBalOTCA MampuyaMu
nepexoda KM-pemy 3a ofMH Iar, a MaTpWdYHLIE BJIEMEHTH Zéj — an-

naumydamu nepexoda U3 COCTOAHHA a; B cocTogEMe a;. KM-neub Ha3H-
BaeTcA 00nopodroii, eCXH aMIUIATYAL Depexoja 3a O/iMH mar He 3aBn-
CAT OT HOMepa Imara.

MuOoxecTBo K HasHIBaeTCA MmHowmecmeom cocmoswuti HKM-nmenu.

§ 3. MapkoBckue CBONCTBA KOMINIEKCHBIX HEmel

PaccmorpuM ocHoBHEIe cBoitcTBa ammautygsl KM-umemeit. Tlycrs
L,. .., Iy — nogMuoxecTa MmHOMecrBa {1, 2,.., k}. DBrramcaun

aMIVIMTYAy BEPTYAIBHOIO COGHTHA

;.

A =
TuenIN ™ gien, Tiyely

Bupryannueie COOLITHA TaKOT0 BHAA HA3KBAIOTCA NCeOOUCMUHHHWMU.
O6o03HauuM 9epes )¥; AMATOHANBHYI0O MATPUIy, Y KOTOpoil muaro-
HaJABHH I JeMEHT DaBeH efUENIE, ecay { € [/, U HYJIO B OPOTUBHOM

caydae.

Jemma 3.1, Axnaumyda ncesdoucmurnozo cobuimus AI1 Iy
oo

pasna
P (AI:.....IN) = (XI.N°ZN—1°x1N-1° oo w0Zlo ) YO, (3.1)

JoxasaTeascTso. U3 onpenenerna GyBEKuuM P caenyer,
9T0 AMIJIHUTYAA 3JEMEHTaPHOTO BHPTYaXbHOTO COOHITHA ®,; paBHA

b (@) = (3 02V o ¥y om0 Zho W) Y.

*) Bce MaTpUnE EMeIOT pasMep k X k, a BEKTOPH — k& KOMOOBEHT.
**) Ilo agaJOruM ¢ ompefeleHNeM caydaiigoro mponecca (cm. [19])
MoKHO HaTh Oosee Qopmaapeoe onpepenenwe KM-memm, Hampumep,

oo KM-nenpio MOMKHEO TOEMMATh Habop §yHKImii {§j}f'=l, rae & Q —
— K, opuueM §j (0,) = ajj.
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CyMMupys aMOANTYNL DJ6MEHTAPHHIX BHDTYANBHHX ColHThil, mpen-
CTaBJIeHHEIE B TaKoil dopme, moaydaeM (3.1). Jlemma AoKasama.

Ecam A 1 A’ — 5Ba BUPTYaIbHHX COCHTHSA, TO YC106HOU UHMEH-
cusrocmyvio COOHTHSA A OTHOCHTeABHO A’ HA30BEM BEAWIHHY

bn A

N ="Tpe
PaccMoTpuM  Temephb BApTYanibHoe cobhTHE A = A’:l",;" o
gosey ]

cocrogmee u3 o6bEeNUHEHWA BCeX MOCAeHOBAaTEABHOCTEN COCTOAHMMA
04, OPARMMAIONAX QUKCAPOBAREbe 3HATCHNSA @ij « « 5 Qi) @igyy B Mo-
MEHTH 1,. ., 1,1l 4+ 1. AmanormgHo ompegendeM BHPTyanbHoe COGHITHE
A= A5 "" ;.. Iloamasoruu co ciaydaeM meneii MapkoBa GymeMm ro-
Bopms, 9T0 nnpwyansnomy COOHTHIO A’+1 "‘ -3 i. OTBeYaeT MOCHENOBa-

. yeery

TeJbHOCTD CocToAnMit KM-nenw a;;,, B MOMEHT 141, @i, — B MOMEHT
l, mT H. a;; B MOMEHT .
Teopema 3.4. YVcaosnas unmencusnocmv eupmyasvhozo cobui-

mua A = AV "’ omuocumesvno A’ = Aé""”- aasucum moAvKo
141, bty Pty

om cocmosHuil HM—x;enu emomenmul L u l - 1 u pasna xeadpamy modyas
amnaiumydw nepexoda us cocmosHus @i, € COCmosHUE @i .

HoxasareascTso. IlockoabKy Matpunm Z! (1= 1,2,...
<+« N — 1) — yEUTApHLHIE, TO M3 ONpeAedeBUsd WHTCHCHBHOCTH M
d)opmy.nu (3.1) BHITEKaeT paBeHCTBO

IvAanP=I (iilu °Z °;(iz AR ‘°AZI°)A(4:) WP=1 z'£i+1»‘il|2 C'lil’

e c‘!lz")’eilozl—lm"c’zlc’xix) PR =]l (A) 2. Tloatomy I (A/A") =
= 2,,,,4,|- Teopema noxasana.
Beauuury lzilj |2 GymeM Ha3HBATB ulmMeHcusHOCMbIO IICPEXOfA

W3 aj B @; 33 OfWH INAr.
Teopema 3.1 moKa3kBaeT, 4T0 MBETEBCABHOCTH cocToarEuit KM-menm
o6najaeT MapKOBCKUM CBOIICTBOM: ecan uaeecmno, ymo ¢ momenm [

KM-yenv nazodusaco 6 cocmosrnuu a;; (cobumue A ) a 6 momenm
141 — e cocmosnuu aj,, (cobuimue A”rl ), mo ycnoanax UHMencus-

HOCMb 6UPMYALbHOZO COOMUR Al‘Ll1 omuocumessto Aé He sagucum om

mozo, ¢ Kakuz cocmosruaxr Hazoduaace KM-yenv 0o momenma l. ABaso-
THYHLIM CBOMCTBOM 0OxajgaeT u ampauryga KM-nenwu.

Teopema 3.2, ITyeme @ u O — npoussosvubie edunuunsie sex-
mopw. Ecau omrnowenue

@, pAn Ay ,
@AY = P(4,9/4",0), (3.2
2de A = AL j 5 A" = Abi . xoneuno, mo owmo sasucum moav-
‘l+1ﬂl» 1ol

K0_om cocmosnuil KM—l;enu e .mmenmu lul+1,
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HoxasareanbcTtBo. U3 dopmynu (3.1) camenyer
@pAnay =B 4 v,
rae )
— (7l+1, N-1
@ilu = (Z o0l P)

1 -1 5 - 5
w‘il = (2 loxil—l 0.3 .oZloXi‘lj)o),ll.

41’

(3aMeTuM, 9TO 3ABUCUMOCTL OT COCTOAHMII, B KOTOPHX HAXOZWjach
KM-nenb 0o MoMeHTa I, COREPIAT TOJBKO BeJIUTIWHA 1|J1’-l.)

C apyroit cropomr, <8,y (4')y = Eilw’{l’ e E; = (Zlo...

«..0ZN1p), Ecam <0,¢ (4')> =0, To ormHomeHne P (4, Q/A’,
0) = zilt+1i, (@,!Hl/Eé) OYEBUIZHO, BaBUCHT TOABKO OT COCTOAHMIY
KM-penz B MomesTn ! u I -4 1. Teopema moxasana.

Ecan ¢ — eqMAMYHEIT BEKTOD rHIALbepToBa mpocTpaHcTBa H, TO
npoctpancTBO H MOKHO IpeicTaBUTb B BHje OPTOTOHAJLHOI CYMME
nofnpocTpaHcTsa | (§), OpPTOTOBANBHOTO ¢, U €r0 OPTOTOHAIBHOIO

mononsenus H (¢): H = H | (9) + H (). Ilpoexnueii Bextopa P
B H (p) HaswBalT CKaAAPHOe HPOU3BeleHHe <P, P)d.

Mo awamorum GyneM HA3HBATh amniumyooil 6upmyasbrozo cobbi-
mus A ¢ H (9p) (H = CF) searuuny <@, (4)>, a oTHomenne J (4,
@/A’, 0) — Gynem HasHBaTh ycaoerold amnaumydoii cobutnsa A B H ()
orHocmTeqsHO A’ B H (0).

ITpuBsas yrBep:xaeHne TeopeMsl 3.2 B KadecTse ompepneaerns HM-
mend B TEPMHHAX YCJIOBHOM aMILINTYOH, MOMKHO B KadeCTBe CAENCTBUA
TOAYIUTH PopMydsl (2.2) H, TAKUM 00pa3oM, NpHiiTH K NCXOFHOMY OIpe-
JeJIeHHIO.

HaMmeTuM myTh TaKoro mnofixoga ¥ onpexpegesno HKM-nemu *).

IIyers % — HeKoTOpaAa o-aare6pa MOAMHOMKECTB MHOMKECTBA
H z — C-aJAATMBHEAs (QYHKUUA MHO)KECTBA, 3ajaHHAA HAa % W NPHHU-
MamImas 3HAaYeBMA B TujabbeproBoM npocrpasctse [{. DysKmuio 2z
HA30BeM zuavbepmossim 3apsdom, ecan: a) auaA awboro 8 & H wu aio-
Goit y6uBalomell 10CAEOBATENLHOCTH g D gy D ... (1 & = D,

(>
gi © %, cymectByer mpepmea: lim <6, z (g;)> = 0; 6) gna mwoboro
i—»00

0 & H u moboii mocienoBaTesbHOCTH TMONAPHO HEMEepeceKaromIXCa
MHOKeCTB {gi};° BHIIOJNHeHa OlcHKa

D118, 2(g,)> | <0l const.
i21
IIpocmpancmeon ¢ amnaumydoii HasHBaeTcss TPoiiKa (R, I, P),
cocToSImMAss 113 MPOCTPAHCTBA DIHEMEBTADHHIX BMPTYAQNBHEIX COOLITHI
Q, mOAYKoAbLAa BUPTYAJNbHRX COORTHIl o4, CONEp:KAmero MHOMKeCTBO
Q B KauecTBe DIIEMEHTA, U ANIUTUBEON QYHKOAM MHOKeCTBA \: oA —
— H (masmBaemoil aMmamTymoit) Takoit, uTo [P (Q) g = 1, tne H —

ruas0epTOBO MPOCTPABCTBO.

*) 310 3aMedaHAE COXEPKAT HOMBLITKY HAMETHTH AKCMOMATHYECKU
DNOAXOA M B KajbHeilmeM HCIOAb30BATLCH HE OYHET.
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llycTs /I — HEKOTOpPOe MHOMKECTBO HHAEKCOB; CeMeilcTBO omeparo-
POB {7}y, ACIICTBYIOWMX B J, HABHIBAETCS NDOEKYUORHIMN, €CTH FJIA

moboro i € / BHNOAEEHH WYeTHPE YCIOBHA: a) m’ = 7i;; 6) o6pas
;94 mOJAYKONbIA JC ABIAETCA G-aare6poii, comepskameii Q; B) cyKeBue
aMIIATYRE P Ha ¢-anredpy ;4 ABIAETCA THILGEPTUBRIM 3aPALOM
Ha [;X; T) aMOAUTY[RI HermepeceKalouXcsl BUPTYaAbHRIX COOBITHII
¥3 7;4 OPTOrOHANBHAI.

Yersepka \V = (Q, J, 1, {“i}ie.r) Ha3HIBACTCH NPOCMPAHCMEOM
€ NPOEKYUOHHHM CeMelcmeom.

HeTpyamo onpenenliTh HTErpat Ba it;c4, foKasas, 970 AiaA Jai060ro
6 € H cymenue QyHEKnuu maomxectsa <8,V (g)>: A — C Ba o-aaees-
py T4 ABAAETCA 3aPANOM HA T;vi.

MosKBEO 0600IMUTH LIOHATI® CAYYAfiHONI BEJNYMHK U CIYYaHHOTO
nponecca, JliA 3TOT0 OCTATOYRY YCTAHOBUTB, YTO CyieHIe HBETEHCHB-
mocrn 7 (g) = |V (g) [} ma n;f ABnAercA BeposTHOCTHON Mepoil.

ycts (£, ) — I3MEPUMOe IIPOCTPAHCTBO. [lapa (mj, @), rme
n; e {n;}, a @ — (s, ) — usmMepumas QyEKUUA, HA3HBAETCHA
0606wennoll cayuaiinoli eeaudunoli Ba W co 3Havernanu B (£, %), Ilycrs
T — mekoTopoe MEHOMECTBO. Ofofuyennuu cayualinbtly npoyeccon HA
W co smavesusmu B (£, 7/) Basusaercs napa & = {n;,, ¢}, t € T,
ABIANMAACA OPU KOKEOM PHKCUPOBABHOM ! 06o0meHREO# cayyaiiBoi

. RN
BequguHoill. PyAKDUA ‘!"’91 Z’t , BhyHcAAeMaa no dopmyae
P

ety

tynslp
"V, ' )
L?[‘.....étn )

(B, B,) == 0 (¢gp, B,

n=1,2,...,

rae
t,nty n ik lk
s i o ={w: D=}
€p....,By, kglek' gBIc { (Pfi: ()& k}'
Ha3HBAETCA KOHEUHOMEDHHIM pacnpedeseruem amnasumyd ob6oOmeHHOM
cJaydaiHO# BeTUIHHREL.
Ecau i (¢) = i, T0O MOKHO CYMTaTh, YyTo &; — ciydaiimas Bexwdn-

Il.....ln l:.~..,ln 2
Kuua / = || . —ee K ~
Ha, a QYHKmIA Clyeees oy, I P%,,,,,,ﬁn I3; — ee xoHeaHOMEpHOE pac

upepesesne BePOATBOCTeIl.
Yewm ke ABaseTcA ¢ dToit Toukn spenus KM-mems? IlycTs 3apaHO
MBOMKecTBO E = Ej= (a;, ..., a;), DJIEMEHTH KOTOPOT0 HA3LBAIOTCA

cocmoswuanu, u Q= Qf{, — MHOJKECTBO  IIOCAel0BaTeJbpHOCTOH N
cocroganit. Haykpasa mnocaegoBaTeabHOCTH

(aix""’a'iN):mi;,,..iN = Wy, t=1{(i1,+0., iN)

HA3bIBAETCA 3 (eMEHIMAPHHM 6UDPMYAALHUIM co6uimuen.
PaccMoTpHM MHOKeCTBO YHUTapHEX Marpun {Z') pasmepa k X k

. 1/2
¥ eJIHEWIHEI BEKTOD ¢ = (Py, . -, Pk)y ll(PH=(Z l%l“) . Oupepe-
i=1
AUM  aMUJANTYRY P Ha HOJyKoabue oK 1’{,, 3JIeMOHTAME KOTOPOTO
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ABAAIOTCA MHOKECTBa
oy

g = U (OF9)
r"'”’IN tiuel,...,iNE IN
t;,...,tN —_ A N-1 1
P (gI:.-.-.IN) = ()(INC Z OXIN—lo .. .o)(hoz OXI‘) P.
CemeiicTBo omepatopos {m;}Y, meiictBylommx B 'y mo mpaBmay

Hyenlieoty
njgfn....,{j,...,IN - i:iJ-LéIj ®;,
ABJNAETCA TPOEKIUOHHEIM, NO3TOMY deTBepKa W',{, = (Q,’{,, Jf}’{r, P,
{ni}f’ ) ABAAETCA NPOCTPAHCTBOM C NPOEKIHOHBLIM CEMeiiCTBOM.
Onpenenenmne 3.1. KM-yensioBa WY co smagesusmm B Ej
HasmBaerca oGoOmEeHRL caysaiimmii Dpouece &; = {m;, @i}, i=
=1, 2,..., N, Takoif, dgro
P QN =B, 9;(0) =gy
Ecaun ammianTyga nxio6oro cocTogHNA 00606GIMEEEOrO Cay4aiHoro
mpomecca &; Ha WY co spauenmsaMu B Ej OTAHIEA OT HYJIA,TO MOMHO

JaTh chaefylomee SKBUBaJeHTHoe ounpefeneHue KM-memy B TepMmmax
onpefedeBEoll BLHIIE YCAOBHOU aMIJNHTY/HL.
Onpepeaenue 3.2. O6o0meBENE caysafiELA mpomecc Ha
Wﬁr co sEaIeHUAMY B E) masuBaerca K M-yenvio, ecimnpu l= 1, 2,. ..
ty e b By
.+« N ycnoBHAS aMIUINTYA BHPTYaIBHOTO COGHITHA gr, Ii i', & 41

T1y ooy tl—l' t
B h, OTHOCHTEABHO gr " I,

mecca B MOMEHTHI fy,. . ., £ ;.

