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OT PEJAKTOPOB

Hpan Teopruesuu ITerposckuit (1901-—1973) 651 BHIRalo-
IIMMCS MaTEMaTHKOM H BBIZAIOIIMMCS UeJOBEeKOM. B mare-
MaTHKe eMy [OPHHAIJIEXHT pSA OCHOBONOJAraiplliHX pe-
3yJbTAaTOB, NMpeXJe Bcero, B Teopuu Ju(pdepeHIHAIbHBIX
YpaBHeHHH, TeOPHH BepOSTHOCTEH M B ajare6panuecKoi reo-
MmerpuH. Ero oOmecTBeHHasi AesTENbHOCTh TaKXkKe HIHPOKO
usBecrHa, Jocrarouso ckasats, uro ¢ 1951 r. m no KoHma
cBoelf Xu3Hu OH ObI pekTopoM MOCKOBCKOro rocynapcer-
BeHHOro yHHBepcurera. [Toxpobuyio 6uorpaduio M. T. Iler-
POBCKOr0 H ONHCAHHME er0 HAyYHBIX JOCTHXEHHH MOXKHO
Halitn B «Tpynmax cemunapa umenu H. I'. IlerpoBckoro»
(Usn-Bo MI'Y, 1982, 1. 8, c. 3—20), a Takxe B XypHaJje
«Ycnmexm MaTeMaTHuecKHX Hayk», 1971, r. 26, Ne 2,
c. 3—24.

H. T. ITerpoBckuit 6b1 TaK:Ke aBTOPOM Tpex yueGHH-
KOB JUIf YHHBEPCHTETQB — IO TEOPHH OOBIKHOBEHHHIX ITH(-
¢depennuansHbx ypaBHenu#i (6 usnanuét 8 1939—1970 rr.),
HHTErpajbHEX ypaBHeHu# (3 usnanus B 1948—1968 rr.) u
YpaBHEHHIl ¢ YacTHHMH TNPOM3BOXHHIMH (3 H3JaHHA
B 1950—1961 rr.). 11 ray6oKo OpHTHHAJbHBIE KHHTH ITe-
peBefeHbl Ha MHOTHE SI3BIKH M INOJIHOCTBIO COXPaHHJIH CBOe
3HaueHHe B Hacrosmiee BpeMsi; 6ojiee TOro, BO MHOTMX YHH-
BepcHTeTaxX NpelnojaBaHHE YKa3aHHBIX JHCIUNJMH B 3Ha-
QUTEJILHOR CTeNneHH CJAOXHJIOCh NOX BO3AEHCTBHEM 5THX
kHur. OJHaKo OHH JIaBHO yXe cranu Oubanorpaduueckod
penkocThio. IToaTomMy ux mepewsgaHHe He TOJBLKO SBJSETCH
JaHBIO MaMsSTH HX 3aMeYaTeNbHOro aBTOpa, HO H IPHHECceT
HECOMHEHHYIO NOJb3y MHOIMM CTYIZEHTaM-MareMaTHKaM H
IpenonaBaTe/IsiM.

Hacrosiniee nanaune kuurk «JIeknMu 1o TeOpHH OOHIK-
HOBeHHHX JuddepeHnuanbHbHX ypaBHEHHi» nedarTaerca
¢ TocjenHero npuxuaHennoro uznauus 1970 r. Hamu BHe-
CeHH HEKOTOpHe DeNaKHHOHHBIE NMONPaBKH. 3aHOBO HaIH-

caHu § 54—57.
A. 1. Meuuxuc, O. A. Oarelinux



IIPE[JHCJ/JOBHE
K IATOMY H3JJAHHIO

Boapmyio paboTy mo MOATOTOBKE STOro M3faHus pumonaua A. J. Mbm-
Kuc. B uacTHOCTH, OH HanMcall HOBYWO TMiaBy 06 aBTOHOMMBIX CHCTEMax.
IMaparpad 64 Hanucana O. A. Ogeitmuk. C. A. Tampnepn, E. M. Jlag-
auc u A, J. Muwmguc po6asuiy HOBHle 3ajauy. DTH 3aJaul, KaK H
npexHHe, He ABJAIOTCA NMPOCTHMH ynpamueHHsmu. B suaumrenanHo#t cpo-
el 9acTH OHM PaCIIUPSIOT OCHOBHOE COJEPIKaHHE KHUI'M M MOryT GuITh
HCNOJB30BAHH AJIsi KyPCOBHX pador.
1964 r.

H. ITerposcxuii

MNPENHCAOBHE
K IIEPBOMY H3JAHHIO

Ity aeKuuu 5 uHTan B 1936/37 yueSnoMm rogy B CapaTOBCKOM rocynap-
CTBEHHOM YHHBEpCHTeTe ¥ (C HeOOJBIIHMH H3MEHEHHSIMH) B MOCKOB-
CKOM TOCYIZADCTBEHHOM YHHBepcHTeTe., § He cTPeMHJICAd H3JOXKHTL BO3-
MOXKHO OOJIBIIE METOAOB UHTEIPUPOBAaHMS, NPUMEHUMHX AAs pasini-
HEIX YaCTHHX THNOB AudepeHUHaJbHHX ypaBHeHu#; Ha PYCCKOM sH3H-
Ke yXe HMEIOTCS KYpCH, TJe 3TH MeTOAH AOCTATOYHO MOJHO H3IOMeHH.
5l He crapamcd Takxke paccKasaTh O BCeX OTAeNax TeOpHH OGHKHOBeH-
X audodepeHuuansHLx ypasuenufi. M3 Bceft aToi Teopuu s BHGpan
JIMIIL HECKOJbKO BONPOCOB, HO HX $ crapajcs HSJOXKHTB MO BO3MOXK-
HOCTH UEMNbHO M CTPOTO — TaK, KaK Tenepb Hajaraercs OOJIBIIMHCTRO
MaTemMaTHuecKHX JMCUMIVIHH. $I He mpeamonaral y MOHX chyliartesel
3HAKOMCTBa ¢ Teopuelfl aHaIMTHUecKMX GYHMKUMA, ¥ NOTOMy Heo6xoau-
MEIE JIISS MOEro Kypca CBEACHHS 43 5TOM TEODHM HJH Da’dbiCHsJ, HJIM
TOYHO YKasbiBaJ, Tle UX MOXHO HafiTu.

S1 nosxen BHpasurb GaarogapHocts A. M. Bapa6anosy, 3amucku
KOTOpOro JierMi B OcHOoBy u3joxenns § 1—21, B. B. Crenanory,
C. A Tamenepry n A. J. Muuxucy, KOTOpHE IPOCMOTDeJH BCIO MOIO
PyKONHCh ¥ CHeJANM PAJ UCHHBIX yKasaHuil.

1939 r.

H. Herposcruid



Yacme [

OJJHO NHPPEPEHIIUAJIBHOE
YPABHEHHUE 1-ro NOPAIKA
C ONHON HEHU3BECTHOM ®YHKLIUEHN

T'JIABA I
OBIIHUE NOHATHSA

§ 1. Onpepenenns, npHMepbl

O6ouikHOBeHNBIM OUepertyUabHbIM 'YPABHERUEM N-20 NO-
padKka Ha3bI80ETCA COOTHOULeHUe 8uda

F(x, 9,9y, ... y™)=0

mescdy He3asUCUMBIM NEPeMEHHbIM X, e20 (yrkyued Yy
u npouseocOneimu y', y’, .., y™m. Oyuxuug y=¢(x) Ha3H-
BaeTcsl peulenuem 3Toro RudepeHnHaNbHOrO ypaBHEHHS,
ecnd mocnie sameHb y Ha @(x), ¥ Ha @' (%), .., y'™ Ha
@™ (x) ono obpamaercs B TOXAeCTBo. Bciony, rie Her
0COGOR OroBOpKH, MBEl OyIeM cUHTAaTh, UTO paccMarpusae-
Mble BEAUYURLL NPUHUMQAIOT TOAbKO delicTéuTesbHoie (KO-
He4Hble) SHA4YEHUR, A PAccMaTpusaemeie QYHKYuu OOHO-
3HAYHOL.

Takum o6pasom, B OGBIKHOBEHHBIX XH(depeHuHaNbHBIX
YPaBHEeHHUsIX HeusBecTHas (GYHKHHS 3aBHCHT TONBKO OT Of-
HOTO apryMeHTa. B NPOTHBONOJOXKHOCTb 3TOMY B Yypaste-
HUAX C 4QCTHOIMU NPOU3BOOHbIMU HEH3BeCTHble (GYHKIHH
3aBHCAT OT HECKOJNBKHX He3aBHCHMBIX NepeMeHHHX. B nanb-
HefileM, roBopsi o nuddepeHNHaNbHBIX ypaBHEHHAX, MBI
Bciofy, Kpome Iononnenus, 6yneM HMeTb B BHIY TOJNBKO
OOLIKHOBeHHEIe AH(GepeHUHaNbHbE YpaBHEHHS.

OOHIKHOBeHHBIM JHu(ddepeHUHANbHHM YPaBHEHHAM
NPHBONST MHOrHE BONPOCH €CTEeCTBO3HaHHA. B KayecTse
HJUIIOCTPANMKM PACCMOTPHM JBa CJAENYIOIHMX IpHMepa.



§1) ' OIPEJEJNEHUS, TIPUMEPHI 11

ITpumep 1. Jonycrum, uto B KaxiAbHH MOMEHT Bpe-
MEHH H3BeCTHa CKODOCTb TOUKH, ABHXYyuefics mo ocu Oux;
nycrs ona paBHa [(f), rme f(f) menpepmBHa. Byaem cuu-
TaTbh, KpOMe TOro, 4ro HapecrHa afcmucca xo 9TOH TOUKH
B HEKOTOpHIH onpejefieHHblt MOMeHT [=1{. TpeGyercss Hali-
TH 3aKOH JBHIKEHHS TOUKH, T. €. 3aBHCHMOCTb abCcuuCCH
JIBHKYIIeACS TOYKH OT BPEMEHH.

3anaua CBORUTCS K HaXOXJAEHHIO TOrQ pelleHHs Iud-
(epeHnMaNbLHOTO YPaBHEHHS

dx
=i,

KoTopoe mpHu f{=1£, obpamaercs B Xo. FI3 HHTErpasbHOro
HCYHCJIEeHH HM3BeCTHO, UYTO TakKoe pelleHHe jgaercs ¢op-
MyJof

x () = x4+ ff(‘t)d‘t.
to

ITpumep 2. M3BecTno, 4T0 CKOpOCTh pacmajga pajgus
NpsSMo NpPONOPHHOHANbHA HAJHYHOMY KOJIMYECTBY pajusd.
HomnycTuM, 4T0 B MOMEHT f5 HMeaoch Rg r panusa. Tpebyert-
csl ompelennTh KOAHUECTBO R r panus B JOO0H MOMeHT f.

Ecnu kos¢pbuuMeHT NPONOPUHOHANBHOCTH OGO3HATUTH
c(c>0), To 3amaya CcBOLMTCS K HaXOXJEHHIO TOro pelle-
Hus nuddepeHnnanbHOro ypaBHEHHS

KoTopoe npu t=£, obpamaercad B Ro. TakuMm pemenuem Gy-
IeT pyHKIHS

R = Rectt—to) |

U3 paccMoTpeHHBIX NPHMEPOB BHIHO, YTO OXHOMY H TO-
My ke auddepeHunaAbHOMY YpaBHEHHIO MOTYT YIOBJET-
BOPATH O4eHb MHOrHe QyHRuuu. MMenno nostomy nJsa omnpe-
JeJleHHss HCKOMOH (DYHKIHMH 3a5aBajoCh He TONBKO nudde-
peHuHaibHOe YpaBHEHHe, KOTOPDOMY OHa JROJXHA YHOB-
JETBOpPSTh, HO TakXe H ee wNayaibHOe 3Hauexue, T. e.
3HAQUeHHE PH KaKOM-HHOYZIb OnpesejeHHOM 3HAUYeHHH apry-
MeHTa. B pacCMOTpPeHHHIX HAMH INpHMepax HauajbHHE



12 OBHOIHUE IIOHSATHSA . [ra. I

3HAUEHHS] ONpENENsNH eJHHCTBEHHHIM 00pasoM COOTBETCT-
BYIOILHE UM pelleHHs AHddepeHIHaANbHBX ypaBHEHUH.

OcHosrotl 3adayell Teopuu Ouggheperyuarvtolx ypas-
Heruil asAseTcA u3yueHue c8olcTs peulerutll dugpgepen-
yuanrvHolx ypasuenuil. Haxoxnenve pewienuii puddepen-
IIHAJIbHOTO YPAaBHEHHS! HA3BIBAIOT UHTEZPUPOBAMUEM 3TOTO
ypaBHEHHUS.

§ 2. FeomeTpHyeCcKasi HHTEpNPETALHS.
O6o0611ieHHe 3a5a4n

ByneM paccmarpuBaTh JuddepeHIHAIbHOE ypaBHEHHE

BHUAA
y,=f(x’ y)v (11)

rae Gyukuus f(x, y) onpeneneHa B HekoTopo# o6iaacta GV
WIOCKOCTH (X, y). DTO ypaBHEHHE 33JaeT B KaxAOH TOuKe
061aCTH 3HAYeHHe YIJOBOrO Kos(pdHIMeHTa KacaTeJbHOR
K MpOXOJslieMy uepe3 9Ty TOUKY rpaduKy peuleHHs ypas-
#enus (1.1). Ecam B Kaxjgo#t Ttouke (x,y) obaacta G
TIpeICTAaBUTh C NMOMOLILI HEKOTOPOro OTpe3ka? Hampasie-
HYUe KacaTeJbHOH, onpesaeasieMoe 3HaueHueM f(x, y), TO mo-
Jyuurcs nose Hanpasaernufl. Torga NoOCTaBAEHHYIO Npex-
Je 3ajauy HaxXOXKAEHHS pelleHHs aud@epeHIHaAbHOTO
ypaBHEHHs MOXHO cHOpMynHpOBaThL TaK: TpebyeTcss HAATH
KpUBYIO y=0(Xx), KoTOpasg B KaXKJOH cBoell TOUKe HMeeT
3ajgaHHyi0 ypaBHeHHeM (1.1) KacareibHyI0O WM, KaK 4acTo
TOBODST, 3ajJlaHHOe ypaBHeHHeM (l.1) manpaBsaenue.

C reoMeTpHYECKOH TOYKH 3pEHHS B TaKOH NOCTaHOBKE
3ajaud NPeJCTABASIOTCA MalO0 €CTEeCTBEHHBIMH CleLyIOLIHe
06CTOATENbCTBA:

1) O6aacroro Ha3hiBaeTcs HeNMycToe MHOXecTBO G Touex, o6Jajaro-
niee CleAY0OUIHMH ABYMS CBOHCTBaMH: 1) Kaxjad Touka G — 8HyTpen-
HAf, T. €. OHAa HMEEeT OKPEeCTHOCTb, LEJHKOM MmpuHajjexamyw G,
2) wmHoxectBO G ¢8s3HO, T. e. NOGHE ABe ero TOYKH MOXKHO coend-
HHTb COCTOSIEeH H3 KOHEYHOTO YHCJIA 3BEHbEB JIOMaHOH, LEJHKOM Jexka-
me#t BryTpH G.

I'panusnoimu Toukamu o6JacTH HA3BIBAIOTCA T€ TOUKH, KOTOpDhHE SB-
JISI0TCA DpefeibHBIMH JAJsi ToueK oO6JacTH, HO He MpHHajsexart obJa-
ctH. COBOKYNHOCTh BCeX TIDAHHYHBIX TOUeK HasblBaercsi 2paxuyeil 06-
J1aCTH.

SanuxnyToii obaacrero G (3aMbKaHHeM o6JgacTH (G)  Ha3sbBaeTcs
o6nactb G BMecTe C ee rpaHHued.

2 O6a HampaBJeHHs] 3TOTO OTpe3Ka JJisi Hac Ge3pasiHyHEL



§ 2] TEOMETP. HHTEPUPETAIIUY, OBOBIIEHHE 3ANAYH 13

1) Tpebysi, uTo6Bl YrioBOH KO3(D(HLMEHT 3amaHHOro
B Jmio6o#t Touke (x, y) obnacty (G HanpaBjeHHs PaB-
Hsacs f(x, y), MBL TEM caMblM HCKJAIOYaeM HaIpas-
Jienus, napaJsiensnsie ocu Oy;

2) paccMaTpuBas TONBKO KPHBHE, ciykKauine rpaduka-
MH QYHKHHH OT X, MBl TEM CaMbIM MCKJIIOYaeM H3
pPaCcCMOTPEHHUsI Te JUHUH, KOTOpPBle HEKOTOPBIMH Iep-
neHAHKyasipaMuy K ocu Ox mnepecekaworess Oosblie
OJHOrO pasa.

ITosTOoMy MBI HeCKOIbKO 0006IIHM NpEeABAYLIYIO NMOCTa-
HOBKY 3azmaun. VMenHo, 6yxeM jomyckaTh, YTO NOJe Ha-
TIpaBJeHHA B HEKOTOpHIX TOYKax mnapasieibHo ocu Oy.
H B rakux Toukax, rie yrioBodl Ko3d(HUIHEHT NO OTHOlle-
#M0 K ocH Ox He HMeeT CMBIcIa, OyneM HOJb30BATHCH
yraoBbIM Koaddunuentom nmo oTHouweHuo K ocu Oy. Coot-
BeTCTBEHHO 3TOMY OyleM Hapsiy ¢ AuddepeHunaNbHBIM
ypaBHenueM (1.1) paccmaTpuBaTh ypaBHEHHe

—;‘j—y"—zh(x,y), (1.1

npuueM [y (x,y) = ; (Xl , BCOLY, rie oe STH QYHKIMA
b
HMeoT cMmbica. IIpH 9TOM MBI CYMTaeM, YTO B KaxKAOH TOY-
Ke G no kpafineii Mepe ogHa u3 (yukuuii f U f; uMeeT
cMBica; fi=0 TaM B TOJBKO Tam, rie [ He HMeeT CMBICIA,
a f=0 Tam 4 TOJBKO TaMm, rue f; He HMeeT cCMBIcaa. 3anauy
JXe HHTerpHPOBaHHUS AHbOepeHIHaNbHbIX ypaBHenud (1.1),
(1.1”) MBI moctaBuM Tak: 8 obsactu G Hatru sce aunuu b,

1) Junuetl (nom xpusod) GyneM Ha3hBaTb MUOXKECTBO ToYeK (X, y),
3ajaBaeMblx ypaBHeHMsIMH: x=@ (i), y=y(¢), xorna ¢{ npoGeraer 3Haye-
HHSI HEKOTOpOro HHTepBasla (@, b); B YACTHOCTH, MOXeT OHTb @=—o0
# b=-oco. Bynem npepnonarartb, uro GyHKumu @(¢) H P(f) umeoT He-
TIpepHBHLIE NPOH3BOAHEIE H 4YTO Bcerha @'2(f)+¢'2(¢)>0. Kaxnas
Touka Xo=q(f0), yo=yP(fo) Taxkoil JHHHH JIeXXHT Ha HEKOTOPOM KYCKe
€, KOTOPHH CHYXHT rpaguKoM uJIH HenpepuBHO auddepeHnnpyemoi,
T. € HMeiollefl HeNnpepHIBHYIO NPOH3BOAHYIO, (YHKUHOHaJbHOH 3aBHCH-
MOCTH Yy OT X, WJH HenpephBHO aHddepenuupyeMoit GyHKUNOHAIbHOH
3aBHCHMOCTH X OT y. JefcTBHTeNbHO, No KpafHeli Mepe OJHO M3 JBYX
uhcen @’ (¢p) u ¢'(fp) ommuno ot Hyas. Ilyers, Hanpumep, @’ (Zo)==0.
Torna B cuny HenpepuiBHOCTH @’ (f) OHa coxpaHsieT 3HaK Ha HEKOTOPOM
HHTepBaJle 3HaueHuH { OT fp—e [0 fo+e. IloaToMy npH 3THX 3HauyeHHSX
¢ ypaBHeHHe x¥=@({) MOXHO paspeumlnTh OTHOCHTENbHO f. Iloayuum f=
=4%(x). Hoacrasnas oTo snauenne ¢ B ypaBHeHHe y==P(f), NoNyunM
y=P[x ()], 1. e. y ecTb byHKUHMSA OT X.
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umerowue 8 KancOoLl ToYKe Hanpasierue, 3a0aHHOE Ypas-
Heruamu (1.1) u (1.1") V. OTH nuHUH Mbl OygeM HasbBaTh
UHTE2PANbHBIMU — AUHUAMU  (UHTE2PAAbHLIMU — KPUBLIMU)
ypasHenui (1.1), (1.1”) uam nons HampaBieHHil, 3ajiaBae-
MOTO S5THMH ypaBHeHHsiMH. BMeCcTo MHOXKeCTBEeHHOro yHe-
aa: «ypaBHenus (1.1), (1.1)», mMb uacTo 6ygeM ymorpe6-
JIATb €IMHCTBEHHOEe umcso: «ypaBHeHue (1.1), (1.17)».

Scuo, uto rpaduxk BesKoro pemrenns ypasHenust (1.1)
AABJieTCA MHTErpasbHOM Jauuued ypasmenus (1.1), (1.17),
HO He BcAKas HHTerpajbHas auuus ypasuenus (1.1), (1.17)
ecTb rpaduk pemeHus ypasHeHus (1.1). B panpHefinnem,
ecad OyIeT siBHO YKa3aHO, YTO

f(x’y)= M

N(x,y) '
‘TO MBI, Hapsily ¢ ypaBHeHHEM
Ly Mlxp) (1.2)
dx N(x,y)
He 6yleM BBIIHCHIBATL ypaBHEHHE
=D = [ (x,p). (1.2)

Hnorpa e mul GyfeM TaKHe YpaBHEHHS 3aNHCHBATH
B 6oJjiee CHMMETPHYHOH OTHOCHTEJBHO X H y dopMe:

Mdx — N dy=0. (1.3)

IIpu aTOM nose HanpaBieHHH ONpEIENEHO BCIORAY, TAe
o6e pyukuun M(x, y) u N(x, y) AMeOT cMBICT U O Kpaf-
Hed Mepe OfHA M3 HHX OTJIHYHA OT HYJA.

[Mpumep 1. YpaBHeHue

A _ ¥ (1.4)
dx x

Tlpn TakoM onpejesieHMH NOHSITHMSA JIHHHH Mbl 3apaHee TpeGyeM OT
pellleHHs] He TOJbKO nu(bepeHUHPYeMOCTH, HO NaKe HeNPephHIBHOH JHO-
(epeHEpyeMocTH. B aTOol KHure GyAyT paccMaTpHBATbCS TOJIBKO TaKHE
peleHHs.

) Mnorpa none HanpaBJeHHifi OblBaeT 3ajiaHo He TOJbKO BHYTPH
obnacta G, HO W Ha HeKOTOpoHl 9GacTH ee TPaHHUE HJM JAaxe Ha Bcelf
TpaHuue. B rakom caydgae MOXXET GhITb, YTO H HHTErpaJibHble JIHHUH NPO-
XOJAT He ToMbKO BHYTpH G, HO H IO HEKOTOPOH YacTH ee TPaHHIEL
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3aJaeT NoJe HanpaBjeHHH BCIOAY, 32 HCKJAKOYeHHeM Haua-
Jia KoopiuHaT. CxeMaTHYECKH 3To Nojie H306PaKeHO Ha
puc. 1. Bce onpenenseMble UM HampaBJeHHs HPOXOIAAT ye-
pe3 Hauyano KOOpPAHMHAT. SIcHO, uTO mpHu JAO0OM 2 GYHKIHH

y=*kx (1.5)

SIBJASAIOTCS pelIeHHsIMH ypaBHeHHS (1.4). COBOKymHOCTb XKe
BCeX MHTErpajibHbIX JHHHH 3TOr0 ypaBHEHHs Jaercs COOT-
HOILIIEHHEM

ax+by=0, (1.6)

rie ¢ 4 b — mo6be NOCTOSTHHBIE, He paBHBIE HYJIO OJHO-
BpeMeHHO. Ocp Oy SBISIETCS €ro HHTErpajbHON -THHHEH,
HO He CJYKHT rpadHKoOM €ro pelleHus. ‘

Tak kKak ypaBHenue (1.4) He onpegmejsieT HOJS HaNpas-
JeHuii B Hayaje KoopauHart, to jaunHuu (1.5) u (1.6) ss-

¥
Y , :::: N
AU / 7 V3Pt U VN
RN et FE% NN
NN\ - Fid/7apoay i
~S\W e I LN 7 o B
NN — A \\\\\r 71y z
e TN e X T2
/////// \‘}\\\\\ \\\:\‘////
- Ve // \ ~ Nt B
"y VAN TG ~ 4~
s ; / AN
A B
Puc. 1 Puc. 2

JSIOTCS MHTerpajJbHBIMH BCIOAY, 32 HCKJAIOUEHHEM Hauaja
KoopauHat. [losToMy mnpaBH/AbHEEe TOBOPHTb, UYTO HHTe-
IpajbHEIMH JMHUSMH ypaBHeHHa (1.4) saBasioTcs He nps-
MBlE, NPOXOXfLIHe Yepes Hauajio KOOPAMHAT, a HOJynps-
Mble, BHXOAAIIME U3 Hauajla KOOPIHHAT (K STHUM HOJAYHpH-
MBIM CAMO HAQYa/Jao He MpPUUHCASETCS).

[Ipumep 2. YpaBHeHHe

dy X

3ajpaer mnoJje Hal'[paBJIEHI/II:'I BCIOAY, 34 HCKJIIOYEHHEM gauaJja
KCOpAHHAT. CxeMaTHUecKH 3TO HoJe n306pa}KeHo Ha



16 OBINHE IIOHATHA [ra. T

puc. 2. Hanpasnenusi, 3agaBaeMble B Touke (X, y) ypaBHe-
Husmu (1.4) m (1.7), B3aHMHO NepHeHAUKYJSPHH. SIcHO,
YTO BCe OKDYKHOCTH, HMEIOLIME II€HTP B Hayaje KOOpAH-
HaT, OyAyT HHTErpajibHBIMH KPHBHIMH ypaBHenus (1.7).
Peulenusimu xe sToro ypaBHeHHs OyIyT (QYHKIHH

y=VR—=

y=—VR*—x (—R<x<R).

YcnoBuMcs 0 caefylomeld TepMHHOJOMHH:

1. ®yuknuwo ¢(x, Ci, Cy, .., Cn) Oynem HaswBaTbh 00-
wum peweruenmV nubdepenuransHoro ypasHenus (l1.1)
8 obractu G, eCIM NIpH COOTBETCTBYIOLIEM BHIOODE MOCTOSH-
Hex Cy, Cy, ..., C, yHKHHA @ obpamaercsa B Jjwoboe pe-
IIeHHEe STOr0 ypaBHeHHs, rpaduk Kortoporo jexur B G.
B panbHejiiieM MBI YBHAHMM, YTO OOBIYHO ObiBaer n=1.

2. YpasHenue @ (x,y)=0 wuHTErpaJbHO! JHHHH YypaB-
wenus (1.1), (1.1) Gynem HasuiBaTh uHTeeparom Ougge-
penyuanrsrozo ypasuenua (1.1), (L.17).

3. YpaBHenue

®(x, §, C1, Cay oy Ca)=0 (1.8)

OyaeM HashBaTb 00wum uxreeparom nuddepeHnHATBHO-
ro ypasuenus (1.1), (1.1”) B obaactu G, ecin npu cooT-
BeTCTByMWOIIeM BHGope nocrosiuublx Ci, Cy, .., C, ypas-
HeHue (1.8) naer n106yi0 HHTerpaJbHYIO JHHHIO Hallero
nuddepeHnHaIbHOTO ypaBHEHHs, NpPOXOAslyld B o6Jja-
ctH G

Tak, Hanpumep, B HepBOM H3 pa3oOGpaHHBIX NPHMEpOB
cooTHoulenne (1.5) paBamo oflnee pellleHHe ypaBHEHHS
(1.4) Bo Bcel nuockoctd (x, y), 32 HCKaoueHHeM ocu Oy,
a ypaBHenue (1.6) npaBano oOmHH HHTErpas 3TOrO ypas-
HeHHsl BO BCeHl MJIOCKOCTH (X, y), 32 HCKJIOYeHHeM Hayaja
KoopJIuHaT. Bo BTOpoM ke npuMepe -ypaBHeHHe

y=VR—x
naBajo ofliee pelleHHe BO Bced noaymiockoctd y>0,

1) B JuTepaType BCTpeHalOTCs H APYrHe ONpEACJEHHS NMOHATHA 06-
LIEro pelleHHst W O6Liero HHTErpana.
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a ypaBHEHHE
x?+y*=R? (1.9)

AaBajio OOLHMH MHTerpast Hamero JuddepeHunassHOro:
yPaBHEHHUs BO BCel MJIOCKOCTH (X, Y), 32 HCKAIOUEHHEM Ha-
uaja koopuuHar. Uto y ypaBHeHHs (1.4), cOOTBETCTBEHHO:
(1.7), HeT JADYrHX HHTErpaJbHBIX JHHHA KpOMe JIHHHH
(1.6), coorBercrBenno (1.9), 6ymer mokasano B § 5.

3AJAYH

1. ¥V kakoil o6GJacTH Ha MJOCKOCTH rpPaHHLA He COJAEPXHT HH OX-
HON TOYKH?
2. HauepTHTe HHTerpajbHhe JHHHH ypPaBHeHHI:

A awody Lkl oy xtlx

e |xyl’ dx oy T dx y+lyl "
r) dy {0 IpH Yy x, 0 ﬂz{l npH ys=x,

dx 1 npu y=x; dx 0 npu y=x.

Yraxure Te o6aactd, rie STH YPaBHEHHS ONPEAeJSiOT IoJe Hampas-
JIeHHH.

3. Ilyers pama aumHug x=o(f), y=y(t), a<i<b, rae @) u
Y(f) ynoBneTBOPSIOT yKazaHHHIM B CHocke Ha ¢. 13 ycaosuam. Ilycts
a<a’'<b’<tb. Jokaxure TOraa clefyiollye yTBepXKAeHHS:

a) orpe3ok a’<<I<CH’ MOXHO Pa36HTh Ha KOHEYHOe YHCJO TaKHX
NPHMEIKAIOIAX APYT K APYTY OTPE3KOB, YTO COOTBETCTBYIOLIME
YaCTH paccMaTPHBaeMOl JIMHHM SIBJSIOTCS rpa¢uKaMu JHGO OA-
HO3HAYHEIX HENpepBIBHO AHGGepeHUHpYeMHX (QYHKUHE y=y(X),
abo GysKuMi x=x(y) ¢ TAaKAMH XKe CBOHCTBAaMH;

CYIECTBYeT TaKoe nocTosinHoe €>0, uTo npH BesikoM ¢ (@<
<#'<(b’) yuacTOK paccMaTpuBaeMoil JIHHHH, COOTBETCTBYMOLIHIT
orpesky !'<{<t'+¢&, He mMeeT TOYeK CaMOINEPECcEUeHHs;
B) OTHOINIEHHe MJMHB JIOGOrO Y4YacTKa JIHHMM C KOHLAMH, COOT-
BETCTBYIOLHME =%, H f={; (a/<l<hp<<b’) K f— 1), orpaHnH-
YEHO ¥ NPEBOCXOJHT HEKOTOPYIO I[OJOXKHTEJbHYIO MOCTOSHAYIO.

4. Kax cBsizaaHn MexAy co6oii TpeboBarus:

a) uToGHl mosie HAaNpaBJeHHil He cojgepXaJlo HampasJeHHH, mapai-
JgenbHEX ocu Oy;

6) q'rcé;.x BCe HHTerpajbHble JIHHAH OBIE rpadukaMH (QyHKuHR
oT X

5. Haiigute ypaBHeHHe TIeOMeTPHYECKOrO MeCTa TO4YeK, KOTOpoe
3aBEIOMO CONEPKHT BCe TOYKM MaKCHMyMa § MHHEMYMa pellleHHA
ypaBnenns (1.1). ToT ke Bompoc JJjs Touek mneperuba, ecyH ¢yHK-
uus f(x, y) auddepenuupyema.

6

~
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6. Ilpomepbre, uTO oOnpejejeHHe 06GJjacTH mepefiieTr B PaBHOCHJIb-
Hoe, eclH BMeCTO JIOMAHBIX HOJb30BAaThCS JIMHHAMH HJH TOJbKO Heca-
‘MonepeceKaomuMHIcs JTHHHAMH.

7. Kpusnie wacto 3agaior ypaBHemmeM f(x, y)=0. Ilycts ¢yHKUHA
f sapana w HenpepwiBHO AuddepeHUHpPYeMa Ha BCeft MJIOCKOCTH, NPHYEM

[F(x, 912HF (0, P, (5, ) >0, (%)

a MHoxeczBO f(x, y)=0 wuenycroe. IIpoBepbTe, 4YTO NpPH yKa3aHHHIX
YCJOBHSIX 3TO MHOMECTBO COCTOHT H3 KOHEYHOrO YHCNia HJIH NOCJeJoBa-
TEJBHOCTH JIHHHUH, MONAapHO He HMEoIHX OOLIMX TOYeK, NpHYEM KaXK-
fasi KoHeuyHasl yacTb IJIOCKOCTH IepeceKaeTcsl TOJBKO ¢ KOHEUHEIM YHC-
JioM H3 3THX Juuui. IIpw 3ToM Kaxnas u3 JHHHE JHGO 3aMKHYTa,
JH60 YXOZHMT OGOHMH KOHLAMH B GeCKOHEYHOCTb, e HMes caMomnepe-
-ceuennit. Kakam moxer GHTL MHOXKecTBO f(¥, y)=0, ecnn e TpeGo-
BaThb BHINOJHeHHs] ycioBHs (*)? Kak uaMeHsTCsi 3T yTBepXKIEHHs,
ecan dyRkuus f 3agana Ha Hekoropo# oGaacta G?

TJIABA II

TMPOCTEMIIHE N H®OPEPEHIUAJDBHDBIE
YPABHEHUS

§ 3. YpaBHeHus BHja —%— = f (x)

Canyua# 1. f(x) HempepbiBHa npu a<x<b. Kak us-
‘BECTHO, OAHHM M3 peIleHHH paccMmaTpuBaeMoro guddepen-
I{HAJBHOTO ypaBHeHHsl GyAeT QyHKuUs

ye) = [FEds

(xo ¥ x mpuHammexaT HHTEpBamy (a, b)); Bce ke Apyrue
pelteHust OyAyT OTJIHYATbCS OT 3TOrO JIMIIb AJJHTHBHOMN
TMOCTOSIHHOA. 3HAYHT, BCEé HHTErpajbHble KDHBLIE HOMY-
JAKTCsA H3 OJHOH cABHrOM, napaniaenbHbiM ocd Oy. O6muM
peulenHeM 31ech OyneT QpyHKIHS

y ()= [f(®de+C.

0
Kak Tonbko B nosnoce a<<x<b 3agaguMm Touky (xo, yo),
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uepe3 KOTOPYI0 NOJKHA NPOXOXHTb HHTErpajbHas KpHBas,
nocrosiiHas C onpenenuTcs eAHHCTBEHHEIM 06pasoM: C=y.
3HAUMT, uepes KaXAyio TOUKY (Xo, yo) STOH NOJOCH! IPO-

/2 )

T=0 X=C x-b

Puc. 3
XOAHT OJHA W TOJBKO OJfHA HHTerpajibHasi KPHBas,
a HMEHHO

y(x)= g+ sf(g)dg

Cayuait 2. f(x)—>o0 npu x—->c(a<c<b), ocraBasick
B OCTaJbHBIX TOYKAax HHTepBaja (@, b) HempepeBHOM. 3a-

RafuM TpPH X=C NOJe HaNpaBJeHHA ypaBHEHHEM - =0.
Y

B sTOM cayuae npu npubAHNKEHHH K HNPAMOR X=¢ IO~
Je HanpaBJIeHHH CTaHOBUTCA BCce Kpyue H Kpyde. Onnako
Ha OTKDBITHIX MOJNIOCKAX a<x<c H
c<x<b peno 6yAer oOCTOATH TaxK
e, KaK H B NpeAblIylieM cJjayyae: ¥
€CJIH TouKa (Xg, Yo) JIEKHT, HaNpH- /
Mep, Ha mepBOf M3 3THX MOJOC, - TO
uepes Hee NMDOXOAHT OJHA H TOJbKO , /

OfHA UHTerpa/ibHAs JIHHHs, Jexkallas
B 3T0¥ moJoce. OHa Gyaer naBarbest

ypaBHEHHEM ///

y=1y, + jf(g) dt. z=0  a=  a=b
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T
Ecmu npu £ — ¢ — 0 urrerpan [ f(€) d¢ cxonures, To ara
Zo
quaus npu £ — ¢ — 0 6yger npubIMIKaThcsd K HEKOTOPOi Ompe-

JIeJIEHHO! TOYKe IpsAMO# z = ¢ (pHc. 3,a). B npoTHBHOM ciyuae
muung y = y(z) Gymer npu £ — ¢ — 0 acCUMITOTHYECKH IPHOJIH-
JKaThCA K IpAMO# £ = ¢ (puc. 4).

AnanornynemM 06pa3oM MOXKHO HCCIEI0BATH NI0OBEJIeHAe UH-
TerpajbHBIX KPUBLIX Ha ITOJIOCKE ¢ < T < b. JIBa U3 BO3MOXKHBIX
37€Ch CIydaeB M300parkeHbl HA PHC. 3,8 U 4, KOTOPHIE CIeIaHbI
B IIPEJIIIOIOKEHAH, YTO eC/IM HHTerpaJl

/f(f)df, a<zo<ec (2.1)

cxopures (pacxomurest) mpd £ — ¢ — 0, TO cxomuTes (COOTBeT-
CTBEHHO PACXOJUTCH) ¥ MHTErpall

[0 c<a<s (29)

npu £ — ¢+ 0, u gro f(x) — +oo mpu z — c.

[IpsiMasi T = ¢ Tak>ke ecTh MHTErpajlbHAS JIUHUS.

IIycTh MBI paccMaTpHBaeM BCE KPHBHIE TOJBKO B IOJIOCE 6 <
z < b. Torna B ciy<ae cXOMUMOCTH TIPH £ — ¢ HHTerpasos (2.1)
7 (2.2) 4epe3 omHy 1 Ty ke TOUKy A(Zg,Yp) BCeTZa IPOXOIUT
GeCKOHEeYHOe MHOXKECTBO MHTErPAJbHBIX KPHBBIX HAIIErO yPas-
Henus. [eficTBUTEeIbHO, MyCcTh, HAIPUMED, @ < Ty < c¢. Torma
mobas ymuHug Buna ABCD (puc. 3,a) 6yaeT HHTerpaJbHOM.

B cnyuae, korya unrerpasst (2.1) u (2.2) cxoasred npu  —
—c %0, HO

f(m) x_;)_{_o_l_oov f(m) x_;)_o —00,

[OBeJieHNe UHTErPAJIBHBIX JIMHUN CXeMAaTHYeCKH U300paKeHo Ha
puc. 3,6. Torga yepes KakAy0 TOUKYy A NpAMON T = ¢ IPOXO-
JuT 6eCKOHEeYHOe MHOXKECTBO HHTEIPAJIbHBIX JHHHN AA;, ABB;,
ACC,, ... Hepes KaxKIyIo e TOUKY, JIEKAIIYIO BHYTPU 0JIOCHI
6 <zr<cumc <z < b, Hanmpumep yepe3 TOUKY B, B 9TOM CiIy-
4yae IMPOXOMUT TOJBKO OJHA MHTErpajbHas aunus B;BA. Kpu-
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Bhle Buna B; BB;, uMetornue u3/I0M B TOUKe B, MBI HE CUATaeM
HHTerpaJibHBIMH JIMHHSMH B COOTBETCTBUM CO CHOCKOHU Ha c. 13.
B ciyvae pacxomumocTs uHTerpajios (2.1) u (2.2) yepe3 kax-
IyI0 TOYKY IIOJIOCH @ < I < b IPOXOMUT ONHA U TOJBKO OIHA
I/IHTeraJII)Haﬂ JIUHWSI.
Crygait CXOTHMOCTH TOJIBKO OJHOIO U3 HHTerpaioB (2.1) u
(2.2) MBI mpefoCTAaBUM Pa30bpaTh YUTATEIIIO.

3AJAYN

1. Kakue ciaygan Bo3MOXKHBI, ecan f(x) = ﬁ, plc) =0m
¢'(c) cymecrByer? Ilpeamosaraercs, IT0 (Z) BCIOJY HENPEPHIBHA U
o(xz) #0 opu z # c.

2. IpencTaBbTe KAPTUHY MOBEICHAS] MHTETPAJIbHBIX JIAHAN yPaB-
HEHU:

dy 1 dy 1 dy vz % 1
—_— = — _— = — — = —_—= —
dzr Vsinz T dx \3/ sin? r T dx ' dzx 1+el/z’
d 1 d 1
W _ Ve gin - , YW _ pagin= [IPH PA3IUYHBIX 4.
dz x dz x

B wacTHOCTH, yCTaHOBUTE KAPTUHY [IOBEIEHUS STUX HMHTErDAJIb-
HBIX JInHAE 1pu £ — 0.

3. Mozxer s ypaBreHue iy = f(z) UMeTH permeHme, CymECTBYIO-
mee Ha Beelt ocw z, ecan pyHKIW f(z) He SABJISETCS BCIOAY HeEIpe-
DHIBHOM?

§ 4. YpaBueHusi Buja % = f(y)

STO ypaBHeHHE B CYIIHOCTH OTJHAYAETCS OT IIPEJIBIIYINero
TOJIKO T€M, UTO T U Y NOMEHsumMCh possiMi. Ecomm f(y) Hempe-

puIBHA IIpH @ < Y < b 1 He o6paImaeTcs B Hy/Ib B 9TOM HHTEPBAJIE,

TO ypaBHeHHe MOXHO IIepellucaTb B BUIE g—z = ﬁ . OTCIO,I[a

BH/IHO, 4YTO TOIJIa, BO-1IEPBBIX, Yepe3 KaxKJLyIo TOUKY (Zg, Yo) LO-
JIOCHI G < Yy < b TPOXOUT €TUHCTBEHHAS WHTerpajibHas JIMHUS

Yy
_ _dn_
m_mﬁyg/f(n)
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H, BO-BTODHX, BCE HHTErpajpHBE JUHHM MOJYYalOTCS H3
OJIHOH cIBHrOM, napananejbHelM ocu Ox.

Ilycre Temepp f(y), ocraBasch HempepHBHOiH, 06pa-
HiaeTcs B HYJib NPH KAKOM-HUOYIb, TIPHTOM €IHHCTBEHHOM,
3HayeHUH y=c u3 uHrepBasa (a, b). Torxga:

Yy

1) echm an npu y—c+0 pacxomgurcg, TO yepes

: f(n)
(]
Ka}KJ],yIO TOYKY HOJIOCHI, pacnonomeﬂﬁoﬁ ME}K,D;y ﬂpﬂMbIMIrI
y=a u y=b, npoxonur OJAHA U TOJIBKO OJHaA HHTErpaJb-
Hasd JUHUSA, I'IpHMaH y=c, KOTOpaﬂ caMa eCTb HHTErpalib-
Hasa JHHUA, ABJSETCSH aCUMITOTOH BCeX HHTeraJIbeIX KpPI-
BHIX;
v
dn
fm

Yo .
xoje y uepe3 y=c GyHKuua f(y) He MeHseT 3HaKa, TO Ue-
pe3 KaxJIyl TOYKY YKa3aHHOH MOJOCH Npoxonur O6ecko-
HEeYHOE MHOXKECTBO HHTErpajibHbIX JIHHHH;

1

3) ecnn (-2 npu y—>c+0 cxogurcs H np: mepe-

o f(n)
(]
xoze y uepe3 y=c ¢ynkuusa f(y) Menser 3HAK, TO yepes
KaXaylo TOUKY NMpSAMOH y=C NPOXOJHT OGeCKOHEYHOe MHO-
JKeCTBO MHTETrpaJbHbIX JHHHH, B TO BpeMs Kak yepe3 KaxK-
Iyi0 TOUKY mojoc a<y<c - ¢<y<b mnpoxonur ojaHa H
TOJNILKO OfHA HHTErpaibHas Kpusas.

Aru BHBOAH caenyiot u3 § 3. Ilpeacrasienue.o reo-
MeTpHUYECKO# KapTHHE JJIs 3TOro cliydyas MOryT Jarth pHC. 3
H 4, eciu B HUX TNOMEHATH POJISIMH OCH KOOpJAHHAT.

2) ecnu OpH y—>c*=0 CXOIMUTCS X OpH Mepe-

3AJAYH

1. Kakume cayyam us paso6paHHBIX B 3TOM Haparpade BO3MOXKHHI,
ecan f/(c) cyuwecTByer? .

2, TIlpencTasbTe XapTHHY NOBEJAEeHHS HHTErPALHBIX JIHHME YpaB-
HeHHIH:

d d 1
it A g, gL
X

4y
dx dx Y
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3. Myers f(c)=0 u ckonp yromuo 6ausK0 OT y=C¢, KaK npu y<c,
TaK ¥ OpH y>c, WaliayTes 3HaueHus y, npu KOTOPHX f(y)>0, m Hail-
AyTcst 3uadenust gy, npu KoTopux f(y)<0. HoxaxHre, 4r0 TOraa depe3
JI06YI0 TOUKY X=X, Y=C NPOXOAHT eNHICTBEHHOe pelleHHe y==C
ypabnenus y'=f(y). .

4. JlokaxuTe, uTo Bce pemeHusi ypaBHeHHst ' =f(y) MOHOTOHHHL.

5. Ilycrs f(y) uenpepmBHa npu a<y<b u @(x)—c npu x>+
{a<dc<b) pns HexoTOporo pemenus y=@(x) ypasueHus y =f(y).
JoxaxuTe, 9T0 TOTAA Y==¢ TaKxKe SBJAETCH PEHICHHEM. .

6. Ilycts f(y) menpephiBMa ¥ IOJNOXHTENbHA NpH Yo<sy <. Haii-
IHTe HeoOXOZHMOe M JOCTAaTOUHOE YCJOBHE HaJHIUs aCHMNTOT y pe-
meHull ypasHeHHs Y =f(y). PaccMoTpuTe, B YacTHOCTH, clydaH

_ P
1) = 30y

7. TlpuBennTe npHMep ypaBHeHHs 4 =f(y) c HenpepuBHO# npasofl
qacTbio, CPeAM pPenleHsfi KOTOPOro HaHAyTcst ABa, 06JajaloulHx cle-
AYIOIIMMH CBOMCTBAMH: OHSi ONpejeleHn AJs BCeX X, MOHOTOHHO BO3-
pacraT, a HX rpadHKH HMeEOT eAHHCTBEHHYIO OOILYIO TOUKY.

Vxazauue, B kauecTBe MHOXecTBa HyJse#l ¢yuxuuu f(y) Boc-
fIoJb3Y#Tech TaK HA3HBAGMBIM COBEPIICHHLIM HHTAe He IVIOTHBIM MHO-
KECTBOM.

8. MocTpoliTe npuMep ABYX ypamHeunh y'=f1(9)=0 u y'=[2(y)=
>0 ¢ HenpepHIBHRIMH TNPABRIMH YacTfAMH, AJS KOTOPHIX depes KaxAyio
TOUYKY IJIOCKOCTH NPOXONHUT €AMHCTBeHHAs] UHTerpajbHas JUHHSA, W DPH-
TOM TaKux, 4TO AJsi ypasHemus y =max {f;(y), f2(y)} sta enuncrsen-
HOCTb Me rapanTHpyercs. IIpoaymaliTe BapHauTel STOH 3ajagH.

, TAe P u Q — MHOrO4JIeHHL

§ 5. ¥YpaBHenus
€ pasjensioIUMUCA epeMEeHHbIMA

[uddepennyalsHEIME YpaBHEHUAMH C pasferarouyumu-
€5 NepemeHHbiMy Ha3blBAIOTCS YPaBHEHHS BHIA

Y — @R, 2.3)
X

Teopema. Iycre npu a<x<b, c<y<d ¢pynxyuu
Fi(x) u fo(y) menpepoisnol, npuvem fo(y) Huede ne obpa-
ujaerca 8 nysb. Toe0a vepes Kancdyro Touky (Xo, Yo) NpA-
MOYyeoAbHUKA Q:

a<x<b, c<y<d

npoxo0ur 00HA U TOAbKO OOHA UHTEZPANbHAA AUHUA Ypas-
Henun (2.3).

JokasarenscTBo. 3aMeruM, HOpexje BCero, 4ro
vHTerpaJpHasi JUHHS ypaBHeHus (2.3), Kak u J1060ro ypas-
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genus Bujaa (1.1) c HempepHBHOH TpaBo#f YacTblo, 00s3a-
TEJLHO MMeEeT ypaBHeHHe BuAa y=¢(x). [donycTum cHaya-
Ja, 4to cymecrByeT dyHKiuA ¢(x), Koropas yIOBJETBO-
psieT ypaBHenHw (2.3) u mpu x=xo oépamae’rcn B Yo. Tor-
Ja UMeeM TOXJeCTBO

B — f, () Fa (9 (9),

KOTOpOe, MOCKONbKY fo(y)=£0, MOXHO NpencTaBHTL TaK:

_do(x)
Fa(@(x)) h () dx

IIpounterpupyem o6e 4acTH MOCJEIHEr0 paBeHCTBA MO X
B mpeaenax or Xo 40 Xx. Iloayunm

o(x)

S fz((P ’é))

@(Xo)=y

fﬁ@&

Ilycre Fa(y) —Kaxaﬂ-ﬂmysz nepsoobpasHasi OT —l-

H Fy(x) — xaxasg-HHGyAb nepBooGpasHas or fi(x); Torznar
PaBeHCTBO MOXKEM Hepemnucars Tak: \
Fa(@(x))— Fa(yo) =F1(x)— F1(x0). (2.4)

B cuny Toro, uro Fa(y) ectb MOHOTOHHas QYHKIHUSA
(rak xak F,(y) =

#0), mnocienHee paBeHCTBO MOXK-

fa(9)
HO OJHO3HAYHO pasf)emmb OTHOCHTEJIBHO @ (X):
¢ () = Fy ' [Fy (go) + F1 (%) — Fy (xg)]V. (2.5)

TaxuM o0pas3oM, IOmyCTHB CYIIE€CTBOBAHHE TaKOro pe-
LeHHs ypaBHeHHs (2.3), y KOTOPOTO y=yo IPU X=Xo, MH
IPeJACTaBHJIM 3TO pelleHHe B ¢dopMme (2.5) M TeM caMbM
YCTaHOBHJIM, YTO TaKOE pelleHHe e0UHCT8EeHHO: BCe (YHK-
LMY, BXOAMAI(HE B NPAaBYI YacThb 3TOr0 pPaBeHCTBa, OBbLIH
ompelesieHbl TOJbKO Ha OCHOBAHHM JaHHOI'O YpaBHEHHS H
HavaJbHBIX YCJOBHH.

C 1Apyro#f CTOPOHBI, JIErKO INPOBEPHTh, UYTO (QYHKIUA
¢(x), ompenenseMass paseHcTBOM (2.5), HAEHCTBHTENBHO

1) Yepes Fz~! ofo3navena ¢ynkuus, obpatHas Fa.
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JaeT (B HEKOTOPOH OKPEeCTHOCTH 3HAUEHHS Xo) pelIeHHe
ypaBHeHusi (2.3), o6pamalomnieecss B yo IpU X=x;. B camom
zene, nuddepennupys paBeHcTBO (2.4) no x, mojydaem

dF /
~aetn ¥ =R

OTCI01a

f(cp( 1) — @ () =f;(x).

3Hauut, nuddepeHnnassHoe ypaBHeHHe (2.3) yHOBJeT:
Bopsiercsi. HauasbHble Xe YCJIOBHSI YJOBJETBOPSAIOTCA THO-
TOMy, 4TO

@ (%0) = Fo~! [Fy(y0)]=yo.

B 3ak/ioueHHne 3aMeTHM, 4TO B cayyae oGpamtenus fi(y)
B OZHOH KaKoH-HHOYAb TOUKe y=y; B HYJb MOKET Hapy-
IINTHCS €IWHCTBEHHOCTh. DTO 3aBUCHT OT TOrO, CXOXUTCS
HJIU PAaCXOAMTCS MHTErpas

1)
_dn 2.6
fa(n) (2.5)

Yo

Koria y mpubaumkaercs K y;. B mepBoM cayyae uepes He-
KOTOpble TOYKH NPSIMOYTOJbHHKA Q MPOXOAHT GeCKOHEeYHOe
MHOXKECTBO HHTETpPaNbHBIX KPHMBBIX; BCe OHM KacarmTCs HH-
TerpajbHO# mpsiMoll y=y;, Ha Kotopo# f,(y)=0; B cayuae
XKe pacxoguMocTH HHTerpana (2.6) npu y—y,;*+=0 npoxo-
Jslnas uepe3 TOUKY (Xo, Y,) HUHTerpasnpHas KpuBas Bcerja
enurcrsenHa . Ilpu sTom npeamonaraercd, uto f(x) He
PaBHO HYJIO TOXAECTBEHHO. B mpoTHBHOM ciayuyae udepes
KaXKJylo TOUYKy ( Bcerja mpOXOXHT OXHAa H TONBKO OXHA
HHTerpanpHas JHHUS.

1) EAMHCTBEHHOCTh MOXET HAPYWIHTHCS TOJBKO TOIAA, KOTAA Kas
xaa—auﬁym; MHTCrpajibHas KpHBas y= @(x) KXOCHEeTCs  HMHTerpajbHOH
OpsAMO#l y=cC B HEKOTOPOH BHYTpeHHefl TouKe (X1, Y1) NPAMOYrOJbHHKA
Q. Ho srtoro He Moxer G6bTh, ecnu uuterpan (2.6) pacxoaurcs Inpu
Y—>yi. [eficTBUTENBHO, B 3TOM cJydae NPH Xx—x; JieBas 4acTb paBeH-
C€TBa (2.4) GeckOHeYHO pAaCTeT, TOTZa KaK mpaBas OCTaeTcsi OrpaHH-
YeHHOH,
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3AAAYH

1. IIpeacraBbTe KAPTHHY NOBEJEHHs HHTErpafibHEIX KDHBHX ypaB-

HeHuf:
dy _ simx dy _ _simy dy _ i/i
dx  siny’ dx  smx’ x y

@ _ Oy oy Pysmx g/ sing
dx x ' odx sing ' dx simx

2. PaccMoTpuM ypaBHeHHE
dy f(y)

de ~ o@(x)’

rAe ¢yHKuuH f(y) B @(x) ompefeseHH H HENPEPHIBHH NPH BCEX HEOT-
pULaTeJbHEIX 3HadYeHUsX MX aprymeuros; ¢(0)=f(0)=0.

A. TMyers B obnacts G (0<x<oo, 0<ydoo) o(x)f(y)<0. He-
clefyiiTe NOBEJEHHe HHTErpajbHLIX KPHBBIX S5TOTO YPaBHEHHSA Ipu X—>
—-00, a TaKXe HIPH y—»oo B 3aBUCHMOCTH OT CXOAHMOCTH HJH pPACXOIH-
MOCTH HHTErpajioB -

1 oo 1 00
j dy S dy j‘ dx j dx
’ L ’ .
f(y) i(9) P(x) P(x)
0 1 0 1
B. Ilycte B obnacte G (0<x<oo, 0O<y<oo) ¢(x)f(y)>0. Ilo-
KaxXuTe, 9TO TPH STHX YCJHOBHAX BCAKAf HMTErpajbHasi JIHHUSA, NMPOXO-
JAAIIas uepes Kakyo-HHOYAb TOuky objaactH G, npu CBOEM NPOAOJKE-
HHY B CTOPOHY YMEHBHIEHHS X HEOrpPaHHYEHHO NPHOJHKAETCS K Hada-
Ny XoopauHaT (OHTH MOXET, 4acTHYHO NPOXOAs mo rpaHdue G); Hafi-
JLUTe KPHTEpUil HANH4HA aCHMNTOTH Y peLIeHHs.
Eciu  JOMOJHHTeqbHO noTpe6oBaTh, utobH ¢’ (0)%=0 u f(0) =40,
a ¢”(t) u f”(¢) 6mam HenpepnBHH npu 0<t<<e (rae &>>0), To kKax-
Jasi HHTerpajbHasi JMHAS NOAXORHMT K Hadaly KOOPAHHAT @O ONpeje-
JIeHHOMY HanpabJjenuo. Ecan ¢’ (0) s~ (0), To Bce oHM KacaloTcs IPH
x=0 ofHO# u3 KoopAuuaTHHX ocelt (xaxo#?). Eciu xe ¢’(0)=f'(0),
TO HHTErpajbHHe JHHHY HOAXOAAT K Hauajy KOOPAHHAT IO BCEM H3s

npaBJieHHsIM (KaK TpsMbe y=£kX).
TlpoBepuTe aHAJOrHYHOE PACCMOTPEHHE PeHICHHH ypaBHEeHHi

dy _ e(x) gy _
& = ) L = @(x) f(4)

IpH TeX XKe NPefroJOXKeHHAX,

3. Ilycts byHkuMu @(x) H f(y) HenpepHBHH ¥ NOJOXKHTENbHH
npr a<<x<<b, c<<y<d, mpudem @(x) (coorBercTBeHHO [(y)) cTpe-
MHTCA K MYJIO - WM GeckOHEUHOCTH IpH x—a H x—~b (y—>c H y—d).
PaccMoTpuTe Bce ciyyaH PacnoNOXKeHWs WHTErpajbHHX KPHBHX ypaB-
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wemus Yy =@ (x)f(y) B npamoyrombuuke a<<x<<b, ¢<<y<<d. Omupasics
Ha 5TO, NPOBEAMTE IOJHOE HCCAEJOBAHHE PACHONOMXKEHHS HHTErpasibHbIX

P(x) Qy)

JIAUHA " yPaBHEHus y' == R(%) S(9) ’

rge P, Q, R ¥ S — MHOrouwjeHH,

§ 6. OnHoponHble ypaBHEHHS

O0dnopodnbimu nuddepeHnanbHEIME ypaBHEHUSIMH Ha-
3HIBAIOT ypaBHEHHS BHjA

2=i(L). 2.7)

dx x

Ecnu oynkunst f(u) ompemenena mpu a<<u<b, 10
dysrIUA f(-—”—) O6yner omnpepnesneHa B yriax, o6pasoBaH-
X f

HBIX TaKUMM ToukaMH (x, y), AN KOTOPHIX a<-£— <'b.
- x

O6aacry, cocraBieHHHe 5THMM ABYMS yraaMu, Mb Oyaem
obBosnauath G.

Teopewma. Ecau ynxyus f(u) nenpepwisna npu
a<u<b u scrody nHa aTom unrepsare [(u)s~u, TOo Hepes
Kaonclyro TOuKYy (Xo, Yo) u3 G npoxodur odHA W TOAbKO
00HaG uHTezpasbHAA AUHUS YpasHerusn (2.7).

HdokasartenbcTBo, Ilonoxum y=ux; torga ypas-
Henue (2.7) mepenumrercs Tak:

xu'+u=f(u).

OTC}OJIa noJqydaeM ypaBHEHHE C pa3lensAlOIHMHCA Ie-
PEMECHHBIMHU

du _ Hu)—u

dx — (2.8)

K KOTOPOMY NpHMEHHMa OpeXbAyllas TeopeMa, 4To H JKO-
KasbIBaeT Hallle yTBepXKIeHMe.
U3 ypaBHenns (2.8) Haxoaum

5‘ dx _ j‘ du.
x flu)—u
H, CJIeJOBaTEJILHO,

1nlxl=(D(—i—)+C, (2.9)
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rae @ (u) ectp HekoTOpas mepBooGpasHasi OT —;ﬁ— Hs
u)—u
bopmyns (2.9) BuAHO, 4TO NpPH HAIIUX TPeNONONKEHHAX
BCe HHTerpajbHbie KpPHUBHE OAHOPOAHOro auddepeHnuamisb-
i HOro ypaBHEGHHS MeXAy cobo# 1o-
y fj=bz ¥=4Zs 10GHB, U HEHTPOM NOJQGHA CJAY-
£, )KMT Havyano Koopiauuar. [e#-

N B , CTBHTENIbHO, MPH MOAXOAAIIEM BHI-

) B, 6ope nocrosizuofi C, 3aMeHa X U Y

\y % y=ax COOTBETCTBeHHO Ha Cix u Ciy me-
1) PEBOAUT KPUBYIO

(=]
8

In| x| = (L)

Puc. 5
B JI0GyI0 KpHBYyIO ceMefictBa (2.9).
Uckmounrtennvupit cayuait f(u)=u ™Mbl UMeJH B NpUMe-
pe 1 § 2. Ecan xe f(4)=u B OTAENBHBIX TOUKAX U, Uy, ...
sy Un, TO Uepe3 HEKOTOphle TOYKH (Xo, Yo) U3 G MOXKeT
HNPOXOAUTL MHOTO MHTErpajibHBIX KPHUBHEIX. D10 OYIeT, eciau

u
HHTErpan j‘—f(g—‘;% CXoJHuTCA, Korma U npuﬁﬂnmaerm
c

K OZHOMY H3 yHCeN Uy, Us, ..., Up, HAIPHUMED K U;.

Ha pnc. 5 cxemaTuyeckn H306paKeHO BO3MOXKHOe IIO-
BeJleHHe HHTErpaJbHBIX KPHBHX B 3TOM ciayyae. UYepes
TOuKy A Oyayr, HampuMep, NPOXOIAUTb HHTErpajpHbBlE JIH=
wuu AB,C,, AB\ByCy, AB\B3Cs, ... Bce onu xacawrcs

npsmoi
Y=UX.

3AJAYN

1. IIpeacraBbTe KapTHHY NOBeAEHHsT HHTETPAaJbHHIX KDHBHIX ypaB-
HeHBuf

X Yy
d —_— ——
Ay gy A v A
X

=e¥ , =e”*,
dx dx dx
2. JlokaxuTe, YTO eCJH BCe UHTerpajhHHe KPHBHE HEKOTOPOre
Aupdepeninanbioro ypaBHeHHs NOZOGHB  MexAy co6ofi ¢ HEeHTpOM
Nofo6usa B Hawaje KOODAMHAT, TO 3TO ypaBHEHHE OAHOPOAHO.
3. ITycrs dynkuus f(x) uenpepnisHa npu 0Su<<uo, npuuem f(0)=
=0, f(u)s*u (0<u<u,). Pasbepure Bce clyyaum pacmoJOXeHHs HH-
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TerpaibHnX JHHUA ypaBHewus (2.7) B cexTope

0L < 2 (x>0).
x 2

Onnpascx: Ha 5TO, NPOBEIUTE MNOJHOE HCCAENOBAaHHE PACNOJIOXKEHHA HH-
d

" P(sin g, cos )
TerpaJibHLX JHiMHA ypaBHeHuss — — = —— ————, Tle Pu Q —
dx Q(sing, cos @)
MHOTOYJIeHHl OT ABYX apryMeHTOB, a ¢ — HOJAPHBIH yroJ.
4. Hau6onee ofmee OZHOPOJHOE YpaBHeHHe, 3ajJanHOe Ha Bceft

ILIOCKOCTH X, Y (KpOMe Hayaja KOODAMHAT), HMEET BHLX

dy

— _F , ®),

Ir (@) *)

rie F(@+2n)=F(p). IIycts ¢yukuus F (@) 3agaHa pis BeeX ¢ K
«HEeNMpeprBHA, HO MOXeT O06paiathcsi B OGeCKOHEYHOCTH» B CMBICHE,
apajornanoM § 2 (yrounure 310 ycaoeue!). B kakoM cayuae MOXHO:

Ay (@) rae ¢yHkuuu f, u f; HenpepnB

= ) 1 2 -
dx fa(®)
HBH (B OGBIYHOM CMEICJAE), TMEDHOAMYHH C HEPHOROM 27 H He ofpamia-

I0TCA OLHOBPEMEHHO B HYJb?
5. YpaBHenue (*) sagaum 4 nocie nepexoga X NOJNAPHEIM KOOp-

J¥HaTaM npuobperaer BUL

nepeiiTh X ypaBHEHHIO

dp
o = D(@)p,
P

rae ¢ynxuus O(p) ob6ranaeT cBofcTBAMH, YKAa3aHHRMH B 3ajade 4
ans dysknvd F(@). OT1oT nocheiHult Bua Hauboldee yAoGeH mis He-
cnepopanus pemeduil. ITyers, B wacTHocTH, ¢yHkuus @ (@) BCIOAY Ko-
HeuHa. Brisicisre moBeJieHHMe MHTErpaJbHBIX XPHBHX ypaBueHHs ()
npH Hx2n 6e3rpanydHOM NPOJAOJNKEHHH B 3aBHCHMOCTH OT 3Haka HHTe-

rpaja j‘ ®(@)dp. Uro 6ymer, ecid 3TOT HHTErpan paBeH HYJIO?
0 -

_ ( ax+by--c }

ax-+biy+6
OpH COOTBETCTBYIOUMX NPENNONOXKEHHAX, a TAKKE BRIACHHTE KAPTHHY
NOBEXEeHHs] HHTErpajbHRIX JHHHH.

d
6. Halinure o6mee pemeHHe ypaBHeHHs —-dy
X

§ 7. Jluneiinsie ypapHeHHs

Jlunedinoin puddepeHUHaNbHEIM YPABHEHHEM MEPBOTO
Hopsiika HasblBaeTcs ypaBHeHHe BHIA

%yx—xa(x)y+b(x). (2.10)
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Teopewma. ITycte ¢ynryuu a(x) u b(x) nenpepvisHol

8 unrepsare a<x<b. Toz0a wuepes kamolyo TOUKY

(%0, yo) noaocel, onpedesennoll HepasercTsamu a<<x<b,

—o0 LYy < oo, NPOXOOUT 00HA U TOALKO OOHQ UHTEZPAALHAA

AUHUA 3TO20 YpasHeHus, onpedeneHHAn NPU 8ceX X HA UH-
repsase (a, b).

~ JIoxasareabcTBO. PasbepeM. npexne Bcero Gojee

mpocrot cayuali — AuHeliHoe 00HOpOOHOe ypaBHEHHE
%za(x)y. @.11)

DT0 ypaBHeHHE TOJy4Yaercsi M3 HPeABAylIero mpH
b(x)=0 u sBJAeTCA ypaBHeHHEM C Das3JeSIONIMMHCA Ie-
Yy
d
peMeHHbIMH. [losTOMy, 3aMeuas, 4TO S—n pacxouuTes
il
4
npu y — 0, 3akawydaeM, 4To ypaBHeHHe (2.11) nMeer-enuH-
CTBEHHOe pelleHUe, NIPOXOJAlIee Yepes TOUKY (Xo, Yo). Jler-
KO BHJETh, YTO 3TO peLIeHHe paercd ¢HopMyaoi

y (%) =y, exp [fa(g)dg‘] (expa = e%).

BepHemcst Tenepb K ypaBHenuwo (2.10). Ilpumennm rak
Has3blBaeMBIt meTo0 sapuayuu nocroaxxol. ByieM Hckath
pelllenHe 3TOTO YPaBHEHHS B BHIE

x

y(o) =zexp [ [ a(x)ds), (2.12)

Xo

rle 2 ecrb HekoTopas Oynkuus or x. HecnoXHHMH BH-
YHCJIeHHSMH MOXHO IOKasaTh, 4TO Aas TOro, 4robel (2.12)
6nuio pemeHneM ypapHeHus (2.10), HeoOxomuMO H jocra-
TOYHO, yTOOGH ¢VyHKIHA 2(x) 6buIa auddepeHnupyeMa u
YIOBJIETBOPSAJIA YpaBHEHHIO

Jas BHINOJIHEHHS YCJAOBHA Y (Xo) =Y, OUEBUAHO, He0O-
XOJHMMO H JOCTaTOYHO, YTOOH 2(Xp) TaKXe PaBHSJIOCH Y.
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TTo5TOMY H3 TIOCHEHETO YPaBHEHHS HAXOLHM
x x
2(x) = yo + jb(s)exp {—j'a(g)dg st.

CaenoBartenbHo, QyHKINA

X

y=z(9em| [a@)ds) = mew| fa (e dg] +

L xo

+ {b@ep[ [a@ag]as

IBJSIeTCS €IMHCTBEHHHIM pelleHHeM ypaBHeHHs (2.10), xo-
TOpoe obpamtaercs B Yo NPH X=Xo.

3AIAYH
1. ITokaxure, 4TO ypaBHEHHe
dy
2y = d0g+b(g
x

(ypanHenue BepHynnu), eclH ns~l, nps noMomu MOACTAHOBKH zZ=y*,
rie k& COOTBETCTBEHHO NOAOGPAHO, NPHBOAMTCA K JHHElHOMY ypaBHe-
HHIO OTHOCHTeabHO- 2. (IIpu Hemesom n cuntaeMm, yro y>0).

2. (0. A. Ouneiiank.) ITyers ma orpeske a<(x<(h AaHbl HenpepHH-
dple GyHRUHE p(x), q(X) 4 r(x), npuueM

p(a)=p(b)==0, p(x)>0 (a<<x<<b),
q(x)>0 (a<x<b),
b

ate

dx dy
j‘ P = 5‘ =+ oo (0<e<b—a).
a

) " J e

Torza Bce pemIeHHsI YpaBHeHHS

d
P(#) =+ a(x)y=r(x),

CYLIeCTBYIOIIHE Ha HHTepBalle a<<x<{b, cTpeMmsiTes K npu x— b,

g(b)
IpH X — a; ApyrHe Xe NpB

ria
Cpemy aTHX pellieHHl OfHO CTPEMHTCH K E )
a

X —>a CTpeMaTcss K - o0 WM K — 00,
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4§ 8. YpasHenuns
B noJHbIX auddepennnaiax

Mu yxe roBopunu (§ 2), uto uactro GuiBaer yAOGHO
sanuceBath pupdepeHiHansHble YPaBHEHHS B ciepyiouiefl
dopme:

M(x, y)dx+N(x, y)dy=0 . (2.13)

(N B sToM ypaBHewnn H N B ypaBHenuu (1.3) obpaTHH
o 3Haky). Moxer cly4durhed, 4To JeBasg 4acTh STOro ypas-
HeHHsl IpejacTapjger HoaHwsl nuddepernmnan nHekoropoH
(hyHKIUH nepeMeHHHIX X H y. B TakoM cayuae nuddepen-
nuaneHoe YypaBHeHHe (2.13) HasweiBaercsi ypasHenuem
8 noansix udgepenyuarax.

IIpepnonoxuM, uro bynknun M(x,y) u N(x,y) Henpe-
PHIBHBEl U UMEIOT HeNnpephIBHblE NPOU3BOJHBIE éy‘i " %.
“Torjia, Kak H3BeCTHO M3 Kypca aHaju3a, HeODXOAMMEIM H
JOCTATOUHBIM YyCJIOBHEM, 4TOGHI JeBas 4acTb YPaBHEHHSA
(2.13) 6ba monusM puddepeHnnanoM, sBAsSETCH YCaO-
BHE

, (2.14)

-€CJIH TOJIBKO ofbJacTe G, B kotopol sananm M u N, odno-
C853HQ; 5TO O3HA4YaeT, 4TO BCe TOUKH, JeKallHe BHYTPH
JII060f 3aMKHYTOH, He HMelllel caMolepecedeHHil Jgoma-
HOH, pacnojoxeHHol B (G, Takke HOJKHBI MNPHHajJe-
Xatb G
JlJa Takux ypaBHeHHH HMeeT MeCTo Clefyruiast
Teopewma. llycte 8 npamoyzorsvruke Q:

a<x<b, c<y<d,
pynryuu M(x,y) u N(x,y) Henpepwisuo. 8mecre C Uux
4aCTHBIMU NPOUBBOOHBIMU U —‘Z—N—, nputem scrody 8 Q

Y X

soinoanserca ycaosue (2.14) u N(x,y) He obpawaercs
8 Hyav. Toeda wepes xaxncdyro Touky (Xo,Yo) NPAMOY20Ab-
Huxa Q npoxodur olHa U ToAbKO OOHQ UHTE2pAAbHAS AU-
Husa ypasrenus (2.13) V.

9 Tak Kak u3 ypaBHeHHs (2.13) cijexpyer, yTO HpH CHeJNAaHHHIX OT-
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HJoxkasaTenncTBo. Kak 6bIO TOJNBKO YTO YKa3aHO,
B IPSIMOYroibHHKe Q cymecrByer GyHkuus z(x,y), mod-
ublit auddepeHnHan Kotopoit paBeH JeBo# uactH (2.13)
(neusMeHHOCTb 3HaKa N mpu stom HecymectBenHa). Ho
tak Kak N=£0, To ypaBueHue (2.13) MOxKHO HepenHcarthb
B 5KBHBAJIEHTHOM BHJIE:

M(x, y)+N(x,y)y' =0,

0. 0z
HJIH C yYeTOM paBeHCTB M=% N=2 ra:
ox oy

dz(x, y(x) _
dx ’

Hostomy ¢yukuus y(x) sABiasiercs pelleHHeM YypPaBHeHHS
(2.13) Torpa u ToNBKO TOTAA, KOrna .

z2(x, y(x))=C (C=const). (2.15)

drtomy ypaBHeHHIO, ecan Cs=z(Xo, Yo), HE MOXKeT yAOBJC-
TBODPATL JHHHS, NPOXOJsiuasi 4epes TOUKY (Xo, Yo). (Ilo-
uemy?) Ecnn ke C=z(xo, Yo), TO H3 TeOpeMbl O HesBHOI
¢byHkuUMH caenyer, uTo ypasHeHue (2.15) omnpenensier su-
HHIO, NPOXOASINYIO 4epe3 TOUKY (Xo, Yo), H IPHTOM TOJBKO
oxny. Yrak, teopeMa nokasaHa. 3204HO MBI IOKa3ajH, UTO
HCKOMOE pelleHie ONpeiessieTcss NPH MOoMOILH (POpMYH

z(x,y) =z(%o, Yo). (2.16)

Pasvickanne (yHkuun z(x, y) CBOIHTCS, KaK H3BECTHO M3
Kypca aHasiu3a, K BHIIOJHEHHIO ABYX KBaApaTyp.

Ipuwmep. Ilyers nose HanpaBnenuii 3agaHo ypaBHe-
HHEeM

d (xz—ji!)exdx—]— ydy =0

B obaacti G, orpaHHYeHHOH CTOPOHAMH ABYX KBaJpaToB,
Yy KOTOPDHX HEHTPOM CJYXHT HauaJo KOOPLHMHAT, CTOPOHBI
napaJjJjesnbHbl KOOPAMHATHEIM OCAM M HMEIOT JJIHHY COOT-

HocutesibHO M u N npeanosnoxeHusix -d— HUKOFJ2 He ofpamaercs B
Y

HyJb B NPAMOYFroJbHHKe @, TO BCe NMpPOXOAfAIME BHYTPH Q HHTerpaJb-
Hble JHHHU ypaBHeHus (2.13) mo/mkHB ObiTh rpadukamu QyHKUHE OT X.



34 NPOCTENIIUE AHPPEPEHIIHMAJDHBIE YPABHEHUS [ra. II

BeTcTBeHHO 2 U 4. ToJbKO YTO JOKA3aHHYIO TeOpeMy Helb-
35 NMPHMEHHTh cpa3y KO Bceli obnactu G HoroMy, dYTO
N(x, y) =y obpamaercs B Hy1b Ha ocu Ox. Ho sty reo-
peMy MOMKHO NMPHUMEHSTb OTHEJNBHO K NPSIMOYrOJbHUKAM:

Qll —2<X<2, 1<y’<2,
Q2: —2<x<2, —2<y<—1,
Qs: 1<x<2, —2<y<2,
Qe  —2<x<—1, —2<y<2.

B nocnenHHX ABYX ciaydasix HaJO NPUMEHSTh IPEIbILYUIYIO
TeopeMy, IOMeHAB B ee (HopMyaHpoBKe poau x u y. Toraa,
COeIVHsIST BMECTe De3yJbTaThl, MNOJYYEHHEIE OTAEJbHO
B KaXJIOM C/yYae, Mbl NIOKaxkeM, UTO 4epe3 KaxkIYI TOUKY
obsacti G HPOXOAMT OJIHA H TOJBKO OJHA HHTErpasbHas
KpHBas Hallero ypaBHeHHHA. Takoli KpuBoH 6yleT mpoxons-
mas 4epe3 5Ty TOUKY OKPYKHOCTH C IIEHTPOM B HauyaJje
KOODIHHAT WM 4acTh STOH OKPYKHOCTH.

Korna toxpecrso (2.14) He BHIMOJAHEHO, MHOTZA YAAET-
Csl CPaBHUTEJNbHO JIerKo NPUBeCTH HuddepeHuHanbHOE YpaB-
Henne (2.13) kK BUAy ypaBHeHHS B NOJHBIX JH(pdepeHIHa-
Jax. DTo NIpHUBeJEHHe BLIFIOAHSETCS C IOMOUIBIO UHTE2pU-
pyrowez2o muoxcurTesrs p(x,y) — Tako PYHKIHH OT X H Y,
nocnae YMHOXKEHHS Ha KOTOPYH JeBasi YacTb YpPaBHEHHS
(2.13) obpamaercs B noanufl puddepennuan. Ecan pyHx-
nquua M(x,y), N(x,y) u p(x,y) HMelOT HempepuIBHbIE NMPO-
H3BOAHbBIE, TO_MHTErPHPYIOUWINI MHOXUTENb W(X,Y) HOJMKeH
YIOBJIETBOPATEL YCJIOBHIO

auM) __ _d(uN)
dy ax
HJIK B pAaCKpbITOM BHJE
MOy o (ﬂ_%) (2.17)
dy dx ox dy -’

Tlocnennee ectr nuHeliHOoe nuddepeHuHa LHOE ypaBHe-
HHe C YacTHBIMH HpPOHM3BOAHBLIMH 1-ro mopspka. Jlas npu-
BeJieHUs JieBoH dactH (2.13) ¥ BuAy mnosHoro auddepeH-
[HaJa JAOCTATOYHO 3HATh KaKoe-HUGyHb OAHO UacTHOe
pelenne ypasHenus -(2.17) ; onnako, Kak Mbl YBHJHM

) OueBuHO, TPHBHAJNBLHOE pelueHHe ypaBHeHHus (2.17), paBHOe TOX-
JleCTBEHHO HYJIO, He NPeACTaBJseT HHTepeca.
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B JlomosnHeHuy, 3afada o6 OTHICKAHHH TaKOro YacCTHOTO
pellIeHHsT HUYYTh He Ipole 3aa4# O HaXOXKAEHHH O6LIero
pelueHus ypaBHeHHs (2.13).

3AOAYH

1. BynerT s Bo Bcedt paccMoTpeuHol B npuMepe oGnactd G

xdx-+ydy
x24-y?

nonubiM auddepeHnuatoM HeKOTOPOH QYHKUHH?
2. ToT Xke Bompoc A

ydx—xdy
x-y?

3. JloxkaxuTe, uTO ecau ypasHeHue (2.13) c¢ HenmpepmiBHO AH(DDe-
peruupyeMbiMu  yrkmuaMu M(x, y), N(X, y), YROBIETBOPSIOMIHMH
yenoBmio (2.14) W 3agaHHHMH B OAHOCBA3HON o6nacTH, obsajaer 3a-
MKHYTOX HHTerpaJbHOf KPHBOH, TO BHYTPH 3TOH KpHBOH Ha#jerca no
KpaliHefi Mepe oJHa ToukKa (Xo, Yo), A KoTOpoH M(xe Yo)=
=N (%o, 4o) =0.

4. Ilycry ycnosue (2.14) BhHImOJHEeRO B m-CBA3HOH (m=2, 3,..)
obmacty, T. e. B obnactH ¢ m— 1 «xaupamu». (Iafire TouHoe onpese-
Jenne m-cBsisHocTH.) Ilycrs, kpome Toro, dyuxuun M(x, y) u N(x, y)
HenpepblBHO AH(depeRuHpyeME ¥ He 06pamanTcs OJHOBPEMEHHO B
Hysab. JlOKa)KHTe, YTO NPH STHX YCJOBHUSAX ypaBHEHHE WHTerpasbHOH
JHHHH, NPOXOAAlled yepe3 TOUKY (o, Yo) OONACTH, MOXKHO mpejicra-
BHTb B Buie (2.16), rme, onHako, OYHKUMA 2(X, Y) HEeOLHO3HauyHad,
onpejesieHHass C TOYHOCTLIO jo chiaraeMoro mCi+ .. +m—Cm—1
3nece Cy, .., Cm—y — BIOJHE ONpefesieHHHE [MOCTOAHHEE (IEPHOLB),
a ny, ., tm—1 — NPOH3BOJBHBIE 1eJble yHCHA. [IPH KakoM  YCJIOBHH
dyukuns z(x, y) 6ymer oAuosnayuoii? Uro Gyler npu m=2? Uem
PA3NHYalOTCs CJAyyau COU3MEPHMEIX M HECOH3MEDUMBIX NEPUOAOB MPH
m>2? Uro Gyner anas GecKOHEYHOCBA3HON o6JacTH?

5. Tlyctb ypaBHerHe (2.13) uMeeT HHTErpHPYIOIHHA MHOXHTEJNb
u(x, y), mocie yMHOMXeHHsT Ha KOTOPHIi ero JeBas uacTh obpaiaercs
B nonHuil puddepenuuan Hekoropoll GyHKUMM 2(X, y). Jokaxurte, uro
NPH 3THX YycaoBHAX dyuxuus uf(z(x, y)), rme f(2) — mobas wuenpe-
puBHag OYHKOUA OT 2, GyAeT TakKe HHTEIPHPYIOUIHM MHOMKHTEIEM
ypaBHeHHs (2.13). IloxaxuTe TakXKe, yTo eCJlH BCE PacCMaTpHBaeMbe
ymami renpeprisRb 1 | M(xo, o) |+ | N (%, 40)| >0, wixe, Yo) 70,
TO MOGOA HHTErPHPYIOLIMI MHOXKHTeNb ypaBHeHHs (2.13) B Hekoropo#
OKDECTHOCTH TOUKH (X, Yo) MOXKHO NpeficTaBHT, B TakoMm BHae, (Ox-
HaKO IPH PacCMOTpPeuHH 06JacTH B IeJOM nocJefHee YTBEpXKIAECHHE,
BooGEe ToBOps, HEBEPHO.) °
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6. ITycth B uexoropoit obnactu G odysruuu z(x, y) H 22(%, Y)
HernpepbiBHO LupdepeRIUPYeMEl H

621 021
621 621 ox ay
>0, =0.
- Ox oy 02y 025
ox oy

JloKaXuTe, yTo TOrZa B HEKOTOPOH OKPeCTHOCTH M0G0 Toukn G (HO
He 006s13aTesbHO BO Beeit o6nacTu Gl) 2, 6ymer ¢yHKuMe#l OT 2.

7. Ha#inure UHTErpHpyHOLIUA MHOXHTENb IJS JUHEHHOIO ypaBHe-
HHS, 3alIHCAaHHOrO B BHJIE

dy— [a(x)y+b(x)]dx=0.

8. Ilycts M(x, y) u N(x, y) ABaXIH HenpephBHO IHOdepeHIH-
PyeMH B npsMoyroJbHHRe Q, npuueM N=40. JoxkaXuTe, 4yTO NpH 3TOM
YCJIOBHH JJIi CYLIECTBOBAHHS B ( HenpephIBHOFO HHTETpHPYIOIIETO
MuoxuteNnss Ws~=0 [mis ypaBuenus (2.13)], 3aBucsero TOMBKO OT X,
Heo6XOQHMO H AOCTAaTOYHO, yToOH B Q

N(?aw aw) aN(ﬂ OM)

__ay

0x0y oy?

Ox oy

Ha sTOoM MB 3aKOHUUM H3JIOKEHHe 3j1eMeHTapHbIX IpHe-
MOB [axOXJellHsi pelleHnfi HubbdepeHHAIbHBIX YpaBHe-
uuit 1-ro nopsinka. [Ipyrue sseMeHTapHble METOJbl HHTE-
rpupoBanus jauddepeHUHaNbHBIX YPaBHEHHH  H3JIOXKEHH,
HanpuMmep, B Kuurax: B. B. CremanoB. Kypc nugpde-
peHuuaibHHX  ypaBHeHu#i. — M.: ®usmarrus, 1959;
H. M. T'wourep, P. O. Kyasmunu C6opuuk 3amay 1o
Bolcmell Maremarnké. — M.: ®uamarrus, 19568. T. 2;
A. ©. dununnos. C6opHHK 3aga¥ No AHbDepeHIHANb-
HBIM ypaBHeHHsM. — M.: Hayka, 1979. B ocHoBHOM 5TH
METOABl CBOLSAT pasnuuHble AHpdepeHiHanbHble ypaBHe-
HUS K yXKe pasobpaHHBIM HaMH THnam Y.

OTMmeTuM 3JleCh TaKXKe HeKOTOpble KypChl TEOPHH OOHIK-
HOBEHHHX AH(bepeHUHaNbHEIX YpaBHEHHH, BbIUEAIIHE
B mocaennue roabl: B. . ApHonba OG6bKHOBeHHbIE
nupdepennnanpiple  ypaBHeHHs. — M.: Hayka, 1971;
B. H. Apunoab . JlonmosHHTENbHBIE [VIABLI TEOPHH OOBIK-

9 CM. rakxke 3. Kamxke CnpaBouuux 1o OOLIKHOBEHHHM jpuctde-
peHIMaNbHBIM ypaBHeHHAM. — M. Hayxka, 1976.



§ 8] YPABHEHUA B TIOJHBIX AUPGOEPEHUMAJAX 37

HOBeHHBIX AMpdepeHuransibix ypasHenni. — M.: Hayxka,
1978; JI. C. lTourparuu. OOGbKkHOoBeHHbe JIHDDepen-
nMajbHEe ypaBHeHus. — M.: Hayka, 1974; A. H. Tuxo-
HoB, A. B. Bacuasena, A I. CeemnunkoB. [dub-
(epeHnranbHbIL ypaBHeHHs. — M.: Hayka, 1979;
M. B. ®enopwk. OObkHOBeHHBE AHbdepeHIHaNbHbIE
ypaBuenusi. — M.: Hayka, 1980; ®. XapTtmaH. O6bK-
HOBEHHHE JH(pGhepeHnHalbHEe ypaBHeHHs. — M.: Mup,
1970.

T'JTABA 111
OBUIASI TEOPHUSI YPABHEHHUN

JuddepeHnnanbiblXx ypaBHEHHEH, HHTErPaJihl KOTOPHIX
HAXOJSATCS 3JeMeHTAPHBIMK NMpHeMaMH, HEMHOro, Ymxe HH-
TerpupoBanne puddepeHnHanbHbX ypaBHeHHH Tuna PHk-
KaTH, T. €. ypaBHeHUH BHJA

| Y ay () 4 + 0, (9 g + 8 ()
ix 2 1\X) Y o lX),
Kak nokasan B 1841 r. JluyBunnb, He CBOJAHTCS K KBajpa-
TypaM ), T. e. K KOHeUHO! NOC/e[0BATEbHOCTH 3JE€MEHTAp-
HBIX JIeHCTBHH HaJ H3BECTHBIMM (DYHKIMSMH ¥ HHTErpHpO-
BaHHH 5THX OyHKnH# (nmoxobHO TOMY Kak 5TO Jenaoch
B § 3—38). Iloatomy Gosbliloe 3HaUeHHe NPHOOPETAIOT HpHe-
Mbl OpHOAHAKEHHOro pelleHHs AHddepeHIHANBHEIX ypaBHe-
HHH, IPHMeHHMBble K OUeHb LIMPOKHM KjaccaM TaKHX ypas-
HeHuil. Ho npexje dem npHCTYnHTbH K NPHOAHXKEHHOMY Ha-
XOXKJEHHI0 pelUleHMil, Hajo OLITb yBepEeHHBIMH B TOM, 4TO
OHH CYHIECTBYIOT, T. €. CYIUIECTBYeT TO, 4To OyneM NpHOGJIH-
XKeHHO BHUMCAATh. Hauano nacrosimiedi riaBbul M NOCBsIIe-
HO TaKUM TeopeMaM cyiuecTBoBaHus. K ToMmy Xe jfokasa-
TeJbCTBA 3THX TEOpPeM YaCTO YKashIBAOT H METOJAbl HpHU-
ONUKEHHOIG  HAXOXJEHUS  pellleHH#T (CM., HampuMep,
§9,13 14u 17).

1) Bonpocsl UHTETPHPYEMOCTH B KBajApaTypax PacCMOTPeHBHI, HalpH-
Mep, B kH.: M. Kannnawckuii Beepenve B puddepeHnranbuyo ad-
re6py. — M.: HJI, 1959.
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§ 9. Jlomansbe Jiiaepa

Ilycte nano nuddepenuuansHoe ypaBHeHHE
y' = y). (3.1)

O6aacty sananus ¢yukuuu f(x,y) uasoBem G. Kak
MBI yXKe 3HaeM, ypaBHeHHe (3.1) ompenenser B G mnone
HanpaBieHHH, KOTOpble IOJIKHB HMMeTb HHTErpajbHheE JIH-
HUH,

BosbmeMm B obnactH G Kakywo-HUOGYIb TOUKY (Xo, Yo).
E#f 6ymer cooTBeTCTBOBATH NPOXORSIAS UEPE3 3TY TOUKY
npsiMasi ¢ yraoBeIM KosddHuuuentom f(xo, o). Ha a1ol
npsMo#l B obsactut G Bo3bMeM TOUKy (X, y;) (Ha puc. 6
obosnauena uuppoit 1). Uepes Touky (x),41) HpoBeneM
OPSIMYIO € YIVIOBHIM Koadguunuenrom f(xi, y1), Ha KOTOPON
MBI OTMETHM NpHHamnexauylo G TOuky (X, y2) (Ha puc.6
obosHaueHa uudpoit 2). 3aTreM Ha NpPsIMOM, COOTBETCTBYIO-
el Touke (Xg; y2), OTMEUaeM TOUKY (X3, y3) u T. L. Ilycrs
OPH 3TOM Xo<<X1<X2<X3.. (9TO IHOCTPOEHHE MOXKHO BBI-
HOJHATH M B CTOPOHY yObIBalomiuX 3HaueHui x). Iloayyum
y JOMaHble JIMHHH, KOTOpble Hashl-
BaloT AomaHnsimu Jiirepa. Ecrect-
BEHHO OXHJAaTh, YTO KaXjgas U3
JOMaHBX Disepa ¢ AOCTATOYHO
KOPOTKHMH 3BEHBbSIMH J[a€T HEKOTO-
poe mpeiacTaBJieHHe 00 HHTerpajib-
HOH KDHBOH, IPOXOAAILEH uepes

% TouKy (Xo, Yo), U 9TO IPH yMeHblIIe-

Puc. 6 HUH JJHH 3BeHbeB JioMaHLle JDHJe-
pa npubauxalorcs K 3TOH HHTe-

rpaJibHO} KDHBO;, HPH 3TOM IHpejnoJjaraercs, 4To Takas
HHTerpajbHasi KpuBasi cyuiecTsyer. B camom nene, HuXKe
Mbl TOKaxeM, 4TO IPH HeHpepbIBHOCTH f(X, y) MOXKHO BbI-
6paTb TAKylo HOCJIEL0BATEJbHOCTb JIOMaHbX DHjepa, KOTo-
pasi 6yfieT CXOAMThCH K HHTerpasbHoii KpuBofl. OnHako
npHu 3ToM BooOile He OyjneT eNMHCTBEHHOCTH, T. €. MOTYT
CYHIECTBOBATb DPa3jiMuUHble HHTerpajbHble KPHBblE, HPOXO-
HsLHE Yepe3 OJHY H Ty Xe TOuKy (Xo, Yo). M. A. Jlaspen-
ThEB NOCTPOMJ NPHMep Takoro nuddepeHIHANbHOrO ypas-
Henust Bupa (3.1), y Koroporo xors f(x,y) M HenpephBHA,
0JHaKO B JI060H OKPECTHOCTH KaxIo#H ToukH obaactu G
yepe3 5Ty TOYKY IPOXOJHT He OjHa, a IO KpaiHed Mmepe

g
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JBe HHTerpajbubie KpuBhie ). Uroful uepesd TOURY (Xq, Yo)
IpoxXoauia TOJMbKO OJHA HHTerpajbHasi KpHBasl, HEOOXOJH-
MBI JONOJIHHTENbHBIE NpPefNoJoxKeHuss o OyHKUUH (X, y).

JloKasaTenbCTBO CYHIECTBOBAHHUS IPOXOAsilledl uepes
TOUKY (Xo, o) HHTerpajbHOH KpHBOH nuddepeHIIHATBHOTO
ypaBHeHHsi (3.1), KoTopoe MBI 37eCh H3J10XKHM, OCHOBAHO
Ha Teopeme Apiens H NpHHAINeXHT B ocHoBHOM IleaHo.
OueBUIHO, KaXAaA U3 TAaKUX KPUBLIX OyHeT CAYXKHTb 2pa-
¢ukom HexoToporo peuwierus nuddepeHuuasbHOrO ypaBHe-
us (3.1).

3AIAYA

[lyers dymxuus f(x, y) 3amana wa nonoce
A<, —oo<y<<oo (a<Ca)),

rie OHAa HempepelBHA W orpaunueHa. [lokaykure, YTo A/ ypaBHeHHS
(8.1) coBoxkymuoCcTs BceX JIOMaHHX Diifepa, BHIXOAAWMX H3 TOUKU
(a, b), samoiusier MuoXectBo E, OrpaunyeHHoe CBepXy JHHMeH Y=
=@(x), a<<x<{a’, BHNYKJOCTb KOTOPOH o6pauieHa BHHU3, CHU3Y JHUHeN
y=@2(x), a<y<{a/, BHINYKJOCTH KOTOpOi obpauieHa BBepX, a crnpasa
npamoit x=a’. Ilpu aToM

Pi(a)=qy(a)=b; @ (a)=py(a)=f(a, b);

B KaXJo#f TouKe X npaBasd H JeBasg NpPOM3BOAMBE ¢q(X) He MeHbule
f(x, ®1(x)), a npasags ¥ JeBas npousBopHbe @y(x) He Goaple f(x,
@2(x)). CaMu JHHHE Y=@1(x) H y=@z(X) MOTLYT YaCTHYHO HJIH Ie-
JIMKOM npHuajgilexath E.

§ 10. Teopema Apuens

ITycte Hna koneunom unrepsare (a, b) D dano cemeil-
ctéo {f(x)}, cocrosujee us GecKOHEUHO20 MHONCECTER PYHK-
yut f(x), paBHOMEPHO 02PAHUUEHHBIX U PABHOCTENEHHO He-
npepoienoix. Toz0a u3 31020 cemeiicT8A MONHO Bb.6pATE
pasHomepro cxodawyocs Ha (a, b) Geckoneunyro nocare-
008aTeNbHOCTE PyHKUUL.

1 Sur une équation différentielle du premier ordre — Math, Zeit-
schrift, B. 23 (1925), 197—209

2 BespasinuHO, 3AMKHYT 3TOT MHTEPBAJ WIH OTKPOLIT, T € IpHCOg-
JHHEHB K HeMYy ero KOHIB HJH HeT.
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Pasromepras oepanudennoCcTs 3[eCb 03HayaeT, 4To CYy-
lecTByeT Takas mocrosHHas M, uto

IF(x) [ <M,

rie f(x) — nwbas GyHKuUS ceMelcTBa U X — Jwo60e guc-
no us untepBasa (a, b). Belpaxenue «pynryuu cemericrsa
PABHOCTENEHHO Henpepbsi8rbly 03HAUAET CHAEAYIOliee: KAKO-
80 Obl HU 6bL20 Haneped 3adanunoe uucro >0, naiidercs
raxoe yucro >0, sasucsujee TOAbKO OT €, 4TO

F) —F () [<e

Oasn scakol gynkyuu f(x) paccmarpusaemozo cemelicTsa
npu awboix x” u x' us unrepsara (a, b), ecau TOABKO

|x//_x/| <7]

IloxasartenbcTBOY. B cuny paBHOMepHOIl oOrpasH-
4eHHOCTH ceMelicTBa Bce rpaduxH HpHHALIEXKAUUX eMy
GyHKUHE G6YAYyT pacHosoXeHB B HpsMoyrofpHuke ABCD
(puc. 7) co cropoHamu 2M u b—a.

CocTaBiM 6eCKOHEUHYI0 NOCJEeLOBATENbHOCTb YHCEJ

M M M
SI—F_I_—I, EQ—W,..., Sk*w,...,

rie o — Kakoe-HHOYyIb 1esoe
HOJIOKHUTENBHOE  YHCJIO  HJIH
nysb. [lo ompeneneHnio paBHoO-
y CTENeHHOH HenpepBIBHOCTH KaX-
ol ed JOMY YHCJIy € OYyHeT COOTBET-
Cli 5 CTBOBATb Mr="(€x).
Pasobrem BePTHKAJbBHYIO
CTOPOHY IPSIMOYTOJbHUKA
ABCD wHa oTpeskd AJHHOH e,
FOPH3OHTAJBHYIO K€ CTODOHY
Puc. 7 5TOT0 INPSAMOYTOJbHHKA Pasolb-
eM Ha OTpe3KH, LJHHA KaxJo-
ro H3 KOTOPLIX He MpeBblIIaeT 1. Uepe3 INOJAyUYEH-
Hble TOUKHM NpPOBENEM MpSMbIE, NapajielbHbie KOOpAHHAT-
HbIM ocsiM. Takum obpasoM, Becb npsmoyroabHdk ABCD
pasobbercsti Ha MeHbllIHe NPSIMOYroJbHHKH. BepTHKalbHHE

8I I .. [

1) DTo noKasaTeabcTBO MHe coobuua JI. A. JliocTepHuK.
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MOJOCH, COCTABJEHHRIE U3 TAKHX NPSAMOYTOJBHUKOB, 6yieM
obosnauate puMmckumu nubpamu: I, II, ... Tak xak
[F(x")—f(x") | <e, mpu |x”—x'| <mi, To rpaduk KaxJoH
byukiuu cemelictBa {f(x)} Momxer mpoxoauThb He GoJiblle
YeM TO [BYM COCEIHHM HpPSIMOYroAbHHKaM KaxKAoH NOoJjo-
¢Hl, B yacTHoctH noJsockl 1. Ho Takux map npsiMoyrosbHU-
KOB U3 NOJIOCH | MMeeTcs TOJBKO KOHEYHOe UHCHOo; Clefo-
BaTeNbHO, N0 KpaliHell Mepe mo oJHOH Takolfl mape npoxo-
IHT GeCKOHeUHOe MHOXKECTBO rpadHKoB (YHKIHH paccMat-
puUBaeMoro cemefictBa. rta napa NPSMOYTOJbHHKOB Ha
puc. 7 (rze monoxeHo a=1) sawmrpuxoBana. bynem Te-
nepb paccMaTpUBaTh Te GYHKIUHH ceMeHCTBa, rpaduKH Ko-
TOPHIX B MOJioce | NMPOXOAAT TOJBLKO MO 3alITPHXOBAHHBIM
npamoyronsHukaMm. Takux QyHKuui, Kak Mbl yXe FOBOPH-
JH, Geckoueynoe MHoxKecTBo. B mosoce II, kak nerxo Bu-
JleTh, BCe HX TpadUK{ MOTYT MPOXOLUTb JHIIL HO YETHIPEM
NpSIMOYrOABHHKAM 3TOH TNOJOCH, rpadHK Xe KaXIo# Ta-
KOH (YHKUUM MOXKET NPOXOAUTb TOJBKO IO JABYM COCEn-
HUM H3 HHX.

CnenoBarenbHO, CYHMIECTBYIOT IBAa TaKHX COCEILHHX IIpS-
MOYroJipHMKa Ha nosioce II, mo KOTOpEIM NPOXOAUT GecKo-
HeyHoe MHOXKeCTBO rpadukoB GyHKUHH NaHHOTO ceMelicTBa,
U OPUTOM TaKHUX, KOTOpble W HA mojoce | mpoXoaaT TOJbKO
N0 3alUTPUXOBAHHHIM NPSMOYIOJBHHKAM. DTH NPSIMOYTOJb-
HHKH noJsocsl 11 y Hac TakXe sawTpuxoBanH. Paccyxpas
H JaJjblile TAKHM Xe o6pa3oM, MBI HalifleM €Yo HoJocy,
pacnonoXkeHHYI Haja BceM HHTepBajsoM (a, b), WIHpHHOH
2¢), Mo KOTOPO# NPOXOAUT GECKOHEUHOE MHOMXKECTBO rpa-
¢bukoB cemeiictBa {f(x)}. dra mosocka s; y HAC 3alITPUXO-
BaHa. BosbMeM H3 3THX rpadukoB OJlHH KaKoh-HHUOY b,
nycts 3710 6ymer rpaduxr odyuxumn fi (x). CemeiicTso
ocTaBIINXCS (YHKUHH, rpadUKH KOTOPHX NPOXOAAT NO S,
o6oznauum uepes {fi(x)}.

C cemeiictBom ¢yukiui {fi(x)} npoxenaem 10 e, 4TO
MBIl Tipogenanu ¢ cemefictBoM {f(x)}, ¢ Tof TosBKO pasHu-
1eHl, 4To Temepb BMECTO € BO3bMEM &y H BMECTO 1); BO3b-
MeM 1o. Torna mosydum HOJOCKY Sz WHPHHOH 2e9, No Ko-
TOPOH NPOXOUAT IpadHKH GeCKOHEeUHOro MHOMKECTBa (PYHK-
1 u3 cemeﬁ(:TPa {fi(x)}. Onuy wus stux QyHKUHE 060-
3HayHM uepe3 fz (X), a ceMeHCTBO BCEX OCTAJBHBIX TAKHX
byukunit obosnauum uepes {fo(x)}. Ilpomonxas stu pac-
CYXKJE€HHs, Mbl NMOJYYUM, TaKUM o6pa3oM, O6eCKOHeYHYIo
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NOCJAEJ0BAaTENbHOCTE (PYHKIHMI

Y *
f1(x), f2(x), ...

I'paduku Bcex 3THX QyHKUMI, HAUHHASA C fr (x), dexar

B TOJIOCKE Sp LIHPHHOM P CJ/le10BaTeIbHO, 3Ta MO-

CJ1eJ0BaTeJIbHOCTh PABHOMEPHO CXOAHTCS, 4TO U TpeboBa-
JIOCh J10Ka3aTh.

3AAYH

1. Tlokaxure Ha mpuMepax, UTO Kak ycJaoBHe paBHOMepHOHf orpa-
HUYEHHOCTH, TaK M YCJOBHe PaBHOCTENEHHOH HENPEePHIBHOCTH SBJAKTCS
CYHIECTBEHHBIME B (OPMYJHpPOBRe TeopeMsl ApIend: ecau 0TKa3aThCs
XoTsi 66l OT OJHOIO H3 HHX, TO YTBEPXKAEHHE MOXKET ObITb HEBEPHBIM.

2. ChopmynupyiiTe n AOKaxHuTe TeopeMy Apueasa Aas OyHRLUH
HECKOJIbKHX HE3aBHCHMBEIX NEPeMeHHRIX.

3. Ocranercsl au BepHOH Teopema Apuens, ecid B ee GOPMyJIHPOB-
Ke JONYyCTHTb, 4YTO paccMaTpHBaeMbie (QyHKUHMM 33aJaHH Ha G6ecKOoHed-
HOM HHTepBaje?

4. Tloxaxure, yTo B (QOPMYJHPOBKe TeopeMbl Aplie/s BMeCTO PaB-
HOMEpHOH OrpaHHYeHHOCTH (DYHKUHH Ha BceM pacCMaTpPHBAEMOM HHTEp-
BaJe AOCTAaTOYHO NOTPe6OBATH OTPAHMYEHHOCTh BCEro cemeictBa (yHK-
¥ B OQHOM TOJIBKO TOUKE.

§ 11. Jloka3aTeJbCTBO CylUieCTBOBAHHSA PelleHNs
auddepennyanstoro ypabnenus y' =f(x, y) MeTomoM
Ileano

Ilyctb mano nudgepenunasbHOe ypaBHeHHe

y'=f(xy). (3.2)

Teopema 1. Ecau pyuxyus f(x,y) oepanudena u He-
npepoisra 8 obaacrtu G, To wepes xaxOyrw TouKYy (Xo, Yo)
aToul 06.4acTU NPOXOOUT NO Kpalinel mepe OOHA UHTEZPALb-
Has Aunus ypasHerus (3.2).

HokaszarteasnctBoO. [lyeTh

[ (%, y) | <M.

