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0 
OKA TEOPEMLI - TeopeM&I o KJiaccn11. rrpo6JieMax 

TeOpHH «f>yHKIJ;HH MHOfllX KOMIIJieKCHbIX rrepeMeHHbIX, BIIep
Bhle llOKaaaHHhle R. 0Ka B 1930-50 (cM. [1]). 

1) Q. T. o Kyaena npo6J1e.Max: rrepnaa: rrpo6JieMa RyaeHa 
paapeIIIHMa B JII060H o6JiaCTH roJioMop«f>HOCTH B tn; 
BTopaa: rrpo6JieMa RyaeHa paapeIIIHMa B mo6oti: o6JiaCTH 
roJioMop«f>HocTH Dc.Cn, roMeoMop«f>noli D1 X ... X D m 
r.a;e nee o6JiacTH Dv c. C, KpoMe, B03MOJKHO, o.a;Hoii:, o.a;
HOCBH3Hbl. 

2) o. T. 0 Jle6U npo6J!e.Me: BCHKaH rrceB,D;OBhIIIYKJiaH pn
MaHOBa o6JiaCTb HBJIHeTCH o6JiaCTbIO roJioMop«fiHOCTH. 

IIepB0Ha11aJibHo aTa rnopeMa 6bIJia }J.oKaaaHa R. 0Ka 
,D;JIH paaMepHOCTH n= 2; B cJiy11ae rrpoH3BOJlbHOfI pa3Mep
HOCTH oaa .a;oKaaaaa R. 0Ka H .a;p. MaTeMaTHKaMH. 

3) 0 K a - B e i'1 JI R T e o p e 111 a: uycTb D - 06-
JiacTh B (n H KOMIIaKT Kc.fl COBIIa/laeT Co CBoefl 060-
JIO'llWH OTHOCHTeJibHO aJire6pbl 6 (D) Bcex roJioMop«f>HLIX 
B D !J>yHKIJ;HH; Tor)la AJIH J1106ou «f>yHKIJ;HH f, roJioMop«f>Hoft 
B OKpecTHOCTH K' II JII06oro E >O Haii.a;eTCH «f>yHKIJ;HH 
FE6 (D) TaKa11, 'ITO 

max If-FI< e. 
K 

(ha «f>ya}J.aMeHTaJihHaH Teope111a TeopHH roJioMop«fiHLTX 
npn6JIHJKeHHII IUHpOKO npnMeIUleTCH B KOMIIJleKCHOM H 
«f>yHKIJ;HOHaJibHOM aHaJIHSe. 

4) o. T. 0 K 0 r e p e HT H 0 c T n:: IIYCTb 6 - IIY'lOK 
roJJoMop«fiHhIX «f>yHKD;HM Ha KOMIIJICKCHOM MHOroo6paamr X; 
TOr)la J:(JIH JII06oro HaTypaJibHOro 'lHCJia p JII06oii JIOKaJibHO 

KoHe'IHO uopOiHAeHHLJii no1J;ny110K uy11Ka 6P =6 X ... X 6 
(p pa3) HBJIHeTCH KorepeHTHLTM anaJ1umu'lecnu.M ny'lnO.lt. 

::ho 011;Ha U3 OCHOBHbIX TeopeM T. H. Teop1rn 0Ka -
Haprnaa, K-paH cymecTBeHHo 1wrroJILaye1·cR rrpn )loKaaa
TeJibCTBe Kapma11a meope.M An B. 

Jlum.: f1] 0 Ka R., Sur Jes fonctions analiticjues plusieurs 
variables, Tokyo, 1961; [2] Xe p Ma H 11; e p JI., Bae11;eH11e B Tco
pmo WYHRIJHH HecROJihKHX ROMIIJICRCHhIX rrepeMeHHhIX, rrep. c aHl'JI., 
M., 1968; [3] r a II H H HI' P., p 0 cc H x., AnaJJHTHt{eCRHe WYHI<-
111111 MHOr11x ROMU.nei;cnhlx nepcMeHHhlx, rrep. c anrJ1., M., 1969. 

E. M. 'lup1m. 
ORAO:MJIEHHE IIPOCTP AHCTBA X B 6 u K o 111-

rr a KT H 0 Ill p a c III H p e H ll ll bX - JSOHe'lHOe CeMeii:
CTBO { u 1 • •.. ' u k} OTKphITbIX B x MHOJKeCTB TaKoe' 'ITO 
MHOlKeCTBO K"-U1U ... U Uk fornoMIIaKTHO 11: bX= 
= KU ii 1 U ... U Uk, r1w 0 k- aaH6oJibrnee oTKphIToe 
B bX MHOlR0CTBO, BblCeKaIO~ee Ha x MHOJKeCTBO Uj (X 
npeJ:(IIOlllaraeTCH BIIOJIHe perym1pHbIM). IloHHTlle o. rr. x B 
bX COBIIaJ:(aeT c IIOHHTHeM 6JIH30CTHOrO rrpOJ:(OJilRaeMoro 
oKail:MJieHHH IIpOCTpaHCTBa 6JIH30CTE; x (6JIH30CTb na x 
HHllYD;HpOBaHa pacIIInpeHHeM bX), «fiopMYJIHpyeMoM B 
6mrnoCTHhIX Tep111naax: KpoMe 61rno111naKTHOCTH K Tpc-
6yeTCH' 'lT06hI )lJIH JII06oii: OKpeCTHOCTH fiK ceMenCTBO 
{6K' u 1 • ••• ' u k} 6bIJIO paBHOMepHhIM IIOKphITl!eM IIpOCT
paHCTBa X. IIpocTo o Ka ii 111 JI ea n e 111 rrpocrpaHCTBa 
x Baa. ero OKaii:MJieHrre B 6HKOMIIaKTHOM pacmrrpeHHH 
CToyHa - qexa. Ha H3bIKe 0Kaii111Jieurri'1 «f>op111ynrrpyeTc11 
PHil TeopeM o paa111epaocT11: aapocroB 6rrKoMnaKTHbIX pac
IIIHpea11li TOIIOJior1111eCKllX ll 6JIH30CTHblX npOCTpaHCTB. 

Jlum.: [1] CM II'. p II OB 10. M., «MaTCM. CO.», 1966, T. 71, No 4, 
c. 454-82. B. B. <Peoop'iyn. 

ORAO:MJIEHHH METO).( - MeTo.a; pewemtH cucreMhl 
JIHHeiiahlx anre6parr11. ypanaemrii Ax= b c HCBhlpom,lleHHoii: 

l\IaTpHn;eii' 06pa1I1eHH1f MaTpHIJ;bI l'I BhI'lHCJI0BJ11f OIIpe11e
JIHTeJIH, OCHOBaHHhlll Ha peKyppeHTHOM rrepexo.a;e OT pe
IIIeHHH aa1J;a1111 c 111arprrn;eii: 

II 
a1 1 

Ak-1= · · · 
ak-1, 1 

al. k-1 II 
ak-1, k-1 I 

K peureHnIO aaJ:(a'lH c 111arp11n;eii: A k• paccMarprrnaeMoii: 
KaK peayJihTaT oKaii.MJieHHH A k - i • 

BM11I1cJIHTeJibHaH cxe111a O. 111. AJIH o6parn;eHHH MaTpHn; 
TaKona. Ilycrh Ak-l - HeBhlpoJKAeHHaH 111arp11n;a. ,I:(JIH 
o6parn;eHHH MaTpHIJ;LI A k HcrroJILayeTCH rrpeµ;cTaBJiearre 

Ak =II :/-1 ::k \\. (1) 

r.a;e 

Uk=(a1, k• a2, k• ... ,ak+l, k)T, vk=(a1i,1,ak, 2• .•• , ak, k-1)· 

TorJ:(a 

A-1 
k = (2) 

IIocJieri;onaTeJibHOe 06parn;eH11e MaTpHn; A 1 , A 2 , ••• , An 
rr9 aToti cxe111e J:(aeT MaTpnn;y A - 1 • 

OnrrcaHHaH cxeMa O. 111. rrprrro.a;aa JIHmh J:(JIH 111arp11n; 
c OTJIH'lHhIMH OT HYJIH rJiaBHbIMH 111rre:opa111H. B o6~eM cJiy-
11ae cneri;yeT rrpHHHTh cxe111y O. 111. c Bh16opo111 rnaBHoro 
aJieMcHra. B aToii: cxeMe B KatJeCTne 0Kaii111:n:a:10n(HX CTpo-

KH H CTOJI6n;a 6epyTCH Te, J:(JIH K-pbIX ak= akk-vkA k~lul< 
6yneT MaKCHMaJibHblM IIO MOJlYJIIO. Torri;a Bbl'lllCJiee:e:aH 
111aTprrn;a 6y.a;er oTJIH'laTLCH OT A - 1 JIHIIIh rrepecTaHOBKOn 
crpoK 11 cToJI61wn I 1). 

Ilo 6LICTpori;eiicTBlfIO o. M. He ycrynaeT CaMhIM 6hICTpo
Aeii:cTBYI0III.HM Jf3 rrpHlllb!X M0TOll:OB o6paUfeUUS/, .MampU!fbZ. 

o. M. II03BOJIReT alf>«f>eKTHBHO o6parn;aTb TpeyroJibHhle 
MaTpllD;hI· Ecmr A k- 1 - rrpaBaH TpeyroJibHaH 111aTp11n;a, 
TO B (1) 

_ Ak!_luk ~ 
akk . 
1 

akk 
0 

06'heM BbJqrrcJieHHH B 3TOM cJiy11ae yMeHbmaeTCH B 6 paa. 
Oco6eHHo alf>lf>eKTHBeH O. M. rrprr o6pam.eHHH apMHTOBbIX 

IIOJIOlRHTeJlbHO onpe)leJieHHhIX 111arp11:n;. ,I:(JIH 3TllX MaTprrn; 
He HylRHO nprrMeHHTh cxeMy Bhl6opa rnanaoro aJieMeHTa. 
Rpo111e Toro, OHH MoryT 6hITb aa)laHhI JIHIIIh noJionrre:o:ii 
cnoux aJie111eaToB. BbI11HCJIHTeJILHaH cxe111a B aTOM CJiy
qae ynpo~aerca:: 

-1 pkpk - pk 
Ak-1+--

ak 
pk 

A-1 k ~ 

ak ak 

Pk=A"ii!. 1uk, ak=akk-ukPk. 



11 OKARMJIEHUR METO.ll 12 

BhPmcm1TeJihHaH cxeMa O. M. )lJIH pememrn cRcTeMhl 
COCTORT B CJieJJ;yIOIIl,eM. IIycTh b<kp>=(alp• llzp, •.. , llkp)T, 
k=1, 2, ... , n; b<n, n+l>=-b. Ec.71111 Ak-1- HeRhl
pom)leHHMI MaTpHna H x<k- l, p> - perncmrn CHCTCMhl 
Ak_,x<k- 1, p>+b1k-l, Pl=O, TO pememrn x<kpi c111CTeMhl 

A kx!kp>+ blkp>= 0 HaXOJUITCJJ 1113 npeJJ;CTaBJiemrn 

; b<kp>= ' A = r,JAk-1 b<k-1.k>[i ijb(k-1.p)[' 

" [I vk akk I' I llfcp I 
(3) 

ll ll3 (2) CJie)lyIOIIl,HAI o6pa3oM: 

x<k,, p> =II Ao,;-~1 o \\\\ b(k-1, p> [i+ 
Q 1 I llkp ti 

1 :1x<k-l.k>vkx(k-l.p) -x<k-1,k>bkll-

+a;;:I -vkx<k-I.p>+bk -

-l'1x1k-I.p>illl_ 'kx<k-I,p)_bk 11x<k-1, k>ll (4) 
-I 0 akk_v1/k-l, p> I 1 , · 

TaKnM o6pa3oM, no perneHHJJM x<k-l, P>n x1k-l, k> cncTeM 

c onnoii n Tofr me MaTplilneii: A k _ 1 Iii pa3HhIMH npaBhlMH 'la
CTJJMH JierKo noJiy'IHTb perneHne CllCTeMbl c OKaii:MJieHHOII 
MaTpnnei'1 A k· Pememrn ncxonHofr cncTeMhI: x 1n, n + 1>. 
0Ho MomeT 6b!Th rroJiy'leHo peKyppeHTHhIM npnMeHeHneM'. 
COOTHOIIIeHHJJ ( 4). 8To CBO)lllTCJJ K IIOCJie)lOBaTeJibHOMY 
Bhl'llilCJieHHIO COBOKynHOCTH BeKTOpOB xlkp)' k= 1, 2, 
. • . , n, p>k, TO eCTb 

x(l2), x03 >, 
x<2a>, 

x<ln) 
' x<2n>, 

... , ... , 

x<l, n+ 1), 

x<2, n+l), 

x<n-1, n>, x<n-1, n+l),, 
x<n.n+I>. 

Ilo o6'beMy BhI'IHC.7IlilTeJibHoi'1 pa6oThl npnBe)leHHaJJ cxe
Ma 0. M. paBHOCllJlbHa I' aycca Memoay' O)lHOMY ll3 caMhlX 
6blCTpOJJ;eiicrnyroni;nx npHMblX MeTO):(OB perneHJrn CllCTeM. 

0. M. 1103BOJIJJeT pernaTh CJllCTeMhl nOBhlllleHHoro nopm:i;
Ka 3a C'leT aqJ1peKTllBHOro llCI10.7Ib30BaHHJJ naMJJTll 3BM. 
8To o6ycJIOBJieHO TeM, 'ITO )lJIJJ Bhl'lllCJieHIIJJ BeKTOpOB 
x<k, P>, p>k, Tpe6yeTCJJ 3anoMnHaHne TOJibKO BeKTOpOB 
xlk-l,p>, p>(k-1), n KoaiPiPnnneHTOB k-ro ypasHeHHJJ 

CllCTeMhI, T. e. MaCCJilBa 'lHCe.71 ):(JillHbl f(k)=k(n-k+1)+ 
+ (n+1). IIoaTOMY )lJIJJ pemeHnJJ cncTeMhl n-ro rropH)l;Ka 
):(OCTaTO'IHO HMeTh pa6o'!ee noJie )lJillHbI (n+1) (n+5)/4,,,, 
""(n/2)2 • IIpn aTOM aJieMeHThl MaTpHIJ;hI n rrpasoii 'laCTII 
MOll\HO BBO)lHTb B IIaMRTb 8BM He cpa3y, a IIOC.710)lOBa
T0.7IblIO - IIO CTpoKaM. 

O. M. 1J,eJiecoo6pa3Ho ncrroJib30BaTb rrpH pemeHnn 
cncTeMhl, )lJIJJ K-poii yme paHee pemeHa yce'leHHall'. cncTe
Ma. Torii,a cooTHomerrne (4) cpa3y naeT ncKoMoe perneHne. 

Om1caHHaJJ cxeMa O. M. MomeT 6hITb ncnoJib3osaHa )lJIJJ 
BhI'IHCJieHnJJ onpe)leJinTeJIJJ. Jf3 npencTaBJieHnJJ (1) cJienyeT, 
'ITO 

I Ak I= I akk-vkAi}1uk 11 Ak-1 l· 
PeKyppeHTHoe rrpnMeHerrne aToro cooTHoIIIeHHH naeT IA I. 

TaK me, KaK 11 o6panJ,eHne MaTpHIJ;hl, pememrn cncTeMhl 
II Bhl'll1CJI0HHe orrpeJJ;eJIHTeJIJJ no 0. M. R03MOmHo JlllIIIb 
)l,JIJJ MaTpnn c HeHyJieRhIMII rJiaBHhlMII MnHopaMliI. B o6IIJ,eM 
cJiy'lae 3)leCb Ta1rn~e Heo6XO)lllMO ncnoJib30BaTb CXeMy 
Bb16opa rJiaBKOro aJieMCHTa. 

Jlum.: [1) Bo c no 1111 H B. B., l:J11cJJeHHbIC M0T0Abl attreopbI, 
M., 1966; [2) (D a II II e c B ,r:i:. R., (D a A 11 e c n a B. H., BbJqllCJIH
T0JibHb!C MeTOl\bI JIHHeilHoii aJ1re6pbI, 2 H3Jl., M.-:r., 1963. 

• I'. JI.. HUM. 

OKATblBAHME - cM. CuM.J.iempuaalfusi. 
OKEAHOJIOrMH MATEMATM'IECKHE 3A.IJ;A 'Ill -

MaTe~IaTil'IeCKHC 3a)la'III H ofi.'laCTll lfJII3HKII, XIIMHJ1, reo
JIOfl!II II 6noJiornH OKeaHa. J3 il>H3IIKe OKeaHa 3TO npeiK):(C 
ncero 3aJJ;a'ln reoil>II3II'l. rnnpoJJ,nHaMHKH (onpeJJ;eJIJJeMoii 

KaK rn)lpOJJ;HHaMIIKa npnpO)lHhlX Te'leHJIR BparnarornIIXCH 
6a poKJIHHHhIX crpaTniPnn11 ponarrrrhlX mIIJJ;Kocreii). B pa
rnemrn 3eMJI111, cyrneCTReHHo BJI!ilJJIOIIJ,ee Ha KpynHoMacrn
Ta6Hhle TeqeHJllH (rJio6aJibHhlX II CIIHOnTII'J. MaCII1Ta60R)' 
ll CTpaTnil>nKannH, T. e. II3MeHeHIIe nJIOTHOCTII cpe):(bl 110 
HanpaRJI0HIIIO CIIJihl THmeCTl! (sepTHKaJIII)' C03)'.(aIOT cne
nHil>nq. aHII30TpOnIIIO JIH):(IIBHJJ;yaJib!IbIX rHJJ;pOJJ;HHaMII'l. 
noJieM B OKeaHe RJIH nx CTaTIICTIIq, xapaKTepHCTllK, K-pyro 
Heo6xop,IIMO yqIIThlRaTb, Hanp., npII Bbl6ope 6a3IICHhlX qiyH
KnIIii )lJIH onIIcaHHH 3TIIX noJieii no M0TOAY raJiepKIIHa, npR 
o6~eKTHBHOM aHaJIH3e (nHTeprrOJIJJIJ;Hll, 3KCTpanoJIJJIJ,IIII, 
crJiamnBaHIIII) 3MnHpII'I. )laHHhlX 06 3TllX nOJIJJX ll Bh160-
pe CTaTHCTII'l. MO)l,eJien P,JIJJ BepTIIRaJibHO-HBO):(HOpOJJ;HhlX 
cJiyqaii:HhlX noJieM Typ6yJieHTHOCTJll ll BHyTpeHHHX BOJIII. 

AHaJI!ilTH'l. onncaHne co6CTBeHHhlX KoJie6aHIIii oKeaHa 
npn IIOMOIIl,ll JIHHea pII3IIpOBaHHhlX ypasHeHnii rnJJ;pop:n
HaMIIKII 3aTpYJJ,HJJ0TCJJ II3-3a HenpaRIIJibHOM qiopMbl ero 
rpaHnn - ):(Ha ll 6eperoB, 'ITO )leJiaeT HeB03MOmHhlM HC
nOJib30RaHHe pemeHnii c pa3):(0JIJJIOIIJ,llMllCJJ nepeMeHHblMII. 
IIoaToMy B Teopnn npIIJIIIBOB, B K-po~i cyrnecTReHHa Boa
MomHOCTb pe30HaHCHhlX peaKnnii OKeaHa Ha npHJIIIR006pa-
3yro11i;ne CHJihl, IIMeIOTCJJ aHaJIIITIIq. paC'l0Thl JlIIlllb ):(JIJJ 
MO):(eJibHblX OKeaHOR rrpaBIIJlbHOii qiopMhl (Hanp.' orpaHII
'leHHb!X OTpe3KaMII MepnJJ,naHoB n rrapaJIJieJieii). B peaJIJ,
Hoil: me reoMeTpnn nocJie)l,OBaTeJibHhle (no3pacTarornIIe) co6-
CTReHHhle 'laCTOThl p;oJimHhl onpe)l,eJIJJTbCH KaK 3KCTpeMyMhl 
KRaJJ,paTH'lHblX llHTerpaJibHhlX qiyHKnHOHaJIOB, po)lCTReH
HhIX aHeprnn, Ha aKCTpeMaJIJJX, noJJ;6IIpaeMhlX no MeTo)l,y 
raJiepKnHa; TaKOM no)lXO)l nOJIHOCTbIO erne He peaJIII30BaH • 
B TeOpIIll npn.7IHROR 3aMBTHa He TOJlbKO JlIIHeiiHaJJ' HO H 
HeJIJrneiIHaJJ peaKnIIJJ oKearra Ha npnmrnoo6pa3yIOIIl,IIe CII
Jihl, K-paH MomeT 6b1Tb onIIcaHa npn npeJJ;CTaRJieHIIII Bhl
COThl npIIJIHBa B BII)l,e il>YHKIJ;HOHaJibHOrO CTeneHHoro pH)la 
no npIIJIHBOo6pa3yIOIIJ,llM CHJiaM; il>YHKnIIOIIaJibIIhle KoaiP
il>IInIIeHThl TaKoro pH)l,a onHChlBaIOT CBOMCTRa OKeaHa KaK 
pe3oHaHCIIOM CIICTeMhl. 

,[(JIJJ oReaHa cnenIIil>II'IHO HaJIII'lne cpe)ln pemeHn:ii: ypaR
HeHRH rII)l,pOJJ;l!HaMIIKll HeCKOJlbKIIX KJiaCCOB BOJIH-aKyc
Tll'leCKIIX, nosepXHOCTHhlX (KaIIIIJIJIJJpHblX II rpaBIITannoH
HhlX)' RHyTpeHIIllX rpaBHTanHOHHblX, IIHepnIIOHHhIX (BKJIJO
qaH 6apoTpOIIHhJe II 6apoKJIIIHHhie BOJIHhl Poc6n -
EJinHosoii:, 06pa3yromRecH RCJieJJ;CTRIIe H3MeHeHnH c nrn
poToii BeprrmaJibHOH npoeKIJ;l!II yrJIOROH CKOpOCTll Bpa
JIJ,eHHJJ 3eMJin) II, HaKoHen, rn:)lpoMarHHTHhlX, R031IIIKaIO
IIl,HX npII ARHmeHHHX aJieKTporrpoRO):(HOM i!\H):(KOCTH (co
JieHOM MOpCKOH ROJJ,hl) B reoMarHHTHOM noJie. IlocrpoeHIIe 
OTJJ;eJibHblX KJiaCCOB BOJIHOBhlX peIIIeHIIH (II ):(HHaMII'l. ypaR
H0Hllll )lJIJJ HHX) ocyJIJ,0CTBJIJJ0TCJJ npH noMOIIJ,H acHMnTO
TH'l. MeTO):(OR HeJinHeHHOH MeXaHIIKH, po)l,CTReHHhlX Me
TO)lY Barr JJ;ep IloJIJJ, B RII)le acnMnTOTH'l. pH)lOB no CTe-
110HHM MaJihlX napaMeTpOB, CTOJJIIJ,IIX npn «JIIIIIIHHX» npo
II3BO):(HhlX no BpeMeHII. IlpIIMepoM cJiymIIT T. H. KBa3nreo
CTpoiPIIq. pa3JIOmeHne, OTil>nJibTpOBhIBaIOu~ee lI3 'IIICJia 
pemeHnii ypaBHeHnii rnJJ;pO)lIIHaMHKII 6blCTpbJe BOJIHhl Ii 

Rhl)J;0.7IHIOIIJ,ee KJiacc ROJIH Poc6n-EJIIIHOBOM. 
BOJIHhl B OKeaHe, KaK rrpaBHJIO, HeJinHeTIHhl. ,[(JIJJ )lJIHH

HhlX HeJinHeMHhIX BOJIH, nonepXHOCTHhlX II RHyTpeHHHX, 
ynaercJJ BhlReCTII ypanHeHne Roprenera-ne <I>p11ca 11 nc
noJib30BaTb ero COJIIITOHHhle ll nepHO)l,II'l0CKJie (KHOII)laJib
Hbie) peIIIeHllJJ. ,[(JIJJ KOpOTKllX ROJIH CKOJ!bKO-HII6y)lh o6IIJ,IIX 
MeTO)l,OB Haxom):(eHHJJ COJillTOHHhlX H nepRO):(H'l. peIIIeHHH 
erne He IIOCTpoeHo, ll cyIIJ,eCTRyIOT Jllllllb OT)l0.7IbHhl0 npHMe
phl (KannJIJIJJpHhle ROJIHhl CJie3KHHa- Rpannepa, rpaRHTa
nHoHHble BOJIHhl repCTHepa ll CTOKCa, 6apoTp6nHhie ll 6a
poKJIIIHHhie coJIJITOHhI Poc6II). HenocTaTO'IHO pa3RIIThl 
H CTaTHCTll'l. Teopm1 HeJIIIHeIIHhlX ROJIHOBhlX noJieii' oco-
6eHHO aRTYaJibHble )lJIJJ omrnaHIIJJ nosepXHOCTHhlX ll BHy
TpeHBllX rpaBHTall,IIOHHhlX ROJIH ()lJIJJ BHyTpeHHl!X ROJIH -
c reHepaIJ,nei'I l!MJI. TypfiyJieHTHhlX nJJTeH II pacJIJihlRaHIIeM 

nocJiep:HHX B CJIOII BepnrnaJibIIOii MJ!RpOCTpyKTypbl) H 
soJIH Poc6II (c aRoJironueii RRa3II)lBy~rnpHoii ryp6yJieHT
HOCTH B HeJinHeil:Hoe ROJIHOROe IIOJie). 
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0)1,Holi Jil3 aamaelinmx npo6JieM rIIAPOAHHaMllRll oReana 

f!BJIHeTCH MaTeMaTll'l. MO)leJillpOBaHlle ero UllPRYJIHIJ,llll 
(B Hall60Jiee o6meu IIOCTaHOBRe - B ero B3allMO)l0HCTBllll 
c aTMociJ>epoli qepe3 T. H. BepXHJilH nepeMelllaHHblH CJIOH 
OReaHa ll IIorpaHH'lHblH CJIOH aTMociJ>epbl\, npll'leM BCJieA
CTBHe 6oJiblllOH IllHpllHbl CIIeRTpa MaCillTa6oa rrpOCTpaHCT
BeHHblX H00)J;HOp0,ll,HOCTeII (OT MHJIJillMeTpOB AO 10• RHJIO
MeTpoa) MO)leJIHpyeMaH CllCTeMa 3)1;0Cb HMeeT orpoMHOe 
'lllCJIO CTeneneu CB060)lbl (npll MllJIJillM0Tp0BblX :meMeHTap
HblX o6'heMax nopHARa 1028), ll neH36enrno B03HllRaeT 
neo6xo)l,llMOCTh llX arrpern:poaaHHH, Harrp. MeTOJIOM napa
MeTpll3a1~1u1 MeJIRoMaCillTa6HblX npoueccoa. 

II pH annpoRCllMau,1rn ROHTHHyaJibHblX rIIAPOJl.IIHaMH'l. 
ypaBHeHllH pa3HOCTHblMH B03HllRaIOT Bonpocw 0 IlOPHARe 
arrnpoRCllMaUJillf, CXO)J;llMOCTll Il yCTOH'lllBOCTll pa3HOCTHOii: 
cxeMhI. B coapeMeHHhIX T. n. BllXpepa3pelllaI01UllX Mo11:e
JIHX I~llpRyJl1IUllH 01rnaHa llCilOJir.3yIOTCH npoCTpaHCTBeH
Hble ceTRll c ropll30HTaJibHbIMll maraMll IlOPHAKa HeMHO
fllX 11:ecHTROB KllJIOMeTpoa. RoHRypHpyro11~11MH MoryT 6blTh 
cxeMbl' HCITOJib3YIOlllll0 CII0K'I'paJibHble (B TOM 'lllCJie raJiep
RllHCKHe) pa3JI01R0HllH npocTpaHCTBeHHblX fllAPOAHHaMil'l. 
IlOJI0H. 

OCHOBHble 3a)l;a'lll MaTeMaTH'l. o6pa6oTRll )laHHblX ll3Me
peHlllI B rllAPOAllHaMHRe OReana )l,0JI.IITCH Ha 3a)l,a'lll 30H
AllPOBaHllH (iJ>yHRUllll OT rJiy6m1bl, HX pa3JI01R0HllH Ha MO
)lbl' cneRTpbl)' 6yRCllpOBRll (rop!i130HTaJibHbie ll rryocT
paHCTB0HHO-BpeMeHHbie cneRTpbl c )lOnJiepOBCRllMll aqicpeR
TaMll) ll IIOJIIfrOHHblX Il3MepeHllII (apeMeHHble p.H)lbl Ha 
TpexMepnoii CeTRe TO'leR, llX CIIeRTpbl ll B3alilMHble cneRT
pbl, o6'beRTHBHWiI anaJill3, c1rnxpoHHble rrpoCTpaHCTBeH
Hhie RapTllHbI, '10TWpexMepHblH aHaJlH3 BOJIHOBblX IIOJieiI). 

B aRycT11Re oReaHa paccMaTpHaaroTcH Tlllill'lHble 3a11:a
'lll pacnpocTpaneHirn BOJIH a cJioMCTblX cpenax; )lJIH aHa
JIHTil'l. OIIIICaHIIH BepTI!RaJibHOH CTpyKTypbl BOJIHOBblX IIO
Jien a PHAe cJiy'laea Hc110Jii,3yeTcH rrpI16JIHmeH11e BRB 
(cM. BK B-.MemoiJ). B onTirne oReaHa CII0Ullcp!i1'1. npou,ec
coM HBJIHeTCH MHoroRpaTHOe pacceHHlle CBeTa, AJIH Oillf
caHHH R-poro llCIIOJib3YIOTCH 'lllCJieHHble pemeHllH ypaBHe
HllH rrepenoca 113Jiy11eH11H, IIOJ1Y11a8Mble MeTo)laMII MonTe-
1\a pJio, II acllMIITOTil'lecRIIe aHaJIHTll'l. perneH11H. B XIIMllll 
oReana BaiRHOH MaTeMaTil'l. 3a)J;a'lei! HBJIHeTCH paC'leT 
ROHBeRTilBHOH )lllil>il>Y3Illl HeROHCepaaTilBHblX nprrMeceiI co 
crreunil>ll'l. IlCTO'lHllRaMH Il CTORaMll. 

B reoJIOfllll OReana B CBH3Il c pa3BllTlleM M06HJillCTCKOH 
reoTeRTOHllRll (T. H. TeRTOHllRil JillTOciJ>epHblX IIJillT) 
B03HIIRJill 3a)J;a'lll RllHeMaTil'l. pac'leTOB ABII1R0HHH meCT
RlIX IlJillT Ha IIOBepXHOCTII ciJ>epbl II :ll:X reneTH'l. o6'bHCHe
HIIH npn IIOMOJUII MaTeMaTil'l. MO)leJrnpoBaHHH npouecCOB 
IIJIOTHOCTHOH ROHB0KUllll B 30MHOir MaHTIIIl (B03HHRaIO
lll0iI BCJI0)lCTBlle nepeXO)l,a THiR0JiblX B0JU0CTB Jil3 MaHTilll B 
H)lpo). O)lHOH Jil3 BalRHblX 'laCTHblX 3a)la'l reoJIOflflf HBJIH
eTCH 611ocTpaTllrpaiJ>11H, T. e. paclI03HaBaHlfe B03paCTOB 
CJIOeB OCa)J;O'lHblX rropo)l no co,a;epmamHMCH B HIIX MllRpO
IIaJieOHTOJIOfll'l. accaM6JieHM rrpll IIOMOJUH rrporpaMM c ca
Moo6y'leHlleM (rroRa 'lTO B 6oJiblllllHCTBe pa6oT aTa aa)la'la 
pemaeTCH npll6JI111ReHHO 6e3 IICilOJib30BaHIIH 8BM). 

B ecbMa o6'heMHhre Bbl'lllCJIHTeJibHble 3a)laq11 oueHRII cTa

THCTH'l. xapaRTepllCTllK CllrHaJIOB, iJ>nJibTpaunll ruyMOB Il 
pacrro3naaaHHH o6pa3oB B03HHRaroT IIpn perttcTpauHn n 
o6pa6oTRe 11:aHHhIX MopcRoro MHoroRanaJibHoro aenpepblB
noro rJiy611nnoro cei\cMonpoiJ>HJinpoaaHnH ll a11.6poIIpocae
q11aaHllH mrnancRoro )l,Ha, npn•rnM B pH)le cJiy<rnea II IIpII 
nocTanoaRe 113Mepen11ii (npocTpancTaennble pacIIpe)l,eJie
HllH ll3Jiy11aTeJie:iI II upIIeMHllROB CllfHaJIOB)' Il IIpII IlX 
perttcTpaunH nepcneRTHBHbl roJiorpaiJ>1111. MeTOJihI, ttc
noJih3yron~He IIpeo6pa3osaH!rn <I>ypi,e. 

B 6HoJiorHll oReana B npo6JieMe ynpaaJieHHH 6I10Jior11q. 
npOAYRTllBHOCThIO oKeaHa aamHoe 3Ha'len11e IIp1rn6peTaeT 
MaTeMaTII'l. Mo11:eJI11poaaHtte CTPYRTYPhI n iJ>yHRunoanpo
BaHirn 31\0JJOfll'l. Cl!CTe~I 11, B 'IaCTHOCTH, )lHHaMHRH norry
JIHIVIiL IIp1nrnpoM cJ1y;m1T ;ia11aqa 06 :rnoJIIOU,IIll co ape
MeHeM t BepTIIRaJibHblX pacnpeJ].eJI0HllM q; (z, t) ROMIIOH0HT 

q; 3KOJIOrll'l. CHCT0Mbl (BRJIIO'laIOlllHX ROHIIffHTpaumr PHAa 
BllAOB il>HTO- Iii 300llJiaHRTOHa, RllCJIOpOJ].a, yrJieRIICJioro 
ra3a, iJ>occl>opHblX Iii a30THhIX coJiel1, TeMnepaTypy H coJie
HOCTb BOJ].bl, ocaemeHHOCTb iJ>oTOCHHTeTll'leCRll-aRTIIBHOii 

pa)llilaulileu)' OillilCblBaeMOH ypaaHeHIIHMll BHAa 

a aqi 
q;= Aiaqa +Biaflqa q11+az-K (z) az' 

r)le A ia, Biaf3 - 6HoJiorH'l. rr 611oiJ>11311q. napaMeTpbl; 
a.ri:ecb npe)J;CTaBJI.HIOT HHTepec RaR 'lHCJieHHble pemeHHJil 
aa)J;a'lH l\oulll c ROHRp0THblMJil Ha'laJibHblMll J].aHHb!Mll, TaK 
ll BblBOJ].bl Ra'leCTBeHHOH Teopnrr .ri:11iJ>iJ>epeHuHaJibHblX ypaB
HeHB:iI 0 IlOBeAeHlllil perneHHH B ueJIOM ll 06 HX 3aBllCIIMOCTll 
OT MMeIOIUlfXCH B ypaaHeHJilHX rrapaMeTpOB. 

Jlum.: [1] B110JJor1rn 011eaaa, T 1-2, M., 1977; [2] <1>11am1a 
OK0aHa, T. 1, M , 1978; [3] I'eo11J11a11Ka OKeaaa, T. 1-2, M., 1979; 
(4] XHMllH OKeaHa, T. 1-2, M , 1979, [5] I'eoJJOrHH OKeaaa, T. 1, 
M., 1979. A. C. Mo><u><. 

OKOJibI(OBAHHOE ITPOCTP AHCTBO - TonoJiornqe

cRoe rrpocTpaHCTBo X, cHa6meuaoe ny11KoM RoJieu 6x· 
IlY110K 6x Ha3. c T p y R T y p H bl M II y q R 0 M o. II. 
(X, 6x). 06bl11Ho npe1woJiaraeTcH, 'lTo 6x ecTh IIy'loR 
accouRaTl!:BHb!X Il ROMMyTaTJilBHblX ROJieu c 0AllHllU0il. 
M op tf> Iii a Mo M o. n. (X, 6x) B O. n. (Y, {jy) Ha3. 

IIapa (/, /#), f)].e f : X-+Y :_ HeIIpepblBHOe OT06pameHirn 

rr /#: !*6v-+6x - roMoMopiJ>!i13M IIY'IROB ROJieu HaA Y, 
nepeBO)lHJUHH 0)].JilHJilUbl CJIOeB B 0)l;IlHllUbl. o. II. H !IX 
MopcpH3Mbl COCTaBJIHIOT RaTerOpllIO. 3aAaHne roMOMOp

iJ>n3Ma f# paBHOCHJibHO 3a)].aHlfIO rOMOMopiJ>rr3Ma 

f#:6v-+f*6x, 
nepeBOAHmero 0AHHHUbl B e)J;HHHUbl· 

0ROJibUOBaHHOe IIpOCTpaHCTBO (X' 6x) Ha3. JI O
R a JI b H 0 0 R 0 JI b u: 0 B a H H bl M, eCJill 6x - ny'lOR 

JioRaJibHblX RoJieu,. B oIIpe)leJieH!fH MopiJ>H3Ma (/, f#) 
JIORaJibHO o. n. (X' 6x)-->-(Y, 6v) AOIIOJIHllTeJibHO 
npe11:noJiaraeTcH, 'ITO J].JIH Jiro6oro xE X roMOMopcp1raM 

1: :6Y,f<x>-+ 6x,x 

HBJIHeTCH JIORaJibHblM. JloRaJibHO 0. II. COCTaBJIHIOT no.ri:
RaTeroprrro B RaTeropnlil acex O. n. ,[(pyryro aa11rnyro no.ri:
KaTerop11ro COCTaBJIHIOT o. II, Ha)]. (iJ>llRCHpoaaHHblM) noJieM 
k, To eCTh O. n. (X, 6x), r11:e 0x - ny'loR ame6p Ha)]. 
k, a MopiJ>11aMb1 corJiacoaaHbl co cTpyRTypoii aJire6p. 

II pH Me p bl o. n. 1) l\am)l,OMY TOUOJIOrH'l. npocTpaH
CTBY X cooTaeTcTayeT O. rr. (X, Cx), r,ll,e Cx- nytJoR 
poCTROB HeIIpepblBHblX iJ>yHKil,HH Ha x. 

2) Ram.ri:oMy Jl.HiJ>cpepenuHpyeMoMy MHoroo6pa3HIO 
(naIIp., RJiacca C"") X cooTaeTcTayeT O. n. (X, D x), r,ll,e 
D x- ny110K poCTROB iJ>yHRUllH RJiacca C"" aa X; II pH 
3TOM RaTeroprrR AliliJ>iJ>epeHIJ,HpyeMbIX MHoroo6pa3llH BRJia
AblBaeTCH B KaTeropHIO o. n. HaA IR B Ra'leCTBe IIOJIHOH 
no11:RaTerop11n. 

3) A na.11umu'leCKUe .M1toeoo6paaua II ana.11umu'lecKue 
npocmpancmsa Ha)]. noJieM k cocTaBJIHIOT noJinble nop;Ra
Teroplll3 a KaTeropHH O. rr. naA k. 

4) Cxe.Mbi COCTaBJIHIOT IlOJIHyIO IIOJ].RaTeropHIO B RaTe
ropHH JIORaJibHO o. n. 

Jlum.: [1] ID a ill ape a 11 q IL P., OcaoBbl aJJre6paH'l0C!Wlt 
reoMeTp1111, M., 1972; [2] X a p Tc x op H P., AJJreopanqecKaa 
reoMeTplla, nep. c aarn., M., 1981. A. JI. 0><UUfU><. 

OKPECTHOCTb T o 11 R ll x (n o JI M H o m e c T a a 
A) TOIIOJIOflil'lecKoro npocTpaHCTBa - JII06oe OTKpblTOe 
IIOAMH01R0CTBO 3Toro rrpoCTpaHCTBa, COJ].epmamee TO'lRY 
x (MHomecTBO A). HnorAa IIOA 0. TO'lK!il x (MHomeCTBa A) 
IIOHllMaeTC.II JII06oe TaRoe Il0AMH01R0CTBO TOIIOJIOfH'l. 
npocTpaHCTBa, R-poe cop;epm11T TO'lRY x (MnomecTaa A) 
B CBoe:iI BByTpeHHOCTll. B. A. IIacb!'H->tOB. 

OKPYr JIEHHE 'l II c JI a - npH6Jirrmennoe rrpe,ll,
CTilBJieHHe 'llICJia B HeR-poii CHCTeMe c•rncJieHHH c IlOMOl1\bIO 

IWHe'lHoro KOJllf'lCCTBa l\IIiJ>p. Heo6XO)J;llMOCTb o. AlilRTY
eTCH IlOTpe6HOCTHMll Bbl'lHCJieHrrii, B K-pblX, RaR npaBllJIO, 
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OIWH'IaTeJibHbIH peayJihTaT Be MOll\eT 6h!Tb noJiy'leH a6-
COJIIOTHO TO'lHO H CJie11:yeT 11a6eraTh 6ecnoJie3HOI'O Bh!IlHCbl
BaBHH mrnrnnx u;mpp, orpaH11'l11BaH see q11cJia JI11lllh 
HYmBb!M KOJI11'leCTBOM aHaKoB. 

Ilp11 0. 'lllCJia OHO aaMeHHeTCH ll:PYl'HM 'lllCJIOM (t-paa
PH/l:HhIM, T. e. 11Me10m11M t u;mpp), rrpe11:cTaBJIHIOiu;llM ero 
rrpn6JI11meHHo. BoaH11Ka10my10 rrp11 3TOM rrorpeumocTh 
Ha3. II 0 I' p e Ill H 0 c T h IO 0 K p y I' JI e H II H, llJill 
0 ru II 6 K 0 ii: 0 K p y I' JI e H H fl. 

Ilp11MeHHIOTCH paaJill'lHhle crrocouh! O. 'lllCJia. IlpocTeii
rn11ii: ll3 HllX COCTOllT B oT6pach!BaHllll MJiall:llillX paapH,UOB 
q11cJia, BblXO/l:Hmnx aa t paapH/l:OB. A6coJIIOTHaH rrorpelll
HOCTh o. rrp11 3TOM He rrpeBOCXOJ1:11T e11:11HHIJ;bl t-ro paa
PHll:a q:ncJia. Crroco6 o., o6bl'lHo rrp11MeHlleMblii B py'lHhIX 
Bhl'lllCJieHllHX, COCTOllT B o. 'lHCJia 11:0 6JI11maiilllero t-paa
Pllll:HOI'O 'lllCJia. A6coJIIOTHall ollln6Ka o. rrpn. 3TOM He rrpe
Bocxo11:11T rroJios11Hhl t-ro paapll11:a OKpyrJIHeMoro q11cJia. 
;iTOT crroco6 11:aeT MllHllMaJibHO B03MOll\HyIO Olll116Ky cpe11:n 
scex crroco6oB 0., n:crrOJihay10m11x t paapll,uos. 

Crroco6bl 0., peaJinayeMbl;e Ha Bbl'lllCJIHTeJihHOlI Malllll
He, orrpe11:eJilllOTCll ee uaaBa'leH11eM, TeXHHlJ. B03MOll\HOCTll
Mll H' KaK rrpaBllJIO, ycTyIIaIOT no TOlJHOCTll 0. 11:0 6JIH
maiilllero t-paapllJ1:Horo 'lHCJia. B 8BM Ha1160Jiee npn.H.11-
Thl 11:sa pem11Ma apmpMeTH'l. Bhl'lllCJieH11ii: T. H. pemnM c 
IIJiasa10meii 3aIIHTOH II pemnM c «PnKcn:poBaHHOH aan.HTOH. 
B pem11Me c rrJiaBaIDmeii aanHToii: peayJihTaT o. q11cJia 11Me
eT orrpe11:eJieHHoe KOJIH'leCTBo aHa'lamnx u;11.iPp; B pem11Me 
c «P11Kc11poBaHHOll aailllTOH - orrpe11:eJieHHoe KOJilllJeCTBO 
u;mpp rrocJie aarrHToii:. B nepBoM cJiylJae rrpn:H.HTo roso
p11Th 06 o. II: 0 t p a 3 p H II: 0 B, BO BTOpoM - 06 o. II: 0 
t p a 3 p ll II: 0 B I1 0 c JI e 3 a IT ll T 0 1'1. Ilp11 3TOM B 
nepBOM cJiyqae KOHTpoJI11pyeTCH OTHOCllTeJibHall norpelll
HOCTb o., BO BTOpOM - a6cOJIIOTHall rrorpellIHOCTb. 

B CB.ll3H c llCilOJib30BaHneM Bhl'lllCJillTeJibHb!X Malll11H 
pa3BHJillCh llCCJie11:osaH11.ll HaKonJieHllll OilJ1160K o. B 
60JiblliHX Bbl'lHCJieHHJlX. AHaJill3 HaKonJieH11.ll Olll1160K B 
'lllCJI0HHbIX MeTo/);aX n03BOJIHeT xapaKTepH30BaTb MeTO)lbl 
no 'lYBCTBHTeJibHOCTll HX K 0IlJ116KaM o.' CTpOHTh CTpaTe-
1'1111 peaJinaau;11n llX B Bhl'lHCJillTeJibHOll npaKTllKe, yq11-
TbIBaIOm;ne Olll116K11 0.' H Oll,eHllTb TO'lHOCTb OKOH'laTeJih
HOI'O pe3Y.JibTaTa. 

Jlum.: [1] R p 1>1 JI o B A. H., JleHI(HH o np116J111meHHhIX BbJ
'IBCJreHH.a:x, 5 H31J;., M.- JI., 1950; [2] Be p e 3 H H II. c., iR H n
R o B H. 11., MeTOAhI B1>1qHcJ1emdt, 3 H3A·, T. 1, M , 1966; [3] Ba x
B ~JI 0 B H. c., qHCJleHHhle MeTOAbI, 2 H3A., M., 1975; [4] B 0 e Bo-
A 11 H B. B., Bhl'IHCJIHTeJrbHhle ocHOBhl JrHHeil:Hoil: aJrre6pbI, M., 
1917. r. ;a,. Hu.M. 

OKP}'TJIEHH.H TQqKA - aJIJIHTITH'lecKa.H TO'lKa no
BepxHOCT11, B K-poii corrpnKacarom;niicH rrapa6oJIOHA BbJ
pom11:aeTCH B napa6oJIOH/I: Bpam;eHllll. B o. T. HopMaJihHble 
KpHBH3Hhl no BCeM HanpaBJieHHllM paBHbl, J{10ne11a UHOU

w:ampuca HBJIHeTC.ll oKpymHOCTbIO. o. T. llHOI'/);a Ha3. 
0 M-6 H JI H q e c K 0 ii: T 0 q R"O ii, Ill a p 0 B 0 II T 0 q
K 0 :ii:, HJIH K p y I' 0 B O ii T O q K O ii. lJ.. lI,. Cono.n:oe. 

OKPYW'.HOCTL - aaMKHyTall nJiocKa.H Kp11sa.H, see 
TO'lRH K-pon OJ1:HHaKOBO YAaJieHbl OT /);aHHOH TO'lKll (u; e HT
p a O.), Jiemam;eii B Toii me nJioCKOCT11, '!Ton Kp11BaH. O. 
c o6m;nM IJ,eHTpOM Ha3. K 0 H ll, e HT p II q e c K II M H. 
OTpeaoK R, coe/);nH.HIOIIJ,11ii: u;eHTp O. c KaKo:ii:-JI1160 ee 
TO'lKOH (a TaKme /);JinHa 3TOI'O 0Tpe3Ka), Ha3. p a A II y
e o M O. YpasHeH11e O. B np.HMoyroJihHbJX 11:eKapTOBhIX 
KOOPAHHaTax: 

(x-a)2+ (y-b)2=R2, 

I'/);e a II b - KOOPAH!IaThl u;eHTpa. 
IlpHMaH, rrpoXO/);HIIl;aH qepea /);Be TO'lKll o., Ha3. c e

K y me :ii:; oTpeaoK ee, Jiemam11ii: sHyTp11 0.,- x op
JJ. o ii. Xop/);hl, pasuooTCTO.HIIJ,He oT u;enTpa, pasubJ. Xop/);a, 
npoXOA.HmaH qepea u;eHTp O., uaa. ee 11: n a Me T p o M. 
,Il;naMeTp, rrepneH/);HKYJIHpBbIH K xop11:e, /);eJillT ee IIOilO
JiaM. 

Ram/);aH 113 11:syx qacTeii, ua K-pble ABe TO'lKll O. 11:e
JIHT ee, uaa. A y r o ii. 

y I'OJI'. o6pa3oBaHHhIH ll:BYMH pa)lnycaMll 0.' C00J1:l'IH.lll0'
Ill,HMIT ee ueHTp c KOHll,aMll ll:YI'H, Ha3. u e H T p a Jl h H bl M 
y I' JI 0 M, a COOTBeTCTByIOmaH Ayra - ll:YI'OH, Ha K-pyro 
oH ormpaeTcH. YroJI, o6paaosaHHblii ll:BYMH xop11:aM11 c 
06u~11M KOH!~OM, Ha3. B II II c a H H bl M y I' Jl 0 M. Bnrr
caHHhIH yroJI paBeH ITOJlOBHHe ueHTpaJibHOI'O yrJia, onn
pa10merocll Ha ll:YI'Y' aaKJIIO'leHHyIO Mem11:y KOHll,aMH BITll
caHHOI'O yr JI a • .D:JinHa oKpymHocTll C= 2nR, 11:JI11Ha )lyr11 

:rtRa 0 

l= 1800 =Ra, r11:ea0 - BeJI11q11Ha (B rpa11:ycax) cooTBeTcT-

sy10mero u;eHTpaJibHoro yrJia, a - ero pa11:11aHHaH Mepa. 
EcJI11 qepea KaKy10-m160 TO'lKY nJiocKoCTll rrpoBecT11 

K o. HeCKOJibKO ceKymnx, TO rrpoH3Be11:eHne paCCTOHHllii 
oT TO'lKll 11:0 o6en.x ToqeK rrepece'leH11ll KamAoii ceKymeii 
c o. ecTb IIOCTO.llHHoe 'll'ICJIO (ll:JlH /);aHHOH TO'lKll), B qacT
HOCTll, OHO paBHO KBa11:paTy ll:JlllHhl OTpeaKa KacaTeJibHOll 
K 0. 113 3TOH TO'lKll (cmenenb mo11.w:u). CoBoKynuocTb 
Bcex TO'leK IIJIOCKOCTll, OTHOCllTeJihHO K-pbIX /);aHHall TO'lKa 
11MeeT 011:11HaKosyIO cTerreHh, cocTaBJIHeT co!iawy O. CoBo
KYITHOCTh Bcex o6mnx o. ilBYX CBll30K, JielKaJUllX B O/);HOii: 
ITJlOCKOCTll, Ha3. ny11.w:OJtt o. 

qaCTh IIJIOCKOCTH, orpaH11'leHHaH o. II co11:epmam;a.H ee 
u;eHTp, Ha3. K p y I' 0 M. c e K T 0 p 0 M Baa. qacTb Kpy
ra, orpaH11'leHHall /);yroii: O. 11 pa11:nycaM11, rrpoBeAeHHhl
MH B KOHll,bl 3TOH ll:YI'H. c e I'M e HT 0 M Ha3. 'laCTb Kpy
ra' 3aKJIIO'leHHall Mell\ll:Y ll:YI'OH II ee xop11:01'1. 

IlJioma11:h Kpyra S=nR 2 , rrJiomaAh ceKTopa S1= 
ao 

=nR 2 3600 , I'/l:e a0 -rpa11:ycHaH Mepa COOTBeTCTByIOmero 
ao 

neHTpaJibHoro yrJia, rrJioIUaAh cerMeHTa S 2=nR23600 ± 
± s A, r11:e s a -ITJIOJUall:b TpeyroJibH11Ka c BepIII11HaM11 B 
ueHTpe Kpyra II B KOHIJ,aX pa11:11ycoB, orpaHH'lllBaIOmHX 
COOTBeTCTByIOm11ii: ceKTOp, aHaK «-» 6epeTCH, eCJill 
a0 <180°, 11 3HaK «+», ecJI11 a0 >180°. 

O. Ha 6blnyw:.1toi1 no6epxnocmu JIOKaJlhHO ITO'lTH 11aoMe
Tpll'lHa rpaH11u;e BhlnyKJIOH rrosepXHOCTll KOHyca (T e o
p e Ma 3 a JI r a JI JI e p a). O. B MHoroo6paa1111 orpa
H11'leHnoii Kp11Bll3Hbl MomeT HMeTh /);OCTaTO"'lHO CJIOJI\Hoe 
CTpoeu11e (T. e. MOI'YT cymecTBOBaTh yrJIOBble H KpaTHhle 
TO'lKll, 0. MOJI\eT COCTOHTh 113 HeCKOJlbKllX KOMnoHeHT H 
T. n.). TeM He Menee TO'lKll o. B MHOI'006pa3HHX orpaHn
lJeHHOJ'i Kpl!B113Hbl MOJI\HO ecTeCTBeHHO ynopH/l:O'lllTh, 
npespaTllB ee TeM caMbIM B ~llKJIH'l0CKH ynopH/l:O'leHHOe 
MHOJI\eCTBO (CM. ( 1)). 

06 O. B 6oJiee 06m11x npocTpaHcTBax - 6aHaxosMx, 
.iP11HCJiepoBbIX H T. n. CM. B CT. Crfjepa. 

Jlum.: [1] 3HJ.(HKJIOTie)UllI aJieMeHTapHoil: MaTCMaTHKH, KH. 4, 
M., 1963; [2] «Tp. MaTeM. HH-Ta AH CCCP», 1965, T. 76, c. 88-114. 

A. B. Hea><o•. 

OKTAHT - JII06aR H3 BOChMH o6JiacTeli, ua K-pbie npo
cTpaHcTso /);eJillTCH TpeMH B3a11MHO nepneHJ1:11KYJIHpHb!Mll 
KoopAHHaTHbIMH nJiocKoCTHMH. 

O:KTA3,!J;P - O/);HH 1'!3 llllTll TllilOB npaBllJibHblX MHOI'O
rpaHHllKOB. O. 11MeeT 8 rpaueil (TpeyroJibHhIX), 12 pe6ep, 
6 BepIIIllH (B Kall\/);OH BeplllnHe 
cXOAHTCll 4 pe6pa). EcJI!l a -
Amrna pe6pa O., To ero o6'heM 

a3 V2 
V=-3- ~ 0,4714a3 . 

BCB-3. 
OKTA3,!J;PA TIPOCTPAHCT-

80 - npoCTpaHCTBO, IIOJiyqaro
meecll 11a oKTaa11:pa npn 0Tom11:e
cTBJieu1111 rrpOTllBOIIOJIOJI\HbIX ero 
rpaueii - TpeyroJibH11KoB, rro
BepHyThIX 11:pyr OTHOCllTeJihHO)lpyra Ha yroJI :n:/3. 0. II. -
TpeXMepuoe MHOI'006paa11e, llBJl.HIOJU00CH IIpOCTpaHCTBOM 
op611T 11:eii.cTBHll 611uapHoii: rpynnw oKTa3Apa Ha TpexMep
HOH c«Pepe. 0Ho MomeT 6bITh oTolI\,ll;eCTBJieHo c n p o c T
p a H c T B 0 M K y 6 a, noJiy'laIOIIJ,HMCll aHaJIOI'H'lHbIM 
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06paam1. 0)lHOMepHa11 rpyrrrra BeTTH 0. rr. 11sn11eTc11 rpyrr
noii Tp0Tbero IIOPllAKa. M. H. BOUtfeXoscnuu. 

OMBllJHlqECKA.H TOqKA - To me, 'ITO o"Kpyutenun 
mo'l"Ka. 

«OMErA-KBA,l(PAT» PACIIPE,l(EJIEHBE - pac-
rrpe,1:1eJieHne eeponTHOCTeii cJiyqaiiHoii eeJIH'IHH&I 

co2 = ~ ~ Z2 (t) dt, 

rAe Z (t) - ycJIOBHbIH 11uHepoRc"Kui1 npolfecc. XapaKTepn
CTM'I. ljlyHKIJ,HH «0.-K.~ p. BbipamaeTCH ljlopMyJion 

Eeitw' =II"° (t-~)-l/2 
k= I :rt•k• • 

B MaTeMaTH'leCKoii cTaTHCTHKe «0.-R.» p. qacTo BCTpe
tiaeTc.11 D CD113ll co CJl0AYIOIIJ;llM o6CTOHT0JlbCTBOM. IlycTb 
x l • • • • ' x n- He3aBHCHMbie CJIY'laHBble BeJill.'IHHbI' paB
HOMepHo pacnpejl;eJieHHble Ha [O, 1)' IIO K-pbIM IIOCTpoc
Ha ljlyHKIJ,HH ;rnrrupH'I. pacrrpejl;eJieHHH. F n (. ). B 8TOM 
cnyqae rrpou;ecc 

Zn (t) =" Vii" eF n (t)- t) 

cna6o CXOAIITCH K YCJIOBHOMY BHHepoBCKOMY npou.eccy' 
OTKYA3 CJl0AY0T, 'ITO 

lim P { f I Z~ (t) dt < t..} = P {ro2 < /..} = 
n-+co J 0 

= 1--~ (-f)li-1 it e dt I.. > 0. 2 00 ~ 2k - t•'A./2 

:II -'" k= I (2k- l):rt "V -t sin t ' 

CM. TaKme Kpa.Mepa - Muaeca "Kpumepuu. 
Jlum.: [1) c M II'. pH 0 B H. B., «MaTeM. c6.», 1937, T. 2, c. 973-

993; [2) A n d e rs o n T. W., D a r I i n g D. A., «Ann. Math. 
Statist.», 1952, v. 23, p. 193-212. M. C. Huny..iun. 

OMErA-HEIIPOTDBOPEqllBOCTh - caoiicTao .pop
MaJibHbix apMljJMeTH'I. CllCTeM, 03H3'13IOII{ee H0B03MOl«HOCTb 
IIOJiyqeHHH OMera-rrpOTHBOpe'IHH. 0 M e r a - II p 0 T II B o
p e q H e M Ha3. TaKaH CHTY3llHll, Kor,1:1a )lJill H0K
poii ljlopMym.r A (x) p;oKasyeMa Kai«Aan ljlopMyJia ns 6ec
KoHeqHoii: rrocJiell;OBaTeJlbHOCTH ljlopMyJI A (rol), A er ft), 
•• ., A er n '>· ... H ljlopMyJia 1 V'xA (x), r11;e rol -
KOHCTaHTa ljlopMaJibHOH CllCTeMbI, o6osHa'laIOII{aH 'IIICJIO 0 
a KOHCTaHTbI r n I onpe11;eJI.11IOTCll peKypCHBHO qepes TepM 
ex)', o6QsHa'laIOw;nii: 'IHCJio, Henocpe11;cTseBHo cne11;yIOmee 
sax: rn+1'=(rnl)'. 

IIOHHTHe 0.-H. lIOllBHJIOCb B CBllSH C I'e8e.;r,n meope.MOU 
0 HenoJ£nome apuljJMeTHKll. llMeHHO B npejJ;lIOJIOiReHHH 
0.-ll. ljlopMaJibHOH apnljJMeTMKll I\. re11;eJih (K. Godel) 
AOK8SaJI ee HelIOJIHOTy. CBOHCTBO 0.-B. CllJlbHee CBOHCTBa 
npocroii HenpoTHBopetineocTH. II pocTa.11 Hen{!OTHBope
'IHBOCTb noJiy'IHTc11, ecnu BSHTb B Ra'leCTBe A ex) ipopMyJiy, 
He co11;epiRall{yIO x. Ms TeopeMbI re11;eJIH 0 HelIOJIHOTe 
BbITeKaeT cyw;eCTBOBaHne He11pOTHBOpe'IllBhlX, BO OMera
IIpOTllBOpeqHBbIX CHCTeM. 

Jlum.: [1) K JI H H II'. c. K., Bee11:eHHe B MeTaMaTeMaTHKy, rrep. 
c aHl'JI., M., 1957. B. H. I'pumun. 

OMErA-IIOJIHOTA - ceoii:cTao ljlopMaJibHhlx apMljJ
MeTH'I. CHCTeM, COCTOJIIIJ;ee B TOM, 'ITO jl;JIJI BCJIKOH ljlopMyJibl 
A ex) us BbIBOAHMocTn ljlopMyJI A to'), A (r11), ... 
... ,A (r n '>' . . . CJie11;yeT BhlBOjJ;HMOCTb ljlopMyJibI V' xA ( x)' 
r11;e r n '-KOHCTaHTa, o6osHa'laIOII{all HaTypaJibHOe 'lllCJIO 
n nJIH 0. B IIpoTMBHOM cnyqae Cl!!CTeMa Has. o Mer a
H e lI 0 JI H 0 ii:. K. re11;eJib B caoeii: TeopeMe 0 HelIOJIHOTe 
ljlopMaJibHOlI apnljJMeTMKH ljlaKTH'leCKH ycTaHOBllJI ee OMe
ra-HenOJIHOTY. EcJIH B Ka'leCTBe aKCHOM BSllTb MHOl«eCTBO 
BCeX lf>opMyJI, HCTHHHhlX B CTaHAapTHOH MOjJ;0JIH apnlf>Me
THKH, TO lIOJIY'IHTCll OMera-rroJIHaJI aKCHOMaTH'I. CHCTeMa. 
Hao6opoT, eo BCJIKOM oMera-noJIHoM pac11mpeam1 apu$
MeTMKH TieaHO BhlBOAHMa BCJIKaJI l!!CTHHHa.11 B CTaHAapT
HOH MO)leJrn lf>opMyna. 

Jlum.: [1) H JT e H H C. H., Bse11:eHee B MeTaMaTeMaTHKY, 
rrep. c aarn., M., 1957. B. H. I'pumu11.. 

OIIEP AH.I( n JI s hi K a x n p o r p a M ~1 n p o B a
H II JI - apry111eHT onepau.1rn; rpaMMaTH'I. KOHCTpyK!l,llJI, 
06oaHa'laIOil(aJ1 Bhlpame1rne, aaAa101uee aHatieHnc apry
MeHTa onepaunH; HHOrj);a o. Ha3. !110CTO, IIOSIIIJ;HJI B TeK
CTe, r)le AOJil«eH CTOHTb apryMeHT onepal(l!H. 0TCIOAa 
lIOHJITHe M e c T H 0 c T II, HJIII a p H 0 c T H, OIIepal(Hll, 
T. e. 'IHcJia apryMeHTOB onepannn. 

B saBHCHMOCTll OT IlOJIOll\0Hllll o. OTHOCHT0JibHO sHaKa 
onepan1rn pasJie:'laIOT rr p e tP HK c H bl e (Hanp., sin :r), 
H H 4> II Kc H bl e (Hanp., a+b) n II 0 c T cp II Kc H hie 
(Hanp., x2) o n e p a n 11. n. B saeHCHMOCTH OT 'IHCJia 0. 
paSJIH'laIOT 0 AH 0 M e c T H bl e (y H a p B bl c, HJIH M O
H a A II 'I e c K II e) 0 n e p a l{ II 111; A B y M e c T H bl c 
(6 n H a p H bl e, HJIH A n a n n 'I e c K n e) o n e p a
n H e:; M H 0 r 0 M e c T H hi e (HJIH lI 0 JI II a A H q e
c K H e) 0 lI e p a u; II H. 

B CBJISH c pasJIH'leHe:eM onepa&Aa-nosuu;m1 lI onepaH
µ;a KaK cpaKTll'10CKOf0 apryMeHTa BOSHHKaeT HOHH.Tne 
npHBeAeHnJI O. K BHAY, Tpe6yeM0111y onepauneii. Hanp., 
eCJill ne.ii:CTBHT0JlbHhlH apryMeHT HaXOAHTCJI B IIOSHIJ.HH 
I~eJioro o., npaBHJia JIShlKa MOryT IIO)J;paSYMeBaTb TOT 
HJIII l!Hoii cnoco6 oRpyrneHHJI 11;eii.CTBHT0JlbHOTO 'IHCJia 
J10 ll0j);XOJ1JllI{0TO IJ,eJIOfO. npyrnM DpHMepoM llpl!B0)J;0Hl!H 
llBJIJ10TCJI HSMeHeHHe tJiopMbl npejl;CTaBJieHHJI o6'beKTa' 
Hanp. CKaJIJlp npHBOAHTCJI K B0KTopy, COCTOJllI{eMy HS 
O)lHOii KOMilOH0HTbl· A. Il. Epmos. 

OIIEPATOP B n p or pa MM n po B a H H 11 
rpaMMaTe:qecKaJI KOBCTPYKl(HJI B HShlRax nporpaMMnpona
HHH, BhlpamaIOIIJ;aJI HeK-poe saKOH'l0BH00 AeHCTBH0 npH 
BhllIOJIH0Hllll rrporpaMMhl Ba 3BM. B HMDepaTHBHbIX JISbl
KaX nporpaMMe:poeaHn.11 (Hanp., aJ£aOJ£, rfiopmpan) O. 
JIBJIJl0TCJI KOMaH)loii:, npejl;lil!!ChlBaIOIIJ;eii BhlllOJIHHTb Bhl
pamaeMoe HM neii:cTene. B anJIHKaTHBHhlX JIShlKax 
(Hanp., J£ucn) O. HBJIJl0T"'I o6osHatieHHeM pesyJibTaTa 
BhlIIOJIBeHnJI ehlpamaeMoro HM 11;eiicTBHJ1. B HeK-phlx JISM
Kax (aanp., QJ£30J£-68) HMIIepaTHBHhl0 H anJie:KaTHBHhle 
CBOHCTBa o. o6'be)lHHHIOTCJI: KaiRll;hlH o. Bbipa6aThIBaeT 
HeR-poe sHa'leHHe, MOiR0T 6h1Tb IIYCTOO, H BbIIIOJIHJICT 
(B Ka'leCTB0 no6o'IHOro atPlf>eKTa) npejJ;llllCbIBaeMoe HM 
11;0HCTBlle. 06hl'IHO A0HCTBHe 0. COCTOHT HS ABYX qacTeii:: 
n&lf>opMau;noHHOH H JIOTH'leCKoii:. 

H H 4> 0 p 111 a u; I!! 0 B H a II q a c T b 0 • COCTOHT B 
Bbipa6oTK0 HeK-poro SHa11eHHJI KaK ljlyBKIJ,HH COCTOJIHHJI 
naMJITll HJIH, 6onee o6mo, B oTo6pameHHH cocTOJIH:Wl rra
MJITH Ha 11;pyroe COCTOJIHHe. 

JI 0 r H q e c l( a JI q a c T b 0. COCTOllT B Bbl6ope RS 
nporpaMMbI Apyroro o.' BbIIIOJIHJleMoro BCJieA sa AaHHhlM. 
B SaBHCHMOCTll OT Oll;HOSHa'IBOCTH Bbl6opa HMeeT 111ecTo 
11;eTepMHHllpOBaHHOCTb HJIH HeAeTepMHHHpoeaBHOCTb Bhl
noJIHeHl/IJI nporpaMMhl. 

CM. TaK'IK0 AJ£aopum.MU'UIC1£UU 1£3'11."K. A. n. EpmtHI. 
OIIEPATOP - oTo6pamese:e 011;soro MHomecTea Ha 

11;pyroe, Kam11;oe HS K-phlX Hall;eJieBo HeK-poii: CTpyKTypoii: 
(anre6panq. onepaURJIMH, TonoJiorHeii, OTHomeHHeM no
PJIAKa). 06mee onpe11;eneH11e O. cosna11;aeT c 011pe11;eJieBHeM 
oT06pameHHll HJill tPYBKl(HH: nyCTb x H y - ll;BS MHO
meCTBa; 0 II e p a T 0 p 0 M A l!!S MBOlR0CTB8 x BO MHO
iReCTBO y Baa. npaBHJIO HJlll COOTBeTCTBHe, K-poe RamnoMy 
aJieMeHTY x ns BeK-poro no)lMHomecTBa DcX co11ocTaB
JI11eT 011;Hos1Ia'IH0 onpe11;eJieHHhlii aJieMeHT A (x) E Y; MJio
mecTeo D Has. o 6 JI a c T h IO o n p e A e JI e B n: JI on e
p a T o p a A n o6ossaqaeTCll D (A); MHomecTBo {A (x), 
xED} Bas. o6JiaCTbIO SHa'leeu:ii: onepa
T op a A n o6osHa'laeTCJI R (A). lfacTO nnmyT Ax eMe
CTO A (x). TepMMB «0.» ncnoJibsyeTcJI 'lall{e acero B cny
'lae, RorAa X 111 Y - BeKTOpHhle npocTpaHCTBa. Ecm1 
A - onepaTop ns X B Y, r,1:1e Y=X, To A Has. one
p a T o p o M a X. Ecn111 D (A)= X, To A sas. B c IO n y 
onpeneJieBJiblM onepaTopoM. ECJIH A 1, 
A 9- onepaTopbI ns X 1 B Y 1 n e:a X 9 B Y 9 c OOJia.CTflMll 
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orrpe,a;eJ1emrn D (A 1) HD (A 2) cooTB0TCTBeHHo H Ta1rne, qTo 
D(A 1)CD(A 2) H A 1x=A 2x rrpH ncex xED(A 1), To rrpu 
Xi= X 2 , Y 1=Y2 orrepaTop A 1 HaahlBaeTcH c y me H u e M, 
HJIH o r p a H u q e H II e M, orrepaTopa A 2 , a orrepaTop 
A 2 -pacmI1peHHeM orrepaTOpa A 1 ; rrpH X1cX 2 , 

A 2 uaahlnaeTcH pacnrnpeHI1eM orrepaTopa A 1 c nbixo,a;oM 
Ha X1. 

MHonrn ypaBHeHIIH B ipyaKIIHoHaJlhHhlX HJIII a6cTpa1n
HhIX rrpocTpaHcTnax MomHo rrpe,a;cTaB:OTh B a:n,a;e Ax= y, 
r,o;e y E Y, x EX, y - aa,a;aH, x - He:naaecTeH, A - orre
paTop H3 X B Y. YTBepm,a;eu:ne o cyIIJ,ecTaoeaHIIII peme
H:OH Ta1wro ypaaHeHHH rrpII mo6oii rrpaaoii qacTH y E Y 
paaHocI1JlhHO yTaepm,a;eumo, qTo 06J1aCTh aHaqeH:n:ii orre
paTopa A ecTh ece rrpocTpaHcrno Y; yTBepm)leH:ne, qTO 
ypaaHeHile A (x)= y HMeeT npH J1/()60M y ER (A) ep;IIHCT
aeuuoe pemeaI1e, oaHaqaeT, qTo A aaa:nMHo o,a;noaHaqHo 
oTo6pamaeT D (A) ua R (A). 

. EcJIH X H Y - BeKTopHbie rrpocTpaHcTaa, To B MHome
CTfle Bcex o. Il3 x B y MOll\HO Bbl)l0Jlli1Tb KJlacc J/,Ul/,eUl/,blX 
onepamopoB; ocTaJlhHbie O. Il3 X B Y Has. H e JI H H e iJ
H bl M H 0 II e p a T 0 p a M Iii. Ecm1 x Il y - TOIIOJIO
rHqecKH0 B0KTOpHhl0 rrpoCTpaHCTBa, TO B MHOll\0CTBe 0. 
H3 x B y 0CT0CTB0HHO Bbl).l,0JIH0TCH KJlacc 1tenpepb181/,blX 
onepamopoo, a TaKme KJlacc o r p a H II q e H H hi x JI Il
H e ii H hi x o rr e p a T o p o B A (TaKnx orrepaTopoa A, 
qTo o6paa mo6oro orpaHHqeHHoro MHomecTBa B X orpa
mi:qen B Y) H 1macc mrnei1:nblx ~o.11tna~mn1>1x onepamopoB 
(T. e. TaKnx 0., qTo o6paa mo6oro orpaHHqeunoro MHo
mecTea B X rrpe,a;KoMrraKTeH B Y). EcJ1I1 X H Y - JIOKaJlh
Ho BhlIIYKJlb10 rrpocTpaHCTBa, TO B x II y 0CT0CTB0HHO pac
CMaTpHB8Th pa3JIIlqHbl0 TOIIOJlornn; o. Ha3. II 0 JI y He
rr p e p bl B H bl M, ecJIIil OJI orrpe,a;eJIH0T IIerrpepblBHoe 
OT06pameHI1e rrpocTpaHCTBa x (B HCXO,[];HOii TOIIOJIOriilII) 
B rrpoCTpaHCTBO y B cJ1a6oii TOIIOJIOr:lrn (rrOHHTile IIOJlyae
rrpephlBHOCTH HCIIOJlh3Y0TCH rJlaBHblM o6paaoM B .TeopiillI 
H0JIIIH0HHhlX O.); o. Ha3. y c II JI e H H 0 He II pep hi B

H hi M, 0CJIII OH Herrpepb1B0H KaK OT06pameHil0 rrpocTpaH
CTB8 x B orpanilqeHHO CJla6oii TOIIOJIOrlIH B rrpocTpaHCTBO 
Y; o. Ha3. c JI a 6 0 H e II p e p hi B H bl M, eCJIIl OH 
onpe,a;emrnT uerrpepblBHoe oTo6pamemrn X B Y, r,a;e X II 
y H8,D;0Jl0Hbl cJ1a6o:ii: TOIIOJIOrHeii. qaCTO KOMII8KTHbl0 o. 
uaa. B rr o JI a e H e n p e p bl B a hi M H. MHor,a;a Tep
MIIH «BIIOJIHe HerrpepblBHblii 0 .» HCIIOJlhayeTCH BM0CTO 
T0pMKH8 «YCHJleHHO HerrpepbIBHblll 0.» HJIH ,D;JIH o6oaHa
qeHHH o., rrepeBOJJ:HIITero mo6y10 CJia6o CXO,D;HIIIYIOCH IlOCJie
/liOB8T0JlhHOCTh B CIIJlhHO CXO,D;HIIIYIOCH; 0CJIH X Il Y -
peiJ>J1eKCHBHble 6aHaxonhI rrpocTpaacTaa, To aTH ycJ10BIIH 
3KBHB8Jl0HTHbl KOMIIaKTHOCTH o. ECJIII o. YCHJl0HHO He
rrpephlB0H HJIH KOMIIaKTeH, TO OH HerrpepblBeH; eCJIH o. 
HerrpepblBeH, TO OH CJ1a60 HerrpepblBeH. 

r p a ip H K 0 M 0 II e p a T 0 p a A Haa. MHomeCTBO 
r (A)CX X Y, OIIp0,D;0Jl0HH00 COOTHOII10Hll0M 

r (A)={{x, Ax}, xED (A)}. 

IlyCTh x Iii y - TOIIOJIOrJ!Iqecmrn B0KTOpHhl0 rrpOCTpaH
CTBa; orrepaTop A na X B Y Haa. aa.11t~nym1>1.11t onepamopo.11t, 
0CJIH ero rpaiJ>IIK aaMKHYT. IloHHTHe 38MKHYTOro 0. oco-
6eHHO IlJIO,D;OTBOpHO B CJlyqae JIHHeiiHhlX 0. c IIJIOTHoii 
o6JiaCThIO orrpe,a;eJieHIIH. 

I10HHTH0 rpaiJ>IlK8 lI03BOJIH0T o6o6m,HTh IIOHHTne 0.: 
M H 0 r 0 3 H a q H bl M 0 II e p a T 0 p 0 M H3 x B y 
Haa. J1106oe rro,a;MHomecTBo A B XX Y; eCJIH X II Y -
B0KTOpHb10 rrpoCTpaBCTBa, TO MHoroaaaqHbIM JIIIH0ffHbIM 
O. Haa. JII1HeiiHoe rro,a;rrpocTpaHCTBO XX Y; 06J1aCThIO 
orrpe,a;eJieHHH MHOr03HaqHoro o. Ha3. MHOll\0CTBO 

D (A)={xEX: cyn~ecTnyeT yEY TaKoii, qTO {:c, Y}EA}. 

ECJIII x - B0KTOpHoe rrpoCTpaHCTBO Ha)J; IIOJl0M k 
n Y=k, TO BCIO,a;y onpe)J;eJleHHblH o. Il3 x Bk Ha3. !f!yn~
lfUO/la/l,O.\f. Ha x. 

EcJ1I1 X 11 Y - JIOKaJlbHO BhllIYKJible rrpoCTpaHCTBa, 
TO orrepaTop A Il3 x B y c IIJIOTHOH B x o6JiaCThlO orrpe-

.n:eJ10BnH HMeeT corrp11meHHblii: orrepaTop A* c ITJIOTIIoii B 
Y* B OCJ1a6J1eHHOll TOIIOJIOrIIH 06J1aCThlO orrpe11eJ1eHHH 
Tor,a;a H TOJlbKO Tor)la, Kor,a;a A - aaMKHYTblii O. 

IT p Iii Me phi 0 II e pa T 0 p 0 B. 1) o., COTIOCTaBJIH
lOIIl,HH J11060My aJ1eMeHTY x E X aJ1eMeHT 0 E Y (II y JI e -
B 0 ii: 0 II e p a T 0 p). 

2) 0., corrocTaBJ1H101u;nii J11060My aJ1eMeHTY x EX aToT 
me aaeMeHT x E X ( e ,a; H H n q H bl ii: o rr e p a T o p B 
X o6oaHaqaeTCH idx HJIH 1x). 

3) IlyCTh x - B0KTOpHoe npocTpaHCTBO iJ>yHKIInii Ha 
HeK-poM MHomecrne M H f - iJ>yHKIInH Ha M; O. B X 
c 06J1acTh10 orrpe,a;eJ1eHI1H 

D (A)={cpEX:/cpEX}, 

.n:eiicTByIOIIJ,Ilii ITO npaBHJIY 

Acp=fcp 

IIPII cpED (A), Ha3. 0 II e pa T 0 p 0 M y M H 0 me H n H 
Ha ip y HK II II 10; A - JIHHeHHblH o. 

4) IlycTh x - B0KTopHoe rrpocTpaHCTBO <JiyHKJVtii Ha 
MHomecTne M II F - 0To6pameHI1e MHomecTBa M B ce6H; 
O. B X c 06J1aCTLIO orrpe,a;eJ1eHI1H 

D (A)={cpEX:cpaFEX}, 

,a;e:ii:CTBYIOIIJ,Hll ITO rrpaanJly 

Acp=cp a F 

nprr cpED (A), 6y,a;eT JIIIH0HHblM o. 
5) IlyCTh x, y - B0KTopHb10 rrpocTpaHCTBa )leiiCTBil

T0JlhHblX Il3M0pHMblX iJ>yHKIInii Ha rrpOCTpaHCTBaX c Mepoii. 
(M, ~M, µ)Iii (N, ~N• v) COOTB0TCTB0HHo,K-¢yHKIIIIH 
Ha MX NX IR, naMepIIMaH oTHOCHT0JlhHo rrpo1rnae,a;eHnH 
Mep µ?< vX µ0 , r,a;e µ0 - Mepa Jle6era Ha IR, n HerrpepbIB
HaH no tEIR rrpH JII06blx ¢HKCHponaHHblX mEM, nEN; 
o. H3 x B y c 06J1aCThlO orrpe,a;eJ1eHI1H 

D (A)= {cpEX:f (x)= ~MK (z, y, cp(y)) dy }• 

cym;ecTByIOIIl,HH ,a;J111 rroqTn ncex xEN H /EY, neiicTBy10-
mnii: no npanHJIY A cp= f rrprr cp ED (A), Haa. II H T e r
p a JI h H bl M 0 II e p a T 0 p 0 M; 0CJIH 

K (x, y, z)=K (x, y) z, xEM, YEN, zEIR, 

To A mrneiiHhlii O. 
6) IlyCTh x - B0RTopHoe rrpocTpaHCTBO iJ>yHKIIHii Ha 

,a;I1<JiiJ>epeHr~npyeMoM MHoroo6paaI1n M, ~ - neKTopHoe 
none Ha M; orrepaTop A B X c 06J1aCThIO orrpe,a;eJ1em111 

D (A)={/ EX: rrpoI1aB o).l,HaH D,~/ 

¢YHKJJ;Illil f B;ll;OJlh IIOJlH ~ onpe;o;eJ1eHa BCIO;D;YII D~/EX}, 

11enCTBYIOII1,nii no rrpaenJ1y Af=DU rrpII /ED (A), naa. 
0 II e p a T 0 p 0 M .n: H cl> cl> e p e H II Il p 0 B a H II H; A -
JIHHeHHhIH 0. 

7) IlyCTh x - B0KTOpHoe rrpocTpaHCTBO iJ>yHKIIIlii Ha 
MHOll\0CTB0 M; BCIO,a;y orrpe,a;eJleHHblH o.' COIIOCTaBJIHIOIIl,llii 
iJ>YHKIIIIIl cp E X aHaqeHI1e aToii iJ>yHKIIIIII e ToqKe a E M, 
0CTh JIHH0HHblii ¢YHKIII10HaJI Ha X; OH Ha3. 6-iJ> y HR L\ 11-

e ii B T o q Ke a H 06oaHaqaeTc11 6a. 
8) IlyCTh G - KOMMyTaTHBHaH JlOKaJlhHO KOM11aKTHHJI 

rpyrrrra, G - rpyrrrra xapaRTepon rpyrrrrbl G; dg, dg -
Mephl X aapa Ha G, G cooTB0TCTB0HHo; rryCTh 

X =L2 (G, dg), Y =L2 (G, dg); 

JIHH0HHblii orrepaTop A II3 x B y, COIIOCTaBJlHIOIIl,IIii iJ>ym;

IIIlH f EX cPYHKJJ;IIIO f E Y, oupe.n:eJ1HeMy10 iJ>opMyJ1oii 

1 (g) = ~ f (g) g (g) dg, 

BCIO,a;y orrpe,a;eJleH, CCJ111 CXO,D;HMOCTb lLHTerpaJia llOHH
MaeTCH R8K CXO).l,HMOCTh B cpe).l,II0M. 
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EcJIH X H Y - TorroJiorntJec1me seKTopHble rrpocTpa11- { Ut} rro11:06Ha rpyrrrre yHnTapHhIX onepaTopoB (T e o p e-

CTBa, TO o. B rrpHMepax 1) H 2) HerrpepbIBHbl; eCJIH B IIpH- Ma H a AH). 
Mepe 3) rrpocTpaHCTBO X eCTb £2 (M, L)H, µ), rAe µ - Jlum.: [1) S z.- Nagy B. «Acta Univ. szeged. Sec. scient. 
Mepa Ha x, TO o. YMHOJReHHH Ha orpaHH'leHHYIO H3MepH- Math.», 191,7, t. 11, p. 152-57; t21 x II'. JI JI e 8., <l> II'. JI JI II'. n c P., 

<l>YHKnHOHaJlbHblll aHaJlll'.3 H noJ1yrpynnb1, nep. c aHrJI., 2 ll'.311., 
MYIO qiyHKIJ,HIO 3aMKHYT H HMeeT IIJIOTHyIO o6JiaCTb orrpe- M., 1962. B. H. JIO.MOliOC06, 

A0JieHHH; ecmr B rrpHMepe 5) rrpOC'l'paHCTBO X= y eCTb 2) o. r., r p y II II a c 0 6 JI a c Tb IO 0 II e pa To-
rHJib6epTOBO rrpoCTpaHCTBO L2 (M, L)H, µ) H K(x, y, z)= po B L,- TaKaH rpyrrrra G, 'ITO BCHKOMY ;meMeHTY aEG 
=K(x, y) z, r11:e K(x, y) rrpHHaAJieJRHT L2(MX M, H BCHKoMy aEL, fAe L - HeK-poe MHoJReCTBO CHMBOJIOB, 
L M X L M, µ X µ), To A KoMrraKTeH; ecJIH B rrpHMepe 8) rrpo- rrocTasJieH B cooTBeTCTBirn aJieMeHT aaE G, rrpn'leM 
CTpaHCTBa X n Y paccMaTpHBaIOTCH KaK r11Jib6epTOBbI (ab)a= aa · ba rrpn JII06hlx a, b E G. IlyCTb G HG' - rpyrrrrhl 
rrpocTpaHCTBa, To A HerrpepbrneH. c OAHoii n TOH me o6JiaCTbIO orrepaTopoB L; naoMopqiHoe 

EcJin A - O. Il.3 X B Y TaKoii, 'ITO Ax;i:Ay rrpn x;i:y, (roMoMopqiHoe) oT06pameHne cp rpyrrrrhl G Ha G' Ha3. o rr e-
x, y ED (A), TO Moarno orrpe11:eJIHTb o6paTHhIII orrepaTop p a T o p H hi M H a o M o p qi H a M o M (r o M o M o p-
A -1 KA; sorrpoc o cyn~eCTBOBaHHH o6paTHoro O. Hero qi Ha Mo M), ecJIH (aa)cp=(acp)a AJIH JII06blx aEG, aEL. 
csoiicTsax CBH3aH c TeopeMo:ii: cyrn;eCTBoBaHHH H eAHHCT- IloArpyrrrra. (uopMaJibHhlii AeJIHTeJib) H rpyrrrrhl G c 06-
BeHHoCTH pellleHHH ypasHeHHH Ax= f; ecJIII A - 1 cyrn;ecT- JiaCTbIO orrepaTopoB L Haa. A o rr y c TH M o ii rr o A-
syeT, To x=A -1/ rrpII /ER (A). rpyrrrroii (AOIIYCTHMblM HOpMaJibHblM 

,[(JIH o. B BeKTOpHbIX rrpocTpaHCTBaX MOJRHO orrpe11:e- )"( e JI Ii! Te JI e M), eCJIH Hac;;;H rrpH BCHKOM aEL· Ile-
JIHTb cyMMy, rrpolrnBe)"(eHHe Ha 'IHCJIO Ii! rrpoH3Be)"(eHirn 0. peceqemrn BCeX AOIIYCTHMblX IIOArpyrrrr, COAepmaru,nx 
EcJIH A, B - orrepaTopbr II3 X B Y c o6JiaCTHMH orrpeue- JJ:aHHoe IIOAMHomecTBo M rpyrrrrhl G, Haa. A o rr y c T n-
JieHHH D(A) H D(B) cooTBeTCTBeHHo, To cyMMoii MOH rrourpyrrrroiJ, rropomAeHHoii MHo-
o rr e pa Top o B A H B Ha3. o., o6oaHatJaeMblii: A+B, me c TB o M M. fpyrma, He nMeIOrn;aH 11:orryCTHMhIX 
c o6JiaCTbIO orrpe)J;eJieHIIH HOpMaJibHhIX AeJIIITeJieii, KpOMe ce6H Ii! eAHHH'IHOii IIOA

D(A+B)=D (AJnD (B), 

AeikTByIOrn;nii no rrpaBHJiy 

(A+B) .r= Ax+Bx 

rrprr xED(A-j-B). IlpoH3Bep;eHHeM orrepa
T op a A u a q H c JI o /,, Haa. O., 0603naqaeMbIH /,,A, 
c o6JiaCTbIO orrpeAeJieHHH 

D(/,,A)=D(A), 

AeHCTByIOrn;ei:i no rrpaBHJiy 

(/,,A) X=A (Ax) 

rrpn xED(/,,A). IlpoH3Be)l;eHne orr~epaT?
p 0 B orrpep:eJI.HeTCH KaK KOMII03Hil,HH OToopamemrn: 
eCJIH A orrepaTop H3 X B Y, B - one pa Top H3 Y B Z. 
TO rrpoH3BeAeirneM B H A Ha3. orrepa.Top BA c o6JiaCTbIO 
orrpeAeJieHHH 

D(BA)={xEX:xED(A) H AxED(B)}, 

n;eiicTBYIOlll,Hii IIO rrpaBHJiy 

(BA)x=B (A.ll) 

rrpH xED (BA). 
EcJIH P - BCIOAY 011pe,B;eJI~HH1>rl"1 O. B X TaRoii, tJTo 

PP=P, To P Haa. rrpoeKTopoM BX; ecJin /
BCIOAY onpe)J;eJieHHblii o. B x TaKoii, 'ITO //=idx, TO I 
Ha3. If H B 0 JI IO II, If e ii B x. 

TeopHH 0. COCTaBJIHeT BaJRHeiiruyIO qaCTb JIIIHeiiHoro 
H HeJIHHeiiHoro qiyHKIJ,HOHaJibHOfO aHaJllrna, HBJIHHCb, R 
qaCTHOCTH, OCHOBHblM arrrrapaTOM TeOpHH )J:HHaMH'l. CHC
TeM, rrpe)J;CTaBJieHHH rpyrrrr H aJire6p Ii! BaJRHeHIIlHM MaT0-
MaTH'l. HHCTpyMeHTOM MaTeMaTH'l. qiH3HKll H KBaHTOBOH 
MeXaHHKH. 

Jlum.: [1) JI JO c Tep 1111'. K JI. A., c 0 0 0 JI e BB. IL, 8J1e
MeHTbl lf>y11KnH011aJ1bHoro a11aJm3a, 2H311., I'd:., 1965; [2) Ho JIM o
r o p o B A. H., <l> o M H H c. B., 8J1eMe11Tbl TeOIJHH ljiy11KnHll H 
l!iYHHnll'.OllaJibllOro a11aJ1H3a, 5 ll'.311 .• M.' 1981; [3) H a II T 0 p O
B II'. q JI. B., AK II'. JI 0 B r. IT., <l>yllKnll'.OllaJJbHbIH a11aJ111'.3, 2 ll'.311., 
M., 1977; [4) .n: a II ljJ 0 p II H., III Ba p II .D:JR. T., JIH11ei111ble one
paTOpbl, nep. c aHrJ1., 'I. 1-3, M . .,1962-74;[5] 811Bap11 c P. -8., 
<l>YHKnll'.OHaJlbHblil aHaJlll'.3, nep. c aHrJJ., M., 1969; [61 H 0 c II'. II a 
H., <l>y11Kuno11aJ1bHbiil a11aJ1H3, nep. c a11rJ1., M., 1967. 

M. A. Hau.11tapn, A. 11. illmepn. 
OIIEPATOPHAH rPYIIIIA - 1) 0. r.- OAHOIIapaMeT

pnqecKaH rpyrrrra orrepaTOpOB B 6aHaXOBOM rrpoCTpaHCT
Be E, T. e. ceMeiiCTBO JIHHeiiHhIX orpaHHtJeHHhIX orrepa
TopoB Ut,-oo<t<oo, TaKoe, 'ITO U0=/, Us+t=Us·Ut 
H u t HerrpepbIBHO 33BHCHT OT t (B paBHOMepHo~i' CHJlbHOi\ 
mm CJia6oii TOIIOJiorHH). EcJIH E - rHJib6epTOBo npo
CTpaHCTBO H llUtll paBHOMepHO orpaHH'leHbl, TO rpynua 

rpyrrrrhl, Ha3. II p 0 c T 0 ii (OTHOCHTeJibHO 38A3HHoii 
o6JiaCTH orrepaTOpos). BcHRaH ¢aRToprpyrrrra O. r. no 
AOIIYCTHMOMY HOpMaJibHOMY )J;eJIHTeJIIO HBJIHeTCH rpyrrrroii 
c TOH me o6JiaCTbIO orrepaTopos. 

rp yrrrra G Ha3. r p y II II 0 i:i c II 0 JI y r p y II II 0 H 
o rr e p a T o p o B L, ecJin G - rpyrrrra c o6JiaCTbIO orre
paTopos L, L - rroJiyrpyrrrra H a (OT)= (aa) T AJIH JII06hlx 
aEG, a, TEL. EcJIH L - rroJiyrpyrrrra c eAHHHIJ,eii e, 
To CtJHTaeTCH, 'ITO ae= a rrpH BCHKOM a E G. BcHKa.H rpyrr
rra c rrponasoJibHoii o6JiaCTbIO orrepaTopos L 0 ecTb rpymta 
e rroJiyrpyrrrroii orrepaTopos L , rAe L - eso6011:HaH rron:y
rpyrrrra, rropolR)J;eHHaH MHomecTBoM L 0 • fpyrrrra F c rroJiy-
rpyrrnoi:i orrepaTopoB L, o6JiaAaIOrIJ,eii eAHHHil,eii, Ha3. 
L - c B 0 6 0 AH 0 i:i, ecJIH OHa rropom11:aeTCH TaKO!l 
CHCTeMoii 3Jl0MeHTOB x, 'ITO 3JieMeHTbl Xl'.X, r11:e xE x, cxE L' 
cocTaBJIHIOT )J:JI.H F (RaK rpyrrrrhl 6e3 orrepaTopoB) CHCTeMy 
cso6oAHbIX o6pa::iyIOrn;nx. IlycTb F ecTb r-cso6oAHa.H 
rpyrrrra (f- rpyrrrra orrepaTopos), ~ - IIOArpyrrrra rpyrr-
rrhl r' f E F Ii! A f, /';. - AOIIYCTHMaH rron;rpyrrrra rpyrrrrhl F, 
rropom)J;eHHaH BCeMH 3JieMeHTaMH BHA8 1-1 (/ex), fAe cxE ~. 
Tor11:a BCHKa.H )J:orryCTHMaH rro11:rpyrrrra rpyrrrrhl F HBJIH
eTC.H orrepaTOpHbIM CBo60AHhIM rrpOil.3BeAeHHeM rpyrrrr rnrra 
Af, /';. H HeK-poii r-cso6011:Hoii rpyrrrrbl (CM. [2]). ECJIH 
L - CB06011:HaH rronyrpyrrrra orrepaTopoB, To rrpn a;i: 1 
AOIIYCTHMa.H IIOArpyrrrra L -CB060AHOH rpynrrhl F, rropom
AeHHaH aJieMeHTOM a, caMa HBJI.HeTcH L-cso6011:aoii rpyrr
rroi:i co CB060AHhIM o6pa3yIOlll;HM a (CM. TaKme [3)). 

A6eJieBa rpyrrrra c accoIJ,naTHBHhIM KOJibIJ,OM orrepaTopoB 
K - aTo MOAYJib Hail: K. 

Jlum.: [1] Hypo m A. r., Teopm1 rpynn, 3 ll'.311., M., 1967j· 
[2] 3 a Ba JI 0 C. T., «MaTeM. CO.», 1953, T. 33, c. 399-432; [3 
er 0 lR e, «YKp. MaTeM. lR.», 1964, T. 16, No 5, c. 593-602; No 6, 
c. 730-51. A. ll. Muiuu1ia. 

OIIEPATOPHAH TOIIOJIOrHH - TorroJiorn.11 s rrpocT
paHCTBe L (E, F) HerrpephIBHhIX JIHHeiiHhIX oT06pameanii 
0AH0f0 TOIIOJIOfH'lecKoro BeKTOpHoro rrpoCTpaHCTB8 E 
B )J:pyroe TOIIOJIOfH'l. rrpocTpaHCTBO F, rrpesparn;aIOIIl,8H 
rrpocTpaHCTBO L (E, F) B TOIIOJIOfHtJecKoe BeRTopHoe 
rrpocTpaHCTBO. IlycTb F - JioKaJibHO BhIIIYKJioe rrpocTpaH
CTBO Ii! 0 - TaKoe ceMeiiCTBO orpaHH'leHHbIX IIO)J:MHOJReCTB 
rrpocTpaHcTsa E, tJTo JIHHeiiHa.H o6oJiotJKa o6'MlAHHeHn.H 
MHomecTB aToro ceMeiicTsa IIJIOTHa B E; rrycTb )8 - 6a-
3HC oKpecTHocTei:i HyJI.H B F. CeMeiicTBO 

M (S, V)={f:fEL (E, F), f (S)c:V}, 

rn;e S rrpo6eraeT 0, a V rrpo6eraeT ~, HBJIHeTcH 6aancoM 
OKpeCTHOCTeii HYJIH AJIH CAHHCTBeHHoii IlHBapHaHTHOii 
OTHOCUTeJibHO q\BHfOB TOIIOJIOfI1H, K-paH HBJIHeTCH 0. T. 
n rrpeBparn;aeT rrpocTpaHCTBO L (E, F) B JioKaJibHO BhIIIyR-
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m~e rrpocTpaHCTBO; 3Ta TOIIOJIOrHH Ha3. 0-T 0 II 0 JI 0-
r n e ir Ha L(E,FJ. 

n p n M e p bl. I. n YCTb E, F - JIOKaJibHO BblIIYKJibie 
rrpOCTpaHCTBa; 1) IIYCTb is - ceMeHCTBO Bcex KOHeqHbIX 
IIOIJ;MH01KeCTB B E, COOTBeTCTBYIOIIIaH 0-TOIIOJIOrirn (B 
L (E, F)) Ha3. T o rr o JI o r H e M: rr p o c T o il: (HJIH rr o
T 0 q e q H 0 il:) c x 0 A Ii! M 0 c T H; 2) IIYCTb 0 - ce
MeHCTBO acex BbIIIYKJiblX 3aKpyrJieHHblX KOMIIaKTflblX rrop;
l\!H01KeCTB E, COOTBeTCTByronraH TOIIOJIOrHH Ha3. T 0 II o
JI or rr e fi BblIIYKJIOH 3aKpyrJieHHoii 
K 0 M 11 a K T H 0 j;i c x 0 A Ii! M 0 c T H; 3) IIyCTb is -
CCMeiicTBO BCeX npep;KOMIIaKTHblX IIOp;MH01KeCTB E, COOT
BeTCTBYIOIIIaH @3-TOIIOJIOrHH Ha3. T 0 II 0 JI 0 r H e il: II p e JJ,
K 0 M II a K TH 0 :fr c x 0 A H M 0 c T H; 4) IIyCTb 0 -
ceMeii:cTBO BCeX orpaHHqeHHblX IIOp;MH01KeCTB, COOTBeT
CTBYIOIIIaH TOIIOJIOrHH Ha3. T 0 II 0 JI 0 r Ii! e ii 0 r p a H H
q e H H O ii C X O p; Ii! M O C T H. 

II. EcJIH E, F - 6aHaXoBbl rrpocTpaHCTBa, paccMaTpH
BaeMhie OIJ;HOBpeMeHHO B cJia6oM: HJIH CHJibHOH (HopMH
poBaHH'.Oil) TOIIOJiornH, TO COOTBeTCTBYIOIIIHe rrpocTpaH
CTBa L (E, F) aJire6paHqecKll COBIIap;aroT; COOTBeTCTByIO
IIIHe TOIIOJIOrHH IIpOCTOH CXOIJ;HMOCTH Ha3. c JI a 6 0 ii H 
c u JI h H o iI O. T. BL (E, F). CnJibHaH O. T. MamopHpyeT 
cJia6yro o. T.; OQe OHH corJiacyIOTCH c ll;BOHCTBeHHOCTbIO 
Memp;y L (E, F) H rrpocTpaHCTBOM iJ>yHKUHonaJioB Ha 
L(E, F) BHp;a f(A)=~cp;(A \;;), rp;e ~;EE, cp;EE*, 
A EL(E, F). 

I II. IlycTb E, F - rHJib6epTOBbl rrpocTpaHCTBa H i, 
F - cqeTHble rrpHMhre cyMMbl rHJih6epTOBblX IIpocTpaHCTB 
Em F n cooTBeTCTBeHHo, rp;e En= E, F n= F p;JIH acex 
HaTypaJibHblX n; rryCTb 'ljJ - BJiomeHHe IIpOCTpaHCTBa 

L (E, F) B L (E, F), oIIpeJJ,eJieHHoe ycJIOBHeM: p;JIH JII06oro 
orrepaTOpa A EL (E, F) orpaH11qeHHe orrepaTopa 'ljJ (A) Ha 
rrop;rrpocTpaHCTBO En rrepeBOJJ,IIT En B F n H coarrap;aeT Ha 
En c orrepaTopoM A. Torp;a rroJIHblH rrpoo6pa3 B L (E, F) 
cJia6oii (cHJibHOiI) O. T. B L(E, F) Ha3. y JI h T pa c JI a-
6 0 i"1 (cooTBeTCTBeHHO y JI b T p a c H JI b H 0 il:) o. T. B 
L (E, F). YJibTpacJia6aH (yJihTpacHJihHaa) TOIIOJIOrHH Ma
mopHpyeT cJia6yro (cHJihHyro) O. T. CHMMeTpHqHaH rrop;
aJire6pa ~ aJire6pi,r L (E) acex orpaHHqeHHblX JIHHeii
HblX orrepaTopoB B rHJib6epTOBOM rrpocTpaHCTBe E, co
p;epmani;aH ep;HHnqHbIH orrepaTop, Torp;a H TOJibKO Torp;a 
COBIIap;aeT c MH01KeCTBOM Bcex OIIepaTopOB H3 L (E), rrepe
CTaHoaoqHblX c KalKp;blM orrepaTopoM H3 L (E), rrepecTa
HoaoqHblM co aceMH orrepaTopaMH H3 ~, Korp;a & 3aM
KHyTa B cJia6oil: (HJIH CHJibHOH, HJIH YJibTpacJia6oil:, HJIH 
yJibTpacHJibHOH) 0. T., TO eCTb HBJIHeTCH H eu.11tana 
a.;r,ee6pou. 

Jlum.: [1] IU e ljJ e p X., ToIIo.norH'leCHHC BCHTDPHbJe IIPOCT
paHCTBa, IIep. c aHm., M., 1971; [2] A a H ljJ op .Il H., III Ba p 11 
A m., JlHHe:liHhle onepaTDphl. 06ma11 TeopHH, nep. c aHrJI., M., 
1962; [3] H a tt M a p 1' M. A .• HopMHPOBaHHhle 1'0JibQa, 2 H3,ll .• 
M., 1968; [4] S a k a i S., C*-algebras and W*-algebras, B., 1971. 

A. H. illmepu. 
OIIEPATOPHAH :wro;:v1qECKAH TEOPEMA - 06-

IIIee Ha3BaHHe TeopeM o rrpep;eJie cpep;HHX rro HeorpaHHqeHHO 
yp;JIHHHIOIIIeMycH «IIpoMemyTKY BpeMeHH» n=O, 1, .. . ,N 
HJIH 0<.t<.T p;JIH CTerreHeil: {An} JIHHeii:Horo orrepaTOpa 
A, p;eHCTBYIOIIIero B 6aHaXOBOM (HJIH p;ame TOIIOJIOrHqecKOM 
BeKTOpHoM, cM. [ 5]) IIpocTpaHCTBe E, JIH6o p;JIH p;elicTByro
IIIeH B E op;HoIIa paMeTp11q. IIoJiyrpyIIIIbl JIHHeHHblX orre
paTopoB {At}. B rrocJiep;HeM cJiyqae MomHo paccMaTpHaaTb 
TaKme IIpep;eJI cpep;HHX rro HeorpaHHqeHHO yMeHbnrarorri;e
MYCH rrpoMemyTKY BpeMeHH (JI 0 K a JI b H bl e 3 p r o
p; Ii! q e c K Ii! e Te 0 p e M bl, CM. [5], [6]; roaopHT TaKlKC 
06 «3prop;11qHocTH B HyJie», cM. [ 1]). Cpep;HHe MoryT IIO
HHMaTbCH B pa3JIHqHblX CMbICJiax, aHaJiorHqHo ToMy, KaK 
3TO p;eJiaeTCH B Teop1rn cyMMHpOBaHHH pHp;OB. 1.Janre Bcero 
HCIIOJih3YIOTCH c p e A H H e q e 3 a p 0 

_ 1 _,N-1 
AN=-,, An 

N °""n= 0 

HJUI 

1 (' T Ar= -T I Aidt 
J 0 

HJIH c p e A H H e A 6 e JI H 

~=(1-0)~:= 0 enAn, JBJ < 1 

llJIH 

y CJIOBllH apro11;11q. TeopeM 3aBep;oMO o6ecrreqHBaIOT CXOll;ll
MOCTb rrop;o6HblX 6ecKOHeqHblX PHAOB UJIH HHTerpaJioB; 
IIPH 3TOM, XOTll a6eJieBbl cpep;HHe o6paayIOTCH c yqacTHeM 
Bcex An HJIH At, rJiaBHYIO pOJib HrpaIOT 3HaqeHHH An 
HJIH At Ha KOHeqHoM OTpeaKe BpeMeHH, HeorpaHHqeHHO 
B03paCTaIOIIIeM IIpH 6--*1 (HJIH ~0). Ilpep;eJI cpeJJ,HHX 

(lim AN H T. p;.) Tome MomeT IIoHHMaThCH B paaJiwIHblX 
N_,. oo 
CMblCJiaX - B CHJibHOfr HJIH CJia6oil: 0 II e p a T 0 p H 0 ii 
T 0 II 0 JI 0 r 11 Ii! (c T a T Ii! c T H q e c K 11 e 3 pr 0 AH
q e c K He Teo p e M bI, T. e. HeuMana meope.1ia 3pro
p;nqecKaH - 11cTop11qecKn rrepaaH O. 3. T.- H ee o6o6ui;e
HllH), B paBHOMepHoii OIIepaTopHOH TOIIOJIOrHli (p a B H O

Me p H bl e 3 p r 0 A Il q e c K Ii! e Te 0 p e M bl, CM. [1), 
[2), [3]), a ecJin E peaJinaoaaHo KaK HeK-poe IIpocTpaH
CTBO il>YHKUHII Ha HeK-poM IIpOCTpaHCTBe c Mepoii, TO ll 

B CMblCJie CXOIJ;HMOCTH IIoqTH BCIOp;y cpep;HliX AN cp Il T. II. 
rrpH cpEE (HHIJ;HBH/J;yaJibHble 3prop;Hqe
c K He Te op e M bl, T. e. Bup,,,eorfia apeoouttec,,,aH me
ope.11ta H ee o6o6n.i;eHHH, cM., Hanp., Opncmeuna-fJe,,,ona 
apeoouttec,,,aH meope.1ta; 11x, anpoqeM, He acerJJ,a OTHOCHT 
K o. 3. T.). HeK-pble Il3 o. 3. T. KaK 6bl cpaBHHBaIOT CHJIY 
pa3JIIlqHblX yuoMHHYTblX Bblille BapHaHTOB, ycTaHaBJIHBaH, 
qTo H3 cyruecTBOBaHHH IIpep;eJIOB cpep;HHX B OIJ;HOM CMbICJie 
CJieJJ,yeT cyrueCTJ;IOBaHne IIpep;eJIOB B p;pyroM CMhlCJie. 
B HeK-pbIX TeopeMax peqb Hp;eT He o rrpep;eJie cpeJJ,HHX, 
a o IIpep;eJie OTHoIIIeHHH p;ayx cpeJJ,HIIX (TaKoaa TeopeMa 
OpHCTeil:Ha - l.JeKoHa). 

llMeIOTCH TaKme o. :J. T. ]\JIH n-IIapaMeTpHqecKnX n p;a)l{0 
6oJiee 06rn;11x IIOJiyrpyIIII. 

Jlum.: [1] x H JI JI e 8 .• <I> H JI .11 l'J II c P. <l>YH1'1\HOHaJibHhlli 
aHaJIHa H IIoJ1yrpyIIIIbr, IIep. c aHrJI., M., 1962; bJ A a H ljJ op .Il II., 
III Ba p 11 ,D;m., JIHHefiHhle oIIepaTopbI. 06n1a11 TeopH11, IIep. c aHrJI., 
M., 1962; [3] He Be m., MaTeMaTH'!eCHHe OCHOBhl Teop1m BepoHT
HOCTCtt, IIep. c ljJpaHQ .• M .• 1969; [4] B e p Ill H 1' A. M .• IO 3 B H u
c 11 H tt C. A., B HH.: lITorH Hay11H1 e. 15 - MaTeMaTH'leCHHfi aHa
JIHa. 1967, M., 1969, c. 133-87; t5] Ha T 0 1' A. B., c H Hatt 
fl. r .. c Te II H H A. M., B 1'H.: lITOrH HaYHl'J H TeXHH1'tt. Cep. 
MaTeMaTH'leCHHi! aHaJIHa, T. 13, M., 1975, c. 12\l-262; [ti] K re n
g e I U., «Asterisque», 1977, t. 50, p. 151-92. /!. B. AnocoB. 

OIIEPATOPHO HEIIPHBO)J;HMOE IIPE)J;CTABJIE
HHE - rrpep;cTaBJieHHe :n: rpyuuhl (aJire6pbI, KoJibIJ;a, 
rroJiyrpyIIIIbl) x B (TOIIOJIOrHqecKoM) BeKTOpHOM rrpocTpaH
CTBe E TaKoe, qTo Jiro6oil: (HerrpepbiBHhiii) JIHHeHHhlH oIIe
paTop B IIpocTpaHCTBe E, rrepecTaHoaoqHhIH co aceMH orre
paTopaMH :n: (x), xE X, KpaTeH ep;HHHqHoMy oIIepaTopy BE. 
EcJIH :rt - BIIOJIHe HeIIpHBOp;HMoe rrpep;cTaaJieHIIe (a qa
CTHOCTH, eCJIH :rt - KOHeqHoMepHoe HeIIpHBOIJ;HMOe IIpep;
CTaBJiemre), TO :rt - o. H. rr.; o6paTHOe, BOo6ni;e roBOpH, 
HeaepHo. EcJI11: :n: - yHHTapHoe upep;cTaBJieHHe rpynrrhl 
llJIH CHMMeTpHqHoe IIpe)lCTaBJieHne CHMMeTpHqHoii aJire6-
pbI, TO :rt Torp;a II: TOJibKO Torp;a HBJIHeTCH o. H. II., Korp;a 
:n: - nenpu1Joou.1toe npeocma1J.1£enue. A. H. mmep11>. 

OIIEPATOPHOE KOJib~O, Ko JI bu o c o 6 JI a
c Tb IO 0 II e pa T 0 p 0 B ~.- KOJibUO, B K-poM onpe
p;eJieHo YMH01KeHHe 3JieMeHTOB KOJibrra Ha 3JieMeHTbI I!3 
HeK-poro iJ>11KCHpOBaHHoro MH01KeCTBa ~ (BHeIIIHHH aa
KOH KOMII03HUHH)' yp;oBJieTBOpHIOIJJ;ee CJiep;yIOIIJ;HM aK
CHOMaM: 

(a-f-b) a=aa-f-ba, 

(ab) a= (aa) b =a (ba), 

(1) 

(2) 
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Ca e p T Ko ii 4JyHKIVIH f, gEK r11:e a - aJieMeHT MHoll\eCTaa L, a a, b, aa, ba--aJieMeHTbl 

KOJibI\a. OTiepaTopbI, TaKHM o6pa3oM, 11:eilcTByroT KaK 
:-lHJ1:0MOp4JH3Mbl aMHTIJBHOit rpyrrIIhl, rrepecTaHoaoqHbie c 
YMHolReHIIeM Ha :>JJeMPHT KOJih1ia. RoJihilQ c o6JiaCThIO 
oTiepaTopoa L, MJIM Kopoqe L-O rr e p a T o p H o e 
K 0 JI h I\ o, MOll\HO TpaKToaaTh H KaK yHuaepcaJihHyro 
aJire6py c 11:ayMH OHIIapHbIMM orrepau,IIHMH (cJioll\eHHeM 
If YMHOll\eHHeM) H MHOll\eCTaoM L yna pHbIX OTiepau,Hil' 
caH3aHHblX 061>J'IHb!MH KOJlbl\eablMH TOlRJ1:eCTaaMII, a TaK
ll\e TOIBl(eCTBaMH (1) IT (2). IIOHHTHH L-l\ 0 II y c T H
M {) r 0 II 0 II: K 0 JI h ll a' L -}-( () II y c T H M 0 r 0 H II: e
a JI a, L-0 II e p a T () p II 0 r 0 H 3 0 M () p ip II 3M a H 
L - 0 II e p a T 0 p II 0 r 0 r 0 M 0 M {) p q, H 3 M a MO
ryT OhlTb orrpe)leJieHhl rro11:06Ho TOMY, KaK ;JTo 11:eJiaeTCH 
llJlR onepamopnb!x epynn. EcJin L-onepaTopHoe KOJibU,O 
R 06Jia11:aeT eJ1:HHHu,eii, TO ace Hll:eaJibl 11 ace OAHOCTO
poHHHe n11:eaJibl ROJibI\a R L-11:011ycTHMbl. 

KoJibU,O R Ha3. K o JI h u. o M c K o JI h u. o M o rr e
p a To p o a L, eCJIM oHo eCTh L-orrepaTopIIoe KOJihl\O, 
o6JiaCTb orrepaTopoa L K-poro ca~ta naJIHeTCH accor\HaTJrn
HblM KOJibU,OM, npH'leM }-(JIH Jiro6blx a, ~EL H a ER cnpa
ae11:Jinabl paaeHCTaa 

a (a+~)= aa+ a~, 

a (a~)= (aa) ~. 

RoJII>U,O c KOJibU,OM orrepaTopoa Moll\Ho orrpe11:eJIHTh TaK ll\e, 
KaK KOJibl\0 HaJIHIOUJ.eecH OJ1:HOapeMeHHO L-MOAYJieM 11 
y11:oaJieTaopHIOll\ee aKCHOMe (2). BCHKoe IWJibl\0 MOll\HO 
eCTeCTaeIIHbIM o6pa30M CqHTaTb orrepaTQpHblM HaA IWJib
U,OM u,eJibIX qHCeJI. 

)J,JIH acex a H3 R Ha, ~ H3 L 3JieMeHT a(a~-~a) na
JIHeTCH aHHyJIHTopoM ROJihu,a R. IloaToMy, eCJIH R -
KOJlbU,O 6e3 aHHYJIHTopoa, TO ero KOJibU,0 onepaTopoa L 
HerrpeMeHHO KoMMyTaTHaHo. 

HaH6oJiee qacTo paccMaTpHaaIOTCH KOJihU,a c accou,na
THaHO-KOMMyTaTHaIIblM ROJibU,OM onepaTopoa, 06Jia11:aro
ll(HM e11:·11Hn:u,eii. TaKoe O. R. Ha3. o6hrqHo aJire6poi'r HaA 
KOMMyTaTHaHblM KOJlbU,OM, a TaKll\e JIHIIeHHOH aJire6poil. 
Ha1160Jiee n3y'ieHhl mrneilHble aJire6pb1 Hall: rroJIHMH, HX 
TeOpHH pa3aHBaeTCH rrapaJIJieJibHO o6ll(eii TeOpHH KOJieU, 
(6e3 orrepaTopos). 

Jium.: [1] Hypo m A. r., Jie1ou-1nn no o6ll(efi aJJre6pe, 2 nan .. 
M., 1973. H. A. JffeG.n,anoB. 

OIIEPATOPHLlll rOMOMOP'1>ll3M - roMoMopqm:iM 
aJire6paH'leCKOM CHCTeMhl' rrepeCTaHoaoqnr,ril c KalRJ1:bIM 
orrepaTopoM na HeK-poro qnrncnpoaaHHoro MHOll\eCTBa, 
uei'ICTayroII\HM Ha 3Toii CHCTeMe, T. e. roMoMopiJ>n3M OIIP
paTopHOII rpyrrrrhl, orrepaTopIIoro KOJII>II,a H T. 11:. 

OIIEP AIJ;HOHHOE HcqttcJIEHHE - 011:nn n3 MeTo-
11:oa MaTeMaT:ll:'L aHaJIH3a, II03aOJIHIOIII,HM a pHAe cJiyqaell 
cao}J.nTb HCCJie}J.oaaane ourfirfiepenq,ua.ttbllb!X onepamopoe, 
nceei)oiJurfirfiepenq,ua.ttbllblX onepamopoe H HeK-pblX THIIOa 
unmezpa.ttbnbix onepamopoe H perneHHe ypaaneHnil, co11:ep
lRaIIlHX 3TH orrepaTOpbl, K paCCMOTpeHHIO 6oJiee rrpOCTbJX 
a.rrre6paIIq, aa}J.a'I. Pa3aHTHe H cHCTeMaTn'l. rrpIIMeHeHHe 
O. II. HaqaJiocb c pa6oT O. XeBHcaM:Aa (0. Heaviside, 
1892), K-pbrii rrpe11:Jioll\nJI ljJopMaJibHhle rrpaaHJia o6paw.e-

d 
HIIH c orrepaTopoM 11:niJ>iJ>epeHII,IIpoaamrn di n pellIHJI pHJJ. 

rrp1rnJia}J.HblX aa11:aq. 011:naKo 0. H. He rroJiyqnJio y Hero 
MaTeMaTIIq. o6ocHoaaHIIH: OHO 6bIJIO }J.aHo c IIOMOll(bIO 
Jlan.ttaca npeo6paaoeanua; H. MIIKYCIIHhCKIIH (J. Miku
sinski' 1953) aJire6paII3HpoaaJI o. II.' OIIIIpaHCh Ha TIOHH
TIIe il>YHKU,HOHaJibHOro KOJihu,a; HaII60Jiee o6ll(aH KOH
II,ellII,HH o. II. rroJiyqaeTCH c IIOMOll(bIO 0606UfellllblX 
<fiyn1>q,uu. 

IlpoCTeilnIHM aapHaHT o. H. CTpOHTCH CJie}J.yIOll\IIM o6pa-
30M. IlyCTb K - coaoKyITHOCTb cl>YHKU,IIll (c )leHCTaHTeJib
HblMH HJIII KOMIIJieKCHblMll 3HaqeHHHMH), :rn11;aHHb!X a 06-
Jiacrn: 0 <:t < 00 li a6COJIIOTHO liHTerpIIpyeMbIX B Jiro6oM 

KOIIeqHoM IIHTepaaJie. 
Haa. HHTerpa.JJ 

- (' I 
l1~f~·g=\ f(l-T)g(T)rlT. 

"0 

0THocnTeJibHO o6blqHoro cJioll\eHnH H onepau,nH caepTKII K 
CTaHOaHTCH KOJlbU,OM 6e3 11;eJIHTeJiei! HyJIH (TeopeMa THT
qMaprna, 1924). 8JieMeHTbl TI 0 JI II q a c TH bl x p 
aToro KOJihII,a Haa. o TI e p a T o p a M n n o6oaHaqaroTCH 

-!!- ; neahIIIOJIHIIMOCTb }J.eJieHHH ll J( KaK paa n eCTb HCToq

HIIK Hoaoro IIOIIHTIIH orrepaTopa, o6o6w.arow.ero llOHHTHe 
iJ>yHKU,IIll. )J,JIH ablllaJieHirn Heo6XO)lHMOrO a o. H. pa3JIII
q1rn MelRAY IIOHHTIIHMII iJ>yHKU,HM 11 ee 3HaqeHHH a 'fOqKe 
aae11;eHbl cJiep,yronvrn 0003rra•reH11H: 

{f (t) }-iJ>yHKU,Hll f (t); 
f (t)-3naqe1me f (t) a TO'!Ke t. 

TI p n M e p bl o n e p a T o p o a. 
1) e={l}-orrepaTop HHTerpnpoaa-

H JI JI: 

rrpII 3TOM 

H, a qaCTHOCTII, 

{1} {/} = { ~ > (T) dT}, 

{ 
tP-1 -~ 

eP= r(p) 1 

t t 
en{!}=~ 0 dt. .. ~ a1 (t) dt = 

'--....-_, 
n pa3 

(' t (t-·r)n-1 
=.) O (n- l )! f (T) dT; 

;no - iJ>opMyJia l\ornn, 06061u,enne R-poii Ha cJiyqa11: npo-
113aOJibHoro (neu,eJioro) HOKaaaTeJIH c.JJylRIIT AJIH onpe1J,e
.ncHn11 Apo6Horo HHTerpnpoaaHIIH. 

2) [a]=;~{ (rµe a - ipynmvrn-KoHCTaHTa) - 'l II c

JI 0 a 0 ii 0 n e .P a T 0 p; IIOCKOJibKY [a] [~]= 
=[a,~], [a) {/}={at}, B TO apeMR KaK {a} {P}={a~t}, 

TO qncJioable onepaTopbl ae1J,yT ce6H KaK o6blqnble qncJia. 
TaKHM o6paaoM, orrepaTop HaJIHCTCH o6o6w.eHHeM He 
TOJibKO il>YHKII,HH, HO ll 1Il1CJia; C)ll!HJH~eii KOJibU,a K HaJIH
eTCH [1). 

3) s= ~ - o n e p a T o p il n ip ip e p e II J:l H p o-
e 

R a H :n R, o6paTHhlii orrepaTopy HHTerpupoaamrn. TaK, 
eCJIH iJ>yHKII,IUJ a (t)= {a (t)} rrneeT IIpOH3BOJJ.Hyro a' (t), TO 

s {a}= {a'}-t- [a (0)) 
H 

{aCnl}= sn {a}-sn-J [a (0)]- ... - [an-~ (O)]; 

OTCIO)la, Harrp.' 
1 {ea.I} =s=a. 

Ha orrepaTop AH¢iJ>epenu,IIpoaanrrn s MOlRHO yMHoll\aTb 
He TOJibKO µniJ>iJ>epeIIu,upyeMble lfiyHKU,Im' O}J.HaKO pe3yJib
TaT eCTh ylRe, aoo6nle roaopn, orrepaTop. 

4) D{f}= {-tf (t)} - a JI r e 6 p a n q e c K a H rr p o
H 3 a 0 )l H a H, OHa pacrrpocTpaHHeTCH Ha rrpOII3aOJib
Hbie orrepaTop"hr o6blqHbIM crroco6oM, npH aToM oKa3blaa
eTCH, 'ITO 11;eiicTaHe 3Toro orrepaTopa Ha iJ>yHKU,Hll OT s 
coarraµaroT c 11:n¢iJ>epeHU,HpoaaHirnM no s. 

0. H. naeT y11;06Hble crroco6bl perneHIIH JIHHeilHblX µniJ>
iJ>epeHu,:naJihHhIX ypaBHeHIIH KaK o6blKHOBeHHblX, TaK II c 
qacTHblMH nponaaO)lHblMII. Hanp., perneHHe ypaaHeHHH 

anx<n>+ ... +a0x=f, CJ.;=const, i=O, 1, .. ., n, 

yµoaJieTaopHrow.ee HaqaJibHblM ycJioaHHM x (O)=y0 , ••• , 



27 oo~;PAllHR 28 

x<n - 1>(0)=Yn- l aBTOMar11.qecKH rrpHBO}J.HTCH K aJire6panq. 
ypaaHeHHIO II CHMBOJIJl'-!0CKH RhlpamaeTCH qiopMyJiofr 

X= 13,,_,sn-1+ . ."-f:lo+f 
ansn+ ... +ao ' 

~v=av+1Yo+ • • • +anYn-v-1 • 

perneHHe B o6blqHoM BH}J.e IIOJiyqaeTCH pa3JIOll\eHHeM Ha 
3JieMeHTapHhle }J.po6n OT rrepeMeHHOii. s c JIOCJie}J.yIOII.l,llM 
o6paTHhlM nepeXO)lOM no COOTB0TCTBYIOITVTM Ta6JIHI_\aM K 
qiyHKT.\llHM. 

)J,JIH rrpnMeHeHHH 0. ll. K ypaBH0HllHM c '-!aCTHbIMH npo-
113BO}J.HbIMll (a TaKll\e K 6oJiee o6rn,nM IlC0B}J.0)1HqiqiepeH
T.\llaJibHhlM ypaaHeHHHM) CTpOHTCH m1qi«J>epeHT.\llaJJbHOe H 
HHTerpaJJbHOe ncqncJJeHHH 0 IT e p a T 0 p B hi x qi y II K
l\ II ii, T. e. «J>yHKT.\HH, 3HaqeHHHMll K-pbIX HBJlHIOTCH orre
paTopbi: BBOJlHTCH IIOHHTHH HenpepbIBHOCTll, npoH3BO)l
Hoii' CXO}J.llMOCTH Pll!la, 1rnTerpaJia II T. ll· 

TiyCTb t (A., t) - HeK-pall «J>yHKT.\Hll, orrpe}J.eJieHHall )lJlll 
t~O H "-E [a, b]. TI a p a Me T p ll q e c Ka ll o n e p a
T o p H a ll qi y H K I.\ H H f (A.) orrpe)leJJlleTCll «J>opMyJioii 
t (A.)={/ (A., t) }; oHa CTaBHT B COOTBeTCTBlle paccMaTpHBae
MbIM 3HaqeHHHM 'A. onepaTopbI qacTHoro BH)la - «J>yHKT.\llH 
OT t. OrrepaTopHall qiyHKq1m Ha3. HenpepbIBHoii. rrpn 
"-E [a, b), ecJJH oua rrpe)J.CTam!Ma KaK rrpo113BeAeHne HeK
poro orrepaTopa q II TaKoi1 rrapaMeTpIIq. qiyuKq1111 / 1 (A.)= 
={ti (A., t) }, qTQ /1 ('A., t) HerrpepbIBHa B o6biqHOM CMblCJie. 

TI p 11 M e p hi. 1) C noMOII.1,bIO rra paMeTp11q. «J>yuKq11H 
h ('A.)= {h (A.,t) }: 

h ('A., t) = { 
0 ,).\Jill 0 ...;;;; t < 'A., 

t-A. ,AJJH O,..;;;A....;;; t, 

orrpe}J.eJIHeTCH qi y H K I.\ II H x e B II c a ii A a 

H(A.)=s{h(A., t)}; 

3HaqeHllll r H II e p 6 0 JI ll q e c K 0 JI II 0 K a 3 a T e JI b
H o ii cpyHKT.\IIII 

e-1.s = sH (A.) =s2 {h (A., t)} 

Ha3. 0 II e pa T 0 p a M ll cl\ B II r a, IIOCKOJihHY y~rno
lRBHlle }J.aHHoii <fiyHKl_\llll Ha e-1.s BhI3hIBaeT CMell.\0Hlle ee 
rpaqmKa Ha AJIHHY A. B 110JioJR11TeJJhHoM Han paaJJeHllH oc11 t. 

2) PerueHIIe ypaaHeHHH TerrJiorrpoBOAHOCTII 

ax 2 a2x 
iit =a at.• 

BhlpamaeTCll qepe3 rr a p a 6 o JI H q e c K y IO n o K a-
3 a T e JI b H y IO cl> y H K I.\ II IO (llRJJllIOil\YIOCll TaKll\e 
rra paMeTpH11ecKoi1 orreparopHoii cpyHKq11ei!): 

e-al. V8 ={~exp (-2::.)} 
2 V :rtt• 4t 

3) TiepHO}J.llq. cpyHKJ.\llH j (t) c rrepllO).\OM 2'A.o HMeeT rrpe}J.
CTaBJJ0Hll0 

r 21., 
.) 0 e-1.sf(A)dl. 

{/}= 1-e-21.os · 

4) EcJI11 f (A.) npnHnMaer 'IHCJIOBhie 3HaqeHHH B 1rnrep
aaJie [A.1 , 'A. 2), TO 

l"'•e-').,s/(A.)dA.={/(A.), "-1 < t < "-2• 
.l t., 0 , 0...;;;; t < A.i. t > A.2 , 

T. e. YMH0ll\0Hll0 }J.aHHOH cpyHKqHH {/} Ha e-1.s c IIOCJie
AYIOT.J.\HM 1o1HrerpnpoaaH11eM BhI3hIBaeT y c e q e H n e ee 
rpaljiirna. B qacruocT11, 

~; e-1.s f (A.) d'A.={f (t)}; 

TaKnM o6pa3oM, Kam,n:oli cpyHKl.\llH j ( t), ,AJJll K-po:li paccMaT-

p1rnaeMh1ii llHTerpaJJ CXO).\llTCH' CTaBllTCll B COOTBeTCTBHe 
aHaJJHTUq. <fiyHKI_\Hll 

F (s) = ~ ~ e-stf (t) dt 

- ee rrpeo6pa30BaH11e Jla1rnaca. BJiaroAapH 3TOMY o6cToH
TeJJhCTBY }J.OBOJibHO 06ru11pHbiif KJJacc orrepaTopoB OIIHChl
BaeTCll ljiyHKT.\llHMH O).\Horo rrapaMeTpa s, 6oJJee Toro, 
3TO cpopMaJJbHOe CXO}J.CTBO yroqHHeTCll MaTeMaTH"'leCKil 
ycTaHoBJJenneM orrpeAeJJeHHoro 1130Mopcp113Ma. 

l1MeIOTCH paam1qHbie o6o6rn,eHHll o. n.; TaKOBO o. u. 
d 

AH<filjiepeHqnaJJbHhIX orrepaTopoB, OTJJ1!qHb[X OT s= dt ' 

Harrp. b= d~ ( t ddt ) ' K-poe OCHOBhIBaeTCll Ha ljiyHK.J.\H

OHaJJbHhlX KOJihl.\aX c HaAJJemarn,HM o6pa:ioM orrpe}J.eJJeH
HhIM rrpoII3B0).\0HHeM. 

Jlum.: [1) ,[( 1!I TR 1!I H B. A., II p y 1\ H 1!I Ro BA. II., Crrpauoq
Hl!IR no orrepa11HoHHOMY l!IC'Il!ICJiemno, M., 1965; [2] M l!I Ry cu H
e Rutt H., OrrepaTopHoe l!IC'Il!ICJiemrn, rrep. c rroJibCR., M., 1956. 

M. H. Bou~exo6cmiu. 
A-OIIEPAU.MH, o rr e p aJ\ n H A,- TeopeTirno-MHo

meCTBeHHaH orrepal.\HH, OTKphlTaH TI. C. AJJeHcaHApOBhIM 
[1] (CM. TaKll\e [2] c. 39 H [3]). TiycTb {En, ... nk} -
CllCTeMa MHOll\eCTB' 3aHH}J.0KCllpOBaHHblX Bce~UI KOHeqHb[
Mll rrocJJe}J.oBaTeJJbHocTHMH rraTypaJibllhIX qHCeJI. Muo
mecTao 

"' 
P= U n En, ... n,.' 

n 1 ••• n,. ... k=I 

r).\e cyMMllpOBaHHe pacrrpocTpaHHeTCll Ha BCe 6ecKOHeqHble 
IIOCJJe}J.OBaTeJibHOCTll HaTypaJibHhIX q11ceJI' H83. peayJJbTa
TOM A -0., np11MeHeHHOH K CIICTeMe {En, ... n,. }. 

TI p11MeHeHIIe A -0. K CHCTeMe 11HTepBaJJoB qHcJioaoii 
rrpHMOH ).\aeT MHOll\0CTBa (Ha3BaHHhie A-.MllO:i1i:ecmoa.11iu B 
qecTb TI. C. AJieKCaHApoaa), K-phle MOJ.'YT He 6bITb 6ope
JJeBCKHMII (cM. ,!{ ec1>punmuonaa rneopua .MflO:ili:ecrno). A-0. 
CHJJhHee orrepaqHii CqeTHoro o6'beAHHemrn H cqeTHoro rre
peceqeHHH II HBJIH0TCH H)J.eMIIOTeHTHOli. 0THOCHTeJibHO 
A-0. HHBapHaHTHhI Eapa cooucrnoo (rro}J.MHoll\eCTB rrpo
ll3BOJJbHoro TOIIOJIOrllq. rrpoCTpaHCTBa) II ll3MepHMOCTb 
no Jle6ery. 

Jlum.: [1) A JI e 1< ca H 11 po B II. C., «C. r. Acad. sci», 1916, 
t. 162, p. 323-25; [2) e r o ffi e, Teopl!IR QJYHRI11!Ilt 11;ettCTBHTeJih
noro rrereMeHHOro l!I TeOpl!Ifl TOIIOJIOrl!I'IeCl<l!IX IIpOCTpaHCTB, M., 
1978; [3 I\ o JIM or op o B A. H., «Ycrrexl!I MaTeM. nayR», 1966, 
T. 21, B. 1,, c. 275-78; [4] c y c JI l!I H M. H., «C. r. Acad. sci.», 
1917, t. 1611, p. 88-91; [5) JI y 31!! H H. H., C.::o6p. CO'!., T. 2, M., 
1958, c. 28'1; (6) R y pa To B c Ru tt R., Tononorl!Ifl, nep. [c 
aHrJI.J, T. 1, M., 1966. A. r. E.a,,nu1<. 

l'ls-OIIEPAll,MH - TeopeTHKO-MHQ;H0CTB0HHaH orrepa-
1\Hll, pe3ym>TaT rrp"HMeHeHllH K-poil K IIOCJie}J.OBaTeJibHOCTH 
(En) MHOlI\eCTB MOll\eT 6b1Tb aanHCaH B Bll).\0 

<D (E nl = U n En• 
zeNnez 

r).\e N - CHCTeMa MHomeCTB rroJioll\HTeJibHhIX qeJihIX qHceJI, 
Ha3. 6 a 3 o 11 6s= 0. CM. l{ec1>punmuonaa rneopua .MllO
:ili:ecrnB. 

Jlum.: [1) R 0 JIM 0 r 0 p 0 BA. H., «MaTeM. CO.», 1928, T. 35, 
No 3-4, c. 415-22; [2] x a y c 1\ 0 p ljJ <I>., Teopl!Ifl MHOffieCTB, rrep. 
c HeM., M.- JI., 1937; [3) A JI e f( ca H 1\ p 0 B II. C., Teopl!Ifl QJYHR
Ijl!Ilt 11ettCTBl!ITeJibHOro rrepeMeHHOro l!I TeOPl!IH TOIIo.rrorl!I'IeCRl!IX 
rrpoCTpaHc-re, M., 1978, c. 35-40, 5:J-!>8; [4] 0 q a H JO. C., «YC
rrexl!I MaTeM. Hayw>, 1955, T. 10, B. 3, c. 71-128; [5] l\ o JIM or o
p 0 BA. H., TaM ffie, 1966, T. 21, B. 4, c. 275-78. A. I'. E.1t1>1'Uli. 

OIIEPEHME rr p o c T p a H c T B a - cqeTrroe ceMeil
CTBO p IIOKphlTllH rrpocTpaHCTBa x MHOlli0CTBa~rn, OT
KpbITh!MII B HeK-pOM o6'beMJJIOIU0M npOCTpaHCTBe y' 
TaKoe, qTo 

n{stv (x) :yEP}cX 
AJIH KaIBAoii TO'lKH x EX (31J.0Ch Stv (x) o3rra•iaeT 3B03AY 
TOqKn x OTHOCllTeJibHO y, T. e. o6'be).\llH0Hll0 BCex 3Jie
M0HTOB 11:3 y, COAepmarq:HX ToqKy x). 

TioHHTHe o. JI0ll\llT B OCHOBe orrpe).\eJieHHll T. H. p
rrpOCTpaHCTBa (B CMhlcJie A. B. ApxaHreJihCKoro). Tipo· 
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CTpaHCTBO X Ha:i. p-rrpocTpaHCTBOM, ecJrn oHo JIMeeT O. OIIPE,[J;EJIHTEJih, A e Te p Mn Ha HT, irnaApaTHOil: 

B CBOeM Cmoy11a -- qe.ra 6ww.Mnai>m110.M pacuwpenuu mrn MaTpMIJ,hl A~~ llaull rropRAKa n HaA acCOI\MaTRBHO--KoMMY· 
J1 0;1.1ne11a 61rno.11naHm1w.M pacutupe11uu. Kamuoe rroJIHOe B TaTllBHh!M KOJihll,OM K c BAHH111wii 1 - :rneMeHT KOJibil,a 

CMbTCJTC lJ exa rrpocTpaHCTBO HB.IHIBTCH p-IIpoc:rpaHCTBOM. K' paBHhlii cyMMC BCCX qJieHOB BHAa 
KaIBAoe p-rrpocTpaHCTBO uMeeT ToqeqHo-cqeTHhlii THII. 

B p-IIpOCTpaHCTBe crrpaBeAJIHBbI aMIIIl,HOHHaH TeopeMa 
AJIH Beca, liI ceTeBoii Bee COBIIaAaCT c BeCOM. IlapaKOM
IIaKTJibI0 p-IIpOCTpaHCTBa - aTO B ToqHoCTH COBepllieHHbI0 

IIpoo6pa3bI MeTpnq. IIIJOCTpaHCTB. IlapaKOMIIaKTHbIC p
IIpOCTpaIICTBa c To<reqHo-cqeTHOii 6a3oii: MeTpH3YCMbI, paB

IIO KaK MeTpH3Y0MbI II IIpOCTpaIICTBa aToro BHAa c AHaro-
HaJiblO Gti . CoBepIUeHHh!ii o6pa3 H CoBepllieHHbiii: IIpoo6-

pa3 IIapaKOMilaKTHOro p-IIpOCTpaHCTBa - TaKme IIapaKOM-

na1'THbI0 p-IIpocTpaHCTBa. B. H. IIo•wMape•. 
OIIOPHAH rHIIEPIIJIOCKOCTh M H 0 m e c T B a 

M B n-M c pH 0 M B e K T () p II 0 M II p 0 c T p a H c T

B e - (n-1)-MepHaH IIJIOCKOCTb, K-paH COAepmHT ToqKll 

3aMbIKaHIIH M H ocTaBJIHCT M B DAIIOM 3aMKHYTOM npo
CTpaHCTBe. IlpH n=3 o. r. Ha3. 0 II 0 pH 0 ii II JI D

C K () c T b ID, a IIpn n=0 2 - () II () p H 0 ii II p H M 0 ii:. 
rpaHifqHyID TOqKy MHOll\0CTBa M, qepe3 K-pyID I1pOXO-

AHT XOTH 6bl OAHa 0. r., Ha3. 0110 pH o ii ToqKoii M. 
y BbIIIYKJioro MHOll\CCTBa M Bee ero rpaHilqHbIC TOqKII -

OIIOpHbre. IlocJIBAHee CBOHCTBO A pXIIMBA IICIIOJib30BaJI 

KaK orrpeAeJieHile BhlIIYKJIOCTII M. rpaHHqHbie TOqKll 

BblIIYKJIOro MHOll\CCTBa M, 'Iepe3 K-pb!e IIpOXOAIIT BAllH
CTBCHHaH 0. r., Ha3. r JI a AK II M II. 

B o6II\HX BCKTOpHb!X IIpocTpaHCTBax, rAe rIIIIepIIJIOC
KOCTb OIIpCA0JIH0TCH KaK o6JiaCTb IIOCTOHHCTBa 3Haqe

HHJ1: JIHHeiiHoro iJ>YHKl.l_IIOHaJia, TaKme BBOAHTCH IlOHHTile 

0. r. KaK rmrnpIIJIOCKOCTII, aKCTpeMaJibHOii: no 3HaqeHillO 

aToro iJ>yHKqIIOHaJia cpeAll l'IIIIepIIJIOCKOCTeii:, OCTaBJIHIO

II\IIX MB OAHOM IIOJIYIIPOCTpaHCTBe. B. A. 3a.1t2a.a.tiep. 
OIIOPHAH cJ>YHKD;HH, 0 II 0 pH hi Il: ip y HK q II O

H a JI, MHomecTea A, Jiemall\ero e BeKTopHoM rrpocTpaH

CTBe x' - iJ>yHKJ\IIH sA' 3aAaBaeMaH B HaXOAHII~eMCH c 
IIIIM B ABOHCTBCHHOCTII BCKTOpHOM rrpocTpaHCTBC y COOT
IIOlli0HH0M 

(sA) (y) =sup (x, y). 
yEA 

Hanp., o. ip. BAHHJiqHoro mapa B HopMHpoBaHHOM IIpocT

paHCTBe, paccMaTpHBaeMOM B ABOHCTBeHHOCTH co CBOJIM 
COIIpmirnHHbJM rrpOCTpaHCTBOM,- aTO HOpMa B IIOCJICAHeM. 

o. ip. BCCl'Aa BbIIIYKJiaH, 3aM1rnyTaH H IIOJIOll\IIT0JibHO 
OAIIopoAHaH (IIepBoii CTerreIIII). OrrepaTop s : A ...+sA B3a

HMHO OAH03HaqHo OTo6pamaeT COBOKYIIHOCTb BbIIIYKJibIX 
3aMKHYTbIX MHomeCTB B x Ha COBOKYIIHOCTb BbIIIYKJibIX 

3a~IKHYThIX onHopOAHbIX iJ>yHKil,lll'i:, o6paTHhIH orrepaTOp -
He 'ITO 11Hoe, KaK cy6aurji(fiepe1ui,,ua,11, (B HyJie) oIIopHoii: 

iJ>YHKIJ,IIII. lbreHHo, ecJIII A - BbIIIYKJioe 3aMKHyToe rroA
MIIomecTBO B X, TO d (sA )=A, II CCJIII p - BhlIIYKJiaH 

3aMKHyTaH OAHOPOAHaH iJ>yHKIWH Ha Y, TO s(ap (O))=p. 
8TII ABa COOTHOlli0HIIH (HBJIHIOII\l!l.0CH CJICACTBil0M TeopeMbI 
<l>eHxeJIH - Mopo, CM. Conp!lJtCenna!l rfiyn1>lfUR,) II Bbipa

maioT ABOHCTBCHHOCTb MCll\AY 3aMKHYThlMII BhIIIYKJib!MII 

MHOll\eCTBaMH II BhlIIYKJib!Ml!l. 3aMKHYTbIMll OAHOPOAHbIMll 
iJ>yHKI~IIHMI!. 

IlpnMepbI COOTHOIIICHJIH, CBH3bIBaIDmnx OIIeparop s c 
aJire6pa!il<IeCKHMH liI TeopeTHKO-MHOiKBCTBCHHbIMH orre
paqHHMH: 

s (A.C) =A.sC, A.> O; s (A1 + A2) =sA1 +sA2 ; 

s (conv (Ar U A2)) (x) =max (sA1 (x), sA2 (x)). 

.llum. · (1) Po Ha IP e JJ JI a p P., BblilYHJibill aHaJIH3, rrep. c 
a11r:1., M., 197:J; 12) M ink ow ski H., Geometrie der Zahlen, 
Lpz.-B., 1910; [3] er o me, Gesammelte Abhandlungen, Bd 2, 
Lpz.- B., 1911; l4] Fen c he I W., «Canad. J. Math.», 1949, v. 1, 
p. 73-77; (5] er o me, Convex cones, sets and tunktions, Prin
ceton, 1953; [6) Hormander L., «Ark. tor Mat.>>, 1955, bd 3, 
p. 181-86. B. M. TuxoMupos. 

OIIPE)J.EJIEHHhlll llHTErPAJI - CM. Hnmeepa.a. 

rAe i 1 , • 1 •• , in- IIepecTaHoeKa qnceJI 1, ••• , n, a t -
qnCJIO liIHBepcuii IIepecTaHOBKH ir' . ., in- 0. MaTpHqbl 

='I au· . . a1n II A I ..... 
ant·· .ann 

I au ... a1 n I 
• • • • • nJin det A. 

anI · · · ann 

O. MaTpHIJ,bI A COAepiKIIT n! qJieHoB; rrpH n=1 det A= 
=au, rrpn n= 2 det A~ a11a 22-a21a12• Han6oJiee Bam
Hbre AJIH rrpIIJiomeHnii: cJiy<ran: K - IIoJie (e qacTHOCTFI, 
qI1cJI0Boe noJie), K - KOJihqo iJ>yHKqnii: (B qacTHocTn, 

KOJibI\O ~rnoroqJieHoB), K - KOJihll,O 11,eJiblX qI1ceJI. 

Bc101-1:y Hnme K - accoqnaTIIBHO--KoMMyTaTHBHoe KOJib

qo c 1, Mn (K) - COBOKyIIHOCTb BCCX KBaAP3THbIX MaT
pIID; nopHAKa n HaA K, En- CAHHilqHaH Marpno;a HaA K. 
IlycTb A EMn(K), a a1 , •• ., an- CTpOKH MaTplilJJ;bI A 
(Bee 1-1:aJiee lil3JIOiKCHHOC CIIpaBCAJIHBO II AJIH CTOJI6qoe 

MaTpHJJ;bl A). O. MaTpilqbI A yAo6Ho paccMaTpliBaTh KaK 
iJ>yHKJ\HIO OT ee CTpoK: 

det A=D (a1 , ... , an)· 
0T06pameHile 

d:Mn-~K (A~detA) 

IIO)l;'IIIH0HO CJICAYIDII\IIM TpeM ycJIOBIIHM: 

1) d (A) - Jil!HeiiHaH iJ>yHKJ\IIH JIIOOOH CTpOKll MaTpll• 
J\bI A: 

D(a1, ... , A.a;+µb;, ... ,an)= 
=AD(a1, .. ., a;, .. ., an)+µD (a1 , ••. , h;, .. ., an), 

r1-1:e A., µEK; 
2) ecJin MaTplilqa B rroJiyqeHa Il3 A saMeHoil CTpOKJI a1 

CTpOKoii a,+aj,. i:/=j, TO d(A)=d(B); 
3) d (E n)=1. 
YcJioBIIH 1) - 3) OAH03HaqHo orrpeAeJIHIDT oTo6pameH!ile 

d, T. e. ecJIH 0To6pameHI1e h: Mn(K)-+K YAOBJICTBOpH
eT ycJioBIIHM 1) - 3), TO h (A)= det A. TaKIIM o6pasoM 
IIOJiy<IaCTCH aKCHOMaTil"'I. IIOCTpOeHile TeopHII 0. 

IlyCTh oTD6pamemrn f : Mn (K)-+K YAOBJieTB-OpReT yc
JIOBI110: 

13 ) ecJIII B rroJiyqaeTcH H3 MaTpIIII;hl A yMHOiKCHileM 01-1:

IIoii CTpOKII Ha A.EK, TO f (B)=Af (A). OqeBIIAH0,',1) ;:> 1 3 ). 

B cJiy<rae, KO!'Aa K - IIOJie, COBOKYIIHOCTb YCJIOBIIH 
1) - 3) OKa3b!BaeTCH paBHOCIIJibHOii: ycJIOBllHM 1a), 2), 3). 

o. AilaroHaJibHOlf MaTpHqbI paBeH rrpoH3BCA0HillO ee 
AilaroHaJibHbIX aJieMeHTOB. OTCIOAa BhITCKaeT CIOp'bCKTHB

HOCTb OT06pameHIIH d : Mn ( K)-+K. 0. TpeyroJibHOii 

MaTpilqhl TaKiK0 paBeH IIPOH3BCACHHID ee AHaroHaJibHbIX 

aJieMeHTOB. )J.JIH MaTpHqhr A= II~ ~ II• rAe B e: C -

KBaApaTHbIC MaTpilqbI' 

det A = det B det C. 

],fa cBoiicTB rrepeCTaHOBOK BbITeKaeT, qTo det AT= det A, 
rAe T - 3HaK TpaHCIIOHI1poBaHI1H. EcJIII MaTpII11,a A nMeer 

ABB OAIIHaKOBbIC CTpOKH' TO ee OIIpCABJIIITCJib paBeH O; 
ecJIH IIOMeHHTb MeCTaMlI ABB CTpOKJI MBTPIIJ\hl A' TO ee 0. 
Il3M0HHT 3HaK; 

D(a1 , .. ., a;+A.aJ, ... , an)=D(ar. .. ., a;, ••• , an) 

!Ipli il:j, A.EK; AJIH A H B l!l.3 Mn(K) 

det AB=det A detB. 
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TaKHM o6paaoM, oTo6pameHne d ecTb a11nMopif>11sM MYJib
TH11JinKaTHBHhlX 110Jiyrpyrm Mn ( K) n K. 

IIycTb m<.n, A=llaijll ecTh (mXn)-MaTpm\a, B=llbijll 
ecTb (nXm)-MaTpnn.a Hall: K, a C=AB. Tor11:a Bepna 
iJ>opMyJia EnHe-Roll11r: 

alj, · · .aiim 
det C=~ 

l<j,< ... <im<n 
...... x 

bj,l ... bj,m 
x ..... . 

bi ml··· bi mm 

IIycTb A=laiJI EMn(K), a AiJ- aJire6panq. 11:0110JIHe
Hne :3JieMeHTa aij· Tor11:a aepHhl iJ>opMyJihl 

,..,n l 
kl. aijAkj=B;kdetA, f 

1=1 
n (1) 

~. aiJAik=Bjk det A, 
•=1 

r11:e Bij- cnMBOJI RpoHeKepa. ,Il,JIR BhlqncJieH11ii O. qacTo 
HC110Jib3YIOTCJI pa3Jiomerme ero IIO :3JieMeHTaM CTpOKH llJill 
CTOJI611a, T. e. iJ>opMyJihl (1), TeopeMa Jia11Jiaca (cM. A.!!
ee6pau'lecnoe aono.n,nenue) n 11peo6pasoaaH11JI MaTpll!Jhl A, 
He MeHRroru;11e 0. ,Il,JIR MaTpll!Jhl A H3 Mn ( K) Tor11:a II 
TOJibKO Tor11:a cyru;ecTByeT o6paTHaJI MaTpHIJa A - I B 
Mn(K), Kor11:a BK IIMeeTCJI aJieMeHT, o6paTHhlll aJieMeHTV 
det A . CJie11:oaaTeJibHo, 0To6pameH11e ' 

GL (n, K) ____.., K* (A~ det A), 

r11:e GL (n, K) - rpyn11a Bcex o6paTHMhlX MaTpIU\ B 
Mn ( K), T. e. rroJIHaR JillHeiiHaJI rpyrrrra, a K * - rpy1111a 
o6paTHMhlX aJieMeHTOB K, eCTh a11nMopiJ>n3M :3THX rpy1111. 

Kaa11:paTHaR MaTpmi;a Hall: rroJieM 06paT11Ma Tor11:a 11 
TOJihKO Tor11:a, Kor11:a ee o. OTJinqeH OT HYJIH. 11-MepHble 
BeKTOpbI a1 , ••• , an na11: 110JieM F JI111IeiiHo 3aBHCllMbI 
Tor11:a II TOJibKO TOrµ;a, Rorµ;a 

D (ar, ... , an)=O. 

0. MaTpHIJhl A rropRARa n > 1 HaA rroJieM paBeH 1 Tor11:a 
11 TOJibKO Torµ;a, Korµ;a A ecTb rrpo113Be11:eH11e aJieMeIITap
HhlX MaTpllIJ Bllll:a 

t;j (f..)=E,,+A,e;j, 

rµ;e i:Fj, a e;j - MaTp11n.a, e11:11HCTBeHHblii HeHyJieBoii 
aJieMeHT K-poi'1 paaeH 1 11 pac110JiomeH Ha rro3HIJllH (i, j). 

Teop11R 0. B03HllKJia B CBJI311 c 3ap;aqei!. peU1eH11JI CllCTeM 
JIHHeHHhlX ypaBHeH11ii: 

aux1+ ... +a1nx,,=b1,} 

a·,,1~1+". .·. -f-~n~x~~b~, 
(2) 

ri:1e a;j, b,i- aJieMeHThl HeR-poro nOJIR F. EcJI11 det A ¥0, 
r/W A=J1a;jll- MaTpllIJa CllCTeMhl (2), TO :na CllCTeMa 
llMeeT eAllHCTBeHHOe peII1eH11e, BbfqllCJIJie~me 110 iJ>opMyJiaM 
RpaMepa (cM. KpaMepa npaeu.n,o). B cJiyqae, ROrAa c11c
TeMa (2) 3aAaHa Hall: KOJihIJOM K n det A 06paT11M B K, 
c11cTeMa TaKme 11MeeT eA11HcTBeHHoe pe111eH11e, 011peAeJIJie
Moe TeM11 me iJ>opMyJiaM11 RpaMepa. 

Teop11R o. IIOCTpoeHa TaRme H AJIJI MaTpllI\ IIaA He
ROMMyTaTHBHbIM acco11naTHBHbIM TeJioM. o. MaTpllIJhl Hap: 
TeJIOM k ( 0 11 p e A e JI II T e JI b .n: b e A 0 H H e) BBO
)J;llTCJI cJieAYIOIIJ;llM o6pa30M. TeJio k paccMaTp11aaeTcJI 
KaK IIOJiyrpy11rra II CTpOllTCJI ee KOMMyTaTl!BHhlll rOMOMopip-

Hblll o6pa3 k. k - rpy11na k* c BHellJHe 11p11coeA11HeHHbIM 

nyJieM 0, a B KaqecTae k 6epeTcJI TaKme rpy1111a k* c 

BHellJHe 11p11coe11:11neHHblM nyJieM 0, r11:e k*- iJ>aKTop

rpyrrrra rpyIIIIbl k* IIO KOMMyTaHTy. 8IIHMOpqmaM k-k, 

"'-'i:, 3aAaeTCH KaHOHH'I. :31111MopiJ>113MOM rpynrr k*-k* 
H y~JIOBHeM o-o. QqeBll/l:HO, 1 - eAHHllIJa 110Jiyrpyrr
IIbl k. 

Teop1rn O. Hall: TeJioM ocHoBaHa Ha cJie11:y10meii TeopeMe. 
CymecTByeT eA11HCTBeHHoe oTo6pameHne 

B:Mn (k) ~k, 

YAOBJieTBOpRIOIIJ;ee CJieµ;yromnM TpeM aKCllOMaM: 
I) ecJI11 MaTpn11a B 110JiyqeHa 113 MaTpHllbl A yMHome-

u11eM cJJeBa OAHOii CTpoKH Ha AEk, To B(B)=fc'l(A); 
II) ecJin B rro.nyqeHa H3 A aaMeIIoii cTpoKn a; cTpoKoii 

a,+aj, rAe i#j, To B(B)=B(A); 
III) c'l(En)=f. 
8JJeMeHT B (A) Ha3. o 11 p e A e JI n T e JI e M MaTpHIJhl A 

II 0603HaqaeTCJI det A. ,Il,JIR KOMMyTaTllBHOro TeJia aR 
CHOMbI I), II), III) coa11aAaIOT c ycJIOBllJIMll 13 ), 2), 3) 
COOTBeTCTBeHIIO, H, CJie11:0BaTeJibHO, B :3TOM cJiyqae 110Jiy
qaIOTCJI o6bJqHbJe 0. HaA 110JieM. EcJI11 A= diag [ a11 , ••• , 

a11 nJ, TO det A=au ... ann; TaKllM o6pa3oM, OTo6pame
IIHe B : Mn (k)-k crop'heKTHBHO. MaTp1111a A H3 Mn (k) 
o6paTnMa TOrAa n TOJibKO TOrAa, Kor11:a det A #0. Cnpa
BeAJIHBO paBeHCTBO det AB=det A ·det B. RaK 11 B KOM
MyTaTllBHOM cJiyqae, det A He 113MeH11TcH, ecJJ11 cTpoRy 
a; MaTpHI.lhI A 3a~~IIHTh CTpoKoii a;+A,a1., r11:e i#j, !.,Ek. 
II pn n >1 det A= 1 Torµ;a 11 TOJibKO TorAa, RorAa A rrpo
H3Be11emie aJieMeHTapHb!X MaTpn11 Bll)la t;j (A)=En+Mi;" 
i:Fj, AEk. EcJIH a:FO, TO 

l
abl IObl -c d =ad-aca- 1b, c d =-cb. 

B OTJIH<rne OT KOMMyTaTllBHOro CJiyqaH, det AT MOlReT H 

He coa11a11:aTh c det A. Ha11p., ll:JIR MaTpHllbl A= I] 1_!1 II 
IIaA TeJioM 1>6~ mepnuonoe det A= -2i, a det AT =0. 

EecRoHeqHble O., TO ecTb O. 6ecKoHeqHblX MaTpllIJ, 011-
peAeJIJIIOTCJI KaK rrpeAeJI, K R-poMy CTpeMHTCJI o. KOHeq
Hoii IIOAMaTpHllhl 11pn 6ecRoHeqHoM B03pacTaHHll ee 110-
PHAKa. ECJill :3TOT rrpeAeJI cymecTayeT, TO o. Ha3. CXOAJI· 
IIJ;llMCJI, B IIpOTHBHOM CJiyqae - pacXOJ1:RII\llMCH. 

IloHJITIIe «0.» BOCXOAHT K f. Jleii6HHllY (G. Leibnitz, 
1678); rrepBaH 11y6JIHKanHH 11p11Hat(JiemnT r. RpaMepy 
(G. Cramer, 1750). Teop11H O. C03AaHa TPYAaM11 A. BaH
AepMOHAa (A. Vandermonde), II. Jia11Jiaca (P. Laplace), 
O. Roilln (A. Cauchy) n R. 1IKo6n (C. Jacobi). TepM11H 
«0.» BCTpeqaeTCJI B11epBb!e y K. raycca (C. Gauss, 1801). 
CoapeMeHHoe o6o3HaqeH11e BBeAeHo A. KaJI11 (A. Cayley, 
1841). 

Jlum.: [1] H y po III A. r., Hype BblCI1Ieii anreiiphl, 11 ea11., 
M., 1975; [2] H 0 c T pH K H H A. II., Bee)leHHe B anreiipy, M., 
1977; [3] E cjl HM 0 B H. B., p 0 3 e HA 0 pH 3. P., JIHHeiiHaH 
anreiipa H MHoroMepHaa reoMeTpea, M., 1970; [4] T bl m Ke
e e q P. II., <D e A e H K o A. c., JieHellHaa anreiipa e aHaJJHTH· 
qecKaH reoMeTpHH, 2 H3)1., MHHCK, 1976;[5] A.PT H H 3., reoMeTpH· 
qecKaH anreiipa, nep. c aHrJJ., M., 1969; l6] B y p ii a K H H., 
Anreiipa. AnreiipaeqecKHe CTPYKTYIJbl. JieHeiiHaH H IIOJJHJJHHefiHall 
anreiipa, nep. c cjlpam~., M., 1962; L7] Har a H B. <D., OcHoeaHHH 
Teopee onpeneJJHTeneii, 011ecca, 1922. !{. A. Cynpynettrw. 

OIIPE)l;EJIHIOmAH CIICTEMA OKPECTHOCTElI 
MHOll\eCTBa A BTOIIOJIOr11qecKOM npo
c T p a H c T B e x - JII06oe ceMeiiCTBO s IIOAMHomecTB 
rrpocTpaHCTBa x , IIOAqllHeHHOe CJieAyIOU\11M ABYM ycJIO
BllHM: a) /l:JIH RamAoro 0 E 6 Haii11:eTCH OTRpb!TOe MHomecTBO 
V 11pocTpaHCTBa X TaKoe, qTQ O::>V:JA, 6) KaKoBo 6bl 
H11 6b!JIO oTKpb!Toe B X MHomecTBo W, coAepmamee A, 
HaHAeTCH aJieMeHT u ceMeiicTBa 6, COAepma11111iicJI B w. 
llHOrAa J1:0110JIHllTeJibHO rrpeAIIOJiaraIOT, qTo Bee aJieMeHTbl 
ceMeiicTBa s OTKpb!Tble MHomecTaa. Orrpe11:eJIJIIOII1eH cuc
TeMoii ORpecTHOCTeii TOqKll xEX B TOIIOJior11q. 11pocTpaH
CTBe X Has. O. c. o. B X OJ1:HOToqeqHoro MHomecTBa {x}. 

Jlum.: [1] A p x a HI' e JI b c K H ii: A. B., II 0 H 0 :Ma-
p e e B. II., OcHOBbl oii~eii TOIIoJJoree e aa11aqax H ynpaarneaeHx, 
M., 1974. A B Apxattee.itbcnuu. 
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OIIPEAEJUIIOII~EE YPABHEHU:E - ypaaHemie, ac- CM. [2], n nx aHaJiorn a paam1quh!x MHoroof"ipaaHHX aJI-
COIIIrn:poBaHHoe c perym1pHoii oco6oii ToqKoii z=a o6bIK- re6p), no;iaoJIRIOIIJ.He no OAHOMy aaAaHHIO aJirefipbI IIO-
uoaeHHoro mrnei'rnoro AIHpcpepeHIIHaJihHOro ypaaHemrn poIBAaIOIIIHMH n O. c. CTpOHTh APYrne aaAaHirn Toii me aJI-

Po (z) w<n> +pr (z) w!n-I> + ... + pn (z) w= O. (1) re6pb1.IIpnaTOM[IJIH HoHeqHo onpeAeJieHHbIX 
r p y II II (HJIH a JI re 6 p), TO eCTb aaAaBaeMbIX HOHeq-

IlycTb HOM CHCTeMoii 06paay10n1nx H HOHe•rnoii Cl!CTeMoii o. c.' 
Pi (z) = (z-a)n--i qi (z), MOIBHO HOHeqHb!M 'iHCJIOM npeofipa;ioaam1ii Tmle nepeiiTn 

cpyHKIII!ll qi (z) roJioMopcpHb! B ToqHe z= a n q0 (a) ;i 0. 
0 II p e A e JI H IO l.l.l e e y p a B H e H H e IIMeeT BIIA 

'}.. (f..-1) ... (f..-n + 1) qo (a)+ ... + f..qn-1 (a)+ qn (a) =0. 
(2) 

EcJIH HOpHII AJ> 1..,;;;.j ..,;;;.n, ypaaHeHHH (2) TaKOBhI, qTo ace 
pa3HOCTH f..i-f..k IIpH jf::k He RBJif!IOTCH IIeJibIMn qIIcJiaMn, 
TO ypaaHeHIIe ( 1) IIMeeT cpyHAaMeHTaJihHYIO CHCTeMy pe
meHJii'I BIIAa 

wi (z) = (z-a)l.i q>i (z), 1,;;;;:; j,;;;;::; n, (3) 

rµ;e cpyHHIIHH q>i (z) roJioMopcpHhl B TO'!Ke z= a. B IIpOTHB
a:oM CJiyqae peIIIeHHfl ypaBHeHJrn ( 1) MoryT 6bITb MHoro
qJieHaMH OT In (z-a) c HoacpcpmllieHTaMn, roJimrnpcpm,rMn 
B ToqHe z=a. 

o. y. )J,JIH CIICTeMh! H3 n ypaaHeHHil 

(z-a) w' =A (z) w, (4) 

oTBetta10n:we peryJiflpHoii oco6oi'1 To•me z= a, 1nreeT BHJI 

det JI /..I-A (a)JJ=O, 

r)J.e A (z) - MaTpHrw-cpym\I\HH rropRµ;Ra nX n, roJioMopcp
BaH B ToqKe z=a, HA (a);i:O. EcJIH ace paaHoCTH f..i-f..k 
npH j f:: k He HBJIHIOTCH 11,eJih!MH qIICJiaMH, rµ;e '";., i- co6-
CTB0HHbie 3Haqemrn MaTpHU,hl A ' TO CHCTeMa ( 4) IIMeeT 
!flyHµ;aMeHTaJlbHYIO CHCTeMy peIIIeHHII BHµ;a (3)' rAe q> i ( z) -
BeRTOp-!flyHKIIHM, roJioMop!f>Hhle B TOqKe z=a; B rrpOTII
BOIIOJIOlRHOM cJiyqae BeKTop-cpyHKll,HH q> i (z) MoryT 6bITb 
MHoroqJieHaMII OT In (z-a) c RoacpcpHu,UeHTaMH, KOTO
ph!e HBJIHIOTCH roJioMopcpHb!MH B ToqKe z=a BeKTop-cpyHH
IIHHMH. 

B HHOM CMhJCJie TepMHH «0. y.» yrroTpe6JIHeTCH IIPH 
HCCJiep;oaaHIIH rpynrr rrpeo6pa3oaaHHii, µ;orrycRaeMb!X 
06hIKH0BeHHh!MII µ;ncpcpepeHI\HaJibHh!MH ypaBHeHHHMH Ii! 

ypaBHeHHHMH c qacT!IbIMH rrpoH3BO)l;Hb!MH (cM. [3]). 
Jlum.: (1] HDAAHHrTOH 3. A., JieenHCOH H.,Teo

pnJI o5&nrnoeeHHhlX gmjJljlepemwa.rrbH&1x ypaeuem1fi, rrep. c aHrJI., 
M., 1958; [2] I\ a M K e 3., Crrpaeo'!Hl!K no o6&nrnoeeHHhlM g111jlljle
pen1111aJibHh1M ypaeHeHnHM, rrep. c HeM., 5 11ag., M., 1976; [3] 0 e
c ff H H ll H 0 B JI. B.' rpyrrIIOBOH aHaJill3 g111jlljlepeH1111aJibHhlX 
ypaaHemlil:, M., 1978. M. B. <Pef!op1011. 

OIIPEAEJIHIOmHE COOTHOillEHU:H y H :n B e p-
c a JI b H 0 i'I a JI r e 6 p bl G OTHOCIITeJibHO CIICTeMhl 
{g;, i EI} ee nopomµ;aJOII\HX aJieMeHTOB - cooTHoIIIeHIIH 
BH)l;a 

ui(g;1, g;2, ... ,gin)=vi(g;1, g;2, ... ,gin), jEJ, 

Memµ;y nopomµ;aIOIIIHMH (rµ;e u j• v i-TepMbI B cHrHaType 
paccMaTpHaaeMoii. aJire6ph!) TaRHe, qTo ace ocTaJibIIh!e 
COOTHOIIIeHHH 3Toro BHµ;a HBJif!IOTCH CJiep;CTBHHMH p;aIIHh!X 
H TomAeCTB MHoroo6pa3HH, B R-poM paccMaTpHBaeTCH 
aJire6pa G. 06h!•mo, Rorµ;a roaopRT o 3aAaHHH aJire6pb! 
rropomp;a!OIIIHMH II o. c., IIMeIOT B BHAY cpaHTOpaJire6py 
ceo6o&nou a.n,ee6pw Mrroroo6paaIIR c TeMII me rropomAaIO
llIHMH ITO ROHrpyaHll,HII, orrpeµ;eJIReMoii. BCeMH napaMH 
(ui, vi), iEJ. B cJiy<rae MYJibTHorrepaTopHbIX rpyrrn 
(B qacTHOCTII, rpyrrrr, aJire6p, ROJieII, Mop;yJieli) BH)l 0. c. 
YIIPOIIIaeTcH: nx MomHo aarrHCaTh JIH6o KaR wj=O, JIII6o 
KaH w i= 1 (B rpyrrrrax). 

0. c. Bh!6npaIDTCH Heop;H03HaqHO name rrpH OAHOH Ii! 

Toii me CIICTeMe nopom)laIOIIIHX. Harrp., l\IIRJIIIqecKaH 
rpyIIIIa BToporo IIOpR)lKa c nopom)laIOUIIIM aJieMeHTOM a 
MomeT 6h!Th 3aAaHa OAHHM 0. G, a2= 1, a TaKlRe )J.BYMH 
0. c. a6= 1 H a4= 1. Cyn1ecTey10T CIIeu,naJihHhle npeo6pa
aoaaHHfl (II p e o 6 p a a o B a H H R T ll II e B rpyrrrrax, 

~2 MaTeMaTH'leCl:iaH aHu .• T. 4 

OT JI106oro Ta1wro aaAaHHH H JI1060My APYrOMY ee (HoHeq
HoMy) aaAaHn10 IIopoIBAa10n1nMH n O. c. Ecmr aJireopa 
HOHeqHo IIOpOJKAeHa, TO H3 JII06oii CHCTeMbI ee IIOpOlKAaIO
IIIHX MOil\HO Bh!6paTh HOHeqHyIO IIOACHCTeMy IIOp01RAaIO
IIIIIX; ecJIII aJire6pa B HeH-poii. HOHeqHoi'1 CHCTeMe rropolK
AaIOU!HX 3aAaeTCH HOHeqHb!M qHCJIOM o. c., TO B JII06oi1: 
Apyroii HOHeqHoii. CHCTeMe rropOIBAaIOIIIHX H3 JII06oii. CHC
TCMhl o. c. MOil\HO Bh!6paTh HOHeqHyIO IIO)l;CHCTeMy o. c. 

Ifayqemrn rwHeqHo orrpeAeJieHHbIX aJire6p rropo)l;JIJIO 
neJIMR pHJl rrpo6JieM aJiropHTMHqecHoro xapaHTepa, TaHHX, 
HaH rrpo6JieMa paaeHCTBa (TomnecTaa), rrpo6JieMa WlOMOp
cpHaMa II AP· (cM. A.11,eopum.Mu<tecnaa npo6.n,e.Ma). PRA pe
ayJihTaTOB rroJiyqeH AJIH aJire6p c OAHHM O. c. Harrp., B 
rpyrrrrax c OAHHM O. c. paapeIIIHMa IIpo6JieMa paaeHCTBa, 
OIIHCaHhl 3JieMeHTbI HOHeqHoro IIOPflAHa, IIeHTp II Bee 
IIOArpyrrnhl c HeTplIBIIaJlhHbIMH TOl-HAeCTBaMH (cM. TaHme 
I'pynnoeoe uc<tuc.n,enue). 

Jlum.: [11 I\ o H II., Ymrnepca.rrbHaJI aJire6pa, rrep. c aHrJI., 
M., 1968; [2] I\ y po III A. r., Teop1rn rpyrrrr, 3 nag., M., 1967; 
[3] MarHyC B., Happac A., COJIIIT8p ,[I,., HoM6nHa
TOpHaJI TeopnJI rpyrrrr, rrep. c aHrJI., M., 197Ii. 

A. JI. lliJ>teJlb11U>l. 
OIIPOBEPiKU:MAH «l>OPMY JIA, cp o p u a JI h H o 

orrpoaepmHMaH B AaHHOM CHCTeMe 
cp 0 p My JI a,- aaMHHyTaH cpopMyJia AaHHoii CHCTeMhI, 
OTPHIIaHHe H-poii. Bb!BOAHMO B 3Toii CHCTeMe. 

B. H. I'puw.un. 

OIITU:MAJibHAH r APAHTU:PYIOII~AH CTPATE-
fU:H - CTpaTerrrn, H-paH HMeeT B AaHHoii onepau,HH 011,eH
Hy acpcpeHTHBHOCTH, paBHyIO HarIJiyqIIIeMy rapaHTHpoBaH
HOMY peayJibTaTy (cM. H au60.11,buteeo eapanmupoeannoeo pe
ay.11,bmama npunq,un). EcJIII, Harrp., B onepaJJ,HH c HpHTe
pHeM acpcpeHTHBHOCTII f (x, y) Heorrpe)leJieHHhrii cpaHTop y 
rrpHHIIMaeT 3HaqeHHH H3 MHOll'.:eCTBa Y, TO o. r. c. ;:* on
pe!leJIHeTCH H3 paaeHCTBa 

sup inf f (.:;, y) = inf f (;:\ y). 
x yEY yEY 

EcJIH BepXHHH rpaHh no .r He )J,OCT!rraeTCH, TO BBO)lHTCH 
IlOHHTHe e-o II T H M a JI b H 0 ii r a p a H T If p y IO II.\ e ii 

- * u 

c T p a T e r II H Xe ' l\JlH R-pon 

inf/(;;;, y)~sup inf/(;:, y)-e, 
yEY x yEY 

r)J.e e>O. B 3aBHCIIMOCTII OT MHomecTBa CTpaTerni'1 x= 
= x (y) Ii! HHcpopMaIIHH 0 Heonpeµ;eJieHHOM cpaRTope ( 06-
CTaHOBRe rrpoaep;eHHfl onepaiwn) aarrHch O. r. c. RoH
RpeTII3HpyeTcH (cM. [1)). TaH, ecJIH MHomecTBo cTpaTernii 

; CoCTOHT II3 acex cpyrrnqnii x (y) Ii! B orrepaIIHH HMeeTCH 
IIOJIHaH HHcpopMaU,HH 06 y, TO o. r. c. x* (y) Ha3. a 6-
C O Jl IO THO OIITIIMaJibHoii. CTpaTerneii H 
orrpeµ;eJIReTCH H3 ycJIOBIIfl 

supf(x, y)=f(x*(y), y) npn ecex yEY. 
x 

lfayqaJOTCH TaHme OIITHMaJlbHh!e CTpaTenrn' COOTBeT
CTBYIOIIIIIe HHbJM rrpHHII~IIIaM OIITHMaJibHOCTH (cM.' Harrp.' 
[2], [3]). 

Jlum.: [1] rep Me it e p IO. B., BeeAeHne e Teopmo nccJieJJ;o
eaHHJI orrepa1111fi, M., 1971; (2) er o me, Hrpbl c HerrpoT11eorro
JIOlHHhlMll nnTepecaM11, M., 1976; [3] Bop o 6 he B H. H., B rrn.: 
TeopuJI 11rp, Ep., 1973, c. 5-57. <P. H. Epevmo, B. B. <Pefiopoo. 

OIITU:MAJlbHAH I\BA,D;PATYPA - KBaµ;paTypHafl 
lf>opMyJia, p;aIOIIIaR HaIIJiyqmee rrpII6JIIImeHne IIHTerpaJiy 

I (/) = ~I} I (P) (1) (P) dP 
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IIO)l;HHTerpaJibHhlX ¢yHKIJ.IIH. EcJIII B aap;aHHOe Koueqaoe COCTOJIHHe (nmI, Hao6opoT, M3 3RARH-

SN (/) = ~kN=1 ckf (Pk), HOro uaqaJibHOro- COCTOllHHJI B npOH3BOJibHOe KOH0'1HOe), 

Ha KJiacce F 

TO 

-""" rroaeoJIJieT pelllHTb MHorne 1mqecTeeHHhle eorrpocbl p;JIJI 
paccMaTpHeaeMoli eapnan.HoHHoli aap;aqn. IlocTpoeHHe 
MHomecrea ¢a30BhlX o. T. llBJill0TCH o6H3aTeJibHblM araIIOM 
TIOCTpoeHHll ClIHTe3a OTITHMaJibHblX y11paeJieHHH RN (f) =SN(/)-!(/) 

Ha3. II 0 r p e Ill H 0 c T b IO K B a A p a T y p bl llPII 
BblqMcJieHHH HHTerpaJia OT 11,aHHOH «l>YHKIJ;HM, a 

rN (F) =sup I RN(/) I 
f E F 

Ha3. II 0 r p e Ill H 0 c T b IO K B a A p a T y p bl Ha KJiaC
ce F. EcJIH cyui;ecTeyer TaKall 1rnaApaTypa, '!TO AJIJI cooT
eeTCTeyroui;ef1 eFi r N ( F) BhlIIOJIHHeTCJI paeeHCTBO 

rN(F)= inf rN(F), 
c1i,P1i 

TO 3TY KBaApaTypy Ha3. 0 II T II M a JI b H 0 ii B a 3 T 0 M 
K .lJ a cc e. 

0. J{. ITOCTpoeHhl JIUillb AJill HeK-pbl x KJiaccoe cpyttKUHJ':i 
B OCHOBHOM OAHOro nepeMeHHoro (CM. [1) - [3)). o. K. 
Ha3. TaKme H a II JI y q Ill II M II K B a Jl p a T y p H hi M Iii 

qi 0 p My JI a M H, MJIH 3 Kc T p e Ma JI b H bl M Il KB a A
P a T y p II bl M H «I> 0 p M y JI a M u. 

Jlum.: [1] H II H 0 JI b c H II ll c. M .• l\aa11paTYPHble lf)opMYJibl, 
3 11311-' M .• 1979; [2] B a x B a JI 0 B H. c .. B HH.: qllCJieHHble Me
TO/lbl pemeHllfl 11111jlcjJepe111111aJibHbIX H HHTer(laJlbHbIX ypaeeee11i1 11 
HBa/lpaTYPHble cjJopMyJibl, M., j 964, c. 5-63; l3) c 0 G 0 JI e B c. JI., 
Bae11e11He B Teopmo HyliaTYPHbIX ljlopMyJI, M., 197 4. 

H. C. BaxBa.1108. 

OIITU:MAJILHAH TP AERTOPU:H - Kp!!eaa x ( t) e 
(n+1)-MepHoM 11pocTpaHcTee 11epeMeHHhlX t, x1 , ••• ,xn, 
110 K-poFi ToqKa x(t)=(x1 (t), ... , xn(t)), µ;el!meH:ue K-poll: 
OllHChlB80TCH BeKTOpHblM AH¢¢epeHii;HaJibHhlM ypaeHeHlleM 

x=f (t, x, u), f: IR XIRnx/RP ___,/Rn, (1) 

rrepeBO)J,MTCH :113 uaqaJibHOro COCTOHHIHI 

(2) 

B KOHeqHoe COCTOHHlile 

(3) 

llOA B03AeiicreneM OllTHMaJibHOro yrrpaeJieHHll u (t)' AO
CTaBJIHIOUJ;ero MlilHHMaJibHOe 3Haqemrn 3UAaHHOMY «l>YHK

u.noHaJiy 

J='i' 1 t0 (t, x, u)dt, /O:/Rx!Rnx/Rr _ _,./R, (4) 
.l lo 

Ha Bhl6op OIITHMaJibHOro ynpaeJiemrn HUKJia/(hlBaeTCH 

orpauuqemre 
(5) 

fAe u - 3aMKHyToe MHomeCTBO AOIIYCTJUlblX ynpaeJieHnii, 

uc!R.P. HaqaJibHhlll ll JWJieqJiblll MOMeHTbI epeMeHH 
to II t1 }J;JIH 011peAeJieHHOCTII 11peAIIOJ1araIOTClI COOTBeT
CTBeHHO «PHKClilpoaaHHhlM H cao60AHhlM. 

AHaJiornqJihlM o6pa3oM O. T. onpeAeJIJieTCH )lJIH aapHa
u;noHHhlX aaAaq 6oJiee o6ni;ero BHAa no cpaaHeHHIO c 
(1) - (5), Ha11p. JVIH 3a/J,aq c IIOABHlf\HhlMH KOHIJ;aMlil II 
c orpam1qeJil!lIMll Ha «Pa30Bbie KOOpA1rnaTbJ. 0 MOTO/J,aX 
OTblCKaHHH O. T. CM. Bapuatfuo1rnoe uc11ucAeHue; qJicJieHHhle 

MOTOAhl· 
)J,JIH aaToHOMHhlX aaAaq, a K-pblx 4JyaKii;nn / 0 , f He 

saBHCHT llBHO OT apeMeHH t: 

/O=/D (x, u), f=f (x, u), 

6oaee YA06HhlM AJIH Teop1rn n npnJiomeauii oKa3hlBaeTCll 
ITOHHTIIe «Pa3oeoii OIITHMQJibHOii TpaeKTopm1. <I> a 3 0 B a H 
0 JI T Il M a JI b II a H T p a e :K T 0 p Il H 0CTb npoeKIJ;HH 
o. T. Ha n-MepHoe llOAIIPOCTpaHCTBO 4Ja30Bb1X nepeMOHHhlX 
x1, .. ., xn. )J,JJH aBTOHOMHb!X 3aAaq «Pa3oBaH o. T. He 
aaeIICHT OT BbI6opa HaqaJibHOfO MOMeHTa epeMeHH to. 

Mccne11,oeamre MHomecTaa «Pa30BblX O. T., rrepeBOJlH
IIJ;IIX CHCTeMy lil3 rrponBBOJibHOro Haqa.JlbHOro COCTOHIIHH 

U (t) =V (x (t)), 

o6ecrreqHearoni;ero ABMIBeHne no O. T. e JII06oii TOqKe 
4Ja3oeoro npocTpaHCTBa. 

Jlum.: [1] II O H T p fl I' H H JI. C., B 0 JI T fl H C H 11 ll B. I'., 
r a M Hp e JI 11 11 3 e P. B., Mn me H Ho E. <ll., MaTeMaTHqec11aa 
TeOpHfl OIITl!MaJihHbIX rrpoueccoe, 3 113)'.(., M., 1976; [2] .D: e p y c
c 0 II .• p 0 ll P., I\ JI 0 y 3 q,' IlpocTpaHCTBO COCTOHHllll B Teo
PllH yrrpaBJieHllfl, rrep. c aHl'JI., M., 1970. n. B. BannRPCl<mii.. 

OIITU:MAJILHOro BLICTPO)J,EftCTBU:H 3.A)J,A qA -
O)J,Ha HB 3aAaq onmuMa.n,b1w20 ynpae.n,e1-tun MameMamu~e
cr;oii meopuu, COCTOHlJJ;aH B 011pep;eJ1eHHII Ml!HMMaJibHOro 
BpeMeHH 

(1) 

aa K-poe ynpaBJilieMhlH o6'heKT, ABI!lli0HUP K-poro OTIUCb!
BaeTCH cncTeMoii oohlKHoeeHHhlX AH«P«PepeHri;HaJibHhlX ypaa
uea11il 

;=/ (x, u), uEU. f:IR.nx/R.P -+/Rn, 

MOlliHO rrepeeeCTH M3 3aJ(aHHoro HaqaJibHOro COCTOHHHH 
x (O)= Xo B 3ap;aHHOe KOHeqHoe COCTOHHIIe x (t1)= X1. 31J,eCb 
x=x (t) eCTb n-MepHhl~I BeKTop «Pa30BhlX :KOOPAHHaT, a 
u= u (t) eCTb p-MepHhlll BeKTOp ynpaBJillIOIU;HX napaMeT
poB (ynpaaJieHnii), rrpnHaAJiemamnfr 11pM JII06oM t 3a
ARHHOH 3aMKHyToH AOIIYCTIIMOII o6JiaCTM ynpaBJiem1ii u. 

HcKoMoe Mli!HHMRJibHoe epeMa t1 HBJIHeTCH «PYHKIJ;MOHa
JioM (1), aaencamnM OT Bhl6ttpaeMoro ynpaaJieHHJI u(t). 
B Kaqecrae KJiacca AOITyCTIIMhlX y11paaJ1eH11ii, cpeAn K-phlX 
pa3hlCKIIBaeTCH yrrpaBJI0Hlle, OllTHMaJibHOe no 6blCTpo
AellCTBIIIO, AJIH 6oJiblllllHCTBa nplilJiomeHHH p;oCTaToqHo 
paCCMaTpHBaTb KycoqHO HenpephlBHhle yrrpaeJieHHH u (t), 
r. e. «PYHKIJ;MH, aerrpephlBHhle AJill acex paccMaTpnaaeMhlX 
t' 3a llCKJIIOqeJIMeM KOHeqHoro t[HCJia MOMeHTOB epeMeHif' B 
K-pb!X OHII MoryT TeplleTb pa3pb!Bhl 1-ro po)J,a. TeopeTH
'leCKM, CTporo roaoplI, CJ1e1J,yeT paccMarpnBaTb 6oJiee 06-
ni;:ull: KJiacc «PYHKIJ;Illl u (t), 0-.;;:t<tI? ll3MepnMblX TIO Jle6ery. 

o. 6. 3. MOlliHO paccMaTpnaaTb KaK 'laCTHblM CJ1yqa1':i 
BO.!!btfll aaoa'IU H Maiiepa aaoa'IU, paCCMaTpMeaeMb!X B 
eapHaIJ;HOHHOM MCqHCJieHHll, llOJiyqaroni;nll:ca Il3 3THX 
3RJ(aq 11p:u crreu;naJibHOM 3aAaHlilH OIITHMH3HpyeMoro «PYHK
IJ;JilOHaJia. OnTnMaJihHoe 110 6hlCTpop;elicTBHIO ynpaaJieHHe 
u (t) AOJilliHO yp;oeJieTeopHTh rrpHHU.HllY MaKcnMyMa IloH
TpHruHa, HBJIHIOIIJ;eMyCH mw6XOIJ,HMblM ycJIOBHeM, 0606-
maIOIIJ;HM Heo6xoAHMhle ycJioenH 8fmepa, J\Jie6Illa n Beiiep
II1Tpacca, IICIIOJib3YeMbie B KJiaCCHt[eCKOM aapHaIJ;HOHHOM 
HC'IHCJieHHH. 

)J,JIH JIHHeHHhlX o. 6. 3. Il3 Heo6xo)J,HMbIX yCJIOBHII MOlliHO 
noJiyqHTh HeK-pble BhlBOAbI o KaqeCTBeHHol1 CTpyKrype 
OIITIIMaJibHOrO ynpaaJieHHH. JI Iii He ii II hi M ll o. 6. 3. 

(CM. [ 1], [2)) HQ3. TQKHe 3aAaqn, B K-phlx BhlIIOJIHeHb! rne
AYIOIIJ;He TPM ycJIOBlilH: 

1) ypaeHeHIIH ABIDI'8HIIH o6'heKTa mrneHHbl no x H u: 

x=Ax+Bu, 

fAe A ll B - IIOCTOHHHble MaTpHIJ.bl pa3MepHOCT!I n x n 
II n x p COOTBeTCTBeHHO; 

2) KOHeqHoe COCTOHHIIe X1 COBTia)J,aeT c Ha'laJIOM Koop
AIIHaT' HBJIHIOIIJ;UMCH COCTOHHifeM paBHOBeCHH o6'heKTa 
11p11 u=O; 

3) o6JiaCTb ynpaeJieHl!ll u lIBJIHeTCH p-MepHhlM BblIIYK
JlblM MHororpaHHIIKOM Tamm, qTO HaqaJio Koopp;uHaT 
npocTpaHCTBa u npuHa)J,JIOlliIIT u' HO He HBJllleTCH ero Bep
IDHHOII. 

IlyCTb BblllOJIHeHo ycJIOBHO o6ni;HOCTH IIOJIOllieHHH, co
CTOf!fU.ee B JIJIHeJ':iHoii He3aBIICHMOCTH BeKTOpOB 

Bw, ABw, A2Bw, ... , An-lBw. 
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rAe w - npmrnaoJihBblii: p-Mepublli BeRTop, rrapaJIJieJihHblii: 
pe6py MHororpaBHRKa u. TorAa JI.JUI OIITRMaJihHOCTlf ITO 
6bICTpoAeiicTan10 yrrpaeJiemrn u (t), O..;;:t..;;:ti, rrepeBOA.11-
mero o6'heKT na aap;aHHoro HaqaJihHoro coCTO.HHH.11 x0 B 
rroJiomemrn paauosecm1 (HaqaJio Koopp;:irnaT e rrpocTpaH
CTBe x), Heo6XOAHMO H AOCTaToqHo, qTo6bl OHO YAOBJieT
BOp.HJIO rrpHHl:J;IIIIY MaKCIIMyMa IloHTp.Hnrna. /];aJiee, 
OIITIIMaJihHoe yrrpaeJieHile u (t) B JinHei-iHoii aaAaqe orr
THMQJihHoro 6blCTPOAeiicTBil.II KycoqHo IIOCTOHHHO, II ero 
3HaqeHHHMH .IIBJl.IIIOTC.II Jlllillh eepIIIHHhl MHororpaHHIIKa u. 

B o6ui;eM cJiyqae qncJio rrepeKmoqeHilii: u (t) XOT.H II 
KOHeqHo, HO MomeT 6hJTh rrpOil3BOJlhHblM. B CJleAyromeM 
samH0~1 cJiyqae qncJio rrepeKJ110qeHI1ii: AOIIycRaeT ToqHyIO 
OIJ;eHKY csepxy. 

ECJIH MHororpaHH!IK u HBJIHeTCH p-MepHbJM IIapaJIJI0Jie
llHII0AOM 

11 ace co6cTeeHHbie 3HaqeHn.H MaTpnnbI A Aef1CTBHTeJihHhl, 
TO KamAa.H Il3 KOMIIOHeHT us ( t)' s= 1, ... ' p' OIITHMaJih
Horo yrrpaBJieHirn u (t) .IIBJIR0TCH Kycoqao IIOCTOHHHoii 
cpyHKJ,IleH, IIpHHHMaIOmeu TOJlhKO 3HaqeHil.II as u bS 
n nMe10meii: He 6oJiee n -1 rrepeRJIIO'leHnii, T. e. ae 6oJiee 
n HHTepBaJioB IIOCTO.IIHCTBQ. 

o. 6. 3. MomeT paccMaTpHBaThCH H AJIH HeaBTOHOMHhlX 
CIICTeM, 1·. e. AJI.H cncTeM, y K-pbrx IIpaaa.H qaCTh f 3aBIICHT 
eme II oT epeMeHu t. 

B Tex cJiyqaHx, RorAa aTo YAaeTC.H, IIoJieaHo paccMa
TPIIBaTh o. 6. 3. He TOJlhKO B rrporpaMMHOll IIOCTaHOBirn, 
RaK 3TO OIIHC8HO Bhlille, HO H B II03HIJ;llOHHOl! IlOCTaHOBRC 
B cpopMe 3aAaqH CHHTeaa (cM. Onmu.MaJtbliOe ynpa6;r,e11ue 
1waulfuonnoe). PerneHue aaAa'III CHHTeaa II03BOJI.HCT noJiy
qnTh RaqecTBeHHoe rrpeACTaeJieHue 0 CTpyRType OIITHMaJib
Horo no 6blCTpoAeii:cTanro ynpaeJieHil.H, IIepeBOA.Hmero 
CHCTCMY H3 JII06oii: TOqRH, HaXOA.HmeiiCR B HCK-po:il: ORpeCT
HOCTH HCXOAHOH HaqaJibHOH Toq1m Xo, B 3aAaHHoe ROHe'!
Hoe COCTO.IJHile x,. 

Jlum.: (1] II 0 HT p JI r H H JI. C., B 0 JI T JI H c K H li B. r .. 
r a M K p e JI u 11 a e P. B., M H III e H R o E. <I>., MaTeMaTH'lec1<aJI 
TeOpHJI OIITl!'.MaJibHhlX npoueccoe, 3 H3)'.I., M., 1976; [2] B 0 JI T JI H
e R H li B. r.' MaTeMaTH'leCKHe MeTO)'.lbl OTITHMaJibHOrO ynpaBJieHHJI, 
M., 1966. II. B. Ban1<apcnuu. 

OITTHMARbHOro YITPABREHHH MATEMATH-
qECKAH TEOPHH - paaACJI MaTeMaTIIKH, B K-poM 
uayqaIOTC.II caoco6hl cpopMaJIH3anHH ll MCTOAbI perneHHH 
3aAaq 0 Bbl6ope HQHJiyqrnero B aapaHee npeAUHCaHHOM 
CMbICJle CIIOCo6a ocyw,eCTBJieHJJ.II ynpaBJIHCMOl'O AHHaMnq, 
nponecca. 8ToT A 11 H a M rr q e c R H fr II p on e c c Mo
meT 6b1Tb, KaR IIpaBHJIO, OillICaH npu IIO:IWII\H AHcf>cpe
peHIJ;IlaJlbHbIX, IIHTerpaJibHblX, cpyHKIJ;llOHaJibHblX, ROHeq
Hopa3HOCTHblX ypaBHCHHii (HJIII HHbIX cpopMaJIH30BQHHb!X 
3BOJII01'HOHHhIX COOTHOIIJeHHtt), 3aBHCHII\IlX OT CHCTeMbl 
cpyHRIJ;IDi IIJIIl rra paMeTpOB' Ha3. y II p a B JI e H Il fl M H 
H IIOAJlelliaUJ;HX onpep;eJieH11IO. HCKOMhle yIIpaBJICHIIH' a 
TaRme peaJinaari;HII caMoro IIponecca cJieAyeT B o6meM 
CJiyqae BbI6HpaTh c yqeTOM orpaHII'leHHii:, npeAIIHCaHHblX 
IlOCTaHOBROH 3aAaq11, 

B 6oJiee CileJJ;HaJlbHOM CMhlCJle TepMIIHOM «0. y. M. T.)) 
nplIHHTO Ha3b1BaTb MaTeMaTlJq. TeopHIO, B K-poii H3Y
qaIOTCR MeTOAhl perneHHH HeRJiaccuqecRHX eapHa1'HOHHhlX 
aaAaq OIITUMaJlhHOl'O yIIpaeJieHHH (KaK npaBHJIO, c AHcp
cpepeHri;HaJibHbIMH CBH3HMH), AOIIYCKaIOIIJ;HX pacCMOTpeHHe 
HerJiaAKHX cpyHKIJ;IIOHaJIOB H rrpoH3BOJlbHhlX orpaHilqeHHJI 
Ha rrapaMeTphl ynpaBJiemrn HJIH HHhle aaaHCHMhle rrepe
MeBHhle ( o6bJqHo paccMaTpllBaIOT orpaH11qeHHH, aaAaeae
Mhle HecTporHMH HepaBeHcTeaMII). TepMHHy «0. y. M. T.» 
HHorp;a nplIAaIOT 6oJiee illHpoRnii cMhlCJI, HMeH B BHAY 
Teopn10, 113yqa10my10 MaTeMaTJilq, MeTOAhl HCCJie1weaHHH 
3a)J;aq, perneHHH K-pbIX BKJIJOqaIOT RaROH-JIH6o IIP01'eCC 
CTaTnqecKoii HJIH AHHa11mq. OIITUMH3a1'HH, a COOTBeT
CTBYIOmHe MOAeJibHhle CllTYa1'HH AOITycKaIOT llHTepnpeTa
IJ;HIO B TepMHHaX Toii HJIH IIHOH IIpIIRJiaAHOii IIpo1~eAYPhl 
npnHHTHH HaHJiy'lrnero peIIICHIIH. B TaRoM TOJrnoeaHIIH 

2* 

o. y. M. T. COAepml!T 3JiellleHTbl UCCM006anusi onepalfUU, 
:1£ame.Mamu11ecnoeo npoepa.M.Mupo6a11usi n uip meopuu. 

3a)J;aqu, paccMaTpnaaeMhle B O. y. M. T., aoaHnRJIH 1rn 
IIpaKTHq, UOTpe6HOCTeii, IIpemp;e BCero B o6JiaCTH Mexa
HIIKH RoCMH'I. IIOJieTa II a6mo.Mamuttec11:020 ynpa6;r,enusi 
meopuu (cM. TaKme Bapuatfuon11oe ucttuc;r,enue). <l>opMaJin
aari;nH IT perneane 3TI!X 3aAaq IIOCTaBHJIH HOBhle BOIIpOCbI, 
Harrp. B TeOpHH o6hIRHOBeHHblX p;HcpcpepeHnHaJihHhlX ypaB
HeHnii:, KaK B o6JiaCTH o6o6meHHH IIOHHTHH perneHIIH H 
BblBOp;a COOTBeTCTByIOmnx YCJIOBHH cymecTBOBaHHH, TaR ll 
B 113yqeHHH AHHaM11qecRHX H 3KCTpeMaJihHbIX CBOHCTB Tpa
eRTOpm:i: yIIpaBJIHeMbIX p;11cpcpepeH1'HaJibHhIX CHCTeM; B 
qaCTHOCTH, o. y. M. T. CTHMyJinpoaaJia H3y'leHHe CBOHCTB 
ourfirfiepeHlfUaJtbHb!X (Jl'O,ff,IO'teHUU. CooTBeTCTBYIOmne HarrpaB
JieHH.II o. y. M. T. II03TOMY qaCTO paccMaTpHBaIOTC.II RaK 
paa)J;eJI Teopm1 o6hIKHoaeHHhlX AHcf>cpepeHri;naJibHhlX ypaa
HeHnii:. B o. y. M. T. COAepmaTCH MaTeMaTHq, OCHOBhl T00-
pnn yIIpaBJieHPIH ABIIll\eHneM - HOBOl'O paBAeJia o6me:il: 
MeXaHIIRII, B R-pOM HCCJieAyIOTC.II 3aROHbl cpopMI1poeaHHH 
yrrpaBJIHeMhlX MexaHH'I. ABHmeHHii II CMemHhle MaTeMaTnq. 
BOIIpocbJ. Ilo MeTOAaM IICCJleAOBaHHH II no CBOHM IIpIIJIO
meHHHM o. y. M. T. TeCHO CBH3aHa c aHamITIIq, MeXaHH
KOH, B oco6eHHOCTII c pa3AeJiaMH, OTHOC.IIII\llMllCH R 6a
pUlllfUOHHlit.M npunlfuna.M 1>;r,accuttecr;ou .Mexanu11:u. 

XoTH qaCTHble 3aAaqn onTHMaJlhHoro yrrpaBJieHHH H 
HeKJiaccnqeCKIIC BapI1aIJ;HOHHhle 3aAaqH BCTpe'laJIHCb H pa
Hee, ocHOBbI o6ni;eii: O. y. 111. T. 6bIJIII aaJiomeHhl B 1956-
1961. KJiroqeBhlM IIYHKTOM 3TOll TeopHH IIOCJIYll\IIJI llon
mpsizuna npunlfun .Mar;cu.My.Ma, ccpopMyJII1poBaHHhlll JI. C. 
IloRTpHrnHhlM B 1956 (cM. [1]). BamHblMH CT1IMyJiam1 co-
3)laHIIH 0. y. M. T. 6bIJIH OTKpbITHC MCTOAa OUHa.MU'teCIWZO 
npoepa.M.Mupo6anusi, BblHCHCHHe poJin cpyHR1'lIOHaJlbHOl'O 
aHaJIH3a B Teopnn OIITHMaJlbHblX CHCTeM, OTKpbITile CB.II-
3eii: perneHuii: 3aAaq onTHMaJibHoro ynpaaJieHHH c peayJib
TaTaMn Teopnu ycToiiqHBOCTlI no JlHIIYHOBY' IIOHBJieHIIe 
pa6oT, CB.II3aHHblX c IIOH.IITIIHMH yrrpaBJIHeMOCTH H Ha6JIIO
AaeMOCTII AHHaMII'I. CHCTeM (cM. [2]-(5]). B nocJieAyIO
mne l'OAhl 6blJIII pa3BllTbl OCHOBbl TeOplIH CTOXaCTHq, yIIpaB
JICHllH II CTOXaCTHq, cpuJibTpannu AHHaMIIq. CHCTClll' 
IIOCTpoeHhl o6IIJ;IIC lVIeTOAbl perneHHH HCKJiaccnqecKnx Ba
pHanHOHHhlX aaAaq, IIOJIY'leHhl o6o6meHHH OCHOBHhlX IIO
JIOll\CHHll o. y. M. T. Ha 6oJiee CJIOll\Hble KJiaCCbl AHHa111nq. 
CHCTCM, 113yqeHh1 CBH3FI c KJiaccnqec.KnM BapHanI10HHbIM 
HCqHCJieHHCM (CM. [6]-(11]). o. y. M. T. HHTeHCHBHO paa
BHBaCTCH, B 'laCTHOCTH, B HarrpaBJieHHH Il3Y'leHH.II urpo
BhlX aaAa'I AHHaMHKH (CM. l{urfirfiepeHt{UaJtbHb!e uipbi), 
3aAa'I yrrpaBJICHIIH B yCJIOBIIHX HCIIOJIHOll llJIII HCOIIP0Ae
JICHHOM HHcpopMa1'IllI, CIICTeM c paCIIpeAeJieHHbIMH rrapa
MCTpaMH, ypaBHCHHH Ha MHoroo6pa3H.IIX Iii T. A· 

Peay.lJbTaThl O. y. M. T. HaIIIJIH rn11pomrn IIpnJiome
HHH B cpopMnpoeaHHH nponeCCOB ynpaBJieHHH, OTHOCH
lIJ;HXCH K caMhlM pa3Hb!M o6JiaCTHM COBpeMeHHoii: TeXHHRH, 
B 11ayqeHI1H a.KoHoMH'J. AHHaMHRH, B perneHnH pHAa 3BAaq 
H3 o6JiaCTH 6uoJiorau, MeAHnHHhl, aRoJiornn, A0Morpa

cp:i!ll H T. A· 
3aAaqa OIITHMaJibHoro yrrpaBJieHHH 

B o6meM BHAe MomeT 6h1Th oIIncaHa cJieAyIOIIJ;HM o6paaoM. 
1) /];aua ynpaBJIHeMa.H cncTeMa S, cocToRHIIe K-poii: 

B MoMeHT apeMeHu t aao6pamaeTCH aem1qnHoii: x (Harrp., 
BeKTOpoM o6o6meHHhlX KOOPAHHaT H o6o6meHHhlX HM
IIYJlbCOB MeXaHIIq, CIICTeMbI, cpyHRIJ;lleII OT rrpocTpaHCTBeH
HhlX .KOOPAHHaT B pacnpeAeJieHHOH CIICTeMe, BepOHTHOCT
HblM pacrrpeAeJieHue111, xapaKTepHayrom11M TeRymee co
CTo.HHHe CTOXaCTIIq, CI!CTeMhl, BeRTopoM BhlnycRa IIPOAYR
nHH B AIIH8MIIq, MOAeJI:ll 3ROHOMHRll H T. A·)· IlpeAIIOJiara
eTCH, qTo K CHCTeMe s IIp1rnomeHbl yrrpaBJIHIOIIJ;Ile B03Aeii
CTBl!H u, o.Ka3hlBaIOmHe BJlllflHHe Ha ee AHHaMIIRY. 0HH 
ll!OfYT, Hanp., IUieTh CMbICJI MeXaHH'I. CIIJI, TellmepaTypHbIX 
HJIH 3Jl0KTPH'I. IIOTeHnHaJIOB, rrporpaMMbI RaIIHTaJIOBJIO

)l(eHHii H T. A. 
2) .n;auo ypaeHeaue, ce.Hahlaa10mee rrepeMeHHhle x, 

u, t lI OIIUCh!Ba!OIIJ;lle AUHaMllKY Ci!CTe:w.I. ¥KaaaK npo-
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Me1RYTOR BpeMeHH, Ha R-poM paccMaTp1rnaeTCH ypaBHemrn. 
B T:irn:irqHoM cJiyqae aTo MomeT 6h1Tb o6bIRHoseHHoe Ampcpe
pena;:iraJibHoe ypaBHeH:ire BMAa 

;;=/ (t, x, u), t 0 ,,;;;;, t.,,;;;;, t 1, xEIRn, uEIRP, (1) 

c 3apaHee orosopeHHhlMlI csoiicTBaMII cpyHRl\lIII f (qacTo 
Tpe6y10T, Harrp., HenpephlBHOCTH f no t, .r, u n Herrpepb!B
HOI°1 AHcpcpepeHa;:irpyeMOCTlI no x). 

3) ll3BeCTeH xapaRTep 1rncpopMa1vm, R-paH MOll\eT 6h1Tb 
HCIIOJib30BaHa )J;JIH cpopMnpoBaHHH ynpaBJIHIOID;HX B03)J;eH
CTBIIH (Harrp., B Rall\)J;hlll MOMeHT BpeMeHH IIJIH B 3a paHee 
npe)J;IIHCaHHhle MOMeHThl CTaHOBHTCH H3BeCTHbIMH )J;OCTyrr
Hhle H3MepeHHIO BeJIIIqHHhl - 3HaqeHHH cpa30BhlX ROOp)J;H
HaT CHCTeMhl (1) HJIH cpyHRqni1: OT 3THX ROOp)J;HHaT). Oroso
peH RJiacc cpyHR[\HH, OIIIICb!BaIOII(HX ynpaBJieHHH, )J;Orry
CRaeMbie R paCCMOTpeHnro: MHomeCTBO RycoqHo Herrpe
pb!BHhlX cpyHRqnil: BH)J;a u=u(t), MHOll\eCTBO JIHHeHHhlX no 
x cpyHR[\HH BH)J;a u=u(t, x)=P'(t)x c HerrpephlBHhlMH 
RoacpqmqneHTaMH H T. A· 

4) Y cTaHosJieHhl orpaH:irqeHMH Ha npoqecc, rro)J;Jiema
II(Mii peaJIH3aqnn. C10Aa npem)J;e scero sxop:HT ycJIOBlIH, 
OIIpeAeJIHIOII(lie qeJib yrrpaBJieHlIH (mrnp., )J;JIH CHCTeMhl 
(1) - norra)J;aH:ire B 3a)J;aHHyro TOqRy IIJIM Ha 3a)J;aHHoe 
MHomeCTBO cpa3oBoro npoCTpaHCTBa IR n, Tpe6osaH:ire CTa-
6nJin3aa;:irn perneHHH OROJIO 3a)J;aHHoro ABlill\eHlIH lI T. )];.). 
RpoMe Toro, orpaH:irqeHMH MoryT 6h1Tb HaJiomeHhl Ha se
mi:q:irnhl ynpaBJIHI01q11x B03)J;eHcTs:irii u nJIM ROOPAMHaT 
COCTOJIHHH x, Ha cpyHR[\lIH OT 3TlIX BeJIHqlIH, Ha cpyHRD;HO
HaJihl OT HX peaJIM3aa;nil: H T. A· B CHCTeMe (1), Harrp., 
B03MOll\Hhl orpaHn'leHHH Ha napaMeTphl ynpasJieHMH 

u EU c: RP HJilI cp (u).,,;;;;, 0, cp: !RP__,. IR.k, (2) 

H Ha ROOp)J;HHaThl 

xEXc:IRn HJilI 'ljl(x),,;;;;,O, 'ljl:IRn __ _,.IR.1; (3) 

3)J;eCb u, x - 3aMRHYThle MH01ReCTBa, cp,"' - )J;licpcpepeH
u;:irpyeMhle cpyHRq:ir:ir. MoryT paccMaTprrnaTbCH lI 6oJiee 
CJIOmHble ClITyaqMlI, ROr)J;a MHOll\eCTBO u 3aBHCHT OT t, 
x lIJilI 3a)J;aHo HepaBeHCTBO BH)J;a g(t, x, u)...;:O (cJiyqail: 
CMernaHHhlX orpan:irqeHlIH) H T. A· 

5) 3a)J;aH rroRa3aTeJib (RpHTep:iril) RaqecTsa rrpoqecca, 
rro)J;JiemaII(ero peaJI:ir3aq:ir:ir, npe)J;cTaBMMhli1: B BHAe cpyHR
a;:iroHaJia J (x ( ·), u ( · )) OT peaJIH3aq:ir:ir nepeMeHHbIX x, u 
Ha paccMaTp:irsaeMoM OTpe3Re speMeHH. YcJIOBlIH 1)-4) 
Terrepb )J;OIIOJIHHIOTCH Tpe6osaHHeM OIITlIMaJibHOCTlI npo
qecca - MHHHMyMa, MaRCMMyMa, MlIHlIMaRCa lI T. A· no
Ra3aTeJIH J(x( ·), u( ·)). 

TaKMM o6pa3oM, B 3a)J;aHHOM RJiacce ynpasJieHHH )J;JIH 
3a)J;aHHOii CHCTeMbl Tpe6yeTCH Bb!6paTb ynpaBJieHMe u, 
OIITlIMlI3MpyIOII(ee IIORa3aTeJib J (x (. ), u (. )) (rrplI YCJIOBHlI 
AOCTlI1ReHHH qeJIH ynpaBJieHlIH lI rrpH BblIIOJIHeHlIH HaJIO
meHHb!X orpan:irqen11il:). ((lyHRqlIH (Harrp., BMAa u= u ( t) 
HJIH u=u(t, x) lI T. )];.), perna1011~aH 3a)J;aqy orrTMMaJibHoro 
ynpaBJieHHH, Ha3. 0 II T H M a JI b H hi M y II p a B JI e -
H lI e M (np:irMep cpopMyJIMpOBRlI TlIIIHqHoH 3ap:aq11 OIITH
MaJibHOrO yrrpaBJieHHH CM. B CT. fl Oli.mp!tBU/ia npUlilfUn 
.Mai>cu.M y.Ma). 

Cpe)J;M AHHaM:irq, o6'heRTos, oxsaThlBaeMhlX 3a)J;aqaMM 
o. y. M. T., rrpHHHTO OTJIH'laTb ROHeqHoMepHb!e OT 6ecRO
HeqHoMepHbIX - B 3aB11ClIMOCTll OT pa3MepHOCTH cpa3oBoro 
npocTpaHCTBa COOTBeTCTBYIOII(lIX CUCTeM )J;HcpcpepeHqliaJib
HhlX ypasHeHHH, OIIllChlBaIOII(llX HX, HJIU OT BH)J;a orpaHHqe
HUH, HaJimReHHhlX Ha cpa30Bhle nepeMeHHhle. 

Pa3JIH'laIOT 3a)J;a1111 onmu.Ma.JtbHoeo ynpae.n,enuH npo
epa.M.Mlweo H onmu.Ma.Jtbnoeo ynpae.n,enuH noau!fuonnoeo. 
B nepsoM cJiy11ae B03)J;eHcTsHe u cpopMnpyeTCH B BM)J;e 
cpyHRqHH speMeH:ir. Bo BTopoM cJiyqae B03)J;eHcTsne u 
cpopMnpyeTCH B BII)J;e CTpaTerHII ynpasJieHUH no rrpHH[\IIIIY 
o6paTHOH CBH311, RaR cpyHR[\HH OT )J;OCTYIIHblX 3Ha'leHIIii: 
TeRyII(IIX rrapaMeTpoe rrpoa;ecca. 

B fl3Y'l8HUH 3a)J;aq 0. y. M. T. BblAeJIHIOT BOIIpOCbl cyII(e
CTBOBaHHH perneH.l!l.ii, BbIBOA Heo6XO)J;HMbIX YCJIOB.l!l.ii 3RC-

TpeMyMa (OIITHMaJibHOCTll yrrpaBJiemrn), IICCJie)J;oBaHHe 
µ;ocTaTOlfHblX yCJIOBHii, IIOCTpoemi:e qncJieHHblX aJiropHT
MOB. PaccMaTpHBaIOTCH TaRme COOTHOilleHIIH Me1RAY pe
rneHHHMH 3aAa'I o. y. M. T., IIOJiyqeHHbIX B RJiacce rrpo
rpaMMHhlX H II03HD;HOHHblX yrrpaBJieHHH. 

OnncaHHble BapHaHTbl IIOCTaHOBOR 3aAaq OIITHMaJibHoro 
yIIpasJieHWH IIpeAIIOJiaraIOT c yII(eCTBOBaHHe RoppeRTHoii 
MaTeMaT11q. Mop:eJin rrpoqecca n paccqnTaHbJ Ha IIOJIHy10 

aIIpHOpHyIO HJIH )J;aiRe Ha IIOJIHyIO TeRyII\YIO HHcpopMaI\HIO 0 
COOTB0TCTBYIOII(ell CHCTeMe. 0AHaRO B IIpHRJia)J;HbIX IIO
CTaHOBRax AOCTYIIHOH HHcpopMa[\HH 0 CHCTeMe (HaIIp.' 
CBe)J;eHHH 0 HaqaJibHhlX H ROHeqHb!X yCJIOBHHX, 0 Roacpqm
I\HeHTax COOTBeTCTBYIOmIIX ypaBHeHHH, 0 3HaqeHHHX AO
IIOJIHHTeJibHblX IIa paMeTpOB HJill AOCTYIIHblX II3MepeHHIO 
ROOp)J;HHaT H T. A·) qaCTO oRa3b!BaeTCH He)J;OCTaToqHo AJIH 
IIpHMoro IIpIIMeHeHHH OTMeqerrnoii Bhlrne Teopn11. IIocJiep:
Hee IIpHBOAHT R 3aAaqaM OIITHMaJibHoro yIIpasJieHHH, 
ccpopMyJIIIpOBaHHhlM B HHblX HHcpopMalWOHHhlX IIpe)J;IIO
J!Oll\8HHHX. EoJibillOH pa3AeJI o. y. M. T. IIOCBHmeH 3a,qa
lfaM, r)J;e OIIllCaHne HeAOCTaIOII(HX BeJI11qnH HOCHT CTaTH
CTnq, xapaRTep (T. H. TeOpHH c T 0 x a c TH q e c R 0 r 0 
0 II T H M a JI b H 0 r 0 y II p a B JI e H H H). ECJIH Ra
RaH-JIH6o CTaTHCTH'l.. HHcpopMaqHH 0 HeAOCTaIOI[\HX BP
JIHqnHaX OTCYTCTByeT, HO 3a,D;aHbl J!Hillb AOIIYCTHMble 
o6JiaCTll HX H3MeHeHHH, TO COOTBeTCTByIOII(He 3aAaqn 
paCCMaTpHBaIOTCH B paMRaX TeOpHH 0 II T 11 M a JI b H 0 r 0 
y II p a B JI e H n H B y c JI 0 B H H x H e 0 II p e A e
JI e H H 0 c T H. R pernemrro 3THX SaAa'I TOrAa IIpHBJie
RaIOT MeTOAbl MHHHMaRCa H TeOpHH nrp. 3aAaq11 CTOXa
CTnqecRoro OIITHMaJibHoro yIIpaBJieHHH H OIITHMaJibHOro 
yIIpaBJieHIIH B ycJIOBHHX HeoIIpeAeJieHHOCTH oco6eHHO 
COAepmaTeJ!bHbl, ROrAa peqb H)J;eT 0 II03H[\HOHHOM OIITl!
MaJibHOM yIIpaBJieHHH. 

x OTH cpopMaJIH30BaHHoe OIIHCaHHe yIIpaBJIHeMb!X CHCTeM 
M01KeT IIpHHHMaTb AOCTaToqHo a6cTpaRTHyIO cpopMy (CM. 
[ 11)), IIpOCTeHillaH RJiaCCHcpHRa[\HH AOIIYCRaeT TaRme Ae
JieHirn HX Ha c H c T e M bl c H e II p e p bl B H bl M B p e

M e H e M (oIIIICblBaeMble, HaIIp., AMcpljJepemvrnJihHb1M11 
ypaBHeHHHMH - o6blRHOBeHHblMH HJIH c qacTHblMU IIpo-
113BOAHblMH, ypaBHeHHHMH c OTRJIOHHIOII\HMCH apryMeH
TOM, ypaBHeHHflMH B 6aHaXOBOM IIpOCTpaHCTBe, a TaRme 
AHcJ!ljJepeHqHaJibHblMll BRJIIOqeHHHMH, HHTerpaJihHblMlI, 
HHTerpo-)J;ncpljJepeHa;HaJibHhlMH ypaBHeHHf!MH n T. A·) Ii 
M H 0 r 0 m a r 0 B bl e (A If c R p e T H bl e) c H c T e
M bl, OIIHCblBaeMble peRyppeHTHhlMH pa3HOCTHblMH ypaB
HeHHHMH II paccMaTpHBaeMble JIHIIJh B H30JIHpOBaHHble 
(AHCRpeTHble) MOMeHThl BpeMeHH. 

,Il.HCRpeTHble CHCTeMhl yIIpaBJieHHfl, IIOMHMO caMOCTOH
TeJibHOrO HHTepeca, HMeIOT cepbe3HOe 3HaqeHHe RaR RO
HeqHo-pa3HOCTHhle MOAem1 HeIIpepblBHbIX CHCTeM. IIo
CJie)J;Hee sa;RHO )J;Jifl IIOCTpoeHHfl q11CJieHHbIX MeTOAOB perne
HHH 3a)J;aq OIITHMaJibHoro yIIpasJieHHfl (cM. [12], [13]), 
B oco6eHHOCTH B TeX CJiyqa.11x, ROrAa HCXOAHaH 3aAalfa 
IIO)J;BepraeTCH AHCRpeTH3a[\lIH, HaqHHafl c CaMoii IIOCTa
HOBRH. R AHCRpeTHhlM CHCTeMaM IIpHMeHHMbl OCHOBHble 
yRa3aHHble Bblille IIOCTaHOBRH 3aAaq. XoTH TeopeTHRO
cpyHRqHoHaJibHaH CTopoHa HCCJie)J;OBaHHH 3AeCb ORa3bI
BaeTCH rrpoII(e, IIepeHeceHHe OCHOBHblX ljJaRTOB TeOpHH 
OIITHMaJibHoro yIIpaBJieHHH )J;JIH HerrpepblBHblX CHCTeM H 
lI3JIOll\eHHe HX B ROMIIaRTHOH ¢opMe CBH3aHo co CIIeqH
cpnq, TPYAHOCTHMH H He Bcer)J;a B03MOll\HO (cM. [14), [15]). 

TeopHH OIITHMaJibHblX JIHHeHHblX )J;HCRpeTHblX CHCTeM 
yrrpanJieHHH c orpaHHqeHHHMH, 3a)J;aBaeMblMH BbIIIYRJiblMH 
ijJyHR[\HHMH, pa3pa6oTaHa )l;OCTaTOqHo IIOJIHO (CM. [15]). 
Ona CMblRaeTCH c MeTo)J;aMH JinHeil:Horo n BblITYRJioro rrpo
rpaMMHposamrn (oco6eHHO c COOTBeTCTByIOII(HMl'l «AHHa
MH'leCRHMH» HJIH «HeCTaD;HOHapHblMH» BapHaHTaMH) (CM. 
[ 16]). Bamuoe 3naqeHHe B non TeopnH IIpHo6peTaIOT pe
meHHH, IT03BOJIJIIOII(He coe)J;HHHTb B peRyppeHTHOM 

rrpoa;ecce OIITHMl'l33~HIO }:(HCRpeTHOiiI )J;H:HaMlfllBCROii: CH
CTeMbl c peaJIH3aa;Heii: ap;eRBaTHoro qHCJleHHoro AHCRpeT
Horo aJirop:e:TMa. 
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OTµ;eJibHhli'r Rpyr npo6JieM O. y. M. T. o6pa3yIOT eonpo
Chl anrrpoKcnMau,rm pernem1ii 3aAa'I onTHMaJibHoro ynpae
JJemrn AJJH HenpephlBHbIX Cl!CTeM ):IHCRp0THbIMH, TeCHO 
CBH3aHHhle c npo6JieMoii peryJJHpH3aIJ,HH HeiwppeRTHO 
nocTaBJieHHbIX 3ap;a'I (cM. [ 17]). 
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MaJlbHblX Cl!ICTeM, M., 1975; [13] q e pH 0 y c b }{ 0 <I>. JI. I\ 0 JI
M a H o B c K l!I ii B. B., e KH.: HTorn HayKII H TexHl!IKH. Cep. MaTe
MaTl!I'!ecK1Iil aHaJIH3, T. 14, M., 1977, c. 101-66; [14] B 0 JI T ff H
e}{ II ii B. r., OrrTHMaJlbHOe yrrpaeJleHHe l\HCKPeTHbIMH Cl!ICTeMaMH, 
M., 1!n3; l15] Canon M. D., Cu 11 um C. D., Po 1 a k E., 
Theory of optimal control and mathematical programming, N. Y., 
1970; [16] II p 0 II 0 it A. H., 8JleMeHTbI Teopl!IH OIITHMaJlbHblX l\HC
KpeTHbIX rrpoueccoe, M., 1973; [17] TH x 0 H 0 B A.H., A pc e
H l!I H B. H., MeTOl\hI peIIIemrn HeKoppeKTHbJX aal\a'I, 2 H31\., M., 
1979. A. B. HypJJCancnuu. 

OIITMMAJlhHOE )J;EKO)J;MPOBAHME - AeRo)J;Hpoaa
HHe, R-poe MaRcHMH3n:pyeT coo6Ufenuii mo'tnocmb oocnpo
uaoeaenun AJIH 3aAaHHhlX HCTO'IHHROB coo6m;eHHii:, RaHaJia 
CBH3H H MeTOAa ROAHPOBaHHH. B cJiy'lae, ROr)J;a TO'IHOCTb 
BOCTipOH3BeµeHHH coo6m;eHHll xapaRTepH3yeTCH cpeAHef1 
ozuu6o'tnozo aer;oaupooanun oeponmnocmb10, O. A· MHHHMH-
3HpyeT 3TY aepoHTHOCTh. IlycTh, Hanp., AJIH nepe)J;a'IH M 
coo6m;eHnii, 3aHyMepoaaHHhlX qn:cJiaMH 1, ... , M, aepOHT-
HOCTH noHBJieHHH K-pbIX paBHbl Pr. ... ' p M COOTBeTCT-
BeHHO, HCTIOJih3yeTCH ):IHCKpeTHhlJl KaHaJI c KoHe'IHhlM 'IIIC
JIOM 3Ha1JeHHii CHrHaJIOB Ha BXO)J;e H BbIXO)J;e H nepexoµHoii 
cpyHK11,neii, aaµaaaeMoi\: MaTpn:u.eii 

q (y, y)=P {~=YI 'I']= y}, YEY, Y°EY, 
rµi:_ Y, y - MHomeCTBa 3Ha'leHHII CHrHaJIOB 'I'] Ha BXO):le 

H 'I'] Ha BbIXOIW COOTBeTCTBeHHO, a KOAHpoaamrn 3aµaeTCJ! 
iJ>yHKI~HeM /( ·) TaKOIT, 'ITO f(m)=ym, m=1, •.• , M, 
rµe YmEY, m=1, ... , M,- KOA, T. e. HeK-phlii Ha6op M 
B03MOmHhlX 3Ha'leHnii CHrHaJia Ha BXOµe KaHaJia. Torri;a 

O. µ. 3aµaeTCH iJ>yHKI~neii g( ·) TaKoii, 'ITO g(y)=m' p;JIR 

mo6oro y E Y, rri;e m' YAOBJieTBopHeT HepaaeHcTBy 

Pm'q (Ym 1 , Y) >-': Pmq (Ym• Y) 
p;JIH acex mf:: m'. B qaCTHOCTH, ecJIH ace coo6n~eHHH paB
HoaepoHTHbI, T. e. P1=· . . =pM=11M, TO ormcaHHOe 
o. A· HBJIHeTCH B TO me BpeMH µeKOAHPOBaHHeM no MeToµ;y 
«MaKCHMaJibHoro npaaµonop:o6HH» (K-poe B o6m;eM cJiy'lae 
OilTHMaJihHbIM He HBJIHeTCH): noJiy11eHHblll Ha BhlXOAe Ka-

HaJia CHrHaJI y- cJieAyeT p:eKOAHPOBaTb B coo6r:u;eHHe m'' 
AJIJJ K-poro 

q(ym', y)?q(ym, y) npn mf::.m'. 
Jium.: Lil r a JI JI are p P.' Teopl!Iff HHcjJopMau1m H Ha)lelRHaff 

ceaah, rrep. c aHrJJ., M., 1974; [2] Bo a e HK pa cjJ T JJ:m., .D:me
K o 6 c IL, TeopeTH•IeCKl!Ie OCHOBhI TeXHHKH ceaan, rrep. c aHrJ1., 
M., 1969. P. JI. 1J.o6pymun, B. B. llpMo6. 

OIITMMAJlhHOE YIIPABJIEHME - perneHHe HeKJiac
cH1IecKoi'1 BapHail,HOHHOH 3 a A a 11 H 0 n T H M a JI h H (}
r o y n p a B JI e H H H (cM. Onmu.1t.a.ttbnoeo ynpao.ttenun 
.Mame.Mamw1ecr.an meopun). B Tl'IITH'IHOM cJiy11ae O. y. 
µaeT perneHHe 3ap:a1JH 06 3KCTpeMyMe 3B):laHHoro iJ>yHKIJ,HO
HaJia B/:\QJih TpaeKTopn:i\: OOhlKHoBeHHoro µn:iJ>iJ>epeH11,n:aJib
Horo ypaaHemrn, 3aBHCHm;ero OT napaMeTpoa-«ynpaaJie
Hn:ih> (HpH HaJIHlJHH /lOnOJIHHTeJlhHhlX orpaHH11em1ii' 
npeµ;nn:caHHblX noCTaHOBKOil aap;aqll). 3µ;ecb, B aaBHCll· 

MOCTH oT parcMaTpnaaeMoro KJiacca ynpaaJieHn:f1, O. y. 
MomeT npHHHMaTb iJ>opMY qi y H K II, H II B p e M e H H 
(B 3aµa1Je onmu.Ma.ttbl!OZO ynpaB.!tenun npozpa.M.Mliozo) HJIIl 
iJ>yHKQHH BpeMeHH H TeRym;ero co~ 
T 0 H H Il H (II03llll,Hii) CHCTeMhl (B 3a/J;a'le CHHTe3a on mu
.Mll.!tbllOeo ynpao.ttenun noaulfUOnnozo). 

B 6oJiee cJiomHhlX HJIH 6oJiee crreun:aJibHhlX 3aAa'lax 
o. y. MomeT npHHHMaTh iJ>opMY 0 6 0 6 m e H H 0 r 0 

y II p a B JI e H H H - iJ>yHRil,HH BpeMeHH co 3Ha'leHHHMH 
BO MHomeCTBe Mep, iJ>yHKil,HOHaJia OT 0Tpe3Ka TpaeKTOpHH 
HJIH OT HeK-poro MHOiReCTBa B iJ>a30BOM rrpocTpaHCTBe, 
Kpaeaoro ycJIOBHH AJIH ypaaHeHHH c qacTHhlMH npoH3BOA
HhlMH, MHOro3Ha'IHOrO OTo6pameHHH, IIOCJieAoBaTeJihHOCTH 
3KCTpeMaJihHbIX 3JieMeHTOB HeCTail,HOHapHoii 3aAa'IH MaTe
MaTH'l. nporpaMMHpOBaHHH H T. A· A. B. HypJJCllffC'RUU. 

OIITMMAJihHOE YIIPABJIEHME rroam:~MOH-
HOE - perneHne 3aAaqn onmu.Ma.ttbnoeo ynpao.ttenun .Ma
me.Mamu'leci>oii meopuu, cocTom11,ei'I B c n H T e 3 e o rr
T H M a JI b H 0 r 0 y n p a B JI e H H H B BHAe CTpaTe
rHH yrrpaBJieHHH rro npI:rnu.n:rry o6paTHOil CBH3H, HaK 
il>YHKIJ,HH TeKymero COCTOHHHH (rro3HqHH) rrpoqecca (cM. 
[1] - (3]). IlocJieAHee orrpeAeJIHeTCH, noMHMO TeKym;ero 
MOMeHTa t, TaKme AOCTYIIHhlMH 3Ha'leHHHMH TeKym;nx napa
MeTpOB. TaKHM o6pa30M, BBeAeHHe II03HqHOHHoii CTpaTe
rHH no3BOJIHeT iJ>opMHpoBaTb peaJIH3aIJ;HIO ynpaBJiemrn u 
anocT'epnopHo, KOppeKTHPYH ero Ha OCHOBe ri;onoJIHHTeJib
HOii n:HiJ>opMaqn:H, rroJiy11aeMoii no XOAY npor~ecca. 

IlpocTelirnaH 3aAa'la CHHTe3a, Hanp. AJIH CHCTeMhl 

x=f (t, x, u), t 0 ~t~t1' xERn, uERP, (1) 

c orpaHH'leHHHMH 

uEU=RP HJIH 'ljl(u)~O, 'ljJ: RP---+Rk, (2) 

H 3aAaHHhlM «TepMHHaJibHhlM)) noKa3aTeJieM 

l(x(·), u(·))=<p(t1> x(t 1)), qi:Rn+l-+R.1, 

npeAnOJiaraeT IIOHCK peIIIeHHH u0 ' MHHHMH3Hpyromero 
iJ>yHKIJ,HOHaJI I (x ( · ), u ( · )) cpeAH iJ>yHKu,IIii BlfAa u (t, x) 
AJIH npoH3BOJihHOH HCXOAHOii no3nu,nn: {'t, x }. EcTeCT
BeHHhlii IIYTb COCTOHT B pemeHHH AJIH KamAOII fl03Hil,HH 
{T, x} COOTBeTCTByIOI:u;eii 3aAa1IH 0 IIOCTpOeHHll onmU.Mll.!tb
llOZO ynpao.ttenun npozpa.M.Mnozo 

u0 [tjT, x], X=X(T), T~t~f1, 

Ha MHHHMYM Toro me iJ>yHKQHOHaJia I (x (.)' u (.)) II II pH 
TeX me caMhlX orpaHH'leHHHX. ,Il,aJiee IIOJiaraeTCH, 'ITO 

uO(t, x)=u0 [tlt, xJ 

H eCJIIl iJ>yHKil,HH u0 (t, x) KoppeKTHO OIIpeAeJJeHa, a ypaB
HeHHe 

!x=f (t, x, u0 (t, x)), x (T) =X, T~ t ~tr. (3) 

HMeeT eAHHCTBeHHoe pemeHHe, TO 3aAa'la CHHTe3a peme
Ha' npnqeM OIITHMaJibHhle 3Ha1JeHHH noKa3aTeJIH I' Haii
AeHHbie B KJiaccax IIporpaMMHbIX H II03HIJ,HOHHhlX ynpaB
JieHHH, COBIIaµaIDT (B· o6m;eM cJiy11ae BhlAeJIHIOT ycJIOBHH, 
o6ecIIe'IHBaIDmne cyr:u;eCTBOBaHHe B OIIpeµeJieHHOM COAep
maTeJibHOM CMhlCJie peIIIeHHH ypaaHeHHH (3), H ycJIOBHH, 
rapaHTn:pyrom;n:e onTHMaJihHOCTh acex TpaeKTopnM: 3Toro 
ypaBHeHHH). 

CnHTe3n:poBaHHaH iJ>yHHil,HH u0 (t, x), HBJIHIDID;aHCH 
0. y. II.' II03BOJIHeT IIOCTpOHTh OIITHMaJibHOe B CMhlCJie 
MHHHMyMa iJ>yHKIJ,HOHaJia I peIIIeHHe 3aAa1IH OIITHMaJibHOrO 
yIIpaaJieHHH ):IJIH JIIDOOii HCXOAHOH n03HIJ,Hll {T, x }, 
B OTJIH'IHe OT IIporpaMMHoro OIITHMaJibHOro yIIpaaJieHHH, 
3aBHCHm;ero, aoo6m;e roaopH, OT iJ>n:Kcn:poBaHHoro Hff'laJih· 
Horo COCTOHHHH {to, x0} IIpou.ecca. PerneHHe 3aAa1Jlil 
OIITHMaJibHoro yIIpaaJiemrn B iJ>opMe CHHTe3a OTITHMaJibHoro 
yIIpaBJieHHH HaXOAHT 6oJibIIIHe IIpHJIOmeHHH, B 'laCTHOCTll 
B CBH3H c TeM, lJTO peaJihHhle npou.eri;yphl IlOCTp00HllH 
yrrpaBJI0HHH ocy:w;ecTBJIJUOTCH, KaK IIpaBJIJIO, Ha cpoHe Wl-
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cpopMan;HOHHLIX ITOMeX IlJIH B01!MYmenn:n IIpOI~0AYPLI cqeTa. 
B yKa3aHHLIX CIITyau,H.HX IIOBMIVWHHoe yrrpaBJI0HHe rrpeA
rroqTHTeJibHerr nporpaMMHOro. 

HaxolK)l;eHIIe u0 (t, x) cpaBy B :BHp;e qiynm~HH TeKymero 
COCTO.HHHH CBH38HO c HCIIOJib30BaHH0M M0To,D;a iJunaMU'te
cr;ozo npoapaMMupooanuR (cM. [2}). Baop;n:Ma.H B paccMOT
peuue <I> Y H K U, H H A e RC T B H .H (tP y H K U, H .H 
E e JI JI M a H a) v ( T, x)' HMeIOma.H CMLICJI MHHHMYMa 
(MaKCHMyMa) OIITHMll:3HpyeMoft lleJIHqHHLI (Hanp., tPYHK
UHOHllJia 

J (x (-), u (·))= ~:1 1° (t, x, u) dt+cp (t1,x(t1)) (4) 

JlJIH CHCTeMLI (1) rrpn x('t)=x, tE[T, t1J), ,n;omKHa yp;oBJI0T
BOp.HTb ,n;nipipepeHu,naJILHoMy ypaenemuo BeJIJIMaHa c 
qacTHLIMH nponaeop;HLIMH n c KpaeaLIMH ycJioBH.HMH, aa
BHcHmHMH OT ueJIH ynpaBJieHHH H IIOK838TeJIH J. ,l];JI.H 
CHCTeMLI (1), (2), (4) 3TO ypaeHeHHe HMeeT BHA 

~~ +H(t, x, ~:)=0, V(t 1,x)=<p(t1, x), (5) 

rne 

H (t, x, ~~) = 

{ av · 
=min ( 7ii , f (t, :r, u)) + /0 (t, x, u) I u EU} (6) 

- cpyHKU,HH faMHJlhTolla. Ono CBH.3aHo c ypaBlleHHHMH, 
cplilryp:apyromHMH B ycJioBIIHX IlonmpRauna npUH1funa Mali
cuMyMa, nono6uo ToMy, KaK ypaeueane raMHJibToHa -
.f1Ko6H AJI.H tPYHKU,Hll p;eiicTBHH CBH38HO B aHaJIHTHq, 
MeXaHHKe c o6LJKHOBeHHhlM ,a;n:<P<PepeHunaJibltbIM ypalllle
HHeM faMllJlbToll.a (cM. Bapuar.+uonnb1e npum1unbl li.1tac
cu<tecr;oil .Mexanunu). 

Bnrno,a; ypaaHeHHH (5) AJIH aa,a;aqn: cnnTeaa onnpaeTcH 
Ha II p H H u H II 0 II T H M a JI b H 0 c T H, yTeepmp;aro
mn:fr, qro orpe30K OIITHMaJibHOIT rpaeKTOpHII eCTb CHOBa 
OIITHMaJibHaH TpaeKTOPIIH (CM. [2)). IlpaBoMepHOCTb Ta
Koro nonxo,a;a aaen:cn:T OT KoppeKTHoro onpe)l;eJieHH.H uu
<PopMaun:oHHLIX CBOHCTB npouecca H, B qaCTHOCTH, IIOHH
THH II03HUHH (TeKymero COCTOHHHH, CM. [5]). 

B aaAaqe OLICTponeiicTBH.H-o MHHH-
MaJILHoM epeMeHn T (x) norranaHnH TpaeKTopun aBToHoM
uofr CHCTeMLI (1) H3 IIOJIOll\eHHH x Ha MHOIBeCTBO M -
tPYHKU,UIO v (T, x)= v (x) MOil\HO paccMaTpHB8Tb KaK ceoe
ro pona rroTeHunaJI v (x)= T (x) OTHOCHTeJibHO MHOil\0CTBa 
M. BL16op orrTn:MaJILHoro ynpaBJiemrn u0 (t, x) u3 ycJio
BHH (5), (6), rrpno6peTa10mHx 3JleCL BHA 

min { ( ~~ , f (x, u)) I u EU}= -1' 

V (x) =0 rrpH xE M, 

Torna oaHaqaeT, qTo u0 (t, x) = u0 (x) ocymecTBJI.HeT cnycK 
OIITHMaJibHOii TpaeKTOpHH x0 (t) OTHOCHTeJiblIO rroeepXHO
CTeii: ypoeH.H tPYHKU,HH v (x) HallCKopeiimHM ua CIIOCOUOB, 
AOITYCKaeMb!X ycJIOBHeM u E U. 

IlpnMeH0HH0 M0T0/1:8 /lHH8MHq. ITporpaMMHpOBaHHH (KaK 
,a;ocTaTo'IHoro YCJIOBHH OITTHMaJibHOCTH) 6yp;eT 060CBOB8HO, 
0CJIH 4>YHK~H.H v (T, x) BCIOll:Y YllOBJieTBOpHeT orrpeneJieII
HbIM ycJioBH.HM rJia11:KoCTI1 (IIanp., e aap;aqe (3)-(6) tPYHK
U,H.H v (T' x) /lOJiil\Ha 6LITb HerrpepLIBHO AH<P<PepeHu,Hpye
MOH) HJIH ecJIH ycJioBilH rJia11:RoCTH eLIITOJIII.HIOTC.H ec10,a;y, 
sa HCim10qeuneM HeK-poro «oco6oro» MIIomecTaa N. IlpH 
BhlllOJIH0HHH HeK-pLix crre~HaJib!IhlX «YCJIOBHH peryJIHp
Boro CHHTeaa» M0TOJ:( AHIIaMHq, rrporpaMMHpoBaHH.H OKa-
3LIBa0TC.H 3KBHBaJieHTHLIM ITpHIIU,HIIY IloHTp»:rnHa, K-pLiii 
TOr,a;a BLICTynaeT KaK ueo6xo)l;HMOe H ll:OCTaTOqHoe YCJIO
BHe OITTHMQJibHOCTH (CM. [8)). Tpy)lHOCTH, CB.H38HIIL10 C 
anpnopno.ll rrpoeepKoii: rrpuMeunMoCTil MeTo,a;a AHHaMnq, 
nporpaMMHpOB8Hll.H H C Heo6xo,a;IlMOCTblO pemaTb p;mp<Pe
peHIJ;HftJlbHOe ypaeHeIIn~ BeJIJIMaua c qacTHLIMH npmrn
BOAHLJMH, ycaoIBH.HIOT ncrroJib30BaHne BToro MeTo,a;a. Me-

To}l JJ;IIHaMnqecRoro rrporpaMMHpoaaHH.H IIameJI pacrrpo
cTpaH0HHe B 38Aaqax CI!IITe3a OIITli!MaJILHOro yrrpaBJie
HHH UJIH tJ;HcRpeTHLlX (MHoromarOBLIX) CHCTeM, rne COOT
BeTCTey10mee ypaeaeaHe BeJIJIMaHa ROHeq1Io-paaHocT1roe 
(cM. [2], [9)). 

B aa)laqax oTITHMaJILHoro ynpaeJieaun c ,a;u¢<Pepeau,n
aJibHLIMH CBH3HMH MeTO)l )lHHaMH'<J. rrporpaMMHpollaHlrn 
naeT a<P<PeKTHBHoe pemeHile aanaqH CHHTe3a B 38MKHYTOH 
«l>opMe ,D;JI.H KJiacca aanaq' OXB8ThIB8eMLIX JIHH0iiHLIMH CH
CTeMaMH c KBa,D;paTilqHLIM IIOK838T0JieM ( 4) (tPYHKUHH !°' <p 
CYTb JIOJIOil\HTeJibHO orrpeneJieHHLie KB8AP8TH'IHbl0 ipopMLI 
COOTBeTCTBeIIHO no x, u H ITO x). 8Ta aa,a;aqa 06 a Ha JIU
T H q e c K 0 M K 0 H c T p y II p 0 B a H H H 0 n T TI
M a JI L H or o per y JI HT op a rrpu <p (t, x)=O, t1= oo 
nepeXO)lHT B aa,a;aqy 06 0 II T H M a JI b H 0 ii c T a u n
JI ll 3 a u H H c H c T e M bl (H3 cymecTBOBaHH.H ,a;ony
CTHMoro ynpaBJieHHH 3,D;0Cb cpa3y BLITeRaeT CBOHCTBO 
aclilMIITOTHq. ycToii:qHBOCTH llOJIOll\0HH.H paBHOB0CHH CHH
T03HpoeaHHOH CHCTeMbI) (cM. [10], [4]). CymeCTBOBaHHe 
pemeHH.H B ,a;aHHOM CJiyqae o6ecrreqneaeTC.H CBOHCTBOM CTa-
6HJIH3HpyeMOCTH CHCT0MLI (CM. [ 4]). ,Il,JI.H JIHH0HHLIX CT~· 
un:oHapHb!X H nepnon11q. CHCTOM OHO 3KBHBaJieHTHO CBOll
CTBY yrrpaBJI.HeMoCTH cncTeMLI no HeycToii'l.HBhlM coucT
eeHHb!M Roop,a;uHaTaM (cM. Onmu.Ma.1tbnoe ynpao11enue 
npoapaMMnoe). 

PemeHHe aaAaqn oIITHMaJILHofr CTa6IlJIH3an;nll ITOKaaa
Jio, qTO COOTBeTCTeyroma.H tPYHKU,ll.H BeJIJiliaHa .HBJIH0TCH 
B TO me epeMH ((OIITHM8JibHOH» cpyHKU,HeH JlHrryHoea tl;JIH 
HCXO)lHOH CHCT0MLI c HafrneHHhlM OIITHMaJibHhlM ynpae.rre
HHeM. 0TMeqeHHLie o6CTOHT0JlbCTB8 Il03BOJIHJIH IIOJiyqHTb 
a<P<PeRTHBHhle ycJIOBHH CTa6HJIH3~pyeMOCTH H IIOCTpOlt~b 
,a;JJ.H aa,a;aq CTa6n:JIH38UHH IIOJIHLIH aHaJior Teopllll YCTOH
qHBOCTH ITO JfarryHoey (no rrepeoMy npH6JIHil\eHHIO H B 
KpHTHq. cJiyqa.11x), OXBaTLIBaIOmHH o6LIRHOBeHHbie KBa-
3HJIHHeiiHLie H nepn:o,a;n:q. CHCTeMLl, a T8Kll\0 CHCT0MbI c aa
rra3,a;LIBaHH0M. B rrocJie,a;HeM CJiyqae poJIL tPYHKUHH BeJIJI
MaHa nrpaIOT «OIITHM8JlbHLle» cPYHR~HOHaJILI Jl.HITyHoaa -
RpaCOBCKoro, aanaHBhle Ha OTpeaKaX TpaeKTopn:n, COOT
BeTCTeyromnx B0JIH1IHHe 381I83,D;bIB8HH.H B CHCTeMe (Cjll:. 
[4), [5]). TeopHH JIHH0HHO-KBanpaTH1IHb!X 3a,a;aq OITTHMaJIL
Horo ynpaBJleHHH xopomo paalln:Ta n ,D;JI.H ,a;n:<P<PepeHun:aJIL
HLIX ypaBH0HHii c qaCTHLIMH npoH3BO)l;Hb!MH (CM. [11]). 

B npn:KJia,D;Hb!X aanaqax CHHTeaa OIITHMaJibHoro ynpaB
JieHU.H HBMepeHne BC0X <PaaoBLIX Roop}lHHaT CHCT0Mbl 
AOCTYIIHO ,a;aJieKO He ecerp;a. Ilo3TOMY B03HHKaeT CJiep;yIO
ruall a a ,a; a 'l a H a 6 JI 10 A e H u H, µ;orrycRaroiu,aH MHo· 
roqn:cJieHHLie o6o6meHn:H: aHaH Ha rrpoMeIByTKe a <.t <:it 
peaJinaauHIO y[t) E IR.m AOCTYIIHoii H3MepeHnro tPYHKU,IlH 
y=g(t, x) Koop,a;HH8T CHCTeMLI (1) (ITPH H3B0CTHOM u(t), 
HaITp. ITPH u (t)=O, u m.;;;:n), H8HTH B0KTOP x (it) E IR.n B 
aa,a;aHHLrfr MoMeHT it. Cn:cTeMLI, noaaoJI.HIOmne rro peaJin
aa~Hn: y[t) 0,D;HOaHaqHLIM o6pa3oM BOCCTaHaBJIHB8Tb 
x(it), KaKHM 6LI OH HR 6LJJI, H83. B II 0 JI He Ha 6 JI IO A a
e M LI M II. 

CBOHCTBO IIOJIHOH Ha6Jirop;aeMOCTH, KaK " IIOCTpoeBHe 
COOTBeTCTBYIOIU,HX auaJIIlTHq. OITepau,nii:' Bhl)l0JIHIOmHX 
x (it), a TaKme OITTHMn:aaunH BTHX oITepau,n:ii xopomo 
H3yq0HLI )lJI.H JIHHeiiHLIX CHCT0M. 3,a;ecb ll3B0CTeII II p ll H
r~ ll II II: y a JI b H 0 c T H, COCTo.Hmnii: B TOM., qTo Kail\,D;OH 
3ap;aqe ua6JJIO)leHH.H MOil\0T 6LITb IIOCT8BJ10Ha B COOTB0T
CTBHe 3KBHBaJieHTHa.H ABYXToqeqHaH KpaeeaH 3a11:aqa yn
paBJieHHH JlJI.H 11:yaJILIIoii cncTeMLI. BcJie,a;cTene aToro oKa-
3LIBaeTc11, qTo CBOHCTBO TIOJIHOR Ha6JIIOA80MOCTH JIHIIeii:HOH 
CIICT0Mhl COBrraµ;aeT co CBOHCTBOM IlOJIHoii ynpaBJI.H0MOCTII 
p;yaJibHo:ii: cncTeMLI c yiipaeaeHHeM. EoJiee Toro, oKa3LIBa
eTc.H, 'lTO H COOTB0TCTBYIOmHe ,a;yaJibIILJe 3KCTpeM8JibHbl0 
aa,a;aqu 06 OIITHM8JlbHOM Ha6JIIO,D;0HHH H OllTIIM8JlbHOM 
ynpaBJI0HHH MOryT 6bITb COCT8BJI0Hhl TaK, qTo HX pemeHH.H 
coenap;yT (cM. [3]). CsofrcTBa ynpaBJIHeMoCTII u Ha6J1ioAae
MocTH JIHHeHHLIX CHCT0M AOITYCKaIOT B0CbM8 paaHoo6pa3-
Hble o6o6meIIH.H ua JIIIHeii:uLie 6ecKoHequoMepHLie 06'beK-

1 Tl>I (ypaBHeHH.11 B 6aBaXOBOM IlpOCTpaHCTBe, CHCT0Ml>I c 
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OTRJIOIDIIOIIl;ItMCH apryMeHTOM, nrupqiepeHa;naJibHble ypaB- (T. H. <P II JI b T p }\a JIM a H a-E b IO c H, CM. [13l). 
HeIIHR c 11acTHblMH npouaBOAHhIMlil). MMeeTcn n pRA pe- B npnMeHeHim aToii reopnn K aa)la•rn CHHTe3a cToxacTn-
3YJibTaToB, xapaKTepuayIOII(IlX COOTBeTCTBYIOlI(He CBOii- qecRoro OIITilMBJlbHOro yrrpaBJieHlilR 6b!JIH BblHBJieHbI YCJIO-
CTBB. )].JUI HeJIHHeMHblX CIICTeM H3BecTeII JIHIIlb PRil JIO- Bllfl, o6ecrre'IHBBIOII(He crrpaBeAJlHBOCTb rrpHHa;1ma paa-
KBJlbJiblX TeopeM o na6moAaeMOCTH. PeIIIeIIHR rrpo6JieMbl neJI0IIHJI, rroaBoJIRIOlI(ero peIIIaTh co6cTaeIIHo aana11y 
Ha6JIIOAeHHH IIaIIIJIIl MIIOrO'JilCJieIIJible rrpnMeHeIIHR B aaAa- YITPBBJieHIIR HeaaBHCHMO OT 3BAa'lll ou;eHHBaHirn TeKylI(nX 
qax CHIITeaa B ycJIOBilJIX JieIIOJIHOM HJiqiopMBI\HII 0 Roop- ITOBHI\Hff Ha OCJIOBe )J;OCTaTO'lHblX ROOPAHIIBT rrpoa;ecca 
n1maTaX, B TOM 'lllCJie B 3BAB'laX OIITIIMaJibHOM CTa6HJIII- (cM. [20); 6oJiee o6lI(HM aaRoHoMepHOCTflM CTOXBCTII'l. 
aan;n:n: (cM. [3]-[5], [14), [15]). qinJ1bTpau,1m, a TaRme 3BAB1IBM CTOXBCTH'l. OHTilMBJibHOro 

3anaqa CHIITeaa CTaIIOBHTCR oco6eJIIIO COJlepmaTeJibIIOii, yrrpaBJI0HHR, Rorna CaMO yITpaBJI0Hll0 Bhl6npaeTCfl B RJiac-
Rorna IIIIqiopMaIIIIR 06 ypaBIIeHHllX ynpaBJill0MOro npo- ce MapROBCKlIX rr~ou,eccoB nuqiqiyan:oHHoro THIIa, IIOCBH-
necca, HCXOAIIblX Ha11aJibllblX ycJIOBIIHX Il TeRym;nx napa- II(eHbl pa6oTbl [18J, (21]). 
MeTpax IlCl(Bll\eHa BOBMylI(emrnMH. EcJin OIIIICBHHe B03- Crporo qiopMamrnoBaIIHoe pernemie 3aAB'lll CTOXaCTH-
MyIIIeIIRII HOCIIT CTaTIICTII'l. xapaKTep, TO 3BAB'IH OIITll- qecKoro OIITilMBJibBOro yrrpaBJieIIHll IIenaoemHO conp1rna-
MBJibIIoro yrrpaBJieJUIH pacCMaTpnBaIOT B paMKaX Teo- caeTCH c rrpo6JI0MOll RoppeRTHoro 060CIIOBBH1il.1I Bonpo-
p1m c T 0 x a c T II 'I e c K 0 r 0 0 IT T H M a JI b II 0 r 0 COB cylI(eCTBOBaHHll peIIIeHHll COOTBeTCTByIOlI(llX CTOX8CTH-
y IT p 8 B JI e B II II. clTa TeOplIH, HB'IBTBll C perueBHR 'l0CKllX mi:qiqiepeHI\ll8JibHblX ypaBH0HHll. IlocJiep;H0e 00-
CTOXaCTH'leCKIIX ITporpaMMHbIX aanaq [16], B Hal!OOJibilleii CTOIITeJibCTBO rropomnaeT orrpeAeJieHHb10 TPY)J;HOCTH B 
CTerremI paapa6oTaIIa J\JIH CilCTeM BHAa peIIIeHlm: aanaq CTOXBCTH'leCRoro OIITIIMBJibJioro yrrpae-

. I ( ) ( ) ( ) o (-i) JieHn11 npn Hami:'IHH IIeRJiaccnq. orpam111eHRH. x= t, x, u +g t, x, u T], x t0 =x, C .. 
OAepmaTeJibHbIH rrpouecc AHHBMR'l. OIITHMII381\IIM 803-

co cJiyq8MIIbIMII B03MyIUeHHHMH T] ( t)' OIIllCblBaeMhIMH 
rayccoecK11Mn nmpqiyanoIIIIhIMII ITpou;eccaMu HJIH 6oJiee 
o6:m;RMH 1rnaccaMII MapROBCKHX rrpouecCOB (naqaJibJibli! 
BeRTOp o6bl'IHO TaKme C'IIITBIDT cJiyqaHHbl.M). IlplI aTOM, 
RaR rrpaauJio. rrpeµ;noJiaraeTCH, 'ITO aa)laltbI HeR-pb!e ee
poJITHOCTHhle xapaKTepnCTHKH BeJIH'lHH T] (HaITp., CBO
AeHil.II 0 MOMeHTaX COOTBeTCTByIOIUHX pacnpe)leJieHuii llJIH 
0 rrapaMeTpax CTOXBCTH'l. ypaBHeHlIIT, OIIHCbIBaIOm;nx 
aBOJIIOD;IIIO rrpoIIecca lJ (t)). 

B o6rIIeM cJiyqae np1IMeBeH11e ITporpaMMHblx 11 cnHTe-
31IPYIOIURX ynpaeJieiII!ll an;ecb 11.aeT c yIUeCTBeIIIIO pa3JIH'l
Hhle 31IB'leIIHJI OIITHMaJibHblX ITORaaaTeJiei'r J KB'leCTBa 
(poJih TaKllX llOKB3BTeJieii MoryT 1upaTb, BaITp., Te lIJIH 
HHble c pep;Hne ou;eIIKH HeO'rp!Il(BTeJibllblX qiyIIKIIHOHaJlOB' 
aanaHHhlX IIa TpaeRTopu11x npou;ecca). 3an;aqa CIIIITeaa 
CTOXaCTII'leCKOrO OIITilMBJibIIOro yrrpaoJielIMH Tenepb HMeeT 
O'leBiiAHble rrpelIMylI(eCTBa' T. K. IIerrpepbIBHOe 113Mep0BHe 
KOOpp;lilH8T CilCTeMhl tl03BOJIJieT RoppeRTHpoBaTh 11.BlllHe
Hlle c y11eToM peaJibHoro xona cJiy11ai1IIoro npouecca, ee
npe,o;cRaaye~rnro aapaHee. 3nec& 6blJIO o6napymeeo, 'ITO 
MeTOA AIIHBMH'l. rrporpaMMHpOBBIIHJI COBepllI0HHO eCT0CT
BeHHbIM o6paaoM conpJiraeTCH c Teopneii 6ecRoIIe'lIIo Ma
JibIX rrpo1I3BOAHIUIIX orrepaTopoo AJIJI rroJiyrpyrrIT rrpeo6pa
aoaaBn:li, reIIep1IpyeMLIX MapROBCKIIMH cJiy11aHIIbIMH rrpo
neccaMII. clTll o6CTOHT0JibCTBB Il03BOJIHJIH ITOCTpOHTb lI 
crporo o6ocHOBBTb ceplIIO AOCTaTO'lllblX ycJIOBHfl OIITH
MaJibHOCTH, ITpnBeAIIIIIX K pellleBHIO Ha KOIIe'lIIOM n 6ec
l\'.0He'IHOM lIIITepBaJie BpeMeHll PII,11.B aanaq 0 CHIITe3e CTO
xacTH'leCKorO OIITIIM8JibHOrO yrrpaBJleHHJI c IIOJIHOM n 
HeITOJlHOM uBqiopMauneli 0 '.l'eRylI(HX ROOPAIIIIBTax, CTO
XBCTll'l. aanaq rrpecJienoeaIIHJI n T. A· Ilpn 3TOM cymecT
oenno, 'ITO AJIJI crrpaBe,11.JIIIBOCTII ITPilIIIl,llHa OITTHMBJiblIOCTH 
yrrpaeJieH11e u anecb nom1rno cTpon:TbCH B Kamnwii MoMeIIT 
apeMeIIH t KBR <fJyIIRI\IIll «nocTaTO'lllbIX ROOPAHHBT» z 
npouecca, )I.JI.II K-pbIX 6yneT o6ecrre'leIIo caoii.CTBo Map
RoaocTn (cM. (5), [6), [17), (18]). 

TaR11M rryTeM, B 'IBCTIIOCTII, 6bIJia paapa6oTaHa Teo
pHJI 0 IT T II M a JI b H 0 ll c T 0 x a c T II q e c R 0 ii. 
c T a 6 n JI n 3 a I\ II II, CBH3aIIIIaJI c COOTBeTCTBVIOIIIeii 
TeOpHeii ycTOii'lHBOCTll no JlJIITYIIOBy, paaBHTOll JJ;JlJI CTO
XBCTH'!. CllCTeM [19]. 

)J.JIR qiopMHpOBBBHJI CllIITe3upyIO~ero OIITHMBJibHOl'O 
yrrpaBJiemrn, a TaRlRe AJI11 n:HbIX u;eJie11 ynpaaJieIIHH a;eJie
coo6paaIIo ou,eII1IBaTb COCTOIIIIHe CTOXaCTH'l. CllCTeMbI 
no peayJihTaTaM HaMepeHHJI. PerueIIuIO aToro aonpoca 
npH ycJioenn, 'ITO npouecc naMepemrn IICKamaeTcfl sepo
JITIIOCTHb!Mn «IllyMaMH» (T. e. perneIIIIIO aana11H Ha6JIIOAe
HHJI B ycJIOBIIllX CJIY'l8llHblX B08MyIIIeIIn:ii)' IIOCBIIII(eIIa 
T00PHR CTOXBCTuqeCKoii <fJHJibTpau,Hll. 
Han6oJiee ITOJIJibie pemeIIn:fl BAecb uaeeCTHhl )l.JIJI JIHIIeil
HhlX CHCTeM c RBaApBTlllJHh!MlJ Rp11Tep11RMH OIITHMfMB 

HHKaeT B aanaqax CHHT03B OIITHMRJibBoro yrrpaeJieHHJI 
e ycJioen11x Heorrpe'AeJieHHOcTM (cM. Onmu:Ma11b1we ynpaB· 
11enue npoepa.1urnoe). Iloanu,noIIJible peruemrn B o6m;eM 
cJiyqae II03BOJIHIOT II 3A0Cb YJIY'lHIHTh IIORa3aTeJIH Ra11e
CTBa ITpouecca no cpaeueIIHJO c ITporpaMMHbIMH, rrpep;cTaB
JIIIIOIUHMll co6oii BC0-T8KII peayJibTaT CTBTH'l. OITTHMI!IBa
I\HH (rrpoaon;n:Moii, rrpaan;a, B rrpocTpaBCTBe p;nHaMH'I. 
CHCTeM H qiyIIRuHii-ynpaBJiemi:ii). R perneIIHIO aanaq TOrAa 
ITplIBJleRaIOT IIOHJITll.II Iii MeTOAbI Teop1rn nrp. 

IlycTb llMeeTCJI CIICTeMa 

(8) 

rrpn orpaIIn:'leIIIIJIX 

x0 =x(t0)EX 0 s;IR.n, uEUs;IR.P, wETVslR.q. 

JIB IIB'lBJlbHbill B0RTop x0 ' YITPBBJleHHe u H B03MYII(01IHll 
w. B oTJIH'IHe OT nrpoRa-coroaBHRa, rrpeAcTaeJI11101u;ero 
ncxonHoe ynpasJieHHe u, nonJiemam;ee onpep;eJieIInro, eoa
AeiicTBHH w anech TpaRTyIOT RaR ynpaeJieene nrpoRa
npornuIInRa u AonycRaIOT R paccMoTpeHIIIO JII06ble IleJie
HaITpaeJieHHhle cTpaTern:II w, qiopMHpyeMLie ea ocHoee 
JII06ofr ,a;oITyCTHMOll nnqiopMarwn. Ilpn aToM IIeJIH ynpaa
JieHHfl MoryT 6blTb cqiopMymrpoeaHbI c TO'IRH 3 peHIIll 
Kamnoro na nrpoKoB B oTneJibHocTII. EcJIH ea3eaIIHble 
ueJill rrpoTHBOIIOJIOll\HbI, TO B03HllKBeT 3BAB'IB R 0 H
qi JI Il R T H 0 r 0 y II p a B JI e H Il JI. llccJiel{OBBHHe aa
na11 II03HIWOHHOrO yrrpaeJieJIIIH B YCJIOBHRX Ro1tqim1RTa 
UJIII HeOITp0A0JieBIIOCTll COCTaBJIJieT IIpenMeT TeOpllH ouifj
rfjepelUfUQ/lbUbZX uep. 

Ilpouecc if>opMHpOBBHHH II03HD;IIOIIHOro OllTIIMBJibHOro 
yrrpaaJieBHH B yCJioBHJIX HeoITpeAeJieIIIIOCTll MomeT 6b1Th 
OCJI011\HCB II0IIOJIHOT0'1 HJiqiopMaa;nu 0 TeKylll,eM COCTOll
HIIll. TaK, B cHcTeMe (8) MoryT OhITb nocTyrrltbl JIHIDh pe
ayJibTBThl KOCBeHJibIX II3MepeHRII qiaaoaoro BeRTopa x -
peaJin:aa~HH y(t] qiyHRUIIH 

y(t)=g(t, x, s), (9) 

rne aeorrpeneJieHHble rrapaMeTpbI 6 cTeceeJibl mrnecTllbIM 
aITp1IopIIbIM orpaII1111eII1IeM £EE. 3eaene y[t], t0 ~t.;:tr 
(rrpu aanaHHOM u (t)), II03BOJIJieT TIOCTpOHTh B qiaaoboM 
npocTpaHCTBe II H qi 0 p M a II II 0 H H y IO 0 6 JI a c T b 

x (tr, y (.)) COCTOf[HIIII CllCTeMbl (8), COBMeCTHMblX c pea
mi:aaa;neii y [t), ypaaneeneM (9) u orpaIIn11eH11flMH Ha w, 
5. Cpenn aJieMeHToe X (tr, y ( · ))= X (tr,·) 6yneT conepmaT&
cJI II HeH3B0CTHoe IICTlIIIIIOe COCTOJIIIlle CllCTeMbI (8)' K-poe 
MolKeT 6bITt. ou;eHeIIO Bbl6opoM ReR-poii TOlJKll x* (tr' . ) 
ll3 x (l't,.) (IIarrp., «U,eIITpa THlKeCTH» llJIII «11e6blrneBCRoro 
ueHTpa» X (tl-, ·) ). MayqeIIne aBOJIIO~nn o6JiacTeii X (ti', -) 
lI AI'IHaMHKII BeKTOpOB x* (ti-, • ) COCTaBJifleT conepmau11e 
T e 0 p ll H M I:I H ll M a K c B 0 H qi II J1 f, T p a ~ Iii Iii. 
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Han6oJiee rroJIHble pernemrn a.nech II3BeCTHhl AJill Jilmei.i
HhIX CUCTeM II BhIIIyKJiblX orpaHnqeHilll (CM. [22]). 

B o6m,eM cJiyqae Bbl6op rroaI1u;noHHoii CTpaTerIIII orrTH
MaJihHoro yrrpaBJieHilll B yCJIOBlrnX Heorrpe.neJieHHOCTII 
(Harrp., B BIIAe tPYHKIJ;IIOHaJia u=u(t, x (t, -))) AOJIJReH 
6b1Th Hau;eJieH Ha yrrpaeJieHHe :rnomou;I1eii: o6Jiacrni"i 
x (it, -) (T. e. Ha Il3MeHeHile IlX KOHtPilrypaD;IIII Il rrepe
Mem:eHile IIX B !IpOCTpaHCTBe) B COOTBeTCTBIIII c rrpe.nmrcaH
HbIMil KpIITepI111Mn. )J,JI11 yKaaaHHoii aa.naqa naeecTeH p11.n 
061u;IIX KaqeCTBeHHblX peayJibTaTOB, a TaKJRe KOHCTpyK
TlIBHblX perneHHH B KJiacce crreu;IlaJibHblX JlI1HeHHO-BhIIIyK
JlblX aa.naq (cM. [7], [22]). IlpII aToM IIH<PopMau;n.11, .nocrne
JI11eMa.11 l13MepeHHllMII (Ha Up.' tPYHKu;neii: y[ t] B CilCTeMe 
(8), (9)), rroaeoJI11eT no xo.ny rrpou;ecca arrocTepnopHbIM 
o6paaoM rrepeoiJ,eHnBaTb o6JiaCTH .norrycnrnhlx 3Ha1JeHnii 
Heorrpe.neJieHHhIX rrapaMeTpOB B HarrpaBJieHHII nx cyme
Hil.11. TaKIIM o6paaoM rrorryTHO pernaeTCll a a A a q a 
II A e H T II qi Il K a I~ II II MaTeMaTilq. MOAeJIII rrpou;ecca 
(Harrp., rrapaMeTpoB w ypaeneHil.11 (8)). CKaaaHHoe rroaeo
JI.11eT TpaKTOBaTh pernemrn aa.naqn o CHHTeae OIITHMaJihHO
ro yrrpaBJieHil.11 B yCJIOBilllX Heorrpe.neJieHHOCTH KaK rrpo
ne.nypy a A a II T II B H 0 r 0 0 II T Il M a JI b H 0 r 0 y II
p a B JI e H Il II, B K-poM YTOqHeHIIe CBOHCTB M0AeJIII 
rrpou;ecca rreperrJieTaeTCll c Bbl6opoM yrrpaBJimom:ero B03-
.neiiCTBH.ll KaK TaKoBoro. Borrpocbl n.neHTHtPIIKal\HII MOAe
Jieft AIIHaMnq. rrpou;eccoe II aa.naqII a.narrTnenoro oq:TII
MaJibnoro yrrpaeJieHIIll rro.npo6no IIayqeHbl B rrpep;rroJiome
Hn11x 0 c~eCTBOBaHIIH Toro IIJIH IIIIOro eepOllTHOCTHOro 
OIIHCaHII.11 Heorrpe.neJieHHhIX rrapaMeTpOB (cM. [23], [24]). 

EcJin B aap;aqax cnHTeaa OIITIIMaJibHOro yrrpaBJiemrn 
e ycJioBII.llX Heorrpep;eJieHHOCTII TpaKTOBaTb rrapaMeTphl w, 
~ KaK «yrrpaeJieHIIll» tPIIKTIIBIIOro rrrpoKa-rrpoTIIBHIIKa, 
TO u;eJIII yrrpaBJieHIIH u II {w, £} MoryT 6bITb pa3JIII1JHblMil. 
IlocJiep;Hee o6CTO.llTeJibCTBO IIpIIBOAIIT K HeCKaJI.11pH0My 
IIOKa3aTeJIIO KalJeCTBa rrpou;ecca, BCJiep;CTBIIe qero COOT
BeTCTBYIOm:IIe aa.naqn MoryT paCCMaTpIIBaTbC.11 B paMF.aX 
IIOHHTilH 0 paBHOBeCHblX CHTyau;u.11x, CBOHCTBeHHbIX MHO
roKpHTepuaJibHblM aa.na'laM Teopuu HeaHTaroHHCTH'l. urp 
IlJIIl HX o6o6m:eHH.llM. 
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06y'!aI01I1l'IXCff CHCT6M, M., 1970; [24) 8 II K x 0 ljJ ljJ II., OCHOBhl 
HAeHTHljll!KaJ.lnn cncreM yrrpaaJieHnJI, rrep. c anrJI., M., 1975. 

A. B. RypJ1CaHCnuu. 
OilTHMA.JlbHOE YITPABJIEHHE IIPOrPAMM-

HOE - perneHile aap:aqn onmu:Ma.JtbHOao ynpaMenuR 
Mame.111amu'leci;,oi1 meopuu, B K-pofr ynpaeJ1.1110m;ee B03Aeii
CTBHe u= u (t) <PopMHpyeTCll B BIIAe tPYHKl\IIH epeMeHII 
(TeM caMhIM rrpeATIOJiaraeTc11, 'ITO rro xo.ny npou;ecca HB-

KaKOH IIHtPOpMau;rm, KpOMe aap;aHHOii: B CaMOM HaqaJie, 
B CIICTeMy He IIOCTyrraeT). TaKIIM o6paaoM, 0. y. II. <Pop
MupyeTCH !IO arrpIIopHbIM CBeAeHIIllM 0 CIICTeMe Il yarn He 
MOlReT 6b1Tb CKoppeKTHpOBaHo, B OTJllllJile OT onmuJt£a.Jtb
HOZO ynpae.Jtenu!t no3UlfUOHHOao. 

II po6JieMa cym:ecTBoBaHn.11 perneHnif aa.naqII 0. y. rr. 
paa6ueaeTCll Ha ABa eorrpoca: BhIHCHeHile ocy{l\eCTBIIMOCTH 
u;eJiu yrrpaeJieHnn rrpII aa.naHHhIX orpaHH1IeHIIHX (cym:ecT
eoeaHile A o II y c T II M o r o y II p a B JI e H H .11, pea
JinayIOIIIero u.eJib yrrpaeJieHII11) H ycTaHoeJieHn:e paapeIIIIl
MOCTil 3KCTpeMaJibHOH aa.naqII - AOCTillRilMOCTb 3KCTpe
MyMa (Kall: rrpaBIIJIO, OTHOCIITeJibHoro) - B yrroM.11HyToM 
Bblille KJiacce AOIIYCTIIMbIX yrrpaBJI0Hilll (cy{l\eCTBOBaHue 
0 II 11 Il M a JI b H 0 r 0 y II p a II JI e H II H). 

B CB.113II c rrepBbIM BOIIpOCOM BeCbMa BalRHO I1ayqeHI18 
c B 0 ii c TB a y II p a B JI He M 0 c T II c Il c Te M bl. 
)J,JIH CHCTeMhI 

dx <it=! (t, x, u) 

OHO 03Ha1JaeT cym:eCTBOBaHHe B aa.naHHOM KJiacce u = 
= {u (.)} tPYHKl\IllI, ,qorrycKaeMhIX K pacCMOTpeHHIO, 
yrrpaBJieHIIH u(t), rrepeBOA.llll~IIX <PaaoeyIO ToqKy (cM. 
Ilonmp!tzuna npunlfun Mar.cu.My.1ta) Il3 JII06oro aa.naHHoro 

HaqaJibHoro noJioJReHIIH x ( t0) = x0 E IR n B JII06oe aa.naH

HOe KOHeqHoe llOJIOlReHile x(t1)=x1EIRn (aa tPIIKCIIpO
BaHHOe IIJIII ceo6o.nHoe epeM.11 T= t1-t0 , B aaencrrMoCTII 
OT IIOCTaHOBKII aa.naqII). Heo6XOAIIMhle II AOCTaToqHble 
ycJIOBII.11 yrrpaBJIHeMOCTil (IIJIII, KaK e1u;e IIpIIHllTO roeo
PIITb, II 0 JI H 0 H y II p a B JI II e M 0 c T II) H3BeCTHbI 
B HOHCTpyKTIIBHOH ipopMe AJill JlIIHeiiHhIX CIICTeM 

x=A (t) x+B (t) u, xEIRn, uEIRP, (1) 

c aHaJIIlTH'leCKilMH IlJIH rrepIIOAil'l. Koa<P<Puu;HeHTaMil 
(oHH Hau6oJiee rrpoCThl rrpII A=const, B=const). )J,JI11 
JIHHeiiHb!X CilCTeM o6m:ero BII)J:a IIOJIHOCTbIO pernaeTCll Il 
eorrpoc o pa3pernuMoCTH aa.na'lll norra.naHHH c o.nHoro 
BhIIIyKJioro MHOJReCTBa Ha .npyroe (rrpH BbIIIYKJiblX orpa
HH'leHHHX Ha u, x). B HeJiuHeiiHoM cJiyqae naeeCTHhl 
JIIlillh JioKaJihHble ycJioeu11 yrrpaeJI.11eMoCTH ( crrpaeeAJIH
Bhle B MaJIOH OKpeCTHOCTII 3a)l:aHHoro ABillReHHH) HJlll 
yCJIOBH.11 }J;Jl.11 'laCTHblX KJiaCCOB CHCTeM (cM. (2], [4], [5]). 
Ceoii:CTBO yrrpaeJI.11eMOCTH uayqaroT u B paMKax MHoro
qncJieHHbIX o6o6m;eHIIM, CBll3aHHbIX, B 'laCTHOCTH, c pac
CMOTpeHHeM crreu;uaJibHbIX KJiaCCOB u (Harrp., MHOil\eCTBa 
u ecex orpaHH'leHHbIX KYCO'IHO HerrpepbIBHblX yrrpaBJie
HHH u(t)), aa.na'l ynpaBJI.lleMOCTH no 'laCTH Koop.n1rnaT l:IJIH 
H3y'leHHeM 6oJiee o6n~IIX KJiltCCOB CHCTeM, B TOM lJIICJie 
6ecKoHelJHOMepHbIX. 

Borrpoc o cyn:~eCTBOBaHilu orrTuMaJibHoro yrrpaBJieHuH 
B o6m:eM CJiyqae CB.113aH co CBOHCTBOM KOMIIaKTHOCTH B 
TOM HJIH IlHOi°l TOIIOJIOrHII MIIHHMH3Ilpyrom:ux IIOCJie.noea
TeJibHOCTeii: ynpaBJieHH~i IlJIII TpaeKTOplll! II CBOHCTBOM 
IIOJiyHerrpepbIBHOCTil ITO COOTBeTCTByIOm:HM nepeMeHHbIM 
MHHHMH3HpyeMhIX tPYHKl\IlOHaJioB. Ilepeoe II3 3THX 
CBOlICTB TeCHO CBll3aHO }J;JIH CIICTeMbl 

x=f (t, x, u), t 0 -s;;;;.t-s;;;;.t 1 , xEIRn, uEIRP, (2) 

rrpn orpaHnqeHn11x 

(3) 
c BhlllYKJIOCTbIO MHOJReCTBa 

f(t, x, U)={f(t, x, u)juEU}, 

a BTopoe (AJIH IIHTerpaJihHbIX tPYHKI~HOHaJioB) - c BbI
rryKJIOCTbIO no COOTBeTCTByIOm:IIM nepeMeHHblM J (x (.)' 
u (. )). 0TCYTCTBile 3THX CBOHCTB B03Mem;aIOT rryTeM pac
mupemrn ucxoAHhIX eapnau;IIoHHhlx aa.naq. TaK, HeBhI
rryKJIOCTb f ( t, x, u) MOlRHO eoaMecTIITb rryTeM BBeAeHIIll 
c K 0 JI b 3 H m: H x p e lR HM 0 B-06061IWHHhIX perne
HIIH o6blKHOBeHHhIX f\HtP<i>epeHu;IIaJihHbIX ypaoHeHIIH, rro
pomp;eHllhIX yrrpaBJl8HIDIMH-Mepa~III, aap;aHHblMil Ha u n 
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C03AaIOJI\IIMU acj>cj>eRT «OBhIIIYllJieHJIH» (cM. [6], [7]). OT- Heo6xo,u1IMble ycJIOBHH 1-ro rropH)lKa KJiaccnqecKoro sa-
cyTCTBHe BbIIIyRJIOCTII y IIHTerpaJibHblX ¢yHmi;noHaJioB pnau;IIoHHoro ncq1IcJieH1I.1I. B qaCTHOCTII, B ABYXToqequoii 
J(x( ·), u( ·)) Bo3MemaIOT rryTeM rrorpymeHnH 3a,uaqH B KpaeBoii: 3a.uaqe ,UJIH cJicTeMhI (2), (3), rne U - OTKphlToe 
6oJiee o6myro, c HOBblM «l>YHKIJ;noHaJioM, llBJllIIOll\IIMCll Bbl- MHOll\0CTBO, J (x (. ), u (. )) - CTaH,uapTHbill IIHTerpaJibHblll 
rryKJIOH ~nrnopaHTOH npemHero, H pellleHIIll HOBOJi 3a,uaqH cj>yHKIJ;HOHaJI, U3 npHHIJ;IIIla TioHTpllrJIHa BIJTeKaeT He-
B 6oJiee umpoKoM 1macce yrrpaBJiemiii (cM. [8]). B OTMe- o6xoJJ,HMoe ycJIOBIIe aKcTpeMyMa BeiiepIIITpacca B KJiaccH-
qeHHbIX CJiyqaHX cymeCTBOBaHJie OllTHMaJibHOro ynpaBJie- qecKoM Bapuau;noHHOM JICqHcJiemrn. 
HIIH qaCTO BblTeKaeT ll3 cymeCTBOBaHlilH JJ;OIIYCTIIMoro yrr- B Teop1m OllTIIMaJibHoro ynpaBJieHIIll pa3BHBaIOTCR Me-
paBJI0HIIll. TOJJ;bl noJiyqeHHH Heo6XO)llIMblX YCJIOBIIII BbICIIIHX nopH)l-

TeopHH Heo6xo,uHMblX ycJIOBIIH :JKCTpeMyMa Ha1I60Jiee KOB (oco6eHHO 2-ro nopHP,Ka) JJ,JIH HeKJiaCCJiqecRHX Ba-
pa3BHTa B 3a,uaqax O. y. rr. OcH0BoIIoJiararom1IM pe3yJih- p11au;uoHHblX 3aaaq (cM. [19]). IiJHTepec R ycJIOBHHM Bbl-
TaToM 3,U0Cb rrocJiymuJI IIPIIHIJ;Hll MaKCIIMyMa TioHTpHrHHa, crrrnx nopHJIKOB B 3HaqHT0JlbHOIJ CTeIIeHll 6blJI CBH3aH c 
co,uepmamHii: Heo6xo,UIIMble ycJIOBHH CHJibHoro 3RCTpe- 1rnyqeHneM Bbrpom,ueHHblX 3aP,aq OllTHMaJibHoro yrrpaBJle-
MyMa B 3a,uaqe OIITHMaJibHOro yrrpaBJI0HIIH. HHH, IlpHBOAHlUHX K T. H. 0 c 0 6 bl M y TI p a B JI e H [!-

CJie,uyeT onrnTuTh co3,uaHue 06m1Ix npHeMoB rroJiyqe- a M 11 He 1IMerom1Ix a.ueKBaTHblX aHaJioroB B KJiaccnq. Te-
HIIH Heo6xop;HMblx ycJioBIIH B aRcTpeMaJihHblX 3aP,aqax, acj>- opHH. Hanp., B rrp1rnu;nne TiouTparHHa cj>yHRii;na H ( t, ip, 
cj>eRTHBHO IICIIOJ!b30BaHHblX ):l;JIH 3ap;aq o. y. rr. c 6oJiee x, u) Jiu6o MomeT IlplIBOJJ,HTb K u;eJioMy ceMeiicTBy yrrpaB-
CJ!Oll\HblMH orpaHHqeHHHMH (cj>a30BblMH, cj>yHKIJ;HOHaJibHbl- JieHIIH, Ramn;oe H3 K-pblX YAOBJ!eTBOpHeT rrplIHIJ;IIITY MaR-
MH, MHHIIMaKCHblMII, CMeIIIaHHblMII II T. n;.) II OCHOBaHHblX, CHMyMa, Jiu6o Boo6me He 3aBHCIIT OT u (Tor,ua JII06oe H3 
TaK HJIH HHaqe, Ha TeopeMax 06 OTA0JllIMOCTH BblIIYKJiblX AOIIYCTHMblX 3HaqeHIIH u YAOBJI0TBOplleT TipHHIJ;IIIIY TioHT-
KOHYCOB (cM. [9), [10J). TiyCTb, Hanp., E - BeKTOpHoe parirna). 8Ta CHTyau;na OKa3aJiaCb BeCbMa xapaKTepuo:ll 
npoCTpaHCTBO, f(x), xEE,- 3a,UaHHblll cj>yHKIJ;llOHaJI, /.{Jill ii;eJioro pa,a;a npHKJia,D;HblX 3a,a;aq yrrpaBJI0HIIH B npo-
Q ;- MHOll\0CTBa II3 E' CTpaHCTBe. B AaHHOM cJiyqae BblJl,eJieHne OIITIIMaJibHOro 

Q = n Qi• i = 1, •.. , n, yrrpaBJI0Hlill yme Tpe6yeT rrepe6opa 3KCTpeMaJieH 1-ro 

xOEQ - ToqKa, B K-poii: f(x) AOCTHraeT MHH11MyMa Ha Q, rropHP,Ka (T. H. 3 Kc T p e Ma JI e ii TI 0 HT p ll r II Ha) 
II IlpHMeHeHIUI R HIIM Heo6xo,a;uMbIX ycJIOBHH OIITHMaJibHO-

Q o = {x /I \x) < I (x0) }. CTH 2-ro nJin, B o6ui;eM cJiyqae, 6oJiee BblCoKoro rropa,a;Ka. 

CyTh pacnpocTpaHeHHoro o6mero MeTo)la cocTonT s TOM, 3,a;ech pa3Hble no cj>opMe Heo6xo,u1IMble ycJiosua 6blJIII rroJiy-
qTo Kall\)lOe II3 MHOll\8CTB Q;' i= 0, 1, ... ' n, arrrrpoK- qeubl IIyTeM UCIIOJ!b30BaHHll crreii;naJibHblX KJiaCCOB «He-
CIIMupyeTCH B OKpeCTHOCTII ToqRH x0 HeK-pblM BbIIIYRJiblM KJiaccnqecKIIX» Bapuari;IIH (Harrp.' «CBR.30.K» IIl'OJibqaThIX 
KouycoM K; c Bepnnrnoii: B ToqKe x0 (Konye «y6blBaHua» Bapnau;uii u T. n;.). PeaJin3aIJ;HH oco6blx yrrpaBJieHHH qa-
)lJIH Q0 ; RoHyc «,a;orrycTBMblX uarrpaBJieHnii:» ,UJill orpaHII- CTO CBH3aHa CHOBa c ucrroJib30BaHHeM CKOJ!b3HJI\IIX pe-

qeHHii, 1rno6pamaeMblX HepaBeHCTBaMII; Konye «KaCaTeJib- ll\IIMOB (cM. [17], [ 18]). 
HblX HanpaBJI0Hllll» AJ!H orpaH1Iqeu11ii THila paBeHCTBa' B Teopna )lOCTaToqHblX ycJIOBHII OIITIIMaJibHOCTU pa3pa-
TOM q1IcJie ,UJIH JJ,IIcj>cj>epeHI{IIaJlbHblX CBH3e:ll, Ii! T. P,.). 6oTaHa B M0Hblll0ll cTerreHII. l'.13B0CTHbl pe3yJibTaTbl, OTHO-
Heo6xo,a;nMoe ycJIOBlle MllHHMyMa Tenepb COCTOHT B TOM, CHIIJ;ll0CH K ycJIOBHHM JIOKaJibHOII OIITHMaJibHOCTII H co-
qTOObl x0 6blJia e,a;HHCTB0HHOll TOqKOll, o6rii;eii AJ!H Bcex ,a;epmaui;1Ie, B qHcJie npoqux Tpe6oBaHHi:'I, YCJIOBHH H0BbI-
K ;, i=O, 1, ••• , n, ll, CJI0/J,OBaT0JibHO, qTo6bl KOHYCbl pomAeHHOCTll CHCT0Mbl B BapliaIJ;HHX H orpaHIIqeHJrn Ha 
6IJJIH «oT,ueJIBMbl» (cM. [8]). TiocJiep,HeMy «reoMeTp1Iqe- CBOHCTBa reccnaHa rrpaBblX qacTei'r, BblqHcJieHHoro B)lOJih 

CKOMy» ycJIOBHIO AaJiee npnAaIOT aHaJIHTIIq. cj>opMy II !IO IICCJie,uyeMoil: TpaeKTOplIH AJIH COOTB0TCTBYIOUJ;ero o6blK-
IJ03MOH\HOCTH npeo6pa3yIOT K yno6HoMy BIIAY, Hanp. npn HOBeHHoro AIIcj>cj>epeHu;naJibHOl'O ypaBH0HHH. ,Apyraa rpyrr-
IIOMOlUH cj>yHKIJ;HH faMIIJibTOHa. B 3aBHCUMOCTII OT IIC- rra )lOCTaToqHblX ycJIOBIIii: OII1IpaeTCH Ha M0TO)l A1IHaM11q, 

xo,a;HbIX orpaHnqeHnii, a TaKme OT KJiacca ncnoJII>3yeMblx rrporpa~IMIIpoBaHirn n ero CBH3h c Teopneii nplIHIJ;IIIIa 
BapHaIJ;IIi:'I, Heo6XOA!Ulbl0 ycJIOBHH MoryT IIpHHI!MaTb KaK MaKCBMyMa (CM. [8]). l'.IMeIOTCH II cj>opMaJIII3MbI, IIPHBO-
cj>opMy, aHaJior1IqHyIO rrp1IHIJ;IIIIY TIOHTpHl'HHa, TaK II AHII\II0 K AOCTaToqHb!M YCJIOBHHM a6coJIIOTHoro MHHH-
cj>opMy JIOKaJibHOro (JIHHeap1I30BaHHoro) IIpllHIJ;IIIIa MaK- MyMa, OCHOBaHHble Ha u.uee pacmnpeHHH Bapnau;noH-
cnMyMa (ycJIOBUll CJia6oro 3KCTpeMyMa !IO u). Peamrna- HhlX 3ap;aq. 06JiaCTb IIX peaJibHOll npnMeHIIMOCTII OXBa-
IJ;IIH OTMeqeHHoro IIYTII, THKIIM o6pa30M, 3aBHCllT OT B03- TblBaeT cneii;HaJlbHble KJiaCCbl 3ap,aq c BbllIYKJiblMH KpllTe-
MOll\HOCTll aHaJIHTnqecKII OIIHCblBaTb KOHYCbl Ki. 8cj>- PHHMII II Bblpom,a;eHHblX 3a)laq OIITHMaJibHOro yrrpaBJieHHll 
cj>eKTIIBHOe IIX OIIHCaHIIe Jl,OCTHraeTCH )lJIH MHOll\0CTB Q;, (cM. [ 18]). 
3aP,aBaeMblX rJia,URHMII cj>yHRIJ;HHMH, YAOBJieTBOpHIOIIJ;HMll TioJIHoe pemeHJile 3aAaqlI 0. y. II. (Heo6XOAllMble II ,a;o-
HeK-pbIM ,UOIIOJIHIIT0JibHblM ycJIOBHHM peryJiapHOCTU B pac- CTaToqHble YCJIOBIIH OIITHMaJibHOCTH) II3B0CTHO ,[];Jill Jlll-
CMaTplIBaeMOll ToqKe, IIJIII BbIIIYKJiblMH cj>yHK!J;llHMH (cM. HellHblX CHCTeM (1), Kor,ua paccMaTplIBaeMble cj>yHRIJ;llOHa-
[9], [ 10)). B rrpnHu;nrre OTMeqeHHblll rryTh n;onycKaeT 0606- Jibl n orpanlJqeH!ilH Ha u, x BblIIYKJibl (B pa,a;e cJiyqaes 
ui;eHllll II Ha cJiyqaii HerJIH,D;KHX orpaH1Iqem1ii, B TOM qlicJie 3)l0Cb Tpe6yeTCH BbIIIOJIHeHne HeK-pblX ,UOIIOJIHHT0JibHbIX 
,a;ucj>cj>epeHri;naJibHblX. 3nech, Hanp.' MOll\eT 6blTb HCIIOJib- ycJIOBHll). TI p1IBJieqeHHe n,ueii ABOllCTB0HHOCTII, IICIIOJIL-
BOBaHO IIOHHTlle cy6µ;Hcj>cj>epeHIJ;HaJia BblIIYKJIOll cj>yHKIJ;IIII 3Y0MblX B BbIIIYKJIOM aHaJl1I3e, BblHBHJIO oco6oe 8KCTpe-
llJ!ll ero o6o6ni;eHHH, Kor.ua BblITyKJIOCTb OTCYTCTBYeT MaJibHOe CBOHCTBO TpaeKTOpnll CHCT0Mbl, OIIHCblBaIOui;eii 
(cM. [11], [12]). corr pa me H H bl e rr e p e Me H H bl e rrpmni;IIna 

YcJIOBIIH 1-ro rropH,a;Ka, aHaJior1IqHble rrpnHIJ;IIIIY TioHT- MaKCIIMyMa TioHTpHrlIHa. 8To rro3BOJIHJIO CBeCTH Rpae-

parHHa, H3B0CTHbl AJIH pemeHIIll B KJiacce o6o6meHHblX ByIO 3aAaqy, B03HlIKaIOui;yro npn UCIIOJib30BaHHll ueo6-
¢yHKIJ;IIH-Mep (T. H. H HT er p a JI b H bl :ll II p H H- XOAHMblX ycJIOBHl~i o6mero BII,Ua, K pellleHIIIO 6oJiee npo-
u; H n Ma Kc II My M a), AJIH ynpaBJIHeMbIX cncTeM, CTOH ,a;BoHCTBeHHo:ii: aRCTpeMaJibHoii 3aAaqH. B paMKax 
OllllCblBaeMblX ,U1Icj>cj>epeHIJ;1IaJibHbIMll ypaBH0HIIHMH c OT- Ha3BaHHOfO IIOAXOP,a noJiyqHJia pa3BHTHe Teopn.ll JllIHeii-
RJIOHHIOIIJ;IIMCH apryMeHTOM, p,ncj>cj>epeuri;naJibHblMll ypaB- HblX CllCTeM c ll M II y JI b c H bl M H y II p a B JI e H ll H-
HCHHHMH c qaCTHblMII rrpoll3BO,UHblMll, 3BOJIIOIJ;llOHHblMll M n, MO,U8JI1Ipyroui;nx ofrLeKTbl, IIOABepmeHHble Ml'HOBeH-
ypaBH0HIIHMH B 6aHaXOBOM rrpocTpaHCTBe, ,a;ncj>cj>epeHu;H- HblM B03,D;0llCTBIIHM (y,a;apHblM, B3pblBHblM, mmyJibCHbIM)' 
aJibHblMH ypa1!HeHBHMH Ha MHoroo6pa3HHX, peRyppeHT- II cj>opMaJinayeMblX npH IIOMOlUH ,umpcpepeHIJ;IIaJibHb!X ypaB-
HbIMll pa3HOCTHblMH ypaBH0HllHMII ll T. )l. (CM. [1), [6], HeHIIH B o6o6ui;eHHblX cj>yHKIJ;IIHX COOTBeTCTBYIOIIJ;HX II0-

[7}. [13] - [16]). pa,a;RoB CIIHryJIHpHOCTH. 8clicfleRTHBHOe npuMeHemi:e, oco-
l13 yKa3aHHbIX Heo6XO)J.llMblX YCJIOBHii 8KCTpeMyMa B 6eHHO B TeoplllI IIrpoBblX CllCTeM, HaIIIeJI MeTo,a; 0 6 JI a c-

3aAaqe OIITI!MaJibHOro yrrpaBJieHJrn BbITeRaIOT H3BCCTHble Te H A 0 c T ll )I\ Iii M 0 c T If (cM. [2), [3]). 
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B OTCYTCTBHR JIOJIBOH aJipIIopuoii ampopMau;aa 0 'CHCTe- meHHH aa;n;aqn eapnan.noHHoro Hcqn:cJJeHRH B Bhl6paHBOl\1 

Me (a B TOM qucJie CTaTHCTIIq. 01rn:caHHH He,[lOCTaIOID,HX KJJacce KPliIBhIX cpaBHerurn. 
BeJiuqn:H) paccMaTpHBaIOT aa;n;aqy o. y. JI. B y c JI 0 B H H x o. A· y. c JI a 6 0 r 0 M H H Il My Ma (cM. [1]): )lJIR 
H e 0 JI p e A e JI e R H 0 c TH. IlycTb B CHCTeMe (to <.t <.ti) Toro qTo6bl KPHBaH y (x) ;o;ocTaBJIJJJia cna6h!ii: MHRHMYM 

· tPYHRll;HORaJiy 
x=f (t, x, u, w), x (t 0}=x0 EX0 , wEW, (4) ~x 

J (y) = 1 F (x, y, y') dx 
rrapaMerp w E IR q, peaJin3yIDru;nii:cH B en,1:1e tf>yRKD;HII epe- x, 

(1) 

MeHII w= w ( t), 11 BeKTOp x0 HenaBeCTHhl, HO aa;o;aHhl JIIUJib 

MH011\eCTBa x0c::IR", wc:IR.q. Tor,1:1a, rrpe)lJIOJiaraH cy
mecTBOBaHn:e H rrpo,[IOJil«aeMOCTb Ha [to, t1l pelll0HHH 

x(tlxo, u(·), w(·)), x(t 0 1.xo, u(·), w(·))=xo 

ypasueRRH (4) (rrpn aa,1:1aHHhIX x0 , u('t), w(T), t0<.'t<:fi), 
l\10l«HO IIOCTpOilTb JiyqoK (aHCaM6Jib) TpaeKTOpnft 

X(tiu(·))= 
=LJ{x(t/x0 , u(·), w(·))!x0 EX0 , w(T)EW, 

t 0 .,;;;;;i;~t}. 

B&I6upaH nporpaMMHOe ynpasJieaue u (t) (o;o;Ho u TO iKe 
AJl.11 BC0X TpaeRTopnil: nyqKa), MOll\HO yrrpaBJJHTb JIOJIO
ll\eR11eM X (t I u ( · )) B cpaaosoM rrpocTpaBCTBe. TmmqHaR 
aa,1:1aqa o. y. JI, B yCJJOBHHX Heorrpe;n;eJJeHHOCTH Terrepb 
COCTOHT B OllTHMHaau;nu u (t) B CHJJY cpyHRll;HOHaJia <D 
THITa MaKCHMyMa 

<D (X (t1 I u (·)))=max {<p (x) lxEX (t1 I u (·))} (5) 

(Tor;n;a pemenne u0 (t) aa;n;aqn 6y;n;eT 06ecneq1rnaTb ReK-pblii 
rapaHTHposaHHhll! peayJibTar) IIJIH MHTerpaJJbHoro cpyHK
D;HOHaJJa 

<I> (X (t1 I u ( · ))) = ~ x (t, 1u(-))f0 (x) dx. (6) 

IIpnMeHenne TeXHMKH Bhrno;n;a ueo6xo;n;11MhIX ycJiosni'1 
OJITMMaJibHOCTH HJIH ee 111o;o;ncp11Kau;nft Il03BOJIHJIO ccpopMy
JIHpOBaTb Tpe6osaHHR, o6ecneqnsaIDrn;ne cyru;ecTsosaune 
aHaJJoroB rrpnua;nna IloHTpHrnHa )l;JIH aa;o;aq (5), (6) (B 
nepBOl\1 cJiyqae OH npHHM111aeT cpop111y HeK-poro YCJJOBHH 
MllHH1118KCa). ;rJ:JIH JIHHeHHhIX CMCTel\1 3TI1 aa;o;aqH ;o;onycKa
IOT CTOJib me ;o;eTaJibHoe perneune, KaK u B cJiyqae rroJIHoii 
nucpop111a1~IIH (c111. [3], [20], [21]). 

Jium.: [1] n 0 HT p R r II H JI. c., B 0 JI TH H c ]{ .H il B. r., 
r a M K p e JI II TI a e P. B., M H ui e H 1< o E. <ti., MaTeMaTw1ec
KaR TeOpHR OTITIIMaJihHbIX npon;eccos, 3 II3TI., M., 1976; [2] Hp a
c o B c 1< H il H. H., Teopu.11 y11pasJieH1IR TIBHmeHIIeM, M., 1968; 
[3] ]{ p a C 0 B C K H il H. H., C y 5 5 0 T II H A. H., Il03HIVIOU
Hble Il1IlfJcjJepeHD;HaJihHble nrph!, M., 1974; [4] Ha JIM a HP., B KH.: 
TPYTibI 1 MemTiyHapOTIHOro KOHrpecca MelHTIYHaPOTIHOil cjJeTiepaD;HJI 
no aBTOMaTB'ieCKOMY ynpasJ1emuo, T. 2, M., 1961, c. 521-47; [5] 
JI H 8.- B., M a p K y c JI., OcHOBbl Teopun OIITBMaJlbHOro ynpas
.rreHHR, nep. c aHrJI., M., 1972; [6] r a MK p e JI H TI 3 e P. B., Oc
HOBbl OTITHMaJibHoro yrrpaBJleHHR, TOIIJIBCH, 1977; [7] Ba p r a ,Um., 
OIITHMaJILHOe ynpasJieHue TIBl!>cjJepeHD;HaJILHbIMH H lfJYHKUHOHRJlb
HbIMII ypaBHeHBRMH, nep. c aHrn., M., 1977; [8] II o cjJ cjJ e A. ,U., 
TH x o M Hp o B B. M., «Ycrrex?. MaTeM. HayK», 1968, T. 23, a. 6, 
C. 51-116; [9] ,Uy 5 0 B HD; K H il A. H., M H JI IO TH II A. A., 
«lRypH. Bbl'IHCJI. MaTeM. H MaTeM. lj>H8H1'B», 1965, T. ~ • .M 3, c. 395-
453; [10] Neu st ad t L. W., Optimizations. A theory of neces
sary conditions, Princeton, 1974; (11] IT me Hu q H bl tt B. H., 
HeooxonnMble ycJ10B1111 imCTpeMyMa, M., 1969;[12] CI ark e F. H., 
«Trans. Amer. Math. Soc.», 1975, v. 205, p. 247-62; [13] Suss
m an n H.J., «Math. Syst. Theory», 1977, v. 10, No 3, p.263-
284; [14] JI Ho H c JR., OnTHMaJILHOe yrrpaBJieHHe cHcTeMaMB, onu
ChlBaCMbIMH ypaBHeHBRMH c qacTHbIMH npouaBOTIHbIMH, nep. c 
cjJpaHD;., M., 1972; [15] B 0 JI TR H CK B tt B. r., MaTeMaTHqecKue 
MeTOTibl onTHMaJILHoro ynpaaJieHBH, M., 1966; [16] er o me, 
OrrTHMaJihHOe ynpaeJleHHe TIHCKpeTHbIMH cucTeMaMH, M., 1973; 
[17] r a 5 a c 0 BP., H Hp H JI JI 0 Ba <ll. M., Oco5ble OIITHMaJlh
Uble ynpaBJleHBfl, M., 1973; [18] Hp 0 T 0 B B. <11., By K p e
e B B. 3 .• r y p M a H B. H .• HOBble MCTOll;bl BapnaD;HOHHOfO HC
'IBCJieHBR B Il1IHaMH1<e TIOJieTa, M., 1969; [19] JI e B HT H H E. c., 
M H JI IO Tu H A. A., 0 c M o JI o B Q K n tt H. II., «Yenexn MaTeM. 
HayK», 1978, T. 33, B. 6, c. 85-148; L20] Hy pm a H c Ru il A. B., 
YnpaBJieHue n H80JIIOTI0HHe B YCJIOBBflX HeorrpeTieJieBHOCTH, M., 
1977; [21] .n: e M h 11 H 0 B B. <11., Ma JI 0 3 e M 0 B B. H., BBeTie
HHe B MHHHM8KC, M., 1972. A. B. RypJ1Cancrruii. 

OIITHMAJihHOCTII ~OCTATOqHhIE YCJIOBIIH -
ycnoe1rn, 06ecneq1rna10rn.ne oJITHMaJibHOCTb ;o;auuoro pe-

rrp!I rpanuqHhIX yc.TIOBIIHX 

Y (xo) =Yo, Y (x1) =Yi, 

;o;ocTaToqHo, qTo6h! BhIIIOJJHHJJHCb cae;n;y10ra;ue ycJIOBII.B. 

1) Rp1rnaa y(x) ;n;onmua 6h!Tb 3KCTpeMaJJbIO, T. e. y;o;os
JieTaopHTb 8u.ttepa ypaonenu10 

d 
Fy-a:xFu•=O. 

2) BJIOJJb Kpnaoi'1 y(x), BKJIIOqaH ee 1wuu;bl, nommrn 
BblllOJIH.FlTbCH ycuJieHHOe JI e:ncaniJpa yc.n,ooue 

Fy•y• (x, y, y') > 0. 

3) Hpuaa.11 y(x) ;o;om1rna y;o;os.rreTBopHTh ycnJieHHOMY 
Hi;o6u yc.!loeuio, Tpe6yrorn.eMy, qro6hl perneune ypasueunH 
Hrw6n 

(F yy -:x Fyy') 11-:X (Fy•y•Yl') =0 (2) 

c uaqaJihHhlMH ycJiosn.1111111 

11 (x0) =0, 11 1 (x0)=1 

He o6paru;aJiocr, B HYJib B ToqKax aa111KHyToro cnpasa uB
TepaaJia x0 <x..;;:x1. 

l\03cpqmu;11eHThl ypasneu11.11 HKo6u (2), rrpe;n;cTaBJJRIO
rn.ero co6oi"1 nnueiiuoe ;o;mpif>epeuu;naJibHoe ypaeHeHne 2-ro 

rrop.11;n;Ka, BblqllCJJHIOTC.11 B)lOJlb 3KCTpeMa.rm y (.r) II npeµ
CTaBJJHIOT If3BeCTHhle cpyHKa;IIH OT x. 

;rJ:JIH c Il JI b H 0 r 0 111 H H H 111 y M a AOCT8ToqHo, qTo-
6hI ;o;orroJIHHTeJJbHO, ITOMHl\10 nepeqncJleHHhIX Bhlllle, Bhl
ITOJIHHJIOCb cJieµyrorn.ee ycJioane. 

4) Cyru;ecTayeT oKpecTHoCTb Rp1rnoii i/(x), B RaiK;n;oii 
TOqKe (x, y) K-poi\: IIPll JII06m1 y' Bhl!IOJIH.lleTCll HepaBeH-
CTBO 

rp,e 

cf} (x, y, u (x, y), y') ~ 0, 

cf}(x, y, u, y')=F(x, y, y')-F(:c, y. u)

-(y'-u) FY.' (x, y, u) 

(3) 

- cpyHKD;HH BeiieprnTpacca, a u (x, y) - HaKJIOH noJJ.11 

3KcTpeMaJJel1, 0Kpyma101u;ero ii{:r). 
Ha caMoi'r 3KCTpeMaJin ii(x) yc.rroane (3) rrpnHrrMaer BllA 

cf} (x, y, Y', y') = 

=F(x, ii, y')-F(x, y, Y'J-(y'-y')Fy.(x, y, i/)~O. 
(4) 

y CJIOBHe (4) HBJIHeTCH Heo6xOJlllMhIM AJJH CHJlbHOro MHHH
My111a; OHO Haa. H e 0 6 x 0 Jl H M hi M y c JI 0 B II e M 
B e !1 e p Ill T pa cc a. TaKHM o6pa30M, B OTJlll'!He OT 
;o;ocTaToqHhIX ycJJOBHH cJia6oro MHHHMyl\1a, R-phle Tpe6y10T 
Bb!IIOJIHeHHH HeR-phIX ycn:JI0HHhIX Heo6xo;o;11ll1h!X ycJIOBiflI 
B TOqKaX caMOll 3KCTpeMaJJll, B AOCTaToqnb!X ycJJOBHHX 
CHJlhHOro 11111HHMyMa Tpe6yeTCH BhIIlOJJHenue Heo6xo;o;11-
Moro ycJIOBll.11 BeiieprnTpacca B HBK-poii OKpeCTHOCTll 
3KCTpeMaJJ11. B 06rn.e111 cJiyqae HeJib3H ocJia6nTb cpopMyJJ11-
poBRY ;o;ocTaToqHhIX ycJJoanii CHJibHoro 111nnn111y111a, aa111e
HnB Tpe6osaune BhIIIOJIHeHHH ycJIOBHH BeiieprnTpacc a 
B oRpecTHOCTH 3KCTpeMaJIH na ycHJJeuuoe ycJiosne Beii:ep
IIITpacca (ycnosne (4) co 3HaK0111 crpororo nepaaeHcTBa) 
B ToqKaX 3KCTpeMaJin (c111. [1]). 

;rJ:na HeKJ1acc11qec1mx aapwau;noHHhIX aa;n;a'l, paccMaT
p11sae111h!X B onmu.Ma.ttbnozo ynpao.ttenuR .11tame.wJ.muiiecrwu 
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meopuu, cym.ecTeyeT H0CKOJibKO llO)lXO)lOB K ycTaHOBJie
muo o. II· y. a6COJl10TIIOro SKCTpeMyMa. 