! B hy Bo 3aBment oT cocToAmHii mpo-

§ 4. Jlarpamsxman KM-uenn

TIpegmosiosKuM, 9T0 METEBCUBHOCTA mepexozoB HM-uenu oTaudamm
or ayasa. Takaa KM-uens nHasmBaeTca KM-menwio 6es sanpewjennulx
nepexodos.

Ilycts aaemenTapEmMH cocTosgHUAMA KM-menn ABAAIOTCA TOYRA
pemiecTBeBHOI Opamoii: K = {a,,. .., ¢x}, @; & R. [aa DmpocToTH
GyaeM cumTaTh, uTo a; = jh, rme h > 0. UYepes mociemoBaTeabHOCTDH
TO4YEK {(ail, 1:l)}f"=1, T > 0, Ha ODaockocTH (z, ) DpOBefeM HENPEepHB™
HYI0 KpuBylo z (f), ammeiinyo npu ¢t & [(I — 1) 1, I7], BasnBaeMylo
mpaexmopueti. MOHEO cUUTaTh, 9TO MHOKECTBO DJIEMEHTADHHX BHD-
TYaJabHHX COOHTHII Q COCTOMT W3 TPAeKTOPMIl, TaK KAK BTH MHOMKeCTBa
COBNAZAalOT ¢ TOYHOCTBIO HO HM3oMopdmaMa. PaccMOTpUM KycCOIHO-JU-
HeilHyI0 MHTEPHOJAANNI0 KOMIIEKCEOH SHTDOMUM.

OGosHauuM uwepes 0; (f) BenpepHBHYI (YHKOUIO, PABHYI0 HYIIO
upu ¢ < Tl, enuEune npu t >t (Il 4 11 ¥ JauHeiHYI0 mpu ¢ E [tl,
T4+ 1) Oyers mpr ISzh<<I+1, n<yh<<m+1

N—1
i !
Ly, )= D) 8,00 D) _:-lnz{‘Ll,.m,(m,PlI’,‘". @y (&1
Jj=1 I’, m'=o0
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rpe Z7 — marpunu mepexopa KM-nmenu, a*)

Pl e, y) =
=[1 e —1) (1 v —-%)] [1——(2m'—1)(m+ m——'%)]

Onpepgenenue 4.1. Hycouno-EenpepuBHAA KOMIJAEKCHASA
dynrmus L (z, z, t), onpefeseEHass npu moYTH BCeX ¢ Gopmyiol

)
Lz, 4 0) =50 l@ 4 O |y _gqmy LEITLTU+D]L (42)

Ha3biBaeTeA aazpanscuanor KM-nenn. Jeiicmeuew KM-memu Ha3H-
BaeTcs QYHKIMOHAJ HA TPAGKTOPUAX, BHIYUCIAEMHIN 1O IPaBUIY

N
Sz in)] = S Lz (), #(1), t)dt. (4.3)

Npennomernne 41. IHycmp S — delicmsue KM-yenu u
z, (f) — mpaexkmopus, o0meewaVWAL IAEMERMADHOMY EUDMYAALHOMY

cobumuro @, = {@;, . ., @iy}. Toeda amniumyda saemenmaprozo
6uUpmyasvnozo cobumus ; paswa

Y (@) = (Y1 (®;), . . ., Yy (@) b; =0, ecam i=iy, 6y

N
by ) =exp{— | L, ). 2,00, 0t} w2,

3

20e P — edunuunnil sexmop, onpedeasowuti amnaumydy KM-yenu.
oKa3aTeabcTBo. PaccMOTpMM WMHTerpaj JarpaHKuaHa
BJIOJNb TpaeKTopum z, (f):

<N N—1 ti
S Lz, (), 2,(0), Hydt = ) j' Lz, (#), 2, (), t)dt.
T =1 t,

Mpu t € (¢, t,,,) ¢yakuna 2, () DocToaHEA: &, (1) = (aiH1 — ail)/r,
mz,(t) = ail + a2, E—1).
Ms onpemememna ajarpawskuasa (4.2) BHTEKaeT PaBeHCTBO

Liyttit—1t), 4, )= '571 (=, y, t), mO3TOMY

)
L (ail -+ (ail+1 — a'll) (t—t)/n, 7y, t) = ¥ l(ailu' Gy t).

; {

*) OrmernM, wuro In z +1*, mans PPy ABIACTCS  ANNpOKCEManmei
KOMIIEKCBOl 9HTPONNWM, BBEEHHOJ HH/KE, TAK KaK KOI/la Iard CeTHH
cTpeMATes K HYIIO, MOAYIb KodpdunueETOB MaTpHmH Z’ CTpeMuTCH
K efAHMIE, a JJA (PaBEO BEPOATHHIX» COORTHI JIOrapUMH aMuiu-
TYAH COBHAZAT C KOMINIGKCHOH 3HTpomueil.
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TaxnM o6GpasoM,
iy tag s
S Ldt = g ar l (ail+1’ ail' t)dt.
i i

Tenepb mMu 3aMeTuM, 4T0 u3 (4.1) caenyer, wro mpu ¢ & (4, £,,)

1
a7 I’/ s . = . 1. K4 3
at (”1l+1’ iy Pl RSt

TlomcTaBaAA DOXYUCHBLIE COOTHOWCHUA B (4.3), Baxomum
N N—1

T O
S [z, ()] = S Ldt=— py 1nz§l+l,-l.
T [=1

IToaromy
N—1

st T

=1

YTBepxeAne JOKa3aHO.

O6o3Haunm gepes P° (x) GyHEKUIIO, PAaBHYIO q;?, ecnu £ = a;. Cym-
MUDYS aMIAMTYAH 3JeMEHTaPHHX BUPTYAJbBHIX COOHTHII, 3aUMCAHEL®
B BHUAe (4.4), moaydaeMm

CunepctBue. Amniumyda ucmurrozo cobumus modxem 6umb
npedcmasesena 6 eude

b= 2 e {FsEofvem, =15 6

x(t): x(-tN)=al

®opmyna (4.5) ABAAETCA AHCKPETHHM AHANOTOM KOBTHHYaXbLHOTO
usTerpana @eitemana [21, 22].

ConocTaBuM KaskaoMy Bextopy ¢° u3 CE pexrop  mo dopmymam
(4.5). TeM campiM 3ajiaeTcA JAMEEHEH onepaTop (MaTpwia), AEHCTBYIO-
opuit 8 Ck: 4p® = 4p. MaTpuunEe 9IEMEHTH MAaTPANK 4 MOMKHO BHIYHC-
auTh 110 $opmyae

i
A= 2 exp {5 S 1=}
J x(t):x(z =aj, x(tN):al

BeemeM o6osHaueHMe .
A =exp {% S} .

Paccmorpum pnddepernupyemyio dyrrnmo S, (z, t), cONOCTABUM
eii dysxmuio Ha ceTke S, (jk, TI) U BBEfeM onmepaTop yMHOKEHHMA Ha
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dyEKIuIO exp {%So(-,‘tl)}' neiicraytommit » Ck:

exp {—;— So (-, Tl)}'lp =
= (exp {tT So (R, 'rl)} Y1, ..., exp {—i— So(kh, rl)} ﬂ)k) .

i
Hama 6amwxalimas nenb — 01pOKOMMYTHPOBATh OIEPATOPH €X] {— - X

XS0 (-, 'lfl)} u exXp {i— S}. Hcnonssya dopmyay
t41 2
$0(2 (1), ) = S(e 1), 1) = | 47 So(ei0), nat =
)
tigy
080 ZAYY
-\ [Frenot052c0 0]
Y

npeoGpasyeM moKasaTenb SKCIOHEHTH B (4.5):
exp {5 L= (01} ¥9 x (0) = exp = (8 (= (a0, ¥N] +
+{ren s00d—sSem9]lvre, 6o
e N
oS GA)
L' (z, 2,)=L (%, # t) — e (@ t) — & ==, t). (4.7)

JlarpaEKnaHH, CBA3aHHHE COOTHOIIEHVWeM (4.7), Ha3LWBalTCA dKeu-
sanenmubiny. Popmyna (4.6) naeT IpaBHIIO BHIYUCACHNA aMIIATYHH NPH
mepexofie K 9KBHBaJIEHTHOMY JiarpaH)KMaHy. I3 Hee iKe caefiyeT gopmy-

12
4@ KOMMYmayuy ¢ ONEPATOPOM YMHOKEHNA HA eXp §— —— Sol-, TN)[:
i i
exp {—— - So (-, ‘L’N)} ° e/x\p {_T_ S} =

— exp {—,’r- s'} cexp {— — & (- 0)}, (4.8)

e
N

Szl = | L' @ @), » ), nar.

.

Jasa cpaBHEHAS PacCMOTPHM [Ba CBOHCTBA SKBHBAJEHTHHX Ipeobpa-
sopammit Gynrnumn Jlarpamka B KjaccAgecKoll MexaHmKe,
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Ecam L — narpaEskpgan MexaamdecKoit cHcTeMH u Jo (z (£)) — Be-
mecTBeEHAA fEPPepeHnApyeMan QYHKINA, TO Ba MHOMECTBE TDACKTO-
puif ¢ (QUKCAPOBaHAKMHA HAYAJOM H KOHIOM SKCTPeMalm JeicTBHSA

t 1

S [z ()] = g L), (), dt B §'[z@)] = S L' (@ (t), #(2), f)dt,
0 0
L' (x, 2, t)=L(z, #, 1) — (_6‘;5'70 4z % &7 (t))) coBmajaoT. B camoMm

neJe,
t
aL d 9L
88" [ (1)] = S (37 — oA @), 20, t)) 8z (1) dt +
0

t
+6g-;—tso(x(t), t)dt =

0

oL d oL
=S(6—x— T e B 2, t)) 8 (1) dt = 8S.

0

IMoaromy 65’ [z (¢)] = O Torma m Toanko Torga, Korma &S [z (£)] = 0.
Iycrs H (p, z, t) — pyEknasa TaMunpToHa MeXaHHYECKOH CHCTEMEI,
JarpaE;KMaH KoTopoi ects L (z, #, ¢). IIpeo6pasosamnio L — L' =L —

as
—_ (a_t + —0_{) ¢yBsrnuu Jlarpasska oTBeJaeT Karokuueckoe npeobpa-

80BaHHe TAMMJABTOHOBHIX TePeMeHEMX z — X, p — P ¢ TpousBoAsA-
meit pyExoueii KaHOHMYECKOTO NpeofpasoBaHNA

® (z, P, t) = (P, 25 — S, (2, ¥).

§ 5. BapryaibHbie coGbrTHA

1. TlonywamepuMbleé MHOecTBa. MBOKeCTBO BHPTYaJdbHHIX 3Je-
MeHTapHBIX COOLITHMII, paccMaTpuBaBmieecs BHme B cBAsm ¢ KM-me-
IAAMH, MOKET OHTh IIapaMeTpPH30BAEO MHOKECTBOM BEKTOPOB.

PaccMoTpuMm fmBa MHOMKECTBA: MHOMECTBO B, cocTosmee M3 gucexa
HaTypaJxpHOTO pAfga or 1 mo k, m MEOkec™B0o 4 = B X ... X B =

= BN-L, Tycrs 0; = (i« + e, ). ComocTaBMM 3TOMY BdJEMeBTap-
HOMY BHPTYalbHOMY COOHTHIO TOuKy & (0;) = (z, y) MHOMKecTBa

N = A X B ¢ KoopamHaTamm
z=IiNEB, y= (i,. .., iy, E 4.

MHo03KecTBO A Ha30BEM ca0em, 8 MHOKECTBO B — 0a30ii MEOMKECTBA S\

C ToumOCTBIO Ao H3oMopdmaMa §: Q — .A” MHOMKECTBO dJEMEHTap-
HEIX BAPTYaJdbHBIX COOHITHII {2 MOIKHO OTOKJECTBUTH C MHOMKECTBOM /.
B panbHeHmeM TOYKH MHOKECTBa ./ MEI TaK:ke OyleM HaapiBaTh aJe-
MEHTAPHEIMH BHPTYaJibHEIMU COORITHAMK.
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IceBoNCTUHENM COGHTHAM NPY 0ToGpaskeANN { OTBEYAT IPAMO-
'YIOXBHEI® MHOECTBA B .7, Ha3WBaeMue yuaundpuneckumu: .

{A =i: ‘i:EInEJ, iNEIN(o't}=}{§ (Ay=hxX... XIN}' (51)

0HM 00pasylT NOXYKONBRO A 4. HOAMEOMECTB MBOYKECTBA I
3amagnM aMnarTyRy @ Ha K .

P(g) =V (4), e [(4)=yg
PaccMoTpuM cKanApHYIO QYHKnuio f Ha A/
flz, yy= “’m (@), o;=(a;,..., aiN). {5.2)

rae \b;, — KOMIOHERTAa BEKTOPa z = iy, ¥ = (i ., iy ), ¥ (u)t)
¢ BOMepoM iy. ITa GYHKIAA 06naaeT OUeBUIHKM CBOHCTBOM: eClM IPH
KaXioM (QUKCAPOBAHHOM T DPOCYMMUDOBATH €€ 3HAYEHHA IO CJIOI0,
a 3aTeM CJHOKHUTL KBALPATH MOJyJNell 3THX CYMM, TO B pesyiabTaTe Ho-
JAY9@M eAMHNNY:

D Dreaf=1v@r=1 (5.3)

& YER

OnpepesnM Kiacc MHOKECTB, 60jiee MMPOKHUI, YeM IOJYKOJBIO NCEBJO0-
RCTUHHHX COOHTHIl, B BBEXeM HiA HEro HOHATHA AMIIMTYNH 4 HHTeH-
CHBHOCTH.