Yepes TOUKY (Xo, Yo) oOO6aactTy G npoBeaeM NpsIMbIE
¢ yrjoBuMH Koapguunentamu M u —M. Tlposenem pnasnee
JiBe mpsiMBIe x=a H x=b (a<<xo<<b), mapasseibHbE OCH
Oy, Tak, uTo6H oOpa3yeMble HMH JBa paBHOGeIpPEHHHX
TPeyroJibHHKa ¢ O6Ieil BepPIUMHON B TOUKe (Xo, yo) JeXKaJH
BHYTpu ob6saactu G (puc. 8).
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[ToctpouM Temepr ykasawHeiM B § 9 cnocoGom 6Gecko-
HEUHYIO MOCJEJ0BaTeNBHOCTE JOMaHux ditnepa L;, Lo,
, Lg, ..., mpoxogAmux uepe3 ToYKY (Xo, Yo), TAKHUM 06-
pa3oM, yto6u Haubojbllee U3

3BeHbeB JUHMM L, cTpemuioch I
K HyJIO, Korja k—»oo., Kampas 4
W3 3THX JOMAaHHX GyIeT Imepe- »‘

cekaThbcsl MpPAMOH, mapasaenb- ‘

HO# ocu Oy, TOJBKO B OJHOH .
Touge U -OyjJer mostomy rpadu- |,

KOM HEKOTODOH HenmpepHIBHOH z=a x=b
dyukuuy or x. Ilyers L, saABis-

ercs rpaukoM byHKruHY Puc. 8

©r (x). Oyurunu

1(x), P2(x), woy @r(X), .. (3.3)

06/1a1a10T CAEAYIOIUME CBORCTBAMMU:

1) Ouu onpefesncHEl Ha OJHOM H TOM e KOHEUHOM
3aMKHYTOM HHTepBaJje [a, b]D. B camoM gnerne, dpyHKIHA
@« (x) Morga Gn He OHTH ONpeNEJCHHON HA BCEM 5TOM MH-
TepBaJie TOJLKO B TOM CJyuyae, eCTH OB COOTBETCTBYMILAs
efi tomanas Dityepa BrIa u3 obsactn G rae-HubyIb Haf
3aMKHYTHIM uHTepBajoM [a, b]. Ho artoro ue moxer OHITBb
NMOTOMY, YTO JIOMaHble- Dijjepa He MOryT BHIHTH M3 Tpe-
yronsHukoB ABC u ADE uepes ctopoun BE uau DC, Tak
KaK yIJoBhHeE KO3M()HIHEeHTH HX 3BEHBEB N0 aGCOMOTHOMY
3HayeHHIO ye GoJblre M,

2) OHu paBHOMepDHO OrpaHHYeHbl, TaK KakK BCe UX rpa-
¢ukn pacnosararoorcs B TpeyronbHHkax ABC w ADE.

3) OuenyBast pasHOCTb

o
9 () — @ (') = { 0}, (8) d

z

no aGcoMOTHON BeqHUNHe, HMeeM
pr (x") — @u(x) | <M " — x'|.
Otciona craenyer, 4To ceMeficTBO (3.3) paBHOCTENEHHO
HenpephBHO. [105TOMY Ha OCHOBAaHMH TeopeMH Apuess H3

1) Mu o6o3nauaeM 3aMKHYTHI! HHTEpBaJ KBaAPaTHHMH CKOGKaMH,
COXPaHsid KPYT/iblg ¢KOOKH A QOO3HAYEHHS OTKPEITHIX HHTEPBAJOE,
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ceMefictBa ¢yukiuuit (3.3) MOxKHO Bh6paTh DPaBHOMEPHO
CXOJSIYIOCS Ha BceM 3aMKHyTOM uHTepBaJe [a, b] moxano-
cienoBateNbHocTh. Ilycts a10 Oyayt yHKOuH

(P(l)(x)’ (9(2) ()C), () ‘(P(k)(x)v

IIpegensuyio ¢pyuruuio o6o3HayuM uepes ¢ (x).

SlcHo, 4TO HawanbHOe YycjoBHe @(X)=Yo YNOBJIETBO-
psieTcsl.

Jokaxem Ttenepb, 410 ¢yHKIHA @(x) YAOBJIeTBOPALT
LaHHOMY fupgpepeHnnalsHoMy ypaBHeHHio (3.2) BHYTDH
uHTepBana (xy, b) (aHaJMOrMUHHE DACCYXKJeHUs NPUMeEHU-
MB K uHTEpBany (a, xo)). JJjsa 2TOro BO3bMEM BHYTDPHU UH-
TepBana (Xp, b) NMPOM3BOJILHYIO TOUKY x’ H TIOKaxKeM, 4TO
npu J1060M TOJOXKHTENbHOM &

(") —9(x’) ,
| i e () | <, 3.4
ecal TOJbKO |[x”— x| mocratouno mand. [jas Toro ke,
uro6bl noKasaTth (3.4), HOCTATOUHO NOKa3aTh, 4TO e€CJH
[x” —x’| mocraToyHo MaJjo, TO TNPH JOCTATOYHO OOJIb-
oIHx A

" ’

(@] ny__ Ry 7 , ,
) e )| <
X —X
TaK KakK IpH &-» oo
PA (X)) 1 P (x") o (x7).
B cuny HenpepmBHOCTH f(X,y) B o6mactu G Jnwo6oMy
e>0 6yner cooTBeTcTBOBaTh Takoe m>(0, 4T0 Bcerga

[y )y —e<f(e, ) <[(x,y')+e (¥=0(x))D,
KaK TOJABKO
|x—2"| <27, |y—y'|<4Mn.

CoBokynHOoCTh TOUeK (x,y) obmacta G, ymOBIETBOPSIO-
IIMX NMOCJHCIHHM HepaBeHCTBAaM, o0pasyeT (Ipu AOCTaTOYHO
MaJoM 1) npsaMoyroisHEk Q (puc. 9). Bubepem Tenepn K

) KoHeuHo, 3aech 4’ — He NPON3BOZHAfA, 2 3HauUeHHE Y.
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HaCTOJBbKO GOJBIIHM, YTOOH AJs Bcex 2>K Ha uHTEpBase
(a, b) 6ru10

|@ (%) — ¢®(x) | <Mn
H 4TOOH Bce 3BeHbsl JMHUH L, ObuiH Kopoue 1. U3 mocaen-
HEro HepaBeHCTBA cJelyeT, 4YTO Bce JoMaHBe OJiaepa
y=¢®(x) npu A>K un |x—
—X' | <2v 6YyAyT UEJIUKOM CO-

t ] 1
JepxaTtbcs B Q. ¢ | i :
C 1pyroit cTOpOHH § b (=) (=y")
S : 3| |yl
- ) = ST T TS
x”
(k) 7 .7 1 7 ! /4
= _.dq)d (x) dx. I - ' I
' ol Puc. 9
dg®(x)

CoryracHo TnpegbIAyLIEMY T BCIOLY, TAe OHa Cylue-

CTByeT, 3aKiioyeHa Mexnay f(x',y)—e u f(x',y’) +e, ecau
|x” — x| <m V. Orcrona, cuutast 4Jjist ONpPeNeJeHHOCTH, YTO
X">x', nonyuum

Fx, y) — el (x” — &) <P (x”) — P (x) <
<[f (xlr y/) + 8] (x” - xl) ’

4TO ¥ TpeboBaJOCh JOKAa3aTh.

3ameuanne . IIpexpaymue paccyxaeHus, Oyayuu
NpPOBeJeHn [1Js1 uHTepBana (Xo, b) u x’'=Xxp NOKA3BIBAIOT,
4TO «mpaBas» NMPOU3BOAHAs OT ((X) MPU X=xp, T. €.

lim Qx 3—‘?(-"0> .
x">x+0 X —Xp

paBHa f(xo, @(x0)).
Touyno Tak xe nmpennIymue paccyxjaeHHs, 6yIyuH npo-
BeJleHBl 1Jist uHTepBana (X%, b) u x'=b, NOKa3kBAIOT, UTO

1) MEl B3sIH IPSIMOYTOMBHEK Q, Asist KOTOpOro |X—x’| meHbiue 21),
a He NPOCTO 1), 3aTeM, YTOOBl HMEeThb BO3MOXKHOCTb OLEHHTbL YIVIOBOH KO-
3b¢uuHenT KpaiHero JeBOro 3BeHa JIOMaHOH Dityiepa, npoxojsiues Mex-
Iy OPSMBIMH X=X'—m1 H x=x"-+1, €CIH ee HavajpHasi TOYKA JICXKHT Jie-
Bee ToukH (x’, y’). Hauano 3TOro 3BeHa MOXET He HAXOAMTbCA B ITOH
MOJIOCKE, HO I [OCTATOYHON MaJsOCTH 3TOFC 3BCHA OHO 06:3aTesIbHO
HaXOAUTCA B M0JOCE MeKAy HPSIMBIMH x=x'—2n u x==x',
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«JeBasi» NpousBogHas OT ¢(x) npu x=b, T. e.

lim P(x")—9(b)
*"-+b—0 x"—b

pasHa f(b, @(b)). AHajornunbie yTBEPKIeHHs NOJY4alOT-
csl s KOHIOB HHTepBana (a, Xo).

3ameuanue 2. Teopema ! ocraercs crnpaBennuBoH,
ecnu TpeGoBaTh, oT f(X, y) TONBKO HempepeBHOCTL B G.
B caMmoM faene, BHOepeM Kakyio-Nu60 OrpaHHueHHYI 00-
nacte G/, comepxainyro TOUKY (Xo, Yo) H COZePKAlLylOCH
B G BMmecre co cBoMM 3aMbKaHueM. Torpa ¢yukuus f(x, y)
orpanuuena na G’ (mouemy?), u, 3aMenuB G Ha (', MOXHO
OPHMEHUTH BCe NMpelBbIAYLIHe PacCyXAeHHS.

W3/102KeHHEIMH PacCyXXJeHUsIMU MBl IIOCTDOMJH (PYHK-
nuio ¢(x), KoTopag npu x==x, o6pamaercs B Yo U YIOB-
JeTBOpsieT ypaBHeHUIO (3.2) TOJLKO Ha 3aMKHYTOM HHTep-
Bane [a, b]. PaccMoTpUM ORMH M3 KOHLOB, HampuMep mnpa-
BH, NOCTPOEHHOro Kycka JuHHH y=¢(x).  Tak Kak mo
MOCTPOEHHUIO OH JIEXXUT BHYTPH G, TO, B3B BMecTO (Xo, Yo)
TouRy (b, @ (b)), MOXKHO NpUMeHHTb TeopeMy 1, orpaHu-
YHBINKCH MOCTPOEHUEM pellleHusl B cTOpoHy x>b. Takum
0o6pasoM, MH MHOJNYY¥M pelleHde ¢ (x) yXe Ha HHTEpBale
[a, b1] (b1>b), T. e. mONYyYUM NPOJOJIKEHHE MepBOHAYANb-
HO MOCTPOEHHOTO KyCKa HHTerpajibHOH JuHHUM. 3aTeM MOX-
HO, B3sIB BMeCTO (Xo, Yo) TOUKy (b1, ®(b1)), BHOBp NIpuMe-
HUTb TeopeMy 1 W MONYYHUTL MOPOLOJIKEHHe pelleHH Ha
uuTepBan {a, byl (be>by) u T. A. AHAJOrMYHO MOXKHO NpO-
JIOJI3KATh pellleHusl BJeBO, T. e. B CTOPOHY yObiBaHHUA X.

Bosuukaer Bompoc © TOM, YTO MHB MOXKeM IIOJYYHThb
B pe3yJbTaTe TaKoro HPOJOJIKEHHS.

Pewenne ¢(x) ®akoro-nu6o nugdepeHnuanlsHOTO ypaBs-
HeHHs,, 3afaHHOe HA OTpe3ke q<¥<f, Ha30BeM npPodoa-
acaemoim 8npaso (84€60), ecJu CylleCTByeT pellleHHe ¢y (x)
TOTO K€ ypaBHeHHs, 3aJaHHOe Ha OTpe3ke a<x<P
(m1<t<PB), mputem Bi>B (w<a) H ¢ (x)=@(x) npn
a<x<p. Pelllenve, He npopo/skaeMoe HU BNPaBo, HU Ble-
BO, HAasbIBaeTcs Henpoldoascaembim. AHAIOrUYHO ompeje-
JIleTcs] TIPOAOIXKAeMOCTh H HEHPOJOJIKAeMOCTb pellleHHd,
3a/1aHHOTO HA OTKPHITOM WJH NOJYOTKPHITOM HHTEPBaJax.

W3 paccyxpaenuif, TIpuBeleHHHX NOcJAe 3aMeYaHus 2,
BBHITGKAET, YTO €CJIM NpaBas uacTb ypaBHeHus (3.2) ompe-
IeJleHa W HempepHBHA B o6jacti G, To moboe ero pelre-

y
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HHe, ONpeJeJleHHOe HA 3aMKHYTOM HJIH MOJYOTKDHTOM HH-
TepBaJe, Bcerga npopoaxkaemo, IHenmpomomxkaembe pente-
HUST MOJKHO OXapaKTePH30BaTh clefyloIiuM 06pasoM.

Teopema 2. Ilycro ¢ynxyus f(x,y) onpedesena u
HenpepoisHa 8 obaracty G. Toeda 0as HenpodoanaemocTu
pewernun p{x) (a<x<B) ypasrerus (3.2) snpaso (s84es0)
Heobxo0umo 1 JOCTATOYHO BbLINOAHEHUA NO Kpatinel mepe
00HO020 U3 Tpex YcA08uUil:

’1) B=+oo (a=—00);

2) |y(x)|—~>+o npu x> B—0 (x-»a+0);

3) paccrosnue or touxu (x, @(x)) 0o epanuyer G
crpemurcs k HYyAto npu x— B—0 (x - a+0).

HoxasartenbcTBo. Bygem Ans onpeleJeHHOCTH pac:
CMaTpHBATL NPOLONXKAEMOCTs BnpaBo. Eciu pemenne ¢(x)
(a<x<pB) npomonxaemMo BnpaBo XoTsl OB Ha IHOJYOTKPHI-
THIl HHTepBajs o<x<p, TO NOPORONKEHHAS (YHKUHT ¢
AOJKHA OBITH HenmpephBHOH, a Touka (B, ¢(B)) noixHa
HaxoAuThcsd B o6nactu G. Ho 3T0 HEBO3MOXHO IPH BH-
NoJIHeHUH XOoTs1 OBl OfHOro u3 ycjaosu#i 1)—3), T. e. no-
CTATOYHOCTb KaXJO0TO U3 HUX JJIA HENPOAOJIKAEMOCTH pe-
IIeHHs J0Ka3aHa.

Inst mokasaTesbcTBA HeOGXORMMOCTH HONYCTHM, YTO HH
OIHO W3 ycnoBufi 1)—3) He BBINOJHEHO, H NOKaxeM, 4TO
TOTJa pellieHue MOXHO NPOROJNXKHTb., O603HAUHM

p=_lim ¢(x), g= lim @(x) (—oco<p<g<+00)

x—+B~0 x~f—0

H JOKa)keM, uYTO p=¢. B camom y
Jene, nycth p<q. Bce TOUKH HH-
tepBana (x=B, p<y<q) aBag-
I0TCS NpefeIbHBIMH TOUKAMH JJIs
rpaduka pelleHHsl ¥ NOTOMY mpe-
aenbHBIMH Jasi G. Ecau 6w Bce
OHM NpHUHamJexaju rpatumne G, TO
6b1J10 OH BEHINOJIHEHO YcJoBue 3), y:ia(:z:)
4TO HEBO3MOKHO; 3HAUHUT, HMeeTrcs
touka (B, r) (p<r<gq), npunag- rog
aexamast G. Buibepem e>0 Tak, L L‘
49TO0H OPAMOYroJbHHK II: f—e< -

<X<P, r—e<y<r-te, UeJIHKOM L
copepxancs B G, npuuem p<r—e, !

r+e<<q. Torpa dyuknua f una II Puc. 10

—_——
~

r+&

D
N
NN NNNNNAN I |
M.

N
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orpanHHueHa, max|f| =N<-4oo, a rpaduk dysruua ¢(x)
IT

npyu x—p—~0 6eCKOHEUHO MHOTO pas MepexoiHT OT BepXHel
croponbl Il k Huxueilt u obpatno (puc. 10). Ho B cuay
ypaBHeHHs (3.2) ¥ (HOPMyJBEl KOHEUHHIX NPHpaLleHuH KaX-
IBIH  TAakKOH Ilepexoj COBepIIAeTCS Ha HHTEpBaJje OCH X,
IJIMHA KOTOPOro He MeHblle 2g/N, TeM caMBIM NepexoioB
Ha nHrepBaje f—e<x<lP Moxer OuITh He Gousbime N/2, u
MBl NPHIIIH K NPOTHBOPEUYHIO :

Hrak, p=g. Tak kaK ycnoBue 2) He BHIIOJHEHO, TO 3TO
3HaYeHHe KOHEYHO, T. €. mpeje llmo(p(x) CyliecTByer.

x-b—

ITonoxuB 3HaueHue @(P) paBHBHIM 3TOMY Mpeleny, Mb BH-
aHM, yTo Touka (B, @(B)) npuuasiexutr G, Tak Kak ycluo-
BHe 3) He BHNoJHeHo. Ho B cuay ypaBHenust (3.2) mpenen
lim ¢’ (x) cyutectByer ¥ paseH [(B, ¢(B)). 3umauur,

npa a<x<f mo (opMyJie KOHEYHEIX NpHpallleHu#t

SR — ¢ (@) e<temr = /(& 0 B) >/ (B 9 6)
npu x—p—0, a notoMy ¢yHKupsa ¢@(x¥) YILOBJIeTBOpseET
ypaBuenuo (3.2) u npu x=f, T. e. sAB/IsSeTcS NPOLOJKe-
HHEeM MHCXOJLHOrO pelIeHHs] Ha NOJYOTKPHTHIH WHTepBaJ
a<x<p. Teopema 2 gokasaHa.

3ameuanue, Ecau obnacte G orpanuyeHa, TO cJy-
yau 1) ¥ 2) oTnajgaoT, H OTOMY BCSAKOE HEeNPOLOJXKaeMoe
pemenue ymoBjaerBopsier ycnosuio 3). Ecnm, kpome Toro,
¢ynxkuuss [ ua G orpaHmyeHa, TO npu Xi, xz— p—0
(2 <<x1)

@ (X)) — @ (Xg) = (X, — %) @ (E) Ly, =
= (%, —x)-f (&, @ (E)) >0,

a MOTOMYy N0 H3BecTHOMY ofieMy Kpurtepuio Ko cyire-

CTBOBAHHS Npejiela MOJNyyaeM, 4TO JJis HempOAOJIKAeMOro

peutenus @(x) (a<x<P) cyuecTsyer llgno(p(x). C npy-
X—B—

roil cTOpoHH, ecqu o6iaacte G CONEPIKHT NONYNJIOCKOCTDb
x>xp (x<x%) (a<<x<<B), TO ornamaer ciaydai 3).
Teopema 3. [ycre ¢pynryus f(x,y) onpedesena u
nenpepoisna 6 obaactu G. Toeda uepes xaxcdyro TOuKY
(x0, Yo) arT0ll 0b6aacTu npoxodur epagpux no kpadneld mepe
00HO20 Henpodoanaemozo peuierus ypasgHexnus (3.2).
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JokazateabcTBO. ByneM cTpoHTb pelleHHe TOJb-
KO B HanpaBJieHHH Bo3pactaHus x. O6o3HaunMm yepes K
MPSAMOYIONBHHK Xo<X<Xo+To, |Y — Yo| <ro, THe ry paBHO
IIOMIOBHHE KpaTuafiliero pacCTOsIHHsL OT TOUKH (Xo, Yo) JO
rpaHuub G, ecan G He coBmajgaeT cO BceHl MJOCKOCTBIO,
u ro=1, ecik G ectb Best maockoets X, y. Ilyers
M(,:rrll\’axlﬂ; TOTZa 110 METOAY, NPUMEHEHHOMY NpH AO-

0

Ka3aTeJbCTBe TeopeMbl |, pernenne ¢(x), yAOBJIeTBOPSIO-
llee 3aJaHHOMY HAauaJbHOMY YCJOBHIO, OYAeT NOCTPOEHO

. I
Ha HHTepBaje Xo<x<Xo+ho, rme hy,= min {ro, A; } Te-

J (]
nepb 0603HAYUM X =Xo+ho, y1=¢ (%)), Ki={x <x<xi+r1,
|y—y,| <ri}, roe r; ompejesieHO aHAJOTHYHO ro, MPOIOIKIM
pellleHHe Ha HHTEPBAJd X <X<X|+h =X

(hlzmin {rl, ﬁ}, M1:TTII<?X|fI>

H T. I. DTOT npolecc MOXKHO NpPOJOJIXKATh HEOPAHHUEHHO,
B pe3yJbTare uero peulenue @(x) OymeT mMOCTPOeHO MpH
X<x<B, rae f=limx, < +oo.

n—>oe

JlokaxeM, 4YTO mMOCTPOEHHOE pelIeHHe HelpojoJiKae-
MO BnpaBo. ITO scHO, ecau f=-+oo, uau P<+ oo,
lp(x)| — +oo0, wuan lim ¢ (x) < lim @(x), TaK

*-8-0 x->B—0 xp—0

KakK B KaXXJOM H3 3THX caydyaeB GYHKIOHIO @(x) Heabssd
JIOONpPeNeNUTL NPH X=[f C COXPaHEHHEM HeNpepbIBHOCTH.
3uauuT, ocraercs cayyaft, korga B<-H+oo u g@(x) npH
x— B—0 umeer npenea y,. Ho torna x, —Pp, ¢(xn)—> Ya
(n— 00), 1 noToMy eciu Toyka (B, y.) npuHamdexur G,
TO ry—>to, Mp—> My, hy — h,, rae ro, M,, h, onpeneseHsr
s 3TOH TOYKH TakK Xe, Kak ro, Mo, ho AJS TOUKH (X0, Yo);
HO Toria Bce h,>const>0, 1. e, X, —>-+ o0, ¥ MH NPUXO-
IUM K OPOTHBOPeuH0. 3HauHT, TOYka (B, Y.) NpHHALIE-
JXUT rpanune (, a MOTOMY pelueHHe ¢(X) HeNpOoAOJKAEMO
BNpaso.

AHajiornuHO paccMaTpuBaercs NPOJOJIKEeHHe pelIeHMs
B cropony y6riBanus x. Teopema 3 mokaszaHa.
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3ANAYH

1. ITyets dynrums f(x, y) onpelejseHa W HenmpephiBHA B 32MKHY-
toli o6nactu (. Jlokaxwure, 4TO TOTAA YTBEPKAEHUE TEOPEMH 3
ocTaeTcs CIpaBelJHBHIM, YTBePXKAEHHe e TeopeMH 2 mnpHobpeTaeT
clefyWIIHi BHA' ecdH peulende @(x) ypasHeHus (3.2) HempoJoixae-
MO Bnpaso, To aubo obnacte onpefeneHHs QYHKUMH @(X) cOZepXKHT
HEKOTOPHIl NOJYOTKPHITHIH HHTEPBAAd Xo<ox<<fl, mpuueMm f=-4oco min
Icp(x)I—B-—»O-i-oo, JAu60 e 3Ta 06JACTh COLEPIKHT OTPE3OK Xo<A<P,

x->f—

‘mpuueM Touka (B, @(P)) npumagiexur rpamuue-obaacry G. (AHaio-
THUHO  (OPMYJHPYIOTCS HEOOGXOAHMMBle YCJOBHS  HENPOAOJKAEMOCTH
BJIEBO.)
2. Hoxaxure, uTo ecan obaacts G orpaHuueHa, a ¢yHKUmxs [ Ha
G orpaHHueHa CBEPXY HMJM CHH3Y, TO AJA HENPOAOJIKAEMOrC peLeHHS
P(x) (a<<x<<P) cymectByer lim ¢(x).
x->p—0

3. Ilycte o6nacte G npencraBasier cofoit mosocy a<<x<<a’, mpH-
ueMm [ HenpephlBHA H orpaHuyeHa Ha (. Moxer 6bTb, YTO uepPe3 HEKO-
TOPYIO TOUKY (Xo, Yp) 3TOH o6GnacTH NPOXOAUT GOJee ueM ORHA HH-
TerpadpHas JHHHS ypaBHeHus (3.2). JloKaxuTe, uTO TOTAAa HafifyTes
[iBeé HHTErpaJjibHble JHHHH y=@;(X) ¥ Yy=@2(X) aTOr0 ypaBHeHHs (HaH-
GoJblllee H HauMeHblllee peltenns (MoHTedp)), npudeM @ (%) =
=@o(X0) =Yo, @2(x)<LPi(x), a<<x<<a’, ¥ BCs uactb mojocet G MeX-
Ay JHHHAMH y=@(X) H y=q@a(x) LEeJTHKOM 3aNOJHEHA HHTerpajbHHMH
JIMHHSIMH, TNPOXOISIHMU Yepe3d (Xo, Yo), 2 BHE ITOM UACTH HET HH OA-
HOH HHTerpaJsibHOfl JMHUHWH, NPOXONSINEH uYepe3 3Ty TOUKY.

4. [lokaXuTe TeopeMy O CYIIeCTBOBAHMH DeIIEHHS ypPaBHEHHs
(3.2) caenyrowum o6pasom (meron Ileppona), Hasomem sepxned
¢ynkuuek ua wuHTepBase (xq, D) (cM. puc. 8) BCSAKYIO HENPEPHIBHO
Aupdepennupyemyo GyHKIMO y=@(x), rpadHk KoTOpoH NPOXOXHT
neJqHkoM no G H fJas KoTopo#

P (%0) =40, @ (%) >f(x, @(x)), %<2,

Torma: a) mepxHMe (QYHKIMH CYIeCTBYWT; 6) HIDKHAA TIpaub Beex
BepXHHX QYHKIHA fBafercs pelleHueM ypasHeHHs (3.2), rpaduk xo-
TOPOTC NPOXORUT uepe3 TOUKY (Xo, Yo) (MMEHHO HAMGOJBIIMM pemme-
HHEM, cM. 3ajauy 3) AHAJOrHYHO MOKHO OHJIO 6Bl ONPENEIHTH HUdC-
Hue QYHKUMH M B3Thb HMX BEPXHIOWI TIpaHb. TO XKe MOXKHO cAejaTb H
At x<Xo.

5. Ilyetb Ha oGaacty G 3aJaHBl JBE OrpaHHueHHbie (YHKUHH
f(x, y) u F(x, y), npuuem BCOAY

F(x, y)=f(x, y).

[Mpeanonaraercs, uro QyHKUEs F(x, y) NONyHeNpepuiBHA CBEPXy, a
dynrums f(x, y) nonyHenpepelBHA CHH3Y. DTO 3HAYHT, YTO

F(x,y)= limF(¢,s),
t->x,

Sy
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COOTBETCTBEHHO
f(x, y) = lim f(¢, s).

t—>x,
s=y

Torpa wepes MoGyio TOUKY (¥o, Yo) paccMarpuBaeMmoil oGJIacTH NMPOXO-
IAT no KpaliHell Mepe opHa JuuHS y=¢(x), AIs JA0060# TOUKH KOTO-
poit npu Ax—0 Bce UpefelbHBE 3HAYCHHS OTHOIIEHUS

Q(x+Ax)—o(x)
Ax

3arJaoueHs Mexny F(x, y) u f(x, y). BooGe roBops, uepes KaxaAywo
TOURY (Xp, Yo) NPOXOLUT MHO'O TaKUX KPHUBHIX; CpPeAH HHUX CYIIecT-
ByeT HauGosbluasi M uaHMeHblIasi B CMEICJIE, YKa3aHHOM B 3ajaue 3.

§ 12. Teopema Ocryna
0 eIMHCTBEHHOCTH

Teopewma. Ecau ¢ynxyua [(x,y) 0aa aw6oil napet
rouex (x, Y1) u (X, Yo} obaactu G ydosaersopser ycio-

8U0
Hx, y2)—F (%, 1) | <@(lya—11), (3.5)
e2de @ (u) >0 npu 0<u<c, HenpepuisHa u TAKOBA, 4TO
. du
()
e

(X0, Yo) o6aactu G npoxodur ne 6oavule 0OHOU UHTE2PANb-
Hotl aunuu ypasHenus (3.2).

Takumu ¢ynknusMu @ (x) moryt ObiTh, B UaCTHOCTH,
caenywole GyHKIHH:

Ku, Ku|lnu|, Ku|lnu|-In|lnu|,
Ku|lnu|-In|lnu|-Inln|lnu| -

—00, xoefa e—0, TO uepes xamOyrw TOUKY

H T. A. (K 03HauaeT HeKOTODPYIO NMOJOXHTEJNBHYIO NOCTOSIH-
HYI0). R

OcofeHHO 4acTO NPHMEHSIOT TeOpPeMy O €JHHCTBEHHO-
cru, monarafg @ (u)=Ku. B stom cayzae ycnosue (3.5)
fepenuleTcs Tak:

|7 (%, y2) —F (%, 1) | <K|y2—un |- (3.6)
Ycnosue (3.6) HaswiBaeTca ycaosuem Jlunwuya no y.
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B uactHOCTH, ecan obJsacth G BHIOyKJaa mo yl, To aTOMY
YCJIOBHIO YIOBJETBOPSIOT (DYHKIHH, HMEIOIHe OrpaHuueH-
Hy©o B G uacTHy©0 NPOHM3BOAHYI0 TO Y. JleficTBHTENBHO,
IPUMEHSIE B 3TOM cjyuae TeopeMmy Jlarpanmka, Mbl MOJYUHM

|F (%, y2) — [ (%, 1) | = |f;(x,y1—|— 02—y Ilya— 1 I<

< K|Yys—uyil.

3nech K o3HauaeT BepxHIOI0 TpPaHb 3HaueHHd |fy,l|.
HokasarteabcTBo. IlycTh cymecTByloT [ABa TakHX
peienus gy (x) 4 y2(x), 4TO

y1(x0) =y2(x0) = Yo.

Bynem cunrath Xxo=0, TaK KaK MH BCErjia MOXKEM JO-
CTHUL 3TOTO 3aMeHO x Ha X+ xo. IlosoxuMm

Ya(x)—y1(x) =2(x).

Takx kak ys(x)s=y;(x), To Hafjgercsd Takoe X, UTO
2(x1)=0. MoxHo Bcerpa cuuraTb 2(x1) >0, Tak Kak npo-
THBONOJIOXKHBIA CcJyuad cBeAeTcs K 3TOMY, €CJH BMeCTO
pasHOCTH ya(x)— y1(x) o603HAUHTL uepe3 z(x) pPas3HOCThb
Y1{x)—y2(x). TouHo Tak Ke, He OTrpaHHUMBAsT OO6UIHOCTH,
MOXKHO CYHTaTh, 4TO X;>0, TaK KakK INPOTHBOMOJOXHHIH
cayyafl CBOAMTCS K 3TOMy 3aMEHOH X Ha —X.

3aMeTHM JaJee, uTO

A ) e, ) — (2 1) <O (Y — 0 ]) <

dx dx
<20( ya—ui ), (3.7
ecau
ly2—y1| >0.
IToctpouM Temepn pelleHHEe y(X) ypaBHEHHS
d
X

KOoTOpoe TmpH x=x; ofpamaercs B 2(x;) =2;. Takoe peure-
HHe CcyuiecTByeT M eauHcTBeHHO (cM. § 4). I'paduk 3Toro
—_——— /

1) Mu HasbiBaem obnacte G seinyxaol no Yy, ecan NapaslesbHLLA
ocu Y oTpe3ok AB, coepnnsomwuil aBe Kakue-HuOyab Touku A u B
3TOH 06713CTH, LEeJHKOM JICKHT BIYTPH 3TOfl 0o6nacTH.
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pemenHs 6yneT acCHMITOTHUECKH NPHOMMIKATBCA K OTpHIA-
TeJbHOH yacTH ocH Ox M HUrAe ee He mepeceueT (puc. 11).
B Touke (x;, 21) KpuBHe 2(x) H y(x) mepecekyrcs. U3
HEPaBeHCTBA

2 (1) <20 (21) =20 (y (1)) =y (x1)

HEIOCPe/ICTBEHHO CJIeAYeT CYUIECTBOBAHHE TaKOrO HHTEP-
Basna (x;—e, x1), £>0, HA KOTOPOM

2(x)>y(x).

Ho sTr0 ke HepaBeHcTBO
HMeeT MeCTO NpPH BCSKOM g, €C- Y(=)
an 0<e<xj, TaK KakK B IPOTHB- (#121) ()

HOM cJyyae, B3SIB JJ € €ro

HaHGOJbIIEe BO3MOXKHOE 3HAYe-

HHE, MBI HEMeIJEHHO IpPHILIH 0 -
6bl K npoTuBopeunio. JleHcTBH- Puc. 11
TEJNIbHO, TOrJa IPH X=X;—&= Xy

MBI UMeJH OHl

2 (x2) =Y (x2) =20 (y(x2)) =20 (2(x2)),
TaK KakK MpaBee TOUKH Xp

2(x) >y (x).

C npyrofi cTOpPOHBI, IPOBOAS PACCYXKACHHS, aHAJOrHU-
HBEE TeM, KOTOpble NMpHBead Hac K (3.7), mOJyYHM

7 (%2) <20 (2(x2)),

4TO IPOTHBOPEUHT NMPeAHAYIIEMY.
3HauyuT, IpH BCAKOM X, €CAH TONBKO O<Xx <Xy,

z(x) >y (x) >0,

B gacTHOCTH 2(0) >0, a 3T0 NMPOTHBOPEUHT HAaUIeMy MepBO-
HAuaJbHOMY TPELI0N0XKEHHIO,

3AJAYH

1. Hokaxure, uto ecqn @ @)=0 u @ (0)=0, To dynkuus f(x, y),
ynosyersopsowas yeaosuio (3.5), o6s13aHa GHTb IOCTOSIHHOM 1O Y,
ecau obnacte G BHNYKJ2 no y. Tak Gyzner, B yacTHocTH, ecan @ (4) =
=ur, p>1,

2. Jlokaxure, 4TO ecJu B YCJOBUH TeopeMbl B KauecrBe @(4)
B3fTb HenpepuiBHyi0 (yHKun0 (O (u)>0 npn 0<<u<c), rpaduk Ko-
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]

* odu
TOpoH o6pauieH BHITYKJOCTBIO BREPX, IPHUEM uﬂTerpa.nS m cxo-
u

IUTCH, TO YTBEPKIEHHE TEOPEeMEl HeCnpaBelJIHBO, T. €. CYIIECTBYET
dyuxuua f(x, y), ynosiersopswomas ycaoBuio (35),  NPUTOM Takas,
YTO uepes HEKOTOpYWw Touky obnactn G mpoxoAur 6oJee OQHOH HHTe-
rpanbuoll anHuu ypasuenus (3.2).

3. loxaxure, uro ecan @(0)=0 n @'(0) cymecrsyer, T0

du
A ®(u)

Myl Ocryna. ,

4, Ecin B teopeme Ocryna 3a @(u) 6Gpare  o¢yHkums  Ku,
Ku|lnu| u 1. n, 1O Mu OyzeM moayuaTth Bce GoJee cnabrle orpa-
HuueHns Ha GyHkuuu f(¥, y), T. e. Bce GoJee CHJbHble TeopeMH. Ilo-
KaXXHuTe, YTO HeJb3sl NMOJYYHTb «CaMOH CHJIBHOH» TeOPeMBl 3TOr0 POAa.
Hnave rosops, jpokaxure, uto ecan @(u) yROBJIETBODSET YIOMSAHYTHIM
B (GOPMYJNHPOBKE TEODEMH YCJIOBUSIM, TO BCerja CyIecTsyeT (yHKUHSA
O;(u), yAOBAETBOPAIOIAS TEM XK€ YCIOBUAM, IJs KOTOPOH

ml(u)—)oo
O(u)

e

oc, T e dynkuus @(u) yaOBAETBOpseT yCJOBHAM Teope-

npy u—-0.

5. Kak usBectno u3 amanusza, ecau ¢ymxuus f(x, y), 3afaHnas B
HekoTopo#t o6inactu (G, HempepnlBHa IO KaXJOMY M3 NePeMEHHHIX X H
Y B OTIENBHOCTH, TO OHA MOXET He ObTh HeNpepHBHOH IO COBOKYI-
HOCTH (%, y). Jlokaxure, 4To ecau [ HempepeiBHA 1O X W yZOBJETBO-
paer ychoeuio (395), rze ®(u) ——>00, TO Fﬂenpepbmua B ofbnacta G
u—>

no coBokynHocTH (%, y). CHpaBemiJHBO JH 3TO yTBepXKIeHHe AJSA
dyHKUMH, 3aJaHHOM Ha KBajpaTe, Kpyre, TPeyTOJbHHKe BMeCTe C HX
rpauHiamMu?

9,

6. Jlogaxure, 4ro ecm{-a— HenmpephlBHa B o6nactH G, TO HMeer
Y

MeCTO eJIMHCTBEHHOCTb pemenus, rpaguk KOTOPOTO NPOXOAHT yepe3
3afanHy Touky obaactu G. docratouHo Jiu Tpe6oBaTh TOJMBKO CY-
1eCTBOBAHHS 3TOH NpPOU3BOLHON?

7. Tlyere npu xo<Cx<Cb 3afansl HempephBHO nudepeHIHpyeMble
dyuxkumn y(x), 2(x), u(x), npuueM

Y (Xo) =2 (x0) =1 (%0) =y,

rae Touka (X, Yo) JIEXKHT B HekoTopofi ob6aactu G, Ha KOTOpOH ompe-
HdeneHa HenpepeiBuasi ¢ymkuus f(x, y). [ycTb Bclogy ua 3ToM uHTEp-
BaJie

Y0y =f(x y); Z(x) >, 2), &' (x)=f(x, v)

Ilokaxure, uro TOrma mpH X>>X BClopy 2(x)>y(x). Ecmu  no-
NOJIUHTENbHO MoTPe6oBaTh, YTOOH Hepe3 KaXayw TOUKy (¥, y(x)) (npu
XS << b) NPOXOAH/IA TOJMbKO OAHA HHTErpajbHas JHHHA Y=y (X)
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ypaBuenns (3.2), 1o u(x)=y(x) npu Bcex x&[x, b). [NToxkaxwure, uro
3TO HONOJHHTENbHOEe TpeGoBaHHe SBJSETCS CYLIeCTBEHHBIM.
Pacnpocrpanure yTBepXAeHHe Ha cayyad, Koraa oT QyHkuHi 2(X)
u u(x) TpebyeTcs TONLKO HENPepPHIBHOCTb H CyIUIECTBOBaHHE NpaBOH
(n1u aeBo#) NPOH3BOIHOM.
8. IMycrs dynruus f(x, y) B noxoce a<x<<hb, —oo<Cy<Coo Hempe-
pHBHAa u ynosaersopseT ouenke |f(x, y)|<¥(lyl), rme dyHRUIUA
o

dz
W (z) >0 HenpepuBHa uj.
()> pep )Y@
TE, YTO TOTAA IIPH JIOGHX HauaJbHEIX YCIOBHAX pelleHHe MOXHO Ipo-
JOJNAKHTb Ha Becb OTPe3ok a<ix<<h. (dto BepHo u ana W(2)=0.)
[Ipusepure npumep HenpepuiBHON ¢yHrunu ¥(2) >0 (0<<z<< o), ann
o0 -]

=o00 gaas goboro N>0. Jokaxu-

dz dz
KOTOpOﬁj‘ ¥) = 00, HOS‘ ¥(z) e < oo ans moboro >0 Yro or-

cloja caeayer anas NPOAOKeHHS peINeHuil? Bo3MOXKeH Ju Tako# npH-
Mep AJIS MOHOTOHHO# ¢ymkuun ¥ (2)?

9. Ilycrs y=Y(x) (a<<x<{b) ecrb HauGoJblllee pellleHHe ypaBHe-
uus (32) c HenpephHIBHOH MNPaBOM .Y4ACTBIO NPH HaYaJbHHX YCJIOBHAX:
X=Xy, Y(%o)=yo, npuyeM KpuBag y=Y(x) ueaukoM Jexur sBuyTpu G.
Hycrtb, nanee, Y, (x) ecry HauGonbiiee pemieHue ypaBHewus (3.2) npu
HAayalbHbIX YCIAOBHAX X=Xn, Yn(Xn)=Ya, 0pHUEM Y.2Y(Xn) H
Xn—=Xy, Yn—>Yo Npu n—oo. [lokaxure, uTo TOrna Y. (x) npu mocra-
TouHO GoJsbiioMm n Gyner cyllecTBOBaTh Ha BCeM oTpe3ke [a, b] u mpu
n—oo Y, (x) 6yieT paBHOMEPHO Ha 3TOM OTPe3Ke CXOAHTBCS K Y (X).
Cp. 3amauy 3 § 11.

10. TIyctb yn (x) ecTb pellleHHe ypaBHEHHS

dy

—dx—=f(x,y)+q>n(x,y),‘

TAe @a (X, y) >0 u Bepxuas rpaHbp 3HaueHHit @ (X, y) Ha G crpe-
murcs K 0 nmpu n—-co, ¢ HavadbUBIMH YCJIOBHAMH Y (Xo) =yo. TouKa
(x0, y0)e=G, f(x, y) ¥ Pa(x, y) cunraoTcs HenpepuBubMu. ITycTb
y=Y(x) onpegeneHo, Kak B npeluayueil sagave. J[okamure, 4TO npH
3THX YCJOBHSIX Yn(X¥) NPH n—+co GyAeT paBHOMEDHO- CXOXMTHCH HA OT-
pe3ke [xp, b] K Y (x).

11. IokaxuTe TeopeMy O EIHHCTBEHHOCTH peweHuss B Gojee 06-
LIHX INpeAnoJoXeHuax, ecdu (3.5) 3aMeHeHo Ha HepaBEHCTBO

[F (% g2) —F(x y) ISO() D (1y2 — 11]),
KOTOpOE [OJKHO BHIIOJHATLCA Bcioly B (G, KPOMe KOHEYHOro wuMcaa
3HaueHu# X (BOPOUYEM, B 3TOM NYHKTE BO3MOXKHO CYIIECTBEMHOE 0606-
menne). Ilpn sroM ¢ynkuns @ ta xKe, uto B TeopeMe Ocryna, a ¢yHK-
g P (x)=0 Henpepblgﬂa BCIORY, KPOMe, GHTb MOXET, YKa3aHHHX

3HayeHul *x, npnquj‘w(x)dx<oo Ha Jo60M KOHEYHOM HHUTepBaJe
a

(a, b). (CywecTBenHo Jn NocJAeRHee ycioBHE?)
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§ 13. JlonoaHenue
0 JoMaHBIX Jiaepa

Teopema. Ecau cyuwecrsyer ToAbKO 00HO npoxods-
wee uepes Touky (%o, Yo) pewierue ¢(x) ypaswenus (3.2)
C HenpepoisHOl npasoll 4acTvro, TO 8CAKAA NOCAe008ATeNb-
HOCTb B8bIXOOAWUX U3 TO4KU (Xo, Yo) JomManelx Iisepa
(Tounee, mocnenoBaTeLHOCTh (DYHKHUI, rpaduKamu KOTO-
PBHIX CAyXAT 3TH JOMAaHue), Yy KOTOpslx OAuna Hauboab-
uie20 U3 38eHbe8 CTPEMUTCA K HYAIO, PABHOMEPHO npubau-
Jcaerca Ha 3amkHyTom unrepsase [a,b], o xoTopom wiaa
peun 8 Teopeme 1 § 11, Kk aTOMY €OUHCTBEHHOMY PeUlEHUN.

JlokasarteabcTBO. [ AoKasaTeJbCTBA TEOPEMEL,
OUEBHIHO, AOCTATOYHO NMOKA3aTh, UTO NPH JOOOM MOJOKH-
TeJBHOM & CYHIECTBYET TOJBKO KOHEYHOe YHCJO JOMAaHBIX
Olinepa wu3 paccMaTpHBaeMOfl IOCJELOBATEJBHOCTH, He
PACNOJNIOXKEHHBIX IEJHKOM MeXAYy JHHUAMH Yy=@¢(X)+e
H y=q(x)—e npu a<x<b. ITocnennee yrBepKieHHe Jer-
KO JI0Ka3aThb OT NMPOTHBHOTO. B caMOM jene, AOMYCTHUB MpO-
THBHOE, MBI TIOJYYHM OECKOHEUHYI0 NOCJIef0BaTeJbHOCTh
NPOXOAAIINX Uepe3 TOUKY (Xo, Yo) JOMaHEIX Jiijepa, y Ko-
TOPHIX AJHHA HAUBGOJBILErO H3 3BEHbEB CTPEMHTCS K HYJIO
C BO3pAaCTaHMEM HOMepa M HH OjHA H3 KOTOPHIX He JIeXHT
HEeNHKOM MeXAy JHHHAMH y=¢(x)*e. Toraa, npumenss
K 3TOH IOCJAEROBATEJbHOCTH pACCYXAEHHS, NPOBELCHHEE
Ipyu AoKaszareabcTBe TeopeMmbt 1 § 11, Mm Haiimem mocie-
J0BaTeJILHOCTh JIOMaHnbiXx Jijepa, KOTOPasi pPaBHOMEPHO
CXOZHTCS1 K HHTErpa/bHOM JIHHHHM, NPOXOAfIlel uepe3 TOU-
Ky (Xo, Yo) W OTAHUUHOH OT JuuHH Y=¢(x). A 3TOrO GHITh
He MOXeT B CHJIY NpeflojaraeMolil eHHCTBEHHOCTH HHTe-
rpanbHOil KpuBOH ypaBHenus (3.2), mnpoxojsimei uepes
TOUKY (X0, Yo). \

OTMeTuM B 3ak/JIOUEeHHe, UTO MHOrMe METOAK UHCIEH-
HOro WHTerpupoBanusi pAudepeHIHaJbHBIX YpaBHEHHH
NpeACcTaBAsIoOT cOO0H TO MK HHOE HEMOCPERCTBEHHOE YTOU-
Hende (yJayuuiaiomee CKOPOCTh AalIPOKCHMALHH) MeToAa
JIOMaHHX JDinepa.

3AJAYN

1. TlpuBesure npuMep ypaBueHus (3.2) c wuenpepuHiBHOX NpaBoi
YacThiO H JJIS HEro NocJef0BaTeJbHOCTb NPOXOASAIIHX uepe3 TOuKy (Xo,
Yo) JNOMaHHX ODiljepa co crpeMsmeiics K HyJo HJIHHON HAuGOJbLIEro
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W3 3BEHBEB, NPHYEM INOC/IEAOBATENbHOCTb (GYHKUMH, rpaduyeckn npen-
CTaBJIEHHBIX 3THMH JIOMaHBIMH, He CXOAHTCS HH NIPH ORHOM 3HAGeHHH
X, KPOMe X=X,

2. Mpusemure npuMep ypasHenus (3.2) ¢ HenpephBHOH npaBoil
YacThio, 151 KOTOPOTO Inpenes J0GOH MOCAEL0BATENbHOCTH JIOMAaHBIX
Diinepa, HAUMHAIOWMUXCH B IPOM3BOJBHOH TOUKe, NIPH CTPEeMJEHHH K
HYJIIO AJHHB HauGoJbIIEr0 U3 3BeHbEB CYIECTBYeT, H B TO e BpeMs
yepe3 HEKOTOPbIE TOYKHM 06JACTH NPOXOAUT Gojlee ORHON HHTErpasbHOR
JIHHHHL

B03MOXKHOCTb 3TOrO CBS3aHa C TeM, 4TO, BOOOIIE I'OBOPSA, He KaxK-
10e peuleHWe ypaBHenus (3.2), npoxogsilee uepes TOUKY (¥o, Yo), MO-
KeT OBbITh TOJNYYEHO KaK Npefes MOC/Aef0BaTeNbHOCTH JIOMaHBIX Ditje-
pa, HAYHHAUMXCA B 3TOH TOUKe.

3. Ilycrs dymkuus f(x, y) yHOBAerBopsieT ycaosmio Jlummuua
KakK no y, Tak u no x. Jlokaxure, 4To Torna B OGO3HAYEHHSX, INPH-
MeHeHHBIX INpH J0Ka3adTeJbcTBe TeopeMul 1 § 11, maxb[cpk(x)—

IS4

—@(x) | <Clx, rae lx — wuaubosbliasg U3 AIHH 3BEHbeB JOMaHO#i Ly, a
nocrosigHasi C 3aBHCUT TOJBKO OT NOCTOSIHHOH B ycJoBHH Jlunminna u
ot b—a. Ilpu nokasarenncTBe MOKHO BOCHOJb30BaTbCs 3anaveit 7 §12.

4. Ecan noMaHas Dfinepa CTPOMTCS ¢ IOCTOSHHBLIM WaroM A, 1O
X, TO KOODAHHATHl BEepUIMH JIOMAHOH ONpefeNsoTcs (GOPMYNaAMH Xiq=
=X+he, Yorr1=y:+f (%, y)he (=0, 1,.). B onHom wu3 pacnpocrpa-
HEHHHIX YTOYHeHMil Meropa Diinepa opausaTel ompegensiorcs QopMy-
JaMu

1 1
Yes1=Yyi+f (x» + > he, yi+ Y flxe, !/i)hk) h.

VKaxuTe reoMeTpPHYECKUST CMBICJ 3TOrO YTOUHEHHS M JOKaKHTE, UTO
ecnH GyHKUAsS [ ABaKAB HeNpepulBHO auddepeHuHpyema, 1O

max | y;—9(x,) | < Chy, (kg —0),
a <b

*

rae @(x) — pemenne ypaBHeHus (3.2), Takoe, uTO @ (Xo) =Y.

§ 14. MeToj nocienoBaTedbHBIX
NpHOAMKEHHI

Teopewma. ITycre 8 obractu G Ha naockoctu (x,Y)
pynkyua f(x, y) Henpepoisra no x u ydosaersopaer ycao-
suro Jlunwuya no y

‘f(x> y2)_~f(x’ !/1)|\<K|y2_y1| b

Y Tak rak ¢yHKUMs [ HempepblBHA IO X H YAOBJETBOPSET YCJO-
BHO Jlpnwpua no y, To OMa HelpepHBHA O COBOKYNHOCTH X M y B
obnactu G JlelicTBHIENBHO,

f(xs y2)—F (%0 yoy=[[(xs y2)—Ff(x2, y)1+[[(x2 y1)—f(x1 y1)].
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8 A10001 3amKRYTOL OepanutenHol obaractu G’, codepaa-
wetica 8 G (nocrosunas K moxer 3asucers or svibopa
G’). Toeda dasn awboi touku (X, Yo) 43 G MOMHO YKa-
3aTb TAKOU 3AKAUAOWUL 8HYTPpU cebs Xy 3AMKHYTbLL UH-
repsas [a, b] Ha ocu Ox, Ha KOTOpOM cyuijecrsyeT eOUHCT-
8eHHOe pewenue Oupgeperyuarvrozo ypasrerus (3.2),
obpawaroueeca 8 Yo nPU X = Xy.

3aMeTuM mpexJe BCEro, UTO €C/JH 3apaHee IPeLIOJO-
JKHUTb CYIIECTBOBAHHE TAKOrO pEHIeHHs,, TO, HHTErpHpys

TOMXECTBO
Yy (&) =] y()

B Ipefenax OT Xy A0 X, IMOJYUHM
y@=vo+ (P& yEdE (3-8)

[Ipn 3TOM mox 3HAKOM HHTerpajga CTOHT HempephIBHAs
¢yHknus oT E, TakK Kak y(E) Owblna Auddepenuupyema,
a IIOTOMY M HeIpephIBHA.

CootHomennst Bujga (3.8), rie HeH3BecTHass QYHKIUHS
y(E) BXORMT mOJ 3HAK HHTerpaJia, Ha3hbIBAIOTCH UHTE2PAAb-
HbLMU YPABHEHUAMU.

Takum o6pasoM, BcsiKoe peileHue ypaBHenus (3.2), o6-
pamamomeecss B Yy, OPH X=X VIOBJETBOPSIeT HHTerpab-
HOoMy YypaBHenuio (3.8). OO6pathu, BecsikOe HeNpepbIBHOE
pemenue y(x) HHTErpaJbHOro ypasHeHHs (3.8) yaoBieTBO-
pser auddepennnanbHoMy ypasHenHo (3.2) H HauajbHO-
MY YCJO0BHIO Y(Xo) =Yo. [lociennee BHAHO HEMOCpeACTBEH-
Ho. To ofcTosiTeNILCTBO, UTO BCSAKAsi HenpephiBHas ! ¢yHK-
nus, yAOBJETBOpswomass ypasHeHHIo (3.8), 06s3aTeNbHO
VAOBJETBOPsieT W ypaBHeHHIO (3.2), Jerko AOKaskIBaeTCs
AHpdepeHnupoBanteM o6eux yacTeil ypaBuenus (3.8) mo x.

ITo ycnoBuio Jlumumna nepsas u3 pasHocrelf, CTOSIWIHX B NPaBOil YacTH
3TOr0 paBeHCTBa, Mo a6COMOTHON Beluunie He Goabile K|ys—yq|. [o-
3TOMY OHa KaK yrOAHO MaJja, ecsH TOYKa (X3, y2) AOCTATOYHO GJIH3Ka K
(%1, y1). A Bropas H3 3THX pasHOCTell IIpH 5TOM KakK yrogHO Maja B
culy npeanoJaraeMoff HempepeIBHOCTH (yHKUHM f(X, y) MO X B TOUKe

(xi, 1)
1) MBI roBOPHM 31€Chb O HEnpepbléHbly  DPeleHHsIX HHTerPajbHOro

ypaBHenust (3.8) ToJbko 3aTeM, uTOO6BI H36exaTb TPYAHOCTEH, BO3HH-
KaWmHX PH HATErPHPOBAHHH Da3pPHIBHBHIX (YHKLHH.
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Uro auddepeHurpoBanue 31ech 3aKOHHO, BHAHO H3 CJe-
Aylomux coob6paxenuil. JomycTum, urto B obe 4acTH ypas-
HeHHs1 (3.8) BMeCTO y NOCTABJIEHO HEKOTOPOE HENPEPHIBHOE
pelleHHe 3TOro ypaBHeHus. Torfa npasas yacTh IIOJNYUCH-
HOrO TOX/JECTBA MMeeT MPOH3BOJAHYI0 N0 x. CnenoBaTesb-
HO, H JIeBas ero 4acTh, T. e. QYHKIHA y(X), TakKe HMeeT
IPOH3BOAHYIO N0 X.

[Tosromy, BMecTO TOro uTOOBl AOKAa3hHBATh, UTO HA He-
KOTOpOM OTpe3ke [a, b] (a<xo<b) cyuecTByeT OAHO H
TOJMBKO OJHO 00pallamIneecs B Yo NPH X=X, pelieHue nud-
tepennnanpuoro ypasuenus (3.2), ME 6yneM IDOKa3BIBaTh,
UTO Ha 3TOM OTPe3Ke CYIIECTBYET OXHO.H TOJbKO OLHO He-
MpePHIBHOE pelIeHHe HHTErpajdbHOro ypasHeHnus (3.8).

Bo3pMeM Kakywo-aub0 3aMKHYTYI0O OTPaHHUEHHYIO 006-
jgactk G/, comepxamyroca B G H cofepxamyio (Xo, Yo) Kak
BHYTPEHHIOIO TOYKY, H NycTh M ecTh BepxHsis rpaHp 3Ha-
yenn#t |f(x,y)| B G’. IlpoBenem uepe3 TOUKy (X, Yo) IHBe
npameie DC u BE COOTBeTCTBEHHO € YIJIOBBIMH KO3ddu-
nuenramMd +M u —M. IlpoBenewm, nanee, nBe npsaMble, na-
pananesbhne ocn Oy, Tak, yTO6B OHH 06pas3oBaNH BMECTE
¢ npameiMi DC u BE p1Ba paBHOGeIpeHHBIX TPEYTrOJNbHHKA,
IeJHKoM Jexamux B G' (puc. 8). IlycTh ypaBHeHHeM NIps-
mo#i ED 6ymer x=a, a ypaBHenHeM npsaMoi CB 6ygzer
x=b. HeckospKO mO33}Ke MBI MPERIOJIOXKHM, UTO HHCIA
a ¥ b n1ocTaTouHO OJH3KH K Xo.

BospMeMm Temeph COBEpIIEHHO IPOH3BOJBHO Ha OTpe3Ke
[a, b] HempephIBHYIO QYHKIHIO ¢o(X), JHIIL GH TOJBKO ee
rpaduK He BHIXOAMA u3 objactH G’. TlomcraBum @q(x)
B IpaBywoo 4dacTb ypasuenus (3.8). Ilocse sToro mpamasd
yacTh CTaHeT HEKOTOPOH BIIOJIHE ONpefiejeHHOH dyuruueh
ot x. O6osnauum ee @;(x):

01 (1) = o + [ (& @0 (8)) dE-

SlcHo, uTo yrkyua @ (x) onpedeserHa npu a<x<b,
HenpepesigHa W 06pawaercs 8 Yo, npu X=x, JIerko noka-
3aTh, UTO ee 2padux He B8bIX00UT U3 TpeyeorbHuKos EAD
u ABC npu a<x<b. Jas 3Toro [AOCTATOYHO 3aMETHTH,
uTO

IT(E @0(8)) | <M,
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H HOTOMy
| @1 (%)= Yol <M|x — xo].

ITonoxkum panee
Pz (%) = yo + jf(gv ¢, (8)) dE.

B culy yKasaHHHIX BHIIE CBOHCTB (QYHKIHH @(X) HH-
TerpaJ B NPaBOil YaCTH PaBeHCTBA cymiecTByeT. @yHRuuA
@2(x) Taxkxe ompeneseHa na [a, b] 1 obyagaeT BceMUu TeMH
CBOHCTBAMH, KOTODHIE MHBL OTMETHAH Y @;(x). IlosTomy
MOXHO TOCTPOHTb PYHKIHHU

x

9a(0) = yo+ [ (& 0(8) €&,

Xa

00 () = go + [ 1(5 0 (®) &, (3.9)

an (x) = yO + jf(g’ (pn‘l (g)) dg

JroT mporecc NOCTpoeHus GYHKIHA @n(X), KOTOpHe
MblL OyneM HashBaTh nOCALJO8ATEAbHbIMU NPUOAUNCCHUAMU
pewenunV, MOXHO mpojo/xkaTh Ge3 konnma. Takum ofpa-
30M, MH NTONYUYHM GECKOHEUHYIO NOCJAeAOBATENHHOCTh QYHK-

Ui
@o(x), @1(x), @2(%), ..., Qn(%), ... (3.10)

YcTaHOBHM Temeph, UTO Ha OTpeske [a, b] sTa mocneno-
BATEJBHOCTb CXOJHTCS PAaBHOMEPHO K .HENpPEPHIBHOMY pe-
wenHo ypasHenus (3.8). JleHCTBHTENBHO, @n(X) MOXKHO
NpefCTaBHTh TaK: .

@ (2) = @1 (%) +[@2(£) — @1 (%) ]+ s (¥) — a2 () ]+ ...
et lon (£) — @1 (%) ].
1 Merox mocnenoBaTenbHbIX NPHGAHKeHH 6B npenyioxed ITuka-

poM. 3ror MEeTOX OKa3aJsicy NMpHMEHHMBIM K pEUICHHIO CaMbIX p83H006-
PasHblX MaTeMaTHYECKHX 3apad.
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[TosToMy Ansi AOKasaTelbCcTBAa PaBHOMEDHOH CXOAMMO-
CTH HOcJenoBaTesbHOCTH (3.9) AOCTATOYHO MOKAa3aTh paB-
HOMEDHYIO CXOAHUMOCTh GeCKOHEUHOro psfa

Q1+ (@2 — 1) + (@3 — p2) +...
+ (pn— Pn—1) +... (3.11)

JLns 3TOro OHEHHM Pa3HOCTb Qnii(X) — @n(x). Hcmoan-
3ysl ycaoBHe JIMIIIKIA, MOXKHO HANHCATh

|0t () — @, () [ = {IF (& 0, &) — F (& @oma (BD]dE] <

\<K|f|cpn(g)*cpn-1 (®)] a8 <

<K max |0, () — 0 @) (—a). (.12
agECh
[ToaToMy, ec/M TMOCTOSIHHOE ¢ TaKOBO, 4TO |@;(x)|<¢
u |2 (x) | <c¢, v ecaun nosnoxuTs K(b—a)=m, 10 no a6co-
JIOTHOH BesHuMHe uieHbl psaga (3.11) we 6yayr mpeBocxo-
JHUTh COOTBETCTBYIOIIHX YJEHOB psijia

c+2¢4+2cm+4+2cm2+42cmd4-...,
KOTOpHIH cXonuTcs, ecan m<1l. Bynem cuuTaTh HHTEpBaJ
(a, b) HacToabKO ManawM, uto K (b —a)=m<1. Toraa psx
(3.11) cxoauTcs PaBHOMEpHO, M ero cymma ¢(x) ecTb He-

npepuBHAas Ha orpeske [a, b] dyukuusa. Ee rpaduk He BH-
XOAMT U3 Tpeyroabunkos EAD n ABC. CnenoBatenbHO, HH-
X

TerpaJ Yf(%, ¢ (§)) d& umeer cmmea. Tak kak

Xo

| j [F (5 0 (8) — /(& 0pmr (D)1 dE] <

<K [flcp(E)—cpn—l(E)ldEI,

TO B paBeHcTBaxX (3.9) MOXKHO mepexoiuTh K Ipeaesy mpu
n— 0o He TOJbKO CJIeBa, HO M CIpaBa, a MOTOMY (YHK-
must @(x) yAoBJeTBOpseT ypaBHeHHIO (3.8).
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Urobsl J0Ka3aTh, YTO HHTErpajbHOe ypaBHenue (3.8)
uMeer eJuUHCT8EHHOe HEeNPepPHIBHOE Ha 3aMKHYTOM HHTEp-
BaJse [a, b] peuienue, NPEANONOXKUM, YTO KPOME IMOCTPOEH-
HOTO BBHIIE peuieHus ¢(X) uMeeTcs OTJIHYHOe OT Hero pe-
wenue 1 (x). Jlerko Koxasarh, YTO ero rpaHk TakxKe He
BhixoauT u3 Tpeyroabiukos EAD u ABC npu a<x<b.
Torna

(%) =y, + [ (& @(®)dE

P ) =go+ [ (& D(E)d
Orciona "

69— x>|:|j[f £ ()=~ f (& @ @)]dE|<

< K(b~a) max | P (x) — ¢ (x)|.
axh
[osTomy
max [P (x) — ¢ (x) | < K (b —a) aggéblw(x)—cp(xw

agxgh

Tak kak K(b—a)<l1, To 3170 MOXKeT OHITHL JHUIL NMPH
ycaIoBHH, 4T0 max [ (x) — ¢ (x) | =0, T. e. uTo 9 (x) comma-
JlaeT ¢ @(x), BONPEKH HalIeMy NPEANOJOXKEHHIO.

Sameuanue . Kak 66 MB HH BHOpasu HCXOAHYIO
NpU HOCTPOeHHH nocjenosartejapHoctn (3.10)  dyHKIMIO
@o(x), nuuib 6nl TONBKO OHa OBLTa HENpephHlBHA M ee rpa-
¢uxr npoxonunm mo G’, mocaepoBatesbuocTh (3.10) Beerpa
OyIeT CXOAUThCS Ha oTpe3ke [a, b] k ogHOl u TOH XKe DyHK-
nuu. J{eficTBUTeJNbHO, MO J0Ka3aHHOMY NpPEXKAE 3Ta mocje-
JOBaTeJbHOCTh OyjeT npu J060H TaKOW GYHKIHH @o(x)
CXOJAHThCS K HENpPepHIBHOMY H OrPaHHUECHHOMY peuIeHUIO
ypaBHenusi (3.8), a Takoe pelieHHe, KaK MBI TOJBKO YTO
JI0Ka3aJu, eAHHCTBEHHO.

Sameuanue 2. 3ameuanume | kK Teopeme 1 § 11
ocTaeTcs B cuie W Teneph. [locTpOeHHOE pelieHHe MOKHO
NpoJO/KAaTh, KaK 5T0 onucano B § 11.

Sameuanue 3. [IpousBoas HECKOJBKO TOUHEE OLECH-
KY @nt1(X)— @n(x), MOXHO nokasats, uto psaj (3.11) cxo-
JUTCS HE TOJbKO Ha oTpeske [a, b]. ViMeHHO, AONYCTHM, UTO
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nocnefoBaTeJbHble NPHOMHKEHHS @o(x), @i(x), .. cy-
IECTBYIOT Ha HEKOoTopoM otpe3ke [c,d] (rak OGymer,
B YaCTHOCTH, ecau 06acts G CcOmepKHT Nosocy c<x<d,
—oo <Yy<oo). Kpome Toro, ponycrtum, gato GyHKIus f(x, y)
VIOBJETBOPSIET B lepeceueHun obaacti G ¢ nosocofl c<x<d
(—oo<y<<oo) ycaosuw Jlumuuna no y ¢ eAHHOH KOH-
crautoit K. Toeda u nocaedosaresvroie npubauxcerus pas-
HOMEpHO Cx00ATCcs Ha oTpesxe [c,d] x pewenuro 3adauu.
[Tpu 3TOM ycsa0BHe OrpaHHYeHHOCTH GYHKUMH f, a Takke
YKa3aHHOe BBHILIE OrpaHHueHWe Ha JJHHY HHTepBasa, Ha
KOTODOM CTPOHUTCSL pelieHHe, OKAa3hBAIOTCS HEeCyLIeCTBEH-
HBIMH.

B camom jgene, nmycth Ha otpeske [c, d] MakCHMyM (YHK-
uuH |@i(x)—qo(x)| paBen N. Torza aHaJOruyHO Hepa-
BeHcTBaM (3.12) nosyuaem

[0 — (0| = | j [F (& 1 (8) — F (&, w0 (B)] dE | <

KHI%(&)—%(EM&‘ KUNdx | x— "°‘NK

[ @5 (X) — @y (x K|jlq>z )— 1 (B)]de | <

\< (x-;xo) NK2

Boobute, -pas moforo n
|91 (9 — 0, (0| < =2l Nk (o). (3.13)
Pan xe

lJC'—IXo[ NK+ [X:‘;xOPNKz_i_”. + lX—TOln NKn_I_
n

CXOJMTCS NPU BCeX 3HAUEHUAX |x— xo|. [lostomy um psan
(3.11) paBHOMepHO cXOZUTCA.
[Tonp3ysich COOTHOIIEHHEM

(%) =@m () +H@msr (x) — @m (x) ]+
Flpmr2 () — @mer (x) ]+ ...



64 OBILIAY TEOPHUA YPABHEHUM [ra TII

¥ npumenss ouenku (3.13), noayuum

+

1 | x—xq |
!

169 — 0 ()| < N 555 ey

mi!

R S
(m+2)!
DTO /aeT BO3MOXKHOCTb OLEHHUTb OTKJOHEHHE m-TO Npubiu-
JKeHHSl OT TOYHOTO, elile HEH3BeCTHOTO peLICHHS.
3ameuanue 4, Muorna auddepeninnansuoe ypasHe-
HUE OKa3bhIBAeTCs 3aJaHHBIM B OOJACTH C MOJHOCTHIO HJIH
yacTHUYHO NpucoeiunHeHuofi rpanuneiél. Torpa, eciu Touka
(xo0, Yo) BHYTpeHHsIsl, TO paccMOTpeHue ue Mensietcsi. Ecian
JKe Touka (Xo, Yo) FPaHWYHAsl, TO CYHICCTBOBaHHE pelleHust
rapaHTHpyeTcsl HAJEKO He Bcerga (XOTs, HanpuMep, €CIu
06s1acTb MMeeT BHJ IOJOCH Xo<x¥<b, TO perienne obs3a-
TesbHO cywectByer). OMHaKO 40Ka3aTeJbCTBO TOrO, UTO He
MOXKET CYLIeCTBOBATb ABYX DPa3JHUHBIX DelieHHH NPH OJH-
HaKOBHIX Haya/JbHBIX [JAHHBIX, NIOJTHOCTBIO OCTaeTCs B CHIE.

3AJAYH .
1. Iycrs f(x, y) % pas uempepriBHO Zuddepenunpyema B G. Io-
KaxHuTe, 4YTO TOFHA Qr+1(X), Qrt2(X),.. obnagawor (k+1)-i Henpe-

PHIBHOH NPOM3BOAHOI H MOCJE[0BATENbHOCTh MPOU3BOJLHHX OT n (X)
1o (k+1)-ro mopsnka BKJIOYHTENbHO PABHOMEDHO CXOJMTCH K COOT-
BETCTBYIOIEH NPOM3BOAHON OT @(X) HAa BCAKOM KOHEYHOM HHTepBaJe,
TAe CYWeECTBYIOT BCE §n(X) (u Bce TrpadHRH y=@a(¥) MPOXOAAT
mo G').
2. ITyctp
[ @1 (x)—o(x) | <clx—x0|@

(a<<eh; aine<<h; ¢>0; d=0).

IToxaxure, 4To NPH 3TOM YCJAOBHH A/ pelleHHS y=(X) BHIIOJHEHO
HEpPAaBeHCTBO

-

K K2
. - d.
o) —pu(x) | <c|x xo|+1[ i +(d+l)(d+2)+...],

eCJH TOJBKO rpadux mobofi GYHKUHE ((X), YAOBJETBOPALLIEH 3TOMY
HEpaBeHCTBY, NMPOXoAHT Mo (/. DTa oueHKa JaeT BO3MOXKHOCTh Iepe-
XOOHTE OT (n+1)-ro UpHOMMMKEHHS K TOYHOMY pelIEHHI0, €CJH 3TO
(n-+1)-e npubiHkKeHHe MaJO0 OTJHYAETCS QT A-TO.

3. JloxkaxuTe, 4TO A/ ypaBHeHHs y'=x2+y? mpH HAYaJBHOM YC-
JgoBHH H(0)=0 Ha orpeske O<{x<l cmpaBeznuBa oueHka

<0,0015 3.

1 1
| —— 8 e 7
y (3X+63x)
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Vkaszauue. [IpuMeHute pesy/abTaT mpeisblAyllell 3amaum, pac-
cMaTpHBag 3ajaHHOe AuddepeHUHAJbHOR YpaBHeHME B 3aMKHYTOH 06-
gactn 0<<x<l, |y|<XN upm coortBercrBeHHO mnopoGpamHoM N>0

B3IB  Qy(x)= Tx3.

4. TTepexox K ypasHeHuio (3.8) maeT ORHY H3 BO3MOMHOCTeHl BBe-
CTH NOHATHe OGOGILICHHOro pelieHHs ypaBHeHus (3.2) B caydae, Korua

oywkuns f(x, y) paspmsHa. JlomycruM, uro ¢yHkuus f B G’ Hempe-
PHBHA [0 COBOKYIHOCTH X, Y BCIOAY, 3a MCKJIOUeHHeM, OHITb MOXKeT,
KOHEUHOTO YHCJia OCOGHIX 3HAUeHMH X; KPOMe TOTo, OHa OrpaHuyeHa M
VIOBJETBOPSET AJs HEOCOOHIX 3HAUEHMH X HePaBeHCTBY

IF (% y2) —F(x y) I<H(x) g2 — 1l

b
rie Gyuknus P(x) Aas 3THX X HENPepHIBHA H S P(x)dx<oo((a, b) —

a

moboit KonegHmi#t uHrtepBad). Torzma o0GOCINEHHHIM pellieHHEM ypaBHe-
nusi (3.2) OpM HAYANBHOM YCJIOBHH Y(Xo) =Yo, 110 ONPEALTEHHUIO, HA3H-
BaeTCsi MelNpeprIBHOe peuieHue ypaBHeHusi (3.8). Jlokaxure cymecTso-
BaHHE U €JMHCTBEHHOCTb 3TOTO DelIEHHS.

3ameuanue. MHOXKeCTBO OCOGHIX 3HaueHMHi x Moxer OnlTh H
6GecKOHEUHBIM, HO TOTAA TPEeGYIOTCH HEKOTOpble JOINOJHHTe/bHEE Ipe-
JoCTOpPOXHOCTH (3TO <«06o0wieHHoe pemeHue 1o Kapareopopw»; cM.,
HampuMep, KH.: J[x. CaHcoHe OGbKHOBeHHHE AH(depeHINANbHEIE
ypaBuenuss — M.: WJI, 1954, 1. 2).

5. Kak Benyr ce6st mocienoBaTeibHbie NPHOJMIKEHHst AJs1 ypas-
Mennst y'=y? npu HagajpHOM ycioBuM y(0)=1 Ha orpeske 0{x<C2,
eciu NMPHHATB Qo(x)=1? To ke, eciu ypaBHeHHe 3aMeHHTb Ha Yy’ =Y?

y=—y®

§ 15. NMpunuun
CXKAThIX 0TOGpaKeHn i

M3noxeHHBIH B NpeAslayuiemM naparpade Meroj mocie-
JIOBaTeJbHBIX NPHUOJIMKEHUH HAXOAUT NPUMEHEHHE HE TOJb-
KO NpH J0Ka3aTeJbCTBE CYIIECTBOBaHUS pelleHu#t nudde-
pPeHIMaNbHBIX YpaBHEHUH, HO U BO MHOTHX OPYIHX BOMNpO-
cax aHanuda. [lo3TOMy HHTEpPecHO BBIICHUTb BO3MOMKHO
6oslee WMPOKUE YCJIOBUS ero MpuMeHuMocTH. Torga He mpH-
JIeTCqd B KaXKJIOM OT/eJbHOM ciyyae 3aHOBO NPHBOJUTH Bech
3TOT MeTOJ, a JAOCTaTOuHO OYAeT TONbKO YOeAHTbCs, UTO
BBLINIOJIHEHBl YCIOBUSA €r0 NMPUMEHHMOCTH.

[Mpunuomun cxaTelx oTo6paxenuin. Ilycre
umeercs nenycroe cemetictso {¢} Qynxyul, onpedeseHHoLx
Ha 00HOM U Tom dke muoscecTse (Geapasnuuno, Kakom) M
U obaadarowux caedyrowumu caolicreamny:
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1. Kaoscdas ynxyus ¢ ozparu4ena (6HITb MOXKET, CBOel

KOHCTaHTOH’)
| <M.

2. Ilpeden scaxoli pasnomepHo cxodsweiics nocaedosa-
TeAbHOCTU (QYHKYUL cemelicTsa Takxxe ecTe PYHKYUs 3T020
cemeticraa.

3. Ha Oannom cemeticrse {@} onpedesen oneparop
A(g), xoropeui xanclywo Gyrryuro 3T020 cemelicTsa nepe-
800UT 8 (hYHKLUIO TO2O e CemelicTsa.

4. Hasn arw0b6od nape. gpynkyutl ¢ u @y cemelicrsa

| A (92) — A1) | <msup|g:— 1],

rie O<m<1, sup|gs— 1| — BepxHAd TrpaHb 3HaueHHH
|@s— @1 | Ha mMHOXKecTBe M.

Toeda ypasHenue
p=A(9) (3.14)

umeer 00HO U TOAbKO 00HO peuierue cpedu gynxyul pac-
CMATPUBACMO20 cemelicTaa.

Tipexne ueM NepexOAUTh K NOKa3aTeNbCTBY cHOPMYJH-
POBAHHOH TEOPEMBI, YKaXKeM HeCKOJbKO MPUMEPOB €€ MpHu-
MeHeHHs.

[Ipumep 1. ITokaxkem mpexje Bcero, Kak NPUMEHUTh
IPUHIUI CKATHX OTOOPaXKeHHH K HOKA3aTeNbCTBY CYLIECT-
BOBaHHUSI H €IHHCTBEHHOCTH HENPEPHIBHOTO DEUICHHS HHTe-
rpajbpHoro ypaBHeHust (3.8) uJH, 4TO Bce PaBHO, K J0Ka3a-
TeJbCTBY CYLIECTBOBAHUS W eIHHCTBEHHOCTH NpPHHUMAlOIIe-
ro MpH X=Xp 3HAUCHHE yo PelleHHs AndepeHnranbHOro
ypaBHeHus (3.2).

3a mHoXKecTBO M NPUMeM OTPE30K a<x<b, 0 KOTOpOM
mJa peub B npeapayuieM naparpade. 3a ceMelicTBO QYyHK-
uuft {p} mpumeM cemeHcTBO HenpephIBHBIX (GYHKIH, Tpa-
¢uUKH KOTOPBHIX NPOXOAAT B 3aMKHYTOH obsactu G’ MexAy
npsaMbiMu x=a u x=>b (puc. 8). Takue HYHKUHH YyIOBJET-
BOPSIOT, OUEBHJHO, YCJAOBHAM | U 2 nmpuHIUIa CXKAaThX OTO-
6paxenuit V. [Tomoxum pnanee

A@ =go+ | F (&9 ®)dz

Xo

1) Mbl paccMaTpuBaeM 3Jech 3aMKHYTyo o6aacte G’ TOJBKO 3aTeM,
4TOGH YAOBJETBOPHTb YCJIOBHIO 2.
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B npeasaymiem naparpade Mul BUAEJIH, YTO 3TOT Ole-
patop YAOBJETBOPSAET yCnoBHAM 3 ¥ 4, eciu OTpe3oK [a, b]
JOCTATOYHO MaJj. 3HAuWT, Ha OCHOBAHHM NpPHHIMNA CXKa-
ThiX OToOpakenuit ypaBHenue (3.8) mMeer 0AHO H TOJBKO
OJHO pellleHHe B Kaacce ¢yHkumil {p}, a cJaefoBaTeNbHO,
BOOGHIE TOJLKO OAHO HENpepHIBHOE pelleHHe NpH a<x<b.

[Tpumep 2. VuterpansHoe ypaBHeHHe

b
@ () =F(x) + A [K (x5 0@dE

rie f(x) HenpepbBHa Inpu a<xy<b, obyuxkuus K(x,§&)
(snpo) HempepmBHA Npu a<x<b u a<Ei<b, mpu npocra-
TOYHO MajoM A (A — HEKOTOPOe MOCTOSIHHOE) MMeeT OJHO
H TOJBKO OJHO HENpPepHBHOE Ha OTPe3ke a<x<b pelle-
Hue @(x).

Uto66l MPUMEHUTh 3[4&Ch HPHHIHUI CKATHIX OTOOpaxKe-
HUH, 32 MHOXecTBO I npumeMm oTpe3ok [a, b], 3a cemeii-
CTBO {(} — ceMeHCTBO BCeX HEeNpepBIBHEIX Ha 3TOM HHTEp-
Basne ¢yukuui. Torga, oueBuAHO, yeaoBus 1 u 2 npuHnuna
cXKaTblX otobpaxenufi BeinosHenwsl. Onepatop A onpeje-
UM Tax:

b
A@=F®+2[K(x 8 o@d.
J1s Hero, OYeBUIHO, BHIMOJMHAETCH ycjaoBue 3. Tak Kak
b
|Ale) —A@) = |4 [K(x8)[0:(®) — e @)]dt| <
< | MM max | g, (§) — @ (B) | (b —a),
aisb

TO ycioBue 4 Bumonusercs, ecau (b—a) |A|M<1. 3pece

M ectp Bepxusas rpanb suauenuit |K(x, ) |.
IIpumep 3. ¥YpaBuenue

x=[(x)

MMeeT eJMHCTBEHHOE pelieHHe, ecau ¢yHkuusa f(x) onpe-
JleJleHa NPH Bcex AeHCTBUTEJNbHEIX X H YIOBJETBOPSET yC-
noBuio Jlummuna ¢ koHctantod K<1.
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Uro6b! mMpUMeHUTb 34eCh NMPHHIMN CKATHIX 0ToOpaxke-
Hu#t, 6yneM cuutaTh MHOXKECTBO WM COCTOANUM U3 OLHOI
Toukd. Torma kaxpas ¢yHKHus Ha M NMPUHHMAET TOJHKO
OZHO 3HaueHHe. PaccMoTpum cemeficTBO {@} Bcex TaKHX
dyuguuit. Toraa, oueBHAHO, yeaoBua | m 2 mpuHnuna cxa-
TBIX OTOGpaxenuil 6ypyT BeONHEHB. 3a omepatop A npu-
meM ¢yugnuio f. [To ycmoBuio OHa ompeieleHa NpPH Bcex
JeHCTBUTENIbHBIX 3HaUEHUSIX apryMeHTa X; Kaxaoe HeHcT-
BUTEJLHOE YHCJIO OHA NMEePeBOJUT B HEKOTOpOe JEHCTBUTENb-
HOE XKe YHCJIO; CIeI0BAaTebHO, YCJIOBYE 3 BHNOJHEHO. Y CI0-
BHE 4 BHIIOJIHEHO NOTOMY, YTO

[F(x2) —F (1) | < K[ 2% — 2]

Mpumep 4. (Teopema o uesBHO# ¢yunkuun.) ITycre
dyuryusn f(x,y) onpedesena npu a<x<b u awboix Oeli-
CTBUTEAbHbIX 3HAYEHUSX Y, HENPepoiBHA NO X U 8Crody
umeer NPOU3BOORYIO NO Y, KOTOPAS 02PAHUUEHA U 8cCezda
npesocxodur Hexoropoe nocroasunoe m>0. Toeda ypas-

HEeHue
f(x,4)=0 (3.15)

UmMeeT HQ 3AMKHYTOM uHTepsase a<X<b 00HO U TOAbKO
00HO Henpepoisroe pewenue y(x).

Uro6r NpuMeHHTh NPHHIIMN CXKATbIX OTOOpaKeHu#, 3a
MHOXKecTBO M mpumeM OTpPe30K [a, b], 3a cemeficTBo {p} —
ceMefiCTBO BCeX HENPEePHIBHBIX HA 3TOM OTpe3ke (QyHKIuf.
Torna, oueBuaHO, ycaoBus | u 2 npuHmuIa CXKATHX OTO-
6paxenuit 6yayT BuinoaHeHbl. [Tomoxum Aanee

AlQ)=¢— -1 (5 9),

rie M ectb BepxHss rpaHb 3Hauenu# fy(x, y). Tako#l one-
paTop, OueBHAHO, ymoBjaerTBopseT ycioBuio 3. C ppyroi
CTOpOHBI, TaK Kak

| A(92) — A9 | =

(Pz_%,i‘f(x’ ®s) — ((PI——/:;{f(x: (P1))

f:; (%, 914+6(9—1))
M

(P— 1) | <

= ‘ (P2 — @1)—

\<lco2—~q>1l(1——i),

=
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TO U YCJIOBHE 4 BBINOJHEHO. SHH‘{HT, ypaBHeHHe
1
¢=¢— 'ﬁf(x’ q))v

WJIH, 9TO BCe PaBHO, ypaBHenue (3.15), umMeer OAHO H TOJb-
KO OJHO HelpPEepHBHOE pellleHHe.

JoKa3aTeabCTBO NPUHLI U A CXKATHX OTO O
paxenui. Bosbmem kakyw-1u60 QyHKINIO ¢p AAHHOIO
ceMeficTBa M NMOCTPOUM (PYHKIHIO

(P1=A(CPO)’

KOTOPYIO OyZeM Ha3BBaTh «MePBHIM NPUOJHKEHHEMS HCKO-
Mmoro peultenus ypasHenusi (3.14). ITo cBoifictBy 3 omeparo-
pa @ TPUHAAJEKHUT {(}, U NOTOMY MOXKHO NMOCTPOHTb «BTO=
poe NPUOBINIKEHUE», TOJOKUB

p2=A (p1).

DyHKUNSA @ TakXKe NpuHaLIexuT cemelcTBy {@}. Cue-
JOBATeJbHO, 3TOT NMPOLECC MOXKHO NMPOAONKHUTL 6ECKOHEUHO.
Taxum 06pasom, MOJTy4uM NOCJELOBATENBHOCTh GYHKIUH

Po, P1y P2, ooy Py ooy (3.16)

rie gn=A(9n—1) npu Jgo6oM n>1. Hokaxkewm, uto nociaexo-
BaTesnbHOCTh (3.16) cxoautcs paBHoMepHo. Hss atoro pacs
cMoTpuM psan (cp. § 14)

o+ (@i—@o) + (p—1) + ... (2.17)
Ecnu |go| <My u |@1| <M, (cBofictBo 1), TO
| 1—@o| < Mo+ M, =M.

IIpumensis coiictBo 4 omepatopa A (g), Mbl Hafiiem

|Prt1—0n| = | A (Pn) —A (@n—1) | <M SUP | @n—@n .

CnepoBarenbHo, unensl psga (3.17) no abeomoTHOH Be-
JUYMHE He MPEBOCXOAAT COOTBETCTBYIOMIHX HUJIEHOB CXOAd-
erocs psifa ¢ NOCTOSHHBIMH HOJOXHTEJIbHBIMH YIeHAMH}

Mo+MA-Mm+Mm2+ ...

Tostomy mocaenoBarenbrocts (3.16), unens! koTopof
ABJIAIOTCS YacTHYHBIMH cymMMaMmu pafga (3.17), paBHOMepHO
cXoAuTCH K HekoTopol ¢yukuun ¢. [lo cBolicTBY 2 3Ta mpe-
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JdenbHast (GYHKUHS NMPUHAAJEXKHT ceMeHCTBY {¢}, u moToMy
onepatop A(g) HMeeT CMBICA. 3aMeTHM Aajee, YTO

|A (@) —A (@n1) | <m sup | o—gr].
A Ttak Kak |@—@n—1|—~0 paBHOMEpHO INpPH n->oc0, TO
A (@n—1) mpu 3TOM paBHOMepHO cxoAuTcs K A(p). TToaTomy
B paBeHCTBe @n=A (Qn—;) MOKHO MepeHTH K Npefenay NPH
n—-00, U MBIl MOJYYHM
¢=A(9).

Ecan 6b1 ypaBuenune (3.14) umeno B cemefictee {@} aBa
peleHus @, | g, TO GLLIO OBl

| pa—@1| = | A (p2) —A (1) | <m sup|po—aq:|
H, CJIeA0BAaTEJbHO,

sup | p2—@1 | <m sup | pa—ei],
4TO BO3MOXKHO TOJNBKO NPH Qo==g;, TaK Kak m<11).

1) JInst unTaTeself, 3HaKOMEIX C NOHSITHEM MeTPHYECKOI'O HPOCTPAHCT-
Ba, cHelaeM caefyomee pobGasieHue. ITycTh 3ajaHo oToGpaxkeHne A
MeTpHuecKoro npocrpanctBa U ¢ MeTpHKOH p B cefs; 310 oToGpaxe-
HHe Ha3BIBAETCA CoaTblM (TOUHEe, CHCUMAIOULUM), eCNIH CYLIEeCTBYET IIO-
crosinnas m, 0Km<1, mas Kotopoit p(Ax, Ay)<<mp(x, y) upu mobux
x n y u3 U. Torga mpHHOMN CKaTHX OToOpakeHHH (GOPMYMHPYIOT Tak:
£otaroe orobpaterue NOAHO20 MeTPUHECKO20 NPOCTPAACT8A 8 cebs ume-
er 00HY U TOAbKO OOHY HenoOsuithyro Touky, T. ¢ B U cyulecTByer
OJMH H TOJbKO OJUH 3JEMEHT X, Anas kotoporo Ayx=x (Hamomuum, uro
MeTpHUeCKoe MPOCTPAHCTBO HA3HIBAETCH NOAHbIM, €CIH B HeM Jiobas I0-
CJleJ0BaTENbUOCTD Xi, X, .., IS KOTOPOH O (Xn, xk):o, CTPEMHTCH K

n,k->o00

npegeny.) JoxkasaTeJbCTBO NpHHIHIA B Takoi (OPMyJNHPOBKE IOBTO-
PsieT ero [0Ka3aTeJbCTBO, IPOBeJEHHOE BHIIE: HAYHHAS OT JIOOOro aJe-
MeHTa X3 3 U, cTposiT NocC/eloBaTelbHLE NPHOGIHKEHHs 10 dopMmyJe
x,,.H—Axﬂ (n=0, 1, 2, ..); Torza p(Xn+1, X¥a)m™p(x1, xo) (n=1,

. ), clenoBaTelbHO, (x,., xp)—0 1pu n, k—oco, NO3TOMY MONYYEHHAS
HOCJIE}IOBaTeJIbHOCTb CXOZHUTCSl K DJIEMEHTYy, KOTOPHl H SBJISIeTCA edHH-
CTBEHHOH HeNOABHXHOH Touko#l oTo6pakennsi CHpaBeiaHBOCTb MPHH-
LHna, IPHBEJEHHOr0 B Hayaje maparpada, cresyer u3 storo GoJee 06-
Iero NPeAJIOXKEeHHs, eClH MOX NPOCTPaHCTBOM U mnoHuMaTh ceMeHCTBO
{} ¢ merpuko#t p(¢pi, @2) —-supl(pl—(p2| yCJIOBHE 2 DaBHOCHJBHO Tpe-

GOBAHHIO TOJHOTH nonyquHoro IpocTpaHcTBa.
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3AJIAUYH

1. JloraxuTe, 4TO ycioBHe 1 MOXHO 3aMEHHTh Ha ciaepymollee Go-
Jee cinaboe; pasHOCTb JOGBIX ABYX (QYHKnui M3 gt OrpaHmyeHa.

2. TloxkaxuTe Ha NpHUMepax CYLISCTBEHHOCTb KaXKJOrO H3 4YETHIpex
yc/IoBHi TEOpeMBl 9TOTO naparpada nJs ee cnpaseganBocTH, ITpoBeps-
Te TaKkKe, YTO HeJb3s mMonarath m=1.

§ 16. FeomeTpuyeckas WHTEpNpeTanus NpUHEHANA
CXAThIX 0TOGpaKeHH#H

ByneMm paccmarpusaTh ¢ymkunm cemefictBa {@} Kak
TOYKH HeKoToporo MHoxectBa . 3a «paccTOsHHE» MeXLY
«TOUKaMH»> ) W @2 OyieM NpHHEMATh sup|ge—¢:i|. Torna
yC70BHe 2 MOXHO HHTEPIPETHPOBATH
TaK, 4TO BCAKAA «NpejejbHas TOUKa»

sl 6eCKOHeUHOH TNOCJeJ0BaTedbHO-

CTH «TOYeK» MHOXecTBa @ NpHHAA- @
Jexur @, T. e. YTO MHOXKecTBO @ 1y

3aMKHYTO. ¥YCJ0OBHUe 3 COCTOHT B TOM, U

4To0 oNepaTop A TepeBOAHT <«TOUKY» 1
¢, npunajiaexamyo @, B HEKOTOPYIO

«TOUKY», Takxe Npunainexanyio O@. Puc. 12

Haxkonen, ycaoBue 4 COCTOHT B TOM,
4TO ecaum omepatop A NepeBOAUT

«TOUKY» ] B «TOUKY» @1 U «TOUKY» (2 B «TOUKY» @2, TO
* *

«paccTOSHHE» MEXAY @1 W @2 COKpallaeTcs MO CPaBHEHMIO
C «pacCTOSHHEM» MEXJY «TOUKaMHU» @ H g HE MeHee yeM
B 1/m pas.

Ha#itu pemenue ypabuenus (3.14) B knacce ¢yHKuuil
{9} — 5To 3HauuT HAHTH TaKyw <«TOUKy» MHoxecrBa @,
KOTOpasi ocTaeTcd HENOJABHIKHOA NPH JeHCTBHH ollepaTto-
pa A.
Heo6xoquMOCTh CYIIECTBORAHUS TAKOH «TOUKH» TeOMeT-
PHUUECKH OueBHAHA, eC/JIH HONYCTHTh, 4TO MHOXKecTBO O OF-
pannyeno. Torga cymiecTByeT BepXHfSl I'DaHb «pacCTOSHUN®
MeXJy eec «TOUKaMH». DTy BEPXHII I'paHb Mbl OyneM Ha-
3biBaTh OQuamerpom MuoxectBa @. [lycts 3ToT Auamerp
pasen d. M3o6pasum Torma MHOXKecTBO D B BHAE HEKOTO-
poft 3aMmkHyTOH o6maactu (puc. 12), KoTopas orpaHuueHa
auuuedt [ Tlocne neficTBusg omepatopa A Ha BCe «TOUKH»
3TOr0 MHOXKECTBZ MBI IOJYUYHM MHOXKecTBO @), KOTOpOE,
COTJIaCHO YCJOBHIO 3, LeJHKOM 3akawodeno B @. Ha pnuc. 12
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@, orpannueno aunuei [, Ilo yciosuiwo 4 puamerp @; He
Gonplite md. TlpuMenuMm Temepb omepatop A K «TOYKaM»
MHoxecTBa ;. Ilosyurum mHOXKecTBO (D), IETHKOM 3aKJIO-
yenHoe B @)y, MOTOMY YTO y3Ke NPH AEHCTBHH 3TOro olepa-
TOpa Ha (D NOJAYYarwTCsl TOJbKO «TOUKH» Dy, NPH NeilcTBHH
ke A uwa @y, 1. €. Ha yacTb O, KOHEUHO, He MOXKET NOJY-
YHTbCSI HHYero, kpome «rtouek» u3 ®;. Ilo ycnosuio 4 nua-
merp @, ne Gosnplie yeM m?d. Ha puc. 12 @, orpanuyeHo
auuueit [, Tlpomosikast 3ToT mpoluece, MOAYYHM OecKoHey-
HYIO TIOCJIef0BATENbHOCTb BJIOXKEHHBIX ADYr B JApyra 3aMk-
HYTHX MHOXecTB O, @y, @, D, ..., AHAMETPBI KOTOPHIX
crpeMATes K Hynio. ITostomy ofmast yacTb BCeX 3THX MHO-
XKecTB 6yner cocrosaTb TOIBKO H3 OAHOH TOUYKH, KOTOpasd,
OuYeBHJHO, 6yner OCTaBATbCsl HENMOABHKHON mNPH JNEeHCTBHH
onepartopa A.

JBYyX «TOYeK», KOTOpble OCTABaJHCh GH HEMOJBHIKHHI-
MH TnpH feficTBHH onepatopa A, GbITb HE MOXKET, MOTOMY
YTO TOTAA «PAaCCTOSIHHE» MeXJy HHMH OCTaBajoCh OBl HEH3-
MEHHHM H HOJOXHTEAbHBIM TOCJe onepaunuu A, a a3To mpo-
THBODEYHT YCJOBHIO 4.

3AJJAYU

1. Ilycts F — 3aMKHyTass OrpaHHYeHHAs wacTb M-MEPHOTO MpO-
cTpancTBa oTo6Gpaxkaercsi B cebd nocpeAcTBOM onepatopa A Tak,
9TO BCeTfia NpPH p~q

p[A(p), A(9)1<plp, 4]. (*)

3aeck plp, g] — paccrosnue MexAy Toukamu p u g. JlokaxHTe, 4TO
NpH 3TOM TOJBKO 0OJBa TOYKA OCTACTCA HeﬂOllBH)KHOﬁ. BepHo Ju 3TO
JJIsT He3aMKHYTHX OrDaHHYEHHHX MHOMecTB? JIJif 3aMKHyTHIX Heorpa-
HHYEHHEIX MHOMeECTB?

2. JIlokaxure, 4TO €CJHH HEDaBEHCTBO (*) 3aMEHHTb HEPABEHCTBOM

p[A(p), A(@)1<mplp, q] (0<m<1),

TO TEOpPEMa O CYyLIECTBOBAHHH HENOABHIKHOH TOYKH BepHa AJiF JOGHIX
8aMKHYTHX MHOXECTB (Zaxe HeorpaHHueHHHX), BepHa Ju ona ans
HEe3aMKHYTHIX OrpaHHYEHHHX MHOXKECTB?

3. l'?,ycn: HepaBeHCTBO (*) s3aMeHeHO HepaBEHCTBOM

pfA (), A@)]<elp, 4] (* %)

JokaxuTe, 4TO TOrJa TEOpeMa O CYIUeCTBOBAHWH HEMOABHIKHON TOYKH
BepHa AJA caydas, Korpa F — OTpe3oK NpAMOll HIH KOHTYP paBHOGeq-
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DEHHOTO TPAMOYTOJBHOTO TPEyroJbHUKa, H HeBepHa, ecnH F — oxkpyx-
HocTb. EciH p 03HayaeT sauMeHbllee PacCTOAHUE, U3MEDEHHOe IO KOH-
TYpy, TO TeopeMa He GyAeT BepHa H AJsl KOHTYpa NpPSMOYrOJbHOTO
PaBHOGEAPEHHOrO TPEYroNbHHKA.

Teopema NpH NpPEANOJOXKEHHH (**) BepHa Takxe AJA JjoGoro
BHIIYKJIOrO 3aMKHYTOrO OTDaHHYCHHOTO MHOMKECTBA (Al JOKasaTelb-
CTBa HAJ0 pPACCMOTPETh BCIOMOraTelbHOE Npeo6pasoBaHHe NOAOGHA).
IlpuBefuTe NpHMep 3aMKHYTOTO OTPAHHYCHHOrO MHOMECTBA, AAs KOTO-
pOro BO3MOKHO OTOGpaxkesue, yAOBJETBOpSiOLlee HEPaBeHCTBY (¥%),
He HMeLIee HEMOABHIKHHIX TOYEK M He CBOAAILeECS K ABHIKECHHIO, MO-
JKeT Ju ObTh TAKHM MHOJKECTBOM OKDYXKHOCTb?

4. Iycts @(x) — HenpepolBHAg GYHKIHA, 3aJaHHAA Ha OTpesKe
a<s<x<Ch, npaueM a<<@(x)<Cb. Jlokaxurte, 4yTo TOTAa HaHAeTCA 3Haye-
HHe Xp (@<<xo<<b), Baf KoTOoporo @(Xg)=xo. DTa TeopeMa MOXKET
6HTb BHPa)KeHa TaK: IPH HENpepHIBHOM OTOGPAiKeHHH OTpe3Ka B cebs
CYWECTBYeT MO KpaiiHel Mepe OXHA HenoABHKHAA Ttouka. OTmerHM,
;ng)aﬂanomqﬂan TeopeMa CnpaBelliiHBa H JJAs n-MepHoro mapa (cM.

5. (0. A. Ouefinmk.) [IlycTs o¢ynruua f(x, y) (—eo<x< o,
—oo <Y< oo) HeNpeprBHA, YAOBJICTBOPSeT YCJOBHIO Jlummuna mno g,
npuyem f(x+T, y)==f(x, y) AT HEKOTOPOro mnoJoXKHTenAbHOro T H
F(x, y)F(x, y2) <O (—oo<x<qo0) nmns HEKOTOPHIX Y; H yp. Mcnoansya
3ajauy 4, AOKaxHuTe, Yyro Torja ypasuenue (3.2) umeer mo KpaiiHelt
Mepe OZHO NepHOAMYecKoe peileHHe ¢ nepuogom I. Ilpumennte sty
TeopeMy K ypaBHewHo Yy’ =a(x)y+b(x), ecnin a(x) u b(x) — wenpe-
phiBHBIE Mepuojndeckue QyHKIHH ¢ nepuojom T, npudeMm a(x)=0.

§ 17. Teopema Kowmmn o audcdepenunaibHoM ypaBHeHUH
y =f(x, y) c roromopdHoOi Npapoii Yacreio

Ecau gpynxyus f(x, y) 20r0mopihra 6 okpecTHOCTU TOY-
KU (Xo, Yo), TO CYULeCTBYeT, U NPUTOM TOALKO OOHO, peuie-
Hue QudheperUarbRO20 YpasHeHUs

2000MOPHOE B8 OKPECTHOCTU TOUKU Xy U YOOBAETBOPAIO-
wee Yycaosuro
Y (X0) = Yo.

Oynkuus F(xy, .., X,) Ha3HBAETCH 20A0MOPGHOL TIO
BCEM CBOHM aPryMeHTaMm B OKPECTHOCTH

|x—xi|<r (i=1, .., n)

TOYKH (%9, ..., X), €CHH B 9TOH OKPECTHOCTH OHA pasna-
raercsi B CTeneHHON PAA 110

‘(xl——x?) y ey (Xn—X 91‘) .
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Kak ee aprymenthl, Tak # caMma (QyHKIHS MOIYT IIPHHH-
MaTb_IPH 3TOM HE TOJIbKO HeHCTBHTeNbHHE 3HAUYeHHS, HO H
KoMILIeKcHBle. [Ipoussodnotl OT rosomMopodHOH = QYHKIHH
F(x, .., x») MO KOMIJEKCHOMY apryMeHTy X, Ha3HBaeTcs
$YHKIHS, TIpeAcTaBisieMass PSIOM, KOTODHI MmOsydaercs
HOYJEHHHM JAHpdepeHIHPOBAHUEM Dsifa, NpPeNcTaBJsoLe-
ro F(xy, .., x,). Tak noay4eHHH{l PSR HMeeT 00 KpalHeH
Mepe TAKOH Ke pajHyCc CXOAHUMOCTH, KaK H DS, KOTOPHIM
npexncrasasercss F(xy, .., X,) (cMm., Hanpumep, I'. M. ® ux-
TeHToAbI. Kypc nuddepeHIHaAbHOIO H HHTErpasbHO-
o Hcuncaenns. — M.: Hayxka, 1969, 1. 2, c. 450). Ecau
F(xy, .., Xu) H X1, ..., X, OPHHHMAIOT TOJIBKO HE€HCTBHTE/b-
Hble 3HAYeHHHA, TO ONpejeJieHHAss Tak IIPOM3BOJHAs COBMA-
IaeT ¢ obwiyHOil. Bee o6biuHBIe mpaBHia AHpdepeHIHpoBa-
HHSI CYMMBI, TIPOH3BEeNEHHs,, GYHKIHH OT (QYHKUHH H T. A.
IpH 3TOM COXPaHSIOTCH.

Bo BCex paccy:XIeHHSIX HacToslulero naparpada cobep-
WeHHO 6e3pasjiHyHO, NPHHHMAIOT JH pacCMaTpHBaeMbie Be-
JINYHHBI TOJBKO NeHCTBUTENbHbIE 3HAUEHHS HJH OHH IPHHH-
MaoT TaKkKe U KOMIJIEKCHBIE 3HAUeHHSs.

HlcropHueckn ROKa3aTenbCTBO TeopeMbl Komu 6BLIO
TEPBBIM [0KA3ATEJNLCTBOM CYLUIECTBOBAHHS H €JHHCTBEHHO-
CTH pellleHHs], NMPHHHMAIOUIEr0 NpH X=X; 3aLaHHOe 3Haue-
HHE Yo, OIS AuddepeHIHaNbHOr0 ypaBHeHHsl JOBOJbHO 06-
mero Buaa. OrpaHHYHTBCS TOJBKO 3THM L0Ka3aTesJbCTBOM
Hesnb3s OnIJI0O MOTOMY, dYTO Tpe6oBaHHe TOJOMOP(MHOCTH
paccmaTpHBaeMblx (YHKHHH dacTo ObiBaeT BecbMa HCKyc-
cTBeHHBIM. O4eHb MHOrHe BONPOCH (PH3HKH MPHUBORSIT K
AuddepeHIHANbHEIM ypaBHEHHAM, MPaBble YacTH KOTOPHIX
HEroJoMopHHL.

HokaszatenbcTBo TeopeMmn Komu Ilpexsapn-
TEJbHO 3aMETHM, uTO 6€3 OrpaHHYeHHS OOUIHOCTH MOXKHO
CYHTaTh Xp=Yo=0, Tak Kak obuuii ciyyail MOXKHO NpHBe-
CTH K 3TOMY, HoJaras x—xp=x* 0 y—yo=y*.

JlonyeTHm cHavania, 4TO AAHHOE YDaBHEHHE HMEET Tro-
JIOMOp(HOe pellleHHe, obpamaiomieecs B HyJb npH x=0.
IlycTs oHO mpencTaBasieTcs PILOM

y=Co+Cix+ Cox2+ ...
Torna, oueruaHo, noaxuo 6bTh Co=y(0) =0. Iloncras-

Jisisg 3TOT psil B ypaBHeHne (3.18) BMmecTo y, nudpdepennn-
pPysl noJyueHHOe TOKJAECTBO IO X OJHH, ABA, TPH H T. . pas
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H CpPaBHHBAas 3HayeHHs oOeHX HacTell MOJYYEHHHIX TOX-
necTB npu x=y=0, 3ameyaeMm, uto Ko3pduuuentn C; Gy-
IYT MOCJTENOBATEJbHO BBIUHC/SATBCA CJEAYIOLMIHM 06pasoM:

Ci=y (0)=f(0,0),
2, =4 (0) = ,(0,0) +7,(0.0) ¢’ (0) =
= £,0,0)+,(0.0)C
2:8:Co=y"" (0) = f,,(0,0)+2,,(0,0)y' (0) +
+ 2,(0,0) 52 (0) + [ 0,0) " (0) =
7,(0,0)+2f, (0,0) Cy+F1, (0,0) C2+F, (0,02C,
HT L

Orcrona BHAHO, 4TO KO3(hduuHenTH C, OonpenessioTcs
OJHO3HAYHO H, CJIEJOBAaTEJbHO, rONIOMOPGHHEIX pelleHH# Ha-
Iero ypaBHeHHs, 06pamalluXxcs B HyJb IpH x=0, HE MO-
)KeT ObThb Oosbllle omHoro. KpoMe Toro, Ass HLajbHeHLIero
BaXKHO OTMETHTb, YTO K03 HIHeHT C, pas3jIokeHHS B psJ
0 CTeMeHsAM X pelleHHs y(x) Bripaxkaercs uepe3 K03dpbu-
ILHEHTHl Pa3JIOXKEHHS B PSAM 110 CTEMEeHSIM X U Y (YHKUHH
f(x, y) u Cy, Co, .., Cimy, H OIPHTOM TOJBKO NpPH MOMOILH
LeACTBHH CJOXKEHHS] H YMHOMXEHHS. .