IlycTb IIOCTaBJI0IIa 3aAaqa OIITHMaJihHOro yrrpaeJI0JIHH, 
B 1\-poii Tpe6yeTCH OIIp0A0JIHTb MHHIIMYM lflyBRil;HOHaJia 

J = ~ :· JO (x, u) d t, (5) 

/o: IR.nxlR.P ~JR, 
rrpII ycJIOBHRX 

;;=f(x, u), f: IR.nxJRP~JRn, 
X (0) =Xo, X (t1) =X1, 

uEU, 

(6) 
(7) 
(8) 

rile U - aaAaHHoe aaMKIIyToe MIIomecTeo p-111epuoro 
npocTpaHcTBa. 

fI pH HCllOJib30BaHHH MeTOAa )lHHaMHqecKoro 11porpaM
MHpOBaHirn [3) o. ll· y. cl>opMyJIHpy10TCH CJl0AY10II(HM 
o6paaoM. /];JIJI Toro qTo6hl y11paeJieBHe u ( t) 61>1JI0 OllTII
MaJihIIbIM y11paBJI0HIIeM B aap;aqe (5)-(8), /lOCTaToqJio, 
qTQ6bl: 

1) cym.ecTBOBa.Jia TaKaR IIe11pepbIBIIall cPYHKlWH s (x), 
I{-paa IIMeeT IIe11pep1>1BJible qacTJible 11po11aBOAIIbie 11pn 
ecex x, aa IICKJIIOqeH11eM, 6b1Th MomeT, IIeK-poro KycoqJio 
rJiap;Koro MHOll\eCTBa pa3MepIIOCTII M01Ibl!Ie n, paella IIYJllO 
B KOJieqnoi"r ToqKe Xi. s (x1)=0, II YllOBJleTBOpHeT ypae
JieJIIllO BemnraHa 

:e~ ( ~~ f (x, u)-J0 (x, u)) = 0; (9) 

2) u(t)=v(x(t)), 11pll O..;;;:t..;;;:t1, nw !!(x) - CIIHT03H
pyrom.aH cPYHKqHH, 011pe11eJIHeMaH na ypaeIIeHIIH BeJIJI
MaIIa: 

!~ f (x, v (x))-1° (x, v (x))= 

=max ( :~ f (x, u)-/0 (x, u)) =0. 
ue u 

B .a;eliCTBHTeJibHOCTH 11pn rrc110Jib3oeaHnII MeTop;a 1IIIHa-
111nq. rrporpaMMHpoeaIIHH ITOJiyqaeTCH 6oJiee CilJibHblH 
peayJibTaT: O • .a;. y. p;JIH MIIomecTBa paaJIH'IHblX ynpae
JieIInfi, rrepeeo.a;1u~nx cl>aaoeyro ToqKy na rrpoHaeoJibHoro 
JiaqaJibHoro COCTOHHHH B 3aAaIIHoe KOH0qHoe COCTOHHile X1. 

B 6oJiee o6meM cJiyqae, Kor.a;a paccMaTpneaeTCH ueaeTo
IIoMIIaH CilCTeMa' T. e. ITOAHIITerpaJibIIaH cPYHKqHH Il B0K
TOP-cPYHKnHH rrpaehlx 11acTeif aaBIICHT eme II OT epeMeHn t, 
cPYHKqHH s AOJill\Ha 3aBIIC0Tb OT t II K JI0BOH qacTII ypas-

as 
.HeHnH (9) CJiep;yeT Ao6aenTb cJiaraeMoe at . HMeeTcH .a;o-

KaaaTeJibCTBO (CM. [4)), B K-poM yp;aJIOCb CHHTb B0CbMa 
CT0CHIITeJIJ>HOe II He BblIIOJIHH10IIJ.0eCH B 6oJILl!I:UHCTBe 

·aaµ;a11, HO o6brqJio npe.a;110JiaraeMoe ycJioene He11pep1>1eHoii 
µ;mpcl>epeu~upyeMoCTH ¢yHKIJ.HH S (x) p;JIH ecex x. 

o. A· y. MoryT 6b1Tb IIOCTpoeHbl Ha OCHOBe 11p1rnnn11a 
MaKcuMyMa IloIITpHrnHa. EcJin B IIeK-poli o6JiaCTH G 
lflaaoeoro 11pocTpaHCTBa ocymecTeJieH peryJIHpHbIH CIIH
Tea, TO ace TpaeKTOp1rn, 110Jiy11eHHbl0 c llOMOII(b10 11pn:H
nn:11a MaKCIIMyMa 11pH JIOCTpoeII:Uil peryJIRpHOfO CliHT038, 
IIBJIHIOTCH OllTIIMaJibHblMH B o6JiaCTH G. 

011pep;eJieJI:ue peryJIHpHoro CilHT03a XOTH lI HBJIH0TCH 
llOBOJlblIO rpoM03JJ;KIIM, HO 110 cym.eCTBY He IIaKJia,a;bleaeT 
oco6blx orpaHn11eHnii Jia aaµ;a11y (5)-(8). 

CyinecTByeT Apyroii 11oµ;XoA K ycTaHoeJieH:uro 0. A· y. 
(cM. [5]). IlyCTb <p(x) - iJ>yIIKI~IlH, He11pepbIBIIaH BMeCTe 
co CBOHMil qacTHblMil 11poH3BOJJ;IIblMil rrp11 ecex AOITYCT:U
MblX x, rrp1rnaAJiemalI(IIX aaµ;auuoil o6JiaCTII G, n 

R (x, u)=<pxf (x, u)-/O (x, u). (10) 

)l;JIH Toro qTo6bl 11apa u (t), x (t) .a;ocTaBJIHJia a6coJI10TJibIH 
MIIIIHMYM B aap;aqe (5)-(8), .a;ocTaToqao cyITJ;eCTBOBaHIIe 
Ta1wil: iJ>yHKIJ;l'IH <p(x), qTo 

R (x, u) = max R (x, u). (11) 
xeG, ueu 

/];orrycKaIDTCH cooTeeTcTeyromne na111euemrn rrpn:ee.a;euuml: 
cI>opMyJI:upOBKII o. A· y. )lJIH 6oJiee o6ITJ;IIX CJIY'Ia0B Heae
TOHOMHOii CIICTeMbl, aap;aq c cPYIIKq:UOHaJiaMII Tillla Mailepa 
u BoJibqa (cM. B0.ttblfa aaoa'ta), a TaKme p;JIH CKOJib3HII(HX 
OllTIIMaJibllblX pemIIMOB (CM. [5)). 

HccJie.a;oeaJJIICh eap1rnqllOIIHble aa;wqu c ¢YIIKqIIoHaJia
MII B BIIJJ:0 KpaTHblX IlHTerpaJIOil l1 AIIiJ>iJ>epemvrnJibHblMII 
CBR3HMil B cI>opMe ypaeHeHIIii c qaCTIIbIMII rrpoli3BO)lHblMil, 
B K-pbIX paccMaTpI!BalOTCH iJ>yHKqI!II HeCKOJibKHX rrepe
M0HHblX (CM. [6)). 

Jlum.: [1] JI a B p e HT" e B M.A., JI IO c Tep H HK JI. A .• 
Hype BapHaQHOHHOro HC'IHCJJeHHlI, 2 H3A., M.- JI., 1950; [2] 
B JI H c c r. A .• JieKI-\HH no aapHaQHOHHOMY HC'IHCJieHHIO, nep. c 
aHrJI., M., 1950; [3] Be JI JIM a H P., .ll:HHaMH'Iec1<0e nporpaMMH· 
poeam1e, nep. c aHl'JI.. M.. 1960; [4] B 0 JI TH H c R H ii B. r .• 
MaTeMaTH'IeCRHe MeTOAbl onTHMaJJbHoro ynpaaJJeHHH, M., 1966; 
[5] R p 0 T 0 BB. w., «ABTOMaT1rna H TeJJeMel(aHHRa»~ 1962, T. 23, 
M 12, C. 1571-83; 1963, T. 24. M 5, c. 581-98; [6J By T K 0 B· 
CK H ii A. I'., TeopHH OIITHMaJJbHOl'O ynpaBJJeHHH CHCTeMaMll C 
pacnpeAeJieHHblMll uapaMeTpaMH, M., 1965. H.B. Banwipc1tllil. 

OIITllMAJlhHOCTII IIPllHD;llllbl - ¢opMaJibHLI0 
orracaIIllH pa3Jill11HblX rrpe.a;cTaBJI0HHH 06 OIITIIMaJibHOM. 
06blqHO o. II. OTpalKalOT Te llJIR llHbl0 qepTbl HHTYHTRB
Horo lIOHIIMaIIIIH ycTOH'IIIBOCTII, BblfOAIIOCTII II crrpaBe)l;
JIIIBOCTII. Cym.ecTB0HHO, 'ITO OAHoepeMeHIIaH peamrnaqIIH 
BCeX (IIJIII XOTH 6bl .a;ocTaToqHo 6oJibITIOro 'IIlCJia) Tal<HX 
qepT qacTo OKa3blBaeTCH HeB03MOll\HOH BBIIAY IIX ¢opMaJib
HOII H0COBM0CTHOCTil. Ilo Mepe Toro KaK TeopnH o. n. 11pH-
06peTaeT aKCIIOMaTII'I. xapaKTep, C03)la10TCH HOBble o. rr.' 
yme He ecer)la 06Jia.a;a10m.ne HHTYHTHBIIOH 11poapa11HocTJ>10. 

Ilpo6JieMbl O. rr. eoaHIIKaroT, Ha11p., B Tex cJiyqa11x, 
KorAa IIII(0TCH aJiaqeH:ue 11epeMeHHoro, op;Hoepe111eHHO aK
cTpeMH3IIpyrom.ee HeCKOJibKO aa.a;aHHblX cPYHK~IlH (T. H. 
MIIoroKpHTepIIaJibHble SKCTpeMaJibHble aa,a;aq11). 3 ap;aqII, 
Tpe6y10m.1rn )l;JIH ceoero perneH11H np:ueJieqeJI1111 HeTpIIBII
aJibIIblX o. n.' ¢aKT:UqeCKII OTHOCHTCH K u2p meopuu. 
0)lHHM II3 IIa:u6oJiee 11pocTblX TeopeT:uKo-:urpoBblX O. rr. 
HBJIR0TCH .MU/l.U.Ma1>ca npUHtfUn. IJ:pyrne 0. II. peaJIII3y10T
CH B BHA0 C-H)lpa pel!I0H:UH 110 He1IMaHy-MopreHl!IT0pHy, 
UJ en.!!U eenmopa II T. ;n;. 

0 11pHHTJ,Il110 OIITIIM8JibHOCTil BeJIJIMaIIa CM. !( unaMU'te-
C/i:Oe npo2pa.it.Mupoeanue. H. H. Bopo6'beB. 

OIITllMAJlhHhllI PEJIHIM OCOBblll, o c o 6 o e 
0 II T II M a JI b H 0 e y n p a B JI e H Il e' - OIITUMaJibH00 
y11paeJICHHe, ;n;mr K-poro Ha HeK-poM y 1racTKe epeM0HH 
o;n;HoepeMeHHO llblIIOJIHHIOTCH yCJIOBllH 

(1) 

(2) 

rp;e H - I'aJotU.!!bmona ifiynKqusi. B BeKTOpHOM cJiyqae, 
Korp;a O. p. o. mrneT MecTo no k, k>1, KoMrroHel'ITaM yn
paaJieHHH, yCJIOBJI0 (1) 3aMeHH0TCH Ha k yCJIOBIIll 

oH -,,-=0, s=1, ... , k, 
vUs 

(3) 

a BM0CTO paeeIICTBa (2) Tpe6yeTCH o6paITJ;eHIIe B HyJib on
peµ;eJIIITeJIH 

I o'H l ousiJup =0, p, s=1, ... , k. (4) 

Ha o. P· o. iJ>yHKqIIH raMIIJibTOIIa H CTanHoHapHa, HO 
ee BTopoii .a;mpcpepeIIIJ,IlaJI He HBJIHeTCH OTpIIqaTeJibHO 
011pe.a;eJieHHblM, T. e. MaKCHMYM H 110 u (11pII u, II3MCHJI10-
II(eMCH BHYTPII µ;onycT:uMoli o6JiacT:u) oKaahleaeTcH «paa
MblTbIM». 

Han6oJiee T1rnnqHbIMII 3a)laqaMII, B K-pbIX MOiK0T HMeTb 
MeCTO 0. p. o., HBJIHIOTCJI aa,a;aqII OIITHMaJibHoro yIIpaBJie
HHH, B K-pb!X no;n;IIHTerpaJibIIaH iJ>yHKqIIH If npaeble qacTII 
JIIIHeiiHo 38BHCHT OT yrrpaBJI0IIHH. 

Hume paccMaTpuearoTCH aa,a;aqn TaKoro poga cua-qaJia 
co CKaJIHPHblM oco6blM ynpaeJieHHeM. 
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IlycTb Tpe6yeTCJt onpe11:eJUITb MHHRMYM .pymnOJOHaJia 

J = ~:· (F (x) + u© (x)) di (5) 

npR YCJIOBHHX CBH3H 

xi=fi(x)+uqi(x), i=l, ... , n, 

rpaHII'lHbIX ycJIOBllHX 

X (0) =Xo, X (ti) =Xi 

H orpaHll'IeHJIHX Ha ynpaaJieHne 

I u I.;;; 1. 

(6) 

(7) 

(8) 

Heo6xo11:nMbie ycJIOBRH, K-pb!M ll:OJilKeH YJ:i:OBJieTBOpHTh 
0. p. o., 1103BOJIHIDT 3apaHee llCCJiell:OBaTb 3a)J;a'ly (5)-(8) 
11 BbIJ1:eJIHTb MHoroo6pa311H oco6bIX y'IaCTKOB, Ha R-pbIX 
onTnMaJihHoe yrrpaaJieHRe JieiHHT BHYTPll )J;orrycTnMoii: 06-
JiacTn: I ul < 1. II pncTpanaaH K HHM Heoco6hle y11acTKH, 
Yll:OBJieTaopHID11JHe rpaHH'lHhlM ycJioBHHM (7), c yrrpaaJie
aneM lui=1, 011pe11:eJI.aeMbIM H3 Jlonmpsieuna npunl{una 
Ma~CUMyMa, MOil\HO IIOJiyqHTb OI!THMaJihHOe perneBne 3a
na11n (5)-(8). 

CorJiaCHO npnm1nny MaKCHMyMa onTHMaJibHO() ynpae
JieHHe npH JIID6oM IE [O, Iii J1:0Jiil\Ho 11:ocTaBJ1HTh MaKCHMyM 
.PYHKIIHH f aMHJibTOHa 

H('¢(1), x(I), u(I))= max H ('¢(1), x(I), u), (9) 
lu I<: 1 

H('ljl, x, u)=-(F(x)+u©(x))-1-

+ ~~=i '¢;(Ji (x)+ucpi (x)), 

a 'ljl=('¢i, ... , '¢n) - HeK-paH He 06pa111aro111aHCH B HYJib 
conpHIBeHHaH seKTop-.pyHKIJHH, Yll:OBJieTBopHIDIUaH cnc
TeMe ypaBJieJIHH 

~;=- aH (l)J, x. u), i=1, ... , n. (10) 
()xl 

YcJioane (2) BhlnOJIIIHeTCH ll:JlH Jiro6oro ynpaaJieIIHH, a 
He TOJlbKO /l:JIH 0. p. o. 

Ha Tex yqacTKax apeMeHH, Ha K-pbIX ~: :;i:O, ycJioBIIe (9) 

onpe11:eJIHeT Heoco6oe onTnMaJihHoe ynpaaJiemrn, npuII11-
MaIDI11ee rpaIIH'IHhle 3IIa'IeIInH 

u(t)=sign ~~ = ±1. 
TaKHM o6paaoM, yqacTKH [ T0 , T1) c onTnMaJihHbIM oco6bIM 
ynpaaJieHHeM 

I u (1) I< 1 
MoryT noHBllTbCH JIHII1b npH BblnOJIJieHHll ycJIOBllH (1): 

(JH(l)J(t),a~(t), u(t))=O, 'to.;;;;l.;;;;Ti, (11) 

rrpH K-pOM «PYHKIJHH faMHJlbTOIIa nepecTaeT HBHU 3aBlf
CeTb OT ynpaaJieIInH u. CJie11:oaaTeJibHo, ll:JIH 3aJ1:a'I, JIH
HeHHbIX no ynpaBJieIIHID, ycJIOBlle (9) He n03BOJIHBT Heno
cpe11:CTBeHHO onpe11:eJIHTb onTHMaJihHOe oco6oe ynpaaJie
IIHe u(t). 

aH 
IlyCTb «PYIIKIJllH au ll:H«P«PepeHIJHPYeTCH no I B CHJIY 

cncTeM (6), (10) no Tex nop, noKa ynpaaJieHne u He aoii11:eT 
c HeHyJIBBbIM Koa«P.PHIJHeIITOM B oqepe11:Hyro npOH3BOJ1:IIYID· 
,[l;oKa3bIBaeTCH (CM. [ 1 )-[3)), 'ITO ynpaBJIBHne u MomeT 
BORTH c HeHyJieBbIM Koa.P«PHIJHBIITOM Jlllillb B 'IBTHyIO npo
H3BO/l:IIYID, T. e. 

:U(:ts('~~))=o, s=1, ... ,2q-1, } 

d2 Q ( aH ) at'q au =a(~i, x)+u·b('ljl, x), b('ljl(t),.x(t));i:O, 

(12) 

n 'ITO aeo6xo)J;HMbIM ycJIOBIIe~! OilTIIMaJibHOCTH oco6oro 
yrrpaaJieHHH Hl)JIHBTCH BbIIIOJIHeHHe HepaaeHCTBa 

(-1)q b ('¢, r) = (-1)q ( :U ( :::q ( ~~ ) ) .;;;; 0. (13) 

ECJIH b('ljl(I), x(l));i:O Ila BCeM 0Tpe3Ke, TU OHTllMaJlhHOe 
oco6oe ynpaaJieHne 

a(~;(!), x (t)) 
U (I)= - b (ljJ (!), x (t)) , 'to.;;;; t,,;;;; Ti· 

IloCKOJibKY ycJIOBHH (12) IIOJiyqBHbl B pe3yJihTaTe IIO
CJie11:oaaTeJ1bIIOro 11:n.P.PepeHIJHpoaamrn (11), TO Ha yqacTKe 
oco6oro peiHHMa, B 11acTHOCTH B TO'lKaX conpHIBeHHH To 
n T:( oco6oro II Heoco6oro y11acTKOB, rroMHMO paaeHcTaa 
(11}, BblIIOJIHlleTCH 2q-1 paBeHCTB 

:i: ( ~~) =0, s=1, ... , 2q-1. (14) 

Aaamrn ycJIOBHH (11), (14) rroKa3hlBaeT, 'ITO ll:Jlll cJ1y
'Iaea 'IeTHoro H He11eTIIoro q xapaKTep conpameHHH oco-
6oro 11 aeoco6oro y11acTKOB TpaeKTopnH pa3JIH'leH (cM. 
[4)). 

IlpH 'IeTHOM q onTHMaJlbHOe ynpaaJieHrre Ha Heoco6oM 
y11aCTKe He MOll\eT 6hlTb KYCO'IIIO HerrpepbIBHbIM. Pa3pb1Bbl 
ynpaeJieHH.11 (TO'lKH rrepeKJIID'IeHHH) cryllJaIOTCH K TO'IKe 
corrpaIBeHHH c oco6bIM y11aCTKOM, TaK 'ITO onTHMaJibHOe 
ynpaaJiemi:e OKa3hlBaeTC.ll 113MepI!MOH no .Jie6ery .pyHKIJH
eil: co C'IeTHbIM MHOll\eCTBOM TO'leK pa3pb1Ba. 

IlpH He'leTHOM q TOJibKO ll:Be KYCO'IIIO rJiaJ1:Kl1e OIITII
MaJibBbie TpaeKTOpnn MoryT BXO/l:li!Tb B TO'lKY, Jiell\allJyIO 
Ha oco6oM yqaCTKe (HJIH HCXOJ1:HTh ll3 Hee). IlyCTb pa3Mep
HOCTb MHoroo6pa3ll.ll oco6b!X y11acTKOB B n-MepIIOM rrpocT
paRCTBe .Pa30BhlX KOOpJ1:HHaT paBHa k. Tor11:a B paccMaT
pnaaeMOM CJiy11ae IIe'IeTHoro q onTHMaJibJible TpaeKTOpHH 
c KyCO'llIO IIerrpepbIBIIhlM yrrpaaJieJIHeM aanoJIJI.HIOT B .Pa-
30BOM rrpOCTpaHCTBe Jlllillb HeK-pyIO noBepXIIOCTb pa3Mep
HOCTH k+1. IlmnoMy rrpn k~n-2 IIO'ITH Bee OIITHMaJib
Jihle TpaeKTOp!III 6y11:YT HMeTh ynpaaJieJine c 6eCKOJie'IHbIM 
'lllCJIOM TO'leK nepeKJIID'leJinH. 

C«PopMyJinpoeaIIo rrpe11:rroJioIBemrn (cM. (4)), 'lTO k= 
=n-q. EcJIH STO TaK, TO rrpn q';;32 crymeHHe TO'IeK rrepe
KJIIO'IeHHH nepe11: BbIXOJ1:0M Ila oco6bIH y'IaCTOK (nJin CXOJ1:0M 
c Jiero) HBJIHeTCH THIIll'IHhlM .HBJieHHeM ll:JIH aa11:a'I Tnna 
(5)-(8). 

IlpnMep corrpHmeHnH Heoco6oro II oco6oro y'IaCTKOB 
onTHMaJihHOro yrrpaaJieHH.11 c 6ecKOHe'IHhlM 'IIICJIOM rrepe
KJIID'leHnil. rrpnae11:eH B [ 5). 

IlpH 'IeTHOM q, q';:32, onTHMaJibIIOe oco6oe yrrpaBJieHHe 
Ha Heoco6oM y11aCTKe, rrpHMbIKaro111eM K oco6oMy, Jie Mo
meT 6b1Tb KYCO'IIIO HerrpepbIBJibIM, a nMeeT 6ecK0He11Hoe 
'IIICJIO TO'IeK nepeKJIID'leHHH, cryI11aI011JMXC.H K TO'IKe BXO/l:a 
T0 , T. e. He cy1HecTeyeT e>O TaKoro, 'ITO B npoMemyTKe 
[To-e, Toi onTHMaJibIIOe ynpaaJieJine nOCTOHHJIO. 

B HaH6oJiee 11acTo BCTpe11aroI1JeMCH O. p. o. eeJIH'lHHa 
q= 1. ,[l;JIH aToro cJiy11a.11 conpHIBeHne IIeoco6oro n oco6oro 
yqacTKOB ocy111ecTBJI.HeTCH c JIOMOllJbIO Kyco11II0 HerrpepbIB
IIoro orrTnMam,Horo yrrpaeJieHHH. 

B 6oJiee o6meM cJiy11ae O. p. o., B K-poM paccMaTpn
eaeTCH k, k >1, ynpaaJieHnil:: 

!=~:' (F(x)+~:=l us<Ds(x))d1, (15) 

d;i =fi (x) + ~: =l Us(fl~ (x), (16) 

(KaK Ii! B CKaJIHpIIOM CJiyqae) ycJIOBHe (4), B CllJIY JIHHeii
IIOCTH, BhlnOJIIIHerrcH )J;JIH JII06oro ynpaeJieHnH. Ha yqacT
Re [To, Ti) o. p. o. no k KOMIIOJieJITaM c lusl <1 AOJill\JibI 
BbIIIOJIH.HTbCH k yCJIOBHH (3): 

M ('h (t) x (t)) = ()H N' (t), "(!), IL{!)) 0 
s 't' ' a11s ' 

(17) 
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H ('¢, x) =- (F (xl + ~:=l us<:Ds (x)) + 
+ ~;'=l '¢i (ti (x)+ ~:=l Uscp~ (x)) = 

=Q ('ljl, x)+ ~:=l u5 Ms ('ljl, ,1;), 

a '¢i onpeAeJUIIOTCH ll3 ( 10). 
)];aJibHeUIIIHe Heo6XOAllMhle ycJIOBHH onTMMaJibHOCTH 

AJIH 0. p. o. no HeCKOJlbKHM KOMnoHeHTaM OTJinqaIOTCH 
6T paccMoTpennoro Bhlllle cJiyqa11 0. p. o. no OAHOH ROM
noHeHTe cJieAyIOIIl,HMH oco6eHHOCTHMH. Ha yqacTKe 0. p. o. 
)l:OJllf\Hbl BblnOJIHHTbCH Heo6XOAllMble ycJIOBHH ABYX BHAOB. 
0AHO ll3 HUX, Tllna HepaBeHCTBa, HBJIHeTCH aHaJioroM yc
JIOBllH (13). )];pyrue Heo6XOAHMhle ycJIOBllH HBJIHIOTCH yc
JIOBHHMH THna paBeHCTBa H He llMeIOT 6oJiee paHHllX aHa
JIOfllH (CM. [6]). 

)J;mpljiepeHii;Hpy11 ( 17) noJIHblM o6pa30M no t, noJiyqaJOT 
CHCTeMy k JIHHeiiHhIX ypaaHeHHH OTHOCHTeJibHO k HeM3-
BeCTHhIX U1, ... ' uk: 

dMs ('1J, x) = "1k u [ "1n (aM_s i _ aM p i) j + 
dt ..:..ip=l P ..:..ii=1 ax' cpp axi cps 

+ ~n (aM.s · aQ i) -/'--.cps =0, s=1, ... , k. (18) i= 1 axt ax< 
MaTpuu;a Koaljiljinu;ueHTOB CHCTeMhl (18) 

_ "1n (aMs i aMp i) 1 asp-,i;;..i_ -aicpP--a;cps ,s,p=, ... ,k, 
!=l x x 

HBJIHeTCH KOCOCHMMeTpHqHoii: llsp=-aps· 0TCI0Aa, B •IaCT
HOCTll, CJieAyeT, qTo 3JleMeHTbI llss• CTOHIIJ;He Ha rJiaBHOH 
AHaroHaJiu MaTpuu;hl (asp), paBHhl HyJI10. OcTaJibHhle 
aJieMeHTbI llsp• s;I= p, B CHCTeMe (18) B o6ru;eM cJiyqae Ha 
npoll3BOJibHOH TpaeKTopuu, COOTBeTCTByIOru;eii HeK-poMy 
HeonTuMaJibHOMY ynpaaJieHuIO, OTJill'IHhl OT HYJIH. Ha 
o. P· o. no k KOMnoHeHTaM AOJIJRHbl BblnOJIHHTbCH Heo6xo· 
AllMhle ycJIOBHH, Tpe6y10ru;ue o6paru;eHHH B HYJib BCeX 
k(k-1) 
-2- KoaljiljiunueHTOB CllCTeMhl (18) (cM. [6]): 

~ n (iJM' i aM P i) ,i;;..ii=l a:;,-cpp- axi cp5 =0, s, p=1, ... , k, s< p. 

(19) 
KpoMe aT11X ycJioauii 110JIJRHO BblllOJIHHTbCH ycJIOBHe 

Tuna HepaaeHCTBa (HBJIHIOIIJ;eecH arraJioroM yCJIOBllH (13) 
AJIH o. p. o. no O,D;HOH KoMnoHeHTe npu q=1): 

k 

~ s, P= 1 a~p ( :;2 ( ::, ) ) fiusfiup ~ 0. (20) 

YcJIOBHH (13), (20) MOIBHO paccMaTpuaaTb KaK o6o6ru;e
HHe Jle:HCanopa !fC.!toBU!t If K.tie6uta !JC.WllU!t Ha CJIY'lall 
0. p. o.' noaTOMY yKa3aHHhle HepaBeHCTBa Ha3. HHOrAa 
o6o6ru;eHHhIM ycJioaueM ~emaHApa
H JI e 6 III a. 

Balf\HOCTb BbIHBJieHHH H IICCJie/J;OBaHllH o. p. o. B 3aAa
qax onTHMaJibHOro ynpaaJieHHH o6'bJICHH0TCH CJie):lyIOIIJ;HM 
CBOHCTBOM o. p. o. (cM. [ 4]): eCJill onTHMaJibHaH TpaeKTO
pnH, llCXO/J;HIIJ;aH ll3 HeK-poii ToqKH, COAePIBllT y11aCTOK 
0. p. o.' TO 3TllM me CBOHCTBOM o6Jia/J;aIOT Bee onTuMaJib
Hble TpaeKTOpllH, llCXO/J;HIIJ;IIe II3 6JIH3KHX ToqeK. 

MccJie11;oaaHhI rreK-phre aonpochI, CBH3aHHhle c onpeAe
JieHueM nopH,D;Ka o. p. o. /J;JIH JIHIIei'IHbIX II HeJIIIHei'IHhIX no 
ynpaBJieHUIO 3aAaq (cM. [8]). 

Bee npIIae11;eHHhle BbIIIIe pe3yJibTaThl no 0. p. o. noJiy
qeHhl ll3 paCCMOTp0IIHH BTOpoii Ba pHaIJ;HII lf>yHKIJ;lWHaJia. 
0Ka3hIBaeTCH, qTo MOJRHO noJiyqllTb 11;onoJIHHTeJibHhle He
o6XOAHMhle ycJIOBHH OIITllM8JlbHOCTII oco6oro pemnMa H3 
paccMOTpCIIHH TpeTbeii II qeTaepTOH Bapuawu1: ljiyrrKJ:i;uo
HaJia (cM. [9]). 

J1 um.: [ 1] H c JI JI l'I r' . (( P;meTHall TCXHHKa l'I llOCMOHaBTl!fla)) 
1964, Jlli 8, c. 26-29; (2] Po 6 6 u H c r., raM me, 1965, ,N, 6, c'. 

139-45; [3] H 0 n n P,. M 0 Hep r., TaM l<lle, 1965, No 8 c. 84-
90; (4] B e p Ill a H c K H H H. M., «ABTOMaTHKa H TeJieMexaHHlla», 
j 979, No 3, c. 5-11; (5] ([J y JI JI e p A. T., B llH.: Tp. 1 Mem.n;yHa
POAHoro KoHrpecca Mem.n;yHapo.n;Hoil: ljJenepa~HH no asToMaTH'lec
KOMY ynpasJieHHJO. TeopHll )'.(HCllPCTHblX OilTHMaJibHhlX H caMOHaCT
paHBaIOll.IHXCll CHCTeM, M., 1961, c. 584-605; [6] B a n H ll p
c ll H H IL_ B., «JR. Bhl'IHCJI. MaTeM. H MaTeM. ljJH3.», 1967, T. 7, 
No 2, c. 2:>9-83; [7] K re n e r A., «SIAM J. Contr. and Opti
miz.», 1977, v. 15, Jll'• 2, p. 256-93; [8] Lewis R. M., TaM me, 
1980, V. 18, Jiil 1, p. 21-32; (9] C11opO)'.(HHCI1Hlt lf. T., 
«IB. Bbl'IHCJI. MaTeM. H MaTeM. ljJHa.», 1979, T. 19, M 5, c. 1134-'-40; 
(10] r a 6 a c 0 B P., H Hp H JI JI{) Ba' <I>. M., OcoOhJe OilTl'IMaJib
HhJe ynpaBJieHHH, M., 1973. If. B. Bannsipcnuu. 

OIITllMAJibHbUl PEiKIIM CKOJib3HIIJ;Hll - Tep
MHH, IICnOJib3yeMblH B TeOpllll onTHMaJlbHOro ynpaaJieHll.ll 
AJIH onHCaHllH onTnMaJibHOro cnoco6a ynpaaJieHHH CllCTe
Moii B CJiyqae, KOrAa MHHIIMll3upyIOIIW.H noCJieAOBaTeJib
HOCTb ynpaBJIHIOIIJ;IIX ljiyHKIJ;IIH He HMeeT npep,eJia B KJiacce 
H3MepHMblX no ~e6ery ljiyHKIJ;llll. 

IlycTb, Hanp.' Tpe6yeTCH HaHTll MIIHIIMYM ljiyHKu;noRaJia 

J(x,u)=~:(x2 -u2)dt (1) 

llplI YCJIOBIIHX 

X=U, 

x (0) = 1, x (3) = 1, 

I u / <;.;;; 1. 

(2) 

(3) 

(4) 
)J;JIH Il!)JlyqeHMH MHHHMyMa ljiyHKIJ;llOHaJia (1) meJiaTeJibHO 
HMeTb npll KaIBAOM t KaK MOJRHO MeHbIIIee 3HaqeHue Jx (t)J 
H KaK MOIBHO 6oJiblllee 3HaqeHHe /u(t)J. IIepaoMy Tpe6o
BaHMIO, c yqeTOM ycJIOBll.ll CBH3II (2), rpaHHqHblX ycJIOBHll 
(3) II orpaHII'leHllH Ha ynpaBJIBHIIe ( 4)' YAOBJieTBOpHeT 
TpaeKTOpllH 

( 

x(t) = l 1-t, 
0, 

t-2, 

0,,;:;;; t,,;:;;; 1, 
1 < t < 2, 
2,,;:;;; t,,;:;;; 3. 

(5) 

EcJiu 6bl TpaeKTopHIO (5) MOIBHO 6blJIO nocTpoIITh npH 
HeK-pOH ynpaaJieHHII, npHHHMa10ru;eM npll acex t rpaHIIq
HbJe 3HaqeHIIH 

u(t)=+1 uJIH u(t)=-1, (6) 
6blJI 6hl noJiyqeH a6coJIIOTHbll! MHHllMYM ljiyHKIJ;IIORaJia ( 1). 
0AHHKO «HAeaJibHaH» TpaeKTOpIIH (5) He MOIBeT 6b1Tb 
nocTpoeHa Hll npll KaKoll ynpaBJIHIOru;eii: ljiyHKIJ;llII u (t), 
YAOBJieTBOpHIOmelr (6), HOCKOJlbKY npu 1 <t <2 u (t)=O. 
TeM He MeHee MOIBHO, HcnoJih3YH ynpaaJI1110m;i:rn ljiyHKIJ;llll 
un(t), peaJIH3yIOru;He npu n-+ oo u 1 <t <2 ace 6oJiee 
qacThle nepeKJIJOqeHHH c 1 Ha -1 H o6paTHO: 

Un (t) = 
(-1,0.;;;;;t.;;;;;1, 

I +1, 1+~< t.;;;;;1+ 2~; 1 , k=o,1, ... ,n-1, 

=~ -1, 1+ 2~; 1 <t.;;;;;1+k; 1 , k=O, 1, ... ,n-1, 

I +1, 2 < t.;;;;;; 3, 
l n=1, 2, ... , 

(7) 
ITOCTp0ll1:_b MUHUMll3Hpy10my10 nocJieAOBaTeJibHOCTb yn
paBJI0HHH {un(t) }, y11;oaJieTBopa10ru;y10 (6), ll MllHHMll3H
pyroru;y10 nocJie/l;OBaTeJibHOCTb TpaeKTOpIIii: {xn(t) }, cxo
/J;HIIJ;YIOCH K «IIAeaJibHOH» TpaeKTOpllII (5). 

RaIBA8.ll H3 TpaeKTOpuii Xn(t) OTJIHqaeTCH OT (5) TOJlbKO 
Ha llHTepBaJie (1, 2), rra K-pOM BMeCTO TOqHoro /l;BHIBeHHH 
no ocH x oHa 06ecne11naaeT <<nIIJioo6pa3Hoe» 11;aumeHHe c n 
O/J;llH8KOBbIMH <my6bHMH», pacnoJiomeHHblMll rrap; OCbIO x. 
«3y6bH IlHJihl» CTaHOBHTCH ace MeJibqe npn n-+ 00' TaK 
'ITO lim xn(t)=O, 1 <t <2. TaKIIM o6pa30M, MHHHMH3HpyIO-

n->-oo 

maa nocJie)l;OB8'l'eJibHOCTb TpaeKTOpufr {xn(t)} CXO)J.liTCH 
K (5), HO MIIH!IMJI3IIpy101u;a11 nocJie)J.OBa'feJihHOCTb ynpaB
neauii {un(t) }, peaJrn:3y10ru;nx npn n-+ oo n 1 <t <2 ace 
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6oJiee qacT&Ie rrepeKmoqeum1 c 1 Ha -1 11: o6pa'l'HO, He 
uMeeT rrpep;eJia B KJiacce H3MepHMhlX (a TeM 6onee B KJiacce 
KycoqHO HerrpepbIBHhlX) cpyHKJJ;HH. :Cho OBHaqaeT, qTo Ha 
yqaCTKe (1, 2) HMeeT MeCTO o. p. c. 

l:lcrroJih3YH He oqeHh CTporHe paccymp;emrn, MOiRHO orrH
caTh IloJiy1l'0HHblH o. p. c. CJiep;yroru;nM o6paaoM: OIITH
MaJibHOe yrrpaaJieHJie B KalRJ{oii ToqKe HHTepsana ( 1, 2) 
«CK0Jlb3HT», T. e. nepeCKaKHBaeT co 3HaqeHHH +1 H8 --1 
H o6paTHO TaK, qTo )J;JIH nro6oro, CKOJib yrop;HO MaJioro, 
HHTepBaJia BpeMeHFI Mepa MHOil\eCTBa ToqeK t, B K-pbIX 
u=+1, paBHa Mepe MHOil\eCTBa ToqeK t, B K-pbIX u=-1, 
qTo 06ecneq1rnaeT, B cnJiy ypaaHeHFIH (2), TOqHoe p;arrme
HHe no OCH x. IlpHBep;eHHOe OIIFIC8Hlle xapaRTepa FIBMe
H0HHH OTITHM8JibHOTO ynpaBJI0HHH Ha yqacTKe CR0Jlh3H
ru;ero pemnMa HBJIHeTCH HeCTpOrHM, H6o OHO He YAO!!JleT
BOpHeT o6blqHoMy onpep;eJieHHIO cpyHRJJ;HH. 

MomHo p;aTh cTporoe onpep;eJieHHe O. p. c., ecJIH H8pH
AY c HCXOAHOH 38Aaqeii (1)-(4) BBeCTH B paccMOTpeHne 
BCIIOMOTaTeJibHYIO, pacru;errJieHHYIO 38Aaqy: H8MTFI MHHH
MYM cpyHKu;noHaJia 

I(x, a, u)=~:(x2 -a0u~-a1ui)dt (8) 

npH ycJIOBHHX 

x = t'XoUo + i'X1U1, (9) 

x(0)=1, x(3)=1, (10) 

lu0 !.;;;;1, lu11.;;;;1, a 0 +a1=1, a0 ~0, a1 ~0. (ti) 

Pacru;errneHHaH saAaqa (8)-( 11) OTJinqaeTcH oT ncxoA
Hoii TeM, qTo: BMeCTO O)l;HOH ynpaBJIHIOm;efI cpyHKl.\HH 
u (t) BBOAHTCH ABe HeBaBHCHMLie yrrpaBJIHIOru;ne cpyHKJJ;HH 
Uo(t) II U1(t); TIOAHHTerpaJibHaH cpyHKJJ;HH H !fiYHKJJ;HH, CTOH
Ill,8H B npaaoii: qaCTH ypaaHeHnH (2) HCXO)l;HOM 3aAaqn, 
saMeHHIOTCH JIHHeMHOH BhlIIYRJIOM KOM6nHau;neii: COOTBeTCT:.. 
eyroru;nx lfiYHKJJ;HH, BBHThlX rrpn paBJIHqHhIX ynpaeJieHHHX 
u0(t) 11 u1(t) c Kmicpcpnu;neHTaMH a 0(t), a 1(t), K-phle TaKme 
paccMaTpHBaIOTCH RaK ynpaBJIHIOJJJ;He cpyHK[\HH. 

TaRHM o6paaoM, B aaAaqe (8)-(11) HMeeTCH 4 yrrpae
JieHHH Uo, Ur, t'Xo, l'X1. IloCKOJihKY t'Xo H i'X1 CBH3aHhl YCJIOBH0M 
THila paeeHCTBa ao+a1=1, TO OT OAHOTO H3 ynpaBJI0HHll 
a 0 nJin a 1 MOiRHO na6aeHThCH, Bhlpas1rn ero qepea p;pyroe. 
0AHaRo AJIH yp;o6cTea rrocJiep;yroru;ero aHaJI11aa u;eJiecoo6-
paaHo OCTaBHTh o6a 3TH ynpaBJieHHH B HBHOM BHAe. 

B OTJIHqHe OT IICXO)l;HOH Bap;aqn OIITHMaJibHOe yrrpaaJie
HHe B pacru;ermeHHoii sap;aqe (8)-(11) cyru;ecTeyeT. Ha 
yqaCTKe o. p. c. HCXOAHOlr 3aAa'IH OIITHMaJihHOe ynpaeJie
RHe pacru;enJieHHoii sap;aqH nMeeT BHP: 

a 0 (t)=ar(I)=}, u0 (t)=-1, u1(t)=+1, 1<t<2, 

a Ha yqacTKaX BXO)la Ii! BbJXUAa 

a 0 (1)=1, u0 (t)=-1, ai(t)=O, ui(l)-JJrooaH, 
0.,;;;;; I.,;;;;; 1, 

a1 (1)=1, u1 (1)=+1, rx0 (t)=O, u 0 (t)-Jiro6aH, 
2.,;;;;; I.,;;;;; 3. 

Ha yqacTIW O. p. c. ynpaeJieHHH eta n a 1 , JIHHefrno axo
JJ;Hru;He B npaayro qaCTb H IIO)J;JIBTerpaJibHYIO lf>yHRJJ;HIO, 
rrpnHHMaroT aHaqeHnH, Jiemaru;He BHYTPH JJ;onycTnMoM 06-
JiacTH. 8To 03HaqaeT, 'ITO o. p. c. HCXO)J;HOH aap;a'IH (1)
( 4) eCTh oco6blii OIITHMaJibHhIH peil\HM, II Jill oco6oe OIITH
MaJihHOe ynpaBJieHne, JJ;JIH acrroMoraTeJibHOM, pacn~enJieH
Hoil: 3RA8qn (8)-(11). 

AaaJiorll'l'Hhle peayJihTaThl AJIH O. p. c. HMeIOT MecTo 
B o6ru;eM cJiy1iae BaAa'IH onTHMaJibHOTO yrrpaBJieHHH. IIycTb 
Tpe6yeTCH HaHTH MIIHHMyM cpyHRIJ,HOHaJia 

J (x, u) = 111 fO (t, x, u) dt, (12) 
~,t. 

!° (t, x, u): IRxlR"x/Rm---.. IR, 

IIpH YCJIOBHHX 

x=f(t, x, u), f(t, x, u): IRxlR"xlRm-IRn, (13) 
x(to)=x0 , x(l1)=x1, (14) 

uEU. (15) 

o. p. c. xapaKTepnayeTCH HeeAHHCTBeHHOCTbIO MaKCIIMyMa 
no u cpyHK[\Hll raMHllbTOHa 

H (t, x, 1j!, u) = ,,~ ~,;/; (t, x, u), "'-t= 0 

TAe 1jJ; - conpHlli0HHhle nepeMeHHhle (CM. [2]). Ilpn 3TOM 
Ha yqaCTR0 [1:1, T2l (<CROJlblReHIHI» no k+1, k>1, MaKCHMy
Malll Uo, ll1, ... , Uk HCXO)J;HaH 3aAaqa pacm;enJIHeTCH H rrpu
HHMaeT BHP: 

I (x, lls) dt, 

... 'k. 

<l>yHKJJ;HIO raMHJJbTOHa AJIH 3aAaqII (16)-(19) 

H ,,n ('-,k . 
(t, x, 1j!, rx, zt)= ""'i=O 1Jli "'-'s=o a5 f' (t, x, 

( 16) 

(17) 

(18) 

(19) 

rrocJJe ncKJiroqeHirn rx0 II rreperpymmpoBRH cnaraeMhlx 
~!Oll\HO llpHBeCTII R BllAY 

H (t, x, 1j!, a, u) = 

=~:=I (~;= 0 1jJ;fi(t, x, u 0)-~;=01J!;ti(t,x,us))as= 
,,k 

= "'-'s =k (H (t, x, 1j!, u1)-H (t, x, ~,, lls)) t'Xs· (20) 

IlocKOJihRY ece H(t, x,1j!, us), s=~O, 1, ... , k, eCTh paBHhle 
~remp;y co6oil: MaRCHMyMhl H ITO u Ha MHOll\0CTBe u, TO Ha 
yqacTKe [1:1, 1:2) o. p. c. c k+1 MaRCHMyMaMH Roacpcpnu;H-
0HThl npII k He3aBHCIIMhlX JIIIHeiIHhlX yrrpaeJieHuax i'X1, ... 
••• , t'Xk cpYffKJJ;llH raMHJlbTOHa paC~eIIJieHHOM Bap;aqn 
(12)-(15) paBHhl HyJIIO. o. p. c. co «CKOJlblKeHHeJll}) no 
k+1 MaKCIIlllyMaM eCTb oco6hlil onTIIMaJlbHhIH pelRHM .no k 
KoMrroHeHTaM AJIH pacru;errJieHnoii 3aAaq11 (16)-(19). MaK
cnMaJihHO B03lllOlKHoe 3HaqeHHe k, K-poe u;eJiecoo6pasHo 
6paTh rrpn IICCJie)J;OBaHim CROJlh3HIJJ;IIX pelRHMOB, orrpeAe
JIHeTCH ll3 YCJIOBHH BhIIIYKJIOCTll MHOll\0CTBa 3HaqeHIIH 
BeRTopa rrpaBhlX qacTeii H BhliiyKJIOCTH BHH3 TO'IHOH HlllR
HeII rpaHHJJ;bl JllHOJReCTBa 3HaqeHIIll nop;IIHTerpaJibHOH 
cpyHRJJ;HlI pacru;enJieHHOii: CHCTeMhl, noJiyqaroru;uxca, ROTAa 
eeRTop ynpaBJiemrn (!Zs, us), s=O, 1, ... , k npo6eraeT 
BCIO AonyCTHMyIO o6JiaCTb 3Haqemfii. TaRHM o6pa3oM, 
k .-s;;:n - ou;eHRa ceepxy AJIH k. B CaMoM o6ru;eM cJiyqae 
ece o. p. c. HCXOAHOll 38Aaqu MoryT 6bITb IIOJiyqenhl RaK 
oco6hie onTHlllaJihHble yrrpaeJieHHH pacn1ermeHHoil: BaAaqn, 
aarrncaHHOM IIpH k= n. B qaCTHOCTH, B paCCMoTpeHHOM 
BhlIIIe rrpuMepe pacru;enJiennaH 3aAaqa paccMaTpneaJiacb 
npu k= 1, noCROJlbRY YCJIOBIIH CBH3II COAepmaJiu TOJlbKO 
op;Ho ypaenemrn; nccJJep;oaamrn pac1l.\enJieHHoil: BaAaqn 
(8)-(11) 6bIJIO AOCTaToqHo )J;JIH HCCJiep;oBaHIIH o. p. c. 
IICXO)J;HOH aap;aqn (1)-(4). 

EcJIH HBBeCTHhl k+1 ynpaBJJ0HHH Uo(I), U1(t), ... , Uk(t), 
AOCT8BJIHIOIJJ;llX paBHbl0 MelKAY co6oii a6coJIIOTHhle MaKCH
Mylllhl cpyHRD;IIH l'aMHJlhToHa H (t, x, 1j!, u) B AOnycT11Mo!1 
o6JiaCTH u, TO aHaJIH3 o. p. c. CBO)J;IITCH K HCCJieAOBRHHIO 
oco6oro OIITHMaJlbHOTO pelRHMa no k KOMIIOH0HTaM. 8To 
HCCJieAOBaHHe Moll\eT 6h1Tb npoBeAeHO c HCIIOJlb30BaHIIeM 
Heo6XOAHMhIX ycJIOBHH onTHMaJihHOCTH oco6oro ynpaBJI0-
Hl1H (cM. OnmuMa.n,bltNU pe31CuM oco61>iii). 

MccJieAOBaJIHch O. p. c. c rro~wru;hro AOCTaToqHhIX yc
JIOBIIH OIITHMaJihHOCTII (cM. [ 4)). 

Jlum.: [1] r a MR Jl e JI HA 3 e P. B., «}.l,OKJJ. AH CCCP» 1962 
T. 143, No 6, c, 1243-45; [2] TI 0 II T p JI r u H JI. c., B 0 n'T JI II~ 
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c R" tt B. r., r a MI( p e JIB nae P. B., M II~ e HR 0 E. (!I., 
MaTe~rnTH'IecRaJI Teop11H orrT11MaJ1bHbIX rrP01ieccoe, 2 nan., M., 1969; 
[3] B a II H JI pc R II ll H. B.' «ll\. Bhl'IBCJlllT. MaTeM. n MaTeM. cjlll3.)), 
1967, T. 7, M 2, c. 259-83; [4] Hp o Toe B. Cl>., «AemMaTl!Ra 11 
TeJJeMexamma», 1963, T. 24, M 5, c. 581-98. 

H. B. BanliJtpcnuu. 
OITTMMII3AIIJIH BLiqHCJIMTEJILHOro METO~A -

o6hl1JHO TO me_, 'ITO onmu.Muaar+u.ii e11iiiuc.aume.1tb1tblx a.1tzo
pum.Moe. llHOrAa, O)lHairn, 3Til IIOHHTIUI TpaKTYIOTCH pa3-
Jl1!1JHO. HaIIp.' MOll\HO roBOpllTb 06 OIITHMaJlbHOCTil KOH
KpeTHoro ceTOlJHoro MeTOAa perneunir Kpaesoii: 3a/J;a'I11 Ha 
HSK-pOM KJiacce 3aAa'I, IIMeR B BHAY. 'ITO OH Tpe6yeT Bhl
'Il!CJleHllH rrpasoii: qaCTil B MilHHMaJibHOM lJilCJie TO'leR. 
Il pH paccMOTpeHilll BOIIpOCOB 06 OIITilMll3al(IIll BhllJHCJill
TeJibHOrO aJiropHTMa nayqaeTcR AOIIOJIHnTeJibHO pRA APY
rnx MoMeHTos: crroco6hl pernemrn B03HHKaiorn;eil: cncTeMhl 
CeTOlJHhlX ypasHeHnii:, rrporpaMMHaR peaJIH3al(HR 3THX 
crroco6oB n T. rr. H. C. BaxsaJtos. 

OITTHMM3AD;MH BLlqHCJIMTEJlbHblX AJlrQPHT
MOB - Bhl6op orrTHMaJibHOro Bhl'lHCJIHTeJibHoro aJiropnT

Ma rrpn perneHnn IIPHKJiaAHhlX 3aAa'I HJ1H rrpn pa3pa6oTKe 
CIICTeM CTaHAapTHhlX IIporpaMM. Ilpn perneHHil KOHKpeT
HOH 3aAa1IH OIITlIMaJibHaR TaKTHKa IIOBeAeHilR MOll\eT co
CTORTb B TOM, 'IT06hl He OIITilMil3IlpOBaTb MeTOA pemeHHH, 
a IIOAKJIIO'IIlTbCR K CTaHAapTHOH rrporpaMMe IlJ!Il BOCIIOJ!b-
30BaThCR IIpOCTeHII1IlM MeTOAOM, COCTaBJieHne rrporpaMMhl 
AJ!H K-poro He IIOTpe6yeT MHOro YCHJIHH. 

TeopeTil'I. IIOCTaHOBKa Borrpoca 06 o. B. a. HMeeT CJie
llY_IOID;ee OCHOBaHire. Ilpn Bhl6ope MeTOAa pemeHHH 3aAa1JJI 
HCCJieAOBaTeJib opneHTn:pyeTCR Ha HeK-phle ee CBOHCTBa 
II Bhl611paeT aJiropHTM perneHHH B 3aBHCIIMOCTH OT Hux, 
IIpH'leM aJiropHTM 6yAeT rrpnMeHHMbIM Il IIpH pemeH111I 
Apyr11x aaAa'l, o6JiaAaIOm;nx 3THMII csoii:cTBaM11. IloaToMy 
IIpH TeopeTillJ. IICCJieAOBaHHil aJiropIITMOB BBOART B pac
CMOTpeHne HeK-phlH KJiacc 3aAali P, o6Jia)laIOm;nx onpeAe
JieHHhlMII CBOHCTBaMII. Ilpu Bhl60pe MeToAa perneHirn IIC
CJieAOBaTeJib paCIIOJiaraeT UeK-pbIM MHOll\0CTBOM M MeTO
AOB perneHnR. Ilpn rrpuMeHeHHH MeToAa m K peurnHIIIO aa
Aa'IH p perneHne 6yAeT IIoJiy'leHo c rreK-pofr IIorpemHocTbIO 
B (p, m). Bem1qnua 

E (P, m)=sup /B (p, m) J 
pEP 

Ha3. II 0 r p e IIJ H 0 c Tb IO M e T 0 A a m H a K JI a c-

c e 3aAa'I P, a 

E (P, Jl1) = inf E (P, m) 
mEM 

- 0 II T II M a JI b H 0 fr H a K .1J a c c e p 0 l(-e H K 0 1'i 
II 0 r p e ill H 0 c T II MeTOAOB 113 MHOlf\0CTBa l'tf. Ecm1 
cym;eCTByeT lieTOA TaKoiI, 'ITO 

E (P, m0)=E (P, M), 

TO 3TOT MeTO)l Ha3. 0 n T H M a JT b H bl M. TaKaR cxeMa 

paCCMOTpemrn npo6.11eMbl o. B. a., BOCXOARID;all K 
A. H. KoJIMoroposy [2], H3Y'JaC'T ~momecTBo 3aAa'I BbI-
11ncJieHrrR HHTerpaJia 

I (f) = ~ ~ f (x) dx 

IIpH ycJIOBill! J/lnl] ..,;A, l'tf - MHOil\eCTBO eceeo3MOll\HhlX 

KBaApaTyp 

I(!) :,,; ~;= 1 C1f (x j); 

Kall\AaR KBaApaTypa 3aAaeTCH COBOKJ'ITHOCTbIO 2N lJIICeJI 
c J H Xj. 3aAa1Ja 0 MlIHHMaJibHOM KOJIII'leCTBe HHlpOpMal(JUI 

(cM. [2], [3]), Heo6xo)lnMofr AJIH 3aIIoMnHamrn tPYHKl(IIH 
II3 AaHHoro KJiacca c Tpe6yeMoiI TO'lHOCThIO, TaKll\e Momer 
6h1Th yJioll\eHa B 3TY cxeMy. PaccMaTpnsaeTCH [4] 6oJiee 
CJiolf\HaH IIOCTanosKa npo6JieMhl, r)le TPYAOeMKoCTh peaJin-

3al(Illl aJiropHTMa B onpe;:i:eJieITHOM CMhlCJle YBH3bIBaeTCH c 
06'.beMOM HCIIOJihayNIOH IIaMHTH. OrrT11MaJihHhle aJiropwr
Mbl IIOCTpoeHhl AJlR He3Ha'lllTeJibHOro 'IIICJia 3aAa1J TIII!a [1]. 

0AHaRo AJIH 6oJibIIIoro 'lllcJia Bhl'lIICJIIITeJibHhlX aa)la'I no
CTpoeHhI MeTOAhl, no CBOIIM aCIIMITTOT[{lJ, xapaKTCplICTHRaM 
6mrnKire K OIITIIMaJibHhlM (cM. [5]-[8]). 

HccJieAOBaH11e xapaKTepncTnK OIIT11MaJI1>HhIX Ha KJiac
cax Bhl'llICJIIITeJihHhlX aJiropHTMOB pernemrn 3aAa'I (cM. [5], 
[7]) CKJlaAhlBaeTCH Il3 ABYX qacTeii: IIOCTpOeHIIe KOHKpeT
HhlX MeTO)lOB pemeHIIH c B03MOll\HO JIY'IIIIIIMH xapa1uepI1-
CTI!KaMI1 Il noJiyqeHne ou.eHOK CHil3Y xapaKTepllCTIIK BbI
'llICJlHTeJibHblX aJiropHTMOB (cM. [2]-[4), [9]). Ilo cym;ecT
BY rrepsaa qaCTb sonpoca RBJIReTCH OCHOBHoii 11po6JieMoii 
TeopIIIl 1JilCJ10HHhlX MeTOAOB II B 6oJibIIIHHCTBe CJiyqaeB 
paccMaTpnsaeTCll He3aBHCIIMO OT npo6JieMhl OITTHMII3al(Hll. 
IloJiy'leHne Ol(eHOK cmrny 06h1'1HO CBOAIITCH K OIWHKe 
CHil3Y e-3HTpOIIIlll HJIII rronepe'IHllKOB COOTBeTCTBYIOID;IIX 
rrpocTpaHCTB; IlHOrAa OHO IIpOBOAilTCH He3aBIICilMO, HO c 
IlCIIOJlb30BaHneM TeXH11Kil, aHaJIOfHlJHOH TeXHIIK0 IIOJiy'le

Hilll yKa3aHHbIX Ol(eHOK. 
Bhl'lHCJIIITeJibHhle aJiropnTMhl ycJioBHO AeJIHT Ha rr a c

c II B B hi e II a K T ll B H hi e. B nepBOM CJiy'lae aJiro
pnTM perneHHH 3aAa'IIl He 3aBHCilT OT rroJiyqaeMoH B XOAe 
pemeBHR 3aAa1III nntJ>opMaI~llII, a BO BTOpoM - 3aBHCilT. 
IT p11 BhllJIICJieBIIH IIHTerpaJia IICIIOJlb3YeMaH IIHtPOpMal(IIH 
o tPYHKnrm ecTh 06hl11Ho rmtJ>opMal(IIR o ee :ma11emrnx B N 
TO'IKax. B cJiyqae rracc11anoro aJiropIITMa HHTerpaJI Bhl

'lIICJIReTCH I!O tJ>opMyJie 
N 

I(/):,,; ~i=r C1f (P j), 

rAe eeca C 1 n Pi H3 o6JiacTn Q onpeAen:emrn f 3aAaIDTcH 
3apanee. AKTHBHble aJiropIITMbl BbllJilCJieHIIR JIHTerpa.lla 
YKJiaAhlBaIOTCH B CJleAyIOm;yro cxeMy: 3a;:i:aeTCR TOlJKa 

P1 E Q II tPYHRl(Hll 

Qq=<Dq(Qr, ... , Qq-r; Y1, ... , Yo-r), q=2, ... , 1\', 
SN(Qr, · · ., QN; Y1, · .. , !IN), 

rAe y J• SN- qucJia, Qi E Q. IlocJieAOBaTeJibHO Bb11111c,1.11IOT 

I (Pr), P2=©2 (Pr; f (Pr)), I (P2), 

P3=!D3 (Pr. P2; f \P1), f (P2)), ... , f (PN) 

II I!OJiaraIOT 

l(f) ;,,;SN(Pr, ... , PN; f(P1), ... , f(PN)). 

B cJiy11ae BhlITYKJihlX KJiaccoB IIO)lIIHTerpaJibHhlX ipyHK
l(HH, IWHTpaJibHO CHMMeTplI'!HblX OTHOCIITeJibHO tPYHKl(IIIl 
f"""'O, OI!T!OlaJ!bHaR Ol(eHKa Ha KJiacce IIaCCl!BHhlX aJiro
pIITMOB COBIIaAaeT c OIITIIM3JlbHOii Ol(eHKOII Ha rmacce 
aKTIIBHhlX aJiropHTMOB (cM. [10], [11]). 

B rrpaKTHKe lJHCJieHHoro rmTerpnpoBaHHR aKTIIBHhle 
aJiropHTMbl TI!IIa aJirOpIITMOB HHTerp11posamrn c aBTOMa
TlllJ. Bhl6opoM IIIara (cM. [ 10)) IIOKa3aJIH CBoe IIpeBOCXOA
CTBO Hap; rraCCllBHhlMH aJirop11nrnMil. 8TO ITOATBepiHAaeT 
o6m;errpHHHTYIO TO'IKY spemrn 0 TOM, 'ITO tJ>opMaJibHaR cxe
Ma o. B. a. 3a'laCTyIO He OXBaThlBaeT CIIel(IltPilKll pcaJib
HblX 3aAa1J. Ilpn peIIIeHHil 3aAa'I OITTHMH3al(HH (B 11aCTHO
CTII, 3aAa1I MIIHHMH3al(HH) naCCI!BHhle aJiropI!TMbl IIpaKTil
'leCKII He yrroTpe6JIHIOTCR (cM. [12], [13]). Bhlnrn 3a eAIIHHl\Y 

TPYAOeMKOCTll aJiropHTMa Heirsno IIp11nnMaeTCH TPYAOeM· 
KOCTb BhllJIICJleHHH O)lHOro 3Ha1JeHHH tPYHKl(I!Il II3 HeK-poro 
KJI acca F. B 03MOlf\Hhl n ApyrHe IIOAXOAhl K Ol(eHKe OIITil· 
MaJibBOCTH xapaKTepncT1rn aJiropuTMa. Harrp., sa 0AHBHl(Y 
TPYAOeMROCTll rrpnHnMaeTCH TPYAOeMKOCTh BhllJHCJieHHH 
HeK-poro tPYBKl(HOHaJia l (f) Il3 MHOll\eCTBa tPYHKl(IlOHaJIOB 
L (/). B aToM cJiy11ae Ol(eHKa crrn3y TPYAOeMKOCTH aJiro
pnTMOB I!pOII3BO,[lllTCR c IIOMOIIJ;b!O Teopn11 rrorrep01IHHKOB 
(cM. [14), [15]). TpyAoeMKOCTh aJiropHTMa CKJla/];hlBaeTCH 
He TOJibKO H3 TPYAOCMKOCTil rroJiy'leHIIH IlHtPOpMal(Hll 06 
ncXOAHhlX AaHHhlX, Ho u Il3 TPYAOeMKOCTH o6pa6oTKH no
JiyqenHon HHtJ>opMal(uH. B nacToHm;ee speMH, no-snp;nMo· 

MY, HeJit.air npllBeCTn rrp11Mepoe KJiaccoe peaJihHMX Bhl'lHC
JIIITeJibHhlX 3aAa'I, l'A0 6bl 6hlJIH l!OJIY'IeHhl Ol(eHKH CHil3Y 
TPYAOeMKOCTH aJiropHTMOB, oTJil11IHbre OT nHtJ>opMan.noHHhlX 
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ou;eHoK paccMaTpneaeMoro nma. 0AHaKo AJIH pHAa aaAaq ' 
H0BhlqHCJIIIT0JibIIOro xapaKTepa TaKoro nma OL\0HKH Il3-
eeCTJihl (cM. A.!!eopum.Ma C.!!O:J1Cnocmb). 

B cJiyqae, KorAa HccJie)l.osamrn rrpo6JieMhI O. B. a. 
IIM00T CB00H [\0JibIO perneHHe 3a)l.aq Ila 8BM, rrpo6JieMa 
o. B. a. rrpHo6peTaeT AOIIOJIIIIIT0JihJibl0 OTT01IKII, CBH3aJI
IIhl0 c ycToHqHBOCTbIO aJiropHTMa K BhlqHCJIHTBJibHOll rro
rpernIIOCTII, c orpaJIHqeHHeM Ha o6'beM pa3HbIX BHAOB HC
IIOJih3yeMOH rraMHTII (cM. Bwtuc.!!umMbnblii a.!!eopum.M). 
Bhlrne 3aAaqa Q. s. a. paccMaTpHBaJiacb KaK 3aAaqa 0. e. a. 
Ha KJiaccax 3a)l.aq. Cyiu;eCTBBHHhlH HIITepec AJIH rrpaKTil
KII rrpeJJ:CTaBJIH0T 3a)l.aqa o. B. a. Ila KOHKpeTIIOll 3a)l.aqe 
(cM. L 10], [ 16]). IlocTaHOBKa rrpo6JieMhI OIITHMH3aqHH (cM. 
[ 16]) 3aKJIJOqaeTCH B CJie)l.yIOIL\0M. )].mpcliepeH[\HaJibHOe 
ypasIIeHHe nHTerpHpyeTCH MeTOJJ:OM PyHre - HyTTa c 
rrepeMeHHhlM rnaroM. IlpOH3BOJJ:HTCH 0[\0HKa rJiaBHOro 
qJieHa ou;eHKH rrorpernIIOCTII. 3aTeM 3Ta 0[\0HKa OIITHMH3H
pyeTCH no pacrrpe)l.eJieHHIO y3JIOB IIHTerpHpoBaHHH (rrpII 
o6Iu;eM 3a)J;aHHOM qI1cJie y3JIOB). TaKoiI IIOJJ:XOA K rrpo6JieMe 
OIITIIMH3a[\HH oKa3aJI CYiu;0CTB0HHoe BJIHHHHe Ha pa3BHTH0 
TeOpHH II rrpaKTIIKH aKTIIBHhlX aJiropHTMOB qIICJl0HHOro 
IIHTerpI1pOBaHIIH. 

Jlum.: [1) H HK o JI b CK H tt C. M., HBBJJ:PBTYPHbie lfiopMyJlhl, 
3 Ha)'.(., M., 1979; [2) Ho JIM or op o BA. H., «AOKJI. AH CCCP», 
1956, T. 108, No 3, c. 385-88;[3] Ho JIM or op o BA. H., TH
X 0 M Hp 0 B B. M., «YcnexH MBTeM. HBYK», 1959, T. 14, B. 2, 
c. 3-86; [I,] B HT y III K H H A. r., OneHKB CJIOIBHOCTH aana•m 
Ta6yJIHPOBBHHff, M., 1959; [5] Ba 6 y III 1' a Ji[., c 0 6 0 JI e B c. JI., 
«Aplikace mat.», 1965, t. 10, s. 96-129; [6] Bax Ba JI o B H. C., 
TaM me, 1968, t. 13, s. 27-38; [7) er o me, B I<H.: MemnyHapon
Hblll KoHrpecc MaTeMaTHKOB B Httnqe. 1970. AoKJIBJJ:hI coBeTCKHX 
MBTeMaTHKOB, M., 1972, c. 27-33; LS] er o me, B I<H.: qHcJleH
Hhle MeTO)'.(bl pemeHHff )'.(HlfilfiepeHnHBJlbHblX H HHTerpaJlbHbIX ypaB
HeHHtt H KBB)'.(paTypHble lfiopMyJlhl, M., 1961,, c. 3-63; [9) er 0 )f( e, 
«MaTeM. aaMeTKH», 1972, T. 12, B. 6, c. 655-61,; [10] er o me, 
qHCJleHHbie MeTO)'.(hl, 2 H3)'.(., M., 1975; [11) er 0 )f( e, «lli. Bbl'IHC
JIUT. MaTeM. H MBTeM. !fiH3.>>, 1971, T. 11, N2 i., c. 1011,-18; [12) 
Ya ii JI n .n.- Am ., MeTOJJ:bI noucKa 8I<CTpeMyMa, nep. c aHrJI., 
M., 1967; [13) Ba c H JI be B <I>. II., qHCJleHHbJe MeTO)'.(hl peI1IeHHff 
:mcTpeMBJlbHhlX 3B)'.(B'I, M., 1980; [It,) 0 r a He c ff H JI. A., p y
x o B e n JI. A., Bap1<an1<0HHo-paaHocTHhie MeTO)'.(hI peI1IeHHH aJl
.rrunrn'lecKux ypaBHeHHll, Ep., 1979; [15) TH x o M Hp o B B. M., 
HeKOTOphle BOilPOChl TeopHH np1<6J1UIBeHHll, M., 1976; [16] TH x O
H O B A. H., r 0 p 6 y H 0 B A. ,ri:., «/R. Bhl'IHCJIHT. MBTeM. H MB
T0M. !fiH3.>>, 1961,, T. t,, N2 2, C. 232-H. H. C. Baxe<Z.1106. 

OIID;HOHAJlbHAH O'-AJirEBPA-HaIIM0HbIIIaH a-aJI
re6pa 6=6(1F) MH01R0CTB Il3 QXR+= {(w, t): wEQ, 
t~O}, rropo1R)l.0HHaH BC0MII OTo6pameIIIIHMH (w, t)-
f ( w, t) MHomecTea Q X R + B R, K-phre (AJIH Kam)l.oro 
cliRKCHposaHHoro w E Q) HBJIHIOTCH (no t) HerrpephlBHhlMII 
crrpasa, HMeIOT rrpep;eJihI cJiesa H IF-corJiacoeaHhl c Hey6hl
BaIOiu;HM ceMeHCTBOM IF= (Ft)t:;;,,o rrop;-a-aJire6p F{=F, 
t~O, rp;e (Q, F) - 1rnMepHMoe rrpocTpaHCTBO. O. a-a. 
cosrrap;aeT c HaHMeHbmeM: a-aJire6pon, rropomp;eHHOH cTo-

xacTI1q. IIHTepeaJiaMII [o, T]= {(w, t): O~t<T(w)}, rp;e 
T=T( w) - MapKOBCKile MoMeHThl (oTHOCIITeJibHO IF= 
= (Ft)t:;;,,ol· Memp;y orru;HoHaJibHhlMH II rrpep;cKa3yeMhlMH 
a-aJire6paMII IIM00T MeCTO COOTHOIII0HHe .? (IF)C::6 (IF} 

Jlum.: [1] A e JI JI a III e pH H., EMKOCTH H CJIY'IBliHhle npouec-
Chl. IIep. c lfipaau., M., 1975. A. H. IIJupsiee. 

OIID;HOHAJlhHblll C.1IYqAA:HblA: IIPOIJ;ECC -
cToxacTHqecKI1ii rrpou;ecc X= (X1(w), Ftlt:;;,,o• HBJIHIOIL\HHCH 
H3M0pI1MhlM (KaK OTo6pa1ReHHe ( w, t)-- x ( w, t)= 
= x t ( w)) OTHOCIIT0JibHO On1fUOIWJ!bllOU a-a.!!ee6pb1 6= 
=6 (IF). A. H. IIlupsiee. 

OPBHT METO,l.I; - 111eTOA H3yqeHIIH yHnTapHhlX rrpep;
cTaBJIBHHH rpyrrrr JlH. c IIOMOiu;bIO o. M. 6bIJia IIOCTpOeHa 
TeopHH YHIITapHbIX rrpeACTaBJIBHIIH HIIJibIIOT0HTHbIX rpyrrrr 
Jln:, a TaK1R0 yKa3aHa B03M01RHOCTb ero rrpnMeHeHUH K 
APYrliIM rpyrrrraM I 1]. 

o. M. OCHOBaH Ha CJiep;yromeM ((3Kcrrepn:MeHTaJihHOM» 
clii!.KTe: cyiu;eCTBY0T rJiy6oKaH CBH3h M01RAY ymnapHbIMII 
oorrpHBO)J;HMhlMH npeAcTaeJieHHHMH rpyrrrrhl JlI1 G H op-
6HTaMH 3TOH rpyrrnhl B 1wnpucoe8unenno.M npe8cmaMenuu. 
Pemeane OCHOBHhlX 3aAalJ TeOpnn IIpBACTaBJieHnii: c IIO-
MOIL\blO 0. M. ocyl[\eCTBJIHBTCH CJI0,ll,YJOIL\HM 06paao111 (cM. 
(2)). 

I. HoHcTpYKL\IIH II KJiaCcI1lfJ11Han;IIH 
H e II p H B 0 A H M bl x y H II T a p H bl x II p e A c T a B
J! e H II ii. IlycTb Q - op6I1Ta A0llCTBHT0JibHOU rpynrlhl 
JlII G B KorrpI1cOeAI1HBHHOM rrpeAcTaaJieHHH, F - ToqKa 
3TOH op6HTbl (HBJIHIOI[\aHCH JIHH0llHbIM <liYHKD;HOHaJIOM 
Ha aJire6pe Jln g rpyrrm1 G), G(F) - cTa6HJIIl3aTOp ToqKH 
F, g(F) - aJire6pa JIH rpyrrrrhl G (F). II o JI H p II 3 a
L\ II e ii TOqKII F Ha3. KOMIIJI0KCHaH rrop;aJire6pa fj B !le , 
rAe !le- 1w.Mn.!!eKcuffiur;a1fuR a.!!ee6pbl Jiu g, 06Jiap;a10maa 

CBOllCTBaMH: 

1) dimd=dim g- ~ dim Q; 

2) [l], lJ] cop;epmHTCH B HApe <liYHKL\HOHaJla F Ha g; 
3) fJ HHBa pHaHTHa OTHOCIITeJibHO Ad G ( F). 
IlycTh H 0=exp(l]ng) H H=G(F)·H0 • IIoJiapu3aD;HH lJ 

Ha3. A e H: c T B Ii! T e JI b H 0 n, ecJIII f)= (), II q Ii! c T 0 

K O M II JI e K C II O H, 8CJIH fj n i)=g (J?). <f>yHKrrIIOIIaJI F 
orrpep;eJIHeT xapaKTep (oAHOMepHoe yHIITapHoe rrpep;cTaB
JieHile) X} rpyllllhl fiO ITO cliopMyJIC 

expX-----..exp2ni (F, X). 
IlycTb x} npop;oJimaeTCH AO xapaKTepa Xp rpyrrrrhl H. 
EcJIH lJ - p;ei'1cTBHTBJihHaH rroJIHpI13aD;HH, TO rrycTh 
T F • x - I1HAYIJ;I1posaHHoe xapaKTepoM XF rrop;rpyrrrrhl 

'"' F 
H rrpeACTaBJIBHHe rpyrrrrhl G (cM. JJ n8y1fupo1Ja1t1we npea-
cmaMenue). EcJin lJ - qHCTO KOMIIJICKCHaH IIOJIHpH3aD;HR, 
TO rrycTh T F, ~' "X.p - roJioMopcliIIo HHAYL\HposaHHoe rrpeA-

CTaBJieHHe, p;eiiCTByIOI[\ee B rrpocTpaHCTBe roJIOMopcliHhlX 
<liYHKrrilil Ha GI H. 

II e p B a H 0 c H 0 B H a H r II II 0 T e 3 a COCTOHT B 
TOM, qTo rrpep;cTaBJI0HI10 T F • x HerrpIIBOAHMO Ii! ero 

'"' F 
KJiacc 3KBHBaJieJITHOCTll 3aBIICIIT TOJibKO OT op6HThl Q H OT 

Bhl6opa rrpop;oJimeHHH Xp xapaKTepa X}· 8Ta rHITOTe3a 
p;oKa3aHa AJIH HHJihrroTeHTHhlX rpyrrrr I 1] II AJIH pa3p0IIIH
MhlX rpyrrrr JlII [5]. ,11.JIH HeK-pbIX op6HT rrpocTOII oco6o11 
rpyrrrrhl G2 rHIIOTe3a HeaepHa (7]. Bo3M01RHOCTh rrpop;oJI
meHIIH II CT0II0Hb ero Heop;H03HaqHOCTH 3aBHC11T OT TOIIO
JIOrilq. CBOHCTB op6HThl: rrperrHTCTBIIBM K rrpop;OJI)l{0HIIIO 
CJiylRaT AByMepHhle KOrOMOJIOfIIII op6I1Thl, a B KaqecTBe 
rrapaMeTpa, IIyMepyromero pa3JIHqHLre rrpop;oJimeHHH, Mom
HO B3HTh op;HoMepIIhle KoroMOJIOflillil op6I1Thl. BoJiee TOqHo, 
rrycTh Bg - KaHoHHqecKaH 2-cliopMa Ha op6I1Te Q. ,11.JIH 

cymecTBOBaHIIH IIPOAOJI1R0HHH Heo6XOAHMO II AOCTaToqHo, 
'IT06hl cliopMa B Q rrpI1HaAJiemaJia u;eJio<JHCJieHHOMY KJiaccy 

(T. e. HHTerpaJI ee no JII06oMy AByMepIIOMY D;llKJIY 6bIJI u;e
JihlM qli!CJIOM); eCJIII 3TO ycJIOBHe BbHIOJIHeHo, TO MHO)l{eCTBO 
rrpoAoJimeIIIIH rrapaMeTpH3yeTcH xa paHTepa~rn cliyHp;a
MeHTaJibHoii rpyrrrrhl op6nThI. 

B T 0 p a H 0 c H 0 B H a R r II II 0 T e 3 a COCTOHT 
B TOM, qTo yKa3aHHbIM crroco6oM IIOJiyqaJOTCR Bee YHHTap
Hhl0 HeIIpIIBOAIIMhle rrpeACTaBJieHIIH paccMaTpIIBaeMo:ii: 
rpyrrrrhl G. EAIIHCTBeHHhlM (1983) rrpoTI1BopeqamI1M aroii 
rHIIOT03e rrpIIMepoM HBJIHIOTCH T. H. AOIIOJIHIIT0JibHhle ce
pI1I1 rrpeACTaBJIBHHll rroJiyrrpoCTblX rpyrrrr JlH. 

II. <I> y H K T 0 p H a JI h H bl e c B 0 H c T B a c 0 0 T
B e T c T B H H M e 1R A y 0 p 6 11 T a M Ii! Ii! II p e A
c T a B JI e H II H M II. 3HaqIIT8JibIIOe MeCTO B T00pIIH 
rrpeACTaBJieHHii 3aHI1MaIOT BOIIpOChl 0 pa3JI01R0HIIII Ha He
rrpHBOP,HMbie KOMIIOHeHThl rrp0ACTaBJI0HHH, rroJiyqae~rnro 

orpaHHqeHHeM Ha rroArpyrrrry H HerrpHBOAHMoro npeACTaB
JieHHH rpyrrrrhI G II HHAYI~HposaHHeM c rroMOJL\hIO HenpI1-
BO)J;I1Moro rrpeACTaeJieHHH IIOArpyrrrrhI HcG. O. M. AaeT 
OTBeT Ha <ITH BOrrpOChl B TepMIIHaX 0CT8CTB0HHOH rrpoeK
L\IIH p : g* - lJ* (* 03HaqaeT rrepexoA K corrpameHHOMy 
rrpOCTpaHCTBy; npoeKD;HH p COCTOHT B orpaHHqeHHH cliYHK
rrllOHaJia c g Ha lJ). A l!MeaHo, nyCTh G - aKcrroHeHl(Il
aJihHaH rpynrra JIH (AJIR TaKnx rpyrm COOTB0TCTBH0 MBIBAY 
op6nTaMI1 II npeACTaBJI0HHHMH B3aHMHO OAH03Ba•mo). 
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TorAa HerrpllBO)lHMoe rrpe)leTaBJieHirn rpyrrrrhl G, coorneT
eTay10rn;ee op6HTe Qcg*, rrpH orpaHJ1qeHHn na H paaJia
raeTeH" Ha HeIIpHBOAHMble KOMIIOHeHTbl, eOOTBeTeTey10rn;ne 
T0M op6HTaM w E £) *, K-phle JiemaT B p ( Q), a rrpeAeTaeJieHHe 
rpyrrrrbI G, HHAyu;npoeaHHOe HerrpHBOAHMhlM npe)leTaBJie
HlfeM rpyIIIIbl H' eOOTBeTeTBYIOiu;HM op6HTe web*' paa
JiaraeT-CH Ha HeIIpHBO)lHMbJe KOMIIOHeHThl, eoOTBeTeTByIO
mue TeM op6nTaM Qcg*, K-pbrn HMeIOT HerryeToe nepeee
qeHHe e rrpoo6paaoM p-1(w). Ma 3THX peayJJbTaTOB Bb!Te
KaIOT )lBa eJie)leTBHH: eeJIH HeIIpHBOAHMbJe rrpe)leTaBJieHHH 
T; eOOTBeTeTBYIOT op6nTaM Q;, i=1, 2, TO TeHaopHoe rrpo
naBeAeIIne T1@T 2 paaJiaraeTeH Ha rrerrpHBO)lllMble KOMTIO
HeHThl, eoOTBeTeTey101u;ne TeM op6nTaM Q, K-pble JiemaT B 
apmpMeTnq. eyMMe Q1+Q2; KBaaHperyJIHpHOe rrpe)leTaBJie
HlJe rpyrrnbl G e npoeTpaHeTee iJ>yHKu;nil Ha GI H paaJia
raeTeH Ha HenpHBO)lHMble KOMIIOHeHThl, eOOTBeTeTey10rn;ne 
TeM op6nTaM Qcg*' )lJIH K-pbIX o6paa p (Q)cb* eoAep
ll\HT HyJib. 

III. T e o p n H x a p a K T e p o e. )];JIH xapaKTepoe 
rrerrpHBOAHMb!X rrpe)leTaBJieHHH (KaK o6o6rn;eHHhlX iJ>yHKu;nii 
Ha rpyrrne) npeAJiomeHa [2] eJieAyIOUJ;aH yHnBepeaJibHa.H 
iJ>opMyJia: 

'X (exp X) = _1 - \ e2~i <F, X> ~ (F) (*) 
P (X) jQ ' 

r)le exp : g - G - ~KerroHeHu;naJibHoe oTo6pameHne aJI
re6phl Jin g B rpyrrrry G, p (X) - KBa)lpaTHb!II KopeIIb HS 
IIJIOTHOeTH HHBapnaHTHoii Mephl Xaapa Ha G B KaHoHnq. 
KOOp)lnHaTaX, ~ - iJ>opMa o6'heMa Ha op6nTe Q, ee.11aaH
HaH e KaHOHnqeeKOH 2-iJ>opMOH B Q eooTHOIIIeHneM ~= 

k 
BQ 1 

=kT , k= 2 dim Q. 8Ta iJ>opMyJia errpaeeAJinea )lJIR 

HHJibIIOTeHTHb!X rpyrrn, paapeITIHMb!X rpyrrn Tuna 1, 
KOMTiaKTHbIX rpyrrn, )llleKpeTHOH eepnn npe)leTaBJieHnfr 
noJiynpoeTbIX AeileTBHTeJibHhlX rpyrrn II OeHOBHOH eepnn 
rrpeACTaBJieHHH KOMIIJieKeHhlX noJiynpoeTb!X rpyrrn. )];mi 
HeK-pbIX BhlpOmAeHHhlX eepnii rrpeAeTaBJieHnil SL (3, IR) 
iJ>opMyJia HeeepHa. Ma iJ>opMyJibI (*) rroJiyqaeTe.H npoeTaH 
iJ>opMyJia AJIH BbJqueJieHHH HHii>nHHTeanMaJibHOro xa paK
Tepa HenpnBO)lHMOI'O npeAeTaBJieHHH T Q' eoOTBeTeTBYIO
rn;ero op6nTe Q, a HMeHHo: Kam)loMy onepaTopy JiarrJiaea !'J. 
Ha G MomeT 6b1Tb eorroeTaBJieH A d*G-HHBapnaHTHbIH MHO
roqJieH p A Ha g* TaK, qTO aHaqeHHe nHiJ>nHHTeanMaJibHOro 
xapaKTepa npeAeTaeJieHnH T Q Ha aJieMeHTe !'J. B TOqHoeTH 
paBHO aHaqeHnIO p A Ha Q. 

IV. R o He T p y K u; n IO He11pnB0AnMoro yHnTapHoro 
rrpeAeTaeJieHnH rpynnhl G rro ee op6nTe Q B Korrpneoe)lH
HeHHOM npeAeTaBJieHHH MOmHO paeeMaTpnBaTb KaK orre
pa~HIO KBaHTOBaHH.H HeK-poii. raMHJibTOHOBOH eneTeMbI, 
)lJI.H K-poii. Q nrpaeT poJib iJ>aaoeoro npoeTpaHeTBa, a G -
pOJib MHOrOMepHoro HeKOMMyTaTHBHOro BpeMeHn (HJIH 
rpyrrrrbl eHMMeTpniI). Ilpn 3TOM G-op6nTbI B KOnpneOe)J;H
HeHHOM rrpe)leTaBJieHHlI - 3TO Bee G-OAHOPOAHhle enMn
JieKTnq. MHOroo6paanH, )lOrryeKaIOrn;ne KBaHTOBaHne. Ta
KHM o6paaoM, BTopyIO oeHOBHYIO rnnoTeay MOll\HO rrepe
iJ>opMyJinpoBaTb TaK: Kall\AaH 3JieMeHTapHaH KBaHTOBaH 
eneTeMa e BpeMeHeM (HJIH rpynnoil: enMMeTpnii.) G noJiy
qaeTelI KBaHTOBaHneM na eOOTBeTeTByIOrn;eii KJiaeenq. ene
TeMbl (eM. [2]). 

06HapymeHa TaKme ee.Hab O. M. e Teopneii enoJIHe nH
TerpnpyeMhlX raMHJibTOHOBb!X encTeM (eM. [ 11)). 

Jlum.: [1] I\ n p n JI JI o BA. A., «Ycnexn MaTeM. Hay10>, 1962, 
T. 17, B. 4, c. 57-110; [2] er o me, 8J1eMeHThl Teop1m npe;a;cTaB
JleHnll, 2 na;a;., M., 1978; [3] A " R c M h e JR., YHttsepcaJlhHhJe o6ep
Th!BaID~lfe 1wre6pb1, nep. c lfipaHQ., M., 1978; [4] Simms D. J., 
Woo d house N. M. J., Lectures on geometric guantization, 
B.-Hdlb.-N.Y.,1976; [5]AuslanderL. KostantB. 
«Invent. math.», 1971. v. 14, p. 255-354; [6j Moore c.c.: 
«Ann. Math.», 1965, v. 82, No 1, p. 146-82; [7] Ro th sch i I d 
L. P., W o If J. A., «Ann. Sci. Ecole norm. super. Ser.4»,1974, 
v. 7, .M 2, p. 155-74; [8] Representations des groupes de Lie re
solubles, P.' 1972; [9] r If H 3 6 y p r B. A.' «,IJ;ORJJ. AH CCCP», 
1979, T.· 249, No 3, c. 1'25-28; [10] K i r i I 1 0 v A. A.' Infinite 

dimensional groups, their representations, orbits, invariant$, 
B co.: Proc. Int. Congr. Math., Helsinki, 1978; (111 Rey
m an A. G., Semen o v - Ti an - Sh ans k y M. A., «In
vent. math.>>, 1979, v. 54, No 1, p. 81-100. A. ,'1. HupUJ1J1.oB. 

OPBIITA TOqKH x OTHoenTeJibHO rpynrrbl G, AeiieTsy10-
rn;eiI Ha MHOmeerne X (eJieoa),- MHomeeTBO 

c (x) = {g (x) I g E G}. 
MHomecTBO 

Cx={gEG I g (x) =x} 

HBJIHeTeH IlOArpyrmoii B G H Haa. e T a 6 H JI H a a T o
p 0 M, HJIH e T a u; ll 0 H a p H 0 ii TI 0 )]; r p y TI TI 0 ii 
T 0 q K ll x 0 T H 0 e H T e JI b H 0 G. 0To6pameHll0 
g~ g(x), gEG, HH)lyu;npyeT 6neKu;n10 Mell\AY G!Gx n op6n
Toii. G(x). 0. mo6b1X ABYX ToqeK na X Jin6o He nepeeeKa
IOTe.H, Jin6o eoerraAaIOT; nHaqe roeopH, 0. onpeAeJIHIOT paa-
6neHne MHomeeTBa x. <l>aKTOpMHOmeeTBO no OTHOTII0Hlll0 
3KBHBaJieHTHOeTn, onpe)leJieHHOMY 3THM paa6neHneM, Haa. 
TI p 0 e T p a H e T B 0 M 0 p 6 H T' HJIH qi a K T 0 p
M Ho me e T B o M X no G, n o6oaHaqaeTe.H XIG. Cono
eTaBJieHne Kam)loiI ToqKe ee 0. onpeAeJIHeT KaHoHnq. OT0-
6pameHne nx. a: X - XIG. CTa6nJinaaTopbr ToqeK na 
O)J;Hoil: O. eonp.11me1Ihl B G, ToqHee Gg<xl=gGxg- 1 • Eem1 
B x nMeeTeH TOJibKO 0)1.Ha 0.' TO x - 0 A H 0 p 0 A H 0 e 
TI p 0 e T p a He T B 0 r p y TI TI bl G; rosop.HT TaKme, qTo 
G A e l"r e T B y e T Ha X T p a H a n T n B H o. EeJIH G -
TOTIOJiornq. rpynrra, x - TOIIOJIOrnq. npoeTpaHeTBO H 

)leiieTsne Henpepb!BHo, TO XIG o6blqHo eHa6maeTe.H TOno
Jiornerr, B K-poi'1 MHomeeTBO UcXIG OTKpbITO e XIG Torn;a 
ll TOJibKO TOr)la, KOfAa MHomeeTBO :/t-l (U) OTKpbITO Bx. 

X,G 
II p n Me p bl. 1) IlyeTb G - rpynna noeopoTOB nJio

eKoeTn X BOKpyr iJ>nKenpoeaHHoii: ToqKn a. Tor)la 0.-
3TO BCeeoaMOll\Hbie OKpymHOeTn e u;eHTpOM B a (B TOM qneJie 
n eaMa TOqKa a). 2) IIyeTb G - rpynna eeex HeBhlpom
AeHHhlX JinHeHHbIX npeo6paaoeaHHH KOHeqHOMepHoro Aeii.
eTBIITeJibHOrO BeKTOpHoro npoeTpaHCTBa v, x - MHomeeT
BO Beex enMMeTpnq. 6nJIHHeHHb!X iJ>opM Ha v, a )leiieTBIIe G 
Ha X onpeAeJieHo iJ>opMyJioii. (gf)(u, v)=/(g- 1 (u), g-l(v)) 
)lJIH JII06b1x u, vE V. Tor)la 0. rpyrrnbl G Ha X -MHomeeT
eo iJ>opM, nMe10rn;nx iJ>nKenpoeaHHhlH paHr n enrHaTypy. 

IIyeTb G - sern;eeTBeHHa.H rpynna Jin, rJia)J;KO )J;eHCT
ByI01u;aH Ha ,u;niJ>iJ>epeHu;npyeMOM MHoroo6paanu X (eM. 
Jlu zpynna npeo6paao1Januii). )J;JIH JII06oii: ToqKn xE X 
op6nTa G (x) HBJIHeTeH norpymeHHbIM IIO)lMHoroo6paaneM 
B X, AniJ>iJ>eoMopiJ>HhIM G/Gx (AniJ>iJ>eoMopiJ>naM IIH)J;yu;upo
eaH OT06pameHneMg~ g(x), gEG). cho IIO)J;MHoroo6pa;me 
He o6HaaTeJibHO aaMKHyTO B x (He o6HaaTeJibHO BJIOll\eHo). 
RJiaeenq. npnMepoM eJiymnT <<06MOTKa Topa», T6 eeTb O. 
Aeii:eTBH.H aAAHTHBHoii. rpynrrbl IR Ha Tope 

T2={(zi. z2 ) / z;EC, I z; /=1, i=1, 2}, 

aaAaHHoro iJ>opMyJioiI 
t (zi. z2 ) = (eitz 1 , eialz2 ), t E IR, 

r)le a - nppau;noHaJibHoe )leil:eTenTeJibHoe qneJio; aaMbl
KaHne TaKOH 0. eosna)laeT e T2• EeJIH G KOMIIaKTHa, TO 
see 0. HBJIHIOTe.H BJIOmeHIIbIMH TIO)J;MIIOroo6paan,11Mn. 

EeJin G - aJire6pauq. rpyrrna, X - aJire6pauq. MHO
roo6paane HaA aJire6panqeeKn aaMKHYTb!M noJieM k, a 
)leii:eTene peryJI.HpHo (eM. AJ1.ze6pau'!ec1w.si zpynna npeo6-
paao1Januii), TO JII06aH op6nTa G(x) HBJIHeTeH rJiaAKHM aJI
re6panq. MHOroo6paaneM, OTKpb!TbIM B esoeM aaMh!KaHllll 
G(x) (e TOTIOJiornn 3apneKoro), rrpnqeM B G(x) eeer)la eo
AepmnTeH aaMKHyTa.H 0. rpyrrrrb1 G (eM. [5]). B 3ToM eJiyqae 
MopiJ>naM c- G(x), g ~ g(x), HIIAyu;npyeT naoMopiJ>naM 
aJire6panq. MHoroo6paa11il GIGx n G (x) Tor)la H TOJibKO Tor
)J;a, Kor)J;a oH eenapa6eJieH (aTo yeJiosne eeerAa BhlTIOJIHeHo, 
eeJIH k - TIOJie HyJieBOH xapaKTepneTHKH). o. MaKen
MaJibHOH paa~rnpHoeTH o6paayIOT OTKpblTOe B x MBOl:Ke
eTBO. 

OrrncaHne eTpyKTypb1 O. AJIH AaHHoro neil:CTBHH o6&l'UlO 
eBO)lHTeH K yKaaaHHIO B Kaffi)lOH 0. HeK-poro e,a:HRCTBeH-
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Horo IIpe,a:cTaBRT0JIJI x, K Haxom,a:eHRIO CTa6RJIRaaTopa Gx 
II K OIIIICaHRIO KaKoro-JIR6o - IIO B03MOlKHOCTII o6oapII
MOl'O - KJiacca cpyRKll,RH, IIOCTOJIHHhIX Ha o. (1rneapRaH
TOB) II paa)l.eJIHIOIJlRX pa3Hhle 0.; 3TJI ¢YHKIJ,HH II03BOJIJIIOT 
omi:caTb «paCIIOJIO)l\eHue» o. B x (0. HBJIHIOTCH IIepeceqe
HIIHMJI JIX MHOiReCTB ypoBHJI). cha IIporpaMMa 06hlqHO Ha3. 
3 a .u a q e II o p 6 II T a JI b H o r o p a a JI o m e R II H. 
R TaKoii: 3a,a;aqe qacTo cso,a;JITCH MHorJie 33)1.aqJI KJiaccnqm:
KaD;IIII. TaK, B IIpnMepe 2) aTO - aa,a;aqa KJiaccJI4f>nKau;nn 
6JIJIJIHeii:RhIX CIIMMeTpnq. ¢opM c TOqHOCTblO )1.0 3KBHBa
JieHTHOCTJI; IIHBapIIaHThl B 3TOM CJiyqae «,D;HCKpeTHhl» -
aTo paHr II cnrHaTypa, a CTa6JIJIH3aTo~ G1, r)l.e f HeBhl
pom11;eHa, HBJIHeTCH COOTBeTCTBYIOIIJelil IICeB)l.OopToro
HaJibHOH rpyIInoii:. RJiaccn:q. TeopJIH mop,a;aHoeoii <!JopMhl 
MaTpnn; (TaKme, KaK II Teop!iIH ,a;pyrnx HOpMaJ!bHb!X rfiopM 
MaTpm~) Tome YKJia}:\hIBaeTCH B 3TY CXeMy: mop,a;aHoB.a 
l{>opMa - 3TO KaHOHHq. IIpe,a;cTaBJITeJib (oIIpe,a;eJieHHhIH, 
rrpaB)l.a, c ToqHOCTbIO ,a;o IIOpll)l.Ka mop)l;aHOBhIX KJieTOK) 
B 0. IIOJIHoii: JIIIHeii:Hoii rpyIIrrhl GLn(C) Ha upocTpaRCTBe 
ecex KOMIIJieKCHhIX (nX n)-MaTpHll, IIpH ,a;eii:cTBHII, 3aJJ;aH-· 
HOM ¢opMyJioii Y-+ A YA - 1 ; cpe,a;n JIRBap:irnHToB eamHoe 
MeCTO 3aHHM3IOT Koal{>¢1111,ReHThl xapaKTep!iICTHq, wrnro
qJieHa MaTplilll,hl Y (K-phle He paa,a;eJIHIOT, o,a;HaKo, JII06hle 
,a;ee 0.). H,a;e.11 paccMoTpeHHJI 3KBIIBaJieHTHhIX o6'heKTOB 
KaK o. HeK-poii rpyIIIIhl aKTHBHO HCIIOJib3yeTCH B pa3JIJiq
HhIX aa,a;aqax KJiaccn¢11Karrn11, HaIIp. B aJire6pa1rn. J.toiJy
Mi1 meopuu (Teop1rn MaM¢op,a;a, CM. [10]), B TeopH!il IIepe
qIIcJiellu.11 rpa¢oe (cM. [2]) JI ,a;p. 

EcJIII G II X KoHeqHhl, TO 

1 x1c1=Tcn- ~gea 1Fixg1, 

r,a;e I YI - qIIcJio aJieMeHToB 11momecTBa Y, a 

Fix g={xEX I g (x) =x}. 

EcJIR G - KoMIIaKTRaH rpyIIua Jln, rJia,a;Ko ,11,eiicTey10-
IIJaH Ha CB.II3HOM rJia)l.KOM MHoroo6pa3Illil x' TO CTpyKTypa 
0. Ha x JIOKaJibHO KoHeqHa, T. e. y JII06oii: ToqKH xE x 
cyIIJeCTByeT TaKaH oKpeCTHOCTb u, qTo q11cJIO pa3JIH1JHhIX 
cTa611JIU3aTopoB Gy, YE U, c ToqHoCTbIO ,a;o coupnmeRHOCTH 
BG KoH01JHO. B qacTHocTu, ecJiu X KoMnaKTHo, To KoHelJHo 
qucJio pa3JIHqHhIX (c ToqaocTbIO )l.O coIIp.11meaaoCTII B G) 
cTa611mrnaTOpoB Gy, y EX. Ilpn aToM )l.JIH JII06oii IIo,a;rpyII
IIhl H B G Ka)l\IJ;oe H3 MBOmecTB 

X1m={xEX·1 Gx coIIpHmeHa H B G} 

HBJIHeTC.II IIepeceqeRIIeM OTKphIToro JI aaMKHyToro liHBa pII
aHTHhIX IIO)l.MHomecTB B X. HccJieJJ;ollaHne X1m up11so11;IIT 
B aToM cnyqae K KJiaccJI4f>IIKau;nII JJ;eiicTenii (cM. [1]). Aaa
noru 3THX pe3yJibTaTOB IIOJiyqeRhl B reoMeTpHq. UHBapu
aHmoB meopu.u (cM. [3]). A HMeHHo, nyCTb G - pe)l.yKTHB
HaH aJire6panq. rpyIIIIa, peryJrnpHo JJ;eiicTsy101u;aH ea 
a¢¢IIHROM aJire6panq, MHoroo6pa3IIll x (oCHOBHOe IIOJie k 
aJire6pa!i11JeCKll aaMKRyTo 11 HMeeT xapaKTepnCTIIKY 0). 
B 3RMhIKaHHn JII06oII O. coJJ;epiRIITCH eJJ;IIHCTBeHHaH 3aMK
ayTa.11 0. CyIIJecTeyeT paa6IIeHHe X B o6'he)l.HHeHHe KoHeq
Horo qHCJia JIOKaJibHO 3aMKHYThIX 1rneapHaHTRhIX IIenepe
ceKaIOIIJHXCH noJJ;MHomecTB X=Ua:Xa:, 06Jia,a;a10IIJee ceofr
CTBaMu: a) ecJin x, y EX a: II G (x) 3aMKHyTa, TO cTa61m11aa
Top Gy coIIpnmeH B G IIoJJ;rpynIIe B Gx, a ecJIII aaMKHyTa 
n G(y), To GJJ corrpnmeH c Gx; 6) ecJIH xE Xa, y E X13, a;i: ~. 
a G(x) n Gly) 3aMKHYThl, TO Gx 11 Gy He corrpnmeHhl B G. 
EcJin X - rJiaJJ;Koe aJire6pa1rn. MHoroo6pa31rn (Hanp., 
B BalKHOM CJIY'lae, KOr)l.a paccMaTpHBaeTC.II pau;RoHaJibH00 
mmeii:Hoe rrpe)l.CTaBJieHne G B eeKTopHOM npocTpaHCTBe 
V= X), To CYIIJecTsyeT TaKoe HenycToe OTKphIToe noJJ;MHO
mecTeo Q B X, 'ITO G,. n Gy conpnmeHhl B G ,D;JI.ll JII06hIX 
x, y E Q. IlocJie,a;Hnii pe3yJII>TaT HBJIHeTc.11 yTBepmJJ;eHueM o 
CBOHCTB0 T 0 q e K 0 6 m; e r 0 . II 0 JI 0 iR e H H .II B x' 
T. e. TOIJeK, 3aIIOJIHHIOIIjHX HenycToe OTKphITOe IIOJJ;MHome
CTBO; HM00TCH H PHA n;pyrnx yTBeplHJJ;8Hl!Il TaKoro TB.Ila. 
Hanp. 1 JJ;JIJI pan;aoHaJibBoro mrneliHoro IIpe.a:cTasJieHnH 

noJiynpoctoii rpynnbl G B seKTopHoM npocTpaHCTBe V 0. 
ToqeK o6IIJero llOJl0)1\0HHH 3aMKHYThl TOrJJ;a H TOJlbKO- Tor.a:a' 
Kor,a;a HX CTa6HJIH3aTophl pe}J,YKTHBHhl (cM. [7]); B CJiyqae, 
Kor,a;a G HenpHBOll;JIMa, Haii,a;eH HBHhIH BJI)J; CTa6HJIH3RTOpOB 
ToqeK o6IIJero noJiomeHHH (cM. [8], [9)). Bonpoc o aaMK
HYTOCTII 0. HBJIHeTCH CIIeu;H4f>HqecKHM H Ba)l\HhIM B 3TOH 
TeopHII. TaK, MHomecTBO Tex ToqeK xE V, 0. H-phIX co11;ep
iR!ilT B CBOBM aaMblKaHHH HYJib npocTpaHCTBa v, COBHa)laeT 
c MHOroo6pa3HeM HyJieii IIBIIOCTOHHHhIX HHBapHaHTUblX 
MHoroqJIBHOB Ha V; BO MHOrHX CJJyqanx, H B qaCTHOCTll B 
npHM0H0HJilHX TeOpHH HHeapHaHTOB K reopIIH Mo,a;yJieu, 
aTo MHoroo6paane HrpaeT cyIIJeCTBeIIHYIO poJib (cM. [10]). 
JII06hle JJ;Be pa3JIHqHhle aaMKHYThl0 0. pa3,a;eJIHIDTCH .IIHBa
pIIaHTHhIMJI MHorolJJieHaMH. Op6JITa G (x) 3aMKHyTa TOr)l.a 
JI TOJlbKO Tor11;a, KOrAa 3aMKHYTR o. ToqKH x OTHOCHTeJibHO 
HopMaJIRSaTopa G(x) e G (cM. [4]). IIoHBJI0HIIe neaaMKHy
ThIX 0. CBH3aHo co ceoii.cTeaMa G; ecJIJI G yHHIIOT0HTHa 
(a x a¢4f>JIHHo), TO JII06aH o. 3aMKHyTa (cM. [6]). 0)1.HHM H3 
HarrpaeJieHHM TeoplilH HHBapnaHTOB HBJIHeTCH JI3Y1JBHH0 
opfoITaJibHhIX pa3JIOiReHHM pa3JIH1JHhIX KOHHpeTHhIX ,a;e:ii
CTBHH (B oco6eHHOCTH JIHHeHHhIX upe)l.CTaBJieHHH). 0)1.HO H3 
HHX - rrpHC00)1.JilH0HHOe rrpe)l.CTaBJieHIIe peJJ;yKTHBHoii 
rpyrrrrbl G - IIO)l.po6Ho IICCJl01J;OBaJIOCb (CM., HaIIp., [11]). 
Ero H3y<reHne CBH3aHo c Teopneii. IIpe,a;ctaBJI0JIJiii rpyrrrrhl 
G; CM. Op6um MemoiJ. 

Jlum.: [1] Pa 1 a is R., The classification of G-spaces, Provi
dence, 1960 (Mem. Amer. Math. Soc., No 36); [2] X a pap l!I Ill., 
TeOpl!IR f'paljJoe, rrep. c aHrJJ., M., 1973; [3] Luna D., «Bull. Soc. 
Math. France. Mem. 33», 1973, p. 81-105; [4] er o me, «Invent. 
math.», 1975, v. 29, No 3, p. 231-38; [5] B 0 p e JI b A., Jll!IHellHhlC 
aJJf'etiPal!I'lecmie rpynrrb1, nep. c aHrJJ., M., 1972; [6] S t e i n
b erg R., Conjugacy classes in algebraic groups, B.- Hdlb.
N. Y., 1974; [7] TI 0 II 0 B B. JI., «H3B. AH CCCP. Cep. MaTeM.», 
1970, T. 34, c. 523-31; [8] TI 0 II 0 B A. M., «<l>YHKI\. aHaJJl!I3 l!I ero 
np1rnom.», 1978, T. 12, No 2, c. 91-92; [9] 8JJalIIBl!IJJl!I A. I'., 
TaM me, 1972, T. 6, No 2, c. 65-78; [10] Mum f o rd D., Geo
metric invariant theory, B.- Hdlb.- N. Y., 1965; [11] Kos
t ant B., «Amer. J. Math.», 1963, v. 85, M 3, p. 327-404; [12] 
X a M ljJ p n .JJ:m., JI1mellHhle aJJretipaH'IeCKHe rpyIIIIhl, rrep. c aHrJJ., 
M., 1980. B. JI. IIonoe. 

OPBHTAJihHAH YCToffqHBOCTh - ceoii.cTso Tpa
eKTopIIn 6 (pemeHHH x (t)) aemonoMnou cucme.11ibi o6hIKIIo
B0HHhIX AHifl¢epeHu;HaJibHhIX ypaBH0HHH 

~=/ (x), xEIR.n, (*) 

COCTOHiu;ee B CJI0)1.YIOIIIeM: )J;JIH BCHKoro io>O CYIIJ0CTBY0T 
t5 >O TaKoe, qTo BCHKaH IIOJIOiRHT0JlbIIall rroJiyTpaeKTOpIIH, 
HaqnHaIOru;aHCH B t5-oKpecTHOCTH TpaeKTOpIIH !;, COJJ;epiRHT
CH B E-OKpeCTHOCTII TpaeKToprm !;. 3)1.eCb ITO)!. T p a e K T o
p H e ii IIOIIIIMaeTCH MHOJR0CTBO anaqeHIIll pemeHIIlJ 
x(t), tEIR, CIICT0Mhl (*),a IIO)J; II 0 JI 0 iK HT e JI b H 0 II 
II 0 JI y T p a e K T 0 p II e ii. - MHOiR0CTBO 3IIa1J0HIIH pe
meHIIH x (t) rrpII t;;;;,O. Ecmr pemeHae x (t) ycTonqIIso no 
JinnyHOBY' TO ero TpaeKTOpHH op6uTaJibHO yCTOHIJHBa. 

TpaeKTOpllH 6 Ha3. a c II M II T 0 T H q e c K II 0 p 6 U
T a JI b H 0 y c T 0 II q H B 0 ii:, 0CJIH OHa op6IITaJibHO 
ycToliqnBa FJ, HpoMe Toro, naiiJJ;eTcH '50 >O Ta Koe, qTo 
TpaeKTOpIIH BCHKoro pememrn x ( t) CllCT0Mhl ( *)' Ha'\HHaIO
ru;eroCH B f5o-OKpecTHOCTlI TpaeHTOpIIH S (T. 0. d (x (0), S) < 
<t5o), CTp0MHTCH rrpH t-+ + 00 K TpaeKTopIIH !;, TO 0CTb 

rµe 

lim d (x (t), 5) =0, 
t-+"' 

d (x, !;) = inf d (x, y) 
ye£ 

- paCCTOHHH0 OT TO'IKH x )1.0 MHOJReCTBa 5 (d (x, y) - pac
CTOHHHe Me~y TOIJKaMH x H y). 

PoJib IIOHHTHH acIIMIITOTH1J0CKOH OJl6HTaJibHOll ycTo:ii
lJHBOCTH OCHOBaHa Ha CJl0AYI01JlHX <!Jal\Tax. IIepHOAIIIJ. 
pemeHHe CHCTeMhl (*) HHKor,a;a He 6hIBaeT aCHMIITOTH1J0CKH 
ycToii'IHBhIM. Ho ecJIH y nepH011;H1J. pemeHHJI TaKo:ii cnc
T0Mhl MOIJ;yJIH BCBX MYJ1bmUnJ1u1>amopoo, KpoMe O~lHOI'O, 

M01Ibill0 e)l.UIIH!l;hl, TO TpaeKTOplIH aToro nepHO)J;Uq, peme
Hllll aCHMIITOTHq0CKH op6HTaJibHO ycTOHqHea (A H A p o-
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H o e a - B ll TT a T e o p e M a). HMeeT MeCTO TaHme 
6oJiee 06m.a11 T e o p e M a A e M n ,n; o B n q a (cM. [3)): 
rrycTb x0(t) - orpaHnqenuoe perneune CHcTeMbl (*), rrpH
'IeM 

inf I x 0 (f) I > 0, 
t:;;,.O 

ll rryCTh CHCTeMa ypaaHeHnl1 B earmau;rr11x B/:\QJlh Xo(t) -
rrpaBHJibHaH (cM. llpaou.rib11asi .riuneiiuasi cucme.Ma), npn
qeM ace ee JI sinynooa xapalimepucmu'tec1me no1rnaame.riu, 
HpoMe o,n;uoro, oTpnu;aTeJibHbl; Tor,n;a TpaeHTopHH perneHHfl 
Xo(t) aCHMITTOTH'IeCKH op6nTaJibHO yCTOH'IHBa. 

JJum.: [1] AH n p 0 H 0 B A. A., Cot'ip. TPYAOB, M., 1956; [2] 
AH n p 0 H 0 B A. A., B HT T A. A., x a ll R H H c. 3., TeopnR 
ROJJet'iaHHll, 2 nan., M., 1959; [3] .u e M H )l 0 B H q B. II., «.Um!JljJe
pemx. ypaeHeHHH», 1968, T. 4, No 4, c. 575-88; No 8, c. 1359-73. 

B. M. MUA.!!U01iUjU1<08. 

OP,!J;HHAJibHOE lJHC.110, o p ;n; n Ha JI,- To me, 'ITO 
nopsifJ1wooe •mc.rio. 

OP,!J;HHATA - o,n;Ha na ,a;eKapTOBb!X rwopfJunam TO'IKII. 

OPHEHTAD;HH - .PopMaJinaau;n11 u ;n;aJieKo u;n;ym.ee 
o6o6m.eune noHHTHH HanpaeJieHHH o6xo;n;a. Onpe,n;eJI11eTc11 
0. HeK-pb!X cneu;IIaJibHbIX KJiaCCOB npOCTpaHCTB (.M1waoo6-
paauii, oenmopnbix pacc.rioenuii, Ilyanwape wo.Mn.rier;coe 
n T. ,n;.). CoapeMeHHhIH BarJIH,D; Ha 0. L1aeTCH B paMKax 
0606Ufenn1>ix meopuii r;oao.Mo.rioauii. 

B HJiaccnq, CJiyqae o p II e H T a u; n H - Bbl6op o,n;noro 
KJiacca cncTeM Koop,n;1rnaT, ca11aaHHb!X Mem,n;y co6oii no
JIOlRHTeJibHO B 11eK-poM orrpe,n;eJie11HoM CMb!CJie. Ham,n;a11 
cncTeMa aa,n;aeT 0., onpe,n;eJIHH KJiacc, K K-poMy 011a npn
Ha,n;JiemHT. 

B cJiyqae eel\TopHoro rrpocTpa11cTBa !Rn KoIIe'IHOH paa
MepHOCTH ,D;Be CHCTeMhl Koop,n;HH8T CBH3aHbl IIOJIOlRHTeJib
HO, eCJIH noJiomnTeJieH onpe,n;eJIHTSJib MaTpIIu;bl nepexo,n;a 
OT O,D;IIOR H3 HHX K ,n;pyro:B:. 3,n;ecb HMeeTCH ,D;Ba KJiacca. 
B KOMilJI0KCIIOM rrpoCTpaHCTBe en KOMIIJI0KCHb!H perrep 
e1, ... , en orrpe,n;eJIHeT ,a;enCTBHTeJibIIb!R perrep ep ... , em 
ie1, ... ' ien B TOM me rrpoCTpaHCTBe, paCCMaTpHaaeMoM KaK 
1R2n' H BCe Ta Kirn penepb! CBH3aIIbl norrapHo IIOJIO)f{HTeJJb
Hb!MH rrepexo,n;aMH (T. e. KoMIIJieKcHaH CTPYKTypa aa,n;aeT 
O. B IR2n). 

Ha up11Moii, nJiocKocTn H eoo6m.e B ,n;eil:CTBHTeJibHOM 
a.P.PuHIIOM npocTpaHCTBe En CHCTeMbl Koop,n;nHaT COCTOHT 
ua TO'IKH (Ha'!aJia 0) II perrepa e, rrepexo,n; onpe,n;eJI11eTCH 
eeKTopoM rrepeHoca HaqaJia H aaMeHo:B: penepa. 8ToT 
nepexo,n; noJioll\HTeJie11, ecm1 noJiomnTeJie11 orrpe,a;eJIHTeJih 
MaTpHD;bl aaMeIIbl (Harrp.' npn 'IeTHOR nepeCTaHOBKe 
eeKTopoB penepa). ,Aee cncTeMbI Koop,a;1rnaT onpe,n;eJI11I01' 
o,n;uy II TY me o.' eCJIH o;n;11y IIB HHX MO)l(IIO nepeBe
CTH B ,n;pyryIO Henpepb!BHO, T. e. cym.eCTBYeT 11enpepbIB
HO 3ae11c11m.ee oT rrapaMeTpa t E [O, 1) ceMeiICTBo Koop
,a;nIIaTHb!X CHCTeM 01, e1, CBH3b!B8IOIIJ,ee ,a;aHHbl0 CHCTe
Mbl 0 0 , e0 H Or, e1• IlpH oTpameHHH B rrJiocKoCTII (pa3-
MepHOCTII n-1) CIICTeMbl ,a;eyx KJiaCCOB rrepexo,a;HT ,a;pyr B 
,a;pyra. 

l\JiaCCbl CHCTeM Koop,a;HHaT MO)l(HO 3a,D;aBaTb p83JIH'IHbl
MlI reoMeTpH'I • .PIIrypaMJI. EcJin KaKaH-JIH6o .PHrypa X no 
onpe,n;eJieHHOMY aaKoIIy CBH3b!BaeTCH c CIICTeMOH Koop,n;H
HaT, TO aepKaJibIIO CIIMM0TpH'IIIaH eii .pnrypa 6y,a;eT no 
TOMY me aaKOIIY CBH3aHa c CHCTeMOH Koop,n;nHaT H3 ,n;py
roro KJiacca. TeM caMbIM X (BMecrn c ,n;aHHb!M aaKoHoM) 
onpe,a;eJIHT 0. Hanp., Ha nJioCKOCTH E2 oKpymHOCTh c 
«P11KcnpoeaHHb!M HanpaeJieIIHeM o6xo,n;a aa,n;aeT cncTeMbI 
Koop,D;HHaT H3 o,n;Horo 1macca no rrpaBHJiy: HaqaJio JielHHT 
B ee u;eHTpe, rrepBb!H BeKTop 6epeTCH npoH3BOJlbHO, a BTO
poiI TaK, 'IT06bl Bpaiu;eHHe OT nepBoro KO BTOpOMY qepea 
MeHbIIIHH yroJI IIpOHCXO,D;HJIO B HanpaaJieHHH, aa,a;aHIIOM 
Ha OKpymHOCTH. B E8 penep M01«HO CBH3aTb e BHHTOM c 
TO'IHOCTbIO ,D;O Herrpepb!Bl{oro Bpaiu;eHHH H paCTHlHeHHH 
rrpoCTpaHCTBa: nepBb!ll BeKTOp IIJ(eT no HarrpaHJieHII!O BBHH
'IIIBaHHH, oparu;emie OT BToporo BeI\TOpa K TpeTbeMy COB
rra,n;aeT c apam.eHReM rrpn BBHH'IHBaHHJI (npe.i:1rroJiaraeTCH 
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IIpll 0TOM, 'ITO ece BIIHThl HaXO,D;HTCH B IIOJIOlRHTeJibHOM 
ca11a11 ,n;pyr c ,n;pyroM). Penep MomeT 6b!Th TaHlRe aa,n;aH 
TpeMH rrepBb!MH JiaJibll;BMH pyKH xoporno uaaecTHhIM cno
co6oM. 

EcJIJI B En aa,a;aHa 0., TO Kam,n;oe rroJiyrrpocTpaHCTBO 

E~ onpe,n;eJIHeT 0. Ha rpaHH'IHoii IIJIOCKOCTH En- 1 • Harrp., 
ycJiaBJIIIBaIOTCfl, 'ITO eCJIH B perrepe IIOCJie,D;HHe n-1 
BeKTopoB JJemaT B En - 1, a nepBb!H CMOTplIT Hapymy H3 

E~, to nocJie,D;HIIe eeKTopb! aa,n;aIOT 0. B En-1. B En 0. 
MomeT 6b!Tb 3a,n;aHa rropH,D;IWM eepIIIHH n-MepHoro CHM
IIJieKCa (TpeyroJibHHKa B E2, TeTpaa,n;pa B E3). Perrep orrpe
,a;eJIHetc11 ycJioeneM: B rrepayIO eepmHHY noMeiu;aeTCH Ha
qaJio, B OCT8JlbHble H3 rrepeoii HarrpaBJIHIOTCH BeKTopbI pe
nepa. ,Aea nopH,n;Ka aa,a;aIOT O,D;HY 0.' eCJIH Ii TOJibKO ecJIH 
OHH OTJIHqaIOTCH Ha 'IeTHYIO rrepeCTaHOBKy. CHMIIJieKC c 
.PnKcJipoaaHHb!M c TO'IHOCTbIO ,n;o 'IeTHOH rrepecTaHOBKH 
nopH,D;KOM aeprnuH Ha3. 0 p H e H T H p 0 B a H H bl M. 
Ham,a;a11 (n-1)-rpaHb an- 1 op11eHTHpoBaHHoro CHMIIJieKca 
noJiyqaeT HH,a;yu;npoeaHHYIO op1rnHTaa;nIO: ecJIH rrepea11 
Beprnnna He rrpIIHa,D;JiemHT an- 1 , TO rrop11,a;oK OCTaJibHhIX 
rrpHHHMaeTCH aa IIOJIOlRJITeJibHbIR ,ll;Jlfl an-l, 

B CBH3HOM MHoroo6pa3HH M CHCTeMoH KOopnMHaT CJiy
)f{JIT aTJiac - Ha6op HapT, rr0Kpb!aarom.11x M. ATJiac Ha3. 
0 p Iii e H T H p y IO III. H M, eCJIII Koop,D;IIHaTHble npeo6pa-
30BaHHH BCe IIOJIO)f{IITeJibHbl 0 ::ho 03HaqaeT' 'ITO HX CTe
neHII paBHhl +1, a B cJiyqae ,n;n.p.pepeH.U;MpyeMoro MHoro-
06paan11 IIOJIOlRHTeJihHbl HK06HaHbl rrpeo6pa30BaHHfl BO 
ecex To'!Kax. EcJin opneHTnpyIOm.nii aTJiac cym.ecTByeT, 
TO MHOroo6paane M Ha3. 0 pH e HT II p ye M bl M. 
B 0TOM cJiyqae ace opueHTHPYIOIIIHe aTJiacbl pacrra,n;aIOTCH 
Ha ,a;ea KJiacca, TaK 'ITO nepexo,a; OT KapT o,a;Horo aTJiaca K 
KapTaM ,n;pyroro IIOJIOlHHTeJieH, eCJIH lI TOJibKO eCJIH aTJiaChl 
npnHa,n;JiemaT o,a;HoMy KJiaccy. Bhl6op TaKoro KJiacca Haa. 
0 p ll e H T a u; H e ii M H 0 r 0 0 6 p a 3 II ff, 8TOT Bbl6op 
MO)l(eT 6b!Tb c,n;eJiaH yKa3aHHeM OUHOH KapTb! HJIH JIOKaJib
HOR 0. B TO'!Ke Xo (CBH3Hble KapTb!, co,a;epmam.He Xo, ec
TeCTBeHHb!M o6pa3oM pacrra,a;aIOTCH Ha ,n;ea KJiacca). B cJiy
qae ,n;n.p.pepeHa;npyeMoro MHoroo6paan11 JioKaJibHYIO O. 
MO)l(HO aa,n;aTh yl\aaaHHeM perrepa B KaCaTeJibHOM IIJIOCKO
CTH B TO'IK0 Xo (Hanp.' Bpam.eHHe Ha OKpylRHOCTH MOmHO 
3a,n;aTb yl\aaauneM o,n;Horo KacaTeJibIIoro eeKTopa). EcJIH 
M JIMeeT Kpaii n opneHTupoaaHo, To Kpaii TaKme opneHTH
pyeM, Harrp. ITO rrpaBHJiy: B TO'IKe KpaH 6epeTCH penep, 
opHeHTHpyIOIII.HH M, nepBb!H eeKTop K-poro HarrpaaJieH II3 
fJM, a OCTaJibHble eeKTOpb! JiemaT B KaCaTeJibHOH IIJIOCHO
CTII Kpa11; 0TH rrocJiep;HHe II IlpHHHMaIOTCH 3a opneHTHpyIO
IIJ.HH penep Kpa11. 

B,n;oJib JII06oro TIYTH q: [0, 1) -+ M MomHo Bb16paTb u;e
IIO'IKY KapT TaK, 'ITO ,D;Be coce,a;Hue Kaptbl CBH38Hbl IlOJIO)l(H
TeJibHO. TeM caMbIM o. B TO'IKe q (0) orrpe,n;eJIHeT o. B Toq
Ke q ( 1), H 0Ta CBH3b aaBHCIIT 01' rryTH q JIHIIlb c TO'IHOCTblO 
,a;o ero HenpepbIBHoft ,a;e.popMau;nu npH .PHKCnpoeaHHb!X 
KoHu;ax. EcJiu q - neTJIH, T. e. q(O)=q(1)=x0, TO q Has. 
A e 3 0 p H e H T Iii p y IO Ill; H M 11 y T e M, eCJIII 0TH o. 
npoTIIBOIIoJIOlHHbl. BoaHHKaeT roMoMop.iPHaM .pye,n;aMeH
TaJihHOH rpynrrbl n 1(M, x0) B rpynny rrop11,n;Ka 2: ,n;e3opneH" 
THpyIOiu;He IIeTJIH nepeXO,D;lIT B -1, a OCTaJibIIbJe B +L 
Ilo 0TOMY roMOMop.iliH3MY CTpOHTCH HaKpb!THe, HBJIHIOIIJ,ee
CH ABYJIHCTHb!M B CJiyqae HeopH0HTHpyeMoro MHoroo6pa-
3HH. OHO Ha3. 0 pH e HT Hp y IO III.HM (T. K. HaKpb!
BaIOiu;ee npocTpaIICTBO 6y;n;eT opJieHTHpyeMb!M). 8TOT me 
roMoMop.PHaM onpe,n;eJIHeT Ha,n; M o,a;HoMepHoe paccJioe
mrn, TpHBHaJibHoe, eCJIII H TOJlbKO eCJIH M opneHTHpyeMo. 
,AJIH ,n;H.P.PepeHu;npyeMoro M OHO MoiKeT 6bITh onpe,n;eJieHo 
KaK paccJioeHHe An(M) ,n;mp.PepeHu;HaJibHb!X .PopM rropH,a;
Ka n. HeHyJieeoe ceqeHHe B HeM cymecTayeT JIHIIIh a op11e:e:
T11.pye:MoM cJiyqae n aa,n;aeT .PopMy o6'heMa Ha M H o,n;Ho
apeMeHHO o. l\JiaCCH.PJia;HpyIOiu;HM OT06pameHHeM 0Toro 
paccJioeH1rn cJiylRIIT oTo6pameHne k: M-+ 1Rpn. MHoroo6-
pa3He M opHeHTIIpyeMo, ecJIJI u TOJibHo eCJIH He paBeu 
nyJiro KJiacc µEH"- 1(M, Z), cJ1ymam;nii o6paaoM KJiacca, 
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/);Boii:cTseHHoro K /Rpn-?c/RP". OH ABOii:CTBeH u,mmy, IlycTb s ecTb n-Mepnoe BeKTopaoe paccJioeHJie HaA JJJI-
HOCJITeJJeM K-poro CJJylKJIT MHoroo6pa1rne, HBJIHIOI1\00CH HellHO CBH3HblM rrpocrpaHCTBOM x JI rryCTb Ts - ToMa 
npoo6paaoM /Rpn-~ npn oro6pameHnn k, rrpnBeAeHIIblM npocmpancm1Jo pacCJioeHJIH S· Ilycrb i: sn - Ts - craH-
B 06Ufee no.!!O:J/Cenue. 8ror llJIKJI Ha3. 0 p JI e HT II p y IO- AaprHoe BJJomeune, T. e. roMeoMop«J>II3M Ha (<CJJOll)) HaA He-
m; 11 M, T. R. AorroJJHeHIIe K HeMy op:ueHrJipyeMo: ecJJn no R-poll: ToqKoll: xo Ex. SJJeMeHr u E lfn( Ts) ua3• 0 p n e u-
HeMy M pa3p03arh, ro rroJJyqJirCH op:ueur:upyeMoe MHoro- r a u; :u e ll: HJJH To.Ma K.!!accoM p a c c JI 0 e H lI H s, 
o6pa3Me. CaMo M opneur:upyeMo (ueopneHTnpyeMo), ecJJ:u 
H TOJlbKO eCJJH IIOCJJe pa3pe3a rroJJyqHTCH H0CBH3HOe MHO- ecJIJI i*(u)=eyn, rAe eEE0(S0)-II0KOTOpbill o6paTJIMblll 
roo6pa3:ue (aro AOIIOJJHeHHe CBH3Ho). Harrp., B IRP2 aJJeMeHT (uarrp., E=1). PaccJioeu:ue, 06Jia/);a10m;ee 0., 
opJieHTlifYIOIIl;HM ll,HRJJOM CJiym:ur rrpoeRTHBHaH rrpH- Ha3. 0 p Ii e H T H p y e M bl M B reopn:u E*' HJIH rrpo-
MaH IRP . CTO E-o p n e H r :u p y e M bl M, a paccJJoeu11e c Bb16pau-

TpnauryJinpoBaHHoe MHoroo6pa3:ue M (nJJH rrceBAOMIIo- Hoii E-op11eHTau,11eii Ha3. E-o p H e H r n p o B a H H bl M. 

roo6paane) op:ueHr11pyeMo, ecJJ:u Momuo opHeHT:upoBarh lfaoMop«J>:u3M ToMa E*(Ts)""E*(X) (cM. [6]). MHomecTBo 
BC0 n-MepHb10 CHMIIJl0KCbl TaK, qro ABa CHMIIJieKca c o6meii o. AaHHoro E-opHeHT:upoBaHIIOfO paCCJI00HHH s Haµ: x 
(n-1)-MepHoi'.r rpaHbIO HHAYll,Hpy10r Ha Heii rrpornBorro-
JJOlKHble 0. 3aMKHyraH u;erroqKa n-MepHbIX CHMIIJl0RCOB, HaXOAHTCH BO B3aHMHO OAH03HaqHoM COOTB0TCTBHH c 
RaJRAble ABa coceAa B R-poii :uMeIOr 06m;y10 (n-1)-rpaHb, aJJeMeHTaM:u rpyrrrrbl E 0(X)ffi(E0(S0))*, rAe ( )* - rpyrr-
Ha3. A e 3 0 p H e H T H p y IO m e ii, ecJJH 3TH CHMIIJieKCbl rra o6paTHMblX 3JJeMeHTOB KOJlbll,a ( ). 
MoryT 6b1Tb opueur:upoBaHbl TaK, qro rrepBblll H 1IOCJI0A- TpHBHaJibHOe n-MepHoe paccJJ00IIHe en o6JJa/);aer o. 
HHH CHMIIJ10KCbl HHAYll,Hpy10r Ha o6meii rpaHH COBIIa.ll;aIO~ B JJI06oii TeopHH En, H 0CJJH ABa H3 rpex paccJJoe-
ru;ne o.' a OCTaJibHble COC0AH - rrpoTHB01IOJJOmHbI0. HHH s, rJ, sffi'I) E-op:ueHr:upyeMbl, TO E-op:ueHr:upyeMo 

O. Momer 6h1Tb orrpeAeJieHa Ha roMoJJor11q. H3bIKe: AJJH :u rperhe (cM. [7)). B qacTHocr:u, E-op:ueHT:upyeMOCTb 
CBH3Horo opHeHTHpyeMoro MHoroo6pa3HH 6e3 KpaH ZOMO- pacCJI00HHH s BJieqer E-opHeHrHpyeMOCTb pacCJJ00HHH 
J£Oeuii epynna H ,.(M; z) (c 3aMKHYTbIMH HOCHTeJJHMH) sffi0". 
l130Mopqma z' H Bbl6op OAHOll H3 ABYX o6pa3yIOIIJ;HX 3a- IloHHTHe E-opneHr:upyeMOCTH BBOAHTCH H AJJH JJI06oro 
p;aer 0.- or6npaIOTCH Kaprbl c rroJiom:ureJJbHblMII crerre- paccJioeIIHH B CMblCJie fypeB11qa p: E - B, cJJoii K-poro 
HHMH OT06pam0HHH. )1.JJH CBH3HOfO MHOf006pa3HH C KpaeM fOMOTOlIJiqeCKH 3KBHBaJI0HT0H c«J!epe. Il p 0 C T p a H C T-
TO me BepHo n AJJH H,.(M, oM; Z). B rrepBoM cJJyqae Bo M To Ma ra1wro paccJioeH:uH Ha3. KoHyc oro6pame-
opJieHr11pyeMocrb eCTb rOMOTOIIHq. HHBapnaHT M, a BO HHH p; B ocraJibHOM orrpeA0JJ0HH0 aHaJiorHqHo. Orrpe/);eJie-
BTopoM - rrapbl (Af, oM). TaK, JJHCT Mii611yca H KOJlbll,O IIH0 0. BBKTOpHoro pacCJI00HHH S CBO/);HTCH K 3ToMy, eCJIH 
IIMeIOT O/);HH II TOT me a6coJIIOTHblll roMOTOIIHq. rim, HO B KaqeCTBe E B311Tb paccJioeHHe Ha e/);HHHqHble (B HeK-poii 
pa3Hblll - OTHOCHTeJJbHO KpaH. JloKaJJbHaH o. MHoroo6- p:uMaHOBOll Merp:uKe Ha s) c«J>epbl, accou;:u:upoBaHHOe c S· 
pa3HH Momer 6b1Tb TaKIBe 3a/);aHa Bb16opoM o6pa3yI01!1,ell B E-opHeHr:upyeMOCTb eCTb HHBapHaHT CTall,HOHapHoro rro-
rpynne Hn(M, M"-x0 ; Z), H30Mop«J!Hoii z. foMoJiornq. cJioiiHoro roMororr11qecKoro rnrra BeKropHoro (c«J>ep11qe-
HHTeprrperau;:uH 0. Il03BOJIHer rrepeHeCTH 3TO IIOHHTHe Ha CKoro) paccJioeH:uH. PaccJJoeH:ue, opneHr:upyeMoe B OA-
06061!1,eHHble eo.MoJ£oeu'teCKUe M1weoo6paausi. Holl: reopnn, He o6H3aHo 6blrb op:ueHTnpyeMblM B APY-

Ilycrb Ha/); rrpocrpaHCTBOM x 3a/);aHo paccJJ00HHe p: roll:, HO rrpH HaJI:uqHH KOJib[J,eBoro fOMOMop«J!M3Ma Teop:uii 
E - X co cTaH/);apTHblM cJioeM F". EcJI:u 0. Bcex cJioeB E* - F* :u3 E-op11eHr:upyeMocr:u cJJe/);yer F-op11eHT11-
MomHo Bb16paTb TaK, qro JII06oe (co6craeHHoe) OT06pame- pyeMOCTb. 
HHe p-1(y (0)) - p-1(y (1)), orrpe/);eJieHHOe nyTeM. y: rr pH Me p bl. 1) B TeOp!iH H*(-; z 2) op11eJITHpyeMo 
(0, 1)- X O/);H03HaqHo c ToqHoCTbIO AO co6craeHHoii roMo- JJ106oe BeKropHoe (c«J>ep11qecKoe) paccJJoeHHe. 2) B reop11n 
TOIIHH, coxpaHHeT o.' TO paccJioeHHe Ha3. 0 pH e HT Hp o- H*(-; z) opHeHT:upyeMbl B roqHOCTII Te paccJioeJIIIH s, 
Ba H H bl M, a yKa3aHHblll Bbl6op o. CJIOeB - 0 p He H- AJlH K-pbIX xapaKrep:ucr:uq. KJJacc lIITH«J!eJIH W1(s)=O, T. e. 
T a u, :u e ii p a c c JI o e H n H. Hanp., JJHCT Mii6:uyca, op:ueHrnpyeMbI re paccJioeH:uH, K-pbre op:ueIIrIIpyeMbl a 
paccMarpIIBaeMblll KaK BeKTOpHoe paccJJoeH:ue HaA OKpym- KJiacc:uq. CMblCJie. 3) Op!ieHTHpyeMOCTb B0KTOpHoro pac-
HOCTbIO, He o6JiaAaer o., B TO apeMH KaK 6oKOBaH noaepx- CJJOeHHH s B aeni;eCTB0HHOll K-meopuu 3KBHBaJieHrHa TOMy, 
HOCTb ll,HJIHH/);pa - o6Jia/J;aer. qro W1(s)=w2(s)=O, a B ROMIIJJeRCHOll K-reop1rn - ToMy, 

lloHHTHe o. AorrycRaer ecreCTB0HHoe o6o6meHIIe ll AJlH qro W1(s)=O H W2(s) - u;eJJoqucJJeHHbiii 3JJeMeHT [8]. 
cJiyqaH 6ecKoHeqHoMepHoro MHoroo6pa3:uH, Mo/);eJJupo- IlpII aroM AJIH H-op11eHT:upyeMocr:u c«J>epuq. paccJioeHuii 
BaHHOfO rrpn lIOMOIIJ;H 6ecKoHeqHoMepHoro 6aHaxoaa HJIH 3TO YCJIOBHe Heo6XO/);HMO, HO He AOCTaroqHo. 4) Op:ueHTH-
TOlIOJIOfHqecKoro BeRropHoro rrpocrpaHCTBa. rr pH 3TOM pyeMOCTb B reop1rn YHHrapHbIX Ko6opAH3MOB U* He oxa-
Heo6XO/);HMbl orpaH:uqeHHH Ha JlMHeiiHble onepaTOpbl, HB- paKTepH30BaHa (1983); KOMIIJl0KCHble paCCJJ00Hl1H U-opH-
JIHIOil\HeCH AH«J!«J!epeHu;uaJJaMH' «J>yHKll,HH rrepexo/);a OT Kap- eHrHpyeMbl, HO 3TO HBHO He Heo6XO/);HMO. 5) B TeopHH IT* 
Thi R RapTe: OHM /);oJJmHbl He rrpocro rrp1rna/);JJemarb o6mei1 cra6HJJbHblX KOfOMOTOfiHq. rpyrrrr opIIeHrMpyeMbl JlHIIlb 
JIHHeHHOll rpyrrrre Bcex ll30Mop«J!:u3MOB MOAeJJupy10mero paCCJJOeHHH TpHBHaJJbHOfO CTall,HOIIapHoro rroCJJOHHOfO 
rrpocrpaHCTBa, K-paH roMOTOIIHqecKH rpHBHaJJbHa (B paa- roMOTOilJiq, THIIa. 
HOMepHoii TOilOJlOfHH) AJlH 60JJblliHIICTBa KJJaccuqecKHX B 3a/);aqe OIIHCaHHH RJJacca paCCJJoeJIHll, opHeHTMpyeMblX 
aeKTOpHbIX npocrpaHCTB, a Co/);epmarbCH B HeK-poii JIHHeii- B /);aHHOii TeopHH, HMeerCH CJl0AYIOI1\Hi"I o6mHii pe3yJJhTaT. 
HO HeCBH3Hoii noArpyrrrre o6ru;eii JJMHeii:Hoii rpynnbl. Tor/);a Ilycrb ronoJIOrJiq. rpynna G /);eiicrByer Ha 1Rn u nycTb 
ROMIIOH0HTa CBH3HOCTH A8HHOH IIO/);rpyrrnbl H 6yAeT 3aAa- E* - HeK-paH reopHH. Cyrr,ecrByer (CM. [7], r/);e /);alia HB-
BaTb «3HaK» O. B Ka'feCrBe TaKoli IIOArpyrrrrhl o6hl'fHo Bbl- HaH KOHCrpyKIWH) npocrpaHcrao B (G, E) c yH:uaepcaJJb-
6HpaeTCH «J>pe/J;fOJlbMOBa rpyrrna, COCTOHlll,aH H3 rex H30- HblM E-opll0HTHpoBaHHbIM paCCJJoeIIueM HaA IIHM, KJJaCCH-
Mop«J>H3MOB Mo/);eJJupy10ru;ero rrpocrpaHCTBa, AJJH K-pbIX «J>uu,Hpy10rn;ee E-opHeHTHpoaaHHble B0KropHbI0 paccJJoe-
pa3HOCTb c TOJR/);eCTB0HHblM H30Mop«J>H3MOM eCTb BIIOJJHe HHH co crpyKrypIIoii rpyrrnoii G, T. e. /);JIH JJI06oro (JJHHeii-
HerrpepbIBIIblll oneparop. Ho CBH3Horo) npocrpaHcraa X MHomecTao E-op:ue11r:upo-

O p H e H T a !I, H H B 0 6 0 6 Ill; e H II bl x T e 0 p H H x aaHHblX G-BeKTOpHbIX paCCJJOeJI:uii HaA x HaXO/);HTCH B ec-
R 0 r 0 M 0 JI 0 r H ii. IIycTb E* - MyJJbTIUIJIHKaTHBHaH recrBeHHOM B3aHMHO O/);H03Ha'fHOM COOTBeTCTBHH c MHOJRe-
o6o6ru;euHaH TeOpHH KOfOMOJJOI'Hll (H:ume-rrpocro TeopHH). CTBOM r x' B ( G, E)J fOMOTOIJHq. KJJaCCOB oro6pameH11ii 

FIMeercH eAHHHD,a 1 E EO( so)' H rrp:u H30Mop«J>n3Me HaA- X - B ( G' E). 8ro me BepHo AJIH c«J>ep:uq. paccJJoeH:uii H 
«XOpOIIIHX» MOIIOH/);OB G. 

crpoiiKn E0 (.')0)~En(S") e:ii uraeqaer aJieMeHT 'l'nEE"(S"), 06parHaH MAaqa <.:oCTonT B onncaHHH rnop1m, rAe AaH-
rAe Sn 0CTb n-Mepaaa: c«J>epa. Boe paCCJI00BH0 (HmI ,g;aHHblll KJJaCC paCCJlOeBHH) opH&H-
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TnpyeMo. lfanecnrn, 'ITO ecJin B Teopnn E* opHeHTHpyeMhl 
ece e.eKTopHhle paccJ10eHHH, To 

E* (X) ;o::; H* (X; E (8°)), 

IIpl!IqeM 2E*(S0)=0. B 3TOM KOHTeKCTe rrnor)la OCJia6JIHIOT 
YCJIOBl!IH Ha Teopruo E*, Harrp. CHUMaKJT ycJioeue KOMMy-
1·aTUBHOCTU yMHollieHHH u T. A· .Il:JIH mo6oii Teopuu E*, 
B K-poll: BCe KOMIIJieKCHbie paCCJioemrn opl!IeHTlilpyeMbI, 
uMeeTCH roMoMop«J>u3M TeopHH U* - E*, r,a;e U* - Teo
p1rn YHllTapHbIX Ko6op)llil3MOB, II 3TOT roMOMop«J>1i!3M IIOJI
HOCTbKl aa,a;aeTCH E-opHeHTaIIHeii KaHOHl!Iq, paCCJioeHl!IH ri 
Ha)l CP 00 • AHaJiorll'IHoe eepHo 11 )lJIH S P-paccJioeHHii (cM. 
Ko6opouaM). IlocTpoeH11e )lJIH mo6oro KJiacca eeKTopHbIX 
paccJioeHIIii yH11eepcaJibHoii TeopuH, oT~6pallia10rIIeiicH e 
JI106y10 Teop1110, rne oprreHTHpyeM ,a;aHHhllil KJiacc paccJioe
HHii, eme ( 1983) ne rrpoeeneHo. 

O p 11 e H T a II 11 e ii: (npyroe HaaeaH11e - «P y H A a-
111 e H T a JI b H bl iI R JI a c c) 3aMKHyToro n-MepHoro 
~rnoroo6paauH (HJIH, 60Jree o6r:rro, KoMrrJieKca Ilya!Rape 
«J>opMaJibHoii paa111epnocT11 n) e Teop11_H E* Has. TaK011 aJie-
111eHT zEEn(M), qTo roMoMop«J>1i!3M E 1(M)-En-i(M) Blil)la 
X - Zn X (CM. [9]) eCTb lil30MOp«J!1i!3M; 3TO - T. H. 1130MOp
«J>1i!3111 )lBOHCTBeHHOCTl!I IlyanKape. 0Ka3hIBaeTCH, qTo MHO
roo6pa3He (KoMrrJieKc IlyanKape) E-opHenmpyeMo Torna 
Ii! TOJibKO TOr)la, KOr)la E-op1i!eHTlilpye1110 ero HOplllaJibHOe 
paccJioenHe. OrrpeneJIHeTCH 0. u )lJIH MHoroo6paaHii 
(KOMIIJieKCOB IlyanKape) c Kpae111. 

Jium.: [I) Jl: y 6 p o B H H B. A., HOB H H 0 B C. fl., ([J 0 Me H
R o A. T., CoBpeMeHHaff reoMeTpn11, M., 1979; [2] BBe11eHne B '.ro-
110Jrnrmo, M., 1980; [3] p 0 x JI H H B. A., <I> y H c ,a:. B., Ha•IaJib
Hblit HYPC To110Jior1m. reoMeTpn•rncHne rJiaBhl, M., 1977; [4) X h IO a
M 0 JI JI e p n .. PaCCJIOeHHbJe IlPOCTpaHCTBa, nep. c aHrJI., M., 1970; 
[5] C n e H h e p 3., AJire6panqecRaH TOIIoJiorn11, nep. c aHrJI., 
M 1971· [6] ,a: o JI b 11 A., «MaTeMaTHHa», 1965, T. 9, M 2, c. 8-
140;' [7] May J., E 00 ring spaces and E 00 ring spectra, B.- N. Y., 
1977· [8] CT o Hr P., 3aMeTRH no Teopnn Rol'iop11na111oa, nep. c 
aHrJI.', M., 1973; [9) Ya ft T x en .!l:m., Hoaeftnrne nocTnmemrn B 
Teopnn roM0Tom1lt, nep. c aHrJI., M., 197 4. 

IO. B. PyfJsn, A. B. 'lepnaacnuii. 
OPHCCI> EPA - rroeepxnoCTb rrpocTpancTea Jio6aqee

CKoro, opToronaJibHaH R npHlllhIM, napaJIJieJibHhIM B He
KOTopoM nanpaeJieHl!Ilil. 0. MOJI\HO paCCMaTpirnaTb KaK c«J>e
PY c 6ecKoneqHo y,a;aJieHnhIM :rreHTpoM. Ha O. peammy
eTCH eBKJil!IAOBa reoMeTpIIH, eCJilil IIO)J; IIpHMbIMll IIOHlillllaTb 
opuLfUK.1t1>1, rropHAOK ToqeK orrpep;eJIUTb qepe3 rropHAOK 
npHMhIX e rryqKe rrapaJIJieJieii, orrpeJJ;eJIHIOIJJ;HX opHIIllKJI, a 
)lBl!IlReHHeM Ha3h1BaTb TaKIIe )lBMlReHMH B rrpocTpaHCTBe 
Jio6aqeecRoro, K-phle rrepeBOJJ;HT 0. e ce6H. 

A. B. Haanoa. 

OPHI(HKJI, rr p e A e JI b H a H JI II n u H,- opTOro
HaJJbHaH TpaeRTOpli!H rrapaJIJieJibHbIX B neK-pOM Hanpae
JJeHl!Ilil IIpHMblX IIJJOCKOCTl!I Jio6aqeecKoro. 0. lllO)RHO pac
CMaTpIIBaTb Kai> oKpylRHOCTb c 6eCKOHeqHo y)laJJeHHbIM 
IIeHTpoM. 0., rropom,a;eHnble OJlHHM rryqK0111 rra paJIJJeJJbHblX 
upH!llblX, KOHrpy3HTHbl, KOHIIeHTpuqHbl (T. e. BbICeKalOT 
Ha rrpH!llbIX rryqKa KOHrpy3HTHble 0Tpe3KM), HeaaMKHYTbI 
Ii! BOfHYTbI B CTopoHy rrapaJJJieJibHOCTl!I IIpH!llblX rryqKa. 
Hpli!Bll3Ha 0. IIOCTOHHHa. B MO)l0Jlll IlyaHKape 0.- OK
pyllilIOCTb, KacaromaHCH lil3HYTPlil a6coJI10Ta. 

IlpHMaH Ii! 0. Jrn6o He I1111e10T o6r:u;nx ToqeK, JJu6o Ka
caroTCH, Jrn:6o rrepeceKalOTCH B JJ;BYX TOqKa~ IIO)J; paBHbl
Mll yrJiaMll, JI1160 rrepeceKalOTCH B O)lHOII TO'llie IIOA 
rrpHMbIM yrJioM. 

qepe3 )lBe TOqKlil IIJJOCKOCTH Jio6a'leBCKoro npOXOAHT 
)lBa Ii! TOJibKO )lBa 0. 

Jium.: [1] I\ a r a H B. <I>., OcHoBaHHff reoMeTp1m, q, 1-2, 
M.- JI., 1949-56; [2] H 0 p I\ e H A. Il., 8JieMeHTapHoe BBel\eHHe 
a reoMeTPHIO Jio6aqeacHoro, M., 1953; [3) E IP HM o B H. B., 
Bhlcrna11 reoMeTpHH, 6 usn., M., 1978. A. B. Haanoa. 

OPHl(HKJIHlJECKHA: IIOTOK - IIOTOK B rrpocTpan

CTBe 6H3Apoe TaKoro n-MepHoro pnMaHoea 111Horoo6pa311H 
Mn (o6blqno saMRHyToro), )lJIH R-poro orrpeneJieH-0 IIOHHT11e 
opu::rrmwa; 0. n. OilllChIBaeT )lBHJl\0Hlle 6II3)1.pOB B)lOJib Oll
pe,a;eJJH0MblX UMII op11:rr11KJIOB. 
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0CHOBHbl0 CJJyqau, Kor)la orrpene~eHO IIOHITTlle opm:.~n:K

Jia,- Te, Kor)la Kp11Bll3Ha pu:MaHOBOH MeTpIIKH OTPIIIIaTeJib
Ha u: JJII6o n= 2, mi:6o KpIIBII3Ha IIOCTOHHHa. B Ii! 3 A p y, 
T. e. opTOnopMHpoeaHHOMY 2-perrepy (x, e1 , e2) (xEMn; 
e1 , e2 - e3aIIMHo opToroHaJibHble 0)lI1HI1qnbfe RacareJib
Hhle BeKTOpbI B TOqRe x), conoCTaBJIH0TCH OPliIIIRKJJ 
h(x, e1 , e 2), K-pblii npoxo)lHT_ qepe3 x B HarrpaaJieHHll e2 If 
pacrroJJomeH Ha rrpoxo,a;HmeII qepe3 x op11cljlepe H (x, e1), 
HBJIHromeiicH (n-1)-MepnbIM opToroHaJibHblM MHoroo6pa-
3lil0111 ceMeHCTBa reo)l03li!q, Jil!IHllH, aCIIMIITOTlilqeCRl!IX (B 
IIOJI01RIIT0JibHOlll HarrpaBJI0Hlil11) K reo,a;e311q, JIIIHl!Ill, rrpo
XO)lHmeii qepe3 x e HarrpaeJieHIIll e1 • HarrpaaJieHn:e Ha h, 
orrpe,a;eJIH0MOe e2, rrp11H11MaeTCH 3a IlOJJOJl\li!T0JlbH00 (rrp11 
n=2 pOJib e2 TOJibKO R 3TOMY II ~BOJl.~TCH; H II h MoryT 
li!M0Tb CaMorrepeceqeHl!IH; rrpoCTeIIIIIl!Ili CIIOCO~ l!I36elliaTb 
MorymIIX B03HliIKHYTb 113-3a 3Toro H0HCHOCTeH COCTOl!IT B 
TOM, qTo6bl BblIIOJIHIITb aHaJiornqHble IIOCTpoeHIIH He B 
Mn a e ero yHIIBepcaJibHoM HaRpblearomeM Mnoroo6pa-
3IIII, - rrpII IlOCTOHHHOH Kp11Blil3He 3TO o6blqnoe n-MepHoe 
rrpocTpaHCTBO Jio6aqeacKoro - u crrpoeKTHpoBaTb rrorry
qennhlii Tall! opHJJ;IIKJI B Mn). Ilo,a; ,a;encTeneM O. rr. 6nanp 
(x, e1 , e2 ) aa epeMH t rrepexo)lMT B 

(x (t), e1 (t), e2 (t)), 

rne x ( t) c II3MeHeHII0M t )lBIIJl\0TCH c e)ll!IHIIqHoii: CKOpOCTblO 
no h (x, e1, e2) B IIOJIOJl\llT0JibHOM HanpaBJJ0HIIII, 0)lHHHq
Hblll B0KTOp e1(t) ·opTOroHaJieH H (x, e1) B TOqKe x ( t) (BbI-
6op O)lHOro 113 )lByX B03M01RHbIX HarrpaBJI0HHH )lJJH e1(t) 
rrpOH3BO)lIITCH no HerrpepbIBHOCTlil) H e2(t)= dx ( t)I dt. 

J1.3yqeHHe 0. II. 6bIJIO HaqaTO B CBH3ll c T0M, qTo OH u:r
paJJ ealliHyKJ poJib rrpn nccJJep;oeaHIIH eeooeauttecr;ux nomo
K06 Ha MHoroo6pa31i!HX OTpu:u;aTeJJbHOH Kpli!Bll3Hbl [1]. 
Ilo3,a;Hee 3Ta poJib nepeuma K HeR-pbIM c.11,oenuJtM, B03HM
KaKJmIIM B TeopIIII J7-cucme.M, a o. II. CTaJJ Ca!llOCTOHT0Jib
HblM o6'beRTOM HCCJie)loeaHIIH. Ceoii:CTBa O. rr. xoporno 
113yqeHhl (c111. [2]-[7], [11]). 0 He-K-pb!X 0606IUeHHJ'IX cm. 
B [8) - [10). 

Jlum.: [1) X o 11 IP 8., «Ycnexu MaTCM. HaYR», 1949, T. 4, a. 2, 
c 129-70· [2] IT a pa c IO R O. C., TaM me, 1953, T. 8, a. 3, c. 
125-26; [iJJ r y I!. e B H q B. M., «JJ:om1. AH CCCP», 1961, T. 136, 
M 4 c. 768-70; (4] Furstenberg H., B RH.: Recent advan
ces in topological dynamics, B.- [u. a.1, 1973, p. 95-115; [5] 
Marcus B., «Israel J. Math.», 1975, v. 21, N• 2-3, p. 133-4[4; 
[6] ero me, «Ann. Math.», 1977, v. 105, M 1, p, 81-105; 7] 
c r o me «Invent. math.», 1978, v. 46, ;r;; 3, p. 201-09; [8) G r[e
e n L w' «Duke math. J.», 1974, v. 41, M 1, p. 115-26; 9] 
B 0 w"e n "R.., «Israel J. Math.», 1976, v. 23, No 3-4, p. 267-
73· [10) Bowen R. Marcus B., TaM me, 1977, v. 26, No 1, 
p '43-67· [11) Ra t'n er M., «Ann. Math.», 1982, v. 115, ;No3, p: 597-614. JI.. B. Anocoa. 

OPJIHllA KJIACC - MH01R0CTBO «J>yHK[\llH LM, YAOB
JieTBOpHKJmee yCJIOBlillO 

~GM (x (t)) dt < oo, 

rne G - orpaHIIqeHHoe 3a!llRHyToe MHomecTeo B Rn, 
dt - Mepa Jle6era, M(u) - qeTHaH BhIIIYRJiaH «J>yHKJJ;llJI, 
B03pacTaKJmaH rrplil IIOJIOlRIITeJJbHblX u, ll 

lim u-IM(u)= lim u[M(u)J- 1 =0. 
u~o u~oo 

TaRHe «J>yHRIIHII Ha3. N-«P y HK II Ii! H 111 ri:. <DyBKIIMJI 
M ( u) norrycRaeT rrpe)lcTaeJieHIIe 

M (u)= ~~u 1 p (v) dv, 

rne p ( v)= M' (v) He y6bleaeT Ha noJiyocu, 

p(O)= lim p(v)=O, 
v~o 

p(U)>U rrpn v>O. <DynKJJ;lilll M(u) 11 

N (u) = ~~u 1 p- 1 (v) dl', 

r):l,B p- 1(v) - o6parHaH K p(u) «J!yHKIIlfJI, H83. A 0 IT 0 JI
H If T 6 JI b H bl M 11 «P y H K II 11 H M If. Harrp., ecJJR 
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M (u)=uP' /p', 1 <P<~, TON (u)=uP' /p', r)l,e 1lp+1lp'= 
= 1. ,[(JUI IIapbI AOIIOJIH!ilTeJihHbIX cpyHKI~llii CIIpaBe)l;JIHBO 
e e p a B e H c T B o IO H r a: 

ab,;;;;, M (a)+N (b). 

<l>yHRUllH M (u) y A 0 B JI e T B 0 p H e T /'>..2-Y c JI O-
B u 10, ecm1 cymecTByIOT TaRHe C Iii u0 , qTO M(2u)..;;: 
..,.;CM (u) )];Jill ecex U~Uo· o. R. JlllH00H Tor11a II TOJ!bRO 
Ton~a, rrnrJJ;a M(u) YAOBJJeTeopll0T 6 2-ycJioeHro. Ma Hen
cena 11epaeencmea BbITCRaeT BbillYRJIOCTh LM· 

IlyCTh M1(u) R M 2(u) - JJ;Be N-cpyHRUllH. ,[(Jill Toro 
qTo6IJ LM CLMa• eeo6xon:RMO ll AOCTaToqHo, qTo6hl 
M 2(u) ..;;;:CM1 (u) IJ:JJH HeR-poro C 11 JJ;OCTaToqHo 6oJihIDllX u. 

0. K. paccMo'l'peHhI B. OpJJRqeM II 3. E11pH6ayMoM [1). 
Jlum.: [1] Birnbaum z .. 0 r I I c z W., «Studia math.», 

1931. v. 3, p. 1-67; [2] HpacuoceJ1&CRRfl M.A., 
p y T H u R ii ll fl, B.. BhlUYKJible ll>YHR!l,Hll ll npOCTPBHCTBa 
Op.JlH'la, M., 1958. E. M. Ce.Menas. 

OPJllPIA IIPOCTPAHCTBO - 6aHaxoeo IIpOcTpaucTeo 
ll3M0p!i1MhIX <fiyHKUHH; eeeJJ;eHo B. Opm1qeM [1). IlycTh 
M(u) 11 N(u) - rrapa .uouoJIHliTCJJhHhIX N-<fiyHRUllH (cM. 
Op.ttu'la l'iJiacc) n G - orpaHJilqeaHoe aaMKHYTOe MHomecTBO 

e IR 11 • II p o c T pa H c T e o M 0 p JI 11 q a LM rraa. 
MHOJKeCTBO H3M0p11MhIX OTHOCHTCJlbHO Mepbl Jie6era cpyHR
UllH ua G, aa R-phlx 

llxllM=SUp {~ax(t) y(t)dt:~GN(y(t))dt..;1} < ~. 
o. II.- IIOJIH00 Hop111n:poeauaoe upoCTpaHCTBO OTHOCH
T0JlbHO HOpMhI llxllM, R-pall Has. H 0 p M 0 il: 0 p JI H 'J a. 

l\orga M(u)=uP, 1<p<~, TO LM coe11a,a;aeT c Pucca 
npocmpancmeo;µ Lp ll c TO'JHOCTbID JlO CKaJJHpHoro MHOJKll
TCJl.11 llxllM coeuan:aer c llxllLP.· 

EcJI11 M 1(u) ll M 2(u) cyTh N-cpyeKI~llll, To eJJO>RCHHe 

LM,CLM, HMeeT MecTo Tor,ua 11 TOJibRO TorJJ;a, Ror.a;a ,a;JJH 
HCK-poro c ll ecex AOCTaroquo 6oJiblllllX u BhIIIOJIHCHO He

paeeaCTBO M 2(u)..;;:M1(Cu). ,[(JJH JJID6oro 0. II. LM cupa

ee,a;JJllBhI eJJomeHHH L00cL'McL1• Bca«a.11 cyM111HpyeMaa 
cpyHRUllH IIp11Ha)l;JJ0lRllT HeR-poMy o. II. 

IIpocTpaucTeo LM ceuapa6eJJbHO TOrAa ll TOJJhRO TOrJJ;a, 
Ror,a;a M(u) y,a;oeJJeTBopaeT 6rycJIOBllIO. B 06me111 cJJyqae 

Loo He IIJJOTHO B LM 11 aaMhIKRHlle L.,, B LM o6oaaaqa0TCH 

'le pea EM, oao ecer11:a ceIIa pa6eJJhHo. ECJJH x ELM, To 

lim sup llxxellM=P (x, EM), 
i: _,. O mes E"' i: 

( 1, tEE, 
Xe(t)=l 0, t~E. 

Ecm1 M (u) ll N (u) - LlOIIOJIHHTeJJbHhle N-cpym~u1rn 11 

xELM, YE Liv, To cnpaBeAJ!lfB aHaJJor I'i.!!b&epa nepa-
eencmea 

~ G x (t) Y (t),;;;;;;, llx li(M> 11 Y ll(N» 

r11:e llxllcMl - Jliol'ice.M6ypaa nap.Ma. BcHK11iI HenpephlBHhli°I 
JJJJHeii:uhIH cl>y1rnunoHaJ1 f Ha EM npe.UCTaBllM e enAe 

I (x) = ~ G x (t) y (t) dt, 

r11:e YELN IJ 11/11= llYll<N>· 
Rp11Tep1m KOMIIaKTBOCTll M. Pncca (M. Riesz) H 

A. H. HoJIMoropoea AJIH IIpocTpaHCTB Lp neperroc.11TCH Ha 
EM· CJ1e11:yrom11e ycJioe11a aKe11eaJieHTuhI: 1) upocTpaHcT

eo L'M pecpJJeKc11eno; 2) M (u) n N (u) YAOBJJeTeoparoT 

6 2-ycJioa11ro; 3) B LM cymecTByeT 6eaycJJOBHhlii 6aauc; 
4) Xaapa cucme~ta o6paayeT 6e3ycJJOBHhIH 6aaHc B LM; 
5) Tpl!roHoMerpnq. c11cTeMa - 6a::rnc e LM. CI1cTe111a Xa
apa - 6aa11c e EM· 

AnaJJorH'IHhIM o6paaoM oupe,neJI.ReTCH upocTpaHCTeo 

lIOCJJeJJ;OBaTeJ!bHOCTeii lM' OAHaRO ceoiicrea npocTpaHCTBa 

lM aaBHCHT OT acnMIITOTHRH cpyHKUHH M(u) e 0. MayqeHbI 

[ 5 I MHorne reoMeTp!Iq. ceoiicTBa npocTpaHcTe L M 11 l M; 
Raup., AJIH nro6oil: cpyHKUHll M ( u) HaXOIJ:l!TCH MHo>ReCTBO 

ecex TaKHX p, qTo lp naoMopcpeo BRJia,uhleaeTCH e LM· 
o. 11. HpllMeHlllOTCH llpl! 1rnyqemrn ceoiiCTB llHTerpaJJb

HhIX 011epaTOpOB, B TeopuH AHcflcpepenu11pyeMbIX ¢YHKUHii 
MHOrux uepeMCHHbIX II B npyrllX pa3A6JiaX aHaJrnaa. 

Jium.: [1] Or I I c z w., «Bull. intern. Acad. Pol. Ser. A», 
1933(annee19321P· 207-20; [2] Hp a c Hoc e JI i, c K H ttM. A., 
p y TH II K II II tt. B.. Bh!IlYKJibJe «l>YHKUHR H npocTpaHCTBa Op.1rn
qa, M., 1958; [3] r a no m H u H B. <l>., «<l>YHRII. anaJiua u ero 
npHJIO>R.», 1967, T. 1, M 4, c. 26-32; [4] Hp ell H c. r., II e Ty
H n H IO. IL, Ce Me a o a E. M., HnTepnoJilIUmr JIHHellHblX one
paTopoa, M., 1978; [5] LI n dens tr au s s J., Tzar r i r i L., 
Classical Banach Spacee, v. 1-2, B.-- Hdlb.- N. Y., 1977-79. 

E. M. Ce.Menoe. 
OPHCTEDHA - llEKOHA :wro)J;uqECKAH TEO

PEMA: nycrh (W, µ) - 11pocTpaHcTeo c cr-RoHe'!HOH Me
poii 11 T - J111HeiiHb1fr noJJoiR11TeJJbHhlfr onepaTop e L1 ( W, 
µ), rrp11qeM Li-HOpMa llT\l..,..;1; ecJ111/, gEL1(W, µ) 11 g~O 
IIOqT11 BCIDAY' TO npe,neJI 

lim 
~:=O Tk/ (w) 

~: .. 0 Tkg (w) 

cymecTeyeT IIoqTJJ BC!OAY Ha TOM MHOiKCCTBe, r11:e 3HaMeHa
T0Jlh rrp11 AOCTaToqao OOJ!hlllllX n OTJIJJqerr OT HYJJ.11, T. e. 
rAe XOTh O,[lHO 113 qllCCJI Tkg(w) >O. 

8Ta TeopeMa c¢opMyJJHpoeaHa n 11:0Raaa11a ,[(. OpHcTeii
HOM II P. lJeKOHOM [1) (CM. TaKme [2), [3)); II03AHee 6b!JI 
rroJJyqerr ee .aaaJJor ,D;JJH nerrpephlerroro epeMeu11 (c111. [4]). 

Herrocpe,ncTBeHHhIMll cJie)l;CTBllHMll 0.-q, a. T, .11e
JJ.11IOTCH B up1ieo(/Ja apao&u'lecl'iasi meope.Ma ll HCK-phle ll3 
paHee upep;JJOiKCHHhlX o6o6meallll IIOCJl0AHeii, HO l!MeeTCH 
TaKme p.11p; apro11:Hq. reopeM, neaaenc11Mb!X OT 0.-lJ. a. T., 
a caMa 011a nop;eepraJJaCh pa3JJir'IHhIM o6o6meHHHM (cM. 
[5], [6). a TaKme JJHT. IIPH CT. Onepamopnasi ap208u'lec1wsi 
meope.Ma). BMecTe c TeM Ha ecex o6o6mean:ii TeopeMhI EHpK
rocpa, IIO-Bll)J;llMOMy, 'Jame Bcero llCIIOJ!b3Y0TCH 0.-~l. a. T. 

B IIHOCTpaHHOH JlllTeparype 0.-lJ. a. T., KaK ll eoo6me 
reopeMhI, B R-pbIX peqh Il)l;CT 0 rrpeJJ;eJJe OTHOIIJ0HllH ABYX 
apeMeHHhIX cpe11:a11x, 11aa. ratio ergodic theorem. 

Jlum.: [1] C h a c o n R. V., 0 r n s t e i n D. S., «Ill. 
J. Math.», 1960, v. 4. No 2, p. 153-60; [2] X on«!> 8., «MaTeMarn
Ka», 1962, T. 6, :NI 3, c. 29-36; [3] Hee ii IB:., MaTeMaTR'iecmrn 
OCHOBhl TeOpHR eepoHTHOCTell, nep. c lj>paau.. M.' 1969; [ 4] 
A kc o g I u M. A., Cun so Io J., «Proc. Amer. Math. Soc.», 
1970, v. 24, M 1, p. 161-70; [5] ch a c 0 n R. v., B RH.: Ergo
dic theory. Proceedings of an Internation~l Symposium. New Or
leans, 1961, N. Y.- L., 1963, p, 89-120, [61Terre11 T. R., 
«Boll. Unione mat. ital.», 1972, v. 6, M2, p. 175-80. ,l{.B.A1t-0coe. 

OPHillTEDHA - Y .1IEHBEKA IIPOI(ECC - rayc-
coecRni! cTauHonap11hlii cJ1y11aii:rrhlii rrpou,ecc V (t) c HyJJe
BhIM MaTeMaTJrll. omu,naalleM II <IRCHOH0HUIIaJlbHO 3aTyxa
romerr ROppeJJHl,llOHHOll cpyHRU,HeH BUAa 

EV (t) V (t+·t) = B ('r) =cr2 exp (-a/ T j), a> O. 

0.~Y. II. MOil\eT 6hITh TaKiKe onpeAeJJeH KaK CTaU,HOHap
HOe pelllCHHe CToxacTJI'J, ypaBHCHHH (ypaeHeHH.11 Jia11me
eeHa) Bii/la 

md v (t)+~v (t) dt=dW (t), 

me W(t) - eu11epoecnuii npOlfecc (TaK <ITO dW(t)/dt= 
= W' (t) - o6o6meHHhIH cJJyqaii:HhltI rrpouecc GeJioro lllY
Ma), a rn l! ~ - IIOJIOlKllTeJibHble HOCTO.RHHhle, IIPll'leM 
~lm=a. 

YpaeHea11e ( *) rrpH6JIH>R0HHO orr11chleaeT op;HoMepnoe 
6poyHOBCROe UBll>ReHlle ceo6o)J;HOH qaCTlll'hI; rrpll aTOM 
v (t) HHTepupeTHpyeTC.R RaK CKOpOCTb qaCTIIU,hI, m - ee 
Macca, -~ V (t) - rrpoIIopu,uoaaJJhHall cKopoCTH c11J1a 
«eaaKoro Tperr11a» (AJIH ccpep1rn. qaCTJJUhI pa11:Hyca a Koacl>
cpHU,lleHT ~ paeeH 6:n:ria, r,ue rt - Roaipcp11u,lleHT B.ll3ROCTH, 
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B pmy rHAPOAn:HaMH'I. «J>opMyJlhl CT01rna), a 6eJ1hlii rnyM HeIIpephIBHhl n rr11r)le rre m1«J>«J>epemv1pyeMhl c eepol'!T> 
w (t) - ;)TO «CJiy'laiiHaH C!IJia», IIopom/);eHHall XaOTillJ. HOCTblO 1 II 'ITO 
TOJllJRaMII MOJleRyJI cpe)lhl, HaXO)lHIIJ,!IXCH B TBIIJIOBOM )lBII- Iv (t) v (0) I 
lli8HIIII, II HBJIHIOIIJ,aHCH OCHOBHoii rrpI11IIIHOll 6poyrroBCRO- li111 -

1, lim IY(t)I 

ro /);BnmeHIIH. B nepeorra'!aJlhIIoii Teopn11 6poynoec1wro 1 ~ 0 y 4aa't ln ln + 
ABHiReIIHH, paae11ToI1 A. 8iirrrnTeiiRoM (A. Einstein) 11 

t ~"' V2a= Int 

M. CM0J1yxoecmrn (M~ Smolnchowski) 8 1905-06, npe- c eepoRTHoCThIO 1. 
R 6per JI Jlum.: [1] Uhlenheck G.E., OrnstelnL. S .. «Phys. 

e a OCb HHepu,11en '!aCTI!IJ,bl, T. e. C'IIITaJIOCb, 11TO Rev.», 1930, v. 36, p. 823-41; [2] q a Hp; pace" a pc .• CTO-
m= O; IIpll <lTOM ypaerre~11e ( *) npueO/);IIJJO R BhlBOllY, 1no xacmqecmrn rrpol5JieMhl e qma1rne l!I acTpoHoMHl!I, rrep. c aHT.rr. M 
ROOPAIIHaTa 6poyHOBCROII 'IaCTIIIJ,hl 191,7; [3] Be pH ill Te II H c. H., «.r:i:o«JI. AH CCCP», 1931,, 0 T. i; 

M 1,c. 1-9; M 7, c. 361-65; [t,]K o Imo go rov A. N.,«Ann. 

X(t) __ \
0
1 V(t')dt' Math.», 1931,, v. 35, p. 116-17; [5] Do ob J. L., «Ann . 

.) Math.», 191,2, v. 43, p. 351-69. A. M. HU.OJ.I. 

OPPA - 30MMEP<l>EJlh,[J;A YPABHEHllE - JIIIHeii

paeua ~- 1 W(t), T. e. IIpe)lcTaBJIHeT co6oi'1 ennep0BCR11i'1 
npon;ecc. TaRnM o6paaoM, e11uepoecmiii: IIpou;ecc onnchl
eaer MOAeJih 8iiHIIITeiina - CM0J1yxoec1wro 6poynoecRoro 
ABHiR0HllH ( OTCIO)la /);pyroe ero H33B3Hlle - II p 0 I~ e c c 
6 p 0 y H 0 B c R 0 r 0 ll B II if( e H Il H); T. R. 3T01' IIpo
n;ecc HeAu«J>«J>epeHIJ,IlpyeM, To e reop:irn 8i'IHIIITeiiaa - CMo
J1yxoncRoro 'IaCTllIJ,a, coeeprnaromaH 6poynoecRoe ABume
n11e, He llM88T ROHelJHOll CROpOCTll. YTo'IHBRHaH Teop1rn 
6poynoec1wro AB11meu11R, on11pa101u,aRCH na ypaenee11e 
(*), r)le m;CO, Ob!Jla IIpeAJIOmena JI. OpmIITe:iiHOM 11 Jlm. 
YJJeu6eRoM ([1]; CM. TaRme [2]); IIoame Ta me Teop11R 6E.iJ1a 
BLIABHHYTa C. H. EepnrnTeiiaoM [3] H A. H. KoJIMoropo
BhIM [4]. B Teo~!fH OpHIIITeiiaa - YJieaoeRa cRopoCTh 
V(t) 6poyaoeCROll '!aCTHIJ,bl HBJIHeTCH ROHe'IHOll, HO ee 
ycRopea11e 6ecRoHe'IHo (TaR RaK 0. - Y. II. ne)ln«J>«J>e
penu;11pyeM); )lJIH Toro 'IT06hl u yc1wpemrn 0KaaaJ10Cb 
RO~e'IHhIM, HaAO YTO'IHHTb Teopuro, Y'lTH OTJill'Ine CJ1y11af1-
HOll CllJlbl OT lfAeaJlll3IlpOBaHHOro 6eJI'OrO myMa W' ( t). 

Ypaeaemie ( *) Momao 11crroJ1b30BaTh H AJIH orrncaHHH 
O)J;HOMepuoro 6poyHOBCRoro )lBHllieHHH rapMOH!l'I. OCIJ,HJl
JIHTOpa, eCJill rrpeHe6pe1Ib ero Maccoii: 11 C'IilTaTb, 'ITO 

v (t) - <JTO IWOp)lHHaTa OCIJ,llJIJIHTOpa, - ~ - CllJla 
dt 

BH3Roro TpeHHR, - ~ V - peryJIHpHaH yIIpyraR c11J1a 
yp;epamearomaR ocu;11JIJIRTop, a W' (t) - cJiy'laiinaR cnJia'. 
C03A8BaeMaH MOJleKyJIRpHhlMH TOJl1JRaM11. TaRHM o6pa-
30M, o. - y. n. AOCTaBJIHeT TaRme MOAeJlb rryJihCaIJ,llll 
Koop/);uHaThl rapMoIIH'I. ocu,11JIJIHTopa, coeepmaromero 
6poyuoecKoe llBHllieHHe, poACTBeHHyro MoAeJIH 8:iiHIIITeii
Ha .. - C~rnnyxoecRoro 6poyaoecRoro Ae11;ReHI1H ceo6o)l
aou 'IaCTHIJ,hl. 

o. - y. rr. HBJIHeTCH OAHOpO)lHblM no epe~IeIIM MapROB
CRIIM rrpou,eccoM llll«J!«J>ya110HHoro THna (cM. /{ urfirfiyauon
noiii npotfecc); aao6opoT, npou,ecc V (t), RBJIHIOIIJ,HHCH 
OAHOBpeMeHHO CTail,llOHapHhIM CJly'!aiiHhlM rrpou,eccoM, 
rayccoeCRllM IIpou,eccoM n M~pRoecR11M rrpou;eccoM, o6a
aaTeJibHO npeACTaBJIReT co6011 O. - Y. n. KaR MapRos
c1mrr npo~ecc 0.- Y. II. YAo6ao xapaRTep1rnoeaTb ero 
rrepexo~HOII II'.,IOTHOCTblO eepoRTHOCTII p (t, x, y), rrpeACTaB
JIHIOJIJ,eH COOOH «l>YH/\aMeHTaJlhHOe peweHHe COOTBeTCTeyro
mero ypaeaea11R Cl>oRRepa - IlJiaHRa (r. e. rrpRMoro 
R OJtMo<opoea ypaenenu.ii) BHAa 

~=aii(yp)+a 28'p 
at au a ay• • 

H, CJl0A0BaT8JlhHO, aa)J;aBaeMOll cpopMyJIOH 

p (t, x, y - exp - -----'--t ) - i { (y-xe-al)2 ) 
[2ita2(1- e-2af)J 2 2a' ( 1-e- 2CX1)[' 

Mnorue caoiicTBa 0.- Y. II. V(t) (eKJIID'IaH Hero Map
KoeoCTb) MOlliHO Bb!BeCTM 113 ll3BeCTHb!X CBOllCTB BHHepoe
c1wro upou;ecca, eocIIoJ1baoeaern11cb TeM, '!To IIpou,ecc 

w 0 ( t) = v~ v ( ~nat) 

HBJIHeTCH CTaH)J;apTHhlM BllHepoac1mM npou;eccoM (CM. [5]). 
B rracTHOCTH, OTCIOp;a cJie)lyeT, 'ITO peaJI11aau;1111 0.- Y. 11. 

aoe o6hrnrroeennoe ll11«J!«J>epeHIJ,I1aJ1hHOe ypaeneaue 

cp!4>-2a.2cp" + a 4cp= iaR [(w-c) (cp"-a2cp)-w"qi], (1) 

r)le R - 1IllCJ10 PeiiaoJlh)lCa, w (y) - aaAaHHaR «J>yaRIJ,IUI 
(npo«J>11J1b CROpOCTil HBBOBMymeaaoro UOTORa), R-paH 
o6bl'!HO IIPBAIIOJlaraeTCH roJ10Mop«J>HolI B oRpeCTHOCTlI 
OTpeaRa [-1, 1] B ROMIIJleRCHOll IIJIOCl\OCTII y, a>O -
TIOCTOHHH8H Il c - CIIeRTpaJlbHhlll napaMeTp. ,[J;JIH o.-
3. y. llCCJIBAYBTCH RpaeBaH aa/);a'Ia 

qi (-1) =qi' (-1) ==qi (1) =cp' (1) =0. (2) 

0. - 3. y. B03HHRJI 0 IIf H HCCJieAOBaHHll y. 0 p pOM [ 1] II 
A. 3oMMep«J!eJihAOM (2 ycTOH'IllBOCTll B J111aeii:aoM IIpII-
6JIHllieHHll IIJIOCRoro Te'IeHllH IlyaaeiiJJH - T8'I8HHH BH3-
ROil HeCiRllMaeMoii llill)lROCTll B CJioe - 00 <x < 00' -1 < 
<y<1 c TBepAhIMH rpaHHIJ,aM11; B03Mymemrn )lJIH «J>yaR
I~llllJ TORa 6epeTCH B BH)le qi (y)eia(x- cl), 

Co6cTBeHHhle aHa'IeHllH aa)la'!H (1), (2), eoo6me roeopR, 
ROMIIJleRCHhl; TelJeHlle yCTOlllJHBO, eCJill lmc <0 )lJIH ecex 
COOCTBeHHhIX 3Ha'!eH11ii, II aeyCTOillJllBO, eCJill lmc>O AJIH 
HeK-poro 11a unx. Kp11eaR lmc (a, R)=O aaa. He ii T pa JI b
u 0 H R p II B 0 IL Teqea11e IlyaaeiiJIH YCTOll'IllBO IIPll 
ne6oJibIIIHX 'IHCJiax PeuaoJibACa. B. feiiaerr6epr [6] errep
Bhle BLICRaaaJI IIpeAIIOJ1omen11e, 'ITO Te'!ea11e TI yaaeiiJIH 
neyCTOH'IHBO np11 6oJihIIIHX 'lllCJiax Peiiaon:h,a:ca, II Bhl'lHC
JIHJI 4 TO'IRll Hei'lrpaJibHOll RPllBOM. ,[J;JIH RBaAP8TlllJROf0 
npo«J!11JIH CROpOCTH ycTaHOBJleHo, 'ITO Te'leHne aeycroii:
lJHBO np11 aR~i. 

AcnMIITOTlllJ, Teopl!H o. - 3. y. IIOCTpoeHa B npeAIIOJIO
memrn, 'ITO (aR)- 1- 0 - MaJlhIH napaMerp. To11Ra Ye• 
e R-poii: w(yc)=O, HBJIHeTCH TO'!Roii noaopoTa (cM. Ma.1weo 
napaMempa Memoo). B MaJioii 0RpeCTHOCT11 TO'lRH y;Cyc 
0. - 3. y. HMeeT «J>yH)laMeHTaJlhHYIO CHCTeMy pernea.e:ii Bll)J;a 

<pi, 2 (y) =cp~, 2 (y) + 0 ((aR)-1), 

(fla, 4 (y) =exp [ ± ~Y Yi (w-c) dy J X 

X [ (w-c)- 5/ 4 + 0 ((aR)- 112)], 

r11.e cp~(y), cpg(y) - «J!YHAaMeHT3JlbHBH CHCTeMa 
rreeH3Roro (TO eCTb aR=O) ypaeHeHllH 

(w-c) (cp"-a2cp)-w"cp=0. 

pernea11ii 

I1ccJ1e,a:oeamrn aaAa'I (1), (2) ceaaaao, Hanp., co CJle/);yro
mnMH TPY/\HOCTHMu: 1) HeBH3KOe ypaeHeHHe ll ORpeCTHO
CTII TO'IKll y= Ye HMeeT rOJIOMop«J>Hoe B Hell pemeu11e H pe
meHIIe c JiorapR«J!MII'J. oco6enuocTbIO; 2) np11 MaJihIX I cl 
(T. e. B aa1160J1ee eamnoM cJiy'!ae) TO'IKH noeopora CJIH
earoTCH c KOHIJ,8Mll OTpeaKa [-1, 1) (Hanp.' AJIH RBa/);pa
TM'IHOro IIpo«J!11J1H CKopOCTll w=1-y2). 

Ilp11 aR~1 IIOJiy'leHo crporoe o6ocuoeanue neycTOii'In
aocTll (CM. [3], [4]). 

Jlum.: [1] 0 r r W. Mc F .• «Proc. R. Irish. Acad. A» 1907 
v. 27, p. 9-68, 69-138; [2] Sommer re Id A., n «H'.: Atti 
de! IV Congreeso internazionale de! matematici (Roma 1908) 
1909, p. 116-24; (3] JI HR h u all - u all o, TeOfl!Ill rl!Il!;pOp;I!IHa: 
MH'leCHOll YCTOitlJHBOCTH, rrep. c aRrJI., M., 1958; [4 r1!!p;po11;HHall1ll'.
'lec11aJI HeyCTOl!'lneocTb. C6opHHH, rrep. c aHrJJ., M., 1961,; [5] Ger
~ t Ing J.M., Janow s'k i D. F., «Internat. J. Num. Meth. 
m Eng.», 1972, v. 4, p. 195-206; [6] Heise n berg w., rcAnn. 
Phys.», 1924, Bd 74, .Ni 15, S. 577-627, M. B. <Peaopior., 
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OPT, e 11. n RH q R hl ii: Be KT op,- BeKTop, )J.JIHHa 

K-poro paaHa e11.1rnmi;e Bhl6paHHoro MacnITa6a. 
OPTOfOHAJlll3AIJ;lllI MET0,11; - MeTO)J. perneHnH cn

cTeMhl JI:nHeHRhIX aJire6paIIq. ypaaHeHnii Ax= b c H0Bhl
polli;o;eRROH MaTpuu;err A, ocaoaaHHhltI Ra rrpou;ecce fpa
Ma -UIMH)J.Ta op moeonllJl,U3alfUU CIICT0Mhl B0KTOpOB. 

Ecmr 

A =[I «ij JI; x = (xr, X2, ••• , xn) T; 
b=(bi. b2 , ••• , bn)T; 

fli=(a;i, a; 2 , ••• ,«in, -b;), i=1, 2, .•. , n; 

y=(Xr, X2, ••• , Xm 1)T, 

TO IlCXO)J.HaH CllCTeMa ypaBH0RIIII M011\0T 6bITb aarmcaHa 

a Bnne 

(a;,y) =0, i=1, 2, ... , n. 

8To 3HaqnT, qTo pemeHne CllCT0Mhl paBROCHJlbRO RaXoll\
)J.0Rll10 aeKTopa y, nMeromero e11.nRnqRy10 rrocJie)J.R1010 KoM
rroHeHTY II opToroHaJihHOl'O KO BC0M B0KTopaM a;, i= 1, 
2, ... , n. ,Il.JIH 3TOI'O K CHCTeMe BeKTOpOB al, a2, ... , a11, 
«n+ 1' r11.e an+ 1 = (0, 0, ... , 1), JIHH0ITHO HeaaBIICilMOH B cn
Jly HeBhlpolli;o;eHROCTH MaTpnu;hl A, rrpnMeH.11eTCH rrpori;ecc 
opTOl'ORaJinaari;nn, COCTOHIIJ;Illl B IIOCTpoeHnn opTOHOpMil
poBaHHOH OTHOCilTeJihRO cKaJIHpHOl'O IIpOI13B0)];0HHH (x, 
y)=x Ty CllCT0Mhl B0KTOpOB ql, q2, ... , qn+l ITO peKyppeRT
RbIM COOTROID0RHHM 

v1=a1, q1=v1/V(v1, v1), ) 

~k-1 f vk=ak+ ""-li=l c;q;, c;=-(ak, q;), (*) 

qk=vk/V(vk, vk)· 

Roatl>«Pmi;neRThl c; 3)l.0Ch Haxop;.11Tc.11 113 ycJioan.11 opTpro
RaJihROCTH vk B0KTopaM q1 , q2 , ••• , qk-l· BeKTOphI a1 , 

«2, ... , «n JIHR0HRO Bhlpallia10TCH qepea ql, q2, •.. , qm 
IIOJ:ITOMY BeKTOp qn+1=(z1, Z2, ..• , Zn+1) opToroRaJieR KO 
BCeM B0RTOpaM «1, a2, ... 'an. II pH 3TOM R0BhlpOlli)J.0RROCTh 
MaTpHIJ;hl A o6ecrreqnaaeT BhIIIOJIReH11e Zn+ 1 ;C0. TaKnM 
o6paaoM, 

(zi/Zn+l• Z2/Zn+l• · · ·, Zn/Zn+1) 

- IlCKOMOe pememm CllCT0MbJ. 
Orrnca:HRa.11 cxeMa 0. M. xopomo arr11chlaaeTc.11 B 06rri;y10 

cxeMy npHMhlX MeTO)J.OB pem0HIIH CllCT0Mhl: COOTROID0RIIH 

(*) paBROCilJlhRhl rrpeo6pa30BaRH10 MaTpHIJ;hl CllCT0Mhl B 
MaTpnu;y LnLn-1· . • L1A, r;o;e 

1 
1 

1 

Il T0M caMhIM ocymeCTBJIHIOT .il>aKTOpnaari;nro MaTpHIJ;hl cnc
T0Mhl B an;o;e A=LQ, r;o;e L - TpeyroJibRa.11, Q - yRnTap
RaH MaTpHIJ;hl. 

IIpou;ecc .il>aKTopnaari;nn MaTpnri;hl A rro 0. M. ycTOii.qna 
K orrrn:6KaM OKpyrJI0RllH. EcJin B (*) rrpn BhIIIOJIR0Rllll 
orrepari;Illl CKaJIHpROl'O rrpon3B0A0RllH B0KTOpOB IlCTIOJlh30-
BaTb rrpou;e11.ypy RaKOI!Jl0RllH c YAB00RROll TOqROCThlO, TO 
)l;JIH tl>aKTOpll3aIJ;Illl MaTpllIJ;hl I!O 0. M. IIM00T M0CTO o;o;Ra 
Il3 Jiyqmnx OIJ;0ROK TO'IROCTH B KJiacce npHMhlX M0TO)l;OB. 
IIpu 3TOM, o;o;RaKo, CBOHCTBO opTOl'ORaJibROCTH B0KTOpOB 
ql, q2, ... , qn> TO eCTh ymnapHOCTll MaTpll!J;hl Q, ReycTOH
quBO IIO OTR0lll0HH10 R omn6RaM OKpyrJieR1rn. IIo3TOMY 
pemeHne CllCTeMhl, IIOJiyq0RR00 Il3 peKypp0RTRhIX COOTRO
Il10Bi'IH ( *)' M011\0T HM0Th 6oJihIIIY10 rrorpeIIIROCTb. ,Il.JIR 

ycTpaReRHH 3TOI'O R0)J.OCTaTKa HCI!OJlh3Y10TCJI paaJinqRhle 
M0TO)l;hl rrepeopTOl'ORaJinaari;IIH (CM. [1], [2]). 

o. M. ycTyrraeT MROl'IlM rrpHMhlM MeTop;aM no 6hICTp0-
A0llCTBil10. 

Jlum.: [1] Boe Bo A 11 H B. B., BhI'IHCJJHTeJJbHhle ocHOBhl 
JJllHefiaott aJJre6pbl, M., 1977; [2] Bax Ba JI 0 B H. c .. qllCJJeH
Hbie MeTO;!Ud, 2 113)1., M., 1975. I'. lf.. HUM. 

OPTOfOHAJllI3AD;llH, rr p o u; e c c o p T o r o R a
JI Il 3 a Ii; Il n,- aJiropnTM IIOCTp00RllH AJIH 11.aRHOll Jlll
R0HRO ReaaBHCHMOH CIICT0Mhl B0KTOpOB 0BKJlllAOBa IlJlll 
3pMHTOBa rrpocTpaRCTBa v opToroRaJihROII CllCT0Mhl Re
RYJ10BhIX BeKTopoa, rropolli;o;aromnx To 11\e caMoe rro11.rrpo
CTpaRCTBO B V. Han6oJiee naaecTRhlM HBJI.11eTc.11 rr p o
u; e c c 0 p T 0 I' 0 R a JI Il 3 a Ii; II Il Ill M Il 11. T a (IIJIIl 
r p a M a - III M Il A T a), rrpn K-pOM I!O JlllReIIRO Re3a
BIICI!MOII CllCTeMe a1, ... , ak CTpOI!TCH opToroRaJibRaH 
CllCTeMa br, ... , bk TaKaH, qTo Kalli;o;hlii: B0KTOp b; (i=1, 
••• , ~) JlllR0HRO BhlpalliaeTCH qepea «1, ... , a;, TO 0CTh b;= 
= ~f=1'\';Jaj, rAe C= llwjll - aepxR.11.11 TpeyroJihRa.11 MaT

prui;a. II pn 3TOM MOll\Ro A06HThCH Toro, qTo6w CIICTeMa 
{b;} 6bIJia opTOROpMI!pOBaRROH II qTo6hl iJ.IIaroRaJibRhie 
3Jl0M0RThl '\'ii MaTpIIIJ;hl C 6bIJIII IIOJlOll\I!T0JlhRhl; 3THMil 
ycJIOBilJIMH CHCTeMa {b;} n MaTpnri;a c OIIP0A0JIJIIOTCJI OAR0-
3RaqRo. 

IIpou;ecc fpaMa-IIIMilATa COCTOHT B CJ10AY1011J;0M. IIo

JiararoT b1=a1; ecJin yllie IIOCTpOeRhl B0KTOpbl bi. ... ' b;, 
TO 

r11.e 

(ai+l' b.1) 
a·---'--'=-'-'~~ ,- (b;· bj) , 

j=i, ... ' i, RaHiJ.0Rhl Il3 ycJIOBHH opToroHaJihROCTil BeK
TOpa b;+ 1 K b1 , ••• , b;. feoMeTpnq. CMhlcJI orrncaaRoro 
rrpori;ecca COC1'0HT B TOM, qTo Ra KalliiJ.OM mary B0KTop 

b; + 1 HBJ!H0TCH rreprreHp;HKyJIHpOM, BOCCTaROBJ10RRblM K 
JlllR0llROH o6oJioqKe B0KTOpOB a1 •... , a; ;o;o KORIJ;a B0KTopa 

a;+ 1 • II ponaBeAeRHe AJIHR \ b1 I ••• 1 bk I paaRo o6'heMy 
rrapaJIJI0Jl0IIHII0Aa, IIOCTpoeHHOl'O Ha B0KTopax CllCT0Mhl 
{aj}, KaK Ha pe6pax. HopMnpy.11 rroJiyqeHHhle BeKTopw b;, 
rrOJiyqaroT ncKoMyro opToHopMnpoaaHHyro cncTeMy. HaHoe 

Bhlpalli0Hll0 B0KTOpOB b; qepe3 «1, ... ' ak AaeT «l>opMyJia 

l

(ar, a1) ... (a1, a;-1) a1 1 

b;= (~;,·a~)· .. ·: (a;, 0a;·_;). ~; 
( orrpeAeJIHTeJih B rrpaaoli qacTn cJie11.yeT cJ>opMaJihHO paa
JIOlliHTh IIO IIOCJI0iJ.H0MY CTOJI6ri;y). CooTB0TCTBy10ma.11 op
TOHOpMnpoBaHHaH CllCTeMa HM00T BllA 

q;= b; 
.rr. rr. , r i- t 

r;o;e f; - I'pa.Ma onpeae.n,ume11b cncTeMhl a 1 , ••• , a1. 
8TOT rrpori;ecc rrpnMeHMM TaKll\e Il K cqeTHOii CllCTeMe 

B0KTOpOB. 

II pori;ecc fpaMa -IIIMniJ.Ta Moll\eT 6bITh ncToJIKoBaH 1>aK 
pa3JIOll\0HHe H0BhlpOiK)l;0HHOll KBaApaTHOll MaTpIIIJ;hl B rrpo
Il3B0A0Hil0 opTOroHaJihHOii (HJIII yHHTapHOH MaTpnri;hl B 
CJiyqae 3pMI1TOBa I!pOCTpaHCTBa) Il BepxHeii TpeyrOJihHOii 
MaTpHIJ;hl c IIOJIOll\IlTeJ{hHhlMH AHaroHaJibHhlMII 3Jl0M0HTa
Mll, qro eCTh qacTHhIH cJiyqaft JI B«caB&1, paa.n,o:m:enuR. 

Jlum.: [1] r a HT Ma x c p <I>. P., TeopmI MaTPHU, 2 113)'.I., 
M., 1966; [2] Hypo m A. r., Hype B&ICmett ame6phl, 11 11311., 
M., 1975. H.B. llpocr;ypsr;oo. 

OPTOrOHAJIII3AD;ll11 CIICTEM:bl Cl>YHKD;llll - no

CTpoeHne AJ!H aa;o;aHHOII CIICT0Mhl cPYHKIJ;Hll {tn(x) }, JIHT0l'
p11pyeMbIX c KBa;o;paTOM Ha OTpeaKe [a, b) cPYHKIJ;IlH OpTO
roHaJibHoii CIICT0Mhl {cpn(x)} rryTeM IIpMM0H0HllH H0K-poro 

rrpou;ecca opmoeoua.n,uaaq,uu HJIH 11\e rryTeM rrpo11.oJilliea:n.11 

cJ>yHKIJ;nll: fn(x) Ha 6oJiee 11.mrnHhlH HHTepBaJI [c, d], c<a< 
<b<d. 
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II p1rneueH1:ie rrpou,ecca opTorouamrnau,1m IIIMH,[(Ta K 
IIOJIHblM CHCTeMaM {/,,(.r.)} Bcer,[(a rrpHBO,[(HT K IIOJIHhlM op
TOBOpMHpoaaBHhlM CHCTeMaM {cpn(x)} 11 rrpH COOTBeTCTByIO
IIjeM Bhl6ope rrocJie1wsaTeJihBOCTH Vn(x)} AaeT aoaMom
BOCTh IIOCTpoeBHH CHCTeM, o6Jia,[(aIOIIjlIX TeMH HJIII HBhlMII 
xopo!IlHMII CBOMCTBaMII. TaKIIM rryTeM IIOCTpoeua, mmp., 
cncTeMa <l>paBRJIHBa (cM. Opmueona.//,blWn cucmeMa), HB

JIHIOIIJaHCH 6a3HCOM B c [0, 1] H B £P[O, 1], p;;;.1. 
0. c. ¢. rryTeM rrpOJJ;OJimeHIIH Ha 6oJiee ,[(JIHHHhlH llHTep

BaJI BII0pBhle paccMaTpIIBaJiaCh J.1. IllypoM (cM. [1] c. 84). 
Ou ,[(ORaaaJI, 'ITO ,[(JI.II cyIIjeCTBOBaBIIH opTOBO.PMHposauuoii 
B L 2[0, 1] CIICTeMhl {cp,,(x)}, <Fn(x)=fn(x), xEla, bl, O<a< 
<b·<1, Heo6xop;HMO II /lOCTaTO'IHO BhlIIOJIHeHHe ycJIOBHH 

sup~~[~ s;f;(x)] 2 dx=1, 

rp;e sepXHHH rpauh 6epeTc.H no sceM g,. }, ~6~ = 1. Haii1w
Hhl TaKme Heo6XOAHMble H ,[(OCTaTO'IBhle ycJIOBHH, IlpH Bhl
IIOJIBeHHH R-phlX Momuo rryTeM TaROH opTorouamrnau,HII 
JIOJIY'IJl!Tb JIOJIHyIO opTOBOpMHpoBaBHYIO CHCTeMy {cpn(x)} 
(CM. [2)). 

HeR-phle KOBCTPYKU.HH opTorouaJIH3aU,HH rrpop;OJime
HIIeM ¢YBRU,HH gauhl ,A. E. MeHblliOBhlM [3]. 0HH HCIIOJih
aosaJIHCh IlpH AORa3aTeJibCTBe TeopeM 0 TO'IHOCTII ycJIOBHH 

~a~ln2n < OO~JIH CXOAHMOCTH IIO'ITII BCIOAY opToroBaJih-
BhlX pH,[(OB ancpn(x). 

Jlum.: [1] a q Ma 1H C., m Te tt Hr a ya r., Teop1rn: opTo-
roHaJibHblX PIIAOB, rrep. c HeM., M., 1958; [2] 0 JI e B c R If l! A. M., 
«MaTeM. aaMCTRm>, 1969, T. 6, M 6, c. 737-47; [3] Me H b
ill 0 B ,[I;. E., «MaTeM. CO.», 1938, T. 3, c. 103-20; [4] Frank
l in Ph., «Math. Ann.>>, 1928, Bd 100, S. 522-29. 

A. A. TG.J1a .. att. 
OPTOrOHAJibHAH rPYIIIIA - rpyrrrra scex JIHBeiI

HhlX rrpeo6paaoaaBHH n-Mepuoro BeRTopuoro rrpocTpaBCT
Ba v BaA IIOJieM k, coxpaBRIO!ll,IIX «l>HRCHpoBaBBYJO BeBhl
pomp;eHBYIO KBa1tpaTH'IHy10 ¢opMy Q Ha v (T. e. TaRIIX 
JIHBeii:BhlX rrpeo6paaoaauHiI cp. 'ITO Q (cp(v))=Q (v) AJIH 
JII06oro vE V). 0. r. rrpHBaAJielf\HT R 'IHCJIY K.//,accu<tecr.ux 
epynn. 8JieMeBThl 0. r. uaa. o p T o r o H a JI h B hi M ll 
(oTHOCHTeJibHO Q) II p e 0 6 p a 3 0 B a H H H M H v, a 
TRRme a B T 0 M 0 p «I> II 3 M a M II «I> 0 p M hi Q. IlycTb, 
p;aJiee, char k:;t:2 (06 0. r. HaA IIOJIHMII xapaRTepHCTHKII 
2 cM [1], [7]) H f - CBHaaBHaH c Q HeBhlpom1teHHa.1I cnM
MeTpH'I. 61JJIHHeiiua11 ¢opMa Ba V, orrpeAeJieBBaH lfJopMy
JIOH 

1 f (v, u) =-y (Q (v+u)-Q (v)-Q (u)). 

Tor1ta 0. r. COCTOIIT B TO'IHOCTII H3 Tex JIIIHeiiHhlX rrpeo6-
pa3.0BaBHH rrpocTpaHCTBa v, K-phle coxpaHHIOT /, II 0603-
HaqaeTCH qepea On(k, /) HJIII (Korp;a HCHO 0 RaROM JJOJie k 
II ¢opMe f H/leT pe'Ih) rrpocTo qepea On. EcJIII B - MaTpHU,a 
f B RaROM-JIH6o 6a3IICe rrpocTpaHCTBa v, TO 0. r. MomeT 
6h1Th oTOlRAeCTBJieBa c rpyrrrroii ocex TaRHX (n X n)-MaT

pnu, A c KoalfJlfJHu,IIeHTaMH Bk, 'ITO AT BA =B (T -TpaHc
rroHHposaHIIe). 

01rn:caHHe aJire6paII'l. CTpoeHHH 0. r. cocTaBJIHeT npe1t
MeT KJiaccH'I. 1IccJie1toBaHIIii. Orrpe1teJIHTeJih JII06oro aJie
MeHTa H3 On paaeH 1 IIJIH -1. 8JieMeHThl c onpeAeJIHTe
JieM 1 Ha3. B p a IIJ e B II H M H; OHII o6paayIOT B 0. r. 

nopMaJJhBhlii AeJIHTeJih O'/;(k, !) (HJIH rrpocTo O;i) HBp;eR
ca 2, Haa. r p y rr rr o ii: B p a IIJ e H H ii. 8JieMeBThl Ha 

On-O'/; Ba3. JI e p e B 0 pa q II Ba H II HM II. BCHKOe 
spaIIjeBHe (rrepeBopa'IHBaBHe) HBJIHeTCH rrpmrnaep;eBHeM 
'leTBoro (Be'IeTBoro) 'IHCJia oTpameuHii H3 On. 

IIycTb Zn - rpynrra scex roMoTeTHH cpa: v ~ av, 
aEk, a:;t:O. rrpocTpaBCTBa v. TorAa onnzn - 3TO u,eBTp 
On; oB cocTOJIT H3 ABYX :rneMeBToB: cp1 H cr-1 · Ecmi: n 
He'IeTBO, TO On HBJIHeTCH rrpRMbJM rrpoH3Bep;eBHeM CBoero 

ll,0BTpa II Oh. QeHTp o;i rrpH n;;;.3 TPHBHaJieH, eCJIH n He
'IeTBO, H cosrrap;aeT c qeBTpoM Om ecJIH n 'IeTBo. EcJIII JRe 

n= 2, TO rpym1a Oh ROMMyTaTHBHa H II30MOplfJHa m160 

MYJlhTIIIIJIJIKaTHBBOIT rpyrrrre k* TIOJI.II k (B CJiy•iae, Kor1ta 
HHAeRc BHTTa 'V lfJopMw f paoeu 1), JIH6o rpyrrrre :i.rreMeHTOB 

c uopMoii 1 B rroJie k ( V -A), r)l.e A - p;HcRp1rn1rnaBT lfJop
Mhl I (B CJiyqae, KOr)l.a v=O). noMMyTaBT rpymlhl On(k, /) 
o6oauaqaeTCH qepea Qn(k, f) HJIH rrpocTo Qn; OH rropom
)l.aeTc11 KBaApa1'aMH 3JieMeHTOB H3 On. IlpH n;;;.3 ROMMy

TaHT rpyIIJibI Oh COBIIa)l.aeT C Qn• IJ.eHTp rpyTIIlbl Qn IIM00T 
BHA Qnnzn. 

RJiaCCH'I. rp ynrraMH, CB.II3aHHhlMH c 0. r., HBJillIOTCll 

TaRme KaBoHH'I. o6paahl Oh H Q 71 B npoer;muo1wii epyn
ne; OHH o6oaua'IaIOTCll PO'/; (k, /) H PQn(k, /) (HJIH npocTo 

PO it II PQn) H H30Mop¢Hhl COOTBeTCTBeHHO o,i I (O~ n Zn) 
n Q,,/(QnnZn)· 

OcBoBHhle RJiaccH'I. lfJaRThl 06 aJire6paH'I. cTpyRType 
0. r. OTHOCllTCll R OIIHCaHHIO IIOCJl0)l.OBaTeJlhBbIX lfJaRTOpOB 
cJieAyIOm;ero pH)l.a uopMaJihBbIX )l.eJinTeJieii B O. r. 

On~O;i~Qn~Qnnzn~{e}. 

fpynrra 0 71 /0iz HMeeT rrop11JJ.0R 2. Bc.HRml: aJieMeBT B 
0 71 /Q 71 HMeeT rrop11)l.OK 2, BBHAY qero CTpoeBHe 3Toii 
rpyrrrrhl JIOJIHOCThJO orrpe)l.eJI.HeTCll Ra PJJ.HBRJihHbIM 'IHCJIOM 
ee 3JieMeHTOB, K-poe l\lomeT 6bITb JIH6o 6eCKOH01J:HbIM, Jin6o 
ROHe'IHbil\l BH)l.a 2a, a - I~eJioe. 0ITHCaHHe OCTaJlhHhIX lfJaK
TOpoB cyIIjeCTB0HHO aaBHCIIT OT Toro, OTJIH'IeH Jill OT HyJIH 
HH/leRc BHTTa v qiopMbI /. 

IlyCTh cuaqaJia v;;;.1. Tor1ta Oiz/Q 71 ~k*/k*2 rrpH n;;;.2. 
8TOT H30MoplfJH3M orrpeAeJieH CIIHHOpBoii HOpMoii, R-pa.II 

aa)l.aeT 3IIHMoplfJH3M Oiz Ha k*/k*2 c 11µ;poM Q 71 , fpyuna 
Qn n Zn BeTpHBHaJibHa (II COCTOHT H3 rrpeo6pa30BaHHfr 
cp1 H cp _ 1) TOrJJ.a II TOJihRO TOrJJ.a, Rorp;a n 'IeTBO n d E k 2 • 

EcJIH n;;;.5, TO rpyrrrra PQ 71=Qn/(QnnZ 71) rrpoc:ra. CJiy
'IaH n= 3, 4 paccMaTpHBaIOTCH OT)l.eJihBo. A HMeHBo, PQ3= 
=Q3 H30l\loplfJHa PSL2(k) (cM. Cne1fua.//,b11,an .//,UHeiinan 
epynna) II TaRme rrpocTa, eCJIH 'IIICJIO 3JieMeBTOB B k He 

paBBO 3 (rpyrrrra O;t II30Mop4>Ha rrpoeRTHBHO.ii rpyrrrre 
PGL 2(k)). II plI v= 1 rpyrrrra PQ4= Q4 H30MopiJiua rpyrrne 

PS L 2(k ( V !1)) II rrpocTa (B 3TOM cJiyqae M~k2), a rrpH v= 2 
rpyrrrra PQ4 H30MoplfJua PSL2(k)XPSL 2(k) H He npocTa. 
B qaCTHOM cJiy'Iae, RorJJ.a k= IR HQ - .PopMa cHrHaTyphl 
(3, 1), rpyrrrra PQ4=Q4~PSL 2(C) uaa. r p y II II o .ii 
JI ope Hu a. 

B cJiyqae me, ROr)l.a v=O (T. e. Q-aHH3oTponBa.II i{>op
Ma), MHorIIe Ha yRaaaBHbIX peayJihTaToB Be sepuhl. Hanp., 
eCJIH k= IR., a Q - IlOJIOlf\HTeJihHO orrpeAeJieHHaH ¢opMa, 

TO Qn=O~, XOTll IR*/IR.*2 COCTOIIT IIB ABYX 3JieM0HTOB; 
rrpn k=iQ, n=4, B03MOmeH CJiy'IaH, Ror)l.a dEk2, HO 
cp_ 1$Q4 • Boo6Ilje rrpH v=O cTpyRTypa 0. r. H CBH3aHHhIX 
c ueil rpyrrrr cyIIjeCTBeHHo aaBHCHT oT k. Harrp., ecJIH k= 
=IR, To POh, n;;;i,3, n:;t:4, v=O, npocTa (a POt Hao Mop.P

ua rrpHMOMY rrpoHBBeAeBHIO ot x ot ABYX npoCTbIX rpyrrrr); 
ecJIII me k - rroJie p-aAH'leCRHX 'IHceJI, To rrpH v= 0 B 0 3 
(H B 0 4) cy~eCTByeT 6eCRoHe'IBbIH PHA BopMaJihHbIX p;eJIH
TeJieii: c a6eJieBbIMH lfJaKTopaMH. HaII6oJiee nay'IeHhl cJiy
'IaH JioKaJihBO ROMilaRTBoro IJOJIH II IIOJill aJire6paH'I. 'lH
ceJI. ECJIH k - IIOJle p-aAH'IeCRHX 'IHCeJI, TO cJiy'Iaii v=O 
ueaoaMomeu rrpH n;;;i.5. EcJIH me k - rroJie aJire6paH'I. 
'IHCeJI, TO TaKoro orpaBH'I0BIIH HeT H O,[(IIB H3 OCHOBBbIX 
pe3yJibTaTOB COCTOHT B TOM, 'ITO PQn rrpH v=O II n;;;i,5 
rrpocTa. B aTol\l cJiy11ae 1rny11eBHe 0. r. Tecuo CBH3aBo c 
TeopHeH 3RBHBaJieHTHOCTll KBap;paTH'IHb!X lfJopM, R-paH 
OCHOBbIBaeTC.II Ba paccMOTpeBHH lfJopM, IIOJiy'leBHbIX ff3 Q 
rrpH paCJIJHpeBHH k ,[(O JIORaJibBhIX IlOJieii, orrpeµ;eJieBHbIX 
BopMHpoBaHHllMll k (rr p II H IJ H rr x a c c e). 

EcJIH k - ROBe'IBOe IIOJie fq H3 q 3JI0M0HTOB, TO 0. r. 

llBJlll0TCH ROH0'IHOH rpyrrrroii:. IIopH)l.OR ofi IlpH Be'IeTHOM 
n paaeH 

(qn-1_1) qn-2 (qn-3_1) qn-4 ... (q2-1) q, 
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a npti n= 2m paBeH 

(q2m~1_ 8qm-1) (q2m-2_1) q2m-3 ... (q2-1) q, 

TAe e=1 rrpn (-f)mL\.EIF~ H 8=-1 B npoTliBHOM CJiy11ae. 
Y1rn3aHRbie ljiopMYJibI BMecTe c rrprrneAelIHbIMH o6m;nMn 
ljiaKTaMH 06 0. r. rrpll v;;;;,.1 II03BOJIHlOT BbilJHCJllITb TaR)Re 
11 nopHJlKH Qn 11 PQn, TaK KaK v~1 np11 n~3, a nopH)lOK 
k*/k*2 paBeH 2. fpynrra PQm n~5, llBJllieTCll OAIIOii 113 
KJiaCCH'leCKllX IIpOCTbIX IWHelJHbIX rpyrrrr (CM. TaKllie me· 
ea.ttJte 2pynna). 

On1rn H3 OCHOBIIbIX pe3yJibTaToB 06 aBTOMopljimiMaX 
0. r. COCTOHT B CJien;yrom;eM: ecm1 n~3. TO BCSIKHH aBTO
MopljJH3M cp rpyrrrrhl On HMeer BHA cp(u)=x(u)gug- 1, 
u E On, r1i;e x - lji11KcHpoealIHbiii roM0MopljJ113M On B ee 
1.\eHrp, a g - ljJHKCHpoBaJIIIoe 6HeKTHBIIoe rroJiymrneftaoe 
oToupameHHe V B ce6H, YAOBJieTeopJIIOill,ee ycJioenro 
Q(g(v))=rgQ11 (v) AJIH ecex vE V, rAe rgEk*, a o - CBl'I-
3aHIIbiii c g aeroMopljJH3M k. Ecm1 v~1 H n;;;;:,6, To ecmmli 

aeT0Moplji1rnM o~ HHAY!.\HpoeaII aBTOMopljJH3MOM on (cM. 
[1], [3]). 

TaK me, KaK n p;pyrHe KJiaccn11. rpyrrrrhI, 0. r. AOrrycKa
eT (rrpn IIeK-pbIX npen;rroJiomeIIHSIX) re0Merpn11. xapaKrepn
aaqmo. A nMeHIIo, rrycrh Q - TaRafl aHH3orporrnaR ¢op
Ma, 11To Q(1J)fk2 n;JI.a mo6oro 1JEV. B aroM cJiy11ae k -
nmf>aropoeo ynopR,ri;o111rnaeMoe noJie. II pH ljinRcnpoeaIIHOM 
yrropf1A0110IIHH IIOJIH k n-MepHOH I\ en b IO H H !.\HA e HT
II bl x n 0 JI y n p 0 c T p a II c T B B v Ha3. JilOOaH no
CJI0AOB8T0JibHOCTb (H s) 1<;s<;n• IlOCTpOeHIIaSI no JIHIIeHHO 

H03aBHCHMOH ClICTeMe BeRTOpOB (h,s)1~s<n' rn;e Ils - MHO-

»<ecTBO ecex Jill'.Heii.HbIX KOM6HIIBJ.\HM BHAa "'l:i;=l'A jh J• 'As~O. 
fpynna On o6Jia,ri;aeT c B o ft c T e o M c e o 6 o A H o ft 
n 0 A B H lK H 0 c T H, T. e. AJIH Jil06bIX ABYX n-MepIIhlX 
u;eneili rroJiyrrpocTpaacre cym;ecTeyeT e,ri;rmcTeeHHoe npeo6-
pa3oeaHe:e l!3 Om nepeaop;Rm;ee rrepeyIO l\ellb ao llTopyro. 
8To ceoftcTBo xapaRTep1rnyeT 0. r.: ecJil! L - JI106oe 
yrropRp;o11eunoe TeJIO l! G - nop;rpyrrna ll GLn(L), n~3, 
o6Jiap;arom;aH CBOHCTBOM ceo6op;aoii IlO/];BHlKIIOCTl!, TO L 
f1BJIH0TCSI n111jiaropoBhlM noJieM, a G=On(L, f), rn;e f -
TaKafl aHR30TponBafl CHMMeTpn11. 611JIHIIefmaf1 ljiopMa, lJTO 
f ( v, v) E l 2 JJ;Jlfl mo6oro eeHTopa v. 

IIycTh k - ljiiJ.Kcnpoeanaoe anre6paH1l. 38MbIKaHne 
nOJifl k. <l>opMa f ecTecTeenao rrpop;oJimaeTCfl no HeBhl

pomp;eIIIIoii. Cl!MMeTpl!lf. 6nJ1IrneftH01i ljiopMhl T aa V@kk, 
a 0. r. On(k, f) RBJilleTCfl onpen;eJieaao.il: Han; k .1tuneunou 
a.1tze6pau1tec1wu epynnou c qiynnoll: k-To11eR On(k, /). Oupe
p;eJIReMhle TaKHM o6paaoM (AJIH paBHbIX f) JIHHeiiJibie aJI

re6panq. rpyrrrrhl H30MopljJIIbI IIaA k (Ho, eoo6llle roeopR, 
He Ha):!; k); COOTBeTCTBYIOIIl;aH JIHH0MHafl aJire6pan11. rpyn

na Haµ; k IIaa. o p T o r o H a JI h H o ii a JI r e 6 p a

H 11 e c R o :11 r p y n n o 11: On(k). Ee rronrpynna otlk, f) 
TaRme flBJifleTCfl JIHIIell:IIoii. aJire6pan11. rpynnon aan k 
II Ha3. c 0 6 c T B e II II 0 0 p T 0 r 0 H a JI b H 0 :11, llJIH 
c n e n. 11 a JI h H o 11 o p T o r o H a JI h H o ii, a JI r e 6-

p a l! 11 e c Ko ft rpynrroft (06o:JRa11eHne: SOn(k)); oHa 

flBJIHeTCll CBfl3HOH KOMIToHeHTOH ennanubI rpynnbI On(k). 
rpynna SOn(k'J - IlO'lTH npocTa.R aJire6pae:q. rpynna (T. e. 
He coµ;epmall1afl HeHyJibMepHbIX aJire6pan11. aopMaJibHbIX 
A0JIHTeJieii) Tnna B s rrpn n= 2s+1, s;;;.,1, l! Tnna D s rrp11 
n=2s, s;;;.,3. VaneepcaJibBOH HaKpbIB2IOIIJ.0U rpyrrnhl son 
SIBJifleTCfl cnunoEnasi 2pynna. 

EcJin k= IR, C nJil! p-an1111eCI{oe noJie, To On(k, f) 
ecTeCTBeBHO cRa6maeTCH CTpyKTypoft eemecTBeHHoii, ROM
rrJieKCHoii HJIH p-an1111ecHoii a11a.1tumu1tec1wu 2pynnb!. 
fpynrra JIH On(IR, f) onpeneJIReTcfl c TOlJHOCTblO Ao nao
~10pljin3Ma c11maTypoli ljiopMbI f; ecJin :na cnrHaTypa nMe
eT BHA (p, q), p-j-q= n, To On(IR, f) 0603Ha11aeTc.fl 11epe3 
0 (p, q) ll Ha3. II c e B A 0 0 p T 0 r 0 II a JI b H 0 II r p y n
n o Iii:. Ee Mom.Ho oTomp;ecTenTh c rpynrro:l1 Jln ecex AeiicT-

enTeJihHhlX (nX n)·MaTpnn: A, YAOBJieTeopllIOII(HX ycJIOBHID 

ATfp,qA=lp,q, rAe fp,q=ll~P -tll 
(11epea 1s 06oaHa11eHa e/];HHn11HaH (sX s)-.MaTPHl\a); aJlre6pa 
J1n aToii rpynrrhl oTomp;eCTBJifleTcfl c aJire6poii Jln acex 
neiicTenTeJibHbIX (n X n)-MaTpnu X, YAOBJieTeopRrom;nx yc
JIOBHIO xT Ip, q= -Ip. q x. B lJaCTHOM CJJyqae q=O rpyrr
na 0 (p, q) o6o31Ia11aeTcH qepea 0 (n) n aa3. B e ill. e c T
B e Ha o ii op Tor o a a JI h H o :ii r p y n n o ii; ee 
aJire6pa Jln COCTOHT H3 BCeX KOCOCHM~IeTplI118CKHX neil:cT
BlITeJlbHhIX (n X n)-MaTpHI\. rpyrrna Jin 0 (p, q) HMeeT '10-
Thlpe ROMUOHBJITbl CBH3HOCTH npn q ¥ 0 lI nee KOMIIOHeIITht 
CBfl3HOCTII rrpH q=O. Cefl3HOII ROMITOH01ITOII ennHHl\bI flB
JifleTCH ee KOMMYTaHT, R-pbiii npn q=O coenanaeT c rron
rpynrroii SO (n) B 0 (n), cocToflm;e11: H3 ecex rrpeo6pa3oea
nn:ii C onpep;eJil!TeJieM, paBHbIM 1. rpynrra 0 (p, q) ROMIIaRT
Ha TOJihKO npn q=O. Maeap11aIIThI SO(n) RaK TonoJiore:11. 
MHoroo6paa11R nocTaTottJio rronpo6IIo 113y11eahl. Op;1rn n3 
KJiaCcn11. pe3yJihTaTOB B BTOM RanpaBJI0HllH - BbI'llICJie· 
IIne 1111ceJI EeTTH MHoroo6paaufl SO (n): ero noJinltoM Ily· 
aHRa pe 11MeeT eHn n:1 c1 + [45-l) 

npn n=2m+1 H BHA 

Ilm-1 
(1-j-f2tn-l) (1+f4H) 

8=1 

npn n=2m. <DyHAaMeBTaJibHafl rpynrra MHoroo6paanR 
so (n) eCTb z 2• Bb111RCJI0Hlie BbICIIIHX TOMOTOill!'I. rpyrrn 
:rt1(SO (n)) IIM0eT Herrocpep;CTBBHHOe OTHOIIIBIIIIe K KJiac
CII«jJHKal\HH JIOKBJibIIO TplIBHaJibHbIX rJiaBHhlX so (n)
pacCJIOeHnii Han c4JepaMn. BamHyro poJib e TOOOJiorn11e
cKoli K-meopuu nrpaeT TeopeMa nepnOAHlJHOCTH, coro11acHo 
K-poii rrpn N':!;>n HMeIOT M0CTO H30MopljJII3MbI 

:rtn+s (0 (.IV)) ~ :rtn (0 (.IV)), :rtn (0 (N)) ~ Z 2, 

ecJin n=O, 1; 

eCJIH n=3, 7' II 
nn (0 (N)) ~z, 

nn (0 (N)) =0, 
ecJIH n=2, 4, 5, 6. J13yqeane TorroJiornH rpyrrrrhl O(p, q) 
no cylll,eCTBY CBO/];HTCH K rrpep;binym;eMy CJiylfaIO, T. R. 
CBH3HaH KOMIIOHeHTa ep;rrnHqbI rpyrrrrbI 0 (p, q) nnljiif>eo· 
~rnpljJIIa nporr3eeneHHIO S 0 (p) X S 0 ( q) II a eeHJinp;oeo rrpo
CTpaHcTeo. 

JI um.: [1) A h e ;a; o H H e m., reoMeTp1rn RJ1accH11ec1mx rpynn 
nep. c lj>paau., M., 197 4; [2] A p T H H 8., reoMllTPH'lec11aa aJ1re6~ 
pa, rrep. c aHrJI .• M.. 1969; [3] ABTOMOfllj>H3MLI RJlaCCll•rnctmx 
rpyrrn, rrep. o aarJ1. H lj>paa11., M., 1976; [4] Be ii: JI hr., HJ1accH
qec11He rpyrrrrhl, HX HHtiapHaHTbl II'. npe;a;cTaeJ1eHHH, nep. c aHrJ1., M., 
19~7; [5J JR e JI o 5 e HR o .n. II., HoMrra11THble rpyrrrrh1 JIH H Hx 
rrpeil;cTaeJ1eami, M., 1970; [6] By p 6a11 II'. H., AJ1re6pa. Mo;a;yJ1H, 
KOJlhl\R, ~OPMhl, rrep. c ljlpaa11 .• M., 1966; [7] O'M ear a o. T .. 
Jntroductwn to quadratic forms, B.-Hdlb., 1963; [8] x h 10 3 -
M o JI JI e P ,U., PaccJ1oeHable rrpocTpaHCTBa, rrep. c aHrJ1., M., 1970. 

B. JI. llonoB. 
OPTOrOHAJlhHAH MATPIID;A - MaTpnJ.\a Hap; KOM

MyTaTnBHhIM ROJihl\OM R c eA11IIn11eft 1, AJifl K·poii: TpaHc· 
rroIInpooaHHafl MaTpHl\a coerrap;aeT c o6paTIIoii.. Orrpep;e
JIHT0Jib 0. M. peeeH ± 1. CoeoHyrrIIoCTb ecex 0. M. rro
PHARa n Han R o6paayeT IIOArpynrry rroJIHoii: JIHIIeiino11 
rpyrrnhl GLn (R) . .D:JIR JI106ofi neliCTBHTBJibHoii: 0. M. a 
cyll\eCTByeT TaRaH A0JfCTBl!T0JlbIIaH 0. M. c, lJTO 

cac- 1=diag (±1, ... , ±1, a1, ... , atJ. 

a ·=IJ ros<pj sincpjll· 
1 1-sincpj coscpj 

HeehlpomAeHHail KOMITJieKCIIafl MaTpn11a a Torp;a II TOJibKO 
Torna nono6Ba ROMIIJieRCHoii 0. M.' ROrAa CHCTeMa ee 
JJte1rtenmap1tb!x iJe.ttu mel!eu o6Jiap;aeT cJiep;yromnMn ceolicT
eaMlll: 1) nJIR 'A f: ± 1 aJieMeHTapHhle AeJIHTeJin (z-'A)m u 



85 OPTOl'OHAJibHAR CETb 86 
(x-A.- 1)m noBTOpHIOTCH O):tHo H To me qMCJio paa; 2) Kam- L2(X, S, µ) 11 YllOBJieTsopRIOW:HX yCJIOBHHM 
)l;bdi 3JieMeHTapHhlii ):teJllITeJib BllllB (x ± 1 )21 llOBTOpReTCR 
qeTHoe qHCJioJaa. \ '"i· (x) -cp . (x) dµ (x) = { 0 npn i_ ;i: [, 

Jlum.: [1] a JI b I{ e B A. H., OcHOBhl JJHHelbrnll anre€iphl • X 'I' 1 A.; > O npn i = 1. 
4 H1J8., M., 1975. l/,. A. Cynpyneuno'. 

OPTOrOHAJlbBAH CETb - ceTh, y K-poii KacaTeJih- Ecm~ A.;=1 ):tJII! ecex i, To cucmMa uaa. op To u op-
Hhle B HeK-poii ToqKe K JIHHHHM pa3JIBqHbIX CeMeii:CTB opTO-- M Hp 0 Ba H H 0 :H. IlpH 3TOM rrpe)l;IIOJiaraerea, qTo Mepa 
roHaJlbHhI. IIp1i:MepbI O. c.: acu.Mnmomu'teci>an cem& ua µ(x), orrpe1:teJieHHaa Ha cr-aJire6pe S IIO)l;MHomecTe MHome-
MHHHMaJILBoH IIOBepXHOCTJI, Kpll8U81/,bl, JtUllUU cemb. cma x' cqeTBO a):t):tHTHBHa, IIOJIHa H HMeeT cqeTHYJO 6aay. 

A. B. Heanoe. :'ho orrpej:teJieBne O. c. BKJIJOqaer see paCcMarpnBaeMhle B 
OPTOrOHAJibHAH CHCTEMA - 1) O. c. a e KT o- cospeMeHHoM auaJinae 0. c.; oun rroJiyqaroTca npn paa-

p 0 B - MBOlK0CTBO {xa} HeByJieBbIX B0KTOpOB 0BKJIB):tOBa JIHqHbIX KOHKp0THbIX peaJIH3aI~IUIX IIpOCTpaHCTBa c Mepo:H 
(r:!!:Jih6epTOBa) IIpOCTpaBCTBa co CKaJIHpHbIM rrpoH3B0):t0• (X' s' µ). 
HHeM ( • , ·) TaKoe, qro (xa,, x11 )=0 npH ~# p. EcJIH npH Ha1160JILIIIHH unrepec rrpe):tcTaBJil!IOT noJIBhle opTouop-
:noM HOpMa Kam11oro BeKTopa paBBa e11HBUI(e, TO CHCT0Ma MHpoeaHHbl0 CHCT0Mhl {cpn(x) }, 06Jia1:taroru:ue T0M CBOHCT-
{xa} Ba3. 0 p T 0 H 0 p M Hp 0 Ba H H 0 :H. IloJIHaH o. c. BOM, qTQ AJll! JII06oii l}>yu«nHn /(x)EL2(X, s, µ) cyru:ecT-
{xa} H83. 0 p T 0 r 0 Ha JI b H bl M (op T 0 H 0 p M lf- syeT 0j:tHHCTB0HHhlll Pl!ll ~Cn'Pn(x), CXO):tl!W:RHCI! K /(x) 
p 0 Ba H H bl M) 6 a 3 II c 0 M. M. H. Boii:1.iexoec1rnu. B MeTpHKe npoCTpaHCTBB L2(X, S, f.t), np.u 3TOM Koail>cf>JI-

2) o. c. K 0 0 p A JI H a T - CHCTeMa KOOPAHHaT, n nHeHTbl Cn orrp0j:teJll!IOTCI! q,opMyJiaMll <l>ypbe 
K-poii Koop1111HaTHble JIJIHHH (nJiu rroeepxuocTn) rrepece-
KaIOTCH ITO/I: npl!Mbll\I yrnoM. o. c. K00p1J:HH8T cyu1eCTBYIOT Cn= ~x fcpndµ. 
B JII06oM 0BKJIH):tOBOM rrpOCTpaHCTBe, HO, eoo6ru:e roeopH, 
He cyru:ecTBYIOT B IIPOH380JibHOM rrpoCTpaBCTBe. B llBYMep- TaKne CHCTeMbl cyru:ecTBYIOT B CHJIY cenapa6e11:&HOCTH 
HOM rJia):tKOM aiJ>qinBBollI npocTpaBCTBe o. c. ecen1,a rrpocTpaucTlla L2(X, S, f.t). YirnaepCaJILHhl'i!: crroco6 no-
Mo»rao BB0CTB no Kpa:Hueii Mepe B llOCTBTOqHO MaJioii OK- CTpoeHHH IlOJIHhIX opTOHOpMnpoBaH8bl'X CHCTeM ):taeT MeTO,IJ; 
pecTHOCTJI KalK,ll;oii ToqKH. l:Iuor1:ta eo3MOlRHO eee1:teBne OpToroliaJinaa~nH IIIMJI;a;Ta. )J;JIH aToro )l;OCTaToqB:O 11p11· 
0. c. KoOplJ:HHaT B neJIOM. B o. c. MeTpnq, Teli:aop gij ):tHa- M0HJITb ero K HeK-poii: IlOJIBOH B L2(S' x' µ) CllCTeMe 
roBaJiea; p;naroeaJihBhle KoMrroueBTbl gu rrpnHHTo aaa. JIHBeiiuo :e:eaasncUMhIX qiy1rnn11:ii:. 
K 0 3 cp qi H n JI e H T a M H JI a M e. JI a.we 1>01J!fi!fiur1ue11 m B TeopHH opmoaon4Jtbltbl.X p!!UOB B OCHOB:SOM paccMaTpll· 
0. c. B rrpocTp8HCTBe BblpamaIOTCH qiopMyJiaMn Bamrcn o. c. IlpocTpaBCTBa L2 [a, b] (TOT 11aCTHliIH e11yqaii, 

Korp;a X=[a, b], S - c11CTeMa MllomecTll, HaMepHMhIX no 
La= Y(ox/ou}•+(oy/ou) 2 +(oz/ou) 2 , Jie6ery, n µ - Mepa Jle6era). MHorue TMpeMhl o cxo)l;H-

Lv = y (ox/ov)2+(oy/ov)2+ (oz/ov)2, MOCTH BJIH cyMMHpyeMocTH PflllOB ~an!(ln(x), ~a~ <oo, no 
r o6II(HM o. c. {crn(x)} upocTpaHCTBa L2[a, b] eepubl 11 ):tJIH 

Lw = Y (ox/ow) 2+(oy/ow)2+ (oz/ow) 2, pa11:0B no opTouopMuposaBBblM c11cTeMaM npocTpaucTlla 
r;a;e x, y H z - ):teKapTOBhI npHMOYfOJlbHble KOOpj:tHHaTbl. L2(X' s' µ). BMecTe c TeM B 9TOM qacTHOM CJiyqae no-
lJepea Koaqi<fi11n1rnHTbl JlaMe BblpamaIOTCI! 3JleMeHT j:tJJIIBbl: CTp00HhI HBTepeCHbl0 1\0HKp0TBhle o. c., 06.llaj:taIOII(He 

V TeMH HJilf HHbIMH xopomllMJI csoii:CTRaMH. Ta1'oelil, Ha• 
ds= L~du2 +L~dv2 +L;dw2 , np1!1Mep, cncTeMbl Xaapa, Pa1:teMaxepa, YoJima-IIam1, 

3JieMeHT IIJIOII(a):tH noeepXHOCTH: 

du= Y(LuLv du dv) 2 + (LuLw du dw) 2 + (LvLw dv dw) 2, 

9JI0M0HT o61teMa: 

dV =LuLvLw du dv dw, 

eeKTopuble 1:tuqiqiepeunnaJ1bHble onepa1vm: 

d ill<p d 1fJ<p d 1fJ<p 
gra u<p=Lu Ou' gra v<p= Lv iii' gra w <p=L,,. aw' 

div a= LuLivLw [:u (auLvLw) + ! (avLuLu,) + 
+ fJ~ (awLuLv)]; 

rotu a= Lv~w [:v (awLw)- :w'(avLv) J, 
rotv a= Lu~w [a~ (auLu)-;;;, (awLu,) J. 
rotwct=-L 1I [-fJfJ (avLv)-fJfJ (auLu)]. 

u .1'(1 u v 

A __ 1 [ fJ (LvLw fJ<p) + fJ ( LuLw fJ<p) 
<p- LuLvLu• fJu -i:;;- fJu OV \ £:;;- av + 

+..2_ (LuLr, ~) J. 
fJw Lw fJw 

Ha.ufioJiee '1.aCTO ucrroJib3yeMble 0. c. KOOp):tHHaT: ua 11JI0-
CKOCTH - ;a;eKapTOBhl, IIOJIHpBble, 3JIJIHIITJiqecKHe, napa-
60J1MeCKHe; B rrpocTpaHCTBe - cqiepnqecKHe, nHJIHHj:tpll
qecKJie, rrapauoJion1:taJ1hH&rn, 6n~HJIHH1:tpnqecK11e, 6nno
Jrn:puhle. l/,. l/,. ConoJ10B. 

3) 0. c. qi y u K n H ft - KouequaH HJIH cqeTuaa cnc
TeMa {cpi(x)} qiyu«nuii, rrpHHa;a;Jiemainux rrpocTpaHCTBy 

<l>paHKJIHBa. 

1) Cuc Te Ma X a a pa fxn(x)},';'=1 : x1(x)=1, 
xE 10, 1J, 

Y 2n rrpH xE zn+i'' 2n+1 ' 
{ 

.r- (2k-2 2k-i) 

'Xm (x) = .rn ( 2k- 1 21! ) 
- Y 2 npH .:z:E 2n-t1' 2ii+T ' 
0 B OCTaJibBhlX TO'l.KaX orpeaKa [O, 1), 

r,a;e m=2n+k, 1<:k<:2n, m=2, 3, .... PH:p;bl no cncTeMe 
Xaapa npej:tCTaBJIHIOT THIIMHblH npnMep MapmuneaJtOll 

H )l;JIH HHX Bepubl 06nt11e Teope11Ihl ll3 TeopHlil MapTnHraJIOll. 

HpoMe Toro, CHCTeMa txn(x)};=l HBJIH:0TCH 6a31fCOM B 

LP[O, 1], p;;;;,:1, 11 pflJl <l>yp:i.e no cHcTeMe Xaapa JIIOooii 
IIBTerpnpyeMOH qiyuKnHH rroqTH ecro,a;y CXO,!l;HTCI!. 

2) C n c T e M a P a A e M a x e p a {r n(x)};=l: 
rn(x)=signsin2n+ 1:rtx, xE[O, 1], 

11pe11cTaBJIHeT co6oii: BaiKHblii: rrp1rnep O. c. ueaaelICHMbIX 
qiyeKnni!: H HMeeT npeMeHeHHH KaK B T00pHH aep01!TBO-
CTel1, TaK n B Teopnll opTOfOHaJI:bHbIX H o6IU:BX qiynK~no
HaJibHhlX pHj:tOB. 

3) C H c T e M a Y o JI m a - II 3 JI n { W n(x)} ;_1 
orrpeAeJIHeTCH qepea qiyuKnHI1 Pa,a;eMaxepa: 

Wo(x)=i, W 11 (x)=Ilm [rk(x)]qk, xE[O, 1], 
k=O 

r11e qHCJia m H qk orrpej:teJif!IOTCH 113 ABOR'lHOfO paaJJomeBJIH 
qncJia n: 
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4) c II c T e M a © p (I Iii K JI ll Iii a {©n(x) };;'=l ITOJlyqa- B TpexMepHOM ITpOC:TpaBCTBe BCJ'!ROC ('OOCTBCHHOe 0. ll. 
CTCH opTorouamrna1.weil. MCTO):(OM lllMl!):(Ta ITOCJIC):(OBaTeJib- CCTb ITOBOpOT BORpyr llCR-poii OCH, a BCHROC ueco6CTB0H-
HOCTH ii>YHRIVIH Hoe - IIpOH3BCACHMC IIOBopoTa BORpyr OCH fl OTpaiKCHHfl 

B ITeprreHAMRyJIHpHoii ITJIOCROCTH. B rrpon3BOJibHOM n-Mep-
ur(x) = x, U2(x)=1-x, Un(x)=~:xn-dt)dt, HOM CBRJIH)J;OBOM rrpOCTpaHCTBe 0. JI. TaRme CBO):(HTCH R 

rroeopoTaM u mpameHHHM (cM. BpaUJenue). 
n ~ 3, xE [O, 1). MnomeCTBO BCCX 0. IT. CBRJIJIAOBa rrpocTpaHCTBa o6pa-

0Ha HBJIHCTCH ITPMMCpOM OpToroHaJibHOrO 
paHCTBa c [O, 1] HCITpCpbIBHblX ii>YHRI~llM. 

6aaMca rrpocT- ayeT rpynny OTHOCMTCJibHO yMHOJI\CHHH rrpeo6pa30Ba-
HllH - opmozona.n,bny10 zpynny ):(auuoro CBRJIM):(oBa ITpocT
paHCTBa. Co6CTBCHHhIC 0. rr. o6paayroT uopMaJibuyro IIOA
rpyITrry B 3TOH rpyrrrre (crreu;uaJibuyro opTOroHaJibHyro 
rpyrrrry). T. C. l1ueoJ11£u'l'a. 

B Teopuu RpaTHhIX opToroHaJihHhIX pHAOB paccMaTpH
BaIOTCH CIICTCMbl iJ>yHRD;llH Bll):(a 

cpni (x1) ·<pn2 (x2) •.. %m (xm), Xi E [a, b], 1.;;;;; i.;;;;; m, 

ni=1, 2, ... , 

rp;e {cpn(x) }~=1 - opTOHOpMupoBaHHaH CHCTCMa B L2[ a, b J. 
TaRHe CIICTCMhl opT0Ho_pM11poBaHbl Ha m-MepHOM Ryfie 
Jm= [a, b] x ... x [a, bj lI IIOJIHbl, CCJIH JIOJIHa CHCTCMa 
{cpn(x) }. 

Jlum.: (1] Ra 'IM a lH c., ill Te ii: Hr a ya r., Teopmr opTo· 
roHaJlhHb!X plI)IOB, nep. c HeM., M., 1958; [2] llTorn Hayi<n. MaTeMa
TH'leci<nil: aHaJIH3, 1970, M., 1971, c. 109-46; [3] TaM lHe, c. 147-
202; [4] .U y 6 .U lH., BepoffTHOCTHble npon:eccbl, nep. c aHrJI., M., 
1956; [5] JI o a BM., Teopnff eepOffTHOCTeil:, nep. c aHrJ1., M., 1962; 
[6] 3 n r M y H JI A., TpnroHOMeTpnqeci<ue plIJ:lbl, nep. c aHrJI., T. 
1-2, M., 1965. A. A. TaJ1aJ1StU, 

OPTOrOHAJihHAH TABJIIUJ;A, o p T o r o u a JI b
u bl ii M a c c 11 B, OA (N, k, n, t, A.) - MaTp11u;a paaMepa 
kX N, aJieMeHTbl R-poii: cyTb 'IHCJia 1, 2, •.• , n, o6Jiap;aro
ru;aH TCM CBOHCTBOM, 'ITO B Rail\):(OH ee nop;MaTp11u;e paaMepa 
tX N JII06oii: 113 nt B03MOiKHblX t-MepHbIX BCRTOpOB-CTOJI6-
u;oe, HMCIOUUIX ROOpAHHaTaMll 3TH 'IlICJia, BCTpe'IaCTCH B 
Ka'IeCTBe CTOJI6u;oe aToii: rroJJ;MaTp11u;hl TO'IHO A. paa. lfa orrpe-
11:eJieH11H 0. T. cJiep;yeT, 'ITO N=A.nt. MHorJJ;a rroA 0. T. 
rroH11MaIOT OA (N, k, n, t, A.) c t=2 11 A.=1, 11 Torp;a aTa 
0. T. o6oauaqaeTcH OA (n, k). Ilp11 k>3 0. T. OA (n, k) 
3RBJIBaJICHTHa MHOJI\CCTBY H3 k-2 rrorrapuo opToroHaJib
HblX JiaTHHCRHX KBaJJ;paToe. Ilp11 aap;aHHblX n, t, A. MaRcH
MaJibHOe 3Ha'ICHHC rra paMCTpa k OITPCACJICHO JIHlllb B He
CROJibKllX qaCTHblX cJiy'IaHx. TaR, uarrp., k<.(A.n2 -1)/ 
/(n-1) npn t=2 MJIH kmax=t+1 B cJiyqae HC'ICTHoro A 
1IpH n=2. 

Jlum.: [1] Denes J., Kee d we 11 A. D., Latin Squares 
and their applications, Bdpst, 1974; [2] X o JI JIM., HoM6il:HaTo
pn1<a, nep. c aHrJI., M., 1970. B. M. Muxees. 

OPTOrOHAJihHAH TPAEKTOPBH - cM. /faozo-
Hll.!!bnaH mpaer;mopuH. 

OPTOrOHAJihHOE IIPEOBP A30BAHBE - JIHHeii:uoe 
npeo6paaoaau11e A eeRJIHJJ;oea 1IpocTpaHCTBa, coxpaHHIO
mee AJIHHbl HJIH ('ITO 3RBHBaJICHTHO 3TOMY) CRaJ!HpHoe 1Ip0-
113B0ACHHC BCRTOpOB. o. II. II TOJibRO OHH IICpCBOAHT op
TOHOpMupoBaHHblll 6aa11c B oprouopM11poeaunblii:. Heo6xo
LJ:HMblM lI AOCTaTO'IHblM YCJIOBllCM opTorouaJibHOCTH HB
JIHCTCH TaRme paeeHCTBO A *=A - 1, ri:re A* - corrpHmeH
noe, a A- 1-o6paTHOe JIHHeii:nble 1Ipeo6paaoeaHHH. 

B opTonopM11poeaunoM 6aa11ce 0. II. (u TOJibRO HM) 
COOTBCTCTBYIOT opToroHaJibHbIC MaTp!II~bl. Co6CTBCHHblC 
3Ha'ICHHH 0. rr. paBHbl ± 1, a co6CTBCHHblC BCRTOpbl, OTBC
'IalOID;He pa3JIH'IHblM co6CTBCHHbIM 3Ha'ICHHHM, opToro
HaJibHbl. Orrpep;emneJib O. II. paeeu +1 (c o 6 c T B e H
u o e O.rr.) HJIH -1 (Heco6cTBCHHoe O.rr.). 
B CJiyqae CBRJIHAOBOH ITJIOCROCTH BCHROC co6CTBCHHOC 
0. II. HBJIHCTCH llOBOpOTOM, H ero MaTpu11a B IIOAXO):(Hlll;CM 
opTOHOpMnpoBaHHOM 6aance IIMCCT BII/J, 

II~~:: -~::11. 
rJJ;e q> - yroJI IIOBOpOTa, a BCHROC Heco6cTBCHHOe o. IT. 
.ffBJIHeTCH OTpamenneM OTHOCHTCJibHO HCR-poii: rrpHMOii:, 
ero MaTpHu;a B IlO/J,XO):IHID;eM opTOHOpM11poeaHHOM 6aance 
llMeeT Bll/J, 

OPTOrOHAJihHOfl: IIPOrOHKll METOJ]; - BapuaHT 
MCTO):(a ITporOHRH, OCHOBaHHbIH Ha opToroHaJibHOM rrpeo6-
paaoeauun HeuaeecTHblX. IlycTb rrpu a<.x<.b paccMaT
pneaeTCH rpaHH'IHaH aap;a'Ia AJIH rraphl JI11ueiiHhIX o6blR
uoeeHHbIX p;11iJ>iJ>epeuu;11aJibHbIX ypaBHCHMH 

y' (x) =a1 (x) y (x) + b1 (x) z (x) +fr (x), 

z' (x) = a2 (x) y (x) +b2 (x) z (x) + / 2 (x) 

c ycJIOBll.ffMH BH):(a 

(1) 

(2) 

a1y(a)+~1z(a)=yi. a~+~i=1, (3) 

U.2y(b)+~2Z(b)=y2, a~+~~=i. (4) 

IlycTb /J,aHHbie iJ>yHRu;n:n: ai(x), bi(x), fi(x), i=1,2, nerrpe
pbIBHbl Ha oTpeaRe a<.x<.b. PellleH11e rpaHH'IHoii aaµ;aqn: 
(1)-(4) 0. II. M. ocy1rr;eCTBJIHCTCH CJIC/J,YIOJIIHM nyTeM. 

I. PelllaeTCH ecrroMoraTeJibHaH aap;aqa Kornn: 

rp;e 

s' (X) = c (x) r (x), c' (x) = - s (x) r (x), 

r (x) = s2 (x) b1 (x) +s (x) c (x) (b 2 (x)-a1 (x)) -

-c2 (x) a2 (x), 

u' (x) = a1 (x) u (x) + /1 (x), 

s(a)=a1, C(a)=~i. u(a)=y1, 

(5) 

(6) 
(7) 

G;_ (x) = a1 (x) s2 (x) + b2 (x) c2 (x) + (b1 (x) + a2 (x)) s (x) c (x), 

fr (x) =fr (x) s (x) + /2 (.r) c (x) 

(rr p H M 0 ii: x 0 II II p 0 r 0 H R n). 
II. IlpoeepHeTcH ycJioe11e ~=a2c(b)--~2s(b);t:O, u ecJin 

OHO BhlllOJIHHCTCH, TO B HanpaBJICHHH OT TO'IRll x= b R 

TO'IRe x= a pelllaeTCH 3a/J,a'Ia Kornn 

rp;e 

v' (x) = a2 (x) u (x) -1- ii; (x) v (x) + f 2 (x), 

v (b) = {y2- [a2s (b) + ~ 2c (b)] u (b)}/~, 

a2 (x) =2 (a1 (x)-b 2 (x)) s (x) c (x)+ 

+(b1 (x)+a2 \x)) (c2 (x)-s2 (x)), 

(8) 
(9) 

b2 (x) = a1 (x) c2 (x) + b2 (x) s2 (x) - (b1 (x) + a 2 (x)) s (x) c (x), 

f2 (x) =fr (x) c (x)- / 2 (x) s (x) 

(o 6 pa TH bI ii x 0 A IT p 0 r 0 HR n). 
I II. lil.cROMble iJ>yHRL\MH Bhl'IHCJIHIOTCH ITO ¢opMyJiaM 

y (x) =s (x) u (x) +c (x) v (x), 
z (x) =C (x) u (x)-s (x) v (x). 

EcJin: pelllen11e y(x), z(x) rpann:qnoii. 3a1Iaq11 (1)-(4) cy
ru;ecTeyeT' 0/J,llHCTBCHHO II YCTOH1!HBO OTHOCHTCJ!bHO MaJiblX 
lil3M0H0HHH RoaiJ>¢nu;neHTOB II CB060/J,HblX 'IJICHOB, onpep;e
JI.ffIOID;HX ee, TO ~;t:O Iii paccMOTpeHHblll MCTOA TaRme yc
TOH'IHB (cM. [2)). 

CncTeMa Jin:neiiHblX aJire6pan:qecRnx ypaeuenm1: 

Yk+t = AkYk+Bkzk+Fk, 
Z11+ 1=CkYk+Dkzk+Gk, k=O, 1, ... , n-1, 

CXoYo + ~oZo = 'l'o• 
U.nYn + ~nZn = 'l'm 

(10) 
(U) 
(12) 
(13) 
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rp,e A kDki"BkCk, a~+~~=1, ~+~~=1, pernaeTCH no 
cJiep,yrorn,nM rrpaBJrnaM. 

1) M.crroJJh3YH ¢op My JI bl 

~k+1 = (Ckck-Dksk)IPk, 
ck+I = (Bksk-Akck)lpk, 

Pk= Yf (Ckck - Dksk) 2 + (Bksk-Akck) 2], 

uk+I = (Aksksk+1 +Bkcksk+I +Ckskck+I +Dkckck+1) uk+ 
-t- (F kSk+I +G kck+I), 

so= Gto, Co= ~o, Uo = '\'o. 

rrocJiep,oBaTeJibHO Bbl'IHCJIHIOT Sk+I• Ck+I• Uk+l rrpH k=O, 
n-1 (rr pH M 0 ii x 0 A II p 0 r 0 II Rn). 

"'2'> IlpoaepHeTCH ycJIOBHe ~n=GtnCn-~nsn:fO, H ecJin 
OHO BblIIOJIHH0TCH, TO Bbl'IHCJIHIOT 

Vn = [yn-(Gtnsn+ ~ncn) Un]l~n 
H 

Vk= {vk+I + [(Cksk+ Dkck)sk+I -(Aksk +Bkcll) ck+1l uk+ 

+ (Gksk+1-Fkck+d}IPk 

llpH k=n-1, n-2, ... , 1 (o 6 p a T II bl ii x 0 A II p o
r 0 II R H). 

3) 3Ha1JeHHH HCROMoro perneHHH CHCTeMbl ypaBHeHnii 
(10)-(13) Bbl'lllCJIHJOTCJl 110 ljJopMyJiaM 

Yk = uksk+ vkck, zk = ukck-vksk. 

EcJIH pemeHne cncTeMbl ypaBHeHnii (10)-(13) cym,ecT
ayeT, 0/J,HHCTBeHHO H ycTOMlJHBO OTHOCHTeJibHO MaJiblX H3-
MeHeHHii Roa¢¢nu;neHTOB II CBo6op,HblX 1JJl0HOB, TO H pac
CMOTpeHHblM 0. n. M. TaRme ycTOillJHB (CM. [2]). 

M.Horp,a 0 p T 0 r 0 II a JI b II 0 ii: II p 0 r 0 II R 0 ii: Ha3. 
MeTO/J,bl, OCHOBaHHbie Ha HCIIOJib30BaHHH ljJyHp,aMeHTaJib
HOil CIICT0Mbl perneHl!II o,a;Hopo,a;HOH CHCT0Mbl ypaBHeHHH 
AJIH u;eJief1 rrepeHoca rpaHII'lHblX ycJIOBHM (CM. [ 1], [ 3]). 
Op,HaRo 3TII MeTO/J,bl .HBJIHJOTCH cRopee Bap11aHTaM11 npu
cmpe.n,,,;,u .Memoaa. 

Jlum.: [1] Bax Ba JI o B H. C., qHCJleHHbJe MeToW>J, 2 H3JI., 
T. 1, M., 1975; [2] I\ phi JI 0 BB. II., Bo6ROB B. B., M 0 Ha C
T hi p H bl >I II. II., BbI'IHC.lIHTeJlbHhle MeTOJ:lhl BhlCmelt MaTeMaTHRH, 
T. 2, MHHCR, 1975; [3] ca Map c RH ii: A. A., H HR o
.11 a e B E. C., MeTOJ:lhl pemeHHH ceTO'IHhlX ypaBHeHHll, M., 1978. 

A. <P. mannun. 
OPTOrOHAJlbHOCTb - o6o6m,eHne noHHTHH rreprreH

AIIRYJIHpHocTn BeRTopoB eBRJillAOBa npocTpaHCTBa. HaM-
6oJiee eCT0CTB0HHOe IIOHHTlle 0. BB0/J,0HO B TeOpHH rllJib
oepTOBblX IIpOCTpaHCTB. )].Ba 3JI0M0HTa X II y ll3 rrrJib6ep
TOBa rrpocTpaHCTBa H Ha3. 0 p T 0 r 0 II a JI b II bl M II 

(x j_y)' eCJill llX CRaJIHpHoe rrp0113B0A0Hlle paBHO Hy JI JO 
((x, y)=O). 8To IIOHHTlle 0. B TOM 'laCTHOM cJiy11ae, Rorp,a 
H - eBRJill/J,OBO rrpocTpaHCTBO, COBIIaAaeT c IIOHHTlleM 
neprreHA11RyJIHpHocT11 p,ayx BeRTopoB. B TepM11Hax 3Toro 
IIOHHTllH B JIJ06oM rMJib6epTOBOM rrpocTpaHCTBe BepHa 
Teo p e Ma IT 11 qi a r op a: ecJIH 3JieMeHT xEH paBeH 
ROH01JHOH llJlll C'leTHOil cyMMe rronapHO opToroHaJibHblX 

3Jl0M0HTOB x;, x;EH (C1I0THaH cyMMa ~"." x; IIOHllMaeTCH 
"""•=1 

B CMblCJie CXOAllMOCTH PHAa B MeTp11Re npocTpaHCTBa H), 

To llxll2 = ~~= 1 llx;ll2 (cM. llapceeaMt paeencmeo). 

IloJIHaH C'leTHaH CHCTe~ia {x;} opTOHOpMllpOBaHHb!X 
BeRTOpOB cerrapa6eJibHOro rHJib6epToBa rrpOCTpaHCTBa 
IIP0ACTaBJIHeT aHaJior IIOJIHOM CllCT0Mbl IIOIIapHO opToro
HaJibHhIX BeRTopoB ROH01IHOMepHoro eBI>JIH}J;OBa npoCT
paHCTaa: JIJ06oi1 aJieMeHT x EH ep,11HCTBeHHhIM o6pa3oM 

rrpeACTaBJIHeTCH B BH,a;e cyMMbl ~~=lc;x;, 11pn11eM CiX;= 
=(x, x;)xi - rrpoemi;nH 3JieMeHTa x Ha x;. 

B cJiy11ae ljJyHRu;noHaJibHoro npocTpaHCTBa L2[a, b] 
TaRyJO poJib nrpaIOT IIOJIHbJe opToHopMHpoBaHHble CHCT0Mhl 

cPYHRu;nn {(j)k }: ecJiu f (x) E L2[a, bl, To 

f (x\ = ~"" Ck(j)k (x) 
"""k=l 

B MeTp1me nporTpaHCTBa L 2f a, bl, rAe 

ck= \b f (x) {j)k (x) dx. 
~a 

B cJiy11ae, ROrAa {j)k(x) - orpaHH'leHHble ¢YHRu;1111, RO
aijJqmu;neHTbl ck MOiRHO onpep,eJIHTh p,JIH JIJ06oi1 nHTerpn
pyeMoli cPYHRIJ;Hll. Ilpn <JTOM npeACTaBJIH0T HHTepec BOIIpoc 
0 CXO/J;HMOCTH COOTB0TCTByJOIIl,ero pa3JIOll\0HHH B TOM HJIII 
HHOM CMblCJie (cM. Tpuzono.Mempu'lec,,;,aa cucme.Ma, Xaapa 
cucme.Ma). Ilo<JTOMY /J,JIH cPYHRIJ;HH TepMHH «0.» yrroTpe6-
JIH0TCH B 6oJiee lliHpOROM CMblCJie: HHTerpnpyeMhle Ha OT
pe3R0 [a, b] cpyHRIJ;HH t (x) II g (x) Ha3. 0 p T 0 r 0 H a JI h

H bl M II, OCJill 

~: f (x) g (x) dx=O 

(AJIH cym,eCTBOBaHHH llHTerpaJia o6bl1JHO Tpe6yeTCH, 1JTo6r,r 

f(x)ELP[a, b], 1,,;;;;p.;;;;oo, g(x)=Lq[a, b], 1/p+1/q=1, 

C" [a, b]-

MHOiR0CTBO orpaHH1I0HHblX cPYHRU,11!1). 
Cyru;ecTByJOT TaRiRe onpep,eJieHH.H O. aJieMeHTOB rrpoH3-

BOJibHoro 11;eii:CTBllT0JlbHOro HOpM11poBaHHoro llpOCTpaH
CTBa. Op,Ho 113 HllX (cM. [4]) CJie11;yroru;ee: 3JieMeHT x 11;eii:cT
BllTeJibHOro HopMnpoBaHHoro 11pocTpaHCTBa B c1111TaeTC.H 
opToroHaJihHblM 3JieMeHTY y, ecJI11 llxll...;: llx+ky II /!;JI.II mo-
6oro p,eii:cTB11TeJibHoro k. B TepMHHaX 3Toro noH.HTllJI 
ycTaHOBJI0Hbl HeR-pble Heo6xo11;11Mble H /J,OCTaTO'lHhle ycJio
BllH, rrp11 R-pbIX MomeT oblTh onpeµ;eJieHo cRaJI.11pHoe (BHy
TpeHHee) npo113aep,eH11e aJieMeHToB rrpocTpaHcTBa B (cM. 
[5], [6]). 

Jlum.: [1] I\ a HT Q p 0 B H 'I JI. B., AR H JI 0 Br. II., <l>yHR
uHOHaJlbHblH aHaJ1Ha, 2 Ha)I., M., 1977; [2] ,[I; a HIP op 11 H., 
III B a p ll .r:i: lR.' JIHHeHHhle orrepaTOPbl. 06JUaH TeDPHH, :irep. c 
aHrJJ., M., 1962; [3] I\ a q Ma lR C., III Te II HI' a y 3 r., TeopHH 
oproroaaJlbHbIX p11110B, rrep. c HeM., M., 1958; (4] Birk ho ff G., 
«Duke Math. J.», 1935, v. 1, p. 169-72; [5] James R., «Trans. 
Amer. Math. Soc.», 1947, v. 61, p. 265-92; [6] er o lR e, «Bull. 
Amer. Math. Soc.», 1947, v. 53, p. 559-&6. A. A. TaJ1a.a.1tu. 

OPTOrOHAJlbHblE JIATMHCKME KB~PATbl -
rrapa JiaT11HcR11x RBaApaTOB A= llaijll, B= llbull rropH11;Ra n 
Ta1rnx, 1ITO (aij• b;;):f=(aki. bkz) rrp11 (i, j):;t:(k, l), i, i, k, 
lES={1, ... , n}.11'.sap,paTbI A 11BHa3. opToroHaJih
H bl M II c 0 R B a A p a T a M II. MaTp11u;a, noJiy'laeMaH 
HaJIOiReHlleM A Ha B' Ha3. r p e R 0 - JI a T II H c R H M, 
HJIH 3 ii: JI e p 0 B hi M, R B a A p a T 0 M, ee 3JleMeHTbl -
ace n2 ynopHp,011eHHblX nap 3JieMeHTOB S. OpToroHaJih
HOCTb A 11 B o6o3Ha11aeTCH AJ_B. Ilp1;rnep naphl 0. JI. R. 
n MX aiiJiepoBa RBa11;paTa p,JIH n=3: 

1 2 3 
2 3 1 
3 1 2 

1 2 3 
3 1 2 
2 3 1 

11 22 33 
23 31 12 
32 13 21. 

JlaTHHCRMII KBaApaT A nopHp,Ra n nMeeT opToroHaJibHbIH 
CORBaApaT Torp,a II TOJlbRO Torp,a, Rorp,a B A cym,ecTayeT n 
HenepeceRaIOIIl,HXCH TpaHCBepcaJieii (CM. JJamuHCKUU Keaa
pam). EcJIH A - JiaT11HcR11ii: RBaApaT rropHp,Ra 4t+2 (rum 
4t+1) c IlO)J;RBa/l;paTOM rropH.n:Ra 2t+1 (cooTBeTCTBeHHO 2t), 
ace RJieTRH R-poro 3a HCRJIJO'leHHeM, 6blTb MOiReT, t (cooT
BeTCTBeHHO [ (t-1 )/2]) RJieTOR 3aIIOJIHeHbl He 60Jiee 1JeM 
2t+1 (cooTBeTCTBeHHo 2t) <iJieMeHTaMn, TO p,JIH A He cy
II\eCTayeT opToroHaJibHOrO CORBap,paTa. )J.JIH BCeX n>2, 
n:/=6, llM0IOTCH rrpMMepbI nap 0. JI, R., a /J,JIH n=6 rryTeM 
rrepe6opa BCeX B03MOiRHOCTeii /J,ORaaaHO, 1JTO TaRHX nap 
HeT (3]. 

HecROJihRO JiaTHHCKHX KBaApaToB OAHoro rropH/l;Ra Ha3. 
n o n a p II o o p T o r o H a JI b II bl M 11, ecJI11 JIJ06ble 
p,aa ua HHX opToroHaJihHbl. EcJIH N (n) - MaRc11MaJibHoe 
ooaMOiRHoe 'IIICJIO rrorrapHo 0. JI. R., TO N(n)...;:n-1. )J.JIJJ 
N (n) noJiy11eHbl CJie11;yroru;ne ou;eHRH CHll3y: 

n ~ 7 52 53 63 9 0 
N (n) ~ 2 3 4 5 6. 
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KpoMe TOro, N (12);;;;;:5, N (33);;;;;:3, N (35);;;;;:4, N (40);;;;;,4, CJ1eAyer orMeTHTb, qTo AJIH n, y1:i;oaJieTBop1110~x yc-
N (45);;;;;:4 n AOI<a3aHo, qTO N (n) -+ oo np11 n-+ oo; JIOBlIHM n¢2 (mod 4), n¢3 (mod 9) n n¢6 (mod 9), oKa-
rra.np., N (n);;;;;:n' I 17 -2 np11 AOCTaToqrro 6oJiblllOM n 3aJIOCb B03MOlKIIbIM BCerAa OOCTpOMTb TaKoli JiaTMHCKJilll 
(cM. [2]). KBap;par A nopHAKa n, qro AJ_AT. 

MHomecrao ua n-1 rronapso 0. JI. K. nop11p;Ka n sa3. McnoJib3oBarrne np11Moro npon3aep;eHJrn JiaTMHCKllX 
n 0 JI H bl M. IIpu n>4 MHOJKeCTBO II3 n-3 nonapso 0. JI. KBaApaTOB COCTaBJIHeT OCHOBY CJiep;yrorn,ero MeTOAa, OTHO-
l(. ecerp;a MOlf\eT 6hITb AODOJIHeHo 110 rrOJIHoro. B uacToH- cmn;eroc11 Ko BTopoii: rpyrrrre. IlycTb Ai II Bi - 0. JI. i:. 

m;ee BpeMH (1983) OOJIHbie MHOlf\eCTBa Il3BeCTHbI TOJibKO B nopHAKa n, DOCTpOeHHhle Ha MBOlf\eCT.Be x, a A2 ll B2 --
CJiyqae n=pk, rAe k - HarypaJibHOe, p - npoCToe qllCJia o. JI. l(, nopHAKa m, OOCTpoeHHhle Ha MHO)ReCTBe Y, 
(To eCTb N(pk)=pk-1). Ecm1 me n=1 (mod 4) HJIH TorAa npHMhle npoH3BeAeHnH MaTpnn; AiXA 2 n BiXB 2 
n=2 (mod 4) n cso60AHaH OT trnap;para qaCTb qncJia n 6yp;yT O. JI. K. nopHp;Ka mn, nocTpoeHHhle Ha MHomecTee 

COAeplKHT XOTH 6bI OAHH npocToii MBOlf\llTeJib p=3 (mod 4), xx y. Ecm1 n= Phi'P~' . . . /rr' T. 0 yKa3arrm.rii 
TO He cym;eCTByer OOJIHOro MIIOlf\eCTBa norraprro o. JI. K. • h MeTOA npn-
DOPHAKa n. Hanp., He cym;ecTByer noJIIIbIX MrromecTB np11 BOAllT K on;errKe N(n);;;;;:min(pi'-1). 
n=2p, p=3(mod 4). B ocrroee Mrrorn:x APYrHX MeToAOB BTopoii rpynnhl Jie-

IloJirrhle MHomecTBa nonapao 0. JI. K. rraxoAHT npn:Jio- mnr cJieAyrorn,ee nocTpoemre. IlycTh Ai, Bi, Ci - nonap-
meune B CTaTllCTllKe npH IlOCTpoeIIllll CIIMMeTpn:qeCKIIX HO o. JI. K. DOPHAKa m;?:2n, nocrpoeIIHhle Ha Si= {1, 2, ... ' 
ypaarroeellleHrrhlX HenoJIIIbIX 6.wr;-cxe.M c napaMeTpaMH ... , m }, A 2, B 2 - 0. JI. K. nopHAKa n, nocrpoeHHhie Ha 
v=n2+n+1, k=n+1, A.=1. IloJIHhle MrromecTBa Moryr S 2={m+1, ... , m+n}. llro6bI noJiyqnTh Tenepb ABa Jia-
nrrTepnpeTIIpoeaThCH II KaK KOIIeqrrhle npoeKTllBHhle OJIO" TllHCKIIX KBa)lpaTa A H B nopHAKa m+ n, DOCTpoeHHble Ha 
CKOCTll (CM. [2]). S= Siu s 2• A06aBJIJilOT KA CTpOKll II CTOJI6n;bI c IIOMepaMll 

IIpep,JiomeHo Mrroro MeTop,oe nocrpoeHHH 0. JI. K. (CM. m+1, ... , m+n c He3anoJ1HeIIHbIMlI KJieTKaMII, B pe3yJih-
[2]). Bee OHll C03/l8HbI c n;eJiblO noJiyqeHlIH KaK MO/KHO Ta Te qero DOJiyqaroT qacTH:qHbIH JiaTHIICKlill KBaApaT no-
6oJibIDero MrromecTBa rronaprro 0. JI. K. nopHAKa n. Kam- PHAKa m+n, coAepmarn,IIii: Ai B eepxrreM JieeoM yrJiy. 
AhlH II3 M"eTO/lOB MOJKeT 6b!Th orrrecerr K OAHOfi 113 cJieAyID- KJieTKII Ai II Bi, rrMerom;IIe Te me HOMepa, qTo n KJieTKH Ci, 
m;nx p,ayx rpynrr. K nepeoii rpynne npnHanJiemaT MeTOJJ.bI, coAepmam;IIe <>JieMeIIT i, cocTaBJIHIDT 061n;yro AJIH Ai 11 Bi 
xapaKTepHOH oco6eIIHOCTblO K-pbIX HBJIHeTCH !'O, qTo OHM i-lO rpaHCBepcaJib, i= 1, 2, ... ' m. 3JieMeHTbI i-ii TpaHC-
/:(alOT crroco6 IIOCTpOeHHH «OCIIOBHOfO)) JiaTHIICKoro KBap,- eepcaJill B A1 npn i=1, 2, ... , n IIOMern;aror B (m+i)-ii 
paTa ll yKa3bIBalOT, KaK rrepeCTaBllTb B HeM CTpOKII ll CTOJI6- CTOJI6en; (II B (m+i)-lO CTpoKy) B TOM me DOPHAKe, B KaKOM 
n;hl, qTo6bI noJiyqllTb opTororraJibHbIH COKBap;paT. Ko BTO- OHII pacnoJiaraJIIICb B CTpoKaX (cooTBeTCTBeHHO CTOJI6n;ax) 
poii: rpynne OTHOCHTCH MeTOAhl, K-pble llCIIOJlb3YlOT Il3- Ai 1 a Ha IIX MeCTO CTaBIITCH qIICJIO m-1- i. OcraeTCfl B n paBbIH 
aeCTHhle rrpIIeMhl nocrpoemrn 0. JI. K. MeHblllero nop.11p,Ka HHll\HllH yroJI qacrn:qHoro KBap,paTa nocraBHTh A 2, qro6b1 
AJIH DOCTpoeHllfl 0. JI. K. 3aAaHHOro IIOPHAKa. 3aBepII1HTb DOCTpoemre A. 

EcJin A= llaull - JiaTIIHCKHH KaagpaT rropHAKa n, IIocrpoeHne B rrpoBOAIITCH aHaJior1IqHb!M o6pa3oM M3 B 1 
IIOCTpoeHHblll Ha MHOIBeCTBe s' TO ynopnp,oqeHHb!H Ha6op II B 2• HO TOJibKO c IICDOJib30BaHIIeM TpaHCBepcaJieil c HO-
rrepecraHOBOK O;, i ES, onpeAeJIHeMbIX paBeHC'l'BaMn O;(i)= MepaMII n+1, n+2, ... , 2n. Reaaparw An B 6yp,yr Jia-
=aij, OAH03HaqHo onpegeJIHeT JiaTHHCKnH KBap,paT A. He THHCKIIMH, HO He 06.11aaTeJihHO opToroHaJihIIb!MII. Bcerga 
Kall\Ablll ynopHAOqeHIIbIH rra6op nepecTaHOBOK COOTBeTCT- MOSKIIO noJiyqn:Tb rrapy 0. JI. K. rropHp,Ka m+n npn m= 
ayeT KaKoMy-Jin6o JiaTnHCKoMy KBaApary. ECJIII A= =pk# 13, r)le p - rreqeTHoe, n n= (m-1)/2; rroKa3aHo, 
=[01, ... ' Onl Il B=[Ti, ... 'Tnl - ABa JiaTIIHCKHX KBap,- KaK, HCilOJib3YH npnBeAeHHoe Bb!Ille IIOCTpoemie, noJiyqUTb 
paTa, 3aAaHHbIX yKaaaHHbIM cnoco6oM nepecraHOBKaMII rrapy 0. JI. K. rropRp,Ka n rrpII n=2 (mod 4), n>6 (cM. [2)). 
a; HT; MIIOll\0CTBa S, TO AJ_B TOr/J,a ll TOJibKO TOrp,a, KOrAa Ilp1momemrn 0. JI. K. B CTaTIICTIIKe, TeopnII nmpopMa-
[ o1iTi, ... ' an1Tnl - JiaTllHCKllll KBap;paT. EcJIH onpep,e- D;Hll Il B Teopnn IIJiaHHpoBaHHH irncrrepn:MeHTa Tpe6yroT IIO-
JI A [ l A 11. [ 11. crpoeHIIH 0. JI. K. cnen;naJihIIoro BHAa n rrepeHeceHIIH rro-HTh II80H3BeAeIIllH a = aai. ... ' CX.On , p= Oip, •.• , 6 

l 11. s A 1 A IIHTHH opToroHaJihHOCTH Ha Apyrne o6'heKTbI. TaK, o 06-· ·· , a,. , r11;e an p - rrepecTaIIOBKll , TO, Hanp., -'-a 
TOrp,a H TOJibKO TOrAa, Korp,a [a.lictOi, ... ' an-iaa,.J - rn,eHMeM 0. JI. K. HBJifllOTCH opmoaona.ttbltbte ma6.ttU!fbL. 

)];Ba qaCTHqIIbIX JiaTIIHCKHX KBaApaTa op,Horo rropHgKa 
JiaTI!HCKHH KBap,paT. 

MeTO.IJ;bl nepsoil rpynnhl o6blqrro llCIIOJib3YlOTCH B CJiy- Ha3. 0 p T 0 r 0 II a JI b II bl M n, ecJIH nplI HaJIOll\emui: 
qae, Korp,a A - Ta6Jinn;a YMHomeHnH KOHeqrroii rpyrrrrhI HX p,pyr Ha p,pyra noJiyqaeMhle B KJieTrrnx yrrop.11p,oqeHrrhle 

rraphl 6YAYT see pa3JIJrqrrbI. rosop.11T, qTo qaCTHqHbli'I 
G, TO ecTb a;1= g;gf, g; • gf E G, i, j ES; OTJIIIqIIe op,Horo JiaTMIICKnii KBap,paT A BJiomerr B JiaTn:IIcKm"r KBap;paT B, 
MeToAa OT gpyroro 3aKJIIDqaeTcH B ahI6ope rpyrrnhl G, B ecJIII A cosrrap,aeT c rreK-poii IIOAMaTpnn;eii B (aa n:CKJIID-
BbI6ope B3an:MHO O/J,H03Hff'IHbI,X: OTo6pameHllH a, ~ rpynr1bl 'IeHIIeM nyCTb!X KJieTOK A). 11'.aiKp,blll KBap,paT II3 MHOll\eCT-
G Ha ce6.11 H B ncrroJibaoaarrnn: rrporrnaep,eHnii: aA, A~, IA Ba norraprro opToroHaJihIIb!X qacTnqrrhlx JiaTIIHCKHX KBaA-
a - a II T. A· paTOB MOJKeT 6b!Tb BJIOIBeH B JiaTllIICKIIlI KBap;paT T8KllM 

Ecm1 G - aMHTHBIIaH rpyrrna, TO ycJiosne A J_ aA o6pa30M, qTo noJiyqerrrrhle JiaTIIHCKIIe KBaApaThl 6yp;yr 
CBOAllTCH K TOMy, qTo a - 0 p T 0 M 0 p ~ II 3 M G, T. e. 0 ( [6]) 

6 G 6 . JI. K. CM. . 
TaKoe B38HMHO Oj(H03HaqHoe OTO pamerrne Ha ce H, qTo .Jlum.: [1] ca q H 0 BB. H., HoMOIIH3TOPHbie MeTO)'.lbl )'.IHCHpCT-
ecJin AJIH gb g2EG BbIIIOJIHHeTCH paseHCTBO a(gi)-gi= HOH MaTeMaTl!HII, M., 1977; [2] Denes J., Kee d we 11 A. D., 
=a(g2)-g2, TO gi=g2• Harrp., IIHTb rronapHo O. JI. K. Latin Squares and their applications, BdQst, 1974; [3] X o JI JI NL, 

12 6 " HoM!iHHaTOpHHa, rrep. c aHrn., M., 1970; L4] Pa it a e pr.-,[!; m., 
nopH):(Ka bIJill rraIIAeIIbl IIOCJie orrpeAeJieHIIH qeTb!pex HoMOHHaTOPHafl MaTeMaTHRa, rrep. c aHrJI., M., 196G; [5] He-
HeTplrnliaJlbHblX opToMop~II3MOB a6eJieaoil rpyrrrrw, HB- day at A., s e id en E., «Pacif. J. Math.>>, 1977, v. 51,, M 2., 
JIHIDn\ei"lc.11 rrpHMbIM rrpon3BeAeHneM I~HKJinq. rpynn 6-ro p. 85-113; [6] Lindner Ch., «Proc. Amer. Math. Soc.», 1976, 

2 ( [21 [61) v. 59, M 1, p. 184-86. B. M. Muxee8, 
11 -ro nopHp,Koa CM. ' • OPTOfOHAJibHbIE MHOroqJIEHbl - cncTeMa MHO-

Ecmr G - aMIITIIBHafl rpynrra KoHe,moro noJIH roqJieHoB {P n (x) }, YAOBJiersopRIOID;IIX ycJioBHlO oproro-
GF (pr)= {a~=O, ai=1, a2, ... , an_iJ, n=pr, TO Bee rro- HaJihHOCTII 
crpoemrn 3Haqn:reJibHO yrrporn;arorc.11 n rroJiyqaeTcf! CJie- (' b 
AYIDin;ee rroJirroe MHomeCTBO rrorrapHo 0. JI. K.: .) a P n (x) Pm (x) h (x) dx = 0, n "/:. m, 

Ak=llaU, a7j=a;ak-1-a;; i, jE{O, 1, ... , n--1}, 

kE{1, 2, ... , n-1}. 

rrpnqeM CTeneHh KamAoro MHoroqJieHa P n (x) paaHa ero 
IIH):(eKCY n, a secoBaH ~yIIKIJ;llfl (Bee) h (x)~O Ha llHTep
BaJie (a, b) IIJIIl (B CJiyqae KOHeqHoCTil a Il b) Ha 0Tpe3-
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Ke [a, b). 0. M. Ha3. 0 p T 0 H 0 p M n: p 0 B a H H hi M If 

If o603JiaqaIOTCH {P n (x) }, ecJIH KalRIJ:hIH MIIoroqJieH 
IIMeeT IIOJIOiKRTeJlbHhlii craprnIIII Koa«Pqmu;n:eHT II Bhl!IOJl
JIJieTCH y c ll 0 B If e II 0 p M l:I p 0 B a H H 0 c T If 

~: P~ (x) h (x) dx=1. 

A ecrrn: cTaprnnii Koa«P«Pnu;I!eIIT Ramii:oro MIIoroqJieHa 
paBeH 1, TO CRCTeMa o. M. o6o3JiaqaeTCH {P,,(x)}. 

CIICTeMa o. M. {P n (x)} orrpei1errHeTCH OIJ:H03IIaqHo, 
ecJIH BeeoBaH «PYHRrrHH (A H «P cl> e p e H I~ H a JI b H hl ii 
B e c) h (x) HHTerpnpyeMa rro Jle6ery IIa (a, b), He :mBn
BaJieHTHa HYJIIO H, B CJiyqae IIeorpaIInqeIIHOTO HHTepBaJia 
(a, b), HMeeT ROHeqHhle CT0Il0HHhl0 MOM0HThl 

hn = ~: x"h(x)dx. 

BMeCTO ii:mJ>cl>epem~RaJlhHoro Beca h (x) MOlRIIo paccMaT
p11BaTb H HT c r pa JI b H hl ii Be c da(x), r;J,e a(x)
orpamrqeJIIIaH IIey6hlBaIOiu;aH cPYHR!l;HH c 6ecKoIIeqHhIM 
MHOil\eCTBOM TOqeR pocTa (n 3TOM CJiyqae B yCJIOBHII 
oproroHaJlbHOCTH HHTerpaJI IIOHHMaeTCH B CMhlCJie J1e-
6era - CTn:JITbeca). 

/"t;rrH Toro qTo6hl MIIoroqrreII P n (x) cTerreIIH n BXOIJ:IIJI 
B ClICTeMy o. M. {P,,(x)} c BecoM h(x), IIeo6xoii:HMO H 

IJ:OCTaToqHo, qTo6hl AJIH JII06oro MHoroqJieIIa Qm (x) cre
rreHn m <n Bbl!IOlIHJIJIOCb ycJIOBHe 

~: P,, (x) Qm (x) h (x) dx=O. 

EcJin: HHTepBaJI opToroIIaJibHOCTH (a, b) cuMMerp11qea 
o'l'IIOCHTeJibHo IIaqaJia KoopiJ:nHaT, a BeCoBaH «PYIIKrrHH 
h (x) qeTHa, TO RalRAhIH MHoroqJieH p n (x) co,11eplRHT TOJibRO 
Te CTerreHll x, K-phle HMeIOT 0,[IHHaKosyro c HOMepoM n 
'leTHOCTb, T. e. UMeeT MeCTO TOlR!J:eCTBO 

P,, (-x) = (-1)n Pn (x). 

HyJI11 O. :r.r. B cJiyqae opToroaaJibHOCTII rro HHTepBaJiy 
(a, b) BCe ii:eiiCTBHTeJlbHhl, pa3JIHqHhl H paCIIOJ10il\0Hhl 
BIIYTPH (a, b), rrpnqeM Mem,11y IJ:BYMH coce,11an:Mn IIYJIHMH 
MIIor-0qJ1eIIa P,,(x) ecTb o,11HH HYJib MIIoroqJieHa P,,_i(x). 
Hymi: O. M. qacTo rrpn:MeHHIOTCH B KaqecTBe yaJioB n:H
reprroJIHu;HoHHhlX II RBa,11paTypHbIX «PopMyJI. 

Jlro6hle TPH IIOCJie,[IOBaTellbHhlX MHOrOttJleIIa CHCTeMbI 
o. M. CBH38Hhl peKyppeHTHOH cl>opMyJioii 

P,,+i(x)=(a,,x+b,,)Pn(x)-cnP,,_r(x), n=1, 2, ... , 
rp;e P 0 (x) = ft 0 , 

Pi(x) =µ 1x+v1, ... , 
Pn (x) =µ,,x"+v,,xn-1+ ... , 

a,,= µ,,+ 1/ft,,, b,, ~-=a,, (v,,+1/ftn+l -V,,/fln), 
d2 

c,,=µ'1+ 1 ~n- 1 .+, d~=\b P~(x)h(x)dx. 
µn dn-1 j a 

qHCJIO d;;1 - HOpMHpyIOiu;Hll MHOlKHTeJlb MHOfOqJieHa 

Pn(x), TaK qro CHCTeMa {d,:;--1 P,,(x)} opTOHOpMHpOBaHa, 
T. e. 

a;; 1 Pn (.r) =Pn (x). 

,L(JIH 0. M. HMeeT MeCTO cl> 0 p M y JI a }\ p II c T 0 «P
cl> e JI H - /"t; a p 6 y 

~n 1 
~k- -d2 pk (x) pk (t) = 

-0 k 

µn Pn+1 (x) Pn (t)-Pn (x) Pn+1 (t) 
=-yr µn+1 x-t 

n 

0. M. rrpeii:cTaBJIHIOTCH qepe3 CTerreHIIhle MOM0HThl {hk} 
B0COBOH «PYHR!l;IIII h (x) no «PopMyJie 

1 
Pn(x)=v '\j)n(x), 

An-1An 

ho h1 h,, 

nl h2 hn+l 
'ljJ,, (x)= 

hn-1 hn-2 hw-1 
1 x xn 

a onpe,11eJI11TeJib ~n-l rroJiyqaeTCH n3 ~'n(x) BblqepKHBa
IIne111 IlOCJleiJ:HIIX CTpOKlI lI CTOJI6u;a, ~n orrpep;errHeTCH 
a1IaJ1orn:qeo. _ 

Ha MIIomeCTBe MRoroqJieIIoB Q n (x) CTeneHn: n c e,11n
II1IqJihIM CTapwm1 RoacI>cI>nu;neHTOM MHHUMYlll «PYHKD;HO
HaJia 

F (Q,,) = ~: Q~ (x) h (x) dx 

IJ:OCTHraeTCH TOTIJ:a H TOJlbRO Tor,11a, Korp;a 

Q,, (x) = P,, (x), 
-2 

rrpnqeM 3TOT MHHIIMYM paBeH µ,, • 
EcJin ~rnoroqJieHhl { P",. (x)} opToHopMnpoBaHhl c ee

coM h (x) Ha oTpe3Re [a, b], TO npn p >0 MIIoroqJieHhl 

On(t)=YpP,,(pt+q), n=O, 1, 2, .. ., 

opToHopMnpoBaIIhl c Beco111 h (pt+q) Ha oTpe3Ke [A, Bl, 
K-pb!ii: nepeXOIJ:HT B 0Tpe30R [a, b] B pe3yJibTaTe JIHHeii:
Horo rrpeo6pa3oBaHIIH x= pt+q. IloaToMy rrpn n:3yqeHn:n 
aCHMIITOTHq, CBOHCTB opToroHaJibHhIX MHOTOqJleHOB CHa
qaJia paccMaTpn:saeTCH cJiyqafr CTaH,11apTHoro OTpe3-
Ka [ -1, 1], a 3aTeM noJiyqeHJihle pe3yJibTaThl pacnpoGT
paHHIOTCH Ha ,11pyrn:e CJiyqan:. 

Han:6oJiee Ba)!QlhIH RJiacc O. 111., BCTpe<Iaroru;nxcH npn 
pewe1I1111 RpaeBhlX 3aii:aq MaTeMaT11q, «Pn:3HRH, COCTaB
JjHIOT T. H. n11accu11ecnue opmozo1ta1tb1tbl.e .M1toeo1111en1>i: 
!Iauppa .M1to2011.tten&i {L,,(x; a)} (AJIH HHX h(x)=xae-x, 
a>-1, HHTepBall opToroHaJibHOCTH (0, oo)); 8p.:11uma 
J.11!020'1/leltbl. {H,,(x)} (AJIH HIIX h(x)=exp(-x2 ), HHTep
BaJI opToroHaJlhHOCTH ( - oo, oo)); H no6u .M1tozo'l.lle1t &i 
{P,,(x; a,~)} (IJ:JIH HHX h(x)=(1-x)a(1+x)l3, a>-1, 
~>-1, 0Tpe30K opToroHaJlbHOCTH [-1, 1]) H HX qacT
Hhle cJiyqan:: y11bmpacifiepuIJecnue .Mno2oii11en&i, HJIH MHO
roqJieHhl fereH6ayapa {P,,(x, a)} (/I,JIH Hn:x a=~), JJe
:m:aniJpa .M1toao11111l1t&i { P n (x)} (AJIH HHX a=~= 0), CJ e-
6bl,weea .MnoeoitJ!enbl, nepsoro po,11,a { T n (x)} (AJIH HIIX 
a=~= - 1/ 2) H BToporo poii:a { U,, (x)} (,11,JIH IIHX a= 
=~=l/2)· 

BecoBaH «PYHKU.HH h(x) KJiaccnqecRHX 0. M. {K,,(x)} 
y,110BJ1eTBopHeT ,11 n: cl> cl> e p e H u; H a JI h II o M y y p a
B Henn: 10 Ilnpcoaa 

h' (x) p 0 +p,x A (x) E ( b) 
h (x) = Qo+q,x+q.x•= B (X)' x a, ' 

np11qe111 Ha Koeu;ax 1rnrepeaJia opToroHaJibHocTn Bb!IIOJl
HHIOTCH YCJIOBHH 

lim h (x) B (x) = lim h (x) B (x) =0. 
x~a+o x~b-o 

MaoroqrreII y= K,, (x) y,11,oBJieTBOpHeT ,11,11.iP«Pepe~naJih
HOMY ypaBHeHHIO 

B (x) y" +[A (x) + B' (x)J y' -n [P1 + (n+1) q2 ) y =0. 

/"t;JIH KJiaccnq, 0. M. rrMeIOT MeCTO 0 6 0 6 III e e H a H 
«PopMyJia Po,11pn:ra 

c,, an 
Kn (x) = hfX) dXn [h (:r) Bn (x)), 

TJJ,e c,, - HOpMn:poBOt[HhlH Roa«P«Pnu;rreHT, II «Popuy.'lbl 
IJ:HcPcPepeHI\llpOBaHlIH 

d d 
dX L,, (x; a)= - Ln-1 (x; a+ 1), dX H n (x) =2nH,,_1 (x), 

ddx P,, (x; a, ~) =+ (a+~+n+1) P,,_ 1 (x; a+1, ~+1). 
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)].JUI qaCTHhIX CJiyqaeB KJlaCcHqeCKllX 0. M. HMeIOT MeCTO ECJlll .pyHKil,llH ho (x) Ra BCeM OTpe:rne [-1, 1] Y/J;OBJleT-
npe)l:CTaBJleHHH qepea rHnepreoMeTpnq, «PYHKIJ,llIO BOpHeT y c Jl 0 B H IO )]. II H 11 - .JI ll [I Ill ll u; a no

pH)J:Ka '\'=1+e, r)J:e e>O, TO ecTb 

Pn (x; a, ~)=(n~a)F ( -n, n+a+~+1; a+1; 1~x)' I ho (z+ll)-ho (x) I.;;;; M 'l' , x, x+6E [-1, 1], 

( ) 
I In 1611 

P n (x) = F , - n, n + 1; 1; 1 ;x • TO )):JI.II MHoroqJieHOB {i\ (x) }, opToHopMnpoBaBBhIX 

( ) c BeCOM ( 1) Ha BCeM 0Tpe3Ke [ -1, 1], llMeeT MeCTO acnMII-
T n (x) = F - n, n; -} ; 1 ;x , TOTHq • .popMyJia 

Un (x) =(n+1) F ( -n, n+2; {-, 1;x) Pn (x) ={ nh:(x) cos (nS+q)-f-0 Lin1n)e J. 
n qepea Bhlpom,a:eHHYIO rnnepreoMeTpHq, .pyHKu,1110 

Ln(x)=n!<l>(-n; 1; x), 

H2n(x)=(-1)n<2:/'1D(-n; +; x2 ). 

(2n+ 1)! ( 3 ") H 2n+i(X)=(-1)n-n_!_<D -n;2;r · 

11cTop:irqecKH nepBhIM np:irnepoM 0. M. 6bmn: MHoro
qJieHhl JiemaH)l:pa. 3aTeM 6hIJIH BBe)J:eHhl MHoroqJieHhl 
"lle6Mrnesa, o6Iu,He MHoroqJieHhI HKo6H, MrrorotiJieHbI 
8pMHTa n: Jlareppa. Bee 3TH KJiaccnq. 0. M. HrpaIOT 
samHyIO poJib BO MHorn:x np1i!KJia)J:HhIX Bonpocax. 

06ra;aH TeopH.H O. M. 6hIJia 11ocTpoeHa II. JI. qe6Mrne
BhIM. Ilpn: 3TOM B KaqeCTBe OCHOBHoro annapaTa HCCJle
,U:OBaHHH np:nMeHHJIOCb pa3JlOil\eHne llHTerpaJia 

\b h (t) dt 
.la x-t 

B a;e11HyIO )J:po6b; 3HaMeHaTeJlH IJO)J:XO)J:HILI,HX )l.po6eii 3TOH 
u,errnoii )J:po6n 06paay10T cncTeMy 0. M. Ha HHTepBaJie 
(a, b) c BeCOM h (t). 

IlpH nayqeHHH 0. M. 6oJibillOe BHHMaHn:e y)l.eJI.HeTC.II 
HX aCHMilTOTHq, CBOMCTBaM, H6o OT 3TllX CBOMCTB 3aBHCHT 
ycJIOBHH CXO)J:llMOCTH pH)l.OB <l>ypbe no o. M. 

AcHMnTOTHq. cBoiicTBa 1waccn:qecKHX O. M. B11epBhle 
HCcJie)J:OBaJI B. A. CTeKJIOB B 1907 (cM. [8], c. 218). Ilpn: 
3TOM OH rrpn:MeHHJl n: ycoBepI!IeHCTBOBaJI MeTO)J: JlHyBHJlJIH, 
K-pblii. paHee HCilOJlb30BaJICH )J:JIH HayqeHHH peI!IeHn:ii. 
ypaBHeHHH llhypMa - JlHyBIIJIJIH. B )J:aJibHeii.I!IeM Me
TOA JinyBHJIJIH - CTeKJIOBa npHMeHHJICH so MHorHx 
pa6oTaX, B peayJibTaTe qero K HaCTOHIIJ,eMy BpeMeHH 
(1983) IlO)J:p06Ho H3yqeHbl aCHMilTOTHq, CBOMCTBa o. M. 
HKo6u, 8pMn:Ta, Jlareppa. 

B o6ureM cJiyqae opToroHaJihHOCTH Ha OTpeaKe [-1, 1] 
c npoH3BOJibHhIM BecoM, Yil:OBJieTBOpHIOJJIHM HeK-pbIM 
RaqeCTBeHHbIM ycJIOBHHM, aCHMilTOTn:q, «PopMyJihl )l.JIH 
0. M. B11epsh10 noJiyqn:JI r. Cere (G. Szego) B 1920-24. 
IlpH 3TOM OH BBeJI 'MHoroqJieHhl, opToroHaJlbHbie Ha OK
pyiKHOCTH, 1rnyqHJl HX OCHOBHbie CBOMCTBa ll HaI!IeJl 
BeCbMa BaiKHYIO .PopMyJiy, npe)l.CTaBJIHIOIIl,yIO MHoro
qJieBhl, op'roroHaJihHhle Ha OTpeaKe [-1, 1], qepea MHoro
qJieHhl, opToroHaJlh.Hhie Ha OKpy.lRHOCTH. A )I.Jiff HCCJie)l.O
BaHHH aC'llMilTOTHq, CBOHCTB MHoroqJleHOB, opToroHaJlb
HhIX Ha OKpyIBHOCTll, f, Cere paapa6oTaJI MeTO)J:, OCHO
BaHHbIM Ha cnea;HaJib'HOM o6o6meHHH TeopeMhr <l>eii.epa 
0 npenCTaBJieHHll HeoTpn:Il,aTeJlbHhIX TpllrOHOMeTpHq. IIO
Jlli!HOMOB c llCil0Jlb30BaHn:eM MeTO)J:OB H peayJibTaTOB 
TeOpHH aHaJlHTl'lq. .pyHK,IJ,n:ii.. 

B 1930 C. H. EepmIITeiiH [2] )J:JIH HccJie)J:OBaHn:H acHM
nToTn:q, CBOMCTB o. M. 11pHMeHHJl MeTO)J:hl Iii peayJibTaThl 
TeopHH npH6JIHmeHHH «JiyrrRa;Hi'1. OH paccMoTpeJI cJiyqafr 
secosoii. .pyrrKIJ,HH BH)J:a 

h (x) = h. <xl , E ( 1 1 l x - • , 
-V 1-x' 

(1) 

r)l.e !ftyHKil,llH ho (x), Ha3. T p Ii! r 0 H 0 Me T p H q e-
c K 11 M B e c o M, y1i;osJiersopHer ycJioBnIO 

0 < c1 ..;;;, h 0 (x)..;;;, c2 < oo. 

r)J:e 8=arcco~ x, a q 3aBHCHT OT 8. 
Ilpn HCCJI0)J:OBaHHH CXO)J:HMOCTH pH)l:OB <l>ypbe 110 0. M. 

B03HHKaer BOIIpoc 06 YCJIOBHHX orpam1qeHHOCTH o. M. 
JIH6o B OT)J:0JlbHOll TOqKe, m160 Ha HeK-pOM MHO)f(0CTB0 
AC [ -1, 1], JIH6o Ha BCeM oTpe3Re opToroHaJibHOCTH 
[-1, 1], T. e. paccMaTpn:BaIOTCH ycJIOBHH, npH K-phIX 
HMeeT M0CTO HepaseHCTBO THIIa 

IPn(x)lo;;;;;M,xEAs[-1,1] (2) 

BnepBb!e TaKoii sonpoc rrocTaBHJl B. A. CTeimos (1921). 
EcJIH TpHroHoMeTpnq, sec h0 (x) rra MHomecTBe A orpami
qeH OT HyJIH, T. e. 

h0 (x) ~ c3 > 0, xE Ac:: (-1, 1], (3) 

B YAOBJleTBOpHeT HeK-pbIM AOilOJlHHTeJlbHhIM ycJIOBH.HM, 
TO HepaaeHCTBO (2) HMeeT M0CTO. A B o6IIJ,eM CJiyqae II3 
RepaBeHCTBa (3) rrpn A= [ -1, 1] 6e3 AOIIOJIHHTeJibHhIX 
ycJIOBHM CJieAyer OIJ,0HKa 

IPn(x) jo;;;;;en Vi, Bn->-0, xE[--1, 1]. (4) 

HyJin BecoBoi1 lfiyHKIJ,HH HBJIHIOTCH oco6b1Mn TOqKaMH 
B TOM CMbICJie, qTO CBOl"ICTBa IIOCJie)J:OBaTeJlbHOCTll 

{Pn(x)} cyrr1ecTBBHHo pa3JIHqHbI B HYJlHX n B Apyr11x 
ToqKax HHTepBaJia OpToroHaJibHOCTII. IlyCTb, rranp., 
B0COBaH «PYHKU,Ilfl HMeeT BHA 

- h, (x) IJm - 'l'k h(x)-y- Ix xkl , Y1<>0, x,,E(-1, 1). 
1-x• k= I 

Tor)J:a ecm1 «PyrrKu,HH h1 (:r) 110JioiKHTeJihHa H Yil.OBJieTBO
pHeT ycJIOBHIO Jln:rrmn:a;a Ha [-1, 1], TO rrocJieAoBaTeJib

HocTb {P n (x)} orpaHHqeHa Ha BCHKOM OTpeaKe [a, b]C 
c[-1, 1], He COAepmaIIJ,eM ToqeK {xk }, a B HyJlHX Bhl
IIOJlHHIOTCfl HepaBeHCTBa 

~ ""k;, 
1Pn(x,.)lo;;;;;cdn+1) , k=1, 2, ... , m. 

CJiyqa1'i, Kor)l.a rryJIH secoBoii $yHKU,HH pacnoJiomeHhl 
rra KoHa;ax OT pea Ka opToroRaJibHocTn, paccMorpeJI 
C. H. EepHmTeiiH [2]. 0)1.HH H3 ero peay.TihTaTOB aaRJIIO
•raeTcH B TOM, qTo ecJIII BeCoBaH !ftyHKU,IIH n:MeeT BH)I. 

h(x)=h1 (x)(1-x)a(1+x)l3, xE[-1, 1], 

r)l.e !ftyHKIJ,HH h1 (x) IIOJIO)f(HTeJlbHa H YAOBJleTBopHeT yc
JlOBHIO JlHIII!IHI~a, TO rrpH a>-112, ~>-112 o. M. ,a:o
rrycKaIOT secosyIO or~eHKY 

(1-x)a/ 2 + 1 / 4 (1+x)~/2+l/ 4 JPn(x)Jo;;;;;c 5 , xE[-1, 1], 

a B roqKax x= ± 1 B03pacTaIOT co CKOpOCTblO na+ •;, n: 

n~ +I I 2 COOTB0TCTBeHHO. 

B TeopHH O. M. qacTo paccMaTpHBaIOTcH T. H. TeopeMhl 
cpaBHeHHH. TaK, rraup., T e 0 p e M a c p a B II e H n: H 

R o p a y c a: ecJIH MHoroqJieHhI { Wn (x) }, opTOroHaJib
Hhle c B0COM p (x) Ha OTpeaKe [a, bl, paBHOMepHO orpa
HHqeHbI Ha HeK-pOM MHomecTBe Ac[a, bl, TO Ha 3TOM 

MHomecTse orpaHH:qeHhl TaKme 11 MHoroqJieHhl {P n (x) }, 
opToroHaJlbHhle c B0COM h (x)=p (x)q (x), rAe MHOlRHTeJib 
q (x) IIOJIOJIDITeJieB 11 YAOBJieTB-Op.ReT Ba 0Tpe3Ke [a, b] 
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ycJiosnro Jlmumn~a rropHll;Ka a= 1. AHaJionJtIHo, rrpu 
HeK-pbIX ycJIOBJIHX Ha MHOiRl!T0Jlh q (x) c Cli!CTeMhI 

{wn (x)} Ha Cli!CTeMy {P n (x)} rrepeHOCHTCH acl!IMIITOTilq. 
.PopMyJihI HJill ApyrHe acHMIITOTBq. cso.ii:cTBa. BoJiee 

Toro, ecJIH MHOll\li!T0Jih q ( x) eCTb H00TpliIU,aTeJibHhlll Ha 
0Tpe3Re [a, b] MHoroqJieH CTeIIeHlil m, TO MHoroqJieHbl 

{Pn (x)} rrpeAcTaBJIHIOTCH qepe3 MHoroqJieHhI {ron (x)} 
c IIOMO!ll,bID orrpeAeJIHTeJieil: IIOPHAKa m+1 (cM. [8] c. 42). 
3.pcpeKTl!IBHbie .popMyJibl AJIH 0. M. IIOJiyqeHhI TaKme B cJiy
qae BeCOBblX .PYHKU,lilll Bli!Aa 

1 v 1 - x• ~ I 1 - x 1 
Qm(x)V1-x'' Qm(x)' V 1+xQm(x)' 

r)l.e Q m ( x) - IIp0113BOJibHhlll IIOJIOll\li!T0JibHblll Ha OT
pe3K0 [-1, 1] MHoroqJieH (cM. [8] c. 44). A e 6oJihIIIHHCTBe 

cJiyqaee BblqHcJieHne 0. M. rrpoH3BOJibHoro Beca rrpn 

6oJibllil!IX HOMepax n 3aTPYAHHT0JibHO. 

Jlum.: [1] q e 6 bl 111 e B II. JI., IIOJJH. co6p. CO'!., T. 2, M.-JI., 
1947, c. 103-26, 314-34, 335-41, 357-74; L2] Be pH 111 Tell: H 
C.H., Co6p. CO'!., T. 2, M., 1954, C. 7-106; [3] I' e po H II'. M ~ C 
H. JI., TeopHH opToroHaJJhHhIX MHoroqJJeHoB, M.-JI., 1950; L4] 
C y e T H H II. I\.~ HJJaCCH<Iecime opToroHaJJhHhie MHoroqJJeHhI, 
2 ll'.3A., M., 1979; L5] H II'. II 11'. cjJ op o BA. <I>., YB a po BB. B.j 
CneuHaJJhHhie cjJyHHUHH MaTeMaTH'Iec11oll: cjJH3HHH, M., 1978; [6 
Bell: TM e H r., 8 p A ell: u A., Bhrc111ue TpaHcueHAeHTHhie 
cjJyHHUHH, T. 2 - <I>yH11uuu BecceJJH, cjJYHHUHH napa60JJH<Iec11oro 
uHJJHHAPa, opToroHaJJhHhie MHoro<IJJeHhI, nep. c aHrJJ., 2 H3A., M., 
197 4; [7] A lll e " c o H )];. , PHAhI <t>yphe II'. opToroHaJJbHhie IIOJJH
HOMhI, nep. c aHrJJ., M., 1948; L8l Ce re r., OpToroHaJJhHbie MHo
ro<IJJeHhI, nep. c aHrJJ., M., 1962; [9] Cnpaao<IHHK no cneuHaJJhHhIM 
cjJyHKUll'.HM ... , nep.c aHrJJ., M., 1979; [10] sh 0 hat J. A., Hi I
I e E., W a Is h J. L., A bibliography on orthogonal polyno-
mials, Wash., 191,0. II. R. Cyemm<_ 

oPToroHA.1IhHhIE MHorollJIEHLI B K o M-

n JI e K c H o ii: o 6 JI a c T 11 - o6mee Ha3BaHHe MHoro

qJieHoB' opToroHaJihHhIX Ha OKpyiKHOCTH, ITO KoHTypy 
HJil!I ITO IIJIO!ll,a)l.l!I. B OTJil!Iql!Ie OT cJiyqaH OpToroHaJih

HOCTH B A0llCTBl!IT0JibHOll o6JiaCTlil, MHoroqJieHbl yKa-

3aHHblX Tpex Cli!CTeM MoryT li!M0Tb MHli!Mbie Koa.P.Pn
u,neHTbl Ii! paccMaTpli!BaIOTCH rrplil Bcex KOMIIJI0KCHblX 

3Ha<£eHHHX HeaasncHMoro rrepeMeHHoro. XapaKTepHoii 
oco6eHHOCTbID CJiyqaeB opToroHaJihHOCTH B KOMIIJI0KCHOll 

o6JiaCTH HBJIH0TCH TOT .Pa KT' qTO B PHAbl ((lyphe ITO yKa-
3aHHblM CliICTeMaM paaJiaraIDTCH o6biqHO aHaJili!Tllq • .pyHK

Il,lillil KOMIIJieKcHoro rrepeMeHHoro, YAOBJI0TBOpHIO!ll,110 HeK
pbIM ,a:orroJIHHTeJibHhIM ycJIOBHHM B oKpecTHOCTl!I rpaHHil,hl 

o6JiaCTlil aHaJil!ITl!IqHOCTll. 
1) o. M. Ha 0 K p y )I\ H 0 c T 11-Cl!ICTeMa MHOroqJie

HOB { cpn (z) }, li!M0IO!ll,HX IIOJIOll\IIT0JlbHhIH CTapJUl!Ill Koa.P

.PmvreHT n y,a:osJieTsopHID!ll,Hx yc.TIOBHIO oproroHaJihHOCTH 
( o6blqHO opTOHOpMlilpOBaHHOCTlil): 

1 r 2:n: ---
2n.) 0 cpn (ei0) cpm (ei0) dµ (0) = Onm• 

rAe 1:1 (0) - orpaHHqeHHaH Hey6hlBa10m;aH Ha cerMeHTe 
[0,2:rcJ .pyHKil,liIH c 6ecKoHeqHblM qli!CJIOM ToqeK pocTa, 

Haa. q, y HK u, 11 e ii p a c II p e A e JI e H Ii! H, a Onm
Cli!MBOJI RpoHeKepa. AHaJiorHqHo cJiyqaro opToroHaJih

HOCTlil Ha OTpeaKe, AJ!H MHOroqJieHOB {cpn (z)} llM0IDT M0CTO 

peKyppeHTHOe COOTHOIII0Hlile Ii! aHaJior .PopMyJihI Rpnc

To.P.PeJIH - ,Aap6y. 
AcHMIITOTl!Iq. CBOHCTBa HCCJie)l.yIDTCH rrpn ycJioBlillil 

~ : n ln µ' (0) d0 > - 00 • 

CJiyqaii opToroHaJI1>HoCTlil Ha oKpymHOCTlil KaK rrepHo

,a:1rn. cJiyqaii 113Y'l0H AOCTaTO'IHO rro,a:po6Ho, IIOCKOJibKY 

3)l.0Ch ycrreIIIHO IIp1i!M0HHIOTCH pe3yJibTaThI 0 rrp116Jil!Ill\e
Hlillil rrepHOAllqec1mx .PYHKU,lilll Tp11roH0MeTpnqecKllMII 
IIOJIHHOMaMlil. 

IlyCTb MHoroqJieHbl {P,, (x)} opTOHOpMHpOBaHhl Ha 

cerMeHre [ -1, 1] c ,a:n.pcpepemvrnJihHhIM BecoM h (x), a 
eecoea.11 WYHm~1rn Ha oKpymliocTn nMeeT en.a; 

µ' (0) = h \cos 0) I sin 0 J. 

TorAa rrpn yrnomm .r=i- ( z+f-) nMeeT MecTo q, o p

M y JI a Cerii 

Pn (x) = y2~[ 1 + Ql~.~O)]-l/2 [ z~' cp2n(z)+zncp2n( +)] , 
r )l.e a 2n - cTa pnmii Koa.p.plilr~neHT MHoroqJieHa cp2n ( z). 