IIycrs (A, o, v) 1 (B, &, p) — OPOCTPAHCTBA ¢ O-KOHEYHHIMHE
mepamnd *). OGosHauuM depes ° mpsAMoe HPOU3BENEHNE MHOMKECTB
A v B: /= A X B. MHO:KecTBO /* OyzeM Has3BIBaTb npOCMPAHCM-
eom, MHONKecTBA A U B — caoem m 6asoli cooTBeTcTBedno, PaccMorpum
6aHaxoBo IPOCTPAHCTBO PyHKIUH

Lo (L1)=L2(L1(A' .7?, V); B, ‘-@» l—l)’

COCTOALE® M3 M3MEPUMBIX (YHKOHUH, 3ajavHuX Ha B, nprEEMAaN0MmuEX
amayenns B L1(A4, o#, V) ¥ UMEOmMUX UHTErPAPyeMLli OTHOCATENHHO
MepH P KBagpaT HOpMH B mnpocrpaBcTBe Li. Hopma B L2 (L;) 3amaerca
COOTIOLICEMEM

Ipei=({uan ([ venive s )™ 5.4
B

A

JNeMEeHTH BTOr0 NPOCTPAHCTBA 1A3WBAlOTCA QyAKuMAME u3 L Ha
0a3e co sHaueHMAME B L1 Ha Cloe.

TipmBeneM nBa npmMepa ¢yHKouwis w3 Le (L1). B mpocTpamcTBe ¢
G-KOHEYHOA Mepoii CYIIecTBYIOT MHOKecTBa KoHedYHoil MepH. Cienona-

*) Tpoiika (X, &, p), cocroAman M3 MHOKecTBA X, 0-aareGpH
€ro MOJMHOMKECTB 2 M MepHl 0 Ha &', HABHBAETCA NPOCMPAKCIMEOM
¢ mepoli. Mepa p HasuBaeTcA ¢-KOHEYHOM, ecin 3 {z;} : X = | J¥z;,

i1

o (zi) < oo
é B.1ll. Macaos 161



TeJbHO, CYHECTBYIOT MHOMKECTBA ¢ & £ U f§ & & Takue, 910 v (@) <
< oo # P (B) < co. XapakrepucTiueckaa QYHKIUA Xg OPAMOYTOJh-
HuKa g = a X f§, onpemeaseMas Popmyiroit

{1, ecimacau beR,
% (@0 =10 eomm act o m bep,

paccMaTpuBaeMasa Kaxk QYHKIAA TOYKI HA o# (T. €. KaK Yg (a, -)) u opu-
HEMAoIMasA 3HadeRuA B L, (B, &, u), ABAAETCA MPOCTOH YyHKRmeit *).
Ee HOpPMa B L, (L;) KoHegHa:

g Moz = V@B B)'2 < .

CnepoBaTenbuo, Yg & L; (Ly).

IMMycts MHOKeCTBA A B B COCTOAT U3 KOHEYHOTO 9YHCJIA TOYEK I
Mepa oTAeJbHOI TOYKE paBHa equBHne. Torga BMecTo HETErpassos B (5.4)
caenyer aucaTh CyMMal (5.3), U B 3TOM caydae QyHKuuA f (z, y), ompe-
nenennasa opMmydioil (5.2), ABIAETCA djeMeHTOM mpocTparcTBa L, (L,).

Onpepgenernne 54. MHomecTBO g & N Ha3HBAETCA noay-
usmepumbslM, €CAN ero XapaKTepucTHiecKad (YHRNHMA NPUHAIEKUT
Ly (Ly). IToaymepod uomynmsMepHMOTO MHOKECTBA Ha3HBaeTCs HOPMA
L, (L), ero XxapaKrepucTH9ecKoii QyEKnmu.

OxapakTepmayeM CBOMICTBA KJacca IOJYM3MEPUMEIX MHOYKECTB
G. Teopema 06 yMmEokeHun ¢ymEKmuil L, (L,) Ha XapaKTepUCTHYECKYIO
¢YHKOMIO DOAYM3MEPUMOTO MHOMKECTBA HO3BOJIAET ONPEeAes]NTh MOHA-
THEe AMIOJIMTYAH ¥ UHTEHCHBEOCTH B 3HAUHTEJNbHO GoJjee olmeil cmrya-
WK, 9eM MH PaccMaTpUBajdM RO CHX mop. J[AA NOKasaTembCTBa ATOI
TeOpPEMH IMOHANOGATCA JBe JIEMMH O OPOCTHX (YHKIUAX **).

JNemma 5.4. Hyeme % (2, y) — npocmas Pynkyus no z € B
co anavenusmu 6 Ly (A, A, V) u ¢>0, d<<0. Tozda Pynryuu
Rex (z, ), % (2, y) = min {X (v, ¥), ¢}, % (2, y) = max {x(z, y),
d} makrxe seasiomcs npocmumu Gynruusmu na 6ase B co smavenus-
mu e L, (A, A, V).

JdoxaszaTeunhcTso. fcHo. iTo Bce Tpu QYHKINA ABAAIOTCA
npocTuMu. Tar Kaxk Kiace M3MEPHUMBIX QYHKIMIT 3AMKHYT OTHOCUTENBIIO
omepanuii sup, inf n Re, To npm xammoM QHUKCHPOBAHEHOM z BCC TPH
GYHKDUMM HBMEPUMBI OTHOCUTEILHECG 0-airedpm #. Jauee,

Rex(z, 9) <% v)|, %@ y)|<
<lx@ ol Iz <, nl
Ho2TOMY B cniuy TeopeMH 3.7.9 m3 [24] Bce oHN ABINAIOTCS YAEMEHTAMu
Ly (4, A#, ).
Caengcrene 5.1, Ecau # (2, y) — npocmas gynkyus na B co
snauenusmu ¢ Ly (A, A4, v), mo Pynkyus
% (z, y) = max {min {Re% (z, y), 1}, 0}

makdce aeanemca npocmoil pyrnkyueli va B co snavenuamu ¢ L, (A, A#,v).

*) MdyEKuuA Ha3HBAETCA DPOCTOll, eclM OHA HPUEUMAeT He fojece
CYeTHOTO YMCJAA DA3JNUYBLIX 3HA4YeHWH.

**) B mocaemunx ABYX cxydYagX PaccMaTPMBAIOTCH BeDIECTBEHHhE
¢ynKun.
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i demma 5.2 Ecau yg (x, y) — zapanmepucmunecran  Hynryun
noAyuUIMEpUMOZO MHOXecmea § & N, mo cywyecmeyem nocaedosament-
. =3 . .
nocme gynkyuld (Y%, (z, y)j; makea, wmo: a)0 <Y <1 6)
%n (x, y) — npocmas @pywsyus us Ly (B, B, 61) €O SHAuEHUAMU 6
Ly (A, #, v); B) | dn (20 ) — %g (=), — npu n — 00 dan
],t-novmu 68Cexr I.

JokasaTeabcTBoO. B cuny onmpefenesus noaynsMepuMoro
MHOKECTBAa U TJIOTHOCTH B L, (L,) Kmacca mpocthX ¢yHKumil us L, co
sHAueHMAMHE B L, (cM. [24], ra. §, § 1, n. 3.8) cymecrByer mociaegosa-
TeJNbHOCTb {Xn}"i’ npocTHX GyHKUuUIl 3 L, e B co 3BaueHuAMH B L, Ha
A rakas, uro | ¥y (z, ) — Xg ( )|, —» 0 npn p-noatn Beex z.

PaccMoTpiM  110CI€A0BATENLHOCTL PYHKIMIT {7, }, IPHHNMAIOMKAX
snaveHust Ha orpeske [0, 1]:

def . ~
L (@, y) = max {min{Re ¥, (z, y), 1}, O}.

B cuny caegerpusa 5.1 3To mpocTeie pyHKIUM Ha B co satenuAMU B L,
Ha A, upunrajgiesraue Ly (Ly): || ¥n | Loy S 1n |l 10, Taxum oG-
pasoM {jn} — LOCHEAOBATENABHEOCTh NpoCTHX dymkumii n3 L, Ba B co
3HaueEMAMU B L, Ha A

[lockombKy 7g (z, y) — BemccTBeHHAn (YEKNUs, UpUBUMAlOWAs
TOJLKO J\BAa 3HAWEHMs — HYJIL U eAHHUNA, To

IXg('c' y) —'Xn(x' y)|>lxg(x' y)——Ref(n(x, y)|>
>y @ Y) — Ay &, N |

Hoaromy | %g (z ) — Yn (2 I, S (@ ) —dn (= YL, — 0
p-mouTH BCioAy. MTaK, IOCHefOBATeNBHOCTL {Xn);° YAOBIETBOPAET

ycaoBusaM a) — B). Jlemma pmokasaga.

Teopewma 5.1. Ecau Y € Ly (L) u ¥g — Tapaxmepucmunec-
ka8 PYHEYUS NOAYUSMEDUMO20 MHOKECMER, Mo PYHKYUR Yp makace
npunadaescum Ly (Ly).

HJoxasarteanctso. CHasama pOKaskeM, 4dT0 QYHKOMA
(xg¥) (=, -) cnabHO mamepuMa *), a saTeM yGepumcs, 9To KBajpar ee
HOPMH B L, (4, s#,v) — p-unrerpupyem. Tem camum 6yper gokasaHo,
910 Yg¥ & Ly (Ly). )

l'lgyc'rb {Pn} 1 {yn} — MOCHENOBATEABHOCTH IPOCTHX QYHKIHI
u3 Ly Ba B co 3HaveHuAMd B L, Ha A Takue, 9TO

ll"‘pn (xr ') — P (=, ')"L‘ -0, " X«n (:E, ') - Xg (z, ')”L, -0

opH p-moytH BeeX r & B. He ymemsmaa oOmHOCTH, MOMKHO C4MTATh,
970 PYHKIMUT Py, U (; IOCTOAHHH HA OJHNX M TexX jKe MHO;KeCTBAX M3 %
M YHKURU Y, YAOBJIETBOPAIOT YCJOBHAM a) —B) JeMMH 5.2.
TlockoabKy mpousBefeEue ABYX QYHKIUil U3 L, OAHA U3 KOTOPHX
OrpaHMYeHA IO MOAYJI0, TAKKe IPUHAJJEKUT L), TO NPH pu-NOYTH BCEX
z QyHKIuMI
(Xn‘l?n) (1’, ')7 (Xnil?) (1’, ')7 (Xg‘l?) (1’, ')

*) To ecTb CYMECTBYET IOCJIEAOBATEJBHOCTh NMPOCTHX (YHKIMII,
CXOAAMAACA K Yo\ P-HOYTH BCIOAY HO HoOpMe L.
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upnnaggexkar Ly (4, o%,v). 3adukcupyem TaKoe 3ad4eANC T K OMENIIM
HOPMY PasHOCTH B L, QyERmailr YnPn # Yg:

1g® @0 ) = Kb @ ) <
<"(Xg (x» ')—'Xn(x» ))'17(% ’)"L‘+"w(x' )—'q)y—;(xr ')"L.'

TocaenHee caaraeMoe CTPEMATCA K HYJAIO W-IOYTH BCIOAY HPH 1 — oo.
ITosToMy Ay JOKA3aTeNbCTBA CHABHON H3MEPUMOCTH QYHKIHE X\
mocratogno yGemmthea, 4TO || (Yo (2, *) — Yn (2, NP (z, )| L.~ 0
W-TIOYTH BCIOAY NMPH 1 — 0o.

Dyarnas ¢ (x, y), ABIAOMAACA NPN PUKCHPOBAHHOM I 3JIEMEH-
roM B3 L, (A, %, V), KOHeUHa NpM V-MOYTU BCeX y. 3HAYUT, DOCJICHO-
BaTEABHOCTh {@p):

@ (zy y) = (Yn — Xg) Y (2, y)

— CXOoAuTCA K HYJNIO NPA W-TOYTH BCEX T U V-IIOYTH BCeX J. HPOMB
TOTO, PaBUOMCDPHO II0 n CHpaBefuBa OLEeHKa

I'Pn(x7 l/)|<2|‘l7(3r y)l'

CiefoBaTeabHo, TP -TIOYTH BCeX r BHIIOJHEHH YCJIOBUA TEOPEMEH
JieGera o upcpensEOM TNCPEXOAC 1IOX SHAKOM HHTETpajia 10 Mepe v:

Dinn | (g — ) ¥ (5, Mg, = Yim {0, (@, )| (dy) =
—p» 00 :4

= {dim ¢, @ w1V @) =0.

Orcioga BHITEKaeT CHAbHAA usMepEMOCTh QYHKNmil o).

JokxakeM, uTo KBajpar ee HODMH B L, (4, s#, V) MATerpapyeM
OTHOCHTeIBbHO MeDH p. JJJIA [0KaszaTeJbCTBAa BOCHOMB3yeMcA TeM (Bak-
TOM, YTO €CiN f — HeoTpunareabHasa uaMepuMasa QYHKIONA U €CIM Cy-
mecTByeT DHTerpHpyemaa ¢yskmua @, takas 4ro f (z) @ (z), TO
$yHKIMUA f UHTErpupyeMa. JTO YTBeDKAEHUE CIeAyeT, HamphAMep, U3
[24], Teopema 3.7.9.

Myets f (z) = || ¥g¥ (2, <) Il . Tockombky $ & Ly (Ly) m |l X
Pz ), SI (2, )L, T B Kavecrse GyHKUAA O MOKHO mpH-

HATH IIHTETPUPYEMYIO OTHOCUTCABHO MepH p OyHKuuio [y (z, -) | ‘fu.

Brime 6510 0Ka3aHO, 9TO MOCJIENOBATEABHOCTh IPOCTHIX PYHRIMit
(%nPn) (z, *) co 3maveHUAMH B L, CXORMTCA N-MOYTH BCIOAY K (¥g¢)-
+(z, -). IloaToMy MoCNIeAOBATEABHOCT: HEOTPUNATEALHNX NPOCTHX QYHR~
il || (Xnn) (2, °) |, cxomurcsa p-noarn BeioAy K | (xg¥) (=, )L,
CnenoBaTeabHo, PYEKINA f (z) H3MepAMa OTHOCHTENbHO O-anreGpel %.

Orcrofia clefyerT UHTETPUPYEMOCTh KBajpaTa HOPMH B Ly GyHKnuu
Xg oTHocureabHO MepH p. Teopema gokasaHa.

0O6osHaguM dYepes G KJIAcC HONYM3MEPUMEIX IOAMHOMKECTB MHO-
sKecTBa Q.

CaepgcTBue 52. Kiace &G samknym omuocumesvho onepa-
yuu nepecevenus.