Urto6pl [0Ka3aTh CYLIECTBOBAHHE DEIUEHHS YpaBHEHHS
(3.18), cocraBuM ¢opMasnbHO PSJ IO CTENEHSM X C KO3(-
¢unuentamu C,, onpenensieMbiMH paBenctBaMu (3.19). Ecau
3TOT PsA, KOTODHIH MH OyaeM 00603HaYaTb pPHMCKOH nud-
poit I, cxonutcs, TO on u 6yner, OYEBHIHO, NPEACTABJIATh
Tpebyemoe pemenne. JleACTBHTeJbHO, TOIAA MpH MOACTa-
HOBKE BMECTO Y B.ypaBHeHHE (3. 18) 3TOrO psila NpH pasJyo-
JKEHHH TMPAaBof 4acTH B CcTemeHHOH psf mo xV kKoadduuHeH-
Thl MPH OAHHAKOBHIX CTelNeHSAX X B 00eHX 4yacTax OyAyT

OfHHAKOBHIMH. [ls1 HOKa3aTesbCcTBa CXOAHMOCTH COCTaBHM
BCIIOMOraTe/IbHOE YPaBHEHHE

(3.19)

T dz :
—_—— = F
m (x,2), (3.20)

) 3mech MHB NOJb3yeMCsl TEOPEMOH O BO3MOXKHOCTH NOACTAHOBKH
pana B pan (cm., Hanpuvep, ' M ®uxrtenroabu Tam xe, ¢ 485—
487).
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npaBasi yacTb KOTOPOTO Tak¥Ke roJIOMOp(Ha B OKPECTHOCTH
(0, 0), mpuueM Bce KOddduIHEHTH pa3noxenus F{x, 2)
HEOTPHUATENbHB H He MeHbHle no aGCOMIOTHOH BeJHUHHE
COOTBETCTBYIOUIHX KO3h(UIHEHTOB B pasJjioxeHHu f(x, y).
Ypasuenue (3.20) HasblBaeTCs MaioOpUpyroOwum AJNS ypas-
Henus (3.18), a dyukuma F(x, 2) HaswBaeTcs Mmaxopu-
pyroujed (unu mascopanrod) mas f(x, y). Ecan f(x, y) ro-
JaomoppHa B oxpectHoctu (0, 0)

x| <r, ly|<r,

MOKHO, HaNpHMep, MOJOXKHTb
M

X 2
(=)=
rae 0<r'<r, a M — HeKOTOpOE MOJIOXHTENbHOE MOCTOSIH=
Hoe (cM., Hampumep, I'. M. @uxtenroapu. Tam xe,
c. 502).

Ecnn HaM ymacres mOayuuTh rojoMopdHoe pelenne
2(x) sToro ypaBHeHHS, KOTOpoe npH ¥x=0 mpHHUMaeT 3Ha-
YeHHe, paBHOe HYJIO, TO OTciofa OyHeT CJaefOBaTh CXOAH-
MocTb psisa I Bo BcsiKOM ciyyae BCIOAY, IZle CXOLHTCS PSif
ana z(x). IeficTBUTeNIbBHO, Kak yxe OTMeyajloch BHIIe B
aHaJIOrHYHOM CJayyae, Kodddunuest C. 1mpH - cremeHd
pasioXeHHsi Z(X) MO CTemeHAM X NOJy4aeTcsl TOJbKO INpPH
NOMOIM HEeHACTBHHA CJOXEHHs W YMHOXKEHHs Haj Koabduuu-
eHTaMH pasjoxenus F(x, 2) IO cTemeHsM X U Z H Ci, Gy
v, Ci—1. Ilo3TOMY

F(x,2)=

?

C.'>|Ci|;

3TO cpa3y BHITEKaeT H3 BO3MOXKHOCTH mepexoja oT i—l K
i, T. €. IpH MOMOIIK METOJA TOJHOA HHAYKIHH.

OueBuHO, NPH HOCTPOEHHH Z(X) HOCTATOYHO paccMat-
pHBaTh TONBLKO NeficTBHTeJbHEIE 3Hauenus x. Ecaum xe x
JeficTBUTeIbHOE, TO YpaBHEHHe

dz M

&
——
—

l
~.~|>¢
~
TN

—

l

1|N
~—
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JIETKO HHTETPHPYETCHA pa3fAeseHueM NMepEMEHHbIX!:

( = T ma

r’
1____ —
Orciona
2 X
Z-—-2—;-= ——-f,Mln ( -——-—,—)‘
r
OT0 KBaZpaTHOE ypaBHEHHEe HMeEET DelleHHe

z(x):r’——r'l/l—{—QMln( mi,) ,
r

woTopoe obpaiaercs B HyAb NpH x=0 u gBJsercs roJjo-
MopdHOH (YHKIHEHR OT X MpPH AOCTATOUHO MaJbiX 3HAYE-
HHAX |X|, @ HMeHHO NpH

1

x| <r'(1—e M)D,

CrefoBaTesibHO, IIPH JOCTATOYHO MaJjioM |x| yTBepxne-
#HHe O CXOAMMOCTH (OpPMaJbHO NMOCTPOEHHOrO AJA y(X) ps-
Ja poxasano. Ero cymMa H GyAeT roJoMop(HLIM pelleHH-
em aubdepeHnHanbHOro ypasHenus (3.18).

CnencrBue. Ecau npasas uacte Ouggpepernyuarbvro-
20 ypasuenus (3.2) ecoaomopgpra u JelicTeuresrvHa npu
0eliCTBUTEAbHOIX 3HAYEHUAX X U Y, USMEHAIOUUXCS 8 HEKO-
TOpoil o6aacTu?®, 1O 8ce OelicTBUTEAbHbIE DPEULEHUS 3TO20
YpasHerus, epauku KoTopbix npoxo0ar 8 310l o0baacty,
2010MOphHbL.

B camom fene, pa3 mpapasi 4acTh 3TOr0 ypaBHEHUS ro-
JioMOphHA B HeKOTOPOH o6saacTH, TO AJf KaXKOAOH TOUKH
(0, yo) >TOl OGMACTH CYULECTBYET OKPECTHOCThb, [Jie OHa
YAOBJETBOPSIET YCJOBHIO JIMNIHUa mo y. A Torma B 3TO#
OKPECTHOCTH €CTh TOJbKO OJHO pellleHHe, KOTOPOe MPH X==
=xo obpamaercss B yp. CJeNOBATENBHO, OHO COBIAfaeT C
TOJIbKO 4TO MOCTPOEHHBIM TOJIOMOD(HBIM.

D CwM. cHOCKY Ha c. 75.
2 OyHKIHA Ha3biBaeTcd 2040MOpgHOL B HeKOTOpOH ob.actu G, ec-
JId OHa TOJOMOpP(HA B HEKOTODOH OKPecTHOCTH KaxKJoi Touku G.
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3ameuanue. Ecau mpaBas yacts ypasHenus: (3.18)
JHHEeHHas OTHOCHTEJNBHO Y, TO IJs1 06J1aCTH CYILEeCTBOBAHHS
pElleHHs] 3TOro ypaBHEHHS MOXKHO JaThb JIy4yllHe OLEHKH,
yeM B OOuleM cjydae. B caMoMm Hdene, mycTb Halle ypaBHe-
nde uMmeer Bua (2.10), roe a(x) u b(x) — ronomopduue
Gyukunun ot x npu |x|<r. Torma 3a MaxopHupyloulee
yPaBHEHHEe MOXKHO NPHHSATL YDaBHEHHE

Lo M e+ (<<
dx X

l——=
r

3necb KoapduuueHt npu (2+1) sBasercs oObuiefl Maxo-
pauTo#t past a(x) u b(x). DTo mocjaenHee ypaBHEHHE HMeeET
rojjoMopgHoe npu |x| <r’ pemenue

o (1)
r

o6pamaromeecst B HyJb MpH x=0.

Orciona, Tak KXe Kak 3TO Nmpexje OBJIO NMOKasaHo A
obuero ciaydas, CleqyeT, YTO Haule JHHeHHOe ypaBHEHHE
HMeeT ronomopduoe mpH |x|<r pelleHne, ofpauanoleecs
B HyJb NIpH x=0.

3ANAYA

HalfiguTe nepBele YeTHIpe WiIeHa DPA3JIOXKEHHS peIUCHHS ypaBHEHHs?
y'=exv (y(0)=0) B pax no cremensaiM x. OueHHTe OCTATOUHBIA wiewm
H pajHyc CXOAMMOCTH PAJa CBEPXY H CHH3Y.

§ 18. O creneHH rAagKOCTH PelleHU
ancddepeHuaibHbIX ypaBHEHMH

Teopewma. Ecau f(x, y) umeer nenpepoisrsle npous-
800#ble no x u y 0o p-2o (p=>0) nopadkal, TO 8cakoe
pewenue ypasrenus (3.2) umeer uenpepviBHble NPOU3BOO-
Hote no"x do (p+1)-e0 nopsadka.

HokasartenbctBo. Ilycte y(x) ectb kKakoe-HHOYAb
pemenye auddepennuanbuoro ypasHenus (3.2). Torma

9 Ton mpou3soaxolfl 0-ro NOpsAAKa BCIOAY NMOHHMAETCH caMa (yHK~
uHg.
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JOJIZKHO HMETb MECTO TOXKJAECTBO

Yy (%) =f(x y(x))- (3.21)

Pas ¢yekiuus y(x) ynosjaerBopsieT AH(GeEpeHIHANbHO-
My ypaBHeHHIO (3.2), TO OHa BCIOLY HMEET MPOH3BOAHYIO
10 X u noToMy HenpepbiBHA. IlostoMmy, ecnu f(x, y) Hempe-
PHIBHA 110 X ¥ Y, To mpaBas 4actb (3.21) HempepnBHA MO X.
3HauuT, y’ (¥) Taxkxke HENPePHIBHA.

HomyctuM Temepb, urto p>1. Torma mnpaBasi 4YacTb
(3.21) uMeeT HempepHBHYIO MPOH3BOAHYIO MO X. 3HAYHT, H
JieBasl 4acCTb 3TOTO TOXJECTBA HMEET HEeMPEepPLIBHYIO MPOHU3-
BoAnywo no x. CnexoBatenbHO, (QYHKHHS y(X) HMeeT He-
NPEPHIBHYIO MPOU3BOAHYIO 2-r0 mopsaaka. Ilpoauddepeniu-
posas (3.21) mo x, moayuum y”(x)=f"x(x, y(x))+
+ 7y (x, y(x))y (x).

[IpuMeHsisi K 3TOMY TOXKLECTBY T€ K€ pacCyXIEHHs, Ka-
KHe Mbl NPHMEHHJH K ToxAectBy (3.21), ecam p>2, naii-
JEM, UTO y(X) HMEET HeNpephiBHYIO MPOH3BOAHYIO 3-Tr0 1O-
psdKa H T, 1.

3AIAYA

IMpuBepure npuMep ypasHewss (3.2) ¢ HENpPEPHBHON, HO He BCIOAY /
aaddepenuupyemoit npasofi uacTbio, Bce peMmIEHHS KOTOPOro AaHaJlH-
THYHEHL

§ 19. 3aBUcuMOCTb pelneHns
OT HayaJbHEIX NAHHBIX
¥ OT NpPaBO# YacTH ypasHeHHs

Jo cux mop MBl HCCcAeqOBanH pemeHHe NupdepeHIH-
aJIbHOTO ypaBHEHHS, YAOBJETBODsIoliee (HKCHPOBAHHOMY
HayaJIbHOMY YCJOBHIO Y (Xo) =Yo. EcaH H3MeHATH Xp H Yo,
TO Oyner MeHSTbCA M DemleHHe. BO3HHKAeT BaXHBIH B MpH-
JIOXKEHHSIX BOIPOC: KaK OHO OYJieT MpH 3TOM MeHSThCH. DTOT
BONPOC, KakK ykasasn Apnamap, uMeeT W OOJIbIIOE MPHHIIH-
nHanbHOe 3HadeHHe. JleficTBHTENBbHO, ecaH Kakas-HHOYIb
(u3nUeckas 3anaya MPHBOANT K HAXOXAEHHIO YAOBJETBO-
pslIOUIero HEKOTOPbIM HAYaJbHBLIM YCJIOBHSM pelleHHs RHd-
(epeHHaNbHOTO YpPaBHEHHS, TO 3TH HAYaJbHLIE YCJOBHS
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o6HYHO Haxomasitcsi H3MepeHneM H3 onbitTa. Ho 3a abcosioT-
HYI0O TOYHOCTb H3MEPEHHs pyuatbcs Henb3sl. M HaiieHHoe
H3 YCJIOBHsI, 4TO OHO 00pallaeTcss B yo MPH X=Xy, PeUIeHHe
nHddepeHnrasbHOr0 yp aBHEHUs MPeACTaB/IsI0 Obl O4EHb Ma-
JIO HHTepeca IJISl NMPUJIOXKEeHHH, ecd Obl axKe He3HAYHTE b+
Hble TIOTPEIHOCTH B H3MEPEHHH Yo MOIJIH MPHBECTH K CHJIb-
HOMY H3MEHEHHIO pellleHHa Aud@epeHnnansbHoro ypas-
HeHHs.

K cxasanHoMy Hago A006aBHTb, YTO NPH H3Y4EHHH pe-
aJbHOTO [Mpollecca € OMOUbI0 AHpGhepeHIHaIbHOr0 ypas-
HEHHMS] MBI MPOM3BOAMM HEKOTOPYI0 HJAeaJH3alMI0o, KOTOpas
N03BOJIsSeT BHAENUTh B 3TOM mpomecce ero HauboJsee cyuie-
CTBeHHble CTOPOHBL Ilampumep, B npuMepe 2 § 1 mMul oTBIIE-
KaJUChb OT MOJIEKYJISIPHOro CTPOEHHs BemlecTBa H T. I. Ilo-
3TOMY peasibHbIH NMPOIECC ONHCHIBaeTCss AUGPepeHLHaTbHBIM
yDaBHEHHEM H HadaJbHBIM YCJOBHEM JIHIIbL IPHOJIHXKEHHO.
MoOXKHO ¢ paBHBIM OCHOBAaHHEM TOBOPHUTb 00 yHOBJIETBOpe-
HHH BCeX JOCTaTOYHO OJH3KHX MexXay coboit ypaBHeHHH
HJIM HaYaJbHbIX YCJIOBHH, ecH 3Ta 6JH30CTb HE BHIXOLHUT 3a
PaMKH TOYHOCTH, YYMTHIBAEMOH MpH NAHHOH HAeaNH3alHK
npolecca; ckaxeMm, B npuMepe 2 § 1 ¢ paBHHM npaBoM
MOXKHO .I'OBODHTb 00 YAOBJETBOPEHHH HAauyaJbHBIX YCJOBHH,
€CJH OHH OTJMYAIOTCSl APYr OT APyra Ha BEJHYHHY, MeHb-
mylo Beca aToMa panusi. [IoatoMy pellenHs! TaKHX GJH3KHX
ypaBHeHHH mnpH OJH3KHX HAdaJbHBIX MAAHHBIX JOJXKHKEE
6bITh TaK¥Ke NOCTATOYHO OJH3KH MexAy coboél (HeOTNHYH-
MB Jpyr OT Apyra B paMKax [aHHOH HAeaJH3anHH), YTO-
6bl NpHMeHEeHHe [aHHOro AH(pGhepeHLHaJbHOr0 ypaBHEHHST
K H3YYeHHIO PacCMaTPHBAEMOro mpouecca OblJI0 3aKOHHBIM.

Mul mokaxeM, 4TO MPU HEKOTOPHIX MPENTIONOXKEHHSIX pe-
wenHe IH(GhEPEeHIHaTbHOI0 YPABHEHNS 3aBUCHT HEIPephIB-
HEIM 00pa3oM OT caMOro ypaBHeHHs H OT HayajbHBIX JaH-
HBIX. i

Teopewma. Ecau ¢ynryus f(x, y), sadannas 8 obira-
ctu G, HenpepuiBHQ, 02PAHUYEHA U eCAU H4epe3 Kaxdyto
BHYTPEHHIOW TouKYy (Xo, Yo) 3TOU obaacTu npoxodur zpa-
ux ToAbKO 00HO20 peulenus OughepeHyuarbHozo YypasHe-
KHus

y’=f(x' y)\’ (32)

TO 3TO peuieHUe Henpepoul8BHO 3aB8UCUT OT npaeoﬁ 4QCcTW:
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f(x, y) u or Touru (xo, yo) V. Boasee TOUHO, nycre uepes
104Ky (X0, Yo) NPOXOOUT epagux pewenus Yo(x) YypasHe-
Husa (3.2), onpedesennoeo Ha otpeske [a, B] (a<xe<B).
Tozba das atwbozo £>0 naidercs Taxkoe §>0, 410 npu

| ¥o—x0| <8, |Go—yo| <8, |F(x, y)—f(x, y) | <6 B (G)

(f(x, y) — uenpepniBHas ¢yHKIHsA, 3ajaHHas B () peuwe-
Hue §y(X) ypasHeHnus _ ‘
y' =i, y), (3.22)

epagux koTopozo npoxolur 4epesd touky (Xo, Ho), cyuwiect-
syer Ha orpeske [a, B] u oTauuaercs Tam or Yo(x) meHov-
e 4em Ha e.

JdorkasatenbcTBo. [lycTh Hame yTBepXKIEHHE He-
sepro. Torpa HalinyTes e=>0 u mocienoBaTeNbHOCTh {Yr (X)}
pellleHH#l ypaBHEHHH

y’=fk (xi y)
IIDH HAYAJbHOM YCJIOBHH Y (Xr) =Yk, I'Le
X, Xor Yo Yoo SUP| fu—F|—0 (k—-00),

NpHYEM NPH TPOMOJIKEHHH PeIleHHsl Yy (X) Ha BECh OTPE3OK
[a, B] HepaBeHcTBO

| yr (%) —yo (%) | <eo (3.23)
HapymaeTcs.

Ilycte M — xaroe-uubynb uucao, GoJgbiiee BepxXHel
rpanH 3uauvenuit |f(x, y)| B obaactu G. PaccMoTpHM Tpe-
YrOJIbHHK

| x—xo| <@, |y—yo| <Ma,

Jexamui neaukom B obnacte §. Torma nmpm pocTraToOYHO
6oJbIIHX & GYHKIHH Yo(x) H yr(x) OYLYyT OnpeneseHH Ha
BceM oTpeske |x—xo| <a. ([Touemy?)

[TokakeM, 4TO NMPH BCSIKOM MOJOXKHTEJIBHOM &€ Ha BCEM
3TOM OTpe3Ke

|5% (x) —yo (x) | <e,

€cJM R JIOCTATOYHO BeJHKO. B caMOM peJie, JOMYCTHM, 4TO
3TO yTBepxKJeHHe He BepHo. Torma cyuiecTByeT Takoe mo-

) B § 22 npu Gosnee CHIbHLEIX HPeANOJOXKEHHSX HeNpepHBHasm 3a-
BHCHMOCTb DelIeHH OT HayaJbHBIX AAHHBIX NOKa3HBAaeTC HEe3aBHCHMO
OT I0Ka3aTeabCTBA TOJBKO 4TO chopMyarpoBamHOil TeopeMrl. Unratens
MOXKeT NPONYCTHTb HPHBefeHHOE HHXKe JOKAa3aTeJbCTBO.
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JIOKHTEJbHOEe & M TaKass OeCKoHeuHas IOCJEeAO0BaTEbHOCTD
‘HOMepoB k;<ky< ..., UTO NPH BCSIKOM {>1 M NpH HekoTo-
poM X, u3 oTpeska |x—ux;| <a Gyner

|ge, (%) — 4o (x,)| >&. (3.24)

[TocnenoBatenbHocTs QYHKUHE Yr(x) (R=1, 2, ..) pas-
HOCTENEHHO HeNpephiBHA, TaK KaK IPOHM3BOAHAS KaxKIoH
GYHKIHH ¢ AOCTATOYHO GOJBIIAM HHAEKCOM HHUIAE He Ipe-
BhIIaeT no abcodoTHOH BeauunHe M M, ciefoBaTelbHO,
JUIST TAKHX R

|y (") =g () | <M "],

[ostomy w3 nocneposatenbHOCTH —QYHKUHE Y, ()
MOKHO BblﬁpaaTb PaBHOMEPHO CXOJASIUIYIOCS NOATNOCJIEOBA-
TeJbHOCTh Y1 (X), Yo (X), ..., Y& (X), ... Paccyxnas ana-
JIOTUYHO TOMY, KaK 3To Aenanock B § 11, HaiimeM, uto 3Ta
NOC/IEOBATENBHOCTh  CXOAUTCS K pPEIIEHHIO YpaBHEHHS
(3.2), rpaduk KOTOpOro NMPOXOAMT Uepe3 TOUKY (Xo, Yo),
T. € K pElIeHHI0 Yo(X), TaK KaK MbI IpeArnoJaraem, 4ro
Takoe pelleHue eaMHCTBeHHO. Ho paBHOMepHas - cXonm-
MOCTb TOCJIE€A0BATEJIbHOCTH y,: (x) K yo(x) Ha orpeske
| x—xo| <a nporuBopeunt HepaBeHcTBY (3.24). TakuMm 06-
pasoM mpeanosokeHHe (3.24) npuBeso Hac K NpPOTHBO-
peuHio.

Hrak, nmokasano, 4To Ha OTpe3Ke |X—Xp|<a BeaHYHHA
| 9% (x) —yo{x)| cTanoBuTCs Kak yromHo MaJoi, ecau k 10-
-CTaTOYHO BEJIHKO.

ITocTpoum npsimoyronsHuK Q,

|x—xo| <ai, |y—yo| <May,
LeJUKOM Jexaluii B obaactu G; 31ech

Xo=Xo=a, Yo=1yo(Xo).
Ilo mokasanHOMYy BhIlLle, €CJH kB JOCTATOYHO BEJAHKO, TO
TOUKa (X0, Ys (x(;)) CTAHOBHTCSl KaK YromHo O6JIM3KOi K TOUKe
(X0, Yo).™ [Tostomy, MpuUMEHAST K PEUIEHHUSM Yo(X) H Yz (X)
Ha OTpe3ke |x—x{) | <a, Bce Te paccyxaeHusl, KaKHe MBI
TpOBeJIM NpexAae ANt OTpe3Ka |x—xo|<a, HaliieM, uTo H
Ha OTpe3sKe |x—x6|<a, IPH KAKOM YTOAHO IOJIOXKHTEJb-
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HOM &
|y (x) —yo (x) | <e,

ecsu k JJOCTaTOUYHO BENHKO.

[Iyets [a, B] — Taxolt oTpesok, UTO KpHBAf y=yo(x)
IpH a<X<P NpPOXOAHT cTporo BHYTpH obaactuH G. Crpos
TOTZa JOCTATOYHO GOJMBIIHE NPSMOYTOJbHHKU Qp, Jexaline
nenukoM B obsactH G W onpepessieMble HEpaBeHCTBAMH

|x—xP| < |y—yP| < Ma,,
rIe
P = 2D -y, YP = Yo (5P),

H NOBTOPSISl JUIl HHX Te Ke paccyXJeHHs, KakHe MH IIPO-
BelH Asist Q, AOKaxeM, 4To HepapeHCTBO (3.23) BBHINOJHA-
ercsi Ha oTpe3ke [a, B] Anst Bcex AocTaToYHO GOMbMIMX K.
A 3T0 NPOTHBOPEYHT INPEANOJOKEHHIO, CAENAHHOMY B Ha-
yane jgokasaTenbcrTBa. OTCIOfa H CJAeAyeT Halla TeopeMma.

3ameuanune Ecam ¢oyukums f(x, y), 3afgannas B 06-
gactH G, HelpepbiBHA, OrPAHHUYEHA H €CJAH Uepe3 HeKoTo-
pPYto BHYTPEHHIO TOUKY (Xg, Yo) 2TOH oOBJMacTH NPOXORHT
rpadHuK TOJBKO ONHOTO pelleHHs1 ypaBHeHHs (3.2), To K
3TOMY pCUIEHHIO PaBHOMEPHO CXOAMTCS BCAKOE peEUIeHHE
ypaBHeHHs1 (3.22), rpaduk KOTOpPOro IPOXOAMUT UEpe3
TOuky (%o, Ho), KOTAA Xo—>Xo, Jo—>Yo u sup|f—f|—0. Hdeir-
CTBHTENBHO, N0 CYIIECTBY TOJBKO 3TO HCIIOJAL30BAJIOCH TMPU
JIOK23aTeJbCTBE TEOPEMHBL.

Unorpa GniBaeT BaXKHO He TOJbKO YCTAHOBHTHL HeINpe-
PHBHYIO 32BHCHMOCTb pelLIeHHs] OT HauaJbHBIX NAHHBIX, HO
H J0Ka3aTb CYLIECTBOBAHHE MNPOHU3BOAHBIX OT pELIEHHs IO
HaYajbHBIM J@HHBIM.

Iast aToro nmpexjie BCero 3aMeTHM ciaeayiouee. [Iycts
HauaJbHble NaHHBIE OYAYT: Y=y, npu x=xp. OGo3rauUM
COOTBETCTBYIOLlGE HM pelleHHe JH(depeHIHaNIbHoro ypaa-
HEeHHUs

y'=[(x, y)

yepes y(x, Xo, Yo) M BBELEM HOBYIO (YHKIHIO 2, MOJOXKHB
2=y (X, X0, Yo) —Yo,
H HOBYIO HE3ABHCHMYIO NEPEMEHHYIO f, IOJIOKHB

t=x—xp.
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Torpa 3naueHHsiMm x=xp, Yy=yo GYAyT COOTBETCTBOBAThb
3Hauenus =0, z=0. OyHKuUuA 2 3anuUIeTCS TaK:

2=y(¢+x01 X0, !/0) _yO:

.a puddepennnansHoe ypasHeHHe (3.2) mnpeobpasyercd B
‘YpaBHeHHe

= f(t + x4, 2+ ). (3.25)

CienoBaTesbHO, M3yYeHHe 3aBHCHMOCTH pelleHHsl AHQ}-
<pepeHUHaNTbHOrO ypaBHeHHS (3.2) OT HauaJbHBIX AAHHBIX
“CBEJIOCh K HCCJENOBaHHIO 3aBHCHMOCTH pelleHHst AHdde-
peHlHasbHOro ypaBHeHHs (3.25) or mapaMerpoB, BXoAs-
UMX B ero npaBylo 4acTb. DToH 3amaueil 3auumascs [lyan-
kape. Ilpu pemenun ee Mbl OyileM ONHpaThcsl Ha JEeMMY
Apamapa, KOTOpPyI0O H JOKaxeM B CieaywolleM naparpade.

SAIAYH

1. Joxaxure, uro ecauH B (OPMYJHPOBKY TEOPEMHl 3TOro mnapa-
rpada ue BBOAMTb ypaBHeHuwe (3.22), a MNPelNOJOXKUTbL NPOCTO, UTO
$yHrmusa yo(x) ygoBreTBopser HepaBeHCTBY |y'—f (%, y)| <8, 10 dyuk-
U0 Yo(X) MOMHO CUHTATh KYCOUHO-TVIAZKOM. JloKa)kHTe TakKe, 4YTO
npu TakoMm o6obumenun Teopema § 13 sBasiercs cleACTBHEM ,L'LaHHOH
“TEOpEMBHI.

2. Ilycte HenpepmiBHEe (yHKUHR y(X), 2(X), u(x) (x0<x<b)
YAOBJIETBOPAIOT COOTHOLIEHHAM

s =yot [ i(s, y)ds, 20 >v0+ [ fs,2())as,

u(x) > yo+ [ (s, u(s))ds,

tae ¢yHkuns f(x, y) HenpepnBHa B o0O6JacTH, cofepxaluei rpacpmm
Bcex Tpex (yHKuuil, H He yOuiBaeT no y. JlokaxuTe, uro TOrga 2z(X)>

>y(x) (xo<<¢<b), a eciu K TOMY Ke pelleHHe ypaBHerm 3.2) n g)
HaYajbHOM YCJIOBHH Y (Xp) =Yo eMHCTBEHHO, TO U (XY =2y (x) (Xe<x<D).
(Ecnu enuHCTBEHHOCTH HET, TO B NPaBOH YacTH Hajlo Bamb HaHMeHb-
imee peuleHHe ypaBHeHHs (3.2) nPH YCJIOBHH y(Xo) =Yo; ONpENENeHHe
HauMeHblIero pemeHuss cM. B 3agnaue 3 § 11.) Pacnpocrpanure pe-
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3yJbTAaT Ha HEPaBEHCTBA IPOTHBONOJIOMHOIO CMEIC)A, Cym.ecmeﬂﬂo

su TpeGoBaHue HeyOmBauus Qyukuuu f(x, y)?
3. (/lemma I'ponyossia) Ecan HenpepriBHag GyHRUHA y(x) (X<

<x<{b) yIOBJIeTBOPSET HEPABEHCTBY
x
y(x) < A+ [ Bs)(s)as,
Xo
rae ¢yuxkuua B(x)==0 HenpephiBHA, TO HMEET MECTO OLEHKa:
x
y(x)<Aexp ~S‘B(s)ds (xo<x<b).
Xo

{Ilpr x<{xy uano B yCJOBHM M B YTBEpPXKJGHRR JIEMME DacCMaTpPHBaTh
HHTETpajll OT X N0 Xp.) PacmpocTpaHHTe STOT Pe3ysabTaT Ha chyda,
xorpa ¢dymkuus B(r) paspsiBRa M Jaxe He orpaHHuYena. Ilosyunre
(B COOTBETCTBYIOILHX NPEANOJIOKEHHIX) aHAJOTHYHYI OUGHKY AJdA
OYHKHHA y(X), YAOBJIETBOPSIONIEH HEPABEHCTRY

x
§(x) <A + [ Bew(s)ds,

C nomousio JeMMn DpoHyo/la NOJYYHTE NOCTATOUMBE YCJIOBHA

€IHHCTBEHHOCTH PelleHns ypaBHeHHa y'=f(x, y).
4. Hafinute oueHKy 115 HenpepsiBHOH (yHKuMm y(X), yIaoBJIeTBO~
psomell HepaBeHCTBY

x
<A+ [ BEORy(s)ds (<),
Xo

rae A=const, ¢(u)>=>0 — neyOuBawmas ¢yHkuna, B(x)>>0, mempe-
X

PHBHA H ‘S.B(s)ds< .
Xy -
TMonyuynTe ¢ HDOMOLILIO 3TO OUEHKH MOCTATOUHHIE YCJIOBHS eIMH-
CTBEHHOCTH pelleHHs ypasHeHHs y'=f(x, y). CpaBHHTe c ycloBHEM

Ocryna.
5. Onupasch Ha pe3y/bTATH 3afZaud 3, MOJYYUTE SBHYIO OLEHKY

OTKJIOHEHUS Yo(x) OT Yo(x) B Teopeme § 19, ecom dynkuus f(x, y)
VAOBJIETBOpAET MO Yy ycsoBHio JIumurnna.

V3 moayyeHHO! ONEHKH B CBOIO Ovepellb BhIBEAMTE SBHYIO OLEH-
Ky OTKJIOHEHHS JoMaunoir iuiepa, ¢ 3ajaHHHIM HaHGOJBHIHM 3BEHOM
OT TOYHOTO pelleHHs, ecan (GYHKUHS [ yhoBileTBopseT ycioBuio Jlunm-
nIMua no oGeHM nepeMeHHBIM. *

6. oxaxure, 4TO HenpephHBHAs 3aBMCHMOCTb, O KOTOPOfi roBO-
putcss B Teopeme § 19, pasHOMepHa MmO X;, Yo, €CJIH TOYKA C KOOPHAM-

HaTaM¥ Xy, Yo HaXOoJAUTCA B AOCTATOUYHO MaJXOﬁ OKPECTHOCTH JIHHUU
y=yo(x) (a<r<B).
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7. PaccMoTpuM ypaBHeHHE
¥ (¥)=y(x—h),

rre A mocrosuno, Takue ypaBHeHHs npu h=>0 nasmBarorcs Ougepen-
YUAALHBLMU YPABHERUAMU C 3anasdsiearoujum apzymenrom. Bypem pac-
CMaTpHBaTb pelleHHs 3TOro YPaBHEHHS, ONpefe/eHHHe Npu BCex Hei-
CTBHTEJbHHIX X. JIerko BHJIEeTb, YTO 3HAHHE TaKOro pelleHHd Ha Ka-
KOM-Hu6y b OTpPe3Ke AJIHHBI A OmpejeJsieT ero BCIOAY.

Toxaxure, uTo eciau h>0, To pusa Jobsix A>0 u >0 Haiinerca
takoe O>0, 4yro ecnu |y(x)|<d npu —A<x<0, T0 |y(x)|<e npu
0<x<A.

Eciu xe h<0, To pasa moboro A>0 cyllecTByer nociefoBaTellb-
HOCTb pelleHHil Yn(¥), PABHOMEPHO CXOASAILAACT K HYMIO NPU —o0 <
<x< oo, 11 KOTOPOH, ofHako, npu 0<x<A Gyger

sup | yn(x) [{—> oo.
X n-»oo

(Ilpu nokasaTesbCTBe IMOC/AENHEr0 YTBEPKAEHHS B KauyecTBe PCUICHHI
paccmorpute OYHKIMM BHAA

y=e%*sin Bx,

rfe o ¥ P — COOTBETCTBEHHO NOLOGPAaHHKIE MOCTOSUHEE.)

8. Ilycte naHO ceMmeiCTBO - HeNPepHIBHBIX GYHKNMH Ha oTpesKe
[a, b], npuyeM wepes Kaxknyo Touky A mnosocH a<x<bh, —oo<y< oo
TPOXORUT ORMH U TOJBKO OAMH rpadurk OYHKnHH fa(X) maHHoro ce-
MetictBa. Jlokaxurte, 9ro Toraa mnpu ¢uxcupoBamHomM A u npu A'—-A
(A’ —Touka TOi e moisocH) 4 (X)—f4(X) paBHOMEpHO Ha oOTpesKe
[a, b].

Cohopmynupyfite aHaJlorHYHOE YTBEPXKJecHHE, 3aMeHMB MOJIOCY Ha
TNPOHU3BOJIbHYI0 006iacTb. JTo CBOHCTBO, TPy6O roBOPs, COCTOMT B TOM,
YTO HeNpephiBHAf# 3aBHCHMOCTb OT HayYa/lbHHIX AAHHEIX CJIEJyeT u3 Cy-
INEeCTBOBAHHA H EeJUHCTBEHHOCTH, @ TO OOGCTOSTEJBCTBO, YTO pACCMAT-
puBaemule (QYHKUHY SBJSIOTCS pellleHHAMH AHddepeHnuasbLHOrQ ypaB-
HEHUS], HECYIIECTBEUHO.

§ 20. Jlemma Apamapa

ITycro pynxyusn I (xy, ..., Xn; 2y, «, 2Zm) UMEET 8 HEKO-
TOPOU BbINYKAOU NO Xy, ..., Xn 00aacTuV G npocrpancreéa
(X1, wory Xny 21, w., Zm) HENPEPOLLBHBIE NPOU3BOOHBIE NO Xy, ...
vy Xn 00 HeExOTOpO20 nopadka p>0 BKAIOUUTEABHO.

Tozla moocrno HalTu R TaKuX pYHKYUL

@ X1y oy Xns Y1y ooy Yns 21y oy 2m) (=1, 2, ..., 1),

1) Mbl HaseiBaeM 06s1acTb G 8bINYKAOL MO X1, ., Xn, €CIH, KAKOBhE
* , % LS * %
Obl HU OBIM TOURM  (¥1," ', X5 215 vees Zm) B (X) 5 oo 2 Xy 5 20, e0s2im)s
npuHagnexamye G, Becb OTPE30K INPAMOMH, COEIHHMOILHIE 3TH TOYKH,
Takxe npuHamiexur G
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UMeIOUUX HenpepslerHble RPOUBBOOHbBLE NO Xy, ..., Xn, Y1,
iy Yn 00 NOPAOKA p—1 BKAIOUUTENBHO, HTO -
FYpy, oo ool 200 ooosZm) —F (X, o0 X5 205 ccn 2 =

’32 (Pz ()C]_, T ’xn; yl, e Uny 21y o ,zm)(yi’_—xi)' (326)

=1

HokasateabcrBoll. Hcxogum W3 odYeBHOHOrO pa-
BEHCTBA

F(U, oo s lps 210 oo sZm) —F (X, o o0 X0 200 000 3 2) —

1
= SFt (% +t(yy—x1)s oo X, T EHY,—X); 20, ..., 2m) dE,
0

CIIpaBe€AJHBOIoO B CHJIY npennonaraemoﬁ BBINTYKJOCTH. 110

X1, .., Xp OO7actu G. Bulpaxkas F; uepe3 NpOU3BOJHbBIE OT
1no

X141 (Yr—x1), Xo+E(Ya—X2), ey Xntt (Yn—2Xn),

KOTOpble MBI 0003HAUMM COOTBeTcTBeHHO Fy, Fy, ..., F,, mo-
JAyuuM
Flyy, - o Yp2iy oo Zm)—F (X, oo X5 205 o on s 2p) =

n 1
=Y @—x) [ Fgn +t—x) .o %, FEHY,—5,)
=1 0

21y 00 22y dE.

‘Crosilliie B NMpPaBOf YacTH 3TOro pPaBEHCTBA HHTErpatH
MOXKHO IPHHATHL 33 (QYHKIHH @i O KOTOpPBIX I'OBOPHJIOCH B
aeMMe Ajamapa; oHH 06/axaloT BCEMH €BOHCTBAMH, Tpe-
6yeMBIMu 3TOil JIEMMOH.

3AAYH

1. OgHo3HauHO JiM mpencTamieHHe ¢yHkuuu F, rapaHTHpyemoe
nemmoli Apamapa?

2, Jloxaxure, uTO eciu npupaieHde (yHKuuy F npepacraBliieHo B
Buje (3.26), rae GYHKUHM @; UMEIOT HENpPepHIBHEIE IIPOM3BOJHEE IO

1) 310 poxasarTennbcTBO npuHamlexur M, A. Kpeiirecy.
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X1y s Xny Y1 wnYn RO k-ro (k>0) nopsagxka BKMOYRTENBHO, TO (QYHK-
mus F (X1, .., Xn, 21, ., 2m) HMEET B G HelpepHiBUBIE NPOHSBOJHEE IO
X1y s Xn 00 MOpAAka k41 BRIIOUMTENBHO. DTO yTBePXKJEHHE IO HEKO-
Topoii creneun obparuo JeMMe Anamapa.

§ 21. Teopema 0 3aBUCUMOCTH pPellleHHs
OT MapaMeTpoB

IIycts Aano auddepeHnHansbHoe ypaBHEeHHe

d
- = (X Y g, Pgy - oy p’n) . (327)
dx -
[IpeanosoxuM, uTo Gyy €CcThb HeKOTOpas 3aMkHyTas 00-
JacTh Ha TJIOCKOCTH (X, Y), 2 G — MHOXKeCTBO TaKHX TO-
4eK (X, Y, Wiy ey Wn), UTO:

a) TOUYKM (X, y) MpUHapIexRaT Guy,

b) || <p! (1=1,2, .., n), rme p? — HEKOTOphle M0-
JIOXKHUTEbHBIE TOCTOSIHHBIE.

Torpa:

1) Ecau f(x, Y, p1, .y un) Henpepoisna 6 G no cosoxyn-
HOCTU 8CEX CBOUX APRYMEHTOS, O2paHuiena u yoosaeTsops-
er Tam ycaosuro Jlunwuya no y:

|f(x) y"b Ly eeey Mfl)—f(x, yl’ iy eeey Mn)|<K|y2—y1|

(K He 3aBHCHT OT IEpPEMEHHBIX X, Y U W), TO 044 Kaswdol
TOouKU (Xo, Yo), Aedcauieii 8HYTPU Gry, MOJMCHO YKA3ATH HA
ocu Ox rakoli 3amkryTelll untepsas [a, b], saxarowaouul
BHYTPU Ceb TOUKY Xo, HOA KOTOPOM peuieHue Ougpeperyu-
aabHo2o ypasHenusn (3.27) obpawaroujeeca 8 Yo npu X==Xxo,
HEnPepoulBHO N0 COBOKYNHOCTU NEPEeMEHHBLX X, Wi, W2, -, Mn.

2) Ecau f u ee npoussoduvie 0o p-z0 (p=1) nopadka
no y u acem p suyrpu G Henpepsl8Ho. N0 COBOKYNHOCTU

X, Y, W, oy Wn U OZPAHULEHBL, TO PElleHUE

y(xy 1y eeey Mn)
UMeeT Nno NApameTpam p HEnpepouléHole N0 COBOKYNHOCTL
X, Q1, ..., Pn NPOU3BOOHBLE TaKXE 00 p-20 nopadka, kozda x

npunadiencur 3amKHyTOMYy unTepsasy [a, b], o xKoropom

2080pusocy 6 npededyuwen nynxre, a || <up. (i=1,2, ..
vy 1),
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HpH JOKAa3aTeJab(TBE BBICKA3aHHBIX npeunox{eﬂm"{ MBL
OI’paHI/I‘IHMCﬂ cnyrlaeM ypaBHeHHH
dy

_dx_ = (x! Y, P’)’ (328)

npaBas 4acTb KOTOPOTO CONEPKHT TOJbKO OJHH Iapamerp.
B ofumem cayuae paccy:KIeHHS NPOBOISITCS aHAJOTHUHO.

1. Bynem HckaTh pemenue ypaBHenus (3.28), o6pa-
mamoueecss B Yo NPH X==X), METOAOM IOCJEAOBATENbHEIX
npubauxenuil. IlocienoBarenbHele NPHOJMIKEHHS  3[eCh
HUMEIOT BHI

1 (1) = vo + [ F(& @ (B), WE,

9205, 0) =y + [ F (& 02(6 1)) de

T, A

Jlerko BHmeTh, UTO BCe PYHKIUHH @, (X, pu) HempephLIBHBI
70 COBOKYNHOCTH OGOHX apryMeHTOB, KOrja X H3MeHseTcs
B HEKOTOPOM 3aMKHYTOM HHTepBaje [a, b] (o KOTOpOM ro-
sopusock B § 14) u korma |p| <po. IToBropsis Te ke pac-
CyXaeHHus, uto H B § 14, Mbl ybenumcs, uTo NOCAENOBATENb-
HOCTb @, (X, u) CXOAHTCS PaBHOMEPHO IO X M W, €CJH X H3-
MeHSIeTCSl B 3aMKHYTOM HHTepBajae [a, b], comepxaliem
BHYTpH cebsl TOUKY Xo, u ecaum |p|<po. Cuiemoearenbno,
npepenabHass QYHKUHS @ (X, W) — €LHHCTBEHHOE pelleHHe,
rpaguK KOTOPOro NPOXOAHT Yepe3 TOUKY (Xo, Yo), — He-
fIpephiBHA MO COBOKYNHOCTH MEPEMEHHBIX X H p IPH 2 <X <
<b u || <po.

2. Ecan B cooTBeTcTBHH C I. 2 TeopeMbl JONYCTHTb, UTO
f nMeeT HenpepnlBHBIE NPOH3BOAHBIE 1-ro MOpPsiika Mo y H
W, TO pelleHHe ¢ (X, n) HMeeT HENpephIBHYIO NPOH3BOAHYIO
Mo p NpPH TeX Ke 3HAYCHHUSIX X U [, 4TO M B NpeAblAylIeM
OYHKTe.

B camom pnene, nycte QyHKIHH @ (X, p) H @(X, u+Ap)
obpamarTcsl B Yo NPH X=1xo, H NyCTb NepBasi U3 HHUX YAOB-
JieTBopsieT ypaBHeHHIO (3.28), a BTOpasi — YpaBHEHHIO

% = f(x, 4,1 + Ap). (3.29)
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[ToacTaBue 3TH (QYHKUHH B COOTBETCTBYIOLIME MM AH(-
Gbepenunanvubie ypaBHenus (3.28) m (3.29) u BeIUMTAA Mo~
JYUHUBILIHECS] TOXAECTBA, HMEEM

Aot MA;:)HCP(X’ W f(x, @ (o Ap), i+ Ap) —

— [ @ (x ), 1)

ITpumenss Kk npaBol yacTH JemMMmy AfaMapa M moJaras
¢(x, u+Au)—o(x, p) =A@, NepenuiieM NocaefHee PaBEH-
CTBO TaK:

%"- = AgD; + Ap,,

rae @, u @, — HenpepsiBHEIE GYHKUHH OT X, (X, u),
@(x, p+Ap), p U p+Ap H, cIeLOBaTENBHO, IO NOKA3aHHO-
My B I. 1, HenmpepbBHH Mo ¥ M Ap (p cuutaeM QHKCHpO-
BaHHBIM). PasfesuM nocjenHee paBeHCTBO Ha Aw; Tormpa

A N
AJIst ONpeaesiCHHuA A—q) Mbl NOJYyYaeM JIHHCHHOE YpaBHCHHE
n

)
VA O (3.30)
dx Ap

) A9
YHKIHS —= JI0 CHX 1Op Gbl1a OMNpefeseHa TOMbKO

p
npu Ap=~0. Onpenenum ee npH Ap=0 rtak, u4T06nl OHA
yAoBJeTBopsiia ypasHeHHIo (3.30) u npm x=x, ob6pama-
jJack B HyJb. IlpaBas yacts ypasHerus (3.30) HenpepsiB-
Ha 1o X U Ap (xoropele BXxousT B @ u @p) u‘umeer orpa-
HHYEHHYIO NPOH3BOAHYIO IO %. [Tocnenuee caenyer u3
7
TOrO, 4TO, Kak ObIO NMOKa3aHO B NpeRbAYIleM naparpade,
@, paBHO HHTErpajsy OT 3HaueHHH ——2 » @ — ~ OTpaHHiIeHa.
Y Y

A
Kpowme Toro, A—(p == 0 pns Besikoro Aw mpu x=x. [loaro-
p

My M3 fOKasaHHoro B I. | Hacrosimero naparpada cieny-
A

eT, 4To pemeHHeA—(p ypaBHeHust (3.30) uenpephlBHO o An
L

IIpH BCEX AOCTATOYHO ManbIX MO a6CO.HIOTHOMy 3HaueHHu1o
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A
Ap. IToaromy npu Ap—0 Bennuuna A—q)CTpeMHTCH K omnpe-
p
NeNeHHOMY Tipefesy. A 3To O03HAyYaeT CymeCTBOBaHHE Mpo-
H3BOLHOH MO p OT @ (X, p).
Kpowme Toro, Tak Kak B cuay jeMMmbl Axamapa npu Ap—~
-0

"9
qjl _*%,

ol
CD2 au ’

TO TNIPOM3BOJHAS % VIOBJAETBOPSieT AHGDdepeHLHATbHOMY
w

YPaBHEHHIO
d (3_‘?)
\ow/_ % O , o (3.31)
dx ou 09 op

op

OpH HAYaJbHOM YCJOBHU " = 0.
]

x=0
[TosToMy, NpUMeHSiT K 3TOMY YpPaBHEHHIO NEpBYIO 4acTh
d

o P
TEOPEMbI, Mbl HafileM, 4T0 5, HEMpephiBHA 10 COBOKYNHO-

CTH TEPEMEeHHBIX X H [i.

3. Ecan f uMeeT HempephiBHBIE NPOM3BOJHBIE 1O Y H |
IO p-ro TMOpSAKa, I'ie p>2, TO, NPHUMEHHB K YPaBHEHHIO
(3.31) Te e paccy:KAeHHs, UTO H JJsi ypaBHeHHS (3.28)

B II. 2 Hacrosimero naparpada, u B3sIB a_CP BMECTO @,
0 g
op?
HocTH X ¥ . [IpomonKas 3TH paccyXaeHHsl, Mbl MOJIHO-
CTBbIO JOKaxeM c(OpPMYJHPOBAHHYIO B Hayaje 3TOro napa-
rpada TeopeMmy.

3ameuanue 1. [TonobHo TOMYy KakK 3TO MH CAETAIH
B § 19, MoxkHO 6BIIO OBl JIOKa3aTh HENPEpPLIBHYIO 32aBHCH-
MOCTb OT Wy, ..., ln PELICHHST AUPGEpeHIHATBHOTO ypaBHe-
HUA (3.27) wiam pud¢epeHIHpyeMoCcTh €ro Mo 3THM Mapa-
MeTpaM INpH 3HAUYGHHSIX X HE TOJbKO Ha OTpe3ke [a, b],
HO M Ha JoboM OTpesKe, AJsi KOTOPOro rpaduk pelleHHs
MPOXOIHT BHYTPH Gy

HaijaeM, 4To

CYUIECTBYET H HENpEepbiBHA 1O COBOKYI-
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3ameyanue 2. Ecan u3BecTHO HEKOTOpOE pPeILEHHE,
COOTBETCTBYIOLlee 3HAYEHHIO NapameTpa W=, TO HPOH3-
BOJHAS MO NapaMeTpy IPH p=po ¥ NPU 3HAUEHUAX X H Y,
CBSI3aHHBIX YPaBHEHHEM JAHHOTO pellleHMs, Nosydaercd IpH
NoMOWM KBaApaTyp O0e3 HaXOXIEHHS NPOYUX pelIeHHH.
JeficTBUTEIBHO, NPH TaKUX INPEANOJONKEHHSX 3Ta NpOH3-
BOJHAS HaxoAMTCcH M3 JuHedHOro ypasHenus (3.31) c usBe-
CTHBIMH Ko3(hHIHEeHTaMHU.

Caencreue. IIpuMeBsis TOMBKO 4TO AOKAa3aHHYIO IJIs
ypaBuenus (3.28) teopeMmy K ypaBHenuwo (3.25) § 19, mMm
NOJTyYHM:

Ecau npasas wacrb ypaguenusn

y'=f(x y) (3.2)

uMeeT no X U Yy HenpepoisHvie npoussodusie 0o p-20 nopsad-
Ka, T0 yHxyus y(x, xo, Yo), KoTOpas ydosaergopsaer aT0-
MY YPABHEHUIO U hpu X=X, 06paw,aercs 8 i, umeer He-
npepovisrble npoussoduble NoO xy U Yo TAKKNCE JO p-20 nopad-
ka (p>1).

3AIDAYH

1. Hano ypaBHeHHe y’=s1n(xy)a H HauajJbHOe ycJoBHe Xo=0,
Y

H 1)
0)(0 6_[/0

yo=0. Hajinute (opu moGom x)

Hee (3.31).
2. llano ypaBHenue y'=x2-by? u HavaibHOe ycjoBHe Xo=0, yo=O0.

HCNOJb3Ys ypaBHe-

Ha#inure ¢ Tounocteio mo 0,0001, uemy pasnO ﬁ npu x=1. [lpn
0

BEIJHCJEHHH Y(X) MOXHO NOJb30BaThCH, HANPHMep, METOAOM IOCJe[0-
BaTeJbHEIX NPHGJIHKEHHH.

3. Jloxaxkure, 9To ecnu [ B ypasHenum (3.2) uempephiBno Andde-
peHlupyema, TO

a s A0 Y0 - ,
l%ﬂ = — [(Xo, yo)eXpS f (8, 9(t))dt,
X
ay( ) x
y{x, x()) Yo ’
ayo =exp§ fy(tr y(t))dt.

4. Tlyctb M u N B ypasnenun (2.13) nenpepuniso auddepennn~
pyeMu B M2(xo, Yo)+N2(%o, yo) %0, (¥o, yo) — TOUKa B obnactr G.



§ 22] OCOEBBIE TOYKH 93-

JokaxuTe, 4T0 TOrAa B HEKOTOPOM OKPECTHOCTH STofi TOYKH YpanHes
HHe (2.13) HMeeT HeNpepEHIBHEI! HHTEFPHDYIOWHA MHOKXHTENb,

5. Ilyers dynkuma f(x, y) HeNpephiBHA M YAOBJETBOPSET IO ¥ ye-
noBHIO Jlunumna a<Sx<€h, —oo<<y<<oo, npHuem [(¥, y)>0 pnsn
y<F(x) 8 f(x, y) <0 mna y>F(x) (F(¥) — neKoTopas HeNpepHB-
Had QYHKUMA Ha oTpeske {a, b]). Torpa npu p>0 pewenue y(x, W)
ypaBHeHUs

d
u?y=f(x,y)

IJI HAUaNbHEIX KaHHBIX Y(Xo)=yo [3mech a<<xo<<b, yo=>F(xo)] me-
NpepHBHO 3aBUCHT OT (X, W) H onpefeseHo mpH a<<x<Tb. Jlokaxn-
Te, 4T

uliﬂjmy(x» p)=+ 00 (agr<x), (x, p) = F(x) (x0<x<b),

lim y
p-»-}-0
NpHYeM [OCJEeAHEE COOTHOLIEHHE BHIOOMHAETCA paBHOMEpPHO N0 X Ha:
Kax oM oTpeske [c, b] (ro<<c<<h).

TakuM 06pa3oM, NOBefleHHe DelLICHHs YpaBHEHHA TPH H3MEHEHHH
MaJIoT0 COMHOXKHTENA Y NPOM3BOAHON CYUIECTBEMHO OTJIHYaeTcA OT Io-
BelleHUd DpelleHUsd ypaBHEHUs ¢ MaJhM IlapaMeTpoM, BXOASAIIHM B IIpa«
ByIO uacTh ypaBHeHus (3.2).

TlpuBeieHHOE BHILIE YTBepKAEHHE fABJAETCA YaCTHHM clydaem-
3HauuTesbHO Gojee obuiell Teopemn A, H. Tuxomona [MaTem. c60pHEK,.
1948, T 22, c. 193—204].

6. [doxaxHTe, YTO B YCJIOBHAX 3afag¥ 5 npH moGoM € H3 HHTep-
Bana (0, y—F(xo)) smauenne A=h(p), ana Kotoporo Y(xo+h, p)=
=F(x%o+h)+e, |y(x, n)—F(¥)|<e Ha uurepmane xo-+h<<x<<b, umeer
opu p->-+0 nopanok p. (Untepran xo<<x<<xo-+h(p) nasuBaercs no-
2PAHULHbIM CA0EM.)

§ 22. Oco6ble TOUKYH

Onpexenenue. Ilycte Touka P jexur BHYTPH 06-
Jact G, rie Mbl paccMaTpHBaeM IHddepeHlHaIbHOE ypaB-
HeHHe

di
o ="Fx ) (3.2)
X
H COOTBETCTBEHHO
d. ’
- =h ) (3.2')
Yy

(cM. § 2), nin Ba ee rpanuume, rie ypaBHeHHsa (3.2) m
(3.2”) Takxke MOryT OHITH 33LaHBHI
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Ec/in MOXKHO yKa3aTh TaKyK OKPECTHOCTb ¥ TOUKH P,
4TO yYepe3 KaxKAyl TOYKY 3TOH OKDPECTHOCTH NPOXOAMT O-
Ha M TOJIbKO OJHA HHTerpaJjsbHas JUHHUS H, KpOMe TOro, MO
KpaiiHeit Mepe oxHa u3 QyHKuuit f(x, y) u fi(x, y) B ¥ He-
NpepriBHA, TO TOUKy P MBI OyAeM Ha3blBaTb 0ObLIKHOBEHHOU
Toukoi ypaBHenus (3.2) nan (3.2).

Uto6bl Toyka P Gplia 0OBIKHOBEHHOH, JOCTATOYHO, YTOGHI B
9 ¢ynxuus f(x,y) Gblia HelpepbiBHA IO X M YAOBJETBOPSNA
ycaosuwo Jlummuna mo y uau 4to6bl pyuxuus fi(x, y) Obl-
Jla HelpephlBHA 110 y M YAOBJETBOPsJaa ycJaoBuio JIummuua
no x. {Bmecto ycnoBus Jlunumuna AocraToyHo noTpe6OBATh
OrpaHHYeHHOCTH COOTBETCTBYIOLIEH YacTHOH HPOH3BOAHOH.)
OJHaKO 3TH YCJOBHS He HEeoOXOZHMBI, YTO BHJIHO Ha IpH-
Mepe ypaBHeHHSI

; { ylnly| npu y=0,
y g
0 mpu y=0,

XoT B ToukKax ocH x ycjoBue Jlummuna Hapyulaercs, HO
BCe TOYKH IMJIOCKOCTH OOLIKHOBEHHEIE.

Ecnan Toyka P He OOBIKHOBEHHAs, TO OHAa HAa3BBAETCS
ocoboti Touxoy nns ypaBHenus (3.2) man (3.2”). Mw Bu-
MM, 4To ToYKa P mMoxeT OHTb 0CO60H B Tpex Clyuasx:

a) Touxka P sexut Ha rpanuite obgactu G; Bcsikas Ta-
Kasi rpaHHYBas Touka sBJaseTcsi ocoboil. Taxk, nas ypasHe-
auit (1.4) u (1.7) Hayano KOOPAHHAT CHYKHUT I'PAHHUHOH
0cob0# TOUKOH, TaK Kak obgacTe G B 3THX NpUMepax ——
3TO BCSl IJOCKOCTb, 33 MCK/IIOUEHMEeM Hauyaja KOOPIHHAT.

b) Moxker okasaThesl, UYTO TodKa P siBasieTcss TO4KOL
HeeJUHCcT8EHHOCTU, T. €. TAKOH TOYKOH, YTO B JIOGOH ee OK-
PEecTHOCTH yepe3 Hee NPOXOLUT GoJiee OZHOH HHTErpasbHON
auBud. Touka P MOKeT Taxk:Ke OHTb NpeleNbHOH AJS TO-
4YeK HeeZHHCTBEHHOCTH.

c) Haxonen, camo 3agannoe mose HampasJeHHH MOXKer
HMeTb B TouKe P pas3pelB (3TOT cayyail B IpuMepax BCTpe-
4yaercs: penKo).

Konseuno, Bo3MOXKHa M KOMOHMHAalUs 3THX CJydYaes
(rpannyHasi TOYKA HEeLHHCTBEHHOCTH H T. 1.).

O Tlox OKpecTHOCTBIO TOYKH P MBIl BCIOLy NOHUMaeMm HOAHYHO OK-
PECTHOCTb TOUYKH P, a He TOJNBKO Ty ee 4acTh, KOTOpas OpHHamJeRuT G.
Takyio OKpecTHOCTh MOXKHO NPENCTaBJATb ceGe B BHAE HOCTATOUHO Ma-
JIOr0 Kpyra ¢ LeHTPOM B Touke P.
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Hzoauposaunsie ocobvie Touku (T. e. TakHe 0Ocobble
TOYKH B HEXOTOPOH OKPECTHOCTH KOTOPHIX HET APYTHX OCO-
6BIX TOYEK) B TPHJOKEHHSX Yallle BCEro BCTPeyaroTcs IpH
HCCIIEeIOBaAHHH ypaBHeHm‘& BHI4

4y _M(x,9)
dx N, '

rae M(x, y) u N(x, y) — OYHKUHH, HMeOLIHe HelpepHB-
Hble 4acTHBIE NPOH3BOAHHIE 1O X M Y BLICOKHX MNODPSAAKOB.
Jlerko BHAeTb, YTO AJ1S1 TAKMX ypaBHEHHH Bce BHYTpeHHHE
TOYKH paccmaTpuBaeMmoil obGaactd, rae M(x, y)=<0 wuan
Ni(x, y)=~0, ssasioTcss 0GHKHOBEHHBMH TOUYKaMH.
PaccmorpuM Tenepp KakKyw-HHOYAb BHYTPEHHIOW TOUKY

(x0, yo), rme u M(x, y) =0, n N(x, y) =0. lasa ynpouenus
gdanucu GymeM IpeAmnoJgaratb, 4To xo=0 B yo=0. Pasaa-
rasg toraa M(x, y) u N(x, y) 1o cTeneBsiM X ¥ y W OrpaHu-
4HBasich NMpH 3TOM YJEeHAMH BTOPOro NOpPSAKa, NOJIY4HM B
okpectnoctr Touku (0, 0)

dg M. (0,0)x+M,(0,0)y--0(x2+y?) D (3.32)

de N (0,0)x N, (0,0)y+0 (+2+g%)

ATo ypaBHEHHE HE ONpeneNseT % npu x=0 u y=0.
Ho ecau
M 0,0 M (0, 0)] o
N:(0,0) N,(O, 0)

d
TO, Kak OBl MBIl HH 3aKaJH ——d"" B HauaJe KOOpAMHAT, 3TO
X
HayaJo KoopauHaT OyleT TOYKOH paspeiBa AJS 3HaueHHH
d o .
d—yu HoToMy ocofoll TOUKOH AJs Haulero Auddepesnnals-
X
HOLO ypaBHeHHS.
ITeppon ? moxasaJ, yTo Ha XapakTep MOBEAEHHs HHTEr-
PaNbHBIX JHHHH OKOJO H30JHPOBaHHOH ocoboi Touku (y
Hac — HayaJja KoopAuHaT) uineHd O (x?+y?), crosimue B

D O(x*+y% o3HauaeT BEJHUMHY, OTHOIIEHHe KOTOpoH ¥ x?+y? oc-
TaeTCsd OTpaHUueHHBIM.
5 2) Math. Zertschrift, Bd 15 (1922) u Bd 16 (1923). Cm § 56.
H 57.
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guC/JAUTEsIe ¥ 3HaMeHaTese, HE OKa3hBalOT CYLIECTBEHHOIO
BJIUSTHUS, €CJOH TOJBKO AefCTBHTEJIbHbIE 4acTH OOOHUX KO-
Hell ypaBHEHHs

A—My(0,0)  —M.0,0)]_,
—Ny(0,0)  A—N(0, 0)

OTIHYHB OT ByJasl. [losTomy, YToOBl COCTaBHTL cebe Npen-
cTaBJeHHe 06 3TOM IOBEJEHHH, H3y4HM INOBeJeHHe OKOJO
Hayaja KOOPAMHAT HMHTErPAJbHBIX JIHHHHA YpaBHEHHS

b _ ety (3.33)
dx ex+4dy’ )
L5l KOTOPOTO
a b
0.
c d >

" MOXHO TOKa3aTh, 4YTO JHHEHHBIM HeOCOGHM mpeobpa-
30BaHHEM

Xx=Fky §+ ki }
Y= Ry &+ kyam,

The k,; HREeHCTBHTENbHH, 5TO ypaBHEHHE NPHBOJNHUTCH K Of-
HOMY M3 CHeRYIOIHX TPexX THIOB (cM. AaJpiue, § 48):

an _pn
a) -=k (k0

dn E-4+n
6) —|/— == 3.34
)= (3.34)
B) dn — 4k

dg kE—n

‘PaccMoTpuM mofApoOHO KaxKIEI H3 3THX Tpex CJydaes.
3aMeTHM mnpeaBapuTenbHO cienyomee. Eciun ocn Ox u Oy
OBlIM B3aHMHO NEpNeHAUKYJAspHEIMH, TO ocd OF u On He
6yayt yxe, BooOIle roBopsi, o0pa3oBblBaTh MeXKAY co6Oi
npsMoit yros. Ho aast ynpoiueHHs BBHINOJHEHHS DHCYHKOB
Mel O6ynem usobpaxarte OF n On B3aUMHO NepNeHAHKYJsAp-
HBIMH.
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I-f cnyyaii. O6muM HHTerpaoM CJIY:KHT ypaBHEHHe
an+ |bE|#=0. IloBemenue HHTErpasibHBIX JIHHMA B 3TOM
cayuae cxeMaTHUeCKH H3o0paxkeno Ha puc. 13, 1, 14 u 15.

7

-~

Puc. 13 Puc. 14

Puc. 13 ortnocutes x caygawo, xorpa k>1. 3xech Bce
HHTerpaJbHHE JHHHH KacawoTces B O ocu OF, 3a HCKawOUe-
HHEeM ToJbKO obeux mojoBuH ocu On. Camu ocu OF u On
ABJAIOTCS HHTErPAJbHBIMH JHHHSAMH BCIOAY, 32 HCKJ0Ye-
HHEM, KOHeuHo, caMoli -Touku O, riae ypaBHeHue (3.34,a) He

7 olpenejseT HHKaKoro Ha-
paBJeHHs.
Cnyuafi, xorna k=1, 6bln
pasofpaH HaMH BO BBEIECHHH
(puc. 1).
0
/ A
//L/
/77T 0 &
Puc. 15 Puc. 16

Ipu 0<k<1 (puc. 14) Bce HHTerpaJbHBe JIMHHH, 32
HCK/IIOYEHHeM TONbKO obeux NMosjoBHH ocu OF, KacaoTcs
ocu On. .

Bo Bcex ciyyasx, xorma k>0, Bcakas HHTerpaJjbHas
JHHHSA TOAXOANT K O 1O omNpefiesieHHOMY —HampaBJeHHo,
T. e. uMeeT B O ONpejesennyo KacaTenbHyw. Boobme, Kor-
Aa BCfKasg MHTerpajibHasi JIMHUS, MMEIOIlAs TOUKH, JOCTa-
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Toydo Gamskue K O, nmpubauxaercs x O Kak yronHo 6JH3-
KO, H TPHUTOM TO ONpefeJeHHOMY HAINpaBJIEHHIO, TO TOUKY
O uasweBaoT y34om. 3Hauut, npu k>0 Touka O ecTb ysen
AJIST MHTerpasbHbiX JuHHH ypaBHenusa (3.34,a).

[NoBenenne HHTErpaJbHbX JuHHH 1 |E|*=c, Korga k<
<0, usobpaxeno Ha puc. 15. B stom cayyae x Touke O
HOAXOHAT KaK YrofgHo GMH3KO TOJNBKO YeThHpe HHTErpalib-
HBle JUHHHK: ABe mojayocH OF u aBe noayocu Or. Besggag xe
IApyras HHTerpanpHas JHHHS, NPHONH3MBLINCH JOCTATOYHO
6113ko K Touke O, MOTOM HAYHHAET OT Hee yAaasThesl. Ta-
KHe TOUKH Ha3bBawTca cedaamit. VIMeHHO Tako# BuI HMe-
10T Ha KapTe JUHUH yPOBHS IepeBaja MeXAy AByMs ropa-
MH (CenJIOBHHH).

2-f cayya#. OOCIWHM HHTErpajoM CJyXKHT ypaBHeHHe
bn=E(a+b1n|g|) (puc. 16). Bce uuterpanpHble JHHHH
Kacarresi B Touke O ocu Ov). M3 xoopaHHATHBIX OCell TOJb-
Ko ocb On siBasercs uuterpanbHoil auumeit. Touka O B
3TOM CJyyae ecTb TaKiKe yses, Kak U npu k>0 B mepBoM
clyuae.

3-t cnyuait. YpaBuenune (3.34,B) serue BCEro MpPOMH-
TErpHpOBAaTh, €CMIHU NEepeliTH K NOoJASpHHM Koopaunatam. Ilo-
JIOXKHM

E=pcosgp, mn=psing.
Torza nocne BeIYHCAEHHI TOAYIHM

H, ClIe0BaTeNbRO,
p=Ce*,

- Ecin k>0, Bce HHTerpasbuble KpHBHE NPHOIHKAIOTCA
K O, GecKoHEYHO HaBMBafCh HA 3Ty TOUKY, KOTJa (p—>—00
(puc. 17). Ilpn k<0 To ke CaMOe NPOHUCXOAHT, KOrga @—>
—-+o00. B 3THX cayyasx Touky O HasuBawT ¢okycom. Ec-
Ju ke k=0, ceMedcTBO MHTErpaNbHHX KPHBHX YpaBHEHHS
(3.34,B) cocrouT n3 oxkpykHocted c-nentpoM B O. Boo6-
lle, €CJIH HEKOTOpasl OKPECTHOCTb TOYKH O [eNHKOM 3anoJ-
HEHa 3aMKHYTHIMH HHTErpajbHBIMH JIMHHSMH, CONEPIKAIlH-
MH BHYTPH ceGa O, To TaKyl0 TOYKY Ha3bIBAIOT YeHIPOM.
Ilentp MoXKeT Jerko mepeiiTH B (POXyc, eCc/H K UYHCII 1 ENIo
W 3HAMeHaTeNo TpaBoil yacTh ypasuenus (3.32) npumu-
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caTh YJEHH KaKOro yrofHO BBICOKOTO MOPSIAKA; CJefoBa-
TeJBHO, B ITOM ClyTae IOBeJeHHe HHTErpajbHblX KPEBHX
B6snn3u O He ompefeasiercs yneHamu l-ro nopsinka. [Tosxe,
B § 48, MB yBHAMM, YTO k ofpaiujaercs B 7
HYJb TOJNBKO TOT[a, Koraa AeHCTBHTEJb-

Has yacTp KOpHeH A neTepMHHAHTa

A—b —a J -
—d Ah—c

obpainaercss B Hymb. Hu B Kakux apy-

rHX M3 pPaCCMOTPEHHLIX BBILIE CJyyaeB Puc. 17

5Ta NeHCTBHUTeNbHAf YacThb B HYJb He
obpaiaercs.

Hanoxennass B »ToM mnaparpade KaacCHPHKAIUA 0CO-
6Bix ToueK mpuHamsexur Ilyankape.

SADAYM

1. IlpencTaBbTe MOBEEHHE HHTErPaJbHBIX KPHBHX BOJH3H OCOGBIX
TOYEK AJIA CJAeAVIOLIHX YpaBHEHHI:

’ y ’ X ’ xﬂ ’ ..y_2 ’ unag
Y=g V=" V=" ¥'="5 ¥'=2"y

(m 1 n — uessle).
2. TlpepcraBbTe MOBeeHHE HHTErpPajibHBIX KPUBHIX Il YpaBHEHHA

1\l 1\ *t
r____ s' — I ——
y (m x) (sm y)
(deThipe caydasy.

3. Kak pacnosioeHsl HHTerpaJsbHble JMHHM ypaBHeHus (3.33), ecam

=0?

a b
c d

4. Tlpuseaute mpuMep ocoGoH TOUKH, B HEKOTOPON OKPECTHOCTH KO-
TOpOM dYepes KaXKAyKo TOYKY INPOXOAHT eJHHCTBEHHad MHHTerpajbHas
KpHBas

5. Ilpu kaxux a, b, ¢, d ypasuenue (3.33) nepexomuT B ce6s NpH
Bcex ad@UHHEX OJHOPOANLIX mpeobpaszoBaHusAx? Ilpu Bcex BpamleHHAX?
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§ 23. OcoGbie nUHRM

Onpeneneunnsd: l. JIuaumwo, Bce TOYKH KOTOPOH fABMA-
10TCs ocoGbiMU A5 ypaBHeHus (3.2) uau (3.27), 6yneM Ha-
3bIBaTh 0C060Il.

2. Ecan ocofas nuHHS sBJAAETCS B TO Xe BpeMs HHTer-
pansHO# Aas ypaBuenus (3.2) mam (3.2), To ee Gymem
HA3HBATh 0COO0L UHTe2PAAbHOL JHHUEH 3TOrO ypaBHEHHS.

Ilpumepun. Ilpumepom ocoboi, HO He HHTErpaJJbHON
JUHHE MOMKeT CJYXKHTb BCSKAasi HEHHTerpajpHas JIHHHSA
ypaBHeHHUsI

4
W Y,
rae f(x, y) — ¢yukuus, nocrpoensHas M. A. JlaBpentbe-

BeIM (cp. § 9).
Ocp Ox sBusiercsi ocobofl HHTErpajbHOil JHHHeH nJif
ypaBHEHHS

d_y:{y1n2 ly|, ecm y=£0,
dx 0, ecn y = 0;

5TO HHTErpasbHas JHHUS HEEJIHHCTBEHHOCTH.

B KOHKpeTHHX npuMepaX OOBIYHO HAHGOJBIIHH HHTEpec
IpeACTaBIseT pasHCKaHHE HMEHHO WHTErpaJbHBIX JHHHH
HEeeIHHCTBEHHOCTH, TaK KaK HX 3HAHHE NMOMOraer IpelcTa-
BHTb KaPTHHY HHTETPAaJbHHEIX JHHHH B I{eJIOM.

Beaxas qMHHS, SIBASIOWASCS YacThio TPaHHILBL 00J1acTH
G, rme onpepenena oxna w3 Gyskun# f(x, y) u fi(x, y) B
ypaBHenuu (3.2) uau (3.2%), spasietcsi ocoboit juHHeH Aas
5TOro ypaBHeHHS. MoxKeT CAyuuTbes, YTO 3Ta JHHHA SBJISA-
eTC TaxkxKe HHTErPa/JbHOH, ecaM ypaBHeHHMe (3.2) nin
(3.2’) 3apnaHo u Ha rpaunue G (Torga 370 GYHET «IPaHHY-
Has MHTErpasbHasi JHHHA»).

B kauecTBe mpuMepa HHTErpajbHOH JHHHH, HA KOTOPOH
MoJie HampaBJeHHA TEPNHT paspHB, MOXKHO B3ATb OChb X
A9 ypaBHEHHS

1, ecrm y >0,

Yy =sgny= 0, ecm y=20,
—1, ecn y < 0.
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§ 24. O noseseHUH
HHTErpajbHbIX JHHHI B UEJIOM

Unorpa GriBaeT BaKHO NOCTPOHTb CXeMY IOBEHEHHS] HH-
TerpajbHBIX JIHHHA BO Bcel o6JacTH 3alaHusA IIOASl Ha-
MpaBJeHHH «B IeJoM», He 3a00TACh IIPH 3TOM O COXpaHe-
uuu macmra6a. Ha puc. 13—17 Mp cTponan mnoaoGHBIE
CXEMBI N/l TIOBENEHUS] HHTErpaJbHbIX JHHUH B OKPECTHOCTH
H30JIHPOBAaHHOH ocofoit Touku. Ecan Bce TOUYKH ONHOCBSI3-
Ho# obnacth (G, rhe 3ajaHa npaBasg yacTb AudpPepenuu-
aJbHOr0 ypaBHeHHs (3.2), OGHIKHOBEHHEHE, TO CeMeHCTBO
HHTErpaibHBIX JHHHA MOXKHO CXeMAaTHYeCKH H300pasuTh
ceMeicTBOM OTPe3KOB MapaJjJfelNbHBX NPSMBIX, TaK KakK B
9TOM cayuae depe3 Ka:xKAyI0 TOUKy objacTu (G TPOXOHLHT OX-
Ha MHTEerpajbHas JHMHHS M HHKaKHE JBe HHTErpafibHbie JIH-
HHH He IlepecexaroTcs.

Ilns ypasuenusi xe Gojiee obuiero Bujga (3.2) wuan
(3.2"), xoTopoe K TOMY 3Ke HMeeT oco0bie TOUKH HJH JIH-
HHUH, CTPYKTYpPa HHTErpaJbHHIX JHHUH MoxKeT OHTb 3HAYH-
TeJqbHO choxHee ). OnaHON H3 caMBX (QYHAAMEHTAJIbHEIX
3ajay Teopun AUddepeHuNaJbHHX YpaBHEHHH sBJIAeTCS
3afaya — Ha#TH N0 BO3MOXKHOCTH OoJiee "IPOCTOH crocob
TIOCTPOEHHS CXEMBI NOBENEHHST CeMeHCTBA HHTErpaJbHbIX
JUHHE 3a4anHoro aud@epeHnHaNbHOrO ypaBHeHHS] Ha Bcei
obracTH ero olpeneteHHs, T. €. H3yUeHHE HOBEJEHHS HH-
TErpajbHBIX JHHHH 3TOr0 ypaBHEHHSl «B [enoM». DTa 3a-
Jlaya, oTHOcsiasicsl K TaK Ha3blBAEMOH KAuecTB8eHHOL Teo-
puu nudbepeHMaNbHEX YPAaBHEHHH, ellle OueHb paJjeKa
OT CBOEr0 paspelleHHsl AaXKe AJ5 ypaBHeHHH BHAa

dy _ M(x,9)
dx N(x, 9’
roie M(x,y) u N(x,y) — MHOrouJeHH Bwile 1-ii CTelneHH.

B cBsI3M ¢ HEw cKaxKeM HEeCKOJIbKO CJIOB O TAaK HA3HBAEMBIX .
«IIpefeJbHBIX UKJAX>.

H CMm. B. B. HeMmuuxuii, B. B. Ctenanos. KauecTBeHHan
Teopusl AHbdepeHUNaNsHEX ypaBHeHu#h — M.: Focrexusmar, 1949;
C. Tedmen. Teomerpuueckas Teopus IMpdepeHUUaNTbHBEX YpaBHe-
puit. — M. WJI, 1961; 3. KogaguurroHn, H. Jlesuucon Teo-
pusi OGHIKHOBEHHHIX AHbdepeHnHanbHBIX ypaBHeHuli — M.: WJI, 1958;
B. U Apunoanna OGbxHOBeHHHe AuddepeHnHaNbHbIE YpaBHEHHA, —
M.: Hayka, 1971; B. M. Aproab g JOnonHUTENbHbIE VIABH TEOPUH
OGBLIKHOBEHHEIX AH(depeHUnanbHbEX ypaBHeHHit — M- Hayka, 1978
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Paccmorpum ans npuMmepa JHd@epeHnnasboe ypaBHe-
HHe

-?—-zp—~l, (3.35)
¢

rjie p U ¢ — TNOJSAPHBIE KOOPAHHATH HA maockocTu (X, y) .
O6wuil uuTerpas 3TOro ypaBHEHHS HMEET BUJ

p=1+4Ce9,

rae C — Npou3BOJbHAS MOCTOSHHASA; UTOOH p OBLIO HEOT-
PUILATENBHBIM, HAZO, YTOOB (@ NPHHHMAJO 3HAUEHHS, He
Goabiune yuem —In|C|, ecau C<0. CeMeACTBO MHTETpab-
HBHX JuHHHE coctouT (puc. 18) us:
1) okpyxuoctu p=1 (C=0);
2) cnupaJje#i, BBHXOJAALIUX H3
Hauajga xoopauHat O, KoTophle H3-
HYTPH OpubJIMKAITCA K OKDPYXKHO-
ctu p=1 npu ¢g— —oo (C<<0);
3) GeckoHeuHBIX crnupasae#, Ko-
TOpHE NpHOJIMKAITCA H3BHE K  OK-
pyxHOCTH  p=1, Korga ¢—--—o00
. (C>0).
Puc. 18 OxpyxHocth  p=1 Ha3blBa-
eTcsl npedesbHbIM YUKAOM JJs1 ypaB-
HeHus (3.35). Booluie samkuyras untezpaivhas Auxus L
HQ3bLBALTCS NPeOeAbHbIM UUKAOM, eCAu 8Ce ee TO4UKU
00bIKHOBEHHbBle U K Herl acumnrorTudecku npubauscaercs
HexoTOpas Opyaas UHTe2paAbHAA AUHURLD. Pasbickanne
HpeNeJbHBIX LUKJOB NpeJCTaBasieT O0JAbUIOH HHTEpec AJs
NPUIOXKEHUH 3.
3aMeTHM, 4YTO BCE TOUKH OKPYXKHOCTH p=1 saBasA0TCA
OGBIKHOBEHHBIMH a5 ypaBHeHust (3.35). B 3ToM MOXKHO
y6enuTbCs, ecau OT HOJSPHBEIX KOOPAMHAT MepedTH K Ime-

dy (Vg —y
& (x—y) Y TP —x

2 Huorja npuMEHSOTCS JAPYrHe ONpejeseHHs NpeiesbHOro IHKJA,
HanpuMep, BMeCTO TOCJTEIHEro ycaoBus Tpefyercsi, 4TOOB B HEKOTOPOH
OKDeCTHOCTH JiuHHH L He GBIO JPYrdX 3aMKHYTHIX HHTETPa/IbHbIX JH-
Hu#

% Cwm, vanpumep, A A Aupgponos A A Burr, C 3. Xaii-
K u H. Teopus xoneGaunii., — M duamarrus, 1959.

1) 3pauur,
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KapTOBBIM. 3HAUHT, MaJjasi OKPeCTHOCTb JIIOOOH TOUKH Npe-
JleJbHOTO HHKJIa HHYEeM He OTJIHYAeTCs OT MaJjoll OKpecTHo-
CTH BCSIKOH Apyroii HeocoBOH TOUKH.

3AJIAYH

1. IToxaxuTe, uTo, AJS TOro YTOOH MoJie HanpasieHuii B obJac-
T G Moxuo GBuIo npeactaBuTh ypaBuewuamu (1.2) u (1.27), rae M
u N uenpepbiBunl H ue o6palalorTes B HYJAb OJHOBPEMEHHO, HeoGXOAH-
MO H J0CTaTouHO, YTOGH KaxAy® Touky obaactu G MoXuHo GOmLIO
68l cHaOMUTH TakuM OpPTOM (T € eJHHHYHBIM BEKTOPOM), KOTOPHIH
BCIOJY YKa3bIBaeT HalpPaBJeHHE NOJA W HENPEPHBHO 3aBUCHT OT TOYKH
nois HanpaBienne moss B KaxJ0#l TOUKE MH 3ajaeM OTPE3KOM MNps-
Mofl, 06a uanpaBienns KoTopo#t AJs Hac Ge3pasjuyHBL 3Jech XKe Tpe-
6yercss B kaXjoll Touke BHOpaTh OJHO M3 3THX HANpapjeHHH, W 3TO
HallpaB/leHHe AOJKHO HENpepHBHO 3aBHCETb OT TOYKH

2. TMoctpoitTe mpuMep noJs HaNpaBieHHH HA NJIOCKOM KOJbIte, KO-
TOpoe Hesb3sd NPEJCTABUTH HA BCEM 3TOM Kojbue ypaBueHHeM (213) c
nenpepuBiusiMd M H N, npuyem M u N e ofpamaioress 8 HyJb OJHO-
BpPEeMEHHO, H KOTOPOE TeM He MeHee HelpepniBHO HA BceM Kouswle., Kak
o6bluno, noJe HanpaBjeunil 3ajgaercd B KaXJo# TOYKe OTPE3KOM Nps-
Mmoff, ofa HamnpaBJeHHs1 KOTOpOH MBI He BbhijesseM. Korjaa ME roBOPHM
3JleCh, UTO I0JIe HANpaBJeHHH HeNpepnBHO 1ia KOJblLe, 3TO 3HAYHT, 4TO
9Ta npsAMas u3MeHsercs HenpepeiBHO MOKHO JIH NOCTPOUTH aHaJNOrHY-
HBIH MpHMep AJIsT OJHOCBSA3HOH 06/1acTH HA NJIOCKOCTH?

3. Ilyers ;{HTeraJI;:HbIe aunnd ypaerenus (12) uau (1.2) umelor
—X——-—}— L _ 1 (¢>0 duxcuposano, napamerp b npHHH-
c24-b? b2
Maer suauenus 0<b<4oo) Jlokaxure, uto ecin M u N HenpepbiBHLI,
TO OHH BCIOAY Ha OTpeske —C<<x<{c¢, y=0 0653aTeNbHO PaBHHE HYJIO.

4. JlokaxuTe, YTo B H30JHPOBAHHYIO 0co0yI0 TOYKY ypaBHe-
uns (12) wim (12') MoXeT BXOAHTH TONBKO UeTHOe HJH GeckoHeunoe
4HCAo HHTerpanbHblx JuHu# Ecan raxas-au6yab uurerpasbHas JHHHA
MOAXOAHT K 3TOH TOuKe GeCKOHEYHO HAaBHBAOUIEHCS CHHPAJbO, TO H
BCAKAS JApPYras JMHHS, BXOASIIAS B 3TY TOUKY, MOAXOAHT K Hefl Takxke
6ecKoHeYHO HaBHBawoulefics cnupasbio. Moxer JH BXOAHTH B H30JHPO-
BaHHYIO 0cOoBYI0 TOUKY POBHO JiBE€ TakHe CIHpaan?

5. Haueprure cxemy mnoBelleHHsl Ha Bcelf IJIOCKOCTH HHTErPaJbHBIX
JUHUH ypaBHEHHS

ypaBHEHHS

Ay

X
= — T 2 2—1_
> PR

IlokaskuTe, 4TO OHO HMeeT (OKYC B Hauaje KOODPAHHAT H NpPeAenb-
Bl MUK

x2y2=1.
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Yrkazanue CpaBHHTe HAKJIOH HHTErpaJbHHX JHHEE 3TOrO ypas-
HeHHfi C HAKJIOHOM B TOH € TOUKE WMTETrPaJbHHIX JHHHA ypaBUeHHS
dy X

. —— BT e —

dx Y

6. Haveprure cxeMy noBesenss Ha Bcefl IJIOCKOCTH HHTErpajbHBIX

JHHHA ypaBHeHHSA
dy y—x2 . . 1
i = gy TG > (1) 5

Hokaxure, 410 0HO uMeeT jaBe ocofnie Touku: ceano (0,0) u do-
Kyc (1,1).

VYrazanue CpaBHHTE HAKJOH UHTErpaJbLHO# JHHHH STOTC ypaB-
HEeHHSI C HaKJOHOM B ToNl e TOYKE HHTErpajbHONR JIHHHH YPaBHECHHS
dy y—x?

dx y—x
KOTODOE JIETKO HHTErpupyercss B KBaApaTypax.
JlokaxkuTe, 4TO ecjH 3aMKHYTYIO HHTerpa/bHyw Jauduio L, Bce
TOUKH KOTOpO# OOHIKHOBEHHHE, MOXKHO 3aKJIOYHTH B IIOJOCY, He coiep-
WALIYI0 APYTHX 3AMKHYTHIX HHTErpajbHBIX JHHHE, To L — npepenpusit
LHK.

8. [lokaxuTe, 4TO €CJH K HEKOTOpOHR 3aMKHYTOR HUTErpaJbHON JaH-
Hu L Gea ocolbiXx TOYeK aCHMNTOTHYECKH NpHOJIHKAIOTCS H3BHe H
H3HYTDH ABe HHTerpaljbHble JUHHH, TO L MOXHO 3aKMOuMTL B HoOJOCY,
LEJHKOM 3aI0JHEHHVIO HHTErpasJbHEIMH JIHHHAMH, ACHMITOTHYECKH IIpH-
Gauxaomumucs K L

_ 9. TloctpoitTe npuMep 3aMKHYTOH HHTerpanbuoll Junun L' Gea oco-
GHIX TOYEK, He SIBJAOLLEHCS NpeJeNbHBEIM IHKJIOM, NpHUEM HHKaKasd OK-
pecTHocTs L ue 3anosnkeda cHUIOWIb 3AMKUYTHIMH HHTErpaJbHBIMH JIH-
HHAMH

10. Ioxaxkure, YTo €ClH BHYTpDU H Ha caMofl 3aMKHyToH Kpuso#t L
¢ HempepHBHO Bpalaioliefics KacaTelbHOH HeT OCOGHX TOYEK mojs, TO
B TOYKax Ha JuuuMH L nanpasjeHue noss no kpafiHel Mepe Apa pasa
COBNAjaeT ¢ HanpaBJenHeM KacaTeqbHOR K L W no Kpafineit mepe nBa
pasza ¢ HanpasieuneM nopmaau K L. (Orcioma, B wacTHOCTH, ciaelyer
TeopeMa DeHAMKCOHa O TOM, YTO BHYTPU IAMKHYTON HHTErpajibHON JH-
HHH A0J/KHA Gbith 110 Kpafinell Mmepe ofHa ocobasf TOYKAa MoJs )

11, okaxuTe, 4YTO KaXaas HHTErpajbHas JHHHA YpABHEHUS
Yy =x2—y? uMeerT no KpafiHell Mepe OAMY TOYKY neperu6a H XxoTa OH
OJIMH pa3 NepeceKaeTcss ¢ NpAMOA Y=x.

VYxazauue MHWcenonrayiite sagauy 5 § 2.

§ 25. YpaBHeHus, He paspelieHHbie
OTHOCHTEJbHO NPOM3BOJHOMN

IIpumepoM TakuX ypaBHEHHH MOMKET CJAYXHTb ypaBHe-
Hye

(j_i)’ —1=0. (3.36)
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Kaxk nerko BHAETb, OHO 3KBHBaJIEHTHO YpPaBHEHUAM

=1 (3.37a)

N (3.376)

ITepBoe u3 3THX ypaBHeHUH NpenCcTaBAseT MoJjie HANpaB-
JeHuil, HakjgoHeHHbXx K Ox nox yraom 45° a BTopoe —
nosjie HalpaBJieHHH, HakJoHeHHHX K Ox nox yraom 135°
YpaBuenuio ke .(3.36) coorBercTByeT”
noJie HamnpaBJeBUH, INoJyueHHOe HaJlo-
XKenuem mnoae#t (3.37a) u (3.376). Ue-

RS
<BIRKL

pe3 KaXayl TOUKy IJIOCKOCTH (X, Y) .0202&'2020202
NPOXOJAT ONHA H TOJBKO OJHA HHTer- ~SXISEIIIK =
panibHas JuHUS ypaBHeHus (3.37a) — ’0:0:0:0:0:0:0:
npsiMasi, HakaoHeHHass K Ox mom yrmoM XXXXPRCKe

B 45° M OJlHA U TOJIBKO OJIHA HHTErpaJib-
Hag JuHus ypaBueHus (3.376) — npd- Puc. 19
Masi, Hak/JoHeHHas K Ox nom yriom
135°. 3HauuT, yepes Ka¥IAYyl TOUKY mJIOCKocTH (X, y) mpo-
XOAAT JIBE U TOJBKO JIBE MHTErPajibHEIE JIHHHH ypaBHEHHUS
(3.36) (pmc. 19) .
MoKHO [0Ka3aTh cjAefyomyio obuyio Teopemy.
Teopewma. IIycry dano ypasuenue

F(x, y, y') =0, (3.38)

e0e ¢ynryus F(x, y, y’) obralaer caedyrouumu Tpems
ceonucreamu:
1. F(x, y, y’) onpedeaena Ha 3aMKHYTOU U 02PAHU-

yennoti obaactu G 8 npocrpancrse (x, y, y’), e0e oxa He-
npepolena.

1) B ananuse (cM., Hanpumep, . M. Quxrtenroabu Kypc aud-
(epeHuHaJbHOrO H HKUTErpajbHOro HcuHcieHHs. — M.: Hayka, 1969,
T. 1, c. 224) poxasbiBaercsl, 4TO eciH Ha HEKOTOPOM HHTepBante (a,
b) ¢yuxumua @(x) BcioAy HMeeT NPOH3BOJHYIO, PaBHYIO q)(xg,. H ecnu
@(x) B ABYX TOUKAX X; H X2 (@<x1<¥2<b) NpHHHMAET 3HaYEHHS I
H Y3, TO HAa uHTepBaje (X3, X2) (yuxuus @(x) NpHHHAMaeT Bce NpoMe-
KYTOYHBIE 3HAYEHHS MeX1y Y, H Ys. IloaToMy He cyinecrsyer
bynkuna y(x), Xoropas NpH BCAKOM x uMenaa Obl NPOH3BOJAHYIO, NMpH-
HUMAIOIYI0 3HAYeHUs,, paBHHE TOJbKO = 1, NpuyeM B OJHHX TOUKax
3Ta NpoM3BOAHAsA paBHajach 6K +1, a B apyrax —I1.
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2. Hasn nexoropoti Touku (Xy, Yo), Aexcauiell Ha NAOCKO-
cTuU (X, y), 4ucao pasauunsix peuwlenuil ypasrerus (3.38)
OTHOCUTEAbHO Y KOHeuwHO u pasno m. [lycre srumu pewle-
HUAMU 6YyoyT Hucaa

bx, bg, ey bm (m>0)

3. Kaocdas usz Touex (Xo, Yo, b)) (i=1, .., m) aexcur
suyrpu G, u 8 Hekoropoud okpecrnocTu R,V  Kaodoid u3
arux touex yuxkyus F(x, y, y’) umeer Henpepsi8ryro npo-
U3BOOHYIO NO Y U HENpepuleRYO NPoU3BoOHYI0 1o Y’, KOTO-
pas no abcoaroTHOU seaudure scrody 8 R, npegocxodur re-
KOTOpOEe NOCTOSHHOE NOAOMUTEAbHOE HUCAO.

Tozda cyujecreyer okpectHocTs U Touku (Xo, Yo), pac-
NONONEHHAR 8 NAOCKOCTU (X, Y), npuyem vepe3 Kaxoyro
Touky % npoxoOur m u TOABKO m 2paguxkos peulerull
ypasrernus (3.38).

HokxaszarteabctBo. [Ipy caesaHHBIX MPENNON0KEHH-
AX, COrJaCHO TeopeMe O HesiBHOH (YHKHIHUY, Y KaKJ0H H3
TOuex (Xo, Yo, b,) B mpocrpanctBe (x, Yy, y’) cyuiecTByer
TakKasi OKPECTHOCTb R, B KoTopoit ypaBHenue (3.38) umeer
OJIHO 1 TOJIBKO OJIHO pellleHHe BHJA

y=F[({x,y) (i=1, .., m); (3.39)

Kaxaas ¢yaxnus f,(x, y) HenpepbiBHA 10 X U MMEET pO-
U3BOAHYIO 1O Y, PABHYIO

F_; (Xv Y, fi)
F}i(x, Y, f1)

B cuay cpenanHblX npeanosioxkeHu#t o ¢ynkuuun F sra npo-
N3BOJHASl orpaHuyeHa. Bce oxpectnoctH R, (i=1, .., m)
MOXKHO HpencTaBsisiTh cefe B BHAE LUIUHADPOB ¢ obpasyio-
WUMH, NapaiieablpiMu ocH Oy’, U ¢ OCHOBaHHUSIMH, MPOEK-
THPYIOLUIMMHUCS HA OAHY H TY K€ JeXamylo B ILJIOCKOCTH
(x, y) orpecTHOCTH TOUKH (Xg, Yo) (Ha puec. 20 m=2). A1y
OKPEeCTHOCTb 9 MOXKHO BHIOGPATh HACTOABKO MaJjol, YTOGH
HHU HaJ He#, HU NOJ Hell He OBHJIO HH OJHOH TOYKHU (X, Y, y’).
noeepxHocTH (3.38), He nmpuHaasexamell Kakof-HUOYAb U3
nosepxuoctelt (3.39). HeilcTBUTENBHO, €CAH TaKHE TOYKH

1 Tlox OKpecTHOCTBIO R, Mbf NOHHMAeM MOJHYIO OKPECTHOCTH TOYKH
(xo, Yo, b:) B npoctpancree (X, Y, y').
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CYLIECTBYIOT, TO O NMpeABAYLIeMY OHH JeXaT BHE LHJIHHI-
pos R, (i=1, .., m). IlosTomy, ecau 6Bl TakHe TOUYKH
CYLIeCTBOBAJN NPH KAK yroano Majoi %, To B cuny orpa-
IAYEHHOCTH M 3aMKHYTOCTH G M HENpPepHIBHOCTH (QYHKUHH
F(x, y, y’) onu Gbuin 6Bl ¥ HA NPSIMOi

X =Xy, y:yo

I4
BHe WHJHHIpOB R,; 3nauut, ypaBHenne F (xo, Yo, y’)—O
uMeao 6nl GoJibllie YeM fm pelleHHuH OTHOCHTEIBbHO Y, 4TO
NPOTHBOPEYUT HaAIIeMy  [pPEeArnoJo- 4, —

JKEHHIO.
HWrak, MB Hamau, 410 IpH Ccle-

JAHHBIX ~ NPEANOJOXEHHSIX  OTHOCH-
reasno F(x, y, y’) y Touxku (Xo, Yo)
Ha NJOCKOCTH (X, y) CYLIECTBYeT Ta-
Kast okpecTHOCTh 1l, B KOTOpPOH ypaB-
HeHne (3.38) HMeeT m M TOABKO M 1
pasauunbix peutenuit (3.39). OyHKuuH @
f:(x, y) HempepbIBHH NO X H HMEIOT .

OTFPAaHHYEHHYIO TPOU3BOAHYI IO Y. )
ITosromy nast xaxpo#t toukn P u3 U / | *
Kaxjoe u3 ypasHenui (3.39)) umeer 4y % 1 (x4
B o6jacTu Il OHY ¥ TOJBKO OIHY HH- <)
TerpaJjbHyI0 JUHHUIO, NPOXOAAIYIO He- Puc. 20

pes touky P. Tak Kak Bce y’ B Kax-

no#t Touke objactu U passHuHB, TO

BCE€ 3TH HHTErpajibHble JHHHH pPAa3jHYHB H MeXAy coboi
He KacaloTcsd A motomy uepes Kaxayio TOuky obmactu U
NPOXOAUT M H TOJBKO /M HHTErpajbHbIX JHHUH YypaBHe-
uust (3.38)D, uto u Tpefosasocs, AOKA3aTh.

OueBuJHO, HH OJHO W3 HANpAaBJEHHUH MoJs, 3alaBaEMO-
ro ypaBHenuem (3.38), e mapaasensno ocu Oy. Caenosa-
TeJIbHO, HH OJIHA U3 MHTErpa/JbHHLX JHUHHI 3TOr0 ypaBHEHHS
He HUMeeT KacarenbHbX, napananenasHbix ocd Oy. Urobbl He
HCKJIIOYaTh HanpaBJjeHuil, napaaneibHbix ocu Oy, aHajo-
FHYHO TOMY, KaK 3TO JAeJNajioch 15 yPaBHEHHI, paspelleH-
HBIX OTHOCHTEJIbHO NPON3BOJHBIX, Mbl OyJeM HHOrjJa Haps-
Ly ¢ ypPaBHEHHEM

F.(x, v, ;’_y) —0 (3.40a)

pe

) CM. cHocky Ha ¢ 105,
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paccmMaTpuBaTh ypaBHEHUE

Fy (x, 4, —j;—) = 0. (3.406)

Ilpu atom dyskuus F; X, ¥, —3’—{—) BeIOpaHa Tak, 4TO

ypaBHenus (3.40a) u (3.400) Hurge He NPOTHBOPEYAT O~
HO ApPYroMy; ADYTHMH CJIOBaMH, €CJH IJs1 HEKOTOPHX X, Y

u a==0 3pauvenus F(x,y, o) a Fy (x, Y, —(l;-) onpeneseHbl

H OJHO H3 HUX DaBHO HYJIO, TO U APYroe TOXe PABHO HYJIO.

Hnorpa OwBaer ynobuee oO0belHHATb  YDaBHEHHUA
(3.40a) u (3.406) B omHo, HanmHcaHHOe B AubGepeHIHANAX
(cM. gambire npuMep 1). Mu Oynem Hapsily C pelICHHSIMH
ypaBHenu#t Buaa (3.38) paccmaTpuBaTh HHTETpaJbHHE JIH-
HUu ypaBHeHH#E (3.40) (cp. § 2)-

Onpeneaenus Ilycrs oyukuus F(x, y, y') [coot-
BeTcTBeHHO Fi(x, y, x’)] onpeleneHa Ha HeKoTOpOH ofija-
cTH Gyyy (cootBeTcTBEHHO Gyyyr) B MpOCTPaHcTae (X, Y, ¥')
[coorBercTBenHO (X, y, x')] m Ha HEKOTOPOH uacTh ee rpa-
Hugbl. Ilyerb Touka P(xo, Yo) JieKUT BHYTPH Tol obsacTtu
G.y naockoctd (%, y), rne ypaBHeuus (3.40a), (3.406)
Onmpe/edsiioT HEKOTOpHie HanpaB/eHus, HWJIM Ha TPaHUIE
3toil obsacTu.

1. Bynem HaswBath 3Ty TOUKY P 0066iKHO8eHHOL TOUKOL
ypaBHenuit (3.40a), (3.406), ecnu 115 Hee MOXKHO YKasaTh
TaKyI0 OKpPecTHOCTb ¥ B MJOCKOCTH (X, Y), Yepe3 KaXKAYIO
TOUKY KOTOPOH NPOXOAUT B 3TOH OKPECTHOCTH OJHO |
TO Ke MNOCTOSIHHOE JJIsl 3TOH OKDECTHOCTH KOHEUHOE YHCJIO
HHTErpasbHHX JUHHUHA, paBHOE YHCAY HanpapJeHuil, 3ama-
BaeMblx B Touke P ypaBuenusimu (3.40a) u (3.406); npu
9TOM. 3TH JINHUH JOJKHBI HOJIYYaThCA B Pe3yJabTaTe HaJO-
KEHHS JPYT Ha ADYra CeMeHCTB HHTErPaJbHBIX JUHHUI ypaB-
Henuit (3.2) wmnum (3.27) ¢ HempepblBHBIMH TpPaBbLIMH ua-
CTSIMHU.

B cuay ckasanHoTo Bblllle [ 3TOTO JOCTATOUYHO, YTOOH
BHINOJIHAJHCh CJEAYIOUIHE YCAO0BHS:

a) ¥ touxu P(xp, Yo) HA MJIOCKOCTH (X, y) eCcTb TakKas
3aMKHYTas OKPECTHOCTb vy, UTO MHOKECTBO Gy (1u60

Gy ) TOHEK, B KOTOPBIX omnpepenena ¢ynxkuus F(x, y, y’)
[coorBeTcTBenHo F (X, y, x’)] ¥ mpoekuMn KOTOPHX Ha
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MJ0CKOCTh (X, Yy) He BHIXONAT U3 3TOH OKPECTHOCTH, obpa-

3yeT OTPaHHMYEHHYIO W 3aMKHYTYI0 006J]acTh, a GQYHKUHAR

F(x, y, y’) [cootBercTBenHo Fi(x, y, ¥’)] Ha 3TOM MHOKe-
—

ctBe HempephiBHA. UT06H MHOMXKECTBO Gyyyy  (COOTBETCT-

BEHHO Gyyy HE N0JYYan0Ch HEOIPAHHUEHHBIM OTTOTO, HTO
paccMaTtpuBaIOTCA Kak Yroaxo Goawlude 3Hauenust y’ (coot-
BETCTBEHHO x’), YCJOBHMCH, HANpHMep, I0Jb30BATHCA
ypaBHenueM (3.40a) [cootBerctBeHno (3.406)] ToabKO
Toraa, xorna |y’| (coorBerctBenHo |x’|) He Goablie HeKo-
TOPOH KOHCTAHTBI, KOTOpas He JNOJoKHA paBHATbeA abco-
JIOTHOH BeJHYMHE HHKAKOTO KOPHS Y’ (COOTBETCTBEHHO X')
ypaBHeHus F(xg, Yo, y’) =0 [cooTBercTBeHHO F (X0, Yo, ¥') =

b) Uucsno nanpasieHuil UHTErpaJBHBIX JHHUH, 3amaBae-
MbIX ypaBHeHusiMu (3.40a) u (3.406) B Touke P(xo, Yo),
KOHEUHO.

¢) Has xaxporo u3 nanparjeHud, 3agaBaemMux (3.40a)
[cooTBercTBenuo (3.406)], nas ¢yukuuu F(x, y, y') [coor-
BeTcTBeHHO F\(x, y, x’)] B TOuKke (Xo, Yo) BBHINOJHAETCH yC-
JoBHe 3 TOJBKO YTO J0oKa3aHHoH TeopeMbl [Aas Fy(x, y, x’)
ycJoBde 3 BHIOJHAETCSA, €Cad B (HOPMYJIHPOBKE TEOPEMEl
TIOMEHATb POJsAMU X H Yy, Y U X].

2. Ecau touka P (xo, Yo) He sBAsieTcs 06LIKHOBEHHOH, TO
6ylleM Ha3bIBaTb 3TY TOYKY 0c060dl.

3. Tonb3ysch 3THM onpefeseHNeM, Mbl ONPENEIHM 0CO-
Ovle aunuu u ocobvle UHTeZpaAbHble AUHUU  COBEPIIEHHO
TaK Xe, KaK [IpU NOMOIIH noHATUA 06 ocobofi Touxke Takue
JUHUN onpejensancsk B § 23. 3amerum, yro B cuay n. 1
ocobble TOUKH ypaBHenus (3.40a) wam (3.406) ¢ mocrartou-
HO TVIAAKHMH JIEBBIMH YacTAMH JHGO0 SIBJAAIOTCA TPAHHYHH-
MH, J160 YIOBJETBOPAIOT CHCTEME YPABHEHHMH

F(x "= "N =
{ ’(,y>y)' 0’ WIH{F}(X,!/,X), 0» .
Fy (v 9 4)=0 Fie (£, 4, ') =0
(npeanosiaraercs, 4To YCAOBHA a) U b) BHIIOJHEHH).
IlpuMepsl ocOOBIX TOYEK, JIUHHH W HHTErpaJbHBIX JH-
HUuH, KoTOpHe MBl npuBenu B § 22 u 23, npurofiisl U Tenephb.

Kpome Toro, Mpl pasfepem euie cledyloline ABa NpHMepa.
IIpumep 1.

Y2 (1—x%) —x2=0, (3.41a)
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(1—x?) —x2x"2=0, (3.416)
nIu B Gojee CHMMETPHUHOM BHJE
(1—x?) dy*—x2dx?=0. (3.41)

Ypaprenue (3.41) onpenensier moJe HaNpaBJCHUH TOJb-
Ko Ha noJoce |x|<1. JleBast yacts ypaBHenus (3.41a) ne-
npepbiBHA BCIOAY Ha 3TOH IOJIOCE M HMeEET HeNpepbiBHhHIE
npousBoAnbe no y u y’. IlponsBoxnas no y’ or Hee paBHA

2y (1—x2).

Orcrofa BUAHO, YTO 3Ta INpou3BoAHas ofpauiaercsd B
Hyab, ecau: 1) x=-1, 2) y’=0. B cuny ypaBuenus (3.41a)
nocaelHee NPOHCXOMUT TONBKO Ha npsmod x=0. ITpoussoxn-
Has no x’ or Jaesoit yactu (3.416) obpamaercs B HYJb Ha
3THX Ke NpAMBIX. 3HauuT, Ajsd ypaBHeHHs (3.41) ocobbiMM
MOTYT OBITH TOJIBKO TOYKH TPeX JHHHUH

x=+1, x=—1, x=0.

Tak kak npsimble x=-+1 o6pa3syior rpanuny Tod ob.aa-
CTH, T/le YPaBHEHHs 3aJal0T HEKOTOPhIC HamnpaBJICHHUSA, TO
OHH SIBJASIOTCS OCOGBLIMH JuHHAMH. M3 ypaBHenns (3.416)
BHJIHO, JaJiee, YTO OHH SIBJSIOTCS HHTEIDAJBHBIMHA JHHHAMH.

ITokaxeM, uto mpsmas x=0 sBjasiercd Takxke ocoboil
(1o uenHTErpaJbHOH) JMEHEH. 3aMETUM NPEXAE BCEro cJe-
Ryromee. M3 ypaBHeHus (3.41) noayuaem, uto

o x
dx Y1—x

Orcrona caenyer, YTO HUHTErpaJbHBIMU JHHHAMH ypaB-
Henns (3.41) OyAyT OKPYXKHOCTH pajuyca l, neHTPHl KOTO-
peix nexat Ha ocH Oy. Bce oHu kacamores npaMbix x=+1.