EcJIH aHaJIHTl!IqecKa.11 B Kpyre I z I <1 .PYHKU,li!H f (z) 
HMeer yrJiosr,ie rpaHll'IHble 3Ha'leHHH Ha oKpymaocTH 
\z \ = 1, To npn neK-pbIX AOIIOJIHHTeJlblihIX rrpe,a;rroJiome

HliIHX crrpaBe)l.Jil!IBO pa3JIOll\0Hlil0 

f(z)=~:= 0 ancpn(z), Jzl < 1, (1) 

Koa.P.PmvreHThI K-poro orrpeAeJI.11roTc.11 rro .PopMyJie 

1 \2n ---
an=~ j 0 f (ei0) cpn (ei0) dµ (0). 

PHAhI Bli!Aa (1) HBJI.llRJTCH HerrocpeACTB0HHbIM o6o6u~eHHeM 
pH/lOB Teil:Jiopa: IIPlil µ(0)= 0 6yAeT cpn (z)=zn. Ilplil 
H0K-pbIX ycJIOBl!IHX Ha .pyHKU,li!ID pacnpeAeJieHllH µ (0) 
pan ( 1) B ToqKax oKpymHocTH \ z\ = 1 cxo,a;HTCH HJIH pac
XO/lli!TCH OJl.HOspeMeHHO c pHAOM Te.ii:Jiopa aToli me .pyHK

U,liIH f(z), T. e. 11MeeT MeCTO TeopeMa 0 paBHOCXOAllMOCTlil 

3Tli!X ABYX PHAOB. 
2) o. M. II 0 K 0 HT y p y - CllCTeMa MHoro'IJI0HOB 

{Pn (z) }, 11Merom;ax rroJiom11TeJihHhIH cTapum.ii: Koacpl}m-

1vreHT H YAOBJieTBopaIO~Hx ycJios11ro 

1 r -2n .)r Pn (z) Pm (z) h (z) I dz l=Onm• 

rAe r - CIIp.11MJIH0MaH ll\OpAaHOBa (o6biqHO 3aMKHyTaJJ) 
Kpli!Ba.11 B KOMIIJI0KCHOH IIJIOCKOCTll, a B0COBaH .pyHKU,HH 

h (z) HHTerpHpyeMa ITO Jie6ery II rroqTJI BCIDAY IIOJIOilHI

TeJihHa Ha r. 
IlycTb B KOHeqHOH OAHOCBH3HOll o6JiaCTlil G, orpaHn

qeHHOll KpllBOH r, 3a)l.aHa aHaJil!ITl!Iq, .PYHKil,IIH f ( z), 
rpaHlilqHhl0 3HaqeHl!IH K-po.ii: Ha KOHType r llHTerpnpyeMhI 

B KBaApaTe c secoM h (z). Tor)l.a c IIOMO!ll,bIO .popMyJibl )l.JIR 

Koa.P.PHu,11eHTOB 

an= }n ~ r f (~) P n (~) h (~) / d~ I 
3Toii .PYHKil,Hll CTaBIITCH B COOTB0TCTBl!I0 PHA ((lypbe no 

opToroHaJihHhIM MHoroqJieHaM: 

(2) 

3Tlil pHl(bl HBJIHIOTCH ecTeCTB0HHblM o6o6m;eHH0M pH)l.OB 
TeiiJiopa IIO CBOHCTBY opToroHaJibHOCTll Ha cJiyqaii OAHO

CBH3Hoii o6JiaCTlil Ii! CJiymaT AJIH rrpeACTaBJI0HIIH aHaJIJI
Tlilq. WYHKU,li!H. EcJIH BblIIOJIH!lel'CH y c JI o B Ii e II o JI

H 0 T bl 

inf r h(z)//(z)-Qn(z)l2 ldzl=0, 
{Qnl .)r 

rAe Hlilll\HHH rpaHh 6epeTCH no MHOll\eCTBY Bcex MHOl'O

'IJI0HOB Q n(z), TO PHA (2) CXO,[\li!TCH !{ WYHKil,lillil /(z) D 

cp0AH0M IIO KOHTypy r C B0COM h (z), a IIplil HeK-pbIX AOIIOJI

HllT0JibHhIX ycJIOBl!IHX Ii! paBHOMepHo BHyrpH o6JiaCTlil G. 
3) 0. M. II 0 II JI 0 m; a A II - CliICTeMa MHoroqJieHOB 

{Kn (z) }, HM010Ill,HX IIOJIOlliHT0JlbHbiii CTapllillII Koaqi.pu

I~l!IeHT Ii! y,a:oBJieTBOpHIO!ll,HX ycJIOBHID 

~~GKn(z)Km (z)h(z)dxdy=Onm• 

rAe BeCOBaH .pyHKU,HH h (z) HeOTp11u,aTeJihHa, llHTerpnpyr
Ma no rrJI01u,a,a:11 1rnneqlioii o6JiacTH G n He:ma1rnaJieHTHa 
HyJIIO. EcJil!I li!Meer MeCTO y c JI 0 B Ii! e II 0 JI H 0 T bl 

inf I I h (z) It (z)-On (z) 12 d.rdy=O, 
{Q,,J.) JG 

rAe HlillliHJlH rpaHh 6epeTCJl HO MHOIB0CTBY Bcex ~IHoroqJie-



99 OPTOPOHAJihffblR 100 
HOB On (z), TO PHA <Dypbe no MHoro'IJieIIaM {Kn(z)} iliymt- rHJ1h6epTOBOM rrpocTpaHcTBe, 2 Han., M., 1966; [3] P n cc <t>., 
11,uu f (z), aHaJIHTH'IeCKoii B OAIIOCBJI3Hoii o6JiaCTn G Ce Re ill a JI b a 11- Hanh B., Jiem~n11 no ilJYHRl\HOHaJ1bH0My 

" .J. 6 aHaJIH3Y, nep. c 11JpaH11., 2 H3n., M., 1979. B. II. Co6oAt6. 
cxoAIITCH K :non 'i'YHK11,1.rn B cpeAHeM rro rrJIOIIJ;aAII o - OPTOrOHAJibHbIB PH,!J; - pHA snp;a 
JiaCTH G c BecoM h (z), a rrpn BeK-pbIX AOIIOJIHHTeJibHhlX 
ycJioBHHX n paBHoMepIIo BHYTPM o6JiaCTM G. 

Jlum.: [1] Sze g ii G., «Math. Z.», 1920, Bd 6, S. 167-202; 
1921, Bd 9, S. 167-90, 218-70' [2] Car I em an T., «Ark. tor 
mat., astr. ochfys.>>, 1922-~3. Bd 17, M 9, s. 1-30; [3) c ere r., 
OproroHaJlbHhJe MHOro•meHhl, nep. c aHrJI., M., 1962; [4) rep O
H H M y c JL JI., MHorO'!JleHbl, OpTOrOHaJlbHhle Ha ORPY>f<HOCTH H 
Ha OTpe3Re, M.. 1958; [5) c M H p H 0 B B. IL. «lRypHaJI Jie
mrnrpancRoro ilJHSHRO-MaTeM. 06-Ba», 1928, T. 2, B. 1, c. 15li-79; 
[6) l\ 0 p 0 BR H H II. II., «llfaTeM. CO.», 1941, T. 9, M 3, C. 469-
1185; [7] c y eT H H rr. 1\., «Ycnexn MaTeM. HaYR», 1966, T. 21, B. 2, 
c. 41-88; [8) er 0 )1{ e, «Tp. MaTeM. HH-Ta AH CCCP», 1971, T. 
100, c. 1-96. II. H. Cyemun. 

OPTOrOHAJlbHbllI BA31IC - cucTeMa norrapHO op
ToroIIaJibHhIX aJieMeHTOB e1 , e2 , ••• , en, ... rHJib6epToBa 
rrpocTpaIICTBa X TaKaH, 'ITO mo6oii aJieMeBT x EX 011;Ho-
3H8'IHO rrpeACTaBMM B BHAe CXOAHII~erocH rro IIopMe PHAa 

X= ~;ciei, 
Ha3. p H A 0 M <D y p b e a JI e M e H T a x II 0 c liI C
T e M e {ei }. 06bl'IIIO 6a3HC {e1} BhI6upaeTCH TaK, 'ITO 
lie iii= l' H TOrAa OH Ha3. 0 p T 0 H 0 p M H p 0 B a B H hI M 
6 a 3 H c o M. B <i'J'OM cJiyqae 'IIICJia Ci, Haa. K o a iii iii n, 
l(HeHTaMH <Dypbe aJieMeHTa x DO op
T 0 H 0 p M II p 0 B a H H 0 M y 6 a 3 liI c y {e; }, nMeIOT 
BUA c;=(x, e1). Heo6xoJJ,HMbIM n ,ll,OCTaTO'IHbIM ycJIOBHeM 
Toro, 'IT06bI opTOHOpMHpoBaHHaH Cl!CTeMa {ei} 6bIJia 6a
~HCOM, RBJIHeTCH p a B e H c T B 0 II a p c e B a JI H -
CTeKJioBa 

~i I (x, ei) 12=11 xll2 

AJJH JII06oro x EX. fHJib6epToBo npocTpaHCTBO, MMe
IOll\ee opTOIIOpMHpOBaHHhlli 6a3JIC, HBJIHeTCH cerrapa6eJib
HbIM, II o6paTHO, BO BCHIWM cenapa6eJibHOM rHJib6epTOBOM 
npocTpaHCTBe cymecTByeT opTOHOpMHpoBaHHhIH 6a3HC. 
EcJIII 3aAaHa npoH3BOJibHaH CHCTeMa 'IJICeJI {ci} TaKaH, 
'ITO ~;I cil2 < oo, TO B cJiy'Iae rJIJib6epTOBa npocTpaHCTBa 
c 6a3HCOM{e;} PHA ~ iC;e; CXOAHTCH no Hop Me K HeK-po
My aJieMeHTY x EX. 8TnM ycTaHaBJIHBaeTCH JI30Mop.pnaM 
JII06oro cenapa6eJibHoro rHJib6eproBa npocTpaHCTBa npo
cTpaHCTBY Z2 (Te o p e Ma P n cc a - <D JI 111 e p a). 

Jium.: [1) JI IO c Tep H HR JI. A., c 0 (i 0 JI e B B. H., 8J1e
MeHTbl lfiYHRl\HOHaJlbHOro aHamrna, 2 nan., M., 1965; [2) H o JI M o
r 0 p 0 B A. H.' ([J 0 M H H c. B.' 8J1eMel1Tbl TeOpHH ilJYHRl\HH H 
tPYIIRl\HOIIaJlbHOrO aHaJlnaa, 5 H3)1.' M.. 1981; [3] A x II e-
3 e p H. H., r JI a a M a II H. M., Teopm1 JIHHel\Hwx orrepaTopoa B 
ruJlboepTOBOM npocTPaHCTBe, 2 11an., M., 1966. B. II. Co60J1ee. 

OPTOrOHAJlbHbllI IIPOEKTOP, 0 p T 0 n p 0 e K

T op,- 0To6pamea11e PL rHJib6epTOBa npocTpaHcTBa H 
Ha ero no,D,npocTpaHcTBO L TaKoe, 'ITO x-PLx opToro
HaJibHo PL! x-PLxj_PLx· 0. n. ecTb orpaHH'IeHHhlH 
caMOCOilpHll«lHHbIH orreparop, ,D,eHCTByIOlll,Hll B rHJib6ep-

TOBOM npocTpaHcTBe H, H TaKoii, 'ITO Pl= PL H llP Lil= L 
06paTHO, ecJIH ,D,aH orpaHHlleHIIhlii caMoco11pnmeHHhlll 
onepaTop, JJ,eHCTByIOll\Hll B rHJib6epTOBOM npocTpaHCTBe 
II, H TaKoii:, 'ITO P2=P, TO Lp= {PxlxEH} HBJIHeTCH 
no,D,npocTpaacrBoM H P ecTb 0. rr. Ha Lp. )].Ba O. rr. 
Pr., Pr, Ha3. op Toro Ha JI b aw M H, ecJIJI Pr,Pr,= 
=PL,PL,=0; no aKBJIBaJieHTHo ycJIOBHIO, 'ITO L1j_L2. 

Caoii:cTBa 0. n.: l) ,D,JIH Toro 'IT06h1 cyMMa Pr,+Pr, 
,ll,Byx o. n. 6blJia o. Il.' Heo6XO,ll,HMO II ,ll,OCTaTO'IHO, 'IT06bl 
PL,PL,=0, B <!TOM cJiyqae Pr,+Pr,=Pr,+ L,; 2) ,ll,JIH 
Toro 'IT06hl KOMnoamvrn p r,P r, 6bIJia 0. II., Heo6xo
AHMO JI 11ocTaTO'IHO, 'IT06bl Pr,PL,=Pr,Pr,, B aToM 
cJiyqae P r,P r.= P L,nL,. 

O. n. Pu naa. 'I a c Tb IO 0. rr. Pr, ecJIH L' ecn 

no11rrpocTpaHCTBO L. Ilpn noM Pr-Pu HBJIHeTCH 0. rr. 
Ha L~L' - opToroHaJibHoe 11onoJIII6IIHe K L' B L. B qacT
HOCTH, I-Pr ecTb 0. rr. IIa H~L. 

JI um.: [!] JI IO c Te p II H R JI. A .• c 0 6 0 JI e B B. H. 8J1e
MeHTbl ilJYIIRl\HOHRJlbHOro anaml3a, 2 H3)1., M., 1965; [2) A'x He-
3 e p H. ll., r JI a 3M a H H. M., Teopua JJIIHeliHbllt OIIepaTOPOB B 

x Ex, 

rAe {cpn (x)} - opmOllOpMupoeall11a;i cucme.Ma 
(OHC) OTHOCHTeJibHO Mepbl µ (x): 

\ { 0 rrpH i f= j, J X <p; (x) cpi (x) dµ (x) = 1 . . 
npn i = J. 

(1) 

iliYIIKIJ,Hll 

Ha'IHHaH c 18 B. npn R3y'IeHJIJI paaJIH'IHhlX BonpocoB 
MaTeMaTHKH, acrpoHOMHH, MexaHMKH II .pnaJIKH (ABHlRe
HJie IIJiaHeT, IWJie6aHHe CTpyH, MeM6paH Il AP·) B HCCJie
AOBaHJIHX JI. 3fmepa (L. Euler), )J.. EepayJIJIH (D. Ber
noulli), A. JlemaaJJ,pa (A. Legendre), Il. JlarrJiaca (P. 
Laplace), <D. EecceJIH (F. Bessel) n AP· anJI30AJI'IecKH 
noHBJIHIOTCH HeK-pbie cne[\HaJlbHble OHC JI pa3JiomeHHH 
iliYHKI~nii: no HMM. OnpeJJ,eJIHIOlll,ee me BJIHHHJie Ha cra
noBJieHHe TeopJIJI O. p. 0KaaaJI11: 

a) HCCJieAoBaHHH JR. <Dypbe (J. Fourier, 1807 -22) 
(<Pypbe Memo{} pe111eHHH KpaeBhlX aa,D,a'I ypaBH6HHH MaTe
MaTH'I. IPH3JIKH) u B CBH3H c HHMJI pa6oTbl JR. llhypMa 
11 JR. JlJiyBHJIJIH (J. Sturm, J. Liouville, 1837-41); 

6) HCCJieAOBaHHH Il. JI. lJe6blll1eBa no HHTepIIOJIHpO
BaHJ!IO II npo6JieMe MOMeHTOB (cep. I9 B.), noBJieKrnJie 3a 
co6oii co3,D,aHHe JIM 06mei'1 TeopJIH opmozollaAbllbix Jttlloeo-
11.n,e11oe; 

a) HccJie,D,oBaIInH )J.. fnJib6epTa (D. Hilbert, na'I. 
20 B.) no HHTerpaJibHbIM ypaBHeHIIHM, r,D,e, B 'IaCTHOCTH, 
6bIJIJI ycTaHOBJieHbl o6lll,He TeopeMhl 0 pa3JIOlR0HHH .pyHK
I~Hii: B pH,ll, ITO OIIC; 

r) coa11;amie A. Jie6eroM (H. Lebesgue) Teopnn Mephl 
n IIHTerpaJia Jle6era, np11)laB111ne TeopHM 0. p. coBpe
MeIIHb1i"1 BJIA· 

AKTHBHOMY pa3BHTIIIO Teopnn o. p. B 20 B. cnoco6cT
BYeT npnMeHeHne oac IPYHKIWil n pH,ll,OB no HJIM B caMhIX 
pa3Hoo6paaawx paa11eJiax HayKH (MaTeMaTJI'I. ili11aJIKa, 
Bbl'IJICJIJITeJibHaH MaTeMaTHKa, iliYHKIVIOHaJibHblll aHa
mrn, KBaHTOBaH MexaHUKa, MaTeMaTJI'I. CTaTHCTHKa, one
pa[\HOHHoe HC'IHCJieHne, aBTOMaTH'I. peryJiupoBaHne H 
yrrpaBJieHHe, pa3JIH'IHble TeXHH'I. 3a,D,a'IH II T. rr. ). 

XapaKTepHbie peayJibTRThI H HanpaaJieunn nccJie11oaaHHii 
B TeopHH 0. p. 

l) IIycTb X=[a, b], d~t(:r)=dx - Mepa Jle6era 11 

{crn}-oHc. Tor,D,a ecJin JEL 2 (a, b), To 'IIICJJa 

an(/) = (f, cp,,) = ~: f (x) cpn (.x) dx 

aaa. Koa¢cpn1~11eHTaMH ©ypbe, a pH/I (1) 
c a,,=an (/) - p H ,ll, o M (D y p b e IPYHI\11,Hll f no cnc
TeMe {cp,, }. 

C11cTeMa {cpn} 3 a MK H y Ta OTIIOCHTeJihHO rrpocT
paHCTBa L2, ecJIH ,ll,JIH JII06oii IPYHK[\IIl'I f E L2 11 mo6oro 
•rncJia e >O Haii1\eTCH noJIJIHOM 

~-,N 
<D (x) = ~n=o c,,cpn (x) 

Ta1wi'1, 'ITO HopMa ll/-<Dll2<e. CncTeMa {cp,,} no JI II a 
OTHOCHTeJibHO £2, ecJIH H3 YCJIOBHi"I fEL2 H anU)=O rrpn 
BCeX n;;;,,o CJie11:yeT, 'ITO f(x)=O IIO'ITH BCIOAY. T. e. f -
HyJieBoii 8JieMeHT npocTpaHCTBa L2. 

Ecm1 llJIR 11eK-poii: iliYHKI~HH f E L 2 BbIIIoJIHHeTcH pa-
ReHCTBO 

~lXl 2 \b 
~n=O a,,(/)= J a 12 (x) dx, (2) 

TO rosopHT, 'ITO iliYHKllHH f YllOBJieTBopHeT y c JI o B u IO 
ciaMKHYTOCTJI .1IHrryHoBa-CTeKJIOBa 
(um1 p a Be II c T B y II a p c e B a JI H). aTo ycJiomre 
:JKBI!BaJieIITHO CXOAHMOCTH 'IaCTJihIX cyMM PHAa <Dypbe 
or f uo HopMe npocTpaHcTBa L 2 K IPYIIKI.\llll f. 
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AHaJiorwrno AaIOTC.ff orrpegeJieHirn aaMRHYTOCTH, noJI
HOThl 11 ycJioBRH aaMKHYTOcTH A.1rn 6oJiee o6ITQ:Jx rrpocT
paHCTB II Mep. 

0}:1HHM H3 BaJKHeii:llJHX BonpocoB Teopian 0. p. HBJIH
erc.a Borrpoc Oll;H03BR'IB0f0 onpegeJI0RH.ff il>YHRIJ;HH IIO 
ee Km11f>!f>111vrnHTaM <l>ypbe. ,Il;JIH rrpocTpaHCTB L 2 oH ca
MbIM TeCHbJM o6pa3oM CBH3aH c BhlnOJIIIeHHOM paBef!CTBa 

(2) /l;JIH BCeX il>YHK~nii: /EL2. 
,Il,JIH cJiy'laH TpnroHoMeTp111I: Cl{CTeMhl paBeHCTBO (2) 

B 1805 6t.iJIO rrpnBeAeHO (if>aKTil'IOCRil 6ea AOKaaaTeJibCTBa) 
M. IIapceBaJieM (M. Parseval), a B 1828 <I>. BecceJih ycrn
HDBHJI, 'ITO 

~:=o a~ (f) ~ ~~ / 2 (x) dx (3) 

'1epaBeHCTBO BecceJIH). B 1896 A. M. JlH
rryHoB AOKaaaJI paBeIICTBO (2) /];JI.ff IlHTerp11pyeMbIX IIO 
PnMaHy <jiyHK~llii:, a UOTOM II. <l>aTy (P. Fatou) ll;JIH cJiy
'laH /EL2. 

B. A. CTeKJIOBhlM (1898-190·i) 6hlJI rrocTaBJieH BOII
poc 0 aaMKHYTOCTH o6IIJ;HX OIIC H IlOJIOlKHTeJibIIO peIIIeR 
AJIH MHOrHX opToroHaJibHhlX CHCTeM (c<jiepnq. <jiyIIK~Hll, 
co6cTBeH11ble if>yHK~nia orrepaTopa IlhypMa - JinyBnJIJIH, 
cncTeMhl opToroHaJihHhlX MHoroqJieIIoB 8pMnTa, Jiarep
pa, <jiyHK~nn JiaMe n gp.). 

1ho KacaeTCH 11epaBeHCTBa (3)' TO OHO OKa3aJIOCI. 
cnpaBeAJIHBhlM AJIH nponaBoJibHhlX oHc n <jiy1rn~nii f E L2. 

B 1907 <I>. Pncc (F. Riesz) 11 8. <1>111nep (E. Fischer) 
11;0KaaaJI11, 'ITO AJlll mo6oii: OHC { cpn} n mo6oii: nocJieri;o
BaTeJibUOCTll q11ceJI {a,,}E 12 Haii:geTCH <jiyHK~Hll f E L2, 
AJIH K-po1'i an(f)=(f, cpn)=an JI BblnOJIHeHo paBeHCTBO (2). 
Ha aToft TeopeMbl 11 11epaBeHCTBa BecceJIH BhlTeKaeT, 'ITO 
AJill JII06bIX OIIC noJIHOTa 11 aaMKHYTOCTb aKBJIBaJiellTHhl 
B npocTpaHCTBe L 2 ; aaMKHYTOCTb B rrpocTpaHCTBax LP 
c 1 <P < 00 aKBllBaJieHTIIa noJIHOTe B rrpocTpaHCTBe LP', 
rge 1/p'+1lp=1 (C. Ba11ax, S. Banach, 19Ri). 

HepaBeHCTBO BecceJIH 11 TeopeMa Pncca - <l>nlllepa 
6b!JIJI pacnpocTpaHeJJhl r. XapAll (G. Hardy), ,IJ;m. JinTJI
BYAOM (J. Littlewood) n P. IIaJI11 (R. Paley) 11a rrpocT
paHCTBa LP. l1Me11Ho, nycTb {cpn} - oHc, lcrn(x)l~M 
11 1 <P <2. TorAa: 

a) ecm1 f E LP, To 

~:= 1 !(f, lpn)!PnP- 2 ~All/ll~; 
6) OCJill gaHa IlOCJieAOBaTeJibHOCTb {a,,} c 

I"""' ,.,co I an I P'nP'-2 < oo' 
~n=1 

TO Baii:geTCll <jiyHK~li.ff fELP', AJlll K-poii (/, f/Jn)~a,, 
11 11111~; ~Al, rge A aaBHCllT JillIIIb OT p 11 M. 

2) ,IJ;pyroii: KpyrrHof1 rrpo6JieMOH Teop11.11 0. p. HBJilleTCH 
Bonpoc paaJiomeH1111 <jiyHK~11n B PHA rro npoCTbJM <jiynK
~1111M, c XO)llllll;llIICll K Heii no Hop Me Toro llJIJI JIIIOro 
rrpocTpaHCTBa. C11cTeMa aJieMeHTOB {cpn} 11a B-npocT
paHCTBa E Ha3. 6 a 3 JI c 0 M (6 e 3 y c JI 0 B H bl M 
6 a a 11 c o M), ecJin KalK)J;hili aJieMeHT f EE OAllHCTBeHHWM 
o6paaoM npe)lCTaBJilleTCH B Bll)l0 PHAa 

(4) 

cxop;nIIJ;eroc11 (6eaycJioano CXOAllIIJ;erocn) K f no nopMe 
npocTpaHCTBa E. 

EcJI11 { cp,i} - 6aa11c B E, TO an (f) .HBJIHJOTCH JI1111eii
Hb1MH HenpepbIBHblMll <jiy11K~noHaJiaMH B npoCTpaHCTBe E 

H B CJiy'lae E=LP(O, 1) c 1<p<oo HMeJOT Biii:\ 

an (f) = ~: f (t) \f'n (t) dt, 

rp;e {¢n} - 6aanc npocTpaHCTBa LP' (0, 1), hm \f'n} -
611op10HopMI1poBaHHaH cncTeMa (C. BaHax). B qacT
socTH, ecJin cpn='i'm TO eCTh {cpn} - one, TO opTOro-

4 • 

HaJihHhlii 6aaiac a LP aBTOMaTH'leCKH llBJIHeTcH 6aancm1 
BO Bcex rrpoc1paIICTBax Lr, rAe r - JIJ06oe 'IHCJIO MeIBAY 
p II p' • 

MccJiegoaaHHH no yKaaaHHoii rrpo6JieMe BegyTcH B ABYX 
HarrpaBJieHH.HX: 

a) ITO aagaHHOH OHC {cpn} HaXOJJ;HTCH Te rrpoc1paIICTBa, 
B R-pbIX {cpn} HBJIHeTCH 6aancoM; 

6) AJIH aaga11Horo rrpocTpaHCTBa E OThlCKllBaJOTCH 
B HeM 6a3HCbl HJIH opToroIIaJibHble 6a3HCbJ. 

B o6onx cJiyqaHX 11ccJiegyeTCH BaanMOCBH3b caoikTB 
<jiyHKIJ,HH f n ee paaaomeHl!H. 

qTO RacaeTCH TpnroIIoMeTpll'I. CHCTeMbl, TO Olla He HB
JIHeTCH 6aaiacoM rrpocTpaHCTBa 11errpepbIBI!blX <jiyHRIJ,llH c 
(II. ,IJ;I06ya-Peil:Mo11, P. Du Bois Reymond, 1876), Ho HB-

JIHeTcH 6aaiacoM B rrpocTpaHCTBax LP c 1 <p<oo (M. Puce, 
M. Riesz, 1927). PeayJihTaT II. )1.I06ya-PeiiMoHa 6hlJI pac
rrpocTpaHeII Ila JIJ06ble orpaHH'leIIHbie B COBQRYITHOCTH OBC. 

OpT011opMiapoBaHHaH cncTeMa MHOrCJ'lJiea:oB JiemaHgpa 
HBJI.HeTc.a 6aa11coM a npocTpaHCTBaX LP rrpH p E (4/ 8 , 4) 
n He HBJIHeTcH TaKoBon B ocTaJihBhlX upocTpa11cTaax Lq 
(1946-52, X. IIoJiaapA, H. Pollard, J],m. HeiiMaJI, 
J. Neumann, n B. PYAllII, W. Rudin). 

B 1910 6blJia IIOCTpoeHa OHC hm }:~o Tal\ajj, 'ITO BCH
l\aH 11errpepbIBBaH <jiyIIKIJ,HH f EC (0, 1) egnHcTBeHE!!'IM 
o6paaoM paCKJiaAblBaeTC.ff B paBIIOMep110 CXOAJU~HHCH 
p11A <l>ypbe no aToii CHCTeMe (A. Xaap, A. Haar). Og11aKo 
CHCTeMa Xaapa {Xm} He llBJI11eTc11 6aaHCOM rrpocTpaIICTBa 
C (0, 1), T. K. <jiyHK~11n Xm paapbIBHbl npn m~ 1. II ponH
Terp11poBaB CllCTeMy {X.m }, r. <t>a6ep (G. Faber' 1910) 
ycTaHOBHJI, 'ITO CllCTeMa 

{fn(t)}={1, ~:Xm(x)dx} 
llBJIHeTCll 6aa11coM B rrpoCTpaHCTBe c (0' 1) Il TeM caMbJM 
OblJI 11ailAeII rrepBhlH 6aa11c B npocTpaHCTBe 11errpepbIBHhlX 
<PYIIKIJ,Hii. oToT peayJibTaT r. <l>a6epa 6blJI nepeoTKpbIT 
lO. IIlayAepoM (J. Schauder, 1927), K-pblii yKaaaJI TaKme 
KJiacc 6aancoB rrpocTpaIICTBa C (0,1) Tima 6aanca Vn}; 
B 'leCTb ITOCJieAIIero H BBe)leJJ TepMllH «6a3HC Illay11;epa», 
XOTH 6oJiee crrpaBeAJillBO 6hlJIO Obi Ha3hIBaTh ero «6aa11c 
<t>a6epa - Illaygepa». 

IlocTpoeHJJhle r. <t>a6epoM JI IO. IIlayAepoM 6a311Cbl He 
HBJIHJOTCH opToro11aJibHhlMH. IIepabIH opTouopM11poBaHHbli"I 
6aa11c {Fn} B rrpocTpaIICTBe C (0,1) 61>1JI Haiige11 <I>. <l>paHK
JillIIOM (Ph. Franklin, 1928), K-pblii npoopToroIIaJIH
:inpoBaJI MeTOAOM IIIM11/];Ta CHCTeMy <l>auepa - Illay11;epa 
{In} 11 noJiyqllJI {F n}. Ha aTOM nyTll (opToro11aJI113a~llH 
H 1IIITerp11poaaune) 6hlJI BBeAeII 11 11ay'leH HOBblll KJiaCC 
6aancoB. Bee opT011opM11poBaHHhle 6aa11cbl npocTpaIICTBa 
c (0, 1) aBTOMaTll'leCKJI llBJllllOTCll 6aa11caMH BO BCex rrpo-

CTpaIICTBaX LP c 1 ~p..;;: oo. 
CHcTeMa Xaapa fxm} llBJilleTCll 6eaycJIOBHblM 6aancoM 

BO Bcex npocTpaHCTBax LP c 1<p<oo (1931-37, P. Ila
JIH, IO. MapIJ,HHReB11'l, J. Marcinkiewicz). A11aJiorn'IHhlH 
peayJibTaT nMeeT MecTo H AJIH c11cTeMhI { F n} <l>paHRJillIIa. 

B npocTpaIICTBax C n L Boo6IIJ;e HeT 6eaycJIOBHhlX Ga
ancoB. TO'IIIO TaKme 11e cyIIJ;eCTByeT 11opMnpoaaHHhlX 11 
orpaH11'leJJHbJX B COBOKynHOCTJI 6eaycJIOBilblX 6a31!COB 

n npocTpaIICTBax LP rrpH 1 <P < oo H p f:. 2. 
3) BoJibIIIof1 ~HKJI nccJieA0BaH11n rrpoBeAeII no npo6Jie

Me CXOAllMOCTH nO'lTJI BCIOAY Tp11roH0MeTp11qeCKllX H 
opToroIIaJibHblX pllll;OB. 

B 1911 H. H. JI yan11 rrocTpOHJI rrepBhlH np11Mep rrO'ITII 
BCIO,lJ;Y pacxoAHIIJ;erocH Tp11roH0MeTpll'I. pnAa, Koa<ji<jin-
1.1,11eIIThI K-poro CTpeMHTCll R HyJIJO. TaKoro TJ!na pH,!1 
<l>ypbe 6blJI nocTpoe11 A. H. KoJIMoropoBhlM (1923). Pe
a yJihTaT H. H. JI yaHIIa 6bJJI pacrrpocTpaHeII 11a rrpoiaa
BOJibIIhie noJIIIhie oHc, a peayJihTaT A. H. KoJIMoropoaa 
o6o6IIJ;eII Ila MIIOlKeCTBa noJIOIBl!TeJibROll M0phl AJUI orpa
anqeBHbJX B COBOKyIIHOCTll OHC. 
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HeoTpm~aTeJlhHaH rrocJle)loBaTeJlhHOCTb {w(n)} c nep. c a11rJ1., M., 191,s; [u] Ce re I'., OpToroffaJ1&Rb1e MffOrO'IJIP-
( 0 ( B .. ffbl, nep. c aHrJJ., M., 1962; [7] A JI e Kc If q I'., Ilpo6JJeMbl CXO)l.H-

w no)> II w n)t Ha3. M H 0 1R HT e JI e M e II Jl R MOCTH opTOro11aJ1bffblX PHAOn, nep. c a11rJ1., M.h 1963; [8] Tri-
,[\JlJl CXO,[IIIMOCTII rroqTII BCIOAY PHAOB !IO CIICTeMe {<pn}, c 0 mi F. G., Vorlesungen iibcr Orthogonalrei en, 2 Aufl., B., 
eC;JIJil BCllKIIiI PllA (1) CXOAIITCll noqTII BCIOAY Ha X=[0,1], 1970; [9] 0 I e vs k ii' A. M., Fourier series with respect to gene-
KaK TOJlhIW ral orthogonal systems, B., 1975; [10] Me H b mo B ,U. E., Y JI &

EcJIII w (n)=1 llBJllleTCll MHOlRlfTeJieM BeiiJill, TO {cpn} 
Ha3. c H c T e M 0 il: c x 0 A Il M 0 c T II II 0 q T II B c JO

A y. TiocJiep;oaaTeJibHOCTb { w (n)} Ha3. T 0 q H hi M 
M H 0 m H T e Jl e M B e if JI ll AJlll CXOAHMOCT!f noqTn 
sc10p;y pllp;os (1), ecJIH { w (n)} - MHOlRIITeJlh Beil:Jill, 
a BCllKall 't(n)=o(w(n)) rrpH n-+00 yme He llBJllleTCll 
TaKoso:il:. AHaJior1111Ho p;aIOTCll onpep;eJieHIIll MHOlRIITe
Jieii: Beil:Jlll AJlll Tex BJIH BHhlX BHAOB cxop;nMoCTII n cyM
MIIpyeM<lCTH (no Mepe, 6e3yCJIOBHall CXOAHMOCTb rroqTII 
BCIOAY H Ap.). 

MHomHTeJIH Be:il:Jill 6hlJIII Hanp;eHhl AJill Tex HJlll IIHbIX 
ce:cTeM. B 1913 M. IIJiaHrnepeJih (M. Plancherel) AOKa3aJI, 
qTo {log3n} llBJllleTCll MHOlRIITeJleM Beil:Jl.fJ ,[\Jlll CXO,[lll
MOCTH noqTll BCIOAY Jlll,[IOB !IO JlI06hlM OHC {cpn}, B 1922 
,II;. E. MeHhIIIOB H X. Pa)leMaxep (H. Rademacher) ycrn
HOBHJIH, qTo B KaqeCTBe MHOlRilTeJIJl Bei1Jlll MO»IHO B3llTb 
{log2 n }. H qTQ oco6eHHO BamHo, ,n. E. MeHblIIOB AOKa3aJl 
HeycBJilleMOCTb 3TOro pe3yJlbTaTa BO BCeM KJlacce OHC, 
T. e. {log2n} llBJllleTCll TOqHhlM MHOll\HTeJieM Beii:JlJl ,[\Jill 
HeK-phlX OHC. 

BrrocJiep;cTBHII 6hlJrn: Haii:)leHhl Heo6xop;nMhle n AOCTa
TOqHhle YCJIOBilll Toro, qT06bI { w (n)} 6h1Jla MBOlRBTeJJeM 
Beil:Jill AJll'I CXOAIIMOCTII HJlH ( c' 1 )-cyMMnpyeMOCTil rroqn1 
scroµ;y (rro Me_pe II AP·) 0. p. EhlJIO rroKa3aHo, Hanp., 
qTo ClICTeMa {sign sin :rcnx} He llBJllleTCll CHCTeMoii: cxo
JJ;lIMOCTlI rroqTII BCIOAY· B 197 5 6h1Jla rrocTpoeHa rrepsall 
IlOJIHa.Jl OHC {cpn} CTporoil: CXOAHMOCTII, T. e. PllA (1) 
CXOJJ;HTCll!IOqTHBCIO,[lyHa X=[0,1) TOrp;a H TOJlbKO TOfAa, 
KOrAa {an} E l 2 • 

B 1927 ycrnHosJierro, qTO rrocJiep;osaTeJibHOCTb w (n)= 
=i; (n) log2 n llBJllleTCll MHOlRHTeJleM Bei"mll AJlll 6e3yc
JIOsHoii: CXOAIIMOCTH rroqTII BCIOAY JlI06bIX 0. p., eCJlH 

,.,.. 1 
~ -..,.-,....,!-- < oo. 

n=n0 m;(n) ogn 

8TOT pe3yJlbTaT OKa3aJlCH HeycIIJllleMhlM. 
13 1960 6bIJ10 IIOKa3aHo, qTO CIICTeMa Xaapa {xn} He 

HBJlll8TCll CHCTeMOII 6e3yCJlOBHOH CXOJJ;HMOCTII rroqTII 
BCIOAY· Ha OCIIOBe 3Toro pe3yJlbTaTa 6blJ10 ,[\OKa3aHo, 
'ITO MHOrne CIICTeMbl (6a3IlCbI B L 2 ' IIOJlHhle OHC Il AP·) 
He llBJllllOTCll CllCTeMaMil 6e3yCJlOBHOII CXOJJ;IlMOCTil rroqTil 
BCIOAY· ,Il;Jlll CIICTeMhl {Xm} IIOCJie,[\OBaTeJlbHOCTb { w (n)} 
Jlllillh TOrAa HBJllleTCll MHomnTeJieM BettJlll AJlH 6eaycJioa
Horr CX0,[1.HMOCTII rroqTil BCIOAY' KOr,[la 

~00 1 
~n=n0 nw (n) < 00 • 

Ilo3TOMY He BCllKall IIOJlHaJl OHC IIMeeT TOqHbIIl MHOlRl!
TeJlb BeliJlll AJlll 6eaycJIOBHOH cxop;nMoCTil rroqTn BCIOAY· 

MHoro IICcJieAoBaHIIH 6hlJIO rrpoaeµ;eHo rro rrpo6JieMe 
rrpep;CTaBJleHilll iJ>yHKU,IIH PllAaMII, CXOAllI[J,IIMIICJl rroqTII 
BCIOAY, rro Mepe II AP· TaK, B 1957 6hIJlO ycTaHOBJleHo, qTo 
AJlH JlI06oil: IlOJlHOH OHC {cpn} c xEX=(0,1) II JlI06oli 
II3MepnMoil: iJ>yHKU,HII f (x) Hail:p;eTCll pHµ; Bllp;a ( 1 ), K-pbll! 
CXOAilTCH !IO Mepe K f (x) (p;Jlll CJlyqaH TpnroHoMeTpllq. 
CIICTeMhl 3TO yTBepm,[leHIIe 6bJJ10 IIOJlyqeHo B 1947 ,A. E. 
MeHhillOBhlM). 3ToT peayJihTaT TeplleT CIIJIY Aame AJIH 
CJlyqall KoHeqHbIX II3MepIIMhlX iJ>yHKU,IIll, eCJlII BMeCTO 
CXO,[IIIMOCTII !IO Mepe paccMaTpllBaTh CXO,[IIIMOCTb rroqTII 
BCIOAY· 

Jlum.: (1] JI y s u ff H. H., HffTerpaJJ n TpHrOHOMeTpuqecKuli 
PHl:t, M.-JI., 1951; [2] Ea ff ax c., J{ypc QJYHKUiOffaJlbffOro a11a
,Jli3y, l\., 1948; [3] rep off 11 My c Fl. JI., Teopna opToroHaJJb
ffhlX MHOrO'IJJeffOB, M.- JI., 1950; [4] l{ a q Ma)!( C., III Te fl 11-
r a y ~I'., Teopua opToroffaJibffhIX PHAOB, nep. c ffeM., M., 1958. 
[5] ;n; )!( e K c 0 H ,U .• PHgbl <t>yp&e II opTOroHaJlbHble IlOJIHHOMbl' 

ff H 0 B II. JI., 0 MeTPH'IeCKOll TeOpHH QJYHKUHll B MOCKOBCKOM YffH
eepcHTeTe sa naru)l.ecanrneTue, «BeCTff. MocK. y11-Ta. Cep. 1. Ma
TeMaruKa, MexaHHKa», 1967, M 5, c. 24-36; [11] T a JI a
JI H H A. A., IIpeAcTaBJJeHue usMepuMbIX QJYffKUHll fHAaMH, «Ycne
xu MaTeM. HayKJ>, 1960, T. 15, B. 5, c. 77-141; [12 y JI b H H 0 B 
II. JI., Pemefftthle u 11epeme1111&1e npooJJeMbI Teopnn TpnrottoMeTpn
'IeCKHX H OpTOrOHaJlbffblX PHAOB, TaM me, 1964, T. 19, B. 1, c. 3-
69; [13] HTorn 11ay1tn. MaTeMaTH'IeCKHH aHaJ1us. 1970, M., 1971, 
c. 5-264; [14] E y p 6 a K H H., QqepKH no HCTOPHH MaTeMaTHKH, 
nep. c ljlpa11u., M., 1963; [15] II an JI a y c Ka c A. E., Tpuro110-
MeTpnqecKHe PHAhl OT 8linepa AO Jieoera, M., 1966. 

II. JI. YJIMHOB. 

OPTOMO,Il;Y JUIPHAH PEIDETKA - pemeTKa c Hy
JleM (0) II e)llfHIIu,eiI (1), B K-poil: AJlll JII06oro :rneMeHTa a 
cyrn;ecTByeT o p T o A o rr o JI a e H 11 e al., T. e. TaKoiI 
3JleMeHT, qTO 

1) aval.=1; al\al.=0; a.l.L=a; 

2) a.;;;;;b -;> a.L;:?-bl., 

II Bhl!IOJlHlleTCll opTOMOAYJlllpHhlll 3aKoH: 

B 0. p. IICCJlep;oBaJlllCb B OCHOBHOM ,[IIICTpH6yTIIBHOCTb 
II rrepcrreKTilBHOCTb, HerrpIIBOAIIMOCTh, MOAYJlllpHoCTb rrap, 
CBOHCTBa u,empa II IIAeaJIOB, KOMMYTaHT H paapelIIIIMOCTb, 
rrpllJlOiRemrn K JIOrIIKe KBaHTOBOH MeXaHIIKil (CM. [ 1 l, 
[2)). 

EcJIII ~ - rrpoII3BOJihHall Hei1MaHa a.riee6pa, TO coao
KYIIHOCTb p (~) acex ee npoeKU,IIH JlBJllleTCll IIOJlHOii 
0. p. IlpII 3TOM, ecJlII ~ - lfiaKTop, TO Ha MHOmecTBe 
P (~) MomHo orrpe,[leJlIITb paaMepHocmu rf!yHi>lfUIO. B aa
BIICIIMOCTII OT MHO)ReCTBa 3HaqeHIIH 3TOM iJ>yHKU,IIll iJ>aK
TOpbl )leJlllTCll Ha TII!Ihl In, 100 , Il 1, Il 00 , III (KJiaccII!fJIIKa
U,IIll Myppell - HeliMaHa, [ 4)). Eb!JIO ycTarroaJieHo, qTo 
peurnTKII rrpoeKU,IIH iJ>aKTOpOB TII!Ia In II 111 llBJllllOTCll 
H e II p e p bl B H hi M Il r e 0 M e T p II ll M Il, T. e. IIOJl
HhlMII p;e)leKIIHAOBbIMII pemeTKaMII c JJ;OIIOJlHeHIIllMII, yµ;o
BJleTBOpllIOII~IIMII CJlep;yIOll~IIM ABYM aKCHOMaM HerrpephlB
HOCTII: 

1) b I\ ( V aa)= V (b /\ aa) AJlll JII06oro HarrpaaJieHHoro 
a ED <XED 

~rnomecTBa IIHp;eKCOB D II TaKoro MHOll\eCTBa 3Jie~rnHTOB 

{ aa, ct E D }• qTo ct',;;;;;; ct" BJleqeT aa,,;;;;;; aa.,; 
2) ycJlOBile, ABOHCTBeHHOe K 1). 
Bo3HIIKJla 3a,[\aqa IIOCTpOeHIIJl a6cTpaKTHOH Teopn11 

paaMepHOCTil B paMKax TaKoro KJlacca pemeToK, K-phlil: 
BKJlIOqllJl 6bl B ce6,ll, KpoMe MOJJ;YJlllpHhlX pemeTOK rrpo
eKU,IIH iJ>aKTopoa TIIIIOB In II Il 1, II HeMop;yJillpHhle pe
meTKII rrpoeKu,nii iJ>aKTOpOB OCTaJlbHhlX TIIIIOB. lJ,oKa3aHo 
(CM. [5), [6)) cyru,eCTBOBaHile iJ>yHKU,IIJI pa3MepHOCTll Ha 
IIOJlHOH 0. p. c OTHOIDeHBeM 3KBIIBaJleHTHOCTII, YAOBJleT
BOplllOII.\IlM HeK-phlM ;:i;orroJIHIITeJlhHhlM ycJioBBllM. 3ToT 
KJiacc pemeToK BKJlIOqaeT B ce6ll II pemeTKH rrpoeKu,nii 
iJ>aKTopoa, II HerrpephlBHhle reoMeTp11n. 

0. p.' llBJlllllCb ecTeCTBeHHhlM o6o6ru,eHIIeM perneTOK 
rrpoeKU,IIH iJ>aKTOpOB' B TO iKe apeMll COCTaBJllllOT c yru,ecT
BeHHO 6oJiee nmpOKilH KJlacc, IIOCKOJlbKY MHOrIIe CBoii
CTBa perneTOK rrpoeKu,IIii: HeBepHhl JJ;Jlll IIpOil3BOJlbHhlX 
0. p. Ilo,[I06Ho TOMY KaK HerrpephlBHhle reoMeTpllH Koop
,[IIIHaTII3HpyIOTCll peryJIHpHhlMII KOJlhU,aMII (cM. [ 1)), 0. p. 
MoryT 6h1Tb Koopp;IIHaTil3IIpOBaHhl 6apoBCKIIMII *-IIOJlyrpyn
rraMII. EcJlll IIOJlHall 0. p. Mop;yJIHpHa, TO OHa HerrpephlB
Ha (cM. (7)). Cyru,ecTByeT Mop;yJillpHall perneTKa c opTo
AOIIOJlHeHHllMII, IIOIIOJlHeHIIe ceqeHIIllMII K-poii He OpTO
MOAYJlllpHO (B TO BpeMll KaK IIOIIOJlHeHIIe ce'leH!fllMH 
IIOJlYMOAYJIHpHoii: perneTKH c opTOAOIIOJIHeIIIIllMII IIOJlY
MOJJ;YJlllpHo, II pemeTKa rrpoeKu,nfi aJire6phl Hei'IMaHa 
IIOJiyMop;yJillpHa). 
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Jlum.· [1] ch 0 pH Jl ]( 0 B JI. A., ,UeneKHH)IOBbl CTPYnTYPhl c 

11onoJ1HenHRMH H pery.nRptthJe KOJlbIW, M., 19fi1; [2J II Torn HaYKH. 
AJ1re6pa. TonoJ1orHR. reoMCTPH!l, 191i8, M., 1970; [3] <I> o ljJ a Ho
n a T. C., n c6.: YnopRnoqrHHbre MHO>K<'CTBa n pe1IIeTKH, e. 3, [Ca
paToB], 1975, c. 28-40; [4] Murr a y F., Neumann J., 
«Ann. Math.», 1936, v. 37, .NO 1, p. 116-229;J[5] Loomis L. H., 
«Mem. Amer. Math. Soc.», 1955, .NO 18, p. 1-36; [6] Maeda S., 
«J. Sci. Hiroshima Univ., Ser. A.», 1955, v. 19, Ni 2, p. 211- 37; 
l7l Kap I ans k y I., «Ann. Math.», 1955, v. 61, Ni 3, p. 524-
541. T. C. <l>or;fiaitoBa. 

OPTOHOPMIIPOBAHHAH CIICTEMA -1) 0. c. Be K
T 0 p 0 B - MHOJReCTBO {xa} HeHyJleBblX seKTOpOB eBK
JlHAOBa (nrnb6epTOBa) IIpOCTpaHCTBa co CKaJIJipHbIM rrpo
H3BeAeHneM ( · , ·) TaKoe, qTo (xa, x13 )=0 rrpH a;<:~ (op
ToroHaJihHOC<Tb) II (xa, xa)= 1 (rropMHpyeMOCTb). 

M. H. BOU'ffXOBC>rnil.. 

2) 0. c. qi y H K u; H H - CHCTeMa { cp; ( x)} qiyHKu;nil: 
rrpocTpaHCTBa L2 (X, s, µ), llBJllllOiu;af!Cll OAHOBpeMeHHO 
OpToroHaJlhHOll H HOpMnpoBaHHOII B L2 (X, s, µ), TO 
0CTb 

(' - { 0 rrpn i f: j, 
.l X (j.li (x) cp J (x) dµ = 1 npn i = j 

(cM. Hop.Mupoeaunaa cucme.Ma, Opmozona.ttbnaa cuc
me.Ma). B MaTeMaTnq. JIHTepaType qacTo TepMnH «OpTo
roHaJihIIall CHCTeMa» 03HaqaeT «OpTOHOpMHpOBaHHall cnc
TeMa». IlpH nccJiegoBaHnH gaHHoii: opToroHaJihHOii: cnc
TeMbI ee HOpMnpoBaHHOCTb He HrpaeT CyII\eCTBeHHOii: 
poJIH. TeM He MeHee HOpMnposaHHOCTb CHCTeM AaeT B03-
M01RHOCTb 6oJiee llCHoii qiopMyJll'1poBKH HeK-pb!X TeopeM 
o cxognMocTn p11gos 

~:=i c,.cp,. (x) 

B TepMnHaX IIOBeAeHHll Kmiqiqi11u;neHTOB {ck}. TaKoii: Teo
peMOH llBJllleTCll, Harrp., T e 0 p e M a p H c c a - ([> H
III e p a: pllA 

~:= 1 c,.cp,. (x) 

rro OpTOHOpMnpoBaHHOH B L2[ a, b] CHCTe~rn {cp,,, (.r)}k'~1 
CXOAIITCll B MeTpHKe rrpoCTpaIICTBa L2[a, b] Torga H TOJlbKO 
Torga, KOrAa 

~:=, lc1tl2 < oo. 
Jlum.: [1] K 0 JIM 0 r 0 p 0 B A. H., <I> 0 M H H c. B., 8J1e

MeHTbl TeopHH ljJyHHUHll H ljJyHRUHOHaJlbHoro aHaJ1Haa, 5 H3JI., M., 
1981; [2] Ka q Ma"' C., III Tell Hr a y 3 r., Teopmr opToro
HaJlbHhlX pHllOB, nep. c HeM., M., 1958. A . • 4. TMaAR'H. 

OPTO~EHTP T p e y r o JI h rr H K a - TOqKa rrepe
ceqerrn11 Tpex BhICOT TpeyroJibHHKa. 0. TpeyroJibHHKa 
JielRnT Ha 3ii.ttepa npa~wii. CepegIIHbl Tpex CToporr, ce
pegHHhl 0Tpe3KOB, COeAIIHllIOiu;HX 0. c TpeM11 sepIIIHHaMn, 
II OCHOBaHHll Bb!COT TpeyrOJlbHHKa JlelRaT Ha OAHOH OK
pylRHOCTII. 0. llBJllleTCll u;eHTpOM OKpylRHOCTH, BIIIICaHHoii 
B 0 p T 0 u; e H T p H q e c K II H T p e y r 0 Jl b H H K, 
T. e. TpeyrOJlbHHK, BepIIIHHaMH K-poro llBJll!IOTCll OCHOBa
Hllll BbICOT Aarrrroro. II. C. Moamo•. 

OCBEIIl;EHIIH 3A/];A qA - aaAaqa orrpe,[\eJ1err1111 Mn
RHMaJibHoro qHCJla RarrpaBJleHIIH rryqKOB rrapaJJJleJlbHbIX 
JJyqeii HJIH qncJJa HCToqmrnon, ocse1u;a10iu;nx BCIO rpaHHIJ;y 
Bb!IIYKJioro TeJia. IlycTb K - BhIIIyKJioe TeJJo n-Meprroro 
JIHReiirroro rrpocTpaRCTBa IR n, a bd K H int K - cooT
BeTCTBeRHO rparrnu;a n BHyTperrHOCTh ero, rrp11qeM bd K f: 
f:</>. Ha1160J1ee H3BeCTHbl cJ1eAy10iu;ne O. 3. 

1) IlycTb l - HeK-poe rrarrpanJ1err11e B rrpocTpaHCTBe 
/Rn. ToqKa :rEhd K rra3. ocneru;errrron Hasrre 
H a II p a B JI e H H e M l, ecJIH rrp11Ma11, rrpOXO,[\llIIJ;all 
qepea x rrapaJIJ1eJ1bHO l, rrpoXOAHT qepea rreK-pyIO ToqKy 

y E int K H rrarrpasJ1err11e neKTopa ;; cosrraAaeT c l. 
Hiu;eTCll MIIHHMaJlbHOe qHCJlO c (K) rrarrpasJieHHii: B IIpOCT-

paHCTBe IR 11 , AOCTaToqrroe AJlll ocneiu;emrn B 3TOM CMbICJie 
scero MHomecTsa bd K. 

2) IlyCTb z - HeK-paH TOqJ;a MHOlReCTBa IR.n"'-K· 
ToqKa x E bd K rra3. o c B e iu; e H rr o ii: H a B H e T o q-

K o ii z, ecJJn rrp11Ma11, orrpeAeJ111eMa11 ToqKaMH z l'I x, 

rrpoXOAIIT qepe3 HeK-pyIO ToqKy y E int K n seKTOpbl xy 
-+ 

H zy OAHHaKOBO HanpaBJleHbl. llII\eTCll MHHHMaJlbROe 

qJicJio c' ( K) Toqe1> H3 IR 11"'-K, AOCTaToqrroe AJill ocsell\e
HHll B 3TOM CMbICJle Bcero MHOll\eCTBa bd K. 

3) IlycTh z - HeK-pa11 ToqKa MHomecTBa bd K. ToqKa 
xEhdK Ha3. OCBeII\eHHOii: H3HYTPII Toq
K o ii: z ::/= x, ecJJH rrp11Ma11, onpeAeJ111eMa11 ToqKaMH z H x, 
rrpoxoAHT qepea rreK-pyIO TOqKy y E int K n seKTOpbI 
-+ -+ 
xy H zy npOTHBOIIOJIOll\HO HarrpaBJleHbl. MII\eTCll MHHH
MaJlbHOe qHcJio p (K) ToqeK H3 bd K, AOCTaToqHoe AJlll 
OCBeII\eHHll H3HYTPH Bcero MHOll\eCTBa bd K. 

4) CHcTeMa ToqeK Z= {zlzEhd K} rraa. qi JI Kc Hp o
B a H H o Il: AJlll K, ecJIH orra o6JiaAaeT csoilCTBaMJI: 
a) z AOCTaTOqHa ,[\Jlll ocseru;eHJill H3HYTPH scero MHOll\eCTBa 
bd K; 6) z He 06J1aAaeT HHKaKHM co6CTBeHHbIM IIOA~IHO
meCTBOM, AOCTaTOqHbIM AJlll ocseru;eHHll H3HYTPH MHO
ll\eCTBa bd K. Mru;eTc11 MaKcHMaJihHoe q11cJ10 p' (K) ToqeK 

qi11Kc11posaHHon cHcTeMbI AJIH Te.JHI Kc 1R n. 
3aAaqa 1) 6blJia nocTaBJleHa B CBll3H c X aiJeuzepa 2u

nomeaoii (cM. [ 1)): MHHHMaJlhHOe qHCJlO TeJI b (K), rOMO
TeTHqHbIX orpaHHqerrHoMy K c Koaqiqi11u;11eHTOM roMoTe
THH k, 0 <k <1, AOCTaToqHoe AJlll noKpbITHll K, YAOB
J1eTBop11eT HepaBeHCTBY n+1 <b (K)..,;:211 , rrpnqeM 3Ha
qerrHe b (K)=211 xapaKTep11ayeT napaJIJieJ1en11rreA. ,Il;JI11 

orpaHHqerrHoro Kc IR. 11c(K)=b(K). EcJJH K rreorpaHH
qerrrro, TO c(K)..,;:b(K) H cyru;eCTBYIOT TaKHe TeJla, qTo 
c(K)<b(K) HJIH c(K)= b(K)=oo (cM. [1]). 

3aAaqa 2) IIOCTaBJleHa B CB113H c 3aAaqeii: 1). ,Il;Jill or
paHHqeHHOro KclRn sepHo paseHCTBO c(K)=c' (K). 
EcJIH IBe K HeorpaHHqerrrro, TO c' (K)..,;:b(K) H c(K)..,;: 
..,;:c' (K). qncJJo c' (K) AJlll JII06oro HeorpaHHqerrHoro 
KclR.3 rrpHHHMaeT OAHO Ha aHaqerrJiii:: 1, 2, 3, 4, oo 
(CM. (1]). 

PeIIIeHHe aaAaqn 3) HMeeT BHA: qHcJio p (K) onpeAeJieHo 
TOrAa H TOJlbKO TOrAa, KOrAa K OTJlHqHo OT KoHyca. 
B aToM cJiyqae 

2..;;p (K)o=;;;;n+1, 

rrpnqeM p (K)= n+1 xapaKTepHayeT n-MepHbIH CHMIIJleKC 
rrpoCTpaHCTBa /Rn (cM. [ 1]). 

):l,J111 aaAaqn 4) (cM. [2]) rrpeAIIOJJaraeTrn, qTo npH orpa
HJiqeHHOM Kc IR n Beprro HepaBeHCTBO 

p' (K)..;; 211 • 

I\aIBAall H3 0. 3. TeCHO CBll3aHa c HeK-ph!M crreqnaJib
HbIM noi;pb!mue.M TeJla K (cM. [1]). 

Jlum.: (1] Bo JI TH H Ci; H ll B. r., Co JI Ta H II. C., KoM-
6HHaTOpHaH reoMeTpHH pa3JIHqHhJX KJlaCCOB BbIIlYKJlblX MHOlReCTB, 
Knw., 1978; [2] GriinbaumB., «Acta math. Acad. sci· 
hung.», 1964, v. 15, p. 161-63. II. C. CoJ1man. 

OCEBOII BEKTOP, a Kc H a JI h H bl n B e K To p, 
II c e B A 0 B e K T 0 p, seKTop B OpHeHT!IpOBaHHOM npo
CTpaHCTBe, K-pblll IIpH H3MeHeHHH OpHeHTall;HH npOCT
paHCTBa Ha npOTHBOIIOJIOll\HyIO npeo6paayeTCll B rrpo
THBOIIOJlOll\Hb!II BeKTop. IlpHMep o. B.- BeKTOpHoe npo
Il3BeAerrne BeKTOpOB. BC8-3. 

OCHAIIl;EHHOE flIJihBEPTOBO IIPOCTP AHCTBO -
rHJ1h6epToso rrpocTpaHCTBO H c BhIAeJleHHbIM B HeM JlH
rrenHbIM BCIOAY IIJlOTHblM IIOAMHOll\eCTBOM <I>cH, Ha 
K-poM 3aAaHa CTpyKTypa TOIIOJlOrHqecKoro BeKTOpHoro 
rrpoCTpaHCTBa TaK, qTO BJlOlReHHe Henpepb!BHO. 8TO 
aJioIBeHHe rropoIBAaeT rrerrpephIBHoe BJIOIBerr11e corrp11-
IBeHHbIX rrpocTpaHCTB <I>' cH' H u;enoqKy rrerrpepbIBHbIX 
BJIOlReHHH rllcHc<I>' (c IIOMOII.\blO CTaHAapTHOro OTOll\
AeCTBJl eHHll H' = H). Ha1160J1ee coAepIBaTeJihHbIM 11s
JI11eTc11 CJiyqa11, KOrAa ocHaru;eHHe <I> - R,aepnoe npocm
pancmeo. 3Aech sepHo CJieAyIOiu;ee ye1merr11e crreKTpaJJh
Holi rnopeMbI AJl.11 ca~10conp11IBeBHhlX onepaTopos, µ;efr-
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CTBYIOll\HX B H: mo6oiI TaKoil: onepaTop A, HenpephlBHO 
(B TonoJiornn <D) nepeB01v111u1ii cD B cefo1, o6Jia)laeT no.11-
Hoil: CHCTeMOll o6o6meHHhlX co6CTBeHHb!X ljiyHm:~11i'r {Fa, 
aE~} (!le - HeK-poe MHOmeCTBO HH)leKCOB), T. e. Ta

KHX aJieMeHTOB Fa E <D ', 'lTO )lJlH mo6oro cp E <I> 

Fa (Acp)=Aa.Fa (cp), a E ~, 
npn11eM MHomecTBO 3Ha'leHHH ljiyHKI~HH a-Aa, aE'lC. 
CO)lepmllTCH B crreKTpe orrepaTOpa A II HMeeT IIOJlHyJO 
Mepy OTHOCHTeJlhHO crreKTpaJibHoii Meph1 cr / (I.), f EH, 
A E IR, JIJ06oro 3JleMeHTa f EH. IloJIHoTa CHCTeMhl oarra-
11aeT, 'lTO cp;60, Fa (cp);CO )lJlH mo6oro cpE<I> XOTH 6hl 
npII O)lHOM a E ~- l\poMe Toro, l(JIH JIJ06oro 3JleMeHTa 
cp E<Ii cymecTByeT ero pa3JiomeH11e no cncTeMe o6o6meH
HhlX co6cTBeHHhlX if>yHK~11ii {Fa, a E ~ }, o6o6maJOmee 
H3BeCTHoe paaJiomeHIIe no 6aaucy co6c:rneHHhlX BeKTopoB 
)lJIH onepaTopa c )lllCKpeTHhlM crreKTpOM. 

II p ll M e p: paaJiomemrn B llHTerpaJI <l>yphe 

f(x)=~R eisxf(s)dx,xEIR., /EL2 (1R), fEL 2 (1R), 

{ eisx, s E IR.} - cHcTeMa o6o6meHHhlX co6cTBeHHhlx if>yHK

~Hii onepaTOpa )l111jiif>epeH~HpoBaH11H, µ;eiicTBYJOmero B 
L2(IR), B03HIIKaJOma11 npn ecTecTBeHHoM ocHameHHH aToro 
rrpocTpaHCTBa c IIOMOillh!O npocTpaHCTBU lllHap~a S(IR). 
AHaJiorH'IHhie YTBepmµ;eHHH BepHhl lI AJIH yHHTapHhlX 
onepaTOpOB, )leHCTBYIOIDHX B o. r. JI. 

Jium.: (1) re JI b ljJ a H ;a; IL M., III H JI 0 B r. E., He1<0TOphle 
BOIIPOCbl Teopm1 ·;a;Hljlljlepem.1HaJibHblX ypanneHHH, M., 1958: [2] 
r e JI h lfi a u ;a; H. M., B H JI e a " H a H. H., He1<0TOph1e rrpHMe
ueumr rapMOHHqec1mro anamrna. Ocuamennhie rHJihoepTOBhl rrpo
cTpancTBa, M., 1961; (3] Be pea a H c K H tt IO. M., PaaJioa<eHHe 
ITO COOCTBeHHhIM lfiYHKf.lllHM caMOCOIIPH>fleHHbIX orrepaTOpOB, l\.. 
1965. P.A. Muwwc. 
OCHA~EHHOE MHOfOOBPA3HE - rJJaAKOe MHoro

o6paane c ljJHKCHpoBaHHOH TPllBHaJI113a~ne:ii HOpMaJlh
Horo paccJioeHHH. EoJiee TO'lHO, nyCTh rJia)lKoe n-MepHoe 

MHoroo6pa3He M BJlomeHo B IR.n+k II nycTb (k-Mepeoe) 

eopMaJlhHoe pacCJioem:rn v, oTBe'laJOmee aToMy BJiome
HHJO, TPllBHaJlhHO. OcHameHHeM MHoroo6pa3HH M, oT
Be'laJOmHM :JTOMY BJlOIBeHHJO, Ha3. JlJ06a11 TpHBllaJlH3a
~UH pacCJlOeHllH v; rrpH 3TOM O)lHOMY II TOMY me BJIOme
HHJO MoryT OTBe'laTh pa3Hble OCHameHHH. 0. M. BBe)leHhl 
B 1937 (CM. 11]) )lJlH )lOKa3aTeJlbCTBa Toro, 'lTO rpynrrhl 

6opauaJ>toe 0. M. paaMepHoCTH n, JieIBam11x B IR.n + k, 
H30MopljJHbl rOMOTOIIH'l. rpynrre rtn+k (Sn); Ha 3TOM rryn1 

Ob!Jlll Bhl'lllCJleHhl rpynnhl rtn+r(Sn) Iii rtn+ 2 (Sn). 
Jium.: (1] Il 0 HT p H r H H JI. C., rJia;a;1me MHOr006pa3Hff H 

nx IIPHMeneHHH e Teopnn rOMOTOIIHH, 2 na;a;., M., 1976. 
IO. B. PyiJRr;. 

OCHOBAHHE H3fHBAHHH - conpR:J1ceu1wR cemb 
HR noBepxHoCTH F Iii ee Iil3rlil6aHHll F* BHe T o 11 e K HX 
K 0 R r p y 3 RT R 0 c T Ii!. 0. Iii. xapaKTepHayeTCH TeM, 
'ITO Iii 3 r II 6 - OTHOIIIeHne HOpMaJlbHblX KPHBH3H k 
11 k* B cooTBeTCTBYJOmHX no naoMeTpHH To11Kax F H F* 
B)lOJlb COOTB0TCTByJOmHX rrarrpaBJl0HlilH - IIMeeT 3KCTpe
MaJlhHhle 3Ha'leBHH B)lOJlh rraopaBJleHIIH o. H. 

Jium.: [1] Har a H B. <I>., OcHOBhl TeOpHH noeepxuocTefi e 
TeHaopHOM H3JIOlf<emm, q, 2, M.- JI., 1948. M. H. Boii.1jeXoBcr;uii.. 

OCHOBAHHH rEOMETPHH - pa3)leJl reoMeTpHH, B 
K-poM HCCJle)lyJOTCH OCHOBHble IIOHHTHH reoMeTpllH, co-
OTHOIIIeHJilH MeIB)ly HIIMll H CBH3aHHble c HHMII BOnpocw. 

BaIBHaH poJlb OCHOBHhlX IIOHHTHH II COOTHOIIIeHHH 

MelR)lY HlilMII, Ha 6aae K-phlX CTpOHTCH orrpe)leJleHIIH lji11-
ryp H )lOKa3hlBaJOTCH reoMeTp1111. npe)lJlOIBeHIIH, OTMe-
11aeTCH yIBe B pa6oTax aHT1111rrwx reoMeTpoB. TaK, pa3-
BIIBaH )le)lyKTHBHblH MeTO)l B reoMeTpIIII' OHII yKa3hlBam1 
Ha oco6yJO pOJlh OCHOBHblX noHHTIIII, aKCHOM H IIOCTyJla
TOB, COCTaBJIHJOnU'.IX if>yH)laMeHT reoMeTpIIH. B «Ha11a
Jiax» EBKJlII)la (3 B. AO H. 3.) aKCIIOMaM II nocTyJlaTaM 

npe)lIIOCJlaHa ~enh onpe)leJleHIIH BCeX nOHHTiilH, K-phie 
IIcnoJih3YJOTCH B AaJihHei'rnieM H3JlOIBeHiilII. Cpe)lH <iTIIX 
orrpeAeneHHll ocoGoe MeCTO npnHaAJiellUIT llOBHTHHM 

«TO'IKa», «np11Mam>, ((JI.JIOCKOCTh», O!Ipep;eJieHJJH K-phlX 
He om1paIOTCH Ha Apyrne rem1rTpn11. norr11T1111. CaMiil 
OITpe)leJieHUH 3THX 0 c H 0 B H bl x IT 0 H II T Ii! i'I c reo
MeTpllq, TO'IKH apeHHH Hey)lOBJleTBOpHTeJlhHhl, T. K. OHH 

BhlpamaJOT JlHIIlh xapaKTepHoe ljJH3ll'I. CBOHCTBO (Harrp.' 
«TO'IKa eCTb TO, 'ITO He HMeeT qaCTeH», T. e. noµ; TO'IKOM 

IIOHHMaeTCH M3JlOe if>H3H'leCKH He)leJIHMOe TCJlO). Ilo3TOMY 
yIBe B TPYAax reoMeTpOB, HanncaHHhlX ITO'ITH OAHOBpe
MeHHO c «Ha11aJia~m», CO)lepIBaTCH MHOrO'lllCJleHRble 
KOMMeHTapllH II KPHTH'I. aHaJlll3 OITpe)leJleHHH OCHOBHhIX 
II p:pyr11x reoMeTplil'I. ITOHHTllH, aKCHOM H IlOCTyJiaTOB. 
Ho aTo oblJIH JIHllih yT011HeHn:11, He aaTpar11BaJOm;11e oc
rroBbl onpe)leJieHn:il:. Ilo cymecTBy, AoKa3RTeJihCTBa MHo
rnx reoMeTpII'I. TeopeM OITllpaJIHCh B OCBOBHOM HR Ha
r JlH)lHOCTb 11epTema, Ha ljJII3ll'I. ocyni;eCTBllMOCTh Heo6xo
)ll1Mb!X reoMeTpII'I. ITOCTpoeHHH, a He BblBO)lllJIHCh CTporo 
Jior1111eCKH H3 aKc110M II ITOCTYJIRTOB. ToJibKO B 19 B. 
II oco6eHHO B Haq. 20 B. ITOHBJIHIOTCH pa6oThl, B K-phlX 
BblHCHHeTCH Bee rJiy6oKoe 3Ha'leHiile OCHOBHblX noHHTHll 
Ii! COOTHOIIIeHHH MeIBAY HHMll )lJIH JlOrll1IeCKll 6eaynpeq
HOro )le)lyKTIIBHoro MeTo)la ITOCTpoeHHH reoMeTpHH H ee 
o6ocHoBaHllH. Ilpn:'leM BO MHoroM 3TOMY yrJiy6JieHBOMY 
aHaJlH3Y OCHOB reoMeTpHH CITOCOOCTBOBaJlO OTKpbITlle He
eBKJlHAOBOH reoMeTpnn JI06a11eBcKoro (1826). PeayJih
TaThl ITO 06ocH0BaH11JO eBKJIH)lOBOH reoMeTpllll Ha OCHOBe 
TeX me npHHD;llITOB II nOHHTHH, 'ITO n B «Ha11aJlaX» EBK
Jlil)la, Co)lepIBaTcH B pa6oTax .ri;m. TieaHo (G. Peano, 
1894), M. IlaIIIa (M. Pasch, 1882), M. IlHepn (M. Pieri, 

1899), A· fuJih6epTa (D. Hilbert) H AP· HaIT6oJlhIIIYJO 
H3BeCTHOCTb HOJlY'lHJla I'uJlb6epma cucnzeJ>ta al'iCUOJU eBK
JlH)lOBOH reoMeTp11n (1899). /];0611Ba11cb Jior1111ecKH yp:oB
JieTBopHTeJlhHoro ITOCTpoeHHH eBKJlllAOBOH reoMeTpHH, 
A· f11Jib6epT Bbl)leJlHJI 5 rpyITn aKcHoM, ITOKa3an nx He
o6xo)lHMOCTh H )lOCTaTO'IHOCTb )lJlH HOCTpOeHHH Bcei'1 
eBKJlHAOBoi'1 reoMeTpHH. BMecTe c reM BnepBhle 6wJia 
ITpoBeAeHa JiorH11. o6pa6oTKa Bce:ii cn:cTeMhl, BhlHCHeHa 
HeITpOTHBope1111BOCTb CHCTeMbl c ITOMOillhlO nocTpoeHHH 
'IHCJlOBOH MOAeJlH, ycTaHOBJleHa He3aBHCHMOCTb rpyITTI 
aKCHOM, R TaKIBe nOJlHOTa CHCTeMw. B OTJill'IHe OT KOH
u;enu;IIH ITpOCTpaHCTBa KaK ((MeCTa» )lJIH Bcex ljJHryp, ITpo
BO)lHMOH B «Ha11aJiax», A· f11Jlb6epT paccMaTp11BaeT ero 
KaK MHOIBeCTBO BCeX «TO'leK», <<IIpHMblX», <<IIJIOCKOCTeii» 
H if>uryp, nocTpoeHHhlX Ha OCHOBe 3THX IlOHHTHll. 

Ha6op ocHoBHhlX ITOHHTHII B cRcTeMe fn:Jih6epTa ob!Jl 
3aHMCTBOBaH (11 YTO'IHeH) II3 «Ha11am>, O)lHaKo na CHCTeMa 
HBJIHeTCH, 110 cymeCTBy, lJHCTO reoMeTpll'I. cxeMOH, CB0-
6o)lHOH OT CCbIJlOK Ha HarJIH)lHOCTb 11epTeIBa. BMeCTe c TeM 
H3bll\ reoMeTpHH, ITOCTpoeHHOM Ha OCHOBe CllCTeMbl fHJlb-

6epTa, ITO'ITH He OTJIH'laeTCH OT H3h!KR «Ha11am>. 
Tio'ITH op:HOBpeMeHHO c CllCTeMOH fIIJihoepTa ITOHBH

Jlli!Cb 11: AP· CHCTeMhl aKCHOM eBKJIHp:oBoii reoMeTpH11. 
TaK, B cRcTeMe <I>. lllypa (F. Schur, 1909) B KaqecTBe 
OCHOBHblX ITOHHTHH 6hlJlH «TO'lKa», ((0TpeaoK» H T. )l., 
a BMeCTO «KOHrpy3HTHOCTH» ljinryp B 3TOH CllCTeMe BBO
)lIIJlOCb noHHTiile «ABIIIBeHIIe». BBe)leH11e rrorr11T11H «ABll
IBerr11e» IT03BOJ1HJIO np11MeHIITh B reoMeTpH11 rpynIToBoii 
IlO)lXOA K llCCJleAOBaHIIJO )lBIIIBeHIIH, aJire6paii13IilpOBaTh 
MeTO)lbl Ii!CCJleAOBaHIIH. "Y IlOMHHYTble BbIIIIe reoMeTpII1I. 
cxeMbl He ITOJlHOCTblO YAOBJleTBOpH!OT Tpe6oB'aHllHM p:aJlh
Helimero 0606merr11H ITOHHTIIH npoCTpaHCTBa II AP· ITOHH
TIIH II, KpoMe Toro, He)lOCTaTO'IHO «aJire6paII'IHbI». 

HoB1>1e ITO)lXO)lbl K o6ocHoBaHHJO eBKJlH)lOBoi,i reoMeT
p11n ITOTpe6oBaJIII Bblpa6oTKll HOBOro ((H3h1Ka», c ITOMOillhlO 
K-poro oKa3b!BaeTCH B03MOIBHblM ITpOBeCTII COOTB0TCTByJO

mne p:aJihHei'mrne o6o6meHIIH ITOHHTIIH, anre6pa11aau;nJO 
)lOKa3aTeJihCTB, KJiacc11if>IIKau;IIJO o6'heKTOB Ii! T. ll· 0)lHOi'I 
Ii13 pacrrpoCTpaHeHHhlX cxeM OCHOBaHHH eBKJIIIAOBOll reo
MeTpllll, B K-pml: CKOH~eHTp11poBaHbl B03MOIBHOCTH 06-
06merr111I:, nepeBOAa Ha H3brn aJire6phl reoMeTpH'I. nom1-

THH, HBJIHeTCH CHCTeMa aKCIIOM, npep:JloIBeHHaH r. Beii:
Jiel\1 (H. Weil, 1916). HIIIBe ITpIIBO)lIITCH oµ;Ha :na TpaH
CKpnnu;nii: cxeMhl Beibrn. 
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TpexMepHoe eBKJIHAOBO npocTpaHCTBO IR.3 onpeJJ;eJUl
eTC.R KaK MHOl«eCTBO, COCTO.RJI(ee n:a :JJieMeRTOB ABYX 
poJJ;OB - «ToqeK» H «BeKTopoB», YAOBJieTBopmom;nx cJie
AYIOnzyrM 4 rpynnaM aKCl!!oM: 

I rpynna - aKCl!!OMbI, onpe)J;eJI.RIODJ,He COOTHOIDeHHH 
Mei«AY ToqKaMH H BeKTopaMn. 11• Cym;ecTByeT no MeHh
meii: Mepe O)l;Ha ToqKa. 12• Ram}l;oii ynop.11}l;oqeHHoii nape 
ToqeK noCTaBJieH B COOTBeTCTBH0 O)l;HH I!! TOJibKO O)l;HH 
BeKTop. 18 • .I(JI.R Kal«}l;oii: ToqKn A n: Kal«}l;oro BeKTopa a 
cym;eCTByeT O)l;Ha H TOJlbKO O)l;Ha ToqKa B TaKa.R, qTO 
--+ --+ -+- --+ ---+ 
AB=a (AB eCTb BeKTopa). 14• EcJin: AB=CD, TO AC= -=BD. 

Ha ocHoBe aToii: rpynnbl aKCHOM onpe}l;en.11eTCJ1 cyMMa 
BeKTopoB, K-paJI YAOBJieTBOpHeT Tpe6oBaHHJIM KOMMyTa
Tl!!BHOCTH n: acCO[(HaTHBHOCTH. Cym;ecTByeT HyJih-BeKTop, 
rrpoTHBOIIOJIOl«Hblii BeKTop. BeKTopbI no CJiomeHHIO 06-
paayIOT rpyrrny. 

II rpynna - aKCHOMLI, onncMBaIOm;n:e onepa[(n:IO yM
HomeHnJI BeKTopa Ha qncJio. Ilp Kam}l;oMy BeKTopy a H 
Kal«}l;oMy k ER nocTaBJieR B cooTBeTCTBHe orrpe}l;eJieH
Hblii BeKTop ka (ka Ha3. npon:aBe}l;eHn:eM BeKTopa a Ha 
qn:cJio k). 11 2• YMHomeHHe BeKTopa Ha 1 He naMeHJieT 
BeKTopa. 113• YMHomeHne BeKTopa Ha qn:cJio AHCTpH6y
THBHO OTHOCHTeJlbHO CJIOl«eHHJI qHCeJI (k1+k2)a=k1a+ 
+k2a. 11 4• YMHomeaue BeKTopa Ha qn:CJio AHCTpH6yTHB
Ho OTHOCHTeJibHO CJIOl«eHHJI BeKTOpOB k(a1 + a2)=ka1+ 
+ka2. lls. YMHomean:e eeKTopa Ha qn:cJio acco[\HaTn:BHo 
k 1 (k2a)=(k1k 2)a. 

c ITOMOill,bIO orrepa[\HH CJIOl«eHHJI ll YMROl«eHHJI Ha 
qn:CJIO o~pe}l;eJIJieTCJI JIHHeii:BaJI KOM6n:Ba[\HJI BeKTopoe, 
HX JlHBeHBaJI 3aBHCHMOCTb. 

III rpynna onpe}l;eJIJieT paaMepBOCTb rrpocTJ)aBCTea. 
Illp Cym;ecTBYIOT TPH JIHBeiiBo BeaaBHCHMblX BeKTopa, 
HO BCJIKl!!e '!eTblpe - JlHBeHBO 3aBHCl!!MbI. 

8Ta aKCHOMa HMOOT TOITOJiorn:q. xapaKTep; 1!!3 Bee 
BMeCTe co BTOpoii: rpyrrrroii: aKCHOM CJle}l;yeT, qTo IR.3 

JIBJIJieTCJI TOITOJIOrHq. npocTpaBCTBOM paaMepBOCTI!! 3. 
IlepBbie TPH rpyrrnhl aKCHOM orrpe}l;eJIJIIOT TpexMepBoe 
aif>ct>HBBOe npOCTpaBCTBO. 

IV rpynna orrpe}l;eJIJieT MeTpH'I. CBOHCTBa. IV1. JlI06hIM 
ABYM BeKTOpaM a I!! b ITOCTaBJieBO B COOTBeTCTBHe onpe}l;e
Jl0BBOe qJ![CJIO (cKaJIJipBoe npOH3Be)l;eBHe) (a, b)= l, 
l E IR.. IV 2· Cn::MMeTpH'IBOCTb cKaJIHpBoro npon::aBeAe
BHJI: (a, b)=(b, a). IV8 • .I(n::cTpH6YTHBBOCTb CKaJIHpBoro 
npon::aBeAeHHH (a, b+c)=(a, b)+(a, c). IV4 • .I(JIJI kE IR. 
HMeeT MeCTO (a, kb)=k (a, b). iv •. CKaJIHpBbIH KBa}l;paT 
BeKTopa BeOTpH[\aTeJieB (a, a)~O. npH'leM (a, a)=O 
TOJlbKO AJIJI BYJib-BeKTopa. 

Ha ocBoBe IV rpyrrrrhl aKCHOM orrpe}l;eJIJieTCJI pacCTOJI
Bn::e Mel«AY TOqKaMH, yroJI Mem}l;y BeKTopaMH H T. )];.; 
C IIOMOI[\blO BeKTOpOB - «OTpe3KH», «ITpJIMbJe)), «ITJIOC
KOCTH» H T. A· 

CxeMa Beii:JIJI AOnycKaeT o6o6m;eHn::e Ba cJiyqaii: JIIOooii: 
paaMepBOCTH, c IIOMOill,bIO COOTBeTCTByIOm;ero 1!!3MeBeBHJI 
aKCHOM B STY cxeMy BKJIIO'laIOTCJI rn::nep6oJIH'I. I!! 8J1JlH11-
TH'I. rrpoCTpaBCTBa JI T. A· 

CHCTeMa aKCHoM Beii:JIJI eBKJIH}l;oBoii: reoMeTpHH JIB
JIJieTcH BeIIpOTl!!BOpeqBBOH, Be3aBHCl!!MOH I!! YAOBJleTBO
PJieT Tpe6oBaBHIO IIOJIBOThI (KaTeropH'IBOCTB, HJIH MHHH
MaJibBOCTH). HerrpOTHBopeqn::BoCTb ycTaBaBJIHBaeTCJI c no
MOID;bIO 'IHCJIOBOH • MO)l;eJin::: ynopHAO'leBBbIM TpOii:KaM 
'IHCeJI (x1, x2, x3), x'ER; i=1, 2, 3, CTaBJITCJI BO B3aHMBO 
O)l;B03Ba'IBOe COOTB0TCTBHe «TO'IKH» npOCTpaBCTBa IR.3. 

BeKTOp c Ha'laJlOM B (xL x~, x~) H KOB[\OM B (a;~. xt xg) 
onpeA0JIJI0TCH Tpoii:Koii: a=(a1, a2, as), ai=xi-xf; i= 
= 1, 2, 3. CyMMa BeKTOfOB ( a1, a2, a3) H ( b1, b2, ba) on
pe}l;eJIJieTCJI Tpoii:Koii: (a + b1, a2+ b2, a3+ b3), rrpoHaBe
AeBn::e BeKTOpa (a1, a2, a3) Ba 'IHCJIO kE IR. eCTb TpOii:Ka 
(ka1 , ka2 , ka8 ). CKaJIHpBoe npon::aBe}l;eBHe BeKTopoB (a1, 
a2, a3) H (b1, b2, b3) BhlpamaeTC.R 'IHCJIOM l:7-1aibi. Ba-

3HCHble BeKTOpbI (Tpoii:Ka JlHHefuro H03aBHCHMbIX BeKTO
poe) Momao Hao6pamaTh Tpoii:KaMH e 1=(1.0,0), e2= 
=(0,1,0), e 3=(0,0,1) . .I(JIJI }l;OKaaaT0JlbCTBa HeaaBHCH
MOCTH aKCHOM APYr OT Apyra H HeaaBHCHMOCTH rpyrrrr aK
CHOM CTJ)OHTCH l!!IITepnpeTa[\HH Cl!!CTeMbl, DOJiyqa10m;eii:cJ1 
H3 }l;aHHOH nyTeM aaMeHbI KaKoii:-Jiu6o ee aKCHOMbI ee OT
pn[\aHHeM. IIOJIHOTa CHCT0Mbl BbIBO)l;l!!TCJI H3 IIOJIHOTbI 
MBOl«eCTBa }l;eHCTBHT0JlbHbIX qJ![CeJI, 

B KaqeCTBe OCBOBHbIX IIOHJITHH JIPH C03)l;aHHH CX0Mb1 
eBKJlH}l;OBOH reoMeTpHH MoryT 6b1Tb IIOJIOl«eHbI reoMeT
pn::q. npeo6paaoBaHHJI. TaK, B CHCTeMe aKCHOM <I>. Bax
MaHa (P. Bachmann) B KaqeCTBe TaKoro DOBJITHJI BBO
AHTCJI npeo6pa3oBaBH0 CHMM0TpHH. c noMOID;bIO Cl!!MM0T
pl!!ii, nopol«)l;aIOID;HX rpynrry ABH)f(0Bl!!H 0BKJll!!}l;OBoU 
(MeTpl!!'leCKoii:) IIJIOCKOCTH, onpe)l;0JlJIIOTCJI «TO'IKB» H -
«IIpJIMLie» KaK HBBOJIIOTBBHble 8Jl0M0HTbI 8TOH rpynrrLI. 
TeopeTHKo-rpynnoeble OTBOmeHHJI JIBJIJIIOTCJI OCBOBoH 
npH onpeAeJieBHH IIOHJITHH ((l!!H[\HAeHTBOCTh»' «OpToro
HaJibHOCTb» I!! T. II., reoMeTpH'I. }l;OKaaaTeJibCTBa aaMe
HJIIOTCJI BhI'IHCJleHHJIMH, nepeBO)l;JITCJI Ha Jl3bIK aJire6pb1. 

06ocHoBalil'I0 eBKJlH)l;OBOH reoMeTpnn: BJIHJIJIO H Ha 
paapa6oTKY eonpocoe 06ocH0BaHm1 HeeBKJIHAOBbIX reo
MeTpHii:. B KOH. 19 - Haq. 20 BB. cif>opMupoBaJIHCb oc
HOBHble COBpeMeBIIble MeTO)l;bI H IIO}l;XO)l;bl B o. r. HoeLie 
IIO)l;XO)l;bl K noHJITB.RM, JiemanzyrM B OCHOBe reoMeTpHll, 
6bIJill paapa6oTaHhI B. Pn:MaHoM (B. Riemann), C. Jbt 
(S. Lie), <I>. RJieii:HoM (F. Klein), A. RaJIH (A. Cayley) 
n: AP· B ocHoBy reoMeTpHq, noHJITH:ii: 6bIJIH noJiomeHbl 
MHoroMepHbie MHoroo6paaHJI, rpynnhl npeo6paaoBaHnii:, 
)1;0HCTByIOID;HX !la MHoroo6pa3HJIX, llHBapHaHTbI rpymI 
rrpeo6paaoBaHHH H T. rr. 

fpyIIIIOBOH IIO}l;XOA B11epBbie 6bIJI '10TKO cif>opMyJIHpO
BaH B apJiaHreHcKoii rrporpaMMe <I>. RJieiiBa: reoMeTpH'I. 
npoCTpaHCTBO orrpe}l;eJIJieTCJI KaK MBOl«0CTBO <I> c if>HKCH
poBaBBOH rpynnoii: g ero npeo6paaoBaHHii; o6'be:KTOM 
reoMeTpHH JIBJlJieTCJI H3yqeBH0 Q-HHBapHaHTBbIX CBOHCTB 
npocTpaRCTBa. (Hanp., n-MepHoe aif>i{ln::HBoe npoCTpaH
CTBO An onpe}l;e~JieTCJI KaK MHOl«eCTBO, Ha K-poM npoCTO 
TpaB3HTHBBO )1;0HCTBY0T BeKTOpHa.R rpyrrrra paaMepBOC
TH n.) C. JIH, <I>. KJieiiH, A. RMH rrpoBeJIH HCCJie}l;oBaHHe 
rpynn rrpeo6paaoBaBn::ii:, Ha ocBoBe K-poro B03Hl!!KaIOT 
HOBbI0 B03MOl«HOCTH B KJlaCCHlf>HKa[\HH B o60CBOBaHBH 
0BKJ1H}l;OBOH H HeeBKJlH)l;OBbIX reoMeTpHii: KaK reoMeTpBii 
onpe/l0Jl0HBbIX rpynn npeo6pa30BaBHH. feoMeTpHH CTa
HOBHTCJI yqem10M 06 HBBapHaBTax rpynn rrpeo6paaoea
BHii, H o. r. OIIHpaeTCJI Ba TeopHIO rpynn. 

B pa6oTax B. P11MaHa 6MJI paapa6oTaB MeTpH'I. rroA
xoA K o. r. reoMeTpH'I. npocTpaHCTBO paCCMaTpHBa0TCJI 
KaK MHOl«eCTBO, CBa6meBH00 M0TpHKO.ii:, K-paH YAOBJieT
BOpJieT TeM HJIH HBhIM aKCHoMaM. B. PHMaB noKaaaJI, '!TO 
BCe BHYTpeBHHe csoiiCTBa npocTpaHCTBa onpeµ;eJI.RIOTCH 
aaµ;aBBOH KBaµ;paTH'IHOH AHif>i{lepeB[\HaJlbBOH if>opMOll 
(KpHBH8Ba, reo}l;e3H'!. Jll!!HHH H T. )];.), TeM CaMblM 6bIJIH 
OTKpbITbl IDHpOKHe KJiaCCbI pa3Jll!!'IBbIX MeTpH'I. reoMeT
p11ii:. BnepBMe KJiaccHi{IHKa[\BJI rrpocTpaBCTB H HX reo
MeTpn::ii 6MJia ocym;ecTeJieBa Ha MeTpH'I. OCHoee. B. Pu
MaH yKa3aJ1 Ba oco6y10 pOJib Bbl6opa KOOp)l;HHaT B TO'le'l
HOM MHoroo6pa31!!1!! }l;Jl.R l!!CCJ10}l;OBaBHJI CRMBX KBa}l;paTH'l
HbIX if>opM. TaK, AJIH npoCTpaHCTBa IIOCTOJIBHOH pHMaHo
BOH KpHBH3BhI B. P:aMaB npuBeJI CTaB}l;apTHhlii: BHA, 
K K-poMy MOl«eT 6bITb npHBe}l;eBa KBa)l;paTH'IBaJI cjlopMa 
nyTeM COOTBeTCTByIOm;ero Bbl6opa KOOPAHHRT. 

Roopµ;HBaTBLIH M0TOA eBKJIH)l;OBoii: reoMeTpHH 6MJI 
o6o6m;eB AJI.R paaJIH'IBbIX rrpocTpaHCTB, a TaKme BameJI 
pa3BHTHe B }l;mpi{lepeB[\HaJlbBOH reoMeTpuu; IIOBJITH0 
MBOroo6pa3lIH, OIIHpaIOm;eecJI Ha Bbl6op KOOp)l;HHRTBbIX 
CHCT0M, IIOJiyqaeT MHOrO'IHCJ10BHbI0 npHMeBeHHH B reo
M0Tpl!!H. fpyIIIIOBOH IIO)l;XOA K HCCJI0}l;OBaHHIO npeo6pa-
30BaBHH AHifii{lepeH[\HaJibBo-reoMeTpHq. o6'beKTOB no
aBOJIHJI C03}l;aTb TeOpHIO HHBapHaHTOB MeTpH'10CKHX (KBa
APaTH'IHbIX) i{lopM. 8Ta TeopHH HBBapn::aHToB rpynn 
npeo6paaoeaHHii: HBHJiacb ocsoeoii: µ;JIH nocTpoeuu 111 
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JiorIIq. OOOCHOBaHirn COBpeMeHHOH AIHpqiepemvraJibHOH 0Tpe3Ka, ITJIOIU,aJ\11, OO'he~rn OCHOBb!BaJOT('fl Ha orrpe/l,e-
reoMeTpHn. B KaqecTBe O,[\HOro 113 OCHOBHblX IIOHRT'l!H JJeHHblX rpyrrnax a!ICllOM. TaK, Harrp., Teop1rn llJIOill;a,lleii 
Bb!KpllCTaJIJI:lrnOBaJIOCb IIOHHTHe reoMeTpnq. OO'heKTa, reo- MHoroyroJihHHIWB Ha eBKJIH,[\OBOii IIJJOCKOCTH B ('IICTN!e 
MeTpHH paccMaTpHnaeTCH KaK UOMempu~ec"ux 06'belimOB aKCHOM f11JI&6eprn OOOCHOBhIBaeTCH aKCIIOMam1, OTHOCR-
meopua. IloHHTlle 1tmpqiepeH1jlipyeMoro MHoroo6pa311H lll;llMllCH TOJlbKO K IIJIOCKOCTH H He3aBHCHMO OT aKCHOM 
II03BOJIHeT ,a;aT& CTpor11e orrpe,a;eJieH11.11 ,a;uqiqiepeHunaJibHO- Herrpep&IBHOCTH (CM. HeapxuMeoooa uoMempuR, Henac-
reoMeTpnq. o6'I>eKTaM, B qaCTHOCTII o6ocHOBaTb MeTO/lbl lill.MBll UOMempua). 
aHaJI113a B reoMeTpllH H reoMeTp11q. MeTO/lbl B aHaJIH3e. B o. r. HCCJie1tyeTCH rrpo6JieMa 0 MaTepnaJibHblX o6'beK-

06ocHoBaHne eBKJIH/lOBOM (11, BOo6m;e, mo6oi1:) reo- TllBHhlX HCTOKax reoMeTpnq. IIOHHTllii H CllCTeM aRCllOM. 
MeTpnn, orr11pa10rn;eec.11 Ha orrpe1teJieHHyIO CHCTeMY aK- 0,a;HHM 113 IIpllHll,HIIOB IIOCTpoeHllH reoMeTp11q. CHCTeM 
CllOM, 06Hapy11mBaeT oco6yIO pOJib TeopeTHKO-MHOll\eCT- ,[\OJiroe BpeMH HBJIRJICR rrpnHuHII 4>n311q. ocyrueCTBHMOCTH 
BeHHb!X rrpHHUllIIOB rrpn Jior11q. aHaJIH3e CllCTeM aKCHOM. CHCTeMbl Ha RaRoii-Jin6o MaTepllaJihHOH M01teJI11. RaK 
MMeHHO, He3aBllCllMOCTh Jil HeIIpOTllBOpeqnBOCTb CHCTeMbl OTMeqaJIOCh Bblllie, ern;e B «HaqaJiax» 6bIJ!a cp:eJiaHa rro-
aKCHOM Moll\eT 6hITb yCTaHOBJieHa rryTeM IIOCTpOeHHR Ilb!TKa 1taTh llCTOJIROBaH11e OCHOBHb!X IIOHRTllH c TOqRn 
quCJIOBOH Mo,a;eJIH, peaJI113yIDrn;eii 3TY CHCTeMy. IloaTOMy 3peH11R llX 4>n311q. CBOHCTB. B KOH. 19 B., IIOCJie OTKphI-
TeopHll MHomeCTB B 0. r. RBJilleTCH CBOero pop:a <JTaJIOHOM THR reoMeTpirn J1o6aqeBCKoro, BHOBh B03HHR BOIIpoc 
6e3yrrpeqHoro JIOrnq. IIOCTpoemrn reoMeTpnq. Teopnn. 06 o6'beKTHBHOH B03M011\HOCTH µ,pyrnx, OTJillqHb!X OT 
reoMeTpuq. aKCHOMbl Herrpepb!BHOCTH (ll IIOJIHOTb!) no eBKJIHAOBOH, remteTpui"1. Ilpo6JieMy o6'I>eRTHBHOro cy-
cym;eCTBY RBJIRIOTCll HeK-ph!Mll 31\BHBaJieHTaMH TeopeTH~ meCTBOBaHHR HeeBKJIHAOBhlX reoMeTpnii MHOrHe reoMeTphl 
I\0-MHOll\eCTBeHHb!X aRCHOM. pemaJIH rryTeM IIOCTpoeHHR 4>H3llq. MOp:eJieii, c IIOMOID;hlO 

IIocTpoeHue reoMeTpuu HaA orrpeii:eJieHHhIM rroJieM R-pb!X IIb!TaJiucb y6e1tHThCR B He3aBucuMOCTH u aerrpOTu-
06ocH0Bh!BaeTCR rryTeM rrpuMeHeHHH IIOHHTni"1 TeopeTuKo- BopequBOCTI! reoMeTp11q. cuCTeM aKc110M. TaK, H. IL J1o-
MHomecTBeHHoro xapaKTepa. Haq1rnaR c co3p:aHMR ii:eRa- 6aqeBCKuii IIb!TaJICR o6ocHoBaTh HerrpoT11sopeq11socTh 
pTOBOH aHaJIHTI!q. reoMeTpHII, llAeR OT06pameHI!R MHO- Bb!BOIJ:OB, BbITeRa!Olll;llX 113 ero aKCHOMbl 0 rrapaJIJIBJlb-
lKeCTBa TOqeR Ha MHOll\eCTBO ii:eil:CTBI!TeJibHblX quceJI Hb!X, rryTeM qiu311q. ll3MepeHuii 1te4>eKTOB TpeyroJibHHROB 
(IIJIH Ha rrpoll3BOJibHOe qucJIOBOe MHOll\eCTBO) rrpno6pe- r11raHTCKI!X pa3MepOB, BeplliI!Hbl K-pb!X pacrroJiaraJII!Ch 
TaeT 6oJiblli00 3HaqeH11e AJIR 0. r. Pa3BHTI!e 3TOi"! I!p:en Ha yii:aJieHHblX OT 3eMJill KOCMllq. TeJiax, qTo6bI y6e-
II03BOJl1IeT orrpeii:eJIHTb ll KJJaCcu4>HullpOBaTb reoMeTpHll no IJ:HTbCR B TOM, qTo ii:e4>eKTbl pa3JillqHbl AJIR pa3JillqHb!X 
TOMY qnCJIOBOMY MHomecTBy, HaA K-pb!M OHH IIOCTpOeHbI. TpeyroJibHHKOB ll qTo cyMMa BHyTpeHHHX yrJIOB Tpe-

B 0. r. IUnpoKo rrpMMeHRIOTCR TeopeTMKO-MHOlKeCTBeH- yroJibHHROB MomeT 6bITh MeHbrne ABYX rrpRMhIX yrJIOB. 
Hbie MeTOIJ:bl ,[\JIR u3yqeHHR reoMeTpnq. rrpeo6pa30BaHHH. IlOIIb!TKY o6oCHOBaTb cyrn;eCTBOBaHne pa3JinqHb!X ~teTpnq. 
RaK yme OTMeqaJIOCb BhIIIIe, nHBapnaHThI rpyrrrr rrpeo6pa- reoMeTpuii npep:rrpllHRJI r. feJihMrOJihn (H. Helmholtz). 
30BaHuii RBJIRIOTCR rrpeii:MeTOM H3yqeHHR B orrpeii:eJieHHOM B pa6oTe, HarrncaHHOH BCKope rrocJie IIORBJl0HHR pe~yJib-
3TOH rpyrrrroii reoMeTpuu. BamHoe rrpnMeHeHue Teopnu TaToB B. PnMaHa. OcHOBHb!M nOHRTMRM, K-pbIMH orre-
HHBapllaHTOB (rrpoeKTHBHblX) npeo6pa30BaHHH HallieJI <I>. pupyeT MeTpnq. reoMeTpllR, f. feJibMfOJlbll AaJI qin3uq. 
RJieiiH AJIR llHTeprrpeTanHH HeeBRJIH,[\OBb!X rrpoCTpaHCTB IICTOJIKOBaHue, B OCHOBY reoMeTpuq. CBOIICTB rrpOCTpaH-
II AOKa3aTeJibCTBa HerrpOTHBOpeqnBOCTH HeeBKJIHAOBblX CTBa OH IIOJIOll\HJI rreK-pb!e 4>n3llq. 3aROHbl, ll3 R-pb!X Bbl-
reoMeTpnii. YrJiy6JieHHOMY aHaJill3Y IIOABeprJIHCb TaKne TeRaeT B03M011\HOCTb IIOCTpOeHHR reoMeTpHH 3TOrO rrpoCT-
IIOHRTHR, RaR «yroJI», «OpTOrOHaJibHOCTb» ll T. A· MccJiep:o- paHCTBa. 3BpHCTuqecKnM rryTeM ll3 OCHOBHblX 4>H3llq. 
BaHHR IIpOeKTHBHb!X ROMIIJieRCHb!X npOCTpaHCTB, pa3- 3aROHOB f. feJibMfOJlbll IIOJiyqnJI MeTpllRY IIpOCTpaHCTBa 
JIHqHb!X rrpoeKTHBHb!X Mepoorrpeii:eJieHuii HMelOT 60Jib- B BHAe ii:n4>4>epeHullaJibHOH qiopMb!, R-paR, RaR IIOKa3aJJ 
moe 3HaqeHHe B RJiaccuqinRanllll rrpoCTpaHCTB c orrpeii:e- E. PHMaH. orrpe11:eJIReT BCe BHyTpeHHlle CBOHCTBa rrpoCT-
JieHHOH CTpyRTypoii. paHcTea. BMeCTO runOTe3, Jiemarn;ux a 0. r., rrpeii:JiomeH-

B 0. r. rrpuMemlIDTCR rnRme TorroJioruq. MeTOIJ:hI KJiac- Hb!X E. PuMaHoM, r. feJibMroJibu paccMaTpueaJI 4>aHThI, 
cnqiuRanHH MHOroo6pa3uil:, c IIOMOill;b!O 3THX MeTOAOB Bbl- 113 H-pb!X BbITeKaJIH Te me Bb!BOIJ:bl B MeTpuq. reoMeTpilll, 
RBJIRIOTCR HaF160Jiee cyrn;ecTBeHHbie pa3JillqifR Memii:y rroii:qepHHBaR TeM caMb!M OIIbITHYIO npoBepHy crrpaae11-
RJiaccaMH H THIIaMH MHOroo6pa3lli"I, HCCJieii:yIDTCR rJIO- JIHBOCTH (HerrpOTHBOpequBOCTH) 3THX Bb!BOIJ:OB. 
6aJibHble HX CBOHCTBa. 06'heKTHBHO pa60Tbl ITO OIIblTHOH rrpoBepRe reoMeTpll 1!. 

0CHOBHble MeTOIJ:bl H IIOIJ:XOIJ:bl B 0. r.- CllHTeTHqeCKlli"I, CllCTeM CJiyiRHJIH pacrrpoCTpaHeHnIO HOBb!X reoMeTpnq, 
rpyrrrroBOII H MeTpnqecRuli - uMeIOT 3HaqeHue u B co- uii:eli, cnoco6cTBoBaJiu IIORBJieHMIO yrJiy6JieHHoro Jioruq. 
epeMeHHb!X HCCJieii:oeaHHRX B 3TOH o6JiaCTH reoMeTpllH. aHaJIH3a reoMeTpuq. CllCTeM, Bb!pa6oTRe COBpeMeHHbIX 
Harrp., o6o6rn;eHueM nii:eli E. PnMaHa B 0. r. RBJIReTCR ocHOBHhIX Tpe6oBaum1 K 3THM cucTeMaM. BMecTe c TeM 
HH4>HHHTe3YMaJlbHblH rro,a;xoti;, rrpll R-poM reoMeTpnq, IIOIIhlTHH 4>H3llq. o6oCHOBaHHR reoMeTpllll cnoco6CTBO-
CTpyRTypa orrpeii:eJIReTCR 3aAaHHeM IIOJIR HeR-pbIX na4>11- BaJIH IIpOHllRHOBeHHIO reoMeTpuqeCRHX uii:eii ll MeTO-
HHTeauMaJibHbIX BeJiuquH (Hanp., 4>HHCJiepOBOH MeT- /lOB B pa3JI:IJqHbie o6JiaCTH MaTeMaTHRH, 4>H3HRH H Me-
pllRH, CBR3HOCTH ll T. rr.). MHorue aaii:aqn 4>H3HRH H xaHHRll. 
MeXaHHRll rrpll 3TOM p;orrycRalOT reoMeTpH•I. llHTeprrpe- 0. r. HMeIOT 60JibIIIoe 3Haqeane B MeTOAOJIOrllII reo-
TauHIO H rrpll FIX pemeHHH HCIIOJlb3YIOTCR reoMeTpuq. MeTpllll. B rrpou.ecce rrperroii:aBaHHR COBpeMeHHhlX Kyp-
coo6pameHnR. Boo6m;e, Bee COBpeMeHHhle cuCTeMhI aR- COB reoMeTpuu B yHirnepcnTeTax H rreii:aroru1r. By3ax 
CllOM eBRJIHAOBOH (ll HeeBRJIHAOBOii) reoMeTpllll HCIIOJlb- pa3p:eJI o. r. 3aHHMaeT O,[\HO ll3 neHTpaJibHblX Meer. 
3YIOT B paaJinqHOH CTerreHH BCe Tpll IIOIJ:XOAa B 0. r. B CBR3ll c 3THM BCe 6oJiblliYIO poJib urpaeT Bbl6op CllCTeMLI 

l1.3yqeHne cpeii:CTB, llCIIOJib3yeMhlX B IJ:ORa3aTeJibCTBaX OCHOBHb!X lIOHRTlli°I ll aRCHOM, 1ITOObl «CORpaTHTb» lIYTh 
TeopeM Ha OCHOBe p;aHHOH CHCTeMbl aRCHOM, RBJIReTCR OT caMuX aHCHOM AO BblBOIJ:llMhlX ll3 HHX cop;eplKaTeJib-
0/{HOH H3 eamahlx rrpo6JieM B 0. r. B «HaqaJiax» EeRJIH- Hb!X TeopeM, Haxoii:mu;Mx rrpaKTnq. npuMeHeHne (B qacT-
p;a p;JIR AOHa3aTeJibCTB rrpHMeHRJiaCb KJiaccuq, JIOrllKa HOCTH, B pemeHHH 3aii:aq). 
ApHCTOTeJIR. MHoro BHHMaHHR y,a;eJIHJI 3THM eorrpocaM Jlum.: [1] Ha•rnJJa EBKJJHna, KH. 1-15, nep. c rpe11., M., 
,LI;. fllm.6epT, HaMeTHBIJJHH OCHOBHh!e 33p;aqu MaTeMaTllq, 1948-50; [2] I'" J1 h 6 e p T ,[(., OCHOBamrn reOMeTplm, rrep. c 

H HeM., M.- Jl., 1948; [3] Be 6 J1 e H 0., ya tt T x en,[( IB., Oc-
JIOfllHH. errpOTHBopequBOCTb CHCTeM reoMeTpnq. aK- HOBaHHll nmjJ1pepeH1waJ1hHOfi reoMeTpHH, nep. c aHrJJ., M., 1949; 
CllOM ycTaHaBJIHBaeTCR rryTeM IIOCTpOeHHR qucJIOBbIX [l.J 06 OCHOBaHHflX reoMeTpHH, M., 1956; [5] Kar a H B. <ll., 
MOAeJierr aTIIX CllCTeM II IIX JIOril'JeCRoro IICCJiep;oaaHIIR. OCHOBaHHH reoMeTPHH, 'I. 1-2, M.- JI., 1949-56; [6] Kar a H 

3 TeJI H Me 0 B. <ll., 011ep11H no reoMeTpHH, M., 1963; [7] B y a e Ma H I'., 
Haqu b oe CTO B • r. 3aHnMalOT BOIIpOChl ll3Me- reoMeTpHH reoneaH'leCKHX, nep. c aHrJl., M., 1902; (8] E ljJ H-

peHHR 0Tpe3ROB, IIJiomaneii. o6'heMOB. IloHRTHR Mephl M 0 B H. B., BbICmaa reoMeTpHH, 6 Han., M., 1978; (9] Bax-
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M ll H <l> •• IlocTpoeHRe reoMeTpJm Ha OCHOBe IlOHJITHJI CHMMeTpHH 
uep. c aeM .• M., 1969; [1 O] p 0 3 e H "1 e JI h A E. A., lICTOpHJI BC: 
emmHAOBol! reoMeTPHH, M., 1976, [!l] n 0 rope JI 0 8 A. B., 
3J1eMeHTapHaJI reoMeTpHJI, 2 H3A., M , 197 4; (12] m o 11 e r , reo
MeTPHJI, nep. c ljipaH11., M., 1976, [13] .n; 0 He A A IO A., EB1'JIH
AOBa IlJIBHHMeTpHJI, nep. c ljipam1 .• M., 1978; [14] Kap Te c H <I>., 
BBeAeHHe B 110He<IHble reoMeTpHH, nep. c aarJ1., M., 1980. 

OCHO H 
JI. A. cuaopos. 

B oro TlUIA AJII'EBPAJiqECKAH IIOBEPX
HOCTh, o 6 m; e r o T II II a a JI r e 6 p a II q e c R a H 

II 0 B e p x H 0 c Tb,- IIOBepXHOCTb O):IHOro Il3 caMhlX 
o6rnnpHhlX RJiaccoa a.ttee6pau'lecr;ux nooepxnocmeu B RJiac
c111puRaI1,I1II 3HpI1Reca. A IIMeHHo, rJia):IRaH rrpoeRTIIBHaH 
IIOBepXHOCTb x Ha):I aJire6paI1qecRII 3aMRHYThlM IlOJieM k 
Ha3. o. T. a. rr., ·eCJIII 

x(X)=2, 
r):le x - Ko&aupbl, paaJttepnocmi. cho ycJIOBile paBHO
CHJibHO TOMy, qTo )J.JIH HeR-poro u,eJioro n>O JIHHeii:HaH 
CHCTeMa I nK I , r):le K - RaHoHilq, J:IIIBil30p Ha X, onpe
AeJIHeT 6I1pau,I10HaJibHoe OT06pameHI1e IIOBepXHOCTII x 
Ha ee o6pa3 B pN ):IJIH HeR-poro N. BCHRaH 0. T. a. rr. 
o6Jia)J.aeT 6I1paI1,IIOHaJibHhlM Mopqrn3MOM Ha CBOIO MIIHil
MaJibHyIO MO)J.eJib. 

MI1HI1MaJibHhle 0. T. a. n. xapaRTepI13yIOTCH (cM. [ 1), 
[3), [6]) Rail\):lhIM Il3 CJie)J.yIOIIl,IIX Ha6opoB CBOHCTB' 

a) K 2>0 II KD>O )J.JIH JII06oro aq,ipeRTHBHoro 
0

)J.I1Bil-
3opa D; 

6) K2>0 II P2>2, r)J.e P 2=diml2Kl+1- )J.ByRpaTHhlii 
poJ:I X; 

B) K 2 >0 II rroaepxHoCTb X He pail,IIOHaJibHa; 
r) cymecTByeT TaRoe u,eJioe n0 , qTo rrpII JII06oM n>n0 

oT06pameHI1e q>nK' orrpe):leJIHeMoe cIICTeMoii. I nKI, HB

JIHeTCH 6I1pau,I1?HaJibHhIM Mopq,I13MOM IlOBepXHOCTII x Ha 

ee o6pa3 B pdim lnKI. )J.JIH 0. T. a. n. cym;ecTByIOT (cM. 

[2), [3], [6), [ 10]) COOTHOIIIeHIIH (Bil)J.a HepaBeHCTB) Me/R)J.y 
qI1cJieHHhIMII xapaRTepI1CTI1RaMI1. IlyCTh Pg - reoMeT

pilq, pOA II q - I1pperyJIHpHOCTb rroaepXHOCTII x' TOr):la 
):IJIH MIIHIIMaJibHOii. 0. T. a. II. IIMeIOT MeCTO cJiep;yIOIIl,Ile 
HepaaeHcTaa: 

1) q <.pg; 
?) I K2+2 K2 1 , 3 ~ Pg< 2 , ecJIII qeTHO, Pg<-'7) K"+-;;-, eCJIII 

2 ~ -
K He'leTHO (::ITII )J.Ba HepaBeHCTBa Ha3. H e p a B e H c T-
B a M 11 H e Tep a); 

3) K2<.3C2, rp;e C2 - BTopoii. RJiacc qmaHH rroaepx
HOCTH x (HJIII TOITOJIOril'!eCRaH aii.JiepoBa xapaRTepil
CTHRa). 

Hau6oJiee rroJIHhlii. pe3yJibTaT o RpaTHoRaHoHH'I. oT-
06pameH1IHX fPnK 0. T. a. II. eCTb TeopeMa B o M-
6 be p II - }\ 0 A a H p bl: IIYCTb x - MHHHMaJibHaH 
O. T. a. n. HaA aJire6paI1'leCRI1 3aMRHYThIM rroJieM xapaR-
TepHCTIIRII 0, TOr):la OT06pameHI1e . 

fPnK:X __,. pdim I nK I 

HBJIHe'fCH 611pau,110HaJibHhIM Mopq,I13MOM Ha CBOH o6paa 
IIpH acex n>5. Cym;ecTBYIOT (cM. [5], [8], [9]) 0. T. a. II., 
)J.JIH R-phIX fP4K yme He o6Jia):laeT <JTIIM CBOHCTBOM. 

Jlum.: (1] AJ1re6paH<Iecmrn IIOBepXHOCTH, M.' 1965 (Tp. MaTeM. 
HH-Ta AH CCCP, T. 75); [2] E 0 r 0 M 0 JI 0 B <t>. A., «ll3B. AH 
CCCP. Cep. MaTeM.», 1978, T. 42, c. 1227-87: [3] Be au vi 11 e 
A_., Surfaces algebriques complexes, P., 1978; [4] B o m b i e
r 1_ E., .«Pub!. Math. IHES», .1912, M 42, p. 171-219; [5) B 0 m
b .1 e r 1 E., C a t a n e s o F., The tricanonical map of surface 
w1thK=2, pg=D,_ C. P. Ramanujam, Atribute B.- Le a] 1978 
p_. 279-90; [61 HO!fib ieri E., Husem'o lier n.: 'c1assi: 
f1cat10n and embeddmgs of .surfaces, Proceedings of Symposia in 
Pure Math., M 29, Algebraic geometry, 1974, p. 329-420' [7) 
Hori k aw a E., «Ann. Math.», 1976, v. 104, p. 357-87; [8) 
c r o me, «Invent. math.», 1976, v. 37, p. 121-55; 1978/79 
v. _50, p. 103-28; [91, Koda i !'a K., «J. Math. Soc. Japan»: 
1968, v. 20, p. 170-92; [IQ] M 1 ya o k a Y., «Invent. math» 
1977, v. 42, p. 225-37. B. A. Hcr;os""-~· 

OCOBAH TOqKA -1) 0. T. a Ha JI II T II q e c Ro ii: 
iii Y H R II, II II f (z) - nperrHTCTBlle ):IJIH ana.ttumu'leCK030 
npo80.1tJ1CellUJt <JJieMeHTa ii>YHRil,IIII f (z) ROMIIJieRCHoro 
nepeMeHHoro z BAOJlb RaRoro-m160 rryn1 Ha IIJIOCROC'fll 
~noro IIepeMeuuuro. 

IJ yCTb aHaJIIITil'!eCRaH ipyHRil,llH t ( z) OIIpep;eJieHa He
IWTOphIM B e ii e p ill 'f p a c c 0 B hi M a JI e M e H T 0 M 

(U(s, R), f"' ), COCTOHIIl,IIM 113 CTeIIeHHoro pH)J.a 

fr;, =fr;, (z)= ~==D ck (z-s)k (1) 

II ero Rpyra CXOAHMOCTII 

U (~,, R)={zEC:I z-~ I< R} 
c u,eHTpoM sf: oo II pa)J.I1ycoM CXOJ:111MOCTII R >O. PaccMoT
pIIM aceao3MomHhle rryTII L : [ 0, 1 J-IC, T. e. HerrpephIB
Hhie oT06pameHI1H L : z= q> ( t) OTpe3Ra 0 <.t <.1 B pac

nmpeHHyro ROMIIJieRcHyIO lIJIOeROCTb iC' Ha'lIIHaIOIIl,lleCH 
B u,eHTpe ::!Toro ::IJieMeHTa s, s=q>(O). EcJin aHaJIIITHq. 
rrpO)J.OJimeHile ):laHHoro aJieMeHTa B03MOmHo B)J.OJib JII0-

6oro TaRoro IIYTII B JI106y10 TO'lRY z EiC, -TO noJiy11aio
II1,aJICH rrpII <JTOM IIOJIHaH. aHaJillTH'I. ii>YHRil,HH t (z) CBO
)J.IITCH R ROHCTaHTe: t (z)= const. ,Il.JIH HeTpIIBHaJibHhIX me 
aHaJIHTil'l. ipyHRu,Hii: f (z) t=const xapaRTepHo cym;ecTBO
aaHHe rrpelIHTCTBilll ):IJIH aHaJIIITilq, IIpO)J.OJiif(eHIIH B)J.OJib 

HeR-phIX IIyTeii. L. 
II ycTb TOqRa a pacrnI1peHHo:ii: rrJiocRoCTH IC pacIIoJio

meHa Ha IIYTII Lr: z=q>r(t), a=q>r(Tr), 0<Tr<1, 
q>r(O)=s, II Ha lIYTII L2: z=q>2(t), a=q>2(T2), O<T2<1, 
q>2 (0) = s, rrpil'leM aHaJIHTilq, rrpo)J.oJimeHHe BAOJib Lt 
H L2 ocy!Il,eCTBllMO BO ace IIpep;rneCTBYIOIIl,Ile TO'!Rll z= 
=q>r(t), O<.t<Tr, II z=q>2(t), O<.t<T2. )J.aa TaR11X IIyT11 
Lr II L2 Ha3. <J R B II B a JI e H TH hi M H no OTHOIIIeHillO 
R aHaJIIITil'I. rrpo)J.oJimeHHIO JJ;aHHoro aJieMeHTa ( U (s, R), 
h 2_ B TO'IRY a, eCJIII ):IJIH JII06oil: ORpeCTHOCTII v (a) TOqKH a 
B IC cyru,ecTByeT TaRoe qI1cJio e >0, qTo aeil:epmTpaccoa 
aJieMeHT, IIoJiyqaeMhIH H3 (U(s, R), f~) nocpe)J.CTBOM 

aHaJIIITil'I. IIpoAoJimeHHH B)J.OJib Li AO RaRoii.-Jin:6o ToqRH 
z'=q>r(T'), Tr-e<T' <Tr, MOmeT 6b1Tb rrpO)J.OJimeH B)J.OJib 
rreR-poro IIYTH, pacrroJiomeHHoro B V(a), B aJieMeHT, 
noJiyqaeMhlii. nocpe)J.CTBOM IIPOAOJimeHHH B):IOJib L 2 113 
(U(s, R), f.) ):10 RaROH-JII160 TOqRn z"=q>2(T"), T2-e< 
<T"<T2. ~ 

EcJill aHaJIIITilq, rrpo)J.OJimeHlle B ToqRy a ocym;eeT
BIIMO B)J.OJib HeR-poro rryTII L, TO OHO B03MOmHO II B)J.OJib 
acex IIyrnil: RJiacca <iRBIIBaJieHTHOCTH {L }, cop;epmam;ero L. 
B <JTOM cJiyqae rrapa (?-, {L }) Ha3. p e r y JI H p H oil:, 
IIJIII II p a B II JI b H 0 n; orra OIIpe,'l,eJIHeT O):IH03Ha'!HYIO 
peryJIHpHyIO BeTBb aHaJIIITH'I. ipyHRil,llll t (z) B ORpeCT
HOCTll TO'IRII V (a). 

EcJII1 me aHaJIIITil'l. npoJJ;oJimeHI1e B)J.OJib HeR-poro 
IIYTII L: z=q>(t), 0<.t<.1, q>(O)=s, IIpoXO)J.Hm;ero qepe3 
a, a=q>('t), 0<1'<.1, ocym;eCTBHMO BO BCe ToqRH q>(t), 
0<.t<T, rrpe)J.llleCTByIOIIJ;Ile a, HO He ocym;ecTBIIMO B TO'!
Ry a=q> ('t), To a eCTb oco6aH TO'!Ra npn aHa
JIHT11qecKoM rrpo):loJimeHllll aJieMeHTa 

(U(s, R), hl BAOJib nyTII L. B noM cJiyqae oaa 

6y)J.eT oco6oii. II npn IIpo)J.oJimeHllII B):IOJib acex rrpoXO)J.H.
m;nx qepe3 a rryrnii. RJiacca <iRBIIBaJieHTHOCTH {L }. Ila pa 

(a, {L}), COCTOH.IIJ;aH Il3 TO'IRII aEC H RJiacca 3RBIIBa
JieHTHOCTH {L} nyTeii. L, IIpOXOJ:IHIIl,HX qepe3 a, AJIH. Kam-
11;oro 113 R-phIX TO'!Ra a oco6aH, Ha3. o c o 6 o ii. T o q
R o ii aBaJin:Tn:qecRoii: ipyHRil,IIH f(z), onpe
;i;eJIHeMoii aJieMeHToM (U(s, R), f~ ). )J.ae O. T. (a, {L}) 
II (b, {M}) cqI1TaIOTCH COBlia)J.aIOIIl,llMII, eCJIII a= b ll co
BIIa):laIOT RJiaCChl {L} ll ,{M}. IlpII ::ITOM TO'!Ra a pacIIIHpeH

HOH ROMITJieRCHOH ITJIOCROCTH iC Ha3. II p 0 e R II, H e il:, 
HJIII z-R 0 0 p A II Ha T 0 ii, o. T. (a, {L }); roaopHT 
TaRme, '!TO 0. T. (a, {L }) pacrrOJiomeHa Ha):I TO'IROH 

a E IC. B o6m;eM cJiyqae Ha):I OJ:IHOii. 11 TOH me TO'!Roii a E 0 
MoryT pacrroJiaraTbCH HBCROJibRO II )J.ame C'leTBOe MBO
meCTBO pa3JIIl'IHhIX oco6bIX II peryJIHpHhIX nap (a, {L }), 
rroJiy'laIOIIl,IIXCH rrpH aHaJIIITil'I. rrpo)J.OJimeHllll 0)1.HOro II 

Toro me aJieMeHTa (U(s, R), hl· 
EcJI11 pa)J.uyc cxo,1J,11MucTH ncXOAHUro pHJ:la ( 1) R < oo, 

TO Ha UI>pymHOCTH l'= {zEC: Jz-sl=R} Rpyra cxo-
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)lllMOCTll u (~, R) HerrpeM0HHO :IIM00TCH XOTH 6hl O)lHa 
oco6aH ToqKa a aJieMeHTa (U(~, R), 1-c,), 
TO eCTb O. T. aH8JlHTHq. ¢ynKu,mt I (z) rrpn rrpOAOJimeHnn 
BAOJib rryTeii: z=cp(t), O..;;:t..;;:1, KJiacca {L} TaKHX, qTo 
z=cp(t)E U(~, R) rrpn O..;;:t<1, a=cp(1). lfHaqe roBopH, 
o. T. 3JieMeHTa (U(~, R), 1-c)-no TaKaH TOqKa aEr, 
qTo HerrocpeACTBeHHoe aHaJIHTHq. rrpoAoJimeHne 3JieMeHTa 

(U(~, R), I~) na Kpyra U(~, R) B mo6yro oKpecTHOCTb 

v (a) HeB03MOll\HO. B 3TOH CHTya!J,HH II Boofou,e BO BCex 
CJiyqaHX, KOrAa OTCYTCTBIIe HBHOro OIUIC3HHH KJiacca 
nyTell {L} He MomeT IIOBeCTH K Hep;opaayMeHIIHM, orpa
HIIqHBaIOTCH o6blqHO TOJibKO yKaaaHIIeM z-KOOPAHH3Tbl 
o. T. a. lfayqe.uIIe pacrroJiomeHHH o. T. aHaJIHTIIq. «l>YHK
!1,Hll B 33BHCIIMOCTH OT CBOHCTB IIOCJieAOBaTeJibHOCTH 

Koa¢¢1m,HeHTOB {c,.};=O IICXOAHOro 3JI0M0HTa (U(~, R), 
h ) HBJIH0TCH O)J;HHM H3 BamHh!X HanpaBJI0HHH JICCJI0AO

BaHHH B T00pH!I «l>YHK!l,MH (CM. A 8a.Mapa meope.Ma MyJib
THTIJIHK3!1,HOHHaH, 3oea8a a1ie.Menma ifiynrnfuu, a TaKme 
[1), [3), [51). lfaBeCTHo, Harrp., qTo 0. T. pHAa 

lo (z) = ~== 0 bkzdk, 

rAe bEiE, lb1<1, d;:,2 - HaTypaJibHOe 'IHCJIO, aanoJI

HHIOT BCIO rpaHH!l,Y f= {z EC : I zl = 1} ero Kpyra cxo
)J;HMOCTH U(O, 1), XOTH cyMMa 3Toro pHp;a HerrpepbIBHa 

Bcrop;y B 3aMKHyToM Kpyre U(O, 1)={zEC: lzl..;;:1}. 
3AeCb OKpymHOCTb f eCTb ecTeCTBeHHaH rpaHH!l,a aHa

JIIITH'I. «l>YHK!J,HH lo (z), aHaJIHTH'I. npoAOJimeHJie lo (z) 33 
npeAeJibl Kpyra U (0, 1) HeBo3MomHo. 

IlycTb B AOCTaTo'IHO MaJioii: OKpeCTHOCTll V (a)= {z EiC : 
lz-al <R} TO'IKH ai=oo (HJIH V(oo)={zEC: !zl >R}) 
8H8JIHTH1I. npo;a;oJimeHJie 3JieMeHTOB, rroJiyqaeMblX B/"(OJib 
nyTeli onpeAeJieHHoro KJiacca {L }, B03MomHo BO Bee 
ToqKJI, OTJIH'IHble OT a, T. e. no BCeM nyTHM, pac
TIOJIOmeHHbIM B IIpOKOJIOTOiI OKpeCTHOCTH V' (a)= 
= {zEC: O<lz-al <R} (cooTBeTCTBeHHo V' (oo)= 
={zEC: R<lzJ<oo}); Torp;a 0. T. (a, {L}) Haa. uao
.n,upooannou oco6ou mo'lrwu. EcJIJI np!I aToM aHaJIJITH'I. 

npop;oJimeHHe 3JieMeHTOB, noJiyqaeMbIX BAOJib IIVTeii: 
KJiacca {L }, no BCeB03MOJt\HbIM 3aMKHYTbIM rryTHM, "pac
noJiomeHHhIM B V' (a), He H3M0IIHeT 3THX aJieMeBTOB, To 
II30JIHpoBaHHaH 0. T. (a, {L }) Ha3. o c o 6 o rr T o q
i{ 0 11: 0 A H 0 3 H a q H 0 r 0 x a p a K T e p a. TaKaH 
0. T. MomeT 6hITb IIOJIIOCOM IIJIII cyI!J,eCTBeIIHO oco6oii 
TO'IKOfi: 0CJIII cym;eCTByeT 6eCKOHe1IHbIH rrpeAeJI Jim f (z)= 
= 00 npH CTpeMJieHHH Z--+a B)J;OJib rryTeH KJiacca {L }, TO 
o. T. O)J;H03H31IHOfO xapaKTepa (a, {L }) Ha3. nOAIOCO.M; 
eCJIH He cym;eCTByeT HHKaKoro KoHe'IHOro HJIII 6ecHoHeq
Boro npep;eJia Jim I (z) npJI CTpeMJieHHH z--+a BAOJib rryTeii: 
trnacca {L }, TO (a, {L }) - CYUfecmoenno oco6aa mo'lKa; 
CJiyqail KoHe'IHoro npeAeJia COOTBeTCTByeT peryJIHpHoii 
nape (a, {L }). EcJIH me aHaJIHTIIq. rrpoAoJimeHHe ;me
MeHToB, IIoJiyqaeMbIX BAOJib rryTell HJiacca {L }, IIO 3aM-

1rnyThIM IIYTHM, oKpymaIOI!l,IIM B V' (a) To'IKY a, naMeHHeT 
3TH aJieM0HTbl, TO M30JIMpoeaHHaH 0. T. (a, {L }) Ha3. 
eemo.n,enuR mO'llWU, HJIH 0 c 0 6 0 ii: T 0 q K 0 ii M H o
r o a H a q H or o x a p a K T e p a. KJiacc ToqeK BeT
BJiemrn, B CBOIO oqepeAh, TIOApaap;eJIHeTCH Ha aJtze6pau
'lecnue mo'lll:U oemBAenua M mpanclJen8enmnbie mO'll'iU 
oemBAenu!l (BKJIIOqaH Jtoeapurfj.Mu'lecnue mo'l1>U oemBAe
nua). EcJIH rrocJie HeK-poro HoHe1IHoro qncJia m;:,2 
OAHOKpaTHbIX o6XOAOB TO'IKJI a B OAHOM H TOM me HarrpaB
.l!eBHll B V' (a) aJieMeHThl, noJiyqaeMble BAOJih nyTeli KJiac
ca {L }, npIIHHMaIOT HCXOAHhIJI BHA, TO ({a, {L }) 0CTb 
aJire6paHq. TO'IKa B0TBJI0HMH II 'IIICJIO m-1 Ha3. ee TI o

p H A K o M. B npoTHBHOM cJiyqae, KOrAa o6xoAbl TO'l.KII a 
,t(aIOT Bee HOBhI0 H IIOBhle 3JI0M0HThl, (a, { L}) 0CTb TpaHc
!1,0HA0HTHaH TO'IKa B0TBJI0HHH. 
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f (z) 

T01IKH a= 0, 00 (AJIH ecex nyTeil) HBJIHIOTCH aJire6paHq. 
T01IK8MH BeTBJieHHH nopHAKa 5. KaK OAII03Ha1IHYIO ¢yHK
!1,IIIO TO'IKH f (z) MOmHo rrpeACTaBHTh TOJibKO Ha COOTBeT
CTBYIOI!l,eH pu.Manoeou nooepxnocmu S, COCTOHI!J,eIT H3 

6 JIHCTOB Hap; c, orrpeAeJieHIIbIM o6pa30M COeAHHeHHbIX 
HaA TO'IKaMII 0, 00. KpoMe Toro, HaA TO'lKOH a=1 pac

IIOJIOlReHhl TpH rrpaBHJibHhie BeTBH I (z), OAH03Ha1IHhle 
Ha Tpex COOTBeTCTByIOI!l,JIX JIHCTax S; Ha O)lHOM JIIICTe s 
pacrroJiomeH IIOJIIOC BTOporo IIOPHAKa H Ha llBYX JIIICTaX 
S - noJIIOChI rrepBoro rropHAKa. Boo6m;e, rrpHBJie'IeHne 
IIOHHTIIH pnMaHOBoi"I IIOBepXHOCTU OKa3hIBaeTCH B0ChMa 

YA06Hh!M n rrJioAoTBopHbIM rrpn 1rnyqeIIMH xapaKTepa 
0. T. 

EcJIH P3AHYC CXOAHMOCTH HCXO)lHoro pHAa (1) R= 00, 
TD OH rrpencTaBJIHeT lJMYIO rfjynl'ilJUIO l(z), roJIOMop¢IIy:m 
BO Been KOHe1IHOH IIJIOCKOCTH c. TaKaH «l>YHK!l,HH B cJiy
qae I ( z) ,t con st 11MeeT eAIIHCTBeHHyIO naoJinpoBaHIIyro 
o. T. a= 00 OAH03HaqHoro xapaKTepa; ecJIH rrpH 3Tml 
a= oo - IIOJIIOC, TO I ( z) ecTh 11 e JI a H p a !l, H o R a JI b
H a H <I> y HK !I, H H, HJIH M H 0 r 0 q JI e H; ecmr me 
a= oo - cym;ecTBeHHO oco6aH T01IKa, TO l(z) eCTb u, e
JI a H T p a H c !I, e H A e H T H a H <I> y H K !l, H H. 

Mepo.Moprfj11aa rfjynl'ilJUR l(z) B KoHe'l.Hoi! IIJiocHoCTH C 
rroJiyqaeTCH, KOrAa aHaJIHTH1I. rrpOAOJilReHHe PHAa (1) IIpH
BO)J;IIT K OAH03IIaqIIoii aHaJIHTH'I. «l>YHKllHH I (z) B C, 
HMeIOm;eii: B c B KaqeCTBe 0. T. TOJibKO IIOJIIOCbJ. EcJIII 

rrpn 3TOM H a= 00 eCTb IIOJIIOC HJIII peryJIHpHaH TO'IKa, 
TO o6m:ee 'IHCJIO BCeX IIOJIIOCOB f (z) B pacrnnpeHHOlI IIJIO

CKOCTH c KOHeqHo H l(z) eCTb pa !I, II 0 Ha JI b Ha H 
<I> y H R !l, H H. ,Il.JIH TpaHC!l,eH)leHTHOII MepoMop¢HOll 
¢yIIK!l,HH I ( z) B C 6ecKoHeqao YAaJieIIIIaH ToqKa a= oo 
MomeT OKa3aTbCH rrpe/);eJibHOH TO'l.KOH IIOJIIOCOB - 3TO 
rrpoCTBHillHH rrpnMep HeH30JIHpOBaHHOH o. T. O)J;H03Ha'l.

HOH aHaJIHTII1I. ¢yHK!J,HII. MepoMop¢HaH «l>YHK!l,HH B rrpo

H3BOJihHoi'1 o6JiaCTH DciE orrpeAeJIHeTcH aIIaJiorH1IIIO· 

Boo6m:e roBopH, rrpoeKu,nn HenaoJIHpoBaHHhlX O. T • 
MoryT o6pa30BhIBaTh pa3JIH1IHhle MHOlR0C'!'Ba TO'l.BK pac-

IIIHpeHHOH KOMIIJieKCHoii 11.T!OCKOCTM c. B qacTIIOCTll, 

KaKoBa 6E.1 IIH 6MJia o6JiaCTh DciC, cyrn.ecTByeT aHaJI11-

TH1I. «l>YIIK!J,HH fo (z) B D, AJIH K-pofi D HBJIHeTCH ee ec
TeCTBeHHoil. o6JiaCTblO cyrn.eCTBOBaHHH, a rpaHHLW f= 
= 8fl - CCTeCTBeHHoii rpaHIIU,eJI, TaK 'ITO aHaJIHTH•J. 

rrpoAoJimeHHe ¢ynH1~nu Iv (z) aa rrpeAe.JihI 06JiacT11 D 
H0B03MOlRHO. fl pH 3TOM eCTeCTBeHHaH rpaH!IU,a f CO
CTOHT 113 AOCTl!lRHMblX u H0AOCTIIlRIIMh!X T01IeK (CM. I'pa
H,Ul/,H,bie 2Ae.itenmbi). EcJJU T01IKa a E r AOCTlllRHMa BAOJib 
rryreii KJiacca {L} (TaKHX KJiaCCOB MOlReT 6bJTb H He
CKOJibHO), pacrroJiomeHHhlX !1,BJIIIJ{OM, KpoMe J{OHeqHoii 
T01IKII a, B o6JiaCTII D, TO HaA Heii Heo6xo)lIIMO pacrroJio
meHhl TOJihKO o. T. «l>YHK!l,IIII /v(z), T. I\. B rrpoTHBHOM 
c.71yqae 6hIJIO 6bI B03MOlRIIO aHa.llIITll1I. IlPOAOJilReHne 
Iv (z) aa rrpe)leJihl o6JiaCT!l D qepea HeK-pyro qaCTb r 
B oKpeCTHOCTII T01IKll a; AOCTillRHMhie TO'IKH o6paayIOT 
IIJIOTHOe MIIOlReCTBO Ha f. 

B KaqecTBe onpeAeJIHIOrn.ero 3JieMeHTa aHaJIIITM'I.. 
«l>YHK!l,IIH /(z) MHOrIIX KOMIIJieKCHhlX rrepeMCHIIhlX z= 
=(z1, ••• , Zn), n>1, MOlRHO rrpHHHTh, IIanp., Be ii e p
ill T pa cc o B aJieMeHT (Un(~, R), hl B BHAe 
KpaTIIoro crerremrnro pana 

(2) 
II IIOJIIIKpyra CXOAllMOCTII noro pap,a 
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:i'!MeIOmero neHTp ~=(~1 , .. ., t,JEICn n pap;nyc cxop;H
MocTH R= {R1>0, .. ., Rn>O J. IloJiara.11 B ocHoBy 
npou,ecc aHaJIHTli:tI. rrpop;om«emrn aJieMeHTa (2) a,o;oJih 
BCBB03MOil\HhlX rryTeii L : [O, 11-icn, OT06palliaIOIIJ,HX 
0Tpe30K 0 ,.;:t <!i;'.1 B KOMDJieKCHOe IlpOCTpaHCTBO (;n, 
rroJiyqaIOT o6ru;ee onpep;eJieHHe 0. T. (a, {L}), aEIC", 
«PYHKll,HH f (z), «PopMaJibHO BTIOJJHe aHaJion1:1rnoe rrp:irne
AeHHoMy Bbrme )J;JIH CJiylJaH n= 1. 

Op;HaKo BCJiep;CTBne nepeorrpep;eJieHHOCTH Kozuu - Pu
.Mana yc,n,oeuu npn n>1 n rrponCTeKa10ru;eii 0Tc10p;a «6oJih
rneii CHJibl» aHaJIHTHlJ. rrpop;OJiil\eHnH CJiy11aii n >1 KO
peHHblM o6paaoM OTJIHlJaeTCH, no cymeCTBy, OT cJiy11aH 
n=1. B 11aCTHOCTH, rrpn n>1 cyru;ecTayIOT TaKirn 06-
JiaCTH Dctn, K-pble He MoryT 6b1Tb ecTeCTBeHHbIMH 06-
JiaCTHMn cyru;ecTBOBaHH.H HHKaKoii O)lH03HalJHOll aHaJIIi:
THlJeCKOll, HJIH roJioMop.iPnoii, «PYHKD;ll:ll. MHa11e roaopH, 
onpep;eJieHHble y11aCTKH rpaHHD;bI fJD T8K0ll o6JiaCTH CB0-
6o)lHbl OT 0. T. JII06oil: roJioMop.iPHoii «PYHKll,Hlf f('z), 
aa)laHHoii B D, H 11epe3 HHX B03MOil\HO anaJJHTHlJ. npo
AOJJil\eHHe. Harrp., cnpaaep;JIHBa T e o p e M a 0 e
r y A a - B p a y H a : ecJIH KoMrraKT K pacnoJioil\eH 
B orpaHH11eHHoii o6JiaCTH Dc(;n, npH11eM D""'K HB
JIHeTCH TaRme o6JiaCTbIO, H «PYHKll,HH f (z) roJioMop.iPHa 
B D""'K, TO OHa roJioMop.iliHo rrpop;oJiil\aeTCH Ha BCIO 06-
JiaCTb D (cM. TaKIBe Y cmpanu.Moe .MUO:J/Cecmeo). EcTeCT
aeHHhle o6JiaCTH cyIIJ,eCTBOBaHllH roJioMop«PHblX «PYHK
ll,HM Haa. :irHa11e 30/!0.Moprfmocmu 061LacmS1,.Mu, OHH xapaK
TepuayIOTCH orrpe)leJieHHbIMH reoMeTpH1I. CBOllCTBaMH. 
AHaJim:ir11ecKH rrpop;oJiil\aH roJioMop.iliHYIO «PYHKll,HIO f (z). 
aap;annyIO nepaoHalJaJihHO B o6JiaCTH D c:. (; n, n il\eJiaH 
coxpaHIITb ee O)J;H03HalJHOCTb, rrpnxop;HT K Heo6XOAH
MOCTH BBe)leHHH, Boo6ru;e fOBOpH, MHOfOJIHCTHblX Hap; (n 
o6JiacTeii roJioMop.ilinocTH Ha pu.ManoBbix 061LacmS1,x -
aHaJiorax pnMaHOBbIX noaepxHocTeii. B <iToii TpaKTOBKe 
OKa3bIBaeTCH, lJTO 0. T. roJJoMop.iPHoii «PYHKll,llH f (z) -

:JTO TOlJKll rpaHllll,bl f =ab ee o6JiaCTH roJioMop.iPHoCTH fJ. 
TeopeMa Ocryp;a - BpayHa rroKa3b1RaeT, 11To CBH3Hbre 
KOMTIOHeHTbl f He MoryT o6pa30BbIBaTb KOMIIaKTHbIX 

MHomecTB K TaKHX, lJTO B D""'K «PYHKD;HH f (z) roJioMopcl>
Ha. B lJaCTnocTn, npH n >1 ne cymecTayeT H3oJinpoaan
HbIX o. T. roJioMop.iPHbIX «PYHKll,HH. 

IlpocTeiimne THIIbl o. T. aHaJIHTHlJ. «PYHKD;UH MHOfHX 
KOMIIJieKCHbIX rrepeMeHHbIX )lOCTaBJIHIOT MepoMop.iPHbie 
cpyHKll,HH f (z) B o6Jiacm DclCn, n,;;;.1, xapaKTep1rny10-
ru;nec.11 cJiep;y10ru;nMII cao:ii:cTBaM:ir: 1) f (z) rOJioMop«Pna 
BCIOAY B D, aa HCRJI1011enneM n01LS1,pno30 .Mno:J1CecmBa P, 
cocToHru;ero H3 0. T.; 2) p;JIH JII06o:ii: TO'lKH a E P cyru;ecT
ayIOT oKpeCTHOCTb v (a) ll roJioMop.iPnaH B v (a) «PYBKll,HH 
'¢a (z) TaKne, lJTO «PYHKIVIH fPa (z)='¢a (z)f (z) roJioMop«Pno 
rrpop;oJIIBaeTcH B V(a). IlpH <!TOM 0. T. aEP p;eJIHTCH 
Ha IIOJIIOChl, B R-phlX cpa (a);tO, H T 0 11 K H He 0 TI p e· 
A e JI e H H 0 c TH, B K-pbIX cpa (a)=O. B CJiy11ae IIOJIIOca 
Jim f (z)= oo rrpn CTpeMJieH:irH z-+a, zED""'P; B JII06o:ii: 
OKpecTHOCTH TOlJKH Heorrpe)leJieHHOCTH f (z) rrpHHHMaeT 
ace ana11ennH w E IC. Harrp., MepoMop«PnaH «PYHKll,HH 
t (z)= z1/ Z2 B IC 2 HMeeT B Ka'leCTBe IlOJIHpHoro MHOil\eCTBa 
rrpHMYIO P= {z=(z1, z2)EIC2 : z2=0}'., ace TOlJKH K-por1 
cyTh IIOJIIOCbI, 3a HCKJIIO'lenneM O)J;HOII TOlJKH neorrpeAe
JieHHOCTU (0,0). Mepmrnp«PnaH «PYHKD;HH f (z) B caoeri 06-

JiaCTH roJioMop.ilinocTn fj rrpe)lcTaBHMa rJio6aJibHo B fJ 
B BH)J;e OTHOIIIeHHH ABYX roJioMop.ilinMX «PYHKD;Hlr, T. e. 
ee rroJIHpnoe MHOil\eCTBO P ecTb anal!umu'lecr.oe .Mno
:J/CeCmBo. 

To'IKa aEICn Ha3. T o 'I Ko i'1 Me po Mop «PH o-
c TH «PYilKll,HH t (z), eCJIH f (z) MepoMop«Pna B HeK-poii 
ee OKpeCTHOCTR; TaKHM o6pa30M, ecJIH 0. T. eCTh T011Ka 
MepoMop«PnocTn, TO ona Jin6o TIOJIIOc, Jin6o TO'IKa neorrpe
p;eJieHnocTn. Bee ocTaJihHhle 0. T. anaJIHrn11. «PynKu,nn 
f (z), He HBJIHIOIIJ,UeCH TO•rnaMH MepoMopiflHOCTH, UHOfAa 
Ha3. c y Ill, c c T B e H H 0 0 c 0 6 bl M n T 0 11 K a M H. 
R HHM OTHOCHTCH, nanp., TO'IKll BeTBJiemrn f (z), T. e. 

TO'lKll aeTBJieHHH ee (MHOfOJIHCTHoii) o6JiaCTll roJIOMop«P

HOCTll fj, PaaMepHOCTb MHOil\eCTBa acex o. T. roJioMopifl
HOH «PYHKll,HH f(z) B o6ru;eM cJiyqae paana 2n-1. IlpH 
HeK-phlX )l;OITOJIHHTeJibHbIX orpaHHlJeHHf!X Ha f (z) 8TO 
MHoil\eCTBO OKa3hlBaeTCfl anaJJIITHlJeCKHM (n, CJie)loBa
TeJibHO, nMeIOID;HM MeHbIIIYIO paaMepHOCTb; CM. [2)). 

Jlum.: [1] Ma p K y III e B n q A. II., TeopnH aHaJJHTH'leCKHX 
cjJyHKQHii:, 2 1'!311., T. 1-2, M., 1967-68; [2] ma (j a TB. B., BBe-
11eHHe B KOMIIJJeKCHhlii: aHaJIH3, 2 1'!311., 'l. 1-2, M., 1976; [3] c TO
H J] 0 B c., TeopHH cjJyHm@it KOMIIJJeKCHOrO rrepeMeHHOro, rrep. c 
PYM .. T. 1-2, M., 1962; [4J r y p BI'! 11 A., Hy pa HT P., TeopnH 
cjJYHKI1UH, rrep. c HeM., M., 1968; [5] Bu (j e p (j ax ;rr .. AHaJJUTH
'lCCKOe IIP01IOJlll!eHHe, rrep. c HeM., M .. 1967; [6] B 1 e be r b a ch 
L. Lehrbuch der Funktionentheorie, 3 Aufl., Bd 1, Lpz.- B., 1930, 
Bd 2, Lpz.- B., 1927; [7] B JI a 11 I'! Mu p 0 BB. c., MeTOllI>I TOO~ 
PHH cjJyHKijHit MHOrHX KOMIIJJeKCHhIX rrepeMeHHhIX, M., 1964; [8] 
<I> y K c B. A., BBe11eHUe B Teopmo aHaJJHTH'lecKnx cjJyHKllUit MHo
rnx KOMIIJJeKCHhIX rrepeMeHHhIX, 2 na11., M., 1962; [9] ran
H I'! H r p .. p 0 c c H x., AHaJJHTH'leCKHe cjJymuwn MHOrHX KOMIIJJeKC
HbIX rrepeMeHHhIX, rrep. c aHrJJ., M., 1969; [1 OJ B e h n k e H., 
T h u I I e n P., Theorie der Funktiorren mehrcrer komplcxer 
Verii.nderlichen, B., 1934. E. ll.. Co1Lo.11u>t11e•. 

2) O. T., o c o 6 e H H o c T h, aJire6pan11ecKoro MHo
roo6paanf! - T011Ka, B K-poii napymaeTCH rnap;KocTb. 
To11Hee, rryCTb X - aJire6paH11. Mnoroo6paane HJII1 cxe
Ma Kone11noro THIIa nap; rroJieM k, Tor)la TOqKa xE X 
Ha3. 0 c 0 6 0 ii:, ecJIH COOTBeTCTBYIOmee JIOKaJibHOe KOJib
ll,O 6x. x He peryJIHpHO (p e r y JI fl p H 0 c T b JlOK8Jib
Horo HiiTepoBa KOJibll,a 1 C M8KCH~aJibHbIM HAeaJIOM m 
oaaaqaeT paaeHcTBO dim m/m2=d1m A). MHomecTso 
0. T. aJire6pan11. MHOroo6paanH x 3aMKHYTO B TOIIOJIO
rnH 3apncRoro n 06oana11aeTcH Sing X. Ecmi: X
rrpuse)lennoe MHoroo6paane, TO Sing X HHrp;e He rrJIOTHO 
B X. EcJin x HBJIHeTcH naoJinpoBaHHoii To11Koii: B Sing X, 
TO x Ha3. H 3 0 JI H p 0 B a H H 0 ii 0. T. ,AJIH npo
sepKH Toro, 6yp;eT JIH To11Ka xE !- oco6oii HJIH Heoco6oll:, 
ll'CIIOJib3yeTCH f!Ko6neB KpHTepnH (cM. I' l!aiJKa,fl, cxe.Ma). 

PaapernenneM oco6eHnocTH ~ecn~ 
r y JI H p n 3 a a; n e (1) aJire6pan11. MHoroo6pa3HH X Baa. 

co6cTaennblii: 6npau;nonaJihHhlH MopqmaM :n:: X-+X, rp;e 

X - rJia)lKOe MHoroo6paane. Cyiu;ecTaoaanne paape
rneHHH oco6ennocTeii )lOKa3aHo AJIH IIIHpoKoro KJiacca 
MHoroo6paanii, B 11aCTHOCTn AJifl acex MHoroo6paaaii 
Hap; IIOJieM xapaKTepHCTHKH 0 (CM. [ 13]); KaK .,rrpaBHJIO, 
ono ne e)lHHCTBeHHO. Paapemenne oco6ennocTen ncrroJib
ayeTcf! )lJifl Bsep;eHHH pa3JIH1JHbIX HHBapnaHTOB Mnoro
o6pa3Hfl X; npn~rnpoM cJiyIBaT rrpocTpaHCTBa KoroMoJio-

rnii Hi (X, 6x). HopMaJihHOe ~rnoroo6pa3IIe X, AJifl 

K-poro Hi (X, 6-x)=O rrpn acex i>O, Haa. M Hor o

o 6 p a 3 H e M c p a u; H 0 H a JI b H bl M ll 0 c 0 6 e H
H 0 c T H M n. Pall,HOHaJibHblMH f!BJIHIOTCH TOpOH)laJibHhle 
oco6ennocTH [ 6] n oco6eunocTn MHoroo6paanii Illy6ep-

Ta (3). PaaMepHOCTb rrpocTpaHCTBa Hn-l (X, 6x> )lJIH 

n-MepHoro MHoroo6paa1rn X Haa. r e o M e T p n 'I e
c K n M p o p; o M X. CM. TaKme Paapezue1we oco6enno
cmeu. 

T e o p n H A e qi o p M a a; H ii oco6eHHocTeii, T. e. 
MHoroo6pa3HH c o. T., CTpOHTCfl napaJIJieJibHO }eopnn 
AeclJopMau,nii (rJia)lKHX) aJire6pan11. ~moroo6paann.: ,A e
qi o p M a u; n e ii ~uoroo6pa3Hfl X0 naa. rrJioCK1,!;H MOP: 
clJH3M f: X-+S TaRoH, 11TO J- 1 (s0)=Xo p;JI~ HeK-poH so ES, 
MHoroo6paane S rrpn <iTOM naa. 6 a 3 o n A e 4' ~ p M a
u; II II. ,AJIH MHOroo6pa3HH Xo c H30JIHpOBaHHOH 0. T. 
cyru;ecTByeT sepcaJihHafl µ;eiflopMall,HH, co)lepmaru;aH ace 
AeiflopMau,nn MHoroo6paanH X0 • MomeT oKaaaThCH2 'ITO 
oco6e&uocTh iK e c T K a H, T. e. 6aaa sepcaJibHon Ae
«PopMaa;Hn ee COCTOHT H3 O)l;HOH TOlJKH H see ee µ;eclJopMa
I~HH TpHBHaJibHbl [ 4]. IlpOTHBOIIOJIOil\Hb!MH K il\eCTKHM 
f!BJif!IOTCfl c r JI a ii\ H B a e M bl e 0. T., B 6aae s 
BepcaJibHO(J µ;e.iPopMall,Hll K-pblX eCTb TaKne TOlJKH, 'ITO 
Xs =f-1 (s) Heoco61J. MHomeCTBO D To1reK sES c oco-
6bIMH Xs aaa. AHCKpHMHHaHTHbIM TIOA
M H 0 iK e C T B 0 M. 
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TI pn nayqeHHH Ae!JiopMaa;Hii: 6oJibIIIYIO poJib HrpaeT 
AeiiCTBHe rpyIIIIbl MOHO)l;pOMIIII :rt1 (S~D) Ha IWrOMOJIOrIIHX 
CJIOeB X. 

0AHOBpeMeHHblM paepe1J1eHI1eM 000-
GeHHOCTeiJ ceMeii:CTBa X--+S Hae. co6cTBeHHblfI Mop!JiI1eM 
:rt: X--+X TaKon, qTo X - rJiaAKaH S-cxeMa II AJIH JIIO

Goro s ES MopqmeM X s--+X s HBJIHeTcH paepemeH11eM 
oco6eHHocTeii:. BepcaJihHaH AeqiopMaIIHH rrpoCTblX 0. T. 
(cM. HHme) AOrrycKaeT O)lHOBpeMeHHoe paepellieHirn IIOCJIC 
HeK-poro KoHqeHoro HaKpbITIIH ee 6aebl, rrpI1qeM rpyrrrroii: 
faJiya aToro HaKpblTHH cJiymnT rpyrrrra BeilJIH cooTBeT
CTBYIOmen KOpHeBOH Cl!CTeMbl (cM. [5), c. 179--203). 

0 c 0 6 bl e T 0 q K l! K 0 M II JI e K c H 0 If r l! II e p
II 0 B e p x H 0 c T H. TiyCTb rilrreprroaepXHOCTb x ea
AaHa B tn+I O)lHHM ypaBHeHneM f(xo, ... , Xn)=O, r)le 
t - MHOroqJieH (nJIH poCTOK aHaJIHTilq, qiyHKIIHII B Toq
Ke 0). H K 0 6 l! e Bbl M l! A e a JI 0 M MHOroqJieHa f 
Hae. HAeaJI J (/)= (of/fJxo, ... , oj/oxn) B KOJibIIe C {xo, 
... , Xn }; l!30JIHpoBaHHOCTb 0. T. 0 3KBHBaJieHTHa KO
HeqBoMepHOCTll rrpocTpaHCTBa C {x0 , ••• , x .. }I J (!). Pae
MepHOCTb µ aToro rrpocTpaHcTBa Hae·. q H c JI o M M n JI
H 0 p a MHoroqJieHa f l! COBIIaAaeT c paHrOM CB060AH0fl 
a6eJienoii rpyIIIIbI H n (Xe , z), rAe Xe eaAaeTCH ypaaHe
HneM f(x0 , •• ., xn)=e, rrpn MaJiblX e;C:O. EoJiee ToqHo, 
MHOroo6paene x 8 roMOTOIIHqecRn <JKBIIBaJieHTHO 6yKeTy 
~t cqiep paeMepHoCTH n (cM. [ 12)). Eaea aepcaJibHOJ'i Ae
qiopMaIJ,Hn <JTOJ'i oco6eaHocTn Heoco6aH n TaKme nMeeT 
pa3MepHOCTb µ (cM. [9]). TipocTel'hIIHM rrpnMepoM HB

JIHeTCH HeBblpOlliAeHHaH KBaApaTilqHaH oco6eHHOCTb x~+
+ ... + x~=O, AJIH Hee µ=1. 

TipoCTOil 0. T. rnrreprroaepXHOCTII Hae. oco6eHHOCTb, 
npn AeqiopMaunH K-poi"I IIOHBJIHeTCH Jil!llib KOHeqHoe 
qI1cJio Apyrux oco6eHHOCTeii [9]; rI1rrepnoaepxHocTb rrpn 
<JTOM 3a)laCTCR OAHHM ne CJie/lyIOII{IIX ypaBHeHnii: 

Aµ: x~+l+xi+ ... -f--x~=O, µ;? 1, 
Dµ: x~- 1 -f--x 0xi -f--x~+ ... -f--x~=O, µ;? 4, 

4 3 2 2 
E 6 : xo+x1 --l--x2 + ... +xn=O, 

:i :J 2 2 
E 7 : XoX1 +x1 +x2+ ... +xn=O, 

E 8 : xg+xf +x~ + ... +x~=O. 
HnmH11i'1 IIBAeKc µ eAeCb - qilcJio MnJIHopa oco6eHHOCTJI. 
B cJ1yqae rroBepxHocTen (n=2) nn oco6eHHocTn Ha3. 
0 c 0 6 e H H 0 c T H M l! A IO B a JI H, l!JIII A B 0 fJ
H bl MI! p a II H 0 H a JI b H bl Ml! 0. T. ::hn 0. T. MOlKHO 
TaKme oxapaKTepneoBaTb TeM, qTo qiopMa rrepeceqemrn Ha 
upocTpaHcTBe H n (Xe , IR) HBJIHeTCH orrpeAeJieHHon. lhrn
eTCR KJiaccnqinKaIIHH cJie)lyIOil{l!X no CJIOil\HOCTH, YHIIMO
llaJibHbIX oco6eHHOCTeii [9). lfayqaeTCH BemecTBeHHblll 
aHaJior <JTIIX IIOBHTHii, a TaKme l!X CBHeb c Teopneii Ka
TaCTpoqi [10). MHorI1e TeopeMbI 06 0. r. rnrreprroaepx
HocTeii pacrrpocTpaHHIOTCH Ha 0. T. IIOJIHblX rrepeceqeHm'i. 

0 c o 6 bl e r o q K " R p n a bl x. TiycTb A -
JJUKaJibHoe KOJibIIO O. r. x Kpnaoii, a A - ero Hop
MaJin3aIInH; rJiaBHblM l!HBapilaHTOM 0. T. HBJIHeTCH 

<\.=dim A/A. )];JIH HerrpHBOAHMoii KpHBoii X ee apnqi
MeTnq. poA paBeH reoMeTpHq. poAy IIJIIOC L xllx (cyMMil
poBaane rro aceM 0. T. KpHBoii X). IlpnqeM AJIH rrJioc
Kofr Kpnaon 21lx= µ+r-1, rAe µ - qncJio MnJIHopa, a 
r - qttcJio aeraeii Kpnaoii B roqKe x. 

Ilycrb XcC2- IIJIOCKaH HerrpnBoAnMaH KpnBaH, IIMe
IOJ.1\aH B ToqKe 0 oco6eHHOCTb KparHocTn n (cM. Hpam
nocmb oco6ou mo•uw). TorAa X AOIIYCKaeT rrapaMeTpilea
IIIIIO x= t", y= L f:;;,.na;ti, K-paH earrncbrnaercH B BHAe 

y= ~ a·xifn 
~Ii t 

(p a 3 JI o me H II e TI IO 11 e e). XapaKTepHcTuq. 110Ka-
3areJimm aToro paaJiomeHIIH Ha3. 'IHCJia 

~ < ~ < ... < mg mg 
ni n1n2 n1 ... ng = n ' 
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r)le ~ - rrepBblii HeIIeJiblii IIORaeaTeJib B pa3JIOiReHill1 n, 

Tiro1rne, ~-rrepablii rroRaeaTeJih HeKpaTHbiii ~ II r. A· 
nin2 n1 

mvn 
IlocJieAOBaTeJibHOCTb {n, ~I, ••• , ~g }, rAe ~v = ---

n •. .. nv 
Ha3. x a p a K T e p l! c T II K 0 fr 0 c 0 6 e H H 0 c T II. 
TIJioCKile OAHOMepHbie oco6eHHOCTII TOIIOJIOrIIqecKII <JKBII
BaJieHTHbl TOrAa II TOJibKO TOr)la, KOrAa IIX xapaKTepII
CTIIKII COBIIaAaIOT (CM. [ 8]). 

0 c 0 6 bl e T 0 q K II II 0 B e p x H 0 c T e ii. CpeAll 
paepeIIIeHn.ii: oco6eHHOCTeii: HOpMaJibHbIX lIOBepXHOCTeJf 
OAHOeHaqHO BblAeJIHIOTCH MIIHIIMaJibHble paepellieHJtH :rt : 

X--+X, qepe3 K-pble rrporrycKaIOTCH ace ocraJihHbie pae
pelliemrn. EcJin x - 0. T. IIOBepXHOCTII x, TO KpHBaH 
A= :rt- 1 (x) Hae. IICKJIIOqIITeJibHoii:. RoM6nHaTopHblM IIHBa
pIIaHTOM 0. T. x HBJIHeTCH B e B e III e H H bl ii r p a qi 
f KpHBOii A, BepIIIIIHbl KOTOporo COOTBeTCTBYIOT Herrpn
BO)lIIMblM KOMIIoHeHTaM Ai KpIIaoii: A , ToqKII rrepece,rn
HIIH KOMrroHeHT A; II A j I1eo6pamaIOTCH pe6paMII Mem
AY COOTBeTCTBYIOIIJIIMII BepIIInHaMII, BepIIIIIHe rrpIIIIH
CbIBaeTCH aec, paBHbiii POAY Kpnaoii A;, a IIHorAa err1.e 

JI IIHAeKc caMorrepeceqeHnH (A 7). M aTpnIIa ll(A;, Ai) Ii 
rrepeceqeHHII KOMIIOHeHT KpIIBO.ii: A OTPIIIIaTeJibHO orrpe
AeJieHa, rpaqi r CBHeeH. HaIIMeHblliIIIl IIOJIOil\IITeJibHblii 
AIIBI1eop Z= Lr;A; TaKoii, qTo (Z, A;),.;;:0 AJIH acex i, 
Hae. qi y H A a M e H T a JI b H bl M II l! K JI 0 M 0 c o
G e H Hoc T II. OH acerAa cyIIJecTByeT, n ero apmpMeTnq. 
poA 

p(Z)=1-dimH0 (Z, 6z)+dimH1 (Z, 6z) 

neOTp1111.aTeJieH. 0. T. pauIIOBaJibHa TOrAa II TOJibKO 
TOf)la, KOr),\a p (Z)=O; B <!TOM CJiyqae KpaTHOCTb ee paBHa 
-(Z2), a paeMepHOCTb KacareJibHoro rrpocrpaHCTBa 3a
pIIcKoro Ha BAHHIIllY 60JibIIIe [ 1). 11ccJieAyIOTCH TaKme [7] 
<JJIJIIIIITttqecKlle oco6eHHOCTl1 (TO eCTb 0. T. c p (Z)= 1). 

J1um.: (l]ArtinM.,«Amer.J.Math.», 1966,v. 68,p.129-36; 
[2] Groupes de monodromie en geometrie algebrique, B.
Hdlb.- N. Y., 1972; (3) Kempf G., «Invent. math.», 1976, 
v. 37, p. 229-39; (4) Sch 1 es singer M., «Invent. math.», 
1971, v. 14, p. 17-26; (5) Seminaire sur les singularites des sur
faces, B.-Hdlb.- N. Y., 1980; (6) Toroidal embeddings, [v. 1), 
B.- Hd!b.- N. Y.; 1973; (7) Yau S. S.- T., «Trans. Amer. 
Math. Soc.», 1980, v. 257, p. 269-329; [8) Z a r i s k i 0., 
«Amer. J. Math.», 1968, v. 90, p. 961-1023; (9) A p H o JI _h ;1. 
B. IL, «YCnexH MaTeM. uay1rn, 1975, T. 30, B. 5, c. 3-65; [10] 
r 0 JI y 6" u !{"HM., r" ll e M" H B., YCTOIPiHBbie OT06paarn
HHJI" HX oco6enuocTH, nep. c aurJI., M., 1977; E11J r p "ljJ ljJ" Tc 
<D., x a p p" c ,ll;>H., IlpHHUHIIbl aJ1re6paH'IeCKOll reoMeTpHH, nep. 
c aHrJI., T. 1-2, M., 1982; [12)•M" JI H 0 p ,ll;m., Oco6bleTO'IKH 
KOMnJ1eKCHb!X rHnepnosepxuocrnll, nep. c anrJ1., M., 1971; (13] 
x "p 0 Ha!{· a x., «MaTeMaTHKa», 1965, T. 9, M 6, c. 2-70; 
1966, T. 10, M 1, c. 3-89. B. H. /l,a>iU.!W6. 

3) o. T. Be KT 0 pH 0 r 0 II 0 JI H x - ToqKa a, 
AJIH K-po:il: x (a)=O. 0. T. Hae. l! e 0 JI l! p 0 Ba H H 0 ii, 
CCJIH x He o6paw.aeTCH B HYJib B OTJIHqHbIX OT a ToqRax 
AOCTaTOqHO MaJioii OKpecrHOCTII TO'lKII a. 0. T. Ha3. He
B bl p 0 il\ A e H H 0 ii, eCJIH 

det II::; II r= o. 
HeBblpomAeHHaH 0. T. acer11.a neoJinpoBaHa. 

M. Ii. Bouv,exoBcnuu. 
4) 0. 'f. A 11 qi qi e p e H II II a JI b H 0 r 0 y p a B H e-

H l! H 
X (x, y) dy= Y (x, y) dx (1) 

- JII06aH TO'lRa (x0 , y0 ) E G, YAOBJiernopHRJIIJ.aH ycJIOBlllO 

X (xo, Yo)= Y (xo, Yo)= O; (2) 

3AeCb X, Y : G--+/R. - HerrpepbIBHbJe B HBK-poii o6JiaCTII 
GclR.2 qiyHKu11n. ToqKH 06JiacTI1 G, He ynoa.lleTBopmow.ne 
YCJIOBllIO (2), Ha3. 0 6 bl l( H 0 B e H H bl M )[ T 0 q l( a
M II ypaBHCHIIH (1). l1Hor/],a TO'll\Y (.to, l/o)EG !Ia3. 0. 'I'. 

ypaBHBHllfl. (1) H B TOM CJIY'laC, Kor).(a YCJJUl!lle (2) HC Bbl· 
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rroJIBHeTc.11, Ho aa11:aqa Rollin 11:.11.11 ypasHeHn.11 (1) c Ha
qaJibHhIMH ,a;aHHbIMH (x0 , y0) nMeeT 6oJiee 011:Horo peme

HHH. 
YpaeHeH11e (1) - qaCTHbiii: cJiylfali cncTeMbl llnw<Jie

pem:i;naJibHhIX ypasHeHHll B CIIMMeTpil11HOJ! «PopMe: 

dx, dxn 
X,(x) =···= Xn(x)' (3) 

rile n;;,2, x=(x1 , •• ., Xn), «PYHRIJ;HII X;: G-+/R, i= 
=1, 2, ••• , n, HerrpepbIBHbI e HeK-poli o6JiaCTH Ge/Rn. 
ToqKa x0 E G Haa. o c o 6 o ii T o q K o H. c H c T e M bl 

(3), ecJin X;(x0)=0, i=1, .. ., n. B rrpoTHBHOM cJiyqae 

Xo - o6bIKHOBeHHaH TO'IKa <!TOH CHCT0Mbl. 
IlycTb H - MHomecTso 0. T. cncTeMbI (3) B o6JiaCTH G. 

ECJin x0 E G"H, TO cyrn,eCTBYlOT HHllCKC i0 E { 1, .. ., n} 
Il OKpeCTHOCTb u TO'IKH Xo TaKne, 'ITO B u cucTeMa (3) 
rrpep;CTaBHMa B HOpMaJibHOH «PopMe: 

dx. 
dx·' =/; (x), f; E IC (U), 

lo 

TaKHM o6pa30M, IIOBe,[\eHne HHTerpaJibHblX KpHBbIX CHC
TeMbl (3) B OKpeCTHOCTH o6blKHOHeHHOii: TO'IKH OIIHCbl

BaeTCH TeopeMaMH o6ni;eli Teopnn o6bJKHOBeHHblX ,a;n«P

«PepeHu,HaJibHb!X ypasHeHHiL B qaCTHOCTH, CIIpasep;Jiusa 
CJie,a;y10111a.11 T e 0 p e M a 0 B bl II p H M JI e H II n: eCJIH 

qepP3 JII06y10 TO'IKY Xo MHomeCTBa G"H IIpOXO,[\IIT e,[\HH
CTBeHHaH HHTerpaJibHaH KpHBaH CllCTeMbl (3), TO Kalf\11:a11 

TO'lKa <!Toro MHOmeCTBa HMeeT OKpeCTHOCTb v TaKyIO, 

'ITO ceMeHCTBO 11:yr HHTerpaJibHb!X KpHBblX CHCTeMbl (3)' 
aaIIOJIHHIOIIl,HX V, roMeoMop.iPuo (a ecJIH X; E IC1 (G), 
i = 1, .. ., n, TO AH«P«PeoMop.iPHo) CeMettCTBY IIa paJIJieJih
Hb!X IIpHMbIX. 

EcJin me x0 EH, TO IIapbl ( i0, U), 06Jia,a;a10111eii yKaaaH
HblM BblIIIe CBOHCTBOM, He cym;eCTByeT, Il HHTerpaJibHble 

KpHBbJe CllCTeMbl (3) MoryT o6pa30BbIBaTh B6JIH3H Xo 
paaJIH'lHbrn KoH.iP11rypaii;1111. TaK, ,a;JI.11 ypasHeHHH 

(ax+by) dy= (cx+ey) dx, 

rile a, b, c, eEIR, a MaTpHii;a A=ll~ ~ll-HeBb1poll\,l\eH
Ha.11, paCIIOJIOmeHHe HHTerpaJihHbIX l\pHBblX B OKpeCT
HOCTil TO'IKH (0, 0) MomeT OTHOCllTbCH K THUY cea,;r,o, 
yae,;r,, 4enmp IIJIH (/ionyc. CooTBeTCTBy10111ee HaaBaHne aa
KpeIIJIHeTCH rrpn <!TOM II aa caMOH TOqJ(OI! (0, 0). 

C11cTeMy (3) MomHo paccMaTpHBaTh KaK peayJihTaT 
HCKJIIO'leHHH speMeHH t H3 aemono.,1rnoii cucme.,1ibi ,a;n«P«Pe

peHii;HaJibHhIX ypaBHeHHH 

x=X (X), x E /Rn, X=(X1,. . ., Xnl· (4) 

Ecm1 (4) - CHCTeMa KJiacca (IC' e,[\HHCTBeHHOCTb) 

B G, TO eCTh X E IC ( G), II qepea Kall\,l\yIO TO'IKY o6JiaCTH G 
IIpOXOllllT e,a;HHCTBeHHa.11 TpaeKTOpllH CllCTeMbI, 'ITO ,a;a
Jiee Il IIpeJ1:IIOJiaraeTCH, TO TO'!Kll MHOffieCTBa H 6y11:yT 
/l:JIH Hee TO'lKaMn IIOKOH (paBU06ecu!l no,;r,o;JfCeUURMu). 
qaCTO HX Ha3. 0. T. Il ,[\JIH noii CHCTeMbI, IIOCKOJibKY OHH 

HBJIHIOTCH TaKOBbIMH (IIO OIIpe11:eJieHHIO) ,[\JIH BeKTOpHoro 
IIOJIH x. M.HTerpaJibHbJe KpHBble CHCTeMbl (3), paCIIOJIO

meHHble B G"'-.H, rrpe,a;cTaBJIHIOT co6010 TpaeKTOpHH CH
creMbI (4), OTJIH'lHbJe OT COCTOHHHH TIOKOH. 

TaKHM o6pa3oM, 3a,a;aqH 0 IIOB0J1:0Hlilli! HHTerpaJibHbIX 
KpHBblX CHCT0Mbl (3) B 0Kp0CTHOCTH 0. T. Ii! 0 pacIIoJiome

HHII TpaeKTOpHii CHCT0Mbl (4) B OKpecTHOCTH rroJiomeHHil. 
paBHosecnH <iKBHBaJieHTHbI. HccJie,a;osaHHH ar11x 3ap;aq 

Bep;yTCH no ABYM OCHOBHbIM HaIIpaBJieHHHM. 

011:Ho HarrpaBJI0HHe, 6epyni;ee csoe Ha'laJio B rpyp;ax 
A. II yamrnpe [ 1), cTaBHT csoei'r 11eJibIO Bb!HCHeHIIe Boa
Mome1>1x TOIIOJIOrHq. THIIOB paCIIOJiomeHHH TpaeKTOpHH 
Cl!CTeMbl (4) H 0Kp0CTHOCTl1 J13(J.ll:HpoBaHHOii ToqKJi[ l!OKOH 

(1\-pyJO HCel')\a ~IO/KHO C'llJTa'l'b COHJia)J,aJOIU,eii c HaqaJIOM 

KOOp,llHHaT 0 (r~ U)) II OTblCKaHJie aHaJIHTH'I. KpHTepneu 

ux pa3JllPiemrn. HauuoJI~·e 3aKoH1IeHHbie peayJI1>TaTbI 

rroJiy'leHhl a,a;ech ,a;JI.11 Toro CJiyqa.11, 1wr,a;a cncTeMa 

rrpe11cTaBIIMa B BII,[\e 

X=Ax+f (x), 

122 

(4) 

(5) 

r11.e A - IIOCTOHHHa.11 HeBbipomµ,eHHaH MaTpIIii;a, f (x)= 

= o ( llxll) IIpH llxll-+0. B aToM cJiyqae TO'!Ka 0 Haa. II p o· 
c T 0 ii:, HJIH H e B bl p 0 m ,[\ e H H 0 H, 0 c 0 6 0 li 
T 0 q K 0 ii: CHCTeMbl (4). )];JIH CHCTeMbl (5) ycTaHOBJieHa 

CJieµ,yIOIIl,aH T e 0 p e M a 0 T 0 II 0 JI 0 r H q e c K 0 :U 
a K B H B a JI e H T H 0 c T 11: eCJIM Marpnii;a A He MMeer 

'lli!CTO MHMMbIX co6crBeHHhIX 3B3'10HHH, a «PYHKIJ;HH 

IE IC1 ( G)' TO cy111ecTsyeT roMeoMep«PI13M h OKpeCTHOCTH 
u TO'IKH 0 Ha OKpecrHOCTb v TOH me TO'IKH, rrepeBO,l\JJIIIHH 
TpaeKTOpHH CHCTeMbl (5) B TpaeKTOpHH JIUHeHHoii CHCT0Mbl 

x=Ax. (6) 

foMeoMop.iPHaM h : U-+ V, ocy111ecrBJIHI011IHM TOIIOJIOrII"l. 
COOTBeTCTBHe Mem11.y TpaeKTOpllHMH CHCTeM (5) II (6), 
B o6rri;eM CJiyqae He HHJIHeTCH (H He Momer 6b!Tb 33M!lHeH) 

AH«P«PeoMop«PnaMOM. 
IIpH ycJIOBHHX 8TO!f reopeMhl TO'!Ka IIOKOH 0 CHCTeMhl 

(5) OTHOCHTCH K TOMY me TOIIOJIOrH'!. THIIy, 'ITO ll TO'IRa 
IIOKOJJ 0 CHCTeMbl (6). B qaCTHOCTH, /l:JIH CHCTeMbl 2-TO 

IIop.1111:Ka oHa 6y,a;eT npH aroM c e A JI o M, ecJIH co6cr
BeHHbie aHaqeHHJJ A1, A2 MaTpHIJ;bl A y,a;osJieTBopHIOT ycJio

BHIO J.1J. 2 <0, roIIoJiornqecKnM yaJioM 

(ya JI o M HJIH «P o K y co M), eCJin J.1J.2 >0 (IIpn qncro 
MHHMbIX J.1, A. 2 TO'!Ka 0 llJIH cHc:reMbl (6) - ii; e HT p, 
a µ,JIH CHCTeMbI (5) - ii;eHrp, «PoKyc HJIH 4enmpo-ifio,.;yc). 

EcJIH Marpnii;a A HMeeT qn:cro MHHMbrn HJIH HyJiesble 

co6CTBeHHble aHaqemrn' TO TOIIOJIOrll'l. <lKBHBaJieHTHOCTH 
Mem11:y CllCTeMaMH (5) Il (6) B OKpeCTHOCTH TO'IKH 0 B 06-

IIJ,eM CJiyqae Her. IIpn 8TllX ycJIOBHHX IIOBe,[\eHHe rpaeK
TOpHii CI!CTeMbl (5) B OKpeCTHOCTH TO'IKH 0 BeCbMa p;e

TaJihHO 113yqeHo B TeX CJiy'laHX, KOr,[\a MaTpnii;a A HMeeT 
He 6oJiee ABYX co6CTBeHHbIX 3Ha'leHHH c HyJieBblMH p;eil.

CTBHTBJlbHblMH 'laCTHMH, a «PYHKIJ;IlH t - aHaJIHTH'leCKaH. 
B qacTHOCTH, /l:JIH CHCTeMbI 2-ro rropHJ1:Ka c HeHyJiesoii 

MarpHii;eii A BbIHCHeHbl BCe B03MO}l{Hble TOITOJIOfll'I. THIIbl 
pacIIOJiomeHHH TpaeKTOpHii B OKpeCTHOCTH TO'IKil 0 
Ii! /1:3Hbl Koa«P«PHIJ;IleHTHbJe KpHTepHH HX pa3JIH'leHH.R c TO'l

HOCTblO )1.0 pa3JIII'leHHH ~eHTpa Ii! «PoKyca [9). 3,a;eCb, KpoMe 
ce,a;Jia, TonoJiorH'l. yaJia n ii;eHTpa, TO'!Ka 0 Momer 6b!TL: 

µ,ayxceIIaparpnCHbIM ce,a;JioM, c e II: JI o - y 3 JI o M (HeK
paH OKpeCTHOCTb u TO'IKH 0 paa6nBaeTCH TpeMH IlpHMbl

KaIOIIl,HMil K 0 rpaeKTOpHHMH (ceIIaparpHCaMH) Ha TpH 
CeKropa: ABa r11rrep60JinqeCKHX, aarroJIHeHHbIX, TpaeKTO
pHHMH, K-pbrn o6onMH KOHIJ;3MH IIOKH)J,aIOT U, Ii! O,[\HH 

rrapa6oJinqeCKHH, 3aIIOJlHeHHbIH TpaeKTOpHHMH, K-ph!e 
OJ1:HHM KOHIJ;OM IIOKH)J,aIOT U, a ,a;pyrHM rrpl!Mb!KaIOT K 0) 
II TO'lKOlr (HeK-paH ee OKpeCTHOCTb u paa6nsaeTCH cerra
paTpncaMH Ha 4 CeKTOpa: 0,[\HH fHIIep60JIH'leCKHM, p;ea 
rrapa60JIH'leCKHX II OJ1:HH 8JIJIHIITH'leCKHH, aarroJIHeHHblll 

rpaeKTOpHHMil, K-pb!e o60HMil KOHIJ;aMn rrpHMhIKaIOT K 0, 
OXB3Tb!BaH ,a;pyr µ,pyra). )];JIH CllCTeMbl 2-ro IIOPHAKa 
c HyJiesoii MarpHii;m'i A paapa6oTaHbI aJiropHTMbl pac111en
JieHn.11 oco6eHHoCTH (cM., HaIIp., <PpoMMepa MemofJ), 
II03BOJIHIOIIIH0 c IIOMOIIl,bIO KOHe'lHOrO 'IHCJia IllaroB npo
ii;ecca pacrri;errJieHHH BblHCHHTb TOIIOJIOrll'l. THII TO'Il\H 0 
c TO'lHOCTblO ,[\O pellleHHH aa,a;a'IH 0 pa3JIH'l0HHH ii;eHrpa 
11 «P'rnyca. IIocJie,[\HHH aa,a;aqa (cM. If,enmpa u (/ioKyca 
npo6.1teMa) B03HHKaeT AJIH Ct•CTeMbl 2-ro rrop.11,[\Ka BH,[\a (5) 
B cJiyqae, Korµ,a Marpnii;a A nMeeT 'lHCTo MHHMbJe coocr

BeHHble 3H3'10HHH, II Momer B03HllK3Tb B CJiy'lae ABYX 
HyJieBblX co6CTBeHHblX 3HaqeHHI°I <!TOM Marpnii;bl. 0Ha pe
meHa ,[\JIH qaCTHblX KJiaCCOB TaKHX CHCTeM. 

BamHoii xapaKrepHCTHKoii H30JIHposaHHoii To'IIHI no
KoH 0 CHCTeMbl (4) HBJIHeTCH ce Ii! H II: e Kc II ya H

J{ a p e. ),l.JIH n= 2 OH orrpeµ,eJIH0T(;H KaK BpaIIl,eHHe BeK

TopHoro noJJH X upu 06xo11:e TO'IKH 0 IIO oKpymHoCTH 

llxll=p /l:OCl'aTOIJHO MaJ!Oro paµ,uyca p B IIOJlomnTeJibHOM 
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HarrpaBJieHJIH, H3MepeHHoe B e)l:irnrru;ax rroJIHoro o6opoTa. 
Harrp., HH)leRc rrpocToro ce)lJia paBeR -1, HH)leRc yaJia, 
cpoRyca H a;eHTpa paBeR 1. Il pn 1Ip0113BOJibHOM n HH)leRC 
TO'IRll 0 orrpe)leJIHeTCH RaR CTelleRb oT06paH\eHllH h 
ccpepbl llxll=r )lOCTaTo'IHO MaJioro pa)luyca p Ha ce6H, 
orrpe)leJieHHoro cpopMyJioi'1: 

pX (x) 
h(x)=~· 

3To HarrpaBJieHlle pa3BllJIOCh B 06rrmpHy10 Ka'lecmBeH
ny10 meopu10 iJur.fir.fiepeHlfUa.ttbHbtx ypaB1unuu, a u;eHTp 
TJDReCTll llCCJie)loBaHHH rrepeMeCTllJICH c JioKaJibHblX rrpo6-
JieM Ha rJio6aJibHble - JI3yqeHHe rroBe)leHRH TpaeKTOpllii: 
CHCTeMbl (4) BO Bceii o6JiaCTll 3a)laHllH G, R-paJI Bee qa~e 
rrpep;noJiaraeTcH rJia)lRllM MHoroo6pa3lleM Toii HJIH n:Hoi'i 
llp:UpO)lbl. 

,r:i:pyroe HarrpaBJieHlle, aaJiomeHHoe Tpyp;aMll A. M. JIH
rryHoBe. [2), aaHHMaeTCJI llCCJie)loBaHlleM perneHllil (B 'la
CTHOCTH, COCTOJIHHH paBHOBecnJI) CHCTeM BH)la (4), a. 
TaRme BeaBTOHOMHblX CHCTeM )lllcpcpepeHu;naJibHblX ypaB
HeHHH Ha ycToH'lllBOCTh. 0Ho rrpe)lcTaBJIJieT co6010 pa3-
BeTBJieHHY10 TeopHID ycToH'IHBoCTll )lBHIBeHHJI (cM. Ycmou
'i.ueocmu meopu11.). 

B KOMIIJieKCHOM aHaJill3e BBO)lllTCH IIOHJITHe 0. T. )lHqi
.pepeHu;llaJibHOro ypaBHeHllH 

dnw ( dw dn-1w) 
dzn =P z, w, dz' ... , dzn-1 ' (7) 

a TaRme CHCTeMbl )lHqiqiepeHl\HaJibHbIX ypaBHCHl!ii 

dw ( dZ'=P z, w), (8) 

r)le z - ROMIIJieRcHaH rrepeMeIIHaH, p - pau;lloIIaJihHaH 
qiyHRD;llH OT w, w'' ... ' w(n -I) HJIH OT KoMIIoHeHT Wi, 

W2, ••• , Wn BeRTopa w, n;;;;;,1, Roaqiqillu;HeHTbI K-poii -
H3BeCTHble arraJillTH'I. qiyHRl.J;Hll oT z. Oco6oii )lJIH ypaB
HeHH.H (7) (cHCTeMhl (8)) Ha3. mo6aH TO'IRa Zo KOMIIJieRC
Hoii IIJIOCKOCTH, K-paH HBJIHeTCH 0. T. XOTH 6bl O)lHoro 
H3 KoaqiqiHu;HeHToB qiyrrRu;HH P (cM. Oco6aa mo'l.Ka aHa
JillT:lfllecKoii cJ>yHRIJ;Im). o. T. ypaBHeHllJI HJill CHCTeMbI, 
RaR rrpaBHJio, HBJIJIIOTCH oco6bIMH ll )lJIH HX pernem1ii RaR 
aHaJIHTH'I. qiyHKD;HH OT z. 0Hll Ha3. nenoiJBU:JICHb!.MU oco-
6bt.MU mo'l.Ka.Mu perneHHii. I\poMe Toro, perneHllH ypaB
HCHHH (7) (cHCTeMbl (8)) MoryT HMeTh IW06U:JICHb!e oco6bie 
mo-ii>u, IIOJIOIBeHHe K-pbIX orrpe)leJIJieTC.H Ha'laJihHblMll 
)laHHblMll perneHllll. JfccJie)loBaHI!e pa3Jill'IHblX KJiaCCOB 
ypaBHeHllH BH)la (7)' (8) c u;eJih10 uayqeHllH aHaJIIITII'I. 
rrpHpO/);bl perneHHii B ORpeCTHOC'.I'H oco6blX TO'leR ypaB
HeHllH :ii: c IIeJib10 BblJICHeHllH Borrpoca 0 HaJIIfllIIH y perne
HIIH 3THX ypaBHeHHH IIO/);BIIIBHblX 0. T. pa3JIH1JHbIX TII
IIOB COCTaBJIHeT rrpe)lMeT aHa.ttumu<ieCKOU meopuu f)urjjr.fie
peHlfUa.ttbHbtX ypaBnenui.i. 

JI um.: [1] Po inc a re H., Sur !es courbes definies par une 
equation differentielle, Oeuvres, t. 1, P., 1892, pyc. nep.- IT y
a 1111 a p e A., O 11pnablx, onpenemieMbIX nncjlcjlepeHII1rnJ1hHhIM11 
ypaBHeHHHMH, M. - JI.' 191, 7; [2] JI II II y H 0 B A. t 061I(aH aanaqa 
06 ycTOll'll!BOCTH )'.(BHlfteHHII, M.- JI., 1950; 3] He M bl u
H u ii B. B., CT en a Ho a B. B , I\aqecTBeHHaH TeOIJHH 1Uicjl
.pepeHUHaJ1bHhIX ypaaHeHnll, 2 nan., M.- JI., 191,9; [t,J Ron
n H Hr T 0 H 8. A., JI e B H H c 0 H H., Teopmt 06b!HHOBeHHb!X 
nucjlcjlepeHuHaJlbHhIX ypaaHeHHll, rrep. c aHrJI., M., 1958; (5] JI e cjl
ID e U C., reoMeTPHqecRaH TeOpHII )'.(HcjlcjlepeHUHaJibHbIX ypaBHeHHH, 
IIep. c aHrJJ., M., 1961; [6] Sansone G., Conti R., Non-li
near differential equations, Oxf., 19M; [7] X a p TM a H <I>., 
06hIH!lOBeHHhle nncjlcjlepeHunaJibHbie ypaaHeHnH, rrep. c aHrJI., M., 
1970; LS] A pH o JI h n B. II., 06bmHoaeHHble nmpcjlepeHUHaJlhHble 
ypaBHeHHR, M., 1971; [9] Ba YTH H H. H., JI e 0 HT 0 B H 'IE.A., 
MeTOJJ:bl n rrpneMbl 11aqecTBeHHoro nccJ1enoaaHHH JJ:HHaMn'!ec11nx 
CHCTeM Ha IIJIOCROCTH, M., 1976; (10] r 0 JI y 6 e BB. B., Jie11uHH 
no aHaJIHTHqec11oll TeOpHH )'.(HcjlcjlepeHuHaJlbHb!X ypaBHeHHH, 2 H3)'.(.' 
M.-JI., 1950; (11] E p yr H H H. II., HHnra )'.(JIR '!TeHHR ITO 06-
meMy HYPCY AHcjlcjlepeHuHaJibHbIX ypaBHeHHil, 2 H3)'.(., MHHCH, 1972; 
[ 12] B p IO H 0 A. ,r:i;.' JioRaJibHb!H MeTO)'.( HeJIHHefiHoro aHaJIH3a )'.(Hcjl
ljJepem~aJibHbIX ypaBHeHHll, M., 1979; (13] AH)'.( pee B A. <I> •• 
0C06ble TO'IRH )'.(11'.cjlcjlepeHuMaJihHbIX ypaBHeHHft, MHHCH, 1979. 

A. <P. Anapeee. 
5) o. T. )l H qi qi e p e H u; Hp ye M 0 r 0 0 T 0 6 p a

m e H n JI f - TO'lRa, R-paH HBJIJieTCR )lJIH f HeperyJIJip-

Hoii: (RpIITIIqecRoii:) H HerrpaBHJihHoii O/);HoapeMeHHO. To'l
nee, nycTh Mm H Nn- )lBa JlllqiqiepeHu;llpyeMhIX MHoro
o6pa3HH paaMepHocTeii: m II n cooTBeTCTBeHHo, a f : Mm
-Nn- )lIIqiqiepeHu;IIpyeMoe oTo6pameHHe rrepaoro Bo 
BTOpoe, xi ll yi=f (xj) - JioKaJihHbie Koop)lnHaThl B HHX. 

EcJill paHr MaTpHu;bl 11::; II B TO'lRe a E Mm paBeH m, 

To oTo6pameHne f Haa. P. e r y JI H p H hi M B TO'IKe 

a. EcJill paHr MaTpHIJ;bI II:~~ II paaeH n B TO'lRe aEMm, 

To oTo6pamemrn f Ha3. rr p a B II JI h H bl M B TO'IRe a. 
B 0. T. f paHr 3Toii MaTpHu;hI MeHhme o6oIIX lJHCeJI m 
II n. CM. TaRIBe Occ6eH1iOcmu uurfir.fiepeH4upye.lll,b/X om-
06paJ1CeHUU. M. H. Boii1feX08Cl'miL 

6) 0. T. ll e II c T B n T e JI h H o II R p u B o II 
F (x,y)=O - TO'IRa (x0 , y0), B R-poii nepab!e 'laCTHhle rrpo-

II3BO)lHbre paBHbl IIYJIIO (F;)o=O, (F~)o=O. 0. T. Ha3. 
)l B 0 H H 0 ii T 0 q R 0 ii:, eCJill no Rpairneil Mepe O)lHa 
na BTopb!X 'IaCTHhIX rrpoll3BO)lHhIX qiynm~IIll F (x, y) He 
paBHa HYJIIO, Il pH IICCJie}J.OBaHllII CTpoeHJil.H RpHBofr B 
oRpeCTHOCTll 0. T. paCCMaTpIIBalOT 3HaR Bb!pameHHJI 

8 = (F;x)o (FZu)o-(F~y)~. 
EcJIII 8>0, TO 0. T. HBJIH0TCH II 3 0 JI Hp 0 Ba H H 0 ii 
T o q K o iI (cM. pnc. , a); y 3 JI o B o ii T o q R o ft 
(HJIH T 0 q R 0 ii: c a M 0 II e p e c e 'I e H H H)' ecJIII 
8<0 (cM. pIIC. ' 6); ecJIH 8=0, TO 0. T. JIBJIHeTCJI JIII6o 
H30JIIIpoBaHHOH TO'IROH, JIIJ6o xapaKTepirnyeTCH TeM, 'ITO 
pa3JIIl'lHbie BeTBH KpIIBOH IIMelOT B :3TOH TOlJRe 061IJy10 
RacaTeJihHyro. Ecm1 BeTBII KpllaolI pacrroJiomeHbI rro 
pa3Hble CTOpOHbI OT o6lljeH RacaTeJibHOH II no OJlHY CTO
poHy OT o6~ei'I HopMaJill, TO 0. T. Ha3. T 0 q R 0 ii 
B o a B p a T a 1 - r o p o A a (cM. pnc. , B); ecJill 
BeTBll RpIIBOir pacrroJIOIBCHbI no O)lHy CTopony OT o6~eii 
RacaTeJibHOII H no OIJ.HY CTopoHy OT o6~eli HopMaJIII, 
TO 0. T. Ha3. T 0 q K 0 H B 0 3 B p a Ta 2 - r 0 p 0 A a 
(cM. pllc. , z); ecJIH BeTBll pacrroJiomenbl no pa3Hbl0 CTo
poHhl OT o6meii: HopMaJIJil II no pa3Hbl0 CTOpOHbI OT o6~eii 
RacaTeJibHoii (cM. pHC. ' iJ) llJIII no OJlHY CTopoHy OT 
o6meii RacaTeJibHoii II no pa3Hble CTOpOHbl OT o6~eii Hop
~IaJIII (cM. pnc. ' e), TO o. T. Ha3. T 0 q R 0 ii ca MO
rr p ll R 0 c H 0 B e H II JI. CM. TaRme !{ 60UHa5t mO'tKa. 

EcJIII B ueR-pofi: To'IRe ace 'laCTHhre rrpoII3BOAHhre oT 
qiyHKnIIll F(x, y) AO (k-1)-ro rropH)lRa BRJIIO'lllTeJihHO 
06pa~a10TCH B HyJih, a cpe)lu rrpmrnBo)lHbIX k-ro nop.H)lRa 
no RpaiiHef1 Mepe O)lHa OTJIIIlJHa OT HYJIH, TO 3Ta TO'!Ka 
uaa. 0 c 0 6 0 ii T 0 'I R 0 ii k - r 0 II 0 p H A R a 
(K p a T H O H T O 'I R o ii). 

MHor/);a o. T. Ha3. TOqRII, OTJIII'laIO~HeCH RaKHM-Jill6o 
CBOHCTBOM OT )lpyrIIX ToqeK KpIIBoii; CM.' narrp.' llepe
zu6a mo'li>a, llpei>paUfenua mo'i.1>a, lfa.ttoMa mo-i1>a, Cnpa.11i
.1tenu11. mo-ii>a, YnJ10L1Jenu11. mo-i1>a. 

0. T. II p 0 c T p a H c TB e H H 0 ii R p 11 B 0 ii, ;m
)laHHOII ypaaHeHl!HMH F(x, y, z)=O, G(x, y, z)=O -
TO'lRa, B oKpeCTHOCTll R-poii paHr MaTpll!J;bI 

//F~ F~ F~11 
~ Gx Gy Gz 

MeHbille )lByX. 
Jlum.: [1] Pa 111cBc11 H ii II. R., Rypc JJ:McjlcjlepeHuMaJihHOI! 

reoMeTpHH, t, H3)'.(., M., 1956; [2] BIO ID re H cc. C., ,!J;ncjlcjlepen
unaJibHalI reoMeTPHR, T. 1, M.-JI., 1%0; [3] <l>HXTeH
r 0 JI b LI r. M., Rypc )'.(McjlcjlepeHuHaJibHOro H HHTerpaJibHOrO llC-
'IHCJleHMII, 7 H3)'.(., T. 1, M.- JI., 1969. A. B. HBanoB. 

7) o. T. )l e ii c T B H T e JI h H 0 ii II 0 D e p x H o-
C T ll - TOlJKa mmepxnocTll x=x(u, v), y=y(u, v), 
z=z(u, v), B K-poii paHr MaTpHu;hr 

ll
Xa Yu Zu~ 
Xv Y·v zvll 

MeHhille )lsyx. EcJiu rroaepXHOCTb orrpe)leJIHeTCH RaK 
MHOJKeCTBO TO'l0R, KOOp)lHHaTbl K-pbIX YAOBJieTBOpJIIOT 
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ypaBHemno F(x, y, z)=O, TO 0. T. Ha3. ToqKy (x0 , y0 , z0) 
llOBepXHOCT:II, B K-poii rrepehle 'laCTHhle rrpoH3BOAHhle 
qiyumi;1m F (x, y, z) paBHbI Hy mo: 

(F~) 0 =0, (F~) 0 =0, (F;) 0 =0. 
Ecrrn B 0. T. He see BTophle qacTHhle rrpo113BOAHhle 

qiyHKl1HH F (x, y' z) o6parri;aIOTC.II B HyJib, TO KaCaTeJibHhle 
J{ IIOBepXHOCTll B 0. T. o6pa3yIOT KOHyC. ECJIH Korryc 
KacaTeJibIIhlX HeBbipOiKAeIIHbIM, TO o. T. Ha3. K 0 H H
q e c K 0 ii T 0 q K 0 ii; eCJIH KOHYC BbipOiKAaeTC.II B ABe 

+ x -K-
a 0 B 

~Wt-
AelICTBIITe.JibIIhle llJlOCKOCTH, TO 0. T. .IIBJI.IIeTCH T 0 q
K 0 11: c a M 0 1:! e p e c e q e H H .II IIOBepXHOCTH; eCJIH 
KoHyc MHHMhlll, TO 0. T.- H 3 0 JI 11 p 0 B a H H a H 
T 0 q K a rrosepXHOCTH. 

0. T. MoryT COCTaBJIHTb T. H. 0 c 0 6 bl e JI H H H II 
rrosepxHocTn: eoaepama pe6po, JIHHnn caMorrnpeceqerrnH, 
caMorrpnKoCHoBeHH.II n AP· 

Jlum.: [1] II or ope JI o B A. B., ,[1;ucjJcjJepeu111rnJJbHaR reo
MeTpnfl, 5 H311;.' M.' 1969; (2] H 0 p II; e H A. II. HpaTJ<Hl! Rypc 
11;ucjJcjJepem:u1aJJbHOH reoMeTPIIH, 2 H311;., M., 1958; [3] II JI b
H H B. A., II 0 3 H fl R a. r., 0CH0Bbl M3TeMaTH•ieCROro aHaJJH3a 
2 H311;., 'I. 2, M., 1980. A. B. Heauoe'. 

OCOBEHHOCTH ~Jl<l>(f>EPEH~HPYEMblX OTOB
PA)l\EHHII - pa3AeJI MaTeManr'l. aHamrna rr AH¢¢epea
ri;naJibHoii reoMeTpHH, B K-poM H3y'laIOTCH CBOMCTBa 
oTo6pameHnil:, coxpamuorri;«xcH rrpH 3aMeHax KoopAHHaT 
B o6pa3e H rrpoo6pa3e OTo6pameHHH (nJIH rrpn 3aMeHax, 
coxpaHHI0Il1HX HeK-pble AOIIOJIHHTeJibHhle ctpyKtyphl); 
rrpe11.JiaraeTCH o6rn;nii IIOAXOA K perneHHIO pa3JIHqHhlX 3a
Aaq ~- BblpOIBAeHHHX OTo6paIBeHHM, 4JyHHri;rrii, BeKTopHbIX 
rroJieH 11 T. A·; AaeTC.II I\JlaCCHlpHKari;HH HaH6oJiee 'laCTO 
BCTpe'laIOil{HXCH Bhlp011\A0HHM, yKa3hlBaIOTC.II HX HopMaJib
Hhle ¢opMbl H aJiropHTMhl rrpnBeAeHlrn K HopMaJibHb!M 
iJ>opMaM. 

ToqKa o6JiaCTH orrpeAeJieHHH llHiJ>¢epeHri;rrpyeMoro OT
o6pameHH.II (T. e. oT06pameRHH KJiacca Ck, CM. /{urfirfie
pen!fupyeJ>we :Mnoeoo6paaue) Ha3. p e r y JI H p H o ff, ecJIH 
B 8TOH T(,qKe MaTpHri;a HKo6rr HMeeT MaRCHMaJibHhlfI parrr, 
H l{ p H T H q e c K 0 ii B rrpoTHBHOM CJiyqae. 

CTpoeHne OTo6pameHHH B OHpeCTHOCTH peryJIHpHoii 
Toq1rn orrrrcbrnaeT KJiacc11q. TeopeMa o 11e.qenou rfiynn!fuu, 
B OKpeCTHOCTH TaKoii TOq!{I{ H B oKpeCTHOCTH ee o6pa3a 
cyrri;ecTByIOT J{OOPAHHaThl, B K-pbIX OTo6pameHH0 JIH
HeiiHo. 

Bo MHornx cJiy'laHx orpaHlJqHTbCH paccMoTpeHneM 
JIIIIllb peryJIHpHbIX ToqeK HeAOCTaToqHo, rroaToMy ec
TeCTBeHHbI BOIIpocbI: 

a) OIIHCaHH.II OTo6pamemrn B OKpeCTHOCTH HalRAOII 
HpIITIIq. TOqKH; 

6) omrcarrnH CTpoemrn MHOlReCTBa KpHTII'l. TOqe!{. 
OTBeTbI Ha a) n 6) AJIH rrpmrnsoJibIIoro OTo6pameHHH 

OTCyTCTBYIOT ITO ABYM rrprrqHIIaM: IIpH IIOIIbITHe OXBaTHTb 
see oT06pamemrn HeT RaAell\AbI Ha rroJiy'lemrn o6o3pH
MhlX OTBeTOB (HarrpHMep, MHoll\eCTBO KpHTII1J0CJ{HX TOqe!{ 
JlOKaJibHO MolReT 6hlTb rrpOH3BOJibHhlM 3a~rnHyTbIM MHO
meCTBOM)' n ):\JI.II rrpHJiotKeHnii: AOCTaTD•IIIO 3HaTb OTBeTbl 
JIHIIIb .. AJlll ):IOCTaToqrro o6nmprroro MHOlK0CTBa OT06pa
ll\0Hl!ll. 

BorrpocbI a), 6) H MHorne Apyrne B Teopnn oco6eHHocTeii 
l!CCJieAyIOTC.II no CJieAYIOJl1eM cxeMe: 

1) H3 paCCMOTpeHH.II HCHJIIOqaeTC.II imomeCTBO «HeTH
rrnqHIJX», «IIaTOJiornqeCKHX» OTo6pameHHH, 

2) yHa3bIBaeTC.II KpHTepm:I «THIIH'IHOCTH» OTo6pameHHH, 
3) rrposepHeTCH, 'ITO BC.IIKOe OTo6pameHHe arrrrpoHCHMH

pyeTC.II (<THII~HIJMH», 

4) H3y'laIOTCH «THIIHlJHhle» OTo6pameHH.II. 
BbI6op MHoll\eCTBa THIIHqHb!X OTo6pameHHM 3aBHCHT OT 

pernaeMOM 3aAa'lH H He OAH03Haqerr: 'leM MeHbIIle OTo6pa
ll\eHm'i: OTHeCeHo K THIIHlJHbIM, TeM Jierqe 3aAa'la HX na
yqeHH.II, OAHaKO 2) H 3) Tpe6yroT' 1JT06bI MHOlReCTBO TH
IIH'lHhIX OTo6paIBeHHM 6bIJIO AOCTaTOlJHO IIIHpOHHM H AO
CTaTOlJHO J{OHCTPYHTHBHO orrpe,!1,eJI.IIeMIJM. 

:hy cxeMy HJIJIIOCTpHpyeT CJieAyrorri;aH T e 0 p e M a 
y H T H n: BC.IIKOe AHiJ>¢epeHri;rrpyeMoe OTo6paIBeHHe 
IR.2-IR.2 MOll\HO amrpoKCHMHpoBaTb TaKHM OTo6pame
HHeM f, 'ITO AJI.II Jiro6oil: TO'IKH a E 1R 2 B oKpeCTHOCTHX to
'leH a H f (a) MOlRHO BbI6paTb J{OOPAHHaTbI, B K-phlX OTo6-
pameHrre f 3arrrrchrnaeTc.II B OAHOII rrs Tpex HopMaJibHhIX 
iJ>opM: 

{ 
YI= Xi. { YI= Xi. ~ YI= Xi. 

Y2=x2; Y2=X~; I Y2=xi+xiX2 

(KpnrnpHii THIIH'IHOCTH CM. B [3] HJIH [4]). Pa6ota X. Y11t
HH (H. Whitney, 1955), B K-poii: 6hIJia AOKa3aHa 3Ta T00-
peMa, ClJHTaeTC.II Ha'laJIOM TeOpHH o. A· o., XOT.II p.IIA 
OTAeJibHhlX pe3yJibTaTOB IIO.IIBllJIC.II ropa3p;O paHbIIIe ( TeO
p1rn Mopca HPHT~ecHHX tolJeH ¢YHKri;rril:, TeopeMhl YHTHH 
06 oco6errrroCTHX BJIOIBeHlllf, pa60TbI JI. c. IloHTp.IIrHHa 
0 CBH3H oco6eHHOCTeii c xapaKTepHCTH'leCHHMH KJiaC
CaMn). 

OcHOBHbie IlOHHTH.II TCOpHH ocooeHHOCTeii AH<l>cf>epeH
~HaJibHbIX OTOopameHHH. 

PocTHH p;H¢¢epeHri;HpyeMhlX oTo~ 
p a m e H n ii. IlyCTb X, Y - rJiaAKHe MHoroo6pa3H.II, 
p EX, qE Y. (BCIOAY mi:me TepMHH «rJiaAKHH» 6y)J;eT 
yrroTpe6JI.IITbCH KaK CIIHOHllM TepMHHa 6ecKoHe'lHO AlliJ>
¢epeHri;11pyeMbII!.) p 0 c T K 0 M B T 0 q K e p Ha8. 
KJiacc 8KBHBaJieHTHOCTH OTo6paIBeHHii X-+Y, COBIIa
AaIOIIi;HX B HeHoTopoil: OKpeCTHOCTll Toq!{l{ p; MHomeCTBo 
poCTKOB OTo6pameHHlf, rrepeBOAHIIJ;llX p B q, o6o3Ha

qaeTCH C 00 (X, Y)p, q· fpyrrrra pocTHoB rJiaAKIIX 3aMeH 
rrepeMeHIIblX B x' coxpaH.IIIOJl1HX ToqKy p' o6o3HaqaeTCH 
Iliff"' (X)p-

BamHa.II JioKaJihHa.II 3aAa'la TeopHH 0. A· o. - 1rnyqe
HHe ecTecTBeHHoro AeiicTBHH rpyrrrrhl 

Diff"" (X)pXDiff"" (Y)q Ha c"" (X, Y)p, q· 

PellleHHe <JTOM II MHorHX rroµ;o6HbIX 3aAaq o6hlqHo HalJH
HaeTC.II c arrrrpoHCllMari;HH ¢YHKl1HOHaJibIIhlX rrpocTpaHCTB 
H 6ecHoHelJHoMepHhlX rpyrrrr, AeMCTByIOIIi;HX Ha HHX, J{O
HeqrroMepHhlMH MHOroo6pa3HHMlI H AeiicTBH.IIMH Ha HHX 
rpyrrrr JIH. IloJiy'leHHhle pe3yJihTaTbI 3aTeM rrepeHoc.IITC.II 
B HCXOAHYIO 6ecKoHeqIIoMepHyIO CHTyari;rrro. 

PaccJioeHH.II CTpyii. IlycTb /, g:X-+Y
rJiaAKHe oT06pameHHH 11 f(p)=g(p)=q; oT06pameHH.II f 
n g nMeroT, no orrpeneJieHnro, K a ca H 11 e rr op .II AK a 
k B ToqHe p, ecJin 11x p.IIAhl TeiiJiopa B no ii To'lKe cosrra
/IaIOT AO rrop.IIAKa k. KJiacc SHBIIBaJieHTHoCTH oTo6pame
HHM, HMeJOrn;nx B ToqKe p HaCaHHe IIOPHAKa k, Ha3. k
c T p ye ii. MHomecTBo scex k-cTpyii oTo6pameunii, 
rrepeBOA.IIJl1HX p B q, HaAeJI.1IeTCll ecTecTBeHHoil: crpyHTy
poil: rJiaAKoro MHoroo6pa3HH H o6o3HaqaeTCH Jk (X, Y) p, q· 
OrrpeAeJieHa ecTecTBeHHa.II rrpoeKri;H.II 

C"" (X, Y)p, q -+Jk (X, Y)p, q· 

KJiacc :JKBHBaJieHTHoCTH rJianKnx 3aMeH rrepeMeHHhlX 
B x' coxpaH.IIIOIIJ;llX roqKy p 11 HM8IO!l1HX B :noii: TQqKe 
KacaHue rropHnKa k, uaa. o 6 p a T rr Mo ii k-c T p ye ii 
B TOqKe p. 06paTllMbIC k-cTpyu 06pa3yroT rpyrrrry J111 
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Lk(X),,y fpyrrrra JlH L"(X)px_,L"(Y)q 11:eiicTByeT na n:as=ax ... xa(spa3).MnomecTBoJ:(X,Y)=(as)-I(X<s>) 
l"(X, ) p, q• amrpoKC!ilM!ilpyH nenCTBile MomeT 6blTh Ha;QeJieHo ecTecTBemroii CTPYKTypon rnan-

Diff"' (X) p X Diff"' (Y)q Ha C"' (X, Y) p, q· Koro MHoroo6pa3lilH Il ,,na3. s-KpaTHblM .. pac
c JI 0 e H II e M k-c T p y II. )];JIH s-KpaTHblX CTpyn orrpe-
11eJIHIOTCH k-cTpyiiHoe pacmIIpeHHe oTo6pamemrn f, 
k-oco6eHHOCTil, YHIIBepcaJihHble oco6eHHOCTil II T. II· II 

;noKa3blBaeTCH aHaJior TeopeMbl TpaHCBepcaJibHOCTil ToMa. 

IlycTb Jk (X, Y)= {AII3'h10HKTHoe o6'be;nn:HeHHe Jfl (X, 
Y)p,q no BCeM (p, q)EXXY}. MHomecTBO Jfl(X. Y) 
HaAeJIHeTCH ecTeCTBBHIIOM CTpyKTypoli rJiaAKoru pac
CJIOeHHH HaA xx y co CJIOeM 

Jk (fR.m, IR")o, o=Jk (m, n) 

H CTPYKTypHor1 rpyrrrroii. 
Lk (fRm)o X Lk (fR.n)o=Lk (m, n), 

rne m=dim X, n=dim Y. 
0 c 0 6 e H H 0 c T ll ll K JI a c c bl 0 c 0 6 e H H o-

c Te il. Op611Ta AeiicTBHH L"(m, n) 11a Jfl(m, n) Haa. 
k-o c 0 6 e II H 0 c Tb 10; Jiro6oe IIO/IMHomeCTBO B Jk(m, 
n), III!Bapn:aHTI!Oe OTIIOCilTeJibl!O Lk (m, n), I!a3. K JI a c
c 0 M k - 0 c 0 6 e II H 0 c T e ii.. IlyCTb s TaKoii" KJiacc. 
IlocKOJibKY Jk(m, n) MOlKIIO OTOiKAeCTBIITb c Jk (X, Y)p <i• 
B J k ( X, Y) p, q orrpeAeJIHeTcH IIOAMHomecTBO S ( X, Y) P: q, 
He 3aBHCHmee OT crroco6a 0Tom11ecTBJie1111H. M11omecTBo 
S(X, Y)={o6DeAIIHeHIIe S(X, Y)p.q no BCeM (p, q)E 
XxY} Ha3. yH11BepcaJihHhlM KJiaccoM 
0 c 0 6 e H H 0 c T e ii (HJIIl y H Il B e p c a JI b H 0 H 
0 c 0 6 e H H 0 c T b IO, eCJill s - oco6eHHOCTb). YHIIBep
CaJibllaH oco6eHHOCTh S ( X, Y) HBJIHeTcH ITOAMHoroo6pa
:meM B J" ( X, Y), Kopa3MepHOCTh noro IIOAMHoroo6pa-
3l!H paBHa Kopa3MepHOCTil s B Jk(m, n). 

IlyCTb I: x-Y - rJiaAKOe OT06pamem1e. CorrocTaB
JieHueM Ka;K11oii To11Ke p EX k-cTpy11 oTo6pameHHH f 
B TO'IKe p IIOJiy11aeTCH rJiaAKOe OT06pameH11e jkf : x
-Jk (X, Y), Ha3. k-cTpyii:HblM pacrnn:pe
H II e M /. 0To6pamemrn I: x-Y IlMeeT, ITO orrpeAeJie
HHlO, B TO'IKe p 0 c 0 6 e H H 0 c T b T Il II a s, ecJIII 
jkf(P)ES(X, Y). MHomecTBO S(f) Bcex To'leK, B K-pblX f 
l!MeeT oco6eHIIOCTb TIIIIa s, eCTb He 'ITO II Hoe, KaK 
(jk!)- 1S(X, Y). Ilo<JTOMY II3y11eHIIe MHomecTBa S(f) 
pa36IIBaeTCH Ha p;Ba <JTarra: II3y'leHile YHIIBepcaJibHOro 
M11omecTBa S(X, Y) B Jk(X, Y), CBO/IHII!eecH K II3y11e
HIIIO S B Jk(m, n); II3yqemrn B3aHMHoro pacrroJiomeH11H 
S (X, Y) 11 j"f(X). Ha BTopoM aTarre 06b111Ho rrp1rne
HHeTcH TeopeMa TpaHcBepcaJihHOCTII ToMa. 

T p a H c B e p c a JI b H 0 c T b. fJiaAKOe OT06pameHilll 
rJiaArrnx MHoroo6pa311ii f : A-B TpaHcnepcaJibHO no11-
MHoroo6pa31110 CcB ( 0603Ha11aeTCH f + C), ecJIII /IJIH 
JII06orr Toq1rn aEA JIII6o /(a)ft.C, Jin:6o (df)a(TaA)ffi 
ffiTt<aiC= T1<aiB. EcJIH f,.+._C, TO MHomecTBo 1- 1 (C) 
Jin:6o rrycTo, Jin:6o HBJIHeTCH rro11MHoroo6pa3HeM B A, 
Kopa3MepHoCTb K-poro paBHa iwpaaMepHoCTH C B B. 
TeopeMa TpaHCBepcaJihHOCTil ToMa: 
rryCTb x, y - rJiaAKHe MHOroo6pa3IIH Il c - IIOAMHOro
oGpa3ne B Jk(X, Y); TOrAa MHomeCTBO Tex /, AJIH K-pblX 
/'f + C, HBJIHeTCH MaCClIBHblM IIO/IMHOmeCTBOM B C"' ( x, 
Y) B C"'-TorroJiorIIH YHTHII. (MHomec"l'BO Ha3. M a c
c l1 B H bl M, eCJill OHO HBJIHeTCH rrepece11eHileM cqeTHOro 

y c T 0 ii q II B bl e A Il qi qi e p e H II Il p y e M bl e 
o T o 6 p a m e H II H. IJ;eHTpaJI:hHoii rrpo6JieMoii Teopn:n: 
o. A· o. B rrepHOA ee B03HllKHOBeHIIH 6blJia 3aAa'la Il3-
y'leHIIH ycToii11n:BbIX AllqiqiepeHIIHPYeMblX oT06pameHn:ii. 

fJiaAKOe oT06pameHHe I : xm-yn rJiaAKilX MHoroo6pa-
3Ilii Ha3. y c T 0 ii q II B bl M, ecmr AJIH JII06oro /IOCTaTO'l-

HO 6JIII3Koro K I OT06pameHilH r Haii11yTCH AIIqiqieoMopqiII3-
Mbl h : xm-xm Il k : yn-yn TaKIIe, 'ITO r = hofok. 

IIpn: He6oJibl!JllX m, n(m, n~4), a TaKme rrpn: n=1 
II JII06oM m yCTOii'lllBble AIIqiqiepeHIInpyeMble OT06pame
HIIH IIJIOTHbl B rrpOCTpaHCTBe BCeX co6cTBeHHblX AIIqiqiepe11-
IIHpyeMblX oTo6pameHn:ii [ 3). B rrpocTpaHCTBe oT06pame
Hnii X 9-Y9 ycTOii'IIIBbie OTo6pameHIIH He COCTaBJIHIOT 
BCIOAY IIJIOTHOro MHomecTBa (cM. [ 1)). )];m1 I!eK-pblX nap 
MHoroo6pa3n:il (Harrp., AJIH X = IRP19 , Y = IR.19) Boo6me HeT 
Hll 01111oro ycToii11n:Boro oTo6pameHn:H X B Y. Haf1AeHhl 
[14), [15] Bee «YCTOii'lllBbl·e pa3MepHOCTil» (m, n) : AJIH 
JII06bIX rJiaAKIIX MHoroo6pa3Ilii x m II yn ycTOii'IIIBble 
OT06paJReHilH xm B yn IIJIOTHbl B IIpOCTpaHCTBe co6CT
BeHHbIX /IIIqiqiepeHIIHpyeMblX OT06pameHIIii xm-yn, 
cHa6me11HoM C"'-TorroJiorIIeil Yn:THII, Torna II TOJihKo 
Tor11a, Korna rrapa (m, n) Y/IOBJieTBOpHeT XOTH 6bl 01\HOMY 
113 CJI0/IYIOIIl,IIX yCJIOBHii (q=n-m): a) n<7q+8 1I q:;;.:4; 
6) n<7 q+9 II 3:;;.:q;.,O; B) n<S Il q= -1; r) n <6 11 q= -2; 
11) n<7 11 q~3. 

II pH /IOKa3aTeJihCTBe 8TOII TeopeMbI. a TaKme BO MHorIIX 
Apyrnx Borrpocax oKa3hlBaroTcH rroJie3HhlMH cJie11yrom11e 
ABa IIOHHTHH: OT06pameHIIe / 0 : xm-yn Ha3. r 0 MO
T 0 II Il q e c K Il y c T 0 ii q II B bl M, eCJIIl /IJIH Jiro6oii 
rJia11Koii roMOTOIIIIIl ft OT06pameHIIH lo 11aii11yTCH rJia/IKIIe 
roMOTOIIIIll ht Il kt Tom11ecTBeHHbIX /IIIqiqieoMopqiII3MOB 
xm II yn TaK11e, 'ITO ft=htofookt /IJIH /IOCTaTO'lHO Ma.'lblX t; 
OT06pameHn:e I : xm-yn Ha3. Il H qi ll H II Te 3 II
M a JI b H 0 y c T 0 ii q Il B bl M, eCJIIl BCHKoe 6ecKOHe'IHO 

6JIII3KOe K fo OT06pameHHe r MOlKeT 6blTb IIOJiy11eHO II3 fo 
«6ecKoHe'IHO 6JIH3KIIMil K TOlKAeCTBeIIHblM» /lllqiqieo
MopqiII3MaMil xm Il yn, )J;JIH C06CTBeHHOrO OT06paJReHIJH 
IIOHHTile yCTOii'lllBOCTll, rOMOTOIIIl'I. YCTOii'IIIBOCTII Il llH
qirrnn:Te3HMaJihHOll ycTOll'IIIBOCTll COBITaAaIOT [3). 3aAa11a 
HaxomAeHHI! JIOKaJihllblX I!OpMaJihHblX qiopM ycToiiqIIBblX 
OTo6pameHilii CBO/IHTCH K 3aAa11e KJiacc11qi11KaIIIlll HeK
pblX KOHe'IHOMepHblX JIOKaJibHblX aJire6p [ 14), [15]. )];JIH 
qiIIKCilpOBaHHblX m, n 'lllCJIO TaKHX HopMaJibHblX qiopM 
KOHe11110. 

EcJI11 B orrpe11eJieH11Il ycToii11IIBoro OTo6pameHIIH B Ra
qecTBe h Il k B3HTb BMeCTO AIIqiqieoMupqill3MOB r0Me0Mop
qi113Mbl, TO IIOJIY'lllTCH orrpeAeJreH11e T 0 II 0 JI 0 r Il q e
c K Il y c T 0 H q ll B 0 r 0 0 T 0 6 p a me H II H. ,il.o
Ka3aHa TeopeMa (cM. [8)) 0 IIJIOTIIOCTil MHomeCTBa TOIIO-'iIICJia OTKpb!TblX IIJIOTHblX IIOAMHomeCTB.) 

T o II 0 JI 0 r Il H Y II TH ll. IlyCTb k:;;.:0 Il 
Kpb1Toe MHomecTBO B J k ( X, Y). II ycTh 

u - OT- Jiorn:11eCKilX YCTOII'lllBb!X OTo6pameHIIll B rrpocTpaHCTBe 
Bcex oTo6pameHn:il Jiro6oro KoMrraKTHoro MHoroo6pa3IIH 
xm B JII06oe MHOroo6pa3Ile yn (Ilpll JII06blX m, n). 

M (U)={f EC"' (X, Y):jkf (X) c U}. 

MHomecTBa M ( U) o6pa3yroT 6a3IIC HeK-poii. TorroJiorm1, 
Ha3. q00-T o rr o JI o r 11 e ii Y n: TH n: Ha C"' (X, Y). 
B aTOn TOITOJIOrHII C 00 ( X, Y) HBJIHeTCH Ba pa npocmpa1t
cmeo.M, T. e. KalKAOe MaCCilBHOe IIO/IMHOmeCTBO IIJIOTHO. 

M y JI b T Il c T p y 11. n pH Il3y'leHilll caMorrepece11e
HIIll o6pa3a rJia11Koro OT06pamemrn llCIIOJlb3YeTCH IIOHH
Tlle MYJibTHCTpyn:. IlycTh a: Jk(X, Y)-X - ecTecT
BeHHaH rrpoeKIJ,li!H. IlyCTb 

R 0 H e q II 0 0 II p e II e JI e H H bl e p 0 c T K II. 
IIycTb ~ - HeK-poe OTHOIIJeHn:e <JKBIIBaJieHTHOCTII Ha 
M11omecTBe C"' (IR.m, 1R.n)0 • 0 poCTKOB oT06pameH11ii fR.m -
- fR.n, rrepeBOl\Hll\IIX 0 B 0. k-cTpyH Jiro6oro TaKoro 
poCTKa - aTo ero oTpe3oK pH/la TeiiJiopa rropHAKa k. 
PocToK f Ha3. k-o rr p e 11 e JI e H H hl M, ecJin: Jiro6oii. 
11pyroii pocToK g, nMerou~n:ii TY ;Ke k-cTpyro, Y/IOBJieTBO
pHeT COOTHOI1JeHJ1IO f~g. PoCTOK Ha3. K 0 He q H 0 
o rr p e II e JI e H H bl M, ecJiu uH k-orrpe11eJieH rrpn: :ae1\
poM k. lJ. 0 c T a T 0 q H 0 ii Ha3. TaKaH lc-CTPYH CJ, 'ITO 
JII06ble ABa pocnrn /, g, IIMIJIOIIJ.!IB CT B Ka4eCTBB k-cTpyn, 
YAOBJl0TBopH10T cuoTHumeHJ110 t~ g. Ha1160Jiee qacTo 
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BCTpeqaKJm;mreH <lKBilBaJieHTHOCTll HOCHT crreu;l!aJihHbie 
Haaeamrn: 

r-:J K B ll B a JI e H T H 0 c T L -- n pnHa/.(Jiell\HOCTh O)l-
aoii op6nTe rpynrrhl D iff 00 (!Rm )0 «rrpaBbIX» 3aMeII Koop-

1vrnaT; rl-a K B ll 11 a JI e H T H o c T b - rrpnHa)lJiem
IIOCTb O)lHOii op6nTe rpymrn Diff 00 (fRm) 0 X Diff 00 (IR.")0 • 

TorronornqecKaH aKBnBaJieII~ 
H 0 c T b - npnHa)lJIBll\IIOCTb O)lIIOll op611Te rpyrrrrhI 
Diff0 (1Rm)0 X Diff0 (1R.n) 0 • MayqeHllB k-orrpeneneHIIoro pocTKa 
CBOUl!TCH K n3yqem1KJ OTo6pamBIIl!H, 3a)laHIIoro MHOro
lJJieHaMn CTBIIBIIn ..,;;.k. 

PemeIIne BOrrpoca 0 TOM, HBJIHBTCH Jlll pOCTOK f 
k-orrpB)lBJIBIIHblM OTHOCnTeJihIIO rl-<JKBlrnaneHTHOCTll, CBO
)lIITCH K 3a)laqe 0 pa3pB111l!MOCTn HBK-poii HBHO BblIIHCbl
BaeMoii Cl!CTeMhI KOIIeqaoro qncna JIUIIBllHblX ypaBHBIIl!ll. 

MaomeCTBO KOIIBqIIo orrpeueneHIIbIX OTHOCHTBJibHO 

rl-<JKBllBBJIBHTHOCTn pOCTKOB OTKpbITO B C00 (IR.m' IR.n)o, O• 

O)lIIaKo IIJIOTIIO He )lJIH JII06blx m, n. EcTecTBBHHo pac
cMoTpBTh 6onee rpy6oe OTIIOIIIBHne TOIIOJlornq. ~lKBn
BaJIBIITHOCTn. Ilocne Bb16pacb!BaIInH ll3 C00 (IR"', fR.n)o. 0 

IIO)lMIIOll\eCTBa 6ecKOHBqIIOlf Kopa3MepHOCTll OCTaBTCH 
cqeTHOe qncno KJlaCCOB TOIIOJlornq. <lKBl!BaJIBIITHOCTll, 

Kall\)lblll n3 K-pb!X HBJIHBTCH rronyanre6panq. MIIOll\BCT
BOM. 0TCKJ)W CJIB)lyBT, qTO OTKpbITOB IIJIOTHOB MHOll\BCTBO 
B C 00 (X, Y) (Xm- KOMIIaKTHO) COCTaBJIHKJT OT06pame

HHH' pOCTKII K-pb!X TOIIOJ10r11qecKn ;JKBllBaJIBIITHbl IIOJlll
HOMHBJlbHbIM (13]. 

)1, e qi o p M a u; n n. Ecnn oTo6pamemrn 3aancnT OT 
uapaMBTpOB, TO roBOpHT, qTO 3a)laHo CBMBMCTBO OTo6pa
ll\BIIHll. Ecn11 CBMBHCTBO OT06pameanii n3yqaeTCH JIO

KaJlbHO, TO rrpn MaJIOM H3MBIIBHllll rrapaMeTpOB B OKpBCT
HOCTll qinKcnpoBaIIIIhIX 3Haqeanii roaopHT o neqiopMau;nn 

OTo6pameHnH, COOTBBTCTBYKJIIl,ero <JTHM 3HaqeanHM rrapa
MeTpOB. 0Ka3b!BaBTCH, BO MHornx cnyqaHX n3yqea11e 
BCBB03MOll\IIbIX )leqiopMau;nii CBO)lllTCH K ll3yqeHnKJ O)lHOiI 

B)lllEICTBBHHOtt, ll3 K-poii rronyqaKJTCH BCB OCTaJibIIblB. 

TaKaH neqiopMau;nH, B HBH-pOM CMbICJie caMaH 60JiblllaH, 
CO)lBplRllT B ce6e BCB CYI1IBCTBeHHO pa3HbIB AeqiopMau;nn 
:r1armoro oTo6pamemrn. Ona Ha3. B e p c a n b II o ii 
neqiopMau;neii (cM. (11], [12], (13]). 

KpHTHqecKHe ToqKH lf>y1rnu;uii. HpnTIIq. TOqKa qiyaKu;nu 

Ha3. H e B bl p o m )l e H H o ii, ecnn arnpoii nuqiqiepeH
u;Han - HBBblpOlR)lBHHaH KBa)lpaTllqHaH qiopMa. <PyHK!l;HH 
06111,ero IIOJIOll\BHHH HMBBT JIHllib IIeBblpOlR)leHHble KPHTHq. 

TOqKH, a B OKpBCTIIOCTII Kall\)lOU ll3 IIHX OHa MOll\BT 6hITb 
rrp:irneneaa K CTaII)lapTIIoil qiopMe. BhlpOlR)lBHIIhie KpnTuq. 

Toqmr rrpnXO)ll!TCH paccMaTpnBaTb B TBX cnyqaHX, KOr)la 
<JTH qiyHK!l;Hll 3aBllCHT OT rrapaMBTpOB, H qeM 60JibllIB 
1JllCJIO ;JTIIX rrapaMBTpOB, TBM 6onee CJIOll\HbIB KpnTnq. 

ToqKn 6y)lyT BCTpeqaTbCH IIeycTpaHHMblM (MaJlhIM lllBBe
neHHeM) o6pa30M rrpn HBK-pblX 3HaqeHnHX rrapaMeTpOB. 

CeMeilcTBo qiyaKu;11ii, 3aBHCHI1IBB OT nKJ6oro qncna rra
paMeTpoB, MOll\HO rrpeapaTHTb MaJiblM lllBBBJieH11eM B ce

MBUCTBO, B K-poM rrpn Kall\)lOM 3Haqeann rrapaMBTpa 
B oKpBCTHOCTll JIKJ6oil TO'!Kll o6naCTll orrpeneneHllH qiyHK

l~llH rrpe/J;CTaBJIHeTCH MHoroqneHOM B HBK-poii JIOKaJll>HOU 
cncTeMe KOOp)lllHaT. 8TO Il03BOJIHCT rrpn JIOKaJibHOM ll3Y-

1JBHllH qiyHK!l;llll paccMaTpllBaTb TOJlbKO MHoroqneHbl II 
llCIIOJib30BBTb KOMIIJIBKCHblll aHaJil!3. 

I:\J1acc11qil!Kau;11H KpnT11qecK11x TO-
q e K qi y H K u; II il:. EcrnCTBeHHO HaqaTb c KJ1accnqinKa

u;1rn poCTKOB B 0 roJIOMopqiHbIX qiyHK!l;llH B en, G1Jl!TaH 
)lBa poCTKa 3 K B ll B a JI e H T H bl M II, ecmr O)lHH rrepe

BO)lllTCH B )lpyroii: poCTKOM ronoMopqiHoii: 3aMBHbl Koop
lVIHaT B en, coxpaHHKJIIl,BH o. CTpyH (MHOrO'lJIBH Teii

nopa) ronoMopqiHoil: qiyHKI~llH B 0 )lOCTaTO'lHa, ecn11 oaa 
orrpe)lBJIHeT qiyHK!l;HKl c TO'lHOCTbIO AO 3KBHBaneHTHOCTl!. 

Por.ToK, y 11-poro KpllTll'l. TO'lKa 0 1130JIHpoBaHa, BCerp;a 
nMeeT )lOCTaTO'lHYKJ CTpyKJ H, cne)lOBaTeJlbHO, 3KBHBa
JIBHTeH MHOroqneay. I\ p a T H 0 c T b Kl (llJill q II C

J! () M M ll JI H 0 p a) µ Kpll'rn'l. TO'IKII 0 IIa3. 1JIICJIO He

BblpOlR)lBIIIIblX KpllTIIq. TO'leK, IIa K-pble pacna)laeTCH 

K]JllTH'l. TO'IKa 0 rrpn Mano~! meaenemrn qiyHRu;n11. Ecn1I 

KpaTHOCTb Kp1ITM1J. TO'IKH qiyamvm f paBIIa µ,TO (µ+1)
CT]JYH )J.OCTaT01JIIa. T. K. K]JBTHOCTb µ npn MaJIOM ll3Me

IIBHnn f HB MOll\BT yBeJIII'lllBaTbCH, TO KnaccnqinKau;1rn 
qiyHK!l;IIii, 6JII13KllX K qiyIIK!l;IIll C ll30Jll!jJOBaHIIOll KplI
TII'I. TO'!Koii, CBO)lllTCH K 113yqeHnKJ )lBIICTBllH rpyrrnbl Jlw 
lc-CTpyii 3aMeH rrepeMeHHbIX Ha npocTpaIICTBB k-CTpyii 

rrpn nocTaTO'lIIO 60J1blllOM le. B rrpocTpaHCTBe k-cTpyit 

qiyaKu;nii f TaKIIX, 'ITO /(0)=0, d/(0)=0, Kopa3MepHOCTb 
op611TbI f paBIIa µ-1, IIO::lTOMY K]JllTll'I. TO'!Kn KpaT
IIOCTn µ BCTpB'laIOTCH HeycTpaHnMblM o6pa30M B ceMeii

CTBax qiyIIK!l;llll, 3aBllCHI1IllX OT (µ-1) rrapaMeTpOB. 
Ilony'IeIIbl Knacc11qinKau;nH (cM. [ 10)) acex KpnTll'I. TO

'IeK KpaTIIOCTll µ..,;;.16 lI anropnTM rrpnBB)leHnH JIKJ6oii 
TaKol1 qiyaKu;1111 K IIopMaJihIIoil qiopMe. CnomHoCTh KpH

Tn'!. TO'!Kll orrpe)lBJIHBTCH He TO.lJhKO ee KpaTHOCTbIO µ, 
HO II ee M 0 )l a JI b II 0 c T b Kl m ('IllCJIOM MO)lyneii). 
HpnTn'l. TO'!Ka Ha3. rr p o c T o 11 (11n11 0-M o )l a n b

H 0 ii), eCJill cpen11 Bcex 6JIII3KllX KpHTll'l. TO'!eK Hau
)lBTCH He 6onee qeM KOHB'IHOe 'lllCJIO rrorrapHO HB3KBHBa

JieHTHblX. ,IJ,aa poCTI{a qiyamurii Ha3. c T a 6 ll JI b H 0 

3 K B II B a JI e H T H bl M n, ecnn OHn CTaIIOBHTCH <JKBH

BaJIBHTHbIMll rrocne rrpHMoro cnomea11H c HeBbipomp;eH

HhIMll KBa)lpaTll'IHb!Mll qiopMaMn OT IIO)lXO)lHIHero 'IIICJia 
rrepeMeHHblX ()lJIH poCTKOB qiyffKu;nii OT O)lHHaKOBOro 
qncna nepeMBHIIbIX CTa611J1bRaH ::lKBllBaJIBIITIIOCTb IIB OT

Jill'IBBTCH OT 06bl'lHOtt). 
c T01JHOCTbKJ AO CTa6nJibIIOll 3KBllBaJIBHTHOCTll rrpOCTblB 

pOCTKII HC'IeprrblBaKJTCH CJIB)lYIOIIl,llM CIIllCKOM: 

Ak:f(x)=xk+I, k:;?1; 
D,.:/(x, y)=x2y+yk-l, lc:;?4; 

E 6:f (x, y)=x3 -f-y4; 
E1:f(x, y)=x3+xy3; 

£ 8 :/ (x, y) =X0 + y 5 • 

M o A a n h II o c T h ro TO'IKll x EX up11 p;encTa11n 
rpym1bl J111 G IIa MIIoroo6pa31111 X Ha3. Ha11MeIIh11Iee 
1JllCJIO rn Ta Koe, 'ITO )lOCTaTO'lIIO MaJiaH OKpeCTHOCTb 

TO'IKII x IIOKpbITB KOIIe'lHbIM 'IIICJIOM m-rrapaMeTpl.PI. 

ceMBHCTB op611T. 
Ilony'lBIIa TaKme Knaccmp11Kau;11H poCTKOB 4>YIIKu;11ii 

MO)l.aJihHOCTn 1 n 2 (cM. [10]). Hnacc11qi11Kau;11H rrpoCThlX 

oco6eHIIOCTeU ll oco6eHHOCTBU Manon MO)laJihHOCTH Ol\a-
3blBaBTCH CBH3aIIHoii c rpyrrrraM11 Jln, HoKCTepa n Beil:nJJ 

cepnii A, D, E, c rnop11eii Hoc ApTnIIa, KnaccnqnrKa~nen 
rrpaBllJibHblX MIIOrorpaIIIIHKOB B TpexMepIIOM npoCT
paHCTBe, Knaccnqi1rnau;nelr Honanpbl Bblpomneanil: 3JI

JIHIIT111J. KpHBblX, KJiaccnqinKau;neii TpeyroJibHHKOB Ha 
IIJIOCKOCTH Jio6a1JeBCKOfO (CM. (10], [11)). 

I\ p a e B bl e 0 c 0 6 e H II 0 c T II. PH)l reoMeTpll'I. 

3a/J,a'l Tpe6yeT n3yqeIInH KpnTlI'I. TO'IeK qiyHK~llH Ha 

MHoroo6pa311II c KpaeM. 
B KOMIIJieKCHOM cnytJae na CnTyaI\llH COOTBeTCTBYBT 

n3yqeII11IO poCTKa qiyaxu;1111, 3a)laHHoii B rrpocTpaHCTBe 
en c Bbl)leJieIIIIbIM IIO)lIIpOCTpaHCTBOM en- 1• TaKHB 

poCTKH II3y'laKJTCH c T01JHOCTbKJ )lO 3aMeII nepeMeIIHbIX 
B en, rrepeBO)lHI1IllX en-l B ce6H. B <JTOH CHTyau;n11 

TaKme rronyqeHa KJiaccnqinKau;nH BCBX rrpOCTblX poCTKOB, 
poCTKOB MO/J;aJibHOCTeii: 1 n 2. Hnacc11qinKau;nH npoCThIX 

KpaeBhIX oco6eHHOCTBll OKa3hIBaBTCH CBH3aHHOH c npoc
TblMll anre6paMn Jln B, C, F4• 

Torronorn'IBCK11e xapaKTep11cTw:Kn 

p 0 c T K a r 0 JI 0 M 0 p qi H 0 ii qi y II K u; lI II. II YCTb 
f: (en, 0)-+(e, 0) - qiyHKI\llH, ronoMopqiIIaH B OK

pBCTHOCTll IIYJIH Il llMBIOil{aH B IIyne KplITll'l. TO'IKY KpaT
HOCTH µ. IlyCTb T], e - rronomnTBJibIIblB 'lllCJia, 

Been_ rnap lx112+ ... +lxnl 2 ...;.e2 , S - ero rpaHl!u;a, 
rec - )lllCK ltl <il, T' - rrpoKOJIOTbIII l(llCK T"'-0. 
rrycTb X(t)=-1- 1(t)nB, X=/- 1 (T')nB. )J,nH nonxo

AHIHllX e H T] ( E )lOCTaTO'IIIO MaJJOfO II T] )lOCTBTO'IHO 

Manoro no cpasIIea11ro c e) 0To6pameH11e f : X-+T' -
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rJiaAKOe JIOKaJibHO TplIBliaJihHOe paCCJIOeHne. CJioii x (t) MOllieT JielliaTh TOJlhKO BO MHOJReCTBe 
:noro paccJioemrn - (2n-2)-MepHoe MHoroo6paane c 
KpaeM, roMOTOlllI'lec1m 3KBlIBaJieHTHoe 6yKeTy µ (n-1)
MepHhlX ccpep. l\paii X (t) eCTh 2n-3-MepHoe 11rnoroo6-
paaHe, AlicpcpeoMopcpHoe 1-1 (0) n s. ,D.ame AJHI cpaBHlI
TeJibHO rrpoCTbIX j no l\IHOroo6pa311e MOIBCT 6h1Tb He
TplIBJ!aJlhHhlM. Harrp., 28 MHoroo6paauii 

x~k-i+x~+x;+x~-j-x~=O, I X11 2 -l- ... +I x 0 l2 =e2 , 

k=1, ... , 28, 

cyTh 28 ccpep M:mrnopa (r{-phle ace rmieoMopcpHbI 06h111-
Hoii ceMHMepHoil ccpepe, Ho rrorrapHo He AIIcpcpeoMopcpHbr). 
fpyrrrra rrpnJ!eAeHHhlX roMoJiornil Hn-dX(t), *• Z) 
naoMopcpHa z µ. HHAeKc rrepece11eHHH orrpeAeJIHeT Ha 
H n-1 u;eJIO'llICJieHHYIO 6UJilIHeilHyIO cpopMy. IlepeHOC 
CJIOeB paCCJIOeHlIH f : X-+T' HaA KpHBhlMH B T' orrpep;e
JIH0T AeRCTBUe cf>YHAal\IeHTaJlbHOlY rpymibl n1(T') B (n-1)
MepHb!X roMOJIOfHHX CJIOH. 06paayro~e11 J11 ( 7'') OTBe-
11aeT aBTOMOpcplI3M rpyrrrrhl rOMOJIOflill' Ha3. 0 rr e p a
T 0 p 0 M M 0 H 0 A p 0 M H 11. OrrepaTop MOHOAPOMHU 
coxpaHHeT cpopMy rrepece11eH1Irr. Co6cTaeHHhle 3Haqemrn 
orrepaTOpa MOHOAPOMHlI HecyT HHcpopMall,HIO 06 acuMrrTo
nrnax pa3JilI'lHhlX lIHTerpaJIOB, CBH3aHHhlX c cpyHK
IJ;lierr f. 

Jlum.: [1] ApHoJJb)l;B.M., Bap'!eHKO A.H., I'y
C c fr H-3 an e C. M., Oco6eHHOCTH nmjJljJepeHI-1HpyeMhlX oT06pa
meHHll, M., 1982; [2] A pH o JI b n B. M., MaTeMaTH'!eCKHe MeTOJl:hl 
KJiaCCll'!eCKOfI MCXaHHKH, M., 1974; [3) I'OJiy6HuKHll 1\1., 
r H ii e M H H B.' YCTOll'lnBhle OT06pameHHJI H HX oco6eHHOCTH, 
rrep. c aHrJJ., M., 1977; [4] B p e K ep T., JI a H ne p JI., ,!J;HljJ
ljJefeH~PYCMhle pocTKH H KaTaCTpoljJhI, rrep. c aHrJJ., M., 1977; 
[5 II o c To HT., CT 10 a p TM., Teop1rn KaTacTpoljJ Hee rrpHJio
meHHH, rrep. c aHrJI., M., 1980; [6] M H JI H 0 p ,[I; )f(.' Oco6hle TO'IKH 
KOMIIJJeKCHhlX rHrreprrosepxHocTell, rrep. c aHrJI., M., 1971; [7] 
Oco6enHocTH nHljJljJepeHuHJ'.!YCMhlX OTo6pameHHll, C6. cT., nep. c 
aHrJJ. H ljJpaHu., M., 1968; LS] Topological stability of smooth map
pings, B.- Halb.- N. Y., 1976; [9J Thom R., Stabilite struc
turelle et morphogenese, N. Y., 1972; [10] A pH o JI h n B. M., 
«<l>~HKu. aHaJIH3 H era npHJiomeHHII», 1972, T. 6, No 4, c. 3-25; 
[111 er o me, «YcnexH MaTeM. HayK», 1972, T. 27, a. 5, c. 119-
184; 1973, T. 28, B. 5, c. 17-44; 1974, T. 29, B. 2, c. 11-49; 
1975, T. 30, B. 5, c. 3-65; [12] T 0 M P.' TaM me, 1972, T. 27' 
B. 5, c. 51-57; [13] B a p 'I e HK o A. H., «HaB. AH CCCP. 
Cep. MaTeM.>>, 1974, T. 38, No 5, c. 1037-90; 1975, T. 39, No 2, c. 
294-314; [14] Ma 3 e p ,[I;., «MaTeMaTHKa», 1970, T. 14, M 1, c. 
145-75; [15] er o me, «YcnexH MaTeM. HaYm>, 1973, T. 28, n. 6, 
c. 165-90; 1974, T. 29, B. 1, c. 99-158. 

A. H. Bap'letil<O, A. I'. Ryumupeuno. 
OCOBEHHOCTb a H a JI II T 11 11 e c K o ii qi y H K-

1~ n u - 1) MHomecTBo oco6bix mo'leK aHaJ1I1Tuq. cpyHKIJ;HII 
j (z) KOMITJICKCHhlX rrepeMeHHbIX z= (z1, ... ' Zn), n~1, 
BhlA0JIHe?t!Oe TeMll HJllI llHhlMll AOITOJIHHTeJibHbll\III ycno
BHHMII. B 11aCTHOCTII, uao.ttup06llllH,b1,e oco6b1e mO'll'iU lIHOrAa 
Ha3. ll30JllipOBaHHhlMII 0. 

2) MHoJReCTBO K ccn TaKoe, 'ITO B HeK-poii 06J1aCTH 
D, npHMhlKaro~eii K K, orrpe11;eJieHa OAH03Ha•rnaH aHa
J111Tn11. cpyHKIJ;lIH j (z) lI AJIH l{-poro CTaBHTCH Borrpoc 
o Bo3MOIBHOCTH aHaJIIITll'I. rrpoAOJIIBemrn j (z) Ha K. 
Harrp., rrycTb D - o6JiaCTb rrpocTpaHcTBa IC", K -
KOMilaKT, COAepma~HHCH B D, ll /(z) roJioMopq>Ha Ha 
D'-._K. TorAa K - rroTeHu;IIaJihHaH 0. cpyHKIJ;IIlI j(z), 
ll CTaBIITCH BOIIpoc 06 aHaJilITlI'I. IlPOAOJIJReHHlI (6bITb 
MOIBeT, npll HeK-pbIX )J;OITOJIHHTeJihHhlX yCJIOBllHX) j (z) 
Ha aero o6JiaCTh D, IIHaqe roaopH, aorrpoc 06 «YCTpaHe
mrn», HJilI «CTIIpaHIIH», oco6eHHOCTII K. 

CM. TaKme YcmpanuMoe Mno:i1cecmeo. 
E. lf.. COJ10.11<eu14eB. 

OCOBOE PEillEHIIE o 6 bl K H o B e H H o r o p; n cp
qi e p e H ~ II a JI b H 0 r 0 y p a B H e H lI H - peIUC
Hlie, B KaJRAOll TO'!KC K-poro HapymaeTCH eAlIHCTBeHHOCTh 
perneHIIH 3aAa'III l\ornn AJIH noro ypaaHeHIIH. Harrp., 
AJIH ypaaHeHIIH 1-ro nopHAKa 

y'=f(x,y) 

c Herrpepb!BHOH npaauii 'laCTbIO, BCIOAY HMeIOmeii KOHC'l
HYIO lIJlli 6ecKOHe'lHYIO 'laCTHYIO rrpoll3BO,ll;HyIO IIO y' o. p. 

M={(x, Y)llf~(x, Y)l=oo}. 

l\pHBaH ycM eCTb o. p. ypaaHeHHH (*), eCJIH '\' HBJlHeT
CH llHTerpaJibHOH KpHBOii ypaaHeHIIH (*) II 11epe3 KaIBAYIO 
TO'IKY KpIIBOii '\' IIpOXOAlIT no Kpa:iIHeii: Mepe eme OAHa 
llHTerpaJlhHaH KpIIBaH ypaaHeHIIH (*)· IlyCTb ypaaHe
HIIe (*) IIMeeT B HeK-poii: 06J1aCTlI G 06UfUU uumeipa.tt 
CD (x, y, C)=O; ecJIII no ceMeii:CTBO KpIIBhlX IIMeeT oiu6a-
10Ufy10, TO OHa HBJIHeTCH 0. p. ypaaHeHHH (*)· ,Il.JIH Alicpcpe
peHnIIaJibHOro ypaaHeHHH 

F (x, y, y')=O 

O. p. HaXOAHTCH IICCJieAOBamrnM oucr;puMunanmnou r;pu
eou. 

Jium.: [1] CT en a H 0 B B. B., l\ypc)l;HljJljJepeHuHaJibHhlX ypaB
HCHHll, 7 Hait., M., 1958; [2) ca H c 0 He ,[I; )f(., 06blKHOBeHHble 
)l;HljJljJepeHuHaJibHhle ypaBHCHHII, nep. c HTaJJ., T. 2, III.' 1954. 

H. X. PoaoB. 
OCOBOR TOllKII HH/];EKC - OAHa na ocHOBHhrx 

xapaKTepHCTJ11{ 1130JIHpOBaHHOH oco6ou lnO'lKU BeKTOpHoro 
ITOJIH. IlyCTb eeKTOpHoe IlOJie x orrpeAeJleHO B IR.n, Q -
ccpepa MaJloro paAIIyca, oKpymaromaH oco6yro To11Ky x0 , 

TaRaH, 'ITO XIQ;z':O. Tor,qa II H ,a; e Kc o M indx0 (X) o co-
6 0 II T 0 q K II Xo BCKTOpHoro IlOJIH x Ha3. cmeneltb 
omo6paJ1Cenusi deg f, rAe 

j . X(x) ·Q sn-1 . TX(X)T . -----> ' ' 

T. e. 
indx0 (X) =deg fxo· 

EcJIH x 0 HeBhlpOIBAeHa, To 

ind xo (X) =sign det II &;:,'. II· 
o. T. II. He 3aBIICHT OT HarrpaaJieHIIH ITOJIH. 

M. 11. Boiiqexoec>tuii. 
OCOBLIE IlOKA3ATEJIH JIIIHeHHoii cncTeMhl o6bIK

HoBeIIHhlX AIIcpcpepeHu;IIaJlbHbIX ypaaHeHlIR - BeJllI'llIHbI' 
orrpep;eJ1HeMhle cpopMyJiol!: 

Q0 (A)= lim e~"'ln11X(8,TJll 
8-i; __.. +oo 

(aepXHHii 
cpopMyJioii 

oco6hlii: rr o K a 3 a T e JI b) 

wo (A)= lim -2.._8 ln 11 x (•, 8) 11 
8-1' ..... +"" ,'{-

(H II m H n fr o c o 6 hi ii rr o K a a a T e JI b), 
X ( 8, i:) - H ouiu one pa mop CHCTeMhl 

;;=A (t) x, x E IR", 

IIJIH 

rAe 

(1) 

rAe A (-) - oT06pameHne IR +-+Hom (IR.n, IR 11), cyMMIIpye
Moe Ha KaJRAOM OTpeaKe. 

O. rr. MoryT paBHHThCH ± oo; ecJ1n AJIH HeK-poro T>O 

~ t+ T 
sup II A(•) II dT < + oo, 

t E IR+ t 

TO o. rr. CYTb 'IIICJia. 
,Il.JIH ClICTeMhl ( 1) c IlOCTOIIHHhlMlI K oacpcpnu;IIeHTaMII 

(A (t)=A (0)) o. II. Q0(A) li w0(A) paBHhl COOTBeTCTBeHHO 
MaKCHMYMY II MIIHIIMYMY Aeii:cTBIITeJibHhlX 'lacrnii co6cT
B0HHhlX ana11ealiii: orrepaTopa A (0). ,Il.JIH CHCTeMhl (1) c 
neplIOAH'I. KoacpcpIIIJ;IICHTaMH (A (t+ T)=A (t) rrpH acex 
t E IR JJ;JIH HeR-poro T >O) O. II. Q0(A) n w0(A) paBHhl cooT
BeTCTBeHHO MaRCHMYMY lI MlIHlIMYMY JIOrapHcpMoB MoAyJ1eii: 
.tty.1tbmun.1tur;amopo1J, A0JI0HHhlX Ha rrepnoA T. lfaorAa 0. n. 
Haa. lIHa11e, Harrp. r e H e p a JI L H hi M lI II o K a 3 a
T e JI HM ll. (CM. (4]), 

CJieAYIOmne onpe/J,CJICIIHH 3KBMJlaJleHTHhl n p1rneAeH
HhlM BhlIIIe: o. n. Q0 (A) paBCH TO'!HOH HHJRHeii rpaHlI MHO-
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mecTBa Tex 'IJilCeJI ct, )lJ111 RaJI\)lOI'O If'l R-pbIX Hai'1neTCH 'IJilC
JIO Ca>O TaKoe, 'ITO AJIH BCHKOI'O pemeH!ilH x(t)t:O CHCTe
MhI ( 1) BbIIlOJIHeHO HepaBeHCTBO 

Ix (8) I~ Gaea <O-'t) Ix (T) I AJIH acex 8;::, 't;::, O; 

o. II. w0(A) paBCH TO'IHOii Bepxuelr rpaHII MHOJI\eCTBa TCX 
11IICeJI ~. AJIH Kamnoro Il3 K-pb!x HaiineTCH 'IHCJIO Cfl >O 
TaKoe, qTo AJIH BCHKOI'O pemeIIHH x (t) t:O CIICTeMbI (1) BhI
IlOJIIIeHo HepaBeHCTBO 

Ix (8) I;::, Cri efl cO-'tJ Ix ('t) I AJIH acex e;::, 't;::, o. 
,[),JIH 0. II. II JI anyno6a xapar..mepucmu11ecr;ux no1waame

.1tei1 HMeIOT MeCTO HepaBeHCTaa: 

sup }\'+ T II A (T) II dT;::, go (A);::, Ai(A);::, ... 
t E Ill.+ .) I 

· .. ~An (A);::, w0 (A) 3- sup + (' t+ TI\ A (T) II dt. 
IE Ill.+ JI 

,Il;JIH mrneiirrwx CMCTeM c IIOCT011HHbIMJil HJIII c rrepnonnq, 

Koa<P<lrn~neHTaMII 

go (A) =Ai(A), w0 (A) =An (A), 

HO cy~ecTByIOT Cl!CTeMhI, AJIH R-pbIX COOTBeTCTBYIO~Irn He
paBeHCTBa - CTporue (cM. PaonoMepnaa ycmou11uaocmb). 

0. II. g 0(A) (cooTeeTCTBeHHO w0 (A )) RaK cPYHK~IIH Ha 
npocTpaHCTBe CIICTeM (1) c orpaIIIl'leHHbIMII HerrpepbIBHhl
MH Ko::i<P<P11~ueuTaMI1 (oTo6pamemrn A (-) HenpephrnHo u 
sup llA (t)ll < + 00 ), uaneJieHHOM MeTpllKOH 

t E Ill.+ 

d(A,B)= sup llA(t)-B(t)ll, 
IE Ill.+ 

noJiyHe1IpepbIBHa csepxy ( COOTBeTCTBeHIIO CHI'.13y), HO RC 

BCIOAY ucrrpepbIBHa. 
ECJIH oTo6pamemrn A ( ·) : IR.~ Hom (fR.n, fR.n) paaHo-

MepHo He1IpephIBHO II 

SU p II A ( t) II < + 00 , 
t E IR. 

TO coouioo ou1wMu11ecr;aa cucmeMa (S= Hom (fR.n, fR.n)) 
IIMeeT IIHBapIIaHTHble HOpMI1pOBaHHble Mepbr µi II ft2, 
cocpenoToqeuuble Ha 3aMhlKaHrm TpaeKTop1m TO'IKH A, 
Tarme, qTo AJIH IIO'ITH accx A (a CMhICJie Mephl µi) acpxum'i 
o. n. CIICTeMhl 

(2) 

paBeH ee HaH60JibllleMy (cTapllleMy) xapaKTCplICT!l'I. IlOKa-
3aTeJIIO JlHUYHOBa 

go (AJ =A1 (A) 
11 AJIH IIO'ITH acex A (a CMhICJie MepbI µ2) HIIiKIIIlii 0. n. 
CHCTeMhl (2) paBeH ee rrauMeHbllleMy xapaKTepHCTil'I. uo

Ka3aTCJIIO Jlmryuoaa 

w0 (A)=An(A). 

,[),Jrn IIO'ITII nepIIOAII'I. OTo6pameHIIH A ( ·) (cM. J/uneunaR 
cucmeMa auifiifiepenlfUa.1tbn&1,x ypaonenuu c nottmu nepuo
outtec1wMU K03rfjrfjUlfUenmaMu) Mepbl µ1 II µ2 IIAeHTH'IHhl II 
coananaroT c Tori enIIHCTBeHHOH HOpMnpoBaHHOH IIHBapil
aHTHOH Mepoii, cocpenoTO'leHHOH Ha cymeHHH AHHaMH'l. 
CIICTeMhl CABIII'OB Ha 3aMhlKaHile TpaeKTOPIIII TOqKII A , 
K-pa.11 B :JTOM CJIY'lae HMeeTCH. 

IlyCTb AHHaMH'I. CIICTeMa rra I'JiaAKOM 3aMKHYTOM n
Me pHOM MHOI'006pa3HH yn 3aAaHa I'Jia)lKIIM BeKTOpHbIM 
IIOJieM. Torna y :JTOH CIICTeMhl HaHAYTCH HOpMilpOBaHHhie 
IIHBapnaHTHble MepbI µ1 ll µ2 TaRile, 'ITO AJlH IIO'ITH BCHROii 
(B CMbICJie Mephl µi) TO'IKH xE vn coauanaroT BepXHIIH o. u. 
II CTaplllIIH xapaKTepIICTil'I. IIOKa3aTeJih JimryHOBa CIIC

TCMbl ypaBHCHIJii B eapna~IIHX BAOJib TpaeKTOp1m TO'IKII x 
11 AJI.11 noqTM BCHKoii (a CMhICJie Me phi µ 2 ) TO'IKII x E V11 

COBIIanaroT HIIJI\HIIH 0. IL H HanMeHblllilii xapaKTepHCTJJq, 

5* 

rroKaaaTeJih Jimryuoea C!ilCTeMht ypaaHemi:ii e aapna~n.11x 
BAOJib TpaeKTop11I1 TO'IKII x. OrrpeneJieHnH O. II., xapaK
TeplilCTH'I. IIOKa3aTeJie:ii: JlHIIyHoBa II T. II. coxpaHHIOT 
CMblCJI AJlH CIICTeM ypaaHeHIIH B Bapila~IIHX I'JiaAKIIX AHHa
Mil'I. CIICTeM, aanaHHhIX Ha JII06b1X I'Jia)lKHX MHOI'Oo6pa-
3IIHX. CncrnMa ypaaHeHnii B aapI1a~II.11x TaKon AI1HaMn11. 
CIICTeMbl BiJ;OJlb TpaeKTOpHII TO'IKII x MOJI\eT 6blTb 3alIIICaHa 

B BillJ;e (1)' Halip. c IIOMOII~bIO 3a)laHil.!I B KaCaTeJibHOM npo
CTpaHCTB0 K yn B Kamp,Oll TO'IKe TpaeKTOpHll TO'IKII X 6a-

3IICa, IIOJiyqeHHOI'O rrapaJIJieJibHhIM rrepeHeCeHHeM BIJ;OJlb 
TpaeKTOPIIII TO'IKH x (B CMb!CJie pnMaHOBOH CBH3HOCTH, HH
AY~IlpOBaHHOH KaKoii-Jin6o rJiap;Koii p11MaHoaon MeTpII
Koif) HeK-pOI'O 6a3IIC3 KaCaTeJibHOI'O 11pOCTpaHCTBa K vn 
B TO'IKe X. 

Jiu.m.: [1] Bo h IP., «J. reine und angew. Math.», 1Dl3, Bd 
14', s. 284-318; [2) II e pc H II c }{ H ii: H., «MaTeM. co.», 1933, 
T. 40, M 3, c. 284-93; [3] Bb!JIOB B. <I>., B H H 0 r pa ;a; P. 8., 
r p 0 6 Ma H ,n:. M., He M bl u }{ H ii: B. B., TeopmI IlOK83aTeJieli 
JI1myHosa H ee npuno>KeHHH K sonpocaM ycToliqusocm, M., 1966; 
[4) .D: a JI e u K H ii: IO. JI., Hp e li HM. r., YcToliqusocTh pemeHuli: 
1111cjJcjJepemurnJJhHhIX ypasHeHnli B 6aHaxoBoM npocTpaHCTBe, M., 
1970; L5] M 3 0 5 0 B H. A., B KH .. MTOrH HayKH H TeXHHKH. MaTeM. 
aHaJJHa, T. 12, M., 1974, c. 71-146. B. M. MU./LJIU01iUfU1'08. 

OCPE)J;HEHHE, y c p e Arre H n e,- orrepa~I111 Bhl

'IHCJI0HR.R cpep;HHX 3Ha'IBHHii cPYHK~Hii, BXOAHmnx B 

CTPYKTYPY n11<P<PepeH~IlaJibHhIX ypaBH0HHll, OIIHCbIBaIO
~IIX rrepnOAll'l0CKne, noqTn rrepnoµ,1111ec.K11e 11, aoo6me, 
KOJie6aTeJibHhle npo~eccbl. Onepa~11.11 0. MomeT paccMaT
p11BaTbCH RaK H0K-phlii crJiam11aa10~nii 01IepaTop. Me
TOAhl 0. anepBbI0 CTaJIII rrpHM0HHTbCH B ne6ecHoiI M0XaHH
K0 rrp11 IICCJI01J;OBaHIIII JlBHJI\0HHH ITJiaH0T BOKpyr CoJim:1a. 
Ilo3me OHII IIOJIY1JHJ111 pacnpoCTpaHeHne B caMbIX pa3HO
o6paaHhlX o6JiaCTHX: B TeopnII H0JlIIH0HHhIX KOJie6aHHH, B 
cPil3HRe, B TeopI1n aaToMaTH'I. peryJI11poBaH11.11, acTpo
p;nRaMHK0 n np. MeTop;hI O. 11acTo noaeoJI.11IOT HaxonnTb 
npI16JIHiK0HHLI0 perneHIIH AJIH HCXOP,HhIX ypaBH0HIIIL 
Han6oJiee THITil'IHhle RJiaCchI 11;11<P<PepeHu,naJibHhIX ypaa
neHnii, K K-pbIM np11M0HHIOTCH M0TOAhl o.' CJI0AYIOII.l,IIC. 

1) CTannapTHhl0 CIICT0Mhr B CMhICJie H. H. BoroJiro6oaa 

dx 
dt=µX (x, t, µ), (1) 

rµ,e x, x - BeKTOphI, t - BpCMR, µ - MaJibri'i IIOJIOJHll

TeJlbHbiii napaMeTp. 
2) M Horo11acToTHhl0 aaToHoMHhl0 2:rt-rrepnon1P10cKne 

CIICT0Mbl 

dx ) Tt=ftX(x, y), 

dy )> dt=w(x)+11Y(x, y), 
(2) 

I'A0 x, y, x, y - B0KTOpbl, npnqeM 

X(x, y+(2n\)=X(x, y), Y(x, Y+(2n))==Y(x, y), 

CO (x) - B0KTOp '13CTOT. 
3) MHoro'laCTOTHbl0 neaBTOHOMHhlC cncTeMhI 

~~ =µX (x, y, t), 

~~ =Ctl (x, y, t) + µY (x, y, t). 
(3) 

8M0CTO CI!CT0M (1)-(3) paccMaTplrnaIOTCH «6oJiee rrpoc
Tbl01) ocpeAH0HHbl0 CIICT0MhI 1-ro np116JIHJI\0HIIH: 

(1 ') 

(2') 

(3') 
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rp;e 

Xo (x)= lim +\TX (x, t, 0) dt, (4) 
T ->CIJ j 0 

X1 (x) = ( 2 ~)n ~::rt · · · ~::rt X (x, Y1, ... , Yn) dy1 dyn, 

(5) 
.¥2 (x, Xo, Yo, lo)= 

l . 1 ~t,+TX( ( ) 1m T x, <p x0 , y0 , t 0 , t), t dt. 
T-+ oo. lo 

(6) 

<l>opMyJlhI (4)-(6) Bhrpama10T HaI160Jiee pacnpocTpaHeH
IIbre cxeMhl 0. 

<l>opMyJia (6} BhrpamaeT cxeMy 0. «BAOJlb nopolKAa10mero 
perrreHirn». B qiyHKii;m1 X (x, y, t) Bmnop y crraqaJia 3aMe
HHeTCH nopomua10m11M pernermeM cI1cTeMhr 

dx/dt =0, 
dy/dt=w (x, y, t), 

IIOCJle qero BhlqIICJlHeTCH I!HTerpaJlbIIOe cpeAHee (6). 
Il pI1HIJ;IlnI1aJlbHhlli BOnpoc, K-pbIM B03HIIKaeT npII 3aMe

He CIICTeM ( 1 )-(3), COCTOI!T B TOM, qTo6bI noCTpOIITh e
oii;eHKII AJlH HOpM 

llx(t, ~t)-x(t, µ)II, lly(t, µ)-y(t, µ)II 
Ha B03MOJKHO 60Jib111eM (nopHAKa 1/µ) npmrnmyTKe ape
MeHH, ecJiu 

x {O, p.) = x (O, µ), y (0, µ) =y (0, µ). 

B :3TOM COCTOIIT npo6JleMa o6ocHOBaHHH MeTOAOB 0. ,[(JlH 
CIICTeM (1) npo6JleMa o6ocHOBaHHH MeTOAOB 0. 6bIJla no
CTaBJleHa II peIIIerra H. H. EoroJI106oahlM, pe3yJlhTaThl 
K-poro 3aJlOlKIIJlII OCHOBbl COBpeMeHHOH aJlrOpIITMIIq. Teo
pHII o6hll\IIOBerrHbIX AHqiqiepeHii;HaJlhHhIX ypaaHerr11ii. 

Jium.: (1] BoroJIIOOOB H. H., Ml!ITPOilOJib-
c H l!I l! ID. A., ACl!IMilTOTl!IqecHl!Ie MeTOllhI B Teopl!Il!I ueJil!IHel!HhIX Ro
Jie5aul!Il!, 4 1!!311., M., 1974; (2) Ml!ITponoJibCRl!Il! ID. A. 
MeTOll ycpe11ueHl!IJI B ueJil!IHel!uoll Mexaul!!Re, 1'., 1971; (3) Bo JI o: 
c o B B. M., M o p r y H o B B. II., MeTOll ocpe11ueul!IJI B Teopl!Il!I 
HeJil!IHeil:HbIX HOJieOaTeJibHhlX Cl!ICTeM, M., 1971; [ 4) r p e 5 e H H
H o B E. A., P JI 5 o B ID. A., l\oucTpyRTl!IBHhie MeTOllhI anaJil!I3a 
ueJmuelluh!x Cl!ICTeM~ M., 1979. E. A. I'pe6enuxo6. 

OCTATQqHhln qJIEH p a 3 JI om e H II H qi y HK
ii; II II - aAAIITIIBHOe CJlaraeMoe B qiopMyJle, 3aAa1011i;eii an
llpOKCIIMaIJ;IIIO qiyHKIJ;IIII c n0Momb10 Apyroii, B KaKOM-TO 
cMbICJle 6oJiee npocToii. 0. q. paBeH pa3HoCTII MelKAY 3a
L\amroii qiyIIKIJ;Ileii H qiyHKIJ;HCJf ee annpoKCHMIIpy10ui;eii, 
TOM caMbIM e~o OIJ;CHKa HBJlHeTCH oii;eHKoii TOqHOCTU pac
CMaTpIIBaeMOII annpoKCIIMaIJ;I!H. 

K yKa3aHHhlM qiopMyJlaM OTHOCHTCH qiopMyJlbl nma Teu
JWjla ifjop~iy.n,&i, IIHTepnOJlHIJ;IIOIIHbIX qiopMyJl, acIIMnTO
TIIq, qiopMyJl, qiopMyJl AJlfl npH6JlH)l\eHHoro BblqucJleIIIIH 
Tex IIJlII IIHhlX BeJlHqHH II T. n. TaK, B qiopMyJie TeilJiopa 

'--,n /kl (x ) 
f (x)= L.Jk=o kl o (x-xo)n+o ((x-xo)"), x---+Xo, 

0. q. (B BllAe IleaHO) Ha3. CJlaraeMoe 0 ((x - x 0r). Il pu 
ac11Mn'f0Tllq, pa3Jl01KeIIIIII qiyrrKIJ;IIII 

f (x)=ao+; + ... + ~~ +o( xn1+,), x--..+ oo, 
0. q. HBJlHeTCH o( x,;+l), x -00. B qacTIIOCTII, B Cmup

J!ltll?-a ifjop~iy.n,e, Aa10ui;eii acnM11ToT11q. pa3Jlomeane raMMa
qiyrrKii;nn :JiiJJepa 

f(s+1)=Y2n~(~)8+o C-s/-+), s--.+oo, 
0. '!. HBJlHCTCH 0 (e-sss-'/ 2). JI. lf.. RyapH6'if6. 

OCTPOfPA/];Cl\OfO METO/]; - MeTOA Bhlp;eJieIIIJH aJJ
re6panq. qacn1 y HeonpeAemmrrblx nrrTerpaJJoB OT pa11110-
HaJJbHhIX qiyHKIJ;llM. liyCTb p (x) H Q (x) - MHOfO'lJieHbl c 

AeiicTBHTeJihHhIMll KoaqitfJHIJ;H0HTaMII, npilqeM crnneHh P(:c) 

MeIIbll!e CTeneHII Q (x) II' CJle,IJ;OBaTeJJbHO, ~i~~ -npaBIIJI b

HaH AP06h, 

Q (x) = (x- a1)a.1 ••• (x-a,tr (x2 + Pix+ q1)1l 1 

• .. (x2+ PsX+ qs) 1\ (1) 

a;, Pf' qi - p;eMCTBllTeJlbHhle qHcJia, pJ/4-qj<O, rx; II 
~i - HaTypaJihHble qHcJia, i=1, 2, •.. , r, j=1, 2, •.. , s, 

a.,-1 I 
Qi (x)=(x-a1) . . .

1 
I 

a, -1 Jl,-1 
. .. (x-ar) r (x2 +P1x+q1) l 

ll -1 ( (2) 
... (x2+Psx+qs) s ' I 

Q 2 (x)=(x-a1) ... (x-ar) (x2+p1x+q1) ... J 
... (x2+Psx+qs)· 

TorAa cymeCTBYlOT TaKHe AeMCTBIITeJibHbie MHOfOqJleHhl 
P 1(x) H P 2(x), creneHH K-phlx Merrhrrre cooTBeTCTBeHHO qeM 
crenem1 n1 II n2=r+2s MHoroqJieHoB Q1(x) 11 Q2(x), 'ITO 

I p (x) p I (x) r p 2 (x) 
j Q (x) dx = Q, (x) + j Q,(x) dx. (3) 

BalHHhlM HBJlHeTC.H TO o6CTOHTeJibCTBO, qTO MHoroqJieHhl 
Qi(x) II 02(x) M01KHO HaMTII 6e3 3HaHIIH pa3JlOlHeHllH (1) 
MHoroqJJeHa Q (x) Ha HenpIIBOAI!Mhle MHOlKIITeJJII: MHoro
'lJleH Q1(x) HBJIHeTC.H Ha1160Jlbll!I!M o6ui;nM AeJlHTeJJeM ~IHO
roqJleHa Q (x) II ero npOI13BOAHOM Q' (x) 11 MOJKeT 6bITb noJiy
qeH c nm10mb10 amopIITMa EBKJlIIUa, a Q 2(x)=Q(x)IQ 1(x). 
Koaqiqi11ii;IIeHThl MHoroqJJeHOB P 1(x) 11 P 2(x) MoJKHO Bh1qnc
JlIITh c noMoIJ~hlO 11eonpeae.n,rn11.&1x r;oaifjifiulfuenmoo .1>1emoaa. 
0. M. CBOAIIT, B qacTHOCTII, 3aAaqy I!HTerpIIpOBaHIIH npa
BIIJlbHOii paii;uoHaJlbHOM AP06Ii K 3aAaqe IIIITerp11poBaHHH 
npaBI!JlbHOll paii;IIoHaJlbHOH Apo611, 3IIaMeHaTeJlh K-poii 
IIMeeT npOCThle KOpHII; IIHTerpaJl OT TaKOM qiyHKIJ;IIII BbI
pamaeTC.H qepe3 TpaHcii;eHp;eHTHbJe qiyHKIJ;IIII: JIOrapnqiMbI 
n apKTaHreHch1. CJieAoBaTeJlhHO, paii;IIoHaJibHaH upo6h 
P (x) 
Q'.(x) B qiopMyJie (3) HBJIHeTCH aJJre6panq. qaCTblO ueon-

peAeJleHHoro IIHTerpaJJa ~ ~i:; dx. 

O. M. anepBbre ony6JIIIKoBaH M. B. OcTporpaACKIIM B 
1845 (CM. [ 1]). 

Jium.: [1) 0 c T po r pa 11 c H l!I ll M. B., «Bull. scient. Acad. 
Sci. St.-Pitersbourg», 1845, t. 4, M 10-11, p. 1115-67; M 18-19, 
p. 286-300. JI. lf.. Iiy8pR61{e6. 

OCTPOfPA/];CKOro 4>0PMY JIA - qiopMyJJa 11HTer
paJihHoro IICqIIcJJeIIIIH qiyHKIJ;IIM MHOfIIX nepeMeIIHbIX, ycTa
BaBJlllBa10maH CB.H3h Memp;y n-KpaTHb!M IIHTerpaJJOM .no 
o6JJaCTII H (n-1)-KpaTHhlM 11rrTerpaJioM no ee rpaHIIii;e. 
IlyCTb qiyHKIJ;IIII X;=X;(x1,X2, .. ., Xn) BMeCTe co CBOIIMH 
'laCTHbIMH np0113BOAHbIMI! ax;lax;, i=1, 2, ... , n, llH
TerpHpyeMbl no Jle6ery B orpaHil'leHHoil: o6JiaCTII GcfR.n, 
rpaHHIJ;a aG K-pOM HBJl.HCTCH 06'heAI1HeHI1eM KOHeqnoro 
~momecTBa KycoqHo rnap;KIIX (n-1)-MepHbIX rmrepnoaepx
HocTeil:, op11eHTIIpOBaHHblX c noMombRJ BHeIIIHeil: HopMaJill 
v. TorAa 0. qi. IIMeeT BIIA 

5 5 n ax. .. . ~- ax:- dx1 
G 1=1 1 

dxn= 

EcJIII cos rx;, i=1, 2, ... , u,- HanpaaJimomIIe Ko
cnaycb1 arrernHIIX HopMaJrnii v rIInepnoaepxrrocTeii, co
CTaBJlHIDmIIx rpaHIIIJ;Y ac o6JJaCTll G, TO qiopMyJla (1) 
MomeT 6hlTb 3anncaHa B BlIAe 

S · · · Sa ~n ::'.· dv=S ···Saa~~ Xicosrxida, 
l :::.....1 l i =I 

(2) 
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l'AB dv=dx'l. dxn- 3JieMeHT n-Meprroro 06'1>m1a B Rn, OCI(HJIJIHIJ;IIOHHAH MATPHI(A - BIIOJIII0 IIeOT-
a da - 3JI0M0IIT (n-1)-Meprroro o6'heMa rra iJG. pHIJ,aT0JibIIaH MaTpIIIJ,a A TaKaH, 'ITO cylll,eCTByeT I\eJioe 

B TepMIIrrax B0KToprroro rroJIH a=(X1 , .•. , X,,) qiop- noJioiRHTeJibIIoe qIICJio x, ).(JIH K-poro AX_ arroJirre uoJio-
MyJihl (1) H (2) 03IIa'laJOT paB0HCTBO HIITerpaJia OT iJueep- 1RllT0JibIIaH MaTpHIJ,a; npII 3TOM MaTpHIJ,a A IIa3. B Ii 0 Jl-
2elUfUU 3Toro IIOJIH 110 o6JiaCTJI G ero IIOTOKY (CM. IJomo1> II e II e 0 T pH ll, a Te JI b II 0 ll (B II 0 JI II e II 0 JI () -

Be KT 0 p II 0 r 0 II 0 JI H) 'I0p03 rpaIIIIf\Y o6JiaCTll G: 1R 11 T e JI b II 0 il:), 0CJIH BC0 ee MHIIOpbI JIJ06oro nopH).(Ka 

(' (' (' (' rreoTpIIIJ,aT0JibIIhl (rronomIIT0JibIIhl). HanMeIIbIIJHii II3 no·-
.) · · · .) 0 div adv=.) · · · j aa av da · Ka3aTeJieil: x rra3. 11 o K a 3 a T e JI e M O. M. EcJin A -

)l.JIH rJia).(KHX qiyIIKIJ,IIH o. qi. 6blJia BII0pBb!0 IIOJiy'leIIa 
B TpexMeprroM cJiy'lae M. B. OcTporpa).(CHHM a 1828 
( orry6JI. B 1831, CM. [ 1]). Ha n-HpaTrrble IIIITerpaJihI B r-Jiy
'lae rrpoH3BOJibIIoro rraTypaJibIIoro n O. qi. 6hrna o6o611l,erra 
JIM B 1834 (ony6JI. B 1838, CM. [2)). c IIOMOlll,bIO 3TOR «Pop
MYJihl M. B. OcTporpa).(CKHii rrarneJI Bhlpamerr11e rrpon3-
BO).(IIoli no rrapaMeTpy OT n-HpaTrroro HIITerpaJia c rrepe
MeIIIIhlMII rrp0).(0JiaMH II IIOJIY'IHJI «PopMyJiy )I;JIH BapnaIJ,HH 
n-KpaTIIoro HIITerpaJia; rrpII n=3 ).(JIH O).(rroro 'laCTrroro 
<:Jiy'lafl o. «P· 6blJia noJiy'leIIa K. rayccoM (C. Gauss) 
B 1813, II03TOMY IIIIor11;a o. «P· IIa3. TaK1R0 «P 0 p My JI 0 ii 
O c T p o r p a 11; c H o r o - r a y c c a. 06o611l,errneM 
O. «P· HBJifl0TCfl Cmor;,ca rjfopMy.n.a II;Jifl MIIoroo6pa3HR c 
HpaeM. 

Jlum.: [!] 0 c T po r pa Ac R 11 ll M. B., «Memoires de !'Aca
demic des Sciences de St. Petersbourg. Ser. 6 - Sciences mathe
matiques, physiques et naturelles», 1831, t. 1, p. 117 -22; [2] 
er o me, TaM me, 1838, t. 1, P- 35-58. JI. ,ll.. ffyapR•4e•. 

OCTPOrPA)l.CKoro - JIHYBHJIJIH ~OPMY JIA -
CM. Jluyeu.n.Mi - OcmpozpaiJcr;,ozo rjfopMy.n.a. 

OCI(HJIJIHPYIOmEE PEfilEHHE - TO me, 'ITO KO

;ie6.n.1014eecsi peuienue o6hnrnoaerrrroro 11;n«P«PeperrIJ,naJibIIoro 
ypaBH0HIIH. 

OCI(HJIJIHTOP r APMOHHqECKHA: - CIIcTeMa c 

O)l;IIOll CT0II0Hb!O CB060).(hl, KOJie6aHHfl K-poii OIIHCb!BaJOTCH 

ypaBH0Hll0M BHII;a 

<lla30Bhl0 Tpa01nopHII - OHpymIIOCTII, rrepHOJ( KOJie6a
IIIIH T=2nlw rre 3aBIICHT oT aMnJIIITY)l;b!. IloTeIIIJ,HaJibIIan 
3Hepnrn o. r. KBalI;paTH'lHO 3aBHCIIT OT x: 

U =w2x 2/2. 

IlpnMephl o. r.: MaJibl0 KOJie6aIIHfl MaHTHHKa, KOJie6amrn 
MaT0plrnJibHOii TO'IKH, 3aKp0IIJI0IIHOII Ha rrpym1rne c rroc
TOflIIHOR 1R0CTKOCTbJO, npoCT0llIIIHii 3JI0KTpII'I0CKIIii KoJie-

6aT0JibIIblH KOIITYP· TepMIIHbI «rapMoIIM'leCKII.ii: OCIJ,IIJIJIH
Top» H ((JIJIH0HIIhlll OCIJ,llJIJillTOp» 'laCTO yrroTp06Jil!IOTCH 
KaK CHIIOIIHMbl. 

KoJie6arrII11 KBaIIToBoMexaIIII'lC<:Koro JIIIrrelirroro Ot:IJ,IIJl
JIHTOpa OIIIIChIBaJOTCH ypaBII0Hll0M filpe,a:11rrrepa 

h 2 d'ijJ ( mw'x' ) 
- 2m dx• + E - -2- 'ljl=O. 

311;ecb m - Macca 'laCTIIIJ,hI. E - ee 3IIepnrn, h - rrocTo
HHHafl IlJiaHKa, w - 'laCTOTa. KnaIITOBoMeXaIIII'l0CKIIii 
,1IIIH0HHhlll OCIJ,IIJIJIHTOp IIM00T IJ;llCKp0TIIhlll CII0KTp ypoB
Heii 3II0pl'IIH En=(n+ 1!2)hw, n=O, 1, 2; COOTB0TCTByJO
lll,ll8 co6CTBCIIHhl0 «PYHKIJ,llll BhlpalKaJOTCfl 'lepe3 9pMUma 
ifjyHl>lJUU. 

TepMIIH (<OCD;llJIJiflTOp» YIIOTpe6Jif10TCll no OTHOIII0Hl!JO 
K CIICT0MaM (MeXaHH'l0CKHM HJIJI «PII3ll'l8CKIIM) c KOII0'lIIblM 
'IHCJIOM CT0II0H0H CB060)I;bl, ABU1RCIIHC K-pb!X HOCHT KOJI8-
6aT0JibIIblll xapaKTep (rrarrp., MIIOl'OM0pHb1.ii: JIIIII0HIIbIII 
OCIJ,IIJIJIHTOp - KOJie6amrn MaTepHaJibIIOH TO'IKII, rra
XOAlllll,CllCH B IIOT0IIIJ,llaJibIIOM noJie CIIJI c IIOT0IIIJ,HaJioM, 
K-pb!H HBJIH0TCH IIOJI01RllT0JibIIO orrp0).(0JICIIHOH KBa,a:pa
TH'lHOll «Pop Moll OT KOOplI;IIIIaT, l{CJIIIIIeil.IIblll OCIJ,l!JIJIHTOp 
Barr 11;ep IloJifl, CM. Ban iJep fl Oil.Ji ypaenenue). !lo-BIIIJ;II
MoMy, rre cymecTayeT OII;II03IIa'lIIOl'O TOJIKOBaIIIIH T0pMHIIa 
«OCIJ,JIJIJIHTOJ))) IIJIH AaJKe ((JIHIIciiHhiii OCIJ,llJIJIHTop•>. 

Jium.: [1] Ma HA c JJ b w Ta M JI. M., .ne1u11111 no Teop1rn 
l'DJICOaHllfl, M., 1972; [2] JI a HA a y JI. Ji:-, JI H fl w" 11 E. M., 
KHaHTOBan Mexamrna_ Hepcm1THBHCTCHaH TeopHH, 3 H3A., M., 
IU74 (Teopen1'1ccHaH l)JHJ111<a, T. 3). M. B. <Peaopl<JI;. 

o. M. c IIOKa3aT0JI0M x, TO rrpII JIJ06oM IJ,0JIOM k~x MaT
pHIJ,a A k BIIOJIII0 llOJI01RllT0JibIIa; IIaTypaJibIIaH CT0110Hh 
o. M. II MaTpHIJ,a (A +)- 1 -TaK1R0 o. M. )l.JIH Toro 'IT06hl 

BllOJIH0 rreOTpHIJ,aT0JibIIaH MaTpHIJ,a A= lla;1il17 6h1Jia O. M • .? 
rreo6xo).(IIMo II AOCTaTo'lIIO, 'IT06hl: 1) A 6blJia rreoco6errrron 

MaTpHIJ,0H, 2) npII i=1, .. . , n 6bIJIO Bb!IIOJIII0IIO lli, ;+1>0, 
a;+i, ;>O. n 

OcrroarraH TeopeMa ).(JIH O. M.: O. M. A= lla;1illi scema 
IIM00T n pa3JIH'lHbIX llOJI01RllT0JibIIhlX co6CTB0IIIIbIX 3IIa
'l0HJIH; y co6CTB0IIHOI'O B0KTopa u1 , OTB0'laJOlll,01'0 rran-
6oJibJJ10My co6cTaerrrroMy 3IIa'l0IIIIJO A.1 , ace Koop).(IIIIaThI 
OTJill'lIIbI OT IIYJIH II O).(IIOI'O 3IIaKa; y co6CTB0HIIoro BeR
Topa us, COOTB0TCTByJOmero s-My no B0JIH'll!H0 co6CTB0II
IIOMY 3IIa'leIIIIJO As, IIM00TCH TO'IIIO s-1 rrepeMeH 3IIaKa; 

rrpH JIJ06hIX ).(0HCTBHT0JibIIhlX 'll!CJiaX Cg, Cg+i.· •• , ch, 1..;;:: 

-s;;;;;,g_,,;.h_,,;.n, ~;~g c~>O, B pHAY KoopAHHaT aeKTopa 

u= ~;~gc,,uk 'll!CJIO rrep0M0II 3HaKa 3aKJIJO'la0TCH M01RJlY 

g-1 II h-1. 
Jium. [1] r a tt TM a x e p <I>. P., Hp e ii H M. r., Oc1111JIJIFI-

1111ottttbie MaTPllI1bl II JIApa II MaJihie IWJie6aHllJI Mexatt11'1eCRllX CllC-
TeM, 2 113A., M.- JI., 1950. B . .H. JIOM01WC06. 

OCI(HJIJIHI(HOHHOE )l.H~~EPEHI(HAJibHOE 
Y P ABHEHHE 06hIKIIoserrrroe AIIqiqiepeHIJ,IIaJibHOe 

ypaBH0HII0, o6Jia).(aIOmee XOTH 6bl O).(IIIIM OCIJ,IIJIJIHIJ,MOH
IIbIM (KOJI06JIIOJll,HMCH) p0III0IIII0M. J1.M0JOTCH pa3Jill'lIIbHl 
IIOHHTIIH OCIJ,IIJIJIHIJ,MOHHOCTH p0III0IIIIH. HaII60JI000 pac
rrpoCTpaH0IIbl CJI0AY!Olll,II0: OCIJ,MJIJIHIJ,HOHIIOCTb B TO'IIW 
(B Ka'l0CTB0 K-poil:, KaH rrpaBIIJJO, 6epeTCH + OC>) M OCIJ,JIJl
JIHIJ,MOIIIIOCTb B rrpoMemyTKe. HerryJienoe peIIIerrne ypaa

rreIIHH 

u<nl=f(t, u, u', ... , u<n-1>), n~2, (1) 

r,a:e f (t, 0, ... , 0)=0, rra3. o c IJ, 11 JI JI H I\ no rr II bl M a 
T 0 'I K e + 00 (B II p 0 M e 1R y T K e /), 0CJIJI OIIO HM80T 
IIOCJI01I;OBaT0JibIIOCTb rryJieii, CXOJ(Hlll,yIOCfl K + 00 (COOT
BCTCTBCIIIIO JIMCCT B I rre Merree n rryJieil: c Y'leTOM JIX KpaT
IIOCTH). 0CIJ,llJIJil!IJ,llOHIIOCTb ypaBII0IIllfl (1) B + 00 HJili 
B rrpoM01RYTK0 I IIOHIIMaeTCH B COOTBCTCTBYJOII\0M CMbJCJI0. 

Cpe,a:II ocIJ,IIJIJIHIJ,IIOHHbIX B + oo ypanrrerruii BbIJ(0JIRJOT 
ypanlleHIIfl, 06na,a:arom11e T. rr. cnol1CTBaM11 A IIJIII B, 
T. e. B onpe11;eJI0IIHOM CMb!CJJ0 CXO)l;IIblC c O).(IIllM 113 ypaB-

II0IIHI! 
u<n> = - u IIJIU u<ri> = u. 

n pII 3ToM ypaarrerr11e ( 1) o 6 JI a A a e T c a o 11 c T B o M 
A, eCJIH Kam,a:oe ero pernerr11e, 3a).(arrrroe B oKpeCTHOCTll 
+ 00, rrp11 'l0TIIOM n HBJIHCTCJI OCIJ,HJIJiflll,llOIIIIblM, a rrp11 
rre'l0THOM n - JIII6o ocu;nJIJIHIJ,IIOHHb!M, JI1160 y,a:oBJI0TBo

pHIOJll,IIM yCJIOBIIIO 

Jim u<i-l>(t)=O, i=1, ... , n. (2) 
t~+rlJ 

EcJIH me Kam)loe pernerr11e ypanrreIIIIfl (1), 3a,a:arrrroe B oK
peCTHOCTII + 00, rrpu '10TIIOM n HBJIJl0TCH JIH60 OCIJ,HJIJI H

ll;llOHHblM, JIII6o YAOBJI0TBopHIOJll,IIM ycJioBIIJO 12) HJIII 

lim luU- 1l(t)l=+oo, i=1, ... , n, (3) 
I->-+ oo 

a rrpII H0'l0TIIOM n - m160 OCIJ,11JIJIHIJ,l!OIIIIbIM, m160 YAOB
JI0TBOpH!Olll,llM ycJJOBl!IO (3), TO OHO 0 6 JI all a e T c B 0 ll
C TB 0 MB. 

J1urrelrnoo ypaaHemie 

u<"'=a (I) u (4) 
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c JIOKaJlbHO cyMMHpyeMhlM Koa.il>.il>nu;HeHTOM a : [to' + 00 )
-IR o6JiaAaeT CBOHCTBOM A (cBoii:cTBoM B), ec.rru 

a (t) ~O [a (t) ~ O] npn t ~ t0 , 

\ +"' tn-1-el a (t) I di=+ oo, 
v lo 

a(t',.;::µn-e [a(t)> vn+e] , --== tn ::.-- tn 

IIpII f;;,.10, f/J.e E >0, a µn- IIaHMeHbITIHH (vn- IIaH-
6oJlbillHl1) 113 JlOKaJlbHhlX MlllIHMYMOB (MaKCllMY~!OB) MHO
roqJleHa x(x-1) . . . (x-n+1) (CM. [1] - (5)). 

YpaBIIemie TIIIrn 8MAeIIa - <l>ayJiepa 

u<n>=a (t) I u !'-sign u (A,> 0, A, j: 1) (5) 

c JlOKaJlblIO cyMMnpyeMb!M HCJIOJlOIBHTeJlbHhlM (HeOTpH
u;aTeJlbHbIM) Koaqiqi11u;IIeIITOM a : [t0, + oo )-IR o6JiaAaeT 

CBOIICTBOM A (CBOilcTBOM B) TOfAa ll TOJlbKO TOf/J.a, Kon~a 

~ +"' 
lo 

tµ/a(t)/dt=+oo, 

rAe µ=min{n-1, (n-1)/.,} (cM. (4), [6], [7]). 
B pHAe cJiyqaeB Borrpoc 06 ocu;11JIJIHI1,llOIIIIOCTI! ypaB

HeHHH (1) MOIBIIO CBeCTl!I K aHaJlOflilqHoMy BOIIpocy AJlH 
3TaJIOHHbIX ypaBHeHlilll Bli!Aa (4) II (5) c IIOMOil\blO TeopeM 
cpaBHeHllH (cM. (11)). 

II p11 n3yqemm ocu;11.r1JIHu;110IIHhIX CBoiicTB ypaBHemiii c 
OTKJlOHHIOID;liIMCH apryMeIITOM rrpOHBJlHIOTCH HeK-pb!e crre
u;11qin<1, oco6eHHOCTII. Harrp., ecJil!I n neqeTHo, 8 > 0 II AJIH 
6oJibITII!X t co6JIIOAaeTCH HepaBeHCTBO 

a ( t) ~ a0 < - n ! 8 - ", 

To Bee nenyJieBhie perneHHH ypaBHeHIIH 

u<n> (t) =a (t) u (t-8) 

HBJlHIOTCH OCI1,l!JlJlHI1,l!OHHb!Mll B + 00 (CM. ( 10), [ 11 )). 
B To me BpeMH rrpl!I HerroJiomnTeJlbHOM a II JieqeTHOM n 
ypaBHeHIIe 6e3 3aIIa3AhIBaHllH (4) BcerAa nMeeT HeOCI1,IIJl
JIHIJ,liIOHHOe perneHl!Ie. 

IJoHHTlIH OCI1,llJlJIHIVIOHHOCTll 11 HeOCI1,llJ1JlHI1,HOHHOCTH 
B npoMeIByTKe 1rnyqa10TCH B OCHOBllOM AJIH mrnei:°iHhlX O/J.
HOpOAHbIX ypaBHeHHil:. 0HH I!Me!OT qiyHAaMeHTaJlbHOe 
3HaqeHIIe llJIH Teopmi: KpaeBhlX 3aAaq (cM. (12)). 

Jlum.: [1] Kneser A., «Math. Ann.», 1893, Bd 42, S. 409-
435; [2] Mikus ins k i J. G., «Colloq. Math.», 1949, v. 2, p. 
34-39; [3] R 0 H )'.Ip a Tb e B B. A., «Tp. MocK. MaTeM. 06-Ba>>, 
1961, T. 10, c. 419-36; [4] R II'. r y pa )'.13 c IL T., «MaTeM. c6.1>, 
1964, T. 65, No 2, C. 172-87; (5] q a HT y p II'. H T. A., «lI3B. AH 
CCCP. Cep. MaTeM.l>, 1976, T. 40, M 5, c. 1128-42; [6] Lick 0 I., 
Svec M., «qexocJI. MaTeM. m.1>, 1963, T. 13, c. 481-91; (7] Ru
r y pa )'.13 e IL T., «Arch. Math.1>, 1978, v. 14, .Ni> 1, p. 21-44; 
[8] S w an s o n C. A., Comparison and oscillation theory of li
near differential equations, N. Y.- L., 1968; [9] X a p T
M a H ell .• 06b!KHOBeHHhle )'.IHQJQJepeHI.{HaJibHble ypaBHeHHH, nep. c 
aHrJI., M., 1970; [10] M him Kn c A. ,[(., JiuHefiHhle 11uQiljJepem-1H
aJihHLJe y_JJasHeHHH c 3anaa)'.lh!BaIOI11HM aprYMeHTOM, 2 H3)'.I., M., 
1972; [111 R 0 n JI a Ta )'.I 3 e P. r., q a HT y pH HT. A., 06 oc
~HQIIOHHhlX CBOllcTBax )'.IHQJQJepeHl\HaJibHhlX ypasHeHl'lll c OTKJIO
HHIO~MCH aprYMeHTOM, T6., 1977; [12] JI e B H HA. IO., «YcnexH 
MaTeM. Haym>, 1969, T. 24, B. 2, c. 43-96. H. T. Huzypaaae. 

OCI(IIJIJIHI(llOHHOE H,[J;PO - qiyHKI1,liIH K (x, s), 
a.,,;;;.x, s.,,;;;.b, TaKaH, qTo AJlH Jll06hlx ToqeK X1, •.. , XnE 
Ela, b], cpeAII K-phlx (rrpn n=2) IIMeeTCH no Kpaiirreii: 

Mepe O/J.Ha BHyTpeHHHH, MaTp11u;a llK (x;, xk) 117 HBJIReTCH 
OClfU.lt.i!SllfUOl{,l{,QU .Mampulfeii. B. lf, JlOJ.WUOC06. 

n-OT,[J;EJlllMAH fPYIIIIA - rpyrma, y K-poii: cpeAH 
pa3JIIIqHhlX rrpoCThlX AeJIIITeJieII KaIBAOro li!H/J;eKCa ee KOM
TI031IIJ;IIOHHOro PHAa COAepIBl!ITCH He 60J1ee O/J.HOfO rrpOCTO
ro 'IIICJia 113 ;n: (:n: - HeK-poe MHO)ReCTBO npoCThlX qnceJI). 
RJiacc :n:-0. r. coAepmnT KJiacc :n:-paapeUtu.MbtX zpynn. 
,JJ;JIH KoHeqHbIX :n:-0. r. ycTaHoBJieHa crrpaBep;mrnoCTb 
:n:-cuJioBCKHX CBoiiCTJJ (cM. [ 1]). lfMenHo, AJIH mo6oro 
r.momeCTBa n1=n KoHe'!HaH :n-0. r. G coAepmuT :rti
XoJIJIOBCKYIO IIOArpyrrrry ll Jtl06ble ABC :rt1-XOJIJIOBCK11e 

rroArpyrrrrhl conpHmeHhl B G. JIIo6aH :n:1-rronrpYIIIIa :n:-0. r. 
G coAepmIITCH B HeK-porr :ni-xoJIJioBCKoiI rroArpymrn 
rpyrrrrhl G (cM. (2)). 

Jlum.: [1] q y HI'! x II'. H c. A., «,[(OKJI. AH CCCP1>, 1948, T. 59, 
M 3, c. 443-45; [2] Ha 11 P., «Proc. London Math. Soc.», 1956, 
v. 6, M 22, p. 286-304. C. II. Cmpymw•. 

OT,[J;EJllIMOE IIOIIOJIHEHIIE KOJihI(A - IIOIIOJl
HeHHe TOJIOJlOrllq, KOJlbI1,a Alo, rAe A - TOIIOJlOrII'I. 
KOJlhI1,0, a o - 3aMhlKaHHe B A IIyJieBoro llAeaJia o. 
o. TI. K. CHOBa HBJlHeTCH TOJIOJior11q, KOJlbIJ;OM H o6oaHa

qaeTCH o6hlqHo A. BcHKllH HerrpepbIBHhlii roMoMopqiH3M 
KOJlhn;a A B rroJIHoe OTAeJIIIMoe KOJlbI1,0 B eAIIHCTBeIIHhlM 
o6pa30M IlPOAOJlmaeTCH AO HerrpephlBHOro roM0Mopqi113Ma 

.A-B. 
B HaH6oJiee Ball\HOM CJlyqae, KOrAa TOIIOJlOfHH KOJibD;a 

A JlIIHeii:Ha II 3aAaeTCH qiyIIAaMeHTaJlbHOII CIICTeMoii IIAea-

JIOB (!lfa ) J.. EA, oTp;eJIHMoe rrorroJinemrn A KaHom1qecK11 

OT01R/J.0CTBJ1HeTCH c rrpoeKTHBHbIM npeAeJIOM lim (A l!lfa) 
J..EA 

/J.llCKpeTHhIX KOJien; A !Wt.. AuaJiorIIqHo ycrpoeHo OTAe
JI11Moe IIOTIOJIHeHIIe MOAYJieii:. B. H . .aall1M06. 

OT,[J;EJIHMOCTII AKCIIOMA - ycJIOBHe, HaJiaraeMoe 
rra TorroJiornq. npocTpaHCTBO Ii! Bhlpama10iu;ee Tpe60Barr11e, 
'IT06bl Te IIJIH li!Hhle /J.M3'blOHKTHhle, T. e. He IIMelOiu;llC 
0611\HX ToqeK, MHOIB0CTBa 6hlJllI B HeK-pOM orrpen;eJieHHOM 
CMhlCJle TOIIOJloruqecmi OTAeJleHbI APYf OT Apyra. Ilpo
CTCHITil!Ie, T. e. caMhle cJia6bie H3 3TIIX aKcMoM, KacaIDTCH 
JIHillb O/J.HOToqeqHhlX MHOIBeCTB, T. e. ToqeK rrpoCTpaHCTBa. 
:Cho T. H. aKCIIOMhI T 0 (a K c II o M a R o JI M o r o p o B a) 
n T 1• IJ:aJibHeiimIIe cyTb T 2 (a Kc Ii! o Ma X a y c Ao p
qi a), T 3 (aKc110Ma peryJIHpHOCTH)H T4 (aK
c II 0 Ma H 0 p Ma Jl b H 0 c T II), Tpe6yID!l\He, COOTB0TCTBeH
HO, qTo6hl BCHKl!Ie ABe pa3JIMqHbie TOqKH (aKCllOMa T2), 
BCHKaH ToqKa II BCHKoe He CO/J.epmaiu;ee ee 3aMKHyToe MHU
meCTBo(aKCMOMa Ta)' BCHK110 ABa ,[llI3'blOIIKTHbie 3aMKHYTbie 
MHomeCTBa (aKcl!IoMa T4 ) 6hlJIH OTAeJIIIMhl 0KpecTHOCTHM11, 
T. e. CO/J.epIBaJIIICb B /J.lil3'bIOHKTHbIX OTKpb!TbIX MHO)ReCT
BaX Aanrroro npocTparrcTBa. 

TorroJiornq, npocTpaHCTBo, YAOBJleTBopHIOiu;ee aKciloMe 
T;,i=2, 3, 4, Ha3. T1-n po c T pa H c TB o M, T 2-rrpo
CTpaHCTBO rra3. x a y c A o p «I> o B hi M, a T 3-npocTpaH
CTBO - p e r y Jl H p H hi M; xaycAopqioBO T 4-IIpOCTpaH
CTBO BcerAa peryJIHpHO II Ha3. H 0 p M a JI b II hi M. 

Oco6oe MeCTO 3aHIIMaeT T. H. qi y H K a; H 0 H a JI b H a H 
0 T A e Jl II M 0 c T b. IJ:Ba MHOIBeCTBa A II B B AaHHOM 
TOIIOJlOrnq. npocTpaHCTBe x Ha3. qi y H K I1, II 0 H a JI b
H 0 0 T A e JI Ii! M hi M Ii! B x' eCJIH cylI1,eCTByeT TaKaH 
onpeAeJieHHaH BO BCeM rrpocTpaHCTBe AeHCTBBT0JibHaH 
orpaH~eHHaH Herrpepb!BHaH qiyHKIJ;HH /, K-paH npIIHlil
MaeT BO BCeX TOqKaX MHomeCTBa A OAHO 3HaqeHIIe a, a 
BO BCeX TOqKaX MHomecTBa B - HeK-poe OTJlIIqHoe OT a 
3HaqeJIIIe b. IlpII 3TOM BcerAa MO)RHO npeAIIOJlOIBBTb, 'ITU 
a=O, b=1, 0.,,;;;.f(x).,,;;;.1 BO Bcex TOqKax xEX. 

,JJ;Ba qiyaKIJ;li!OHaJlbHO OTAeJll!IMbIX MHOIBeCTBa BcerAa 
OTAeJlIIMhl II OKpeCTHOCTHMII, o6paTHoe yTBepmAeHIIe 
BepHo He BCerAa. 0AHaKo li!MeeT MeCTO JI e MM a y p bl
c 0 H a: B HOpMaJibHOM npoCTpaHCTBe BCHKlle ABa /J.113'blOH
KTHhle 3aMKHYThle MHOll\CCTBa qiyHKIJ;liIOHaJlbHO OTAeJillMbI. 
IIpocTpaHCTBO, B K-poM BCHKaH TOqKa qiyHKIJ;llOHaJlbHO OT
AeJll!IMa oT BCHKoro He CoAepmamero ee 3aMKHyToro MHo
mecTBa, Ha3. B rr o JI H e p e r y JI H p H hi M. BnoJine 
peryJIHpHoe TrnpoCTpaHCTBO Ha3. TH x 0 H 0 B c K Ii! M. 

Jlum.: [1] A JI e Kc a H )'.Ip 0 B TI. c., BBe)'.leHHe B TCOPHIO MHO-
mecTB H 06Il\YIO TOIIOJIOrmo, M .• 1977. B. H. 3aii.w•. 