HDoxrasaTenbcTBo. Xapakrepucruieckaa (QYHKIUA MHO-
WeCTBA gy (| g2 €CTh NIPOM3BENEBUME XapaKTepACTHIECKHX QYyHKIHI
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MHOJKECTB gy U g,. ITocKodnky xapaxtepucriteckas PyOKIUA mojaymHa-
MepUMOT0 MHOKECTBa NMPMHAAAESKNT L, (L;), To U3 TeopeMH, HOKa3aH-
HOIi BhINIE, ClIEyeT, YTO MPOM3BEefAeHHE XaPAKTEPUCTHIECKHX PyHKIMiI
DOJYHSMEPHUMEIX MHOKECTB Tal:Ke mpuHagnexur Ly (L), 410 B Tpebo-
Banock. CiegoBaresibHO, MHOKECTBO g; (| g9 DOIAYU3MEPHMO.

CnepcrBue 53. Kiace G samknym omuocumesvko onepayui
06be0UHRERUR.

HoxasaTeabcTso. XapakrepucTudeckasa QyHKuusa o6b-
eflUHEANA MHOKECTB g; U g, UMEeT BUJ

xgnng = Xgn + ng - xgxﬂge'

Mockoawvry L, (L,) — auEeliHOe OPOCTPAHCTBO H Bte TPH CHAraeMEIX
npuHagnesar Ly (L), T0 Y, 4, € Lz (Ly) T MHOMeECTBO g U g2

O YH3MEPIMO.
Cunemncrpue 54. Ecau g D g, g, 8 €6, mo g\ g €6G.
15151 MOKa3aTeAbCTBA 3TOr0 YyTBPKAEHMA JOCTATOYHO 3aMETUTH, 9TO

Xgng = %g — Xgng

JlemmMma 5.3. Cywecmeyem cuemnoe mHosicecmso nonapHo Henepe-
CeranuuIca NosyusMepuMRT Mitnacecme (g1}, makoe, wmo |J) g, = ",
1=

JoxasateuscTBo. IlockoubKy mMepsl W M v 0-KOHEYHH,
TO MHOMECTBA A MU B MOMKHO TDC/CTABHTL B BHAC O0TLe[HHEHIS CIET-
HOI'0 YHCjIA NIONAPHO HenepeceKalommuxcsa MHOKeCTB (o) 1 {Pi}y,
IpHEAJJIeKAIMUX ¢-anredpaM ~¢ W 99 COOTBETCTBEHHO, TaKMX, dTO
v (23) < 20, p (i) < co. Bee npamoyrompauku o; X B; momyname-
puMEI, a HX o0nbemuHeHMe coBuagaer ¢ A X B = . MuoecTBo Ta-
KUX NPAMOYTOJBHUKOB CYETHO. JleMMa [loKazaBa.

Canepgcrsue 5.5 Kaace G ssazemca Koavyom.

HoxasartenscTno. CaegctBua 5.2 u 5.4 u jgemma 5.3
MOKAa3bIBAIOT, YTO KJAacC G ABISETCA NOJIYKOABIOM, a M3 CIeAcTBHA 5.3
caefgyer, 4YTo G ecTh KOJbLO.

2. AMmunTyfa M AHTeHCHBHOCTH. Ecau ¢ & Ly (L,), mo Pynkyua
f(o)= S(p (-, ¥) v(dy) npuragaesxur L, (B, &, ). 9T0T aKT CAYKUT

A
OCHOBO#l MJA ABYX ONpPeReJeHMil.

Onpepgenenue 52. IIycTh ¢ — KoMnjaeKkcHas (YHKUuA Ha
JV° Takad, 970 gl A1060r0 mMoJyH3MepuMoro MHOKECTBA ¢ QYHKUHA Y P
NPUHAJJIEKUT OPOCTPAaHCTBY L, (L;). HeBmopMmupoBamHOIl amniumydou
MHOKeCTBa g € G HasmBaercsas QyHKuUWA u3 Ly (B, £, (1), BHYHUCIAS-
Maa mo dopmyae

PO =) ()= | @) (-, v vian,
A

THe Xg — XapakTepucTuuecKaa QYHKIMA INOJNYM3MEPUMOTo MHOKECTBA
g. IIpu ¢urcuposarnoM Y GyEKuna ¢ : G — L, (A, o%, v) HaskBaeTcs
amnaumydo Ha G. IIpocTPaHCTBO .4” HA3HBAETCA NOPOCTPAHCTBOM
SAeMEHMAPHBEL SUPMYAALHBT CcO6Wmull, €T0 BJIEeMeHTH — ssemenmap-
HUMU 6Uupmyasbhuml COOHTHAMH, a 3JEMEHTH Koabua G — eupmy-
AAbHUMU COOHTHAMH.
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Cacperniue 5.6, Aunanumyda seasemes addumusnoii  giyin-

yueli Mnoxecmea Ha Koavye G.
Oupcuenenune 53.  Humencusnocmero TOIYH3MEPHMOTO

MHO)KECTBA g HA3HBAETCA KBAfpaT HOPMH B L, (B, &, p) ero ammau-
TY/HL:

def .
1) =1v @B = [ sl v e @ IR,

Iycts 160 MEPH W X v KoHEYHH, mu6o ¢ (z, y) € (L,, L,); Torna
A7 E G, 1 cnegoBaTenbHEO, KOAbOo G ABIAETCA aaz2e6poii.

PaccmorpuM oroGpaxkemne p: G — G, HasHBaeMoe npoexyuel,
feficTBylOmee OO0 HpaBuay

p(g)=A Xsupp | | %, (=, 1) [ v (@),
Bu

THe Yg — XapaxkTepucTHuecKas QYHKUHA MHokecTBa g & G.

BupryanasEsle COOMTIA g M g’ HABKBAIOTCA HEREPeCeRAioUyUMUCR,
cciu g () g = 3, U Hecogmecmuunu, ecmt o (g) () p (¢') = . Pas-
JM4ue MeKAY HCICPCCCKAIONMMUCA N HCCOBMECTHHIMM BUPTYAJbHHMIU
COBLITHAMIL COCTOMT B TOM, YTO HHTCHCHBHOCTH 0GLEMHEHUA HECORMECT-
HHX BHPTYANbHBIX COOBITIN PaBHA, OMCRUJHO, CyMMe WX IMHTEHCHBHO-
cTeil, @ JUiA HEMCPECEKAIOIIXCH MHOKCCTB DTO YTBCDPHKAEHUC, BOOGIHO
roBOpsA, HEBEepHO.

Bupryaabmsie coGrTust u3 06pasa PG DA3HBAIOTCS UCTMUHHBLMU.
MHOKeCTBO MCTHHHBIX COOHTHIT H30MOPpHO s-ajnreGpe 7 1OIMHOIKECTB
MEO;kecTBa B. TakuMm 06pa3oM, MHOKECTBO TCTHHHBIX COGHITMA ABJA-
erca o-aareGpoii.

Npepgaomenne 5.4. Cywenue unmencuenocmu na G-as-
2e6pY UCTMUKHKBLT cO6Bimull A6AReMCA KOHEuHOU Mepoli.

Jl0oKa3aTeNbCTBO ITOTO YTBEP:KACHUA CJEAyeT W3 WHTETPaJdbHOTO
TIpeJCTaBlleHds UATEHCHBHOCTH; ecall ¢ < G, To g = A X B, € & n

1) = {1 (@) 1% (= ), I By
B

rae ¢ (z, ) llil — MEBTeTPHPYeMasA OTHOCHTETbHO MepH | QyHKuHA.

B saxaioveRre OUPOAENAM KOMIJIEKCHYI0 dHTpommuio. IIycTh Y(z,y) —
— ¢yEkuna w3 L, (L) u ||, =1, tne (z, y) € A X B. Torna

BeINYNEY

r@=le@r=|{venawf
A

Ha3KBAalOT INIOTHOCTHIO BEPOATHOCTH, 2 F¥ = § p (@) In p () dp (x)— am-

Tponmeii pacupegeneHuA p.
ByneM Ha3HBaTbhb KOoMNAekcHOU skmponuel BeTUYHAHY

#={we|{vevien i P (@, y) dv ).
A B
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CymecTByeT od4eBUHAs CBA3hL MeKAY SHTpomMEll J£ H KOMIJeKCcHoil
9HTponueit H:

‘%.,%’:BBH.

Iyery (A;, A pi), (Biy P, vi), i=1, 2, ... mpocrpancTBa ¢
O-KOHeuHHMH Mepamu n Y & L, (L (A; X A,), B; X B,), P (Ny X
X Np)|=1, mmeN; = A; X B; (i=1, 2, ...). Bynem o6osHauaTh
9epe3 a; TOUKM MHOMKECTB A; II uepe3 b; — TOUKHM MHOKecTB B;. [as
modsIx 0; € Ly (B;) ¥ & & o4 BeNHIHE

(e, ) = |

.

0Oz (b2) dpa (b2) 5 VY (a1, asi by, be) dve (a2),
B2 -2

A

Yo (az, b2) = \ 01 (1) dpa (b1) (1[) (a1, az; b1, b2) dvi(m1)

By at

Ha3RBAIOTCH cYyxenusmu AMIUIMTYRH P HA N; U N, COOTBeTCTBEHHO.
CyxeHns \{; ¥ VP, HA3HBAIOTCA HE3AEUCUMBIMU, ECIIE CYIIECTBYIOT TaKHe
dyrxiun f, u f, ua Ly (L; (A;), By) 1 Ly (L, (A3), B;) COOTBETCTBCHHO,
970
VY (ay, ag; by, b) = fy (a1, b)) fp (@, bo). (5.5)
Bes ymenpmeHuss oOmiHoCcTM OymeM cYUTaTh, 4TO
IV, =1%i=1,2 ... (5.6)
@DyHxnuu f;, ymoBiueTpopsaiomue yciaosuaMm (5.5) u (5.6), HagHBa-
0TCA HE3A6UCUMBLMU COCMAGAAI WUMNY AMIIUTYIH .
Mpepmosmenue 5.2. Ecau cymxenus amnaumyds P na

Ny u Ny nesasucumbvi, mo KOMNAEKCHAR IHMPONUA aMnAUmMYOW P
pasna cymme SHMPONULL ee He3A6UCUMBT COCTRAEARIOWUZ:

() = H (i) = H () + H (fo)-

JoxasaTeascrtso. VI3 onpefenesns KOMIIJIEKCHOII 3HTPO-
Nuu U HOPMUPOBKM PYHKUMI f, U f, Ciemyer:

I ()= t\:'jd;u d}tzl 5§ dvidvafifa r(ln fi4Inf2) ==
1= (J‘ dp I j dvifi I‘z In fx) (J‘ dig Sd"zfz 2) +

(] v ) (i )=

= 5““‘1 I S dvifa lg Infi4 g dua ' S dvafe [PIn fo = H (f2) + H (fo).




FTJTABA VIII
KOMIIJIEKCHBIE HEJIMHENHBIE IEITN

§ 1. Heappumenas avoimrypa

IIycrs (A, A4, v), (B, %, p) — OpocTPascTBa C O-KOHEYHHMI
mepamn, A° = A X B, G — KOJbLO MOJYN3MEPUMHX MHOeCTB H @ —
HeKoTOpasa (yHKINs, oroGpaskaiomas G B MHO)KECTBO HEHOPMHPOBAH-
HEIX aMOauTyn Ha G.

IIpm mio6HXx ¢QuKxcupoBaEHHX g, & € G  dyrrkuua O (g)
Xg (%, y) SABAACTCA SIEMEHTOM mNPocTpaHcTBA Ly (Ly). Ilosromy ne
AQHAJOTHU C OmpefedeHMeM HeHOPDMUDOBAHHOII aMIIMTYAEl MOMKHO
AaTh CJERYIOMmee ONmpefelieHHE. i

Onpeneuxnenne 1.1. Headdumuenoli amniumydoii Ha G Ha-
Emnaercn $yErumMA co 3HaweRMAMH B L, (B, &, p), BHUuCIAeMaa @O

opMyJIe

P& ={ 210, 0@, v, vy, 1.1
A

e Yg¢ (z, y) — xapaxTepuctudeckas QyHKuMs MHOMKCCTBA g.
Kpappat RopMint B L2 Qywkuum 1 (g) (-) Ha3HIBACTCA uHmMelcus-
nocmplo MHOKecTBa g, orHomenue [ (g () g’V (¢') = [ (g/¢’) masu-
BAETCA Yc.r06H0l MHTEHCHBHOCTHIO MHOKECTBA g OTHOCHTENBHO g'.
Teneps Mu nepeiiieM K PacCMOTPEHHIO KOMILIEKCHRIX HEJNHOITHHX
1eneil, oupefenAeMuEX HEANAHMTHBHOIN aMIINTYXOIT Ma MHOKECTBE BHD-
TYaNIbHKHX CcOOHNTMIl, BEAHCAsAeMoii mo dopmyue (1.1).

§ 2. Komnaekchbre uennHeiiabie menu

1. NeraHHan amnmiuAryaa. PaccMoTpuUM MHOMKECTBO {ai}i‘:l, HAa3m-
BAEMO€ MHONECMEoM cocmoArul, U MWyCTh K == JH 'y — 1IOXYKONBLO

MOAMHOKECTB MHOJKECTBA 2JIEMEHTAPDHRIX BMPTYaJdbHHX coOnTRIl ©;,
SABJAIOMUXCSA NOCHEN0BATEIBHOCTAME COCTOAHIM

0= {ay, .. oa ) 1= (..., i) (2.1)
O6o3maunm uepes y MHOKECTBO 3JICMEHTAPHHIX BWPTYaXLBHIX COOLI-
ii. B ra. VIT,§ 4, n. 1 Mu oTMcyamdi, 9TO C TOMHOCTLIO 710 B3IOMOP-
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dmama mpocTpaHcTBO 9NMEMEATADHMX BMPTYANbHHX COOHTHI Q) MOK-
HO OTOKIECTBUTD € MPocTpaHcTBoM A=A X B,rpe A=B X ... X B=

=fBN 1 m B — wMuoKecTBo umcen wWaTypadbHOro psma ot 1 mo k.
TaxmM o6pasoM, cnoit A u 6asa B npocTpaHCTBA Qp COCTOAT W3 KOHEY-

HOTO 9YWCAa TOYEK, Mepa KOTODHIX DAaBHA HO OINPefeeHWI) equHUIE.
IlosToMy Kamacc G mONYN3MEPHMHIX MHOJKECTB SBISeTCA ajareGpoit,
cofepsxameli Bce NOAMHOMKeCTBA MHOskeCTBa /°. Ecan Ha G onpeperena
HeAaAgUTHBHAs aMILINTYAA, ée MOKHO CY3MTh HA JIOG0H KiIacc mOAMHO-
#eCTB, IPUHAfJIeKamuil anre6pe G. Jlasee MH GyaeM pacCcMaTpHBAThH
HOQIIMTUBHYIO AMIUIATYAY HA HooJXyKoaeme oy C G, 3memenmTaMn

KOTOPOTO ABJAIOTCA MHOMECTBA BUAA
g = U o i X...XIN1E A, INER, (22)
4 '11‘;—:[1...iN€IN

rge o U & — aareGpHl BCeX MOAMHOMECTB MHOKecTB cioa A n 6asu B
COOTBETCTBEHHO.