Teneps yke Jerko BHIETb, yTo npaMas x=0 ABjasercs
ocobo#i. JleficTBUTENBHO, HA 3TOH INPSIMOH U3 ypaBHEHHS
(3.41a) Mb HaxoAuM 145 y' TOJBKO OOHO 3HAUEHHE HYJb,
ypaBHeHHe ke (3416) He paer ana x’ 371ech HHKAKOro 3Ha-
genud. Ho Hu y kakoil Toukn B, nexameit ua ocu Oy, He-
Jb351 YKAa3aTh TaKOH OKPECTHOCTH, Yepe3 KaXKAYI TOUKY KO-
TOPOH mpoxoxuna 6Bl B 3TO!l OKPECTHOCTH OJHA H TOJBKO
ONHAa WHTerpajbHas JIMHHS; NEHCTBUTENBHO, YIKe uepe3 3Ty
CaMyl TOYKy B, OueBHIHO, NPOXOAAT B 3TOH OKPEeCTHOCTH
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yeTelpe HHTerpaJbHble JuHuH: A;BAs, ABAs, AsBAs n
A\BA;s (puc. 21). 3naunr, ocb Oy 6yner ocoboit, Ho, oue-
BHIHO, HEHHTErpajbHOH JIHHHEH. Y KaxKIoH XK€ TOYKH NO-
Jochl — 1<x<+41, ecan ToJapKO 3Ta
TOUKa He Jexur Ha ocu Oy, ecTb
TaKasi OKPECTHOCTb, Ye€pe3 KaxkKIyio
TOYKY KOTOPOH B 3TOH OKPECTHOCTH
NPOXOJSAT JBE H TOJBKO JBE HHTe-
rpajbHble JHHHM. |

3ameTHM, 4TO KpPOMEe YKa3aHHBIX
yxe HHTErpajJbHBIX JHHHH Yy Hauero
ypaBHeHHsl OyAyT elle HHTErpaJjbHble
JIHHUH BHIA

P\B\P,PsB,P,P,, PB,P,BP;OP:BP,

u ap. OTcioma BuAHO, 4TO B JA060#
OKDECTHOCTH JI060# TOuKH x= 1 ue-
pe3 3Ty TOUKy NPOXOAHUT OECKOHEUHOe
YHCJIO0 HHTErpadbHBIX JHHUH; CTaJo
OBITh, 3TH NpSAMBlE SIBAAIOTCA I'paHUY-
HEIMH ~ HHTErpaJjbHBIMH JIHHUSIMH
HEEJIUHCTBEHHOCTH.

ITpumep 2. ¥Ypasnenue Kaepo. YpaBuenueMm Kaepo Ha-
3bIBAETCSl YPaBHEHUE BHUIA

F(x, y, ¥)=y—xy'—(y") =0. (3.42)

Mmu 6yaem npeanosarath, uto f(y’) ompeleseHa Ha
3aMKHYTOM HHTepBaNe a<y <b, HenpepblBHA BMecTe CO
CBOHMH NEPBLHIMU JIBYM$l NPOU3BOAHEIMH M YTO HA 3TOM HH-
tepBage f”(y’) BCIOAY COXpaHseT 3HAaK, HalpuMep, OTpPH-
aTeabHa. ’

Torna npn BcAKHX X 4 y ypaBHenue (3.42) umeer He
Gosbllle ByX KopHe# oTHocureabHo y’. (ITouemy?) Ilosro-
MY, KaK JIETKO BHJieTb, ILJ15l 3TOTO ypaBHeHHs OyneT O6BIK-
HOBEHHOM BcAKas Touka (X, Yo), AAS KOTOPOH

1. YpaBuenne

Puc. 21

Yo—xoy'—f (y’) =0 (3.43)

He YIOBJETBOPSETCs HH NpH Yy’ =a, HU NpH y'=b, HO OHO
yIOBJETBOPSIETCS MO KpaiiHed Mepe NPH ONHOM 3HAYeHHH Yy’
u3 uurepBaga (a, b).
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2. ﬂ.ﬂtﬂ KaX/Joro u3 KopHeit y’ ypasuenus (3.43)

Fy (%0, Yo, ') = — 29— ' (4') #0.

Touku, He yJOBJeTBOpAWIIHE
BTOPOMY H3 3THX YCJOBHH, 006-
.pasyioT HekoTOpylo JuHHO. Ec-
AW TMpuHATL Y 3a MapaMeTrp H
0003HAUUTb €ro yepes p, ypas-
HeHHe 3TOH JIMHMH MOXHO Ha-
nucaTh Tak:

y=xp+f(p), x=—[(p) (3.44)
HJIH

y=—f"(p)-p+f(p),
x=—f"(p),

DTH ypaBHEHHUSI ONpeNeasoT Yy KaK (QYHKIMIO OT X.

B 2TOM MOXKHO Y6E€QUTBCS, €CJH BTOPOE H3 ypaBHEHHNH
paspelluTb OTHOCHTEJBHO P (YTO BO3MOXKHO, TakK Kak [”(p)
COXpaHsleT 3HaK) W HalAeHHOe 3HaueHHe p IOACTABUTbL B
mepBoe u3 HuX. Jlerko BuAeTh, uro auHus (3.45) sABisercs
uHTerpanbgoit. MHeficTBuTesinHO, U3 ypaBHeHui (3.45) Ha-
XOIUM

dy=[—f"(p) -p—F'(p) +F'(p) 1dp=—p}” (p) dp,

dx=—f"(p)dp.
Ciien0oBaTesbHO,

(3.45)

dy
e p,
H rmoroMy mnas JuHuu (3.45) uau, 4TO BCe PaBHO, AN JIH-
Huu (3.44) ypaBHeHue (3.42) ymoByeTBOpSieTCH.
d
Tak kak d—y =p, TO NPU BO3PACTAHUH P BeTUYUHA
X

dy

—, TaKKe BospacTaet. YpaBuenne (3.45) nokaswiBaer, YTO
X

ecan
i [”(p) <0,
0 —— > 0. [TosroMy BrInykJOCTb KpuBoH (3.45) o6paiue-

Ha BHH3 (puc. 22, npuBasi (3.45) usoGpaxaercs JuHUed
AQB).
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Jlerko nmpoBepuTh, UTO NPH JIOOOM MOCTOSHHOM € (A<

<c<b) npamas
y=cx+f(c) (3.45")

ABJISETCS HHTerpasbHOH. 3ta npsAMmas, O4eBHAHO, Kacaercd
qunnu (3.45) B TOuke

y=—f(c)-c+f(c),
x=—Ff"(c).

O6patHo, Kaxpasa Kacate€inbHad K JuHHH (3.45) umeeT BuA
(3.45"). (ITouemy?) IlosTomy ypaBHenne (3.43) umeer
CTOJILKO KOpPHEH OTHOCHTENbHO Y§’, CKOJNbKO KacaTe/JbHHIX K
ayre AQB MOXHO TPOBECTH yepe3 TOUKY (Xo, Yo)-

ITpoeenem xacartenbHbie npamnie MACD u NBCE B
koHuax A u B nunuu (3.45). Onu BMecTe ¢ kpusoil (3.45)
pa306bI0T BCIO MIOCKOCTb (X, y) Ha clefyioliHe naTbh obiaa-
creft:

MACE, NBCD, AQBCA, ECD, MAQBN.

Uepes KaXAYyI0 TOUKY, Jexallyio BHyTpH yrioB MACE u
NBCD, npoxoauT ofHa u TOJbKO OJHA KacaTesabHas K Ayre
AB, u noroMy mjs1 3TUX To4YeK ypaBueHue (3.43) umeer
OIMH U TOJBLKO OJHH KOPEHb OTHOCHTEJbHO Y’, H NIPUTOM OT-
JUUHHHA OT @ U b. DTU TOUKH NOITOMY SIBAAITCS OOBIKHO-
BEHHHIMH TOYKaMM ypaBHeHus (3.42). 3HauuTt, AAd KaxJao#
TaKOH TOUKH MOXKHO YKa3aTb OKPECTHOCTb, B KOTOPOH de-
pe3 KaXAyio TOYKY NPOXOAUT CTOJIbKO HHTErpaJbHBIX JIH-
HUH 3TOro ypaBHEHHS, CKONBKO OHO HMeeT B 3TOH TOuKe
KODHEH OTHOCHTENbHO y’, T. €. OfHA; 3TOH eIHHCTBEHHOMH
HHTErpajbHO# JinHMel OyleT OTPE30K KacaTelbHOH K Ay-
re AB, npoBefeHHOH yepe3 3Ty TOYKY. TakuM e o6pa3om
HalifleM, YTO Kaxjas TOYKa, JeXallias BHYTpH ob6jaacTtu
AQBCA, raxkxe siBasercsi OOGBIKHOBEHHOH TOYKOH ypaBHe-
HHsa (3.42); mnsi Hee MOXKHO YKa3aTb TaKyl0 OKPECTHOCTb,
Yyepe3 KaXIylo TOUKY KOTOPOH NPOXOAAT JBe M TOJbKO JBe
MHTerpa/jbHble JUHHH, OHH OYAyT OTpPe3KaMH KacaTeJbHBIX
K AB, npoBefieHHbBIX uyepe3 3Ty TOukKy- Uepe3 KaXAylo xKe
BHYTpeHHIOI TOuKy obaacreit MAQBN u ECD ne npoxoaur
HHM OLHA WHTerpanbHas JHHUS ypaBHenus (3.42). drtu rtou-
KM He BXOAST B Hallly KJacCHbHKAUUIO OOBIKHOBEHHBIX H
0COOBIX TOYEK.
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M3 Bcex Touek miockocTH (X, y), B KOTOPHIX ypaBHEHue
(3.42) umeer KOPHH OTHOCHTEJBHO y’, ycioBuio 1 (c. 111)
He OYAYT YHOBJETBOPATH TOJBKO TOYKH npamux MACD,
NBCE, a ycapBuwo 2 — touku auduun AQB. Jlerko Bujerb,
4TO 3TH JHHUK OYIAYT OCOOBLIMU WHTETrpaJbHbIMUH JIMHHSAMH
ona ypaBHeHusi (3.42).

3aMeTuM B 3aKJIOYeHHE, YTO, KPOME TeX HHTerpasbHbIX
JUHHH, O KOTOPHIX YyXKe IJa peub, ypaBHeHue (3.42) 6yner
UMeTb ellie MHTerpajbHEle JUHHK TAKOIO THMA, KaK JHHUA
SQBN; onu cocraBiieHH H3 KyCKOB Ayru AB H KYCKOB Ka-
caTeJIbHBIX K Hel.

3AIAYH

1. Omnpepe/nnTe BHA HHTErpa/ibHRIX JHHHA C/AeAYIOWHX YpaBHEHH:

sin y'=0, sin y’ =x.

2. PaccMmoTpuM ypaBHeHHe
F(x, y')=0.

Jokaxute, uto eciau Kpueas F(x, 2)=0 npu x=Xo, 2=2, HMeeT
BePTHKAJbHYIO KacaTeJbHYIO, He INepeceKkaiollyl0 KpHBYKO, TO gepe3 Jio-
6yi0 TOUKy (Xo, y) WpPOXOAHT HHTErpajbHasi JHHHA PaccMaTpPHBAEMOro
ypaBHEHHS, HMeIOIlass TaM TOUKY BO3BpaTa. UTO COOTBETCTBYET B 3TOM
CMHIC/IE TOYKaM MakcuMyma KpHBofi f(x, 2)=0? Toukam BosBpara?
Toukam camomepeceuenHsi? BepTukajbHeiM —acumntToram? PasGepure
ypaBHEHHS

(*+y2)r=at (x*—y"?), x((1+y"%) =y™.

3. Pewnte ypasueune Kaepo y—xy’—y =0. IToueMy ceMeficTBO HH-
TerpaJbHBIX JHHUH DACIOJIOXKEHO HHaue, YeM Ha pHC. 22?

4, Uccnenyfite cemeficTBO pelleHHit ypaBHenHa (3.42), ecam [”(f)
(a<<t<<b) obpamaercs B Hy/Jb KOHEYHOE UHCJO pPas.

dy
5. OauH W3 METONOB pEUIeHHs] CHCTEMH ypaBHEHHH y=f(t),‘E =

= ¢ (#) (t — napamerp) coctouT B mudrpepenuupoBaHnH 1o ¢ mnep-
BOTO H3 ypaBHeHHH, OTKyJa

Fb)
= |\ ——di4-C;
d f o) T

5TO DaBEHCTBO BMeCTe C COOTHoUIeHHeM y=f(f) W naeT napameTpuue-
CKOe mNpe/CcTaBJeHHe ceMmeficTBAa HCKOMHX pemeHnii. [IpuBenure nocta-
TOYHBIE YCJIOBHS JJIS TPHMEHHMOCTH 3TOT0 MeETOoAA.
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§ 26. Orubamwouue

Jonycrum, 4To HAM H3BEeCTHO N5 Hekoroporo audde-
peHuuanbHoro ypaBHenusi (3.38) cemeficTBO

F(x, y, C)=0 (3.46)

HHTEerpaJbHBIX JIUHHH, KOTOpOE TMOKPHIBAET HEKOTODPYIO
3aMKHYTyI0 o6aacTe G MAOCKOCTH (X, y) Tak, uTo 4epes
KaXJyio TOYKY Tako# 06JiacTH NMPOXOAMT MO KpaHHell Mepe
OJHa, HO He OoJiee KOHEUYHOI'O YHCJa JUHUE 3TOro ceMeHcT-
Ba. Tpebyercs HafiTu Takyio npoxogsauyio no G Jaunuw L,
KoTopasi B kaxcdou ceoell TO4Ke KACAETCA HeKOTOPOU AUHUU
cemeticrea (3.46) u kasmdozo kycka xoropol xacaercs bGec-
KOHeuHOe MHO%McecT80 Auxuil 3To2o cemericrea ). Takaa nau-
Husi L HasuBaercs ozubaroweti cemeiicrea (3.46). OueBun-
HO, orufamouias ceMeHCTBa HHTETPabHHIX JHHUA OyaeT Tak-
e HHTerpa/nbHoil JuHue#d ypasuenuss (3.38), Tak Kak B
KaXJOH ee TOYKE OHA KacaeTCsl HEKOTOPDOH HHTErpaJjbHOH
JUHHH H, CJeN0BAaTENbHO, UMeeT HanpaBJjeHue noas. OTHO-
cutedbHo Qyrkuuu F(x, y, C) Ham npuipercs npeanoso-
XKHUTb, UTO OHA UMEET HEnpepui8Hble NPOU3BOOHLIE NO B8CeM
ceouUM apeymenTam, W CHeNAaTh elle HEKOTOpHEe Jpyrue
NPennoJOXKeHHs,, 0 KOTOPHX OyAeT CKa3aHO HEeCKOJbKO
M033Ke U KOTOpble HaleyaTaHbl KyPCUBOM.

HonycruM, uro uckoMmas nudus L cyumecrByer. Tak Kak
OHa B KaXJo# cBoeli Touke (¥, y) Kacaercs HeKOTOPOH JiHu-
Huu Lo [3nauok C yxkaseBaer TO 3HayeHHe napamerpa C,
NPH KOTOPOM ypaBHEHHEe 3TOH JHHHUH NoJayyaercs u3 oblile-
ro ypaBHenusi (3.46)], To KOOpAHHATH ee TOYEK YAOBJET-
BopsoT ypaBHeHuto F(x, y, C(x, y)) =0, rae tenepp C He
MOCTOSIHHO, HO B KaXAOH TOYKe JHHHH L OpPHHHMaeT CBOe
3HaueHue (uMeHHO paBHOe ToMYy C, KOTODOE COOTBETCTBYET
nuHuu Lo). ByneM paccMaTpuBaTh TOJBKO TaKOH KYCOK JiH-
Huu L, rie y ecto Qugppepenyupyemasn ynxyus or x (Tou-
HO TaK XK€ MOXHO HCCIeNOBaTh KYCKH, TAe X eCTb mudde-
peHnupyemasi ¢yHxuus or y). Torma MoXHO cuuTath C B

1) CunraloTCs pa3/IHYHBEIMH Te JHHHH ceMeficTBa (3.46), XOTOpHIM
cooTBercTByloT pasgnyHiie C. OTMETHM, uYTO JBe JIHHHH ceMefACTBa MO-
IyT TeOMeTDHYECKH COBNAJaTh Ha HEKOTOPOM KYCKe, OJHAaKO B CHIY
ClleNaHHLIX NPEANnOJIOXKEHHH HH Ha KakOM Kycke orubaiomedl ue Moryr
TEOMETPHUECKH COBNAJaTh Bce JHHHM CeMeMCTBA, KACAIOUIHECS  3TOrQ
KycKa,
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-

npeabAylieM ypaBHEHHH 3aBUCALIUM TOJBKO OT X H 1epe-
[THCaTb 3TO ypaBHEeHHE B CJeAYyIOLEeM Buue:

F(x, y, C(x))=0. (3.47)

Honyctum, uto ¢ynryus C(x) Ougpdpepenyupyema, He
NOCTOSINHA HU 8 KAKOM UHTep8ase paccmatrpusaemvlx 3Ha-
4yewuil X w HaM usBecTHa. Halimem Torma u3 ypaBHeHHSA
(347) 3naueHue y AJNA YAOBJETBOpSIOLEll 3TOMY ypaBHe-
Hulo GyHKuuu y o1 x. [lponncddepeHuupyeM 1 5TOrO
ypaBuenne (3.47) no x, cuuras y o¢yukuueit or x. Iloay-
YUM

’ g0 ’ ’
F,+ Fyy + F.C,=0.

C npyro# CTOpPOHBI, ecau Gbl MH HalLIW Yy  AJS NMPOXO-
Iduiel yepes Ty ke Touky (x, y) JuHHH Lo ceMeiicTBa
(3.46), MBI mosnyuusau Gbl

F, + Fy'=0.

Urobu omnpefensieMble U3 060X YpaBHeHHH 3HayeHus
y’ (ompemenutb y’ M3 3THX ypaBHEHHH MOKHO, ecau F/y==
50) Obiu OAUHAKOBH (T. €. 4TOGH B 3TOH TOUKE JMHHSA
(3.46) u nunua (3.47) uMenu oOILYI0 KacaTelbHYIO), HeoO-
XOAUMO, 4TOGH 6BLIO
F.C =0.

Uto6kl 3T0 Npou3BefeHue OHIO PaBHO HYJIO, HALO, YTO-
6bl Mo Kpafineii Mepe ONWH H3 ero MHOXHUTene#l obpauian-
ca B Hyne. Ecau C, =0 na HekoTOpoM uHTepBane, 310 6y-

JeT O3HayaTh, 4TO C MOCTOSAHHO, UYTO IPOTHBODPEUUT Mpej-
nonoxenuto. [lostoMy assi orubaromieit JOJNIKHO GBITh

F ;=0. (3.48)

Jlerko Bugerb u ofpaTHOE: UMEHHO, UTO €CJH INpPH CO-
XpaHeHHH BCeX CHIEJaHHHBIX MAOMYUIEHUH  OTHOCUTEJBHO
F(x, y, C) ypaBueuuns (3.47) u (3.48) onpenensior y{x) u
C(x) xak nuddeperuupyemble GyHKUUHU OT X, npudeM C(x)
HH B KAaKOM HHTepBaJie PAacCMAaTPUBAEMHIX 3HAueHU# ¥ He
NOCTOSIHHA, TO Yy=y(x) Oymer orubGawmouel  cemelicT-
Ba (3.46).

3ameuanue |. Tak Kak B MOCTAHOBKE 3ajayd X W Yy
OblH COBepINEHHO PaBHOMPABHBL, TO B €€ peIUeHHH POJIH
X ¥ Y MOXHO NMOMEHSATE.
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3ameuanne 2. Orubaromass ceMefCTBa HHTerpaJb-
HBIX JHHUHK HeKOTOporo JuddepeHnualbHOrO ypaBHEHHUS
1-ro mopsiika Bcerpa siBAsieTCsl OCOOOMN WHTerpa/jbHOR JH-
HUeH [Js 3TOTO ypaBHEHHS, TaK KaK OHA SBJsIeTCS HHTer-
pasbHOl JiMHHEH W BCe ee TOUKH OCoOHle; 6osnee TOYHO, HA
JI060M ee KycKe HalifyTcsd TOYKH, Uepe3 KOTOPHe B Kak
YIOLHO MaJIOH OKPEeCTHOCTH NPOXOAHT OeCKOHeyHOe KoJauue-
CTBO HHTETpPaJIbHBIX JIMHUH.
ITpumep 1. Ha Bcelt niockoctu (x, y) AaHO ceMelcT-
BO KDUBBIX
F(x, y, C)=y—(x+C)3=0. (3.49)

Oxo cocrouT U3 KyGuyecKux mnapaboJ, NMOJYYEeHHbIX H3
OHOH y=x3 CABUIOM, MapasieabHuM ocu Ox.

IpupasuuBas F, nymo, noaydum —3(x+ C)2=0.

Orciona C=—=x. TlogcraBasaa 310 B ypaBHeHHe ceMel-
CTBa, NoJy4yuM JuHu y=0, KoTOpas, O4eBUJHO, SBJAsSETCH
orubarouiel cemeficrsa (3.49) (puc. 23).

3ameuanue. Eciu 66 MB Hanmucaau ypaBHEHHe Ha-
lIero cemefCTBa B BUle

F(x, y, C)=y'—(x+C) =0,

To 6bio Obl F’o=—1 u nam merod He man 6w orufato-
L1ed, KOTOpas Ha caMOM HeJe CYLIecTByeT. 3TO MPOUCKXOIUT
MOTOMY, 4TO Telepnp [, He CyliecTByeT npu y=0.

I[Tpumep 2. Ha Bcelt nnockoctu (X, y) 3amaHo ceMeii-
CTBO KPHBBIX

F(x, y, C)=¢°—(x+C)3=0. » (3.50)
Ipupasnusaa F, nymo, noayyum —3(x+C)?=0. Orciona
C= —x. Tloxcrasasis 3to B ypaBHeHue (3.50), moayuum

y=0.

Ho nerxo supmers, uro ock Ox He aBasiercs orubarcled
cemefictea (3.50) (puc. 24). DTO NPOUCXOAUT.TONLKO MOTO-"
My, uto npu y=0

F ,=5y*=0.
[Tpumep 3. CemeiicTBO KPyroB
F(x, y, C)=x*+ (y+C)?>—1=0. (3.51)

MOKPbIBaeT MOJOCKY MeXAy upsmbiMu x==1. [lpupasnu-
Bas Hymo F (x, y, C), voayuum 2(y+C) =0. Orciona C=



118 OBLIIAS TEOPHJ YPABHEHHH [rn 111

=—y. TloncraBnsa sro BMecto C B ypaBHeHHe ceMeHCTBa,

noJyuuM x==+1.
Kaxpas u3 3Tux npaMelx sBjsercs orubamoouied cemen-

crBa (3.51) (cm. puc. 21).
IIpumep 4. YpapHenue

y—C3x24+2C2%x—C=0,
Koropoe npu C=£0 MOXKHO mepenucaTh Tak:

y—C? (x___cl_)2= 0,

onpeensieT ceMeHcTBO mapaboJ, oCH KOTOPHIX MapaJjijiefb-
He Oy, a Bepliunwl Haxogsrcs Ha Ox. OueBugHO, AAS HUX

J J/ yaad
T T

Puc. 23 Puc. 24

¥

Ox saBnsercs orubawllell, XOTS OHa B TO XXe BpeM$fl INpH-
HaJlJIeXXUT CaMOMYy pacCMaTPUBaeMOMY CeMeHCTBY: OHa Mo-
JlyyaeTcsl u3 ypaBHeHHS 3TOro cemefictsa npu C=0

SATAYA

Hafinure no obmemy MeToAy orubamoilyi0 B npHMepe 4; KaKoi
reOMeTPHYECKHit CMbICJ HMeeT runepfojia, BXoAsla#l B 3Ty orubaio-
myo?
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CHUCTEMbI OBbIKHOBEHHbIX
JAUPPEPEHL UAJIBHBIX YPABHEHHHX

I'JIABA IV
OBILIAS TEOPHSI CUCTEM

§ 27. Ceesienne J1060# cHCTEMBI
K cHcTeMe ypaBHeHuH 1-ro nopsijika

HYCTb JaHa cucreMa

d d™
(Dl (x’ yl’ i’ . —yl;
dx dx™
m
di d "y
3 Y ;ﬂ e “T;‘L) =0, (4.1)
x de ®
i=1, .., n
B kaxnoe ypaBHeHHe 5TOH CHCTEMH BXOASAT He3aBHCH-
MOe MepeMEeHHOe X, ero 7 HCKOMbIX OYHKUHH Y1, Y2, «y Yn

M UX NPOHU3BOJHbIE MO X; MPU 3TOM NPOHU3BOAHBEIE OT Y, BXO-
IST 0 HEKOTODPOIrO NMOPSAAKA M.
Uro6ul cBectdH cucreMy (4.1) k cucreme ypaBHeHMH

1-ro nopsinka, nonoxum y,=y(°),

(%)
] g k=0,1,...,m—2.  (42)
dx
Torpa cucremy (4.1) MOXHO mepenucaTh Tak:
0 (1 (my—1 . .
(D, (x, 0 ), y§ ), ,_l/1ml ), ———dx——, P
—ny  dyth .
[T T < "d} =0, i=1,...,n
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Takum o6pasom, umes n ynkuuit y.(x), i=1, .., n,
yAOBJeTBOpsIOIUX cucteMe (4.1), MBI MOaydyuM QYHKIHUH
y:.® (x), ypoBneTBopsioliue chucTeMe AuddepeHnHanbHbIX
ypaBHeHuii 1-ro nopsigka, cocrosiiie#f u3 ypaBHeHuit (4.2)
u (4.3). O6parno, ecan uMeeM yHxuun y,* (x), ynosuaer-
Bopsiolle ypaBHeHusaM (4.2) u (4.3), TO Nerko nokasarhb,
yto pynkumuu yY(x), i=1, .., n, yIOBJIETBOPAIOT CHCTEMe
(4.1). HeficrBuTensHo, monarasi B ypaBHenuu (4.2) k mo-
ciaenoBatenbHo paBubiM 0, 1, ..., m,—2, HaiineM, 4TO

d(BHD ()

dykar

a moroMy ypaBHeHusi (4.3) SKBHUBaJEHTHH ypaBHEHUAM
(4.1)

B paneHefimem Mbl 6yneM 32HHMAaTbCS [J1aBHHM o6pa-
30M TOJBKO cucTeMaMu HAupbepeHuHaNbHBIX YpaBHeHHH
l-ro nopsizka, ¥ NPHUTOM pa3pelIeHHEIMU OTHOCHUTEJIbHO NPO-
U3BOIHHEIX.

k41
gD =

3AOAYA

Joxaxure, uto cHcreMy AHddepeHnHaNbHLIX ypaBHeHHHA 1-ro mo-
psiika BHAA

fi(%, Y1, ... ,yn,y{,4... ,y;)zo, i=1l,...,n,

NpH NOMOIIH MOC/AEAOBATEJbHEIX AHGDGDEPEHIUPOBAHHA H HCKJIOUEHHS
BCEX HEH3BEeCTHbIX (YHKUHHA, KPOMe OXHOH, MOXHO, «BOOGIle roBOpsY»,
NPHBECTH K OJHOMY AHd}epeHNHaJBHOMY YPaBHEHHIO n-rO MOPSAKA
C OfHOH HeHu3BecTHOA (QyHKHHEH, MpHYEM Tak, uTO, PEIllB 3TO ypaBHe-
HHE, MBI [ApYrHe HeH3BecTHBle GYHKHHH HafifeM Ge3 AajpHeHIIMX HHTer-
pupoBaHHil. BripaxeHnne «Boo6mie roBopsi» 03HauaeT, 4TO AONYCKaeTcs
BO3MOXHOCTh paspellleHHsI BCeX HYMKHBIX CHCTEM KOHeuHHX (He AHbde-
PEHUHAJIbHEIX) ypaBHeHuH, B KOTOPHX UMC/IO YPaBHEHHH pDaBHO YHCIY
HensBecTHHX. [Ipeanosaraercs, uTo QGyHKUHH fi 06/1a1aI0T HENpepbHIBHH-
MH IPOH3BOJHLIMH BCEX HYXKHBIX IODPSAKOB,

§ 28. I'eomeTpuuecKkas HHTepNpeTaLHs.
Onpepenenus

[Tycte MBI uMeeM cucreMy auddepeHnHaJbHEIX YpaB-
HeHu#
dy,

— =@ g i= (4.4)
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rie GyHKUMH f, (X, Y1, Y2, ..., Yn) ONpPENeNEHbl B HEKOTOPOH
o6aactu G npocTpaHcTBa (X, Y1, Y, -y Yn). COBOKYITHOCTh
hyHKIHH

Y1(x), y2(x), -, Yalx), (4.5)

VAOBJIETBOPSIOIIUX ypaBHeHnusim (4.4), 6yneMm Ha3wBaTb pe-
wienuem 3TOH CUCTeMBl. ¥YpaBHEHHS

yi=y.(x), i=1,.,n, (4.6)

ONpenensiloT B NPOCTPAHCTBE (X, Yy, ..., Yn) JUHHIO, KOTO-
pas Ha3LIBAETCS UHTeePaAbHOU auxued cucTeMul (4.4). Bme-
CTO TOro 4TOGHI TOBOPUTH, UTO Y. (Xo) =y, i=1, .., n, MH
6ymeM 4acTo TOBOPHTb, uTo aAuHua (4.6) npoxodur uepes
Touky (%o, y9, y3,..., y9).

Tot dakrt, uTo PyHKUHHN Y, (X) YIAOBIETBOPAIOT IPU X=
=x, cucreme (4.4), MOXKHO reOMETPUUECKH HHTEPIPETHPO-
BaThb TaK: KacaTe/JbHOH NPAMON K MHTerpasbHON auauu (4.6)

B TOYKe (Xp, Y1(X0), ..., Yn(Xo)) siBJAETCA mpsmas L:
B8 ) ey )y e g, ) =1,
X — Xy

3JeChb X H Y, O3HAYAIOT TeKYLHe KOOpAHHATH TOUKH, JexKa-
we# Ha npsamo# L. [TosroMy 3agauy HaXOXAeHus pelleHus
cucreMu (4.4) MOXHO TeOMETPUUECKH HHTEPNPETHPOBAThH
ciaenyromum o6pasom.

B nexoropo# obaacru G npocTpaHcTBa (X, Y1, -, Yn)
3alaH0 «[oJle HampaBJeHud», T. e. B KaxAOo#l Touke 3TOH
obJacTu 3a/laHO HEKOTOPOEe HampaBJieHHe, KOTOPOe MOXKHO
npencraBasAte cefe, NOoJOGHO TOMY KaK 3TO MH jejalH B
nepBOH 4acTH Kypca AJs OAHOTO AnddepeHIHaNBHOTO YpaB-
HEHHd, B Buae He6ONBLIOro OTpe3ka NpsiMOH, NpoXonsliel
yepe3 3Ty TOUKY (06a HampamieHus 3TOrC OTpe3ka Ham Oes-
pasanyHe), Hafitu unrerpanbuyio JuHuo cucremo (4.4) —
3TO 3HAYUT HAUTH TAKYO JHHHIO, Y KOTOPOH KacaTeJbHas B
KaxX[o0# TOUKe MMeeT 3aJlaHHOE HalpaBJeHHe.

COBOKYNHOCTb QYHKIHI

yl:yl(x) Cl, seey Cm), i=1) eeey n,

OyneM HaswiBaThb obuwjum peuwenuem cucremol (4.4) B obia-
ctn G, ecnu, BhIOHpasi COOTBETCTBYIOUIUM 06pa3oM moCTO-
suauble Cy, ..., Cp, MBI CMOXeM MOJYYUTb JI06OE pellieHHe,
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rpaduk xoToporo mpoxoaut B 310#t obmactm. Yaule Bcero
6riBaer m=n.

Ecau none vanpaienuit 3agaercs cuctemoit (4.4), 10
HY OLAHC H3 STHX HanpaBJeHHR He JIeXKHT B IJIOCKOCTH, Ha-
panaenbHoil naockoctH x=0. D10 orpaHuueHHe YacTo Obl-
BaeT COBEPIUEHHO HCKYCCTBeHHBIM. MOMHO paccMartpyBarth
A1060e NoJje HanpaBieHHH H UCKATb KPHBHE, ¥ KOTOPHIX Ha-
NpaBJeHHe KacaTeNbHOH B KaXKAOHU TOUKe COBMajaer € Ha-
npaBjieHHeM ToJs B 3TOH Touke. Takue auHHM MH OyaeMm
Ha3blBaTb UHTESPAALHOLIMU AURUAMU 3T020 noafi. VIX ypas-
HeHHusl, BooOule roBOpS, yxKe Hesib3ss Hanucate B dopme
(4.6) ypaBHeHHil, pa3pelIeHHBIX OTHOCHTeJLHO Y, i=1,..
.y 2, TIOTOMY YTO IAOCKOCTH, TlepNeHAuKyJspHble K ocH OX,
MOTYT HepeceKaTb 3TH JHHHH HECKOJbKO pa3 H jgaxe CoO-
JepKath nenble HX Kyckd. IlHddepeHuHaIbHble yPaBHEHHS
TAKHX JHHHH (MJH, 4YTO BCe PaBHO, COOTBETCTBYIOLIEr0 HM
NOJs HanpaBJCHHH) MOKHO HallHCaTh, CUuTas X H Y, BAOJb
9THX JHHHHA JOCTATOYHO IJIAJIKHMH, HalPUMep HeNpepLIBHbI-
MH BMECTe C HX DPOH3BOAHBIMH (YHKUHAMH HEKOTOPOro na-
paMerpa [, ckaxeM, AJHHB AYT'M HHTerpaibHOH KPHBOH
HJIH BpEMEHH, HY2KHOTO AJS NepeiBHKCHHS IO HHTErpaJb-
HOH EPHBOH OT KakKoifi-T0 (PUKCHPOBAHHOH Ha HeH TOUKH HO
IPOM3BONBHON TOUKU (X, Yy, ..., Yn); HA OTHEJBHBIX yuacT-
Kax KPHBOH 3a mapaMeTp MOXKHO 6paTth Kakyw-HHOGYAb H3
KOODAMHAT Y, HJH x. Torpa nonyunum

d * .
—;i!{t}_:f‘(x’ylx~"’yn)’":1"“’”’
’ 4.7
o (4.7)
-dT:f (6 Yy oo n Yy
3necy dyskuuu f; u f° He HOJXKHBI BCe 06paulaThes B
HYJb B ONHON M TOH Ke TOUYKe (X, Yi, .., Yn). IloJae Ha-
NpaBjeHHil B INPOCTPAHCTBe (X, Y1, .., Yn), 3agaBaemoe

ypaBHeHHSIMH (4.7), MOXHO 3ajaTbhb elle CACAYIOWUMH
YPaBHEHUSIMH:

dys dyn
f‘;(xyyl’-c-syn) f:l(x)yly~--)yll)

dx
= . 4.8
f*(xi’/l’---».’/n) ( )
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Ecan f, (%, Y1, .., Ys) OTMHUHA OT HyJsi B HEKOTOPOH

ob6nactu G, TO 3TH ypaBHEHHs MOXHO TaM pa3pelHTb OT-
d . dx

HOCHTeJ'IbHO——d—yl—, i=1, .., k—1,k+1,..,n, 1 ?; 3HAYHT,
Y &

3fechb 3a HapamMeTp MOXKHO B3fTb Yr. Ecam B obaactu G

dyukuus f*(x, Y1, ..., Yn) BCIOAY OTAHYEETCS OT HyJs, TO

dy,
ypaBHeHHsi (4.8) MOXHO paspeliuTb OTHOCHTEJBHO P
3[€Ch X UrpaeT posb MapameTpa.
CucreMa ypaBHeHHH

D, (x, Y1, o Yn) =0, i=1, .., n,

Ha3blBaeTCsl UHTeepasom cucremst (4.8), ecnn onpepense-
Masi HMH JHHUS SBJSETCS WHTErpaJbHOH AJsl 9TOH CHCTEMBL
CucteMa ypaBHeHHH

D. (X, Y1, -0 Yy C1, ..y C} =0, i=1, .., 1,

Ha3biBaeTcsd o6ujum unTeepasom cucremvt (4.8) B HEKOTO-
po#t obnactu G MPOCTPAHCTBA

(x) Y, yl‘l);

€CJIH, BbIﬁHpaH COOTBETCTBYIOIIUM oépasom NOCTOSAHHBIE

Cly weey Cﬁh

MOXKHO MOJYYHUTh JIOOYI0 UHTErpaibHYO JWHHUIO 3TOH CH-
cTeMbl, npoxoasuyio B G.

Taxk kak cucrema (4.7) ectb uacTHbBIH caydyafl CHCTEMBI
BHA2 (4.4), roe TOJAbKO YHCIO HeH3BeCTHBIX Ha 1 Goabuie,
TO MBl B faJjbHefilieM OTPaHHYHMCS DPacCMOTPEHHEM CHCTEM
Buaa (4.4). IOas Takux cuCTeM CHDaBeNJHBH MHOTHE Teo-
peMbl, COBepIIEHHO aHaJOTHYHbie AOKa3aHHbIM B raase III
MepBOH YaCTH HAWETro KYypca; AOKAa3bIBAIOTCS 3TH TEOPEMBI
TaKHMH Ke MeTOJaMH, Kak H TaM. [lostoMy Mb He Oyaem
BCe 5TH TeOpPeMbl 3aHOBO MOADOGHO AOKa3bIBaTb. JlOKakeMm
auwb teopemy Ocrysna u NPHHIOHO CXKaTbiX OTOGpameHHi,
OCTaJIbHBIE e TeOpeMbl TOJNLKO CHOpMYyAHPYeEM.
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3ANAYH

1. CocraBpTe cHCTeMY JABYX JH(bGEpeHIHANbHHX  ypaBHeHHH
1-ro nopsiaxa ¢ HCKOMBIMH (YHKUHAMH ¢ H 2 BHAa (44) Tax, uro6n
ee HHTerpaJbHbHIMH JHHHAMH OBLIH BCe BHHTOBBIE JHHHH ¢ NpaBof Ha-
peaxoi, nauueM wiaroM A u ocelo Ox. Kak MoxHo 0600WHTE 3TY 3a-
jady Ha caydait 60sbulero uHcja H3MepeHHit? -

2. KaxoBo HeoOXOAMMOE H JOCTATOYHOE YCIOBHE TOTO, YTOGHL moJe
HanpaBaeHuit B o6gactH G MOXKHO 6bJIO TPEACTABHTh YpaBHEHHAMH
(4.8), rze Bce 3HaMEHATENH HENpEepHIBHEl H HE O0O6palalOTCH B HYJAb
opHoBpeMeHHO? B xakux 06;acTAX BCAKOE HETMPEPHIBHOE MoJie Hanpas-
JICHHH MOXKET OBITh NpelJCTaBleHO B TaKOM BHJIE?

§ 29. dopmynuposka
OCHOBHBIX TE€OpeM

Teopema cymectBOBaHusl. FEcauw  ¢yuxyuu
fo(x, Y1, .., Yn) Henpepwisuol 8 Hekotopoii o6aactu G npo-
CTPancTea (X, Yi, ..., Yn), TO 4epesd Kandyw To4Ky 3Tol 00-
AQCTU nPOXOOUT no Kpalnel mepe OOHQ UHTE2PAAbHAS Al-
Hus cuctemor (4.4).

Ilnst nokasaTenbcTBa 3TOH TEOPEMBI CHayaja CTPOSATCH
AoMmaHble Dfiepa Tak Ke, Kak 3TO Aedasock B § 9, morom
NepexoAsT K Npejleny, HCNoOab3ys TeopeMy Apiens.

Teopema epunctBenHoctu (Ocryn). Ilycte

pyuryuu f.(x, Yy, ..., Ya) 8 06aactu G ydosareT8OPAIOT CO-
OTHOULEHUAM
N A B A A AT RN
n
<@(Y I —sl)p i=L....n (4.9)
v=l

20e @ (u) — HenpepulBHAA PYHKYUA, KOTOPAS
1) npunumaer noaroxuresvHble 3HAYUEHUS NPU NOAONHU-
TeAbHbLX U}
2)
4

S q)d(l;) —o0 npu e—>0 (¢ >0).

e

Toeda cyuwjecrsyer ne Goavuie 0OHOII UHTe2pAAbHOL AU-
Huu cucremor (4.4), npoxodaweil 4epe3 406y 3a0AHHYIO
BHYTPeRHI0 TOuKY 06aacTu G.
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B uwactHOCTH, MOXHO CUHTATh

9 (u) =Ku,
rie K — Hekoropas mnojoxuTelabHas nocrosuHad. Toraxa
ycnoBsue (4.9) npuHuMaer BHA
[FoGe o™ s ) =Ry s g <
n
\<K2ly:’.'~y;lr izl,---vn~

v=l

910 ycaoBHe HasblBaeTcs ycaosuem Jlunwuya 10 yi, ..
vy Yn AA51 dyukiui f,. Ecau npuHATH 3TO yCioBHE H CYH-
TaTb (QYHKUHMH [, HENMpephHIBHHIMH O BCEM apryMeHTaM, TO
TEOpeMBb! CYHIeCTBOBAHHSI M €NMHCTBEHHOCTH MOXKHO AOKa-
3aTb METOAOM MOCJeNOBaTeAbHBIX npubamxenuit (cm. § 30
n 31). .

Teopema Ocryna O eIMHCTBEHHOCTH AOKa3bIBaeTcs A
cucteM aud@depeHIHaNbHBIX YpPaBHEHHH HECKOJBKO CJO0XK-
Hee, 4eM JJs ORLHOTO AH(depeHiHanbHoro ypanuenus. Ilo-
9TOMY MBI H3JIOXKUM MNMOAPOOHO 3TO AOKa3aTeabCTBO.

Bynem onsite BeCTH [Q0Ka3aTenabCTBO OT TNPOTHBHOIO.
JlonycTum, 4TO CYIIECTBYIOT ABa TAKHX peLIeHHS:

Y1(x)s o Y (%)

Y (%), s Y (X)

cucrems! (4.4), uto

yi(xo) =y (x0), i=1,.,n
Tak xak mb npeanonaraem, 49TO pemenus Y (x) H
y‘l‘(x) pas3aHyHBbL, TO HaHAETCs TAKOe X, 4TO
n

Ll *
Z | Y; (xl) _ yi(xl) I >O
1=l
He orpannuuBas OGLIHOCTH, MOXKHO CUHTaTh X;>>Xo,
TaK Kak NPOTHBONOJOXHBIH Cayyall CBOZHTCS K 9TOMY 3a-
MEHOH X Ha —x.
*
Hecmotps na To, uto dymkuuu y'(x) u y '(x), a cie-
JOBAaTeNbHO, M PA3HOCTH Y (X)—y;(X) BCIOAY  HMeT
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IPOU3BOAHBIE, a6COMIOTHBIE BEMHYHHKE 3THX pa3HOCTEH MO-
IYT B HEKOTOPBIX TOUKAX He HMeTb NpOU3BOAHBIX. TaK Oy-
JeT BO BCeX TOYKax, TAe

i () —y,(x) =0, Ho :—X 4" (x) — ¥, (x)] # 0.

ITostoMy BMecTO NPOM3BOAHBIX OT 3THX PasHOCTEH Mbl
6yneM pacCMaTpHBaThb HX «IpaBble» HJIH «JeBble» NpPOH3-
BoaHble. [Ipasoli (COOTBETCTBEHHO 4e80l) npou3soOHOl
oT GyHKUMH Z(X) B TOUKe X Ha3blBaeTCs Npejesa OTHOLIe-
HHUS

2(xFdh) —z (x)
h ’

B35ITHIH NPH YCJAOBHH, 4TO A—0, NpUHUMAS TONBKO MOJOXKH-
Te/lbHble (COOTBETCTBEHHO OTpHUaTesbHble) 3HaueHud. I[lpa-
BYIO (COOTBETCTBEHHO JE€BYI0) MNPOU3BOAHYIO OT (PYHKIHH
z2(x) B Touke x MBl Oynem o603Hauath Dppz(x) [cooTBer-
cTBeHHO D;2z(x)]. Ecan pas Hac HeBaXKHO, O KaKOH HMMEH-
HO H3 3THX' ABYX TNPOH3BOAHBIX HJAET peub, TO MBI OyaeMm
omyckatb 3Haukd y D. Jlerko BHAeTb, 4TO eCaAH (YHKUHS
Z(x) uMeeT BCIOAY TNPOH3BOAHYIO, TO CYIIECTBYIOT TaKkKe
Dup|2(x) | n Dal2(x) |, npuuem Bcerga

[Drpl2(x) || =|Dalz(x) || =12"(x) |
HJIH, KaK Mbl Oy1eM MUCATh JJIsT KPAaTKOCTH,
|D]z(x) | [=]2"(x})].

Hpmmmaﬁ 3TO BCE BO BHHUMaHHe, H3 TOXIAeCTB

dy, (x) . .
-—;i———:fl (X, !/1 (x), ce oy yl’l (x)),
X
-—-—dy“ (X) * T .
idx :fl (x’ y] (x)) e ey yn (.’C)) (l:l, Ve ’n)

MBI Ha ocHOBaHHH (4.9) noayvaem
|D| 4" () =y, (%) | |=
=g @ g0 = Ly ) W) <
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<o(Xley@W—g®l).
v=l
Orcrona

DYy =g @l <ne(F 16 @ — g 01)<
v ==]

i=l
<m+De(Y sy @—yml). @10
yv=l
HOCﬂeﬂHHﬁ nepexon MOXHO CAEJaTb TOJBKO €Cau

Y ) =y (91>0.

y==l

B uyacTHOCTH, B CHJIy YKa3aHHOTO BBbIlle Npeanoaoxe-
HHS €ro MOXKHO CJeJaTh NPH X =x|.
TMonaoxum

Z | y:' (%) "‘!/; ()| =2(x) 1 z(x) =2.

=1
HOCTpOHM I‘pa(i)HK TOrO PCWICHHA YpaBHECHHS

L= (nt+1) 0 ),

KOTOpOe NMpPH x=x; obpalaercs B 2.

Taxoe pemenne cyumecTsyer ¥ eguucTBenno (§ 4). dtot
rpadur OymeT acCHMITOTHUECKM NPHOJHKATBCS K OTpHLA-
TeabHOd yactH ocu Ox, Hurje ee He nepecekas. B Touke
(x1, 2;) xpuBble 2(x) H y(x) nepeceryrcs. M3 HepaBeHcTBa

| Daz(x1) [<(n+1)p(21) = (n+ Doy (x1)) =y (x1)
HENOCPEACTBEHHO CJAEAyeT CyLleciBOBaHHe TaKOro HHTepBa-
aa (x1—e, x1), e>0, Ha KOTOPOM
2(x) >y (x).

Ho Mbl yTBepxAaeM, YTO 3TO 2Ke HEPABEHCTBO HMEET Me-
c1o npu BeskoM &0 (e<x;—xo), TaK Kak B IPOTHBHOM
caydae, 6epsa Aast e ero HaubGoabllice BO3MOXKHOE 3HayeHHe,
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Mbl HeMeasieHHo npuuan 6wl K npotusopeunto. [leficTsu-
TENAbHO, TOTAA NPH X=X|—&=X3, C OLHOH CTOPOHDI, HME-
Jau OH

Dupz(x2) 2y’ (x2) = (n+ 1) @ (y(x2) ) = (n+ 1) p(2(x2) ),
TaK Kak IpaBee TOUKH X3
2(x)>y(x).
A ¢ nppyrofi croponsl, H3 (4.10) MBI HOAyYHM, TaK Kak

Z(X2)>O, s
Dz (x2) <(n+1)g(2(x2)),

YTO MPOTHBOPEUHT MpenbiayumieMy. 3HaUHT, NPH BCEX X3 Xo,
HO He 64ABIIUX Xy,

2(x) =y (x) >0;

B YacTHOCTH, 2(xp) >0, a 5TO NPOTHBOPEUYHT HalUleMy Tmep-
BOHAYaJbHOMY NPeH0oJ0XKeHHIO.

CnenctBUe nas CHCTeM YDaBHEHHH BBHC-
MHX NOpsAAKOB. Ilycts Mbl HMeeM cHCcTeMy nHddeper-
IIHaAbHBIX ypaBHeHHH

m
d i dm,——l
8 Y :fi X, Ypy - ,—!/1
dx i dx™ 1
At
ol ) i=1, (41D
dx "

paspelieHHBbIX OTHOCHTENBHO CTApLIMX INPOH3BOAHBIX OT
KaxAoH wHeusBecTHOH (yHKuHW. Ecau ¢ynkyuu f, nenpe-
PbLBHbL 8 HEKOTOPOL OKPeCTHOCTU TOUKU

—1 0 m —1 0
X0, Y1 it 0 4" Y
0 Y01y - - s N
dr™! " dxmn“l

U YyO00BAETBOPAIOT 8 Hell RO 8CeM CBOUM AP2YMEHTAM, HAYl-
Haf €O 8TOPO20, Ycarosuw Jlunwuya, T0 HA HEKOTOPOM UH-
repsase (a, b), colepocauem TOUKY Xo, CYU4ecTsyer O0OHQ
U TOARKO OOHA COBOKYMHOCT (hYHKYUL

Y1 (%), s Yn(x),
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ydosaersoparoujux cucteme (4.11) u npunumarowux npu
X=Xy BMECTE € UX COOTBETCTBYIOWUMI NPOU3BOOHbLMU 3HA-
YeHu s
—1 0 m —1 0
y i P A
o e, — | Y =
OTO CJIEACTBHE MOJAYYaeTCsl HENOCPEACTBEHHO H3 BhIIE
CcHOPMYNHPOBAHHBIX TEOpPEM, eCJH MPUHATH BO BHUMaHHE
§ 27. Tlonyuennoe Ha uHTepBane (a, b) pelieHHe MOXHO
NpOXOMKHUTL B o6e CTOPOHBI TaK, KaK 3TO MH JeJalH B
§ 11.
Teopema Kown Ecau ¢ynsyuu f(x, yi,....Yn) 20-
AOMOPGHBL nO 8cem csoum apeymenram 8 obaacru G, TO
Oaa awboil Touku (xo, Y3, .., y %) aToid obaacTu cyujecr-

8yeT 00HO U TOALKO OOHO 2040mopghHoe (T. e. coCTosIIEe
U3 ronaoMopdHEIX QYHKUHHA) no x pewenue cucremot (4.4),
04 KOTOPO2O Y, (%0) =17, i=1, ..., n.

CrnenctBue. Bce Odelicrsuresdnsie peuleHus cucTemot
(4.4), y xoropoii npaseie 4acTU 20A0MOPHHLL RO 8CEM CBO-
UM QpPeyMEHTAM U RPURUMQIOT OeliCTBUTeNbHble 3HAYEHUS
npu OelicTEUTeNbHbLX 3HAYEHUAX BCeX UX QP2YMEHTO8, 20-
AOMOPHOL.

TeopeMa o rnmagkocTtu pemeHuil. Ecau pynk-
yuu f. (%, Y1, ..., Yn) UMEIOT HenpepvisHvie NPOU3BOOKbLE NO
X u Y, 00 p-20 nopadka (p=0), T0 8Ce pewenus cucremol
(4.4) umeror Henpepoisrble npoussoduste no x do (p+1)-20
nopaoka.

TeopemMa 0 3aBHCHMOCTH pelleHHH OT
napawmertpoB. I[Tycte dana cucrema

dyy

U Fy 5 o s G B B D= L (412)

Ecau ¢ynxyuu f, u sce ux wacrusie npou3soldunsie 00 p-20
(p=1) nopadka no scem Yy, U pp HenpepuiBHLL MO BCEM UX
apeymenTam U O2parudenst, Ko20a 104k (X, Y1, ..., Yn) HA-
xodurcsa 8 obaacru G, a

lnel <w®% k=1 ..,m,

20e W°,—HeKOTOpble NOAOINCUTEAbHBLE YUCAQ, TO O KAKOOL
104Ky (Xo, Y3y vy Y ) OOnacru G MOYCHO yKa3aTb Taxodl
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unrepsanr (a, b), 3axaouaroujutl sHyTpu ceba  TOUKY X,
4TO Npu 8cex pPAcCCMATPUBAEMBIX W HA HeMm Ccyuwjecrsyer
00HQ 1L TOABKO OOHA COBOKYRHOCTb (DYHKYUL

Y= (X, Py oy Um), i=1,..,n
Kotopele yoosaergopawT cucreme (4.12), umeror Henpepois-
Hble npou3soousle 00 p-20 nOPAOKA NO 8CeM pr U NPU X=X
obpawarorcs coorgercréento 6 y° (i=1, .., n). Jra reo-

pema ocraerca seproti u 0as p=0, ecau gynxyuu f. yoos-
AeT80PAIOT Ycaosuwo Jlunwuya no y, ¢ K0IPHUYLEHTOM,
He 3Q8UCALYUM OT .

., Caencteue. Ecau npassie wactu cucremor (4.4) ume-
10T N0 X U 8Cem Y, HenpepvisHvie npoussodusie 00 p-20 no-
padka, To pynkyuu y.(x, xo, ¥, .., yd) (i=1, 2, .., n),
KoTOpble yoosaersopaT cucreme (4.4) u npu x=x, obpa-
WiaIOTCA COOTEETCTEERNO 6 Y, UMeIOT HenpepbleHble nPoU3-

800nbLe no xo 1 Y] 00 p-eo nopadka (p>1). 10 yTBEPXK-

HAEHHEe OcTaeTcsi B cuie M aas p=0, ecan QyHKUUH [, Tako-
BB, UTO OHHM 0GeCHEeYHBAIOT €AHHCTBEHHOCTb PEIIEHMs, AAd
KoTOporo Y, (x)) =4°, i=1, .., n (cp. Teopemy § 19 un 3a-
MeuaHHe K HeH).

3ATAYH

1. TIpoBeaure nmoapobHble noKasaredscTBa TeopeM Ileano, Kowd
TEOpEeMBl O 3aBHCHMOCTH pEIeHHsI OT NapaMerpoB M HAYaJbHEIX YCJO-
Buit. Coopmyanpyifite cneicTBHA IJS CHCTEM BHICHIAX mMOpPaAkos. [lepe-
HEeCHTE Ha CHCTeMH ypaBHeHHH peayabTath § 13, 19; samauuw 8 u 11
§12,4§14,4u15§ 19

2. Pacnpocrpaunnte Teopemy 2 u teopemy 3 § 11 ma cHcremul ypas-
Heunit l-ro nopsaxa. [Ipu stom B ¢opMyaupoBke Teopemh 2 B3aMen
cayuaeB 2 u 3 JOMKHO OHITH

min {o(), (1+}n: L9 (%) 1)_1 b0 mpr x—B—0 (x—a+0),
=1

rae p(x) ectb paccrosiHHe oT TOukH (X, yi1(X), . yn (X)) A0 rpadHun

G (p(x)==1, ecu G coBmajgaer co BceM NPOCTPAHCTBOM X, Y1, , Yn)-

Hsmenenne GOpMyJHPOBKH BHIBBAHO TeM, 4TO NpH n=2 # f<<+ oo BO3-

MOJKHBI OpHMEpH (1mocTpodTe uX'), KOrjga HH YCJIOBHe p(x%-»(g), HH
X

n
ycaoBHe Z }yi(x) | — ©0 He BHINOAHEHEHL
= x-p—0
3. Hdokaxkure, uTOo yTBepkjicuHe 3ajaud 8 § 19 He mnepenocurcs
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Ha JHHUH B n-MepHoMm (n=>3) npocTpaucrBe, HO NMEPEHOCHTCH Ha INO-
BEPXHOCTH BHAA Y= (X1, iy Xn—1).

4. TlycTb Bce pelneHHst cHCTEMH (4.4) NpH HENPEPHIBHHIX MPaBHIX
4acTsX H ONpEJEJEHHBIX HAuYaJbHBIX YCJOBHSX NPH NPOAOJNIKEHHH Ha
0TPe3oK as<xy<Ch (rae a<<xo<<h) ocratores B obaactu G Jlokaxure
TOTAA, YTO €CJH HavaJbHbie YCJOBHA H TpaBhle 4acTH CHCTEMH H3Me-
HHTb JOCTAaTOYHO Majio, TO H3MEHEHHOE pelleHHE MOXKeT OHTb NMPOA0J-
JKEHO Ha Becb OTPE30K [a, b], mpuueM 5TO pelieHHe PaBHOMEPHO KakK
YrONHO Majo0 OTJHY2eTCS OT OAHOTO H3 pelueHHi cHcTeMbl (4.4), ynoB-
JIETBOPSIOIUNX HCXOJHBIM HAYaJbHHIM JaHHBIM.

5. (Kuesep) JIoKaXKHTE, YTO B YCJOBHSX 3aJauH 4 MEpeceyeHuHe
TJIOCKOCTH X=¢(a<Sc<<bh) ¢ uHTeepaisnod 6oporxofi  (COBOKYIHOCTHIO
BCeX HHTETPaJbHHIX JIHHHH, YIOBJCTBODSHOIUHX AAHHBIM HauajbHBIM Y-
JIOBHSIM) HENYCTO, 3aMKHYTO, OTpalHYeHO H CBSI3HO (T € He MOXKer
6LITL TIPEJCTaBJEHO B BHAE OOBENHHEHHT ABYX HENMYCTHX 3aMKHYTHIX
HENepeceKaIoUIUXCsT MHOXKECTB)

YKasanue. PaccMoTpHTe TepeceueHHe TJIOCKOCTH X=C C COBO-
KYNHOCTBIO BceX JOMaHHX J#tnepa AAs cHcTeM ¢ GJH3KHMH TIPABBIMH
YacTHMH NIpH JAHHBIX HaYaJbHHX YCJAOBHAX H OJHHAKOBOH MJHHE IPOEK-
LKA 3BEHbEB HA OCb X

[TocTpoiite mpuMephl, B KOTOPHX n=2 H YKa3aHHOe IepeceyeHHe
npeacrapasier coGofl. a) Kpyr, 6) OKPYKHOCTb

6. Ilepenecure samauy 5 § 11 ma cayuap cucrem BHaa (4.4) [aii-
Te TecMeTPHUECKOE HCTOJNKOBaHHE (HOJie KOHYCOB HaNpaBJeHHH, HpHueM
KOMYCOB CNelHaJbHOro BHA3, BMECTO HOas Hamnpabiennit). Ilepefignte
OT KOHYCOB CHENHAJLHOrO BHAA K JOOBIM BBITYKAHIM KoHycam [Ilepe-
HECHTE pPe3yJbTaThl ABYX NPEBLIAYUIHX 3ajay HA CHCTEMbl 3TOrO BHAA.

Ornncannoe 0600OLEHHe CBA3aHO CO CJACAYIOUIHM  TMOJIE3HBIM INOHSI-
THeM KOHMTuHeenyuu, Ilyctb M — kakoe-nn60 MHOMKECTBO TOYEK B
n-MepHoM mpocTpaucTBe H A — oana u3 npelenbHbBX Touek M. Toraa
kouruurenuneis Ka (M) muoxkecrsa M B Touke A HA3BIBAETCH COBOKYI-
HOCTb BCEX NpeJeJbHBIX MOJOMXEHHH JyueHl ¢ BeplIHHOR B TOouxke A,
npoxoafAllux uepes Jw06ylo TOuKy B Muomecrsa M, npu B—A. (Pac-
CMOTPHTE, KAaKOBA KOHTHHTEHIIHS INDOCTHX JHHHN, NOBepXHOCTed u Tea
B NpPOCTPAHCTBE B DPA3JMHYHBIX HX TOukax ) MurerpanbHas nuuus mast
HOJIST KOHYCOB — 3TO  HeNnpepHBHas JHHHS #.=yi(X) (xoKx<b;
i=1, ,n), KOHTHHTEHIHA y¥acTKa [x, b] koTopoit B TOuKe (X, yi(x),
wwy Yn (X)) TIpHHAJJIEKHT 33/JAHHOMY B S5TOH TOUKe KOHYCY NpH Jio6om
x(xo<x<b)

7. Iyers nmpamas uwacTs ypasHeHus y(™=f(x, y, ¥, .., Y™~} ne-
TpepHBHA AJs1 BCeX 3HAUYEHHH CBOHX apTyMeHTOB H Y/IOBJETBOPSET AJS

Hekotoporo  &>>0 ouenke |f(x, ¢, ¢,..,ym )| <O(x, y) X
m m m

— ——t —_——t
x| 11yt 19712 4 D e nenpepuisroi
®(x, y) Ilycre 310 ypaBueHHe 06najgaeT HempOJOJKHMEIM BNpaBo pe-
menHeM @ (%) (xo<<x<<P<<oo). Torma @(x) npu x>p—0 mne wmoxer
6Lt orpaHuueHHEbBIM asf e=0, m=2 yrBepMJeHHE TAKXKe CIPaBelJH-
Bo (C H. Bepumrefin), nas e=0, m>2 — HecnpaBelJHBO.

8. Ilpepjoxure KakHe-nH60 [AOCTATOUHHE YCJIOBHS [AJS CYLIECTBO-
Ballusi H AJA €IMHCTBEHHOCTH pellleHHs GeCKOHeUHOH CHCTEMBI ypaBHe-
HH{I ¢ GeCKOHEYHBIM YHCJIOM HCKOMBIX (YHKUHH

dyL/dx=fi(x, Ui, Yo, . )1 i=1» 2» s
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§ 30. MpuHuun cxkaTbix 0TOGpaKEeHHA
IJI8 CHCTEM ONepaTOPHBIX ypaBHeHW#

Teopema. ITycre umeercs Henycroe cemelicTéo S 6eK-

TOp-QYHKYul

Q= ((PI) sery (Pn),
onpedesernblx Ha OOHOM U TOM dce mHoxcectee M. Iru
sexTop-pynKyuy ¢ obradaor caedyrouumu CBOUCTEAMU:

1) Kaxcoas gyukyus ¢, oepanuuena (6oiTb MoxceT, c80-
ell KOHCTARTOL).

2. Ilpedes acakod pasmomepHo cxodaujelics nocaedo-
8aTeAbROCTU BeKTOP-pyHKyull @, npunadiexauyux S, Tax-
ace npunadiexcur S.

MBI rOBOpHM, YTO NOCJEAOBATEJbHOCT BEKTOP-(DYHKUHHA

¢P = (g ..., 0), k=12 ...,
CXOJHTCS PABHOMEPHO K BEKTODP-(YHKIIUH

= (@1, +s Pn),
eCJH KaxkJas M3 TocjeloBaTesbHOCTel GyHKumit ¢ (%), i=
=1, ..., , paBHOMEPHO CXOAUTCA K DYHKIIHH Q..

3. as paccmarpusaemozo MHOscecT8a S 8eKTOP-hYHK-
yui @ onpedesen oneparop A, nepesodaujuli kaycoyro 6ex-
TOp-pYyHKYuo @= (Q1, ..., Pn) U3 MHONcECTS8a S 8 BeKTOP-
pynryuio Ap= (A9, ..., Axp) u3 1020 2HCE MHO%CECTBA.

v L

4. [asn scakux 0syx sekTop-pynkyut ¢* = (@7, ..., §,)

u**= (g%, .., ¢y) uss

n n
* L2 L] K
Y suplA ¢ —Ae" | <mY sup|o} —g) ),
i=1 f=1
2de m — nocrosnuoe uucao, npudem 0<m<1.
Toeda s cemeiicree S cywecrtsyer o0Ha u TOALKO OOHQ
B8eKTOP-PYHKYUA

P= (@1, ey Pn),
TAKAR, 4TO

(P=A(P)
uiu, 8 bosee passepryToli 3anucu,
e.=4ip, i=1, .., n (4.13)
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JdokasatenbctBo. BrbepeM B S Kakyw-HHOYIbL
BEKTOP-DYHKIHIO

O = (9 - s PY.
IMponenaeM nan Hell onepanmio A. ITos0XuM
¢ =Ag’.
ITo ceofictBy 3 ¢S u noroMy Hajy BekTOp-GHyHKUHEH
o = (@M, ..., o),

KOTOPYI0 MEl OyleM Ha3plBaTh <«IE€PBHIM INPHOGJIHKEHHEMS
pellenus cucreMu (4.13), MOXKHO NPOH3BOAHTHL ONEPaLHIO
A. TlpousBens ee, MOJAYUHM «BTOPO€ NPHGIHIKEHHE»

P = Aq,

Onsite 1o cBoiicTBy 3 uMeeM @P&S. ItoT mpouecce, oue-
BHAHO, MOXHO NPOAOJKATh 6ecKoHeuno. Takum ob6pasoMm
MBI NOJIyYHM OeCKOHEUHYI0 IOCJAeAOBATENbHOCTh BEKTOP-
PyHKUNH

0 = (¢{®, ..., @),
oM = (g, ..., ),

L T T T T T Y )

Iokaxem, yTo NpH k—- oo NOCAENOBATENBLHOCTh BEKTOD-
byskuui @* cxopuTcss paBHOMepHO Ha MHoxecTBe M. Ana
3TOrO, O4YeBHJAHO jpocrtatodHo (cp. § 14) noxkasats, yTo OpH
KamxaoM i pan

9% + (@) — () + (@ — V) + ... (4.14)

cxoxaurcs Ha M pasHOMepHO. Econ
|91 < MY 1 9f" ] < M

(cBoiicTrO 1), TO
| 90— 00 < MY + MY = M.

1) 3anHch Q&S 03HauyaeT, YTO ¢ NPHHAMJIEXHT ceMefcTBy S.
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Monbayscs xe cBOHCTBOM 4, MBI HaliieM npH Bcex k> 1

n n
z sup | g{+D — g | = z sup|A4; @B — A, etV |

{=l1 i=l1

n
k—1
<mY, sup [ gfd — |
1=
[Tostomy unenn pspa (4.14) no aGcouroTHOH BeNHUYHHE
He 60Jiblie COOTBETCTBYIOLHX UYJIEHOB CJIEAYIONIETO PSfa €
NOCTOSIHHRIMH HEOTPHIATEbHBIMH YJIeHaMU:

M+M+mM4+m2M -+ m3M+...

n

3aecs M = z M,. Tak kak npeanosaraem, uto m<1,
=1

TO STOT MOCHEAHMI PsA CXOAHMTCH, a IIOTOMY PaBHOMEDHO

Ha MHOXecTBe M cxopures u pax (4.14) npu i=1, ., n, a
CJIe[JOBATeJIbHO, TaKXKe PaBHOMEPHO CXOAATCS Ha 3TOM MHO-
KecTBe W nocyienoBatensHoctH @A (i=1, .., n).
TMonoxum
limgid =g, i=1,...,n
koo

TTo ycaoBuw 2
o= (91, ..., Pn) ES.

CnenoBatenbHo, onepatop Ag mmeer cmmuica. Iloka-
XKeM, YTOo

Ago=q, i=1,..n
Jlns 9TOro 3aMeTHM, 4TO IIO CBOHCTBY 4
n
|4, 0P —A 0| <mY, sup| ¥ — ;]
i=1
A rtak kak @{*) npH kR—-co pPaBHOMEDHO CXOASTCH K @,
TO, CJIEAOBAaTEJIbHO, B OGEUX 4aCTAX PaBEHCTB
P+ V=40, i=1,..,n,

MOXKHO TIepeXOJHTb K Npefesy, a notoMy ypaBHenus (4.13)
YAOBJIETBOPSIOTCH.
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Tloxaxem Tenepp, uTo B S cymecTByeT TOJNBKO OJHA
BeKTOP-OYHKUUA @= (@1, ..., Pn), YHOBJETBOPAIOILAS YypaB-
HeHusiM (4.13). leficTBHTeNbHO, HOMYCTHM, UYTO CYLLeCT-
BYIOT JIBA TAKHX PElICHHS:

@= (@1, s Gn),
Y= (Y1, ey Prn)-
Torna JAOJIXKHBI HMETh MECTO PABEHCTBA
o.=A0Q, i=1,..n,
’llJ;=Ai’llJ, i=1, .., n

BriuHTas NOUJIEHHO COOTBETCTBYIOIIHE DaBEHCTBA, MOJY-
4YUM B CHJIY CBOHCTBa 4

n
Z sup| @, — ;| = Z sup |4, @ — A pI<mY sup| o—Pyl.

f==1 =1 i=1

Tak kak m<1, ToO mocjenHee COOTHOINEHHE MOXKET
HMETh MECTO TOJbKO, KOTAa

Z sup @, —¥; | =0

=1
H, CJeJJOBATeNLHO,
o=y, i=1,..,n0h.

3ameuanue. Ilonoxenus macrosimero naparpaga
MOJKHO MHTepIPETHPOBATb TeOMeTPHYECKH COBEPIHEHHO TakK
3Ke, Kak 3To genajnock B § 16 ang n=1, eciiu TOJBKO NOJ
«TOYKOH» TMOHHMATb BEKTOP-PYHKUMIO @, a TMOJ «paccros-
HHEM» MeXAY ABYMS «TOYKaMU» @= (@1, ..., Pu) H P=
= (Y1, .., Pn) MOHUMATH

i: sup | @; —

=1

) JloxasaHHYI0 TeOpeMy MOXKHO NOJYUHTb Kak CJAeACTBHE oO6LIero
YTBeD2KI€HHS, NPHUBEJEHHOTO B CcHocke Ha c, 70. Ilas storo Hapfo ce-
MeficTBO S INpPEBPAaTHTh B METPHYECKOE ﬂpOCTpaHCTBO BBelsl METPHKY
p no ¢opmyJe

n

PUPT - @)y (915 - - @)=Y, sup | @iy |

i=l
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3ADAYA
Hoxaxure, uTo CBOHCTBO 4 MOXHO 0606LINTH TaK:
F(sup | A19*—A19** |, ... , sup | 4,@*—A,0** )<
<mF(sup @y — @1 |, ..., sup| op— @ 1),

rae F(t1,..,in) — onHOpPOAHAA (YHKLHSA NepBOH CTENeHH, ONpereerHas
npr 11>=0,.., ¢, =0, HeoTpHIlaTe/sbHAA, HeNpepHBHAf M paBHAd HYJIO
TOJNbKO B Hayaje roopAuHat. [IpHBeiHTEe HECKOJbKO NDHMEPOB TaKHX
dbyuxuui.

§ 31. HNpuaoxeHue npuHOUNa
CXKATHIX O0TOOpaKEeHHN
K cucreme nuddepeHualbHbIX YpaBHEHUH

Teopewma. Ilycre 8 nexoropoil obaactu G npocTpat-
cr8a (X, Y1, - Yn) Qyuxyuu f.(x, Y1, ..., Ya) (i=1, ..., n)
HenpepuisHbL N0 X U Yyoo8AeT8OPAOT Yycaosuro Jlunwuya
no scem Y 8 KaxnOOLU 3AMKHYTOU O2paHu4enHoli o0b6aacTu
G’, colepamcaweiica 6 G. Tozda 0aa 060 TOUKU
{xo, 49, ..., y8) obaractu G moscro yxasars Taxod codep-
ocauwull 8RYTPU cebs TOUKY Xo BAMKHYTeLl unTepsasr [a, b,
HQ KOTOPOM CyujecT8yeT eOUHCTBEHHOE peuleHue CUCTeMbl
(4.4), epagux KoTOpO20 NPOXOJUT 4epesd TOUKY

(%0, 43, - 92). (4.15)

JdokasateancTBO. 1. 3aMeTHM npexkjae BCero, 4To
eclld 3apaHee TNPENTOJOKHTb CYIIeCTBOBAHHE TAKOTrO pelle-
HHS, TO, HHTEI'PHPYS OT Xo A0 X TOXKJecTBa !

BE =LEn®, 0@ i=1,...n
Oy UHM i
v () =g+ [F@Eou@®, ..., 9. @) dE i=1,...,n
' (4.16)

Takum o6pa3oM, Bcsikoe penieHue cucreMbr (4.4), rpa-
$HK KOTOPOro NMPOXOJAHT Yepe3 TOuKy (o, 419 ..., Yn®) YHOB-
JIETBODSieT TaKkKe CHCTeMe  HHTerpajbHLX YpaBHEHHH
(4.16).

1) Bo3MOXKHOCTS HHTEIPHPOBaHHA INOJy4YaeTcs aHajornuHo § 14.
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O6paTHO, AOMYCTHM, YTO CYIIIECTBYIOT /. HENpPEPHIBHHIX !
GYHRKUHE Y1 (X), .., Yn(X), YAOBIETBOPSIOIHX CHCTEME
(4.16). HOJ:LCTaBI/IM B 00e yacTH KaxXJO0ro H3 ypaBHeHHH
(4.16) atH bymxu#E 1 npoxudbdepeHIHpYeM KaxXA0e H3 NO0-
JY4eHHHIX TOXJecTB?. Mul noayunM, yTo GYHKUHH y, (%)
YIOBJIETBOPAIOT AHGdepeHIHaNbHEIM  ypaBHeHusaM (4.4).
C npyro#i CTOpOHBI, OYEBHIHO, YTO ecjH OQYHKuMH Y, (X)
YIOBJIETBOPAIOT ypaBHeHuAM (4.16), To

Y:(x0) =y?, i=1, .., n

IMosTomy, BMecTo Toro uTo6H HOKa3bIBaTh, YTO Ha HEKOTO-
POM 3aMKHYTOM HHTepBaJe [a, b] cymecTByeT ORHO H TOJIb-
KO OJHO pellleHHe cncremu (4.4), rpaduk KOTOpOrO IpOXO-
AHT depe3 TOUKY (¥o, ¥%5 ..., yQ), MOCTaTOUHO  JOKAa3aTh,
YTO HAa ITOM HHTEpBajie CYUIECTBYET OJHO H TOJBKO OXHO
HenpepeiBHOE pelleHHe CHCTEMBl HHTErpajibHbIX ypaBHe-
Huil (4.16).

2. Ins poka3aTesbCTBa K€ ITOr0 IOCJENHEro yTBEDPXK-
JleHHss Mbl NpHMEHHM IPHHHHN CXKAaTHX OToOpaxeHHui.
HMenHo, 6yaeM cuHMTaTbh, 4TO BeKTOP-PyHRUUA ¢= (¢;, ...
.., o) ONpPEJeNeHa Ha 3aMKHYTOM HHTepBajle a<X<
(a<xp<b) Tak, uro:

1) Bce QYHKUHMH @, HENPEPHIBHH H

2) NYHHH

yl:cp‘(x)7 l=1v ey 1N, a<x\<b,

He BBIXOJSIT M3 HEKOTODOH OrpaHHYeHHOH 3aMKHYTOH 006-
jnactu G’, copepxaumeiica B G u comepxameit (4.15) kaxk
BHYTPEHHIOI0O TOUYKY. Torma, OuUeBHAHO, YAOBJETBOPSIOTCS
NepBhle ABa M3 yCJOBUH NPHMEHHMOCTH NPHHIMIA CXKATHIX
oto6paxeHuit. 3aMKHYTOCTb G’ HYXKHa AJisi TOrO, YTOOH
BHINOJIHANIOCH yeioBue 2. [losioxum panee

Az CPE!/% + .gfl (E’ q’l(&)? e (Pn(g))dg’ i= 1’ cee s I
Xo

(4.17)

ITokaxem, 4TO OmNpejesieHHble TakKUM 06pa3oM ONEpaToOpH

) Cu. cHocky Ha c. 58.
2 BosMoxHocTbh AuddepeHnHpOBaHHA Noayuaercs aHasnoruiso §14.
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VIOBJIETBOPSIOT YCJOBHIO 3, eCiH HHTepBaa [a, b] mocra-
TOYHO MaJ. \

ITycts M ectp BepXHfii TpaHb 3Hauenuit |fi(x, yi, ..
v Yn)|, i=1, .., n, B G’. TlpoBemeM wuepe3 TOUYKY
Lo, y$, ..., y%) 2n nnockocred

Uy —HN=+Mx—x), i=1,...,n (4.18)
HOCTpOPIM janee ABe IJIOCKOCTH
t=a u x=b (a<xp<bh)

TaK, uTOGb 3TH IJIOCKOCTH BMecTe C IJocKocTAMH (4.18)
06pa3oBuiBaNu ABe nupaMuis Py u P; c BeplIHHOH B TOUKE
(x0, ¥ .., ¥%), nennkoM nexamue B G’. Heckonpko mnos-

XKe HaM NpHAeTCA NPeANOJNOXKHTb, YTO YHCJIA a M b jgocTa-
TOYHO GJNHM3KH K ¥o. Bo3bMeM Tenmepb COBEpPIIEHHO MPOH3-
BOJIbHO £ HENPePHBHLIX Ha [a, b] dynkuui

P0(x), .y 9O(x), (4.19)-
JHIIL 6Bl TOJIBKO JIUHHA

e:=0P(x), i=1, .., n a<x<b,
neauxoM Jsexana B G'. IlogcraBum dyrxkunu (4.19) B npa-
Bhle yacTH ypaBHeHH# (4.16), mocse yero 3T npasnie ua-

CTH OYAYT HEKOTOPHMH BIIOJIHE ONpejesIeHHHIMH HeTpephiB-
HHMH QYHKIHAMH OT X Ha HHTepBaje a<x<b. [Tosoxum

o0 () =12+ [fi(E& e @, ..., o0 (©) dE,
* i=1, ...,n.

SlcHo, uTo 3TH QYHKUHM ONpelesleHH ONATh HA HHTEpPBasie
a<x<bu

@M (x0) =y°.
Mu yTBepKaaeM nanee, UTO JIHHHS
yi:cp(}) (x)) i=1’ (3 a<x\<br

He BHIXOAMT M3 nupaMup P; u P; u, cienosarensHO, He BHI-
xoxut u3 G’. JlefiCTBUTEJBHO,

[Fi(x, @9 (%), ..., 99 (x)) | <M,
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H TIOTOMY
[o® (X)—y O <M |x—x0|, i=1, .., 1.

[MokaxeM, HAKOHeH, YTO eciH GYHKUMH [, YAOBJETBO-
PAIOT TO Yy, ..., Yn YCJAOBHIO Jlunimmpma u eciM uHTEpBAJ
[a, b] mocTaTouHO MaJj, TO AJIS ONPENEJEHHOTO PaBEHCTBA-
mu (4.17) onepartopa A BHIIOJIHSETCS H moOciejfHee, YeT-
BePTOE, yCJIOBHe NMPUMEHHMOCTH TIPHHNIHUIA CXKATHIX 0TO6pa-
xKenuit, [elicTBuTENBHO,

\(y9+ ff. €9 @ ... 0 @)dE) —
— (y? + ffid(é, 9 (E), ... ,CP;(E))dE)(:

—ngcpl @, ..o 0 (B) —
—Fi (& 9 ), --- ,cp;(a))]dzk

\<\ SK[|q>:‘(a)—cp:(§)|+... +|cp;‘(g)—cp;(§)llda}\<

n n
<K(b—a) Y max| o) —g,| =Y max|o}' — g}

rae m=K(b—a)n. CnenoBarensHo, ecin b—a pocraTouno
Mmajio, To m<1.

3ameuanus 1 1 2 kK § 14 u Tenepb COXPaHSAIOT CHJY.

Ananoruyno 3aMeuannw 3 x § 14 jerko nokasarth, 4TO
NoC/Ae0BaTeIbHOCT NPHOJHKEHHH DAaBHOMEPHO CXOJIUTCS
He TOJBKO Ha BHIOPAHHOM BHIlLle MHTEpBale [a, b], Ho u Ha
J060M KOHeUHOM HHTepBaje [c¢, d], rae Bce sTH npubiau-
JKeHMsl CYIIeCTBYIOT, ec/iM B nepeceueHun obnactu G ¢ mo-
nocoit c<x<d, —oo<LYy;<oo, i=1,..,n, Bce OJyHKOUH [,
YAOBJETBOPSIOT YCJAOBHIO lemmmla no Y1, eey Yn.

Mb He GygeM 3aHAMAThCS H3YYEHHEM OCOGHIX TOYEK,
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JNHHUE, TOBepxHOcTel AN cHCTeM JH(PepeHUHANbHHX
yYpaBHEHH, KaK 5TO Jenajoch MJIs OJAHOTO ypaBHEHHS B
nepBOil YacTH Kypca, a nepeijieM K HSY4YeHHI0 CHCTEM JIH-
HeHHBIX ypaBHeHHH. ’

Tr'JIABA'V

OBLIAS TEOPHA
JIHHENHBIX CUCTEM

§ 32. Onpepnenenus.
Caiencreus u3 o6ileit TeopuM CHCTEM
I depeHuHANbHBIX YPABHEHHH

Jlunetinoti cucrtemorl Ougpepenyuarvtoly  Yypasrerud
Ha3bBaeTCsl CHCTEMa TaKHX YpaBHEHHH, B KOTODHE HEH3+
BeCTHHe (YHKUMH H HX NPOHU3BOJHBIE BXOAAT JIHHEHHO.
B § 27 6buio nokasaHo, 4TO Besikas cucreMa auddepes-
IHAJbHBIX YPABHEHHi 5KBHBAJIEHTHA HEKOTOPOH cHCTeMe,
cojiep¥amell TOJNbKO NMPOH3BOAHHEE 1-ro IOPAAKA; MO3TOMY
Mbl OyJeM 3aHHUMAaTbCs INIaBHBIM 06pa30oM CHCTEMAMH ypas-
HeHHli 1-ro mopsajika, NpHYeM OTPAHHYMMCS clydaeM, KOrja
9TH CHCTEMHl pa3pelieHH OTHOCHTeNbHO NpousBogHbx. O6-
WHH BUA TAKOH CHUCTEMH CJAENYIOLIH:

n
dy; .
T:Eal,(x)y,—}—f,-(x), i=1,...,n (5.1)
1=l
STa 3aluCh CTAHOBHUTCA 3HAUUTEJBLHO npom.e, eCcJin BOC-

N0JIb30BAaTbCSl MATPHUHBIMU 0603HaYeHHSIMH. BBeneM KBaj-
paTHy10, MOPsAKA 1 MaTpULy Ko3dduiuueHTOB

Ax)=lai;(x)

H BekTOop-QyHKIHM, KOTOpHe MH OyneM B JajbHefillleM
3aIMCHIBATL B BHJle MATPHL-CTOJNGHOB

fi(0) Y1 (%)
f=| | v@=|| : |

fa (%) Y (%)
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Takue MaTpHuH NOJYMHSIOTCH eCTeCTBEHHHIM IpaBHJaM
JIeACTBUH, H3BECTHHIM M3 Kypca JIMHeHHOH aJjrelOphl, NipaBU-
JaM npenesibHoro  nepexoga H aunddepeHNUPOBAHHS.
B uyacTHOCTH, OTMETHM, 4TO npH AuddepeHNUPOBAHHH MaT-
puIH Hago mpocTo npopuddepeHnUpoBaTh BCe ee 3JeMeH-
TH. [lostomy cuctemy (5.1) MOXKHO mnepenucaT B BHIE
ypaBHeHHs
2 — AWy +F) (5.2)
dx,
(mpoBepbTe 3TO, PackpbiB NpPaBYld dYacThb MO NPaBHJIY
NpON3BeJeHHs MaTpull).

B nanpHefilleM MB BClOAy OyneM mnpeanojyararth, 4To
@.;(x) W f.(x) HenpepbigHb. HA HEKOTOPOM . HHTEpBaJie
a<x<b. MoxeT 0Ka3aThbCs, YTO 3TOT HHTEPBaJ He OTpaHH-
YeH C OJHOH KakKoH-HHOYAb CTOPOHHI HJH ¢ 06eHX CTOPOH.
IIpaBble YyacTH TaKHX CHCTEM HWMEKOT OrPaHHYEHHble IPOHU3-
BOJHBIE IO BCEM Y, H IIOTOMY YAOBJIETBOPSAIOT YyCJOBHIO
Jlunmuna Ha BcsiKOM OTpesKe [ay, bi], uenMkoM Jjexamem
BuyTpH (@, b). TlosToMy wu3 poxasanuoir B § 31 Teopemhl
cJenyer, YTo yepe3 KaxKAylo TOUKy (Xo, ¥i ..., Y»®) B moJioce
a<x<b npocrpanctBa (X, Yi, .., Yyn) NPOXOAHT OJAHA H
TOJNILKO OJHA HHTerpajibHas JiMHUA cHcTeMH (5.1).

JeficTBuTeNnbHO, NpH NIOGBIX KOHEUHHIX @ H b 3Ty Teo-
peMy MOXHO HENOCPEACTBEHHO NPUMEHHTb KO BCSKOMY Ia-
paJuenenuneny:

ate<x<b—e, —M<yi<M, i=1, .., n,

rje & — KaK YrOAHO MaJjoe NOJIOXKHTeNbHOe uncjio, a M —
Kak yroJHo 60JbUI0E NOJOXKHTENbHOE YHCyIo. A oTciona yxe
3Ta TeopeMa cjelyeT H Ajs BCefi MojiocH a<<x<b.

Kaocdoe pewenue cucremor (5.1) moxcHo npodoascurs
Ha seco untepsas (a, b). IeficTBuTesbHO, ecan  KObdH-
LUHEHTH a,;(X) W HeOQHOPOAHBIE UJeHH f,(X) HenpepbIBHH
Ha oTpe3Ke [ay, bi], TO cyumecTBOBaHHE pellleHHs, YAOBJe-
TBOPSIOEr0 34aJaHHBIM HaualbHBIM YCJIOBMSAM, Ha BCEM
5TOM HHTEpPBajie CJAEAYeT H3 pacCyXAeHus, NPHUBEIEHHOrO
B npeanocyuenneM ab6same § 31.

Ecin xe xosdpduumeHTH ¥ HeOAHOPOJAHBIE UJIeHH He-
NPePHBHLL B OTKPHITOM HMHTepBajie (a, ), TO TOJNBLKO UTO
NOKa3aHHOEe yTBePXK/JeHHE MOKHO NPHMEHHTH K JIIO60MY OT-
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pes3xy '[ai, by], nexauiemy suytpu (a, b). Takum 06pasom,
GyHRIHY
yi()C), [ yn(x)a

COCTaBaAKIIYe pellleHHe CHCTeMH (5.1), Moryt crath He-
OrPaHHYEHHBIMH, TOJBLKO €CAH X—>Q HJAH X—>b,

Ecau Bce f.(x)=0, To Mm OyneM HasbiBaTb CHCTE-
My (5.1) odwopodnoii (B 3TOM cayyae B ypaBHeHHH (5.2)
uMeeM [(x)==0), B NPOTHBHOM CilyYae — HEOOHOPOOHOWU.

SAIJAUYH

1. HazoBeM nopMo#l KBagpaTHOH MJH NPSMOYroJbHOH MaTPHIE
CyMMy abCOMIOTHBLIX BEeJHYHH BCEX e¢ 3JEMEHTOB; HOpPMY MaTpHin A
o6o3HauumM ||A|l okaxure, uto

lIA+Bll<<l|All+1BI,
lleAll=|c{llAll (c— uncao),
IABl < IALIIBI

IMokaxuTe TAaKXKe, UTO eCNH JeMeHTH MaTpHubl A 3aBHCAT OT X H
HMEIOT NPaByl (JeByl0) NpPOM3BOAHYIO, TO K [[A(x)|l umeer npasyio
(neryio) npouseoanyio, npudem |DupllA(x) ||| <[ DapA (x) .

2. Hcnonpays mpepmaymyio 3apady, onenute |Daplly(X)Nl ], rme
Y(x) — pelleRHe ypaBHeHHs (5.2); HCHIOJB3Ysl TOJYYEHHBIH pe3yabTaT
u 3afauy 7 § 12, ollenHTe CKOPOCTb BO3MOIKHOrO BO3PACTaHHSA DPEIICHHS
NpH X—a HJIH x—b; HanpuMmep, NpH Xo<-x<<b

X X x
Lyl <t acollep [ 14@NE + [1rsen [ 1aga ]as
Xo Xo s

3. Hoxaxure, 4o ecaH Bce ai;(x) M f.(x) pasnaraorcs B pAAH
Maxknopesa ¢ paaHyCOM CXOAKMOCTH, He MeHbllmm R>0, 70 u Bcsxoe
peltfenme cucrembt (5.1) pasnaraercs B psfx  Maknopera ¢ paauycoMm
CXOAHMOCTH, He MeHbWHM R. 3To yTBepKAEHHE AOKa3hIBaeTCA TakK XKe,
KaK AaHAJOTHUHOE YTBepXKAeHHe HOKasWBajoch B 3aMeuanun kK § 17.
Jas Bcex a;(x) u fi(x) BuiGepuTe OMHY M TY Ke K MaxKOPHPYOULYIO
¢ yHKIHIO.

§ 33. OcHoBHblE TEOPEMBI
IJsE OAHOPOAHBIX CHCTeM 1-ro MopsiaKa

[Tycts MBI HMeeM m pelleHHH OXHOPOJHOM JIMHeHHON cHe-
TeMBHl



§ 33] OCHOBHBIE TEOPEMHl IJiI¥ OJOHOPOIOHBIX CHCTEM 143

¥ (9 4 (9
PO el RPETe Etl
9 4 (9
5™ ()
=] O (5.3)
o (9

HUx aunedinodi xombunayueil Mpl OyfeM Ha3blBaTh BeK-
TOP-PYHKIHIO

¥ Cout® (3,
k=1

rae Cy, Ca, ..., Cn — HEKOTOpHIE TOCTOSIHHBEIE B 4aCTHOCTH,
ecan Bce Cr=1, MB 6yneM TOBOPHTb O CyMMe pelIeHHH;
ecin Cy=1, Co=—1 u m=2, 6yneM rOBOPHUTH O Pa3HOCTH
pewenuit yW(x) u yA(x).

Teopewma 1. Jlunelnas xombunayus peutenusi oOro-
POOHOU AUHELiHO CUCTeMbl ABARETCA TAKICe  peuleHuem
3TOL cucrembst.

HJokazarteasctBo. Ilycte MBI uMeeM m pelle-
uuii (5.3) ogHOpPOAHON JHHEHHON CHCTEMBI

dy . —
— Ax)y =0, (5.4)
T. €
dy; _ P ’
. —Za”(x)y,~0,zf1,...,n. (5.4)

1=l
m
IMogcrasuM B Hee Z'Ck y® (x) pmecto y. Torga mosyyuM B
|
JIeBOH 4acTH

m n
d
—— Y G —A0 Y Coy® (0) =
k=1 k=]
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dx

- i C;(iy(ﬁﬂ__lq(x) y (x)).

k=1

Tak kak ¢yuxuuu (5.3), MO TNPEANOJOKEHHIO, YAOBJE:
TBOPSAIOT cucTeMe (5.4), TO MPH BCAKOM R

dy™® (x)

A — AWy (9 =0,

a CJIeJl0BATEIIBHO,
d m m
/ “'dx—; Cry® (x) — A() }2‘1 Cry® (%) =0,
=1 =

4TO H TpebOBaIOCh JOKa3aTh.

Onpeneneune. Bekrop-pynxyuu (53) Haseisaror-
ca  Auneillno 3asucumelmu Ha unrepsase (a, b), ecau
cyujecreyior raxue nocroansle Ci, ..., Cm, cpedu KOTOPbLX
ecTe no kpatineti mepe 00KHA OTAUMKAS OT HYAs, 4TO umeeT
mecro caedyroujee ToxAeCT8O:

i Coy®(x)=0 (a<x<Lb).

k=1
Onpedeaurens
Y (%) ¥ (x) ...y (%)

W(x) = (U8 (%) 95 () ... 4P (x)

.............

Hazvleaerca uvnpedesuresem Bpouckozo 0as cucremsl sek-
Top-(hynryuL
¥ (x) Y (%)
(1) (2)
W= |9 o= W

9 () 4P (%)
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Y™ (%)

e R | (5.5)

ym (x)

Teopema 2. Ecau sexrop-pynxyuu (5.5) aunetino
3asucumol, TO ux onpedesurers Bporckozo TONOecT8EHHO
pasen HYyat.

Ora TeopeMa SIBASETCH HEMOCPEACTBEHHBIM CJIe[CTBHEM
H3BeCTHOfl TeopeMbl aireOpHL.

Teopewma 3. Ecau onpedeauress Bpownckozo W (x)
Oas cucremor gexkTop-gynkyud (5.5), ssafoujuxcs peute-
ruamy cucremor (5.4), pasen nyswo xora 6ot 8 00HOL TOU-
Ke x=xo, a<xo<b, To 3Tu BexTOp-pYHKYUL AUHElUHO 3a-
sucumest, ’

HdokxaszateanctBo. Eciu W(x) =0, Tt0 Bexropu
Yy (xo), ..., Y™ (x¢) JHHENHO 3aBHCHMBI, H NOTOMY HaHAyTCA
uucaa Cj,..,C,, He BCe paBHEIE HYyJ0, JJs KOTOPHIX

n
T Chs (1) =0.
k=l
CocTaBHM BeKTOP-PYHKIHIO
¥y =Y c.y®®.
k=1

Ho teopeme 1 3ta Bekrtop-yukuus y*(x) yaoBjierso-
pser cucreme (5.4). Ilpu x=x, ona o6pamaercs B HYyJib-
BekTop. HO nmno TeopeMe eIMHCTBEHHOCTH CYyINECTBYeT
TOJILKO OJHa YIOBJaeTBOpsmoolias cucreMe (5.4) BekTOp-
Gbyuknus y(x) =0, xkoTopas npu x=x; obpalgaerca B HYJb.
[TosTomy

n
Z Cry™ (x) =0,
k=1

4TO U TpebOBaJOCh A0OKa3aTh.

CnegmcrtBue. Ecau onpedeauress Bpowckoeo, co-
crasaennol 0as pewenui (5.5) cucremor (5.4), pasen
HYAO 8 OOHOL TOYKE, TO OH TOMWOECTBEHHO PABEH HYAI.
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JleHCTBHTENBHO, €CAH 3TOT OMpPEJLeJIHTENb PaBeH HYJIO0
B ONHON TOYKe, TO MO TOJBKO YTO NOKA3aHHOH TeOpeMe pe-
wenns (5.5) JuHeNHO 3aBHCHMBI H MO TeopeMe 2 HX ompe-
AesuTess BPOHCKOTO TOXAECTBEHHO PaBeH HYJIIO.

3amevanune Ecau Bekrop-bynkuuu (5.5) He sB-
JSIIOTCS PelleHHsSIMH CHCTeMH! BHAa (5.4) ¢ HempepbIBHBIMH
KO3(pdHIHEeHTaMH, TO AJs HHX HEJb3sl BHICKA3aThb YTBEPK-
JeHde, moao6uoe caenaHHOMYy B TeopeMme 3. DTO TOKa3biBaeT
cnenyiomuil npumep. Jdasa sexrop-byHKuni

X X2
0 0

JAeTePMHHAHT BPOHCKOTO TOXK/IECTBEHHO PaBeH HyJIo, H TeM
He MeHee OHH JIHHEHHO He3aBUCHMH.

Onpenenenne. COBOKYNHOCTG n AuneliHo He3asu-
cumslx peutenuli cucremo. (5.4) rnasvlsaerca ee yndamen-
TAAbHOL CUCTeMOU peulernud.

Teopema 4. dyndamenrarsvuele cucrems, peuterul
CYuLecTayior.

HoxasarenbcTBO. Bossmem 2 takux uncen b

qyTo

R
b8 b L. by | 20,

L S .

Bl pA . i

OTOMy YCJHOBHIO MBI yIOBJIETBOPHM, HampHMeEp, €ClH IMOo-

JIOMKHM
B0 { 0 mpu i £k,
" |l npui=¢k.

CocrapuM Temepb m=n pewenust (5.3) cucremni (5.4),
KOTOpble YIOBJETBOPSIIOT YCJIOBHAM

y(?‘a(xo) =b(§)’ i’ k= 1’ ey n’

rle Xo eCTb KaKoe-HHOYAb YHCJIO H3 HHTepBana (a, b).
Torna nerepMuHanT BpOHCKOTO /s 3THX pellleHHHl OTJIHYEH
OT HyJIl OPH X=X, H HOTOMY Ha OCHOBAHHH TEOPEMH 2 3TH
pellleHHsl JHHEHHO HE3aBHCHMBL.
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Teopema 5. Ecau sexkrop-¢pynxyuu (5.5) cocras-
AAIOT N AUHELHO we3asucumblx peuteruii cucremot (5.4), 1O
BCAKOe peulenue 3TOL CLUCTeMbL MONCHO npedCTasUTs KAK AU~
HeUHY0 KOMOUHAYUIO 3TUX peulenuij ¢ COOT8eTCT8YOWUM
obpaszom nodobpanHbLMIL NOCTOAHKBIMU KOIDPUyUEHRTAML,
T. e. 8 gude

y) =Y Cy® (.
k=1

[loar3ysicy onpejneseHusiMH obuiero pellleHHs H GyHAa-
MEHTaJbHOH CHCTeMBl pELIeHHi TeopeMy 5 MOXHO c(hopMy-
JHPOBATH €llle U Tak:

Obujee petuenue aumnetinosi o0rOpoOHOL cucTemot Oug-
peperyuanvrolx Yypasreruli ecTo AUHeUHAR KOMOUNAUUS C
NPOU3BONbROIMIL NOCTOAHRBIMU KOI(PPUYUEHTAMU U3 peule-
Huil, cocrasasoujux PYROAMEHTANbHYIO CUCTeMY.

HoxaszaTenbcTBO TeopeMHu 5. Bo3bMeM Kakoe-
HHOyab pelleHHe y(x) cucreMnl (5.4). [lycTts mpu HexoTO-
pOM 3HAuYeHHH X, PABHOM Xg, 3Ta BeKTOP-OYHKUHSA TPHHH-
Maer 3HaueHHe Y(xo). DTOT BEKTOP MOXKHO PasjoOXKHTb IO
BekTopam Yy (xo), ..., y™(xp), TaK KaK 0O NPEIBIAYINHM
teopemam W (xo)%=0 u moTOMy MOC/AelHsisi CHCTeMa BEKTO-
poB JuHeHHO He3aBucHMA. [loayuum

Yt =Y Cry® (x,). (5.6)

k=1

CocTaBHM Tenepb BEKTOP-(QYHKLHIO
gy =Y Ciy® ().
k=1

ITo Teopeme 1 ona ympomserBopsier cucreMe (5.4). C mpy-
rofi CTOPOHBI, NIPH X=1Xo 3Ta BEKTOP-QYHKUHS NPHHHUMAET
TakOe K€ 3HaueHHe, KaK U BeKTOP-byHKuHS y(x). 3Hauwur,
10 TeOpeMe eJHHCTBEHHOCTH Y (X) =y*(x), T. e.

y (%) Ezn: Chy® (1),
k=1

4TO H Tpe6OBAJOCH AOKAa3aThb.
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TeopeMu 1, 4 u 5 BMecTe MOXHO KPaTKo copMy.supo-
BaTb TaK: COBOKYNHOCT6 peuterud cucremsl (5.4) obpasyer
n-mepHoe aunelinoe npocrpancrso. Pyndamefitasronas cuc-
Tema peulenutli — 3T0 6a3uc 8 ITOM NPOCTPAHCTEe.

3AIAYH

1. Ilyets cronbuamu kBajpaTHOH MaTpuubl Y (x) cay:xaT kKaxkue-Ju-
60 n pewennii cucreMu (54). IToxaxuTe, 4ro Takas MaTpuua yaosJje-
TBOPSIET ypaBHEHHIO

—Z—g—=A(x)Y

Tipu stom nu6o det Y(x) =0, nubo det Y(x)#O; B NOCJEJHEM CJjyuae
Y (x) wasnBaerca ¢yndamenrarsnolr marpuyeil cuctemor (5.4). TNokaxu-
Te, uTO ecqM Y (x) — oynnameHTanbHa# MaTpHUA, TO oﬁmee pelenue
cucreMul (54) umeer BHI y=Y(X)c, r1e ¢ — NPOM3BOJBHBIH MOCTOSH-
Hbl BekTOp; peleHne cucreMnl (5.4) npH HayalbHOM  YCIOBHH
Y(x0) =y° umeer Bup y=Y (x) [V (x0)]—1y0.

2. Hafigute Bce pellleHHS] CHCTEMH

XYy = 21— Ya»

XYy = 2 —Us.

TlokaxxuTe, 4TO ecl¥ HayaJbHBlE YCJOBHSA 3alal0Tcst HOPH Xo7#=0, TO
pelleHHe CyIIeCTBYeT M eQHHCTBEHHO Ha Bceﬂ ocu; ecnu xke xo=0, TO

pellleHHe CYUIECTBYET, TOJbKO eCJH 2y1——y2—0 NpHYEM B 3TOM Cciydae

He eauHcTBeHHO. TIOKaxuTe, 4TO y BCAKHX ABYX JIHHEHHO HE3aBHCHMEIX
pewenuil onpexenurenr Bponckoro pasen Cx, rae C+0. Kak cornaco-
BaTh CO CJEICTBHEM H3 TeopeMbl 3 TO OGCTOSITENLCTBO, YTO 34€Ch Onpe-
Jenurenb BpoHCKOro paBeH HYJIIO TOJBKO B ONHOM TOUKe?

3. Haiinure pewleHHss cCHCTEMbL

1y, = Y1 — 2,

XYy == Y1 —2y>.
lloKa)KHTe, YTO pellleHHe, onpenelsieMoe Ha4aJdbHBIMH }laHthgdH, CyLIecT~
ByeT Ha BceHl OCH TOrfa M TOJNBKO TOTAA, KOrxa y? =2y, I[Ipu sTOM
TaKo€ pelleHHe BCerAa €AHWHCTBEHHO.

4. Hafizure dyHRAaMeHTAJbHYIO CHCTeMY peIeHMil M oupeae]HTeNb
BpoHckoro mas cucTeMsl ypaBHEHHI

n

y;:Z ai(x)-’/i' i=1,...,n,
j=1

rne Bce GYHKUMM aj(x) HelpephlBHH Ha HHTepBane (a, b).



§ 34] BBIPAJKEHHE JJIS ONPENEJUTEASI BPOHCKOTO 149

§ 34. Bripaxkenue
Ias onpepeantean Bpouckoro

Ecau sexrop-dynkyuu (5.5) npedcrasaaror coboil n pe-
wenui 00Hopodnoil auneiinoll cucremsr (5.4), TO mexndy
BHOYEHUAMU 8 TOYKAX X U Xo ux OeTepmunanra Bporckozo
W cyujecrsyer caedyrouias 3a8UcCUMOCTS:

W (x) = W (xo) exp S[au (8) + Ay () + ... +a,,(B)]dE V.
K (5.7)

HdokasateanbcrtBo. Ilo npapuay puddepennupo-
BaHUs ONpeJlesINTeNIel HMeeM

dg{h @ dy(™
dx dc« 7 dx
Vi =| g g # |+
1 2
yO Y
gy ooy Ly
gl dy? dy§"
dx dx tt dx + ..
1 2
yn @ L, g
ygl) y§2) . ygn)
g oy@ L g
alh  ay® i
dx dc 77 dx
B cuny (5.4%)
dy(k) n

LA (k)
dx 2 all (X) y] .
f=1

) Tlonyuena B 1827 r. H. AGeneM gnis ypaBHeHH# BTOPOro NMOpsfKa
u B 1838 r. )K. Jluyswinem u M. B. Ocrporpanckum B ofmem cayHae.
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IlogcraBasis BClOAY B NPaBylo 4aeTb BRpaMeHHs AJf
dy}k)
dx i
ecaH K 3JieMeHTaM KakoMl-inbo ero CTpoxkH npHGABHTHL Be-
JHYHHBI, MPOIOPUHOHAJNBHBIE 3JeMEHTaM [APYIrHX CTPOK,
HOJYYHM

H IOJIB3YysACh TE€M, UTO ONpeleJHTe/b He MEHSETCH,

a;; ¥\ ay yﬁ"’" o !/f")
1 2
W =| % ¥ - wY
() g L yw
y(» y@ Ly
T S
a, g a, y? ... a,ym

HJH

W (0 =Y e ()W (.

=1

Hnrerpupys aro puddepenuuanpuoe ypasuenne gas W,
noayuum (5.7).

Cnepcrsue. MHs ypaBHenuss (5.7) Mol eme pas BH-
UM, UTO ecau onpedesurens BpoHckozo, cOCTABACHHbLL
Oasn pewenuii (5.5) cucremor (5.4), obpawaercs 8 HYyab
8 00HOU TOYKe, TO OK PABEH YA TONOECTBEHHO.

§ 35. CocraBJienne OgHOPOJHON JIMHEHHOH CUCTEMBI
AuddepeHnanbHbIX YPaBHEHUH Mo AaHHOH
(hyHpamMeHTaJbHOH CUCTEME €€ PelleHHH

3aMeTHM Ipexje BCero, YTo He BCAKHe 1 BeKTOP-(DyHK-
mui y® (x), uMelolmHe HeNMpepbIBHBIE NEpBble MPOH3BOAHLBIE,
ABJAIOTCH QYHIAMEHTAJbHON CHCTEMON PEIIEHHH HEKOTOPOH
chcTeMbl BHjia (D.4) C HempepHIBHHIMH Ko3dduIHeHTaMH.
[To teopeme 3 pas1 3TOro HEOOGXOAMMO, YTOOH HX OdETEPMH-
HaHT Bpouckoro HHMrge He o6pauiancsi B Hysab. [lokaxewm,
4TO 3TO YCJIOBHe SIBJSETCA B TO XKe BPeMs H JOCTATOYHBIM,
ecsId 3TH BEeKTOP-(OYHKIHH HENpePBhIBHBI BMeCTe C HX NPOH3-
BOJHBIMH,
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JlefcTBUTEMBHO, COCTABHM TOTJAA CJEAYIOINHE N JHHeR-
HBIX OJZHOPOJHBIX JH((}epeHIHaNbHEX YPaBHEHHH OTHOCH-
TEJBHO OYHKIMH Y1(X), ..., Yn(X):

U ygl) I yg”’
7S SN
_.,..l..-.~~-' =O, i::l,...,n-
Yo yh i
dy, gV dy(™
S 2

Jlerxko BHJETb, UTO THM YPaBHEHHSAM YIOBJETBOPSIOT
BekTop-¢yHkuuu (5.5). KpoMe Toro, Tak Kak, mo mnpeamno-
JIOXKEHHIO, ONPeJeNHTe]Nb, COCTABJIEHHBIH U3 BeKTOP-QYHKIH]
(5.5), Hurne He oGpauiaerca B HyJb, TO BCE 5TH ypaBHEHHS

MOKHO Pa3peUIHTb OTHOCHTEJBHO f"' (i=1,..., n). Ioay-
X

yeHHas cucTeMa o6janaer BceMu Tpe6yeMHMH CBOHCTBaMH.