OT,[J;EJIIIMOCTh MHOiKECTB - 0/J.HO II3 OCHOBHhlX 
IIOIIHTIIll AeCKpllIITl!IBHOH TeopnII MHOIBeCTB (BBC)l:eHHOe 
H. H. Jly3lIHhIM [1]). CJiyIBIIT BaIBHhIM HHCTpyMeHToM 
AJIH li!CCJleAOBaHHH AeCKpIIIITl!IBHOl! rrp11pop;h1 MHOIBeCTB. 
foBopHT, qTo ~rnomeCTBa A Ii! A' o T A e JI Ii! M bl rrpu 
IIOMOID;ll MHO)l{eCTB, OOJiap;aIOII\llX CBoiiCTBaMH p, eCJIII 
cymecTDylOT o6JiaAaIDmne CBoii:CTBOM P MHomecTBa B n 
B' TaKHe, qTQ AcB, A'cB', nnB'=</J. 
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0CHOBOIIOJiararo~e peayJibT8Thl IIO OT)l;0JIHMOCTH 11p:u
H8,1J;JieJKaT H. H. Jlya:uHy :u IT. C. Hosm<osy. B naJibHeii:
IIIeM He TOJibKO IIOHBHJIHCb MHorO'lHCJieHHble Bap:uaHTbl 
TeopeM OT)l;0JIHMOCTH, HO H CaMo IIOHHTHe o. M. 6blJIO 0606-
Il(eHo H noJiyqHJIO HOBble !}JopMbl. OiJ;HO H3 TaKHX o6o6m;e
RHH csHaaHo co cJie11;y10m;eii: T e o p e M o ii: H o B :u K o
B a [2]: nyCTb {An} - nocJie)l;oBaTeJibHOCTb A-M1wJ1Cecme 
nOJIHoro cenapa6eJibHoro MeTpH'l. npocTpaHCTBa TaKaH, 
'ITO n ;=1A n= <{>, TOr}J;a Cym.eCTByeT IIOCJI0)l;OB8T0Jib
HOCTb {Bn} 6ope.~e6Cl>UX Jll,llOJICecmB TaKaH, 'ITO Ar1CBn, 
n;;;:;,1, H n n= 1B n= <{>. 8Ta TeopeMa H paaJIH'IHble ee BB
p:uaHThl H o6o6m;eHHH IIOJIY'IHJIH Ha3B8HHe T e 0 p e M 
K p a T H 0 H (HJIH 0 6 0 6 m; e H H 0 ii:) 0 T A e JI H M 0-
c TH. 

KJiaCCll'I. peayJib'l'aThl OTHOCHTCH K MHO)l(eCTBaM, Jie
JKam;HM B IJOJIHblX ceuapa6eJibHLIX MeTpH'I. upoCTpaHCTBax. 
B xaycnop!}JonoM IIpocTpaHCTBe X: 1) nna HenepeceKaIO
m;:uxcH aHBJIHTH'I. MHOJK0CTB8 OT,IJ;eJIHMbl 6opeJieBCKHMH 
MHOJKeCTBaMn, nopOlK,!l;eHHbIMH CHCTeMoii: G OTKphlThIX 
MHoJKeCTB noro npocTpaHCTBa [3] (ecJI:u X - Yphlcona 
npocmpancmeo, TO «G OTKphITblX» MOJKHO 3aMeHHTb Ha «F 
aaMKHYThlx»; B xaycnop!}JonoM npocTpaHCTBe aToro cne
JiaTb, noo6m;e ronopH, HeJibaH [4]); 2) nycTb ;Jt - HeK-paH 
c:ucTeMa A-MHomecTB, nopolR,!l;eHHbIX cncreMoi1 F; ecJin 
.4 ecTb A-MHomecTBo, nopomneeeoe cncTeMoii ;Jt, n 
B - aHaJIIITH'I. MHOJKeCTBO, A nB= <f>, TO cym;ecTnyeT 
6opeJieBCKOe MHOiKeCTBO c, nopo)l(,IJ;eHHoe CHCTeMoil ;Jt, 
TaKoe, 'ITO Ace, cnB=<f> (CM. [5)). 

B OTJIH'!He OT 3THX (n npyr:e:x) napnaHTOB nepnoro np:uH
u;:una OT,IJ;eJIHMOCTH MHor:ue !}JopMyJI:upoBKll BToporo npnH
u;nna OT}J;eJIHMOCTH He 3aBHCHT OT TOIIOJior:un npocTpaH
CTBa, B K-poM nemaT paccMaTp:unaeMhle MHomecTna. OnHa 
H3 HHX [6]: nyCTb CHCTeMa ;Jt 110,IJ;MHOmeCTB ,IJ;aHHoro MHO
mecTBa aaMKHyTa OTHocnTeJibHo onepau;:e:n nepexona K 
,!l;OIIOJIHeHHIO H conepiKHT <P; nyCTb {An} - 11ponaBOJlbH8H 
nocJie,IJ;oBaTeJibHOCTb CA-MnoJ1Cecme, nopoiK,!l;eHHhlX c:ucTe
Moii: ;?(; Torna cym;ecTByeT nocJie}J;OBaTeJibHOCTb {C n} 
no11apeo HenepeceKarom;nxcH CA-MeomecTB, nopomp;eH-
HhIX CHCTeMoH ;Jt, TaKaH, 'ITO CnCAn, n;;;;;,1, n U;7=1C1 = 
= U ;7=1A n (6oJiee TO'IHO, 3TO - onea na !}JopMynnpo~oK 
npl!HD;MIIa jle,!l;yKu;n:u, CM. [7)). 

Jlum.: [lfJI ya H H H. H., Coop. CO'!., T. 2,. M. 1958; [2] Ho
n HK 0 n rr. c., «l(OKJI. AH CCCP», 1934, T. 3 LT. 4l, M 3, c. H5-
148; [3] Fro Ii k Z., «Czechosl. Math. J.>>, 1970 v. 20 p. 406-67· 
[4] 0 st as z cw ski A. I., «Proc. London Math. 'soc.», 1973; 
v. 27, Ne 4, p. 649-66; [5] Rogers C. A., «J. London Math. 
Soc.», 1971, v. 3, M 1, p. 103-08; [6] er o m c, TaM me 1973 
v. 6, No 3, p. 491-503; (7] R y p a T 0 B c K H l! R., Tono'.rromfl: 
[nep. c aHrJI.], T. 1, M., 1966. A. r. E.1t11nun. 

OTKOCA JUIHH.fl - KpnnaH, KacaTeJibHaH K K-poii: 
o6paayeT IIOCTOHHHhIH yroJI c HeK-phlM ee:uaMeHHblM ua-
11paBJICHHeM. Ilp:uMep: BHHTOBaH JIHHHH. 0THomeeue Kpy
'leHHH o. JI. K KpHBH3He o. JI, ITOCTOHHHO. C!}Jep:n'I. HHAM
KaTpnca KaCaTeJibHbIX K o. JI. JlBJIHeTCH OKpymeoCTblO. 
Ecmt r=r (s) - ecTeCTBeHHaH napaMeTpnaan;:e:.a O. JI., 
TO (rll, rill, rlV)=O (cM. [2)). 8BOJIIOTLI IlJIOCKOH KPHBoiiy 
HBJIHIOTCH o. JI., KaCaTeJibHhle K K-phIM HaKJIOHeHbl K 
ITJIOCKOCTH KpHBOH '\' non IIOCTOJIHHbIM YrJIOM (CM. [ 1)). 
,Un.a BCHKOH o. JI. cym;ecTByeT HeITO,IJ;BH)l(HO CBH3aHHhIH c 
ee conyTCTBYIOITJ;llll TpH3)lpOM KOHyc, BepnmHa K-poro 
JielliHT Ha Rpll:BOH, a o6paayrom;:e:e OllHCbIBaIOT paaBepTbI
BaIOm;MeCJl nonepXHOCTH. 

Jlum.: [1] B JI fl m Ke B., ;rJ;ml11!1epem:~HaJihHaH reoMeTpHH H 
reoMeTPH'!eCKHe OCHOBLI TeOPHH OTHOCHT0JibHOCTH BitHWTelhia, rrep. 
c HeM., T. 1, M.- JI., 1935; [2] Forsyth A. R., Lectures on 
the differential geometry of curves and surfaces, Camb., 1912 · [3] 
App e 11 P., «Arch. Math. Phys.», 1879, Bd 64, No 1, S. 19--'-23. 

E. B. munun. 

OTKPLITOE MHOrOOBPA3HE - MHoroo6paane, He 
HMerom;ee KOMIIaKTHhIX KOMIIOHeHT, T. e. He HBJIHIOm;eec.a 
aaM1>1tymhl.1£ Mnozoo6paaue.111. M. H. Boii.1.1exoecnuii. 

OTKPbITOE MHOiKECTBO T o n o JI o r II 'I e c K o r o 
n p 0 c T p a H c T B a - 3JieMeHT TOIIOJIOrHH ;JToro npo
CTpaHCTBa. Ilop;po6Hee, nyCTb TOIIOJIOrHH "t TOlIOJIOrH'I. 

npocTpaHCTBa (X, 1:) 011pe,1J;eJIJ10TCH KaK TaKaJI CUCTeMa 
1: nonMBoJKeCTB MHoJKeCTBa X, '!To: 1) XE i:, <f> E._~, 
2) ecJin O;Ei:, i=1, 2, T001n02Ei:, 3) ecJinOa.Ei:, a.EW, 
TO u {Oa., a.E ~}Ei:; Torna 0 T K p bl T bl M H MB 0 -
lR e c T B a M II B IIpOCTpaHCTDe ( x, 1:) C'IHTBIOTCH :me
MeHThl TOITOJiornn 1: H TOJibKO OHH. B. A. 1Iac1>1K?C0". 

OTKPLITOE OTO BP AlKEHHE - oT06pameH:ue OA
Horo TononorH'I. npocTpaHCTBa B 11;pyroe, np:u K-poM o6paa 
KalK)l;Oro OTKphITOro MHOJKeCTBa OTKphIT. 

IlpoeKTUpoBaHHe TOIIOJIOrH'l. 11ponaBe,1J;eHHH Ha co
MHOJKHTeJin-0. o. OTKpbITOCTb OTo6paJKeHHH MOJKHO TOJI
KOBaTb KaK BHll; HenpephlBHOCTH o6paTHOro K HeMy MHO
roaHa'IHOro oTo6paJKeHnH. BaanMHo o)l;HoaHa'IHOe nenpephl
BHoe o. o. HB-ZOMeOMOprf!ua.111. B o6m;eii: TOIIOJIOrHH o. o. 
npnMeH.aIOTCH np:u KJiaccn!}!:e:Kau;n:u npocTpaHCTB. Bameu 
BOilpOC 0 IIOBe,IJ;eHHH TOIIOJIOrH'I. UHBapnaHTOB IIplll Ue
npephlBHhIX O. o. Bee npocTpaHCTBa c nepnoif aKcHoMoli 
C'leTHOCTH H TOJibKO OHH HBJIHIOTCH o6paaaMH MeTpll.'1. 
npocTpaHCTB npn eenpepbIBHhIX O. o. MeTpnayeMoe npo
CTpaHCTBO, HBJIJIIOIII;eecH o6paaoM IIOJIHOro MeTpH'I. npo
CTpaHCTBa 11pn HenpepbIBHOM o. o., MeTpnayeMo IIOJIHoii 
1110TpnKoii:. Ecnn napaKoM11aKT HBJIHeTCH o6paaoM 110JI
Horo MeTpH'I. 11pocTpaHCTBa npn He11pephlBHOM 0. o.' 
TO oH MerpnayeM. C'leTHOKpaTHoe HenpephIBHoe 0. o. 
KOMIIaKTOB He IIOBhIIIIaeT paaMepHOCTH. Ho TpexMep
HhIH Ry6 MomHO He11pephIBHO H OTKphITO OTo6pa3HTb Ha 
Ky6 nro6oii: 60Jibmeii paaMepHOCTn. Ka)l(,IJ;hlii 6nKoMnaKT 
HBJI.HeTCH o6paaoM HeKoero O,IJ;HOMepHoro 6nKOMIIaKTa 
np:u HenpepbIBHOM O. o. c HYJibMepHhIMH npoo6paaaMn 
TO'leK. 

CaMocToHTeJibHoe aHa'leHne nMeroT HeupephIBHble 0. o., 
np:u K-pbIX npoo6paahl ncex T01I0K 6HKOMIIaKTHhI,- T. H. 
OTKphIThle 6HROMIIaKTHhle OT06pame
H H H. IlpocTpaHCTBa c paBHOMepHoi1 6aaoii: H TOJlbKO 
OHH HBJIHIOTCH o6paaaMH MeTpH'I. npocTpaHCTB np:e: 6H
KOMIIaKTHhIX o. o. BamHhl aa!llKHYThle HenpepbIBHhle o. o. 
TaKOBhl nee HenpepbIBHhle O. o. 6nKoM11aKTOB B xaycnop
!}Jonbl npocrpaHCTBa. HenpephlBHble aaMKHYThle O. o. 
coxpaHJIIOT MeTpRayeMOCTb. o. o. c ,IJ;HCKpeTHhlMH 11poo6-
paaaMH TO'leK nrpaIOT cym;ecTBeHHYIO pOJib B Teop:un 
!}JyHKD;HH OAHOro KOMIIJieKCHoro nepeMeHHoro: TaKOBhl 
nee roJioMop!}!Hhle B o6nacT:u !}!yHK~nn. TeopeMa 06 oT
KphITOCTM roJioMop!}!HhIX !}JyHKu;nil: :urpaeT ~eHTpaJibHYIO 
poJib npn AOKaaaTeJibCTBe npnH~nna MaKcnMyMa MO,!J;YJIH, 
11pn ,!l;OKaaaTeJibCTBe !}JyHAaMeHTaJibHOi'I TeopeMhl 0 cy
m;ecTBOBaHHH KopHH y npoH3BOJlbHOrO HeIIOCTOHHHoro 
MHOrO'IJieHa Ha}); noJieM KOMIIJieKCHbIX 'IUCeJI. 

Jlum.: [1] Ry pa T 0 B c K H tt R .. TOIIOJIOl'Hll, [nep. c aHrJI.1, 
T. 1-2, M., 1966-69; [2] Re JI )I; LI m J[. B., B KH.: Tp. 3 Bceco
J03HOl'O MaTeMaTH'!eCKOro C'bea)J;a, T. 3, M., 19.58, c. 368-72; [3] 
c T 0 H JI 0 B c .. TeopHll lfJYHKqHll KOMIIJieKCHOro nepeMCHHOrO, 
rrcp. c PYM., T. 1, M., 1962. A. B. Apxan2e.1t~cnuii.. 

OTKPbITOE OTOBPAiKEHHE, Teo p e 111 a o 6 o T
R p hi T 0 M 0 T 0 6 p a m e H H n: Jll!HeHHbIH HenpephIB
HbIH 011epaTop A , oTo6paJKarom;nfi: 6aHaxono npocTpaHCTBO 
x Ha nee 6aHaXOBO npocTpaHCTBO y, HBJIHCTCH OTKphITbil\1 
oT06pameHU0M, T. e. A (G) OTKP&ITO B Y AJIH n106oro G, 
oTKpbIToro B X; p;oKaaaHa C. EaHaxoM (S. Banaeh). B 
'laCTHOCTH, uenpephIBHhIH mrneiiHhIH onepaTOp A, oTo6pa
JKarom;nii: B3aHMHO O)l;H03Ha'IHO 6aHaXOBO npocTpaHCTBO x 
ea 6aHaxono npocTpaHCTBO Y, .aeJIHeTc.a roMeoMop!}J:uaMoM, 
T. e. A - 1- TaKJKe nnueii:HhIH HenpephIBHhIH onepaTop 
(T e o p e M a E a H a x a o r o M e o M o p !}! :u a M e). 

YcJioBHHM TeopeMhl 06 O. o. yp;onJieTBop.aeT, Ha
npnMep, BCHKllH HeHyJieBOH JIHHeHHhIH He11pepbIBHhIH 
!}JyHKD;HOHaJI, onpe)l;eJieHHhIH Ha Bem;ecTBeHHOM (KoM
nJieKCHOM) 6aHaXOBOM 11pocTpaHCTBe x co 3Ha'leHHHMlf 
B IR (B C). 

TeopeMa 06 0. o. 11;onycKaeT cJiep;yrom;ee o6o6m;eune: 
HenpepbIBHhIH JinHeHHhliI onepaTop, oTo6pamarom;Hft co
nepllleHHO IIOJIHOe TOHOJIOrH'I. BeKTOpHoe npocTpaHCTBO 
X Ha 6o'tel/,noe npocmpancmeo Y, ecTb OTKphlTOe oTo6pame
HMe. K TeopeMe 06 O. o. npnMhIKaeT TeopeMa o aaMKHYTOM 
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rpaqnrne (cM. 8aM1rnym&1,u zparfjun, TeopeMa o aamrnyTOM EcJrn: G - rpyrma, To Kall\p,hlI! G-MOJJ:YJib HBJIHeTCH, a 
rpaqnrne). 'IaCTHOCTH, a6eJieBoli rpyIInoM:. EcJin R HBJIHeTCH aJire6-

/lum.: [1] M 0 c" ll a H., <llymn~HOHaJihHhili aHaJilf3, nep. c poii Hap, KOMMyTaTirnHhlM KOJlbll,OM k, TO Kall\Ahlil R-Mo-
aHrJI., M., 1967; [2] Po 6 e p Tc o H A.-II., Po 6 e p Tc o H B.- k E R s 
.U m., TorroJiorH'Icc1me ee11Topah!e rrpocTpaHCTBa, rrcp. c aHrJI., M., AYJib HBJIH0TCH -Mop,yJieM. CJill l! - KOJibll,a H 
1967. B. 11. Co6oJteB. R-=:;S, TO KaiHp,hl.ii: R-MOAYJib HBJIHeTCH S-Mop,yJieM. Bo 

OTKPhITOE H,!J;PO - MHomecTBO acex TO'IeK x IIOA- acex 3TllX cJiy'IaHx HMeeTCH cpyHKTop 113 op,Ho.ii: a6eJieao.ii: 
MHOlHCCTBa A TOIIOJIOrll'I. IIpOCTpaHCTBa x' P,JIH K-phlX KaTerop1111 B p,pyryro, OIIpep;eJIRIOillllH OTHOCHTeJibHhle IIpo-
cyrqeCTByeT TaKoe OTKphlTOe B x MHomecrno u X• 'ITO ll3BOP,Hhle cPYHKTOphl. 
xE U xCA. 0. H. MHOll\eCTBa A o6o3HaqaeTCH o6bI'IHO J/um.: [1] Ma" JI el! H C., roMOJIOrHFI, rrep. caHm., M., 1966; 

6 [2] E i 1 en berg S. , M o o re J. C., Foundations of relative 
Int A II IIpeACTaBJIHeT co oii MaKC11MaJibHoe OTKpbITOe B homological algebra, Providence, 1965. 
x MHolHeCTBO, coneplliameecn B A. MMeeT MCCTO paBeHCT- B. E. I'o«opoB, A. B. MuxaJteB. 
BO lilt A= X -[ X -A], rne [ ] o6oaHa'IaeT 3aMbIKaH11e OTHOCIITEJibHAH METPIIKA - orpaH11'IeH11e MeT-

B npoCTpaHCTBe x. 0. H. MHOll\BCTBa TOIIOJIOrH'I. IIpOCTpaH- PllKll p Ha IlOAMHOlHeCTBO A MeTpll'I. IIpOCTpaHCTBa x' 
CTBa x eCTb QTKphlTOB p e r y JI H p H 0 e ' llJIH liallOllU- T. e. orpaHll'IeHlle OTo6pameHllH p KBaApaTa xx x aa 
'tec1we .MllOJICecmeo. IlpOCTpaHCTBa, B K-phlX OTKpb!Tbie Ka- KBaApaT AX ACX XX. 8TO IIOHHTlle II03BOJIHeT paccMa-
HOHH'I. MHOil\eCTBa o6paayroT 6aa.u TOIIOJIOrIIH, Ha3. II o- TPllBaTb KaK MeTpll'I. IIpOCTpaHCTBO JII06oe ero IIOAMHO-
JI y p e r y JI H p H hi M II. BCHKOB peryJIHpHoe IIPO- meCTBO. B. A. llacbl."1'WB. 
CTpaHCTBO IIOJiyperyJIHpHo. MnorAa 0. H. Ha3. B H y T- OTHOCIITEJibHAH CIICTEMA KOPHEll c B H 3-
p e H H 0 c T b IO M H 0 ii\ e c T B a. B. H. llouoMapee. H 0 ii: p e A y K T H B H 0 ii: a JI r e 6 p a If q e c K 0 H 

OTKPblT0-3AMKHYTOE MHOJKECTBO - IIOAMHO- r p y II IIhI G, oIIpeAeJieHHOH HaA IIOJieM k,- c11cTeMa 
meCTBO TOIIOJIOrH'I. HpOCTpaHCTBa, OAHOBpeMeHHO OTKphl- Cl>k(S, G) HBHYJIBBhlX BBCOB IIpllCOBAllHeHHoro IIpeACTaB-
TOB n 3aMKHyToe B HeM. ToIIoJior11'I. IIpocTpaHCTBO X JieH11H MaKCHMaJibHoro k-pacmeIIHMoro Topa S rpyIIIIhl G 
HeCBH3HO TOrAa H TOJibKO TOrAa, KOrAa B HeM HMCCTCH OT- B aJire6pe Jin A 3TOH rpyIIIIb!. CaMll Beca Ha3. K 0 p H H-
JIII'IHOe OT x II OT rp 0.-3. M. ECJIH ceMeHC.TBO BCBX M H G 0 TH 0 c II Te JI b H 0 s. o. c. K. Cl>k(S, G), pac-
0.-3. M. TOIIOJIOrnq. IIpOCTpaHCTBa HBJIHCTCH 6a30H ero CMaTpHBaeMaH KaK IIOAMHOil\eCTBO CBOe.ii: JillHBHHOI! 060-
TOIIOJIOrHH, TO 3TO IIpOCTpaHCTBO Ha3. II HA y KT H B H () JIO'IKll LB IIpOCTpaHCTBe x (S)@z IR., r)Je x (S) - rpyII-

H y JI b M e p H hi M. BcHKaH 6yJieBa aJire6pa 1130Mop¢- na pa11110HaJibHb!X xapaKTepoB Top a s' HBJIHeTCH 1>opue-
Ha 6yJieBOll aJire6pe BCeX 0.-3. M. IIOAXOAHillCro llHAYK- BOU cucme.MOU. IlyCTb N (S) - HOpMaJill3aTop, a z (S) -
TUBHO HYJibMepHoro 611KOMIIaKTa. Oco6b1.ii: KJiacc HYJib- u.eHTpamrnaTop S B G. TorAa Z (S) HBJIHBTCH CBH3Hoii 
MepHbIX 6nKOMIIaKTOB o6pa3yIOT T. H. 3 Kc T p e Ma JI b H 0 KOMIIOHeHTOii BAllHll[\bl rpyIIIIhl N (S); KOHC'IHaH rpyIIIIa 
He c B H 3 H hie 6 HK() M II a KT hi, xapaKTep11ayro- Wk(S, G)=N(S)/Z(S) Ha3. r p y II II 0 ii Be ii JI H 
IllllBCH TeM, 'ITO B HUX 3aMhlKaHllB JII06oro OTKpbIToro MHO- r p y II II hi G H a A k, HJill 0 TH 0 c II T e JI b H 0 ii 
mecTBa TaKiKB OTKphlTO (11 3aMKHyTO). BcHKaH IIOJIHaH 6y- r p y n II o ii: B e ii JI H ·(o. r. B.). IIp11coeA11HeHHoe 
JieBa aJire6pa 1130MopcJ>Ha 6yJieaoii aJire6pe Bcex 0.-3. M. npeACTaBJieH11e N (S) B g OIIPBABJIHeT JI11Heil:Hoe IIPCA-
IIOAXOAH!!Iero 3KCTpeMaJibHO HCCBH3Horo 611KOMIIaKTa. CTaBJieHHe wk (S' G) B L. 8To IIPBACTaBJICHlle HBJIHCTCH 

OTHOCIITEJibHAH rOMOJIOrJiqEcifA~· nA.uJlrJEB'~ TO'IHhIM 11 ero o6pa3 eCTh Beu.Mt zpynna c11cTeMh1 KopHeii 

PA - roMOJIOm'IecKaH ame6pa, accou.mrpoaaHHaH c IIa- ~:~;y ~~II;~~~~!~~::e~a~T%m!e~~:~~~h':':xA~~p~~~~~~~ 
pol1 a6eJIBBhlX KaTerop11il (~, SJJl) 11 qmKc11poBaHHbIM G o "' (S G) B ( 
.J. A '" on "' A Mb!X TOpOB B . c. K. "'k , Ho. r. . wk s, G) He 
'l'YHKTOpOM Ll : "'- - :J.Jlo wyHKTOp Ll IIPBAIIOJiaraeTCH 3aBHCHT, c TO'IHOCTbIO AO 1130Mop¢113Ma, OT BbJ6opa Topa s 
aAAHTllBHhlM, TO'IHb!M II IIOJIHhlM. KopoTKaH TO'IHaH IIOCJie- II 'IaCTO o6o3Ha'IaIOTCH IIpOCTO Cl> k (G) II wk ( G). B CJiy'Iae, 

JJ:OBaTeJihHOCTh o6'beKTOB KaTeroprrn ~ KOrAa G pacmeII11Ma HaA k, 0. c. K. II o. r. B. COBIIaAalOT 

0 ____,. A____,. B ____,. c ____,. 0 COOTBBTCTBBHHO c o6b!'IHOii (a6coJIIOTHOH) CllCTeMoii KOp
Heii 11 rpyIIIIoii BeiiJIH rpyIIIIhl G. IIycTb ga - aecoaoe 
OTHOCllTeJihHO s IIOAIIpOCTpaHCTBO B g' OTBe'Iaromee KOp
HIO aE<D,.(S, G). EcJI11 G pacmeII11Ma HaA k, To dim ga,=1 
AJIH JII06oro a 11 Cl> k ( G) - IIp11BeAeHHaH cucTeMa KopHeii; 
B o6meM CJiy'Iae 3TO He TaK: Cl> k ( G) MOil\BT 6b!Tb HeIIprrne
ABHHO.ii:, a dim ga MomeT 6hITh 6oJib!Ile 1. 0. c. K. Cl>k ( G) 
HeIIpllBOAllMa, ecJI11 G IIpocTa HaA k. 

Ha::J. )l 0 II y C T II M 0 ii, 
HOC Tb 

CCJill TO'!HaH IIOCJieAOBaTeJib-

pacIL\emrneTcH B KaTeropm1 S)Jl. IIocpeACTBoM KJiacca if 
AOIIYCTllMhlX TO'IHhlX IIOCJIBAOBaTeJibHOCTCII OIIpep,eJIHCTCH 
:irnacc @'-IIpOeKTllBHhlX (cooTBeTCTBeHHO @'-11H'hCKTllB
HhlX) oG'heKTOB KaK KJiacc TaKllX o6'beKTOB p (COOTBBT
CTBCHHO Q), AJIH K-phlX cPYHKTOp Hom~c (P, -) (cooT

BeTCTBCHHO Homn (-, Q)) TO'IBH Ha AOIIyCTllMhlX KopoT-

KHX TO'!Hb!X IIOCJ!EllJ;OBaTCJibHOCTHX. 
Jiro6oii npoeKTllBHhl.ii: o6'heKT P KaTerop1111 ~ HB

J!HBTCH @'-upoeKTllBHhlM, 3TO He 03Ha'!aeT, OAHaKo, 'ITO 
B KaTeroprm ~ AOCTaTO'IHO MHoro OTHOCI!TeJibHO IIpOeK
Tl!BHb!X o6'heKTOB (T. e. 'ITO AJIH JII06oro o6'heKTa A 113 
~{ cymecTayeT AOIIYCTllMhiii 3IIllMop¢n3M P-A HeK-poro 
@'-IIpoeKTHBHoro o6'beKTa KaTerop1111 m:). EcJI11 B Ka
Teropn11 ~ AOCTaTO'IHO MHoro <8-IIpOeKTllBHb!X llJill 
@'-llH'heK'fHBHb!X o6'heKTOB, TO o6hl'!Hbie KOHCTpyKIJ,HH 
roMoJiornq. aJire6phl II03BOJIHIOT CTpOllTb B 3TOii KaTe
rop11n IIp0!!3BOAHbie cPYHKTOphl, Ha3. 0 T H 0 c II T e JI b
H hi M II II p 0 H 3 B 0 A H hi M II cl> y H K T 0 p a M n. 

II p n M e p hi. IIycTh ~ - KaTerop11H R-Mop;yJ1eil: Ha1-1 
accou.nanrnHhIM KOJ!hll,OM R c BAllII1111,e.ii:, SJJl - KaTerop11H 

~rnomecTB, ~ : Ill: - SJJl - c}lyHKTop, <ma6brnarom11ii» 
CTpyKTypy MUiIYJIH. B 3TOM cJiyqae Bee TO'IBbie IIOCJJeAO
BaTeJ!bHUCTII AOIIYCTI!Mbl, H B pe3yJI&TaTe IIOJJyqaeTCH «a6-
COJIIOTBaH» (T. e. 06h1'IHaH) roMoJiornq. aJire6pa. 

o. c. K. 11rpaeT BaiKHYIO pOJib B OIIllCaHllll CTpyKTYPb! II 
B KJiaCCHcPllKa11,1111 IIOJiyIIpOCThlX aJire6pa11q. rpyIIII HaA k. 
IIycTh G - IIOJiyIIpocTa n T-MaKc11MaJibHb!ii Top, onpe
AeJieHHhIH HaA k 11 c0Aepmarq11r1 S. IIycTb X (S) 11 X (T) -
rpyrrIIhl pau.110HaJibHhlX xapaKTepoB Topoa S 11 T c 
cPllKCHpOBaHHhlMll corJiaCOBaHHhlMll OTHOIJ1CHllHMI! IIO
PHAKa, ~ - COOTBeTCTBYIOillaSI CHCTeMa IIpOCThlX KOpHeii 
rpyIIIIhl G OTHOCllTCJibHO T II 80- IIOACHCTeMa B 8, coc
TOHillaH 113 xapaKTepoB, TPllBllaJihHb!X Ha s. IlyCTb TaK
me 8k- CllCTeMa IIpOCThlX KOpHe.ii: B 0. c. K. Cl>k(S, G), 
OIIPBAeJieHHaH Bhl6paHHhlM B x (S) OTH01J1eH11eM IIOPHAKa; 
OHa COCTOllT 113 cymeH11i'1 Ha s xapaKTepoB CllCTCMhl ~. 
fpyIIIIa faJiya f= Gal (kslk) ecTeCTBeHHo ABMCTByeT Ha 
8, H Ha6op AaHHhlX {8, ~o, ABiiCTBlle f Ha 8} Ha3. k-
11 H A e K c 0 M II 0 JI y II p 0 c T 0 ii r p y fl II bl G. 
PoJih ~-llHAeKca o6'bHCHHeTCH cJieAyromeii TeopeMoii: BCH
KaH IIOJiynpoCTaH rpyIIIIa HaA k OAII03Ha'IIIO c TO'IHOCTbIO 
AO k-1130MOpqrn3Ma OIIp0A0JIHeTCH CBOllM KJiaCCOM OTHO
CllTeJibHO 1130MOpqrn3Ma Hail, ks, CBOllM k-IIHA0KCOM 11 
CBOllM anuJornpomrn~i siiJpo.lt. o. c. K. <Dk ( G) IIOJIHOCTblO 
011pe11eJJHeTCH CHCTeMOI! 8,. I! HaGopoM TaKIJX HaTypaJTh

Hb!X 'II!CCJI Ila,, aE ~k (paBHhlX 1 HJIH 2), 'ITO naaE<D,,(G), 
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HO (na+1)a~<l>k(G). B CBOIO oqepeAJ>, 8,. II na, 0. T. paccMaTpllBaIOTCH CBOiic'raa rrpocTpaHCTBa-BpeMeHI! 
aE 8,., MoryT 6h!Tb BOCCTaHOBJieHbl no k-IIH)l;eKcy. B qa- B TOM rrp116Jrnmem111, B K-poM a«P«PeKTaMII, CBH3aHHhlMH c 
CTHOCTll, )l;Ba :3JINleHTa ll3 8"'80 I!MeIOT OJ"IHO II TO me orpa- flOJIHMll THrOTeHIUI, MOJKHO npeHe6peqb. Hilme II3Jiara-
HllqeHIJe Ha s TOr)la ll TOJILKO TOrJ"la, KOrp;a OHII JielEaT B eTCH qaCT!IaH o. T., 06 o6IIJ,eii 0. T. CM. Taeomenua meopua. 
O)l;HOII op6I1Te rpymihl r; :3TO orrpeAeJIHeT 6I1eKI~IIIO MeIB)ly o. T. qacTO Ha3. TaKJKe Te 0 p II e ii: 0 TH 0 c II Te JI b-
8k II MHOJKeCTBOM op6IIT rpynnhl r B 8"'80. H 0 c T II :3 ii: H III Te ii: H a no IIMeHII ee C03AaTeJIH 

EcJIII yE8k, o..,cS'-,80- COOTBeTCTBYIOIIl,aHop6ttTaH A. :3ii:mmeii:Ha (CM. [1], [2]). 
8 (y) - JII06aH CBH3HaH KOMIIOHeHTa B 80 u o..,' He ace 0CHOBHbie qepTbl TeopHII OTHOCHTeJibHOCTH. CrreI~Il«Pn-

.. 8 ;r,,;r,, qecKne (peJIHTlIBHCTCKile) a«P«PeKThl, Oill!Ch!BaeMh!e 0. T. 
aepnrn:HbI K-pon JiemaT B 0 , Ton.., ecTh cyMMa K0:3q."*'nu,neH- n OTJrnqaIOIIJ,lle ee OT rrpe;:i;mecTByioIIJ,nx «Pna11q. Teopnii, 

TOB rrpII KOpHHX aE8(y)no.., B pa3JiomeHllll CTapmero rrpOHBJIHIOTCH rrpn CKOpOCTHX )lBIIJKeHIIH TeJI, 6JU!3KIIX K 

KOpHH CIICTeMhl 8 (y) no rrpOCThJM KOpHHM. CKOpOCTll CBeTa B BaKyyMe C""'3 .1010 c.11t!Celf,. IlpII TaKIIX 

EcJill k= IR.' k=(;' TO :3TO 0. c. K. eCTeCTBeHHO OTOJK- CKOpOCTHX, Ha3. p e JI H T II B Il c T c K II M H, 3aBHCil-
)leCTBJIHeTCH c CIICTeMoii: KOpHei'I, a o. r. B.- c rpyrrrroii: MOCTb :3HeprI1H E TeJia Macchi m OT ero CKOpOCTH IJ onn-

Beii:JIH COOTBeTCTBYIOIIJ,ero CIIMMeTpHq. rrpOCTpaHCTBa. Ch!BaeTCH cpopMyJIOII 
Jlum.: [1] TH Tc IB., «MaTeMaTHKa», 1968, T. 12, M 2, c. 110- mc2 

143; [2] Bop e JI h A., TH Tc IB., TaM me, 1967, T. 11, M 1, c. E = ---,c====- (1) 
'•3-111; M 2, c. 3-31; [3] T i t s J., «Proc. of Symposia in pure -. / 1 _ ~ 
math.», 1966, v. 9, p. 33-62 (AMS). B. JI. IIonoB. JI c• 

OTHOCHTEJihHAH TOIIOJIOrHH rrop;MHomecTBa A 
TOIIOJioruq. rrpOCTpaHCTBa (X' T) - CIICTeMa rrepeceqe
HIIII BCeB03MOJKHb!X OTKph!Tb!X IIO)l;MHOJKeCTB rrpocTpaH
CTBa (X, 't') (T. e. aJieMeHTOB TOIIOJIOrIIII 't') c MHOIBeCTBOM 
A. qaCTO 0. T. Ha3. II H A y II II p 0 B a H H 0 ii T 0 -
rr o JI o r II e 11. 

IIop;MHomecTBo TorroJiornq. rrpocTpaHcTBa (X, i:), cHa6-

meHHoe o. T.' Ha3. IIOll,IIpOCTpaHCTBOM rrpocTpaHCTBa 
(X, T). IIop;rrpocTpaHcTBO T;-rrpocTpaHcTBa HBJIHeTCH T;
npocTpaHCTBOM, i=O, 1, 2, 3, 31/ 2• IIonrrpocTpaHcTao Me
TpI13yeMoro rrpOCTpaHCTBa MeTpirnyeMo. JI106oe Tl!XOHOB
CKOe rrpOCTpaHCTBO Beca ...;:0 roMeOMop.iPHo rrop;rrpOCTpaH
CTBY OIIKOMIIaKTa Beca ...;:0 (Te 0 p e M a T II x 0 H 0 B a). 

B. A. IlaCblHJWR. 

OTHOCHTEJihHO BHKOMIIAKTHOE MHOiKECTBO

rroA~rnomecTao M TOIIoJiornq. rrpoCTpaHCTBa X TaKoe, 

qTo ero aaMh!Kam1e M OIIKOMIIaKTHO. M. H. BouwxoBcnuu. 
OTHOCHTEJihHO OTKPhITOE (3AMKHYTOE) 

MHOiKECTBO, ~1 H o m e c T B o, o T K p 1>1 T o e (3 a
M K Hy T 0 e) 0 TH 0 c II Te JI b H 0 HeK-poro MHOJKCCTBa 
E, - MHomeCTBO M TorroJiorI1q. rrpoCTpaHCTBa X TaKoe, 
qTO 

('repTa caepxy oaHaqaeT orrepa1~I110 3aMh!KaHHH). ,11.JIH Toro 
qTOOhl HeK-poe MHomeCTBO 6bJJIO OTKpb!TbIM (3aMKHYTbIM) 
OTHOCHTeJibHO E' Heooxop;HMO H )l;OCTaToqHo, qT061>1 OHO 
01>mo rrepeceqeHneM M c HeK-pbIM OTKpbIThIM (3aMKHy

TbIM) MHomeCTBOM. M. H. Bou!feXOBC><uii. 
OTHOCHTEJlhHOCTH IIPHH~HII - op;IIH I13 Han6o

Jiee «PYH)laMeHTaJibHbIX «Pn3nq. 3aKOHOB, corJiaCHO K-poMy 
JJI06oi'i rrpoIIecc rrpOTeKaeT O)lIIHaKOBO B II30JIHpOBaHHOii 
MaTepnaJibHOH CIICTeMe, HaXO)lHJIIeHCH B COCTOHHIIII IIOKOfl, 
If B TaKoii me CIICTeMe, HaXO)l;HII~eii:c.11 B COCTOHHIIH pan
HOMepHoro IIpHMOJIIIHeii:Horo ABIIIBeHIIH. CocTOHHIIe ,ll,BH
meHIIH IIJIII IIOI\OH orrpep;eJIHeTCH 3)l;0Cb no OTHOllleHIIIO K 
npoH3BOJJbHO Bb16paHHoi'1 unep!fua.1tbnoii cucme.11te omc<tema; 
qnrnuqec1rn :3TH COCTOHHIIH IIOJlHOCTblO paBHOIIpaBHbl. 
:-JKBIIBaJieHTHaH «PopMyJIIIpomrn 0. rr.: 3aKOHhl «PII3IIK11 
UMeIOT O)l;IIHaKOBYIO «PopMy BO Bcex IIHepu,IIaJibHh!X CIICTe
MaX OTcqeTa. 0. II. BMeCTe c IIOCTYJiaTOM 0 He3aBHCHMOCTI! 
CROpOCTJ{ CBeTa B BaKyyMe OT )lBHIBeHHH lICTOqHHKa CBeTa 
JJerJIH B ocHoay cneIIHaJihHofr (1rncTHoii:) omnocume.11bnocmu 
meopuu. BC.9-.1. 

OTHOCHTEJihHOCTH TEOPHH - cpH3HqecKaH Teo

plIH' paccMaTpIIBaIOlllaH rrpocTpaHCTBeHHO-BpeMeHHJ.Je 
CBoiicTBa «PH3IIIJ. rrpou,eccoa. :3TH CBOHCTBa HBJIJ{IOTCH 

o611lHMH )lJIH Bcex «Pn3H11. rrpou,eccoa' II0:3TOMY IIX qacTO 
Ha3. rrpocTo CBOIICTBaMII npocmpancm6a-6pe.11tenu. Caoii:
CTBa rrpocTpaHCTBa-BpeMeHH 3aBHC.HT OT rroJieii: THrOT0HHH, 
/l,eiicTBYIOIIIHX B )laHHoil: ero o6JiaCTII. Caoii:cTBa rrpo
cTpaHCTBa-apeMeHII rrpII HaJIH'IIIH IIOJI0ll THrOTelIIIH IICCJie
AYIOTCH B 0 6 III, e ii: o. T., Ha3. TaKme Te 0 p Il e ii: TH
r o T e H H .11. B q a c T H o H (c rr e II H a JI b B o ii:) 

IlpH CKOpOCTHX v, MHoro MeHbilllIX 
oopeTaeT BH)l 

c, cpopMyJJa ( 1) rrpH-

2 mvz 
E=mc +-2-. (2) 

BTOpoii: qJieH crrpaaa B cpopMyJie (2) coarrap;aeT c «PopMyJioiI 
)l;JIH KIIHeTIIq. :3HeprHH B KJiaccHq. MeXaHIIKe, a rrepab!ii: 
qJieH rroKa3h!BaeT, qTo rroKoHIIJ,eecH TeJio 06Jia11,aeT aHep
rIIeii: E=mc2, Ha3. a Hep r n e ii: rr o Ko H. B H)lepHbIX 
peaKu,HHX H rrpoIIeccax rrpeapaIIJ,eHHH aJieMeHTapm.ix 
qacTllII :3HeprHH IIOKOH MOIBeT rrepeXO)l;IITb B KIIHeTWJ. 
aHeprIIIO qacTHII. 113 «PopMyJJhl (1) BbJTeKaeT, qTO aHeprna 
TeJI c HeHyJieBOII Maccoii CTpeMIITCH K 6ecKOHeqHOCTil rrpn 
V-+C. Ecmr m;t:O, TO CKOpOCTb TeJia Bcerp;a MeHbllle c. 
1-JaCTlIU,bl c m=O (cpoTOHhl II HeiiTpHHO) Bcerp;a )lBHlKYTCH 
co CKOpOCTblO CBeTa. 11Horp;a roBOpHT, qTO rrpu peJIHTIJ
BllCTCKIIX CKOpOC'fHX Macca TeJia HaqHHaeT 3aBIICe'fb OT 

ero CKOpOCTII, JI Bem1qI1HY 

m 
m =------

1\B f 1>2 
1- -

c' 

Has. M a c c o i'1 A B II m e H II H TeJJa, a m - ero M a c
c O {1 II OK 0 H. 113 cpopMyJihJ (1) CJiep;yeT, qTO 

E = m/l.Ac2• 

CKopoCTb CBeTa B BaKyyMe B 0. T. HB.JJHeTCH rrpep;eJib
Hoii CKOpOCTbIO, T. e. nepep;aqa JII06bJX B3aHMOJleHCTBHi1 
II cHrHaJIOB II3 O)l;HOii TOqJrn B npyry10 rrpOUCXO)l;llT co 
C!WpOCTblO, He npeBbllllaIOm;eii CKOpOCTH CBeTa. 

CyllleCTBOBaHne rrpep;eJibHoi'r cKopocTH HecoaMecTnMo c 
rrpe)lCTaBJieHIIHMII KJiaCcliq. MeXaHIIKII H Bhl3b!BaeT Beo6-
XO)l;HMOCTb rny6oKOM rrepecTpOHKH KJiaccHq. rrpoCTpaHCT
BeHHO-BpeMeHHbJX rrpep;cTaBJieHHH. 

IlpHHl~HD OTHOCHTeJibHOCTH 3iiHWTeiiHa H /l,pyrHe np1rn
ll;Hilbl HHB3pHaHTHOCTll. B OCHOBe 0. T. JiemrrT rrpiiHIIIIII 
OTHOCHTeJibHOCTII, corJiaCHO K-poMy JII06oii «PII3Ilq. rrpo
IIecc rrpoTeKaeT O)l;IIHaKOBO (rrpH O)llIHaKOBhJX HaqaJibHh!X 
ycJIOBHHX) B II30JI1IpOBaHHOH MaTepHaJibHOH ClICTeMe, Ha
xop;ma;eiilcH B COCTOHHIIII IIOKOH no OTHOllleHIIIO K HeK-poii 
npOH3BOJlbHO BbI6paHHOH IIHepu,IIaJibHOH CHCTeMe OTcqeTa, 
II B TaKoii: me CHCTeMe, HaXOAHIIIeii:c.11 B COCTOHHMH paB
HOMepHoro II _rrpHMOJIHHeii:uoro )lBIImemrn OTHOCIITeJJbHO 
<JTOH me nHepIIHaJibHOH ClICTeMbJ OTcqeTa. 

Crrpaaep;JIHBOCTh rrpHHIIIIIIa OTHOCHTeJihHOCTH 03HaqaeT, 
'ITO pa3JIIIqlie MelK)ly COCTOHHHeM IIOKOH 11 paBHOMepHoro 
II rrpHMOJIIIHeliHoro ABHmeHHH He HMeeT «Pn31Iq. CMhJCJia. 
roaopHT, 'ITO )l;BIImyIIIaHCH CHCTeMa OTcqeTa rroJiyqaeTCH 
II3 ClICTeMhJ OTcqeTa, ycJIOBHO cqHTaIOIIJ,eii:c.11 llOKOHIIJ,eii

CH, c IIOMOIIl,b!O rrpeo6pa30BaHHH ):(BIIIBeHIIH. 113 rrpHHll;IIITa 
OTHOCHTeJibHOCTII Bh!TeKaeT, qTo cpH3Hq. 3aKOHhl IIHBaplI
aHTHhl OTHOCHTeJibHO rrpeo6pa30BaHHH )lBHIBeHHH II HMe-
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IOT OJlllH H TOT me BllA BO BCeX IlHepu;naJihHbIX CllCTeMaX 
oTcqeTa. 

RpoMe rrp1mu;1ma OTHOCHTeJihIIOCTl!, H3BeCTIIhl elll;e Tpn 
Tl!IIa rrpeo6paaosaHl!H, K-pble OCTaBJI.IJIOT IIel!aMeHIIhIM XOA 
npoTeKamrn !JrnaHq. rrpou;eccos: rrepeIIoc (CJJ;BIH) B rrpocT
paIICTBe, Bpalll;eHl!e B rrpocTpaIICTBe, rrepeIIOC (CABIH) BO 
opeMSHl!. CHMM0Tpilil !JrnaHq. aaKOHOB OTIIOCHTeJibIIO 3TI!X 
rrpeo6paaoBaHilH BbIIIOJIIIHIOTCH TOqIIo TOJibKO B Il30JIIl
poBaIIHbIX CilCTeMaX l!JIH HM OTBeqaIOT COOTB0TCTBeHHO aa
IWIIhl coxpaHemrn HMIIYJ!bCa, MOMeHTa IlMIIYJihCa H 3Hep
rl!l!. 

HHepu;eaJibHbJe CHCT0Mbl OTCqeTa H npeo6paaoBaHHH 
Jlopeu~a. MHepu;uaJihHhle cHcTeMbI oTcqeTa o6paayroT 

B 0. T. BbIAeJieIIHhIH KJiacc Cl!CTeM OTcqeTa, B K-pbIX ::iiJ>iJ>eK
Thl 0. T. nMeIOT Han6oJiee rrpocToe orrncaHne. 

Ilepmi:qIIbIMH IIOIIHTHHMil 0. T. HBJIHIOTCH IIOHHTHH 
TO<JeqIIoro co6bITHH Il CBeTOBOro CilrHaJia. B A8IIIIOH HIIep
ll;Il8JibIIOH CllCTeMe OTcqeTa ToqeqHoe co6b!Tll:e MOlKIIO xa

paKTepll30B8Tb TpeMH IIpOCTpaHCTBeIIIIbIMU KOOpAHIIaTaMH 
x, y, z B IIeK-pOH AeKapTOBOll CHCTeMe KOOpAHIIaT H spe
MeHHOH KOOpp;HIIaTOH t. CHCTeMbl KOOpp;HIIaT x, y, z, t 
B paaIIhIX HIIepu;naJihHbIX CHCTeMaX OTcqeTa CBH3aHbl JI 0-

peli!fa npeo6paao1Janua:Mu. Ha rrp1mu;nrra OTIIOCHTeJihIIO
CTH, ycJIOBHU CHMMeTpHn II Tpe6oBaIIHH Toro, qT06bl yKa
aaHIIble rrpeo6paaosamrn o6paaoBhIBaJin rpyrrrry, MOlKIIO 
IIOJiyqnTb BHA rrpeo6pa30B8HllU Jlopeuu;a. ECJIH HHepu;H
aJibHaH CilCTeMa OTCqeTa L' ABillKeTCH OTIIOCilTeJibHO nuep
JJ.HaJibHOH CHCTeMbl OTcqeTa L co CKOpOCTbIO v TaK, qTO 
OCH x H x' COBMeiu;eHbl H HarrpaBJieHbl no v, OCH y H y' 
H z II z' COOTBeTCTBeHIIO rrapaJIJieJibHhl, HaqaJia KOOpJJ;II
HaT BL H L' COBIIa}J;aIOT B MOMeHT t=O II qachl B CilCTeMe L' 
B IIaqaJie 1rnop,1J;HHaT IIOKa3hIBaIOT rrpH t= 0 BpeMH t' = 0' 
TO rrpeo6pa3oBaHHH Jlopeuu;a HMeIOT BHA 

:x' = 
x-Vt y'=y, z'=z, l Y v2 l 1--

c' 

Vx (3) 
t- - ( c' y V' I 1 --

c' ) 

t' = 

)];JIH noJiyqemrn scex rrpeoGpaaosaIIni'1 JiopeIIu;a I\ npe
o6pa3oBaHHHM (3) HylKHO p;o6aBI!Tb rrpocTpaHCTBeHIIbie 
Bpam;eHHH BOKpyr HaqaJia Koopp;HHaT. IIpeoGpa3oBaHI!H 
Jlopenu;a o6pa3yIOT rpyrrrry, Haa. r p y rr rr o ii JI o p e H
I\ a. CsoiiCTBO HHBapHaHTHOCTn iJ>naHq. aaKoHOB rrpu rrpe-
06paaosann.11x JiopeIIu;a Ha3. JI o p e H u. - H H B a p H
a H TH 0 c T b IO IlJIII peJIHTHBilCTCKoii IIHBapHaHTHO
CTblO. 

113 rrpeo6pa30BaHHH JiopeIIu;a BhITeKaeT peJIHTHBilCTCKillI 
aaKOH cJiomeHIIH cKopocrnfr. EcJIH qacTHlla ABHIBeTc.11 B 
HHepu;naJibHOH CilCTeMe OTCqeTa L co CKOpClCTblO v Bp;OJ!b 
OCH x, TO CKOpOCTb 3Toii qaCTilllhl B CilCTe~Ie L' paBHa 

v-V 
lJ'=----

1 _ vV 
c• 

(4) 

<DopMyJia (4) IIOKa3hIBaeT, qTO CKOpOCTb CBeTa He 38BIICIIT 
OT CKOpOCTII (4) ABHJKeHHH IICTOqHHKa CBeTa. 

J13 rrpeo6pa3oDaHnfr JiopeHu;a BhITeKaIOT TaKJKe OCHOD
Hhle aiJ>iJ>eKTbl 0. T.: OTHOCHTeJibHOCTb Op;HODpeMeHHOCTH, 
:iaMe,1J;JieH11e npeMeHH II coKpam;enne rrpop;oJIJ,IIbIX paaMe
pon TeJI. TaK, co6hITilH A H B, op;IIonpeMeIIHhle n c11cTeMe L 
(t.4=tn) H npoHcxop;Hlll;He B pa3HhIX ToqKax (x1, Y1> zi) 
n (x2 , y2, z2), oKa3hIDaIOTCH Heo11nonpeMeHHhIMH n L : 

' ' ~ V' , /--V-,-
t A - t B = (x2-X1) """C2 JI 1-Co ::j:: 0. 

)];aJiee, KOr,IJ;a qacbl, IIOKOflID;IleCH D CHCTeMe L B TOqKe 

(0, 0, 0), rroKa3hIDaIOT npeMH t, TO npeMf! t' ITO qacaM D 
L' , npocTpaIICTDeIIIIO conrrap;aIOill;HM c qaca~rn n L B 3TOT 

MOMeIIT' paBHO 

t' =-----=,,,-
,/ 1 - _V' 
JI c' 

TaKl!M o6paaoM, c ToqKn apeIIHH IIa6JIIOAaTeJifl B L' qa
Chl B L OTCTaIOT. 0AII8KO B c:irny rrpHIII1IlIIa OTII~CilTeJib
IIOCTil c roqK11 apeIIHfl IIa6mop;aTeJif! B L qachl B L TaKme 
OTCTaIOT. PaaMephl TeJI, IIOKOHIIJ;HXCH B L (T.,H. c 0 6 c T -
B e II II a fl A JI H H a), rrpH l!3MepeIIIlH B L, OK83hIB8IOT-

CH yMeHhIIIeHHhIMil B y 1-V2/c2 paa B IIarrpaBJieI;IIIH CKO

pOCTH V cpaBIIHTeJihIIO c paaMepaMH B L: 

l' = [, f 1 - V' v cZ • 

Ilpn MaJihIX CKOpOCTllX t' rrpeoGpaaoBaHilll JlopeHu;a (3) 
c TOqIIOCTbIO AO BeJIIlqJm, CTpeMHIIJ;IlXCH K HYJIIO rrp11 
l' I c-o, COBIIaAaIOT c rrpeo6paaosaIIIIHMII r aJIHJief!: 

x'=x-Vt, y'=y, z'=z, t'=t. (5) 

8n1 rrpeoGpaaoBaHilfl COOTBeTCTBYIOT IIOBCeAIIeBIIOMy OIIhl
Ty, B K-poM IIe BCTpeqaIOTCH ABHlKeIIIlfl TeJI c peJif!Tl!BIICT
CKHMH CKOpOCTHMII. B qaCTHOCTII, rrpeo6pa3oBaHIIfl fa
JIIIJiefl coxpaHHIOT npoCTpaHCTBeHHhle paaMephl TeJI II AJIH
TeJibHOCTII iJ>1rnIIq, npou;eccoB. Ilpeo6paaoBaHIIfl (5) n 
pa3JIIIqIIble HX KOMfornau;nII c rrpocrpaHCTBeHHhIMII ITOBO
poTaMII o6pa3yIOT T. H. r p y II II y r a JI II JI e H. Bam
HhIM oTJIHqIIeM rrpeo6pa3oBaHIIH JiopeIIu;a OT rrpeo6paao
BaIIHii: faJIHJiefl HBJif!eTcfl TO, qTo B iJ>opMyJiy rrpeo6paao
BaHHfl BpeMeHHOll KoopAHHaThl t BXO)J;HT rrpocTpaHCTBeH
Haf! KOOpAHIIaTa x. B CBfl3Il c 3TIIM B 0. T. ciJ>opM11poBa
JIOCb rrpep;cTaBJieHIIe, corJiacHo K-poMy rrpocTpaIICTBeH
Hbie II BpeMeHHbie CBOITCTBa iJ>naIIq, rrpou;eccoB IIeJib3fl 
paccMaTpHBaTh H30JI11posaHHO Apyr OT Apyra. 8To rrp11-
BeJio K B03IIIIKHOBeHillO IIOHHTIIfl II p 0 c T p a H c T B a -
B p e M e H 11, T. e. o6'beKTa, reoMeTpIIq. cso~CTBa K:poro 
orrpep;eJif!IOT rrpocTpaHCTBeHHbie II BpeMeIIHbie CBOHCTBa 
qiIIa11q. rrpou;eccoB. B KJiaccIIq. MexaH11Ke HhIOTOHa rrpo
cTpaHCTBeHHhle CBOllCTBa iJ>II3IIq. rrpou;eccoB orrpeAeJif!IOTC.fl 
reoMeTpIIq, CBOllCTBaMH TpexMepHoro eBKJIIIAOBa rrpocTpaH
CTBa, a BpeMeIIHafl rrepe~IeHHaf! BXOAIIT ~ ypaBHeHilfl KaK 
rrapaMerp. B qacrHof1 O. r. aAeKBaTH011 Mop;eJihIO rrpo
CTpaHCTBa-BpeMeHH HBJif!eTCfl qeThlpexMepIIoe nCe8iJoe6-

1>.riuiJ01Jo npocmpancm1Jo E~i. a), Haa. rr p o c T p a H c T
B 0 M M II H 1' 0 B c K 0 r o. <DopMIIpoBaHIIe IIOIIflTHH 
rrpocTpaHCTBa-BpeMeHII OTKpbIJIO IIYTb K reoMeTpII3811IIII 
arrrrapaTa 0. T., 3HaqIITeJibHo pa3BHToii rrp11 paspa6oTKe 
o6m;eii: 0. T. 

MaTeMaTnqecIWii annapaT TeopHH OTHOCHT0JlbHOCTH H 
reoMeTpHR npocrpancrea MnHKOBCKoro. II pn aKcR0Ma

T11q. orrIIcaHIIII 0. 'r. aKCHOMhl, iJ>uKcIIpyroru;ue csoiicTBa 
nepsHqHbIX IIOHf!THii 0. T. (roqeqHoro co6bITHfl 11 cserosoro 
cIIrHaJia) yp;aeTCfl BhlqJieIIIITh H3 rrpHBep;eHHoro BhIIIre He
iJ>opMaJib~oro OIIIICaHIIH OCHOBHhIX IIOJIOil\eHHll 0. T. 3Ta 
CHCTeMa aKCIIOM AOIIOJIHHeTCH ecTeCTBeHHhIMU c ipmmq, 
Toqm1 apeHIIH aKCHOMaMII, rapaIITHpyIOIIJ;IIMII cylll;eCTBOBa
HIIe AOCTaToqHo 6oJibIIIOro qIIcJia co6bITilll H CBeTOBhIX cIIr
HaJIOB, a TaKme HeK-pbIMII aKCIIOMaMII HerrpephIBHOC'!',II 
Ha MHOlKeCTBe CBeTOBhIX CIIrHaJIOB II ToqeqHhIX co6bITIIH. 

HHhIMII cJioSaMII, 3TH aKCHOMbI rapaHTHpyroT, qTo KalKAhIH 
Ha6op qIIceJI (t, x, y, z) orrpeAeJIHeT roqe'IHoe co6hITIIe. 
IloJiy<IaIOIIJ;af!CH rrp11 TaKOM pac11mpeHIIII CilCTeMa aKCIIOM 
0. T. OKa3hIBaeTCfl 3KBIIBaJieHTHOIT CHCTeMe aKCHOM npo
CTpaHCTBa MHHKOBCKoro. TaKHM o6paaoM, rrpocTpaHCTBo 
MHHKOBCKoro MomeT CJiylKIITb Mop;eJibIO rrpocTpaIICTBa
BpeMeHH qacTHoii: O. T. ToqeqHoe co6hITIIe HHTeprrpeTR

pyeTc.11 B paccMaTpIIBaeMoiI MOAeJIIr rrpocTpaHcTBa-Bpe
MeHn KaK TQqKa B rrpocTpaHCTBe MIIHKOBCKOro, B CBJ'13Jil 
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c qeM Toq1m rrocJie,a;Hero IIplIHHTO Ha3. M lI p 0 B hi M lI 
T o 11 K a M 11. Kam,a;aH npHMoyroJihHaH c11cTeMa Koop
Al'!HaT (t, x, y, z) B rrpocTpaHCTBe M11rrR0BcKoro onpe,a;eJIH
eT HeK-pyJO lIHepu,HaJibHyJO CHCTeMy OTC'leTa, B CBH3lI c 
qeM caMlI npm.1oyrOJibHble ClICTeMhl KOOp,a;nHaT B 0. T. npn
HHTO Ha3. r a JI II JI e e B hi M lI. IlJIOCKOCTb t=const 
npocTpaHCTBa MlIHKOBCKoro Ha3. JI p 0 c T p a H c T B e R

H hi M c e q e H II e M, COOTBeTCTBYJOill,HM ,a;aHHOii: CllCTe
Me Koop,a;nHaT. JinHeii:Hblii: :rneMerrT npocTpaHCTBa MHrr
KOBCKoro B TIPHMOyroJibIIOH ClICTeMe KOOp,llnHaT (t, x, y, z) 
MOlHeT 6h1Tb rrpe,a;cTaBJieII B BH,[\e 

ds2 =c2 dt 2-dx2-dy2 -dz2. 

BeJIH'IHIIY ds rraa. 3 JI e Me II T 0 M H II T e p Ba JI a, a 
aeJinq11ay 

s2= c2 (M)2-(~x)2-(~y)2-(~z)2 

- KBa,a;paTOM lI H T e p B a JI a. (B Ka'leCTBe MO,[\eJIH npo
CTpaIICTBa-BpeMeen qacTHoii: 0. T. MOll\IIO llCJIOJib30BaTb 
n rrcea,a;oeB1rn11AOBO rrpocTparrcTao E 4(3 , l> c JIHrrei"rnhlM 
3JieMeIITOM 

ds2 = dx2+ dy2+ dz2-c2 dt 2 .) 

II peo6paaoaarr11H, o6paayJOru.ne o6ru.yJO rpyrrrry Jio
peHu;a, B paccMaTpHBaeMOH MOAeJIH HBJIHJOTCH npeo6paao
B3IllIHMII, CBH3hlB3JOill,IIMII ABe raJIHJieeBhl ClICTeMhl KOOp
,[\HHaT B rrpocTpaHCTBe M1rnK0BcKoro. 3w: rrpeo6paaoaa
Hl!H coxpaHHJOT IIHTepaaJI H HBJIHJOTCH arraJioroM opTo
roHaJibHbIX rrpeo6paaoaarrnii B eaRJI11,a;oaoii: reoMeTpnn. 
B 11acTrrocT11, rrpeo6pa3oBaHHHM Jiopem.i.a MomHo npn
,a;aTb BllA 

x' =ch'!' +ct sh'!', 
ct' =x' sh'!'+ct ch'!', 

r,a;e 'I' - yroJI ITOBOpoTa B IIJIOCKOCTII (ct, x), llMeJOlll,eii: 
Hil,[\eif>nHHTHYJO MeTpIIKY 

'I'= arc sh ---,.,=V=/c== 
, / 1 - _v• 
JI c' 

Ilo 3IlaKy KBa,a;paTa HIITepBaJia rrpOHCXO,[\llT KJiaccmpH
Kau;IIH BeKTopoB B rrpocTparrcTae M11HKOBCKoro. BeKTOphl, 
/];JIH K-phlX s2>0, Haa. B p e Me H II IT 0 A 0 6 H hi Mu; 
BeKTOphl, ,[\JIH K-phlX s2<0,- II p 0 c T p a H c TB e H
R 0 II 0 A 0 6 H hi Mn; BeKTOphl, ,[\JIH K-phlX s2=0,- c Be
T o II o A o 6 H hi Mn. EcJin B rrpocTparrcTae MurrKOB
cKoro Bhl,a;eJieHa rreK-paH TO'IKa (rrarrp., rra11aJio Roop,a;H
rraT), TO ero MOll\IIO paa6HTb rra Tpll o6JiaCTlI. ~Be lI3 HHX, 
COCTaBJieIIHhle lI3 TO'leK, coe,a;nrreHilhlX c TO'IKOlI 0 Bpe
Merrnrro,a;o6HhlMlI B0KTOpaMH, Ha3. 0 6 JI a c T fl M H a 6-
c ·O JI JO T II 0 r 0 6 y A y Ill, e r 0 lI a 6 c 0 JI JO T H 0 r 0 
II p 0 m JI 0 r o. 3Tll Ha3BaHllH CBH33Hhl c TeM, 'ITO rrpH 
JIJ06oM rrpeo6paaoaarr:irn H3 rroJirroi\: rpyrrnhl Jioperru;a, 
CBH3hlBaJOru.eii: ,a;aurryJO raJinJieeay cncTeMy Koop,a;nHaT c 
,a;pyroii: raJIHJieeBOII ClICTeMoii KOOp,llHilaT (t'' x'' y'' z'), 
co6hlTHe A, Jiemaru.ee B o6JiaCTII a6coJIJOTrroro 6y,a;yru.ero, 
rro-IlpemueMy 6y,a;eT IIMeTb 60Jib11Iee aua11errHe apeMeurr6ii: 
KOOp,llHHaThl t'' 110M co6hlTHe 0. 06JiaCTb, TO'IKH A K-poii: 
coe,a;HIIHIOTCH c 0 npoCTpaHCTBerrrrono,a;o6HhlMH BeKTopaMll, 
Haa. 0 6 JI a c Tb JO a 6 c 0 JI JO TH 0 r 0 y A a JI e II H H. 
3Ta o6JiacTb xapaKTepnayeTcH TeM, qTo He cyru.ecTsyeT 
TaKoro npeo6paaoBaH11H Jioperru,a, B peayJibTaTe K-poro 
TO'lKH A H 0 noJiy11aJOT o,a;nrraKOBhle npocTparrcTserrHhle 
Koop,a;nuaThl. To11KH, Jiemaru.He ua rparrnu;e 3THX o6Jiac
Teii:, o6paayJOT CB0TOBOH KOHYC TO'IKII 0. TO'IKH 3TOro 
Korryca coe,a;nuerrhl c 0 HyJieBhlMII aeKTopaMH. IlpocTparr
CTBenrro-apeMerrrr6ii HCTOpnn BCHKOH TO'le'IHOH 'laCTlIU,bl 
(MaTepIIaJihHoii TO'IKH) COOTBBTCTByeT IIBK-pa~ JIIIHHH B 
npocTpaHCTBe MHIIKOBCKoro, uaa. M H p 0 B 0 H JI H II H
e ii: aToii: qacTnu,hl. To11KH aToif JIHHHH onpe.11eJIHJOT 1rnop-

AHI13'l'bI 113CTHD;61 BO ace MOMeHThl BpeMerrn. To, qTo CKO
poCTII acex qacTllU, rre npeaocxo,a;HT c, oaHaqaeT, qTo (a ec
TeCTBerrrroM npe,a;rroJiomeu11n r:rra,a;KOCTn) ace RacaTeJibHhle 
BeKTOphl MlipOBOH JillillilI HBJIHJOTCH JIH6o BpeMeHHII0,[106-
HhlMH, Jin6o H30TpOIJHhlMH. IlepBhle H3 HHX COOTBeTCTBy
JOT qacTIIU,aM c rrerryJieaoii:, a BTOphle - c uyJieao:i1: Mac
coii: IIOKOH. HaTypaJibHhlll napaMeTp Ha MHpoaoii JllIHIIlI 
Baa. c 0 6 c T B e II II hi M B p e M e II e M qacTm:~bl. <lln-
3lI11. CMhlCJI co6CTBerrrroro BpeMeRII. COCTOlIT B TOM, 'ITO 
OHO HBJIHeTCH BpeMerreM, OTC'llIThlBaeMhlM 11aca~m, K-phle 
/];BnmyTCH BMecTe c 11aCTIIIWH. 

BhlpameHHeM aaRoHa nrrepu,HH B paccMaTp:irnaeMoii: Mo
,a;eJIH O. T. HBJIHeTcH To, 11To cao6o,a;rrhle, T. e. rre noµ;aep
meHrrhle p;eii:CTBlIJO ClIJI' qaCTlIU,hl llMeJOT B KaqeCTBe CBO
lIX MlipOBhlX JilIIllIH BpeMemrno,a;o6rrhle II II30TpOIIHhle 
npHMhle (T. e. reo;o;ean11ecKne) npocTpaecTaa MrruRoB
cKoro. B 11acTuocTn, 11acTHU,hl c rryJieaoii: Maccoii: IIOKOH 
HMeJOT MHpOBhle JllIIIIIlI, Jiemarn;He Ha IleK-poM CBeTOBOM 
KoHyce, c 11eM II CBHaarro uaaaarrne nocJie,a;aero. B o6ru.eii 
0. T. Bhlpamerr11eM aaKorra nuep1~11~ HBJIHeTcH T. rr. eeoae
au11ecKux eunomeaa, corJiacrro K-pon 11acTnu,a, rre ncnhlThl
BaJOill,aH ,a;eii:CTBlIH HHhlX CIIJI, KpoMe rpaBHTaU,lIOHHhlX, 
,a;a11meTCH no reo,a;ean11ecKoii: coOTBeTcTByJOru.ero rrpocTpau
CTBa-apeMeHII. CaeToaoii: cnruaJI, coe,a;nHHJOill,llH ,a;arrrrhle 
To11e11Hhle co6h1T11H, nuTepnpeTIIpyeTcH B paccMaTpnaae
Moii: Mo,a;eJin KaK oTpeaoR naoTponrroii: reo,a;ean11ecKoi"1, 
C00,[\lIIIHJOill,eii COOTBeTCTBYJOill,He MHpOBhle ToqKH. 

BpeMerrnrro,a;o6rraH reo;o;ea1111ecKaH B npocTpaHcTBe Mnu
KOBCKoro, coe,a;nHHJOID;aH ,[\aIIIlbie MHpOBhle TO'IKlI A II B' 
HBJIHeTcH Kprrnoii rran6oJihmeii AJIHHhl cpep;11 acex apeMe
Hnrro,a;o6rrhlx MlipOBbIX JillHllII, coe,[\HIIHJOill,lIX 3TlI TO'IKH. 
3To BbITeKaeT Ha o6paTrroro uepaaeucTaa TpeyroJibHHKa, 
corJiaCHO K-poMy BpeMerr11no,a;o6HaH HaKJIOIIHaH Kopo11e 
caoeii: apeMBHHIIOA06rroii: reo)lea11qecKoii:. C TO'IKH aperrnH 
o. T. MaKCHMaJihHOCTh AJIHilhl BpeM0HHIIOA06Hoii: reo,a;e-
3H'leCKOH oarraqaeT, 'ITO co6CTBeIIH00 BpeMH 'laCTllU,hl, CB0-
60,a;rro ABHmyru.eii:cH OT MHpOBOH TO'IKlI A K MlipOBOH TO'IKe 
B, 6oJihme, 110M co6cTaeuHoe apeMH JIJ06oii: Apyroii qacTH
U,hl, MHpoaaH JilIHllH K-poii coe,a;nuHeT 3Tll MlipOBhle TO'IKlI. 
3To o6cToHTeJihCTBO npIIHHTo uaahlaaTh rr a p a A o K
c 0 M 6 JI H 3 H e II; 0 B, 

Ilpn nocTpoeH1111 Terraoprrhlx BeJIHqnrr, BhlpamaJOrn;nx 
cp11a1111. BeJIH'llIHbI, KaK rrpaBHJIO, B OAHH TerraopHb!H 06,'beKT 
B rrpocTpaHCTBe MnHKOBCKoro o6'be,a;nHHJOTCH HBCKOJihKO 
COOTB0TCTBYJOID;llX TerraopilhlX o6'beKTOB KJiaccn11. cpHSHKH. 
Harrp.' BeKTOp arrepr~,II-HMIIYJlhCa COCTa~.JIHeTCH CJie,a;yJO_:
Ill,HM o6paaoM: rrepao11 ero KOMnorrerrTon B raJinJieeaon 
CHCTeMe Koop,a;nrraT HBJIHeTCH ae:rrnqnrra c{j I c, a ocTaJibHhl
MH TpeMH - KOMOOHeHThl BeKTOpa HMIIYJihca (o6oarraqe
Hlle aToii: onepau,nu (c{j I c, p)). ~JIH Toro 11To6hl oTJIH'IHTh 
Terraophl npocTpaHCTBa MnHKOBCKoro OT Terraopoa rra ero 
npoCTparrcTBeHHhlX ce11errnHx, K-phle paccMaTpnaaJIHCb B 
KJiaCCH'I. cpnauKe, npnHHTO roaopHTb 0 'leThlpeXMepHhlX, 
nJin 4-Terraopax. IT pnMephl rreK-phlx if>nan11. ae:rrn11nu, 
HBJIHJOID;lIXCH 4-TeHaopaMu: 4-BeKTOp 

ui=( 1 Yv v•)' i=O, 1, 2, 3, ,/1 v• c 1--V -& cJ 

Ha3. 4-cKopoCTbJO. 3TOT BeKTOp HBJIHeTCH KacaTeJihHhlM 
0,[\HilliqilhlM BeKTOpOM K TpaeKTOplllI MHpOBOii 11acTHU,hl 0 

BeKTop 

r,a;e F - CHJia, HBJIHeTCH BeKTopoM 4-cHJihl. Ocrroatihre 
ypaBIIBHHH peJIHTIIBHCTCKOII ,[\lIIl3MHKlI c lICIIOJih30BaHHeM 
aTnx BBKTOpoa MoryT OhlTh neperrncaHhl B BHAe dp( dui 

gi = ds = me /IS . 
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POJib TeOpHH OTHOCHTeJibHOCTH B co&peMeHHOH ljJH3HKe. 

o. T. c Bb!COIWII ToqHoCTblO IIOIJ:TBepmp;eHa o6uIIIpHOII COB0-
1\YIIHOCTblO «PaKTOB H JIC1RHT B OCHOBe BCCX CoBpeMCHHbIX 
Teop11ii, paCCMaTpHBaIOII(HX HBJICHHH upn peJIHTHBHCTCKHX 
CKOpOCTHX. Yllrn IIOCJiep;oBaTCJlbHaH TeopHH 8JICKTpoMar
HCTH3Ma - KJiacc11q, ::IJICKTpop;nHaMHKa - B03MOll\Ha 
TOJibKO Ha OCHOBC 0. T. (HCTopnqecKn aHaJIH3 OCHOB 
KJiaccm1. ::IJICKTpop;nHaMHKH, H B qaCTHOCTH OIITHKH ABH
myru;nxCH TeJI, upHBCJI K IIOCTpOCHHIO o. T.). o. T. JICiKHT 
B OCHOBC KBaHTOBOH ::IJICKTpop;nHaMHKH, TeopHii: CHJibHOrO 
n CJia6oro aaanMop;eii:CTBHH aJieMeHTapHblX qaCTHIJ.. Raau
TOBble 3aKOHbl ABHiKCHHH H B3aHM011peapam;eHHH <JJieMeH
TapHblX qaCTUIJ, paCCMaTpHBaIOTCH B KBaBTOBOH Teopnn 
UOJIH. 

Jlum.: (1] 8 i!: H III Tei!: HA., Coop. HaY'lHblX TPYllOB, T. 1-4, 
M., 1965-67; (2] Einstein A., «Ann. Phys.», 1905, Bd 17, 
S. 891-921; [3] Mink ow ski H., «Phys. Z.», 1909, Bd 10, 
s. 104-11; [4] JI a H )'.I a y JI. ,IJ,., JI II ljJ III II u E. M., TeOpllH 
IlOJIH, 6 113)'.I., M., 1973 (TeopeTll'l. QJ11311Ra, T. 2); [5] <I> e i!: H
M a H P., JI e ii To H P., Ca H 11 c M. <I>ellHMaHoec1<11e Jie1<u1111 no 
QJll311Re, nep. c aHrJI., B. 2, M., 1965; t6J II a y JI II B., TeOpllH OT
HOCllTeJibHOCTH, nep c HeM., M.- JI., 1947; l7l <I> 0 I< B. A., Teop1rn" 
npocTpaHCTBa, speMem1 II THrOTeHllH, 2 113)'.I., M., 1961; [8] II e H
p o y 3 P., CTpy1<Typa npocTpaHcTea-speMeH11, nep. c aHrJI., M., 
1972; [9] pa III e B c I< II i!: II. K., PHMaHOBa reoMeTPllH II 'TeH30p
Hblil: aHaJill3, 3 113)'.I., M., 1967; (10] A JI e I< ca H )'.Ip 0 B A. ,IJ,., 
«Bonpochl ljJ11J1ocoljJ1111», 1953, M 5, c. 225-45. /J.. II.. ConOJ!oB. 

OTHOCHTEJlbHblE rOMOROrHH - rpymrn roMoJio-

r_nii" H~(X, A; G) 11apbl rrpocTpaHCTB (X, A). Oun orrpe
p;eJIHIOTCH «PaKTopKOMIIJICKCOM KOMIIJieKCa 11,erreii" x c Ko
::i«P«Pn11,neHTaMH B rpy1111e G ITO IIOIJ:KOMIIJICKCy, COCTOHIIJ;eMy 
113 BCCX 11,erreii: C HOCHTCJIHMll B A. 8TH rpyIIIIbl OOblqHo He 
H3MCHHIOTCH rrpn «BLipe3aHHH», T. e. rrpn 3aMeHe rrapbl 
(X, A) 11apoii: (X°"'U, A°"'U), rp;e U - cop;epIBaru;eecH 

"B A OTKpbIToe IIOIJ:MHOiKCCTBO x. 0 T H 0 c H T e JI b H bl e 

K 0 r 0 M 0 JI 0 r H H Hp (X, A; G) 011pep;eJIHIOTCH IIOA
KOMIIJICKCOM KOMIIJICKCa I\CJieii: x, COCTOHlll,HM H3 BCCX 
1rn11,e11eil c HOCHTCJIHMH Il X"A, B TO BpeMH KaK «PaKTop
KOMIIJICKC OOblqHo 011pep;eJIHCT KoroMoJiorn11 IIOIJ:MHOiKe
CTBa AcX. 

Jlum.: (1] c I< JI Hp e HI< 0 E. r., «Ycnex11 MaTeM. HayJ;o>, 
rn79, T. 34, B. 6, C. 90-118. E. I'. CnJ1J1penno. 

OTHOIIIEHHE - rrop;MHOIBeCTBo Koueqaoil: p;enapTo
aoli CTerreHn A n=A XA X ... XA p;auuoro MHoIBeCTBa A, 
T. e. IIOIJ:MHOiKCCTBOCHCTeM (a1, a2, .. ., an) ll3 n aJieMeH
TOB MHoIBecraa A . 

Ilop;MHomecrao Rc:A n Ha3. n-M e c T H bl M, HJIH n
a p H bl M, 0 T H 0 III e H H e M B MHOiK0CTBe A. qHCJIO 
n Ha3. p a H r 0 M, HJIH T H II 0 M, OTHOIIICHHH R. Iloii:
MHOiKCCTBO Rc:A n Ha3. TaKiKC n-M e c T H bl M, HJIH 
n-a p H bl M, II p e A H K a T 0 M Ha MHOiKCCTBe A. 3a
IIMCb R (a 1 , .. ., an) 03Haqaer, qro (a1 , •. ., an) ER. 

Op;HOMCCTHhie o. Ha3. c B 0 ii: c TB a Mn. ,AayMeCT-
Hhie o. Ha3. 6 II H a p H bl M H, rpeXMCCTHhie 0. - T e p
H a p H bl M H H T. A· 

MuoIBeCTBO An n rrycToe nop;MHoll\eCTBO </> B An Ha3. 
COOTBCTCTBCHHO y H H B e p c a JI b H bl M 0 T H 0 III e-
H Iii e M II H y JI b - 0 T H 0 III e H H e M paura n B 
MHoIBeCTBe A. ,AnarouaJih MHomecraa An, T. e. MHoIBeCTBo 

1={(a, a, .. ., a) I a EA}, 
Ha3. 0 T H 0 III e H H e M p a B e H c T B a B MHOll\CCT-
Be A. 

EcJin R n S cyrh n-MeCTHhie 0. B MHoIBeCrBe A, ro 
n-MeCTHbIMH o. B A 6yp;yr TaKIBe CJiep;yIOHJ,HC IIOAMHOiKe
CTBil B An; 

RLJS, Rns, R'=An°"',R n R°"'S. 

MHOll\CCTBO BCCX n-apHblX o. B MHOll\CCTBC A OTHOCHTCJib
HO orrepaIJ,IIM LJ, n' HBJIHCTCH 6y.;r,eeoii a.ttee6poii. (n+1)
MCCTHOC OTHOIIICHHe F BA Ha3. «Py HK II, H 0 Ha JI b H bl M, 
eCJIH p;JIH JIIOOhIX ::IJieMeHroB a1, •• ., am a, b H3 A H3 
Toro, qTo (a1, ... , an, a) E F II (a1, ... , an, b) E F, cJiep;yeT 
a=b. 

CM. TaKIBe Bu1rnpnoe omnowenue, Coomeemcmeue. 
/1,. M. CMUPX06. 

OTHOIIIEHHH IIP AB,11;0110,lJ;OBHH KPHTEPHH -
CTaTHCTHqeCKHII Kpii!Tepnii, CTaTIICTIIKa K-poro CCTb OT
HOillCHHe uan6oJiblllllX 3HaqeHHll «PYHKIJ,Hii rrpaBp;orrop;o-
6nH, OTBeqaIOII(IIX rrpoBepHeMoii H MHOJI\CCTBY BCCX p;orry
CTHMblX rnrroTC3. IlyCTb CJiyqanHaH BeJIHqnHa x rrpHHH
MaeT 3HaqeHHH B Bh16opoquoM rrpocrpaHCTBe {a'., :13, Pe}, 
BE 0, a ceMeRCTBO Mep Jl= {Pe' BE e} a6COJIIOTHO He
rrpeph!BHO OTHOCHTeJibHO HeK-poii: CT-KoHequoii Mepbl µ 
H Pe (x)=dPe (x)/dµ (x). Ilycrb no peaJIH3aIJ,HH cJiyqal1-

uoii: BCJil!qHHhl x Heo6xop;HMO rrpoBepHTb CJIOIBHyIO rHIIO
TC3Y Ho, corJiaCHO K-poii: HCH3BCCTHOC HCTHHHOe 3Haqeune 
B0 rrapaMerpa B rrpnuap;Jiemnr MHomecTay 8 0C0, rrpoTHB 
CJIOJI\HOH aJibTCpHaTHBhl H 1 : Bo E 01=e"00. Cor
JiaCHO O. rr. K. c ypoaHeM 3HaqnMoCTH a, 0<a<1/ 2 , 

rnrroTeay H 0 cJiep;yer OTBeprHyTh, ecJin B pe3yJibTaTe aK
crrepnMeura oKameTCH, qTo A.(x)..:;:A.a, rp;e A.(X) - cra
THCTHKa o. rr. K., orrpep;eJIHeMaH CJiep;yIOHJ,HM o6pa3oM: 

sup Pe (X) 
A. ( X) __ e_e _e•"----

- supp (X) ' 
e e e e 

a A.a- Kpnrnq. ypoaeHh, K-ph1i'1 uaxop;HTCH na Toro ycJio
mrn, qTo p a 3 M e p K p n T e p n H 

sup P0 {A.(X).,.;;A.a}= 
e EElo 

=e~'!f. ~ {x:A, (x) <"'a} Po (:i:) µ (dx) 

paBeH a. B qaCTHOCTH, CCJIH MHOiKCCTBO 0 cop;epmnr JIIIII!b 
ii:ae ToqKn 0= {P0 , P1 }, a KOHKypnpyIOllJ,HM rnrroreaaM, 
K-pbl@ B p;aHHOM CJiyqae HBJIHIOTCH rrpoCTbIMH, OTBeqaJOT, 
Harrp.' IIJIOTHOCTH Po ( • ) H P1 (.) COOTBCTCTBeHHO, TO B ::ITOM 
CJiyqae CTaTHCTHKa o. u. K. BblpamaeTCH «PopMyJioii 

)., (X) = Po (X) =min f 1 Po (X) \ 
max {Po (X), 'Pi (X)} \ ' p, (X) j · 

CorJiaCHo 0. rr. K. c ypoaueM 3HaqnMocrn a, rIIIIOTeay 
Ho CJiep;yeT OTBeprHyTh, CCJIH Po(X)/pi(X)-.:;'.Aa, rp;e 
qncJio A.a, 0 <A.a <1, orrpep;eJIHCTCH H3 yCJIOBHH 

P{A.(X) <A.al H 0 }= 

= ~ {x: Po (x)-< p, (x) A.a} Po (x) µ (d.r) =a. 

O. rr. K. rrpep;Jiomeu IO. Heii:MaHoM H 8. IlnpcouoM 
(J. Neyman, E. Pearson, 1928). 11Mn IBe OhIJio p;oKa3airn 
(1933), qro cpep;n acex KpnTepneB ypoBHH, rrpep,Ha3Ha
qeHHhlX p;JIH rrpoaepKH rrpoCTblX rnrroTe3, o. II. K. HBJIH
CTCH uan6oJiee Molll,HhIM (cM. Heu.Mana - llupcona .;r,e~i.11ta). 

Jlum.: (!]Neyman J,, Pearson E.S., Jointstatisti
cal papers, Camb., 1967; [2] JI e Ma H 8., IIposepi<a CTaTllCTH'le
c1<11x r11nore3, nep. c aHrJI., 2 113)'.I., M., 1979, M, C. HurtyJ!u,,, 

OTO BP AJKEHHE o AH o 3 Haq Hoe - 3aKou, no K-poMy 
Kamp;oMy aJieMeHTy HeK-poro- aap;aauoro MHoIBeCTBa X 
CTaBHTCH B COOTBCTCTBHC BIIOJIHe orrpep;eJieHHhlH ::IJieMeHT 
p;pyroro aap;auuoro MHoiReCTBa Y (rrpn aroM X MomeT 
COBIIap;aTb c Y). TaKoe COOTHOIIICHHC Memp;y <JJICMCHTaMII 
xEX H yEY 3aIIHCb1BaeTCH B BHAC y=f(x), y=fx HJIH 
y=y (x). IlnIIIyT TaKme f: X--+Y n roaopHT, qTo oT06pa
IBeH11e f A e ii: c T B y e T H3 X B Y. MuomeCTBO X Ha3. 
o6JiaCTbIO orrpep;eJieHHH oTo6pame
HHH, a MHomeCTBO {y=/(x), xEX}cY Ha3. MHO
iK e c TB 0 M 3 H a q e H H ll 0 T 0 6 p a )1\ e H H H. Oro-
6pameune f : X-.+Y Ha3. TaKiKC 0 T 0 6 p a l1\ e H H e M 
M H 0 )1\ e c T B a x B 0 M H 0 )1\ e c T B 0 y (HJIH H a 
MHomecrao Y, eCJIH {y=/(x), xEX}=Y). Jio
rnqecKn IIOHHTIIC «0.» COBIIap;aeT c IIOHHTHHMH rfiynh'ljUsi, 
onepamop, npeo6 paaoeanue. 

0To6pameuHe j: X--+ V nopomp;aer MHomecTao Gr1= 
={x,/(x)lxEX}cXXY,uaa. rpa«PnKoM oTo6pa
m e H 11 n. 06paruo, MHmKecrao Mc X xY onpe11,eJIHer 
OAH03HaqHoe 0. ecJI11 11 roJILKo ecJ111 11,JIH acex u E X 
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cyII(ecTRyeT V E Y, npJ1ToM TOJlhJW 011,11H TaKofr, 'ITO 
(u, v) CM. Tor11,a /M (u) = v. 

,[I.Ba orn6pameHIIH f II g Ha3. p a B H bl M JI, ecJ1J1 06-
JiaCTll HX onpeJJ:eJieHIIH CoBnap;aIDT JI f (x)= g (x) AJIH JIJ0-
6oro x Ex. B :noM CJiyqae COBila/];aJOT ll ooJiaCTll 3HaqeHillI 
3TllX O. 0To6pameHue f Ha X Ha3. II o c T o H H H bl M, 
ecJIH /(x)=a p;JIH mo6oro xEX. Cy me H II e M o To 6-
p a lR e H ll H I : X....+-Y Ha IIOJJ:MHOJReCTBO A ex Ha3. 
oTo6pameHIIe q-, 3aJJ:aHHoe Ha MHomecTBe A paBeHCTBOM 
<p(x)=/(x), xEA; 3TO cymeHHe o6o3HaqaeTCH IA· Pac
m ll p e H II e M 0 T 0 6 p a lR e H II H (HJIII II p 0 A 0 Ji
m e H ll e M) Ha MHOlReCTBO E~X Ha3. OT06pameHIIe F, 
oIIpeJJ:eJieHHoe Ha E H YAOBJieTBOpHIDII(ee paBeHcTBY 
F(x)=/(x) JJ:JIH BcexxEX. EcJIII 3aJJ:aHbl TPII MHomecTBa 
X, Y, Z, Ha X oIIpe):(eJieHo oTo6pameHHe f co 3HaqeHJrnMII 
B Y, a Ha Y 3aJJ:aHo oTo6pameHHe g co 3HaqeHIIHMH B Z, 
TO cyn1ecTByeT orn6pameHue h c o6JiaCTbJO OIIpep;eJieHIIH 
X, IIpHHHMaIDII\ee 3HaqeHHH B Z II oIIpeAeJIHeMoe paBeH
CTBOM h(x)=g[/(x)J. :1TO 0. Ha3. K 0 M II 0 3 II IJ;II e ii 
o T o 6 p a m e H u ii f rr g, a f u g coo TB e Tc T 11 y
JO II( H M II o T o 6 p a JR e H u 11 M 11, u 0603HaqaeTc11 go f, 
IIpnqeM IIOPHAOK 3aIIHCH nrpaeT cyni;ecTBeHHYID poJib (AJIH 
«l>YHK~IIH AeHCTBllTCJlbHOf O IIepeMeHrroro IIpIIHHT TepMHH 
c y II e p II 0 3 ll ~ ll H). 0To6palReHHe h Ha3. TaKlRe 
c JI 0 lR H bl M 0 T 0 6 p a lR e H ll e M, COCTaBJieHHbIM ll3 
BHyTpeHHero oTo6pamemrn f II BHernHero oTo6pameHHH g. 
IloHHTIIe CJIOJRHoro o. 0606Il\aeTCll Ha JIJ06oe KOHeqHoe 
qIICJIO COCTaBJIHJOII\llX Q. 

0To6pamerrue /, oIIpeJJ:eJieHHoe Ha X H IIpHHHMaIDII\ee 
3HaqeHHll B y' IIOpOlR):(aeT HOB00 o.' 3aJJ:aimoe Ha IIOA
MHolReCTBaX MHomecTBa x ll llMeIDII\ee B KaqeCTBe 3Haqe
HHH IIOJJ:MHOil\eCTBa MHOlRCCTBa Y. l1MeHHO, eCJill A ex' TO 

def 
I (A) ={Y=f(x), xEA}. 

MHomecTBO f (A) Ha3. o 6 p a 3 o M M H o JR e c T B a A . 
EcJI11 IIOJIOlRHTh A= {x }, TO IIOJiyqHTCH ucxop;ttoe oTo6-
pamerme f (x), TaK qTo f (A) eCTh pacurnpeHIIe oT06pame
HUH f (x) c MHomecTBa X rra MHomecTBO \l.l (X) Bcex IIOA
MHomecTB MHOJReCTBa x' eCJIH OTOlR/];CCTBJillTb OJJ:H03JJe
MeHTHOe MHOlRCCTBO c 3JieMeHTOM, ero COCTaBJllllOII\HM. 
B CJiyqae Y=X MHOJReCTBO A Ha3. H H Ba pH a HT
H bl M II 0 AM H 0 lR e c TB 0 M OTo6pameHHH f, ecJIII 
/(A)eA, a TQqKa x Ha3. HCIIOABlllRHbIM 3Jie
M err To M oTo6pameHHH f, ecJIII f (x)=.r. l1rrBapuarrT
Hbie MHOJReCTBa ll HeIIO/];BlllRHbie 3JieMeHTbl HrpaIDT BalR
HYIO poJih IIpH pemeHHH .pyrrK~HoHaJibHbIX ypaBH0Hnii 
BHAa f(x)=a HJIH x-f(x)=a. 

H'.amJJ:oe 0To6pamerr11e f : X....+-Y IIopom):(aeT 0., 3ap;aH
Hoe Ha IIOJJ:MHomecTRax MHomecTBa f (X) 11 HMeIDII\ee B Ka
'leCTBe 3HaqeHHH IIOAMHOlReCTBa MHomeCTBa x. HMeHHO, 
AJlll KalRJJ:OfO Be/ (X) qepe3 1- 1 (B) 0003HaqaeTCH MHO
meCTBO {x, f (x) EB}, Ha3b1BaeMoe II o JI H bl M II p o
o 6 p a 3 o M MHomecTBa B. EcJIH 1- 1 (y) )lJIH JIJ06oro 
y El (X) coCTOHT II3 en11HCTBermoro sJieMeHTa, To 1- 1 

e<:Tb Q. sJieMeHTa, oIIpeneJieHHoe Ha f (X), rrpllHHMa10-
Il\ee 3HaqeHHH B x H Ha3blBaeMoe 0 6 p a T H bl M 0 T
o 6 p a m e H 11 e M K /. Cyll\eCTB0BaH11e o6paTHoro O. 
3KBHBaJieHTHO pa3pemnMOCTH ypaBHeHnH f (.r) = y, 
.11E/(X). 

Ecm1 MHomecTBa X 11 Y Ha11,eJieHbI HeK-pbIMH c11oiicTBa
Mn, TO BO MHOJReCTBe F (X' Y) BCeX o. Ha x B y MoryT 
obITb BblJJ:eJieHbI conepmaTeJILHhie KJiaCChI. TaK, JJ.JIH tJa
CTH'IHO yrropHJJ.OtJeHHhIX MHomeCTB X u Y oTo6pamemrn f 
Ha3. U30TOHHbIM, eCJill x<y BJl0'1CT /(x)<./(y). 
)J,JIH KOMIIJieKCHbIX IIJIOCKOCTeH x H y Bh!)leJIHeTCH KJiacc 
roJIOMopqmhIX o. )J.JIH TOIIOJiornq. rrpocTpaHCTB x ll y 
ecTeCTBeHHh!M o6pa30M Bhl)leJIHeTCll KJiaCC HerrpepbIBHbIX o. 
3THX rrpOCTpaHcTB; CTpOHTCH pa3BeprryTall TeOpHH EJurfi
rfiepelllfU[IOBllHUJt omo6pa:m:rnui1. )J.JIH O. cKaJI11prroro ap
ry111eHTa H, B ooJiee OOII(CM CJiytJae, )lJIH o., onpeJJ:eJieH
HbIX Ha IIpOCTpaHCTBe c Mepoii, MOil\eT Ob!Tb BBep;eHo IIO-

HHTHe (cnJ1hHOi'1 nJin cJJa6oii) II3MepHMOrTH II MoryT ObITh 
IIOCTpoeHbl pa3JIIIqHh!e IrnTerpaJJbl Jie6erOBCKOro Tl!lla 
(HaIIp., Eoxnepa unmeepa,11,, J(anue,11,si 1mmeepa,11,). 

o. Ha3. M H 0 r 0 3 H a 'I H bl M 0 T 0 6 p a lR e H II e M, 

ecJIH aeK-pb!M 3Ha'leHIIHM x COOTBeTCTBYIOT IIO)lMHOJRecTBa 
y xeY, COCTOHIJ\IIe 6oJJee qeM H3 O)lHoro :rneMeHTa. Ta
KOBhl, Hanp.' MHOfOJllICTHbie qiyHKI\IIII KOMIIJJeKcHoro 
nepeMeHHoro, MHoro3HaqHbie O. TonoJioruqecKHX npo
CTpaHCTB H AP. 

Jlum.: [1] By p 6 a I< H H., TeopHH MHO>I!eCTD, rrep. c cjJpa1111., 
M.' 1965; [2] e r 0 >I< e, 06111an TOIIO.T!OrHfl. OcHOBHb!C CTPYRTYPhl, 
IIep. c cjJpattq., 2 Ha)I., M., 1968; [3] Kc JI JI H Ji: >I<. JI., 06111afl TO
IIOJIOrHH, 11ep. c aHrJI., 2 H3JI., M., 1981. B. H. Co6oMB. 

OTO BP AJKEHHE IIEPllOl);OB - oT06pameHne, corro
cTaBJIHIDII\ee ToqKe s 6a3hl S ceMeil:cTBa {Xs} aJire6pa11q, 
MHoroo6pa3IIH Ha)l IIOJJeM c KOMIIJieKCHblX quceJI KOfOMO
JIOfllII H * ( x s) CJIOH Ha)l 3TOH TQqKoH' CHa6meHHhie x ofJ31Ca 
cmpynmypoi1. IIoJJyqeHHaH IIpH 3TOM CTPYKTypa Xonma 
pacc~!aTp!IBaeTCH KaK ToqKa B MHoroo6pa3II11 MO)lyJJeH 
CTPYKTYP Xonma )laHHoro TIIIIa. 

l13ytJeHne O. II. BocXOAIIT K uccJie)loBaHHHM H. A6eJJH 
(N. Abel) 11 IL HKo6u (C. Jacobi) nuTerpaJJOB aJire6paH11. 
qiyHK~HH (cM. A 6eAee EJurfirfiepenlfua,11,). 0)lHaKo no HeJJ:aB
Hero BpeMerrn r Jiy6oKo 6bIJJH u3yqerrbl JJHillh 0. rr., oTBe
qaIOII\IIe ceMeHCTBaM KpIIBb!X. 

IIycTb {Xs}ecThCeMe11:cTBo cJioeB Xs=f- 1 (s) rJiaAKoro 
npoeKTHBuoro MopqiuaMa f : X....+-S, rne S - rJia)lKoe 
MHoroo6pa3IIe. Torna KoroMoJiorHII H* (Xs, z )= V Z 

cna6meubr qncTott, noJIHpII3oBaHHoil CTPYKTypoM: Xonma, 
K-paH 3a)laeTCH roMoMopqill3MOM Bell\eCTBeHHbIX a,11,ae6pa
U'leC1>UX apynn h : !C*--+-GIR, rne C* - MYJihTHITJIHKaTIIB

HaH rpyIIIIa C* IIOJJH KOMIIJJeKCHbIX qIIceJJ, paccMaTpn
BaeMaH KaK Beni;ecTBeHHaH aJire6paIIq. rpyIIIIa, a 

G={gEGL(V), \)'(gx, gy)='A(g)\)'(x, y)} 

- aJJre6paIIq. rpynrra JIHHeHHbIX IIpeo6pa3oBaHHil: npo
CTpaHCTBa v, YMHOJRaIDII\IIX aeBbipOlR)leHHYJO (CllMMe
TpHqecKyJO IIJIH KOCOCIIMMeTpllqecKyJO) OHJIHHeiiHyJO qiopMy 
'I' Ha CKaJIHpHb!H MHOlRHTeJJb; IIpIIqeM aBTOMopqill3M Ad h( i) 
rpynnbl GR HBJIH0TCH IIHBOJIIDI\Heii H'.apTaHa ll h (IR*) 
JJeiKHT B 11eHTpe rpyIIrrhl GR. MHomecTBo X 0 roMoMop

qiu3MoB h : C*--+-GR, o6JJa)laIDII\HX yKa3allHhlMH CBoiicT
BaMII, ecTeCTBeHHbIM o6paaoM cHa6meno GR-ImBapnaHT

Hoil CTPYKTypoii O)lHOpO)lHOro K3JJepoBa MHoroo6pa3HH n 
Ha3. M H o r Q o 6 p a 3 II e M r p II qi qi u T c a, a qiaK
Top Ma= x a!G z HBJJHeTCH rrpOCTpaHCTBOM MO):(yJieif 

CTPYKTYP Xonma. foMoMopqiu3M h 3a)laeT paaJiomeHne 
Xoi~ma 

O>c =EB ®P' -p 

aJJre6pb1 Jlu @ rpyIIIIhl G, rne OlP· - P - nonnpoCT
paHCTBO B ®c, Ha K-poM Ad h (z) neiiCTByeT yMHome-

HIIeM Ha -;,Pz -p. ConocTaBJieHIIe h....+-P (h), rne P (h) -
rrapa6om1q. nonrpyIIna B Ge, aJire6pa JlII K-poii eCTh 

E8p::;,.o~lp, - p' 3a)laeT OTKpb!TOe IlJIOTHOe BJIOlR0HMe MHO

roo6pa3HH X 0 & KOMIIaKTHoe Gc-onHopo)lHoe MHoroo6-

pa3IIe qiJiaroB XO· B KaCaTeJibHOM IIpoCTpaHCTBe 

illc, /ffip ::;,. o@P• - p 

I\ x a B TOqKe h Bbl)leJJeHO r 0 p H 3 0 H T a JI b H 0 e 
IIO)lIIpOCTpaHCTBO 

m @P· -P/EBP~ o@P· -p. 
'07p::).-1. v 

foJioMopqiHoe oTofipamemie B X a 1IJm Ma Ha3. r o p n-
3 0 H T a JI h H bl M, 0CJ!ll o6pa3 ero KacaTeJlbHOfO OTOO
pameHHH Jle1RIIT B ropH30HTaJibHOM IIOApaccJJoemm. 
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YcTaHoBJieHo, qTo O. rr. cD : s-M 0 rop1rnoIITaJibHo 
(cM. (1), (3)). Oco6euuoCTl'l O. n. orr:rrCblBaIOTCH Teo p e
M 0 ii III M Ii! A a 0 H Ii! JI b II 0 Te II TH 0 :il: 0 p 6 Ii! Te, 

K-paH B cJiy11ae, KOrAa S= S""- {O} - Kp1rnaH c BblROJio
Toll: TO'lK-Oii:' YTBepJR/);aeT' lJTO eCJIH z - JIORaJibHaH Roop
AHHaTa Ha s' z (0) = 0' TO II pH Z-+0 cD ( z) aCHMIITOTH'leCKII 
6mrnKo H 

exp 2:rti N a, ( 
log z ) 

rAe aEXa, a NE~Q - HHJibIIOTeHTHblH :iJieMeHT (cM. 

[4)). 0THOCHTeJibHO rpynnbl MOHOAPOMHU 

cD• (n1 (S, s))CGz 

113BeCTHO, lJTO ee o6pa3 IIOJiyIIpOCT BO BCHROM parvrnHaJib
HOM IIpeACTasJieH1nr rpyrrrrbl G, a rrpeo6paaosaIIHH 06-
XOAa T BOHpyr AHBH30pa c IIOpMaJibllblMH rrepece11eIIHH-

MH S""S B rJiaAROii: KOMIIaRTlilqiHRaU,Hlil S MHoroo6pa3Hll S 
rropOIBAaIOT K B a 3 Ii! y H H II 0 T e H T H bl e (T. e. HMe
IOill,l'le B Ra'leCTBe co6cTBeHHblX 3Ha11eHHH ROpIIH ll3 1) 
:rneMeHTbl <I>"' ( T) E G Z. BamHoCTh rpyrrrrhr MOIIOApoMHH 

rro,a;11epmi:saeT TeopeMa mecTROCTH (cM. (1), 
(2)' [ 4)): eCJIH HaA s HM0IOTCH ABa ceMeHCTBa aJire6paH'l. 
MHoroo6pa3HH, TO COOTB0TCTBYI0Ill,l10 0. rr. cD1 II <I>2 113 s 
B M Q COBIIaAaIOT TOrAa Ii! TOJlbKO TOTAa, ROTAa cD1 (so)~ 
=cD2(so) B HeR-pOH TOlJRe soES H roMOMopqiH3Mbl cD;*: 
:rt 1 (S, s0) - Gz, i= 1, 2, cosrraAaIOT. 

3aROH110HHble peayJibTaTbl 0 CTpoeHHH HApa Ii! o6paaa 
0. II. OTHOCHTCH B OCHOBHOM H CJiyqaHM RpHBb!X Ii! H3-
noeepxnocmeu. EcJIH {X s} - ceMeiicTBO MHoroo6pa3HII 
yRa3aHHoro THIIa n cD (s)=<I> (s'), TO X s~X s' (Te op e Ma 

T o p e JI JI H), a AJill H 3-rrosepxIIoCTell: MaRCHMaJibIIo 
soaMolRHbl:ii o6paa O. rr. cosIIaAaeT c Ma (cM. (7)). B cJiy
<rae RpHBblX o6pa3 o. rr. 11aCTl'l1JHO OllHCaH (coOTHOIIIeIIHH 
llloTTRH - IOura, cM. [6), (8)). Cyru,ecTsyeT r H rr o Te a a 
f p Ii! qi qi Ii! T C a. 0 TOM, lJTO MHoroo6pa3H0 MOAyJieii: 
AOIIycRaeT 11aCTll1IHYID aIIaJIIITlillJ. HOMIIaRTlilqiHRau,HIO, 
T. e. OTRpblTOe BJIOIBeIIHe B TaHoe aIIaJIIITH'l. rrpoCTpaII-

CTBO Ma, lJTO o. n. s-M a rrpOAOJIJRaeTCH AO roJioMopqi

Horo OTo6paJReIIIrn S::::iS AJIH BCHROH rJiaAROH KOMIIaRTil

<fiHRaU,Hlil s::::is. TaRaH KOMIIaRTilqiHKau,~rn H3BeCTHa (1983) 
Jilllllb /);JIH CJiyqa11, HOr/);a x a- CHMMeTpH'leCHaH 06-
JiaCTb (9). 

Jlum.: [1) I' p u ljl ljJ n Tc ([J, A., «Ycnexn MaTeM. Haym>, 1970, 
T. 25, B. 3, c. 175-234; [2) Griffiths Ph. A., B KH.: Actes du 
Congres international des mathematiciens (Nice), 1970, t. 1, P., 
1971, p. 113-19; [3] De Ii g n e P., Travaux de Griffiths, B KH.: 
Seminaire Bourbaki. 1969/70, B.- N. Y.- Hdlb., 1971, p. 213-35; 
[4) Sch mi d W., «Invent. math.», 1973, v. 22, p. 211-319; 
(5] Catt an i E. H., Kap I an A.G., «Duke Math. J.», 1977, 
v. 44, M 1, p. 1-43; [6] ,[!; y 6 p 0 B H H B. A., «Ycnexn MaTeM. 
HaYm>, 1981, T. 36, B. 2, c. 11-80; [7] Ky JI HR 0 B B. A.' T!IM me, 
1977, T. 32, B. 4, c. 257-58; [8) Ma M ljJ 0 p II,[!;., «MaTeMaTHRa», 
1973, T. 17, M 4, c. 34-42; [9] Bai I y W., Ba re I A., «Ann. 
Math.~, 1966, v. 84, 1!_. 442-528. A. JI. 0Bcee6Wl. 

OTOBPAiKEHIUI KJIACCLI - uamIIeiirnne RJiaccbl He
npepblBHblX OT06pameIIHH, paCCMaTpHBaeMbie B 06ru,ef1 
TOIIOJIOTIIH Ii! ee IIpHJIOiKeIIHHX. R IIHM OTIIOCHTCH: 0 T
R p bl T bl e 0 T 0 6 p a iK e H H H - TaRHe, 'lTO o6pa3 
JII06oro OTRpblToro MHOiKeCTBa HBJIHeTCH OTRpblTblM MHO
meCTBOM; 3 a M R II y T bl e 0 T 0 6 p a JI\ e H Ii! H - Ta-
1rne, rrpn R-pblX o6paa Ram/);oro 3aMRHyToro MIIomecTua 
3aMRHyT; 6 H R 0 M II a R T H bl e 0 T 0 6 p a JI\ e H H H -
)l.JIH HHX rrpoo6pa3 JII06oll: TOlJKll HBJIH0TCH 6I1HOMIIaHT
HblM MHOiKeCTBOM; c 0 B e p m e H H bl e 0 T 0 6 p a
ll\ e H H H - 3aMRHYTbie 6HHOMIIUKTHble OTo6pameHHH. 
cD a R T 0 p II bl e 0 T 0 6 p a JR e H H H oIIpe/);eJIHIOTCH 
Tpe6ouaHHeM: MIIOJReCTBO B o6pa3e OTKpblTO B TOM H 
TOJlblW B TOM cJiy11ae, ecJIH ero ITOJ!Hblll rrpoo6pa3 OTRpb!T. 
BaIBIIbl TaKll\e OTKpb!Tbie fornoMrraRTHble OTo6pameHHH, 
rrceBAOOTRpbITble OTo6pameBHll H 

y II JI 0 T H e H If H - IIOCJI0ASH0 OIIP0AeJilllOTC.R RaK 
B3aIIMHO o,a;H03Ha1JHbie HeIIpepblBHble OTo6pameHHH Ha. 
TaKIIM o6pa3oM, rrpn RJiaccnqi1mau,nn oT06pameHI1ii B 06-
ru,e:H TOIIOJIOTIIH orpaHH110HHH HaRJiaAblBaIOTCH JI1160 Ha 
rroee,a;eane (IIpH nepexoAe R o6paay) OTKpblTblX HJIII 
3aMRHYTb1X MHomecTB, JII160 Ha CBOl!CTBa rrpoo6pa30B 
MHomeCTB. BTopoii IIOAXOA rrpHBO/);HT, B <raCTHOCTH, R CJie
AYIOill,l'lM 0. R. M o II o T o H H bl e o T o 6 p a m e
H Ii! H-Te, rrpn R-pblX IIpoo6pa3 RaIB/);OM TO'lKH HYJibMe
~H. Rone11noRpaTHble oTo6pameanR 
xapaRTepH3YIOTCll KOH01JHOCTbIO scex rrpoo6pa30B TO'leR. 
0To6pameHnH, rrpH R-pblx rrpoo6paa Kam,a;oro 6nRoM
rraRTHoro MHOJR0CTBa 6.nROMIIaRTeH, Ha3. k-o T 0 6 p a
m e H n H M n. Coe,a;JraeHIIeM orpaHI1110Hnf1 IIepsoro JI 

BTOporo THIIa BblAeJIHIOTCH OCIIOBHbl0 RJiaCCbl HerrpepblB
HblX OT06pameHI1ll B o6ru,e:il: TOIIOJIOrJ'llil. CaMHMH orrpe/);e
JieHIIHMII 0. R. ecTeCTBeHHO opraHI13YIOTCH B :aeR-pyIO 
HepapXHIO, R-paH MoiKeT 6b!Tb IIOJIOll\eHa B OCHOBY CIICTe
MaTil'l. RJiaCCHqinRaU,HH TOIIOJIOrH'l. rrpocrpaHCTB [ 1]. 
8Ta RJiaCCH<fiHKaIIIlll CTpO!ITCH RaK peayJihTaT perneHHH 
BOIIpOCOB CJI0AYI0Ill,HX ABYX TIIIIOB. ,lJ.aH RJiacc rrpoCT
paHCTB A, u,eJiecoo6pa3HOCTh Bbl,D;eJieHHH R-poro He 
Bbl3b1BaeT COMII0HHM, Ii! rryCTb cfl3 - HeR-pblH RJiacc OT06-
pameHHH H3 Harneii: HCXO)l;HOM nepapXHH. Tpe6yeTCll oxa
paRT0p!I30BaTb rrocpe,a;CTBOM BHyTpeHHl'lX TOIIOJIOrHq. IIH
BapHaHTOB oupaabl rrpocTpaHCTB H3 RJiacca A rrpn sce
soaMoll\HblX oTo6pameHHHX H3 mracca &3. Borrpocbl BTO
poro THIIa aHaJIOTH'lllbl - Tpe6yeTCH oxapaRTepH30BaTh 
rrpoo6pa3bl rrpocTpaHCTB H3 RJiacca A rrpH oToupame
HilllX na RJiacca cfl3. 

II PII perneHHII BOIIpOCOB yRa3aHIIblX ABYX THIIOB IIOJiy
'laIOTCH COBCeM He 0110BH/);Hble TeopeMbl o6ru,ero xapaK
Tepa. Harrp., rrpocTpaHCTBa c rrepsmi aRCI10Mm~1 c11eT
IIOCTI1 - no B TOlJHOCTH o6pa3bl MeTpI11I. rrpoCTpaHCTB 
rrpH HerrpepblBHblX OTRpbITblX oT06pameHHHX. IlpOCT
paHCTBa c pasHoMepnoii 6a3oii II TOJlbRO OHH - o6pa3bl 
M0Tp111I. IIpOCTpaHCTB rrpH OTRpblTblX 6nROMIIaRTHb!X 
oTo6pameIIHHX. IlpocTpaIICTBa <I>perne - YpbrCoIIa xa
paRTepH3YIOTCH RaR llC0BAOOTRpb1Tble o6pa3bl MeTpI11I. 
rrpoCTpaHCTB, a CeRBeIIU,llaJibHble rrpOCTpaHCTBa - :no 
qiaRToprrpocTpaHCTBa MeTpll'l. IIpOCTpaHCTB. ,lJ.aJiee, rrpo
o6pa3bl MeTpH'l. rrpoCTpaHCTB rrpH COBeprneHIIb!X OT06pa
ll\eHIIHX - 3TO B TOlJHOCTH rrapaRoMIIaRTHbie rrepHCTble 
rrpoCTpaHCTBa, a rrpoo6pal:laMH IIOJ!HblX MeTpI11I. rrpOCT
paHCTB HBJIHIOTCH rrapaROMIIaRTHbie rrpocTpaHCTBa, IIOJI
Hble no qexy. HerrpepblBIIble o6paabl rrpocTpaHCTB co 
C'leTIIOil 6aaoi"1 - rrpocTpaHCTBa co C110THOU CeTbIO. Ilpn 
CHCTeMaTHlJ. CJIB/);OBaIIIllil yRa3aHHOMY IIYTH llOJiyqaeTCH 
e,a;HHaH B3alIMHaH RJiaCCllqiHRau,HH rrpoCTpaHCTB II OT06-
pameHI1M. 

Oco6yro poJib cpeAH pa3JIH11Hb!X RJiaccos uerrpepbrn
HhIX OTo6pameIIHii 3aHnMaeT RJiacc qiaRTOpHb!X OToupa
meHHIJ. Bamue:Hrnei"1 oco6eHHOCTbIO <fiaRTOpHbIX oT06pa
meHnf1 HBJIH0TCH TO, lJTO OHH MoryT CJIYIBIITb cpeACTBOM 
AJIH IIOCTpoeHHH HOBblX TOIIOJIOril'l. rrpOCTpaHCTB. A 
HMeHHO, eCJIII ,a;aHo OTo6pameHHe f TOIIOJIOrH'I. rrpOCT
paHCTBa x Ha HeR-poe MHomeCTBO y (Harrp., eCJIH pac
CMaTpIIBaeTCH ecTeCTBeHHOe OTo6pameIIIre n rrpoCT
paHCTBa x Ha MIIOJR0CTBO Bcex 3JieMeHTOB HeR-poro pa3-
6I1eHHH 3Toro rrpocTpaHCTBa), TO Ha MHOJReCTBe y scerAa 
MOll\HO BBeCTH ecTeCTBeHHyIO TOIIOJIOrHIO Tpe6oBaHHeM, 
1JT06bi OT06pameHHe f 6blJIO <fiaRTOpHbIM: MHOlI\eCTBO 
VcY o6'bHBJIH0TCH OTRpblTblM B TOM ll TOJlbRO B TOM CJiy-
11ae, ecJin ero rroJIHbrii rrpoo6paa 1- 1 ( V) oTRpblT B rrpocT
paHCTBe x. IloMIIMO yme Ha3BaHHblX, BeCbllla BalKHbl 
nenpuooi!u.M.b/.e omo6paJ1Cenua, Harrp. B TeopHH a6coJIIO
TOB. CM. TaRme Bu(/iaKmopnoe omo6paJ1Cenue, Mnozo
ana'lnoe omo6pa:HCenue. 

Jlum.: [1] ApxaHreJibCRlltt A.B., «Ycnexo: MaTeM. 
nay11», 1965, T. 21, B. i., c. 133-81,. A. B. Apxanze.itbcnufi. 

OTOBPAiKEHMl:I METO,!J; - TO me, 1ITO uao6pa:HCe
nuii Memoi!. 
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OTOBPAiKEHHH fJIABHAH CETb, o c Ho a a H n e 
0 T 0 6 p a iK e H H H,- opToroHaJibHaH ceTb a o6JiaCTII 
G n-MepHoro MHoroo6pa3HH M (a qacTHOCTH, M MomeT 
6bITb eaHJJHAOabIM npocTpaacTaOM)' H-paH rrepeXO)J;HT 
a ceTb, TaKme opToroHaJibHyro, rrpn p;nqupeoMop¢uaMe 
f : G-+G' 06Jiacn1 G Ha o6JiaCTb G' Toro me HJIH Apyroro 
puMaHoaa MHoroo6pa3HH M'. HarrpaaJieHHH, KacaTeJib
Hbie K JIHHHHM o. r. c. a ToqHe xE G, HaJIHIOTCH rJiaaHbIMH 
HarrpaaJieHHHMH aJIJIHIICOHAa Ae¢opMau,uu HHAyu,npoaaH-

Horo OTo6paIBeHHH /*: Tx-+Tf(x) HacaTeJiblloro rrpocT

paHCTaa T x Ha HacaTeJibHOe rrpocTpaHcTao Tf(x>- Ilpu 
n>2 o. r. c., aoo6rn,e roaopH, He 11aJIHeTCH rOJIOHOMHOii. 
EcJin oTo6pamerrne f - Korr¢opMHoe, TO Jiro6aH opToro
HaJibIIaH ceTb a o6JiaCTII G cJiymnT O. r. c. 

Jlum.: P hi m R o B B. B., B co.: HTOrH HayHH, CepHll MaTeMa-
nrna, B. 3- reoMeTpHH. 1963, M., 1965. B. T. Baabt.ieB. 

OTP AiKEHHE - Aaumemie a n-MepHoro op;HoCaHa
rroro rrpocTpaHCTaa IIOCTOHHHOH HpHaH3HbI xn (T. e. 
eaHJIHAoaa a¢¢HHHOro rrpocTpaHCTaa En, c¢epbI sn HJIH 
rrpocTpaHCTaa Jlo6aqeacKoro An), MrromecTao HeIIOA
anIBHhIX ToqeK r K-poro HaJIHeTCH n-1 Meprroii rnrrep
rrJiocKoCThIO. MHoil\eCTao r Ha3. 3 e p H a JI 0 M 0 T 0 6-
p a ;K e H II H a; roaopf!T TaHIBe, qTo (J eCTb 0. OTHOCII
TCJlbHO f. BCHKOe 0. O)J;H03IIaqHO onpe)J;BJIHCTCH CaOI!M 
30pHaJIOM. IlopH)J;OK 0. a rpyrrrre acex )J;aHIBeIIHfl Xn 
paaeH 2, TO eCTb a2=id xn· 

IlycTb xn=En H xE r. BbI6op x a HaqecTae HaqaJia 
Koop)J;HHaT II03aOJifleT OTOIBAeCTaHTb eBHJIH)J;oao a¢¢uH
Hoe rrpocTpaHcTao En c JIHHeiiHbIM eaKJIH)J;OabIM rrpocT
paHCTaoM vn ero rrapaJIJieJibHbIX rrepeHocoa. Torp;a oT
pamerrue a - JIHHei'rnoe opToroHaJibrroe rrpeo6paaoaa
HHe IIpOCTp!HCTaa J!n, HMeIOIIJ,ee a IIeK-pOM opTOHOpMI!
poa3HIIOM uaance MaTp1u1,y 

1 1 0 

0 1 -1 

H Hao6opoT, acHKoe opToroHaJibIIOe rrpeoopaaoaaHne 
IIpOCTpaHCTaa J!n, HMCIOIIJ,00 a HCH-poM opTOHOpMHpO
aaHHOM 6aance TaHyIO MaTpuu,y, HaJIHeTCH 0. a En. 
EoJiee o6ru,o: JIHHeii:Hoe rrpeo6paaoaaHne <:p rrponaaoJib
rroro BeHTopHoro rrpocTpaHCTaa W Ha)]; rroJieM k xapaHTe
pncTHKH, OTJIHqHoii: OT 2, Ha3. JI H H 0 ii H bl M 0 T p a
il\ e H 11 e M, ecJin <:p2=idw n paHr rrpeo6paaoaamrn 1-<:p 
paeeH 1. B ::!TOM cJiyqae IIOArrpocTpaHcTao lV1 HeIIOA
anmrrwx OTHOCHTeJibHO <:p aeKTOpoa HMeeT a w HopaaMep
HOCTb 1, a IIOATIPOCTpaHCTao w -i co6cTaeHHbIX aeHTopoa 
c co6cTaerrHbIM 3HaqeHH0M -1 HMeeT paaMepHOCTb 1 u 
W = lV1EB W -1 • ECJin a - TaKaH JinrreiIHaH ¢opMa Ha 
W, qTo a(w)=O rrpn wElVr. a hEW_ 1 - TaKoii ::iJie
MeHT, qTo a (h)== 2, TO <:p 3aAa0TCH ¢opMyJioii: 

q>w=w-a(w)h, wEW. 

Ormcamrn 0. a rrponaaoJibIIOM ouHocaH3HOM rrpocT
paHcTae xn IIOCTOHHHOM KpHaH3Hbl M01R0T ObITb caeA0IIO 
K orrucarruro JI11.Heii:HbIX O. cJiep;yrorn,nM cnoco6oM. BcH
Hoe TaKoe rrpocTpaHCTaO xn aKJiaAblaaeTCH a aup;0 rn
rrepnoaepXHOCTH a A0lICTBHT0JibH00 ( n + 1 )-MepHoe aeH
TOpHoe rrpoCTpaIICTBO Vn +I TaKHM o6pa30M, '!TO )J;aH1R0-
HHH Xn IIpOL{OJI1RaIOTCH AO JIHH0lIHbIX rrpeo6paaoaarr11ii 
vn + 1, npnqeM a IIO)J;XOL{HIIJ,0ii CHCTeMe HOOpAHHaT a Vn + 1 
ypaarremrn yKaaaHHolr nmeprroaepxHocTn aarrncblaaroTcH 
cJiep;yroru,nM oopaaoM: 

xii+xi+ ... +x.;=1 )J;JJH Sn; 
x0 = 1 )J;JJH En· 

% ' 

X~-x~- ... -Xn=1 H x0 > 0 )J;JIH An. 

Ilpn 3TOM aJI0){\0HIIll. aCHHRH rJIIIepmIOCKOCTb a Xn eCTb 

IIepeceqeHHe C xn IIeH-pOrO n-MepHOrO IIOL{IIpDCTpaHCTaa 
a vn+I, a aCHKOe 0. a Xn lilHAYLVIPOaaHo Jill.HeIIHbIM 0. 
a Vh+I. 

EcJin a orrpe)J;eJieHnH JIHHeii:Horo 0. OTKaaaTbCH OT 
Tpe6oaaHHH q;2= idw, To rroJiyqaeTCH 60J1ee o6m;ee rro
HHTHe II c e B A 0 0 T p a ii\ e H Iii H. ECJIH k - IIOJie HOM
IIJieKCHbIX qIJCeJI, a <:p - IIC0B)J;OOTpamemre KOHeqHoro 
IIOPHAHa (He o6H3aTeJibHO paBHOro 2), TO <:p Ha3. K 0 M
IT JI e Kc H bl M 0 T p a ii\ e H If e M. KoMIIJieKCHbIM o. 
Ha3. TaKlK0 aCHKHH 6urOJIOMOp4f>Hblii aaTOMop4JH3M KO
HeqHoro rropH)J;Ha orpaHnqeHHOII CIIMMeTpnq. o6JiaCTH 
a KOMIIJieKCIIOM rrpOCTpaHCTae, MHOIBeCTao H0IIO)J;aHiKHbIX 
TQqeH K-poro HMeeT KOMIIJieHcHyIO Kopa3liepHOCTb 1. 

CM. TaKme Ompa:HCenuii zpynna. 
Jlum.: [1] B y p 6 a Ru H., rpynrrhl H aJJre6pb1 Jlu, nep. c 

lj>paH1{., M., 1972; [2] B H H 5 e pr 8. B. «llaB. AH CCCP. Cep. 
MQT0M.», 1971,T. 35,M5,c. 1072-112; [3] Gottschling E. 
«Comm. Pure and Appl. Math.», 1969, v. 22, p. 693-714; L4J 
Po a e H lj> e JI h 11 B. A., HeeBHJIH)'.{OBbl npocTpancTBa, M., 1969. 

B. JI. IIonoB. 

OTP AiKEHHII f PYIIIIA - AIICHpeTHaH rpyrrrra rrpe
o6paaoaaHnlr, rropomp;aeMaH OTpameHHHMH OTHOCHTeJihHO 
rnrrepnJioCKOCTei1. Han6oJiee qacTo paccMaTprrnaIOTCH 
o. r., COCTOHIIJ,He H3 ABIIiKeHIIM OJJ;HOCaH3Horo IIOJIHOro 
pHMaIIOBa MHoroo6pa3HH IIOCTOHHHOH HpHaH3HbI, T. e. 
eaHJIH)J;Oaa rrpocTpaHCTaa En' c<jiepbI sn HJIH rrpoCT
paHCTBa Jlo6aqeacHoro Ln. 

McTOKaMH TeopHII o. r. f[aJIHIOTCH HCCJIC)J;Oaamrn rrpa
aIIJibHhIX MHororpaHIIHirnB II rrpaaHJibHhIX pa36HeHI!ll 
eaKJIH)J;oaoii: IIJIOCHOCTH 11 c<JiepbI («opHaMeHToa»). Bo 2-li 
IIOJI. 19 a. 3TH HCCJie)J;oaaHHH 6bIJIH pacrrpocTpaHeHbI Ha 
n-MepHbIH cJiyqaii: H, a CBH3Jil c 3a)J;aqaMH TeopHH ¢yaKu,ml. 
KOMIIJieHCHOro rrepeMeHHoro, Ha IIJIOCKOCTb Jlo6aqea
CKoro; 6bIJIH TaHme OIIll.CaHhI rrpaaHJibHble paa6HOHI!H 
rrpocTpaHcTaa Ln Ha rrpaaHJihHhle MHororpaHHHHH. fpyrr
rra CHMMeTplilH Jiro6oro rrpaBHJibHoro MHororpaHHirna, a 
TaHme rpyrrrra cnMMeTpnn rrpaBHJibHoro paa6neH!ilH rrpo
CTpaHCTBa Ha rrpaaHJibHbie MHororpaHHHHH HBJIHIOTCH 
0. r. B 1934 6hIJIH rrepeqncJieHhI (cM. [1)) ace O. r. a En 
H ~n(rrocJieAHHe M01RHO paccMaTpIIaaTh KaK qaCTHbIH CJiy
qau o. r. a En+ 1). Eru,e B 1925-27 B pa6oTaX r. Beii:JIH (H. 
Weyl) H 8. KapTaHa (E. Cartan) 0. r. rroHaIIJIHCb HaH 
Beii.ui ipynnbi rroJiyrrpocTbIX rpyrrrr Jln. Ilo3AHee 6hlJIO 
ycTaHoaJieHo, qTo rpyIIIIhI Beii:JIH - aTo B TO"'IHOCTII 
Te 0. r. B En' H-pbie IIMeIOT eAHHCTaeHHYIO HeJiop;an:mHyIO 
TQqKy H 3aIIHCbJBaIOTCH a HeK-poM 6aance I~eJioqJilcJieHHbI
MH MaTpmi,aMn, a a¢¢nHnble rpyrrrrhl Beii:JIH - aTo Bee 
0. r. B En c orpaHnqeHHhIM 4JYHAaMeHTaJibHhIM MHoro
rpaHHHKOM (cM. J{uc,..pemnaa zpynna rrpeo6paaoaam1ii:). 

0CHOaHble peayJibTaTbI TeopHH 
rpyrrrr OTpameHIIll. IlycTb xn=sn, En JilJIH 
Ln. BcHKaH o. r. a xn AOIIYCHaeT a HaqecTae o6paayro
IIJ,HX OTpameHHH r1 OTHOCHTeJibHO rnrreprrJIOCKOCTeii: H ·, 
i ET, orpaHnqnaaroIIJ,IIX ¢ynp;aMeHTaJihHhlll MHororpa~
HHH p. 0THOCHTeJibHO 3TOH CHCTeMhI oopaayIOIIJ,HX OH a 
HaJIH0TCH Ko11cmepa zpynnou c orrpep;eJIHIOIIJ,HMH COOTHO

IIJeHIIHMH (r;rj)nij= 1, rAe qucJia nij naXO)J;HTC.fl cJiep;yro
IIJ,HM o6pa3oM: OCJIH rpaHn H; n p II Hj n p CllleIBHhI II 

:rt 
yroJI M01RAY HHMH paaen rlij• TO n;;=c;::.; ecmr oHn He 

lj 
cMeiRHhI, TO nij= oo (n TOrAa nmeprrJiocHocTn H; Iii H j 
He rrepeceKaIOTCH). 06paTHO, Jiro6o:ii BhIIIYKJibIH MHOro
rpaHHJilH a IIpOCTpaHCTae xn, ace p;ayrpaHIIhle yr JI bl 
H-poro CYTb u,eJible qaCTH n, HBJIHeTCH ¢YHAaMeHTaJibHbIM 
MHororpaHHHHOM rpyIIIIhI, nopo1R)J;eHHOlI OTpameHHHMII 
OTHOCHTeJibHO orpaHJiqnaarom;nx ero nmepIIJIOCHOCTef1. 

BcaKaH 0. r. a En HaJIHeTcH (HaH rpynrra JJ;aumeHn:ii) 
rrpHMhIM rrponaaep;eHll:eM Tp1rnIIaJibIIoii: rpyrrrrw, p;eircT
ayroIIJ,el1 a eaHJIHAOaOM rrpocTpaHCTae HeK-poii: paaMep
HOCTH, H rpyrrrr ABUiK0HHH CJieAYIOIIJ,IIX p;ayx THIIoa: 
(I) KoneqHaH o. r., 4f>yHp;aMeHTaJibHhlll MHororpaHHHK 
H-poii: eCTb CHMIIJIHU,HaJibHblii: KOHyC, H (II) 6ecHoHeqHaH 
o. r., <iiyHp;aMeHTaJibHhlll MHororpaHHIIH K-po:ii ecTb CHM-
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rrneKc. fpynITa Tnrra (I) MomeT pacrMaTpHBaThCH KaK 
0. r. Ha ccJiepe c u,eHTpoM B neprmme cJiYHAaMeHTaJlbHoro 
KoHyca; ee ii>YHAaMeHTaJlbHblM MHororpaHHllKOM 6yAeT 
TotAa ccJiepll'I. CllMITJleKc. 0. r. TI!Ila (I) OAH03Ha'IHO 
orrpeAeJl.IIeTCH cnoeil MaTpnu,eii KokcTepa, ITrniToMy KJrac
cmpnKau,nH TaK11x rpyITIT conITaAaeT c KJ1acc11cJi11Kau,11eii 
KOHC'IllblX rpyITIT KoKCTepa. 0. r. TllITa (II) OITpeAeJl.ll
eTCH cBoeif Ma'l'pnu,eil KoKcTepa c TO'IHOCTbIO AO roMo
TeTIHI. KJ1acc11cJinRau,nH TaK11x rpyITIT c TO'IHOCTbIO AO 
roMOTeTllll COBITaAaeT c KJ1acc11cJi11Ka1~11eii Hepa3JIOJHllMbIX 
rrapaOOJIH'I. rpyITIT KoKcTepa. BcHKaH 0. r. B En, 11Mero
maH orpaHll'IeHHbIM ii>YHAaMeHTaJlbHblll MHOrorpaHHllK, 
HBJIHeTCH (KaK rpyITITa AB111RCH11ll) ITpHMbIM ITp0113BeAe
HlleM rpyITIT T11ITa (II). 

0. r. B pn 113Y'ICHbI 3Ha'IllTeJibHO xyme. Ilo MHOrllM 
ITpll'IllHaM ecTeCTBCHHO BbIACJillTb Te 113 HllX, ii>YHAaMeH
TaJibHblll MHororpaHHllK K-pb!X orpaHll'IeH llJlll BbIXO)lllT 
Ha aOCOJIIOT JilllIIb B KOHe'IHOM 'IllCJle TO'IeK (3TO paBHO
CllJibHO KoHe'IHOcT11 o6'heMa). H11me paccMaTp11BaroTcH. 
TOJihKo TaK11e rpyITITbI. OH11 oIT11caHhl 6oJiee 11JI11 MeHee 
.HBHO TOJlbKO ITpll n= 2, 3. 

0. r. B L 2 oITpeJICJIHIOTCH k-yroJlbHllKOM c yr.1IaM11 

:rt :rt 1 1 
-, ... , -, rJie -+ ... +-<k-2 
n 1 nil 1n1 nil 

(ecJ111 Beprn11Ha 6ecK0He1rno YAaJreHHaH, To C'I11TaeTcH, 
'!TO yroJI ITPll neii paBeH HyJiro). MHoroyroJibHllK c aa
JiaHHbIMll yrJ1aM11 BCerJia cyrn;ecTeyeT II 3aBllCllT OT k-3 
ITapaMeTpoB. 

Ilp11 n;:?3 ii>YHJiaMeHTaJibHblll MHororpaHHllK o. r. 
B Ln OJIH03Ha'IHO onpeJieJIHeTCH CBOllM KOM011HaTOpHbIM 
CTpOeHlleM ll JIByrpaHHbIMll yrJiaMll. )l,JIH n=3 ITOJlylfeHo 
uc11epITbIBaIOrn;ee oIT11caH11e TaKllX MHororpaHHllROB [5) 
II, TeM caMbIM, o. r. )J;JIH n;:?4 ll3BeCTHbI JllllIIb ITpllMCpbI 
ll HeR-pbie 06rn;11e CITOCOObI ITOCTpOeHllH 0. r. B Ln (cM. 
[6), [7]). He11aeecTHo (1983), cyi:u,ecTByroT Jiii O. r. B Ln 
c orpaHlllfCHHbIM cJiYHJiaMeHTaJlbHbIM MHororpaHHllKOM 
ITPll n;;?8 II c cJiYHJiaMeHTaJlhHbIM MHororpaHHllKOM KOHe'l
Horo oo'heMa ITPll n;:?20. 

HapHJIY c 0. r. B ITpocTpaHcTeax ITOCTOHHHOM Kp11-
Bll3Hhl paccMaTpllBaIOTCH JillHellHbie 0. r.' JICllCTByrorn;11e 
p;ncKpeTHO B OTKpbITOM Bh!IIYKJIOM KOHyce JICllCTBllTeJib
HOro BeKTOpHoro ITpOCTpaHCTBa. 8To IT03BOJIHeT JiaTb 
reoMeTpH'I. peamrnau,11ro ecex rpyITIT KoKcTepa c R0He11-
Hb!M 'IIICJIOM OOpa3yIOII~llX (cM. (3), (4)). 

BcHKYIO KOHe'IHYIO 0. r. MOlRHO paccMaTpllBaTb KaK 
mrneiiHyro rpyITITy. KoHelfHble 0. r. xapaKTep113yIOTCH 
cpeJI11 ecex KOHe'IHbIX J111HettHblX rpyITIT TeM, 11To aJire6pb1 
1meap11aHTHb!X MHoro11JieHoe 3TllX rpyITIT ooJiaJiaIOT aJ1-
re6pa11;qecK11 He3aBllCllMbIMll CllCTeMaMll OOpa3yIOIIJ;TIX ( 4). 
HaITp., JIJIR rpyITITbI ecex ITepecTaHoBoR 6aa11cHbIX BeK· 
TOpOB TaKllMll 06paayrorn;11MI!' 6yJiyT 3JieMeHTapHbie CllM
MeTpll'I. MHOfO'!JleHbI. IlycTb m1+1, ••• , mn+1 - CTe
ITeHll o6paayrorn;nx 11Heap11aHTOB KOHe'!Hoii O. r. G (n -
pa3MepHOCTb ITpocTpaHcTea); 1111cJia m1, ••. , mn Haa. 
II 0 K a 3 a T e JI R M II r p y IT IT bl G. l1MeeT MCCTO 
cfiopMyJia 

(1+m1 t) .. . (1+mnt)=c0 +c1t+ ... +cntn, 

r11,e ck - 'IHCJIO aJreMeHTOB rpyITHbI G, JIJIR K-phlx npocT
paHCTBO HCIIOJIBlllRHbIX TO'IeK llMeeT paaMepHOCTb n-k. 
R 11acTHOCTH, m1 + .•• + mn paeHo 'IHCJiy OTpameHHii 
e rpynrre G; (m1+1) •• . (mn+1l paeHo rropHJIKY rpyrrmr. 
EcJIH rpyITrra G HerrpHBOJillMa, TO co6cTeeHHbie 3Ha11eHHH 
ee aJJeMeHTa KHJIJillHra - KoKCTepa (cM. Koi;cmepa 

2:rc·mk 
2pynna) paBHhl exp+ , rJie h - 11 H c JI o K o K-

c Tep a: 

h =max {mil} + 1. 

YTeepmJieHHH rrpeJibIJIYrn:ero a6aau,a, aa HCKJIIO'IeHIJeM 
IlOCJICJIHero, coxpaHHIOT CHJIY JIJIH mrneiiHbIX rpyrm HaA 

npOI13BO.llbHhJM TTOJleM HyJieeoil. xapaKTeplICTHKH (CM. [ 4)). 
0TpameH11eM B ~~TOM CJ1y11ae CJleAyeT Ha3bIBaTb JllJHeiiHoe 
rrpeo6paaoeamrn, rrpocTpaHcTBO HerroJIBillRHbIX TO'IeK 
K-poro HMeeT pa3MepHOCTb n-1. Ilepe'IHCJleHbl [8) Bee KO
He'IHbie JIHHCHHbie 0. r. HaJI IIOJleM KOMIIJieKCHbIX lfHCeJI. 
HallJICHbI [9) KOHe'!Hble JillHeiiHble 0. r. HaJI IIOJIHMll He
HyJieBOll xapaKTepHCTHKH. 

JI.um.: [1) Coxe t er H. S. M., «Ann. Math.», 1934, v. 35, 
p. 588-621; [2] Ho "c e T e pr. c. M., Mo a e p Y. o. ,!l,m., IIo
pomnaIOmHe GJieMeHThl H onpeneJIJIIOII(He COOTHOIIIeHHJI )'.(llCKPeTHhlX 
rpynn, nep. c aum., M., 1980; [3] Tits J., B KH.: Proceedings or 
the International Congress of Mathematicians. 1962, Dursholm, 
[1963), p. 197-221; [4J B y p o a " H H., I'pynnhl u ameophI Jiu, 
nep. c cjlpau~., M., 1972, rn. 4-?; [5) AH n pee B ~- M., «MaTeM: 
CO.», 1970, T. 81, c. 445-78, T. 83, c. 256-60, [6] Mal{ a 
po B B. C., B 1<u.: HccJienoBaHHJI no oomell aJireope, B. 1, HHIII., 
1968, c. 120-29; [7) BHH oepr 8. B., «MaTeM. CO.», 1967, T. 72, 
c. 471-88; 1972, T. 87, c. 18-36; [8] Shephard G. C., Todd 
J. A., «Canad. J. Math.», 1954, v. 6, p. 274-304; [9) Ce p em
" H H B. H., «,[l,OKJI. AH CCCP», 1976, T. 227, c. 574-75. 

8. B. Bu1t6ep2. 
OTPAJKEHl1H IIPHHIVIII - o6o6rn;eHHe cuMMempuu 

npum+una JIJIR rapMOHlllf. cJiyHK!J,Hll Ha rapMOHH'I. cJiyHK
~llH OT rrpOH3BOJibHOro lfHCJia He3aBllCHMbIX rrepeMeHHbIX • 
([>opMyJIHpOBKH 0. II. TaKOBbI. 

1) IIycTb G - o6JiaCTb k-MepHoro eBKJIHJIOBa rrpocT
paHcTea (k;:?1), orpaH111feHHaH mopJiaHoaon rroeepx
HOCThIO f (B lfaCTHOCTH, rJra,[(KOll llJIH KYCO'IHO rJiaJIKOii 
rroeepXHOCTbIO r 6ea caMOIIepece'!eHHII), B COCTaB K-poii 
BXOJIHT (k-1)-MepHaH IIOJIOOJlaCTb (J (k-1)-MepHOH rll
rrepIIJIOCKOCTH L. EcJIH cJiyHKU,HH U (xi. ... , xk) rapMo
HHlfHa BG, HerrpepbIBHa Ha GLJa 11 BCIOJIY Ha a paeHa HyJiro, 
TO u (xi. ... , Xk) IIpOJIOJIJRaeTCH KaK rapMOHHlf. cJiyrrKl\IUI 
CKB03b (J B o6JiaCTb G*' CllMMeTpH'IHYIO c G OTHOCHTeJibHO 
L, c rroMOIIJ;hIO paBeHCTBa 

U(x;, ... , Xk)=-U(x1, ... , xk), 

rJie TO'IKH (x;, ... , Xk) E G* H (x1, •.. , xk) E G cHMMeT-
pH11HbI OTHOCHTCJibHO L. 

2) IlycTb G - o6JiacTb k-MepHoro eeKJIHJIOBa rrpocT
paHcTea (k;;? 1)' orpaHHlfeHHaH lROpJiaHOBOll rroeepXHO
CTbIO f, B COCTaB K-pofI BXOJIHT (k-1)-MepHaH IIOJI()6JiaCTb 
a (k-1 )-MepHon ccJiepbI L HeK-poro paJI11yca R >O c u,eHT

poM B HeK-poft TO'!Ke M0=(x~, .. . , x~). EcJIH U(xr. 
.•• , xll) rapMOHll'!Ha B G, HerrpepbIBHa Ha GU a H BCIOJIY 
Ha (J paeHa HYJIIO, TO u (x1, ••• , xk) rrpOJIOJIJRaeTCH Kai\ 
rapMOHH'I. cJiyHK!l,HH CKB03b a B o6JiacTb G*, c11MMeTpH11-
Hyro c G OTHOCHTCJihHO L (T. e. noJ1y11enHyro H3 G rro
cpeJICTBOM rrpeo6pa30BaHHH· o6paTHbIX paJIHYCOB - HH
eepCllH - OTHoc11TeJihHO ccJiepbI L). 8To rrpOJIOJ11ReHHe 
ocyrn;ecTBJIHeTCH rrocpeJICTBOM B3HTOro c o6paTHbIM 3Ha
KOM K e.J1,b6Ullll npeo6paaoeanua cJiyHK!J,Hll u OTHOCHTeJibHO 
ccJiepbI L' HMCHHO: 

U (x;, ... , Xk)= 

Rk-2 ( 0 x; - x~ 0 0 x; - xg) 
=- rk-2 U x1+R2--r,--' .. ., Xk+R---r-,- ' 

( * *)EG* -V< * - 0 )2 -J- +< • 0 )2 rAe x1, .•• , Xk ' r- X1 X1 . . • Xk-Xk . 
IlpH IIpeo6pa30BaHHH OOpaTHbIX paJillYCOB OTHOCHTeJibHO 

yrroMHHyToii ccJiepb! L TO'IKa M*=(x~, ... , Xk) rrepexo
AHT B TO'IKY M (xi. ... , xi.) B COOTBCTCTBHll c paBeHCTBaMII 

* 0 * 0 o _ 2 X1 - xi o xk - xk 
X1-X1-R --r,--' . , ., Xk-Xk= R2 __ r_'_' 

TaK 'ITO ecJIH M* E G*, To M rrp11HaJIJiemHT 06J1acTH G 
(rp,e U aap,aHa), H ecm1 M* Ea, TO M = M*. 

Jlum.: Lil Hy pa HT P., YpasueHHJI c qacTHhIMH npoHason-
HhIMH, nep. c aurJI., M., 1964, c. 272. E. n. 11,01tJ1Cmno. 

OTPE30K, c er M e HT, MHomecTBO TO'IeK Ha 
rrpHMOH, pacrroJiomeHHb!X MelRJIY JIBYMH JiaHHb!MH TOlf
KaMH a, b H YAOBJICTBOpHIOI!J,HX ycJIOBJIIO BHJia a <:.:r: <:.b; 
o6oaHa'IaIDT [a, b). CM. TaRme Hnmepea;i u ce2Menm. 
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OTPHQAHHE - Jior11qec1\aH onepau,nH, B pe3yJibTaTe O. fi. p. BCTpeqaeTcH BO MHOrlilX npRJiomeHJilHX Teo-

K-poil. :irn namrnro BblcKa3bIBaHRH A noJiyqaeTcH HOBoe plillil BepoHTIIocTeil.. IIpR u,eJioM r>O 0. 6. p. lilHTepnpe-
BbicKa3blBaHRe «He A». B qiopMaJIR30BaHHbIX H3brnax Bbl- TRpyeTcH KaK pacnpeneJieHite BpeMeHR OlliRAaHRH r-ro 
cKa3blBaHRe, noJiyqaIOm;eecH B pesyJihTaTe 0. BbICKa3bl- «ycnexaf> B cxeMe Bepny.n,.n,u ucn1>1manuii c BepoHTHOCTh!O 
Bamrn A, 0603HaqaeTcH 1 A, -A, A, -A, A' (qJi!TaeTcH: «ycnexa» p; B TaKoil: qiopMe oHo Ha3. o6blqHo II acr;a.n,n pac-
«He A», «HeBepHo, qTo A», «A He li!MeeT MecTa»). CeMaHTn- npeoe.n,enue..11, Iii HBJIHeTcH AlilCKpeTHblM aHaJioroM aa..11,..11,a-
qecK!il 0. BblCKa3blBaHRH A o:rnaqaeT, qTo norrym;eHRe A pacnpeoe.n,enua. IIplil r=1 0. 6. p. coBnanaeT c eeo..11,empu-
nplilBOJ:llilT K npoTRBopeqJilIO. B KJiaccRqecKol'i ABY3Haq- ttecr;u..11, pacnpeiJe.n,enue.M. qacTo O. 6. p. noHBJIHeTcH B 3a-
HOI1: JIOfJilKe onepaU,Jillil o. COOTBeTCTByeT cJie)J:yIOIIl,aH naqax, CBH3aHHblX c paH]:\OMirnau,Reii: napaMeTpOB pac-
ucmunnocmnalf, ma6.n,ulfa: npeneJieHRii, Hanp. ecJI!il Y cJiyqaii:HaH BeJIJilqlilHa, RMe

B. E. IIJiuc-,;o. 

OTPHQATEJihHAH BAPHAQHH <l>YHKQMH, o T
p Iii II, a T e JI b H 0 e Iii 3 M e H e H H e qi y H K II, Iii lil,-
0):\HO Jil3 ABYX cJiaraeMblX, cyMMa K-pblX eCTh noJIHOe Jil3-
MeHeHHe JilJIJil eapUlllfU!£ rPYHKlfUU Ha AaBHOM 0Tpe3Ke. 
IIycTh f (x) - qiyHKil,lilH 1:t:eii:cTBRTeJibHOro nepeMeHHoro, 
3a)J:aHHaH Ha OTpe3Ke r a, b I H nplilH!ilMaIOIIl,aH KOHeqHbie 
3HaqeHJilH. 

IIycTh II= {a=x0 <x1 < ... <xn=b} - npon3BOJibHoe 
paa6ReJIRe oTpe3Ka [a, b] Iii 

NIT(/)=-~~[/ (x;)-/ (x;- 1)], 

rne cyMM!ilpOBaH!ile npo!i13BO]:\Ji1TCH no TeM HoMepaM i, 
):\JIH K-pbIX pa3HOCTb f(x;)-f(x;_i) HenoJIOIB!ilTeJibHa. 
BeJinq:irna 

N (f) = N (/: [a, b]) =sup NIT (/) 
IT 

H83. 0 T p Iii II, a T e JI b H 0 H B a p H a II, H e II ( 0 T p Jil
Il, a T e JI h H bl M Iii 3 M e H e H Iii e M) qi y H K u, n Iii f 
Ha (JTpe3Ke [a, b]. Bcer1:t:a O~N (!) ~+ oo. CM. TaKllie 
II o.n,o:m:ume.n,bnaa eapualfua gJynlilfUU. 

JI.um.: [1] JI e 6 er A., HHTerpupoeamrn H OTblCKaHHe IIPHMH
THBHblX lfJYHKUHll, nep. c ljlpaHu., M.- JI., 1931,. B. H. I'oJty6oo. 

OTPHQATEJihHAH KOPPEJIHQUH - BHA Koppe
JIHU,lilOHHOH 3aB!ilC!ilMOCTH MeiKAY cJiyqaii:HblMH BeJIHqJil
HaMlil, npn K-por1: ycJIOBHble cpe)J:Hlile 3HaqeHJilH O)J:HOll H3 
HlilX yMeHhIIJa!OTCH npn Bo3pacTaHHH 3HaqeH!illl )J:pyroii: 
BeJIHqJilHbl. 06 O. K. Memny BeJinqnHaM!il c r;oppe.!!RlfUU 
r;oarfirfiulfuenmo.M p roBopHT B TOM cJiyqae, Kor1:t:a p <0. 
CM. Koppe.!!5tlfU5t. A. B. llpoxopo•. 

OTPHQATEJihHOE BHHOMHAJihHOE PACIIPE)J;E
JIEHUE - pacrrpeneJieHne BepOHTHOcTeil: cJiyqaii:Hoii: Be
JIJilqnHbl X, npnHRMaIOru,eii: u,eJibre HeoTpnu,aTeJibHble 3Ha
qeH!ilH k=O, 1, 2, ... B COOTBeTCTBH!il c qiopMyJioii: 

npn JII06blX neii:cTB!ilTeJihHblX 3HaqeHJilHX napaMeTpOB 
0 <P <1 n r >0. II po!i13BOAHIIl,aH qiyHKU,HH n xapaKTepnc
TJilq, qiyHKil,HH 0. 6. p. 3a):\a!OTCH qiopMyJiaMH 

P (z) = p' (1-qz)-r 
H 

I (t)=p' (1-qeit)-', 

rne q=1-p. MaTeMaTRq, omnnaHne Iii ARcnepcRH paBIIbl 
COOTBeTCTBeIIHO rq/ p H rq/ p2• <l>yHKil,HH pacnpe)J:eJieH!ilH 
0. 6. p. AJIH 3HaqeaRii k=O, 1, 2, ... orrpeneJIHeTcH qepe3 
saaqeJIRH qiyHKil,Hlil 6ema-pacnpeDeMnua B ToqKe p cJie
AYIOIIl,HM COOTHOIIJeH!ileM: 

F (k) =P {X < k} = B ( f h 1 \P x'- 1 (1-x)kdx, 
r, + ) ~ 0 

rne B (r, k+1) - 6eTa-qiyHKU,HH. 
IIpO!ilCXOll\AeH!ile TepM!ilHa «0. 6. p.» o6'bHCHH0TCH TeM, 

qTo :no pacrrpeneJieHne nopOIBAaeTcH 6nHoMoM c OTpRu,a
TeJihHbIM noKa3aTeJieM, a HMeIIHO, BepoHTHOCTJil ( *) HB
JIH!OTCH Kmiifiqinu,ReIITaMH pa3JIOIBeHJilH p' (1-qz)-r no 
C'TeneHHM z. 

IOIIl,aH IIyaccona pacnpeoe.n,enue co cJiyqaii:HblM napaMeT
poM /.,, K-pblii: B cBoIO oqepenb nMeeT raMMa-pacnpeneJie
Hne c nJIOTHOCTb!O 

1 µ-1 - ax O O r (µ) x e , x > , µ > , 

TO pacnpe):leJieHHe Y oy)leT 0. 6, p. C napaMeTpaM!il r=µ. 
II p=al(1+a). 0. 6. p. CJiyIBIJT npeneJibHOif qiopMOII 
II oiia pacnpeiJe.n,enua. 

CyMMa He3aBHC!i1MblX cJiyqaii:HblX BeJinqnH X 1 , ••• , 

Xn, nMeIOm;nx 0. 6. p. c napaMeTpaM!il p n r1 , ••• , rn, 
COOTBeTCTBeHHO, HMeeT o. 6. p. c napaMeTpaMH p II 
r 1+ .. . +rn. IIpR 6oJihIIJHX r Iii MaJibIX q, Korna rq-1.,, 
0. 6. p. npR6JIRIBaeTCH pacnpeneJieHneM IIyaccoHa c 
napaMeTpoM /.,, MHorRe CBOIICTBa 0. 6. p. onpe1:t:eJIHIOTCH 
TeM iflaKTOM, qTO OHO npencTaBJIHeT co6oil o6o6m;eHHOe 
pacnpe)leJieHRe IIyaccoHa. 

JI.um.: [1] <I> e JI JI e p B., BeegeHHe B Teopmo eepOJITHOCTell H 
ee rrpHJIOmeHHJI, nep. c aHrJI., 2 H3A., T. 1-2, M., 1967. 

A. B. llpoxopo•. 
OTPHQATEJihHOE rmIEPrEOMETPHqECKOE 

P ACIIPE)J;EJIEHME pacnpeAeJieHne BepOHTHOCTeii: 
cJiyqail.Hoil: BeJinquHbl x c u,eJibIMII HeOTplilU,aTeJihHblMH 
3HaqeHJilHMlil, 3a)laHHOe qiopMyJioii 

ck cM-m 
p {X = k}= k+m-1 N-m-k 

ct} 
napaMeTpbl N, M, m - u,eJible HeoTpm~aTeJihHbJe qJilcJia, 
YAOBJieTBOpH!Oll~Jile ycJIOB!il!O m~M ~N. 0. r. p. 06b1qHo 
B03HHKaeT B cxeMe Bbl6opa 6e3 B03BpaIIleHirn. Ecm1 
B HeK-poii: reHepaJibIIOll COBOKynIIOCTH o6'heMa N lilMe
eTCH M «oTMeqeHHblX» Iii N-M «HeoTMeqeHHhlX» aJieMeH
TOB H eCJIJil Bbl6op (6e3 B03Bpam;eHHH) rrpoH3BOA!ilTCH AO 
Tex nop, noKa qJilCJIO ((OTMeqeHHblX» 9JieMeHTOB B BbJ6opKe 
He AOCTnraeT qiuKcRpoBaHIIoro qncJia m, TO cJiyqaiiHaH 
BeJIH'llilHa x - qncJIO ((HeOTMeqeHHblXf) 3JleMeHTOB B Ta
KOll Bbl6opKe - no)lqHHHeTcH 0. r. p. (•). CJiyqaiiHaH 
BeJIHqJilHa x + m - o6'heM Bb16opKH - TaKIBe HMeeT 
O. r. p. Pacnpe)leJieHne (*) Ha3BaHo no aIIaJiorH!il c om
pulfameJtbHblM 6uno.Mua.n,bnbl.M pacnpeiJe.n,enue.M, K-poe B03-
HlilKaeT nono6HblM o6pa3oM npn Bbl6ope c B03Bpam;eHneM. 

MaTeMaTH'l. OIBRAaHne Iii AHCnepcnH 0. r. p. paBIIbl 
COOTBeTCTBeHHO 

K 

N-M 
m M+1 

m (N+1) (N-M) [1- Mm+ 1 ]· 
(M+1)(M+2) 

M N-M 
IIplil N--+oo, M--+oo, N-M-+oo, TaK qTo N--+p, --N---+ 
--+q, p+q=1, o. r. p. CTpeMHTCH K OTpnu,aT0JlbHOMY 6n
HOMJilaJibHOMY pacnpeAeJieHH!O c napaMeTpaMH m Iii p. 

<l>yHKil,HH pacrrpeAeJieH!ilH F(n) O. r. p. c napaMeTpaMH 
N, M, m CBH3aHa c qiyHKU,Jileii 2unep2eo.Mempu11ecr;o20 
pacnpeoe.n,enun G(m) c napaMeTpaMH N, M, n cooTHome
HHeM 

F (n)=1-G (m-1). 

::ho n03BOJIHeT npn peweH!ilH 3aAaq B MaTeMaTH'I. CTa
THCTHKe, CBH3aHHblX c 0. r. p., IlOJlb30BaThCH Ta6Jrn
u,aMB rnrrepre0Merpe:11. pacnpe)leJieHnH. 0. r. p. DpB»e-
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H110TCJI, HanpHMep, npu cmamucmu'tee1;0.M K0Hmpo;1e /ia
'tecmea. 

Jlum.: [1) Be JI He B JO. K., BepoRTHOCTHhIC MeTOllhl Bhliiopoq
aoro HOllTPOJIH, M.; 1975; [2] B 0 JI b III e B JI. H., c M Hp H 0 B 
H. B., Ta6JillI~hl MaTCMaTH'lecHoll CTaTHCTHHH, 2 Han., M., 1968. 

A. B. 11poxopo6. 
OTPHU:ATEJlbHOE IIOKA3ATEJlbHOE PACIIPE,[J;E

JIEHHE - TO me, qTo no1'1aaame.ttb1We pacnpe8e.ttenue. 
OTPHQATEJlbHOE IIOJIHHOMHAJibHOE PACIIPE

,[J;EJIEHHE - COBMeCTHOe pacrrpeA0JI0HH0 BepOHTHOCTeii: 
cJiyqaii:HbIX aeJI11•111R Xi. ... , Xk, npnRHMaIOI[\HX He-
0Tp1111;aTeJibHhle a;eJihle 3Jiaqemrn m=O, 1, 2, ... , 3a
A8HHoe cpopMyJioii: 

P {X1=mi, ... , Xk=mk}= 
r (r+m,+ ... +mk) 

--=-""""-----"-'-- P'0Pm1 t • • • Pkm k, r (r) m,I .. m,.! 

rAe r>O, p0 , ••• , Pk (0<p;<1, i=O, ... , k; Po+· .. + 
+Pk~1) - rrapaMeTpbr. 0. II. p. HBJIHeTCH MHoroMep
Hb!M AHCKpeTHhIM pacnpeAeJI0Hlf0M - pacrrpeAeJieHJieM 
cJiyqaiinoro aeKTopa (Xj, ... , Xk) c HeoTpm~aTeJibHhIMII 
[\eJIO'llICJI0HHb!MH KOMIIOHeHTaMH. 

IlpoH3BO)lHI[\aH cpyHK[\HH 0. II.p. c IIapaMeTpaMll r, 
Po, · • ·, pk llMeeT BIIA 

r ""'" P(z1 , ••• , z,.)=p0 (1-~i~1 z;p;)-'. 

0. II. p. B03HHKa0T B CJieAyIOI[\eH IIOJIIIHOMI!aJibHOii 
CXeMe. TI p0113BOAHTCH IIOCJieAOB8T0JlbHhl0 He38BHCHMh!e 
HCIIbITaHIIH, H B KaIBAOM llCIIh!TaHHll B03MOil\HbI k+1 pa3-
JlllqHblX J.ICXOAOB C HHAeKCaMll 0, 1, ... , k, K-pbIM COOT
B0TCTBYIOT aepoHTHOCTM p0 , p 1 , ••• , Pk· H:cnh!TaHHH IIpo
noJIIBaIOTCH j{O r-ro IIOHBJl0HIIH 11cxop;a c HHp;eKCOM 0 
(3Aecb r - [\eJioe). EcJI11 X;- q11cJio no.11aJien11it 11cxop;a 
c llHAeKCOM i, i= 1, ... , k, aa apeMH AO ROH11a llCIIh!Ta
HllH, TO cpopMyJia (*) BhlpaRtaeT eepOHTHOCTb IIOHBJI0HHH 
HCXO){OB C HH){eRC8MH 1, ... , k, COOTB0TCTBeHHO, paBHO 
mi, ... , mk pa3 AO r-ro IIOHBJl0HHH IICXO){a 0. o. II. p. 
B yRa3aHHOM CMb!CJie CJIYIBHT o6o6meHlleM ompurtame.!!bH,0-
20 6uno.MUllJ!bH,OW pacnpe8e.n,enua, COBII8A8H c rrocJieAIIHM 
IIpH k=1. 

EcJIM cJiyqaii:ah!ii: B0RTop (X 0 , ••• , X k) HMeeT n0.!!u-
1to.1iua.n,bnoe pacnpeoe.n,enue c rrapaMeTpaMH n >1, p0, 
... , Pk n: rrapaMeTp n caM llBJIHeTCH cJiyqaii:Hoii: BeJinqn:
Hoii:, MMeIOI[\eH OTPHL\aTeJibHOe 6irnoMnaJibHoe pacrrpe1.1e
JieHne c rrapaMeTpaMM r>O, 0<n<1, TO pacnpep;eJieHn:e 
BeKTopa (X1 •... , Xk) npH ycJIOBHM Xo=r HBJIHeTCH 
0. n. p. c napaMeTpaMH r, p 0 (1-:rt), ... , Pk(1-:rt). 

A. B. IIpoxopoo. 
OTPHU:ATEJibHOE PACCJIOEHIIE - roJioMop<t>noe 

BCl\TOpHoe pacCJI00Hlle E Ha){ KOMIIJieKCHhIM npocTpaHCT
BOM x' o6Jianaromee TaKOH apMHTOBOH M0TpHKOH h, qTo 
cpyHKL\HH v-h ( v, v) Ha E CTporo rrceBAOBhIIIyRJI8 BHe 
nyJieBoro ceqeHMll (06oaHaqaeTc11 E <0). PaccJioeHn:e E 
OTPIIL\aTeJibHO TOrAa II TOJibKO TOrAa, KOrAa corrp.11meHHoe 
paccJioeH11e E* >0 (cM. II0.!!0J1Cume.n,bnoe pacc.n,oenue). 
EcJIH X - MHoroo6pa311e, TO ycJioa11e OTPIIL\aTeJibHOCT.11 
MOR\HO Bblp8311Tb B TepMI!H8X KpHBll3Hbl MeTpHKll h . 
• JiroGoe rroApaccJioeHIIe 0. p. oTpnnaTeJibHO. PaccJioeH11e 
.h,' H8A KOMITJieKCHbIM MHoroo6pa3HeM H83. 0 T p H L\ a
T e JI b H bl M B c M hi c JI e H a K a H o, ecJIII E* rroJio
JKIITeJibHo B CMbICJie HaKaHo. foJioMopcpHoe BeKTopHoe 
paCCJIOeHHe E H8A KOMIIaKTHb!M KOMUJieKCHhIM rrpocTpaH
CTBOM x H83. c JI a 6 0 0 T p II n a Te JI b H bl M, eCJIM 
ero HyJieaoe ceqemrn o6JiaAaeT CTporo rrceBAOBbIIIyKJIOH 
ol\pecTHOCTbIO B E, T. e. ecJIH E* cJia6o rroJioIBn:TeJibHO. 
Bc11Koe 0. p. HaA X cJia6o oTpHnaTeJlbHo. AnaJiornqno on
peJieJ1HIOTc11 TaKme 0Tp111wTeJ1bHhle H CJia6o OTPllf\aT0JibHble 
mrneifIIbie rrpocTpaIICTBa H8JI rrpocTpaHCTBOM x. 

JTum. CM. rrp11 CT. IIoJ10J1CumeJ1Mtoe pacCJ<oenue. A. JI. OnuUfun. 
OTPHU:ATEJibHOR KPHBH3Hbl IlOBEPXHOCTb ll 

H e n 0 c p e )l c T B e H H 0 M II 0 H H M a H ll H - ,D;By
MepHall IlOBepXHOCTb TpexMepHoro 0BRJ!lIAOB8 npocTpaH
CTBa, K-paH B K8lRAOH CBoeli ToqKe HMeeT OTPllf\8T0JlbHYIO 

?ayccoBy 1'1puaua11y K <0. TipocTeii:rrrne npHM0pbI: OJ.IHO
noJioCTHbJii nmepooJionA (pn:c. 1, a), rI1rrep60Jin:qecKnii 
napatioJIOIIA (pnc. 1, 6), 1>amenouo. 

P11c. 1, a. 

Herrocpe]:ICTB0HHoe IIOHHMaHne 
0. K. IJ. MO)l(HO o6o6inaTb, Harrp., 
no pa3MepHOCTll caMoii IIOB0pXHO
CTll HJill IIO pasMepHOCTH H no 
cTpyKType o6'beMJIIOD\ero IIpocTpaH
CTBa. 

Puc. 1 1 6. 

JloKaJibHO o. K. II. HM0IOT C0j{JIOBOe CTpoeHne. 8TO 3Ha
qn:T, qTO B AOCTaToqHO M8JIOH OKpeCTHOCTH JIIOOOll CBoeii 
TOqKn 0. K. II. rroxoma Ha CeAJIO (cM. pHC. 1, 6, He HHTepe
cy11cb IIOB0AeHHeM rroaepXHOCTH BH0 H306pameHHOii ee 
qacTH). JloK8JlbHbIH C0AJIOBOH xapaKTep IIOB0pXHOCTll 
llCHO ycMaTpHeaeTCH Ha :JTOM pn:cyHKe, rAe IIOKa3aHhl rJiaB
Hble ce'feHHll IIOBepXHOCTl<l B IIpOI13BOJibHOil TOqKe 0. 
IlyCTb ..!.. ' ..!.. - !IX HOpMaJibHble J\pllBM3HbI, T. e. rJiaB-

R, R, 
Hb10 Kp11Bll3Hbl B ToqKe 0. Ilo RJiaCcliq. orrpeAeJieHHIO, ra-

1 
yccoaa Kp11BH3Ha B ToqKe 0 ecTb qncJio K= RiR, . TaK 

KaK K <0, TO rJiaBHble KpHBH3Hhl HM0IOT pa3Hhl0 BIIaKu, 
II03TOMY rJiaBHble ce'l0HllH llMeIOT IIpOTHBOIIOJIOil\Hble Ha
rrpaBJI0HHll BbIIIYKJIOCTH; Ha pHC. 1, 6 BhlilyKJIOCTb ceqeHHH 
02 HarrpaeJieHa no HopMaJI11 n, BhIIIYRJIOCTb Apyroro -
IIpOTHB HOpMaJill, qTO ll COOTBeTCTByeT C0AJIOBOMY xapaK
Tepy IIOB0pXHOCTM. ToIIOJIOrliq. CTp00HHe 0. K. II. B ne
JIOM («rJio6aJibHoe») MomeT OhlTb B0CbMa paanoo6paaHhlM. 
Harrp., mrrep6oJin:q. rrapa6oJIOHA (p.11c. 1, 6) Torro
JIOrIIq0CKH 3KBHBaJieHT0H IIJIOCKOCTH, OAHOIIOJIOCTHblll rII
IIep60JIOHA (pnc. 1, a) - f\HJIMHApHq. Tpy6Ke. IlycTb 
ABa OAHOIIOJIOCTHbIX rirnep6oJIOM)la c napaJIJleJibHbIMll OCH
Mll rrepeceKaIOTCH no rHrrep6oJie (pnc. 2, a). IlycTb aTH 

Pttc. 2 . 

rimep6oJIOllAbI He rrpo3paqHbl li HX H0BHJlllMble qaCTM 
(T. e. qacTH JII06oro H3 HHX, Jieil\al[\He BHYTPH Apyroro) 
oT6po11I0Hbl. IloJiyqHBlliallCll rroaepXHOCTb HMeeT OTPML\8-
TeJibHYIO KpllBM3Hy BCIOAY. J\poMe ToqeK yKa3aHHoii rnrrep
OOJlbl. B ToqKax noii rHnepooJihl KpnanaHbl aoo6me HeT 
(B KJI8CCHqecKOM UOHllM81IHll), T. K. rnrrep6oJia HBJllleTCll 
pe6poM rroaepxHOCTH. Ho rroaepxHOCTb a6Jinan pe6pa B 
p:aHHOM CJiyqae MOil\HO 38rJiaAMTb (cM. [7]) TaK, 'fT06bl IIO
Jiyqn:JiaCb IIOBepXHOCTb, K-pa11 llMeeT KpHBll3HY BO acex 
ToqKax, rrpn:qeM 0Tpm1aTeJibHYIO (cM. pnc. 2, 6). Ona To
noJiorHqecKn aKBllBaJieHTHa Topy c ABYMH rrpol\OJiaMM. 
BJ\J1I0qa11 B KOHCTpyK~HIO 60Jibruee qn:cJio 011,HOIIOJIOCTHblX 
rI1nep60J10llAOB, MOil\HO IIOCTpOI!Tb o. K. II. CKOJib yroµ;Ho 
CJIOlRHOro TOIIOJIOrnq. CTpoeHHH. 
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IloeepxuocTL uaa. no JI H o .H, ecJIH oHa aeJrneTc11 

IIOJIHh!M MeTpH'l. npocTpaHCTBOM c paCCTOHHileM B CMh!CJIC 
ee BHyTpeHHeil: reoMeTp1rn. Bo ecex y1rnaaHHblX npnMepax 
paccMaTpilB8JIHCb IlOJIHble noeepXBOCTH. .Mne.ll IlOCTpoe
BHll IIOJIBhlX 0. }\. n. pa1moo6paaHh1X TOIIOJIOrHq. THIIOB, 
IlCXO)l.ll Jil3 HeK-pbIX IIpOCTeiimnx (KaR IlBJIO)l\eHo Bhlllle)' 
npnHa)lJiemRT lli. AJJ.aMapy (J. Hadamard, [1]). Ilpei:v10-
meH np1rnu;HIIIlaJibHO ,11;pyroii IIpHMep (pnc. 3) IIOJIHOM 
o. }(. II. (CM. [6] - l7]). 9Ta noeepXHOCTb HMeeT BCIOAY 
OTpHU,aTeJibHYIO RpilBilBHY Il BC.II aaRJIIO'leHa BBYTPH HeK
poro mapa. 0Ha 6ecKoHe'IHO eeTBHTC.ll, npn'IeM nepeMeH
Ha.ll ee TOqKa' )lBilralJCb no BeTBllM, MOiReT CKOJlb yroJJ.HO 
6nnaKo nop;oii.Tn R rpaRHqHoii. ccliepe mapa, Ho m1r,11,e He 
AOCTHraeT 3TOH cqiephl. IloeepXBOCTJ> IIOCTpoeHa TaR, 'ITO 

Puc. 3. 

IIpll yKaaaHHOM ,11,BH>«e-
HHH nepeMeBHa.ll roqKa 
ecerAa npoxo,11,11T nyTL 
6ecRoHequoii ,11,JIHHhI. TeM 
caMhlM 06ecneq11eaeTc.1I 
IIOJIHOTa IIOBepXHOCTil B 
CMhlCJie ee BHyTpeHIIeii MeT
p11KH. 9TOT IIpilMep IIOKa-
3hIBaeT' 'ITO BHyTpeHHe 
IIOJIHa.ll 0. R. II. He 06.1Iaa
TeJibHO YXOAlilT B 6ec1w
HeqHOCTb B npocTpaHCTBe, 
nono6Ho IIOBepXHOCT.IIM B 
np11Mepax AnaMapa. 

B npneenenHoM npH-
Mepe IIOBCeMeCTHoe co-
6JIIO)leHne ycJIOBilll K <0 

yp;aeTCll oGecrreqnTh, p;onycKa.ll XOT.ll 6hl cJia6y10 
Heperym1pHOCTb noeepXHOCTJil. 9To 3HaqJilT, qTo rro
BepxHOCTb npep;rro.11araeTca rJiap;Roii. (ecrony 1macca C1), 
HO norrycKaeTC.ll, 'ITO B HeK-phlX Il30JIIlpoBaHHhlX TOqKax 
oHa He rrplilHa)lJiemlilT C2; B TaKJilX TOqKaX Tpe6yeTCll cy
m;eCTBOBaHHe rrpeneJibHOro 3HaqeHH.ll KpHBIIBHl>I. IlocJie 
norroJiuenna IIpenennHhlMil aHa'leHH.IIMll Kpnanaua ecrony 
onpeneneHa Iii se11pephleHa. BoIIpoc o rrpoT.1ImeHHOCT!il 
IIOBepXHOCTil Il CBllBh ero c YCJIOB!ileM peryJI.llpHOCTil cy
m;ecTBCHHO )lOIIOJIH.lleTCll CJie)lyIOIUllMII TeopeMaMll [ 8]. 

EcJIH rayccoaa Rpnenaua K IIOJIHOM rroeepxHOCTH 
KJiacca C2 YllOBJieTBOplleT uepaeeHCTBY - a2 <.K "'o' rp;e 
a=const, TO IIoeepxHoCTb ue MomeT conepmaThca B mape, 

1 ,;-
pap;nyc K-poro MeHbIIIe a V ; • 

EcJil! Ha IIOJIHOll rroeepXHOCTll KJiacca C2, HeorpaHll'IeH
Hoii ao eHyTpeHHeM CMbICJie, rayccoea KpHeHaHa K--+0 
Ba GecKoHe'lHOCTil, TO IIOBepXHOCTb He orpan11qe1Ia B 
npocTpaHcTee (e no1'f TeopeMe noIIyCKaeTC.ll nepeMeHa aHa
Ka KpHBil3Hhl). 

Oco6oe BHl!MaH11e IIpnaJJeKaJIH (n np1rn.11eKaIOT) no
croanHoii 0. K. II., K-phle HMeJOT rayccoey Kpnenany c 
O/);HHM Il TeM me '1.IlCJieHHblM 3Ha'IeHIIeM BO ecex TO'IKaX. 
0HH aaMe'IaTeJibBhI yme TeM, qTo HX enyTpeHHll.ll reoMeTpH.ll 
.1101<aJ1hIIO coenanaeT c reoMeTpneii. Ha n.11ocKoCTH Jlo6a
qeecKoro (cM. JJ06a-teec1>oeo eeoMempu.ii). 9To aHaq11T, 'ITO 
nna qiuryp, JJemamux Ha nocTo.1IHHoii Q. K. n., ocym;ecT
BJillIOTC.ll B TO'IHOCTll Te me COOTHomeHlilll, RaKHe HMeIOT 
MeCTO B llJlaHHM0TpHH Jlo6aqeecRoro (IIpH 3TOM poJib npH
MbIX nrpaIOT reoneail'I. JIHHHn); Hanp., TpHroH0MeTp11q. 
lf>opMyJihl )lJIH TpeyroJibH!ilKOB Ha IIOCTOllHHOH o. K. rr. 
Il COOTeeTCTBYIOIII;II0 cliopMyJibl B He0BKJlll)lOBOH reoMeTp1111 
Jio6aqeecKoro TO'IHO COBIIa)laIOT. TeM caMhlM Ha IIOCTOHH
HOM 0. K. II. IIOJiyqaeTCll JIORaJlhHaH MO)leJib reoMeTp1111 
Jio6aqeecKoro. TaKall MO)l0Jlb 6hIJJa IIocTpoeHa 9. BeJJb
TpaMil (E. Beltrami, 1868), 'ITO cymecTeeHHo coneiicTeo
ea.110 np11anann10 reoMeTp11H Jlo6aqeecKoro. 9. BeJinTpa
MH yKaBaJI TaKJKe eaIBHhlH npHMep o. K. rr.; OHa Baa. 
II c e a n o c ii> e p o ii (p11c. 4) H o6pa3oBaHa apameaneM 
TpaKTpttchl eoKpyr ee acRMIITOThl (pnc. 5). XapaRTepn
CTuq. CBOHCTBO TpaKTpHCbl - 0Tpe30K KaCaTeJIJ>HOH OT 

6* 

I TO'IKll 11pI1KOCHOBeHll.11 no aCllMI1TOThl IIOCTOHHHO paBeH 
HeK-poMy qacny a. 0KaahleaeTCH, qTo raycroRa Rpnenana 

rrceenoclf>ephl K = -~ . Em;e paHhme, 'I0M 9. BeJinTpaMII, a 
rroeepXHOCTII epa~eHllH OTpmi;aTeJibHOH KpIIB1!:3Bhl nay

qaJI CI>. MHB,11,li!Hr (F. Minding, 
1839). OH name.11 ,11,ea Bil/Ia nepHo
nu•rncKHX IlOCTOllHHOH o. K. II. apa
meHilll (.p11c. 6), R-phle BMeCTe c 
nceen;oc«IJepoii 11c11epnhleaIOT see 

PHc. 4. Puc. 5. 

B03MOll\HhJe IIOCTOllHHOH 0. K. rr. (ypaeHeHUH l!X CM. B 
[3] Il [5]). 

IlocTpoeH11e r.1106aJibHoii Mone.11n n.11annMeTpm1 .Tio6a
qeecKoro Ha KaKoif-nu6ynh nocTOHHHoii 0. K. II. epame
una, Hanp. Ha nceenoc«J>epe, HeB03MOll\Ho no neyM npnqu
HaM. Bo-rrepehlx, Ha nceenoc!f>e
pe uMeIOTCH neperyJiapnble TO'I
Kn; OHi! COCTaBJIHIOT pe6po 8038-
paTa (p11c. 4). Bo-eTophlx, nceeno
clf>epa TOIIOJIOr11qecK11 3KBHBa
JieHTHa Tpy6Ke H 3Ha'l.IlT ,11,ame 
c TOIIOJIOrll'l. TO'IKll apeHl!H OTJlll
qaeTCH OT ITJIOCKOCTll Jlo6aqeec
KOro. Ho MomHo IIOCTpOHTb Ha pe
ry.11apHoii O. K. rr. epamenna Mo
neJib 6ecKOHe1J:HOH qaCTll IlJIOCKO
CTll Jlo6aqeecKoro. C aToii neJibIO 
OTCeKaeTCH OT rrceenoc¢ephl 
IlJIOCKOCTbIO, nepneH)lilKYJIHpHoii. 

Puc. 6. 

oc11, 6ecKoHeqnaa (cyma10111;aaca) 06.11acTb U. Il.11oc1rncTI> 
rrpoeo,11,HTCH TaK, 'ITo6bl ona He conepIBaJia pe6pa eo3epa
Ta. B Ka'IecTee U 6epeTca Ta 'IBCTb ncee,11,oclf>ephl, rne 
pe6pa B03BpaTa HeT. ,IJ;a.11ee paccMaTpneaeTCH TOJlhKO 
U, K-pyro AJIH IIpocToThl TaKme naa. rrcee/);oclf>epoii:; Ha 
Heii HeT oco6hIX TO'IeK. IlycTb U' - YHllBepcaJihHaH HaKphl
BaIOIIJ;all nceenoc!f>epy U noeepxHoCTb. 9To noHHT11e 
MOll\HO HarJIH)lHO BBBCTll c.11e,11,y10111;11M o6pa30M. BepeTCH 
6ecKoHeqHo MHoro O)ll!HaKOBbIX II COBMem;eHHblX :JK3eM
IIJI.1IpOB nces/);oclf>ephl U, K-pLTe pa3Jill'laIOTCH eeenenueM 
HyMepau;n11: •• ., U -2• U -I• U0, U1 , ••• 3aTeM ece OJIH 
paapeaaJOTCH no KaRoMy-H:n6ynn o6ineMy Mepn,11,na:ay, a 
Ha Kamnoii: 113 HllX yCTaHaBJillBaeTC.ll JieBhlH II IIpaeblH 6e
per paapeaa TaK, 'IT06hl ece .11eeble 6epera 6hlJIH coaMeme
HhI (TaKme - npaehle). Teneph )lJI.ll .11106oro HoMepa 
k, -oo <k<oo, Jieehlii 6eper Uk coe)llIHlleTCH c npaehlM 
6eperoM U k+I (cJie/);oeaTeJibHo, npaehlii 6eper Uk c .11eehlM 
6eperoM U k-il· TaR IIOJIY'fHTCH ceaanaa 11oeepxnoCTb U', 
K-paH II HBJIHeTCll YHllBepcaJIJ>HOH HaRphlBaIOm;eii noeepx
IIOCTll u, OHa HHor,11,a Haa. 0,11,HOCBllBHOll 0 6 e p TR 0 ii 
noeepxuocTn U. YnueepcaJILHyIO HaKphlBarom;yro Momno 
IIOCTpOHTb /IJIH JII06oii IIoeepXHOCTlI, HO HarJIH)lHoe OIIl!Ca
HHe ee KOHCTPYKnHH 6yneT /);aJieKo He TaK npocTo, KaK 
n.11a 11cesnoclf>ephl. CymecreeHHo, 'ITO ymmepcaJII>HaH Ha
Kphlearom:aa ecerna onHoceaana. BaiKBo TaKme, qTo Ha 
YHHBepcaJibHYIO HaRphlBaIOm;yro MomHo nepeHeCTil JIO
KaJibHYIO eHyTpeHHIOIO reoMeTp1110 HaKphleaeMoli rro
eepxnocT11. ,Il;Jill noro AOCTaTO'IHO yqeCTb, 'ITO Kam,11,aa 
TQqKa p HaKphlaaeMoH rroaepXHOCTll HMeeT BhlllYKJiyJO 
oKpecTHOCTb v (p), R-paa O)lHOJIIICTHO HaKpbIBaeTCH OR
peCTHOCTblO V' (p') naKphlsa10111;eii (aAecn p' - roqKa, 
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K-pall IIaKpbIBaeT TO'!KY p; COOTBeTCTBIIe p-+p' OileKTllB
Ro). feoMeTpllH V(p) rrepeHOCilTCH Ha V' (p') TOlRAeCT

BeHHO, T. e. paccToHHHe MelRAY TOqKaMM p~, p~ EV' 
rrpHHilMaeTCH paBHbIM paCCTOHHHIO MelRAY HX rrpoo6pa3a
Mll. BMecTe c TeM onpeAeJI11eTCH rJio6aJihHall reoMeTpirn 
YHilBepcaJihHOH IIaKpbIBaIOrneii' IIo orra' KaK rrpaBHJIO, 
6yAeT COBeprneHHO OTJIHqaTbCH OT I'Jio6aJibIIOii reoMeTpHil 
rraKphlBaeMoii. 

Ha nceBAOCljiepe U MepHAIIaHhl, yxoAH B 6ecKoHe'l
rrocTh, c6JIIllRaIOTCH; KpoMe TOI'O, OHM opTOI'OHaJlhHhl KpaIO 
U. IIoaToMy Kpaii: yHHBepcaJibrroii rraKpbrna10u1eii ecn 
KpHBaH B IIJIOCKOCTH Jio6a'leBCKOI'O, K-paH HBJIHeTCH OpTO
I'OHaJibHOii TpaeKTopneii: rryqKa rrapaJIJieJibHbIX no Jio6a
'leBcKoMy (c6JinlRaIOIIIIlXCH) IIpHMbIX. 3Ta KpHBaH B reo
MeTpmi: Jio6aqeBcKoro Ha3. op n rr HK JI o M. TaKHM 
o6pa30M, c ToqKn 3peHHH CBoeii BHyTpeHrreii: reoMeTpH11 
yHHBepcaJibHaH HaKpbIBaIOrnaH IICeBAOCljiepbl u eCTb BIIy
TpeHHHH o6JiaCTb opHqllKJla B IIJIOCKOCTil Jio6aqeBCKoro. 
YH1rnepcaJihHaH HaKphlBaIOrnaH U' rrceBAocljiepbI U yAo6-
Hee AJIH IIOCTpoeHHH MOAeJIH reoMeTpllH Jio6a'!eBCKOI'O, , 
'!eM caMa rrceB11:ocljiepa U. Harrp., CKOJih yroAHO 6oJihrnoii 
Kpyr MOlRHO pacIIOJIOlRIITb Ha U'' IIO B u CJIIIIllKOM, 60Jib
rrroii Kpyr 6e3 rrepeKphlTHH MoJReT rre yMeCTHThCH. Ho AaJRe 
U' HeAOCTaTO'IHO o6rnnpHa, qTo6M BMeCTilTh JI106oii o6'heKT 
reoMeTpIIH Jio6aqeBcKoro, Harrp. rroJIHaH rrpHMaH B U' 
rre yMernaeTCH. MHa1Je roBopH, rrocTpOHTh c rroMOIIIhIO U' 
MOAeJib BCeii: IlJlOCKOCTH Jio6aqeBCKOI'O IIeJlh3H. 

)],. fHJib6epTOM (1900) 6b!JI rrocTaBJieH Borrpoc: rre cy
rrrecTByeT Jlll IIOBepXHOCTII, BIIyTpeHIIHH reoMeTplIH K-pon 
B qeJIOM COBIIa)J;aeT c reoMeTpHen IIJIOCKOCTil Jio6a'!eBCKO
I'O? 1:13 rrpoCThlX coo6pamerrnii: CJieAyeT, qTo ecJIH TaKalf 
IIOBepXHOCTb eCTb, TO OHa AOJilRHa IIMeTb IIOCTOHHHYIO 
OTpHqaTeJlbHYIO KpHBII3HY Il 6bITb IIOJIHOH. )J,aJiee, OHa 
AOJilRHa 6bITb O)J;HOCBH3HOH, IIOCKOJlhKY OAHOCBH3Ha IIJlO
CKOCTb Jio6aqeBcKoro. Ho Ha caMoM AeJie AOCTaToqHo 6b1-
JIO 6b! HaHTII JII06y10 IIOJIIIYIO IIOBepXHOCTh IIOCTOHIIHoi'r OT
pHI{aTeJlbHOH KpIIBII3HbI (corJiaCHO ll3JIOJReHHOMY Bb!Il!e, 
YIIIlBepcaJibHaH HaKpbIBaIOrnaH TaKoii: IIOBepXHOCTH IIOJIIIa 
II OJlHOCBH3Ha). IIpn <!TOM HMeIOTCH B BIIAY TOJibKO pery
JIHpHbre IIOBepXIIOCTil (XOTH 6bl ABalRAbl HerrpepbIBHO AHIP, -
ljiepeHqnpyeMhle B JI106oii: TO'!Ke, T. e. KJiacca C2 ). • 

y me B 1901 )], • fllJib6epT pelllllJl CBOIO rrpo6JieMy (CM. 
(2)), rrpnqeM B OTpHqaTeJlhHOM CMb!CJie: B TpexMepHOM eB
KJlll)J;OBOM IIpOCTpaIICTBe He cyrneCTByeT IIOJIHOH peryJIHp
HOH IIOBepXROCTil IIOCTOHHHOH OTpllqaTeJlhHOH KpHBII3HbJ. 
3Ta TeopeMa rrpllBJleKaJia BHilMaHHe reoMeTpOB Ha IIpOTHlRe
Hilll PHAa )J;eCHTHJleTHH Il IIpllBJleKaeT BIIIlMaIIIle AO CilX rrop. 
)J,eJIO B TOM, qTo c rreii: Il c ee AOKa3aTeJihCTBOM CBH3aIIO 
MHOI'O HHTepeCIIb!X BOIIpOCOB (CM. HillRe). IIpn <!TOM HaJIH 
qne oco6b!X JlllHilH y IIOBepXHOCTeH Bpa1rreIIIlH IIOCTOHHIIOii 
OTpHqaTeJlbHOii KpHBH3Hbl (CM. pnc. 4, 6) He CJiyqaHHO. 
0Ho cooTBeTCTByeT TeopeMe fHJih6epTa. 

)J,oKa3aTeJlbCTBO TeopeMbI fHJib6epTa 0 IIOBepXHOCTHX 
JIIOOOI'O TOIIOJlOI'llq, CTpOeHHH rrpelRAe BCero IlHTepeCHO 
TeM, qTo B IIeM CyIIIeCTBeHHO HCIIOJlh30BaHO IIOHHTile yHil
BepcaJibHOH HaKpb!BaIOrneft IIOBepXHOCTH. OHO CBOAHT 
)J;eJio K IIOBepXHOCTll c rrpocTeiirnen TOIIOJIOI'Heil:, IlMeHHO, 
K OAHOCBH3IIOH IIOBepXHOCTil. IlO-BHAHMOMy, TeopeMa 
fHJib6epTa 6b!Jia OAHHM Il3 paHHHX rrpeAJIOlReHHii MaTe
MaTIIKil, I')J;e <!TO IIOIIHTile yHCHHJIOCh. IIocJie rry6JIHKaqHil 
rrepBOII CTaTbll )J,. fHJib6epTa c AOKa3aTeJihCTBOM ero Te
opeMbI Bb!pamaJIOCb COMHeHHe B crrpaBeAJlIIBOCTil <JTOI'O 
AOKa3aTeJibCTBa. 3aMeqaHilH OTHOCilJIHCb K Heo6o3pHMO
CTll IIOBe)J;eHIIH aCIIMIITOTil'I. JlllHilii, K-pb!e no XOAY AeJia 
paCCMaTp:irnaJIHCb Ha IIOBepXHOCTil BBilil:Y CJIOlRIIOCTil ee 
TorroJiornn. IIpeAIIOJiaraJioCb AaiRe, qTo )], . fHJib6epT 
rrepepa6aTbIBaJI CBOe AOKa3aTeJlbCTBO, qTo6bl YTO'IHilTb 
ero. MelRAY TeM AOKa3aTeJihCTBo )J,. fHJib6epTa c caMoro 
HaqaJia 6bIJIO 6e3yrrpeqHbJM. BepoHTHO, aTHX 3aMeqarrHi1 
He 6hlJIO 6bl, ecm1 6bl )], • fIIJib6epT oTqeTJII!BO c1rn3aJI, 
qTO IICCJieAyeTCH IIOJlHOe OAIIOCBH3HOe MHOroo6pa3ne IIO
CTOHHBOH OTPHIIaTeJibHOH KpllBII3Hbl, T. e. caMa IlJlOCKOCTb 

.Tiofia'!eBCKoro, B rrpe)J:IIOJlOlReHIIH, '!TO oHa H30MeTpH'IHO 
n peryJIHpHo norpymeHa B TpexMeprroe eBKJIHAoBo rrpo· 
CTpaHCTBO. 

MHTepeCHb!M HBJIHeTCH TaKl·Ke TO, qTo B noKa:'laTeJibCTM 
)],. fHJib6epTa rreolRHAaHHO IIOHBJlHIOTCH q e 6 bl Ille B
C K ll e c e T H: TaK IIa3bIBaeTCH 
ceTb, B KaIB)J:OM ceTeBOM '!eTbipex
yroJibHilKe K-poii rrpOTI!BOIIOJlOlRHbre 
CTOpOHbl IlMelOT paBIIble )J:JlllHbl (CM. 
pIIC. 7). M BOT oKaahrnaeTCH, '!TO 
aCilMIITOTHq, CeTb (K-paH orrpe)J:eJieHa 
Il HeBb!pOlRAeHa BO BCex ToqKaX Ha 
JII06oii 0. K. rr.) B CJiyqae IIOCTOHH· 
Holl: 0. K. rr.- qe6b!Il!eBCKaH. 3Ty 
CeTb MOlRHO IIpllHHTb B KaqeCTBe 
Koop)J:HIIaTH01i: u=const, v= const. 
TorAa JJ11Heiirrblii :JJieMeHT noJiyqacT Pwc. 7 · 
qefibIIIIeBCKilii BilA 

ds 2 =du2 +2 cos (J) du dv+dv 2 , (1) 

rAe ffi - ceTeBof1 yroJI. IIpenrroJiaraH; '!TO rroBepxHoCTh 
peryJIHpHa, IIOJIIIa Il OAIIOCBH3IIa, II, IIOJlb3yHCb qefibIJUeB
CKHM xapaKTepoM ceTH, MOlRHO AOKa3aTb, qTo u, v rrpH
HHMalOT BCe 3Ha'leIIHH: -00 <u< oo, -00 <v< 00 II 
3TI!M HCqepIIb!BalOT ceTh; nrraqe I'OBOpH, aCIIMIITOTI!'I. 
ceTb B rreJioM roMeoMopljirra neKapT0Boi1 cen1 rra eBKJIHAO
BolI KOOpAHIIaTIIoii IIJIOCKOCTil (cM. [9)). c )J:pyroii CTopo
Hhl, B rrpeAIIOJIOlRBIIHI!, qTo rayccoBa Kp11Bil3IIa IIOCTOHH
rra, Harrp. K = -1, I!3 (1) IIOJiyqaeTCH ypaBHeHI!e 

o'w . 
OU av = sm w, (2) 

rrpn 3TOM Il3 reo~ieTpM'I. coo6pameHHii CJJeAyIOT orparrnqe

HHH 

0 < ffi < n. (3) 

)], . fllJlbOepT IIOKaaaJJ' qTo ypaBIIeHHe (2) He MOlReT IlMeTb 
perym1prroro rra BCeii KOOp)J:nIIaTIIOii IIJlOCKOCTil perrreHHH 
(!)= (J) (u, v), IIO)J:'IIlIIerrHoro yCJIOBHIO (3), I! TeM CaMb!M 
IIOJIHaH IIJJOCKOCTb Jiooa'leBCIWrO He MOJReT Ob!Tb pery
JIHpHO II II30MeTpll'IIIO rrorpymerra B TpexMeprroe eBKJIIlAO· 
BO npocTpaIICTBO. OTCIOAa, Kai\ o6'hHCIIHJIOCb BbIIIIe, BbITe
KaeT 6oJiee o6nraH <fiopMyJIIIpoBKa aTof1 TeopeMhl: B Tpex
MeprroM eBKJIIlAOBOM rrpocTpaIICTBe IIeD03MOlRHa IIOJIHaH 
peryJIHpIIaH IIOCTOHIIIIOH 0. K. II. (HI!KaKOH TOIIOJIOI'Il'I. 

CTpyKTypbl). 
Bo MIIOI'IlX pa3AeJiax MaTe]daTHKH CJiyqaJIOCb, 'ITO Ka

Koe-IIIIOYAb yTBepIBAeHile IlJlll KaKOM-IIH6yAh norrpoc Hrpa
Jlll ocofiy10 poJJb n pa3BHTHH ncero pa3AeJia. B AHljiljiepeH
rruaJibIIoii reoMeTpIIIl OAIIIIM Il3 TaKHX yTBeplRAeHilH 6bIJJa 
(II enre OCTaeTCH) TeopeMa fIIJib6epTa. Eii IIOCBHrneHo 
MHoro ny6JIHKaqnii. MHTepec K <!TOH TeopeMe Dbl3DaH 
rrpem11e BCero coqeTaHneM n ee )J:OKa3aTeJibCTBe pa3Hoo6-
pa3Hb!X IIAei'1 II rrorrHTIIM (yHIIBepcaJibHoro rraKpbITIIH, 
qe6b!IIIeDCKOH CeTil). Il03AHee o6HapylRHJiaCb ee CBH3b 
c ljJII3IIKOM. 

0Ka3aJJOCh, qTo ypanHeHIIe (2), HarrucaHHoe n HecKOJih

Ko IlHOM DilAe Il 6e3 orpaHH'leHilH (3)' DhlpamaeT ycJJOBIIe 
Ha rroTeHqnaJI B T. II. aljiljieKTe )J,moaeljicoHa II3 rnopIIII 
CBepxrrpODOAllMOCTII. <l>II3IIKH AaJIII ypaBHeHIIIO (2) Ha3-
DaHHe «CHHyc-fopAOHa». McrroJJh3YH CDH3h ypanHeHIIH (2) 
c TeopHeii 0. K. II. (CM. (13), [14)), HaXOAHT D KOHeqHoM 
DIIAe HeK-phle ero pernemrn, peryJIHpHb!e Ha BCeii rrJio
CKOCTI!. 

C. 3. KoH-<t>occerr DbICKa3aJJ (cM. (15)) rrpe)J:rroJioJReHIIe, 
'!TO HMeeT MecTo ropa3AO 6oJiee o6nraH TeopeMa, qeM Teo
peMa fHJJh6epTa, HMeHHo, '!TO ycJIOBile Ha rayccony KpI1-
DI!3Hy K=const<O MomHo 3aMeHHTh ycJionHeM K..;;: 
..;const<O. 0AIIarrn AO Haq, 60-x rr. 20 n. He 6b!JIO Haii

AeHo HI! OAHOH TeopeMbI, K-paH BKJIIOqaJia Obi TeopeMy 
fnJih6epTa KaK qacTHhlii: cJiyqafr. ToJJhKo n 1961 (cM. [16)) 
6b!Jia illOKaaaHa KoppeKTHOCTb TeopeMbI fllJib6epTa, T. e. 



169 OTPHUATEJlhHOR KPJJBU3Hhl UOBEPXHOCTh 170 
OhIJia yCTaHOBJJerra TeopeMa o rrepeMerrrroil: 0. K. rr., AJJH KpoMe (6) rroJJyqerrhl TaKme (cM. [21]) Apyrne paserrcT-
K-poli TeopeMa fHJJb6epTa JlBJJJieTCJI npeABJ!bHbIM CJIY'Ia- Ba H ou,errKn, ymrnepcaJJbHbJe B TOM CMblCJJe, 'ITO OHM OT-
eM. MHaqe rosopH, Te CBOiiCTBa IIOCTOHHHOH 0. K. II., HOCJITCJI KO BCeM 0. K. II. B Ea. KpoMe Toro, MeTOA AO-
K-pbre Rbl3b!Bal()T 3.iP«PeKT TeopeMhl fHJJboeprn (Hapyme- Ka3aTeJJbCTBa (6) II03BOJIHJJ IIOJJy'IHTb TeopeMbl, K-pble 
HHe peryJJHpHOCTH), H CaM ::i«P«PeKT B03MOJRHO IIOHHMaTb AaIDT AOCTaToqHble rrpH3HaKH, KOrAa OTOOpameirne IIJIO-
B rrpHOJIHJReHHOM CMbICJJe. ,ll,JJH AOKa3aTeJJbCTBa Ob!JIO CKOCTH B ITJIOCKOCTb c OTpHU,aTeJJbHblM JiKOOHaBOM JIBJ!Jl-
HalIAeHO ypaBHemie B CJJyqae rrepeMeHHOll KpHBH3Hbl, eTCJI He TOJ!bKO JJOKaJJbHblM, HO H tJJo6aJJbHhlM AH«P«Peo-
K-poe o6o6~aeT ypaBHeHne (2). MMeHHo, Mop.iP113MoM. 

a ( 1 aw ) . HecMoTpH Ha II3JiomeHHhle cei11ac pe3yJibTaThl, IICcJie-
k2 as;\ y. as;- = {k2+ A+ a I grad w I} sm w, (4) AOBaHIIe (h, ~)-MeTpHK n Apyrnx MeTpnK c MeAJieHHo 

II3MeHHIDmeil:cJI KpHBII3HOll (Harrp., q-MeTpnK; CM. [9]) 
He rroTepHJJO CMblCJia. ,ll,eJio B TOM, 'ITO B 3aAa11ax rrorpy
meBHJl MeTpHK c MeAJJeHHO H3MeBJIIDmeil:CJI OTpHn;aTeJJbHOll 
KpHBH3BOH B03BHKaIOT a«P«PeKThl, K-pb!e ue HM0IOT MecTa B 
CJiyqae 6oJiee o6miax MeTpHK OTpnu,aTeJibHOll KpIIBII3Hbl 
(cM., Harrp., TeopeMy 0 rrpOCTOll 30He B [9]). 06pa3HO MOJR
HO CKa3aTb, 'ITO 11eM M0AJieHH00 H3MeHHeTCJI KpHBII3Ha, 
TeM «TPYAHee» M0TpIIKe oTpnu,aTeJJbHoil: KpHBII3Hhr Ob!Th 
rrorpymeHHOll B E 3• ,ll,JIH M0TpHKH IIOCTOHHHOll KpIIBH3Hbl 
aTo «HBJieHIIe» rrpoHBJJHeTCJI oco6eHHo 3aMeTHo (cM. ycII
JieHHYID TeopeMy fIIJihOepTa B [9]). qTO KacaeTCJI AII<P«Pe
peHu,naJJbHblX ypasHeHIIH, K-pb!e OTMe'laJIHCb B CBJI3II c 
BOIIpOCOM 0 rrorpymeHIIII (h, ~)-MeTpnK, TO OHII cyuwcT
B0HHO ncrroilb30BaJIIICh n B APYrIIX sorrpocax. TaK, c nx 
IIOMOmhID ycTaHOBJieH [7] PHA CIIJlbHblX TeopeM 0 CBJI31{ 
M0IBAY BHyTpeHHIIMII II BHeIIIHHMII CBOHCTBaMII o. K. rr.; 
B 'laCTHOCTII, Teop0Mbl 0 3aBIICIIMOCTII BH0IIIHeii peryJJHp
HOCTII KpIIBII3Hbl o. K. II. OT peryJIHpHOCTII ee MeTpHKH 
(cM. [7]). 

rAe (!) HMeeT rrpemunii: CMb!CJI, k2= -K' An«l>«l>epeHu,HpO
BaHIIe Be)J;eTCH no AyraM acIIMITTOTH'l. JIIIHIIH, A II a -
BeJIH'IIIHbl, MOAYJIII K-pb!X AOIIYCKaIDT BHyTpeHHIDID ou,eH
Ky, T. e. ou,eHKY B 3aBHCIIMOCTII TOJlbKO OT rrorpymaeMoii: 
MeTpIIKH. IIpII K=const rroJiy11aeTCH A=O, a=O n ypas
rreuue (4) rrpespamaeTcH B ypasHeune (2). 

B cJiyqae rrepeMeHrroii KpIIBII3HhI Haii:AeHo (cM. [17]) 
ypaBH0Hil0 

Ls,L,.* (w)=Msin w, 
I 

(5) 

r)J;e Ls -JinHeii:Hhlii orrepaTop, rrporropu,noHaJihHbIH orre

paTopy' An«P«Peperru,IIpoBaHHJI no )J;yre acnMIITOTH'l. JIII
Hnii: BTOporo ceMeHCTBa, L ~ - KBa3HJIIIHeHHblll orrepa

TOP rroxomeii: cTpyKTyphr. CykecTseaHo, 'ITO «PYHK!J,HJI M 
rrpn HeK-pbIX YCJIOBIIHX Ha M0TpIIKY AOIIycKaeT BHyTpeH
Hl()I() ou,errKy CHII3Y IIOJIOJRIITeJJbHhIM 11IIcJioM, 6JiaroAapn 
qeMy II 6JiaroAapH CTpoeHHI() Jiesoii <JaCTII ypaBH0HII0 (5) 
cxoAHo c ypasHeHneM (2). IImnoMy rrpII TaKnx ycJiosnHx Ha 
MeTpHKY MOJRHO rrpOB0CTH paccymAeHIIH, CXOAHble c pac
cymAeHIIJlMH ,II,. fIIJibOepTa (XOTH ropa3AO 6oJiee CJIOJR
Hble), H IIOJIY'IIITb CXO)J;Hblll pe3yJibTaT. TaKIIM IIYTeM BIIep
Bble Ob!Jio rroJiy'leHo o6o6merrne TeopeMbI fIIJib6epTa (cM. 
[18]). qTO KacaeTCH ycJIOBHil Ha MeTpIIKy, 0 K-pbIX TOJibKO 
'ITO rOBOpIIJIOCb, TO OHH 3aKJil()qaIDTCJI B Tpe6oBaHIIII, 'ITO
Obi rayccosa KpHBII3Ha K OblJia oTropomeHa oT HyJIH II 
MeAJleHHo naMeHHJlacb. EcJIII rrpe)J;rroJiomnTh, 'ITO K <-1, 
TO MeAJieHH00 H3M0HeHIIe KpHBII3HbI HylRHO IIOHIIMaTb B 
TOM CMb!CJle, 'ITO rrepBb!e II BTOpbI0 rrpoII3BOAHbI0 OT K 
ITO Ayre Jll()OOH reoAe3II<JeCKOH AOCTaTO'IHO MaJibI. ,ll,ocTa
TO'IHbI0 ou,eHKII ycTaHaBJIHBaIDTCH c T3KIIM paC'l0TOM, 'ITO
Obi K ypasHerrnID (5) OhIJIII rrpIIMeHeHbl yKaaaHHhle BhlIIIe 
paccylRJleHIIH, IIAY~IIe oT ,II,. fIIJih6epTa. 8TH ou,eHKU (cM. 
[ 19]) BblpameHbl c IIOMOmbi() IIOJIOJRIIT0JlbHblX IIOCTOHHHbIX, 
o6o3HaqaeMhIX h II ~- CooTB0TCTBeHHo, rroJ1yqaeMble Me
TpIIKH c MeAJieHIIO H3MeHHIDmeii:cJI OTpIIu,aTeJlbHOH Kpn
BH3Hoii Ha3. (h, ~)-Me T p HK a M II (onpeAeJleHH0 CM. 
B [ 18] IIJIH B [ 19]); rrpn 3TOM MeTpIIKII IIOCTOJIHHOH Kpn
BH3Hbl IIOJly'laIDTCH rrpII ~= + 00. TaKHM o6pa30M, IIOJIHaJI 
(h, M-MeTpIIKa He AorrycKaeT peryJIHpHoro IIaoMeTpII'I. 
rrorpymeHIIH B Tp0XMepHo0 ('BKJIHAOBO rrpocTpaHCTBO. 

Borrpoc o B03MOIBHOCTII o6o6meHIIH TeopeMbl fnJib6epTa 
B TOM BIIAe, KaK OH CTaBIIJICJI B 30-e rr. (603 orpaHII'leHIIIl 
xapaKTepa IIOB0A0HIIH KpHBII3HbI, CM. [12]), Ha yKa3aH
HblX cef1qac rryTHX, T. e. c IIOMombID AII«P«l>epeHu,IIaJibHblX 
ypasHeHnii: TeopIIII rrosepxHocTeii:, aasepnmTh He YAa
JIOCb. Ho pemeHII0 3Toro BOIIpoca IIOJIY'IHJIOCb COBCeM 
Ha ppyroM IIYTII, HM0HHO, c IIOMombID TmaTeJlbHOro IIC- I 

cJieAoBaHIIH rpaHII'IHbIX CBOHCTB c.iPepII'I. o6pa3a o. K. rr. 
TaKIIM crroco6oM AoKa3aHo (cM. [19], [20]), 'ITO IIOJIHaH Me
TpIIKa c rayccosoii KpIIBI13HOH K <:const <0 He AOIIYCKaeT 
peryJIHpHoro H30M0Tpnq. rrorpymerrIIJI B E 3 • TeM caMblM 
BOIIpoc pemeH ToqHo B KJiaCCIIq. IIOCTaHOBKe. 0AHOBpe
M0HHO AOKa3aHa TeopeMa: B Ea Ha BCHKOH IIOJIHOH pery
JIHpHoii rrosepXHOCTII OTpHuaTeJibHOH rayccosoii: KpHBII3-
Hbl K IIMeeT MecTo paseHcTBo 

sup K=O. (6) 

3A0Cb AOCTaTO'IHa perym1pHOCTh C2 • Ho B cJiyqae c1• I eCTb 
(CM. [7)} KOHTprrpmrep (B BIIAe CJia6o HeperyJIHpHOH llO
BepXHOCTII). 

BJJHJIHIIe peryJJJipHoCTII MeTpnKII Ha sHeIIIHIDID pery
JIHpHocTb o. K. II. rrpeACTaBJIH0TCJI oco6eHHO IIHTepec
HhlM, TaK KaK o. K. II. BXOAHT B HeK-pbIH crreu,IIaJibHblii 
KJJacc rrosepxHocTeii:, K-pblil: MomeT Ob!Tb orrpeAeJieH 'IIICTO 
reoMeTpH'leCKII (IIHTepecao, 'ITO 'IIICTO reoM0TpH11. orrpe
AeJieHIIe AOIIycKaeT H KJJacc BbIIIYKJJbIX rrosepXHOCTeil:). 
IIosepxHocTH aToro lrnacca Ha3. c e A JI o B bl M II. Cep;Jio
Bble IIOBepxHOCTH B HeK-poM CMblCJl0 - aHTIIIIOAbl Bhl
rryKJibIX (cM. [22] - [25]). 

TeopeMa o HeB03MOIBHOCTH B 0BKJIHAOBOM rrpocTpaHCTBe 
IIOJIHOH 0. K. II. K <Const <0 rroJJyqaeT B0CbMa yc1rneH
HyID «PopMy B CJiyqae IIOBepXHOCTII, K-paH OAHOJIIICTHO 
rrpoeKTIIpyeTcH Ha IIJIOCKOCTh, T. e. MomeT Ob!Th rrpeAcTaB
JieHa KaK rpa«PIIK «PYHK!J,IIII z=f(x, y). B 3TOM cJiy11ae 
cymecTBYIDT YHHBepcaJJbHble ou,eHKII rrpOTJIJR0HHOCTH rro
BepXHOCTH, II IIOJIHOTa ee CTaHOBHTCJI HecymecTBeHHOII. 
,ll,oKaaaHhI TeopeMbl (cM. [26]): 1) eCJJII Ha npHMoyroJJb
HHK co CTOpoHaMH a, b peryJJHpHO rrpoeKTIIpyeTCJl IIO
BepXHOCTb c rayccosoii: KpIIBII3Hoii: K <-a2=const<0, 

TO HepaBeHCTBO -Va:;::C1+e, e>O BJJe'leT aYa<C1+C,, 
E 

rAe C1 , C2 - ymrnepcaJibHhle nocToJIHHble (Harrp., C1=4:rt, 
C2=12:rt); 2) ecJin a, b H (AJIJI rrpoCTOTbl) a=i, To a<:18,9. 

IIycTb AaHa MeTpIIKa ds2 c oTpnu,aTeJibHoil: rayccosoii 
KpHBII3Hoii: K II k= y -K. IIyCTb MeTp1rna ds2 rrorpymerra 
B Ea II l, m, n - rrpHB0AeHHhle Ko::i«Pqmu,neHTbl IIOJiy•mB
meii:cJI BTopoii: KBaApaTnqHoii: «PopMbI (rrpnBeA0HHble -
3rra11IIT YAOBJieTBOpHIDmne ypasHeHnID ln-m2=-K). Baa
Aa<Je 0 rrorpymeHIIH l, m, n - H01HIB0CTHb10 «PYHKU,HII. 
B Ka'leCTBe HOBblX Heil3BeCTHhlX «l>YHKIJ;HH BBOAHTCJI T. H. 
II H B a p H a H T bl p H M a H a: 

m+li m-li 
r=--n--' s=--n-· 

TorAa OCHOBHaH CHCTeMa ypaBH0HHH Teopirn: IIOBepXHO
CTeii: IIpIIMeT CIIMMeTpI111Hb!H BHA 

rx+sry=A0 +A1r+A2s+Asr2 +A4rs+A6r2s,} C) 
8x+rsy = A0 + Ars+ A2r+ Aas2 +A4rs + A6s2r, 1 

rAe A 0 , ••• , A 5 BhlpamaIDTCH TOJlhKO 11epe3 MeTpnKy ds2 • 

Bb!me yKa3blBaJioCb, 'ITO rroJIHaH O. K. rr. c K <:const <0 
He )lorrycKaeT n3oMeTpnquoro peryJ1HpHoro rrorpymeu1rn B 
E 0 • IlnaToMy rroJiy11eHHble pe3yJlhTaThI o B03MOJRHOCTH 
II30MeTpII11. rrorpyfileHH.11 µ;syMepHbIX MBoroo6paaWi OT-
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pHU,aTeJlhHOR KpHBH3Hbl B E 3 110 HPOOXOAHMOCTIT OTHO
CHTCll II qaCTHM ITOJlHbIX MHOrooopaanii. CaMo MHoroofipa-
3He npeAITOJlaraeTCH OAHOCBH3HbIM. Ta11, AORaaaHo (cM. 
[29], l30]), qTo Ralli,llbJH re0Ae311q. Rpyr Ha IIpOH3BOJlL
HOM peryJIHpHOM MHoroo6pa3HH 0TpHuaT0JlbHOil RpHBJil3-
HbI K .,.:const <0 Momer 6b1Th peryJIHpHo !il30MeTpHqecm1 
norpymeH B E 3. 8ra reopeMa noJiyqeHa RaK CJleACTB!ile 
6oJiee o6men reopeMhl: IIPII HeR-pblx ecrecrBeHHbIX ycJio
BHHX peryJIHpHOCTII Ha Merp1my IlOJlHOll o. K. II. c K < 
.,.:const <O KalRAaH 6ecROHe'lH8H 3KBII)J;IICTaHTHaH IIOJlOCa 
Ha 3TOM MBOroo6pa31III MOlReT 6bITh II30MeTplilqHO H pe
ryJIHpHO rrorpymeHa B E 3 • 8ra reopeMa B caoro oqepep,h 
IIOJlyqeaa KBR CJlelJ:CTBIIe TeopeMbl 0 cymeCTBOBRHHII 
n U0JlOM pemeHIIH rlIIIep60JlH'l. CHCTeM RB83HJllIHellHbIX 
ypaBHeHIIiI BIIAa (7), IIpliqeM r;i=s. 

IlocrpoeH IIpHMep OAHOCBH3HOro MHoroo6pa31Iff 3HaROIIe
peMeHHOll RpHBII3Hbl, Ha K-pOM ecri. reoAe3H'l. Rpyr' He 
/!OIIycKaIOIIJHM II30MeTp1Iq, IIorpymeH!ilH B E 3 (cM. [ 10]). 
,11,oKa3aHo [31] rrplI HeK-pbIX orpaHII'leHIIHX Ha IIOJlHyIO 
MCTplIKY OAHOCBH3HOH o. K. II. K ...;:const <0, qro BHyT
peHHHH o6JlaCTh IIp01I3BOJlLHOro opIIUHRJla TaKoro MHOfO
o6pa3HH MOJReT 6b1Th H30Merplil'lHo IIorpymerra B Es· 
TaKJilM o6pa30M, AJlH IIOJlHhlX OAHOCBH3HbJX MHOroo6pa
:rnii: OTpHuaTeJlbHOH KpHBH3HbI K .,.:const <0 AOKa3aHa B03-
M01RHOCTb H30MeTpH'l. IIOrpymeHIIH B E 3 BCex KOMIIaKT
HbTX II HeROMIIaKTHhIX ero qacreil, R-pbre CXOAHhI c 'lRCTH
MII ITJlOCROCTII Jio6a'll1BCROro, II30M0Tp1Iq, ITorpymeHHH 
H-phIX II3BeCTHbl H3 pa6or <1>. MIIHAHHra 11 8. EeJlbTpaMII. 

lfayqaroTCH ITOrpymeHHH MeTplIRH c raycconoil KpHBH3-
HOH K =const <O, T. e. rrorpymeHIIH qacren ITJlocKocTM Jio
fiaqeacKoro. TaK, ,qoKa3aHo, 'ITO Kam,qi.rn, 11:ame 6ecRoHe'l
Ho IIpOTHlReHHbIH, MHoroyroJlbHIIK ITJlOCKOCTH JI06a'leB
c1wro, MOlReT 6bITh H30MeTpH'leCKH IIorpymeH B E 3· 

Pa:rnoo6paali1e TOIIOJlOflil'I. Tl'IIIOB IIOJlHbIX 0. R. IT. B E 3 

npJIBOA!ilT K Heo6XOAIIMOCTII paccMaTplIBRTb p83JllI'lHhle 
ITOAKJlaCCbl aroro CJlHillKOM nmpoKoro RJlacca, YAOBJleTBO
}JllIOIU,Jile T0M HJllI HHbIM AOIIOJlHJi!TeJlbHbIM yCJIOBIIHM. 
ReCbMa ecrecrBeHHbIM HBJlHeTCH IIOARJlacc IIOJlHhlx 0. K.rr., 
HMeIOI!J,HX B3alil'MHO OAH03Ha'lHOe ccpepH'leCKOe («o A H 0-
.11 H c T H o m>) oro6pameHIIe ( cM. [ 33)). EcJIII rroaepx
HOCTb F II3 aroro RJiacca He HMeer caMoIIepece'leHni'r, To 
OHa OAHOCBH3Ha IIJlH ABYCBH3Ha. EcJlJil TaRaH IIOBepx
HOCTb F lilMeeT por, TO, HCII0Jlb3YH HeorpaHII'leHHOCTb 
ce)J;JlOBoro pora (cM. (34]), MOJRHO IIOJIY'llITh PHA BHeillHQ
reoMeTp!il'l. ceoii:cTB aro:ii: rrosepxHocrn:: F AOIIyc11aer 
3RAaHn:e ypaBHeHHeM z= f (x, y) Hall o6JiaCTbIO, IIoJiyqeH
Hoii: Ji13 IIJIOCKOCTH x, y YA8JleH!ileM KOMilaRTHOfO BblllyK
JTOfO MHomecraa; F n:Meer rrpeAeJlbHhltt KoHyc A (F), 
COCTOHIIJHH Ji13 Jly'la, COOTBeTCTByromero pory, H BhlIIYKJlO
ro KOHyca, COOTBeTCTByromero 'lame llOBepXHOCTH; 3a
MhIKaHHe F* ccpepn:q, o6paaa IIOBepXHOCTH F JilMeeT CBOIIM 
AOIIOJIHeun:eM AO ccpephl OTKpbITYIO rro-
Jiyccpepy u OTKphlTOe BhlllyKJIOe MHO-
meCTBO (puc. 8--10). PHI! aHaJiomqHhIX 

A(F} 

P11c. 9. 

Pac. 8. Pac. 10. 

BOIIpOCOB 113yqeR U AJIH llPYflIX TUIIOB ITOJIHbIX 0. K. II. 
eo aaanMHo 011Ro3Ha'lHhlM ccpepw:1. oro6pameBneM. 

,ll,pyrnM llHTepecHhlM !IO CBOHM CBOiiCTBaM H CBoiiCTBaM 
CBoero ccpepuq, oro6pameHHH RJiaCCOM HBJIHeTCH KJiacc 
c y ma ro IIJ II x c H 0. R. rr. (cM. [36], [37]). TaKoii 
IIOBepXHOCTbIO, Hanp., HBJIHeTCH ITOBepXHOCTb, 3aAaHHaH 
ypaaHeBHeM x2y2+y2z2+z2x2=a2 • Ilo PHAY CBO!ilX caoHCTB 
cymaIOI!l,IIeCH 0. R. II. HaUOMHHBIOT 3aMRHYThl0 llOBepx
HOCTII. Mx ccpepn'l. o6pa3 MOlRHO paccMaTplIRaTb RaR pn
MaHOBY IIOBepXHOCTb c RpaeM, Ram11:aa ROMllOH0HTa K-poro 
HBJlHeTCH c¢epnq, JlOMaHofr, JielHaIIJeii Ha O!IHOH H3 60Jib
UIUX OKpylRHOCTeH. 

MHa'le BhlfJlHAHT reoplilH 0. R. n. B IIC0BAOeBKJIU/IOBOM 

rrpocrpaHcrae E~. 1 • B 3TOM rrpocrpaHcrae 0. K. II. HBJIH
IOTCH BhlIIYRJihlM!il; rrp:n: :JTOM Rp!i1BH3Ha IIOHHMaeTCH o6bl'l
HbJM o6pa30M, KaR RpHBH3Ha MeTpHRII, lilHAYUHPOBaHHOll 
o6beMJIIOIIJUM rrpocrpaHCTBOM. MMeHHO oHa rrpeAIIOJiara-
eTCH OTpHu,aTeJibHOll. 3 

EAJi!HnqHaH ccpepa npocrpancraa E2, 1 cocrolIT U3 rpex 
CBH3HhIX KOMIIoHeHT L1, L 2 , L 3 (pnc. 11). KoMIIOHeHTbI 
L1 II L2 HBJIHIOTCH BhlllYKJlhIMU IIO
BepXHOCTHMII, Ha R-pb!X HHIIY!IUPYeT
CH IIOJIOlRJilTeJibHO orrpeAeJieHHaH 
MeTpli!Ra rrocTOHHHoii orplilIJaTeJibHoii 
KpHBII3Hhl; 3TII IIOBepXHOCTll AaIOT 
II3BeCTHYIO IIHTeprrpeTaIJHIO reoMeT
pHH Jio6a'leBcRoro. IloaepxHoCTh L 3 
CeAJIOo6pa3HaH, Ha Hell HHAY!IHPY0T
CH UHA0cp1IH!ilTHaH MeTplIRa IlOCTO
HHHOll IIOJlO)l{IIT0JlbHOll RpHBil3HhI; 
MeTpHKa 3TOII IlOBepXHOCTJil U3B0CTHa P11c. 11. 
RaR AByMepHaH MerpuKa Ae CIITTepa. 

0. K. rr. c 11ecplilHHTHoii: MeTpHROH o6paayror B Et 1 mn
pmmii II ecrecrBeHHbiii: RJiacc rroaepxHocreil, o6o6m,aro
ll\HX caoilcraa rroaepxHocreil L1 H L 2 TaR me, KaR rro
BepXHOCTH IIOJIOlRHTeJibHOH Kp1IBII3Hbl o6pa3yIOT B 0B
KJIHAOBOM rrpocrpaacTBe RJiacc, o6o6m,aromuii c¢epy 
(CM. (38]). 

Mc'leprrhlBaIOUl,HM o6paaoM II3Y'l0Bbl CBOllCTBa IIOBepx
HOCT0ll c AecpHHHTHOll M0Tp1IKOH II orpnuaT0JibHOll Rpn
BM3HOM, IIOJIHaH IIHTerpaJibHaH KpHB!il3Ha R-phlX KoHqeHa. 
Ceoii:craa arux rroaepxHocreii auaJiorn'lHhI caoi'1cTBaM BhI
IIYRJihlX mJBepXHOCTeii: c RpUBU3HOH, MeHblII0Il 2:rt, B ee
RJlli/IOBOM rrpocrpaHCTBe (11JJacc IIOB0pXHOCT0ll 0JIOBHHllm
HI!KOBa). MMeHHo, IIOJlHBH A0cpUHUTHaH MerpuKa orpu
uareJlbHOII RpHBll3Hbl Iii ROH0'lHOH HHTerpaJibHOll KpHBU3-

HbT k u f00A031I'I. JIY'l y Ha MHoroo6pa3Hlil, Hecyll\eM 3TY 
M0T}JIIKy, OIIP0AeJIHIOT e,qHHCTBeHHbIM o6pa30M BhIIIyRJiyro 
ITOBepXHOCTb c AaHHb!M BhIIIyKJihlM IIpeA0JlbHb!M ROHycoM 

IIOJIHoii: Kp1IBH3HhI K 603 HaorpoIIHb!X 06paayrom1Ix H c 
11aHHOll o6pa3yIOUl,eii, K-paH HBJ1H0TCH rrpe11eJibHOH AJIH 
Jiyqa y. PeryJIHpHoCTh rroJiy'laeMhIX rroaepxaocreil oIIpe-
11eJiaercH peryJIHpHOCTblO MeTpHKII. 

IloJIHhle 0. R. 11. c HHAecpHHJilTHOir MeTpHKOll TaRlli0 
HBJIHIOTCH BhIIIyKJibIMII. Ho caoiiCTBa nx OT'laCTll CXOAHhI 
co CBOHCTBaMH CeAJloo6pa3HhIX rroeepXHOCTeri B eBRJIJil
AOBOM rrpocrpaHCTBe. B qaCTHOCTlil, AJIH HHX crrpaB0AJIIIBa 
oueHKa sup K=O. TaR1Ie rroaepxHoCTH ,qoJJiRHhI 6blJJu 
6bl COOTB0TCTBOBaTb KOMllOH0HT0 L3 eAUH!il'lHOll ccpephl 

rrpocrpaHCTBa E~ 1; OAHaRO OHa He BhlIIYRJia. 3A0Cb Hr
paer orrpeAeJiarolli;yro poJib He TOJibRO 3HaK rayccoaoii 
KpHBH3Hhl, HO H 3Ha!I orrpeAeJIHTeJlH Merpuq, cpopMhI rro
BepXHOCTIL 

Jlum.: [1] Had am a rd J., «J. math. pures et appl.•>, 1898, 
v. 4, p. 27-73; [2] Hi I be rt D.h«Trans. Amer. Math. Soc.>>, 
1901, v. 2, p. 87-99; [3J Bi an c i L., Lezioni di geometria 
differentiale, 3 ed., v. 1, pt 1, Bologna, 1927; [4) E ljJ 11 Mo B H.B., 
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MaTeM. Hay10>, 1961, T. 16, B. 2, c. 149-56; [7) er o me, TaM me, 
1966, T. 21, B. 5, c. 59-116't [8] AM H H 0 BID. A., «YKp. reOMCTJl. 
CO.», 1973, B. 13, c. 3-9; 9] E ljJ HM 0 B H. B., «Ycnex11 MaTeM. 
Haym>, 1966, T. 21, B. 5, c. 3-58; [10] II 0 3 H II K 8. r., TSM me, 
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(17) E ljJ HM 0 B H.B., IT 0 3 H HK 8. r., TaM a<e, T. 137, No 1, 
c. 25-27; (18] H x a< e, TaM a<e, .M 3, c. 509-12, (19] E ljJ n
M 0 B H. B., TBM a<e, 1963, T. 150, No 6, c. 1206-09; [20] er 0 
a< e, «MaTeM. co.», 1964, T. 64, No 2, c. 286-320; [21] er o a< e, 
TaM a<e, 1968, T. 76, No 4, c. 499--512; (22] me 1fi e JJ h c. 3., Hc
cJJeaosaHHH no reoMeTPMH cellJIOBblX rrosepxnocTelt, HosocHo., 1963; 
[23] e r 0 lf< e, «CHO. MaTeM. lf<.», 1964, T. 5, No 6, c. 1382-96; 
(24] er o a< e, TaM a<e, 1967, T. 8, No 3, c. 705-14 · [25] er o 
>He, «,ll,OKJJ. AH CCCP», 1965, T. 162, .No 2, C. 294-96; (26) E (j) H
M 0 B H. B., «MaTeM. CO.», 1976, T. 100, No 3, c. 356-63; [27] er 0 
a< e, «,ll,OKJJ. AH CCCP», 1953, T. 93, No 4, c. 609-11; (28] He\ n z 
E., «Math. Ann.», 1955, Bd 129, H. 5, p. 451-54; (29] IT o a
ll ff Ha. r .. «,ll,OKJJ. AH CCCP», 1966, T. 170, No 4, c. 786-89; (30] 
er o a< e, «YKp. reoMeTp. cli.», 1966, B. 3, c. 78-92; (31] III H
K H HE. B., «,ll,OKJJ. AH CCCP», 1974, T. 215, No 1, C. 61-63; [32] 
p 0 lf< n; e c T B e H c R H lt B. JI., TaM a<e, 1962, T, 143, No 1, c. 
:i0-52: [33] Be pH e p A. JI., «MaTeM. cfi.», 1967, T. 74t No 2, c. 
218-40: 1968, T. 75, .M 1, c. 112-39, T. 77, No 1, c. 136; 34] er o 
lf< e, «CHO. MBT6M. lf<.>>, 1970, T. 11, No 1, C.· 20-29; No 4, c. 750-
769: [35] er 0 lf< e, «MaTeM. 33MeTRH», 1972, T. 12, No 3, c. 
281-86; !36] c 0 R 0 JI 0 B ,ll,. )].., «Ycrrexa M3TCM. HBYR», 1975, 
T. 30, B. 1, C. 261-62; 1978, T. 33, B. 4, C. 227-28; 1979, T. 34, 
B, 3, c. 213-14: [37] A JI e R ca H n; p 0 BA. )].., BHyTIJeHHHH re
OMCTpHH BblO)IKJlhlX rronepxHOCTelt, M.- JI., 1948; L38] IT 0 r o
pe .11 o n A. B., BnemHHH reoMeTpHH BbIIlYKJJhIX rrooepxnocTeil, 
M., rn69. H.B. Eifju1><0B. 

OTCqET A CHCTEMA - COBOKyIIHOCTb CUCTeMhl lWOp
AUHaT ll qaCOB, CB.113aHHhIX c TeJIOM, IIO OTHOIIIeHHIO K K-po
MY rrayqaeTcH ABrrarnHrre (HJIH paBHoBecne) KaKHX-HII6YAh 
APYfllX MaTepuaJibHhIX TO'IeK llJIH TeJI. JI106oe ABlllf\eHHe 
HBJIHeTCH OTHOCHTeJibHhIM' H ABHll\eHUe TeJia CJieAyeT 
paccMaTplIBaTb JllIIDb IIO OTHOIDeHlIIO K RaROMy-JIH6o 
ApyroMy TeJiy (TeJiy OTcqeTa) HJIH CIICTeMe TeJI. HeJih3H 
yRaaaTh, uarrp., KaK ABMJf\eTCH Jlyrra Boo6rn:e, MOil\HO Jiliillb 
orrpeAeJIHTb ee ABHIBeHlrn IIO OTHOIIIeHHIO K 3e~IJle HJIH CoJIH
L~Y H 3Be3AaM H T. A· 

MaTeMan1qecRH ABHarnHHe TeJia (HJIH MaTepnaJihHoi1 
TO'IRH) no OTHOIDeHmo R Bhl6paHBoii 0. c. OJIHChIBaeTCH 
ypaBBeBllJlMII, R-pbie ycTaIIaBJIHBaIOT, KaR H3Mellf!IOTCH 
c TeqeBHe.\l BpeMeHII t KOOPAUIIaTbl, orrpeAeJIHIOW:He IIOJIO
il\emrn Te.'Ia (TO'IKH) B noii 0. c. Harrp., B AeKapTOBbIX 
KOOPAHHaTax x, y' ABHmemrn TOqKH orrpeAeJllieTCH 
ypaBHeHHllMH 

x=fi (t), y=f2 (t), z=/a (t), 

Ba3. ypaBIIeHHHMH ABUil\eBIIH. 
Bb16op 0. c. 3aBHCHT OT u;eJieii nccJieAoBamrn. ITpn mme

MaTH'I. 11ccJieA0BaH1111x Bco 0. c. paBBonpaBHbI. B 3ai:ta
qax AHIIaMHKH rrpenMyn~eCTBeHHYID poJib nrpaIOT lUtep!fU

a.tibltble cucme.Mbl omc'lema, ITO OTHOIDeHHIO R KOTOpb!M 
A1t<l><l>epeB~ll8JlbBbie ypaBHeHIIH HMelOT o6hlqHo 6oJiee 
rrpOCTOH BHA. 

llo 1><amepua..a.M cmam~u Cucme.Ma omc'lema ua BC8-J. 

OIJ;EHKA CTATHCTIIqECKAH - <l>YHR~HH OT CJly
qaHBhIX BeJinqnH, rrp11Mem1eMaH AJIH o~eBRH Hell3BeCTHblX 
rrapaMeTpOB TeopeTHq. pacnpeAeJieHHH BepoHTHOCTeii. Me
TOAhl TeOpllll 0. c. CJiyIBaT OCHOBOH COBpeMeHHOii Teopnll 
omu6oR; o6bl'IBO B RaqeCTBe BeH3BeCTHLIX rrapaMeTpOB 
BhICTyIIalOT naMepHeMble «Pnanq, IIOCTOHHBhle, a B RaqeCTBe 
CJiyqaHHhIX BeJIHqHH - peayJihTaThl BeIIocpei:tCTBeBHhlX 
HBMepeBMH, IIOABepiHeHBble cJiyqaiiHhIM omn6RaM. Harrp., 
eCJilI Xi, X 2,. . ., X n - He3aBHCHMble O/:IHBaKOBO HOp
MaJibHO pacrrpeAeJieHHble cJiyqaiiuhle BeJIH'IHBbl (peayJI1>
TaTbl paBBOTO'IBblX H3MepeHHii, IIOABepiHeHBhIX He3aBllCH
l\lhIM BOpMaJlbHO pacnpeAeJieHHhIM cJiyqaiiHhIM omn6Kal\I), 
TO B RaqeCTBe 0. c. AJIH rrenaBeCTBOl'O cpeABero 3HaqeHJ:IH a 
(rrpn6JIHil\eBHOro 3BaqeBHH naMepHel\IOH <l>H3IIq. IIOCTOHII
HOii:) npuMeHHeTCH cpeArree apmt>MeTn11ecKoe 

X= ~ (X1 +x2 + ... +Xn)· (1) 

0. c. Kai\ <l>YHKI(HH OT cJiylJaiiHblX BeJIH'IJIH 'Ia~e BCero 
~aAaeTCH TCMJI llJIH HHblMH 4JopMyJiaMH, Bb!OOp 1\-pb!X orrpe
AeJIHeTCH Tpe6oBaHUHMll rrpaRTHKll. Ilpll :JTOl\I pa3JIHqaIOT 
o~eHKH TOqeqBble H o~eHKll llHTepBaJihHhle. 

To11e11Hble o~emm. T o 11 e 'I B o ii o II e H K o ii Haa. 
TaRaH 0. c., 3Ha1JeHHe R-poii rrpeACTaBllMO reoMeTpnqecKII 
B BIIJI:e Toqm1 B TOM me upocTpaHCTBe, 'ITO II 3HaqeHllH 
HeH3BeCTHhIX napa~rnTpOB (pa3MepHOCTb rrpocrpaHCTBa 
paBHa 'IHCJiy o~eHuBaeMblx rrapaMeTpoB). HMeuuo Toqeq
Hble 0. c. " llCIIOJlh3YlOTCH KaK rrp116JIHIBeHHble 3HaqeHllH 
AJIH uemrnecTHblX 4JnautJ.. BeJinqnB. B AaJibHeiimeM AJIH 
rrpoCTOTbl npeAilOJiaraeTCH' 'ITO o~eHKe ITOAJI0lRHT OIJ;llH 
eAIIHCTBeHHhlH Ila paMeTp; B <JTOM CJiyqae ToqeqHall 0. c. 
rrpeACTaBJIHeT co6oii <l>YHK~lllO OT peayJibTaTOB ua6JIIOAe
HHii, rrpllHHMaIDW:YID 'IllCJIOBble 3HaqeHHH. 

Toqequyw O. c. Haa. He c Mew: e H Ho ii, ecJiu ee Ma
TeMaTnq, OlKUAaHue COBJiaAaeT c o~eHHBaeMOH B0JIHqllHOJI, 
T. e. ecJin 0. c. Jiumeua cucTeMaTH'I. omn6Ku. CpeAHee 
apn<l>MeTnqecKoe (1) - aecMern;eaHaH 0. c. J:tJIH MaTeMaTH'I. 
OlKHAaHHH OAUHaKOBO pacrrpei:teJieBHb!X CJiyqanHhlX BeJill
qau xi (He o6H3aTeJibHO HOpMaJibHbIX). B TO il\e BpeMH Bbl-
6opoqHaH AHcrrepcHH 

;2=~ [(X1-X)2+(X2-X)2+ ... +(Xn-Xl2] (2) 

HBJIHeTcH cMern;euHoi'i 0. c. AJIR Ancrrepcm1 cr2= DX;, TaK 

Kai\ E;2 =( 1- ~) cr2; B J\atJ.eCTBe HeCMern;eHHOii 0. c. AJIH 

o 2 oobitJ.HO 6epyT <fiyHR~UID 
n ~ 

s2=-- s2. 
n-1 

CM. TaKil\e H ec.Meu.fennaa 01fe1t1ra. 
3a Mepy TOqHOCTH HecMern;eBHOU 0. c. a .[\JIH napaMeTpa 

a qame BCCl'O rrplIHHMaIDT AlICIIepcmo Dex.. 
0. c. c HaHMeBhIDeii AHCnepcneii Ha3. II a H JI y q III e iL 

B rrpnBeAeHHOM rrpnMepe cpeABee apmpMeTnqecKoe (1) -
HanJiyqmaH 0. c. 0AHaKo eCJIH pacnpeAeJieBHe BepOHTHO
CTeii CJiyqaii:BbIX BeJIHqlIB X; OTJillqBo OT BOpMaJlbBOro, TO 
0. c. (1) MOil\eT ll rre 6b1Th ua1myqmeii. Harrp., ecm1 pe
ayJihTaTbi rra6JIIDAeBHJI x,. pacnpeAeJieHbI paBBOMepHO B 
IrnTepBaJie (b, c), TO HanJiyqme:ii 0. c. AJIH MaTeMaTH'I. 
OllillAaHlIH a= (b+c)/2 6yAeT rroJiycyMMa KpaiiHHX 3Ba-
qeHHH 

min X; +max X; 
2 (3) 

B KaqecTBe xapaKTepIICTHKH AJIH cpaBHPHHH TO'IBOCTH 
pa3JIJlqHhIX o. c. upMMeHlllOT 3 !fl <Ji e KT H B H 0 c Tb -
OTHOJlleHlie AUCIIepcnii HaHJIY'Illleli: o~eBRH II AaHBOU 
necMernenrroii o~eBRH. Hanp., eCJIH peayJihT8Thl aa6mo
A0Hllii xi pacnpeAeJieHhl paBHOMepHO, TO AlICIIepCMll ou;eHOK 
(1) H (3) BhlpamaIOTCH <J>opMyJiaMll 

11 

DX= (c-f>)• 
12n 

Dex.= (c-f>)' 
2 (n+1) (n+2) 

(4) 

TaK KBR OI~eHml (3) ua11Jiy11ma11, TO alfilfieRTlIBBOCTb 
OI(eHKH (1) B AaHHOM CJiyqae eCTb 

en(X)=6n/(n+1) (n+2) ~ 6/n. 

IT pu 60JibillOM J\OJll!'ICCTBC Haomo11errnii n OoblqHO TpeuyIDT. 
'!TOUhl Bb16paHBaH 0. c. c:rpeM1IJl8Cb no BepOA'l'HOCTH I\ nc
Tl!HHOMY 3Ha'!eHlllO rrapa~rnTpa a, T. e. 'l'l'OObl TIJIH BCHKOro 

e > 0 

Ta1rn:e 0. c. 
COCTOHTeJibBOU 

lim P{lcx.-aj>e}=O; 
fl--+ C(J 

H83. C 0 C T 0 H T e Jl h B hi M II 
o. c.- JIIOUaH HeCMe~eBHaH 

(rrpmrnp 
o~eBKa, 
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AHCIIepc1u1 K-pott: rrpH n -+ 00 CTpeMHTCH R Hymo; CM. TaK
me Cocnw.l!meJLbllll.1! OljenKa). IlocROJlhRY aamHyIO poJib 
rrpn 3TOM HrpaeT IIOPHAOK CTpeMJieHHH R rrpeAeJiy' TO acHM
IITOTnqecRH HaHJiyqillHMH HBJIHIOTCH a c II M II T 0 T H
q e c K Ii! 3 ip ip e KT Ii! B H bl e o. c., TO eCTb TaRIIe 
0. c., AJIH K-pbIX rrpn n-+ 00 

E (a-a) ----->- 0 Ii! en (a)----->- 1. 
Ve (a-a)' 

Harrp., ecJin X 1 , X 2 , ••• , X n pacrrpeAeJieHhI 0µ;1rnaK0Bo 
HOpMaJibHO, TO 0. c. (2) npeACTaBJIHeT co6oii acHMIITOTH
qecKH aiJ><fieKTHBHYIO ou;eHKY AJIH HenaaecTHoro rrapaMeTpa 

a 2 = DX i• TaK KaK npn n -+ co µ;ncrrepcnH ou;eHKH ; 2 

H µ;ncrrepcnH HanJiyqmeii: ou;eHKH ;2n/ (n-1) acnMIITOTH
qecRH aKBHBaJieHTHbl: 

0;2/D [s2n/(n-1)] = C:1)2, 0;2 =:~: 
H, KpoMe Toro, 

<l>yHµ;aMeHTaJibHoe 3HaqeHne AJIH Teopnn 0. c. n ee rrpn
JiomeHnii HMeeT TOT iJ>aKT' qTO KBaµ;paTnqHoe OTKJIOHeHne 
O. c. AJIH rrapaMeTpa a orpaHnqeHo cHnay HeK-poii aeJIH
qnHoii (noft aeJinqnHoii P. <l>nIIIep (R. Fischer) rrpeµ;Jio
lRHJI xapaKTepn30BaTb KOJIHqeCTBO HHlpopMau;nn OTHOCH
TeJibHO HenaaecTHoro IIapaMeTpa a, coµ;epmalIJ,HMCH B pe-
3YJihTaTaX Ha6JIIOAeHnft). HaIIp., ecJin X 1 , X 2 , ••• , Xn 
He3aBHCHMbl H OAHHaKOBO pacrrpeµ;eJieHhl c IIJIOTHOCTbIO 
aepoHTHOCTH p(x; a) n ecJin a.=qi(Xi. X 2 , ••• , Xn) -
o. c. AJIH HeK-poii il>YHKU,HH g (a) OT IIapaMeTpa a, TO B 
mIIpOKOM KJiacce CJiyqaeB 

E [ _ ( )] 2 >- nb' (a) I (a)+[g' (a)+b' (a)]' 
a g a ~ nl (a) ' (5) 

rp;e 

[a In p (X· a)]2 
b(a)=E[a-g(a)] n /(a)=E aa' · 

<l>yHKU,IIIO b (a) Ha3. c M e lIJ, e H H e M, a BeJinqnHy' o6paT
HYIO rrpaaoft qaCTII HepaaeHCTBa (5), Ha3. R 0 JI H q e c T
B 0 M II H ip 0 p M a u; H II (rro <l>HII1epy) OTHOCHTeJibHO 
il>YHKU,HII g (a), COAepmaru;eiicH B peayJibTaTe Ha6JIIOp;eHIIH. 
B qacTHOCTII, ecJIII a - HecMeru;eHHaH 0. c. rrapaMeTpa a, 
TO 

g (a)= a, b (a)= 0 
II 

E [a-g (a)]2=Da~ 1/nl (a), (6) 

IIpHqeM KOJIHqecTBO HHiJ>opMau;IIII nl a B 3TOM CJiyqae rrpo
rropu;noHaJibHO KOJrnqecTBy Ha6JIIOAeHHH (iJ>YHKU,HIO l (a) 
Ha3. K 0 JI II q e c T B 0 M H Hip 0 p M a u; II n, cop;epma
ru;eftcH B op;HOM Ha6JIIOAeHHII). 

OcHOBHble ycJIOBHH, np11: K-phlx crrpaae)lJIHBhl HepaaeH
CTBa (5) II (6), - rnap;lWCTb ou;eHKH a RaK il>YHKU,HH OT 
xi• a TaRiKe He3aBHCIIMOCTb OT rrapaMeTpa a MHOiKeCTBa 
Tex ToqeK x, rAe p (x, a)= 0. IlocJieAHee ycJIOBIIe He Bbl
IIOJIHHeTcH, Harrp., B cJiyqae paBHOMepHoro pacIIpeAeJie
HHH, H Il03TOMY AIICIIepCHH o. c. (3) He YAOBJieTBOpHeT 
HepaaeHCTBY (6) [corJiaCHO (4) na AHCrrepCHH eCTb BeJIH
qJrna IIOpHp;Ka n- 2, B TO BpeMH KaK no HepaaeHCTBY (6) 
OHa He MOlReT HMeTh IIOPHAOK MaJIOCTII Bblille, qeM n-11. 

HepaaeHCTBa (5) n (6) crrpaae)lJIHBhI H AJIH AHCRpeTHO 
pacIIpe)leJieHHbIX cJiyqaii:HhIX aeJI11:q11:H Xi: HYiKHO JIHII1h 
B oIIpe)leJieHIIII nHiJ>opMannn I (a) IIJIOTHOCTh p (x; a) 
3aNieHHTb BepoHTHOCTbIO co6blTHH { x = x}. 

EcJIII )lHcrrepcnH HecMern,eHHOII 0. c. a* AJIH rrapaMeTpa 
a COBilaAaeT c IIpaaoft qaCTbIO HepaBeHCTBa (6), TO a* -
HaIIJiyqIIIaH oneHKa. 06paTHOe yTaepm)leH11:e, aoo6ni;e 
roaopH, HeBepRo: AHCrrepCIIH HaHJiyqI11eil: 0. c. MOlReT 
IIpeBblillaTb [ nl (a) 1- 1• 0)lHaRO eCJIH n -+ co' TO AHCIIepCHH 
HaHJIY'lllieft oneHKH Oct* acHMIITOT1necKH aRBHBaJieRTHa 

rrpaaoii qacTH (6), T. e. nDa*-+ 1// (a). TaKHM o6paaoM, 
c IIOMOlIJ,bIO KOJIJJqecTBa IIHiJ>opMaU,IIII (rro <l>III1Iepy) MOiKHO 
orrpep;eJIHTb aCHMIITOTl{q, aiJ>iJ>eKTIIBHOCTb HeCMeru;eHHOII 
O. c. a, rroJiaraH 

( ) 1. Da• l' 1 
e00 a= Ill - 0-= Ill I ( ) D • 

n-*!7.J a n~oo n a a 
(7) 

OcooeHHo rrJIOAOTBOpHbIM IIHiJ>opMall,IIOHHhln IIOAXOA K 
TeopnH o. c. CKa3blBaeTCH TOr)la, KOr)la IIJIOTHOCTb (B 
AIICKpeTHOM CJiyqae - BepOHTHOCTb) COBMeCTHoro pac
rrpeAeJieHHH cJiyqafrnhlx aeJIHqHH X 1 , X 2, ••• , X n IIpeµ;

CTaBHMa B BHAe rrpoH3BeAeHIIH ABYX il>YHKU,HH h (x1' X2, ..• ' 
Xn)q[y (xi. X2·· •. ' Xn); a), ll.3 K-pbIX rrepBaH He 3aBHCIIT 
OT a, a BTopaH IIpe)lCTaBJIHeT co6oft IIJIOTHOCTb pacIIpeAe
)leJieHIIH HeK-poii: cJiyqaftuoii BeJinqIIHhl Z= y (X 1 , X 2 , ••• , 

Xn), Ha3. 8ocmamo'tnoii cmamucmuKoii,HJIII n c q e p rr bl
B a IO Ill, e ft c T a T II c T H K 0 ii. 

0AHH II3 Ha1160Jiee pacrrpocTpaHeHHblX MeTOAOB Haxom
)leHIIH ToqeqHhIX 0. c.- J.to.Menmoo .Memo a. CorJiacHo aTo
MY MeTOAY' TeopeTIIq, pacrrpeAeJieHHIO, 3aBIICHlIJ,eMy OT 
HeH3BeCTHblX rrapaMeTpOB, CTaBHT B COOTBeTCTBIIe AIICRpeT
HOe Bbl6opoqHoe pacrrpeAeJieHIIe, R-poe orrpeAeJIHeTCH pe
ayJihTaTaMH Ha6JIIO)leHHH xi II rrpe)lCTaBJIHeT co6oii: pac
rrpe)leJieHIIe aepoHTHOCTeii: aoo6pamaeMoii cJiyqaiiuoii: ae
JIHqIIHhl, IIpHHHMaIOru;eii: 3HaqeHIIH Xi. X 2 , ••• , Xn c 
O)lIIHaKOBblMH BepOHTHOCTHMH, paBHblMII 1/ n (Bb16opoqHoe 
pacrrpeAeJieHIIe MOlKHO paccMaTpHBaTb KaK ToqeqHyIO 
O. c. AJIH TeopeTnq, pacrrpeAeJieHIIH). B KaqecTBe 0. c. 
AJIH MOMeHTOB TeopeTIIq, pacrrpe)leJiemrn rrpHHIIMaIOT 
COOTBeTCTBYIOlIJ,IIe MOMeHTbl BhI6opoqHoro pacIIpe)leJieHIIH; 
HaIIp., AJIH MaTeMaTnq, OlKII)laHIIH a H AIICrrepcnII a2 MeTOA 
MoMeHTOB )laeT cJieAyIOru;11.e 0. c.: Bbl6opoqHoe cpeµ;uee ( 1) 
II Bhl6opoqHyIO µ;ncIIepCIIIO (2). He11:aaecTHble IIapaMeTpbI 
06h1qHO BblpamaIOTCH (ToqHO IIJIH rrp116JinmeHHO) B BHAe 
il>YHKU,HH OT HeCKOJlbKHX MOMeHTOB TeopeTHq, pacIIpe)leJie
HIIH. 3aMeHHH B 3TIIX iJ>yHKll,IIHX TeopeTHq, MOMeHTbI Bbl-
6opoqHblMII, rroJiyqaIOT HCKOMble 0. c. 8TOT ueTOA, qa
CTO rrpIIBOAHill,IIH Ha IIpaRTIIKe R cpaBHIITeJihHO rrpo
CTbIM Bb[qIIcJieHIIHM, )laeT, KaK rrpaBHJIO, o. c. HeBbl
COKOII aCHMIITOTIIqecRoft aiJ>iJ>eRTIIBHOCTH (CM. Ilblille IIPII
Mep ou;eHKH MaTeMaTIIqecKoro OlKH)laHIIH paBIIOMepHoro 
pacrrpe)leJieHIIH). 

,Apyroft MeTOA HaXOiK)leHHJl 0. c.' 6oJiee COBCpllieHHblH 
c TeopeTHq, ToqKn apeHll.H,- .MaKCu.MaJLbno20 npae8ono8o-
6wi .Memo a, HJIII H a n 6 o JI h ill e r o rr p a B A o II o
A o 6 II H M e T o A· CorJiaCHO noMy MeTOAY, paccMaTpII
BaIOT ip y HK u; II IO II pa BA 0 II 0 A 0 6 H H L (a), K-paH 
IIpeACTaBJIHeT co6oft il>YHKU,HIO HeH3BeCTHOTO IIapaMeTpa a 
H IIOJiyqaeTCH B peayJihTaTe 3aMeHbI B IIJIOTHOCTH COBMeCT
HOTO pacrrpeAeJieHHH p (x1 , x 2, ••• , .xn; n) apryMeHTOB x; 
caMHMH CJiyqaiiHblMII BeJIHql!HaMII xi; eCJIII xi He3aBHCHMbl 
H OAHHaKOBO pacrrpe)leJieHhl c IIJIOTHOCTbIO aepOHTHOCTH 
p (x; a), TO 

L (a)=p (X1; a) p (X 2 ; a) ... p (Xn; a) 

(eCJIH xi pacIIpe)leJieHbl AHCRpeTHO, TO B orrpeAeJieHHH 
iJ>YHKU,HH rrpaB)lOIIO)lo6nH L cJie)lyeT IIJIOTHOCTH aaMeHHTh 
aepOHTHOCTHMH co6hITHH {Xi= x d). B KaqecTBe 0. c. 
MaRCHMaJibHOTO IIpaBAOIIOA06IIH AJIH HeH3BeCTHOTO rrapa
MeTpa a rrpnHHMaIOT TaRYIO aeJI11:q11:Hy a, AJIH K-poii: L (a) 
AOCTHraeT HaH60JibI11ero 3HaqeHHH (IIpH 3TOM qaCTO BMe
CTO L paccMaTpHBaIOT T. H. JiorapHiJ>MIIqecKyIO il>YHKU,IIIO 
IIpaB)lOIIOA06HH l (a)= lnL (a); B CHJIY MOHOTOHHOCTII 
Jiorap11:iJ>Ma ToqKH MaRCHMyMoB il>YHKU,HH L (a) H l (a) 
COBIIaAaIOT). IlpHMepaMII o. c. MaKCHMaJihHOTO rrpaap;o
rro1106HH HBJIHIOTCH ou;eHKH rro nau.Mellbutux Koa8pamoe 
.uemoay. 

0CHOBHOe AOCTOHHCTBO 0. c. MaKCHMaJibHOro rrpaaµ;o
IIOA06HH 3aKJIIOqaeTCH B TOM, qTo rrpH HeK-pbIX o6rri;nx 
ycJIOBHHX 3TH 01i;eHRII COCTOHTeJibHbJ' aCIIMIITOTHqecRH 
a<Ji<fieKTHBHbl II pacrrpe)leJieHhl rrpn6JinmeHHO HOpMaJibHO. 
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ITepe•mcJieHHhle caoiicTaa oaHa•iaroT, qTo ecm1 a eCTh 
0. c. MaKCl!MaJlbHOro npaBAOIIOA06m1, TO npli n-+ CXl 

Ea-a 11 E(a-a)2 -Da-o~(a)= [d 1 r 
E da l (a) 

(ecm1 X HeaaaHcIU1hl, TO o~(a)=[nJ(a)]- 1 ). Ta1mM o6pa
aoM, AJIH iJ>ymm;1rn pacnpeAeJieH11H HopMupoaaHHoii. 0. c. 
(a-a)! On (a) llMeeT MeCTO npeAeJlbHOe COOTHOllieHHe 

Jim P {~ <x \ =-1- Ix e- 1' 12 dt = <D (x). (8) 
n_. 00 an(a) ( Vzn.) -oo 

Ilpe11Myru;ecTBa 0. c. MaKCliMaJlbHOro npaBAOIIOA06liH 
onpaBAhIBaIOT BbfqllCJlHTeJlbHyIO pa6oTy no OThICKaHllIO 
MaKc11MyMa iJ>ynm:,11n L (liJlll l). B HeK-phlx cJiyqaHx 
BbfqHCJlllTeJlbHaH pa6oTa cyru;ecTBeHHO COKparn:aeTCH 6Jla
roAapH CJleAyIOru;llM CBOMCTBaM: BO-nepBhIX, eCJlll a* - Ta
KaH o. c., AJlH K-poii. nepaaeHCTBO (6) o6parn:aeTCH B pa
aeHCTBO, TO 0. c. MaKCllMaJlbHOro npaBAOIIOA0611H eAllH
CTBeHHa li COBITaAaeT c a*' BO-BTOphlx, eCJlll cyrn:ecTByeT 
AOCTaToqnaH CTaTllCTHKa z, TO 0. c. MaKClll\laJlbHOro 
npaBAOITOA0611H eCTb iJ>yHKll,llH z. 

II ye Th, Hanp., X 1; X 2, ..• , X n neaaBHClil\lhl li pac
npeAeJieHhl op;:irnaKOBO HOpMaJlbHO TaK, qTQ 

p (x; a, a)= 1_ exp f - -. 1- (x- a)2} 
a V2n l 2a' 

U03TOMY 
l (a, a)= In L (a, a)= 

=-.2:. ln (2n) -n In a--1- ,..,n (X· -a)2 
2 202 ~i =1 l • 

KoopAirnaThl a= a0 11 O=o0 Toq1rn MaKCHMyMa iJ>ynKu,un 
I (a, a) YAOBJleTBopHIOT c11cTeMe ypaanen11ii 

az 1 ~ aa=O' ~(X;-a)=O, 

=~ =- ;, [ a2 - ~ ~ (X;-a)2] = O. 

TaKHM o6paaoM, a0=X='2.X/n, o~=;2=I (X;-X)2/n 
n, anaqnT, B AaHnoM cJiyqae 0. c. ( 1) 11 (2) - ou,emrn MaK-

c11MaJlhHoro npaaAonoA0611H, np11qeM X - na11Jiyqrnan 

O. c. napaMeTpa a, pacnpeAeJleHHaH HopMaJlhHO (EX=a, 
DX=o2/n), a ~2 - ac11MnTOTHqecKM aiJ>iJ>eKTliBHaH 0. c. 
napaMeTpa o2, pacnpeAeJieHnaH npM 60Jihrn11x n np116JI11-

;KeHHO HOpMaJlhHO (Es2 ~ a2, Ds2 ~ 2a4/n). 06e 011,eHKH 
npep;cTaBJlHIOT co6oii. neaaBllCliMhle AOCTaTOIJHble CTaTllC
THKli. 

Eru;e oµ,Mn np:irnep, B K-poM 

p(x; a)={n[1+(x-a)2]}. 

8Ta IIJlOTHOCTb YAOBJleTBOpllTeJlbHO OIIHCbIBaeT pacnpeAe
JleHne O)J;HOM li3 KOOPAIIHaT qaCTHIJ;, AOCTliflliliX IIJlOCKOro 
:rnpaHa 11 BhIJleTearn11x Ma TO'!KH, pacnoJiomennoii BHe 
aKpaHa (a - KoopA:irnaTa npoeKu,1111 llCTOqHnKa na aKpan
npeAITOJlaraeTcH He:irnaecTnoii.). ,Il;JIH yKaaaHHoro pacnpe
AeJieHllH l\laTeMaTMq. om11AaHlie He cy111,ecTayeT, T. K. 
COOTBeTcTByroru;Hii HHTerpaJl pacXOAllTCH. Ilo3TOMy OTWC
Kay11e 0. c. AJlH a MeTOAOM MOMeHTOB HeB03MO)l{HO. Cl>op
MaJlbHOe npwMeHenue B Ka'leCTBe 0. c. cpeAnero apniJ>Me
TuqecKoro (1) m1rneno CMbICJla, T. K. X pacnpep;eJieno B 
A3HHOM cJiy'lae c TOH me IIJlOTHOCThIO p (x; a), qTo H Kam
Ahlii eAnm1qHhlii: peayJibTaT Ha6JIIOAen11!1. ,Il;JIH ou,enKn a , 
MQ;KHO BOCIIOJlb30BaTbCH TeM o6CTOHTeJlbCTBOM, qTo pac
CMaTp11aaeMoe pacnpeAeJien11e c11MMeTp11qno oTHoc11TeJlbHo 
ToqK11 x=a n, aHa'!nT, a - MeA11ana TeopeTnq. pacnpeAe
JleHirn. HecKOJlbKO B11A0113M0HHH MeTO,[\ MOM0HTOB, B Ka
qecTBe O. c. A.lIH a npn11m1a10T T. H. BbI6opoqnyro Menua
HY µ, K-pan np11 n ;;? 3 HBJlHeTCH HecuenwHnoii 0. c. 

!lJlH a, npIIqeM ecJIII n aeJIHKo, TO µ pacnpeAeJieua np11-
6Jiumenno nopMaJlbHO c !l11cnepc11eii. 

Dµ - n 2/4n. 
B TO me apeMH 

l(a)=-nlnn+ ~~= 1 ln [1+(X; -a)2], 

II03TOMY nl (a)= n/2 H, 3HaqIIT' corJlaCHO (7) acIIMUTOTliq. 
aiJ>iJ>eKTIIBHOCTb eoo (µ) paBHa 8/n2 = 0,811. TaKlll\I o6pa-
30M, AJlH Toro 1JT06hl Bbl6opoqHaH l\l.€AllaHa µ 6b1Jla CTOJlh 
me TO'IHOH O. c. AJIH a, KaK 11 011,eHKa Han6oJiblliero npaa
AOIIOA06IIH a, HymHo KOJlIIlJeCTBO Ha6JlIOAeHIIH yaeJllilJHTb 
Ha 25%. EcJIH aaTpaThl Ha aKcnep11MeHT aeJIHKII, To AJlH 
onpeAeJleHirn a CJleAyeT BOCUOJlb30BaTbCH 0. c. a, K-paH 
B AaHHOM CJlyqae onpe,a;eJIHeTCH KaK KopeHb ypaaHeHllH 

i!.!_=_2 ~n Xi-a =O 
aa- ~i=i1+(X;-a)' . 

B KaqecTBe nepaoro np:116JiumeHIUI BhI6nparoT a 0= u li 
AaJiee pernaroT aTo ypaaHeH11e nocJieAOBaTeJlbHhIMII npn6-
JI11men11HMH no iJ>opMyJie 

4 ,, n X;- a,k 
ak+1=ak+n ~i=11+(X;-a,k)2. 

c~1. TaKme To'le'l/la.i/, Olfe/llW. 

lIHTepuaJJbHble ou,emm. lI n T e p B a JI h H o ii o u, e H-
1; o ii: naa. TaKaH O. c., K-paH reoMeTp11qecKH rrpe,a;cTaBH
Ma a BHJX0 MHomecTBa ToqeK, np11Ha11Jiemaru;11x npocTpaH
cTBy napaMeTpOB. lIHTepaaJibHYIO o. c. MQ;KHO paccMaT
pnBaTb KaK MHomeCTBO ToqeqHhIX 0. c. 8To MHomeCTBO 
aaBllCHT OT peayJlbTaTOB Ha6JlIOAeHHH II, CJieAOB8TeJlbHO, 
OHO CJlyqaiJHo; Il03TOMY KamAOH llHTepBaJlbHOH 0. c. 
CTaBHTCH B COOTBeTCTBHe aepoHTHOCTb, B K-poii: 3Ta ou,eaKa 
«HaKpoeT» HenaaecTnyro napaMeTp:11q, ToqKy. TaKaH ae
poHTHOCTb, aoo6me roaopH, aaBHCliT OT HeH3BeCTHbIX na
paMeTpoa; Il03TOl\IY B Kaqecrae xapaKTepHCTHKli AOCTO
aepHOCTH llHTepBaJlbHOH 0. c. npllHlil\laIOT K 0 3 ip ip li-
11, II e H T A 0 B e p H H - HanMeHblliee B03Momnoe 3H8-
'!eHne yKaaanHoiI aepoHTHOCTH. CoAepmaTeJibHhle cTaTe:
CTnq. BhIBOAhl II03BOJ1HIOT IIOJiyqaTb Jllillib Te IIHTepaaJlbHble 
o. c., KoaiJ>iJ>1111,neHT AOBepnH K-pbIX 6JIH30K K eAIIHHIJ,e. 

ECJlll OIJ;eHIIBaeTCH OAHH napaMeTp a, TO IIHTepaaJibHOH 
o. c. o6bJqHo HBJlHeTCH HeK-phlii llHTepaaJI (~, y) (T. H. 
A 0 B e p II Te Jl b H bl ii II HT e p B a JI), KOHeqHble 
TOql{ll K-poro ~ II 'l' npeACTaBJIHIOT co6oii iJ>yHKIJ,lili OT 
peayJibTaTOB na6JIIOAeH11ii; KoaiJ>iJ>nu,neHT AOBepnH (!) B 
IWHHOl\I CJlyqae onpeAeJlHeTCH K8K HmKHHH rpaHb aepoHT
HOCTH OAHOBpeMeHHOrO ocy111,ecTBJieHHH ARYX co6b1Tllll 
{~ < a} II {y > a}, Bhl'lllCJlHeMaH no BCeM B03MOmHhIM 
ana1JeH11HM napaMeTpa a: 

W=inf P {~<a< y}. 
a 

Ecm1 cepeAllHY TaKoro HHTepaaJia (~ + y)/2 npl!HHTb 
3a Toqeqnyro 0. c. AJlH napaMeTpa a, TO c BepOHTHOCTbIO 
He MeHee qeM (!) Momno yTBepmAaTb, qTo a6coJIIOTH8H 
norpeIIIHOCTb 3TOM 0. c. He npeBbllliaeT IIOJIOBHHbl AJIHHbI 
HBTepaaJla (y-~)/2. lIHhIMll CJlOBaMH, eCJlli pyKOBO/lCT
BOBaTbCH yKa3aHHhIM npaBllJIOM 011,eHKll a6cOJlIOTHOH 
norpernHoCTH, TO omn6o'!Hoe aaKJiroqeHne 6yAeT noJiy
qaTbCH a cpeAHeM MeHee qeM B 100 (1-w)% cJiyqaea. IlpH 
iJ>nKcnpoaaHHOM KoaiJ>iJ>nu,neHTe AOBep11H w Ha1160Jiee BbI
fOAHbI RpaTqaifrnIIe AOBepnTeJihHbJe llHTepBaJibl, )J;JIH K-pbIX 
MaTeMaTnq, omn,a;aHne AJIHHM E (y-~) AOCTHraeT HanMeHh
rnero aHaqeanH. 

EcJIM pacnpeAeJien11e cJiyqannhlx aem1q11n X; aaaucnT 
TOJlbKO OT OAHOrO nenaaeCTHOfO napaMeTpa a, TO IlOCTpoe
Hne AOBepnTeJlbHOro HHTepBaJla o6Mqno ocy111,eCTBJ1HeTCH c 
JIOMOI!J;hIO KaKOH-Jl1!6o ToqeqHOM 0. c. a. ,Il;JlH 6oJlbIIIllH
CTBa npaRTH'!0CRli IJH'l'epecHbIX CJly•rneB il>YHKU,IIH pacnpe
AeJleHllH P{a < x}=F(x; a) pa:iy~rno Bh16paHHoi"1 O. c. a 
MOHOTOHHO 33B!ICJIT OT napaMeTpa a. B <JTllX ycJIOB!iHX AJIH 
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OTbICKaHIUI HHTepBaJJbHOH 0. c. CJJe)lyeT B F (x; a) IIO)l- Pacnpe)leJJeHiie oueHKll s2 3aBJICHT JJJI!llb OT o2, npnqeM 
CTaBHTb x=a n orrpenem!Tb 1wpm1 a1=ai(a, w) n a 2 = q1yRKIJ,nH pacnpeAeJleHirn O. c. s2 aaAaeTCH lfiopMyJJoii 
= a 2 (a, w) ypaBHemr:il: 

l '( ) 1-w F( 0 l+ui ' a; a1 =-z- H a+ ; a 2)=-:r-, (U) 

F (x+O; a)= Jim F (x+t.2; a) 
<l-+ 0 

[UJJH eerrpepbIBHblX pacrrpep;eJJeenii F (x+ O; a)= F (.r; a)). 
ToqKn c Koop)lnHaTaMn a1 (a; w) n a 2 (a; w) orpaHM'IH
aaroT AOBepnTCJlbHblll HHTepaaJJ c Koaq11pnu11eHTOM )lOBe
PHH w. PaayMeeTcH, llHTepaaJJ, nocTpoeHHhlii CTOJlh 
rrpocTbIM crroco6oM, BO MHornx cJJyqaHx MomeT oTJIH'laTbCH 
OT onT11MaJ1blrnro (KpaTqaftrnero). 0)lHaKo ecJJn a -
acHMIITOTll'lecm1 a«fl«fleKTllBHaH 0. c. )lJJH a, TO rrpH AOCTa
ToqHo 6oJiblllOM KoJJ11qecwe Ha6monem1ii TaKaH 11HTep
BaJJbHaH o. c. rrpaKTH'leCKH Hecym:ecTBCHHO OTJlll'IaCTCH 
OT OIITHMaJJbHOH. B qacTHOCTH, ::no BepHo AJJR 0. c. HaH-
6oJJbIJiero rrpaanorrono6HH, T. K. oHa pacrrpeAeJJeHa acHMII
TOTH'lecKn HopMaJJbHO (cM. (8)). B Tex cJJy'laHX, KO!')la 
pemeHHe ypaBHeHHH (9) 3aTPYAHHTeJJbHO, HHTepllaJJbHYIO 
0. c. Bbl'IHCJJHIOT rrpn6JJHmeHHO c IlOMOillblO TO'le'IHoii 0. c. 
MaKCJlMaJJbHOro rrpaBA0IlOA06HH H COOTHoIIIeHHH (8): 

~ ~ ~*=a-xan (a) 11 y ~ y*=a+xan (a), 

file .i: - KopeRb ypaaHeH11H ID(x)=(1+w)/2. 
EcJJH n - 00' TO HCTHHHblH Koa«fl«flHIJ,lleRT AOBCpHH 

HHTepaaJJbHOH oueHKll (~*' y*) CTpeMHTCH I\ ([). B 6oJJee 
o6m:eM cJ1yqae pacrrpe11eJJeRHe peayJJhTaToB aa6JJ10)lea11ii 
X; 3aa11cHT OT HecKoJJbKMx rra paMeTpoB a, b,. . . . B aTnx 
ycJJOBllHX yKa3aHHble Bbllile npamrna IlOCTpoeHHH )loBepII
TeJlbHblX HHTepaaJJoB qacTO oKa3b!Ba!OTCH HeIIpHMCHllMbIMH, 
T. K. pacrrpe)leJJerrne Toqe•rnoii: 0. c. a 3aBHCMT, KaK npa
BHJJo, He TOJlbKO OT a, HO :H OT OCTaJJbHblX napaMeTpoB. 
0)lHaKo ll rrpaKTH'leCKH HHTepecHbIX CJJy'laHx 0. c. a 
MomHO aaMeHI!Tb TaKOH «flyHKU11eii OT pe3yJJbTaTOB na6mo
)leHHM X; II nenaaecTHoro napaMeTpa a, pacrrpeAeJJeHHe 
K-poii He aaBIICHT (!!Jill (<IlO'ITll He aaBHCHT») OT acex Hen3-
BeCTHblX na pa~teTpoB. Il p11MepoM Ta !\OH «flyHKUIIH MomeT 
CJiyll\HTb HopMHpOBaHHaH 0. c. MaKCHMaJJbHoro npaano
IIOA06HH (a-a)lan(a, b,. . . ); ecJJH 11 3HaMeHaTeJJe apry
MeHTbI a, b, . .. 3aMeHHTb HX oueHKaMH MaKCHMaJJbHOro 
npaBAOII0Aofi11n a, ~,. .. , To npei:reJihHoe pacrrpeneJJeHHe 
OCTaHeTCH TeM me caMbrn, 'ITO 11 B «flopMyJJe (8). IlonoMy 
rrp116m1meHHble /lOBepnTeJJbHbie HHTepBaJTbl )IJIJJ K3ll\AOI'O 
napaMeTpa B OT)leJibHOCTH M01KHO CTpOllTL Tan me, KaK II B 
cJJyqae OAHoro napaMeTpa. 

HaK yme OTMeqaJiocb Bbirne, ecJJn X 1 , X 2, •• ., X ,,, 
••. -- He3aBI!Cl!MbJe H OAI!H3KOBO HopMaJJbHO pacrrpene
JieHHble CJly•raiiHbTC BeJII!'ll!Hbl, TO x II s2 - HanJJy•!UJIIe 
0. c. AJlH uapa~Ie'l'pon a II cr2 COOTBeTCTUCHHO. <!)yHNI(llH 
pacnpeAeJJeHnH O. c. BblpamaeTCH «flopMyJJoii 

P {X < x}=<P [Vn~-a)] 

lI' c.:iei:roaa TeJJbHO' oHa aaBHCHT He TOJI bKO OT a' HO 
rnKme II OT cr. B TO me ape11rn pacnpe11eJJeHire T. n. o T
H o rn e H n H CThJOAeHTa 

Vn(X-a) 
=T s 

He 33BllCHT HH OT a, HH OT cr, rrpnqeM 

P{/Tl.;;;;;t}=Wn_i(t)=Cn-1 ~ ~ ( i+n~l)-n/ 2 dv, 

r11e IlOCTOHHHaH c n-1 BbIOl!paeTCH TaK, 'IT06bl BhlllOJJHHJIOCb 
paaeHCTBO Wn-d oo )= 1. TaKHM o6paaoM, AOBepnTeJlb
HOMY HHTepBaJJy 

X -st/ Yn < a < X -1- st/ y;;
cooTBeTcTuyeT Ko:.1.ifliJm1111eHT )(0Bep1rn w,,_ 1 (1). 

rl\e rrocToHHHaH D n- i orrpeAeJJHeTCH ycJJoBHCM G 11 _ 1 ( oo) = 1 
(rnK Haa. X2-pacrrpe11eJJeHI1eM c n-1 crnrreHHM1! ceo6oAbl). 
TaK KaK c pocToM cr aepoHTHOCTh P {s2 < cr2x/ (n-1)} 
MOHOTOHHO B03pacraeT, TO AJJH IIOCTpOeHHH HHTepaaJJbHOii 
0. c. rrpHMCHHMO rrpammo (9). TaKHM o6paaoM, ecJJH x1 H 

r 2 - KopHH ypaaHeHHii G11 _r(xi)=(1-w)/2 11 G,,_r(x 2)= 
=(1+w)/2, TO AOBepHTeJJbHOMY HHTepBaJJy 

(n-1) s2/x2 < cr2 < (n-1) s2/x1 

COOTUeTCT!lyeT Koa«fl.iflnuneHT AOBepiu1 (1). 0TCIO)la, B qaCT
HOCTH, CJJeAyCT, 'ITO )lOBcpnTeJJbHbllI l!HTepDaJI )(JIH OTHO
CHTC.TlbHOlI 0111H6Kn 3aAaeTCH HepaBeHCTBaMII 

~-1 s'-o'<~-1 
n-1 < o' n-1 • 

IIoApo6am~ Ta6JJ11Ubl .iflyHKurrii pacrrpeAeJieHHH CTb!OAeHTa 
Wn_i(t) 11 X2-pacrrpeAeJJeHHH Gn_i(x) HMeJOTCH H 60J1h
m11HCTBe pyKOBOACTB IIO MaTeMaTH'l. CT3THCTHK0. 

)l.o CHX rrop rrpeAIIOJJaraJJOCb, 'ITO «flyHKUHH pacrrpeAeJJe
HllH pe3yJJhT3TOB aa6J110)leHHH ll3BeCTH3 c TO'IHOCTb!O AO 
3HatJeHHH HeCKOJlbKHX rrapaMeTpOB. 0AH3KO B rrpHJJOiKC
HHHX qacTo BCTpeqaeTCH cJiyqafi, KOI'Aa BHA «flyHKil,HH 
pacrrpeneJJeHHH neH3BecTeH. B 3Toii o6cTaHoBKe AJJH oueH
K11 rrapaMeTpoB MoryT oKa3aTbCH rroJJe3HhlMH T. H. Henapa
,,iempu11ecnue .Memo&M cmamucmuKu (T. e. TaKHe MeToAhI, 
K-pbre He aaBHCHT OT HCXOAHOI'O pacrrpeAeJJeH11H aepoHT
HOCTeii). IlycTb, Harrp., Tpe6yeTCH on;eHHTb MeAHaHy m 
TeopeTll'l. Herrpeph!BHOI'O pacrrpeAeJieHHH He3aBHCHMblX 
CJJyqaii:HblX BeJJll'IHH x l• x 2·· •• , x n (AJIH CHMMeTpH'IHhlX 
pacrrpeAeJJeHHii: MeAHaHa coenaAaeT c MaTeMaTH'l. om1111a
n11eM, ecJJn, KoneqHo, oHo cym:ecTByeT). IlycTb Y1 .,;;: 

.,;;: Y 2 .,;;: ••• <Yn - Te me aeJIH'IHHbl X;, no pacno
JJOlKeHHbJe B nopHAKe aoapacTaHHH. TorAa, ecJIH k -
ueJJ?e 'IMCJJo, YAOBJieTBopH10m:ee HepaaeHCTBaM 1 .;;;;; k .,;;: 
.,;;:1112, TO 

p {Yk < m < Yn-k+i}= 

=1-2 ~ k-l c;, (~)n=Wn, k· 
..:,.i r =O ~ 

Ta!\HM 06pa;im1, (Y k• y n- k+ 1) - IIHTepB3JlbH3H 0. c. 
AJJH m c Koc1.ifl!fi1Il\H8HTOM AOBCpl!H W= Wn, k· 3TOT Bb!BOJ] 
aepeH rrpu mo6oM HeupephlBHoM pacnpep,eJ1cH11n cJJyqaii· 
Hh!X BeJJH'IHH Xi. 

Bhlllie oTMeqaJJoCb, 'ITO Bh!OopoqHoe pacrrpeAeJieene -
ToqeqHaH 0. c. AJJH neHaaecTHoro TeopeTn'l. pacrrpeAeJJe
HIIH. EoJJee Toro, «flyHKUHH Bbl6opoqHoro pacrrpeAeJJeHHH 
F n (x) - HecMem:eHH3H 0. c. AJIH «flyHKUHH TeopeTH'l. 
pacrrpeAeJJeHHH F(x). Ilp11 <JTOM, KaK noKa3aJJ A. H. 11'.oJJ
MoropoB, pacrrpeAeJJeHne cTaTI1CT11Kn 

'An= Yn max / F n (x)-F (x) I 
-oo<xoo 

He aaBHCllT OT Hell3BCCTHOf0 rnopeTH'l. pacrrpeAeJJeHHH 
II rrpn n - 00 CTpeMHTCH K rrpeAeJJbHOMY pacrrpeAeJJeHHIO 
K (y), K-poe Haa. p a c n p e Jl e JJ e Hu: e M I\ o JJ Mo
r o p o B a. TaK11M o6pa3oM, ecJ1n y - perneHne ypaaHe
HIIH K (y)= w, TO c BepOHTHOCTb!O ([) Momno YTBepmAaTb, 
'ITO rpa«flnK «flyHKIJ,IIH rnopeTn'l. pacrrpeAeJJeHnH F (y) 
I~eJJHKOM «IIOKph!BaeTCH» llOJIOCOH' aaKJllO'leHHOH Mell\AY 

rpa«fl:nKa~rn lfiYHKIJ,n:ii: F n (.r) ± y/ Yn(upn n ~ 20 paaJJnque 
AonpeAeJJbHoro H rrpep;eJJbHoro pacnpeAeJJeHm'i cTaTncTn
Ku "-n rrpaKTH'lecKn aecyruecTBeHHo). TaKy10 HHTepaaJJb
HYJO 0. c. Ha3. A 0 B e pH T e JI b H 0 ii: 3 0 H 0 ii:. 
CM. TaKme lfnmepBa/l.bHaa O!fenna. 

CTaTHCTH'leCKHe on;emm B Teopmi ornn6oK. Teopnn 
011111601\ --- pa:l)(CJI MaTeMaTil'J. CTaTHCTllIUI, IIOCBHLl(CHH[,lH 
'IHC.'ICHHOMY 011peAeJ1eHUIO HCU3BeCTHhlX BCJIH'IHH IIO pe-
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3yJih'TaTaM H3MepeHnii:. B cnJiy cJiytJaiiHoro xapaKTepa 
omI160K Il3Mepeunii H, 6h1Tb MOllieT' cJiyqaHHOH 11pHp01Ibl 
caMoro n3yqaeMoro HaJieHHH He ace TaKne pe3yJihTaThl 
paaHorrpaaHhl: 11pH rroaTOpHhIX H3MepeHHHX HeK-phle Ha HHX 
acTpe'laIDTCH 'larn,e, 11pyrne - peme. 

B OCHoae TeOpIIH OillI160K JJeIBHT MaTeMaTH'l. MOAeJib, 
eorJiacHO K-poii 110 OllhITa coaoKyIIHOCTb acex Mb!CJIHMhIX 
peayJibTaTOa H3MepeHHH TpaKTyeTCH KaK MHOIBeCTBO aua
qeunll: HeK-poll: cJiyqaiHOH aeJIH'lHHhl. IloaToMy aamHyID 
poJib rrpno6peTaeT Teop1rn O. c. BhlaOAhI Teoprrn omn6oK 
HOCHT CTaTHCTH'l. xapaKTep. CMbICJI H COAepmaune TaKHX 
ah1ao11oa (KaK, arrpoqeM, H ablaOAOa TeOpHH 0 .c.) rrpoHa
JIHl()TCH JIHllib a caeTe 3aKOHa 6oJibIIIHX 'lHCeJI (rrpnMep 
T8Koro rro;a;xo11a - CT8TllCTH'l. TOJIKoaaHne CMhICJia Koalji
ljJHI~HeHTa AoaepHH, yKaaaHHOro ahlme). 

IloJiara11 pe3yJihT8T H3MepeHnll X cJiy•iaiiuoii neJIH'lH
Hoi, pa3JIH'181()T TPH OCHOaHhIX Tnrra om1160K H3Mepem1n: 
CHCT0M8TH'leCKHe, CJiy'laHHhle H rpy6hle (KaqecTBeJIHWC 
onncaHHH TaKnx orrm6oK ;a;aHhl n CT. Owu6oi> meopusi). 
Ilpn 3TOM 0 III H 6 K 0 ii H3MepeHHll HenaneCTHOii BeJIH'lH
Hhl a aaa. paaaoCTh X-a, MaTeMaTH'l. omn;a;aane aTOil 
pa3HOCTH E(X-a)=b Haa. CHCTeMaTH'leCKOM 
0 III H 6 K 0 ii: (ecJIH b=O, TO ronopHT, 'ITO H3MepeHllH 
JIHmeHhl CHCTeM8TH'l. OIIIHOOK), a pa3HOCTb 6=X-a-b 
Haa. cJiy'laiiaoii 0I1In6Koil: (E6=0). TaKHM 
o6paaoM, ecm1 rrpnae;a;eao n aeaanHCIIMhIX H3MepeHHii 
aeJill'lHHbl a, TO HX peayJihT8Thl MOIBHO 3aTIHC8Tb B aHA0 
paaeHCTB 

r;a;e a H b - IIOCTOHHHhle, a 
B 6oJiee o6rn,eM CJiytJae 

X;=a+(b+ ~;)+6;, 

(10) 

i=1, 2, .. ., n, (11) 

r;a;e ~i - He 3aaHCHlIJ,He OT 6; CJiyqaHHhle BeJill'lHHbI, 
K-pwe paaHhl HYJIID c nepoHTHOCThID, aecbMa 6mrnKoil I< 
e;a;nauu;e (noaToMy aCHKoe Apyroe 3Ha qeune ~ i ;i: 0 MaJio
aepo11THo). BeJIH'IHHY ~; Ha3. r p y 6 o ii o III n 6 K o ii. 

3ap;aqa ou;eHKH (n ycTpaHeHHH) CHCTeMaTH'l. OIIIH6KH 
o6hl'IHO abIXOAHT 3a paMKH MaTeMaTH'l. CTaTHCTHKH. HcK
JIID'leHn:H COCTaaJIHIDT T. H. M e T 0 A 3 T a JI 0 H 0 a, 
COTJl8CHO K-poMy p;JIH ou,eHKH b rrpoH3BOAHT cepHID 113Me
peanii: H3aeCTHOH aeJIH'lHHhl a (B 3TOM MeTo;a;e b - ou;e
HHBaeMaH neJIH'IHHa H a - H3aeCTHaH CIICTeMaTH'l. omn6-
Ka), a TaKme A H c TI e p c H 0 H H bl ii a H a JI H 3, Il03-
BOJIHl()IIt;HH ou;eHHB8Tb CHCTeMaTH'l. pacxom11eHHH Mem11y 
HeCKOJlbKHMII cepHHMH H3Mepeunil. 

OcaoaHaH 38/J;a'la Teopnn omn6oK - OThICKHBaHI1e 0. c. 
AJIH HenaneCTHOM aeJIH'lHHhl a H ou,eHRa TO'IHOCTH 113-

MepeHnil. Ecm1 cncTeMaTH'l. orrm6Ka ycTpirneHa (b=O) 
II ua6JIID1IeHirn rpy6blx ornn:6oK He co;a;epmaT, To corJiacHo 
(10) X;=a+6; II, 3Ha'lnT, n aTOM cJiy'lae 3ap;aqa ou;eHKll a 
CBOl!JITCH K OThlCKaHJIID a TOM HJIH HHOM CMhICJie OIITHMaJib
HOH 0. c. p;JIH MaTeMaTn:'l. omHJl;aHn:H o;a;nHa11000 pacrrpe-
11eJieHHhIX cJiy11ailHhlx aeJill'lHH Xi· RaK 6wJJo rroKa3aHo a 
npeAhlllYIIt;HX p83A'(lJJax, aHJ); TaKoil o. c. (TO'le'IHOH llJIH 
HHTepaaJihHOI1) cyrn,ecTaeHHO 38BHCRT OT 38KOHa pacnpe
AeJJeHIJH cJ1yqailHhIX onrn6oK. EcJIJI aTOT aaKoH 11aaecTeH c 
TO'lHOCTbl() 110 HeCKOJibl\JIX HeJ:l3aeCTHhIX napaMeTpOB, TO 
AJIH ou;eHK11, a T8KIBe IIJIH ou;eHKJI a MOIBHO rrp11MeHHTb, 
Harrp., MeTOA MaKCJIMaJJbHOTO rrpaaAOIIOA0611H; B npOTJIB
HOM cJJy11ae cJie11yeT cHa'laJJa no peayJibTaTaM Ha6JJID1Ie
uiail: xi HaHTJI 0. c. AJJH HeH3aeCTHOH tPYHKil,HH pacnpeAe
Jl0HHH CJJy'laHHhIX OI1II160K 6; («HerrapaMeTpH'l0CKaH>> 
HHT0pB8JlbH8H 0 . c. Ta KOH tPYHKil,IIH yKa3aHa BhIIIIe). 
B rrpaKTJI'l. pa6oTe 'lacTO 11oaOJJbCTayIDTCH ABYMH 0. c. 

X "'1 a ia s2 ""' 06; (cM. (1) n (2)). Ecm1 6; pacnpe11eJJeHhI 
ep;nHaKoao HOpMaJJbHo, To aTn 0. c. HanJJy'lnme; a APY
rnx OJiy'laHX 3TH ou,eHKJI MOTYT OKaaaTbCH MaJJoaljiljieKTJla
Hb!Mll. 

HaJill'lllC rpy6hIX 0I1I1160K ycJIOIBHHeT 3a11a1Jy ou;emm 
napaueTpa a. 06hl'IHO AOJJH Ha6JJIDA0HJIU, a K-pwx ~;;i:O 

6&rnaeT Heaemrna, a MaTe~rnTJil'l. omnµ;amrn HeHyJieawx 

I ~ 1 1 3H8'lHTeJibHO rrpeah1I1IaeT VD6; (rpy6h10 om116Kn 
aoaH11KaIDT a pe3yJihTaTe cJiyqaiuoro npoc'leTa, uerrpa
auJibHoro 'lTeHHH IlOKa3aHHH H3M0p!1TeJibHOro npI16opa 11 

T. rr.). Pe3yJJhT8ThI n3MepeH11il, c0Aepma11~11e rpy6hie 0I1In6-
K11, qaCTO 6waaIDT xoporno aaMeTHhl, T. K. OHII CIJJibHO 
OTJIH'18IDTCH OT ;a;pyrllx pe3yJihTaTOB naMepen11ii:. B 3THX 
ycJIOBHHX Han6onee 11,eJiecoo6pa3HhIH crroco6 awHaJieH11H 
(n ycTpaHeHn:H) rpy6hlx omn6oK - HerrocpeACTaeHHwii 
aH8JJH3 m!MepeHHH, TlIJ,8TeJJbH8H rrpoaepKa Hen:3M0HHOCTH 
ycnoa11il acex 0KCIIepnMeHTOa, 3aiIHCb peayJJbT8TOa (<B 
;n;ae pyKn» n: T. A· CTaTHCTll'l. MeTOp;hl ah1HaJJeH11H rpy6wx 
OIIIH6oK CJJe;n;yeT rrpn:MeHHTb JJHIIIb a COMHHTeJJbHblX CJJy
'18HX. 

IlpocTei!nrnil rrpnMep T8KllX MeTOAOa - CTBTllCTJl'I. llbI
HaJJeHne OAHOro peSKO awp;eJIHIDlil,0TOCJl Ha6JJID1IeHJ1ll, KOJ'-
11a noµ;oap1ITeJJhHhlM MomeT oKaaaTbCH JI1160 Y1=minX1 , 

JIH6o Y n= maxX i (npe,a;1rnJJaraeTCH, 'ITO a paaeHcTaax 
(11) b=O ll 38KOH pacnpe,a;eJieHHH aeJIJl'lHH 6; Jl3aeC'!'eH). 
,Il.JJH Toro 'IT06hl abIHCHHTb, o6ocHoaaHO JIH npeAIIOJIOllie
Hl!e 0 H8Jill'lllll Oj:\HOH rpy6oU: OIIIll6KH, )J;JIH napbl Y1' y n 

ahl'JHCJIHIDT coaMeCTHyID HHTepaaJJbHyID 0. c. (;a;oae
pn:TeJibHYID o6JiaCTb), IJOJiaraH ace ~i paBHhIMJI HYJIID. 
EcJin: 3T8 o. c. «HaKpwaaeT>> TO'IKY c KOOp1IHH8T8MII 
(Y1 , Yn), TO no;n;o3pealle o HaJJH'IHll rpy6oi! onrn6K11 
CJie;n;yeT C'll!T8Tb CT8THCTH'leCKH Heo6oCHoaaHHhlM; a npo
THaHOM cnyqae THIIOTe3y 0 npncyTCTaHH rpy6oii Olli!l6KH 
Hap;o rrpH3H8Tb rrop;Taep;n;11arneiiCH (rrpH 3TOM o6bl'JHO 
386paKoaaHHOe ua6JIID,D;eHHe OT6paCblaaIDT, T. K. CKOJibKO
HH6y;n;h Ha;n;emHo 011,eHJITb aeJIH'lHHY rpy6oil OI1Il16KH no 
O,D;HOMY Ha6JIIDA0HllID CT8TllCTH'leCKJI He rrpep;cTaaJJHeTCH 
B03MOlKHhIM). 

IlycTb, Hanp., a Hell3aeCTHO, b= 0 JI 6; He3aaHCHMbJ H 

pacrrpeA0JJ0Hbl OAllHaKoao HOpMaJibHO (;n;ucrrepc1rn HCH3-
ll0CTHa). Ecm1 ace ~;= 0, TO pacnpeAeJienne cJJy•iaiinoli 

Z= maxl:;-XI 

s 

He 38BI1CIIT OT HeH3a0CTHhIX rrapaMeTpoe (0. c. x lf s 
Bbl'lHCJilll()TCH no BC0M 11 Ha6JJioAeHl!JlM COfJiaCHO ljiopMy
JiaM (1) 11 (2)). )J.JIH 6oJibWHX 3H8'10Hllil 

P{Z > z} ~ n [ 1-wn-2 ( z Vn~~~,,)] • 
r11e w, (1) - ljiyHKil,lIH pacrrpe11eJJemrn CTbIOl10HTa, orrpe-
11eJieHHa11 BblIIIe. TaKHM o6paaoM, c 1walfiljin11,neHTOM ;n;oae-

w ~ 1-n [ 1-wn-2 ( z V n~~~z')] (12) 

pnH MOIBHO yTaepmAaTb, 'ITO llfH! O'l'CYTCTBl1H rpy6oii 
OWH6KH ab!IlOJIHHeTCH HepaaeHCTao z < z HJJH, 'ITO TO 
me caMoe, 

X-zi<Y1<Yn< x+z;. 
(IlorpeIIIHOCTh 011,enK11 Koaljilfinu;neHTa 11oaep11H no ljiopMyJJe 
(12) He npea&nnaeT w2/2.) IloaToMy ecJJn ace pe3yJJhT8Thl 

H3MepeHHM xi JiemaT a rrpe;a;eJiax x ±zs, TO HeT OCHOBaHllU 
C'IHT8Tb KaKoe-mi:6y11h ll3MepeHne CO)J,epmarn,HM rpy6yID 
OI1IJ16Ky. 

Jlum.: [1] K pa Me pr., MaTeMaTnqec1me MeTO)lhl CTaTHCTllKH, 
nep. c aHrJI., 2 H3A., M., 1975, rJI. 33, 34; [2) .n y H H H - Ba p
K o e c i; H ft M. B., CM n pH o B H.B., TeopnH aepoHTHOCTeil: n 
MaTeMarnqeci;aH cTaTHCTHKa e TexHHKe. (OomaH qacTb), M., 1955; 
[3) JI" H H" i; IO. B., MeTOA HanMeHbIImX HBa11paToB n ocHOBbl 
MaTeM8THKO-CTaTHCTHqeCKOil TeOpHH ofipaOOTKH HaOJllO)leHHH, 2 
H3)1., M., 1962; [4] Ba H A e p Ba p A e H B. JI., MaTeMaTHtJec
K8Jl CTaTl!CTl!Ha, nep. c HeM., M., 1~60;[5] A p JI ell H., By x K. P., 
BBe)leHHe B TeOpHIO aepoHTHOCTeH " MaTeMaTH'IeCHYIO CTaTHCTHHY, 
nep. c aHrJI., M., 1951; [6] K 0 JIM 0 r 0 p 0 BA. H., «:M3B. AH 
CCCP. Cep. MaTeM.•>, 19112, T. 6, .M 1-2, c. 3-32 . 

.'I. H. BOJ!bWe«. 

oqEPE,lJ.Ell TEOPHH . - pa;iµ,eJI JtaCCOHOJV o6c.rt!fJ/Clt6a

nusi meopuu. 0. T. llOY'JaeT c11cTeMhl, B K-phlx Tpe6oaami:n, 
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3acTa10m11e CilCTeMy aaHHTOH, He TepHIOTCH, a om11AaIOT 

ee oceo6omAeHIIH II aaTeM o6cJiymIIBaIOTCH B TOM liJlII 
llHOM IlOPHAKe (qaCTO c npe)lOCTaBJleHIIeM npIIOpliTeTa 

onpeAeJleHHblM KaTerop11HM Tpe6oeaHnii). BblBOAbI 0. T. 

ncnoJib3YIOT AJlH palJIIOHaJlhHoro nJiaHnpoeaHHH c11cTeM 
Maccoeoro 06cJiymIIBaH11H. C MaTeMaT11q, TOqKII apeHml 

3aAaqII 0. T. MoryT 6b1Tb BKJlJOqeHbl B TeopIIIO CJlyqaii:HblX 

npolJeCCOB' a OTBeTbl qacTO 6weaIOT BbipameHbl B TepM11-
Hax npeo6paaoeaHIIii: JlanJiaca 11c1WMblX xapaKTepIICTIIK. 

IlpnMeHeH11e MeTOAOB 0. T. He06XOAIIMO AaIBe B npocTeii:
lllllX CJlyqaHX AJlH npaBIIJlbHOro IlOHIIMaHliH CTaTllCTIIq, 

aaKOHOMepHOCTeii:, B03HllKaIOlllllX B CllCTeMax Maccoeoro 

06cJiym11eamrn. 
.Jlum.: [1] r He A e H H 0 B. B., I\ 0 Ba JI e H H 0 IL H., Bse

AeHHC B Teopmo-Maccosoro 06cJiy1mrnauua, M., 1966; [2] Ilpnopn
TeTH&Je cncTeM&I o6cJiylHHBauna, M., 1973. IO. B. Ilpoxopo•. 

OIDHBOK TEOPHH - paaAeJI MaTeMaT11q. cTaT11cTHKll, 

IlOCBHllleHHbIH IlOCTpOeHlllO YTOqHeHHblX BblBOAOB 0 
qIIcJleHHblX 3HaqeHllHX np116m1meHHO ll3MepeHHblX Be

JlllqIIH, a TaKIBe 06 OIIIII6Kax (norpeurnocTHX) 113MepeHIIH. 

IloeTopHble II3MepeHHH O)lHOil: 11 TOH me nocTOHHHOn ee" 

JlIIqllHbl AaIOT, KaK npaBIIJlO, pa3JlllqHble peayJlhTilTbl, T.K. 
KaiKAOe II3MepeHIJe COAepIBIIT HeK-pyIO OIIIII6Ry. Pa3JlII

qaJOT TpII OCHOBHbIX BIIAa OIIIII60K: CIICTeMaTIIqecKIIe, rpy-
6bre II CJlyqaHHbie. c II c T e M a T II q e c K II e 0 Ill II 6 K II 

ace epeMH JlII6o upeyeemfqIIeaIOT, JlII6o npeyMeHhrnaIOT 

peayJlhTaTbI ll3MepeHIIll ll npOIICXOAHT OT oupeAeJleHHblX 

npIIqIIH (HenpaBIIJlbHOll ycTaHOBKII II3MepIITeJlbHbIX npII-
6opoB, BJlIIHHIIH 0Kpyma10rn;en cpeAbl II T. )l.), CIICTelVJaTII

qecKII BJlIIHIOIIJ;IIX Ha II3MepeHIIH II II3MeHHIOIIJ;IIX IIX B OAHOM 

HanpaBJleHIIII. 011eHKa CIICTeMaTIIq, OIIIII60K npoII3BO)lIITCH 
c IIOMOIIJ;b!O MeTOAOB, BbIXOAHlllllX aa rrpe)leJlbl MaTeMaTIIq, 
CTaTIICTIIKII (CM. Ha61t108enuu o6pa6omr;a). r p y 6 bl e 

o m n 6 K II B03HnKaIOT B peayJlhTaTe npocqeTa, Henpa

BIIJlhHoro qTeHIIH UOKaaaHIIll II3MepIITeJlhHOro npII6opa II 

T. n. PeayJihTaTbl II3MepeHIIH, COAepmarn;IIe rpy6we ourn6-

KH, CIIJlbHO OTJlIIqaJOTCH OT APYrIIX peayJlbTaTOB ll3Mepe
HHH Iii nonoMy qacTo 6blea10T xoporno aaMeTHbl. C Jl y -

q a ii: H bl e 0 Ill II 6 K II npOIICXO)lHT OT pa3JlIIqHbIX CJly

qanHblX npIIqIIH, )lellCTBYIOlllIIX npII Kam)lOM II3 OT)leJlb
HblX ll3MepeHIIll Henpe)lBII)leHHbIM o6pa30M TO B CTOpoHy 

yMeHbIIIeHIIH, TO B CTOpony yBeJlnqeHIIH peayJlhTaTOB. 

0. T. 3aHIIMaeTCH irnyqeHIICM JlIIIIIb rpy6bIX II CJly<Iall
HblX Oil1II60K. 0CHOBHLie aa11,aqn 0. T.: pa3blCKaHIIe aaKo

HOB pacnpe).leJleHJrn CJlyqafiHbIX Oil1II60K, pa3b!CKaH!Je 011e
HO}( (cM. Oi1enr;a cmamucmu<tecr;an) HeII3BeCTHbIX naMepHe

MblX BeJlnq11H no peayJlhTaTaM II3MepeHHH, ycTaHOBJleHIIe 

norpeillHOCTeH TaKIIX OlJeHOK II ycTaHOBJleHlle rpy6bIX 

0Illlil60K. IlyCTb B peayJlhTaTe n He3aBHCIIMbIX paBHO
TOqHblX ll3MepeHIIll HeK-poil HeII3BeCTHOll BeJlIIql!Hbl µ 

noJiyqeubl aaaqeHIIH Y 1, Y 2 , ••• , Y n· PaaHOCTII 

61=Y1-µ, •.• , 8n=Yn-µ 

Ha3. II c T ll H H bl M II 0 JU ll 6 K a M II. B TepM~.rnax 
BepOHTHOCTHOll 0. T. ace 8 i TpaKTYIOTCH KaR CJlyqaIIHbJe 
BeJlllqIIHbl; He3aBIIClIMOCTb II3MepeHIIll IlOHIIMaeTCH Kati 

B3allMHaH He3aB11ClIMOCTb CJlyqaii:HblX BeJlIIqIIH 61, ••• ' 8 n' 

PaBHOToqnocTh 11aMepeHIIH B IllHpOKOM CMblCJle 11cTOJIKO

BbIBaeTcH KaK O)llIHaKOBaH pacnpe)leJleHHOCTh: IICTIIHBbie 

0IllII6Kif paBHOTOqHblX II3MepeHJilll cyTh OAllHaKOBO pacnpe
)leJleHHble CJlyqaiiHble BeJlIIqllHbl. IlpII 3TOM MaTeMaTIIq. 

omR)laH11e HCTllHHblX Oil1II60K b= E61 = ••• =Elin Ha3. 
c ll c T e M a T 11 q e c K 0 H 0 III 11 6 K 0 ii, a pa3HOCT11 

81-b, ... , 8n-b - c Jl y q a ii H bl M 11 0 III 11 6 Ka
M II. TaKIIM o6pa30M, OTCYTCTBIIe ClICTeMaTllq, OIIIIl6K11 

03HaqaeT, qTO b=O II B 3T0ll CIITya!JIIll 61, ••• , 8n cyTh 

cJiyqanHble OI11H6K11. BeJinqnuy 1/CJV2, r)le CJ - KBa)lpa

Tiaqnoe OTKJIOH0HII0, Ha3. M e p 0 ii T 0 q H 0 c T ll (npII 

HaJlI1qmz1 CHCTeMaTIIq, OI11II6K11 Mepa TOqHOCTH BbipamaeTCH 

OTHOilleHneM 1/ Y2 (b2+CJ2)). PaBHOToquoCTh 1mrnpeum'i B 

y3KOM CMblCJie IIOHIIMaeTCH KaK O)lIIHaKOBOCTb MepbI TOLJ

HOCTll acex peayJihTaTOB II3Mepemrn. HaJIIIqne rpy6blx 

omu6oK oaHaqaeT uapyrnem1e paeuoToquocTn (1taK e I11H

poKOM, TaK II B Y3KOM CMb!CJle) AJIH HeR-]JhlX OT)leJlbHblX 
II3MepeHuii. B KaqecTBe 011eHKH ttenaBeCTHoii BeJIIlqIIHbl µ 

o6blquo 6epyT apmpMeTnq, cpe)luee II3 pe3yJlbTaTon 11aMe
peHIIH 

- 1).:n Y=- y. 
n i=l l, 

a pa3HOCTII ~l=Y1-Y •.•• , ~n=Yn - y Ha3. Ka )I\ y
lll II M II c R 0 Ill II 6 K a M II. Bb16op y B KaqecTBe 011eH

RII )lJlH µ OCHOBaH Ha TOM, qTo npII )lOCTaTOqHO 60Jlbil10M 

qIIcJle n paBHOTOqHbJX II3MepeHIIM' JlIIIIIeHHbIX CIICTeMa-

Tllq, OIIIII6KII, O!JeHKII y c BepOHTHOCTbIO, CKOJlb yroAHO 

6mrnKOH R e)lIIHIIlJe, CKOJlb yro)lHO MaJlo OTJlIIqaeTCH OT 
HeII3BeCTHOH BeJlIIqIIHbl µ (cM. Bo1tbU.LU.r <tuce;i aar;on); 

OlJeHKa y JlHilleHa CIICTeMaTIIq, OIIIII6KII (011eHRII c TaRIIM 

CBOHCTBOM Ha3. He c Me III e H H bl M H), )lIIcnepCIIH 

OlJeHRII eCTb 

DY= E (Y -µ) 2 = CJ 2/n. 
OnblT noRaawBaeT, qTo npaKTIIqecKII oqeuh qacTo cJiyqail:

Hbie Oil1II6RII 8; IlO)lqIIHHIOTCH pacnpeneJieHIIHM' 6JlII3RIIM 
R HOpMaJlbHOMy (npIIqIIHbl 3TOro BCRpb!Tbl T. H. npeOeAb
Ubi.MU meope.Ma.Mu TeopIIII BepoHTHOCTeiI). B 3TOM cayqae 

Bem1qnHa y IIMeeT MaJlO OTJlIIqa101ll;eecH OT HOpMaJlbHOro 

pacnpeAeJleHIIe c MaTeMaTIIq. omIIP,aHIIeM µ II )lIICilepcIIeii 

CJ2 /n. ECJlll pacrrpeAeJleHIIH 8 i B TOqHOCTII HOpMaJlbHbJ' TO 

)lIICIIepCIIH BCHKOll Apyron HeCMern;eHHOll O!JeHRH )lJlH µ, 
Harrp. Mep,naHbl, He MeHbille DY. EcJIII me pacnpeAeJieHIIe 

8 i O'fJIIIqHO OT HOpMaJlbHoro, TO IlOCJle)lHee CBOHCTBO MO

ll\eT He IIMeTh MecTa (cM. npIIMep B CT. Pao - Kpa.Mepa 
11epaeencmeo). 