HTaK, npefAmoNoKUM, 4TO Ha IOJYKOIAbN® of 8amjaHA HEaAJATHB-
gaA ammaurypa @. PaccMoTpuM aMmauTyAy BEPTYAJBHOTO COGHTHA
g Kaxk QYHKUHIO MHO)KECTBA ToueK 0asm:

def
O@EUy)=2(y) =2
Ilpu ¢uxcnpopammbx [y ... /y_, KOMOOHEHTH BEKTOPA z = (21, « .

« o sy Zg) ABNAIOTCA KOMIUIEKCHBIMII YHCJIAMH, aPTYMEHTH M MOAYIH
KOTODHIX B8aBUCAT, B0ooOmEe TOBOPA, OT MHOMeCTBA ToueKk 6asul [y *).

Oonpepgenernue 2.1. Iycte D — MHOKECTBO M £ — KONb-
1o ero mogMuoxecTs. OyHKIMA ¢: 9 — C HaswBaeTCA xeasuaddumus-
noil, ecd AnA AROHX d’ ud” U3 & TarmX, 910 a’ (| d” = d, BHIOJHEHC

@)+ o@)—e@ Ud)=9o@d**).

O6o3maunmy yepes arg z; (/) aprymesT l-it KOMIOHEHTH BOKTOpaA z ()
n OyneM ropoputh, 970 O — aMnANTyna ¢ keasuaddumuenol dasoi,
ecau a) arg  z; (/) — KBaswagAuTHBEAA QYHKOUA  MHOJKECTBA;

6) | z; (Iy) | me sammeut or I mpw Beex 1=1, 2, ..., k.

IIycrs @® — HeagguTUBHAA aMIJIUTYAA ¢ KBABMAARMTMBHOI Qasoii.
Ecau 1;\7 u I'},, — ABa HemepeceKaomuxca MDOAMHOMKECTBA MHOKeCTBa
uBgexcos {1, 2, ..., k}, To Beausmma

argz, (Iy) +argz, (Iy) —argz, (Iy U Iy) =
det
=argz, (p) = vraiargz,

HO BABUCHT OT MHOMKeCTB [y, Iy U HABHBACTCA UCTMUHHNM ADZYMEHTOM
KOMIIIeKCHOTO Tucaa z;, GyEKuus arg I,, onpemensemass QopMymoi

def
argz, (I y) — vraiarg z; = (arg I'y) (1), (2.3)

*) Ilpu ¢uxcupoBamEEX [y ... Iy_; Kiacc MHOMECTB BHAA (2.2)

ABIAeTCA anreGpoii. )
**) [IpgMepoM KBA3HANAATMBHOHN (GYHKHUN MHOKECTBA ABIASTCA
cyMMa MepH # KOHCTaHTHI.
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— apeyymenmon muodcecmoa Iy, A BORTOD
vraiz (I ) =
= (| z1|exp{ivraiarg a1}, ..., |z, | exp {i vraiarg z}) (2.%)
— ucmunnoii amnaumydol MHOMKECTBA g, ompejledeHHOro B (2.2).
O6osaauum uepes vrai @ ¢ysrigo HA Ay, BHYHCAAEMYIO IO Npa-
BUY . .
vrai @ (g) = vrai z (Iy),
rae vrai z (Iy) — Bexrop, onpefcaseMuit ¢gopmynamu (2.2 —2.4).
JTemma 2.4, Ecau @ — neaddumusnas amnaumyda na oK'\
¢ keasuaddumuenol $Hasoli u
g= U i,
iihEh iNyElN
mo
@ (g) = (exp {i arg I}) vrai @ (g), (2.5)
20e exp {i arg Iy} — duazonasvnas mampuya, l-i duazonasvnuii ases
menm Komopoti paser exp {i (arg I y) (1)}, a dynryua vrai @, addumus-
Haa npu purcuposannus Iy, . . ., Iy |, s6asemcs neaddumuenoli annau-
mydei na K.
HDoxraszsareuabCcTBo. [-AKoMIOReHTa BeKTopa exp {iarg Iy} X
X vrai @ (g) paBHa
|z, | exp {i (arg In) () 4 i vraiarg z;} = | z; [ exp {i arg z; (I )} =
=z (Iy) = @y (g).
Orcioga caeayer dopmyna (2.5). OweBmano, 9ro ecau @ — Heaj-
ANTUBHAA aMIIUTYAA B cMbicae ompenesneHna 2.1, to vrai @ — Tamke
HeajiUTHBHAA aMILIHTYHA.
JloKaskeM, 4TO
vrai @ (g) == Xry vrai @ (g).
VIC
= U o, ¢= U 1.
i:hEI;,...,iNEIN i:i‘EI"“WiN—lEIN‘—l
M3 sroii dopmynn caepyer apmuruBEOCTH (QyHKmmm @ (g) npiu
¢uxcnpoBaEREX [y, ..., Iy_;.

IIpesxne Bcero, 3 OmpefeNieENA aMUIINTYALI, KaK QYHRIINI O 3HA-
uyeEnsAMu B L. Ha Qase, ciegyer paBeHCTBO

® (g) =%, @ (9.

[ToaTomy

vrai D (g) = vrai ;(fN(D (8) =

= (rp (1) | 21| exp (i vraiarg z1, . . ., Ay (V)12 | expfivraiarg s, }) =
=Ary (| z1) exp {i vraiarg z1}, . . ., |2, | exp (i vraiarg z,}) =

= 3‘71\' vrai @ (g).
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2. Onpenenenne npocroii KH-uenn. OGosmauum uepes g, ; MHO-
MecTBO M3 J;_, & UCpe3 g;_; — MHOKECTBO W3 X', CBA3AHHLE COOT-

__11
HOmMEHUEeM: eciin
g_ = . .
1 TRCT PR TR =3 PR
TO
84~ U o o
R =0 SR =) PP MR

The 05, ey g = {agp - - o ail}.

Onpepenenune 2.2. BygeM roBopurh, HT0 HeauAUTHBHAA
aMIATYAa "¢ KBa3uaAMTHBHOI ¢asoil @, sajaHHAas Ha DOAYHKOJBIE
A ONpefieNisieT npocmylo KOMIIEKCHYIO HeJUHEIHYI0 Ienb (npocmyro

KH-nens), ecan cymecrByer HaGop yHUTapPHEX Marpuu {Z! f' -1, masm-

BaeMHX Mampuyanu neperoda npocroii KH-menn, TaKoii, 410 GyHKONN
MHO;kectBa !, zajlaHAHEe HA LOJYKOABLAX of; W CBA3AHHHE COOTHO-
LIeEmeM

D' (g =(2") vrai @' (g), l=n,n—1,...,2,
" () =D (g),

SABJIAIOTCA HEAAZUTHBHHIMA aMIJINTYJaMH ¢ KBasMaJfuUTHBEEIMM (da-
3aMH.

Teopema 2.1. Ecau neaddumusrnas amnaumyda ¢ xeasuaddu-
muenoil Pasoii ® onpedessem npocmyw KH-yenv, mo cywyecmeyem
sexmop ' u keasuaddumuenwvie Pyrnkyuu muoxecmsa arg I;, onpede-
ACHHBE U3 COOMHOwenuld

@' (g1) = (exp {i arg Il}) vrai @' (gl)v I=N, N—1,...,1

(2.6)

marxue, ¥mo amnaumyda cobwmus gy pashe

D(gy)=

=§(IN o(exp {targ Iy oZN 1oy

© Xiy_y® 0 Xr,© (exp {iarg I1}) ¥,
@1

2de {Z’}iv'l — na6op mampuy nepexode npocmoi KH-yenu.

HNoxasarteancTno. opmyna vraiy (g) = YN vrai ¥ (g),

AoKasaHHas B aeMme 2.1 niaA HeaA{UTHBHOII aMIUIMTYAH ¢ KpBasuajuu-
TiBHOU ¢asoil, m coorHomernnsa (1.5) paror

D (gy) = (exp {i arg T ;}) vrai @ (gy) =
= (exp {targ Iy}) o ;‘(,N vrai @ (gy).
HOC}(OJIBK)' ANaroHaJgbHLIE MATPUNLl KOMMYTHDYIOT, TO
@ (gy) = Xy o (exp {iarg I y}) vrai ® (zy).
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N3 gopmyanr (2.6), cmpaBemaiBoit naa mpocroii HH-pemn, nmeem

vrai @ (gy) = ZV 10N (g ).
TaknaM oGpa3soM,

@ (gy) =Xy o (exp (arg Iy)) o 27OV (g ).

1TosTOpPAsL paccympeHUsn ANs QN1 (gN—x)' N2 (gN—z)v <o ey LHONY-
quM $popmyny (2.7). Teopema pokasaHa.

Ilockonsky MaTpuuel exp {i arg /;} yBHUTapBH, TO AHaJOTHIHO
floKasaTexpCTBY TeopeMsl 2.1, BocmonbaoBaBmuch Qopmymoid (2.7),
JIETKO JIOKasaTh TeopeMy 2.2, ONUCHBAIOIIYI0 B TEPMHHAX YCJIOBHOI
UHTCHCUBHOCTH MapKOBCKoe cBoiictBo mpoctoit KH-menu.

Teopema 2.2. Ecau neaddumuenas amnaumyda @ c reasuad-
dumuenoi gasoli onpedeasem npocmyro KH-yenv, mo ycaosnas unmen-

cusnocmb upmyaabnozo cobumus oL K- Ji , cocmosuezo 6 mom,

Thg1s fpoeees
umo ¢ momenwmu j, ..., k, k -+ 1 npocmas HH—uenb Hazoduaacw 6 coc-
MOAHUAT @ijy o o oy a,k, @iy, OMHOCUMEALHO 6UDMYAALHOZ0 COGBLMUA
(0;":;"'::1.., sasucum moavko om cocmoanuli HKH-yenu ¢ momenmw k
erer

uk-41. Ecau {Zl}i'v'1 — Habop ywumapnuz vampuy nepexoda npoc-
moz KH-yenu, mo

k+1, k... k
’ ! ' — z
Plo igar Ik' ey 1 Jo 1k' o ) I tpy1s i

IZ

3. Ilpamep npocroiit KH-uenn. Iycrs {Z')Il\’_1 — Habop yHMTapHHIX
MATPHI] H @ — MAaTPHINA C BEemECTBeHHHMH Kodddumuenramu. Bexropy
Y& CY comocraBnM ymuTapRyH AWATOHAABHYIO MATDHILY

k
exp {iZalj | 2} 0
U () = ! " "

0 “exp {iZa,ﬁl% P}
1

I JIA NPON3BOJBHOIT 110CJAEN0BATCALHOCTH MHOMKECTB {Ik}lN , In €
e {1,k. .., k} 3apapuM  peKyppeHTHYIO MOCJeJ|0BaTeJIbHOCTh BEKTO-
pos Ck:

q)l — il o U (@{—1) ° Zl—l(DV-l

1=1,2,... N, ®°— equanunuii BexTop u3 Ck, Toma JJ,Jm 11060T0

A= o; onpepencua pyrkgua ®: OV (4) = CD (4), aB-
e, NSy

JTA0mMAACA HeajAUTIBHON aMILIETYxoi HaJf )y ¢ KBasuaanuTHBHOH ¢a-

soii. HeTpymHo npomepuTs, yro ammianTyna @ ompemenseT IpoCTyo

KH-uens.
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§ 3. KH-uen» mns wesmHeiiHOro ypaBHEHHS
KBaHTOBON MeXaHMKH

B sToM naparpade Mu ocaabmian Tpe6oBaHIA K aMIMUTyNE, CHOPMY-
JnWpoBaHHEIE NpPH onpepededuM npocToil WH-umemn, coxpaHUB JMmMb
peRyppeETHOe npapmio (2.7) BeYHCAeHUA ammuautynsl. Hameil uennio
sABJAETCA omucaHWe nociaegopaTenbHocTn K H-nemneil, aMOiuTymel Ko-
TOPHX CXO[ATCA K penieHUI0 3a/1a4M I YPaBHEENsl C YHUTapHON He-
auBeiiHOCTHIO (cM. ra. II, IIT):

h 0 h2 9
T Ve =g s PE AWM (@ ), 0K <L,

1
lp(07 D=9y, t)=01

rae A () — omepaTop yMHOMKEHNA HAa QYHKIIIO

(3.1)

—v(m) ez =P W[

[EY

Urak, nycry' @ = ®N — peapmuTHBHAA aMmuNTYAa Ha H . Bymem

roBOpUTh, 9T0 aMmuanTyga @ onpedeasem KH-yenv (ecaum cymecTByer
eINHUYAHIl BeKTOp W' M TaKue MATPUYHOBHA4HHe QyHKmuy Ba CF

{ZY(-)YN1, aro paa moboro ¢ € CN mopma marpmum Z! () (I = 1,
2, ..., N — 1) He npeBoCXOQUT GAVHMIE, a aMIIHTYjA N06OTO BHp-
TYaJpHOTO COOHTHA gy = U ©®; MOKeT OHTH BHYHCJIEHA

i heh,., inely
00 PeKYPPeHTHHM (opMyaaM
ol (g) = %, @ g N gy) 1=2,3,..., N
DL{g1)= )A(]. 1
Paccmorpum KH-pens, masa xoropoit
Zi v V=2, n (V=T L) Kilyo Ky s (3.2)

rae K y — TpexgnaroHaIbHAA MATPHLA pasmepa k X k
K _ i+2 1— az 0 ith
ey =l % TR g4 =y

a U, () — nuaroHajpHAsA YHMTapHAA MaTpuna, -l AnaronanbEW
ajeMeHT MaTpuusl U_ (Pp) paBeH

k .
exp AT {v (R 4+ ) ha (L= VY| P = exp L A ),

=1
e v (z) ¥ a(z) — peiicteATennHHE QyRKnAW.
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Obo3maaum vepes | - |Lz',‘ — HBopMy B CK, pasuyio

i s
191, ={2 l%l‘} )
i=1

_ S X
OTHOCIITG{IBHO MaTpHIL Kk’lN o Kj y H3BECTHO ([20], crp. 84—86),
9TO B 3TOHl HOpMe OfiHA MCCUMATHBHA, T. O.

Tbly, x> 1Kt o K, bl i -

Ilycts ¢t u I — HeKOTOpHE mMOJOKuTENbEMe unciaa t = /N, h = lk.
Onpepenenue 3.1, Kounaercrnod swmponuei HH-memn
¢ HeagMMTUBHOI aMmiauTymoit @ HasHBaeTCH BeJIWUIMHA

k

Hy =~ kD) {|0;(Qy) [*In ©; (Qn)} /K,
j=1

a romnaexcrot sumponued 3amaun Kommu (3.1) — PpymKuua
Hty=—h (%@ nrnbe, .