ITokamxeM ele, YTO CYIIECTBYeT TOJBLKO OJHA CHCTeMa
BHAa (5.4), uMeromwas naHHyi0 QYHIAMEHTAJbHYIO CHCTEMY
pewenutt. defictBuTensno, mo tTeopeme 5 u3 § 33 Bce peute-
HHS TaKO# CHCTeMbl Ompenensiiorcs ee dyHiaMeHTanbHOH
cucteMoil pewenu#i. Ho 3aganneM BceX HHTErpaJjbHbIX KpH-
BBIX cHcTeMHbl (b.4) sTa cHcTeMa, OYeBHIHO, BTIOJHe ONpeje-
JSeTCs, TaK KaK TEM CaMbIM BTIOJIHE ONpEJENsIeTCsi COOTBET-
CTBYIWOLIEE el MOJe HampapJeHHil; 3HaHHE MOJIs HampaBsJe-
HHHl OJHO3HAYHO JaeT HaM 3HaueHHe HpaBbix YacTeifl CHC-
TeMbl, a KO3QduuueHTs JuHeAHOH (OPMEI OJHO3HAUHO
OTIpeieNAIOTCSA ee 3HAYEHHSIMH.

3AIAYA

I yerp mama cucrema HempepHBHO — aHddepeHIUpyeMBIX (GYHKIUA
(5.3), npuueM m<<n. I{oxaxkuTe, YyTO €e MOXHO pacIIHpHTb {(j106aBie-
HHeM HOBbIX (yHKUMA) Ao (yHAaMeHTaJbHOH CHCTeMH pemenui (5.5)
HEKOTOpOH CHCTeMH ypaBHenH#t (5.4) ¢ HenpepHBHBIMH KO3(duIHeHTa~
MM, TOrAa M TOJBKO TOT[A, KOrja paHr MartpHuu (5.3) paBeH m B
Kaxaol Touke uHTepBanaa (a, b).

Yrkasanue. Hckomyio cucremy -(5.4) crpofite cuayaaa B OK-
PECTHOCTH JIOGOR TOUKH HHTEpBana (a, b)



152 OBILAS TEOPHU$l JUHEPIHHIX CHUCTEM [ra. V

§ 36. C.rlenémun aas puddepeHnHanbHOro ypaBHeHHs
n-ro nopsjka

Ha ocnoBannu ckasanHoro B § 27 junefinoe oJHOPOLHOE
nuddepennialbHOe ypaBHEHHE

dlly _ dan-1 Yy dﬂ_zy
P (*) e + an—2(x) o + ...
d
e () =+ @)y (5.8)
S9KBHBAJEHTHO JHHEHHOH ONHOPOJHON CHCTEMe
djo
dx Yv
dyy  _
dx y2)
dyn_» __
dx yn—l,
Yn1 _
“a Do (%) Yo + 01 (%) y1 + A5 (%) Yo+ - - - +8n—1 (X) Yn—1.

(5.9)
31ech yepe3 yo 0603HAYEHO TPEXKHEe Yy, Yr O3HAUAET
k-10 TPOU3BOJHYIO OT Y.

1. U3 § 32 Mul 3aK/04aeM NO3TOMY, YTO eCAlL KO3(pu-
YuenTo A, (X) HenpepoiBHvl Ha unTepsase a<<x<b, 1o 0%
KQod020 Xo U3 ITO20 UHTEPBAAQ u AOBOL CUCTEMbL HUCer
W W, ...y, %, cywecrsyer o0no u TOABKO O0HO petuenue
ypasrnenus (5.8), y KOTOpO2O npu X=X, nPOU3BOOHAR
i-20 nopadka (i=0, 1, .., n—1) obpawaercs 8 Y. ITo pe-
WeHue cyulecTeyer Ha scem urnrepsase (a, b).

2. OueBupno, ecau Qyuxyuu yN(x), .., ym™(x) 1 ydos-
rereopaoT ypasHeruto (5.8), To 2106as ux suneliHas KOM-
6UHaYUA ¢ NOCTOSAHHbIMU KO puyuenTamu

n

Y Cy® () (5.10)
k=1

TaKKHe YoosAeTBOPALT ITOMY YPABHEHUIO.

1) 3pech Yy (x) — cxanspuue (0OnuHne) QYHKHHH, 4 He BEKTOp-
tdyukuun, xak B § 32—35.
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3. 3aMeTHM naJee ciaepywomee. [IycTh MH 1BMeeM m pe-
ieHu#t cicreMnu (5.9):

y§® (%)
(k) (x
yF (x) kel m
Yo (x)

Ecan cymectByioT Takue nocrosiuiue Cy, ..., Cm, YTO TIPH
BCeX x Ha uHTepBaje (a, b)

Z Cyi® (x) =0, (5.11)

TO 06g3aTeNbHO GyAyT HMETb MECTO H CJAEAYIOLIHEe TOX-
JlecTBa:

m
zck!J}k)(x)EO, i=1,...,n—1,

ITosTroMy Mu OGyneM HaswBaTh pelieHHs yb(x), ..., yom(x)
ypaBHeHHs1 (5.8) aunelino 3asucumvimu, eCqH CyIECTBYIOT
takue noctossHHbe Ciy, ..., Cr, CPEH KOTOPHIX NO KpaiHei
Mepe ONHO OTJAHYHO OT HYJS, UTO HMeeT MECTO CJHEAYIolee
TOXKJIECTBO:

m

Y Cet® (=0

k=1

4. EcnH mpuHSITH BO BHHMaHUeE, 4TO y,(X) ecThb mNpOH3-
BOJHAs i-ro Mopsiika OT y(x), TO AeTepMHHaHT BpoHckoro
nnsi cucteMsl (5.9) MOXKHO 3anmucaTh Tak:

Y 1Y) Yt 2 ym
dy dy(2) dy™
dx dx T dx (5.12)
dn=1 gy gn-1 (2 dn=1 (™
dxn-1 dxn=1 dxn=1
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Teopemor 2, 3, 4 u 5 us § 33, a raxkme caredcreue us
Teopemovl 3 NOAHOCTbIO COXPAHANTCS 0aa ypasHenus (5.8),
ecau 8 Hux nod aunetinoil Kombunayueil peutetuti nodpasy-
mesars cymmor suda (5.10), a derepmunanrom Bponcxozo
nasvteats derepmunanr (5.12).

5. Ha rsnaBHOW JuaroHann B NpaBoi YacTu CHCTe-
MBl (5.9) CTOMT TOABKO OAMH KO3 GIHIMEHT, KOTOPHI
MOXKET OTJIMYAThCA OT HYJS; 3T0 KoshduuueHT an—y. Ilo-
atToMy popmyara (5.7) Tenepo npumer Taxoii sud:

W (x) = W (xo) exp 5 n—1 (E) dE.

3amevanne Ecau onpegenutens (5.12) mas ¢yHk-
ouft ¥i(x), y2(x), ..., Yn (X), O KOTOPHIX He CKa3aHO, YTO OHH
yIOBJETBOPSIOT YPaBHEeHHI0O Buaa (5.8) ¢ HempepLIBHBIMH
KosdunuenTaMy, TOXKAECTBEHHO PaBeH HYJIO, TO OTCIOAA
He cJeJyeT, YTO 3Tu (yHKUHH JUHelHO 3aBUCHUMBEL, T. €. YTO
JJIsT HAX HMeeT MeCTO TOXKJIecTBo Bujaa (5.11), mpuyeMm no
KpaiiHeil Mepe oaHo H3 C, OTJIMYHO OT Hyjasi. DTO MOKAa3hl-
BaeT cnexyiomwnil npumep. Ilycrs

yi(x) =2, ya(x) =x[x| (—l<x<l).

Jlerko BHIeTb, YTO 3TH (GYHKUHH JHHeHHO He3aBHCHMEI
U TeM He MeHee UX ONpeiesuTesb BPOHCKOro TOXK/JeCTBEHHO
paBeH HyJIo. ]

3AIAYN

1. Iloraxure, 4TO ecau
diy®
dxt

ysﬁ-)l (3) =

, =0,1, ... ,n~—1, Fk=1,....n,

To moctpoeHHas B § 35 cucTema 3KBHBaJEHTHA OJHOMY YDaBHEHHIO
n-ro nopsjKa

2, [lyety a<<ai<<by<<b u pewenne y(x) ypasuenusa (58) umeeT
na [ai, bi] GeckoHeunoe mHoxectBo mysell. Jlokaxure, uro Torza
y(x)=0 na (a, b).

3. Pewnte ypaBHenue

¥ +xy=0,
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pasokuB y B paf Makaopena. JlokaxuTe CXOLMMOCTb 3TOrO pAAa.
(Cp. 3amauy 3 § 32)

Ecnu ans ananuruueckux obyukumfi yt)(x), .., y(™(x), 3agaHuux
Ha uHTtepsane (a, b), onmpepenurent (5.12) TOXKHECTBEHHO paBeH HYJIO,
TO 3TH DYHKIYH JHHEHHO 3aBHCHMEIL.

5. (dx. Ackosu ) ITycrp pana crcrema n pa3 HenpepblBHO IHbde-
peHLHpYeMBIX JHHeHHO HE3aBHCHMHIX Ha uutepBane (g, b) oyurumi
y(x), .., y™(x) (m<<n) Hoxaxure, YTO AJSl CYLIECTBOBAHHS YpaB-
nenns (5.8) c HenpeprBHHIMH Ko3doduuMeHTaMH, AJS KOTOPOTO 3aAaH-
HBe GYHKIMH OYAYT qaCTHbI(Mgl pelleHHsAMY, HeOOXOAHMO H AOCTAaTOUHO,
dkyl

dxk
B KaXJl0#f TOuYKe HHTepBasda (a, b) (cp. samauy § 35)

6. JlokaXkute, 4TO 18 TOro, WTOGH OymruuH yH(x), .., y™(x),
HenpepuiBHbBIE NpH @< x< b, OBJIH JHHEHHO 3aBHCHMBIMH HA 3TOM HHTEp-
BaJle, bueoﬁxoMMo H JOCTATOYHO DABGHCTBO HYMIO onpelenantens ['pama

det ” S ¥ (x)y® (x)dx ”

qro0bl paHr MAaTpPHIH 0<hn—1; 1<<j<<m) paBuaaca m

§ 37. llonuxkenue nopsaKa JHHeHHOTO OLHOPOIHOTO
IuddepeHLaTbHOTO YPaBHEHHS

JlonycTum, 4TO HaM HM3BeCTHO /M JMHEHHO He3aBHCHMBIX
peuleHnii ypaBHeHus (5.8) ¢ HenmpepHBHBIMH Ko3(pduuneH-
TaMH Ha HHTepBane (a, b)

Yy (x), ..., ym (x). (5.13)

N3 nuneliHOf He3aBuCHMOCTH (GYHKUHMi ClAelyeT, UTO HH
oJHAa u3 HUX He paBHA TOXKIeCTBeHHO Hy/Mo. I1ycTb X ecTh
Kakas-HHOGYb TOUKa 3TOro HHTepBaga, rae yW(x)=~=0. Taxk
Kak y(x) HenmpepbiBHA, TO CyLIeCTBYEeT HEKOTODPLIH HHTEP-
Ban (ai, bi), 3akmouamouinii BHyTpU cebst TOUKY Xp, B KOTO-
poM

|5 (x) | >0.

Cnenaem 3aMeHy HeH3BecTHOH (YHKUMH B ypaBHe-
Hun (5.8), monoxus
Y(x) =y (x)2(x).
Jlerko BumeTs TOrga, 4To (PyHKUUS 2Z(X) YLOBJAETBOpSET
YpaBHEHHIO BHA2

dnz —q (x) d
dxn el dxn=1

n=1 » ) * an-2z
+ Qp—9 (X)W"!“ e
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- dz L]
..+ al(x)a;-+a0(x)z,

rae KosdduuueHTs aj(x) HempepHBHE Ha HHTepBale
(ai, by). Tak kak ypaBHeHuio (5.8) yzoBnerBopsina (yHK-
nusl yi(x), To MocieAHEMY ypaBHeHHIO JIOMXKHA YAOBJETBO-
pATH PyHKUHA

2(x)=1,
Nno3ToMy HOJKHO GeITh @ j(x)==0. [TonoxKuM Tenepsb

dz .

dx

Torja yskuus y* ynoB/eTBOpsieT JHHEHHOMY OLHOPON-
HOMY ypaBHeHHI0O (n—1)-ro nopsiika C HempepHBHHIMH
Ko3pduIHeHTaMH

dn-1 g* N an=2 y*
o =0 0~
* =3 y* *
L) L 4 b a0y, (5.14)

dxn=-3

OTOMy ypaBHEHMIO JOJXKHBI Y/IOBJETBOPATH HAa HHTEP-
Bane (@, b1) GyHRUUH

(D)
gy =4 (A ) i=1,....,m—1. (5.15)
dx y(l) (x)

ITokaxkem, uTo OHH JuHelHO He3aBucuMH. JeficTBuTEND-
HO, JONYCTHM, YTO CYLIECTBYIOT Takue MNOCTOSIHHBle Cjy,
Cs, ..., Cm—1, CDeIM KOTOPHX MO KpafiHe#l Mepe OAHA He paB-
Ha HyJlio, YTO Ha HHTepBane (@i, bi) HMeeT MeCTO TOXKIECT-

BO
c, d ( y(t+1) (x) )EO
¥V (%)

Torna Ha 3TOM HHTEpBaJie JOJJXKHO OBITE
m—1

Ty () + Cyo () =0,

=1
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rie C — Hekoropasi HoBasf moctosinHasi. CuefloBaTesbHO,
obynknuu (5.13) nuuefino 3aBucuMbl Ha uHTepBade (ai, bi).
Orciona BHITEKaeT, YTO HEKOTOpas HeTpUBHAJbHAS JHHEH-
Hasg koM6uHauus (5.10) ToxnecTBeHHO paBHa HYJMIO Ha HH-
tepBane (@), by), a motomy (Mo TeopeMme eIHHCTBEHHOCTH)
H Ha uHTepBalte (a, b), T. e. 3TH (GYHKUUM 3aBUCHMBI Ha
BceM uHTepBase (a, b). Ho 310 mpoTtuBopeunt ucx OI{HOMy
NpPEeRNoNOKeHHI0 O TOM, 4To GYHKIUH y,(x) JuHeHHO He-
3aBucHMH Ha (a, b).

Hwmess m—1 nuHefHO He3aBUCHMBIX pellleHuil YpaBHEHHS
(5.14), MbI MOXKeM C HUM MpPoJIesaTh BCE TO, UTO MBI TOJLKO
yTO npoZenaiu ¢ ypaBHeHHeM (5.8). Torma monyyum Ha
HEKOTOpPOM HuHTepBaje (@, b2), 3akmaioueHHOM B (ay, bi),
HekoTopoe ypaBHenme (m—2)-ro mnopsigka. Paccyxknas
TakuM e o6pa3oM JaJbllle, Mbl, HaKOHell, IPHAEM K JH-
HeilHOMy OJHOPOJHOMY ypaBHeHMIO (n—m)-ro Hopsiika Ha
HEKOTOpOM uHTepBane (Am, bm).

3ALAYHN

1. TToxaxkute, 4To B yc/n0BHAX AamHOro maparpacda us mwoboro HH-

TepBajia (a b), e a<<a<<b<<b, MoXKHO BEIGPOCHTb KOHEUHOE WHCIO
TOYeK TAK, 4TO HAa KaXKJOM H3 HOJNYYEeHHHX HHTEPBAJIOB HOPALOK YpaB-
HeHHs1 NOHHMKAETCA A0 (M—Mm)-ro.

2. Hafigute ofuiee pellleHHe ypaBHEHHs

(2x—3x3)y" + 4y +6xy=0,

H3BECTHO, YTO OAHHM M3 €ro pelleHHH CJAYXKHT MHOTOUJIEH IO, X.
3. YKaxuTte npocTof cnoco6 MOHHMKEHHs YHCAa YPaBHEHHH B cHC-
Teme (5.4) npU H3BECTHOM HEHYJEBOM YacCTHOM DElUeHHH

§ 38. O nyasax peuwleHH# JHHEAHBIX OLHOPOJHBIX
ypaBHeHHit 2-r0 nopsijKa

B stoMm maparpage MBl OyfeM paccMaTpuBaTh ypaBHe-
HUs BUOa

Y’ +a(x)y+b(x)y=0 (5.16)

¢ HenmpephiBHBIME a(x), a’(x), b(x). Hac 6yner unrepeco-
BaThb MMeEIOIUH GoJsbllloe 3HaYeHHE B NPUTOXKEHUSIX BONPOC
O TOM, KaK 4acTo peilleHHe TAKOro ypaBHEHUS MOXKeT obpa-
maTbest B Hysb. Kaxmoe 3HaueHue”x, npu KotopoM y(x) =0
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OyneM HaswiBaTh Hysem pyuxuuu y. [logcraHoBKok
X
1
s =zexp [~ [a@ade |
Xo -

ypaBHeHue (5.16) npHBOAUTCS K BHLY

2"+ B(x)z=0, (5.17)
rie
- ®
B=— 4 2 +b

U, CNeloBaTeNbHO, HEeNPEPhIBHO.
B cuny menpepniBHOCTH a(x) dyuruuu 2(x) u y(x)
obpaiaiorcsi B HyJb OJJHOBPEMEHHO.
OcHoBHO# aBAsieTCs CaeAyIONLast
Teopema Uitypwma. IMycre Oaner Osa ypasHeHus

27(%) +Bi(x)21(x) =0 u 2z;(x) +Ba(x)22(x) =0,

npudem HQ 8Cem PAccMaTpusaemom 3AMKHYTOM uHTepease
a<x<b pynkyuu Bi(x) u B2(x) Henpepbishol u

Ba(x) >Bi(x). (5.18)

Toeda mencdy xkancOoimu OBYMS COCEOHUMU D HYAAMU X1 U
X, a<X1<Xp<b, He TONWOECTBEHHO PABHORO HYAIO pelieHus
21(X) nepsoeo u3 3Tux ypasHenuil 3axirouen no xpained
Mepe 00uK Hyav 4100020 peulerus z:(x) 8TOpo2o YypasHe-
Hus, ecau 22(Xx) He obpawjaerca 8 HYyAb npuU X=X, Ul
x=x;. Kopoue B Takux cCJayuasix TrOBOPAT, 4YTO pelIeHHS
BTOPOIO ypaBHeHHS KoJyieOJIOTCS He DeXKe, 4eM pelleHus
TiepBOTO.

JokazdatreanbcTBo. IlogctaBum o06a cpaBHuUBae-
MBIX peueHnst 2;(x¥) u 22(X) B COOTBETCTBYIOL[HE ypaBHe-
Hus. IlepBoe U3 mosyyeHHBIX TOXKIECTB YMHOXHM Ha 22(x),
a BTOpoe Ha 2;(X) W BBIYTEM INOUJEHHO H3 TIEPBOTO TOXK-
ZectBa Bropoe. [Toayunm

2 (%) 23 (¥) — 2, (%) 5 (%) = [By (%) — B1 (9)] 21 (1) 22 (%) (5.19)

9 HerpyaHo mokasaTb, uTo eciu Obl 23(X) uMeno GecKOHEUHO MHO-

TO HyJell Ha orpeske [a, b], To Ha Hem o06s3aTesbHO Halllack Obl TOU-
. ,

Ka, B KOTOpOIl o6partuiock Gbl B HYJ b KaK Z((x), Tak H z; (x), H moTomy

Ob10 6n1 24 (x)=0. (Cp. 3apauy 2 k § 36.)



§ 38] O HVYJIIX PEIIEHWM YPABHEHMM 2-ro MOPSJOKA 159

Tak xax
2} (X) 23 (%) — 2, (%) 25 (¥) = [2} (¥) 25 (¥) — 21 () 25 (V)]

To, UHTErpupys ToXHecTBo (5.19) oT x; N0 Xp H MOJB3YSCE-
TeM, UTO [0 YCJIOBHIO

21 (x1) =24 (x2) =0,
MONYy4UM

2y (%) 23 (Xp) — Ziv(xl) 2y (x1) =
= {[B. () — By (9] 22 (¥ 22 () dix. (5.20)

Xy

[TockonbKy MBI IPeATioNaraeM, 4YTo X; U Xg SIBJISIIOTCS COCeJl-
HOMH HYJIMHU 2;(X), TO MEeXLy X; U X QYHKUHS 2;(X) co-
xpaHsier 3HaK. Tak KakK 24(X) yJOBJeTBOpSiET JIHHEHHOMY
OJTHOPOJIHOMY YDaBHEHHIO M, CJeN0BaTeNbHO, —21(X) TaKXKe
ABJISIETCS pPellleHHeM TOro e ypaBHEHUS, TO, He OTPaHUYH-
Basl OGIIHOCTH, MBI MOXKeM MPeANOJIOKUTh, YTO 24(X) ToJo-
KUTENLHO MEXAY Xy U Xp. Tak Kak HU 2 (x1), HH 2, (%)
He MOryT OBITb HYJSIMH, HHaue 21(X) TOXAECTBEHHO PaBHS-
Joch Obl HYJI0, TO H3 TNOJOXKHUTENbHOCTH Z4(X) Ha HHTep-
Bane (x, x2) caemyer, uto 2z, (x1)>0, a z; (x2) <O
Coraacuo (5.18)

Bi (X)——Bz (X) <0.

Ecnu 6bi noxasbiBaemasi Hamu Teopema Oblia HeBEpHA, TO
cymecTBoBaJo Obl pellleHue Zz(x), KOTOpoe He O6Gpaliaercs
B HYJb Ha OTKPLITOM HHTepBaje (Xi, X2) U MO KpailHeh
Mepe Ha OJIHOM U3 ero KOHuoB. Be3 orpaHnyeHus o6IHOCTH
MBI MOXKEM CYHTATb Z2(X) Ha 3TOM HHTepBaJje BCIOJY MOJO-
KuTeapHbIM. Ho torma meBasg wuwacte paBenctBa (5.20)
Obsia OBl OTPHIIATEJbHOHM, a TipaBasi HeoTpuiaTeJbHOH. Ta-
KUM 006pa3oM, Mpl MPUULIH K MPOTHBOPEUHUIO, AOMYCTHB, YTO
Hallla TeopeMa HeBepHa.

CanenpcrBus 1. Huxaxkoe He TOMOECTEEHHO pasHOe
Hyato pewenue ypasuenus (5.17) He moxer 06PATUTHCA
Ha Kaxkom-Hubydv unrepsase (a, b) 8 Hyav Goavuie 00020
pasa, ecau scody Ha 3Tom unTepsare B (x) <O0.
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B camoM gene, ecan 6B Kakoe-HHGyAb pelleHHe 2 (x)
BTOTO ypaBHeHHsI 00PaTHJIOCh B HYJb NPH x=X; H X=X
(a<x;<x2<b), To Mo NOKa3aHHOH TOJABKO YTO TEOpPEeME Ha

_3aMKHYTOM HHTepBasle [xi, X2] RojxkHo Gbiio Gbl 06pa-
THTbCS B HYyJIb, 110 KpaiiHeil Mepe OIMH pas, 8CAKOe pellie-
Hue ypaBHeHus 2”7 (x)=0, 4T0, OUeBUIHO, HEBEPHO.

2. Ecau x4 u xy — 08a nocaefo8arTesbHolx HYAL KAKO2O-
Hubydv pewenus ypasnenus (5.16), 1o s8cakoe Opyeoe pe-
Wietue 3T020 YpABHeHUs UMEET Ha uHTepsase (Xi, X2) POBHO
00uH HYyab, ecAu OTHOUleHUe 3Tux 08Yx pewlenuii He no-
cTOAHHO. JINg JOKa3aTeNbCTBa 3TOMO YTBEPXKIEHHS HAJO0
Bocnonb3oBathest TeopeMoii IlITypuma, cunras By (x) =By (x).

3AAYH

1. CpaBuuBasi pellicHHE YpaBHEHHS
/ 1

4+ l1————)z=0

(npeobpasoBanHoe ypaBHeHHe Deccesnsi) ¢ pelleHMsIMH  ypaBHEHHSA
y”"+y=0 nnn ypasuedua y”+ (1+€2)y=0, nokaxure, uto npn 0n<<
< 1/2 paccTosiHHE MeXJy COCELHHMH HMyasMM Z(x) (#£0) MeHbIle T M
npu J0cTaTouHo GosbHIMX X KakK yrojHo 6au3ko K . Kak pacnosoxe-
Hbl HYJH Z(x) npH n>1/2?

2. Tlokaxure, 4To NPH HEOTPAHHUEHHOM BO3PACTAHMM X HOCIENO-
BaTeJbHbIE HYJH BCAKOTO HEHYJEBOrO pelleHus yDaBHEHHS

Y +xy=0
HeorpaHHueHHo cOIHKAIOTCA.

3. INoraxknte mas teopembl ITyp™Ma, uto eciim xors 6H B ORHOM
TOYKE MHTEpBaja (X, X3) COOTHOWeHue (5.18) BHIMOJHMAETCH CO 3HAKOM
> u eQH 22(x4) =0, To caenyomMi 3a Xy HYJb 22(X) JIEKHT JeBee Xa.

4, Hych’ HMeer Mecro HepaBeHcrBo (5.18), mpuueM 24(X1) =
=25(x1) =0, 2;(x1) = 25(¢1)>>0. [lokaxure, uTo TOrga Ha MHTEDBaJNE OT
X1 1O NepBOro CJIeLYIOHIero 3a %y Hynsd QYHKUHH 22(X) BHINOJHEHO He-
PaBEHCTBO 21(X)=22:2(x); ec/H e TakKoTo HyJad HeT, TO 3TO HepaBeHCT-
BO HMEET MECTO TIDH BCEX DACCMATPHBAEMBIX 3HAYEHHAX ¥ =K1

Vkasanue Ilpenmonoxure cuauana, uro 2y (X1) >z, (x1).

5. (Kuesep) Ilyere B ypaBuennn (5.17) dymgmus B(x), onpene-
Jiepnaa npd 0<<a<<x< oo, ynOBJETBODPSET HepaBeHCTBY

— 4
-_— €
4

B(x) = 7
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(e=const>0). Joxakute, 4To TorAa moGoe PEUIEHHE ITOr0 yYpaBHEHHS
uMeeT Geckoneunoe umncio uyneit. Ecam ke B(x) << (4x2)-%, 10 moboe
HEeTpPHBHANbLHOE pellienne uMeeT He Gosee oauoro uyad. ([Ipn pokasa-
TeJbCTBE 3TOCO CJAEAYyeT NPEeIBAPHTENbHO cAeNaTh 3ameHy X=e!) Or-
MeTHM, 4YTO MHOFHE TeopeMh O KoJefaHusx pelleHHs CcoZepikarTcd B
knure: P. Bensnmau, Teopus ycroituuBocTH pellennit  auddepeu-
nHANBLHEIX ypaBHeuuit. — M. WJI, 1954,
6. PaccMOTpHM ypaBHEHHe

Y4B (x, Ny=0 (a<r<h, A*<A<A*)

C KO3(h$HIMEHTOM, 3aBHCAUWRM OT mapamerpa A Ilyets ¢yHRous
B(x, A) uenpepniBHa no cOBOKYNHOCTH X, A, BO3pPACTaeT Mo A M AJ4
moboro N>0 cymecrsyer A, ans xoroporo B(x, A)<<N-t(a<x<lD),
u A, ans gotoporo B(x, A) >N (ai<re<by; a<<ar<bi<<b; a; u by
¢ukcapoBaner). JlokaxuTe, 4To TOrAa HafferTcsl TaKasl NMOCJeIOBATE/b-
HocTh A*<<hi<<. <hn<<., cTpeMamasca K A** uTo TpH 3HAYEHHAX
A=M, A2, ..H TONLKO NPH HHX PACCMATPHBAEMOE YDABHEHHE HMEET He-
TPHBHAJbHOE DelleHHe, PABHOE HYJIO NpPH X=a H x=>b; npH sTOM AIA
A=MAn 3To pelllenne uMeeT MeXAy a H b poBHo n—1 HyJed.

§ 39. Cucrema HeOZHOPOJHBIX JHHEAHLIX ypaBHEHHUH
1-ro nopaaka

Teopewma. Iycre sekrop-ynxyus ¢(x) npedcras-
aseT coboi 00HO Kakoe-HubYds waCTHOE peuleHue HeoOHO-
podnoti cuctemsr (5.2). Tozda ecakoe peuienue 3toll cucre-
MbL MOXCHO npedcTasuTy 8 sude

y(x) =v(x) +o(x),
ede sexTop-yuxyua v(x) yodosaergopser 0OHOPOOHOL
cucreme (5.4). Obparno, 8cakaa 8ekTop-GyHKkyus y(x)
raxoeo suda ydosaersopser cucreme (5.2).
Iloxkaxkem npsiMoe yTBepKIeHHE:

S — A= — Al y—
— [ —Ame| =i —fx =0,

uTo H TpeboBajoch AoKasaTh. O6paTHOE TPeENJOKEHHe 0-
Ka3blBaeTcsl aHaJOTHUHO.

CnenmcrBue. Bcakoe peuenue HeOOHOPOOHOL autell;
HOIl cucTemobl MOXCHO npedcTasurs 8 sude

y=0+ Y Cy®,
k
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20e sekrop-ynxyuu y* obpasyorT GYHOAMEHTANbHYIO
cucTemy peulenull cooTeeTcT8yrOweli 0OHOPOOHOL CUCTeMbL,
a Cp — HekoTOpble 00HO3HAUHO Onpedeissemoie 0As 3TO20
peuienus  nocroanueie. O6paTHo, npu  NPOUSBOALHLLY

Cy, ..., Cn gexTOp-pyukuus @ + ch y®  ydosaersopser
k

cucreme (5.2).

Hnaue To Xe caMoe MOXKHO HECKOJILKO KOopoue cKa3aTb
Tak: obujee petilenue HEOOHOPOOHOI AUHEUHOU cucTembl
ecTb CYyMMQ 4QCTHO20 peulerus 3TOL cucTembl u obujezo pe-
ulenus cooTgeTcTsyroulell 00HOPOOHOU cucTembl. 3HAYAT,
3ajlaya HaxoXJeHHsi o6Lero pelleHHsT HeOJHOPOJHOMN JIH-
HeHHOH CHCTeMBl CBOJUTCSA K HaXOMX/JIeHWIO OJHOTO YaCTHOTO
pellleHHs 3TOH cHcTeMbl, eciu  (yHIAMEHTAJbHAS CHCTEMA
pelleHAl COOTBETCTBYIONIEH OJIHOPOJHOM CHCTEMBbI HaM H3-
BecrHa, las pemenus aTofft 3ajaud  NPHMEHHM, KaK H B
clydae OJHOrO JiHHeHHOro  ypaBHeHud l-ro mopsuka
(cp § 7), meTod sapuayuu nOCTOAHHOLX.

Merod sapuayuu nocrosnneix. TlycTh BeKTOp-QyHKIHHA
y® (x) (k=1,..,n) obpas3ywT GyHAaMEHTAJLHYIO CHCTEMY
pewennft cucremsl (5.4). IlomblTaeMcss yIOBJETBOPHTH CHC-
teMe (5.2), nosoxuB

y(x) = );ck ) 5 (1), (5.21)

rie Cr(x) He 0673aTe/ILHO NOCTOSIHHBI, Kak OBLIO Mpexie,
a Kakne-To gubdepenuupyeMmsie ¢QyHKuMH ot x. [loxcras-
Jss 310 BuipaxeHnue y B (D.2), HalijeM, 4To MOJIXKHO BHI-
MOJIHATBLCS Ccaefyiollee paBeHCTBO:

Y Cet) g9 (x) + ¥ Crl) ' ( g A (%) Cy (%) y® () =
k k
=Y Cry® () + ¥, Co(6) [y — A (r) y® ()] =
k
= ;c,’c y = f (%)

3anuceiBasi 3T0 BEKTOPHOE DABEHCTBO /I KOMMOHEHT,
NOJIyYAM

YO =f(, i=1,....n  (G.22)
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T. €. JIMHeHHYI0 HEeONHOPOAHYIO CHCTeMY aJjreGpanyecKHX
ypaBHeHH{i OTHoCHTeNbHO HemsBecTHHX Ch(x). [erepmn-.

HaHT, COCTaBJIeHHBHIH H3 KO3 (HUHEHTOB NpPH 5THX HEH3-
BECTHBIX, ABJseTcS AEeTeDMHHAHTOM BpoHCKOTO n/1si Bek-
Top-byHKIHA y'*) (x) ¥ NOTOMY OTJIHYEH OT HyJs. 3HAYHT,
H3 cHCTeMbl (5.22) MOXKHO eIHHCTBEHHBIM 0oGpasoM onpene-
autb C, (x). Iyctsb

Cr(x) =P (x), k=1,
Otciona HHTErpPHPOBAHHEM NOJYyYAEM
Cr (%) =[Pr(x)dx=Ts(x) +Cp, (5.23)

rie Cn, — NpOM3BOJIBHBE NoCToAHHBE. Tak KaK HaM gocTa-
TOYHO HAfTH TOJBKO ONHO YaCTHOe pellieHHe cucTeMul (5.1),
TO 3TH NOCTOSIHHbIE MOXKHO CYHTaTh, HaNpHMep, HYJIAMHU.
Torpa mosyuuM 1Jis HCKOMOTO UYAacTHOTO pelleHHs BbIpa-
KeHne

quk x) y® (x).

Ecnu ke ocraBuTh Cp HPOH3BOJBHBIMH, TO HOCJTe MOA-
cranoBku (5.23) B (5.21) mosayunM ofmiee pellleHWe CHCTe-
Mel (5.1).

3AIAYH

1. (Teopema Kowm ) Ilyers dynxiuu
ygk)(xvg)v i: k= l, ISR (N

npy BCAKOM (PUKCHUPOBAHHOM R YAOBJAETBODSIOT MO X cucteme (5.4), a
npu x=E yIOBNETBODAIOT CAEAVIOLIMM YCJAOBHIM:

@a—{

, ecan 1=k,
0, ecau is= k.

Tpebyercsa noxasatb, 4To GyHKIHU

Mﬂ—jzmzu (r,8) ds

X
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YIOOBJIETBOPAIOT cucTemMe (51) H HYJeBOMY Ha4YaJbHOMY  YCJOBHIO
y(x0) =0. 38ecs xo — MI060e 3HAYERME X ©3 TOFO HHTEPBANA, Tje MH
paccMaTpuBaem naiim ypasuenus (51). C nomowplo ¢pynLaMeHTaNbHON
matpunb Y(x) (cMm. samauy 1 x § 33) sTo peluenme MOMKHO NpeacTa-
BHTb B BHZE

x
ux) = (Y@@,

2. lo cuX TmOp MBl BHIAEISJH uYacTHOe pelueHde H3 o6Liero ¢ To-
MOIIBIO 3ajallHs HayasbHBIX YCJIOBHI, T € C NOMOLLBK 3aJaHUf BCeEX
HCKOMBIX (DYHKLEH, COCTaBAAIOILUX pelleHue, MpU OJHOM KaKOM-TO 3Ha-
HYeHHH He3aBHCHMOTO mepemeHHoro x. OnHako mnpumeHsioTca u Gosee
ofIHe AOMOJHHUTENLHEE YCJAOBHA K cucTeme IuddepeHuuanbHBIX YpaB-
HEHHH (HanpuMep, MOXHO 3a7aBaTh pPa3JHYHBIE HCKOMBbie (YHKUUUM HDPH
PasNMUHHX 3HAYEHHMAX X, MOXHO 3ajaBaTh KOMOHMHallMM 3HadeHHit ucko-
MHX QYHRUHI TPH pasqHYHBIX ¥ H T. A ). Paccmorpum olumue anued-
HBIE JOTOJHITEAbHLIE YCAOBHA K cucreMeé (5 2), KOTopble MBI KOPOTKO
3aNUIIeM B Ble

Lelyl=0n, k=1,.,n,

rae o — 3aJaHuble uyMcaa, a Lp — 3ajasnbie KoMOGuHALMM 3Hauenuit
HCKOMOrO pelleHHs y(X) npH (QUKCHPOBAHHBIX 3HAYeHHAX X,  YAOBJe-
TBopsaouMe  yeaosuw  guHelHoetH:  Lp[CiyM+Coy®]=CyiLr[y™M] +
+CoLi [y®]. Hdoxkawure, uTo B 3aBUCUMOCTY OT MATPHUBI KO3bdHUUEH-
ToB A(x) ¥ oT BHAA (pYHKUMOHANOB 8L, MOryT OHTb ABa caydast' oc-
HOBHOH, Korja nocTaBJeHHas 3ajadya UMEeT POBHO OJHO pemleHHe NpH
moGoft (HempepsIBHON) BeKTop-GyHKuuu [(x¥) ¥ HpU MOGHX 3HaYEHHAX
uycen ox, ¥ ocobuili B ocoBom cayuae npu npousBodsHoM BbiGope f(x)
¥ Op TOCTaBJAelHas 3afaya, Kak NpaBwio, HE HUMeeT HU OAHOTO pelle-
HUS, CNH JKe Takoe pellleHHe HMEETCst, To uX GecKOHeuHoe MHOXKEeCTBO.
UToGe HMEJ MEeCTO OCHOBHON cJayyall, HeoGX0JMMO U AOCTaTOYHO, YTOOH!
COOTBETCTBYINAs OAHOpOAHas 3ajaua (mpu f(x)=0 u Bcex ar=0)
UMeJa TOJbKO TOYAECTBEHHO HyseBoe pemenue [dasi cucremst (52) ¢
HauaJbHHIME YCJIOBHAMH BCErja HMEET MeCTo OCHoBHO#H caydanr [lpu-
BeANTe npHMepH Ha ocobnii caydait. [lokaxkuTe Ha HpuMepax, uTo aHa-
JIOTHUHAsT 3ajaya [Js HeJWHeHHBIX CHCTeM MOXKeT TakKXKe HMeThb JIo
6oe KOHEUHOe MJM CYETHOE YHC/IO pellleHuil

§ 40. Caencrere pas AHHEHHOTO HEONHOPOJHOTO
ypaBHeHHst n-ro nopsika

Heonnoponnoe Jinnefinoe ypaBHeHHe

dry _ dan=1 Y- dn—2 y
Tawe = Ot O g b A () T

con Fag(x) gz +a,(x)y + [ (%) (5.24)
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3KBUBAJICHTHO JIMHEHHOH cHcTeMe

dy
— = Yi,

dyfy-
—EL = 0y () Yo F 3 (4) b+ B (X) Y F -

o+ Cnet (X) Yno1 + f (x).

Cucrema (5.22) obpamiaercsi B CHCTEMY

Cr(0)y® (x) + Co () Y2 () 4 ... + Ca(x)y™ (x) =0
' dyth , dy® , dy™m
Ci()F—+C®F—+ ... +C(02—=0,

P T S S S S S T S T T T S S S S

dn-1 dn=1 4im

dn—1 ( ) y (2) ,
+ C(x) g T e G () =T ).

Cl(x) dxn—l

W3  dyuxuuit y. Tenepb, o0ueBHAHO, HNpPeACTaBJAfeT
HHTEPeC TOJIbKO Yo(¥)=y(X), u notomy Halfinenusie C;(x)
HaJ0 NMOACTABJATL TOJBLKO B PaBEHCTBO

— ¥ Gyt (9.
k=1

3AJAYH

1. CohopmyaupyfiTe yclOBHE ¥ HOKAXKHTE YTBEpKJeHUS 3ajauH 2
§ 39 mpumenutenpno K ypaBHeHuio (5.24). Pa36epure, B 4acTHOCTH, Tak
Has3bIBAEMYIO KpaeBylo 3ajauy

Y +y=f(x) (a<x<b), y(a)=a4, y(b) =as,
a TaKxKe aHaJOTMYHYIO 3ajJady, B KOTopofi ypaBHEHHE HMeeT BUJ
y'—y=f(x).

2, (Ananor samaum 1 § 39) Ilokaxure, uTo pellleHHe YpaBHe-
Hug (5.24) npH MyJeBOM HaYaJbHOM YCIOBHH Y(Xo) =4 (Xo) = .. =
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=ym=1(x0) =0 (34echb u B 3ajaue 3 BepXHUfI HHAEKC B cKOGKaX O3Ha-
yaeT NOPSAOK NPOM3BOAHOMA) HMEET BHA

X

w0 = [ fE)oe. By,

Xo
rae ¢yuxuus G(x, §) npu Kaxaom (UKCHDOBAHHOM § YIOBJETBODSAET
N0 X COOTBETICTBYIOLLEMY OAHOPOAHOMY ypaBHeHu0 (58) u HauanbHBIM
yeaosisu y(E) =y ()= . =2 (E)=0, yn=H(E)=1.

3. Onupasich Ha pe3yabTAT 3a4au¥ 2, NOKaXKUTE CIAEAYIOULYI0O 0606-
mennyo teopemy C. A, Yamasiruna. [Iaa moboro xo Ha uHTepBaje He-
TUpepPHIBHOCTH KO3 }UINeHTOB ypaBHeHusa (524) HaHAyTCA [OJOKHUTENb-
Hble uucaa Mo, hy, | hn—i, 3aBHCAINHE JHIIL OT Xo M OT KO3(dHIMEH-
TOB Qo(X), @1(X), ,@n-1(x) u obnajaimolye cjaefyIOUM CBOHCTBOM:
ecau jgaHo pewrenue y(x) ypasnenus (524), npuueM f(x) =0, y(xo)=
=y (x0) = .. =y (x0) =0, y(*=H(x0) =0, To y*)(x) =0 (xo<x<X0+
+hyy B=0, 1,. ,n—1); eciu xe AONOJAHUTENBHO AaHO, uTo [(x)>0
(xo<<x<xo+hr), To YR (X) >0 (Xo<<x<Xo+hr). YKamuTe BepXHIOIO
rpaHb JJIS BO3MOXHHX 3HAUeHHH uucen Hp B TepMuHaX CBOHCTB (yHK-
uuu G zapaun 2 (MoXKHO /M NOMOXKHTL R=n?) PaccMoTpuTe B KayecT-
Be mpumepa HepaseHcTBo y”+y>=>0 npu yeaosusx y(0)=0, y’(0)=0.
Ha kakoM unTepBaje rapaHTHpyercs MOJOKUTEILHOCTh €ro pelleHuit?
MonoxurensnocTs NpoU3BOAHOR OT ero peleHui? IlOKaKuTe, UTO eC/H
3ajaHa ouenka |ao(x)|, |ai(x)}], .., |@a—-1(x)| cBepxy, TO MOXHO mO-
JYUHTh OUEHKY BceX A CHH3Y TOJOXKHTeNbHHM uuciaoM [lpusenure,
onupasich Ha JemMMy Anamapa, AOCTATOUHBIE YCJAOBHS CIpaBeIMBOCTH
TeopeMbl YamnnbirdHa AJa HeJUHEHHBIX ypaBHEHHH.

T'JIABA VI

JIMHEVIHBIE CUCTEMBI
C NOCTOAHHbBIMH KO3POPULUEHTAMHU

§ 41. IipeoGpasoBanue cucTeMbl

B nacrtosmie# rjaBe MH 6GyleM paccMaTpHBaTh JIHHeH-
Hole cucteMbl nudQepeHnna bHbIX ypaBHeHUH, Y KOTOPBIX
HensBeCcTHHE QYHKUHH, CBOGONHble WieHb H KosDPuuneHTH
KOMIIJIEKCHEl; HEe3aBHCHMOE Ke NepeMeHHOe OyleM CUUTaTb
IeicTBATeNRHBIM. [1ycTb

o (x) = (x) +ig(¥),

* "k
rae @(x) u @(x) neficTBuTeJbHH. Toraa, no onpeneeHuIo,

D QAN —p(x) _ 1. QAN — ()
) zlslxr_I}o Ax i:lcr-l?o Ax +
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+ i lim Pt A0—9 (%) :zp’ (%) + i:;;;'(x).

Ax-0 Ax

» LEd
3nechb, KOHEUYHO, mpexpnosaraercs, uto @ (X) u ¢'(x)
cymectsytor. OTciona BHAHO, UTO NPH KOMIUIeKCHHX C; H

P, (x)
[2C, 9, ()] =2C, q;(x),

TOUHO TaK e KakK H npu neficteuresvubix C; u @,(x). Ana-
JIOTHYHO MOXKHO MOKa3aTh, UTO W AJi HPOU3BONHOH HPOH3-
BeleHHS KOMMJEKCHHX YHKIMA coxpaHsercs OGHIUHOE
NpaBHIO,

Cornacio § 32 suHeHiHYyI0 CHCTEMY C NMOCTOSSHHBIMH
K0sDPHIHEHTAMHE MOKHO 3aMHCaTb B MATPHUHOM BHIE

d
<L = Ay + f (%), (6.1)
dx -
rae A —— KBanpatHas maTpmna kosdduumuentos, a [(x) n
y(X) — 3anaHHas ¥ HCKOMAas MaTPHUIB-CTOJNONB (HHAaye

rosops, BeKTophl). OcHOBHAA WHes peUleHUS CHETEMB
(6 1) cocTouT B TOM, 4TOGHI C NMOMOIKIO JHHEHHOTO Tpeos-
pPa3oBaHHs HCKOMOTO BeKTOPAa MPHBECTH 3Ty CHCTEMY K HaH-
6oJlee MPOCTOMY BHAY.

JIuneitnoe npeo6pasoBanue

n
2, = Zk,fyf, i=1,...,n,

j=1
MOXKHO KOPOTKO 3aNHcaTh B BHIe
z=Ky,

rme z(x¥) — HOBag HCKoMas Marpuua-cronbern, a K —
KBafpaTHasi MaTpuna npeobpasoBanus. Tak Kax Hac HHTe-
PECyIoT TOJILKO HeocOOble (HeBHIPOKIeHHbIE) npeoGpas3oBa-
Hust, To det K0 n y=K-1z. Tlogcrasnas sto B (6.1),
HOJyUUM

K™ —ji— =AK™ 2 4 f (%),
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OTKY]a

= KAK™" z + Kf (x)
dx

HJIU OKOHYaTeJbHO

= =Bz +g(), (6.2)

rae
B=KAK—, g(x) =Kf (). (6.3)

Cucrema (6.2) mMeeT TOT e BHJ, 4TO M cucreMa (6.1),
HO MaTpuua xo3bh(hHIHeHTOB M3MeHuJach Mo nepBoit ¢op-
MyJie (6.3). EcTecTBeHHO HONBITATHCA NPH 3aJaHHOH MaT-
puite A nopo6pats matpuny K Ttag, uTto6nl Mmartpuua B
npuobpesia Mo BO3MOKHOCTH 6oJjiee mpocToit BHA. B Kypcax
JuHelHO) asreGpnl AOKa3bIBAeTCs, YTO MATpHIly npeobpa-
30BaHNs — ee MHl 0603HaunM Yepes K — Bcerfa MOXKHO
noro6parth TaK, uro MaTtpuua B=KAK-! uMeer Tak Hasbl-
BAeMYI0 XKOPIAaHOBY HOpMaJjbHYIO dopmy. Dta hopMa Taxo-
Ba: BIOJIb JHATOHAJH MaTPUIL B CTOAT XOPAAHOBH KJETKH
I, .., I, (I<k<n), a ocTanbuble 3JdeMeHTHl MaTpHIH B
PaBHHI HyJIIO:

.Hk

Kaxpas knerxa II; npeacraBnser coboff kBajpaTHyIO
MaTpully HeKoToporo nopsaxa n; (l<n;<n) Buna

A
1%0
Y

3nech Ha TJIaBHOK AHAroHAJH CTOUT ONMH M3 KOPHeH xa-
paxTepucTu4eckozo ypasHenus matpuusl A

det (A—AE) =0
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(E — epuHnHYHAf MaTpHLA), HA COCeAHEH AMAroHajd CHH-
3y 1) CTOSIT efMHHIE], 3 OCTAJbHBIE SJIeMEHTHl PABHLI HYJIO.
[Ipu 5ToM n, paBHO CTelleHH TaK HA3HBAEMOro 3JeMeHTap-
poro pesuteas (A ——k,-)"i, OTBEUAIOUEro KopHio Aj. Ecau
HEKOTOPOMY KODHIO OTBeYaeT HECKOJIbKO 3JieMEeHTapPHHIX ae-
JIUTeJIeH, TO B COOTBETCTBYIOIIEe KOJIMUECTBO KJIETOK B KOP-
NaHoBoi (opme MMeeT Ha IJIaBHOH JHATOHAJNH OJWH H TOT
e sseMeHT. B HaunboJsiee mMpoCTOM cJiyuae, Korja Bce 3Je-
MeHTapHble AEMUTeNH NepBoi cTemeHu (Ttak Gyjer, B uacrT-
HOCTH, €CJIM BCe KOPHH XapaKTePHCTHUECKOTO ypaBHEHHSA
pPasJIHuHHE), BCe KJIETKH HMEIOT NMepBH MOPAAOK, T. €, MarT-
pua B Gyner MMeTb UHCTO AMAroHaJbHBIH BHI.

Ecqn o6osnaunts 2=Ky, g(x)=Kf(x), To Anst Z(x)

NMOJIYYHTCS CHCTEMA ypaBHeHHﬁ%xi= BZ+£(x) (cM. (6.2)).

Ecau nepefiTH OT MaTpPHYHOH 3amHCH CHCTEMBI K OOGLIYHOH,
CKaJIAPHOH 3alHCH, TO MOJYYHTCS R IPYNN ypaBHEHHH, OT-
BeUalonMx K MOPNAaHOBBIM KJeTKaM MaTpuubl B; nampu-
Mep, nepBas rpynna nMeeT BHJ

d ~ >
—%— 27\1 21 "I_gl (x)’
d ~ ~ ~
--—-gi—- =2 - 7“1 Zy + g (x)) (64)
dz, ~ ~ o~
dxl == Zn—1 + }\'1 2n, + 8n, (x)’

Jas panbHeHlIero BBEAEM <«PACTAKeHHE» KaXJAo# H3
HEH3BECTHBIX (QYHKUMH ¢ NPOU3BOJLHHIM KO3 (DHUHeHTOM,
T. e, cAesaeM 3aMeHy 5THX QyHKuui no ¢opmymnam

zl = al 21, 22 = 11222, ey an = an‘ an, (6.5)

Tle BCE @, — TPOU3BOJIbHO BHIGpAHHBIE OTIMUHEIE OT HYJS
yncaa. Torpa ypaBHenus (6.4) mepexoAsit B ypaBHEHHS

1) B XODAAHOBHIX KJeTKaxX, IPHMEHAEeMEIX B JuHellHOH anreGpe, eau-
HUUB OGKYHO CTOST HEMOCPEACTBEHHO BhHIE IVIABHOH AMAroHanu, a He
HuXKe ee, KaK NoKasaHo 3Aech. OJHAKO ecjau NMepeHyMepoBaTh HOBHIE Ne-
peMeHHble B O6paTHOM NOpSAKe, TO MaTpuusl 1I, TpaHCHOHUDPYIOTCSH, H
MBI IpUJeM K 3Toft 6oJce yao6HOH Ham ¢dopwme.
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(nmpoBepbre!)

d ~
L=l + 0,81 (1) = M2y + &1 (),

d 2 A —~
dz == 2y F 2y a8, (X) = o2y + Mizy + gy (%),
X a

I

dzy,1 a,,

— Zny—1 + }\qznl + anlgnl(x) =

dx a, i

= Opn,—1t Zn,—1 + 7"1'2/1. + 8n, (X),

rne obo3HayeHO
Qo an .
Oy = ==, ..., 01 = s
251 n —1

& (x) = al’él (x)7 L] gﬂl (x) = anl’é:nl (x) ¢

OtmerumM, uTo, noxbupas Ko3()HUUHEHTH i, ..., An, MOXKHO
CIeNaTh Oy, ..., %n,—1 JIIOOBIMY Halepel 3aAaHHBIMM OTJIHY-
HEIMH OT HYJSl YHCJAMH: JJIs STOTO AOCTATOUHO, HAaNmpuMep,
NOJIOXKUTh a@;=1 W mNOC/eNOBaTEeJIbLHO HAXONUTb Qg=dj,
A3=Q202, ..., An, = Qp,—1 %n, 1 .

[Ipeo6GpasoBanue Buna (6.5), coBeplieHHOe Haj KaXaoH
rpynno#i HCKOMBIX (YHKIMH, MOXHO KOPOTKO 3amucaTb B
BHe 2=L2Z, rne L — cooTBercTBYyIOmAasa Matpuuma ko3pdu-
IMeHTOB, B HTOre Mbl noJyyaem

z=1z=LKy=Ky, tae K= LK.

Eciu coBepuUIMTh TaKyro 3aMEHY NepeMeHHHIX, TO MBI IIe-
pefizeM k cucreMe (6.2), KoTopas B CKaJSpHOH 3allHCH B
CHJIy CKa3aHHOTO BHIIe HMeeT BHJ

% = Mz, + &1 (x),
X

dzy
di = 042 + M2g + g, (%), |

—dzi - 06222 + }\41Z3 + g3 (x),
dx _
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dz
M = Op,—1Zn,—1 T MZn, + gn, (%),
dx
dz
mtl AoZn, 41 Gn1 (%),
dx
dz
2—‘;2 = B12n,+1 + Aoz 2t Gn42 (),
dz
-Z—‘:g = 522n1—]—2 + 7~22m+3 + 8n+3 (x),
dz .
%‘ = 6"2—12”1+nz—1 + 7\’22”1+nz + g”x+”2 (x)’ (66)
dz,
n nk+l - ?\:kz,;—nk.}_l + gn—nk_H (X),
dx
dz,
Mﬁ = (Dlzn—nk—}-l -+ Akzn—nk—}& -+ gn—nk—1—2 (X),
dx
dz, . .4
—-%z-ki = (Dzzn—nk+2 + 7\'kzn-—nk-l—S + gn—nk—l—a (x),
Cdx
dz,
Tt =0n, 12,1 T M2, +g,(x).

3pech yucaa o, B, ..., ©: MOXKHO BEIOHPaTbh NPOHU3BOJL-
HO, JHWIb Obl TOJBKO OHH He PaBHSAJIMCL HYJIO; B dacT-
HOCTH, MOXKHO CUHTaTh HX NMPOH3BOJLHO MAaJbIMH HO abco-
JIOTHOH Bejuuuue, Uucna xe A; BroJHe ONpenesiOTCS
nauHolt cucremofl. CucreMa JMHHeAHBIX AHGbEPeHIHANBLHBIX
ypaBHEHHH C NOCTOAHHBIMH Kod(pduuHeHTaMH,, HMeiomas
Bun (6 6), HAa3LIBAETCA KAHOHUUECKOL.

Tlocsie npuBeneHUs CHCTEMBl K KAHOHHYECKOMY BHIY ee
JIETKO TPOUHTErpHpoBaTh. IleltcTBUTeNILHO, B MepBOe ypas-
HeHHe KAaHOHHYECKOH CHCTeMEI BXOIUT TOJbKO OJHA HEH3-
BecTHasi yHruug 2;(x). OnpenesauB ee H3 3TOro ypaBHe-
HHST H NONCTABHUB BO BTOPOE ypaBHEHHE, MBI ONATh MOJYUHM
JIMHeflHO® ypaBHEHHe TOJbKO C ONHOIl Heu3BecTHOH (yHK-
el 23(x) u T. A



172 CHUCTEMBI C TTOCTOSHHBIMU KO3GGUIVEHTAMH [ra VI

HHTerpupoBanne  JUHEHHBIX CHCTEM C IIOCTOSHHBIMH
Koo dunuenramMmu noipobHO paccMOTpeHO B § 45 u nauee.
B § 42—44 mb u3n0%HUM HE3aBHCHMYIO OT KYPCOB JIHHEH-
HOI anreGpbl TeOPUIO NPHUBENEHHS JHHEHHBIX CHCTEM K Ka-
HOHHYEeCKOMY BHJY; YHTATeJb MOXKET IO CBOEMY yCMOTpe-
HHIO POYHTATh WM NPONMYCTHTb 3TH Naparpaddl,

3AIAYA

Jlokaxure, uTo GopMyna Jlarpanma KoOHEUHBIX INpHpalleHud nid
KOMIUIEKCHEIX GYHKIHA JeACTBHTEJLHOrO NEpeMeHHoro yxe mne obsizana
Brnomiathed. Opnako ana JuddepennupyeMoll Ha a<<x<b ¢yHKUHH
f(x) cnpasepnusa gpopmyna Aff(b)—f(a)]=pf’(E), rae a<<E<<H, a A
H |\ — HEKOTOphle AefCTBHTE]bHBE YHCJa, BOOOLIe TrOBOpPS, 3aBHCSHIME
or a, b, ¢, npuuem A2+ p2=0,

§ 42. Teopema o npuBejeHNH
K KaHOHHYECKOMY BHAY

Teopewma. Iycro dana aunelinas cucTema ypasHeruil ¢ NOCTOAK-
HOLMU KOd(hipuyuenTamu

A

dyy Y .

o =Lauy,—}—h(x), i=1, ..., n. (6.7)
=1

Bceezda cywecrsyer auneiinoe npeobpasosanue

n

Y= EC”Z]»

i—1

y KOTOpozo KOa(Puyuentor c,; nocroanns,, detllcy, =0 u xoropoe
npusodur cucremy (6.7) x Kanonuuecxomy sudy (6.6). ®ynxunu g:(x)
B HOBOH CHCTEME CYTb JHHEIHHBE KOMOHHALHH ¢ [OCTOSHHBIMH KO3(DdHu-
nuenTaMa U3 dynkumi f,(x).

Hoxkasateasbcrso [lpn n=1 teopema, oueBuiHO, BepHa. Ho-
NyCTHM, YTO OHA BepHa AA9 YHCJA ypPaBHEHHH, paBHOro n—I; LOKaxeM,
YTO TOrJ@ oHa BepHA M JJ51 YHCJIA YDaBHEHHH, pPaBHOro L.

[MomuoxuM t-e ypaBuenue cucremn (67) Ha &k, rae k, — HEKO-
TOpHIE NOCTOSIHHLIE, KOTOpHE TOyHee GyayT ompenenensl nosxe. [Tomy-
ueHHBE ypaBHeHHA npocyMmupyeM. [Tonyunm

dz by

L =Y @by + Y kA0,
dx i 1

Onpenenum Teneps R, Tak, 4TOGH TOXIECTBEHHO HO Yj OGBLTO
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Zailktyl = ?"Zk]‘y]»

L [

rie A — HeKOTOpoe NOCTOSIHHOE, AeHCTBHTEJBHOE HJAH KOMILJIEKCHOE
Jas aToro, oueBHAHO, HEOOXOAHMO H A0CTaTOUHO, YTOOGH KO3dhdOHUIHEHTH
IpU OAMHAKOBHIX Y; B OGEMX YacCTHX ITOro paBeHCTBA OBLIH OJHHAKO-
B, T. €. YTOOH GHLIO

Zm&=mhj=me

b}

Takum o6paszoM, Ajsi onpegesieHus R, Mbl IOJAYUHIH CHCTEMY n
JUHeHHBIX OAHOPOJHLI® YpaBHEHHH C n HeH3BecTHBIMH. UYToOH 3Ta CHC-
TeMa HMeJla HeTpHBHAJBHOE pelleHue, KOTOPOE TOJNBKO U OyaeT Npea-
CTaBJSIT ANS1 HAC HHTEPEC, HeoOXOAHMO K LOCTATOMHO, YTOOLI JETepMH-
HaHT, COCTaBAeHHBIA H3 ee KoddduuueHToB, Obl: paBeH HYMO., DTo Yc-
JIOBHE MO3KHO 3amHcaThb TakK:

det (lla,; I—AE) = (—1) "det (AE—lla,,1l) =0, (68)

rae £ — exuHuunas MaTpHua. YpaBueHue (6 8) HasmiBaercs elle 8eKO-
8bIM YypasHeHueM W HIpaeT BaXKHYIO POJb BO MHOTHX BOIIpOcax Mare-
MaTHKH, (H3HKH K acTpoHoMuu. Matpnua xe (AE—lla,ll) RasbiBaercs
xapaxrepucruueckoll marpuyet! cucremvt (67).

ITycts Ay — oaun u3 Kopuelt ypashenus (68). OGosnaunM Gyksa-
MH ky, (1=1,.,n) Kakylo-HHOYAb CHCTEMY YHCEJ, HE COCTOSAILYI0 M3
OJHHX HyJefl, KoTopas YAOBJETBODSICT CHCTCME YPaBHEHHH

Zailkli:: Mkij (j=1,...,n).

t

Jas onpeneseHHOCTH MOJOXKMM, 4TO ki =0 OueBngHO, 3TO HHCKOJBKO
He OrpaHuyHBaeT OOW(NOCTH, TaK KaK MKl Bcerga MoXeM JOCTHIHYThb
9TOrO U3MEHeHileM HYyMepauuu y Y, 4TO CBOAUTCH K HeocoboMmy mpeol-
pasoBatuio, [Tonoxum panee

=Y k. (6.9)
I}
Ota (QyHKUHS YLOBJAETBOPSIET YPABHEHHIO
dZ]
— = x),
dx 121 + g1(x)

ai(x) = Y. kufu(x)-
4

rae

_3anuueM 3TO ypaBHeHHe BMECTO NEpBOro ypaBHeHHs cucTeMmul (6.7).
Bce e ocranpHbie YpaBHEeHHSI 3TOH CHUCTEMBl NepenullieM, 3aMeHHB B
HHX Y4 €ro Bhipa’keHHeM, NoJYyYeHHHM u3 (69). DTo BHpaXKeHHe MOXHO
HaiiTH, TaK Kak, IO npexnosoxenuio, 21150, Ilonyuennyio cucTemy



174 CHUCTEMBI C TOCTOSTHHBIMU KO3®OUIUEHTAMU [ra VI

6yxem obGosnauath HomepoM (67’). Ona 6ygeT uMeTb CACAYIOUIHH BHJ:

dz

E—: V121 +g1(x)9
dy, * * -

—K =a2121+022y2—|- ---+agnyn+f2(x)9
dys * * *

—Ex— =a3l 1+a32y2+-~-+a3nyn+f3(x)’
dyn - \d *

-K =anl Zl+an2y2+ Ve —[—a,myn +fn(x)'

Mu AONYCTHAH, YTO JAOKa3blBaeMasg TeopctMa BepHa JJs

ypaBHeHHH.

3\

(6.7")

(n—1)

ITpumenuM ee K CHCTeMe, nosyueHHoR H3 (67’) Bo6pachBaHHEM
nepBoro ypasuenust. [Ipu sTomM 6yleM 2i(X) paccMaTpHBaTh Kak He-
KOTODYIO H3BeCTHYIO ¢yHKuHIo HapaBue ¢ f.(¥x) Torza c¢yulecTByer

TaKoe JHHeliHOe Heocoboe npeobpasoBaHue.

n
yt=2kt1y;’ i=2’---)nv
=2

KOTOpOE NPHBOAUT cucTeMy (6.7') Kk ciexpymouieMy BHAY:
d21

™ =M2z+g1(%),

dy,

2 =b 21 Aoyt fa( 1)
dx

=bgzi+arysthaty+F5(X),

24 =bertawysthaystTa(x),

* . ~-
= bn,+1z1+an‘_1 y,,l+7»2y,,‘+1 4 f g 41 (x),

=bn, 4221t 7‘3.‘/;,+2+ o 280
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dyt . ’ T
——;ﬁf ::b,ll_ngl‘{”ﬂl.‘l,‘ll_}_g'}’hii.‘/r“-}_?,_}'fn1 -}—3( X),
X
dy. * —~
_%ﬂ =bn‘+42‘1—}—ﬂgy;‘+3-}—ﬂ3y,,‘+4+fnl+4(x) ’
X
dy‘ » .
_L;;n,_—}-l =bn‘-}—nz.}.1z1+ﬂn3—lynl+na+l3yﬂx+nz+l_{_
+F,11+,,2+1 (%),
dy:l—n +1 » ~ 4
dxk =bn—nk+1zl+lk+lyn-nk+ 1+fﬂ—nk+l("') s (6.77)
dyr:*n 42 . *
dxk =bn—nk+2zl+mlyﬂ-”k+1+lk+1y"—"lz +2+
F a0
dy;——n +3 * *
_Exk_ =bn—nk+3zl+m2yn—nk+2+lk+1yﬂ—"k+3_]_
+fn—nk+3(x) ’
dy* » * ~
n =bn21+0)n . yn_l+lk+1yn +fn(x)'
dx k1 ]

UTo6H NpHBECTH CHCTEMY K KaHOHHYECKOMY BHJY, HaM OCTaercs
Telepb TONBKO OCBOGOAHTBCA OT HeKoTophx b, Tak Kak Bce rpynnl
ypaBHenn#i oT 2-ro Ao (ri+1)-ro, ot (n1+2)-ro go (n4+n2+1)-ro,..
v OT (n—np+1)-ro X0 n-TO HAXOAATCA B COBEpPIIEHHO OJMHAKOBOM
HONOMKEHHH, TO MHE NOKAXEM TOJBKO, KaX OCBOGOAMTBCA OT HEKOTODHIX
u3 bs, b3, ..,bny +1. Ham npugerca npe sToM pasnuuaTth ABa_caydas,
CMOTpA 110 TOMY, PaBHH A1 H A2, HJH HeT.

1-f cnyua#, xorna Ms=Az Ilonmoxum 2:=y:*+ Kz, Torpa

dz dy > dz .
o LK S = s gy + Khzhga(x) =
dx dx dx

== o2y +haze — Khyzi+Khi21-+go(x) = Aazo+ [bo--K(M—As)) 214 ga(x).

3necy g2(x) ecTh HekoTOpas JHHefiHad KoMOHHauuA M3 Zi1(X) H f:(x).
Buibepem K Tak, uTo6H OBLIO

b2+ K (Ar——ﬂz) =0.
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STo BO3MOXKHO, TaK KakK, MO NpPeANoJoXeHHo, A F=A:. Toraa moayunm
dz,
dx

=2+ gs ().

3HayuT, BO BTOPOM YPaBHEHHH, MBI YXK€ OCBOGOLHIHCH OT ba.
[Tonoxum teneps 23=ys*-+Kiz1. Toraa

dz Yy K _da
== 1

dx dx dx
= (bg— o K4+ Ki by — K1 ho) 21 -+ 0222 - Mo 23 -+ g5 (%)

3pech gs(x) ectb HeKoTopas JHHelnas xoMOGHHamua H3 g£i(x) u fs(x).
BuiGepem K, Tak, urober Gm10  by—Ko;=K;(As—A;). Tak kak
Aaz=A;, TO 3TO Bo3MOXKHO Toriga moayuyHm

dzg
=012+ Aazg g5 ().
dx
CoBepllleHHO TaK Xe MOXHO YHHUTOXHTh b, H B ApYrHx ypasHe-

HHSIX NepBOH rpynml.
2-it cayua#, Koraa Ai=As. [Tonmoxum

= b321 + Oy y; + }vg y; ‘{‘ Kl }\'1 Zl+g3 (X):

» _ b * %
Ynett = 2nyt10 Onp1 2t + Cn—1 Yn, = O, Zn,»
*
rue anl—mome yHCNo, OT/IHYHOe OT Hyas. [locienHee ypapHeHHe MOKHO

» *
paspelluTh  OTHOCHTENBHO Y, H 2, , TaK Kak o, #*=0wu a, =+ 0.
Torpa (n; 4 1)-e u ny-e ypaBHeHHS] MOXKHO HepemycaTh Tak:

dz,
+1 . . T
,T;( = unx 2'11 + }‘2 an—l-l + fnl+1 (X)’
-
dzn, bn‘+l dz G —1 dyn. bn,+l
= N + * = — M+
dx ap, dx Oy, dx Oy,
Qp,—1 bn 2 Qp—1Cp 2
+ i a* 4 + 1 a* t _1 + Ag ynl +gn‘ (x) =
ny g nx
bpp1 M ap 1 b T
. = A, + A et Yp,—1 -+
am anl anl
u.; z, — b, +12 o, _1 b,
- hg — g, () =—"5
U‘n, aﬂ:
Op,—1 U‘n,—? *
+ "—" yn‘__l + }VZ zfl; + gn' (x) ¢

ny
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[Tonomkum
* 0‘n‘—l bn, an,;l anl—-Q »
Oyt Zpg = 7 F4) ~ Yn,~—1»
ny ny

*
THe O, — mo6oe  yuca0, OTIMYHOE OT Hyas. Torja my-€ ypaBHeHHe
NepenuIeTcst TaK:
dz

ny

“dx = %1 Zn1 t Mg Zn, v+gn, (x).

AHanorHuHO MHl HOCTYynaeM H C ADYTHMH YDaBHEHHSAMH IiepBOH
rpynnsl TakuM ob6pasoM Mul H30aBuMcss OT bn, 41, bnl s oy iy bs. OT

b2 wam He ygacrcst H36aBHTBCS, €CJTH OHO HE DAaBHO HYJIO, HO 3TO NDH
A=Ay u He TpebyeTcss HJIs1 TPUBEIEHHS CHCTEMH K KAaHOHHUYECKOMY
Buay. Opnako ecan b2=0, TO nolcTaHoBKof 21=Kzi* ero moXHo cae-
JIaTh KAKUM YTOMHO OTJHUHBIM OT HYJs yucaoM. Hepes g.(x) mul BClOAY

34eck 0603HAYAAM HEKOTODLe JuHefinble KoMOuHaumu f.(x) u g1(x).
[Tycts kKpome A, ecTb eme Kakoe-HHOyab A, Hanpumep As, paBHoe
A1 Torpa Takum xe crnocoGoM MH CMOXeM 0CBOGOAHTbCA OT  bp 43,

bnrH' vee sy bn,+nz+l' Uro6H He BBOAWTL HOBHX 00o03Hauenuil, MH
6yieM cuuTaTh, YTO yXe B ypasneuusx (6.7”)

b3=b4= ses =bn,+l =bn‘+3=bn‘+4: cre =bn1+nz+1=0.
Ho b u bn,42 MOTYT GHITL OTMHUHEIMH OT Hyas. Ecan  ba=0, TO

MOXHO IIOMEHSITb MECTaMH TPYINOE ypaBHEHHH, COOTBETCTBYIOUIHE Az H
A3, H TOorja AJS NpPHBELEHHT CHCTEMBl K KAHOHHYCCKOMY BHAY He Halo
6yner ocBoGOXKAaThCH OT bn,t2, €CTH OHO #0. Ecan xe by#%0 u

bn,+270,T0, mpeanonaras, uTO My, Hero BCerAa MOMKHO AOCTHIHYTH

NepPeMeHONl MECT TpPYnN YPABHEHHH, COOTBETCTBYIOWHX Ay H As, moOJIO-
L] »

KHM 2y 4 9= Yy 1o+ Kiy,. Torma npnyusm

d2”1+2 — dy:'1+2 +K d_l/2 —
dx o dx Yoax

= by 1021+ Ao Un o+ Kibazs + Ki ha 4 8 p0 (1) =
a4 Aaz, 1o—hs Ky + Kibyzr + Kihs ys + 8ng2 (%)

Tak Kak, fo npeanomoxenuio, b250, T0 Ky MOXHO BHGDaTh TaK,
urobu £y be =—"bp 4,. B cuny Toro uto Az=A3, MB NOJYYHM TOTAA

dzn1+2
T = 7&3 an+2 +gnl+2 (x).
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» L
Ioxcrapaas xe Zp 4o —K,y, BMecTO Yn,42 B CAEMyIOUlee yDaBHeHHe, MBI
HOJYYHM

dyn1+3

= = B Buza gt hatn s b Taga ()

B stom YPABHEHHH MOXKHO 0cBOGOAHTBECH OT WIEHA ¢ Y2* NnOACTaHOBKOM
Zpys= yn‘_,_s + K, y2. [Tpoxomxkast nogoGHble Ipeo6pasoBaHHA, MH
APHBEIEM CHCTEMY K KAHOHHUECKOMY BHAY.
3aMeTHM B 3aKJAWOUEHHE, YTO BCe JHHeHHbe npeo6pa3oBaHuA, KOTO-
pPHIMH MBI NIOJB30BAJIHCh AJS TPHBEJEHHS CHCTEMB K KaHOHHUYECKOMY
BHAY, GBUIH Bcerga OLHO3HAYHO OOPATHMBIMH, T. €. HOBHE HepeMeHHHIE
BCerja CBSI3BHIBAJIACH CO CTapbIMH TAaKHMH JHHEHHBIMH COOTHOIICHHSIMH,
YTO M3 HHX BIIOJHE OJHO3HAYHO BHIPAXAJHChL KaK HOBHE NepeMeHHbe
Yepes CTAphe, TAaK H CTAPHIE Yepe3 HOBHIE. [TosToMy u npeobpasoBaHHe
Y. B 2, OyaeT Takxe JHHEAHHM H 06paTHMbIM a MOTOMY HeoCOOHIM.
Omucannnifi ToapKo 4TO cnocob npubeaenus cHeremb guddepen-
UHANBHHX ypaBHeHul (67) K KallOHHYECKOMY BHAY Ha NpAKTHKE OYeHb
rpoMo3gok. [Tosromy KenaTenbHo HaWTH METOAB,, KOTOpHE OhicTpee
faBaau Obl CTpOEHWE KAHOHHYECKOH CuCTeMBl. UMCAa A, H 4yucIa ypas-
HeHHH, COOTBETCTBYIOLKX KaxAoMy A,. Llensio Gauxkaiimux naparpadgosn
SIBJSIETCS YKa3aHHE TaKHX METO/O0B.

§ 43. UuBapuauTh
JIHHEHRHOro nmpeo6pa3oBaHus .

Tlycre nuueiinas cHcTEMAa C MOCTOSIMHBIMH KO3 ((HUHEHTAMH

n
dz .
‘d_;zzbllzf) l':I,...,ﬂ, (B)

i=t

noJay4aeTcss U3 CHCTEMBI

dy;

a;,y,‘, i=1,...,ﬂ, (A)
JHHeAHEIM HeOco6bIM mpeo6pasoBaHHEM

n
z,:Z Bipype 1=1, ..., nb.

1) Yro6bl He YCAOXKHATH 3allHCH, MLI B 3TOM maparpade roBOpHM
BCIOJY TOJIBKO 06 OAOPOAHBIX CHCTEMAX, HO JOKa3blBaeMble 3]€Ch TEO-
peMbl COpaBeAJIHBEL, KOHEYHO, H AJS HEOIHOPOJHBIX CHCTEM.
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Torga MMEIT MecTo ABE CJAe[YIOUIHE TeOpeMbL.
Teopewma 1. I[Toroxwum

Hau“:A, ”buu=3, ”li”:K
Yepea E 0603naqum eQunuunyro marpuyy n-20 nopadxa. Tozda
AE—B=K(LE—A)K-1, (6 10)

JdokasateascrBo. [logcraBum B cucremy (B) BmecTo 2 ux
BHIpaXKeHHs1 uepes Yi, ..., Yn. lOrAa

n p n n
Y
E By 1"x] = é.bil E ks Ys.

=1 =1 s=1

IToapaysick cucteMofi (A), MBI IONyYuM OTCIOAA
n n n n
Zkifz GsYs = Z kijajsy,= E byy kisYs.
=1 s=1 jos=1 s, /=1

Tak Kak 3TH COOTHOUIEHMS NOJKHBI BEIIOJHATBCH TOMAECTBEHHO IO
Ys, TO TIDH BCEeX ! H § JOJXKHO OHITH

Z ki] ais = Eb“ kjg;
1 )

KA=BK umn B=KAK-1.

S10 nocxeaHee paBeHCTBO B TOYHOCTH 2KBHBajJenTHO (6 10), notoMy

a 3TO 3HA4HT, 4YTO

4r1o
E=KEK-1.
Teopema 2 O6wue Hauboavuue OeauTeiu Bcex MUHOPOS [-20
nopadka (=1, , n) A-marpuyV AE—A u ME—B cosnadaior ¢ Tou-

HOCTH10 00 NOCTOAHHOIX MHOXMCUTEACH D

Orciofla HemoCpeACTBEHHO CAELyeT, 4YTO0 OeTEePMUHAHTbL MaTpuy
AME—A u ME—B Qoamcnet cosnadars.

JNokxasartenncTBo JocraTouno foKasaTh, uTo OO6Wu# Hau-
GOJIBLIKA fenuTesqb BCEX MHHOPOB [-ro mopsaxa Matpuubl AE—A sas-
JSIeTCS TaKXKe jenutesnem 06Iiero HauGoJblIero AeJHTENs BeeX MHHODOB
l-ro nopsiaka matpuusl AE—B. B cusny paBHoNpaBua nepexofa ot (B)
K (A) u ot (A) Kk (B) orciona Gyser yxe ciaefoBaTh, YTO 3TH obulue
HaubOoJbIINE [EeJHTEJIH TPOCTO COBMAZAIOT (C TOYHOCTBIO A0 NOCTOSTHHO-
TO COMHOXHTENA)

’ Juist goxasaTenbcTBa Halero YTBEPXK/IEHHS OTMETHM, YTO BCE MH-
vope! [-ro mopsiAka y matpuus K(AE—A) cythb cyMMB mpousBeseHui

D A-marpuyamu HasHBaOTCH MAaTPHIb,, Y KOTOPBIX 3JEMEHTHl ABJS-
10TCS MHOTOWIEHAMH OT A -

2 Otu HanboJBUIME AETHTENIH MHHOPOB [-ro MOpsAKa HAaXOAAT, Kak
Yy MHOrQUJIEHOB OT A.
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Ha 3/7eMeHThl MaTpHusl K HEKOTODBIX MHHODOB [-ro mopaixa A-MaTPHIE!
AE—A. TlosToMy Bce ofuiHE MHOMKHTENH 3THX NOCAEAHHX OYIYT TakKe
o6WHMH MHOXHTeNAMH MHHOpOB [-ro mopaika Marpuun K(AE—A),
a OTCI0Za YXKe NpsaMo cjeiyeT, 4t0 oOuwiuf HauGOJBMIMA JeNHTENb BCeX
MHuopoB [-ro nopsgxka Matpuusl K(AE—A) pemurca wna obwni Haw-
6oMbIIKA fenHTenb BeeX MHHOPOB [-ro mopsiika MaTpuubl AE—A. Ana-
Joruuno cosepiaetca nepexox ot K(AE—A) x K(AE—A)K-t=AE—B,
4YT0 K TpeGoBajoch A0OKasarh.

3ATAYA

(CunbBectp ) oxaxure, uTo KaXjaasg MaTPHUA YAOBJAETBOPSIET
CBOEMY XapaKTepHCTHUECKOMY YDABHEHHIO, T. €. eclH BMeCTO A Mojcra-
BHTb 3TY MaTpHUY B JIEBYIO 4acTh XapaKTepHCTHUYECKOTO YPaBHeHHd, TO
NOJNYUHTCS HyJeBad MaTpHua.

§ 44. dnaemeHTapHble AEAHTENH

JJemva., Ecau xsadparnan marpuya P nopadka n  colepacur
CNAOWIL 3ANOAHEHHbLI RYyAAMU npamoyeoassvhux Q, Yy KOTOpozo cymma
8ulcOTbL @ 4 wupunel b Goasbte n, T0 OeTepMUHAHT 3TOU MaTpuyel pa-
8en nyato V),

JoxasaTenscTBo. MH Bcerza moxem, He MeHsa abcomioTHOM
BeJMUMHLl HHTEpECYIOLIEr0 Hac JeTePMHHAHTa, INePEMECTHTh MNPSIMO-

n

My
4 a R My

' / 1.
| {
% |

[

0’ " % e
Puc. 25 Puc. 26

yroabHHK Q B Jeselfi Bepxuuii yron maTpuus P. CxemMaTHYecKH Toraa
cTpoeHne MaTpuus P m3obpaxaerca puc. 25. [lo Teopeme Jlamnaca
JETePMHHAHT MaTpull P paBen ajreGpamyeckoff CyMMme MpOU3BeLeHH
JeTepMHHaHTOB b-ro mopagka D, cocTaBAeHHHX H3 37€MEHTOB, HAXOAd-
muxcs B IpsaMoyroabHMkax Qi H Q, HAa COOTBETCTBYIOLIHE UM [eTepMu-
HAHTH, COCTABJCHHLIE W3 3JEMEHTOB, HAXOAALIMXCA B INPSIMOYrONbHH-

4 Ha ary nemmy mue ykasan C. JI. CoGoes.
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kax R u Ry. Tak Kak n—a<<b, To Bcskuii aeTepMuHaHT D copepxHuT
o KpalHelt Mepe OAHY CTPOYKY, COCTaBJICHHYIO CHJIOWb H3 HyJed, M
NOTOMY paBeH nymuo. ClnefoBaTessHO, H Bech AETePMHHAHT MaTpHUL P
paBeH HYJIo.

[TpuMenuM TOJBLKO YTO [10KAa3aHHYIO JEMMY K HaXOXIEHHIO o0ulero
HanOOJbIIEro JAeNHTENs] BCEX MHHOPOB [-T0 noOpsjKa MaTPHIb

M,
M,
M= ,
Mg
rae
A—As
g1 A—As
X =27 }»'—}»5
Ms = * A'_ }\'S .
ESns—z A— RS
GSns—l }4"—'7"5

3jech BCIOAY 37€MeHTH BHe KBaapatoB Mi, My, ..., My, a TakXe Bce
He BBLITHCAHHBE SIBHO 3JEMeHThl Matpuisl M, paBHH HymIO, uYHCJaA
€51y Bspy + -+ 5 Bspg—1 BCE OTJIMUHBL OT HYJS, HEKOTODhle H3 YHCEN Mg, ..., Ar
MoryT OulTh MexAy coboif paBHbIMH. MaTpuua M ¢ TousocTbio 10 060-
3HAYEHHH OKO0JIOAMArOHAABLHEIX 3/1EMEHTOB SIBJASIETCS XapaKTepHCTHUECKOH
MaTtpHue#l Iis npuBegeHHo#l K KanoHuueckoMy BHAY (66) cucremnl
auddepenunanbHbix ypaBrenuit (67). .
ITposeneM cHauana Bce BuluHCAeHust aas [ =n =Z s, T. e. Haj-
s=I1
JIeM cHavaja jgerepMuHanT Matpuuel M. OueBHjHO, OH DaBeH NpPOH3Be-
JIEHAIO JEeTEpMHHAHTOB Bcex MarTpuil M., T. e.

det M = (A —A1)™ (A—25)™ ... (h— Ag) k-

Tak Kak mo Teopeme mpejgmyiuiero maparpaga det M monxken cos-
nagaTh ¢ JETEPMHHAHTOM MaTpHubl AE—A, To OTCI0Aa Noxydaercs

CnexpcrtBHe. Bce uucaa M, .., Ar 8 ypasuenusax (6.6) Ooaxc-
HbL BbiTb KOPHAMU XAPAKTEPUCTUMECKO020 YPABHEHUR MATPUYbL CuCTe-
Mmor (67)

[Tepefinem Tenmepb K HaXoXAeHHW obulegp HaHOOMBbLIErO AeJHTEJNst
BCex MuHOpOB (n—1)-ro nopsaka matpuust M. JIa1s storo Ham 6yner
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y}.{o6Hee npexnae BCEro sSBHO BBINHCATb, Kakye 3HAYEHHS MNPHHUMAIOT
A1, ,Ar. IlycTh 310 6yAYyT pasiHyHble MeXay co6ofl yHcaa

AL, Am (m<k)

3aMeTHm jJallee caenyoutee’  oOWHMA  genHTeN b BCeX MHHODOB
{-ro nopaika JoJkKeH Takxe ObIThb AeJHTeNeM JeTepMHHanTa BCeH MaT-
puuet M TlostoMy ofluil HauGoOMbINKH AeNUTeNb BCeX MHHOPOS [-ro no-
psigka Matpausl M, kotopoil wMmt 6ymeM o6osnadats Di{}), moamxen
HMETb C TOYHOCTHIO A0 NOCTOSTHHOrO MHOMHTENS CJACIYIOWHH BHA:

Dy () = (M= AWy L — Al )Pm

I'fie p. — HEKOTOPble HEOTPHIATENbHbIE Leable YHcaa. BuiGpocHm Teneps
H3 MaTpHUH M Kakylo-HHOYIb CTPOYKY H KaKOH-HH6YAb cTo/6el, KorTo-
pbie MepecekaroTcss BHe KBajapaToB M,, HampHMep Tak, Kak 3TO cXeMma-
THYECKH fl0Ka3aHo Ha pHc 26 Torma ocranercs martpuua (rn—1)-ro no-
paoka M’, uMeroulas 3aNOJHEHHHH OJHHMH HYJASAMH NPSIMOYrONbHHK Q,
Yy KOTOpOro CyMMa HIHDHHBL H BBEICOTHl paBHa 7 (3TOT NPSIMOYTOJNbHHK
Ha HalleMm pPHCYHKe 3amTpuxoBaH). ITostomy, corsnacHo mpepbigyuied
nemMMe, AeTepMHUHAHT Matpuubl M’ pasen uymwo  CiegoBaTensHO, MpH
HaXoXAEHHH ofuiero HauGoabmero penurenss Dn—s(A) Bcex MHHOpOB
(n—1)-ro nopagka maTpuis M HaMm JOCTaTOYHO PACCMATPHBATBH Ofpe-
HDeNHTENH TOMbKO TaKHX MaTpuim M’, xortopsle mnoayudaucs u3 M BH-
YepKHBAHHEM CTPOK H CTOJOIOB, NMepeceKaioHXCTd BHYTPH OJHOTO H3

kBangpatoB M, wmampnmep M . Ouesnmno, AMS NOMydeHHS  AeTepMH-
1’
Hanta Takofl matpuust M’ mapmo merepMuHawT MatpHun Mg, mnonydes-

HOH H3 M51 BLIYCDKHBaHHEM OJHOH CTPOKH H OLHOTO CTOJI6I.La, NIOMHO~

KHTh Ha JETEPMHHAHTBl BCeX ocTanabHbix MaTpui Ms TlpH HaxoxaeHHH
oblero HauGoJbLIEro HENHTeNs BCeXx MHHOpoB (n—I1)-ro nopsaaxa
det M’ pns wmac, oueBnpaHo, HauGoapwiufl muTepec OYAYT NPeACTaBJAATH
MHHODH, CofepiKalllhe HAHMEHbIIHE CTeNeHH

(A—AD), .., (A—AM),

Uro6bl [oJyuHT HAHMEHBUWIYIO CTeneHb A — Ay y geTepMHHAaHTa

’
MaTpHILB! Msl, HaM, OYeBHAHO, HanO BLIYEPKHYTL B MS1 fIepByl0 CTpoO-
Ky H mnocaefHHil crtoaber Ilocje 3TOro MoJy4eHHBIH ONMpefesuTeNb
6yneT paBeH MPOH3BEREHHIO

Ssll € €

52 " Sx"s,—l’

KOTOpOE OTJIHYHO OT HYNS NOTOMY, YTO BCe &g, OTIHYHBL OT Hyas
Torza (A—A,) Bxomur B muHop detM’ B cTemenm, Ha g eNHHHL

menbiuelt, yem B det M. TlostoMy HammeHsmias creneds (A—A(), koto-
pas BXOAHT BO Bce MHHopul det M, paBHa

(
— 11

(7»___;\‘(0)’”[

rie uepes /M, o603HaueHa cymMMa NopsiakoB Becex marpun M., y KoTo-
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PbIX Ha guaroHa;H cToHT A—A®, a uepes m,!) o6o3Hauen HaHOOJBIIHI
H3 sTHx nopaakos ClCHOBaTeNbHO,

m m —m( 1)
Dp (M) =[] =20y
1=1
CoBeplIeHHO TaK e MBI HafigeMm, 4To
" m —mfl)—m(l?)

Dpos (3) =] T (A —20)" ,
=1

rae m,® ecTb CAeAYOWHE 1O BeaHuHHE 3a (1) nopsaox MaTpHu M,,
Yy KOTOpHIX Ha AHAroHajH cTOHT A—A®), u 1. n. Crenexu

0
(h— 2t

HA3BIBAIOTCS AAeMEHTAPHbiMY Oesurenrsimu h-marpuyor M.

Tak kak ofuime HamGonblupe NENHTENH Y BCEX MHHOPOB MAaTDH-
nel M, CcoOTBETCTBYIOUiEHl KaHOHHYECKOMY BHAY CHcTeMH  aHddbepeH-
HHALHLIX ypaBHeHHH, W y Matpuusl AE—A, cooTBeTcTBYWIIEHA CHCTe-
Me (67), mo 2-i reopeme § 43 ¢ TOUHOCTBIO A0 MOCTOSHHOTO MHOXKHTE-
J OZHHAKOBH, TO H SJeMeHTapHple IENHTENH Y STHX MaTpHI[ TaKke
OIHHAKOBH, IMPH 3TOM, €CJIH KaKOH-HHOYAb S/1eMEHTapHHH JeNHTEeNb Y
MaTpuiusl AE—A BCTpeuaeTcss HECKOJBKO pas, TO CTOJBKO JKe pa3 OoH
BeTpeuaeTest 0y maTpuunt M. IMTosromy 3smaune sneMeHTapHbix JennTe-
Jell MatpHubst AE—A H XKpaTHOCTH KaX[Oro H3 HHX JAeT BO3MOXKHOCTb
yKa3aTb, K KAKOMY KaHOHHYeCKOMY BHAY OHa MOXKeT OHIThb NpHBEAEHA.
Tlpn 3TOM OCTAlOTC TOJBKO HEONpPEJENEeHHBLIMH  OKOJIOgHATOHAJbHEE
ujeHn y kBazpatoB Mg Kak mbl Buzenn B § 42, HX MOXkHO Bhi6UpaTh
K4aK yrojgHo, JMIb 6B TOJIbKO OHH ObUIH OTJHUHBIMH OT HYJ4.

§ 45. OTbickaHue PyHIAMEHTAJNLHONK CUCTEMDI
pemeHMil 1Jsi ODHOPOJHOM CUCTEMbl YPaBHEHUH

Jlemwma. Ecau m sexkrop-pynryuii zM(x), ..., 2m(x)
Aunelno nesasucumol, a 2=Ky — ,uneilinoe nesoipoocden-
Hoe npeobpasosanue, TO  8eKTOP-QyHKyuL YO (x) =
= K20 (x) (i=1, ., m) rakde aurelino He3zasucumbl.

HJoxazateanbcTBO. JIONyCTHM NpPOTHBHOE, T, €.
IPERIION0KUM, YTO CYIIeCTBYIOT noctossHuble Ci, Cy, ..., Cm,
He BCe pPaBHble HYJIIO, H TaKue, 4TO

XC, YD (x)=0.
=1
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Torga

Em: C,K-120 (x) =0,

=1

K1Y €29 (x)=0 n ¥ C,y%(x)=0,

1=1 =1

4TO NPOTHBOPEUYUT JIMHEHHOH He3aBHUCHMOCTH YHKIHH
z0(x).

Mb! Bujenu, 4TO 3/eMeHTapHOMY JeJHTeNio (A—As)Ps
Matpuusl AE—A COOTBeTCTBYET B KaHOHHUYECKOH cHCTeME
ceAyIomas rpynina OgHOPOAHBIX ypaBHEHHUIL:

d2pya
= ;"szk-i-l’

dx

de
—‘+2 = 812k+1 + }hszk+2,

dx

de
— = €924pp T AZits,

dx
dz,

D
oy = 8p3_12k+ps_1 + 7\‘52k+ps,
rpe €4, €2, ..., Epg—1 — HEKOTOpHE OTJMHYHLIE OT HYJIA JHaCcaa.

Crenaem 3jeCh 3aMeHy HEH3BECTHHIX, NOJIOXKUB

» A X
Zepr =2 s, [=1,...,p;
Ecin As KOMIJIEKCHO U PaBHO
» oA %
AL,

rde A, M A;" HeHCTBHTENbHH, TO Mbl GyJeM MOHAMATb NMOA

A
""" Bhipaxenue

L3
X oER . LX)
e?s (coshs x +isin ks x)
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(bopmyna Ditnepa). [IpousBoxHas mo X oT 3TOro BhIpaxKe-
HHS paBHA

Ay e ™s* (cos A x +,isin A x) +

F et (— A sin Ay x 4 ide cos Ayx) =

= (M + M) e s (cosheTx + i sin hy x) = AeMst.

ITosroMy mocse ykazaHHOH NOJACTAHOBKH MOJYYHM

»
Cep
dx ’
dz;,
2 2o
dx +
dz/:+3 "
T P
dz;,
s, 12,
dx S +ps_ .

W3 nepBOro 3 3THX ypaBHEHHH HAXOXUM
* — — ])
zk—l—l = Ci— Cg .

HOI(CTaBJIﬂH 3TO BO BTOpOe H HHTerprﬂ €ro, HaxoaHuM
4 ;+2 = Ciﬁ{x+02= CgQ)X + C(()Q)'

*
Honcrasasis 2., B TpeTbe ypaBuenne u HHTEIPUPYS ero,
HaXOJHM

Zyys = -Cl—;lezxz + Coegxt + C3 = CPx2 + CPx + C(()S),
u T. 1. Hakoneun,
i, = 9, 27+ 09 P P x4 O
Uepes C c pa3nHUYHBIMH HHIEKCAMH MH 3Jecb BCiOAy o6o-

3HaYaJH HEKOTOphle IIOCTOSIHHBIE, JEeACTBHTEJIbHBIE  HJIH
KOMILJIEKCHBle.
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B03BpaWIAsACh OTCIONA K Zktt, Zkt2, ..y Zhipg » MBI TIO-
IYYHM

hox A

Zpty — € s* Y,

zﬁﬁ::e*ﬁ(c@&—kc@b

— (3,2 (3) (3)
z?*?._. SEEROEEa), e
Zhyp, = (c“’s Py +c"’s "s“2+... +

i + cgps x+CP ).

Ot paBeHCTBa gaT ofliee pellieHue paccMaTpUBaeMod
rpynnel guddepernHanpHblXx ypaBHenn#d. Ilpumenss Tteope-
My 4 u3 § 33 kK 3TO# rpynne, MH HalaeMm, UTO Y HEe e€cTh Ps
JUHeHO He3aBHCHMBIX Mexay coboll pemenuii Buga (6.11).
MBIl yI0BIETBOPHM BCEH OJHOPOAHONH KAHOHHYECKOH CHCTe-
Me, ecaH OyleM cuHTaTh Bce z, xpome (6.11), ToxkaecTren-
HO paBHbIMH Hymo Tak Kak Y. (i=1,..,n) BbIpaxamTcs
JHHEAHO uepe3 z,(i=1,..,n), To OTCIOJAa HA OCHOBaHHUH
J0Ka3aHHOH B aTOM maparpade JeMMbl HOJyYaercs, 4To
KA)KAOMY 3JIEMEHTAPHOMY JIEJHTEJIO (b — L) MaTpPHILb!
AME—A cooTBeTcTByeT ps JMHEHHO HE3aBHCHMBIX MEXAY
co0of pemennit Buaa

p—1
Z CV%, i=1,...,n.

Jlerko BUETH, UTO B NEPBOM H3 3THX pelIeHHii MOXKHO
]
cunTaTh paBHbIMH Hymo Bce G mpu j>0, B 1O Bpems

KaK Z |Cot?| > 0, 0HO COOTBETCTBYET Zk1I==... S5 2hpp—1 =
=]

=0; BO BTOpPOM — BCe C;“): Ompu j>1, B To BpeMs Kak

n

Z| Ci?|> 0, o0 COOTBETCTBYET 21 == ... =2ppp—2=0,

i=1

HT I

Ecnu matpuuna AE—A nMeeT HeCKOJLKO 3JEMeHTAPHBIX
I.IGJIHTGJIeﬁ, KOTOpble SABJSIOTCA HEKOTODPLIMH CTEHEHAMHU
(A—AW), nagpumep

(—a)m® (A—pmym®, _ (a—pm)m®
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TO CHCTeMa

dx A4,
T. e
d n
y .
Et_: a,,y, i=1,...,n, (6.12)

1=l

uMeer mW-+m 4 | +mk) IuHefino HE3ABHCHMBIX MeXAy
coboii pelieHHi BuAA

M1
y, = oM )x Z (;Y) %, (6.13)

1=0

rie M ecth naunbounliee U3 yucesa m, m®@, .., m®, Yrobu
HAUTH 3TH pelleHus, HAJO TOJbKO OnpenejuTh Ko3dbHHeH-
THI Cﬁ‘). 3T0 MOXKHO cIenaTh MeTOAOM HeOomlpeeseHHBIX
KoadpduunenTos, nogcrasisig B (6.12) BmecTo y, BhIpaxe-
Hie Buaa (6.13), cokpamaa HoJyuuBLIHECS yPaBHEHHS Ha
eM)* y cpaBHuBas Ko3(DGHHUMEHTH NpPH OJHHAKOBHIX CTe-
nensix x. DTH peuleHus OyAYT JNHHEHAHO HE3aBHCHMBIMH C
TEMH pelIeHHsMH, KOTopble TAKHM XKe oOpa3oM Oyayr co-
CTaBJIEHBl JJI51 JeMeHTAaPHBIX AesHTeNeH, NpeNcTaBisieMbIX
CTeNEHAMH APYTHX (A—AP)), MOTOMY UTO 3THM [JEJNHTENSIM
O6yZyT COOTBETCTBOBAThL JPyrue Ipynibl ypaBHEHHI B KaHO-
HHUECKOH CHCTeMe.

3aMmeuanne. Ecan Bce KoapdHuueHTH B paccMmar-
puBaeMOH OJHOPOAHOH CHCTEMEe JelICTBHTENLHLl, TO JeHcT-
BHTEJbHAs H MHHMAas 4acTH KaxAOro KOMILIEKCHOTO pellle-
HUSl 3TOH CHCTEMBl B OTJAENLHOCTH SABJSIOTCA peLIeHHSAMHU
OJAHOPOAHOH cHcTeMbl. Mbl HasbBaeM JeHCTBHTENbHOMN
(cooTBEeTCTBEHHO MHHMOH)  uacThlo pelieHHs y*(x)+
+iy** (x) dyurnuwo y*(x) (coorBercTBEHHO H**(X)).

Eciu MB  uMeeMm n JHHEHHO HE3aBHCHMBIX BeKTOp-
byuguuit

y® (x) =y~® (x) +iy**®(x); k=1, .., n,

10 cpenu 2n GyHruuil y*® (x), y*¥*M(x), k=1, .., n, oba3a-
TEeNbHO HaWXEeTCA 7 JHHEHHO He3aBUCHMBIX Mexay cobol.
(ITouemy?) IlostoMy ana cucTeMnl JuHeHHBIX Aubdepen-
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UHaNbHEIX ypaBHEHHH C MOCTOSTHHBIMH JefCTBUTEJNbHBIMH
Ko3¢buuHeHTaMH BCErga MOMKHO COCTaBUTh (QyHIaMeHTaJb-
HYI0 CHCTEMY M3 ACHCTBHTEJbHBIX pelleHHH.

3AJJAYH

1. Eciu A — xBagpaTHas MaTpHlla NOpsiaka 77, To 100 oOmpeje-
JIEHHIO

1
91

JokaxuTe, 4To 3TOT pAA BCErAAa CXOAMTCS H 4TO MaTpHua e4 obna-
gaer caepyoumun csofictamu. e¥d @44 = ot 0By oA
. ’
= (e4)~1, TlokaXmuTe, 4To MaTpHua e*4 nubdepeHuHpyeMa 1o X H
(e*4) ' =Ae*4, loxamure, uto ecnn A=K-1BK, 10 eA=K-1eBK, Ilo-
JIyYHTE BbIpaiKeHHe AN e B CTENEHH MAaTpHUH, umeowell (06GHYHYIO)
HOPMaJIbHYIO KOpAaHOBY -dopmy. ILoKaiKHTe, 4TO ecJH BellleCTBEHHbIE
4acTH BCEX KOpHEH XapaKTepHCTHYECKOrOo YpaBHEHHS MaTpHusl A
MeHbIle HeKOoToporo uneaa — o<<0, To |e*4|<Me~a* npu x=0 (cMm.
3ajzauy 1 § 32), rae mocrosuHas M >0 3aBucHr oT BhiGopa MaTpHUB! A.
2, JJoxaxure, yto ofuee peuieHHe cHcremnl (6 12) HmeeT BHA

y=e=4C,

rge C — npoH3BOMbHLIH NMOCTOSHHBEIN BEKTOp; pelleHHe cHcTemHl (6.12)
NpPH HAYaJbHOM YCJIOBHH Y(Xo) =Yy° HMeeT BHJ

y= e(x——xo)A .

1 1
eA=E—}—-—ll——Av+ At A

§ 46. INpumenenue k ogHopoaHOMY AHMddepeHIHANBHOMY
YPaBHEHHIO 1-TO Mopsiaka

XapakTepucTuueckoii Marpuue#t aas cucremsl (5.9) c
IOCTOSIHHBIMH KO3 (HIHEeHTaMH, KOTOpasl SKBHBaJIEHTHA
3TOMy ypaBHenuw (5.8), aBJasercd martpuua

A —1
A —1 0

A —1

. .

0 . (6.19)
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Tenepp Mbl OyfeM cuuTaThb BCE @, NOCTOSAHHBIMH. [le-
TepMHHAHT 3TOH Marpuub, KaK Jerko IOJCUHTaTh, paBeH

At —Qp A —qp M2 —ah—ap=M (}).

BrluepkuBas ke nepBHIl cTonbey H MOCAEAHIOWN CTPOKY,
MBl MOJIYYUM MaTpPHLY, y KOTOPO# onpenenntesb paBed +1
uaun —1. CaenoBatenbHo, ecau MmHozodsen M(L) umeer
KOpeHb hs KPATHOCTU ps, TO maTpuya (6.14) umeer aremen-
tapuoli deaurens (h—A)"s . Hukaxux dpyeux ssemenTap-
Hbix Oeaurenetl, KoTopsle npedcrasgasiuct 6ot HeKOTOPOLU
rrenensvto (A—>As), y 3ol marpuysl HeT. TI0STOMY KOPHIO As
KPaTHOCTH ps COOTBETCTBYET ps JHHEHHO  He3aBHCHMBIX
MexXLy coboit (M ¢ pelleHHSMH, OTBEYaIOIUMH APYTUM KOp-
uam M()A)) pemenu# BHAa

(Co+Crx+ Cox? + ... + Cy_ x"s N e™s* . (6.15)

Jlerko npoBepHTb, UTO TAKHMH pELIEHHAMH MOTYT CJy-
KHTh

2 _
eMs® | xeMs¥ | xmest ., xPsTle

Agx .
HeilicTBUTENbHO, ec/iH OBl MeXIY 3THMH (YHKUUSAMH CYIIECT-
BOBaJIa JIHeHHAasT 3aBUCUMOCTD, TO BhipaxkeHue Buxa (6.15),
y KOTOpOro mno Kpaitneit Mepe ono U3 C,#0, TOXAeCTBEHHO
A

paBHsIoCh Obl Hyaio. Ho Tak kak €'s° nukorga He o6pa-
[l2eTCS1 B HyJIb U MHOTOUWJEH, y KOTOPOro He Bce Ko3ddu-
LHMEHTH PaBHBl HYJIO, HE MOXET TOXKAECTBEHHO PaBHSITHCA
HYJIIO, TO 3TO HEBO3MOKHO.

Eciu Bce @, nelCTBUTENbHB, TO KaiKAOMY KOMIJIEKCHO-
My aaeMenTapHoMy aenuntemio (A— Ay matpuum (6.14)
COOTBETCTBYeT CONPSIKEHHHIH C HHM 3JIeMeHTaPHBIH JeJH-

AP o
Tenb (A—Ag)"s TOH Ke MaTpuubl. lTorfa KaxjaoMmy pelHe-
HUIO

Yy (¥) = xte™s* = xte™s* (cos B x + i sinp x)

ypaBHenus (5.8) ¢ mocTosHHBIMH K03 dHUHEHTAMH COOTBET-
CTBYeT pellleHHe

Y (x) = xtehs® = xkeasx(cos Bx— isinfx)
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TOrO 3Ke ypaBHeHHS (As= as—}—zﬁs) IToatoMy TOMYy Ke ypas-
HeHHI0 OyAyT yAOBJNETBOPATL HeHCTBHTEJbHble HYHKUHH

M = xke™s™ cos Box
%—ym — xke”s" sinB,x.
L

TakuM o6pa3oM, Mbl HONYYHM A AEHCTBHTENbHBIX JIH-
HellHO He3aBHCHMBIX MeXny co0o#f (moueMy?) pelleHHH
ypaBHeHusl (5.8) ¢ MOCTOAHHBIMH KO3(GhHUHEHTaMH.