EcJIII )lIIcrrepcm1 CJ2 OT)leJlhHblX H3MepeuIIii aapaHee He

H3BeCTHa, TO AJlH ee O!JeHRII IIOJlh3YIOTCH BeJill'IIIHOll 

s2=_1_ ~ n ,',2. 
n-1 £.Ji=l ' 

(Es2=CJ2 , TO ecTb s2 - HeCMell\eHHaH O!JeHKa Jl,JIH CJ2 ). 

Ecm1 cJiyqailHhle Oil1H6KII 6; IIMeIOT HOpMaJibHOe pacnpe-

11,eJleHIIe' TO OTHOilleHIIe 

t = <Y-µJl/n 
s 

IIOAqHHHeTCH Cmb10iJenma pacnpeoeJte11n10 c n-1 CTe

neHHMII CB06onb1. 8TIIM MOll\HO BOCIIOJlb30BaTbCH )lJlH OI~eH-

Rll rrorpeIIIHOCTII IIpII6JlIIll\e~Horo paBeHCTBa µ ""' y (cM. 
H au.Me1tbUlUX r;eaopamoe .Me moo). 

BeJIIIqIIHa (n-1)s2/CJ2 np11 Tex me npe)lIIOJiomeHIIHX 

IIMeeT «xu-r;eaopam» pacnpeoe1te11 ue c n-1 CTeneHHMH 

cao6o)lbl. 8TO Il03BOJ1HeT O!JeHIITb norpemHOCTb rrpII6JlII

meHHoro paBeHCTlla CJ ""' s. Moll\HO IIOKa3aTh, •JTO OTHO

CIITeJlbHaH norpelllHOcTb He 6yneT npeBb1maTh q11cJia q 
C BepOHTHOCTbIO 

W=F (z 2 , n-1)-F (zr. n-1), 

rne F(z, n-1) - ljiyHRIJHH x2 -pacnpe,ueJiemrn 

Vn=! Vn=! 
Z1=j+q, Z2=1-11· 

EcJIII HeK-pbre naMepemrn co11,ep1KaT rpy6we Oil1II6Kn, 

TO npeAbIAYllIIIe npaBIIJia O!JeHtill fl ll CJ p,a11,yT HCKall\eH
Hble peayJlhTaTbl. Ilonm1y oqeHb BaiKHO yMeTb OTJlIIqaTL 

II3MepeHIIH, COAepIBarn;IIe rpy6ble OI11H6m1, OT 113MepeHIIH, 
IlO)lBepIBeHHblX JlIIIllb CJlyqaHHblM OIUH6KaM 6;. )l,JlH CJly

qaH, ROrAa 8 i He3aBilCIIMbI I! I!MeIOT 011,l!HaKOllOe HOpMaJlh

HOe pacrrpeAeJie1111e, Han6oJiee coaepllleIIHblii cnoco6 

BblHBJlemrn II3MepeHHH, CO)leplliaIIJllX rpy6ble 0Il1II6RII, 
rrpenJioIBeH H. B. Cm1pHOBbIM (3]. 

Jlum.: [I] .JI H H H HK IO. B., MeTOA HaHMeHhWHX Hua11paTOB 11 
OCHOBbI MaTeMaT11JW-CTaTHCTHL1ec1wit TeOpHU oOpa6oTHil Ha6.J1Jo-
11eun>1, 2 H3/I., M., 1962; [2] B 0 JI b we IJ JI. H .• c M II p-
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Ho B H. B., Ta6J1HI1hl ~taTeMaTHqec1wll cTaTHCTHHH, 2 HJ)l., M. 
1968; (3) CM up Ho B H. B .• «}lOHJl. AH CCCP», 1941, T. 33, .N; 5, 
c. 346-49. JI. H. Bo.abuie•. 

OIIIIIBOqHoro ,11;EKO,!J;IIPOBAHHH BEPOHTHOCTh 
- OJJ;Ha H3 B03MOJRHhIX Mep xapaKTepH3af\HH TOqHOCTil 
BOCI1pOH3B0A0HHH coo6m:eanii, uepeAasaeMblX DO 1;a11a/!y 
cenau (CM. TaKme Coo6w,enuu mo<tnocmb eocnpouaeeaenun). 
IlyCTh AJIH uepeAaqn coo6m:eHHH ~. Bb1pa6aTblBaeMoro 
HCTOqHHKOM coo6m:eanll: H npHHHMarom:ero M paam1qHhIX 
soaMomHhIX aaa 11eanll: 1, ... , M c pacupeAeJieHneM sepo
HTHOCTeii Pm=P{S=m}, m=1, , .. , M 1 HCnOJih3yeTCH 
aeK-pblil: KaHaJI CBH3ll. TorAa AJIH lf>nKc11poeaHHhlx MeTo
AOB i;o{Jupoeanun U {Jerw{Jupoeanun (CM. TaKJRe llnrfiop.Ma
lfUU nepe{Ja<ta) O. A· B. P e,m• m= 1, .. ., M, onpeAeJIHeTCH 
paBeHCTBOM 

Pe, m=P {~ i:: m I ~=m}, 
rAe ~ - A0KOl;\l!pOBaHHOe coo6m:eane Ha BblXOAe Ka
HaJia. 

c p e A He ii o. [!. B. p e Ha3. BeJIHqHHa 

- ~M Pe=P {Si::~}= PmPe m· 
m=l ' 

Oco6blil: HHTepec IlP0ACTaBJIHeT H3yqeane 0 I1 T Il M a JI b

H o B: 0. a. B. p~Pt, oupeAeJIHeMoii paseHCTBOM 

p~P 1 =inf Pe, 

rA0 HHlKBH.II rpaHb 6epeTCll no BC0B03MOlRHbIM M0TOAaM 

KOAilpOBaHHH H AeI\OAilPOBaHHll. BBHAY TPYAHOCTeH no

JiyqeHHH TOq&oro BblpameHJ!ll AJIH p~Pt' CBH3aHHhIX c 
T0M o6CTOHT0JihCTBOM, 'ITO B o6m:eM CJiyqae H0H3B0CTHbl 

OllTHMaJibHble M0TOAhl KOAilPOBam111, IlHTepec npeACTaBJIH

eT nayqemrn acHMilTOTHq. IlOB0A0HllH p~Pt npH B03pacTa

HHH AJIHTeJihHOCTH nepeAaqn no KaHaJiy. ToqHee, pac
CMaTpHeaeTCH CJI0AYIOIIJ;aH CHTya!l,HH. IlyCTh AJIH uepeAaqJl 
HCnoJibayeTCH oTpeaoK )J;JIHHhl N KaHaJia CBH3H c p;ncKpeT
HhIM epeMeHeM H R= (In M)/ N. Tpe6yeTCH 1rnyqHTh 

acHMnTOTil'I. rroseAeHHe P~pt upn N--* oo n R=const 

(3TO 03HaqaeT, qTO AJIHT0JibHOCTb nepeAaqJl B03pacTaeT, 
a ee CKOpOCTh OCTaeTCH IlOCTOHHHOH). ECJIY! paCCMaTp!lsae-
1\lblH 0Tp030K KaHaJia HBJIH0TCH 0Tp03KOM OAHOPOAHoro 
i;ana/!a 6ea na.ltnmu c AllCKpeTHhIM BpeMeHeM H KOHe'IHbI

Mll upoCTpaHCTBaMil y H y 3HaqeH!lll KOMilOHeHT CllrHaJIOB 

Ha BXOAe II BblXOAe, TO H3B0CTHhl CJieAyIOm;He Bepxmie Il 

HllIBHHe oneHKII p~Pt=p~P1 (N, R): 

exp {- N [Esp (R-a (N)) + ~ (N)]}~ 
~p~P1 (N,R).s;;;;exp{-NEr (R)}, (1) 

rAe a(N) n ~(N) CTpeMHTCH K HYJIIO c pocToM N, a lf>yaK
u,1111 E r(R) II E sp(R) orrpeAeJIHIOTCH CJI0AYIOIIl:HM o6paaoM: 

Er(R)= max max [E0 (p, q(·))-pRJ, (2) 
0.<(p.<(l q(·) 

Esp(R)= sup rnax[E 0 (p, q(·))-pRJ, (3) 
p > 0 Q(·) 

rAe 

Eo (p, q (·))=-ln ~yEY[~ y EY q (y) q (y, y)l~P J l+P 

3AeCb q(. )= { q (y), y E Y} - rrpoH3BOJibHoe pacrrpeAeJie

HHe eepoHTHOCTeii Ha Y, q(y, y) = P{~k=iilrik=y}, 
yEY, iiEY, a YJk H ~k• k=1, .. ., N,- KOMilOHeHTbI 
CHrHaJIOB Ha BXOAe H BbIXOAe paCCMaTpIIBaeMoro KaHaJia 
6ea naMHTH. HaseCTHO, 'ITO Er(R) H Esp(R), oupeAeJIHe
Mbie lf>opMyJiaMil (2) Il (3)' llBJIHIOTCH IlOJIOJRllT0JihHblMil, 
BhIIlYKJiblMH BHll3, MOHOTOHHO y6blBaIOUJ,IlMil lf>yHK!J,IlllMH 
OT R upn 0 ..,;:: R < C, rAe C - i;ana/!a nponye1man 
cnoco6nocmb, upnqeM Er(R)=Esp(R) rrpH R;;;;;Rcn 
3AeCh R er - seJIHqHHa, oupeAeJIHeMaH nepeXOAH?H MaT
pHu,eii KaHaJia YI Ha3blBaeMaH K p Il T H q e c K 0 Il c K o
p o c T h IO AJIH AaHHoro KaHaJia 6ea naMHT!l. TaKHM o6pa
aoM, AJIH aaaqeanii R, Rer..,;:R < C, rJiaB&ble qJieHbl 

sepxHeii: Il HHJRHeii oneHOK ( 1) AJIH p~Pt aCHMIITOTHqeCKil 

COBilaAaIOT' OTKYAa CJI0AY0T' qTO AJIH <JTOro AHanaaoua 
Il3M0H0Hllll R Il3B0CTH0 TOqHOe 3HaqeHHe 11> y H K !I, H Il 
H a A e JR H 0 c T H K a H a JI a E (R), orrpeAeJIHeMOH pa-

B0HCTBOM 
_ -lnP~pt (N, R) 

E (R) = lim N 
N-+oo 

,!J.JIH 3HaqeHilll R' 0 ..,;:: R < R er• TOqHOe 3HaqeHH0 E (R) 
AJIH I1pOH3BOJibHblX KaHaJIOB 6ea rraMHTH H0Il3B0CTHO 
(1983), XOTll oneHKil (1) Il MoryT 6b1Th yJiyqmeHbl. 8KCIIO

H0Hf\!laJihHblll xapaKTep y6hlsauIIH P~pt (N, R) AOKaaaH 

AJIH seCbMa nrnpoKoro KJiacca KaHaJioB. 
JI um.: [I] r a J1 J1 a r e p P., TeopHF! HHcjlOpMaljJ'lll'. " Han:eamaF! 

CBR3b, rrep. c aHrn., M., 1974; [2) <I> a II H c Te II H A., 0CH0Bhl 
Teop1rn HHcjlopMaQHH, rrep. o aHrJ1., M., 1960. 

P. JI. ,l{o6pyiuu1<, B. B. IlpMOB. 
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IIA,ll,E AIIIIPOKCHMAIJ;IUI - uaxrnyqIJrnH pa{\no-

uaJibHaH annpoKC!ilMa{\lilH CTeneuuoro pnAa. llycTb 

f (z) = ~ .., fkzk (1) 
~k=O 

rrpomrnoJihHhIH CTerreuuoiI pHA ( «PopMaJibHhIH IIJIII cxo
,rvn.o;uii:cn), n, m ;;;;i: 0 - {\eJihle q11cJia, Rn, m - KJiacc 
acex. pa{\HOHRJibHhIX «PYHK{\HH BHAa p/q, l'Ae p II q -
~rnoroqJieHhl OT z, deg q <. m, deg p ..;;: n, q =/= 0. A rr -
Il p 0 K c II Ma I\ He li n a A e TI!Ila (n, m) PHAa (1) 
(«liyHK{\HH /) Ha3. pa{\IIOHaJibHaH 4JyHK{\IIH n 1, m ER n, m• 
HMeIOifla.H MaKCIIMaJibHO B03M01RHhIH B KJiacce Rn, Y\ IIOpH
;:(OR KacaHHH c PHAOM ( 1) B TOqKe z= 0. Toqnee, <JJYHR{\Irn 
:n: 11 , m orrpeAeJIHeTCH ycJIOBHeM 

o(f-nn,m)=max{o(f-r), r E Rn,m}, 

rne o(cp) - HHAeKC rrepaoro H3 OTJIHqHhlX OT HyJIH KO
a«P«PH{\HeHTOB pHAa 

ll>yHR{\JUO :rtn, m MOlRHO orrpe;o;eJIIITb Tamne 1\aK OTHO
meuue nn,m==p/q mo6hlx MHoroqJieHOB p, q(q=f=O), 
YAOBJieTBOpHIOiflIIX COOTHOilleHHHM 

deg p.;;;;; n, deg q.;;;;; m, 

(qf-p) (z)=An, mzn+m+1+ ... 

Ilpll «PnKCHpOBaHHLIX n, m cyIIlecTByeT eAIIHCTB0HHaH 

II. a. :rt_o, m PHAa (1). Ta6JIH{\a fnn, m },~ m=O Ha3. Ta 6 JI H
I\ e li 11 a A e pHAa ( 1). IiocJieAoBaTeJihHOCTII BIIAa 

{:rtn, m };;' ... o H83. C T p 0 K a M H T a 6 JI H [\ hi Il a A e 
(ny Jl0B8H CTpORa COBIIaAa0T c IlOCJie;o;oBaTeJibHOCTbIO MHOfO-

qJieHOB Teil:Jiopa AJIH /); {nn, m };;-o - CTOJI6{\aMH Ta6-

Jillll,bl IlaJJ;e; {:n:n+ J, ,.}f=o - AHaroHaJIHMII Ta6JIHl\hI 
IlaAe. HaI160Jiee aaarnhlii •racTHhlii cJiyqaft j~O - rJiaB
HaH AHaroB8Jlb. 

BhlqHCJieHHe «PYHR{\l!H n,., m CBOAHTCH R pemeimJO 
cncTeMhl JIHHeliHhIX ypa1mem1ii, Koa«P«PuwrnnThl K-phlx 
BhlpamaroTC.H qepea Koa«P«Pill\lieHThl fk, k=0,1, .. . , n+m, 
aaAaHnoro pH;o;a. Ecm1 OTJI11qeu OT HYJIH on p e A e JI H · 
TeJib faHR0JIH 

f,. I 
i,,~~-·I. ' 

fn-m+2 

f n+l 

TO 3HaMeHaTeJib q,., m «PYHK{\HH 1tn, m orrpeAeJIHel'CH no 
<fiopMyJie 

1 
q,,, m (z) =-~--

n, m 

'1n, m 

-----------·' 
zm ... z 

I n+1 

fn+m 

1 

(HopMnpoBJrn qn, m(O)= 1; .HBHaH «PoPMYJia MOlReT 6h1Tb 
HaIIHCaHa II JJ;JIH quCJIHT0JIH «PYHRl\IUI lln, ml· IlpH 3TOM 

(f-rcn, m) (z)= A11, mzn+m+l+ ... . 

IlocJieAHee COOTHOllieHHe ITHOJ'j\a l11HIHI\Ma!OT ;ia 011 pe
JJ;eJiemrn Il. a.; B 3TOM cJiy•iae II. a. ~10ryT He cyIIleCTBO-

BaTb ).J;JIH H011:-phIX (11, m). ,lJ;JJ.H o603H8'leHHH fl. a. THil8 
(n, m) aap;aaaoro PHAa f qacTO yrroTpe6mrnTc11 CIIMBOJI 

[n/m] = [n/m]J· 

,ll,JIH a«P«PeRTHBHoro BhPIHCJieHH.H IT. a. YA06uee rroJibao
aaTbCH He HBHhIMH «PopMyJiaMI!, a peKypeHTHhIMll COOTHO
meHIIHMII, cyifl!lCTBYIOill,IIMH B Ta6JIRl\e ITap;e. Paapa6oTaBo 
6oJibIIIOe KOJIHqeCTBO aJirOpIITMOB AJIH MaillHHHOro Bhlquc
JieHIIH Il. a.; aTH nonpochl HMeIOT oco6eauo BamHoe aua
qemrn B CBH3II c rrpIIJIOJReHIIHMH (CM. [17), [18]). 

BrrepBhle o6IIlyro 3a,IJ;aqy 06 HHTeprroJIHl\IIH 3a;o;aHHhlx 
3HaqeHilll «PYHKI(IlII B n+m+1 pa3JIIl'IHhIX TO'IKax IIO
cpeACTBOM pal\HOHaJibHOH «PYHKl\HII KJiacca Rn, m pac
CMOTpeJI 0. KomH [1); K. HKo6H [2) pacnpocTpaHHill pe-
3YJihT8Thl o . .Kornn Ha CJiyqaft KpaTHblX Y3JIOB HHTepnOJIH
{\IIII. CJiyqafi OAHoro (n+m+1)-KpaTHoro y3Jia HHTeprro
JIHl\IIH cooTBeTCTByeT IT. a. IToHHTile IT. a. c«PopMnpoaa
JIOCh B KOH. 19 B. B paMKax KJiaCCil'l. TeOpHil HerrpephlBHhIX 
Apo6e:H (f. ll>po6eHI1yc [3], A. ITaAe [4)). <l>yHAaMeHTaJih
Hhle. pe3yJlhTRThl 0 ;D;IlaroHaJibHhIX n. a. OhIJIH noJiyqelihl 
II. JI. qe6&1rneBhtM, A. A. MapKOBhIM, T. CTIIJihThecoM 
(T. Stieltjes) B TepMHHax HenpephIBHhIX ;o;po6ei; HMH 
6hIJIII o6ua pyllrnHhI II HCCJI0,ll;OBftHhI CBH3II p;n:aroHaJlbHhIX 
fl. a. C OpToroHaJibHhIMH MHOroqJieHRMil, I<BanpaTypBMMH 
«PopMyJiaM11, rrpo6JieMOH MOM0HTOB H ;o;pyrHMH BOrrpoca1m 
KJiaCCH'l. aHaJIIl3a (cM. [7] - [9)). HaqaJio 11:ayqeunro 
cTpoK Ta6JIHl\hl Ilall,e 6&1JI0 rroJiomeHo pa6oTaMH o pa;o;n:ycax 
MepOMffPIPHOCTH «PYHK{\HH, aap;aHHOlf CT0ll0HHhIM PHAOM, 
II 0 CXOAIIMOCTll CT_.POK Ta6JIH{\hl ITa.n;e B Rpyrax MepoMopljJ
HOCTH (CM. [5), [6J). 

C Haq, 20 B. TI. 8. CTaHOBHTCH C8MOCTOHTeJibHhlM 06'beK
TOM anaJIIl3a H COCTaBJIHIOT BRlRHYIO rJiaBy TeOpIIII pa~IIO
HaJihHhIX rrpI16JI11:meHI1H aHaJIIITH'l. ijJyHK{\IIH. l1CII0Jlh3YH 
AJIH caoero IIOCTpoeHIIH JioKaJihHhle AaHHhre (KoaljJ4JHl\11-
eHThl CTerreHHoro PHAa), OHII ll03BOJIHIOT I1ayqaTb rJIOOaJth
Hhle CBOHCTBa COOTBeTCTBYIOifl0H aH8JIHTH'l. lf>yHKJ:IHH 
(aHaJinTH'l. rrpoAOJIJReHile, xa paKTep H pacrroJiomeHile 
oco6eHHOCTeii Iii T. II.) II Bhl'IIICJIHTb 3Ha'leHJie «PYHR{\HII 
3a rrpe;o;eJiaMH Rpyra CXOAIIMOCTH CTerreHHoro pH;o;a. 

Hap HAY c KJiaCCH'leCKHMII IT. a. paccMaTpIIBaIOTCH 
pa3JIH'IHhle IIX 0606IIleHI1H: o6m:He rrpO{\eCChl IIHTeprroJIH
{\IIIl rrocpeACTBOM pa{\HOHaJibHhlX «PYHK{\HH co CB060AHhlMII 
IIOJIIOCaMH (MHOfOToqeqHble arrrrpOKCHMa{\HH ITa;o;e); pa
{\HOHaJibHhle arrrrpoRcnMaqnII pHAOB no 3aAaHHoii CIICTCMe 
MHOroqJJeHOB (uarrp., !IO OpToroHaJihHhIM MHoroqJieHaM); 
COBM0CTHhle Il. a. (arrrrpoKCHMa{\IIIl IlaAe - 8pMI1Ta); 
pa{\HOHaJibHhle arrrrpOKCHMaqHH (THIIa fl. a.) CTeIIeHHhlX 
PHAOB oT HecKoJihKIIX nepeMeHHhIX II AP· 

Jlum.: [1] C au ch y A.-L., Cours d'analyse de !'Ecole ro
yale polytechnique, pt. 1- Analyse algebrique, P., 1821; [2] 
Jacobi C. G. J., «J. reine und angew. Math.», 181,6, Bd 30, 
S. 127-56; (3] Fro be n i us G., :raM me, 1881, Bd 90, S. 1-
17; [t,] Pad e H., «Ann. scient. l!':cole norm. super.», 1892, t. 9, 
p. 1-93; (5] Ha dam a rd J., «J. math. pures et appl.», 1892, 
t. 8, p. 101-86; [6] Montcssus de Ballore B. de, «Bull. 
Soc. math. France», 1902, t. 30, p. 28-36; [7] q e 6 bl m e B II. JI., 
IlOJJH. co6p. co•J., T. 3, M.- JI., 191,8; [8] Map I< 0 BA. A., lfaop. 
TPYAhl no Teopmt HenpephlBHblX ll;pooell H TeOQHH QJYHl<l\HH, HaHMe
Hee Yl<JJOHIIIOillHXCII OT HYJIII, M.- JI., 1948; t9] c TH JI Tb e c T., 
Hccne11;osaHHH o HenpepbIBHhlX 11;po6ax, nep. c ljJpaHl\., Xap.
K, 1936; [10] W a 11 H. S., Analytic theory of continued fracti
ons, Toronto - N. Y.- L., 1948; [11] Pc r r on 0., Die Lehrc 
von den Kettenbrlichen, 3 AufL, Bd 2, Stuttg., 1%7; [12] The Pa
de approximant in theoretical physics, N. Y.- L., 1no; [13] l'a
de approximants and their applications, L.- N. Y., 1973; [11!] 
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Pade approximants mathod and its applications to mechanics, 
B.- Hdlb.- N. Y., 1976; [15] Bak c r G. A., Essentials of Pade 
approximants, N. Y.- San Franc.- L., 1975; (16] Pade and ra
tional approximation, N. Y.- [a. o.J, 1977; (17) Gilcwicz 
J., Approximants de Pade, B.-- Hdlb.- N. Y., 1978: [18) Padc 
approximation and its applications, B. - Hdlb. - N. Y., 1979. 

E. A. Pax~ia1w6. 
IIAIIIIA AKC.UOMA: ccJJH l n I' - JJ;ae pa3JJHqHbie npH

Mhle, A, B, C n A', B', C' - TpoiiKH pa3JmqHhlx To•1eK 

npHMhIX l H l' COOTaeTCTaeHHO, OTJIHqHbIX OT TOqKH nepe· 
ceqeHHH IIpHMblX l ll I'' TO TO'IKll rrepeceqemrn rrpHMhIX 
AB' 11 A'B, BC' H B'C, AC' 11 A'C JiemaT Ha OAHoii npH
Moii. BbIIIOJJHeHHe n. a. aKa11aaJieHTHO KOMMYTaTl!aHOCTH 
TeJia, COOTaeTCTBYJOIU,ero paCCMaTp11aaeMoii npoeKTHaHoii 
reoMeTpHH. /{ eaapza npeo.1w:J1Cenue HaJIHeTCH CJie;o;cTaHeM 
II. a. (Teo p e Ma X e c c e H 6 e pr a), a TO me epeMH 
II. a. rrpe11;cTaaJIHeT co6oii ahlpom11.eHHhIH cJiyqaii llacrrn.Mt 
meope.Mbi. II .. a. npe;o;Jiomeua IIarrnoM (3 a.). 

n. c. Mooe1to6, A. c. llapxoMeltl(O. 
IIAITITEP.U~A YP ABHEH.UE - Jinuennoe o6hIKHo

Beuuoe ;o;n¢¢epeHu,11aJ1bROe ypaaHeune 2-ro rropH;o;Ka 
KJiacca <l>yKca, nMeroiu.ee poauo Tpa oco6hle Toq1rn: 

w"+(~+ 1-13-11' +1-v-v') w'+ 
z-a z-b z-c · 

+ [aa' (a-b) (a-c) ...1... 1311' (b-c) (b-a) _!_ vv· (c-a) (c-b)] x 
z-a 1 z-b 1 z-c 

x<z-a><z~b><z-cJ=O, a+a'+~+W+y+y'=t; (1) 

a;o;ec~ a, b, c1 - rrona~Ho paaJJHqHbie KOMnJieKCHhle qncJia, 
a, a (~. ~ JI y, y ) - xapaKTepnCTHq, ITOKa3aTeJI11 a 
oco6oii TOqKe z= a (cooTaeTCTaeHHO z= b H z= c). II. y. 
OAH03Haqno orrpe11.eJIHeTCH 3a;o;auneM oco6hlx TOqeK n xa
paKTep11cTnq, lIOKa3aTeJieiI. )J.JJH pemennii II. y. (1) rrc
IIOJJb3YCTCH o6oauaqemie PmrnHa: 

(a b c ) 
w =P ~a ~ y z ~ • 

la' W y' } 

E. PnMaH nccJie;o;oaaJI [ 1] 3a;o;a•1y: naiin1 nee MHoro
BBaqHhle anaJllfTH'JeCKHe B pacwupeHHOii KOMIIJieKCHOif 
IIJIOCKOCTll ¢YHKU,Hll w (z) co CJie)'J;yJOID,llMH caoiicTaa~rn: 
t) ¢YHKU,HH w (z) HMeeT poaHo TPH OC06hle TO'IKH a, b, c; 
2) JJJ06hle TpH ee BeTan caH3aHhl JIItHeiiHhIM COOTHOllleHHCM 

Aiw1 (z) + A 2 w2 (z) + A3 w3 (z) =0 

IIOCTOHHHbIMH Koa¢¢m~rrnern~m; 3) ¢YHKU,HH w (z) 
HMeeT rrpocTeil:lllne oco6ennocT11 a TOqKax a, b, c, a HMeB
no: a OKpeCTHOCTJI ToqKJI z= a cymecTayJOT ;o;ae ee aeTa11 
w1 (z), w2 (z) TaKJie, qTQ 

;;1 (z) = (z -a)cx. <p1 (z), w2 (z) = (z -a)a' cp 2 (z), 

r]:le <Jlj(z), ,i=1, 2,- rOJIOMop¢Hhle a TQqKe z=a ¢YHKu,1111; 
H aHaJIOfJiqHo )l;JIH ToqeK b, c. 

B. PJIMaB npJI HeK-phlx ;o;onoJIHJITeJihHhlx rrpe11;noJiome
BlilHX OTBOCJITeJlbHO qIICeJI a, a'' ... ' y' IIOKaaaJI, qTO 
Bee TaKne ¢ymu~1111 BbipamaroTCH '1epe3 rJinepreoMeTp11q. 
~YHRU,llJI n qTO w (z) y11;oaJieTaopHeT J111HeiiH0My 11.u¢¢e
peHu,HaJibHOMY ypaauenmo 2-ro rropHAKa c pa~1rnHaJib-

HhIMH Koacp<f>11u,neRTaMn, RO HaHo ero He IlblilIICaJI (CM. 
(1)). clTO ypaaHeRHe (ypaaHeHJte (1)) 6bIJIO IlpIIae)leHO 
a. IIannepm~eM [2]. OHO Ha3. TaKme p - y pa a H e H Il
e M p ll M a H a, y p a B H e H 11 e M p II M a H a B 
¢ () p M e II a H H e p II II a, y p a a H e H JI e M p II Ma
ll a, a ero perneRllH H83. p - ¢ y HK u. II HM II. 

OcHoaeble cnoncTBa pewemrii 11. y. 
1) II. y. HHaapJiaHTHO OTHOCHTCJibHO ;o;po6HO-Jlll:lleii

HbIX rrpeo6paaoaaHHii: ecm1 z1=(Az+B)/(Cz+D) oT06pa
maeT ToqKJf a, b' c a TOqKII ai. b1' C1' TO 

(a b c I (a1 
P~a ~ '\' d=P~a 

ta' ~, y' ) la' 
2) IIpeo6pa3oaaBHe 

( z-a)k (•-c)l -
z-b z-b w =w 

uepeaoAHT II. y. a II. y. c TCMll me oco6hlMJil 
c 11.pyrllMll xapaKTepHCTifq, IIOR33aTeJIHMJI: 

(a b c c=: r c=~ y p la ~ '\' 
a' W y' 

( a 

=P~a+k 
la'+k 

b 
~-k-l 

W-k-l 

c 
y+l 
y' + l 

3) I'rinepzeo.Mernpu'lecKoe ypaB11enue 

TOqK8MII, BO 

z (1-z) w" + [C-(A-t-B+1J z] w' -ABw=O 

eCTb qacTBhIH CJiyqaii II. y. JI eMy COOTBeTCTayeT 06oana
qeB11e PIIMaHa 

( 0 
p~ 0 

lt-C 

00 

A 
B 

~ z ~. 
C-A-B ) 

4) BcHKOe pemeHne II. y. ablpamaeTCR qepe3 rnrrepreo
MeTp11•r. ¢YHKu1rn: 

w (z) = c=~t ( ~=~)" x 

xF{a+~+y;a+W+y;1+a-a'; g=~;~~=::} (2) 

a npe11.noJiomeHa11, 'ITO a-a' Be ecTr. u,eJJoe OTpnu,aTeJJbHOe 
qncJJo. EcJIJI ace pa3BOCT11 a-a', ~-W, y-y' - Heu,e
JJhle q11CJ1a, TO, nepecTaaJlllH a (2) MeCTaMn a H a' llJill '\' 
JI y', noJJy'laJOT 'leThlpe pe1I1eH11H II. y. Kpmrn Toro, II. y. 
Be MeBHeTCH, eCJIH nepeCTaaJIHTb MeCTaMJI ,.pOHKll (a, 
a', a), (~, W, b), (y, y', c); ace aT11 rrepecTaBoaK11 
np11ao;o;HT K 24 qacTHblM peIIIeHHHM II. y. (1), K-pble anep
Bble 6hIJIH rroJiyqeHhl 3.· KyMMepoM [5). 

Jlum.: (1) PHMRH B., Co•i_.; nep. CHeM., M.-JI., 1948, c. 
159-75; [2] Papp er it z E., «math. Ann.», 1885, Bd 25, S. 212-
21; [3) y HTTeJ< e p 3. T., Ba T co H .u a<. H., Hype COBpeMeH
uoro auaJinaa, nep. c aurJI., 2 Hall;., T. 1-2, M., 1962-63; (4] r o
JI y 6 es B. B., Jie1<UHH no auaJIHTH'lec1<ol! TeopHH JJ;mlJlj>epeuuH
aJibHhlX ypasuenHll, 2 H3)1., M.- JI. 1950; (5] Kummer E., 
«J. reine und angew. Math.», 1836, Bil 15, S. 39-83, 127-72. 

M. B. cfJeoop101<. 
ITAPABOJI METO,ll; - MeTo;o; ahlq11cJ1eBHH KopHeii MHO

roqJieHa 

P n (z) = a0 + aiz + ... + anzn 

c KOMUJJeKCHhIMll Koa¢¢m1,11eHTaMJI, ocnoaaHHhIH Ha HHTep
IlOJIHU,llH MBoroqJJeHaMJI 2-li CTerreH.H. II. M. II03aOJilleT 
118HTII nee IWpBJI MBOfO'IJJeHa 6ea npe;o;aapHTeJlbHOR IIHcpop
MaU,llll o naqaJJhHOM npII6JIJimeHJIH. Cxo;o;uMOCTb II. M. 
ycTaHoaJJeHa JJHWb aMu11pn'leCKn. B6Jill3II npocToro KopHH 
CKOpOCTb CXO)l;JIMOCTJI 6n11aKa K Kaa;o;paTJiqHoii. 
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BLI'IHCJIHTeJILBaH cxeMa II. M. coeronT B cJie11;yromeM. 
IIo Up01l3BOJibHblM KOMIIJieKCHhIM qJicJiaM Zo, Z1, Z2 KaK 
Y3JiaM HHTepIIOJIH~H CTpOHTCH HHTepIIOJIHIJ;llOHHhlll 
MHOroqJieH JiarpaIDRa AJIH p n (z). 8TO 6y11;eT HeK-phlii 
MHOroqJieH 2-ii: CTerreHH. HaXOAHTCH o6a ero KOpHH H 38 
Z3 6epeTCH 6Jinmaii:mHii: K Z2. IIocJie STOfO BMeCTO ToqeK 
Zo, Z1, Z2 6epyTCH TOqKn Z1, Z2, Z3 H rrpou;ecc IIOBTOpHeTCH. 
8MrrnpnqecKH ycTaHOBJieHo, qTo IIOCJie/J;OBaTeJibHOCTb 
Zo, Zr, Z2, Z3,. • ., IIOCTpOeHHaH TaKHM o6pa30M, CXO/J;HTCH 
K KOpHIO MHoroqJieHa. BhlqHCJieHHhlii KOpeHh Bbl/l;eJIHeTCH, 
H /l;aJiee MeTOA rrpnMeHHeTCH K MHOroqJieHy MeHblIIeii 
CTerreHH. 

Pacqerahle ljlopMyJibl II. M.: ecJin z; _ 2, z; -1' z; - 11c
xo11;HaH TpOii:Ka qnceJI i-ro lliara, TO B o6o3HaqeHHHX 

h=z-z;, h;=z;-z;-r. h;-i=z;-1-Zi-2, 

'A=h/h;, 'A;=h;/h;_i, c5;=1+'A; 

JilHTeprrOJIHIJ;HOIIHblii MHOroqJieH Jlarpam1rn HMeeT BH/l. 

£lil ('A)='A2c'li1 [P n (z;-2) 'A7-Pn (z;-1) 'A;c'I; + P 11 (z;) 'A;]+ 

-1 [ 2 2 +Mi Pn (z;-2) 'Ai-Pn (z;-1) oi+ 
+Pn (z;) ('A;+cS;))+P,.(z;). 

KopH11 £(il ('A) HaXOAHTCH rro ljlopMyJie 

A = -2Pn (zi) 6; , 

8; ± V g7- 4Pn (z;) 6/,;[Pn (Zi _ 2)1.;-Pn (z; _ 1)6;+Pn (z;)) 

g; = P n (z;-2) 'A7-Pn (z;-1) cS7 + P n (z;) ('A;+ <'l;). 

Ha AByx B03MOiKHhIX 3HaqeHHii 'A 6epeTCH HaHMeHbIIlHii: 
110 l\10/J.YJIIO H /l;aJiee BhlqHCJIHeTCH 

'A;+1='A; h;+1='A;+1h;; z;+1=z;+hi+l· 

Tipn peamt3aIJ;HH OIIHCaHHOfO rrpou;ecca Jia 8BM B03MOll\
HO rreperrOJIJieHne csepxy H CHH3Y rrpH BblqHcJieHHH 3Haqe
HHH MIIOroqJieHa B ToqKe. IIOHBJieHHe 60Jib!IlHX q11ceJI 
B03MOiRHO TaKme rrpH BhlqHCJieHHH KOpHeii: MHOroqJieHa 
2-il cTeneHH. Cym;ecTByeT pHA rrp11eMOB, 11Merom11x a;eJihIO 
rrn6emaTb STO HBJieHHe (CM. [1], (3)). 

Jlum.: [1] Boe Bo a M H B. B., qMcJieHHhle MeTOllhl aJire6phl, 
M., 1966; (2] Y M JI 11 M H co H .n: m. X., AJire6panqec11aa rrpo6-
JieMa co6cTBeHHbIX aHa'leHMll, nep. c aHrJI., M., 1970; [3] B a x
B a JI o a H. C., «lli. BbI'IMCJI. MaTeM. M MaTeM. ljJM3.», 1971, T. 11, 
.M 6, c. 1568-74. I'. /J.. RuM. 

IIAPABOJIA - IIJIOCKaH KpnsaH, rroJiyqaromaHCH B 
rrepeceqeHHH Kpyrosoro KoHyca c IIJIOCKOCThIO, He npoxo

AHmen qepe3 BepIIIHHY KOHyca H 
d Y rrapaJIJieJibHOii: ero 06pa3yromeii:. 

II. ecTh MHomeCTBO ToqeK M rrJiocKo
CTH, AJIH Kail\/l;OH H3 K-phlx paCCTO
HHH€ AO 11;aHHOH TOqKn F (lji 0 Ky
e a II.) paBHO pacCTOHHHIO 11;0 HeK
poil A8HHOH rrpHMOll d (A H p e K
T p n c hi). PaccTOHHHe p OT ljloKy
ca II. 11;0 .AnpeKTpncbl Ha3. II a-

J; pa Me T p 0 M. II.- CHMMeTpHqHaH 
KpnsaH; ToqKa nepeceqeHHH II. c 
OCbIO ee CHMMeTpHH H83. B e p ill H
R o ii: II., a och CHMMeTpnn -
o c h IO II. 8Kcu;eHTpnc11TeT paseH 
e11;nHHu;e. JI; 11 a Me T p II.- JII0-
6aH npHMaH, napaJIJieJihHaH ee ocH, 
H caMa OCb. JJ;naMeTp TI. MOil\eT 
6b1Th onpe11;eJieH KaK npHMaH, rrpo-

xo11;mu;aH qepea cepeAHHhl rrapaJIJieJihHblx xop11;. 
II. eCTh Hea;eHTpaJibHaH .tiunuH emopozo nopHafia. Ee 

KallOHlfq, ypaBHeHne HMeeT BHA 

y2 =2px. 

YpaBHeHHe KaCaTeJibHOii: K II. B ToqKe (x0 , y0): 

YYo= P (x+xo)· 

YpasHeHHe II. B rroJIHpHbIX KoopAHHaTax p, cp: 

p=-1-P-, r11;e 0 < cp < 2:rt. 
-cos (jl 

II. 06Jia11;aeT cJieAyIOII.\HM o rr T H q e c K H M c B o n c T
B 0 M: CBeTOBbie JiyqH, HCXO/l;Hm;He H3 ljloKyca, IIOCJie 
3epKaJibHOro OTpameHHH OT II. rroii:/l;yT rrapaJIJieJibHO OCH. 

A. B . .Heanoe. 
IIAP AB0.,1I1fqECKAH IIO)J;AJirEBP A - rro11;aJire6pa 

KoHeqHoMepHoii aJire6pbI JIH q HaA aJire6pa11qecKn 3aMR
HyThIM IIOJieM, co11;epmam;aH KaKyIO-JIH6o II 0 A a JI re 6 p y 
E 0 p e JI H, T. e. MaKCHMaJibHYIO pa3peII1HMYIO IIO/l;aJire6-
PY ame6pbl g. EcJIH q - KOHeqHoMepHaH ame6pa JI11 
Ha/I; rrpOH3BOJibHhIM IIOJieM k, TO ee rro11;aJire6pa :p Ha3. 

II. rr., ecJIH :P®kk - TI. rr. B g@k£ r11;e k - ame6-
paHq, 3aMblKaHHe rroJIH k. EcJIH G - HerrpHBOAHMaH 
JIHHeii:HaH aJire6pa11q, rpyrrrra Ha/I; IIOJieM xapaKTepHCTHKH 
0 H g - ee ame6pa JI11, TO rro11;aJire6pa :peg, Tor11;a II 
TOJibKO TOI'Aa HBJIHeTCH II. rr. B q, KOr/l;a OHa COBIJa11;aeT c 
aJire6poii JI11 HeK-pon napa6o.tiuitecrwii noazpynnb! rpyD
IIbl G. 

TipHMepaMH TI. II. B aJire6pe JIH scex KBa11;paTJib!X MaT
pHu; rropH/l;Ka n Ha/I; IIOJieM k HBJIHIOTCH IIO/l;aJire6pb! BH/l;a 
:P (µ) (µ= (m1, m 2 , •• ., ms) - rrpoH3BOJibHbiii: Ha6op 
HaTypaJihHhIX q11ceJI, cyMMa K-phlx paBHa n), r11;e aJire6pa 
:p (µ) COCTOHT H3 BCex sepXHHX TpeyroJibHhIX 6JioqHbIX 
MaTpHu;, y K-phlx AHaroJiaJihHble 6JIOKH HBJIHIOTCH KBaA
paTHhIMH MaTpnu;aMH rropH/l;KOB mi, m2, ... , ms. 

IIyCTb g - pe11;yKTIIBHaH KOHe'1HoMepHaH aJire6pa 
JIH Ha/I; IJOJieM k xapaKTepHCTHKH 0, f - MaKCHMaJibHaH 
AHaroHaJIH3HpyeMaH Ha/I; k IIO/l;aJire6pa B q, R - CHCTeMa 
k-KOpHeii: aJire6pb1 Jin q OTHOCHTeJibIIO f, ~ - 6a3HC 
(MHOmeCTBO rrpocThlx KOpHen) CHCTeMbl R 11 Auteg -
r p y I1 II a a JI e M e H T a p H bl x a B T 0 M 0 p qi H 3-
M o B aJire6phl JIH g, T. e. rpyrrrra, rropom11;eHHaH asTo
Mopljl1rnMaMH BH/l;a exp ad x, r11;e x - IIIIJibIIOTeHTHblll aJie
MeHT aJire6phl g. Tor11;a BCHKaH II. IJ. aJire6phl JIH g 
rrepeBO).(HTCH HeK-pbIM aBTOMopljlH3MOM H3 rpynrrhl Auteg 
B OAHY H3 c T a H A a p T H bl x II a p a 6 0 JI Ii! q e
c K H x IJ o A a JI r e 6 p BHAa 

)Jq,=qo+ ~ aeII(<l>) ga, 

r11;e go - u;eHTpaJIH3aTop rro11;aJire6phl f B i:i, ga -
KOpHeBoe IIOAIIpOCTpaHCTBO aJire6pb1 JIH g, OTBeqaro
m;ee KOpHIO a ER, cD - HeKoTopoe DpoH3BOJihHoe rro11;
MHomecTBO MHOil\eCTBa ~, a II (<D) - MHOil\eCTBO Tex Kop
Heii: H3 R, B pa3JIOil\eHHH KOTOphIX no IlpOCTblM KOpHHM 
H3 6a3HCa ~ KOpHH, IlpHHa/l;Jiell\am;He MHOil\eCTBY <I>, BXO
AHT TOJibKO c HeOTpnu;aTeJibHb!MH KoaljlljlHu;HeHTaMH. 
TaKHM o6pa3oM, qHcJio KJiaccos II. rr., corrpHiReHHbIX oT
HOCHTeJibHO Auteg, paBHO 2', r/l;e r=l~J eCTb k-paHr 
IJOJIYIJPOCTOH aJire6pb! Jill [g, g). II pH STOM eCJIH <D1~<D 2, 
TO :P<1>,=:P<1>2 B qaCTHOCTH, :P.p=g, a :p~ - MHHIIM8JibHaH 
II. IJ. B g. 

MaKCHMaJI1>HbIMH II. rr. 11cqeprrb!BaIOTCH see Hepe11;yK
THBHhle MaKCHMaJihHble IJO/l;aJire6phl KOHeqHoMepHhIX 
pe11;yKTHBHhIX aJire6p Jin Ha/I; IJOJieM xa paKTepHCTHKH 0 
(CM. (2], (3], (5)). 

Jlum.: !11 By p 6 a RM H., I'pyrrrr1>1 M aJire6phl JIH. rroaame6-
pb1 l\apTaHa, peryJIHPHhle 3JieMeHThl, pac~enJIHeMh!e IIOJlYilPOCTbie 
aJire6pbI JIM, rrep. c ljJpaHu., M., 1978; l2l Rap rr e JI e BM q <l>. FL, 
«,ll;ORJI. AH CCCP», 1951, T. 76, ;N', 6, c. 775-78; (3) Mop o-
3 0 BB. B., «YcrreXM MaTeM. HaYR>>, 1956, T. 11, B. 5, c. 191-94; 
[4] Most ow G.D., «Ann. Math.», 1961, v. 74, N' 3, p. 503-17; 
[5] BopeJih A., TMTC JR., «MaTeMaTMKa», 1972, T. 16, 
M 3, c. 3-12. B. JI. Ilonoe. 

IIAPABOJillqECKAH IlO)J;rpYIIIIA - 1) II. rr. Jitt
HeiiHoii aJire6panq, rpym1bl G, orrpeAeJieHHoii HaA rroJieM 
k,- 3aMKHyTaH B 3apucfioao muno.tiuzuu no11;rpynna PcG 
TaKaH, qTO ljlaKTopnpocTpaHCTBo GIP HBJIHeTCH npoeKTHB-
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HblM aJire6pa1111. MHOroo6pa311eM. IloArpynna Pc G TOrAa 
Ii! TOJibKO TOrAa HBJIHeTCH Il. II., KOfAa OHa COAepmHT 
KaKyIO-HH6yAh Bope.Mt nooepynny rpyililbl G. n a pa-
6 0 JI H q e c K 0 ii II 0 Ar p y II II 0 ii: r p y II Il bl Gk k
p a n 11 0 H a JI b H bl x T 0 q e K r p y II II bl G Ha3. 
IIOArpynIIa p kCGk, HBJIHIOID;aHCH rpynnoii: k-panHoHaJih
HblX TO'leK HeK-pOH fl. Il. p B G Ii! IIJIOTHaH B p B TOIIO
JIOfHH 3apHCKoro. EcJIH chark=O H g - aJire6pa Jll!I 
rpynIIbl G, TO 3aMKHyTaH noArpynna PcG TorAa H TOJihKO 
TOfAa HBJIHeTCH Il. Il., KOfAa ee aJire6pa Jin: HBJIHeTCH 
napa60.w'lec1wu nooa.;r,ee6pou e g. 

IlycTh G - cBH3HaH peAyKTHBHaH JIHHeiiHaH aJire6paH'I. 
rpynna. M11HHMaJihHble k-aaMKBYTble (T. e. onpeAeJieHHble 
Ha)]; k) fl. Il. HrpaIOT B TeOpHH TaKHX rpynn )J;JIH IlpOH3-
BOJibHOfO OCHOBHOfO IIOJIH k TY me pOJib, 'ITO IIOAf PYIIIIbI 
EopeJIH AJIH aJire6paH11ecKn: aaMKHyToro IIOJIH k (cM. [ 1)). 
B qaCTHOCTH, JII06ble ABe MHHHMaJibHble k-3aMKHYTble 
n. Il. rpynnbl G COIIpHmeHbl Ha)]; k. EcJI11 ABe k-3aMKHYTble 
n. Il. rpynIIbl G conpHmeHbl HaA KaKHM-HH6YAh pacnmpe
HHeM IIOJIH k, TO OHH conpHmeHbl Ii! Ha)]; k. MHomeCTBO 
KJiaCCOB COIIpHil\eHHblX fl. Il. (COOTBeTCTBeHHO MHOiKeCTBO 
KJiaCCOB COIIPHiKeHHblX k-3aMKHYTblX n. n.) rpyIIIIbl G 
COCTOHT Il3 2r (COOTBeTCTBeHHO 2' ") ~meMeHTOB, r)J;e r -
paHr KOMMyTama (G, G) rpynnbl G, a rk - ero k-paHr, 
paBHblH pa3MepHOCTH MaKCHMaJibHOfO pacrn,enHMOfO Ha)]; k 
Topa B (G, G). ToqHee, KaJKAblii: TaKoii: KJiacc onpeAeJIH
eTCH HeK-pblM Ilp0Il3BOJibHblM IIO)J;MHOiKeCTBOM MHOiKeCTBa 
IIpOCTblX KOpHeiI (coOTBeTCTBeHHO IIpOCTblX k-KOpHeii) 
rpyIIIlbl G aHaJIOfH'IHO ToMy, KaK KaiK)J;aH napa6oJin:q. 
IIO)J;aJire6pa peAyKTilBHOH aJire6pb1 Jin: conpHmeHa O)J;HOil 
H3 CTaH)J;apTHblX IlOAaJire6p (CM. [2), [4)). 

BCHKaH n. Il. p rpynnbl G CBH3Ha, COBila)J;aeT co 
CBOilM HOpMaJIH3aTopoM Ii! )J;OHYCKaeT p a 3 JI 0 m e H Ii! e 
'JI e B Il, T. e. MOiKeT 6hITb IIpeACTaBJieHa B Bll)J;e IlOJiy
IIpHMOro npollaBeAeHilH caoero YHilIIOTeHTHoro pa)J;HKaJia 11 

HeK-pOH k-3aMKHyToii: pe)J;yKTilBHOii IlOAfPYIIIIbl, Ha3. 
II 0 A r p y Il Il 0 ii JI e B Il rpynIIbl p. JI I06ble ABe IIOA
rpynnbl Jieall B Il. n. P conpHmeHhI nocpeACTBOM panllo
HaJibHOro HaA k 3JieMeHTa rpynIIbl p. ,r:i:se n. Il. rpyililbl G 
Ha3. Il p 0 T H B 0 Il 0 JI 0 iK H bl M H, eCJIH HX nepeceqe
HHe HBJIHeTCH IlOArpynnoH. JieBil B KaiK)J;OH H3 HHX. 3aMK
HyTaH IIO)J;rpynna rpyililbl G TOf)J;a H TOJibKO TOfAa HBJIH
eTCH fl. Il., KOf)J;a OHa COBIIa)J;aeT C HOpMaJIH3aTOpOM 
caoero YHilnoTeHTHOro paAI1KaJia. BcHKaH MaKCI!MaJihHaH 
3aMKHyTaH IIOArpyIIna rpyililbl G JIIl60 HBJIHeTCH n. II.' 
JIH60 HMeeT peAyKTHBHYIO CBH3HYIO KOMIIOHeHTY e)J;HIIllnhl 
(CM. (2), [4]). 

n. Il. B rpyIIne G Ln (k) HeBblpOiK)J;eHIIblX JIHHeHHblX 
IIpeo6pa3oaaHI1ii: n-MepHoro seKTOpHoro npocTpaHCTBa 
v HaA IIOJieM k n:cqepIIbIBaIOTCH IIOArpynnaMH p (v), 
COCTOHlil,IlMH Il3 BCex aBTOMopiJ>H3MOB IlpOCTpaIICTBa 
v' KOTOpble coxpaIIHIOT iJ>n:KCilpOBaIIHblH iJ>Jiar THIIa 
v= (ni. n2, ••• , n1) B v. Ilpll 3TOM iJ>aKTOpilpOCTparr
CTBO GLn (k)/ p (v) COBIIa)J;aeT c MHOroo6pa3HeM BCex 
iJ>JiafOB THIIa v B IlpOCTparrcTBe v. 

B CJiyqae' KOf)J;a k= IR.' IR.-aaMKHYTble n. Il. AOilyCKaIOT 
cJie)J;yrornyro reoMeTpHq. HHTepnpeTanmo (cM. [5)). IlyCTh 
GIR - HeKOMIIaKTHaH IIoJiynpocTaH aem;ecTBeHHaH rpynna 

JIH, COBIIa)J;aIOm;aH c rpynnoii aem;eCTBeHHbIX ToqeK IlOJiy
IlpOCTOH aJire6paH'I. rpynnbl G. Ilo)J;rpynna rpyIIIIbl GIR 
TOr)J;a H TOJibKO TOr)J;a HBJIHeTCH fl. Il., KOf)J;a OHa COBila
)J;aeT c rpyIIIIOH ABilmeHilH COOTBeTCTByIOm;ero HeKOMilaKT
HOfO CHMMeTpHq. IlpOCTpaHCTBa M' coxpaHHIOinHX rreK-pblii 
k-IIy110K reoAe3Il'I. Jiy11eii: B M (ABa reo)J;e3Hq. Jiyqa B M 
C'IHTaIOTCH IIpllHa)J;Jiemarn,HMH O)J;HOMY k-nyqKy' eCJIIl pac
CTOHHHe MeiKAY ABYMH TO'IKaMH, ABHiKYIIJ;HMHCH c OAHHa
KOBblMH IlOCTOHIIHbIMH CKOpOCTHMH B)J;OJih 3THX Jiy'leH B 
6ecKOHe'IHOCTh, CTpeMilTCH K KOHe'IHOMY IIpeAeJ1y). 

2) n. Il. CHCTeMbl THTCa (G, B, N, S)- IIOA
rpyIIIIa rpynIIhI G, COIIpHmeHHaH IIOArpyIIIIe, COAepmarn,eii 
B. KamAaH n. Il. COBIIaAaeT co CBOIIM HOpMaJrn3aTopOM. 

IlepeceqeHIIe JII06blx ABYX II. n. coAepmIIT noArpyIIny 
rpyIInbl G, conpHmeHeyro c T=BnN. B qacTHOCTil, 
II. II. CHCTeMbl TllTCa, CBH3aHHoii c peAyKTilBHOii JIIlHeiiHoii 
aJire6Jlall'I. rpynnoii G, - 3TO TO me, 'ITO n. II. rpyIIIlbl G 
(CM. [3), [4)). 

Jlum.: [1] Bop e JI b A., T n !I' c JR., «MaTeMaTnKa», 1967, 
T. 11, No 1, c. 43-111; [2] H x )I< e, TaM >Ke, 1972, T. 16, No 3, 
c. 3-12; (3] By p 5 a Kn H., rpynnhl H aJire5phl Jln. IIonaJI
re5phl HapTaHa, peryJJ1<PHhie aJJeMeHThl, pacmenJJIIeMhle nonynpo
CTble aJire5phl Jin, nep. c ljlpaHI~ .• M., 1978; (4] X a M ljJ p n .1l »<. 
JlnHelluhle anreopanqec1<ne rpynnhl, nep. c aurJI., M., 1980; [5J 
Hap n e JI e en q <I>. M., «Tpynhl MocK. MaTeM. oo-ea», 1965, 
T. 14, c. 48-185. B. JI. llono6. 

IIAP ABOJIHqECKAH PEfPECCHH' Il 0 JI Il H 0 M H
a JI h H a H p e r p e c c Il H,- MOAeJih perpeCCilll, B 
K-poii: ilJyHKnirn perpeccHil cyTh MHoroqJieHbl. To1111ee, 
IIYCTb X= (X1 , ••• , Xm)T Ii! Y= (Yr. ... , Y n)T - CJIY
qaiiHble BeKTOpbl, npHHilMaIOrn,Ile 3Ha11eHHH x= (x1, ... , 
xm)TEfR.m H y= (Yr. •.• , YnVEfR.n, H nycTh cyrn,ecTByeT 

E {YI X} =/ (X) = (/i(X), • • ., fn (X))T 

(T. e. cym;eCTBYIOT E{Y1 [X}=/i(X), ... , E{Yn[X}= 
=/n(X)). PerpeccllH Ha3. napa60JII1qecKoii, 
eCJIIl KOMIIOHeHTbl BeKTOpa E{Y[X}=/(X) cyTh MH0f0-
'IJI0Hbl OT KOMilOHeHT BeKTopa x. HaIIp., B IIpOCTeiiIIIeM 
CJiyqae, KOr)J;a y H x - o6bl'IHble CJiyqaiiHble BeJIH'lli!Hbl, 
ypaaHemrn II. p. n:MeeT BHA 

y=~o+ ~1X + .. . +~pXP, 
fAe ~0• ••• , ~p - KoaiJ>iJ>HnHeHTbl perpeCCHil. lfacTHblH 
CJiyqau Il. p.- .!!UlteUIW5t peepeccua. .D:o6aBJieHlt:eM K 
BeKTOPY x HOBblX KOMIIOHeHT MOiKHO ecerAa CBeCTH n. p. 
K JIHHeiieoii. CM. Peepeccua, Peepeccuon1UJ1,U ana.;r,ua. 

Jlum.: [1] Hp a !'I e p r., MaTeMaTH'leCKHe MeTO):lhl CTaTHCTH
KH, nep. c aurJI., 2 n3n., M., 1975; [2] Ce 5 e p .1l »<., Jinuell
Hbill perpeccnoHHhlll auaJIH3, nep. c aurJJ., M., 1980. 

M. C. HunyJ1u1t. 
IIAPABOJIJl:qECKAH CIIHPAJlh - IIJIOCKaH TpaHc

neHAeHTHaH KpllBaH, ypaBHeHue K-poii: B IIOJIHpHblX 
KOOpAHHaTax HMeeT BHA 

p=a V<P+z. l > o. 

p 

KaiKAOMY aHa11em1ro cp co
OTBeTCTBYIOT )];Ba 3Ha'leHHH 

y;p - IlOJIOiKHTeJibHOe Ii! OTpH
lWTeJihHOe. KpHBaH HMeeT 6ec
KoHe'IHO MHOfO ABOHHb!X TO'leK 
Il OAHY TO'IKY nepern6a (CM. 
pllC.). EcJiu l=O, TO KpHBaH Ha3. <PepMa cnupa.!!b/O. 
II. c. OTHOCilTCH K T. H. aJire6paHq. CllHpaJIHM (CM. Cnu
pa.;r,u). 

Jlum.: [1] ca Be JI 0 B A. A., IlJIOCKHe KpHBble, M., 1960. 
/I.. II.. Cono.tio6. 

IIAPABOJIUqECKAH ToqKA - TO'IKa peryJIHpHoii. 
noaepxHOCTH, B K-poii conpuKacarom;uiicH IIapa6oJIOHA 
Bb!pomAaeTCH B napa60J1u11. nHJIHHAP· B II. T. /{10nena 
unounampuca HBJIHeTCH IIapoii napaJIJieJihHb!X npHMb!X, 
rayccoaa KpHBH3Ha paBHa HYJIIO, OAHa Il3 rJiaBHblX KpH
BH3H of\pam;aeTCH B HYJih, a AJIH KoaiJ>iJ>mwemoe BTOpoii 
KaanpaTH'IIIOH iJ>opMb! CIIpaBe):\JIHBO paBeHCTBO 

LN-M2 =0. 

IIAPABOJIJiqECKME KOOP.D:HHA
Thl - 11HCJ1a u u v, CBH3aHHble c npH
MoyroJihHb!MH KOOPAHHaTaMH x Il y 
iJ>opMyJiaMil 

x=u2-v2 , y=2uv, 

r)J;e - oo < u < oo , 0 ..,.:: v < oo • Ko
opnllrraTHble JIHHHII: nee CHCTeMbl B3a
HMHO OpTOfOIIaJihllblX IIapa6oJI c IlpOTil
BOIIOJIOiKIIO HaIIpaaJieHHblMH OCHMH. 

KoaiJ>iJ>m:werrTbl JiaMe: 

Lu=Lv=2 Yu 2 +v2 • 

/J.. /J.. ConO.Jto•. 
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3JieMeHT mmmanH: 

do= 4 (u2 + v2) dudv. 

BenTopnble nmp<J>epee[\naJibBble ouepar\lfn: 

gradu I = 1 i:JJ , 
!! Vu•+vz Ou 

d I 1 at 
gra (/ =2Vu.•+v•OV 

diva 1 (aau aav) 1 
_2_V_u_•_+-»' au+ av + ~ V(u'+t''l" 

1 (IJ'/ fJ 2/' llf = 4 (u•+v•) au.•+ ov•) . 
YpaeHeHHe JTauJiaca nonycnaeT B n. 1\. paaneJieHIIe nepe
~IeHBblX. ).I. • .[(. ConoJ108. 

IIAP ABOJUPIECKHO: IJ.HJIHH,[(P - u.un11enpuqe
cna11 n~6epxHow11, Brnopow nopsiih;a, nn11 I\-poi'r nanpan
.JIHIOmeH cJ1ym11T napa6ona. KauoeuqccHoe ypaeHeHue 
n. u..: 

y2 =2px. 

II .4 .. IJ. 1Jou11oa. 
APABOJIH'IECKOro THIIA YPABHEHHE - ypae

eeune euna 
~n ,...,n 

Ut- "'-I;, i=l a;j (x, I) Ux;xj- "'-li=I a; (.r, t) rtx;-

-a (x, t) u =I (x, t), 

r,1:1e ~aus.;~i - rronomuTeJibHO onpe,1:1eneHua11 1rna,1:1pa
THqea11 <J>opMa. IlepeMeHua.11 t Bhl,[leJiena H HrpaeT poJib 
epeMeHH. TnnnqHblM npHMepOM n. T. y . .RBJIHeTCJI ypan
uemrn TenJiorrpOBO,[IBOCTH 

Ut-~~ 1u¥·x·=0. "'-it= 4 1 I 

• A. II. CoJ1iJamoB. 
IIAPAl>OJIH'IECKOro THIIA YPABHEHHE; q II c

Jl e e e hi e M e T o A bl p e Ill e H n H - 1110TO,[lbl perne
HHH ypaeHeHilH rrapa60JIHq. TIU!a Ha OCHOBe BIJlqHCJIHTeJlb
HblX anropHTMOB. ,[(n.11 peweu1rn II. T. y. qacTO rrp1me
HHIOTCH npH6JIHmeHHble qH.cJieHHble MeTO,[lbI, paccqJl.TaHHble 
ua ucuoJI&aoeaHHe 6blcTponeiicTBy10uv1.x :JBM. Hau6onee 
YHHBepcaJibHblM JIBJIH0TCJI M e T 0 A c c T 0 K (K 0 H e q
B 0 pa 3 H 0 CT H bl ii: MC T 0 ,1:1). 

Hume paccAlOTpeH llICTO,[I CCTOI\ Ha IIJIHMepe ypanHeHIUI 
TellJIOUpOBO,[IHOCTll 

llu. aau. 
m=ax;+f(x, t), t>O, O<x<l, (1) 

c npaeBbIMII ycJloe1rnM1i 1-ro po,1:1a 

u(O, t)=µi(t), u(l, t)=µ2 (t), u(x,0)=u0 (x). 

Beo,[IKTCH paeH0MepHu1 ceTna yanoe (xi> t,.), 

x;=ih, i=O, 1, ... , N, hN=l, t,.=ni:, n=O, 1, 

u o6oaHaqeHllH 

Y7=y(x;, t,.),Y1,;=(y7+1_y'/)/i:, 
n 

YX, i = (y7-- Y?-1)/h, Y~. i = (Y7+1-Y7)/h, 
n 

Yn, i = (Yf+ 1-2Y?+ y7_1)/h2• 

... , 

M eTO,[I ceTOK COCTOHT B TOM' qTo ypaBH0HHC ( 1) rrpu6JIH
il'6HH.? 3aM0HJleTCH u CHCT0MO~ JIHHeii:HblX aJire6pa11q. ypaB
H0HHll (pa3HOCTH0ll cxeMOH) 

Y7 i=oui;\+(1-o) Ynx_x .. +cp,11 , l=i,2, ••. , N-1,"\ 
• ' • • l(2) 

y~=µ1 (t,.), y~=µ2 (tn). u2=uo (x;), J 
rnc o - q1rnnoeoii rrapaMeTp u {f!7 - ceToqHaJI auupoKcH
Ma1..1,1rn cliye1<U.HII f (x, t), Hanp. cpf=f (xi, tn-J-0,5i:). 

CucTeMa ypaeHennil (2) pewaeTcH 110 CJIOHM, T. e. 
ilJlll KaJRµ.oro n=O, 1, ••. no ll3B0CTHblM 3HaqeHHllM u?' 
rp[' HaXOAllTCH HOBbIC anaqemrH u?+ 1 , i~o1, 2, ... , .V-1. 
ECJIII a=O (nena11 cxeAia), TO u?+J Bhlpail>aIOTCll JIBHblM 
o6paaoM qepea y?, <f!'l. EcJIH me o ;i:: 0 (HCHBBbJC cxcMbl), 
TO OTHOCllTeJlhHO y7+i, i=i, 2,., ., N-1, B03HHK8eT 
CHCTeMa ypaBBeHHH, llMCIOIU.aH TpexnnarouaJibHYIO MaTpH-
1..1,y. ::ha CHCTeMa ypaBH0HHH pewaeTCH npOZOH,l'i.U .MemoiJo.M. 
lll>nocTaTKOM HBHOH cxeMbl JIBJIHCTCH CHJlbHOe orpan11qeHHe 
Ha mar T, eoaHnKarolr\ee ua ycJIOBHH ycToii.queocTH, a 
m10HHO T -<;, 0,5 h2. HeHBHble cxeMbl 11p11 o ~ 0,5 a6co
JIIOTHo ycTOHqnehl, T. e. ycTOii:q11ebl rrp11 JII06blx warax h 
II T. :H3B0CTHbl H AJ'YfH0 pa3HOCTHble CX0Mbl ,[IJIH ypanHe
HHJI (1) (CM. (1), [2)}. 

Ecn11 cxeMa (2) ycTOii:qnna u cp? aunpoKCKMHpyeT 
I (:r, t), TO npH h, T-+ 0 perneu11e y? paanocTHOii: aa~aq« 
CXO,[lll'TCH K pemeHHIO u (:r;, t,.) llCXO):l;HO:ii: aanaq11 (CM • 
[1)). IlopRnoK ToqHoCTH :iaencnT OT napaMeTpa a. Tan, 
CHMM0TpHqHaH cxe~rn (a=0,5, cpf -/(.r:;, t,.-\-0,51:)) llMCeT 
BTOpoit nopH,[101\ TOqHOCTH no T II 110 h, T. e. ,[IJIH I<amnoro 
n BblITOJIHReTCH O[\eHKa 

max I y7-u (x;, tn) j.,;;;; Jlf (i:2+h2) 
O<i<N 

c KOHCTaHTOH llf, He aaell.C.Rl[\eil OT h H T. Ilp11. o=0,5-
-h2/(12i:) H cneu,HaJibHOM Bbl6ope <p1~ cxeMa (2) HMe
eT ToqHoCTh 0 (i:2+h'). AnH ocTaJI&Hblx o - TO'lHOCTb 
O(i:+h2). 

TI pH perneHHlf TI. T. y. Ha 60J1brn11x oTpeaKax epeMeHu 
cyl[\eCTBeHHOe 3Haqeuue HM00T acHMIITOTIJq. YCTOllqHBOCTb 
paaHocTHoii: cxeMbl. PerneHHe ypaeHeHHH (1) c f(x, t)=O, 
µi(t)=µ2(t)=O ee,1:1eT ce611 npn t-+ oo KaK e -).,t, 
A1=n 2/z2• 8THM CBOHCTBOM o6JianaeT He BCJll\311 paaHOCT
HaH cxeMa, annpoKcnMupy101[\aR ypaeHeH«e (1). Harrp., 
CHMMeTpHqHaH cxeMa (o=0,5) acHMIITOTKqecKH ycToiiqHea 
npH ycJIOBHlf T<.lh/n. IlocTp00Hbl CX0Mbl 2-ro nopRAKa 
TOqHOCTH, ac!fMIITOTlJqecKH ycToii:qll:Bbl0 rrpn JII06blX T, 
h, O,[IHaKo OHH He BXO,[IHT B ceMeHCTBO (2) (CM. [3]). 

Kpaeeble ycJIOBHR 3-ro pona 

:; (0, t)-~u (0, t) =µ (t) 

annponCHMHPYIOTCH c IIOJlll,[IKOM 0 (h2) pa3HOCTHbIMH 
ypaeHeHnHMH 

o (Y~.'i,1-(~y~+ 1+ µ 11 + 1))+(1-o) (y;, o- (~Y~+µ"))= 
=0,5h (.11?,o -cp~), µ"=µ (t,.). 

An11 ypaeHCHHH Terrnorrpoeo,[IHOCTH n 1..1,HIIHHApHq. n 
ccliepHq. KOOp,[IKHaTax 

iJu -- 1 lJ ( .m llu) 1 ? 0 R at - rm ar ' ar ' m = ' -. < r < ' 
BBO,[IJITCH C0TKM (rj, t,.), rne t,.=ni:, n=O, 1, .•. , 

r;= ( i+;) h, i=O, 1, ... , N, h= N+~,am, m=1, 2, 

H paccMaTpneaIOTCH paaHOCTHbl0 ypaBHCHHJI (cM. [4]) 

y?, i =A¥11> (ou?+ 1+ (1-o) u?), 
ni:e 
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.nJIH pemeHHH n. T. y. c nepeMeHHhIMH Koa<Ji«frno;neHTa- B npHMOyrOJihHHKe G{O < Xa <la, (X=f, 2}. BBOD;llTCR 

11111 npn!lleHHIOTCH OAHOpOAHhle KOHCepeaTUBHhle pa3HOCT- CBTKa 
Hhle cxeMhl, BhlpaIBa10mne Ha ceTKe 3aKOHhl coxpaHeHnH, 
npncyrn;nc IICXOAHOMY nmp<Jiepem1,naJibHOMY ypaBHCHll!O 
(c~L [1], [5]). IIpn IJOCTpOeHilll paaHOCTHbIX cxe111 )l,JIH 

II. T. y. c 11epcMeHHbI11111 Koa<Ji<Jino;neHTaMn npnMCHllIOTCH 
MeTOAbI: 6aJiaHca, eapnaU,HOHHhlll, KOHeqHhIX aJieMeHTOB. 
Hanp., AJIH ypaeHemm 

~~=~(k(x, t)~)+t(x, t), O<x<l, t>O, 

IlCUOJlh3YIOTCfl pa3HOCTHblC cxe111h1 c neca~m: 

y7, i= (a (oyn+ 1+ (1-o) yn)-X)x, 1+cp7, 
rAe 

a= a? =k (x;-0,5h, tn+0,5i;). 

)J.0Ka3aua cxoA11.111ocTh :11. noJiyqeHhl oo;eHKil rrorpemHo
CTU 0)1,HOPOAHWX KOHcepeaTUBHhIX pa3HOCTHhIX cxe~J 

AJil'I II. T. y. KaK B cJiyqae HenpephIBHhIX, TaK H B CJ!y
qae paapbIBHhIX Koa<Jicj>nu,neHTOB (CM. [1]). 

)];JIH pelileHUH CilCTeM ypaBHeHilH napa60JIIfq, THna, 
CO)lepIBa111,:11.x OAHY npOCTpaHCTBeHHylO nepeMeHHyIO, np:11.
MeHHIOTCH Te IBe paBHOCTHhle cxeMhl, qyo H AJIH OJlHOro 
ypaBH0HilH. BeKTOp yn +l pemeHll.H Ha HOBOM CJIOC Haxo
AHTCH Mampu'lnoil rfiai>mopuaaq,uu MemofJoJ.t. 

n pH pelileHilH Knaanmrneii:aoro II. T. y. IlCilOJib3YIOTCH 
HCHBHhIC a6coJIIOTHO ycToii:qnlJhIC pa3HOCTHhle CX0Mbl. 
PelileHHe yn+l paaHOCTHoro ypaeHeHHR HaxoJJ,HTCH 11Tepa
o;11.oHHhIM MeTOJlOM c 11crroJih30BaHne111 uporoHJrn. Haup., 
)l,JIH ypaeHeHHH 

i!u =!!_ (k (u) ~u), k (u) > 0, (3) 
i!t i!x vX 

rrpHMeHHJOT 'IFICTO HeRBHyJO paaHOCTHYIO CXCMY 

Yt'. i= (a (y?+ 1 ) Y;±1 )x, ;, 

a (y?+ 1) =0,5 (k (yJ+ 1) -f--k (yJ~l)), 

K-pym pcwaJOT c IlOMOil\bJO HTCpaU,HOHHOl'O MeTOJJ,a (s -
Ho111ep 11Tcpa11,1rn): 

(S+l) _ ll+ ( ( (S) (S+l) Q 1 
Yi -Yi •a Yi )Yx )x,i• s= , , ... , m, 

y~O)=y7, y~m+l>=y7+1, 

PerneHne Yi'+ l) Ha KaiKAOH IlTepaIJ,Illl HaXOAIITCH MCTOAOM 
n poroHKU. II pu pelllemrn Hemmciiaoro II. T. y. Ha mJJ·n 
TaKlKC np1IMCH0Hil0 cxeMbl, OCHOBaHHbJe Ha n11,ee Py1ae -
Kymma Memoaa. TaK, 11,JIH ypaeHCHilH (3) :11.cnoJihayeTcH 
11,eyxaTailHb!H MeTOA 

y7+112 =Yr +o.s. {a (y?) yf!:+112lx. ;, 
x 

yJ+ 1 = yJ + 0,5T (a (yJ+ 1/2) (yn +1 + yn)xlx. i· 

TecTI1poeaHne 11 npoeepKa KaqecTna pa3HOCTHhIX cxe111 
11,JIH HeJIHHenHoro II. T. y. rrpOBOAIITCH rryTeM cpanHeHHH 
c TO'IHbIMH 8BTOMOll,0JlbHblMH p01Il0HHHMil, T8KUMil, Hanp., 
KaK pelilCHJile Tilil8 TCMIIepaTypHOH BOJ!Hbl (CM. (6)). 

II pH pemeH!ilil 111aoro111epHoro II. T. y. HCilOJihaymTCH 
nepeJttelilibix 1ianpa!J/!enuil Memo8M, K-phle rroanoJIHJOT 
ceecTH pemeH!ile 111Horo111epHoft aa11,a11n K pemeHRIO nocJieno
aaTeJibHOcTu 011,Ho111epH&rx aa11,aq (cM. I 1), (7) - [ 10)). 
II peAJIOiKeHO H IICCJiell,OBaHO 3HaqJl.T0JlbH00 'IHCJIO a6co
JIJOTHO ycTOH'IHBhIX aJiropllTMOB nepeMeHHhIX HanpanJle
HilH. 8T!il aJirOpilTMbI HBJIHJOTCH aKOHOMil'IHbIMil B TOM 
C!llhICJie, 'ITO q11cJ10 apn<Ji111eT!il'J. Aeii:cTnnii:, Heo6xo11,RMbIX 
11,JIH Bhl'IHCJl0HIIH pelileHHH Ha HOBOM npeMeHHOM CJIOe t n +], 

u111eeT nopHAOK qHcJia y3JIOB rrpocTpaHcTneaaoii: ceTKH. 
Hnme pacc1110TpeH rrpn111ep cxe111&1 rrepe111eHHhIX HarrpanJie

anii: AJIH ypaeHeHHR 

(4) 

7* 

(i) <i>) (i) . . 0 1 x;J=(.r1 , x2 ,x1 =ih1 , i=, , ... , A'1 , h1N 1 =l1 , 

x£i>=jh2 , j=U, 1, ... , .'\'2 , h2N 2 =12 

H o603H8'l0HHR 

A1Y?j= (Y7+i,j -2y?,j +Y7-1,j )/hi, 
A n ( ll 2n ll 2 

2Yij= Yi,j+1 - Yii+Yi.i-1 )/h2. 

YpanHeHHe (4) pemaeTCH c noMom;hro cae11,yromeii: paaHOCT
Hoii CX0Mhl 

n+1/2 11 
Ytj -Ytj -A 11.+1/2+A '1. 

0,5T - 1Yi1 2Yi1• 

n+l 11+1/2 
Ytj -Y;j -A f?+l/2+A ~.H 

0,5T - IY<J 2Y11 . 

:Chu ypaeHeHHR aanncbIBaIOTCR rrpn i = 1, ... , N 1 -1, 
j = 1, ... ' N 2-1 Il 11,oorrpe11,eJIHIOTCH COOTBeTCTBYJOmHMH 
rpaHHqHhIMil ycJIOBHHMn. Ma nepnoro ypanneHHR rrporoH
KOH no HanpanJieH!ilIO x1 11,JIR K8lKAoro j= 1, 2, ... , N 2-1 
aaxo11,:11.TCR yJ/ 112 , a aaTeM H3 BToporo ypaeHemrn npo
ronKo.ii no HanpanJieH:11.10 x 2 AJIR KalKAOro i= 1, 2, ... , 
N 1-1 Haxoll,HTCR yJt 1 • Ta.Kil.Ill 06paao111, BhlqJl.CJIHT~JlhHhlii 
aJiropnTM COCTOilT B rrocJie)J;OBaTeJibHOM rrp:11.111eHeHJilll 

OAHOMepHbIX nporoHOK. 
TeopeTH'I. OCHOBOH 110CTpoeHHH Il HCCJICAOB8HHH 3.KO

HOMil'IHhIX pa3HOCTBhIX CXeM 11,JIH MHOl'OMepHOl'O Il. T. y. 
HBJIReTCH M0TOA cy111111apHoii anrrpoKcHMao;1rn (cM. (1), [8), 
[9)). 06o6meHneM MeTOAOB nepeMeHHhIX HanpanJieHHH HBII
JIHCb a)lJ.JiHTilBHhle aKOHOMil'IHhle cxeMhl c ypaBH0HHHMH Ha 
rpa<Jiax :11. eeKTopHhle cxeMhl (c111. [11]). 

B cJiyqae HeperyJIRpHhIX npocTpaHcTBeBHhIX ceToK paa
uocTHhle CX0Mhl 11,JIH Il. T. y. CTpOHTCl'I MeTO)J;OM KOHe'IHbJX 
aJieMeHTOB H MeTOAOM 6aJiaBca (cM. [12)). 

)J;JIR peIIIeHHH ceTO'IHhIX ypanHeHHH, B03HHKaIOmHx npu 
annpoKCHMao;nH MHoro111epHoro II. T. y. HeRBHhIMH paaao
CTHhIMil cxe111a111:11., IIpHMeHRlOTCH acp<JieKTHBHhle npHMhle ll 
IlTepao;uoHBhl0 MeTOll,hl, paapa6oTaHHhl0 11,JIH aJIJIHIITil'IBC
KHX pa3HOCTHhIX KpaeBhIX aa11,a11: MeTOA pa3A0JI0HHH ne
peMeHHhlX, HCII0Jlh3Y10mHH aJirOpilTM 6hICTporo AHCKpeT
HOl'O npeo6pa30B8HHH <l>yphe, M0TOA D;IlKJIHq, pe11,yK
o;11:11., norrepe111eHHo-TpeyroJibHhlii :11.Tepao;noBHhIH 111eT011, H 

AP· (CM. [13)). 
Jlum.: [1] C a M a p c R u tt A. A., Teopua paanocTHhlX cxeM, 

M., 1977; [2] C a y JI h e B B. H., lIHTerpupoBanue ypaenem1il 
napa60JIH'<ec1wro Tuna MeTo)lOM ceTOR, M., 1960; [3) Ca Map
c I< II'. H A. A., r y JI II'. H A. B., YcTOfi'IHBOCTb pa3BOCTHblX 
cxeM, M., 1973; [4] cI> p ff 3 II'. H 0 B H. B., «lK BbI'IHCJIHT. Ma
TeM. II'. MaTCM. ljJll'.3.», 1971, T. 11, M 5, c. 1219-28; [5] Map
" y R r. H., MeTO)lbl Bbl'IHCJIHT6JibBOtt MaTeMaTHRH, 2 H3)l., M., 
1980; [6] CaMapCRHll A. A., Co6oJib lI. M., «lK Bbl
'IHCJIHT. MaTeM. u MaTeM. ljJua.», 1963, T. 3, M 4, c. 702-19; [7] 
H H e H " o H. H., Mefon 11pol'inhlx maroe pemenua MHoroMep
Hhlx aana<J MaTeMaTH'IecRott lj>uaHRH, Hoeocu6., 1967; [8] C a M a p
c H H H A. A., (cil\. BbltiHCJIHT. MaTeM. H MaTeM. cfln3.», 19H~, 
T. 2, M 1, c. 25-56; [9] fl He HR 0 H. H., «CH6. MaTeM. Hi.>>, 
1964, T. 5, M 6, c. 1431-34; (101 .o; b 111< o a o B E. r., «lK eh1-
<JucJiuT. M3T0M. R MaTeM. lj>Ha.», 1962, T. 2, M 4, c. 549-68; (11] 
CaMapCRBll A. A., cI>paaHHOB lI. B., «YcneXHMaTCM. 
H3YR», 1976, 'f. 31, B. 6, C. 167-96; (12) <f>pff3HHOB JI. B., 
«)lulj>lj>epenu. ypaenenua», 1980, T. 16, M 7, c. 1332-43; (13] 
C a Map c Ru tt A. A., H HR o JI a e B E. C., MeTOJlhl pc
rnenua ceTO'!HhlX ypaBHeHl'ltt, M., 1978. A. B. I'y.t<un. 

IIAPABOJHPIECKOro YPABHEHIUI METO.r. 
M0TOA 1Ipn6JIH)K0HH0f0 pemeHilH BhICOK0'18CTOTHhIX 11,Ilcj>
paKUilOHHbJX 3a11,aq (CM. J( uifipai>q,uu .MameMamu'leci>asi 
meopusi). RaK npaellJIO, K II. y. 111. npHXOAHTCH rrpn6eraTb 
11,JIH Haxom11,eHHH BOJIHOBOfO IlOJIH B T0X o6JiaCTHX, r11,e 
.11y'leBOU J.temoa npnMBHHTh H0Jlb3H Il3-3a Toro, 'ITU llOJie 

.ny•ieii T0pfleT B TOM :II.Jill HHOM CMhlCJIO peryJIHpHOC'fb. 
IIyCTh, aanp., IlOCT8BJieHa 3aAaqa 0 II8A011HH IIJIOCKOU 
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BOJIHhI aa HAeaJibHo orpamarorn;ee BhIIJYKJioe TeJio. BoJI
Hoooft 11pou,ecc onHChIBaeTCH ypaanemrnM feJibMrOJibIJ,a 

u:.+aa:.+k2)u=0. (1) 

3AeCb TOqKa (x, y) 11po6eraeT BHe!IlHOCTb orpaHHqeHHOii: 
BhIIJYKJIOH o6JiaCTH Q, Ha rpaHHIJ,e K-poif BblnOJIHHeTCH 
Kpaeaoe ycJioane ,ll,HpHxJie u I s= 0. IT peAnoJiaraeTCH, 'lTo 
aQ= s E C 00 Ii! HMeeT BCIOAY IJOJIOil\HTeJibHYIO KpHBH3HY. 
PemeHHe u npeACTaBHMO B BHAe eikx+u0 , rAe u 0 YAOBJieT
BopReT uaJty'lenwi ycJtoeua.M.. PemenHe TaKoii: 3aAa11u 
cyrn;eCTByeT Ii! eAHHCTBeHHO. 

B BhICOK011acTOTHOM cJiy11ae (k <<BeJIHKo») aamno no
CTpOHTh qiopMaJibHOe KopoTKOBOJIHOBOe pemeHHe noii: 3a
Aa qH (T. e., rpy6o roaopH, pa3Jiomea:ne, qiopMaJibHO 
YAOBJieTBOpHIOIIl;ee BCeM ycJIOBHHM 3aAa'lH, AOCTaTO'lHO 
AaJieKHe 'lJieHhI K-poro HMeIOT CKOJ!b yroAHO BbICOKHH 
nopHAOK MaJIOCTH npu k- oo). Momno 110Ka3aTb, 'lTO B 
paccMaTpuoaeMoM cJiy11ao qiopMaJihHoe pemea1rn 6yAeT 
acuMnTOTH'l. pa3JIOil\eHHeM KJiaCCH'l. pememrn. 

Jlyqeaoii: MeTOA II03BOJIHeT noCTpOHT.b HCKOMOe KOpOT
KOBOJIHOBOe pa3JIOil\eHHe BCIOAY, KpoMe o6JiaCTJ1 TeHll 

(CM. p11c.). Bhlpame-
Y n011 y1e11b nue JIJIH BOJIHOBor'o no-

----4~~~;~dA~~JIR, IlOCTpoeHHOe c 110-l x MOIIl;hIO Jiy11eaoro Me-
TOAa, TepHeT rJia)lKOCTb 

na:av~~., =::::: Ha rpan11u,e TeHb-
sonHbl - CBeT (noJiynpHMbHJ 

----4~-+.....::...-_-::_-::_-:_-:_A._-'_-_OA 11 O'A' na p11c.). 
-----r--- B oKpeCTHOCTli OA (H 

O'A') KOpOTKOBOJIHO· 
BaH aCHMilTOTHKa BOJl

HOBOfO IJOJIH yme He BhlpamaeTCH JiyqeBbIMH qiopMyJiaMH. 
OKpecTHOCTH OA (u O' A') Ha3. 06b1q0no rroJiyTeHbIO. 

KJIIO'leBhIM MOMeHTOM rrpH IJOCTpoerrmI qiopMaJibIIoro 
pemeHHH IJOCTaBJieHHOH BbI!Ile 3aAa'lH HBJIHeTCH paCCMOTpe
rrue oRpeCTHOCTII TO'leK RacanuH 0 u O' Jiy11eii: 11aAa10rn;eil 
BOJIHhI H Kp:naoii S=oQ. To11Ka O rrpHIIHTa 3a rraqaJio 
KoopAurraT, rroJioil\HTeJibHaH qacTb oc11 Ox OTAeJIHeT 
o6JiaCTb TeHH OT OCBern;eHHOH o6JiaCTH. 

ITyCTb B OKpeCTHOCTII 0 BBeAeHbI HOBble KOOPAHHaTbI 

s, n. To11Ka M~S xapaKTep113yeTCH ee paCCTOHHHeM 
BAOJih S OT 0. C11HTaeTCH, 11To s > 0 (cooTBeTCTBeHHO 
s < 0) H o6JiaCTH TeHH (COOTBeTCTBeHHO B ocaern;eHHOH 
06Jiacn1). EcJIH MEQ, TO TOqKa M xapaKTepH3yeTCH ee 
paCCTOHHHeM n OT s Ii! KOOpAHHaTOH s npoeKIJ,HH M Ha s. 
B Koopµ,HHaTax s, n ypaaaea11e feJibMfOJibIJ,a 11MeeT BHA 

( 1 +~rT:n((1+;)~~)+a~ ((1+~r 1 x 
X~~)]+k2u=O (2) 

(p=p (s) > 0 - paAHYC KpHBH3HhI s B TO'lKe s). 
1 

l1cnoJib3YH PHA MaKJiopeHa AJIH P: 

+--i- ls=O + S Us ( +)) S=O +"" 
MOll\HO 3aMeHHTb ace Roaqiqinu,neHTbI ypaBHeHHH (2) HX 
qiopMaJibHhIMH pa3JIOil\eHHHMH no CTerreHHM s u n. B pa
CTRHYThIX KoopAHHaTax 

1ilf3s v2 
CJ=v 2'3'V= -k2i3n,po=P(0), 

2p ' Po 

noJiaraH B ypaaHeHHH (2) 
u - eiks (v0 (CJ, v) + k- 1 13 v1 (CJ, v) + ... ) (3) 

I! upl!paoHHBaH HyJiro KoaqiqiHIJ,HeHThI npH rrocJieAOBaTeJIL
HhIX cterreHHX k - 1/ 3, rrpHXOJI,HT K THnHqaoii: AJIH MeTO)la 
norpam1.qaoro CJIOH u.erroq1rn peKyppeHTHhIX ypaanem1il: 

L 0v0 =0, Lov1+L 1v0 =0, L0 v2 +L1v1+L2v0 =0. 

3AeCb nepaoe ypaaueuHe n ecTb «napa6om1qecKoe» ypao· 
HeHHe, i:i;aornee Ha3Baaue IT. y. M.; 

L . av0 +a•v0 + 0 (4 oVo = i aa av• vvo = . ) 

ITo cyrn;ecTBy ypaanenHe (4) HBJIHeTCH ypaauenneM THna 
IIlpiiAHIIrepa. B orrepaTOpax L j Koaqiqiuu.neHThI -
IlOJIHHOMhI OT CJ Ii! v. ,ll,JIH qiopMaJibHOro BhIIlOJIIIeHHH 
Kpaeaoro yCJIOBHH u1s= 0 JIOCTaTO'lHO 110Tpe6oBaTb, 'lTO• 
6hl u jl s=O. PoJib Jipyrnx Rpaeohlx ycJioou:il: HrpaeT 
Tpe6oaarrue, 'lT06hI rrpH 6oJib!IlHX I CJ I. CJ < 0, PHA (3) 
qiopMaJibHO nepexoAHJI 6hl B pa3JiomeuHe Jiyqe»oro MeTOAa. 
,ll,JIR Vo MOll\HO BbIBeCTII RBHYIO qiopMyJiy (T. II. qi 0 p M y
JI y <I> 0 K a), HM0IOlllYIO BHA HHTerpaJia <l>ypbe 

~ eiab© (v, ~) d~, 
rAe <D cpaaHuTeJihHO npocTo BbipamaeTcH 11epe3 qiyam:i;iaia 
8iipn. MeTo)lnl\a CKJieHoamrn (cparn;naanmi:) acuMIITOTH'l. 
pa3JIOil\eHHH AaeT B03MOil\HOCTb IIOJIY'lHTb qiopMyJihI 
AJIH BOJIHOBoro IIOJIH IIO BCeii: o6JiaCTII TeHH H IIoJiyTeHH. 

B CJiy11ae BOJIH COCKaJib3bIBaHIIH H rnen11ymeii: raJiepeia 
BhIBOAHTCH COOTBeTCTByrorri;ne <mapa60Jl1111eCKHe» ypaaae
IIHH Ii! HX pemeaHR Bblpama10TCH 11epe3 qiyHKil,HH 8lipH. 
Pa3BHTHe TeopnH Jia3epoa npiaoeJio K neo6xop;nMoCTH 
paCCMarpnBaTb BOJIHhI, cocpe)J;OTO'leHHhle B OKpeCTIJOCTH 
u30JIHpoaauuhIX Jiy11eii:. Bbip;eJIRH cooTBeTCTByrorn;uii qia3o
Bblii: MH0il\HT0Jlb H IIpOBOAH AaJiee IlOCTpoeHHH, aHaJIOflI'l
Hblfil nocrpoeHHRM MeTOAa rrorpaIIH'lHoro CJIOR, rrpHXOAHT 
K <mapa60JIH11ecK0My» ypaaaerrHIO, 11epe3 pemen11e K-poro 
BbipamaeTCR B nepBOM rrpH6JIHlK0HIIH BOJIIIOBOe IIOJie. 
B aToM cJiy11ae ((Ilapa60JIH11ecKoe» ypaauenue 6yAeT ypaa
ueniaeM IIlpep;Hurepa c KBap;paTH'lHhIM noremi;naJioM. 
IT. y. M. HaXOAHT IIpHMeHeHHe TaKme rrpu pac11eTe BOJl
HOBOro IlOJIH B CB0TOBO)lax, B CTaTHCTH'l0CKH II00AHOpOAHhIX 
cpeAax ia eo MHOrHx AP· 3ap;a11ax. AuaJiorH IT. y. M. iac
noJib3YIOTCH B TeopHH ueJIHHeHHhIX BOJIH. 

Jlum.: [1] <I> o K B. A., IIpo6neMhl nm!>pam1Hn 11 pacrrpo-
cTpauenmt 3JleKTPOMarHHTHhIX BOJlH, M., 1970; [2) Ba 6 11 q 
B. M., B y n JJ: bl p e B B. C., ACHMIITOTH<tec1rne MeTOllhI D aana
qax JJ:HQJpaKI1HH KOPOTKHX BOJIH, M., 1972; [3] Ba 6 II'. q B. M., 
K u p n H q u H K o B a H. H., Meron rrorpaHH<tHOro cnoJI a aa-
JJ;a<tax JJ:HQJpaKUHH, JI., 1974. B. M. Ba6wt. 

IIAPABOJilfqECKoro QU:JIU:HAPA ll>YHKQU:U:, 
B e 6 e p a qi y a K u. 11 H, B e 6 e p a - 8 p M H T a 
qi y H .K II, ll H,- perneHHH AHqiqiepeHIJ,HaJibHOrO ypaoHeHHH 

d;~.+(v++- z:) y=O, (*) 

K-poe noJiyqaeTCH B pe3yJibTaTe pa3AeJieHHH nepeMeHBhIX 
B BOJIHOBOM ypaaaeHIIH !'!.u== k2u B rrapa60JIII'leCKHX IJ;H
JIIIHAPH'l. KoopA11HaTax. Hau6oJiee 11acTo HCIIOJih3yeTcH 
pemeH1Ie 

( 1 ) CV-l)/2 -z'12 (1-v 3 z•) Dv (z)==U - v- 2 , z =2 e 'I' -z, 2; 2 , 

rAe 'I' (a, b; z) - BbipomAeHBaH rH11epreoMeTp1I11. qiyaK
Il,HH. Ypaaaeu11ro (*) yAOBJieTBOpHIOT TaKme Dv (-z), 
D-v-1(±iz). CllyHKil,HH Dv (z) H D-v-d±iz) mrneii:ao 
He3aouCIIMhI 11pia JII06hlx v, Dv (z) H Dv (-z) 11pu v:;C:O, 
±1, ±2 ... IT. IJ;. qi.- IJ,eJible qiyaKu,11ia OT z. <DyHKIJ,HH 
Dv (z) p;eii:CTBHTeJibHa rrpH AeHCTBHTeJibHhIX v n z. 

CllopMyJihI AHqiqiepeHIJ,HpoeaHHH (n=1, 2, ... ): 
dn z•/4 1 z•/4 
dzn[e Dv(z)]=(- )n(-v)ne Dv-n(z), 

dn -z~4 -z~4 
dzn [e Dv (z)] = (-1)n e Dv+n· 

PeKyppemable qiopMym.i: 

Dv+1 (z)-zDv(z)+vDv-1 (z)=O, 

JJ~ (z) + i Dv (z)-vlJv-1 (z) =0, 

IJ~ (z)-f Dv (z) + Dv+ 1 (z) =0. 
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Ac:irMIITOTHRa: np:ir ifnmc:irposaHHOM v I arg zl < 3:rc/4 u 
lzl--+ oo 

[ '51 N (-V/2)k (1/2 -v/2)k (_:;.._)- k + 
.;...ih=O kl -2 

+o (I z 1-2N-2). 
rrpn orpam1qeHHOM lzl, larg(--v)l..;;::rc/2 :ir lvl--+ oo 

Dv(z) =~exp [~ln(-v)-~ -f-vz]x 
Vz 2 2 

x[t+o( V11v1 )J-
n. 11,. ifi. CBH3aHa C !lp. ifJyHRU,IlHMH CJie!lyIOUJ;IlMH COOTHO
IlieHHHMH. c MHOfO<JJieHaMH 8pMHTa: 

Dn (z) = 2-n/2 e-Z'/4 H n (z/f2), n =0, 1, 2, ... ; 

c IlHTerpaJIOM BepOHTHOCT11: 

D-n- 1 (z)=(- 1~1 V2 e-z 21~d~: (ez 2 12erf;,-). 

n=O, 1, 2, ... ; 
c ifiyHRU,IlHMH EecceJIH: 

D_1;2(z)= v· ~z K 114 (f). 
Jlum.: (1) Bel! TM e H r., 3 p 11 e i1 11 A., Bwcu111e TPaHc

uett11eHTH1>Ie ljlyHKUllll. <l>YHKUllll BecceJIR, ljlym<UllH napaooJIH
qecHoro ll;HJJBHIIPa, OpTorOH8JlbHhie MHOroqJJeHbI, rrep. c aHrJI., 
~ ll3jl., M., 1974; [2] M ll JI JI e p A m.-q.-n., Ta5JillUbl ljlynK
Ullil Beoepa (lj)YHHI~lll! napa5oJIH'lecKoro UllJillHllpa), nep. c aHrJI., 
M., 1968. IO. A. Bpwmoe, A. II. Ilpyai<urwe. 

IIAPABOJIOH)l; - HeJa~mHyTaH Heu,eHTpaJihHaH no
eepxnocmb emopozo nopnoKa. KaHoHH<J. ypaBHeHHH Il.: 

xz yz 
P + q =2z, p, q > 0, 

:MAUnmu<tecKui1 napa6o.,iouo (rrpn p= q Ha3hlBaeTCH TI. 
spamemrn) 11 

=:-~=2z p q > 0 
p q ' ' , 

zunep60AU'leCKUU napa6oAOUO. A. B. H6al<08. 

IlAPABOJIOH)l;AJibHblE KOOP)l;HHATbl - <JHCJJa 
u, v 11 w, CBH3aHHhle c rrpHMoyroJibHhlMH ROOpiJ.11H3T3Mll x, 
y u z ifiopMyJiaMl!: 

x=2uwcosv, y=2uwsinv, z=u2-w2 , 

rtte 0..;;:: u < oo, 0..;;:: v < 2:rc, 0..;;:: w < oo. Kuopn11HaT
Hbre IIOBepXHOCTll: /lBe CllCTeMhl rrapa6UJIU11AOB Bpamemrn 
c upOTllBOIIOJIOIBHO HarrpaBJieHHbIMll OCHMU (u=const· 11 
w=const) H IIOJIYIIJIOCROCTll (v=const). C11CTeMa n. R.-
0 pToroHaJihHall. 

Koaifiifi1111,neHThl JlaMe: 

Lu=Lw=2fu2+w2, Lv=2uw. 

8JieMeHT IIJIOIU,ann nusepXHOCTII: 

da =4 f (u2 + w2) u 2w2 (du 2 + dw2) dv2+ (u2+ w2)(du dw)2. 

8JieMeHT o6'heMa: 

dV = 8 (u2+ w2) uw du dv dw. 

BeRTOpHhle n11ifiifiepeH11,11aJibHhle orrepau,1111: 

d 1 a(/J 
gra u q>= zVu•+ w' au' 

1 a 
gradv q; = 2uw a: . 
1 a(/J 

gradw q; 
2 Vu•+w' aw. 

div<i= V 1 [wau(2u2 +w2)+uaw(u2 +2w2)J+ 
zuw (u'+w•)• 

t aaw 1 ( + aav ) 
rota a= 2- ·-a-- V 1 av w-a , 

uw v 2w u2+wz \ w 

rotv U= 1 (wau-aw)+ 
2V(u2 +w2 ) 3 

+ 1 ( aau _ aaw ) 
2 Vu'+w• aw au ' 

I ( + aav) I aau 
rotw a= 2w (u'+w') a.v 11au -2uv av; 

1 [a'u 1 a(fJ ( 1 1 ) a•(fJ 
i\q; 4(u2 +w') au 2 +uau+ u.-+;;;.- av•+ 

a•(/! 1 a(/J J 
+aw2 +w aw · 

11.. 11.. Co>tO.ltoe. 
IIAP A,!J;OKC - TO me, 'ITO anmuno:MUR.. 
IIAPAKOMIIAKTHOE IIPOCTPAHCTBO - TorroJio-

rnqecRoe rrpOCTpaHCTBO, B JII06oe OTRpbITOe IIORpb!THC 
R-poro MOlRHO BIIMCaTh JIORaJibHO ROHeqHoe OTRpbITOe 
IIORpbITHe. (CeMellCTBO y MHOIBeCTB, JieIBalll;l!X B TOIIOJIOfllq, 
rrpoCTpaHCTBe x' Ha3. JI 0 R a JI b H 0 R 0 H e 'I H bl M B 
X, ecJI:ir y RaIBi:i;oii TOqR11 x EX cyrn;ecTByeT oRpeCTHOCTh 
B x' rrepeceRaIOrn;aHCH JIHllib c RoHe'!HhlM MHOIBeCTBOM 
3JieMeHTOB ceMeiicTBa y; ceMeHCTBO y MHOIBeCTB B II H c a
ll o B ceMeHCTBO A, MHomecTB, ecJI11 RaIBAhlii aJieMeHT ce
MelicTBa y coi:i;epmnTCH B HeR-poM aJieMeHTe ceMeil:cTBa A.) 
n a p a R 0 M II a R T 0 M Ha3. rrapaROMIIaRTIIOe xayci:i;op
ifioao rrpocTpaHCTBO. KJiacc rrapaROMIIaRTOB secbMa rn11-
poR - OH BRJIIOqaeT see MeTpl!q. npOGTpaHCTBa (TeopeMa 
CToyHa) :n ace 611RmmaRThr. OnHaRo He Ramnoe JIORaJibHO 
6HROMIIaKTHOe xaycnop~OBO llpOCTpaHCTBO rrapaROMIIaRT
HO. 

3Ha'leHlle rrapaKOMIIaRTHOCTll orrpeneJIHeTCH OTMe<JeH
HOH o6J:u;HoCTbIO 3TOro IIOHHTl!H 11 PH!lOM 3aMeqaTeJibHhIX 
caoil:CTB rrapaRoMrraRTOB. Ilpemtte acero, RaIBi:i;oe xaycnop
ifioso fi. II. HOpMaJihHO. 8TO II03BOJIHeT CTpOl!Tb Ha napa
ROMIIaRTaX p a 3 6 11 e H H H e A 11 H 11 II, hl, IIOll.'ll!HeHHhle 
rrpo113BOJibHOMY 3anaHHOMY OTRpb!TOMY IIORpb!Tl!IO y. 
TaR HaahlBaIOTCH ceMeiicTBa neiicTBl!TeJibHhlX HeoTp1111,a
TeJihHhlX HerrpepbIBHhlX ifiyHRil,l!H Ha rrpoCTpaIICTBe, IIOA
q11HeHHble CJiei:i;yrom;HM ycJIOBHHM: a) ceMeHCTBO HOCl!Te
Jieii 3Tl!X ifiyHRU,llH JIORaJibHO KOHeqHo Il Blll!CaHO B y; 
6) B Ramnoil: TO<JRe rrpOCTpaHCTBa cyMMa 3HaqeHl!H Bcex 
TeX ifiyHRU,l!M CeMeMCTBa, R-phle OTJill'IHhl B Heil: OT HYJIH (a 
TaRHX ifiyHRL\l!M RoHeqnoe 'lHCJio), paBHa 1. Pa3611eHHH 
enHHHU,hl HBJIHIOTCH OCHOBHhlM cpeACTBOM IlOCTpOeHHR 
norpymeHl!M rrpoCTpaHCTB B CTaHnapTHhle rrpoCTpaHCTBa. 
B <JaCTHOCTll, OHll HCIIOJib3YIOTCH AJIH BJIOlReHHM MHoroo6-
pa3l!JI B eBRJIHAOBhl npOCTpaHCTBa 11 rrpll AORa3aTeJibCTBe 
TeopeMhl 0 MeTpllayeMOCTH Ramnoro TllXOHOBCRoro rrpo
CTpaHCTBa c a-JIORaJibHO ROIIe'IHOH 6a30H. KpoMe Toro, Ha 
pa36:neHllHX ennIIllll,hl B Teop1111 MHoroo6pa3l!M OCHOBaHhI 
~IeTO!lhl, c IIOMOUJ;bIO R-phlx ocyrn;eCTBJIHeTCH en11HospeMeH
HbIH CHHTe3 JIORaJibHbIX IIOCTpOeHHM, llpOH3BOAl!MhlX B 
npe)leJiax OT!leJihHhlX RapT (B 'laCTHOCTll, Tex HJill l!Hb!X 
neRTOpHbIX 11 TeH30pHbIX noJieii). Il03TOMy OiJ.HllM 113 Tpe-
6oBaHHH HCXOAHbIX B TeOpHH MHoroo6paa11ii HBJIHeTCH 
Tpe60BaH11e rrapaROMIIaKTHOCTH, He HBJIHIOmeecH JillillHllM, 
T. R. cymecTByIOT HerrapaRoMrraRTHhle CBH3Hhle xaycnopifio
Bhl MHOroo6pa3HH. 

B npHcyTCTBHll rrapaRoMrraRTHOCTH HeR-phle JIORaJihHhle 
CBOHCTBa npOCTpaHCTBa Cl!JITe3HpyIOTCH 11 BbIIIOJIHHIOTClJ 
rJio6aJibHO. B qacTIIOCTll, ecJin rrapaROMIIaRT JioRaJihHO 
~rnTp1rnyeM, TO OH ~rnTpH3yeM; ecJI11 xayci:i;opifioao rrpocTpaH
CTBO JIOKaJibHO IIOJIHO no Yexy 11 rrapaROMIIaRTHO, TO OHO 
rroJIHo no Yexy. B pa3Mepnocmu meopuii AJIH rrapaKoM
rraRTOB ynaeTCH rroJiyql!Tb pHA BalRHhlX COOTHomeHHH, He 
pacrrpocTpaHHIOIIl,llXCH n;aIBe Ha HOpMaJibHhle IIpOCTpaH
CTBa. 8TO He YAHBHTeJihHO, T. K. OAIIO H3 OCHOBHhlX orrpe-
1~eJieHl!H paaMepHOCTH - no Jle6ery - CBH3aIIO c paCCMOT
peHl!eM RpaTHOCTll OTKphlThlX IIORpb!THII, qTo, HeCOMHeHHO, 
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POACTBeBHO HAee JIOKaJibHOH RoHeqHOCTH, Ha K-pou OCHO
BaHO oapeAeJieHne na paKoMIIaKTHOCTH. 

Ila paKOMIIaKTHOCTb He HacJieAyeTCH np01I3BOJlbHblMH 
IlOAUPOCTpaHCTBaMH (B OTJIHqne OT MeTp1rnyeMOCTII), IIHa
qe, Hanp., Bee THXOHOBeKIJe npoeTpaHeTBa, KaK IIOAUPO
CTpaHeTBa 6nKOMIIaKTHblX, OKa3aJIHeh 6bl napaKOMUaKTaMll. 
Ho RaJKAoe aaMKHyToe noAnpocTpaHeTBo napaRoMnaKTa 
eeTh napaRoMnaKT. EoJibllIHM HeAoeTaTKOM napaKoMnaRT
HOCTH HBJIHeTCH OTeyTeTBHe MYJibTllllJIIIKaTHBHOeTH: 
npon3BeAeH11e ABYX napaRoMnaRTOB MOJKeT napaRoMnaKTOM 
He 6b1Th. c Apyroli CTOpOHbl, B RJiacce xaycAop4fioBblX 
upocTpaHCTB npoo6pa3 napaRoMnaRTa npH coBepmeHHOM 
OT06pameHHll HBJIHeTCH napaROMilaKTOM, H o6paa napa
KOMIIaRTa npn HenpepblBHOM aaMRHYTOM OTo6pameHHII 
HBJIHeTCH napaKoMnaKTOM. K 11ncny napaKoMnaKTOB OT
HOCHTCH, B 'laCTHOCTH, Jlunae.n,eifia npocmpancmoa. }].JIH 
upoeTpaHCTBa eeex HenpephIBHblX Ae:ii:CTBIITeJihHblX ¢YHK
m1il: Ha IlpOH3BOJibHOM THXOHOBCKOM npocTpaHCTBe, HaAe
JieHHOM TOilOJiorneii: 1101•oqeqHoii: CXOAHMOCTH, napaROMIIaRT
HOCTb paBuocnJihHa JIHHAene«J>oBoCTH. EcJIH 6aHaxoBo 
npocTpaHCTBO B CJla6oii TOIIOJIOI'HH TOUOJIOI'H'leCKH nopom
naeTCH HBK-phlM Jiemaru;HM B HeM 6IIKOMIIaKTOM, ,TO OHO 
napaKoMnaKTHO. BamHblii np1rnep napaKoMnaKTOB -
rroJinaApbl, cT011ru;ne aa CW-KoMnJ10KcaMn. 

B KJiacee rrapaROMHaKTOB ynpom,aIOTCH Kp11Tepnn MeT
pnayeMoCTH. B qaeTBOCTH, napaKoMnaKT MeTpnayeM B TOM 
ll TOJihKO B TOM CJiyqae' eCJIH OH o6JiaAaeT 6aaoii: cqeTHOI'O 
IIOPHAKa, T. e. 6a3oil., mo6a11 y6blBaIOru;a11 IIOCJleAOBa
TeJibHOCTb 3JieMeHTOB R-poii, eoAepmaru;nx KaKyIO-Jln6o 
TOqKy x EX, HenpeMeHHO o6paayeT 6aay B noii ToqKe. 
MHoroo6paaHbl napaKoMnar;mnocmu r;pumepuu. B qa
CTBOCTII, AJIH THXOHOBCKOI'O npocTpaHCTBa x paBHOCHJlb
Hbl yeJIOBHH: a) x napaKOMilaKTHO, 6) B JII06oe OTKpblTOe 
IIOKpblTHe npocTpaHCTBa x MOlKHO BIIHCRTb JIOKaJlbHO 
HOHeqHoe noRphlTHC, B) n KaJKAOe OTKpblTOe rroKpbITHe 
upoerpaHCTBa x MOlKHO BIII!CaTb (J-JIOKaJlbHO KoHeqHoe 
OTKpb!TOC rroKpblTHe, r) B JII06oe OTKpblTOe noKpblTHe 
upocTpaHCTBa x M0'1<HO BlmCaTh K 0 H c e p B a T H B
H 0 e 3 a MK Hy T 0 e II 0 K p bl TH e, T. e. IIOKpblTHe, 
o6'beAHH0HHB JII06oro IlOACeMeiicTBa K-poro 3aMKHYTO B x. 

BalKHblM HBJIHeTCH CJIBAYIOIIJ,Hll RpnrepHii: THXOHOBCKOe 
npocrpaHCTIJO x napaKOMI!aRTHO B TOM lI TOJlbRO B TOM 
enyqae, eCJIH B KaJKAOe ero OTKphlTOC llORpbITHe y MOlKHO 
BIIHCaTb HeR-poe OTKpbITOe IIOKpbITHe 'A, a B e a A H o; 
nocJ1ennee oaHaqaeT, qTo AJIH RamAoii To'IKn x EX o6'beJw
HeHne Bcex aJleMeHTOB DOKphlTHJt 'A, eoAepmaru;nx x, 
COA0PJl(HTCJt B HeK-pOM 3JleMBHTe noKpb1Tl111 y. IloBHTl1e 
3Beanuoil: Blll!CQHHOCTll CJiylKHT BblpameH11eM l!Ae11 He
orpaHBqeHHOH 1:ipo6IIMOCTH rrpocTpaHCTBa H MomeT BOC
npHHUMaTbCH KaK HaII6onee o6ru;aa TeopeTirno-MHomeeT
BeHHaH ¢opMa aKCIWMbl Tpeyl'OJlbHHKa. 

Jlum.: hl He JI JI H ,ZJ; lH., 06fllall TonoJJOrHH, nep. c aHrJJ., 
~Han., M., 1981; [2) ApxaHreJibCHHH A. B., TIO HO
M a p e B B. If., OcHOBhl o6IlleA TOnoJJOrHH B aaM•mx H ynpalH
HeHHllX, M., 1974; [3] A p x a H v c JI b c I\ HA A., «,!J;OKJI. AH 
CCCP», 1961, T, 141, .NI 1, c. 13-15. A. B. Apxanae.1tbcnuii. 

IlAPAKOMilAKTHOCTH KPHTEPHH - cJ1enyIOII1,1Je 
yTeepmneHHH, paBHOCHJlbHhle AJIH npoH3BOJibHOro BIIOJIHe 
peryJIHpHoro xaycAop«l>oBa npocTpaHCTBa X. 1) X rra
paKOMnaKTHO. 2) B Kall\A00 OTRpbITOe IIOKpblTlle npo
crpaHCTBa x MOlKHO BIIHCaTb JIOKaJlbHO ROBe'IHOe OT
KpblTOB JIOKpblTHe. 3) B KalKAOe OTKpblTOe IIOKpblTHe 
npoeTpaHeTBa x MOlf\HO BilHCaTb (J-JI 0 K a JI b H 0 K O
H e q H 0 e 0 T K p bl T 0 e II 0 K p bl TH e, T. e. OT
Kpb1T00 IIOKphITIIe, pacnaAaIOm:eeeH Ha eqeTHOe MHOJKeeTBO 
JIOKRJlbHO ROBeqHblX B x eeMeHCTB MBomeeTB • 4) B Kam
D.Oe OTKpblTOB IIORphlTlle npocTpaHCTBa x MO/KHO BIIHCaTb 
JIOKaJlbHO ROHeqHoe IlOKpblTHe (o eTpoeHHH <JJleMeHTOB 
K-poro He rrpeAIIOJ1araeTe11 Hnqero). 5) l\aKoBo 6M 1n1 
6hlJIO OTRphlToe noKpblTHe y rrpoeTpaHeTBa X, eyru;eeTByeT 
OTKPblToe n0Kpw1·11e aToro npoeTpanCTBa, 3Bea11;no BIIII
caHHoe B y. 6) B I\alKAOe OTKpblTOe IIOKphlTHe npocTpaH
cwa x MOJl\HO BillICaTb I\OHeepBaTHBHOC IlOI\pbIT'lfe. 

7) l\aKOBO 6bl HH 6blJIO OTKpblTOe IIOKpblTHe y npocTpaH
CTBa X, cyru;ecTByeT c'leTHoe ceMeil:cTBo 'A 1, /.. 2, ... OT
KpblTblX IIOKpblTHH 3TOro IIpOCTpaHCTBa TaKoe, 'ITO AJIH 
I\aJKAOH ToqK11 x EX 11 KaJKAOii ee oKpeeTHOCTII 0 x Haii:
AYTCH UEy 11 HoMep i, YAOBJ1eTBOpHIOm:ne ycJIOBHIO: 
KaJKAhIH aJleMeHT IIOKpblTHH 'A;, nepeceKaIOlll,HHCH c Ox, 
COAeplKHTCH B u (T. e. BCH 3Be3Aa MHOJKeCTBa ox OTHU
CHTeJlbHO 'A; J1emHT B U). 8) KaRoBo 6hl RH 6bIJIO OTKpblToe 
noKpblTHe w npocTpaucTBa X, cyru;ecTByeT Herrpep&rnHoe 
OTo6pameHIIe j npocTpaHCTBa X Ha HeK-poe MeTpuq, 
IlpOCTpaHCTBO y' IIOAqHHeHHOe ycJIOJ3HIO: y Kamnoii 
TOqRll IlpOCTpaucrua y cyru;ecTByeT OKpeCTHOCTb, npo
o6paa K-po:il: npH j COAeplKHTCH B 3JleMeHTe IlOKpblTllH w. 
9) IIpocTpaHCTBO x ROJIJleKTllBHO HOpMaJlbHO H CJ1a60 
napaKOMilaRTHO. A. B. ApxameJtbcnuii. 

TIAPAJIJIEJIETIHilE}]; - IIIecTnrpaHHHK, rrponrnono
JIOJKHble rpaHH K-poro rronapHo 11apanJ1eJ1bHhJ. TI. nMeeT 
8 BepmHH, 12 pe6ep; ero rpaun npeACTaBJIHIOT co6oii 

nonapHo paBHble napaJ1J1eJ1orpaMMbI. rt:::J 
TI. Ha3. II p H M bl M' eCJII! ero 60KO- I 
Bble pe6pa nepneHAlfKYJIHPHbl K IlJIO- I 
CKOCTH OCHOBaHHH (B 3TOM CJlyqae 4 I 
6oKOBble rpaHH - IIpHMOyroJlbHllKH); /-----
n p H M 0 y r 0 JI b H bl M, eCJlll 3TOT 
TI. rrpHMOll H OCHOBaHlleM CJIYlKHT IIpHMoyroJibHllK (eJieAO
BaTeJlbHO, 6 rpaHeil: - rrp11MoyroJ1bHHKH); II., Bee rpaHII 
K-poro 1rna;npaTbl, Ha3. K y 6 o M. 06'heM II. paBeH rrpo
naBeAeHHIO IIJIO!IlaAH ero OCHOBaHHH Ha BbICOTy. BCEJ-3. 

TIAPAJIJIEJill3M AECOJIIOTHLIR - none penepoB 
e= (e1, •• ., en) Ha MHoroo6pa3nH. II. a. onpe;neJ111e1· 
II30Mop«J>naM Bcex KacaTeJlbHblX rrpocTpaHCTB MHoroo6-
paaHH M, np11 R-poM OTOJKAeCTBJIHIOTCH BeKTopbl Raca
TeJibHblX npocTpaHCTB T pM H T qM' HMeIOru;ne OAHHa
KOBble KOOPAHHaTbl OTHOeHTeJl~HO penepoB e p H eq· 8TO 
3aAaeT Ha MHoroo6pa3HH JIHHellHYIO eBH3HOCTb Ve C Hy
JICBOH KpHBll3HOH. Ila paJ1J1eJ1hHblMH IIOJIHMH OTHOCH
TeJlbHO noii: CBH3HOCTH HBJIHIOTCJt TeH30pHble IlOJIH' HMe
IOIIJ,He IIOCTOHHHble KOOPAHHaThI OTHOCHTeJlbHO IIOJIH pe
rrepoB e (B qaCTHOCTH' BeKTOpHble IIOJIH ei. .. ., en rra
paJIJICJlbHhl), a ouepa~n11 KOBapnaHTHoro AH¢>¢>epeH~H· 
poBaHIIH Tem1opHoro IIOJIJt T ITO HanpaBJleHIIIO BeKTOp
uoro IIOJIH x CBOL{HTCH K AH«l>cpepeH~HpOBaHHIO ITO Ha-
11paBJ1eHHIO IIOJIH x KoOpAHHar DOJIJt T OTHOCHTeJlbHO e. 
06paTHO, mrneiiHaH eBH8HOCTb v e HyJieBoii KpHBH3HOH 
Ha OAHOeBH3HOM MHOroo6paann M orrpeueJ111er II. a. e, 
eeJIH 3aAaH AOITOJIHHTCJlhHO penep ep HeK-poro 1rncaTeJib
Horo npoeTpaueTBa T PM. TI. a. e rroJ1yqaeTeH H3 penepa 
e P paaHeeenneM e rroMom:i.10 napaJ1J1eJ1bHoro rrepeHoea 
CBH3HOCTH v (napaJ1J1eJ1bBhlll nepeHoe He aaBlleHT OT 
Bbl6opa IIYTH, COeAHHHIOru;ero ABe naHHble TO'IKll MHO
roo6pa3HJt' eeJIH CBH3HOeTb HMeeT HyJleByIO KpllBH3HY' 
a MHoroo6paane OAHOeBJt3HO). 

C TO'IKll 3peHHH Teopnll G-eTpyKTYP II. a. JtBJIJteTCH 
{ 1 } - CTPYKTypoii, rAe { 1} - rpyrma, cocT011ru;a11 H3 
OAHOH eAHHll~bl. l1HTerpnpyeMOCTb TaKOH eTpyKTypbl 
oaHaqaeT' qTo B oKpeCTHOCTH JII06oil: TO'IKH MHoroo6-
paaHH <?YIIJ,eCTByeT CHCTeMa KOOPAHHaT xi, AJIJt K-poil: 
e ;=al ax•, i= 1, .. ., n. }].n11 aToro neo6xoAIIMO II AO
cTaToqHo, qTo6bl BeKTOpHble rroJ111 e1, .• ., en nonapHo 
KOMMYTHpoBaJlll HJIH, HHaqe roBOpH, 'IT06bl TeH30p Kpy-

qeHIIH C=CJk eBH3HOeTll ve, 3a1{aBa0MlllH ¢opMyJ1oii 

[e i• ek]= cf ke;, 6blJI TOlKAeCTBeHHO paBeH HyJIIO. II. a. 
Haa. II 0 JI H bl M, eCJlll Bee BeKTOpHble IIOJIH, HMeIOru;lle 
noeTOHHHble KOOPAHHaTbl OTHoenTeJlhHO JlOJIH perrepoB, 
IIOJIHbl HJIH, qTo aKBHBaJleHTHO, eeJIH CBH3HOeTb v e reo
Ae3n'leeKn noJ1Ha. B HHTerpnpyeMoM cnyqae AJIH aToro 
AOeTaToqHO IIOJIHOTbl BeKTOpHblX IlOJleii el, •• ., e.,. 
IlOJIHblH HHTerpHpyeMblH TI. a. Ha OAHOCBH3HOM MHOro
o6pa3HH M 3aAaeT Ha M eTpyKTYPY a«J>cpnHHoro npo
eTpaneTBa. EoJ1ec o6m:e, 110J1HblH TI •. a. e RoBapnaBTHo 

llOCTOHBHhlM T0B30p0M KpyqeHHH c (C/k=const) Ha O)l;HO-
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CBH3HOM MHoroo6pa3HH }}[ c OTMeqeHHOH rnqKoii: aaµ,aeT 
Ha M CTPYRTYPY rpyo11b1 Jh1. co CTpy1nypHhlMH RoH
cTaHTaMH C}k, IJ.JIH R-poii llOJill e; o6pa3yJOT 6a3HC llJlO
CTJlaHCTBa JieBOHHBapn.aHTHhlX IlOJieli. 

rpynrra aBTOMop.ilm.3MOB II. a. eCTb rpyrrna Jin, CH0-
6011.no 11.eii:CTBy10maH Ha M. lfaaecTHhl Heo6xo11.HMb1e 11 

AOCTa TOqHhle ycJIOBHH TO!'O' qTo6bl ;QBe II. a. 6hlJIH JIO
KaJibHO H30Mop<JiHhl (CM. [3]). 0HH BhlpamaJOTCll B Tep
MHHax TeH3opa Rpyqemrn H ero KOBapnaHTHhlX IlJlOH3-
BOIJ.HblX. 

Jlum.: [1] Pa III e B c" H li TI. I:\., PHMaHoBa reoMeTpHH H 
Teaaopnhlli amwaa, 3 uan., M., 1967; [2] Ho Man a y I:\., rpyn
Ilhl Jiu H nulf11pepenuuaJihHaJI reoMeTpua, nep. c aHrJI., M., 1960; 
[3] C T e p H 5 e p r C., Jle11nuu no 11ulfH!Jepem~HaJihHoli reoMeT
pHu, ncp. c anrJI., M., 1970. JJ,. B. AJ1encee6cm;ii. 

IlAPAJIJIEJIII3YEMOE MHOrOOBPA31IE - MHoro
o6paaHe M paaMepHoCTH n, 11.onycKa10mee noJie penepoa 
e= (er' ... ' en)' TO 0CTb n JIHH0HHO H03aBHCHMblX B Ka1f\
µ,oii: TOqKe BeKTOJlHblx noJieii e1 , ••• , en- IIoJie e aanaeT 
uaoMop<JiII3M RacaTeJibHoro paccJioeHMH T: TM -+ M 
na TJlHBMaJibHOe paccJioeHne e: 1Rnx M-+ M, coI1ocTaB
JIH10mnii: KacaTeJibHoMy aeRropy v E T PM ero Roop11.n:
HaThl OTHOCMTeJibHO penepa ef p H ero HaqaJIO. IIoaTOMY 
II. M. MOll\HO TaR1f\e onpeiJ.eJillTh RaK MHoroo6paane, 
MMeJOmee TJlHBHaJibHOe KacaT0JibHOe paCCJI00HHe. IIpn:
MepaMH II. M. HBJIHIOTCH OTRJlb1TbI0 IIOIJ.MHOroo6pa3HH 
0BRJIH;QOBa IIJlOCTpaHCTBa, ace TpexMepHble MHoroo6pa-
3HH, IIJlOCTpaHCTBO 11JlOH3BOJihHOH rpyIIIlbl JIH, MHoro
o6paane penepoa IIJlOH3BOJibHoro MHoroo6paanH. C<Jiepa 
Sn HBJIH0TCH II. M. TOJibRO IIJlll n= 1, 3, 7. )J;J'IH oapaJIJie
JIH3y0MOCTH 4-MepHoro MHOroo6pa3HH He06XOllHMO H 
11.ocTaTOqHo o6pameane B HyJih ero BToporo xapaRTepu
CTHq. RJiacca llhml>eJIH - YHTHH. B o6meM cJiyqae 
paBeHCTBO HYJIJO acex xapaRTepHCTHq, RJiaccoa llITH<Jie
JIH - YHTHH, qll\3HH H IIoHTJlHrMHa HBJIHeTCH Heo6xo
IJ.HMblM, HO H0;QOCTaTOqHblM yCJIOBH0M AJIH Toro, qT06bl 
MHoroo6paan:e M 6hlJIO II. M. JI.. B. AJtenceeBcnuu. 

IlAP AJIJIEJIOrP AMM - qeTblpexyroJihHHR, y R-poro 
CTopoHbl I1ooapHo I1apaJIJI0JihHbl (cM. pnc., a - z). 
II. MomeT 6blTh TaKme oxapaRTepn:aoaaH KaK BblIIYRJiblii: 

\ \DOD 
(f 6 6 

qeTblpexyroJibHJIK 11p11 JJJ06oM 113 CJie11.y101u.nx 11Jll13Ha
ROB: 1) Ta II ApyraR Ila pa upOTHBOIIOJIOll\HblX CTO JlOH 
COCTOHT ll3 paBHblX 0Tpe3KOB; 2) 011.Ha uapa IIJlOTIIBOl10-
JIOll\HblX CTOJIOH COCTOHT H3 paBHbIX ll IlapaJIJieJibHblX 
OTJl08RoB; 3) IIJIH IIJlOTHBOllOJIOJl<HblX aeprrrnHaX TOH H 
11.pyroll: Ilapbl yrJibl paBHbl; 4) TO'IKa IlepeceqeHnH p;Haro
HaJie:il: ;neJIHT Ramp;yJO ll3 HUX IIOTIOJiaM. PaaJIHqHble 
BHIJ.bl TI.: npHMoyroJibHIIR (6) - II., ace ytJihI K-poro 
11pHMble; poM6 (e) - IT., Bee CTOJlOHbl R-poro paBHbl; 
1rna;npaT (z) - paBHOCTOpOHHHll IIJlHMoyroJlbHHK. 

HC3-J. 
IlAPAJIJIEJIOTOil, 11 a pa JI JI e JI or pa H H 11 K,

MHomecrao TO'leK, pa11.n:yc-BeKTOJlbl H-pblx HM010T Bll.ll 

h = '"'P xia;, 
"'"' = 1 

co aceB03MOll\HblMH 3HaqeHHHMH O~xi<1, 1 ~i.;;.p. 
3aecba1, a 2 , •• • , <Ip - <JinKCIIJlOBaHHhleBeRTOpbln-Mep
Horo a<Ji<JinHHoro IIJlOCTpaHCTBa A. 0HH Haa. o 6 p a a y-
10 m H M n: II a p a JI JI e JI o T o II a H coaI1a11.a10T c 
HeK-pblMH pe6paMH II. Bee ocTaJibHble pe6pa II. HM IIa
paJIJieJibHbl. EcJIH 06pa3y10mne II. JIHHell:Ho HeaaaJICHMbl 
(aaBJICHMbl), TO II. Ha3. p-M e pH bl M, HJill He B bl p 0 ll\
A e H H bl M (a bl po m A e H H bl M), Bblpomp;eHHblii: II. 
HBJIHeTCH uapaJIJieJibHOfr upoem~Heli HeK-poro p-MepHoro 
II. Ha UJIOCKOCTb pa;mepHOCTII k~p-1. Heablpomµ,eHHblH 
II. oI1peaeJIHeT Hecyru.y10 ero p-MepHy10 IIJiocKocTh. Ta1wli: 

IT. IIJIH p= 2 HBJIHeTCH rrapaJIJieJiorpaMMOM, opn p= 3-
na paJIJieJieIIHileJ(OM. 

)];Ba HeBhlJlOllilJ.eHHblX II. Ha3. II a p a JI JI e JI b H hi M H' 
eCJIH napaJIJieJibHhl HeCylllHe HX TIJIOCKOCTH. y napaJIJieJlb
IIblX II. MO)l{HO cpaBHHBaTb HX p-MepHble <m6'beMbl» (XOTH 
a IIJlOCTpaHcrae A MomeT II He 6b1Tb MeTpHKH). RoJin:qe
CTBeHHoli xapaKTepHCTHKOH OTHOllJeHHH p-Mepnoro «06h
eMm> II. c o6pa3yJOIIJ;HMH a1 , a 2 , ••• , ap R p-MepHoMy 
«o6'heMy» I1apaJIJieJibHOro II. c. 06paay10IJ.\HMH b1 , 7J 2 , 

... , bp CJiyll\HT CKaJIHp det (xj), r11.e (x}) - (p Xp)-MaT
pmw nepexo11.a oT (b11 b2 , ••• , bp) K (a1 , a 2 , ••• , ap), T. e. 

p i 
Uj = ~i=l Xjbj, 1,s;;;; j .,;;;;;,p. 

Ecm1 a npocTpaHCTHe A oI1peaeJieHo cKaJIHpHoc 11pon:3ae
HeH11.c, ro KBap;par p-MepHoro o6'beMa IT. c 06paay10mHM11 
al, ... , Up paBeH onpe11.eJIHTeJIJO (pXp)-Ma'!'JlHil.hl rpaMa 
c <JJieMeHTaMll (a;, a1)· 

IIOHHTlle II. TeCHO CBH3aHO c TIOHHTHeM no11u6e1>mopa. 
Jlum.: [1] m Hp 0 K 0 B n. A., TcuaopHoe HC'!HCJ1CUHC, 

l:\aaaHb, 1961; [2) Be 11 JI e M II'. III e B n. B., l:\ypc 8lljl.JIHT11'Ie
cKOli reoMeTpHH n mmell:Holi aJire5phl, 3 11an., M., 1976; L3] II 11-
3 0 m., 3 a M a H c }( ll II M., Hype MaTCMaTHKH. AJireopa 
n aHaJJHa, nep. c cjlpaHI-1., M., 1971. JI. II. Hynt10B. 

IIAPAJIJIEJI03,!J;P - MHororpaHHHK, I1apaJIJieJibHhIM 
uepeHeCeHneM K-poro MOll\HO 33110JIHHTb 11JlOCTJl8HCTBO 
TaK, qTo6bl MHororpaHHRKlI He BXOllllJill µ,pyr B µ,pyra 

u He OCTaBJIHJ111 nyCTOT MClliAY co6o:li:, T. e. o6pa30BaTb 
pa36HeHHC IIJlOCTpaHCTBa. 11. HBJIH0TCH, uanp., Ry6 HJIH 
IIJlaBHJibHaH 6-yroJihH8H IIJIH3Ma. ToI10JiornqecKH paa
JIHqHblX ceroK pe6ep II. TIHTh (cM. pnc.). llHcJio ux 
rpaHeii:: 6, 8, 12, 12, 14. ,1.J,JIH Toro 'IT06bl MHororpaHHHJ\ 
6blJI II., Heofixop;HMO ll AOCTaTO'IHO, qT06bl OH 6blJI Bbl
IIYKJiblM MHororpaHHHKOM op;Horo H3 IIHTH yRa3aHHhIX 
TOllOJIOfHq. TllIIOB H qT06bl BC0 ero rpaHH HMeJI'H IJ,eHTpbl 
CHMMeTJlHH. IJ;eHTpbl 11. 06paay10r ToqeqHyJO pe111eTRy 
(cM. Bopo11020 munM peutemoi>). A. B. HBa'lioo. 

IIAPAJIJIEJlbHOE IIEPEHECEHIIE - H3oMop<Jimm 
CJIOeB HaJ( ROHil,aMH Xo H X1 KycoqHO rJiaAKOH KJIHBO:li: 
L (x0, x1) 6aabl M rJiaµ;Roro paccJioeHHoro IlpocTpaHCTBa 
E, oI1peaeJIHeMblli HeK-poli aaaaHHoii B E ceJ111nocmbw; 
B qaCTHOCTH, JIHHellHbIH H30Mop<JiH3M KacaTeJibHblX 11pu
CTpaHCTB T xo (M) H T xi (M), onpeJJ;eJIHeMblH BAOJih 
RpHaoil: L EM HeK-poli aaaaHHOH Ha M arfufiunnou ceJta
nocmblO. Pa3BHTHe IIOHHTHH II. n. HaqaJiocb c o6bl'IHoro 
rra paJIJieJIHaMa Ha eaRJIHAOBoii: IIJiocRoCTH E 2 , AJIH R-pofr 
<ti. MHHAHHr (F. Minding, 1837) yRaaaJI B03MOlliH.OCTh 
o6o6m;nTb ee Ha cJiyqaii: IloBepxHoCTH M B E 3 c I10Momb10 
aaeJJ;eHHoro HM IIOHHTHH paaaepTblBaHllH RpnBoll: L EM 
Ha IIJIOcRocTb E 2• 8To yKaaaHHe MHHAHHra I1ocJiylliHJio 
OTIIJl3BHblM IIYHKTOH 11.JIH T. JleBH-1IHBHTa [ 1], R-pblii:, 
o<JiopMJIHH aHaJIIITHtrecRn II. II. KacareJibHoro BeKTopa 
Ha IIOBepXHOCTH, o6HapylliHJI 3aBHCHMOCTb ero TOJibKO OT 
MeTpHKH IIOBepXHOCTH II Ha 3TOH OCHOBe o6o6m;n:JI ero 
cpaay Ha cJiyqaii n-MepHoro pn:MaHoBa IlpoCTpaHCTBa (CM. 
JleeuJ{ueuma CBJ!illtOCmb). r. Beii.Jih [2] IIOJIOll\llJI TIOHHTHe 
11. II. RaCaTeJibHOl'O BeKTopa B OCHOBY Oilpe)J;eJieHHH aif>-
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<jinHHOH CBH3HOCTll Ha rJiaAJWM MHoroo6paa1nr Jl;J. )l.aJih- rpyIIIIbI fOJIOHOMIH! II (JIOKaJibHO) IIJIOCKOH CBH3HOCT1r; 
HellJIUle o6o6m;eHI!H :JToro IIOHHTIUI CBH3aHb! c pa3BlrTHeM rrocJienHHH Tam1rn xapaKTepH3yeTCH paBeHCTBOM HYJIIO 
o6m;eii TeopHH CBH3HOCTeii:. i>pU6U3Hbl diop:Mbl. 

ITyCTb Ha rJiarrKoM MHoroo6paami M aanaHa a.f..f.HHHaH Jlum.: [1] Levi - c iv i ta T., «Rend. Circolo mat. P_a-" '*''*' lermo» 1917 t. 42, p. 173-205; [2] Wey 1 H., Raum, Ze1t, 
CBH3HOCTb c IIOMOmbro MaTp1rn;h! JIOKaJibHb!X <jiopM CBH3- Materie 5 Autl. B. 1923; [3] cart an E., «Acta math.», 1926, 
HOCTH: t. 48, p'. 1-42;. [4]' H 0 M H n 3 y I\., rpymlhl JIH H nmfHjJepeH-

IUlaJibHall reoMeTpHH, nep. c aHrJI., M., 1960; [5] Pa Illes-
ui = ri (x) dx", (J)Ji = rli·n (x) w", det Ir~ I i= 0. c K H ll: II. H., PHMaHOBa reoMeTpHll H T0H30PHhlll aHaJIH3, 3 H31\., 

M., 1967. IO. I'. JlyJ>tucme. 

fosopHT, qTo seKTop X0 ETx 0 (M) rroJiyqeH II a pa JI
JI e JI b H bl M II e p e H e c e H H e M H3 BeKTopa 
X1 ETx,(M) snoJib rJianKoii KpHBOH L(x0 , x1)EM, ecJIH 
Ha L cymecTByeT rJianKoe BEIBTopHoe rroJie X, coenHHH-
10nwe X 0 H X1 , TaKoe, qTo VyX=O, rne Y - rroJie Ka
cateJlhHoro BeKTopa KpHBOII L, a VyX - KOBapnaHTHaH 
IIpOH3BO)J;HaH IIOJIH x OTHOCHTeJibHO y' orrpeneJIHeMaH 
<jiopMyJioH 

wi (VyX) = Ywi (X) +wi (Y) w" (X). 

TaKHM o6paaoM, KOOpAHHaTbI ~;= wi (X) IIOJIH x AOJilRilb! 
ynollJiereopHTh BAOJih L cncTe~rn AH<ji<jiepeHnHaJibHhlx 
ypaBHeHHH 

d~i + ~"(tl~ = 0. 

113 JIHHeIIHOCTll <!TOH CHCTeMbI CJienyeT, qro IT. II. 'BAOJib 
[, onpeneJIHeT HeK-pb!:ii H30MOp<jJH3M Memny T Xo(M) H 
T x1 (M). TI. II. BAOJih Kyco'l.Ho rJianKoii KpHBoii oupene

JIHCTCH KaK cyueprroanqnH II. u. BAOJih ee rJiaAKnx Kyc
KOB. 

AaroMop<jJH3Mb! IIpocTpaHcrna T x ( M), orrpeneJIHeMhle 
TI. n. BAOJih aaMKHYTh!X KycoqHo rJiaAKHX KpHBb!x L (x, x), 
o6paayIOT JIHHe:iiHyIO 30J!OHOMUU zpynny <Dx; IIpH 8TOM <Dx 
u <Dx, acerna corrpHmeHh! Memny co6oil. EcJIH <Dx AHC
HperHa, T. e. ee KOMIIOIIeHTa ennHHJib! OAHOaJieMeHTHa, TO 
rouopHT 06 a<ji<jJHHHOll CBH3HOCTH c (JioKaJibHb!M) a6co
JIIOTHb!M rrapaJIJieJIH3MOM BeKTopoB, HJIH 0 (JIOKaJibHO) 
II JI o c Ko :ii c B Ha Hoc T 11. Torna IT. rr. rrpH JII06h!x 
Xu H X1 He 3aBHCHT OT Bb!6opa JIHHHH L (xo, xi) li3 OAHoro 
1macca rOMOTOIIHH; AJIH :JToro Heo6XOAHMO H /lOCTaTOqHo 
paBeHCTBO HYJIIO TeHaopa KpHBH3Hb! CBH3HOCTH. 

I-la OCHOBe TI. II. BeK'ropa orrpeneJIHeTCH II. II. KOBeKTOpa 
II, BOo6me, 1'eH3opa. fOBOpHT, qro IIOJie KOBeKTopa 8 
Ha L coseprnaeT rr a p a JI JI e JI 1> H o e II e p e H e c e
H 11 e, ecJI·H nJIH JI106oro eeKropHoro noJIH X Ha L, coaep
ma10mero IT. II., <jiyHKUHH 8(X) IIOCTOHHHa BnOJib L. 
Ruu6.m;e, rosopHT, qro rroJie TeHaopa T, Raup. THIIa (2, 1), 
coseprnaer rr a p a JI JI e JI h H o e II e p e H e c e H H e 
11noJI1> L, ecJIH nJIH JII06h!x X, Y H 8, coeeprna1011111x 
11. II., <jryHKUHlI T ( X, Y, 8) IIOCTOHHHa BAOJib L. ~JIH 
aruro Heo6xoniaMo H nocraroqHo, qro6hl KOMIIoHeHTbI 

rJk YAOBJieTBOpHJIH BnOJib L CHCTeMe nH<ji<jiepeHnHaJibHhIX 
ypasHeHn:ii 

IIucJie eaeneHnH S. KapraB:oM [31 IIpocrpaHCTB rrpo
eKTHBHoii H KOH<jiopMHOH CBH3HOCTeH B 1920-x rr. H 
o6meii KoHnerrnian CBH3HOCTH Ha MHoroo6pa3HH IlOHHTHe 
II. u. IIOJiyquJio 6oJiee o6mee conepmaHHe. B Ha1160Jiee 
o6rri;eM CMb!CJie OHO IIOHHMaeTCH rerrepb IIpH pacCMOT
peHHH CBH3HOCTeii B rJiaBHb!X paccJIOeHHb!X rrpocrpaH
CTBax HJIH rrp11coen1meHHbIX K HHM upocrpaHCTBax. Cy
mecr11yeT crroco6 orrpeneJieHHH caMoro noHHTHH CBH3-
uocru c noMomvro noHHTHH II. rr., K-poe rorna oIIpene
JIHeTcH aKcHoMarHqecKH. CBH3HOCTh, onHaKo, Momer 6h!Th 
:ial.(aHa aopuaonmaAbHbtM pacnpeae.n,enue.1o1, HJIH HeK-pb!M 
npyruM <iKBHBaJieHTHh!M crroco6oM, Harrp. ceaanocmu 
ifiop.11toii. Torna nJIH Kamnoii KpHBoii L (x0, x1) 6aah! M 
orrpeneJinrorc11 ee ropnaoHTaJibHbie rronHHTHH KaK HHTe
rpaJibIIbie KpUBh!e ropH30HTaJibHoro pac11peAeJieHHH Han 
L. II. u. Ha3. rorna OTo6pamemre, K-poe KoH11,aM JTllX 
lIO.HH'Olll B CJIOe Han X1 CTaBHT II CUOTBCTCTBUC JIX Apyrue 
KQH[\!>l II CJIOe Han Xo. AHaJiornqHo urrpeneJIHIOTCH IIOHHTllH 

IIAPAJIJIEJihHOE IIOJIE, Ko B a p 11 a HT Ho rr o
c T 0 H H H 0 e II 0 JI e,- IIOJie TeH30pOB A Ha MHoro
o6pa3Hli M c Jl'll.HeiiHoii CBH3HOCThIO v, nHBapnaHTHoe 
OTHOCIITeJibHO napaAJ!e.!!bHOZO nepenecenua BAOJib KpHBb!X 
Ha M. 8To oaHaqaeT, qTo AJIH JII06hlx ToqeK p, qE M TeHaop 
AP (aHaqeHHe TeHaopHoro IIOJIH A B ToqKe p) II.PH rrapaJI.~ 
JieJibHOM IIepeHeceHHH B TOqKy q BAOJib JI106011 rJiaAKOH 
KpHBO:ii, coep;nHHIOmeii: TOqKll p H q, IIepeXOAHT B TCH30p 
Aq. 

IloJie Teli:appos A 6yneT rrapaJIJieJibHbIM Torna H TOJibKo 
Torna, Korna ero KOBapHaHTHaH rrpo11asonHaH no Ha
rrpasJieHHIO JI106oro seKTOpHoro rroJIH X TomnecTBeHuo 
paBHa HyJIIO: VxA=O HJIH, HHaqe, Korna KOBapHaHTHb!ll 
AH!fllfiepeHnnaJI DA rroJIH A paseH Hymo. " 

MHomecTBo IT (M, V) rrapaJIJieJihHb!X rroJieH 06pa3yet 
rronaJire6py aJire6pb! scex TeHaopHb!X rroJieii: Ha MHoro
u6pa3HH M, HHBapHaHTHYIO OTHOCHTeJibHO CBepTOK TeH
aopHb!X IIOJie:ii H rrepecTaHOBOK HX HHAeKCOB. AJire6pa 
n (M' . V) ecTeCTBeHHb!M o6pa30M li30Mop<jJHa aJire6pe 
TeH3opoB B <jJHKCHpOBaJIHOH TOqKe p MHOroo6paa1rn M' 
HHBapHaHTHb!X OTHOCHTeJibHO onHoponuoii rpyIIIIb! rOJIO
HOMlili" f p CBH3~0CTH V B TO<IKe p. )l.JIH CBH3HOCTH C 
rroJIHOH rpyrrrroH roJioHOMHH f=GL (n, IR), rne n= 
=dim Af, aJire6pa TI(Af, V) rropomnaeTCH CHMBOJIOM 
KpoHeKepa 6/, AJIH pHMaHoso:ii CBH3HOCTH c rpyrrrroii 
roJIOHOMlill 0 (n) - 111eTp11q, TeH30pOM g= (g;j) H 06-
paTHb!M K HeMy TeHaopoM g- 1= (gi/), a AJIH pHMaHOBOH 
CBH3HOCTH c rpyrrrroii rOJIOHOMlili so (n) - TeHaopaMH 
g, g- 1 H n-<jiopMo:ii o6'heMa. OrrHcaHbI TaKme 06paay10m11e 
aJire6pb! rrapaJIJieJibHhIX AH<ji<jiepemi;HaJibHh!X <jiopM Ha 
rrp0113BOJibHOM IIpOCTpaHCTBe JIHHeiiHo:ii CBH3HOCTH 6ea 
I>pyqeHHH c JII06o:ii HerrpHBOAHMO:ii rpynrroii roJIOHOMIUI 
(5]. 

Oco6h1:ii HHtepec rrpenctaBJIHIOT TI. rr. AH<ji<jiepeHnn
aJibHh!X <jiopM B pHMaHOBOM MHOroo6paa1rn co CBH3HOCTbKJ 
JiesH-qHBHTh!. C Kamno:il: tarrnii <jiopMoii w acconnHpyeTcH 
(c IIOMOmhIO orrepanHH csepTKH) PHA JIHHeHHb!X onepa
TOpOB B rrpocTpaHCTBe AH<ji<jiepeHnHaJibHb!X <jiopM, rrepe
CTaHOBOqffb!X c orrepaTopoM EeJibTpaMH - JiarrJiaca ft!., 
Harrp. orrepaTOphr BHyTpeHHero H BHerrrnero yMHomeHHH 
Ha <jiopMy oo HJIH orrepatopb! optoroHaJibHoro rrpoeKTH
poBaHHH Ha HHBapHaHTHb!e OTHOCHTeJibHO rpyrrrrhl ro
JIOHOMllli rronrrpocTpaucTBa rrpoctpaHCTBa AH<ji<jiepeHnH
aJihHb!X <jiopM. MayqeHHe ::nHx orrepatopos rroasoJineT 
rroJiyqHTh oneHKH AJIH paaMepHocteii rrpocTpaHCTB rap
MoHllq. <jiopM pa3JIHqHb!X CTerreHeii, T. e. (B KOMIIaKTHOM 
cJiyqae) AJIH qHceJI EeTTH MHoroo6pa3HH M (cM. (4)). 
Han6oJiee conepmaTeJibHaH TeopHH (c~r. X oih!ca meope.,,w) 
pa3BHTa AJIH I{aJiepOBb!X H KBaTepHHOHHbIX pHMaHOBbIX 
rrpOCTpaHCTB, B K-pb!X Bcerna HMeeTCH TI. II. 2-<jiopM H, 

COOTBeTCTBeHHO, 4-<jiopM. JI106aH rrapaJIJieJihHaH AH<ji<jie
peHnHaJibHaH <jiopMa B pHMaHOBOM rrpoctpaHCTBe rapMO
HliqHa. B KOMIIaKTHOM CHMMeTpHqecKOM pHMaHOBOM 
rrpoCTpaHCTBe ee.pHO ll o6paTHOe: JII06aH rapMOHllq, 
<jiopMa rrapaJIJI0JibHa. IImlTOMY KOJibUO Beni;ecTBeHHb!X 
KOfOMOJIOrllH KOMIIaKTHoro CHMMeTpliq, IIpOCTpaHCTBa 
H30Mop<jJHo KOJibUY IIa paJIJieJibHb!X n11<ji<jiepeHn11aJibHb!X 
<jiopM. 

IToJie TeHaopoB A HBJIH0TCH II. II. OTHOCHTeJihHO HeK-poii 
JIHHeiluoii CBH3HOCTH v TOf)Ja ll TOJibKO Torna, Korp;a 
OHO ll H qi H H ll T e 3 ll M a JI b H 0 0 n H 0 p 0 n H o, T. e. 
irnrna B Kamnoii TOqKe p ~moroo6pa3nH M cymecTsyer 
perrep, OTHOCHTeJibHO K-poro TeHaop A p l!MeeT <jinKCH-
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poBaBHhle Koop11:1rnaThl A.\: ... ii~' He aaBHCHmne oT 

TOq}(ll p. B <lTOM CJiyqae MHomecTBO perrepoB, OTHOCH
TeJibHO K-phrx TeH30phl Ap, p EM, HMeroT Koop11:IIHaThl 

A',·., ·· · •3'.k, 06pa3yeT G-cTpyKTYPY, T. e. rJiaBHoe rro11:pac-
' .. . l 

CJIOeHHe p (A) paccJioeHHH perrepoB co CTpyKTypHoii: 
rpyrrrro:U G, HBJIHromeiicH cta6liJIH3aTopoM ToqKH AP rrpH 
11:eicTBHH rpyrrrrhl G L (n, R) B rrpocTpaHCTBe TeHaopoB. 
IIoJie A rra paJIJieJibHO OTHOCHTeJibHO JII06o:ii CBH3HOCTH 
B G-cTpyKType P (A). B qacTHOCTH, Jiro6oe ceqeHHe pac
cJioeHHH p (A) (ecJIH OHO cymecTByeT) aa11:aeT CBH3HOCTb 
c HyJieBoii KpHBH3HOH, OTHOCHTeJibHO K-poii IIOJie A 
rra paJIJieJibHO. 

BoJiee CJiomHhlM HBJIHeTCH BOIIpoc 0 cymecTBOBRHHH 
CBH3HOCTII 6ea KpyqeHJrn, OTHOCHTeJibHO K-poii 11:aHH00 
11mpHHI1Te3HMaJibHO 011:Hopo11:Hoe rroJie rrapaJIJieJibHO. EcJIH 
IIOJie A HBJIHeTCH IICeBll:OpHMaHOBOii: MeTpHKOll, TO TRKaH 
CBH3HOCTb (c B H 3 H 0 c T b JI e B ll-q ll B Ii! T a) BCer11:a 
cymecTByeT ll e/J;llHCTBeHHa. 0Ka3b!BaeTCH, qTO 3TOT CJiy
qafi HBJIHeTCH HCKJIIOqllTeJibHhlM: ecJIH /l:JIH HeK-poro 
TeH30pHoro IIOJIH A cymecTByeT e11:HHCTBeHHaH CBH3HOCTb 
6ea KpyqeHHH, OTHOCHTeJibHO K-poii OHO rrapaJIJieJibHO, 
TO CTpyKTypHaH rpyrrrra G G-cTpyKTYPhl P (A) HBJIHeTcH 
rrceB11:oopToroHaJibHOil rpyrrrroii ll, CJie/l:OBaTeJibHO, c 
IIOJieM A KaHOHHq. o6pa30M acCOil,IIHpyeTCH rrceBll:OPHMa
HOBa MeTpHKa (7]. ,Il.JIH umpoKoro KJiacca I1HcpI1HIITe3H
MaJibHO OJ1:HOpo11:HbIX TeH30pHbIX IIOJieii: A HaJIHqHe CBH3-
HOCTH 6ea KpyqeHHH, OTHOCHTeJibHO K-poii IIOJie rrapaJI
.rreJibHO, BJieqeT aa co6oii HHterpHpyeMocTb rroJIH A, T. e. 
cymecTBOBaHlle JIOKaJibHOll CHCTeMhl KOOPll:llHaT, B K-poii 
Koop11:11HaThl IIOJIH A IIOCTOHHHhl. 8To BepHo, Harrp., /l:JIH 
rroqTll KOMIIJieKCHO:ii CTpyKTypbr, rroqTll CHMIIJieKTilq. 
cTpyKTyphl H /l:JIH Jiro6oro rroJIH A, /l:JIH K-poro cTpyK
TypHaH rpyrrrra G paccJioeHHH P(A) HerrpHBOJ1:HMa H He 
rrpHHa11:JiemllT H3BeCTHOMY CIIHCKY HerrpllBO/l:llMhlX rpyrrrr 
roJIOHOMllll rrpocTpaHCTB JIHHe:iiHOM CBH3HOCTII 6e3 Kpy.
qeHllH (5). 

Jlum.: [1] H 0 6 a II c H III., H 0 M H n 3 y H., OcHOBhl nmjJ
!jiepeHuHaJibHOll reoMeTPHH, rrep. c aHrJI., T. 1-2, M., 1981; [2] 
JI H x Hep 0 B H q A., TeopHII CBII3HOCTell B ueJIOM H rpyrrrrh! 
roJioHoMltll, rrep. c !jipauu., M., 1960: [3] 'I m a H h III a H
ru a H h, HoMrrJieKCHbJe MHoroo6paaHH, rrep. c aHrJI., M., 1961; 
[4] Chern S. S., B KH.: Algebraic geometry and topology, 
A symposium rn honor of S. Lefschetz, N. Y., 1957, p. 103-21; 
[5] Berger M., «Bull. Soc. math. France», 1955, t. 83, p. 279-
330; [6] K o b a y a s h i S., Transformation groups in differen
tial geometry, B.-Hdlb.-N. Y., 1972: [7] Kobayashi S., 
Nagano T., «J. Math. Soc. Japan», 1965, v. 17, .M 1, p. 81,-
101. P.. B. A.n,enceeBcnuu. 

llAPAJIJIEJibHOCTH AKCHOMA - aKcHoMa, orrpe-
11:eJIHromaH COOTHOIIIeHHe rrapaJIJieJibHOCTH B pa3JIHqHbIX 
reoMeTp1rnx. CM. II apa.tt.tte.ttb1tble npsiMble, II simblii no
cmy.ttam. 

llAPAJIJIEJibHblE JIIIHIIII - /l;llcpcpeoMopcpHbie rna11:
KHe JIHHHH B rrpocTpaHCTBe, HMerorrurn B COOTBeTCTBy
IOIIIIIX TOqKax napaJIJieJibHhle KacaTeJibHhle. TaKOBbl, 
Hanp., rJia/l:KHe KOMIIOH0HThl 3KBH/l:HCTaHTHhlX JIIIHHH Ha 
rrJiocKoCTH (cM. fhouaucmanma) - oHH xapaKTepIIay
IOTCH TeM, qTO paCCTOHHI!e Mem11:y COOTB0TCTBYIOIIl,llMH 
TOqKaMH paBHO paCCTOHHHIO Mem11:y COOTB0TCTByIOID;IIMH 
KacaTeJibHbIMH. IIpHMep II. JI. B TpexMepHoM rrpocTpaH
CTBe: ecJIH J1:B0 rroeepxHocTH HaXO/l:HTCH B II emepcona 
coomoemcmouu H HMeIOT o6myro corrpHmeHHyro ceTb, 
TO JillHIIH 3TOH ceTH HMeIOT rrapaJIJieJibHble KacaTeJibHhle. 

II. JI. rrpocTpaHCTBa En, HMeromHe rra paJIJieJibHhle Hop
MaJIH 11:0 rropHll:Ka m~n <n, pacrroJiomeHhl B HeK-poM 
rro11:rrpocTpaHCTBe En - m. 

)J.JIH JIHHeii:Horo ceMeHCTB8 IIJIOCKIIX BhlllyKJibIX Il. JI. 
(T. e. BhlrryKJibIX JlllHHH, pa11:11yc-BeKTOp K-phlx JIIrne:iiHO 
aaBHCHT OT rrapaMeTpa e) crrpaBe/J;JIIIBR T e o p e M a 
B p y H B a - M H H K o B c K o r o: mrnm;all:h 06JiacTI1, 
HMII orpaH11qeHHaH, HBJIHeTCH BOrHyTOH cpyltKD;lleii napa
MeTpa e. 

06ofiru,emrn IIOHHTHH rra paJIJieJibHOCTH Ha cJiyqafi JIIl
Hllii, pacrroJiomeHHhlx B rpyrrrrax JIH, rroJiyqaeTcH c 
IIOMOII,blO IIOHHTIIH <lKBIIIIOJIJieHTHOCTH BeKTOpOB. 

P.. P.. ConOJ10B. 
llAPAJIJIEJibHbIE IIOBEPXHOCTH - 11;ncpcpe0Mopcp

Hhle, 011:11HaK0Bo opHeHTHpoBaHHhle rroBepxHoCTH F1 n F2 , 

K-pb!e llMeIOT B COOTBeTCTBYIOIIl,llX ToqKax rrapaJIJieJibHhle 
KacaTeJibHbJe IIJIOCKOCTII, rrp11qeM paccTOHHHe h Mem11:y 
COOTBeTCTBYIOIIl,IIMH ToqKaMH F 1 Ii! F 2 IIOCTOHHHO Ii! paBHO 
paCCTOHHlllO Mem11:y COOTBeTCTBYIOID;HMJI KacaTeJibHhlMU 
rrJiocKOcTHMH. Pa11:Hyc-BeKTOphl r 1 H r 2 II. rr. F 1 H F2 
CBH3aHhl COOTHOIIIeHHeM: r2-r1=hn, r11:e n - 0J1:1i!Hlilqllb!IJ 
BeKTop HopMaJIH, OJ1:HH H TOT me ll:JIH F 1 n F 2• 

TaKHM o6paaoM, MomHo orrpe11:eJIHTh 011:HorrapaMeTpHq. 
ceMeiicTeo Fh rroBepxHocTeii, rrapaJIJieJibHhlX 11:aHHoii 
F= F0, rrpHqeM peryJIHpHoCTh F h uMeeT MecTo /l:JIH 11:0-
CtaToqHo MaJihlX 3Haqeu11ii h, y11:0BJieTBOpHIOru,IIx Hepa
BeHCTBY 

w(h)=1-2Hh+Kh2 > 0. 

3HaqeHIJHM KOpHe:ii hi ll h2 ypaBHeHllH w(h)=O COOT
BeTCTByIOT rroBepxHoCTH F hi H F h., HBJIHIOm;HeCH 3BO
JIIOTaMH rroBepxHocTH F, taK qTo II. rr. 11Me10T o6myro 
aeoJiroTy. Cpell:HHH Hh H rayccoBa Kh KpHBH3HbI rroBepx
HOCTH Fh, rrapaJIJieJihHOii: F, CBH3aHhl c COOTBCTCTByro
mHMH BeJinqnHaMH H II K /l:JIH F COOTHOIIIeHHHMH 

H-Kh K 
Hh= w (h) 'Kh=W(ii)' 

JIIIHHII KpI1Bll3Hhl II. II. COOTBeTCTBYIOT 11:pyr 11:pyry, Tai\ 
qTo Mem11:y HllMII HMeeTCH COOTB0TCTBHe KoM6ecmopa, 
HBJIHIOIIJ;eeCH qacTHhlM cJiyqaeM IIemepcona coomeemcmflllsi. 

H. X. CanumoB. 
llAPAJIJIEJibHblE IIPHMblE B e B K JI IJ 11: o B o ii: 

r e 0 M e T p Ii! ll - rrpHMbie, K-phle JiemaT B O/l:HOH IIJIO
CKOCTH n He uepeceKaIOTCH. B a6co.tt10m1wii zeo.Mempuu 
qepe3 ToqKy' He Jiemamyro Ha 11aHHOH IIpHMOH, rrpoXO/l:HT 
xoTH 6b1 ouHa upHMaH, He rrepeceKaroru,aH 11:aHByro. B ee-
1>.ttuaoooii zeoJtt.empuu cyru,ecTByeT TOJihKO 011:Ha Tal{aH 
rrpHMaH. 8TOT cpaKT paB
HOCHJieH nsimo.My nocmy
.ttamy EBRJIHll:a (o rrapaJI
JieJibHbIX). B .llo6a<teoc1>0-
zo zeo.Mempuu B IIJIOCKOCTH 
qepea TOqKy C (cM. pHc.) 
BHe 11:aHHo:ii upHMoii: AB 
rrpoXO/l:IIT 6ecROHeqHoe 
MHomecTBO upHMhlX' He 

F 

A 

F 

B 

rrepecel{arom;Hx AB. Ha HIIX n a p a JI JI e JI h II hl M n 
I{ AB IIa3. TOJibKO ll:Be. IIpRMaH CE Ha3. rrapamreJibHm':J 
rrpHMOH AB B HarrpaBJieHHH OT A R B, ecJIH 1) ToqR11 B 
H E JiemaT no Oll:HY cTopoHy oT rrpHMoii AC; 2) rrpHMaH 
CE He rrepecel{aeT rrpHMyro AB; BCHRHH Jiy<I, rrpoxo11:H
m;nii BHyTpn yrJia ACE, rrepeceKaeT Jiyq AB. AHaJio
r11qHo oupe11:eJIHeTcH rrpHMaH CF, rra paJIJieJihHaH R AB 
B HarrpaBJieHHll oT B R A. BCB-3. 

IIAPAJIJIEJibHblfi llEPEHOC - qacTHbiii cJiyqaii: 
aouJ1Cenusi, rrpH R-poM Bee ToqKH rrpocTpaHCTBa rrepeMe
maroTcH B O/l:HOM Ii! TOM me HarrpaBJieHHH Ha O/J,HO H TO me 
paccTOHHHe. l:IHaqe, ecJiu M - rrepBoHaqaJibHoe, a M' -

--+ 
cMemeHHoe rroJiomeHHe ToqK11, To BeKTop MM' - O/l:llH 
ll TOT me /l:JIH Bcex rrap TOqeR, COOTBeTCTBYIOID;llX 11:pyr 
11:pyry B 11:aHHOM rrpeo6pa30BaHIIll. 

Ha rrJiocKoCTH II. rr. BhlpamaeTcH aHaJIHTHqecK11 B 
rrpHMoyroJibHOH CHCTeMe Koop11:11HaT (x, y) IIpH IIOMO!Il,l! 

<JiopMyJI 

--+ 
r11:e Bel{Top MM'=(a, b). 

CoBoKyrrHoCTh scex II. rr. o6paayeT rpyrrrry, R-paH B 
eBRJill/J,OBOM rrpocTpaHCTBe HBJIHeTCH rro11:rpyrrrroii: rpyrrrrhl 



211 IlAPAMETPA BAPUAQHH METO.U 212 
ABHlReHHH, a B a<l>lfiHHHOM - noArpynnoft rpymihI a<P- 3iiJiepa - Kornn c maroM h k-1 (npu F (3·, A)= P (x)-
<l>nHHbtX npeo6paaoBaH11ii. A. B. H•alioH. -(1-J.)P(.r0), }.0-0 n }.*-1) HBJIH!'TCI! MeTCJAOM 3-ro 

IIAPAMETPA BAPHA~HII METOA - MeTOA rrpn6Jin- nopHAKa TOqHOCTH n nMeeT cJieAyronwii BHA: 
meHHOrO pememrn HeJIHH0HHhIX (H JIHHeHHhIX) <l>YHKIJ,HO- 1 
HaJibHhIX H orrepaTOpHhIX ypaBHeHHH B 6aHaXOBhIX rrpo- Xi+i =Xi-2 [f (x;)+r (xi-r (x;) p (xi))] p (x,.), 
cTpaHCTBax y= P (x), x EX, y E Y, a TaKme AJIH KaqecTBeH- 0 2 , 1 
HbIX HCCJieAOBaHHH. II. B. M. COCTOHT B TOM, qTO ypaB- i= ' 1• ' ... ; f(x)=[P (x)J-. 
HeHne p (x)=O, rAe orrepaTop p (x) HenpepbIBHO p;n<P<Pe- KalRAbIH M0TOA q11cJieHHOfO HHTerpnpoBaHHll nopOlRAa0T 
peHll,HpyeM ITO <l>peme AO rrymHoro IIOPHAKa, HJIH HeK-pbill CBOH HTepau.noHHbIH II. B. M. BbICOKoro IIOPHAKa TO'l-
HeJIHHeHHbIH <l>YHKIJ,HOHaJI l'.D (x), CBH3aHHbIH c pemeHH0M IIOCTH, np11qeM 6e3 IIpHBJieqerrHH ITpon3BOAHb!X p (.x) 
3T0f0 ypaBHeHHH, 0606111,aIOTCH ITyTeM BBe)leHHll BCITO- ITOPHAKa Bblllle ITepBo.ii:. 
MoraTeJibHOfO qncJIOBOfO (HJIH 06111,ero <l>YHKIJ,HOHaJib- McrrOJib30BaIIHe MeTOAOB q11cJierrrroro HHTerp11poaamrn 
aoro) napaMeTpa J., rrpHHHMa10111,ero 3Haqemrn aa Ko- B ITPHMOM II. B. M. coBMeCTHo c KoppeKTnpoBKo.ii: pe3yJih-
HeqHoM HJIH 6e~KOHeqrroM rrpoMemyTKe Ao<;/...;:;:}.•' TaK: TaTOB ITOCJie KalRAOfO mara c IIOMOIIJ,bIO HTepa11,HOIIHOfO 
F(x, J.)=0, rAe F(x, A), xEX, 1..0 ..;:;:J..;:;:J.*,- OITepaTop II. B. M. (KoM6HHHpoaaHHhlii II. B. M.) npeAcTaBJIHeT 
('O :maqerrHHMH B y' TaR qTo p (x)= 0 IIOJiyqaeTCH ITPH co6oii OAHH H3 HaH6oJiee a<P<PeKTHBHb!X M0TOAOB perueH:irn 
J.~}.•: F(x, J.*)=P(x), a ypaaHeHne F(x, J.0)=0 Jier- HeJIHH0HHbIX 3aAaq. 
1\0 pa3pemaeTCH HJIH H3BeCTIIO ero pemeHHe 'o· IlpH 3TOM II. B. M. )J;OCTaTO'IHO xopomo paapa6oTarr H HCCJl01J.OBaH 
npeAnoJiaraeTcH, qTo oITepaTop F (x, A) rrenpepbIBIIO AJIH mnpoKoro KJiacca 3a11.aq, IlepBoHaqaJibHO oH 6hlJI 
1111<1><1>epem-1npyeM (B CMbiCJie <l>perne) ITO x H A, T. e. cy- . rrpeAJIOlReH AJIH CHCTeM aJire6panq, H TpaHCI\eHAeHTHbIX 

JI\0CTBYIOT Henpepb!BHble qacTHhle npoH3BOAHbie F;(x, A) ypaBHeHHii, Hf!.TerpaJibHbIX ypaaHeHHH, AH!filfiepeH11,na.Jtb-
HbIX ypaBHeHHH o6bIKHOB0HHbIX H c qacTHbIMH ITpOH3BOIJ.-

H F~(.x, A), n 'ITO cy111,ecTayeT HerrpepbIBIIblii onepaTop IIbtMH, a 3aTeM AJIH pemeHHH 6oJiee 06111,11:x HeJIHHelirrhlx 
r(x, A)=[F;(x, A)]- 1 113 y Bx. ,Il,JIH IIOCTpoemrn perne- H onepaTOpIIbIX ypaBHeHHH. M3ytJeHbI ycJIOBHH, npn 
HUH .r (A) ypaBHeHHH F (x, A)= 0 Ha BceM HHTepaaJie J.0 ...;:;: 1\-pbIX rapaHmpyeTcH pa3pernnMOCTh ypaaaemrn P (x)= 0 
.;:;'.A .;:;'.A"' CTpOUTCH COOTBeTCTRy10111,aH AH<l><l>epeH!\HaJtbIIaH H B03MOlRIIOCTb IIOCTpoeHHH ero pememrn HIITerpnpo-
3aAatJa (3aAatJa Kornn) B npeAilOJtomemrn, '!TO x (A) rre- BaHneM 3aAatJH I\oum (2) Ha HHTepBaJie [J.0 , A*] n ycTa-
npepbIBHo An<P<PepeH11,npyeMaH <l>YIIKll,HH eo :matJrrrnl!Mn rroBJlemrn o6JiaCTH ero pacnoJiomem.rn. MaytJeHbI ycJIOBHH 
B x' onpeAeJIHeMaH 3THM ypaBHerrneM: CXOAIIMOCTH H AaHbl 011,eHKH norpenIIIOCTH. McCJI0,I(OBaHbI 

(1) 

HJIH 

dx ' 
<11., =- r (.x, A) F~. (.r, J.), (2) 

11HTepBaJI [A, A*] pa3unaaeTcH TOlJI\aMII A.0 <J.1 <f..2 < 
< .. . <J.n=A* Ha 6oJiec MCJIJ\He ITOAHHTepRaJih! AJII!Hbl 
hk=f..,.-Ak-i. k=1, 2, ... , n, n R 3aAaqe Koum (2) 
( llJIH ( 1)) up!IMeHHIOTCH MeTOAbl qHcJieHHOfO HHTerpn
poBaHHH o6bIKHoBeHHbIX AH<Ji<l>epeH11,naJibHbIX ypaaHeH11ii: 
c marm1 hk (HJIH HeCROJlbRO TaRHX M0TOAOB). B pe3yJih
TaTe TtJIR rrocTpoeHHH pemeHHH x(A) ypaaHeBHH F(x, A)=O 
IlOJiyqaIQTCH IT. B. M. COOTBeTCTBYIDII\HX THITOB. IlocTpOeH
HOe 3HaqeHne x (A*) 6yAeT perneH11eM ypaauemrn P (x) =0. 

P " dx 
eIIIeHil0 Ha KalRAOM mare JIHH0HHhIX OTHOCHTeJibHO dX 

3a11.aq BHAa (1) HJIII 06pa111,eHne JIHrre.ii:HbIX orrepaTopoB 

F;(.r, A) B (2), HJIH rrocJieAoBaTeJibHaH anrrpoRcnMal\I1H 
o6paTHoro onepaTopa r (x, A) npoBOAHTCH pa3JIH'IHbIMH 
MeToAaMH HJIH orrHTb-TaKI1 II. B. M. 

IIIarH hk ar.16npaIOTCH pa3JIHqHbIMH c11oco6aM11, rrarrp. 
113 ycJIOBHH MIIHHMyMa BOpMb~ HeBH3KH liP (xk+1)1/ KaK 
IJiyrrKIJ,IIH MHornx, aoo6ru;e roaopH, rrepeMerrrrhlx. IT pn 
3TOM alfi<l>eRTIIBIIbIM HBJIH0TCH TaRme COBM0CTIIblll Bhl6op 
htt H CB060AHbIX rrapaMeTpOB MeTOAa qncJieHHOfO HIITe
rpnpoaaHHH, rranp. Pynee - Hymma .Memoaa s-ro rro
PHAKa TO'IHOCTU, HCilOJib30BaHue KOpHeii ITOJIHHOMOB 
1J e6h!meaa n 6JIH3RHX K HIIM n AP· 

3aAaqa Kornn (2) CJIYJKHT He TOJib'KO cpeACTBOM AJIH 
onpeAeJieIIHH rrpHOJIHlReHHOfO pemeHUll paccMaTpHBa-
0MOfO ypaBHeHIIH, HO II 11.JIH AOKa3aTeJibCTBa cy111,ecTBO
BaHHH caMoro pemerrHH. l13yqeH PHA pa3JIMqnblx crro
co6oa BBeAeHIIH rrapaMeTpa A. B KatJeCTBe q11cJI0Boro 
rrapaMeTpa A MOlReT 6bITb HCITOJib30BRH TaRme H OAHII 113 
ecTeCTBeHHbIX rrapaMeTpOB, COAepmaII\IIXCH B paccMaT
p1rnaeMoii 3aAa'le. 

B 3aRHCHMOCTH OT crroco6a aaep;eHIIH rrapaMeTpa /.. 
IT. B. M. HBJIHeTCH rrpHMbIM IIJIH HTepaIWOHIIbIM MeTO)J;OM. 
CoaMecTHOe npnMerreHue rrpHMoro Iii nTepa11,110RHoro 
MPTOAOB Ha3. ROM6irnnpoBaHHbIM II. B. M. Harrp., HTC
paI\HOHHhlll MeTOA nma ycoBepmeHCTBOBarrrroro M0TO)J;a 

TaKme BOIIpOCbI npnMeHeHHll II. B. M. AJIH 06pa111,eHHH 
H IlC0BA006parn,eHHH JIHH0HHbIX onepaTopoB, IIOCTpoeHHH 
nceap;opemeHHH (n pemeHIIH) JIHHeHHbIX lfJYHKIJ,HOHaJib
IIbIX ypaBHeHHH c MIIIIHMaJibIIbIM yKJIOHeHI10M no HOpMe 
(B 3aAaHHOM ITOAITPOCTpaHCTBe) OT HaqaJibHOro 3HaqeHHH, 
cyMMI!poBaHHH orrepaTOpIIbIX PHAOB H UOCTp00IIHll H0K-pbIX 
KJiaCCOB rrpoeKTOpOB, orrpeAeJieHHll Ha'laJibHbIX rrpn6JI11-
lKerr11ii AJIH 11Tepa11,noHHbIX rrpol\eccoB, perneHIIH onepa
TOpHbIX AH<l><JiepeIII\HaJibHbIX ypaBH0HHM H 3aAalJ JIHHeii
HOH aJire6pb1, }.\Jiil AOKa3aTeJihCTBa pa3pemHMOCTH HeJin
HeiiHhlx CHCTeM, CBH3aHHbIX c Bap11au.110HHbIMII 3aAalJaMII, 
H IlOCTpOeHI!ll HX pemeHHH, MIIHIIMII3al\HH <l>YHRI\IIOHaJIOR 
n MHor11x p;pyrax. l13y'l0Hbl o6mnpHbie RJiaccbI a<P<PeK
THBHbIX MOAn<1>1rnal\IIM II. B. M., B TOM lJHCJie H c ITOCJiep;o
BaTeJibHOH arrITpoRcnMal\11eil: o6paTHoro orrepaTopa r (x, A) 
HJllI f (x). l13y'leHhI TaRJ-1\0 IIIIIpOKHe RJiaCCbI 3aAatJ 
B0TBJieHHH H HeJ111HeHHbl0 3ap;aq11 Ha co6CTBeHHbl0 3IIa
qeHIIH. (Bnp0'10M, CJiy•rnii: BeTBJl0HIIH MOiR0T 6bITb 6Jio
RHpOBaH APYfHM crroco6oM aiienemrn na paMeTpa A 11JI11 
uyTeM BBeAeIIHH AOIIOJIHHTeJ!bHOl'O rrapaMeTpa T.) IT. B. M. 
nccJieAOBaH TaKme KaK M0TOA «rpaAH0HTH0fO)) THITa, a 
TaKIBe 6e3 rrpeAITOJ!OlReHHH cyrn,ecTBOBaHIIH f (x). 

CM. TaRme Ilpo80.llJ1CeHuR no napa.Mempy Memoa. 
.num. [1] .u a B H ll e H H 0 .JJ:. <I>' «.UOHJJ. AH CCCP», 1953, 

T. 88, .Ne 4, c. 601-02; [2] er 0 )f( e, «YHp. MaTeM. )f(.», 1955, 
T. 7, c. 18-28, [3) r a By pH H M. K., «lfae. BY3oe. MaTe
MaTHHa», 1958, M 5, c. 18-31, [4) TI 0 JI" H E. T., «IB. Bb)qHCJT. 
MaTeM. H MaTeM. lj>H3.», 1964, T. 4, No 6, c. 995-1005; [5] .u a B H
ll e H H o ,U. <I>., «.JJ:OHJT. AH CCCP», 1965, T. 162, M 3, c, 499-
502; [6) M H X JI H H C. r., 'l.HCJieHHaH peaJIH3al(HH BapHal(HOH
HhlX MeTO/lOB, M., 1966; [7) KI e in mi ch e I H., «Math. 
Nachr.», 1968, Bd 37, H. 5/6, S. 313-43; [8) R pa c Hoc e JI b
e H H tt M. A. [H ll p.]l TipH6JIH>RCHHOe pemeaue onepaTOPHhlX 
ypaeueHHli, M., 1969; (9 JI H Ha .u. K., Ill a If> He B P. A., 
«H3B. AH MOJI)l. CCP. Cep. lj>H3.-TeXH. H MaTeM. HayH», 1970, 
No 2, c. 13-18; [10) )!\ H ll H 0 B E. TI. [H /lp.l, «<1>H3HHa ~Jie
MeHTapHbIX qacTHl( H aTOMHOro H/lpa», 1973, T. 4, B. 1, c. 127-66; 
[11) .u a B H ll e H H 0 .u. <1>., «lR. BblqHCJJ. MaTeM. H MaTeM. lj>H3.», 
1975, T. 15, M 1, c. 30-47; [12) 0 p Tera .r:i: )f(., p e It H-
6 o JI A T B., HTepal(HOHHbie Me'l:O/lhl pemeHHH HCJJHHefiHb1x cHCTeM 
ypaeHeHHl\ cu MHOrHMH HeuaeecTHbIMH, nep. c aHrJJ., M., 1975, 
L13) Re JI n e p r .. n HH. MeTOAhl e&1qHcJJHTeJJ&Hol\ H npH1<.11all
HOll MaTeMaTHHH, B. 2, HOBOCH6., 1977, c. 6-36; [14) ,Uaeu
ll e H Ho ,U. ct>., e HH.: MaTeMaTHqecHoe nporpaMMHpoeaHHe u 
CMe>RHbJe BOOPOCbJ. Bbl'll!CJJHTe.JlbHble MeTOl(bl, M., 1976, c. 187-
212; [15) ROJJH/(3 JO. B., CuropCHHil B. TI., «Rn6ep-
11eT1rna», 1980, No 3, c 24-28. /1.. <P. 11.aauae1i110. 

IIAP AMETPHKCA METOl); - O)J;HH 113 M!'TOAOB li3y-
1JeIIIrn Rpaeawx sap;atJ AJIH p;n<PIJieperrl\naJibHbIX ypaa-
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rreauli c rrepeMeHHbIMJ{ Koaqitfin:u,Hl'HTaMrr c IlOMO!lJ,bIO HH·· 
TerpaJibHb!X ypaBHeHllii:. 

IlycTb B Ka1rnii:-Jin:60 o6JiaCTH G n-MepHoro eBJ\JIHAOBa 
npocTparrcTBa IRn paccMaTpHBaeTc11 3JIJIHilTH'I. ,a;n:qitJie
peHu,HaJibHhlii. onepaTop nop11,a;11a m 

L (x, D)= ~ aa (x) Da. (1) 
-""I a I ,,;;: m 

B paBeHcTBe (1) CHMBOJIOM a o6oaHa'leH MYJihTHHH,a;eKc 
a= (a1, a2, ... , an), r,a;e a1 - HeoTpHU,aTeJibIIhle u,eJihle 

'IHCJia, lal=a1+· . . +am Da=D~• ... D~n, D 1=-i a~ . 
Ram,a;oMy orrepaTopy (1) COIIOCTaBJilleTCll o,a;HopOIJ:H~II 
aJIJIHIITH'l. onepaTop 

Lo (x0 , D) = ~ aa (x0 ) Da. 
-""1 a l=m 

c IIOCTOllHHhlMH 11m14>clmu,n:eHTaMH, r11:e x0 E G - npmrn
ROJibHa11 qmKCHpOBaHHall TO'IKa. IlyCTb 8 (x, Xo) o6o3Ha
'IaeT 4>YHIJ:aMerrTaJib1rne penrnrrHe orrepaTopa L 0 (xD, D), na
paMeTpH'lecKH 38BHC11m;ee OT Xo, TOr11a qiyrrm:~HH E (x, Xo) 
rraa. rr a pa Me T pH K co M orreparopa (1) c oco6err
HOCTbIO B TO'IKe Xo. 

B 'laCTHOCTH, 1J:JI11 3JIJIHIITH'I. onepaTopa 2-ro rropHIJ:Ka 

~n az 
L(x, D)= .. aij(x)~+ 

r.,J=l uXi'u:tj 

+ ~~ b· (x) _aa. +c (x) 
~r.=1 l x, 

B J\a'leCTB0 rrapaMeTpHKCa c ocofieHHOCTbIO B TO<Jl\e y 
MOiI\eT 6hITb B311Ta qi y H K u. H II .JI e B H: 

( 1 . [R (x, y)J 2 -n, n > 2, ( ) t (n- 2) Oln YA (y) 
E x, y = (2) 

/ InR(x,y), n=2. 
2n A (I/) 

B paBeHcTBe (2) w,.=2nn/ 2 /r(n/2), A (y) - orrpel:(eJIH
TeJib MaTpHU,hl 11au (Y)ll, 

R (x, y)= ~~ i=t A;1 (y) (x;-y,-) (x1-Y1), 

A iJ_(y) - aJieMeHThl MaTpHU,hl, ofipaTHoii: K MaTpHu,e l[a;1(y)ll. 
IlycTb S x. - HHTerpaJibBhlH orrepuop 

(S 4p) (x) =~Ge (x- y, x0) <p (y) dy, (~) 
11:eiicTByromn:ii Ha tfiyHRu,H11x n:a C 0 ( G), n 

Tx0 =Sx0 [L 0 (x0 , D)-L(x, D)]. 

IloCKOJibKy, B CHJiy orrpe,a;eJieHHll 4>YHA8MeHT8JILHOfO 
pem0Hn11, 

L 0 (x0 , D) Sx0 =Sx0L0 (x0 , D)=l, 

rl:(e I - T01R/WCTB0HBhlH orrepaTop, To 

I=Sx0 L (x, D)+Txo· 

::ho paaeHCTBo o:rnaqaeT, <JTo IJ:Jill .Kam,a;on ,a;ocTaTo'lHO 
rJia1vwii H 4>nHHTHoii B o6JiacTrr G 4>YHKU,1ui: cp crrpaBCA
JIHBO rrpe,a;cTaBJieHHe 

cp = S x/' (x, D) cp + T x0<p (4) 
H, KpOMe Toro, eCJIH 

cp = S x 0f + T xolP• 
TO <p HBJillPTCll perneHH0M ypaBH0HHll 

L(x, D)cp=f. 
Tam1M o6paaoM, Borrpoc o JIOKaJibHOii paapemHMOCTH 
ypaaHeHHH L(() = f CBO,D;HTCll K Borrpocy 06 06paT11.MOCTH 
orrepaTopa I -T xn· 

EcJIH rrpnMeHllTL onepaTop T xo n 4>YHKU,MHM cp, K-pbrn 
o6pam;aroTCH B HYJib BBe mapa pal:(Hyca R c u,eHTpOM a 

TO'll\e :ro, TO rrpu ,a;ocTaTO'JHO MaJIOM R BOpMa orrepaTopa 
T MomeT fihlTh Cl:(CJiaHa MCHblIIC e,a;HHHlJ,hl. Tor,a;a fiyAeT XQ 

cym;ecTBOBaTb orrepaTop (I-T x 0)- 1 H, cJie,a;oSaTeJibIIO, 

onepaTop E= (I-T x0)- 1S xo• H-pLiii HBJIJleTCH o6paTBlilM 
K orrepaTopy L (x, D). OrrepaTop E HBJill0TCJI J'lHTerpaJih
HhlM onepaTopoM, 11,a;po K-poro rrpe,a;cTaBJill0T co6oii qiyH
AaMeHTaJibHOe penrnaHe orrepaTopa L (x, D). 

IlapaMeTpHKCOM HHor,a;a Ha3. He TOJibKO tfiyHKU,HIO 
8 (x, Xo), HO n HHTerpaJibHhlH orrepaTOp s Xo c 11npoM 
e (x, .x0), orrpeJJ;eJieHHblll paaeHCTBoM· (3). 

B TeopHH rrceB,a;o,a;mpcl>epeHu,HaJihHbIX oneparopoB BMe
CTo orrepaTopa S xo napaMeTpHKCOM onepaTopa L (x, D) 
Haa. orrepaTop S TaKoif, 'ITO I-L (x, D)S H I-SL (x, D) 
HBJlllIOTCll HHTerpaJibHhlMH orrepaTopaMH c 6eCKOH0'1HO 
,a;nqicI>epeHu,n:pyeMbIMH 11,a;paMH. EcJin: me TaRnM onepa
TopoM llBJilleTCll JIHIIIb orrepaTop I-SL (mm /-LS), 
TO s Hll.3. JieBbIM (cOOTBeTCTBeHHO npaBhlM) rrapaMeTpHK
COM orrepaTopa L (x, D). Maaqe r0Bop11, onepaTOp S ,,.0 

B paBeHCTBe (4) llBJilleTCll JI0BbIM rrapaMeTpHKCOM, ecJIH 
onepaTop T xo a aToM paBeHcTBe HMeeT 6ecKoHe1JBo ,a;nqi

i(iepeuu,HpyeMoe 11,a;po. ECJIH y ouepaTopa L (x, D) cymecT
ByIOT JieBhl:ii rrapaMeTpHHC S' H rrpaBhlii rrapaMCTpHKC S", 
TO Kalli,D;hlll H3 3TIIX orrepaTopoB llDJilleTCll rrapaMeTpHK
COM. Cym;ecTB0Baa11e napaMeTpl'IKca ).loKaaaao nJIH rRrro-
3JIJIIIIITH<JecK11x rrceB,a;o,a;R4>cliepemwaJI1>HhIX ouepaTopoB 
(CM. [3]). 

.llum.: (1) Be pc JI., ,[(mo H Cl>., ill e X Tep M., Ypae
Hemur c '!aCTHbIMll rrpouaaoAHbIMH, rrep. c aHrJI., M., 1966; [2) 
M 11 p a H 11 a R. YpaaHeBBll c 'lllCTHbIMI! rrpo11aao11Hb!MH n.n
JillIITH'lecKoro Tuna', rrep. c uTaJI., M., 1957; l3] X e p M a H-
11 e p JI., e co.: Ilcee11011Hi1J1!>epem~11aJibHble orrepaTOpbI, M.; 1967. 

HI. A. AAUMOB. 

IIAPAMETPHqECKHX HHTEfPAJihHLIX llPEJJ;
CTABJIEHHlI METOJJ; - MeTon B reoMeTpH'I. Teopmr 
4>YHKU,Hii: 1\0MilJI0KCHOro rrepeMeHHoro, UCil0Jlb3yIOmn~ 
AJIJI pememrn aKcTpeMaJihHhlX aa,a;aq B imaccax 4>YHKU,JIH 
rrpe,a;cT8BJI0HHe 3THX KJiaccoB c IIOMOm;bIO lrnTerpaJIOB, 
38.BIICHmnx OT napaMeTpOB. 

R TaKHM KJiaccaM OTHOCRTCll HapameoiJopu KJtacc, 
KJiacc OAHOJIHCTHblX 3Beanoo6pa3HhIX B Kpyre qiyum:~nii, 
I\Jiacc THIIH'JHO aemecTB0BHhlX qiyHRU,HH. ll>yHR~HH ilTHX 
KJiaCCOB IIMCIOT rrapaMeTpH'l. rrpel:(CTaBJI0BHe, coµ;epmam;ee 
IIHTerpaJI CTHJITheca 

~:g(z, t)dµ(t) 

c aa,a;aHHbIMJil ,a;eii:CTBHT0JlbHbIMH 'JHCJiaMH a' 11 If iJ>yHKU,Heii 
g(z, t) (H!~po I\Jiacca), µ(t)EMa,b• r,a;e Ma,b-I\Jiacc 
iJ>yaK~HH, He y6MBaromnx Ha npoMeiKyTKe [a, bl, ft (b)
-µ(a)=i (µ - napaMere KJiacca). 

~Jiii KnaccoB cpyu~nn, HMeromn:x rrapaMeTpwr. npe,a;
CTaBJieH1Ie c IIOMOmbro HBTerpaJioB CTHJITbeca, !JOJI)"l0Hhl 
Bapnau,HoHHhle qiopMyJIM, R-pLie rrp11 pemennrr aHCTpe
MaJibHhlx aa,a;a-q B 9THX KJiaccax IIOI\a3bIB8IOT, 'ITO 3HC
TpeMaJibH811 cl>YHK~Hll HM00T BHA 

r,a;e tkE[a, bl, rrpn'IeM yKa3LIB80TCll 3Ha'l0HII0 m (CM. [1) 
rJI. 11; [3]). 

Il p11 HaXOiKAeBIIH OoJiaCT01f 3H8'l0HHH 4>YHJ\U,HOH8JIOB 
H CHCT01\1 4>YHI\~HOHaJIOB Ha TRKHX KJiaccax HIIOrl:(a rro
Jie3Hbl cJienyromue TeopeMhl. 

1) MaomeCTBO B TO'leK x= (xi, .r2, ••• , xn) 11-Mepaoro 
e1mm1,a;oea npocTpaHCTBa !Rn, norrycKaIOm;ux upe,a;cTaB
Jieane 

k=1, 2, ... n, 

r,11e 11 k (t) - 4>nKc11poBaHHhle aenpepbIBHhle Ha [a, b 1 
p;eiiCTBHTeJibHble qiyam~nu n µ ( t) EM a, b, coBrranaer c 
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aaMKHyToti: B&mym10M: o60JJOqKoii: R ( U) MHomecTBa U aBOJillIOT 1rnyqHTh p11A HOBbIX aa.r:1aq na KJiacce S H ero 
ToqeK JIO,[IKJiaccax BIIJIOTh ,[10 HX JIOJIBOrO pemeHHH m160 JIO-

.'lk =Uk (t)' k = 1, 2, ••• ' n, a.,;;;; t.,;;;; b nyqHTh peayJI&TaTbl, cpaBHHMble (HaIIp., B IIpo6JieMe 
EH6ep6axa) c peayJI&TaTaMH, aan,[leHHblMH APYfHMH 

(Te 0 p e Ma p H cc a). MeTo,[laMH (CM. [1] JI. 74). 
2) Kam.r:1a11 TOqKa x= (x1 , x2 , ., Xn) ER ( U)c:IR.n Jlum.: [ti A JI e 11caH11; po e H. A., IIapaMeTpH'recmrn 

MomeT 6b1Th IIpe,a;cTaBJieHa B BH,[le npoll;OJIH<eHHll B TeopHH Oll;HOJIHCTHhlX l!>YHRUHA, M., 1976. 

x11= ~7=l AjUk (tj), k=i, 2, ... , n, 

r.r:1e Aj>O, j=1, 2, ••• , m, l:j':..11.1=1, m<n+1, a ecJIH 
. rEiJR(U), TO m<n (TeopeMa KapaTeo.r:1opH). 

3) ):l;JIH Toro qT06i.1 cym;ecTBOBaJia, IIO Kpaii:Heii: Mepe, 
O,[IHa Hey6b1Ba10rn;a11 tPYHKUHll µ (t), a...;t<:b, Tal\all, qTO 

~:w11(t)dµ(t)=l'k• k=1, 2, ... , n, 

r,[le 

W1(t)=1, Wfi (t)=u11 (t) + ivk (t); Ufi (t), Vfi (t), k= 1, 2, ... 'n, 
- 3a,[laHHble .r:1eii:cTBHTeJI1>Hble HeIIpepbIBHble Ha [a, b] 
il>YHKI\HH, 1'1>0, l'k - aa,[laHHble KOMJIJieKCHble qHCJia, 
neo6XO,[IHMO ll ,[IOCTaTOqHo, qTo6bl BCHKHH paa, KOr,[la IIpH 
HeK-pbIX KOMJIJieKCHblX qncnax Gt1, Gt2, ••• , Ctn BbIIIOJI
HHeTCJI HepaBeHCTBO 

~:=l (Gtf!Wk (t)+ak;k (t)j ?0, a<; t,,;;;;;; b, 

HMeJIO MeCTO TaKme H HepaBeHCTBO 

~;= 1 [a11Y11+a11:Yk1 :;::.o 

(Teo p e Ma P H cc a). 
IIpHBe,[leHHLie TeopeMhl II03BOJIBJIH ,a;aTh reoMeTpHq. 

H aJire6paHq. xapaKTepHCTHKH o6JiaCTeii: 3H8.qeHHH Cl'l
CTeM K08tPtPBuHeHTOB l'I OT,[leJihHblX K08tPtPBuHeHTOB Ha 
1maccax tPYHKuHii:, peryJIHpHbIX H BMeIOIIJ;HX JIOJIOlRH
TeJihHYIO .r:1eii:cmHTeJI1>HYIO qaCTh B Kpyre (KOJI&ue), pery
JIHpHbIX H THJIHqHO Bern;eCTBeHHbIX B Kpyre (KOJI&ue) B Ha 
neK-pLrx APYrHX KJiaccax (cM. [1] ):l;o6aBJieHHe; [4], [5]). 

Jlum.: [1] I' 0 JI Y 3 II: B I'. M., I'eoMeTpll:'leCRall Teop11:11 lj>yHR· 
l~ll:A ROMilJleRCHoro nepeMeHHoro, 2 11:311;., M., 1966; [2] R p e A H 
M. I'., «Ycnexii: MaTeM. Haym>, 1951, T. 6, B. 4, C. 3-120; [3] 
JI e (j e 11; e B H. A., A JI e R c a H 11; p 0 B u. A., «Tp. MaTeM. 
ll:H·Ta AH CCCP», 1968, T. 94, c. 79-89; [4] r 0 JI y 3 II: Ha E. r. 
TaM me, c. 33-46; [5] e e H< e, «3an. uayq. ceMHHapoe JleHRurp'. 
OTll;eJleHll:ll MareM. HH·Ta AH CCCP», 1972, T. 24, c. 29-62; 1974, 
T. 44, c. 17-40; 1980, T. 100, c. 17-25. E. r. I'OJtyauHa. 

IIAP AMETPHqECKHX IIPE):l;CT ABJIEHHR ME-
TO):l; - MeTOA TeopHH tPYHKuHii: KOMIIJieKcHoro IIepe
MeHHoro, B03HHKlllHii: H3 napa.11tempu'tec11oeo npe8cmaOJte
nuJ1. O,[IHOJIHCTHblX tPYHKuBii: H 6aaupy10IIJ;HHCJI 60JI1>meii: 
qacThIO Ha Jleonepa ypaonenuu H ero o6o6m;eHHHX (cM. 
[ 1]). CaMHM K. JleBHepoM (K. Lowner) II. JI. M. ncIIOJih-
30BaJic11 Ha KJiacce s Bcex peryn11pHbIX O,[IHOJil'ICTHblX 
B eAHHHqHoM Kpyre tPYHKUl'lll rb=/(z), /(0)=0, !' (0)=1, 
p;n11 oueHRH Koa.P.PHuHeHTOB paanomeHnii: 

H 
w=z+c2z2+ ... +cnzn+ ••• 

Z=f- 1 (w)=w+b 2w2 + .•. +bnwn+ .•• 

(cM. Bu6ep6axa eunomeaa). 3aTeM II. u. M. CHCTeMaTHqe
CKH IIpHMeHHJI r. M. fOJIY3HH IIPH pemeHHH IIpo6JieM 
HCKall(eHHH, Bparn;eHHH, B3aHMBoro pocTa H ApyrHX 
reoMeTpl'lq. xapaKTepHCTHK OTO~pameHHJI w= f (z), CBJl-
3aHHblX co 3HaqeHHllMH f (zo) H f (zo) IIpH tPHKCHpOBaHHOM 
z0 , lz01 <1. 

II. JI. M. CBH3aH c TeopHeii: OJITHMaJibHblX IIpoueccoB. 
!"ha CBH3h 6aaHpyeTCH Ha TOM tliaKTe, qTo aeaJIHTHqeCKl'I 
Bee YIIOMHHYTble Bblille aap;aqH tPOPMYJIHPYIOTCJI KaK aK
CTpeMaJihHble 3a,[laql'! AJIH yIIpaBJIHeMoil: CHCTeMbI o6bIKHO
BeHHbIX AH.P.PepeHuHaJihHblX ypaBHeHHH, IIOJiyqaeMoil: H3 
ypaBH0HHJI JleBHepa. 11cJIOJih30BaHHe npHHu~rna MaK
CHMyMa IIoHTpHrHHa (CM. llonmpJ1.euna npunifun Mal\cu
My.Ma) l'I H3yqeHHe CBOUCTB tPYHKuBH IIoeTpHrHHa JIO-

B. 11. llonoB. 
IIAPAMETPH~rncKoro PE30HAHCA MATEMATH

qECKAH TEOPHH - paa,[leJI Teopm1 o6bIKHOBeHHhIX 
AH.P.PepeHuHaJibHblX ypaBHeH.Hii:, Hayqa10rn;Hii: JIBJieHHe IIa
paMeTpHq. peaoHaHca • 

IIyCTh s - HeK-paH ,[IHHaMHq. CHCTeMa, CJIOC06HaH 
COBepmaTh JIHillh KOJie6aTeJibHble ABHll\eHHJI H OJIHCblBa
eMaH eaMUJtbmonooou cucme.11tou Jtuneunou (HeBoaMymeH
HblM ypaBHeHHeM) 

r. UOCTOJIHHblM ,[10HCTBHTeJihHblM raMHJlhTOHHaHOM Ho. 
TaKHM o6paaoM, (2kX 2k)-MaTpnua J- 1H 0 npHBOAHTCH 
J( p;naroHaJihHOMY BHAY c qHCTO MHHMbIMH aJieMeHTaMH 

(v==r 1 ..... , =r k, W-v=-Wv), 

I Wv I - co6cTBeHHble qacTOTbl CHCTeMhl. IIycTh HeK-phle 
rrapaMeTpbl CHCTeMbl s HaqHHaIOT nepBo,[IHqeCKH H3Me
HJIThCJI c qacTOTOH -l't>O H MaJibIMH aMIIJIHTyAaMH, 3Ha
•I0HHJI K-pbIX onpep;eJIHIOTCll MaJiblM IIapaMeTpOM e>O. 
EcJIH Boa6ymp;eHHH ee BbIBOAllT Ha KJiacca JIHHeii:Hblx ra
MHJihTOHOBbIX CHCTeM, TO ):IBHlHeHH0 CHCTeMbl S 6y,a;eT 
OIIHCbIBaThCJI B03MymeHHbIM ypaBH0HBeM 

J;= [H0 +eH 1 (-l'tt) +e2H 2 (-l'tt) + ... ] x, (1) 

rp;e Hj(s+2n)=Hj(s)=Hj(s)*, j=1, 2, ••• , cyTh KY
coqeo nerrpepbIBHble, HHTerpHpyeMble B (0,2n) (2kX 2k)
MaTpHuhl-tPYHKUHH, H PllA B npaBOH qaCTH (1) CXOAHTCJI 
IIpH e<ro, f/l0 ro He 38BHCHT OT t. 

BoaeHKHOBeeHe HeorpaHnqeHHO BoapacTaIOIIJ;HX Kone-
6aeHil: CHCTeMbl s IIpH CKOJih yro,[IHO M8JIOM rrepHOp;Hq. 
B03MymeHHH HeK-pbIX ee IIapaMeTpOB Ha3. II a p a M e T
p H q e c K H M p e 3 0 H a H c 0 M. IIapaMeTpHq. peao
HaHC HMeeT µ;Be cyruecTBeHHble oco6eHHOCTH: 1) crreKTp 
qacTOT, npH K-pbIX B03HHKaIOT HeorpaHHqeHHO B03pacTa
IOIIJ;He KOJie6aHHH, He JIBJIJl0TCJI ToqeqHblM, a COCTOHT H3 
COBOKYDHOCTH MaJiblX HHT0pB8JIOB, ,[IJIHHbl K-pbIX aaBHCJIT 
OT aMIIJIHTYAhl B03Mym;eHHH ('I:. e. OT e) H K-pble CTJlfH
BaIOTCJI B ToqKy IIpH e - O; aeaqeHHH qacToT, K K-pbIM 
CTJlfHB8IOTCJI 8TH HHTepBaJibl, Haa. K p H T H q e c K H M n; 
2) KOJie6aHHJI HapacTaIOT He IIO CTeneHHOMy, a no 8KCIIO
HeHuHaJihHOMY aaKoHy. 3THM napaMeTpHq. peaoHaHc 
HaMHOro «onacnee» (HJIH «IIOJie3Hee», B aaiiHCHMOCTH OT 
aa.r:1aqu) o6blqeoro peaoHanca. 

IIycT& ico1' ••• , iwk - co6cTBeHHble 3HaqeHHH 1-ro 
po.r:1a, rrepenyMepoBaHHhle TaK, qTo co1 <:co2 <: .. . <wk. 
Tor.r:1a KpHTHqecKHMH MoryT 6blTh JIHlllh qacTOTbl Bnp;a 

A.<m> 1 . ujh =-mlwi+whl• J, h=1, ... , k; m=1, 2, ... (2) 

IIycT& co6cTBeHHhle BeKTOpbI /v MaTpHuhl J-1H 0 , AJIH 
K-pbIX J-1Ho/v=ieov/v' v= =rt, ••• , =rk, HOpMHpOBaHbI 
TaK, qTo 

i(Jfv,/µ)=flvµsignv, v, µ==r 1, .. ., =r k, 

rp;e tSvµ - CBMBOJI RpoHeKepa, a 

H1 (-l'tt) - ~ il'6t H~l>. 

Tor.r:1a o6nacTH HeycToii:qHBOCTH B rrepBoM npH6JIHlReHHH 
no e OIIpep;eJIHIOTCH HepaBeHCTBaMH 

(3) 
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µ1, 2-= --k- ( X _ !- 1 + Xhh =i= 21 X- Jh I), } 

X-1-1=(Hi0>t-1.f-,-), Xhh=(m0>1h. fh), 
X-Jh=(Him>f-J, fh). 

(4) 

Ecm1 j= h, TO o6JiaCTb HeyCTOll'IHBOCTl!I OTBeqaeT 0 c H 0 B
R 0 M y p e 3 0 Ha H c y, rrplil j f:h - R 0 M 6 Iii Ba-
1~ H 0 H HOM Y pe3oBaHcy. Bem1qnua IX-/hl xa
paKTepH3yeT (<CTerreHh orraCHOCTH>l Kp11Tnq. qaCTOTbl 

f}~'{(!: qeM 6oJihllle aTa BeJIHqHHa, TeM lllHpe «KJIHHblllleK>> 

HeicToii:qJilBOCTll (3) c OCTplileM B ToqKe {}~r;:>. YcTaHOB
JieHa aHaJIHTJlq. 3aBHCllMOCTb rpaHHll o6JiaCTen ueyCTOll
q11BOCTl!I OT rrapaMeTpa e Iii IIOJiyqeHbI aif>if>eKTl!IBHble if>op
MyJibl ,!IJIH BbJqJilCJieHl!IH o6JiacTeii: (3) BO BTOpoM rrp11-
0Jililll\eHlillil (CM. (3), (4]). 

B qacTo BCTpeqaIOI11eMCH B rrpli!JIOll\eHllHX CJiyqae, 
KOr,!la B03Myr11euHaH CHCTeMa s OIIHCbIBaeTCH BeKTOpHbIM 
ypaBHeHHeM 2-ro rropH,!IKa 

ii+IP0 +eP1 ('ftt)-t-e2P 2 ('ftt)+ ... ] y =0, (5) 

r,!le P;=P0 >0nP1(s)*=P/(s)=Pj(s+2:rt),j=1,2, ..• , 
co6CTBeHIIbie BeKTOpbI II co6CTBeHHble 3HaqeHllH (KBa,!lpaTbl 
qaCTOT HeB03My~eHHoii: Cli!CTeMhl) MaTpHllhl P 0 orrpe,!leJIHIOT 
if>opMyJJaMH 

P 0ax =W~ax, 

(wx+w,.) (ax, a,.)=bxA, x, A.=1, ... , k. 

IlyCTh 

P1 ('ftt) - ~ eilftt p~l>. 

Tor,!la IJiopMyJibl (2) 11 (4) rrp11MyT Bil,!\ 

f}(m) 1 (p<Ol ) 
ih =-;n (wj+wh), X-J-J= i al, al , 

Xhh=(Pfo>ah, ah), X-/h =(P~m>a/, ah) 

COOTBeTCTBeHHO. B qaCTIIOCTlil, B 6a31!1Ce el, ... , ek, 
r,!le P0 ,!IHRroHaJihHa: 

Po=diag (Pi. • •. , Pk) 
II 

llMeeT MeCTO: 

Wx=+ YPx. ax=,rl ex, x=1, .. ., k, 
f 2Wx 

H, CJIB,!IOBRTBJibHO (CM. (5]): 

'V =-1-:rt~~) f :rt(O) 
"'-j-j 2w 11 • Xhh = 200 hh • 

j h 

1 :rt}f:l. 
2 f w/Oh 

PaCCMOTpeH CJiyqaii: Hemrneiuoii: aaBHCHMOCTll Koa«J>
if>HlllileHTOB ypaBHeHI!ii (1) Iii (5) OT rrapaMeTpa 1/f} (CM. 
(4)). lfayqeH rrapaMeTpl!lq, peaoHaBC B JillHeHBblX CHCTe
Max, 6Jil!l3KHX R raMHJibTOHOBblM (CM. (6)). 3,!leCb o6Jia
CTHM OCHOBHOfO peaoHRHCR rrpe,!lllleCTBYIOT o6JIRCTl!I rJiaB
Horo peaoaaaca, a HRPHAY c o6JIRCTHMH RoM6irna11110H
Horo peaoHaHca IlOHBJIHIOTCH o6JiaCTl'I KOM61i!Ha11noHHO
paaHOCTHOro pe30HRHCR. ~JIH rrapaMeTpnq. peaoHaHca B 
JilllHeii:Hhlx pacrrpe,!leJieHHblX cncTeMax (CM. I 7]) uoJiyqeH 
pH,!1 aHaJiornqHhlX peayJihTaTOB ,!IJIH orrepaTOpHblx ypaB
Heauii (1) B fllJib6epTOBOM rrpoCTpRHCTBe. l:ICCJIB,!IOBaJICH 
rrapaMeTpl'!q, pe30HaHC IJ:JIH HeK-phIX .I<JiaCCOB CHCTBM c 
KOHe'IHhIM 'UICJIOM CTerreuei CB060,!lbl' OIIllCblBaeMblX HBJill
BeiBlilllDI ABMepeHIJ;:e:aJILH&IM:e: ypaBHea1U1Mn (cM. [8)). 

Jlum.: [1) f{ p e ii H M. I'., B KH.: IlaMlITU AJieKCaH)'.IPa AJie1<
CaH)lpOBHqa AH)lpOHOBa, M., 1955, c. 413-98; [2J fl Ky 5 O
B H q B. A., «.D:o1rn. AH CCCP», 1958, T. 121, M 4, c. 602-0o; 
[3) er 0 )I{ e, B RH.: MeTO)'.(bl BblqHCJieHHM, B. 3, JI.' 1966, c. 51-
69; [4) ff R y 5 0 B n q B. A.' c T a p )I{ H H c I< H ii B. M.' JIH
Helh!h!e nmpiflepem111aJihHhie ypaBHeHHH c nep110n11qec1<11M11 1<oaif1-
ifluqueHTaM11 H ux npuJiomeHuH, M., 1972; [5) M a JI 1< H H H. r., 
HeROTOph!e 3anaqn TeopHH HeJIHHeiltth1x 1<0Jieoa1JHil, M., 1956; 
(6] c Tap )I{ H H c RH ii B. M., «HHmeHepHhiil )I{. MexaH. 
TBepn. TeJia», 1967, T. 3, c. 174-80; [7) <I> 0 M H H B. H., MaTe
MarnqecRaR rreopHR napaMeTpHqec1<oro peaoHaHca B JIHtteilHhIX 
pacnpe)'.(eJieHHhlX CHCTeMaX, JI., 1972; [8) Ill M H )'.( T I'., IlapaMCT
pHqeCRHe RoJie5attHR, nep. c HeM., M., 1978. 

· B. M. Cmap;J1Cuttcnuu. 
IIAPAMETPJiqECKOE IIPE)l;CTABJIEHHE B Teo

p ll II 0 A H 0 JI ll c T H bl x if> y H R II II ii - rrpe.a;cTaB
JieHne O,!IHOJIHCTHblX if>yHKI1HH, 0CyI11eCTBJIHIOI111i!X KOH
IJiopMHOB OTo6palHBHHe IIJIOCKHX o6JiaCTeii Ha o6JiaCT!l 
KaHOHHq. Bn.a;a (Harrp., Ha Kpyr c Komi;eHTpnq. paape
aaMn); OIIO B03H11KaeT o6blqHO CJie.a;yIOIIIHM o6pa30M. 
Bhl611paeTCH o.a;HorrapaMeTpHq. ceMeiicTBo o6JiacTeii Q1, 
0<.t<T, BJIOll\eHHblX .a;pyr B .a;pyra, Qt·CQt, 0<.t' <t<T. 
)l;JIH 06JiaCT11 Q0 rrpe.a;rroJiaraeTCH naBeCTHbIM ee KoH
IJiopMHoe oTo6pallieHne fo Ha HeK-pyIO KaH0&11q. o6JiaCTh 
B0 • Ilo 11aBeCTH0My OT06pallieH11IO ft o6JiaCTH Q1 Ha 06-
JiaCTh KaHOHHq. BH)J:a CTp011TCH TaKoe ll\e OT06pallieH11e 
!t+e AJIH o6JiaCTH Q1+e, r.a;e e>O n MaJio. IlpH Herrpe
pbIBHOM ll.3MeHeHl1H napaMeTpa t Ha :'!TOM nyTn B03Hlil
KaIOT il:Hlf>lf>epeH~lilaJihHble ypaBHeHHH, HalilOOJiee H3BeCT
HbIMl1 ll.3 K-pbIX HBJIHIOTCH Jleenepa ypaenenue Iii ypaB
HeHHe JleBHepa - Kyif>apeBa. B .a;HcKpeTHOM cJiyqae -
AJIH CeToqHbIX o6JiacTen Q1 11 HaTypaJibHoro napaMeTpa 
t - rrepexo.a; OT OT06pallieHl!IH ft K OT06pallieH11IO !t+e. 
f:= 1, ocy~eCTBJIHeTCH no peKyppeHTHblM ¢opMyJiaM. 
l1cToqH11KOM yrroMHHYTblX lf>opMyJI H ypaBHeHHll CJiyll\li!T 
ooblqIIo ¢opMyJia ll1Bap11a (cM. I 1) c. 92) n ee 0606I11eHHH 
(cM. (2]). He MeHee eamIIbIM ncToqH11KOM IT. rr. cJiymaT 
Bapn:aIIIIH Ail:aMapa (cM. (3), (4)) .a;m1 IJiyHKllHM fp11IIa 
Gi(z, z'), z, z' EQ1, yKa3aHHoro Bblllle ceMeiicTBa o6Jia
CTen. MeTOA A.a;aMapa Ha3. TaKll\e M e T 0 il: 0 M II H B a
p 11 a HT H 0 r 0 II 0 r p y JR e H Iii R (CM. (5)) AJIH :rn
Jill.IlTHqec1mx .a;Hif>lf>epeHIIHaJihHbIX ypaBIIeH11ii. HHll\e rro-
1rn3aea CBH3h II. rr., eap11a11IIii A.a;aMapa n HHBap11aHTHoro 
rrorpyarnHHfl B rrpoCTellllleM (.a;HCKpeTHOM) CJiyqae. 

IlyCTb Q - HeK-pbIH Ha6op 11eJibIX KOMIIJieKCHbIX q11-
ceJI (c e T 0 q H a H 0 6 JI a c T b) H if>yHK~IIH fpnHa 
Gt(z, z') - aKCTpeMaJih if> y H K II H o H a JI a ~ 11 p 11 x
JI e -~yrJiaca 

I 
ft (g) = 2g (z') + ~k=O ~ze Q. Pk (t) I V kg (z) 12 

B KJiacce R 0 Bcex .a;eiicTBHTeJihHblX Ha Q if>yHKI1IIii g (z). 
3.a;ecb Q0= {zlz, z-1, z-i, z-1-iEQ}, 

V0g (z) =g (z)-g (z-1-i), V1g (z) =g (z -1)-g (z-i), 
(1) 

Pk(0)=1, Pk(t-t-1)=Pk(t)-t-Nb~ 1 • 

N - HaTypaJibHoe qn:cJio, Bit- CHMBoJI KpoHeKepa n 

~t= (kt. zt). t=O, 1, ... , T-1,- HeK-pblil: Ha6op rrap 
qnceJI; {z1it=1, ••• , T} - rpaHHIIa 06aacT11 Q1, k 1=0 
11JI11 1. Haxoll\.a;ee11e aKCTpeMyMa if>YHKIIHOHaJia It (g) -
'la.a;aqa Kea.a;paTnqHoro rrporpaMMnpoBaH11H. CpaBHemrn 
ee perneHHH rrpH t H t+1 .a;aeT 0 c H 0 B Hy IO 4> 0 p
M Y JI Y llHBap11aHTHOro rrorpyllieHl1H 
(B a p 11 a 11 11 IO A A a M a p a): 

Gt+i( z, z')=Gt (z, z')--1- Vk Gt (z1i z) Vk Gt (z1, z'), 
ct t t 

(2) 
r.a;e c1=N-1-Vk V~ G1(z1, Zt)>O, CHMBOJI V~ 03IJaqaeT 

t t 
pa3HOCTHbie orrepaTOpbI (1) no BTOpOMY apryMeHTY ¢YHK
IIlilll fp1rna. 3eaH lj>yHKllllIO G0 (z, z' ), MOlHHO Illar aa lllaroM 
(peKyppeHTHO) IIOJiyqHTb no lf>opMyJie (2) BCe IJiyHKllilll 
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Ot(z, z'), t= 1, ... , T. )J;ocTpOn:R <Jiy11K11,HIO rpirna AO 
ceTO'IBO aHam1Tnq. <Jiymn.1,11rr fr(z)=Gr(z, z')+iHr(z, z') 
corJiaCHo ypaaHemrnM THna KowH - PuMaHa 

(-1)k V1-kH =PkVkG, 

noJiyqaroT O)J;HOJIMCTHOe CeTO'IHO-KBa3HKOH1JiopM1IOe OTO
GpaiKeHH6 w=exp[2itfr(z)) o6JiaCTH Qr B 6AHHH'IH&IH 
Kpyr. BJiumaii:mMM K Ha'IaJiy Koopp;1rnaT 6yp;eT o6pa3 
TO'IKH z'. B npep;en:e npn N --+ oo OTo6pameHue ceTO'lHO
KoH<JiopMHO H o6paaoM o6JiaCTH Qr CJIY)l(HT Kpyr c RoH
u;eHTpH'l. paape3aMH. IloJiy'leH aenpephIBHhlii: aaaJior 
<JiopMyJihI (2) {cM. (6]). B cJiyqae, Korp;a ace o6nacm Gt 
O)J;HOCBH3Hhl ll R3BOBH'l. o6JiaCTblO cJiy»rnT ep;HHll'lBhIH 
Kpyr B' yp;aeTCH, HCllOJib3YH p;po6HO-JIHH0HBhI0 aBTOM0p
<JiH3MhI Rpyra B' IIpep;CTllBHTb <JiyHKIJ,lllO fpnua B HBHOM 
Bl'JA0 

Gt(z, z')=ln I 1-/t(z) ft(z') 1-lnlft(z)-/t(z') I 
qepea <JiyHKll,HIO ft (z), 0To6pall\a10m;yro Qt aa B c nopMn
poaKoii f(O)=O, OEQt AJIH acex: tE[O, T). 

B TepMHnax: oTo6pameHHH w=ft(z) aapHau;m1 Aµ;a
Mapa CBO)J;HTCH K o6hIKROB0HBOMY AH<J!cl>epenu;HaJibllOMy 
ypaBueruuo (JleBHepa). Ilo cpaBHBHHIO c BapHau;neii: AAa
Mapa no ypaBH0HHe 3Hll'lHT0JlbBO npom;e, OAHaKO HH
qiopMau;nH o rpamru;e o6aacnr Qt rrpep;cTaBJieua B ue~1 
neHBHO - qepea ynpaBJl.flIOlI(Hii: rrapaMeTp a(t)=argft(zt), 
IIOCKOJibKY cPYHKll,HH t t (z) aapauee H6H3B0CTHa. TeM He 
MeHe0 ypaBH61W0 JHiBHepa - OCHOBHOH HBCTpyMeHT fl. II. 

BhIJIH paccMoTpeHLI 6onee o6m;He op;uonapaMeTpHq. 
ceMeii:CTBll o6JiaCTell Q1, 0.i;;:t<T. Be 06.1ISaTeJihBO BJIO
)K0HHbIX: Apyr B npyra (cM. [ 7)). Bo3mma10111,He npH TaKHx 
Il. IT. ypaBB0BHH Ha3. y p a B H e H ll H. M ll }{ y <Ji a
p e B a - JI ii B B 0 p a. Cyll(eCTByIOT TaIDRe MO)J;HcpHKa-
11,IIH ypaBHeHHii: Jleuaepa II Ky«f>apeaa - JleBaepa ua Te 
CJiy'laH, KOI'Aa o6JiaCTH Qt o6JiaAaIOT paamPIHOI'O poAa CHM
MeTpIIHMII HJlll HBhIMH reoMeTpH'l. oco6eHHOCTHMII (cM. [ 1]). 

Jlum.: [1] r o JI ya H H r. M., reoMeTPH'lec11a.i1 Teopaa 
<l>YHKQHtt HOMUJieKC!IOro uepeJ.\IeHHOro, 2 H3j'.I., M., 1966; [2] A JI e K
c a H 11 po e. H. A., Cop o H H H A. C., «CH6. MaTeM. m.~, 1972, 
T. 13, No 5, c. 971-1001; [3] Had am a rd J., Memoire sur le 
probll!me d'analyse r~latit A l'equilibri des plaques elastiques en
castrees, P., 1908; [4 er o me, Lecons sur Je calcul des varia· 
tions, v. 1, P., 1910; 5] Be JI JIM a H P., :3 H 11 lR e JI :3., ,U:HHa
MH'leci<oe nporpar.t!llHpoeaaHe H YfaeHeHHH e qaCTHhlX npoaaeo11-
Hl:dX, uep. c aHrJI., M., 1974; [6 II on o e B. H .• «.U:OHJI. AH 
CCCP», 1972, T. 207, No 5, c. 1048-50; [7) R y ill a p e B II. II., 
«MaTCM. c6.», 1943, T. 13, .Nl 1, c. 87-118. B. H. llonoB. 

IlAPAMETPlfqECKOE IlPEACTAB.JIEHllE cl> y HK
I~ H JI - aap;aBHe cPYHKll,IIII y=f (x), onpep;eJieHHOH, Harrp., 
na OTpe3Ke [a, b) c noMom;hro naphl qiyaKu;ml: x=<p (t), 
y='ljl(t), tE[a, ~], TaKHX, 'ITO y tl>YHKll,HM <p: [a, ~1-
- la, b] cy111,ecTByeT TllKaH OAH03Ha'JHaH o6paTHaH 
iiiYHKIJ,HH cp- 1 : [a, b)-+ [ct, ~), 'ITO f=1jJocp-1, T. e. 
AJIH mo6oro x E [a, b] HMeeT Mee To 

f(x)=1jJ[q;- 1 (x)]. 

n pH Me p. Ilapa cJ>yHKIJ,llll x=cost, y=sint, O..;;:t..;;:n, 
HBJIHeTCH II. n. «l>YBKll,IIII y= Y1-x2 , -1..;;:x..;;:1. 

EcJIJI n TO'IKe to E [a, b) n. n. iiiYHKIJ,llII t Ailiiicl>epem~H
pyeMo, T. e. qiyHKIJ,HII <p II 1jJ AI14iiiiepeau;I1pyeMhJ, II <p' (to) t= 
+':0, TO IIapaM0TpI1'leCKH IlP0ACTaBJleHHaH cJ>yHKll,MH t AHiii
qiepeHu;HpyeMa B TO'lKe x0= qi (t0) II t' (x0) = 1jJ' (t0)/<p' (to). 
Ecmi:, KpOM0 TOro, y tl>YHKll,Mll <p H "' B TO'JK0 to cym;ecT
BYIDT rrpOI13BO)J;HhI6 rropHp;Ka n, n= 2, 3, ... ' TO II y 
qiyHRIJ;IIII t B' TO'lKe Xo cym;ecTByeT rrpoHaBOAHaH IIOpHp;Ka 
11, IIpil'leM oaa HBJIHeTCH Apo6uo-pau;I10Haar.aoii: lf>yaK-
1~neil: OT npoaaBop;HbIX qiyuKu;Hii: <p 11 1jJ IIOPHAKOB k, k= 1, 
2, ... , n, B 3HaMeHaTeJie K-poii CTOllT (2n-1)-H CTeIIeHh 
3Ha'leHHH npoH3BO)J;HOii cp' (to)' aanp.' 

t" (x) = 1ji' (t0 ) IP' Uo)-1)>' (I,) IP" (10) 

o (IP' (/o)J3 • 

JI. J1.. Hyap;iR!ie". 
IIAP AMETPlfqECKOE IIPOrP AMMHPOBAHllE 

pa3A0JI .t1ameMamu11ecKozo npo2pa.MMuponanun, noceH111,eu-

HhIH llCCJiep;oBaHIIJQ 3ap;a'l OITTMMH3811,HH' H K-pbIX yc
JlOBHH p;onycTIIMOCTII H (IIJIH) I~eJieBaH qiyHRIJ,IIH 3aBIICHT 
OT HeK•pbIX p;eTepMUHilpOBaHHhIX napaMeTpoB. (3ap;a•m, 
B K-pLIX 3TII IIapaMeTpLI HBJIHIOTCH CJiy'lRHBhIMII, COCTaB
JlHJQT IIpep;MeT cmoxacmu11ecrw20 npoepa.M.MUponanun.) 

B o6ll(eM BIIAe 3ap;aqa n. rr. 3RKJIIOqaeTCH B MaKCIIMil
aau_Illl u;eJieBoii: qiynRll,IIH f (x, A) IIO BCeM x= (x1 , 

J'n) E IR.n, YAOBJieTBOpHIOlll,IIM orpaHI1qeaI1HM 

gi(x, ft.)..;;;b;(A,), i=1, ... , m, (1) 

rne A - aeKTop rrapaMeTpoa, IIpI1nap;Jiema111,nii: HeK-poMy 
3aAaHBoMy MHomecTBy rrapaMeTpon Ac::IRP. IlpH Jiro6oM 
qinKCHpoBaHHOM A. aTa 3ap;aqa rrpeACTaBJIHeT co6oii o6bl'l
Hyro aap;aqy MaTeMaTH'l. IIporpaMMnpoBaHHH. IlycT& 
A' c::A - MHO>ReCTBo Tex 3HaqeHIIH A, rrpn R-phlx aTa 
3ap;aqa paspemuMa (Mao me c TB o pa a p em n Mo

c T II). 0IITHMa.7IhHOe pemeHile x* = x~ 0CT0CTB6HBLIM 
o6paaoM HRJIHeTCH lf>yHKll,Ileii: OT A. Ilop; p e III e H II e M 
3 a A a 'l II n. II. IIOHIIMaeTCH ceMeHCTBO {x~} IIpH BCeX 
A.EA'. 

McTO'lHIIKU 3aAa'l n. IT. AOBOJlbHO pa3Hoo6paaHbI. 8TO 
IIpemAe Bcero CTpeMJieHile oTpa3HTh oIIpeAeJieHnLiii: npo
H3BOJI' c R-pbIM HepeAKO 6bIBaIOT OIIpeAeJieHLI Bee HJllI 
HeK-pble HCXOAIIhIB AaHHhle npaKTil'leCKOH OIITJIMH3au_n
OHHOll 3aAa'lH, JII160 OXBaTIITb eAIIHOH qiopMYJIIIpOBKOR 
necKOJlhKO CBH3aHHhIX MeiKAY co6oii aapilaHTOB 3aAa'lU 
(IIJIII u;eJioe ceMeHCTBO 3a)J;a'l, HaIIp., 3aBIICHlll,IIX OT Bpe
MeHII). n. II. HBJIHeTCH HaI160Jiee aAeKBaTHhIM CIIOC060M 
IIOCTaHOBKII Bamnoil: IIpo6JieMhI ycTOH'lIIBOCTII peIIIeHIIH 3a
)J.a'l 0IITllMil3au;HII OTHOCHTeJibHO Bapilall,IIM Tex HJIH HHbIX 
IICXO]:\Ilb!X AaHHLIX. HaKoaeu;, c 3aAa'laMII n. II. TeCHO 
CBH3aHa npo6JieMa naxomp;eHIIH MHOlKeCTBa OIITIIMYMOB 
IlapeTO B 3ap;aqax MHOI'ORpHTepilaJibHOH OilTHM113alJ,HH. 

EcJIH IIPH JII06oM cl>HKCHpOBaHJIOM A 3a/i;a'la n. II. npeA
CTaBJIHeT co6oii 3aAa'ly 1tu1tei11tozo npo2pa.11£.MUponauua 
(ooinyK/t020 npo2pa.M.MUp06llH,U5/, II T. II.), TO I'OBOpHT v 3a
/{a'le JI II II e ii H 0 r 0 (COOTBeTCTBeHHO B bl II y K JI 0 r 0 
u T.II.) IIapaMeTpH'leCKoro rrporpaMMH
p o B a H ll H. B 06111,eM BHAe IIpo6JieMaTHKY Il. fi, MOll\
HO oxapaKTepI13oBaT& cJieAYIOIUIIM o6pa3oM. 1) Haxom
AeHHe II Bb!HCHeHI1e CBOHCTB MHOlKeCTB pa3peWIIMOCTII A'. 
2) HaxomAeHile o6nacTeii: yCTOH'lIIBOCTH peweHilii:, xapaK
TepI13a11,I1H IIX CTpoeHIIH; aaaJIIl3 IIOBep;eHIIH aeyCTOH'lil
BhIX 3il)J;a'l. 3) XapaKTepR3all,HH 3aBHCHMOCTII OITTHMaJib
Iioro 3Ha'leHIIH neJI0BOii: <JiyHKf\HII OT BeKTopa IIapaMeTpOB. 

B rroJIHOM caoeM o6'beMe (1:. e. AJIH IIpOI13BOJihHhIX: u;e
JieB&IX qiyHKIJ.llll, orpaIIH'leJIIIM II o6JiacTeil: Il3MeHeHHH 
napaMeTpOB A) 3TII 3aAa'lII aechMa TPYAHhJ. )J;ocTaTO'lHO 
IIpO)J;BIIHYThI B TeopeTH'l0CKOM II BhI'lllCJlllTeJihHOM OTHO
weHIIH JlllWb HeR-phle qaCTHhle HX KJiaCChI. B OCHOBHOM 
:no KacaeTCH 3ap;aq JlIIHeHHOfO fl. Il., B K-pLIX: JIH60 
a) u;eJieBaH cPYHKll,llH JIIIHeii:ao aaBHCIIT OT OAHOro CKaJIHp
HOI'O (A= IR.1) IIapaMeTpa, JIH6o 6) IIpaBble qacTII orpa
HI1'leHI1ii: JII1Heiiao 3aBMCHT OT op;Horo IIapaMeTpa, Jin6o 
B) u;eJieBaH cJ>yHKll,llH II IIpaB&Je 'laCTII orpaHil'l6Hilll JIH
neii:HO 3aBIICHT OT ABYX He3aBHCIIMhIX CKaJIHpHhIX IIapa
MeTpOB HJIII OT OAHOI'O H TOI'O me IIapaMeTpa, r) u;eJieBaH 
li>YHKJJ,IIH JillJieHHO 3aBHCHT OT BeKTOpHoro IIapaMeTpa, 
A) npaehle 'JaCTII orpaBH'leHU:ll JlllHeHHO 3aBHCHT OT 
BeKTopaoro rrapaMeTpa. CJiyqaii: 3aBHCIIMOCTH OT IIapa
MeTpoB MaTpHu;hI orpanu:'leHHii: 3aµ;a11n JII1Heiiuoro IIpo
rpaMMI1poB11H11H BeC&Ma CJIOlReB II IIOKa (1983) HCCJie
AOBaH uenocTaTO'lHO. )J;JIH CJiy'laH a), narrp., peweu11e 
yKa3aHHLIX IIpo6JieM 1) - 3) xapaKTepu3yeTCH CJiep;yro-
111,HM oGpa30M. IlycTh TpeGyeTCH MaKCHMH3HpOBaTh 

~;=l (c1+J.cj).x1 (2) 

npn ycJIOBJIHX 

~~-l a;1.x1..;;;li;, i=1, ... , m; x1 ~o, i=1, ... , n, 
I --
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file /..EA= IR1. Torp;a cym;ecTByer ra1we pa361IcHne A 
Ha KOHe'!HOe <rnCJIO OTKph!TbIX CJieBa UHT0pBaJIOB: A= 

= U :=1Ak (q:{e 1rnTepBaJI A 1 HeorpaHH'!eH cJieBa, Aq He

orpaHU'!eH cnpaBa, npn'leM Bo3MOll\eH cJiy'!aiI c0Bna
)leun11 OAHoro H3 HllX c A), '!TO npn Bcex "-EAk cooTBeT
CTBYIDlllaH 3aAa'!a Jinueii:uoro II. 11. pa3peuurna, npn'!eM 
Ha KalK)lOM HHTepBaJie Ak, k=1, .. . , q, OHa llMeeT O)lHH 
ll TOT me ua3HC. fICKJIIO'!eHHe MoryT COCTaBJIHTb Jlllillb 
llHTepBaJihl A 1 n Aq, Ha K-phlx I{eJieBaH <J>yHKI{llll (2) 
MomeT 6h1Th HeorpaHn'leHHa. TaKnM o6pa3oM, B )laHHoii. 
3a)la'le MHomecTBo pa3pernHMOCTll A' npeACTaBJIHeT 
co6oii: o6'he)lnHemrn ecex Ak 3a BOllMOiKHLIM 11cKJIIO'!eH11eM 
A 1 II (IIJIII) Aq. ~aJiee, orrTHMaJibHoe 3Ha'leH11e I{eJieBOI'i 
<i>YHKI{llll Ha KaiK)lOM Ak, k= 1, .. ., q, HBJlll0TCll BhlllyK
JIOH KycoqHo JlllH0HHOH <i>YHKI{lleii rrapaMeTpa "-· 

q llCJI0HHh!e M0TO)l&l pemeHHH O)lHOila paMeTp1I'l0CKllX 
(A= IR1 ) 3a)la'l JIHHeiiHoro II. 11. 11pencTaem1roT co6oii 
MO)llI<J>e:Kal{llll CUMn,//,e/f,Cl(,OZO ;iiemooa; B CJiy'!ae MHoro
MepHoro npocTpaHCTBa napaMeTpoe rrpnxo)lHTCH rrpuBJie
KaTb 6oJiee CJIOiKHhle coo6pameHHH. 

Jlum.: [I) r 0 JI bill Te II H E. r., JO ll H H ,U. B. HOBhie 
HanpaaJJemrn B mmeiiHOM nporpaMMHpo11a1mu, M., 1966; [Z] Theo
rie der linearen parametrlschen Optimierung, B., 1974. 

A. A. Rop6ym. 

IIAPAMETPIPIECROE YPABHEHRE M Home c T
B a T 0 'I e K n p 0 c T p a H c T B a - 3a)laHIIe TO'leK 
:noro MHOlK0CTBa llJill IIX KOOp)lHHaT B BHAe 3HR'leHHH 
<J>yam.1.11ii HeK-phlx nepeMeHHbtx, Ha3h!BaeMh!X n a p a
M e T pa Mn. 

IIapaMeTpH'I. 3aAamrn np11Moii B n-MepHoM BeKTopHoM 
rrpocTpaHCTBe 1Rn IIMeeT 01111 

x=x<ol+at, x<olEIRh, aEIRn, -oo < t <+oo, (1) 

r)le x< 01 11 a - <J>11KcnpoBaHHhle BeKTOphl, x<01 - Ha'!aJih
Hhlii BeKTop, a a ;CO - HanpaBJI11ronui:ii: eeKTop, napaJI
JieJihBhIH np11Moii. Ecmi: B 1Rn 33/laH 6a311c 11 Koopp;11HaThl 
BeKTopa x 0003Ha'!aIOTCll qepes X1' ••• ' Xn, TO ypaBH0HHe 
( 1) B KOOp)lHHaTHOH <J>opMe HM00T BHA 

xk=xk0 >+akt, -oo < t <+oo, k=1, 2, ... , n. 

IIapaMeTpH'I. 3aAaHne m-MepHo:ii r11nepnJioc1wcr11 B 
1Rn llM00T BUA 

x=x(ol+aU1t 1 + ... +a<mltm, x<olERn, (2) 

a<j)ERn, -oo< t1 <+oo, j=1, 2, ... , m, 

f)l0 xCO) - Ha'!aJibHhlH BeKTOp, COOTB0TCTBYIOII{HH HyJie
Bbl~ 3Ha'leHHHM napaMeTpoB t1, a aOI, .•• , a<m1 - Jiu
HeHBO He3aBHCUMaH CHCTeMa m eeKTopoe, napaJIJI0JibHblX 
paccMaTpHBaeMoii rimepoJiocKoCTH. B 1wopmrnaTHoii <J>op
Me ypaBH0HH0 (2) HM00T Bll)l 

xk=xi0>+a~1 )ti+ ... +a~m>tm, - oo < t j < + oo, 

j=1, 2, ... , m, k=1, 2, ... , n. 

IIapaMeTpnq, saAaHne m-Mepaoii noeepxHoCT11 B 1Rn 
UMeeT BUA 

x=x(t)=x(ti, ... , tm), f=(ti, ... , tm)EEcRm,(3) 

rne E - uanp., aaMhlKaHue HeK-poii o6JiaCTH m-MepHoro 
npocTpaHCTBa IRm, a x: E ~ IR11 - oro6pameH110 He
K-poro KJiacca: HenpepbIBHoe, A11<J><J>epeHI{11py0Moe, He
npepbIBHO AH<P<l>epeHI{HpyeMoe, ABam)lhl Aii<J>cliepeHI{IIpy-
0Moe II T. )l., B aaBHClilMOCTH OT qero paccMaTpn:eaeMaH 
m-Mepua11 IlOBepxHOCTb TalOKe Ha3. COOTB0TCTBeBHO He
npepb!BHOH, 1.1.mp<J>epeHI{n:pyeMoii 11 T • .a;. B cJiyqae m= 1 
MHOlK0CTBO E RBJIH0TCll oTpeaKoM: E=[a, b) II II. y. (3) 
npeBpall{aeTCll B II. y. Kprrnoii: x=x(t), a<t<.b, B npo
CTpaHCTB0 Rn. Hanp., x1=cos t, x 2=sin t, O..,.;:t.._:2n, 
HBJIH0TCH II. y. Ha nJiocKocTH oKpymHocTn e.a;n:Hll'!Horo 
paAnyca c n.esTpoM e HaqaJie Koop1urnaT. 

B KatJecrBc MHomecTBa Tl, ua H-poM :iap;auo paccMaT
p1rnaeMoe napaMeTpli'L npeACTaBJieHne, nuor)la BMeCTO 
aaMwKaH1rn m-MepHoii o6JiaCTII 6epyTcH IlO)lMHomecTea 
npocTpaHCTBa Rm Apyro:ii npnpop;bl. JI. ;z. RyBpJIJJ1le•· 

IIAPETO PACIIPE~EJIEHHE - uenpephIBHOe pacnpe-
.a;eJieHne eepoHTHOCTeii c IlJIOTHOCTblO 

f a ( x0 )a+ I 
p (x) = I X. x ' Xo < x < oo, 

l 0, X,.;;;;; Xo, 

3aBUCHll{eii OT rrapaMeTpoB x0 >0 n Gt>O. B 'faKoii: «yce
'leHHoii» TpaKTOBKe II. p. BhIJJ;eJI11eTc11 KaK caMOCTOll· 
TeJibHoe pacnpe.a;eJieHne n:i ceMeHCTBa 6ema-pacnpefJe11e-
1wu 2-ro pona c uJIOTHOCThlO 

1 xµ- 1 

B(µ, a) (l+x)µ+a 
µ, Gt > 0, 0 < x < 00' 

np11 ~t = 1. ~JIH JII06oro <J>11Kcn:poaaHHoro .T0 II. p. cno-
6 Xo 

)l11TCH npeo pa30Ban11eM x= -y K 6eTa-pacnpe)leJieHHIO 

1-ro pop;a. B cncTeMe llupcona "'PUBb!X II. p. np11HaA
JiemnT K pacnpe)leJieBnllM «nma VI» 11 «T1ma XI». MaTe
MaTH'!ecKoe OJRHAaH11e II. p. KOHe'!HO npn Gt>1 II paeHO 
Gtx0/(Gt-1); ARCnepc1111 KoHe'lHa npn a>2 u paeHa 
Gtxg! (a-1)2 X (a-2); M0AlilaHa paBHa 21/a.'1'0 .CllyuKI{Illl pac
npe)leJieHnH II. p. onpeAeJieHa <J>opMyJioii 

P{X < x}=t-( :• t, x >x0 , a> 0. 

II. p. noJiy'llIJIO rrrnpoKoe pacnpocTpaucH11e B pa:mnq
HhlX 3aAa'!aX 3KOHOMll'I. CTaTHCTHKll Ha'!JtHaH c paUOT 
B. IIapeTo (W. Pareto, 1897) o pacnpe)leJieHnn noxo)loB. 
C'!HTaJIOCh, '!TO II. p. )lOCTaTO'IHO xopomo onncwBaeT 
pacnpe)leJieBHe AOXO)lOB, npeBbIIUaIOll{llX H0K-pblii ypo
BeHb, B TOM CMhlCJI0, '!TO aro pacnpeAeJieHne )lOJIJRHO 
HM0Th XBOCT nopll)lKa 1/xa npn: x - oo. 

Jlum.: [1] R pa Me p r., MaTeMaTH'IeCKHe MeTOll;bl CT8THC· 
THKll', nep. c aHrJJ., 2 uap;., M., 1975. A. B. Jipoxopoa. 

IIAPRKMAXEPA IIAPA)1;0KC - TO me, '!TO anmu
no.Musi «)lepeBeHcKnii napnKMaxep». 

IIAPCEBA.1UI P ABEHCTBO - paBeHCTBo, Bb1pama10-
11{ee KBaApaT HOpMhl aJieMeHTa B B0KTOpHoM npocTpaHCTB0 
co CKaJillpHhlM npoH3BeAeHH0M '10p03 KBaApaThl MOAYJICH 
Koa<J>qnn{ReHTOB Cllyphe aToro aJieMeHTa no HeK-poii op
ToroHaJibHoii CUCTeMe aJieMeBTOn; TaK, eCJIH x - HOpMH
poBannoe cerrapa6eJibHoe BeKTopHoe npocTpauCTBO co 
CKaJIHpHhlM rrpou3BeAeHueM (.)' II· II - COOTBeTCTByIOm;aR 
eMy uopMa u {en} - opToroHaJibHaH BX cncTeMa, en¥0, 
n=1, 2, ... , To paBeHcTBOM IIapceeaJIH 
AJIH aJieMeHTa x EX Ha3. paBeHcTeo 

(1) 

(x, en) 
rAe an= (en, en) , n= 1, 2, .. .,- KoacpcpHI{HeBTbl Cllyphe 

aJieMenTa x no cncTeMe {en}· Ecm1 :JTa CHCTeMa {en} 
opTOHOpMn:poBauea11, TO II. p. RM00T BHA 

JlxJl2 =~"" JanJ2• "'-'n=l 

n hlllOJIHeBue II. p. JJ;JIH .a;aHHOro aJieMeHTa .'I' Ex HBJill
eTCll H000XO)lliMbIM " AOCTaTO'!HblM ycJioBneM Toro, 'IT06hl 
PllA <l>yphe aroro :.iJieMesTa no opTorouaJibHoii cncTeMe 
{en} CXOAHJICll K caMOMY aJieMeHTY x DO HOpMe npo
CTpaHcraa X. 8blIIOJIHemrn II. p. nn11 JIIOooro aJieMeuTa 
x EX RBJI11eTc11 Heooxop;nMhIM u AOCTaTO'!HbIM ycJioeueM 
)lJIH Toro, 'ITOObl opToroHaJibHaH CHCTeMa {e .. .} uwna noJI
Hoii: ClilCTeMOH B x. 0TCIO)la CJI0AY0T, n '!3CTHOCTH: 

ecJin X - cenapa6eJihuoe rn:Jih6epToBo npocTpaHCTBO 
n {en} - ero opToHopMn:poBaHHblii fiaa11c, TO II. p. no 
cucTeMe {en} BhlllOJIHReTCH )lJill Kam)loro aJieMesTa x EX; 
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eCJili x - cerrapa6eJibHOe rHJibOepTOBO rrpocTpaHOTBO, 
:rEX, YEX, {en} - opTOHOpM11poBaHHhllI f\a311c B X, 
an= (x, en) 11 bn= (y, en) - KoaiJ>iJ>111weHThI Cllypbe 
COOTBeTCTBeHHO aJieMeHTOB :r II y, TO crrpaBeAJIHBO pa
BeHCTBO 

(2) 

Ha3. 0 6 0 6 III e H H hi M p a B e H c T B 0 M II a p c e
B a JI H. B AOCTaToquo 3a1rnrrqeeeoM BIIAe aorrpoc o 
llOJIHOTe CHCTeM iJ>ymn1,11ii, HBJIHIOID;llXCH co6CTBeHHhJMll 
il>YHKll,IIHMH AmfliJ>epee11,naJibHbIX orrepaTOpoa, 6hJJI II3Y
qee B. A. CTe1woeLIM [ 1]. 

II. p. o6o6m;aeTCH H ea cJiyqaii eecerrapa6eJihHhlX 
rHJib6epTOBhlX npocTpaHCTB: ecJI11 {ea.}, a E & (& HeK-poe 
MHomeCTBO HHAeKCOB)' HBJifleTCH llOJIHOH opTOHOpM11po
BaHHOll CllCTeMOH r11Jib6epTOBa rrpocTpaHCTBa x' TO AJIH 
JIJ06oro aJieMeHTa :r EX crrpaBeAJIHBO II. p. 

(x, x) =~a. E & I (x, ea.) 12' 
rrpIIqeM cyMMa B rrpaBoiI qaCTll paBeHCTBa IIOHllMaeTCH KaK 

sup ~a. E& I (.x, ea.) 12, 
&, 

rAe BepxHHH rpaHh 6epeTCH ITO BCeB03MOlKHb!M 1\0HeqHbIM 
llOAMHO)ReCTBaM &o MHOmeCTBa &. 

B CJiyqae, KOrAa X=L2[-:rt, :rt] COCTOllT 113 ABHCTBll
TeJihHhlX il>YHKll,llH, KBaApaT K-pbIX HHTerp11pyeM no Jle6e
ry Ha OTpe1rne [-:rt, :rt], fEL2[-:rt, :rt], B KaqeCTBe IIOJIHOH 
opTOroHaJibHOll CllCTeMbI B3HTa Tp11roH0MeTp11q. CHCTeMa 

iJ>yHKll,llH 11 

f - ~+ ~:= 1 an cosnx+bnsin nx, 

paBeHCTBO (1) liMeeT BllA 

rn a 2 00 ! .J -i-·J2 (t) dt =-i-+ ~n= 1 (a~+ h~) 
M Ha3. K JI a c c H q e c K II M p a B e H c T B 0 M II a p
c e B a JI H; oeo 6bIJIO yKa3aHo M. IIapceaaJieM 
(M. Parseval, 1805). 

Ecm1 gEL2[-:rt, :rt] 11 
, 

ao '-"'"' ' , g - - 2-+ ..:..n= 1 an cos n x + bn sin n:r, 

TO paaeHCTBo, arraJiornqeoe iJ>opMyJie (2), BbirJIHAllT CJie

AYIOID;llM o6pa3oM: 

1 r :rt 1 , ,..., '" ( , , ) 
Ji' .l -:rt f (t) g (t) dt = 2 a0 ao + ~n= 1 anan + bnbn • (3) 

J\JiaCChl K 11 K' AeiicTBllTeJibHbIX iJ>yHK1111ii:, orrpeAe-
JieHHhlx Ha OTpe3Re [-:rt, :rt], TaKHe, qTO AJIH acex f EK 
H gEK nMeeT MeCTO o6o6meerroe II. p. (3), Ha3. AorroJI
HHTeJihHhlMH. II pHMepoM AorroJIH11TeJihHbIX KJiaccoa HB
JIHIOTCH rrpoCTpaHCTBa Lp[-:rt, :rt] H 

1 1 Lp' [-:rt, :rt], -p+p;-=1, 1 < p < + oo. 

Jlum.: [1) CT e H JI o B B. A., «3anHCRH cjJHaHRO-MaTeMan1q, 
o6niecTaa», cep. 8, 1904, T. 15, M 7, c. !-32; (2) H" Ro JI h
e R" ii C. M., Rypc MaTeMaTHqecRoro aHaJIHaa, 2 H311., T. 2, M., 
1975; [3] H JI b "H B. A., II 0 3 H HR 3. r., 0CH0Bhl MaTeMaTH
qecRoro aHamrna, 2 H311., q, 2, M., 1980; [4) Ba p II'. H. R., 
TpHrOHOMeTpHqec1me PHIU>I, M., 1961; (5) 3" r My H II A., 
TpHrOHOMeTpHqecRHe p1i)lb!, nep. c aHrJI., T. 1, M., 1965; [6) 
R u p H JI JI o a A. A., r a " m " a H " A. ,r:i:., TeopeMht " aa-
11aqH 4IYHRIU10HaJ1bHOro aHamrna, M., 1979. JI. ~. HyfipRBtfeB. 

IIAPCEBAJUI - IIJIAHIDEPEJIH Cl>OPMY JIA - CM. 
ll.//,a1wtepe.;r,si meopeJrta. 

IIACKAJIEBA rEOMETPHH - reoMeTpMH llJIOCKOCTH, 
rrocTpoeHHoii: HaA rroJieM (RoMMyTaTHBHbIM TeJioM). Ha-

3BaHHe 3TOH reoMeTpllll CBH3aHo c T0M, qTO B 3TOH reo
M0TpHM Ha llJIOCKOCTll BbIIJOJIHH0TCH KOHiJ>11rypa11,110HHoe 
rr p e A JI o m e H 11 e II a II rr a - II a c K a JI H: ecJI11 

TOqKH 1, 3, 5 II 2, 4, 6 COOTBeTCTBeHHO JiemaT Ha rrpHMbIX 
(KoJimrneapHbI), TO TOqKn rrepeceqeHHH nap rrpHMbIX 
(1, 2) II (4, 5), (2, 3) II (5, 6), (3, 4) II (6, 1) - TOqKll 9, 7, 
8 - TaKme JiemaT ea OAHoll: rrpHMoii. rrp11 mo6oM Bhl6ope 
Cl!CTeMhJ o6paayJOID;HX 
ToqeR 1, 3, 5 Ha OA
HOM IIpHMOM 11 2, 4, 
6 - Ha Apyroii rrpH
Moil:, OTJIHqHoil: OT rrep
BOH (cM. pHc.). Bameeii
rnHil: qaCTHbIH CJiyqail: 

3TOrO rrpeAJIOmeHllH (B 

aiJ>iJ>11HHOH IJJIOCKOCTll) --"'~--....i.:::-----"---
yTBeplKAaeT: II3 TOro, 4 6 z 
qTo IIpHMaH (4, 3) IIa-
paJIJieJihHa (6, 5) 11 rrpHMaH (6, 1) rrapaJIJI0JihHa (2, 3), 
CJIBAYeT IIapaJIJieJibHOCTb rrpHMbIX (2, 5) H (4, 1). 

II. r. IIJIOCKOCTll MomeT 6bITb IIOCTpoeea HaA 6ecKO
HeqHbIMll llJill KOHeqHhJMll IIOJIHMH, COOTBeTCTBeHHO 3TOMY 
llJIOCKOCTb Ha3. 6ecKoHeqHo:il: HJIH KoHeqeofi II a c K a
JI e B 0 H II JI 0 C K 0 C T b JO, 

Brrepahle aaarnyID poJih rrpeAJiomeHHH IIacKaJIH B 
llOCTp00HllH reoMeTpnq, CllCT0M HaA 6ecKoHeqHhJMH 110-
JIHMH 11ccJieA0BaJI )J.. f11Jih6epT (D. Hilbert, CM. [ 1]), 
K-phlfi ycTaHaBJIIIBaJI AOKaayeMOCTh rrpeAJiomee11H IIa
CK8.JIH rrpH pa3JillqHhJX Ha6opax aKCHOM 113 CllCTeMbI 
aKCllOM eBKJIHAOBa rrpocTpaHCTBa. fl,. fllJihOepT rroKa3aJI, 
'ITO ll aCIW/15! meope.My B 6eCKOHeqHofi IJJIOCKOCTll MOlKHO 
AOKa3aTb c llOMOlliblO IIJIOCKOCTHbIX aKelloM llHL\llAeHT
HOCTll, IIOPHAKa, KoHrpyaHTHOCTH, rrapaJIJI0JlhHOCTll II 

rrerrpepbIBHOCTH, rrp11qeM 6bIJIO ycTaHOBJieHo, qTo 6e3 
aRCllOM eerrpepbIBHoCTH B 3TOM cJiyqae TeopeMy IIacKaJIH 
noKaaaTh HeJib3H. 

Orr11paHCh me Ha IIpOCTpaHCTB0HHbie aKCllOMbl CllCTOMhl 
r11Jib6epTa, TeopeMy IIacKaJIH MOlKHO AOKa3aTh 6e3 
aKCllOM KoHrpyaHTHOCTH, HO o6H3aTeJihHO c IIpHMeHeH11eM 
aKCllOM H0IIpepbIBHOCTH (11CKJIIO'l0Hll0 aKCllOM HerrpepbIB
HOCTll B 6ecKoHeqeoii: llJIOCKOCTll IIPllBOAllT K 1ienac1ra-
11eeoii uoJrtempuu). Bo3MOlKHOCTh AOKa3aT0JlbCTBa Teo
peMbI IIacKaJIH aHaJior11qHa B yKaaaHHOM CMhlCJie aoa
MomHOCTll AOKa3aT0JlhCTBa !{ eaapza npeO/!O:JICeliU5t c llC
IJOJib30BaHHeM rrpOCTpaHCTB0HHhlX aKCllOM, OAHaKo B 
AOKa3aTeJibCTBe TeopeMhl IIacKaJIH rrpoHBJIHeTcH oco6aH 
poJih aRc110M HerrpephlBHOCTll ApxHMeAa B 6ecRorre'lHhlX 
rrJioCKOCTHX (CM. Heapxu.Meooea uoJrtempua). 

IIpeAJiomeHHe IIarrrra - IIacKaJIH rrpoeRTllBHo BbIIIOJI
HH0TCH B HeK-poii. IIJIOCKOCTll TOfAa II TOJlbKO TOfAa, KOrAa 
YMHOlK0Hll0 BO BCex HaTypaJihHhlX TeJiax 3TOH IIJIOCKO
CTll o6JiaAaeT KOMMyTaTIIBHhlM CBOHCTBOM, llJill llHa'l0e: 
HaTypaJibHOe TOJIO BCHKOH IIaCKaJieBoii IJJIOCKOCTll HB
JIHeTCH IIOJI0M H, Hao6opoT, llJIOCKOCTb, llOCTpoeHHaH HaA 
noJieM, o6JiaAaeT II. r. IIoaToMy II. r. 11rrorAa Ha3. re o
M e T pH e ii c KOMMyTaTllBHhJM YMHome
H II e M. TaKHM o6pa3oM, B rracRaJieBOH IIJIOCKOCTH KOH
ip11rypa[\IIOHHOe rrpeAJiomerrHe IIarrrra - IIacRaJIH 11MeeT 
aJire6pa11'l. HBBap11aHT' Bbipama!OID;HH KOMMyTaTIIBHOe 
CBOllCTBO yMHomeHHH B MHOll\eCTBe, HaA K-pb!M IJOCTpoeHa 
ilTa IJJIOCKOCTh. 

B JI106oil: rrpoeKTHBHoil: IIJIOCKOCTH TeopeMa IIarrrra -
IIacKaJIH BJieqeT aa co6oii: rrpeAJiomee11e .IJ;e3apra. 

KoHeqHaH nacKaJieBa IIJiocKoCTh RaR RorreqeaH npo
eRTllBHaH 11JIOCKOCTb cym;eCTBY0T TOJlbKO B CJiyqae, 
eCJill qHCJIO ToqeR, Jiemam11x Ha KalK)IOH IIpHMOH 3TOH 
IIJIOCKOCTll, BCTb Ps+ 1, rAe p - rrpOCT00, s - HaTy
paJihHOB q11CJIO. TaK KaK BCHKOe KOHeqHoe aJihT0pHa
TllBHOe TBJIO HBJIHeTCH IIOJieM, TO B KOHeqHOH IIJIOCKOCTll 
rrpeAJiomee11e ,[{eaa pra BJieqeT 3a co6oil: TeopeMy IIarr
na - IIacRaJIH, rrpnqeM nocJieAHHH HBJIHBTCH CJieACTB11eM 
T. H. MaJIOH TeopeMhJ ,[{eaapra. BMBCTe c T0M cym;ecTByJOT 
KOHeqHble rrpoeKTIIBHhle llJIOCKOCTll, HBJIHIOllIHOCH rre
rracRaJieBbIMll. IIacRaJieBa IIJIOCKOCTh naoMopiJ>ea ABoiicT
aerreoii ce6e IIJioCKoCTll. 
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3uaqeID1e II. r. orrpe,a;emrnTcH ee poJihIO npn nccJieJ:i;o

BllllHH He3aBHCHMOCTH CHCTeMhl aKCHOM, B qacTHOCTH 
eucreMhI aKcnoM fnJib6epTa eeKJI11,a;oeo:il: reoMeTp11n. IIp11 
DOCTpoeHHH 6ecKoHeqeo:il: IIJIOCKOCTI! Ha OCHOBe rpyrrrr 
aRCBOM liHIIHAeBTBOCTH, rropHAKa H napaJIJieJibBOCTH 
npe,a;Jiolf<eHHe IIanna - IIacKaJIH AOJill\Ho paccMaTpn
eaThCH KaK AOITOJ!BHTeJibHaH aKCHOMa. c ,a;pyro:il: CTOpOHhl, 
c rroMOIIlbIO KoM6HHau,n:il: KoHeqHoro qncJia Kompnrypannii 
IIanrra - IIacKaJIH oKa3hleaeTCH B03MOll\BhlM pemnTh 
3a,a;aqn Ha rrocTpoeHne, e K-phlx ncnoJih3yeTCH JIHmh 
IIOHHTHe nm:i;n,a;eHTHOCTH H, MOll\eT 6hITh, rrapaJIJieJib
BOCTH. 

Jium.: [1) r H JI b 6 e p T ,n: .• OCHOBaHUR reoMeTpHu, rrep. 
c HeM., M.- JI., 1948; [2) B i e be r b a ch L., Einleitung in 
die hohere Geometrie, Lpz., 1933; [3] CR op H 11 Ro a JI. A., 
«Ycrrexu M8TeM. HaYR», 1951, T. 6, B. 6, c. 112-54; [4] Dem
b ow ski P., Finite geometries, B.- [u. a.l, 1968; [5) Rei
d e m e i s t e r K., Grundlagen der Geometrie, B., 1930; [6) 
A p Tu H 3., reoMeTPH'leCRaJI aJ1re6pa, rrep. c aurJI., M., 1969. 

JI. A. Cu{)opoe. 
IIACKAJIH P ACIIPE)J;EJIEHME - ,a;ncKpeTHoe pac

rrpe,AeJielllle eepoHTHOCTe:il: cJiyqa:il:Ho:il: eeJinqnHhl X, rrpn
HHMa10meiI lleJihle HeoTpnnaTeJihBhle 3HaqeHnH k=O, 1, 
2, . . . B COOTBeTCTBHH c «l>opMyJioii: 

P {X =k}=C~".t1-iP' (1-p)k, 

r,Ae 0<p<1 n rreJioe r>O - rrapaMeTpbl. I 
IIpon3eo,a;11ma11 «l>YHKrrnH n xapaKTepncTHq. «l>YHKil,HH 

II. p. paeHbl cooTBeTCTBeHHO 

P(z)=p'(1-qz)-r 

f (t)=p' (1-qeif)-r, q=1-p. 

MaTeMaTnq. omn,a;aHne n ,a;ncrrepcnH cyTh rq/p n rq/p2• 
II. p. c napaMeTpaMn r n p B03IIHKaeT ecTeCTBeBHhlM 

o6paaoM B cxeMe Bepny.rr,.rr,u ucnbiniaHuu c eepoHTHOCTbIO 
«ycnexa» p n eepoHTBOCThIO <<Hey11:aqm> q= 1-p KaK 
pacrrpe,a;eJieHne qncJia «Hey11:aq» AO uacTynJieHnH r-ro 
«ycrrexa». IIpn r= 1 II. p. coerra11:aeT c ieo.11£empu'lec1rn.M 
pacnpeae.1tenue.11£ c napaMeTpoM p, a rrpn r>1 - c pac
npe,a;eJieIIneM cyMMhl He3aBHCHMbIX cJiyqaHIIbIX BeJIH'IHII, 
HMerornnx 011:11HaKoeoe reoMeTpnq, pacrrpe,a;eJieune c rra
paMeTpOM p. B cooTBeTCTBHH c arnM cyMMa He3aencnMhlX 
CJiyqaii:BhlX BeJIH'IHII X1 •... , x no HMeromnx II. p. c 
rrapaMeTpaMn p n r1 , •• ., r,, cooTBeTCTBeHuo, nMeeT II. p. 
c rrapaMeTpaMn p n r1+ .. . +r,,. 

<J>yHKil,HH pacnpe11:eJieHnH II. p. rrpn k=O, 1, 2, ••• 
aa,a;aeTcH .iPopMyJioii 

F (k) = B (r, \i+ 1) ~: xr-I (1-x)k dx, 

r,a;e e rrpaeoii qacTn CTOHT 3HaqeHne «l>YHKIIHH 6ema-pac
npeae.1tenwi B ToqKe p(B(r, k+1) - 6eTa-«PyHKli;HH). 
McrrOJih3YH :JTO COOTHOilleHne, MOll\HO ,a;oorrpe11:eJIHTb 
F (k) AJIH ecex ,a;e:il:cTBHTeJihHhlX r >O. B Ta ROM o6o6meH
HOM CMbICJie II. p. Ha3. ompuu,,ame.ftb/1,11,Jll, 6unOMUll.!tbH,bl.11£ 
pacnpeae.rr,enue.11£. 

Jlum.: [1) <I> e JI JI e p B., Bae,D;eHHe a TeopHIO aepOJITHOCTett 
Hee npHJIO>ReHHJI, rrep. c aHrJI., 2 H3A., T. 1, M., 1967. 

A. B. llpoxopoe. 
DACKAJIH TEOPEMA: rrpoTHBOIIOJI01RIIble cTopoHbl 

mecrnyrOJibHHKa, BIIHC8HHoro B JIBHHIO 2-ro rropHAKa, 

Q 

PHC. 1. Puc. 2. 

uepeceRaIDTCH B Tpex Toq1rnx, nemamnx Ha o,a;Hoii rrpHMoii. 
(Ba II p HM oft II a c Ra JI H, CM. pnc. 1). II. T. eepua 
B e TOM cnyqae, Ror11:a 11:ee UJIH 11:ame Tpn coce)J;IIHX eep-

'It 8 MaTeMaTu'leCRMI aan., T. 4 

IIIHBbl COBIIa)J;aIOT (uo 
ue 6oJiee qeM rro 11:se e 
OAIIOH ToqKe). B aroM 
cJiyqae e KaqecTee 
rrpHMOH, rrpOXOAHmeJ.i 
qepe3 )!;Be COBIIa)J;aIO
mne eepmnHhl, rrpn
IIHMaeTCH KacaTeJibHaH 
K JIHHHH B ilTOH TOqKe. KacaTeJibHaH K JIHHHH 2-ro IIO
PHAKa, rrpoee,a;eHHaH B OAHOH H3 eepIIIHH u BIIHCaHHoro 
IIHTnyrOJibBHKa, rrepeceKaeTCH co CTopoHon, rrpoTnBo
rroJiomuoft aroii. eepmIIHe, e ToqKe, K-pa11 JiemnT ua 
rrpHMon, rrpoxo11:11meii qepe3 
ToqKn rrepeceqeHrrH ocTaJihHhlX 
rrap HecMelf<HblX cTopoH aToro 
IIHTIIyrOJibHIIKa (CM. prrc. 2). 

EcJIII ABCD - qeThlpex-
yroJihHHK, BITIICaHHhlH B JIH
HIIIO 2-ro rropHAKa, TO TOqKII 
rrepeceqeHHH KacaTeJihHblX B 
eepmnHax C n D cooTBeTCT
seuuo co CTopoHaMn AD n BC 
II TOqKa rrepeceqeurrH rrpHMblX 
AB n CD JiemaT Ha 011:Ho:il: rrpH
MOH (cM. prrc. 3). 

ToqKn rrepeceqeurrH Kaea- Puc. 4. 
TeJihHblX e sepmnuax Tpe-
yroJihHnKa, BIIHCaBHOrO B JIHBHIO 2-ro rropHAi:_a, c rrpo: 
THBOIIOJIOll\BhlMH CTOpOHaMH JiemaT Ha O)l;HOll npHMOH 
(cM. pnc. 4). 

II. T. ,a;eonCTBeHBa Bpuanwona meope.Me. 
II. T. ycTaIIoBJieHa E. IIacKaJieM (B. Pascal, 1639). 

lJ aCTIIhlft cJiyqaft II. T. AJIH JIHHnn 2-ro rropH,a;Ka, Bblpom
Aaromeii.cH e rrapy rrpHMbIX, 6hlJI n3eecTeH eme e 11:poo
HOCTn (CM. ll anna a1>cuo.Ma). 

Jlum.: [1) r JI a r o JI ea H. A., IIpoeRTHBHaR reoMeTpHH, 
2 H3A., M., 1963; [2) E ljJ H M 0 B H. B., Bh!ClliaR reoMeTpUJI, 
6 U3A., M., 1978. n. c. Mo{)euoe, A. c. llapXOMeU'l<O. 

IIACKAJIH TPEYI'OJlbHUK - Ta6Jinna qnceJI, HB
JIHromnxcH 6uno.Mua.1tbnW.MU 1>oarfirfiu1Juenma.11£u. B aroft 
Ta6m1u,e rro 6oKOBhlM cTopoHaM paeHo6e)lpeuuoro Tpe
)TOJihHHKa CTOHT e)J;HHUU,hl, a Kam11:oe H3 OCTaJibHhlX 
qnceJI paBHO cyMMe ABYX qnceJI, CTOHIDHX Ha)l HHM CJieBa 
II crrpaea: 

1 1 
1 2 1 

1 3 3 1 
1 4 6 4 1 

15101051 
1 ............. 1 

B cTpoKe c uoMepoM n+ 1 BhlIIIICaHhI Koa«P«Pnu,neHThl pa3-
JiomeHHH 6IIHoMa (a+b)n. TpeyroJibHaH Ta6Jimi;a, rrpe,a;
JiomeHHaH E. IIacKaJieM B «TpaKTaTe 06 apH.iPMeTIIqecKoM 
TpeyrOJibHHKe» (1654), OTJIUqaeTCH OT Bbl!IHCaHBOii: 3AeCb 
rroeopoTOM Ha 45°. Ta6JIHil,hl AJIH n3o6pameHnH 6rrHo
MIIaJibBhrx Koa«P«PunneBTOB 6bIJIH H3BeCTHbl H paHee. 

Jlum.: [11 Y c rr e H c R u it B. A., TpeyrOJlbHUR IIacRaJIJI, 
2 ua,D;., M., 1979; [2] IIcTOpUJI MaTeMaTHRu c ApeaaettmHx apeMeH 
AO Ha'laJla XIX CTOJleTUJI, T. 2, M., 1970. B. 11. He'laee. 

IIACKAJIH Y JIMTKA - rrJiocKaH ame6panq. Kp11ea11 
4-ro rropH,a;Ka; 1>011,xouaa oK
pymHocTH AHaMeTpa a (cM. 
pnc.). "Ypaaueune B rrpH
MoyroJihHhlX KoopAHHaTax: 

(x2 + y2- ax)2 = z2 (x2 + y2); 

B IlOJIHpIIhIX Hoop,a;nHaTax: 

p=a coscp+z. 

HaqaJio KoopAIIIIaT -
ABOHHaH TO'll\a, II30JIHpO
llaHHaH rrpu a <l, y3JioeaH 
npu a >l, Toqirn B03Bpara 

e--,, o, __ / P 

a>l a<L 

' 
p 

a=L 
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npn a= l (B noM cJiyqae II. y.- 1wpauouaa) . .il:JIHIIa 
AYrH BblpamaeTCH 3JIJIHnTJn. HIITerpaJIOM 2-ro poAa. 
IIJI01u;aAh, orpaHnqeHIIaH II. y.: 

S = na• +:n:z2. 
2 ' 

npH a>l nJIOIIJaAb BHyTpeIIHeii neTJIH npH BblqHCJiemrn 
no 3Toii qiopMyJie cqnTaeTCH ABalRAhl. II. y.- qaCTHhIH 
CJiyqaii: !{ enapmooa ooa.w, Olla HBJIHeTCH anHTpOXOHAOU 
(cM. Tpoxouaa). 

II. y. HaaBaHa no nMeHH 8. IIacKaJIH (E. Pascal, 1-H 
noJI. 17 a.), anepBble paccMoTpearnero ee. 

Jlum.: (1] ca Be JI 0 B A. A., IlJIOCKHe KPHBhle, M., 1960. 
JI.. JI.. Cono.<oe. 

IIAY JUI MATPII~bl - ABYPHroJble KOMnJJeKCHhle no
CTOHHHble 3pMHTOBbl MaTpHu;hl KoaiJ><Jmu;neHTOB. BBeAeHhl 
B. IIayJIH (W. Pauli, 1927) )J;Jlll onHCaHHll cnnHOBOro 

~ t. -
MexaHHq, MOMeHTa (CIIHHa s= 2 a) H MarJIHTHOrO MOMeIITa 

- eh -
(µ= 2mc a) 3JieKTpOHa. 8TO ypaBHeIIHe KoppeKTHblM 

o6pa30M B HepeJIHTHBHCTCKOM CJiyqae onHCbJBaeT qaCTHJJ;bl 

co CnHHOM + (B eAHIIHu;ax h) H MOlReT 6b1Tb noJiyqeJIO 
I) 

H3 !{ upa10a ypaeneH UR npH ycJIOBHH c ~1. B HBHOM 

BHAe II. M. MOlRIIO 3anncaTb CJieAYJOIIJHM o6pa3oM: 

Jfx co6CTBeHIIhle 3Haqemrn paBHhl ± 1. II. M. YAOBJieTBO
pllIOT CJieAYIOIIJHM aJire6panq, COOTHOIIIeJIHHM: 

a;ak+aka;=26;k, 

a;ak-akai =2ie;k1a1. 

BMeCTe c eA1mnqHoli MaTpnu;eii: CTn = II 6 ~II II. M. 

o6pa3yJOT noJIJiyJO CHCTeMy MaTpHu; BTOporo paHra, no 
K-poii: MOlReT 6blTb pa3JIOlReII npoH3BOJlbHhlH JIHHeHIIblll 
onepaTop (MaTpnu;a) pa3MepHocm 2. II. M. p;eiicTBYJOT 
Ha ABYXKOMnoHeHTHhle qiym~l{HH-CIIHHOphl 'ljJ A• A= 1, 2, 
npeo6pa3yIOIIJIIeCH npH Bparn;eIIHH CIICTeMhl KOOPAHHaT 
no JIHJieMHOMy p;By3JiaqJioMy rrpeACTaBJieJI1110 rpyrrnhl 
BpaIIJeHHM. IIpH noBopoTe Ha 6ecKoHeqHo MaJihlll yroJI 
BOKpyr OCH c e)J;HHHqJibJM HanpaBJIHIOIIJHM eeKTOpOM n, 
cmrnop 'ljJ A npeo6pa3yeTCH 110 qiopMyJie 

'i'A= [a AB++ i8 (u·n)AB J '\jJll, 
U·n= a1nx+ a2ny+a3nz. 

l13 II. M. MOlRIIO o6pa30BaTb !{upar;a MampUl.fbi Ya, a=O, 
1, 2, 3: 

Yo=llgo -~oil; Yk=ll-~k gkl/; k=1, 2, 3. 

II. M. H30MopcliHhl CHCTeMe npoCTeii:IIIHX rnnepKOMIIJJeKc
IIblX q11ceJJ - KBaTepIIHOIIOB. 0JIH HCnOJih3YJOTCH BCerAa, 
KOrAa 3JieMeIITapIIaH qaCTHJJ;a HMeeT AHCKpeTHblM napaMeTp. 
npHIIHMaIOIIJHM JJHIIJb ABa 3HaqeHHll, Jianp. rrpH onncaHHH 
H3ocn11IIa HyKJioHa (npoToH - HeiiTpoH). Boo6IIJe II. M. 
HCIIOJih3YJOTCH Jie TOJibKO AJIH omrcaHHH H30TOUHq. npoCT
paHCTBa, IIO H B ¢opMaJIH3Me rpynrrhl BIIyTpeHHeii CHM
MeTpHII SU (2). B 3TOM cJiyqae II. M. HBJIHJOTCH reHepa
TopaMH ABY3HaqHoro npeACTaBJieHHH rpynrrhl SU (2) 
H o6o3HaqaJOTCH I\aK Ti. T2, T3. l1HorAa YA06IIo rroJib30-
eaThCH JIHJieMIIbJMH KOM6HHau;HHMH 

-r+=~ «1 +i•2)=\l8 6j/; r=-}<•1-i•2)=1i? 811· 
B HeK-phlx cJiyqaHx AJIH peJIHTHBHCTCKH KoeapnaHTIIoro 
ormcaHHH ABYKOMnoHeHTHblX CIIHHOpIIbIX !J>yHKI~Hll BMe-

CTO II. M. BBO)J;HTCH CBH38HHhle c HHMH MaTpH~bl Sa c 
IlOMOIIJblO CJieAyJOmero II30MopcliH3Ma: 

s0s; +a0 =0; S;S~ =a;, i=1, 2, 3, (1) 

rAe 3HaK (*) o6oaHaqaeT KOMnJieKCHoe conpHlReHHe. MaT
pnu;hl s a ynoaJieTBOpHIOT rrepeCTaBOBoqJIJ,IM COO'l'HOIIIe
IIHHM: 

(2) 

rAe 'l']a, 13 - KOMilOHeIITbl MeTplilq, TeH3opa npOCTpaHCTBa 
M1mKoecKoro c CHrHaTypoii: +2. CllopMyJihl (1) :n (2) 
rro3BOJIHJOT KoaapHaIITIIhlM o6paaoM o6o6IIJHTh II. M. 
Ha IIpOH3BOJlbJIOe HCKpHBJieHIIOe npoCTpaHCTBO 

Sas;+ S13 s~ = 2ga13, 

rAe ga13 - KOMIIOHeHTbl MeTpJlq, TeII30pa HCKpHBJieHIIOro 
rrpOCTpaHCTBa. 

Jlum.: [1] II a y JI H B., TpY>lhl no KBaHTOBOil TeOpHH, [rrep. 
c HeM., T. 1-2], M., 1975-77; [2] He JI H II a H. <I>., <l>H3HKa 
aJieMeHTapHhIX <IaCTHU, M., 1977; [3] B pH JI h ,r:i:., Y H JI e p 
.Um., a KH.: HoaeilmHe rrpo5JieMhl rpaBHTal{HH, M., 1961, c. 381-
427. B. I'. Hpe"tem. 

IIAIDA AKCHOMA - op;Ha Ha aKCHOM nopHAKa B 
I'u.n,b6epma cucme.Me ar;cuo.M eBKJIHAOBoii: reoMeTpHH. 
CllopMyJIHpOBKa aKCHOMbl HCnOJib3yeT IlOHHTHe «JiemaTb 
BIIYTPH oTpe3Ka», np:nqeM oTpe3oK 3AeCh paccMaTp:naaeTCH 
KaK CHCTeMa Aeyx pa3JIHqHbJX ToqeK A H B, np11IIap;Jie
marn;nx OAIIOM npHMoii; TOqK:n, Jiemarn;He «MelRAY» TOq
KaMH A H B, Ha3. ToqKaMH oTpe3Ka (HJIH BIIyTpeHIIHMH 
TOqKaMH 0Tpe3Ka). IIOHHTHe «MelRAYf) (JiemaTb MelRAY) 
Oilli!ChlBaeTCll rpynnoii aKClilOM nopHAKa, KyAa BXOAHT 
11 II. a., K-paH !J>opMyJI11pyeTCH CJieAYIOlll.HM o6pa3oM: 
nyCTh A , B, C - TPH TO'lKH, IIe Jiemarn;He IIa OAIIoii 
npHMOM, Il a - rrpHMaH B UJIOCKOCTH (ABC) 3THX Tpex 
ToqeK, He npoxoAHIIJaH RH qepea OAHY H3 ToqeK A , B, C; 
eCJIH npu 3TOM rrpHMaH npoXO)lHT qepe3 OAHY H3 TOqeK 
0Tpe3Ka AB' TO OHa AOJilRHa npoiiTH qepe3 OAHY H3 TOqeK 
OTpe3Ka AC HJilil qepe3 OAHY Ha ToqeK oTpe3Ka BC. 

II. a. HBJIHeTCH aKCHOMOM a6co.n,10mnoii zeo.Mempuu. 
c IJOMOID;blO .a;pyrux r11Jih6epTOBblX aKCHOM nopH)J;Ka 
MOlRJIO AOKa3aTb, qTo npHMaH a He MOlReT nepeceqb o6a 
oTpe3Ka AC H BC. AKcuoMa c!J>opMyJIHpoBaIIa M. IIa
rneM [ 1]. 

Jlum.: [1] Pasch M., Vorlesungen Uber neuere Geometrie, 
Lpz., 1882: [2] r H JI h 5 e p T n .. OcHOBaHHH reoMeTpHH, rrep. 
c HeM., M.- JI., 1948. JI. A. CufiopoB. 

IIEAHO AKCIIOMbl - CIICTeMa H3 IIHTH aKCHOM AJIH 
IIaTypaJibHoro pHAa N II !J>yHKl{HH S (npH6aaJieHHe 1) 
IIa HeM, eeeAeHHaH ,nm. IIeaJio (G. Peano, 1889): 

(1) OEN; 
(2) xEN-+ SxEN; 
(3) xEN-+ Sx t O; 
(4) xEN /\YEN /\Sx=Sy-+x=y; 
(5) OEM/\ vx (xEM-+ SxEM)-+ Ne M AJIH JIJ0-

6oro CBOMCTBa M (a Kc H 0 Ma H II A y K 1{ Ii! H). 
B nepaoM ea p11aIITe BMeCTO 0 HCIIOJib3oeaJJach 1. CxoA

IIhrn aKCHOMbl He3aBHCHMO npeAJIOlRHJI p. .IJ:eAeKHHA 
(R. Dedekind, 1888). II. a. KaTeropHqIIbJ, T. e. JIJ06hle 
p;ae cncTeMbl (N, S, 0) H (N', S', O'), YAOBJieTBopHIOrn;ue 
II. a., n:aoMopqmhl. JfaoMopqiHaM onpeAeJIHeTCH if>yHK
~Heii: f(x, x), r.a;e 

f(O, 0)=0', f(Sx, Sx)=S'f(x, x); 
f (x, Sy)= f (x, y); f (x, y) =0 AJIH y < x. 

Cy1u;ecTeoeanHe f (x, y) AJIH ecex nap (x, y) H e3aHMHaH 
O/lH03IIa'lHOCTb npH :r~y AOKa3hlBaJOTCH IJO HHAyK~HH. 

II. a. no3BOJIHJOT pa3BHTh TeopHIO qn:ceJI, e qacTHOCTH 
BBeCTH o6bI'lJible ap11!J>MeTHq, !JlyIIKl{HH Ii! AOKa3aTh HX 
CBOMCTBa. Bee aKCHOMhl He3aBHCHMbI, OAHaKO (3) Ii! (4) 
MOlRHO o6'beAHHHTh B o.a;ny: 

xEN /\yEN /\x < y-+ xi= y, 
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ecmr oIIpe11:eJIHTb x <Y RaR 

';/M [M (Sx)/\ ':/z (M (z)--+ M (Sz))--+ M (y)]. 

HeaaaHCHMOCTb ,a;oRaablaaeTcH IIpe,a;'hHBJieHHeM MOAeJIH, 
B R-poiI BepHbl ace aRCHOMbl, RpOMe paccMaTpHBaeMoiI. 
,lJ;JIH (1) TaRaH MOAeJib - HaTypaJibHblH JJHA, Ha'JHHaH c 
eA1rnHI(bl; AJIH (2) - MHomecTBO NU {1/2 }, rAe SO= 1/2, 
s (1/2)=1; AJIH (3) - MHOll\eCTBO {O}; ,D;JIH (4) - MHome
CTBO {O, 1} c SO=S1=1; AJIH (5) - MHOll\eCTBO NU 
U{-1}. 

MHorAa IIOA a p H qi M e T R K 0 ii: IT e a H 0 IIOHH
MaIOT CHCTeMy B H3blKe 1-ro IIOPHARa c cpyHKI(HOHaJib
HblMR CHMBOJiaMH s' +' . ' COCTOHilJ;yIO H3 aKCHOM 

Sx:f=O, Sx=Sy--+x=y, 

OIIpeAeJIHIOIIJ;HX paaeHCTB AJIH +' . H cxeMbl ll'HAYKIJ;HII 

A (0) /\ ';/x (A (x)-----+ A (Sx))--+ ';/xA (x) 

(cM. Apurfi.1ttemu1'a rfiop.1tta./!bHast). 
Jium.: [1] K JI u Hu C. K., Bee11eHHe e MeTaMaTeMaTHRy, 

rrep. c a Hr JI., M., 1957. r. E. MUH1f. 
ITEAHO KPIIBAH - HeIIpepblBHblii: o6pa3 oTpeaRa, 

aarroJIHHIOIIJ;IIH BeyTpeHHOCTb RBaApaTa (HJIH Tpeyronb-

2 J 

5 

Puc. 1. 

HHRa). 0TRpblTa ,Il.m. ITeaHO [1). fl. R., paCCMaTplilBae
MaH RaR IIJIOCRaH lf>Hrypa, He eCTb MHOiR0CTBO, HH
fA0 He IlJIOTHOe Ha IIJIOCROCTH; OHa HBJIHeTCH mop,a;aHo
BOH, HO He RaHTOpOBOll Rpli!BOH, a IIOTOMy He HBJIH0T
C.ll JIHHH0H. IlOCTpOeHHe fl. R., 38IIOJIHHIOIIJ;eH J\BaApaT, 
CM. B CT. Jlunust; OHO IIpHH8AJieiRHT ,II.. fHJib6epTy 
(D. Hilbert). Ha p11c. 1 rrpRBe,a;eH aHanor ero nocTpoeHnH 
AJIH TpeyroJibHHRa (rrepBble rneCTb IDaroB) (Apyrne ROH
CTpyRI(Hlil CM. B [2) R [3]). 

BcHRaH IT. R. nMeeT RpaTHble TO'IR!il - 3TO «rrpeA
nomeHHe JilM00T orpOMHYIO npHHI(HIIHaJibHYIO Ball\HOCTb 
,D;Jl.11 reoMeTpHH, TaR RaK OHO rroRa3blBaeT, B 'l0M JilMeH
HO RpoeTCH caMaH reoMeTpnqecRaH cyll{HOCTb pa3JIJil'lHH 
'lHCJia H3Meperrnii: rrnocRocTH n npHMoii» (H. H. Jlya:irn). 
He cymecTayeT n. R., BCRRaH TO'lRa R-poii 6blJia 6bl 
rrpoCTOH JilJIJil ll:ByKpaTIIOH, HO cym;eCTByeT 11. R., HMeIO
II(aH caMoe 60JibIDee Jllilillb TpeXRpaTHble TO'IR!il (B C'leTHOM 
'lROJie),- TaROBa, HaIIp., KplilBaH, IIOCTpoerrHaH caMHM 
.n.m. ITearro; ROHCTpyRI(HH .n.. f!ilJib6epTa COAepmHT 
'leTblpexRpaTHble TO'IRH (TaRll\e B C'leTHOM 'lHCJie). 

c IIOIIllTHeM IT. R. CBll3aII JII060rrblTHblH ljlaRT cyrri;ecT
BOBaIIHH rrpocTparrcTBerrrrwx rrpocTblX Ayr, IIpoeRTHpy10-
m.nxc.11 rra IlJIOCKOCTb B BHAe CITJIOillHblX mrnmaAeii.,
TaROBa, rrarrp., HpHBaH x=<:p(t), y='lji(t), z=t, rAe rrep
Bhle ABe «J>yrrRI(lilH 3a)IaIOT IT. R. XoTH 3Ta Ayra n MomeT 

8* 

CJIYIRHTb HeIIpOHHI(aeMOH ,D;JIH ,D;OiR,D;H RpblIIIeii:, o,a;HaRo 
OHa BOBCe He eCTb rreIIpepblBHaH IIOBepXIIOCTb. 

M3BeCTIIblll HHTepec IIpeACTaBJIHIOT T. II. II p a B H JI b-

H bl e 3 a M K II y T bl e R p H B bl e T H II a II e a-

Puc. 2. Puc. 3. 

H 0 - rrpeAeJibl IIOCJieAOBaTeJibHOCTeii: CHMMeTpH'IHblX 
3aMRHYTblX KpHBblX, COOTBeTCTBYIOIIJ;HX IIOCJieAOBaTeJibHO
CTHM TpHaHryJIHI(HH IIpOH3BOJlbHOro rrpaBHJlbHOro MHO
royroJibHRRa, Ram,a;aH Jil3 R-pblX HBJIHeTcH rrpaBHJlbHblM 
(T. e. IIOJiy'leHHblM AeJieHHeM Ha ABe paBHble 'laCTH) IIOA

4 

6 

paa,a;eJieHHeM IIpeAblAyrri;eii: (IIpH
Mep - Ha plilC. 2). IIpH 3TOM IIO
CJie,a;oBaTeJibIIOCTb RpHBblX MOiRHO 
Bbl6paTb TaR, 'IT06bl rrpeAeJI IIJIO
ma,a;eii: o6JiacTeii:, HMH orpaHH'leH
HblX, 6blJI paBeH 3aAaHHOii BeJIH
'lHHe (,a;ame HYJIIO nJIH rrJiorri;aA« 
BCeii rro,a;paa,a;eJIHeMoii: ljlRrypbl) 
(pHc. 3). HameTcH aepoHTHblM, 'ITO 
IIo,a;o6Hble RapTHHRH MoryT OblTb 
IIOJie3Hbl IIplil HCCJie,a;oaaHJilH pocTa 
RpncTaJIJIH'l. CTpyRTyp. AHaJio
rH'lHO c IIOMOIIJ;hIO IIOCJie)l;OBaTeJib
HOCTeii TpHaHryJIHIJ;HH MOiRHO CTpO
JilTb OT06pameHHH IIpHMOii: B IIJIO
CROCTb, B qaCTHOCTH «rrepHO,D;H'le
CRHe» RpHBble THIIa ITeaHo. 

CymecTByeT aHaJior n. R., aa
IIOJIHHIOII(HH MHoroMepHbIH H Aame 
C'leTHOMepHbIH Ry6 (CM. [3]), 

,lJ;aJieRo HAyra;ee o6o6rri;eHHe co
,a;epmnT T e o p e M a M a 3 y p
R e B H q a : eCJIH x - ROHTHHY
YM, To 3RB!ilBaJienTHbl ycJIOBHH: 

a) rrp~cTpaHCTBO x JIORaJibHO CBH3HO, 6) x - HeIIpe-
pblBHbllil o6pa3 HHTepaaJia. 

Jium.: [1] Pe an o G., «Math. Ann.», 1890, Bd 36, S. 157; 
[2] A JI e R c a H 11 p o e II. C., Bee11eHue e Teopmo MHOmecTB 
H o6mYIO TOIIOJIOrmo, M., 1977; [3] JI y 3 If H H. H., Teopm:r cjJyHR-
11ult 11eitCTBHTeJ1bHOro rrepeMeHHoro, 2 na11., M., 191,8. 

M. H. Bou1fexoBC1'UU. 

IIEAHO IIPOII3BO,IJ;HAH - OAHO H3 o6o6rri;eHHii: rro
HHT!ilH rrpon3BOAHOH. ITyCTb cymecTByeT ll>O TaRoe, 'ITO 
AJIH BCex t c ltl <II HMeeT MeCTO 

CG 

f(xo+t)=a0+a1t+ ... + r~ t'+y(t)t', 

rAe ao, ••• , a, - ITOCTOHIIHble H '\' (t) - 0 IIpn t - 0. 
IIycTb y (0)=0. TorAa 'IHCJIO a, rra3. o 6 o 6 II{ err Ho ti 
II p o n 3 B o A rr o ii: II e a rr o rropHARa r ljlyrrRIJ;lilII 
f B TO'lRe x 0 • 06oarraqerrRe: / 7 (x0)=a7, B qacTIIOCTH 
a 0=/(x0), a 1=/' (x0). ECJI!il cyrri;ecTayeT fcr>(x0 ), TO cy
mecTByeT n fcr-ll(x0), r;;;.:1. Ecnn cym;ecTByeT Rorreq
rraH o6bl'JIIaH ABYCTOpOIIIIHH IIpOH3BOAIIaH t<r> (xo), TO 
fcr>(x0)=f<r> (x0). 06pamoe HeBeprro IIpH r>1: AJIH 

ljlyHRI(HJil 

t (x) = { 
e-l/X2, x:f=O H paI(HOHaJibIIO, 

0, x = 0 HJIH nppaI(HOHaJibHO, 
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nMeer Mecro f<ri(O)=O, r=1, 2, ... , HO He cymecrayer 
foi(x)=/' (x) npn x,,:00 (1160 /(x) pa3pbIBHa npn: x:;rO). 
CJieAoBareJibHO, He cyni;ecrayer o6bl'IHaH npon3BOAHaH 
t<rl (0) npn r>1. 

BBOAHTCH TaRme H 6ecRoHe'IHble 0 6 0 6 Ill e H H bl e 
II p 0 H 3 B 0 A H hI e n e a H o. IlyCTb AJIH acex t c 
It I «'l nMeer Mecro 

a, -1 - 1 Cl r (t) r f (x0+t) =a0+a1t+ ... +~ t' +-r-1 - t , 

r11e a0 , • •• , a,_ 1 - nocroHHHble n a, (t) ~a, rrpn t~O 
(a, - 'IMCJIO HJIH CHMBOJI oo). TorAa a., TaRJRe Ha3. fl. II. 
nopHARa r iJ>yumi;1m f B TO'IRe x0 • BBeAeHa ,IJ.m. IleaHo 
(G. Peano). A. A. Rouiouinoe. 

IIEAHO TEOPEMA - OAHa H3 reopeM cymecraoaamrn 
perneHHH o6b!RHOBeHHoro AniJ>iJ>epemi;naJibHoro ypaaHe
mrn, ycraHOBJieHHaH JJ.m. IleaHO [ 1] H COCTOHIIJaH B 
cJieAyKmi;eM. Ilycrh 11:aHo AniJ>iJ>epemviaJihHoe ypaaHemrn 

y' =! (x, y). (*) 

T OTAa ecJIH il>YHRIJ;HH f orpaHH'leHa H Herrpepb!BHa B 
o6JiaCTH G, TO qepe3 RaIBAYIO BHyrpeHHIOIO TQ'IRY (xo, 
Yo) 3TOH o6JiaCTH rrpoxoµ,nr, IIO RpaiiHeii Mepe, OAHa HH
rerpaJibHaH Rpnaa.11 ypaaHemrn (-.). Momer oRa3aTbCH, 
'ITO qepe3 HeR-pyro TO'IRY rrpoxOAHT 6oJiee OAHOH HHTe-

rpaJibHOH RpHBOH, Harrp. AJIH ypaBHemrn y'=2Yi/ cy
mecrayer 6ecRoHe'IHOe MHOJReCTBO HHTerpaJibHbIX RpH
BbIX, rrpOXOAHIIJllX qepe3 TO'IRY (0, 0): 

y (0), -b,;;;;;;x,;;;;;;a, 

y=- (x+b) 2 , x,;;;;;;-b, 

y=(x-a)2 , x:;,,a, 

rAe a, b - rrpon3BOJibHble IIOCTOHHHbIC. 
HMeIOTCH o6o6memrn (B TOM 'IllCJie MHOTOMepHble) 

II. T. (CM. [2], (3]). 
Jlum.: [1] Pe an o G., «Math. Ann.», 1890, Bd 37, S. 182-

228; [2] II e T p 0 B c RH H II. r., JieRI\HH no Teop1rn OOhlKHO
BeHHhlX 11nlf11flepeHuHaJJbHhlX ypaaHeHHll, 6 H3)1.' M.' 1970; [3] 
x a p TM a H ct>., 06bJRHOBeHHbJe 11111j11jJepeHuHaJJbHbJe ypaBHeHHII, 
rrep. c aHrJJ., M., 1970. M. H. Boih1exoecnuu. 

IIElI,!J;iKA TEOPEMA - 1) II. r. o Hy JI 11 x 
L-ip y H R ii; n ii ,lJ. 11 p n x JI e: rryCTb L (s, X)- II. u-
pux/!e L-rfiyni>q,ua, s= a+ it, X - /I. upux/!e xapar;mep no 
mod d, d~3; cymeCTBYIOT a6COJIIOTHble IIOJIOJRI!TeJibHble 
IIOCTOHHHble C1, ••• , Cs raR11e, 'ITO 

a) L (s, X) f= 0 rrp11 a> 1-ci/log dt, t:;,, 3; 

6) L (s, X) =I- 0 rrpn a> 1-c2/logd, 0 < t < 5; 
B) AJIH ROMIIJICRCHOTO x mod d, 

L (s, X) =I- 0 rrp11 a > 1-c3/log d, It I.;;;;; 5; 

r) AJIH Aeiicra11reJibHoro rrpnM11TllBHOro x mod d, 

L (a, X) f= 0 rrpn a> 1-c4/Yd log2 d; 

A) AJIH 2<d<D cymecrayer He 6oJiee OAHoro d=d0 , 

d0 >c 5log2 D/(log log D) 8 n He 6oJiee OAHoro AeiiCTBll· 
reJibHOro rrpHMllTllBHOro X1 mod do, AJIH R-poro L (s, xi) 
Momer 11MeTb µ,eiicranreJibHb!H HYJib ~1 >1-c6/log D, 
rrp11qeM ~1 f!BJif!eTCfl OAHORpaTHb!M HyJieM H AJifl Bcex ~ 
raRHX, 'ITO L (~, x)=O, ~>1-cs/log D c AeHCTBllTeJib
HblM X mod d nMeror d=O (mod d0). 

2) fl. T. 0 :n;(x; d, l) - 'IHCJie IIpOCTbIX 'IHCeJI p<x, 
p=l (mod d), rrp11 O<l<d, l n d - B3aHMHO rrpocrwx. 
B o6o3Ha'leHnHx n rrp11 ycJIOBnHX rr. 1 BcJieACTBne a) -
B) H A) crrpaBeAJIHBO paBeHCTBO 

( d l)-~-E ~ "\., nf3,-1 
:n; x; • - cp (d) 'I' (d) ~n <;;; x log n + 

+o (xe-c, V1og x), 

r11e E= 1 HJin E= 0, CMorpR no roMy, cyrri;ecrayer ~1 

Jll'JIH Her ,ll;JIH AaHHoro d, H BCJieACTBIIe 2), AJifl JII06oro 
d <.(log x)l-0 rrpn iJ>nRCIIpoBaHHOM c5 >0 

( . d l) = ~+o { -c 8 i'log x) n x, , QJ (d) xe . 

3ror pe3yJihTaT HBJIHeTCfl eAllHCTBCHHblM (1983), R-pb!H 
:iiJ>ifieRTllBeH B TOM CMbICJie, 'ITO, eCJill 3Ha'leH11e c5 3aAaH_O, 
MOJRHO yRa3aTb 'IllCJleHHble 3Ha'leHHlI Cs H IIOCTOHHHOH, 
BXOAHmeii B CHMBOJI 0. 3aMeHa ori;eHRH 2) ori;eHROH 3n
reJIH: L(a, x)i=O rrpn a>1-c(e)d-e, e>O pacrrpocrpa
HHer µ,eiicrane iJ>opMyJihl (*) Ha cymecraeHHO 6oJihlllne 
d, d<(log x)A, c JII06b!M iJ>nr(cnpoaaHHbIM A, HO rrpn 
3TOM yrpa'InBaerCfl aiJ><f>eRTllBHOCTb ori;eHOR B iJ>opMyJie 
(*) - no 3aAaHHOMY e>O HeB03MOJRHO ori;eHJITb Cs=cs(e) 
n O=Oe. 

II. r. ycranoaJieHbl 3. IleiiAJReM [ 1]. 
Jlum.: [1] Page A., «Proc. London Math. Soc. Ser. 2», 

1935, v. 39, M 2, p. 116-41; [2] Rap au y 5 a A. A., 0CHOBhl 
aHaJJHTH'lecRoll Teopnn qnceJJ, M., 1975; [3] II pa x a p R., 
Pacnpe11eJJeHne rrpoCTbIX q11ceJJ, rrep. c HeM., M., 1967. 

A. <P. Jiaepun. 
IIEKJIE qwcJio - oAnH 113 Rpnrepnea rroAo6nR AJIR 

rrpori;eccoa ROHBeRTllBHoro rerrJioo6MeHa. II. 'I. xapaR
repn3yer COOTHOllleHlle MeIBAY ROHBeRTJIBHbIM H MOJie
RYJIHpHbIM rrpori;eccaMn nepeHoca rerrJia B rroroRe mnn
Rocrn. II. q, 

Pe= vl/a= C pPv/('A,/l), 

r11e l - xapaRrepHbIH mmeHHblll pa3Mep IIOBepXHOCTJI 
rerrJioo6MeHa, v - CROpOCTb IIOTORa JRHAROCTJI OTHOCH
reJibHO rroaepxHocr11 rerrJioo6MeHa, a - Roa<f>iJ>nri;neHr 
TeMrreparyponpoBOAHocrn, C P - renJioeMROCTb rrp11 rro
CTOflHHOM AaBJiem~n, p - IIJIOTHOCTb n A. - RoaiJ>iJ>Hri;H
eHT rerrJiorrpOBOAHOCTH IBHAROCTH. 

II. 'I. cmrnaHo c PeiiH011biJca '<UCl!O.M Re n llpaHiJm11a 
'<Uc110.M Pr coorHorneHHeM Pe= Re ·Pr. 

II. q. Ha3BaHo no 11MeH11 Jf\. IleRJie (J. Peclet). 
n 0 .MamepuaJZa.M oa1<0U.Me1<1<0U cmambU U3 B c 8-3. 

IIEJIJIH YPABHEHJIE - Ano<f>aHTOBo ypaaHeHHe 

x 2 -dy2 =1, 

a raRme 6oJiee o6mee ypaBHeHne 

x2-dy2=c, 

(1) 

(2) 

rAe d - HarypaJibHOe, Yd - uppari;noHaJibHoe 'llilCJIO, 
c - ri;eJioe, HeH3BeCTHble x n y - ri;eJib!e q11cJ1a. 

EcJin Ps!Qs, s=O, 1, 2, ... ,- no;nxo;nf!IIJI!e Apo611 

pa3JiomeHnfl Yd B ri;enHyro 11;po6b c uepHOJlOM k, ro noJio
IBHTeJibHhle_ perneHHfl ypaBHeHHH ( 1) UMeIOT BHA 

X=Pim-1' y= Okn-1• 

TAe n - JII06oe HarypaJibHOe 'IllCJIO TaRoe, 'ITO kn 'leTHO. 
Bee perneHllH ypaBHeHHfl (1) noJiy<Jarorcf! n3 <f>opMyJibl 

X + Y Yd= ± ( Xo + Yo Yd) n, 

rAe n - Jiro6oe ri;eJioe, a (x0 , y0 ) pememie c HaHMeHb
lllHMH llOJIOJRHTeJlbHblMll 3Ha 'leHllf!MH Hel!3BeCTHbIX. 06mee 
ypaBHeHlle (2) JIH6o COBCeM He HMeer pemeHHH, Jlll6o -
6ecRoHe'IHO MHoro. II pH c= -1 perneHnfl cymecTByror 
TOTAa H TOJlbKO TOTAa, ROrAa k He'leTHO. Ilpn c=4 ypaB
HeHne (2) acerAa HMeer perneH11H. C rroMOIIJbIO perneH11ll: 
Il. y. rrp11 c= ±1, ±4 HaXOAHTCH ef].HHHIJ;bl RBaApaTH'l· 

uoro llOJlfl R (Yd). PerneHHH II. y. HCnoJib3YIOTCfl rrpn 
HaXOJRAeHllH aBTOMop<f>JI3MOB 61rnapHbIX RBaApaTH'IHbIX 
iJ>opM Ax~+Bxy+Cy2 ; OHH ll03B0Jlf!IOT 110 OAHOMy pe
rneHHIO ;a;HoiJ>aHTOBa ypaaHeHnH Ax2+Bxy+Cy2=n rro
JIY'IHTb 6ecROHe'IHOe MHOJReCTBO pemeHHH. 

YpaaHeH11e (1) H3y'laJiocb Y. BpoyHRepoM (W. Broun
cker, 1657), n. <l>epMa (P. Fermat) n ,IJ.m. BaJIJIHCOM 
(J. Wallis). JI. 3iiJiep (L. Euler) no HenopaayMeHHIO 
CBf!3aJI ero c 11MeHeM ,lJ.m. IleJIJifl ( J. Pell). 
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Jlum.: (1) Ba JI h «!> l'I m A. 3., YpaBHeHHe IleJIJur, T6., 

1952; [2] re JI h «!> o a JJ: A. 0., PemeHli:e ypaBHenuii: B 11eJih1x 
'll!ICJiax, 3 l!I3JJ:., M., 1978; [3] Le Ve q u e W. J., Topics in 
number theory, L., 1961. A. A. Byxmma6. 

IIEHJIEBE IIPOBJIEMA - npo6JieMa xapaKTep1rna
rr;iaM ycmpanuJ.tli/,X J.tno:m:ecmB AJIH KJiacca orpaHMqeHHblX 
OAH03HaqHbJX aHaJIHTMq. <i>YHKIJ;MH KOMilJieKCHOro nepe
MeHHoro z. IlyCTb E - KOMilaKTHOe MHOll\eCTBO Ha KOM
IlJieKCBOH nJiocKocTI! IC Ta Koe, qTo AonoJIHeHMe CE= 
= C"-._E ecTh o6JiaCTb. Ha1rnabl MMHMMaJihHble ycJIOBMH Ha 
E, npia BbIIIOJIHemrn K-pblx mo6a11 orpaHMqeHHaH OAH0-
3Haqua11 aHaJIMTJlq. <i>YIIKIJ;MH B CE rrpoAoJimaeTCH aHa
JIIITI1qecKJ1 Ha E M, cJieAOBaTeJibHO, HBJIHeTCH KOHCTaH
Toii? Il. IleHJieBe [ 1] JKa3aJI AOCTaToqHoe ycJIOBJle: JIM
HeiiHaH Mepa XaycZJopqia MHomecTBa E (TaKMe MHomecTBa 
I!HorAa Ha3. M H O 11\ e C T B a M II Il e H JI e B e) AOJill\Ha 
o6paID,aTbCH B HyJih; OAHaKO ero paccymAeHMH COAepmaJIJI 
p11A HeTOqHocTeii (cM. [2], [3]). Heo6xoAMMoe JI AOCTaTOq
noe ycJIOBMe Ha E COCTOMT B TOM, qTo6bl ana.n,umu'leCl>ll5t 
eJ.tKocmb E o6paIIJ,aJiacb B HYJih (T e o p e M a A JI h-
4> op c a). IlocTpoen rrp11Mep MHomecTBa HyJieaorr aHa
JIIITJlqecKoii eMKOCTM, HO !IOJIOlRMTeJibHOH JIJIHeHHOll 
MepbI [5). 

Jlum.: [1) Pa- i n I e v e P., LeQons sur la theorie analytique 
des equations differentielles professees a Stockholm, [1895], P., 
1897; [2) Z ore t ti L., «J. math. pure appl.», 1905, t. 1, p. 
1-51: [3] er o me, Lec;ons sur le prolongement analytique, P., 
1911; [4] Ahlfors L.,«DukeMath. J.•>, 1947,v.14,p.1-11; 
[5] B HT y m K H H A. r., «JJ:O!W. AH CCCP», 1959, T. 127, No 2, 
c. 246-49. E. lJ.. Co.l!o.Meli!feB. 

IIEHJIEBE TEOPEMA - 1) n. T. () p em e H II H x 
aHaJI11TJ1qecKHX AM<l><l>epeHu;MaJihHbI x 
y p a B H e H H ii: pemeHMH AMcp<i>epeHu;MaJibHOro ypaB
HeHHH p (w'' w' z)= 0, rAe p - MHoroqJieH OTIIOCJITeJibHO 
HeH3BeCTHOH <i>YHKIJ;MH w M ee IIpOH3BOAHOH w' M w -
aHaJIHTMq. <l>YHK[\HH OTHOCMTeJibHO He3aBMCMMoro rrepe
MeHHOro z, He MoryT MMeTh IlOABMll\HblX (T. e. 3aBMCHIIJ,MX 
OT npOH3BOJibHOH IlOCTOHHHOii) cymecTBeHHO oco6blx 
ToqeK H TpaHcu;eHAeHTHblX ToqeK BeTBJieHHH. 