PaccMoTtpum mocaenoparenbrocTh [{H-neneit ¢ ammautymamu (3.2)
mpu k=1,2, ..., N=1,2

Teopewma 3.1. Tycms z')(:c), a (z) mpuxdn Henpepueno Jug-
depenyupyenwn na ompesre [0, 1] u u, (x) & Hs[0, 1] *). To2da ¢ rax-

doii moure x &[0, 1] cywyecmeyem npedea

lim Z "NoZ, W Ho...0Z, P’ = D (¢, z),
i 2y 0 2y (67 by ()P =Dt 2)
kt—t
npuuem Pyunryus (napamempa t) O (¢, z) npunumaem snaveHus ¢

Hy [0, 1] u seanemca nenpeprienbim pewenuem neAlHelino20 LHMeZDAlb
H020 YpaGHEHUR

1
P (t) = K (t) uo - ‘;TS K({t—1t)o A NP (T)dr, (3.3)

0

*) Yepes H, [0, 1] oGos3Hadcro OIIOAHEHNe MHOMKECTBA QYHRIII
u3 C* [0, l], ymoBIeTBOPAIOmMUX YCIOBUAM

¥ (0)=u®(0)= ...=u™ (0) = u()=u? ()=...=u™ () =0,

rae m = 2 [r/2], no Hopme

luf, = {j Uz @) P+ 1u? @) ) dz}%-

]
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2de K () — paspewawwyuli onepamop sadawu Kowun Oan ypasnenus
Ul pedunzepa

h ou hz 92
T = Tm e * Lhoo =t w &€ Hol0, 1,

u(0, ty=u(, )= 0.

Hdorasarteanrcrso. M3 aemmu 3.1, mpmBoguMoii HIe,

ciepyer, 9To B Kiacce HeMPEPHBEAEIX DO ¢ U OrpaHWYeHHHIX B ﬁls [0, 2]
{yHKIUI CcymecTByeT efHHCTBEHHO® pemeHMe 3agadx (3.3), npmieM
$yBxnua HempepuBHO AupdepeHnEpyeMa oxuE pas mo ¢ m ABa pasa mO
2. HomyTHo Oyner nmokasamo, uTo|| K (1)) 5 5 =1.

r r

OGosnaunum depes Py ;. oNepaTop NPoeKTHPOBAHNA
Pyyb @ =0 (h W), @—Dr<z<gh (—DT<EIN
W3 nemmbr 3.2, NOKAa3aBEHOIN HMIKC, ClefyeT, YTO
Py, K (0 uo (@) — (Kt y o Ky ) Py, o = al (N, K),

npudem ol (N, k) — 0 B Hopme || « [ gkt
k e
1 O, il = 3 etk v me)

m=1
npu N, k — oo paBHomepHO mo I, IToatomy
Py () = (K o Ky w)N Py uo 2N (Y, k) 4
N—1
o D T E e Ky VT Py (A @) (),

7=0

B amaorw9HOM BHA® MOKHO NpejcTaButh QyEkmmio OF (Q;v) M, BOC-
NMONIb30BaBIIMCH HENPEPHBHOCTLIO GYHKIMH P (£, Z) O xr U ¢ U anpuop-
HOi OrpaHMYEHHOCTHI0 NocJegoBaTesbHOCTH D (Q]’ﬁ,), BHTEKamei w3
AMCCUNATUBHOCTA MATpHL Z U yHHTapHOCTH MaTpuy U, (D!), moaysurs
PeKYPPeHTHYIO CHCTEMY OLEHOK

ay, s (D =1Py (@) — O (@) ], <
1—1
SOW) + a3l (N, Bl o+ ¢ D) tay ¢ (). (3.4)
j=o
Tockonpky Beamamaar O (N7Y) u | al (N, k)"%k CTpeMATCA K HYJIO
npn N, k — oo, To m3 (3.4) cmegyer, 94To mpm JoboM @
ay k (@) <(O N+ 2" (V, k) ) exp et — O mpmr IV, k — oo,

TeopeMa moKasaHa.
175



Jemma 3.4. Hycmo sotnoanentt Yéroéus meopenw. Tozda o fis
[0, 1] cywecmeyem eduncmeenroe Henpeprnenoe no t pewerue sadaxu (3.3)
HJoraszaTeudabcTBo. MeTofoM pasfeneHEusa IePeMEHHHIX
MOKHO JOKa3aTh, YTo B ypamHeHmn (3.3) omeparop K (i) neficTsyeT

B I?, [0, 1] m ero mOpMa paBHa egumunme. B caMoMm pfese, mycTh ¢ &
e€Cc®[0, 1] mw ¢ () = 0mpa z = 0, z = . Torga U0 W3BECTHOH TeO-
peme o psagax @Oypewe ([6], cTp. 295) PyHKOHUIO @ (z) MOMHO DABIOKHTH
B per%.rmpno cxopamuiicas pAxtmo coOcTBeHHNM (QYHKUUAM B8afaun
uwtAu=0u0=u{)=0

hod . l l .

I £1%4 L o
Qx) = Z @;sin —7—,  @;= %Ssm 79 (x)de. (3.5)

i=1 s

HopcraBaaa (3.5) B onpefesneEMe HOPMBE A HHTETPHPYA LO YACTAM, 0O-

JyaEM
> i \ 2T
I
IolR =2 lo;P (1+(il—) )
j=1
pemenue 3afauu Komu MOKHO IPeCTaBATH B BAME

had , . ) © ,
_ .z R AR N . jnx
Q(z, )= Z ;sin —— exp{—z(T) t} = 2 P; () sin ——.

j=1 j=1
Hockoneky] | ¢; ()= | Pi T @ (s Ol = | ® . HaBce mpocr-
paHCTBO H.10, 1) omepaTop K (¢) mpofoiMaeTcsa IO HeNpepHBHOCTH.
OneHuM HOPMY omeparopa yMHOMKEHHA HA IIafKylo ¢yHKnmio, meict-
syomero B H. [0, I]. TlycTh r IPOMBBOHKX PyHKOME » (z) orparwmge-

r

mu ma orpeske [0, I, m myems o] = Z max | 2@ (z)|. B cuay
‘i:] *
OLpejelleHU HOPMH HEMeeM
loulf =110l ) ul,-

TakuM o6pasoM, ecnn QyEKIUA v (z) TpH pasa HenpepuBHO Auddeper-
gApyeMa, TO ONIEPaTOp YMHOMKEHWS Ha (YHKHUIO v (z) OrpaHnvYeH

B H3 [0, I]. PaccmoTpuM Teneps omepaTop A (u). OH oGnajgaer cienyro-
MUMA OYEBMAHKRIMH CBOICTBaAMH:

a) |4 (w) ”lo'la—’ffa SYU?les+llalghul}) (woxanssas orpammues-
HOCTD);

6140 — AG g 5 <TlalpUuk+]okis—vp (wmmu
HenpepHBHOCTD);

B) || exp (itA (u)/h) | 81,51, — | (PaBHOMepHAA OTDAHMIEHHOCTH).

—>flo

dTtH cBolicTBa omepaTopoB K U A H03BOJAIT HCOOAB30BATH TEODE-
My *) paboru [17], U8 KoTopoii ClefyeT, YTO CYmECTBYeT efUHCTBEHHOS
HenpepuBHoe pemeHue sapgaun (3.3). Jlemma moxasama.

*) Ee poxasarexbctBo mpusemeEs B § 1 ri. IIT ma wactHOM
npmMepe.
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U3 Teopemu BioKeHUS cliefyet cymecTBoBaHmEe MNOCTOAHHOII By
'TaKoil, 4To

flu “Ck < Bk flu “k+1'
TaxuM obGpasoM, MOKHO YTBep:Kaarh, 9YTo pemenue 3apadn (3.3)
ABaKIH HenpepusHO AuddepernyupyeMo no z. Buramcamm npOUBBOJHYIO

no t. ITockoasky K (t) — paspematomuii omepartop aamad¥ Homxm
1 QYHKuMA ABasKAH HenpepuBHO AuddepeHmupyema mo z, TO

h 9 h? 0%
T V@ D =g e b O+ AW P (=, ).

CnenoBarelbHO, NMPOM3BONHAsA O f{ TAK)Ke HeIPEpHIBHA.

Jemma 3.2. Hyemvug € ﬁs [0, 1) u onepamopn Kinu K (t)
onpedesenn ewwe. Tozda npu (g — 1) 7 < g8, (I — 1IN
<7 < N .

Py, K (O uo (@) = (K7  y o K ) Py, gty (@) = af (N, k),

2de aé (N, k) > 0 npu N, k — oo.

JloKxasarexbCTBO. Mockonsky ¢ymrmus u (T, r) =
= K (1) uo () — BempepusHO pnddepeEnupyeMoe peieHUE 3a0a9H
Hommn, To pasHocTh

Py gu (v, @) — (Kity o K, ) Py yuo (90) =¥}
SIBJISIOTCSA PeImeHneM pexyppenmoi’r CHCTEeMEL
14
i O ( 1 bgh— 208" -+ ¥

— e —_—

i tN-1 T 2m \ 2 b
1 Yoy — 205+
_I__z_ q-1 bzq q+1 ) + sq,l(k' N), (3.6)
"pg =0,
rae
= Ik,
b I41)tN-L, gb) —u (LN, qb
6,1 by N) = —— u((l+1) tj:l{_)l u( 7%
R4 u(4+ 1IN (g —1)b) —2u (4 1) N2, gb)
—%T('z— 2 +
1 I4+4)INL (¢g—1)D
+Tu((+) 5 (g )))+
1 { u(tN-1, (g — 1) b) — 2u (ItN-1, gb) + u (N1, (g + 1) b)
+7 ( B ) :

B cuxy «xopomeii o0ycioBieHHOCTH» cmcTeMH (3.6) miaA ee PemeRus
BEIIOJHAITCH omeHKM (cM. [8], ctp. 38—41):

| 1pfl+1|< cliN—1 Izlalx &g, 1 (&, N) -0, &k, N—>oo.

Orciofia CllefyeT VTBEDIKIeHHe JOMMEI.
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Anmagormunuy ofpazoM Moycao paccMotpers I{If-nemn, cooret-

CTBYIOLINE ClICTeMC YpaBHeHIil.
CaepcrBue 3.1, [lycmp ewnosnent Yycaosus meopemst 3.1

u {CDN }* — onpedeaennas ewwe nocaedosamesshocmey amnaumyd KH-
epaneid, cxodawyaacs k pewenuw 3zadasu (3.1). Tozda swmponus KH-
epanets Hpy cxodumea npu N — 00, k — oo k snmponuu sadavu Kowu

(3.1) (em. onpedeacnue 3.1).
JdoxasarcabcTBo. Cymma
k
D1 R OY (@) RIn @Y (@)} Uk = Hy
j=1

anmpoKcuMmnpyer umrerpan Pumasa

4 .
R{ W 0 PInY e, 1) de =11 ).
)

Iockonbky npu N — o0,'k — oo CymecTBYeT mpefei

lim  ON (Qy) =Y, 1)

N-—»co, h"]-_ll-»x

u ¥ (z, t) — HenpephiBEaA (QYHKOWA, TO B cuiay Teopemsl 3.7.9 ua
[24] lim Hy = H (#), 9ro 1 TpeboBanoch foKasaTh.

N-—>o0,k—00

TaxkuM o6pasoM, MBI HPONENaaM NYTh OT NMPOCTEHINNX KOMIJIEKC-
HEIX MApKOBCKUX Iemeil M0 HeJIUHEWHBIX YypaBHeHHi{. B ciayuae
KM-meneil aMmuiuTyna ABIAIACh afMHTHBHOII (yHKIUeil MHOKeCTBa, a
B ciyzae HH-uemeit MH ICHOJNb30BaJdH HOBOE DEKYDPEHTHOe IPABHIIO
BHYNCJICHUS aMIIMTYJ BHPTYaJbHHX cobmTHit (2.7). Kak mokraswBaer
IpuBefileHHAs BHIIE TEOPEMa, STO IPABUJIO BEIYUCIEHIA AaMILINTY[
eCTeCTBEHHRM 00pasoM CBA3aHO ¢ HEXWHEHKIM XapaKTepoM ypasHe-
HUA, K PEMIEHNI0 KOTOPOrO CXONSTCA B Ipefiejie aMIVIATYAR MHOKECTBA
BCEX 3JIEMEHTAPHGLIX BUPTYAIBHEIX COORITHIL.

§ 4. CraTmermueckmii ancaMOIb KBAa3MIACTHIL

PﬂCCMOTpKM CcuCTeMy C r CTEeHAMHA CBOGO).IH, OIIMCHIBAEMYI0 B KOM-

DJIEKCHH X NePeMeHHbX O; = .T/T’ (qj + ip]-) CIICTeMOTi KBa3UJIMHEHHEX

ypaBHeHIIII BHAa
=N, V3, j=1,2,...," (4.1)

3nech V’?" (o0, @) = V) [(®, &) — KOMIOHEHTH >PMMTOBOMt MATPHIBL
pasmepa r X r, KOTOPEHE MOTYT 3aBUCCTL OT O ¥ & CJIENYIOMNM 06GpasoM:

1 m: m, m
— e ., 3, 4.2
ol Vit g3 Cmar e e Om Ggye s Ty (42)

m

VI (2, 3) =

178



Takyio cucreMy Gynem nasmpaTh yangopmusyemoii. YEHPOPMH3YCMEIe
CHCTOMBI DTO HCJMHCIiHEE TaMIIBTOHOBEI CICTEME ¢ TaMMJILTOHIIAHAMII
Blja

,‘ _ 1 my,..., Nt I _
2 (0, 3) = ;n—! Vi, B8 (43)

Ciicrema ypapuenntii (4.1) Moker GHTDH 3ailcaHa B BUAC KommureKcun-
IMPOBAHHOI CHCTEMBI TaMHILTOHA:

a
Y., == — b3 s DY
iatj == 65j F(a, @), [==1,2,...,r.

Taxas cucreMa MoKeT OHTL IOJydYeHA NpefedbBHIM I€PEXOHOM 13
KKH-neneit, Korga mar IO BPEMEHH CTPEMITCA K HYJIO.

Ilycrs pas a:06oro KOMIJIEKCHOTO BEKTopa oOIpefeieHa SPMHTOBA
marprnna V (P, ) pasmepa r X r:

vi(p, )=

1 5 ] - -
. oo I J .
—g n! le...., mn,m'lpj,v ooy "'pjn' IPml» B wmn' 1<, m<r.

PaccMoTpuM mociefoBaTeapHOCTh IH-neneil, aMIuIMTygel KOTOPHIX
BHUWCIASIOTCA Y0 POKYPDEHTHHM QopMyiaM

O (2) =11, Iy (ON (1) OF (815 1=2.3,.., N;

O} (g) =%,9 WV EC, |v]=1,

rme N=2,3,...;
T - t
Iy =exp7 VP t=7.5= U oK.
t:hel,...
""ilEIl

OGozmaunm wepes Q) MCTHHHOE COOHTHE, COCTOAMIEE M3 BCEX BIIEMeH-

TApHHX BHUPTYAQJLHHX COOHITHII. AHAQJOTMYHO [OKA3aTEJBCTBY Teo-

pemu 3.1 moxaspiBaerca ciaefylomiee YTBeP;KIeHNe.
Mpepnomenune 4.1. Jas awbozo! € C" cywyecmeyem npedea

IJim DN Q) = a (),

2de o (t)y — nenpepuenas gynryus napamempa i co snavenusmu ¢ G,
feaRioWancs pewenuerm Heaunelinozo ypasnenus (4.1).