3AJAYU

1. TTokaxkHTe, 4TO yKa3aHHOE Bbille (HAaMeyaTaHO KypCHBOM) CTpO-
eHHe 3JIeMEHTApHBIX [eJauTeNiell B ciayuae CHCTeMbl ypaBHeHHH 1-ro
NOpPSAKA SBJISETCA TAKXKe OOCTATOYHHIM YCJOBHEM MJs1 TOro, YTOGH
3Ta CHCTeMa [OoCJIe coBeplueHdAsl Heoco6oro mnpeobpa3oBaHHsT CBOXH-
nack kK cucreMe (59) ¢ NMOCTOSHHBIMH KO3 GhHUHEHTAaMH, SKBHBAJEHT-
HOH OFHOMY YpaBHEHHIO n-ro mopsgka TakuM 06pa3oM, Mbl HMeeM
HeoBXOAHMOE M [OCTaTOYHOE YCJIOBHE [JSI TOTo, UTOGH CHCTeMa 7
JUHefHHX ypaBHeHHii 1-ro MoOpsiAKa C HOCTOSHHHMH KO3(¢HIHEHTaMH
6el1a SKBHBAJEHTHA (B TOJBKO UYTO YKA3aHHOM CMEBICJE)  ONHOMY
JIHHEIHOMY YDaBHEHHIO 7-I0 MHOPSIAKA C NOCTOSHHHIMH  KO3(GHIHEH-
TaMH

2. Hakigure obmee pemenne ypasHenHs Jiijepa

dan Y dn-1 Y
~] —_—
dgn + @poy X7 dgn=1

xn

+ . +@1X"—“+on—0

rae Bce @, NOCTOSHHBL ([ 3TOr0 OT HE3aBHCHMOTO MEPEMEHHOro
X Hajo mnepeHTH K He3aBHCHMOMY MEpEMEeHHOMY t, MOJOXKHB Xx=et))
3pech BMeCTO CTemeHeHl X MOTYT CTOSATb TaKxkKe CTENEHH [BY4JIeHa
ax+b (a n b nocrosHub).

3. Haiigure Bce pelleHHst ypaBHCHUS

Y (x) =ay(x) +by(c—x),

CYWIECTBYIOUIHE NPH —oo<x< 0o (@, b H ¢ NMOCTOAHHLI).
4. BuBegute BCce OCHOBHHE CBOHCTBA ¢qumﬁ sinx u cosu,
paccMaTpuBas HX Kak peIUeHHS ypaBHem—m y”+y=0 npH HayaJbHHIX

YCJIOBHSIX COOTBETCTBEHHO Y|z—0=0, ¢¥’'|x=0=1 ® y|z=0=1, ¢ |x=0=
=0
5. O6o3Haunm
X dnf dn-lf df
Lif]= — gy — .. —Uy—— —a,y |
[/] dxnt n-1 a1 ay dx o f
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Brigenute dopMymy

’ (n) n
LM f] = e {A’I(k)f+ —Ml(}') A + ... +M—(7‘) A ]

! dx n! dxn

Tonyunre orcioga ofuiee peiieHHe ypaBHeHHst (5.8) C NOCTOAHHBLIMH
KoshuuHeHTaMH.

§ 47. Pa3pickanMe 4aCTHLIX pelteHHi
HEOJHOPOAHBIX CHCTEM

My ceituac 6yneM pasbupath TONBKO TOT cjyuafl, Korna
B cHcteMe (6.7)

. () = 3 Co%* P,

k=l

npHYeM ox H c® 31ech MOryT OBITh Kak JeHCTBHTETbHBIMH,
TAaK U KOMIUIEKCHBIMH, 2 Br — IeJible HeOoTpHlaTeJbHbEIe
upcsaa, OueBHIHO, JOCTAaTOYHO Pa3obpaTh TOJBLKO cJaydad,
Koraa m=1, notoMy 410 B o0lieM Ccjaydae 4acTHOe pellieHHe
SIBJISIETCS CYMMOJ pellleHHH, COCTaBMEHHBEIX JJIS1 3TOTO YacT-
Horo cayuas. MTak, noJioKHM, 4TO

f1 ( ) eaxxB

BuinumeM rpynny ypaBHenui#i cucreMn (6.6), cooTBeT-
CTBYIOIIHX OJMHOMY KaKOMYy-HHOGYAb SJEMEHTapHOMY JeJlH-
remo (A —Ag)"s marpuun AE—A:

dzp e
— = Az +C; ,
ds s<k+1 k+l
dzpys . + ) +C* +Beox
T =812 1y sCpta B2 e,
dopes €9Znts T Ao 2 + C* | .xBeax
dx 2€k+-2 s “k+3 k43 3
dz,
+pS *
T = aps—12k+ps—l + }“Szk','ps + Ck+psx68mx :
*
3necs C; — HEKOTOPble HOBBIE NMOCTOSIHHLIE. BBeeM HOBHe

HensBecTHble QYHKUHH 2,%, TOJOKHB

z,=zie*s i=k41, .. k+ps
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Torna nosnyyum

d?:z+1 +

— = Clry1xPel* )
P k41 )

dz, . .

”’% = €;2%11 + CryoxBe™ %,

dz. - - (6 ¢ 1 6)
i €92k 42 + Ck+3x5e(“‘7“5)x,
dx

dz,
+ps * * (oA )x
ax = Bps—]2k+ps_] + Ck+,,sxf’e ST

Ilpu uuTerpamuu 3Tol CHCTEMBI HAM TIPUIETCS Pas3Jiu-
yaTp ABa CJyuasi, CMOTpPSI MO TOMY, PAaBHBI JH & H As HJIH
HeT.

1-fi cnmyuat, xorna As=<a. Hurerpnupys . ypaBHeHHS
(6.16) mocaenoBaTesibHO, HAYMHAS C NMEPBOTO, MBI MOJYYHM,
4TO

2:=M56)(x) ela=hgx j=fd1 .., k+ps’

rue m® (¥) — HeKOTOpBIE MHOTOUJIEHH [0 x He BhIlLE
B-ii crenenn Y. Orcroga

z1=M}B)(x) e {=k41, .., k+ps,
Ecau HU onHO U3 As HE PaBHO a, TO Bce 2;, (i=1,..,n)
6yLyT HMeTb BHJ
2,=MP (x) e,
a NOTOMY M 4acTHoe pelleHHe y GyNeT UMeTb BHI
Go=M;P(x)eox, i=1,...,n (6.17)

KosdhdunneHTH MHOTOUJIEHOB M?ﬁ)(x) MOXKHO HaWTH
CpaBHeHHEM K03()(HIHEHTOB IPH ONHHAKOBHIX CTEHNEHSX X
B ypaBHeHusX (6.7) mocjie NOACTAHOBKH B HHX BMECTO Y;
BoipaxkeHuit (6.17) u cokpalleHHs NOJYYeHHBIX YpaBHEHHM
Ha e%*,

9 B Teopun aHaJHTHYeCKHX (YHKHUH NOKa3blBaeTcs, 4yTo Te HopMy-
JIBI, KOTOpPHE TNOJYYalOTCs NPH HHTErPHPOBAHHH X ‘e(“_ s'*p cayuae geit-
CTBUTEJBHOH Pa3sHOCTH ®—A,, CIpPaBelJIUBLL TaKXe H B Clyyae KOMIJeK-
CHBIX ee 3HayeHHHA. DTO MOXKHO NPOBEPHTb W HeNoOCPeACTBEHHO.
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2-# cnyya#l, korna As=a. Toraa cucrema (6.16) npus
HUMaeT BHJI

dz,
e « ¥B
de Ck"'lx ’
dz;
42 _ -
PPN +Cp P,
x
dz,:
43 — » B
— €921 0 +C, 15X
d27z
-+p, “ *
dx - = Epy—12ktp—1 + Ck+psxp ‘

WnTerpupysa mociefoBaTesJbHO 3TH YPaBHeHHS, MB HaHs«
€M YacTHOe pellieHWe BHMA

2;_;.\{ (X) =Mg_)*_£(x)xb’ l= li tuey pSr

rie M{),
croga

€CTb MHOTOUYJICH He BHIIE i-i cTenenH no x. OT-

2 (%) =xBMP), (x) e, i=1, .., Ps.

CnenoBartennHo, cucreMa (6.7) WMeeT 4aCTHOe pellleHHE
Yo (x) =M B+ (x) e D), i=1, .., ps.

rae M,®+P)(x) — MHOrOUMeHSH! He Bulle (B-+p)-# crenme-
HU 1O X, @ p €CTh HAWUBLICIIMA NOKA3aTeJb CTENeHH y aJjes
MeHTapHeIX fenurtenaelt AE—A, kotoprie umelor Bug (A—a)d,

CnencrBue AJS OLHOro ypaBHeHH S N-rO MO -
psanka. Ecau gna MHorouseHa

A —Qp A —ap oA 2 | —@A—00
0. €CTb KOpPeHb KpaTHOCTH p(p>0), To ypaBHeHue
-1 n-2
ﬂ:a _df_y d__y.+.”+a1y'+aoy+0xﬁeax

dxn AL gyn-t n2 gyn-2

) Buso 6bl HENpaBMABHO AyMaTh, YTO y cHCTeMH (6 7) o6s3atenbHo
.
HMeeTcs 4aCTHOE pelleHHe BHAA Y ==x6Mi(”) (x) e**, rTak Kak, xKpoMe

paccMaTpuBaeMoll TPYNNH ypaBHeHHH, A KOTOPHIX COOTBeTCTBYHOLIEe
As=0, MOTYT OuHIThb JApYIHe IPYNNE, AJs KOTOPHX A,7a.



194 CUCTEMBI C NMOCTOSSHHBIMHY KO3®DUIIUEHTAMU [ra VI

¥MeeT YacTHOe pellleHHe BHAA
y (x) = M +8) () e0%,

rae M(+B)(x) ecTp MHOrouJeH He Bhllle (p-+f)-fi CTeMeHH.
BhiuuTas orciofa pelienue Buna (6.15) onHoponHoro ypas-
HeHHsl, MBI TOJyYHM UYaCTHOe pellleHHe HEOLHOPOJHOTO
yDaBHeHUsI B BHIE

y(x) = M® (x) xPess,

3AJAYH

1. Tloayunre BHJ YACTHOrO peLICHHS YPABHEHHs, NPHBEIEHHOTO
B CIEICTBHH, HCNOJNL3YS pe3yabTaT 3ajaui 5 § 46.
2. Jlokaxure, yro obuiee pemwenne cucreMsl (6.1) umeer BHAR

X
y=e*"C + j ¥ A f 6y s,
Xo

rae C — TPOH3BOJLHEIA NOCTOAHHEIA BeKTop. Peutenne cuctemnr (6 1)
NpH HaYaJbHOM YCJOBHH Y (Xg) =y° HMeeT BHJ

X
y=el¥—*%)Ad yo 5 e (5) ds.

o

3. Onupascy Ha mocaenHufi pedysnbTaT H Ha 3agauy 3 § 19, gmo-
Kaxure, 4YTO €CHH Kaxjoe peuieHne cucteMs (6 12) orpanuueHo
MpH x—>+0c0, TO U KaXKJoe DellleHHe CHCTEMBI

y'=[A+B(x)]y+f(x),

rape
+o0 +os
{1Beier<ee, [ 1r1ar<eo
Xo Xo

{maTpuna B(x) u Bekrop f(x) HempepsiBHbIE), TakKe OrPaHHUEHO NPH
Xx—-+oo. Ecim ke, KpoMe Toro, BCe pellleHHs nepBoHl cHcreMpl cTpe-
MATCST K HYJIO IPH X—>-+00, TO H BCe DPElIeHHS BTOPON CHCTEMH CTpe-
MSATCS K HYJO TpH x—-+oco, Hakinure ycnoBust, npu KOTOPHIX aHalo-
THYHBIC YTBEePKASHHS CHPABEQJNHBBHL [JIsT JHHeHHBIX CHCTEM C Tiepe-
MeHHBIMH KO3(hdhHUHEeHTaMu

Bosslioe KonwdyecTBO NOROGHBIX Pe3YNbTATOB COLEPKHUTCA B yKa-
3anHoit B § 38 kumre P Bennmana
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§ 48. lIpHBeeHHe K KAHOHHYECKOMY BHAY
dy — ax -+ by

ypaBHeHus —= p——
YpaBhenue

dy _ _ax-tby 18

dx cxdy (6.18)

3KBHBAJEHTHO CHCTEME

o 4 _
e cx +dy, iy + by, (6.19)

rle ! — HEKOTOpOE BcrnoMmoraTenbHoe nepemennoe. Koaddu-
HUEHTH a, b, ¢ u d Mul OyleM cuUMUTaTh Tenepnb AeHCTBUTENDb-
HBIMH. B 3aBHCHMOCTH OT 3JIeMEHTAPHBIX HesHTeJell A-MarT-
PHILBI

(6.20)

A—c —d |
—a A-D |l

IpH NpuBefieHHH cucTeMbl (6.19) Kk KaHOHHUECKOMY BHAY
MoryT OHITb CJAGAYIOLINE CJaYYau.

I-ii cnyvait. Oaemenraprsie Jesutesu nepsoti cTenenu
delicTéuresbnol. Torna U3 10KasaTeJbCTBA TEOPEMHl O IPH-
BeLleHHH K KaHOHHYECKOMY BHJYy CJeNyer, YTO CyLIeCTBYyeT
Takoe JuHeliHOe Heocoboe npeob6pa3oBaHue € LEUCTBHTEJNb-
HBIMH K03 PHUHEHTAMH:

x*=kux+kiy, y*=kux+keoy, (6.21)
KOTOpOe NIpuBORUT cucremy (6.19) k Bumy
dx* . % M _ *
7 Ayx®, = hayf*. (6.22)
Ecau
c d
|¢0, (6.23)
a b

TO HH OJHO H3 YHCEJ A U Ay HE pPAaBHO HyJIO U ypaBHe-
Hue (6.18) mocie coBepluenust npeobpasoBanus (6.21) npus
BOJAMTCS K BHIY

dy* . }ugy*
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2-t cnyuait. OSaemenraprvle  Oeauresu (A—M1) u
(A—2X2) marpuysr (6.20) xomnaexcne. Ecau cuurars a, b,
¢ ¥ d pefiCTBUTENBHBHIMH, KaK 3TO MBI TE€NepPb JesaeM, TO
M m Ap OynyT B3auMHO conpsikenHmMH. Torpa. mpeoBpaso-
Barue (6.21) rakxe npuBomur cucreMy (6.19) K Buay
(6.22). Ko>bdpunueHTs Ry U Ry MOKHO CYMTATHL NPH 3TOM
CONMpPSIIKEHHBIMH COOTBETCTBEHHO C KRy H Ry IlelicTBHTeNb-
HO, TaK Kak Ag=24, TO X¥* ynoBJETBOPSIET TOrAA ypPaBHEHHUIO

dZ: = ho¥f",
H MBI MOXKeM NpPHHSTbH o
Iycrs
ku=ki ik u kn=Fky+iky .
ITosoxum

E=klx Ky, 1= k% + Ky, M=a+ip (p0).

Torga cucrema (6.22) nocne paspeneHus JelCTBHTEIbHON
¥ MHAMOM 4acTeil flaeT cjelyolee:

dE dn

7‘““5—&’]» T*pg+“n'
OT1coaa
dn __ _BEtom
dg ag—fn

3aMmeruM, uTo JHHeiHOe npeobpa3oBaHHe, NepeBOAsMIIee

X H y B E H 1, Heocoboe, TaK Kak HHaye GuJIO OBl
kll k12
k21 k22
3-it cayyait. Marpuya (6.20) umeer oGur 3semexrap-
Houil Oeaureanr (A—Aq)2 Torpa cymectByer (cp. § 44) takoe
HeocoGoe snHeliHoe npeobpasoBaunue (6.21) ¢ peficTBuTE B~
HHMH Ko3(dduuueHTaMu, KOTOpOe INEePEeBOAHT CHCTeMY
(6.19) B cuctemy
dx*
dt

= Ay, % =ext + My (6.24)



§ 49] YCTOMUUBOCTL PEMIEHUM IO JSIMTYHOBY 197

Ecau perepMusant (6.23) orauueH or Hynas, 1o A=0.
Tak xaK @, b, ¢ ¥ d NeficTBUTENbHEH, TO A1 TaKXKe AeHCTBH-
TeNAbHO. 3JeCh & — KaKoe-HUOYIb OTJIHYHOE OT HYyJs YucC-
JIO; €CJH ero CUHTATb JCHCTBUTEJBbHBLIM, TO KO3(PdUIHEHTH
k., MOXKHO CUHTATb NEHCTBHUTEJbHBIMH, KaK 3TO CJeLyeT H3
paccmorpenufi § 42. ITonoxum, Hanpumep, e=A;. Toraa us3
ypaBHenuii (6.24) moayuaem

dy* _ Mx*thyt _ x*4yt

dx* Ayx* x*

3AJAYH

1. Iycty mauano koopauHar anaA ypabuenus (6.18) saBaserca do-
KycoM. BEHIsicCHHTe, IIPDH KaKMX COOTHOIUEHHAX Mexjy KosdduiuueHTaMu
cnupanu BXOJAT B 0COGYI0 TOYKY, 3aKpyuuBasich IIPOTHB 4acoBOil
CTPeNKH, NPH KAKHX COOTHOMEHHSIX -— 3aKPYYHBAsCh 110 Yacomoil
crpenke. PelunTe aHalOrWYHbIT BONMpoc AJA yana (THRa, H3oGpameH-
HOro Ha puc. 186). ‘

2 Jlyctb Hayano KOOpAMHAT fais ypaBHeHus (6.18) aBaserca cen-
JOM uJu YyanoM. BelAcHuTe, 10 KaKHM HanpaBlieHHSAM HHTerpalbHble
JIMHAH BXOJAT B Hauajo (a B ciayuyae y3jla — ¥ 1O KaKOMy Hanpab-
JIEHUI0 BXOAHT GecKOHeunHoe KoJnuyectBO JuHHMA). Ecan uHavano xkoop-
OUHAT SIBJISIETCH IEHTPOM, BLUSICHHTE, KaK DACHOJNOXKEHH TJaBHHE OCH
3JIMNCOB M KaKas M3 HHX GoJblue,

§ 49. YcrofiuvBOCTb pelueHuit
no JisimyHoBy

Mur 6yneM NPHMEHSITH BeKTOPHYIO 3aluch H JJisT HeJu-
HeflHBIX CHCTeM ypaBHeHHH M, TaKuM o6pasoMm, CHCTEMY

d -
jd%=ft(x’ylﬁ--"yn)’ l:]'""’n’ (44)

GyneMm sanuceBaTh 6oJiee KOPOTKO B BHIE

dy

—_— = x) ]

i f(x, )
rie y — BeKTOP-(QyHKUHS, COCTaBJEHHA# M3 HCKOMBIX
GyHKUME ¥, @ [ — BeKrop-QYHKUMS, COCTaBJEeHHAs H3

npaeeix yacrtedi fi;. EBKaupoBy HOopMy BekTOopa GyneMm o6o-
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3HA4YaTh BCPTHUKAJBHBIMH YEPTOUKAMH:
- 1/2
lyl= (Y 41)".
=1

Hyc’l‘b HayaJibHble NAHHBIE 3aJal0TCA IIpH X=X Pe-

IHIeHue
y=y°(x) (6.25)

cucreMb! (4.4) HasmBaercs ycroduuseim no Jlanyrosy
npu x—-4oco, ecau AJs Kaxaoro &>0 MOXKHO yKaszaTe
rakoe 1(g)>0, uTo mpu x>x, 0Js Jaw060ro pemeHust y(x)

3TOH CHCTEMHBI
|y () —°(x) | <e,

|y (x%0) —4° (x0) | <m(e).
Ecau, kpome Toro,
lim (y(x) — 4 (1)) =0,

x—>+4o0

eCJIHn

IPU JOCTATOYHO MaJKIX |4 (x0)—y°(%o) |, TO pewenue (6.25)
HA3BIBACTCS ACUMNTOTUYECKU YCTOLUMUBGIM NPU  X—>+ oo,
(B nanpHefiieM AJis KPATKOCTH BMECTO «pelleHHE YCTOHYH-
BO 10 JISIIYyHOBY HpH x—+co» GyleM FOBOPUTH «pelleHue
YCTOHYHBOY.)

[Tpn 3TOM MBI CUHTaeM, eCTECTBEHHO, UTO QYHKIHS YO (X)
ompejesieHa IJS BCeX X>Xp, a cucrema (4.4) omnpenesena
B HEKOTOPOH  OKPEeCTHOCTH JuHHM Y=y (x) BuIa
|y—y° (%) | <M, x> xo.

OueBu/JHO, Mbl BCerja MOXKeM CBECTH HCCJeJOBaHHE K

caydaro
y°(x) =0,
B35IB BMECTO 4 (X¥) 32 HOBYIO HEH3BECTHYI0 BeKTOp-(DYHKIHIO
y(x)—y°(x).

DYHKIHY f,, BCe Y ¥ X MBI CUHTAEM JEHCTBHTEJbHBIMH.

OyHraMeHTaJbHble HCCJEJ0BaHHS YCTOHYHBOCTH pelle-
Hull nuddepeHnUaNbHEIX YPaBHEHHH NpHHA[JexRaT 3HaMme-
HUTOMY pycckoMy martematuky A. M. Jlanyhosy V.

H Cv- A M JIanyuos. Obmas 3agaya 06 ycTOHYHBOCTH ABHIKe-
ung — M. OHTH, 1950.
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Jlemma JlanyunoBa. ITycre 0aa HeKkoTOpozo g>0
npasvie dactu cucremst (4.4) onpeBesensl u HenpepbieHosl
npu xo<x<oo, |y|<es, u f(x, 0)=0. Mycro npu |y|<eo
cyujecTsyer HenpepuisHo Oudepenyupyeman <«PyHKyus
JIanyrnosa» V(y) >0, pasias Hyarwo aulis 8 Havase KOopOu-
HAT, U NPUTOM TAKAS, 4TO

Tfi\<0' (6.26)
Y

j=1
Toz0a nyaesoe pewenue y(x)=0 cucremsr (4.4) ycroiiuu-
80.

Ecau, xpome Tozo0, npu |y| <eo

n

ov
Yo, <=V (6.27)

=1

2de W(y)=0 — wHexoropas HenpepoisHas (QyHKLUs, pas-
HAsL HYAD AUULL 8 HAuaAe KOOPOUHAT, TO HYyAeBoe peulexHue
ACUMATOTUYECKU YCTOUHUBO.

HoxkazarteannctBo Ilycts 0<<e<eo OO603HAUUM uUe-

pes K. chepy |y|=e u nycrb Ve = m}in V; scho, uto V.>0.
e
Bnibepem Tenepp >0, n<e crosip MajeM, yTo6n HA K, H
BCcloly BHyTpH K, Gbl10 V<V,. Takoe 1) cyuiecTByerT, I0TO-
My uyto GyHknus V uenpepriBHAa U obpaliaercs , B HYJb B
Havaje koopauuar. Torga HeTPyIZHO NMPOBEPHTb, YTO BCE
HHTerpajbuble JIMHHM, HAYMHAIOIHECS IPU X=X; BHYTpH
K,, HuKorga mpu yBeJHYEHHH X He MoryT poctuup K., oT-
Ky/lla ¥ BEITEKAaeT YCTOHYMBOCTb. [IJi1 MPOBEPKH 3TOro CBOH-
CTBA HHTETPAJbHBIX JIMHUA 3aMeTHM, UTO BJOJb KaXKIOH
TAKOM JNHHHH BeJHUYHHA V CTAHOBHTCSI CJHOXKHOH OYHKIHelt
X W B CHJy ypaBHeHuii (4.4) mnojayuaem

n n
av V v dy v
== —_— —] _ -_— f]
dx bd 0y, dx dy,

j=1 1=l

H ycaosue (6.26) o3nauaer, uTo BJoJb J060H HHTErpasb-
HOW NnuHHM 3HAueHue V He Bospacraer. Ecan takas Juxusg,
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HauaBliasicsl NPH X=X BHYTpu K, TpH yBeJHUYEHHH x B
nepBHIil pas gocTurHeT K, NpH HEKOTOPOM X=X;, TO BAOJb
a10# AMHUH  V |1=y, < Ve <V |y=r,» W MBI OPHXOLHM B IpO-
THBOpeUHe C HeBozpacTaHuem V.

[Tyctb Tenmepb BHINOJNHEHO GoJlee CHJIBHOE —yCJIOBHE
(6.27). Bribepem n no & Tak ke, Kak 3T0 OBIO CAeNaHO
Boiie. Torja, Kak OblJIO NMOKa3aHO, BCE HHTErpaJibHbie JIH-

HHUH, HAYWHAWOWHECS NPU X, BHYT-

b2 pu K,, OpH yYBENHYEHHH X OCTAIOT-

7 cs1 BayTpu K.. Ilokaxem, 4to Jio-

Gast Takas HHTerpajpHasl JHHHS [

IPH YBEJNHYCHHH X CTPEMHTCH K

# Hayasy KoopAHHAT. Mbl NOKasaJH,

Y1 wro mpu Bospactamum x sHauenue V

BJI0JIb [ HEe BO3pacTaeT. [JLoCTaTOUHO

IPOBEPUTH, YTO 3TO 3HAUEHHE CTpe-

MHUTCH K HyJl0 (TaK Kak Jerko J0-

Puc. 97 Kazartp, yto ecnu V—0, To u |y|—

—0). IlycTs 3TO He Tak, U 3Haue-

Hue UV BAOJb [ TNPEBOCXOAHT HEKOTOPOE IOJOKHTEJb-

Hoe mnocrostnHoe. Torga [ LeJHKOM PacloJsioXeHa BHE HEKO-

Toporo 1wapa Ks ¢ nocratouno wanasiM 6>0 u uz (6.27)
HoJyuaeM, UTO BLOJb [

dav

—E\<—"W<~OL<0,

Tak Kak BHe Ky dyHkuusg W>oa>0 (a=const).
Hurerpupys 310 HepaBeHCTBO, NOJyYaeM

V(%) <V (%) — a (x—x,) _-: — 09,

YTO IIPOTHBOpPEUHT olpenetenuto V. Jlemma nokasana

dta JeMMa HMeeT NPOoCTo# reoMeTpuyeckul cmbica. Pac-
CMOTPHUM 4HacTHHIE cayuail. Ilyets n=2, wu nycts JMHHK
V=C (C=const) — 3amMKHyTBl¢ JUHHH, CONEpXKallHe Ha-
4aJ10 KOOPIMHAT, IPHYEM JHHHS C MEHbWHM 3HaueHueMm C
JIEXKUT BHYTPH JHHHH C GOapiuM snavenuem C (puc. 27).
Torpa ycaosue (6.26) o3sHauaer, 4TO MHTETPaJbHBIC JHHHH,
umeonye obuly Touky c Junuedr V.=C, He BHIXOLAT H3
o6yacTi, OTPaHHYEHHON 3TOM JIMHHeH, OTKyAa M cJaenyeT
YCTORYHBOCTH HyJeBoro peiieHus y;=0, y,=0.



§ 49] YCTOFMUMBOCTL PEIMEHUM [0 JSIIYHOBY 201

[Tpu BHIMoNHeHHH OoJeec CHAbHOro ycaoBHd (6.27) uH-
TerpajibHbe JHHHHM TepeceKawoT JHHHI0 V=C CHapyxH
BHYTpPB, TaK KaK

dv

dx S—W

A
V=C

<0;

V=0

KpoMe Toro, pokasano, uyro lim V=0. CaenoBaresnHo,

X—>-1-00
BCe HHTerpaJibHble JIMHHH CTPeMSITCS MPH X—--+ 0o K Hauajgy
KOOPJIHHAT, YTO 03HAYAET ACHMIITOTHYECKYIO YCTORYHBOCTH
HYJIEeBOI'O PelleHHUs.
3ameuanue. [loguepkHeM, uto, KaK BHIHO U3 J0OKa-
3aTeJbCTBA JIEMMH, JieBas uacTh HepaBeHCTB (6.26) wHau

(6.27) nmpencraBasier coboi NPOH3BOAHYI0 —— OT $yHKUHH

V, B3fiTyio BIOJIb MHTETPaJNbHEIX NHHUA cHcTeMBl (4.4) (KaK
HHaue TOBOPAT, MPOU3BOOHYIO, B3ATYIO 8 CuUAYy cucre-
moL (4.4)).

Teopewma. Peuwenue

y(x)=0
cucremor (4.4) acumnrorudecku ycrodiuso, eciu
[(x, y)=Ay+F (x, ),

ede marpuya A ROCTOAHHQ, OelicT8UTEeAbHbIE 4ACTU BCEX
KOpHeil A ypasHerus

|[ANE—A| =0 (6.28)
OTPUYATEAbHBL U NPU BCex x>Xo U |Y| docTarouno marom
| (x, y) | <M]y|te, (6.29)

Qyuxyuu F, (i=1, ..., n) HenpepoisHbL 1O COBOKYNHOCTU ap-
eymentos, a o 4 M — nososcuresvible NOCTOAHHDLE.

B u4acTHOCTH, yCJOBHS 3TOH TEOPEMBI YAOBJIETBOPSAIOTCH,
ecsin GYHKIUHH f,, CTOSILIME B NMPABbIX 4acTAX cHcTeMbl (4.4),
He 3aBHCAT oT X, obpamatoTcss B Hyab NpH y=0 u B HEKo-
TOpO# OKPECTHOCTH Havajna KOODAHHAT HMelOT HempephiB-
Hble IPOH3BOJIHbIe NO 2-TO0 MOPSANKA BKJIOYHTENLHO, a JeH-
CTBHTe/JbHble YACTH BCeX KOpHelt ypaBHenus (6.28) orpuna-
TenbHB. B camMoMm pmese, Torma x 3THM QYHKIHAM MOXKHO
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NpUMeHUTh Gopmyay Telnopa, H Mbl NOJYIHM
f(x, y)=Ay+0(ly|%)".

HoxkasarteapcTBO. 3aMeTuM, 4TO AJii CAMOro MpocC-

d
TOrO0  CKaJsipHOTO ypaBHeHm—dy— = —ay (a=const>0)
X
d(y? d
I/IMEEM-;—y)—: QyEy—:~—2ay2 1 TeM CaMbIM, €CJU TOJOXKHTD
X X

V(y) =y% W(y)=2ay? ycioBue (6.27) M ocTajbHHe yCJO-
BUS seMMH JlsnyHoBa OyAyT BBHINOJHeHH. JTO HABOAHT HA
MBICJIb, B caydae cucteMu (4.4), cienas Heocoboe JiHHelHoOe
npeobpaszonBanue z= Ky, NpUBOJsUIee JHHCHHYIO Y9acTh CH-
CTeMBb! K KaHOHHMYECKOMY BHAY, NMPHHATh 32 QyHKIHIO JId-
nynoBa V cyMMy KBajgpaToB MOJAyJeH HOBLIX HCKOMbIX
¢yrkuuit. Ias storo npuMeHHM K cHcTeMe (4.4) Takoe He-
ocob6oe JauHefiHoe npeobpasoBanyue ¢ NOCTOAHHBIMH (BOOG-
Hie ToBOpHA, KOMILICKCHBIMH) Ko3dduuuentaMmy, KoTopoe
HOPHBOJIUT K KaHOHHYECKOMY BHAY CHCTEMY

ﬂ/_ = M
dx Ay;

npu 3ToM MB  OygeM paccMaTpHBATb  TOJBKO TAaKHE
(BooOuie roBOPH, KOMILJIEKCHBIE) 3HAUEHHSA 24, ..., Zn, LIS
KOTOPBIX COOTBETCTBYIOL[HE 3HAYENHS Y|, ..., Yn BEIIeCTBEeH-
HHL

ITooxuM rtemepn

Vi) =12k =¥ 2.7,

i=l

(XoHeuHO, B MPaBylo YacTh HAf0 TOJACTABHTh BHIPAXKEHHE 2
uepes y). Torza
v ¥/ d &
Zy = 27
—_—= —z, + 2 .
dx 2( dx ° T dx )
1

L=

Ins mojpcyera 3THX MPOH3BOAHBIX PACCMOTPHM OIHY U3
rpynn TOJYUYEHHHIX YPaBHeHHH, COOTBETCTBYIOILYIO OLHOMY
KakOMY-HHOYIb 3JIeMEHTapPHOMY AeJHTeNI0, Haupumep (A —

) CM cHocky ! Ha ¢ 95
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— Ay MaTpunk AE—A

d "

di‘ = M2 + Fl (%, 2),

LR PRy + P (x, 2)

dx — M1*1 12 2\ ) (6.30)
dz, .

—dx‘ = Bizn—1 + Mzn,+ F (%, 2).

3xech A; paBHO OIHOMY U3 XopHell ypaBHenus (6.28), a
i1 MOXXHO BBIGpPATDb IMPOH3BOJILHO, JIHWDb OBl OHO He DaBHA-
JIOCH HYJHO.

Ecniu dyukuun F; ynoBieTBopsioT ycaoBuiwo (6.29), to

dyuruEn F y10BIeTBODSIOT HepaBEHCTBY
|F(x,2) | < M"|z|1+e, (6.31)

rie M* —Hexkoropasd HOBas TNoOcTOoAHHAad. JlefcTBHTENBHO,

* o
Bce F, (x, 2) aBagioTCA JTHHEHHHEIMH KOMOHHAUMAMH (YVHK-
uuft Fi(x, y),...Fn(x, y) ¢ nocrogHHbiMu xKo3ddHIHEHTA-
mu. CuenoBaTeJbHO,

|F* (1, 2) | << My LI F (3, ) | < Myl y |,
i

Taxk kak y=K~!2, T0 npu BCSIKOM I
|y.| ' re< M (max] 2z |) ra<Ms| 2| 1o,

rae Mi, M,, M;— nocrosHHHe, a max|z,| o3Hauaer Hawu-
Goabuiee U3 uuces |zi|, ..., | 2x|-
W3 ypaBrenntt (6.30) vaxoxum npu > 1

d 2 - dz; d:— o . -
el 7 & g B ez 4 Tz Bz,
dx dx dx

+Bi2,-z F2.F. +2,F.. (6.32)

Ilpu i=1 nmonyyaem Takoe ke paBeHCTBO, TOJbKO B HeM

OTCYTCTBYIOT 4JIeHH C B H ;.
13 (6.32) maxonum, nosaras

Re k=g,
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U MoJb3ydAch ouenkamu (6.31),

dl;{2\<2a1|zt 2+ 18|12, 12+ 2,1 ] +2M° |22+,
i=2, ey 1y, (6.331)
dldzl |2 < 2(11121‘2 -+ oIM* | 2 IQ-FOt . (633//)
X

IMostomy, cymmupys HepasenctBa (6.33”) u (6.33") mo
BceM [ oT | fo n w o603Hauas ueped — @ HAHGOJBIIYIO H3
JNefiCTBHTeNbHRIX YacTed BCeX A4 KOTOpas, M0 HalleMy
NpeAIoJOXKEeHHIO, OTPHLATEJIbHA, NONYUHM

dv dizj?

AV _ AR o o4y 4 9BV + 2Mm2VHe2,  (6.34)

dx dx
rge p ecrb Haubosbiuee u3 udcesa |B.|. Tak kak uucia $;
ME MOXeM BHOHPAaTh HPOH3BOJBHO, JHIIL OB OHH OTJHYA-
JUCh OT HYJS, TO MBI MOXeM HX BHIOpaTh Tak, 4To

a
p<

byneM, kpoMe Toro, npelioJjararb, YTo BCe pacCMarpHBae-
MBEe Yy, H, CJHeIOBaTeJIbHO, 2Z; HAaCTOJbKO MaJel 1o abco-
JIOTHOH BeJIHUHHE, UTO

Ve (6.35)
Torpa
_szT < —av. (6.34)

Monaras W=al/, mu BuauM, uto yciaoBue (6.27) u ocranb-
HBE YCJIOBHS JeMMH JISmyHOBa BHINOJHEHH, H Halla Teo-
pema JoKasaHa.

Sameuanue Ecanm mud cucreMu (4.4) uMecT MecTo
eUACTBEHHOCTb PelleHHsd, NPOXOAALIErc uepes Janbyio Tod-
Ky KpHBOH y=y%(x), x>X0, TO CBOACTBO YCTOHUHBOCTH HE
3aBHCHUT OT KOHKDeTHOro BHOopa xo. lHawe roeops, ecad
3ajaBaTh HayajubHHE NaHHBIE IPH MOOOM (HKCHPOBAHHOM
Xo >xo, TO pemenne y=y°(x) cucremsl (4.4) 6yner ycrofi-
YHBRIM TOIZd H TOJbBKO TOTJA, KOrZa OHO OBLIO yCTOHYM-
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BLIM NpPH 33flaHUH HAYaJbHBIX MJAHHBIX JJs X=X, [el-
CTBHTEJBHO, 3TO Cpasy cleflyeT H3 HenpephBHOH 3aBHCH-
MOCTH DelIeHHS OT HAauaJbHbIX JAHHEIX Ha KOHEUHOM HH-
Teppate xo<x<x’ (cMm. § 19 u 29, B wacTHOCTH, 3aMeua--
HHe K Teopeme § 19).

3AJAYH

1. Joraxure cieayollyio jgeMmy o HeyctoHumpocTh. [lyets 8
YCJAOBHAX JeMMBl 00 ycrodumBoctd or (yHKuuM V BMeCcTO HeOTpH-
naTteapHoctn TpebyeTcsd, UTOOH OHA NPHHMMAJA IIOJOXKHTEJbHHIE 3Ha-
yeHuss B JIOGOH 6AM30CTH OT Hauaja KOOPAMHAT M, KPOMe TOrO, 4TOOHL

n

av
—fH=2U),
/ a_l/, f} (v)
]=

rie HenpepbiBHas ¢GyHkuus U NoJOXHTeNbHA BO BCeX TOYKAX MOJIO-
xkurensHoctH V. Torpa Hyaepoe pemeHue cucteMu (4 4) HeycToHuuBO.

TToxaxkute Ha npuMmepax, 4r0 JeMMp 00 YCTOMYHBOCTH M O He-
VCTOfIMHBOCTH CT@HOBSTCSI HECHpaBeAJHBHIMH, ecau ¢yhxuus V 3aBu-
CHT TakXe H OT X YKaXHTe JONOJHHATeNbHHE TPe6OBaHHSA, NPH KOTO-
DBIX JIEMMbl OCTAIOTCHl CIIpPaBeJIHBLIMH,

2. C noMOMIBIO JIeMMH O HeEyCTOHYMBOCTH JOKaXKHTe, YTO eCJH
B YCJOBHSIX TeOpeMbl XOTH Obl OZMH KOpeHb ypaBHeHHs (628) umeer
NOJIOKHUTENBHYIO BeIIECTBEHHYIO YacTh, TO HYJEBOe  pelleHHe Heyc-

m n

toitupgo, Jas  srtoro  nosoxwure V (y) =Zl_z1 12— 2 | 2; 12, rae-
=1 t=m-1
2, ., Zm — 3TO T€ KAHOHHYECKHE TEpPEeMEHHhle, KOTODHIM OTBEYaloT

KOPHH C TOJIOXKHUTe bHOH BellecTBeHHOH 4acThio.

3. Ioctpolite npumep cucrems! (44) TONBKO C OZHHM YCTOHUHBHIM
pelueHueM, 1Js8 KOTOPOH, OAHAKO, DelleHHe C JIOOKIMH HadaJdbHBIMH
JaHHBIMH CYUICCTBYeT, eJHHCTBEHHO H OrpaHuyeHO IpH BCeX X.

4. Ilyctp pewenue cucreMs (44) ¢ JOGHIMH HAaYanbHHIMH - JaH-
HRIMH CTPEMHTCA K HYJHO NpH x—>-4o0o u y=0 aBasgercd pelleHHeM
cucreMbl (4.4) Torma pemenue y=0 MoxKeT He OHTb YCTOHUHBHIM
(nmoctpofite npumep) Ilycts JOnoJHHTENBHO H3BECTHO, 4YTO pellieHHe
y=0 ycroiluuo. OG6si3aubl ¥ TOrHa BCe pEILICHAS C JAOCTATOYHO
6MH3KUMH K HYJ/JI0 HayajbHBIMH JaHHLIMM TOXe ObITb YCTONYHBHIMH?P
Oraenmbio pasbepure ciayuam n=1 u n>1

5. TloxaxnTte, 4TO ecsu Bce peuieHusi, LJs KOTOPHX

ly (xo) | <M, (%)

pPapHOMEPHO CTPEMATCS K HYMO NpPH X—-+400, TO BCR pellCHHA, IS
KOTODBIX BBIMIOJHSETCH HEPAaBEHCTBO (*), YCTOHUHBBLL
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6. (E A Bap6awun, H H Kpacoscknit) Ilycrs B ycnosusax
MepBOl yacTH JieMMbl JIAMyHOBA OOMOJHHMTENbHO AAHO, 4TO (YHKUHS
f He saBucut or x u HenpepniBHO auddepernupyema. JlOKaxHTe,
YTO TOrAa HJIi ACHMITOTHYECKolM ycroliyusoctu pelieHus y=s0 Heob-
XOAMMO H JAOCTATOYHO, YTOOB B HEKOTOPOM HHJHHApe —o00 < x< 400,

|y|<e (e>0) MHOMXKecTBO TOUEK, rueng,-:O,He cofepKano
° )

j
HEeNYKOM HHKAKOH HHTerpajbHOM JHMMH cucTeMH (4.4), 3a wuckJjlode-
uuem y(x)=0. Ecau, kpoMe Toro, gauo, uro ¢yHxuuu f m V obnama-
I0T YKa3aHMBIMM CBONCTBaMH mnpH Bcex y HV (y) T——»—I—oo, TO MMe-
\yi—>oo

€T MECTO ACHMITOTHUECKAs YyCTOHYMBOCTH B WEJOM, T. €. TPHBHAJbHOE
pellieHye YCTOHYMBO M 8Ce OCTaJjbHble pPelIeHHS CTPEMATCS K HeMy
NpH X—>-- 00,

7. Jlokaxure, yro B TeopeMe Hacrosiero maparpada ® B 3ajpaue
2 ycnoBue (629) MoXHO 3aMeHHTh Ha caepywouiee, Gosee caaboe

[F(x, y)|=o0(lyl), T. e
[ F(x, ) | N
lyl

(paBHOMepHO 1o x), xorpa y—0

8. Mycrb n=1 u 7aBa pelleHus, YAOBJETBOPAIOMIHE HAYaJbHBIM
JLaHHBIM Y (Xo) =y°' u y(xo) =y%2>y°, cTpeMATCS K OJZHOMY H TOMY XKe
(KOHeuHOMY) mpeneny mpH x—-oo. Torpa, ecaH uMeer MeCTO efHMH-
CTBEHHOCTL pelIeHUs, ONpeJlesifeMoro HayalbHbIMH  YCJAOBHSIMH, TO
Kaxaoe pemieHue y(x), @I KOTOporo yol<y(xo) <y, ycroiuuBO

9 Haiinure Heo6XoZMMOe W JOCTAaTOYHOE YCJOBHE YCTOHYHBOCTH
HYJEBOro pellleHHs CHCTeMBl JHHeHHBIX OAHOPOAHHIX AH(depeHuHanb-
HbIX ypaBHEHUH C MOCTOSHHBIMH Ko3(ddHIHeHTaMU

10. Jloxaxute, 4TO, AJASl TOrO yrOOH Hys€BOE pellieHHe CHCTEMb
JHHEeHHBIX ORHOpPOAHBIX nHbdepeHnHaNbHBIX YypaBHeHHH ¢ Hempepuis-
HeIMH KO3 dHuueHTaMn Gblj0 YCTOHUHBLHIM, HEOOGXOAMMO H JOCTATOUHO,
'4TOGH Ka’K[0e pellleHne 3TOH CHCTEMH ObiI0 OrpaHHYeHHbIM

11 PaccMmorpuM nuHelHYIO cHCTEMY

LA
—— =A(x)y
dx
C HeNpephlBHBIMH NePHOAHUeCKUMH Kosbduuuentamy, v e. A(x+a)=
=A(x) (a=const>0). Ilyers Y(x¥) — o¢yuaavenransHas MaTpuua
stoil cucrembr (cM 3amauy 1 § 33) [loxaxure, uro torna Y(x+4a)=
=TY(x), rae T — Hexoropas mocTOsHHast Marpuia Kax usMeHsiercst
3Ta MaTpuua npH 3aMeHe ¢GyHAaaMeHTaabHOH Martpuus® Halinure ycao-
Busl YCTOHYMBOCTH M aCHMITOTHYECKOR YCTOHUMBOCTH pellieHHH pac-
CMaTpUBaeMOH CHCTeMBbl, BBHIDAXXEHHble B TEPMHHAX CBONCTB MaTpH-
ubt 7.

12. (M A Kpacrocenscknii #H C T. Kpetin) Ilycte mnpasble
yacTH CHCTeMbl (4 4) ompefesieHbl H HelmpephiBHH BCIOLY NpH X ;<Kx<oo,
—oo <y, <oo, t=1, .. n Ilycrs cymecrteytor Henpepmieno aubodepen-
uupyemas ¢yHkuua V(y), ompepesedHas npu BCeX Yi, , Ya, HPHUEM
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him V(y)= +o0, u HenpepwBHas dyukuus D(V)>0, onpenenennas
lyl o0
npu VoKV <00, A1 KOTOPBIX

-] n
dv 2 v
— =0, <O V), Vo=minV ().
‘j’ W) ~ 29, fs ), Vo ;
. .

[Mokaxute, uro Torma moGoe pellieHHe, 3aAaHHOE INPH X=Xg, X;<Xo<
<00, MOXHO TPOAOJIKHTb B CTOPOHY BO3pacTaHHA X Ha HHTEpBan
XKy <0

ITycTs npaBuie uacTd cucTemsl (4.4) onpejeseHbl W HEMPEPHIBHBL
BCIORY npu X <x<oo, |y|<les, €0>0, npuuem f(x, 0)=0. Cdopmyan-
pylfite aHaNOTHYHYIO TeopeMy, OBecrneydBAOUIYI0 HEBO3MOXKHOCTh s
MHTErpanbHON JIMHUM, HauwHaoomeHdcs mpH xX=x; (X;<<xp<(oo0) BHe Ha-
4ana KOODAHHAT NpOCTPAHCTBA Yy, TIPHATH NDH HEKOTOPOM  KOHeuHOM
X B Hauyaao xoopauuar (TeM cammM, stra TeopeMa jpaeT M0CTATOY-
Hble  YCJOBHA AJS €IHHCTBEHHOCTH pelleHHA, HAYHHAIOUIErocs B TOY-
kax ocu x) Ilompobyiite o6benuHuTh 06e TeopeMbl — O HEOrPaHH-
4eHHOW MPONOJIKHMOCTY H O EIHHCTBEHHOCTH pelleHus — B OXHY
o0myl0 TeopeMy O HEBO3MOXKHOCTH WHTErpajibHOH  JIHHHH  TOKHHYTb
fip¥ KOHEeYHOM X HeKOTOpylo 006sacTb HPOCTPAHCTBA Yy

§ 50. GauH ¢msnueckuii npuMep

Ilycrs matepuanbuas Touka macen m>(0 ABHIKeETCA MO
ocu Ox. O6o3uaunMm uepes x ee abcuuccy. IlycTs npu atom
Ha TOUYKY HeHCTBYET CHJIA COINPOTHBJIEHHA Cpejbl, NPOIOop-
UHOHaJIbHAS CKOPOCTH,

dx
—— a ————
dt
W cuiaa
—bx,

NpUTATHBaKOLIAA ee K Hauaay KoopauHart. Kosdodunuen-
TH @ H b nocrosguub, a>0, b>0. Takoe ABHKEHHe MOIKHO
npeACTaBHTb cebe QH3HYECKH KAK [BHIKEHHE MaTCpPHab-
HOH TOUKH B CONpPOTHBASOLEHCT cpele, HAlpHMeEp B KUI-
KOCTH HJIH Tase, NOJA BJHMSAHHEM YIPYTOH CHJIBL NPYXKHHBI,
JeficTBywoulel o 3akoHy 'yka. DTOT 3aKOH COCTOMUT B TOM,
4YTO ynpyrasi CHja [AeHCTBYeT B CTODOHY IOJIOMXKEHHS pPaB-
HOBECHSA TOUKH M TPONOPUHOHAJbHA VKJOHEHHIO OT IIOJO-
JKeHUsl paBHOBecHd. JLONyCTHM ellle, UTO HA paccMaTpHBae-
MYI0O MaTepHaJbHYIO TOYKY JeficTByeT HWanpapjeHHas 10
ocu Ox mepuonuueckasi cusa, B MOMEHT [ pasuas

A cos wt,
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rae A u o — pefictBuTesbHBE NOCTOfHHME (w>0). Toraa
audbepenunanbHoe ypaBHeHHe JBHXKEHHA 3alulieTcs B
BHIe
d?x
dr?

m

+a% - bx = Acos ot . (6.36)

Wsyunm cuauana cayuadl, xorna A=0, 7. e. KOrga Ha
JBHXAKYOIYIOCA TOYKY COBCEM He JeHCTBYeT BHEWIHAS CHJA.
Taxue ABH:KeHHS] TOYKM HA3HBAIOTCH ee COOCTBEHHbIMU KO-
ge6anuamu. Obmlee pellleHHe OJHOPOAHOTO YpPaBHEHHS

d2x dx

IPH YCJHOBHH, UTO Ay~Ae, Aaercst hopmysioH
x = CyeMt - Coet, (6.38)
rfe A, H Ag — KODHH yPaBHEHHS
mi?4-air-+b=0, (6.39)

a a2 b
Mo=——= —_——— .
' 2m 4m? m
Ecau a>0, To AeficTBHTeJbHHE YacTH A; H Ag OTPHUATEJb-
HEl. Bedkoe peliense ypapHenus (6.37) Torfa crpeMutcs K
HyJio pu f—-o0o. TOUHO Tak ke BcAKoe pewenue (x(f),
x1(1)) cucremsr
ar
a T
(6.40)

dx,

= -—ax, — bx,
dt

COOTBETCTBYIONIeH ypaBHeHHIO (6.37), Takxe CTpeMHTCH
npu f{— -oo K peiienuio x(¢) =0, x,(#) =0 3TO# CHCTEMHL
Jlerko BupeTh, Kpome TOro, 4to peinenue x (¢)==0, x, () =0
STOH CHCTeMBl fABJSETCH aCHMITOTHYECKH YCTOHUHBHIM.

Ectu a=0, To BcsKoe [elCTBHTEJbHOE pelleHHe ypap-
Hennsa (6.37) naercsa dpopmyJson

e [N

x () =C, sin vit+02ws “/—b—t == Csln ( ‘/LtnLv),
m m m
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rae

= ]/Cf—e—C? , C; =Ccosv, C,=C sinv.
Orcrona

% () = C‘/——cos(l/——t-{-v)

CunenoBartenbHo, Touka (x(t), x;(f)) Ha mjockoctu (X, X;)
JBHXKETCSl 110 3JJIHICY, Y KOTOPOro HampasJeHHe IJ1aBHHX
oceHl coBHajaeT ¢ HANpaBJIeHHEM KOODAHHATHHIX oceH, a
OTHOIIEHHE JJUH TOJyoceH HJisi BceX pelleHHH OJHO H TO

b
JKE€: OHO pamHO —. Hauano KOOPAUHAT ANdA CHCTEMMH
m

(6.40) siasiercs unentpom. Pemenue x(f) umeeT mnepHoOR

m o o
v - 27, OAMHAKOBBIH MJA BCeX pelleHHH ypaBHEHHS

{6.37).

Hsyuum noxpobHee nBuxkeHue, korpa a>0. 3xech BO3-
MOXKHH CJIeVIOUIHe CJAYYaH.

Cayuair 1. a?2>4bm. O6a KOpHA XapaKTepHUCTHUECKO-
ro ypaBHenus (6.39) meficTBHTeJbHH H oTpuuarejspHbl. Ha-
9aj0 KOOpIHHAT A cucTeMHb (6.40) saBasercs yaiaom (cp.
§ 22, puc. 13 u 14). Odysxuua x(¢)==0, onpegensemas ¢$op-
myJs0#i (6.38) (u ee mpou3BoxHaf), B cjayuae AeHCTBHTEb-
Helx C; 1 C, He GoJsiee yeM NpH OJAHOM 3HAuYeHHH f ob6pa-
maeTcss B HyJb. CaenoBartesbHO, QYHKUHS x(f) HMeeT He
6oJbllle OJHOTO MAKCHMyMa HJIH MHHHMYyMA.

Cayuati 2. a®>=4bm. Torna ofliee pelleHHe ypaBHe-
uus (6.37) maerca dbopMmyJsoi

“at

x=e m(C,+Cy).

Dyukunn x(£)5=0 u x,(£) =0 Mmoryr ob6paTHTbCS B HYJb

He Gousblle yeM npu oxHoM f. Hauano koopanHar Ha maoc-

ngcm (x, x1) aBasiercst yanom (cp. puc. 16) mas cHcTeMH
40).

Cayuait 3. a?<4bm. KopHH XapakTepHCTHYECKOTO
ypaBHeHHst (6.39) MMeIOT He PaBHYIO HYJIO MHHMYIO 4acThb.
Ilycrs

AMa=—axif; a>0, p=>0.
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Torna Hayaso KoopJAHHAT Ha MJIOCKOCTH (X, X;) JUIA CHCTe-
MB (6.40) sBasierca ¢okycoMm. [leficTBHTe/JbHEE peHICHHA
ypaBHenus (6.37) parorest popmyson

x=e"(C;sin B4 Cs cos pt) = Ce~2 sin (Bt+v).
Touka x coBepliaeT MepHOAHYECKHEe 3aTyXalolge KoJeba-
2n
HHA 1o ocu Ox ¢ HeH3MEHHBIM IepHOJOM——, OJHHAKO-

BHIM JAJ8 BceX pelreHu#t ypaBHeHus (6.37), u 3aryxamwoule#
aMmmaTyo#i Ce~0,

Pas6epem teneph cayuail, koraa B ypaBueHuu (6.36)
A==0. Ham 6yner yaoGHee BMecTo ypaBHenus (6.36) pac-
CMAaTpPHBATh YPaBHEHHE

d% __‘_if_. A — Lot 1
m— +a 7 bz = Aevt. (6.41)

HeficTBHTeJbHasA YacTh BCAKOrO pellleHHs 3TOTO yPaBHEHHS
6yIer yHOBJIETBOPSTHL ypaBueHuio (6.36), u o6parHo, BcH-
Koe pelleHHe ypaBHeHHs (6.36) ecTb pelcTBHTe/NbHAR
yacTb HeKOToporo peutenus ypasuenus (6.41). (ITouemy?)

Ecau 06a kopua ypaBuenus (6.39) otyinuHH 0T (@, 00-
uiee pewenne ypaBuenns (6.41) naercs ¢opmyJol

Aem)t

— At Aot
2= Ceht + Gyt + m(io) +a(10)+b ’

BCJH AyF=ho, H POPMYJIOH

Ae’tmt

m(1@)2--a(tw)4-b

eclIH Aj=Xo=A. TlepBHe ABa uneHa B 3THX ¢dopMyJIax HanT
ofllee pelleHHe OXHOPOXHOTO ypaBHeHHs (6.37). Irto pe-
wenne npu Ja106eix C;, C; orpanudeno npu ¢>f,. ITocnen-
Hee cjaraeMoe JaeT YacTHOe pellleHHe ypaBHeHHs (6.41),
HalleHHoe IO NpaBHJY, YKa3aHHOMY B kKoHUe § 47. Ecan
a>>0, nepBele IBa cjJaraeMblx B 3Tux ¢GopMyJax crpemaArcs
K HYJIO IIpH {—--0o W pellleHHe ypaBHeHHsA (6.41) npubmu-
KaeTesd K

2= Clext + Czte}‘t +

Aet(:)t

m(io)2+a(to)-+b '
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IIpu meusmennoM A MoAysab 3ToH ¢GYHKUHH OyreT TeM
Gosbllle, ueM MeHbule MOAYAb M (iw)24-a (i) +b.

Ecin m(iw)?+a(tw) +b=0, uro MoxkeT OHTb TOJbBKO
npu a=0, To o6wKM pelleHHeM ypaBHeHuss (6.41) Oyner

Aterot

z2=_Ce0t +Cheot + ——— |
2m(1o)

IlepBhie nBa usneHa 3TOH CyMME, jpamiue ofliee pelleHHe
OJHOPOJAHOTO ypaBHenus (6.37), ocrarTcs Bcerga OrpasH-
YEeHHBIMI, a TIOCJe/Hee cjaraemoe, garmlliee yacTHOe pelle-
HHe ypaBHenus (6.41), Hafigzennoe corsacHo § 47, Gecko-
HEYHO pacTeT MO MOAYJIIO NPH f—>—+-oco. DOyHruusa x (),
fawolas pelleHue ypaBHeHus (6.36), B aTOM cJayyae KO-
JebjeTcs, H aMIUIATYyAa ee KoJeGaHHH GeCKOHEYHO pacTeT.
310 fABNeHue Ha3bBaeTcd B (DU3NKe PE3OHAHCOM MEXAY
COGCTBCHHBIMH KoOJIE0aHMAMH paccMaTpuBaeMoH MartepH-
aJIbHOHl TOYKH H BHellIHed cuiod. Kak BHIHO H3 npejblAy-
Ilero, OH HACTyIaer, eCjH MepHoAbl cOOCTBEHHHX Kojeba-
HHH MaTepHasJbHOH TOUKH M BHeHIHEH CHJB COBIAAYT.
B ¢usHueckoli JIeHCTBHTENBHOCTH B CJyYae HaCTYIJEHHSA
pesocHaHCa pa3MaxH, AejaeMble MaTepPHaJAbHOH TOYKCH, ua-
CTO CTAHOBATCH B OIpe¢JeseHHbIl MOMEHT HacTOJNbKO 60Jb-
IIHMH, 4TO cHcTeMa paspymaetcd. IlosTtoMy OblBaer Bax-
HO TpelyCMOTpPeTb BO3MOKHOCTb HaCTYIUIEHHS pe3oHaHca.

3ANAYH

1. PasGepurte moapo6Ho cayuaii a<0 — xozneGanuii ¢ <«OTpUna-
TeJbHLIM TPEHHEM», KOTOPOE OCYIIecTBJSeTcAd B LEJOM psige (usuie-
CKHX CXeM NIpH Iofaue 3Iepruu H3BHe

2 Jlokaxure YCTOHUMBOCTb HYJEBOTO pelliehus cucreMmsl (6 40)
NpH TOMOUIY U3YUYEHHS NPOUBBOAHOH 1O BPEMeHH OT TaK HA3LIBAEMOrO
UHTErpana SHepPTHH, PaBHOro

m (dx‘?+b .
_— | — — x2.
2 dt) 2
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TJABA VII
ABTOHOMHDBIE CUCTEMDbI

§ 51. O6mue noHATHS

Ecau B npaBele wactu cucteMsl (4.4) He BXOJIHT He3a-
BHCHMAs NEpPeMeHHasd X, TO TaKas CHCTEMa HA3bIBAeTCs a8-
TOHOMHOI. B Teopuyu aBTOHOMHBIX CHCTEM IPHHSTO HCTOJI-
KOBBIBATb HE3aBHCHMYIO NEPEMEHHYIO Kak BpeMs; NO3TOMY
OyAeM 3amHCHIBATh TAKYI0 CHCTEMY B BHJAE

%"-: (s %y o0 %), E=1,...,n, (7.1)
HaH, B 60Jee KOPOTKOH BEKTOPHOH 3aMHCH,
dx
—_— = X , 7.2
=1 (7.2)
THe
X1 f1
X
X = .2 , f — ,.:2
xn fn

BnpoueM, mox x MOXHO NMOHHMATB H TOYKY C KOODIHHATa-
MU (X1, X2, .00y X )-

Ins npocrotsl 6yfeM cuHTaTb, YTO NIpaBBlE YacTH CH-
creMbl (7.1) onpepneneHsl BO BCeM NPOCTPAHCTBE X H YAOB-
JETBOPSIOT YCJAOBHIO JIuMNIIMIa Mo BCEM CBOHM apryMeH-
TaM B KaxKAOH OorpaHHYeHHOH uwacTe npocTpaHcTBa. Torma
NpH HauajbHOM YycsioBHH X (0) =x0 cyliecTByeT pelieHue
x=x(%; x°) cucremnt (7.1) (maH, uTo Bce paBHO, (7.2)),
onpejeJieHHOe B HEKOTODOH OKPECTHOCTH 3Hauenus [=0.

STo pelleHHe MOIKHO PaccCMaTpPHBATBL KaK 3aKOH [BH-
JKEHHS TOUKH B TIPOCTPAHCTBE X, T. €. 3aKOH H3MEHEHHS BO
BpeMeHH KOOPAMHAT 3TOH TOUKH; NPH 3TOM ABHIKEHHH TOU-
K2 X ONHCHLIBAET HEKOTOPYIO TPAEKTOPUID lyo, 3ABHCALLYIO
ot Bbibopa HauaivHOU TOuku x° (He cjaefyeT NyTaTb 3Ty
TPACKTOPHIO C MHTErpasibHON JuHHeH cucteMnl (7.1), Tak
KaK HHTerpasibHas JIHHHA pacnojoxeHa B n--1-mepHoM
NPOCTPAHCTBE X, 1).
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Tak kak NpH 3aKOHE ABHKEHHS Xx=x (). BEKTOp CKOpPO-
dx
CTH BHIpaxkaercs no gopmyne v = —; ' TO aBTOHOMHAs cH-

crema (7.2) 3ajaeT nose ckopocTeli B NPOCTPAHCTBE X, T. €.
B KaxJIoH Touke x 3apmaercs BekTop v=f(x). PemeHnunem
JKe CNYXHT TaKoH 3aKOH JBMKEHHS TOUKH, NIPH KOTOPOM
3Ta TOYKa B NpOIecce ABHXKEHHS HMeeT B KaXAOM IOJO-
JKEHUH 3aJaHHyio ckopocTb. Cnennduka aBTOHOMHOH CH-
crembr (7.2), y KoTopo#l B nmpaBHe YacTH He BXORMT f, co-
CTOHT B TOM, YTO 33 dHHOE TOJIe CKOpOCTeH He MeHseTcs C
TE€YCHHEM BPEMEHH HJIH, KaK TOBOPSAT, ABJASETCS CTAlMOHap-
HBIM. Mogenbio cucreMsl (7.2) MOKET CNy3KHTb CTalHOHap-
HEIH DOTOK r'a3a B NPOCTPAHCTBE X; TOTAA pemeﬂnﬂ onpe-
NS0T 3aKOH ABHIKEHHs ero 4acTHIL.

Kak Mbl 3Ha2eMm, mpH HpOROJKeHHH pewleHus x(f; x°) B
CTOPOHY BO3pacTaHus ¢ (aHaJOTHYHO B CTOPOHY yOBIBaHHSA
f) MoKeT NpeiAcTaBUTbCS ABa chyuas: aubo pelleHue Oy-
JeT npojoXeHo Ha BCo noayocs Q<it<oo, nubo xe NpH
npubJHXKEHHN K KOHeuHOMY f=T Touka x(f; x°) «yXoAHT
Ha OeckOHeYHOCTb». Mui OyaeM Jasi NPOCTOTH Npeanona-
rats, 4To 0653aTeNbHO MMEET MeCTO mepBHIA cayuai. Jlerko
NPOBEPHTb, UTO NPH H3YYEHHH COBOKYIHOCTH TPaeKTOPHH
cHcTeMBbl (7.2) 3TO MpeAnoOJIOXKeHHe He OrpaHHYKBaeT obi-
HOCTH. B caMoM jene, pacCMOTPHM aBTOHOMHYIO CHCTEMY

%"' S )P (g, k), i=1, ..., 0, (7.3)
rae ¢yHkuusa r>0 u ynoBaeTBopsieT TeM ke TpeboBaHHAM,
4T0 H [, DTa cHcTeMa obfajnaeT TEeMH XKE& TPaeKTOPHIMHY,
uyto H (7.1), XOTS CKOPOCTH NPOXOXKIEHHUS 3THX TPAEKTODHH
pasi cucrem (7.1) u (7.3) paznuunsl. (ITouemy?) B qo xe
BpeMs Jerko noaobpaTtb (QYHKIHIO r TakK, 4TOOGB CKOPOCTh
JNBHIKEHHS, onpefllensieMass cucreMoit (7.3), Obia orpaHH-
YeHHOH, ¥ NMOTOMY ABHXKYIIAscs TOUKA HE MoOTia Obl B KO-
HeuHoe BpeMsl YHTH Ha OeckoHeuHocTb. [ns »TOro AOCTa-

TOYHO NOJIO¥KHTb
n 1
{=1
Hrax, Ml 6yAEM CUHTATb, UTO BEKTOP-QYHKIHS
x=x(t; x9) (7.4)
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ONpeAesicHa AN BCEX TOYEK x° NPOCTPAHCTBA X H AJS BCeX
3HaueHHH ¢, —oo<f<Coo. lsa Kaxnaoro x® oHa gaeT pelle-
Hue cucremnl (7.1); obpassHo rosops, x(f; x°) — 3710 Ta
TOUKa, B KOTOPYIO NepeMecTHTCH Touka x° yepe3 BpeMms I.
Bekrop-pyukuus (7.4) obnagaer CAeAYIOWHMH TPOCTBIMK
CBOHCTBaMHU:

1° oHa HempephIBHA O COBOKYIHOCTH IepeMEHHBIX;

2° x(0; x°) =x0,

3° x (g5 x(f1; x0)) =x(¢;-+1q; x0).

TlepBoe M3 3THX CBOHCTB BHITEKAET M3 TEOPEME! O HEMpe-
DHIBHOH 3aBHCHMOCTH peHIeHHSl 0T HaYaJbHBIX JaHHBIX.
Bropoe —u3 ompenesenusi pemenus x(f; x°). Haxowner,
TpeTse (rpynmnoBoe) CBOMCTBO MOMKHO A0KasaTh Tak. [Ipex-
Jle BCEro, M3 TOTO, YTO B IpaBBle YacTH cucteMmbl (7.2) He
BXOJHT {, HETPYAHO BhiBecTH (cmenaiite 3Tol), uTO 3Ta CH-
cTeMa HapsaAy C pellenHeM x=¢q(f) Bceraa obmaagaer pe-
meHneM x=g@(f+41;) npu mwoboM nocTosHHOM fy. (BTopoe
pellleHHe ONpeAessieT Ty e TPaeKTOPHI0, 4YTO NepBoe, HO
3aKOH JBHXKEHHA II0 Hell CABHHYT Ha f, Ha3aj BO BpeMe-
Hu.) Tlostomy nBe pyHKUHH

x=x(t; x(t;; x°)) u x=x(t-+1;; x°)

onpenensiiorT permenus cucrems! (7.2). Ogmako npu =0
o6a BHIpa)KEHHS NAIOT OAHY M Ty ke Touky x(Z;; x°). Ilo-
STOMY B CHJIy TEOPEMBI €IHHCTBEHHOCTH AJS CHCTEM AHb-
(depeHIlHaJbHBIX YPaBHEHUH

x(t x(¢; x0))=x(t+41;; x0).

Tlonaras {=1,, noayuaem Ttpebyemoe cBofictBo 3°. Ha-
TISAHBIH CMBCJ CBOACTBA 3° COCTOHMT B CJACAYIOUIEM: YTO-
65 BBIACHHUTH, KyHa Touka x® mepeMecTUTCd 3a BpeMd [}
-+f5, HAZO MOCMOTpPETh, B KaKyl0 TOYKY OHa Nepeifer 3a
BpeMs f;, a 3aTeM, Kyda 3Ta BTOpass TOUYKa TlepeHpeT 3a
BpeMs i

Croi#ictBa 1°-—3° HACTOJBKO CYLIECTBEHHEB!, YTO YacTO
NoJ aBTOHOMHOH cucTeMol (HHAaye, NOTOKOM) TIOHHMAIOT
ceMelicTBo otobpaxenuil (7.4) moboro mHoxecrsa (Ha Ko-
TOPOM MOXKHO ONPCHCJHTHL HENPCPHBHOCTb 3TOrG oTobpa-
xeHud) B cebs, eCaM BHOOMHAIOTC ycaoBug 1°—3°, paxe
KOrfla HuKakux AudpepeHuuanbHbiXx ypaBHEHHH He 3aJaHO.

s ceoficts 2° u 3°, B 4acTHOCTH, BHITGKAET, YTO NIpH
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KaxaA0M (PUKCHPOBaHHOM ¢ 0TOOpaKeHHS
x=x(t x°) u x=x(—t; x9)

NPOCTPAHCTBA X B cebsl ABJNSIOTCS B3aHMHO OGDaTHBIMH.
B camom gese, Touka x° B pe3yJbTaTe MOCJAEROBATETLHOTO
NPHMEHEHHS 3THX OTOOpaXKeHHH NEPEXOAHT B

x(—t; x(t; %)) =x(—t+1; x°) =x(0; x°) =x7;

IpPHMEHEHHE 3THX 0TOOpaxkeHUH B 0OpaTHOM MOPSIAKE TOXKe
npaet x°.

ITpoBepuM eme craefymoluee CBOMCTBO: €C/H ABE TPaeK-
TOpHH HMEIOT OGIILYIO TOYKY, TO OHH COBIAxarwT, a COOT-
BETCTBYIOI[E PeIleHHs DPas3jHyarTcs JHIIbL [TOCTOSHHBIM
CABHIOM BO BpeMeHH. B camom gene, ecnu x (¢, x') =x(1%
x?), To x(f; x')=x({4 (2 —1'); x?); 370 BHITEKaeT H3
TeopeMBbl €HHCTBEHHOCTH, Tak Kak oba peluenus mpu f={!
COBIIaJAIOT.

B 3aknoueHHe OTMETHM, YTO B MEXaHHKE UYacTo pac-
CMAaTPHBAIOTCA CHCTEMBL BTOPOro NMOpsAAKa BHAA

d2x; R dxy "dxn ;
— =J; X s Xy —, e, ,l:1,...,n.
3 dee fz(l n dt dt)

(7.5)

dx;
Takas cucreMa mnocjie BBeJEHHS TePEMEHHBIX M1, d;

= p, (TaK Ha3HIBAEMHEIX UMNYAbCO8) NpHOOPETaET BHJ

e _ _pt
dt :mg’
dpi _ p1 p
T;-—fi (xl,...,xn, ";71"1—,...,7': s
i=1,...,n.

2n-MepHOE TIPOCTPAHCTBO X1, ..., Xn, Piy..., Pn  HA3BIBAETCSA
¢as3086im  NPOCTPARCTEOM KOODAMHAT-HMNYyJabcoB. Takum
ob6pasoM, cucteMa (7.5) (monyuamiiasics NpH HCCAENOBa-
HHH MEXAaHHUECKOH CHCTEeMBl C #1 CTENeHAMH CBOGOMHI)
OTIpenesieT aBTOHOMHYIO CHCTeMY B 2n-MepHoM $HasoBoM
IIPOCTpaHCTBE.
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3AIAYH

1. Tlycte B n-MepHOM NpPOCTPAHCTBe X 3afaHa BeKTOP-QYHKUHS
(7.4), ynosxerBopsiomast ycJoBHAM 1°--3° M HempephBHO AHddepeH-
uupyemasi mo f. JlOKa)KHTe, 4YTO 9Ta BEKTODP-OYHKUMS ONpelensiercs
aBTOHOMHOM cucTeMOH (7 2) ¢ HenmpepHBHHIMH MPABHWMH YaCTSAMH.

2. IlycTe B mpoOCTPaHCTBe X 3ajJaHa HENPepHBHO AHpPepeHUHDYe-
Mas ¢yHKkuHsa p(x)>0 Dta QYHKUHA HA3BIBAGTCH NAOTHOCTLIO UHTE2-
paisbro20 uHBapuanta 0as cuctemst (7.2), ecnu pias moboi KOHewHOH
obnacth G ¢ wempeprBHO AHMGepeHuHpyemMol rpaHHueli HHTErpan

S. 5 p(x)dxy...dx,He 3aBHCHT oT {, 3mecb moj (; mOHHMaercs
Gy

o6sacTb, COCTOSIILIASE M3 BCeX Touek x(f; xo) (xo=G). (2TY MIOTHOCTH
MOKHO HCTOJIKOBAaThb KaK IJIOTHOCTb rasa, ABHXKYIIErocsi B COOTBETCT-
BHH C 3aJaHHHM MOJIEM CKOPOCTeHl ¢ coxpaHeHHeM Macc.) JlokaxHre,
4TO ecaM BeKTOp-GyHKUHS [ HenpepsiBHO AHdepenuHpyema, To Ans
TOTo 4TOOW GYHKUMA p(x) OBA MJIOTHOCTBIO HHTErpaJibHOIO HHBAapH-

QY o(f1e)

= 0. Jlokaxure,
0x,

anTa, HeoOXOQHMO H JOCTaTOYHO, 4YTOOH

=l
4TO B BAXKHOM YaCTHOM CJIydae 2QMUAbTOHOB0U CUCTeMbl B 2n-MepPHOM
NPOCTPAHCTBE X, Y

dx, 0H dy, oH
= , =— t=1,...,n),
dt 0!/[ dt 6x,~
rae H(xy, .., Xa, Y1, -, Yn) — HABAXKAH HenpepbiBHO AubbepeHmHpye-

mas Qyuxkuus (pynxyus amusvrona), Gyuxuus p(x, y)==1! cAyXKur
MJIOTHOCTHIO WHTErpPasNbHOrO HMHBapHaHTa, T. e 006beM oOnactH G: He
3aBHCHT OT ! (Teopema JIuyBHusas)

CHCTeMBI C HHTerpajbHHIM HHBADHAaHTOM, HJIH, KaK MX elle Hasbl-
BAalOT, C HHBApPHAHTHOH MepOH, 0O6JIagA0T MHOTMMH 3aMeYaTeJbHBIMH
cBoiicTBaMH, cM, Hanpumep, Kuury: Il. Xanmom. Jlekuun mo 3p-
rognueckoi teopun M HJI, 1959

§ 52. Tpu BHAa TpaeKkTOPHil

Teopewma. Pewenue x(t) asronomroi cuctemor (7.2)
MOJCeT ObiTb TOAbKO OOHOZO U3 CACOYIOWUX Tpex TUnos:

a) nenepuoduueckoe, 0an Koropozo X(t)#x(1y) npu
ti==ts;

6) nepuoduueckoe, 0as KOTOPO20 HaildeTcs Takoe nO-
croannoe T>0 (nepuod), uro x(i4T)=x(t), a x({))5%=
#X(tg) npu 0<ti<ta<T;

B) nOCTOAHHOE, 0Af KOTOPOeo x (1) =xO.
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Tpaekropus, oTBeyamlHe pelIeHHsM YKa3aHHBIX BhULIE
THIIOB, HA3BIBAIOTCSH COOTBETCTBEHHO HE3AMKHYTOU, 3AMKHY-
7Ol U TO4KOU nOKOs. 3aMKHYTas TPaeKTOPHA HHAue Ha3bl-
Baerc yurxiom. OTMETHM, UTO TpPAEKTOPHs, OTJIHYHAS OT
TOUKH IOKOS, NPEACTaBsieT COOOH OpUeHTUPOBAHHYIO JIH-
HUIO, T. €. JIHHHIO, BIOJb KOTOPOH YKazaHo HanpaBjieHHe,
NPUHHATOE 32 MOJOKUTENBHOE,

Hdoxkasatennbcrtso. I[lycts paccMaTpuBaeMoe pelie-
HHe x(f) He NPHHAAMEKHT K TNy a), T. €. NycTh X(f) =
=x(%3) ANA HEKOTODHIX f;, fo, MpHUeM f;5~t,. Ecin 06o3Ha-
YHTb fy — f; =1, TO JIETKO NPOBEPHTb, YTO

1(t41)=x(1), (7.6)
Tak Kax pemenus x(f4-t) u x(f) cosmaparoTr npu f{=I;.
Paccmorpum MHoKecTBO K Tex uHCeN T, AJA  KOTOPBIX
yroBjaeTBopseTcs ToxAecTBo (7.6). Herpynno yGemutbes,
uyto K BMecTe € KaXXJABIM UHCJIOM T COHAEPKHT U —1 (AN
9TOT0 HaA0 B TOXKHAeCTBO (7.6) NMoACTaBHTb {— T BMECTO
) M BMecCTe ¢ UHCNAMH T; H Ty COAEPXKHUT B T1+7T2 (TaK Kak
x(t411+19) =x(t+1) =x(f)). (Kak rosopar B anreGpe,
MHOXecTBO K mpezcraBasier co60# TPyNIy OTHOCHTEJbHO
cnoxenns.) OTcioga clefyer, 4To BMecTe C YHCJAAMH 1) H
To MHOXKECTBO K CONEpPKUT H T,—To.

Bosmoxun nBa cayuasi: 1) MuoxkectBo K Moxer 00-
JafaTb HAHMEHBLOMM ToJoXHTeAbHbIM unciom 1. Tornma
x(t4+T)=x(), a x(t)%x(f) nmpu O0<i; <, <T. B stom
ciaydae TPaeKTOPHS fABJseTCS NEPHOAHUYECKOMH, T. €. HMeeT
mecto cayuail 6). (Herpynuo mposeputsb, 4TO B-3TOM Cay-
yae MHOXKECTBO K COCTOHT H3 BCEX YHCEJ, KPAaTHBIX NEPHO-
Ay T.) 2) Ecniu HapMeHBHICIO TOJIOKHTEJILHOTO YHCRA B
MHoOXKecTBe K HeT, To B K HMEIOTCA KakK YIOJAHO MaJjible Io-
Joxutenpisle uncaa. ([louemy?) CuenoBatesbHO, HMeEETCS
NOCNAEA0BATENBHOCTL TOJIOXKHTENbHBIX uHCeN K3 K TakHux,
ut0 T3—>-+0 npu k—oco. Torma npu nwboM HHKCHPOBAH-
HOM ¢

¢

t——[— 1,0 (k—00),
Tk

Tie KBaJAPaTHBIMH CKoOKaMu ob03HayeHa 1esasl yacTb YHC-

jga. OT1cio/la B CHJY HENPEPHIBHOCTH PElUeHHs x(f)

x(t) = x (t — [i] rk) —>x(0) (k—>o00),
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T. ¢. x(f)=x(0) npu Bcex f, H MBI HMeeM pelleHHe, OTHO-
cameecs X Tuny B). (B atom caywae mHoxkecrso K coxep-
JKHT BCIO OCb 1.)

Teopema mokasana.

OrmeruM Jn1s panbHeHluero, 4To Touka mokosi x0 HA3bI-
BaeTCsl  Yycrouyusol  (COOTBETCTBEHHO  QCUMNTOTUHECKL
ycroluusol, Heycrolvusor), ecnn pelleHue X (f)=x° cHu-
crembl (7.2) sABAsieTCS  YCTONUMBBLIM  (2CHMNTOTHYECKH
yCcToHuuBLIM, HeycTOHUHBEIM) (§ 49).

§ 53. MMpenensHoe noseieHHe
TPaexTOpPHii

Paccmotpum kakoe-nn6o peluenne x(f) cucreMsr (7.2)
H COOTBETCTBYIOILYIO TPaeKTOpHIO .
Touka ¥ naswiBaeTcsi npedesvHol TOuKOL peuienus x(t)
(nmu TpaekTopHH ) npu {—--0o, ecam cymecTByeT mocJe-
JOBATENIBHOCTL MOMEHTOB Ip—> -4-00, Takas, 4to X(f.)—-X.
COBOKYNHOCTb BCEX TAKHX TOUYEK Ha-
3bIBAETCH NnpedesbHbiM MHOXCECTBOM
npu t—-oco 1N paccMaTPpHBAEMOTO
pemennsi. AHANOTHYHO BBOASITCS TIO-
HAITHS npedesbHOL TOuku U npedesb-
HOo20 MHOscecTsa npu t->—oo. (Ilpe-
HeibHble TOYKH NpH I—>+4o00 H IpH
[——o00 Ha3bIBAaIOTCS TaKKE COOTBET-
' cTBEHHO w-npedesbHoIMU W a-npe-
JesbHoIMU TOUKAMH; aHAJOrMYHO Ha-
3BIBAIOTCA COOTBETCTBYIOIIHE MHOXKe-
CTBa.) )

IIpuBenem HekoTopnie nmpumepwl. Ilycts npu  f—>-oo

TPaeKTopus [ «CNHpaJeBHAHO» NPHOINKAETCH K LMKAY [
(puc. 28); Torma HeTPyAHO BHAETb, UTO 3TOT UHKJI H CIY-
JKUT NpPEeAeJbHBIM MHOXKeCTBOM AJdA [ npu f—>-4-oo. B ca-

MOM peJsie, BeIOpaB JI0OYI0 TOUKY X Ha [, a Touku a;=x(t;),

Puc. 28

ay=x (1), as=x(13), ..., TaK, KaK NIOKa3aHO Ha PHCYHKE, Mbl
MOJNYUHM, UYTO Q=X (f)—>X, Torga Kak {fyp—>--oco. (Iloye-
My?) ’

Ecnn kako#-nn0O UHMKA CHAYXKHUT HOpejesbHBIM MHOXeCT-
BOM IIpH f—>--00 HJIH f—>—00 AJS HEKOTOPOH OTJHYHOH OT
HEro TPAaeKTOPUH, TO OH HAa3bIBAETCS npeoesbHbiM YUKAOM

(cp. § 24).
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JIerko BHIETb, UTO TOYKA -TIOKOSl SIBASIETCS CBOEH eHH-
CTBEHHOH MpexeNbHOH TOYKOH Kak NpH {—»--00, Tak H IpH
f—>—o00. 3aMKHyTas TPaeKTOPHSA sBJASETCA CBOHUM Cc06-
CTBEHHBIM TNPEREJbHEIM MHOMKECTBOM Kak MpH f—>- 00, Tax
B npu {——oo. IlpenenbHble MHOXeCTBA AJiSl HE3aMKHYTBIX
TPaeKTOPHH NPEeACTaBASIOT GONBIIHI HHTEPEC, TAK KaK OHH
ONpENeNSIOT XapakTep NOBENCHHS TPAaeKTOPHH TpH 6OJib-
mux |#|. PaccMoTpHM mpocThie CBOHCTBA NpPERENbHBIX MHO-
JKECTB, NPHUEM JAJSI ONPENECJCHHOCTH Mbl OYAEM HMEThH B
BHAY TpeNeNbHOE MHOXKECTBO INPH f-»--00, XOTH TEMH Ke
cBolicTBaMu obnafaer npelenbHOE MHOXKECTBO IIpH f—>
—»—00,

1°. IIpedesbroe MHOMECTBO 3AMKHYTO KAK TO4EUHOE
MHOXCECTB0 8 N-MEPHOM NPOCTPAHCTSEe (T. €. CONEPIKHT Bce
CBOH INpefenbHBle TOuKH). B camom pene, mycts [— npe-
JeJIbHOE MHOXKECTBO AJIsl TPAEKTOPHH [ C ypaBHEHHEM X=
=x(t), 1 IyCTb NMOCJAEAOBATENBHOCTD ApEl, ap—>¥ (k—>o00).
Toraa, no ompenenenuio [, npu awo6oM k HafipeTcs nocne-
JOBAaTeNbHOCTE MOMEHTOB £ —» + 00, IJIA KOTOPHIX x(tk])—»
—a, (n—00). BeiGepem Takofi MOMEHT I, A/ KOTOPOTO

t,>*k, a paccrosuue p(x(fz), ar)<<l/kY. Torma sicuo, uto
f——-+o00 (k—>00); B TO ke BpeMs

p (x (£, 5 < p (x(F2). a4) + p (a4, H< <=+ (@ 1) 0

(k—>=00).
3HaUuT, X SABASETCS NPEHAEAbHOH TOUYKOH Npu f{—-}-00, 4TO
1 TpeboBasoch JOKa3aTh.
2°. I[Ipedesoroe MHONMECTBO COCTOUT U3 YEAbIX TPALKTO-
putl; APYTHMH CJIOBaMH, €C/IH X/, TO M BCA TPaeKTOPHS

I3 npunapnexur [ Jng roxasaTeabCTBa 3aMETHM, UTO €CJIH
HCXOAHAst TpaekTopus [ umeer ypaBHeHHe (7.4) u x(In;
x%) —X(n—>o0), npuuem f,—>-oco, TO Npu JO60M (HHKCH-

POBaHHOM 1
x(tat1t; x0) =x(¢; x(tn; x0))—>x(t; X),
1. e.ux(t; ¥)=l.

9 INon p(a@, b) MB noHuMaeM, Kak OObIYHO, PACCTOAHHE MEXKJY TO-
ykaMu a H b
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CroficTso 2° MOXKHO CHOPMYJNHPOBATbL TaK: IPEIENbHOE
MHOJKECTBO SIBJIFETCH UHBAPUAHTHOIM OTHOCHTEJIBHO OTOG-
paxkenus xo—>x(Z; xo) onpenessieMoro cucreMoil (7.2) B
NPOCTPAHCTBE X NPH KaxXJA0M f.

3°. Has 1020 410661 npedesvHoe MHONCECT80 6biao NY-
cTolm, Heobxo0umo u 00CTATOYHO, 4TOGbL AuHUS X(1) npu
t—>—+o00 «yxoduaa 8 6ECKOHEUHOCTHS, T. €. 4T0ObL

|x(2) | —>o00 (t—>+00).
B camom gene, ecaim 3TO ycJioBHE BHIIOJHEHO, TO Npejefb-
HOe MHOXKeCTBO, OUeBHJHO, nycroe. Ecim ycnoBHe He BbI-
MONIHEHO, To Hakpercs map K: |x| <R, BHYTPH KOTOPOro
TPaeKTOPHSA X () COHEPKHUT TOUKH HPH KaK YTrOAHO 6O0Jb-
wux {. Takum o6pasoM, cymecTByeT IOCAELOBATEJIbHOCTD
tm—>-4o00 (m—o0), AN KOTOPOH NOCJAEAOBATEILHOCTb TO-
yek x(i,) npuHaniexur K. BelbpaB us 3TOH orpaHHyeH-
HOH TMOCJIELOBATEIbHOCTH CXOISILYIOCS NOANOCEN0BATENb-
HOCTb, TNIOJNIYYHM B Npefene NpH {—>--co NPEASJbHYI0 TOUKY

pemenus x ().
4°, las 1020 4TOGBL NpedesbHOE MHOIMCECTBO COCTOAAO

U3 eOUHCTBEHHOL. TOUKU X, HEOOX00uUMO 1 OOCTATOYHO, YTO-
bol Tpaexropus x(t) sxoduaa 8 3Ty TOYKY npu f-—>--00,

T. €.
x (t)=>% (t—>—4o0).

B camom fnene, ecnu 3TO yCJIOBHE BHITOJHEHO, TO yTBED-
JKIEHHE OUEBHJHO.

O6paTHO, NyCcTh RaHO, YTO TpefesbHAs TOUKA ¥ eNHH-
CcTBeHHasl. 3amaauMm TpoussBoJbHOe e¢>0; Torzxa HaM HAMO
NpPOBEPHTb, UTO AJS BCEX JHOCTATOYHO GoJbluux ¢ Gyzmer
p(x(t), X¥) <e. [lpennonoxkum, 4YTO 3TO HE TaK; TOrxa Hai-
Aercs  MOCJCAOBATENIbLHOCTD tp—>-to00, pas KOTOpO#
p(X(tk) X)>e€; HO MO ONpENEJEHHIO TNpPENEJIbHOH TOUKH
HaljaeTcs Jpyras NOCIeN0BaTENbHOCTb [f—>—4-00, AJSA KO-

L4 -

Topoit p(x(fx), X) <<e. OTciopa B CHIy HENPEPHIBHOCTH
¢byuKuuE X (f) cnexyer, yTo HAHmeTCS TPeTb MNOCJEHOBA-
TeNBHOCTb fp—>-o00, nnd KoTopoH p(x(fx), X¥) =e. Bubu-
pas u3 OrpaHHYEHHOH TNoOCnefOBaTeNbHOCTH X (Iy) CXOHS-
L(YIOCS MOANOCAEA0BATEIbHOCTD, TIONYUHM B Npefiesie TOUKY
X, Anq KOTOpOH p(x X) =¢. 3HaUUT, KPOME ¥ HMeeTcs elie
o KpaiiHe#l Mepe OfHA TpelesnbHash TOYKA, BONPEKH Ipeld-
TIOJIOXKEHHIO.
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3AJAYHN

1. JIOKaXKHTe, UTO ecJiM TpenesibHOe MHOMXKECTBO [ He MycTO H Or-
paHHYeHO, TO OHO CBSI3HO, T. € HE MOXKeT' ObiTb NpPEeNCTaBJeHO B BH-
e oObelHHEHHS JABYX HENyCTHIX HENePeceKaIOMHXCH 3aMKHYTHIX MHO-

wectB (Ortcioga, B 4YacTHOCTH, CJenyer, 4To ecaH [ cocToHt Ooiee
YeM M3 OJHOH TOUKH, TO OHO CONEPXHT GEcKOHeyHOe MHOXECTBO TO-

yek ) Ilokaxkure Takxke, yTo ecqu [ He OrpaHHYeHO, TO OHO MOXKET
He ObITb CBSI3HHM (TMpPHBEAHTE NpPHMep), HO OHO CTAHOBHTCH CBSA3HHLIM,
eciy K HeMy [f0GaBHTb «0eCKOHEYHO YAaJeHHYI0 TOYKY NpPOCTPAHCTBA
X», T € TOuKy, K KOTOpoH Kak Onl CXONfTCH BCe yxonfiiue Ha Oec-
KOHEYHOCTb MO0CJIeNOBATEALHOCTH TOYEK X.

2, JlokaxHTe, YTO B [OCTATOYHO MaJsIOH OKPECTHOCTH AaCHMITOTH-
YeCKH YCTOHYHBOH TOYKH TNOKOS HE MOXKeT TNOJNHOCTbIO COJepIKaThes
HY OJHa TPaeKTOPHS, OTVIMYHAH OT 3TOH TOUKH.

3. Ilycrb cucrema (7.2) TakoBa, uyTO CYIIECTByeT OrpPaHHYeHHas
o6nactb Qo, 418 KoTopo#: a) ecium x0=Qo u >0, 10 x(!, x°)=Qu;
6) ecau x° He npHHAMIENKHT Qo TO CymecTByeT 3Hadenue >0, aast
kotoporo x(f, x°)=Q, O6osnaunm uepes Qr(k=1, 2, .) MHOXKeCTBO
Bcex Touek Buaa x(k, x°), x°=Q,, a uepes Q — mepeceyeHHe Bcex
9TMX MHOXecTB  MHOXecTBO Q HA3HIBaeTCsi aTTPAKTOPOM  CHCTe-
MB (72) M wurpaet BaXKHyI0 pOJb B DPa3HOOGDA3HBIX NPHIIOKEHHAX
Teopnn AuddepeHnraNbHEX ypaBHeHHE (Bhpouem, HMewTCS M Apyrue
olpefeJieHHs TOHSTHS aTTPAKTOpa, He DaBHOCHJLHLIE MPHBENEHHOMY).
Jlokaxure, yto*

a) Q He 3aBHCHT OT KOHKpPETHOro Bhifopa ofnactH Qo, obiajatwo-

mefl yKa3aHHHIMH BHILE CBOHCTBaMH,
MHOXeCTBO ( — Henycroe, 3aMKHYTO€, OrpPaHHYEHHOE, CBS3-
HOE, OHO COJEPIKHT O-TpeAe/bHEE MHOXECTBA BCeX TPAEKTO-
pu#t cucremn  (72) M COCTOMT H3 LeJBIX TPaeKTOPHH 3TOH
CHCTEMH,

B) moGasi OrpaHHyeHHas TPacKTOPHA CHCTeMH (7 2) weJHKOM
npuHapexxut @ (cBoficTBa 6) M B) JAOT BO3MOXKHOCTb OIpe-
et  Kak oObefHHEHHe BCEX OIDAHHYEHHKIX TPaecKTOPHi
cucteMut (7 2)),

r) Q obnajaer CBOWHCTBOM AaCHMNTOTHYECKOM yCTOAUMBOCTH TIpH
t—+oo (pailTe TOuUHOEe omnpejeseHHe MO aHasorHM ¢ § 49),

[Ipn n<<2 aTTpaxkTop HMeeT, Kak NPABHIO, NOBOJBHO INpPOCTOH
BHA. B nocaenuue ropb oGHapYyKHJIOCH, UTO NpH n>>3, naKe 1ai He-
CJIOXKHBIX NpaBhX HacTeil, aTTPAKTOP MOMET HMeTh CJIOXKHYIO CTPYK-
TYpY, HanpHMmep, o06/afaTbh YePTAMH COBEPIUEHHOIO HHIJE HE IJIOTHOTO
MHOXecTBa Takue «CTpaHHble AaTTPaKTOPhi» OBUIH  OGHADYXKEHH, B
YACTHOCTH, y TaK HaseiBaeMoH cHcTeMsl Jlopenma

dx
dt

6

~

=0 (%—x1), =Xy — X3 — Xy X3,

X
dt
dxg
dt

= x1x, — P x4
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(0, r, B — MOJIOXKMUTEJbHBIE MAaPaMeTPHl), ONHCHIBAIOIEH Da3BHTHE Ten-
JIOBOM KOHBEKUMH B MUJAKOCTH, U CeHyaC AKTHBHO H3yyaloTCs

§ 54. PyHKuus NocJaeaOBAHUSA

TMonstue dyukuuu nocnenoBanusi, BBefenHoe A. Ilyarn-
Kape, NOJE3HO IPH HCCACAOBAHMH OKDPECTHOCTH IHKJA H B
HEKOTOPHIX APYTHX 3amayax. PaccMOTPHUM  AJsi MPOCTOTH
ABTOHOMHYI0 cHCTeMy (7.2) Ha MJOCKOCTH, T. €. Npu n=2,
U JONyCTUM, YTO HaM JAaHbl UHKA [, TOUKa GyE!l H 1IPOXO-
AAl1asi uepes ap TPAHC8epcass (TOBOPAT TaKKe — AUHUA
6e3 xkonraxTa) L, T. e. JHHHS, HH B KakOH CBOeH TOUKe He
Kacawlasics Tpaekropuii cucreMwr (7.2) (puc. 29). Ilyctb

¢ NOJIOXKEHHe TOUKM Ha L ompenessier-
P csi 3HAUGHHEM INapaMerpa T, T. e.
4}(5 a=a(t)&L, npuueM KIS ONpejeNeH-

HocTH OyneM cuntaTh, 4to a(0)=a,.

Ilpogepem uepes Touky a(t) Tpaek-

TOpHIO cucTeMBl (7.2) B HanmpaBJIeHUH

BO3pACTaHUSl ! M INPOJOJKHM 3Ty

TPAEeKTOPHIO L0 MEePBOTO MepeceyeHHs

¢ L, ecnu ono coctoutcs. Torma Tou-

Ke [epeccueHHs] OTBeuaeT 3HaueHue

Puc. 29 mapamerpa 4 (t), 3aBucsllee OT T;

thyHKnUs 1 HasbiBaercs Pyukyuet

nocaedosanus. $IcHo, uto ecau Y (t) =T, TO 4epez TOuKy
a(t) npoxodur yuka cucremer (7.2).

CoBOKYyNHOCTb TPAaeKTOPHH BOJHM3H ap, Kak BOJH3M JIIO-
60l TOuKH, He sBJsAIOUlelics TOUKOH IOKOSI, HMeeT BHJ,
MaJjo HCKDHBJIEHHOTO ceMeHCTBa MapasJeibHBIX OTPE3KOB,
MO KOTOPBIM JABHXKEHHe MPOHCXOZMT C MOYTH HOCTOSIHHOH
ckopocTeio. M3 TeopeMbl O HenpepeIBHOH 3aBHCHMOCTH De-
WIEHHsT OT HauaJbHBLIX HAHHBIX H W3 TpPaHCBepcasJbHocTH L
caefyer, 9To (pynxyus p onpedesena, BO BCSIKOM Caydae,
Ha HeKoTOpom JOCTATOYHO MAAOM OTpeske [a, B], 20e a<<
<0<B, u nenpepsoisna, npuwenm P (0) =0.

Tpaexropusi ¢ HauaJsoM BHYTPH (BHe) nHKJa [ BCS Le-
JHKOM DAacloJioxeHa BHYTPH (COOTBETCTBEHHO BHE) [; mo-
3TOMY 1 (T) uMmeer 3HAK T.

Hoxaxewm, uto ¢gyukyus P — sospacraruwas. Jas sto-
ro NpPEeArnoNoXUM HNpPOTHBHOE, 4TO P (1) >V (T2) AN HEKO-
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TOPHIX T1, T2& [, B], mpHYeM 11<Ty. TOrka H3 CKa3aHHOTO-
B npemblayiueM absane CICAyer, YTo Ty H Ty OTVIHUHBI OT
HyJsl B HMEIOT ORMHAKOBBIE 3HAK — A/ ONpEAEeTCHHOCTH,
o6a nojoxkuTeabHbl. M3 Hepasencts ¢ (0) <y (t2), P (11) >
> (T2) U TEOpeMbl O MPOMEXYTOUHOM 3HAUECHHH Helpe-
PHIBHOH (QYHKUHMHM CJIEAYET, YTO CYHIECTBYET 3HAUEHHE T3E
= (0, (], o1 Kotoporo 1P (ts) =y (tr2). Ho 13<<t2, u MH,
TEM CaMBIM, HPHXOZUM B HPOTHBOpEUYHE ¢ EAHHCTBEHHOCTbHIO
TPaeKTOPHH, MNPOBeACHHOH uepe3 Touky a(y(t2}) B Ha-
npasjeHuH yOblBaHus f. DTo NPOTHBOpPEYHe M HOKA3bIBACT
Hallle yTBEPXKJACHHEe O BO3PAaCTaHHM (QYHKIHH 1) Ha OTPE3Ke
[a, B]-

PaccMorpuM noBeneHue  TpPaekTOpPHH € HapyXKHOH
(BHelIHeH) CTOPOHBI LHKJA [, NMpHUEM CHayasa npeanoJo-
JKHM, YTO B [JOCTATOUHO Y3KOH ero OKPEecTHOCTH JPYrux
uukiaoB Het. Torga, cuMrtass B AOCTAaTOYHO MaJbiM, IOJY-
yaeM, 4TO0 ypaBHeHHe §(t) =1 npu 0<t<P He HMeeT pe-
mennf u nosromy aubo ¢ (t) <t(0<r<p), aubo P(r) >t
(0<t<p). Ilpennonoxum, 4YTO HMeEST MECTO MHepBHIH
cnyuaf.

Brbepem npoussonbHo 19 (0, B] M ompegenuM Tt =
=y (1), Te=1p(11),.... M3 npeanosoxenuss o (1) BHITE-
KaeT, YTO MOCJIeA0BATENbHOCTb Tg, T, T, ... NOJOXKHTENbHAS
u yObiBawulas H NMOTOMY OHA HMeEET MpeAes T»>0. Ilepe-
X0Os8 B PaBeHCTBE Ty =y (T,) K OpeAesy ImpH j—co H
MOJb3YsICh HENpEephIBHOCTBIO (QYHKUHH 1, MoJydyaeM paBeH-
CTBO Too="1 (To}, H3 KOTOPOTO CJELYeT, UTO Too=0.

Hrak, B HalIuX npennoJiOXKeHHSIX TPAcKTOpHA, NPOXo-
Asiniast yepe3 TOUKy a(to) (7. €. MPOHU3BOJDBHYIO TOUKY AYTH
TpaHcBepcaJu ¢ KOHUAMH dg, a(B)), IpM cBoeM IpomoJKe-
HUH B HanpasJeHUUW Bo3pacTanus f, nmepecexkaer L B TOU-
KaxXx a(t.), PacCTOSIHHS KOTOPHIX OT Qp CTPEMATCS K HYJIO
npy i—oco. Temepb MPUMEHHM TeopeMy O HENPEpPBIBHOH 3a-
BHCHMOCTH DEIIEHHS OT HAYaJbHBIX [AaHHBIX K DeLICHUSIM
cucteMbl (7.2), yOOBJETBOPSIOUIMM HadyaJbHHBIM YCJIOBHSIM
%|1—o=a(t.), Ha unreppane 0<t<0, rae 6 —awboe 3Ha-
yeHue, Gosbliee nepuona uukiaa [. M3 mee caepyer, uto u
BCSL TPAEKTOPHS [a(r,) CTpeMUTCS K [ mpu f—>-4oo (6ec-
KOHEUHOe YHCNO pa3 o6XoAs BOKpPYr [), T. e. pacCTosiHHe
oT TouxH X(¢; a(te)) mo [ npu t— 400 crpeMHTCA K HYJIO.
Tosopar, 4t0 lgr, 0pH f—>-o0o0 chupasesudno npubau-
sicaerca k | unu nHasusaerca #a [. Takum o6pas3oM, B npH-
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BeJICHHBIX NPEANOJOXKEHHSIX BCS HapyXHasl MHOJYOKpecT-
HOCTb [ LEJHKOM 3amoJiHeHa TPaeKTOPHSIMH, HaBHBAIOLIH-
mHcsl Ha [ npu t—>-+4oo. (Ilpn mpopmonxenun xe B CTOpO-
Hy yOBIBaHHS { BCE 3TH TPAEKTOPHH NOKHAAIOT PacCMaTpH-
BAEMYIO MONYOKpecTHOCTh ) B 3TOM cayvae wuka [ Haswl-
BACTCSl YCTOUHUBLIM CHAPYNCU.

Mur cunrann, uro ¥ (1) <t (0<t<p). Herpymuo mnpo-
BepHTb, 4TO ecau P(t) >t (0<t<pB), TO a106as Tpaekro-
pud  lar,y) (0<<mp<P) HaBuBaercs Ha [ 1npuH f— oo,
Torma roBopsT, 4TO HWHKJA [ HeycTouuus CHAPYHMCU.

AnanoruuHo uccaenyercsl noBegeHHe TPAEKTOPHH ¢ BHY-
TpeHHeH CTOPOHHI [, T. e. npu a<t<0. 37ecs BO3MOXKHA
YCTORUUBOCTG UBHYTPU WU HEYCTOUYUBOCTb UBHYTPU; ME
NpefoCTaBsieM YUTATeNI0 paccMOTpeTb 3TH cayuad. Llukda,
YCTOHYHBLIH C 06eHX CTOPOH (CHAPYXH H H3HYTPH), HA3H-

a J 8

Puc. 30

BaEeTCs YCTOU4UBbIM; HEYCTOHUUBBIH ¢ 0OEHX CTOPOH — He-
YcTot4ugbIM; YCTOHUUBBLIM C OXHOH CTOPOHBLI H HEYCTOHYH-
BB C APYTOH — NOAYYCTOUUUBLIM. DTH TPH Caydas cXeMma-
THUECKH NoxasaHb Ha puc. 30. HanoMuum, uro npuBenen-
Hasl KJacCH(UKANHSA OTHOCUTCS K U30AUPOBAHHOIM WHUKJIAM,
T. €. TAKHM, B JOCTAaTOUHO Y3KOH OKPECTHOCTH KOTOPBIX HET
LPYTHX LHKJOB.

CkaxXeM KOpPOTKO O HEH30JUPOBAHHBIX wuHkJax. Ecan
UHKJ | He U30JHPOBAHHBIH, TO ypaBHEHHe ¢ (t) =T (a<t<
< B) uMeeT GECKOHEUHOE UHCJO KOpPHeH B J060H 6JH30CTH
or t=0. MHoXecTBo E 3THX KOpHe#l 3aMKHYTO, KaKk MHO-
JKeCTBO HyJeH HelpepbBHOH GYHKUHH 1 (t) —71. KaxgoMmy
te<E orBeuaeT UHKI [y, NPOXOASIIHA 4Yepe3 TOUKY a(t).
ITosTomy, ecan P(t)==71, TO y | UMEETCST OKPECTHOCTbH, lie-
JUKOM 3aloJHeHHasi uuknaMu. Ecau xe B n060#t 6/1H30-
ctu ot tT=0 uMmelorcs HHTepBaant Bupa Y<t<9y, rae
Y(y) =y, ¢(8) =38, Pp(r)s=r (y<r<9), TO KaxIOMy TaKo-
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My HHTEpBaJy OTBeYaeT KOJbIO, OTPAHHUYEHHOEe UHKJIaMH
logy U lgey ¥ 3aNOJHEHHOE TPAEKTOPHSIMH, KOTOPEIE IIpH
NPOJOJIKEHHH B ORHY CTOPOHY CIHpaJeBHAHO NPUOIHKA-
10TCS K [y, @ NPH NPOAOJKEHUH B APYLYI0 CTOPOHY — K
la@y- DTO YTBEPKJEHHE TMOJy4YaeTcsi H3 PacCMOTPEHHUs
(GYHKUMH MOCJEefOBaHUs 1 Ha HHTepBaJje (y, 8), U ero fo-
Ka3aTeJbCTBO MBI NPEAOCTABJSIEM UHTATEJIO.

3AIAYH

1. JlokaxHuTte, yTo ecqH B cHcreMe (7.1) npu n=2 ¢yHKuuH f; u
fo wuenpepsiBHO AH(GepeHHHPYeMB, TO H QYHKIHMS NOCAENOBaHHA 1
HenpepoiBHO AubbepeHnHpyeMa,

Ykazanue Onupafitece Ha Teopemy 0 aubdepeHIHPYEMOCTH
pelleHHs NO HayaJbHLIM [JAaHHLIM H TEOPEMY O HesBHOH (QYHKIHH

2. JlokazKuTe, 4TO eciu B ycaoBusx 3amaudH 1 ¢’ (0)s=1, to uHk,
LJsi KOTOPOro MOCTPoeHa (YHKIHA 1, H30JHPOBAHHBLIN, NpHUEM YCTOH-
yusblf, ecan ¢’ (0) <1, H Heycrofuuswi, ecau Y’ (0)>1.