2) Il. T. O 6 a H a JI H T M q e C K 0 M II p 0 A O JI 11\ e
H M n: ecJIM r - cnpHMJIHeMaH mopAaHOBa KpJIBaH, 
pacrroJiomeJIHaH B o6JiaCTII D Ha IIJIOCKOCTJI KOMilJieKc
Horo nepeMeHHoro z, JI <l>YHKII;HH f ( z) HerrpepblBHa B D 
u aHaJIHTMqHa Ha D"-._r, TO j (z) - aHaJIJITMq. <l>YHRIJ;HH 
HBO aceii o6JiaCTM D (cM. [1], [2]). 

Jlum.: [1) Pain I eve P., Sur Jes lignes singuli~res des fon
ctions analytiques, P., 1887; [2) er o me, LeQons sur la theorie 
analytique des equations differentielles professees a Stockholm, 
[1895], P., 1897; [3] r 0 JI y 6 e B B. B., JleKQHl!I TIO aHaJil!ITl!I'le
CKOll TeopHl!I JJ:l!Ilj>lj>epeu11uaJihHhlX ypaBHeHHll, 2 l'l3JJ;., M.- JI .• 1950. 

E. 11.. CO.l!o.Meli!feB. 
IIEHJIEBE YPABHEHHE - o6II\ee Ha3aamie rpyrr

Ilbl H3 mecTII cneu;iaaJihHblX o6blRHOBeHHblX AH<i><l>epeH
u;uaJibHblX ypaBHeHHH THIIa 

w"=R (w', w, z), 

rAe R - parr;HoHaJihHMI <l>YHKrr;HH OT w' M w M aHaJIMTJiq. 
<l>YHKil;MH OT z. JI106oe TaKoe ypaBHeHMe, MMeIOIIJ,ee JIMIIIh 
HeilOABMlRHh!e KpMT){q. TOqKM, MOll\eT 6blTb IIpI!BeAeHo K 
OAHOMY M3 50 KaHoHHq. ypaaHeHHii. CpeAH 3TIIX ypaa
HeHMii JIMeIDTCH JIJIHenHble ypaaHeHMH, ypaaHeHMH PMK
RaTI! H AP· M3BecTHble ypaBIIeHIIH, a TaKme 6 ypaaHeIIMii, 
Ha3blBaeMhie y p a B H e H M H M M n e H JI e B e M MMe
IOII\Me CBOHMM peIIIeHMHMM T p a H c u; e H A e H T H bl e 
<I> y H R u; M M n e H JI e B e - crrerr;uaJibH&Ie <i>YHRIJ;MM, 
He CBOAHIIJ,MeCH R ApyrMM M3BeCTHbIM <i>YHKil;MHM. Pacno
JiomeHHble B o6menpHHHTOM IlOpHAKe, Il. y. HMeIOT CJie
AYIDmui!r BJIA (a, b, c, dEIC - KOHCTaHTbl): 

1) w"=6w2+z; 

2) w"=2w3+zw+a; 

3) w"= :;• + ez(aw2+b) +e2z ( cws+:), bd f:: O; 

w'' 3 b 
4) w" = 2w + 2 w3 +4zw2+2 (z 2-a) w+ w; 

5) w"=w'' ( 1 + 1) w' +<w-1)'( b) 2w w- 1 --,-- --2,- aw+-w + 
+c ~+aw<w+1). 

z w-1 ' 

B) w"=~ (-2...+_1_+_1_)-(-2...+_1_+_1_)w'+ 
2 w w-1 w-z z z-1 w-z 

+ w(w-1)(w-z)[a, b.!....+c--=-=-!.._+az(z-j)] 
z•(z-1) 2 T w' (w-1)' (w-z) 2 • 

°YRa3aHHble pe3yJihTaTbl anepable IIOJiyqeHbl B MCCJie
AOBaHMHX Il. IleHJieBe (CM. [1], [2)), K-pble 6blJIM rrpo
AOJI1ReHbI, yToqueHbl M AOilOJIHeHbl E. I'aM6he [3]. 

Jlum.: [1) Pain I eve P., «Bull. Soc. math. France», 
1900, t. 28t p. 201-61; _[2] e r o m e, «Acta math.», 1902, t. 25: 
p. 1-85, 31 Ga m b 1 er B .. TaM me, 1910, t. 33, p. 1-55, 
l4l r o JI y 6 e B B. B., JleKl.IHl'I Tio aHaJIHTHqecKolt Teopul!I JJ:H«!>
«1>epeH11HaJihHhlX ypaBHeHHll, 2 HaJJ:., M.- JI., 1950; [5] A JI H c 
3. JI.. 06hIKHOBeHHble JJ;Hlj>lj>epeHl.lllaJibHhle ypaBHeHl!IlI, Tiep. c 
aHrJI., Xap., 1939. H. X. PoaoB. 

IIEHTAC4>EPHllECKHE KOOP.r.HHATbl - BHA OA
HOPOAHblX KoopmrnaT, CBH3aHHbIX c AeRapToBbIMM np11-
MoyroJibIIhIMJI KoopAMHaTaMM <PopMyJiaMH: 

x2+ y2+z2 = 7-; , 
Il. K. TOqRM B 3-MepHOM eBRJIMAO.llOM 
CBH3aHbl COOTHOIIIeHMeM 

zi+zi+ Z~-NZ1=0. 

z. Z=N. 

C IIOMOlrr;bIO Il. K. M01RHO IlOITOJIHMTh 3-MepHOe eBRJIHAOBO 
rrpocTpaHCTBO AO c<l>epHqecRoro, AorrycKaH aJieMeHT N=O. 
IlpM 3TOM COOTHOIIIeHMe (•) OllHCblBaeT IlOJIOll\eIIMe 3TOfO 
3-MepHoro c<l>epHq. rrpocTpaHCTBa B 4-MepIIoM rrpoeK
TMBHOM npocTpaHCTBe. 

Cyni;eCTByeT 2-MepHbIH aHaJior n. R.- Te T pa u; MR
JI M q e c R H e K 0 0 p A H H a T bl. FIMeIIHO, nyCTb 

x~ +x~ +x;-x~ =0 

- ypaBHemre c<l>epbl B OAHOPOAHbIX ROOpAHHaTax, r)le 
X4 - pa)lMYC c<l>epbl. LIMcJia X1, X2, X3, X4 HBJIHIOTCH 
Il. R. TOH TOqRM IIJIOCKOCTM, R-paH COOTBeTCTByeT TOqKe 
c<Pephr npM cTepeorpa<l>Mq. npoeKII;MM c<Pepbl IIa nJio
cROCTb. 

BnoJIHe aHaJiorMqHble rrocTpoeHHH MoryT' OblTh npoae
AeHbl B rrpocTpaHCTBax 6oJiee BblCOKOH pa3~tepHOCTM, B 
pe3yJihTaTe qero IIOJiyqaIDTCH II 0 JI M c <I> e p H q e c K M e 
R 0 0 p A M H a T bl. B 4-MepHOM cJiyqae OHM Ha3. r e K
c a c <I> e p M q e c K M M H K 0 0 p A M H a T a M M. Ilo
JIHc<PepMq. KOOPAHHaTbl HCilOJih3YIOTCH B KOH<l>opMIIOii: 
reoMeTpHM npM H3yqeHHH MHoroo6pa3nii <l>Mryp. 

Jlum.: fl] H JI e it H ct>., BhlCIDaH reoMeTPHH, Tiep. c HeM., 
M.- JI., 1939; [2] By ID Ma H 0 Ba r. B., H 0 p JI: e H A. II., 
3JieMeHThI KOHlj>opMHoll reoMeTpl'll!I, HaaaHh, 1972. lJ../J.. Cono.l!OB. 

IIEPBAH AKCHOMA ClJETHOCTH - IIOHHTMe Teope
TMKO-MHomecTBeHHoii: TOIIOJiornu. TonoJIOfHq. npocTpaH
CTBO YAOBJieTBOpHeT n e p B 0 ii: a K c M 0 M e c q e T
H 0 c T H, ecJin CMCTeMa OKpecTHOCTeiir BCHROH ero TOqRH 
o6JiaAaeT cqeTHOH 6a30H. l\Jiacc npocTpaHCTB, YAOBJie
TBOpHIDIIJ;MX n. a. c.' BblAeJieH ([>. XaycAop<i>oM (F. Haus
dorff, 1914); R aToMy KJiaccy rrpMHaAJiemaT, Hanp., ace 
MeTpMq. rrpocTpaHCTBa' npocTpaHCTBO HenpephIBHblX <l>YHR
IJ;HH Ha oTpe3Re M AP· IlpocTpaHCTBa, ynoaJieTaop1110mMe 
emopou ar;CUOJ.te C'lemnocmu, YAOBJieTBOpHIOT H n. a. c. 
06paTHOe ueaepHo, Hanp. BCHKoe HecqeTHoe rrpocTpaH
CTBO C AMCKpeTHOH TOIIOJIOrMeH He YAOBJieTBOpHeT Il. a. C. 

M. H. Boii.1{exoBc»Uii.. 
IIEPBAH BAPHA:QHH - CM. Bapuartun rfiynr;rtuona.n,a. 
IIEPBAH KBA,[J;PATHqHAH 4>0PMA, Me T p n q e

c K a H <I> 0 p M a, IlOBepXHOCTM - RBa):\paTHqHaH <l>opMa 
OT AM<l><l>epeHu;naJIOB KOOPAHHaT Ha IlOBepXHOCTH, K•paH 
orrpeAeJIHeT BHyTpeHHIOIO reoMeTpHIO IlOBepXHOCTH B 
ORpecTHOCTM AaHHOH ToqRM. 

IlyCTb IIOBepXHOCTh 3aAaHa ypaBHeHMeM 

r=r (u, v), 
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rAe u n I} - BHYTP0HHHe KOOPAHHaTbl Ha IIOBepXHOCTR; 0 CBH3H n. K. If!. c APYrHMR l\BaApaTR'lHbIMll «IJopMaMR 

dr = ru du+ rv dv IIOBepXHOCTR R JIRT. CM. B CT. ReaapamurtUb/,e rfiopMbl, no-
eepxnocmu. A. B. Heanoe. 

- AR«IJif>epeHa;naJI paARYC-B0KTopa r BAOJlb Bb16paHHOro 
HaIIpaBJI0HHH du : dv CM0Ill;0HHH R3 TO'lKH M B 6ecKo

PHC. 1. 

H01JHO 6JIR3Kyro TO'lKY M' (cM. 
pRc. 1). KaaApaT rJiaaHoii: JIII· 
H0HHOH lJaCTH IIpIIpaiu;eHHH 
AJIIIHbl AYfII MM' Bblpama-
0TCH KBaApaTOM AIIqiqiepeHD;II· 
aJia dr: 

I= ds 2 =dr2 = r~ du2 + 

+ 2rarv du dv+ r; dv 2 

R Ha3. II e p B 0 ii: 0 c H 0 B H 0 ii: K B a A p a T R q H 0 ii: 

qi 0 p M 0 H II 0 B e p X H 0 C T II. J\oaif>qillIIlleHTbl Il. K. if>. 
06bl11Ho o6o3Ha11a10T 11epe3 

E=r~, F=(ru, rv), G=r~ 
HJIH B T0H30pHb1X CHMBOJiaX 

dr2 = g11 du2 + 2g12 du dv + g22 dv 2 • 

TeH30p g;j Ha3. 0 c H 0 B H bl M, RJIII M e T p II q e c K II M, 
Te H 3 0 p 0 M IIOBepXHOCTH. n. IC if>. HBJIH0TCH IIOJIOlRII
TeJibHO OIIpeAeJieHHOil if>opMOH B o6blKHOB0HHblX TO'lKaX 
IIOBepXHOCTR: 

EG-F > 0. 

n. K. if>. xapaKTepII3yeT MeTpn11. CBOHCTBB rroaepXHOCTII: 
3HaHHe Il. K. if>. II03BOJIH0T BbllJIICJIHTb ;wIHHbl Ayr Ha 
IIOBepXHOCTH: 

rt ~ / (du) 2 du dv ( dv ) 2 
s = J 10 V E lit + 2F lit Tt + G dt dt, 

rAe t - IIapaMeTp Ha KpIIBOii:; yrJibl M01RAY KpIIBbIMR 
Ha rroaepxHOCTII: 

............. 
cos (dr <'Ir)= 

Edu llu+F (du 6v+dv 6u)+Gdv 6v 

VE du 2 +2F du dv+G dv2 VE 6u 2 +2F {Ju 6v+G 6v2 ' 

du : dw II 6u : 6v - HaIIpaaJieHHH BeKTopoa, Kaca

/~ ~a 
ou:/)11 

TeJibHblX K KpIIBblM (cM. pIIC. 
2); IIJIOID;aAH o6JIBCTeii: Ha TIO· 

BepXHOCTR: 

CJ'=~~ VEG-F2 dudv. 

BRA Koaif>lfrnu.neHTOB IT. Puc. 2. 
K. if>. cyrn;eCTB0HHO 3aBIICRT 

OT Bbl6opa KOOpARHaT Ha IIOB0pXHOCTII. IT. K. qi. IIMeeT 
T. H. 0 p T 0 r 0 H a JI b H bl ii: B H A: 

E (u, v) du2 +G (u, v) dv 2 

B opToroHaJibHblX KOOPARHaTax; Ka H 0 II II q e c KR ii: 

B II A 
du2 +c2 dv 2 

B rroJiyreOA03H1J. KOOPAIIHaTax; H 3 0 Tep M H q e c K H ii 
(R 3 0 Me T p II q e c K II ii) BRA B H30TepMll1J. KOOPAII
HaTax 

ds2 ='A2 (u, v) (du2 + dv 2). 

MHorAa noaepxHoCTII xapaKTepII3YIDTCH cnea;IIaJihHblMII 
BIIAaMH IT. K. qi. Hanp., Jluyeu11,11H noeepxnocmu xa

paKTepn3yIDTCH CJieAYIDID;IIM BIIAOM II. K. qi.: 

[cp (u)+'¢ (v)] (du2+dv 2). 

IT. K. if>. HBJIH0TCH IIHBapIIaHTOM II3rII6aHRH IIOBepX

HOCTH: IIOJIHaH KpIIBR3Ha rroaepxHOCTII B AaHHOU TOlJKe 
MomeT 6b1Tb BbllJIICJieHa 11epe3 Koaqiif>IIU.II0HTbl TOJibKO 
IT. K. if>. H HX IIpOII3BOAHb10 (Te O p e M bl I' a y C C a). 

IlEPBAH KP AEBAH 3A)l;A qA - Kpaeaan 3aAa11a 
CIIea;oaJibHOro BRAa; 3a KJIIOlJaeTCH B OTbICKaHRH B o6JiaCTH 
D IIepeMeHHblX x= (xi. ... , xn) peIIIeHRH ARqiqiepeau.e:
aJibHOro ypaBH0HHH 

Lu=f (1) 

11eTHoro nopHAKa 2m rro 3aAaHHblM 3Ha11eHnHM acex 
rrpon3BOAHblX nop.RAKa He BblIIIe m Ha rpaHna;e S 06-
JiaCTR D (IIJIH ee 11acTH:). 8TH ycJIOBHH 06bl11Ho 3aAaIDTCH 

O.,;;;;;k.,;;;;;m-1, (2) 

a 
rAe an - IIpOH3BOAHaH no HanpaBJI0HRID BH0IIIH0H 

HOpMaJIII K aD. lf>yHKU.IIII cpk, 0.o:;:k.o:;:m-1, Ha3. A a R

H bl Mu )]; n p R x JI e, a caMa 3aAa11a (1 ), (2), ecJiu 
S=aD,- ,l{upUXM aaaa•teu. 

)l;JIH o6blKIIOBeHBoro AIIif>qiepeau;naJibHoro ypaaaeHnH 

Lu= u" +a1u' +au=f (3) 

B o6JiaCTH D= (x0<x<x1) IT. K. 3. oIIpeAeJIHeTcll Kpa
eBblM ycJIOBIIeM 

u (xo) =Yo, 

,ll,JIH JIIIHeii:Horo paBHOMepHo ;JJIJIHITTH'l. ypaBH0HHH 

Lu=!,~. aifux.x.+"'2:.~ a;ux.+au=f (4) 
i, J = 1 1 J t= 1 1 

II. K. 3. (3 a A a q a ,ll, H p H x JI e) COCTOHT B Haxom

A0HHII peIIIeHRH aTOro ypaBHeHHH rrpR ycJIOBIIR 

u lan=cp. 
EcJIII qiyHKU.RII a;j, a;, a, f, cp n (n-1)-MepHoe MHoro
o6paane aD AOCTaTOlJHO rJiaAKII, TO aTa 3aAa11a lflpeA
rOJibMOBa. B 11acTHOCTII, Kor)la Mepa D AOCTaT011Ho MaJia 
IIJIII Kor)la a.o:;:O B D, IT. K. 3. o)lHOaHa11Ho pa3peIIII1Ma. 
YcJioBIIH rJia)lKOCTH MoryT 6b1Tb 3Ha1IIIT0JibHO ocJia6JieHbl 

KaK B OTHOIII0HIIR KOaif>if>IIU.II0HTOB ypaBH0HRH H )laIIHblX 
,lJ,IIpIIXJie, TaK II B OTHOIII0HIIH rpaHll.D;bl aD. 

EcJIR (1) HBJIHeTcH cncTeMoii: N>1 ypaaHeHRii: OTHO
CIITeJibHo HeII3BeCTHoro N-KoMrroHeHTHoro aeKTopa u, 
TO II. K. 3. CTaBIITCll aHaJiorII11HblM o6pa30M. B aToM 
CJiy11ae M01RAY 3aAa1IaMH ,ll,IIpnxJie AJIH CRCTeM (3) II ( 4) 
IIMeeTcH cymecTBeHHoe pa3JI1'1IIIe: ecJIII 3aAa11a (3), (2) 
(S= aD) BCerAa if>peJlSOJibMOBa, TO qipeArOJibMOBOCTb 
3a)la11H (4), (2) MomeT HapyIIIaTbCH. Hanp., OAHopo)lHall 
3a)la11a )l;IIpHXJie ):\Jill paBHO~iepHo aJIJIIIIITHlJ. CIICT0Mbl 

Enu.aA3e (CM. [1]) 

u!x- uty-2u~y = 0, 

2ulu+ u~x-u~y =0 
B Kpyre x2+ y2 <R2 IIMeeT 6eCKOH01JHOe lJIICJIO JIHH0HHO 
He3aBIICHMblX peIIIeHnii:. 8TOT rrpIIMep rrocJiylRRJI OTrrpaB
HblM rryHKTOM pa3JIH1IHLIX )lOIIOJIHIITeJihHblX ycJioa11.ii: Ha L 
(npaBll:JlbH3ll aJIJIRIITIIlJHOCTb, CIIJlbHaf! <JJIJIIIIITII'lHOCTb), 
06ecrre11IIBBIOID;Il.X if>pe)lrOJibMOBOCTb 3a)la1IH ,ll,npIIXJie. 

,ll,m1 JIIIHeii:HblX rrapa60JI11.11. ypaaHeHIIii: II. K. 3. cTa
BIITCH B U.IIJIHHAP0 n HOCHTeJieM )laHHblX ,ll,IIpil.XJie CJIYlRHT 
ero ocHoaaHRe H 6oKoaaa IIoaepxHoCTb. Harrp., AJIH 
ypaBH0HllH T0IlJIOilpOBO)lHOCTII 

Lu=ut- ~nl ux.x· =0 
l I 

peIIIeHHe HID;0TC.H B o6JiaCTH 

D={O < t < T, x=(Xi, ... , Xn)EG} 
II HOCHTeJieM AaHHblX ,ll,IIpIIxJie cp= u Is cJiymnT 

8={0.,;;;;;t..;;;;T, xEaG}LJ{t=O, xEBG}. 
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Ecmr rpaHl'n:i;a oG ~ rJiaAKOe (n-1)-MepKoe MHOroo6-
pa3iae, iJ>yHim;1rn cp rJiaAKall H Bhl110J1Betto ycJIOBHe corJia
coBamrn Ha {t=O, xEoG}, TO Il. K. 3. OAH03H8qHO pa3-
peumMa. 

Jium.: [1] B nu a a a e A. B., HeROTOph!e RJtaccbl ypaBHe
Hnll B '13CTHh!X nponasonlih!X, M., 1981; [2] Be p C JI.,,[!; lR 0 H 
<D., III ex Tep M., YpaaHeHnH c 'laCTHhIMn nponaaonHhIMH, nep. 
c aHrJI., M., 1966; [3] Hy pa HT P., YpaaHeHnH c qaCTHhlMH 
nponaBOllHhIMn, nep. c aHrJI., M., 1964; [4] Mn pa H n a H., 
YpaaHeHnH c '!aCTHhIMn nponaaonHhIMH aJIJIHIITH'!ecRoro THila, rrep. 
c HTaJI., M., 1957; [5] II e T p 0 B c Rn ll H. r., JieRI-1nH 00 ypaa
HeHHHX c 'laCTHhIMn nponaaonHhIMn, 3 nan., M., 1961; [6] B H
u a a 3 e A. B., YpaaHeHnH MaTeMaTH'!ec1<oll ilJHaHRn, M., 1976; 
[7] X e p M a H a e p JI., JIHHettHhle nn!IJ!IJepeHunaJI&Hh!e onepa
TOPhI c 'laCTHh!Mn nponaaonHhIMH, nep. c aHrJI., M., 1965. 

A. II. Co.<aamo•. 
IIEPBHqHOE KOJlhUO - KOJihIJ;O R, B K-poM 11po

H3BeAeHHe JII06b1X ABYCTOpOHHHX HAeaJIOB p H Q paBHO 
HyJieBoMy HAeaJiy B TOM H TOJlbKO B TOM cJiy'lae, KOrAa 
JIH60 p, JIH6o Q HBJIHeTCH HyJieBblM HAeaJIOM. ,ll,pyrHMH 
CJIOBaMll, HAeaJibl Il. K. 110 YMHOJReHHIO o6pa3yIOt IIOJiy
rpy1111y 6e3 AeJIHTeJieli HyJIH. RoJibll;O R HBJIHeTCH n. K. 
TOrAa H TOJlbKO TOrAa, KOrAa 11paBbIR (JieBbIH) anny.Mimop 
mo6oro ero HeHyJieBoro 11paBoro (cooTBeTCTBeBHo Jiesoro) 
HAeaJla paBeH (0), a TaKJRe TOrAa H TOJlbKO TOrAa, KOrAa 
aR b -:F 0 AJIJl JII06hlx HeHyJieBhIX a, b ER. l{eHTp IT. K. 
JIBJIHeTcH 06.1tacmb10 lfe.1tocmnocmu. Jlroooe npuMumuanoe 
1w.1tblfO nepBJi:qtm. EcJIH KoJihIJ;O R He couepmHT HeuyJie
BhIX HHJlhHAeaJIOB, TO R - rronrrpHMaH cyMMa nepBH'lHhlX 
KOJieIJ;. RJiaCC Il. K. HrpaeT BaIBHyIO pOJib B TeOpHH paAH
KaJIOB KoJien (CM. [1]). 

CyIIJ;eCTByeT CJieAyIOIIJ;ee o6o6IIJ;eHHe TIOHJlTllH n. K. 
RoJlbIJ;O R Ha3. 11 0 JI y TI e p B H q H hi M, ecJin OHO He 
nMeeT HeHyJieBhlX HHJlblJOTeHTHblX HAeaJtOB. 

Jium.: [1] AH n p y Ha Rn e B n 'I B. A., pH (j y x H H 
IO. M., PannRaJihl aJireop H CTPYRTypHaH TeopHH, M., 1979; [2] 
,[!; lR e R 0 6 C 0 H H., CTpOeHne ROJiel.\, nep. C aHrJI., M., 1961; 
[3] X e p c T e n H H., HeROMMyTaTHBHhle ROJibl.\a, nep. c aHrJI., 
M., 1972. R. A. Jl\e6Jlanoe. 

IlEPBIIqHhIB H,ll,EAJI - TaKoil: ABYCTopoHHHH HAeaJI 
I KOJibna A, qTo H3 BKJIIOqeHH.H PQc/ AJIH JII06hlx 
;uBycTopoHHHX HAeaJioB P H Q IWJihna A cJienyeT, qTO 
mi:6o Pel, JIH6o Qcl. ,r:i:JI.11 nepBJrqHOCTn HAeaJia I 
KOJihna R Heo6XOAHMO H AOCTaTOqHO, qro6hl MHOJReCTBO 
R'----.1 6b1JIO m-c H c T e M o il:, T. e. qTo6hl AJill JII06hlx 
a, b E R'----.1 cym;ecTBoBaJI x ER Taiwii, 'ITO axb E R'----.1. 
lIAeaJI I KOJibna A nepsHqeH TOrAa n TOJibKO Torna, KorAa 
iJ>aKTOpKOJlbIJ;O 110 HeMy HBJIHeTCH nep6UltnblM 11'.0.!!blfOM. 

R. A. JfieBJlano•. 
IIEPBOOBPA3HAH, 11 e p B o o 6 p a 3 u a .11 (11 p u

M n T H B H a ll) ip y H K II, H H, AJIH KOH0'1HOH il>YHKil,Hll 
f(x) - TaKaH iJ>yHKil,HH F(x), qTo BCIOAY F' (x)=f(x). 
8To onpeAeJleHne HBJIHeTCll HaH6oJiee pacnpocrpaHeHHhlM, 
Ho BCTpeqaIOTCll H APYrHe, B K-phlx ocJia6JteHhl Tpe6oBaHHJl 
cyIIJ;0CTBOB8HHll BCIO;AY KOHeqHOR F' n BbllJOJIHeHHH BCIOAY 
paBeHCTBa F' = f; HHor;ua B orrpeAeJieBHH HCIIOJlb3YIOT 
o6o6IIJ;eHHll rrpoH3BOAHOH. EoJiblliHHCTBO TeopeM 0 n. 
KacaeTCll HX cym;eCTBOBaHHH, Haxom)l;eHHll n e)lHHCTBeH
HOCTH. ,nocTaTO'lHhlM ycJIOBHeM AJIH cyll{0CTBOB8HHH Il. 
y 3aAaHHOH Ha 0Tpe3Ke iJ>ynKIJ,HH f SIBJilleTCH HerrpepbIB
HOCTb f; Heo6xo;uHMhlMH ycJIOBHlIMH HBJISIIOTCH IIpHHaA
JieJRHOCTb iJ>YHKIJ;HH f 11eps0My Rapa r;.;r,accy ia BhlnOJIBeuiae 
AJIH Hee /];ap6y CBOHCTBa. y 3aAaHHOH ua 0Tpe3Ke iJ>yBKIJ,Hli 
JII06hle ABe Il. oTJip'laIOTCH Ha IIOCTOHH~yIO. 3aAaqy 
HaxomAeHHH F no F AJIH He11pepblBHhlX F pernaeT Pu
Mana unmezpa.;r,, AJill orpaBH'leBHhlX F' - Jle6eza unme
epa.;r,, /l.JIH JI106oii F' - y3Knil: (a TeM 6oJiee rnHpoKHil:) 
l{an:J1Cya unmezpa.;r, H lleppona unmezpa.;r,. 

Jium.: [1] H y n p H B I-1 0 B JI. ,[!;., Hype MaTeMaTH'l0CROrD 
aHaJinaa, T. 1, M., 1981; [2] H n R 0 JI h c RH H c. M., RypcMaTe
MaTH'leCROro aHaJIHaa, 2 nan., T. 1, M., 1975. T. II. Jiynatuettrw. 

IIEPBOOBPA3HhlB KOPEHh - 1) n. K., 11 p n M H

T H B H hi :ii K 0 p e H h, H3 eAHHHI\bl B noJie K CTeTieHn 
m - 3JieMeHT ~ rroJIH K raKoii, 'lTO ~ m = 1 H ~ r 1d AJIH 
JII06oro HaTypaJibHoro r<m. 8JJeMeHT ~ rropom11:aeT 
I\l1KJin11. rpyrrrry µ (m) KopHeli H3 eAHHHil,hl nopll;D;Ka m. 

ECJIH B IIOJl0 K cym;ecTByeT Il. K. CTeneBH m, TO m 
B3anMHO 11pocTo c xapaKTepHCTHKoii 110JI.11 K. AJire6paH-
11ecKH 3aMKHYTOe !IOJie COAepIBlIT Il. K. JII06oil. CTeIIeHH 
B3anMHO rrpocTOii. c xapaKrepnCTHKoii rroJIH. EcJIH ~ -
Il. K. CTeneHH n, TO AJIH JII06oro k B3aHMHO npoCTOrO C n 
3JieMeHT ~k TaKJRe HBJIHeTCH Il. K. qHCJIO BCeX Il. K. CTe
lleHH m pasHo 3HaqeHHIO iJ>yHKnnn 8:iiJiepa cp(m). 

B noJie KoM11JieKCHhlX qHCeJI IT. K. CTeneHn m HMeIOT BH/I: 

2:rtk+ •• 2:rtk cos-;n i sm-;n, 

rAe O<k<m H k B3aHMHO npocTO c m. 
2) IT. K. rr o M o A y JI 10 m - 11,eJioe qHCJio g TaKoe, 'ITO 

gi:p <m> = 1 (mod m) H g'I' ';:/= 1 (mod m) 

npH 1...;;:y...;;:cp (m)-1, rAe cp (m) - iJ>yHKIJ;HH 8il.Jiepa. 
,nJI.11 IT. K. g ero CTerreHn g0=1, g, .•. , g<:fJ<m)-1 Hecpae
HHMhl MeIBAY co6o:ii no MOAYJIIO m n o6pa3yIOT 11pHBe
AeHuy10 CHCTeMy Bhl'leToB 110 MOAYJIIO m. TaKHM o6pa3oM, 
AJIH KamAoro 'lHCJia a, B3aHMHO npocTOro c m, Hail:AeTCH 
110Ka3aTeJib y (0..;;:y...;;:cp (m)-1), AJIH K-poro a~g'I' (mod m). 

IT. K. cymecTByIOT He AJIH Bcex MoAyJie:ii, a TOJibKO AJIH 
MOAyJie:ii m BHAa m=2, 4, pa, 2pa, r/).e p>2 - 11pOCTOe 
qJacJio. B 3THX cJiyqaHX MY.1tbmun.;r,ur;amuanwe zpynnw 
11pHBe11:eHHhlX KJiaccoB BblqeTOB 110 MOAYJIIO m ycTpoeHbl 
Han6oJiee npocTO: OHH HBJIHIOTCH 11,HKJinq. rpy1111aMH 
IIOPHAKa cp(m). c lJOHHTHeM n. K. no MOAYJIIO m TeCHO 
CBH3aHO IIOHHTne unoer;ca qJaCJia no MOAYJIIO m. 

Il. K. AJIH 11pOCTblX MOAyJieil. p 6hlJIH BBeAeHhl JI. 8ii.Jie
poM (L. Euler), HO cyIIJ;eCTBOBaHHe n. K. AJIH JII06blx 
11pocThIX MoAyJieil: p 6hIJio AOKa3aHo Jinrnh K. fayccoM 
(C. Gauss, 1801). 

JI um.: JI e H r C., AJireopa, nep. c aHrJI., M., 1968; [2] r a
y cc R. <D., Tpy;a;hl no TeopnH qnceJI, nep. c JiaT. H HeM.' M., 1959; 
l3] B H H 0 r p a n 0 B H. M .• OcHOBhl TeOpHn 'lnCeJI, 8 nan.' M., 
1972. JI. B. Rya1'MUH, C. A. Cmenattoe. 

IIEPBhIB HHTEfPAJI o 6 hi K Ho Be H Hor o 
A H ip ip e p e H II, H a JI b H 0 r 0 y p a B H e H H H - OT
JIHqHaH OT lJOCTOHHHO:ii n HenpepbIBHO AniJ>iJ>epeHn;Hpy
eMaH il>YHKil,HH, 11pOH3BOAHaH K-poii BAOJlb peurnHHM 
AaHHoro ypasueHHH TOJRAeCTBeHHO paBHa HYJIIO. )J.JIH 
CKaJIHpHoro ypaBHeHHH 

y' =f (x, y) (*) 

n. n. eCTb iJ>yHKI\HH F (x, y), HaXOAHlll;aHCH B JieBOM 'laCTH 
o6IIJ;ero perneHnH F(x, y)=C, rAe C - 11poH3BOJihHall 
110CTOHHHaH. TaKnM o6pa3oM, F (x, y) YAOBJieTBOpHeT 
JIHHe:iiHOMY ypaBHeHHIO 

aF(x,Y)+aF(x.y)f(x )=O 
ax ay ' Y 

C qaCTHhlMH npOHSBO/l:HhlMH 1-ro UOpHAKa. Il. n. MOiReT 
He cym;eCTBOBaTb BO BCeii o6JiaCTH 3aAaHHH ypaBHeHHH 
(*), OAHaKo B MaJioil. OKpecTHOCTH T0'1KH, B K-poii: iJ>yHKil,HH 
f (x, y) HerrpepblBHO AniJ>iJ>epeHnHpyeMa, OH scerAa cy
mecTByeT. rr. n. 011peAeJIHeTCH He eAHHCTBeHHhlM o6pa-
30M. TaK, AJIH ypasHeHHH y' = -x/y IT. n. lIBJIHerc.11 KaK 
iJ>yHKil,HH x 2+y2 , TaK, Harrp., H iJ>yHKJ:\HH exp (x2+y2). 

3RaBHe Il. H. HOpMaJihHO:ii CHCTeMbl 

x=f (x, t), x E ozn, 
II03BOJIHeT nOBH3HTb nopHAOK 3TOM CHCTeMhl Ha eAHHHUY, 
a OThlCKaBHe n iJ>yHKUHOHaJibHO HeaaBHCHMhlX IT. n. paB
HOCHJihHO OThlCKaHHIO o6m;ero pemeHHH B HeHBHOM BHAe. 
EcJIH F1 (x, t), ... , F n(x, t) - iJ>yHKIJ;HOHaJibHO He3a
BHCHMhle fl. H., TO BCHKHM Apyroii Il. Ja, F(x, t) MOJRHO 
11peACTaBHTb B BHAe 

F(x, t)=C!J(Fi(x, t), ... , Fn(x, t)), 

rAe cIJ - HeK-paH AniJ>iJ>epeHnnpyeMaH iJ>yHKIJ,HH. 
JI um.: [1] TI 0 H T p H r H H JI. c .. Ooh!RHOBeHHh!e nnljJljJepeH-

~HaJibHh!e ypaaeemrn, t, Han., M., 1974. H. H. Jiaauc. 
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IIEPEBAJIA METO,l.I; - Mero11 BhlqlfcJieHHH 

THKH HHTerpaJIOB BH1Ia 

F (/,) = ~ 'V f (z) e'>-S (z) dz, 

ac:irnrrro- II ycTb «PYHKIIIUI f (x) orrpeAeJieHa B HeK-poii OKpecr
Hocr11 roqmr x0 11 HerrpephlBHa B aroii roqKe. ToqKa x0 
Ha3. T 0 q K 0 ii: II e p e r If 6 a «PYHKIIlflf f (x), ecJIH OHa 
HBJIHeTCH OAHOBpeMeHHO KOHIIOM HHrepBaJia crporoii 

rAe /, >O, /,-+ + oo - 6oJibrnon napaMerp, y - KoHryp 
B KOMIIJieKCHOH IIJIOCKOCTH z, «PYHKIIHH f (z) ll s (z) fOJIO
Mop.iliHhl B o6Jiacrn D, coAepmam;eii: y. HyJIH «PYHKIIHH 
S' (zl Ha3. T 0 q Ka M ll II e p e B a JI a «PYHKIIHH s (z); 
roqKa rrepesaJia - ceA"JioBaH roqKa rrosepxHocrH U= 
=Re S (x+iy). Cyrh II. M. cocrottr e cJie11yromeM. Hoa
ryp y Ae«PopMHpyeTCH B KOHTyp y c reMH me KOHIIaMU, 
Jiemam;Hii: B D H raKoii:, qro ma~ Re S (z) 11ocrHraercH 

ZE'\' 

TOJibKO B roqKax rrepesaJia MJIH Ha KOHIIax y (n e p e
B a JI b H bl ll K 0 HT y p). ACHMIITOTIIKa HHTerpaJia (*) 
no rrepesaJibHOMy KOHrypy BhlqHCJIHeTCH c IIOMOill;blO 
JI an/l,aCa Memoaa If paBHa cyMMe BKJiaAOB OT yKa3aHHhlX 
roqeK MaKc:irMyMa. BKJiaA Vz 0 (A.) o T To q K 1l z0 -

3TO HHTerpaJI BHAa (*), B3HThlll no MaJIOH Ayre KOHTypa y, 
coAepmam;en roqKy z0 • EcJIH z0 - BHyrpeHHHH roqKa 
KoHrypa y, z0 - roqKa nepesaJia H S" (z0) ,,00, ro 

V zo (/,) = V - '>.s=7z.) e'>-S (zo) [/ (zo) + 0 (/,-1)]. 

IIepesaJibHhlH KOHTyp o6JiaAaer MHHHMaKCHhlM CBOfICT
BOM: Ha HeM 11ocr11raercR 

min max Re S (z), 
'V' ZE 'V' 

r11e MHHHMYM 6epercH no BCeM KOHrypaM y'' Jiemam;nM 
B D H HMerom;HM re me KOHIIhl, qro H y. OcuoBirnH TPYA
aocrb rrpn rrpHMeHeHHH II. M.- or6op roqeK rrepesaJia, 
r. e. Bhl6op rrepesaJibHoro Koarypa y, oTBeqaJOm;ero y. 

II. M. BOCXOIIHT K II. )J;e6aIO [1); HAeH aroro Mero11a 
6bIJIH BhlCKa3aHhl pauee E. PHMaHoM (cM. (2)). Bhlqlfc
Jieune BKJiaAOB OT roqe:K rrepeBaJia If OT KOHIIOB KOHrypa 
CM. B (3) - (9). 

II. M.- no cym;ecrsy eAHHCTBeHHhlii MeroA, II03BOJIH
rom;nil: BhlqHCJIHTb aCHMIITOTHKy HHrerpaJIOB Blflla (*)· 
c ero IIOMOill;blO BhlqlfcJieHhl aCHMIITOTHKH rrpeo6pa30BaHHil 
JlarrJiaca, <l>ypbe, MeJIJIHHa, aKcnoHeHThl or rroJI11HoMa, 
MHOTHX cnerrHaJibHbIX «PYHKIIHH. 

Ilycrb z E ((;n, y - orpaHnqeHHoe MHoroo6pa3He c KpaeM 
pa3MepHOCTH n If KJiacca c"', «PYHKIIHH I (z), s (z) TOJIO
Mop.iPHhl 11 HeK-poii: o6Jiacrn D, coAepmameii: y, H dz= 
=dz1 •.. dzn. IIycrb max Re S (z) 11ocrHraerc.11 TOJibKO 

z E 'I' 
B OAHOH roqKe z0 , K-paH HBJIHeTCH BHyrpeHHen roqKOH y 
If HeBhlpOlKAeHHOH TOqKoii rrepesaJia cliyHKIIHH s (z), 
T. e. ~s(z0)=detS"(z0);t0. Tor11a BKJia11 OT z0 paBeH 

F (i.) = (2;y12 (-.is (z0))-'/ 2 e'>-S (z•) [f (zO) + O (1,-1)). 

Jlum.: [1) Deb ye P., «Math. Ann.», 1909, Bd 67, S. 53~-58j· 
[2] p II'. Ma H B., Co•mneHl1lI, rrep. c HeM., M.- JI., 1948, [3 
8 p n e A 11 A., Ac11MnToT11qec1<11e pa3Jiolf!eHHH, nep. c aHrJI., M., 
1962; [4] B p e it H H. r., ACHMlITOTH'leCHHe MeTO/lhl B 3H3J1H3e, 
nep. c aHrJI., M.' 1961; [5] EB r p a ljJ 0 B M. A., ACHMlITOTl!qec1rne 
oueBRH I'! 11eJihJe QJYHHlll1ll, 2 H3A., M., 1962; [6] I\ 0 n c 0 H 8.-T., 
ACHMlITOTll'leCRHe pa3J10lf!eHMlI, rrep. c aHrJJ., M., 1966; [7] 0 I
ver F. W. J., Asymptotics and special functions, N. Y.- [a. o.), 
1974; [8] pH e R c T bl H b ID 8. fl., AcHMlITOTl'!qec11ue P33JIOlf!eHl!lI 
HHTerpaJioB, T. 1-2, P11ra, 1974-77; (9) <I> e A 0 p IO H M. B., 
MeTOA nepeeaJia, M., 1977. M. B. <Peaop10n. 

PHc. 1. 

IIEPErMBA TOqKA - roqKa M 
IIJIOCKOH Kp:irnoil:, o6JiaAarom;aH CJie
AYIOIIJ;HMH csoii:crBaMn: B roq:Ke M 
KpHBaH HMeer eAHHCTBeHHyIO Ka
careJibHyID, B p;ocraroqao MaJion 
oKpecrHOCTH roqKJil M KpneaH pac
noJiomeaa BHyrpH OAHOH rraphl eep
ruKaJibHbIX yrJIOB, 06pa3yeMhlX Ka
careJibHOH If HOpMaJiblO (CM. puc. 1). 

BhlIIyKJIOCTH BBepx If KOHIIOM :irnrepBaJia crporoii BhlIIyK
JIOCTH BHH3. B aroM cJiyqae roqKa (x0 ; f (x0)) Ha3. roqKoil: 
rrepern6a rpa.iliHKa 
«PYHKIIHH, T. e. rpa«P:irn f(I) !II) 
«PYHKIIJillf f(x) B roqKe /' 
(x0; f (x0)) «rrepem6a-
ercm> qepe3 KacareJib- Io 
ayro K HeMy B aroii 
roqKe: IIpH x<x0 Ka-
careJibHMI Jiearnr rroA o'-------,;,_-----.. -

P11c. 2. 

rpa.iliHKOM f (x), a IIpH 
x>x0 - HaA rpa.iliHKOM 
f (x) (HJIH Hao6opor) 
(cM. pnc. 2). Heo6xoAHMoe ycJiosne 
c y me c r Bo Ba H H H II. r.: ecJIH «PYHKIIHH /(x), 
ABaIBAhl AH«P«PepeHIIHPYeMaJI B HeK-poii OKpecrHOCTH 
roqKH Xo, HMeer B Xo II. T., TO f"(xo)=O. ,a: 0 c Ta T 0 q
H 0 e y c JI 0 B If e c y m; e c TB 0 B a H If H II. r.: 
ecJIH «PYHKIIHH f (x) B HeK-poii OKpecrHOCTH roqKlf x 
k pa3 HerrpephlBHO An«P«PepeHIIHpyeMa, rrp:irqeM k HeqerHo 
H k;;,3, H j<nl (x0)= 0 npH n= 2, 3, ... , k-1, a /Ck) (.x0) ;t 0, 
TO «PYHKIIHH /(x) HMeer B 3'~ II. T. 

Jlum.: [1] H JI b 11 H B. A., n 0 3 H lI H 8. r .. OCBOBbl MaTe
MaT11qec1<oro anaJI113a, 2 ll3A., 'I. 2, M., 1980; [2] Ry A pH e
~ e e JI. A., Rypc MaTeMaT11qec1<oro anamrna, T. 1, M., 1981. 

IIEPErOPO,l.l;KA - 3a~nrnyroe MHomecrso E rono
Jiornq, rrpocrpaHcrsa X, pa3fornaIOmee X MeIBAY AaH
HhlMH MHomecrsaMH P 11 Q (HJIH, AP· cJI0BaM11, orAeJIHIO
mee PH QB X), r. e. ra1me, qro X"'E=H1 UH 2 , rAe H1 
H H 2 AH3'bIDHKrHw H orKpbrrbr s X"'E, PcH1, QcH 2 

(rrpn 3TOM OKa3bIBaercH, qro p If Q OTKphlThl BO BCeM X). 
II. Ha3. roHKoii, ecJIH ee sHyrpeaaocrb rrycra. Bcirnoe 
6HHapHoe (r. e. cocroHmee H3 ABYX aJieMeHros) paa6uenue 
a= (A 1' A 2l rrpocrpaHCTBa x orrpeAeJIHer B x TOHKyIO 
II.: B=rpaHHIIa A 1=rpamrIIa A 2 , rrpHqeM X"'B=01U0 2, 

rAe O; - orKphlroe HAPO A,., i= 1, 2. BepHo H o6parHoe. 
Ilo cym;ecrsy IIOHHTHe Il. MeIBAY MHOJReCTBaMH CBOAHTCH 
K IIOHHTHIO C6R,3UOCmu. Ho H o6parao. rrpocrpaHCTBO x 
HecsH3Ho, ecJIH 0 ecrb II. MemAy HenycrhlMH MHome-
crsaMH. M. II. BoU'f'XOBCll:UU. 

IIEPE,l.l;ATOqHAH <l>YHKIUIH JI H H e ii H o ii: 
craIIHOHapHoii cHcreMbI yrrpasJieHHH 
(cncreMbI asroMar:irq, peryJrnposaHHH) - JI anAaca npe
o6paaoeanue orKJIHKa cncreMhl Ha B03AeilcrBHe e AH H H q
H 0 ii If M II y JI b c H 0 ll «P y H K II If If (AeJibTa-.iliyHK
IIHH) t5 (t) rrpH HyJieBhlX ycJIOBHHX B MOMeHT t=O (caM 
3TOT OTKJIHK Ha3. «P y H K II H e ll B e c a, If M II y JI b c
H O ll rrepeXOAHOlI «PYHKIIHell HJIH HMIIyJibC
H 0 ii x a pa K Te p If c TH K 0 ii: CHCTeMbI). OKBH
BaJieHTHOe onpe11eJiea11e: II. «P. eCTb OTHOIIleHHe H306pa
meHHll no JlarrJiacy (cM. Onepaifuonnoe ucrtuc.Mnue) 
BhlXOIIHOTO H BXOAHOfO cnrHaJIOB c HyJieBbIMH uaqaJibHhlMH 
11aHHhlMH. II. «P· npe11craeJIHer co6oii 11po6Ho-parrnoHaJib
Hyro «PYHKIIHIO w (p) KOMIIJieKCHOTO nepeMeHHOfO p; OHa 
HBJIHeTCH Koa«P«PnuHeHTOM B JIHHeHHOM COOTHOIIleH!fll 

y (p) = w (p) u (p), (1) 

CBH3bIBaromeM rrno6pamemrn no JlarrJiacy U (p) sxo11a 
CHCTeMhI (B03AeiicrBHH, ynpaeJieHlfH) u (t) If H3o6pa1KeHHe 
no JlarrJiacy y (p) BbIXOAa CHCTeMhl (OTKJIHKa, peaKIIHH) 
y (t) c HyJieBbIMH aaqaJibHhlMH 3HaqeHHHMH. B reopHn 
yrrpaeJieHHH COOTHOIIIeHHe (1) rrpHHHTO 1rno6pamaTb 
rpa«PnqecKH (cM. p:irc.). 

u r:::-1 y -
-~ 

Ilycrb, Harrp., CHCTeMa yrrpaBJieH!fH OlIHChlBaercH JIH
HeHHhlM o6blKHOBeHHhlM IIH«P«Pepeau.naJibHbIM ypaBHeHu-
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eM c IlOCTOHHHblMH Koacp1fnr11:1rnHTaMH 

~n . ~m . a ·yW = b -ulll 
i= 0 l i= 0 J ' 

(2) 

(B peaJibHhlX cncTeMax, KaK rrpaBnJio, m...;;:n). Torp;a 

W( )=bmpm+bm-1Pm-1+ ... +b, 
p pn+an-1Pn i.,. ... +a, • (3) 

8TO me Bhlpamenne MOJRIIO IIOJIY'lHTb, ecJin, HCIIOJlb3YH 
ooepaTopIIyro cpopMy aarrncn ypaBHeIInH (2) c ooMorn;hIO 
orrepaTopa p;ncpcpepea11npoBaHnH p 

A (p) y= B (p)u, 

OOpep;eJIHTb Il. cp. KaK OTHOIIIeHHe B X 0 A H 0 f 0 0 II e
p a T 0 pa CHCTeMhl B (p) K c 0 6 c TB e H H 0 My 0 0 e
p a To p y cncTeMhl A (p). IT. cp. (3) cncTeMhl (2) p;ooy
cRaeT cJiep;yrorn;ee TOJIRoaaHne: ecJin Bhl6paTb yrrpaa
Jieane u=est, rp;e s - KOMIIJieRcaoe 'lHCJIO TaKoe, 11To 
A (s) ;t:O, TO JIHJiell:Hoe Heop;Hopo;o;Hoe ypaaHeHne (2) HMeeT 
11acT1Ioe peIIIeHne y= W (s)est. 

Il. cp. Jie CJiep;yeT rryTaTb C II e p e X 0 A H 0 ft cp y II K
il n e ii., K-paH rrpep;cTaamrnT co6oft OTKJIHK cncTeMhl Ha 
B03)l;eHCTBHe e A H H H q H 0 ii c T y II e H q a T 0 ii 
!J>YIIKllllll 

{ 0, t,.,;;;O, 
u (t)-

- 1,t>O 

rrpn HyJieBhlX Ha11aJibHhlX yCJIOBHHX. 
Il. !Ji. HBJIH0TCH OAIIHM H3 OCHOBHhlX IIOHHTHH Teopnn 

JIHHeHIIbIX CTa11noHapHbIX cncTeM yrrpaBJieHnH. 0Ha He 
aaancHT OT xapaKTepa npnJiomeHHhlx K cncTeMe yrrpaa
JIHIDrn;nx B03)l;eHCTBHH, a orrpep;eJIH0TCH Jlllillb rrapaMeT
paMH caMoft cncTeMbI n p;aeT TeM caMhlM ee ;o;nHaMn11. 
xapaKTepncTnKy. Oco6yro poJib B Teopnn yrrpaaJieIInH 
i'lrpaeT !J>yIIKllllH w (iw) lJHCTO MHHMOTO apryMeHTa, IIa3. 
a M II JI H T y ;o; II 0 - cp a 3 0 B 0 ii., HJIH q a c T 0 T H 0 fi, 
xapaKTepncT:irnofi cncTeMhl. IloHHTne IT. cp. o6o6rn;aeTCH 
Il Ha JIHIIeHIIhle CHCTeMhl yrrpaBJieHHH HHhlX THIIOB (MaT
pH'lHhle, aecTau;noHapIIhle, p;ncKpeTHhle, c pacrrpep;eJieH
HhlMH rrapaMeTpaMH H p;p.). 

JJum.: [1) Po ii: Te H 5 e pr H. H., ABTOMaTH<Jec1<0e ynpasJie
HHe, 2 uan., M., 1978; [2) MaTeMaT11<Jec1me OCHOBbI Teop1111 aBTOMa
TH'Iec1<0roperyJIHposaHHII, M., 1971; [3) Ka JI Ma HP., <D a JI 6 ll., 
A p 5 H 5 M., Qqep1rn no MaTeMaT11<Jec1<0li Teop1111 c11cTeM, nep. 
C aHrJI., M., 1971; [4) By T K 0 BC K H ii: A. r., Xapa1nep11CTHKH 
c11cTeM c pacnpeneJieHHhlMH napaMeTpaMH. CnpaBO<JHOe noco511e, 
M., 1979. H. X. Poaoe. 

IIEPEMEHHblX HAIIP ABJIEHHll: METO}l - nTepa-
11noHHhlii: MeTOA pemeHHH CHCTeM JIHHeHJihlX HJIH HeJIH
HeHHhlX ypaBIIeHHiI, B03HHKarownx B pa3JIOCTIIhlX HJIH 
rrpoeKllllOIIIIO-pa3JIOCTIIhlX MeTo)l;ax rrpn IIpH6JIHJReHHOM 
peIIIeHHH, IIarrp., KpaeBbIX aap;aq AJIH ypaBJI0HHH c 11aCT
HhlMH rrpOH3BO)l;HhlMH 3JIJIHIITH'l. THIIa. 

IlycTb, Harrp., HMeroTCH p;ae rrpocTpaHCTBeHHbie rrepe
MeHIIhle H IIOCJiep;oBaTeJiblIOCTH KBap;paTHhlX ceTOK (J)h 
c maroM h>O H yaJiaMH xt"=(i1h, i 2h), rp;e i=(i1 , i 2) -

B0KTOP c 11eJI01JHCJieJIJihlMH KOMIIOHeIITaMH. IlyCTb Qh -
MIIOJReCTBO Y3JIOB wh, B K-phlX nweTCH peweIIHe pa3HOCT
HOH HJIH rrpoeKllHOIIIIo-paaJiocTJIO:ii aa;o;a11H, aa1rncaHIIoiI 
B BH;o;e orrepaTopIIoro ypaaIIeIIHH 

Lh (uh) =fh 

B eaKJIH)l;OBOM rrpocTpaBCTBe H h• oTom;o;ecTBJIHeMoM c 
rrpOCTpaIICTBOM cpyHKllHll, 3a)l;aHIIhlX B yaJiaX Qh; paa
MepHOCTb H h coarrap;aeT c 'lHCJIOM To11eK N h H3 Qh· 

IlycTb 

Ahuh(x;)=~x· ·ERha;,juh(X{+J), x; EQh, (1) 
l+J 

- JIHIIeHIIhle orrepaTophl, OT06pamaro111He Hh B Hh. 
Cpep;H orrepaTopoa (1) RMeIDTCH orrepaTOphl, y K-phlx 
HeHyJieBble l\Oilcpcpn11:irnHThl a;, j B (1) COOTBeTCTBYIOT JIHillb 
BeKTopaM c;o;alilra j=(h, j 2) c j 2=0. TaKne orrepaTOphl 
Ha3. 0 ;o; II 0 M e p H bl M II 0 II e p a T 0 p a M H, ,neii.CT-

ayrorn;nMH no x1, n o6o31Ia11aroTCH Ah• x,; aHaJiorn11IIo 
AJIH BeKTOpOB C)l;BHra c h=O orrpep;eJIHIDTCH H O)l;IIOMep
Hhle orrepaTophl Ah, x" p;eii:cTayrorn;n:e no x 2 • 

Cn:cTeMhl ypaaIIeHn:iI 

r=1, 2, 

pacrn;errJIHIDTCH Ha OTP,eJibHhle IIO)l;CHCTeMhl, KaJR;o;aH Ji13 
K-phlx CBH3brnaeT JIHIIIb 3Ha11eHHH uh (x;) B yaJiax, Jiema
wnx Ha OT)l;eJibHhlX roprrnoHTaJibHhlX (;o;JIH Ah, x 1) HJIH 
BepTHKaJibHhlX (AJIH Ah, x.) JIHHHHX CeTKJil. ll:JIH n. H. M. 
xa paRTepuo n:crroJib30BaJin:e pacm;errJIHIDm;n:xcH onepa
TOpoB Ah, HMerorn;nx BHA 

Rh= Ah,x,Ah, x,· 

PeIIIemie cncTeMhl 

(2) 

Torp,a CllO)l;HTCH K IIOCJie)l;OBaTeJibIIOMY pemeJIHID ;o;Byx 
cncTeM 

Ah,x,Vh=gh, 

Ah,x.Uh=vh, 

(3) 

(4) 
B K-pbIX BIIa'laJie peIIIaIDTCH OT)l;eJibIIhle IIO)l;CIICTeMhl Ila 
ropn3oIITaJibIIhlX JIIIIIIIHX ceTKII (a cJiy11ae (3)), a aaTeM 
ocyrn;eCTBJIHeTCH rrepeMeIIa IIarrpaBJieHIIH H peIIIaIDTCH 
IIOACIICTeMhl IIa BepTIIKaJibHhlX JIIIHIIHX CeTKil (B CJiy11ae 
(4)). Ilpn aroM 06hl11Ho orrepaTophl Rh BbI6nparo'l:cH 
TaKHMH, lJTO Ha peIIIeHIIe CIICTeM (3), (4), a CJie)l;OBaTeJibHO, 
n (2), yxop;nT TOJibKO O(Nh) apn!J>MeTn11. p;eii:cTarnl.. 
fI03TOMY H Kamp;aH IITepau;IIH B fl. H. M. BII)l;a 

R <n) (n+ I) R(n) <n) (L ( (n)) f ) - 0 1 (5) h uh = h Uh - h uh - h , n - , , · · · , 

rp;e aepxHnii: HHAeKc n cooTBeTCTByeT HoMepy IITepa11nn, 
06hl11Ho ocyrn;ecTBJIHeTCH c aaTpaToii: 0 (N h) apn!J>MeTn11. 
p;eii:CTBHH. 

Han6oJiee acpcpeKTIIBJihle peayJibTaThl AJIH rr. H. M. 
IIOJiy11aroTCH AJIH T. H. KOMMyTaTHBHOTO CJiy11aH, Rorp;a 
orrepaTop Lh HBJIHeTcH caMocorrpHmeIIIIhlM rroJiomnTeJibIIo 
orrpep;eJieHIIhlM orrepaTopoM, a orrepaTophl Rhn> - ca
MocorrpHJReHHhle n rrepeCTaHoBO'lIIhle c Lh. B aroM cJiy11ae 
p,JIH Jiro6oro e >O rrorpeIIIIIOCTb IIa11aJibIIoro rrpn6JIHJRemrn 
MOJRJIO yMeIIblIIHTb no HOpMe B e-1 pa3 3a 1IHCJIO HTepa-
11nfi M=O(ilnelllnhl)· RoMMyTaTHBHhlll CJiy11aiI MomeT 
BCTpeTIITbCH TOJibKO P,JIH KpaeBhlX 3ap;a11, B K-pbIX MO/l\IIO 
rrpmrnaecTH paap;eJieHne rrepeMeIIIIhlX, H, cJiep;oaaTeJibHo, 
o6JiaCTb p;oJimIIa 6hlTb rrpHMoyroJibIIHKOM. HaH60.11ee 
11aCTbIM CJiy11aeM MeTo)l;a (5) )l;JIH ypaBHeHnH 

Lhuh=(Ah,x,+Ah,x,) Uh=fh 

HBJIHeTCH MeTOA 

[Ir= 1 (Eh+•~~>hAh,x,)] (uhn+i>_u~>)= 
=-y~n> (Lhu~n)_fh), 

rp;e Eh - Tomp;eCTBeIIHhlH orrepaTop. 
HapH;o;y c rro;o;xo;o;oM, B K-poM aa c11eT Bhl6opa HTepa

llHOIIHhlX rrapaMeTpOB CTpeMHTCH MIIHHM!i13HpoBaTb IIOPMY 
orrepaTopa rrepexop;a 01· HyJieao:fi HTepau;nn K li!Tepau;Hn 
c cpHKCllpOBaHHbIM JIOMepoM, IICIIOJlb3YIDTCH H IIO)l;XO)l;hl' 
OCHOBaHHhle Ha pa3JIH1JHhlX Ba pHallHOHIIhlX IlplfHllHIIaX. 

fl. H. M. lJaCTO HCIIOJlb3yeTCH B Ka'leCTBe BHyTpeHHero 
nTepa11noHaoro rrpo11ecca B p;ayxcTyrreH11aThlX HTepa11H
OHHhlX MeTop,ax, HCIIOJ1b3yrorn;nx orrepaTOphl, 3KBJilBaJieIIT
Jihle no crreKTPY H rrpnro)l;Hhle B cJiy11ae rrepeMeIIHhlX 
Koa!J>!J>H11neIITOB H IIeJIJilIIeHIIhlX 3a;o;a11. 

Jlum.: [1] Pe ace man D. W., Rach ford H. H., «J. 
Soc. Industr. Appl. Math.», 1955, v. 3, M 1, p. 28-41; [2] .U b ff
K 0 H 0 B E. r. HTepal.{HOHHbie MeTO)'.(hl perneHHII pa3HOCTHhlX aHa
JIOfOB KPaesb1x' aaM'I llJJII ypaBHeH11li aJIJIHTITH<Jec11oro THTia, K., 
1970; [3) H He HK 0 H. H., Me TO)'.( npo6Hh!X rnaroB perneHHII MHO
roMepHh!X aanaq MaTeMaT11<Jec11otl (jl11a1111H, Hosoc115., 1967; [4) 
Ca Map c 11 H ii: A. A., BseneHHe B Teopmo paaHOCTHhlX cxeM, M., 
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1971; [5] Map q y R r. l'I., MeTO)lbl Bhl'IHCJUITeJlbHOl! MaTeMa- 6 0 Ba - TI a pa c IO Ka) 0 KOH0'IHOOTJll B CMblCJI0 
THRH, 2 Han., M., 1980. E. r . .l{1>J1nono•. 6 6 .1. - s' 

IIEPEMEIIIMBAHME _ cso:li:cTso AHHaMH'l. cncTeMhl o o rueHHhlX 'l'YHKIVllI 113 nepeHopM11poBaHHhlX swpa-
(rrncli'.aaa {Sn} llJill nomoi:a. {Si}) c KOHe'JHOH Ultoapu- meHllH B K8>HAOM IIOPHAKe TeopnH B03MymeH11:li:. Tip11 
anm1toii .ttepou µ, COCTOHIIl,00 B TOM, qTO )lJIH JII06hlX 3TOM TI. CBO)ll!TCH K JJ;06aBJI0Hl!IO K JiarpaHmllaHy JJ;O· 
ABYX naMepllMblX IIOAMHomeCTB A, B ipaaosoro npo- IIOJIHllTeJihBhlX 'IJieHOB - «KoBTp'IJieBOB». RamJJ;hlii: KOHTp-
CTpaHCTBa w Mepa 'JJieH rrpeJJ;CTaBJIHeT co6oii HeK-pyIO JIOKaJihHYIO orrepaTOp-

HYIO CTpyKTYPY c 'IllCJIOBhlM Koacpcpm~HeHTOM, HBJIHIOIIl,llM-
µ ((Sn)- 1 An B), CH, Boo6me rosopH, 6eCKOHe'JHhlM pHJJ;OM no 3aTpaBO'IHhlM 

COOTBeTCTB0HHO 

CTpeMll.TCH I( 

µ (A) µ (B)/µ (W) 

npn n -+ oo, -cooTBe'l'CTBeHHO npn t -+ oo. E CJIH rrpeo6-
paaosaHllH S, St o6paTnMhl, TO B orrpeJJ;eJiemm TI. sMeCTO 
npoo6pa30B MHomeCTBa A OTBOCllTeJihHO 3TllX npeo6pa-
30BaHllll MOmHo 6paTb o6pa3hl snA' StA' 'ITO 6oJiee 
aarJIHJJ;lto. Tip11 HBJIH'lllll csoii:cTsa TI. rosopHT TaKme, 
qTo CHCTeMa rrepeMemnsaeT, a B cJiyqae nepeMenmsa10mero 
K8CI\a)la {Sn} 0 IIopom)laIDIIleM ero 3HjlOMopiJ>ll3M0 S 
IIpOCTpaHCTBa c Mepo:ii (W, µ) Tome roBOpHT, 'ITO s nepe
MeIIIHBaeT (o6JianaeT CBOHCTBOM TI.; BIIpoqeM, B IIOCJie)l
HeM CJiyqae IIOjl Il. 'JaCTO IlOHllMaIOT He CBOHCTBO o6'h· 
eKTa, a caM BTOT o6'heKT, TO eCTb S). 

B apronn'l. Teop11H HapHAY c TI. paccMaTpllBaIOT poA
CTBeHHh!e CBOHCTBa - K p a T H 0 e II e p e M e III 11-
B a H n e n c JI a 6 o e n e p e M e III 11 B a H 11 e (cM. 
[1]; IIOCJlejlHee B CTapon JillTepaType qacTO Ha3blBaJIH 
TI. B IIIHpoKoM CMMCJie, llJIH Kopoqe - npocTo TI., a o 
TI. rosopnJin KaK o TI. B CllJibBOM CMhlCJie). PaccMaTp11-
sa10T TaKme csoii.CTBo, npoMemyTo<JHoe MemJJ;y TI. H 

cJia6hlM TI. (cM. [2]). Bee aTn csoiicTBa CHJibHee apzoau'l-
nocmu. 

MMeeTCH aaaJior TI. AJIH CHCTeM c 6ecKoHe'IHOH llHBa
pHaHTHO:ii Mepon (CM. [3]). 

Jium.: [1] x a Jl M 0 Ill n. P., JieKI~HH no apro)lH'IeCI<Oll TeOPHH, 
nep. c aHrJJ., M., 1959; [2] F u rs ten berg H., We i s s B., 
B mt.: The structure of attractors in dynamical systems, B .- HdJb.
N. Y., 1978, p. 127-32 (Lecture Notes in Math., N, 668); [3] 
Kr en g e I U., Such est on L., «Z. Wahrscheinlichkeitsthe
or. und verw. Geb.», 1969, Bd 13, N. 2, S. 150-64. ,a. B. A1wco•. 

TIEPEHOPMHPOBRA - rrpouenypa ycrpaBeHHH pac
xop;11MocTett, npHcymnx Teoprm soaMyrueHrrif B JiarpaH
mesoii: iJ>opMyJI11posKe KBanmoeou meopuu nD.1£n. Ilpn: 
IIOCTpOemm cpopMaJibHhlX PHAOB TeOpHH B03My1UeHHll 
B KBaHTOBOH Teopml IIOJIH IIOHBJIHIOTCH BhlpameHHH, 
He HMeIOIIJ;He O)lH03Ha'lHOro MaTeMaTl!'l. CMbICJia, CBll3aB
Hbie c T. H. yJihTpa!fiHoJieToBhlMll pacxoAHMOCTHMII. TaKne 
paCXOJlHMOCTlf B03HliK810T 113-3a TOro, 'ITO KoaiJ>iJ>HUHeHTbl 
BTHX pHJlOB HBJIHIOTCH rrpoIIaseneHHHMII o6o6meHHhlX 
!flyHKUH:ii, T. e. 061,eKTOM, soo6rue rosop11, He onpeJJ;e
JieHHhlM .KOppeKTHO. 

YJJ;o6Ho aa'JIIHaTu paccMoTpeHIIe c peryJIHpII30BaHHOH 
Teopnll, B K-pon o6o6meHHhlll il>YHKUHH 3aMeHeHhl JlOCTa
TO'JHO rJiajlKHMH. PeryJIHpnaau;HH BBOJJ;HT B TeOpHIO 
jlOIIOJIHHTeJibHbie napaMeTphl, He IlMe!OIIJ,He IIp.llMOro 
iJ>H3H'l. coJJ;epmaHIIH. Ho B peryJIHpHaosam1on TeopnH 
yme B03MOmHO BhljleJIHTh H3 KamJJ;Oll KOacpcf>HUIIeHTHOii 
il>YHKUHH Ty ee qaCTb, K-paH npn CHHTHH peryJIHPH3al.l,Jilll 
nopom/);aeT YJibTpacpnoJieTOBhle pacxo/);Il:MOCTH. CoocTBell
ao TI. COCTOHT B oT6paChlBaHllH paCXOAHil~IIXCH BKJlajlOQ B 
.Koacf>cpHuneHTHhle iJ>yHKUHH. TiocJie TI. peryJt11pHaau;HH 
CHl!MaeTCH, T. e. peryJIHpH3YlOIIlllH napaMeTp HCKJIIO'l8-
eTCH COOTBeTCTBYIOIIllIM npeneJibHhlM nepeXO/lOM. 

MAeH TI., npenJiomeaaaH X. EeTe (cM. [ 1 ]), cocTOIIT 
B TOM, 'ITO OT6paCMBaHHe paCXOjllIMOCTell AOJimBo npona
BOAIIThCH TaKHM CIIOCOOOM, 'IT06bl OHO CBOJJ;HJIOCb K rrepe
onpeneJieHIIIO (TI.) rrapaMeTpoB Hcxonaoro JiarpaamIIaHa, 
T. e. 3aTpaBO'lHhlX Mace, KOHCTaHT CBll3Il ll HOpMHpOBKH 
noJieif. To'!HaH iJ>opMyJIHpOBKa rrepeHopMHposoqaoii rrpo
uenyphl B KBaHTOBOM T00p11Il IIOJI.11 (R-onepau1111) OhlJI8 
)laaa H. H. EoroJII06osblM 11 0. C. Tiapac10KOM (cM. [2]). 
MMH 6hlJia noKa3aHa TeopeMa (T e o p e M a E o r o JI 10-

KOHCT8HT8M CBllBll. 3Tll JrnaiJ>11>:11u11eHThl KOH0'1Hhl JIJUIIh 
rrpn HaJI11qnn peryJIHpmiauiau 11 o6paruaIOTCH B 6ecKo
He<JHOCTh rrpn CHHTHll ee. TaKiaM o6pa3oM, TI. AeMOHCT• 
p11pyeT scrroMoraTeJihHhlii xa paKTep 11.cxo11Horo Jiarpaa
miaaHa. ((>1rnH'l. CMhlCJI np1111aeTCH JillIIIh JiarpaHmnaHy 
rrepel!opMnpoeaaHoMy. Ero napaMeTpw, T. e. nepeaop
MHpoaaaawe MaCChl, KOHCTaHTbl CBH311. ll T. 11., K-phle 
KOHe'IHhl, MomHo ll/WHTlliJ>nuiapOB8Tb c Ha6JIIO/);a0Mh1Mll 
B0JIII'IHHaMll. 

Jlarpaemesa iJ>opMyJI11poeI<a Teop11n eoaMyme1m:il. uoa
Momaa JillIDb AJIH Teop11.:il., B K-phlx '!HCJIO KOHTp'IJieHoB, 
OTJill<JaIOIUHXC.11 IIO ceoeii. orrepaTOpHo:li: CTpyKType, }(0-

He<JHO. TaKne Teop1rn: 11eJIHTCH aa JJ;Ba KJiacca - cyrrep
HopMiapyeMhle n nepeaopMiapyeMhle. B cynepaopM11py
eMhlX TeopnHX KoacpiJ>nuneHThl npli KOHTp'IJI0H8X HBJIH
IOTCH KOH0'1Hh1Mll pHJJ;aMll no KOHCTaHTaM CBH3ll, a B 
rrepeHopMHpyeMhlx - ar11 pRJlbI 6ecKoHe<JHhl. B BTllX 
TeopnHX onepaTOpHaH CTpyKTypa KOHTp'IJI0HOB, KaK 
rrpaBllJIO, Ta me, 'ITO ll OT)l0JihHhlX 'JJI0HOB llCXOJJ;HOro 
Jiarpam1maHa. Mx o6'he/);HHeHne ll IIpllBO/);llT K TI. 3aTp8-
BO'IHhlX KOHCT8HT. 

B KJiacc11q, sap11aaTe TI. ecTb R-onepauirn EoroJII0-
6osa - IlapacIOKa (ycTpaHeH11e pacxoJJ;nMocTe:li: na Kam
AOii 1111arpaMMhl, soaH11Ka10meii, aarrp., B paaJiomeanH 
S-MaTpHUhl) II CBOAllTCH K nepeorrpe)l0JI0HllIO Koa<l>cJ>11u11-
eHTBOH iJ>yHKUlll! 8TOH )l11arpaMMhl CJie)lyIOIUllM o6pa30M. 
TiyCTb M v - orrepaTop, COIIOCTaBJIHIOIUllH KoaiJ>iJ>nun
eaTHOM il>YHKUllll nnarpaMMhl y aaqaJibHhlM OTpeaoK ee 
paaJiomeHllH B PHll MaKJiopeHa no HMIIYJihCaM. Tor)la 
1waiJ>iJ>11uneHTHaH il>YHKUllH RGr (p1, •• ., PN) nepeaop
MHpoeaHHoiI )lHarpaMMhl r aannmerca KaK 

RGr (p1, · · ·, PN) = 

: IT (i-M ) : Gr (P1 PN) 
' VjE{V;) V; • ' ... , ' 

r)le {y;} - COBOKYIIBOCTb ecex p~CX0Ai;11UllXCH IIO,ll;,[IHa
rpaMM AHBrpaMMhl r' a CHMBOJI oaaaqaeT, 80-
nepBbIX, OT6p3ChlBaHIIe B IIOJiyqaroureMCH ll3 (*) llpH 
pacKphlTHH cKo6oK BhlpameHHII scex qJJeaos, cop;epmarunx 
nponase11eHHS1 MviMv ., 0Tseqa10ruHe nape nop;p;HarpaMM, 

J • " /);JIH K-phlX He BhlIIOJIHHeTCH Hll OJJ;HO Il3 yCJIOBllH y;Cy j• 

Y;~YJ• y;nyj = 0, n, so-sTopb1x, ynopHJJ;OttIIBamre 
onepaTopoB Mv; TaKHM o6paaoM, 'ITO Mv; ctoHT npasee 

M v j' 0CJill Y ;Cy j• 

OrpaHn'leH11H, HaKJia/lbIBaeMbre aa rrpouenypy TI., He 
il>IIKCllpyIOT ee IIOJIHOCThIO. 0CTalOIIl,HMCH IIpOII3BOJI HMeeT 
llBOHKll.H xapaKTep. Bo-rrepshlx, Tpe6osaane KoHe'lHOCTII 
rrepeaopMnpoeaaahlx BhipameHnn onpeneJI11eT JI!1lllh He
K-poe MHHHMaJibHOe 'lHCJIO (<Bhl'JHT8HHH~ B Kamnofi pa.c
XOjlHUJ,eiicH IIOJlAHarpaMM0, T. e. MHHHMaJibHOe 'JHCJIO 
BhlAeJIHeMhlX qJieHoa pHna MaKJiopeHa. TI. 6yneT no
npemHeMy npllBOjlllTb K KOHe'JHhlM peayJibT8TaM, eCJIH 
'lllCJIO Bbl'JllT8HHM YB0JIIl'l11BaTb, co6JI10)laH HeK-phle yc
JIOBIIH corJiaCOBaBll.H )lJIH Bhl'JHTaHllH B pa3JIH'JHhlX IIOA
p;HarpaMMaX nepeHopMHpyeMon JJ;IIarpaMMhl. Bo-BTOpbrx, 
Bil.eCTO O'l'pe3Ka p11na MaKJIOpeHa MOmHO Bbl'lllTaTb Bhlpa
meaHe, OTJIII'Ja10rneecH OT Hero MHOrO'!JieHOM IIO IIMIIYJib
caM TOH me CTeIIeHH c KOHe'IHhlMII KoaiJ>iJ>Hu;HeHTaMll. 

YKa3aHHhlH npoH3BOJI rrpHBO)lHT K BKBHBaJieHTHOCTll 
pa3JIIIqHbJX npou;eJJ;yp TI., OTJIIl'!a10mnxc11 IIO CB00M 
iJ>opMyJinposKe OT R-orrepal.l,HH. Mx KOHKpeTHbIH Bhl6op 
o6hl'lHO AHKTyeTCH paccMaTpHsaeMo:il. aai:xaqen. TaK, .qJIH 
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TMp1di: c Kane:6posoqHo:ii HHBape:aB'l'HOCThIO, 6&ma rrpen- rrpo as H "' II .... H OA an OT 'l'YHKl.l;Hl!! pacrrpeneneHH.H DO TpaeKTOpHH 
JIOJReHa ., IIOJIY'IHBIIIa.H Ha3BaHHe pa3M0pHoH. 0Ha 6aan:- ,IJ;BHJR0HH.H l!!M00T BHA 
pyeTCJI Ha perynnpe:aau;nn, HCIIOJllt3YIOIIJ;eii B Ka'IJ0CTB0 
aa paMeTpa OTKJIOH0HH0 paaMepHOCTH apocTpaHCTBa-Bpe
MeHH, B K-poM aponaBO,IJ;.HTCJI BhI'IRCJleBHH, OT <l>nae:q. 
aHa'leHe:n. YcTpaHeHn:e pacxoAHMOCTe:ii apon:asonn:TCH ay
T0M OT6paChIBaHB.H BhlpameHHii:, CHHrynnpHbIX no 3TOMy 
OTKJIOH0HHIO. 

B npyrnx aa}l;a'laX II0Jlb8YIOTC.H aHaJIBTB'I. n. B ee 
OCHOBe JieJRHT perynnpHaau;n.11, COCTOHIIJ;all B aaMeH0 
nporrarBTopa qacrnu;hl, nMe10m;ero BH/l rnna (p2-m2+i0)-1 
Ha (p2-m2+i0>"'· IIpononme&l!!e B KOMIIJI0KCHYIO o6JiaCTh 
no rrapaMeTpaM A ocym;ecTBmleT peryn11pnaau;mo TeopHH, 
a YJihTpa!}lnoJieTOBhle pacxonnMoC'l'B BhI,!l;eJIHIOTCH KaK 
fiOJIIOCa ITO HeK-pbIM JIHH0HHhIM KOM6HHal.l;l!!.HM 3THX 
napaMeTpou. CornacouaHHoe OT6pachIB&Hne T&Knx rron10-
cou ycTpaH.HeT BCe paCXO,!l;HMOCTH. 

B npe:nomeHHHX ncnon&ayIOTCH e: npyrne cxeMhI II. 
(CM. (3]). 
3 , JJu[m).: hi Bethe H. A., ~Phys. Rev.», 1947, v. 72 p. 339-

.. 1; 2 B 0 r 0 JI IO 6 0 B H. H.. n a p a c IO K o. c.' ~AOKJJ 
AH CCCP», 1955, B. 100, No 1, c. 25; Ne 3, c. 429; [3) 3 a B & 11: 
JI o B 0. H., IlepeuopMl!lpOBann1>1e AHarpaMM&J <l>ell:uMaua, M., 
1979. c. A. AH.UXUH. 

IIEPEHOCA H3JIYqEHHH TEOPHH - 11ccnenoua
HHe npoxom~eHH.H BJieKTpOMQfHHTHOfO HBJiyqeen11, raMMa
KBaHTOB, H0HTp0HOB n il:P· 3JieMeHTapHbIX qaCTHll, '10-
pea Belll,eCTBO c IIOMOill,hlO JIHHe:iieoro KHHeTH'leCKOfO 
ypaueeHn», HJIH ypaBHeHHH nepeHoca (cM. Kunemu11ec11:oe 
ypa6ntmue). 

3&/laqa orree,IJ;eJieHHJI UOJl.H HBJiy'leHHH B &TMOC!}lepe, 
paccen:sa10m;en CBeT ITO naBeCTHhlM !}!H3H'l. aaKoHaM, 
B03HHKJia B 80-e rr. 19 B. B CBR3H c HCCJl0,IJ;OBaHH.HMH 
no ocue111,eHHOCTH ,IJ;HeuHoro He6a. KHHeTnq. ypaBHeHHe 
nepeHoca H3JIY'l0HHR 6hIJIO Hail:neeo B Haq. 20 B. /lJIR 
aa}J;a'IH 0 Jly'!HCTOM paBHOBeCHH B 3Be3P,HbIX aTMoc!}lepax. 
<l>HaHq. CMhICJI ypaBH0HHR uepeHOCa - 6aJiaHC BHeprHH, 
'IHCJia KBaHTOB, 'IHCJia 'l&CTHll, B 3JieMeHT0 !}laaouoro 
npOCTpaHCTBa KOOp,!l;HHBT H CKOpOCTeii: qacTm~: 

d<I> -( a<I>) S 
dt - at CTonKH. + ' 

rne <I> (r, v, t) - !}lyHKD;HR pacapeneneHnn 'laCTHD; u 
d 

TO'IKe r, V - Cl<opOCTh 1 t - MOMeHT Bp0M0HH 1 df-

IIOJIHaH npoH3BO,!l;HaR no TpaeKTopnn ,IJ;BH)l(eHHJI qa

CTHD;hl, ( atJ~ )cTOJIKH. - CKOpOCTb R3M0H0HHJI <l>YHKD;HH 

pacrrpe,!l;eJieHH.H aa C'l0T CTOJIKHOBeHHJI qaCTHIJ, c uem;eCTBOM 
(H0HTPOHOB c HApaMn HJIH KBaHTOB c BTOMaMH uem;eCTBa), 
s - MOIIJ;HOCTb HCTO'lHHKa '!aCTHl.I;. ,lJ;JIR BJl0KTpoMari;utT
HOfO H3JIY'l0HHR B Ka'l0CTB0 HeaaBHC:HMhIX nepeMeHHhIX 
!}lyHKll,HH pacrrpe/leJieHHR, onpeAeJIRIOill,0H cpeAHIOIO HHTeH
CHBHOCTb H3JIY'l0RHH, BXO/lRT BeKTOp HanpaBJI0HHR H3-
JiyqeHHR H ero qaCTOTa. 0AHH H Te me ypaBH0HHR AJIH 
onncaHH.H pacrrpocTpaHeHHR qaCTHl.I; H KBaHTOB rroJiyqaroT
CJI BCJl0,!l;CTBH0 O,IJ;HHaKOBOfO <l>H31'1'1. CMhICJia 3THX KHHeTH'I. 
ypauHeHHii - 6aJiaHC 3Heprml B !}laaoBOM npOCTpaUCTBe. 

lJJieH, OITHChIBaIOID,HH CTOJIKHOBeHHR, .HBJIReTCR HHTe
rpaJibHbIM: 

( ~'; \TonKa. =A~ ~s (r, v' -+V) <I> (r, v', t) dv' -

-~ (r, v) <I> (r, v, t), 

a caMO ypaBH0HHe nepeHoca (K H H e T H q e c K 0 e 
y p a B H e H H e) - HHTerpo-AH!}l!}lepeHu;HaJibHhIM ypau
Heee:eM. 3A0Cb ~ - IIOJIH00 C0'10HHe B3al'IMOA0BCTBHJI 
'IBCTHA c uem;eCTBOM B 3Jl0M0HTapHOM aKTe CTOJIKHOBeHHR, 
~ s (r, v' -+- v) - ceqeHHe rrepexoAa (sepo.HTHOCTh nepe
xop,a) H3 CKOpOCTH v' AO pacce.HHH.H B CKOpOCTb v nocJie 
pacce.HHH.H (c Y'l0TOM Bepo.HTHOCTH, 'ITO CTOJIKHOB0HHe 
npoHaoii:p,eT). }J.JIH CB060AHOfO ABHlKeHH.H 'IBCTHl.I; ITOJIHaJI 

,llnn IlOJIHOfO orrpeAeJieHH.H peIII0HR.H 
Ha11aJib&oe ycnosue 

<I>lt=o=f(r, v) 

H rpaHH'IHOe ycnoune. !fa rpaHHu;e Tena (o6JiaCTH npo
CTpaHCTBa, BHYTPH K-pou pemaeTCH ypauHeHne rrepeHoca) 
MoryT 6&1Tb aaAaHhl, Harrp., yCJIOBH.H a6COJIIOTHOfO DO
rJiom;eHH.H 'IBCTHl.I; 

<I> (r, v, t) =0 npe: (v·n) < 0, 

f):l;0 n - BHeIIIH.H.H HOpMaJib K nouepXHOCTR (rpaHe:u;e) 
Tena. BoaMO>RHhl n: 6onee o6m;e:e rpaHH'lHhle ycnosnn, 
OURChIBaIOm;He OTpameen:e qaCTHl.I; OT rpaHHl.l;hI HJIH «rrpo
CTpeJI» qaCTHll, qepea BaKyyM (llJI.H H0BhIIIyKJIOro Tena, 
rpaHl!!'lalll,ero c uaKyyMoM - o6JiaCThIO, rAe H0T CTOJIK
BOBeHHH). MaTeMaTl!!'l. HCCJieAOBaHHe ypaBH0HHH nepeeo
ca B OAHOCKopoCTBOM CJiyqae, T. e. B npeAIIOJIOJReHHH, 'ITO 
1!!3M0HH0TCH JIRIIlb HarrpaBJI0HB0 pacnpOCTpaHeHH.H HBJiy'le
HH.H HJIR qaCTl!!D; rrpn ITOCTO.HHHOH 3HeprHn KBaHTa HJIH 
'laCTHD;LI, 6hIJIO rrpoBe/leHo B. C. Bna):l;nMn:poBhIM [ 1) AJIH 

a<I> 
CJiy'la.H iit =0. II pH H30Tp0UHOM pacceHHHH aaAa'la CBOll;HT-

CH K HHTerpaJibHOMY ypauHeHHIO c IIOJIOJRHT0JlbHhIM H/lpOM, 
K K-poMy npHM0HHMa TeopHH BOOJIH0 eenpephIBHhIX orre
p8Topou, OCTaBJIRIOill,HX HHBapnaHTHhIM KOHYC B 6aHaxo
BOM rrpOCTpaHCTBe. II pH 3TOM 0/l;HOpOAHa.H aaAaqa HM0eT 
IIOJIO)l(RT0JlbBOe co6CTB0HH00 3Ha'leHH0 (CTOJllll,00 MHOJRB
T0JI0M npH HHTerpane CTOJIKHOB0HHH), K-poe He 6onbme 
MOAYJIJI BC.HKoro Apyroro co6CTBeBBoro 3Ha'l0HRJI 'A.;, H 
eMy OTBeqaeT, no Kpaii:eeii Mepe, OABa H00TpHn;aT0JlbHaR 
co6cTBeHHan <l>YHKD;BR (cooTBeTCTuyrom;a11 A1). 3Ta Teo
peMa 0606m,aeTc11 Ha cJiyqaii: aHHBOTporrHoro paccenHIDI. 
B IIIHpoKoM KJiacce cnyqaeB rrepuoe co6CTB0HHoe aHa'leHHe 
aaAa'lH oKa3bIB80TCJI lipOC1'LIM, a co6CTB0HHa.H <l>YHKD;H.H, 
COOTBeTCTBytoman eMy' - ITOJIOlKH't0JlbHOH ITO'ITH BCIOll;Y 
B <fiaaoBOM rrpocTpaHCTB0 KOOp}l;BHBT H HarrpaBJI0HHH. 

TaKoB, Hanp., cny11aii:, KOrAa Is(r, v'-+ v)>O uoq
TH scrop,y. Ha:iiAeHhI yc:noae:11, upe: K-phIX AJI» ypauHe
HHR nepeHoca c aHH30TpOIIHbIM pac:ceRHH0M cnpaue,IJ;JIHBa 
TeopHH fHJib6epTa - illMHATa, llOCTpoeH HOBhIH Bape:a
D;HOHHhIH «J>yHKD;HOHaJI AJIR ypauHeHH:ii rrepeuoca c 'IeT
Hoii: BepOHTHOCTbIO rrepexop,a OTHOCHT0JlbHO uepeMeHHOH 
µo= (v ·V'). c llOMOIUblO HOBOfO uapHau;HOHHOfO M0TOAa 
IIOCJI0AOBaT0JlbHO HCCJl0/l;OBallbI ypaBHeHBJI M0TOAa c!}lepH'l. 
rapMOHHK, K-pble BM0CT0 c KpaeBbIMH ycJIOBH.HMH rrony
qaIOTC.H rrpHM0H0HH0M opnMoro BapHaD;HOHBoro M0TOAa 
fanepKHHa K ypaBB0HRlO rreeeHOCa, 0CJIH B KaqeCTB0 
rrpo6HhIX <l>YHKD;Hii B3.HTb JIHH0HHhI0 lmM6HHaD;HH c!}lepR'l. 
<l>YBKD;HH, aaBHC.Hll.l;HX OT uarrpaBJI0HH.H pacrrpOCTpaH0HHJJ, 
yMHOJReHHhIX Ha H0H3B0CTHhI0 <l>YHKD;HH npOCTpaHCTB0H
HhIX KoopAHHaT. Bape:an;uoHshlii: rrpHHD;Hrr noauoJIHJI 
OT06paTb HaHJIY'IIIIR0 rpaHH'IHhI0 ycJIOBH.H AJIH M0TOAa 
c<l>epHq. rapMOHHK, paHee HaH/l;eHHhle aMrrupe:qecKH, Ha 
BAB00 60Jibmero KOJIH'l0CTBa B03MOlKHhIX JIHH0HHO Heaa
BHCHMhIX yCJIOBHH ea rpaHHD;0 T0Jla (AJI.H IIJIOCKOH reo
M0TpHH) (CM. (1]). 

B eecTan;HoHapHOM cnyqae {cM. [2]) rrpl!! HCCJieAoBaHHH 
crreKTpa co6CTB0HH00 3Ha'l0Hl'l0 upu rrepexoAe K HHT0f
paJibHOMY ypaBH0HHIO (AJIH H30Tp00Horo pacceRHHH) H0JIH
H0HHO BXOAHT B »APO HHTerpaJibHOfO ypaBH0HHR. 3TO 
o6CTO.HT0JlhCTBO rrpHBOll;RT B KOH0'1HOM C'10T0 K TOMY' 'ITO 
'IHCJIO TO'l0K )l;HCKp0THOf0 caeKTpa OKa3hIBa0TC.H KOH0'1-
HhIM (a B HeKOTOpbIX CJiyqaHx - H0CTalJ,HOHapHa.H aaAaqa 
AJIH T0IIJIOBhIX ueiiTpOHOB B M8JIOM 6JIOK0 aaM0AJIHT0Jl.H -
HX soo6m;e HeT), KpOM0 Toro, Il0.HBJl.H0TC.H CIIJIOIIIHOU 
CII0KTp co6CTB0HHhIX 3HB'l0HHB. 
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B PHAe cJiyqaes yAaeT<:H uoJiyqnTh arraJI11T11qecKoe 
pe!Ilerr11e ypasHerr11H rrepeHoca. Harrp11Mep, MeTOAOM B11-
Hepa - Xompa pe!IlaeTCH 3aAaqa M11J1Ha; MeToA pa3JIO
merrnH rro CllHryJIHpIIblM co6cTBeIIHblM iJ>yH1rn;11HM orrepa
Topa rrepeHoca rro3BOJIHeT pelllnTh pHA OAHOMepHblX 3a
Aaq [3]. 

B CBH311 c IIOTpe6HoCTHMll nrrmeHepHo:ii rrpaKTnKn 6hlJill 
pa3BllTbl orrepaTllBIIble q11cJieIIHble MeTOAbl pellleHllH ypaB
HeHllH rreperroca rreiiTpoHoB AJIH pacqeTa KpnT11q. pemnMa 
HAeprroro peaKrnpa (3aAaqa rra co6cTBeHHble 3rraqeHnH 
AJIH ypaBHeHllH (*) rrpn iJ<ll/&t=O). 0AIIHM H3 OCHOB
IIhlX MeTOAOB pellleHllH HBJIHeTCH MeTOA clfiep11q. rapMO
IIHK, K-pblii, OAHaKo, CJiomeH AJIH peaJin3au;1111 rra 8BM 
n, KaR, BIIpoqeM, II Apyr11e MeTOAbl, MeAJieHHO CXOAHTCH 
(<ITO o6'bHCHHeTCH HaJinq11eM oco6eIIHOCTH B HApe HIITer
paJibHOfO ypasrremrn neperroca). CM. Ilepenoca ypaene
nua; qncJieHrrble MeTOAbl pe!IlerrnH. 

Jlum.: (1] B JI a)'.( HM Hp 0 B B. c., «Tp. MaTeM. HH-Ta AH 
CCCP», 1961, T. 61; [2] III H x 0 B c. B., BorrpOChl MaTeMaTH'leC
IIOil: Teopuu peaI1TOPOB. JlnHeil:Hhlil: aHaJIH3, M., 1973; [3] H e ii: 3 K, 
U B a ii cl> e JI h II. <I>., JlnHeil:HalI TeopHII rrepeHoca, rrep. c aHrJI., 
M., 1972; (4] Co ii o JI e e B. B., IlepeHoc JIY'IHCToil: aHeprnn 
B aTMOCcjJepax 3Be3)'.( H IIJlaHeT, M., 1956. B. A. l/ysmoe. 

IIEPEHOCA IIOBEPXHOCTb - rrosepxrrocTh, o6pa-
3oBaHHaH rrapaJIJieJihHblM rrepeHoCoM Rp11soii: £ 1 TaR, qTO 
HeR-paH ee TOqRa M 0 E £ 1 CROJih311T rro Kpnsoii L 2 • EcJin 
ri(u) n r2 (v) - paAnyc-BeRTOpbl KPHBblX L1 II L2 COOT
BeTCTBeIIHO, TO paAnyc-seRTop II. rr. eCTh 

r=r1 (u)+r2 (v)-r1 (u0), 

rAe r1 (u0)= r2 (v0) - paA11yc-seRTop TOqRn M 0 • Jlnmm 
u=const n v=const o6pa3y!OT nepenoca cemb. KamAaH 
JinHeiiqaTaH rrosepxHoCTh 11MeeT 00 1 ceTeii: rreperroca 
(P e·:ii A e M e ii c T e p a T e o p e M a), pa3BepThlBa!O
m;aHCH II. II. MomeT 6b1Tb TOJibRO D;llJIHHAPOM HJill IIJIO
CROCTb!O. EcJin IIOB0pXHOCTb llMeeT ABe CeTn rrepeHoca, 
TO Heco6cTBeHIIble TOqRn KaCaTeJibIIblX K JIHIIHHM 3THX 
ceTe:ii JiemaT rra aJire6pa11q. Kp11so:ii 4-ro rropHARa. l1rr
sapnaBTIIblM rrp113HaKoM II. rr. HBJIHeTCH cym;eCTBOBarrne 
c 0 I1 p H m e II H 0 :ii q e 6 bl III e B c K 0 :ii c e T n (CeTII 
rreperroca). Harrp., 113oTponHaH ceTb Ha M11II11MaJibrroii 
rrosepxHoCTH eCTh ceTh rreperroca, TaK qTO i:na rrosepx
HOCTh eCTh II. n. MomHo TaRme II. rr. oxapaKTepn3oBaTh 
TeM, qTo OAIIa H3 ee RpllBblX (JIHllHH rrepeHoca) rrepeXOAllT 
B JillIIHIO, Jiemam;y!O Ha TOH me IIOBepxIIOCTll, IIOA B03-
AeiiCTBlleM OAHOrra paMeTpnq. rpyrrrrbl rra paJIJieJibIIhlX rre
perrocos. 3aMeHa 3TO:ii rpyrrrrbl rrpo113BOJihrroii OAHOrrapa
MeTpnq. rpyrrrroii G IIpHBOAllT R 0 6 0 6 IIl, e H H bl M 
I1 0 B e p x H 0 c T H M II e p e H 0 c a (CM. [ 1]). 

Jlum.: [1) III y JI H II 0 B c II H ii: B. II., l\JiaCCH'leCI1alI )'.(HcjJ
cjJepem-111aJ1bHalI reoMeTpHII B TeH30pHOM H3JIOIBeHHH, M., 1963. 

H. X. Ca6umoe. 
IIEPEHOCA CETb - corrpHmeHHaH qe6blIIIescRaH ceTh 

Ha AByMeprroii IIOBepXHOCTil alfiiJ>nrrrroro (nJill eBRJillAOBa) 
rrpocTparrcTBa. IIosepxHOCTh, eecym;aH II. c., rra3. nepe
noca noeepxnocmb10. 

B pacII111perrrroM rrpocTparrcTBe 11MeeT Mecro T e o p e M a 
JI n: ecJin IIOBepXHOCTb HeCeT ABe II. c., TO KaCaTeJibHhle 
R JillIIHHM aTnx ceTeii: BblCeKaIOT rra Heco6cTBeHrroii rrJio
CRocm Kp11By!0 4-ro IIOPHAKa (CM. [ 1]). 

Jlum.: (1] illy JI HR 0 BC RH ii: B. M., l\JiaCCH'ICCilafl )'.(HcjJ
cjJepem1HaJibHafl reoMeTpllfl B TeHaopHoM 113JIOIBeHHH, M., 1963. 

B. T. Baau.ae•. 
IIEPEHOCA TEOPEMA B T e o p n n A 11 o ip a rr

T 0 B bl x II p II 6 JI II m e II n ii: - YTBepmAeHne 0 CBH3H 
pa3peIIInMoCTH B u;eJihlX q11cJiax OAIIO:ii c11cTeMhl Hepa
BeHCTB c pa3pelllnMoCTh!O Apyroii c11cTeMbl, orrpeAeJieHrrblM 
o6pa3oM CBH3arrrro:ii c rrepso:ii. KJiaccnq. rrpnMepoM Jin
rreii:rrblx II. T. HBJIHeTCH npnrru;nrr rreperroca X 11rrq11rra (CM. 
,l{uorfianmoeb/, npu6.riuJ1Cenua). EoJiee 06m;11e JI11rreiirrble 
II. T. RaCa!OTCH CBH311 MemAy pellleHllHMll B u;eJiblX qnCJiax 
CHCTCMbl OAHOpOAHblX JIHHCllHblX HepaBCHCTB c Heoco6oii: 
1rnaApaTHOll MaTp11u;eii: n pe!IlCHllHMll COOTBCTCTBYIOIIJ;eii 
CHCTCMhl c o6paTHOll TparrcrroHnpoBaIIIIOll MaTpnu;en: 

cym;ecTBOBamae rrerpne11aJibrroro peIIIemu1 OAJIOH cn
CTeMbl raparrrnpyeT cym,eCTBOBarr11e HeTpnsnaJibrroro pe
IIIerr1111 Apyrofi, n rrao6opoT. IIoAo6rrble CBH3H cym;ecTeyIOT 
Mell\AY JIHHeHHblMH O/J;IIOPOAHblMll II HCOAIIOpOAIIblllll'I 
cncTeMaMll rrepaeerrCTB, rrp11 3TOM OTCyTCTBlle rreTpllBll
aJibHblX pe!Ilerr11:ii OAHOpoArroii cnCTCMhl rrepaseHCTB ra
parrTnpyeT cym;eCTBOBaH11e peIIIeHllll COOTBCTCTByIOIIl,HX 
HCOAIIOPOAIIblX CllCTCM' II rrao6opoT. l13BeCTIIhl TaRoro 
poAa CBH311 II B CJiy11ae IICJillIICHIIblX 3aAaq, HO OIIll Merree 
orrpeAeJierrrro Bblpamerrbl 11 MaJio 113y11errbl. IIpnrru;11rre:
aJibHble OCHOBbl II. T. Teop11n AHolfiaHTOBblX npn6JinmeHHii 
npoHCHHIOTCH II. T. reoMeTpe:11 qnceJI: AJIH BblrryRJiblX 
MIIOll\CCTB ycTarraBJillBaIOTCH CBH311 Mell\AY HaJI11q11eM 
u;eJiblX TOqeR B AaIIHOM II B3allMIIOM K AaIIHOMy MIIome
CTBax. 

Jlum.: (1] H a c c e JI c ,!l;m. B. c., Bee11emrn B TCOpHIO )'.IHO
cl>aHTOBb!X IIpHOJIHmeHuil:, rrep. c aHrJI., M., 1961; [2] er 0 m-e, 
BeeneHue B reoMeTpHIO 'IHCeJI, rrep. c aHrJI., M., 1965. 

B. I'. CnpulliJ31cyn. 

IIEPEHOCA YP ABHEHIUI; q n c JI e rr H bl e M e
T 0 A bl p e III e II II fl - MCTOAbl peIIIerrnH llIITerpO-AHil>
iJ>epeHu;naJibIIblX ypasrrerr11.ii:, orr11chlsa10m;nx rreperroc qa
CTllIJ; llJill H3Jiyqerr11H. )J.JIH CTaIJ.llOHapIIblX 3aAaq ypaB
rreIIllH HMe!OT BllA 

Q'Vcp+~cp= ~ dv' ~ dQ'cpw(x, Q, Q', v, v')+f, (1) 

fAC x= (x, y, z), Q= (Q1, Q2, Qa) - CAllH11qrrblii B0RTop, 
cp=cp(x, Q, v) - IlOTOR qaCTHIJ; B TOqRe x, JieTHIIl,HX co 
CROpOCTb!O vQ; IIOJIOll\llTeJibIIble lfiyHKIJ;llll ~' w OilllCbl
Ba!OT B3allMOACHCTBll0 qaCTllIJ; c eem;eCTBOM, a f - llCTOq
IIllR. PaccMaTpllBa!OT ABC OCIIOBIIble 3aAaq11: 1) HaHTil 
peIIIerr11e ypasrrerrnH (1) B (BblilyRJIOH) 06JiaCT11 D (x, y, z). 
TaRoe, qTo rra ee rparr11u;e r 

cp (x, Q, v) =0 np11 (Q, n) < 0, (2) 

rAe n - BIICIIIHHH IIOpMaJib R r; 2) HaHTll rran6oJib!Ilee 
co6CTBCIIIIOe 3rraqerrne Ai n COOTBCTCTBy10m,y10 co6CTBCII
rry10 iJ>yrrKu;1110 3aAa qn ( 1) - (2), B R-poii 

f = ~ ~ dv' ~ dQ' cpw1 (x, Q, Q', v, v'). (3) 

YpasrreH11e (1) COAepm11T IIIeCTh He3asnc11Mblx rrepeMeH
Hhlx; 113-3a cym,eCTBCIIIIOH MIIOrOMepHOCTll ero CBOAHT 
R 6oJiee npOCTblM ypaBHeIIllHM. 3aMCHHH B (1), (3) nrrre
rpaJI no v' KBaApaTypHon iJ>opMyJioii c N qJieHaMn 11 
rrpeAIIOJiaraH 1130TpOI1HOCTb pacceHIIllll, IIOJiy'la!OT Cll
CTeMy T. II. M II 0 r 0 c R Q p 0 c T II bl x y p a B II e
ll n ii 

~N .. 
Q\7cp;+~;<po;= ""-'i=l ~~I cpio+f;, i=1, 2, ... , N, (4) 

r,r~e 

cp; = cp; (x, Q)' cp;o = 4111, ~ cp; dQ' 

- rryJICBhle MOMeIITbl, a RoaiJ>iJ>nu;neIITbl ~ i• ~fi, f; IlOJIY
'ICIIbl IIp11Merrerr11eM MCTOAOB ycpeAIICIIllH c llCIIOJib30Ba
HHeM pelllerr11ii conpHmerrrrhlx 3aAaq. )J.JIH 3aAaq11 2) 
arraJIOfH'IIIO IlOJiyqa!OT' 'ITO 

1 1 "'1N 
f;=rx;Q (cp)=rx; ""-'i=i ~tljo· (5) 

)J.JIH N = 1 noJiyqaIOT o A rr o c R o p o c r rr o e y p a B
rr err n e 

(6) 

AJIH iJ>yrrRu;1111 cp=cp(x, Q). Ypasrrerr11e (6) AJIH IIJIOCKoro 
CJIOH 0<.x<.H, ROfAa pe!IleH11e 3aBRCllT TOJlbRO OT OAHOH 
ROOpAllIIaThl x II OAIIOH yrJIOBOll nepeMeHIIOH µ, lµI <.1, 
llMCeT BllA 

µl~+cp=cy~~ 1 cp(x, ~t')dµ'+fi(x, µ), (7) 
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r11.e l=1/T., c="Bsl"B, f1=f/'f.. XapaKTeyncnrnaMnJrnsoil: 
1JaCTH (6) HBJUllOTCHBCellpHMLJe x=xo+~Q, xoED; B)l.OJib 
Kam,o;oii: na Bux ypasHeHne (6) npHHHMaeT BHA 

aQJ 
as+"Bqi='fsqio+f. (8) 

EcJIH B (6) C)l.eJiaTb aa~ieHy u= (qi (x, Q)+qi (x, -Q))/2, 
TO OHO npHHHMaeT BHIJ. 

(9) 

PerneHne ypasHeHHH (9) MHHHMH3HpyeT KBa;i;paTil'IHhlll 
«P y H K u; II 0 H a JI B JI a II. Iii M n p 0 B a: 

r.ne 

G(u)=(lQ\;i'u, lQ\;i'u)+(u, u)-(cu0 , u)+ 

+ ~ I'XQ I (Q, u) I u2 dQ df-2 (u, F), (10) 

(u, v) = i \ uv dxdQ. j D .,Q 

IlyCTb Kpaeshle 3a)l.a1JII aarrncauhl B onepaTOpHoii 
«PopMe 

(11) 

x apaKTepHbIM CBOHCTBOM 3a}J.aq rrepeuoca, HCIIOJib3Y
eMbIM B 1JIICJieHHhlX aJiropHTMax, HBJIHeTCH TO, 'ITO 3Ha
qeuIIe L-1'\jl Haxo}J.IITCH rro aa}J.aHHOMY 'ljl rrpHMhIM MeTO
IJ.OM nyTeM IIHTerpilpOBaHllH (8) B}J.OJib xapaKTepHCTHK. 
Y'IHTbIBaH 3TO, II3 (11) lJOJIY'Ia!OT T. H. II HT er p a JI b
H O e ypasueune IIail:epJica 

Sqi=SL- 1 (Sqi+/J (12) 

AJIH HyJieBoro MOMeHTa Sqi. 
,Il;JIH peIIIeu1rn 3a}J.aq rrepeuoca cyrn,ecTBeHHoe pa3BIIT!ile 

lJOJIY'IHJI M e T 0 A c «P e p ll q e c K II x r a p M 0 H Iii K 
(HBJIHIOIIJ;IIHCH sap1rnHTOM MeTO}J.a faJiepKHHa). IlpI16JII1-
meHHOe pemeHne (P n-11pI16m1meHne) HaXOIJ.HT B sune 

qi<n>(x, Q)=~;= 0 (2k+1)~:=-kqi1i;(x)Y1i;(Q), (13) 

rne qik; (x) - HeI1asecTHhle «PYHKD;HII, a Y ki (Q) - c«Pe
pil'I. rapMOHIIKH k-ro nopH}J.Ka. IIOACTaBJIHH (13) B (6), 
YMHOll\aH peayJibTaT Ha y ki ll HHTerpupyH 110 Q, l10JIY
qa10T CHCTeMY ypaBHeHHH c 1JaCTHhlMH I1pOH3BO}J.HhlMII 
AJIH orrpeneJieHIIH qiki (x). B P1-npn6JiumeHm1 cncTeMa 
IIMeeT BIIA 

divqi1 + l:qio=/o, + V'qio+qio+T.qi1=/i, 

(14) 

rne <Jlo=qio0 , CJ!1= (qi11 , qi12, cprn). IIpn /1=0 H3 (14) rroJiy
qaIOT Ail«P«PY3IIOHHoe npn6JII1ll\eHI1e 

-divD\i'cp0 +Iqi0 =/0 , 2D=~-<Jlolr=0, (15) 

rne D=1/(3"£). ::ho - 3JIJIIl11TII'l. aanaqa, peIIIeHne 
K-poll: HaXO}J.HT, 11pI1MeHHH Bapnau;IIOHHble HJIII CeTO'IHhle 
MeTO}J.bl. 

,Il;JIH peIIIeHIIH O}J.HOMepHbIX aana q pa3BHThl aHaJIIITJil'l. 
MeTO}J.hl' OCHOBaHHble Ha pa3JIOll\eHIIH peIIIeHIIH no 0606-
iu;eHHbIM co6CTBeHHbIM «PYHKI\IIHM. ,Il;JIH HaXOJR}J.eHIIH 3Ha
'leHnil: «PYHKI(IIOHaJIOB OT perneHilll CJIOll\HhlX MHOfOMep
HbIX aanaq rrpIIMeHHIOT Moume-Kap.tto ;.iemoiJ. 

Illllpmwe pac11pocTpaHeHI1e 110JiyqnJI11 MeTO/J.hl KoHeq
nopaaHoCTHhlx armpoKCIIMau;nll: ypasHeHHH nepeHoca. 
TaK, li!ClJOJib3YH KBanpaTypHyIO «PopMyJiy AJIH o6Jiacm 
D, aaMeHHIOT JilHTerpaJibHoe ypaBHeHile (12) cncTeMoii: 
mrneil:Hb!X ypaeHeHuii. B ypasHeHIIHX (4), (5), (6), (8) 
}J.JIH arrrrpoKCHMau;I1I1 nmerpaJihHoro orrepaTopa npI1Me
HHIOT KBa}J.paTypuble «PopMyJihl AJI.H c«Pephl. l13BeCTHbl 
I'aycca KBaiJpamyp1tbie rfiop;.iy.ttbl, AJIH c«Pephl no 35-ro 
aJire6panq, nopHA:Ka TO'IHOCTH. B MeTo}J.e xapaKTepIICTIIK 

qepe3 KalRAYIO TO'IKY 11pocTpaHCTBeHHOH ceTKH npoBO}J.HT 
ceMeil:CTBO xapaKTepIICTH:K rro HarrpaBJieHIIHM, COOTBeT
CTByIOID;IIM yaJiaM KBanpaTypbI }J.JIH c«Pephl, H 3aMeHHIOT 
1m«P«PepeHu;naJibHblil: onepaTOp L B (8) paaHOCTHhlM. Pa3-
HOCTHhle ypasHeHHH s n-M e T 0 A a IIOJIY'laIOT IIHTerpH
posaHHeM ypasHeHIIH (6) 110 CeTO'IHOll H1Jeil:Ke «Pa30BOfO 
11pocTpaHcTBa, rrpenrroJiaraH JIJilHeiiHoCTb pemeHnH B 
rrpeneJiax H'lellKII 110 HeaaBIICHMhlM nepeMeHHhlM. B M e
T 0 A e f a JI e p K II H a peIIIeHI1e IIm;YT B BH,D;e 

cp = ~:=l gn (Q) qin (x). (16) 

EcJin CJ!n(x) 3a}J.anhl, TO AJIH 011peneJieu11H gn(Q) noJiy
qa10T cncTeMy BhlpomneHHhlX HHTerpaJibHhIX ypasneHnil:; 
eCJIII qin (x) - «PHHIITHble «PYHKD;llll, TO noJiyqaIOT M e
T 0 )l KOHe1JHbIX 3JieMeHTOB; ecJIII gn(Q)
aa}J.aHHble «PnHllTHble «PYHKD;llII II BhlpamenHe (16) MllHllMH-
3!ilpyeT cf>yHKD;IIOHaJI (10), TO lJOJiy'laIOT Ta:K Ha3. p Nr 
y p a B H e H II H. 

l1 Tepau;110HHble MeTO)l.bl peIIIemm pa3HOCTHbIX 3aAa1J 
rrepenoca o6JiaAaIOT csoeil: crreu;n«PnKoii; ona aa:KJII01JaeTCH 
B TOM, 'ITO CXOAIIMOCTb IITepau;noHHbIX MeTOAOB, :KaK npa
BIIJIO, 3aMe)l.JIHeTCH rrpII c - 1 (c...;:1), a 11.JIH Haxom)l.eHHH 
CJie,a:y10iu;ero npI16JIHll\eHI1H cpk +I HCIIOJib3YIOT TOJlbKO 
qaCTb IIH«PopMarr;Illl 0 rrpeAhlAymeM 11pH6JIIIll\eHHll qiit 
cyrn,ecTBeHHO MeHbIIIeii pa3MepHOCTH - aanOMIIHaIOT H 
ncrroJib3YIOT JIIIIIIh 3HaqeHIIH cp~. B IITepau;noHHhlX Me
To11.ax B KaqeCTBe rrpoMemyTO'IHoii: 011epau;11I1 (orrepau;1rn K) 
qacTo BXOIJ.lilT pemeaue cJieAy10meii: 3aAaqI1 

LIDk=Scpk+f, 11>~= 4~ ~ 1DkdQ'. (17) 

TorAa 0III116Ka qi-ll:>k y11.osJieTBopHeT (11) c neaaaucm::a;1rn 
OT Q IICTO'IHIIKOM s (IDk-qik) ll HeBH3Ka TOll\0 He 3aBIICHT 
OT Q. <ho CBOHCTBO l103BOJIHeT yCKOpllTb CXO,D;HMOCTb 
I1Tepau;I1il:. IlyCTb 3aAaHa 11epIIOAll1J. 3a)l.aqa )l.JIH ypaB
HeHHH (7) c noCTOHHHbIMII Koa«P«Puu;JileHTaMII, qeTHbIM no 
µ HCTO'IHIIKOM II H=2n. IlpHMeHIITeJibHO K 3TOH aa11.aqe 
HHll\e paCCMOTpeHhl CJie11.y10mue IITepau;IIOHHhle MeTOIJ.bl. 
,Il;JIH ypasHeHHH (7) cTponTCH ceTKa c N yaJiaMn no x 
II M yrJIOBhlMll uarrpaeJieHHHMII no µ. IlyCTh 

r(f)=t- 1 arctgt, Oo;;;;r(t),,,;;;;1, 

k k ~ k (' ) <o =cpo-qio = ~n en exp inx , 

~ e~ II= max / e~ I. 
n 

,Il;JIH CXOAHIIJ,HXCH HTepaIT;llOHHhlX MeTO)l.OB lle~+ 1 11...:qlle~ll. 
rAe O...;:q<1. IIycTh 1\0 - u;ena (KoJIRqecTBo ,a;eil:cTBilll) 
orrepaD;IIII K, Q - u;eua rroJiuoii: HTepau;I1I1, a A= Q - QI). 
)J,JIH pa3JIH'IHhlX MeTOIJ.OB IIMeIOT M0CTO CJie11.yrom;He co
OTHOilleHIIH. 

1) II p 0 c Ta H II Te pa u; II H: qi~+I=<I>~; ll,lIH see 
1'1=0, q=c. 

2) M e T 0 II. JI IO c T e p H II K a: )I.JI.II HeK-pbIX k 
rronaraIOT B npOCTOiiI llTepau;HH 

cp~+1 =ID~+ (A.1 -1)-1( <P~ - qi~), 
rne A.1>1 - nan60Jih11Iee co6cTBeuHoe aaaqeuHe aa11.aqn 
Lcp=A.Sqi; Tor11.a i'1=0(N), q=cr(l)(q-1 npH c-1, 
l- 0). 

3) M e T 0 A 0 u; e H K II II T e p a u; II 0 H H bl x 0 T-
K JI 0 He H II ii: qi~+l=ID~+ w~. r11.e Wk - pememrn 
ypaBHeHHH 

awk ( k k) 
lµ ilX+ (1-c) Wk=c II>o-qio ; 

TOrAa 

A=O(NM), q=max(cr(l), n~;c•) 
(q--* 1 rrpII C--* 1, z - 0). 
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4) M e T 0 A c 6 a JI a B c 0 B hi M H M H 0 )R ll T e- rµ;e 

Jl JI M H: <:p~+ r=<')k<IJ~, r/J;e 

\ H lo dx 
bk= Jo 

~ 7 (1-c) <ll~ dx 

µ;m1 Hero fl= 0 (N), q= er (I) (q--+ 1 npH c--+ 1, l--+ 0). 
5) M e r o A c p e µ; H H x rr o r o K o B (M e r o µ; 

p e 6 a JI a II c a): 

q;k+ l (x, µ) = (1 +vk (x)) <f>k; 

«PYHKIJ;HIO vk Bhl6npaIOT, qro6hl MllIIllMll3Hpoaarb «PYHK
D;llOHaJl (10) llJlll qr06hl MllHllMll3llpOBaTb ero Ila JieK-pOM 
KOJie'!IIOMepHOM IIOAIIpocrpaIICTBe: vk= ~ill/IP;' rorµ;a a. 
yµ;oBJieTBopJIIOT orrpeµ;eJieJIIIo.ii: c11cre~rn ypaBIIea11ii.. ' 

6) M er o µ; KB a a 11 µ; H «P «Py a 11 11: 

l d l d Dk k+ r k + r 
~ dx dx <:po +(1-c)<:po =lo, 

Dk= ( ~ ~ r <f>kµ2 dµ) /CIJ~; 
rorµ;a !l.=O(NM). 

7) M e r o µ; hi p a c m e rr JI e n H JI: 

(I+ TA 2) (/+•Ar) q;k+ r= 
=(I +TA2) (l-TAr) cpk+2T/, 

Meroµ;hl 4) - 6) - HeJI11ae.ii:ahle, HX cxoµ;11MoCTh MO
mer aaMeltJIJIThCJI rrp11 c --+ 1, l --+ O; Meroµ; 7) rpe6yer 
:mrroMHHaIIllJI q;k(x, µ) (q--+ 1 rrp11 c--+ 1, l--+ 0). 

8) H P - M e r o A hi: rrorrpaBKY Wk orrpeµ;em110r KaK 
pellleu11e B D KpaeBoft aaµ;aqn 

OnWk=Pnc (W"+ cD~-<:p~), (18) 

ni;e Om P n - JI111Ieft1Ihre AH«P<f>epemi;11aJihIIhle orreparophl 
2-ro rropJIµ;Ka, 11 rroJiaraIOT <:p~+r=cD~+ Wk. B oµ;IIoM 113 
BapHaIITOB R P-Meroµ;a ypaBIIeII11e (18) 11Meer BHA 

-g: (zd~)2w"+(1-c)W"=c(cD~-<:p~). (HJ) 

)J;JIJI ypaBIIeJillJI (19) !l=O (N); q=O, 186c rrp11 gk=0,843, 
a rrp11 gk= (1+Yk)/2, rµ;e Yk - KOpIIll MIIOroqJieIIa HKo6H 
p<-'f,, 2 <N+f3)-'/al(y), ~>O, cpeµ;JiereoMerpnqecKoe aa 
N Hrepau;11.ii: 3IIaqeII11e q 6JIH3Ko K 0,15c. B RP-Meroµ;e 
CXOAHMOCTb 11Tepau;11ft He 3aMeµ;JIJI0TCJI IIpll c --+ 1, l --+ 0. 

)J;JIJI pellleJIHJI MHOroCKOpOCTJIO.ii: 3aµ;aqll (4) rrpHM0HJIIOT 
ll T e p a u; H 0 II II hi ft M e T 0 A 3 e ft A e Jl JI: 

Q'V<:p~+r +~i<JJ7+r = 
_ ~i ij ~+r ~N ij 
- ~i=r ~s 'Pio + ~i=i+ r ~s 'Pjo+ I, 

i=1, 2, ... , N, (20) 
k+r a pellle1I11e <:pt B :Kam110M ypaBIIeIIHll (20) IIaxo11Jir 

nrepau;llOHIIhlM M0TOAOM AJlJI OAIIOCKOpOCTIIOro ypaB
II0JillJI, 

,l],JIH pellleJIHJI MIIOroCKOpOCTIIhlX 3aµ;aq Jia co6crBeJI
IIhle 3Haqea:1111 (4), (5) K orr11caJIIIhlM ABYM Hrepau;HoIIIIhlM 
u;11KJiaM µ;ooaBJIJIIOT ern;e oµ;HII BII0IlIIIHft µ;JI.11 IIaxomµ;emrn 
MaKCHMaJibHoro 3Haqemrn A=Ar H coorBercrByrorn;e.ii: 
co6crBeHHoii: «PYHKD;llll <:p. EcJIHx=Q(<:p), A=Q(L-S)-rx, 
ro 3aµ;aqa (4), (5) rrpeo6paayercJI B 3aµ;aqy 

Ax=AX. (21) 

)J;JIJI Haxomµ;eHH.JI Ar H <:p rrpHMl?HJIIOT Hrepau;110HHhle 
M0T0Ahl c qe6bllll0BCKllMll rrapaMerpaMif 

ult+r=Axk-~k+rx", xk+r=uk+r;Q (uk+1), (22) I 

(23) 

wkE[O, 1], M, m - rrapaMerphl. IIpe11rroJiaraJI 1Ieorp11-
u;areJihIIOCTh crreKrpa, CJiaqaJia HaxoAJIT Ar 11 A2 - IIall-
6oJibIIIHe co6crBeIIIIhle 3IIaqeJIHJI (21), cqHraJI, qro m=O, 
M=a, rµ;e a?O - ou;eIIKa CIIll3Y AJIJI Ar, 11 6epJI 3a wk 
T-rrocJieµ;oBareJihIIOCTh (CM. II11me). 3JiaqeJIHJI Ar, A2 

orrpeµ;eJIJIIOT T. JI. o6o6rn;eHIIhlM MeTOAOM 
8 ii: r K e II a, yq11rh1Ba10rn;11M CABHrll ~k· IIocJie IIaxom
A0IIllR Ai. A2 «Pytr:Ru;n10 <:p IIaxoµ;nr no «PopMyJiaM (22), 
(23), rroJiaraJI M=A2 • BecKoJieqJiaJI T-rr o c JI e µ; o Ba
T e Jl b II 0 c 1' b o6pa30BaIIa, COOTB0TCTB0HIIO, 113 crre
r~llaJlhHhIM o6pa30M yrropJIµ;oqeJIIIhlX KopIIe.ii: MIIoroqJieJioB 
lJe6hllll0Ba 1-ro poµ;a T2-an(cos :rtw); IIaqaJihIIhlft orpe30K 
T-rroCJl0AOBaT0JlblIOCTll AJlllHhl 2 .3n COCTOllT If3 BC0X 
q11ceJI m1µ;a (2jk-1)/4.3n, 1..;;:jk..;;:2·3n, 

1 3 11 
T' T ' 12 ' 12 ' 12 ' 12 • 36 • · · · • 

Jl1060.ii: orpe3oK T-rrocJieµ;oBareJihIIocr11 AJIIfIIhl 2 .3n 
06ecrreq11Baer OIITllMaJlhJIOe B IIeK-pOM CMhlCJle IIOAaB
Jl0IIIf0 Olllll6K11 ll ycroftqllBOCTb B Hrepau;HOIIIIOM Meroµ;e 
(22)' (23). 

)J;JIJI pellleIIHJI IIecrau;11onapHhIX aaµ;aq 
1 arp L vat+ <:p-Scp=I 

rrpHM0IIHMhl: Meroµ; xapaKrep11CTHK B npocrpaIICTBe (x, t), 
M0TOA raJiepKHIIa If KOJI0qIIopa3IIOCTIIhl0 M0TOAhl, CBO
AJIIll;H0CJI K JIBIIhJM II II0JIBIIhlM no pa3JIOCTIIhlM cxeMaM 
llJlll K Meroµ;aM pacrn;errJieII11JI orreparopa. B CJiyqae 
JieJIBIIhlX cxeM AJIJI IIaxomµ;ea1111 pellleIIHH IIa BepxIIeM 
cJioe Momer 6hlrh rrpIIMeJieH RP-Meroµ;. 

Jlum.: [1] B JI a 1111M11 po B B. C., «Tp. MaTeM. llH-Ta AH 
CCCP~. 1961, T. 61, c. 1-158; [2) Map q y R r. II., JI e 6 e
ll e B B. II., qllCJteIJHhre MeTO)'.lbl B Teop1m nepeHoca HellTpOHOB, 
2 113)'.I., M., 1981; L3J JI e 6 e )'.I e BB. II., <I> II H 0 re H 0 B c. A., 
«lR. BbJql!cJJ. MaTeM. II MaTeM. lfi113.», 1976, T. 16, M 4, c. 895-907; 
[4] JI e 6e11 e B B. II., TaM me, 1977, (I'. 17, No 1, c. 100-108. 

B. H. Jle6elle6. 
IIEPEOIIPE)J;EJIEHHAH CHCTEMA - c11creMa, qHC

Jio ypaBII0HHH K-poii: 6oJihIIIe '!HCJla ue113Becruhlx. B JIH
tr:eil:IIOM CJiyqae raK11e CllCT0Mhl aaµ;aIOTCH IIpJIMoyrOJlbIIOH 
(mX n)-MarpHu;eil:, m<n, rµ;e m - qiacJio ypaBIIeII11H, 
a n - q11cJio II0113B0CTIIhlx. )J;JI.11 II. c. rrepBooqepeAHhlM 
HBJlJI0TCJI BOIIpoc ee pa3p0IIIllMOCTll, BhlpamaeMhlft B yc
JlOBllJIX COBM0CTIIOCTll. 

Harrp., II. c. JI11HeftIIhlX aJire6paIIq, ypaBIIeIIHft 

~n 
a· ·X·-b· i=r I}/-'' 

pa3pellIHMa rorµ;a 11 TOJlhKO rorµ;a, Korµ;a paIIrll ocIIoB
IIOH Marp11u;hl A= lla;jll ll paclll11peIIIIo.ii: Marpe:u;hl, rro
JiyqeJIIIoft rrp11I1llCh1BaIIll0M K A CTOJI6u;a CB060AIIhlX 
qJieIIOB, COBIIaµ;aIOT. 

)J;JIJI II. c. JIHIIe.ii:IIhlX µ;11.iP«PepeIIu;HaJlhIIhlX ypaBIIeII11il: 
c IIOCTOHJIHhIMlI Koa«P«P11u;11eIITaMll 

~n p;1·(D)u1·=f· 1.;;;;;i.;;;;;m, (1) ... i= r ,, 

rµ;e Pij - MIIoroqJieH OT oµ;Jioro (o6hlKIIOB0IIIIOe ypaB
II0II110) l!Jlll ll:eCKOJlbKllX (ypaBIIeJI11e c qaCTIIhlMll rrpOll3-
BOAHhlM11) rrepeMeBBhlx, a D - c11MBOJI µ;11.iP«PepeIIu;H
poBaII1111, yCJlOBll0 COBM0CTHOCTll BblpamaercJI B BllA0 
oµ;nopoµ;Hoii: CllCT0Mhl ypaBH0HHH c IIOCTOJIHHhlMll Koa«P
«PHu;neBTaMll 

~~=rq11((D)f;=O, 1.e;;;;k.;;;;;r, (2) 

rµ;e Marpnu;a q uaxoµ;11rcJI no Marp11u;e p c IIOMOill;hIO aJI
re6panq. coo6pameunii:. 

)J;JIJI TI. c. (1) µ;11.iPlfiepeuu;11aJihIIhlX ypaBHeHHii: c qacr
HhlMll rrpOll3BOAHhlMll c rrepeMeHBhlMll Koa«P«P11u;HeBTaMll 
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P;j=Pu(x, D) OThlCKaHne YCJIOBHH COBMeCTHOCTH, HMeIO
ll\HX BHA (2) C qll;=qk;(x, fl), HBJIHeTCH SHR'lHTeJihHO 
6oJiee TPYAHoli aa;naqeli. 

IlpOCTellillHM np:irnepoM Il. C. CJiylKHT CHCTeMa AH«fHl>e
peHIJ,HRJihHhlX ypaBHeHn:ll 

1.;;;; i.;;;;m. 

YcJIOBHH COBMeCTHOCTH ,ll;JIH 3TOii: CHCTeMhl, Heo6xo;nnMble 
H AOCTaTO'lHhle AJIH ee paspemHMOCTH, HMeIOT BHA 

!!.i__ 01"-o 1 k " " - , .;;;;;i, .;;;;m. 
uXI< uXj 

AHaJIHTH'l. .il>yHKIJ,HH MHornx ROMlJJieRCHhlX nepeMeH
HhlX u(z1, ... , Zm) MOlKHO TRRlKe paccMaTpHBRTh RaK 
pemeHnH IT. C. ypaBHeHHH 

~=_!_ (~+;~)=0, 1 " 2 " •" .;;;;j.,,;;;;,m, ui j uX j uY j 

rne z1=xJ.+iYJ· 
Jlum.: [1] M a JI b II e B A. H.. OCHOBhl JIHHelh!oit aJire6phl, 

3 H3)'.I., M., 1970; [2] II a JI a M 0 )'.I 0 B B. B., B c6.: HTOrH Hay1m. 
MaTeMaTH•IecKHll auaJIH3. 1968, M., 1969, c. 5-37. 

A. II. COJ1oamos. 
IIEPECE11EHHE M H o m e c T B - o.n;aa na ooHOBHhIX 

onepau,n:ll ua.n; MHOlKeCTBaMH. IlyCTh HMeeTCH HeR-pa.H (Ro
He'JHaH HJIH 6ecRoHe'JHaH) COBORYJIHOCTh MHOiKeCTB {A a} 
(nH;neRChl a cJiymaT AJIH paaJinqeHHH aJieMeHTOB .n;aHHon 
COBoRylJHOCTH). TorAa MHOlKeCTBO Tex 3JieMeHTOB, R-phle 
COAepiKaTCH BO BCex AaHHhlX MHOiKeCTBax (MHOiKeCTBO 
aJieMeHTOB, o6mHX BCeM MHOiKeCTBaM A a) Ha3. 11 e p e
c e q e H H e M 3THX MHOlKeCTB. 

n. MHOlKeCTB o6oaHaqaeTCH A= nAa. 
M. If. Boii11exosc><uii. 

IIEPECE11EHRll TEOPHH H a a JI r e 6 p a n q e-
c R o M M H o r o o 6 p a a n u - TeopnH nepeceqeHnli 
aJire6panq. l10AMHoroo6pa3HH H ll,HRJIOB. TiycTh x -
rJiaAROe aJire6paH'l. MHoroo6pa3H0 paaMepHOCTH n HRA 
lJOJieM k, a y H z - 110AMHOroo6pa3HH x lwpaBMepHOCTH 
i H j COOTBeTCTBelIHO. ,ECJIH y H z 11epeceRaIOTCH TpaHC
BepcaJibHO, TO Y n Z HBJIHeTCH rJiaARHM l10,ll;MHOroo6-
pa3HeM ROpaaMepHOCTH i+i. R-poe 06oaHa1Ja0TCH y ·Z. 
B o6ll\eM cJiyqae nape (Y, Z) co11ocTaBJIHeTCH a1tee6pau
rtec1>uu lfUi>A Y ·Z RopaaMepHOCTH i+i. M.n;eH ero 011pe
.n;eJieHHH COCTOHT B TOM, 'IT06hl 3aMeHHTh y H z Ha 0R
BHBaJieHTHhle B RaRoM-TO CMbICJie IJ,HRJihl Y' n Z', Haxo
AHm;necH yme B ,o6meM IIOJIOiKeHnH, H B3HTh 3aTe~ 11epe
ceqeHne Y' H Z ; RoaeqHo, 11pn 3TOM IJ,HRJI Y' ·Z TaRme 
011peAeJieH c TO'lHOCTblO AO 3RBHBaJieHTHOCTH. 

TiyCTb Ai (X) - rpynna RJiaccoa aJire6paH'l. IJ,HRJIOB 
Ropa3MepHOCTll i Ha x no MOAyJIIO paIJ,HOHaJibHOH 3RBH
BaJieHTHOCTn; A (X)= EB Ai (X). TeopnH 11epeceqeHHii: 

i~o 
qmoy COCTO!ilT H3 IIOCTpoeHHH Tpex qacreii: 

a) CTpyRTyphl rpa;nyupoBaHHoro ROMMyTaTHBHoro ROJib
u,a Ha A (X) AJIH RaiKAoro rJia.n;Roro RBaan11poeRTHBHoro 
MHoroo6pa3HH X; 

6) roMoMop«PnaMa rpaAyHpoaaHHhlX ROJieIJ, f* : A ( Y) -+ 
-+A (X) /l;JIH RaiKAoro Mop.il>HaMa j : X-+ Y (o6paTHhIH 
o6paa); 

a) roMoMopljJHaMa rpy11n /* : A (X)-+ A (Y) CTeneHn 
dimY-dimX AJIH RaiKAOro co6cTBeHHOro Mop«PH3Ma 
f : X -+ Y (npHMoii o6paa). 

Tipn 3TOM CTpyRTyphl a), 6), B) CBH3aHhl PHAOM COOTHO
meHHii, BaiKHeiill1HMll II3 R-pbIX HBJIHIOTCH: 

«P 0 p M y JI a 11 p 0 e R ll, Ii! H: AJIH co6cTBeHHoro MOp
.il>H3Ma j: X-+ Yu IJ,HRJIOB aEA (X) H PEA (Y) 

f. (a·f* (P))=f. (a)·P; 

p e A y K u, H H R AH a r o Ha JI H: ecm1 (). : X-+ 
-+XX X - AnaroHaJibHhlii Mop«PlilaM, a a, PE A ( X), TO 
z·y= ().*(ax P). 

H'.pOM0 Toro, cymecTByeT ecT0CTBeHHhlll rOMOMop.il>H3M 

c1 : Pie (X) ____,. A1 (X), 

'ITO ll03BOJIHeT lJOCTpOHTh TeopHIO g :JICfJIU/, 1>1tacco11 co 
3Ha'leHHHMH B ROJihIJ,e qmoy, H B 'IRCTHOCTH xapaRT0p 
qiK3HH 

ch: K (X)--->- A (X) @Q, 

HBJIHIOll\HllCH roMoMop.pnaMOM ROJieu,. 
II pome acero onpe.n;eJIHeTCH roMoMop.il>naM npHMoro 

o6paaa f.. TiycTh Zc:X - He11puao.n;uMoe 110.n;MHoroo6-
paaue; ecJiu dim/(Z) <dim Z, To/"' (Z)=O, ecJin dim /(Z)= 
=dim z, TO t.(Z)=d·f(Z), r.n;e d - CTeneHh z Ha.n; /(Z). 
Ilo JIHHeii:HOCTH 011peAeJieHue 11po.n;oJimaeTCH Ha ll,HRJihl 
H RJiaCChl ll,HRJIOB. foMoMop.iPH3M o6paTHOFO o6paaa f* 
cao.n;HTCH R YMHomeHHIO u,nRJIOB no .popMyJie 

/"' (a)=p* (fr(XXa)), 

r.n;e p : XX Y-+ X - npoeRIJ,nH, a r 1cxx Y - rpaiflnR 
j. Onpe.n;eJieune yMHomeHnH u,nRJioB AeJiaeTcH B AB a 
3TalJa. TiyCTh CHa'JaJia y n z - HeupHBOAHMble llOAMHO
roo6pa3HH B x' R-pbre 11epeceRaIOTCH c 0 6 c T B e H H 0 
(T. e. ROpa3MepHOCTh Y nz paBHa CYMMe Ropa3MepHOCTefi 
Y H Z). ff am.n;oii ROMIIOHeHTe W II0peCe'leHlrn Y n Z 
IIpH11HCbIBaeTCH HeR-poe u,eJioe IIOJIOiKHTeJibHOe 'IHCJIO 
i (Y, Z; W) - JI o R a JI h H a H R p a T 11 o c T h 11 e
p e c e q e H H H. ECTh HeCROJibRO onpeneJieHnii 'lliICJia 
i(Y, Z; W), Harrp. Tor-.PopMyJia Ceppa: 

i (Y, Z; W) = ,,k (-1)k l (Tor~ (A/Cl, A/b)), 
~ ::;..o 

rne A - JIORaJibHOe ROJibll,O 6x, W• Cl H " - H;QeaJihl y 
n Z, a l - .n;JinHa A-MoAyJIH. TiocJie aToro rroJiaraIOT 

Y·Z=~wi(Y, Z; W)·W, 

rAe W 11po6eraeT He11pHBOAHMhle ROMlJOHeHThl Y n Z. 
BTopoii STarr - JI e M M a q m o y o c .n; B n r e -

COCTOHT B YTBepm.n;eHHH, 'ITO AJIH 11pOH3BOJihHhlX ll,HRJIOB 
y' z Ha RBa3nrrpoeRTHBHOM MHOroo6pa3HH x cymecT
ayeT IJ,HRJI Z', pau,uoHaJihHO aRanaaJieHTHhlii Z, R-phlii 
nepeceRaeTCH co6cTBeHHO c Y; 6oJiee Toro, RJiacc pau,uo
HaJihHOii aRaneaJieHTHOCTH Y ·Z' He aaaucnT OT Z'. 

Hau6oJiee HHTepeceH cJiyqafi rrpoeRTHBHoro MHoroo6-
paanH x; 11puMeHHH .il>YHRTOp rrpHMoro o6pa3a R CTpyR
TypHOMY Mop«PnaMy X -+ Spec k, rroJiy'laIOT oto6pameuue 
CTelJeHH deg: A (X)-+ z. Ilo cymecTBy, CTeIIeHb ll,HR
Jia - 3TO 'IHCJIO TO'leR B HYJlbMepHoii ROMIIOHeHTe IJ,HRJia. 
H'.OM1103Hll,HH YMHOiKeHHH co CTerreHbIO II03BOJIHeT 'lHC
JieHHO naMepHTh nepeceqeHne. Harrp., ecJin Y u Z HMeIDT 
AOUOJIHHTeJibHble pa3MepHOCTH, TO IIOJiyqaeTCH nepece
rtenua unoei>c (q H c JI o) y H z. AHaJiorn'lHO, IIOJiyqa
eTCH HffAeRc rrepeCe'leHHH n AHBH3opoa D 1, ••. , D n: 

(D1, ... , Dn)=deg(D1· ••.• Dn)· 

Hanp., ROJihll,O qmoy rrpoeRTl'IBHoro rrpoctpaHCTBa 
pn rropom.n;aeTCH RJiaccoM rlilrrepllJIOCRoCTH H, 11pnqeM 
(Hn)= (H, ... , H)=i. TioaToMy eCJIH D 1, ... , Dn -
rnrrepllOBepXHOCTH CTBIIBHH di, ... , dn, TO (Dlt ••. , 
Dn)=d1 · •••• dn (Teo p e Ma Be 3 y). CteneBh 
rrpoeRTHBHoro MHoroo6paanH YcPn paaMepHOCTK k 
011pe.n;eJIHeTCH RaR HHABRC rrepeceqeHHH y c mrneiiHhlM 
rro.n;rrpOCTpaHCTBOM pn-k AOIIOJIHHTeJibHOH paaMepBOCTn; 
eCJIH MHOroo6pa3HH y ll z 11epeceRaIOTCH TpaHCBepcaJihHO, 
TO CTBIIBHb Y n Z BC Tb 11pOH3BeAeHH0 CTel1eHell Y Ii! Z. 

,!l.JIH co6cTBeHHo rrepeceRa10mnxca a«P«PeRTHBHhlX nn
BH3opoa (D1, ••. , Dn)~O. HO B o6meM CJiyqae BTO yme 
aeaepHo. Harrp., ,ll;JIH nCRJIIO'lHTBJibHOii Kpnaoii E Ha 
rroBepxaoctn (E, E)=-1. 

MHOTHMH «PopMaJibHbIMH CBOHCTBaMH TeOpHH ROJiell, 
qmoy o6JiaAaIOT Apyrlie TeOpHH: ll,HKJihl no Mo;AyJIIO 
aJire6paH'leCRoii HJIH qncJieHHoii 3RBHBaJieHTHOCTH, K
meopua, TeOpHH CHHTYJIHpHhIX KOTOMOJIOTHH H* ( ' z) 
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(B cJiyqae k= IC), Teop1rn l-aou'teci>ux i>oeo.11wMeuu (cM. 
Ta1rnrn Beu.Mi 1>oeo.11to.weuu). 8To rrp1rnO/lHT K aKc1wMan1q. 
IIOCTpOeHMIO Teopmi: rrepeceqemrn KaK COIIOCTaBJieHHH 
KalKAOMY MHoroo6pa3HIO x (H3 HeK-po:ii KaTeropmi:) 
KOJibll,a C(X) H roMoMopiJ>n3MOB f* H j*, CBH3aHHblX 
PHAOM aKCHOM THIIa iJ>opMyJibl rrpoeKll,HH HJIH peAyKll,HH 
K ARaroHaJm (CM. (1]). CpaBHeIIHe pa3JIHqHblX n. T. 
rrpn:BOAHT K rroJie3JiblM COOTHOIIIeHHHM. Harrp., B KOM
IIJieKCHOM CJiyqae IIOHHTHe ii>YIIAaMeHTaJibHOrO 11,HKJia 
II03BOJIHeT orrpeAeJIHTb roMOMopiJ>M3M TeOpM:ii rrepece
qeRMH A (X)-+ H* (X, Z), qTo II03BOJIHeT MCIIOJib3oBaTb 
TpaHca;eHAeIITHble MeTO/J.bl. CpaBHeIIn:e K-TeopMH M Teopn:M 
lJmoy npMBOAHT R TeopeMe PMMaHa - Poxa - fpoTeII
Alrna. BamHy!O poJib rrpM 3TOM MrpaeT rroaeAeHMe II. T. 
rrpH MOHOMAaJibHOM rrpeo6pa3oBaIIHH (CM. (2)). )J,pyroe 
rrpMMeHeIIHe II. T. OTIIOCHTCH K o6oCHOBaHlllO 11cq11CJIH
TeJibHOH reoMeTp1111 IIIy6epTa (CM. [3]). 8Ty BeTBb reo
MeTp1111 MOlKHO paCCMaTpllBaTb KaK TeOpH!O KOJiea; lJmoy 
pa3JI11qHhIX MHoroo6pa3MH, KJiacc11iJ>11a;11py10m;11x reo
MeTpMq. o6'heKTbl - MHOroo6pa311H fpaCCMaHa, MIIoro
o6pa3HH ¢JiaroB n: T. A· 

Jlum.: [1] Anneaux de Chow et Applications, Seminaire Cheval
ley, Seer. Math., P., 1958; [2] Ma Hu H IO. H., Jlem11m no aJire6-
pa11'iec1<oil: reoMeTp1111, 'l. 2, M., 1971; [3] IIpooJJeMhl rm1&6epTa, 
M., 1969, c. 175-81; [4] BaJJ&)laccap11 M., AJJreopau'le
CRHe MHorooopaam1, rrep. c aHrJJ., M., 1961; [5] C e p p JR.-II., 
«MaTeMaTHRa», 1963, T. 7, c. 3-93; [6] Theorie des intersections 
et theoreme de Riemann-Roch, B.-Hdib.-N.Y., 1971; [7] 
Algebraic geometry, Arcata 1974, Providence, 1\l75; X a p Te
x op H P., AJJreopa11qecRa1I reoMeTpHII, rrep. c anrJJ., M., 1U81. 

B. II . .l{attUJtoo. 
IIEPECE1IEHJUI HH)J;EKC - q11cJio TOqeR nepeceqe

IIllH n AllBll30pOB Ha n-MepIIOM aJire6pan:q. MHOroo6pa3Hll 
c yqeToM KpaTHOCTen 3THX ToqeK. ToqHee, rryCTh X ecTb 
n-MepHoe Heoco6oe aJire6paMq. MIIoroo6pa311e HaA noJieM 
k, a D 1 , ... , D n - aiJ>iJ>eKTllBIIble AMBll30pb1 Ha X, rrepe
ceKa10m;n:ecH B KOHeqHoM 'lllCJle TO'leK. JI 0 R a JI b II bl M 
H H A e K c 0 M (RJIR K p a T II 0 c T b !O) nepece'!eHllH 
arux AllBll30poB B ToqKe x EX Ha3. a;eJioe 'lllCJIO 

(D1 , ••• , Dn)x=dimkA/(u1 , •• ., Un), 

rAe u; - JioRaJibHhie ypaaHeH11H AllBII3opa D,. B JIOKRJihHOM 
KOJiha;e A=6x, x· B KoMrrJieKcIIoM cJiy'lae JioKaJib-

- du, dun 
IIblH HIIAeKC COBIIaAaeT c BbJ'leTOM ¢opMbl u. /\ ... /\ u; ' 
a TaKme co CTerreHb!O pOCTRa OT06pameIIHH 

(u1, · .. , Un): (X, x)----> (Cn, 0). 

fJio6aJihJibl:ii RIIAeKc rrepeceqeaHH 
(Du ... , D n) eCTh cyMMa JioRaJihHblX HHAeRcoa no 
BCeM TO'IKaM rrepeceqeJIHH Din ... n D n· ECJIH 3TO rre-
peceqeirne He rrycTo, TO (D1, ... , Dn)>O. 

CM. TRKme Jlepece'teHuu meopun. B. II . .l{a><UJ!oa. 
IIEPECE11EHHH IIH)J;EKC - roMoJioruqecKH:ii 1maa

pn:aIIT, xapaKTep113y10m;nii: aJire6pa11qecKoe (T. e. y'IHTbl
aa10111,ee op11eHTaa;1110) q11CJIO' TO'leK rrepeCe'leHRH ABYX 
IIOAMHOlKeCTB ,D;OllOJIIIHTeJibHblX pa3MepHOCTeli: B eBKJIH
AOBOM rrpOCTpaHCTBe llJIH oplleJITllpOBaHHOM MHOroo6-
pa31111 (Haxo,a;Hia;HXCH B 06Ufe.11t no.n.o:J1CeHuu ). B CJiy'!ae 
HeoplleHTllpyeMoro MIIoroo6pa3HH B Ka'!eCTBe KOJlbll,a 
KoaiJ>iJ>11a;11eHTOB R AJIH roMoJior11ii: paccMaTpMBaeTcH z 2• 

IlycTb X=:>A, Y=:>B - TaK11e rrapbl IIOAMHomecTB eBKJIR-

AOBa rrpOCTpaIICTBa IR.n' qTO A n y = 0 = x n B' II rryCTb 
d:(XXY, (AXY)LJ(XXB))-+ (IR.n, 1Rn"'-0)-0To6pa
meirne, AJIH K-poro d (x, y)= x-y. ll H A e K c o M rr e
p e c e q e H 11 H soTJ KJiaccoB roMOJiorn:ii: s EH n _; ( X, A), 
TJEHn(Y, B) Ha3. aJieMeHT (-1)'d*(SXT]). 3,a;ech 
d* - llHAYU.HpoBaHHoe oTo6pameHn:e roMoJiorn:ii:, a 
sX'f] EH n(XX Y, (A XY) u (X UB)) - BHeIIIHee roMO
Jiorn:q. rrpOR3BeAeHn:e 3JieMeHTOB 6 II 'fJ· 

Il. H. sol') 3aBHCHT JIHIUb OT TeX '!aCTeii: KJiaCCOB S 
II T]' HOCHTeJIH K-pbIX norraAa!OT B rrpOH3BOJlbHO MaJiy!O 
OKpeCTHOCTh v 3aMblRaIIHH MHomeCTBa x n Y. B qacT-
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HOCTll, 6olJ=O, eCJill x n Y= 0. KpoMe TOro, eCJill V= 
=LJ;V;, V;nVj=0Dp11 i-:/=j, TO orrpeAeJieHbl COOTBeT
CTBy10m;11e KalKAOMY OTKpbITOMy MHOlKeCTBy v,. JIOKaJih
Jible II. H. S 11 'f], CyMMa K-pbIX COBIIaAaeT C sol'). Jhrna
p11aHT sol] He MeHHeTCH rrpn roMeOMop¢H3MaX IR.n. BMeCTe 
c rrpeAIIIeCTBYIOill,HM CBOHCTBOM JIOKaJibHOCTll 3TO II03BO
JIHeT orrpeAeJillTb Il. 11. sol] AJIH KOMIIaKTHbIX IIOAMHOlKeCTB 
OpHelITHpOBaHHOrO MHoroo6pa311H. IIMeeT MeCTO CJieAy
!0111,ee COOTHOIIIeHMe aHTHKOMMyTaTHBHOCTll: 

so'f]=(-1)i(n-i)'f] 0 £. 
EcJI11 X 11 Y - BeKTopHble rroArrpocTpaHCTBa 06111,ero 

rroJiomeII11H, A=X"'-0, B=Y"'-0, as n 'f] - o6pa3y10m;ue 
R=Hn_,.(X, A)=H;(Y, B), TO sol] - 06pa3y10m;aH 
Hn(IR.n, IR.n"'-O)=R. TaK KaR Bbl6op yKa3aHHbIX 06pa3y-
10111,11x paBHOCHJieH Bbl6opy opneHTaa;1111 B COOTBeTCTBy
lOIIt;HX eBKJIMAOBbIX rrpoCTpaHCTBax, 3TO AaeT B03Mom
HOCTb OIIpeAeJIHTb Il. H. coc' ABYX a;erreii: AOIIOJIHllTeJibHbIX 
pa3MepHOCTeii (B TOM q11CJie CllHryJIHpHbIX), AJIH K-pbIX 
lei n lac' I= 0= lc'1 n loci (le\ - HOCllTeJih, a ac - rpaHH
a;a a;err11 c). Ilp11 3TOM coc' = soT] AJIH onpeAeJIHeMblX a;enH
MR c, c' KJiaCCOB roMOJIOr11:ii sEHn-;(X, A), lJEH;(Y, B), 
lc[cX, loc[cA, lc'[cY, [oc'lcB. 

Il. II. IIpMMeJIHeTCH AJIH OilllCaHllH HeR-pbIX COOTHOIIIe
Hllll ABOHCTBeHHOCTH B MIIoroo6pa311HX. 

Jlum.: [1] .U o JI b 11 A., Jlem11111 no aJJreopauqccKoil: TonoJJo-
nm, rrep. c aHrJJ., M., 1976. E. I'. Cruuipmno. 

IIEPECT AHOBKA M3 n aJieMeHTOB - IWHe'IHaH 110-
cJieAoBaTeJibHOCTb AJIMHbl n, ace aJieMeHTbI K-poii: pa3-
JIM'IHM, T. e. Il.- 3TO paa.11teUfeHue 6ea IIOBTOpeHHH 113 n 
3JieMeHTOB no n. lJn:CJIO nepeCTaIIOBOK paBHO n! 

06blqJio B KaqeCTBe 3JleMeHTOB Il. 6epyT 3JieMeHTbl 
MHomeCTBa Zn= {1, 2, ... , n}; B3aHMHO OAH03Ha'IHOe 
oTo6pamemi:e n MHomeCTBa Zn Ha ce6H onpeAeJIHeT nepe-

CTaHOBKY n= (n(1), n(2), ... , n(n)). 0To6pameirne n 
Ha3. II 0 A c T a II 0 B K 0 ii: Zn. MIIorne 3aAa'IR, CBH3aH
Hble C rrepe'IRCJieHReM Il., iJ>opMyJinpy!OTCH B TepMHHaX 
IIOACTaIIOBOK, KaK, Hanp., 3aAaqn O nepe'IRCJieHHH Il. 
c pa3JIHqHb[Mll orpairnqeJIIIHMR Ha Il03Hll,llH nepeCTaB

JIHeMblX aJieMeHTOB (cM., Hanp., (1], (2)). IIepecTaHoBKa "ii 
MomeT paccMaTpHBaTbCH KaK y II 0 p H A 0 q e H H 0 e 
MJIOlKeCTBO, COCTOHrn;ee .li3 n 3JleMeHTOB, eCJIR C'IHTaTh, 
'!TO 3JieMeHT n(i) npeAIUeCTByeT 3JieMeHTy n(i+1), 
i=1, 2, ... , n. 

Ilpn:Mepbl. 1) Ilapa {n(i), n(j)} 06pa3yeT B n 
H H Be pc H IO, eCJIH n(i)>n(j) npn i<j. ECJIR ar -
'll!CJIO II. R3 n 3JieMeHTOB c r IIHBepCHHMR, TO 

~G) r (1-x)(1-x•) ... (1-xn) 
~r=oa,x = (1-x)n · 

2) EcJin: bn - 'IRCJIO TaRn:x nepecTaHoBoK n M3 n aJie
MeIITOB, '!TO n(i)>n(i-1) npM i 'leTIIOM n n(i)<n(i-1) 
npn i He'!eTHOM' TO 

~cxi xn 
4'.Jn=o bn nT=tgx+secx. 

IIHOrAa Il. Jia3. OT06pameJIRH B ce6H KOHe'IHOfO MHO
meCTBa, T. e. noocmaH01J1>u. 

Jlum.: [1) ca q K 0 B B. H.,, l\OMOHHaTOpHble MeTO)lbl llHCKPeT
nol! MaTeMaTHHH, M., 1977; L2] PH op 11 a H .u· m., BBe;llenue 
B ROMOHHaTopnhlil: anamrn, rrep. c anrJJ~M., 1963. B. M. Muxeea. 

IIEPECT AHO BOK KPIITEPII.u - CTaTnCTnqecKnii 
KpRTepn:ii:, rrpeAHa3HaqeHHblii: ,D;JIH rrpoaepKH rRIIOTe3bl 
H *' corJiaCJIO K-po:il: IIJIOTHOCTb BepoHTHOCTH Ha6JI!O,D;a
eMoro CJiy'laii:Horo BeKTopa X = (X 1, ••. , X nl rrpn:Ha,a;
JiemnT ceMe:iiCTBY BCex n-MepHbIX IIJIOTHOCTe:ii, CHMMeT
pH'IHblX OTHOCHTeJibHO rrepecTaHOBOK apryMeHTOB. 

IlyCTh no peaJin3aa;nn cJiyqaii:Horo BeKTopa X= (X1, 
... , Xn), rrpn:IIHMa10111,ero 3Ha'!eIIHH x= (x1, ... , xn) 
B n-Mep110M eBKJIH,ll;OBOM rrpoCTpaHCTBe !Rn, HaJJ;JieJRHT 
rrpoaepHTh r11rr0Te3y H * o npnIIaAJiem11ocTH IIJIOTHOCTR 
aepOHTHOCTH p (x) CJ1y'!aft1rnro BeKTopa x ceMeHCTBY 
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H.={p(x)} BCex n-MepHhIX llJIOTHOCTeH p(x)=p(x1, K-phle Ha3. aHTllROMMyTaD;HOHHbIMll COOT-
••• , Xn), CHMMeTpllqHbIX OTHOCllTeJibHO rrepecTaHOBOR H 0 me H ll HM ll. 
apryMeHTOB x1' ... , xm TO eCTh B cJiyqae 6ecRoHeqHoMepHoro rrpoCTpaHCTBa H RpoMe 

p(x)EH.~p(x1 , ... , xn)=p(x,
1

, x,,, .•. , x,n)' orrepaTopoB poIBAeIIHH ll yHn:qToIBeHHH, AeHCTBYIDID;llX 
B rrpocTpaHCTBax ((loRa HaA H, cyia;ecTByIDT H ApyrHe, 
He 3RBllBaJieHTHble llM, HerrpllBOAllMble rrpeACTaBJieHHH 
ROMMYTall;llOHHbIX ll aHTllROMMyTaUHOHHbIX COOTHOmeHllH, 
T. e. Apyrlle ceMeiiCTBa orrepaTopoB, AeHCTBYlOill;llX B 
RaRoM-HH6yAh rllJih6epToBoM rrpocTpaHCTBe ll y,a;osJieT
so_pHIDillllX rrpaBHJiaM rrepeCTaIIOBRll (1) llJlll (2) (CM . 
[11, [2]). B CJiyqae RoHeqHoMepHoro rHJih6epTOBa rrpo
CTpaHCTBa H see HerrpHBOAllMble rrpe,a;CTaBJieHHH RaR 
COOTHOmeHllH (1), TaR ll COOTHOIIIeHHH (2) YHllTapHO 

rAe r= (r1, r2, ... , rn) - rrpOH3BOJibHbI:ii: BeRTOp ll3 
rrpOCTpaHCTBa ffi BCex rrepeCTaHOBOR (r1, r2, .•. , rn) 
BeRTOpa (1, 2, ... , n). IlpoCTpaHCTBO ffi HBJIHeTCH MIIO
IBeCTBOM scex peaJIH3aa;Hn seRTopa paIIroB R= (R 1, R 2, 
. . . , Rn), ecTeCTBeIIHbIM o6pa3oM B03HHRarom;HM rrpH 
rrocTpoeHHH seRTopa rropHAROBbIX CTaTHCTHR X(·>, rrpH
IIHMarom:ero 3Haqemrn x(·) B MHOIBeCTBe I<->clRn. 
n pH crrpaBeAJIHBOCTll rHrroTe3bI H * cTaTHCTllKll X (.J ll R 
CTOXaCTllqeCRll He3aBllCllMbI, llpll 3TOM 

1 
P{R=r}=ni• rEffi, 

a llJIOTHOCTh sepOHTJIOCTll BeRTOpa llOPHAROBbIX CTaTll
CTllR X(·) paBIIa n!p (x1·1), xl·>EI<.J. 

CsoncTBo (*) pasHoMepHoli pacrrpeAeJieHHOCTll CTaTH
CTHRll R rrpll crrpaseAJillBOCTll rHrroTe3bI H * ll JieIBHT B 
OCJIOBe IIOCTpOeHllH fl. R. 

E CJill 'I' ( x( · I , r) - iJ>yHRD;HH, on peAeJieHHaH Ha 3: ( .J X ffi 
TaRHM o6pa30M, qTo O..,;:'I' ..,;:1, ll AJIH Jiro6oro r E ffi oJia HB
JIHeTCH ll3MepllMOH OTHOCllTeJibHO 6opeJieBCROH CJ-aJire6pbI 
rrpocTpaHCTBa I(·) ia, RpoMe Toro, AJIH IIeR-poro aE (0,1) 

1 
- 1 ~ 'l'(x<·>, r)=a rroqTM: BCIDAY, 

11 • ~rem 
TO CTaTHCTllq. KpHTepHti: AJIH rrposepRH H *' HMeroia;Hn 
RpHTHq. tPYHRUlllO 

cp (x) = cp (xi> X2, .. ., Xn) ='I' (x< .J, r), 

Ha3. R p ll T e p H e M rr e p e c T a II o B o R. EcJIH IT. R. 

He HBJIHeTCH paH,D;OMll3llpOBaJIHbIM, TO a CJie11yeT BbI6H
paTh RpaTHbIM 1/n!. 

HaH6oJiee MOill;HbIH RpHTepH:il: AJIH rrposepRH H * rrpo
THB rrpoCTOH aJihTepHaTHBbI q (x) (q (x) - rrpoH3BOJlhIIaH 
n-MepIIaH llJIOTJIOCTb, He rrpHIIa,a;Jieil\amaH ceMeHCTBY 
H*) MOil\eT 6bITh IIaft,a;eH B CeMeHCTBe Il. R. 

CeMencTBO IT. R. H ceMencTBO RpHTepHeB, llHBapHaHTIIbIX 
OTJIOCHTeJlbHO ll3MeHeHllH napaMeTpOB C,D;Bllra ll Mac
ll1Ta6a, HrparoT 60JihIIIy10 poJib rrpH rrocTpoeHllll paneoeb!x 
r;pumepuee. ll, HaRoHeu, cJie,a;yeT OTMeTHTh, qTo B JI11Te
paType IlO MaTeMaTllq, CTaTHCTllRe BMeCTO TepMHHa fl. R. 
qaCTO yrroTpe6JIHlOT TepMHH «paH,D;OMH3aIJ;llll RpllTepHn». 

CM. Ilop51,f)lwea5t cmamucmur;a, Hneapuanmnb!ii r;pu
mepuii, Rpumu'lecr;a51, rfiynKlfU!t. 

Jlum.: [1] r a e K H., ill H )'.(a K 3., TeopmI paHrOBbIX KpH
TepHeB, nep. c aHrJI., M., 1971; [2] JI e Ma H 8., IIpoaepKa CTa
THCTHqecKHX rHIIOTea, 11ep. c aHrJI., 2 Han., M., 1979. 

M. c. HUr>yJIU1<. 

IIEPECTAHOBQqHQCTH COOTHOIDEHHH - rrpa
BllJia rrepeCTaHOBRll rrpoH3se,a;eHHH ,a;syx orrepaTopos pom
,a;eHHH llJIH yallqToIBeHllH. llMeHHO, )lJIH ynu'lmo:m:enu5t 
onepamopoe {a(/), f EH} 11 corrpHIBeHHbIX R HHM po:m:aenu5t 
onepamopoe {a*(!), f EH}, r,a;e H - HeR-poe rHJih6epTOBo 
rrpocTpaHCTBO, ,a;eii:CTBYlOill;llX B CllMMeTpllqHOM <l>or;a 
npocmpancmee p (H) Ha,a; rrpOCTpaHCTBOM H, <ITll COOT
HOIIIemrn llMelOT BllA 

a (! 1) a (! 2) - a (! 2) a (f 1) = } 
=a* t/1) a* (/2)-a* (/2) a* (/1) =0, (1) 

a(/1)a*(/2)-a*(/2)a(/1)=-(/1> /2)E, /1> f2EH, 
r,a;e ( . , . ) - cRaJIHpHoe rrpoH3Be,a;eHn:e B H, a E - e,a;H
HHqHbIH orrepaTop, ,a;e:il:cTBy10m;Hn B P (H). CooTHoIIIeHHH 
(1) Ha3. TaRil\e R 0 MM y Ta l{ ll 0 H H bl M ll c 0 0 T
H 0 m e H ll H M ll. B CJiyqae aHTllCllMMeTpllqHoro rrpo
CTpaHCTBa ((loRa orrepaTopbI pom,a;eHHH ia ynHqTOIBemrn 
rrepecTaBJIHIOTCH corJiacHo rrpaBHJiaM: 

a (! 1) a (! 2) + a (! 2) a (! 1) = } 

=a*(f1)a*(f2)+a*(/a)a*(f1)=0, ~ (2) I 
a (! 1) a* (f 2) + a* (! 2) a (! 1) = (Ii, f 2) E, I l • f 2 EH, ) 

3RBHBaJieHTHbI. 
Jlum.: [1] Be f ea H H <I>. A., MeTOJJ: BTOpHqHoro KBaHTOBa

HHH, M., 1965; [2 G ii rd in g L .. Wightman A., «Proc. 
Nat. Acad. Sci. USA», 1954, v. 70, No 7, p. 617-26. 

P. A. Mu!Moc. 
IIEPECTAHOBQqHJ.IE OIIEPATOPbl - JillHenHbie 

orrepaTopbI B ia T, H3 R-pblx T - o6m;ero BHAa, a B -
orpaHHqeH, TaRHe, qTo 

BTc:::.TB (1) 

(3aITHCh Tc:::.T' 03Ha'laeT, qTo T' HBJIHeTCH pacwupenueM 
T). 0THOmeHHe rrepecTaHosoqHoCTll o6o3JiaqaeTcH BU 7' 
ll rro,a;qllHHeTCH CJie)lyIOmllM rrpaBHJiaM: 

1) ecJIH BLJT1, BUT2 , TO BLJ(T1+T2), BLJT1T 2 ; 

2) ecJiia B 1 LJT, B 2 LJT, To (B1+B 2)LJT, B1B 2LJT; 
3) ecJIH T-1 cyinecTByeT, TO H3 BUT c~ep;yeT BU r-1; 
4) ecJill BLJTn, n=1, 2, ... , TO B.Uhm Tn; 
5) eCJIH BnLJT, n=1, 2, ... , TO hmBnLJT rrpll yc-

JIOBHll, qTo lim B n orpaHHqeH, a T 3aMRHyT. 
EcJIH o6a orrepaTOpa orrpe,a;eJieHbI Ha sceM rrpocTpaH

CTBe, TO ycJIOBlle (1) CBO,ll;llTCH R o6blqHoMy: 

BT=TB, (2) 

rrpHqeM orpaHHqeHHOCTh B He Tpe6yeTCH. 06o6meHHe 
ycJioBHH (2) orrpas,a;aHo TeM, qTo, Harrp., ,a;ame orpaHH
qeHHbIH orrepaTop B He 6y,a;eT rrepecrnHosoqHbIM co CBOHM 
o6paTHbIM B-1, eCJill 3TOT llOCJie,D;HllH orrpe,D;eJieH He Ha 
BCeM rrpocTpaHCTBe. 

Jlum.: [1] JI IO c Tep H HK JI. A., c 0 5 0 JI e B B. IL, 8JJe
MeHTbl qryHKUHOHaJlbHOro aHaJIHaa, 2 H3JJ:., M., 1965; [2] Puc c <I>., 
c e K e ljJ a JI b B H - H a )'.( b B.. JieKQHH TIO QJYHKUHOHaJlbHOMy 
aHaJIH3Y, 11ep. c ljJpaH11., 2 Han., M., 1979. M. If. Bou14exoac><uu. 

IIEPECTPOllKA, c ip e p 11 q e c R a H rr e p e-
c T p o ii: R a, Ha MHoroo6pa3Hll Tima (A., n-A.) - rrepexo)l 
OT o,a;Horo (n-1)-MepHoro MHoroo6pa3HH M 1 R ,a;pyro%{y 
MHOroo6pa3lllO M 2• COCTOHinllH B ll3'hHTllll BJIOil\eHHOH 
s M 1 ciJ>epbI pa3MepHOCTll A.-1 ll 3aMeHe ee BJiomeHHOii: 
ciJ>epoii: pa3MepHOCTll n-A.-1. ITo,a;po6Hee c~. Py'le." 
meopu!t. M. If. Bou14exoac><uu. 

IIEPEXO)l; C 3AIIPEW:EHHHMH ,a;JI H a; err n: Map
R 0 B a - MHOIBeCTBO TpaeRTOpHH Mapr;oea l{enu, R-pble 
Ha paccMaTpllBaeMOM 0Tpe3Re BpeMeHH Hll pa3y He IJO
rraAalOT B iJ>HRCHpOBaHHOe MHOil\eCTBO COCTOHHHH. ITyCTb, 
Harrp., s(t) - u;errh MapROBa c AllCRpeTHbIM BpeMeHeM 
ll MHOil\eCTBOM COCTOHHHH s, a H - «3arrpem;eHHOe» MHO
IBeCTBO COCTOHHHH. Tor,a;a B e p 0 H T H 0 c T ll ll e p e
x 0 ll 0 B c 3 a ll p e m: e H ll H M ll HPij (t) cyTh 

HPij(t)=P{S(k)~H(k=1, ..• , t-1), 
s(t)=jls(O)=i}, i, jES. 

Csoii:CTBa BepoHTHOCTeH n. c 3. HP ii (t) BO MHOrOM aua
JIOrllqHbI csoii:CTBaM o6blqHbIX nepexoanb!x eep05tmnocmeii 
Pij (t), TaR RaR ceMencTBa MaTpHU P (t)= llP;j (t) Iii, ; es 
H PH(t)=llHPij(t)lli, jeS'-.H' t;;,,O, 06pa3y10T rroJiyrpyrrrrbI 
no yMHOIBeHHID; o,D;HaRO eCJill ~j E sP ij (t)= 1, TO 

~j E SHP ij ( t)..,;: 1. R H3yqeHH10 Tex llJlll llHbIX CBOHCTB 
aepOHTHOCTeH IT. c 3. !f>aRTUqeCRH CBOAHTCH llCCJie,a;o
BaHlle pacrrpe)leJieHHH MOMeIITa nepsoro nonaAaHHH uerru 
MapRosa B iJ>HRCHposaHHoe MHomecTeo, AoRa3aTeJibCTBO 
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npe;o;eJib!lhlX TeopeM AJIH oemBRUfUXCJ!, 
ycJIOBHli H0Bhlpom;o;eHml n T. n. 

npo!feccoo npn CTPllBCTB (Et, ~t), tE T, a II. 4J. OTHocnTeJibHO aToro 

Jlum.: [1) q lit y H Ra it - JI a it, 0AHOPOAHhle uerru Map1t0na, 
rrep. c aHrJJ., M., 19M. A. M. 3y6no•. 

IIEPEXOl!;HAH <l>YHKIJ;IUI, Be po HT Hoc Th 
n e p ex 0 ;o; a,- CeMeHCTBO Mep, liCilOJib3Y0MhlX B Teo
pnH MapKOBCKHX npm:~eCCOB )l;JIH onpe;o;eJieHHH pacnpe;o;e
JI0HHH nponecca B 6y;o;ym110 MOMeHThl BpeMeIIH no H3-
B0CTHhlM COCTOHHHHM B npe;o;IlleCTBYIOII\ll0 MOM0JITbl. IlyCTb 
H3MepnMoe npocTpaacTBo (E, :fa) TaKoBo, qTO o-anre6pa 
,'B co;o;epmnT ace o;o;aoTOqeqHhle no;o;MHo>KeCTBa li3 E, 
n nyCTh T - no;o;MHmKecTBo ;o;eii:CTBliTeJibIIOii: npaMoii: R. 
<l>yHKI\HH P(s, x;t,B), 3a;o;aHHaH npn s, tET,s<.t,xEE 
n B E:fa, Ha3. n e p ex o ;o; Ho ii: 4> y HK n 11 e :ii B 113-
Mep11MoM npocTpaHCTB0 (E' j'J), ecmi: a) np11 qi11Kc11po
BaHHhlX s, x, t OHB HBJIHeTCH Mepoii Ha 3'3, np11qeM p (s, 
x; t, B)<:1; 6) np:n qinKc11poBaHHhlX s, t, B oJia HBJIHeTCH 
'3-n3MepnMoii: qiyHKn;11eii: TOqK11 x; B) P (s, x; s, {x })=1 
.e: ;o;JIH acex s, npe;o;eJibHhlX ;o;JIH T B npaaoii: TonoJior11n 
npHMOH R, 

lim P (s, x; t, E)=1; 
s~t. IE T 

r) npn ecex xEE, B E3'3 11 s<:t<:u li3 T BhlIIOJIBHeTCH 
y p a B H e H ll e R 0 JI M 0 r 0 p 0 B a - q e II M e H a: 

P (s, x; u, B)= ~Ep (s, x; t, dy) P (t, y; u, B) (*) 

(B JieR-phlx cJiyqaHx Tpe6osaJine a) onycKaIOT nJin oc
Jia6JIHIOT). II. qi. Jia3. Ma p Ko B cl\ o ii: n e p ex o ;o;
H o ii qi y II Rn n e if, ecJI11 P(s, x; t, E)=1, n c y 6-
M a p Ko a c :Ko ii: rrepeXO)l;JIOU qiyHKI\110H 
B rtpoTnaonoJJomIIoM cJiyqae. EcJI11 E Jie 6oJiee 'IeM cqeTHo, 
II. qi. 3a;o;aIOT c noMomhIO MaTpnn;hl aepoHTHocteii: nepe-
xo;o;a 

pst=llPxy (s, t) II 

(CM. Jlepexo8nbie oepoR.mnocmu, IlepexoonblX oepoR.mno
cmeu .MampU!fa). HepenKo oKa3hlBaeTCH, qTo rrp11 JII06blx 
p;onyct11MhlX s, x 11 t Mepa P (s, x; t, ·) o6Jia;o;aeT nJJot
IIOCTbIO p (s, x; t, . ) OTHOCllT0JibHO IIeK-po:ii Mephl. ECJJll 
npn 3TOM BhlilOJIJI0JI CJJe;o;yIOIIJ;llll sapnaHT ypaBII0JillH (*): 

p (s, x; u, z)= ~Ep (s, x; t, dy) p (t, y; u, z) 

)l;JIH JlI06blx x, z H3 E n s<:t <:u H3 T, TO qiyHKIJ;llIO p (s, 
x; t, y) Ha3. n e p e x o ;o; II o ii: n JI o T II o c T h IO. 

IIp11 mnpoKHX ycJJOBllHX (cM. [1), [2)) c II. qi. P(s, x; 
t, B) MOlRHO CBH3aTb MapKOBCKHii npon;ecc x = (xf, ~. 

gr~, Ps,x), AJJH R-poro Ps,x{xtEB}=P(s, x; t, B) (B 
cJiyqae Ma.pKoBcKoii: II. qi. 3TOT npon;ecc IIe o6phlaaeT
CH). Hao6opoT, MapKoBCKoe CBOHCTBO CJiyqaifnoro npo
necca, KaK npaa11J10, no3BOJJHeT conocTaBnTb eMy II. qi. 
(CM. (3)). 

IIyCTb T O)l;IIOpo;o;IIO B TOM CMhlCJle, qTO COBOKyIIIIOCTb 

3Jiaqeunu t-s rrpn s<:t 113 T o6pa3yeT noJiyrpyrrrry T B 
R oTHoc11TeJihIIO cJ10IBeJI11H (Harrp., T=R, T= {tER: R: 
t;;;;;..O}, T= {O, 1, 2, ... }). EcJ111 npn 3TOM II. qi. P(s, x; 
t, B) 3aa11c11T JJHIIIh OT pa3JIOCTH t-s, T. e. ecJI11 P (s, x; 
t, B)=P(t-s, x, B), r;o;e P(t,x,B) -qiyHKIJ;llH OT tET~ 
x EE, BE 93, no;o;'InIIeHIIaH cooTBeTCTBYIOmeMy aap11aIITy 
ycJIOBll.H a) - r), TO p (s, x; t, B) Ha3. 0 A II 0 p 0 AH 0 ii 
n e p e x o ;o; H o ii: qi y H K n 11 e ii:. IIocJJe;o;IIee rra3Ba
e11e rrpncaanaaeTCH n qiyIIKn;n11 P (t, x, B), ;o;JIH K-poll: (*) 
IIpllHHMaeT qiopMy 

P (t+s, x, B)= \ P (t, x, dy) P (s, y, B), 
uE 

s, tET, xEE, BE53. 

,IJ;JIH neR-phlx n;eJieil: (nanp., rrpn peryJIHpn3an;nn II. 4J.) 
OK33hlBaeTCH rreooxo;o;HMhlM paCilllipHTb orrpe;o;eJieHne II. qi. 
Harrp., cqnTaIOT 3ap;aHHhlM ceMeHCTBO l!3MepnMhlx npo-

ceMeiiCTBa onpe;o;eJIHIOT KaK 4>YHRI~HIO P (s, x; t, B), r;o;e 
s, t ET, s<:t, xEE s• BE :fat, y;o;oaJieTBOpHIOID.YIO no;o;xo;o;H
meii Mo;o;n4JnKan;nn ycJioanii a) - r). 

Jlum.: [1] H e B e JR., MaTeMaTuqecRHe OCHOBbl TeOpHH BepOHT
HOCTeit, rrep. c ljipam-1., M., 1969; [2] r H x Ma H IL IL, c R 0 po
x 0 A A. B., TeopHH CJJyqaitHblX IIPOileCCOB, T. 2, M., 1973; [3] 
R ya Heu o B C. E., «Teopua nepoHTH. 11 ee rrpuMeH.», 1980, T. 25, 
M 2, c. 389-93. M. I'. lliyp. 

IIEPEXOl);HLIE BEPOHTHOCTH - BepoHTHOCTll nepe
xo;o;a Map1woa lfenU s(t) Ha 0Tp03Ke BpeMeH11 [s, t] 113 
COCTOHHllH i B COCTOHHH0 j: 

Pij (t)=P g (t)=j J £ (s)=i}, s < t. 
Ban;o;y ocHoBrroro caoil:CTBa n;enn MapKoaa )l;JIH JJI06&1x 
coCTOHHHH i, j ES (r;o;e S - MHOIB0CTBO acex cocTOHrrnli 
n;errn) n JII06hlx s<t <u 

Pij(s, u)=~kesPik(s, t)Pkj(t, u). 

06hlqHo paccMaTp11aaIOTCH o;o;IIopo;o;Hhle nerrn MapKoaa, 
)l;JIH K-phlx II. B. Pij(s, t) 3aanCHT OT )l;JIHHhl oTpe3Ra 
[s, tl, HO He oT ero JIOJIOIB0IIHH Ha ocn apeMerr11: 

Pij (s, t) = Pij (t -s). 

,ll.JIH JII06hlx COCTOHHllH i, j o;o;Hopo;o;IIOH n;enn MapKOBU 
c AHCKpeTHhlM B peMeHeM IlOCJie;o;oaaTeJihHOCTb p if ( n) 
cxo;o;nTCH no qe3apo, T. e. cyru;ecTByeT 

lim n- 1~n Pij (k) ;::::O. 
n-+~ 4-Jk=I 

IIpn IIeK-phlX )l;OIIOJIHllTeJibHhlX ycJIOBllHX (a TaKme )l;JIH 
n;eneii: c HenpephlBHhlM apeMeIIeM) npe;o;eJihl cyru;ecTByIOT 
11 B o6hlqJioM CMhlCJie. CM. Map1woa !fenb apeoou11ecr;aR., 
1\1 apr;ooa !fenu no.tto:m:ume.ttbnblu K.ttacc cocmoR.nUii. 

II. B. P;j(t) nen11 MapKoaa c µ;11cKpeTIIhlM apeMerreM 
onpe;o;eJIHIOTCH 3HaqeJillHMH Pij(1), i, j ES; AJIH JII06hlx 
t>O, iES 

~jES Pij (t)=1. 

B cJiyqae n;eneil: MapRoaa c JierrpephlBHhlM apeMeaeM 
o6hlqJio npe;o;noJJaraeTCH, qTo II. B. y;o;oaJieTaopHIOT ;o;o
rroJIJI11TeJibIIhlM ycJIOBHHM: ace Pij (t) 113MepnMhl KaR 
qiyIIKI\Hll t E (0, 00 ), 

limp;j(t)=O(i::j:.i), limp;;(t)=1, i, iES. 
qo l.j.O 

II p11 3THX npe;o;noJioIBeHnHx cy mecTByIOT JIJIOTHOCTll 
aepoHTHOCTeii: rrepexo;o;a 

A.;1=lim t- 1 (Pij (t)-Pij (0)).;;;;; oo, i, iES; (1) 
t .j. 0 

ecJI11 ace "-u KOJieqJihl H ~i e 81..u=O, i Es, To II. a. Pu (t) 

y;o;oaJJeTBOpHIOT c11cTeMaM ;o;mp~epeHq11aJibIIhlX ypaBHerrnii: 
RoJIMoropoaa - qerrMeHa 

P:; (t) = ~k Es A/kPkj (t), P;j (t) = ~k Es AkJPik (t) (2) 

c HaqaJiblihlMli yCJIOBllHMli P;;(0)=1, P;;(O)=O, i::j:j, i, 
j ES (cM. TaKIBe Ko.tt.Moeopooa ypaonenue, Ko.tt,,,weopooa -
gen.Mena ypaonenue). 

IIp11 3a;o;a1I1111 n;err11 MapKoBa UJIOTHOCTHMll rrepexo;o;a 
(1) ee II. B. Pu(t) y;o;oaJieTaopHIOT ycJioanHM 

Pij (t);:::,O, ~;esPij(t).;;;;;1, i, jES, t > O; 

n;enn, AJIH K-phlX ~ P;1·(t)<1 rrpn IIe.K-phlx iES H 
,(.,JES 

t>O, IIa3. H e p er y JI H p H hi M II (Tor;o;a nMeeT MeCTO 
Hee;o;HHCTBeHHOCTb pemennH CHCTeM (2)); eCJIH ~j E sPu(t)= 

=1 llJIH Bcex iES ll t>O, TO n;errbH33. per y JI Hp H 0 :ii:. 
II p n Me p. IJ;enb MapKoBa £ (t) c MHoIBeCTBOM co

CTOHHH:ii: {O, 1, ... } ll llJIOTHOCTHMli nepexona 

A-;,1+1=-A-;;=A-;>O, A-;j=O, i::j:j::f:i+1 
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(T. H. II p 0 u; e cc q H c T 0 r 0 pa BM e: 0 lK e H H H) 
BeperyJ1HpHa TOf,!1,8 H TOJlbKO TOr,!l,a, KOrAa 

IlycTh 

~CD 1 
. A.,:-- < 00. 
1=0 

T0n=inf {t > 0: £ (t)=n (£ (0)=0)}, 

T= lim 'ton• 
'I-+ 00 

ET=~~ A,:--1 
~t=l t 

II npn ET< oo 1rneeT MeCTO P {i: < oo }= 1, T. e. rpaeK
TOpIIH u;erm £ (t) «C sepOHTHOCTbID 1 3a IWHe'lHOe BpeMH 
yxo,!1,HT B 6ecK0He11HOCTh» (CM. TaKme Bem1JaUfuxca npo
zteccofJ peeyAapnocmb). 

Jlum.: [1] q my H Ra ii: - JI a ii:, 0/:tHOPOllHhle 11eOH Map1<0ea, 
nep. c aHrJJ., M.i 1964. A. M. 3y6N08. 

IIEPEXO.ltHL X BEPOHTHOCTEll MATPM~A -
MaTpnu;a Pt= llPu (t) II, ;meMeHTaMII K-po:ii HBJIHIDTCH 
rrepeXO,!l,Hhle BepoHTHOCTH 3a BpeMH t O,!l,HOp0,!1,HOll Jl,fap
fiOIJa ztenu £ (t) c He 60J1ee 11eM O'leTHhlM MHOll\eCTBOM co
CTOHHHH S: 

P;j(t)=P{£(t)=ii£(0)=i}, i, jES. 

II. B. M. llP;j (t) !I u;erreii Map1wsa c AHCKpeTHhlM speMeHeM 
n perynHpHbIX u;erre:i'i MapROBa (CM. llepexoanMe 6epoam
nocmu) c HerrpephlBHhlM speMeHeM npn J1ID6hlx t>O, i, j ES 
YAOBJJeTsopHIOT ycnosnHM 

Pij (t) ~0, ,_,,. Pij (t) =1, 
..:.,ii ES 

T. e. HBJIHJOTCH cmoxacmu'lecr;u.Mu .Mampulfa.Mu, ,!1,JIH Hepe
rynHpBhlX u;erreii 

Pij (t) ~ 0, ~. p;1· (t),,;;;; 1, 
..:.,ii ES 

TaKIIe MaTplID;hl Ha3. rr 0 JI y c T 0 x a c T H q e c K H M H. 
B CHJIY OCHOBHOfO CBOHCTBa OAHOp0,!1,HOH u;enn Map-

Kosa: 

Pij (s+t) = ~kESPik (s) Pkj (t), 

ceMeiicrso MaTpilu; {P1, t>O} o6pa3yeT rroJ1yrpyrrrry 110 
YMHomeHIIJO; B CJlyqae, KOr,!l,a BpeMH ,!l,HCKpeTHO, ;JTa 
rroJ1yrpyrrrra O,!l,H03Ha11Ho onpe,!1,eJlf!eTcH MaTpnu;eil P 1• 

A. M. 3y6noB. 
IIEPEXO,[l;HLIX OIIEPATOPOB IIOJIYrPYIIIIA -

rroJ1yrpyrrrra orrepaTopos, rropom,!l,aeMhlX nepexoanou rfiynr;
q,ueu MapKoBcKoro rrpou;ecca. Ilo rrepexo,!1,Hoil iJ>YHKD;HII 
P (t, x, A) O,!l,Hopo,!1,Horo MapKOBCKoro rrpou;ecca X = (x1, 
~. (ff1, Px) B iJ>a30BOM rrpocTpaHCTBe (E, Ya) MOll\HO rro
CTpOllTb HeK-pbie UOJlyrpynrrhl JlllHeHJihlX orrepaTOpOB pt' 
,!l,eiicTByroiu;11x B TOM 11J111 11HoM 6aHaxoBoM rrpocTpaHCTBe 18 
(cM., Jiarrp., [1]). lJaiu;e Bcero B poJJn 18 6epyT rrpocTpaH
CTBo IB ( E) orpaH1111eHHhlx ,!l,eiicTB11TeJ1bHhlX iJ>yHKu;11il f 
Ha E c pasHoMepHoil IIOpMoil (a AJIH iJ>eJ1J1epOBcKoro 
upou;ecca x - rrpOCTpaIICTBO c (E) IIenpepbIBHhlX iJ>yHK
D;llH c TOH me HOpMoii:) llJlll rrpoCTpaHCTBO v (E) KOHe'lHhlX 
c11eTHO a,!l,,!l,llTllBHhlX il>YHKD;llll <:p Ra Ya c ITOJIHO.ii: Bapna
u;11eii: B Ka11eCTBe nopMhl. B uepshlx ABYX cJ1y11aHX uoJ1a
raJOT 

ptt (x) = I t (y) p (t, x, dy); JE 

ptq;(A)=~E P(t, y, A)q>(dy) 

(3,!1,eCb f 11 <:p up111Ia,!1,J1emaT cooTBeTCTBYIOI!lllM upocTpaH
CTBaM, x EE, A E .'13). Bo Bcex aT11x cJ1y11aHx BhlUOJJHeHo 
noJ1yrpyrmoeoe ceoii:cTBo: ptps=pt+s, s, t;;,,O, II JJJ06af! 
H3 Tpex rroJ1yrpyrrrr {Pt} Ha3. rr o JI y r p y rr rr o ii: 
u e p e x o A H hl x o u e p a T o p o B. 

9* 

B ABJibHeii:rrrnM pe11h 11AeT TOJlhKO o uepeoM cay11ae. 
M H ip H H H T e 3 H M a JI b H bl ii 0 rr e p a T 0 p A rro
JJyrpyrrrrhl {Pt} (OH me - II H <I> H H H T e 3 H M a JI b
H hl :ii o rr e p a T o p rr p o u; e c c a) orrpep;e.1rneTCH o6hl'I
HhlM o6pa3oM: 

Af=lim t-1 (Ptf-f) 
qo 

AJIH ucex rex f E 18 (E), llJIH K-phlx yKa3allHhlii rrpe,!1,eJI 
cyiu;ecTByeT KaR rrpeAeJJ B IB (E). IIpep;noaaraH, 'ITO P (t, 
x, A) rrp11 A E Ya HBJIHeTcH H3M0pIIMOli «JiyaRu;1i:eil: rraphI 
rrepeMeHHhlx (t, x), BBO,!l,HT pe30JlhBeJITy na rrpou;ecca 
X, a>O: 

Rrxt=~:e-a.tptfdt, /EIB(E). 

EcJ111 llPl/-fll-+0 npn t.j..0,To Ag=ag-f, r,!l,e g=Ra.f. 
ITpII orrpe,!1,eJ1eHHhlX npe,!1,noJ1omeH11Hx HHTerpaJJ (*) cy
iu;ecTByeT n rrpn a= 0, rrp1111eM g= R 0f YAOBJleTBOpHeT 
«ypaBHeHIIJO IIyacooBa» 

Ag=-! 

(IIO aTOH IIpH'lHHe, B 'laCTHOCTH, R 0j HaB. IT 0 T e H D; ll a• 
JI 0 M «fiyHKD;IIH f\. 

3HaHne HHljlHHll.T03HMaJlbHOro orrepaTopa II03BOJIH0T 
HaHTll BalKHhle xapaRTepHCTHKll 11.CXO,!l,HOro rrpou;ecca; 
60J1ee Toro, Borrpochl RJJaccniJ>ltKau;un MapK0BcK11x rrpo
u;eccoB CBO,!l,HTCH K orr11caHHIO COOTB0TCTBYIOIIlltX HM HH
ljl1tHllT83HMaJlbHhlX orrepaTOpoB (cM. [2], [3)). HeMaJlo
samHo ll TO o6CTOHT0JlbCTBO, 'ITO HHiJ>11HHTe3nMaJlhHbIH 
orrepaTop BXOAllT B ypaBHeHllH, Il03BOJIHIOJUlle HaX0,!1,HTb 
cpe,!1,Hlle 3Ha11eHllH pa3Jlll'lHhlX iJ>yHRD;llOHaJIOB OT rrpo
u;ecca. TaK, rrpn ReK-pblx rrpe,!1,rroJ1ollrnHllHX ipy1mu;n.H 

v(t, x)=Ex [exp u~/\~c(xs)ds} f(xt/\~)J. t~O, xEE, 

HBJIHeTCH e,!l,llHCTBeHHhlM He GJlllIIIKOM 6hlCTp0 paCTYIIJ;llM 

rro t pemeH11eM aap;a11I1 v/=A v+cv, v (0, x)= f (x), rp;e Ex -
MaTeMaTll.'l. om11,!1,aH11e, oTBe11aroiu;ee P ""'at/\ ~=min (t, ~). 

OnepaTop A po,!1,CTBeHeH xapaKTep11cTn11ecK0My orre
paTopy !l{ (cM. [2)). IlycTh X - HerrpephlBHl>IR crrpaBa 
MapKOBCKllH upou;ecc B TOIIOJIOr1111. IIpOCTpaBCTBe E. 
)l.JIH 6opeJJeBCKOR ipyaKu;11n f IlOJlaraIOT 

!llf (x)= lim [ !"'/ (x.-)-f(x)], 
U .J,x Exi: 

ecJ111 npe,!1,eJJ cyiu;ecTByeT AJIH ecex x EE, r,!l,e U rrpo6eraet 
CllCTeMy ORpeCTHOCTeH TO'IKll x, CT.flrHBaIOIIlllXCH K x, 
II r,!l,e T - MOMeHT nepBoro BhlX0,!1,a x H3 u (rrpH ExT= 00 

,!i,p06h, CTOHiu;yJO II0,!1, 3HaROM npe,!1,eJla' rrp11paBHllBaJOT 
HYJJIO). Bo MHor11x cJ1y11aHx Bhl1111cJ1eH11e Af CBO,!l,llTCH 
K Bhl'l!lCJleHllID !l£f. 

Jlum.: [1] Fe 1 1 er W., «Ann. Math.», 1952, v. 55, p. 468-
519; [ll] lJ. bl HRH HE. B., OCHOBaHlrn: TOOpHH MapROBCRHX npo
neccoe, M., 1959; [3] r H x M a H H. H., c R 0 p 0 x 0 II A. B .• 
TeopHH CJJ)"IathtblX nponeccoe, T. 2, M., 1973. M. r. filyp. 

IIEPElJMCJIEHMH OIIEPATOP - 0To6pameH11e MHO
mecTBa scex MBomeCTB HaTypaJ1bHhlX 1111ceJ1 B cefo1 {T. e. 

oT06pameH11e 2N B 2N, r,!l,e N - MHomecTso HarypaJJb
HhlX 'lHCeJJ), orrpe,!1,eJIHeMOe CJl0,!1,YI01D;llM o6p830M. IlyCTb 
w z - peKypCHBHO rrepe1111.CJ111Moe MHOmecTBO c riiAeJie
BhlM IlOMepoM z, Du - K0He11Hoe MHOil\eCTBO HBTypaJlbHhlX 
1111ceJI c RaHoH1111. llH,!1,eKCoM u (To ecTb Du= {xi. x 2 , ••• , 

xn}, r,!l,e x 1 <x2 < .•. <xn II 2""1+2""•+ .. . +2xn=u), 
(x, u> - HOMep yrropH,!1,0'leHHOH rrapbi:, COCTOHI!lell ll3 
1111ceJ1 x II u, rrpn HeK-poM iJ>11KcnpoBaHHOM B3allMHO 
0,!1,H03Ha'lHOM peKypcllBHOM KO}J;llpOBaHHH nap. c Rall\,!l,hlM 
pe1<ypcnBBO rrepe11nCJlll.MhlM MHO)l{eCTBOM w z CBJI3aea 
rrpmi.enypa, rrpeo6pa3YIOI!la.H JJJ06oe MHomecTBo HaTy
paJJhHhlX 'lllC0JI B B HeR-poe MHomeCTBO HaTypaJJbHhlX 
q11ceJ1 A. A 11MeHHo, ecJ111 1111cJ10 <x, u) rrp11Ha,!1,J1em11T 
MHomeCTBY w z II. KOHe'lHOe MHOll\eCTBO Du CO}J;epIBllTCH 
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B MHOlReCTBe B' TO x OTHOCIITCH K MHOlReCTBY A. llHhIMII 
CJIOBaMII, 

8Ta IIpou;e11:ypa II03BOJIHeT Il3 mo6oro IIepecqeTa MHome
crna B 3if>if>eKTIIBHO IIOJIY'IIITb IIepecqeT MHomecTaa A . 
Oua Ha3. n. o. II o6o3HaqaeTCH <Dz. ECJIII AJill HeK-poro 
Il. O. 'I' IIMeeT MeCTO 'I' (B)=A, TO rOBOpHT, 'ITO A CB 0-
A II Tc H II 0 II e p e q H c JI II M 0 c TH K B (A,,;;;;eB). 

ECJIH <D II 'I' cyTb TI. o.' TO IIX KOMII03111WH <D 'I' TaKme 
eCTb n. o. EcJIH 'I' - II. o. II Ac::B, TO 'l'(A)c:::'l'(B). 
ECJIII x E 'I' (A), TO x E 'I' (D) AJIH HeK-poro KOHeqrroro 
MHOlReCTBa Dc::A. RalRAhlll n. o. 'I' IIMeeT HeIIOABillRHyro 
TO'IKY' a HMeHHO, c~eCTByeT TaKoe peKypCllBHO 11epe
'IHCJIHMOe MHOlReCTBO A' 'ITO 'I' (A )=A' II eCJIH 'I' (B)=B' 
TO A c::B. 

Jlum.: [ 1] P o ;a; lR e p c X., Teop1rn peRypcHBHbIX tPYHR~Hll u 
alf>lf>eRTHBHaH Bhl'IHCJIHMOCTb, nep. c aHrJI., M., 1972. B. E. llJ1Uc1'0. 

IIEPEllHCJIEHIUI IIPOBJIEMA - a.tteopumMu'tect;,asi 
npo6.tteMa, B K-poil: AJIH 3all:aHHoro MHOlReCTBa A Tpe6y
eTCll IIOCTpoIITb aJiropIITM, IIepeqncm11om;I1il: A, T. _e. 
TaKOH aJiropIITM ?le, K-phIH IIpIIMeHIIM KO BCllKOMY Ha
TypaJibHOMY 'IHCJIY II IIepepa6aTblBaeT ero B <lJleMeHT 
n3 A , IIpiaqeM mo6oil: <lJleMeHT Il3 A IIoJiyqaeTCH B pe?YJib
TaTe IIpIIMeHeHIIH ?}:( K HeK-pOMY HaTypaJibHOMY 'IHCJiy; 

HHhIMII CJIOBaMII, A= U;"=O{?lC(i)}. n. II. p;mr MHOIBecrna 

A pa3pelllI1Ma Tor11:a II TOJibKO TOrp;a, Korp;a A - HenyCTOe 
nepe'tUC.ttUMOe MltO:JICecmeo. B. E. llJ1ucno. 

IIEPElJHCJIEHHH TEOPHH - pa3p;eJI t;,o;.i6unamop
nozo ana.ttuaa, B K-poM 1rnyqa10TCH II pa3pa6aThIBaIOTCH 
MeTo)J;hl pemeHHH IIepe'IllCJillTeJibHhIX 3a11:aq. 8TH 3all:a'IH, 
KaK IIpaBIIJIO, CBO/l:HTCll K IIO/l:C'leTy 'IHCJia <lJleMeHTOB 
KOHe'IHOro MHomecTBa, 06Jia11:a10m;I1x orrpe11:eJierrHhIM1I 
caoil:cTBaMH, 11Jin 11x KJiaccoa 3KBllBaJieHTHOCTH. R TaK11M 
MeTOll:aM OTHOCHTCH, Harrp., 61'/tlO•tenusi u UCK/tlO'tenusi 
npun1fun H pa3Jill'IHhle ero o6o6m;eHHH. Teop11H rrepe-
11ncJieHI1H Iloiia (cM. II oua meopeMa) qacTO rr.o3BOJIHeT 
npeop;oJieBaTb TPYAHOCTII rrpn rr.011:cqeTe pa3Irnx o6'heK
TOl'l, Korp;a llX IIpHXO)J;llTCH paCCMaTpIIBaTb KaK Hepa3-
JIIl'II1Mhle. OcHOBHhIM IIHCTpyMeHTOM rrp11 pellleHIIII rrepe
'IIICJIIITeJibHhIX 3a11:aq HBJIHIOTCH IIpOI13BOAHIIIIle li>YHKl.l;lill; 
OHII TaKme 11rpaIOT cyr.u;eCTBeHHYIO pOJib rrpII IIOJiy'leHllll 
acnMIITOTil'l. cooTHOIIIeHllll (CM. I 1] - I 3]). 

)];JIH noJiyqeHIIH IIpOI13BO)J;Hll.l;llX li>YHKl.l;IIll B KOM611Ha
TOpI1Ke IllllpOKO rr.pIIMeHHIOTCH aJire6pb1 lf>opMaJibHhIX 
CTerreHHhIX PHAOB II pa3JIIl'IHhle CIIMBOJill'I. MeTOAhl (CM. 
[1], [2], (4]). B ocrroae o6mero rro11:xop;a K pa3pa6oTKe 
MeTO)J;OB IIOJiy'leHllH IIpOI13BO/l:llll.l;llX li>YHKl.l;llll JieiKIIT 
TOT lf>aKT, '?TO MHorne AllCKpeTHble o6'heKThl 06Jia11:a10T 
ecTecTBeHrroii yrropHAO'IeHHOCTbIO (cM. [1], [5]). H11IBe 
B KaqeCTBe rrp11Mepa AaHhl IlOCTpoeHllH aJire6p llHl.l;llAeHT
HOCTll II rr.oKa3aHO, KaK c llX IIOMOll.l;blO peUlaIOTCH HeK-phle 
rrepeq11cJI11TeJihHhle 3a11:aq11. 

IlycTb Mll:aHO qaCTII'IHO yrr.opH/l:O'leHHOe MHOlKeCTBO x 
c OTHOIIIeHlleM IIOPHAKa <. M rryCTb x JIOKaJibHO KOHe'IHO, 
T. e. JI106oil ero cerMeHT 

[x, y] ={z: x,,;;;;z,,;;;;y; x, y, zEX} 
KOHe'leH. 

AJire6poii nHu;1111:eHTHocT11 /(X) aa3. 
coaoKyIIHOCTb lf>yrrKu;11il I (x, y), x, y EX, rrp11H11Ma10r.u;11x 
p;e:ii:CTBllTeJibHhle 3Ha'leHllH 11 TaKllX, 'ITO f (x, y)=O rrp11 
x'!f;.y. CyMMa p;ayx TaKIIX lf>YHKl.l;IIH 11 YMHOIBeHHe Ha 
'IIICJIO orrpe11:eJIHIOTCH o6bl'IHhIM o6pa30M, a IIp0113Bep;e
Hlle f*g= h BBO)J;llTCH COOTHOIIIeHlleM 

h (x, y) = ~ f (x, z) g (z, y). 
~x<z<y 

YMHOiKeH11e OKa3hIBaeTCH accou;11aTllBHhIM II AlICTp116yT11B
HblM OTHOCllTeJihHO CJioJReH11.11. AJire6pa I (X) 06Jia11:aeT 

e11:11H11u;eil 

6=6 (x, i) ={ 1 IIplI x=:y, 
y 0 IIPII x 'F y. 

B aJire6pe I (X) BhIAeJIHIOT p;aa 3JieMeHTa: A30Ta-lfiynK111110 
s= S (x, y) (s (x, y)= 1 DpII x«;;.y) II o6paTHyIO 0H iflyHKl.l;lllO 
Me6I1yca µ=s- 1 • Cnpaae11:JI11ao yTBepm11:eHne: ecJI11 JIO
KaJibHo KOHe'IHOe 'laCTil'IHO ynopH/l:O'l0HH00 MHOlReCTBO 

x co11:epiKllT CBOIO HaI160JibIIIYIO HlllRHIOIO rpaHb,~yHKllHH 
f(x) orrpe11:eJieHa AJIH acex xEX II g(x)= f(y) 

Y<x 
AJIH acex x EX, To AJIH acex x EX 

f(x)=~y<xg(y)µ(y, x) 

(T e o p e M a o 6 p a m; e n n H M e 6 11 y c a). 
ECJIH X=B - MHOlKeCTBO ecex KOHe'IHhIX IIO/l:MHOiKeCTB 

HeK-poro C'leTHOrO MHOlReCTBa, a x..;;.y 03Ha'laeT, 'ITO x~y. 
TO IIpII x~y 

µB(x, y)=(-1)1YHxt, 

a 06par.u;eaI1e Me611yca ecTb He 'ITO 1rnoe, KaK rrpllHllllII 
BKJIIO'leHllH II llCKJIIO'leHllH. 

ECJIII X = D - MHomecTBO HaTypaJihHhlX q11ceJI 11 x <.y 
03Ha'laeT, 'ITO x 11:eJI11T y, TO IIpll x..;;.y llM0eM µv(x, y)= 

= µ ( ~), r11:e µ (n) - TeopemKo-q11cJ10BaH Me6uyca 

(/iyHKlfUH. 
p e A y II II p 0 B a H H 0 il: a JI r e 6 p 0 ii: n H II H-

A e HT H 0 c T II R (X) Ha3. 11011:ame6pa l (X), K-poii rr.p11-
Hap,J1elKaT ace lf>ym(u;lln I (X), rrp11H11Ma10r.u;ne paaawe 
3Ha'leHIIH Ha 3KBllBaJieHTHblX cerM0HTax. Ilp11 <!TOM OT
HOIIIerrile <JKBllBaJleHTHOCTll cerM0HTOB 06J1a11:aeT TeM 
CBOllCTBOM, 'ITO ecJIM f(x, y)=f(u, v) H g(.r, y)=g(u, v) 

/J,JIH [x, y] - [u, v], TO II 

(/ * g)(x, y) = (/ * g) (u, v). 

8To 6yp,eT' Harrp., BhIIJOJIHHTbCH, ecJIM <JI(BllBaJleHTHblMII 
C'lllTaTb n3oMoplf>Hhle cerMeHThl. R aJ1re6pe R (X) ecer11:a 
11pI1Ha11:JiemaT U30Ta-lf>yHKl.l;IIH 11 lf>yrrxu;11H Me6nyca. 

EcJ111 X = N 0= {O, 1, 2, ... } c ecTeCTB0HHOH y11op1111.o
'leHHOCTbIO 'IHCeJI, TO aJire6pa I (N0) u3oMoplf>rra aJire6pe 
eepxrreTpeyroJlhHhIX 6ecKorre'IHbIX MaTpI111. EcJill K R (N 0) 
OTHeCTH ece TaK11e lf>yHKllllll f EI (N 0),'ITO /(m, n)= f(m', n') 
npn n-m=n'-m'=k, TO llM0eT MeCTO B3aHMHO O)J;B0-

3Ha'IH00 C.OOTBeTCTBHe 

f H ~00 akxk, g H ~"' bkxk, 
~n=O ~k=O 

rp,e ak=f(m, n), gk= (m, n) 11pu n-m=k, TaK 'ITO 

,., 00 " ",k f*gH~k=OCkX' Ck=-'-'s=Oasbk-s· 

TaKHM o6pa3oM, ame6pa R (N 0) n3oMopcfma aJire6pe 
lf>opMaJibHblX CTe!IeHHb!X pll)J;OB II 

sH(1-x)- 1, µH1-x. 

ECJIII X = B, TO ame6pa R (B) u3oMoplf>aa aJire6pe 
aKcrr.orrerru;naJihHblX CTeIJeHHhlX pHAOB 

~oo xk 
-'-'k=Oakhl 

H sHex, µHe-x, rp,e [x, y]-[u, v] rrpu ly".xl= [v".ul. 
Ecmi: X =D 11 paccMaTp1rna10TCH f (m, n)= f (m', n') 

n n' 
rr.p!I m = m', TO aJ1re6pa R (D) OKa3blBaeTCH H30Moplf>-

HOU ame6pe pH/I.OB )];11pI1xJie H 

~<X> 1 1 ~"' µ (n) 
sH S (s) = ~n=l -;8' µH ~(s) = ~n=l -;;a. 

II pH Me p. IlyCTh c (x, y) - 'IMCJio 11erreii e11p,a x< 
<x1 < ... <xi-1 <Y B X, Torp,a (s-6)k (x, y) - 'IHCJio 
TaKnx u;e11eft )J;JillHhl k (TO eCTh l= k). IlonoMy 

c(x, Y)=~ 00 (s-6)k(x, y)= 
~k=O 

=[6-(s-6)J- 1 (x, y)=(26-s)- 1 \x. y). 
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PaccMoTpHM aTy !}JopMYJIY B R(X) rrpH X=N0, B, D. qHCJla ±nT, rµ;e n - mo6oe HaTypaJ1:&Hoe qHcJio, TaIOKe 
B CJiyqae X=N0 H y-x=n 'IHCJIO c(x, y)=cn eCTh 'IHCJio HBJlllIOTCll II. !}JyBKil;HH /(x). Y !}JyHKil;HH f=const Ha 
ynop11µ;oqeHBblX pas6HeHHiI (KoMnosHu;Hii) n. B R (N0) ocH HJIH Ha IIJIOCKOCTH J1106oe 'IHCJIO T#O 6yµ;eT II.; 
llOJlyqeHHall cpopMyJla HMeeT BH)J; ]lJlll !}JyBKil;HH ,il;HpHXJle 

~., c xn 
"""n=o n 

CJle]lOBaTeJlbHO Cn= 2n- l, n >0. 
B cJ1yqae X=B 'IHCJIO c(x, y)=cn ecTh 'IHCJIO ynop11µ;0-

qe11Hblx pas611eHHii n-aneMeHTHoro MHomecTBa, I x"'-yl = n H 

~., ~xn=_1_. 
~n=O n! 2-e"' 

B cJ1yqae X =D 'IHCJIO c (x, y)= en eCTh 'IHCJIO yrropllJlO
'leHHhlX pasJ1omeH11ii Ha MHomHTeJIH n=y/x. CneJwBa
TeJlhBO, 

~o:> Cn 1 
~n=l --;;;-= 2-t;(1). 

Jium.: [1] c a q K 0 B B. H .• KoM!iHHaTOPHhte MeTO)lhl AHCKPeT
HOA MaTeMaTHKH, M., 1977; [2] pH 0 p 11 a H .n: H<. Bee11eHHe B 
KOM!iHHaTOpHhril aHaJIHs, nep. c aHrn., M., 1963; [3~ IIepeqeCJie
TeJJ&Hhle sanaqe KOM!iHHaTOpHoro aHanesa. C!i. nepeeo11oe, M., 1979; 
[4] Rot a G.-C., Mu 11 in R., B KH.: GraP.h theory and its 
applications, N. Y.- L., 1970, p. 167-213; [5] Rot a G.-C., 
«Z. Wahrscheinlichkeitstheor. und verw. Geb.», 1964, Bd 2, H. 4, 
s. 340-68; [6] x 0 J] J] M .• HOMOOHaTOpeKa, nep. c aHrJJ •• M., 
1970. B. M. Muxeee. 

IIEPEq:UCJHIMOE MHOiKECTBO - MHOmeCTBO, BOS
HHKa10m;ee B pesyJlhTRTe pasBepTblBRHHll KaKoro-JIH6o 
KoHcTpyKTHBHoro nopomµ;a10m;ero npou;ecca. TaKoii rrpo
u;ecc MOlKHO MhlCJIHTb KRK rrpmwcc Bbl'IHCJieHHll SHR'leHHii 
JieK-poro aJlropHTMa c HCXO]lHblMH ]laJIHblMH B BH]le Ha
TypaJlhHblX 'IHCeJI, H IIOTOMy, Harrp., orrpeµ;eJleHHIO II. M. 
HaTypaJlhHblX 'IHCeJI MOlKHO IIpH]lRTh CJ1eµ;y10m;Hii TO'IHblii 
BH)J;: MHOlKeCTBO IIaTypaJlbliblX 'IHCeJI Has. II e p e q H c
JI H M bl M, eCJIH cym;eCTByeT TaKall 'tacmu'tno pe1>ypcuenasi 
rfiyn1>1fUR,, 'ITO ::JTO MHOlKeCTBO llBJllleTCll MHOlKeCTBOM ee 
SJia'leHHii. 

Bc11Koe paapemuMoe Mno31Cecmeo HaTypaJlbHblX 'IHCeJI 
HBJllleTCll II. M. 06paTIIOe HeBepHo: MOlKHO yKaSRTh npH
Mep Hepaspem11Moro II. M. 8ToT !}JaKT, ycTaHOBJleHHblii B 
1936 A. qiip'leM (A. Church), HBJIHeTcH OJlHHM HS !}!yH]la
MeHTaJlhHblX pesyJlhTaToB o6m;eH: a1teopumMoe meopuu. 
Ha HeM OCHOBaHbl (HJIH MoryT 6b1Tb OCHOBRHbl) Bee HS
BeCTJible OTpHu;aTeJlbHble pemeHHll a1teopumMU'leCl>UX npo-
61teM. ECJIH KaKoe-J11160 MHomeCTBO H ero )J;OIIOJIHeHHe 
cyTh II. M., TO ::JTO MHOlKeCTBO paspenrn:Mo (T e 0 p e M a 
II o c T a). lfayqe1111e H KJ1accH!}JH«au;1rn II. M. HBJIHIOTCH 
npeµ;MeTOM HCCJle]lOBRHHH aJlropHTMH'I. TeopHH MHOlKeCTB. 

Jlum.: [1] y c n e H c KHA B. A., JieKI.IHH 0 Bhl'IHCJlHMhlX 
lilYHKI.IBlIX, M., 1960. H. M. Hazopn!>tU. 

IIEP:UMETP - 1) II. n JI o c Ko ii o 6 JI a c T 11, or
p a H H q e H H 0 ii c II p ll M JI ll e M 0 ii K p H B 0 ii,
IIOJIHRll )J;JIHHa rpaHHll;bl 06J1aCTH. 

2) II. H s M e p H M 0 r 0 M H 0 m e c T B a A B n
MepHOM eBKJIH]lOBOM (HJIH pHMRHOBOM) npocTpaHCTBe -
HHlKHHH rrpeµ;eJI (n-1)-MepHOH IIJIOID;a]lH rpaHHil;bl MHOro
rpaHHHKOB Pi (HJIH MHomecTB Pi c C1-rJ1aµ;Koii rpaHHu;eii), 
cxoµ;11m;11xc11 K A no o61>0MY, T. e. TaK, 'ITO Vol ((A "'-p ;) U 
LJ(P;"'-A))-+0 npH i-+ co. 

Jlum.: [1] Ca cc opp o Ii R., «Rand. Accad. naz. Lincei. 
Ser. 8», 1952, N• 1, p. 3-11, No 2, p. 137-46; [2) Go r g i E. 
de, TaM me, Ser. 1, 1958, 5, No 2, p. 33-34. B. A. 3a.11.2a.11.A.ep. 

IIEP:UO,il; r p y n n hi - HaHMeHhIIIee o6m;ee KpaTHoe 
rrop11µ;KoB aJ1eMeHToB µ;a11Hoii rpyrmbl (npeµ;noJ1araeTc11, 
'ITO rpynna nepHO)J;H'leCKall H IIOpll)J;KH BCeX ee ::JJleMeHTOB 
orpaHH'leHbl B COBOKYIIHOCTH). II. rpyrrrrbl Has. TaKme 
II o K a s a T e JI e M r p y II II bl. 0. A. Heanoea. 

IIEP:UO}l !}! y HR u; H H /(x) - 'IHCJIO T#O TaKoe, 
'ITo rrpH J11060M xEXclR (11J111 XcC) 'IHCJla x-T 11 
x+ T TaKme npHHaµ;JlelKaT MHOlK0CTBY x H BblllOJI
HlleTCll paBelICTBO 

f (x+ T) =I (x). 

{ 
1, eCJIH x-pau;HOHRJlhHOe, 

D(x)= 0, ecJIH x-Hppau;HoHaJlbHoe, 

J1106oe pau;HoHaJlhHOe 'IHCJlo T #0 6yµ;eT II. EcJ1H !}!yHK
u;u11 f(x) HMeeT nepHOJl T, TO !}!yHKil;Hll 'ljl(x)=f (ax+b), 

rµ;e a l'I b - IIOCTOllHHble l'I a;i'O, HMeeT nepHO)J; ! . ECJIH 

µ;eiiCTBHTeJlhHRll !}!yHKil;l'lll f (x) c ]leiiCTBHTeJlhHblM apry
MeHTOM HerrpepblBHa HR x (H He paBHa TOlKJleCTBeHHO 
IIOCTOllHHOii), TO OHR HMeeT HaHMeHhIIIHH nepHO)J; To>O 
H BCHKHii µ;pyroii µ;eiicTBHTeJihHblii: II. KpaTeH T0 • Cym;ecT
BYIOT !}!yHKll;l'IH c KOMIIJleKCHblM apryMeHTOM, y K-phlx 
l!!MeIOTCH µ;Ba HeKpaTHblX c MHHMblM 'IRCTHhIM II.; TRKOBhl, 
Hanp., aJt1tunmu'lec1>ue rfiyn1>1fuu. 

AHaJIOrH'IHO onpeµ;eJI11ere11 II. !}JyHKil;HH, onpeµ;eJ1eH-
Hoii: Ha HeK-poii: a6eJ1eBoii: rpyrrne. A. A. Ron1uw:nos •. 

IIEP:UO,il;:UqECKAH rPYIIIIA - rpyrrna, Kamµ;hlii: 
aJleMeHT K-poH: HMeeT KOHe'IHhIH IIOpllJlOK. BcHKall nepHO
Jll'l'I. a6eJ1eBa rpyrma pasJ1araeTc11 B np11My10 cyMMY 
IIpHMapHblX rpynn ITO paSJIH'IHhIM npoCTblM 'll'ICJlaM. 
06 ycJIOBHHX KoHe'IHOCTH II. r. CM. Bifpncauaa npo6M!Ma 
o nepHOAH'leCKHX rpyrrrrax. O. A. Hsanosa. 

IIEP:UO,il;:UqECKAH IIOJIYrPYIIIIA - rroJ1yrpynrra, 
B K-poii: KalKARll MOHOreHH~ll no;i;rroJlyrpynna KOHe'IH~ 
(;i;pyrHMl'I CJIOBaMH, KalK;J;bll'I aJleMeHT HMeeT KOHe'IHbIH 
nop11µ;0K). Bc11Ka11 II. rr. HMeeT uµ;eMrroTeHTbl. MHomecTBo 
Ke Bcex aJ1eMeHToB II. n., HeK-pa11 (saBHcmu;a11 OT aJ1e
MeHTa) CTeIIeHh K-pblX paBHR ;i;aJIHOMY H;J;eMIIOTeHTY e, 
Has. K JI a c c 0 M K p y q e H H ll, COOTBeTCTBYIOID;HM 
aToMy uµ;eMIIOTeHTY. MHomecTBo Ge Bcex aJ1eMeHTOB HS 
Ke• ;J;Jlll K-pblX e CJlymHT e;i;HHHu;eii, llBJllleTCH ,9't'-KJIRCCO~ 
(cM. I'puna omnoiuenun, a1>euea1tenmnocmu), HaH60JlhIDeH 
noµ;rpynrroii B Ke H Hµ;eaJloM B noµ;noJ1yrpyrrne (Ke>. 
nopomµ;eHBoii Ke; TaKHM o6pasoM <Ke> 6y;i;eT roMorpyrr
rroii (cM. MunuMaJtbnbl.ii u8ea1t). II. rr. c e/l;HHCTBeHHhIM 
H)J;eMIIOTeHTOM Has. YHHIIOTeHTHOii. YHHIIOTeHTHOCTh ~. II. 
s ::JKBHBaJleHTHa Kamµ;oMy HS CJ1e;i;y10m;11x YCJIOBHH: s 
eCTb H;J;eaJlhHOe pacumpeHHe rpyIIIIhl IIpH IIOMOID;H HUJtb
noJtyepynnbl., S eCTh rro;i;npHMoe rrpoHSBe;i;eHHe rpyIIIILI 
H HHJlbIIOJlyrpynnhl. 

Pas6HeHHe II. n. Ha KJ1accbl Kpy'leHHll 11rpaeT onpe
;i;eJ1H10m;y10 pOJlb rrpl'I HSy'leHHl'I MHOrl'IX BOITpOCOB ;J;Jlll 
rrep11o;i;uq. rroJ1yrpyrrrr. II poHSBOJlhHblii KJl~CC Kpy'leHHH 
He 0611saTeJ1hHO llBJllleTCll IIO;J;IIOJlyrpyrmou: MHHHMaJlb
Hblii KOHTplipHMep - IIllTl'l::JJleMeHTHall Bpanama no1ty
epynna B 2 , HSOMoplfiHaH. pucoec1>0,!1 nOJtyepynn~ Mampuit-
11,oeo muna Ha;i; e;i;HHH'IHOH rpyrrnoH c e)J;HHH'IHOH caH)J;Bl'l'l
MaTpl'IIWii 2-ro nop11;i;Ka. B II. rr. S Bee KJ1accbl KpyqeHHH 
6y;i;yT IIO)J;IIOJlyrpynnaMH Torµ;a H TOJlbKO _Torµ;a, Korµ;a s 
He coµ;epm:HT llO)J;IIOJlyrpyrrrrbl, llBJlllIOID;el'!Cll 11µ;eaJ1hHhIM 
paCIIIHpeHHeM YHHIIOTeHTHOH IIOJiyrpynnbl npH ITOMOID;H 
B 2• B aToM cJ1yqae pas6ueHHe S Ha KJlaCChl KpyqeHHH 
He' 0611saTeJ1hHO 6yµ;eT cena1>ou. Ms11eCTHbl paSJIH'IHble (B 
TOM 'll'ICJle Heo6xoµ;HMble H µ;ocTaTO'IHble) YCJIOBHll, np:e 
K-pblX II. II. eCTh CBllSKa KJlaCCOB Kpy'leHHH; ::JTO, O'le
BH;J;HO, HMeeT MeCTO ;J;Jlll KOMMYTRTl'IBHblX IIOJ1yrpyn11, 
aTo BepHo µ;J111 II. n. c µ;ByM11 uµ;eMrroTeHTaMH [3]. 

B JII06oii II. II. OTHOIIIeHHll rp11Ha fl) l'I 1 COBIIa/l;aIOT; 

O-npocTa11 II. rr. 6y11;eT BIIOJIHe 0-npocToii:. ,il;J111 II. n. 
s CJ1eµ;y10m;11e ycJIOBl'lll ::JKBHBaJleHTHbl: 1) s - apxuMe
aoea no1tyepynna, 2) Bee u;i;eMrroTeHTbl HS S nonap110 
He cpaBHHMbl OTHOCHTeJlhHO ecTeCTBeHHoro qaCTH'IHOTO 
nop11µ;Ka (cM. H BeMnomenm), 3) S OOTh 11µ;eaJ1bHOe pac
nrn:peHHe BITOJIHe npocToii IIOJlyrpyrrrrbl IIpH IIOMOID;H 
euJihnonyrpynnbl. MsBeCTHO MHoro yeJ10BHii, aKBHBa· 
JleHTHblX TOMy, 'ITO II. II. s pasJlaraeTCll B CBllSKY (a 
Tor;i;a H B IIOJlypemeTKY) apXHM011;0BblX IIOJlyrpyrrn; 
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cpeAIJ u:o:x: 1) )l;JIJI mo6oro a ES Ii! ,a;JI11 mo6oro 111i:eMIIo- (' T 
reHra eES, ecJIH eESaS, TO eESa2S (cM. [5]); 2) B s Kam- Jo f (t)dt=O, B IIPOTHBHOM cJiyqae rrepsoo6pa3HaJI IT. «P. 

;IJ;hlfi perym1pHI,IH !2)-KJiacc ecTh IIO/lIIoJiyrpyIIrra; 3) Kam- Henepnop;11qecKa11, TaKosa, uanp., nepsoo6pa3Hall «PYHK-
,lJ;hlH peey.1tsipHwii a.1teJrtenm lil3 S llBJill0TC.IJ rpyIIIIOBhlM. 11,lillil f (x)= cos x+ 1. A. A. RonmunoB. 

ITycTb S - 6ecK0He11Ha11 IT. II., Es - MHomecTBO 2) IT. «P· Ko M II JI e Kc Hor o n e p e Me Hao r o 
scex ee l!IIJ:eMIIoTeHTOB. EcJIH Es Kone11Ho, TO S coii:ep>KHT z - OIJ:H03Ha11Ha11 aHaJIHTl!I'I. «PYHKll,lilll f (z), 11Me10m;a11 
6ecK0He11uy10 YHlUIOTeHTftYIO IIOl:(IloJiyrpyIIIIY' eCJil!I Es TOJibKO H30JI1i!pOBaHHhle oco6hle TO'IKl!I BO BCeil: IlJIOCKOCTH 

6eCKOHe'IHO, TO s cop;epmli!T 6ecKoHe'IHYIO IIOl:(IIOJiyrpyIIIIy, KOMIIJieKCHOro IIepeMeHHOrO IC, ,ll;JI.ll K-poil: cym;ecTByeT 
.IIBJI.1110m;y10c.11 HU.1tbnomenmnou no.1tyepynnoi1 HJIH noJiy- 'lli!CJio p :;i!:O, aa3hlBaeMoe II e p H o A o M If> y H K u; Ii! Ii! 

rpynnou HJJ;eMnoTeHTOB (4]. /(z), TaKoe, qTo 
BamHhlft nop;K.11acc IT. n. cocTaBJI.llIOT .1toH:a.1tbno Kone'L-

nwe no.11,yepynnw. BoJiee IDHpOKl!Ift KJiacc cocTaBJIJIIOT 
KBa31!III0pHO/lll.'I. IIOJiyrpynIIhI (S Ha3. K B a 3 H n e p :u O
ji; H q e c K o ii:, eCJIH HeK-pa.11 cTerreHb Ka)I(noro ee :rne
MBHTa Jie)I(HT B .no,a;rpyIIne Gc:::.S\. MnorHe csofiCTBa IT. II. 
nepeHOCHTC.ll aa KBa3HIIepHop;lil't. IIOJiyrpyDIIhI. 

Jlum.: [1] R JI H 111111 Opp; A., Il p e c T 0 H t., AJJreopaH'le
CKall TeOPHII IIOJiyrpyrrrr, rrep. c aHrJI., T. 1, M., 1972; [2) JI !I
rr H H E. c., IloJiyrpyrrrrbl, M., 1960; (3] JI p 0 c B Hp 0 B A. c., 
«MaTeM. aarr. YpaJJbCII. YH-Ta1>, 1971, T. 8, No 1, c. 77-94; [4) III e B
P H H JI. H., «HaB. BY30B. MaTeMaTHKa1>, 1974, .NI 5, o. 205-15; 
L5] Pu t ch a M .. «Semigroup Forum», 1973, v. 6, No 1, p. 12-34; 
[6] Schwarz St., «qexocJJ. MaTeM. ltl.1>, 1953, T. 3, c. 7-21. 

JI. H. Illeepun. 
IIEPHO)J;II'IECKAH TO'IKA ,a; Ii! H a M n 11 e c K o ft 

c Ii! c T e M hI - TO'IKa TpaeKTOplillil IIepl!IOl:(H'I. ,ll;Bl!IIBeHl!I.ll 
AHHaMffq. CHCT0Mhl tt (t E IR. HJIH t E Z), 3ap;aHHOH tla IIpo
CTpaHCTBe S, T. e. TaKa.11 TO'IKa x E S, 'ITO Haii,a;eTc11 qncJio 
T>O, p;Jill K-poro /Tx=x, Ho ttx::px np11 tE (0, T). 8TO 
11ncJio T Ha3. n e p 11 o p; o M T o 11 K Ii! x (HHorp;a nep110-
p;aMll. Ha3. TaKme see u;eJihle KpaTH1>re 1111cJia T). 

TpaeKTOpH.11 IT. r. Ha3. 3 a MK Hy To ft T pa e KT o
p He ft, HJil!I u; Ii! K JI 0 M. ITpli! ynoTpe6JieHirn IIOCJI01:(HHX 
TllpMl!IHOB 11aCTO OTBJI0KalOTC.ll OT KOHKpeTHOH IIapaMeT
pH3au;nn MHOlf(0CTBa TO'l0H TpaeKTOplillil napaMeTpOM t, 
paccMaTpll.Ball TOT li!Jllil liltIOft KJiacc 3KBHBa.TfeHTHLIX napa
M0Tplil3all,l!Ift: ecJIH tt - HenpephlBHoe p;eftctsHe rpynnhl 
IR. Ha TODOJIOrlil'I. npocTpaBCTB0 s' TO 11,li!KJI paccMaTpl!I
BalOT KaK OKpyll<HOCTb, TOIIOJIOrH'l0CKH BJIOIB0HHYIO B 
S; ecJin tt - p;ncf>«PepeHu;HpyeMoe ,a;eii:cTBHe rpymlhl IR 
Ha ,a;mplf>epeH11,npyeMoM MHoroo6pa3Hlil S, TO ll;HKJJ pac
CMaTpHBalOT KaK OKpylKHOCTb, rJiap;Ko BJiomeHHYIO B s. 

EcJIH x - IT. T. (a S - MeTp1111. npocTpaHcTBo), To 
ee a-npeiJe.1tbnoe MnoJH:ecmeo Ax H w-npep;eJibHoe MHome-
CTBO Qx COBIIaJJ;alOT c ee TpaeKTop11eii: (IIOHHMaeMoii: KaK 
MH01K0CTBO TO'leK). 8To CBOHCTBO B OIIp0,ll;0Jl0HHOft Mepe 
Bhll:(0Jill0T IT. T. cpep;l!I BC0X T0'10K, He HBJillIOill;li!XCll He
IIOl:(BHmHhlMl!I. A HM0HHO, 0CJil!I IIpOCTpaHCTBO, Ha K-pOM 
3ap;ana l:(l!IHaMH'I. Cli!CTeMa 1t, .IIBJI.ll0TC.ll IIOJIHhlM M0TpH
'10CKHM H TO'IKa x TaKOBa, 'ITO Qx= {ffx lt ER' TO x -
H01IOl:(BHmHaH HJIH IIepnOJJ;H'I. TO'IKa l:(l!IHaMl!I'I. CliICT0MbI 1t. 

JI um.: [1] H e M bl u II n II B. B., C T e rr a H o B B. B., J\aqecT
J1eBHa1I TeoplllI p;nllllllepem~HaJJbHblX ypasHeHI1ii, 2 nan., M. - JI. , 
1949. B. M. MUJIJIUO'liUfU1!08. 

IlEPHO)J;HlJECKAH TPAEKTOPHH a BT o Ho M-
n o ii: CHCT0Mhl o6hIKHOB0HHhlX .a;n«P«Pe
p e H II, Ii! a JI b H hi x y p a B H e H Ii! ii: - TpaeKTOpH.ll 
nep uoiJu'Leci>oeo pemenusi 3TO.ii: CHCTBMhl; 06h111Ho IIop;pa-
3yMesaeTCH, 'ITO 3TO pemeHH0 He CBOl:(l!ITCll K KOHCTaHTe, 
T. e. TpaeKTOpli!H He CBOl:(li!TCll K Ol:(HOll TO'IK0 (paenoeecusi 
noJtOJH:enuro). CHHOHl!IM IT. T.- 3 a M K Hy Ta .11 T p a-
e }( T 0 p Ii! .II (IIOCKOJibKY OHa llBJIHeTC.ll 3aMKHyToii: 
Kpli!BOH). P,. B. Attocoe. 

ITEPHO)J;H11ECKAH cl>YHKI(HH - «PYHKIJ,H.ll, HM0IO
ttJ,aH nepuo&. 

1) ITycTb «PYHKil,lil.ll f (x) onpep;eJieHa Ha XE IR Ii! HMeeT 
nepnop; T. )J.JI.11 IIoJiy11errH11 rpa.iliHKa f (x) p;ocTatO'IHO 
rpa.iliHK «PYHKil,Hlil f (x) Ha [a, a+ Tl n x' rp;e a - H0K-poe 
'IHCJio, rrep.eMeCTli!Tb BJJ;OJib 1R Ha ±T, ±2T, ...• EcJin 
IT. «IJ. /(x) c rrepnop;oM T HMeeT Kone11ny10 npon:mop,nyID 
f' (x), TO f' (x) .IIBJI.ll0TC.ll IT. <Ji. c teM me nepHop;oM. IIycTb 
f (x) HmerpnpyeMa Ha JII06oM oTp03Ke Ii! HM00T IIepHop; T. 

ITepBoo6pa3,HaH F= ~: f(t)dt nMeeT IIepHo,a; T, ecJin 

f(z+p)=f(z), zEC. 

JlI06aH JIHHeii:Ha.11 KOM611Hau;n.11 11ep11op;os ii:aHHoii: IT. «P. 
f (z) c u;eJioqncJieHHhlMH Koa«P«PHU.HBHTaMH TaKme 11BJI.11-
eTc11 IIepnop;oM /(z). Bee II0pHO,ll;hl p;aHHOH IT. «P· /(z):;i!: 
::pconst cocTaBJillIOT p;11cKpeTHYIO a6eJiesy rpyIIrry no 
CJI01R0HHIO, Ha3hlBaeMyIO r p y II II 0 .ii: II e p Ii! 0 A 0 B 
«PYHKll,Hlil f (z). EcJin 6a3HC aToil: rpyIIIIhl cocTOl!IT H3 
OIJ:HOro 01:(liIHCTBeHHOro 0 c H 0 B H 0 r o, HJil!I II p Ii! M H
T Ii! B Hor o, IIepe:o11.a 2w=2w1 ;i:!:O, T. e. ecJIH JII06oil: 
rrepnop; p ecTb u;eJioe Kpatuoe 2w, TO f (z) naa. oiJnonepuo
iJu'tecr;oil r.fiyni>lfueu. B cJiy11ae 6a3nca, cocronm;ero lil3 
JJ;BYX OCHOBHhlX IIepnop;oB 2w11 2w3, lm(w1/w3);i:O, li!M00M 
iJeosiH:onepuoiJu'tecKy10 r.fiYHKlfUIO. EcJil!I IT. «P· f (z) OTJil!IqHa 
OT KOHCTaHThl, TO 6a3HC ee rpynnhl nepHOl:(OB He MOmeT 
COCTO.llTb 6oJiee 'IBM lil3 p;syx OCHOBHbIX H03aBHCli!MblX 
IIepHop;oB (T e o p e Ma H K o 6 11). 

Jl106a.11 noJioca Blilp;a 

{z = (Teia.+ t) 2w: - oo < T < oo, O~t < 1, 0 <a~ :n/2}, 

rp;e 2w - Ol:(HH lil3 OCHOBilhlX nepHO,ll;OB IT. «P- /(z), li!JIH 
e.ii: KOHrpy3HTHall, Ha3. II 0 JI 0 c 0 ii II e p H 0 p; 0 B 
«PYHKil,HH /(z); o6hl'IHO IIplilllli!MaIOT a=:n/2, T. e. pac
cMaTpHBaIOT IlOJIOCY nepli!Ol:(OB, CTOpORhl K-poii: 110pII0HJJ;lil
KYJI.llpHhl OCHOBHOMY nepli!OJJ;Y 2w. B Kamp;oli IIOJIOce 
rrepnop;os IT. «P. rrpHHHMaeT Jito6oe csoe 3Ha'I0Hlil0 Ii! rrpH
TOM op;nHaKOBO qacTO. 

JlI06a.11 u;eJiall IT. «P· I (z) BO seen ttJIOCKOCTH IC pa3Jiara-
0TC.ll B pap; <I>ypbe 

nik --z 
/(z) = ~:=-<t> ake 00 

, 

-nik 
1 ~Ul --I 

ai.=-2- f(t)e 00 dt, 
Ul -Ul 

K-phlii: CXOl:(HTCH paBHOM0pHo H a6coJIIOTHO Ha IIp.llMOH 
{z=tw:-oo<t<oo} H soo6me Ha JIID6oii: cKOJib yrop;Ho 
nmpoKOH mlJloce KOH0'1HOH IIIHpli!Hhl, rrapaJIJI0JlbHOH 
3TOH IIpHMoii:. CJiy11aii:, Korp;a IJ,eJia.11 IT. «P· f (z) cTpeMnTC.ll 
K onpep;eJI0HHOMY KOHeqHOMY li!JIH 6ecKOH0'1HOMY IIpep;eJiy 
B Kamp;oM lil3 p;syx KOHIJ,OB IIOJIOChl rrepli!Ol:(OB, xapaKT0plil-
3y0TCH T0M, 'ITO p.IIA (*) cop;epamT Jil!Illlb KOHe'IH00 'IHCJIO 
11JieHoB, TO ecTb f (z) ecTb TpHroHoMeTplil'I. noJIHHOM. 

JlI06a11 MepoMop.iPHaH IT. ¢. f (z) so sceii: rrJiocKocTH t 
c OCHOBHbIM II0pli!Ol:(OM 2 (J) rrpep;cTaBHMa B BHl:(0 OTHOID0Hli!H 
p;syx u;eJihlx IT. «P· c TBM me IIepnop;oM, T. e. B BHJJ;e OT
nomeHHll p;syx pHJJ;OB snp;a (*)· B 11acTHOCTH, KJiacc scex 
tplilrOHOM0Tplil'I. «PYHKll,li!H MOlRHO OllHCaTb KaK KJiacc 
TaKl!IX M0pOMop«IJHhlX IT. «P. C rrepli!Ol:(OM 2:rt, K-phle B Ka1R
l:(OH rroJioce rrepHOl:(OB HMelOT JIHllib KOHe'IH00 'IHCJIO IIO
JIIOCOB Ii! CTp0M.llTCll K orrpe,a;eJieHHOMy rrpep;eJiy B l(a)f(l:(OM 
KOHIJ,e IlOJIOChl nepHO,lJ;OB. 

Jlum.: [1] Map II y me B H q A. II., TeopHlI aHaJJHTH'leCIIHX 
QJYHIIUHll, 2 H311., T. 2, M., 1968. E. P,. Co.110.Me'li~ee. 

11EPHO)J;H11ECKOE PEIDEHHE o 6 hi K H o B e H Ho
r o 1i:n«P«Pepeau;11aJibHoro ypaBHeHHH 
li!Jllil c H c T e M hi - pemeHHe, II0pli!Ol:(lil'l0CKl!I 3aBHCHlll,ee 
OT H03aBHCHMoro rrepeMeHHoro t. ,Il.JI11 IT. p. x (t) (B cJiy11ae 
Cli!CT0Mhl x - B0KT0p) li!M00TC.ll Ta Koe 'lli!CJIO T t 0, 'ITO 

x (t + T) =x (t) npn Bcex t E IR. 
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BceB03MOH<Hble Ta1rn:e T Ha3. rr e p H o A a M e: AaHHoro 
fl. p.; IIpH 3TOM Il3 Herrpepb!BHOCTII x(t) CJleAyeT, qTQ 
Jrn6o x (t) He :rnBIICHT OT t, JlH6o BCeB03MOH<Hble rrepHO)lbl 
HBJlHIOTCH 11,eJioqHCJleHHbIMH RpaTHblMII O)lHOro H3 HUX -
M II H HM a JI b H 0 r 0 II e pH 0 )la To>O. foaop.R 0 
fl. p., qacTO IIO)lpa3yMeBaIOT, qTO HMeeT MeCTO BTOpOH 
cJiyqaii:, a o T 0 roaop.RT rrpocTo RaR o rrepHOAe. 

fl. p. paccMaTpHBaIOT 06bl'IHO )lJl.R CIICTeM 06bIRHOBeH
HbIX Amp<f>epeHIJ,HaJlbHbIX ypaBHeHHH, npaBble 'laCTH R-pb!X 
m160 He 3aanc.RT OT t (aemo11,o.M11,asi cucme.Ma): 

(r=f (x), xEU. (1) 

rAe u - o6JlaCTb B /Rn, JIH6o 3aBHC.RT OT t IIepHO)lHqec1rn: 

x·=f(t, x), f(t+T1, x)=f(t, x), xEU. (2) 

(Y CIICTeM c IIHbIM xapa1nepOM 3aBIICIIMOCTH npaBbIX qa
CT0H OT t qalll,0 Bcero H0T Il. p.) B CJiyqae CllCTeMbl (2) 
rrepIIOJl T0 IT. p. o6blqHo coarranaeT c nepHo)loM T 1 rrpaaoil 
qaCTH HJlH HBJIHeTCH 11,eJioqHcJleHHbIM RpaTHblM T 1 ; npy
rile To B03MOlKHbl Jlllillb B IICRJlJOqI1TeJlbHblX CJlyqaHX. 
n. p. c rrepllO)lOM To=kTi, k>1, OIIHCb!BaIOT cy6rapMO
Hllq. ROJle6aHIIH (CM. BbmyJ1CiJe11,11,bl,e KO.!!e6a11,usi) ll IIOTOMY 
caMII IIHOrAa Ha3. c y 6 r a p M 0 H Ii! q e c H Iii M ll IT. p. 
(IIJlll c y 6 r a p M 0 H Iii K a M II). 

CIICT0Ma (2) onp0)l0JlH0T noc.tte&oea11,uJt omo6paJ1Cmue 
F (3aBIICHinee OT Bbl6opa HaqaJlbHOfO MOM0HTa to): eCJlll 
x (t, £) - peIIIeHIIe CHCT0Mbl (2) c HaqaJlbHblM 3Haq0HII0M 
X (t0 , !;)= !;, TO 

F(s)=x(t0 +1\, !;). 
CaoilcTBa CIIcTeMbl (2) TecHo CBH3aHbl co caoilcTBaMII F; 
B qacTHOCTII, 3HaqeHI1e npII t= t0 IT. p. c rrepIIO)lOM k T 1 
HBJ1H0TCH rrpII k= 1 H0IIO)lBIIlKHOii TOqRoii OT06pa»<eHIIH 
F, a npn k>1 - ero rrepIIO)lIIq. TOqRoii rrepIIO)la k, T. e. 
aerroneIImHoii TOqRoii AJI R I1Tepall,I1I1 F k. lfoyqeHIIe IT. p. 
B 3HaqIITeJlbHOii CT0IIeHII CBO)lIITCH R llCCJI0)lOBaHIIIO co
OTBeTCTBYIOIIleii H0IIO)lBillKHOii (IIJlll nepnO)lIIqecRoii) TQqRJf 
OT06pameHI1H IIOCJ10)lOBaHIIH. 

)];JIH aBTOHOMHOH CIICT0Mbl ( 1) HCIIOJlh3yeTCH CJ10)lyIOmaH 
MOAH!flHRaIJ,H.R 3TOH ROHCTpyRIJ,IIH: B <J>a30BOM npOCTpaH
CTB0 B RaROH-JlII60 TOqKe TpaeRTOpIIII paccMaTpHBa0MOro 
IT. p. (oHa HBJIHeTCH aaMRHyTOil Kpneoil) 6epyT RaRoe
HH6y)lh JlORaJlbHOe ceqeHI1e, T. e. rnaimy10 IIJlOlllaARY 
IT Ropa3MepHocTn 1, TpaHceepcaJI bHYIO R aToii TpaeR
Top1rn, II paccMaTpHBaIOT OT06pamea11e, nepeBOAHmee 
ToqRy 1; E IT B nepey10 no epeMeHH TO'IRY nepeceqeHHH c IT 
HCXO)lHmei'I 113 1; TpaeRTOpHH ClilCTeMbJ ( 1). 

IToBeJJ;eHne peIIIeHIIii, 6Jlil3RHX R )laHHOMY fl. p., OIIII
Cb!BaeTCH B JlIIHeilHOM npII6JlIImemu1 COOTBeTCTBYIOIIIeii: 
CIICTeMoil ypae1uH.uii B eapua4usix. Hoa<f><f>IInneHTbl aToii 
JlIIHeiiaoii CHCT0Mbl B naHHOM CJly'lae rrepI10)lI1qeCKII 3a
BllCHT OT t, II II08TOMy MOlKHO roBOpl!Tb 0 COOTBeTCT
BYIOIIl,IIX M.011,oopo.Muu onepamope II MY.ttbmun.ttuKamopax. 
0 IIOCJle)lHIIX rOBOpHT RaR 0 M y Jl b T H n Jl H R a T o
p a x A a e e o r o IT. p. JlIIeeil:Hoe npH6JIHmeeIIe 
onpe)leJIHeT CBOllCTBa IT. p. (ycTOilqHBOCTb, HHBapHaHT
Hble MHOroo6pa3IIH) npI1MepHO B TOll me CTeTieHII, RaR 
II )lJlH pae11,oeecun no.1toJ1Ce11,uii. 

IT. p. aBTOHOMHOH CIICTeMbl (1) IIMeIOT HeR-pbie cne11,II!fl1Iq. 
oco6eHHOCTH: O)lIIH H3 MYJlhTIIIIJlIIRaTopoa ecerna paaea 
e)lHHHIJ,e (eCJlH IT. p. He CBO)lHTCH R ROHCTaHTe), qTO npH
XOAHTCH, B 'laCTHOCTH, Y'IHTbIBaTb npH HCCJleJJ;OBaHHH 
ycTOiiqllBOCTII 3THX IT. p. (CM. A 11,&po11,oea - Bumma meo
peM.a); rrepHOA MOlKeT H3MeHHTbCH npn MaJIOM B03MY
meHHH, 'ITO rrpHXOAHTCH Y'IHThlBaTb B eoa.MyUfe11,uii meopuu. 

0TblCRaHHe IT. p. Ii! IICCJlep;oBaHHe IIX CBOHCTB rrpen;
CTaBJlHeT HHTepec He TOJlbRO c qMCTO MaTeMaTnq. TOqRII 
3peHHH, HO II IIOTOMY, qTO rrpII MaTeMaTHq. O!IHCaHHll 
peaJlbHblX IJ>H3Hq. CHCTeM HX nepHOAHq. pemHMbl o6bJqHO 
COOTBeTCTBYIOT IT. p. (CM. A 6mo1>0.tte6a11,un, Bbl,11,yJ1C&rn11,1J1,e 
1>0.1te6a11,usi, K o.1te6a11,uii meopusi, H e.11,u11,eii11,bie 1>0.1te6a11,usi, 
Pe.tta1>caz+uo11,11,oe i>o.tte6anue). 0)lHaRo aTa 3a)laqa oqeHb 

Tpynua - TaR, He HMeeTCH HHRaRnx OOIIl,IIX MeTo)loB, 
R-pb!e II03BOJIHJIH 6b1 ycTaHaBJlMBaTb, cyrn;ecTByIOT Jill 
IT. p. y ROHHpeTaoii cncTeMbI. B paaJillqHhlx cJiyqaJ1x 
ncnoJii.ay10TcH paaJIIIqHble coo6pameHHH H MeTO)lbl. Mno
rIIe II3 HHX OTHOC.RTCH R BOa.MyUfe11,uii meopuu (zap.MOH,U
'leCKOZO 6a.ttanca .Memo{), Kp!it.ttoea - B ozo.1t106oea .MemofJ 
ycpe&11,e11,usi, M a.wzo nap a.Me mp a .Memo&), I{ H-poii npH
MbIRaeT taRme nccJteAOBaHHe 6urfiypi>az+uu; APYrIIe -
R Ka'lecmeennoil meopuu iJurfirfiepell.z+ua.ttbH,bix ypae11,e11,uii. 
ITocJie)lHH.R, B qaC'J'HOCTM, YCTaHaBJlIIBaeT OCOOYIO poJib 
II. p. ll;Jl.R CliCTeMbl (1) IIpH n=2: B :JTOM CJly'Iae n. p. 
BMecTe c ueR-pbIMH APYl'HMII TIIIIaMH pernennil noJIHOCTbIO 
orrpeneJIHIOT rroBe)leHIIe acex pemeHnii aooolll,e (cM. 
TaI<me llpe&e.ttbH,btii lfUK.tt). B cB.R3H c 3THM HMeeTc.R PHA 
cnennaJ1&Hblx pe3yJlbTaToB o II. p. TaRHX cncTeM (Harrp., 
o II. p. Ba11, &ep llo.ttsi ypae1ienusi H ero o6o6rn;eHHH HJIH 
Monn!flnKan,nil - Jhe11,apa ypae11,e1tusi, PMesi ypae11,e11,usi). 

/I.. B. Anocoe. 
IIEPHO,L(OrP AMMA - <l>ynm:1,n1t IN('>.), - oo <A.< oo, 

N - nenoe noJiomnTeJlbHoe, onpeAeJIJieMall no Bhl6opKe 
X (1), .•. , X (N) CTaU,nonapaoro CJiy'Iailrroro npou.ecca 
X (t), t=O, ± 1, .. ., cJteAYlOIIIRM o6paaoM: 

IN (A.)= (2nN)- ~ I a<J> (A.) 12• 

r)le 

a~> (A.)= ~;= 1 exp {- itA.} X (t). 

II. RBJIHeTcJ1 rrep110,!l,nqecRoil no A. !J>yrrRnIIeii c rrepI1o)lOM 
2rt. )];mp<JiepeHIJ,HpyeMaH cneRTpaJlbllaH IIJIOTHOCTb f (A.) 
ctan11orraprroro rrpo11,ecca X (t) co cpe)lHHM c= EX (t) 
MomeT 6h1Tb oneHeHa c noMOlllhIO IT. npn A.;CO (mod 2n) 

sin' NI., 

EJN(A.)=/ (A.)+(2nN)- 1 : c2 +0(N- 1). 

sin'T 

B TO IBe BpeM.R Il. He HBJ1HeTCJ1 COCTO.RTeJlbHOH OneHROH 
f(A.) (CM. [1]). CocTOllTeJl&Hhle cne1>mpa.1tb11,oii n.1tom11,ocmu 
OlfeHKU MoryT 6b!Tb IIOJlyqeHbl Ha OCHOBe HeK-phlx )laJib
Heiimnx IlOCTp00HMH, IfCllOJlbBYIOJnHX acnMilTOTifqecKyIO 
HeRoppeJIHpOB8BHOCTb Il. pa3HbIX 'IaCTOT At #A2, TaK 
qTo ocpen;He1rne I N(x) no 6JIM3RRM K 1-. 'IacToTaM MomeT 
npnBeCTH H aCHMTITOTH'Iec1m COCTO.RTeJlbHOM 011,eHKe. B CJlY
qae n-Mepaoro cJty'Iaiirroro rrponecca X (t)= {X k (t)} k=l.li 

MaTp1111,a nep11on;orpaMMbl I N(A.) onpe)leJIHeTCH CBOllMil 
aJleMeHTaMH 

IYJ il (A.)= (2nN)- 1 d~i (A.) d~i (A.). 

HapH)lY c rrepROAOrpaMMOH JN(A.), R-py10 em,e Ha3. IT. 
2-ro rropll)lRa, :llHOf)la paccMaTp11ea10T IT. m-ro nopH)lHa 

]~' ... km)(A.1, .. ., Am)=(2n)-m+1N-lfi7=1 d:kj(Aj), 

'1~ A.1·=0 (mod 2n), ""'-'1 =1 
R-phle HCilOJlbayIOT )lJIH IIOCTpoerrHH onerroR cneRTpaJlhHblX 
IIJIOTHOCTeii m-ro nopll)lR8 (cM. Cner;mpa.ttb11,b1ii ce.Muu11,
eapuanm). 

Jlum.: [1] B pH JI JI H H II )f( e p ,!],., BpeMeHHbl0 PIIIIbJ. 06pa-
60TKa gaHHblX n TeopnlI, rrep. c attrJI., M., 1980; [2] Xe H Ha H 3._, 
MHOrOMePHble apeMeHHble PHIIbl, rrep. c aHrJI., M., 19H. 

H. r. JRyp6ettno. 
IIEPHCTOE IIPOCTP AHCTBO - BIIOJIHe peryJ1Hpeoe 

xayc)lop!J>oao npocTpaHCTBO, 06Jia)la10m,ee orrepeHneM B 
HeR-pOM CBOBM xayc)lop!floBOM 6MROMilaRTHOM pacnrnpe
HHR. 0 II e p e H ll e M IIO)lIIpOCTpaHCTBa x TOIIOJIOrM'I. 
npocTpaHCTBa y B y Ha3. cqeTHaH CHCTeMa fP ceMeMCTB 
OTRpbITbIX MHOJReCTB B y TaRaH, qTO )lJIH RalR)lOH TOqRH 
x EX nepeceqeeIIe ee 3Be3A Sty (x) OTHOCIITeJli.Ho ceMeiicTB 
y E tf no aceM y E <vp conepmnTCH B X. II pn aroM a B e 3 n a 
Sty (x) T 0 'I K n x OTHOCMTeJlbHO CeMeHCTB MHomecTB y 
eCTb oo'heAHHeHne acex aJieMeHTOB ceMeiicTBa y, coAep-
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ma1IU1x x. EcJin rrpocTpaHCTBO X 06Jia11aeT orrepeuneM B 
HeK-poM CBoeM 6u1>0.Mna1>mno.M pacmupenuu, TO OHO 
HMeeT orrepeHne u B KalKJJ;OM 6HKOMIIaKTHOM xayc11opljlo
BOM pacmnpemm. EcJIH MHOJKeCTBO x HBJIHeTCH rrepece
'leHneM y6hIBarom:eii rrocae110BaTeJibHOCTH u 1 • u 2• ••• 
MHOJKeCTB, OTKphIThIX B o6'beMJIIOmeM x rrpoCTpaHCTBe Y, 
TO CHCTeMa { u 1}' { u 2}' . . . COCTaBJIHeT orrepeHne IIOA
rrpocTpaHCTBa X B Y. B 'laCTHOCTH, ecJin rrpocTpaHCTBo 
II 0 JI H 0 II 0 q e x y' T. e. HBJIHeTCH MHOJKeCTBOM THIIa 
G6 B HeK-pOM cBoeM 6nKoMrraKTHo xayc11opljloBoM pacnm
peHnn, TO 3TO - II. rr. Bee MeTpH'l. npocTpaHCTBa HB
JIHIOTCH rrepucThIMM. Ta KUM o6pa3oM, rroHHTue II. rr. 
HBJIHeTCH O/lHOBpeMeHHhIM o6o6m:eHUeM IIOHHTMM JIOKaJlbHO 
6MKOMIIaKTHOro IIpOCTpaHCTBa Il MeTpH'l. npocTpaHCTBa. 

RJ1acc II. II. )'CTOH'IMB OTHOCMTeJlbHO onepan;uii: npoU3-
Be11eHHe (B c11eTHOM 11ucJ1e) II. n. HBJIHeTCH II. rr., nepu
CTOCTb coxpaHHeTCH npn nepexo,a;ax K 3aMKHYTOMY IIOA
rrpocTpaHCTBY u K no,a;npocTpaHCTBY Tuna G6. Ilpoo6paa 
fl. II. I!pll COBepmeHHOM OT06pameHUll HBJIHeTCH IJ. II. 
(B KJiacce TUXOHOBCKUX npocTpaHCTB). Ilpe11n-0J10JKeH11e 
npocTpaHCTBa nepHCThIM 06ecne11uBaeT ero npaBUJlbHOe 
IIOBe11eHue BO MHorux cymecTBeHHhIX OTHOIIIeHllHX. BcH
KOe II. n. HBJIHeTCH k-rrpocTpaHCTBOM. Ram11oe c11eTHoe 
II. n. o6Jiap;aeT c'leTHoii 6aaoii. EoJ1ee Toro, ecJ111 B II. rr. 
eCTb C'leTHaH ceTb, TO B HeM eCTb u C'leTHaH 6a3a (11 3TO 
npocTpaHCTBO MeTpuayeMo). II pu HerrpephIBHOM oT06pa
meH1111 Ha II. n. Bee He MomeT yBeJI111111BaTbCH. BamHo, 
'ITO B np11cyTCTBHll nep:u:CTOCTll rrpnHn;mmaJlbHO MeHH
eTCH noBe11eH11e HeK-phlx 11pyr11x !J>yH,a;aMeHTaJlbHhIX 
cBoiicTB. B 11acTHOCT11, npo11aBe11eH11e napaKoMIIaKTHhIX 
II. n. HBJIHeTcH rrapaKoMnaKTHhIM II. n., xoTH napaKoM
naKTHOCTb caMa IIO ce6e He MyJlbTllIIJIUKaTllBHa. )J,aJiee, 
I1pOH3Be11eH11e !J>:u:HaJlbHO KOMIIaKTHhIX II. II. HBJIHeTCH 
ljlH:HaJlbHO KOMil8KTHhIM II. II., XOTH !J>uHaJlbHaH KOMilaKT
HOCTb He MYJlbTUIIJlllKaTHBHa. IloHHTlle rrepllCTOCTH II0-
3BOJlllJIO oxapaKTep:u:aoBaTb Te npocTpaHCTBa, K-phle 
MoryT 6hITb coBepmeHHO oT06pameHhl Ha MeTpn11. npo
CTpaHcTBa. A HMeHHO, IIJIH Toro 'IT06hl cymeCTBOBaJIO 
COBepmeHHOe OTo6pameHIIe THXOHOBCKoro IIpOCTpaHCTBa 
x Ha HeK-poe MeTpH'I. IIpOCTpaHCTBO, Heo6XO/IHMO II 
11ocTaT011Ho, 'lT06hl X 6hIJIO napaKoMnaKTHhIM II. n. 
(Teo p e Ma A p x a Hr e JI h c Ro r o). 06pa3 napa-
1\0MIIaKTHoro II. II. rrpn COBepmeHHOM OT06pameHirn 
RBJIHeTCH napaKOMilaKTHfilM II. II. (T e 0 p e Ma <I> II JI II II
I! 0 B a); O/lHaKO H3BeCTeH IIpIIMep CoBeprneHHOro OT0-
6pameHllH II. II. Ha HenepucTOe TIIXOHOBCKOe npocTpaH
CTBO. BaJKHhIMII npIIMepaMII HenapaKoMnaKTHhIX II. n. 
CJlyJKaT HenapaKoMrraKTHhle JIOKaJlbHO 6nKOMilaKTHhle 
IIpOCTpaHCTBa II Hel\teTpIIayeMhle M 0 p 0 B c K " e II p 0-
c T p a H c T B a - THXOHOBCKHe I!pOCTpaHCTBa co c11eT
Hoit H3MeJlb'laIOm:eiicH nocJie110BaTeJ1bHOCTbIO OTKpbIThIX 
noKpbITllll. )J,JIH npocTpaHCTB TOIIOJIOrH'l. rpynn H3 
nepHCTOCTR CJie,a;yeT napaKOMilaKTHOCTb. )J,JIH rpynn 
cnpaBe/lJIUB rrpOCTOii KpllTepuft ,Ile pIICTOCTH: IIpOCTpaHCTBO 
TOIIOJIOrU'l. rpyIIIIhl HBJIHeTCH nepHCTbIM B TOM II TOJlbKO 
B TOM CJly'lae, ecJIH B HeM 11MeeTCH HenyCTOil 6nKOMDaKT, 
06J1ap;arom11ii C'JeTHOH 011pe11eJ1HIOmeii CIICTeMOH oKpecT
HOCTeii (TeopeMa Ilacb1HKOBa). B npIIcyT
CTBMH rrepIICTOCTH cym:ecTBeHHO yrrpomaIOTCH KpIITepIIll 
MeTp11ayeMOCTH. B qaCTHOCTll, ecJ1u napaKoMnaKTHOe 
II. II. x B3allMHO O/IH03Ha'JHO II HerrpepbIBHO OTo6pamaeTCH 
Ha MeTpH'l. npocTpaHcTBo, TO X MeTpII3yeMo. Ha aToii 
OCHOBe ,a;oKa3hIBaeTCH, 'ITO TllXOHOBCKOe rrpocTpaHCTBO x 
MeTpM3yeMo B TOM H TOJlbKO B TOM CJiyqae' eCJIH OHO 
HBJIHeTCH rrapaKoMrraKTHhlM II. n. c p;11aroHaJibIO nma 
G{J; IIOCJlep;Hee ycJIOBUe 03HaqaeT, 'ITO MHOJKeCTBO ~= 
= { (x, x) : x EX} rrpe,a;cTaB11Mo KaK rrepecetJeHne cqeT
Horo ceMeiicTBa OTKpbITbIX B rrpoCTpaHCTBe xx x MHO
meCTB. II pnBe11eHHhle II 11pyrIIe pe3yJibTaThl noaBoJIHIOT 
C'lHTaTb nepRCTOCTb O/IHIIM H3 OCHOBHbIX 06IUHX CBOllCTB 
l\l:eTpH'l. IIpOCTpaHCTB II 6mwMrraKTOB HapH/lY c rrapaKOM
naKTHOCTbIO. 

Jlum.: [1] ApxaHreJJbCKHit A- B., Ilo_HOMa
p e B B. II.,, OCHOBLI 001I1eit TOllOJIOrHH B 3a)laqax H ynpalflHeHHll'.X, 
M., 1974; 12] A p x a Hr e JI b c K Hit A. B., «MaTeM. CO.>>, 1965, 
T. 67' No 1, c. 55-88; [3] <I> H JI H n n 0 BB. B., «.UOKJI. AH CCCP», 
1967, T. 176, No 3, c. 533-35; [4] TI a c bl HK 0 BB. A., TaM )f(e, 
1965, T. 161, No 2, c. 281-84. A. B. Apxame.ir.,,cnuu. 

IIEPII<l>EPIPIECKII BIIKOMIIAKTHOE IIPOCTPAH
CTBO - To110JiorH'lecKoe rrpocTpaHCTBo, o6Jiap;aromee 
6aaoii. OTKphIThIX MHOJKeCTB c 6UKOMilaKTHhIMH rpaHun;aMH. 
BrroJ1He peryJ1HpHoe II. 6. rr. X uMeeT 6u1>0.Mna1>mnb1e 
pacmupenuH c HYJlbMepHhIMII (B CMhICJle pa3MepHOCTM 
ind) napocma.Mu. EcJ1u BCHK:u:ii 6nKOMIIaKT A c::X p;orry
CKaeT BJIOJKeHne B llpyroii. 6:u:KOMIIaKT Bc::X' IIJIH K-poro 
B x UMeeTCH C'JeTHaH !J>yH)J;aMeHTaJlbHaH CllCTeMa OKpecT
HOCTeii (Harrp., Kor11a X MeTpnayeMo), nepn!J>epn11. 6u
KoMrraKTHOCTb x paBHOCHJlbHa cymecTBOBaHHIO y x 
6nKOMIIaKTHhIX pacm:u:peHuii c HYJlbMepHhlMM HapocTaMu. 

E- I'. CnAJ1pe1<1>0. 
IIEPMAHEHT {mX n)-MaTpHn;hl A= lla;jll - !J>yHKI~MH 

per A= ,l;0 aw (1) a2a (2) · • .ama (m)' 

rp;e a;j - 3JieMeHThl H3 KOMMyTaTHBHoro KOJlbIW, cyM
MUpoBaH:u:e rrpo:U:3BO/IUTCH no BCeM BaallMHO O/lH03Ha'JHhlM 
oT06pameH:u:HM a 11a {1, 2, ... , m} B {1, 2, ... , n}. 
EcJ1n m= n, TO a - BCeB03MOlHHhle rro11cTaHoBK11, :u: II. 
npep;CTaBJIHeT co6oii. qaCTHbIH CJiy'laii M a T p H 'I H 0 ii: 
!J>yHKn;un Illypa 

d~ (A)= ~OE H X (a) n; = 1 aia (i) 

np11 H=Sni X=1, r11e X - xapaKTep CTeIIeHH 1 Ha 
rro11rpynrre H c:u:MMeTp:u:qecKoii: rpynnw Sn (npn H =Sn• 
x (a)= ± 1, B 3aBHCllMOCTII OT 'JeTHOCT:U: a' rroJ1yqaeTCH 
orrpe11eJ1:u:TeJ1h). 

II. np11MeHHeTCH B mrneii.Hoii: aJire6pe, Teopuu Bepo
HTHOCTeii u KoM6uHaTop11Ke. B KoM6uHaTopnKe II. MOlHHo 

' HHTeprrpeT:u:poBaTb CJie11yrom:nM o6pa3oM: 'IllCJIO CllCTeM 
paaJIII'lHhlX rrpep;cTaBnTeJieii AJIH 3a11aHHoro ceMeiicTB-a 
IIO/lMHOlHeCTB KOHe'lHOro MHO)HeCTBa eCTb II. MaTpHll,hl 
HHIIH/leHTHOCTH IIJIH UlllfUaenmnocmu cucme.Mbl, CBH3aH
HOH c STHM ceMeHCTBOM. 

Hau60J1bill:U:H HHTepec rrpe11cTaBJ1HIOT II. MaTpuu. H3 
HyJleii: II e11HHHII ((0,1)-MaTpHI\), MaTp:u:n; c HeOTPill\aTeJlb
HhlMH p;eii.CTBHTeJlbHhlMII aJleMeHTaMH, B 'JaCTHOCTH II B a m
il hi c T 0 x a c T H 'I e c K H x M a T p II I\ (y K-pbIX 
cyMMhl 3JieMeHTOB no JII06oii. CTpOKe H J1I060My CTOJ16u.y 
paBHhl 1) II KOMIIJleKCHhIX apMIITOBhlX MaTpnu. 113 oc
HOBHbIX CBOMCTB II. CJie,a;yeT OTMeTHTb TeopeMy 0 paa
JIOlHeHHH (aHaJ1or TeopeMw JiarrJiaca JJ;JIH orrpe,a;eJIHTeJieii) 
n rnopeMy EuHe - Roillu, p;aromyro rrpe11cTaBJ1emie II. 
rrpoHaBe11eHIIH IIBYX MaTpIIn; qepea cyMMy rrpoIIaBeneHIIii 
II., o6pa3oBaHHhlx Ha coMHomuTeJ1eii.. )J,JIH II. KoMrrJieKc
HhIX MaTpun; IIOJle3HO npe,a;cTaBJieHHe ux B BII/le CK8JIHp
aoro npoII3BeneHHH Ha KJlaccax CIIMMeTpHH BIIOJIHe CIIM
MeTpU'IHhlX TeH30pOB (cM., Harrp., (3)). 01IIIH H3 Ha1I60J1ee 
a!J>!J>eKTIIBHhlX crroco6oB Bhl'IHCJieHHH II. p;aeT qi o p M y JI a 
P a ii a e pa: 

per A= ~m-l (-1(~ Jf" ri(X), 
l=O XeAm-t t=l 

r11e A,, - COBOKyIIHOCTb rro11MaTpHI\ pa3Mepa mX k 
1rna,a;paTHoii. MaTpHI\bI A, r;=r;(X) - cyMMa aJieMeHTOB 
B i-ii CTpoKe x' i, k= 1, ... , m. BBH/IY CJIOlHHOCTU 
Bhl'lHCJleHIIH II. samHhl ero ou.eHKH. HIIme npnBep;eHhl 
HeK-phle H3 on;eHOK CHH3Y. 

a) Ecm1 A ecTb (0, 1)-MaTpuu.a c r;(A);;;,:t, i=1, ... , 
m, TO 

per A~ t !/(t-m) ! 
rrpH t;;;,:m, 

per A~ t !, 

ecJ111 t <m n per A >O. 
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6) Ecm1 A eCTb (0, 1 )-MaTpnua IIOpflAKa 

per A :;?: fl~ { r i + i - n}, 
<=I 

n, TO 

. . . 
rAe T1 ;;;;:r2;;::;: •. • ;;;;,rn - cyMMhl 2Jie~rnHTOB B CTpoKax A, 
pacrroJiomeHHhle B rropHAKe HeaoapacTamrn, {r 7 + i-n }= 
=max(O, r~ +i-n). 

IIEPIIEH):J;HKY .JIHPHblE IIPHMblE rrpHMhle, co-
CTaBJIHIOIUIIe rrpflMOH yroJI (B rrpocTpaHCTBe TaKne IIpH
Mhle He AOJill\Hhl o6RaaTeJihHO rrepeceKaTbCH). II pHMaH l 
H IIJIOCKOCTb a Ha3. B3al!MHO rreprreH/J;l!KYJIHpHhIMH, 
eCJil! l rreprreHAl!KYJIHpHa KO BCHKO:ii rrpHMO:ii, Jie;Kam;eii: 
Ha a. 06 o6o6lll,eHHH IIOHHTl!H rreprreHAl!KyJIHpHOCTH CM. 
CT. OpmoeonaAbnocmb. 

a) Ecm1 A - rroJiomnTeJibHo rroJiyorrpeAeJieHHaH 
Ml!TOBa MaTpl!ua rropHAKa n, TO 

A n' fin I 12 per :;?: s(A)n i =1 r; • 

IIEPPOHA HHTEI'P A.JI - o6o6IUeHIIe rroHHTHH nH-
ap- TerpaJia Jle6era. <l>yHKil,l!H f (x) Haa. n H T e r p H p y

e Mo ii Ha [a, b) B c M hi c JI e II e p p o Ha, ecJin cy
lll,eCTBYIOT iJ>yHKil,l!l! M (x) (MamopaHTa) 11 m (x) (MHHO
paHTa) TaKne, qTo 

rAe s(A)=L 1Jaij• ecJin s(A);tO. 
OueHKn IT. caepxy: 
1) AJIH (0, 1 )-MaTpl!Il,hl rropHAKa n 

nn I/r. 
Per A .,;:::: (r · I) ' • 

---=::: i =1 l. ' 

2) AJIH BIIOJIHe Hepa3JIOll\IlMOll MaTpllll,hl IIOPflAKa n 
c HeoTpnuaTeJihHhlMn ueJihlMn aJieMeHTaMn 

per (A) ,,;;_:;; 2< IA)-2n + 1; 

3) AJIH KOMIIJieKCHOH HOpMaJihHOll MaTpMil,hl c co6cT
BeHHhlMil 3HaqeHIIHMH A1, • . . , An 

Han6oJiee H3BeCTHoii rrpo6JieMof1 a rnop1rn IT. HBJif!Jiacb 
r n n o T e 3 a B a H A e p B a p A e H a : IT. ABamAhI 
cTOxacTnq. MaTpl!IJ,hl nopRAKa n orpam1qeH cmrny ae
JinqnHo.ii: n !fnn, l! 3TO 3Haqemrn AOCTl!raeTCH Jll!lllb AJIH 
MaTpl!Il,hl, COCTaBJieHHOll l!3 Apo6e:ii 1/n. IToJIOll\l!TeJibHOe 
pemeHne 3Toii" rrpo6JieMhl 6bIJio rroJiyqeHo B 1980 (cM. [4)). 

Ma npIIMeHeHn:ii IT. cJieAyeT oTMeTl!Th CBH3h c II3BecT
HhIMII l'iOM6Unamopnbl,J1£U aaaa'laMU 0 BCTpeqax, 06 l!C
IIOJIHHTeJIHX, c <J>u6ona'l'lU 'lUC.ttaMU, c rrepeql!CJieHl!eM 
Aamuncr;ux r;oaapamoo n TpoeK IllTe:iiHepa, c Haxom-
11;eHHeM qncJia 1-iJ>aKTOpOB M JIHHeMHhlX IIOArpaiJ>oB B 
eparfje; ABall\Ahl CTOXaCTl!q. MaTpl!Il,hl CBH3aHbl c HeK-pbIMil 
BepOHTHOCTHhlMl! MOAeJif!Ml!. l1HTepeCHhl iJ>l!3Hq. rrpnMe
HeHl!H IT., cpeAII K-pbIX HaII6oJiee aamHa rrpo6JieMa AII
Mepoa, B03HHKaIOm;aH rrpn nayqeHIIl! aacop61Juu AByxaTOM
HhIX MoJieKyJI noaepxHOCTHoro cJioH: qepea IT. (0, 1)
MaTpIIIJ.hl IIpOCTOro CTpoemrn BhlpamaeTCH ql!CJIO crro
co6oB o6'heAHHeHHH aTOMOB aem;ecTBa B AByxaTOMHhle 
MOJieKyJihl. l13BeCTHhl TaKme rrpnMeHeHHH IT. B CTan1-
CTnq. iJ>l!3l!Ke, Teopnl! Kpl!CTaJIJIOB, iJ>nal!q. XHMl!l!. 

Jlum.: [1] Pall a e p r. A IB., KoMOHHaTOpuaa MaTeMaT1IBa, 
nep. c aHrJJ., M., 1966; L2] ca q K 0 BB. H., KOMOHHaTOPHbJe Me
TOAbl AHCKPeTHOit MaTeMaTHKH, M., 1977: [3] MHHK x., IlepMa
HeHTl>I, nep. c a1m11.,M., 1982: [4] Eropbl<Jea r. n., PemeHHe 
npooneM1>1 Bau p;ep Bap11;ena AJIH nepManeHTOB, Kpacno11pcK, 1980; 
[5] <I> a JI HK Ma H ,a:. II., «MaTeM. aaMeTKH», 1981, T. 29, B. 6, 
c. 931-38. B. E. Tapa11a>w•. 

IIEPMYTATOP - co6cTBeHHOe aHaqeHne A cTOxacTnq. 
HApa TaKOe, qTO OHO OTJil!qHO OT eAHHHil,hl n IA1=1. He
OTpnuaTeJibHaH HerrpephlBHaH iJ>yHKUHH K (x, y), aaAaHHaH 
Ha KOMIIaKTHOM MHomeCTBe Q KOHeqHOMepHoro rrpo
CTpaHCTBa, Ha3. CTOXaCTHqecKl!M HAPOM, 
ecmr 

I K (x, y) dy=1, xEQ. .)g 

Co6cTBeHHhle 3HaqeHnH TaKoro HApa ynoaJieTBOpHIOT yc
JIOBHIO IAl <:1. B TeopnII orrepaTOpoB IT. Ha3. orrepaTop 
A : E -+ E, ecJin o6JiaCTh ero 3HaqeHn:ii A (E) KoHeqHo
MepHa H B 3TO:ii o6JiaCTH Cylll,eCTByeT TaKo:ii 6a3l!C el, 
••. , em qTO Aej=ekf' j=1, .•. , n. 

Jlum.: [1] IIHTerpaJibHhie ypaauemrn, M., 1968. 
B. B. Xeeae.11.uaae. 

IIEPIIEHJ:J;HKY JI.RP K 11;aHHoii rrpHMOM (IIJIOCKOCTH) -
!!pHMaH, nepeceirnIOIUaH AaHHYIO rrpHMYIO (rrJIOCKOCTb) 
ITO/I; rrpHMhIM yrJIOM. 

M (a) =0, !}M (x):;?: f (x), !!_M (x) ;t - co, 

m (a) =0, Dm (x) ,,;;_:;; f (x), Dm (x) ;t + oo 

(D n D - Hl!ll\HHH II aepxHHH rrpoII3BOAHhle) AJIH x E [a, b] 
l!-HHll\HHH rpaHh aHaqeHl!H M (b) MamopaHT M (x) paaHa 
BepxHe:ii rpaHl! aHaqeHII:ii m (b) MHHopaHT m (x); nx o6m;ee 
3HaqeHne Ha3. II H T e r p a JI o M II e p p o H a OT f (x) 
Ha [a, b) n o6oaHaqaeTCH 

(P) ~: f (x) dx. 

TI. l!. BOCCTaHaBJIHBaeT iJ>yHKil,HIO no ee TOqHoii: KOHeq
HOM rrpoII3BOAHo.ii:; oH 3KBIIBaJieHTeH I{ an:J11:ya unmeepaAy 
yaKoMy. II. n. AJIH orpaHIIqeHHhlx iJ>yHKun:ii BBeJI 0. Ilep
pon [1), oKoHqaTeJibHoe orrpeAeJieHIIe 11;aJI X. Eayap [2). 

Jlum.: [1] Perron 0., «Sitzungsber. Heidelberg. Acad. 
Wiss.», 1914, Bd VA., S. 1-16; [2] Bauer H., «Monatsh. Math. 
und Phys.», 1915, Bd 26, S. 153-98; [3] Ca R c C., Teop1rn HH
Terpana, nep. c aurJI., M., 191,9; [t,] B H Hor pa Ao Ba II. A., 
CR a op no B B. A., IITOrH uay11u. MaTeMaTHqecRHll aHaJIHa, 
1970, M., 1971. T. II. Jly11auteHiro. 

IIEPPOHA METOA - MeTOA pemeHHH ,l{upuue aa
aa<tu AJIH JI anAaca ypaonenun, OCHOBaHHhl:ii Ha CBO:iiCTBaX 
cy6eapMOl/,U'1ec1mx rfjyHl'ilfUU (II cyrreprapMOHHq. iJ>yHKIJ,Hii). 
IIepaoHaqaJibHOe l!3JiomeHne aToro MeToµ;a 6bIJio 11;aHo 0. 
IIeppoHoM [ 1], cyIUeCTBeHHoe pa3BHTne noJiyqeHo e 
pa6oTax H. BnHepa [3) n M. B. KeJI/J;hlll!a [4]. 

IIycTb Q - KOHeqHaH o6JiaCTh eBKJIHAOBa rrpocTpaH
CTBa fR.n, n;;;;,2, c rpaHnuefi f=aQ, f=f(y) - 11;e:iicT
Bl!TeJihHaH iJ>yHKUHfl Ha r, - 00 .,.;:f (y) <+ 00. IIyCTb <l> -
(HerrycToe) ceMe:iicTBO acex cyrreprapMoHnq. iJ>yHKunii 
v(x), xEQ, B ll!RpOKOM CMbICJie (T. e. iJ>yHKil,l!H v(x)=+oo 
rrpIIHaAJiemnT <l>), orpaHnqeHHhlX CHH3Y n TaKnx, qTo 

lim infv (x):;?:/ (y), yEf, 
X-+ y 

n rrycTh 

H 1 (x)=H1(x; Q)=inf{v(x): 11EID}, xEQ, 

- Hl!ll\HHH orn6aromaH ceMeHCTBa <l>. HapRAY c <l> pac
cMaTpnaaeTCfl (HerrycToe) ceMe:iicTBO 'I' acex cy6rapMoHnq. 
iJ>yHKUH:ii u(x), xEQ, B llll!pOKOM CMhlCJie (iJ>yHKil,l!H u(x)== 
=-co E 'I'), orpaHnqeHHhlX caepxy n TaKnx, qTo 

lim supu(x).;;;;;f(y), YEf, 
x-+y 

l! IIYCTb 
!!.1(x)=!!.1(x; Q)=sup{u (x): uE'I'}, xE!l, 

- aepxHHH orn6aromaH ceMe:iicTBa 'I'. 
0THOCnTeJibHO ii>YHKil,l!H ii I (n 1!_1) HMeIOTCH: TOJILKO 

Tpl! B03MOll\HOCTn: ii1 (x)~+co, H1(x)=-co, Ji 1(x) -
ra pMOHl!q. ii>YHKil,Hfl, rrpIIqeM scer11;a 

!!_1(x) .;;;;;H1(x), xEQ. 

<l>yHKUHH f (y), y Er, Ha3. p a a p e Ill n M o ii:, ecJin o6e 
orn6arom;ne ii 1 n !!i 1rnHeqHhl n c~rra11;a10T. B 3TOM 
cJiyqae rapMOHl!q. iJ>ynKIJ,HH H 1 (x)=H1 (x)=!!_1(x) ecTh 
o6o6IUeHHoe pemenne 3a11;aqn J:J;npnxJie 
AJIH ii>YHKil,Hll f (y), y Er (B CMhlCJJe B1rnepa - IleppoHa). 
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)],JUI Toro qT06hl ilJymu~HH f (y)' y Er' 6hlJia pa3pemHMOH, 
Heo6xOAHMO II AOCTaTOqHO, qro6hl Olla 6hlJia HHTerp11pye
MOH no rapMoH11q. Mepe Ha r (T e o p e M a B p e JI o). 
Jlro6aH HerrpephlBHaH KOHeqHaH .iliYHKIJ;llH f(y), yEf, pa3-
pemnMa (Teo p e M a B 11 H e p a). 

ToqKa Yo Ef Haa. p er y JI H pH o ii: r pa H n q Ho ii: 
T 0 q K 0 Il:, ecJill AJIH JII06oil: HerrpephlBHOH KOHeqHOH 
«PYHKIJ;llH f (y), y Er' BhlIIOJIHHeTCH rrpeAeJibHOe COOT
HOIDeHlle 

lim H1(x)=f (Yo)· 
x-+- Yo 

PeryJIHpHOCTb Bcex ToqeK y Er p8BHOCHJibH8 cymecT
BOBaHHIO KJiacc11q. perneH11H w 1 (x) aaAaq11 )J,11p11xJie AJIH 
JII06o.ii: HerrpephlBHOH KOHeqHOH «PYHI\IJ;Hll I (y), y Er' 
rrpnqeM B noM cJiyqae H1 (x)~w1 (x); o6JiacTb Q, ace 
rpa1I11q1Ihle TOqKH K-poli peryJIHpHhl, llHOrAa Ha3. TaKme 
p e r y JI H p H 0 ii:. )J,JIH TOro qT06hl TOqKa Yo Er 6hlJI8 
peryJIHpHOH, Heo6XOAllMO II AOCTaTOqHO, qT06hl cyrn;ecT
BOBaJI 6apbep B Yo· 

ToqKH Yo Er, He HBJIHJOm11ecH peryJIHpHhlMll, Ha3. 
H p p e r y JI H p H hi M H r p a H II q H hi M II T 0 q K a
M H. Harrp., 11pperyJIHpHhlMH rpaHH'IHhlMll TOqKaMll HB
JIHIOTCH H30JI11pOBaHHh10 TOqKll H rrp11 n> 3 BepIIIHHhl 
AOCTaroqHO CllJibHO 3aOCTpeHHbIX BXOAHm11x B o6JI8CTb Q 
ocTpnii: (rr p H M e p JI e 6 e r a). MHomecrao acex 11ppe
ryJIHpHbIX Toqel\ f eCTb MHOJReCTBO TllIIa F o eMKOCTll 
Hy Jib. 

IlyCTb Il.MeeTCH IIOCJieAOB8TeJibHOCTb o6JiaCTeii: Q,,, 
Q,,cQ1<+1t raKaH, qro Q= Uk'=1Q,,, 11 HerrpephlBHaH 
KOHeqHaH «PYHKIJ;llH t (y), y Er' IIPOAOJill\eHa HerrpepbIBHO 
Ha OKpecTHOCTb r. TorAa 

lim H1(x; Q1<)=H1(x: Q), xEQ, 
k-+-"' 

paBHOMepHo BHYTPll Q; B cJiyqae peryJIHpHhlX o6Jiacreli 
Q,, 3AeCb IIOJiyqaeTCH KOHCTpyKIJ;HH o6o6meHHOro perneHllH 
aaµ;aqn )J,11pnxJie rro B11Hepy. PaccMorp11M rerrepb AJIH 
o6JI8CTll Q 6e3 BHyrpeHHe.ii: rpaHllD;hl rrpOH3BOJ!bHYIO 

IIOCJie,a;oBaTeJibHOCTb o6JiaCTefi G,,, &G,,-+ r, G11:::::iQ. 
B aroM CJiyqae, Boo6me roBopH, 

lim H 1 (x; Gk) :I= H1(x; Q). 
k->"' 

3aAaqa ,lJ,np11xJie ycToftqnaa B 06Jiacr11 Q HJIH B 3aMKHY

Toil: 06Jiacr11 Q, ecJI11 

lim HI (x; Gk) =HI (x; Q) 
k->"' 

cooTBeTCTBeHHO ,D;JIH acex x E Q HJIH AJIH acex x E Q. )J,JIH 
ycTOii:q11BOCTll 3aAaqH )J,11p11xJie B o6JiaCTII Q Heo6XOAllMO 
II AOCTaToquo, qTo6bl MHOIBeCTBa BCeX npperyJIHpHblX 

ToqeK AOIIOJIHeHllH CQ 11 CQ coarraAaJI11; AJIH ycToiiq11-

BOCTll B 38MKHYTOH o6JiaCTH - qTo6bl AOIIOJIHeHlle CQ 
He llMeJIO 11pperyJIHpHhlX ToqeK (T e 0 p e M hi I\ e Jl
A hi III a, CM. [4], rAe IIOCTpOeH T8KJRe rrp11Mep peryJIHpHOH 
o6JiaCTH Q, BHYTPH K-po.ii: 38Aaqa )J,11p11xJie HeycToii.q1rna). 

CM. TaKme Bepxnux u llUJ1CllUX rfiynr;quu .Memo&. 
Jium.: [1] Perron 0., «Math. Z.», 1923, Bd 18, S. 42-54; 

[2) TI e T p OB CH H II II. r., «YcnexH MaTeM. HaYH», 1941 [1940), 
a. 8, c. 107-14; [3) W i e. n er N., «J. Math. and ~hys.», 1924: 
v. 3, p. 24-51, 127-46, 1925, v. 4, p. 21-32, [4) I\ e JI 
JJ: him M. B., «YcnexH MaTeM. uaym>, 1941 [1940), a. 8, c. 171-
231; (5) B p e JI o M., Ocuosbl HJiaccH<JecHoll: TeopHH noTeHUHaJ1a, 
nep. c ljlpauu., M., 1964. E. JI,. COJtoJ11e1H~ee. 

llEPPOHA IIPEOBP A30BAHIIE opToroHaJibHoe 
(YH1IT8pHoe) rrpeo6paaoBaH11e 

· ~n i · x'= . u1.(t)yl, i=1, ... , n, 
1=1 

(1) 

aaa11cHmee OT t n rrpeo6paayromee JI11Heii.Hyro cn
o6blKHoBeHHhlx An«P«PepeHu;naJihHblX ypaBHea11ii. 

(2) 

B CHCTeMy TpeyroJibHOro BHA8 

il='~~ _p1
1:(t)yl, i=1, ... , n. (3) 

"'-'1=1 

BBeAeHO 0. IIeppoHoM [1]. CrrpaBeAJillBa Teo p e Ma 
II e p p 0 H a : AJIH BCHKOii: JIHHeRHOH CllCTeMhl (2) c 

HenpephlBHhlMH Koa«P«P11u;11eHTaMn a j( t) cymecTByeT II. rr. 
II. II. CTpOHTCH c IIOMOIIl,bIO rrpou;ecca OpToroHaJIH3a

u;1111 fpaMa - lliMH,ll;Ta (rrpn K8IBAOM t) CllCTeMhl BeKTOpoB 
X1 (t), ... , Xn (t), rp:e X1 (t), ... , Xn (t) - K8K8H-Jill60 
rfiyn&a.Menma.rtbnaa cucme.Ma peutenuu cncTeMhl (2), rrp11-
qeM p83JIHqHble «PYHAaMeHT8JlbHbi0 CllCTeMbl AaJOT, Boo6me 
roaopH, paaJinqm.ie II. rr. (cM. (1], [2]). )J,JIH c11cTeM (2) 
c orpaH11qeHHhlMH aerrpepbIBHblMH Koalfi«P11u;neHT8M11 ace 
II. II. HBJIHIOTCH llanyno1Ja npeo6paao1Janusi.Mu. 

EcJI11 M8TpnqH03HaqHaH «PYHKIJ;HH I la~ (t) II, i, j= 1, ... , 
n, HBJIHeTCH per;yppenmnoi1 rPYlll>l{Ueu, TO Haii:p:eTCH 

peKyppeHTH8H MaTp11qH03HaqHaH «PYHKIJ;llH llu] (t) II, i, j=1, 
... , n, TaKaH, qTo (1) eCTb II. II., rrpllBO,ll;Hru;ee CHCTeMy 
(2) K TpeyroJibHOMY BHAY (3), rrpnqeM «PYHKIJ;HH 

l/pJ(t)ll• i, j=1, ... , n, 

peKyppeHTHa. 
Jium.: (1) Perron o., «Math. Z.», 1930, Bd 32, S. 465-73; 

[2] D i Ii be rt o S. P., «Ann. Math. Studies», 1950, v. 20, p. 
1-38; [3] B hi JI 0 B B. <I>., B II H 0 r pa JI: P. 3., r p 0 5 Ma H 
,U. M., H e M hi u H H ll B. B., TeopHH no1<aaarnJ1ell JIHnyuoea H 
ee np1rnoa<eHHH H sonpocaM ycTOll'JHBOCTll, M., 1966; [4J II a o-
5 o e H. A., e co.: lITorH HaYHH H TeXHHHH. MaTeMaTH'JeCHHll aua
JIH3, T. 12, M., 1974, c. 71-146. B. M. MUJlJlUOIWfU1WB. 

IIEPPOHA - CTHJIThECA HHTEfPAR - 0606Iu;eH11e 
IIOHHTHH lleppona unmezpa.ria OT «PYHRUllH OAHOro p:eli
CTBHTeJibHOro rrepeMeHHoro. I\oHeqHaH «PYHRIJ;HH f (x) 
Haa. llHTerp11pyeMoii: B CMblCJie IIeppoHa - CTHJITbeca 
OTHOCHTeJibHO KOHeqHoii. !J>yHKIJ;llH G (x) Ha [a, b], ecJIH 
Ha [a, b] cymecTByJOT MamopaHTa M (x) 11 MllHopaIITa 
m (x) «PYHKIJ;llH f (x) OTHOCllTeJibHO G (x) Ha [a, b] c M (x)= 
=m(a)=O TaKne, qTo B Kamp:oii: roqKe xE[a, b] 

M (x+~)-M (x-a)'.:;?!f (x) (G (x+~)-G (x-a)), 
m(x+~)-m(x-a),;;;;;;f (x) (G (x+~)-G (x-a)) 

rrp11 Bcex AOCTaToqHo MaJiblX a'.:;?!0 11 ~>O, KpoMe Toro, 
HllIBHHH rpaHb qnceJI M (b), riie M (x) - rrponaBoJibHaH 
MamopaHT8 t (x) OTHOCllTeJibHO G (x), II BepXHHH rpaHb q11-
ceJI m (b), rp:e m (x) - rrpo113BOJihHaH M11HopaHTa f (x) 
OTHOCHTeJibHO G (x), paBHbl Memp:y co6oii:. 06rnee 31IaqeH11e 
::JTllX ABYX rpaae.ii: H83. II.-C. H. OT f (x) OTHOCllTeJibHO 
G (x) aa (a, b] 11 o6oaHaqaeTCH 

(P -S) ~~ f (x) dG (x). 

TaKoe o6o6meune HHTerpaJia IIeppoHa BBeJI 0. YopA 
[1]. 

Jlum.: [1] Ward A. J., «Math. Z.», 1936, Bd 41, S. 578-
604; [2] Ca H c C., TeopHH HHTerpaJ1a, nep. c aHrJJ., M., 1949; 
[3) B H H 0 r pa JI: 0 Ba H. A., c" B 0 p u 0 BB. A., B HH.: MaTe
M8TH'JeC!<Hil aHaJJH3. 1970, M., 1971, c. 65-107. T. n. Jlynaweniw. 

IIEPPOHA - <l>POBEHIIYCA TEOPEMA: rrycTb 
p:eii.cTBHTeJihHaH RB8Ap8TH8H (n X n)-MaTpnu;a A, pac
cMaTpHBaeMaH KaR onepaTop B rrpocTpaHCTBe IR.n, He 
HMeeT HHBapJiaHTHhlX ROOpARH8THbIX IlOAIIpOCTp8HCTB 
(T8K8H M8Tpnu;a H83. H e p a 3 JI 0 JR " M 0 ii:) II HeOTpH
u;aTeJibHa (T. e. ace ee aJieMeHTbl HeoTp11u;aTeJibHbI). 
11 nycTb A1, ... , An - ee co6cTBeHHbie 3HaqeHHH, aaHy
MepoBaHHhle T8R, qTO 

!Ail=··· =!Ahl> IAh+1l'.:;?! ... '.:;?!IAnl• 1,;;;;;;h,;;;;;;n. 
TorAa: 

1) qncJio r= IA11 - rrpocToii. rroJiomnTeJibHhIH KopeHb 
xapaRTepucT11q. MHoroqJieHa MaTpnu;&1 A; 

2) cyrnecTayeT co6cTBeHHhili BeRTop ~iaTpnu;hl A c 
IIOJIOJRHTeJibHb!MH ROOPAllHaTaMH, COOTBeTCTBYIOmHiI r; 

3) q11cJia A1, ..• , Ah coarraAaJOT c ToqHoCTbJO AO HyMe
pa~nn c q11cJiaM11 r, wr, ... , wh- 1r, rAe w=e2nifh; 
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4) npo1rnBeAeHHe JII06oro COOCTBeHHOro 3Ba'lemuI MaT- u, cop;,epltrnmeMyCH B v, CTaBHTCH B COOTBeTCTBHe IIOAOpo-

p1rn;hl A Ha w ecTh co6cTeeHHoe aHa'leHne MaTpnohl A; cTpaHcTeo U', coAepmameecH e V', Ha3. II e p c II e K-
5) npH h>1 Hail:aeTCH nepecTaHOBKa CTpOK II CTOJI6- T II B H bl M 0 T 0 6 p a 1R e H II e M IIpOcTpaIICTBa v 

uoe, IIplIBOAHmaH MaTpnuy A K en.n;y Ha rrpocTpaHcTBo V' c 0 eHTpoM rrepcrreKTllBhl T. 
0 A1 0 ... 0 0 IT. eCTb IW/t.ltUIUlllfUJI,. EcJIII IIOAIIpocTpaHCTBa v II V' 

rrepeceKa10TCH 1 TO I\alRAaH TO'IKa IIOAIIpOCTpaHCTBa V n V' 
0 0 A2 ... 0 0 caMa ce6e COOTBeTCTByeT. 

0 0 0 ... 0 Ah-l 
AhO 0 ... 0 0 

rAe Ai - Ma Tpnohl rropH,e;Ka nh -1. 

0. ITeppoH AOKa3aJI B [1) YTB0P1RA0HllH 1) II 2) AJIH 
IIOJI01RIIT0JibHblX MaTpnu, a B UOJIHOM o6'heMe rrpneeAeH
HYIO TeopeMy AoKaaaJI CD. Cllpo6eH11yc e [2). 

Jlum.: [1) Perron 0., «Math. Ann.», 1907, Bd 64, S. 248-
263; [2] Fro be n i us G., «Sitzungsber. der Kg!. Preuss. Akad. 
Wiss.», 1912, S. 456-77; [3) r a HT Max e p <I>. P.. Teop11a 
MaTpHu, 3 H3U., M., 1967. JI,. A. Cynpyuemto. 

IIEPCEH KPHBAH, c rr 11 p 11 11 e c K a H K p n: e a H,
IIJiocKaH aJire6pa11q. Kp11BaH 4-ro IIOPHAKa; HBJIH0TCH 
JillHH0H rrepeceqeHllH rroeepxHOCTll Topa IIJIOCKOCTb10, 
rrapaJIJieJibHoii ero ocn (cM. pnc.). YpaeHeHne e rrpHMO
yroJibHhIX KOOpA11HaTax: 

(x2 + y2 + p2 + d2-r2)2 = 4d2 (x2 + p2), 

rAe r - paAnyc OKpyiRHOCTll, OUllCbIBaIOmeii TOp, d -
paccTOHHlle OT rraqaJia KOOpAllHaT AO ee oeHTpa, p -
paccTOHHlle OT OCH Topa AO ceKymeii UJIOCKOCTll. }\ IT. K. 

d>r lf=r d « r 

81800$ 
p=o p..,o p=o 

818$-$-
p<d-r p<r p<d 

o+o-$--$-
p=d-r P=r p=d 

c*3.-+ 
P>d-r p>r P>d 

OTHOCHTcH: Byma .1te.Mnuc1>ama, Kaccunu oea1t n nep
ny.1t.1tu .1te.M1tuarnma. 

IT. K. Ha3eaHa no 11MeH11 Apeeaerpeq. reoMeTpa ITepceH 
(2 B. AO H. a.)' JICCJI0AOBaemero ee B CBH311 c 113yqe1111eM 
pa3JIII'IHhIX crroco6oe 3aAaHn:H K p1IBhlx. 

Jlum.: [1] c a B e JI 0 B A. A., IIJJOCKHe RPHBhle, M., 1960. 
JI,. JI,. Co1wJtoB. 

IIEPCllEKTIIBA c 0 e H T p o M S - oT06pamerrne 
IIJIOCKOCTH :n: B OJIOCKOCTb :n:'' rrpn K-poM Kamii:oii TO'IKe 
M IIJIOCKOCTll :n: CTaBllTCH B COOTBeTCTBlle TO'IKa M' rrepe
ceqeHllH rrpHMoii SM c IIJiocKOCTh10 n' (ecJIH npHMaH SM 
He rrapaJIJieJihHa IIJIOCKOCTll 11'; CM. pn:c.). 

s 
B rrpoeKTllBHoii reoMeTp1111 IT. orrpe

A0JIHeTcH cJie1i:y10mn:M o6pa3oM: nycTb 
V H V' - co6cTeeHHhle rroii:rrpocTpaH
cTea OAllHaKOBOH pa3MepHOCTll rrpoeK
THBHOro rrpocTpaHCTBa Q, T - IIOA
rrpocTpaHCTBO MaKCllMaJihHOH paaMep
HOCTH, rre J1Me10mee 06rn;11x TO'leK HII 
c V, Hll c V'. ITycTb U - rroii:rrpocT
paHCTBO, coii:epmameecH e V, n W -
rroii:rrpocTpaHCTBO MHHllMaJibHOH paa
MepHOCTH, coii:epmamee Un T, a U' -
rrepeceqemrn W n V'. CooTeeTcTene, 
rrpn K-pOM KalRAOMY IIOAIIPOCTpaHCTBY 

EcJI11 e rrpocTpaHcTBax V 11 V' eeeAeHbl rrpoeKTIIBHhle 
KOOPAllHaTbl, TO rrepcrreKTllBHOe COOTBeTCTBlle MOlReT 
OhITh 3aAaHo mrneiirrhIM oT06pameH11eM. 

Jlum.: [1] A p T 11 H 8., reoMeTp11qemma aJireopa, nep. c aHrJI., 
M., 1969; [2) r JI a r 0 JI e B H. A., IIpoeKTHBHRJI reoMeTPHJI, 
2 H3)1., M., 1963. II. C. Mo8e><oB. 

IIEPD;EHTU:Jlb - OAHa na q11cJI0BhIX xapaKTep11cT11K 
pacrrpeAeJieHnH eepoHTrrocTen; 'lacTHhIH cJiyqaft 1>eanmu1tu. 
MMeHHo, IT. oIIpeA0JIH0TCH KaK KBaHTIIJib Kp_, cooTB0TCT
ey10m;aH 3Ha'l0HllHM p, paBHhlM j/100 AJIH j=O, 1, 2, ... , 
99. ,Il;JIH HerrpepbIBHOll CTporo MOHOTOHHOH ljiyHKollH 
pacrrpeAeJieHnH F (x) j-H rrepoeHTllJib rrpeAcTaemrnT co6oii 
perneHne ypaeHeHnH 

F(x)=1~01 
j=O, 1, 2, ... , 99. B MaTeMaTll'I. cTaT11cT11Ke IT. AaIOT 
xopornee npe1i:cTaeJieH11e o BIIAe ljiyHKonn pacrrpeAeJieHnH. 
IT. TaKme Ha3. II p 0 0 e HT II JI H Mn:, HJill Ile HT H· 
JI H M 11. A. B. flpoxopo8. 

IIETEJlb IIPOCTP AHCTBO - crra6meHrroe KOMIIaKT
rro OTKphlTOH TOrroJiornell: rrpocTpaHcTBo QX ecex rreTeJih 
B TO'IKe * TOIIOJIOrll'I. rrpocTparrcTea x c OTMeqeHHOll 
TO'IKOH *· IT. rr. HBJIHeTcH cJioeM Ceppa pacc1toenu1£ 
(E, p, X) HaA rrpocTpaHCTBOM X (aAecb E - nymeu 
npocmpancmeo). A. <P. XapmUJtaaae. 

IIETEPA - BEO:JIH TEOPEMA - TeopeMa 06 arr
rrp0Kc11Ma01111 ljiyrrKonii rra KOMUaKTHOH TOIIOJIOr11q. rpyrr
rre npeiJcmaB.ltRIOUfU.Mu rfiy1t1>lfUR.MU. ITycTb :rt rrpo6eraeT 
ceMencTBO L rrpeAcTaenTeJieil: ecex KJiaccoe 3Ke11eaJierrT
rrocT11 Herrp11eo1i:11MhIX HerrpepbIBHhIX yH11TapHhIX rrpeA
cTaeJieHnii KOMIIaKTHOH rpyrrrrhl G. IlycTb dim :rt - pa3-
MepHOCTb rrpeACTaBJieHllH :n: II u~7) - ero MaTpll'IHble aJie
MeHTbl B HeK-poM opTOHOpM11poea1IHOM 6a311ce. Il.-B. T. 
yTeepmAaeT, 'ITO ljiyHKo1111 enAa 

ydimn ugtl (nE~) 

06paay10T opToHopMnpoeaHHhlH 6aa11c e rrpocTpaHcTee 
z 2 (G) cyMM11pyeMbIX c KBaApaTOM ljiyrrKonii OTHOCH
TeJibHO Mephl Xaapa Ha G (Mepa eceii rpyrrrrhl cq11TaeTcH 
paeHoii 1). AJire6pa ecex rrpeAcTaBJIH10m11x KOMIIJieHcHhIX 
cpyHKollH Ha G, coerraAaIOIOaH c MHomecTBOM KOHe'IHhIX 
JI11HenHhlx KoM6Jma011ii ljiyHKon:ll u~fl (n E ~), paeHoMepHo 
IIJIOTHa B rrpocTpaHCTBe ecex HerrpephIBHhIX KOMIIJieKCHblX 
ljiyHKonn Ha G. 

B cJiyqae, KOrAa G= T - rpyrrrra epameHnil: rrJiocKo
cTn,- no yTeepmAeHn:e coerraAaeT c aJieMeHTapHoii: Teo
peMoii: 06 arrrrpoKCllMau;1111 rrep110All'leCKHX HerrpepbIBHblX 
ljiyrrKolIII TpnrOHOMeTpn:q. MHoroqJieHaMII. 

B KaqecTee cJieACTBllH 113 IT.- B. T. BhIBOAllTCH, 'ITO 
COBOKYIIHOCTb JillHeHHblX KOM611nau11:ll xapaKTepoe He
rrpllBOAllMhIX rrpeAcTaeJieHnii rpyrrrrhl G rrJioTHa e aJire6pe 
ecex HerrpephIBHbIX ljiyHKollH Ha G, DOCTpoeHHblX Ha 
HJiaccax corrpHmeHHhIX aJieMeHTOB. .IJ;pyroe cJieACTBHe 
COCTOHT B TOM, 'ITO AJIH JII06oro aJieMeHTa aEG, a:Fe, 
HaiiAeTCH TaKoe HeIIpllBOAllMOe HerrpepbIBHOe rrpeACTaB
JieUJie cp rpynnhl G, 'ITO cp (a) f;E; ecJin me G - KOMUaKT
HHH rpyrrna JI11, To G AorrycKaeT TO'IHOe JI11rreii:Hoe rrpeA
cTaeJieHne. 

Ma TI.- B. T. BhITeKaeT TaKme cJieAYIDIOee, 6oJiee 
o6mee, yTeepmAeHne (cM. (5), [6)). IlycTb ii:aHo Henpe
pbrnrroe Jinrrei'Irroe rrpe1i:cTaeJieH11e cp KOMnaKTHoii rpyrrrrhl 
G e rrpocTpaHcTee Cllperne E, Torii:a rroii:rrpocTpaHcTBo 
npeACTaBJIHIOmn:x aJieMeHTOB rrpocTpaHcTBa E ITJIOTHO 
B E. ITpn ::ITOM aJieMeHT vEE Ha3. IT p e Ac Ta B JI H IO-
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II\ H M, HJIH c cp e p H q e c K H M, HJIH II 0 q T H H H B a
p H a H T H hi M, eCJIH op6HTa <:p (G)v IIopomp;aeT B E 
KOHe'IHOMepHoe IIOp;IIpOCTpaHCTBO. <ho, B qacTHOCTH, 
IIpHMeHHMo R cJiy11aIO, Rorp;a E - IIpocTpaHcTBo ce11eH11ii 
HeR-poro RJiacca rJiaAROCTH rJiaARoro aeRTOpHoro G
paccJioeHHH, Harrp. IIpOCTpaHCTBO TeH30pHLIX IIOJieii 
OIIpeAeJieHHOI'O THIIa H 3aAaHHOI'O RJiacca I'JiaAROCTH Ha 
rJiaAROM MHoroo6pa3HH c rJiaARHM AeHCTBl'!eM ROMIIaRTHOii 
rpyIInLI Jln G. 

II.- B. T. 6LIJia AORa3aHa B 1927 <I>. IIeTepoM (F. Peter) 
H r. Be:il:JieM (H. Weyl) (CM. [1]). 

Jlum.: [1] II e Tep <I>., Bell JI b r., «Ycrrexu MaTeM. HayJ1», 
1936, B. 2, c. 141.-60; [2] II 0 HT p fl r" H JI. C., Henpeph!BHhJe 
rpynilhl, 3 na.n;., M., 1973; [3] x b JO" TT 8., p 0 cc R., AOCT
paJITHhlll rapM0HnqecJ1nl! aHaJJH3, rrep. c aHrJJ., T. 1, M., 1975; [t,] 
III e B a JI JI e I\:, TeopnH rpyrrrr Jln, rrep. c aHrJJ., T. 1, M., 191,8; 
[5] Pal a is R. S., Stewart T. E., «Amer. J. Math.», 1961, 
v. 83, M 4, p. 623-H; [6] Most ow G.D., «Ann. Math.», 1961, 
v. 73, M 1, p. 20-1,8. A. JI. OiwUJun, A. H. illmepn. 

IIETEPCOHA IIOBEPXHOCTb - IIOBepxHocTh, o6Jia
AaIOm;aH COIIpHmeHHOH CeTbIO ROHH'leCRHX HJIH l1HJIHHA
p1111. JIHHHH, HBJIHIOm;eiicH rJiaBHLIM OCHOBaHHeM H3I'H-
6aHHH (cM. Hazu6anue na z.ttaenoM ocnoeanuu). HaIIp., 
II. II. HBJIHeTCH ,,,ana.ttoea!t noeepxnocmb, nepenoca noeepx
nocmb, epaUfenuH noeepxnocmb. BpaUfenuu unou,,,ampuca 
II. IT. eCTb rrpHMOH ROHOHA (B qacTHOCTH, AJIH RaHaJIOBOH 
IJOBepXHOCTH eIO HBJIHeTCH reJIHROHA, AJIH IIOBepXHOCTH 
rrepeHoca - rnrrep60Jin11. rrapa6oJionA). BIIepaLie pac
cMoTpeHa R. M. IIeTepcoHOM RaR rrpnMep IIOBepxHOCTH, 
AOITYCRaIOm;e:il: H31'1iI6aHne Ha I'JiaBHOM OCHOBaHHH. 