Onpenenenne 41. Yuugoprusayueli cucremn (4.1) HasH-
BaeTCA CHCTeMa JIMHEHHX yDaBHEHUil

. Hoew Iy

3 . = [; . . /

lhq):'],-n, In J1ree0r 3.n(P11...., In’ (4 Jt)
o hip=1...r n=01,2.

*) 3pech NCHONb3OBARE T€ ke 0003HaYeHNA, 4TO ¥ B § 2 HacTos-
meil IaaBH.
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rae

n n
lper Ly my iy b, I
Ilen-n jn - 2 R Z. h Vjilt-uy jim I] b' 14.5)
m=0 1i,..., 1".'?1 i '_‘i=l i
il> oee ?/l'n #11”"' n

(h — mapamerp, 6,1‘ — cumBoJt I{poHeKepa).
CucreMy ypaBHeHii (4.4) AnA KaKIOT0 » YHOGHO BALKCHBATD B BEK-
TODHOM BHJle
tho™ = WM ™), (4.4)

rae Q" = {9; _.; } — r®-MepHHi{I KOMNJNEKCHHII BeKTOp (TO4Hee —
veenrdyy

Iyyeres 1
TEHB0p n-ro paHra pasmepHocTH r), a W™ = {Wji: '} — omepatop
v gy
n .
B mpocTpanctBe G JTUX TEH30POB, KOTOPHIi, KaK M ONmepPaToph
Tyyeey 1 .
pim) — {le "M} oGuajpaer CBOICTBOM 3PMHTOBOCTH.
1rees ’m

Habop BOMEPOB (ji, . « ., j;) OYHEM HABWBATL ssemenmapHum
cocmognuen n %paswdacrnu. Hagosem pextop @™ = {P5,...5 b
”"'n

YIOBNETBOPAOIMEI ypaBHeRHIO (4.4), amnaumydoii cucTeMH KBasndac-

THI, a BeanguBy (4.5) — ee zamusvmonuaroxm. Jlajmee paccMaTPUBAIOT-

C AMIUIATYAS  @; s , HOJHOCTBIO CHMMETPUYHLE OTHOCHTEIBHO
O

1epecTaHOBOK WHMAGKCOB jy, . . ., jp, Ha3hiBaeMHe aMINIATYAAMH TOK-

JEeCTBeHHH X KBa3n4acTHIIL.
ntr-1

O6osHaunM vepes C( " ) ruaL0epTOBO MPOCTPAHCTBO HONHOCTHIO
ciMmerpuuBEnX TeHsopoB ¢l = {®;,,...j, } PaBTa N} pasMepHOCTH r.

PasMepHOCTh 3TOT0 IPOCTPAHCTBA paBHA YHCHY COYeTaHMA u3 n -+
+r—1mon
PaccMoTpuM GeCKOHEUHYIO NPAMYIO CYMMY
s (n+r—1)
E=@ C\ "
n=g
Onpepeaxnenne 42. BynemM rosopuTh, 4To Ka;KAHHA BEKTOp

oo
OTOTO OPOCTPAHCTBA § = b (P(n), ynonnemopammuﬁ YPaBHEHHR
n=0

ihg = Eq, (4.6)

. N .
e £= @ W, W(")-.—_{Wj;’ 'j"}, oupefessaeT CTaTHCTHYSCKMI
o vevr Iy,

ancaMbiab ¢ ODEpeMEHHHM JUCJIOM TOKIECTBEHHHX KBasM4acTHI[, OTBE-
9JalmUX raMuabTOHMAHY (4.3).

Qysruua ¢ = @ (f), ABIAIOWAACA pemeHMeM ypapaHeHHA (4.6),
11a3nBaeTcA aMnauTyaoll aEcam6ia ToRmeCTBEHHHX KBasmgacrum. Oye-
BHAHO, YTO R-YaCTHYHHE NOANPOCTPAHCTBA WHBAPUAHTHH OTHOCHTENb-
HO paspemaromero omepaTtopa sagayu (4.6), KoTopui Ha KaknoM H3

OTHX NOANPOCTPAHCTB WMEET BUR €XP \— —3~ tw™t .
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Teopema 4.1. Ypasnenue (4.6) 0a8 amniumydn ancambas
moscdecmeeHHRT K6asUNACMUY, OMEELBOUWUT 2AMUABMOHUAKY

_ i - -
H(a, q)= | TR P T - PR

m! Jpse ”n [y m 9 im
1 .
=3 (q+ip).
ynumapro skeueasenmuno ypaskenuio Il pedunzepa

d 12,
thsrb=5(a,a)y, HE LR, 4.7

2de a = T}?(x + hV), a* = —1}—2— (x — V). Yrumapnoe npeobpaaosa-

Hue, nneoépaaquee pewenue ypasnenus (4.7) ¢ pewenue Ypaere-
nus (4.6), umeem eud (4.8).

pi | 0KaszaTeuAbCTBO. PaccmoTpuM YHHTapHOe Ipeo6pasoBa-
mme U: L? (R™) — E:

A 1 A o) ...
tP];,..., In V-,(zTnn! S Vn__h_ exp { 5% 23’1} (a:j‘ 61’-)
( +ha > V(@) do=Up. (4.8)

O6paTrOoe mpeoGpasoBaBue ¢ = Utp mumeer BHA

1P(1’)=2——1-; Z (le,...,jn(xh_ha%j")”'

o V@Rl 5,75,

n
5] 1 1 2

gy —he—m ) ————exp {——_ a:}
( ’771 axjn ) V(nh)n/‘z 2h ; )

OKasKeM, 9To 9PMUTOBH onepaTopul £ 1 F7, olpefendAomyue ypasBHeHAA
(4.6), (4. 7), 9KBHBAJIeHTHE OTHOCUTEJLHO YKasaHHOTO YHUTapHOTrO
npeobpasopanus, T. e.

UoHoU"=E.

Jpaeed
Ilas aToro saMeTMM, u9T0 MaTpduHpe saeMeHTH (U o H o U*) b
npH yHUTAPHOM mpeo6pasoBaEnu (4.8) MOTyT OblThL HAlipeHH nmi)d‘;epeﬂ—
IUPOBAHUEM:

m n

1 2" 3
neBB)l e 49

-] o Jl'
v v, “Vminl 3" 03
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rne

0 (B’ B) — (lPO, cﬁibi‘%cﬁib‘iwo),
1 0 - 1 i)
=y (i) = (s b))

o B;b*
Yanurusas cuefyloniue CBOACTBA BeKTOPOB Py = € ' o:

B;B;
Inpp = 6"'1);31 (wgv 11’[3) =e * 17
cupapenauBeie npH mlobom KomniexcHoM P & C7, HaiijieM IIpoH3Bo-
aamylo (YHKIHIO omepaTopa

- B.B: Rt ey §= _
0@, f) =i STV (B B B oo By (410)
n

Tupdepernmpys pan (4.10) mo B u B, moxyuum, 9o smemertz (4.9)

j j
NPy n 5= m paBEH HYJIO, @ NPU n = m COBHNAFalOT C W,ll""',” —
sty
eIUHCTBeHHKIMY HEHYJEBHIMH SJieMEHTaMH omeparopa.

9Tro M saBepmaeT ROKAa3aTeAbCTBO TeopeMH 4.1.

§ 5. AMmumryna TpyGKM TpaexTopmii
B ($a30B0M IIPOCTPAHCTBC

B ra. VI Mbln3yd9aid HETCTPAJ mO TPacKTopusM B (azonoM mpo-
CTpanCTBE — KOHTMHEYyaJbHHII HHTerpan (DeiiEMaHa B «TraMILILTOHOBOI
dopme». Bo3HHMKAaeT eCTECTBCHHO BOTPOC O BHIUMCICHUM AMIIIUTYAB
TPyGKu TpaekTopnit B a3oBoM npocrpaHcTBe. OTMeTHM, OAHAKO, YTO
TaKaa TpyOKa B CHJIY NPHHIUIIA HeoNpeJelleHHOCTH He HMeeT Qisnyec-
KOTOo CMHICJIA «9epHOIl TpyOkim». [leiicTBnTenbHO, pasObHBas MHTEPBAJ
Bpemenn [0, {] Ha TpOMEKYTKII A¢ MBI {OJUKHBL Oy/1eM B KasKAblT MOMeHT
CTaBUTH IO ouepe[H AMAdpParMy mo KOOpAMHATAM II AnadparMy 1o umm-
nyJjbcaM W B Pe3yJbTaTe B IPCHCJIe HI IO LIMAYJAbCAaM, HIl N0 KOOPAH-
HATaM MH He IOJYYHM IOJHOTO NOTIOINEHHA HA rpamune TpyOxi. Bm-
YHCJICHNE TAKNX aMIIITY/ NPEICTABJIseT HHTEPEC JMmD ¢ TOYKH 3pe-
HISA HX KOJIMOTOPOBCKOTO 1IPOJOJIKEHIIA HA JIIOOHE IOJMHOMKECTBA MHO-
JKeCTBA KOHEUHBIX TPAEKTopHif.

” 12

Mycrs H=H (p, z), p = i0/0z (H (p, z) npasapie;xut C™ u orpa-
Hyyema €O BCEMM NPOM3BOJHHIMHM) — HNPOM3BOAAMIMI omIepaTop mo-
JyrpynnH, a e, (z), €; (p) — XapakTepucTHdeckue GYHKINH HEKOTOPHIX
OrpaAENYeHHBIX o0JacTell Qy ¥ Qp B z- U p-IPOCTPAHCTBAX COOTBETCTBEH-
HO. AMIINTyfAa TPyOKHM TpaeKTopmii, saKIOYeHHHX B obmactu O, X
X Op, o4eBHAHO, paBHA mpeneny nmpu N — oo BHIPaKeHHA

Ty = & (z) [exp {iH At} e, (i0/9z)e, (2)]V, (2),

At = t/N, ¢, € C*.
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Owepngao, Y y—0. Ecamxe Q. =R, 10 ¢; (z)exp {ilf At} e, (i0/0z) =
= ¢, (z)e, (i0/0z) - iey (z)Hey (i0/02)At -+ O ((A9)?). Iootomy T'p =

= ¢, (2)exp {ite, (x)Hey (i0/02)} ey (i0/3z)e, (T), (z) - O (AY). Io-

9TOMY aMNJIMTyAa TPYOKH paBHa e; () (, t), Tme @ (z, t) — pemcHue

zagaqn i0p/ot = e, (z)He, (i0/0z)@, @ (x, 0) = ey(id/z)ey(2)Py (x). Co-

OTBEeTCTBEHHO  JUiA  oNepaTopa C  YHUTAPHO#  HeJNBEHHOCTHIO
2

1
(10l = e (DH (p, 7, [F* (p)9 (2)e'PZe,(2)ey (P)])ey (i0/02)@ mbi mo-
JyyaeM HeagjUTHBHYI0 aMnauTyny. Ilpomecc ymHmpopMH3aLuIiL 3TOTO
yPaBHERMA (SKBHBAICHTHHIT mepexoAy K IIPeIHHIepPOBCKoil KapTHHC
BTOPMYHOTO KBAHTOBAHMA) NMPIBOANT K aJNUTUBHOI aMIUIMTYRE, OTBE-
yajomeii BTOPNYRO KBAHTOBAHHOMY YPABHEHHIO.

AcuMmnToTHKa mpHE h — 0 pemieHuS DOCJIEJHCrO YPAaBHEHHHA (€Can
B DPOHM3BOJHEIC BRECTH MHOMKNTENb /) CTPOATCH aHAIOrugHo ra. VI,
ecay XoTa OH OJHA KIJACCHMYeCKas TPAGKTOPHUA MOIAZAeT B «TPYOKY»;
CCJIH sKe HH OfHA KIACCUYeCKasl TPAeKTOPHs He HONAKaeT B 3TY «TPYOKyY»;
(T. e. UPOXOMKACHHC BICKTPOHOB Yepes TPYOKy ecTh wiicto gudpdpariiu-
oHHHIT 3@ deKT), To BOZHNKAET BechMa aKTyaubHASA HpobiaeMa BHYMCIe-
AU TaKoll acCUMOTOTHKM (SKCIOHEHIHAJbHO Madjou). Ilo-Bugumomy,
8 OTOM CJIy4ae HY/KHO HCKATh SKCTPEMAJBHYI0 TPAeKTOPUIO B Kiacce
TpaeKTOpHii, JOIYCKAIOmeM CKOJb3SAmMe Iy BIOAb IPaENLE TPYOKH,
¢ I'JIaBHBIT WIeH aCUMOTOTHKY OyjneT COBIAjaTh ¢ aCHMOTOTHKOIN pelle-
A1 KpaeBoi 3afla4y ¢ HYJIEBEIMU yCIOBUAMHE HAa YacTH IPAHULE, BAOJbL
KOTOPOI CKOJB3UT BKCTPEMAIb.

AmnaznoroM ¥epHOro Teia (WM 9epROM «Tpy6KU») KORPHTYpALIIOEROTO
(IPOCTPAHCTBA CIYMUT B MMIYJILCHOM NPOCTPAHCTBE TAaK HA3HBaeMbIiT
cernaparop ckopocreil. Ilogo6HO TOMy KaK «4epHoe TeJo» MOTJIOIAeT
BCe YACTHUIH, KOTOPEE B HEro NOMAJAaiOT, cemaparop cKopocTeii morio-
LIaeT BCe YaCTHLH, CKOPOCTH KOTODHX He NPHHAJIEKAT K JaHHOMY ce-
napupyeMoMy MHTePBaJy CKopPocTeil. AHAJOTMIHYIO PONb UIPAIOT BCC-
BO3MOKHEI® UIBTPH PAagMOTIACTOT.