3. JloxaxuTe, yTO B yC/JOBHAX 3ajayH 1 3uayenue ’(0) He 3a-
BHCHT OT BbI6Opa TOYKH @p&! M TpaHcBepcanun L, HMeHHO

vor=e (5t 5) )
I

(! — mccnenyembiil HKI)

3uauenne 1P’ (0) Ha3LIBaeTCA MYALTUNAUKATOPOM LHKAAa [, OHO
XapaKTepH3yeT CKOpocTb NpnbJHxKeHnus K [ (B pacueTe Ha ofMH 060-
POT) COCERHHX TPAEKTOPHH mnpH f—>-+oo (t>—o0), ecan Y (0)<1
(coorBercrBeHHO Y’ (0)>1)

4. TlokaxuTe Ha NPHMEpE, YTO YCTOHUHBHLIH NPeneSbHHH LHKI MO-
XKeT GbITh HEYCTOHYHBBIM o JIsAnyHoBY IIpH KakMX AONONHHTENBHBIX
YCIAOBHSIX yCTOHYHBOCTb MO JIsnyHOBY Bce e GYIeT HUMEThb MecTo?

5. Ioxaxure, yro ecnH cHcteMa (7 2) uMeeT ycroiuHBmH (Heyc-
TOMYMBHIA) npenenvHbld MK [, To gas awoboro e>0 cymectsyer
Takoe 0>0, 4TO eciH NpaBble YacTH cHCTeMBl (7 2) H3MeHSITCH MeHb-
me 4YeM Ha O, TO B £-OKPeCTHOCTH LMKAA [ cyllecTByeT 1m0 KpafiHeil
Mepe OIHH LHKJ H3MeHeHHOH cHCTeMbl EC/JH TakHX HHKJIOB KOHEuHOe
YHCJIO, TO YHCJIO YCTOMYHBHIX Ha ENHHHLY OGoJsblle (MeHblle) uYHcna
HeyCTOHunBBIX IlONyyCTORUMBHIE NpefesnbHBll MK MOIKET NPONacTh
NPH KaK yroJHO MaiOM H3MCHEHHH NpPaBbIX YyacTell CHCTEME

6 PaccMoTpHTEe CTPYKTYpY. AOCTATOYHOR Y3KOH OKPECTHOCTH He-
H30JIHPOBAHHOTO uHKJAa JIOKaXHTe, UYTO B CJyd4ae aHAJHTHYECKHX
NpaBhIX YacTel CHCTEeMBbl 5Ta OKPECTHOCTb LEAMKOM 3aMoJHeHa IIHK-
JaMH HJIH HX 4acTsIMH

7 OmnpegenHre MNOHATHE (QYHKUHKM IMOCACIOBAHHUS Ha  [JIALKOMH
(n—1)-MepHOH NOBEPXHOCTH 6e3 KOHTAKTa, eCJH aBTOHOMHAs CHCTe-
Ma (7.2) 3apmaHa B n-MEPHOM IPOCTPAHCTBE, H YCTAHOBHTE CBSI3b 3TOM
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¢yuknuH ¢ nuknamu  onyctHs, yrto otofpaKeHue, ompeneJswollee
GYHKUHIO TOC/]eLOBaHHS, HMEET B OKDPECTHOCTH HENMOABHKHOA TOYKH
TNaBHYIO JHHeHHyl0 uacTh, cHOPMYyJHPYHTE NOCTAaTOUHBIE YCJOBHSA YyC-
TOHYMBOCTH COOTBETCTRYIOILETO LHKJA

8 Tlokaxure, YT0 B A-MEPHOM INPOCTPAHCTBEe npH n=3 (HO He
npu n=2!) TPaeKTOPHA MOXKeT HMeTb KaK B KauecTBe O-NMPeACAbLHOrO
MHOXXECTBA, T2aK H B KayecTBE O-NMPefeJbHOTO MHOXKeCTBa OJHH H TOT
®Ke uuka. Tpaekropud, o6naparmoiiHe 3THM CBOACTBOM, HAa3bIBAKOTCSH
2OMOKAUHULECKUMU

§ 55. Teopema benanxcona

Josi passickaHusl npefeNbHbIX HUKJOB NPH n=2 noJjes-
HOJ DKasbBaetTcsl caefywoomas teopema . Benaukcona,
KOTOPYIO MBI NIpHBEAeM 3JeCb B HECKOJBKO OcJabJjeHHOH
tdopme (cM. 3amauy 1).

Teopewma. Ilycte 8 HekoTOpoOi OepanuueHHOll 3aMK-
nyrot obaactu G Her Touexk NOKOA 3A0AHHOL  CUCTEMbl
(7.2). ITycte sce TpaexTopuu, nawurnarowuecs npu t=0 8
G, ocrarrcs tam u npu t>0. Tozda 8 G umeercs no kpaltl-
Hell mepe 00UH YUKA.

HokasateabcTBO. BrbepeM HNPOU3BOJBHO TOUYKY
ae=G; Torja 1o YCJOBHIO H BCH NOAONUTEAbLHAS NOAYTPQA-

eKTopus la , T.e. JuHdaa x=x(t; a) (0<t<o0), comep-
KuTCsl B G. 3HAUAT, o-NpeieNbHOe MHOXKECTBO ®l, Tpaek-
TOPHUH [q HeHyCTO u cofepxurcsi B G; BO3bMeEM KaKy0-IHG0
Touky b&wl,. Ecau [, nuky, To noJyyaeM YTBEpKICHHE
teopeMbl. [Ipegnosoxum temeps, yT0 TpaekTOpHS [, He-
3aMKHYTasi, i NPHBEIEM 3TO NPEANOJOXKEUHE K INPOTHBOpE-
gyuwo. st 3TOro BO3bMEM KaKYyH-JHO0 o-NpeAebHyK TOU-
Ky ¢ TPaekTopuH [, W NpoBeleM uYepe3 ¢ TpaHcBepcanab L;
TOrAa [, AOAXKHA OeCKOHEUHOe 4YHCJAO pa3 nepecekarb L
(mouemy?). BosbMeMm 1Be mocinemoBaTesNbHEIE TOYKH Iepe-
ceuenuss d u e. Iyra de Tpaexkropuu [, U xnyra ed TpaHc-
Bepcanu L BMecTe OTpaHHUYHBAlOT HEKOTOpYlo obuaacts H
(«memox DBennukcona», 3alITPUXOBaHHHE Ha puc. 31),
TpHYeM TPACKTOPHH, NMPOXOASIIHe uepe3 TOYKH AyrH ed
TpaHcBepcaay, Jubo Bce onnm B H, nubo Bce BLIXOAST
u3 H.

Ecau tpaektopuu uepe3 nayry ed Bxomar B H, kak ua
puc. 31, To HHKakasi TPAeKTOPHs, NMonaBllasg NpH KaKOM-TO
3HauyeHHH t B [, He MOKeT NpH BO3pacTaHHW ! NOKHHYThb
H. Tak kak TOYKa e, KaK H KaXpaas Touka ls, o-npenenb-
uasi aasl l,, TO TpaexkTopus l,, HauMHAA C HEKOTOporo f,
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npuHazanexut H. Ho Toraa, B3sB Ha [, KaKylo-1u60 TOUKY
g, npenuiectByoilyio 4 (puc. 31) u noroMy He npuHamJe-
Kallylo H, Mb nosnyuyaeM, 4To g He MOXeT OBHITb @-IIpe-
AesnbHOH 1Sl [,, BONpexHu cBoicTBY 2° u3 § 53.

Cayudali, xorna uepes nayry ed tpaHceepcanu L Tpaek-
TOPHH BHIXOAAT M3 1, MBI mpeasaraeM YHTATeNI0 NMPHBECTH
K INPOTHBOPEUHIO CaMOCTOATENBHO ¢ nomouibio puc. 32. Ta-

Puc. 31 Puc. 32

KM 006pa3oM, HpennoJioKeHHe, 4TO TpaekTopus [p He-
3aMKHyTasi, IPUBOAUT K NPOTHBOPEYHIO, YTO H 3aBeplUaer
JIOKa3aTeJbCTBO TEOPEMBI,

IlpuBenenHoe A0OKAa3aTeJbCTBO CYIIECTBEHHO OMHPAaJoCh
ga TO, UTO 3aMKHyTasl JHMHHS Ha IJIOCKOCTH JACJNHT 3Ty
nJockocTh Ha_ aBe uactdH. OkaspiBaercs, uTo NpH A>3 B
YCJAOBHAX AoKasanHol TeopeMbl ob6mactb G MoXer He cO-
JIEp3KaTh HW OJHOTO IHKJA.

3AIAYH

1. Jloxaxure TeopeMy DeHankcoHa B Gosee noJHOH (HOPMyJaHPOB-
Ke: B YCJOBHAX TeopeMH 5Toro maparpada aas awboit Toukn a=G
MOJIYyTPACKTOPHA l;*' nubo mpexcrasiser cofoff muKJa, sgHGO chupade-

BHJAHO NPHOJMIKAETCA K HEKOTOPOMY LHKJY
2. Jlokaxure, 4TO CHCTEeMa

dxy
5
=x Xy — 13 =—x14 x;—x
dt 1 + 1° dt 2 2
HUMeeT N0 KpafHed Mepe OfHH npejeabHuil uuka OGobuMte  3TOT
Pe3yNLTaT Ha CHCTEMB! BHAA

dx

1 dx,
T=X2+W1(X1)» '—d—t—z'—xl‘Fq)z(xz)-

dxo
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Ykazanne PaccMOTPHTE IPOH3BOIHYI0 OT QYHKUHH xf-l-xg
no { B CHNY 3a2HHOH CHCTEMH

3 JlokaxHTe, YTO €CJH NPH n=2 HeKoTopas TPAEKTOPHA coxep-
KHT N0 KpaiiHeH Mepe OJHY CBOIO ®- HJH Q-NPelJeNbHYl0 TOYKY, TO
5Ta TPAEKTOPHS 3aMKHYTas HJH MNpeicTaBjisger cofofdl K TOYKY TNOKOA.
TTokaxkure Ha mnpHMepe, YTO OPH 7==3 3TO YTBEPXKJACHHe HeclpaBex-
JIHBO

Vrkasanne Ilpy n=2 uncmoab3syATe «MemOK DeHIHKCOHA».

4 (Tyn llsunbuxky ) PaccMmoTpHTE aBTOHOMHYIO CHCTeMY IIPH
n=2

dxl de
2 fi(x, x), —

NpaBble YAaCTH KOTOPOH MNPeACTaBAAOT Co6OH  MHOrouJeHs He BhIe
BTOpoli cremeHH JlOKa:KHTe cHayajna, YTO HHKaKas HEHHTerpaJbHas
npsAMasi He MOXKET KacaThCAd MOJs HanpaB/eHHH, oOmpeleseHHOro CHC-
remoli (77), Gosee ueM B OBYX TOuKax. BuiBegure OTCiOAa, 4yTO BCS-
Kasl 3aMKHYTasd TPAeKTOPHS 3TOH CHCTEMH BBINYKJAss H 4YTO ABHIKCHHe
N0 ABYM 3aMKHYTHIM TPAEGKTOPHAM NPOHCXOJHT B INPOTHBOIOJOKHBIX
(0IHHAKOBHX) HampaBJeHHAX, €CAH 3TH TPAeKTOPHH HAXOATCA OnAHa
BHe (BHYTpH) Apyro#. J[oKaimkHuTe, YTO BHYTPH 3aMKHYTOH TPaeKTOPHH
He MOXeT ObiTh Gosiee OJHOM TOUYKH NOKOA. (MOMKHO NpOBepHTH, XOTs
H HE MNpOCTO, YTO TOYKa MOKOS, JeXallass BHYTPH 3aMKHYTOH Tpaek-
TOpHH, NpeicTaBaser coboit doxyc V)

5. (benankcon) ITycte mpaBble yacTH cHeteMsl (7 7) HempephiBHO
nn(?d)epeﬂuna;}yemm Torza  BHYTpPH KaXAoOro  [HKJA PA3HOCTDb

1 2

:fZ (%1, X3), (7-7)

NpUHUMAET 3HAYCHUA 060HX 3HAKOB,

6x2 - aX]
L dx dx,
6. Iloxaxure, YTO CHCTeMa ypaBHCHHH TZXQ,T:f(XI)
c Henpepx;muo auddepenunpyemoii GyuknHell f, mopompmaemas ypas-
X
HeHHeM —o- = (x), sBnsercss ramuabTOHOBOH (cM  3agauy 2 § 51).

Takaa cucremMa MOXeT HMETh HHMKJH (NPHBEJAHTe NpHMEp), HO He
MOXET MMETh NpejleJbHEIE IHKJIbI
7 OnuuTe THUMB TPACKTOPHE CHCTEMB  ypaBHeHuH xkoseGaHMi

g
MaTeMaTHYEeCKOro MasiTHHKa _dt =1, _dt =-—smng (lP— yroa

OTKJIOHCHHS MaATHUKA OT HHUIKHEro NOJIOXKEHHS paBHOBeCHﬂ), YRaxXu-
TE CbPISH‘}eCKH!l CMBICJT 3THX THIIOB

§ 56. OxpecTHOCTb TOUKH NOKOSH
Ha NJocKocTH. |

Herpynno nojyuntb HeoGXOZHMOE H AOCTATOUHOE YCJIO-
BHE TOTO, YTOOH TOYKA Xx=x0 6blJla TOUKOH MOKOS AJS aB-
TOHOMHOH cHCTeMB (7.2): Tak Kak IocrosiHHas X (f)=x?

1 Cm. «Marematuka CGopuuk mnepesonos», 62 (1962), 150—168.
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JOJIXKHA CJOYXKHTb pelleHHeM 5ToH CHCTEMBH, TO, NOACTAaB-
assi x% B (7.2), noayuum

f(x%) =0.

Ecnu 3anucath 310 BEKTOPpHOE DPaBEHCTBO B NPOEKUUAX, TO
MOoNYy4YHM CHCTEMY n ypasﬂefmﬁ C 1 HEH3BECTHbIMH KOOpHAH-

HaTaMH TOYKH HOKOS.
PaccmorpuM, B YacTHOCTH, aBTOHOMHYIO CHCTEMY Ha
MJIOCKOCTH, 3aJaHHYI0 CHCTeMOH ypaBHeHHH

dxy dxz

—— = fy (%1, %), —= = fy(xy, Xs). 7.8
- =Filn ), =0, ) (7.8)
Torpa KOOpAHHATHI TOUKH MNOKOSI HAXOXSATCS H3 CHCTEMBI
ypaBHEHUH

fi(x], %) =0, fo(x), %)) = 0. (7.9)
Tak kak u3 ypaBHeHufi (7.8) ciaexyer, 4TO TPAEKTOPHH aB-

TOHOMHOH CHCTEMBI YHOBJETBODPSIOT “HH(PGEPEHIHANTLHOMY
ypaBHEHHIO

[_i:\z_ — f2(X1,X2)' (7 10)
dx, fi(xy, x5)° )

TO U3 paBeHcTBa (7.9) BHIAHO, 4TO TOYKA MOKOS — 3TO OCO-
6as Touka aasa ypasHeHus (7.10) B cmbicne § 22. Kak ciae-
ayer u3 § 22, COBOKYNHOCTb TpaeKTOpHH B OKPECTHOCTH
TOYKH MOKOSI MOXeT HMeTb CJOXHBIH BUA. 3xpech u B § 57
MBI NPOBEIEM PacCMOTPeHHe TaKOH OKPecTHOCTH B cJjydae,
Korna QyHKUHH f, HMEIOT B TOYKe MOKOSI HEBBIPOXKAEHHYIO
JIMHeHAHYI0 YacTh, T. e. cucteMa (7.8) umeer BUJ

—dgt’— = ax; + bxy + Py (X1 %), % = cxy + dXy + Py (¥4, %),
(7.11)

rie

. Pa(x1, X2) =0 (| x|+ ]|x2]) (mpu | x1| 4| x| =0), i=1, 2

ad — bc~0. (7.12)

Mbl npuHsaM 32 TOUKY [OKOSI Hagajo KOOPAHHAT, Yero
BCeraa MOXHO AOCTHUYb C MOMOMIBIO NMepeHoca ocell KOOp-
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AuHar. Ycaosue (7.12) HckaoouaeT HeKOTopble GoJiee CIOXK-
HBIE CIy4Yau; OTMETHM, 4To B § 22 Mul Takxke TpeboBanu
€ro BHIIOJHEHHSI.

HOnsa uccaenosanusi cucreMel (7.11) ypo6Ho nepefiTu K
MOJNSIPHON CHCTEME KOOPAHHAT M0 (opMmyaam

X1=Ip cCOS @, Xo=p Sin @,

oTkyna npu p>0 monyvaem

dp 1 dx dx 1 : L
T = —p— <XITll + Xa dtz) = T [xl (axl +be2) -+
+ Xg (cxy + dx5)] + 0(p),

dp _ 1 dx, dx, \ 1
o (xlT;—x2 7) = ?[)ﬁ (cx%y + dxy) —

— Xy (ax, + bxy)] +o0(1),

L~ Q@) +0l). L —R(@+o(), (7.13)

rae AJs KpaTkoCTH 0603HaYeHo

Q (p) =a cos? ¢4 (b-+c) cos g sin @44 sin? @,
(7.14)
R (g) =ccos? ¢+ (d — a) cos @ sin ¢ — b sin? g.

B sTom maparpade MBI paccMOTpPUM caydafl, KOrza
(d —a)?+4cb<0. (7.15)

Oasi nuuefiHo#t cucreMel, T. e. NpH P =1y=0, B § 48 u 22
6LlI0 HoKa3aHo, 4To B cayuae (7.15) Hayano KOopAUHAT
asasietcsi Gorkycom (npu a-+d=0) uau uentpom (nmpu a-
+d=0). 3xece Mbl JOKaXeM, 9TO H 0158 NOAHOL CUCTEMbE
(7.11) npu seinoanenuu nepaserncrs (7.15) u a+4-d=-0 rou-
ka nokos (0, 0) npedcrasaser coboi ¢okyc, a TakxKe
paccMOTpHM, KaKHe BapHAHTH MOTYT NPELCTaBHTLCS MNpH
a+d=0.

Ias s1o#l mesn 3aMeTHM, yTo, KakK 3To clenyer u3 § 48,
B cayuae (7.15) cucreMy (7.11) MOKHO ¢ NMOMOIUBIO JIH-
HelfiHOro Heocoboro npeobpascBaHHs I[JIOCKOCTH INPHUBECTH
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K BHAY
B — o — B o8| &
2, (7.16)
it = Bg, + a§2+0(|§1‘ +|§2|):
rae
a=é4a+m,ﬁ=%44u—aw+@m.

Ecau nox p, ¢ MOHHMaTb NOJSIPHBIE KOOPAHHATEI B IJIOC-
KOCTH &1, Ep, TO B cuiay opmyn (7.13) u (7.14), npume-
HeHHBIX K cucteMe (7.16), no.nyqaeM

d

j}_ap+o@) =p+o(l). (7.17)
13 BTOpOTO ypaBHeHHS CiaedyeT, YTO B JOCTATOUHO MaJOM
kpyre K={p, ¢|p<p*}(p*>0) BrnoJHsSETCA HEPaBEHCTBO
—f >—2—, Taxkum o6pasoM, BLOJL JIOGOH TPaeKTOPHH B
K (3a uckiamouenneMm caMoil TOYKH IOKOS, 9TO Bcerja B
nanpHelinieM Gyper moppasymeBartbesl) QyHKUHS @ (f) BO3-
pacrampluas 4 NOTOMY ¢ MOXHO IIPHHSITH 32 HE3aBHCHMYIO
flepeMeHHYIO.

Uz (7.17) nonyuaem

dp af-o(l)

] Bo(l)

H noToMy Anasl di000H AYrH TPAeKTOPHH, PacloJioXKeHHOH B
K n naunHaromefica npa ¢=0, p=po, 3aBHCHMOCTL P OT @
HMeeT BHA

R
e

9
CoY e ato(l)

o (@ 00) = poexp [ | S0 do]. (7.18)

0
3HAaYUT, €CAH Py AOCTATOYHO Majd, TO 3Ta TPAeKTOpPHS
IpH CBOEM MPOLOJKEHHH B HaNpaBJCHHH BO3pacTaHus !
(a mOTOMY H @) COBEpHIHT 1O KpalHe#l Mepe OnuH 060pOT
BOKPYT TOUKH IIOKO#, He BuIXoAd H3 K. TeMm caMbiM, KaxK-
IOMY TakOMYy P, COOTBETCTBYeT 3HaueHHe v {po) =p (2m; po)
u GYHKOHS P UrpaeTr JJs paccMaTpUBaeMO# TOUKH MOKOS
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Ty e PoJb, 4TO QYHKUHS nocnefosauns (§ 54) Aas umk-
aa. Paccyxpas, xkak B § 54, MBl nosydaeM, UTo ecJH
Y(p) <p ans Bcex mocraTodHo Majax p, 1o p(@)—0 npu
@—-c0, T. e. TOUKA NOKOA mpejcrasnser coboil ycToHuH-
BHI (okyc; u3 (7.18) BHIHO, UTO HJISL 3TOTO JOCTATOYHO4
uyrobel 6b10 a<0. Ecan ¢y (p) >p AN BCEX AOCTATOUHO
MajbiXx p, T0 p(p)—0 Npu @——oc0 H TOUKa MOKOS Ipel-
craBJasieT coBoll HeYCTOHUHBBIE (DOKYC; Tak NMPOHCXOAHT B
ciydae o>0. Ecan ¢ (p) =p 45 BCeX AOCTATOUHO MaJsbIX
p, TO TOYKa NOKOs npexacraeaser coboll uentp. Hakonen,
ecau B mobo#t 6ausocth or p=0 HaHAyTCA KaK 3HAUEHHS
P, AN KOTOPBIX YP(p) =p, TaK H 3HAYEHHS, QIS KOTOPBIX
P (p) #p, To B 1060 GJIH30CTH OT TOUKH NMOKOSl HaHxyTcs
KaK OKpYXKalollHe ee IHKJbl, TaK H PacloJIOXKEHHble MeX-
-0y HHMH HE3aMKHYTble TpPaeKTOPHH, CIHpajieBHIHO IpH-
OanKalomuecs K 3THM LHKJIaM; TaKyio TOUKY MoKosl GyneM
Ha3bIBaTh TOYKOU CMEUWAHHOZ0 TUN.

Hrak, npu yeaosun (7.19), ecau a+d==0, cucrema
(7.11) umeer npu p=0 ¢okyc (ycrofunsnii, eciun a+d<0,
1 HEYCTOHYHBHIH, ecan a-+d>0); ecau e a4-d=0, To Tou-
ka p=0 moxer Oviro Oaa cucremst (7.11) yenTpom, GoKy-
COM UAU TOYKOU CMewanHoz0 Tuna. Kaxkas u3 3THX BO3-
MOzKHOCTell MpeaCTaBHTCS, MOXKHO Y3HATh, TOJbBKO HpPHBJe-
Kasi K PacCMOTPEHHIO B cHcTeMe (7.11) ujieHB ), BBEICLIEro
nopsiika MaJlocTH; Mbl He GyJeM paccMaTpHUBarb 3Iechb
3TOT CJOXKHBIA BONPOC.

3AIAUH

1 [TIlpuBesuTe npuMep ABTOHOMHON CHCTEMBl € TOYKOH  IOKOS
«CMEIIaHHOro THNA PaccMOTpUTE CTPOEHHE OKDECTHOCTH TOYKH IIOKOSt
CMelWaHHOro THMA B o6LieM CJyuae

2. JlokaxuTe HENOCPEICTBEHHO, YTO TNpPH  BHIOJHEHHH YCIOBHS

{7 15)

e@® b atd de
bl V= (@—a)F —dcp = dt

H clenafite oTciofa BHBOAB O XapakTepe OcOGOH TOYKH B Hayane
KOOpJHHAT
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3. PaccMmorpure cucreMmy obliero Buia
dx,

=Pi(x1,xz)—[-1l>,-(x1,x2), ‘=]»2s

rae P, — oaHOpOAHbBIE MHOrOUWJeHbH CTeneHu m=1, a
P (21, x2) =0 (]| ™+ {x2|™) (mpH | x1]+ [ x2|—-0)
O603xaunB
Q () =cos ¢- P (cos ¢, sin @) +simn ¢ Py(cos @, s ¢),
R (@) =cos @ Py(cos ¢, sing)—sin ¢-P;(cos ¢, sun @),

nokaxure, 4to ecau R (@) #*=0(0<Le <), TO Hayano KOODAHHAT SABJAA-
eTcst Uit paccMaTpHUBaeMON CHCTeMBl (OKYCOM, UEHTPOM HJIH TOUYKOH

k)1

Q ()
R ()

CMEUI2aHHOrO THNA, TNpUueM ecm{f de +# 0, T0 nocnepHHe aBa

cyydyad HEBO3MOZXKHBL

§ 57. OKpecTHOCTb TOYKH MOKOSI
Ha miockocTH. I

B stom maparpade paccmarpuBaeTcs BO3MYLIEHHE JH-
HellHOH CHCTEMBI C TOYKOH IOKOSl THIA CeA0 HJAH y3ed
yJeHaMH BHICIIEro MOpPsiiKa MaJocTH. JlokasaHo, 4yTo B Oll-
peAcNIeHHBIX NPEANOJOXKEHHSAX CeMelcT80 TpaeKTopuil 803-
MYULEHHOLL cucTembl 8 OOCTATOUHO MQAAOL OKPECTHOCTU TO4-
KU NOKOS OCTAeTCS no4TU TAKUM JKe, KaK Y HeBO3MYujeH-
Hoti, aurelinoii cucrtemol. CXOACTBO ceMeHCTB TpaeKTOpHH
JIBYX CHCTEM B OKPECTHOCTH TOUYKH IOKOSI MOXKHO oIpeje-
JATh NOo-pasHoMy. Bo-NepBuiX, 3TH cemelicTBa MOXKHO CYH-
TaTh CXOAHBLIMH, €CJIH B HEKOTOPOH OKPECTHOCTH TOYKH IO-
KOsl CYIIEeCTBYeT 3aMeHa KOOPHHHAT, NepeBoAsAlllas Tpaek-
TOPHH OJHOH CHCTEMH B TPaekTOpHH Apyrod. Bo-BTOophIX,
3TH CeMEHCTBA MOXKHO CUHTATbh CXONHBIMH, €CJH Yy HHX CO-
BIIaZalOT KaKHe-HHOYIb CYlIeCTBCHHbBE FeOMeTpHYEeCKHe Xa-
pakTepHcTHKH. Mpbl OymeM npuiepXHBaTbCid nNochaeAnef
TOYKH 3DEHHS; B YaCTHOCTH, MBI JOKaXeM, 4TO TPaCKTOPHH
BO3MYLIEHHOH CHCTEMBI, CTpeMslifecs K TOUYKe IOKOS NpH
#—>-+4oc0 uau f{——oco, BXOAAT B HEe IO TEM XKe HalpasJe-
HHSIM, 9TO H TPaeKTOPHH HeBo3MYIeHHOH, juHeAHOH cH-
CTEMBI.
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[lepeiinem x noapoGHOMY H3JoXeHHIO. HanmoMHHM, 4TO
B cuay § 48 u 22 gaa cucremnl (7.11) npu =v¢=0 To0U-
Ka MOKOS THIA CeJJIo HJM Y3eJ moJyuaercs, eclH (d——
— a)2+4cb=0. PaccMoTpuM cHayaja «Ipy6wiii» cnyuaf,
Korga Ajsi cicreMsl (7.11) Buimosuedo yciaoswe (7.12) u

(d — a)2-+4cb >0.

B arom cayuae u3 § 48 cneayer, uto cucremy (7.11) mox-
HO C NOMOLIbID JHHEHHOro Heocoforo mnpeobpasoBaHus

IIDUBECTH K BHAY

Z—mh+o(lal+1ED,

(7.19)
B = ko (15l + | B,

rae

M=t d+—Vid—ap + 4,

>>

= %(a + d) ——V(d Q| 4cbh .

Ilepefinsi K NOJISIPHBIM KOOPAMHATaM p, ¢ B IIOCKOCTH &,
o, moNyuaem
%—(7» cos? @ + A, sin? @) p + o (p),
(7.20)

‘Z;p = (hy— A;) cos @ sin @ + o (1).

Teopewma 1. Jlrwbas tpaexropus cucremor (7.19),
8x00awas 8 TouKy nokos & ==& =0 npu [—-} oo uru npu
t——o00, KacaeTcs 8 3T0L To4YKe KaKOU-AUGO U3 KOOpOU-
HaTHbLX Ocell.

JdokasareawcTBo. Bynem nao6Gpaxarh TPaeKTOPUH
Ha BCINOMOTaTeJbHOH ImJockocTH p, ¢ (puc. 33). (Takon
Nepexoj MEPeBOAHT TOUKY IIOKOSl B MPSIMYIO H NMOTOMY 0O-
Jeryaer AeTajbHOE HCCJEJOBAHHE OKPECTHOCTH 3TOH ToU-
Ku.) Bynem cunrarb AJs onpenesieHHOCTH, 4TO paccMaTpH-
BaeMasl TPaeKTOPHS [, BXOAHT B TOUKY NOKOSl NpPU f—»-f oo,
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Torna [,, HaulHasi ¢ HEKOTOPOro MOMEHTA, COHEPIKUTCS B
notoce 0<p<p*, rue p* —mwboc 3aJaHHOE INOJOXKHTENb-
Hoe 4yHCJa0. BribepeM npou3sosibHO Manoe >0 H NpoBeleM

1
npsiMple @ = —é—kn 4+ ¢, rae k—umoboe 1Henoe  YHCIO.

Paccysknas, kak npu anasnuse gopmyas (7.18), monyuyaewm,
4TO €CJH p* 1HoCTaTOYHO Mand u Tpa-
eKTOpHsl [, NPH HEKOTOpOM [ momaja- 4 R>U\
eT B KaKOH-1M60 H3 He3alUITPHXOBaH- }

HBIX NPAMOYTOJbHHKOB (pHC. 33), To L 4 A/*; 4

gyepe3 KOHEUHHKII NMPOMEXYTOK BpeMe- g in 9
HH OHa OKaKeTCs B TOM H3 COCERHHUX 3 z g 4G4
3alITPUXOBAHHEBIX  NPSMOYTOJLHUKOB 2 el { R<0
II, Ha rOpH3OHTaNBHBIX CTOPOHAX KO- **Z Pz 7
TOporo moJse HampasjeHo suyrtpe M, _ o VT
H MOTOMY [lq npH 6OJbIIHX | yKe He L

cMoxeT NOKHHYThb IT TakuM 06pasoM, &,. |4 t R0 g

B Ji06oM cayyae [, MauHHAS C HEKO- % 4 Z‘Z_'/ 77
TOpOro f, HAXOAMTCS B OJHOM H3 3a- _ 2 [yl lq p
IITPHXOBAHHBX  NPSIMOYIOJbHHKOB. 7€ |' ' | A
[TocKO/IBKY & MOMKHO B31Tb KaK YIOj- e |

HO MaJgbiM, ¢ npu p—0 cTpemurcs 025

. —e P KRS p* p

K OLHOMY H3 SHaueHH# —- kn, uro r M)n

H TpeboBaJOCh JOKa3aTh. Puc. 33

Teopema 2. [Ipednoaosxcum Oo-
NOAHUTEABHO, 4TO QYHKYUU §, 8 ClU-
creme (7.11) Henpepoisro Ougpdeperyupyemst. Toeoa:

ecau mry>0, o TOouka noxos (0, 0) Oas cucremel
(7.19) npedcrasaser coboii ysen (ycroduusoid, ecau r <0,
A<0, u neycrotiuussul, ecau i >0, h>0), npuvem e 0o-
CTATOYHO MQAOL OKPECTHOCTU 3TOL TOYKU 8Ce TPAEKTOPUU
BX00AT 8 Hee, KACAACcs 00HOL u3 ocell KOOPOUHAT, 3a UC-
Katouenuem 08YX TpaeKTOpull, 8X00AWUX NO 83AUMHO npPO-
TUBONOLOINHBIM HANPABACHUAM, Kacascs Opyeoil us ocel;

ecau e <0, To Touka nokos (0, 0) 048 cucremer (7.19)
npedcrasaser coboii cedro, 8 KOTOpOoe 6x00aT dge Tpaek-
TOpUU Npu t—-4o0o0 10 B3AUMHO NPOTUBONOLONHbIM HA-
npasierusm, Kacasce o0HOL u3 oceil xoopduuar, i dee —
npu t—>—o0 NO B83AUMHO RPOTUBONOAONCHOLM HANPABAE-
HUAM, Kacascs Opyeotl us ocell.

JokasareabctTBo. Paccmorpum noapobuo cayuaf,



236 ABTOHOMHHE CHCTEMBI [en VI

Korga Ap<<A;<0. Torfla B CHJYy TNEpBOr0 H3 ypaBHEHHH
(7.20) mnst Bcex DOCTATOYHO MaJibIX o ToJyyaeM

1
1 dp Y M
v—p"dt—\<—2‘ 1 OTKYJA2 p (f) <p(0) e =
_——lxllt
=p(0)e 2 (t=0). (7.21)

BosBpamiasick K NJocKocTH &y, &, BHIHM, 4TO BCE TPAEKTO-
pHH, HauHHaKOWHecs B JIOGOM LOCTaTOYHO MasoM Kpyre K
C LIEHTPOM B TOYKe IIOKOS, NPH YBEeJHIEHHH ! OCTanTcsd B
K u npu t—-00 BXOASIT B TOYKY IMOKOS, HMES TaM B CHJIY
TeopeMbl 1 Hanmpas/ieHnHe OXHOM M3 ocell KOOpAHHAT. TaKHM
o6pa3oM, Touka HOKOA npedcTasiner cobol YCTOU4UBbLL
yaea.

Jns Bonee geTasbHOTO ONMCAHHA NOBEJEHHUS TPaeKTo-
pHil B paccMaTpPHBAaeMOM CJydae 3aMeTHM, Ipexle BCero,
q9TO, paccyxjas Kak IpH JoKasaTeJbCTBe TeopeMbl !, mo-

1
JydaeM, uto 044 Am6oeoee(0,—2~n) cyuecTsyer TaxKoe

A
p">0, 4T0 gce TpaexTOpuu, HauuHarowuecs 8 cexTope 0
<p<p*, |p—kn|<e (k—nw0boe wnesnoe, Ho HOCTATOYHO
paccmarpuBath k=0 uau 1), 8 dassHedwen ne noKudar
e20 U 8X00AT 8 TOYKY NOKOA C Hanpasiexuem @==~Rm.
[IpoBepuM Tenepsb, YTO 1O KAHCOOMY HANPABAEHUND ¢ =

:kﬁ+—2—n 8 TOUKY NOKOA 8XO0UT POBHO OOHA TPAEKTOPUS,

AJs onpeneseHHocTH npumem k=0. [lns sroro npociegnm
32 TPACKTODHAMH, HayMHAWOWHMUCA Ha cropoHe AB npd-
moyroasnuka IL{0<<p<p*, |¢—n/2|<e} B miockoctu p,
¢ (puc. 33). Ha 3T0ofi cTopoHe (KpOMe KOHIOB) TPaekTo-
pun BXoxat B I;, a Ha TOPH3OHTANBHHIX CTOPOHAX OHH BH-
xolaar us II;. M3 reopeMbl © HenpeprIBHOH 3aBHCHMOCTH
pelleHHs OT HaYaJbHHIX HaHHBIX CJIeJyeT, 4TO eC/JH Kakas-
aubo tpaekropusa I, (asIl;) swixoaur ua II; yepes sepx-
HIOI (HHXKHIOWO) CTODOHY, TO TaK ke BeAyT ce6s u Bce
TPaeKTOPHH, BBIXOASIIHE H3 [OCTATOYHO MaJsofi OKPECTHO-
cTH Toukd a. Ho Torxa, B3siB BepxHwi rpans C TOYEK OT-
peska AB, uepe3 KOTOpble NPOXOAAT TPAEKTOPHH, BBIXOAS-
mHe u3 JI; depes HAXKHIOW CTOPOHY, HoJydaeM, 4TO Tpaek-
TopH4, npoxoasmas depes C, Boobue He MOXKET BHIUTH H3
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M; (mouemy?). U3 (7.21) caenyer, d4ro 3Ta TpaexTopHf
BXOJAHT B TOYKY IOKOs, IpHYeM B CHJy TeopeMmbi 1, IO

HaNpaBJIeHHIO @ = —- . Hrax, cyuecTsoBanue HCKOMOH

TPaeKTOPHH JOKa3aHo.

JlokaskeM, HaKOHEll, YTO TaKas TPaeKTOPHS TOJBKO Of-
Ha. Jlns 3TOro 3amMeTHM, YTO MOCJe Nepexona K IepeMeH-
HEIM E|, & cucrema (7.11) npumer Bujg

d R
SR oME e Gl (=1,
rie GYHKUHH g, HempepuBHO AuddepeHuupyeMul u g, (Ei,
E2) =0(|E1|+|E2|) mpm |Ei|+E:|—>0, a moTomy mx npous-
BOJHbIE NPH & =E; =0 paBubl ny/o. [lepeda K nossipHEIM
KOOpAHHATaM, HOJYIHM

de (M — M) cos @sing |- cos @ gy (pcos @, psing) —

O e T Gacos o+ Aasinq) o oS g-gy (¢ <SP, pSinG) +

—sin@ - g1 (pcos @, psing) —=U 7 99
+sing-g, (pcosq, psng) (0, 9). (7.22)

Henocpencrsennoe BHIYHC/IEHHE, KOTOPOE MBI IPEAOCTaB-
JsieM UHTaTeJlo, NMoKaswiBaeT, uyro ¢yukuus U umeer s II,
npu p>0 HenmpepsIBHY INPOH3BOJHYIO 1O ¢, KAK YTOJHO
65113KYI0 K (A — Ag) /A1, €CHIH & H p* ZOCTAaTOYHO MaJbl.

1
JlonycTHM, 4TO 1O HANpPaBICHHI ¢ = —~ T B TOUKY TO-

KOsl BXOJAT ABe Ttpaekropud. [logcrasumM WX ypaBHeHHA
e=@1(p) 1 9=q2(p) B (7.22), BHIUTEM NOYJEHHO OAHO H3
MOJIYIEHHBIX PABEHCTB H3 APYrOro H 3aMeTHM, 4TO B CHJY
JeMmbl Agamapa )

Ulp, 92) = Ulp, @) = (02— @) F(p, 1, 92),
rge, kak BuuHo M3 § 20, ¢ymkuus F HempepniBHA IIpH

0<p<p*, ‘(P;~-;—n‘\<s(i=l,2) "

Fp, @1, @) > (Ay — Ag) /My

npn p—0, (p,—»-—é—n: (i=1,2).
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Mel npuxolHMM K paBeHCTBY
d(9:—P1)
dp

=A(p) (92— @) (0<p <), (7.23)

rae ¢yuxuus A(p) HenpepbiBHA H CTpeMHTC K (A — Ag)/
/M <0 npu p—0. Murerpupys (7.23) Kak JHHeHHOe OJHO-
POILHOE YpaBHEHHE, NOJYIHM

Y = (92— ®1) F (0, 1 (0), 92(p)) =

@2 (p) — @1 () = Cyexp [ f—Ari’ler =
&

9]
= C, exp “ (———A(') )dr].
o

r

Opnako npu p—0 NMocnexHHH HHTErpasn CTPEMHTCS K oo,
H 3HAUHT, YTOOBI JleBas 4acTb OCTaBasacb KOHEUHOH, IOJ-
XKHO ObTh Co=0, 1. €. ¢i(p)=g¢2(p), 4T0 H TpeboBajoch
JOK23aTh.

Hrak, cayualt A,<<A, <0 mosnoctbio pasobpan. Cayudail
0<Ap<<A; cBOmMTCS K pasobpaHHOMY 3aMeHOH { Ha —f. Mu
NpegoCTaBasieM HHTATeN 0 N0 o6pasuy NpPHBEACHHBIX 31€Ch
paccyXIeHHH paccMOTpeTb ciaydail AjAp<<O B TEM CaMbIM
3aBepUINTh AOKAa3aTeJbCTBO TEOPEMBI 2.

PacemorpuM Teneps Gosee TOHKHE cayyait cucremb (7 11), mas
KOTOPOH BHINOJNHEHO ycsoBHe (7 12) H

(d—a)2+4cb=0, (7.24)
T. e. XapaKTepHCTHYECKOE YypaBHeHHe MAaTpHUH KO3hOHIHeHTOB NPH
JUHEHHBIX YleHaX MMeeT KpaTHuil KOpeHb Ay = > (a+4d).

TeopeMma 3. Ilyctv xoprio hy cooT8ercT8yer 9AeMeHTAPHbIL
Oeaurenb 8TOPOL cTenexu

Yi(xr, %) =0(|x:|"+1x2]M) (mpu [x,]+[%:2]>0); i= 1, 2; n>1L

Toz0a touxa noxos (0,0) ssasercsa y3som ¢ eduncreennoi.  napot

B83QUMHO nNPOTUBONOAOXNCHBLX HRanpasierull 8xoda TpaekTOpull
HokxasarteanbctBo. M3 § 48 crnepyer, uro B paccmarpHBae-

MHX Npennojoxeuuax cucreMy (7.11) MOXKHO mpHBecTH K BHAY

dg

T=7\1§1+§0(|§1|n+|§2|n)’
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d
Lo g kO (1),
rae o — jgo6oe Me PaBHOE HYJNIO YHCJO, MH NOJOXKHM a=A; Ilepei-

51 K TOJNSPHHIM KOOPAMHATAM B IIOCKOCTH i, &2 ¢ momollso dopmyan
(7.13)— (7 14), nonyuum

d / 1 \
Tf = (1 +7sin2cp) 040",
(7.25)

— =hcoste 0 (M.

HonyeruM, uto A <0. Torpa us neporo ypasHeHus (7.25) cae-
dj < 0 npn 0<p<p*,
npuueM p(f)—0 npu f—--+4oco pns no6OH TPaeKTOpUH M3 5TOH INOJO-

cu Ha Broporo ypasueuna (7.25), paccykpas aHaJOTHYHO TOMY,
Kak NpH J0Ka3aTeNbCTBE TeOpeMbl 1, monyyaem, uto nns Jwobol Ta-

AyeT, *4TO ecjaM P* JOCTAaTOYHO MaJud, TO

KOH TPAaeKTOPDHH TNpH f[—+oco nub6o tp(t)—»—-Q—n—[-kn (T. e. aTa Tpa-

€KTOpHA B IJIOCKOCTH ), §2 BXOIMT B TOUKY MOKOSl, KacafcChb OCH &),
aubo @(t)—>—oo (1. €. 3Ta TPAEKTOPHA BXOAHUT B TOUKY NOKOS KakK
cnvpaas) Ilpu 5TOM M3 HeBO3MOKHOCTH NEPeceyeHHs PasjHYHEX TPa-
exTOpHH cieayeT, 4To nM60O AJA BCceX TPAEeKTOPHUl MMeeT MeCTO HepBHE
cayya#i, 60 Ang Bcex — BTOPOH

1
JlokazxeM, 4TO MO KaxKAOMY HaNpPaBJEHHIO @ =3 7 - k1t B TOUKy

MOKOS BXOAMT OECKOHEUHOe YHCJO TPaeKTOPHH, OTKyZa B CHJIY TOJBKO
4TO CKa3aHHOTO H BHITEKaeT yTBePXKJeHHe TeopeMH Inpu A;<0. Hdas
ONpeneseHHOCTH TONOXKM k=0 M pacCMOTDHM HanpaBJieHHE IoJs Ha
TPaHULE  KPHBOJHHEHHOrO  TpEYroNbHHKA»

1 1
ABC {O<p< p*, 'E-ﬂ-{-p" <q><?ﬂ -I—P*h]

(puc. 34) npu p>0, rne A>0 Gyzxer Bckope ykasaHo, a p* HOCTAaTOYHO
mané. Uepes cropony BC (kpoMe, GuTb MomeT, Toukd C), OYeBHIHO,
TPAaeKTOPHH BXOAAT BHYTPb TpeyrojbHuka B Toukax ke croponm AC,
npH p>0, HaKJIOH TPaeKTOPHH B IJIOCKOCTH P, ¢ onpelened GopMynoi

( dg ) _ Aicos? @ 40 ("1t
de 1, [xl (1+%sm2cp)+0(p"-‘n

L [xlcosz (5ot o) +0(p“—‘)] 0(1) =
o 2

=0 (") +0(p"7P),
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TOrZa KakK HakJOH caMoi CTOpOHbl( } = hp"-1, 3naunr, ecu
1l

dp |
npuEsATh h<n—I, 10 B Toukax cropons AC mpH J0CTATOUHO MajioM O™

d d
) <)
dp /1 L de Ju

a NOTOMY H uYepe3 5Ty CTODOHY TPAEGKTOPHH BXOAST BHYTPb TPEYrOJib-
#uka TaxkuMm o06pa3oM, Bce TPAeKTOPHH, HaUMHawIIHecs mpH p>0
B TpeyroibHuKe ABC, npu yBenIHYeHHU ! He MOrYT
7 ero TMOKHHYTh M NOTOMY NpH [—-+oo BXOJSAT B TOY-
B Ky A, uto u TpeboBasOCh JIOKA3aTh

. Cayuait ;>0 npusopuTes X ciydaio A; <0 ¢ mo-
MouIbI0 3ameHnl ! Ha —f Teopema 3 aokasaia

Teopema 4 ITycte xopHio Ay cOOT8eTCTEYHOT
08a  sneMeHTApHbIX OeiuTers nepaoti crenesu u
QyHKYLL P, UMEIOT HenpepbisHble npou3sodnble nep-
ablx 0ayx nopadkos. Tozda rouxa noxos (0, 0) as-
ARLTCA Y3AOM, nputesm no KaAMOOMY HANPABACHUID
8 Hee 8XOO0UT TOALKO OOHA TPAeKTOPUS

HDokaaateancTBO. B paccMarpHBaeMoMm
cnyuae cucrema (7.11) umeeT BuL

dx,
dt

wofsy

=Mx+Y (x, ) (=1, 2),

M NocJe Mepexoja K NOJAPHBIM KOOpAMHATaM MoJay-

Puc. 34 yaeM YypaBHeHHe
do _ cos @Yy (pCOsp, psme) —
dp plArp+cose - (pcosq, psin@p) +

—sin@-YP; (pcos@, psing)
+sin@ P, (pcos ¢, psinP)]

=V(p, 9). (7.26)

Oyuxuus V nepeouauasbHO onpeneteRa B mojoce 0<p<p*. Onmaxo,
pasnaras GyHKRuHH ¢, no dopmyse Teiijopa ¢ TOYHOCTBIO 10 YJICHOB
BTOPOTO NOPSAKA MAJIOCTH, BHIMM, uTO V HMeeT mpeaen

[cos @+ (@11 cOS? @ - 2a315 COS P SiN @ + Qppo sin® @) —

M
— sin Q- (a;1; cos? @ 4 2a;1; cos @ sin @ + ayy, sin? @)]
0%y
(aiik - Oxj0xp  |x=x,=0/

npH p—0, Tax YTO ee MOMKHO CYHTAThb ONPEJEJEHHOH H HempephBHOH
Ha nosoce 0<Cp<{p*. Kpome TOro, HerpyaHO HeNOCPeJCTBEHHO IpOBE«
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puTb, uyTo OGyHKUMR V HMMeeT OrpaHHYeHHYI0 TIPOM3BOAHYW IO Q.
HostoMy yTBepkaenue Teopembl 4 BhiTekaer u3 TeopeMe § 14 o cy-
I{eCTBOBAMHH M €AUHCTBEHHOCTH pELIEHHS, NMPUMEHEHHOH K ypaBHeHHMIO
(7 26) ¢ HauzanbHuM ycioBHeM @(0) =0, TAe @y — Joboe 3anaHHOe
yueso Teopema mokasaHa

3AAUH

1. Paccmorpure cucreMy ofliero BHIa, NPHBEIEHHOro B 3ajaade
3 § 56, ecsiu BBeneHHas TaM GyHKUHA R(@) umeer #ysu Jlokaxwure,
yTOo
a) ecnH xakas-nubo TPAeKTOPHS BXOAHT B TOYKYy mnokos p=0
(npu f>+ o0 mm NpH f—-—00) ¢ ONpeAeNeHHOro HampaBJeHHs
¢, 10 R(g)=
6) ectm R() nanmwaeT 3HaueHHs] OGOHX 3HAaKOB, TO JwbHaf
TPAEKTOPHs,, BXOAAIAs B TOUKY INIOKOS, HMeeT TaM omnpeje-
JIeHHOE HalpasJeHHe,

B) ecmn R(@)=0, Q(¢)5=0 u npH nepexoze ¢ uepes @ BYHK-
uust_R(Q) MeHser 3HaK, TO B TOYKY MOKOS IO HallpaBJeHHIO
(p=¢ BXOJHT NO KpaliHeli Mepe ojHA TpaeKTOPHS, IPH 3TOM,
e R(9)Q(¢p) MeHseT 3HaK ¢ — Ha +, TO N0 HaNpPaBJEHHIO
¢ BXOAAT BCe TPAGKTOPHM H3 HeKOTOporo cextopa 0<p<p*,
lo—ol<e, - -

r) ecin R(9)=0, R (¢)Q(p)<0 u yHKUMH 1, HMEIOT Hempe-
pHiBHEe TPOH3BOAHBIE NMEPBOTO TOpsAKa, paBHbe 0(p™~!) npu

p—+0 TO 1O HaNpaBJ/JeHHIO @ B TOYKY IIOKOS BXOAHT TOJNBKO
0/Ha TPacKTOpHA,

ecan R(g) 50, R(cp) 0, Q(p)==0, npu mnepexoae ¢ uepes
¢ dyHxuns R(@) He Meuser _swaka # ¢$.=O0(pM) (i=1, %
n>m), TO TO HANpaBJEHHI0 @ B TOYKY MOKOR BXOAUT OecKo-
HEeYHOC MHOMKECTBO TPaeKTOpHH,

e) ecan R(p)=0, Q(p)=%=0 u yUKUMH 1, MONKHO HPEACTABHUTH
B BHIe CYMMBI OJIHODOAHBIX MHOrOuYJeHOB cTelmeHH m+1 u
4JIEHOB BBICUWIErO MOPSAKA MAJOCTH, TO MO KaX0My Hanpas-

JEHHIO @, ANA KOTOPOro Q(¢)5=0, B TOUKY TOKOS BXOAHT IO
kpalinell Mepe OJHa TpPaeKTOPHS, eCIH JONOJHHTENBHO JaHO,
yro GYHKUHH 1P, HMEIOT HeNnpephiBHbHEe IPOU3BOAHHIE MNEPBOrO
nopsiika, paBueie o(p™) npu p—0, TO MO HampaBNeHHIO @
BXOJHT TOJIbKO OJHa TDAaeKTOpHA,

K) ecnn dyHKuMM P, paBHB O(] %™+ |%2|™) mpu | x|+ |xs| >0
M aHaNMTHYHE,, TO A/ HHUX BHINOJHSIOTCS Bce  J100aBOYHbBIE
NpeANONOXKeHNs, INpUBenAeHUbe B 370H 3anaue OTMeTHM, 4YTO
3TO CHPaBeAJIMBO H AJsi OCHOBHOrO TEKCTAa KHHTH, TAe HAIo
NOJIOKHTb M=1

2 JloxkaxKHTe, 4TO AJA CHCTEMBI, paccMOTpeHHOH B 3asnaue 6 § 55,

ocobble TOYKHM THNA LEHTP MM CeAJN0 BO3MOXKHH, a y3el H (OoKyc

—

Al
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(kak H 144 n106OM CHCTeMB! C WHTErpasibHEIM HHBapUaHTOM) — He-
BO3MOZKHBI,

3. Ilposenute KAacCHPHKALHIO H3OJHPOBAHHLIX TOYEK IOKOS
ABTOHOMHOH CHCTEMH NpH n=3 B cJjyyae JHHEAHBIX OpPaBHIX yactel
H Pas/MUHBIX KOpHeH XapakTePUCTHUECKOTO ypaBHeHus; Haobpasute
TeOMETPHYECKYI0 KapTHHY OSITH BO3MOXHBIX THNOB Touek IlpoBenure
AHAJIOTHUHYI0 KjaaccHHKAIMI0 1Js jaoboro n * Kakue u3 Touek sBJS-
0TCS «TpYyOBIMH», T € He MeHSIOT CBOer0 THONA MNpPH JOCTATOYHO Ma-
JIOM W3MEeHeHHH K03()(PHIHeHTOB cucteMH? OTMETHM, Y4TO TOYKH IMOKOS
IJIsi HeNWHeMHBIX aBTOHOMHBIX CHCTEM B Cjydae JHOGOro rn paccMoTpe-
HH B ykaszauuwolt B § 24 kuure B. B. Hembukoro u B B CrenasoBa.

§ 58. Teopus HHIEKCOB

Ilyankape ¢ ycrnexoMm NpPHMeEHHJ K HCCJEJOBAHHIO aBTO-
HOMHBIX CHCTEM Ha IJIOCKOCTH HOHSITHE BpAallleHHS BEKTOP-
Horo moJas. IlycTh Ha MJOCKOCTH 3aiaHa aBTOHOMHAas CH-
crema (7.2) u maHa raajfkas WJiH KyCOUHO-TJIafKas OpHEH-
THPOBaHHas JHHMA L (3aMKHyTas JIMHHS WJH Ayra, colep-
JKalas CBOH KOHIBI), He NMPOXoAsillasi uepe3 TOYKH MOKOS
CHCTEMBI.

Bpawenuem 8exToprozo nois, onpefesEeHHOTO CHCTe-
Moit (7.2), 80046 aunuu L HaspiBaeTcst JeJeHHoe Ha 2x
fIpHpallleHHe YrJaa, COCTaBJsiEeMOro BEKTOPOM IOJIS B TOYKE
AL c HekRoTOpOH (UKCHPOBAHHON OCHIO [, KOrga 3Ta ToY-
Ka A npoXoauT JuHHIO L B 3ajaHHOM Ha L HanpaBjieHHH
ob6xona. IlogpasymeBaercs, yTo OPH NMOACYETE NpHPAILEHUS
yrJaa Mbl CJeJHM 32 ero oNpeleseHHOH BeTBbIO, T. € CUH-
TaeM yroJ H3MeHSIIUMCH HeNnpepeiBHo. Hampumep, Ha
puc. 35 mpupalleHHe yria paBHO 2m, H MOTOMY BpallleHHe
noJssi BROJb L paBHo 1 He3aBHCHMO OT TOrO, NPUMEM JIH
MBl B HCXOAHO! Touke A, YKa3aHHbIH Yyros PaBHBIM

5. o ( bn +2n) HJIM ( S —'2n>
12 12 12

u 1. 4. Kpome Toro, HeTpyAHO BHIETb, UTO BpalleHHE 3a-
JlaHHOTO 1O/ BAOJb 3aJaHHOH JHMHHH He 3aBHCHT OT BH-
6opa ocu I, a ecqnt JUHHSA L 3aMKHyTasi, To He 3aBHCHT H
OT BHANNa gavajia o6xona Ao.

He TpynHo noayunts siBHyl0 ¢GopMyay n[jas BpalleHHs
noJst .

f(x) =f1(x1, x2) erd-fa(x1, x2) e,
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Tae e, ¥ ey — eJUHHYHBIE BEKTOPH oce#l Koopamuat. Ilpm-
HSB 32 [ OCb Xy, IOJYYHM YroJ HAKJIOHA MOJS K OCH

O = Arctg—?—,

1

OTKYJa BpallleHHe %y, IoJS1 BLOJb L paBuo
0y = — jdﬂ: 1 hd fo—f» dfs
27 2n
L L

72+ f2
_ 1 L M+ Oh
i f R+R [ (B = fo )t
of. by)
+ (fl a; — I axf:)dxg]

(pu 3TOM MBI cuHTaeM QYHKUMH f; H f, HelpephBHO AHO-
dhepeHIHPYEMBIMHU) .

YKajKeM HeKOTOpHE CBOHCTBA BPAIUEHHS.

1. TIpu mepemeHe OpHEHTAUHH JUHHH L Ha TPOTHBOMNO:
JIOXHYI0 BpallleHHEe MEHSIeT TOJbKO 3HAK.

. LG
- @&

Puc. 35 Puc. 36

2. Ecau snuHusi L pasbura HAa KOHEYHOe YHCIO vacred,
TO BpamieHue Hoast BAoJab L paBHoO cymMme BpallleHHH moJs
BJloJIb 3THX yacTel.

STH ABa CBOMCTBA MOYTH OYEBUIHBHI

3. Ecan aiuuus L 3aMgHyTas, TO BpallleHHe PaBHO LEJO-
My uucjay. B camoM jerse, Torfa BeKTOp IoJisi B Hayaje H B
KOHIle NIYTH OAHMH M TOT XKe, T. €. OH MOT TOBEPHYTHCH
JHLIb Ha 1eJoe YueJao o60poToB.
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4. Ecau 3aMkHyTas JIHHUSL L HempepnlBHO JedopMu-
pyercsi, IpHueM B mpouecce AedopManHH OHA He NPOXOAMT
Yyepe3 TOUKH NOKOSl CHCTEMH, TO BpallleHHe MoJs BAOJbL Hee
ocraercsl MOCTOAHHBIM. JlelcTBHTENbHO, NPH TaKo# pedop-
ManHy MoJie BAOJb JHHHH, a MOTOMY M BpAalEHUE NOJS Me-
HswoTes HenpepbiBHO. TlostoMy B cuny cBoficrBa 3 moJy-
yaeM Halle yTBep:KAEHHE.

5. Ecsiu BHyTpu 3aMKHyTOH JuHMH L Ge3 camomepeceye-
HHl HeT TOYeK MOKOSl CHCTEMBbl, TO BpallleHHe HOJs BAOJb
L paBHo Hyaw. B camoM ndese, HempephiBHO CTfAHeM JIH-
HUIO K KakKoH-HHOYOb TOUKe, HE SBJSIOLIEHCS TOYKOH HO-
KOfl; TIPH 3TOM Ha OCHOBAHHMH CBOHCTBA 4 BpalieHHe IOJS
B Ipouecce dedopManun He u3MeHHTcs. Ho sicHo, 4To ecau
3aMKHYTas JHHHSA HAXONUTCA B AOCTATOYHOH OJIHM30CTH OT
TOYKH, He SIBJASAIOLIEHCS TOYKOH NOKOSf, TO NpH 0OXOAe 3TOH
JIMHUH BEKTOP NOJIS HE MOXeT CHeJaThb HoJHOro o60opora,
T. €. BpamieHWe NoJsl BAOJb TAKOH JHHHH DPaBHO HY.JIO.
3HayuT, BpallleHHE M BAOJb HCXOLHOH JIHHHH L paBHO
HYJIO.

CaencrBue. Buyrpu aw00ii 3aMKHYTOL TPAEKTOPUL
cucremsr (7.2) (na naockocru) waxodurcs no Kpadueid
Mmepe Oo0HQ TOUKA NOKOS 3ToU cucremsl. JleACTBHTENbLHO,
€CJII TaKyl TPaeKTOPHI0 oOXOZHTb B MOJOXHUTEJBHOM Ha-
npaBJieHHH (NPOTHB YacOBOH CTPEJIKH), TO BEKTOP NOJfA,
HanpaBJieHHBI Bce BpeMs BOEped WJM Ha3aj 1o Kacarelb-
HOH, cllesiaeT NOJHBIH OG0POT B NOJOXKHTEJbHOM HamnpasJe-
HuKn ). 3HauuT, BpalleHHE TNOJSI BAOJL 3aMKHYTOH TpPaek-
TOPHH DABHO |, M MOTOMY Hallle yTBepXKJAEHHE BHITEKAET H3
cBoiicTBa 5.

PaccmoTtpuM m3onupoBaHHyw Touky mokos X0, T. e. Tou-
Ky TMOKo$%, 06/1afanIy0 OKPECTHOCTbIO, B KOTOPOH HeT Jpy-
I'HX TOUeK Hokofl. BreibepeM Kakyo-au6o JuHHIO L, OKpy-
kaomyo x° u 6yneM TNPOXOAMUTH €€ B HAIPaBJEHHH IPO-
THB 4acoBo# cTpeskH. Torpa BpaieHHe MOJS BLOJMb JHHUH
L wnaseiBaercs unOexcom Touku noxos x°. B cmiay cBoii-
CTBa 4 HHAEKC TOYKH TOKOSf HE 3aBHCHT OT KOHKPETHOTO
Boibopa JimHuu L. Ecam BHOpaTh, HampHMeEp, B KaueCTBE
TaxkoH JHUHHH MaJIyl0 OKPYXHOCTh C LEHTPOM B TOYKE IO-

1) 910 yTBepKueHHe, HAIVIALHO OYEBHIHOe, MOXKeT OHTb A0Ka3aHO
6e3 BCSIKOH CCBIVIKH Ha HalVIsiAHOCTB; CM., HampuMep, yKa3aHHy© B § 24
kuury C. Jledumena.
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KOsl M TPOCJEJHTb 32 M3MeHEeHHeM BEeKTOpa noJs npu o0-
XOjie 3TOH OKPYIKHOCTH, To JIETKO HPOBEPUTHb (npojeJsalte
3To!), 4TO MHAEKCHI y3Ja, LeHTpPa M QoKyca paBHH 1, To-
ria Kak MHAEKC ceiJa paBeH —l.

Teopewma. Ecau nHa samkuyroli autuu L 6e3 camo-
nepeceuenull HeT TO4eK NOKOs cucTemst, a BHYTpu. L
UMeeTCa AUUbL KOHEUHOe HUCAO TAKUX TOYeK, TO spaujerue
noas 8004b AunuK L, npoxo0umoti 8 HaANpasieHuu npoTus
4acoB80ll CTpeAKU, PABHO CYmMme UHOeKCcO8 BCex TOHex no-
xos, colepucaujuxca 8HYTpu L.

HoxkaszareabctBo. [IpoBeieM BHYTPH L JONOJHH-
TeJIbHbIE JIMHHH Tak, uToObl obsacrtb, COdEpIKallasiCid BHY-
Tpu L, pasbuijach HaA yacTH, KaXHas M3 KOTOPBIX COMEp-
JKHT JIMIIb OJHY Touky mokosi (puc. 36). OpuenTHpyeM
KOHTYP L, KaxJgo# n3 vacTHyHbiXx ob6jacreifi B HampanJe-
HUH NPOTHB YaCOBOH CTPEJKHU; TOrAA

KL = ZMLks (7.27)
k

B camowMm pese, B 3TOH CyMMe KaXloe CJIaraeMoe MOIKHO
pPasjeNuTb HAa YacTH, OTBeYalolllMe OTAENbHBIM Ayram pas-
OueHHsl; MOCJe 3TOro B CHJY CBoiHcTBa 1 caaraembie, oTBe-
Yapuife BHYTPEHHHM JyraMm, B3auMHO YHHUTOXKaTcsi (mO-
YeMy?), TOrAA Kak cJaraeMbie, OTBEYAIOIHE AYyraM, Jexa-
MM Ha L, cjoxarces M JaayT B CyMMe JIEBYIO 4acTb ¢op-
myasl (7.27). W3 ¢opmyas (7.27) Ha ocHOBaHUM ompeje-
JIEHHS HHJIEKCa TOUKH T[OKOSl M BHTEKAaeT yTBepXKJeHHe
TEOPEMBL.

CnencrtBue. [lycte sHYyrpu 3amKHYTOU TpaeKTOpUU
UMETCA TOYKU NOKOS TOAbKO NPOCTEeliwiezo TUNnQ, UMEHHO
yerTpel, orycet, ysast u cedra. Toeda obwee yucao 3TUX
TOYeK HeyeTHO, Npuyem 4UcAo ceden HA eOuHUYY MeHbule
obuwjee0 4ucaa 8cex OCTAAbHbIX TO4YeKk noxos. B camom
IeJsie, 3TO BBITEKAET H3 NPHBEAEHHHIX nepen GOPMYJaHPOB-
KOH TeOpeMBl 3HAYeHUH HHAEKCOB YKA3aHHBIX TOYEK MOKOS.

IMoppo6Hoe H370KeHHEe TEOPHH M TPHUJIOKEHUH NOHATUSA
BpalleHHsl BEKTOPHOro moJsi AaHs B KHHre: M. A. Kpac-
Hoceabckuf, A. . TTepos, A. U. [ToBonouxkus,
TI. IT 3 a6peiiko. Bekropuble moss Ha mJIocKocTH, — M.:
dusmarrus, 1963.
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3AJAYHU

1 Ilycre P(2) — MHOroujeH OT z=x-+t1y He MeHee mepBOii cTe-
meun O6o3naunB P=Q-:R ¥ paccMOTpeB BpalleHHe BEKTODHOIO TOJS
Qer+Re; TO OKPYKHOCTH [AOCTAaTOYHO GOJIBLIOTO pafuyca C LEHTPOM
B Hayajie KOOpIMHAT, JOKa}HTe, uro P(2) Hmeer mo kpaitHeli Mepe
OAMH HYJb

2, MoXHo [0Ka3aTh, 4TO Y M30JHPOBAHHOM TOUYKH MOKOA @, HE
THRA UEHTP W He cmewanuoro tuma (cm. § 56) cywecTByeT OKpecT-
Hocts U crepyioweli cTpyktyphi B U HMeercs KOHeuHoe 4YHCIO <«3J-
JIMATHYECKHX oOsacTeli», IeJHKOM 3aNMOJHEHHBIX TPAEKTOPHSIMH, BXOAA-
IMHMH OGOMMH KOHHAMH B @, KOHEYHOe UYUCJO <«THOep60JHYecKHX 006-
nacrtefi», IEJIHKOM 3aNOJHEHHBIX TPAaeKTODHSAMH, BBIXOASIUHMH O6OHMH
KOHIaMH Ha rpaHuny U, Te W apyrHe o6JacTH NPOCTHpAIOTCS OT @
no rpanuust U u OTHeNeHB APYr OT APYra «30HAMH nmapaboNHuYHOCTHY,
HEeJHKOM 3alOJIHEHHBIMH TP2EKTOPHSAMH, OIHHM KOHUOM BXOASLIHMH
B @, a JIPYrHM BHIXOAAIWAMH Ha rpauuuy U. Tlycth uucsao o6nacredt
KaXXAOT0 THIa M3BECTHO, YeMY paBeH WHJEKC TOUYKH MOKOs?

3. TlousTHe BpawleHHs BEKTODHOTO MNOJS MOXHO BBeCTH H B -
MepHoM mpocrpaHcTBe. [1ycTh naHa 3aMKHyTas Tiafkasf HJIM KYCOUHO-
raanxas OpDHeHTHpOBaHHAst (T € C YKa3aHHeM HapyXHOH CTOPOHH)
(n—1)-MepHasi TOBePXHOCTb S HJIH NOBEPXHOCTH C KpaeM, YpOBJET-
BopsOmias aHa/fOTHYHBIM Tpé6oBanusim IlycTe B oxpectHocTH S 3a-
NaHO HenpephiBHO auddepeHIHpPYyeMOe BeKTOpHOe TMoJe

n

a(x) =3 a(x)e,

=1

rie e, — eANHwUHBIA BEKTOp MO OcH X, Torma spaujenuexm noasn a(x)
Ha nogepxHoc1. S Ha3blBaeTcss HHTErpaJ
0oy da, ooy om
n ‘e a e
1 0%y 0x,_1 Oxy41 0x,
g = ‘ e e e e e e e e e e e
Oro1 o da, day, da, da,
S = an
0xy 0x,.1 Oxy 41 0xy,
n n
. -~ 2 2
X €6s (n, x¢) @ as,
=1
rae ®n—; — (n—l1)-MepHas Mepa enuHHuyHOR (n—1)-MepHOH cdepsl,
a n — OpT BHemHeA HopMmamu X S. Paccmorpute karue-muGo npHMe-

PH BpallleHHs mossl B TPexXMepHOM H r-MEPHOM WPOCTPAHCTBAX, BHIAC-
HHTe TeoMeTPHUecKuil CMBICA BpallleHusl, NOKaXKHTe KakHe-NMH6O CBOH-
CTBAa BpauleHHs.

4. Ha#ite ompelesieHHS HHJEKCAa H30JHDOBAHHON TOYRM MOKOs aB-
TOHOMHOH CHCTeMH B n-MepHOM npocTpaHcTBe. JlOKaHTe, UTO AJ8
cayyast JHHeHHBIX OpaBbBIX dYacTell 3TOT WHAekc paBeH =1 (B 3asu-
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cumocte oT uyero?) Coopmynupyfite caexctBie 06 HHAEKCe TOYKH MO-
KOSl AJisT He/MHeHHO!H CHCTeMHl ¢ JIHHeHHOR ry1aBHOH 4acTbio

5. Paccmorpute HenpepblBHO JHddepeHuHpyeMoOe moje KacaTelib-
HBIX BeKTOpOB Ha cdepe R B TpPeXMepHOM NPOCTPaHCTBE H COOTBET-
CTBYIOLLYI0 aBTOHOMHYIO cHcTeMy Ha R. Onpepennte noHATHe HHJIEKca
TOYKH MOKOS M JOKaXHTe, UTO eCAH TOUeK IIOKOS KOHeYHOe YHCJO, TO
cyMMa HX HHAEKCOB paBHa 2 JlokaxuTe OTCIO4a C NOMOLIbIO ammpoK-
CHMailHH{, 4YTO BCSKOE HelpepbIBHOE MNoOJie KacaresfbHBIX BeKTOPOB Ha R
HMeeT MO KpaiiHefl Mepe OXMH HYJb-BeKTOp. PaccMOTpUTe TaKXKe cCiy-
vap, xorga R mpexcraBssieT COGOH NOBEPXHOCTb TOPA HJH «KpeHIenss
(chepn ¢ OBYMSA PyUKaMH).

§ 59. Teopema Bpayapa
O HEeNOABHKHOM TOYKeE

Caenywomas TteopeMa IIHPOKO TPHMEHsETCS B TEOPHH
nuddepeHnnaJbHbIX YPABHEHHH H B APYTHX pasfesdax Ma-
tematuku. OHa Obuia BnepBeie cPOPMYJIHMPOBAaHA M JOKa-
3aHa roJJaHACKHM MmarteMmaTukom JI. Bpayspom B 1910 r;
PaBHOCHJIbHOE YTBepXKJAeHue Obljo NOKA3aHO M NPUMEHEeHO
K Teopun AuddepeHUHANbHBIX YPABHEHHH JATBHHCKHM Ma-
TemaTgoM I1. I'. Bosem B 1904 r.

Teopewa. ITycrs n-mepusii (n>1) 3amMKHYToLE Wap
K Henpepeisno orobpaxcen 8 cebs, T. e. kaxcOol Touke x&
&K orseuaer rtouka [(x)=K, npuuem ¢pyuxyus f(x) ne-
npepoisua. Toeda no xpaiiveli mepe o0Ha Touka xo=K npu
aTom oTobpasceHul nepexodur & cebs, 1. e. f(x) =X

[Tepen nokasaTeslbCTBOM TEOPEMBI BBICKAMKEM HECKOJb-
Ko obumux coobpaxenui. Ilycte B n-MepHOM NpPOCTPAHCTBE
IaHel aBa MHoxectBa K; u Kp. OHuH Ha3BIBAIOTCS 20ME0-
MOPHOIMU APYT APYTY, €CIAH MEXAY HUMH MOXKHO YCTaHO-
BUTb B3aHMHO OJHO3HAaUHOE U B3aHMHO HENpPEpHIBHOE COOT-
BETCTBHE, APYTHMU CJIOBaMH, eCJH CYLIECTBYeT TaKOe He-
npepuiBHoe oTobOpaxenue x?=¢(x!)=K,(x'<K,) MmHoxe-
ctBa K; Ha MHoxXKectBO K, uT0 ob6parHoe orobpaKeHHe
x'=¢ (x?) OynmeT HempepbBHBHIM oToOpaxkennem K, Ha K;.
Tak, HeTpyLHO HNPOBEPUTb, YTO N-MEPHBIH HIAP IOMEOMOP-
¢den n-mMepHoMy Ky6Gy WM n-MepHOMY TeTpa’iapy (M maxe
J10060MYy n-MEepHOMY BBINYKJIOMY TeNy), HO HEe TOMEOMOop-
¢eH, HanpuMep, MHOXECTBY, COCTOSILIEMY H3 ABYX HIApOB
6e3 obIux Touek b.

) CsoficTBa, o6uHe /15 BceX TOMEOMODPGHEIX APYT APYTY MHOMKECTB,
#3yyaer o6nacTb MaTeMaTHKH, HasbiBaemasi ronosoeued. C TOUKM 3pe-
HHS TONOJIOTHA IOMeOMOpGHEE MHOXECTBAa CUATAIOTCS SKBHBAJIEHTHBIMH
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HerpyaHo mpoBepuTb TONOJNOTHYECKHH XapakTep Teope-
Mb Dpayspa, ApYyruMH CJIOBaMH, NPOBEPUTb, YTO ECJH He-
KoTOpoe MHoXecTBo K, obsamaer mo kpafHell MmMepe OJKOH
HEeNOABHXKHOH TOYKOH IPU HempephiBHOM OTOOpAXKEeHHU B
cebs1, To 3THM CBOHCTBOM ob6Jamaer u j060e MHOXKeCTBO
Ks, romeomopduoe K;. B camoM pgene, myctp f[— Hemnlpe-
pbiBHOE oTOOpaxenue MHoxecTBa K, B cebs, a ¢ — romeo-
MopoHoe otobpaxenne K; Ha K. Torma ¢fp npeacrasiser
coboi HempepbiBHoe otoOpaxeHue K; B cebs, H mOTOMY Cy-
wectByer Touka a'eK,, mas  xkoropoi @(f(p(al)))=al.
Ho torza f(g(a')) =¢(a'), 1. e. Touka @(a')=K, nepexo-
IUT Npu otobpaxkeHnu f B cebs.

Ipu n=1 reopema Bpayspa cpasy BrITEKaeT H3 Teope-
MBI O NPOMEXYTOUHOM 3HAUEHHH HENPepPLIBHOH GYHKIHHU
(mpoBeppTe 3T0). MEI JOKa)KeM 3Ty TeopeMy nJs n=2,
NPeLOCTaBUB CJYyual IPOU3BOJBHOIO 1 YHTATEJIO

Jle Mmwma. (Lnepuep.) Mycre rpeyeoasnux ABC pas-
6UT HQ KOHEUHOEe YUCAO TPeyzOAbHUKOB TAK, 4TO Aobble
0sa TpeyzoabvHuKa pasbuenus aubo He umeror dpye ¢ OpY-
20M OOWUX TOueK, AUBO uUMeroT obwyro sepuluny, Aubo oo-
wyro cropony. Ilycrs, dasee, kancdas u3 sepulun Tpe-
yeoavHUuKos pasbueHus obo3Hauena o0wol us 6yks A, B,
C, npuvem Tak, 410 Ha cropore AB (coorsercreenno BC,
AC) 0CHOBHO20 TpeyzOsbHUKA YnoTpebAAOTCA TOAGKO OYK-
6ot A u B (coorsercreenno B u C, A u C). Toeda Hail-
derca no xpaiinetli mepe 0OUH TpeyaoAbHUK pa3buexus, sce
8epuillHbl KOTOPO2O OB0O3HAUEHbL PA3AUYHbIML OYKBAMU.

JokasaTenbCTBO HAaYHEM CO CJAEAYIOLIEro NPOCTO-
ro 3ameuaHus. [lyctb HekoTOpbl# OTpe3ok AB pasbur Ha
KOHEUHOE UHCJIO OTPEe3KOB, MPHUYeM KaxKjaas M3 TOUeK JHeJe-
Hus obo3HaueHa oxHo# u3 6yks A uam B. Torpa 4uciao or-
pe3KoB pa30UEHHS, KOHUBI KOTOPHX 0OO3HAUeHH pasJHy-
HbIMH OYKBaMH, HeueTHo. B camoM jpene, o603HauMM uepes
pPaa U Pap YHCJIO OTPE3KOB pa3bUeHHs], UMEIOMIUX YKa3aH-
Hbl/i HaGop KOHLOB, a uepe3 p, — YHCJIO TOUEK AesIeHHS,

o6Go3HauenHbix 6ykBoit A. Torna, NOACUMTHIBAS UHCJIO KOH-

(Tak Xe, Kak, HanpHMep, B 3JIeMEHTADHOH Te€OMETPHH KOHTPY HTHBIE
¢(urypH CYUHTAIOTC SKBHBAJEeHTHHIMH), NO3TOMY TaKue MNOHATHA, Kak
yroJ, AJuHA, OPSMOJHHEHHOCT H T. X, He ABJSIOTCH TOMOJOTHYECKHMH.
TonmonornueckHMH sIBAsiIOTCH Haubosee «rpy6ble» CBOMCTBa Tes, TaKHe
KaK CBf3HOCTb, Pa3MepHOCTb H T J, XOTS NpOBepka 3Toro ObiBaeT xa-
JIEKO He MpocTa
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‘OB A Y BCeX OTPE3KOB Pa’bHEHHS, MOJYUHM 2Psa—+Pap=

=2pa -1, OTKYAa H BBITEKAET HEUETHOCTb UYHCIAA Pap.
[Tycts Temepb BBIMOJHEHBI YCIOBHUS JIEMMBI, JIOKaXKeM,
UTO YHCJO TPeYroJIbHUKOB pa3GueHusl, BCe BEPIIMHBI KOTO-
pbiX o003HaueHB PAa3JHUHBIMH OYKBAMH, HEYETHO, OTKYARA
¥ OyIer clefoBaTth yrBepKieHHe jeMMbl. as aroro o6o-
3HAUUM YEPE3 Paap, PaBB U Papc KOJUUECTBA TPEYTOJbHH-
KoB pa3bHeHHs, HMEIOLHX yKa3aHHbld Habop BepIUUH, a

yepe3 pag M pap KOJHUYECTBA CTOPOH TPEYrOJbHUKOB
pa3buenus, obo3navenHsx OykBamu A, B u pacmosoxeH-
HBIX BHYTPH HJIH COOTBETCTBEHHO HA TPaHHLle OCHOBHOTIO
TpeyroJbHuka. Belnuuiem Tenepb NoAPAJ Bce CTOPOHHBL BCEX
TPEYTOJbHUKOB pa30UeHUsT HE3AaBHCHUMO OJAHH OT JAPYroro H
HOLCUUTAEM, CKOJBKO pa3 I[pPH 3TOM BCTPETHTCS CTOPOHA
AB. C onHO# CTOPOHH, 3TO KONHYECTBO paBHO 2paapt

+28ABB+pABC (mouemy?). Ho ono ke paBuo 2pap -+

+P 4, Tak Kak Kaxnas «BHYTpEHHss» cTopoHa AB mox-
cuuthiBaercst aBaxabl. Hrax,

-

2paap+2papstPapc= 2P;\B+P;B- (7.28)

OnHako «rpaHuuHbie» CTOpoHbH AB MoryT pacmogararbcst
TOJIBKO Ha CTOpOHe AB OCHOBHOTO TPEeYroJbHHKA, H MOTO-
n

MY Mo NOKa3aHHOMY B npensiayiieM ab3aune YHCIO pPag.
neuetHoe. [Toaromy w3 (7.28) MBI mojdyuaem, 4To M YHCIO
Papc HeueTHoe. JleMMa JokasaHa.

HdokazatenbcTBo TeopeMB. B cuny ckasaHHo-
ro nepej (popMyJUPOBKOH JIEMMBL, TEOPEMY AOCTATOYHO ARO-
Ka3aTtb JJs  Kakoro-nu6o U3 MHOXKeCTB, roMeoMopdHbIX
kpyry. IloatoMy MpeaNo/soXKUM, YTO [aHO HENPepHIBHOE
otobpaxenue [ TpeyrojbHuka ABC B cebf. 3apaaum mpo-
U3BOJIbHOE 4UCJ0 g, >0 U NMpousBeeM «TPHAHTYJISIHIO» 3a-
LAHHOTO TPeYroJIbHHKA, T. €. pa3bueHHe ero Ha TPeyroJb-
HUKH, obnajgamliie yKa3aHHBIMH B JeMMe CBOHCTBaMH, H
IPUTOM TAKOE, YTO CTOPOHA KaXJAOro H3 TPEYToJbHHKOB
pa3bueHuss MeHblue g;. Mbl OPeANONONKUM, YTO NPH OTOO-
PaXeHUH | HU OJHA TOUKA He NepexojauT B cebsi, u ob03Ha-
ynM JM06yI0 U3 BepLIMH TPeyroJbHUKa pa3bueHHss GYKBoit
A (coorBercrBeHHO B, C), ecau 3Ta BeplMHa npu otobpa-
xkeHuu [ npmbauxkaercs Kk cropoHe BC (COOTBETCTBEHHO
AC, AB) ocHoBHOTO TpeyrojbHHKA. Eciu e Touka 0OpH
oto6paxkeHHU NPHUONHKAETCS Cpas3y K JABYM CTOPOHAM oOcC-
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HOBHOTO TpeyrosbHHKa, namnpumep BC u AC, to ee obo-
3HauaeM mo npouspoJy Oykso#t A mau B. Torma nerko mpo-
BEPHTb, YTO [PH ATOM BBIIOJHSIOTCS YCJOBHUS JIEMMBI H
NOTOMY HaHlAeTCs TPEYroJbHHK pa30ueHHs], BEPHIHHB KOTO-
poro o603HaueHb pa3/jUYHBIMH OYKBamH; 0003HAUHUM ero
(ABC),.

BuifepeM Tenepb MOCAELOBATENBHOCTD £, ...y £,y o..—>—+0
U OCYHIECTBHUM YKa3aHHYK KOHCTPYKIHIO AJNS KaXJAOTO &n.
Ecau mepeiith K mnoAnoc/eqoBaTe/bHOCTH, TO MOXHO 0e3
OrpaH{ueHns OOIHOCTH MPEANoJararh, UTo MOCJAe0BATENb-
HOCTh BEpIUHH COOTBETCTBYIOLIMX TpeyrodbHUKoB (ABC)n
CXOIHTCA K HEKOTOpo# Touke g (moueMy?). Tak kak Touka
.@ mpu oToOpaxKeHHH [ He ocTaeTcss Ha MecTe, TO OHa yja-
JUTCSL OT Kako#-jinbo M3 CTOPOH OCHOBHOI'O TPEYToJIbHHKA.
Ho torma u Bce touku tpeyroasuuka (ABC), npu gocra-
TOUHO OGOJIKIIHX 1 B pe3yJabraTe oTeOpa)keHHs [ ynanaarcs
OT 3TO¥ CTOPOHH, YTO NMPOTHBOPEUYHT NocTpoeHum. Teopema
JI0Ka3aHa.

3AJAYH

1. Horaxure teopemy Dpayapa A/as n-MepHOro uliapa, HpH 3TOM
Hafo ycuautb dopmyanpoBry semmbl IllnepHepa (zokasath HaJaHuHe
HeuyeTHOTO YHCJA HCKOMBIX TeTpasApPoB pa3OHeHHf) H APHMEHHTL MeTol
HHAYKLHH

2 TlpoBenuTe [AOKa3aTeNbCTBO TeOpeMH Dpayspa npu mobom n
HHBIM cnocoGoM® Ansi AOCTATOUHO TJIaLKOTO OTOOpaKeHHS —— Ha OCHO-
Be TeopuH Bpawenns (§ 58), a Aas awoboro HenpepelBHOTO 0TOGpa-
JKeHlsT — ¢ NOMOLLBI ero anIPOKCHMAILMH INMIAZKHMH OTOBDaKeNIsMH

3. Jloraxkurte ¢ NOMOLUBIO 1eopeMbl DBpayspa, uro HIKaKoe 3aMx-
HYTOE OrpaHHMUeHHOe MHOXKeCTBO F-MepPHOro NPOCTPaHCTBa, o06Jaanan-
Iee BHYTPEHHUMH TOUKAMH, HeJb3f HENpPepeBHO 0To6pa3nTbh Ha CBOIKO
rpaHuny Tak, 4YToOB NpH 3TOM KaXJas TouKa TpaHMIB Tepelia
B cebsq

§ 60. Ipunoxenus
Teopemnl Bpayapa

[iepsoe mpuaoxenue obobuiaer Teopemy § 58 o Touke
TOKOS BHYTPH 3aMKHYTOH TPAEKTOPHH.

Teopewma 1. [Tycre 8 n-meprom npocrpancrge sada-
Ha asroHomHdn cuctema (7.2) u dano mnoxecrso K, z20-
MeOMOPGHOE BAMKHYTOMY WapYy, U APUTOM TaKoe, 4TO Tpa-
CKTOpUlU, Hauurarowuecs e K, npu yseauuenuu t Huxoz0a
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K ne noxudarwr. Toeda 8 K umeercs no Kpaiineil repe
00HQ TO4KQ NOKOA.

JokazareabcTBO. 3amaguM 1IPOU3BOJBHO 3Haue-
Hue 1, >0 U nocTaBUM Kaxkjaoil Touxe x°c=K B COOTBETCTBHE
touky x(t;; x°). Ilo ycnoBuio stuM onpepensiercs orobpa-
xeHue K B cebs, koTopoe OyZeT HeNpepbeIBHEIM, H NOTOMY
no teopeMme Bpayspa Hanmercs touka xieK, Lisf KOTOpPOH
x{ty; x')=x' (1. e. TpaexkTopHsd, HauarwWasics B x!', yepes
BpeM$ T; BHOBb IONMAJeT B x').

BriGepeM Tellepb NMOC/AENOBATENBHOCT 3HAUCHUH T1, T2, ...
s Ty o—=>—+0; TOCRA MIS KAXAOTO Tp, CYUIECTBYeT TOYKA
XmeEK, LIS KOTOPOH X (Tm; x™) =x™. [Tocne mepexoga K
NOANOC/EeOBATEBHOCTH MOXKHO CYMTATh 03 OrpaHuuyeHHus
OOIHOCTH, YTO IIOCJEAOBATENBHOCTE {X™} CXOMUTCS K HEKO-
TOpo# TOuke ¥&K; npoBepuMm, 4To X¥ — TOYKA noxos. B ca-
MoM jaedne, 3apukcupyem Jawboe f; Toraa

t
* ([ :,Tm; x’") =xm.
Tm

Ecou nepexoinTh B 3TOM PaBEHCTBe K Ipeeny IpU m—»0o,
TO B JIEROH wacCTH noayuum x(f; ¥) (uouemy?), a B npaso#
X, 1. e. x(t; X) =% npu Bcex f. Teopema 1 mokasaHa.

Bropoe npujoxenue NpUMbKaeT K TeopeMe BeHIHKCO-
Ha (§ 55) o uukgax. Yro6b NMpoOAEeMOHCTPHPOBATH METOLH-
Ky TNpuMeHeHHs TeopeMmbl Bpayspa, mbl npusenem ¢opmy-
JHUPOBKY B JOBOJIbHO CIEUHAJbHOM BHJAE, B UACTHOCTH
TOJIBKO B TPEXMEPHOM MPOCTPAHCTBe, NpeAoCcTaBHB 006006-
HIEHUS YHTATEIO.

Teopewma 2. [lycre 8 TpexmepHOM npOCTpaHcT8E 3Q-
Oana asTonomuasn cucrema (7.2) u, kpome 1020, 3A0QH TOD
T, obaadaroujuil Tem CBOUCTBOM, 4TO TPOAEKTOPUU, HAUU-
Harouuecs 6 HeM, Npu yeeauvenuu { He moeyr nOKURYTe T.
ITycte Oasece 8ce TOuKu, Osuscyuwuecs 8 Tope 8 CUAY CU-
cremol (7.2), 06200a10T NOAOHUTEALHOL CKOPOCTbIO BpPa-
wenusa sokpye ocu topa. Toeda 8 T umeerca no kpatineil
mepe OOUH UUKA.

OtmeruM, uto ecau BHOpPAaTb oOChb X3 MO OCH TOPA, TO
Tpe6OBaHME Ha CKOPOCTb BpPAILEHHS MOXKHO 3alHCaTb TaK:

dx
Xy d;tz — Xy dtl =x1fa (%4, Xp, X3) — Xaofy (%1, %3, X5) > 0.

HoxkasareabcTBo. [IpoBenem nonepeunHoe KpyroBoe

ceuenne K rtopa (puc. 37) m mpocieauMm 3a TpaeKTopHei
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Ay, HauuHawoouwelcs B HekoTopoit Touke x°=K. Ilo ycno-

BHIO 3Ta TPAEKTOPHSA NpPH BO3PACTAHHH ! OCTAETCA B TOpeE.

Ho yrsioeas ckopocth BpallieHHs! TOYEK BOKDYT OCH TOpa,

GYLyuH HENpepHIBHON, HMeeT MOJOMKHTENbHbBIH MHHHMYM, H

NOTOMY TPaeKTOPHS {xo Yepe3 HEKOTOPHIl (KOHEeUHBIH) Ipo

P MeXYTOK BpeMeHH BHOBb nepeceyer K

B KaKOil-TO TOuKe X!, 3aBHCAllefi OT

%%, x!'=¢ (x°). Takum o6pasom, ompe-

JejeHo otobpakenue K B cebs, urpa-

ouee poab GYHKLHE NOCAeN0BaHHs

(§ 54). Ho u3 uenpepbiBHO# 3aBHCH-

MOCTH pelleHHs] OT HayaJbHBIX yCJIO0-

Puc. 37 BHIf BbITEKAET, YTO 0TOGpaKeHHe ¢ He-

NpEpLIBHOE; MO3TOMY B CHJY TEOpeMbl

Bpayspa cymecrtsyer tTouka XK, pas xotopoit ¢ (¥) =X.

Takum ofpasoM, uepe3 X NPOXOAHT LHKJI. TeopeMa 2 jo-
KasaHa.

3AJAYH

1. IlycTb B n-MepHOM MPOCTPZHCTBE 3a7aHA aBTOHOMHAs CHCTEMA
(72) u naHo MHoxectBo K, romeoMopdHoe wmapy, ¢ rpauuuefi I.
fycre mis kampo#t Toukn gl onpesenen NpAMOil Kpyrosoit n-mep-
HbIH KOHYC P, ¢ BepIUIHHOH B @, UeJHKOM conepxawwiics B K, npu-
yeM KOHYCH P, KOHIPY3HTHBI APYT JAPYTY H HENDEPHIBHO 34BUCAT OT O
IMycrs B kaxpaollt Touxke ac:U BekTop —f(a), NpHIOKEHHHH K TOUKe
a, He HanpasieH B P,. Torma B K uMmeercs no kpaiiHell Mepe oxHa
TOYKa TMOoKos JloKaKuTe 3To H BeIBeidTe OTCION4, B UYACTHOCTH, YTO
eCi MHOMKecTBO K OrpaHHYeHO TIJajKkOoH IOBEPXHOCTLIO, Ha KOTopoH
noJ1e CKOpoCTell HUIAe He HANpABJIEHO IO BHeuwlHedl HopManw, 10 B K
HMeeTcsl 1o KpaliHell Mepe OfIHA TOYKa NOKOS

2 Tlyets pama cucreMa ypaBHeHu#l B BEKTODHOH 3amucu

dx ;
D" @&y x+f(, x), (%)

rie Matpuunas GyHkuda A(f) HenpepelBHAa 1pu BCeX £, 4  BEKTOp-
dynxuua f(f, x) HempepslBHAa H orpaHHyeHa BO BCeM NpPOCTPAHCTBE
{, x # ynosjaerBopsieT ycnobHio Jlumuuua no X, npuuem A(f+T)=
=A(t), f(t+T, x)==f(f, x) nas nekoroporo T>0 JlokaxHTe C IO-
MOWIbIO TeopeMbi DBpayspa H pesympraroB 3amau 1 § 39 u 11 § 49,

X
YTO €CJH HYyNeBOe  pelleHHe CHCTEeMbl = A () x acuMITOTHUECKU

yCTOiyHBOE, TO CHCTeMa (*) HMeeT no KpaiiHei Mepe onHo T-mepuo-
JHYeCKOe pelleHHe,
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I'JIABA VIII

YPABHEHHSI C YACTHbIMH
NMPOU3BOJHBIMHU 1-IT0O NOPAJKA
OT OLHOX HEU3BECTHOH ®YHKLHH

OcHOBHBIM (AKTOM TEODHH 3THX YpaBHEHHH SBJAsETCS
TO, YTO HAXOXKIEHHE BCEX MX pelleHHH CBOAMTCA K HHTe-
FPHPOBAHHI0 OOBIKHOBEHHBIX AH(depeHiiHaNbHEIX YypaBHe-
Hui. B coenynomux naparpagax ONHCaHO 3TO CBeléHHe.

§ 61. Moayauneiinpie ypaBHeHNs

Mpr 6ynem paccMmarpuBaTh B 3TOM naparpade ypaBHe-
HUSI HECKOJIbKO OoJsiee o0uiero BHAAa, 4YeM JIHHeHHble, a
HMEHHO YpaBHEHHS

n

a
Zak(x) Y 1 b(x, u) =0, (8.1)
axk
k=]
rae nox X NOHUMaeTcsa ToYKa C KOOpIIHHaTaMH X1y vy Xn.

ITpu stoM MBl JOmyCKaeM, 4TO HCKOMas (DYHKIHS & BXOXHT
B b (x, 1), Boobue rosops, HeauHelHo. [Tycrs KoaddunneH-
THl ay(x) uMewT B paccMarpuBaeMofl obaacth G opo-
CTPAHCTBA X HeNpepbIBHblE YACTHHIE IPOH3BOAHBIE 1-ro MO-
psiAKa MO BCEM HMX apryMeHtaM, H NycTb B 3ToH 06/aacTu

n

2
E [25% > 0.

k=1

Ornocurenvro b{x, u) Mpl Gyaem npegnoJjaraTb, 4To 3Ta
Gbyukuus onpeneseHa npu |u| <M, xoraa Touka Xx Haxo-
gutcsd B objactu G, U HMEET 1O BCeM CBOHM apryMeHTaM
HenpepbiBHbIE NepBble Npou3BoAHbie. CHesaHHBIE OTHOCH-
TesibHO b (X, ) TNpeANONOXKEeHHS BBINOJHAIOTCA, B 4acTHO-
CTH, B TOM cayuae, Koraa b(x, u) ectb auHelHAss QYyHKUHA
or u (B »TOM cayuae ypaBHeHue (8.1) Ha3miBaeTcsi Auxell-
Hoim) ¢ Ko (HUHEHTAMH, KOTOpble HMEIT HeNpepLBHHE
nepBble NPOH3BOJHBIE TIO BCEM Xp.
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Hanuumiem aBTOHOMHYI CHCTeMY OOBIKHOBEHHBIX nud-
(epeHIHaNbHBIX YpaBHEHHH"

dxp,
dt

=a,(x), k=1,.. ,n (8.2)

B cusy clesaHHbIX OTHOCHTEIbHO @) NpeNNoJOXKeHHH
IIpaBLICc YAaCTH 3THX ypaBHEHHI HMelT HenpephiBHbIE NPo-
M3BOJHbIE TIO BceM x,. IloaToMy uepes KaxKayo TOUYKY 006-
aacti G NPOXOAUT OAHA H TOJBKO OjJHA TPAEKTOpHS 3TOH
CHCTEMB. IJTH JIKHHHM HAa3bIBAIOTCS  XAPAKTEPUCTUKAMU
ypaBHenus (8.1).

Teopema empuncrBeHuHoOCcTH Ecau pyukyus
u(xy,...,xn) yoosrersopser 8 obractu G ypasreruro (8.1)
U umeeT HenpepviBHbie nepsvle NpoU3BOOHbiE, TO 8Ce 3HA-
YeHus 3ToU (pyHKUUU Ha dyee atobol xapaxkrepuctuxku H,
ede |u| <M, gnoste onpedeasroTcs ee sHaueruem 8 oOHOU
karxoi-Hubyds Touxe x°= (x.° ..., x,°%) aroi dyeu.

HokaszarteabcTBo. IlpHHEMash Bo BHHMAHHe YpaB-
wenus (8.1) u (8.2), monyuum

Eak Ou '}‘b:Z ou dxg b=
- oxp Oxp dt
k

du
=— 4+ b=0. 8.3
el (8.3)
Y du dxp du
3ameHa L————— HA —— BO3MO2XKHa B CHJY
oxp dt dt

npeAnosaraeMoi HenpepbIBHOCTH NEpBbIX IPOH3BOAHBIX OT
u (I. M. Puxrenroabu. Kypc auddepeHnuanbHoro H
HHTerpaJjbHoro ucumcaenus.— M.: Hayxka, 1969, 1. 1,
c. 387). Ilycrp xapakTepucTHka H TNpOXOQHT 4Yepe3 HEKO-
TOpylo TOuKy x° obaactn G, m nyctb |u(x®) | <M. Bnoap
3TOH XapaKTepHCTHKH

xe=qr(t, x°), k=1,..,n, (8.4)

TAC (r BMECTe C MX MepBbIMH NPOU3BOAHBIMH CYTh Hempe-
peiBHble GyHKIHH oT f W x° IloxcraBasia 3TH BHIpaxKeHus
Xr B b, MBI NONYYHM, 4TO BROJb H yukuus u(x(f)) ynos-
JIeTBOpSIeT cJeayiouleMy OOBIKHOBeHHOMY anddepeHnanb-
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HOMY YDaBHEHHIO:

=t u, 20), (8.5)
dt
Te ¢ MMeeT HCIpephiBHbiE TNepBble MPOH3BOAHBIE NO BCEM
ee aprymenraM. IloatoMy 3HayenHe « BO BCSIKOH TOYKe
nyrd H, ua xoropo#t |u|<M, BnonHe onpenessiercss 3Ha-
YeHHeM B KaKOH-HUOYAb OZHOH TOYKE 3TOH AYrH, B YacTHO-
CTH B TOYKe x°.

Teopema cymectBoOBaHHA [Jonycrum, 4ro S
ecTv Kakas-Hubyos (n— 1)-mepras nosepxrocTs V), codep-
scawasnca 6 obaractu G U umerow,as HenpepoLeHo 8pauiaro-
WYrOCA KACATeAbHYIO NAOCKOCTs. JlonycTum, Kpome TO2O,
470 S He Kacaercs HU OOHOL U3 XAPAKTePUCTUK YpasHe-
aus (8.1). ,

Hycto na. S 3adana npoussoavHas Gyrxyus [, obra-
0arowas cLe0yrwuml c8oLCT8aMU:

1) ee sHauenus no abcoatoTHOU seiudure merblue M,

2) y xaocool TOuKL noBepxHOCTU S cyuecTéyer TaKas
OKPECTHOCTD, 2de [ MOOMCHO npedcTasuTs Kax (GYHKYU Ka-
Kux-rubyde (n— 1)-ii 13 KOOPOUHAT X, ..., X,, UMEOWYIO
HenpepolgHole nepgoie NPoU3sooHbie no atum (n— 1)-i xKo-
opounaram

Honycrum, HAKOHEY, 4TO UMEETCS OKPeCTHOCTs R, no-
sepxrocTu S, obiadarouian CLEOYOUUMU CBOLICTBAMU:

1) Ry codepocurcs 8 G,

2) xapaxrepucTuka, npoxodauias wepes a06Yr TOUKY
n08epxrocTU S, npu caoem npodorxceHul 8 obe CTOPOHbL
8ryTpu Ry me scTpewaer S; npu 3Tom uepes kaoyw TOU-
Ky Ry, npoxodur odKa u3 Taxkux dye xapaxTepucTux,

3) Oza awboi TOouku x° nogepxHocTu S peuierue ypas-
nenusa (8.5) npu xawarsrom ycrosuu u(0) =f(x°)? 803-
MOICHO NPOOOANUTL 800Ab BCell QYU XapaxTepucTuxu, co-
depocawetica 8RYTPU Ry, npuuem 3To peuieHue ocTaercsa no
abcortOTHOLL seruyure menvbue M

Toeda 8 R, cywecrsyer ¢yskyua u(x), ob6radarou,asn
CACOYOWUMU CBOLICTBAMU

1) umeer Henpepoigrslie nepgsie NPou3sooHble MO
8cem Xy,

1) Ee MOXHO CYyHTaThb Ju60 3aMKHYTOM, JHO60 MOBEPXHOCTBIO ¢ Kpa-

£M; B IIOCJeJHeM cllyyae ce Kpail K HeH He NMPHUMCIISETCH.
2) Mnl cunrtaeM (=0 Ha MOBEPXHOCTH S.
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2) ydosaersopser ypasteruwo (8.1),

3} Ha S cosnadaer ¢ |.

3ajaya HaxoKIAeHMs (DYHKUMH 4 (X), yAOBaAeTBOpAWOLIeH
3THM YCJOBHAM, Ha3dblBaercs 3adawer Kowww pns ypaBHe-
Husa (8.1).

HoxaszarenbcTBO cyumecTBOBaHUHSA pelie-
nud 3anavd Kowwu nas ypasuenusa (8.1). Has
NPOCTOTEl MHB NPOBENEM [0Ka3aTeJbCTBO LS CIy4as ABYX
HE3aBHCHMBIX NePeMEeHHBbIX, NPEeNOCTABHB YHTATeNI0 pac-
CMOTpeTb IO TOH 3Ke cXeme cJaydai jaw6oro yucaa liepe-
MeHHBIX. HTOOBl He NOJb30BATbCA HHACKCAMH, 3alHIlIEeM 3a-
JlaHHOe YpaBHEHUE B BHJE

a(x, y)% + b (x, y)—% Sc(v,y,2)=0. (8.6)

Torpa ypaeuenns (8.2)—(8.5) npuMyT COOTBETCTBEHHO
BHI

—"d;‘— —a(x, y), Z—f =b(x, y), (8.7)
42 L (wy, 2) =0, (8.8)

dt
x=q(t, x% y°), y=9 (1, x° ¥°), (8.9)
"dj = At 2, O, ). (8.10)

MHoroo6pasueM S, Ha KOTOpOM
3ajaercsi  HCKOMas (YHKUHSA
Z(X,yY), CHAYXKHT JHHHSA B MJ0-
ckoctH X, y. Taxkum obpa3sowm,
reoMeTpHYecKnii CMbICA MOCTAaB-
JeHHOH 3ajauu Kowwu cocTouT
B TOM, 4YTO HajJ0 INPOBECTH M0-

‘-' BeDXHOCTb 2=2{x,Y), YHAOBJET-
BOpAIOWLYIO ypaBHeHHIO (8.6), ve-

n pe3 3ajaHHyl0 B TPOCTPAHCTBE
JIUHHIO S, NPOEKTHPYIOMIYIOCS Ha

S (puc. 38). Tak xak 3Hauye-

HHE Z BJOJb KaxKjJ0H Xapakre-

Puc. 38 PHUCTHKH H 1nonnoctbio onpene-
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JgseTcs 3HaueHueM 2 B ToukKe A, mepeceueHuss H c¢ S,
TO, B3SIB BCE TaKHE XapaKTEPHCTHKH, MOJYYHM HCKOMOE
pewenne. IlpoBemeM 3TO mnocTpoeHue mnoxpobHee. Omnpe-
IenUM Ha KaxJao# nepecekamoumed S xapakrepuctuke H
GyHKUMIO 2 TaK, 4ToOB OHa YyOBJETBOpsiJa Ha HeH
ypaBrenuto (8.10) u B TOuKe mnepeceueHHs STOH Xa-
pPaxkTepuCTHKH ¢ JuHHeR S npuHEMasa 3HayeHHe 3a-
nanHofl ¢yHkuuu [. OyHKuHO 2, BoobuIe rOBOpS, HENb3st
ONpeneNuTh TakuM obpa3oM Ha Beell xapaxrepucruxke H,
TaK KakK Mbl MOMKEM fIDH NPOLoJKeHuw 2 no H BHHATH H3
0o6J1acTH TeX 3HAYEHHI Z, NIPH KOTOPBIX ompejneneHa (QYyHK-
nus c(x, y, ), uau nepeceyb S BTOpHYHO. OQHAKO B CHAY
YCIOBHA TEOPEeMbl Mbl MOXEM OIpejeNHTb « Ha BCeH
okpectHocTH R, aunuu S. Ilocse 3toro ocraercs TOJABKO
foKasaTb, YTo MOCTPoeHHass HamMu (yHKUHA z(X, y) HMeeT
HeNpepbIBHbIE YacCTHBIE NPOM3BOJHBIE MO X, Y; TOrAA Ha Ry
cnpaBefJIHBO COOTHOUIEHHE

0z dx 0z dy  dz

ox dt oy dit at’

H NOTOMY (QYHKIHS 2 YAOBJETBOPSIET HE TOJbKO ypaBHe-
wuro (8.10), unu, yto Bce paBHO, ypaBHeHHIO (8.8), HO U
ypaBHeHuwo (8.6).

Ilpexkae yeM ROKAa3bIBaTbh CYLIECTBOBAHHE H HeENpepbiB-
HOCTb YaCTHBIX NPOH3BOAHBIX OT 2 NO X, Y B KaKOH-HHOYAb
Touxke A (x, y) obmactu Ry, MB BBeJeM B OKPECTHOCTH 3TOH
TOYKH HOBble KPHBOJIHHEHHBIE KOODAHHATH CJEAYIOLIHM 006-
pasom.