H. X. Ca6umo•. 
IIETEPCOHA COOTBETCTBHE - cooTBeTCTBHe p;ayx 

noaepXHOCTeii, IIpH R-pOM HX RaCaTeJibHLie IIJIOCROCTH 
B COOTBeTCTBYIOII\HX TO'IRax IIapaJIJieJibHhl. B o6m;eM 
BHAe paccMoTpeHo R. M. IIeTepcoHOM [1] B CBH3H c aa
Aa11eii narn6aHHH Ha rJiaBHOM ocHoBaHHH. HaIIp., B II. c. 
HaXOAHTCH IIOBepXHOCTh H ee ccpepn11. o6pa3, IIOBepx
HOCTb H ee HHAHRaTpnca Bpam;eHHH, IIpncoeAHHeHHLie 
MHHHMaJihHLie IIOBepxHOCTH. 

EcJin 110aepxHocTn S 11 S* HMeIOT o6m;yIO IIapaMeTpH
aa11nIO, TO HX TpeTbH RBaApaTH'IHh!e cpopMh! paBHh!. fJiaB
HaH ceTh acnMIITOTH'I. ceTeii S n S* corrpHmeHa Ha Ram
AOH H3 HHX. 8Ta ceTb orrpeAeJIHeTCH OAH03Ha'IHO, ecJIH 
8CHMIJTOTH'I. ceTll He HMeIOT o6m;nx ceMeHCTB JIHHHn; 
Bh!pOmAaeTCH, ecJIH 3TH CeTH CBH3aHHh!e; CTaHOBHTCH 
HeOIIpep;eJieHHOii, eCJIH 3TH ceTH COOTBeTCTBYIOT p;pyr 
p;pyry. CooTBeTCTByIOm;ne RacaTeJihHh!e R JIHHHHM rJiaB
aoii ceTn Ha S n S* IIapaJIJieJihHh!. 

EcJin rJiaBHYIO ceTh IIpHHHTh aa Roopp;nHaTHYIO (u, v), 
TO paAHYC-BeRTOph! x H x* IIOBepxHOCTeii s H S* CBH3aHbl 
ypa.e11e111rnMH . . 

Xu= pxu, Xv= axv, 

IIp1111eM cpyHRllHH p, a YAOBJieTBOpHIOT CHCTeMe ypaB-
11em1ii 

E F cr-p F G cr-p G Pv -au =-2- • Pv -au =-2- U• 

TO eCTb p, a aaancHT TOJihKo OT MeTpnRn F (E, F, G -
Roacpcpn11neHThl ee nepaon RBaApaT1111Hoii cpopMh!). Ec
TecTBeHHO IIoaToMy rrpnMeHeHne II. c. R IIape naoMeTp:n11-

Hh!X rroaepxHoCTe:il: S, S: OHO AaeT APYI'YIO rra py naoMeT

pn11HbIX IIoBepxHocTe:il: S*, S* c TeMn me HOpMaJIHMH 
n= n*, n= ,,';" COOTBeTCTBeHHO. J\poMe TOI'O, ORa3h!BaeTCH, 
'ITO AHarpaMMhl IJOBopoTa 3THX IJOBepXHOCTeii OAHH H 
Te me H 'ITO OCHOBaHHe H30MeTpHH HOBh!X IlOBepXHOCTeii 
HMeeT To me ccpepn11. nao6pameHne, RaR n rrepuoHa11aJih
Hh!X. HaIIp., ccpepe n naoMeTpn11Hoti: ell: IIoaepxHocTn 
rroJiomnTeJihHOH IJOCTOHHHOH RpHBH3Hh! OTBe11aIOT rrpH 
II. c. H30MeTpH11Hh!e IlOBepxHOCTH c COOTBeTCTBYIOII\HMH 
JIHHHHMH RpHBH3Hh! - T. H. IIOBepXHOCTH BoHHe. 

B 11acTHOCTH, ecmr ocaoBaHne I130MeTp1rn: S n S* 6h!JIO 
rJiaBHh!M OCHOBaHneM, TO OHO H OCTaeTCH TaROBh!M. 
8To - T. H. rr p e o 6 p a a o ea H n e II e T e pc o H a 

IIOBepXHOCTH, narn6aeMOH Ha I'JiaBHOM OCHOBaHHH B 
rroaepxHoCTh Toro me TnIIa. llMeeTCH 0606111eHne aToro 
IIpeo6paaoaaHHH Ha cJiy11aii ceMeiicTBa ceTeii (cM. [2)). 

CIIe11naJihHh!H cJiy11aii II. c., IIpH R-poM rJiaBHaH ceTh 
HBJIHeTCH ceTbIO RpHBH3Hh! OAHOBpeMeHHO Ha s H Ha S*' 
Ha3. c 0 0 T B e T c T B H e M R 0 M 6 e c R IO p a. 

EcJIH II. c. HBJIHeTcH RoHcpopMHh!M, TO Jin6o op;Ha na 
IIoaepxaocTeii MHHnMaJibHaH, a ApyraH - ccpepa (To 
eCTh II. c.- ccpepn11. oTo6pameHHe), JI1160 o6e IIoaepx
HOCTH MHHHMaJibHh!e, a BeRTOp ROHcpOpMHOI'O OTo6pameHHH 
YAOBJieTBOpHeT ypaBHeHnIO JlaIIJiaca, Jin6o rroaepxHOCTH 
ITOA06Hh!, Jin6o o6e rroaepxHOCTH H30TepMH'leCRHe H Ha
XOAHTCH B c 0 0 T B e T c T B II H R 0 M 6 e c R IO p a. 

llMeeTCH MHoroMepHoe o6o6m;eHne II. c. (cM. [4)). 
Jlum.: [1] II e Tep c 0 H R. M., «MaTeM. CO.», 1866, T. 1, c. 

391-438; [2) ID y JI n JI o B c JI n ll B. H., RJJaccnqecJ1aH AHl!Jcjle
PeHunaJJbHaH reoMeTpHH s TeHaopHOM uanoateHHH, M., 1963; 
[3] <I> B H " JI 0 B c. II.' HarnoaHHe Ha rJJBBHOM OCHOBaHBH " CBH
aaHHble c HHM reoMeTpuqecJ1ne aa.n;aqn, M.- JI., 1937; [t,] m n po
JI 0 B II. A., ID Hp OJI OB A. II., AcjlcjlJ<IHHaf! )'.IHljlcjlepeHUHaJJbH8f! 
reoMeTpHf!, M., 1959. M. H. BOU1fl'X06C'KUU. 

IIETEPCOHA - K0)1;AIJ;I~ll YPABHEHHH - ypaa
HeHnH, cocTaBJIHIOlllHe BMecTe c ypaaaeHHeM faycca (cM. 
I'aycca meope.11ta) Heo6XOAHMbie H AOCTaTO'IHbie yCJIOBHH 
HHTerp11pyeMOCTH CHCTeMh!, R K-pon CBOAHTCH 3aAaqa 
BOCCTaHOBJieHHH rroaepXHOCTH no ee IIepaoii H BTopoii: 
RBaApaTH'IHh!M cpopMaM (CM. Bon11e meopeMa). II. - R. y. 
HMeIOT BHA 

fJbiI 1 2 fJbi2 1 2 auz+ ri1 bu+ ri1 b22=fiU1+ ri2b11 + ri2b21, 

rAe b;j- R03cpcpn11neHThl BTOpoii RBaApaTH'IHOH cpopMbl' 
rt-- CHMBOJlh! RpHCTOcpcpeJIH 2-ro POAa. 

YpaaaeHHH BIIepBh!e Haii:p;eah! K. M. IIerepcoaoM B 
1853, rrepeoTRph!Thl r. Ma:il:HapAH (G. Mainardi, 1856) 
1l ,II,. K0Aa1111n (D. Codazzi, 1867). 

Jlum.: [1] Pam e B c JI u ll II. R., Rypc .n;ncjlcjlepem:.inaJJhHOll 
reoMeTpuu, M., 1956. A. B. H•ano•. 

IIET JIH - aaMRHYTh!H nymb. 1IoApo6aee, rreTJIH f -
HeIIpeph!BHoe oTo6pameane oTpeaRa [O, 1] B TorroJior1111. 
IIpocTpaHCTBO X TaRoe, 11ro f (0)= f (1). CoaoRymmcTb 
acex II. rrpocTpaHCTBa x c OTMe11e1111oii TO'IROH * TaRHX, 
'ITO f (0)= f (1)= *• o6paayer neme.ttb npocmpancmeo. 

M. H. Bou~exo•cnuu. 
IIETPll CETb - MaTeMaTn11ecRaH MOAeJib AHCRpeTHh!X 

AHHaMH'I. CHCTeM, B TOM 'lllCJie HHcpopMallHOHHh!X CHCTeM 
(napaJIJieJibHh!X IIporpaMM, oIIepa11110HHh!X cncTeM, 8BM 
H HX ycTpOHCTB, ceTeii 8BM), opneHTHpOBaHHaH Ha Ra
qeCTBeHHh!ii aHaJIH3 H CHHT!'.J3 TaRHX CHCTeM (o6Hapyme
HHe 6JIORHpOBOR, TYIIHROBh!X CHTya1111:il: H Y3RHX Meer' 
aBTOMaTH'I; CHHTe3 IIa paJIJieJibHh!X rrporpaMM H ROMIIO
HeHTOB 8BM n p;p.). BaeAeHa K. IIeTpn (C. Petri) B 6.0-x 
rr. 20 B. II. c.- 3TO Ha6op N= (T, P, F, M 0 ), rAe T -
ROHe'IHOe MHomeCTBO CHMBOJIOB, Ha3. II e p e x 0 A a M H, 
p - ROHe11aoe MHomeCTBO CHMBOJIOB, Ha3. Me c Ta M H, 
p n T= ¢, F - cpyHRllHH HHllH)J;eHTHOCTH: 

F: TXPLJPXT->-{0, 1}, 

M 0 - Ha11aJihHaH paaMeTRa Meer: 

M 0: P-.. {O, 1, 2, ... }. 

HecpopMaJihHO II. c. npeAcTaBJIHIOT paaMe11eHHh!M opn
earnpoaaHHh!M rpacpoM co MHMRecrBoM aepmnH TU P 
(cM. pnc.). lfa aepmllHbI-Mecra p E P, nao6pamaeMoii Rpym
ROM, BeAer Ayra B aeprmrny-nepexoA tE T, nao6pamaeMyIO 
rrpHMoyroJibHHROM, TOI'Aa H TOJihRO TOI'Aa, ROI'Aa 

F(p, t)=1 

(p-BXOAHoe MecTo rrepexoAa t; Ha pnc. P= {Pr. p 2 , p 3}, 
T={a, b, c, d}). Ila aepllIHHh!-rrepexoAa t BeAeT Ayra 
B BepmnHy-MeCTO p TOI'Aa Iii TOJlhRO TOI'Aa, ROI'Aa 

F(t, p)=1 
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(p - Bblxoµ;Hoe MecTo ITepexoµ;a t). MecTo p ITOMeqaeTc.11 
paaMeTKoil: M 0 (p) ;t 0, qacTo irno6pamaeMoil: cooTBeTCT
BYIOIUHM qncJioM ToqeK («PmneK). 

)J,nHaMnKa IToeeµ;eHHH Mon;eJinpyeMoil: cncTeMbl OITHCbl
eaeTCH B TepMHHax «PYHKrrHOHHpoBaHHH n. c. CeTb «PYHK

d 

rrHOHHpyeT B )l;HCKpeTHOM 
epeMeHn, ITepexon;.11 OT 
pa3MeTKH K pa3MeTKe. 
Kamµ;a.11 paaMeTKa - 3TO 
«PYHKrrn.11 M : P --+ {O, 
1, 2, ... }; cMeHa paa
MeToK (HaqHHa.11 c M 0 ) 

ITpOHCXOAHT B peayJih
TaTe cpa6aTblBaH1rn ITe
pexon;oe ceTH. Ilepexon; 
t E T MomeT cpa6oTaTh 

npn pa3MeTKe M, ecJin AJIH J1Io6oro p E P 

M(p)-F(p, t)~O, 

T. e. ecJIH Kamµ;oe ero exoµ;Hoe MecTo HMeeT xoT.11 6w on;Hy 
«PHnrny. B peayJihTaTe cpa6anrnaHHH t npn paaMeTKe M 
ITOCJie)l;HHH CMeHHeTCH pa3MeTKOH M' no npaBnJiy: AJIH 
JII06oro p E P 

M' (p)=M (p)-F (p, t)+F (t, p), 

T. e. nepexon; t nawMaeT ITO «Pm1me na Kamn;oro ceoero 
BXOll;HOro MeCTa H nOCblJiaeT no «PHIIIKe B Kamn;oe CBOe 
BblXOll;HOe MeCTO. EcJIH MomeT cpa6oTaTh HeCKOJibKO nepe
XOll;OB, TO cpa6aTblBaeT OAHH, JII06oii: H3 HHX. CeTh oc
TaHaBmIBaeTCH, ecJIH npH HeR-poil: pa3MeTKe (TynHKOBaH 
pa3MeTKa) HH OAHH H3 ee nepexoµ;oe He MomeT cpa6oTaTh. 
IlpH O)l;HOH H TOM me HaqaJihHOM paaMeTKe Il. C. MomeT 
nopomJi:aTb, B CHJIY HeAeTepMHHHpOBaHHOCTH ee «PYHKrrHO
HHpOBamrn, pa3JIHqHwe nocJieJi:oBaTeJihHOCTH cpa6aTbl
BaHHH ee nepexoµ;oe. 9TH ITOcJieJi:OBaTeJihHocTH o6paayIOT 
cJioea B aJI.iPae11Te T, a MHomecTBO eceeoaMomHhIX cJioe, 
nopomJi:aeMbIX Il. C., Ha3. ee H 3 bl K O M. )J,Be Il. C. 
3KBHBaJieHTHbl, ecJIH OHH nopomJi:aIOT O)l;HH H TOT me 
ll3blK. 

HccJieµ;oBaHHH no n. c. pa3BHBaIOTCH B ABYX HanpaB
JieHHHX. MaTeMaTHq. TeOpHH ceTeil: paapa6aTblBaeT MeTOJi:bl 
«PopMaJihHoro aHaJinaa HX ceoil:cTB. Cpeµ;H HaH6oJiee HH
repecHwx npo6JieM cJieµ;yeT OTMeTHTh 3aJi:aqH pacno3Ha
BaHnH TYilHKOBblX CHTyaunil: B ceTHX, aaµ;aqn pacn03Ha
BaHHH 3KBHBaJieHTHOCTH CeTeii: ITO rropomµ;aeMblM H3blKaM, 
orreHKH cJiomHocTn aHaJIH3a ceTeil:, cpaeHeHHe Bbipaan
TeJibHoil: MOIUHOCTH pa3JIHqHblX IlOJi:KJiaCCOB Il. c. H HX 
o6o6meHHil:. YcTaHoeJieHo, qTo rrpo6JieMa TyrrnKoBblX 
CHTyarrnil: paapemnMa' H3yqeHbl CBOHCTBa KJiacca H3b1KOB, 
nopomJi:aeMblX Il. C. 9TOT KJiaCC CTporo COAepmHTCH B 
KJiacce peKypCHBHO rrepeqHCJIHMbIX H3bIKOB, CTporo BKJIIO
qaeT RJiacc peryJIHJlHblX H3blKOB n qacTHqHo ITepeceKa
eTCH c KJiaCCOM KOHTeKCTHO ceo6op;Hb1X H3blKOB. BTopoe 
HarrpaBJielme - IIJlHMeHeHHe Il. C. KaK OCHOBbl IlplilKJiaA
HhIX MOJteJieil: Jl:HCKpeTHblX AHHaMnq, Cl!CTeM B nH«Pop
MaTHKe, 3KOHOMHKe, rrn«Ppoeoil: TeXHHKe Iii T. II. 

B OTJIHqJile OT aemo.Aiamoe 1wne'lnbl.x, B repM!ilHax H-pwx 
onHCbIBaIOTCH rJio6aJibHble H3MeHeHHH COCTORHHll CHCTeM, 
fl. C. KOHrreHTJlnpyeT BHHMaHne Ha JIOKaJlbHbIX C06hI
THHX (lilM COOTBeTCTBYIOT rrepexop;bl)' JIOKaJihHbIX ycJio
BlIHX (nM COOTBeTCTBYIOT MecTa) Ii! Ha JIORaJibHblX CBH3RX 
Mem.ny co6blTHHMH ll ycJIOBHRMH. IloaTmly B TepMHHaX 
fl. C. 6oJiee aAeKBaTHO, qeM C nOMOlll,b!O aBTOM3TOB, MO
AeJililJlYCTCH IIOBeJi:eHne pacnpe,TleJieHHblX ac1rnxpOHHblX 
cncTeM. 

JI um.: [1] P e t e rs o n J. L., Petri net theory ancl the 
modeling of systems, Englewood-Cliffs, 1981; [2] Ho Toe B. E., 
«HH6epeenrna», 1980, No 5, c. 10-18; [3] AnepHOllH'lec1me aBTc>
MaTbJ, M., 1976; [4] Net theory and applications, B., 1980. 

B. E. Homoe. 

IlETTHCA HHTEfPAJI - HHTerpaJI OT ReKTOpHo3Hal:f
Hoil: «PYHKJJ.HII no CKaJIHJJHOH Mepe, HBJIHIOIIIHHCH T. H. 
cJia6blM HHTerpaJioM. Beeµ;err B. IleTTncoM [ 1). 

IlycTb F(X, E, ~. µ) - eeKTopHoe ITpOCTpaHCTBO 
«PYHRrrHii: x (t), t EE, co 3HaqeHnHMH B 6aHaxoeoM rrpo
CTpaHCTBC x. 3aJi:aHHbIX Ha MHomecTBC (E' ~. µ) co 
cqeTHO aAAHTHBHOH Mepoii: µ Ha u-aJire6pe ~ ITOAMHO
meCTB E. <l>yHKJJ.lIH x (t) Ha3. c JI a 6 0 H 3M e pH M 0 ft, 
ecJin AJIH JII06oro f EX* H3MepnMa cKaJI.11pHa.11 «PYHKrrlUI 
f[x(t)). <l>yHRJJ.HH x(f) nHTerpnpyeMa no IleT
T H c y Ha H3MepnMOM IlOJi:MHomeCTBe McE, CCJIH AJIH 
JII06oro f EX* nHTerpHpyeMa Ha M <PYHRrrHH f[x (t)] n 
cyllleCTByer aJieMeHT x (M) EX TaKoil:, qTo 

f [x (M)] = ~M f (x (t)] dµ. 

Tor.na 
(' def 
JM x (t) dµ = x (M) 

Ii! Ha3. H H T e r p a JI 0 M n e T T ll c a. TaKoil: HHTCrpaJI 
AJIH cJiyqa.11 E= (a, b) c o6blqHoil: Mepoii: Jle6era 6blJI 
errepebrn eeeµ;eH H. M. feJib<f>aHAOM [2). 

Jlum.: [1] Petti~ B., «Trans. Amer. Math. Soc.», 1938, 
v. 44, M 2, p. 277-304; [2] r eJI h cjl a H ll u. M., «3an. HayKOBO
)lOCJI. iHCT. MaTeM. H Mex. Xap1<in. MaTeM. TOB.», 1936, T. 13, B. 1, 
c. 35-40; [3] Hi Ide brand t T., «Bull. Amer. Math. Soc.», 
1953, v. 59, p. 111-39; [4] x H JI JI ea., <I> 11JIJI11 n c P., <IlYHK
UHOHaJihHhlll aHaJIH3 H noJiyrpymihl, nep. c aarJI., M., 1962. 

B. H. Co6011ee. 
ITH, q H c JI 0 :rt,- OTHOIIICHne AJIHHbl ORpylKHOCTH K 

µ;naMeTpy; rrpeAcTaBJIHCTCH 6ecKoHeqHoH rrerrepnoµ;nl:fe
CRoii: ACCHTnqHOH .npo6bIO 

:rt= 3,141 592 653 589 793 ... 

Pa3hICKaHHe npe.neJioB HeK-pblx apn.iPMeTnq. rrocJie,T10-
eaTCJihHOCTeii:, COCTaBJIHeMblX no rrpoCTblM 3aKoHaM, qacTO 
rrpnBOll;HJIO R qncJiy :rt. Il pnMepOM MOJKeT CJIYlKHTb p H A 
Jiei6HRrra 

:rt 1 '.[ 1 '.[ 
4= 1-3+5-7+9-···· 

R-pbltt, on;Ha1rn, oqeHb Mell;JICHHO CXOAlilTCH. Cym;ecTBYIOT 
3HaqnTeJihHO 6blcTpee cxon;.11mnec.11 pHAbl, ITpHrop;Hble AJIH 
BblqncJieHnH :rt. 

BoaMoJKHOCTh qncTo aHaJinTnq. orrpe.r1eJieHH.11 qncJia :rt 
HMeeT npnHrrnnnaJihHOe 3HaqeHne n: AJIH reoMeTpllll:. 
TaK, B HeeeKJIHll;OBoil: reoMeTpnn: :rt raRme yqacTeyeT B 
HeR-pblX <f>opMyJiax, HO yme He RaK OTHOilleHne ll;JIHHbl 
OKpylKHOCTH K n;naMeTpy (3TO OTHOIJJeHne B HeeBKJIH
ll;OBOll reoMeTpHn: He HBJIHeTCH rrocTOHHHblM). Cpen;cTBaMn: 
aHaJin3a, cpeµ;n K-pblx pema10my10 poJib cblrpaJia «Pop
MyJia 9iiJiepa 

e2:rti=1, 

6blJia oKoHqaTeJihHO BhIHCHeHa H apn:.iPMeTRq. ITpRpoµ;a 
qncJia :rt. B KOH. 18 e. H. JlaM6epT (J. Lambert) n A. Jle
maHn;p (A. Legendre) ycTaHOBHJIH, qTo :rt - n:pparrRo
HaJihHoe qJilcJio, a e 19 e. <J), JIRHJieMaH (F. Lindemann) 
ll;OKa3aJI, qTO :rt RBJIHeTCR TpaHcrreH,TleHTHblM qncJIOM. 

no .Mamepull.lla.M oa1tou.Me11.11.ou cmam1>u ua BC&-a. 

IlJIRA TEOPEMA, n H e a p II a H T H a R «P o p M a 
JI e MM bl III ea p II a,- o6o6meHHe meapqa .ae.M.Mbl., 

COCTOHlll,ee B CJieµ;yIOIUeM. IlyCTb w= f (z) - orpaHHqeH
HaH peryJIHpHaH aHaJIIITHq. «PYHKJJ.HH B en;HHJilqHoM Rpyre 
Q={zEIC: lzl<1}, lf(z)l..;;:1, lzl<1. Torµ;a JIJIH JII06blX 
TOqeK Z1 ll Z2 Kpyra Q eeeBKJJHJIOBO paCCTOHBIIe d (wi. W2) 

HX o6pa30B W1 = f (z1) .H W2= f (z2) He upeBOCXOJlHT Heee
KJIHJIOBa paCCTOHHHR d (z1' z 2)' TO ecTb 

d(w1, w2)~d(z1 , z2), jz1 j < 1, lz2 j < 1. (1) 

KpoMe Toro, HMeeT MecTo HepaeeHcTBo 

ldwl ldzl d -j'( )d I j<l ~~~' W- Z z, Z , (2) 

MelKJIY aJieMeHTaMH HeeBKJIHAOBOll JlJl!ilHbl (n;ml>«PepeHrr!il
aJihH8 H lfiopMa fi. T., HJIH JieMMbl llieaprra). 3HaKII pa-
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BeHCTBa B (i) H (2) HMeIOT MeCTO TOJibKO B TOM c.71yqae, 
Korp;a w=f (z) eCTb J(pOOHO-JIHHeHHaH iJ>yHKll;HH, OT0-
6pamarorn;aH Kpyr Q Ha ce6H. 

H e e e K JI H p; o B o, HJtH r n n e p 6 o n H q e c K o e, 
p a c c T 0 H H li e d (z1, z2) eCTb paCCTOHHHe B reoMerpllH 
JlooaqescKoro Me>Rp;y roqHaMn z1 n z2, Hor.na Kpyr Q 
npnHHMaercH B Kaqecree nJiocKocrn Jlo6aqeBcKoro, a 
IIJIHMblMH Jlo6aqeec1rnro CJiymar p;yre: oKpymHocreii, 
oproroHRJibHblX ep;nHHqHoii oKpymrrocTn (M o p; e n b IT y
a HK a p e); IIpn aroM 

1 
d (zi. z2) = T In (a, ~. Zi, z2) = 

=_!_In l 1-21z2 1+1z1 -z2 1, 
2 \1-z1z,1-1z,-z,1 

rp;e (a, ~. z1 , z2) - p;eoii:rroe OTHOIIIemrn roqeK zi, z2 

n onpep;enHeMblX arnM11 roqKaMJil roqeK IIepeceqeHJilH a, ~ 
npHMoii: Jio6aqeecKoro, IIpo
xop;mneii: qepe3 z1 11 z2, c ep;11-
HHqHoii: OKpyIBHOCTbIO (cM. 
p11c.). 

HeeBKJIHIJ:OBa p;mrna o6pa3a 
f (L) Jiro6oii: CIIpHMJIJi!eMOH 
KplilBOii: LcQ rrpn oTo6pame-

o HllH w= f (z) He npeBOCXOIJ:HT 
HeeBKJIHp;oBoii p;JIHHbl L. 

IT. T. OblJia ycraHOBJierra r. 
I111KOM (cM. [1)); p;aJibHeii
IIIllM ee 0606rn;eH11eM HBJIHeT
CH eunep60.riu<tec1wii .Mempu1w 

npunz+un. B reoMerpuq. reopHn ipyrrmi;11ii H3 arnx reopeM 
BblBOIJ:HTCH ou;errKH pa3JIHqrrblX il>YHKD;H01Ia1IOB, CBH3aH
HblX c oro6pamarorri;eii: iJ>yH«u;neii (cM. (2), (3)). 

Jlum.: [1] Pick G., «Math. Ann.», 1916, Bd 77, S. 1-6; [2] 
r 0 JI y 3 l'I H r. M., reoMeTpH'leCRaJI TeOpHJI ljJYJIRDHH ROMilJJeRC
HOrO nepeMeHHoro, 2 11a11., M., 1966; [3] I\ a pa Teo ll op HI\., 
HOHllJOPMHoe OToopameHue, nep. c aHrJJ., M.- JI., 1934. 

E. JI.. Co.a0Me11.~ee. 

HHKAPA fPYIIIIA - rpyIIIIa KJiaccoB 06par11Mb1X 
rryqKoB (HJIH JIHrreiirrblx paccJioeH11ii). EoJiee roqrro, 
rrycrb (X, 6x) - oKOJibIJ;oBaHrroe npocrpaHcTBo. IIyqoK 
6x-Mop;yJieii Z rra3. o 6 p a r H M bl M, ecJIH on Jio
KanhHO H3oMopiJ>eH crpyKrypuoMy rryqKy 6x· Mrrome
CTBO KJiaccoB H30MopiJ>Hb1X o6paTHMhlX ITyqKOB rra x 
o6oarraqaercH Pie (X). TeH3oprroe 11po1rnBep;euHe :£@ 
@6xZ' oIIpep;eJIHer rra MrromecrBe Pie (X) oIIepaIJ;HID, 
npeaparn:arorn:yro ero B a6eJiesy rpyrrny, rra3. r p y rr IT o ii 
IT 11 K a p a npocrpaucTBa X. fpynrra Pie (X) ecrecr-
B0HHO 113oMopiJ>rra rpyrrrre KoroMoJiornii: H 1 (X, 6x), 
rp;e 6~- IIyqoJ( o6parHMblX aJieMerrroB B 6x· 

)J.JIH KOMMyTaTllBHOro KOJibIJ;a A rpyIIIIOll IIHKa pa 
PicA Ha3. rpyurra KJiaccos o6paTHMblX A-Mop;yJieil:; 
PicA ~Pie (Spec A). )J;JIH KOJibIJ;a KpyJIJIH A rpynna 
PicA recrro CBH3arra c ,,,.n,accoo ououaopoo epynnoii aroro 
KOJibIJ;R. 

II. r. IIOJirroro rropMaJibrroro aJire6paHq. MHoroo6pa3HH 
o6Jiap;aer ecrecrsearroii aJire6pauq. crpyKrypoii: (cM. 
nu,,,apa cxe.Ma). CBH3HaH KOMITOrrerrra IIYJIH rpyrrrrbl Pie (X) 
o6o3HaqaercH Pic0 (X) 11 Ha3. MHoroo6pa311eM IIHKapa 
p;JIH X; aro - aJire6pa11q. rpynrra (a6eJieso Mrroroo6-
paaHe, ecJIH Mrroroo6pa3He X rJiap;Ko). <I>aKroprpyrrIIa 
Pie (X)/Pic0 (X) rra3. r p y II II o ii H e p o H a - C e
B e p 11 n HMeer Korreqrroe qncJio 06pa3yrorn:11x; parrr ee 
Ha3. q H c JI o M II 11 K a p a. B KoMrrJieKcrroM cJiyqae, 
Korp;a X - rJiap;Koe ITpoeKr11srroe Mrroroo6pa311e rra)l; IC, 
rpyITITa Pic0 (X) n3oMopiJ>rra iJ>aKroprpyrrrre rrpocrparrcrsa 
H 0 (X, Qk) roJioMopiJ>rrblX 1-iJ>opM rra X ITO peIIIerKe 
H 1 (X,z). 

Jlum.: [1] Ma M ljJ op 11 ,U., Jiem~uu o RpusLix Ha aJJreopau
qecRol! nosepxHOCTH, nep. c aHrJJ., M., 1968. B. l1. JJ.a11.u.ao•. 

IllIKAPA MHOrOOBPA3HE 11011.rroro rna)l;Koro an-
re6pa11qecKoro Mrroroo6pa3Hll X rra)l; aJue6panqecKn 

aaMKHYThlM noneM - a6eJieeo MHoroo6paane ~ (X), na
paMerpHayrorn:ee iJ>aKroprpynITy Diva (X)/ P (X) rpyrrnhl 
Diva (X) )l;HBnaopos, anre6paHqecKH aKB11BaJieHTHhIX Hy
JJIO, ITO rpynrre rJiaBHblX )l;llBH30pOB p (X), T. e. )l;HBH30pOB 
pan;noHaJibHblX iJ>yHKnnii. C roqKn apeHHH TeopnH rryqKoB 
II. M. napaMerpnayer MHOIBeCTBO KJJaCCOB H30MopiJ>Hb1X 
o6paTJi1MblX rryqKoB c HyJieBblM KJJaccoM qlf\3HH, T. e. 
\13 (X) COBITa)l;aer co CBH3HOH KOMTIOH0HT0ll e)l;HHHIJ;bl 
Pic0 (X) nu,,,apa epynnb/, Pie (X) MBoroo6pa3HH x. 
CTpyKrypa a6enesa MHoroo6paanH rra rpyIIITe \13 (X)= 
-Diva (X)/ P (X) O)l;H03HaqHo xapaKrepHayercH cJJe)l;y
rorri;nM csoiicrBoM: )l;JJH nro6oro aJire6paHq. ceMeiicrsa 
)l;IilBHBOpoB D Ha X c 6aaoii S cyrn:ecrsyer raKoe perynHp
Hoe oro6pameuHe q; : S --+ \13 (X), )l;JJH K-poro D (s)
-D (s0 ) E cp (s), r)l;e s0 - HeK-paH iJ>HKcnpoBaHHaH roqKa na 
S0 (cM. [2]). PaaMepHOCTh q=dim\13 (X) Has. Iii p p e r y
JJ H p II 0 c T b IO MHOroo6pa3HH x. 

KnaccHqecKoii 11p11Mep rr. M.- n,,,o6u .MUOeoo6paaue 
rJJa)l;KOll ITpoeKTHBIIOll KpHBOll. )J;pyrHM IIpll.MepoM 
Momer CJIYIBHTb )l;BOMCTBeHHOe a6eJieBO MHoroo6pa3He 
(CM. (3)). 

B cJiyqae, KOr)l;a X - rJia)l;Koe npoeKnrnrroe KOM
IIJieKcrroe MHoroo6pa311e, \13 (X) MOIBHO OTOIBJ(eCTBHTb c 
rpynnoii o6paTHMblX arraJIHTHq. rryqKOB Ha x' HM0IOlll;llX 
nyJieso'li: KJiacc qIB3HH ( 4). EoJiee roro, MHoroo6paaHe 
IInKapa \13 (X) B 3TOM cJiyqae 11aoMopiJ>rro iJ>aKroprpyITITe 
npocrpaHcTBa H 1 (X, 6x) no pemerKe H 1 (X, Z)cH1 (X, 
6x). B qacrHocrn, npperyJIHprrocrb q Mrroroo6pa3HH X 
cosrra)l;aer c dim H 1 (X, 6x)=dimH0 (X, Qk), r)l;e Qk
rryqoK peryJIHprrblx 1-iJ>opM. IIocJie)l;HHH peayJihrar seperr 
raKme B cJiyqae rreoco6blx ITpoeKrnsrrblx KpllBblX rra)l; 
JIIOOblM aJire6paJilqecKH BaMKIIYTblM llOJieM H B CJiyqae 
rroJIHblX rJia]:\KllX Mrroroo6paanif rra)l; aJire6panqecKH aaMK
rryTblM rroJieM xapaKrepncrnKn O; )l;JIH npoH3BOJibHoii: 
xapaKrepHCTHKH HMeer Mecro JIHllib II e p a B e II c T B 0 
I1 r y 3 hl : dimH1 (X, 6x)>q (Hasecrerr rrpnMep rJia)l;
Koif aJire6paRq. noBepxHocrn F HpperyJIHprrocrH 1 c 
dimH1 (F, 6F)=2; CM. (6)). HaK BllAIIO OTCIO)l;a, IT. M. 
recrro CBH3arro c reopneii: O)l;HOMeprrblx p;niJ>iJ>eperrIJ;11aJih-
1IblX iJ>opM. HaqaJio nccnep;osarr11H raKHX iJ>opM rra p11Ma
HOBblX nosepxrrocTHX ITOJIOIBHJI 8. IIHKap [ 1); OII )l;OKa3aJI 
KOrreqHoMeprroCTb rrpoCTparrCTBa H 0 (X, Qk) BCIO)l;y pery
JIHpHblX iJ>opM. 

IIoHHTHe II. M. Momer OblTh o6o6ni;eHo rra cJiyqaii: 
noJirroro rropMaJibrroro Mrroroo6paa11H X. l1ayqaJioCb 
raKme Mrroroo6paane II1rnapa \13c (X), coorsercreyrorn:ee 
)l;11BnaopaM Kaprhe n o6Jia)l;arorn:ee, B orJI11qne or \13 (X), 
xopoIDHMH il>YHKropnaJihHblMH csoifcrsaM11 [ 9). Mrroro
o6pa3ne ll3c (X) OblJIO nocrpoerro p;JIH noJirrblx HOpMaJib
HblX MHOroo6paauii: X (cM. (5)), a TaKme J(JIH 11po113BOJih
HhlX npoeKTHBIIblX Mrroroo6pa3Hll [ 8). 

Jlum.: [1] Picard E., «C. r. Acad. Sci.», 1884, t. 99, p. 961-
963: [2] III a ljJ a T e B H q II. P., OcHOBhf aJJreopauqecRol! reoMeT
PHH; M., 1972; [3 Ma M ljJ 0 p ll .u .. A6eJJeBbl MHOrooopaaHH, nep. 
c aHrJI., M., 1971; [4] rpnljJljJuTC <I>., Xappuc Am., 
IlpHHJ.IHllhl aJJreopanqecRoil reoMeTpuu. nep. c aHrJJ., T. 1-2, 
M., 1982; [5] Chev a 11 e y C., «Amer. J. Math.», 1960, v. 82, 
p. 435-90; [6) 1 g us a J.-1., «Proc. Nat. Acad. Sci. USA», 1955, 
v. 41, M 11, p. 964-67; [7] Ma ts us aka T., «Jap. J. Math.», 
1951, v. 21, No 2, p. 217-36; [8] Se shad r i C., «Ann. mat. 
pura ed appl.», 1962, v. 57, p. 117-42; [9] er o me, «Math. 
Ann.», 1965, Bd 158, M 3, S. 293-96. B. B. illoeypo•. 

IlHKAP A CXEMA - ecrecTBeHrroe o6o6rn:errne B paM
Kax reopn11 cxeM norrHTHH Ilu,,,apa .Mnoeoo6paaua \13 (X) 
rna)l;Koro aJire6panq. Mrroroo6paa11H X. )J;JIH orrpe,ueJierr11H 
IT. c. rrpoH3BOJibrroif S-cxeMbl X paccMarp11saercH o T rr o
c II Te JI b II bl ii: ip y II KT 0 p II II Ka p a Pie X/S rra 
Kareropnn Sch/ S cxeM rra)l; cxeMoil: S. 3rraqerrne aroro 
iJ>yrrKropa rra S-cxeMe S' ecrh rpyrrna 

H 0 (S', Rfpqcf: (Gm, x·)), 
r)l;e f' : XX sS' --+ S' ecrh 
Rt pqc/: (Gm, x •) - rryqoK aa 

MopiJ>naM aaMeHbl 6aabl, 
TOllOJJOrHH fpoTeH)l;JilKa 
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s fpqc CTporo IIJIOCKHX KBa3HKOMllaKTHbIX Mop«PH3MOB, 
accou;uupoBaHHhlll c IIpeAIIY'IKOM 

T-----+ H 1 (T fpqc• Gm)= HL (T et• Gm), 

a Gm o6oaHa'laeT CTaHAapTHhlH MyJihTHIJJIHKaTHBHhl:ii 
nyqoK. EcJiu «PYHKTop IlHKapa Pie X/S rrpeACTaBHM Ha 
(Sch/S), TO npeACTaBJIHIOIIJ;aH ero S-cxeMa Ha3. 0 TH 0-
c II T e JI b H 0 H c x e M 0 H n II K a p a s -cxeMhl x 
u o6oaHa'laeTcH Pie xis· B cJiyqae, KOrAa X - aJire-
6paH'l. cxeMa HaA HeK-phlM rroJieM k, 11Me10iu;aH pau;uo
HaJihHYIO k-TO'IKY, 

Picx/k (S') =Pie (X x,.S')/Pic (S') 

AJIH JII06o:ii k-cxeMhl S' (cM. [3]); B qacTHOCTH, Pie X/k (k)= 

=Pie ( X) OTOll\AeCTBJIHeTcH c rpynrroli k-pau;uoHaJibHhlX 

To'leK Picx /k (k) cxeMhl Picx /k, ecJiu TaKoaaH cyiu;ecT
ayeT. 

Ecmi: f : X - S - rrpoeKTHBHhlll MoplfiuaM c reoMeT
puqecKH u;eJioCTHhIMH cJIOHMH, TO cxeMa Picx/s cy-

iu;ecTayeT H HBJIHeTCH JIOKaJihHO KOHe'IHO rrpeACTaBJieHHO:ii 
OTAeJIHMon rpyrrrroaon S-cxeMo:ii. EcJiu S=Spec(k), TO 

CBH3HaH KoMrroHeHTa eAHHHIJ;hl Pic~/k cxeMhl PicX/k 
HBJIHeTCH anre6paH'leCKO:ii k-cxeMoll II COOTBeTCTBYIOiu;aH 

rrpHBe/WHHaH k-cxeMa (Pie~ /h) red ecTh B TO'IHOCTH 
MHoroo6paaue IluKapa ~c(X) (cM. [4]). HHJiblloTeHTHhle 

aJieMeHThl B JioKaJibHhIX KoJihu;ax cxeMhl Pie~ /k AaIOT 

MHOfO AOIJOJIHHTeJibHOH HH«liopMalWH O Il. C. II 1103BOJIHIOT 
o6~HCHHTb pHA rraTaJIOfllll B aJire6pauq. reoMeTpHH HaA 
IlOJieM xapaKTepHCTHKH p >O. c Apyroii: CTOpOHhl, HaA 

rroJieM xapaKTepucTHKH 0 cxeMa Pic~/h acerAa rrpu

BeAeHa (cM. [6]). lfaaecTHO TaKme, 'ITO cxeMa PicF/k 
rrpuBeAeHa, ecJiu F - rJiaAKaH aJire6pauq. noaepxHOCTh 
H H 2 (F, 6F)=O (CM. [5]). 

)];JIH JII06oro co6cTBeHHoro rrJiocKoro Mop.iPuaMa /: 
x - s (KOHe'IHO rrpeACTaBJieHHoro, eCJIH 6aaa s HeTe-

poaa), AJIH K-poro 1: (6x,)=68 ,, rrptt JII06oii aaMeHe 

6aahlj':X'=XXsS'-s «PYHKTop Picx/s HBJIHeTcH 
aJire6paH'l. rrpocTpaHCTBOM HaA S (cM. [1]). B 'laCTHOCTH 
«PYHKTop Pie X/S rrpeACTaBuM, ecJiu 6aattcHaH cxeMa S 
eCTb crreKTp JIOKaJibHOro apTHHOBa KOJlbIJ;a. 

Jlum.: [1) Art in M., B co.: Global analysis. Papers in Ho
nor of K. Kodaira, Tokyo, 1969, p. 21-77; [2] Chev a 1 I e y C., 
«Amer. J. Math.», 1960, v. 82, p. l,35-90; [3] G rot hen di
e ck A., a RH.: Seminaire Bourbaki, 1961-1962, annee H, [P. 
1962], p. 232/01-232/19; [4] er o me, «Puhl. math. Inst. hautes 
etudes scient.», 1960, M 4, p. 1-168; [5] Ma M cjJ op 11 ,[I;., JieR
mrn 0 RpHBhlX Ha aJirelipaH'IeCRHX noaepXHOCTllX, nep. c aHrJI .• 
M., 1968; [6] 0 or t F., «Invent. math.», 1966, v. 2, .N', 1, p. 79-
80; L7J HTOrH HayRH H TeXHHRH. AJireopa. TonOJIOrHll. reoMeTpHll 
T. 10, M., 1972, c. 1,7-112. B.B.llionypoe'. 

Ill'.IKAPA TEOPEMA - 1) n. T. 0 IIOBeAeHHH aHaJiu
TH'leCKO:ii «PYHKD;HH f (z) KOMIJJieKCHOro rrepeMeHHOfO z 
B oKpeCTHOCTH cyiu;ecTBeHBO oco6on TO'IKH a - Ha3BaHue 
peayJibTaTa KJiaCCH'l. Teopuu «PYHKIJ;H:ii, HBHBIIleroca 
OTrrpaBHhIM rryHKTOM MHOfO'IHCJieHHbIX rJiy6oKHX HC
CJieAOBaHUB II COCTOHiu;ero 113 ABYX qacTeH. a) M a JI a H 
T e 0 p e M a Il II K a p a : BCHKaH u;eJiaH «PYHKD;Illl f (z) f= 
=t Const rrpHHHMaeT JII06oe KOHe'IHOe KOMIIJieKCHOe 3Ha-
1IeHHe, aa HCKJIIO'l0HHeM, 6h1Tb MOll\eT, OAHOro. 6) E 0 JI b
IIl a H T e 0 p e M a n II K a p a : BCHKaH OAH03Ha'IHaJI 
aHaJIHTH'l. «PYHKIJ;HH f (z) B rrpOH3BOJibHOll OKpeCTHOCTU 
H30JIHpOBaHHOH cyiu;eCTBeHHO oco6on TO'IKH a rrpumi:
MaeT JII06oe KoHe'IH00 KOMIJJI0KCHOe 3Haqemi:e, aa HCKJIIO
qemi:eM, 6h1Tb MOll\eT, OAHOro. 

Brrepahle aTa TeopeMa orry6JIHKoBaHa 8. IluKapoM [1], 
(2]. 0Ha cyiu;ecTB0HHO AOIJOJIHHeT Coxolf"'Ozo meope.My. 
MaJiaH n. T. eCTb CJieACTBne 6oJibllIOH n. T. Ma 60JibllIOH 
II. T. HerrocpeACTBeHHO CJieAyeT, 'ITO JII06oe KOHe'IHOe KOM
llJieKCHOe 3Ha'lemi:e, aa UCKJIIOqeHtteM, 6h1Tb MomeT, 

OAHOro, rrpnHHMaeTCH B npOH3BOJibHOH OKpeCTHOCTH 
cyiu;ecTBeHHO oco6on TO'IKH 6ecKOHe'IHO qacTo. )];JIH 
MepoMop.iPHon «PYHKD;HH B KOH0'IHOH nJiocKOCTH IC : I z I < oo 
n. T. npHHHMaeT BUA: ecmi: TO'IKa a= 00 - cyiu;ecTBeHHO 
oco6aa AJIH MepoMoplfiHoli B IC «PYHKIJ;HII F (z), TO B IIpo
H3BOJihHOH oKpeCTHOCTH TO'IKH a «PYHKIJ;HH F (z) npRHH
MaeT JII06oe KOMIIJI0KCHOe 3Ha'leHH0 113 pacmHpeHHOll 

KoMnJieKcHon nJiocKoCTH iC : I z I <= oo, aa ucKJIIO'leHueM, 
6b1Tb MOll\0T, ABYX, II IlpHTOM 6ecKoHe'IHO qaCTO. H'.aK 
noKa3hlBaIOT IlpHM0phl u;eJIOH «PYHKIJ;HH eZ =t 0 H Mepo
Mop.iPHOll «PYHKIJ;HH tg zf=i, -i, ace aTH yTBepmA0HHll 
TO'IHhle. <J>HrypttpyIOiu;He B Il. T. HCKJIIO'IIITeJibHhl0 3Ha
'l0HHH Ha3. JI H K a p 0 B c K H M H II c K JI IO q H T e JI b
H hi M II 3 H a q e H II H M H. 

Il, T. cyiu;eCTB0HHO AOnOJIHl-IeTCH Jf6epceua meopeMOU 
H JK1011ua meope.Mou, K-phle noKa3hlBaIOT COOTB0TCTB0HHO, 
'ITO nttKapoBCKHe HCKJIIO'IHT0JibHbI0 3Ha'leHHH HBJIHIOTCH 
acuMnmomu'leC/f,U.MU a1ta'le1tun.Mu H 'ITO cyiu;ecTBYIOT Jiy•n!: 
iRIOmrn L, HCXOAHID;He 113 cyiu;ecTB0HHO oco6on TO'IKH a 
II TaKRe, 'ITO H0HCKJIIO'IHTeJibHble 3HaqeHHH npHHllMaIOTCH 
6ecKOHe'IHO qacTo p;ame B JII060M CKOJib yrop;Ho MaJIOM 
ceKTope c Bepnurno:il: a II OCbIO CHMMeTpHH L. 

)];JIH COBpeM0HHbIX HCCJieAOBaHHH, CBH3aHHbIX C Il. T., 
xapaKTepaw cJieAyIOLD;He ABa HanpaBJI0HHH. IlycTb E -
MHOll\0CTBO cyiu;eCTB0HHO oco6hlx TO'leK MepoMop.iPHo:ii 
«PYHKD;HH F(z), TO ecTb F(z) - MepoMop.iPHaH «PYHKIJ;HH 
B HeK-poii OKpeCTHOCTH JII06oii TO'IKH Zo~E, II rrpeAeJibH00 
MHomecTBO C(z0 ; F) «PYHKIJ;HH F(z) B TO'IK0 z0 EE He cao
AHTCH K OAHOMY 3Ha'leHHIO. IlycTb R (a; F), a EE,- MHO-

meCTBO Tex 3Ha'leHttii: w EiC, K-pble B JII06oii oKpecTHQCTH 
TO'IKH a npHHHMaIOTCH 6ecKOH0'IHO qacTo. TorAa n. T. 
yTaepmAaeT, 'ITO ecJiu a - uaoJittpoaauHaH TO'IKa E, 
TO AOIJOJIHeHue 

CR (a; F)=C"'-.R (a; F) 

o6JiaAaeT C B O B C T B O M Il II K a p a, T. 0. COCTOHT 
He 6oJiee qeM ua ABYX TO'leK. B. B. foJiy6ea B 1916 yc
TaHOBHJI, 'ITO ecJIH eMKOCTh MHomecTaa E paaua HYJIIO, 
cap E=O, To CR (a; F) uMeeT eMKoCTh HYJih AJIH acex 
a EE. Borrpoc o TOM, KaKoBbI MHHHMaJibHble ycJioBHH Ha 
E, 'IT06bl MHomecTBO CR (a; F) AJIH acex a EE o6JiaAaJio 
CBOllCTBOM Il:e:Kapa, nmrn (1983) nOJIHOCTbIO He pemeH. 
IlpuMepbI noKa3bIBaIOT, 'ITO, c OAHOll CTOpOHhl, ycJIOBHe 
capE=O H0 HBJIHeTCH AOCTaTO'IHhIM, a c Apyroii: - 'ITO 
HMeeTCH MHOll\0CTBO E, cap E>O, BHe K-poro He cym;ecT
ayeT MepoMop.iPHbIX TpaHCIJ;0HAeHTHbIX «PYHKIJ;HM, Bhlrry
CKaIOiu;HX 'l0Tblpe 3Ha'leHHH (CM. [4], [5], [8]). 

BTopoe uarrpaBJieHH0 CBH3aHO c o6o6iu;eHHHMH n. T. 
AJIH aHaJIHTH'l. «PYHKD;HH f (z) MHOrttx KoMrrJieKCHbIX 
rrepeMeHHbIX z= (z1, .• ., Zn), n;;;;,1. flpH n=1 fl. T. MOll\HO 
«PopMyJI11poBaTb 11 TaK: JII06oe roJioMop.iPHoe oTo6pameHue 
f : IC - IC, BblnycKa10iu;ee rro Kpaii:Hen Mepe ABe TO'IKH, 
IIOCTOHHHO. 0AHaKo B 1922 fl. <l>aTy (P. Fatou) IIOCT
pOHJI npttMep HeBbipomAeHuoro roJioMop.iPuoro (u Aame 
61i:roJI0Mop.iPHoro) OTo6pameHHH f : IC2 - IC2, AJIH K-poro 
MHomecTBO 11cKJIIO'IRTeJibHhlx 3Ha'leHttii: IC2"'-./(IC2) coAepmHT 
HenyCT00 OTKpbITOe MHOll\eCTBO. 8TO 03HaqaeT, 'ITO fl. T. 
(tt Aame TeopeMy Coxou;Koro) HerrocpeACTBeHHO H0Jih3H 
pacnpOCTpaHHTb Ha CJiyqan n>1. 06o6iu;eHHH fl. T. BCe 
me B03MOll\Hhl, eCJIH OTnpaBJIHTbCH, Harrp., OT Apyroii: ee 
«PopMyJIHpOBKll, HeCKOJibKO HCKyccTBeHHOH rrpu n= 1: 
JII06oe roJioMop.iPuoe OTo6pameH:e:e F : IC - ICP a KOM
nJieKcHyIO npoeKTHBHYIO nJiocKOCTh ICP= iC, BblnycKa-
10m;ee no Kpaii:HeH Mepe TpH r11neprrJIOCKOCTH (T. e. TO'IKH 
npu n= 1), nocTOHHHo. BepHa, B qacTHOCTH, TaKaH T e o
p e M a r p u H a: JII06oe roJioMop.iPHoe oTo6pameH:e:e 
F: 1Cm - ICPn, awnycKaIOni;ee no Kpaii:ueii: Mepe 2n+1 
rttrreprrJIOCKOCTeH B o6meM noJiomemm, IIOCTOHHHO (CM. 
[3], [6], [8]. 

2) n. T. 06 YHH«liopMH3aIJ;HH aJire6pa11qeCKHX KpHBbIX: 
ecJIH aJire6pa11q, KpHBaH ct> (z, w)=O aMeeT poA g>1, 
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TO He cyrn;eCTByeT HH O,ll;Hoii: ITaphl MepoMop«liHhIX «PYHIHJ,Hll 
z=f(t), w=h(t) Ta1mx, qTO <D(f(t), h(t))=O. l1HhIMH 
CJIOBaMH, yHn«PopMH3a11,1rn aJire6paHq. RpHBhIX pop;a g>1 
rrpn ITOMOII\H MepoMop.iPHhIX «PYHRll,llll HeB03MOll\Ha. Ha
rrpoTHB, B cJiyqae g= 1 yHn«PopMHaa11,nH scerp;a ocyrn;ecT
BHMa ITpH ITOMOrn;H (MepoMop.iPHb!X) 3JIJIHITTHq. «PYHKll,Hll. 

YcTaHoBJieHa 8. IlnRapoM [7). 
Jlum .. [1) Pica rd E., «C. r. Acad. sci.», 1879, t. 88, p. 1021,-

1027; t. 89, p. 662-65; (2) er o me, «Ann. Ecole norm. super.», 
1880, t. 9, p. H5-66; [3) III a (j a T B. B., BBe)leHue B ROMIIJieRC
Hhlll aHaJIH3, 2 us11., q, 1-2, M., 1976; [4) Ho JI JI u Hr By 11 8., 
JI o B a T e p A., TeopuJI rrpe)leJihHh!X MHomecTB, rrep. c aHrJI., M., 
1971; [5) JI 0 Ba Tep A., B RH.: MTOrn HayRH H TeXHHRH. MaTeMa
THqecm<il: aHaJIH3, T. 10, M., 1973, c. 99-259; [6) r pH ljJ
ljJ HT c Cl>., H H Hr .D: m., TeopHJI HesaHJIHHHhl II' roJIOMOPQJHh!e 
oToopameHHll aJireopauqec111<x MHorooopaaul!, rrep. c aHrJI., M., 
1976; [7) Picard E., «Acta math.», 1887-88, v. 11, p. 1-12; 
[8) Ill a 5 a T B. B., Pacnpe11eneHHe sHaqeHHll roJioMopljJHLIX OTOO· 
pameHHll, M., 1982. E. JJ,. CoJWMm~ee. 

Ill1PAMI1)1;A - MHOrorpaHHllK, OAHO:ii: H3 rpaHe:ii: 
K-poro CJIYll\llT MHoroyroJibHlIR ( OCHOB8HHe Il.), a OC
TaJibHhle rpaHH (60KOBhle) cyTh TpeyroJibHllKH c o6rn;eii: 
seplllllHOll (Bep11111Ha n .) (CM. pnc. 1, 2). B 3aBllCllMOCTH 
OT q11CJia 60KOBhIX rpaHeil: Il. p;eJIHTCH Ha TpeyroJibHhle, 

PHC. 1. PHC. 2. 

qeThlpexyroJibHhle II T. A· 0Tpe30R rreprreHAHKYJIHpa, 
Ollylll,eHHOrO 113 BeplllHHhl Il. Ha llJIOCKOCTb ee OCHOBaHllll 
(a TaKme ero AJIHHa), Ha3. BhICOTOH Il. 06'heM Il. Bhlqnc
JIHeTCH 110 «PopMyJie 

1 V= 3 HS, 

r;zre H - BhICOTa, S - llJIOrn;aAb OCHOBaHHH, Il. Ha3. 
rrpaBl!IJibHOH (cM. pHc. 2), eCJIH B OCHOBaHlillil ee JiemHT 
rrpaBl!IJlbHhIH MHOroyrOJihHl!IK II Bbl COT a Il. llpOXO,ll;HT 
qepe3 11,eHTp ocHoBaHHH. EoKoBhle rpaHH ITpaBHJihHO:ii: 
n. CYTh paBHhle Memp;y co6oi\: paBHo6ep;peHHble TpeyroJib
Hli!Klil; BbICOTa Kamp;oro lil3 3Tli!X TpeyroJibHl!IKOB Ha3. 
arro«PeMoii: ITpaBli!JlhHOH Il. (aITo«PeMa OCHOBaHl!IH Il. 
CJIYll\llT ITpOeKll,l!IeH aITo«PeMhl Il. Ha llJIOCROCTb OCHOBaHHH). 

PacceKaH n. llJIOCROCTh!O, rrapaJIJieJihHOll ee OCHOBa
HH!O, llOJiyqaIOT ,ll;Be qaCTH: Il., llO,ll;06Hy!O ,ll;aHHOH, Ii! 

T. H. y Ce q e H Hy IO Il. (CM. pHC. 3). ® MHoroyroJihHHK, rroJiyqeHHh!ii: OT rrepe-
1 ceqeHl!IH Il. II ceKyrn;efi: llJIOCKOCTH, Ha3. 

--- -l ..... _ B e p x H Ii! M 0 c H 0 B a H Ii! e M, OCHO-
' BaHHe Il. - H II lI\ H Ii! M 0 C H 0 B a-

H Ii! e M yceqeHHOll n. PacCTOHHl!e 
PHC. 3. Mell\AY ceKyrn;eii. llJIOCKOCTb!O Ii! Hllll\Hli!M 

OCHOBaHHeM Ha3. B hi c 0 T 0 H yceqeHHOH 
n. 06'heM yceqeHHOil II. BhlqHCJIHeTCH ITO «PopMyJie 

V={h(s+s+Vss), 

rp;e h - BhICOTa, s, s - llJIOII\a,ll;l!I OCHOBa
Hli!Il. BC8-3. 

IIHPCA CTPEJIRA - p;syMeCTHaH .ww
'lec1>a.J1, onepatfug, o6hlqHo o6oaHaqaeMaH .j. 
Ii! 3ap;aaaeMaH cJiep;yro111,eii: ucmunnocmnoii 
ma6.1tu1,feii: 

TaKHM o6pa3oM, DhlcKa3hlBaH11e A .j.B 03Ha
qaeT «Hll A, HH B». II. c. o6Jiap;aeT TeM 
CBOii:CTBOM, qTO qepe3 Hee BhlpamaIOTCH see 

A,B,A.).B 

M M JI 
M .TI JI 
JI M JI 
JI JI M 

p;pyrHe Jio-

rHqecRHe oITepa~nH. HanpHMep, BhlcKa3hIBaHHe lA (om
P Utfanue A) 3KBHBaJieHTHO BhicKa3h!BaHnro A ,i,A , 1wn-1>-
10Hl'itfU.i/, A &B BhICKa3hIBaHHii: A H B BhlpamaeTCH TaK: 
(A .j.A) .j. (B .j.B), AH3'hIOHKll,HH A v B 3KBHBaJieHTHa 
(A .j.B) .j. (A .j.B). II. c. 6hIJia sseµ;erra B paccMoTpeHHe 
q, IlHpCoM (C. Peirs). B. E. II.n,ucno. 

IHIPCOBCROE P A3JIOiKEHHE rrpep;cTaBJieHne 
KOJlhll,a B Bl!Ae ITpHMOH cyMMhl ITOAKOJie11,, CBH3a1rnoe c 
AaHHhIM HAeMITOTeHTOM e. ,Il.JIH KOJibll,a R, cop;epmaw;ero 
H,ll;eMITOTeHT e, cyw;ecTBYIOT Jieaoe, ITpasoe Ii! ABYCTOpOHHee 
II. p., oITpep;eJIHeMhle paseHCTB8MH 

R=Re+R (1-e), 

R=eR+(1-e) R, 

R=eRe+eR (1-e)+(1-e) Re+(1-e) R (1-e) 

COOTBeTCTBeHHO. Ilpn 3TOM B cJiyqae OTCYTCTBHH B R 
ep;HHHll,hl ITOJiararoT, ITO oITpep;eJiem:1ro, 

R (1-e) = {x-xe I xER}, 

(1-e) Re= {xe-exe I xER}, 

(1-e) R (1-e) = {x-ex-xe+exe f xER}. 

MHomecTBa (1-e)R Ii! eR (1-e) orrpeAeJIHIOTCH aHaJio
rHqHo. TaKHM o6pa3oM, ITPH p;aycTopoHHeM II. p. aJieMeHT 
x ER ITpeAcTaBJIHeTcH B BHAe 

x= exe+ (ex-exe) + (xe-exe) + (x-ex-xe+exe), 

np11 JieBOM - B Bli!Ae 

x=xe+ (x-xe) 
II ITPlil ITpaBOM - B Bli!Ae 

X=ex+(x-ex). 
PaccMaTpHBaeTCH TaKme Il. p. OTHOCl!TeJibHO OpToro
HaJibHOll c11cTeMhl Hp;eMrroTeHTOB {e1, ••. , e,.}, rAe Lie;= 1, 
a HMeHHO: 

R= ,., __ e;Rej. ..:....,! 
II. p. 6blJio rrpep;JiomeHo E. IlHpcoM (cM. [1)). 

Jlum.: [1) Peirce B., «Amer. J. Math.», 1881, v. i., p. 97. 
JI. A. CrwpnsmOB. 

IIHPCOHA RPHBblE - Ha3saHHe ceMeilcTBa HeITpe
phIBHhIX pacITpep;eJieH11i\: sepoHTHOCTeii: (p a c rr p e A e
JI e H Ii! Il: II Ii! p c o H a), rrJIOTHOCTH K-ph!X p (x) YAOB
JieTBOpHIOT AH«P«PepeH11,HaJihHOMY ypasHeH1110 

dp(x) x-a 
~= b0 +b 1x+b2x 2 P (x), 

rp;e rrapaMeTphl a, b0 , b1' b2 - A0HCTBllTeJihHhle qncJia. 
EoJiee TOqHo, K p Ii! B hi M H Il 11 p C O H a Ha3. rpa
«J>li!Klil aas11cHMOCT11 p (x) OT x. PacrrpeAeJieH11H, HBJIHIO
rn;11ecH pellleHllHMll ypaBH0Hli!H (*), COBITaAa!OT c rrpeAeJib
HhIMlil «PopMaMH zunepzeo.11tempu'lecr;ozo pacnpeoe.11enuR. 
II. K. KJ1acc11.iPH11,HpyroTcH B aas11c11MoCTH OT xapaKTepa 
KOpHeii: ypaBHeHllH 

b0 + b1x + b2x2 = 0. 

CeMeii:CTBO II. K. cocTaBJIHIOT 12 TlllIOB 11 nopMa.11bnoe 
pacnpeoe.11enue. MHorHe samHeil11111e pacrrpep;eJieHHH B 
MaTeMaTnq. CTaTl!ICTHKe MoryT 6b1Th llOJiyqeHhl c llOMOrn;h!O 
ITpeo6pa3oBaHHii: H3 ypasHeH11H (*)· 

CHcTeMaT111f. oITHCaHHe TllITOB II. K. AaHo Y. 8JIAepTo
HOM (W. Elderton, 1938). B yITpo111,eHHOM B11Ae KJiaccH
«PHRall,HH ITO TlilllaM TaROBa. 

T11IT I: 

qacTHh!R 
T H II 

p (x) = k ( 1 + :, t• ( 1- :. t', 
- a1 ,,;;;;;; x ,,;;;;;; a2 , mi, m2 > -1; 

cJiyqai\: - 6ema-pacnpeoe.11enue 1-ro 
II: 

pop;a. 

( x' )m p (x) =k 1-a. , -a,,;;;;;x,,;;;;;; a, m~-1 
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(eapnaHT n. K. Tlma I); qaCTHhIH CJiyqaii: - pa6H0Jttepnoe r 
pacnpeoe.1tenue. 

T II II III: 

-a,,;;;;;x,,;;;;;oo, µ > 0, a> O; 

qacTHhle cJiyqa11 - ea:M:Ma-pacnpeoe.1tenue, «xu-r;eaopam»
pacnpeoe.1tenue. 

T11II IV: 

p (x) = k ( 1 + :: )- m e -µ arctg ( : ) , 

-oo,,;;;;;x,,;;;;; oo, a> 0, µ > 0. 
T II II V: 

p(x)=kx-qe x, O,,;;;;;x< oo, a>O, q>1 

(ceop;11TCH rrpeo6paaoeaH11eM K T11rry Ill). 
T11II VI: 

p (x) = kx-q• (x-a)q•, a,,;;;;; x < oo, q1 > q2-1; 

qacTHhle cJiyqa11 - 6eTa-pacrrpep;eJieH11e 2-ro pop;a, </Ju
wepa F-pacnpeoe.1tenue. 

T II II VII: 

p(x)=k(1+~:tm, -oo <x< oo, m>-}; 

qacTHhlii: cJiyqai\: - Cmb10oenma pacnpeoe.1tenue. 
T11rr VIII: 

p (x) = k ( 1 + ~ t m, - a,,;;;;; x,,;;;;; 0, 0,,;;;;; m,,;;;;; 1. 

T II II IX: 

p(x)=k(1+:)m,-a,,;;;;;x,,;;;;;O, m>-1. 

T II II X: 
x-m 

p (x)=ke a , m<x< oo, a >0,-
nor;a3ame.1tbnoe pacnpeoe.1tenue. 

T II II XI: 

p(x)=kx-m, b<x< oo, m>O; 

qacTHhlii: cJiyqan - llapemo pacnpeoe.1tenue. 
T II II XII: 

p(x)=( 1+ :.)m,-a1 ,,;;;;;x,,;;;;;a2 , /m/>1 

\1--=-a, 

(eapnaJIT T11rra I). 
Ha1160Jiee eamIIhl e rrp11JiomeH11Hx TllIIhl I, II I, VI, VII. 
Bc.irnaH Il. K. O)J;II03HaqHo orrpep;eJIHeTCH CBOllMll IIep

BhIMH qeThlpbMH MOMeHTaMH 

ak= ~ ~= xkp (x) dx, 

eCJIH OHH KOHeqHhl. <ho CBOMCTBO ceMeHCTBa Il. K. llC
IIOJlb3YeTCH )J;JIH np116JI11lKeHHOro OIIllCaHHH IJ:Mnuputtecr;ux 
pacnpeoe.1tenuii. 

MeTO)J; nop;roH.K.lt: n. K. K HeK-pOMY ::JMIIHpHq. pacnpe
.D;eJieHHIO COCTOllT B CJiep;y10ru;eM. Ilo He3aBHCHMhIM pe
ayJihTaTaM Ha6JIIOAeHllH BhlqllCJIHIOT nepBhle qeTbipe Bhl-
6opoqHhIX MOMeHTa, 3aTeM OIIpep;eJIHeTCH THII IIOAXO)J;Hru;eii 
fi. K. H MeTO)J;OM MOMeHTOB HaXO)J;HTCH 3HaqeHllH HeH3-
BeCTHhIX IIapaMeTpOB HCKOMOH n. K. B o6ru;eM CJiyqae 
M:eTO)J; MOMeHTOB He HBJIHeTCH alJiiJ>eKTHBHhIM MeTOAOM 
noJiyqeHHH ou;eHoK Il. K. Ilpo6JieMa 60Jree ToqHoi\: aII
npoKcnMau;nn pacIIpep;eJieHllil C IIOMOiu;bIO fi. K. IIOJiyq11Jia 
lloeoe penreHrre B pa6oTax JI. H. BoJibnreea (1963) IIo 
8CHMIIT0Tllq. IIpeo6paaoeaHllHM. 

II. K. 6hIJill eeep;eHhl K. II11pcoHOM (K. Pearson, 1894). 

.Jium.: [1) E Ider ton W. P., Frequency curves and corre
lation, t, ed., Camb., 1953; [2] R e H A a JI JI M., C T h IO a p T A., 
Teopmi pacnpe11eJ1emlll, nep. c aHrJI., M., 1966; [3} R pa Me p r., 
MaTeMaTH'IeCRHe MeTOAhl CTaTRCTHRH, nep. c aHrJI., 2 HSA., M., 1975; 
[4] Bo JI h me B JI. H., «Teop1rn eepoffTH. H ee npHMeH.», 1963, 
T. 8, M 2, c. 129-55. A. B. Ilpoxopo6. 

IllIPCOHA PACilPE,lJ;EJIEHlIE - CM. llupcona r;pu
ewe. 

IlllTMEHA OD;EHRA - aKBHBap)<IaHTHaH cTaTllCTHq. 
ou;eHKa IIapaMeTpa C)J;Bllra OTHOCllTeJibHO rpyIIIIhl Be
ru;ecTBeHHhIX C)J;BllfOB, 11Me10ru;aH MllHllMaJihHhlll p11cK IIpH 
KBap;paTrrqHOH ii>YHKD;llH IIOTepb. 

IlycTb KOMIIOHeHThl x1' X2, ... , Xn cJiyqai\:Horo 
BeKTopa x = ( x 1' x 2• ••• , x n) cyT:b He3aBllCllMhle cJiy
qaHHhle eeJIH'l:llHhl, IIop;q11HHIOIIJ;lleCH O)J;HOMY II TOMY me 
eepOHTHOCTHOMY aaKOHY, IIJIOTHOCTb eepoHTHOCTll K-poro 
IIpHHap;JielKllT ceMeiicTBY 

{/(x-0), /xi< oo, 0E0=(-oo, +oo)}, 

E 0 X~ = ~ ~= x 2f (x-0) dx < oo 

)J;JIH JI106oro 0 E 0. ,Il;aJiee, rrycTb G= {g} - rpyrrIIa ee
ru;ecTBeHHbIX C)J;BllfOB, p;eHCTBy10ru;aH B IIpocTpaHCTBe 
peaJinaau;11rr IR.1= (- 00, + 00) CJiyqaHHOll BeJinqHHhl xi 
(i=1, 2, .•. , n): 

G={g:gX;=X;+g, I g I> oo}. 
B TaKOM cJiyqae aap;aqa ou;eH11BaH11H IIapaMeTpa 0 6yp;eT 
llHBaprraHTHOll OTHOCllTeJibJIO KBan;paTnqHOH iJ>yHKD;HH 

IIOTepb L (0, S)= (0-S)2 , ecmr B KaqecTBe S= e (X) 
Bhl6paTb aKe11eap1rnHTHy10 ou;eHKy. 8. IIrrTMeH [1) IIO

KaaaJI, qTo :'JKBllBap11aHTHaH OD;eHK8 S (X) IIapaMeTpa 
C)J;BHra 0 OTHOCllTeJibHO rpyIIIIhl G, llMe10ru;aH MllHHMaJib
HhIH prrcK rrp11 KBap;paT11qHOH iiiYHKD;llll IIOTepb, 11MeeT Bll,li; 

~ ~~=xf(x)IT~= 2 f(x+Y;)dx 
0(X)=X(nl)- \+ex> n 

J-., f (x) fli= 2 f (x+ Y;) dx 

rAe Y;= X<nil-X(nlh X<nil ecTb i-H IIOpH,[lKOBaH cTa
TllCT11Ka, IIOCTpOeHHaH no BeKTopy Ha6JI10p;emrii: x. 
II. o.- HeCMeru;eHHaH ou;eHKa, OHa HBJIHeTCH MHHllMaKC
HOH B KJiacce ecex ou;eHOK rrapaMeTpa C)J;B11ra 0 IIPll 
KBap;paTllqHOH ilJyHKD;llll IIOTepb, eCJill ace :'JKBllBaprraHT
Hhle OD;eHKll rrapaMeTpa 0 llMeIOT KOHeqHhle iJ>yHKD;llll 
pncKa [2). 

II p n M e p 1. EcJin 

f (x-0) =e-(x-e>, x:;?: 0, 
TO ecTb X;, i=1, 2, ••• , n, rrop;q11HHeTCH IIOKa3aTeJih
HOMY aaKOHY c He11aeeCTHhIM IIapaMeTpOM cp;enra 0, TO 

Il. o. S (X) )J;JIH 0 BhlpamaeTCH IJiopMyJioi\: 
~ 1 
0(X)=X<nll-n' 

IIp11qeM ee p;ncIIepcnH paBHa 1/n2 • 

II p 11 M e p 2. EcJin 

1 f (x-0) =---= e 
V2l't 

(X- 8) 2 

2 , Ix I< oo, 

TO ecTh X;, i=1, 2, ••• , n, IIo)J;qHHHeTCH HOpMaJibHOMY 
N (0, 1) aaKoHy c HenaeecTHhIM MaTeMaTnq. omnp;aHrreM 0, 
TO B aTOM cJiyqae cpep;Hee apniJ>MeT11qecKoe 

- 1 
X =n- (X1+X2 + ... +Xn) 

HBJIHeTCH II. 0. 
Jlum.: [1) Pitman E. J., «Biometrika», 1939, v. 30, p. 391-

1,21; [2] G i r s h i c k M. A., S av a g e L. J., «Proc. Second Ber
keley Syrop. Math. Statist. Prob.», 1951, p. 53-73; [3] 3 ail c ID., 
TeopHff CTaTRCTH'IecRHX BhIBOAOB, nep. c aHrJI., M., 1975. 

M. C. HUl<1JllUH>. 

IUICl>ArOPA TEOPEMA - TeopeMa reoMeTp11u, ycTa
HaeJI11ea10ru;aH CBH3b Memp;y CTOpOHaMH IIpHMoyroJihHOrO 
TpeyroJihHHKa. II. T. 6hIJia, IIO-BH)J;HMoMy, 11aeecTHa AO 
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II:mparopa (6 B. AO H. a.), HO eMy rrpHIIHChlBaeTCH ee AO
KaSaTeJILCTBO B o6meM BH)l.0. ITepBoHaqaJihHO TeopeMa 
ycTaHaBJI11BaJia COOTHOIII0HHH Mem)l.y m:roma)l.HMH KBa)l.
paTOB, IIOCTpoeHHhlX Ha l'HIIOT0Hyae H KaTeTaX rrpHMO
yrOJibHOl'O TpeyroJibHirna: KBa)l.paT, IIOCTpoeHHhlH Ha 
l'HIIOTeHyae, paBHOBeJIHK cyMMe KBa)l.paTOB, IIOCTpoeHHhlX 
Ha KaTeTax. 06hlqHo IT. T. rrpHHHTo KpaTKO ljiopMyJIHpo
BaTb TaK: KBa)l.paT r:arroTeHy3hl IIpHMOYl'OJibHOl'O TpeyrOJib
Hirna paBeR cyMMe KBa)l.paToB KaTeToB. BepHa n TeopeMa, 
o6paTHaH IT. :r.: eCJIH KBa)l.paT CTOpOHhl TpeyroJibHHKa 
paBeH tyMMe KBa)l.paToB ABYX )l.pyrnx ero CTOpOH, TO 
STOT TpeyroJibHHH IIpHMOyroJibHhlH. B C8-3. 

nu«I>AroPOBhI qncJIA - TpoiiKn u,eJihlx noJiomn
TeJihllhlx 11nceJI x, y, z, YAOBJieTBopsnomnx ypaBHeHHIO 
x 2+y2=z2• Bee perneHHH aToro y_paBHeHirn, a cJie)l.oBa
TeJihHO, 11 Bee IT. q. BhlpamaIOTCH ipopMyJiaMII x=a2 -b2 , 

y=2ab, z=a2+b2 , r)l.e a, b - rrpOII3BOJibHhle u,eJihle 
IIOJIOlRHTeJibHhle qlICJia (a>b). IT. q. MoryT 6bITb HCTOJI
KOBaHhl KaK )l.JIHHhl CTOpOH IIpHMoyroJibHOl'O TpeyroJib
HHKa. BCIJ-3. 

nJi/I - YHIIBepcaJibHhlH a.n,eopum.MU'lec1rnu !i3blK (co
KpameHne oT Programming Language One), paapa6otaH
Hhlii B 1963-64 lfJIIpMOH ITO IIpOH3BO)l.CTBy BhlqlICJllI
TeJibHhlX MaIIIIIH MEM (International Business Machines). 
B Ji3h1He IIJl/I HaIIIJIH CBoe OTpameHIIe KaK OIIhlT rrpe)l.
mecTByIOmnx eMy H3LIHOB a.n,eo.n,, ¢opmpan, Ko6o.n,, TaH 
II MHOI'H0 HOBhle JiI)l.eH rrporpaMMHpOBaHIIH' IIOHBHBIIIIIeCH 
K MOM0RTY C03)1.aHHH ITJl/I. Ha H3hlK TaKme OKaBaJIH 
aaMeTHOe BJIHHHIIe oco6eHHOCTH BhlqlICJIIITeJibHhlX MaIIIIIH 
~HPMhl MEM II HX orrepau,IIOHRon c11cTeMhl. 

ITJI/I ycTpoeR TaKIIM o6paaoM, qTo6hl H3 Hero MOJRHO 
6hlJio Bhl)l.eJIHTh rroAMHomecTBa, y)l.oBJieTBopH10mne Hym
)1.aM KOHKpeTHoro rrp1IJiomeH1IH. ITporpaMMa Ha ITJl/I 
COCTaBJIHeTCH II3 He3aBIICIIMO TpaHCJIIIpyeMhlX MO)l.yJie:il:, 
Ha3bIBaeMblX BHeIIIHIIMH rrpou,e)l.ypaMII, K-pble HMeIOT 
aJirOJIOIIOA06HyIO 6JioqHyIO CTpyHTypy II BKJIIOqaIOT rrpo
u,e)l.yphl (BOSMOJRHO, MHOl'OBXOAOBhl0 ll peKypCIIBHhle) 
II 6JIOKII. 

Ha1I60JILIIIee aHaqeHne A.TTH )l.Harraaoaa rrplIMeHeHHH 
ITJl/I nMeeT pa3Hoo6paaHe TIIITOB AaHHhlX. H3hlK IIMeeT 
)l.eJio c )l.aHHhlMH apH«jJMeT1IqecK1IMH (AeiiCTBHTeJihHbIMll. 
II HOMITJieHCHhIMII, c ljJHKCHpoBaHHOH Ii! IIJiaBaIOme:il: aa
IIHTOH, .)l.BOIIqHbJMII II )l.eCHTIIqHbIMII), CTpOHOBhIMII (JIII
TepHbIMII II 6nTOBhlMH), )l.aHHblMII c rna6JIOHOM (aHaJior1Iq
HhlMH rna6JioHaM B K06oJie) H p;aHHhlMII )l.JIH yrrpaBJieHIIH 
rrporpaMMOH (MeTKa rrepeAaqH yrrpaBJieHHH, BXO)I., y1rn
aaTeJib, ljia:il:JI, BeTBh n co6hlTHe). 

HahlK ITJI/I o6ecrreqHBaeT B03MOJRHOCTh 06'he)l.1IHeH1IH 
)l.aHHhlx B arperaThl - MaCCHBhl H cTpyKTyphl. M a c
c 11 B hl rrpe)l.cTaBJIHIOT co6o:il: yrropH)l.oqeHHhlii Ha6op o)l.
Hopo)l.Hhlx 3JieMeHTOB (cKaJIHpOB IIJIII CTpyKTyp). c T p y K
T y p a M II B ITJI/I Has. 1IepapxnqecKn yrropHAoqeHHhlU 
Ha6op 3JieMeHTOB, Kall\)l.hlH H3 K-phlX HMeeT CBOe IIMH 
H MOJReT IIMeTb CBOH TIIIl )l.aHHblX II opraHH3aU,HIO. 

IT paBHJia Bhlq11cJieHirn BhlpameH11ii: rroaBoJIHIOT Bhlpa6a
ThlBaTb rrpo1I3BOJihHhle aHaqeHIIH. B cJiyqae HecooTBeTcT
BIIH THIIOB )l.aHHblX rrpH HX Bblq1ICJieH1III ocym;ecTBJIHeTCH 
aBTOMaT1Iq. rrpeo6paaoBaHne K TIIITY, Tpe6yeMoMy orrepa
U.HHMII IIJIH HOHKpeTHhlM KOHTeKCTOM. 

Cym;ecTB0HHoil: oco6eHHocTbIO ITJl/I HBJIHIOTCH rr p a
B H JI a y M 0 JI q a H H H, II03BOJIHIOIIIHe rrporpaMMHCTY 
yKa3hlBaTb, Harrp., He BCe CBOHCTBa )l.aHHblX, He Bee 
HOMIIOHeHTbl orrepaTopoB, He Bee rrapaMeTpbl BCTpoeHHblX 
ljiyHHU,IIH. To, qTo ae yKaaaao HBHO rrporpaMMIICTOM, 
rroanMaeTCH aeK-phlM aapaaee orrpe)l.eJieHHhlM o6paaoM 
HJlH me HCXO)l.H H3 KOHTeKCTa. 

ITJI/I o6Jia)l.aeT pa3BHThlMII cpe)l.CTBaMII yrrpaBJieHIIH 
pa6oTOH c naMHTb10. 8TII cpe)l.CTBa Il03BOJIHIOT rrporpaM
MHCTY caMOMY orrpe)l.eJIHTb MOMeHT paaMem;emrn rrepeMeH
HhlX B naMHTII, o6'heM Tpe6yeMoii naMHTH, CKOpOCTb Bbl-
6opKH BJieMeBTOB )l.aHHblX, IlOBTOpHO HCIIOJib30BaTb yme 
BLI;teJieHHYIO rraMHTb IlO)I. ,ApyrlIM IIMeHeM H, B03MOJRHO, 

c Apyroii: IIHTeprrpeTau,neii: CO,AepmaIIIHXCH B Heii 3Ha
qeHIIH 6e3 rrepepaaMem;eHIIH. ITaMHTb MO)l(0T 6hlTb Bbl)l.e
JieHa CTaTHqecKH (AO IICIIOJIHeHIIH rrporpaMMbl) liJllI AII
HaM1IqecKH (rrplI BXOAe B 6JIOK IIJIII rrpH IICilOJIHeHIIII 
orrepaTopa paaMemeHIIH). Bhl)l.eJieHHaH )l.JIH Hel{-po:il: rrepe
MeHHOH IIaMHTb MOlKeT 6b1Tb opraHH30BaHa no TIIITY CTeKa 
c COOTBeTCTBy101!llIMH rrpaBIIJiaMll. AOCTyrra IIJIII MOJReT 
6LITb CBH3aHa c HeK-pbIM yKaaaTeJieM. 

HapHAY c o6blqHblMII orrepaTopaMII rrpHcBa1rnaH1IH, 
rrepeXOAa, HTepaTRBHOl'O HCilOJIHeB:IIH, Bbl30Ba rrpou,e)l.yp, 
ycJioBHhlMH orrepaTopaMH, ITJl/I BKJIIOqaeT cpeACTBa AJIH 
CHHXpOHH3aU,HH rra paJIJieJibHO HCilOJIHHeMhlX rrpou,e)l.yp' 
)l.JIH HCIIOJIHeHHH HeK-pbIX orrepaTopoB BO BpeMH KOMITH
JIHU,HH, a TaKJRe )l.JIH BblilOJIHeHHH HeK-pbIX )l.ellcTBHH 
(CIICTeMHhlX IIJIII orrpe)l.eJieHHblX rrporpaMMHCTOM) rrplI 
B03HIIKHOBeHHH CHTyau,Hii (cTaH)l.apTHblX HJIH orrpe)l.eJieH
HblX rrporpaMMHCTOM), Bb13blBaIOm;Hx rrpepb1BaH1Ie npn 
IICITOJIHeHHII rrporpaMMhl. B ITJl/I rrpe)l.cTaBJieHbl paaHo
o6pa3Hbre cpe,ll,CTBa )l.JIH o6MeHa )l.aHHblMH c BHeIIIHIIMH 
ycTpOHCTBaMH (rrocpe)l.CTBOM aarrHceii:, IlOCHMBOJibHO H c 
pe)l.aKT1IpOBaH1IeM). B H3hlK ITJI/1 BcTpoeHo 6oJILmoe 
KOJIHqecTBO cTaHAapTHblX ljiyHKU,Hii, K-pble cym;ecTBeHHO 
o6JierqaIOT nporpaMMHpoBaR1Ie. 

CtaHAapT ITJl/1, orry6JI1IK0BaHHhlil: B 1976, ,AaeT 6oJiee 
ljiopMaJibHyIO II TOqHyIO crreu,111jJHKaU,HIO H3h1Ka, o6o6m;aeT 
IlOHHTIIe THIIa ll rrpaBHJia BhlqllCJieHHH BhlpameHHH H 
BhlqncJIHeMhlx if>yHKU,HHMH BHaqeHHii. B To me BpeMH B 
CTaHAapT H3b1Ka He BKJIIOqeHbl cpe)l.CTBa )l.JIH rrapaJIJieJib
HOl'O HCIIOJIHeHIIH H cpe)l.CTBa opraHH3aU,HII BhlqlICJieHHH 

B rrepHO)I. Tf aHCJIHll,HH. 
Jlum.: Lt YmrnepcaJihHhlit fl3hrn nporpaMMnpoaamrn PL/1, 

nep. c aHrJI., M., 1968; [2] c K 0 TT P., c 0 HA a K H., TIJI/1 AJ!fl 
nporpaMMHCTOB, nep. c aHrJI., M., 1977; [3] IlporpaMMHpoaaHne Ha 
TIJI/1 oc EC, M., 1979; r4] ByXTHflPOB A.M .• Cl>po
JI 0 Br . .a;., 0 JI JOH H H B. IO., C6orHHK 3a)la'! no nporpaMMHPO
BaHHIO Ha fl3h1Ke TIJI/1, M., 1978; [5 American National Standard 
programming language PL/1, ANSI, X 3.53-1976. JI. A. Kop1teea. 

ITJIAHUTOH - BhlITYKJiblii: MHoroyroJibHHK rrpaBHJib
Horo paa61IeHHH IlJIOCKOCTH Ha paBHhle MHoroyroJibHHKH, 
T. e. TaKoro pa3611eHHH, qTo cymecTByeT rpyrrrra ABHJRe
HHH rrJiocRocTH, coaMema10rn,aH paa61IeHne c co6oii:, K-paH 
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p;e:ii:cTByeT TpaH3HTHBHO Ha coaoKyIIHOCTH MHoroyroJib- IIJIAHIDEPEJUI TEOPEMA: AJIH Kamp;o:ii KBap;paTH'I-
HnKoB paa6rieHnH. Ha eBimnp;oaoil IIJIOCKOCTH cyrn;ecTByeT HO cyMMnpyeMoil lfiymm,IIII f E £ 2 (-co, +co) HHTerpaJI 
11 KOM6IIHaTOpHbIX TIIIIOB paa6neHIIH - T. H. c e T II 1 
Illy 6 H II Ko Ba - JI a Be ca (cM. pnc.). Op;HaKo rpyrr- 7 co (x) = V 2n ~ :: f (y) e-ixy dy 
rra CHMMeTprrn AJIH O)J;Horo KOM6nHaTOpHoro nma MOIBeT 
AeHCTBOBaTh rro-paaHoMy. BaanMOCBH3h KoM6IIHaTopHoro cxop;IITCH B £ 2 K HeK-po:ii !fiynm:i;nn f(x) E £ 2 rrpn 
TIIIIa n rpyrrrrhI CIIMMeTpHII xapaKTepnayeTCH T. H. c II M- TO eCTb 

(!) -+(/), 

B 0 JI 0 M c M e 1K H 0 c T H. Ha eBKJIHAOBOH IIJIOCKOCTH 
cym;ecTByeT 46 o6m;nx rrpaBHJihHhIX paa6HeHH:ii c paa-
JIIIqHhlM CIIMBOJIOM CMelKHOCTH. 

Ha rrJiocKocTn Jio6aqeacKoro rrJiaHHroHaMII HBJIHIOTCH 
rrpaBHJibHbie MHoroyrOJibHIIKII c JII06hlM qIICJIOM k CTOpOH 
II JII06hIM AaHHbIM qIICJIOM r:x CXOAHlll;HXCH B KalKAOll Bep
III:e:He II. )J.JIH qIIcJia CTOpOH k= 3, 4, 5, 6, >6 MOlKHO 
BbI6paTh TaKon paaMep II., qTo r:x?;;:7, ?;;:5, ?;;:4, ?;;:4, )>3. 
MHoroMepHhlM aHaJioroM II. HBJIHeTCH cmepeoa&p. 

Jlum.: [1] A e JI o He B. H.~ «Mas. AH CCCP. Cep. MaTeM.», 
1959, T. 23, No 3, c. 365-86; t2] A e JI o He B. H., Ao JI o H
JI H H H. II., ill Torp H HM. M., «Tp. MaTeM. HH-Ta AH CCCP», 
1978, T. 148, c. 109-40; [3] Yaophl CHMM0TPHH, nep. c aHrJI.' M.' 
1980. A. B. Heauoe. 

IIJIAHHPOBAHHE aKCIIEPHMEHTA - paap;eJI Ma
TeMaTHqecKOll CTaTIICTIIKII, 1rnyqaJOII1;llll pau,IIOHaJibHyIO 
opranIIaau,IIIO II3MepeHIIil, rroAnepmeHHhIX cJiyqai\.HhlM 
OIIIII6KaM. 06biqHo paccMaTpIIBaeTCH CJiep;y10rn;aH cxeMa 
n. a. Co CJiyqanHhlMII ourn6KaMn H3MepHeTCH lfiyHKl\HH 
f ( 0, x), aaBIICHIU,aH OT HeII3BeCTHhIX rrapaMeTpOB (BeK
TOpa 0) H OT rrepeMeHHhlX x, K-phle no BhI6opy ~rncrrepII
MeHTaTopa MoryT rrpnnnMaTh anaqeHnH II3 neK-poro 
p,orryCTIIMOro MHOllieCTBa x. ~eJibIO 31\CIIepIIMeHTa HB
JIHeTCH o6brqao JIII6o ou,enKa acex HJIII neK-phlx rrapa
MeTpOB 0 IIJIII UX lfiyHKU,UH, Jil!60 rrpoBepKa HeK-pbIX 
rIIIIOTe3 o rrapaMeTpax 0. Mcxop;H H3 u,eJIII aKcrrepnMeHTa, 
lfiopMymrpyeTCH KpHTepnil: OIITnMaJibHOCTH rrJiaHa 31\C
rrepuMeHTa. IlOA IIJiaHOM 31\CrrepIIMeHTa IIOHIIMaeTCH 
COBOKYIIHOCTb 3HaqeHn:ii, aap;aaaeMhIX rrepeMeHHhIM x 
B aKcrrep11MeHre. 

Jlum. (1] Ha JI HM 0 B B. B., q e pH 0 Ba H. A., CTaTHCTH
qecime MeTO)'.(hl TIJlaHHPOBaHHlI 3KCTpeMaJlhHhlX imcnepHM0HTOB, 
!If., 1965; (2] <I> e )'.( 0 p 0 B B. B., TeopHH OTITHMaJlbHOro a1<cnepH
MeHTa, M., 1971; [3] X H 1< c q., OcHoBHhle npHHJ.IHTihl nJ1aHHposa
HHH aRcnepHMeHTa, nep. c aHrJI., M., 1967; [4] cI> H H H H ,[(., Bnc-
!10HH0 n Teopmo nJ1aHHponaHHH a1<cnepHMeHTOB, nep. c aHrJI., M., 
1970. 

IIJIAHKA IIOCTOHHHAH - op;Ha ua a6coJIIOTHhIX 
lfinaIIq. KOHCTaHT, HMeIOIIl;aH paaMepHOCTh p;eiiCTBlIH (anep
rIIH X apeMH); B CIICTeMe CGS II. rr. h paaHa 

(6,62377 ± 0,00018)·10- 27 aprxceK 

( ± 0,00018 - B03M01KHaH rrorpeIIIHOCTh B Il3MepeHIIH). 
Bnepahle 6blJia BBep;ena M. IIJiaHKOM (M. Planck, 1900) 
B pa6oTe no CBeTOBOMy Il3JiyqeHIIIO, B K-poii OH rrpep;
IIOJIOllilIJI, qTo 3HeprIIH e lfioroHa (aJieKTpoMarHHTHOH 
BoJIHhl) paana e=hv, rp;e v - qacroTa BOJIHhl. Iloap;nee, 
c B03HIIKHoBeHIIeM KBaHTOBoii MexaHIIKII, II. II. 6blJia 
llCIIOJib30BaHa B OIIpep;eJieHIIII BalKHeHIIIIIX KBaHTOBOMe
xanIIq. BeJIIIqIIH (orreparopa IIMIIYJibca, aneprIIII rr T. p;.) 
ll BOIIIJia 1Ioqn1 BO BCe ypaBHeHIIH n COOTHOIIIeHIIH KBaH
TOBOH Mexamrnn. 

fl. II. B HeK-pOM CMbICJie xapaKTepnayeT rpaHlll\hl IIpH
MeHeHHH KJiaCCIIq. MeXaHnKII: OKa3blBaeTCH, qTo 3aKOHbI 
KBaHTOBO:ii: MexaHHKil cyrn;eCTBeHHO OTKJIOHHIOTCH OT aa
KOHOB KJiaccrrq. MexaHIIKII JIIII!Ih AJIH TeX ¢1II3Ilq. CHCTeM, 
AJIH K-pbIX xapaKTepHhle paCCTOHHlIH, CKOpOCTII lI MaCChI 
TaKOBhI, qTO cooTBeTCTByIOrn;aH xapaKTepHaH BeJIIIqIIHa 
AeiicTBIIH cpaBHIIMa no 1Iop11p;Ky c aeJIIIqrrno:ii: h. II pII 
lfiopMaJibHOM MaTeMan1qeCKOM paCCMOTpeHIIII 3TO 03Ha
qaeT, qro npH h-+ 0 COOTHOIIIeHIIH KB8HTOBOH Mexanrr
KH nepexop;HT B COOTBeTCTBYIOIIl;He KJiaCCilq. COOT
nomennH. 

Ha PHAY c IIOCTOHHHoii h IIcnoJih3YIOT KOHcTaHTy h= 
h =zn, K-py10 npn aToM TaKme Haa. II. n. P. A. Mu1Moc. 

10* 

Ilpll 3TOM caMa lfiyHKU,IIH f (x) 1Ipep;cTaBJIHeTCH KaK npep;eJI 
B £ 2 1Ipn ri -+ oo naTerpaJioB 

f (x) = ~ r +Ylj (y) eixy dy, 
ri Vzn .l-YJ 

TO eCTh 
L, 

f (x) = lim /11 (x). 

KpoMe Toro, crrpaBe)J;JIIIBO COOTHOIIIeHrre 

(lfi o p My JI a II a pc ea a JI H - Il JI a H me p e JI n). 
<l>yHKU,IIH 

- . 1 ~+co/( • d f (x) = hm 7=" y) e-zyx y, 
co-+oo l 2n - co 

rAe rrpeAeJI IlOHIIMaeTCH B CMbICJie CXO)J;IIMOCTH B L2, Ha3. 
II p e 0 6 p a 3 0 B a H lI e M <I> y p b e lfiyHKl\HH f H 
o6oaHaqaeTCH o6blqHblM ClIMBOJIOM 

f (x) = ----=- f (Y) e- 1 xy dy, - 1 ~ +oo · 
V2n -oo 

(1) 

npII 3TOM lIHTerpaJI (1) IIOHIIMaeTCH B CMbICJie rJiaBHO!'O 
aHaqeanH na oo B MeTprrKe £ 2. AHaJiorIIqno IICTOJIKOBhl
BaeTcH paBeHCTBO 

f (x) = ~ f (y) ezxy dy. 1 ~ +oo - · 
V2n -oo 

(2) 

,Il.JIH lfiyHKl\Illl /EL2 llHTerpaJihl (1) lI (2) cyrn;ecTByIOT B 
cMhICJie rJiaanoro aaaqenHH rroqTII rrpn acex x. 

<l>yHKl\IIII f n f yp;onJieTBopHIOT noqTrr npr1 acex x TaKme 
COOTHOIIIeHIIHM 

- d { 1 r + 00 e - i xy - 1 } 
f (x) = dx V 2n .l - oo f (y) - iy dy ' 

d { 1 r + 00 - ,;xy - 1 } 
f (x) = dx V2n .l - oo f (y) iy dy • 

EcJin o6oaaaqnTh j npeo6paaoaanr1e <l>yphe, j-1 - ero 

o6parn;eaIIe, To n. T. rrepelfipaanpyeTCH TaK: 7 n f- 1 -
aaarrMHO o6paTHhie yHrrTapHhle onepaTophI B £ 2• 

II. T. ycwHoBJiena M. IIJiaHmepeJieM (M. Plancherel, 
1910). 

Jlum.: [1] 3 Hr My H )'.( A., TpHrOHOM6TPH'!eC1me pll)'.(hl, rrep. 
caHrJJ.,T.2,M.,1965; [2] THT'!Mapm E., BneneHuenTeo
pmo HHTerpaJIOB cI>yp&e, nep. c aHrJI., M.- JI., 1948; (3] Box
H e p C., JieRJ.IHH oo HHTerpaJJax <l>ypi,e, nep. c aHrJI., M., 
1962. II. H. Jiuaopnwt. 

IIJIAHIDEPEJIH (f>OPMY JIA - lfiopMyJia, Bhlpama10-
maH HHBa puaHTHOCTb CKaJIHpHoro npoII3Be)J;eHIIH rrpu 
rrpeo6paaoaaHnn <l>yphe B rrpocTpaHCTBe £ 2 (X): 

~ yf1(y)72 (Y) dµ (y) = ~x Ii (x) /2 (x) Jµ (x). 

B KJiaccnq. cJiyqae, Korp,a X= Y= 1Rn eCTh n-MepHoe 
eBKJIM)J;OBO npoCTpaHCTBO, µ (x) n µ (y) cyTh n-MepHhl0 
Mephl Jle6era, rrpeo6pa3oaaHue <l>yphe 

f (x) ~ f (Y) 
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Ha upocTpaHCTBe L 2 (IRn) ~! HBJIHeTCH HenpephIBHhIM 
upo,a;oJimemrnM 1maccuq. upeo6pa3oaarruH <l>yphe 

~ def 1 s . g (x) ~ g (y) =--2 g (x) e<( x, y) dx, 
(2;rr) n/ Rn 

gEL1 (IRn), 
x=(x1, ·· .,xn), Y=(yi, · .. , Yn), 

(x, y) - c1rnJIHpHoe upomrne,a;emrn B !Rn, c MHomeCTBa 
Li(IRn) n L2 (IRn) Ha IlpOCTpaHCTBO L2 (!Rn). 

II. qi. cupaae,a;JiuBa TaRme, Ror,a;a X - JioRaJibHO ROM
uaRTHaH 1\0MMyTaTMBHaH TOilOJIOrn:q. rpyuua, y - ee 
rpyuua xapaRTepoB, x EX, y E Y, µ (x) H µ (y) - cooT
BeTCTBYIOIIJ;MM o6pa30M HOpMMpoBaHHhle HHBapuaHTHhle 
Mep~hl B rpyrma-x X H Y, a upeo6pa3oBaHue <l>yphe f (x) ~ 

~ f (y) Ha upocTpaHCTBe L 2 (X) ~ f HBJIHeTCH HenpephIBIIhIM 
upo,a;oJimeHMeM OT06pameHHH 

~ def r 
g (x) ~ g (y) = J X g (x) y (x) dµ (x), 

g (x) ELi(X), y (x) EY, 
c MHOlReCTBa Li(X) n L2 (X) Ha upoCTpaHCTBO L2 (X). 

II. qi. o6o6ru;aeTCH Ha HeRoMMyTaTHBHhle TODOJioruq. 
rpyuuhl. IlycTh, Haup., G - 6nRoMnaKTHaH rpyrma, 
µ - HHBapnaHTHaH Ha He:ii Mepa, µ (G)= 1, g ~ Uf·>_ 
HeilpHBO,D;HMOe KOHeqHoMepHoe pa3MepHOCTH no; YHMTap
HOe upe,a;cTaBJieHue rpynnhl G B rMJib6epToBoM upocTpaH
CTBe, gEG, ct=1, 2, ... , x(g)EL 2(G), 

def r 
Tia>= JG x (g) U~a)* dµ (g) 

(* - uepexo,a; K coupHmeHHOMy orrepaTOpy), S (Tka>Tka>*) 
- CJie,a; orrepaTopa Tia>Tia>•. Tor,a;a o6o6ru;eHHaH IT. qi. 
MMeeT BHA 

~GI x (g) 12 dµ (g) = ~a nas (T icx>r~a.)•). 
Jlum.: [!] R 0 JIM 0 r 0 p 0 BA. H., <l>OM H H c. B. 8JieMeHTbl 

TeOpHH lf>YHKQHii H lf>YHRQHOHaJibHOro aHaJIH3a, 5 H3)'.I.: M., 1981; 
[2] Ha ii Map KM. A., HOpMHpOBaHHble KOJJbQa, 2 H3>1., M., 1968. 

JI. lf.. HyiJpR6tfe6. 
IIJIACTHqHOCTH MATEMATHqECKAH TEOPIIH -

Teop~H ,a;eqiopMnpyeMoro uJiaCTifqHoro TBep,a;oro TeJia, B 
K-pon HCCJie,a;yIDTCH 3a,a;aqu, COCTOHIIJ;He B oupe,a;eJieHHH 
IlOJien BeKTOpa uepeMeru;eHHH u (x, t) HJlH BeKTopa CKopo
CTeH v (x,t)' TeH3opa ,a;eqiopMau;1rn e;j (x, t) HJIH CKOpoCTeH 
,a;eqiopMau;un vij(x, t) u TeH3opa HanpHmeHn:ii a;1 (x,t), 
K-phle B03HHKalOT B TeJie, 3aHHMa!Oru;eM o6JiaCTb Q c 
rpaHuu;e:il: S, no,a; ,a;e:iicTBueM MaccoBhIX K (x, t) H uoaepx
HOCTHhIX F (x, t) CHJI IlpH 3a,D;aHHhIX HaqaJibHhIX H rpa
HifqHblX ycJIOBHHX, a Taxme B oupe/WJieHHJil TeX Harpy3oK 
H uporwccoB, IlpH R-phIX paBHOBeC!ile (ABHlReHue) TeJia 
HBJIHeTcH HeycTOftquahIM. Oco6eHHOCTH II. M. T. cocToHT 
B TOM, qTo 

a) COOTHOIIIeHHH au- eij HemrneiiHhl Iii Heo6paTHMhl H 
OilHCbIBalOTCH, Boo6ru;e roaopH, qiyHKIJ;HOHaJiaMH; CJie,a;o
BaTeJibHO, 3a,a;a'lH II. M. T. cyru;ecTBeHHO HeJIHHeiiHhl; 

6) K0Hqi11rypan;HH HCKOMhIX KBa3HCTaT11q. IlOJieH oupe
,a;eJIHIOTCH upou;eccoM H3MeHeHHH 3a,a;aHHhIX qiyHKIJ;Hll Ha 
upoMemyTKe [0, t), a He HX MrHoBeHHhIMH 3HaqeHHHMR B 
MOMeHT t; 

a) B upou;ecce H3MeHeHHH qiyHKIJ;Hii: K, F B03HHKaIOT 
o6JiaCTH yupyroii: ,a;eqiopMaIJ;HH, aKTHBHon DJiacnrq. ,a;e
qiopMaIJ;HH (Harpy3KH) Ii! uaCCHBHO:ii ,a;eqiopMaIJ;HH (pa3-
rpy3KH), B K-pbIX COOTHOIIIeHHH CJij-eij pa3JinqHhl; CITH 
o6JiaCTH ,D;OJilRHhl 6h1Tb oupe,a;eJieHbl IlpH peIIIeHHH 3a,a;aqH; 

r) ypaBHeHHH Kpaeao:ii aa,a;aqn MoryT, aoo6ru;e roaopH, 
OKa3aThCH pa3HhIX THilOB (3JIJIHI1THqecxoro HJIH fHilep6o
JIHqecKoro) B pa3HhIX o6JiaCTHX TeJia. 

IIpH I1pOH3BOJibHOM CJIOlRHOM upou;ecce H3BeCTHhl JIHIIlb 
BeCbMa 06ru;11e CBOHCTBa qiyHKIJ;HOHaJIOB IlJiaCTHqHOCTH, 

HX HBHaH aBaJinT:li:q. CTpyKTypa He ycTaHOBJieHa. RoH
RpeTHhle COOTHOIIIeHHH a;1-e;j. He COJJ;epmaru;ue HBHO 
qiyHKIJ;HOHaJioB, IlOCTpOeHbl H 3KCI1epHMeHTaJibHO 060-
CHOBaHhl ,D;JIH pH,a;a THDHqHblX npou;eccoB AeqiopMau;mi:. 
MHor,a;a paccMaTp1rna10TCH rnxme HeK-phle ncRyccTBeH
Hhle (<MO,D;eJin» COOTHOIIIeHHll a;1-eif, K-phle JIHIIIb qa
CTHqHo OTpamalOT yupyrouJiaCTHq. CBOHCTBa MarepuaJioB. 

CTaTH'lecKHe Kpaeable aaAa•m. B reopu11 yupyro
uJiacrnq. upou;eccoa (cM. (1)) cornacrro uocryJiaTy u30-
Tponu11 A. A. MJih!OIIIHHa cooTHorneHHH a;;-e,-1 MomHo 
upe,a;cTaBHTb B BH,D;e 

a if= Ake~i (1) 

(cyMMnpo~a1me no k OT 1 ,a;o 6), r,a;e e~i- 6a3uc, uo
CTpoeHHhIH Ha OCHOBe TCH30pa MaJIOH ,a;eqiopMaIJ;HH, 
A k - qiyHKl.J;HOHaJibl OT HHBapHaIITOB reH30pa Aeqiop
Mau;un, AaBJieHnH p, TeMneparyphl T 11, ao3MOlRHo, ,a;py
r11x HHBapHaHTHhIX BCJIIfqHH HeMeXaH11q. IlpHpO,D;hl. Mc
ROMhle qiyHRIJ;HH u; (x, t), e;1 (x, t), CJij (x, t) upn paBHO
BCCHH YAOBJieTBopHIOT ypaBHeHHHM 

a;i•J+PK;=O, xEQ, (2) 

2e;1=u;, 1+u1.;, xEQ, (3) 

a;1=Ake~i' x EQLJS, (4) 

a;};=F;, xESa, (5) 

U;=rp;, xESu, Sa LJSu=S, Sa nsu=O (6) 

upn 3a,a;aHHhIX qiyHKIJ;HHX K;(x, t), F;(x, t), rp;(x, t) n 
o6JiaCTHX Q, Sa, Su· 3,a;ech l; - HanpaBJIHIOIIJ;He xocu
HyChl BHeIIIHen HOpMaJin K rpaHuqHOH IlOBepXHOCTH s; 
t - uapaMeTp upou;ecca (Hanp., HCTHHHOe HJIH yCJIOBHOe 
epeMH); p - IlJIOTHOCTb MaTepMaJia; (2) - ,a;uqiqiepeHIJ;H
aJibHhle ypaBHeHHH paBHOBeCMH, (3) - KHHeMamq. co
OTHOIIIeHMH Mem,a;y MaJihIMH )J;eqiopMaIJ;HHMH H uepeMeru;e
HHHMH, (5) H (6) - rpaH11qHhle yCJIOBHH B HanpHlReHMHX 
H uepeMeru;eHHHX COOTBeTCTBeHHO. PaBeHCTBa (2) - (6), 
crporo roeopH, He peaJIM3YIDT uocraHoexy xpaeaoii: 
3aAaqu, IlOCKOJibKY IlpH rreM3BeCTHOll CTpyKType qiyHK-
1.J;HOHaJIOB IlJiaCTifqrroCTH HeJih3ll peIIIHTb BOilpoc 0 cy
rn,eCTBOBaHHH perneHHH. 

c yqeTOM 3TOM neoupe,a;eJieHHOCTH ,D;JIH pemeHHH 3a,a;a
qu (2) - (6)' AOilyCKaH ero cyru;ecTBOBaHMe IlpH I1pOH3-
BOJibHOM CJIOlRHOM narpymeHHH (CH), upe,a;JiolReH Ii! B qa
CTHhIX 3a)J;aqax peaJiu3oBaH CJie,a;yIDru;nii: MeToA CH-8BM. 
HHme CMCTeMa paBeIICTB (2), (3), (5), (6) 6y,a;eT Ha3. 
HeilOJIHOH CHCTeMoii (B). B CBH3H c HCI10Jib30BaHHeM KO
neqnopa3HOCTHOH upou;e,a;yphl o6JiaCTb Q pa36HBaeTCH 
Ha N HqeeK (aJieMeHTOB), B KalR)lOH H3 K-pbIX HCKOMble 
qiyHKIJ;HH HMelOT IlOCTOHHHble (cpe,D;HHe) 3HaqeHHH, 3a
BHCHIIJ;He OT uapaMeTpa t (HHTepecyIOIIJ;Hll HHTepeaJI Bpe
MeHH (0, ti pa3611aaeTCH Ha M rnaroa), H B v-ii: Hqeil:xe 
3aMeHHIOTCH COOTHOIIIeHHH ( 4) auupoKCHMHPYIOIIJ;HMH co
OTIIOIIleHHHMH BHAa 

a .. = C kek 
VtJ V vij• (7) 

rAe Cvk - qiyHKIJ;HH t, TaKHMM, qTo pemenne 3ap;aqH 
(B), (7) cyru;ecTByeT. IlyCTb B rrepBOM I1pH6JIHlReHHH c 
KOHKpeTHO 3ap;aHHhIMH (no B03MOlRHOCTll - HaH6oJiee 
IlpOCThIM cuoco6oM, Hanp. B COOTBeTCTBHH c o6o6ru;errrrhIM 
3aKOHOM ryxa) qiyHKIJ;HHMH Cvk 

pemen11e 3aAaqH (B), (7) eCTh uW(t), e~~}, u~~}(t). 
Oupe,a;eJIHeMhlll DO HeMy Ha6op HHBapHaHTOB J'J> (t) 
BMeCTe c Pv (t) H Tv (t) paccMaTpneaeTCH KaK coeoxyu
HOCTb uporpaMM HCilhITaHHll N o6pa3IJ;OB B O,ll;HOpO/lHOM 
HailpHmeHHOM COCTOHHHH. IlpoBe,a;eHHe HX Ha HCilhITa
TeJibHOM KoM6a:il:He KJiacca CH ,a;aeT HCTHIIIIhle 3aBHCH-

MOCTH au-e;j B npou;eccax /~l) (t), Pv (t), Tv (t), qTo 
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onpep;eJUieT YTO'JHeHHhle annpORCJIMJipy10m;Jie COOTHO
meHJIH 

R-phle :ucnoJib3YIOTCH AJIH 'lJICJieHHoro pemeHJIH aap;aq:u 
(B), (7 2) BO BTOpOM npJI6JIJilReHJIJI. AHaJIOrH'lHO CTpOHTCH 
nocJiep;y10m;Jie npJI6JIJimeH:u.11. Cxop;JIMOCTh oa;eHJIBaeTCH 
no HopMaM pa3HOCTeii p;ayx nocJiep;y10m;:ux np:u6JIJilReHJiii. 

B OTJIJI'lJie OT npJIMeHHeMhlX BapJiaHTOB TeopeTJIRO
~lRCTiepJIMeHTaJibHhlX MeTOAOB pemeHJIH RpaeBhlX aap;aq 
c H3BeCTHhlMJI COOTHOII1eHHHMJI ( 4)' ap;ecb JICnOJih3yeTCH 
HCIIhlTaHJie CTaHp;apTHhlX o6paaa;oB B op;HoMepHOM Hanp.11-
meHHOM COCTOHHJIJI no CTaHp;apTHOH MeTOAJIRe, a He Ha
TypHoro o6'beRTa JIJIJI ero Mop;eJIJI B cJiolRHOM HanpameH
HOM COCTOHHJIJI. 

Ilpep;JiomeH anocTepJiopHhlii RpJITepJiii cym;ecTBoBaHJIH 
(CM. [2)): eCJIJI yRa3aHHhlll npoa;ecc llTepaa;Jiii CXOAJITCH, 
TO peII1eHJie aap;aqn (2) - (6) (c HeJI3BeCTHOH CTpyRTypoii 
«PYHRa;JioHaJioB A 1<) cym;ecTByeT JI c aap;aHHoii CTeneHbIO 
TO'IHOCTH onpep;eJIHeTCH B n-M npJI6JinmeHJIJI. 

ECJIJI COOTHOIDeHHH (4) H3BeCTHhl, HO CJIOlRHhl, TO 3TOT 
MeTOA TaRlRe 1IpJIMeHJIM c HCIIOJib30BaHJieM (4) BMeCTO 
:ucnhlTaTeJibHoro RoM6aiiua CH. 

CJiomuocTJI nocTaHOBRJI JI peI11eHn.11 Rpaeao:il: aap;aqJI Teo
pnJI TIJiaCTH'lHOCTJI B o6m;eM CJiyqae cym;eCTBeHHO yMeHhilla
IOTCH npJI paCCMOTpeH:u:u ROHRpeTHhlX RJiaCCOB npoa;ecCOB. 

CTeneub cJiomuocTJI npoa;ecca p;e.iPopMaa;JIJI B TO'lRe 
TeJia onpep;eJIHeTCH conocTaBJieH:ueM RpJIBJI3H TpaeRTopnn 
p;e.iPopMaa;JIJI, R-pa.11 B 5-MepHOM eBRJIJIAOBOM 1IpOCTpaH
CTBe :uao6pamaeT npoa;ecc :uaMeueHJIH p;ea:uaTopa p;e.iPop
MaIJ,:uJI 9;j=e;j-e6;j _(3e=e;;), c TJinJI'lHoii p;.71.11 Ramp;oro 
~rnTepJiaJia aeJIJI'lJIHoJI cJiep;a aanaap;bIBaHnH h, onpe,1:1e
JIHeMoii 3RCnepJIMeHTaJibHO. Ha 3TOH OCHOBe Bhlp;eJIHIOTCH 
'laCTHbJe 1maCChl npoa;eccoB, AJIH R-phlX COOTHOII1eHJIH (4) 
ROHRpeTI:I3JipyIOTCH H He co,1:1epmaT HBHO «PYHRD;JIOHaJIOB. 
)l;JI.11 Ramp;oro TaRoro 1rnacca npoa;eccoa nocTaHoBRa 
Rpaeaoil: aap;aqJI (2) - (6) CNHOBJITCH onpep;eJieHHOH, 
p;onycRaIOm;eii p;oRa3aTeJibCTBO TeopeM cym;eCTBOBaHirn H 
ep;JIHCTBeHHOCTJI JI noCTpOeHJie o6m;JIX MeTop;oB peII1eHJIH. 
IlpJI 3TOM, op;Ha1w, B03HHRaeT npo6JieMa .iliJI3H'l. AOCTO
aepHOCTJI peI11eHJIH, noCROJibRY npn aap;aHHhlX «PYHRD;JIHX 
K;(x, t), F;(x, t), cp;(x, t) npoa;ecchl, onpep;eJIHeMhle 
pemeHJieM, MoryT He COOTBeTCTBOBaTb o6JiaCTJI AOCTOBep
HOCTJI 'JaCTHoro BJip;a COOTHOII1eHJIH ( 4)' npHHHTOro npJI 
llOCTaHOBRe aap;a'JJI. :'hy npo6JieMy MOlRHO nocTaBJITb 
RaR aap;aqy 06 onpep;eJieHnJI RJiacca aap;aHHhlX «PYHRIJ,Hii 
K;' F;' cp; .ii' MOlReT 6hlTb, orpaHJI'leHnii Ha COOTHOIDeHHH 
(4) qacTHoro BHp;a, npH R-phlx CHCTeMa ypaaaemrii (2) -
(6), p;onoJIHeJIHaH COOTHOIDeHHHMH, onpep;eJIHIOIIJ;HMH co
OTBeTCTBYIOIIJ;.ilH RJiacc npoa;eccoB, COBMeCTHa. 

B TeopHH MaJihlX ynpyronJiacTn'l. p;e.iPopMaa;Hil: (cM. 
[3)), OTHOCHm;eiic.11 R npoa;eccaM npOCTOH p;e41>opMaa;HH 
(HyJieaoil: RpHBH3Hhl), COOTHOII1eHHH (4) nMeIOT BHA 

2<I> (ea) 
au=-3-e-(eu-e6;j)+ 3KefJ;j, (8) 

a 

rp;e eu= ( ; 9ij9ij) - HHTeHCHBHOCTb p;e.iPopMaD;.HJI, ([> -

SRcnepHMeHTaJibHO onpep;eJIHeMaH «PYHRIJ,HH ynpo'IHeHHH, 
K - ROHCTaHTa (MOAYJib o6'heMHOH ynpyroCTH), 3e=eu. 

II pH orpaHH'leHHHX 

3G ~ <I> (eu) ~ d<t> ~A. > 0 (9) 
eu dea 

(A.<1 - 'IHC.710), np.11eMJieMhlX p;JIH ROHCTpyRa;noHHhl~ 
MaTepHaJIOB, ycTaHOBJieHa 3.JIJIHnTH'l. npHpop;a RpaeBOH 
aap;a'lH (B), (8), p;oRaaanhl TeopeMhl cym;ecTBoBaHHH 
H ep;HHCTBeHHOCTH peII1eHHH, ycTaHOBJieHhl MHHHMaJibHhle 
npH~Hnhl .ii p;aHhl COOTBeTCTBy10m;ne BapHaa;HOHHhle 
llOCTaHOBRH aap;a'l. )l;oRaaana TeopeMa 0 npOCTOM Ha
rpymeHHH, onpep;eJIH10m;a11 1macc «PYHRa;.11il: K;, F;, cp; 

(op;HonapaMeTpn'l. HarpyaRH), npH R-poM pemeHne aap;a'IH 
«PH3.H'leCRH p;oCTOBepHo. )l;JIH peII1eHHH Rpaeaoii: aap;a'JH 
(B), (8) B npHIIa;.11ne npHMeH11Mhl MeTOAhl PHTIJ,a 11 By6-
HOBa - faJiepRHIIa, R-phle, BCJiep;CTBHe HeJIHHeRHOCTH 
aap;a'IH, MaJios«P«PeRTllBHhl. IIIHpORO 11cnoJib3yeTCH MeTop; 
ynpymx pemeH11ii, CXOAHIIJ;HHCH np11 yCJIOBllHX (9): B 
Ramp;oM nocJiep;oBaTeJibHOM np116mrmemrn peI11aeTCH 6oJiee 
npoCTaH RpaeBaH aap;aqa JI11He:iiHoii Teopmr ynpyrocT11 
(CM. [3)). IlpH 3TOM B xop;e perneHllH onpep;eJIHIOTCH 06-
JiaCTI'l ynpyr11x p;e.iPopMaa;Hii:, B R-phlX llMeeT MeCTO 0606-
m;eHHhlll 3aROH fyRa. IlpHMeHHeTCH Tal\lRe MeTOA nepe
MeHHhlX napaMeTpOB ynpyroCTI'l (CM. [4)). 

IloCTaHOBRa aap;a'IH (B), (8) H yRa3aHHhle MeTOAhl 
peI11eH11H npHMeHHIOTCH TaRme R aap;aqaM TepMonJiaCTH'l
HOCTH. II pH 3TOM np11 TeMnepaTypHOM noJie T (x, t), 
onpep;eJIHeMOM peilleHHeM aap;aq11 TenJionpoBOAHOCTH, B 
COOTHOII1eHHHX (8) noJiaraeTCH <l>=<I> (eu, T) I'l 'lJieH 
3Ke6;j aaMeHHeTCH BhlpameHHeM 3K (e-aT)6ij. BBH/cy 
«PYHRD;llOHaJibHOH npHpOp;hl COOTHOII10HHH au~eij HC
nOJib30BaHHe «PYHRa;1111 <I> (eu, T) orpaH111JeHo HeR-pLIM 
RJiaccoM TenJioBLIX npoa;eccoa. Cnea;11aJibHhlii HHTepec 
npep;cTaBJIHIOT aap;a'lH 0 a;HRJIH'l. HarpymeHHH TeJia 
(CM. [5)), conpoaomp;a10m;eMCH nepHOAll'l. B03HHRHOBe
HlleM o6JiaCTeii: paarpyaRH H HarpyaRH o6paTHoro aHaKa. 

B TeopHH ynpyronJiaCTll'l. npoa;eccoa MaJio:il: RpHBH31lhl 
(HaH60Jih!IlaH RpHBH3Ha 3Ha'l11TeJihHO MeHbme h -l) c 
COOTHOIDeHllHMI'l 

2<I> (s) " " • 3 au= 3V (vu-vuu) +au;j, a= Kv, 
u 

vu= ( ; Vu V;j )112 , 

s= tvudt - p;JI11Ha p;yrH 

RHHeMaTH'l. ypaBHeHHHMI'l 

(10) 

2Vij=V;,j+Vj,i• (11) 

rp;e v; (x, t) - Roopp;HHaThl aeRTopa CRopOCTH qaCTHD;hl 
cpep;hl, cTaBllTCH Rpaeaa.11 aap;aqa (2), (10), (11), (5), (6), 
p;.71.11 R-poii AORa3aHhl TeopeMhl cym;ecTBOBaHHH I'l ep;nHCT
BeHHOCTll, c«PopMyJIHpoBaHbl aap11aa;110HHhle npHHa;Hnhl 
II npep;JiolReH MeTOA nocJiep;oBaTeJibHhlX npH6JIHlReHHii:. 
YcJioB11.11 «P113H'l. p;ocToaepHOCTll peI11eHn.11 He BhlHCHeaLI. 
8Ta aap;aqa «PopMyJI11pyeTCH, B 'JaCTHOCTll, upHMeHH
TeJibHO R pacqeTy ycTaHOBHBI11eroc.11 nJiaCTll'l. T0'l0HHH 
ynpo'IH.1110m;eroc.11 MeTaJIJia B TeXHoJior11'l. npoa;eccax 
o6pa6oTRH p;aaJieHHeM (npeccoaaHHe, npoRaTRa n T. n.). 

AHaJiorH'lHO cTaBHTCH Rpaeaa.11 aaµ;aqa p;JI.11 ynpyro
nJiaCTll'l. npoa;eccoB cpep;Heii RpHBH3Hhl (rnaoHa.11 Rp11-
BH3Ha TpaeRTOpHH p;e.iPopMaa;11H MeHb!Ile II.Jiii nopap;Ka 
h-1). 

)l;JI.11 TeopHn p;ayxaaeHHhIX npoa;eccoa (TpaeRTopnH p;e
«PopMaIJ,HH - JIOMaHaH C yrJIOM H3JIOMa fl Ilpll s=so), 
THnH'lHbIX AJIH p;ayxnapaMeTpH'l. HarpymeHHH TeJia, c 
COOTHO!IleHHHMll (8) np11 s<:so II COOTHO!IleHHHMI'l 

2fJ [3· .-3~· 3~. ] 
a .. =_._a_ ~sin(0-it)+~sinit +3Kel\;1 
'' 3 sm e s - s0 s, 

(12) 

npH s>so, r,1:1e Gu, i} - H3BeCTHhle «PYHRD;HH OT so, 0, S, 
p;aHa nocTaHoBRa Rpaeaoii aap;a'IH (B), (12) npH s>s0 
I'l (B), (8) npH S~So c p;oRa3aTeJibCTBOM TeopeM cym;ecT
BOBaHHH H ep;llHCTBeHHOCTH. )l;oRa3aHa JIORaJibHaH Teo
peMa «PH3H'l. AOCTOBepHOCTH, onpep;eJIHIOIIJ;a.11 p;ocTaTO'lHhle 
ycJioBHH, HaJiaraeMhle Ha «PYHRD;HH K;, F;, cp;, npII K-phlx 
no'ITH BCIOAY B o6JiaCTII Q np0Hcxop;.11T H3JIOMhl TpaeR
TOpHii: p;e.iPopMaa;nH. Caoii:cTBa pemeHHii n MaTepHaJibHhlx 
«PYHKil,HH B ORpecTHOCTH TO'IRI'l IJ3JIOMa cym;ecTBeHHhl 
p;JIH pemeHHH 3aµ;aq 06 ycToftq11aocTH paBHOBecHH npu 
ynpyronJiacT11'l. µ;e.iPopMa~IIHX. 
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B COBpeMeHHOM T00plrn. Teqemrn /];JUI IIJJaCTllq. qacTll 

T0H3opa µ;elJ>opMaIJ;llll efi ll3 IIOCTyJiaTOB IJJiaCTll'lHOCTll 
auepreTH'l. THIIa BblBOAHTCH COOTHOII10HllH Bllp;a 

of of 3) 
l'lel?1.= H ~.aa-l'lamm (1 

I a,J mn 

a p;JIH yrrpyroii qacTH rrpHHHMaeTCH 0606IIJ,eI1HhIM aaRoH 

ryRa 

aij=Aefnm&ij+2µdj, 
rp;e A, µ - IIOCTOHHHbl0 JlaMe, rrpl'I'l0M ljiyIIRD;llH Ilarpy
JR0HllH f HBJIHeTcH ljiyHRIJ;HOilaJioM rrpou;ecca I1arpym0I1m1 
Gij (t), a ljiyIIRIJ;HH yrrpoqueHHH H, RpoMe Toro, aaBHCHT 
oT rrpHparu;eHHii l'lau· qaIIJ,e Bcero rrpeµ;rroJiaraeTcH, qTo 
H ue aaBHCHT oT l'la;1. IIpH ::noM JIHHeapnaoBaHahle no 
IIpHparn;eHHHM COOTHOII10HHH (13) II03BOJIHIOT CTporo 
<JiopMyJB1poBaTh RpaeByro aap;aqy THIIa (B), (13) c p;oRa
aaTeJihCTBOM pHp;a o6IIJ,HX T00peM H MHHHMaJihilbIX IIpHil
IJ;llIIOB (cM. [6)); paapa6oTaHbl rrpou;ep;yphl qncJieHI10-
aI1aJIHTHq. p0I110HHH. IIpenMyru;ecTBO rrpocTOThl, p;aBaeMoe 
JIHHeapnaau;ne.ii: COOTIIOIIIeHllM (13), cepb03HO ocJia6JIH-
0TCH orpaHHq0HHOCTbIO o6JiaCTH, B R-poli JIHHeapH30-
BaHHbl0 COOTHOII10HHH lji113HqecRll AOCTOB0pI1b1. 

B II. M. T. qacTo HCIIOJihayeTcH rrocTaHoBRa RpaeBoii 
aap;a•m Ha OCHOB0 T00pHH IIJJaCTHqI10CTll IIpailp;TJIH -
Peil.ca, R-paH OIIHCblBaeTCH COOTIIOII10IIHHMll 

• • • 2G • 2Geij=a;j-a6;j+R (a;j-a6;1)+ 3Ka6;;. 

rµe G, K - ROilcTaIIThl yrrpyrocn1, R - ljiyHRIJ;llH OT 

au= ( ; SijSij) 1 
;, • 06JiaCTb AOCTOB0pHOCTll <JTHX COOT-

IIOIII0IIHll orpaHHqeI1a (ToqI10 He orrpep;eJieHa). 
PaaBHTa Teop11H Hp;eaJibIIO nJiacTHq. TeJI (cM. [7], 

[8)), OCHOBaI1HaR: Ha ljinanq. COOTHOII10HHHX CeH-BeHaHa -
JleBH - M11aeca. 8T11 cooTHoilleHHH ljiopMaJibHO noJiy
qaIOTCH ll3 COOTHOIII0HllM MaJIOll RpHBll3HbI (10), 0CJill B 
HHX noJIOIBHTh <P (s)= as=const (as - npeµ;eJI T0Ry'l0CTH 
MaT0pllaJia) ll npHHHTb ycJIOBHe H0CJRHMa0MOCTH: 

2CJS 
a;;-aB;j = 3'V"" v;j, v=O. (14) 

u 
IIoIIHTHe np;eaJihHoii nJiacTHqHocTH rrop;paayMeBaeT, Rpmrn 
Toro, co6JII0/];0Hll0 B o6JiaCTll aRTllBHhIX IlJiaCTllq. p;e<fiop
Mau;Hii ycJIOBllH T0RyqecTH BHp;a 

F (a;;)=O, (15) 

Hanp. y C JI 0 B 11 H re II R ll - M ll 3 e C a 3/2s;;sij= 
=a~. Sjj=Uij-a&;1, llJlll y c JI 0 B II H T p e c Ra -
Ce H - H e Ha Ha Tmax=•s• rp;e •max- I1aH60JihI11ee 
RaCaTeJibHOe I1aIIpHIBeHHe, Gs, •s - ROIICTaHTbl MaT0-
p11aJia. 

RpaeBaH aap;aqa Bttp;a (B), (14), (15) c saMeHo.ii: (3) Ila 
(11) o6blqHo rmrep6oJinqecRoro (HHorp;a aJIJI11nT11qe
cRoro) Tttrra. IIoJIHaH aap;aqa Teopttll H/l,eaJihHoii nJia
CT11qHoCTH COCTOHT B peIIIeHHll ypaBHeHHH (2), (11), (14), 
(15) B qacTll o6JiaCTll Ql, B R-poii HMeIOT MeCTO nJiaCTllq. 

p;eljiopMaIJ;HH, II ypaBHeH11ii (2)' (3) c COOTHOilleHHHMH 
o6o6ru;eHHoro saRoHa fyRa B 06JiacT11 ynpyrnx p;eljiopMa
IJ;llH Q2 c COOTB0TCTBYIOIIJ;llMll rpaH11qHblMll ycJIOBllHMH 
H RllH0MaTHq. H AllHRMllq. ycJIOBllHMll conpHIBeHllH pe
III0HHH Ha Hell3B0CTHOH rpaHnu;e o6JiacTeil: Ql H Q2 (yn
pyronJiaCTllq. sap;aqa). 

qaCTO npaRTllqecRll IlOJI03Hble pesyJibTaTbl p;aeT mecTRO
IIJiaCTllq. aHRJill3, B R-poM ynpyrHe p;eq,opMaIJ;Hll HrIIO
pHpyIOTCH ll qacTll TeJia Biie o6JiaCTll nJiaCTllqIIOCTH 
CqHTaIOTCH I1ep;eljiopMHpyeMhIMH. Ilpll aTOM, RaR rrpa
BllJIO, B03IIHRaIOT CTaIJ;HOHapHble IlOBepxlIOCTll pa3pbIBa 
CROpOcTe.ii: qacn1u;, qTo HeCOBMCCTllMO c RJiacc11q. IIOJI01Re
HHllMll MexaI111R11 CIIJIOII1HOH cpeµhl. B I1eR-pbIX aaµaqax 
IIPH aap;aHHll rpaunqHb[X ycJIOBHll B HaIIpHIBeHHHX ypaB-

HeHHH paBHOB0CllH BMCCTe c ycJIOBllHMll TllIIa (15) MOJRHO 
paccMaTpHBaTb RaR aBTOHOMHyIO CHCTeMy rnrrep60Jillq. 
T11rra. Ilpll <JTOM B03HHRaeT B03M01RHOCTb HeOp;H03HaqHoro 
orrpep;eJICHHH o6JiaCTll IIJIRCT11q. µ;eljiopMau;11il: II HarrpH
JR0HllB B <JTOll o6JiaCTll, R-pyro qacTO paspernaIOT Ha oc
IIOBe HeR-phlx aBp11cT11q. coo6pameHH.ii:. MHorosHaqHoCTh 
Ile B03HHRaeT rrpH peI11eHn11 yrrpyrorrJiacTnq. sap;aq11. 

CpeµH sap;aq, peI11aeMhlx MeTop;aM11 Teop1111 11)1.eaJihHOH 
IIJiacT11qHOCTH, cneu;HaJihHOro yrroMHHaHHH aacJiym11BaIOT 
aap;aqn 06 ycTaHOBllBIIICMCH IIJiaCTHq. TeqeHHll Heyrrpoq
IIHIOJI\erocH MeTaJIJia B «RaHaJiax» c orrpep;eJieH11eM cRo
pocTeii ll HarrpHIBCHllH, BRJIIOqaH ROHTaRTHhle, IIpllM0Hll
T0JlbHO R TeXHOJIOr11q. sap;aqaM o6pa6oTRll p;aBJieHHeM 
(ROBRa, II1TaMrroBRa, rrpecc0Bau11e). 

)J.JIH pHµa llHJReH0pI1bIX rrp11JioJReHHll oco6hill llHTepec 
rrpep;cTaB.iIHeT Teop11H IIJiaCTllq. TeqCHllH TOHRllX CJIOeB 
MeTaJIJia, OCIIOBaI1I1aH Ha PHA0 pau;noHaJibHhIX r11IIOT03 
RHH0Man1q. ll lji11s11q. xapaRTepa. 1Ip11 ::ITOM orrpep;eJIHIOTCH 
ycJIOBHH, Heo6xop;11Mhle p;JIH rrop;p;epmaIIHH rrJiacT11q. Te
qeI111H (Ilarrp., MOIIJHOCTh npecca), H pacrrpep;eJieH11e cRo
pocTeii:, II03BOJIHIDIIjee npep;B11p;eTb ljiopMy H3p;eJillH. 

IIp11RJiap;Hhle sap;aqH II. M. T. (Harrp., o paBIIOBecHH 
o6oJioqeR) rrp11BOAHT R RpaeBbIM aap;aqaM c HCJillHelIHblMH 
p;111jiljiepeI1u;11aJibHhIMll ypaBI1eH11HMll c qacTHhIMll rrpo113-
BO/];HhIMll BhlcoRoro rropHp;Ra (Harrp., qeTBepToro). 

)J.JIH aap;aq 06 ycToiJ:q11BOCTH paBHOBec11H IIpH IIJiacT11q. 
p;eljiopMau;11Hx xapaRT0pHO 6HljiypRau;110HHoe H3M0HeHH0 
T11rra rrpou;ecca p;eljiopMau;H11 B MOMCHT rroTepH ycTofiq11-
BOCTH c o6pa30BaHll0M ToqeR 113JIOMa Ha TpaeRTOpHHX 
p;eljiopMau;1111. Harrp., rrp11 npocTOM HarpymeHHH TeJia B 
MOM0IIT IIOTepH YCTOH'lllBOCTH B03H11RaeT CJIOJRHOe Ha
rpymeHHe, H AJIH peI11eHHH sap;aq11 06 ycToil:qnBOCTll 
Heo6xop;11MO rrp11BJieRaTb COOTHOII10HllH, OIIllChIBaIOIIJ,110 
6ecRoHeqHo MaJiblll npou;ecc rrocJie ToqRll 11aJI0Ma TpaeR
Top1111 (cM. [1]). 

,!J;HHRMH'leCKHe aap;aqH TeopHii nJiaCTH'IHOCTH. 06IIJ,aH 

DOCTaHOBRa AHHaM11q. aap;aqn noJiyqaeTcH, 0CJill (2) 
3aM0HllTb ypaBHeHllCM ABH1R0HHH 

a;j, j+pK; =pU;, tt. xEQ, 

II R (2) - (6) µ;o6aBHTb HaqaJihHble YCJIOBllH, Hanp. BHp;a 

u; (x, 0) ='lji; (x), u;, t (x, 0) ='X,; (x), xEQ. 

1Ip11 ::ITOM B03HHRaIOT TPYAHOCTll ABOHRoro xapaRTepa: 
1) BCJI0/];CTBll0 B03HHRHOB0HllH pa3HbIX TllDOB BOJIH C 

pa3Jllll{Hb!Mll CROpOCTHMll pacrrpocTpaHeHHH, aaB11CHIIJ;llMll 
OT BeJI11qnH p;eljiopMau;11li, upou;ecch1 p;eljiopMau;1111 B paaublx 
TOl{Rax TeJia (11 B Ramp;oli TOqRe B pa3Hbl0 rrpoMemyTRH 
BpeMeHH) HMeIOT paaHyIO CTeUeHb CJIOJRHOCTH game np11 
npocTe.ii:I1111x THnax up11JiaraeMhlX uarpyaoR, 11 anp11op11 
HeJib3H ycTaHOBHTb B03MOJRHOCTb HCilOJib30BaHUH COOT
HOII10HllH Uij-eij qacTHOro BHp;a; 

2) Heo6xop;UMO llCIIOJib30BaTb AMHaMuq. COOTHOilleHHH 
Gij-Eij c yqeTOM aaBUCllMOCTll OT pa3BllTllH npou;ecca 
p;eljiopMau;uu BO BpeMeHH. 

)J.11HaMuq. ljiyHRIJ;llOHaJI IJJiaCTllqHOCTll H3yqeH He IIOJI
HOCTbIO game p;JIH op;uoMepHoro npou;ecca, T. e. rrpu rrpo
cTo.ii: p;eljiopMau;un. JrlHljiopMau;HH o AHHaM11q. xapaRTepH
CTHRax MaTepHaJIOB B CJI01RHOM HaIIpHIBCHHOM COCTOHHHH 
npn cJio1RBhIX rrpou;eccax p;eljiopMau;uH qpeaBblqafiHo 
cRyp;Ha II He II03BOJIHeT CYAllTb XOTH 6bl 0 RaqecTB0HHb!X 
cBoncTBax AMIIaMlll{. ljiyHRIJ;HOHaJioB nJiacTHl{HOCTH. B cBH-
3H c 8THM p;11I1aM11q. aap;aqu T00pH11 IIJiaCTHqHOCTH CTa
BHTCH c HCIIOJib30BaH11eM CTaTllq. COOTHOIIIeIIHH T00pllH 
IIJiaCTHqHOCTll, qTo II03BOJIH0T 0Tpa6aTb!BaTh MeTOi(bl 
peI11eH11H' Bb!HCHHTb crreu;111jJHqecRue AJIH AllHaMUKll Me
xau11q. aljiljieRThl ll IIOJiyqaTh peII10HllH, IIOJie3Hhle AJIH 
upaRTllRll B RaqecTBe ou;eHOR. TaROH IIO/];XOA B RaqecTBe 
aTaua 11ccJieµ;oBaHHH oupaBp;h!BaeTcH qpeaBhJqafiuo.ii: Bam

HocThIO 11ayqemrn AIIHaM11q. rrpou;ecCOB B ROHCTpyRIJ;HHX, 
coopymeH11Hx 11 Macc11Bax. 
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AHaJill3 pacIIpocTpaHeHllH aRTllBHhlx HemrneiiHhlX ,a;e- IIJIATO 3A,!J;A qA - 3a,a;a•rn Haxom,a;eHllH .Munu.Ma.ib-

r~opMau,nii B CJIOll\HOM HaIIpHmeHHOM COCTOHHifH 06Ha- NOU noeepxnocmu (M. II.) C 3apaIIee 3ap;aHHOH rpami:u,eii: f. 
pymllBaeT B03HllRHOBeHHe ROMfornllpOBaHHhlX pa3phlBOB BnepBhle TaRaH 3ap;aqa 6hlJia IIOCTaBJieHa iff. JlarpaHll\eM 
pa3HhlX THilOB, xapaRTepHhlX TOJlbRO )l;JIH HeJillHeiiHhlX (J. Lagrange, 1760), R-phlii CBeJI ee B RJiacce IIOBepxH0-
3ap;a'I. HaCROJlbRO MOll\HO cy,a;llTb no HMeIOIIl;llMCJI pe- CTeii: Bn,a;a z= z (x, y) R pemeHIJIO ypaBHeHllH 8iiJiepa -
3YJibTaTaM, HaIJ6oJiee CJIOll\Hbie rrpou,eCChl IIpOTeRa!OT B JlarpaHma M. II. IlocJie OIIhlTOB iff. IlJiaTO (J. Plateau, 
o6JiaCTHX, rrpnMhlRaIOm;Hx R IIOBepxHOCTHM pa3pb1Ba, 1849), B R-pb!X OH IIORa3aJI, 'ITO M. II. MoryT 6b1Tb IIOJiy-
Tor,a;a RaR B OCHOBHOH o6JiaCTH ):\BHll\eHnH CJIOll\HOCTb 'IeIIhl B Bn,a;e MhlJlbHhlX IIJieHOR, HaTHHYThlX Ha IIpOBOJIO'I-
rrpou,ecca no RpnBn3HaM TpaeRTopnii. ll no apeMeHll or- Hhle RapRachl (cM. [1)), ::ny 3a,a;aqy cTaJill aa3bIBaTb 3 a A a-

paHn'IeHa. Il03TOMY rrpe,a;CTBBJIHeTCH B03MOll\HhlM peIDBTb 'I e H fl JI a T O. 
j:\IJHaMIJ'I. 3a,a;a'Ill TeOpllll ITJiaCTll'IHOCTH )l;JIH CJIOll\HhlX B CTporoil: IIOCTaHOBRe Il. 3. Tpe6yeT pH,!1; ):\OIIOJIHH-
CJiyqaeB rryTeM ROM6nHnpoBaHHOro llCIIOJib30BaHllJI co- TeJibHhlX YTO'IHeHHII, OTHOCHIIl;HXCH R llCROMOH M. II. ll R 
OTHOIIleIInii. qaCTHoro BIIAa (Harrp., ,a;JIH rrpou,eccoa cpe,a;- ee rpannu,e. Harrp., ,a;oJimIIo Jill ncRoMoe pemeHlle 6h1Th 
Hell RpIIBH3Hhl) B OCHOBHOll o6JiaCTll ll COOTHOllieHHH ):\JIH peryJIHpHOll M. II. HJIIf me ero MOll\HO llCRaTb cpe,a;II 0606-
0RpeCTHOCTH TO'IRll H3JIOMa (HJIH )l;JIH ABYX3BeHHhlX rrpo- m;eHHhlX MllHllMaJibHhlX IIOBepxHOCTeii. (o. M. II.); o6H3a-
u,eccoB) B o6JiaCTHX, rrpllMhlRa!Om;IIX R IlOBepXIIOCTHM TeJibHO Jill llCROMaH rroaepxHOCTb ):\OJlll\Ha peaJill30BaTb 
pa3phlaa. HeTpnanaJibHoii ll crreu,ll<jJII'IecRoii ,a;JIH ,a;nHaMll'I. a6coJIIOTHhlii MHHHMYM rrJiom;a,a;n; RaRoB ,a;oJimeH 6h1Th 
3a,a;aq TeOpllH IIJiaCTH'IHOCTif HBJIHeTCH 3a/);a'Ia 0 Haxom- ROH<jiopMIIhlll llJlll TOIIOJIOrH'I. TllII IIOBepxHOCTll; B RaROM 
AeJIIIH IIOBepxHOCTif paarpy3RH, paa,a;eJIHIOm;eii o6JiaCTll CMhlCJie IIOHHMaTh rpaanu,y IIOBepXHOCTll, H T. II. B 3a-
aRTHBHhlX If rraCCIIBHblX ,a;e<jiopMaU,llii. BHCHMOCTH OT IIOCTaHOBRH 3ap;aqn, ee pemeHllH ll CBOii.-

Hall6oJiee ,a;eTaJibHo ll3y'IeHhl 3a,a;a'Ill o pacrrpocTpaHe- CTBa 3Tllx pemeHllii (cym;ecTBoBaHlle, e,a;nHCTBeHHOCTh, 
HHif O):\HOMepHbIX yrrpyrorrJiaCTH'I. BOJIH (CM. [9)) • .11CCJie- peryJIHpHOCTb If T. ,a;.) MoryT 6h1Tb cym;ecTBeHHO pa3-
,a;oBaHa 3a,a;aqa 0 pacrrpOCTpaHeHIJif BOJIHhl pa3rpy3Rll JIH'IHhlMll. 

B CTepmIIe IIpII paCTHll\eHHH-Cll\BTHif (CM., IIarrp., [9]). B Te'IeHIJe 19 B. n. 3. 6hlJia pemeHa ):\JIH IIeK-phlx 'IaCT-
B ,a;aJibHeiimeM pacrrpocTpaIIeHIIe 11 B3anMo,a;eiicTBIIe yrr- IIhlx BIIAOB 3a,a;aHHoii rpaHIIU,hl r, rJiaBHhlM o6paaoM ,a;JIH 
pyrorrJiaCTH'I. IIPOAOJibHhlX BOJIH B CTepmHe HCCJie,a;oBBHO pa3JIH'IHbIX IIOJIHrOHBJlbHbIX ROHTypoB. B 1928 6b1JIO 
C y'IeTOM pa3JIH'IHhlX THIIOB 3aBHCllMOCTll MexaIIH'I. Ha- )l;ORa3aHO cym;eCTBOBBHne peIDeHHH Il. 3. )l;JIH 0. M. II. 
rpy30R OT CROpOCTH ,a;e<jiopMau,nn. B CBOIO O'Iepep;b, IIOJiy- Tnrra Rpyra, rrpe,a;cTaBJIHeMoii: <jiopMyJiaMn Beil:epIDTpacca 
'IeHHhle pemeHHH IICIIOJlh3YIOTCH B Ra'IeCTBe TeopnII 3RCIIe- H orpaHn'IeHHOll 3ap;aHHOll He3ayaJieHIIOll mop,a;aHOBOH 
pnMeHTa (6a3nCHOro IfJlll ROHTpOJibHOrO) ):\JIH II3y'IeHHH RpHBOH. B 1931 p;aHO peIDeHne fl. 3. B CJiep;y!Om;eii: <jiop-
)l;IJHaMll'I. CBOllCTB MaTepnaJIOB (CM. (10)). MyJittpOBRe: IIYCTb f- lROpp;aHOBa RpIIBaH B IR", n;;?2, 

MaTeMaTH'Iec1me 3a,a;a'lll TeopHR ypanHeHHH COCTOHHHJI. Tor,a;a B IR" cym;eCTByeT o. M. rr., 3a,a;aIIHaH B H30TepMII'I. 
HBJieHne IIJiaCTif'IHOCTll HaCTOJlbRO CJIOll\HO, 'ITO IIOCTpo- Roop,a;nIIaTax (u, v) pa,a;llyC-BeRTOpOM r= r (u, v), HeIIpe-
HTb ypaBHeIInH COCTOHHHH (COOTHOIIleHllH CTij~eij) rryTeM phlBHhlM B Rpyre lwl...;:1, w=u+iv, ll roMeoMop<jJHo OTO-
IIpHMoro o6o6m;eHllH OIIhlTIIhlX p;aHHblX He y,a;aeTCH. B CBJI- 6pamaIOIIl;HM oRpyll\HOCTb lw1=1 Ha f; IIpII 3TOM IIJIO• 
3H c 3TIIM )l;OMHHttpyeT TeH,a;eHU,llH R Co3,a;aHllIO o6m;eft m;a,a;b 3TOH o. M. II. ORa3hlBaeTCH HaIJMeHhIIleii cpe,a;n BCex 
Teopnn, R-paH, B 'IaCTHOCTH, onpe,a;eJillT H TeopllIO 3KC- HerrpephlBHhlX IIOBepxHOCTeii: THIIa Rpyra, HBTHHYThlX IIa 
nepnMeHTa. Ha 3TOM ITYTH Bep;eTCH MaTeMaTIJ'I. HCCJie,a;o- ROIITyp f, B rrpep;ITOJIOll\eHIIH, 'ITO Ha f MOll\HO HaTHIIYTh 
BaHne ,a;onyCTHMhlX <jiopM ypaBHeHIJH COCTOJIHHH, He npo- XOTH 6bl OAHY TaKy!O noaepxHOCTb ROHe'IHOH IIJIOJJJ;aAli. 
TIIBOpeqam;nx 3aROHaM MexaHHKll ll TepMO)l;llHaMllRH, flOCJie perneHHH fl. 3, B 1931 p;JIH O):\HOCBJl3HOH IIOBepx-
tt3y'IeHne CBOllCTB KpHBhlX If IIOBepxHOCTeii B n-MepHOM HOCTII .n;m . .IJ;yrJiac ( J. Douglas) IIOCTaBHJI Bonpoc (T. H. 
rrpocTpaHCTBe B CBH3H c llCCJie,a;oBaHlleM npou,eccos ll 3 a A a 'I a .n; yr JI a ca) 0 cym;eCTBOBaIIHH B IR", 
IIpe,a;eJibHbIX KOH<jinrypau,nii., <jiopMyJinpoBaHne orrpe,a;e- n;;?2, M. II., HMe10m;eii. 3ap;aHIIhlH TOIIOJIOrII'I. THII (T. e. 
JIHIOIIl;IfX rrpttIIU,llIIOB, OTHOCHID;llXCH R HeR-phlM KJiaccaM 3a,a;aIIHYIO 3HJiepoBy xapaRTepnCTllRY ll xapaKTep opII-
(TaR llJIH IJHa'Ie ll,a;eaJill3HpOBBHIIL1X) MaTep:naJioB, yKa- eHTnpyeMOCTll) ll orpaIIIJ'IeIIHOH 3a/];aHIIhlM ROHTypoM r' 
3h1Ba101u;nx BbI6op IIe3aBHCHMhlX napaMeTpOB COCTOHIIIIJI COCTOHIIl;llM H3 o6'he,a;nIIeHHH k;;?1 mop,a;aHOBhlX RpllBhlX 

H YTO'IHHIOIIIIIX (B ):\OCTaTO'IHO o6m;eM Bn,a;e) CTpyRTYPY rl, ... , rk. B 1936-40 6blJill ,a;aHhl )l;OCTaTO'IHhle 
COOTHOIIleHnH CTij-eij, aHaJillTll'I. HCCJie/);OBaHne CBOHCTB yCJIOBHH pa3peIIlttMOCTll 3TOH 3ap;a'Ill 1 O)l;HO ll3 R-phlX 
<jiyHRU,HOHaJIOB IIJiaCTll'IHOCTH, BhlHCBeHlle RJiaCCOB IIpO- 3aRJIIO'IaeTCH B B03MOll\HOCTll HaTHByTb Ha f KaRyIO-
U,eCCOB, ,a;orrycRa!Om;llx 6oJiee IIpOCTOe MaTeMaTll'I. OIIll- Hn6y,a;h IIOBepXIIOCTb ,a;aHHOro TOIIOJIOrll'I. Tllrra, IIJIOm;ap;b 
caHlle B paMRax o6m;llx COOTHOIIleHHH (CM. [ 1), [ 11)). R-pon 6hIJia 6hI MeHbIITe, 'IeM IlJIOIIJ;a)l;h JII06oii noaepx-
BOJibIIlOe 3Ha'IeHlle ):\JIH Teopllll ll 3KCIIeJlllM0HT3JlbHOfO HOCTll c MeHbIIIeii: 3HJiepOBOH xapaRTepllCTllROH, HaTHIIY-
HCCJie,a;oBaHllH llMeeT pa3BllTlle TeOpHH IIpep;CT3BJieHllH TOH Ha TOT me ROHTyp. B TaKOH IIOCT3HOBKe fl, 3. 6blJI3 
<jiyHRU,llOHaJioB. Pe3yJihTBThl 3TOii: Teopnll II03BOJIHIOT, paccMoTpeHa n pemeHa TaKme B pllMBHOBOM rrpocTpaHCTBe. 

B 'IBCTHOCTH, ycTaHaBJillBaTb <jill3ll'I. AOCTOBepHOCTb ypaB- B Ha'I. 60-x rt. 20 B. 6hlJIO ):\OCTllrHyTo 60JibllIOB IIpO-
HeHllH COCTOHHllH CJIOll\HOH <jiyHK!J,HOHBJibHOH CTpyRTyphl ):\BJill\eHlle ll B peilleHllll fl. 3 , ):\JIH k-MepIIhlX IIOBepXHO-
IIO aIIBJIH3Y HBJieHIIH, cpaBHIJTeJihHO JierRo BOCIIpOH3BO- CTeii., k;;?3. BhlJIO rrpe,a;JiomeHO HeCKOJibKO o6o6m;eHIIH 

AIIMhlX B HBType. fl, 3,, OCHOBaHHhlX Ha HOBhlX OIIpep;eJieHllHX IIOHHTHH 
Jlum.: [1) II J1 b IO III II HA. A. IlJ1aCTH'IHOCTb. 0CHOBhl o6uwtt 0 6 6 u 

MaTeMaT11'leC1<011 Teop1111, M., 1963; t21 II J1 b IO III II HA. A., JI e H- IIOBepxHOCTH, rpaHHll,bl H IIJiom;a,a;ll. ):\HO ll3 0 0 m;eBllH 
c K II ii: B. c., Mo11eJ1b II aJ1rop11TM, «IlPllKJ131l;Hhle npo6J1eMhl llCXO,!l;HT ll3 CJie,a;yIDm;ero orrpe,a;eJieHHH IIOHHTHH IIOBepx-
npO'lHOCTll II llJ13CTll'lHOCTll», 1975, No 1 (ropi.1<1111:); [8] H J1 b IO- HOCTH x H ee rpBHllll,hl L B IR". IlycTh llMe!OTCJI KOMIIBRT 
IIIllHA.A., IlJ1aCTll'lHOCTb,'l. 1-YnpyrO-IlJlaCTH'leCKlle 11e- x IR" ACX G 6 a k>-1 
QJOPM3J1llll, M.- JI., 1948; [4] B II pre I! H. A., «IlPllKJ1. MaTeM. c H KOMrraKT ' - a eJieB rpyIIIIa ll ~ -
II MeXaH.», 1951, T. 15, M 6, c. 765-70; [5] M 0 c KB II T II HD. B., u,eJioe 'IllCJIOj TOr,a;a OIIpe,a;eJieHbl rpyIIIIhl rOMOJIOtllfi 1.Je-
IlJ1aCTH'lHOCTb np11 nepeMeHHhlX aarpymeamrx, M., 1965; [6] Ho it- xa - AJieKCaII,a;poaa H k-l (A, G) n H k- l (X, G); H,a;po 
Tep B. T., 061J111e TeopeMhl Teop1111 ynpyro-nJ1aCT11'1ec1<11x cpe11, roMoMop.i:.n3Ma i*: Hk-l (A, G)-+ Hk-l (X, G), llHAYU,ll-
nep. c aHrJ1., M., 1961; [7) COl<OJ10BCK11it B. ll., Teopmr '*' 
nJiacT11'lHOcT11, 3 11a11., M., 1969; [8) x 11 JI J1 P., MaTeMaTH'leci<aH poaaHHOro BJiomeIIlleM i: A-+ X, Haa. aJire6pall'I. rpa-
Teop11H IlJ13CTll'lHOCTH, nep. c aHrJ1., M., 1956; [9) pa x Ma Ty- Hnu,eil: ROMIIaRTa x (B pa3MepHOCTll k) no OTH0Ill0HHIO KA. 
J111 a x. A., .n: e" b Hao e IO. A., IIpo'IHOCTh npH 11aTeHc11Bahlx E L H (A G) x e c 
KpaTKOBpeMeHHbIX Harpya1<ax, M., 1961; [10] Ba c II H P.A., CJIH - rro,a;rpyrrrra rpyrrrrw k-1 ' 'TO HBJIH T H 
.JI ea c K 11 ii B. c., JI ea c K 11 ii: a. B., .lJ:HHaMH'lecmte aae11c11Moc- rroaepxHoCTbIO c rpaIIllu,eii -::JL, ecJill L npnIIBAJiell\llT aJI-
T11 MelR)ly HanpHlReHllHMll II )leljJopMau11HMll, B KH.: Ilp05J1eMbl 1111- re6pall'I. rpaHllU,e KOMIIBllTa X; IIOA IIJiom;aAb!O ROMIIaK-
HaMllKll ynpyro-nJiacT11'leC1<11x cpe11, M., 1975; (11] Tpyc- X IR k .i:. ( .i:. 
A e J1 JI H., IIepBOHa'laJlbHblil: KYPCP3J1HOH3J1bHOil: MexaHllKll CilJlOIII- Ta B " IIOHllMaeTCJI ero -MepHaH xayc,a;op'*'oBa c'*'epll-
HblX cpe)I, nep. c 3HrJ1., M., 1975. B. c. Jle>tcnuu. qecRaH) Mepa Ak. Ilp:a TBRllX orrpe,a;eJieHHHX AOKB33Hhl 
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cymecTBoBaHne n perym1pHoCTh no'ITH acroµ;y (ToIIoJiore:
'leCKaH JIOKaJibHO eBKJIH)J;OBOCTh H aHaJIHTH'IHOCTb) KOM
naKTa X 0 , peamrnyromero MHHHMYM MepLI Ak no aceM 
KoMnaKTaM X c 3ap;aHHoii: rpamnwii: L. BrrocJiep;cTBHH 
3TH TeopeMhl 6LIJIH pacrrpoCTpaHeHbl Ha CJiy'laii: IlOBepx
HOCTeii: x B pe:MaHOBOM npocTpaHCTBe. 

)J;pyrne npep;Jioll\eHHhle o6o6meHHH Il. 3., B 'laCTHOCTH 
o6o6meHHe B TepMHHaX HHTerpaJibHhIX ITOTOKOB, HBJIH
IOTCH B HeK-poM CMhICJie aKBHBaJieHTHhIMH ITOCTaHOBKe 
Il. 3. B TepMHHaX fOMOJIOfHH. 

B KJiaCCH'I. ITOCTaHOBKe IlAamo MnOeoMepnaR, aaaa11a 
peIIIeHa B 1969; a HMeHHO, p;oKa3aHa TeopeMa: eCJIH B 
pHMaHOBOM npoCTpaHCTBe yn 3ap;aHO (k-1)-MepHoe nop;
MHOroo6pa3He r, k~3, To cymecTayeT rroaepxHOCTh, 
peaJie:3yromaH MHHHMYM xaycµ;opljioaoD: MepLI Ak cpeµ;n 
BCeX rrapaMeTpH3yeMblX noaepXHOCTeii: x, HBJIHIOIIJHXCH 
B yn HerrpepbIBHhIMH f-o6pa3aMH k-MepHbIX rJia)J;KliX 
MHOroo6pa3HH M C KpaeM, roMeoMopljJHhIM r rrpli OT0-
6pameHHH f: M-+ vn. 

HapHµ;y c BorrpocaMH pa3peIIIHMOCTII n. 3. IIHTepec
HhlMH HBJIHIOTCH TaKme Borrpochl ep;HHCTBeHHOCTH H pe
ryJIHpHOCTH ee peIIIeHHH. Han6oJiee rrpop;BHHyTo IICCJie
µ;oaaHne aorrpoca o peryJIHpHOCTH peIIIeHHH. IloKa3aHo, 
'ITO peIIIeHHe n. 3., p;aHHOe )J;yrJiaCoM B IR3, He coµ;ep
ll\HT BHyTpeHHHX TO'leK BeTBJieHHH. )J;JIH CJiy'laH MHO
rOMepHOH Il. 3. /J;OKa3aHa peryJIHpHOCTb pemeHHH 110'1-
TH BCIOp;y, rrpI1'1eM B03MOll\HOCTb HaJIH'IHH HeperyJIHp
HhlX TO'leK ITO)J;TBepmµ;aeTCH npnMepaMH. qTO KacaeTCH 
ep;HHCTBeHHOCTII peIIIeHHH Il. 3., TO 3p;eCh Il3BeCTHhl JIIllilh 
HeK-phle p;OCTaTO'IHhle npI13HaKH e~nHCTBeHHOCTH (Hanp., 
pemeHil0 n. 3. ep;IIHCTBeHHO, eCJIII 3ap;aHHhlH KOHTYP r 
IIMeeT O)J;H03Ha'IHYIO BhlnyKJIYIO npoeKIJ,HIO npII 11,eHTpaJih
HOM IIJIII napaJIJieJibHOM npoeKTilpoBaHHH Ha HeK-pyID 
nJIOCKOCTh). q T06hl ITO)J;'lepKHYTh CJIOll\HOCTb aToro BO
rrpoca, )J;OCTaTO'IHO CKa3aTb, 'ITO 0CTh oCHOBaHIIH omn
p;aTh cymeCTBOBaHile crrpHMJIHeMhlX KOHTypoB, CTHfHBa
IOIIJIIX KOHTliHYYM M. IT. TIIITa Kpyra. 

Jlum.: [1] Encyklopii.die der mathematischen Wissenschaften, 
Bd 3, H. 2/3,Lpz., 1903; [2] Darboux G., Lec;onssurlathe
orie generale des surfaces ... , 2 ed., pt. 1, P., 1914; [3] Bi an
c hi L., Vorlesungen Uber Differentialgeometrie, 2 Aufl., Lpz.
B., 1910; 141 Ry pa HT P., IlpHHQHil )l:HpHXJie, KOHljlopMHhle OT06-
riameHHJI 11 MHHHMaJihHhle noBepxHorrn, nep. c aHrJJ., M., 1953; 
L5] M o r re y C., «Ann. Math.», 1948, v. 49, No 4, p. 807-51; 
[6] Rado T., On the problem ot Plateau, B., 1933' (7] H 11 q e 
H. c. C., «MaTeMaTHRa», 1967, T. 11, M 3, c. 37-100; t8J O cc e p
M a H P., TaM me, 1971, T. 15, No 2, c. 104-25; [9] <I> 0 Me H
R 0 A. T.j «ll3B. AH CCCP. Cep. MaTeM.», 1972, T. 36, c. 1049-
1079; [11 Nitsche J. c. c., «Invent. math.». 1969, v. 8, N 4, 
p. 313-33; [12] 0 cc e_p Ma HP., «Ycnex11 MaTeM. HaYR>>, 1967, 
T. 22, B. 4, c. 55-136' L13] Federer H., Geometric measure 
theory, B.- [u. a.I, 1969; [14] Morrey c., Multiple integrals 
in the calculus of variations, B.- [u. a.], 1966. H. X. Ca6umoe. 

IIJIATO MHOrOMEPHAH 3A,D;AllA - TepMIIH, o6o-
3Ha'laIOIIJIIH cepHIO 3ap;a'I, CBH3aHHhlX c Il3y'leHlieM aKC
TpeMaJieii: li rno6aJibHhlX MHHHMyMOB ljiyHKIJ;IIOHaJia k-Mep
Horo o6'heMa vol1i, onpeµ;eJieHHoro Ha k-MepHhlX 0606-
meHHhIX noaepxHOCTHX, BJIOll\eHHhlX B n-MepHoe pI1MaHOBO 
npocTpaHCTBO Mn II yµ;oaJieTBOpHIOIIJHX TeM IIJIH HHhlM 
rpaHil'IHhlM ycJIOBHHM. 

B 11cTopn11 pa3BIITHH yKa3aHHOii: aapnau;HOHHOH 3ap;a'IH 
(CM. IlAamo aaaatta) Bhl)J;eJIHIOTCH HeCKOJlhKO nepnop;oB, 
xapaKT0p1rny10II1HXCH pa3JIIl'IHhIMH nop;xop;aMII K noHH
TliHM (illOBepXHOCTII», «rpaHHIJ;hl», ((MHHIIMH3au;nm> II, 
COOTBeTCTBeHHO, MeTop;aMII IIOJiy'leHIIH MIIHIIMaJibHOfO 
pemeHHH. M H o r o M e p H a H 3 a µ; a 11 a IT JI a T o 
iflopMyJIIlpyeTCH TaK. IlycTh A k- 1cMn - if>nKcnpoeaH
liOe 3aMKHyToe rJiap;Koe (k-1)-Mepuoe nop;MHoroo6pa3I1e 
B p1'!MaHOBOM npocTpaHCTBe Mn 11 nycTh X (A) - KJiacc 
BCex TaRn:x IIJl0HOK (noaepxHocxe:il:) XcMn, HMeIOIIJHX 
rpaHn11,eii: MHoroo6pa3ne A , np11'1eM Kamp;aH nJieHKa 
X EX (A) µ;onycKaeT HerrpephlBHYIO na paMeTp1rnau;11IO (npeµ;
CTaBnMa B an,a;e o6pa3a HeK-poro MHoroo6pa31rn c RpaeM), 
T. e. X=f(W), rµ;e W - HeK-poe k-MepHoe MHoroo6-
pa31i:e c KpaeM aw, roMeoMopif>HhlM A' a f: w - Mn -

aerrpephlBHoe oTo6pameHe:e, coanap;aIOII1ee c iflIIKCHpo

BaHHLIM fOMeOMOpljJH3MOM Ha Kpae aw, TO eCTh f : aw:; A. 
Bonpoc: MomHo JIH Ha:ii:TH B KJiacce X (A) nJieHKY X 0 , 

K-paH 6LIJia 6hl B KaKOM-JiliI6o pa3yMHOM CMLICJie MliIH!iI
MaJibHOH, Hanp. 'IT06bl ee k-MepHhIH o6'h0M 6hlJI HaIIMeHh
IIIHM no cpaBHeHillO c k-MepHhIMH o6'beMaMH µ;pyrn:x 
nJieHoK X Il3 aToro me KJiacca? 0Ka3aJioCh, 'ITO rrepeHe
ceHHe KJiaCCH'I. «p;ByMepHLIX» MeTO)J;OB Ha MHoroMepHbIH 
cJiy'laii: HaTaJIKHBaeTCH Ha cephe3Hhle TPYAHOCTH. :Cho 
IIpHBeJio K TOMY, .'ITO KJiaCCil'I. IlOCTaHOBKa Il. M. 3. 6hlJia 
Ha apeMH ocTaBJieHa n: 3ap;a'la 6hlJia cljiopMyJIIlpoaaHa 
B IIHhlX (roMOJIOfil'leCKIIX) TepMHHax. ECJIH OT6poCIITh 
IlOHHTHe MHoroo6pa3:irn-nJieHKH c KpaeM aW=A II CHJlhHO 
paCIIIHpHTh IlOHHTile nJieHKII II ee rpaHHIJ;hl, OCJia6nB 
CBH3b nJieHKli c ee rpaHI1u;eii: (B 'laCTHOCTII, eCJIH pac
CMaTpIIBaTh HeIIapaMeTpH30BaHHhle ITJieHKH), OWpOCHB 
ycJIOBile X=f(W), TO n. M. 3. MomeT 6h1Th ciflopMyJinpo
BaHa Ha H3h1Ke o6LI'IHhIX u;eJio'IHCJieHHbIX roMoJiornii: H *: 
HaHTII MHHHMaJihHYIO nJieHKY Xo, aHHYJIIIPYIOII!YIO iflyH
p;aMeHTaJihHhIH IJ;IIKJI [A] EH k _ i(A) MHoroo6pa3HH A (B 
npeµ;rroJiomeHHH, 11To A opneHTHpyeMo), T. e. i*(A]=O, 
i*:Hk_i(A)-+ Hk_i(X), rµ;e i* - roMoMopljie:3M, HH
µ;y11,npoBaHHhlH BJiomeHneM i : A -+ X. )J;JIH pemeHHH 
Il. M. 3. B 3TOH HOBOH pacmnpeHHOH IlOCTaHOBKe 6LIJI 
pa3pa6oTaH (CM. (1], [2]) reoMeTpH'I. noµ;xoµ;, npII K-poM 
MliIHHMH3I1poaaJICH iflyHKIJ;HOHaJI k-MepHOll xaycµ;opifloao:il: 
MepLI (o6'heMa), onpeµ;eJieHHhlH Ha k-MepHhlX 11aMep11MLIX 
KOMIIaKTaX (noaepXHOCTHX) B Mn, H pa3BliITa (CM. [3], 
[ 4]) TeopHH liIHTerpaJihHhlX noTOKOB H BapnifloJip;OB, HO
CHTeJIHMII K-phlX HBJIHIOTCH k-crrpHMJIHeMhle IlO)J;MHOme
CTBa B M 11 • Oµ;HaKo yKaaamrne pacmnpeHne noHHTHH 
rpaHIIIJ;hl IIJieHKH B TepMHHax roMoJiornil: H * (To eCTh 
k-1-MepHoe MHoroo6pa3ne A C'IIITaeTCH rpaHnu;eii: k
MepHoii: nJieHKII W, eCJIH npII BJiomeHHII A -+ W iflyHµ;a
MeHTaJihHhlii: IJ;HKJI [Al aHHYJIIlpyeTCH) 03Ha'laeT OTXO)J; 
KJiaCCH'I. IIOCTaHOBRH Il. M. 3., TaK KaK, paCITOJiai'aH 
TeopeMoii: cymeCTBOBaHHH MIIHHMaJibHOro peIIIeHIIH B 
roMoJioril'I. KJiacce X (A), no-npemHeMy HH'lero HeJih3H 
CKa3aTb 0 cymeCTBOBaHIIH MIIHHMaJihHOfO pemeHIIH B 
KJiacce BCex IIJieHOK, HBJIHIOIIJHXCH aenpephlBHhlMII o6-
pa3aMH MHoroo6pa3nii: c KpaeM, T. e. µ;onycKaIOiu;nx 
napaMeTpH3au;nIO. )J;eJio B TOM, 'ITO ecJin MHoroo6pa3ne A 
roMoJiorH'IHO HYJIIO (KaK 11,HKJI) B nJieHKe X0 , TO X0 He 
o6H3aTeJihHO µ;onycKaeT npeµ;cTaBJieHn:e B anµ;e X0 = f ( W0), 

rµ;e W0 - HeK-poe k-MepHoe MHoroo6paane c KpaeM. 

B KJiaCCH'I. noCTaHOBKe, T. e. B TepMHHaX rrJieHOK BH)J;a 
X=f(W), rµ;e W cyTh k-MepHhle MHoroo6pa3HH c KpaeM 
A' n. M. 3. 6hlJia peIIIeHa (CM. (5), [6]). Ilpn: 3TOM 6hlJIO 
3aMe'leHO, 'lTO KJiaCCH'leCKaH Il. M. 3. )J;OIIYCKaeT 3KBil
BaJieHTHYIO iflopMyJinpoBKY Ha H3h1Ke 6opauaM08. IlyCTb 
v eCTb (k-1)-MepH00 KOMITaKTHOe opneHT!iipOBaHHOe 
aaMKHyToe MHoroo6pa3Ile, f : V -+ Mn - HenpephlBHoe 
oTo6pamemi:e; napa (V, f) Ha3. c H Hr y JI H p H hi M 
6 opµ; II 3M o M Mn. )J;aa 6opµ;I13Ma (V1, / 1) n: (V 2, / 2) 
Ha3. a K B H B a JI e H T H hi M II, eCJIH cyiu;eCTByeT k
MepHoe opn:eHTnpoBaHHOe MHoroo6paane W c KpaeM 
aW=V1 U (-V2) (rµ;e - V2 03Ha'laeT V2 c o6paTHoii: 
opneHTau;neii:) n HenpephlBHoe oro6pameHne F : W --+ Mn 
TaKoe, 'ITO Flv1=/i. Flv2=/2. Eopµ;n3M (V, f) aKBHBa
JieHTeH HYJIIO, eCJIH v =a W= V1' v 2= <P. KJiaCChl aKBH
BaJieHTHOCTH CHHryJIHpHhlX 6opp;H3MOB o6pa3yIOT a6eJieBhl 
rpyllITbI, K-phle nocJie BbIIIOJIHeHIIH npou;ecca CTa6HJIH3a
IJ;HH o6pa3yIDT op;Hy II3 o6o6iu;eHHhlX TeopHii: roMoJiornii: 
(TeOpHIO 6opp;H3MOB). Il. M. 3. ljiopMyJIHpyeTCH (Ha 3TOM 
H3h1Ke) TaK: a) MomHo JIH cpeµ;n acex rrJieHoK XcM, AcX 
II o6Jiap;aIOIIJ;llX TeM CBOHCTBOM, 'ITO CIIHryJIHpHhlH 6op
)l;Il3M (A, i) (rµ;e i : A --+ X - BJiomeHne) aKB11BaJieHTeH 
HYJIIO B X, HaHTH X0 c HaIJMeHhIIIHM o6'heMoM volkXo? 
6) MmKHO Jiii cpe,a;n acex c11HryJIHpHhlX 6opp;113MOB ( V, g) 
(rµ;e g : V--+ Mn), aKBHBaJieHTHhlX .n:aHHOMy 6opµ;11aMy 
( V', g'), HaiITII TaKoii: 6opp;n3M (V0 , g0), 'IT06hl o6'beM 
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miemm: g0 (X0)cMn 6hIJI 6bl HaIIMeHhillHM? IloJ10IBI1-
T0JibHhlii OTB0T Ha 3TH BOIIpOChl CM. B [5), (6), [13). 

RJiaCCH'leCKaH n. M. 3. 3Ha'lHT0JlbHO OTJII!'laeTCH OT 
ee roMonorH'l. sapnaHTa. Ha pI!c. 1 rroKa3aHhl KOHTYP 
A= S1 II rrJieHKa X, CTpeMHII~aHCH 3aHHTb a IR3 rrono
IBeHne, COOTBeTCTBYIOIII.ee HaI!MeHbIIIeii IIJIOIII.aAn. B HeK
phlii MOM0HT HaCTYIIIIT CKJieiiKa, CXJIOIIblBaHH0 IIJieHKH, 
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Pnc. 1. 

B pe3yJibTaTe qero BMeCTO ABYM0PHOR Tpy6KI! T IIOHBHTCH 
op;HoMepHhlii: oTpe3oK P. B AByMepHoM cnyqae oTpe3oK P 
MOIBeT 6b1Tb HerrpepbIBHO OTo6paIBeH B AByMepHbIH AIICK, 
3aKJienaa10111.I1ii: A . B MHoroMepHoM cnyqae orrncaHHhlii: 
aifiifieKT IIOHBJieHHH y MIIHHMaJibHOH IIJieHKII 30H MeHb
IIII!X pa3HOM0pHOCTeii: IIpIICYTCTBY0T eme B 6oJiblll0H 
CTerreHI!, IIpI!'leM eCJIII B AByMepHOM CJiyqae Bee TaKI!e 
KYCKII P, dim P<k-1, MOIBHo 6blJio oT06pa3HTb 603 
IIOTepI! rrapaMeTpH3YIOIII.HX CBOHCTB IIJieHKII Xo B k-Mep
HYIO (ABYMepHyIO) 'laCTb 3TOH IIJieHKII, TO IIpI! k>2 3TII 
30Hhl MeHbIIIeii: pa3MepHOCTH, B 06111.eM CJiyqae, HeycT
paHI!Mhl (eCJIII Mhl XOTI!M coxpaHHTb TOIIOJIOrH'l. CBOH
CTBO IIJieHKH Xo, aHHYJII1pyro111.eii: 6opAI13M (A, i)). B CHJIY 
TeX il\e IIPil'IIIH 30Hhl MeHbllleH pa3MepHOCTII He MoryT 
6b1Tb OT6poIIIeHhl, TaK KaK k-MepHaH 'JaCTb Xlk) IIJieHKH 
x MOIBeT Boo6111.e He AOIIYCKaTb HerrpepbIBHOH rrapaMeT
pI13arrI!II II, TeM caMhIM, aoo6111.e roaopH, He aHHYJIIlpyeT 
6opp;I!3M (A' i). 8TO IIOKa3blBaeT He06XOAHMOCTb BBe
p;eHnH CTpaTI!ifiJirrHpoBaHHOro o6'heMa IIJleHKH x' COCTaB
JieHHOro 1'13 o6'heMoB acex ee 30H Xli>, To eCTb (volkX<k>, 
volk_ 1X<k-ll .•. ). TeopeMa, HBJIHIOIII.aHCH pe111eHHeM 
II. M. 3., ifiopMyJII1pyeTcH TaK (cM. [5], [6)): cymecTByeT 
rno6aJibHO MIIHIIMaJihHaH IIOB0pXHOCTb, MHHHMH3Hpy10-
111.aH CTpaTI!ifillrrIIPOBaHHhIH o6'beM. 

CneACTBI!e: AJIH JII06oro ifiJIKcnpoBaHHoro (k-1)-Mep
Horo OpJieHTI!pOBaHHOro rJiaAKOro 3aMKHyToro IIOAMHOro
o6pa3HH A B pI!MaHoBoM rrpocTpaHCTBe Mn (a TOM cny
qae, KorAa X (A)#</>) cymecTByeT rno6aJibHO MHHI!MaJib
HaH rroaepxHOCTh X 0 = / 0 ( W0), aHHynnpy10111.aH 6opAH3M 
(A, i) (a 'laCTHOCTII, k-MepHhIH o6'beM rrneHKII X 0 He 
6oJibIIIe k-MepHoro o6'heMa n106oli rrneHKH BI!Aa X = f ( W)), 
CM. [5], [13). Bonee Toro, rrneHKa X 0 MHHI!MaJibHa B 
KaIBAoi caoeli: pa3MepHoCTH s<k; ecne: x<sl - qaCTb 
rrneHKH X, I1Me10111.aH pa3MepHOCTb s, TO x<s1 cop;epIBHT 
IIOAMHOIBeCTBO z<sl, S-MepHhIH o6'heM K-poro paBeH HYJIIO, 
a AOIIOJIHeHJie XlSJ""Z(S) HBJIHeTCH OTKphIThIM S-MepHbIM 
acrop;y IIJIOTHhIM B x<sl aHaJIJITJI'l. IIOAMHoroo6pa3HeM B 
Mn. 3AeCb Zls) - MHOIBeCTBO CllHryJIHpHhIX TO'leK B 
pa3MepHOCTJI s. 

8TOT pe3yJibTaT HBJIHeTCH 'laCTHhIM CJiyqaeM 06111.eli 
TeopeMhl cym;eCTBOBaHJIH H IIO'ITH BCIOAY peryJIHpHOCTH 
rno6aJibHO MHHHMaJibHOH rroaepXHOCTH, AOKa3aHHOR (CM. 
[5], [6), [13) AJIH nro6ofr 0606111.eHHOH Teopnn (Ko)roMoJio
rnefr II AJIH Jiro6oro Ha6opa KpaeBhIX ycJIOBHii:. RpoMe 
Toro, TaKaH IIOBepXHOCTb cym;ecTByeT H B Kail\AOM CTa-
6JIJibHOM roMoTOIIIl'l. KJiacce. BoT rrpe:Mep aapHarrnoH
Hoii: 3ap;a'lll, cifiopMyJIHpOBaHHOH H IIOJIY'lHBIIIeH peIIIeHJie 
B KOrOMOJIOril'l. TepMJIHaX. IIyCTb s - CTa6HJibHO HeTpH
BHaJibHOe BeKTOpHoe paCCJIOeHne Ha KOMIIaKTHOM pnMa
HOBOM rrpocTpaHCTBe Mn; IIYCTb x (s) - KJiacc Bcex 
TaKJIX rroaepxHOCTe:ii: XcMn, 'ITO orpaHI!'leHJie six 
paccJioeHJIH i; Ha x CTa6rrJibHO HeTpHBJWJlbHO (T. e. x -
HOCHTeJib s). TorAa BCerAa cymecTByeT rJio6aJibHO MI!
HHMaJibHaH rroaepxHoCTh X 0 EX (s), I1Me10111.aH HaI1MeHh-

IIII!H o6'heM B KJiacce X (£). 06111.aH TeopeMa cy111.ecTBO
BaHI1H MOil\eT 6b1Tb cifiopMyJII!poBaHa II AOKa3aHa TaKil\e 
II Ha H3h1Ke IIHTerpaJibHhIX IIOTOKOB' AJIH qero CJiep;yeT 
BBeCTI! ifinJibTpOBaHHhle IIOTOKII, COCTOHIII.I!e 1'13 IIOTOKOB 
pa3JIH'lHhIX pa3MepHOCTefr. Ha aToM rryTII 6blJio 3aTeM 
rroJiy'leHO peIIIeHile II. M. 3. B KJiaccax roMOTOIII!H [ 14). 

B cifiepe 3ap;a'l, 0Kpyma10111.I1x II. M. 3., Bhlp;eJIHIOTCH 
I!CCJiep;oBaHHH KOHKpeTHhIX aHaJII!TI!'l. H TOIIOJIOrH'l. 
CBOHCTB rno6aJibHO MHHHMaJibHhIX IIOBepXHOCTeH. Harrp., 
aKTyaJibHa 3aAa'la rrpeA'hHBJleHI!H KOHKpeTHhIX IIOBepXHO
CTeH B pnMaHOBhIX rrpocTpaHCTBax. TaK, Harrp., H3BeCTHO 
(CM. [3)), 'ITO KOMIIJieKCHhl0 anre6paI!'l. IIOAMHOroo6pa3HH 
B icn JI icpn - rno6aJibHO MIIHHMaJibHhle rroaepXHOCTH. 
8TOT pe3yJibTaT HOCIIT HpKo BhlpaIBeHHhIH KOMIIJieKCHhl:ii: 
xapaKTep. B CJiyqae aemecTBeHHhIX rrop;MHoroo6pa3Ilii 
AOJiroe BpeMH OTCYTCTBOBaJIII KaKI1e-JII160 MeTO)J;IIKII 06-
Ha pymeHI!H KOHKpeTHhIX rno6aJibHO MIIHI!MaJlbHhIX rro
BepXHOCTeH. IIepBhIM pe3yJibTaTOM (CM. [6)) B 3TOM Ha
rrpaBJieHIIH, Y'lJIThIBaIOIII.HM IIX TOIIOJIOrIIIO, 6blJia MeTo
AIIKa, IIPI!MeHeHne K-poii: II03BOJIHJIO AOKa3aTb, 'ITO 
KaIB)J;OMy KoMrraKTHOMY pI!MaHOBY rrpocTpaHcTBy Mn 
MOil\HO COIIOCTaBHTb YHIIBepcaJibHYIO ifiYHKrrHIO Qx (k), 
rAe xEMn, k - rreJioe 'lIICJio, 1<k<n. ECJIH X 0 - rno-
6aJibHO MIIHI!MaJibHaH IIOBepXHOCTb, peaJIIl3YIDIII.aH He
TpHBI!aJlbIIhIH (Ko)rrI!KJI B Hk(Mn), TO volkX0;;:;i:Qx(k) 
AJIH n106oli TO'IKII xEX 0 • EcJIJI M=G/H - OAHOPOAHOO 
rrpocTpaHCTBO, TO Qx (k)=Q (k) He 3aBI!CHT OT TO'Jl{H x. 
<l>yHKrrI!H Qx (k) Bhl'lIICJIHeTCH B HBHOM BHAe H AaeT 06-
111.yro orreHKY CHil3Y Ha o6'heMbl Bcex k-MepHhIX (Ko)rrHKJIOB 
B Mn. OrreHKa 3Ta B 06111.eM cJiyqae HeynyqruaeMa, T. e. 
cy111.ecTBYIOT 6eCKOHe'lHhle cepHH rJio6aJibHO MHHHMaJib
HhIX Xo, AJIH K-phIX volkXo=Q(k). )J;JIH CHMM0TpJI'l. 
rrpocTpaHCTB IIOJiy'leHO (CM. [6), [13), [15)) IIOJIHOe OIIH
CaHI!e BCex TaKHX rroaepXHOCTeH, AJIH K-pbIX volkXo= Q (k). 
Pa3pa6oTaHhl (cM. [11), [12), [14), [15)) )J;aJihHe:ii:IIIHe 
MeTOAJIKII IIOJIY'leHHH KOHKpeTHhIX rno6aJibHO MIIHHMaJib
HhIX rroaepxHOCTefr. B pa3JIH'lHhlx 3a)J;a'lax aaprrarrl!OHH<lro 
I!C'lJICJieHJIH,TOIIOJIOrHH,aJire6paH'l.reoMeTpI!I1,KOMIIJieKC
HOro aHaJIH3a B03HI!KaeT CJie)J;yromaH CHTyarr1rn: a) )J;aHO 
MHoroo6pa3ne Mn n ero ((HC'leprraHne» n-MepHhIMI! o6na
CTHMI! D n pac111npHIOIII.HMJICH c pocToM rra paMeTpa r; 
6) B Mn ifiJIKCHpoaaHa rJio6aJibHO MJIIII!MaJibHaH noaepx
HOCTb x k; B) CTaBHTCH Borrpoc: c KaKOli: CKOpOCTblO paCT0T 
vol1i (Xk n Dr), paccMaTpHBaeMblH KaK ifiyHKrrHH OT r? 
R 3TOMY BOIIpocy CBOAHTCH, Harrp., 3ap;aqn 0 Bhl'lIICJieHIIII 
Qx(k), 3aAa'IH o CTPYKType 6a3I!COB B npocTpaHCTBax 
rrenhlx ifiYHKrrnli, TeopeMhl TJirra IIIToJIJIH (cM. [ 11)) n 
T. A· 0Ka3hIBaeTCH (cM. [6), [15)), cymecTByeT ymrnep
caJibHaH TO'lHaH aifiiI>eKTHBHO Bhl'lHCJIHMaH orreHKa CHH3Y 
Ha CKOpOCTb pOCTa volk(XknDr), H3 K-poii:, KaK 'laCTHhle 
cJiy'laH, rroJiy'laIOTCH HBHhle ifiopMyJILI AJIH volkX k' 
rAe x k - rJio6aJibHO MHHnMaJibHaH IIOB0pXHOCTb. Harrp.' 
o6'heM TaKOH IIOBepXHOCTH, 3aKJIIO'leHHOH B 111ape BncRn 
H IIpOXOAHIII.eH 'lepe3 rreHTp IIIapa (n HMeIOIII.eii rpaHirn:y 
Ha rpaHJirre mapa), acerp;a He MeHhIIIe CTaHAapTHoro k
MepHoro mapa Bk (rrnocKoro cetJeHHH), rrpoxoAHIII.ero 
qepe3 rreHTp Bn (CM. [13), [15)). 

B oco6oe HarrpaaJieHJie BhIAeJIJIJiaCb II. M. 3. «Kopa3-
MepHOCTH OAHH»: paccMaTpJIBaIOTCH rno6aJibHO MHHH
MaJibHhl0 IIOBepXHOCTH KOpa3MepHOCTJI 1 B !Rn. TaK, 
Harrp., peIIIeHa (cM. [7)) rr p o 6 JI e M a B e p H m T e li
H a: rrycTb vn-l_ rna;n;Koe IIOJIHOe JIOKaJibHO MHHH
MaJibHOe IIOAMHOroo6pa3He B !Rn, AOIIYCKa10111.ee B3aHMHO 
OAH03Ha'IHYIO rrpoeKrrJIIO Ha HeK-pyIO rJirrepIIJIOCKOCTb, 
T. e. V" - 1 3ap;aeTCH rpaifinKoM ifiYHKilHII f, orrpeAeJieHHOH 
Ha !Rn - 1; aepHo JIII, 'ITO f - JIHHeiiHaH ifiyHKrrnH? II pH 
3<n<8 OTBeT rronoIBI!TeJieH (cM. [8)}. MJIHHMaJibHOCTb 
TaKnX rnrreprroaepXHOCTeH TeCHO CBH3aHa c MHHHMaJib
HOCTblO KOffYCOB B !Rn: JI3 cymecTBoBaHJIH JIOKaJibHO 
MJIHHMaJI'bHO:li: IIOBepXHOCTII CJie)J;yeT cymecTBOBaHire MH
HI!MaJibHOro KOHyca CMn- 2 , T. e. rroaepXHOCTII, COCTaB
JieHHOli: 1'13 TO'leK pap;nycoB, HAYIII.JIX H3 TO'IKH 0 E Rn B 
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TOqKH x E Mn- 2, rp;e Mn - 2- JioKaJibHO MHHe:MaJibHaH 
UOBepXHOCTb B clJiepe 3n-l. °YCTaHOBJieHO (CM. (8)), qTQ 
eCJili Mn - 2 - 3aMKeyToe JIOKaJibHO MHHHMaJibHOe IIOA
MHoroo6pa3n:e (T. e. 06pam;a10m;ee B HYJih orrepaTOp 9il:
Jiepa) B Sn-l, He HBJIHIOm;eeCH :'JKBaTOpOM sn- 2cSn-l, 
TO rrpH n~7 KOHyc C.llfn- 2 (c OCHOBaHHeM Mn- 2 H Bep
IDHHOH B 11,eHTpe c<f>epbl) He MHHHMH3Hpyer (n-1)-MepHblH 
o6'heM voln _ 1 (rrpn: <f>n:Kcn:poaaHHoii: rpaHH11,e Mn- 2), 

T. e. cym;ecrnyer aap11a11,n:.11 (HOCHTeJib K-poii: cocpeAOToqeH 
OKOJIO 11,eHTpa c<fiepbl), yMeHbIIIarom;a.11 o6'beM KOHyca. 
Orc1011,a 11 BhIBOA11rc.11 Jiuneii:HoCrh ijlyHKIJ,HH f rrpH n~B. 
Ilpn: n 9 oraer Ha aorrpoc orpn:11,areJieH: cym;ecTByJOT 
(CM. [7] JIOKaJibHO (11 Aame rJio6aJibHO) MHHHMaJihHble 
IIOBepXllOCrH Vn-lcfR.n, 3aAaBaeMble KaK rpaijJJilKJil He
JIHHeHHblX «J>yHKIJ,HH. IIocTpoeHn:e ocym;ecrBJIHerc.11 HBHo; 
rrpn: noM o6Hapymn:Jiocb, qro KoHycbl, 3ap;aaaeMble B 
1R 2m ypaBHeHJJeM 

x~+ ... +x~=x;;+1+ ... +x~m, (*) 

HBJIHIOTCH rJio6aJibHO MHHHMaJibHblMH IIOBepXHOCTHMH 
rrpu cpn:Kc11poaa1rnoii: rpaHn:11,e V= sm - l x sm -1, m;;;,:4. 
9'rH KOHYCbl - qaCTHblU cJiy•rnil: KOHYCOB 6oJiee o6m;ero 
BHAa, HBJI.1110m;11xc.11 rJio6aJibHO MHHHMaJibHblMH rroaepx
HOCTHMH (CM. (10]). 

Pa3BHBaetc.11 uoaoe aarrpaaJieH11e B II. M. 3. - TaK 
Ha3. 0 K B H B a p If a H T H bl e M H 0 r 0 M e p H bl e 
3 a A a q n: II JI a r o. CpeAu rJio6aJihHo MHHHMaJihHblX 
noaepxHOCTeii: ecTecrBeHHO BblAeJieH KJiacc IIJieHoK, rrepe
XO)J;Hill;HX B ce6.11 rrpn: p;eii:crBHH HeK-pon rpyrrrrbl CHMl\Ier
pHii (eM. [9], (10]). IIycTh G - KOMrraKrHa.11 CBH3HaH 
rpyrrrra Jlu, rJiaAKO p;eiicTBy10m;a.11 Ha Mn n:30Merp11.11MH 
H pacCJia:irna10m;a.11 ero Ha op6n:rbl G (x), x E Mn. Torp;a AJIH 
HaXOil\AeHHH rJio6aJibHO MHHHMaJibHblX noBepXHOCTeii: 
Xk B Mn, HHJiapn:aHTHblX OTHOCHTeJibHO G, p;ocTaroqHo 
iiepeii:TH K ijiaKToprrpocrpaHcray P=Mn/G H CHa6p;!ilrb p 
pn:MaHOBOH MeTpHKOH BHAa 

rp;e v=volG(x), a 
dlp=v 1 1Pa~, 

p=dim Xk-dim G (x)=k-dimG (x) 

(3AeCh qepe3 dimG (x) o6o3Ha'leHa pa3MepHOCTh op6:uTbl 
o6m;ero rroJioIBeHn:H B Mn), di - ecTecraeHHaH Merpn:Ka
npoeK11,11.11, B03HHKarom;aH Ha p IIpH H30MeTpn:q. p;eii:CTBHH 

y 

0 
Puc. 2. 

D 

G. ,[{n.11 HaxoIBAeH!ilH rJio-
6aJihHo MHHHMaJibHblX no
Bepxuocren a Mn, HHBapu
aHTHblX OTHOCHTeJibHO G, 
AocraroqHo onucaTb raKo
Bble B Mn/G, cHa6meHHOM 
MeTpHKOll dlp (cM. [9]), TaK 
qro IIOJiyqaeTCH peAyKIJ,HH 
II. M. 3. Ha Mn K II. M. 3. 
Ha Mn/G MeHbIIIeft pa3Mep
HOCTH. 9ra !feTOAHKa II03-
BOJIHJia IlOJIY'lHrh cepuu 
IWHKpeTHblX rJio6aJibHO MH-

.z HHMaJibHblX IIOBepxHOCTeii:, 
06JiaAa10m;11x 6oJibIIIHM!il 
rpyrrrraMH CHMMerpuH (CM. 

[ 13)). B qacrHocrn:, «KoHycbl CaftMoHca», 3aAaaaeMble 
ypaaHeHHeM (*), H306pamarorc.11 orpe3KOM OD (cM. pnc. 2) 
Ha AByMepHOM cpaKTOpe 

1R. 2m;somxSOm=(x~O, y~O), 

CHa6meBBOM MerpHKOH 
(xy)2<2m-21 (dx2+ay2) 

H HBJISUOm;eMCH nepBLIM KBap;paHrOM K Ha IlJIOCKOCrH 
R2 (CM. (13]). ,[{JIH BaXOlR/J;emrn rJio6aJibHO MHHHMaJibHOll 
rroBepxHOCTH c rpaHHIJ,eH 

sm-ixsm-l=G (D), G=SOmXSOm 

p;ocraro1JH0 uail:rlf reop;ean:qecKne, HAYllJ,Re H3 D Ha rpa
H1111,y K H n:MeIOm;n:e HauMeHhIIIyIO AJIHHy. Ha p!ilc. 2 
noKa3aH rryqoK reop;e311qecKHX, HCXOAHm;ux H3 roqKu D; 
::nor nyqoK MOil\HO IIOHHMaTb KaK rryqoK CBeTOBblX Jiyqeft, 
pacrrpocrpaHHIOill;HXCH H3 HCTOqHuKa D B rrpo3paqHoii: 
cpeAe, 3arroJIHHIOm;eii: K c noKasareJieM rrpeJioMJieHHn 

(xy) 2m- 2 • Ilpu m<; + y2 HapHAY c rroaepxHoCThIO OD 
cym;eCTByeT em;e OAHO MHHHMaJihHOe peIIIeHne MeHbJilett 
AJI!ilHbl, 1rno6pamaeMoe reoAeauqecKoii: OQ; aro o3Haqaer, 
qro KOHyc CaiiMOHCa - He rJio6aJihHO MHHHMaJibHaH 
rroaepxHOCTb. C pocroM ni roqKa Q crpeMHTCH K 0, 11 npn: 

5 ,r-
m>2+ r 2 cyIU,ecrayer eAHHCTBeHHa.11 reoAe3n:qecKa.11, 

coeA11an10m;a.11 D c rpaHH11,en KBaApaHra, T. e. Koayc 
CanMoHca - rJio6aJihHO MHHnMaJihHa.11 noaepxHocrh (cM. 
[ 13]). 

Jium.: !1] Morrey Ch., Multiple integrals in the calculus 
of variations, B., 1966; [2] Reif en berg E., «Acta Math.», 
1960, t. 104, Ni 1/2, p. 1-92; [3] Federer H., Geometric mea
Sllre theory, B., 1969; [4] A Im gr en E;. J., «Ann. Math.», 1968, 
v. 87, No 2, p. 321-91_; [5] <lloMe HK 0 A. T., «MaTeM. CO.», 1972, 
T. 89, No 3, c. 475-51~; [6] er 0 me, «Han. AH CCCP. Cep. Ma
TeM.», 1972, T. 36, No 5, c. 1049-79; [7] B 0 m bier i E., D e 
Giorgi E., Giusti g., «Jnvent. Math.», 1969, v. 7, fasc. 3, p. 
243-268; [8] Simons J., 11Ann. Matll.», 1968, v. 88, .AA 1, p. 62-
105; [9] Lawson H., .. Trans. Amer. Math. Soc.», 1972, v. 173, 
M 446, p. 231-49; [10] Lawson H., Simons J., «Ann. 
Math.», 1973, v. 98, No 3, p. 427-50; [11] ([J 0 Me HJ( 0 A. T., 
«Han. AHCCCP.Cep.MaTeM.»,1971,T. 35, No 3, c. 667-81; [12] 
]I a 0 'I 0 Hr T x 11, TaM me, 1980, T. 44, M 5, c. 1031-65; [13] 
<II o Me HK o A. T., «Tp. CeMHHapa rro neHT. 11 TeHa. aHaJIH3y ... », 
1974, n. 17, c. 3-176; 1978, n. 18, c. 4-93; [14] ]I a 0 'I 0 Hr 
T x H, «Han. AH CCCP. Cep. MaTe111.», 1978, T. 42, n. 3, c. 500-05; 
l15] ([J 0 Me HK 0 A. T., TaM me, 1981, :r. 45, M 1, c. 187-213. 

A. T. cJJ0:>1e'lt1<0. 

IlJIATOHA TEJIA - Ha3aaHHH rr.11m BblIIYKJiblX 
npaBU.ttbnNx ~rnoaoepannu1w6: T0TpaaAp, Ky6, oKraaAp, 
AOA0RaaAp H HKOCllaAp. MHororpaHHHKH Ha3BaHbl IIO 
HMeau IlJiaTOHa, K-pblH B coq. «THMeii:» (4 B. AO H. a.) 
rrpn:AaBaJI HM Mncrn:q. CMblCJI; 6blJIH H3Becrabl AO IIJia
TOHa. 

IIJIECIJEPA TEOPEMA - OAHH H3 ocHoBHbIX peayJih
TaroB B reopn:n: apanu'lWl>JX C60iicm6 ana.1tumu'tec1mx 
rfiynra+uu. Ilycrh f (z) - MepoMopijJHllH tPYHKll,IIH B ep;u
HIIqHOM Hpyre D= {zEC: lzl <1 }, ~=A (ei8) - OTKphlrhlii 
yroJI c BepIIIHHOll ei0 Ha OKpyiKHOCTH r= {z E c: lz I= 1 }, 
o6pa3oBaHHhlll ABYMH xopAaMn: Kpyra D, rrpoxop;.11m;11MH 
qepes ei0. ToqKa ei0 Ha3. T o q K o ii: II JI e c a e p a 
(HJIH ei0 o6JiaAa0T c B 0 ii: c TB 0 M II JI e c He pa), 
ecJIII B JII06oM CKOJib yrOAHO MaJIOM yrJie ~ AJIH JII06oro 
3HaqeHHH w H3 pacIII11peHHOll KOMIIJieKCHOH IlJIOCKocru c 
cylll,ecTByer rrocJiep;oaareJihHocrh {z11 }c A raKa.11, 'ITO 

lim z,,=ei0, lim f(zi.)=w. 
k-+ez> k-+ao 

ToqKa eie ua3. r o q K o ii: <D a T y AJIH f (z), ecJiu cy
m;ecTByer OAHH eAHHCTBeHHblll rrpep;eJI 

lim f (z)=A, 
i8 

Z-+ e 

Korll,a z CTpeMnTcH K ei0 BHyrpH JII06oro yrJia ~. T e o
p e M a II J1 e c H e p a: rroqru ace roqKu oHpymHocrn 
r llO Mepe Jle6era Hll r HBJIHIOrCH Jll160 rot.IKaMH <Jlary, 
Jiu6o roqKaMH IIJiecHepa. }J,oKa3aHa A. 11. IIJiecHepoM 
(CM, ( 1]). 

lf3aecruo raKme, qro MHomecrao P (!) acex roqeK 
IIJiecHepa HMeeT nm GI'! Ha r. IIocrpoeHbl IIpl'!MepbI aHa
JI:Uruq:. cpyHKIJ,Hll B D, ,[\JIR K-pbIX MHOJReCrBO p (!) IIJIOTHO 
Ha r JI Jl:Meer JII06yJO HarrepeA 3aAaHHYIO Mepy Jle6era 
mes P(f)=m, 0..;;:m<2:rt (cM. [3]). II. T. aepHa AJIH Mepo
MopijlHbIX «J>y11K11,n:n f (z) B JII06on OAHOCBH3Hoii: o6Jiacm D 
co CIIpHMJIHeMOll rpaHHll,eH r. B [)TOM CJlyqae ~Er ecrb 
ro'lKa <Dary, eCJIII cym;ecrayer rrpep;eJI 

lim t (z)=A, zED, 
Z-+ b 
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np11 CTpeMJieHllH z -+ ~ no mo6oMy aeKacaTeJibHoMy 
IIYTilj onpe,D;0JieHll0 TO'IKH IlJiecaepa ~Er. HYlRHO 113Me
H11Tb TaK, 'IT06hl paCCMaTpllBaJlllCb yrJihl 8 c seprn11rroii: ~ 
H cTopoaaMn, o6paayromnMn yrJihl, MeHbIII11e n/2, c 
HOpMaJibIO K f B TOlJKe ~ (CM. (2]). 

AaaJioroM II. T. B TepM11Hax Karnropian MaomeCTB HB
JIHeTCH Meuepa meope.11a. 

Jlum.: [1] IT JI e c Hep A. II., «Ycrrexu MaTeM. rraym>, 1967, 
T. 22, B. 1, C. 125-36; (2] IT p q Ba JI 0 B II. ff., rpa!IH'!Hh!C C!lOit
CTBa aljaJJHTH'IeCRHX lfiYHJlUHif, 2 11'.3)1., M. - JI. 1950; [3] JI O
B a T e p .U m., B RH.: IITorn rrayrm u Texrru11n. MaTeMaTuqecmn1 
a11aJIHB, T. 10, M., 1973, c. 99-259. E. /J.. Co.110Me><iieo. 

IIJIOCKAH ~EIICTBHTEJibHAH AJirEBPAHqEC
KAH KPllBAH - MaomecTBo To11eK L ,a;eii:CTBHTeJibHoii 
aqiqinHHOH IIJIOCKOCTll, Koop,D;11HaTh1 K-phlX y,a;oBJieTBopHIOT 
ypaBHeHHIO 

f (x, y) =0, (1) 

r,a;e f (x, y) - MHoro'IJieH crnneHn n OT I\Oop,a;11HaT x, y; 
'IHCJio n Has. n o p H ,a; K o M Kpnsoii L. EcJin MHoroqJieH f 
IIPHBO,D;HM, T. e. paaJiaraeTCH aa MHOIBaTeJin /1, ... , fi., 
TO onpe,a;em~.eMaH ypaBHeH11eM (1) KpneaH L Has. n pH
B o ,a; n M o a ia H BJIHeTcH 06'be,a;nHeH11eM Kpnshlx Li. 
.. ., Lk (K 0 M II 0 He HT L), 3aAaBa0MhlX COOTBeTCT
B0HHO ypaBHeHHHMH 

/1 =0, .. ., ln=O. 

EcJin me MHOTO'IJieH f Henpnso,a;nM, To KpnBaH L Has. 
H e II p H B 0 A II M 0 ft. ,ll,se HenpnBO,D;HMhle II. A· a. K., 
O,D;Ha 113 K-phlX HM00T IIOpH).(OK n, a ,a;pyraH - IIOpH,D;OK m, 
nepeceKaIOTCH He 6oJiee 11eM B mn TO'IRax (Teo p e Ma 
B ea y). 

0,a;Ha 11 Ta me II. ,a;. a. K. L MomeT onpeAeJIHTbCH paa
Jill'IHhlMH ypaBHeHaHMH. IlyCTb IL - COBOKYIIHOCTb MHO
TO'IJI0HOB, 06pam:aro1u;11xcH B HYJib BO Bcex TOIIRax Kpm1oii 
L. Ecmr L Henpnso,a;aMa, TO na Toro, 'ITO fg= 0 Ha L, 
cJie,a;yeT paBeHCTBO HyJiro f mrn g; B aToM cJiy11ae qiaKTop
KOJibllO K (L)= Kl fr (a,a;ecb K - RoJibUO ecex MHor.o
'IJieaoB) He H.l\rneT ,a;eJIHTeJieft HYJIH H Ha3. K 0 JI b ll 0 M 
M H 0 r 0 q JI e H 0 B Ha L. 

C Henpnso,a;li!MOH II. ,a;. a. R. L accou;1111pyeTCH TaRme 
HeK-poe IIOJie K(L), Ha3. II 0 JI e M pall II 0 II a~ b H hi x 
qi y H R u; ia Il: Ha L. 0Ho cocToHT na pau,1101JaJihHhlX 

qiyHKllllH p((x, y)) ' npn11eM q He ,a;eJIHTCH Ha f, pac-
q x. y 

CMaTpnsaeMhlX c TO'IHOCTblO ,a;o paBeHCTBa Ha L ( .E.. H ~ 
q q 

Has. paBHhlMll aa Kp11soii L, aaAaHHOii ypasHeHiaeM (1), 
eCJIH MHOTO'IJieH pq-pq ,a;eJIHTCH Ha /). IloJie K (L) HB
JIHeTCH noJieM 11aCTHhlx RoJibllR K (L). 

0To6pameHne F : (x, y) -+ cp (x, y), 'ljJ (x, y) IIJIOCKOCTll 
B ce6H Has. p er y JI H p H hi M Ha II. A· a. R. L, ecJin 
cp, 'ljJ EK (L). Rpnshle L n M Has. 11 a o Mo p qi H bl !If n, 
ecJI11 cym;ecTByIDT peryJIHpaLie (cooTBeTCTBeaao Ha L 
n aa M) oTo6pameaiaH F ; L -+ M ll G : M -+ L, o6paT
Hhle Apyr ,a;pyry; npH aToM KOJih!la K (L) n K (M) nso
Mopqiahl. B qacTHOCTH, iaaoMopqiflbl ai!Jlf>aa:Ho 9KBHBaJieHT
IIble RpHBble. 

BoJiee o6m;nM HBJIHeTCH p a ll n o a a JJ b a o e o T o-
6 p a m e H n e Kpnsoil L B Rpnsyro M, ocyu;i;ecrsmrnMoe 
pa!lHOHaJibHhlMH cj>yrrRU,llHMn. Oao ycTaQ:aBJIHBaeT cooT
sercrsne Mem,a;y sceMn TO'IJ{aMn Kpll:BbIX, KpoMe KoHe'I
aoro nx 'IHCJia, n orrpeµ;emi:eTCll TaK. IlycTb f=O n g=O
ypaBaeanH KpHBblX L H M COOTBeTCTBeHHO, TOT,D;a pau;no
HaJibHOe oTo6pameane F aa,a;aeTCSJ TaKoil napoii pa!lno
HaJibHLIX qiyHK!lHii cp n 'ljJ, onpe,a;eJ1eHJihlX aa L, 'ITO g ( cp, 
tjJ)=O aa M. Rpnsble L n M aaa. 6 n p a 1l no Ha JI b
H 0 3 K B ll B a JI e H T H hi M n, ecnn cym;eCTBYIOT pa
u;:y:oHaJibHble oT06pameHnH L B M n M B L, o6paTable 
Apyr ,a;pyry; np11 3TOM noJIH k ( L) n k ( M) oRa3blBaIOTCH 
uaoMopiliaLIMn. Ta1rne pa!lHOHaJibHble oro6pamerrHH Haa. 
6 H p a ll H 0 H a JI b H bl M n, HJill R p e M 0 H 0 B bl M 11, 
npeo6paaosaa1111M11. Bee RpeMorroBbI npeo6paaoBaHHH Ha 

IIJIOCKOCTH MOTYT 6h1Tb ocym;ecTBJI0Hhl IIOCJI0):J;OBaTeJlbHLIM 
6 ~ 1 1 

npoee,a;eaneM rrpeo pa3oBaHHll BH,D;a X-+ x' Y-+ y' 
Bnpa!lnoaaJibHaH 3RBHBaJieHTHOCTb - 6oJiee rpy6oe oT
HOIIIeHne, qeM naoMopqinaM, o,a;aaKo KJiaccncp11Kaa;1rn 
II. A· a. K. c ;)TOH TO'IKH 3peHllH ORa3LIBaeTCH npom;e Ii! 

06oap1rnee. 
IlpocTeii:UIHM upnMepoM pa!lllOHRJibHOfO OT06pameHHH 

HBJIHeTCH npoer;muenoe npeo6paaoeanue. Bamayro poJib 
11rpaeT ,a; y a JI b H o e o T o 6 p a m e H 11 e aenpmto,a;11-
Moil Kp11soil L, OTJIH'IHOii: OT npHMo:ii:, B Rp11eyro L*, A y
a JI b H y ro L, oupe,11;eJIHeMoe cpopMyJiaMn: 

of of 
liX a:y 

u of of • v = of of ' (2) 
f-x Tx-Y Ty f-x a;--Y ay 

r,a;e f - MHoroqJiea, onpe,a;eJIHrom;n:ii: L. Ypa11aea11e 

g (u, v) =0, 

onpe,a;eJIHIOIII;ee KpHBYIO L*, IIOJiyqaeTCH HCRJIIO'IeHneM 
x, y na ypa11aeann (1), (2). BcJieACTB11e cBH3H AYilJlbHoro 
oT06pamemrn c RacaTeJibHhlM npeo6paaosaHneM caMy 
Kpn:syro L* B pH).(e cJiy11aeB MOlRHO npe,D;CTaBJIHTb RaR 
or116arom;yro ceMeii:cTsa npHMbJX, KacaTeJlbHLIX R L. 

nopH,D;OR L* Ha3. R JI a c c 0 M n* RpllBOH L. 0THOIIIe
Hlle ,a;yaJibHOCTH B3a11MHO, T. e. L**=L, H HBJIHeTCH 
OTpameHneM aeoucmeennocmu npunr+una npoeKTHBaoii; 
reoMeTpHH. 

To'IRa x IT. A· a. R. L, aa,11;aHHOH ypanaeHneM (1), Haa. 
o co 6 o :ii: To q Ko Il:, ecJin B Hell: grad /=0. AHam:1a 
oco6eHHOCT0H HBJIH0TCH Heo6xo).(HMbIM 3JieM0HTOM mi
CJie).(oBaHllH Kpnso:ii: L, o,a;HaRo noJIHaH KJiacc11cpnKa!lHH 
oco6eHHOCT0H em:e AaJieRa OT 3RBepIII~Hli!H (1983). 

EcJIH Bee np0113BOAHble MHOTOlJJieHa f ).\0 (r-1)-ro 
rropH,D;Ka BRJIIO'IllTeJibBO B TOlJKe x pal!Hbl HYJIIO, a. XQTH 
Ohl o,a;Ha npo113BOAHaH r-ro nopH,a;Ka OTJIH'IHa OT HYJIH B 
x, TO x Hll3. T 0 q K 0 :ii: K p a T H 0 c T H r H npllTOM 
o6bJKHOBe:ijHOll, 0CJIH B Heft cym;eCTllYIDT r pa3JIH'IHhlX 
RaCaTeJibHfllX. n p11M0phl OC06LIX TO'IeJC 

1) x3-,x2+y~=O; (0, 0) - o6hlKHOBeHHaH ,D;BOHHaH 
TO'IKa, TOqRa caMonepece11eHnH; 

2) x2+.x3+y2= O; (0, 0) - iaaoJI11poaaaaaH TO'IKa; 
3) x3+y2=0; (0, 0) - TO'IRa aaOCTPCHUSJ, B03BpaTa; 
4) 2x4-3x2y+y2-2y3+y4=0; (0, 0) - TO'IKa caMo

npHKOCHOBeHlrn. 
Heoco6aH 'fOqKa x II. ,a;. a. R. L, aaAaHHoil ypasaeHHeM 

(1), Ha3. T 0 q K 0 H II e per II 6 a, eCJIH II Hell 

I o'f o'f of 
'8x2" oxoy ax 
o'f o'f of 

H (x, y)= 1- - - =0. oxoy oy• oy 

21_ 21_ 0 
ox oy 

(3) 

i'J.pyrllMll CJIOBaMH, TO'IKH neper116a - 3TO TO'IKH 11epe
ceqea11H Rpnsoi L n Kpnsoii H, aaAaeaeMoil ypaeHeaneM 
(3) n aa3hlBaeMoi rec c 11 a Ho ii: Kpnsoii: L. To'IKaM 
rrepern6a Rpusoft L COOTBeTCTBYIOT Ha AYaJI~HOH KpHBOH 
L* TO'IRll 11oaspaTa. 

,ll,JIH BCHROii: II. ,a;. a. K. l'IMeeT MBCTO COOTHOIIIeHne 
(<I>. J\'.Jieii:H, F. Klein, 1876): 

n+2d+r=n*+2d*+r*, 

r,11;e n - rropHAOK L, n* - RJiacc L, r* - 'IHCJIO To'IeR 
nepern6a L, d* - 'IHCJio naomrpoBaHHhlX ABOUHblX Ka-, 
careJibHbJX K L (ABOHHhlX TO'IeK L*), r - 'IHCJ10 TO'IeR 
soaspaTa L (To'IeK neper116a L*), d - 'IHCJIO ,D;BOHHLIX 
TO'IeK L. CM. raRme llA10r;r;epa rfiopMyAbi. 

JJro6aH H0IIpHBOAHMaH IIJIQCRaH RpHBaH L 6npa1,110-
aaJibHO 3RBHBaJieHTHa aenp11soA11Moil KpHBo:ii: £0, 11Me
rom;e:ii: Jilllllb o6bJKHOBeHIIhle oco60HHOCTH. 



311 IlJIOCKAH ]J;ER'.CTBBTEJILBAH AJirEBPAlf'IECKAH KPHBAH 312 

P o A (mm: ii\ a H p) II • .a;. a. R. L oIIpe,a;eJrneTCH 'IHC1IOM 
p' HBJIHIOmHMCH pa3HOCTh!O MeIB.a;y HaH60JibIDHM 'IHCJIOM 
~BOHHhlX TO'IeK, K-phle MOil\eT HMeTb L, Ii! HX iJ>aKTH'I. 
'IHCJioM. Po.a; p H IIopH,a;oR n Kpaaoii L CBH3aHhl cooT-
HOilleHHeM 

2p=n (n-1)-~ ri (ri-1), 

r.a;e cyMMHpoBaHHe pacrrpocTpaHHeTCH Ha TO'IKH RpaTHO
CTH r;. 

RpHBhle HyJieaoro po.a;a (Haa. TaKil\e p a u. H o H a JI h
H hi M H, y H H K y p c a JI h H hi M H) o6Jiaµ;aIOT Bail\HhlM 
CBOHCTBOM, a HMeHHO: Roop.a;:irnaThl TO'IKH, )l;BHIBymeiiCH 
no TaKOH KpHBOH, MoryT 6h1Th BhlpaIBeHhl paU,HOHaJibHhlMH 
ii>YHKU,HHMH 6, 11 HeR-poro rrapaMeTpa t. ,ll,pyrHMH CJIO
BaMH, KpHBhle po.a;a HYJih 6HpaU,HOHaJihHO 3KBHBaJieHTHhl 
rrpHMOH. YHHRypcaJibHhle KpHBhle HMeIOT Bail\Hhle rrpHMe
:aeinrn. IIycTh, Harrp., ypaBHeHHe TaRoii Rp11aoii orrpe.a;e-

Knaccutl>uKa~uR H1>10TOHa Kpuewx 3-ro uopRµ;Ka 

RaH0Huqec1<a1i Rn a cc v R JI a cc VI 
cjJopMa A 

RaHoHuqecRali RaHoueqecRali xy•+ey==ax•+ 
+bx•+cx+d cjJopMa B cjJopMa C 

xy = ax'+bx•+ Y'=ax•+bx•+ 
+cx+d +cx+d 

Tpe3yoe11 Pacxe>nH111aliCli 
napaoona 

I 

I 5 THnOB I 

l\Jiaccl R JI a cc II Rnacc Ill 
(a> 0) (a< 0) (a=O, b>FO) 

runep5elJluqe- ]J;ecjJeRTHBHali Ilapa oom!'iecKali 
CRali runep6oJra runepoona runepoona 

I 
I I 

I 
(e>FO) 

I I 
(e=O) 

I Al(uaMeT- MoHo.a;ua-
paJJbH81i MeTp8JlbH81i 

I I 
I 6 THnOB I I 7 THnOB I I I 

JIHeT y KaK aJire6paH'I. ii>YHKI~HIO OT x; Tor.a;a )l;JIH JII06oii 
paU,HOHaJibHOH ii>YHKll,HH g (x, y) Heonpeµ;eJieHHhlH HHTe
rpaJI 

~ g (x, y)dx 

MOil\eT 6h1Th BhlpaIBeH qepe3 3JieMeHTapHhle cPYHKI~HH. 
RpHBhle po.a;a 1, TeCHO CBH3aHHhle c il,/l,,/l,Unmu11ec1w.Mu 

rP YUIHfU!/,.MU, 611paU,HOHaJibHO 3KBHBaJieHTHhl KpHBOH 3-ro 
IIopH,a;Ra 6ea oco6eHHOCTeii. HeK-phle KpHBhle poµa p > 1 
(T. H. r Ii! II e p 3 JI JI H II T Ii! 'I e c K Ii! e) 6Hpau,110HaJibHO 
3KBHBaJieHTHhl KpHBOH IIOpH)l;Ka P+2, HMeIOmeii e;urn
CTBeHHYIO oco6yIO TO'IKY KpaTHOCTH p. 

Po.a; p HBJIHeTCH 6Hpau,HOHaJibHhlM HHBapHaHTOM, o.a;
HaKo µ;Be KpHBhle, HMe10m11e O)l;HH Ii! TOT IBe po.a;, He o6H-
3aTeJihHO 6HpaU,HOHaJibHO 3KBHBaJieHTHhl. 

IJOJIHaH KJiaCCHii>HKaU,HH KpHBhlX rropH)l;Ka n;;;,:4 eme 

Rn a cc Vil 

RaHoHuqec 
(fJopMa D 

Y=ax'+bx '+ 
+cx+d 

Ry5uqecR 
napaooJJ 

81i 
a 

R JI a cc IV 

b=O) 
OOJIH3Mbl 
qeCRHX 
eHHH 

(a= 
runep 

ROHH 
ceq 

(1983) He IIOJiy'IeHa. HerrpHBOAHMaH RpH
BaH 2-ro rropH,a;Ka HBJIHeTCH JIH6o IIYCThlM 
MHOil\eCTBOM, JIH60 3JIJIHIICOM, Jlli60 rH
rrep6oJioii, JI1160 rrapaooJioft (cM. Jluuun 
omopozo nopsia1rn). 9TH .KPIIBhle Heoco6eH
Hhl H yHHKypcaJihHhl. 

IIepaaH KJiaccHii>HKaU,HH RpHBhlX 3-ro 
rropH,a;Ra 6h1Jrn rrpe,a;Jioil\eHa 11. Hh!OTO
HOM (I. Newton, 1704), K-phlii IIOJIO
il\HJI TeM caMhlM Ha'IaJIO CHCTeMaTH'I. HC
CJie)l;OBaHHIO II • .a;. a. R. B ocHoBe ee Jie
IBHT rro.a;paaµ;eJieHHe RpHBhlX 3-ro rropHµ;
Ra Ha KJiaCChl B 3aBHCHMOCTH OT KOJIH
'JeCTBa H xapaRTepa 6eCKOHe'IHhlX BeTBeii. 
YpaaHeHHe Rp1rnoii Ha,a;JieIBamHM Bhl6o
poM Roop,a;HHaTHOH CHCTeMhl rrpHBO)l;HT
CH K O)l;HOH H3 'IeThlpex KaHOHH'I. iJ>opM 
A, B, C, D, KOTophle aaTeM paaµ;eJIHIOT
CH Ha KJiaCChl, IIO)l;KJiaCChl H THIIhl (CM. 
cxeMy). 

Y Ram.a;oii RpHBoii 3-ro rropH,a;Ra L 
ecTh JIH6o (e.a;HHCTBeHHaH) .a;aoiiHaH TO'I
Ra, Ii! Torµa L YHHKypcaJibHa, JIH6o 
TO'IKa rreperH6a, 6h1Th MollieT Haxo.a;H
m;aHCH Ha 6ecRoHe'IHOCTH; ecJIH ecTh TPH 
TO'IKH rreperH6a, TO OIIH JielRaT Ha OA
HOH IIpHMoii:; 6oJiee Tpex TO'IeK rrepe
rH6a 6h1Th He MOil\eT. 

I 
(e>F 0) 

I I 
(e=O) 

IlorroJIHeHHe aiJ>iJ>iaHHOll IIJIOCKOCTH He
co6CTBeHHhlMH 3JieMeHTaMH rrpHBOAHT K 
rrpoeRTHBIIoil IIJIOCKOCTH, Ha H-poii II. 
µ;. a. K. orrpe,a;eJIHeTCH ypaBHeHHeM AnuaMeTpaJJ1>- MoHol(uaMeT-

I 
I 

I 
(c> O) 

I I 
runep5oJJH3M 

rnnepOOJJbl 

I 

I 4 THna I I 
--

(e>FO) 
(e=O, b'>F4ac, 

b>F 0) 
AnuaMeTpanb- MoH0111taMeT-

Hali paJJbHali 

9 THnOB I I 12 THI!Oll 

Hali 

I 
7 THnOB I I 

I 
(c< Oi 

I 
Tunep50JIH3M 

aJJJJll'.nca 

I 
3 THil8 I 

(e=O. b2 =4ac, 
b>FO) 

Tp1tJJ:1rnMeT-
paJJbHali 

I I 2 TIIIl8 

pan1>Hali 

I 
4 Tuna 

I 
I 

I I 

(c =O) 
OOJIH3M 

aoonhl 
runep 

nap 

2 

(b=O) 
C 3CHMnTO-

TaMu, nepece-
RaJOIIlHMHCli 

B 0)'.(HOll 
TOqRe 

9 TUnOll 

F (x1, x2, x3) = 0, 

r.a;e F - o.a;IIopo,a;HhlH MIIoro'IJieH CTerre

HH n OT rrpoeKTHBHhIX KOOPAHHaT x 1 ' 

x2 , XI. IlpoeRTHBHaH KJiaCCHii>HRau,:irn 
RpHBhlx rrpome; Harrp., RaIB,a;aH Kp11Bal'J 
3-ro rropH,a;Ka MoIBeT 6h1Th paccMaTp!f
aaeMa RaK ce1JeH11e KoHyca, HarrpaBJIH-
10m;eii K-poro CJiyil\HT O)l;Ha H3 IIHTH 
T. H. AHBepreHTHhlX rrapa6oJI, T. e. HMe
eTCH IIHTh THIIOB rrpoeKTHBHO He3KBHBa
JieHTHhlX Ry6H'J. KpHBhlX (Te 0 p e Ma 
H h IO To Ha). 

IIpH nccJie,a;oBaHHH IT. µ;. a. K. rroJiea
HhlM OKa3hlBaeTCH TaKil\e H rrpHBJie'JeHHe 

MHRMhlX 3JieMeHTOB, H, .a;aJiee, rrepexo.a; 
B KOMIIJieKcHy!O o6JiaCTh. CM. A 11ze6pa
uitec1rnn i>puoasi. 

Jium.: !11 Yo Rep P., Anreopauqecmrn 
RPHBbie, nep. c aHrJJ.' M.' 1952; [2] c M 0 r 0 P
lf( e B c RH II A. C., c T 0 JI 0 Ba E. c., Cnpa
BOqHHR no Teopuu nJJOCRHX RPHBblX TpeTbero 
nopH)'.(Ra, M., 1961; [3] CaeeJJOBA.A., 
IlnocRue RPHBble, M., 1960. 

M. H. Bou~exoeciruu. 
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IlJIOCKAH 3A,!l;A 11A T e o p II II y n p y r o c T H -

Ha3BaHHe THIIa 3aAa'I, B K-phlX KapTHHa II3yqaeMoro 
HBJieHHH B yrrpyroii cpeAe OAHHaKoBa BO BCex IIJIOCKOCTHX, 
uapanJieJibHhlX HeK-poii IIJIOCKOCTH (Harrp., IIJIOCKOCTH 
Ox1x 2 AeKapTOBoii CHCTeMhl KoopAHHaT Ox1x 2x3). MaTe
MaTH'l. TeopHeii IL 3. qacTo orrHChlBalOTCH H 3aAa'IH, 
K-phle IIO COAepmam110 HMelOT rrpocTpaHCTBeHHhlH xapaK
Tep (Harrp., H3rH6 TOHKHX IIJiaCTHHOK). 

ITo IT. 3. Teop1rn yrrpyroCTH ycrrexII AOCTHrHyThl rJJaB
HhlM o6pa30M 6naroAapH HCIIOJlb30BaHH10 iJ>opMyJJ, Bhlpa
maromHX HCKOMhle pe!IleHHH qepe3 aHaJIHTH'l. iJ>yrrKO.HH 
OAHOfO KOMIIJieKCHoro apryMeHTa; BrrepBhle 3TH iJ>opMyJihl 
6bl.7III BhlBeAeHhl B 1909 r. R. RoJJOCOBhlM (CM. [1]), a 
Ha'ln:HaH c 20-x rr. 20 B. B pa6oTax H. II. MycxeJIHIIIBHJIH 
OHH HalIIJIH IIOJIHOe o6oCHOBaHHe, Il Ha HX 6a3e pa3BHThl 
MeTOAhl penJeHHH IIlHpoKoro Kpyra rpaHH'IHhlX (KpaeBhlX) 
n: KOHTaKTHhlx IT. 3. Teopn:u yrrpyrocTH. IToJiy'leHHhle rro 
IT. 3. TeopeTH'l. pe3yJihTaThl HCIIOJih3Y10TCH rrpn: peIIIeHHH 
rrpaKTH'l. 3aAa'I. 

KoMnJieRCHoe npep;cTaBJICHHe noJieii cMe~eHHii H Hanpa -
lKCHHU. foBopHT, 'ITO yrrpyraH cpeAa HaXOAHTCH B co
CTOHHHH IIJIOCKOH p;eiJ>opMaO.HH, eCJIH cymecTByeT TaKaH 
ACKapTOBa CHCTeMa KoopAHHaT Ox1X2X3, OTHOCHTeJibHO 
K-poii KOMIIOHeHTbI BeKTopa CMem;eHHH HMCIOT BHA 

Ua.=Ua (xi, X2, t), ct=1, 2, U3=0, 

rAe t - BpeMH. RoMrroHeHThl TeH3opa HarrpHIBeHHii: TaKOBhl 

Xa.fl=}..0tSa.fl+2µea.fl• Xa. 3 =0, X 33 =A0, 

fAe A, µ - IIOCTOHHHhle JlaMe, !Sa.fl - CHMBOJlhl RpoHe
Kepa, ea.ti - KOMIIoHeHThl TeH3opa AeiJ>opMan.un:: ea.11= 
=oa.Uf! +011ua.; 0=ea.a.=Oa.Ua - AHJiaTaO.HH (a, ~=1, 2; 
HaJIH'IHe B BhlpameHHH ABYX OAHHaKOBhlX HHAeKCOB 03Ha
qaeT cyMMHpOBaHn:e). 

ITJIOCKaH AeiJ>opMaO.HH B03MOIBHa B yrrpyroii: cpeAe, 
K-paH 3aIIOJIHHCT 0.HJIHHAP c o6pa3yl011\HMH, rreprreH.llH
KYJIHpHhlMH IIJIOCKOCTH Ox1X2, CCJIH rrpH 3TOM KOMIIOHCHTbl 
o6'heMHhlX cn:JI n:MeIOT BH.ll Xa.=Xa.(x1, x 2, t), X 3=0, a 
6oKOBhle YCHJIHH He 3aBHCHT OT KoopAHHaThl X3 H pacrro
JIOJReHhl rra IIJIOCKOCTHX, rreprreH.llHKYJUipHhlX OCH 0.HJIHIIA
pa. /];JIH peaJIH3aO.HH IIJIOCKoii: p;eiJ>opMaO.HH yrrpyroro 
O.HJIHHApa K ero TOpn.aM Heo6XOAJl.MO rrpHJIOlRHTb HOp
MaJihHhlC CHJihl, paBHbie ±AS. 

IT pH CAeJiaHHhlX AOIIym;eHHHX CHCTeMa ypaBHeHHll AHIIa
MHKH yrrpyroro TeJia OTHOCHTeJihHO KOMIIOIICHTOB BeK
Topa CMemeHHll HMeeT BHA 

µi\ua +(}..+µ) oae+xa. =P;a., a=1, 2, 

rp;e p - IIJIOTHOCTb pacrrpeAeJICHHH Mace, piia. - CHJlhl 
n:rrepn.HH, I\ - orrepaTOp JiarrJiaca. EcJin: BocrroJib30-
BaThCH orrepan.n:HMH KOMIIJieKCHOro p;uiJ>iJ>epeHn.HpoBaHn:H: 
2ii-=01+w 2 , 2iiz=ii1-io2(oa =oloxa), TO rrpn: OTCYT-

z 
CTBHH CHJI HHepn.n:H (cTaTH'l. 3ap;aqa) 3TY CHCTeMy MOJRHO 
3aIIHCaTb B BH.lle op;Horo (KOMIJJieKCHoro) ypaBHeHHH: 

(}.,+3µ) ii2-u+(A+µ) O~-u+X=O, zz zz 

rp;e u=u1+iu2, X=2- 1 (X1+tX2). 

ITycTh o6JiaCTh S, 3aHHTaH yrrpyroii cpep;oii:, rrpeA
CTaBJIHeT CBH3HYIO 'laCTb IIJIOCKOCTH OX1X2, orpaHH'leHHYIO 
O.llHHM n:Jin: HecKoJihKHMH KOHTypaMn: L 0 , Li. ... , Lm 
6e3 o6mHx TO'leK, L=L0+L1+ . . . +Lm - rpaHHO.a 06-
JiaCTH S; TO'IKa z= 0 rrpn:Hap;JieJRHT S. 

lfoKoMoe peIIICHHe ypaBHeHHH paBHOBeCHH BhlpamaeTCH 
rro iJ>opMyJie u=u0+TX, rp;e TX - HCK-poe qacTHoe 
pemeHHe, K-poe MOJRHO Bhlpa3HTb B Bn:p;e 

TX=-x(µn(1+x))- 1 ~ ~ X (~)lnl~-zjd~1d~2 + 

+ (2µn (1 +x))- 1 ~ ~ X (~-z) (f-z)- 1 d~1d~2 , 

a Uo - o6mee pemeHHC O.llHOPOAHOfO ypaBBCBBH 
K-poe BhlpamaeTCH rro iJ>opMyJie 

u0 =K (<p, 'IJ'; x) =X<p (z)-z<p' (z)-'IJ' (z), 
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(X=O), 

fAC <:p H "" - IIpOH3BOJlbHhle aHRJIHTH'l. iJ>yHRO.HH OT 
z=x1+ix2 B o6JiaCTH s (x=3-4a, rAe a - IIOCTOHHHaH 
ITyaccoHa, O<a<0,5). EcJIH X - MHoro'IJICH oT x, y, 
TO T x MOJRHO Bhlpa3HTb B HBHOH iJ>opMe. 

OrrepaTop K (q>, 'IJ'; x) He H3MeHHTCH, eCJIH iJ>yHKO.HH 
<p H 'IJ' IIOA'IHHIITb yCJIOBHIO <:p(0)=0 HJIH 'IJ'(0)=0. ITpH 
BhlIIOJIHeHHH OAHOfO H3 3THX yCJIOBHll BCHKoMy IIOJIIO 
CMemeHHH u= u1+ iu2. 3aAaHHOMY B o6JiaCTH s' COOT
BeTCTByeT BIIOJIHC orrpeAeJICHHaH rrapa aHaJIHTH'l. ii>YHKO.HH 
<:p, 'IJ'. 

ECJIH B rrpeAhlAYIII;HX iJ>opMyJiaX IIOCTOHHHYIO ')( 3a
MCHHTb qepe3 x*= (3-a)/ (1 +a), To rroJiyqaeTCH iJ>op
MyJia AJIH IIOJIH CMem;eHHH o6o6m;eHHOfO IIJIOCKOHarrpH
lRCHHOfO COCTOHHHH. 

RoMrrJieKCHaH 3aIIHCh 

Xaa =2 (}..+µ) (0 2 u+o-zu), Xu-X22 +2iX12 =4µo2u 

KOMIIOHeHTOB TCH3opa HarrpmirnHHii:, B CHJIY paBeHCTBa 

u=K(<p, 'IJ'; x)+Tx, 
rrpHHHMaeT BHA 

Xa.a.=4Re<I> (z)+T0X, 

Xu -X22 + 2iX12 =2 (Z<I>' (z) +'I' (z)) +TiX, 

rAe <I>= 2µ<p', 'I'= 2µ 'I'', 

T 0 =4(}..+µ)ReiizTX, T1X=4µiizTX. 

ITycTb yrrpyraH cpeAa IIOABepraeTCH HerrpephlBHoft p;e
iJ>opMaO.HH. TorAa MOJRHO C'IHTaTb, 'ITO KOMIIOHeHThl TeH-
3opa HaIIpHIBeHHH H CMem;eHHii: - HerrpephlBHhle OAH03Ha'l
Hbie iJ>yHKO.HH B o6JiaCTH S; <I> H 'I' roJioMopiJ>Hhl B S, 
rrpH'IeM <I> MOJRHO IIO,[J;'IHHHTb yCJIOBHIO <I>' (0)=<1>' (0). 

EcJIH o6JiaCTb s orpaHH'leHa H OAHOCBH3Ha, a AeiJ>op
MaO.HH HerrpephlBHa' TO ii>YHKO.HH <:p H "" fOJIOMopiJ>Hhl B s. 
B c.71yqae KOHC'IHOH MHOfOCBH3HOH o6JiaCTH <:p H"" 6yAyT, 
Boo6me roBopH, MHOf03Ha'IHhlMH ii>YHKO.HHMH orrpeAe
JieHHOfO BHAa. 

OCHOBHldMH aa.a;a11aMH UJIOCROU Teop1rn ynpyroCTH HB
JIHIOTCH CJieAyIOII\He 3aAa'IH. 

1) IT e p B a H o c H o B H a H 3 a A a q a : orrpep;e
JIHTh yrrpyroe paBHoBeCHe TeJia, KorAa Ha ero rpaHH0.0 
3aAaHhl BHeIIIHHe Cl!Jlhl. 

CHJia HarrpHIBeHHH (X no Y n), AeHCTBy10m;aH Ha aJie
MCHT AYfll ds KOHTypa L c HOpMaJiblO n, MOIBeT 6h1Tb 
3aIIHCaHa B KOMIIJieKCHOH iJ>opMe: 

(X n + iY n) ds =- 2iµd (<p (z) + z<p' (z) + 'IJ' (z)), 

H KpaeBhle ycJIOBHH rrepBoii: 3a,a;a'IH HMCIOT BRA 

<p(t)+t<p'(t)+'IJ'(t)=f(t)+c(t), tEL, (1) 
r,n;e 

f (t) = i (2µ)-1 ~ L (X n+ iY n) ds, 

rrpH'ICM p;yra s OTC'IHThlBaeTCH Ha KaJRp;OM L1e OT H0K-poii 
iJ>uKcupoBaHHoii TO'IKH zk E Lk B rroJiomn:TeJibHoM HarrpaB
JieHHn:; c (t)=ck=const Ha Lk. Bcerp;a MOIBHO C'IHTaTh 
co=O, OCTaJihHhle IIOCTOHHHhlC Ck orrpep;eJIHIOTCH B XOJI:e 
peIIIeHHH 3a,a;aqn. ECJIH m=O, TO HCKOMhle ii>YHKO.HH <:p 
H\fl roJioMopiJ>Hhl B S. Torp;a paBeHCTBa <:p (0)=0, lm<:p' (O)= 
=0 o6ecrre'IHBaIOT ep;HHCTBCHHOCTb pemeHHH 3ap;a'IH (1), 
a Heo6xop;n:Mhle H p;ocTaTO'IHhle ycJIOBHH cymecTBoBaHHH 
peIIIeHHH 

~L (X n+ iY n) ds=O, 2µ ~ L (x1Y n-x2Xn) ds= 

=Re ~Lfdt=O 
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npe/);CT8BJUIIOT co6oii: ycJIOBlUI CTQTll'I. paBBOBOOHH a6co• 
JIIOTHO meCTIWro TeJia. 

IlpH m>O, KaK Yliie 6bIJIO OTMeqeHo, q> B "" - MHoro-
3HaqHhle cf>yHKqHH cneqHaJibHoro BH/);a, npHqeM OHH Bhl
pamaIOTCH qepea HOBhle HCKOMhle roJioMopcf>Hhle B o6JiaCTH 
S cf>yHKqHH cp* H 'ljl* . 

2) B T o p a H o c n o B H a H a a A a q a: onpe/);eJIHTh 
ynpyroe paBHoBecne TeJia no aa/);aHHbIM CMeru;emrnM ToqeK 
ero rpannqhl. 

:ha aap;aqa npHBOAHT K rpaHBqHoMy ycJIOBHIO BH/);a 

xqi (t)-tqi' (t)-'ljl (t)=f (t), tEL, 

rp;e f=u1+iu2 - aa/);anna.11 na L cf>ynKqn.11. 
3) 0 c H 0 B B a H c M e Ill a H H a H 3 a A a q a. IlycTb 

S - Koneqnaa OABOCB.Hana.11 o6JiaCTh, orpami:qeuua.11 aaMK
HYThIM KOHTypoM L; L=L'+L", r/);e L' COCTOHT H3 KOHeq
Horo qncJia Ayr L', ... , L:n KoHTypa L, K-pbie nonapHo 
ue nMeIOT o6ru;nx ToqeK; ua L' aaAaHbl BHelllune uanp.11-
meHHH, a Ha L" - cMellleHnH. CooTBeTCTByrom;ne Kpa
ee(>Ie ycJIOBHH MOJRHO aanHCaTb B BH/);e 

i' ( t) qi ( t) + tcp' (t) +"" ( t) = f (t) + c ( t)' t E L' 

rAe / - aa/);aHHaH cf>yHRqHH ToqKH tEL; ')'(t)=1, eCJin 
tEL, H ')'(t)=-x, ecJin tEL"; c(t)=c1i=const, ecJIH 
tEL'; c(t)=O, ecJIH tEL". IIocTOHIIHhle Cft (KpoMe o/);Hoil:, 
Bhl6HpaeMoil: KaK yro/);Ho) He aaAaIOTCH aapaHee n noA
.11emaT onpeAeJieun10 B xoAe pemeanH aaAaqn. 

4) T p e Th H o c Ho B Ha H a a A a q a. Ha rpaHnqe 
o6JiaCTH aa/);aIOTCH HOpMaJibHaH COCTaBJIHIOIIl;aH BeKTopa 
CMeru;eHHH H KacaTeJibHa.H COCTaBJIHIOIIl;aH BeKTopa BHelll
Hero Hanp.11meun.11. 

TaKa.H aaAaqa eoaHnKaeT, Hanp., n cJiyqae conpHKa
caHHH ynpyroro TeJia c mecTKHM npoqmJieM aa/);aHHoil: 
cpopMhl, KOr/);a KOHTaKT Mem/);y ynpyrHM H meCTKHM 
TeJiaMH ocyru;ecTBJI.HeTc.H no nceil: rpaunqe. PaccMaTpn
BaIOTCH TaKme Apyroro poAa KonTaKTHble aaAaqn. Bee 
9TH aap;aqn TaKme npHBOAHTCH K rpannqnbJM aaAaqaM 
AJIH anaJIHTnq. ljiynKqnti:. 

5) r p a H H q H bl e B a A a q H H 3 r H 6 a T 0 H K H x 
n JI a c T H n o K. R aHaJiornqnblM rpanHqnhlM ycJioBHHM 
DpHBOAHT aa/);aqH narn6a TOHKHX IIJiaCTHHOK. Ilporn6 w 
cepeµ;nnnoil: noeepxnocTH TOHKoti: OAHOPOAHOH yrrpyroil: 
n.rraCTHHKH, noµ;nepmennoil: µ;eii:CTBHIO pacrrpeAeJienuoii: 
no ee nonepXHOCTH HOpMaJihHOH narpy3KH HHTeHCHBHO
CTH q, yµ;oeJieTBop.HeT neoAnopoµ;noey oHrapMOHHll. ypaB
neirn:10 

,i,\w=q/D, 

rµ;e D=Eh3/12(1-a2) - qHJIHHApHq. mecTKOCTh; h -
TOJIIqHna rrJiacTHHKH, E - MOAYJih IOnra. 06ru;ee pellle
HHe aToro ypasneHHH nMeeT mm 

w=w0 + Tq, 

rAe Tq - qacTnoe peIIIeHHe, K-poe BbipamaeTCH ljiop
MyJioii: 

Tq=(8:rtD)- 1 ~ ~ q(\;)lb-tj2lnlb-zldb1db2• 

a w0 - o6ru;ee pemenHe 

w0 =Re (z<D (z) +'I' (z)) 

O/);HOPOAHOro 6HrapMOHHq. ypasneHHH 

A6w0 =0, 

rµ;e ID H 'I' - rrponasoJihHble anaJIHTnq. cf>ynKqHH B S. 
EcJIH q - MHoroqJien oT x1 H x 2 , TO Tq BhlpamaeTcH B 

HBHOH ljiopMe. ECJIH <P (0)=0, '1'(0)=0, <P' (O)=<P' (0), 
TO ljiynKqHH <I> n: 'I' BblpamaIOTCH OAH03Haquo rrocpell;CTBOM 
aap;anHOH 6nrapMOHHq. ljiynKqHH Wo. 

PeIIIenHe w ypasnenn.11 !J.!J.w=q/D cJieµ;yeT rroµ;qHHHTh 
rpanHqHblM YCJIOBHHM, COOTBeTCTByIOlll,HM TOMY HJIH HHOMY 

xapaKTepy aaKperrJieHHH rpaHHqhl nJiacTHHKn. B cJiyqae 
aa/);eJI&HHoii: no Hpa.HM nJiaCTHHKH ua rpaHnqe L ooJiaCTH 
s' aaBHTOH cepeAHBHOii: IIOBepXHOCThlO IIJiaCTHHKH, AOJI)K
Hhl BhlllOJIHHTbCH ycJIOBHH w= dw! dn= 0, r/);e n - BHeIIl
HHH HOpMaJih K KOHTYPY L. 8TH ABa ycJiosn.11 MomHo 
aanHCaTb B BHAe O/);HOro KOMnJieKCHoro paBeHCTBa ii zW= 0 
(Ha L). IIocJie/);Hee npnno/);HTCH K BHAY (1). 

Pellleune aToii: aa/);allH ncerAa cyru;ecTByeT, eAnHCT
BeHHo H BhlpamaeTCH no cf>opMyJie 

w (xi. x2) =D-1 ~ ~ SG (x1,X2, bi. b2) q (bi. b2) db1db2, 

r/);e G - cf>yuKqHH rpnHa. ,AJIH Rpyra lzl <1: 

G (x1, X2, b1, b2) = 2jb-z12 ln ( 11-z~ 11 b -z I - 1)
-(1-I z 12) (1-1 b l2J, 

Z=X1+ix2, b=b1+ib2· 

B cJiyqae cno6oAHOH nJiaCTHHKH rpaHnqHhle ycJioBnH 
uMeIOT BUA 

aAw+(1-a) (wx 1x2 cos2 v+wx2x,sin2 v+ } (
2

) 
+wx1x,sin2v)=0, 

d/';w d ( 1 ( ) · 2 + --an+ (1-a) ds 2 Wx1x2-WX1X1 SIIl v 

+ WXIXI COS 2v) =0, 

r/);e v - yroJI, COCTaBJIHeMhlH BHeIIlHeii HOpMaJihIO n 
c ocbIO Ox1• JI em.re qacTH paneHCTB (2) rrpeACTaBJIHIOT 
COOOH COOTBeTCTB0HHO H3rn6aIOlll,HM MOMeHT H ooo6ru;eH
HYJO nepepeablsa10ru;y10 CHJIY' OTHeCeHHhle K e/);HHHqe 
/);JIHHhl II /);eiiCTBYIOIIl;IIe Ha 6oROBOll aJieMeHT nJiaCTifHKH 
c HOpMaJibIO n. rpaHHllHble YCJIOBIIH (2) MOlKHO aanncaTb 
B BH/);e 

d ((3 + a)/(1 -a) <D-zCD' - 'I'') = g, 

rAe g - aaAaHnaH .PYHKqHH na L. 
6) II JI 0 c K He c Ta q If 0 Hap H bl e y II p yr He KO

JI e 6 an H H. RorAa pemennH cncTeMhl ypannennil: p;nua
MHKH y11pyroii: cpejlhl HII\YTCH B BHIW 

U=V(Xi.X2)eivt, Ua=O, 

rAe v - qaCTOTa KOJie6anHH, AJIH v noJiyqaeTCH ljiopMyJia 

v=ii-; (w1 +iw2 ) 

(npeµ;noJiaraeTCH, qTo BHellIHHe CHJlbl paBHbl HyJIIO, x a= 

=0), r,11;e w1 n w2 - nponaeoJihHble pemennH ypaenenHii:: 

!J.w1--j-a2v2w1=0, 6w2+b2v 2w2=0, 

a~=p (}..--j-2µ)- 1, b2=pµ-1. 

IloJie nanpHmenn:ii: BblpamaeTCH no cf>opMyJI aM 

X1l +X22 =- (}..--j-µ) a 2v2wi. 

X11-X22+2iX22=4µa:_ (w1-iW2). 
z 

Xaa=-2- 1a2v 2w1. 

06mee pemeHHe ypannennH 

Aw+k2w=0, k 2=const, 

BblpamaeTCH B BHAe 

W=Aolo (k I z I)+~~ Re [zll> (zt)] J 0 (k I z I Y1-t)dt,(3) 

r/);e Ao - npmrnBOJlbHaH jleHCTBHTeJibHaH IIOCTOHHHaH, 
<I> - npOM3BOJlbHaH auaJIHTHq. cf>ynKqHH, lo - cf>ynKIJ;HH 
EecceJI.H 1-ro pOAa uyJieeoro nopHµ;Ka. IlpH noMoru;n 
ljiopMyJibl (3) BbIBOAHTCH KOMnJieKCHble 11peµ;cTaBJieHMH 
MH IIOJieii: CMemenHH B nanpHmennii: rrpn IIJIOCKOM CTa
qHOHapnoM KOJie6an11n ynpyroli cpeAbl; OHH MoryT 6bITb 
MCnOJib30BaHbl AJIH HCCJieAoeanMH rpanHqHbIX 3a/);aq, 
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a T3Kme AJIH lJOCTpoemrn pa3JIIP1JihIX IlOJIHhIX CilCTeM 
qaCTHhIX pernemr.ii:, K-phle Il03BOJIHIOT armpOKCHMnpoBaTb 
JII06hle 110JI11 cMemeIInii n I1a11pHmeIInn. B qacTIIOCTn, 
3TH IIOJIJihle CHCTeMhl MOlKIIO IlCl10Jib30BaTh AJIH lJOOTpoe
IIHH IIpn6JIHlKeIIJihIX perneHnn KpaeBhIX 33Aaq. 

7) 3 a A a q a o 11 p e A e JI e H n H K o II IJ, e II T p a
IJ, H .ii: I1a11pHmeIInii OKOJIO OTBepCTilll 
B a II Il 3 0 T p 0 11 II bl x Il Il 3 0 T p 0 11 II bl x 11 JI a
c T Il II a x. 0CJIOBy 11pn6JinmeI1HblX MeTOAOB perneIInH 
TaKHX 3aAaq TaKme COCTaBJIHIOT BBeAeIIne ii>YIIKIJ,HH KOM
lJJieKCIIOro 11epeMeI11IOfO c11eIJ,naJibIIOll CTpyKTYPbl B BIIAe 
CTelJeHJihIX PHAOB Il pa3JIIlqllblX MOAniJ>nKaIJ,Hll Teopnll 
B03Mym;eIInii, a TaKme IlClJOJib30BaJIHe TeopeM CJiomeIIHH 
IJ,IlJIHIIAPilq. Il ciJ>epnq. ii>YIIKJ:\Illl c lJOCJieAYIOID;IlM CBe
AeIIneM rpaJinqJibIX 3aAaq K 6ecKoJieqJihIM cncTeMaM aJire-
6panq. ypaBIIeIInii. 

MeTOAhl pemeHHH rpaHH'IHhIX aaAa'I. <l>opMyJihl 11peA
CTaBJieIInH rroJieii cMem;errn.ii: n IIarrp11meIIn.ii: qepe3 aJia
JIHTnq. iJ>yIIKIJ,Hil ncrroJih3YIOTCH AJIH AOKa3aTeJihCTBa 
cymeCTBOBaIIIlll Il eAnIICTBeIIJIOCTil perneIIHH o6m;nx rpa
anqJiblX 3aAaq, a TaKme AJIH IIOCTpoeJIHH B HBIIOH iJ>opMe 
perneJIIIH JieK-pblX KJI3CCOB 3aAaq qaCTIIOro BnAa. 

MeTOA CTe11eIIIIblX pHAOB c rrpnMeIIeIIneM KoIIiJ>opMIIoro 
OT06pameIIHH II03BOJIHeT pernaTb OCHOBJible lJJIOCKne 
33Aaqn AJIH o6JiaCTen, KOIIiJ>opMIIO OT06pama10m;nxcH Ha 
Kpyr 11ocpeACTBOM pau;noIIaJihIIhIX iJ>yHKIJ,nii. 3aAaqa 
peAyu;upyeTCH K JIIIIIeiiJio.ii: aJire6paHq. CilCTeMe ypaB
HeIIn.ii: H KB3Ap3TypaM. 8THM MeTOAOM rrpaKTnqeCKil perna
IOTCH OCIIOBIIbie rpaJinqJible 33Aaqn AJIH JII06o.ii: OAIIOCBH3-
IIOll o6JiaCTil c IlCIIOJib30B3IIIleM rrpn6mrmeIIIIOfO KoIIiJ>opM
IIOfO OT06pameIInH o6JiaCTil II3 Kpyr c IIOMOJJJ;bIO pau;no
H3JibllblX iJ>yaKu;nii. IIpn IlCIIOJib30B3IIHil 8BM 3TOT 11pneM 
HBJIHeTCH aiJ>iJ>eKTHBilblM AJIH IIOCTpoeJinH perneJIHll oc
IIOBilhIX rpaIInqIIblX II. 3. Teopnn yrrpyrocTn n n3rn6a 
IIJI3CTHIIOK. 

Ha ocJioae Teopnn nIITerpaJia Tn11a Kornn nccJieAo
aaJine II. 3. peAyu;npyeTCH K xoporno n3yqeJIHblM nIITe
rpaJihIIblM ypaBJieJIHHM. 

IIoJie3JiblMil HBJIHIOTCH T3KJRe MeTOAbl, coqera10mne KOH
iJ>opMIIOe OTo6pameIIne c rrpnMeIIeIIneM arr11apaTa HIITe
rpaJioB Tnrra Kornn. 

CymecTBYIOT n Apyrne crroco6bl 11pnBeAeHnH rpamrqHblX 
II. 3. Teopnn y11pyrocTn K nIITerpaJihIIhIM ypaBIIeIInHM, 
R-phle A3IOT B03MOlKIIOCTb H:3yqnTb B011p0Cbl cyru;eCTBO
BaIIHH Il eAHIICTBeJIJIOCTil peIIIeJIHH. 

.D:JIH peAYKllHH rpaanqHhlX II. 3. Teopnn yrrpyrocTn K 
IlIITerpaJibHblM ypaBJieHHHM HClJOJih3YBTCH TaKme MeTOA 
lloTem:J,naJIOB, Jie BBOAHmn.ii: B paccMOTpeIIne KOMlJJieKC
Hhle aJI3JIHTilq. iJ>yIIKIJ,Ilil ( cp Il 'i'). 

Jlum.: [1] I\ 0 JI 0 C 0 B I'. B., 06 OAHOM llPHJIOlReHlm TeOpll'.ll'. 
cjJyH!U.{HH KOMIIJieKCHoro nepeMeHHOro K IlJIOCKOl! aagaqe MaTeMaTH
'IeCKOtt TeopHH ynpyrocm, JOpbeB, 1909; [2] er o me, IlpHMe
Hemrn KOMTIJieKCHhlX AHarpaMM H TeOpHH cjJYHKqHli KOMTIJieKCHOH 
nepeMeHHoli K TeopHH ynpyrocTH, JI.- M., 1935; L3) My c x e JI 11-
III B u JI H H. II., HeKoTopble oCHOBHhie aagaq11 MaTeMaTH'Iec11oll Teo
PHH ynpyrOCTH, 5 H3A., M., 1966; [t,] er 0 lR e, CHHrYJillPHhie HH
TerpaJibHble ypaeHeHHII, 3 H3A., M., 1968; [5] Be Ry a II. H., 
M y c x e JI H III B H JI H H. II., MeTOAhI TeopHH aHaJIHTH'IeCRHX 
cjJyHRI.{Htt B TeopHH ynpyroCTH, B KH.: Tp. Bceco10aHoro C'beaga no 
TeopeTH'IeCROtt H IlpHKJiagHoll MexaHHRe (1960), M.- JI., 1962; 
[6] Be Ky a II. H., HoBble MeTOAhI peIIIeHHII aJIJIHTITH'IeCKHX ypaB
HeHHll, M.- JI., 191,8; (7] C a B H H I'. H., l\OHI.{eHTpal.{HII HaUplI
meHHtt OKOJIO OTBepcrnll, M.- JI., 1951; [8] r a JI H H JI. A., HoH
TaKTHhie aagaq11 TeopuH ynpyrocrn, M., 1953; [9] m Ta e p
M a H II. H., l\oHTaRTHalI aaga•rn rnopHH ynpyroCTH, M.- JI., 191,9; 
[10) I\ a JI a HA H II A. II.' MaTeM3TH'IeCRHe M0T0Abl ABYMepHOH 
ynpyro~rn. M., 1973; [11] Sok o 1 n i k o t t I. S., Mathematical 
theory of elasticity, N. Y.- L., 191,6; [12) TpexMePHhie aagaqH Ma
TeMaTH'IeCRoli TeopHH ynpyrocrn, To., 1968. 

H. H. Beeya, P. A. RopiJaaiJae. 

IIJIOCKIIII MO.D:Y Jib - JieBblH (nm111paahln) MOAYJih P 
II3A accou;naTIIBilblM KOJibJJ;OM R T3IWH, qTO ii>YIIKTOp TeII-
30pIIoro rrpon3BeAeIInH - @RP (cooTBeTCTBeIIHo P@R -) 
To'leII. IIpnaeAeIIJioe orrpeAeJieHne 3KBnBaJieHTIIO mo6oMy 

n3 CJieAyromnx: 1) iJ>yHKTop Torf (-, P)=O (cooTBeTCT

BeIIIIO Torf (P, -)= O); 2) MOAYJib P rrpeACT3BHM B BHAe 

11pHMor9 (HII'heKTHBIIOfO) 11pe,t1eJia c11eKTpa CB060,11,IIWX 
MOAyJien; 3) MOAYJih xapaKTepoa P*= Homz (P, QI'/.) 
HII'heKTnBeII, rp;e Q - rpyrrrra paIJ,HOIIaJihIIhIX qnceJI, a 
Z - rpy1111a u;eJiblX qnceJI; 4) AJIH JII06oro 11paaoro (co
OTBBTCTBeIIIIO Jieaoro) HAeaJia J KOJibIJ,3 R KaJIOIIH'I. 
fOMOMopiJ>n3M 

J@R p-.. JP (P @RJ __,. PJ) 

HBJIHeTCH H30MopiJ>n3MOM. 
llpoe,,,mu1Jn1u Moay.1tu n c1Jo6oanNe .Moay.1tu HBJIHIOTCH 

11pnMepaMn II. M. KJiacc II. M. IIaA KOJibIJ,oM IJ,eJihIX qn:ceJI 
COBlJaAaeT c KJiaCCOM a6eJieBhIX rpy1111 6e3 Kpy'leIInH. 
Bee MOAYJIH IIaA KoJihll,OM R HBJIHIOTCH II. M. TOrAa n 
TOJihKO TOrAa, KorAa R peryJIHpIIo B CMhlcJie Heii:MaIIa 
(CM. A 6co.1t10mno n.1toc,,,oe K,O.ltb!fO). KorepeIITIIOe KOJibll,O 
MomeT 6h1Tb 011peAeJieI10 KaK KOJibll,O, aa,a; K-pbIM IIpHMOe 
11poia3BeAeIIne IIR a JII06oro qncJia 3R3eM11JIHpoB KOJihIJ,a R 
HBJIHeTCH II. M. 011epaIJ,nH JioKaJin3au;ian H 11orroJIIIeIInH 
no CTe11eIIHM nAeaJia KOJibIJ,a R 11pnBOAHT K II. M. JIRA 
3THM KOJihIJ,OM (cM. Aauttec,,,an mono.1tozusi). l\Jiaccnq. 
KOJihIJ,o qacTIIhlX KOJihu;a R HBJIHeTcH II. M. IIaA R. 

Jlum.: [1) I\ a p Ta HA., 3 ll JI e H 6 e pr c., I'OMOJIOrH'I0CKall 
aJireopa, nep. c aHrJI., M., 1960; [2) JI a M 6 e K II., l\oJibqa H 
MOAYJIH, nep. c aHrJI., M., 1971. B. E. I'o•opoB. 

IIJIOCKIIII MOP<l>II3M - MopiJ>n3M cxeM /: X --r Y 
TaKo:il:, qTo AJIH JII06o:il: ToqKn x EX JIOKaJihIIoe KOJihll,O 
6x.x HBJIHeTCJI IIJIOCKHM IIaA 6v, /<x> (CM. ll.1tOClf,UU 
Moay.1tb). Boo61u;e, 11ycTb gr- 11yqoK 6x-MoAyJieii, oa 
IIa3. 11 JI o c K n M IIaA Y B ToqKe x EX, ecJiia gr x
IIJiocKnii MOAYJib IIaA KOJibll,OM 6 Y, /(x)· II pH JieK-phIX 
(AOBOJibIIO CJia6hlx) yCJIOBilllX KOJieqJIOCTH MIIOHteCTBO 
TOqeK, B K-pbIX KorepeIITilblH 6x-MOAYJib gr HBJIHeTCH 
rrJiocKnM, OTKpblTO B X. ECJin 11pn 3TOM cxeMa Y u;eJioCTIIa, 
To cymecTByeT oTRphIToe I1e11ycTOe lJOAMIIomecTBO Uc;Y 
TaKoe, qTo gr- II. M. IIaA Y ao acex ToqKax, Jiemamiax 
IIaA U. 

II. M. KOJieqJioro TnlJa COOTB0TCTBYIOT llIITYHTHBIIOMy 
IIOIIHTHIO IIenpepblBIIOfO ceMe.ii:CTBa MIIoroo6pa3Hil:. II. M. 
OTKpblT Il paBIIOpa3MepeII (T. e. pa3M0pllOCTb C.f(OeB 
1-1 (y) JioKaJibIIO 11ocTOHIIIIa 110 y E Y) . .D:JI11 MHorux reo
Merpnq. caoiicTB MIIomecTBo ToqeK x EX, B K-phIX CJioii: 
1-1(/(x)) 11JiocKoro MopiJ>n3Ma I: X --r Y o6Jia,n;aer 3THM 
caoiiCTBOM, OTKphITO B X. EcJin II. M. I co6CTl!eIIHhlfr, ro 
OTKphIThIM HBJIHeTCH ia MIIomecTBo Toqex y E Y, cJJou aa11 
K-pbIMH o6JiaA3IOT 3TilM CBOHCTBOM (CM. [ 1 ]) . 

II. M. 11pnMeIIHIOTCH TaKme B reopnn c11ycKa. MopiJ>n3M 
cxeM Jia3. c T p 0 r 0 II JI 0 c R II M, BCJIIl OB IIJJOCKUB 
n cIOp'heKTHBIIblii. TorAa, KaR 11paBnJio, AJIH rrpoaepKII 
KaKoro-Jin6o CBOHCTBa II0K-poro o6'heKTa IIaA y AOCTa
TOqao rrpoaepnTb 3TO CBOHCTBO AJIH o6'beKTa, lJOJiyqeuaoro 
110CJie CTporo 11JiocKoii 3aMBIIhl 6a3hl I: X --r Y (cM. [1)). 
B CBH3Il c 3THM rrpeACTaBJIHIOT IlJITepec KpnTepllH UJIO
CKOCTIIOCTH MopiJ>n3Ma I : X --+- Y (nJin 6x-Mo;JJ;yJIH gr); 
11pn 3TOM Y MomIIo cqnTaTh JioKaJihIIOB cxeMon. II po
CTeiirnn:il: KpHTepn:il: OTIIOCIITCH K CJiyqaJO, KOrAa 6a3a y 
OAIIOMepIIa Il peryJIHpIIa: KorepeIITJihIH 6x-MOAYJih gr 
6yAeT lJJIOCKHM TOrp;a Il TOJibKO TOfAa, KOrAa yampopMnaH
PYIOmaH Ila y HMeeT TpHBHaJihllblH 3IIIIyJIHTOp B gr. 06-
IIJI'lll CJiyqaft B JieK-pOM CMblCJIB CBOAilTCH K OAIIOMepIIOMy. 
IIycTh Y - 11pnaep;eI1HaH IIiiTepoaa cxeMa n AJIH JI106oro 
MopiJ>n3Ma Z --+- Y, rp;e Z - OAIIOMepIIaH peryJIHpIIaH 
cxeMa, 3aMeaa 6a3LI lz: X yX Z--+- Z HBJIHBTCH II. M.; 
TOrAa I ecTb II. M. .D:pyroii KpnTepnii OJIOCKOCTIIOCTH 
Tpe6yeT, qT06hl I : X -+ Y 6hlJI yuneepcaJibIIO oTRpbIT, 

a Y n reoMeTpnq. CJion 1- 1 (y) - 11pnBeAeIIbl. 
Jlum.: [1] Grothendieck A., Dieudonne J., 

Elements de geometrie algebrique, i., «Pub!. math. !HES», 
1961,, No 21,; 1966, No 28; [2] Ma M cjJ 0 p A ,r:i:., JleKUHH 0 KpHBhlX 
Ha ameopa11qec11oli noBepxHocm, nep. c aHrJI., :M., 1968; [J] Ra Y• 
n au d M., Gruson L., «Invent. math.», 1971, v. 13, p. 1-89. 

B. H. ,[lauuJ!oB, 
11.JIOCKOCTb - OAIIO U3 OCHOBilhIX lJOIIHTHii reoMeT

pnn; o6hl'JIIO KOCBeIIHbIM o6pa30M onpe,a;eJIHBTCH aKcuo~ 



3t9 DJIOTHOE MHO)l(ECTBO 

MaMH reoMeTpHH. Il. MOiKeT paCCMaTpHBaTbCH KaK COBO
KYIIHOCTb ,a;ayx HenepeceKaIOIIJ;HXCH MHomeCTB - MHome
CTBa ToqeK ll MHOiKeCTBa npHMhlX c CHMMeTpH'IHhlM OTHO
meHHeM HJI1'H,D;eHTHOCTH, CBH3hlBaIOIIJ;HM ToqKy ll npHMyIO. 
B 3aancnMoCTH OT Tpe6oaaHn:ii, K-phlM y,a;oaJieTBopHeT 
OTHOilleHne HHIJ;H,D;eHTHOCTH, OlJHChlBaeMoe 011pe,a;eJieHHhlMH 
aKCHOMaMH, pa3JIHqaIOT 11poeKTHBHhle, aljiqmHHhle, 
rnrrep6oJinqecKne, 3JIJIHIITH'leCKne II. n ,a;p. 

II. MOmHo KJiaccnljimi;npoaaTb 110 rpy1111aM KoJIJIHHea
ri;nii: (cM., Ha11p., [7) rJI. 3, r,a;e ,a;aHa KJiaccnljinKari;nH 
JleJI1'a - EapToJiori;ri;n rrpoeKTHBHhlX n aljiljinHHhIX II.) 
HJIH 110 peaJin3ari;nn B ITJIOCKOCTH Tex HJIH HHhlX KOH«jJH
rypari;nii: (cM., Ha11p., !{ eaapeo6a ee0Mempu11,, II acr;a.n,e(Ja 
ee0Mempu11,). 

II. Ha3. MeTpnqecKoii:, eCJIH KpoMe OTHomeHHH HHIJ;H
,a;eHTHOCTH orrpe,a;eJieHO paCCTOHHne Mem,a;y JII06oii: 11apoii: 
TO'leK. TaK, B I'u.ttb6epma cucmeMe ar;cuoM eaKJIH,D;OBOii: 
reoMeTpnn paCCTOHHne BBOAHTCH Ha 6a3e aKCHOM KOH
rpy3HTHOCTll n He11pephlBHOCTn, n II. B aToM cJiyqae 
Ha3. HerrpephlBHo:i!i (cM. [ 1]). B cJiyqae HeBhllJOJIHeHHH 
,D;JIH Il. RKCHOM He11peph1BHOCTH IJ. Ha3. All CK p e TH 0 ii: 
(cM., ua11p., HeapxuMeiJo6a eeoMempu.11,), a II., coCTOHIIJ;aH 
H3 KOHe'lHOro 'lllCJia TO'leK, a CJie,a;oaaTeJibHO, ll 11plIMhlX, 
Ha3. K 0 H e 'I H 0 :ii (CM. [7]). 

0,D;HHM H3 11yTeH H3y'leHHH IJ. HBJIHeTCH BBe,D;eHHe B 
Heii Koop,a;nHaT ll TepHapHOil 011epari;nn c lJOCJie,D;yIOIIJ;HM 
ee nay11eHneM (cM., Ha11p., [7]), [8]). 

B cncTeMe aKcnoM Beii:JIH 11pocTpaHCTBa E3 II. HBJIHeTCH 
11pOH3BOAHhIM lJOHRTneM OT ITOHHTHH «BeKTOp» ll «TO'lKa». 
Ilo,a; n., rrpoxo,a;mu;e:i!i qepea TO'IKY A EE3 ll BeKTOphl Ill ll n, 
lJOHHMaeTCH MHomeCTBO TO'leK TaKnx' qTo 

AM=tm+-rn, rp;e t, -rEIR. 

B rrpHMoyroJibHo:ii c11cTeMe Koop,a;HHaT (x, y, z) 11pocT
paHCTBa E3 n. 3a,a;aeTCH JIHHeHHbIM ypaBHeHHeM 

Ax+By+Cz+D=O, 
KoaljiljJHri;HeHThl A , B, C orrpe,a;eJIHIOT Koop,a;FrnaThl Hop
MaJibHoro aeKTopa 3TO:ii II. B m-MepHoM rrpocTpaHCTBe 
n-MepHhle II. 011HChlBaIOTCH cncTeMaMn JIHHeHHhlX ypaa
HeHnii: (CM. [5]). 

BaanMHoe pac110JiomeHne II. B pa3JIHqHhlX m-MepHhlX 
11pocTpRHCTBaX 011pe,a;eJIHeTCH COOTBeTCTBYIOIIJ;HMH aK
CHOMRMH HHIJ;H,D;eHTHOCTH TaK me, KaK ll CBOHCTBa HHIJ;lil
,a;eHTHOCTH IIJIOCKOCTe:i!i ll rrpHMhlX. 

Jlum.: [1] r u JI b 6 e p T ,r:i:., OcHOBaHHH reoMeTpuu, rrep. c 
HeM., M.- JI., 1948; [2] E qi u Mo B H. B., Bb1cma11 reOMeTpHH, 
6 H3)'.I., M., 1978; L3] 06 OCHOBamrnx reoMeTpHH, M., 1956; [4] 
B a x M a H <I>.' IIOcTpOeHHe reOMeTPHH Ha OCHOBe IIOHHTHH CHM
MeTpHH, nep. c HeM., M., 1969; [5] .r:i: 0 He )'.I )'.I IO A., EBRJIH)'.IOBa 
rrJiaH11MeTp1111, rrep. c (jlpaHI.1., M., 1978; [6] Po a e H qi e JI h ;ii; 
B. A., MHoroMepHble rrpocTpaHCTBa, M. 1966; [7] Dembo w s
ki P., Finite geometries, B., 1968; [8j Piker t G., Projektive 
Ebenen, B., 1955. B. B. A(fiauacM•, JI. A. CuOopo•. 

IIJIOTHOE MHOiKECTBO - TO me, 'lTO 6c10iJy n.tt0m
noe Mno:J1Cecm60. EoJiee o6IIJ;o, MHomecTBO A Haa. 11 JI o T
H hi M B 0 T K p hi T 0 M M H 0 m e c T B e G 11pocTpaH
CTBa X, ecJin G co,a;epmnTCH B aaMhIKaHHH A HJIH, 'ITO TO 
me CRMOe, eCJIH A n G BCIO,D;y lJJIOTHO B rro,a;11pocTpaHCTBe 
GcX. EcJin A He 11JI0TH0 HH B KaKoM He11ycToM OTKphlTOM 
MHOiKeCTBe G, TO OHO HBJIHeTCH nuei}e ne n.ttomnbZM Mlt0-
3/CeCm(JO;M, B X. M. H. Boii'lexo•cnuii. 

IIJIOTHOCTll MATPllD;A cocTOHHHH p, 011pe,a;eJieH
Horo Ha aJire6pe & (;/t) orpaHn'leHHhlX JIHHeii:HhlX 011e
paTOpoB, ,a;e:i!icTByIOIIJ;HX B rHJib6epTOBOM 11pOCT£.8:HCTBe 
Yf:,- IIOJiomnTeJihHhlii: .11,iJepn&iii onepamop pE&(yt) Ta
Koii, qTo 

p (A) =Sp Ap, AE& (;/t), (1) 

IIpnqeM Spp= 1. 06paTHO, BCHKOe COCTOHHHe p, T. e. 
JIHHeii:Hblii: IIOJiomnteJibHhlll (p (A* A )~O) HOpMnpoBaHHhlll 
(p (E)= 1) ljiyHKIJ;HOHaJI Ha & (;/t), rrpe,a;cTaBHMO B BH,D;e 

(1), T. e. nMeeT II. M. p n 11pnToM e,a;nHCTBeHayIO. 

Brrepahle IIOHHTHe II. M. IIOHBHJIOCb B CTaTHCTH'l. ljin-
3HKe npn 011pe,a;eJieHHH KBaHTOBOro COCTOHBHJI fn66ca. 
IIyCTb KBaHTOBaH CHCTeMa,._ 3aHHMaIOIIJ;aH KOHeqHyIO 06-
JiaCTb v rrpocTpaHCTBa IK3 ' OIIHChlBaeTCH BeKTopaMH 
HeK-poro rHJib6epTOBa rrpocTpaHCTBa % v ll raMHJibTOHHa

HOM H 1\-11 o6Jia,a;aeT' 6h1Tb MomeT' He:R-phlM Ha6opoM KOM

MyTnpyIOIIJ;HX ,a;pyr c ,a;pyroM «11epahlx HHTerpaJioB» H~, 
. . ., H~, k=1, 2, .... CocTOHHHeM fn66ca TaKoii 
CllCTeMhl Ha3. COCTOHHHe Ha & (g{ y), 3ap;aBaeMoe Il. M.: 

p=Z- 1 exp {- ~ (H't,.+µ1H~+ ... +µkH~)}, (2) 

r,a;e z - HOpMnpyIOIIJ;HH MHOmnTeJib, a ~>O, µl, ... , 
µk - ,a;eii:CTBHTeJihHhle IIapaMeTphl. 

HapH,a;y c II. M. (2) COCTOHHHe CHCTeMhl B KBaHTOBOH 
CTaTHCTH'l. ljinan:Ke MOmHo aa,a;aBaTb c lJOMOIIJ;bIO T. H. 
11 p ll B e A e H H 0 ii: M a T p ll ri; hi II JI 0 T H 0 c T n:. 
B Han6oJiee rrpoCTOM CJiyqae CHCTeMhl O,D;HHaKOBhlX qaCTI!IJ; 
(6o30HOB HJIH ljiepMHOHOB), OlJHChlBaeMhlX BeKTopaMn 

<l>oKa 11pocTpaHCTBa % V• rrpnae,a;eHHaH II. M. p COCTOH
HHH p IIpe,a;cTaBJIHeT co6oii: Ha6op ljiyHKIJ;H:i!i (aoo6IIJ;e 
roaopH, o6o6IIJ;eHHhlX) 

P = {Pm, n (xi, · ·., Xm, Y1, • ·., Yn), Xi EV, Y ;EV, 
i=1, .• ., m, j =1, •• ., n; m=O, 1, ... }, (3) 

r,a;e 

Pm, n (xi, .. ., Xm, Yi, • ·., Yn) =p (JJ;: 1 a (xi)X 

xIJ7=1 a* (Yj))' 

a a (x), a* (y), x, y E IR3,- po:>sciJenu.11, onepamop&i n: ynu
'tmo:J1Cenu.11, onepamopbZ COOTBeTCTBeHHO, ,a;eii:CTBYIOIIJ;He B 
!?tv· B cJiy'laHx, Kor,a;a B aJire6pe & (;/t v) BMecTo orre
paTOpoB pom,a;eHnH n yHH'lTomeHnH Bhl6paHa KaKaH
Hn6y,a;h ,a;pyraH CHCTeMa o6paayIOIIJ;HX {a>.,, AE .Z} (.Z
HeK-poe MHOmeCTBO HH,D;eKCOB), 11pnae,a;eHHaH II. M. co

CTOHHHH p 011pe,a;eJIHeTCH aHaJiornqHo (3) KaK COBOKyII
HOCTb 3HaqeHHii COCTOHHHH p Ha BCeB03MOmHhlX MOHOMax 
BH,D;a 

a>.,1 , .. ., a>.,n,A;EZ, i=1, .. ., n, n=1, 2, .... 

Ilpnee,a;eHHaH II. M. oKa3hlBaeTCH oco6eHHO y,a;o6Ho:ii npH 
011pe,a;eJieHHH rrpe,a;eJibHOro rn66COBCKoro COCTOHHHH Ha 
C*-aJire6pe &oo TaK Ha3. KBa3HJIOKaJibHhlX Ha6JIIO,D;aeMbIX: 

&oo= U &(;/tv) (11epTa Q3HaqaeT 3aMbIKaHne B paa-
VE UP 

HOMepHOH TOITOJIOrHH). 

Jlum.: [1] JI a H )'.I a y JI. ,!l;., JI H qi m H LI E. M., CTaTHCTH
qecRaH (jlnaHRa, 3 Ha;ri;., M., 1976 (TeopeTH'lecRaH qi11a11Ra, T. 5); 
l2] P IO a JI h ,n:., CTaTHCTH'lecRaH MexaHHRa. CTporHe peayJihTaThI, 
rrep. c aHrJI., M., 1971. P. A. Mu'll.lloc. 

IIJIOTHOCTH TOllKA MHomeCTBa E B n-MepHoM 
rrpocTpaHCTBe 1Rn- TO'lKa x, B K-po:ii n.ttomnocmb .M1to
:J1Cecm6a E paBHa e,a;n:Hn:ri;e. EcJIH e,a;nHHri;e paBHa BHeIIIHHH 
IIJIOTHOCTb, TO TOqKa x Ha3. T 0 q K 0 ll B H e III H e ii 
IT JI 0 T H 0 C T H. Il. T. MHomeCTBa HBJIHeTCH O,ll;H0Bpe
M0HHO TO'IKOH paapemeHHH ,D;JIH ,D;OlJOJIHeHHH 3Toro MHO
meCTBa. IIO'ITH Bee TO'IKH H3MepnMoro MHomeCTBa cyTb 
ero II. T. C 110MOIIJ;bIO 110HHTHH II. T. BBO,D;HTCH 110HHTne 
a1111poKCHMaTHBHO He11peph1BHOH ljiyHKIJ;HH H annpor;cu
MamU61t0U npOU8(J001tOU. B. A. C1'60P!l06. 

IIJIOTHOCTHAH rHIIOTE3A - rrpe,a;110JiaraeMoe He
paBeHCTBO, ,a;ocTaBJIHIOIIJ;ee ori;eHKY ,D;JIH qncJia N (a, T) 
HyJieii: p= ~+iy ,D;3eTa-ljiyHKri;nn PnMaHa 

~(s)=~ 00 n-s, 
,;;;_,n=I 

r,a;.e s=a+it, B npHMoyroJibHHKe 1 /2 <cr..;;:~..;;:1, JyJ..;;:T. 
HaH6oJiee TO'lHaH ljiopMyJinpoBKa II. r.: 

N (a, T),;;;;;; cT2 (1-ai lnA T. 
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EoJiee rrpocTo:ii, HO MeHee ToqHhIH BRA II. r.: 
N (CJ, T),,;;;;; cT2< i-a>+e. 

II. r. rro3BOJIHeT rroJiyqaTh B Teopn:n: npoCThIX qn:ceJJ 
pe3yJlhTaThl, cpaBHHMble c TeMH, K-pble BblTeKaIOT H3 
rn:noTe3hl Pn:MaHa. Hanp., H3 II. r. cJiep;yeT, qTo npn: 
p;ocTaToqHo 6oJJhIIIHX x B Kamp;oM cerMeHTe [ x, x+ x 1 I 2 +el 
cop;eplRHTCH XOTH 6hl O)l;HO rrpOCTOe qn:CJIO. 

II. r. HBJIHeTCH cJiep;cTBHeM 6oJiee cnJihHOii Jlunoe,11,erfia 
eunomeabl. B OTJin:qn:e OT nocJiep;Hen II. r. qaCTHqHo 
AOKa3aHa, T. K. cop;epmn:TCH B n,11,omnocmnblx meopeMax, 
Haqn:HaH c HeK-pbIX 3HaqeHHll CJ~CJo> 1/2· 

~JIH qn:cJia N (CJ, T, X) Hy JI en L-«PYHKa;n:il: ~n:pn:xJie 

L (s, X) = ~"' X (n, k) n- 8 , 
,;;;.in= I 

rAe x (n, k) - xapaKTep no MOAYJIIO k, HMeeT MeCTO 
aHaJiorn:qHaH II. r. B ycpep;HeHHOii: «PopMe OHa nMeeT BRA 

~ N (CJ T X),.;;:::: c (k T)2<I-a)+e 
~X. mod R. ' ' ~ ' ' 

~h.::;: Q ~X.* mod k N (CJ, T' X),,;;;;; c (k2T)2n-a>+e, 

r.~e x* - npnMHTHBHhIH xapaKTep no MOAyJiro k. 
II. r. AJIH L-«PYHKU.Hll ~HpHXJie npHMeHHeTCH B TeopHH 

pacnpeAeJieHHH npOCTbIX qHceJI, npHHaAJiemaru.Hx apH«P
MeTHq. nporpeCCHHM. 

JI um.. E 1] M 0 H T r 0 M e p II'. r.' MYJibTll'.IlJill'.KaTll'.BHalI Teop1rn 
•rnceJI, nep. c aHrJI., M., 1974; [2] JI a a p II'. K A. <I>., «YcnexH 
MaTeM. naym>, 1980, T 35, B. 2, c. 55-65. B. M. Bpeauxun. 

IIJIOTHOCTHLIE TEOPEMM - o6ru.ee aa3samrn Teo
peM, K-phle AaroT oa;eHKy csepxy AJIH qHcJia N (CJ, T, X) 
uyJieii: p= ~+iy L-«PYHKIJ.HH ~HpHXJie 

L (s, X) = ~:= 1 X (n, k) n -s, 

rAe s= CJ+ it, X (n, k) - xapaKTep no MOAYJIIO k B npHMO
yroJihHHKe 1/2 <CJ..-:~<1, lyl...;:T. B cJiyqae k=1 noJiy
qaroT II. T. AJIH qHcJia HyJie:ii A3eTa-«PyHKIJ.HH P11Maua 

~ (s) = ~"' n-s. 
,,;;;.in=1 

II. T. AJIH L-«PyHKIJ.H:ii npH k i= 1 cJiomHee, qeM cooT
seTcTsyroru.n:e TeopeMhl AJIH A3eTa-«PyHKIJ.HH PHMaHa. 
IIpH paCTYIIJ.HX napaMeTpax T H k noJiyqaroTcH oa;eHKH, 
3aBHCHIIJ.He oT 3THX napaMeTpoB. B npHJiomeHHHX peIIIa
roru.yro poJih HrpaeT rrapaMeTp k. 

3Haqeun:e II. T. BhIHCHHeTCH H3 COOTHOIIIeHHH, no3BO
JIHIOIIJ.HX ou.eHHBaTh OCTaTOqHbIH qJieH B «PopMyJie AJIH 
KOJIHqecTBa IIpOCThIX qHceJI p' npHHap;Jiemaru.11x apH«P
MeTn:q. nporpecc1111 km+l, 1..,;l...;k, (l, k)=1, m=O, 1, 
2, ... , H He rrpeBOCXOAHIIJ.HX x, B 3aBHCHMOCTH OT 
N(CJ, T, X)· 

IIocKoJihKY «PYHKIJ.HH N(CJ, T, x) He B03pacTaeT rrp11 
B03pacTaHHH CJ Ii! N (1, T, x)=O, a;eJihIO II. T. HBJIHeTCH 
IIOJiyqeHHe ou.eHOK, Ha1160Jiee 6hICTpo CTpeMHIIJ.HXCH K 
HyJiro rrpn: CJ~ 1. B csoro oqepep;h 3TH oa;eHKH cyru.ecT
BeHHO AOIIOJIHHIOTCH pe3yJibTaTaMH 06 OTCYTCTBHH HyJieii 
y L-«PYHKIJ.Hll ~HpHXJie B OKpecTHOCTH IIpHMOH CJ= 1, 
K-pble noJiyqaroTCH c noMOIIJ.bIO Kpyrosoro MeTOAa Xap
AH - Jln:TJIBYAa - BHHorpap;osa. Ha 3TOM rryTn y)J:a
JIOOh noJiyqHTb CHJihHhre ou.eHKH AJIH KOJIHqecTBa qeTHbIX 
qHceJI n ...;x, B03MOlRHO Henpep;cTaBHMbIX B BH)J;e cyMMhI 
ABYX rrpocThIX qHceJI. 

Ilepshle II. T., AOCTaBJIHBIIIn:e ou.eHKH N (CJ, T, X) AJIH 
HH)J;HBHAYaJlhHOro xapaKTepa x H ycpeAHeHHhie oa;eHKH 
no sceM xapaKTepaM AaHHoro MOAYJIH k, 6blJIH noJiyqeubl 
IO. B. Jl11HHHKOM. ~aJibHeilIIJee 3HaqHTeJihHOe yJiyqIIJe
HHe II. T. npHHaAJielRHT A. IL BHHorpaAoBy n: 8. EoM6h
epn: (E. Bombieri), K-phle n:crroJib3osaJin: oa;eHKH N (CJ, T, 
X), ycpeAHeHHhie no sceM MOAYJIHM k ...;Q H no sceM npn:
MHTHBHhlM xapaKTepaM p;aHHoro Mop;yJIH k, AJIH )J:OKa3a
TeJihCTBa TeopeMbI 0 pacnpeAeJieHHH npOCThIX q11ceJI B 

apn:.iPMeTn:q. rrporpeCCHHX B cpep;HeM (rrpn: Q= Vil (In x)C). 

I TeopeMa Bn:HorpaAOBa - BoM6bepn: no3BOJIHeT B pHp;e 
KJiaccn:q. 3ap;aq aAAHTHBHOll TeOpHH qHCeJI 3aMeHHTb 
pacIIIn:peHHyro rHrroTe3y P1IMaHa. l1MeeTCH PHA p;pyrn:x 
yJiyqrneHn::ii II. T. 

Jium.: (1] II pa x a p K., Pacnpep;eJieHne npoCTbIX •rnceJJ, nep. 
c HeM., M., 1967; [2] Mo HT r o Me p II'. r.~ MyJihTHllJI11KaT11BHaH 
Teopmi: '111'.CeJI, nep. c aurJI., M., 1974; 13] JI a B p 11 K A. <I>., 
«Ycnex11 MaTeM. uayK», 1980, T. 35, B. 2, c. 55-65. 

B. M. Bpeauxun. 
IIJIOTHOCTH1llll METO,IJ; - op;n:H H3 MeTop;os aHaJIH

THq. Teopn:n: qn:ceJI, OCHOBaHHhlll Ha H3yqeHHH CTaTHCTHKH 
pacrrpep;eJieHHH HyJie:ii p;3eTa-«PyuKa;n:n: Pn:MaHa 

~ (s) = ~"' 1/n 8 
,;;;.in=! 

~HpHXJie 

L(s,x)=~"' x(n,k)/nS, 
,,;;;.in=1 

s= CJ+it - xapaKTep no MOAYJIIO k. MHOrHe TeopeTn:Ko
q11cJIOBhie rrpo6JieMhI noJiyqaroT HaH60Jiee 3aKOHqeHHOe 
pemeHn:e B npeAnoJiomeHHH, qTo see HYJIH p= ~+ iy 
«PYHKIJ.Hll ~(s) Ii! L(s, x). HaXOAHIIJ.HeCH B noJioce O..-:CJ..-:1, 
-oo<t<+oo, JiemaT Ha IIpHMOll CJ= 1/2. 0AHaKO B 
PHAe cJiyqaeB AOCTaToqHO CHJlbHble pe3yJihTaThl noJiy
qaroTCH, ecJin: YAaeTcH rroKa3aTb, qTo HYJIH yKa3aHHhIX 
«PYHKIJ.Hll c a6CIJ.HCCOH ~~CJ> 1/ 2 eCJIH Ii! cyru.ecTByroT, 
TO see me COCTaBJIHIOT MHOlReCTBO, K-poe CTaHOBHTCH Bee 
6oJiee peAKHM npn: CJ ~ 1. Cym;ecTByeT 6oJibIIIoe KOJI11qe
CTBO TeopeM, K-pbie AaIOT oa;eHKH CBepxy AJIH qHcJia 
N (CJ, T) HyJieii: ~ (s) n AJIH q11cJia N (CJ, T, X) HyJieii L (s, X) 
B npHMoyroJihHn:Ke 1 / 2 <CJ<~...;:1, lyl...;:T. II. M. cym;ecT
seHHO onHpaeTCH Ha 3TH TeopeMhI, IIOJiyqHBIIlHe Ha3BaHHe 
n,11,omnocmnbix meopeM. 

BrrepBhle II. M. c HCIIOJib30BaHHeM nJIOTHOCTHOH Teo
peMhl AJIH ~(s) npHMeHHJI r. Xoa:ii3eJib (G. Hoheisel, 
1930) AJIH oa;eHKH pa3HOCTH p;syx cocep;Hn:x rrpoCThlX qH
ceJI. EMy yAaJioch AOKa3aTh cyru.ecTBOBaHHe noJIOlRHTeJib
Ho:ii KOHCTaHThI a<1 TaKOll, qTo npH x>xo=Xo (a) Memp;y 
x H x+x°' scerAa HaXOAHTCH npocToe qHcJio. B AaJihHe:ii
IIIeM BCHKoe yJiyqIIIeH11e ou.eHKH AJIH N (CJ, T) npHBOJlHJIO 
K yToqHeHnro KOHCTaHThI a. ~JIH L-«PYHKIJ.HH ~HpHxJie 
II. M. 6bIJI pa3pa6oTaH JO. B. JlHHHHKOM (1944 H nocJie
AYIOIIJ.He roAhI). IO. B. Jl11HHHK snepshle HccJiep;osaJI 
pacnpeAeJieHHe ayJiefi L-«PYHKIJ.HH npH rrepeMeHHOM k, 
B qacTHOCTII rroJiyqHJI pe3yJibTaThI 0 (<qacTOTe» HyJiel'1 
L (s, X) s6JIH3H ToqKH s= 1, qTo II03BOJIHJIO HaHTH oa;eHKy 
AJIH Han:MeHhIIIero rrpocToro q11cJia p0= Po (k, l), Jiemam;ero 
B apn:.iPMeTHq. rrporpeccHH kx+l, (l, k)=i, 1..,;l...;k, 
x= 0, 1, 2, . . . ; Po <kc, rAe c - HeK-paH a6coJIIOTHaH 
KOHCTaHTa. YJiyqrneHn:e oa;eHoK AJIH N (CJ, T, x) npHBOAHT 
K yToqueHHIO KOHCTaHThl c. IIpHMeHHH nJIOTHOCTHble Teo
peMbl AJIH L-«PYHKIJ.HH, IO. B. Jl11HHHK HaIIIeJI uosoe 
AoKa3aTeJihCTBO TeopeMhl Bn:HorpaAoBa o npeAcTaBJieHHR 
BCHKOro AOCTaToqHo 60Jib!IlOro HeqeTHoro qn:cJia cyMMOH 
Tpex npocThIX qn:ceJI (cM. I'OJ1,bo6axa npo6AeMa). 

II. M. B TeopHH L-«PyHKa;n::il: no3BOJIHJI rroJiyq11Th CHJib
Hhlii pe3yJihTaT B HanpasJieHHH 6HHapHOll rrpo6JieMbI 
fOJibA6axa: BCHKOe AOCTaTOqHo 60JibIIIOe HaTypaJibHOe 
qHcJio MOlRHO npeACTaBHTh B BHAe cyMMhl ABYX npocThIX 
q11ceJI H orpaHHqeHHOro a6cOJIIOTHOH KOHCTaHTOH HeK-po
ro qHCJia CTeneHeH ABOeK. 

Ha1160Jiee cHJihHhle pe3yJihTaThI II. M. AaeT B coqeTaHHH 
c AP· MeToAaMH, B qacTHOCTH c MeTOAOM 60,11,buweo peutema. 
Ha 3TOM nyTn 6hIJia AOKa3aHa TeopeMa BHHorpaAOBa -
EoM6hepH (1965), K-paH 3aMeHHeT BO MHOrHx cJiyqaHx 
PuMana 0606Ufenny10 eunomeay. l1AeH n: pe3yJihTaThI II. M. 
nepeHOCHTCH c noJIH paa;HoHaJibHhIX qn:ceJI Ha nOJIH aJire-
6paHq. qHceJI. 

Jlum. · [1] II pa x a p K., PacnpeAeJielill'.e npoCThlX •mceJJ, nep. 
c neM., M., 1967; [2] Mou Tr o Me pH r., MyJJbTHnmrnaT11auaa 
Te~p11H 'lllCeJI, nep. c _aurJJ., M., 1974; [3] H a I b e rs ta m H., 
R 1 chert H.- E., Sieve methods, L.-[a. o.l, 1971,. 

B. M. Bpeauxun. 
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IIJIOTHOCTb T0110Jion11rncKoro 11pocTpaHCTBa - op;Ha 

HS ero MOUfnocmnN:r xapa1>mepucmu1>. 

IIJIOTHOCTb BEPOHTHOCTII, 11 JI o T H o c T b p a e

n p e A e JI e H H 11 Be p 0 11 TH 0 c Te ii,- 11p0H3BO)J;
ua11 cf>yeK~H11 pac11pep;eJieH1111, orseqarow;e:ii a6coJIIOTHO 
He11pepbIBHOH B0p011THOCTHOH Mepe. 

IlyCTb x - cJiyqafi:HbIH B0KTOp, 11p11H11Marom:11fi 3Ha
'l0H1111 B n-MepHOM 0BRJill)J;OBOM 11pocTpaHCTB0 !Rn (n;;;;.1), 
F (xi. ••. , xn) - ero cf>yHK~1111 pac11pep;eJieHn:11 n 11ycTb 
cym:ecTsyeT HeoTp11~areJihHa11 iJ>yHK~1111 f (x1, ••• , xn) 
TaKaJI, 'ITO 

F(xi, •.• ,xn)=\x, ... \xn f(ui.···,un)du 1 ... dun J-® J-oo 
)J;JIJI JII06blx p;eii:CTBllTeJibHbIX x 1, ••• , Xn· Torp;a f (x1, ••. , 
Xn) Ha3. 11 JI 0 T e 0 c T b IO B e p 0 JI T H 0 c T II cJiy
qa:iiHoro seKropa X 11 )J;JIJI Jiro6oro 6opeJieBcKoro MHO
mecTBa Ac IR n 

P {X EA}=~ ... ~ f (ui, •.. ,un) du1 ... dun. 

A 

eeoTp11~aTeJibHa11 1111Terp11pyeMa11 

. , xn), yp;oBJieTBop11rom:a11 ycJioB11IO 
iJ>yHK~HH 

.RBJI110TC11 II. B. HeK-poro cJiyqaifHoro seKTopa. 
EcJIH cJiy'laiiHhle seKTopbI X H Y, rrp111111Marom:ne 3Ha

qe1111J1 B !Rn, He3aBHCllMbI II llM0IOT fl. B. f(x1, ... , Xn) 
H g (xi. ••• , Xn) COOTB0TCTB0HHO, TO cJiy'laiiHhlll B0KTOp 
X+Y llM0eT Il. B. h(x1 1 , • ., Xr1) 1 K-pa11 JIBJIJl0TCH CB0pT
KOH cf>yHK~11:ii I II g : 

h(Xi1•• 0 ,Xn)=\"' ... \"' f(x1-Ui, ... ,Xn-u,,)X J-oo J-oo 
Xg (ui, ... , un) du1 ... dun= 

=\"' ... \"' f(ui, •.. ,un)g(x1-U1,••·ixn-Un)X J-0) J-oo 
xdu1 .. . dun. 

IlyCTb X= (X1, •• ., Xn) II Y= (Yi, ... , Y m) - cJiy
'laUHbie seKTopbI, rrp11Hn:Marom:11e 3Ha'le111111 B Rn 11 IR.m 
(n, m;;;;,1) H llM0IODJ.110 Il. B. /(x1 1 ••• , Xn) H g(y1' •• . , Ym) 
COOTB0TCTB0HHO, II IIYCTb Z= (X1, ••• , x,,, Y1, .. ., 
Y m) - CJiy'laHHbIH B0KTop B IR.n+m. Torp;a ecJI11 X H 

Y H03aBHCHMhl, TO Z llM00T fl. B. h(tl, .• ,, tn+m)i Ha3. 
c 0 B M e c T H 0 ii: 11 JI 0 T H 0 ~ T b IO y a c 11 p e A e
JI e H II JI B e p 0 JI T H 0 c T e H CJiy'laHHbIX B0KTopoB 
X II Y 1 11pH'l0M 

h(ti. .•• ,tn+m)=f(ti, ••. ,t,,)g(tn+h •• .,tn+m)· (1) 

H o6paTHO, ecJIH z llM00T n. B., YAOB.)10TBOpHIOil(yIO 
COOTHOIII0HHIO (1), TO X II Y H033BllCHMbl. 

XapaRTep11CTH'l. iJ>yHK~HH cp (t11 ••• , tn) cJiy'laii:uoro 
BBKTopa x I HM0IOrn;ero n. B. I (x1 •... , Xm), BbipamaeTCH 
lf>opMyJioiJ 

t ) - r"' r"' ei (t,x, + ... + tnxn) >< 
.•. , n - J-00° 00 J-oo 

X f (xi. •.. , Xn) dx1 . .. dx,,, 

11pH'IBM ecm1 cp Ui. ... , tn) a6coJIIOTHO 11HTerp11pyeMa, 
TO /(xi, .•. , Xn) HBJIH0TCH orpaHll'lBHHOH HerrpepbIBHOH 

cPYBK~HBH H 

f(x x )---1- \ 00 (' 00 e-i(t 1x,+ ... +tnxn>x 
i, •.• , n -(2:n:)" .J-oo'"".J-oo 

Xcp {ti, ... , tn) dt1 .•. dtn. 

fl. B. f(xi. · •. , Xn) H COOTBBTCTByIOJJJ;aH XapaKTBpllCTH'J. 

WYHR~:irn qi (ti, ... , tn) cB113aBbI ra1'me cJiep;yrow;11M 
COOTHOIIIBHHBM (T 0 )1\ A e c T B 0 n JI a H III e p e JI 11): 

cPYHKl~H11 /2 (xi, ••• ' Xn) llHTerp11pyeMa Torii:a II TOJibKO 

Torii:a, Korii:a HBTerpHpyeMa ilJyeK~H11 lip (t1, • tn) 12, 
H B <JTOM cJiyqae 

r oo • , • r oo / 2 (x11 •• ., Xn) dx1 . .. dxn = J-oo J-oo 
= (2!)n ~="'···~="'I cp (ti, ... , t,,) l2 dt1 .. . dtn. 

IlyCTb (Q, A) - 113MBpHMOB IIpOCTpaHCTBO, V II µ 
cyTb a-KOHB'lHble MBpbI ua (Q, A), IIpH'IBM v a6coJIIOTHO 
He11pepbIBHa OTHOCllTBJibHO µ, T. e. 113 paBeHCTBa µ(A)= 0 
cJieii:yeT pasencTBO v(A)=O, A EA. B <iToM cJiyqae na 
(Q, A) cym:ecTByeT HeoTpn:~aTeJibHaH H3MepHMaJI cPYHR
~11J1 f TaRa11, 'ITO 

v(A)= ~Afdµ 
AJIH Jiroooro A EA. <l>yaK~llH f nas. 11 p on: a B o ii: no ii: 
p a A 0 Ha - H HK 0 A II M a MepbI v 110 Mepe µ, a B 
CJiy'lae, KOflJ:a V - BBpOHTHOCTHaJI Mepa, T3Kll\0 fl. B. V 
110 OTHOIIIBHHIO K µ. 

C IIOHHTH0M fl. B. T0CHO CBH33HO IIOHHTll0 )J; 0 M II H 11-
p o Ba H HO f O ceMefiCTBa pacrrpep;eJI~ 
n n ii:. CeMeil:c'l'Bo sepoHTHOCTHbIX paCIJpep;eJien11ii: L<J 
Ha 11sMepnMoM npocrpancree (Q, A) nas. p;oMIIH11posan
HbIM, ecJI11 na (Q, A) cym:ecTsyeT a-KoneqnaJ1 Mepa µ 
TaRaH, 'ITO Kamp;aJI BepoJITHOCTBaH Mepa 113 !J' llM00T 
n. B. no OTHOIIIeHHIO K µ (HJIH, 'ITO TO me caMoe, Kam1i:a11 
Mepa 113 !J' a6coJIIOTHO nerrpepbIBHa OTHOCllT0JibHO µ). 
Ilpe)J;IIOJIOll\0Hll0 0 )J;OMllH11pOB3HHOCTll JIBJIH0TCH cym:ecT
BeHHbIM B HeK-pbIX TeopeMaX MaTeMaTll'l. CT3THCTllKll. 

Jlum.: [1] II p 0 x 0 p 0 BIO. B., p 0 3 a H 0 BIO. A., TeopHfl 
nepof!THOCTell, 2 H3)'.I., M., 1973; [2] <I> e JI JI e p B., BBe)'.leHHe B Teo
PHIO aepof!THOCTell H ee rrpHJiomeHHfl, rrep. c aHrJI., 2 H3)'.I., T. 2, 
M., 1967; [3] JI e Ma H 8., IIponep1<a cTaTHCTM'lec1mx mrroTea, 
rrep. c aHrJI., 2 Hall., M., 1979. H. I'. Ymax:o•. 

IIJIOTHOCTh MHOJKECTBA E, 11sMep11Moro Ha 
p;eil:cTBHTeJihHOB 11pJ1Moii: IR, B TO'lKe x - rrpe,a;eJI (ecm1 

OH cym:ecTByeT) OTHOIII0HllH 

mes (En6) 
I 6 I IIPH I~ 1--0, (1) 

rp;e 8 - 11po113BOJihHblii: oTpesoK, cop;epmam.nii: x, a 18 I -
ero )J;JIHHa. EcJill BM0CTO M0pbI paccMaTp11BaTb BH0IIIHIOIO 
Mepy, TO IIOJIY'IllTCH OIIp0)1;0JI0Ull0 B H 0 III H 0 H Il. M. 
E B TO'IK0 x. AHaJIOfll'lHO BBO)J;llTCH n. M. B n-M0pHOM 
rrpocTpaHcTse. Ilp11 noM ,a;JIHHhl oTpesRoB B IR 3aMeH11-
IOTCJ1 o6'b0M3Mll COOTB0TCTByrorn;nx n-M0pHbIX rra paJIJI0Jl0-
IIllII0)J;OB c rpaHHMll, rrapaJIJl0JibHbIMll Koop)J;11H3THbIM 
IIJIOCKOCTHM, a rrpep;eJI paccMaTpHB30TCH Ilpll crpeMJI0HllH 
K HYJIIO p;11aMeTpa rrapaJIJl0Jl011lll10)J;a. )l.JIH MHOll\0CTB 
113 1R oKa3blsaeTCH rroJI03HbIM 110H11T11e 11pasoii (Jiesoii:) 
Il. M. E B TO'IK0 x, K-poe l10JIY'l30TCH 113 o6m:ero OIIpep;e
Jl0HllH1 0CJill B H0M paccMaTp11B3Tb JIHIIIb 0Tp03Kll ~. 
llM0IOJJJ;ll0 JI0BbIM (rrpaBbIM) ROH~OM TO'IKY x. l:l.arn;e Bcero 
IIOHHTll0 fl. M. IIp11M0HJl0TCH B CJiy'la0, ROr)J;a fl. M. paBHa 
ep;1111n~e (cM. Il.;r,omnocmu mo1t1>a) 11JI11 HyJiro (cM. Paa
pe:HCennocmb .11tno:J1Cecmaa). 

Jlum.: [1] Ha Ta H co H II. II., TeopHfl ifiYHRI\Hll neU1eCTBeH
HOll nepeMeH1IOll, 3 H3)'.l.l M.' 197 4; [2] c a R c c .. TeopHfl HHTerpa
Jia, rrep. c attrJI., M., 949. B. A. Cx:eop1fo•. 