Cenaparop CKopocTeli IpUMeHseTCS OOLIYHO B MONEKYJAPHBX IYyY-
Kax, T. €. I KIacCHYeCKMX vacTull. Bo3HIIKACT BONPOC O BRIYHCICHINI
ITHTEHCHBHOCTH 3JEKTPOHHOIO IIyYKa, NPOLIENILIeTr0o 4Yepe3 cenapartop
CKopocTeil, ¢ yieroM KBaaToBHX puddpaxruuonasx dddexros. 113 rmas
VII u VIII BugHO, 4T0 3Ta 3aja4a CyLIeCTBeHHO Golee TOHKAas, 4eM Te,
KOTOPAIe MBI PEIIAJIH € IOMOMbI0 T-0ToOPasKeHNA, H ee pelenne Tpedyer
JeTaJbHOTO aHAJM3Aa AMIINTYAR MHOXKECTBA IyTeil B IPOCTPAHCTBC
cRopocTeii, KoTopHil MBI IDoBefeM B ciexyiowieil raase.



rnaBa IX
KOMIIJIEKCHASL MEPA B MHTEIPAJIE ®ENHMAHA

§ 1. KomuyiekcHasa mepa B maTerpajsie @Peiinmana

Paccmorpmum sajawy Homm nns ypasmemusa Illpeamarepa
B p-IPe[CTABICHIN:

{— iha 4 2L 4y (ihvp)}rp(p, =0,  (1.1)
¥ (p, 0) =P, = C7 (RM. (1.1)

Eciz moremuman v (z) wmpumamaesxkur B, (R™), ([16]
(rz. II, § 3)), To mpeoGpasoBanue Dyppe ¥ DPUHATIEKHUT
C*(R"), n pemenue 3amauu (1.1) Mo)KHO mpeACTaBUTH B BHJE
pAma Teopum BO3MymleHRui, cxopgmeroca B HopMme C (R™):

P& 1) = exp{— gy (6P 1] To®) +
b !
+,Z="1('2':1?("”2(i_}’_)lgdsgdp{glg(pk_p"'l)}X

!
X oxp {5 3 [P o — s BE—p)  (12)

rge s = (S, ..., §) OPAHAJICKHUT [-MEPHOMY CHMILIEKCY
Drfs|l0<s; < -ty sin=4% p=(py, - -
RS ] pl)eRnlv PkER", Po =0

B sToM maparpage BBOAUTCA KOMIUIEKCHAsd Mepa m, Ha
HEKOTOPOX ¢-ajarebpe TpaeKropmil, AMEOMAaA OTPAHUIECHAYIO
papmanumio, u (1.2) Mosker OHTH 3anmcaga B BHIE MHTErpana
oo Mepe m.,:

P60 = (Fo®— poexn {7 il’é—pv [ dv} dm, (p). (1.3)

0
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B KOHCYHOMEPHBIX ANMPOKCUMAIINAX KOHTHAHYAJBHOYO
maTerpata Qeitamana (cM. ra. VI, §§ 1, 2 m ra. VII) rpaexro-
PHsA dacTHNN  ABJAETCA HENPEpHBHOH KYCOYHO JIHHEHHOM
¢yarnueit. CienoBaTebHO, €e UMIyILC OymeT CTymeHYZaTOM
¢yuxnmeit. na onpepmenessoctd GypeM caurarh, 9T0 CTY-
IeHYaTHe TPAeKTOPHM, ANIPOKCAMADPYIOMHE TPaeKTOPHIO
B HMOYJBCHOM NpPOCTPAHCTBE, HEOpPEepPHBHH CcHOpaBa. MHoO-
JKeCTBO TAKHMX TpaexrTopuil, o6pasyiomee JuHEHOE IPOCTPaH-
cTBO, oGosmaaum uepe3 P.

PaccMorpuM 6GaHAX0BO IPOCTPAHCTBO &'y HEmPEPHIBHBIX
Tpaekropmii, 3afapanx Ha [0, t] u oxamumBaromuxca B TouKe

myab: z:: [0, ] > R", 2, =0, | 2] = max |2.|. O6osna-
quM uepes P, no;mpoc'rpanc'rno P, OrpaHNYEHHHIX CTYNEH-
9aTHIX TpaeKTopmil, HAUYMHAWIIUXCA B HYJEe H HUMEIHUX
a060e KOHETHOE IUCI0 TOYeK paspuiBa. Hakmo#l TpaeKTopHu
P: & P, CONOCTAaBUM HENPEPHBHHE JUHEHHHEN (yHKOIUOHA
va Lot <p, 2) = § 2dp-. Hopma B Py 3afiaeTcs dopmynoin
| p<] =sup|<p, 2D ), |z} <1, comuagaromeir ¢ ompene-
JeHNEeM HOPMH CONPSIKEHHOTO IPOCTPAHCTBA.

Ilycrs N — menoe nonommrensnoe u 3 (R™Y) — g-axn-
re6pa 6openeBckmx mogmuosiects R™M (cm. [19, 24]). Pac-
CMOTpHM KJacC A NOAMHOMKECTB MHOMKECTBA P, dIeMEHTaMHN
KOTOPOTO fABJIAKTCA MHOKECTBA CTYNEHYATHX TpPaeKTOpMil
Bafa: {p,|(Pty .- piy) EBY, BEBRY) 0L <
< ...<ty=1t). Ilpu ¢urcmporammbix t; (1 <j<N)
Kaacc Yy MOAMHOIKECTB DTOTO BUAA ABIAETCH anreﬁpon. ITo-
CKOJIBKY JBe npouaBoJibunie anre6ps AUy m Yy comeprxarcs
B HEKOTOPOX Tperkeii, To kaace 4 sapaserca anreGpoit. UYepes
A mb1 6ynem oGosmadarh o-axarebpy, moposkgaemyio aired-
poit A, a dgepes ¥, (p.) — xapax'repncmqecxyxo dyHKIHIO
MHO}KGCTBa ae A. '

OGo3uaumm uepes p.; (p, §) HenpepIﬂBHym cIpaBa cTy-
nexgaryio tpaexkropun [0, i] -R", umeromyw ! ckauxos

Pu» P2 — P - - - Py — P11 B TOUKax (Sgy =« oy St Pey =
= p; Opu $; <L T < Sjyp, 1 =0, 1, , L Hpn $uKrcupo-
BAMHHIX Sy, . .., S; BeJHYHHA Y, (p,_, ( , s)) ABIAETCA Xa-

paKTepucTudeckodl dyEKIuer HEKOTOPOro GOopPerIeBCKOro MHO-
skectBa B R™. PaccMorpuMm maTerpan

my (@) = (ds{dp 1 (6 20 (pe (2. N Z{ ds Gt (e (- 9. 135

anece s D, a € 4, | & C*R™) (116] ra. 1I, § 3);
ve&E By & C+ 1 nyers U uenpepusro B 0. Hommuerce-
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def
Hag ammamtyAa m; (@, $) = Aa (P<y (-, $)), > eers
0-aJiuTHBHASA KOMILIEKCHAasA Mepa Ha g-anrebpe 4. Ona se-
agercsa Dpocroil ¢yHKmuedl mapamerpa s & D, ecau a &
& A, u mamepumoii, ecim a & 4. OTciofja CTAHJAPTHEIM
00pa3oM BHIBOIUTCH, UTO My (-) TaKiKe ABIAETCS O-afiAUTHB-
HO#l KOMIJIeKCHOH Mepo¥ Ha o-axrebpe .4, npuueM var mf <
et f g+, ¢ = const. 3uaumr, J100a8 KOHEIHAm CyMMa

)
m¥ (@) = foxa (0) + 2 (s dp7 () e (Pet (02 ),

=1 *

rie f, & C* (R™), saABIAerca O-aJUTHMBHOM KOMILIEKCIIOH
Mepoii Ha 4. Jlanee mcronbayeM M3BECTHYIO NPOLENypy IPo-
NOJIKEHNA.

WsBecTHO, 9YTO ecaM MOCICA0BATEIBHOCTh KOMIIGKCHBIX
mep {mf} PyHaamenTasbHA OTHOCHTEABHO HOPMH |m| =
= var (m), Tto lim mk(a) = m (a), a & A, cymecrByer

k—oo

M ABJIAETCA C-aIATABHON Mepoll ma 4. Yb6egmmcs, 4To eciu
(npzm ¥ & C* (R"), py = 0)

l

Hi(py o p) = (%Lh)nl/z (%)lkH v (P — Pr-2)s

=1

TO IoCJe0BaTelbHOCTh Mep m* (a) dyHpaMeHTalibHA OTHOCH-

TejibHO Hopmul || - | [ledicTurensyio, ecam k > r, To mpu
Ir —> oo
var (imk — m") < D) var (m* — ml) < z-ll—‘(ct)’ vt — O
I>r i>r

TakuMm 06pasoM, MBI yCTAHOBWJIU, UTO CCIU v & $By, TO
KOMIJICKCHO3HAUHAA (YHKINUA MHOMCCTBA

my (@)= % 0) + X (s {dps, (p) 1a (pea (p ).

=1

ecrb O-afAATHBHAS QYHKOUA HA 4, OpHYEM Var m, <
<< exp {c|v|wmt}). WNmrerpam mo osroii mepe Oymem mnme

o6o3mavats | ... dm,.
def

Teneps MH JokaskeM, 4To Mepa | m, | = var m, cocpejio-
TOYEHA HA MHOKECTBE CTYIEHJYATHIX TPAGKTODHU, MMEOUUYX
a1060¢ KOUGUHOC YHCIO TOUCK Pa3pLiBa.
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Thinre GyaeT I0KA3AHO *), TTO YRR MIOKCCTRA | ju, 10 | T py
PaBHHIC 10 ONPCACTICHHIO

K
o @ = (a5 § ap [T 50, — prog) 20 (e (250,

r=1
I p'v,k l (a) = Vare p‘v,k'

ABJIAIOTCA MepaMIl, COCPeSOTOYEHHBIMH Ha MHOKECTBe CTYNEHTaTHX TPa-
eKTopHii, nmeromux He 6osnee k Touek paspHBa.
Kar Mu Bupesu smune, pag ¥ var p, , = ¥ var (m¥ — mk-1) exo-

onres. Iloaromy pgas mioGoro & cymecTsyer croab Goabuioe N, uTo

2 var o < e. IIpur aToM Mepa 2 lpu,k| I KOMIIJIeKCHadA Mmepa
k>N kN

2 W, COCPCAOTOUCIN HA CTYNCUYATEIX TPACKRTOPIAX, IMCIOL[IX e
ESN
6onee N Tozek paspmsa. CiefoBaTedbHO, NONOJHEHHE K MHOMKECTBY
CTyneH4YaTHX TPaeKTopHil, IMEIOMIIX JI000e KoHeUHoe 4YIICI0 TOUCK pas-
phiBa, HMeeT Mepy | my |, ParHylo Hy;lo. VHLIMI caoBamMu, Mepa | my |
1l KOMIINIEKCHASI MCPa /iy COCPCIOTOYEHB HA MHOMECTBC CTYICHIATHIX

TpPAeKTOPHIl, HMCIOLUX 0006 KOHCYHOC YICJI0 ToeK Pa3phBa.
[ToxaykeM Telepn, 4To Mepa | W, ; | cocpenoToucHa HA CTYNCHYATRIX

TPaeKTOPUAX, HMeloluX He Goee k ToucK paspeisa. st 3TOTO HaM [0-
cTaTouHO ybeamThes, U0 ecau C; D C, O . .. — NPOU3BOIbHAA YObI-
BAIOILIAsA ITOCIEZOBATEIbHOCTH MHOMECTB M3 A u | ok | (C>06>0

mpu Bcex r = 1, 2, ..., To nepecedernne [) C, He IYCTO ¥ COREPHUT
XoTA OH OfHY CTYIeHYaTyl0 TPaeKToPHIO, NMelomyw He Golee k Touek
paapriBa.

IMocKonbKY IIIOTHHIM MEOKeCTBOM B mpoctpanctBe Ct (R™) apisaer-
CA MHOECTBO IMHEHHHX KoMGumauui 6-pymxnuit Jupaxa u QyHKIuIl

n3 Cg° (R™) u xapakTepuctnueckas Gyaknus modoro GopereBcKoro MEO-

mectBa B R™¥ uMeeT HOpMY B C**(B""’) PaBHYI0 efWHUIE, TO CYTmECTBY-
eT TakasA QyHKUUA W, ABIANMAACA ITHHEeHHON KoMOumalueil §-¢yHKrunn

ra R" n o¢ymrumi ua Cy° (R™), dro gaa  a060oro MHOMKECTBA
a E A varg (lty x — Hypy) S 0/2. B otom cayuae varg > 8/2.

Hocronvry € D Cr1 D ..., TO CYIIECTBYET IpeIes

lim 3o (p.) = inf % (Pg) =% (P)-
r—»co T

Haunee, B ciy Teopemut JleGera, MoKHO COBEPIINTDH ITPe[eJNbLHELIA ITepe-
XOf 0/l 3HAKOM WHTerpaa*¥)

k
§as §ar TT 1% (= py) 12 (P (Posh > Lim varg, b, >L >o.
j=1

*) JlokazatenbcTBo npnHagmexnr A. M. Ueborapesy.
** 1| NOHMMAETCA KAaK npemes MOAYyJeil IOCHe[0BATEILHOCTIL
yERuuit, n3 Cy°, cnabo cxopsmeicsa K .
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CrnegoBateaniio, cyniecThyorT Tarne p & R u § & Dy, aro
Pynkmma X (P, (P, §)) = 1. Ho nocroxbky Cr+1 C Cr, 10 X, >
> Yg ..+ CIeHOBaTeNbEO, p. . (P, §) € Cr mpuBcex r=1,2, ....

r+l ’

CixegoBaTedbHO, CYIECTBYeT TPaeKTOpHUs, uMeomasn Be 6oxee k To-
TeK paspHiBa, IPHHALJIEKAMAA NepecedeHn0 MHOKecTB Cp.

§ 2. IIpeobpasosanne Pyppe KoMILIEKCHOH MepHI

BuucauM cHadgaxa HHTETpajJ npocToil orpaHudeHHONR
¢yHKumE @, 3agauHoil Ha Py, orHOCHTENbHO MepH m,. IlycTs

{a}y — Habop NONAPHO HENMEepeceKaMUXCA MHOMKECTB N3
A, 1 nyetb @ (p;) = @i, ecau p. € a,. B orom cayzae

{pdm, 2; wm (@) = 9(0) + 3 §as § apri (o) @ (0 (. 9).
21

2.1
Psan B (2.1) cxouurca abcooTHO.

B cuny xomnimexcHoro amaiora reopeMs JleGera dgopmyiia
(2.1) ocraercsa copasenusoil ¥ Aud Jw0b0ii M3MEPUMOR OTHO-
CHUTeJbHO .4 orpammdenHoil Pyarmum ma P,.

IIpumepom Taxoit ¢yuxium spiadgerca cienynmas QyHK-
yus ot p, & Py

¢
exp {%Sx-:dpr} ’ x:E-%'o.
0
Brrumeaum maTerpan
i
Sexp{T

Ha3HBaeMHil npeobpasosanuem Pypve ROMILIOKCHON MEPHL M,

x,dp,} dm, (p<) = Fm,,

L

. l
Fm, =1+ 2 {ds{ dpf, (p) exp {Lh 2 2 (pi— PJ—I)} o =
I>1 N t =1

t
= 1+2, lilgdsl. . .Sds, 3 dg X
=1 ¢ 0 ol
1 l
X H ;(qJ) exp {'Lh'z ijs]’} ’
j=1 =1
188



Uraxk, ‘
Fm, = exp {— lTS v(x:) dt} . (2.2)

Ananormauo moayuaercsa gopmyana (1.3), pmamomas mpepm-
craBienne pemenus ypasuenus Ilpepmarepa B Bmme mATe-
rpaja mo KOMIJIEKCHOM Mepe.
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