Ilycrs xapaxkrepucruka [, npoeeneHHas uepe3 A, nepe-
cexkaer S B Touxe Ay (x% y°). HonycTuMm Oas onpejieseHHO-
CTH, 4TO KacatenbHass B Touke A, k AUHHM S He mapaJn-
aenapHa ocu Oy (Bce HAWUM NOCHEAYIOLIHE pacCyXKAEHHS
COXpaHSIIOT CHJY W B TOM caydae, ecnin BMecto ocu Oy
Basitb ock Ox). Torga kycox JuuudH S BO6aM3M ToukH Ay
MOKHO TIpeACTaBUThb YpaBHEHHEM

Yo =F(x%),

rae ¢pyuxkuus F uMeeT HenpepblBHYIO NpousBoaHyw. C aApy-
roit CTOpOHbI, Tak Kak GyHxuuu ¢ (4, x° y°) u ¢ (¢, X0, y°)
uMeI0T HeNmpepBIBHbIE NMPOM3BOXHBEIE No £ 1 mo x°, yo (§ 29),
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TO (PYHKILHH

ot X F () =q (1, ), b (1, 20, F(x%)) =p (4, 1)

HMEIOT HenpepblBHBE NPOH3BOAHBIE Mo ¢ u x°. BreiGepem 1
n x° 3a HOBBIE KOOpAHHATH. JlokaxeM, uto sikoGHaH CHCTe-
MB byuruui x=q¢(f, x°), y=1¢ (¢, x°) Bceraa oTnHYEH OT
uyas. Jas 5Toro 3aMeTHM, 4TO 3TH (DYHKLHH Yy10BIeTBO-
PAIOT cucteMe OOHKHOBEHHBIX AHOdEepeHIHaNbHbIX ypaB-
wennit (8.7). TlogcraBum crofa BMecTo x OYyHKIHIO @, a

BMecTo y — (yHkuHo . Toraa noayuuM caeaykollHe TOX-
JecrBa mo f, x0:

4@ (¢, x0)

i a(@(t, ), B, ),

Il

(8.11)

{. %0 ~ ~
D e, ), Bt ).
Tax kak QyHKUHH @, \, @ B b HUMEIOT HempephBHbIE YacT-
Hble MPOH3BOAHbIE 10 BCeM HX apryMeHTaM, TO IpaBbie 4a-
CTH 3THMX TOX[ECTB MMeIOT HellpepbiBHbIC IPOH3BOAHBIE MO
t v x° 3HAuMT, H JIeBble YACTH HMEIOT HeNpepLIBHbIE MpO-
M3BOAHBIE MO 3THM aprymentaM. Ilostomy, auddepenun-
pys obe yactu kaxzgoro u3 paseHcrs (8.11) no ¢, x° u no-
Jaras

ol ot Ix0 Ix0
noayyum

o ~ 0 ~
Y =% DG + D%,

15} \

. o S (p=0,1).
Do ¥ — —D, ¢+ — D, %

dt aq> w

9 Mbpl onupacMmcs Ha CAGAYIOLIYIO TeopeMy, LOKA3HBAEMYIO B Kyp-
cax anayuza [lycte B oGuacTu G Ha MAOCKOCTH (X, y) 3ajaHa ¢yHK-

uxst f, HMelomwas HenpeprBHbIG fx,f u f Torpa fyx Bcoay B G
CYLIECTBYeT M paBHA fxy (r' M tDHXTeHro.n b 1. Kypc nubdepen-
U®anbHOro M HHTerpalbHoro ucuuclennss — M: Hayka, 1969. T. 1,

c. 407).
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da db
3aecb KO3 HIHEHTDI PR HE 3aBHCAT OT p.
¢ .

Takum obpasom, mMbl HaxomuMm, 4To OyHxuuu Dpe U Dpp
yaoBaeTBopsAT npu p=0, 1 ogHOH u TOH Ke cHcTeMe JiH-
HellHBIX OJHOPOAHBIX ypaBHeHuil. IToatomy, 4TobB HeTEp-
MHHaHT Bponckoro

dp a9
o0 ot
W =
¢ o
0x0 ot

OBLT OTJIHYEH OT HyJs Ha Bcel ayre H, neobxoAuMo #@ 10-
CTaTOUHO, yTobB OH OBLI OTJHUEH OT HYJA B TOUKe Ay, rie
JTa XapaKTCPHCTHKa Mepecexkaetcs ¢ jauHued S. Ho B 31Ok
TOUKE

1 29
t - ~
W = 4 _ 0y dF 3¢
dF ai‘ ot 0x0 ot
dx® ot

IMocaexgnee BrpaXkenune paBHO KOCHHYCY yria MeXAy HOp-
mManplo B Touke A, K JHHHH S M KacaTeJbHOH K Xapakre-
puctuke H, npoBeleHHOH B To# Ke TOuke Ay, YMHOMNKEHHO-
MY Ha OTJAHYHBIH OT HYAdA coMHoxHTenb. (Ilouemy?) 3toT
KOCHHYC 1O YCJAOBHIO OTJHYEH OT HyJsd. 3HAUHT, siKOOHaH
W Bcroay Ha H otsinueH oT HyJf.

CaoiegoBaTesibHO, 110 TeopeMe O HesiBHOH (YHKLIHH MBI
faiileM, 4To B OKpecTHOCTH H cucreMa vpaBHeHHH

x=¢(t, x%), y=vp( *°)
MoxeT OBITh OJHO3HAYHO pa3spelieHa OTHocHTeJbHO f, xO.

Ilpu stoMm, Tax xak (QYHKUHH @, {p HMEIOT HernpephbiBHEE
TIPOH3BOXHBIE IO HX apryMeHTaM, TO BeJHYHHB {, x0 OYyAyT
TakXe UMeTb HelPepbIBHbIE YaCTHble IIPOHU3BOAHBIE 1O X, Y.
Orcioaa, utobbl AOKAa3aTb, YTO MOCTPOEHHAs HAMH INpexkie
Ha obsactH Ry OyHKUHA 2 MMeeT HelNpepbiBHbIE YacTHbIE
NPOH3BOAHBIE MO X, Y, AOCTATOYHO NOKAa3aTb, 4TO €CJAH ee
paccmaTtpuBaTh B OKpecTHocTH H kaxk dyukuuio or f, X0,
TO OHA MMeEeT HENpPEePbIBHLIE YacTHbie NPOH3BOAHbIE NO £, x°.
A nn1s1 3TOrO 3aMETHM CleAymollee.
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IoacraBass B npaByw yacts ypaBHenus (8.10) BMecro
y° dyurumio F(x%), Mo HafizeM, 4To QYHKUIHSA 2z YAOBJe-
TBOPSIET YpaBHEHHIO BHJa

*dz
dt

= %(x, z, X%,

rae GYHKIHA Y HMeeT HenpepsIBHbie YacTHbIE NPOH3BOJAHDIE
Nno BCeM ee apryMenraM. Kpome Toro, HauyasnbHbie 3Haye-
Husl QyHKUHE 2 npu t=0 (Ha auaun S), no npexnosoxe-
HHIO, UMEIOT HeNpepbiBHYIO npoHu3BogHyl no x0 Ilostomy,
npuMenss u3BecTHylo teopemy (§ 21), Mb Haiigem, uTO B
OKPeCTHOCTH f{ mocTpoeHHass HAMH GYHKUHA 2 JeficTBH-
TeJbHO HMeeT HelpepbIBHbIE YacTHble TPOH3BOAHBIE IO
¢, x°.

3ameuanue 1. Ilycrs noepxHocTs S u GyHKUuHA |
Ha Hell YAOBJETBOPAIOT YCAOBHAM TeopeMbl CyHlecTBOBA-
Hust. Torga Jerko npoBepuTb, 4YTO OKPECTHOCTH Ry, YA0B-
JIETBOPSIOIIAA YCAOBHUAM 3TOIl TeopeMbl, cymiecTyer. s
3TOro Hajo NpuHATb R, cocTaBJeHHOH M3 JOCTaTOYHO Ma-
JBIX AYT XapaKTepPHCTHK, Npoxoasumux ueped ToukH S. Ta-
kUM 00pa3oM, MOXKHO rapaHTHPOBAaTb CYHIECTBOBaHHe pe-
wenud 3agaud Koliw B I0CTAaTOYHO TOHKOH» OKPECTHO-
ctu S.

3ameuvanue 2. Ecau He npeanosaratb, 4T0 (QYHKIHK
a, U b, BXoafiNe B JEBYIO 4yacTb ypaBHenusi (8.1), umeror
HeNpepbiBHBIE MPOU3BOAHBIE, TO 5TO ypaBHEHHE MOXKeET He
HUMeTh HH OJHOrO pelleHHs C HCIPEPHIBIBIMH  TACTHBIMH
npouspoaukMU. Takum npumepom (H. M. Trontep) moxker
CIYXHUTb ypaBHEHUE

0z dz /

PP + » bix—uy), (8.12)
rie b(w) — nenpepuiBuas ¢ynkuus Beflepintpacca, nurge
ne uMerolas npousBogHOH no z. Yrobsl pokasatb  3To,
BBEJEM BMECTO X M Y HOBble He3aBHCHMBble NepeMeHHble U
H W, NOJOKHB X+y=v U x —y=w, 2(x, y)=u(v, w).

Honyctum, yto B HekoTopoiH o6sacTH Ha NJIOCKOCTH (X,
Y) cyulectByer peienne z(x, y) " ypasHenus (8.12), umero-

D Pewenuem ypasrenus (812) Mm wnaseBaem ¢ynkiuio 2(x, y),
KOTOpasi HMeeT BCIOAy B paccMmarpuBaeMofl 06JacTH uacTlble HPOH3BOJ-
Hble 110 X H Y, YAOBJETBOPSIOLUINE 3TOMY ypPaBHEHHIO.
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llee HenmpepLIBHBIE NPOH3BOAHBIE 0 X U Y. Toria, BEIpa3uB
1o o6blyHBIM OpMynaM NPOU3BOAHBIE OT Z MO X M Y 4epes
IIPOHU3BOJHBIC OT U 1O U H @, NOJYYUM

ou 1
— = —b(w).
ou 2

Bce pellenns 3Toro ypaBHeHMs paworcst ¢opMyJoit

u(v, w)y=—>b(w)v + ¢ (w),

R
2
rae ¢(w) —mobas YHKUHS OT ©. 3HAUHUT,

2t ) = (et Polr—p) Fole—y).  (813)

Ho nerko nokasarb, 4To HeT Takod o6aacTH Ha MJOC-
KocTH (x,y), rie jpaBaeMmas 3Tol ¢opmyJsofi GyHKuus 2
MMeeT NPOU3BOAHBIE MO X M y. Iss 3TOro 3aMmeruM cie-
Aymwollee ecau 6Bl 3TH NPOU3BOJHbIE CYHIECTBOBAJH B TOY-
Kax (x,y) # (x-+e, y+e), TO CyulecTBOBany Gbl TaKiKe
IPOH3BOJHBIE B TouKe (X, Yy) y (YHKUHH

z(x+e, y+e)—z(x, y)=¢b(x—y),

YTO HeBO3MOXKHO. 3HAuuT, (QVHKUHA 2(X,y) HEe MOXeT
VAOBJETBOPATL ypaBHenHio (8.12), u Haile nepBoHayatb-
HOE MPEeANnoJOKCHHE OBIJIO HEBEPHO.

MoxHo nokasaTb!), YTO BCSKOE Henpepsi8HOe pelieHHe
ypaBHenua (8 12) umeer Buap (8.13), ecnm naxe He Tpe-
6oBaTbh, Y4TOOB 3TO pelleHHE HMeJO HenmpepbiBHbIE NPOH3-
BoznHHEle. Torja Mbl NpUIAEM K BHIBOAY, YTO ypaBHeHHe (8.12)
HH B KaKoH 06/acTH He HMEeT HeNpePHIBHOTO pEeIUeHHS.

3AIAYH

1. JokaxwuTe, UTO eCnH HayaJbHbie JAHHbBE 3a4aI0TCA HA XapaK-
TePHCTHKe, TO ypaBHeHue (86) wuiM He WUMeeT HH OJHOIO peWeHUs,
Hyid HMeeT GecKOHeYHO MHoro pewleHuMii  Korna HMeeT MecTo IMepBbIi
cayyad H Korga BTOpOH?

H Baire. Sur les fonctions de variables réeles — Annali di
mathematica (3), t. 3 (1899), 101—121
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2. [Mokaxure, uro ecan n=2 # obaacts G OXHOCBA3HA, TO pewe-
HHe JWHeHHOro ypaBHeHuWs MOXKHO HNDOJOJIKHTb Ha JI0Oyl 062acTe.
COCTOSIUIYI0 M3 TOYeKX XapaKTepHCTHK, NpPOBeieHHmx uepes S. Ecaw
06saCTh He OQHCIBSI3HA, TO STO HE BCerxa BO3MOXKHO (MOCTpOHTe NpH
Mep) 3ameruMm, yrO IpH n>>2 5TO He BCErAa BO3MOXKHO M AJA OiH0-
cBsi3HOH o6nacty

3 Teopust CyuwlecTBeHHO YNpOINAETCH, €CJAM paccMaTpusath 0600-
L(eHHble pellleHHsd YypaBHeHHsa (81), MOX KOTOPBIMH 31ech  CJeLyeT
NOHHMATh HeNpepHBHEIE (GYHKIHH, YIOBJETBODSIONIHE BJOJAb KaXKHOH
xXapakTepuCTHKH ypaBHenwio (83) Paccmorpure o606uieHHBIe pelle-

F
HHS ypaBHEHHHT =0 B HexoTopo# o0aacth G MJIOCKOCTH X, Y, €CAH
ox

yeaosue Koy 3agaHo Ha HeKoTOpoH KYyCOYHO-raagxoll JuHue S, ne-
wame#i B G. Haiigure ycnoBus cyuiecTBoBaHHS (0600IIeHHOrD) pe-
WeHdst 3axayd KoM, YCJOBHS CYIMIECTBOBAaHHA eNHHCTBEHHOrO pelle-
uug Hafifurte ycnoBHe TOTO, uTO HYJeBbIM JaHHBIM IomH oTBeuaer
JHIUb TOMJIECTBEHHO HyJeBoe pemeHde (B ueM ortauune storo 1pe6o-
BaHHA OT NpeXbLAYIIEro?) Bcerna snm M3 eXHHCTBEHHOCTH pelleHHS
3agayn Kowu B BGosbied oBsnacTd R CAexyeT eIMHCTBEHHOCTh B MeHb-
miefit o6aacTH, cofepxawelica B nepBoi? IlompobyiiTe nepeHecTH Ka-
Kde-1u60 H3 S5THX DE3yJNbTaTOB Ha YDaBHeHHe

0z 0
(%, §) —— L b(x, §) —— =0 (a2-L 5> 0) (*)
ox oy

¢ HenpepuiBHO AaudbepennupyeMsiMr dysxuuaMy a u b Ilpusesure
IpHMEp TAakKOro YpaBHEHHA B HeKOTOpol obnactn R, Bce pewedud
KOTOPOTO 00653aTe/bHO TOCTOSIHHLI

4 PaccmorpHTe NIPUMEpHl, B KOTOPHIX Hepe3 HEKOTOPbie TOUKH
npoxoAuT Gosee OXHOM  xapakTepHeTukH  [Iycrs  ypaBuenue ()
paccMaTpuBaercd B INoaymiaockocTH x220, a ycaoBwe Komn sagaercs
Ha ocH x=0 c HenpepnBHOR HauaJbHOH GYyHKuuel, npuueM KoahdH-
LHEHTBl ¢ H b CuHTAlOTCA HenpepeBHLIME, a0 H HIA  HOPOCTOTH!
sup|b/a| <oo. Hokawute, 4to (0GOOIIEHHOE) DEINEHHE, €CJAHM CYLIECT-
Byer, TO 006s3aTebHO ejHHCTBeHHO. EcCJH XapakTepHCTHKH  TPOXO.I-
JKAIOTCA B CTOPOHY YObIBAHHS X OJHO3MAYHO, TO peuleHHe CYIIecT-
ByeT, B IIDOTHBHOM CJyyae MOXeT H He CyllecTBoBaTh KakoBO HeoG-
XOQHMOE H JOCTaTOYHO® YCJOBHME CYHIECTBOBAHHSA  DEILEHHS  3a7a4H
Kowy? Kaxse HOBble MOMEHTHI NOSBATCSH, eCJH He TpebOBaTh OrpaHu-
YeHHOCTH b/a®

§ 62. IlepBbie nyTErpaSbl CHCTEMBI
OOLYKHOBEHHBIX AU hepeHIMANbEbIY YpaBHeHH

Vi3 mpezmpiayiiero H3/JI0MKEHUS CAEAYET, YTO ABTOHOMHAadA
cHCTeMa, cocrosiiast U3 OOBIKHOBeHUHX AubdepeHHHaND-
HBIX ypaBHCHHH (8 2) M ypaBHeHHuS

du Lh=0,
dt
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onpejlensieT B NPOCTPaHCTBe (X, u) ceMeHCTBO TpaeKTOpHH,
M3 KOTOPBIX COCTOSIT UHTE2PAAbHBLE NOBEPXHOCTU U=U(X),
T. e. rpajuxn pemienu#l ypasHeuus (8.1) ({ paccMmarpu-
BaeTca Kak mapaMerp). 3anullieM 3TH OOBLIKHOBEHHBIE THG-
(pepeHuliaJbHbie YPaBHEHHs] B CHMMeTpHUYECKOH (OpMe Tak:

dx1 . pr_ - . = dxn . du ) (8.14)'
a1 203 a, —

MHorpa OniBaeT Jerko HaiiTy He paBHLle HH B KaKol
o0JacTH TOXAECTBEHHO MOCTOSSHHOMY OyHKuuu @(x, ),
KOTOpHE COXPaHAIT MOCTOSIHHbIe 3HAUEHUS HAa BCAKOM HH-
TerpadbHON JuHUU cucreMnl (8.14). Takue QyHKUHH Ha3H-
BalOTCA nepsoimu unreepasamu 3Tof cuctemsnl. IIpusenen-
HOe ofpejleNieHHe, OUEBHAHO, PAaBHOCHJIBLHO TAKOMY: NPH
Jio6oM nocrosiHHOM C MHOXecTBO (= C He COAEPIKHUT BHYT-
PEeHHHX TOYeK U 1EeJUKOM COCTOUT M3 HHTErpaJbHbIX JUHUA
cucremnl (8.14). (Ilocnennee cBOHCTBO BHIpAXKAWT cCJlo-
BaMH. MHOXKeCTBO ¢=C eCTb UHTezpasbHoe mHO2006pasue
cucreMn (8.14).)

PaccMorpuM BHOBb ypaBueHue (86) c nByMsi He3aBH-
CHMBIMH nepeMeHHBIMH. JlJd 3TOr0 ypaBHEHHS HHTErpanib-
HBIE JIHHHH, M3 KOTOPBIX COCTOAT MHTErpaJipbHble MOBEPXHO-
CTH, ONPEeJeNATCA CHCTEMOH

LI A (8.15)
a b —cC

[Tycte kakuM-TO 06pasoM MBI HallAu jABa ') TakKux mep-
BHX HHTerpana cucreMms (8.15)
¢ (x4, 2), v(% 9, 2),

Y4TO B Kax{JIOH TOYKe paccMarpuBaeMoll obsactu (. npoct-
paHcTBa (X, Yy, 2) No KpalHeil Mepe ONWH W3 MHHOPOB 2-T0
nopsjaKa MaTpHLbl
I 99 OJo o
Ox oy 0z

oy oy 9y
ox dy 0z

9 B cayuae cuctemsl (8 14) ais MOJNYYEHHS] Pe3ynbTaToB, aHAJOTHY-
HbIX NPHBCIEHHLIM HHXKE, TPeOyeTcsi 3HaHHe A NePBbIX HHTErpasos, pac-
CMOTPEHHE 3TOro Clyyas Mbl NIPEJOCTaBJAEM YHTATEI.



264 YPABHEHHUA C YACTHBIMHM MPOW3BOOAHBLIMH [rn VII1

oTauuen ot uyas. Toraa cucTeMa ypaBHeHHH
(%, y,2)=gp(x% y° 29),

U)(x, Y, Z) =1P(x°, yor 20)

onpesiessier B obmactd (. HEKOTOPYIO JHHHIO L, Tak Kak
B OKPECTHOCTHM KaXXJAOH TOUKH, B KOTOpOi 06a ypaBHEHHS
VAOBJETBOPAIOTCSA, 3Ta CHCTeMa IHO TeOpeMe O HesiBHOMH
DYHKUHHU onpenessieT JBe KaKHe-TO KOOPAHHATH KakK (yHK-
LUH TpeThbell KOOpAHHATHEL JTa JHHHSA, BOoOILe roBops, Mo-
JKET COCTOATb M3 HECKOJbKHX KyckKoB. bydem npednosa-
eats, 4T0 8 paccmarpusaemoll obaractu G, xawcdas us au-
Huii (8.16) cocrour Toavko u3 odnoeo xycka. Tlo onpene-
JIEHUI0 TIEpBOTO HHTerpasa Kaxjaas us ¢yukuuft @(x,y, 2)
u Y (x, y, 2) IPUHHMAET OJHO U TO Ke 3HaueHue ¢ (x°, y°, 20)
u coorBerctBenno VP (x% y° 2% Bmoab mpoxoasued uyepes
Touky (x0, 4%, 2°) wuuTerpanvHo#i suHuM cucTeMbl (8.15).
Cre10BaTeNbHO, 3Ta MHTETpaNbHAS JHHHS 1eNHKOM COBMa-
naer B obaactu G, ¢ aunuedt (8.16). Orciona caenyer, 4To
cucTeMa ypaBHeHHH

@(x,y,2)=C1, P(x,4,2)=Cs (8.17)

npejcraBasier cobol uurerpas cucrems (8.15) B obaactu
G., Tak Kak, BuOupas 3a nocrosindeie C;, C, 3HaueHHs
@ (% 1% 20, P(x0 40 20), moayuuM HHTErpaibHYI JIHHHIO
cucreMbl  (8.15), nmpoxonsmyn uepes JIOOYI TOUKY
(20, 1%, 20) obanactu G, T. e. MOAYYHM JMIOOYIO HHTErpafb-
HYIO JIMHHUIO 3TOH CHCTEMHI.

[Tycrs Tenmeps Tpebyercsi HaHTH HHTErpadbHYIO NOBepX-
HOCThL ypaBHeHuss (8.6), mpoxoAsmylo yepes JUHHIO

x=a(v), y=B(v), 2=y(v). (8.18)

[Ipu aTOM mpennoJsaraercs, 4to

1) oyHxnuu @, B, Y UMEOT HEMPEPHIBHYIO NPOH3BOJIHYIO
no v,

2) perepMHHaHT

(8.16)

o alap)
P pa p)
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BCCrla OTJIHYEH OT HyJas [coMmeTprueckd 3TO TNocAedHee
VCJIOBHE MOXHO HHTEPNPETHpPOBaTh KakK TpeboBaHme TOrO,
uyTOBRI JeKamas B IJIOCKOCTH (X, y) JHHHS

x=a(v), y=p(v)

HET/le HC Kacalach XapaKTeplCTHK ypaBHeuus (8.6).

Torna, cornacso ochoBHLIM Teopemam § 61, B Hekoro-
po#i okpectHocTH JquHHK (8.18) cymectByer 01HA ¥ TOJABKO
OJifa HuTerpaJjbHas NMOBEPXHOCTh ypasHcHHs (8 6), npoxo-
psimas vyepes auHnio (8 18). Tak Kak no npeabAyeMy
3Ta HHTerpanbhas MOBEPXHOCTb COCTOMT M3 HHTCTPalbHbIX
auniuit cucremst (8.15), nmpoXoMsIIMX 4epe3 TO'WKH JHHUH
(8.18), To ypaBHCHHC MCKOMOIl HHTErpajbHON MOBEpXHOCTH
MOXKHO MOJYUHTH, MOACTABJSAS B NpaBble YacTH ypaBHEHMH
(8 16) Bmecto £, y° 20 coortmercTBenno a{v), B(v), v(v),
4TO Aaer

(%, 4, 2)=¢(a, B, v) =T (v),
‘P(x: Y, ’?) =‘P(G’ B, 'Y) =\P(U),

U HCKJAI0UAA M3 3THX ABYX PAaBelCTB Iapamerp v.

Sameuyanue Besaxuil mepsuil uurerpada y(x, y, 2) cH-
cremel (8.15) Ha ofnactin G, ectb QyHKUMA OT ¢ (X, Y, 2)
# P(x,y,2) JleHCcTBUTCIALHO, NO ONPCACJHEHHIO MEPBOTO
uHTETpataa y (X, Y, 2) LOMKHO COXpaliiTh MOCTOSIHHbBIE 3Ha-
9eHHsl Ha KamJAO0H HHTErpaJbHOH JIHHHH 3TOH CHCTEMB.
A xkaxnas takas JHHUS, COTNACHO NPCHABIAVINEMY, BIIOJHE
ompejensiercd 3ladeHHAMH Ha Hell Qyuxkuui o(X, y, 2) #
P(x, Y, 2).

[TprMep. HafiTh muHTErpasnllyld NOBEPXHOCTb YpaB-
HEeHHS

0z 0z
2 4 3% 150, 8.6’
2x+3 5=0 (8.6")

NPOXOJAILYIC Uepes JHHHIO
X=q0, ly=ayv, 2=Q3U;

IpH 3TOM IMOCTOAHUBIE ap, A, Q3 BbleElIIbI TakK, 4YTO JAeTep-
MHWHAaHT

a 2
a, 3

’¢o. (8.19)
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Cucrema ypasueuuiit (8.15) Tenepb nmpuHHMaeT BHUA

dx _ dy - " dz (&15,)
2 3 —5
Hurerpupysa ypaBHEHHS
dx  dy
2 3
H

dx  dz
2 -5’

MBI HOJYYHM CJaeAyloniHe NEepBLIC HHTErpadbl CUCTEMBL
(8.15"):

@=3x—2y u P=5x+22.

Tak KakK DeTepMHHAHT

9% 99
a 3 —
x Yy :'3 - 2‘#0.
N ) 5 0
ax dy
TO YpaBHeHHUs
3x —2y=C; u Bx+22=0C, (&8.17)

nawT obmuil uHrTerpan cucremsr (8.15") Bo BceM mpocrpan-
‘ctBe (X, Yy, 2). Ilpu a1066ix 3HaueHusx noctosiHHbX C; u Cp
cucreMa (8.177) onpenessier HEKOTOPYIO JIHHHIO (IPAMYIO),
COCTOSILLYIO TOJBKO M3 OJHOTO Kycka. [103TOMY ypaBHeHHe
HCKOMOH HHTerpajgbHOil NOBEpPXHOCTH ypaBHeHus (8.6")
MOXKHO HamucaTh Tak:

3x — 2y=3a,v — 2ayv,
S5x+42z=>5a,u+2ay0.

M3 stux ypaBHeHHI MOXKHO HCKJAOUMTL v. Iast 3Toro
JIOCTaTOYHO pEeLIHTb MEepBOe U3 HHMX OTHOCHTENBHO U, UTO
BO3MOXKHO B CuJy ycioBus (8.19), u nalifleHHOe 3HayeHHE U
MOACTaBUTb BO BTOPOE ypaBHEHHE,
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3AIAYH

1 TlokaxuTe, 4TO 3HaHHe * GYHKUHOHAJBHO HE3aBHCHMLIX Iiep-
BHIX HHTErpajoB CHcTeMH (44) mnosBoJsser, BooOume roBops, NOHH3HTb
YHCJIO HCKOMBIX GYHKUHH B 3TOH cHCTeme Ha k.

2. B 3apmavax ¢ (H3HYECKHM COXepXKaHHeM TepPBHe HHTerpansl
YacTO BHIDAXKAT T WJAH HHblE 3aKOHB coxpaHedHs. IlosyuHre mep-
Bl HHTerpaJs Ins CHCTEMH

dx du
_— U, _ bx = 0,
a m T
P&BHOCHJBLHOH yDAaBHEHHIO
a2 x
bx =0
mTm T

cBoGopHEIX KoJebGaHuil MaTepuasbHOH TOUKH 0e3 TpeHHs, HCXOAA H3
3aKOHA COXPaHeHHs IOJIHOH SHEPrHH TOUKH.

§ 63. KasuauHeiiible ypaBHeHHS

Ksasuaunelinoimu Mpl Ha3biBaeM ypaBHEHHS BHaa

n

Ya (x u) ;’“ Fh(t =0, x=(5, ..., x). (8.20)

Xy

=1

910 ypaBHeHHE JIMHEHHO OTHOCHTEILHO NMPOH3BOAHHX OT U,
HO He OTHOCHTEbHO caMmoro u. Mel 6yaeMm npeanonararth,
uro a,(x,u) u b(x,u) WMeIOT HelpepbiBHbie YacTHLIE MPO-
U3BOJHLIE N0 BCEM apryMEHTaM B HEKOTOpoH#- ob6JjiacTH mpo-
CTpaHCTBa (X, %) H 4TO .

é a? (x, u)y >0,

t=1

[Tpennonoxum, 4TO HaM H3BECTHO KaKOe-HHUOYIbL pellie-
HHMe u(X) 3TOro ypaBHeHHs, MMeIOllee HelpepbiBHLIE Hep-
Bble yacTHee npou3BojHbie. CoCTaBUM BCIOMOTATENLHYIO
cucreMy OOBIKHOBEHHbIX AHDdepeHHanbHEX ypaBHeHUH

—‘Z—‘—:al(x,u(x)), i=1,...,n, (8.21)

rre { — Hexkoropbid mapamerp. [loxcraBuM 3TO peluexue
u(x) B ypaBuenue (8.20). Torna moayuyuM TOXJIeCTBO
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n
Za‘ (x, 0 —‘%4.— b(x, u) =

=1

n
R du dx,

du
=— = 8.22
o dl +b(x, u) s b(x,u)=0. (8.22)

=1

3anaua Koumt gas ypasreuns (8.20) dopMyanpyercs
Tak ke, Kak u pas ypasuenns (8.1): rpebyercs natrtu 1a-
rKoe pewcenue ypasuenun (820), KoTopoe HA HEKOTOPOLL
(n—1)-ueproll nosepxrocTu S NPOCTPAHCTBA X NPUHU-
MmaeT sadaunuvle 3rauerua. Dogee oburas mocrauoBKa” He-
pes sadaxuyto 8 npocrpancrse (x,u) (n—1)-mepHyro no-
8EpXHOCTL S TpefyeTca NPoB8eCTU N-MEePHYI0 UHTE2PANbHYIO
nosepxnocrs T ypasnenus (8.20) Y,

JloxaxeM eJMHCTBEHHOCTL 3TOTO DEleHHS B JIOCTATOU-
HOH Oam3ocTH S B NPCANOJONKENIH, UTO pelleHne Hempe-
pEIBHO jHbdepenuupyemMo i NOBEPXIOCTy S HHT/IE HE HMeeT
KacaTeNbHbIX NPSIMBIX, HPOEKIHMH KOTOPHX Ha MJIOCKOCTDb
#=0 MMCIOT TanpaBJAAIONINEe KOCHHYCHI, NPONOPLUHOHAJILHEIE
3HaveHHAM npaBux uacrel ypasHenu#t (8 21) B Touke Ka-
caund, Jlng storo Ml yKameM IIpouecc, KOTOPHH exuicT-
BEHHEIM CIOCOBOM oupejensier peuieHne zanaun Kowd B
MPCANOJIOKENHHE, UTO TAKOE PCIUCHHE CYLIeCTBYeT. ITOT
npoilece NO3BOJAET NpaKTHUecKn peiiath 3azavy Komu
U KBARIIHHeHBIX ypaBuenuii Mubi yxe J0Kasald, 4ro
A BCSIKOIO HCHPEPHIBHO AMPHhEpenunpyeMoro pelieHus
ypaBrenus (8 20) yIOBJETBOPSIIOTCSL TaKkKe CJETYIONLHE
YpaBHEHHS,

(8.23)
du .
dt bW

Y Tlpun srom T yXKe MOXKET MPEACTABAATh HEOAHO3NAUNYI0 QYHKILHIO
X, T e KaxJOMy paccMaTpluBaeMoMy 1ia6opy 3HaucHHit X1, ., Xn MOXeT
OTBeyaTh HCKOTODOC MHOMCCTBO 3snaucHuit u Oanako B A0OCTATOUHON
6auzoctu ot moboli cBocH Tokn T KOMKHA NPEACTaBJATL OXHO3HAUHYIO
dyuxumio u(x), yrosacrsopswomywo (820) Hanpumep, T Momer HMeTb
BHA requkouaa ¢ ocsto Ou, paccMaTPHBACMOrO BHC HEKOTOPOH OKpecTHO-
CTH 3TO# oCcH
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Havanbuwne sunavenus (npu £=0) x, ¥ 4 B KakAOH TOUKe
(x° u®)y muBepxsoctu S Ham m3BectHh. ITo 3TUM Hadadb-
HBIM JaHmbM cHeTeMa (8.23) enMHCTBeHHBIM 06pasoM ompe-
JensieT 4 ¥ BCe X, Kak (QYHKUHH OT L.

CooTBeTCTBYIOIIAs JUHUS B NPOCTPAHCTBE X, U

u=x(tx%u%, i=1,..,n,
u=u(t, £ ub)

HasbiBaeTesl xapakTepucTuxkoll ypaBHenus (8.20) 1. Takum
06pa3oM, ajs J6Oro [OCTAaTOUHO MaJjoro Kycka S Ml
OJIHO3HAYHO ONpCReJWIH # B TOIl OKPEeCTHOCTH NPOCKIHH
3TOTO KYCKa Ha IJOCKOCTb X, KOTOPYH IOKPHIBAIOT NpOEK-
uny nepecexatomux S xapaxrtepuciuk. «lllupuna» sTo#i
OKPECTHOCTH HHTJC He Cy3uTes JI0 HyJaf. B caMoM gene:

1) § ne umeer xacareavHuix npamelX, naApaALeAbHELX
ogu Ou. [leficTBUTENBHO 3TO Cpa3y CACLYeT M3 KOHEYHOCTH

23
ax,
IPENTOMOKEHHIO,

2) § He UMECT KACATEAbHBLX MPAMBLX, NPOEKUUU KOTO-
polx Ha naockocib u=0 umeoT HANPABAAIOUUE KOCUHYCHL,
APOROPYUOHALbHELE npasuim wacTam ypasnenud (8.21).
JlelicTRUTEMBIIO, 3TO OBIIO OroBOpeHo o0cobo.

Urax, mobble 1Be HHTerpajbHbie NOBEPXHOCTH, IIPOXO-
JsiiHe 4epes S, cOBMafaloT B HEKOTOPOH OKPECTHOCTH Kax-
Jnofi Toukn S; 06beNHHAs 3TH OKPECTHOCTH, MOJAyYaeM, YTO
YKa3aHHBIC NOBEPXHOCTH COBNAJAT B HEKOTOPOH OKpecT-
HocTH S.

[Ipu nokazaTedbCTBe CYLIECTBORBAHMA peEUISHUS 3a7aud
Kouru s ypaBuenns (8.20) Mt 6ynem, kKak u B § 61 u 62,
paccMaTpuBaTh CJAydad JBYX HE3aBUCUMbLIX IepeMeHHHIX
%, y u obo3HauaTh HcKOMYW dyHruuio 2=2(x,y). Toraa

(i=1,...,n) 1anoBepxuocT# I, CYmeCTBYIOIIHX IO

9 Tak Kak NOJyJHHeiHNble ypaBHeHHS SBJASITCA YaCTHHIM CJaydaeM
KBA3H/JHHCHHBIX, TO JJIS HOJNYAHHEHHBIX YPaBHCHHH HMeIOTCH 1Ba IOHf-
THS XaDaKTCPHCTHK. B cmpicie § 61 u B cublcae § 63. Jlerko NpoBepHTD,
YTO X4DAKTEPHCTHKH B NEPBOM CMBICJE ITIPEJACTaBJAOT Co60it IIPOEKIHH
XapaKTepHCTHK BO BTOPOM CMEIC/E Ha IPOCTPANCTBO X
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nuddepednuansbHoe ypaBHCHHEe UMeeT BHJ

alx, y, z) % +bix, y,2) —% +c(x, y,2) =0 (a2+b2>0);

(8.24)
cHcTeMa YypaBLeHHMH XxapaKTepHCTHK TPUHHMAaeT BUJ,
dx dy dz
—_— = y Y s "—:b y Yy ’ — = —0(X, Y, 2);
=a(n0.9, L=b(ny2), o =ty
(£.25)
CaMH XapaKTePUCTHKH HMEIO! YpaBHEHUS
x=q(t, x% 4% 2°), y=1y (% 4P 2°),
(8.26)
2=y (t, x%, y°, 29,
a auHua § — ypaBHeHus
W=a(v), y°=B(v), 2=y (v)
(8.27)
(a4 p2+v2>0),
rie v — napaMerp, H3MeHAINHHACA B HEKOTOPOM 3aMKHY-

TOM HHTepBase. Msul 6yneM npeanonaraTh Bce 3afaHHbIE
byHKHHH HenpepbiBHO auddepeHuEpyeMeiMH, a Jaunuio S
Jgexamei B obmacty onpesneneHus Koa(p@HUUEHTOB ypaB-
Henus (8 20). Kpome Toro, ecnu craBuTcs 3ajaya He O Mpo-
BeJ€HHH WHTETPAJbHON TOBEPXHOCTH, a O HaXOXJIEHUH
OZHO3HAYHOro pelieHus sajgauu Komn, To Hago tpeboBaTh,
uToOH npoekuusa S auupu S Ha miaockocTh =0 He uMesa
caMmorepeceyeHu,

Torpa ycnoBuss 1) u 2), HanmeuaTaHubie BHUE KypCH-
BOM, 03HauawoT:

a?4p2>0, o'b—p’a=0 (Bpoas S). (8.28)

B cuay ckasaHHOro BhIlIe HCKOMasi HHTErpajbHas HO-
BEpXHOCTb 1 COCTOMT M3 XapaKTEPHCTHK, NPOBEAECHHBLIX Ye-
pes Bce TOukM JqunuM S (puc. 39); 3HAuWT, ypaBHeHUA
xapakTepuctuk (8.26) u aunun S (8.27) Hajxo pacCMOTPETh
coBMecTHO. [lpoBepuMm, uto ypaBhenus (8.26) wu (8.27)
ONpefensiloT B NPOCTPAHCTBE B HEKOTOPOH OKPECTHOCTH JH-
#nu S8 nosepxnocts T, KoTopas BOJH3M KaXKao# cBoel
TOYKH HMeeT ypaBHeHHE 2=2{X,y) ¢ HenpeprBHO Aupde-
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peHuupyeMoi mpaBo#l dacTplo. Torja To, UTO ypaBHeHHe
(8.24) ynoBneTBOpseTCs, BHITEKAeT Cpasy H3 paBeHCTB
(8 25), a BuimoNHEHHE HAYaJdbHOTO YCIOBHA OYEBUIIHO,

B cnny teopeMer 0 HesiBHOH (hyHK-
LHH JOCTATOUYHO NPOBEPHTD, UTO B TOU-
Kax JuHuu S F——

z

Do T s

TaK KaK TOrfla B OKPECTHOCTH KaxK- —
NOH TOYKH S MOXKHO JIBa MNepBhIX q
ypaBHeHusi (8.26) paspelnTb OTHOCH-

TeJbHO { W U ¥ TNOACTAaBHUTL pe3yJb- &

tat B Tperbe. (HenpepriBras nudde- Puc. 39
peHIHpYyeMOCTb PYHKUHA ¢, | U 7 BHI-

TCKaeT H3 TeOpeMbl O 3aBHUCHMOCTH pelieilus cucteMu (8.25)
OT HauyaJbHBIX naHHbiX.) OpaHako Ha S, T. e. mpu =0,
umeeM x=0o(v), y=p(v), 4 noToMy B cuny paBeHcTB (& 25)

09 0y
Dt v) o oy @' (v) B’ (v)

dv 0V =0
=ap’ (v)—ba' (v)5=0.

CymiecTBoBauue peulenns 3ajgaud Kown jgoxasaso.

[TopuepxHeM, YTO CYLIECTBOBaHHE pelleHUS TrapaHTH-
pyeTrcss TOJbKO B HEKOTOpOH, MOCTAaTOYHO Y3KOH, 3apaHec
He QuKcHpoBaHHOH OKpecTHocTH JauHuu S. To, uyTo 3TO
obbACHAETCA CYLIECTBOM Jefna, OyAeT fCHO U3 CJAeLYyIOUero
naparpada.

§ 64. OGoGiueHHble penrenus JHHEHHbIX
U KBa3WJIMHEHHbIX ypaBHEHH

B § 61 nas awdefiHoro ypaBHEHHS ¢ YaCTHBIMH NIPOH3-
BOJHBLIMH TEPBOro MOPsA/AKa ObIIO MOCTPOEHO pellIeHHE 3a-
naup Kol W jpokazana ero eIMHCTBEHHOCTh. [Ipu sTOM
npeanoaaranocch, 4To TOBEPXHOCTh S, 3ajfaHHas Ha Hel
byukuua f u Bce Kos(DPUIHEHTH! YpaBHEHUS SBAAITCH
JOCTATOYHO TiaAKHMH, [IpHMepn IOKa3biBAlOT, UTO €CJH
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ocnabHTh 3TH TNPEANOJNOXKEHHS, TO peliennd 3ajgaud Kolun
MOXeT He cyulecTBoBaTh. OJMH H3 TaKHX NPHUMErOB MpH-
BeneH B Koulle § G1.

B cBA3u c pa3/HuYHBIMH (DH3HUECKHMH 3ajmavaMH NpCK-
CTaBJseT HHTEPEC TAK PACIIHDHTbH IOHATHE DEIleHHs 3a/1a-
uyy Koy, yTo6B OHO CYIECTBOBAJO NMPH MEHbIIHX Tpcbo-
BaHHSX IJAAKOCTH Ha f H KO3(DOHUHEHTH ypaBHEHHs H
NPH 3TOM HMeJNa MeCTO TeopeMa eJHHCTBEHHOCTH.

Huke MBr H3JOXHM OJHH H3 BO3MOXHEIX MOJXO/0B
K pellleHHI0 3Toro Bompocal). BymeMm anas npocToTel pac-
CMaTpHUBaTh cjayuail AByX HE3aBHCHMEBIX NepeMeHHBX { H X
U JIUHEeHHbBle YpaBHEHUS BHA2

L E% Lt ) _g‘i Lt u=c({ x), (8.29)
X

rie a, b, ¢ SBASIIOTCS HenpepuBilo JHddepeHUHPYeMBIMH
byuxnuaMu ¢ 1 x. byaem paccmartpuBate 3agauy  Koin
C yCIOBHeM Ha oTpe3Ke npsamoit 1=0:

(0, x) =f(x), (8.30)

KoTopoe 6yneM HasbBaTb HauyasJbHBIM YciaoBueM. OueBun-
HO, 4TO npsiMass t=0 He KacaeTcs XapakTePHUCTHK ypas-
HeHust (829). Ecnu B HekoTopolt obnactu G dyHKius
u(t, x) ynmoenerBopsieT ypaBHenuio (8.29), To, oueBHIHO,
npu n1060i HenpepeisHO AHbdepeHnupyemoll ¢yHruuE F,
PaBHOH HYJIO B OKPECTHOCTH rpaHuusl G,

H [L (1) —c] F dt dx = 0. (8.31)

G

O6patHo, ecan AJs1 HEKOTOPOH HenpephlBHO AuddepeHuu-
pyemoit B G ¢yHKUMH w4(f,x) paBeHcTBo (8.31) BHINOJ-
HseTca TnpH J060o# yKazaHHOH Bbile ¢yHKUHH F, TO
L(u)y=c, 1. e. u(f,x) siBNsgeTCs pellleHHEM YpaBHEHHA
(8.29) B G. HeiictBuTenpHo, ecan L (u)s=c B Touke (f° x°),

1 C ocHOBHBIMH (haKTaMH TeOpHH OOOOUIeHHBIX pelIeHuil JHUeHHbIX
M KBa3WIHHENHBIX YPaBHeHHH 1-rO NOpsAAKa MOXKHO NO3HAKOMHTBCS B
kuure: P. KypaBT. YpaBHeHls C YaCTHBIMH MNPOH3BOIHBIMH — M:
Mup, 1964, npunoxenre 2 k tn 1, a takxke ra V, § 9, B crarse.
O. A Ouneitnux PasprBHHE DelieHHs] HeslMHeHHBIX AlddepeHnians-
ubix ypasuenult — YMH, 12, Ne 3 (1957), ¢. 3—73; cM Ttakxe:
H. T. Iletposcrult Jlekuun 06 ypaBHeHHAX ¢ UYACTHHIMB TPOH3-
poaunmMu., — M : Qusmarruz, 1961, c. 141—144.
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T0 L(u)—c coxpaHsieT 3HaK B HEKOTOPOH OKPECTHOCTH £
3Tofi ToukH BasiB F nosoxurenasroit B Q H paBHOH HYJMIIO
BHe Q, MBI NOJNY4YHM INPOTHBOpeuHe ¢ paBeHcTBoM (8.31).

PasencrBo (8 31) Mpl MokeMm 3anucath B JPYroM BHJE.
st sToro npeobpasyem ero JeBYK 4YacTb. (VUPBHIHO 4TO
CnpaBelJINBO TOXKIECTBO

LWF=L1"(Fu+ _-;t_ (uF) + —:——(auF), (8.32)
X
Tl€, 10 ONpPEENEHHIO,
e O 0
Li(F)=—-2- ——2(aF) + bF.

ITpounterpupyem (8.32) no G u s npeob6pasoBaHHs TO-
CJIeJHEr0O HHTerpaJsa Bocnojbayemcs dopmynoit I'puxa. Yuu-
TBIBasi, YTO F paBHa HyJI0 B OKPECTHOCTH rpaHuus G, mo-
JNYYHM

s Lu)Fdtd :HL'F dt dx.
S (u). X J (Fyudtdx
PaBencTBO

j S [L*(F)u—cF]dtdx =0 (8.33)
G

NOJIOKHM B OCHOBY OIpefeseHHs] OOOOIIEHHOrO pelleHHs
ypasuenusi (8.29). OTMeTHM, UTO OHO HMEET CMbICT TaKxke
H 1ia HenuddepeHIUPYEeMBIX H JaKe pa3pbiBHBIX (YHKIUHA
u(t, x).

Mbl orpaHHYHMCSl PacCMOTPEHHEM TOJNBKO TakKUX (YHK-
nuit u(f, x), KOTOpEIE CAMH H HX NPOHM3BOJAHHE 1-r0 mopsn-
Ka MMeIOT Pa3pBIBbI JHIIb Ha KOHEYHOM 4YHCJe MONapHO He
NepeceKarolInXCcsl HJIH HMEWIUX JHIb oOLIHe KOHIBI JIH-
HHH BuAa x=¢(¢), rie ¢(f) HenpepriBHO nubdepenynpye-
Ma; [PH 3TOM AJd KaxXAofl AYrd TakKoH JMHWH TpH
e—>+0 cyilecTBYIOT paBHOMEpHBle npeiensl u(f, ¢(t)—e),
u(t, () +¢) u ananoruyHo nas —%l;— " g—i Takne ¢yHk-
nuu u(f,x) OyneM Ha3HBaATh KYCOYHO-2AA0KUMU.

Kycouno-rnankyio ¢yukiuio u(f, x) OyleM Ha3blBaTh
0606wenHbim pewenuen ypasuenus (829) B obnactu G,
ecn I'py aw08oH HenpepulBHO AuddepeHuupyeMoi (yHK-
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unu F, paBHO HYJIO B OKPECTHOCTH rpaHuubl G, BHINOJ-
useTcss paBeHcTBO (8.33).

Jlerxo mnpoBepuTh, uTO 00O0O6ILIeHHOe peleHHe U (%, x)
ypasHedus: (8.29) MOXKeT HMETb paspbiBbl TOJBKO BAOJDb
XapaKTepuCTUK. JleficTBHTENbHO, NYCTb X=¢ (/) — JIHHUA
paspeiBa u(f,x) u mycte F(f,x) — mobas HenpepbBHO
nmpcpepeﬁunpyemaﬂ QYHKILHS, paBHasi HyJio BHe AoCTa-
TOYHO MaJoH OKPeCTHOCTH Q KpuBoft x=¢ (). Mbl MOXeM
NPeaNONOKUTb, UTO B Kaxjaoll M3 obaactedt ; H £, Ha
KoTophle KpHBasi x=¢(f) pasbuBaer Q, dyuxuus u(, x)
HenpepHBHO AU @epeHUnpyeMa, a MO3TOMY B Qi H Q, OHa
yaosaersopsier ypasueusnio (8.29). Ilonpaysice paBeHCTBOM
(8. 33), NONYUHM

SS[L (F)u—cF]dtdx—ﬁ[L (F)u— cF] dt dx +
+”[L F)u_cF]dtdx_H[L () — ] Fdt dx +

”[L (u) —c] Fdt dx + S [¢] F dx — [u] aF dt =

x=Q({)

_ S [u](-LT——a(t,cp(t))>th,
x=0(t)

rje nocjiefHue ABa HHTErpajsa B3siTH BAOJb KPHBOH x=@(f)
u[u]=u(t, (t)—0)— u(t, ¢(¢)+0). Tak xax F — npowus-
BOJILHAS (QYHKNHUs Ha KpHBOH x=¢@(f), TO H3 paBeHCTBa
d.
HYJIIO NMOCJAENHEro HHTerpasa cielpyer, 4To —E;ﬁ —a=0,
T. €. KpUBas x=¢({) siBNsleTCs XapaKTePHCTHKOH ypaBHe-
Husl (8.29).
ou ou
HerpynHo mnposeputs, uto Yy " v TaxKXe MOryT
X
UMETb DPa3phIBbl JIHIIB BAOJb XapakTepucTuk. JleficTBH-
TeJBHO, NMYCThL pelleHue «(f, X) HENPepbIBHO BAOJL JIHHUH
= (?), He sBasouUleiics XapaKTepucTukoit. Torna B cunay
TEOPEeMbl eLHHCTBEHHOCTH OHO, KakK B (i, Tax U B {Jy, cOB-
najgaer ¢ OObBIYHBIM, HenpepblBHO AuddepeHIHpPYeMbIM pe-

ngHHEM paBHeIM 4 (¢, @(f)) Ha guHuM x=¢(¢). 3Hauur,
173 o
. T He MOTYT IIMeTb Ha Hell paspeiBoB TOYHO Tak

A€ JIeTKO NMPOBEPHTh, YTO BCSAKAs Kycouno-raafkas (QyHK-
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uus u (¢, x), ynoBierBopsiomiast ypasHenuio (8.29) B TOU-
Kax HenpepbiBHOH JU(GhEpeHIHpYyeMOCTH H HMeoulas pas-
DBIBBl TOJIBKO BJOJb XapaKTEePHCTHK, siBAsieTcss 06o6IieH-
HBIM peluedHeM ypaBHends (829).

Obobuwennoim pewenuen 3adauy Kowuw B obnactu G
ans ypaBHenus: (8.29) c ycsosuem (8.30) Gyzem Ha3eiBaTh
Takoe obobuiennoe peuntenue u(f, x) ypasHenus (8.29), xo-
TOpPOe B TOYKax HelpepeiBHOCTH npu f=0 coBnajgaer c 3a-
AaHHolt ¢yuxunueit f(x). Jlerko npoBeputh, yTo Takasg QyHK-
uus u(f,x) Ans nw060# HenpephBHO AH(bepeHIHPYEMO
B G GyHKUHH F, paBHOH HYJIO B HEKOTOPO#l OKPECTHOCTH
rpanyiel G, yIOBJIETBOPSIET PABEHCTBY

(L' (F)u—cF]dtds — { F(0. %)F(x)dv =0,
j;g u —cF]dt dx a§ X) f(x) dx

rae Gy — nepecevenue G ¢ noaynaockocteio £>0, a oTpe-
30K [aj, @] — mepeceuenne 3amuikauus G ¢ npsamoit ¢=0.
ITO PaBEHCTBO MOXKHO B3STb 32 OlpefeseHHe 0005 mIEeHHOro
pewenus 3agadn Komm B obnactu Gy, 148 ypaBHEHHS
(8.29) c HauanpueEIM ycaoBueM (8.30).

OTMeTHM OIHO Ba)KHOe CBOHCTBO JIHHEHHHBIX ypaBHEHHH
C YaCTHBIMH NPOH3BOAHBIMH NEPBOTO NMOPsSAKA, BhHITCKaoLlee
u3z § 61. OkpectHocts Ry, mosepxHocTH S, B KOTOpOH ra-
pPaHTHpYETCs CyLlecTBOBaHHEe pelleHus 3ajnaud Komw, He
3aBHCHT OT 3ajaHHoi Ha S ¢yHkuuu f. MoXHO J0OKa3aTh,
uto 0000UIeHHOe pellleHHe 3anaud KoK AJis ypaBHEHHUs
(8.29) ¢ ycaosuem (8.30) cyuiecTByer B TaKO# e OKpecT-
HOCTH HHTepBasa (aj, az) upamoii =0, ccau f(x) uenpe-
pPHIBHO AHddepenunpyeMa BCIOAY, 3a HCKJIIOUEHHEM KOHeY-
HOro 4Mcja TOYEK, I'e OHa H ee NPOHM3BOJAHAas HMEIOT pas-
PBIBBl NEPBOrO pPOJAA, H 3TO DelleHHe eNHHCTBeHHO. ITOT
$hakKT MOXKHO YCTAHOBHTb TaKHM e nyteM, Kak B § 61
IOKa3aHBl TeOpeMbl CYIIeCTBOBAHHA H €IHHCTBEHHOCTH pe-
meHusa 3aftaun Komn

PaccMoTpuM Tenepb KBa3WJHHEHHBIE YypaBHeHHS 1-ro
nopsiika. Jas KBasUJAMHEHHBIX YpaBHEHHH C YaCTHBIMH
NPOU3BOAHBIME 1-rO mnopsiika, Kak 3TO JerkKo BHAETh Ha
npHMepax, B OTJHUHE OT JMHEHHBIX -ypaBHEHHH, 06JacTb,
B KOTODOIi omnpefessicTcss pelicHue sanaud Koluw, 3aBHCHI
OT BeJHYUHBl QYUKLIN [ H ee NMPOH3BOAHBIX. Tak, HanpH-
Mep, 1Jisl YpaBHEHHS
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Moy Ta[ =0 (8.34)

pelenne 3ajgayu Koum, YI0BJETBOPSAIOLIEe YCAOBHIO
u(0, x) = —th-Z, &>0,
€

onpezensercs TOJAbKO Npu f< g, HOO, KaK JIErKO NPOBEPHUTD,
IPOEKIHH XaPaKTEPHCTHK Ha MJIOCKOCTb (f, X), COOTBETCT-
Bylom#X HauanawHOi ¢yukuun —th(x/e), mnepecexatorcs
OpH [>>& W NPHHOCAT B 3TH TOUKH Pasuhie 3HAYCHHS U.

Ilo ananormu ¢ JAUHEHHBIMH YPaBHEHHSIMH MBI MOXKEM
BBECTH TMNOHsITHE OO0OOILEHHOro pellleHHS AJs KBa3HJIHHEH-
HBIX ypaBHeHHiT 1-ro mopsijaka, 3alHCaHHBIX B BHIeE

Ou_ 4 dal(t, x, u)

> L2 4 b (8, x,u) =0, (8.35)

YpaBHeHHS TaxKoro BHAA HHOTAa Ha3bBIBAlOTCA 3aKOHAMH
coxpanenust IlonsiTHe 0600IEHHOrO pellleHUs] KBa3HJIHHEH-
HOro ypaBHEHHsI HI'DaeT BaKHYIO POJb B 3ajJauax ra3oBoH
JHHAMHKY H JAPYTHX pa3deJoB MCXaHHKH H tu3uxu .

ITog obobmeHHniM peleHHeM ypasuenus (8.35) B 06-
nactd G OyneM NOHHMAaTb KYCOUHO-TMAAKyl0 YHKIHIO
u{t, x) Takyio, uto npu Jniobo# HenpepuBHO AHdbepeHuu-
pyemoit ¢ynxuun F (%, x), paBHOH HyJI0 B OKPECTHOCTH
rpaduiel G, BHINOJIHSIETCS PaBEHCTBO

SS[ Zf u ——“(f X, 1) —b(t, x, uyF|dt dx = 0. (8.36)
G

O6o6menHoe penreHHe ypaBHeHus (8 35), ynoBJaeTBOpPSIO-
iwee ycaosuio (8 30) B TOuKaX HenmpepHBIOCTH, Ha3hlBaerT-
cqa pemteHnem 3azaun Kown (8.35), (8.30).

Touno Tax ke, Kaxk u Aasl ypaBHenus: (8 29), MoxHo no-
Ka3aTh, UTO Ha JMHHSX pa3peiBa x=¢ ({) o6obuieHHOro pe-
menus (¢, x) ypasHenus (8.35) BHINOJHSIETCS YCJOBHE

do(t)  al, x,u(t, x40)—a(, x, u(t, x—0))
da u(t, x4+0)—u(t, x—0) )

(8.37)

Jlerxo BujgeTh, 4TO JHHHUS paspuiBa u(f, x), BooOIlle TOBO-

Iy CM. auTepaTypy, yKasaHHYIO B clocke HAa ¢. 272,
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ps, He sBJAsieTcs TNPOGKIHEHd XapaKTEePHCTHKH YypaBHEHHS
(8 3b).

B omanyue OT JHHEHHOrO ypaBHEHHs, paBeHCTBO (8.36)
He OTIpejlessieT eJHHCTBEHHOTO 060611eHHOro pelleHHsa ypas-
Henus (8 3b), npuxHumarwmero npu f=0 3ajanHsle 3Have-
uus f(x) Bo Bcex Toukax HenpephiBuocTH #(f,x). Tak, Ha-
npumep, obobieHHbIM pelieddeM 3axauu Kown B mony-
nJaoCKoCTH ¢>0 ans ypanuenus (8.34)

a(lﬁ_
Ju 2 )

—_— =0,
ot ox
YAOBJAETBOPANMIHM HauyajbHOMY YCJIOBHIO
_ — 1 mpun x<C 0.
u(0, x) =f(x) = { lnpn xS0, (8.38)

apasiercss npu g06om a>1 GynEuus u.(l, x), onpeneseH-
Hasl paBelCcTBaMHu

( 1*(1_

1, ecan x < 5 £,
l—a
— o, ecJu -—2——t<x\<0,
Uy (t, X) = | (839)
o, ecau O<x\<a—;-t,

—1, ecin —a—;—lt<x.

(IIpoekumuH XapakTepuCTHK U, (f,x) Ha mockocTs (£, x)
nsobpaxensl na puc, 40.)

Taxum o6pa3oM, AJs ONPCHeNeHHsT eITHHCTBEHHOFO 0600-
wennoro pemenus 3anaun Komi nas ypasuenus (8.35)
¢ ycnosuem (8 30) HY:KHB! JOIOAIUTEbHBIC YCaAOBHS. Jlnd

2

d%a
C.Hy‘{aﬂ —é—2'>/0 TakKHM JOINOJHHTEJbHLIM yCJIOBHQM pit8;!
U

ypasueHust (8.35) B ofnactu G, Jexauleil B MOJYNJIOCKO-
cTi >0, siBJAsIeTCsl BBINONHEHHe Ha JHHASX PaspbiBa COOT-
HolreHus D

u(t, x—0)>u(t, x+0). (8.40)

1) JloKa3aTeJbCTBO 3TOFO YTBEPHKACHHR CONCPIKHICA B YKA3aBHOM
Briwe crathe O. A, OneliHuk.
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OTO COOTHOIEHHE, KaK Jerko BHISTb, BH IeASieT H3 BCex
QyHkuuit  (8.39) TONBKO ONHO OGOBL.EHHOE pelleHHe
ua(t,x) npu a=1. Cornacho (839) umeem: u(f x)=1
mpu x<0 u uy(¢, x) =—1 npu +>0.

B ornuune or snuHeHHBIX Vi aBHemH#i, oGobmeHHoe pe-
ueHHe 3aaaun Koww a4 KRA3HIHHEHHOTO ypaBHeHHS
(8.35), BooGwe roBops, He MOX T GHTH NIOCTPOEHO ¢ 11O~

xn%‘!t t xaaz—';’t
< ¢
&, frI>
Sa| G
47 2
S
z ~
T
Puc. 40 Puc. 41

MOLIPIO  XAPaKTEPHCTHK,  NPOXOASLIHX  Yepe3  TOUKH
(0, x, u(0,x)). B xauectBe npuMepa pPacCMOTPHM CHOBA
3ajgauy Komn ans ypaBHenus (8.34) ¢ HayanpHBIM YCJO-
BueM (8.38). Jlerko BHAEeTb, 4TO OOOGLIEHHOE pelleHHe
sToff 3ajgauu Ko ne ompenensiercss OJHO3HAYHO C IOMO-
IIBI0 XapaKTEePUCTHK Naxe B CKOJb YrOAHO MaJjoOH OKpecT-
HocTH mpsaMoli ¢{=0. JleHCTBHTeNbHO, MPOBEAEM B HPO-
crpanctBe (f, x,u) wuepes Touku (0, x, u(0,x)), rne
—oo<x< 400, XapaKTepUCTHKH ypaBHeHus (8.34), . e.
pelleHHs] CHCTEMBl ypaBHeHHH

i‘f_.:o ix..:u_
dt

dt ’

[ToBepxHOCTD, COCTaBNEHHAS M3 3THX XapaKTEePHCTHK, B CIY-
uyae rnaako# dyukuuu u(0, x) ompeaesnsieT pelleHHe 3a-
paun Komu B okpecTHocTH npsmoil ¢=0, npuuem 3Ta Ok-
PECTHOCTb 3aBHCHT OT HauajbHoH (yHkuuu « (0, x).

Ecan u(0, x)=f(x), rae f(x) oupexeneHa ycJOBHeM
(8.38), TO mpoexkuMH 3THX XapaKTePHCTHK Ha IJIOCKOCTb



§ 64] OBOBILEHHBIE PEWIEHHS] 279

(¢, x) mBa)XAB! NMOKPBHIBAIOT TOUKH, Jexalue Opu >0 Mex-
Ay npaMbMH X —t=0 1 x+{=0, 1 TpUTOM C Pa3THYHBIMH
3HAYEHHAMH U, H He TMOKPLIBAIOT TOYKH, JexallHe MeXAy
>THMH NpsAMbIMH npH <0 (puc. 41). CyumecTBYIOT Apyrue
MeTOo[ bl HOCTPOeHHs] 0600IIeHHBIX PellleHHH KBa3HIHHeHHBIX
ypaBHeHHil. BakHoe 3HaueHHe HMeeT TaK Ha3blBaeMEIH Me-
TOJ BBEJeHHs «MaJoll BA3KOCTH», KOTOPBLIH BeJer cBoe Ha-
YaJo OT 3aja4 ra3oBoH AuHaMHKH D,

Bonpockl 0 npoJosiKeHHH pellleHHs] 1/ BCeX 3HaueHui
t>0, o nocTpoeHur 0600UIEHHBIX pPElIeHHH KBa3WJIHHeHHBIX
ypaBHEHH}t H 00 yCJAOBHSIX €IHHCTBEHHOCTH 0600UIeHHOro
pelllennst 3afaun Kowm npencrasasior OosbluoR rHTEpeEC
Il ra30BOft IMHaAMHKH H HEKOTODHX ADYTHX pPa3leioB Me-
XaHHKH. )

YcnoBue Ha paspmBax (8.37), KoTopble B MexaHHUKe Ha-
3BIBAIOT yJAapHBIMH BOJHAMH, COOTBETCTBYET B rasoBoil AH-
HAaMHKe 3aKOHAaM COXPaHEHHs MacChl, 3HePTUH H HMIYJbca
NpH nepexoje 4depes yaapHyio BojHY, a ycaosue (8.40)
COOTBETCTBYET 3aKOHY HeyOEBIBaHHUS 3HTPONHH.

3AJAUYH

1. Onpenennre ofobulenHoe peleHue 3agaun Koww aast sHHei-
HOTO ypaBHEHHst C YACTHLIMH INPOM3BOAHBIMM |-r0 mnopsjaka cO MHO-
rEMH He3aBHCHMBIMHM nepemenHbmiMu. Ilpu npeanosomenun, yro [ —
KyCOuHO-rJ1aaxas (yHKuMA, JOKaKHTe TeOpeMy CYLIecTBOBAHMS U
€IMHCTBEHHOCTH, a TaKXe BHIBEAHMTE COOTHOLICHHE, KOTOPOMY YAOB-
JIETBOPAIOT NMOBEPXHOCTH Pa3pHBa OBGOGLIEHHLIX peLieHMil.,

2 Nna ypasuenus (812) u3 § 61 onpemesnure ¢ noMousio COOT-
Houennsa (8.33) HenmpephiBHOe 0600lleHHoe peuienue 3agaud Ko
¢ MenpephiBHOH HayanbHOH (yHKuMell f(x). [lokaxure ero cyuiecrso-
BaHHe H eAMHCTBEHHOCTb

3 Tlocrpoiite o6ofimenHoe peuwenHe 3afaun Kowwm AJs ypasHe-
Hust (8.34) B obnactu (>0, ynosjerBopsoiee ycaosuio (8.40), ecsm
f(x) — kycouno-nocrosHHAas (YHMKUHA C KOHEUMbIM YHCJIOM pa3pPLIBOB
(paccMoTpHuTe CHayana cayuwai#l, Korga f(x) uMeeT OpMH HJIM ABAa pa3-
puBa) JlokaxKHTe eAMHCTBEHHOCTh 3TOTO pellieHHs,

4. Jlokaxure, yro ycaosne (8.40) onpegensieT eAMHCTBeHHOE
o6obmennoe peueHne 3agaun Koww Ans ypasuenus (8.34) B noay-
nrockocTH [2=20.

9 IToapoGHoe onHcaHHe 3TOrO MeTOAA MOXKMO HAafiTH B yKa3aHHOH
na c. 272 aurteparype.
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§ 65. Heaqunelinble ypaBHeHHs

MEr paccMoTpHM ypaBHeHHE

F(x,u, . ):o,x:m,...,xn), (8.41)

X1 an

U NPeAnojioKUM, UuTO GYHKuHMSA F 1o BCEM CBOHUM apry-
Meln1aM B HEKOTOpoH obnactH (2n--1)-MepHOro HpocTpaH-
CTBa HMeeT HeNpCPBIBHLIE UACTHLIe NPOM3BOAHEIE 10 2-TO
MOPSIAKa BKJIIOUHTEJBHO H UTO

)y — 15 (8.42)

ou
91—
1=1 { dx,- }

JIRE: COKpamienus 3anucCH I10JOXKUM
OF ) F
oF U o 0 P,.

0Xi e ou - 0X[ _p“ ap,

3anaua Komm nast ypasueHust (841) craBuTcs aHaJOrud-
HO TOMY, KaK H A ypaBHeHHs (8.20); nue MBI yTOUHHM
3Ty NOCTalOBKY.

Honyctum, uto u(x) ecTs Kaxoe-HHOYIb pellleHHe ypaB-
HeHHsl (8 41), umerollee HenpepHBHLIC YACTHHIE NPOH3BOA-
Hbie 2-ro nopsiaka. IlogcTaBuMm 3To pellileHHe B ypaBHEHHE
(841) u nosnyyeHHoe TOXKAECTBO NpojgHddepeHUHpYEM IO
KaXaoMy Xg, B=1, ..., n. TTonyuum

Y apy ) : — riﬂ
LP' ok + X, +Up, LP‘
=1 1=1

apk +Xk+Upk:O'
aX[

(8.43)

ITH ypaBHeHHs KBasujuHeH#bl OTHOCHTenbHO pp. ILlo-
CTPOHM B NPOCTPaICTBE X TPAEKTODHH aBTOHOMHOH CH-
CTEMB!

ixl__:Pl’ [:1,--.,’11 (8'44)
dt

rJie B IIpaBblX 4acTAX BMECTO U H ps NOACTABJEHO paccMmar-
pHBaeMoe pellleHHe «(x) U €ro COOTBeTCTBYIOUIHE NPOH3-
Bopuere. Torma ypasnedus (8.43) MOXKHO Depenucarb
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B BHIE

%—:—X,——Upl, i—1,... .0 (8.45)
Hafinem, HakoHel, NPOH3BOAHYIO OT u(X) IO napamerpy f.
[Tonyuum

n n
du ou  dx; _
dt Ld ox;  dt Z Pip.- (8.46)

=1 =1

Cucrema, cocrosimiast U3 ypaBHeuuit (8.44), (8.45) u (8.46),
onpenensieT OJHO3HAYHO X,, p, U U Kak (QYyHKIHH OT f,
ecqu 3alaTh HX HauasJbHble 3HaueHHs. TpaeKTOpHH 3TOH
aBTOHOMHOH CHCTeMBI B NPOCTPaHCTBE (X, U, Pi,..., Pn) Ha-
3BIBAIOTCS xapaxTepucruxkamy ypaBHeHus (8.41); oHH 3aBH-
CST TOJBKO OT 3TOr0 ypaBHeHHs D),

Ilycts moBepxHOCTb S, Ha KOTOPOH 3aJaHEl 3HAYEHHA U,
He HMeeT caMollepeceueHH# M 3ajaeTcsl yPaBHEHUAMH X, =
=x,(v1, e, Un—1), i=1, .., n. Toraa 3aganuyio Ha S ¢yHK-
IIHIO 4 MOXKHO TaKXKe pacCMaTpHBaTh KakK (GYHKIHIO OT
Uty vory Un—1.

Mul 6yneM npeanonarath, 4TOo @GyHKYuU X, (Ui, ..., Un—1)
U u(vy, ..., Un—y) HENPEPbIBHLL BMECTE C UX YACTHOIMU NPO-
UBBOOHBIMU HO Uy, ..., Un—y 00 2-20 nOPAOKa BKAIOHUTEAbHO
u 8 randol TOuKe NOBePXHOCTU S OTAUUEH OT HYAR NO
Kpadned mepe o0uy us munopos {n-— 1)-2o nopsadxka mar-
puybi

oxy [ox,

ov, 7 Oy

Oxy 0xp
01!,,_1 e (30,,_1

PaccmoTpuM Bonpoc o TOM, Kak 3ajaHHe u Ha S ompe-
nejsier 3HaueHus p, Ha S. Ecnu B paBeHCcTBo u=u(x) non-
CTaBUTh BBIPAXKCHHS 4 W X 4Uepe3 v, TO OHO ob6paTHTCH
B TOXAeCTBO. JIH(hepeHIHpysi 3TO TOXKAECTBO, NMOJYIHM

Vo 2= 2 pot . n—1 (8.47)
{=1

Ovg Oug

1) TIpoeKuuM STHX JHHHI Ha NPOCTPAHCTBO X HWJM NPOCTPAHCTBO
(x, ) TaxKe HHOTJA HA3LIBAIOTCS XapaKTePHCTHKAMH.
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(3recy p, Gepyrca, koueuno, na S). C apyro CTOpPOHBI,
Ha S JDOJKHO HUMeTb MecTO paseHcTBo (8.41). Ouo gaer

F(x, u, p1y ..., pn) =0, (8.48)

rjie BMeCTO X, 4 CJeldyeT NMOACTaBHTb HX BBIPAXKEHHS de-
-pe3 v. CootHowenus (8.47) u (8.48) npexcrasasior coboit
CHCTEMY 1 YpaBHeHHH ¢ HEH3BeCTHbHIMH (QYHKIHAMH

P1y -y Pn OT apTYMEHTOB Uy, ..., Un—i. 1103TOMY AJf mpHMe-
HEeHHs TeopeMbl O HesIBHBIX (YHKIHAX HEOOXOAHMO, UTOOB!
p, P, ... P,
Oxy 0x, Ox,
001 ovy o 001 # O (8.49)
dxy 0x, dx,
Opey OUpy T BUpy
OPH BceX PAacCMATPHBAEMBIX 3HAYEHHAX Uy, .., Up—i, T. €
BCIOAY Ha S.

Hcxons u3 sroro, Bnpeldsh NmpH moctaHoBKe 3ajgaun Ko-
wH A8 ypaBHenus (8.41) Mbl GymeM cuurtarth, 4TO Ha S
He ToabkO Oamo u(vy, .., Un—1), HO Takxce Bbl6paHsl 3HA-
YeHUS P, ..., Pu, HENPEPOIBHO 3aBUCAWUE OT Uy, ..., Un—p,
npuwem  TaKk, 4T06LL YOOBAETBOPAAUCH  COOTHOWEHUSA
(8.47)—(8.49). Torna u3 TeopeMbl O HeSBHBIX (QYHKIHAX
ClelyeT, uTo pji, ..., P HMEIOT HeNpephiBHHIE NMPOH3BOJHbIE
[0 Uy, ..., Un—t.

Cienyer OTMETHTBb, YTO B CHJIY HeJHHeHHOCTH ypaBHe-
Hus (8.48) npu 3ananHo#t u Ha S 3Hauedus p, HAa S onpe-
Jensiorcd, Boobuwle ropops, HeojaHo3HauHo. OnHako ecaH
BBIMOJNHAIOTCS YCJIOBHS, CcQOpMyJHPOBaHHBIE B INPEABLIAY-
mem a6zame, u ecan pi(A)=pP(A), i=1,..,n, B Ka-
Kolt-nn6ynp touke A mosepxmoctn S, o p)=pP, i=
=1, .., 7, Bclody Ha S; 3TO cjelyeT H3 TeOPeMbl O HEsB-
HbIX QYHKUHAX B cHJy ycjoBus (8.49).

Feomerpuuecku ycioBue (8.49) o3Hauaer, 4TO B KaxK-
Jlo# TouKe x° MOBEpPXHOCTH S NMPOEKUHs HA MPOCTPAHCTBO X
XapaKTepHCTHKH, Mpoxoiflleii depe3 Touky (x°, P, p?,

0 0 0
s Pu)y (4 pr,..,pn ONpEREJSIOTCS H3 HAYaJbHBIX yCJO-
Buil), He xacaerca S. (IIpoBepnTe!).
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W3 epuncreenHoctn pemenust cucremni (8.44)—(8.46)
caelyer eIHHCTBEHHOCTb pellieHus 3anaun Komwu. defictru-
TeNbHO, TaK KaK MBI NPEANONOKHAN, uto GyHKIHS F HMmeer
HeNMpepHBHLIE MPOH3BOJAHLIE T5 BCEeM ee apryMeHTaM 1o
2-ro nopaxka, To B cuay yciaosus (8.42) npaBrie vacTH
ypaBHeHHH (8.44) uMeloT HempephIBHLIEe NPOII3BOAHBE 1-TO
NopaAKa MO BCeM HX apryMeHTaM, yTo OGCCNCYHBAET eJHH-
CTBEHHOCTb pellleHH cHCTeMbl (8.44)—(8.46).

[Tepexons K A0Ka3aTeabCTBY CYLIECTBOBAHHA peEUIEHHS
3agayn Komu B HEKOTOPO! OKPeCTHOCTH HOBEPXHOCTH S,
MBl MpeANoJOXKHM, 4TO S U 3anaHHas HA Hell QYHKnuA u
yIOBJIETBOPAIOT YCJOBHIO, HameuaTaHHOMy Ha c. 281 kyp-
CHBOM, H uro, KpoMe TOro, Ha S BeIGPaHH py, .., Pn TaK,
4To BCIOAY Ha S BuinoaHsores yciaoBua (8.47)—(8.49).
Kak B § 61—63, Mbl GyneM npoBOAHTHL JN0Ka3aTeJbCTBO
JJg ciydas ABYX He3aBHCHMBIX nmepeMeHnHbIXx. Toraa ypas-
HeHHe HMeeT BHJ

F(xy ¥, 2, p, CI)ZQ P:—ﬁz—» q:—az—; (850)
ox dy
cHCTeMa ypaBHeHHH XapaKTEPHCTHK (B NATHMEPHOM MpoO-
crpaHcerse) (x, Y, 2, p, ) MMeeT BUI

& _p W, (8.51)

dt dt
M __ x_ Q4 y_
; X—pz, = Y —qz, (8.52)

== pP+qQ, (8.53)
e

oF oF _OF

X= ox V= Ay Z= dz '
oF _OF
P= —é;)—, Q = —aq .

HauansHbie yCJOBHA OnpenensitoTCd COOTHOUIEHHAMH X=

=x(v), y=y(v), 2=2(v), p=p(v), g=q(v), npHueM nep-
Bble TpH (YHKUHH 2}1Ba}{<11bl HenpepeIBHO AHpdepeHIHpye-
2
MBI H (Z—X) —I—(%) >0, a nocnegHde aBe QYHKIHH HEMmpe-
0 0
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PBIBHO AHbbeEPEeHIHPYEMBl H YAOBJAETBOPSIIOT COOTHOLIC-
Husm (8.50),

dx d dz
pE—-}—qu—:TU- (8.54)
H
P Q
o oy |70. (8.55)
ErRE

Urobbel J0KasaTh CYLUIECTBOBAaHHE pellleHHs NpPH 3THX
MPEeANONOKEHHSX, JOCTATOYHO MPOBEPUTh, UTO MOCTPOEHHBIE
cornacHo cucreme (8.51)—(8.53) no HauaJbHBLIM TaHHBIM
peleHus!

x(tv), y(t, v), z(t, v), p(t,v), g(t, v) (8.56)

(Mw cumraem f=0 Ha S) 06sanawT CAEYIOIHMU CBOii-
CTBAMHU:

1. Cucrema ypaBHeHu#i x=x(f, v), y=y(f,v) MOXKeT
6bITb OJLHO3HAYHO paspellleHa OTHOCHTENBHO f, U B HEKO-
TOPOH OKPEeCTHOCTH JHHHH S, MpHYeM pelIeHHA HMEIOT He-
NpepHBHBIC NMPOH3BOAHBIE OO X, y. Toraa B 3ToH OKpect-
HOCTH JHHHH S BeJIHYHHBI f, U MOTYT OBITb NPHHATH 34
KpHBOJMHHEHHBIE KOOpAHHATHEL. TaK Kak MH NPEANOJaraeM,
uto GyHKuuU x(v), .., g(v), 3agaHHbIe HA JUHUH S, HMEIOT
HenpepbIBHBIE NIPOH3BOAHBIE MO ¥, H TAK KaK NpaBble 4acTH
ypaBueHu#i (8.51)— (8 53) nmeioT HempephIBHble NPOH3BOA-
HBlE IO BCEM HX aprymMeHTaMm, TO MOCTPOSHHBlE HAMHU pellle-
HuA (8 56) HMeoT HempepbIBHEIE INPOH3BOAHBEIE MO £, V.
[Tostomy, ecan B NOJy4YeHHOE HaMHK BBIpasKeHHe AJst 2
yepes f, v NMOACTABHTb BMECTO f, U UX BLIpaxKeHHs 4depes
X, Y, MBl MOJAYYHUM 2 Kak QYHKLHIO OT X, Y, HMEIOMIYIO
HelpepbrIBHBIE NEPBbIE NMPOH3BOJAHBIE MO X, Y.

2. Qyuxnuu (8.56) BcroAy B paccMaTpHBaeMoifl okpect-
HOCTH S YIOBJAeTBOPSIIOT ypaBHeHHIO (8.50).

0z 0z
= =, 8.57
p= 1=, (8.57)
Utobbl AOKA3aThb MEpPBOe H3 OSTHX YTBEePXKACHHUH, HaM
AOCTATOYHO [0Ka3aTh, UTO IIPH BCEX MAOCTATOUYHO MAaJIbIX
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3HAYeHHAX |f| AETEpPMHHAHT

Ox Oy
ot ot
(8.58)
oy
dv  dv}

OTJiMYeH OT HyJd. TakK Kak 3JeMEHTbl JeTepMHHAHTa He-
NpPEepHIBHLL MO f, ¥, TO HaM JOCTATOYHO [A0KAa3aTh, UTO 3TOT
JNeTepMHHAHT OTJIHYEeH OT HyJAs Ha camofl JuHuu S, a 310
nociaedHee caenyeT u3 (8.55) u (8.51).

YTBep:KAeHHe BTOpOE, OYEBHIHO, CNpaBeAJHBO Ha ca-
MOH JIHHHH S; HayanbHblE 3HAYeHHA p, ¢ Mbl BHIOHpaeM
TaK, 4To6bl OHH yJOBJIeTBOPAJH ypaBHeHHIO (8.50). Urobwl
JI0KasaThb, 4TO He TOJbKO Ha JHHUM S, T. e. npu =0, HO
H NMpH BcexX J0CTATOYHO MajiblX |f| BbIMOJIHSETCA 3TO COOT-
HOLLIEHHE, MOKAaXKeM, 4YTO eCJH B JIeBYI0 4acTh YypaBHeHUSH
(8.50) nogcraBuTL BMecTO X, Y, 2, p, g pelleHue (8.56)
cucreMbl (8.51)—(8.53), To pesyjbTaT moxCTaBKH He Oy-
JeT 3aBuceTb OT £, JIefCTBHTEJBHO,

dF dx dy dp dq dz
L X E vy Y p P2
dt dt + dt T dt +Q dt + dt
dx dz
IToxcraBasiga BMecrto g 'y TPAaBble 4acTH ypaBHe-

Hu#t (8.51)—(8.53), nosydum HyJib. -

Bmecto Toro 4ToOn A0OKAa3biBATb TPEThe yTBEpKAEHHE,
T. e. (857), mokaxem cHayaja, 4TO BO Bceil paccMarpu-
BaeMOH HaMH OKPECTHOCTH JIHHHH S

0z _p 0 g% g %2 ,0% L%
dv & q ] - ot ot
(8.59)
CnpaBefsIHBOCTb BTOPONO PaBEHCTBA claeldyeT H3 TOTO, YTO
ox dy
— P’ —_—
at At Q

B cuay ypaBHeHn#i (8.5]) H noTOMy COOTBETCTByMOIIEE
ypasHenHe (8.59) coBnanaer c¢ ypasienuem (853). O mep-
BOM ypaBHeHHH (8.59) HaMm M3BeCTHO MOKa TOJIbKO, 4TO OHO
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cnpaBefyuBo npH f=0: HayanpHBle 3HAYEHHA IJA p, § HA
AuHEE S MBl BuIGpanu Tak, 4to6el cooTHomeHHe (8.54)

YAOBJICTBOPAJIOCS.
Urobs foKasaTh, YTO 3TO ypaBHEHHE V/IOBJETBOPAETCH
oz ox oy
H NpH APYTHX £, NOJOXKHM =E——p——¢—— 1
dv du ov

“ du
HaftgeM ——,

dt
Huddepenunposanre U no f B23MOKHO. DTO Cleayer
H3 TOrO, YTO IOCTPOEHHLIE HAMH pelieHHA cucteMbl (8.51)—
(8.53) HMei0T HenpepbIBHbIE MPOH3BONHLIE MO f, ¥, KAK MBI
y¥xe oTMeyasad. Ecau noAcTaBHTh 3TH pellleHHs B ypaBHe-
Hua (8.51)—(8.53), TO npaBble YAcCTH MOJNYYEHHBIX TOXK-
JecTB OYIyT HMETb HelpepbiBHble NMPOHU3BOAHBIE 1O ¢, 0.
3HAuUT, U JeBble YACTH TAKKe HUMEIOT HeMmpepblBHbE MPOH3-
BOJHbBIE IO 3THM apPTYMEHTAaM, T. €, CYIIECTBYIOT HENpPephIB-

0% 0%y 02z
HElE TPOU3BOIHBIE , ; . Urak,
ot dv ot v of oo
dal 0% dp Ox d¢ 9y —p 2x 3%
dt A it a v a v dv ot T oot "
(8.60)

ITpoauddepennupyem Tenepb No v CHpaBeiJuBOe, KaK Mbl
TOJILKO YTO NOKa3ajd, MPH BCeX paccMaTPHBaeMBIX 3Haue-
HUAX f, U TOXZECTBO

— —p——q——=0
ot ot 7 ot
[Tosyaum
9%z ﬁ__éi dg dy —p 9%x —q 0% —0
ot dv dv ot d ot ot du otdv
(8.61
Briuuras nousenno (8.61) uz (8 60), naxonum
au.  dp ox 9g Oy  dp dx  9q By
dt do ot dv ot at v a  dv’

Ecan Bocmoab3oBaThest paBenctBamu (8.51) m (852), 10
HOJIy4EHHOE TOJBKO UTO COOTHOIIeHHE MOXKHO MepemHcaThb
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TaK:
Y _%py 2 X Yy z
T— L P+ Lo+ S (Xt zp) + S+ Zg).
(8.62)

JduddepeHunpys moKazaHHOe NpEeXAE TOXKAECTBO

F(x,y,2,p,q)=0
no v, HaXOJuUM

X% . y +P-2 4+ Q ‘3" +z% 0.
dv du
BroiuuTasg 3TO COOTHOIIEHHE H3 (8.62), NOJYUHM
du 0z ox oy
— = - = —p = —qg L) = —ZU.
dt ( dv P v q ov )
CrenoBaTelibHO,

U (t) = U (0) exp [_ thdt}.

Tak kak U(0)=0, to npu Bcex ApPyrHx ¢ BeJHYHHA
U (t)=0.

Mrak, mMb poKasanu, 4TO BO Bceill paccMaTpHBaeMOMH
OKPECTHOCTH JIHHHH S

8z __  0x oy 0z __  Ox dy
w P +qav’ a - P +qat'

Jloxaxem Tenmepb chnpaBelJHBOCTL paseHcTBa (8.57). as
9TOrO 3aMeTHM, UTO

0z 0z Ov 0z ot 0z 0z v 0z ot

dx dv  dx ot ax ' oy dv  dy ot oy’
0z 0z
IoacraBasst clofa 3HayeHHs =, 5 W3 MpeabiIywuX
v
TOXKAECTB, NOJYYHUM

G (0 N (o ax ay\ ot _
ax (pav+qav)ax+(pat+‘76t)ax
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0. a a
T 1, Y — 0. AHasoruyHO HAXOIHM 22
JOx Ox Ay

TaK KakKk

[Tpumep Hafitu pemenne ypanuenus

(%)2+ (%)2_1 —0, (8.63)

rpadHK KOTOpPOTO MpPOXOAHT uepe3 OKpYKHOCTb x2+y?=1,
z2=0.

BBenss mapamerp v, 3anuuieM ypaBHEHHE 3TOl OKpYXK-
HOCTH

x=sinv, y=cosv, 2=0. (8.64)

YpaBuenus (8.51)—(8.53) npHHHMAIOT BUJ
e Ay A dp 49y (865

2p 29 20+ 0 0

W3 nmocaennux aByx ypaBHenuii Haxoaum p=C; u g=0C,,
rae Cy u C; — HekoTopele nocrosiHuble. [loxcraBasas Hai-
IEeHHble p H B NMepBble ypaBHEHHs, NMOJyYaeM

x=2Ct+ Cs;
y=2Cst+Cy;
z2=2(Ci+ Cht +Cy,

rae Cs, Cy4, Cs — HeKOTOpHIE MOCTOSIHHBIEL,
Urobsl yHOBIETBOPAJIOCL JAaHHOe AuddepeHnagbLHOE
ypaBHEHHE, JOJIXKHO ObIThb

C:+ C3=1. (8.66)

[Toaromy z2=2¢(+Cs.
Uro6bl npu {=0 guHHS

x=2Clt+ Cg,
y:202t+ C4,
2=21+Cs

IPOXOJHJa Yepe3 TOUKY, ONpelesnfdeMylo MapameTpoM v Ha
okpyxuoctd (8.64), Hazo, 4To6H GbLIO

Cs=sin v,
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C,=cos v,
Cs=0.

Torza ypaBHeHHE HHTErpPaJibHOH NOBEPXHOCTH YPaBHEHHSA
(8 63), npoxoasmesl uepes okpyxHOCTb (8 64), 3amHinercs
B BHAe x=2Cf+sinv, y=2Cst+4-cosv, z=2¢, rae t H v —
napaMerpsl. UTo6bl npH ¢{=0 BLIIOJIHANOCH COOTHOLIEHHE

0z —p ox 0y

do FYRR P
Hajx0, 4To6nl O=pcosv—gsinv uaun C;cosv=_Cysinv.-
Ilpunumasa Bo BHuMaHHe (8.66), HaxoauM OTCIOAA

Ci=esinv, Cy=gcosuv, rae e==*1,

M3 coobpa:keHH# HeNpepblBHOCTH CJA€AyeT, 4YTO & MO-
CTOSIHHO BAOAb Bcefl Kpupoil. CrepoBaTesibHO, OKOHYa-
TeJbHO Mbl MNOJyYaeM TakKHe MNapaMeTPHUYECKHE YpaBHe-
HUS MHTErpajbHOH MOBEpPXHOCTH: x=(2fe-+1)sinv; y=
= (2te+1)cosv, z=2{ UWcknwyas orcona ¢t # v, Hai-
neM

K2 y2=(1%2)2 (8 67)

Taxum o6pa3oM, MBI HAILJIH JBe HHTErpaJibHbie MOBEpX-
HOCTH ypaBHenus (8.63), mpoxoasiuive uepe3 OKPYXKHOCTH
(8 64). Dto ABA KPYIVIBIX KOHYCa B HpPOCTpaHcTBe (x,y, 2),
Yy KOTOPBIX B OCHOBAHHH JIEKHT OKpPYKHOCTH (8.64) u 06-
mag ocb coBmajaer ¢ ocbio Oz

SaMmegauue. I3 paccmorpenHoro mpumepa BHJHO,
4TO CAeJaHHAasi HaMH Ha c. 284—285 oroBopka O TOM, 4TO
neTepMHHAHT (8.58) OTJIHYEH OT HyaAsl TOJLKO BOJIH3H JIH-
HUH S, BBI3BIBAeTCsl CyuwecTBoM nena. Heabsst aymare, 4to
npoxoJsunue yepes JHHHUIO S (coxpaunsisi o603HaveHus § 63)
MpOoeKHHH

x=x(t, 2% 4%, y=y(t, 2% y°), z=z(t x°, ¢°)

tTpaekropuii cucrembl (851)—(853) Ha npocTpaHCTBO
(x, y,2) 06pasyOT IAalKyl NMOBCPXHOCTb NPH KAK YrOAHO
fonbllIUX 3HaUCHHsAX napamerpa ! HecmoTps Ha TO uTO
TpaekTopHH cHCTeMHl (8 65) onpeaensiloTcs 3TOH CcUCTEMOH
NpH KaK yrogHo OOJBUIMX ¢, 1eJb3S KAaK YrOJHO [JaJeKo
TIPOJOJIKaTh HHTErPaJIbHble MOBEPXHOCTH ypaBHeHus (8.63),
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npoxojdiive 4epes OKpyxHocTe (8.64), He nonmazas Ha
ocobble TOYKH., TakHUMH OCOOBIMH TOYKAMH SBJSIOTCH Bep-
IHHBL KOHYCcOB (8.67)

Jast KBasusJuHeHAHLIX ypaBHeHHH ocobeHHOCTeHl TaKoro
THIA HE MOxeT GblTh, TaK KaK AAS TaKUX ypaBHenuil xa-
DAKTEPHCTHKH B MPOCTPAHCTBE Xi, .., Xn, U He Iepece-
Kalored,

3AJAYU

1 DBhIicCHHTE CBs3b XapaKTEPHCTHK, BBEJICHHBIX B 3TOM Maparpa-
¢de, ¢ xapakTtepucTuKaMH, BeejeHrbIMH B § 61 u 63.

2 XapaxTepHCTHKY MOXHO MpeacTaBHTb cefe Kak JMHHIO B MpO-
CTPaHCTBE X, ., Xn, U, HePe3 KaKAYI0 TOYKY KOTOPOH HPOXOANT
NJOCKOCTh € YIJAOBHIMH KO3GGdHUHERTAMH Py, ., Pa; AOKAXKHTE, YTO
B Ka¥a0#l TOUKe JHHHK 3Ta IUIOCKOCTh KacaeTcs caMoll JMHHH

3. (Xaap.) Mycrs nupamuga G c ocHosauweM M B HpOCTPaHCT-
BE X1, .., Xa (n==2) onpejaenena HepaBEeHCTBAMH

0<xa<<a, max{| x|, .., |[%n—1|}<a—%x0n (a>0)

ITycts Ha G sapaua nuddepernyupyeMas GYHKUHs u(X), YROBJETBO-
pslollay  HEPaBeHCTBY
n—1
ES
dx,
p=]

JlokaxuTte, uto Torna scwoay B G

[w Flal4+6 (53 0).

dx,

X X
min {minu, 0)e " —8(e” —1)<u(x) <
M
x x
< max {maxu, 0)e * +-8(e ®—1),
M

YxaszaHnue PaccMorpute Touky MakcnMyMa yHKUHH

TR g — 8 —1)] (A >0).

vix; M)y=c¢e

JokaxuTe, NmOAb3YsACh 3THM YTBEDIKAEHHEM M JemMMod Ajamapa,

B COOTBETCTBYIOLIMX IIPEINOJNIONKEHHNX, TEOPEeMBl O E€IMHCTBEHHOCTH

pewenus ypapHeHHs (841) H o0 HenpepuiBHOH  3aBHCUMOCTH 3TOTO

pellenuss OT HavyaJbMBIX YCJIOBHUI H OT BHaa camoro ypasueHus Ilpu

3TOM JJSl [POCTOTHL MOXKHO CHayaJja TpPelloJoKHTh, YTO Hayajbhble
YCJIOBHR 33]al0TCH IIPH Xp=0
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§ 66. ¥paBuenue MNdadpda

YpaBuenuem [Idadda B mpocTpancTBe (X, Y, 2) Hashl-
BaeTcsl ypaBHECHHE BHIA

Pdx+Qdy+Rdz=0, (8.68)

rie P, Q u R — ¢yr«uuu or x, y, 2

CyulecTByioT ABe TPaKTOBKHM 3TOro ypaBHeHHA. B mep-
BOI X, y U 2 CUHTAIOTCH (PYHKIHSMH OQHOrO KaKoro-iubo
napaMerpa f. 3anaBas ABE M3 BeJHUHH X, Y, 2 KaK QYyHK-
LKH 3TOrO mapaMeTrpa, Mbl INpHJAEM K OGBHIKHOBEHHOMY AHOb-
(epeHuHAILHOMY VPaBHEHHIO [Ji ONpeJesNeHHs TpeThed
BeJHuniE. MOXHU NPOH3BOJIbHO 3aaTh HEKOTOPOE COOTHO-
LIeHHe MEeXAY X, Y U 2

®(x,y 2)=0. (8.69)

PaccmatpuBas 3mech ¥, y H 2 KaK (YHKIHH HEKOTOPOro
napamerpa t u auddepennupys (8.69) mo f, moayuum
oD (e} @
dx + 0 0
Ox oy 0z

dy +

dz = 0. (8.70)

[Ipu BecbMa O6IIUX MpEANOJIOKEHHAX OTHOCHTEJBHO (GYHK-
i @, P, Q, R nBa ypaBHenus (868) um (870) MOXKHO
PAaspelluTh OTHOCHTEJNbHO OTHOLIEHHH JABYX U3 AuddepeH-
U;iI/IaJIOB dx, dy, dz K TpeTbeMy, HaNpHMEP OTHUHTENbHO
Z
dx
auddepeHIHANbHBIX YPaBHEHUH J1Jis1 ONpENeJeHH 2 U Y
KaK QyHKnui ot x. YcioBue (8.69) ocraBuT, BooOIie roso-
pf, OAHY NPOH3BOJBHYI0 MOCTOAHHYIO B OOLiEM pel:fHHH.
B npyro#t TpakrtoBke ypaBHenus Ildadda oana us Be-
JHYHH, HAaNpHMep 2, paccMarpHBaeTcs Kak (yHKUHSA ABYX
apyrux. Bynem npennomarare, uTo B paccmartpuBaeMoi 06-
JIACTH

d
H -—dy—. Torpa nmonydyum cucreMy ABYX OOBIKHOBEHHBIX
X

R=0.
Torna u3 ypaBHeHus (8.68) mosyuaem
dz=Pdx+ Qdy, (8.71)

raoe

P Q
Pi=—Ffnia=—%-
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Orcrona
0z ’
— =P, (x,y,2), 8.71
= Py (x4, 2) (8.71')
0z ”
— =Q, (x, y, 2). (8.717)
oy
ByneM cuutaTh, YTO 2 HMEET HeNpepLIBHHE YacTHHIE MPOH3-
BOJAHBIE BTOPOro MOpsiika nmo x U y, a P, u Q; — nepane
HenmpepbiBHbIE NMPOH3BONHbIE 10 CBOMM apryMmeHram. Torza
6P1 apﬂ 0z . an + an 0z
dy 0z oy ox ox  ox’
T. €
aPl R 6P1 . an an P 8 72
oy - 0z Q 0x + 0z 1 (8.72)
TaK KakK JOJXKHO OHTb
% 0%
0x 0y 0y dx

ITpu nuddepenuuposanuu Pr u Q Mo ¥ B y MHB yuIu
HX 3aBHCHMOCTb H OT 2, KOTOpPOe, 110 NPeANOJOKEHHIO, eCTh
GbyHKIHSA OT X U y. YcaoBue (8.72) MOXKHO 3amucaThb Tak:

" aQ OR OR 4P
P(az 6y)+Q(6x 0z >+

+R(——Z§—— = )zo. (8.73)

Honycrum, uto ycaoBue (873), unu, 4TO Bce paBHO,
ycnoBue (8.72) BHINOMHSIETCS TO#OECTBEHHO B paccMaTpH-
BaeMolt o6aactu G npocTpaHcTBa (X, Yy, 2) U 4TO DYHKIHH
Pi u Q, umenT HenpepnlBHBIE NPOU3BOAHBIE MO BCEM HX
apTyMeHTaM J0 2-r0 NOopsiiKka BKJAIOUHTeNbHO. Toz0a uepes
kascoyro Touky G npoxodur oO0HA U TOAbKO OOHA UHTe-
epanrvHan nosepxHocto cucremor (8.717), (8.71”) wuau, uro
sce pasro, ypasrerus (8.68).

JlokaszaTtearcTBO. JloKaxeMm mpexzie Bcero €IHH-
CTBEHHOCTb pelueHust cucrembl (871), npoxopsiiero uepes
3ajaHHyl0 TOYKy A (Xo, Yo, 20). Jas 3TOro 3ameTum cJje-
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nywoniee. YpaBHenue (8.717), B KOTODOM y NOCTOSIHHO paB-
HO 1o, ONpeesieT eIMHCTBEHHYI0O HHTErpajbHyI0 JHHHIO L,
npoxoAsyo yepes Touky A (Xo, Yo, 20) B IJIOCKOCTH Y= Yo.
Ypagruenue xke (8.71”7), B KOTOPOM X COXpaHseT HEKOTOpoe
IIOCTOSTHHOE 3HauyeHHe X;, ONpelelseT eIHHCTBEHHYIO HHTe-
rpanbHy0 KpHUBYIO [(Xo), MPOXOASIIYI0 B MJIOCKOCTH X=Xg
yepes JeXKamyl B 3TOH MA0CKOCTH TOuky kpuso# L. Coso-
KYMHOCTb JMHHE [(x), NMOCTPOEHHBIX M BCEX TOYEK JIH-
UHM L, eHHCTBEHHLIM 06pa3oM onpejesieT HHTErpajbHyo
nosepxHoctTs S cucreMn (8.71), npoxoxsinylo uepe3 TOUKY
(xO’ Yo, 20)-

JlokaxeM Tenepb, YTO NOCTPOEHHAS TOJbKO YTO I10O-
BePXHOCTh AeHCTBHTENBHO €CTh HHTerpasibHasi IOBEPXHOCTh
cucremnt (8.717), (8.71”7). Ilpexknae Bcero, HempepbIBHOCTBb
NOBEPXHOCTH BHITEKaeT H3 HeNpephBHOH 3aBHCHMOCTH pe-
meHHus ypasHeHus (8.71”) or mapaMerpa X H HAYaJbHOTO
ycaoBus. M3 caMOro noCTpoeHHST 3TOH NOBEPXHOCTH Ode-
BHJIHO, UTO JI/IST BCEX ee TOUEK YIOBJETBOPSIeTCS] ypaBHeHHe
(8.71”). Ocraercst noKasaTb, YTO AJS BCEX €€ TOYEK yAOB-
nerBopsiercss u ypasHenue (8.717). Uto mocTtpoeHHast HaMmu
byHKuHs 2=2(x,y) HIEHCTBHTENBHO BCIOAY HMeEeT Henpe-
PBIBHYIO TIPOH3BOJHYIO TO X, caeAyeT U3 auddepenuupye-
MOCTH pellleHHsI [0 TapaMeTpy H HAYaJbHBIM JaHHBIM.

r4
Ocraercs 10KasaTb, 4TO —, VAOBICTBOPSET YPaBHEHHIO
X

(8.71). Ilns 3TOro 3aMeTHM, 4TO, COLJIACHO CaMOMy IO-
CTPOEHHIO NMOBEPXHOCTH S, 3TO ypaBHEeHHe yAOBJETBOPSETCS
NpH Y=y, UTOOGH H0Ka3aTh, UTO OHO YHOBJAETBOPsIETCH H
NPH APYTHX 3HAYEHHSIX Y, MONOKHM

0z

—'__Pl(x’ y’ Z):F
0x

o oF
H HaleM —-— (tot ¢akT, yT0 y (DYHKUHH 2 CYLIECTBYeT
Y
62
IIPOU3BOIHAS 6—;_' clelyeT M3 TOro, UTO 3Ta (YHKIIUS
x dy

yI0BIeTBOpseT ypasuenuio (8.71”), npaBas uacTe KOTO-
poro uMmeeT HempepbLIBHEIE TPOH3BOAHEIE MO X, Y H 2):

OF 0 (_gf_ oP, 9P, 0z
dy oy )
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_aQ 0Q 0z 0Py P, 0z
ox 0z 0x oy 0z dy
. an an p an F — OPI 0P, 874
x| Ta 1T EY 0z Q. G749
0 [ oz
Mpr npeo3pasoBaniu . (6_)' MOMb3ySICh TeM, YTO
Y X

0 0z 0 0z 0z
2 ()2 () g
0y .\ Ox ox Oy Oy
[Tpu nuddepenuupoBanun @Qp Mo y Mbl YUaH, YTO H 2 3a-

BHCHT OT y. [Iloam3ysick ToxpecTBoM (8.72), MBI MOxkeM

oF 5}
paBeHcTBO (8.74) nepenucaTb B BHIE == ——aQ—‘F. Orcio A
Y 2

y
\ l5]
F(x, y) = F (%, yo) exp S'a_Q;_ dy.

Yo

CnenoBartesibHo, F(X,y) paBHO HyJAI0 NMPH BCeX paccMmar-
pPUBAeMBIX Y, NUCKOJbKY OHO PaBHO HYJIO NPH Y=1Y,, YTO
H TpeSOBaNOCh N0KA3aTh.

leomerpuuecku pewenue ypaBHeHus [Idadda B neproit
er0 TPaKTOBKEe 03HAYaeT NOCTPOEHHE KPHBEIX, OPTOTOHAMIb-
HBIX 33JaHHOMY TIOJNI0 HanpaBjaeHHfl B NPOCTPaHCTBE
(8 kaxpgofi Touke (x,Y,2), HanpaBJeHHE 3aJA€TCH BEKTO-
pcm ¢ upoekuusmu P, , R). Ilpu BTOpo# TpakTOBKe
CTPOATCH IOBEPXHOCTH, OPTOTOHAJbHBEIE TOMY Ke IOJI0
(unu, 4TO TO Xe, HMeIOIHE B KaXKJOH TOUKEe NMPOCTPAHCTBA
3aJlaHliyI0 KacaTelbHYyI0 NJIOCKOCTD).

3AJAY A

n

1. Pacemorpure ypasuenne Ildadoda E ap (x) dep =0 B n-Mep-
k=1

HOM INpOCTPAHCTBE IIPH COOTBETCTBYIOUIUX NPEANOJOKEHHAX O K03(du-

uueHTaX. CKOJIEKO TPaxTOBOK JOMyCKaeT Takoe ypaBHeHHe? Pasbepute

HauGonee MOAPOGH) Ty TPAKTOBKY, B KOTODOH «HHTEIPaJbHBIMH MHO-

roo6pasusiMu» CyHlaloTCc (n—1)-MepHble  TOBEPXHOCTH; TpPH 3TOM
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ypaBHenHe Iesecoo6pasro mnepemucatbh B (opMe CHCTEMH  (4=Xn):
ou
Oxp

=bk(x1, eve 3y Xnaly u), k"—"l,... » n——l.

2 VYpabHeHus H cHcTeMH ypasuenni Ildadda pacemarpusaror
TaxKXKe B BHIC YPABHEHUL C MHOCOMEPHLIM BPCMEHEM

m
dXi:—‘Za[/'(tl,...,tm, Xl,...,x,,)dt,, i=l,...,n.

j=1
Hamumnre ananoruunnle (873) ycaosus cO8MECTHOCTI TAKOH CHCTEMHI,
06ecneyHBAOLiHe CYLUIeCTBOBAHHE M EeAHHCTBEHHOCTb  PELIEMHMst  IIpH
HaYyaAbHLIX YCAOBHAX X; (z‘?, ey tfn) =x?, i=1, .., n. Yxaxure, B ya-
CTHOCTH, BHA 3THX YCHAOBHH H oO6luero .peuieHHss AAs JHHEHHOH aBTO-

m .

HOMHOH cHcTeMunl dx = EA,xdt,, rie x — Bektop, a A, — mnocrosu-
j=1

Hble XBajpaTHble MaTpuilkl PaccMoTpuTe HHEHHEIE aBTOHOMHBIE CHCTE-

ME npH n=3, m=2 # yxamure Bce 4 epyboix (COXPaHSIOWIHX OCHOB-

Hble CBOMCTBAZ NPH MaJoM H3MEHEHHH KO3Gb(HUHEHTOB) THINA OCOGHIX

TOYEK B HayaJe KOOPJAHHAT.
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Tupax 14 700 3k3 3axkas 192
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