IIJIOTHOCTb IIOCJIE)J;OBATEJibHOCTH - rroH11T11e 
o6m:eii: a)J;)J;llTllBHOH T00pH11 'IllC0JI, 113y'larorn;eil: 3aKOHbI 
CJIOll\0HllH IIOCJl0)J;OB3T0JibHOCT0ll o6w;ero Bll,[1;3. fl. JI. 
HBJIH0TCH M0poii Toro, RaKaH 'laCTb 113 IIOCJl0)J;OBaTeJlbHO
CTll BC0X HaTypaJibHbIX 'lll.C0JI 11p11na)J;JI0ll\ll.T .a;aHHOI 

11ocJiep;oBaTeJibHOcT11 A= {ak} ~0JlbIX q11ceJI a0=0<1 °" 
"'al <a2<· •• <ak. flop; IIOHHTll0M Il. II. HM00TCH B Bll,D;Y 
lJJIOTHOCTb d (A) (BB0)1;0HHaH B 1930 JI. f. illH11p0JlbMaHOM) 
11ocJie~oBaTeJibHOCTH A, a 11MeHHo: 

d (A)= inf A~n), 
n 

A(n)=~1<ak<n1. 
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IIJIOTHOCTb d(A)=1 Tor;1a 11 TOJibKO TOrp;a, Korp;a A Il\a)J;0H. r. M. foJiy31lH (3) pacIIpOCTpamrn T00p0MY IIJIO-

COBIIap;aeT c MHOlR0CTBOM N 0 Bcex I\0JiblX H00TPHI\aTeJihHblX maJieii. Ha p-JillCTHbl0 ii>YHKI\1111 B Kpyre (cM. MnoeO.fl,UCm-
'lllC0JI. IIycTb A+B - ap11iJ>MeT11'l. cyMMa IIocJieJIOBa- nasi rfiyni>qusi). 
T0JihHOCTeil A= {ak} 11 B= {bi}, T. e. MHomecTBO A+B= )l.oKa3aHa cJiep;yI0111aH T0opeMa IIJIOil\ap;eii: [4): IIyCTb 

= {a,,+bi}, rJie 'lllCJia ak+bi 6epyTcH 6ea IIOBTopeHn:ii:. FE~. B=CF(!'i'), Q(w) - peryJIHpHaH Ha fj iJ>yHKI\llH, 
Ilpu A=B IIOJiaraIOT 2A=A+A, aHaJior11'lHO 3A=A+ 
+A+A HT.µ;. EcJIH hA=N0 , TO A Ha3. 6aa11coM h-ro 
nopHJIKa. II pn: HCCJI0JIOBaHHH CTpyKTypbl MBOlR0CTB, 

"""+oo Q (F (z)) = ~k= -<r> a.kz-k ~const; 

IIOJiy'laIOII\HXCH B pe3yJibTaT0 cyMMnpoBaBHH IIOCJI0JIOBa- TOrJia 
T0JibBOCTeii:, 3aJiaHHblX JIHIIlb HX IIJIOTBOCTHMH, HCIIOJib-
3YIOTCH T00p0Mbl 0 IIJIOTBOCTH cyMMbl JIBYX IIOCJI0JIOBa
T0JibBOCT0H: 

d (A+ B) >-': d (A) -f- d (B)-d (A) d (B) 

- H e p a Be H c TB 0 Ill H H p e JI b M a Ha, 

d (A+ B) >-': miII (d (A)+ d (B), 1) 

- B e p a B e H c T B o M a H H a - ,[I. a li c o H a. 
Ma uepaaeucTaa IIIH11peJihMaHa cJieAyeT, 'ITO BCHKaH 

IIOCJI0)l;OBaT0JihHOCTb IIOJIOJRHT0JibHOM IIJIOTHOCTH 0CTb 
6a3HC KOH0'lHOro IIOpH)J;Ka. II pHM0H0Hli0 6TOro iJ>aKTa K 
ap;p;n:TliBHblM 3aAa'laM, B K-pbIX qaCTO cyMMn:pyIOTCH 
IIOCJI0JIOBaT0JibHOCTli HyJI0BOH IIJIOTHOCTH, ocymecTBJIH-
0TCH IIocpeACTBOM rrp0JIBapnT0JlbHOfO JWHCTpyn:poBaHn:ll 
li3 3aAaHHblX IIOCJI0JIOBaT0JibHOCT0H HOBblX c IJOJIOll\lf
T0JibHOH JIJIOTHOCTbIO. HaIIp., c IIOMOII\bIO M0TO):(OB peIII0Ta 
JIOKa3blBa0TCH, 'ITO IIOCJI0JIOBaT0JibHOCTb {p }+ {p }, n:1e p 
IIpo6eraeT IIpOCTbl0 'llfCJia, o6JiaJia0T IIOJIO)l(HT0JibHOM 
nJIOTHOCTbIO. 0TCIOAa CJI0Jiy0T T e 0 p e M a Ill B H p e JI b
M a H a: Cyll\0CTBy0T Ta Koe I\0JI00 'lliCJIO Co >O, 'ITO JII06oe 
BaTypaJibH00 'IHCJIO eCTb cyMMa ue 6oJiee Co IIpOCTblX 
'IHC0JI. 8Ta T0opeMa AaeT peill0Blf0 T. H. OCJia6JI0HBOll 
rrpo6JI0Mbl foJihJI6axa (CM. TaKJRe A iJiJumuenaJt meopusi 
'tUCeA). 

PaauoBHAHOCThIO IIOHHTHH II. II. HBJIH0TCH nounTn:e 
acu.;iinmomu'tec1wu nAomnocmu, 'laCTHblM CJiy'laeM K-poii: 
6yJieT HaTypaJihHan IIJIOTHOCTb. IIounTne II. II. 0606Il1a
eTCfl Ha 'lliCJIOBbl0 IIOCJI0JIOBaT0JibBOCTH, OTJIH'lHbl0 OT 
HaTypaJihHoro PflJia, Harrp. ua JIOCJI0JIOBaT0JibHOCTH I\0JiblX 
'ln:CeJI B 110JI.11x aJire6pan'l. 'lnCeJI. B pe3yJibTaTe YAa
eTCfl H3y'laTb 6a311Cbl B aJire6pan'l. UOJIHX. 

Jlum.: (1] re JI b cjl o H II A. 0., JI H H H HR IO. B., SJieMen
TapHble MeTOl\bI B aHaJIHTH'lecRoll Teopnn 'IHceJI, M., 1962; (2] 0 st
m an n H.- H., Additive Zahlentheorie, Bd 1-2, B., 1956. 

B. M. Bpeiiuxu11.. 
IIJIOID,A)l.EII METO)l. - cnoco6 perneHHH pa3JIH'lHblX 

3aAa'l Teop1111 OAHOJIHCTHblX iJ>yHKI\HH, llCJIOJih3YIOil\HH 
TeopeMbl IIJI0111aJieii: (CM. Jl.110Ufa8eii npunqun). 

IIJIOID,AJJ;Ell IIPUHQUII: IIJioll\aAh p;oIIoJiueunn K 06-
paay o6JiaCTH IIp11 ee oT06pafileHnn: peryJinpuon B ueii. 
iJ>yuK11n:eii: ueoTp1111aTeJibHa. Brrepahrn II. II. n:cnoJib3oaaJI 
B 1914 T. fpoHyoJIJI [1], K-pblii. AORaaaJI 3THM rryfeM T. H. 
B H e Ill B IO IO T e 0 p e M y JI JI 0 Ill a A e ii: AJIH iJ>yBK
I\HH KJiacca ~ - ii>YHKI\HM 

ct, 
F(z)=z+ao+-z+ ... , 

peryJIHpBblX H O)J;BOJlHCTHblX B o6JiaCm !'i' = {z : 1 < lzl < 
<oo} (CM, OiJ1wAucmnasi rfiynr;q1M). IIJioil\aAb a(CF(l'i')) 
AOllOJIH0HHH )J;JIH o6paaa F ( !'i') o6Jiacm !'i' npn oT06pa
meH11H w= F (z) E ~ oIIpep;eJIHeTCH iJ>opMyJioli 

a (CF (!'i'))=:rt ( 1-~:=l k la.k 12 ) >-':0 

(1) 

c IlOMOil\bIO uepaBeHCTBa ( 1) IIOJiy'l0Hbl nepBb10 peay Jib
TaTbl )J;JIH ii>YHKI\UH KJiaCCOB ~ H s' rp;e s - KJiacc iJ>yuK-

I\HH f (z)=z+~k'~2llk z", peryJIHpHbIX H O)J;HOJillCTHhIX B 
Kpyre l'i= {z: !zl<1} (cM. Bu6ep6axa eunome3a, Hcrw:m:e
uusi meope.Mb!). )l.oKaaaHa [2] 6oJiee o6IllaH TeopeMa nJio-

11 * 

(2) 

ll 3HaK paBeHCTBa liM00T M0CTO TOJibKO B TOM CJiy'lae' 

ecJin nJIOil\aJ:\h a(B) MHomecTaa B paaua HYJIIO. 

IloA T e o p e M o ii: n JI o II\ a JI e ii: B HeK-poM KJiacce 
OAHOJIHCTBhlX iJ>yBKI\HH f (z), z EB, B - o6JiaCTh (nJill B 

KJiacce CHCT0M O)J;HOJIHCTHblX lflyHKI\HH {fk(z), zEB,.}~~O• 
n=1, 2, ... , Bk - o6JiaCTn:), IIOHHMaIOT o6bI'lHO BC111we 
HepaaeHCTBO, o6Jiap,aIOil\00 T0M CBOHCTBOM, 'ITO 3HaK 
paBeHCTBa B B0M HM00T M0CTO B T~M li TOJibl\O B TOM CJiy-

'lae, ecJiu rrJiollla)J;h p;orroJiueu11.11 G p;JI.11 f (B) (cooTBeTc<r

aeHHO AOIIOJIH0BHH G JIJill u~~o'" (Bk)) paaua HyJIIO. 

06bl'lHO TaKaH TeopeMa JIOKa3blBaeTCH c IIOMOil\bIO II. II. 
MMeHHO, paccMaTpll.BaeTCH rrpo11aBoJihHaH peryJinpuaH 
lflyHKI\HH Q (w) (uJin_, 6oJiee 0611\0, HM0IOII\all peryJIHpHyIO 

IIpOJI3BOJIHYIO) Ha G H Bbl'lliCJIH0TCH IIJIOillaJib a(Q (G)) 
o6paaa G rrpn oT06paarnBHH lflyHKI\Hen Q. TaKnM o6paaoM, 
H0paB0HCTBO (2) eCTb HeK-pa.11 B0ChMa o6II\all TeopeMa 
rrJIOJIIaJieii B KJiacce ~. 

IlyCTb FE~ H 

l F(t)-F(z) 
n t-z "Iii., QO (I) t - p z - q t z E A ' 

~p. q= 1 P• q ' ' u • 

Bhl611pa.11 HaJIJiefilail\HM o6paaoM lflyHKI\HIO Q, perym1pHyIO 
ua CF(!'i'), HepaaeucTBo (2) MOIBHO aaIIll.CaTh a BJIJie 

~:= 1 q '~:= 1 ffip. qXp r,.;;;; ~== 1 ~ l Xp '2· (3) 

fJI0 Xp - IIpOli3BOJibHbl0 'lll.CJia, H0 paBHbl0 OJIHOBpe· 
M0BHO ByJIIO If TaKli0, 'ITO 

lim {'../lxp I< 1. 
p-+ 00 

IIOJiy'leHbl H 6oJiee 06Il\H0 T00p0Mbl IIJIOII\aA0H B RJiacce 
~ (CM. (5)). 

TeopeMhl IIJIOII\ap;eli i:ioKaaauhl: JIJIH KJiacca ~ (a1, ••• , 

an) cncTeM {/k(z), fk(O)=ak, zEl'i}~~1 lflyHKI\llH fk, 
KOHlflopMBO H OJIHOJIHCTHO OT06pamaIOII\llX Kpyr /1 Ha 
o6JiaCTH, rrorrapuo He HM0IOII\H0 06II\HX TO'l0K,- B0Ha
JieraIOII\H0 o6Jiacrn (cM. [6]); B KJiacce ~ (B) (~ (B), 
B 3 oo ,- KJiacc iJ>yHKI\HH F, peryJinpHhlx n: OJIHOJIHOTHblX 

a B""' {co } H TaKux, 'ITO F(oo)=oo, lim F(z)=1, 
Z-+ al z 

CM. [7]); )J;JIH BeHaJieraIOII\liX MHOrOCBll3HblX o6JiaCT0H 
(cM. [6], a TaKme [8), [9]). Bee TeopeMbl IJJIOII\&Aeil. AJIH 
MHoroCBfl3HhIX o6JiaCT0H )J;OKa3hIBaIDTCll Konmypnoeo un
mezpupoeanusi .MemoiJo.M. 

lloJI M e T 0 A 0 M II JI 0 II\ a JI e ii IIOHliMaIOT cnoco6bI 
pemeHlill pa3JIH'lHblX aap;a'l Teopn:n: O)J;HOJiliCTHblX ¢YHK-
11n:il:, I!CIIOJib3YIOII\li0 TeopeMhl IlJIOII\ap;eii. 

Hanp., 113 (3) c IIOMOII\bIO HepaBeHCTBa Rome: MOfilHO 

IJOJIY'lliTb: 

I "'Iii..., 00 ' 12 "Iii., 00 1 2 "Iii.,"' 1 ' 2 

~p. q= 1 ffip, qXpXq ,.;;;; ~P= 1 p I Xp I ~q= 1 q I Xq I ' (4) 

rp;e x p II x~ TaK1I0, 'ITO pll)J;bl, CTOHII\110 B IIpaBOH qaCTll, 
cxop,11Tcn. EcJI11 B HepaBeHCTBe (4), Harrp., xp=t-P, 
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x~=z-q, \t\>1, \z\>1, TO noJiyqaJOT TeopeMy 11cRameu1u1 
xop,n;: 

I l F (t)-F (z) 12 ,,,;:::} _I t_I_' - l -1..:..1:_ 
n t- z ~ 0 I t I'- 1 n I z I'- 1 • 

TeopeMhl IJJIOlfia.a:eii:, uarrp. B RJiacce ffi1(a1, •• ., an), 
11:a10T ueo6xop;nMhle n p;oCTaToquhle ycJioBHH rrpnuap;JieIB-

HOCTH CHCT0Mbl {fk(z),fk(O)=ak, zE~}Z=I MepoMop<J>Hb!X 
<J>yHR~HH fk RJiaccy !Dl(ai. ••• , an) (CM. [6] c. 179). 

Jium.: [1] Gron w a 11 T. H., «Ann. Math. Ser. 2», 1914/ 
1915, v. 16, p. 72-76; [2] Pr aw it z H., «Arkiv mat., astron., 
fysik», 1927, Bd 20A, M 6, s. 1-12; [3] r 0 JI y 3 B Hr. M., «Ma
TeM. CO.», 1940, T. 8, M 2, c. 277-84; [4] JI e 5 e p; e B H. A., Mu
JI If H H. M., TaM me, 1951, T. 28, M 2, c. 359-400; [5] Ne ha
r i z., «Arch. Ration. Mech. and Anal.», 1969, v. 34, M 4, p. 301-
30; [6] JI e 5 e p;-e B H. A.' IlpHHI.\HII IIJIOm;ap;ell: B TeOpHH Ol!;HOJIBCT
HblX «!>YHRl.\Hil:, M., 1975; [7] M H JIB H H. M., 01!;HOJJHCTHble lj>yHR-
1\BH H OPTOHOpMBpOBaHHble CHCTeMbl, M.' 1971; [8] A JI e H H
I.\ bl H IO. E., «H3B. AH CCCP. Cep. MaTeM.», 1973, T. 37, M 5, 
c. 1132-54; [9] r y T JI" H c RH tt B. H., m; en e T 0 B B. A., 
«)];ORJI. AH CCCP», 1974, T. 218, M 3, c. 509-12; [10] Grun s
ky H., «Math. Z.», 1939, Bd 45, H. 1, S. 29-61. H. A. Jie6eaeB. 

IIJIOID;A,[l;L - qncJieuuaH xapaRTepncTnRa, rrpnrrnchl
BaeMaH IIJioCRHM <J>n:rypaM orrpep;eJieuuoro RJiacca (uarrp., 
MHOroyroJibHHRaM) H o6Jia)J;aIOifiaH CJiep;yIOifiHMll CBOH
CTBaMn: 1) IT. neoTpn~aTeJibua; 2) II. a.a:.a:nTHBHa (B 
CJiyqae MuoroyroJibHHROB aTo o3uaqaeT, qTo ecJin <J>nrypa 
p u Q COCTaBJieHa 113 <J>nryp p H Q' He HMeIOlfiHX 061IlHX 
BHyTpennnx ToqeR, To IIJI. (PU Q)=rrJI. P+rrJI. Q; 
3) II. coxpanHeTCH npn rrepeMe!IleHnHx; 4) II. e.a:nnnqnoro 
RBap;paTa paBHa 1. TepMHH «II.» yrroTpe6JIHeTCH TaRIBe 
B 6oJiee nrnpoROM CMb!CJie RaR 'U!CJieHHaH xapaRTepn
cnrna, COllOCTaBJIHeMaH )J;ByMepHb!M IIOBepXHOCTHM B 
TpexMepHOM npocTpaHCTBe; k-MepHb!M IIOBepXHOCTHM B 
n-MepHOM (2-o:;:k<n) eBRJIH)J;OBOM HJIH pnMaHOBOM rrpocT
paHCTBe; rpaan~aM MHOil\eCTB H .a:p. o6'heRTaM, CM. HHil\e. 

II JI o IIl a .a: b rr JI o c R o ii: qi n r y p hi. M CTopnqe
CRH II. orrpep;eJIHJiaCb CHaqaJia Ha RJiacce MHoroyroJib
HHROB (<J>nryp, .a:orrycRaIOifiHX pa36HeHHe Ha ROHeqHoe 
q11CJIO TpeyrOJibHHROB 6e3 061fiHX BHyTpeHHllX ToqeR). 
CylfieCTBeHHO, qTo Ha RJiacce MHoroyroJibHllROB II. co 
CBOHCTBaM11 1) - 4) cylfieCTByeT n e.a:nHCTBeHHa (cM. [ 1], 
(2]). 0p;HHM H3 CJie)J;CTBHH CBOHCTB 1) - 4) HBJIHeTCH TO, 
qTo II. Bceii: <J>nryphl He MeHbIJie II. ee qacTn. 

B .a:peBHOCTH cylfieCTBoBaHne n ep;nHCTBeHHOCTb II. 
co CBOHCTBaMH 1) - 4) rrpHHHMaJIHCb 6e3 HCHoro OIIH
CaHllH RJiacca paccMaTpnBaeMb!X <J>nryp; BHHMaHne co
cpep;oTOqnBaJioCb Ha rrpneMax Bblq11cJieHHH II. <l>opMyJia 
)J;JIH II. rrpHMoyroJibHHRa, B TOM qncJie c nppa~noHaJib
HhIMH CTopoHaMH, o60CHOBb!BaJiaCb UC'lepnb!Blll/,US/, Memo
iJo.11£. II. TpeyroJibHllRa n I1pon3BOJibHhIX MHoroyroJibHH
ROB BblqHCJIHJiaCb RaR II. paBHOCOCTaBJieHHOI'O c HHMH 
npHMoyroJibHHRa. ,Il;oRa3aHo, qTo JII06ble MHoroyroJib
HllRll paBHoii: II. paBHococTaBJieHbl (cM. [2]). 

3aTeM 6hIJI Bbl)J;eJieH RJiacc RBap;pnpyeMb!X (H3MepnMbIX 
IIO iRop.a:aey) <J>11ryp. <l>nry,pa M Ha IIJIOCROCTH aa3. 
R B a .a: p II p y e M 0 ii, eCJill )J;JIH JII06oro E >O CylfieCT
ByIOT TaRlle MHoroyroJibHble <J>11rypbi p H Q, qTQ 
PcMcQ n (rrJI. Q - IIJI. P) <e. RJiacc RBa.a:p11pyeMhIX 
<J>11ryp BeCbMa 6oraT. OH BRJIIOqaeT, B qaCTHOCTll, Bee 
orpaH11qeHHble llJIOCR11e o6JiaCTll c RycoqHo rJia)J;RHMll 
rpaH11~aM11. Ho ecTb 11 HeRBap;pnpyeMble IIJIOCR11e <J>11-
ryphl. Ha RJiacce RBa.a:pnpyeMb!X <J>11ryp TaRIBe cylile
CTByeT 11 ep;11HCTBeHHa II. co cBoiicTBaMn 1) - 4) (cM. [2]). 

HcTop11qecR11 .a:o paccM0TpeH11H RJiacca RBap;pnpyeMhIX 
<J>11ryp yMeJI11 BhlqncJIHTb II. HeR-phlx na HIIX - Rpyra, 
RpyroBoro ceRTopa 11 cerMeHTa, pa3JIIIqHoro po.a:a JiyHoR, 
RpHBOJlllHeHHb!X Tparre~HH. chH BblqHCJieHHH o6oCHOBbl
BaJillCb MeTop;oM 11cqepIIb!BaH11H MHoroyroJibHHRaMn. B pH
.a:e CJiyqaeB )J;JIH o6oCHOBaHHH TaRHX BhlqncJieHHH rrpHBJie
RaJICH Raea.ttbepu npunztun, COCTOHifillH B TOM, qTo eCJIH 
µ;Be rrJiocR11e <J>11ryphl yRa3aHHoro TJma rrepeceRaIOTCH 
Kail\)J;OH np.HMOii, IlapaJIJieJibHOH <J>nRCHpoBaHHOH Ilp.HMOH, 
no OTpe3RaM OAHHaROBOH )J;JIHHhl, TO aTH <J>nryphl IIMeIOT 
paBHYIO II. Cpep;cTBa HHTerpaJibHoro 11cqncJieH11H (cM., 
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Harrp., [31) p;aIOT yp;o6Hble rrp11eMhl )J;JI.H Bhl'IllCJieH11.1I II. 
JII06blx IIJIOCRHX o6JiaCTeH c RycoqHO rJia)J;RHMH rpaH11-
~aM11. 8Tn cpep;cTBa 06ocH0Bb!BaIOT TaRIBe IIPllJI1'11II 
RaBaJihepn. 

CTpeMJieHHe pacI1pocTpaHHTb IIOH.HTHe II. Ha 6oJiee 
061Ilne IIJIOCRHe MHOil\eCTBa c coxpaHeHHeM CBOHCTB 1) -
4) Bep;eT R Teopnn Mepbl, R Bbl)J;eJieHllIO RJiacca IIJIOCRHX 
MHomecTB, H3Mep11MblX no Jle6ery. Ilepexo.a: R ern;e 6oJiee 
061fillM RJiaccaM MHOil\eCTB Ha IIJIOCROCTll npHBO)J;llT yme 
R Heep;HHCTBeHHb!M MepaM co CBOHCTBaMll 1) - 4). 

0 p H e H T II p 0 B a H H a .H II JI 0 IIl a .a: b. Ecmt Ha 
opneHTnpoBaHHOll IIJIOCROCTH paCIIOJIOil\eHa HanpaBJieH
HaH 3aMRftYTa.H RpnBa.H l, 6h1Tb MOIBeT c caMorrepeceqe
HH.HMH II HaJieraHH.HMH, TO )J;JI.H Ram.a:oil: He JieIBarn;eii: Ha l 
TQqR11 IIJIOCROCTH orrpep;eJieHa ~eJioq11cJieHHa.H <J>yHR~H.H 
(noJIOil\llTeJihHa.H, OTpn~aTeJibHa.H HJIH HyJieBa.H), Ha3. 
CTeneHbIO TOqRn OTHOCHTeJibHO l. 0Ha IIORa3blBaeT CROJib
RO pa3 H B RaRyIO CTopoHy ROHTYP l 06xop;11T .a:aHHYIO 
TOqRy. MHTerpaJI IIO BCeii: IIJIOCROCTH OT aTOH <J>yHR~HH, 
eCJIH OH CylfieCTByeT, Ha3. OXBaTb!BaeMoii: l op11eHTHpOBaH
HOH II. IIocJiep;H.H.H, B oTJin11ne OT 06hl11Hoil: II., nMeeT 
3HaR. 0 rrpocTeHIJIHX CBOHCTBax opneHTnpyeMo:ii: II. CM. (4]. 

II JI o IIl a .a: b II o B e p x H o c T n. Ilpolfie Bcero onpe
,a:eJI.HeTCH II. MHOrorpaHHb!X IIOBepXHOCTeii:: RaR cyMMa 
II. IIJIOCRHX rpaHeii:. IIorrhITRa BBeCTH IIOH.HTHe II. Rpn
Bb!X IIOBepXHOCTeH RaR rrpep;eJia II. BIIHCaHHb!X MHoro
rpaHHb!X IIOBepXHOCTeii: (I1op;o6Ho TOMy' RaR )J;JIHHa Rp11-
BOH orrpep;eJI.HeTCH RaR I1pe.a:eJI BIIHCaHHblX JIOMaHblX) 
BCTpe11aeT TPYAHOCTb. ,IJ;ame )J;JI.H BeCbMa npoCTOH RpllBOH 
IIOBepXHOCTH II. BIIHCaHHblX B Hee MHororpaHHllROB co 
Bee 6oJiee MeJIRHMH rpaH.HMH MOil\eT llMeTh pa3Hhle rrpe-
11:eJibl B 3aBHCllMOCTll OT Bhl6opa IIOCJiep;oBaTeJihHOCTH 
MHOrorpaHHllROB. 8To HarJIH)J;HO .a:eMOHCTpnpyeT H3BeCT
Hb!H rrp11Mep IIIBap~a. B R-poM IIOCJieAOBaTeJihHOCTll BIIll
caHHb!X MHororpaHHHROB c pa3Hb!MH Ilpe,a:eJiaMH II. CTpo
HTCH )J;JIH 6oROBOll IIOBepXHOCTll IIPHMOro RpyroBoro 
~HJillHp;pa (CM. (2]). 

qalile BCero II. IIOBepXHOCTH onpe.a:eJI.HIOT )J;JIH RJiacca 
RycoqHo rJia)J;RHX IIOBepXHOCTeii: c RycoqHo rJia)J;RllM RpaeM 
(llJill 6e3 Rpa.11). 06brqHo aTO p;eJiaIOT c IIOMOlfibIO CJiep;y
IOlfiell ROHCTpyR~llH. IIoBepXHOCTb pa3fornaIOT Ha MeJIRHe 
qaCTH c Rycoquo rJia)J;RllMH rpaHH~aM11: B Ram.a:oii: qaCTH 
Bbl611paIOT TOqRy, B R-poll: CylfieCTByeT RaCaTeJibHaH IIJIO
CROCTb, II opTorouaJibBO I1poeRTHpyIOT paCCMaTpHBaeMyIO 
qaCTb Ha RaCaTeJibBYIO IlJIOCROCTb rroeepxuoCTH B Bbl-
6paHHOll ToqRe; II. noJiy'IeHHbIX IIJIOCRHX npoeR~HH 
cyMMllpyIOT; HaRoHe~. IlepeXO)J;HT R rrpep;eJiy I1p11 Bee 
6oJiee MeJIRHX pa3611eHHHX '(TaRHX, qTQ Ha1160JibllillH 113 
.a:naMeTpoB qacTeii: pa36neHH.H CTpeMHTCH R HyJI10). Ha 
yRa3aHHOM RJiacce IIOBepxHOCTeii: aTOT rrpep;eJI BCer.a:a 
CylfieCTByeT, H eCJill IIOBepXHOCTb 3ap;aaa IlapaMeTpH
qeCRII RycoqHo C1-rJiaAROii: <J>yHR~neii: r(u, v), r.a:e napa
MeTphl u, v II3MeH.HIOTC.H B o6JiaCTH D Ha IIJIOCROCTH (u, v), 
TO IIJiorn;a)J;b F BbipamaeTC.H )J;BOHHb!M HHTerpaJIOM 

F = ~ D V gug22 -g~2 du dv, (1) 

r.a:e g11 =r~, g12=rurv, g22=r~, a ru 11 rv - qaCTHhle 

I1p0113BO)J;Hble IIO u II v. ,Il;oRa3aTeJibCTBO CM.' Hanp.' B 
[3], [5]. B qaCTHOCTH, ecJin rroeepxHOCTh ecTh rpa<J>11R 
C1-rJiap;Roii <J>yHR~llH z= f (x, y) Ha.a: o6JiaCThIO D Ha IIJIO
CROCTll (x, y), TO 

F=~DVt+f~+f~dxdy. (2) 

3,a:ech (1+t~+f~)-'l•=cos a, r.a:e a - ocTphlii yroJI 
Mem.a:y HOpMaJiblO R IIOBepXHOCTH H OCbIO Oz. Ha OCHOBe 
<J>opMyJI (1), (2) Bb!BO)J;HTCH H3BeCTHhle <J>opMyJihl AJIJI II. 
c<J>epb! II ee qaCTen, o6oCHOBb!BaIOTCH I1p11eMbI AJIH Bbl
qllCJieHH.H II. IIOBepXIIOCTeH Bpa!IleHH.H II T. II. 

,Il;JIH )J;ByMepHb!X RycoqHo rna,a:RllX IIOBepXHOCTeH B 
p11MaHOBb!X MHOroo6pa3HHX [6] <J>opMyJia (1) CJiyil\HT 
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orrpeµ;eJieHHeM II., rrpu aTOM pOJih g11 , g12 , g 22 11rpa10T 
COCTaBJIHlOID;He MeTpuq. TeH30pa caMOH IIOBepXHOCTH. 

Cym;ecTBeHHO, qTo yme B CJiyqae p;ayMepHoH rroaepx
HOCTH IT. rrpHIIHCblBaeTCH He MHOiKeCTBY ToqeK, a OTo6pa
il\eHH10 )J;ByMepHoro MHOroo6pa3HH B rrpocTpaHCTBO H 
TeM OTJIHqaeTCH OT Mepbl. 

k-M e p H a H rr JI o m; a A h. ,Il;JIH KycoqHo rJiap;Koro 
norpymeHHH f : M--+ 1Rn k-MepHoro MHoroo6paanH (c 
KpaeM HJIH 6ea KpaH) B n-MepHoe eBKJIHAOBO rrpoCTpaH
CTBO, 2 <.k <n, IT. orrpep;eJIHlOT c IIOMOlil;hlO KOHCTpyKll,lifH, 
BIIOJIHe aHaJiornqHOH OIIHCaHHOH Bblllle AJIH KyCoqHO 
rJia)J;KHX IIOBepXHOCTeH. Pa3Hlifll,a COCTOHT B TOM, qTo 
npoeKTnpoaaHne aep;eTCH Ha k-MepHhle KacaTeJihHhle rrJio
cKoCTH H cyMMHpyIDTCH k-MepHb10 o6'beMhl rrpoeKu;n:ii. 
ECJIH B o6JiaCTH DcM MOIBHO BBeCTH KOOPAHHaTbl u1 , ••• , 

uk, TO IIJiom;ap;b F rrorpymeHHH (D, /Iv) BblpamaeTCH 
lfHTerpaJIOM 

F = ~ D Y det (gij) du1 • •• duk, (3) 

rp;e gij - cKaJIHpHhle rrponaaep;eHHH ( dfl , _if_,)· EcJIH 
du dul 

k= n-1 H D - o6JiaCTh aa Koopp;naaTHOH rnneprrJio
CKOCTlf (x1, •.• , xn_ 1), a f p;onycKaeT HBHoe aap;aHne Xn= 
=z(x1, •• ., Xn-1), TO iJ>opMyJia (3) npHHHMaeT BHA 

F=\D,/1+'..,~-i(~) 2 dx1 ... dxn-l· (4) .) JI ~ i=i axi 

EcJIH oT06pameaHe f rnap;Koe, TO g u- KoaiJ>iJ>Hu;n
eaThl MeTpHq. TeHaopa, mip;yu;HpoaaaHoro norpymeHHeM, 
H 113 (3) CJiep;yeT, qTO IT., onpep;eJIHeMaH BHelllHeH KOH
CTpyKll,HeH, npHHa)J;Jlell\HT BHyTpeHHeH reoMeTpHH IIO
rpymeHHoro MHOroo6pa3HH. lIHOrAa paBeHCTBO (3) IIpH
HHMalOT aa onpep;eJieHHe IT., Hanp. B cJiyqae norpym:eHHH 
He B 1Rn, a B pHMaHoBo MHoroo6paane. 

Ha KJiacce KycoqHo rJia]l;KHX norpymeHHhlX MHoroo6-
paanii IT.: a) HeoTpHu;aTeJibHa; 6) paBHa 1 Ha k-MepHoM 
eAHHHqHoM Ky6e B 1Rn; B) He MeHHeTCH npH opToroHaJih
HhlX npeo6paaoaaHnHx; r) ap;p;nTHBHa; µ;) noJiyHenpephlBHa, 
T. e. F(/)<.limF(/i) rrpn paBHOMepHoii: CXOAHMOCTH 

/i--+ /; e) ecJin <:p : 1Rn--+ 1Rn ecTh HepaCTHrnaa10m;ee 
OT06pameHne, TO F(<:po/)<.F(/); m) eCJIH {Pi} - Ha6op 
H3 c~ norrapHO opToroHaJibHhlX k-MepHbIX IIJIOCKOCTe:ii 
n Pi- rrpoeKTnpoBaHne Ha Pi• TO 

F(p;of),,;;;;,F(f),,;;;;,~7:1F(piof). (5) 

.n; a JI h H e ii: Ill H e 0 6 0 6 m e H H H. T e 0 p lf H 
n JI o m; a p; e :ii. PacnpocTpaHeHne cPYHKU.HH F Ha 6oJiee 
o6m;ne o6'heKThl c coxpaHeHHeM XOTH 6hl qaCTH HX CBOHCTB 
a) - m) MomeT ocym;eCTBJIHTbCH pa3HhlMH nyTHMH H 
BeCTH K pa3HhlM peayJihTaTaM. J13yqeHne TaKHX o6o6me
HHH COCTaBJIHeT npep;MeT Teopnn IT. 06aop COOTHOIIlem1:ii 
pa3HhlX IIOHHTnii: IT. CM. B [10]. 

rpaHnu;a Memp;y Teopnell: IT. H Teopneii: Mepbl ]l;OBOJihHO 
yCJIOBHa. ITo TpaAHll,HH K Teopnn IT. OTHOCHT B nepay10 
oqepep;h nayqeHHe IT. HenpephlBHhlX oTo6pameHnll:, rAe 
yqnThlBaeTCH KpaTHOCTh H MeHblllYlO poJih nrpaeT coxpa
HeHne ap;)J;HTHBHOCTH. 0 k-MepHbIX Mepax B n-MepHOM 
npocTpaHCTBe CM., narrp., X ayc&opifia Me pa, <l>aeapa .Mepa. 

Ty HJIH HHYID IT. MOiKHO BBOAHTh Ha ocHoBe arrrrpoK
cuMaTHBHoro, HHTerpaJihHO reoMeTpnqecKoro, cl>yHmi;no
HaJibHoro rrop;xop;a, JIH6o - aKCHoMaTnqecKn. Hume rrpn
BeAeHhl Han6oJiee pacrrpoCTpaHeHHble IIOHHTHH. 

IT JI om; a Ah rr o JI e 6 er y (cM. [7], [9]) onpeAe
JIHeTCH paBeHCTBOM 

L (M, /)=limF Ui), (6) 
i -+- QO 

rAe M - KoHeqHo Tp1rnHrym1pyeMoe k-MepHoe MHoroo6pa
aue; /i : M--+ 1Rn- aceBo3MOlRHhle KycoqHo JiuHell:Hhle OT-
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o6pameHHH; ft--+ /; F (/ ;) eCTh k-MepHaH IT. cooTBeTCT
ay10m;eii: noJimip;paJihHOH rroaepXHOCTH. IT. no Jle6ery 
O]l;HHaKOBa AJIH 3KBHBaJieHTHhlX ITO <I>perne OTo6pameHHll 
H IIOTOMY HBJIHeTCH xapaKTepnCTHKOH <Ppeute noeepxnocmu. 

B cJiyqae k= 2 ycJiomrn L ( M, /) < oo BJieqeT pHp; no
Jie3HhlX CBOHCTB rroaepXHOCTH (Hanp.' B03MOil\HOCTh BBe
p;eHHH naoTepMnq. napaMeTpoa); B 3TOM cJiyqae IT. rro 
Jle6ery OKa3aJiaCh yp;o6HblM HHCTpyMeHTOM, AOCTaToqHblM 
]J;JIH perneHHH fl .ttamo aafJa'tU H 6oJiee o6m;HX )J;ByMepHbIX 
aap;aq aapnau;noHHoro ncqncJieHHH. ITpu k>2 nccJiep;o
BaHne aapnau;HoHHhlX aap;aq B KJiacee HerrpepbIBHhlX oT
o6pameHn:ii CTOJIKHyJioCh c TPYJJ:HOCTHMH (a rrpo6JieMe 
KOMIIaKTHOCTH), qTo aacTaBHJIO o6paTHThCH K IIOHCKy 
p;pyrnx o6'heKTOB (rrOTOKH ll aapno6pa3HH) H CBH3aHHhlX 
c HHMH xapaKTepncTHK Tnna IT. McnoJih30BaHne IT. rro 
Jle6ery orpaHnqnaaeTCH TaKme CJIOlRHOCThID, c K-poii 
ycTaHaBmrnaIDTCH ee CBH3H c p;pyrHMH IIOHHTHHMH IT. 
H HeK-phle ee CBOHCTBa (Hanp., npaaoe H3 HepaBeHCTB 
(5)). CJiep;yeT oTMeTHTh p;ae oco6eHHOCTH L(M, /): Bo
rrepBhlX, rrpu L(M, f)=O MomeT oKa3aThCH, qro o6'heM 
V (/ ( M)) >O; ao-BTOphlX, p;ame npn k= 2 AJIH paa6nennH 
M Ha M 1 11 M 2 c o6m;ell: rpaHnu;e:il: B anp;e KpHaoiI Moli\eT 
OKa3aThCH 

lfayqaJICH aorrpoc o TOM, B KaKoll: Mepe co6JI10p;emrn 
HeK-pbIX H3 CBOHCTB a) - m:) c 3aMeHOH aAAHTllBHOCTH Ha 
IIOJiyap;p;ll.THBHOCTh, T. e. p;ony111,e1meM HepaBeHCTBa THIIa 
(7), npHBOAHT K IT. no Jle6ery. Bonpoch! aToro Tnrra nc
CJiep;oaaHhl (1983) He AO KOHlW (CM. [7J). 

J1 H T e r p a JI h H 0 r e 0 M e T p H q e c K H e II JI o
m; a An [9]. ITycTh N(M, q>, y) ecTb KaKaH-Jin6o cPYHKll,HH 
KpaTHoCTn p;JIH oTo6pameHHH <:p : M --+ 1R k B ToqKe y E 1R k, 
Hanp. N=cardq;- 1 (y). Torp;a AJIH f: M--+ Rn MOll\HO 
o6paaoBaTh HHTerpaJihHO reoMeTpuqecKy10 IT. 

r I kN(M,paof,y)dV(y)dv(u), (8) 
.)G (n, h).) R 

rp;e G (n, k) - I'pacc.Mana Mnozoo6paaue k-MepHhlX IIOA
npocTpaHCTB IRkclRn, v - aopMnpoaaHHaH X aapa .Mepa 
Ha G(n, k), pa - opToroHaJihHoe npoeKTnpoBaHHe Ha 
uEG(n, k). )J,JIH pa3HhlX cPYHKU.HH KpaTHOCTH IT. (8) 
MoryT paaJiuqaThCH. B~ChMa crreu;naJihHhl:ii Bhl6op N (M, q>, 
y) rrpuBO]l;UT AJIH TpuaHryJiupyeMhlX M K COBIIap;eHHlO (8) 
c IT. no Jle6ery rrpu k=2, a TaKme rrpn k>O B cJiyqae 
paBeHCTBa HYJIID Mephl Xaycp;opc}la H k+ r(f (M)) (cM. [9]). 
)J,JIH cJiyqaH k= 2 paaJinqHhle HHTerpaJihHO reoMeTpnqe
cKne IT. BBO]l;UJIHCh em;e ITeaHo, reu;eM, EaHaXOM (cM • 
[7]). 

IT JI o m a A h r p a H n u; hi M H o m e c T B a. B CBH
an c p;oKaaaTeJihCTBOM HepaaeHCTBa EpyHHa - MHH
KoacKoro n KJiaccnqecKoro naorrepnMeTpnq. HepaBeHCTBa 
6hlJia BBeAeHa IT. no MnHKOBCKoMy. 0Ha rrpnnHChlBaeTCH 
MHOlKecTBY A clRn, HO xapaKTepnayeT fl. ero rpaHHll,bl 
H orrpep;eJIHeTCH paBeHCTBOM 

F(A)= lim ~ (V(A+hB)-V(A)), (9) 

h"' 0 

rp;e B - ep;HHHqHhlH rnap B 1Rn' av -o6'beM. ,Il;JIH MHOIBeCTB 
A c Kycoqao rnaAKO:ii rpaHnu;eii n AJIH BhlIIyKJihlX A B (9) 
cym;ecTayeT o6hlqHhlH rrpeAeJI, coarraAa10m;nft c (n-1)
MepHoii: n. rpaHHil\bl. Onpe.ueJieune (9) coxpaHHeT CMbICJI 
,llJIH MHOli\eCTB B KOHeqHOMepHbIX HOpMnpoBaHHhlX npo
CTpaHCTBax, rAe p;ame AJIH BhlIIYKJihlX A 3Haqeune n. 
(9) MOIBeT OTJI11qaTbCH OT Mephl Xayc.uopipa H n _ 1 ( iJA ). 

)J,pyroli IIOJie3HOll xapaKTepHCTHKOH, aHaJior11qHOH 
fl., K-paH COIIOCTaBJIHeTCH MHOIBeCTBy, HO XapaKTepnayeT 
B OCHOBHOM ero rpan11u;y' HBJIHeTCH nepu.Memp H3MepH
Moro MHOli\eCTBa. On HBJIHeTCH qaCTHhlM CJiyqaeM rro
HHTllH MaCChl IIOTOKa. 
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8 H y T p e H B H H II JI 0 lil, an b. Ecm1 M MeTpH30BaHo 

n f : M-+ IR.n - JioKaJihHO naoMeTpn'l. oTo6pame
Hne, TO B03HHKaeT Borrpoc 0 COOTHOIIleHHH Mem;ny L ( M' /) 
ll Mepoil Xayc;nop<J>a H k (M). H'.orna M - aoyMepnoe 
Mnoeoo6paaue oapanu11,ennou i>puoua1tbi, TO L (M ,/)= 
= H 2 (M). Boo6m,e me HeI1pepb!BHoe f : M --+ !Rn nu;ny
u;npyeT ua KOMIIOHeHTax CBH3HOCTH/- 1 (u), uEIRn, 0606-
IIJ,eauyIO MeTpHHY p, OTJIU'laIOIIJ,yIDCH B03MOmHOCTb!O 
p (x, y)= co. RoHCTpyKD;HH k-MepHoil Mepbi Xayc;nop<J>a, 
llpHMeH6HHaH K p, ;naeT xapaKTep:irnT:irny, K-pyIO MOmHo 
IlpHHHTh 3a BHyTpeHHIOIO II. IlorpymeH:irn. )J,JI.R JillIIIIIH
u;eBb!X f OHa coaI1a;naeT c L(M, /) (cM, (11)). 

M a c c bl II o T o K o B n B a p n o 6 p a 3 n ft. 11.H
TerpnposaHne . k-diopM IIO k-MepHOMY KYCO'IHO rJiall;KO 
BJIOJReHHOMy B 0(11 op11eHT11poBaHHOMY MHOroo6pa3HIO 

M I1p11so;n11T K IIOTOKY T M<:f!= \ (<:p (x), v (x) )dF (x) -
.JM 

JIHHeHHOMY <i>YHKD;HOHaJiy Ha k-<J>opMax <:p B fRn. 3;necb 
v - e;nnan'!Hblii KacaTeJihHb!H K M k-BeKTop. Jl11He:iiubln 
<JiyHKu;110HaJI TM B cym;ecTBeHHOM xapaKTepn3yeT M. 
RpoMe Toro, oupe;neJiea (Ha 3TOT paa n I1pn ueop11eHT11-
posauaoM M) HellnHenHblii iJ>yHKu;110HaJI - sap1106pa311e 

v M<:f!= ~Ml (<:p,v) ldF. 11.HTerpaJibHble IIOpMbi (MaCCbi) 

llTMll H llVMll COBila;naIOT ell., TO eCTb c F(M). BKJIIO'le
HHe KJiacca KYCO'IHO rJia;QKHX IIO/J;MHoroo6pa3HH IlpO
CTpaHCTBa IR.n B 6oJiee 06IIJ,11e KJJaCCbl IIOTO.l\OB H napn
o6pa311H 11rpaeT B Ba p11au;HOHHOM UC'lllCJieHHH TaKyIO me 
pOJib, KaK o6o6m;eHHble pe1UeH11.R B Teopm1 ypaBrreHHH B 
qaCTIIb!X I1p0113BO;QHbIX. 

Cpen11 acex IIOTO!\OB H aap1106pa3HH Bbl;QeJIHIOT m11po
KH0 KJiilCCLI u;eJIO'lllCJI0IIHb!X IIOTOKOB II Bap1106pa3n:ii. 
IIocJie;nune coxpaHHIOT MHor11e reoMeTp11q. csoil:CTBa rron
MBoroo6pa3nft. HaI1p., u;eJioqncJieuublil: noToK eCTh IIO-

TOK, ;noI1ycKaIOII1,11:ii Ilpe;ncTaBJierrne T= ~~~iniT M .• rne 
I 

ni - u;eJible 'l11CJ1a, a Mi cyTh C1-rJia;a;K11e I1o;a;Mrroroo6-
pa3na, I1p11 ycJios1111, 'ITO Korre'!Ha Macca (k-1)-MepHoro 
IIOTOKa dT, oI1pe;neJIHeMoro paserrCTBOM dT (<:p)= T (dqi). 
Maccbl ll,eJIO'lllCJl0HHb!X IIOTOHOB H sapno6pa3HH MOmHO 
paccMaTp11BaTb KRK o6o6IIJ,eHllH IIOHHTllH II. IIOBepXHO
CTH. 11. 3;necb eCTb CBH3b c II. no Jle6ery. IlyCTb KYCO'IHO 
rJia;a;Hne oT06pameH11H Ii: M-+ fRn paBHOMepHo cxo
;Q.RTC.R fi-+f n L(M, f)=IimL(M, /;). Tor;na cooTBeT-

i__. 00 

CTBYIOlIJ,110 sapRo6pa311.R v,. CJia6o CXO;QHTCH K HeK-poMy 
I 

u;eJIO'lHCJI0BHOMY sapno6pa3RIO V ,, I1p11'leM llV 111= L (M, /). 
TeM caMb!M Kam;noMy f : M--+ if<n c L (M, f) < oc; ecTeCT
BeHHO COIIOCTaBJI.ReTC.R Bap1106pa3ne v I c Maccoll: L (M, !); 
ua tUII,IKe IIOTOKOB 06 noM CM. B [ 13 I. 

Jlum.: [1] JI e 5 er A., 05 H3Mepemm eeJIH'IHH, rrep. c cjlpam.1., 
2 H3/I., M., 1960; [2] 8HuHKJiorre11Ha aJieMeHTapHoll MaTeMaTHKH, T. 5, 
M., 1066; [3] II JI b l!I H B. A., II o 3 H lI K 8. r., OcHOBbI MaTeMa
Tl!I'!8CJIOrO 3HBJil!I3B, 3 1!!311., '!. 1, M., 1971; [4) JI o II ill 1!I u A. M., 
EbI'll!IC1leH11e DJIOII.{alleii opueHTllPOBaHHl>IX cjluryp, M., 1956; [5) 
II or op e JI o a A. B., JJ:HcjlcjlepeHuuaJibHaa renMeTpHH, 5 H311., 
M., 1969; [6) P a ill ea c K H II II. R., PuMaHoaa reoMeTpHH H TeH-
30PHhlll aHaJIH3, 3 Hall., M., 1967; [7) Cesari L., Surface area, 
Princeton, 1956; [81 Federer H., Geometric measure theory, 
B.- Hdlb.- N. Y., 1969; [9] Federer H., «Bull. Amer. 
Math. Soc.», 1952, v. 58, No 3, p. 306-78; [10] By par o IO. ,n:., 
3 a JI r a JI JI e p B. A., reoMeTpH'lecKHe HepaaeHCTBa, JI., 1980, 
[11) Busemann fl., «Ann. Math. 2 ser.», 1947, v. 48, 
p. 234-67; [12) A Im gr en F. J., The theory of varifolds, Prin
ceton, 1965; [13] Fe de rer H., «Trans. Amer. Math. Soc.», 1961, 
v. 98, No 2, p. 204-33. 

IO. lJ.. Bypazo, B. A. 8aJ1zaJ1J1ep, JI. lJ.. Fiy8pRBt{ee. 
IIJllOKKEPA HHTEPIIPETAI.VUI - Mo;QeJib, peaJrn-

3yJOil'J;aa reoMeTp11IO TpexMepHoro I1poeKT11Baoro Ilpo
cTpaucTBa P 3 B rnrrep60JI11q. IlpocTpaHCTBe as 6. II. n. 
OCHOBaHa Ha Cileu;naJibHOM HCTOJlKOBRHllH n.1t1-0KKep06biX 
i>oopaunam rrpHMo:il:, orrpe;neJIH0Mb!X ;QJIH JIJ06oii: rrpHMOH 
IlpOCTpaHCTBa pa· 

Ilpn I1p00KTHBHb!X rrpeo6pa3oBaHHHX rrpoCTpaH~TBa 
p 3 llJllOKKepoBbl HOop;n11HaTbl I1peo6pa3yIOTCH JlllHeHHO. 
c IIOMOlil,blO IIJllOKKepoBb!X Hoop;n11rraT rrpHMb!X npo-

cTpaHCTBa P 3 ycTaHaBJinBaeTC.R eaanMHo o;a;H03Ha'!Hoe 
COOTBeTCTBH0 Memny IlpHMb!MH IlpOCTpaHCTBaMH p 3 II 
TO'!KaMR IlpoeKTHBHoro npocTpaHCTBa P 6 , Hoop;nnHaTbl 
K-pb!X 'IIICJ10HHO paBHbl IIJlJOKKepoBb!M Koop;n:irnaTaM 
rrpHMb!X IlpOCTpaHCTBa p 3. 

II pHMble I1pocTpaucTBa P 3 113o6pamaJOTCH TO'!KaMn 
H0Bbipom;neHHOH KBa;npHHII IlpOCTpaHCTBa p 5, llH;Q0KC 
K-po:il: paBeH TpeM. 

EcJI11 C'lIITaTh aTy KBa;npRKY 3a a6coJIJOT 11 orrpe;neJI11Th 
B IlpOCTpaHCTBe P 5 rrpoeKTllBHYJO (HeeBKJin;nosy) MeT
p11Hy' TO IIOJiy'laeTCH IIHTHMepHoe r11I1ep60Jill'l. rrpo
CTpaHCTBO 3S 6• II p11 Kam;no:il: KOJ1Jl11Heau;11I1 H KoppeJIHD;llll 
rrpocTpaHCTBa P3 I1p0Rcxo;n11T JI11HeiiHoe I1peo6pa30BaH11e 
IIJlJOKKepoBb!X Koop;nnHaT, T. e. Kam;naH KOJ1JlI1Heau;nH 
H KOppeJIHD;HH Il306pamaIOTCH KOJ1Jllllieau;11e:il: IlpOCTpau
CTBa P 6, nepeso;nnm;ell: B ce6a a6coJIIOT. 8Tn KOJIJinueau;nn 
T0M caMb!M HBJl.RJOTC.R I10p0M0IIJ,0HHHMH IlpOCTpaHCTBa 
3S 6• IIepeMeiu;eHnH I1pocTpaHCTBa 3S 6 n3o6pamaIOT RJIH 
HOJ1JlHHeau;11n HJlII KoppeJIHD;llII IlpOCTpaHCTBa p 3· 

Ram;noMy JI11Heii:H0My HOMIIJieKcy IlpocTpaHCTBa P 3 
COIIOCTaBJIHeTCH TO'!Ka npoCTpaHCTBa 3S 6· IIpoeKTHBHYIO 
reoMeTpll!O IIpOCTpaHCTBa p 3 MOlKHO paCCMaTpnBaTb KaK 
HeeBKJlll;QOBy reoMeTpll!O r11I1ep60Jill'l. IlpOCTpaHCTBa 3 s 6. 
lIMeHHO na umeprrpewu;nH reoMeTpR11 IlpOCTpll.HCTBa P 3 
B rrpoCTpaHCTBe 3S 6 rra3. II H T e p II p e T a u; II e ii 
II JI JO H K e p a B CBH311 c pOJib!O IIJllOKHepoBb!X Koop
;QllHaT. 

ECJIH B Ka'!eCTBe OCHOBHOfO o6pa3a IlpOCTpaHCTBa p 3 
6epeTCH IlpHMa.R, TO reoMeTplllO 3T0f0 IlpOCTpaHCTBa 
MOmHO paCCMaTpHBaTb KaH reo:MeTplllO Ha a6coJIJOTe 
IlpOCTpaHCTBa 3S 5• 

fpyI1I1a I1poeKTHBHbIX I1peo6pa3oBaHHH IlpoCTpaHCTBa 
p 3 1130Mop<Jiua rpyI1I1e I1epeMeI11,eHllH IlpOCTpaHCTBa as 5, 
H BCHKOMY HHBOJl!OD;HOHHOMy rrpoeHTllBHOMY I1peo6pa3o
BaHHIO IlpOCTpaHCTBa p 3 COOTB0TCTByeT llHBOJllOD;llOHBOe 
I1epeMeIIJ,errI1e I1pocTpaHCTBa 3S 5• Harrp., HYJih-CHCTeMe 
B IlpOCTpaHCTBe p 3 COOTB0TCTByeT OTpamenne OT TO'IKll 
II OT ee IIOJIHpHOll fllII0pIIJIOCKOCTll B I1pOCTpaHCTB0 as 5; 
HIIBOJl!OD;HOHHOll roMOJlOfllll B IlpOCTpaHCTBe p 3 COOT
BeTCTByeT r11I1ep60Jirr'leCKHH IlapaTaKTH'l. C;QBllf Ha IIOJiy
Ilp.RMyIO B rrpOCTpaHCTB0 3S 6 H T. A· H'.am;noii: CBH3HOH 
KOMIIOH0HT6 rpyIIIlbl IlpoeKTHBHb!X I1peo6pa30BaHllH rrpo
CTpaHCTBa p 3 COOTBeTCTByeT CB.R3HaH KOMIIOH0HTa rpyrrrrbl 
nepeMem;eHaii: rrpocTpaHCTBa 3 S 6. 

1) KoJIJinHeau;11HM I1pocTpaHCTBa P 3 c I10Jiom11TeJihBb!M 
OI1pe;neJIHT0JleM, BKJlIO'la.R Tom;neCTBeIIH00 I1peo6pa3oBa
Hll0, OTBe'!aJOT I1epeM0IIl,0HllH IlpOCTpaHCTBa 3S 5 c orrpene
JlllT0JleM, paBHb!M + 1 ( CIO;na 'BKJlJO'laIOTCH Tom;neCTBeBHbl0 
I1peo6pa3oBaHnH). 

2) KoppeJIHD;HHM I1pocTpaHCTBa P 3 c I10Jiom11TeJihHb!M 
OI1pe;neJI11TeJieM (BKJlIO'laH HYJlb-CllCT0MY) OTBe'!aJOT rre
peMeIIJ,eHllH rrpOCTpaHCTBa 3S 5 c Oilpe;neJinTeJieM, paBHbIM 
-1, IlepeBO;QHIIJ,He co6CTBeHHYJO II 11;neaJihHYIO o6JiaCTll 
COOTBeTCTBeHHO B ce6H (BHJlJO'laH OTpameHllH OT TO'IKll). 

3) KoJIJI11Heau;nHM rrpocTparrcTBa Pa c 0Tp11u;aTeJihIIbIM 
orrpe;neJI11TeJieM OTB0'laJOT rrepeMeIIJ,eHllH rrpoCTpaHCTBa 
3S 5 c orrpe;neJI11TeJieM, paBHb!M + 1, rrepeso;nam,11e co6cT
BeHHYIO o6JiaCTb B n;neaJihHYJO H o6paTHO, ::na HOMIIO
H0HTa co;nepmnT r11I1ep60JI11'l. C;QBHr Ha IIOJlyilpHMyJO. 

4) H'.oppeJIHD;H.RM IlpoCTparrCTBa P 3 c OTp11u;aTeJihHb!M 
oI1pe;neJI11TeJieM orseqaJOT rrepeMem;eu11a rrpocTpaHCTBa 
3S 6 c oI1pe;neJIRTeJieM, paBHb!M -1, rrepeso;a;HIIJ,ne co6-
CTBeHHYIO o6JiaCTb B 11;neaJibHYIO H o6paTIIO. 

06pa3aM CllMM0Tp1111, COOTB0TCTBYIOill,llM B rrpoCTpaH
CTBax P3 II as5, COIIOCTaBJIHIOTCH 'lHCJlOBble llHBap11aIITbl, 
Mem;ny H-pb!Mll cylll,0CTBYJOT OI1pe;neJieHHbl0 CB.R3H. 

II. 11. rrpnMeH.R0TC.R B 11ccJie;noBaH11Hx rpyrrrr I1epeMe
IIl,SH11ii: Tp0XM0pHb!X HeeBHJlll;QOBbIX rrpocTpaHCTB s 3• 
1S 3, 2S a. K-phre n3oMop<J>HbI oI1pe;neJieHHhIM I1o;nrpyrrI1aM 
rpyI1I1bl rrepeMeIIJ,eH11ii rrpoCTpaHCTBa 3S 5. YcTaHaBJIH
saeTCH TaHme B3aHMOCBH3b rpyilrr ns11meH11H 3THX Tpex
MepHb!X IlpOCTpaBCTB (3J1JlHIITll'l0CKOro, rnI1ep60JI11'le-
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CKoro) c rpyrmaMn rrepeMern;eHnil: rrpOCTpaHCTa HJHIIIIl!IX 
pa3MepHOCTeii (CM. <l>y6unu unmepnpemaz+ua, Kome.rib
nut>ooa unmepnpemaz+ua). C rrOMOrrrhIO IT. Ii!. H3yqaeTCH 
liIHTeprrpeTall,l!IH TpexMepHoro Cli!MIIJieKTl!Iq. rrpOCTpaHCTaa 
Sp3 a rrpOCTpaHCTae 3 S 6· 

n. Ii!. rrpenJiomeHa IO. ITJIIOKHepOM [f). 
Jium.: [IJ PI ii ck er J., Neue Geometrie des Raumes gegrim

det auf die Betrachtung der geraden Linie als Raumelement, Lpz., 
1868-69; [2) Po Be H cjl e JI b A B. A., HeeBHJIHAOBbl rrpocT
paHCTBa, M., 1969; [3) H JI e ii H <I>., B&mmaH reoMeTpHH, rrep c 
HeM., M.- JI., 1939. JI. A. CuiJopoe. 

IIJIIORKEP A <l>OPMY Jlbl - qiopMyJibl, caHSblaaIOrrrHe 
aHeIIIHl!Ie, T. e. OTaeqaIOrn;He rrpoeKTl!IaHblM aJiomeHl!IHM, 
Ii! aHyTpenHirn xapaKTepHCTHKlil aJire6pa11q. MHoroo6-
pa31!IH. Ha1160Jiee CTapblMH 11 113aeCTHblMH cpenH qHcJieH
HblX qiopMyJI aJire6pa11q. reoMeTpHJI HllnHIOTCH IT. qi. 
nJIH IIJIOCKOH rrp11aeneHHOH Ii! nerrp11aonl!IMOH Kpl!Iaoii 
ZcCP2, R-paH HMeeT JIHIIIh o6hIHHoBeHHhle naoiiable 
H KaCrrHnaJibHble oco6bre TOqKH. IlyCTb d - c T e II e H b 
K p Ii! a 0 ii z, T. e. q11CJIO ToqeR H3 z Ha IlpHMOH o6rn;ero 
rroJiomeHHH a CP2, a d* - K JI a cc K p Ii! Boil: Z, 
T. e. q11CJIO rrpHMblX, KacaTeJibHblX H z ll Heoco6hlx TOq1rnx 
Ii! rrpoxonHrn;Hx qepe3 onny H TY me qili!HCHpoaaHHyIO 
TOqKy o6rn;ero IIOJiomeHl!IH a CP2. OCHOaHbie nae qiopMyJibl 
ITJIIOKKepa TaKoabl: 

(1) d*=d (d-1)-26-3k, 
(2) d*=2d+(2g-2)-k, 

rne g - pon pa3perrreHHH X KpHaoil: Z, 6 - qli!CJio o6blK
HoaeHHbIX naoiiHblX ToqeK, a k - qli!CJIO 1rncrrHnaJihHblX 
ToqeK. <DopMyJia (1) caonl!ITCH K aHny d*=d(d-1), eCJil!I 
Kp11aaH Z neoco6a. 

,[l.pyrne KJiaCCl!IqeCKl!Ie Il. qi. CJienyIOT lil3 (1) Ii! (2) IlO 
naoil:cTaennoCTH. EcJIH Z - ne rrpHMaH, Torna n a o il:
c T a e H H a H K p Ii! a a H Z* K z orrpeneJIHeTCH KaK 
3aMbIKaHHe MHomecTaa KaCaTeJihHblX K z' paccMaTpl!Iaa
eMblX KaK ToqK11 naoil:cTaenHoil: rrJioCKoCTH Cp2*. Teopel!rn, 
rrpHnanJiemarn;aH IO. ITJIIOKHepy (J. Pliicker, CM. [3)), 
COCTOl!IT a TOM, qTo naamnbl naoiiCTaennaH Kpl!IaaH Z** 
coarranaeT c Z. ITpenrroJiaraH, qTo Z* HMeeT JIHIIIh 6* 
o6blKHOaeHHblX naoHHblX H k* HaCIIHnaJibHblX oco6blx 
ToqeK, rroJiyqaJOT qiopMyJihr 

(1*) d=d* (d*-1)-211*-4k*, 
(2*) d=2d*+2 (2g-2)-2k*. 

lJl!ICJIO 6* Momno li!HTeprrpeTHpoaaTb TaKme KaK qli!CJIO 
6 Ii! K a c a Te JI b H bl x K Z, T. e. IIpllllfblX, K-pble Ka
CaIOTCH z poano a nayx pa3JililqHbfX Ii! neoco6bIX TOqKax, 
c rropHnKoM KacaHl!IH 2, a k* - HaK '!IlCJip TO'leK rreperH6a, 

lJeTblpe qiopMyJibl (1), (2), (1)*' (2)* He neaaaHCllMbl: 
H3 JII06blx Tpex CJienyeT '!eTBepTaH. OnnaKo mo6ble 
Tplil ll3 Hli!X He3aaHCli!Mbl. l13 HHX abITeKaIOT Ta:«me CJie-
11;yrorn;ne COOTHOIIIeHHH: 

(3) k*=3d (d-2)-66-Bk, 
(3*) k=3d* (d*-2)-66*-Sk*. 

l1MeHHO ;JTl!I qiopMyJibl 6blJIH rroJiyqeHbl JO. ITJIIOKKepoM 
aMeCTe c qiopMyJiaMl!I (1) H (1)* a 1834-39. 

B CJiyqae OCHoanoro IIOJIH Koneqnoii xapaKTepl!ICTl!IKH 
IT. qi. Ii! TeopeMa naoiicTae:anocTH ae acerna crrpaaenJI11abl. 
Harrp., a xapaKTepl!ICTl!IKe 2 ace KaCaTeJibHble K KOHli!Ke 
rrpoxonHT qepe3 onny orrpeneJieHnyIO TOqKy, na3. CTpan
Hofi ToqKoii KOHHKl!I, rroaTOMy naoHCTaenHaH Kpl!IaaH 
eCTh rrpHMaH. B xapaKTepHCTHKe 3 HMeeTCH neoco6aH 
Ky6HKa TOJihKO c TpeMH ToqKaMl!I neperH6a H name c 
011;noil: (no IT. qi. HX noJimno 6blJIO 6bl 6b1Th neaHTh). IlpH 
rrpaal!IJibHOH li!HTepnpetau,HH d* qiopMyJibl (1), (2) oc
Ta!OTCH crrpaBenJIHablMl!I BO BCex xapaKTepHCTHKax ;:t2; 
B xapaKTepHCTHKe 2 HX nymno 3aMemITh na 

(12) d*=d (d-1)-26-4k, 
(22) d*=2d+\2g-2)-2k. 
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l13BeCTHO 0606rn;en11e Il. qi. Ha CJiy'laH KpHablX B pn C 
rrpOH3BOJibHbIMH oco6eHHOCTHMl!I (CM. [2)), a TaKme Ba 
cJiyqaft r11rreprroBepxnocTeii B P 11 • 

Jium.: [1) Ber z o I a r i L., a HH.: Encyklop1idie der mathe
matischen Wissenschaften, Bd 3,, Lpz., 1906; [2) r p H cjl
cjl u Tc ell., X a pp"' c ,!l;>R., IlpHHQHIIbl aJ1reopamiec1wll reo
MeTpHH, T. 1-2, nep. c aHrJI., M .. 1982; [3) H JI e ii Ma H c. JI., 
«YcrrexH MaTeM. Hay11», 1980, T. 35, B. 6, c. 69-148. 

B. B. Illoeypoe. 

IIJIIOKKEPOBbl KOOPlJ;llHATbl - Koopn11HaTbl 
rrpHMoil: a TpexMepnoM rrpocTpaHCTBe, mecTii qHceJI p 01 , 

Po2• Po3• p04 , Po6• Po6• lil3 K-pblx rrepBble TPH HBJIHIOTCH 
Koop11;11naTaMH narrpaaJIHIOrn;ero aeKTopa l rrpHMoii: L, 
a BTOpble TpH - MOMeHTbl noro BeKTOpa OTBOCHTeJibHO 
naqaJia KoopnHHaT. IlyCTb rrpHMaH L rrpoxonl!IT qepe3 TOq
Klil x Ii! y c rrpoel{THBBhlMH KOOpl!;HHaTaMl!I (xo, il=i. .•• , 
x3) Ii! (y0 , y1, ••• , y3) COOTBeTCTBeHHO IT. K. noii: rrpH
Moii HBJIHIOTCH q11cJia 

n. H. rrpHMeHHIOT a JIHHeil:qaTOH reoMeTpHl!I. BrrepBble 
6blJIH paccMOTpeHbl JO. ITJIIOKKepoM (J. Pliicker, 1869). 
fiHorna aMeCTO Il. K. li!CIIOJib3YIOT I\ JI e i\: Ha KOO p
n H Ha T bl (xo, ... , X5) 1 CBHBaHHble C Il. K. qiopMyJIBMH: 

Poi =xo+x1, Po2 =X2-\-X3, Pos=x4+x5, 

P23=Xo-xi. P13=X2-xs, P12=X4-x5. 

EcTeCTBeHHO paccMaTp11BaTb IT. K. KaK KoopnnnaTbl B 
p-MepnoM seKTopnoM rronrrpocTpancTBe n-Mepaoro BeK
Topnoro npocTpaHCTBa V. IT pH aTOM OHl!I llOHHMaIOTCH 
KaK coaoKyIIHOCTb qli!CeJI' paBHblX (p x p )-cy6neTepMH
nanTaM (nXp)-MaTplilll,bl A (a1, a 2, ... , ap), cToJI6u,f>I a;, 
1 -<;.i-<;.p, l{-po:ij: HaJIHIOTCH CTOJI6u,aMH KoopnHHaT (B 
Kal'OM-m160 6a3Hce rrpocTpancTBa V) 6a3HCHblX B0KTopoB 
rronrrpoCTpaacTBa w. ECJil!I a{ - KOMilOHeHTI!I CTOJJ6u,a 
a;, 1-<;.i-<;.p, TO n. K. (HJIH r pa cc Ma H 0 Bbl K 0 0 p
n II H a T bl) HBJIHIOTCH qli!CJia 

ni2 ai' 
V•1 2 

1<iv<n. 

IT. K. CHMMeTpnqabl no BCeM li!HneKCaM. 'IncJIO cyrn;eCT
BeHHbIX Il. K. paaao (~). 

IT pH 3aMeHe 6a3Hca W Ii! qim~cnpoaannoM 6aa11ce V 
IT. K. yMaomaIDTCH na onno Ii! TO me nenyJieaoe qli!CJio. 
Ilpn 3aMeue 6aaHca V Ii! qili!KCHpoBannoM 6a3Hce WIT. K. 
rrpeo6pa3yIOTCH KaK KoopnHHaTbl HOHTpaaapnaHTHOrO 
TeH3opa BaJieHTHOCTl!I p (CM. !Io.1tuoet>mop). ,[I.Ba rron
rrpocTpaHCTBa COBrranaIOT TOrp;a Ii! TOJibKO Torna, Kor
na HX fi. K., ablql!ICJieHHble B onHOM H TOM lR0 6a3li!C0 
rrpocTpaHCTaa v' OTJil!IqaIOTCH JIH!Ilb nenyJieBhIM MHO
mHTeJieM. 

IlpHHanJxellrnocTb aeKTopa x IlOl!;IIpOCTpaHCTay w 
3aTIHCb1BaeTCH a anne Jlli!H0HHblX ypaaneHl!IH 

~P+I (-1)a-1 xirxui, .. . ia-1ia+i· . . ip=D 
~a:.I 

c Koaqiqililll,H0HTaMH, liaJIHIOrrrli!MlilCH n. K. rronrrpocTpan
CTaa W. B aTHX ypaanenHHX i1<i2< .. . <ip - BCeao3-
MOll<Hbl0 na6opbI HB ql!IOeJI 1, 2, ... , n. JI. II. ffyn'l{08. 

ITJIIOPU:r APMOHU:qECl\AH <l>YHKIOIH - qiyaK-
Il,liIH u= u (z) OT n HOMTIJieKCHblX nepeMeHHblX z= (z1' .. ., 
Zn) B o6JiaCTH D KOMilJI0KCHOro rrpocTpaHCTBa en, n)d, 
HMeIOrn;aH a D nenpepblBHble qaCTHble rrponaaolJ;Hble no 
KoopnHHaTaM Xv' Yv' Zv =Xv+ iyv' v= 1, ..•• n, AO 2-ro 
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IlOPHARa BRJIIO'IIITeJibIIO II YAOBJieTBOpHIOIIJ:aH B D CII
CTeMe n2 ypasIIeIIIIil:: 

(1) 

µ,v=1, ... ,n. 

II pIIMeII.11.11 iJ>opMaJihIIbie upoII3BOAIIhle 

au 1 ( au au ) au 1 ( au au \ 
iJzv =z i'lxv - iayv ' oz =z i'lxv + i i'lyv} 

v . 

MOll\IIO 3aI1IICaTb CIICTeMy (1) B 6oJiee ROMilaRTIIOJI iJ>opMe: 
i'l'u 

---- =0, µ, V=1, ... , n. (2) 
i'lzµiizv 

3IIa<JeIIIIe RJiacca II. ip. oupeAeJI.11eTCH TeM, 'ITO Aeil:cT
BIITeJibIIa.11 II MIIIIMa.11 qaCTII u= Ref, v= Im f JII06oii roJio
MopiJ>Hoil: B o6JiaCTII D iJ>yIIRI~IIII /= u+ iv HBJIHIOTCH 
II. ip. B D; TaRIIe ABe (AeiiCTBIITeJihIIhle) II. ip. IIaa. co
n pH m e H H hi M II. 06paTIIo, ecJIII p;aaa II. ip. u B 
oRpeCTIIOCTII V TO'IRII zO= x0+ iy0 E1Cn, TO B aToil: oRpeCT
IIOCTII cyru:eCTByeT roJIOMO'JliJ>IIaH il>YHRIJ;IIH /= u+ iv, 
AeiiCTBIITeJihIIaH 'laCTh R-poii pasIIa u. 3ap;aqa onpep;eJie
HIIH [)TOH roJIOMopiJ>Hoii: il>YHRIJ;Irn f CBOAIITCH R Haxom
AeHIIIO coup.11meHHoii: II. ip. v no iJ>opMyJie 

v (z) = -;,- dxv + ,,- .iyv +c, zEV, ~ z ~n ( au au ) 
Z6 V= f uyV uXV 

rAe 1mTerpaJI IIe 3aBIICIIT OT nyTII B CIIJIY ( 1). 
Boo6ru:e rosopH, paccMaTpIIBaIOTCH caMII no ce6e H 

ROMnJieRCIIhle II. ip.' onpep;eJIHeMhle RaR pellleIIIIH CII
CTeMh! (1) IIJIII (2). IIpII n>1 II. ip. COCTaBJIHIOT npaBIIJlb
IIhIH noARJiacc RJiacca npamnozapJrtonu11ecrwx r.fiynnz+uil, 
R-phlii:, B CBOIO oqepep;b, eCTb upaBIIJlbIIhlll IlOARJiacc 
RJiacca wpJrtonu11ecnux r.fiynnz+uil: npII n= 1 see aTII TPII 
RJiacca cosuap;aIOT. C p;pyro.ii: CTopoIIhl, npII n)?-1 p;eii
CTBIITeJibIIhle II. ip. COCTaBJIHIOT upaBIIJlbIIhIH IlOARJiacc 
RJiacca n.ri10pucy6zapJrtonu11ecnux r.fiynnz+uil, R-phlii:, B 
CBOIO oqepep;b, npII n>1 HBJIHeTCH npaBHJlbIIhIM non
RJiaCCOM RJiacca cy6zapJtt01tU'!eCKUX r.fiynKz+Uil. 

KpoMe o6ru:IIx csoiICTB rapMOIIII'l. iJ>yIIRIJ;IIil:, II. ip. 
npII n>1 o6Jiap;aIOT xapaRTepHhIMII CBOllCTBaMII, o6ycJIOB
JieHIIhIMII B· -OCHOBHOM nepeonpep;eJieIIHOCTbIO CIICTeMhl (1) 
IIJIII (2) B' &TOM cJiyqae. IIycTh, Hanp., npII n>1 II. ip. 
u (z) B ep;IIHH'IHOM IlOJlIIRpyre 

un={zEICn:I Zv I< 1, V=1, ... , n} 

IIenpephIBIIa B aaMRIIYTOM noJIIIRpyre f]n. II pII aToM 
name ee rpaIIII'IIIhle 3IIa'leii:IIH IIa OCTOBe Tn= g E en: 
I ~v I= 1, v= 1, ... , n }, HBJIHIOIIJ:eMCH upaBHJihIIoii: 'laCThIO 
sceil: rpaIIIIIJ;hl iJ un, IIe MoryT 6h1Tb aap;arrhl B BIIAe npo
II3BOJibIIoii IIenpephIBIIoii: ¢YIIRIJ;IIII U* ( ~), ~ E Tn, - OIIII 
yp;osJieTBopHIOT onpep;eJieIIIIhIM p;onoJIHIITeJihIIhIM ycJio
BIIHM. TaRIIM o6paaoM, aap;a'la }J,IIpIIxJie B RJiacce II. ip. 
c p;aIIIIh!MlI IIa OCTOBe paapelllHMa JIIIIllb npII cueu;IIaJibIIO 
nop;o6paIIIIhIX rpaIIII'IIIhIX p;aHIIhIX (CM. (3)). 

Jlum.: (1] ma 5 a T B. B., Bae11eH1fe B HOMIIJJeHCHblll aHamrn, 
2 H3)1., 'I. 2, M., 1976; [2] c 0 JI 0 Me H LI e B E. ,r:i:., B HH.: HTOrH 
HaYJ{H. MaTeMaTH'leCHHll aHaJIH3. Teopua aepo11THOCTel1. PeryJIH
poaaHHe. 1962, M .• 1964, c. 83-100; [3] p y II H H Y .• TeopHFI 
ljlyHHLIHll B IlOJIHJ1pyre, nep. c aHrJI., M., 1974. E. 11,. CoJIOMe11.tfi!6. 

IlRIOPHCYBfAPMOHUqECKAH <I>YHK~HH 
p;ei'.ICTBIITeJibIIaH iJ>yIIRIJ;IIH u= u (z), -oo ..;;:u < + CXl' n 
ROMilJieRCHhIX uepeMeIIIIhIX z= (z1, •.• , Zn) B o6JiaCTII D 
ROMilJieRCIIoro npoCTpaIICTBa 1Cn: n)?. 1, YAOBJieTBOpHIO
ru:a.11 CJiep;yIOIIJ:IIM yCJIOBIIHM: 1) u (z) IlOJiyIIenpephIBIIa 
csepxy BCIOP,y B D; 2) u (z0 +/..,a) ecTb cy62apJtto1tu11ecnaJ1. 
r.fi ynnz+usi nepeMeHIIoro /.., E IC B RamAoii: CBH3IIoii: ROMno
IIeHTe OTRphIToro MIIomeCTBa {/.., E IC: z0+ /..,a ED } AJIH JII06h!x 

il>IIRCIIpoaaIIIIhIX TO'leK z0 ED, a E 1Cn. <l>yIIRIJ;IIH v (z) Haa. 
I1 JI IO p II c y I1 e p r a p M 0 II II q e c R 0 ii: ip y H R u; Il
e ii:, ecJIII - v(z) eCTh II. ip. IIJIIOpIIcy6rapMOIIII'l. cPYIIR-
1.J;HII npII n > 1 cocTaBJIHIOT upaBIIJibIIhl.ii: noARJiacc RJiacca 
c:v6rapMoIIII'l. cPYIIRIJ;IIH, a npII n= 1 aTII naa RJiacca 
coenaAaIOT. Ha1160Jiee samIIh!e npIIMephl II . .p.: lnl/ (z) I, 
ln +I/ (z) I, I/ (z)IP, p)?-0, rAe f (z) - roJioMopiJ>IIaH cPYHR.l\HH 
B D. 

}J,JIH Toro 'IT06hl uoJiyIIenpepbrnIIaH cBepxy B o6Jiacrn: 
Deen cPYIIRIJ;lfH u(z), u(z)<+oo, 6hIJia II. ip., aeo6xo
AllMO II AOCTaTO'IIIo, 'IT06bl AJIH JII06blx cl>11Rc11posaIIIIhIX 
zED, aECn, la1=1 cyineCTBOBaJio 'IIICJIO 6=6(z, a)>O 
TaRoe, 'JTO Ilpll 0 <r < 6 Bh!IlOJIIIHeTCH IIepaBeIICTBO 

( 1 r 2n ( . 
u z).;;;;; Zn Jo u z+re'"' a) dqJ. 

}J,JIH iJ>yHRIJ;IIH u (z) RJiacca C2 (D) 6oJiee yno6ea CJiep;yIO
JnllH RpIITepIIii:: u (z) eCTb II. ip. B D Torp;a 11 TOJibRo Torp;a, 
1wrna apM11Tosa if;opMa (reccIIaII iJ>yIIRa;1111 ·u) 

- ~n i'l'u 
H((z; u)a,a)=~· ----ajak 

J, k= I i!zj i'lzk 

IIeoTp11u;aTeJibIIo oupeneJieIIa B RalKAOH TO'IRe z ED. 
IIoMIIMO 0611.J;IIX CBOHCTB cy6rapMOIIII'l. il>YIIRIJ;lfll, llJIH 

II. cP· cupaeenJI11Bbl cJiep;yIOru:11e: 1) u (z) eCTb II. ip. B 
06JiaCT11 D Torna 11 TOJihRO Torp;a, Rorp;a u (z) - II. ip. 
a 0RpeCTHoCT11 Ramnoii: TO'IRlf z ED; 2) JI11IIeilIIaH RoM61I
IIau;11.11 II . .p. c uoJiom11TeJihIIhlMII Roacl>cl>11u;IIeIITaM11 eCTb 
II. cP·; 3) upeAeJibl paBIIOMepIIO cxonmu:eilcH If MOHOTOIIIIO 
y6hlsaroru:eil: noCJle'AOBaTeJihIIOCTeii. II. ip. cyTh II. ip.; 
4) AJIH Toro 'IT06bl u (z) 6blJia II. cP· B 06JiacT11 D, IIeo6-
XOAIIMO If AOCTaTO'IHO, 'IT06bl ee MOlKIIO 6blJIO npeACTa
Bll'Tb B Bll'Ae upeAeJia y6blBaIOru:eil: IlOCJiep;oBaTeJibIIOCTII 
II. iJ>. {uk (z) }k=l COOTBeTCTBeIIIIO RJiaCCOB C00 (DR.), rne 
o6Jiacrn Dk TaROBhl, 'ITO D kci5 R,CD k + 1 11 U k=1D ,.= D; 
5) AJIH JII06oil: TO'IRlf z0 ED cpenIIee 3IIaqea11e 

J (z0 , r; u)=-1- (' u (z 0 +ra) da 
0 rnJtal=1 

no ciJ>epe paJJ;IIyca r, rne a 2n=2nn/(n-1)! - DJioru:aAh 
eAllIIlf'IHoil: ciJ>ephl B 1R 2n, eCTh Bo3pacTaIOru:aH !J>yIIRD;lfH 
no r, BhlIIYRJiaH OTHOCll'TeJibIIO lnr Ha 0Tpe3Re O..;;:r..;;:R, 
ecJIII Illap 

V (zo, R) ={zECn: I z-zO I< R} 

pacnoJiomeII B D, np11qeM u(z0 )..;;:J(z0 , r; u); 6) upII ro
JIOMopiJ>HbIX oT06pameII11.11x II . .p. nepexon11T e II . .p.; 
7) ecJI11 u (z) - IIeupepblBIIaH II. ip. B o6Jiacrn D, E -
aaMRIIyToe CBH3Hoe aIIaJI11Tlf'l. uop;MIIomeCTBo D 11 cyme
II11e ulE nocTnraeT MaRC11MyMa Ha E, TO u(z)=const 
IIa E. 

MMeIOT 3Ha'JeH11e llJIH up11JiomeII11il: TaRme CJiep;yIOru:IIe 
npaB11JU>IIhle nonRJiacch! RJiacca II. ip. <l>yHRit;lfH u (z) 
IIa3. c II JI b H 0 I1 JI IO p II c y 6 r a p M 0 II If q e c R 0 ii, 
ecJI11 cyru;ecTeyeT BbIIIYRJiaH eoapacTaIOru;a.11 cPYIIRI~lfH 
qJ(t), -cxi<t<+cxi, 

lim ~=+cxi, 
t _..+"' t 

TaRa.11, 'ITO qJ- 1 (u(z)) eCTb II . .p. B qacmoCT11, eCJIII qJ(t)= 
=et, TO IlOJiyqaIOT JI 0 rap If ip M II q e c R II II JI IO p li

e y 6 r a p M 0 II If q e c R II e ip y H R u; If If. 

J\Jiacc II. cP· II TOJihRo 'ITO Ha3BaIIHble ero uonRJiacch! 
BalKIIbl llJIH Oilll'CaIIIIH pa3JIII'IIIblX CBOHCTB roJIOMOPcPIIhIX 
cPYHRI{lfH If o6JiaCTeii ROMilJieRCIIoro npoCTpaIICTBa 1Cn' 
a TaRme 11 6oJiee o6ru;IIx auaJill'Tlf'l. upocTpaHCTB (CM. 
(1) - (4), (7)). Hanp., RJiacc ip y HK u; H j.j: rap T 0 r
e a H (D) onpep;eJIHeTCH RaR IIa11MeHhllIHii: RJiacc neiicT
Bll'TeJihIIblX il>YIIRa;nil: B o6JiaCTII D, cop;epmaru:11ii: ece 



337 IlOBEPXHOCTBblA: URTErPAJI 338 
«PYHKU,Hll lnl/ (z)I, r)J;e /(z) - roJioMop.iPHa.H «PYHKU,B.H B D, MccJie)J;oBaHB.II B II. T. conpoBOll\)J;aJI11Cb H3y'leH11eM 
H 3aMKHYThIH OTHOCllTeJihHO CJie,D;yIDII\llX onepau,11:ii: 6oJibllIOro 'lllCJia KJiaCCOB noBepxHOCTeii:, TaKHX KaK 
1){ui,u2 EH(D),A.1 ~0,A.2 ~0} :;>A.1u1 +A.2u2 EH(D); nooepxnocmu omopoeo nopga1>a, ounmooble nooepxnocmu, 
2 ee.1iu1>ouabl, Kama.ttana nooepxnocmu, 1>onouabl, peanble 

) {ukEH (D), uk.,;;;;;;, M (D') fl.JI.II BC.IIKOH noA06JiaCTll nooepxnocmu, 1>ana.1tooble nooepxnocmu, /(10nena lfU1>.1tuabl, 
D'cD'cD,k=1,2, ... } :;>sup{uk(z):k=1,2, ... }E 9nnenepa nooepxnocmu, Beuneapmena nooepxnocmu 11 
EH (D); AP· MHoro BH11MaHH.II y,a;eJI.HeTC.H 113y11eH11ID .Mu1tu.Ma.1tb1tblx 

3 { H 2 } I nooepxnocmeu. B CB.H3H c np11JiomeHH.1IMH mn:poKo nc-
) ukE (D), uk~uk+i.k=1, • ··· '> im uk(z)E cJie)J;oBaJI11Ch mpuopmozona.ttbltlU cucme.Mbl noBepXHOCTeii:, 

k-+~ 2 EH (D Hanp. KoH«PoKaJihHhle noBepxHocm -ro nop.H)J;Ka. 
); IloMllMO 113YlJeHH.II CBOHCTB noBepxHOCTeH, HeH3MeHHhIX 

4) {uEH(D), zED} :>limsupu(z')EH(D); npn JIID6hlx n30MeTp1111. npeo6pa30BaH11.1Ix Bcero npo-
z'-+ z CTpaHCTBa (oTHOC.IIII\llXC.II K T. H. M e T p II 'I e c K 0 H 

5) {uEH (D') fl.JI.II BC.HKO:ii nolJ,o6JiaCTH D' CD' CD} '> IT. T.), 113y11aIDTC.H CBOHCTBa noBepxHOCTeil, HHBapnaHT-
='> uEH (D). Hhle no OTHOllleHllID K KaKOH-JIH6o )J;pyroii: rpynne npe

IloJiyHenpephIBHhle CBepxy «PYHKU,1111 fapTOrCa .IIBJl.IIIDTC.II 
rr. «P .• HO He BC.HKa.H II. «P. eCTb «PYHKU,11.II fapTOrca. ECJill 
D - o6JiaCTh roJioMop.iPHoCTH, TO KJiacchl noJiyHenpephIB
HhIX CBepxy «PYHKU,HH rapTOrca uEH(D) H n. «P. B D 
COBila)J;aIDT (CM. [5), [6)). 

Jium.: [1] B JI a )IHM Hp 0 B B. c., MeTO)lbl TeOpHH cflYHRQHfi 
MROrHX ROMilJ!eRCRbIX nepeMeHHblX, M., 1964; [2] r a H H H Hr P., 
p 0 cc H x., AHaJIHTH'leCRHe cjJyHRWIH MHOrHX ROMilJleRCHblX aepe
MeHHblX, nep. c aHrJI., M., 1969; [3] Le I 0 n g P., B RH.: Colloque 
sur !es tonctions de plusieurs variables, Bruxelles, 1953, P., 1953, 
p. 21-40; [41 B rem er man n H. J., «Trans. Amer. Math. 
Soc.», 1956, v. 82, p. 17-51; [5] er o me, «Math. Ann.», 1956, 
Bd 131, p. 76-86; L6] er o me, «Proc. Amer. Math. Soc.», 1956, 
v. 7, p. 771-75; [7] c 0 JI 0 Me HI.I e BE. ,r:i:., B RH.: lITOrH Hay1m. 
MaTeMaTH'leCRHfi aHaJIH3. TeopuJI nepOJITHOCTefi. PeryJ1uponaHue. 
1962, M., 1964, c. 83-100. E. ,l{. Co.o0Me11.w•. 

IIJIIOPllCYIIEPr APMOHlfqECRAH cl>YHRqHH -
CM. II .1t10 pucy6eap:M01tU'lec1>ag rf> y1t1>1fUR,. 

IIOBEPXHOCTEll: TEOPllH - paa,a;eJI ,a;11.iP.iliepeHu,H
aJibHoii reoMeTpllH, B K-poM H3y'laIDTC.II noBepxHOCTH. 
fl Il. T. llCCJie,D;yIDTC.II .iliopMa IlOBepXHOCTll, ee llCKpllB
JieH11e, CBOHCTBa pa3JIH'IHOro po)J;a JIHHHll Ha IlOBepXHOCTH, 
paccMaTpHBaIDTC.II BOilpOChl 113rn6aHH.II, BonpoChl cyme
CTBOBaHll.II IlOBepxHOCTll c )J;aHHhIMH BHyTpeHHllMll HJIH 
BHellIHHMll CBOHCTBaMll II ,a;p. 

B Il. T. llMeIDTC.II )];Be TO'IKll 3peHH.H: IlOBepXHOCTb MOll\HO 
paCCMaTp11BaTb KaK MeTpH'I. npocTpaHCTBO co CBoeli 
BHyTpeHHeH MeTpllKOH (T. H. BHyTpeHH.II.II reoMeTp11.H), 
Jin6o IlOBepXHOCTb paCCMaTp11BaeTC.II KaK «Pnrypa B npo
CTpaHCTBe (T. H. BHellIH.II.II reoMeTpll.H). MHor11e HanpaB
JieHll.II B Il. T. (BonpOChl U30.MempU'leCK080 noepy ;m;eltUR,, 
ua2u6a1tUR, II ,a;p.) IlOCB.HII\eHhl 1!3y'leH11ID CB.H3eii Mem,a;y 
BHyTpeHHeH II BHellIHeii reoMeTpH.HMH. )].JI.II peryJI.HpHhIX 
noBepXHOCTeH KJiacca C2 3TH CB.II3H ,D;OBOJibHO TeCHhl. 
CM. TaKll\e IIoepy:m:ennbix :M1toeoo6paauu eeo:Mempug, 

lf3yqeH11e noBe)J;eH11.H KpnBhIX Ha noBepxHoCT.HX (acu:Mn
momuJtec1>ux .ttunuu, eeoaeauJtec1>ux .ttunuu n )J;p.), a TaRme 
nap HX O)J;HonapaMeTp1111. ceMeHCTB - T. H. cemeu -
np11BeJio K BhI)J;eJieH11ID cneu,naJibHhIX KJiaccoB noBepxHo
CTeii. Hanp., nepenoca nooepxnocmb xapaKTep113yeTC.II 
cymecTB0BaH11eM Ha Heii ceTn nepeHoca, <Pocca nooepx
nocmb - ceTbID <l>occa, .ttuneu'lamag nooepxnocmb - no
Jiyreo)J;e3n11ecKoii: acnMDTOT1111. ceThID n T. ,a;. Teopn.H 
CeTeli TeCHo CB.H3aHa c BonpocaM11 oT06pameHnii noBepx
HOCTeli Ha IlOBepxHOCTll. Haia6oJiee Ball\HhIMH KJiacca11m 
OTo6pameHnii .HBJI.IIIDTC.H: uao.Memp U'lec1>oe omo6 pa :m:enue, 
np11 K-poM coxpaH.HIDTC.II AJIHHhl ,a;yr' nJIOIU,a)J;ll H yrJihl 
Mell\AY ABYM.H HanpaBJieHll.IIMll, llCXO,D;.IIII\llMH 113 OAHOH 
TO'IKH; 1>onrf>op:Mnoe omo6pa :m:enue, npn K-poM coxpa
H.IIIDTC.II yrJihl Mell\AY BC.IIKllMll ABYM.H HanpaBJieHH.IIMH, 
BhIXOA.IIIIl,HMll 113 O,D;HOH TO'IKH (Hanp., cmepeoeparjiu'leCKllR, 
npoe1>1fUR,); crf>epu'lec1>oe omo6pa:m:enue, np11 K-poM Kall\)J;OH 
TO'IKe IlOBepXHOCTH no napaJIJieJibHOCTH HOpMaJieli CTa
BHTC.II B COOTBeTCTBHH TO'IKa c«Pephl; eeoaeau'leCKOe om
o6pa:m:enue, np11 KOTOpoM reo,a;e3n1JeCKHe JIHHHH O)J;HOH 
llOBepXHOCTH COOTBeTCTBYIDT reo)J;e3H'leCKHM )J;pyroli no
BepxHOCTH; 3KBHapeaJibHOe OTo6pameHHe, npn H-poM IlJIO
!Il,a,a;u COOTBeTCTBYIDII\HX «Puryp HaXO)J;.IITC.II B noCTO.IIHHOM 
~ THOIIleHHH. 

o6pa30BaH11:ii, Hanp. rpynne a«P«P11HHhIX llJIH npoeKTHBHhIX 
npeo6pa30BaHllH. A«P«P11HHa.H n. T. paccMaTp11BaeT CBOH· 
CTBa noBepxHOCTeH, HeH3MeHHhle npH 3KBna«P«P11HHhIX 
npeo6pa3oBaHH.IIX (T. e. a«P«PHHHhIX npeo6pa30BaH11.Hx, 
COXpaH.HIDII\llX o6'beM). IlpoeKTHBHa.H Il. T. paCCMaTp11BaeT 
npoeKTHBHO llHBap11aHTHhle CBOHCTBa noBepxHOCTeii:. CM. 
TaKll\e A rf>rf>unnag aurjirf>epe1tlfUa.1tb1ta1t eeo.Mempug, II po
e1>muonag aurjirf>epenlfUa.ttbltaR, ZfO.Mempug, Ronrf>op.lttltO· 
aurjjrf>epeltlfUa.ttbltaR, UO.Mempug, 

MccJie)J;oBaH11.H II. T., 113y'leHne noJieli Tex nJIB HHhIX 
reoMeTpll'I. o6'beKTOB, CB.H3aHHhIX c noBepXHOCT.IIMH, 
CTHMyJinpoBaJin pa3BHTlle MHornx MeTO)J;OB, HaIDe)J;IlIHX 
npnMeHeHne 11 B AP· o6JiaCT.HX MaTeMaTnKH, «Pn311KH H 
MexaH11K11 (Hanp., menaopnblu ana.ttua, Kapmana .Memoa 
oneranux rf>op.M 11 )J;p.). 

)].JI.II II. T. B TOM B11)J;e, B KaKoM OHa CJIOll\llJiaCb B KOH. 
19 B., xapaKTepHo paCCMOTpeHne TOJlbKO )J;OCTaTO'IHO 
peryJI.HpHhIX )];JI.II np11MeHeH11.1I ,a;n«P«PepeHu,naJibHoro nc
'lncJieH11.H noBepxHoCTeii (11JIH ux qacTe:ii). C Ha'I. 20 B. 
IlO.IIBllJlllCb HanpaBJieHnH llCCJie,D;OBaH11ii II. T., B K-phIX 
OTKa3 OT Tpe6oBaHHH ,a;n«P«PepeHu,11pyeMOCTll KOMileHcnpy
eTC.II KaKnMH-TO HHhIMH Tpe6oBaHH.IIMH, rapaHTHPYIDII\HMll 
noJiy'leH11e coAepmaTeJihHhIX reoMeTpn11. pe3yJihTaToB. 
TaK11M11 Tpe60BaHn.HM11 6hIJIH, Hanp., BhlnyKJIOCTh n3y-
11aeMoli noBepxHOCTll (cM. Bb1ny1>.1taR, nooepxnocmb), Jio
KaJibHa.H e)J;llHCTBeHHOCTh reo,a;e3n'leCKoii. RpoMe Toro, 
npe)J;MeTOM n3y11eHll.II CTaJIH noBepXHOCTll BO BCeM BX 
npoT.Hll\eHHH (T. H. eeo.Mempug 8 lfMO.M), a He B )J;OCTaTO'IHO 
MaJIOM y11aCTKe, KaK 3TO HMeJio MeCTO B KJiaccu11eCKOH 
An«P«PepeHu,11aJibHoii reoMeTpnu. Ilpn aTOM cymecTBeHHhIMH 
.IIBJl.Hl()TC.II yqeT llX TOilOJIOfH'I. CTpoeHH.II (Hanp., poA 
IlOBepXHOCTll), llX IlOJIHOThl B TOM HJIH HHOM CMhICJie H 
CB.II3H 3THX xapaKTep11CTllK c pacnpe)J;eJieHneM KpHBH3Hhl. 

MccJie)J;oBaHn.H no ,a;11.iP«PepeHu,naJibHoii reoMeTp11n MHO
roMepHhIX npocTpaHCTB, 3JIJIHilTH'leCKOro npocTpaHCTBa 
n npocTpaHCTBa JI06a11eBCKoro ycTaHOBHJIH p.HA reoMeT
pn'I. «PaKTOB, OTHOC.HmHXC.II K II. T. B 3THX npoCTpaHCTBax. 

Jium.: [1] Pam e B c Rutt Il. H., Rypc m11jHjJepem-1uaJ1bHOfi 
reoMeTpuu, 4 ua11., M., 1956; [2] B JI JI m Re B., )l;ucjJcjJepem-1uaJ1b
HaJI reoMeTpHlI ... , nep. c HeM., T. 1, M.- JI., 1935; L3l H 0 p
)1 e H A. rr., TeopHlI nonepXHOCTefi, M., 1956; [4] Ra r a H B. <I>., 
0CH0Bbl TeOpHH nonepXHOCTefi B ireH30PHOM H3JIO>Remm, 'I. 1-2, 
M.- JI., 1947-48; (5] illy JI HR 0 BC RH fi B. IL, RJ1aCCH'leCRaJI 
)IHcjJcjJepem~aJlbHaJI reOMeTPHlI B TeH30PHOM H3JIO>ReHHH, M., 1963; 
[6] A JI e R c a H 11 p o B A. A·, BHYTPeHHJIJI reoMeTpHlI BbIIlYRJlblX 
nonepxHOCTefi, M.- JI., 1948; [7] Il or ope JI o BA. B., BHemHJIJI 
reoMeTpHJI BbIIlYRJlblX noeepXHOCTefi, M., 1969; [8] Darb o u x G., 
Lecons sur la theorie generale des surfaces, 2 ed., t. 1-4, P., 1914-
1925; [9] B i an chi L., Lezioni di geometria difterenziale, 3 
ed., t. 1-2, Bologna, 1937. IO. A. AMU1W6. 

IIOBEPXHOCTHAH ll>YHRIJ;IIH - «liYHKu,n.H MHo-
mecTBa Ha c«Pepe Q, paBHa.H nJioma,a;n S (E) To:ii 11acTn 
BhlllYKJIOH IlOBepxB:OCTll F' K-pa.H HMeeT CBOHM c4Jepn11. 
113o6pameHueM EcQ. 0Ha coxpaH.HeT CMhICJI ,a;JI.H 06m;11x 
BhlllyKJihIX noBepxHOCTeH H .IIBJI.HeTC.II BllOJIHe aMHTHBHOH 
Ha KOJlh!le 6opeJieBCKHX MHOll\eCTB. 

Jium.: [1] A JI e R ca H )Ip 0 B A. ,ll., «MaTeM. c5.», 1938, T. 3, 
No 1, c. 27-44; [2] By a e Ma Hr., BbinYRJlble nonepxHOCTH, nep. 
c aHrJI., M., 1964. M. H. Boil:lfexo•c=u. 

IIOBEPXHOCTHblll llHTErPAJI - rrnrnrpaJI no no
BepxHoCTn. IlyCTb DOBepxHOCTb s' pacnoJIOll\eHHa.H B 
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TpexMepHoM eBRJinp;oBoM npocTpaHCTBe IRS c p;eKapTo
BblMn Roopp;nHaTaMn x, y, z II nMe10rn;aH, 6bITb MQ)l\eT, 
caMonepeceqeHnH, 3ap;aHa seKTOpHhIM npep;cTaBJieHneM 

r=r (u, v), 
r p;e r (u, v) = (x (u, v), y (u, v), z (u, v)) (1) 
- HenpepbIBHO p;mpiJ>epeHu;npyeMaH seKTop-iJ>yHKIJ;HH, on
pep;eJieHHaH Ha 3aMblKaHnn G nsyMepHoii H3MepnMoii no 
JKopnaHy o6JiaCTn G, pacnoJiomeHHoii: Ha nJIOCROCTn c 
neKapTOBblMH Roopp;nHaTaMn u, v. IIyCTb 

( ar)2 arar (ar)2 
gii= au 'gu=auav' g22 = av 

- KoaiJ>iJ>nu;neBTbI nepsoii Ksap;pamqHoii iJ>opMbI nollepx
HOCTII S. Ecmi: qepea F(x, y, z) o6o3Ha'lIITh iJ>yHKU,IIIO, 
onpep;eJieHHy10 Ha nosepxHocTn S, T. e. iJ>yrrKu;n10 F (:t (u, v), 
y(u, v), z(u, v)), TO nosepXHOCTilblH HHTe
r p a JI n e p B o r o p o A a (nJin n H T e r p a JI n o 
n JI o rn; a A n n o B e p x H o c T n) onpep;eJIRIOT pa
ReHCTBOM 

~ ~ 8 F (x, y, z) dS= 

= ~ ~ G F (x (u, v), y (u, v), z (u, v)) V g11g22 -gi2 dudv. (2) 

8To onpep;eJieHne He aasncnT OT RbI6opa npep;cTaBJl0HIIH 
noBepXHOCTII. II. II. 1-ro pop;a HBJIHeTCH npep;eJIOM COOT
neTCTByroru;nx HHTerpaJihHblX cyMM, K-pbie MoryT 6b1Th 
onncaHbl B TepMnHax, CBH3aHHblX c IIOBepXHOCTbIO. Hanp.' 
ecJin iJ>yHKIJ.HH F(x(u, v), y(u, v), z(u, v)) nHTerpnpyeMa 
no PnMaHy, T= {S; }~'.:~ - pa36neHne nonepxHoCTn S 
ua. qacTn S ;, RBJIHIOru;necH o6paaaMn npn oTo6pametmn 
(1) MHomecTB E ;CG, 06paay10ru;ux paa6nerrne T0= {E; }f:f 
MHomeCTBa G (CM. Hpamli&iii Ulimeepa.1t), n 

mes S; = ~ ~ E. V g11g 22 _ gi2 dudv 
l 

- mrorn;ap;b S ;, TO 

~ ~ 8 F (x, y, z) dS = 

= lim ~~ F (x ([;1, ri;), y (s;, ri;), z ([;;, ri;l) mess;, 
O"t",-+O to:1 

rp;e 4\0 - MeJIKoCTh pa36neHnH T0 , a (s;, f];) EE;. B cJiyqae 
RBHOfO aap;aHilH nonepxHOCTII s B BIIAe z=f(x, y), 
(x, y) E G, iJ>opMyJia (2) npnHnMaeT BIIA 

~ ~ 8 F (x, y, z) dS = 

= ~ ~ G F (x, y, f (x, y))-{_1_+_("""°/"'"'x )-2~+-(.,..o""'/u;-:)--..2 dxdy. 

EcJiu na noBepXHOCTH S c BeKTOpHbIM npep;cTaBJieHneM 
(1) HeT oco6blx TO'leK, T. e. ruX rv?"=O, TO ee MOlRHO opn
eHTnponaTh, Bb16pas Ha Heil: HenpepbIBHYIO ep;nHII'lHYIO 

1' xr 
HOpMaJib n= (cos a, cos~. cosy), Hanp. n-

1
.,.:x•·:i · 

)l.JIH opneHTIIpOBaHHOH nonepxHOCTII s + onpep;eJIRIOT 
nosepxHocTHble nHTerpaJihl nToporo 
p o A a no iJ>opMyJiaM 

~~ 8 +F(a:, y, z)dxdy=~~ 8 F(x, y, z)cosydS,} 

~~s+ F(x, y, z)dydz=~~ 8 F(x, y, z)cosadS, (3) 

~~s+F(x, y, z)dydz=~~ 8 F(x, y, z)cos~dS, 
rp;e B npaBoii qacTH CTOHT II. n. 1-ro pop;a. EcJIH s- -
nonepxHOCTb s c opneHTau;ne:ii, npOTIIBOnOJIOlRHOH opn
eHTau;nn S + , To 

~~ 8 _F(x, y, z)dxdy=-~~s+F(x, y, z)dxdy. 

AnaJiorII'lHble paseHCTBa nMeIOT MeCTo B cJiyqae ocTaJib
Hhlx IT. IL 2-ro pop;a (3). KaK n IT. II. 1-ro pop;a, IT. II. 
2-ro pop;a HBJIHIOTCH npep;eJiaMn IIHTerpaJibHblX cyMM, 
K-pble MOlRHO onncaTh B TepMnHax nosepxHOCTn. 

r xr 
EcJin n= 1-u __ .£.., TO cnpaBep;JinBa iJ>opMyJia 

ruXrvl 

~~s+F(x, y, z)dxdy= 

r r , a (x, y) 
= j j G F (x (u, v), y \U, v), z (u, v)) a (u, v) dudv. 

AHaJiorn'lBble iJ>opMYJibI cnpasep;JIIIBbI n AJIH p;pyrnx 
IT. n. 2-ro pop;a (3). 

B qaCTHOCTn, AJIH cJiy'laH nosepxHOCTII z= f (x, y), 

(x, Y)EG: 

~~S+F(x, y,z)dxdy=~~GF(x, y, f(x, y))dxdy, 

~ ~s- F (x, y, z) dx dy= - ~ ~G F (x, y, f (x, y)) dxdy. 

IIepBbIH li3 3TIIX IIHTerpaJIOB Ha3. IIHTerpaJIOM no <rnepx
Heii:» CTOpOHe noBepXHOCTli s' a BTOpoii: - no ((HIIlRHeii». 

r Xr 
8Ta TepMliHOJIOflIH CBH3aHa c TeM, 'ITO neKTOp n= ~ .. vi 

u v 
B cJiyqae HBHoro 3ap;annH nosepxHOCTII S, T. e. Korp;a 
x= u, y= v, z= f (x, y), cocTaBJIHeT OCTpbIH yroJI c OCbIO 
z, T. e. HanpaBJieH «BBepx», a BO BTOpOM CJiyqae - Tynoii 
yroJI n, CJiep;oBateJihHO, HanpasJieH «BHII3». 

EcJin rJiap;KaH nosepXHOCTh S HBJIHeTCH rpaHnu;eii 
orpaHn'leHHoii o6JiaCTn n S + o6o3Ha'laeT ee opneHTau;n10 
c noMOIIJ.blO BHenmeii:, a, 3Ha'lIIT' s - c noMOiu;bIO BHyT
peHHeii, HOpMaJin no OTHOIIIeHIIIO K yKa3aHHOH o6JiaCTII, 
TO IT. n. 2-ro pop;a no opneHTnposaHHOH noBepxHOCTII S + 
Ha3. II. II. n 0 B He III He ii c T 0 p 0 H e n 0 B e p x
H OCT II, a no s--rr. n. no BHyTpeuHeii 
CT 0 p 0 He. 

II. n. no KyCO'lHO rJiap;Ke:M nosepxHOCTHM, K-pble 
MoryT 6bITb pa36IIThl Ha KOHe'lHOe 'l!ICJIO qacTeii., Kamp;aH 
n3 K-pblx nMeeT seKTOpHoe npep;cTaBJieHne (1), onpep;e
JIHIOTCH KaK cyMMbl II. li. no COOTBeTCTBYIOIIJ.IIM 'laCTHM. 
TaK, onpep;eJieHHhle IT. n. no Kycoqno rJiap;KnM nonepx
HOCTHM He 3aBIICHT OT cnoco6a pa36neHIIH noBepxHOCTII 
Ha yKa3aHHbie 'laCTII. 

Ocmpoepaac1w20 rfjop.My.1ta ycTaHaBJinnaeT caH3b Memp;y 
TpoiirrhIM 1rnTerpaJioM no TpexMepHoii orpaHn'leHHoii 
o6JiaCTII H II. n. no ee rpaHnu;e, a Cmm;,ca rfjop.My.1ta -
Memp;y II. II. II KpIIBOJIIIHeHHb!M IIHTerpaJIOM no KOHTypy, 
HBJIHIOIIJ.IIMCH ee KpaeM. 

II. n. ~ ~ 5dS paneH nJioru;ap;n nonepxHOCTn S. EcJin 

Ha noBepxHoCTII S pacnpe,ri;eJieHa Macca c UJIOTHOCThIO 

F(x, y, z), TO II. n. ~ ~ 5F(i, y, z)dS paeeu neJin'lnHe 

sceii: 1lTO:ii MaccbI. EcJiu a=a (x, y, z) - BeKTOpHaH ¢yHK
u;nH, 3ap;aHHaH Ha opneHTnposaHHoii c noMOIIJ.bIO ep;nHn'l
Hoii HOpMaJin n noeepxHOCTII s, TO IT. II. 

~ ~ 8 an dS 

Ha3. n 0 T 0 K 0 M B e K T 0 p H 0 r 0 II 0 JI H a qepe3 
nonepxHOCTb s. Qqennp;Ho, OH He 3aBIICIIT OT BbI6opa 
CIICTeMbI KOOpp;nHaT B npoCTpaHCTBe IR.3. c nOMOIIJ.bIO 
IT. n. 3annCblBaIOT aeoiinoeo c.1tosi nomenifua.1t n npocmo20 
c.1tosi nomenifUa.1t. 

EcJin noeepxHOCTh S HBJIHeTCH p;niJ>iJ>epeHu;npyeMb!M 
MHoroo6pa3neM, HenpephIBHO p;niJ>iJ>epeHu;npyeMhle He
oTpnu;aTeJibHble iJ>yHKu;nn cp i (x, y, z), j = 1, 2, .•• , m, 
o6pa3yIOT pa36neHne ep;nHnu;hl Ha S, T. e. 
HocnTeJih Kamp;oii. iJ>ynKu;nn cop;epmnrcH B neK-poii. ,;,apme 

MHOroo6pa3HH s II ~~l cp j (x, y, z) = 1 AJIH Kamp;oii. TO'lKII 
(x, y, z) ES, a iJ>yHKll,IIH F(x, y, z) onpep;eJieHa Ha S, TO, 
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IIO onpeAeJieHl'llO, 

r\ F(x,y,z)dS="'1~ rr C/!j(x,y,z)F(x,y,z)dS, (4) J J s "'-i1=1 J J s 
rAe Kal«AblH HHTerpaJI B npaBoii 'laCTH DOHHMaeTCH B 
CMblcJie (2). EcJIH S + - opueHTHponaHHoe AByMepHoe 
MHoroo6paaue, TO 

rr F(x, y, z)dxdy= "'1m rr 1p1·(x,y,z)F(x,y,z)dxdy. J Js+ "'-i1=d Js+ 
(5) 

AHaJIOrH'IHO onpeAeJIHIOTCH n. H. 2-ro pOAa APYrHx 
THIIOB (3). OnpeAeJieHHH (4) l'I (5) He aaBHCHT OT Bbl6opa 
paa6neHHH eAHHH~bl Ha MHoroo6pa3HH s. 

Jlum.: [1) H JI b B H B. A., Il 0 a H HR :3. r., 0eHOBbl M8TeMa
TH'leeROrO aHaJIHaa, 2 H3)J;., 'I. 2, M., 1980; [2) Hy )I; pH B
ue B JI. ,ll .• Hype MaTeM8TH'leeRoro aHaJIH3a, T. 2, M .• 1981; [3] 
H B R o JI b e R H ll: C. M., Hype MaTeMaTB'lee1mro aHaJIHaa.L 2 HB)J;., 
T. 2, M., 1975; [4) ,ll; y 6 p 0 BB H B. A., Ho BB R 0 BC. 11., <l> O
M e HR 0 A. T .• CoepeMeHHaH reoMeTpHII, M .• 1979; [5) M H
m e HR 0 A. c., <l> 0 Me HR 0 A. T., Hype )J;HljJl!JepeHnHaJibHOi! 
reoMeTJJHH H ronoJioruH, M., 1980. JI. lf.. RyOpMv,ee. 

IIOBEPXHOCTHbIO: IIOTEHllUAJI - noren~naJI Me
pbl, cocpeAOTO'leHBOH Ha HeK-poii: noBepxHOCTH. IlpH 
peIIIeBHH OCBOBHblX rpaHH'IHblX 3aAa'I nomelllfUll.Jta meopuu 
npHMeHHIOTCH ABa BHAa II. n.: npocmoeo c.1ton nomenlfUll.Jt 

r µ <Y> 
V (x) = J s I y-z I dS Y' 

C03AaBaeMblH pacnpeAeJieHHOH no noBepXHOCTH s Mepoil: 
c DJIOTHOCThIO µ (y), y ES; H onoiinoeo c.1ton nomen!fua.1t 

r a 1 
W(x)= J v(y)an11 IY-xldSy, 

C03AaBaeMblii: pacnpeAeJieHHOH Ha s Mepoii c DJIOTHOCTblO 
v (y). <l>H3H'leCKl'I noTeH~HaJI npocTOro CJIOH HHTepnpe
THpyeTCH KaK noTeH~HaJI aJieKTpH'I. aap.HAOB c nJIOTHO
CTbIO µ (y), a noTeH~HaJI ABOHHoro CJIOH - KaK noTeH~HaJI 
AHnoJieii: c nJIOTHOCThIO v (y) (cM. TaKme My.1tbmUnO.Jtn 
nomelllfUa.1t). E. lf.. C0.110~1<1.1ee. 

IIOBEPXHOCTb - OAHO ua ocHOBHblx noHHTHH reo
MeTpHH. 0 npeAeJieHHH II. B paaJIH'IHblx o6Jiacnrx reo
MeTpHH cymecTBeHHO OTJIH'l8IOTCH Apyr OT Apyra. 

B aJieMeHTapHoii reoMeTpHH paccMaTpHBaIOTCH nJiocKo
C'IH 1 MHOrOrpaHHble fl. 1 a TaKi«e HeK-pble Kpl'IBble fl. 
(Hanp., ctliepa). KamAaH na KpHBblx II. onpeAeJIHeTCH 
cne~uaJihHbIM cnoco6oM, 'lame ncero KaK MHomecTBO 
TO'leK HJIH JIHHHii:. 06r~ee noHHTHe II. B aJieMeHTapaoii: 
reoMeTpHH JIHIIIb DOHCH.HeTCH, a He onpeAeJI.aeTCH: :o
BOpHT, 'ITO II. ecTh rpaan~a TeJia HJIH cJieA ABHi«ym;encn 
JIHHl'IH H T. n. 

B aHaJIHTH'I. H aJire6pauq:. reoMeTpHH II. paccMaTpH
naeTcH K8K MHOl«eCTBO TO'leK, KOOPAHHaTbl K-pblX YAOB
JieTBOpHIOT onpeAeJieHHOMy BHAY ypaBHeHHH (cM., Hanp., 
Ilonepxnocmb nmopoeo nopnona, A .1tee6pau1tecnan nonepx
nocmb). 

B 3-MepHoM eBKJIHAOBOM npocTpaHCTBe E3 II. onpeAe
JIHeTcH c DOMOlllhIO nOHHTHH n p 0 c T 0 ii: II. KaK roMeo
MOPtPH3M KBaApaTa B E3 • II. DOHHMaeTCH KaK CBH3HOe 
MHomecTBO npocTblX II. (Hanp., ctliepa HBJIHeTcH o6'beAH
HeaueM ABYX noJiyctliep - npocTblx II.). 

06bl'IHO aaAaHHe II. B E 3 ocym;ecmJI.aeTc.a neKTop
tPYHK~Heii: 

r=r (x (u, v), y (u, v), z (u, v)), 

rAe O..;;:u..;;:1, O..;;:v..;;:1, a 

x=x(u, v), y=y(u, v), z=z(u, v) 

- tPYHK~HH napaMeTpon u n v, YAOBJieTBop1110m;ne HeK-pblM 
ycJIOBl'IHM peryJIHpHOCTH, Hanp. ycJIOBHIO 

rang II x~ y~ z~lll = 2 
Xu Yu Zv 

(cM. TaKme ,l(uefirfiepenlfUll.Jtbllan eeoJrtempua, IloBep:i:Ko~ 
cmei"i meopun, PuManona eeoMempun). 

C TO'IKH 3peHHH TODOJIOrHH II.- OByMepKOe .M.MeOo6-
paaue. JI. A. cuaopoe. 

K3-IIOBEPXHOCTh - rJI8AKaH npoeRTHBHan aJire6pa
H'I. DOBepXHOCTb X 1 r K-poii KaHOHl'I'I. KJiaCC TpHBH8JieH 
H paaMepHOCTb dimH (X' Q1) npocTpaHcTBa OAHOMepHblX 
AHtPtliepeH~HaJihHblX tliopM Ha X paBHa 0. ,ll;JIH K3-II. 
l'I3BeCTHbl 3Ha'leHHH cJieAyIOm;Hx HHBapHaHTOB: reoMeTpH'I. 
poA Pg= dim H 2 (X, Q2) = 1, aii:Jiepona xapaKTepHCTHKa 
CTpyKTypHoro ny'IKa x (6)= 2, aTaJibHble HJIH (HaA noJieM 
KoMnJieKCHblX 'IHCeJI) TonoJiorH'I. 'IHCJia BeTTH b0=b4=1, 
b1=b3=0, b2=22, xapaKrepHCTHKa :=liiJiepa - IIyaHKa
pe e ( X) = 24. <l>opMyJia PuMaHa - Pox a AJIH OAHOMep
aoro o6paTHMoro ny'IKa D Ha K3-II. npuo6peTaeT BHA 

dim Ho (X, D)+dim H0 (X, D- 1)=(Dd' +2+dimH1(X,D), 

rAe (D)2 - HHAeRc caMonepece'leHHH KJiacca p;uenao
poB COOTBeTCTBy10m;ero ny'IKY D (cM. PuMaKa - Poxa 
meopeMa). EcJIH ny'IKY D cooTBeTCTByeT atiitl>eKTHBHblii 
HenpHBOAHMblH AHBH30p, TO H 1 (X, D)=O. 

<l>opMyJia AJIH Bbl'IHCJieHHH aputliMeTH'I. poAa HenpH
BOAHMoii KpHBOH c Ha x TOl«e HMeeT npocTOii: BHA: 

(C)' 
Pa (C)=2+1. 

KaK cJieACTBHe noJiyq:aeTcH, 'ITO (C) 2;:;a,-2, a paeeacTBO 
(C)2= -2 6yAeT BblDOJIHeHO TOJibKO AJIH maAKl'IX pa~IJO• 
HaJihHblX KpHBblX. 0TCIOAa TaKme CJieAyeT, 'ITO (D)2 -

'leTHoe 'IHCJio AJIH JI106oro AHBH3opa D. IIyCTb N (X) -
rpynna HepoHa - Cenepn nonepxHOCTH X, T. e. rpynna 
KJiaCCOB AHBH30p0B Ha x OTHOCliTeJibHO aJire6paH'I. 
SKBHBaJieHTHOCTH. TorAa N (X) - cno6oAHaH a6eJieea 
rpynna paHra p, rAe 1 <=p-<:20, ecJIH xapaKTepucTHKa 
OCHOBHOro noJIH k paBHa 0, H 1<p..;;:20 HJIH p=22, ecJIH 
char k>O. MHAeKc nepece'l:eHHH onpeAeJI.aeT Ha N (X) 
~eJI03Ha'IHYIO 6nmrne:ii:Hyl0 tliopMy, y K-poii: KB8AP8T 
JI106oro aJieMeHTa 'leTeH. IIonepxaocTH c p=20 (npH 
char k=O) Ha3. c H Hr y JI H pH bl M H, a c p=22 (npH 
char k>O) - c y n e p c H H r y JI H p H bl M H. 

Eme OAHH 'IHcJieHHblii HHBapuaHT nonepxaocTH X -
8TO MHHHMaJibBblH B03MOl«HblH HHAeKc n caMonepece'Ie
HHH atlitlieKTHBHOrO O'leHh o6HJibBOro AHBH3opa Ha x' 
T. e. MHHHM8JibHa.H B03M0l«Ha.H CTeneHh non.apnaa~HH 

Ha X. EcJIH :n= 2n-2, To noeepxHOCTh X Momao BJIOl«HTh 
B n-MepHoe npoeKTHBHOe npocTpaHCTBO H HeJib3H BJIOl«HTb 
B npoeKTHBHOe npocTpaHCTBO MeHhIIIeii: paaMepHOCTH. 

Bai«Hblii: cnoco6 nay'leHnH K3-II.- npeACTaBJieHne ux 
B BHAe ceMeHCTBa (ny'IKa) 8JIJIHnTU'I. KpHBblX. IIoeepx
HOCTb x npeACT8BJI0Ha B BHAe ceMeHCTBa 8JIJIHnTH'I. 
KpHBblX, ecJIH 38A8BO peryJIHpHoe OT06pameHHe t" : x -
- pi, Bee CJIOH K-poro, KpoMe KOHe'IHOro HX 'IHCJia,
Heoco6ble aJIJIHnTH'I. KpHBble. IIonepXHOCTb X MomeT 
6blTb npeACTaBJieHa B T8KOM BHAe TOrAa Ii TOJiblW TOrAa, 
KOrAa B rpynne N (X) eCTb HeByJieBOH aJieMeBT c HHAeK
COM caMonepece'leHHH 0, np:e:'leM BCeB03MOl«Bble TaKHe 
npeAcTaBJleBHH COOTBeTcTBYIOT KJiaccaM a.p.peKTHBHblX 
AHBnaopoe c HB,l:\eKcoM caMonepeceq:emrn 0. EcJin no
nepxHOCTh, npeACTaBJieHHaH B BHAe ceMeii:CTBa 8.JlJill:DTH'I. 
KpHBblX, HBJI.HeTCH K3-II., TO y Hee HeT KpaTHblX CJIOeB. 
IIocTpoeHHOe no TaKoMy ceMeii:cTBY HKo6neeo aJIJIHnTn'I. 
ceMeii:cTBO CHOBa 6yAeT K3-II. 

Bai«HblH KJiacc K3-II.- KyMMepa nonepxnocmu. KyM
Mepoea noBepXHOCTh - 8TO Heoco6a.a MOAeJib tliaKTOpa 
AByMepHoro a6eJieea MHoroo6paan.a A no noArpynne 
aBTOMopd>naMoB, nopOl«A0HHOH OTo6pameHneM aaMeHbl 
3HaKa. B 'lacTHocrn, KyMMeponoii: 6yAeT nonepxBOCTh, 
aaAaeaeMan ypaBHeHneM x~+xf+x~+x~=O B P3 • JI106a.11 
rJI8AK8a DOBepxHOCTb 4-ii CTeneHn B pa HBJIHeTCH K3-Il. 
IIonepxHOCTHMH K3 6YAYT rJiaARHe nonepxHOCTH, noJiy
q:aeMble KaK nepece'l:eHne Tpex rnnepnonepxaocTeii 2-:ii 
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CTeIIeH11 (1rnaApIIK) B po H KaK ABOHHOe uaKphlTile IIJIO
CKOCTII c KpilBOH BeTBJieHHH 6-ii: CTeIIeHn. 

Bee R3-II. HaA IIOJieM IWMIIJieKcHhlX qncea AmpiJ>eo
MopiJ>Hhl, HX MHOroo6paane MOAyJieii: CBH3HO .II IlMeeT paa
MepHOCTb 19. CTpoeHne aTOro MHoroo6paa11.11 MoAyJieii: 
ll aBTOMopiJ>II3Mhl R3-II. IIayqaIOT IIPII IIOMOIIIJI omo6pa
:HCenusi nepuoooo. ,ll;JIH R3-II. Han IIOJieM KOMIIJieKCHhlX 
'lilCeJI OTo6pameHne IIepnOAOB 6HeKTilBHO (TeopeMa THIIa 
TopeJIJII1) (cM. [2]). 

EcJIII aanaHo oAHOMepHoe ceMeiicTBo K3-II. (Han IC) 
c onHHM BhlpomneHHhIM CJIOeM, TO IIOCJie eaKpb!TilH 6aahl 
ero Momuo IIepecTponTh, He MeH.HH BHe BhlpomneHHoro 
CJIO.H, TaK 'ITO 3TOT BhlpOiRAeHHhlH CJIOH Jin6o CTaHeT 
HeBhlpOlRAeHHhlM, Jin6o 6yneT OAHOro 113 nByx TilIIOB: (a) 
KOMIIOHeHThl Bhlp01RAeHHOro CJIO.H H KpHBhle IIepeceqeHHH 
pau;noHaJibHhl, nBoHCTBeHHhlH IIOJIIIanp Bhlpomneauoro 
CJIOH HMeeT TOIIOJIOr1111. THII nByMepHOH ciJ>ephl' (6) KOM
IIOHeHThl Bhlpomneeuoro CJIOH COCTaBJIHIOT neIIoqKy, 
aeIIycToe rrepeceqeHne IIMeIOT TOJibKo cocenHne IIoBepx
HOCTII, KpaiiHile nBe IIOBepxHOCTH pau;I10HaJibHhl' cpen
Hlle - aJIJIHIITIIqecmre Jinueil11aThle, KpnBhle IIepeceqe
HH.H - aJIJIIIIIT11qecKI1e. T11IIhl (a) nan: (6) B03HHKaIOT, 
KOrAa MOHonpoMIIH ceMeii:cTBa HeTpHBHaJibHa (CM. [2]). 

K3-II. aan aJire6pa11qecKn aaMKHYThIM IIoJieM IIoJioma
TeJihHoii: xapaKTepHCTHKH noIIycKaIOT IIOn'beM B xapaKTe
pIICTHKY HyJih, MonyJIII HX KpHCTaJIJin:q. KoroMoJiorn:ii He 
l!MeIOT KpyqeHH.H, a paHrH 3THX MOAYJieii COBIIanaIOT c 
pa3MepHOCT.HMH COOTBeTCTBYIOIIJ;HX 3TaJibHhlX KOrOMOJIO
rn:ii:. ,IJ;mr cyIIepnHryJIHpHhlX IIOBepXHOCTeii: IlOCTpoeH 
aHaJior OT06pamel!HH IIepIIonoB, H nJI.11 Hero Tome AOKa
aaHa TeopeMa Tmrn TopeJIJIH. MHoroo6paan:e IIepn:oAOB 
anech aerrpn:Bonn:Mo, IIOJIHO, IIMeeT paaMepHOCTh 9 H 
YHIIpanIIoHaJihHO. Orrn:caHhl Bee BoaMoiRHhle AJI.H cyrrep
CI1HryJI.11pHhlx IIOBepxHOCTeH iJ>oplli:hl rrepeceqeHHH Ha 
N (X), n:x 9 nJIH KalRAOro 3Ha'leHHH xapaKTepHCTIIKH 
OCHOBHOro IIOJIH (cM. [ 4]). 

Jlum.: (1] AJireopaH'!ecime noBepxHocTH, M., 1965 (Tp. MaTeM. 
HH-Ta AH CCCP, T. 75); (2] I\ y JI II'. Ro B B. C., «H3B. AH CCCP. 
Cep. MaTeM.», 1977, T. Id. No 5, c. 1008-42; (3] p y n a R 0 B A. H., 
ill a «flap e B II'. 'I ll. P., «HaB. AH CCCP. Cep. MaTeM.», 1981, 
T. 45, M 3, c. 646-61: [4] HTOrll'. Haym• II'. TeXHll'.Rll'.. CoBpeMeH
Hh!e npoOJJeMhl MaTeMaTll'.Rll'., T. 18, M., 1981. A.H. PyfJaiw•. 

IIOBEPXHOCTb BTOPoro IIOPH,D;KA - MHomecTBo 
TO'leK 3-MepHoro AeiicTBl!TeJibHOro (HJIH KOMIIJieKCHOro) 
IIpocTpaHCTBa, KoopAHHaThl K-phlX B neKapTOBOH CIICTeMe 
YAOBJieTBop.HIOT aJire6paH'l. ypaBHeHHIO 2-ii: cTeIIeHH 

aux2 + a22Y2 + aaaZ2 + 2a12XY + 2a13XZ + 2a23YZ + 
+2a14x+2a24 y +2a34z + a44 =0. (*) 

YpaBHeHHe (*) MomeT H ae oIIpeAeJI.HTh neiicTBHTeJihHoro 
reoMeTpH'I. o6paaa, B TaKHX CJiy'laHX roBopHT, qTo ypaB
HeHn:e (*) oIIpeAeJI.11eT MHHMYIO II. B. II. B aae11c11MoCTH 
OT 3Ha'leHHH KoaiJ>iJ>nu;neHTOB o6IIJ;ero ypaBHeHllH (*) 
OHO MomeT 6h1Th IIpeo6paaoBaHo c IIoMomhIO IIapaJIJieJih
aoro IIepeHoca H IIOBopoTa CHCTeMhl KOOPAllHRT Ha HeK-phlH 
yroJI K onHoMy Il3 17 IIpHBeAeHHhlX HlllRe KRHOH!l'l. 
BHAOB, KalRAOMY H3 K-phlx COOTBeTCTByeT oIIpe11.eJieHHhIH 
KJiacc rroBepxHocTeii:. MMeHHo, 

a e B hi p o m µ; a IO m II e c .11 H e p a c II a µ; a IO m n: e
c n IIOB0pXHOCTH: 
x2 y2 z2 
a.+b>+c.=1 -a411uncoua, 

x2 y2 z2 
-cz; -bi"+ C> = 1 - ABYIIOJIOCTHhlii: r1mep60Jim1µ;, 

x2 y2 
p-+--q=2z, p, q > 0 -a1111unmuitec11:uii napa6011ouo, 

x2 y2 
p----q = 2z, p, q > 0 -aunep6o.n,uitec11:uii napa6a11ouo; 

B hip om A a IO m n e c .H Hep a c II a A a ro m n ec.H 
UOBepXHOCTH: 

1fU,n,unopuitec11:ue nooepxnocmu -

x2 y2 
a.-1)2=1 
y2=2px 

- a,n,,n,u nmuitec11:uii lfU,n,unop, 

- MHllM hill 3JIJIHIITH'leCKHH 
IJ;HJIHHAP, 

-aunep60,n,uitec11:uii lfUltunop, 

-napa60,n,uitec1>uii lfU,n,unop; 

11:onuitec11:ue nooepxnocmu -

-KOH!llJeCKaH rroBepxHOCTh, 

-MH!IMa.H KOHH'leCKR.H IlOBepx
HOCTh; 

BhlpomARIOIIJ;HecH pacIIaAaIOmnecH 
IIOBepXHOCTH: 

x2 +a2 =0 

- IIapa IIepeceKarom11xc.11 IIJioc
KOCTeii, 

- II a pa MHllMhlX IIepeceKarow.n:xc.11 
IIJIOCKOCTefi, 

- rrapa rrapaJIJieJibHhlX IIJIOCKOC
Tell:, 

-rrapa MHHMhlX IIapaJIJieJibHhlX 
IIJIOCKOCTeH. 

x2 = 0 -IIapa COBIIaJl,RIOW.llX IIJIOCROCTeii:. 

II. B. II., nMeIOmne eAHHCTBeHHhlH u;eHTp c11MMeTprm 
(n e HT p II. B. rr.), Ha3. u; e HT p a JI h H hi M H II O
B e p x H 0 c T .H M H. KoopAHHRThl u;eHTpa oIIpeAeJIH
IOTC.H perneHHeM CHCTeMhl: 

aux+ a12y + a13z + a14 = 0, 

a21X + a22Y+ a23Z + a24 = 0, 

aa1x+ aa2Y+ aaaz+ aa4 =0. 
II. B. II. 6ea u;eHTpa c11MMeTpI1n HJIH c aeoIIpeAeJierrHhlM 
ueHTpOM Ha3. H e u; e H T p a JI h H hi M H II 0 B e p x
H O C T .H M II. 

MccJieA0BaH11e II. B. II. MomeT 6h1Th ocyrnecTBJieHo 6ea 
np11BeAeHIIH o6mero ypaBHeHHH K KRHOHH'l. BHAY· 8To 
/l,OCTHraeTC.H COBMeCTHhlM paccMOTpeHHeM 3HR'leHHH T. H. 
0 c H 0 B H hi x H H B a pH a HT 0 B II. B. II.- Bhlpame
HHH, COCTRBJieHHhlX H3 KoaiJ>iJ>nu;IIeHTOB ypaBHeHHH ( *), 
3Ha'leHHH K-phlX He MeHHIDTCH IIpH IIapaJIJieJihHOM IIepe
rroce H IIOBOpoTe CHCTeMhl KOOPAHHRT: 

8= 

au a12a13a14 
a21 a22a2aa24 
aa1a32a33a34 , 
a41a42a43a44 

I aua12a1a I 
6 = a21a22a23 • 

a31aa2a33 

S =au+a22+a33, 

H c e M H H H B a p H a H T 0 B (II 0 JI y H H B a p H a H
T 0 B) 8' H 8"' K-phle HBJIHIOTCH HHBapnaHTaMH OTHOCH
TeJibHO IIOBopoTa CHCTeMhl KOOPJl.HHRT: 

8' =811 +822+833, 
rAe 8ii - aJire6paI111. AOIIOJIHeHne aJieMeaTa a;k, B 8; 

8 ,, =I auau l+ I a22a24 I+ l a33a34 I · 
a41a44 a42a44 a43a44 
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CM. Ta6JI. 1 H 2. 

Ta 0 JI. 1.- K JI a cc H qi II Ka 1111 R II 0 Be p x H 0 c Te it 
B T 0 p 0 r 0 II 0 p R ;a; K a no H H B a p II a H T a M 

Hesblpornnarom,11ecJI 
Bb!porn;a;aro-

IIl,lleCJI 
rrosepXHOCTll IIOBepXHOCTll 

A>O I i'i<O i'i=O 

~= 68> 0, I MHllMblit 8JI- I 3JIJIHIICOll;D; = !:; I MHHMblli KO-
..0 0 T>O JillIICOll;D; HYC 
0: = cu M 
~~o 68< 0 1 O;a;HoIIoJiocT- I .D:sftrroJiocT- I .D:eltcTBll-5§1!- II (llJill) Hblit r11rrepoo- Bbl r11rrepoo- TeJihHhiil Ko-
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ll;HJJHH;a;p11qecK11e rro-1 Pacrra;a;aroIIl,11ecJI 11osepXHOCTH 
BepXHOCTll A' oF 0 d'=O 

T > 0 3JJJJHIIT11qecKHit llH- Ilapa MHllMhIX 
JlHH;D;p rrepeceKarom11xcR 

IIJlOCKOCTeit 

MHllMblit l JJ:eltcTBH-
A'S> 0 TeJihHb!it 

d'S< o 

T < 01 rHrrepooJI11qeCKlltt 1111- I Ilapa rrepece-
JillH;D;P KaIOIIl,llXCR IIJIO-

CKOCTeit 

Ilapa MHHMb!X 
rrapaJIJieJJbHb!X 
IIJIOCKOcTelt Ilapa cosrra-

T=O IIapaooJiu<recK11tt 1111- d"> 0 ;a;aromux IIJio-
JillH;D;P CKOcTelt 

Ilapa rrapaJI- d"=O 
JJeJibHb!X IIJIO-
CKOCTett d" < 0 

llHBapHaHTbl B o6ru;eM CJiyqae orrpeAeJIHIOT Il. B. II. 
c TO'IHOCThIO ,110 ,11anmeHnH eaKJIJI,[loaa rrpocTpaHcTaa, 
ecJin COOTBeTCTBYIOru;ne HHBapnaHTbl ABYX noaepXHOCTeil: 
paBHbl, TO TaKne noaepxHOCTH MoryT 6b!Th COBMeru;eHbl 
ABHJReHneM. llHb!MH CJIOBaMJI, 8TII noaepxHOCTJI aKBH
BaJieHTHbl no OTHOilleHHIO K rpyrrrre ABHJReHHll rrpocTpaH
CTB8 (MeTp!I'IeCKJI 8KBHBaJieHTHbi). 

Cyru;ecTByeT KJiaccncp1maa;JIH n. B. n. c TO'IKJI apeHHH 
,11pyrnx rpynrr rrpeo6paaoaaHn.ii:. TaK, OTHOCHTeJihHO 
rpynnhl acpcpHHHb!X rrpeo6pa30BaHHH 8KBJIBaJieHTHb!MJI 
HBJIHIOTCH JII06ble ABe noaepxHoCTH, orrpeAeJIHeMble ypaa
HeHHHMH OAHoro KaHOHH'l. BHAa, Harrp. ,11ae no,1106Hhle 
II. a. rr. HBJIHIOTCH aKanaaJreHTHhIMH. 

CBH3H MeIBAY pa3JIH'IHhIMH acpcpnHHhIMH KJiaccaMn 
II. B. n. noaaoJIHeT ycTaHOBHTh KJiaccncpnKau;nH c TO'IKH 
apeHHH rrpoeKTJIBHOH reoMeTp!IH. Ilp!I aTOM 8KBJIBaJieHT
HbIMH C'IHTaIOTCJI noaepxHOCTli, K-pb!e MoryT 6b!Th rre
peae,11eHbl APYr B ,11pyra nocpeAcTBoM npoeKTHBHoro rrpe
o6paaoaaHnH. Harrp., aJIJIHTICOHAhl, aJIJiliTITH'l. napa6oJio
BAhl n ,11aynoJIOCTHble rnnep6oJioHAhl c TO'IKH apeHnH 
npoeKTHBHOH reoMeTpHH JIBJIJIIOTCJI AeHCTBHTeJibHb!Mli 
oaaJihHhIMH rroaepxHoCTHMH. Mx npoeKTHBHaH aKmrna
JieHTHOCTh npOHBJIHeTCH B TOM, 'ITO cyru;ecTByeT HeK-paJI 
ce:cTeMa rrpoeKTHBHhIX KoopAHHaT, a K-poii: ypaaHeHHll 
3TliX noaepXHOCTeii: HMeIOT OAHHaKOBhlll BHA: 

x~ +x~+x~-x~=O, 

T. e. COOTBeTCTBYIOII,ne KBaApaTH'IHhle cpopMbi cD (x1, X2, 
X3, X4) ll:MeIOT OAHHaKOBhle paHr (4) H cnrHaTypy (3). 
AcpcpnHHoe nx paaJin'lne rrpoHBJIHeTcH B nme JIIIHIIII 
nepece'leHHJI c Heco6cTBeIIHOH TIJIOCKOCTbIO: aJIJIHTICOlIAhl 
nepeceKaIOTCH c Hell no MHIIMOMY OBaJiy, rIInep6oJIOIIAhl -
no AeHCTBIITeJibHOMY OBaJiy, aJIJIHTITH'l. napa6oJIOlIAhl -
no nape MHIIMhIX nepeceKa10ru;IIXCH npHMb!X. Bcero cy
ru;ecTayeT 8 KJiaCCOB npoeKTHBHOH 8KBIIBaJieHTHOCTlI 
Il. B. n.: 

x~ + x~ + x~ + x: = 0 -MHHMaH OBaJihHaH noaepXHOCTb, 

xi+ x~ +x~-x: = 0 -Aeii:CTBHTeJibllaH OBaJJbHaH no-
aepXHOCTb, 

xi+ x~ -x~ - x: = 0 - KOJlhD;eBHAHaH noaep XHOCTh, 

xi+ x~ + x; = 0 -MHJIMaH KOHH'leCKaH noaepXHOCTh, 

x~ + x~ -x~ = 0 - ueii:CTBJITeJibHaH KOHH'leCKaH no-

xi+x~=O 
xi-x~=O 
xi=O 

aepXHOCTh, 

-rrapa MHJIMb!X llJIOCKOCTeii:, 

-rrapa AeiiCTBHTeJJbHhIX IIJIOCKOCTeii:, 

-napa coanaAaIOIIJIIX rrJJOCKOCTeil:. 

Jlum. cM. IIpH cT. Jlunusi amopo20 nopsifh<a. A. B. Haauoa. 

IIOBOPOTOB ,!J;llAfPAMMA - noaepXHoCTh B aJIJJHn
TH'leCKOM npocTpaHCTBe 9 3' onpe.rieJIHeMaH H30MeTpnq
Hb!MH rJJaAKHMH rroaepxHoCTHMH F n F* B eaKJIHAOBOM 
npocTpaHGTBe E 3 aHaJiorH'IHO TOMY, KaK orrpeAeJJHeTCH 
epaUfenuu u1t&unampuca AJJll 6ecKoHe'IHO MaJJb!X nar.e:-
6aHHH B E3• 0 noaepXHOCTH B SJIJIHTITH'l. npocTpaHCTBe, 
coanaAa10ru;eii: c IT. ri;., arrepahle ynoMHHYJJ JI. BnaHrui: 
(L. Bianchi) npn nccJJeAOBaHnn ccpepnq. nao6pamennH 
OCHOBaHHJI narn6aHHJI rroaepXHOCTe:ii, IIOKaaaamnfI, 'ITO 
ono coarraAaeT c nao6pameHneM B CMhICJJe KJJncpcpopAa 
acnMrrToTn'l. JJnHnii: n. A· 

IlycTh F n F* - naoMeTpn'IBhle rJiaAKHe OAHHaKoao 
opneHTnpoaaHHble rroaepxnocTn. B cooTaeTCTBYIOru;nx 
no H30MeTpHH TO'IKaX !vi H !vi* TpHaApb!, o6pa3oBaHHhle 

KacaTeJibHb!MH BeKTopaMH Xu, Xv H x:, x; K COOTBeTCT
BYIOill;HM 110 H30MeTpnn rrapaM KpliBhIX u=const H u= 
= const H HOpMaJIHMH n H n * t paBHbl' T. e. 

(xu)2=(x:)2, (xv)2=(x;)2, 

(n*)2 =(n) 2 =1, (xu, xv)= ( x:, x~), 

(nxu) 2 =(n* x:)=(nxv)= (n* x;)=O, 

H IIOTOMY IIOJiyqaJOTCH OAHH H3 APYroro IIOBOpOTOM BOKpyr 

OCH c HarrpaBJIHIOIIlllM opTOM v Ha yroJJ x ( orrpeAeJJHeMhlll 
C TO'IHOCTbIO AO 2:rt). IlycTb 

x 0 • x 
Q =COS z+ V SIIlz 

- KBaTepHHOH, no MOAYJIIO paBHhlii 1 n orrpeAeJJHeMbl:ii 
c TO'IHOCTblO AO 3HaKa, rrpeACTaBJIHIOru;nii: yKa3alIHblll 
rroaopoT. CoaoKyrrHocTh TaKnx KBaTepHHOHOB, rrapaMeT
pnaoaaHHaH TO'IKaMn !vi E F (nJin !vi* E F*), orrpeAeJJHeT 
MHOJReCTBO TO'leK B aJIJIHJJTH'l. rrpocTpaHCTBe, Ha3bJBaeMoe 
A H a r p a M M 0 ii TI 0 B 0 p 0 T a AJIH H30MeTpll'IHbJX 
rroaepxHocTeii: F n F*. Harrp., ecJJn F 11 F* - naoMeT
pH'IHhle KYCKII D;IIJIHHAPOB, TO Il. A·- KYCOK TIOBepx
HOCTH KJJ11cpcpop,11a, npn'IeM KpyrnhIM u;nJJHHApaM cooT
aeTcTByeT MHHHMaJibHaH noaepxHOCTh RJincpcpopAa. EcJIJI 
lxl <n, To BHe II. A· ecTh aJJJJHTITll'I. nJJocKoCTh, n rrpn 
reoAe3H'l. oTo6pameHnn aJIJJHIITH'l. rrpocTpaHCTBa B ea
KJJHµ;oao: 

0 • x x 0 x 
Q =Vsmy+cos 2 ~y=Vtgy, 

o6paaoM II. A· JIBJJHeTcH IIH}:tHKaTpnca aparu;eHnii: HeK-poro 
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6emwne'IBo MaJrnro Hsr.n6aun11 c p e ;a; II R R o ii n o
B e p x R 0 c TH, COOTBeTCTBYIOJI\eH F H F• (cM. Kon
<I>occena npeo6paaoeanue) (rrpn ycJIOBHH lxl <:rt oua pery· 
JillpRa). 

CBoiicTBa n. A· )J;Jill HBOMeTpnqHhIX noBepXHOCTeii 
IIOJIO)f(HTeJihROii rayccouoi'1 KpHBH3Hhl auaJIOrH'IBhl CBOH
CTBaM HR;D;HHaTpHChl Bpaw;eunif: HaIIp., y;a;eJibHall BHYT
peHHllH KPHBH3Ha n. A· BCIOAY OTpH~RT0JibHa, H IIOTOMY 
OHa m1paeT rrpH HCCJieµ;oBaHHH H30MeTpHH BhlllYKJihlX 
IIOBepXHOCTeR TaKyIO me pOJib, qTQ H HH)J;HKaTpnca Bpa
~Bnii:. M. H. Bouwxoecnuu. 

llOBTOPHOro JIOr APII4>MA 3AKOH - rrpeµ;eJibHa11 
TeopeMa TeopHH BepoHTHOCTeii, HBJIHIOII\aHCH yTOqHeHneM 
60.ibw.ux 11uce.i ycu.iennoeo aali:ona. IlycTb X 1, X 2 , ••• -

rrocJie;a;oBaTeJibHOCTb cnyqaiiHhlX BeJin:qn:H n 

Sn=X1+X 2 + ••• +Xn. 

,IJ;mr rrpoCTOThl rrpeµ;rroJiaraeTCH, qTo Sn ,IJ;JIH Kamµ;oro n 
HMeeT HYJib CBOeil Meµ;HaHoii. B TO BpeMH KaK TeopeMhl 
06 ycn:JieHHOM 3aKoHe 6oJibIIIHX qiaceJI yKa3b!BaIOT yc-

JIOBH.11, rrpn K-pb!X 8; -+ 0 rroqTn HaBepHoe (rr. H.) 
n 

rrpH n -+ oo, rp;e {an} - qn:cJI0Ba11 rrocJieµ;oBaTeJibHOCTh, 
TeopeMhl 0 fl. JI. 3. HM0IOT p;eJIO C 'IHCJIOBhlMH IIOCJiep;oBa
'l'eJibHOCTHMH {en} TaKHMH, 'l'l'O 

lim sup Sn = 1 rr.a. (1) 
n-+ao en 

HJIH 

CooTaornenne 

H 

lim sup I Sn I= 1 II.II. 
n-+ ciJ Cn 

(1) paBHOCHJibHO TOMy, qTO 

P{Sn > (1+e)cn 6.'1.}=0 

P{Sn > (1-e)cn 6.'l.}=1 

(2) 

;a;n11 mo6oro e >O, rµ;e 3arrncb «6. q.» o3Ha'laeT 6ecKoaeqHoe 
qn:cJio paa. 

CooTHoIIIeilHH BHµ;a ( 1) n (2) crrpaBeµ;JIHBhl rrpn 6oJiee 
orpamiqn:TeJibHbIX ycJIOBHHX, 'leM o~eHKH, Bb!TeKa10uvi:e 
H3 yc1.meHHOfO 3aKoHa 6oJibIIIHX 'IHCeJI. "ECJIH {Xn} -
rroCJiep;oBaTeJibHOCTb aeaaBHCHMb!X cJiyqalfHblX BeJIH'IHH, 
IIMeIOJI\HX O}l;HHaKOBOe pacrrpeµ;eJieHne c MaTeMaTnq. 
omnµ;aHHeM, paBHhlM HYJIIO, TO 

Sn O n -+ II.H. rrpu n -+ 00 

(T e 0 p e M a J{ 0 JI M 0 r 0 p 0 B a); ecJIH BhlIIOJIHeHO 

AOIIOJIRHTeJibHOe ycJIOBHe 0 <EX~< 00' TO HMeeT MeCTO 
6oJiee CHJibHOe COOTHOIIIeHHe (2), B K-poM 

en= (2nb ln ln (nb)) 112 , 

r.n;e b=EXi (TeopeMa XapTMaHa-BnHT-

H e pa). 
IlepBOH TeopeMOH o6JI\ero THrra 0 3aKOHe IIOBTOpHoro 

norapmpMa 6hIJI cJieµ;yIOJI\HH peayJihTaT A. H. l\oJIMoro
poBa (1). IlyCTb {Xn} - rrocJie)l;oBaTeJibHOCTb He3aBH
CHMbIX cJiy'laHRhlX BeJIH'IHH c MaTeMaTH'I. omnµ;aHHHMH, 
paBHbIMH HyJIIO, KOHeqHbIMH ;a;ncrrepcHHMH H rrycTb 

,..,n 2 

Bn=~k=1EX1i. 
EcJin Bn-+ oo rrpH n -+OO n cyJI\eCTByeT rrocJiep;oBa

TeJihHOCTh IIOJIO)KHTeJibHbIX IIOCTO.llUHhlX {Mn} TaKaH' 'ITO 

IXnl.i;;;;Mn H Mn=o((1nf:Bn)1 12 ), 

TO BbIIIOJIHeHbI COOTHOIIIeHlrn (1) H (2) rrpn 

Cn= (2Bn ln ln Bn) 1/ 2 • 

B qaCTHOM cJiyqae, Korp;a {X n} - rrocJiep;oBaTeJihHOCTh 
aeaa:BHCHMb!X CJiy'Iaiiuhlx BeJIH'IHH, HMeIOJI\!ilX O)l;HHaKO-

Boe pacrrpeµ;eJieHHe c ABYMH 3Ha'leHHHMH, aTo yTBepm1w
ane 6b!JIO rroJiy'leHo A. JI. Xnrr'IHHQIM (2). IO. Map~HH
Kesnq H A. 3!ilrMYHA [3] IIOKa3aJIH, qTo B ycJIOBlIHX Teo
peMhI J{onMoropoBa HeJib3H aaM:eHHTh o Ha 0. 06o6JI\eHIIH 
n. JI. 3. RoJIMoropoBa )J;JIH IIOCJie;a;osaTeJibHOCTeil He3aBH
ClilMb!X orpaunqeHHb!X Heoµ;HHaROBO pacrrpeµ;eJieHHhlX cJiy
qaiiHb!X seJIH'IHH 6hIJI!il nccJieµ;osaHhl B. <l>eJIJiepoM [ 4). 
,IJ;pyrne o6o6ru;eHHH fl. JI. 3. CM. B (5); HMeeTCH TaKme 
CJI0AYIOJI\HH pe3yJihTaT (cM. [6)), rrpHMb!KaIOJI\HH K Teo
peMe XapTMaHa - BHHTnepa: ecnn {Xn} - rrocJieµ;osa
TeJihHOCTh He3aBHCHMb!X CJiyqaHHb!X BeJIH'IHH, 11Me10ru;:rrx 
op;HHaKoBoe pacrrpeµ;eJieH:rre c 6ecKoHe'IBoii ;a;:rrcrrepc:rreil, TO 

lim sup I Sn I 00 rr.H. 
n-+ao (nlnnlnn)1 f• 

PeayJihTaThl, IIOJiy'leHHhle B o6JiaCTH n. JI. 3. AJIH 
IIOCJieµ;osaTeJibHOCTeil He3aBHCHMb!X CJiy'laHHhlX BeJinqHH, 
rrocJiylHHJIH OTrrpaBHbIM IIYHKTOM )J;JIH MHoroqJacJieHHb!X 
llCCJiep;oBaHHH IIpHMeHHMOCTH Il. JI. 3. K IIOCJie)J;OBaTeJib
HOCTHM 3aBHCHMb!X cJiy'laHIJhIX BeJin:qHH H BeKTOpOB H K 
cJiyqaiiHhlM rrpo~eccaM. 

Jlum.: [1] H 0 JIM 0 r 0 p 0 B A. H., «Math. Ann.», 1929, Bd 
101, S. 126-35; [2] X "H q" HA. fl., <cFundam. math.>>, 1924, 
v. 6,p. 9-20; [3] Marcinkiewicz J., Zygmund A., 
TaM me, 1937, v. 29, p. 215-22; [4] Fe 11 er W., «Trans. Amer. 
Math. Soc.», 1943, v. 54, p. 373-402; [5] S tra ssen V., «Z. Wahr
scheinlichkeitstheor. und verw. Geb.», 1964, Bd 3, S. 211-26; 
[6] e r o m e, TaM me, 1965-66, Bd 4, S. 265-68; [7] H a r t
m an P., Wint n er A., «Amer. J. Math.», 1941, v. 63, p. 169-
176; [8] JlaMnepTK .D: m., BepoaTHOCTb, nep. caHrJI., M., 1973; 
[9] II e T po B B. B., CyMMbl HeaaBHCHMhIX cJiy<tall:HbIX seJIH'IHH, 
M., 1972. B. B. llempoe. 

IIOBTOPHLilI IIHTErPAJI - HHTerpaJI, B K-poM rro
cJieµ;oBaTeJibHO BhlIIOJIHHeTCH HHTerpnpoBaHHe no pa3Hb!M 
rrepeMeHHhlM, T. e. HHTerpaJI BH,[la 

~Ay [~A (y) f (x, y) dx J dy. (1) 

<l>yHK~HH f (x, y) orrpeµ;eJieHa Ha MHomecTBe A, JiemaJI\eM 
B rrpHMOM rrpoH3B0)1;0HHH x x y rrpOCTpaHCTB x H y' B 
.K-phlx 3aµ;aHhl a-KoHe'IHhle Mephl µx :rr µy, o6Jiaµ;aIOJI\He 
CBOHCTBOM IIOJIHOThl; MHomeCTBO A (y)= {x: (x, y)EA }cX 
( «ce'leHn:e» MHomecTBa A), H3Me'pHMOe OTHOCHTeJibHO 
Hephl µx; MHomecTBo A y (rrpoeK~HH MuomecTBa A 
B rrpocTpaHCTBO Y), H3M0pHMOe OTHOCHTeJibHO Mepb! µy. 
llHTerpnpoBaHHe no A (y) rrpo:rrasoµ;HTCH no Mepe µx, a 
no A y - no Hepe µY. llHTerpaJI (1) o6o3Ha'laIOT TaKme 

(' dy r f (x, y) dx. J Ay ,\A (Y) 

J{ fl. II. MOfYT 6b!Tb CBe)J;eHbl li:pamnble unmeepaJibL 
IlyCTb ii>YHK~JilH f(x, y), HHTerpnpyeMaH no Mepe 

µ=µxX µy Ha MHOIBeCTBe A ex x Y, npoµ;oJIIBeHa HyJieM 
Ha BCe IIpOCTpaHCTBO X X Y, TOrp;a Il. H. 

H 

~ Y dy ~ x f (x, y) dx 

(' dx (' f (x, y) dy Jx J y, 
cyru;ecTBYIOT Iii pasHhI Memµ;y co6o:ii: 

~ y dy ~ X f (x, y) dx= ~ X dx ~ Y f (x, y) dy (2) 

(cM. <Py6unu meope.1ta). B JieBoM HHTerpaJie BHeIIIHee 
lilHTerpHpoBaHHe iJ>aKTHqecKJil IIpOH3BO)l;HTCH no MHome-

CTBY AZ= {y : y EA Y' µxA (y) >O }. TaKHM o6paaoM, B 

qacraocTH, p;mt TOqeK yEAZ MaomecTBa A (y) naMepHMbI 
OTHOCHTeJibHO MepbI µx· Do BCeMy MHomectBY A y 6paTb 
3TOT HHTerpaJI, BOOOJI\e. fOBOpH, HeJib3H, T. K. rrpH H3Me
pHMOM OTHOCllTeJibHO MepbI µ MHOJI\eCTBa A MHOJI\eCTBO 
A y MomeT OKaaaTbCH Hell3MepHMb!M OTHOCHTeJibHO Mephl 
µy, TaK me, KaR H oTp;eJibHhle MHomecTBa A (y), yEAy, 
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MoryT 6LITb Hena111epRML1 OTHOCHTeJibHO MepLI µx. MHO-
• meCTBO me A y Bcerµ:a H3MepnMo OTHOCHTeJibHO Mephl µy, 

eCJIH TOJibKO MHOiReCTBO A H3Mep11MO OTHOCHTeJihHO 
Mephl µ. 

C<f>op111yJinpoaaHHhle ycJioBirn B03MoJRHOCTH IIepe111eHhl 
IIOpHp;Ka HHTerpnpoBaHHH B II. H. HBJIHIOTCH JIHIIlb p;o
CTaTO'IHhlMH, HO He Heo6xop;HMbIMH: HHOrp;a nepeMeHa 
IIOpHp;Ka HHTerpnpoBaHHH B II. n. p;onycTHMa, a COOT
BeTCTBYIOIIJ,HH KpaTHhlH HHTerpaJI He cyIIJ,ecTByeT. 

HaIIp., AJIH cPYHKIJHH f (x, y)=(x•:~')• IIpH x2+y2 >0 11 

f(O, 0)=0 II. H. 

~=~dx~::f(x, y)dy=~=~dy~=~f(x, y)ax, 

a KpaTHLlll HHTerpaJI 

~)Ix I< 1, I y I< 1 f (x, y) dx dy 

He cyIIJ,ecTayeT. OgHaKo ecJIH cyru;ecTByeT xoTH 6hl o,n;11H 
113 IIHTerpaJIOB 

~ Y dy ~ X If (x, y) I dx HJIH ~ X dx ~YI f (x, y) I dy, 

TO <f>yHKIJ;Hll t HHT0rpHpye111a Ha MHomecTBe x x y H 
cnpaaep;JIHBO paBeHCTBO (2). 

,AJIH II. n. B cJiy11ae, Korp;a BHYTP0HHHi'1 llHTerpan HB
JIHeTcH HHTerpaJIOM CTiiJITb0Ca, a BH0111HHH - HHTerpa
JIOM Jie6era, cIIpaaep;JIHBa cJiep;yIOIIJ,aH Teope111a o nepe111eue 
IIOPHAKa HHT0rp11poBaHHH: nyCTb cPYHKIJ,llll g (x, y) cy111-
MHpye111a no y Ha [c, d] AJIH acex 3Ha11eH11ii: x 113 [a, b] 
H HBJIHeTCH <l>YHKIJ;l!eii orpaHH'IeHHoii: aap11aii;1m no x 
Ha [a, b] AJIHno'ITll acex 3Ha1JeHnii: yE[c, d]. IIycTh, p;a
Jiee, IIOJIHaH aapnaii;nH <l>YHKIJ;HH g (x, y) no IIepe111eHHoii x 
Ha [a, b] npn acex yKaaaHHhlX aHa11eH11Hx y He npeabl
rnaeT HeK-poll: HeoTpnii;aTeJibHOH n cy11111111pye111oii: ua [c, d] 

4>YHK1J;m1. Torga <f>yHKIJ;llH ~: g (x, y)dy HBJIHeTCH cPYHK

rr;neii: orpaH11'IeHHoii: aapnaii;m1 OT nepeMeHHoii: x aa [a, b] 
H )J;JIH JII06oii HeIIpephlBHOH Ha [a, b] <l>YHKIJ,HH t (x) HMeeT 
MeCTO <l>opMyJia 

): dy ): f (x) dxg(x, Y) = ~~ f (x) dx u: g (x, y) dy] . 

JI um.: [1] H JI b 11 H B. A .• II 0 a H JI K 3. r .. OeHOBbI MaTeMa
Tl'IqeeKoro aHamrna, 2 ll3/!., q, 2, M., 1980; [2] Ho JIM or o
p 0 B A. H .• ([J 0 M ll H c. B .• 3JieMeHTbl TeOpll11 llJYHKl.\llil: ll lilYHH
l\110HBJibHOrO aH8Jillaa, 5 ll3)'.(., M., 1981; [3] Hy)'.( p JIB I.I e B JI . .o: .• 
Hype MaTeMaTllqecHoro aHaJillaa, T. 2, M., 1981; [4] H 11 Ho JI b· 
e H 11 ii: C. M., Hype MaTeMaTllqeeHoro aHaJI11aa, 2 Han., T. 2, M., 
1975; [5] c M ll pH 0 B B. H., Hype BbleIIIeil: MaTeM8TllHll, T. 
5, M., 1959. JI. I{. HyopRB1Jf6. 

IIOBTOPHLIR IIPE)1;EJI - npep:eJI <l>YHKIJ;HH uecKOJib
KHX nepeMeHHhlX, IIpn K-poM npep:eJibHhlH nepexop: co
aeprnaIOT IIOCJiep:oBaTeJibHO ITO pa3Jill'IHb!M ITepeMeHHhlM. 
IIycTh, HaIIp., <l>YHKIJllH f gayx IIepeMeHHhlX x n y orrpe
p:eJieHa Ha MuomecTBe anp:a XXY, xEXclRm,yEYclRn, 
H IIYCTb Xu, Yo - npep:eJihHhle TO'IKH COOTB0TCTBeHHO 
MHomeCTB x H y HJIH CHMBOJihl 00 (B CJiy11ae, Korga m= 1 
HJIH n = 1, Xo H COOTB0TCTBeHHO Yo MOT YT 6bITb 6ec
KOH0'IHOCTHMH co 3HaKoM: + oo, -oo). EcJin npn JIIOooM 
<l>nKcnpoaaHHOM y E Y cyru;ecTHyeT npegeJI 

cp (y) = lim f(x, Y) 
X-+Xo 

11 y <l>YHKIJ;HH cp (y) cyIIJ,eCTayeT rrpep:eJI 

lim cp (y), 
Y-->Yo 

TO 3TOT npegeJI Ha3. II 0 B T 0 p H bl Ill 

lim lim f (x, y) 
Y-+Yo X-+Xo 

(1) 

(2) 

cPYHKIJ,lilI f (x, y) B TO'IK0 (xu. Yo). AHaJIOrlI'IHO orrpe.o;e
JUieTCH II. 11. 

lim lim f (x, y). (3) 

EcJill cym;ecTByeT (KOH0'1HhIH HJil!I 6eCKOHe'IBLIH) aeou
nou npeoeJt 

lim f (x, y) 
(x, y)--> (xo, Yo) (4) 

11 npn JII060111 <PiaKcnpoBaHHoM y E Y cyru;ecTByeT KOH0'lllblii: 
npep;eJI ( 1)' TO cyIIJ,eCTByeT H II. IT. (2) II OH paaeH )J;BOH
HOMY rrpep;eJiy (4). 

E cm1 rrpn Kamµ;o111 y E Y cyui;ecTByeT rrpep:eJI ( 1), a ITpn 
Ka>Kp;oM x E X cym;ecTeyeT npe,n;eJI 

\jJ (x)= lim/ (x, y) 

H eCJIH npn x - Xo !f>YHKIJ;HH t (x, y) CTpeMHTCH ua y K 
IIpep;eJibHOll !f>YHKIJ;llH cp (y) paBHOMepHo OTHOCllT0JibHO y, 
To o6a II. II. (2) 11 (3) cyui;eCTBYIOT H paBHhl p;pyr p;pyry. 

EcJIH MHoll\eCTBa x II y HBJIHIOTCH MHOlR0CTBaMlI Ha
TypaJibHb!X 'IHC0JI, TO <l>YHKIJ;HH j Haa. B 3TOM CJIY'l8.B 
A B o Il: H o ii: II o c JI e A o B a T e JI h H o c T h IO n aua
'IeH:e:H apryMeHTOB nnrnyT B BHA0 HHp;eKCOB: 

f(m, n)=Umn• 
a II. II. 

liro lim =Umn H lim lim Umn 
m-+oo n-+oo 

Ha3. II 0 B T 0 p H bl M II II p e A e JI a M II A B 0 ii: H 0 ii: 
II 0 c JI e A 0 B a T e JI b H 0 c T II. IIoHHTHe II. II. 0606-
111aeTCH Ha CJiy'IaH, Korp;a x' y H MHOJR0CTBO 3Jia'I0HllH 
<l>YRKIJ;HH f HBJIHIOTCH nop;MHOJReCTBaMH HllK-pb!:X TOllOJIO
TlllJ. IIpocTpaHCTB. JI. I{. HyopSUl1fe6, 

IIOBTOPHblll PH)1; - PHA, 'IJI0HLI K-poro HBJIHIOTCH 
TaKme pHga11111 

(1) 

II. p. (1) Ha3. c x o AH ru; n 111 c H, ecJI:e npia JIIOOOM 
4>HKc11poaaHHoM n cxog11TCH PHA 

H, KpoMe TOTO, CXO,ll;llTCH pH.a; 

,,"' 
~n=1 an. 

CYMMa ITOCJiep:uero pHp:a H Ha3. c y M M o Il: 11 o B T o p
H or o pH .a; a (1). Cy111111a 

s= ~"' an=~"' ("'1"' Umn) • "'-'n= 1 -""'n= 1 "'-'m= 1 

II. p. ( 1) HBJIH0TCH IIOBTOpHb!M npep;eJIOM ero 'laCTH1J.11LIX 

CYMM 

TO 0CTb 

s=lim lim smn• 
n--+oo m-+-oo 

ECJIH CXO)J;HTCH oeounou pno 

~:. n= J Umn 

11 npn JII060111 uaTypaJibHOM n cxop;HTCH PHAM 

(2) 

TO CXOIJ;llTCH II II. p. (1), npn11eM OH HMeeT TY me CYJllMY, 
'ITO H )l;BOHHOH PHA (2). y CJIOBHe !lTOii Teopelllhl BhlIIOJI-
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HHeTCH, B qacTHOCTH, ecJIH p;soii:Hoii: pnp; (2) a6coJIIOTHO pn:IO pasHoMepHoro )J;BHiReHHH TOqKn N TaKyIO, qTo 
CXO)l;HTCH. JI. Jl. Hyapst81fe6. IrnCaTeJibHaH, 11poBep;eD:HaH K TpaeKTOpHH B JII060H MO-

II0fJl0Ill;AIOIIJ;EE COCTOHHIIE ~ e 11 FI Map Ko- MeHT p;snmeHHH, 11poxop;nJia 6bl qepea cooTBeTCTBYIOm;ee 
B a 6 (t) - TaKOe COCTOHHHe i, qTo 3TOMY MoMeHTY llOJIOiKeHne ToqKn M. B llJIOCKOM CJiy-

p g (t)=i I 6 (s)=i}=1 rrpn JII06hlx t~s. 

IlpnMepoM Map1woa qenu c 11orJiom;a10m;nM cocToHHHeM 0 
HBJIHeTCH oem6stUfUUCSI npo!fecc. 

Bsep;eHne )J;OllOJIHHTeJibHhlX 11orJiom;a10m;nx COCTOH
HHH - yp;o6HbJH 11pneM, K-pblii: llOMoraeT HCCJie)l;OBaTh 
CBOHCTBa TpaeKTOpnii: ~e11n MapKoBa, CBH3aHHble c .a;o
CTHiKeHHeM Toro HJIH HHoro MHOiKeCTBa. 

IT p H M e p. ITyCTb B MHOiKeCTBe s COCTOHHHH O)l;HO
pop;HOH qe11n MapKosa 6 (t) c .a;ncKpeTHhlM speMeHeM u 
rrepexcop;HbIMH !JepoHTHOCTHMH 

Pij = P {6(t+1)=j16 (t) = i} 

BM,a;eJieHo rrop;MHOiI\eCTBo H n HYiKHO Haii:Tn sepoHTHOCTH 

q;h=P{6(-r(H))=h\6(0)=i}, iES, hEH, 

rp;e T(H)=min {t>O: 6(t)EH} - MoMeHT 11epsoro p;o
CTHiKeHHH MHomecTsa H. EcJin ssecTn sc110Mora~eJihHYIO 
~e11b MapKosa 6* (t), oTJinqa10m;y10cH OT 6 (t) JIHITih 
TeM, qTo B 6* (t) ace COCTOHHHH hEH 11orJIOJ~aIOm;ne, TO 
11pn h EH sepoHTHOCTH 

Pth (t)=P {6* (t)=h 16* (0) = i}= 
=P{-r(H).;;;;t, 6(-r(H))=hl6(0)=i} 

MOHOTOHHO He y6MBaIOT rrpn t t 00 H 

q;h=lim Plh(t), iES, hEH. 
t~ 00 

B CHJIY OCHOBHoro 011pep;eJieHHH ~ellH MapKOBa 

Plh(t+1)=~. P.P~ (t), t~O, iES"-H, hEH, 
JES t/ Jh 

PM (t)=1, hEH, Pth (t) =0, i, hEH, i :I= h. 

ITepexo.a; K 11pep;e"Jiy 11pn t-+ oo c yqeToM (*) p;aeT p;JIH 
q;h CHCTeMy JIHHeHHblX ypaBHeHnii: 

ee 

ql·n = ~ p q , iES"-H, hEH, ~jeS ij ih 

qnn=1, hEH, q;n=O, i, hEH, i :I= h. 

JI um.: [1] ([J e JJ JJ e p B., Bse11emrn B Teopmo sepoHTHOCTeil: II'. 
rrpHJIO>ReHHH, rrep. c aHrJI., 2 11'.3)'.I., T. 1, M., 1967. 

A. M. 3y6noe. 
nor JIOID;EHIIH 3AK0Hbl - TOiKp;ecTBa Bnp;a 

x /\ (x V y)=x, x V (x /\ y)=x, 

rp;e /\ n v- p;se p;syMeCTHbre orrepaqnn Ha HeK-poM 
MHOiKeCTBe L. EcJIH, KpoMe n. 3., 3TH 011epaqnn yp;oB
JieTBOpHIOT 3aKOHaM KOMMyTaTHBHOCTH H accoqnaTHBHO
CTH, TO OTHOilleHne x <r;;;.y, 011pe.a;eJIHeMoe 3KBHBaJieHTHO
CTbIO 

x.;;;;yHxVy=y 

(HJIH paBHOCHJlhHOH 3KBHBaJieHTHOCTbIO x <r;;;.y H x /\ y=x), 
6yp;eT 11opH)J;KOBbJM OTHOilleHHeM TaKHM, qTo x /\ y - HaH-
6oJiblllaH HHiKHHH rpaHh, a xv y - HanMeHblllaH sepXHHH 
rpaHh aJieMeHTOB x H y. c p;pyroii: CTOpOHhl, ecJIH B yrro
pnµ;oqeHHOM MHomecTBe (L, <r;;;.) cym;eCTBYIOT Han6oJiblllaH 
HHiKHHH rpaHb x /\ y H HanMeHblllaH sepXHHH rpaHh 
xVy p;JIH JII06oii: rraphI aJieMeHTOB x, y, TO p;JIH orrepa~nii: 
v H /\ BblllOJIHHIOTCH 3aKOHhl rrorJiom;eHHH, KOMMYTaTHB
HOCTH, accoqnaTHBHOCTH H crrpasep;JIHBa 3KBHBaJieHT
HOCTb (*). 

Jlum.: [1] pace Ba E., c II'. K 0 pc K II'. ii: P., MaTeMaTHKa Me-
TaMaTeMaTHKll'. nep. c aHrJI. M., 1972. B. H. I'pumun. 

IIOfOHII' JllIHIIH _'. KpnsaH, rrpep;cTaBJIHIOm;aH co6oii 
perneHne 3ap;aqn o «rroroHe». K-paH CTasnTCH cJie,n;y10m;nM 
o6pa3oM. IlyCTh TOqKa M pasHoMepHo p;snmeTCH no 
aeK-poii aa.a;aHHoii: Kpnsoii:. Tpe6yeTcH naii:TH TpaeKTo-

qae CHCTeMa ypasHeHHH, K-pbIM .a;oJiiKHa YJJ;OBJieTBOpHTb 
IT. JI., aMeeT sn.a; 

dy 
rp;e ax - yrJiosoii: KoacJ>qrn~neHT IT. JI., F (6, TJ)=O -

ypaBHeHne 3ap;aHHOH KpHBOH. 
3ap;aqa 0 n. JI. llOCTaBJieHa JieoHapp;o µ;a BnHqn (Leo

nardo da Vinci), perneHa Il. Eyre (P. Bouguer, 1732). 
Jlum.: [1] Ca Be JI o B A. A., IlJIOCKHe KPHBble, M., 1960. 

l1.. JI.. Conoaoe. 
rrorp AHIIqHoro CJIOH TEOPIIH - aCHMllTOTHqe

CKOe 11pn6Jinmenne pemeHnH rpaHH'lllhlX aap;aq .a;JIH 
.a;n¢¢epeH~HaJibHhlX ypasHeHnii: c MaJihlM 11apaMeTpoM 
11pn CTaprnnx 11ponasop;HhlX (cnHryJIHpHhlx aa.a;aq) B 
110µ;06JiaCTHX c cym;eCTBeHHbJM BJIHHHHeM qJieHOB co 
cTapillHMH 11ponasop;HhlMH Ha perneHne . .HsJieHne 11orpa
HnqHoro CJIOH (11. c.) B03HHKaeT B Y3KHX 30Bax s6JIH3H 
qacTe:il: rpaHn~, Ha K-phlx cym;ecTByeT paaJinqne Memp;y 
qncJioM rpaHnqHbJX ycJiosuil: ncxo.a;Hoii: n Bhlpomp;eHHof1 
(11pn HyJiesoM 3HaqeHnn 11apaMeTpa MaJioCTH) 3ap;aq, a 
TaKme s6JIH3H 11osepxHoCTeii paaphlsa perneHHH shlpom
.a;eHHofi 3ap;aqn, 

PerneHne cnHryJIHpHhlX aap;aq 11pep;cTasnMo cyMMoii 
,a;syx paaJiomeHnii:. BHernHee paaJiomeHne p;aeT MeTop; 
MaJioro 11apaMeTpa c qacTbIO B 0 rpaanqHbJX ycJiosnil: 
B=B 0+B1 3ap;aqn, BHyTpeHHee pa3JiomeHne 6bJCTpo 
y6blsaeT BHe rr. c. H OTbICKHBaeTCH, KaK rrpaBHJIO, B BHp;e 
MHoroqJieHOB 110 CTelleHHM e. ,11.JIH HX orrpep;eJieHHH p;n¢
¢epeH~HaJibHble ypaBHeHHH 11peo6paay10TCH K 11epeMeH
HhlM, 3aBHCHIIJ;HM OT e H paCTHrHBaIOm;HM 110µ:06JiaCTH 
11orpaHnqHoro CJioH. YpaBHeHHH 11. c. B03HHKaIOT B 
peayJihTaTe 11pnpasHHBaHHH HYJIIO Koa¢¢ml,J<leHToB 11pn 
pa3JIHqHbJX CTelleHHX e llOCJie 110/J;CTaHOBKH MBoroqJieHOB 
B 11peo6paaosaHHhle ypasHeHHH. K HHM p;o6asJIHIOTCH 
ycJioBHH B1. OqeHKa 11orpe111HoCTH sHeillHero paaJiomeHnH, 
eCJIH OHa Haiip;eHa, IIOKa3bl'BaeT Heo6xop;HMYIO 3aMeHy 
rrepeMeHHhlX. ITpn perneHHH CJIOiKHbJX rrpHKJiap;HbIX 3ap;a1J 
Heo6xop;nMaH 3aMeHa rrepeMeHHbJX MOiKeT 6bITh BbJHBJieHa 
Ha OCHOBe ¢nanq, oqeHKH BeJI:e:qnH qJieHOB HCXO,f\HbJX 
ypaBHeHHH H COOTBeTCTBYIOIIJ;HX HM yrrpom;eHHH H ,[\OJiiKHa 
ocso6op;nTh CTaprnne rrpoH3BO,L\Hhle oT e . .il:JIH perneHHH 
aap;aqn Heo6xop;nMo orrpep;eJIHTh, rp;e pacrroJiomeHhl rr. c. 
n KaK ycJIOBHH B pa3p;eJIHIOTCH Ha B 0 n B 1. Csoeo6pa3ne 
TaKoro perneHHH 3aKJIIOqaeTCH B TOM, qTo HCXO)l;HbIM 
aJIJIHIITHq, ypasHeHneM MoryT oTseqaTh rnrrep6oJinq, 
ypaBHeHHH BHeillHHX pa3JIOiKeHm1: H 11apa60JinqecK1:ie -
BHyTpeHHHX paaJiomeHHH. 

B Teopmr CHCTeM o6bIKHOBeHHblX µ;n¢¢epeHqnaJihHhlX 
ypasHeHnii: 

Xt=f (x, y, t), EYt=g(x, y, t), O.;;;;t.;;;;T, (1) 

rµ;e x H f CYTb m-MepHble, a y H g CYTh n-MepHble BeK
TOpHble ¢YHK~nn, p;JIH 3ap;aqn Kornn c ycJIOBHHMH x (0, e)= 
=x0 , y (0, e)=y0 H orrpep;eJieHHbJMH CBOHCTBaMH f H g 
p;oKa3aHa TeopeMa cym;eCTBOBaHHH H ep;HHCTBeHHOCTH 
perneHHH H ycTaHOBJieHhl CBOHCTBa perneHHH rrpn e - 0 
(cM. [ 1)). B cJiyqae Kpaesoii aaµ;aqn p;JIH ypasHeHHH ( 1)' 
C yCJIOBHHMH 

x(O, e)=x0 , Y1(0, e)=yt Y2(0, e)=Yt 
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rp;e cyMMa qn:cJia KOMIIOHeHT BeKTOpOB Y1 H Y2 paaHa n, Ko::i«jJqmu;neHTOM BH3KOCTH v OIIHChIBaeTCH ypaBHeHIUUlll 
cyll\eCTBYIOT, BOOOII\e roaopH, rr. c. B oKpeCTHOCTHX KOH- HaBbe - CToKca 
u;oa cerMeHTa [O, T]. ITocTpoeH aJiropnTM Haxomp;eHHH 
aCMMIITOTHKH pemeHHH noii 3ap;aqn:, rrpH orrpep;eJieHHhIX 

CBOHCTBax lf!YHKD;HH f ll g )J;OKa3aHo CYll\eCTBOBaHl'!e ll 
ep;HHCTBeHHOCTb pememrn H p;aHhl ero ou;eHKH (CM. [3]). 
B cJiytiae Heep;HHCTBeHHOCTH pemeHHH rrpep;eJibHoro ypaa
HeHHH g=O OTHOCI!TeJibHO y IIOCTpoeH BHYTpeHHllll (B 
oKpeCTHoCTH T, 0<T<T) rr. c., pa3p;eJIHIOll\HH o6JiaCTH c 
pa3JIHqHhIMH pemeHHHMH rrpep;eJibHOfO ypaBHeHHH. )J.JIH 
OAHOfO THITa HHTerpo-p;n:~ljJepeHu;HaJibHOfO ypaBHeHHH 
IIOCTpoeH aJiropHTM acHMIITOTHq. pa3JI01ReHHH ITO £ 

3alla'IH c HaqaJibHhIMH YCJIOBHHMH H HCCJiep;oBaHhl HeK-phle 
ocooeaHoCTH IToaep;eHHH pemeHHH. 

B cJiyqae JIHHeii:HhIX oOhIKHoaeHHhIX p;HljJ«jJepeau;n:aJib
HhIX ypaaHeHn:ii: (L+eM)x=f(t), O..;;t..;;1, rp;e L HM -
p;n:ljJ«jJepeRu;HaJibHhle oITepaTophl, c rpaHn:qHhlMH ycJioBHH
MH Bo+B1 Bhl)J;eJieH KJiacc 3ap;aq, pemeHHe K-phlX COAep
WHT n. c., H BBep;eHo rroHHTlle peryJinpeoro Bhlpomp;emrn, 
np11 K-poM pemeH11e rrpep;eJibHOfO ypaBH0HHH II03BOJIHeT 
YAOBJieTBOpHTh ycJioBHHM B 0 , a acHMIITOTH'L pemeHHe 
AJIH IT. c.- ycJioBHHM 8 1 (CM. [4]). IlocTpoeH HTepau;HoH· 
H&Iii rrpou;ecc aCHMIITOTHq, rrpep;CTaBJieHHH pemeHHH u 
/JaHhl ou;eHKH OCTaToqHhIX qJieHoB pa3JIO)f{eHHH. 

B rr. c. T. 00ll\0f0 HeJIHHeii:Horo OOh!KHOBeHHOfO AH«P
ljJepeHu;naJibHOfO ypaaHeHHH 2-ro rropHp;Ka rrpli orrpep;e
JieHHhIX rrpep;IToJiomeHMHX p;Oirn3aHo (CM. [ 5]), qTo perne
Hne 1-ii: Kpaeaoli 3ap;aqH CKJJap;brnaeTCH H3 BHemHero 
pemeHHH, II. c. II OCTaToqHoro qJieHa, HM0IOII\ero c 1-ii 
rrpoH3BOAHOH rropH)J;OK £ Ha BCeM cerM0HTe. 

lfayqeHo IIOBep;eHHe perneHHH KpaeBbTX aap;aq OCHOB
HbJX THIIOB )J;JIH JIHHeiiHoro ypaBH0HHH c qacTHbIMU rrpo-
113BO)J;HhIMII BH)J;a 

e~u+A(x, y)ux+B(x, y)uy--j-C(x, y)u=f(x, y), 

rp;e ~ - orrepaTOp JlarrJiaca, B o6JiaCTn D c rpaHnu;eii S. 
IlocTpo0Hhl ycJioBHH Ha «PYHRD;HH A, B, C, f, rpaHnu;y S 
H «jJyHKD;HH a, cp TQqJrn p JIHHHH s, BXOAHII\H0 B rpaHn:qHoe 
YCJIOBHe un+a (P)=cp (P), rrpn: K-phIX u R n+s paBHO
MepHO CTpeMHTCH K peI1I0HHIO rrpep;eJibHoro ypaBHeHHH c 
rrpn:ae;n;eHHhIM rpaHHqHhIM ycJioan:eM Ha orrpe11eJieHHoii 
qacnr s (oTCYTCTBHe II. c.) (CM. [6]). 

,lJ,JIH BJIJIHIITnq, ypaBHeHHH 2-ro rropH;n;Ka B o6JiaCTu D 
c rpaHnu;eii S Ha rrpnMepe p;ayx He3aaucuMhTX rrepeMeHHhlX 

e (a (x, y) Uxx+2b (x, y) Uxy+c (x, y) Uyy+ 

+d(x, y)ux+e(x, y)uy+g(x, y)uJ+ux

-h(x, y)u=f(x, y), h~a.2>0, 

rrocTp00BbJ HTepau;noHHhle rrpou;ecchl pemeHuH aa;n;aqn: c 
ycJIOBHeM u=O Ha S, ;n;oKaaaHhl TeopeMbJ o cTpyKType 
pa3JI01R0HIIH u ITO e H p;aHhl ou;eHKll OCTaToqHoro qJieHa 
0roro paaJiomeHuH (cM. [4]). AHaJioruqHhle peayJihTaTbI 
rroJiytl:e'Hhl n AJIH ypaaHeHuii: B&1cmnx rrop.11;n;1wa. 

Paapa6ornH (cM. (7]) MeTO,[I cpalll,HBaHHH acHMITTOTHq. 
pa3Jiomeenii AJIH ypaaHeHnH 

e~u-a (x, y) Uy=! (x, y) 

B rrpHMoyroJibHHKe c 3ap;aHHbIM u Ha ero rpaanu;e. 
MccJie;n;oaaHHH IT. c. T. AJIH HeJIHHCHHhIX ypaBHeHHii c 

qacTHbIMH rrpOH3ROAHbIMH CBH3aHbl B OCHOBHOM c a::ipo
rHAPOAHHaMl!KOH H 6a3HPYIOTCH Ha ypaBH0HHHX HaBbe
CTOKCa H HX 0000ll\0HHHX. 3arrpochl rrpaKTHKH rrpHB0JJIJ 
KaK K pa3BHTHIO MaTeMaTHq, TeopHH, TaK lJ K B03HHKHO
B0HHIO pa3JIHqHhlX aa;n;aq H M0TO;D;OB HX pemeHHH. 3J:t0Cb 
peqh 0YA0T HATH TOJlbKO 0 JiaMHHapHbIX TeqeHIJHX (CM. 
(8] - [10]). 

fHAPOAHHaMHKa IlJIOCKHX (k=O) H oceCHMMeTpHqHbIX 
(k= 1) T0'10HHII HecmnMaeMoii lRHAKOCTH c IIOCTOHHHhlM 

'.:{ 12 MaTcMaTuqecKaH sttu., T. 4 

(l]ku); + (l]kv)11 = 0, ui; +uu; +vu 11 =£2~u-p;, 
vi; +uv; -f-vv11 = e 2~v-pri, 

} (2) 

r,'l,0 e=R-'12, R=wX!v - qHCJio P0fIHOJihACa, rrp0p;cTaB
JieHH00 q0pe3 xapaKT0pHhl0 BeJin:qnHhl CKOpoCTH w ll 
JIHHeiiHoro pa3Mepa X. Ha aaMKHyToii: rpaanu;e S o6JiaCTu 
D p0nrnHHH aap;aIOTCH Kpaeahl0 ycJioan:n, ITpuqeM Ha 
OOTeKaeMoM KOHType r ITpu 11= H (s) 3aAaIOTCH YCJIOBHH 

u=O, v=vo(s, H(s)), rp;e u, v - KaCaTeJibHaH lJ Hop
MaJibHaH K f COCTaBJIHIOll\Ile B0KTopa (u, v). B D+S 
3aAaIOTCH HaqaJibHble 3Haq0HHH u, v, p. 

ITp11 MaJioM e acuMITTOTuq. perneHHe 3aAaqn B ITepaoM 
ITpHOJIHlReHHH COCTaBJIHeTCH H3 pemeHHH ypaBHeHuH (2) 
ITpH e= 0 C qaCTbIO YCJIOBHH Ha S (Ha f CTaBllTCH TOJILKO 
ycJioBHe v= v0) u pemeHuH ypaaHeHuii: 11. c. YpaBH0BHH 
)J;UHaMnqecKoro IT. c. BhlBOJl;HTCH B ITpeAIIOJI01R0Hllll, qTo 
YCJIOBHBH TOJill\HHa IT. c. 6 H BeJinqn:Ha v uMeIOT ITOpH)J;Kll 
6 ~ Xe, v ~ we, a qJieHhl JI0Bb1X qacTefI rrocJieAffHX 
ypaaHeHHii :ua (2) :uMeIOT ITopHp;oK qJieHoB c e2 • BB0AeHue 
rrepeMeHHhrx t=T, x=s, y=T]le, V=vle ITPHBOJJ;MT ITp11 
e-+ 0 K ypaBHeHllHM IlpaHp;TJIH 

(rkuJx+(rkV)y=O, u1+uux+ Vuy=Uyy-Px, Py=O, (3) 

C yCJIOBllHMII 

u lt=o=u 0 (x, y), vJ1= 0=v0 (x, y), uJy=o=O, 
VJy=o=v0 (t, x), 

u-+ W (t, x) rrpH y-+ oo, Px= -WWx-fVt, u lx=o=O, 

rp;e r - paCCTOHHHe OT OCH CHMMeTpHu rrpu k= 1, w (x) -
H3BeCTHaH «jJyHHD;HH. 8n1 ypaaHeHuH n ycJioBHH crrpaa01J;
JillBhI AJIH JIIOOoro KpnBOJillHeiiHoro ROHTypa, paAllYC 
KpHBH3Hbl K-poro MHoro 00JlbIIl0 6. B IIOCJieJJ;HeM CJiyqae 

x, y - KOOPAMHaThl BAOJib KOHTypa H no HOpMaJill R 
HeMy. 

Ilp11 IIOCTOHHHOM w aap;aqa CBOAHTCH K Kpaeaoii AJIH 
00hIKHOB0HHOfO p;uljJ«jJ0p0Hu;HaJibHOfO ypaBHeHHH. l1 Me
IOTCH u APYrne KJiaCChl IIOAOOHhlX perueHnii:. 

MaaeCTHhl ycJioBnH, rrpn: K-pbIX pemeHllH aaAaq rr. c. 
CYII\0CTBYIOT, llCCJiep;oBaHhl BOIIpOChl ep;HHC1B0HHOCTH II 
ycTofrqHBOCTH pemeHuii: H HX BblXO;n;a Ha pemeHHH CTaD;HO
HapHbJX aa;n;aq (cM. [11]). PemeHuH cTpOHTCH rro MeTo,n:y 

rrpHMblX, l\OKaaaHa HX CXOAHMOCTb. 
YpaBH0HHH rr. c. AJIH cmHMaeMoii lRIIAKOCTH BblBOAHTCH 

H3 ypaBH0HHH AJIH TeqeHnii BH3KOro H TCIIJIOIIpOBOAHOro 
ra3a n 3HaqnT0JihHO 60JI00 CJIOlRHhl, qeM (3). BoapacTa0T 
H HX KOJIHq0CTBO. HMeeTCH HHT0rpaJibH00 rrp006pa30-

BaHH0, YIIPOll\aIOll\00 BTH ypaBH0HllH B 00ll\0M CJiyqae 
H CBOl\Hll\00 nx K (3) npn qncJie n paHATJl11 Pr= cpl K = 1, 
r;n;0 Cp - T0IIJI00MROCTb raaa rrpu IIOCTOHHHOM p;aBJI0HHH, 
K - Ko::iljJ«jJm:i.neHT T0IIJiorrpoao;n;Hocm (cM. [12]). MaaecT0H 
pHA MOAH«jJHKau;Hii rrpeo6pa3oaaHHH. B ooll\eM cJiyqae 
ypaBH0HHH II. c. OIIHCblBaIOT T. H. 0CT0CTB0HHhl0 KOHB0K
THBHbl0 T0'10HUH. EcJIH v He aaBuCHT OT T0MrrepaTypb1 
n apxHM0AOBa cuJia rrpeHeopemuMo MaJia, To ypaaH0Fine 
BHeprnH OT)J0JIH0TCH OT CHCT0Mhl ypaBH0HHH II. c. H roao
PHT o BhIHYiRAeHHhlX KOHB0RTHBHhlX Teq0HHHX. Ypaa
HeHHe ::iHeprnH orrpe,[10JIH0T T0IIJIOBOH II. c., TOJJ~uHa 
R-poro OTJinqaeTCH OT 6. 

IT. c. B03HHKaIOT H B 30H0 pa3A0Jia T0qeHHii c pa3JIH'l
HhlMH xapaKT0pHhlMH cKopocTHMH. Yl{apHhle BOJIHhl TaKme 
HBJIHIOTCH II. C. 

0TA0JibHbIH KJiacc ABYM0pHhlX aaAaq II. c. CBH3aH c T0q0-
HIIHMU y Bpall\a!Oll\HXCH ocecHMM0TpHqffhlX IIJiaCTHH H TeJI. 

BM0cT0 c paaBuTH0M M0TO,[IOB pemeHHH H0CTaIIHOHap

HhlX 3aAaq perneHbI aa;n;aqn c rr0puo,(IHq0cKHM W, rrpn 
,[IBH)l{0HHH CKaqKoM IJ3 COCTOHHHH IIOKOH, rrpH ycKopeH-
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HOM /J;BIUKemm, /!;JUI II. c. 3a YAapHoii: BOJIHOM, rrpn rrepe
MeHHO:li: Te~mepaType o6TeKaeMo:li: IIOBepXHOCTll. 

B II. c. T. TpexMepHhIX TeqeHnii pa3BHThl MeTOAbI perne
HlVI 3a11;aq H paCCMOTpeHh! cJiyqan, rrpHBOIJ;HIIJ,He K yrr
pom.eHHIO ypaaHeanii. YpaaHeHHH rr. c. Ha cKOJib3JIIIJ,eM 
II;HJIHHAPHq. KphIJie 6ecKoHeqHoro pa3Maxa aHaJiornquhJ 
ypaaHeHnHM ABYMepHoro II. c. B rrpn6mrnrnHHon rrocTa
HoaKe perneHh! 3a11;aqn rr. c. Ha apam.arom.encJI n;nJIHHApnq, 
JiorracTH rrporreJIJiepa n Ha Bpam.aroIIJ,eMcJI II;HJIHHApe B 
Koco Ha6erarom.eM rroToKe, a TaKJ·Ke 3a11;aqa rr. c. a6JIH3H 
JIHHHH rrepeceqeHnH 11;ayx rrJiocKocTen. 

IIepeqncJieHHhle nccJie11;oaaHnJI rr. c. a aaporn11;po11;nHa
M1me OTHOCJITCJI K rrepaoMy rrpn6JinIBeHnro II. c. T. BMc
rnne rrpn6JiniKeHHJI II03BOJIJIJOT IIpOBOIJ;HTb HCCJie/I;OBaHHJI 
B3aHMOIJ;eHCTBHJI II. c. c BHeIIIHHM IIOTOKOM, a TaKIBe 
paeqeThl rrpII yMepeHHh!X qncJiax R (cM. [ 13]). 

YcTonqnaocTb n. c. II03BOJIHeT orrpe11;eJIHTb rpaHHII;hl 
rrpnMeHHMoCTH TeopnH. MMeJOTCJI nccJie11;oaaHHJI (cM. 
[ 14]) Ha OCHOBe MeT011;a MaJihIX BOaMyIIJ,eHnii c rrepHOAH
qecKHMH H JIOKaJibHh!MH HaqaJibHhIMH B03MYIIJ,eHHJIMH. 
B cJiyqae IIJIOCKHX TeqeHnii: aHaJina 3-MepHh!X B03MyIIJ,eHH:li: 
B mrneii:HOM rrpn6JIHiKeHHH CBOAHTCJI Ha OCHOBaHHH T00-
peMbl CKeaiipa K 2-MepHoMy c H3MeneHHblM 3HaqeHneM v. 
HeJinHeiiHblii: aHaJIH3 rrpn rroTepe ycToiiqnaocTn o6aapy
iKHBaeT IIOJIBJieHHe IIpO/I;OJlbHblX enxpeii. 

<l>n311q, o6o6m.eHHJI 3a11;aq II. c. T. (cM. [15) - [17)) 
CBJI33Hbl c 1rnyqeHBeM MHoro«PaaHblX Teqem1i\:, c HCIIOJlb-
30BaHHeM peaJibHb!X ypaBHeHHii COCTOJIHHJI H Koa«Plfinn;n
eHTOB rrepeHoca (ycJIOil\HeHHe ypaBHeHHH), c pacCMOT
peHHeM BepaBHOBeCHblX TeqeHBH c AH«P«PY3Hen (pacmn
peHne cncTeMhl ypaBHeanf1 n rrpno6peTeHne ero napa6o
JIHKo-rnrrep6oJinq, Tima), c yqeroM a6JIJIII;HH o6TeKaeMon 
IIOBepXHOCTH (ycJIOlKHeHne rpaHHqHbJX YCJIOBHH ll He
o6XOABMOCTb pacqeTa TeIIJIOIIpOBO/J;HOCT!il B TeJie), c yqe
TOM nepeHoca Ii13JiyqeanJI (nnrerpo-Au«Pcf>epemi.naJibBble 
ypaBHeBHJI). 

,Il;aJibHei\:mee pa3BHTHe II. c. T. B aaporn)l;po11;nJiaMHRe 
IlOJiyqnJia npn HCCJie/I;OBaH!ilH TeqeBnii, He YAOBJieTBOpJI
JOIIJ,HX rrpe11;rroJiomeHmlM IIpaH/I;TJIJI, c perneHHHMH B 
BH/I;e MHOfOCJIOHHbJX aCHMIITOTHq. pa3JIOJKeHHH. lfoToq 
HHROM CJIOff\HOCTH cTpyKTYPhl pernemrn JIBJIJIJOTCH 11;0-
IIOJIBHTeJibHhle MaJible napaMeTphl B rpaanqHhlX YCJIOBHJIX 
(aarrp., 113-3a MaJioro pa11;nyca Rpnen3Hhl o6TeKaeMoro 
ROBTypa), cyrn;ecTBOBaHHJI oco6bIX ToqeK, JIHHHH HJIH 
rroaepxHocTeii B nepaoM npn6JinmeHHH II. c. T., a TaKme 
B03MOJKBaJI 6Rcf>ypKaII;HJI perneHiilJI. 

R 3TOMY KJiaccy OTHOCJITCJI TeqeHHJI OKOJIO ToqeK OT
ph!Ba n IIpncoe11;nHeHnJI rr. c. K o6TeKaeMoMy KOHTYPY II 
OKOJIO TOqeK rra11;eHHJI Ba II. c. y11;apHb!X BOJIH. XapaK
TepHbie pemeH!ilJI (CM. [ 18] - [20]) JilMeJOT TpeXCJIOHBYJO 
CTPYKTYPY· BHeIIIIIee pemeH!ile orrpe11;eJIHeT B03MyIIJ,eHaoe 
II. c. IIOT0HII;HaJibHOe TeqeHHe H OllHCb!BaeTCJI ypaaHe
HHJIMH B B03MyIIJ,eBHJIX. Cpe.n;Hnii CJIOH TOJIIIJ;HHbl rropH/I;Ka 
x e OIIHCbIB3eTCJI ypaaHeHHJIMH H0BJl3KHX 3aBHXp0HHh!X 
reqeHnii c Py=O, n B aero rrocryrraer ra3 113 ocHoBHoii 
qacrn rrpenmecTayrorn;ero rr. c. 

YpaBHeHHJI 3-ro, caMoro TOHKOro, rrpncreHoqHoro 
CJIOJI Bh!BO/J;JITCJI B npe11;rroJIOlf<eHHH, qTO ero /I;JIHBa H 

TOJIIIJ,HBa HM0JOT COOTB0TCTBeBHO IIOpJI/I;KH x e 3 I.' x e" I•. 
Bee11;eHne B CTan;HoHapHoM cnyqae rrepeMeHHhlX 

x=~e-'I•, y=rie-•1., U=ue-'f,, V=ve-'I•, P=pe-'f, 

npHBO/I;HT IIpn e - 0 CHOBa K ypaBHeHHJIM (3), B K-pb!X 
cJie11;yeT u aaMeHnTb Ha U, a p - Ha P. 8ra crpyKrypa 
pemeanJI aaAaqn xapaKTepHa AJIH mnpoKoro KJiacca 
TeqeHHH c MaJibJMH B0JIJilqHHaMn B03MyIIJ,eHHii. 

Jfcc.rre11;oaaHhl MHor!ile aa.n;aqn 11;nHaMnKI1 Teqea11ii rrpn 
M3JihIX e, B K-phlX Ha KOpOTKHX paCCTOJIBHJIX 11;aaJieHne 
BO BB0IIIHeM ceepX3BYKOBOM (M>i, M=wlc, r11;e w -
CKOpOCTb raaa, c - C!WpOCTh 3BYKa) IlOTOKe MeHHeTCJI 
CHJlhHO. I\ HHM OTHOCJITCJI 3a11;aqn pacqeTa o6TeRaHHJI 
KOHTypoB c 6oJihIIIOH JIOK3JihHOH KpBBH3BOH B rrpHCOeAH-

Hemui IIOTOKa K rroeepXHOCTH TeJia. B- 3TBX CJiyqaJIX 
rrpn TpexcJioiiHoii: cxeMe pemeHHH e cpe11;HeM cJioe Py ,r:O. 

M3yqeH KJiacc 3a11;aq, B K-ph!x B03MYIIleHHoe pernesne 
3aHHMaeT KOHeqHyJO o6JiaCTb. 8TH pemeHHJI peaJIH3y
JOTCJI Ha pelKllMaX yMepeHHoro II. Cll.JlhHOfO B3all.MO/J;e:i\:
CTBHJI II. c. c BH0IIIHll.M r11.rrep3BYKOBb!M (M - 00) IIO
TOKOM n rrpn CBepX3BYKOBOM o6wKaHHH TeJI KOHeqaoii: 
/J;JIHHbl, qepe3 IIOBepxBOCTb K-pb!X rrpoH3BOIJ;llTCJI HHTeH
CHBHblll BAYB (vo >0) raaa. B 0THX 3a/I;aqax BeJrnq11.Ha 
11;aaJieHHH Ha aceii: BHemuen rpaHnn;e rr. c. orrpe11;eJIReTcJI 
H3 pemeHHH rroJIHoil: aa11;aq11., Bo3MyIIJ,eHne oT 3a11;Heii 
KpOMKll. TeJia pacrrpocTpaHJieTCJI BBepx no IIOTOKy, qTo 
orrpe11;eJIJ10TCJI B00/I;llHCTBeHHOCTbJO pemeHBJI B OKpecT
HOCTll rrepe11;Hen KpOMKll TeJia. 

Jlum.: 111 T JI x 0 H 0 B A.H., «MaTeM. c6.», 1952, T. 31, 
No 3, c. 575-86; [2] B a 3 0 B B., ACBMIITOTBqec1111e paaJlOlRe
HlllI pemeHllll o6blI<HOBeHHblX JU1«!>«!>epemmaJ1hHhlX ypasHem1ll, rrep. 
c aurJ1., M .• 1968; [3] Ba c JI J1 be Ba A. B., B y Ty 3 0 B B. 
<I>.. ACHMIITOTBqecmte paaJlO>KeHlllI pememdt CllHrYJllIPHO B03MY
II(eHHblX ypasHeHHll, M., 1973; [4] B 11m11 11 M. H., JI 10 c Tep
H H 11 JI. A., «}'cuex11 MaTeM. Haym>, 1957, T. 12, e. 5, c. 3-122; 
1960, T. 15, B. 3, c. 3-80; [5] I{ 0 y J1 .um., MeTOIU>l B03MylI(eHHll 
B IIPllllJlB;D;HOH MaTeMam11e, rrep. c aHrJ1., M., 1972; [6] 0 J1 e i!
H II II o. A., «MaTeM. c6.», 1952, T. 31, .M 1, c. 104-17; [7) 
II J1 b H B A. M., JI e J1 JI l< 0 B a E. <I> •• T8M me, 1975, T. 96, No 4, 
c. 568-83; [8] I{ 0 'I H H H. E., I{ H 6 e J1 b u. A., p 0 3 e 
H. B., TeopeT11qec11a1I rH;a;poMexaun11a, 4 na;a;., q, 2, M., 19.63; 
[9] JI o II u II H c 11 11 ii JI. r., JiaMimapHblll rrorpaa11qub1fi CJ1oll, 
M., 1962; [10] ill J1HxT11 Hr r., TeopnR rrorpaHH'IHoro cJ1011, 
rrep. c HeM., M., 1974; [11] 0 J1 e II B H l< o. A., «YcrrexH MaTeM. 
H8YK», 1968, T. 23, B. 3, C. 3-65; [12] .lJ; 0 p 0 ;a; H H llhl H A. A., 
«IlPJll<Jl. MaTeM. H MexaH.», 191,2, T. 6, B. 6, c. 449-86; L13] B a H
.u a II 11 M., MeTo;a;hl eoaMylI(eH11ll B Me:tamrne mH;a;1<ocm, rrep. 
c aurJ1., M., 1967; [14] Be T q 0 B P., I{ pH M II Ha J1 e B., 
BorrpochI r11;a;po;a;1rnaMHqec1<0ll YCTOltliHBOCTH, rrep. c aurJ1., M., 1971; 
[15] Co y c., rnwo;a;11HaM1111a MHorolj>aauhlx c11cTeM, rrep. c aarn., 
M., 1971; [16) Ao pp e H c Y. X., rirnepasy11os1>ie TeqeHJ111 
BIIaKoro raaa, rrep. c aHrJ1., M., 1966; [17] I< a II c B. M., I<ouee1<
TllBHbill TenJio- 11 Maccoo6MeH, rrep. c aHrJ1., M., 1972; (18] He 11-
Jl a H ;a; B. fl., «lI3B. AH CCCP. MexaH. lRH;!l;I!. H raaa», 1969 
No 4, c. 53-57; [19] er o me, «Tp. UArII», 1971,, a. 1529; [20! 
Stewarts on K., «Advances Appl. Mech.», 1974, v. ti., 
p. 145-239. IO. a. illMbt2.Ae8CmtU. 

rrorPAHIPIHLill CJIOll - o6JiaCTb 6oJihIIIHX 3Ba'le
IDIH rpa11;11eHTa cf>yuKn;ni\:, B 'laCTHOCTH e r1111;po11;nuaM'.n
Ke, o6JiaCTb Te'leBHJI BH3KOH lf<H/I;KOCTH (ra3a) c MaJIOH 
no cpaeaeHHJO c rrpOAOJibHh!Mlil pa3MepaMH rronepeqHoa 
TOJIIIJ,HHoil:, o6pa3yIOrn;a11cH y rroeepxHoCTH o6reKaeMoro 
rsep11;oro reJia HJIH Ha rpaHnn;e pa3/I;eJia 11;ayx rroToRoe 
lKH/J;KOCTeH c pa3Jill.qDbIMll. CKOpOCTJIMH, TeMrreparypaMH 
HJill XII.Ml!'!. COCTaBaMH. fl. C. xapaKTep113yeTCJI pe3KHM 
lil3MeHeHHeM B rronepeqHoM HarrpaeJieHHH CKopoCTH (AD
H a M H 'I e c K H ii: II. c.) HJill. TeMrreparypbi (T e II JI O
B 0 ii, II. JI H Te M II e p a T y p H hl ii, II. c.), HJIH me 
KOHII;eHrpan;lilii OT/J;eJibHblX Xl!Mll.q, KOMIIOHeHTOB (A H «!>
cf> y 3 H 0 H B bl ii, 11.Jill K 0 H n; e H T p a n; II. 0 H H bl ii, 
IT. c.). IIoaJir11e II. c. 11 caM repMnH 6b!JIH ase11;eHbl Jl. 
IIpaHATJieM (L. Prandtl, 1904) B CBJI3H c pemeHHeM Kpa
eaoii: 3ap;aqn /I;JIJI HeJIHHeHBbJX ypaBH0HHii c qaCTHhIMB 
rrpoH3BO/J;HhlMH r1111;po11;HHaMHKH BH3KHX m11.11;KocTeii. Hym
Ahl pa3BHTHH as11an;1111 orrpe11;eJI11Jin pa3pa60TKY reopHB 
II. c. B aaporn11;po11;I1HaM11Ke. B cep. 20 a. CTaJia pa3BB
aarhcJI MareMaTH'lecKaH nozpauu11,uozo c.1tosi meopusi, a 
raKme rrp11JiomeBHH B reopH11. TeIIJiorrepe11;aq11, 11;ncf>1Jiyanu, 
rrpon;eccoB B rroJiyrrpOBO/I;BHKax H .n;p. IO. l.J., llMbt2.Ae8CltUU, 

IIOfPEIDHOCTh - pa3BOCTb x - a, r11;e a - 11;aa
aoe qncJio, K-poe paccMaTp11.aaercH KaK rrpu6JinmeaHoe 
3aaqeHne HeK-pof1 aeJIH'IHHhl, roqHoe 3Haqeu11e K-poil 
paBHO x. Pa3HOCTh x - a Ha3. TaKme a 6 c 0 JI IO TH 0 ii 
II. 0THOII10HHe x-a Ka Haa. OTHOCHT0JihHOH 
II. qJilCJia a. ,Il;JIJI xapaKTepUCTilKH n. 06b1qao IIOJib3YIOTCJI 
yKaaau11eM ee rpaHun;. l:IHcJio ~ (a) TaRoe, qTo 

Ix-a I<~ (a), 

aaa. r p a H 11 n; e f1 a 6 c o JI IO T H o ii II. l:luc.no I) (a) 
TQKOe, qfo 

I x:a je;;;;;ll(a), 

uaa. r p a a u n; e i o T u o c a T e JI h a o i\: II. fpa· 
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Hl!IJhl OTHOCIITeJJbHoii II. qacTo BbipamaIOT B rrpo!JeHTax. f roMeoMopqJHo oT06pamaeT Ha f U. 8TO IIOHHTHe rrpIIMe-
B KaqecTBe ~(a) II ll (a) 6epyTCH no B03MOmHOCTII MeHb- HHeTCH rJJaBHb!M o6pa30M K OT06pameHIIIO :1moroo6pa:rnii, 
IIIIIe qIICJia. r11e qacTo )lOIIOJIHIITeJlbHO Tpe6yeTCH eIQe BblITOJIHeHIIe 

HHljJopMalJIIIO 0 TOM, qTo qIICJJO a HBJIHeTCH rrpH6JIIImeH- YCJIOBllH JIOKaJlbHOH IJJIOCKOCTH (TaKoe me, KaK II llJIH 
Hb!M 3HaqeHneM qIIcJJa x c rpaHHIJeii: a6coJIIOTHoii: II. .n,o.,;a.n,bno n.n,oc.,;ozo Mo:m:enua). IIocJJe11Hee ycJIOBHe aBTO-
~ (a), rrptIHHTO 3am1Cb1BaTb B BII):\e MaTIIqecm1 BbIIIOJIHeHo, eCJIII MHoroo6pa3HH x II y HB

JIHIOTCH p;mpljJepeHIJIIpyeMbIMII, H MaTpIIIJa HKo6II oTo-
x =a ± ~ (a)· 6pameHHH f HMeeT B Kamp;oii: ToqKe MaKCHMaJlbHhlii: paar, 

AHaJIOfIIqHoe COOTHOIIIeHIIe )lJIH OTHOCIITeJlbHOll II. :rn- paBHblll pa3MepHOCTII x. 3a11aqa KJlaccmpIIKaIJHII II. 

IIIICbIBaeTCH B BII)J;e O):\Horo MHOroo6pa3llH B p;pyroe c TO'IHOCTbIO AO T. H. 

X=a (1 ± 6 (a)). peryJIHpHOH rOMOTOIIIIII CBe11ena K 'IIICTO roMOTOIB!'I. 

fpaHHW.I a6COJllOTHOH l'I OTHOCHTeJlbHOH II. yKa3bIBaIOT 3ap;aqe. fOMOTOIIHH ft: xm--+- yn Ha3. per Y JI H p-

Ha MaKCHMaJlbHO B03Momaoe pacxomp;eHne x H a. HapHAY H o ii:, ecJIH )J;JIH Kamp;oii: TO'IKH x EX oua MomeT 6b!Tb 
c HHMII qacTo yrr0Tpe6J1HIOTCH xapaKTepucTirnH II., rrpo)loJ1meHa )IO uaomonuu Ft: UXDk-+ Y, r/W U -
yqHTb!BaIOm;He xapaKTep B03HHKHOlleHHH II. (aanp., OKpecTHOCTb x, Dk - AHCK pa3MepHOCTH k=n-m, H Ft 
rrorpemaocTb H3MepeaIIii:) II 11acTOTY pa3m1qHbJX anaqeHIIii: coBrra)laeT c ft na U X 0, rAe 0 - u;eHTP )lHcRa. B llH<P<J>e-
paaaocTH x ll a. IIpH TaROM 11op;xop;e R II. llCIIOJib3YIOTCH peHUHpyeMOM cJlyqae )J;OCTaTOqHO IIOTpe6oBaTb, 'JT06bl 
Mi;JTOllbl TeOpHII BepOHTHOcTeii: (cM. Ow,u6o.,; meopua). MaTpHIJa HKo6u HMeJla MaRcHMaJlbHblii: .JlaHr rrpII Ram)lOM 

II pH qIICJl0HHOM pememrn 3a)laqn II. p03YJlbTaTa o6yc- t ll HerrpepblBHO 3aBHC0Jla OT t. ~mfi<t>ep0HIJllaJI DI n. 
JlaBJIHBaeTCH H0TOqHOCTHMll, R-pb10 rrp11cyw:1<1 ljJopMyJIII- orrpeµ;eJIH0T IlOCJIOHHblll MOHOMop<J>113M KaC3T0JlbHOfO pac-
pOBR0 3ap;aq11 H crroco6aM ee pemeH!IH. n., B03HIIKarow;yIO cJ1oeHHH TX B KacaTeJlhHOe paccJ1oeHne TY. PeryJ1R.pHaH 
BCJl0)lCTBll0 H0TOqHOCTll MaTeMaTllq. OIIHCaHllH peaJibHOro roMOTOl!llH onp0):\0JIH0T roMOTOillllO TaKHX MOHOMopljJ1rn-
rrpOIJ0CCa, Ha3. II. M a Te M a TH 'I e c R 0 ii: M 0 A e JI H; MOB. 0Ra3b!Ba0TCH, qTo aTllM ycraHaBJIRBa0TCH 6neK!JllH 

B03Hll1\aIOJ.U:YIO BCJJ0):\CTBll0 H0TOqHOCTll sa11aHI1H llCXOA- Memµ;y RJlaccaMll peryJ1HpHbIX rOMOTOIIllll ll rOMOTOIIll'I. 
HbIX 11aHHbIX - II. Bx 0 II H bl x A a H H bl x; B03Hl1Ka- KJlaccaMH MOHOMopljJ113MOB paCCJI00Hllll. 
IOIQYIO BCJI0)lCTBJl0 HeToqHOCTll MeTO)la pemeHIIH - II. 3a11aqa II. B 0BKJ!ll)l0Bbl rrpocTpaHCTBa CBO)lllTCH K 
M 0 T 0 11 a; B03H!IKaJOJQYIO BCJl0)lCTBll0 H0T0qHOCTII Bbl- 3allaqe fOMOTOIIll'I. KJiaCCllljJHKaI~llll fl. B mmuifje.n,si 
qllcJJeHHii: -- B bl q H c JI ll T e JI h H o ii: II. .Huorµ;a II. Jtt1tozoo6paaua V n, m. Harrp., TaK KaK n 2 (Va, 2) = 0, TO 

MaTeMaTllq. MO)l0Jlll ll II. BXO)lHbIX )laHHbIX 06'b0)lllHHIOT llM00TCH TOJibKO O)l!IH KJlaCC Il. c<J>epbl S2 B IR3 , TaK qTO 
IIOll OllHllM Ha3BaHH0M - He y CT p a H ll M a H Il. CTaH11apTH00 BJIOm0Hlle perymipHO fOMOTOIIHO CBOeMy 

B npo!Jecce Bb1qHcJ1eHHii: HCXO)lHbl0 II. 11ocJ1e)loBaTeJ1hHO sepKaJlbHOMY OTpa;KeHHIO (cljJepy MOmHo «peryJ1HpHo 
rrepexo)lHT OT onepar~HH K 011epau;HH, HaKanJinBaHCh Bb!BepnyTh HaH3HaHKy», cM. pHc.). TaK RaK V2 , 1 ""' 31 , 

ll nopom)laH H0Bbl0 n. Bo3HllKHOB0Hll0 ll pacnpocTpaHeHHe TO l!Me0TCH cqeTHOe 'IHCJIO KJiaccOB n. OKpymHOCTll B 
fl. B BblqllcJleHHHX HBJIHIOTCH IIp0)lM01 OM CII0JJ;HaJlbHbIX IIJIOCKOCTb, a T. K. paOCJl00Hll0 IIITmpeml Ha)l S2 tOM00-
llCCJ10)lOBaHllll (cM. Bwwc.n,ume.l!blWR JttameJttamu.,;a). MOpljJHO rrpoeKTHBHOMY rrpOCTpaHCTBY IRP3 ll n 1 (IRP3)= 

Jlum.: [1) Be pea" H H. c .. /K ll )'.( K 0 B H. n .. MeTO)'.(hl = z 2• TO llM0eTCH TOJlbRO )lBa RJlacca norpymeHllH 31 
BbJqHCJJeHHM, 3 H3)'.(., T. 1, M., 1966; (2) Baxna.TIOB H.C., B S2, ll T. rr. A. B. qepnaecnuii. 
'IHCJieHHhie MeTO)'.(hl, 2 H3)'.(., M., 1975; [3) B 0 e B 0 )'.(" H B. B., " 
BbJqHCJIHTeJibHhJe OCHOBhl JIHHeil:Hoil: ameopbl, M., 1977. IIOfPYjll'.EfflIE M H 0 r 0 0 6 p a 3 ll H - H0rrpepbIB-

I'. a. RUM.. HOe OT06pameHHe F: Mm-+ Nn m-Mepuoro MHoroo6pa-
rrorPYIKAIOID;AH OIIEPA~UH - B MaTeMaTn'leCKOii: 3llH Mm B n-Mepnoe MHOroo6pa3ll0 Nn TaRoe, 'ITO JJ;JIH 

JIOtHKe orrepau;HH, rrepeBO)lHIQaH BblpameHHH oµ;aoro Ram.a;oii: ToqKH x E Mm cyru;ecTByeT oRpecTHOCTh U x• )lJIH 
JJOtHRO-MaTeMaTH'I. H3h!Ka B Bb!pamemrn )lpyroro c co- R-poii: F ecrh BJlomeHHe, T. e. roMeoMop<J>nsM Ha F ( U xl cNn. 
xpaHeHHeM TeX llJlll llHblX )le.a;yKTllBHLIX CBOHCTB. n. o. B qaCTHOCTH, 0CJlll F 0CTb roMeOMOpljJH3M Ha F (Mm), 
llillpORO llCIIOJlb3YIOTCH )lJIH ycTaHOBJleHHH B3aHMOCBH3ll TO OH Ha3. B JI 0 me H ll e M Mm B Nn. IlorpymeHHe 
Memµ;y pa3Jlll'IHb!Mll JIOtll'l. T00p11HMII, UC'lUC.l!ellURJl!U. F Ha3. ct. Ct-rr 0 r p y m e H ll e M, 0CJlll Mm ll Nn cyTb 

Hanp., 0CJlll ljJopMyJle A ljJopMaJlbHOil apHljJM0TllKll co- ct. Ct-rJla)lKll0 MHOroo6pa3HH (1~1, O.o;;;:a<1, m<.n) 
IJOCTaBHTb ljJopMyJly A* ::noro me H3b!Ka, BCTaBHB )lBa ll OTo6pameHH0 F B COOTBeTCTBYIOIII;llX RapT3X 3a.a;aeTC1I 
OTpHa;aHHH rrepe)l Heii: ll rrepe)l Kamµ;oii: ee IIO)lljJOpMyJIOH ljJyHR!JllHMll 
(Iiarrp., (AVB)* 0CTb ll(l"lA*v-llB*), a (3xA)* 
0CTb l-l3xl lA*, II T. [\.), TO ll3 BblBO)l;HMOCTll A B 
KJJacc11qecKOil ljJopMaJlbHOii:: apIIljJMeTllK0 CJleµ;yeT BbIBO
)l;llMOCTb A* yme B HHTYHU:HOHHCTCKoii: iiiopMaJlbHoii: 
apHljJMeTlrne. 0TCIOp;a Bb!TeKaeT, qTo HerrpOTllBOpeqllBOCTb 
llH'rYHIJHOHllCTCKOH ljJopMaJlbHOH apmpMeTHKll BJleqeT He
rrpoTHBopeqllBOCTb ll KJJacc11qecKOil ljJopMaJibHOil apHljJ
M0TllKII. OrrHcaHHaH H e r a T II B H a H ll H T e p II p e
T a 1J ll H f ii A e JI H Il03BOJIH0T, CJIB)l;OBaT0JlbHO, yKa-
3aTb Bamaoe B3aHMOOTHOlli0Hll0 Memµ;y llHTYlllJHOHllCT
CKOir ll KJlaCcllq. apHljJMeTHKaMll. 

,[l,p yroii: THIIllqHblll IIpHMep fl. O. - II e p 0 B O A f ii
A e JI H - T a p c K o r o, rro3BOJIHIO!QllH ycTaHOBHTb B3a
HMOCBR3h Mop;aJlbHh!X ll llHTYlllJllOHHCTCKllX JIOfllK. Ilo
CTpoen11e MO)l;eJleii: B aKCHOMaTHq. T00pll11 MHomecTB TaKme 
M0lli0T 6b!Tb o6blqHo llHTeprrpeTHpOBaHO CllHTaKcHqecKH 
KaK IIOCTpoeHHe HeK-poii: II. 0.- BHyTpeHHeii: MO)J;BJIH 
Teopllll MHOiK0CTB. 

Jlum.: [1] III e H cjl n JI n ,[( >R. P., MaTeMaTHqec1ma JIOrHHa, 
rrep. c aHrJJ., M., 1975; [2) <I>elic P., MonaJJhHaa Jiorm<a, rrep. 
c. aHrJI., M., 1974; [3) ,[(par a JJ "H A. I'., MaTeMaTHqecHHti 
HHTYHUHOHH3M, M., 1979. A. I'. /f.paW.!lU1t. 

rrorPYmEHUE, H M M e p c II 11,- OT06pamem10 
f : x -+ y 011,HOro TOilOJIOrllq. rrpocTpaHCTBa B µ;pyroe, 
rrpll R-poM Kamp;aH ToqKa Bx llM00T oKpecTHOCTb u, K-pyIO 

12* 

rrpHHap;Jlemaru;HMH KJlaccy tJlap;KOCTH ct, a, a paHr 

MaTplllJbl II :~:. II paBeH m B Kamµ;oii: TOqKe x E Mm ( c1• a_ 

tJlap;K00 MHOroo6pa3ll0 - MHOf006pa3H0, Hap;eJl0HHOB f

CTpyKTypoii:, r11,e rrceBµ;orpyrrrra cocTOHT 113 l paa AH.P<J>e
peHIIHpyeMhlX oTo6pameHHii:, 11poII3BOJJ;Hble K-pb!X YAOB
JleTBopHIOT ycJIOBlllO fiiJlb)J;epa c IIOKa3aTeJl0M a). 

R IlOHHTlllO n. II ct. Ct-rJJap;Koro n. Herrocpeµ;CTB0HHO 
npllMbIKaIOT IlOHHTllH IIQB0pXHOCTll II Ct, Ct-rJlap;KOH IIO

BepXHOCTII. IIorpymeHHH F n G MHoroo6pa3HH M B N 
Has. aKBHBaJleHTHbIMH, ecJ111 cyIQeCTByeT TaKoii: roMeo

MopljJH3M CD: M 7 M, 'lTo F=G©. 
II 0 r p y m e H H bl M M H 0 r 0 0 6 p a 3 II e M Ha3. 

11apa, cocToHm;aH H3 MHoroo6pa311H M H ero rrorpyme
HllH F. m-M e pH 0 ii: II 0 Be p x H 0 c T b IO B n-MepHoM 
MHorooopasHn Nn aas. KJ1acc aKBllBaJleHTHbIX rrorpymeHHii: 
F : Mm-+ Nn; Kamp;oe n. aToro KJlacca Ha3. nap a

M e T p ll 3 a IJ ll e ii: II 0 B e p x H 0 c T ll. II OBepXHOCTb 
Ha3. Cl. a-r JI a A K O ii:, ecJill Ha MHorooopaaHHX M 
II N MomHo BBecTn ct. a-cTpyKTYPb! H ecJIH cpeµ;H rrapa

MeTp11sau;Hii: IJOBepxHOCTll Hall)l0TCH TaKaH napaMeTpll-
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aauu.11 F' K-paH B 3Tl!X CTPYKTypax eCTb er. a-rrorpyme
e1rn. 

Teop1rn rrorpymeeHh!X MHoroo6paa11ii, KaK rrpaBHJIO, 
oco6eHHO B Tex CJiyqa.11x' KOrp;a paccMaTpHBaIOTCH BO
rrpoch!, ca.11aaHHhle c reoMeTp11eiJ TI., 11ay•rneT caoii:cTBa, 
llHBap11aHTHhle OTHOCllTeJibHO BBe)l;eHHOro Bblll1e IIOHHTllH 
3KBHBaJieHTHOCTll, II no cym;eCTBY coarrap;aeT c Teop11eii: 
IIOBepXHOCTeM. 

TiyCTb Mm ecTb cz. a-MHoroo6paa11e, Z>1, O.o;;;:a<1. 
Bc.11Koe Mm p;orrycKaeT rrp11 m>1 BJiomeH11e B eBKJIHAOBO 
rrpocTpaHCTBO 1R2m II ci. a-rrorpymeHlle B IR 2m - 1rrp11 
m>2. EcJIH m IIOJiom11TeJibHO II He HBJIHeTCH CTerreHbIO 
p;BoiiKII, TO BCHKOe Mm p;orrycKaeT Cl, a-BJIOiReHlle B 
IR 2m- 1 , B TO me apeMH rrp11 mo6oM m= 2s c s>O cym;ecT
BYIOT aaMKHYTbie rJiap;Klle m-MepHhle MHoroo6pa311H, He 
p;orrycKaIOm;lle p;ame TOIIOJior11q. BJIOmeHllH B IR 2m - l 

(TaKOBO, Harrp., rrpoeKTllBHoe rrpocTpaHcTso). EcJI11 Mm 
He llMeeT KOMIIaKTHblX KOMIIOHeHT' TO OHO p;onycKaeT 
Cl,a_BJIOiReHlle B IR 2m-l. 

Op11eHT11pyeMoe m-MepHoe MHoroo6paa11e rrp11 m*1,4 
p;-0rrycKaeT cz. a-BJiomeH11e B 1R 2m- 1 • Borrpoc o aoa-· 
MomHoCTll rrorpymeHllH m-MepHoro MHoroo6paa11.11 B 
IR 2m rrp11 n<2m-i CBH3aH c KJiaccaM11 Y11Te11 H llo,umpsi
euua KAllCCll.MU 3T0f0 MHOroo6pa3Jil.ll. llaaeCTHO TaKme, 
qTo Kamp;oe cz. a-rJiap;Koe m-MepHoe MHoroo6paa11e c 
l>t, O.o;;;:a<1 p;orrycKaeT co6cTBeHHoe (T. e. TaKoe, qTQ 
rrpoo6pa3 Kamp;oro KOMIIaKTHoro MHomeCTBa KOMIIaKTeH) 
TI. B IR 2m n co6CTBeeeoe BJiomeene B IR 2m + 1 • E CJIH ea 
Mm aap;aea pnMaeoaa MeTpnKa, TO qacTo paccMaTp11BaIOT 
uao.Mempu11ecKoe noepy:m:euue Mm B !Rn HJIH p;pyroe 
pnMaeoao rrpocTpaHCTBO Nn. Cl· a-rJiap;1we puMaeoao 
Meoroo6paaue, l=2, O<a<i; l>2, O.o;;;:a<1, p;orryc1rneT 
cz. a-rJiap;1rne H30MeTpnqecKoe TI. B eeK-poe !Rn. B cJiy
qae KOMIIa1neoro Mm qucJio n= (2m+i) (6m+14). 
Hao6opoT, cia_rnap;Koe TI. (Z:::? 2, 0 <a< 1) Mm B 
fRn nep;y11,upyeT ea Mm Cl,a_rJiap;KyIO pnMaeoay MeT
pnKy (4]. 

Jlum.: [1) CM e ii: JI C., «YcrrexH MaTeM. uaym>, 1964, T. 19, 
B. 1, c. 125-38; [2] Jacobowitz H., «Ann. Math.», 1972. 
v. 95, N' 2, p. 191-225; [3] Pox JI H H B. A., <1> y R c )];. B., 
Ha'1aJibHhlH Hype TOnOJIOrHH. reoMeTpH'leC11He rJiaBbl, M., 1977; 
[4) Ca6HTOB II. X., llieljleJih C. 3., «CH6. MaTeM. lfL», 
1976, T. 17, M 4, c. 914-25. C. 3. illetjje;i~. 

IIOfPYiKEHHhIX MHOf006PA3lllI fEOMETPHH -
TeopnH, uayqaIOm;a.11 BHeIDHIOIO reoMeTpMIO ll CBH3b Memp;y 
BHeJIIeeii: ll B B y T p e H H e II r e 0 M e T p H e II IIOA
MHoroo6pa3MM eBKJIM)l;OBa MJIM pnMaHOBa rrpocTpaHCTBa. 
TI. M. r. HBJIHCTCH o6o6IIWHMCM KJiaccnq, p;mpiJ>epeHll,11-
aJibHOM reoMeTpHH IIOBepXHOCTeM B eBKJilliJ;OBOM rrpo
CTpaHCTBe IR3 • JloKaJibHO BHYTPCHHHH lI BHCIDHHH reo
MeTpMM rrorpymeHllH MHoroo6pa3HH o6hlqHO OIIHCbIBaIOTCH 
COOTBeTCTBeHHO c IIOMOII(bIO rrepaoii: II BTOpoii: KBap;pa
THqHbIX iJ>opM. ,IJ;JIH rrorpymeHHii: m-MepHoro MHoroo6-
pa:mH Mm B MHoroo6pa3ne Nn cym;ecTayeT rroHHTllB 
3KBllBaJieHTHOCTll (cM. lloepy:m:euue MHoroo6pa3HH). B 
Il. M, r. HayqaIOTCH CBOMCTBa, O)l;HHaKOBhIB y 3KBHBa
JI8HTHhIX rrorpymee11ii:, T. e. CBOHCTBa rrosepXHOCTll pm, 
orrpep;eJIHeMoii: rrorpymeH11eM /. B CBH31! c aTHM B reo
MeTpnqeCKHX Borrpocax rrorpymeene n rroBepxHoCTb ee 
pa3JiuqaIOTCH. Ilorpymemie f nHp;y1v1pyeT 0To6pameH11e 
df: TMm--+ TNn KacameAbUblX pacc.aoeuuii. 

n e p B a H K B a A p a T H q H a H (iJ> y H A a M e H-
T a JI b H a H) ip 0 p M a g rroaepXHOCTll F orrpep;eJIHeTCH 
Ha TMm paBeHCTBOM 

gp (X, Y)=gt<pi(X, Y), 

rp;epEMm, X, YE TMm, a g - puMaHoBa MeTpHKa B Nn. 
3p;ech n p;aJiee BeKTOphl XE T Mm He pa3JI11qaIOTCH B o6o-
3HaqeH11.11x c nx o6pa3oM df (X). Kaap;paTnqHaH iJ>opMa g 
orrpep;eJIHeT Ha Mm CTPYKTYPY p11MaH0Ba rrpocTpaHcTBa 

Mg; caoii:cTBa M'f!: cocTaBJIHIOT rrpe11;MeT BHyTpeeeeii: 
reoMeTpHll rroaepXHOCTH F. EcJin {xk }, {ya}, k= i, .. ., 
m, a=i, •. ., n,- JIOKaJibHhre Koopp;neaTbI B Mm n 

Nn, TO rrorpymeHHe f 3ap;aeTCH rrapaMeTpllq, ypasHe
HIU1M11 ya= fa (x1 , .. ., xm). B JIOKaJibHbIX Koopp;HHaTax 

gp (X, Y) =g;j (p) XiYf, 
rp;e {Xi}, {Yf} - Koopp;neaTbl BeKTOpOB x, Y, 

- afa af13 
g;J=ga,fl axi axi ' 

a Liafl} - KOMIIOHeHTbI MeTpHq. TeH3opa g pHMaHoBa 
rrpocTpaHCTBa Nn. 

K BHyTpeHHeiJ reoMeTp1111 rroaepxHOCTll F rrprrna/l,JlemaT 
TaK11e IIOHHTllH, KaK )..IJillHa KpllBOM, o6'heM o6JiaCTll, CBH3-
HOCTb Jlea11-l:l11B11Ta v x BHyTpeHHeiJ MeTpllKll, ee rrpeo6pa
aoBaH11H Kp11Bll3HbI R (X, Y)Z 11 T. p;. 0THOCHm;11ecH cIO
p;a BbJq11cJI11T. iJ>opMyJihl CM. B CT. Pu.Mauoea eeo.Mempusi. 

B T 0 p a R (iJ> y H A a M e H T a JI b H a H) ip 0 p M a 
H orrpep;eJIHeTCH paBeHCTBOM 

H (X, Y)p= (V xY)p-(V xY)p. 

rp;e v, v - CBH3HOCTll JleB11-qHB11Ta Ha Nn, Mm cooT
BeTCTBeHHO. <DaKn1qeCKll H 3aBllCHT. He OT BeKTOpHbIX 
rroJieii x, y' a Jilllllb OT HX 3Haqeenii B TOqKe p H HBJIHCTCH 
onJinHeirnhlM c11MMeTp11qHbIM oToopameeneM 

(TMm)pX(T Mm)p-+ (vMm)p, 

rp;e vMm - uop.Ma.auuoe pacc.aoenue Mm B Nn. ,IJ;JIR Kam
Aoro ep;unuqHoro BeKTopa s E (vMm) P paBeHcTBa 

<H (X, Y), s>p=hi;(X, Y)p=<As(X), Y>p 

orrpe)l;eJIHIOT B T 0 p y IO K B a A p a T lI q H y IO ip 0 p
M y h-s lI B T 0 p 0 ii: ip y H l( a M e II T a JI b H bl H: T e H-
3 0 p A!; . B JIOKaJibHblX Koopp;irnaTaX KOMIIOHeHTbl hij (s) 
iJ>opMbl hi; nMeIOT BHA 

- fJ'fa 
h;j(S)=gafl-a ·a. £fl, 

x 1 xJ 

rp;e {Sfl} - Koopp;11HaTbI BeKTopa £. 
,IJ;JIH iJ>opMbl h£ o6bJqHbIM o6pa30M (T. e. TaK me, KaK 

AJIH rroaepxHoCTH B eBKJIHAOBOM npocTpaHCTBe IR3 ) 

orrpep;eJIHIOT rJiaBHbie KpHBM3HbI, rJiaBHhle HarrpaBJieHHH 
(3aBMCHID;Me OT S) II p;pyr11e CBH3aHHbie C HHMH IIOHHTMH. 

Mcxop;H M3 aJieMenTapHbIX CMMMeTpHq. iJ>yHKJ:J;HM, MOmHo 
cTponTh pa3JinqHbJe iJ>yHK1J;11n rJiaBHbIX KpnBH3H. TaKOBbl, 
narrp., cpep;HHH Kp11a11aHa 

__ 1 v-~m+n('1m K· t. )' 2 H - ~ ~. 1 1 (,,,) • 
m i='1 i= 

rp;e {S;} ~ opTOnopMnpoBaHHbIH Haoop HOpMaJieii, a 
K,. (s) - rJiaBHbre KpnansHbI iJ>opMbI h;; Rpna11a1ta 
l:lmaHH - JlallloiJ>a 

K = Wn-m-1 ~!;esn-m-1 J Ki(£) .. . Km (sl I dcr, 

rp;e Wt - Ofi'heM ciJ>epbl S 1; )J;JIMHa BTOpOH OCHOBHOR 
iJ>opMbl 

(CM. [i) - [3]). 

S= , / ~· .K~ (Sj) v i, J 

3HaqeHHe rrepBOM II BTOpoH: KBaApaTnqHbJX iJ>opM rro
BepXHOCTM B TOqKe p orrpep;eJIHeT ee B6JIH3ll p c ToqHo
CTbIO p;o oeCKOHeqHo MaJiblX 2-ro rropHAKa. l\'amp;oMy 
s E (vMm) P• Isl= 1, COOTBeTCTByeT corrp11KacaIOIII,lIHCH rra
pa6oJIOll)l;. (,IJ;JIH IIOBepXHOCTll B eBKJilliJ;OBOM rrpocTpaH
CTBe - aTo corrpuKacaIOm;uiJcH rra pa6oJioup; p;JIH rrpo
em:i;Hn rroBepXHOCTU Ha ( m+ 1 )-IIJIOCKOCTb, orrpep;eJIHeMyIO 
(TMm)p u £.) TipH m=n-1 (T. e. B cJiyqae rurreprroBepx
HOCTn) iJ>opMa h~ e)l;HHCTBeHHa c ToqnoCTbIO AO 3HaKa. 
B 3TOM CJiyqae BTOphle iJ>yHIJ;aMeHTaJihHYIO ll KBa11;paT11qnyIO 
iJ>opMbI He paaJiuqaIOT, H TeopHH 11pr106peTaeT 6oJihrnoe 
CXOiJ;CTBO c KJiaccnq. Teopueii: rroBepxHOCTeH B IR3• 
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0 c II 0 B II bl e y p a B II e H II H. Koalfiqnu11rnHTbl IIep- k-B hi II y K JI hi e II 0 B e p x H 0 c T IL IIoaepXHOCTb 
BOH II. BTopoii KBa,u;paTnYIIblX qmpM He HBJIHIOTCH He:ia- pm B 1Rn Ha3. k-B bl II y K JI 0 ii:, ecm1 ,1l;JIH KaJRµ,oii TO'IKll. 

BIICIIMhlMII. Omr CBH3aIIhl ypaBIIeHl!HMII raycca II IIeTep- p E pm cyIIJeCTByeT HOpMaJib Sp E (v Fm) P• AJIH K-poii: hp (s) 
coaa - Koµ,a11,11,n - MaiiIIap,u;n. IIOJIOJRIITeJihIIO oIIpe,u;eJieHa, u AJIH JII06oro k-MepHoro 

Y pall He H ll H fay cc a HaIIpaBJieHlrn akE (TFm)p, 2<.k<.m, Haii:,a;eTCH B ak ABY
MepHoe HaIIpaBJieHue a 2 TaKoe, 'ITO hp (s) (X, Y) >O 
(JIII6o hp(S)(X, Y) 0) AJIH KaJR,u;oro SpE (vFm)p IIpn 
X, YEa2 , X, Y;;<'O. 2-BblIIyKJiaH IIOBepxHOCTb pm B 1Rn 
eCTb BblIIyKJiaH nmepIIOBepxHOCTb B 1Rm+ 1c1Rn (cM. 

[4]). BHyTpeHHHH MeTp1ma k-BblIIYKJioii: IIoaepxHOCTII 
o6Jiap;aeT CJiep;yIOllJ;IIM CBOHCTBOM: B KaJR)l;OH TOqKe p 
AJIH KaJRp;oro k-MepHoro HaIIpaBJieHuH a k KacaTeJihHOro 
IIpOCTpaHCTBa Haii:p;eTCH AByMepHOe HaIIpaBJieHIIe a 2CG k• 
B K-poM pIIMaHOBa KpIIBII3IIa CTporo IIOJIOJRIITeJihHa. 

R (X, Y) Z=R (X, Y)Z-ll (X, V' xZ) +H (Y, V' xZ)-f-

+H ([X, Y], Z) (1) 

BblpaJRaIOT rrpeo6pa30BaHIIe KpHBII31Ihl IIOBepXHOCTII F 
'1epe3 IIpeo6pa30BaHue Kpuau3Hbl N n II Koalfi!J>II11,ueHTh1 
KBap;paTH'!HblX lfiopM (3AeCb [., ·I - CK06Ka IIyaccoHa). 

llHBapIIaIITHaR lfiopMa ypaBHeHHH IIeTepcoHa - Ko
nau.11,n - Maii:IIapAII CBH3aHa c IIOIIHTlrnM pIIMaHoBa pac

CJIOeHIIH Hap; Mg. PaccJioeHIIe E (l) l-MepHblX IIJIOCKO

CTeii Hap; puMaHOBblM MHoroo6pa3I1eM Mg Ha3. p ll M a
ll 0 B hi M, ecJiu B E ( l) 3ap;aHa pIIMaHOBa MeTpIIKa <. , -> E 
11 pI1MaHOBa (T. e. corJiaCOBaHHaH c MeTpIIKOH) CBH3HOCTh 

D : T Mn X E - E. BnJIIIHeil:Hoe g-cIIMMeTpH'IHOe OTO
GpaJReHIIe 

Ha3. B T 0 p bl M qi y H A a M e II T a JI b II hi M T e H 3 o
p o M B E; paBeHCTBO 

k-c ell JI o B hi e rr o B e p x Hoc T II. IIoaepxHOCTh pm 
B Rn Ha3. k-c e A JI o B o ii:, ecJIII KaJRp;oii: ee ToqKe p )J;:rn 
KaJRp;oii: HOpMaJIII s E (vFm) P 'IIICJio co6CTBeHHhlX 3Haqe
IIIIH hp(S) op;Horo 3IIaKa He IIpeaocxop;IIT (k-1), 2<.k<.m. 
,Ll,ByMepHaH k-cep;JIOBaH IIOBepXHOCTb eCTh o6blqHaH cep;
JIOBaH IIOBepXHOCTh B 1Rn, OT K-poH HeJih3H OTCe'lb «rop-
6yrrrKyf> rIIrreprrJioCKOCTbIO. BHyTpeHHHH MeTpIIKa k-ce"{J.
Jioaoil: IIOBepXHOCTII o6Jiap;aeT CJiep;yIOIIJIIM CBOHCTBOM: 
B KaJR,u;oii: TO'!Ke p fJ.JIH KaJRp;oro k-MepHoro HaIIpaBJieHnH 
Uk KaCaTeJibHOro IIpOCTpaHCTBa HaHJJ;eTCH "{J.ByMepHOe 
HarrpaBJieHHe a2Cak, B K-pOM pHMaHOBa KpHBH3Ha He 
IIOJIOJRIITeJihHa. EcJin k-Ce"{J.JIOBaH IIOBepXHOCTb IIOJIHa B 

orrpep:eJllrnT BTopyIO lfiyHp;aMeHTaJihHyIO lfiopMy 
cou.1mpoBaHIIyIO c A;. YpaBHeHIIH 

B E, ac- Rn, TO ee roMOJIOrHII H;(Fm)=O IIplI i";;:;,k (cM.[4j, [5)). 
IIoJIHaH m-MepHaR k-cep;JioBaR IIOBepxIIOCTh pm c JieoT
PHIWTeJihHoii KpHBII3Hoii Pn'l'IH ecTh 11,IIJIHH/lp c (m
-k+ 1 )-MepHOH o6pa3yIOIIJeH. V'xA;Y-vvA;X=AD Y-AD X, x y (2) 

R(X, Y)s=H(A;X, Y)-H(X, A;Y), (3) 

rp;e R - lfiopMa KpIIBII3Hbl CBH3HOCTII D, aa3. y p a B
H e II II HM II II e Te p c 0 Ha - K 0 A a Il, Il, H -Ma ii.
II a p A II. YpaBHeHIIH (3) 'laCTO Ha3. y p a B H e H II H M II 
p II 'I 'I II (Koopp;IIHaTIIyIO 3amICh ypaBIIeHIIH (2) - (3) 
CM. B [1)). YpaBHeHIIH (2) - (3) acerp;a BbIIIOJIHeHhl, 
eCJIII E (l) - HOpMaJihHOe paccJioeHIIe Mm B Nn II D xs 
paBHO rrpoeKil,IIII v xs Ha (vMm) P" 

llMeeTCH cJieri;yIOm;ee o6o6m;eHIIe Bonne meope.Mbl (cM. 
[2)). IIycTb E (l) - pIIMaHoBo paccJioeHI1e IIaA OAHOCBR3-

HblM Mg II rrycTb Ha E (l) 3ari;aH BTopoii lfiyHp;aMeHTaJibHblii. 
TeH30p A; . ECJIII IIpII 3TOM BblIIOJIIIHIOTCH COOTHOIIIeHIIH 

(1) - (3), TO cyIIJeCTByeT II30MeTIJil'I. rrorpyJReHIIe Mg 
B eBKJIIIAOBo IIpocTpaHcTBo Rm+ l c HopMaJihHblM pac
cJioeHIIeM E (l). Ta Koe IIorpyJReHIIe e)J;IIHCTBeHHo B cJie

AYIOIIJeM cMblCJie: eCJIII f, f' - II30MeTpII'1. rrorpyJReHIIH 

Mg B Rm+l c HOpMaJihHblMII paccJioeHIIHMII E, E', ocHa

m;eHHblMII, KaK II BblIIIe, II HeK-pan II30MeTpIIR qi: Mg- Mg 
HaKpblBaeTCH oTo6paJReHIIeM qi: E - E', corJiacoBaHHblM 
c OCHam;eHHblM, TO cym;ecTByeT TaKaH II30MeTpIIH <1> rrpo
CTpaHCTBa ~m+l, 'ITO <l>o/=/'oqi. 

K JI a cc bl rr or p y JR e H II ft. MHoroMepHaH II. M. r. 
B03HHKJia II AOJiroe BpeMH pa3BIIBaJiaCh KaK TeOpIIH cy
II\eCTBOBaHIIH H30MeTpII'1. IIOrpyJReHIIH pIIMaHOBblX MHO
roo6pa3IIll KaK rrpaBIIJIO B Rn, peJRe - B IIpocTpaHCTBo 
IIOCTOHHHOll KpIIBII3Hbl K (CM. JI 30.Mempu11,ec1we noipy
:J1Cenue). lfro KacaeTCH BHeIIIHe reoMeTpII'I. CBOHCTB II 
CBR3eil: MeJRri;y BHeIIIHeii II BHyTpeHHeii reoMeTpI1eii: IIO
BepXHOCTeil:, TO Olla IIori;po6Ho II3y'leHa TOJihKO AJIH ABy
MepHblX IIOBepxHocTeil: B R3. B 3TOM cJiy11ae cyIIJeCTByeT 
KJiaCCIIWIIKall,llH TO'leK rroaepXHOCTII, c IlOMOllJ;bIO K-poii: 
,LJ,ByMepIIble IlOBepxHOCTII pa36IIBaIOTCH Ha KJiaCcbl: Bbl
IIyKJible IIOBepxHOCTII, ceri;JIOBbJe IlOBepXHOCTII II pa3Bep
TblBaIOm;IIeCH IlOBepXHOCTII. llMeHHO 3TII KJiaCcbl HBJIH
IOTCH ocHOBHblM o6'heKTOM II3ytJeHI1H B AIIlf!lf!epeH11,IIaJihHoii 
reoMeTpIII! B IJ,eJIOM. B MHOrOMepHOM CJiy'lae TaKaH KJiac

cmjnma11,1rn TO'leK IIOBepXHOCTII IIeII3BeCTHa ( 1983). ll3-
BeCTHbl TOJihKO HeK-pble KJiaCCbl MHOroMepHblX IlOBepXHO
CTeii: k-BbIIIyKJible, k-ce)J;JIOBble II k-pa3BepTb1BaIOm;IIeCH. 

k-p a 3 a e p T bl B a IO m u e c R (k-II a p a 6 o JI n 'I e
c K II e ) II 0 B e p x H 0 c T II. IIoaepXHOCTh pm B Rn 
Ha3. k-p a 3 B e p T bl B a IO Ille ii c R, ecJiu B KaJR,u;oii: ee 
TO'!Ke p CyIIJeCTByeT k-MepHoe HaIIpaBJieHIIe GkC ( T pm) P' 
K-poe COCTOIIT II3 co6CTBeHJiblX BeKTOpOB, rrp1rna,u;JieJRa
IIJIIX HyJieBoMy co6CTBeHHOMy 3Ha'leHIIIO MaTpllll,hl BTOpoii 
KBap;paTH'IHOH lfiopMhl OTHOCIITeJibHO KaJR)l;OH HOpMaJIII B 
p;aIIHoii TO'IKe. BHyTpeHHHH MeTpIIKa k-pa3BepTblBaIOm;eii:
CR IIOBepXHOCTII o6Jiap;aeT CJie"{J.yIOllJ;IIM CBOHCTBOM: B 
KaJRri;oii TO'IKe p Haii:p;eTCH IIOfJ.IIpocTpaHCTBO ak KaCaTeJib
HOro IIpocTpaHcTBa ( T Fm) P pa3MepHoCTII k TaKoe, 'ITO 

R xv= 0 AJIH JII06oro BeKTopa X Ea kF, rp;e YE ( T pm) p -
JII06oii BeKTop KacaTeJihIIoro rrpocTpaHcTBa, Rxv
orrepaTop KpuBII3Hbl. EcJIII k-pa3BepTb1BaIOm;ancn rro
eepxHoCTh pm IIOJIHa B 1Rn H HeCeT Ha ce6e BHyTpeHHIOIO 

MeTpIIKY HeilOJIOJRIITeJihHOH KpIIBI13Hbl Pu'l'lll, TO Olla 
HBJIHeTCH Il,HJIIIHAPOM c k-MepHOH o6pa3yIOI1JeH [ 6). 

c B 0 6 0 A H bl e II 0 r p y JR e H II R. EcJiu o6pa3 
HP (X, Y) B KaJRp;oii TO'IKe p E pm IIMeeT MaKCIIMaJihHO 
B03MOJRHyIO pa3MepHOCTb m (m+1)/2, TO rrorpyJReHne 
Ha3. c B 0 6 0 A H bl M. B 3TOM CJiy'lae rrepBble ll BTOpble 
IIpoII3BOAHble pa,u;I1yc-BeKTopa rrorpyJReHIIH pm o6pa3yIOT 
JJHIIeHHO He3aBIICIIMYIO CIICTeMy. B KJiacce cao6op;HhlX 
IIorpyJReHnif cym;ecTByeT 11.30MeTpI111. IIorpyJReHI1e B 
pa3MepHOCTh n>m (m+1ll2+3m+5, HO IIpH 3TOM IlOJI
HOCThIO TepReTCH CBH3b MeJRAY BHyTpeHHeii ll BHerrrHeii 
reoMeTpIIeii. HaIIp., p:Ba cao6op:Hb1X II30MeTpu11. rrorpy
JReHIIH m-MepHoro MHoroo6pa3uH Mm B 1Rn, n>m (m+ 
+1)/2+3m+5, MOJRHO coe)l;HHIITb roMOTOIII1eii, COCTOHIIl,eH 
II3 cao6op;Hb1X II30MeTpII'1. IIorpyJReHIIH Mm (cM. (7)). 

IIorpyJReHIIR c MaJioii Kopa3MepHo
c T h IO. ECJIII Kopa3MepHOCTh q rrorpyJReHIIH MaJia, TO 
H3 ycJIOBIIH Ha BHyTpeHHIOIO MeTpIIKY MHoroo6pa3HH 
BblTeKaIOT ycJIOBIIH Ha BTopyIO KBap;paTII'IHYIO !J>opMy 
IIOBepXHOCTII. A ll3 CBOHCTB BTopoii KBap;paTH'IHOH lfiopMbl 
ri;aJiee BblBO)l;HTCH TOilOJIOril'lecmrn II BHeIIIHe reoMeTpII'I. 
caoii:cTBa rroaepxHoCTH. B 'laCTHOCTII, noJiy'laIOTCR Teo
peMbl HerrorpyJRaeMOCTH. TaK, eCJIII Mm c ceKu.uoHHoii. 
KpHBII3Hoii Kcr <.0 H30MeTpnqecKn rrorpyJReHo B 1Rm+q c 

q<m, TO Mm ecTb (q+1)-CeAJIOBafl IIOBepXHOCTh H ee 

roMOJIOrHII (B cJiy'lae rroJIHOTbl) H k=O rrpn k;;;a,q+t 
(CM. [5)). B 'laCTHOCTII, KOMIIaKTIIOe Mm c Kcr ...;:0 He 
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MomeT 6bITb rrorpymeHo B 1R2m- 1 (cM. [8], [9]). EcJIH me B 11a1160Jiee o6rn;ei\. ljiopMe II. p. M. 6hIJI rrpeAJimKeII :1. l\ap-
K<J <0, TO Mm Aame JioKaJihHO 11errorpymaeMo B 1R.2m- 2 TaHOM (E. Cartan, CM. 11]), AaBnnm pa:moofipa3Hhle ofi-
(cM. [9]). AHaJionPrno, Mm c Ko <1 HenorpymaeMo B pa3U,hI ero npHMeHeHHfI. IIo3AHee MeToA noJiy'IHJI mnpoKoe 
cljiepy s2m - 2pap;Hyca 1. KoMrraKTHOe pm B s2m - l HMBBT pacrrpocTpaIIeHHB Ii! pa3B.11THB (cM. II poiJO.!lJtCeHUU u oxoa-
HyJieayro ai\.JiepoBy xapaKTBpHCTHKY H KOlllilaKTIIOe rra- moo .~temoii). AHaJIMTH'l. OCHOBy II. p. M. COCTaBJIHIOT 
paJIJieJrnsye~rne HaKphlBaIOrn;ee MHoroo6pa3He, ecJIH Ko <1 xrnaapnaHTHhle JIIIHBllHhre AH«jJ<fiepeHu,I1aJihHhle ljiopMhl 
(CM. [ 10)). 0 IIOBepXHOCTII pm B IR.m +q npH q..;;;:m+ 2r-2 rpynnhl JII1 Ii! llX CTpyKTypHb!e ypaBIIBIIHH, a TaKme TeOpIIH 
II Ka <0 H3BecTHO, 'ITO ee HOpMaJihHhle llonmp:;izuna npeACTaBJiem1ii rpynrr Jin KaK rpynn rrpeo6pa3oBaHHH. 
K.!laccbi yp;oBJieTBOpHIDT ycJIOBHIO B coapeMeHHOH reoMeTpIIH ocHOBHhle noJiomeHnH II. p. M. 

~ 2q-2pf Pf-i =0. Il0Tpe6oBaJIH YTO'IIIBIII!ll II ITOJIY'IIIJIH oljiopMJIBHHe B 
~ TepMIIHaX TeOpHH pacCJIOBHHhlX rrpocTpaHCTB. 

Ecm1 Ko >O, TO H3 q~m-1 cJieAyeT, 'ITO pm ecTb (q+1)- IIycTL Xn ecTb n-Mepnoe OAHOPOAHOe npocTpaHCTBO 
awnyKJtaH noaepxHOCTb [9]. B 'laCTHOCTH, npH q= 1- n G ecTh r-MepnaH rpynna Jin ero npeo6pa3oBaHHll (G 
aro 2-BhlllyKJiaH noaepxnocTb. Ecm1 Kcr >O n q=2, TO ABHCTByeT cJieaa). IIycTu X n= GI H - npeACTaBJieHne, 
KOMUaKTHaH IIOBepXHOCTb Fm' m;;,3, nMeeT roMOJIOrHH rAe H cG - rpynrra H30Tponnn (cTaU,HOHapHOCTH) HeK-poH: 
cljiepbI [11]. EcJIH Fm B IR.m+q HMBBT HBIIOJIOmHTBJlhHYIO TO'IKII xoEXn; (e1i, ea;), k=1, 2, ••• , n, a=n+1, ... , 
ceKD;IIOHIIYIO KpI1BH3Hy, TO OHa - (m-q(q+1))-pa3Bep- r,- 6a3HC JIBBOIIIIBapHaHTHbIX BBKTOpHbIX noJiell Ha G 
TbIBarorn;aHCH n, B CJiy'lae IlOJIIIOTbl, pm BCTb U,IIJIHHAP c TaKoii, 'ITO Ha H ea; COCTaBJIHIOT TaKiKe 6a3ItC JI080ItHBa-
(m q (q+ 1)) MepHoH 06 a3 IOID; " [ 10] E JI Mm pnaHTHhlx BeKTopHbIX noJieii: IIOArpynrrhI Jin H. Ea3Hcy =M"x [Rn-k- II q~n-2\. io n;r;yme~He ~=0~~6pa3: (e1i, ea;) OTBe'laeT COIIpHmeIJHblll 6a3HC JIBBOIIJIJJapI!aHTHf>IX 
Mm B IR.m+q BCTb (m-2k-q)-pa3BBpTb!Barorn;aHCH ITO- JIHHBllHblX AHljiljiepem-111aJibHblX ljiopl\1 (liJk, ea) ll'a rpyrrne 
aepxnoCTh (8] 11, B cJiyqae rroJIHOThI, Fm ecTb ll,I!JIHHAP c JII1 G. KaHOHil'l. npoeirn,HH n: G-+ X n, corrocTaBJIHIOlll,aH 
(m-2k-q)-MepHoil o6pa3yrorn;eH:. IIpn 6oJiee o6uou TO'!KaM x EX n JIBBhle imacchl cMemHocm n (x)= H x E G 
rrpeAilOJiomeHHHX KOMUaKTHaH noaepxHOCTh rpynnhl G no IIOArpynne H=Hx,' BHOCHT B rpynny JI11 G 

Mrn=MP'x ... xMPq-+ IR,n+q, Pi~ 2 , CTpyKTypy rJiaBHoro H-paccJioeHHH c fia3oil. Xn II CTpyit
TypHoil. rpyrrnoil. H pa:iMepHOCTII r-n. IIpII TaKOM npeA
CTaBJieHHn G BBKTOpHbie UOJIH ea; cocraBJIHIOT 6a
:mc «liYHAaMBHTaJILHblX BBKTOpHhlX 110JIBH pacc.troemrn 
;re; G-+ x"' a BBKTOpHbJe IIOJIH eh HaTHn!BalOT HOK
poe TpaHCBepcaJILHOe K CJIOHM paccJioemrn ;re: G -+ x n 

n-pacnpeABJIBHIIB. B COOTBBTCTBIIII c 3THM JIHHBMHbie AIHp
ljiepem1,I1aJibHhle ljiopMbl ek HBJIHIOTCH IIOJiy6a30BblMH 
ljiopMaMn paccnoeHIIH ;re: G -+ X n II o6pa3yIOT BITOJIHe 
IIHT0rpMpyeMylO IIOACIICTBMY <iiopM B CHCTB!\10 (ek, ea). 
CJiou H xCG HBJJHIOTCH IIHTerpaJihHbIMM M11oroofipa3I11l:MH 
MaKCMMaJihHOil pa3Mep110CTH AJIH CIICT0Mbl ypaBH0HHH 
II<lia«li<Iia ek= 0. 

eCTb rrpoH3BBABHIIB fI1UeprroaepXHOCTeH [ 12]. 
Jlum.: (1) a ii a e ff x a p T JI., P11Mattosa reoMeTpl'lff, nep. 

c affrJI., M., 1948; (2) C hen B., Geometry of submanifolds, 
N.Y., 1973; (3) Chern S. -s.1 Lash of R. K., «Amer. J. 
Math.», 1957, v. 79; p. 306-18; L4] III e <Ii e JI b c. 3., «CHO. Ma
TeM. IB.», 1969, T. lu, No 2, C. 459-66; [5] I' JI a 3 bl pH H B. B., 
«,[!;ORJI. AH CCCP», 1977, T. 233, M 6, c. 1028-30; [6) Hart
m an P., «Tran8. Amer. Math. Soc.», 1965, v. 115, p. 94-109, 
1970, V. 14 7, p. 529-40; (7) I' p o M o B M. JI., «)l;OIW. AH CCCP», 
1970, T. 192, No 6, c. 1206-09; [8] Chern S., Kuiper N., 
«Ann. of Math:», 1952, v. 56, M 3, p. 422-30; (9] B 0 p 0 B
C RH ii IO. E., III e II> e JI h c. 3 ., «CH6. MaTeM. m.», 1978, T. 19, 
.M 6, c. 13a6-87; (10] B 0 pH c e ff I{ 0 A. A., «MaTeM. co.», 
1977, T. 104, .M 4, c. 559-76; (11] Moore J., «Proc. Amer. 
Math. Soc.», 1978, v. 70, M 1; (12] Gardner R. B., «Bull. 
Amer. Math. Soc.», 1977, v. 83, N• 1, p. 1-35. 

B. A. Tonouo20B, C. 3. illetjje.a~. 

IlO~BIDKHAH OCOBAH T011KA - oco6aH TO'!Ka 
z0 peIIIeHIIH AHljiljiepeHa;I1aJ1buoro ypaBHBHMH F(z, w, w')=O 
(F - aHaJIIITil'l. ljiyRIUJ,HH), paccMaTpIIBaeMoro KaK ljiyHK
ll,llH w (z) KOMl1JIBKCHOI'O rrepeMeIIHOro z, rrpH ycJIOBMII, 
'ITO pememrn Toro me ypaBUBHIIH c 6JII13KIIMH Ha'laJihHhlMII 
)J;RHHhlMII IIM0IOT 6JIH3Kl!e K Zo oco6bie TO'IKII, He COB11aAa
IOID;HB c z0 • KJJaCCil'l. np11Mep II. o. T. B03H11KaeT rrpII 
paccMOTpeHHH ypaBHBHHH 

~- P(z, w) 
dz - Q (z, w) ' 

rp;e p H Q - roJJOMopljJHhle ljiyHKU,IIII B HBK-pof'r ofiJiaCT!! 
rrpocTpaHCTBa C2 • ECJIH IIOBepXHOCTh {Q= 0} Henpl!BO
)J;HMa Jf 11poeKTHpyeTCH BAOJlb OCH Ow Ha o6JJaCTh QcOz, 
TO ace TO'IItli o6JJaCTH Q HBJIHIOTCH II. 0. T.; )J;JIH peIIIBIIMR: 
c Ha'laJILHb!M ycJIOBIIBM (zo, Wo), rAe 

Q = (z0 , w0 ) =0 i= P (z0 , w0), 

TO'IHa z6 - a.!lze6pau11ecr;a:;i mo111;a oemo.!lenua. 
Jlum.: [j] r 0 JI y 6 e B B. B., Jiem~HH 110 aHaJIHTHqec1<oli 

Teopen AHlf>i!iepeffl(HaJibffbIX ypasHeffHil, 2 ea11., M.- JI., 1950 
ID. C. HJ1Mtue11.1w. 

IlO,ll;BIUKHOro PEilEP A METO,Ll; - )J;IlljiljiepeHu,n:aJib
HO-reoMeTpll'IBCKHH MeTOA JIOKaJJbHoro HCCJIB)J;OBaHIIH rrop;
MHOroo6pa3HH pa3JIH'IHhlX O)J;HOpOAHh!X 11pocTpaHCTB, 
HCXO)J;HhlM MOMeHTOM K-poro HBJIHeTCH OTHBCBHHB caMoro 
nop;MRoroo6pa3nH n acex ero reoMeTpil'I. o6'heKTOB K 
B03MQ)KHO 6oJiee o6rn;eMy (rrop;BHmHoMy) penepy. II. p. M. 
BKJIIO'IRBT B ce6H IlOCJJep;yrorn;Ili'I 11pou,ecc KaHOHI!3aU,IIH 
perrepa - HHBapHRHTHOro rrpn:cOBAHHBHMH K Kamp;oll: TO'l
Ke nop;MHoroo6pa3HH ep;nHCTBeHHoro pe11epa c u,eJibIO 
110JIY'IBHHH p;mpljiepeua;I1aJibHbIX HHBaptrnHTOB, xapaKTe
pnayrom;ux 110)J;MHOI'006pa3HB c TO'IHOCTblO p;o npeo6pa-
30Bamu'f BMelll,arom_ero ero op;uopop;Horo 11pocTpaHCTBa. 

C M c r e M o ii p e n e p o B B KJiaccI1qecKoii AI11jiljie
peHu,I1aJihHoii reoMeTpHII ( BBKJIMAOBOH' aljiljJIIHHOH, npo
eKTMBHOll H T. p;.) Ha3. MHOmeCTBO ljJI1ryp 11pocTpaHCTBa 
x"' HaXOAHrn;eeCH B 6I1eKTI1BHOM COOTBBTCTBIIH c MHome
CTBOl\I 11peo6pa30BaHnii npocTpaHCTBa x n (IIJJII, 'ITO TO me 
caMoe, c MHOiKBCTBOM 3JIBM0HTOB ljiyH)J;aMeHTaJihHOH rpyn-
11bl G 11aHHoro rrpocTpaHCTBa), rrpn aToM Jiro6oil. perrep R 
Il3 AaHHOH CMCTBMbl "MOiKHO IIOJiy'IHTb Il3 HBK-poro Ha'laJih
Horo Ro c IIOMOiiJ,hlO TOJibKO O)J;HOI'O rrpeo6pa30BaHI1H: 

Lg: X n-+ X "' R =Lg (R 0), gEG. 

Y 'II1ThIBa11, 'ITO rJiaBHaa poJih IIOABHmHoro penepa Lg( R 0 ) = 
= R g 110 OTHOlllBHtLIO K HBl11.l)J;BHiKHOMy R0 COCTOIIT B 
TOM, 'IT06hl onpep;eJIHTh 11pOH3BOJibH00 11peo6pa30BaHHB 
Lu OAHOpOAHOro IIpOCTpaHCTBa X m MO:IHHO OTOiKA0CTBHTb 
MiiomecTBO penepoa { R g} c M11omecraoM 3JleMeHTOB 
rpy11noaoro rrpocTpaHCTBa G, upno6peTaIOlll,ll:X TaKHM 
o6pa30M CMhlCJI a6CTpaKTHhlX penepoB, -06cJiylRHB3lOID;HX 
Jiro6oe 0/IHOpOAHOB rrpocTpaHCTBO c p;aHHOa ljiyHp;a111eH
TaJihHOll rpy11noil. G. 

IIyCTb 3aAaHO HBK-poe rJiaAKOe ITOAMHOroo6pa3I1e 
Mc X n pa3MepHoCTH m. P e 11 e p a M M 11 y JI e B o r o 
n 0 p H A K a IIOAMHOroo6pa3IIH M Ha3. aJieMeHTbl orpa
HH'IBHHH G (n, M) = G IM C G paccJJOBHIIH n: G -+ X n 

Ha M, KaK Ha HOByIO 6a3y. 8To 3HalJHT' qTo rJiaBHOe 
paccJioeHue G (n, M) -+ M BJiomeHo B G n onpep;en11eTCH 
B HBM KaK IIOJIHblH rrpoo6pa3 n-1 (M) cG. TaK KaK Jie
BOHHBapuaHTHbie ljiopMbl ek, ea Ha rpy11ne JIH G ITOA'IH
UHIOTCH ypaBHeHIIHM Maypepa - KapTaHa 

dek=.1._C~ ez !\em+c" e1 !\ea I 
2 lm la ' l 

dfla =.1._ ca Sil!\ ev +ca Sil!\ flk+ ~ca 91 !\em ( (1) 
2 13'1' flk ~ Im ' 

k, l, m=1, 2, ... ,n; a,~, y=n+1, ... ,r, ) 
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k ck ca ca ca rne C /m, fa, f3'1'• f'>k, Im - CTpyKTypHble KOHCTaHTbl 
rpynmr JIJil, TO orpaHH'l'.eHHC ~OpM Bk, ea Ha IIOApac
CJIOemre G(:rt, M), T. e. !J>opMhl w , wa, 6yAeT nop;q:ilHHTbCH 
TaKHM me ypaBHeHHHM, HO, CBepx Toro, cpeAH «PopM wk 
B03HHKHyT JIHHeHHhle 3aBHCJilMOCT11 

WP=A~wa,a=1, 2, .. .,m; p=m+1, ... , n, (2) 

rp;e wa - «PopME.I, ocwsnmec.11 BMecTe c wa JI11Heiioo 
He3aBHC11MhlM11 Ha rJiaBHOM paccJioeHHOM IIpOCTpaHCTBe 

G (:rt, M)-* M, a A~ - «PYHKIIHH, TaKme onpep;eJieHHhle 
Ha paccJioeHHH pe11epos HyJiesoro IIopap;Ka G(:rt, M)-M. 
<l>yHKI1HH A~ HBJlHIOTCH KOOp/l:l!HaTaMH KacaTeJlbHOH 
IIJIOCKOCTM T" (M)c T x(X n) IIO)J;MHoroo6pa3lilH McXm 
aasncJHillilMH or ToqKn x EM H penepa 

REn- 1 (x)=HxcG(:rt, M). 

KacareJibHE.Ie IIJiocKocTH x-* T" (M) 06paay10T ceqe&He 
/: M--+ 'ftm (M) rpaccMauosa paccJioemrn 'fJm (M)-* M 
m-IIJIOCKOCTeii, 11poxo)\Hill;1IX qepea TO'{KII l'IOJl;MHOroo6-
pa:m1r McXn. PaccJiollH11e 'ftm(M)-*M JIBJIHeTCH 
npHcoeAuHeHHblM K rJiaBHOMY paccJioeHIIto G (:rt, M) -* M. 
CrpyKTypa «PYHKIIHH A~ xapaKTepHayerca ypasaeHuHMH 

dA~+F~a (A) roa=J\~bwb, (3) 

.llBHbIH BHA H-pbIX Momuo IlOJIY'IHTb BHeillHHM AH«P«Pe
pem1HpOBaH11eM ypaBHeHHH (2) c IIOMOillblO (1) II no
CJleAyIDm;l!M rrpHMeHeHHeM JieMMhl KapTaHa. <DyHKIJ,HH 

Ag, i\gb HBJlHIOTCH OTHOCHTeJibHhIMH IWOPAHHaTaMH 1-
CTPYH j~f ceqeHHH f rro OTHoJJieaia10 H IIOABHmHoMy peIIepy 

R E :rt -I (x) TO'IKH x EM. reoMeTp1111. o6'heKT j !t o6paayeT 

TaKme ceqeHHe j 1/: M - 'ftln(M) COOTBeTCTBy10mero 

paccJioeHHoro npocrpaHCTBa '§Jn(M) -* M, npHcoeAH
HeHaoro K rnasumty paccJioeHHIO G (:rt, M) -* M. AHaJio-

rn:'IHblM o6paaoM B03HHKaeT ceqeu11e j 2/: M -* 'ft~ (M) c 
KoopAHHaTaM11 Ag, Agb, Agbc o6pa3yIOUlero ero reo
MeTpHq. o6'beKTa, a TaKll\0 ero IIOCJ10AYIO!Il11e IIPOAOJime
HHJI j 3/, ••. , jqf, K-ph!M COOTB0TCTBYIOT AH«P!JiepeH1111aJih
Hhie 11pOAOJimeHHJI ypaBH0H11H (3). 

)J,o TeX nop noKa paccJioeuue r,:; (M) -* M, R-poMy 
npHHaAJiemn:T ceqeH11e jq f ( M), HBJIHeTCH OAHOPOAHhlM, 
soaMomna peAYKilHH Gq (:rt, M) rnasHoro paccJioemrn 

G(:rt, M)-* M penepoB K HeK-poii noArpynne HcH, 
onpeAeJI.11eMaH no KapTany c noMOillhID HeK-poii «PHKCa-

Illllil OTHOCl!TeJlbHhlX KOOpA11HaT Ag, Ag!>, . . . , J\aP a 
, ... q+I 

reoMeTpH'I. o6'beKTa jit, He 3aBHCHmeii: oT roqKH x EM. 
TaK oIIpe)l.eJineTc.11 qacm11HaH RaHoHH3aIJ,n:H penepa. 
Penephl R EGq (:rt, M) Haa. 11 o JI y K a H o H H q e c Kn
M ll p e 11 e p a M 11 nopHAKa q+ 1 AaHHOro IlOAMHOro
o6pa3HH Mex n· ECJIJil me CJ10AYIDillee npOAOJimeHne 
A3eT reoMeTpHq. o6'beKThl, rpyII11a CTa~IIOHapHOCT!il K-phlX 
conepmHT JlHJJih TOmA0CTB0HHOe rrpeo6pa3oBamrn, TO 
soaMomHa «PHKcau,n:H Jin:mh qaCTII KoopAl!HaT reoMeTpHq. 
o6'h0RTa ceqemrn jq+ 11, He aaBHCHUlaa OT TOqKH x, TIOCJie 
qerq ocTasmaHCH qacTh KoopAuHaT A reoMeTpHq. oo'heKTa 
jq + 1/ aas11c11T TOJlhKO OT x EM. TaK11M o6paaoM soaH11KaeT 
ceqeHHe s: M -* G (:rt, M) paccJioeHJIH penepos HyJiesoro 
rropJIAKa IIOAMHoroo6pa3HH M cX n· Pe11ep R=s (x) noro 
ceqeHHH Ha3. K a H 0 H 11 q e c K Ji[ M p e TI e p 0 M TIOA
MHoroo6pa3HJI McXm IiJlH c 0 II p 0 B 0 m A a JO m; II M 
p e II e p o M <iToro TIOAMHoroo6paa11H. 011HCaHHE.1il: Bhlme 
npou,ecc IIPOAOJllli0HJIH ypaBBeHHM (3) Ji[ Bh!6paHHblH 
crroco6 «PHKCaIJ,HH «PYHKIIHH A 11pHBOAHT K ypaBHeH11HM 

WP=i\~wa, wa=J\~wa, (4) 

CBH3h!BaJOillIIM JlHHe1°1HE.Ie «PopME.I wk, wa Ha ce<1eHuH s ( M) . 
IloJie KaHOHH'I. peIIepa CTpOHTCJI He OAH03HaqHo, a 3a
BHCHT OT npOI!3BOJla «PHKCaIJ,mI OTHOCHTeJlbHhlX Koop-

p;HHaT reoMeTplilq, o6'beKTa jq+ 1f. Baarno JIHJJih To, 'l'.TO 
qaCTb Koa«P!Jrn11JileHTOB ypaBHeHirn (4) HMeeT IIOCTO.llHHhle 
(IIpn meJiaunn Han6oJiee npocThle) qJilcJioBhle auaqeun.11, 
TOrp;a KaK p;pyra.11 qacTb li!X o6paayeT il:ll«P«PepeHill!aJibHhle 
HHBap11aHThl nop;MHoroo6pa3Hll Mex n• onpeAeJI.111om;ne 
ero c ToqHOCThIO p;o IIpeo6paaosaHlilH B X n· KaHOHJilq, 
penephl ceqeHH.11 s (M) .llBJIHIOTCH aHaJIOfOM KJiacc11q~ 
IIpIIMepa - conposomp;a10m;ero penepa <Dpene KpHBolil 
eBKJllil)J;OBa IIpOCTpaHCTBa, a ypaBHemrn (4) COOTBeTCTBYIOT 
ypaBHeHli!HM <Dpeue Kp1rnoii. Ha nyTlil KaHomrna11nlil 
perrepa MoryT B03H:irnaTh OCJiomHeHJilH, CBH3aHHhle c 

HeOAHopop;HOCTblO paccJIOeHnii 'ft~ (M) H pa3HOTRnHo
CTbIO B aTOM CMhlCJie paam1qHhlX nop;MHoroo6paauii M B 
X n H p;ame l!X OT)J;eJlbHhlX RyCKOB. Ha aTOM H OCHOBhl
BaeTCH 1macce:«PnKa1111.11 pa3JIHqHhlX THnOB ToqeK 11 pa3-
JlHqHhIX 1maccoB rrop;Muoroo6paauil: B Xn. BJiarop;apa 
aTnM oco6euuocTJIM II. p. M. ChlrpaJI IIJIOAOTBopHyIO poJib 
B H3yqeHHH 110AMHOroo6paanii B pa3Hoo6pa3HhlX OAHO
po,riHhlX rrpocTpaHCTBaX n, KpOMe TOro, yKa3aJl IIYTb K 
pa3BHTrllO coepeMeHHhlX MeTOAOB HCCJie1wsamrn caMhlX 
o6IllHX 1m«P«Pepem:i;naJibHo-reoMeTpnq, CTpyKTYP Ha rJiaA
KHX MHoroo6paa:irnx. 

JI um.: [1] R a p T a n 9., TeopBn ttoneqnblx HenpepblBHbllr 
rpynn n n111f>tf>epeuu11aJihHaR reoMeTPHH, nanomeH!Ihle MeTO.!lOM no11-
BHmHoro pcrrepa, nep. c ljJpaHu., M., 1963; [2] <l> a Ba p iR., 
Rypc nottanhHOlil n111jJtf>epeuu11aJJhHott reoMeTpBB, nep. c ljJpaHu., 
M., 1960; [3] R a p T a H A., ,!lnljJljJepeHl{ifaJibHoe 11cq11cneH11e • 
,!l111jJljJepeuu11anhH1•1e ljJOpMbl, rrep. c ljJpaHu., M., 1971; [4] <I> 11· 
H H H 0 B c. II.' MeTO,!l eHelilHHX tf>opM RapTaHa B n11tf>ljJepea
l{llaJibHOlil reoMeTp1111, M.- JI., 1948. E. JI. Eemyw.un. 

IlO~BIUKffblX CETOK METO~ - Meron <JHCJieHHoro 
pellleHH.11 3aAa<J MaTeMaTH<J. «PH3HKH, rAe pa3HOCTHaH 
C0TKa, Ha K-poii. ocy1neCTBJ1HeTC.ll arrrrpoKCHMailHH ypaB
HeHnii OCHOBHOH 3aAa<IH, ne OCTaeTCH «PnKCHpoBaHHOH; 
oHa npocJiemHsaeT B npou,ecce pacqeTa naMeneHJie rpa
HHIJ, CqeTHhlx o6Jiacrnii. II pocTeiiJJia.11 pa3HOCTHaH ceTKa, 
110JiyqaeMaJI TOqKaMH 11epeceqeHHH rrpHMhlX, napaJIJieJih
HE.lx OC.llM A0KapTOBOH CHCTeMhl KOOpAnHaT (npHMOyroJih
HaH C0TKa), •1103BOJl.lleT MaKCJIMaJihHO yrrpoCTHTh pa3HOCT
Hhie ypaBHeHIIJI, OllHCh!Ba10m;11e OCHOBHYIO 3aAaqy. OA
Hal\O aACKBaTHOe npeACTaBJieHue Ha neii rpaHHIJ, CJIOmHOH 
!JiopMhl n 3aAaBaeMhlX Ha HHX rpaHH'l'.HhlX ycJIOBHH CBH-
3aHO co 3HaqHTeJibHhlM11 TPYAHOCTJIM11, 3a<1acTy10 Henpe
OAOJIHME.IMH npH orpaHH'{0HHE.IX pecypcax 8 BM. 8TII 
TPYAHOCTH oco6euHo soapacTaJOT 11pH pemeHHlil HecTau,Ro
HapHhlX 3aAaq MaTeMaTuq. «PH3HKH, KOrAa rpaHl!IJ,hl pac
qeTHhlX o6JiaCTeH TIOABHmHbl Ji[ npeTep11esaIOT 3Ha<JHTeJlb
HyIO Ae«PopMa111110. 1IocTpOeH11e CHCT0Mhl KOOpAHHaT c 
KOOpAHHaTHh!MH JlHHHHMH, COBTiaAaJOm;llMJI c rpaHHIJ,aMH, 
CTaHOBHTCJI cym;eCTBeHHOH qaCThlO aJirOpHTMa peJJie1I11a 
TaKl!X 3aAaq. 

IlpH IIpHMeHeHHH II. c. M. B KamAhIH «P11KC11poeaHHhlii 
MOM0HT BpeM0Hlil CqeTHaH o6JiaCTh paapeaaeTCH Ha KO
HeqHOe qJi!CJlO JiqeeK ceTKll, He HaJieraIOm;Hx Apyr Ha 
Apyra H aanoJIHHIDm;11x BCIO o6JiaCTb 6ea aaaopos. B cJiy
qae ABYX npocTpaHCTBeHHhlX 11epeMeHHhlx c TO'{KH apeH11H 
IIpaKTHq. peaJIH3au,H11 Han6oJiee YA06Ho cqeTHyIO o6JiaCTh 
ABYMH ceMeiiCTBaMH JI11H11ii pa3peaaTh Ha qeTb1pexyrOJih
Hhle JiqeiiK11. TorAa CTaHOBHTCH 11pocToii ayMepailHH 
JiqeeK (aHaJIOfJilqHaJI HyMepaI1HII aJieMeHTOB MaTpIII:lhl no 
CTpOKaM 11 CTOJI6u,aM). 

Pac<JeT KOOpAIIHaT y3JIOB TaKoii. CeTKll MOmHo TpaKTO
BaTb KaK pa3HOCTHh!H aHaJior 3aAaqJil 06 OTblCKaHHll «PYHK
IJ,HH x (6, TJ)' y (6. TJ)' 06ecne<1n:Ba10m;HX OAHOJIHCTHOe 
OT06pameH11e Ha o6JiaCTh «PH311<J. IlJlOCKOCTll (x, y), B 
K-poii IlpOBOAHTCH pameT, H0K-poii napaMeTp11q. o6JiaCTH 
Ha IlJlOCKOCTlil (6, 11), Hanp. eAHHHqHoro KBaApaTa 0...;6..;;;:1, 
0 <TJ .,.;:1. fpaHH'IHhl0 3HaqeHHJI 3T11X «PYHKIJ,l!H yCTaHaB
JlHBalOT HeK-poe B3aHMHO OAH03HaqHoe COOTBeTCTB110 Mem
AY TOqKaMH Ha CTopoHax napaMeTpII<!. KBaApaTa H Ha 
rpaHHilaX «PH3H'I. o6JiaCT11. 8TO COOTB0TCTBIIe u,eJiecoo6: 
pa3HO OCTaBJ11!Th B pacnopHmeHHH Bhl'{JilCJluTeJIH, K-phllil 
paCCTaBJIHeT y3Jlbl ceTKll Ha rpaHHIJ,e cqeTHOii o6JiaCTH, 
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HCXOAH H3 KOHKpeTHOro COAepmaHHH 3aAaqll Il HMe!Olll,HX
CH pecypcoB. 

)J;JIH o6JiaCTeii HeCJlO)RHOH «PopMbl KOOPAHHaTbI y3JIOB 
ceTKH MOlRHO BblqHCJlHTb no HBHblM «PopMyJiaM, OCHOBaH
HblM Ha HCITOJlb30BaHHH HHTeprrOJlHD;HH HJlll KOHKpeTHOro 
BHAa oTo6pameun:H. B cJiyqae CJIOlRHhIX o6Jiacrnii rrpHXO
AHTCH IlpH6eraTb K IlTepau;HOHHOMy rrpou;eccy' B XOAe 
K-poro IlOJlOlReHHe y3Jla ceTKil Ha KalRAOH IlTepau;Hil 
nepecqllTblBaeTCH B 3aBHCilMOCTil OT IlOJlOlReHHH ero 
COCeAeii. TaKile HTepau;HOHHble rrpou;eCCbl, KaK npaBHJIO, 
MOAeJin:pyIDT pemeuHe HeK-poii: CilCTeMbl Ail«P«Pepeuu;HaJib
HblX ypaBHeHHH c qaCTHblMil npOil3BOAHblMil. IlpH IlX 
KOHCTpyHpoBaHHH 3aqacTyIO B TOH IlJlH HHOH «PopMe 
rrpHBJleKaIOTCH KoHlfiopMHble H KBa3IlKOH.iliopMHble OTO·· 
6pameHHH. 

CTpyKTypa pemeHHH 3aAaq MaTeMaTHq. «PH3HKH (uanp., 
3aAaq ra30BOH AilHaMHKil) MOiReT xapaKTepH30BaTbCll 
HaJIHqlleM 30H, B K-pblX npOilCXOAHT pe3KOe Il3MeHeHHe 
rrapaMeTpoB TIOTOKa. Pa3Mepbl TaKn:x 30H MoryT 6b1Tb 
cyr.u;ecTBeuuo MeHbITie xapaKTepuoro JIHHeiiuoro pa3Mepa 
3aAaqll, a IlX MeCTOHaXOlRAeHHe 3apauee Hell3BeCTHO Il, 
KpoMe Toro, MOlReT MeHHTbCH B npou;ecce pacqeTa. B CBH3Il 
c <lTilM pa3pa6aTblBaIOTCH aJirOpllTMbl, K-pble TI03BOJlHJlH 
6w IlCTIOJlb30BaTb B pacqeTaX CeTKil, crym;arom;HeCH B 
TaKilX 30Hax. 

c u;eJibIO C03AaHHH HaAelRHblX BblqllCJlHTeJlbHblX aJiro
PilTMOB 3aAaqa nocTpoeHMH ceTKil 3aqacTyro «PopMyJIH
pyeTcH KaK 3aAaqa MilHilMil3au;HH HeK-poro BapHaD;HOH
HOro «PYHKIJ;IlOHaJia. <l>yHKD;IlOHaJl MOlReT COAepmaTb 
yrrpaBJIHIOIIJ,He rrapaMeTpbl, H3MeueHHe K-pblx o6ecrreqH
BaeT orrpep:eJieHHyro CBo6op:y H B03M01RHOCTb IIpllCIIOCa6-
JlHBaTb paccqn:TblBaeMyro CeTKY K oco6eHHOCTHM KOH
KpeTHOH 3aAaqJi[, 

Jlum.: (1] qHCJJeHHOe perneHHe MHOrOMepHblX 3aM'I ra30BO!I 
llHHaMHRH, M., 1976; [2] CH 11 op o s A. ct>., «qHcJieHHhie Me
TOllhI MeXaHHRH CIIJJOIIIHOll cpellhl», 1977, T. 8, M 4, c. 149-56; 
(3) M e III e p JI R 0 B IO. TI., III a II e e B B. TI., TaM >Re, 1978, 
T. 9, M 2, c. 91-103; [4] .u a Hae B H. T., TaM >Re, 1979, T. 10, 
M 4, c. 60-74; (5] To Mac TI . .!J;., M H 1111 JI Ro ljJ ljJ .ll;. ct>., 
«PaReTHaJI TeXHHRa H ROCMOHaBTHRa», 1980, T. 18, M 7, c. 55-61. 

I'. II. Ilpononoe. 
rro,urPYIIII PH,l.I; - KOHeqaaH u;erroqKa BJlOlReHHblX 

op:aa B p:pyryro nop:rpynn rpynnbl G: 
E=G 0 =G1= ... sGn=G (*) 

IlJlH 

G=Gr = G2 = ... = Gn+r=E. 

PaccMaTpHBaIOTCH TaKme 6ecKoueqHble u;enoqKn: BJiomeII
Hbrx rrop:rpyrrrr (y6wBaror.u;He n: B03pacTaror.u;n:e), 3aHyMe
poBaHHbre IIOPHAKOBhlMH qncJiaMil HJlll Aame :rneMeHTaMH 
yrropHAoqeuIIoro MHomeCTBa. llx qar.u;e IIa3. nooepynn 
cucme.Ma.Mu. 

BamHyro poJib B Teopn:n: rpynn n:rparoT cy6uopMaJih
IIbte, HOpMaJlhHbie Il u;eHTpaJibHble PHAbl. n. p. (*) IIa3. 
c y 6 H 0 p M a Jl b H bl M, eCJIH KalRAblll ero npeAhlAYID;HH 
qJieH eCTh uopMaJibHaH rroArpyrrna cJiep:yrom;ero qJieua. 
EcJin, KpoMe Toro, Kamp:aH IIOArpyrrna G;, i=O, 1, ... , 
n, HOpMaJlbHa B G, TO PHA (*) Ha3. H 0 p M a Jl b H bl M 
pH Ao M B G. Cyr.u;ecTByeT n: HHaH TepMn:HoJiorn:H, B 
K-poii HOpMaJlbHblM PHAOM Ha3. TO, qTo 3)J:eCb Ha3BaHO 
cy6uopMaJibHhlM, a AJIH BToporo orrpeAeJieHHoro 3AeCh 
IIOHHTHH IlCIIOJlb3yeTCH TepMHH «H H B a p Il a H T H bl ii 
p HA» (rrpeo6JiaAaeT, Op:HaKo, rrepBaH TepMilHOJlOrHH). 
<l>aKTOprpyrrrrbI G;+1IG; Ha3. «Pa KT 0 p a M H, a qn:cJIO 
n - A JI H H o ii cy6HopMaJibHoro PHAa. HopMaJlhHblH 
PHA (*) Ha3. u; e HT p a Jl b II bl M, eCJIH BCe ero «PaKTOpbl 
u;eHTpaJihHhl, T. e. G;+ 1IG; JieiRHT B u;euTpe rpynrrhl 
GIG; AJIH Bcex i HJIIl, qTo paBHOCHJlhHo, B3aHMHblii KOM
MyTaHT G;+ 1 n G Jiemn:T B G; AJIH Bcex i. ECJIH G;+ 1IG; 
B ToquoCTH COBIIaAaeT c u;eHTpoM rpyrrrrb1 GIG; (cooTBeT
CTBeIIHo KOMMyTaHT G; + 1 n: G coBIIaAaeT c G 1) p:JIH Bcex 
i, TO PHA (*) Ha3. Be p x H II M u; e HT p a Jl b H bl M 
p H A 0 M (COOTBeTCTBeHHO H II 1R H H M u; e HT p a Jl b
H bl M p H A o M) rpyrrrrbl G. 

IlycTb B rpyrrrre G 3ap:aHbl cy6uopMaJibHbiii: (cooTBeT
CTBeuuo HOpMaJlbHbiii JIJlH I\eHTpaJibHhlH) PHA I1 HeK-paH 
rroArpyrrrra H=G H rrycTb H;=G;nH, i=O, 1, ... , n. 
TorAa u;enoqKa 

E=H0 =H1= .... =Hn=H 

HBJIHeTCH cy6uopMaJlhHblM (cooTBeTCTBeIIHO HOpMaJlhHbIM 
HJlll u;eHTpaJihHbIM) pHp:OM B fl' a «PaKTOpbl <!Toro pHp:a 
H30Mop.iPHbI rrop:rpyrrrraM COOTBeTCTBYIOIIJ,IlX lf>aKTOpOB 
PHAa (*)· ECJIH GIN - ueK-paH «PaKToprpyrrrra rpyrrrrbr 
G, TO u;erroqKa 

E=G0NIN = G1NIN s; .. . =GnNIN=GIN 

HBJIHeTCH cy6uopMaJlhHblM (COOTBeTCTBeHHO HOpMaJlbHbIM 
HJIH u;euTpaJihHbIM) pHAOM B GIN, a «PaKTopbI aTOro pHp:a 
CyTb roMOMop.iPHbie o6pa3bI COOTBeTCTBYIOI.D;HX «PaKTOpOB 
PHAa (*)· 

)];Ba cy6HopMaJlhHblX (B qaCTHOCTH, HOpMaJibHblX) 
pHp:a rpyrrrrbl Ha3. H 3 0 M 0 p «P H bl M H, eCJIH OHII IIMeIOT 
O)J:IIHaKOByIO )J:JlllHY II Memp:y IIX «PaKTOpaMII cyrn;ecTByeT 
B3aIIMHO OAH03Haqaoe COOTBeTCTBIIe, IIpII K-poM COOTBeT
CTByIOI.D;Ile «PaKTOpbl II30Mop.iPHbl. Ecmi: BCHKaH IIOA
rpynna op:uoro pHAa coBIIaAaeT c op:Hoii H3 rrop:rpyrrrr 
Apyroro, TO BTopoii PHA Ha3. y II Jl 0 T He H H e M nep
BOro. HeyrrJioTHHeMbIH p:aJiee uopMaJihHbin PHA Ha3. 
r Jl a B H bl M, a cy6HOpMaJlbHbIH - K 0 M II 0 3 Il u; II 0 H
H bl M. <l>aKTOpbl <lTHX PHAOB Ha3. COOTBeTCTBeHHO r Jl a B
H bl M Il II KOMII03HIJ;IIOHHblMH «PaKTO
p a M H. Jlro6ble p:Ba cy6uopMaJlbHblX (COOTBeTCTBeHHO 
HOpMaJlbHblX HJlII u;eHTpaJihHbIX) pHp:a rpyIIIIbl o6JiaAaIOT 
II30MOp.iliHhlMII cy6uopMaJlbHbIMII (COOTBeTCTBeHHO HOp
MaJlhHblMil HJIII u;eHTpaJibHbIMH) yrrJIOTIIeHHHMH. B qacT
HOCTil, JII06ble ABa rJiaBHblX (KOMII03IID;IIOHHblX) pHp:a 
II30Mop.iliHbl (cM. JHopoa/ia - I'i!.aboepa meope.Ma). 

Jlum.: [1] J{ a pr a II o JI o e M. H., Me p 3 JI 11 Ro B IO. H., 
0CH0Bhl TeOPHH rpyIIIIbl, 3 H31l. M., 1982; [2] q e pH HR 0 B 
c. H., rpyIIIIbl c 3a11aHHblMH CBOHCTBaMH CHCTeMhl II011rpyIIII, M., 
1980. H. C. Po.Ma1<oecnuu. 

rro,urPYIIII CHCTEMA - MHomeCTBO m: TIOArpynrr 
rpynnbl G, YAOBJieTBOpHror.u;ee ycJioBHHM: 1) ~ cop:epmIIT 
eAIIHHquyro nop:rpynrry 1 II caMy rpynny G, 2) Ill JlIIHeiiao 
yrropHAoqeHo no BJiomeHHID, T. e. AJIH BCHKIIX A, B II3 
~ JIII6o A=B, JIH6o B=A. foBopHT, qTO nop:rpynnbI A, 
A' H3 W cocTaBJIHIOT c K a q o K, eCJIII A' aenocpeA
CTBeHHo CJieAyeT 3a A B ~. Il. C., 3aMKHyTaH OTHOCH
TeJlbHO o6'bep:n:HeHn:ii II nepeceqeHHH, Ha3. II 0 Jl H 0 ii. 
IlOJIHaH Il. C. Ha3. C y 6 H 0 p M a Jl b H 0 H, eCJlII )J:JlH 
BCHKOro CKaqKa A' A' <JTOH CHCTeMbl A HBJlHeTCH HOp
MaJlhHOH rrop:rpyrrnoii B A '. <l>aKToprpyrrrrw A' I A Ha3. 
If> a K T 0 p a M II C II C T e M bl 5lf. Il, C., BCe qJieHbl K-poii: 
cyTb HOpMaJlhHble TIOArpynIIbI rpynrrbl G, Ha3. H 0 p Ma Jl b
H 0 ii. B CJiyqae, KOrAa OAHa cy6uopMaJlbHaH CHCTeMa 
COAeplRHT (B TeopeTIIKO-MHOlReCTBeHHOM CMbICJle) Apyryro, 
rrepByIO II3 HIIX Ha3. y TI Jl 0 T H e II H e M BTOpoii. Hop
MaJlbHaH Il. c. Ha3. u; e HT p a JI h Ho ii, ecJIII Bee ee 
«PaKTopbI u;euTpaJibHbI, T. e. A' I A coAepmHTCH B u;eHTpe 
GI A AJIH BCHKOro CKaqKa A, A'. Cy6HOpMaJlbHaH n. c. 
IIa3. p a 3 p e m II M o ii, ecJIII Bee ee «PaKTOpbr a6eJieBh!. 

HaJinqIIe B rpyrrrre Tex IlJlH IlHblX n. c. Bbl)J:eJIHeT B 
KJiacce Bcex rpyrrrr pa3JIIIqHbre IIOA1rnaccw, IIali6oJiee yrro-

Tpe6HTeJihIIbI H3 K-pb1x RN, RN*, RN, RI, RI*, RI~ 
Z, ZA, ZD, Z, N, N-KJiaCCbI Kypoma
q e pH HK 0 Ba: 

R N-rpyrrrra - ooJiap:aeT pa3peII1IIMOH cy6HopMaJlhHOH 
n. c.; 

R N*-rpyrrrra - o6JiaAaeT pa3peIIInMon cy6aopMaJihHoii 
Il. C., BIIOJIHe yrropHp:OqeIIHOll ITO B03paCTaHIUO; 

R N-rpyrrrra - BCHKYIO cy6uopMaJlhHYIO n. c. <JT(i)ll 
rpyrrrrhl MOlRHO yIIJIOTHIITb AO pa3peITIIIMOH cy6aopMaJib
IIOH' 

n'I-rpyrrna - 06Jiaµ;aeT pa3peIIIHMOll HOpMaJlbHOll Il. C ; 
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RJ*-rpynrra - o6Jia)laeT paspeum:Moil HopMaJibHOM 

II. c., BnOJIHe ynopH)loqeHHOU rro Bo3pacTamno; 

R J-rpynna - BCHKYIO HopMaJihHYIO II. c. 3TOM rpynnhl 
MOlRHO ynJIOTHHTb )lO pa3peml!MOH HOpMaJihHOii:; 

Z-rpynna - o6JJa)laeT rrcHTpaJihHoii: II. c.; 
ZA-rpynna - o6Jia)laeT rreeTpaJihHoii: II. c., BnoJiee 

ynopH)loqeHHOH no B03paCTaHHIO; 
ZD-rpynna - 06Jia1weT u;eHTpaJibHoii: II. c., BnoJiue 

ynopllp;oqeeeor1 no y6wBaH11IO; 

Z-rpynna - BCHKyIO HOpMaJihHyIO II. c. Ta1wii rpynnhl 
lllOlRHO ynJioTHl!Th AO u;eeTpaJibHoii:; 

N -rpynna - qepe3 BCHRyIO no)lrpynny TaRoil rpynnw 
npoxop;HT cy6HopMaJihHaH II. c.; 

N-rpynna - qepe3 BCHKyIO nop;rpynny TaRoii: rpynnh1 
rrpoxop;uT cy6HopMaJihHaH II. c., BnOJIHe ynopHp;oqeHHail 
no B03 pacTaHHIO. 

1IaCTHhlii CJiyqaif II. c.- nooepynn paiJbi. 
Jium.: [1] l\ y po III A. r., Teopl'lfl rpynn, 3113)'.I., M., 1967; 

[2] q e pH l!I }{ 0 B c. H.t I'pynnhI c 38)'.IBHHhIMl!I CBOHCTBBMH CHC
TeMbl no11rpynn, M., 1980; 3] Rap ran o JI o B M. H., Me p 3-
JI fl}{ 0 B ro. H' OCHOBhl Teop>1>1 rpyrrn, 3 1!!311., M., 1982. 

H. c. PoMal<06C1'UU. 

IIO)J;fPYIIIIA - IIO)ll\!HomecTBo H epynn&i G, caMo 
HBJIHIOru;eecH rpynIIoii: oTHoCHTeJihHO oneparrHH, onpep;e
JIHIOu.i;eii: G. IIoAMHomecTBo H rpyIInhI G HBJIHCTCH ee 
IIop;rpyIIIIo:il: Torp;a H TOJihKO Tor )la, Kor Ila: ( 1) H cop;ep
lRHT rrpoH3Bep;eHHe mo6wx HByx aJieMeHTOB 113 H, (2) H 
cop;eplRHT BMeCTe co BCHRHJ\I CBOHM 3JieMeHTOM h o6paT
HblH K Hellly 3JieMeHT h - 1 . B CJiyqae ROHeqHhIX H, Boo6rrre, 
uepHOAHq. rpyIIII IIpoBepRa ycJIOBHH (2) HBJIHeTCH H3-
mmrneiL 

IIop;MHOlReCTBO rpyIIIIhl G, COCTOHI!lee H3 O)I;Horo 3Jie
MeHTa 1, 6yp;eT, oqeBIIAHO, IIop;rpyIIIIoil, H 3Ta II. Ha3. 
e An H H q Ho li II. rpyIIIIhI G n o6o3HaqaeTCH o6wqHo 
cnMBOJIOM E. Ca Ma G TaKme HBJI11eTc11 cBoeil: II. BcHRa11 
II., OTJIHqHai1 or Bceil: rpyIIIIhl, ea3. H c r H H H o Il: II. 
noil: rpyIIIIhI. McrHHHa11 II. HeK-poii: 6ecRouequoil: rpyIInw 
Momer 6blTh H3oMop!Jrna caMoii: rpyIIIIe. CaMa rpynIIa G 
H rrop;rpyIIIIa E Ha3. He co 6 c TB e H H bl M H II. rpyn
IIhI G, Bee OCTaJihHhie - c 0 6 c T B e H H bl M H. 

Teopenrno-MHomecTBeHHoe uepeceqee11e JII06blx ABYX 
(H JII06oro MHomecTBa) II. rpyIIIIhl G HBmieTCH II. rpyII
IIbl G. IIepeceqeHne Bcex II. rpyIInh1 G, conepmarrrnx Bee 
aJieMeHThI HeK-poro HeIIycToro MHomecTBa M, Ha3. no A
r p y ll II 0 ii:, 11 0 p 0 lf( A e H H 0 il: M H 0 1R e c T B 0 M 
M, n o6o3eaqaeTCH cnMBoJioM {M}. EcJin M cocTOHT na 
op;uoro aJieMeHTa a, TO {a} Ha3. u; n K JI n q e c R o il: II. 
aJieMeuTa a. fpyIIIIa, coBnap;aIOru;aH c op;uoii: H3 cBonx 
rrHKJIHqecKHX II., eaa. LfU1>.1LU'lec1wii e p y nnoii. 

TeopernKo-MuomecTBeHuoe o6'be)lnueune II., Boo6ru;e 
rOBOpH, He o6H3aHo HBJIHTbCH II. 0 6 'b ell H He H He l\I 

II o Arp y n n H;, iEI, Ha3. II., IIopomp;eeHaH o6'heAH
HeHHeM MirnmecTB Hi· 

II pon3Bep;enne rrop;MnomecTB S 1 n S 2 rpynrrhl G eCTh 
MHOJl\eCTBO, COCTOHru;ee H3 BCeB03M01RHhlX (pa3JinqnbIX) 
IIpOH3Bep;eHHH S1S2, r)I;e S1CS2, s2ES2. IIpOH3BeAeHHe 
rro,a;rpyrrII H 1H 2 ecTb II. Torp;a H TOJihKO Torp;a, Korp;a 
H 1H 2=H2H 1 , n B 3TOM cJiyqae rrpoH3Bep;eHne H 1H 2 coB
rrap;aeT c 06'bep;1rneHneM IIop;rpynII H 1 n H 2• 

foMoMopljJHhlii o6pa3 II.- rrop;rpyrrrra. EcJin rpyrrrra 
G1 II3oMopljJHa HeR-poii rro)I;rpyIIIIe H rpyIIIIhI G, TO ro
BopHT, qTo rpyIIIIa G1 MolReT 6bITh BJiomeHa B rpyIIIIY G. 
ECJIH ,ll;aHhI ABe rpyIIIIhI H RalRJJ,aH II3 HIIX I!30MOpljJHa 
HeK-po.ii I!CTHHHOH II. p;pyroli, TO O'fCIO)I;a em;e He CJiep;yeT 
H30MOjlljJH3M caMHX 8THX rpyIIrr. o. A. Hea1<oea. 

IIO)J;fPYIIIIbl llH)J;EKC B r p y n II e G - qncJio 
c.Me :J1C1tbix ,,,.rr,accoe B Kam)I;oM II3 pa3JiomeHnii: rpyIIIIhI G 
no noii rrop;rpyIIIIe H (B 6ecKoHeqnoM cJiyqae - Moru;
nocTb MHOlReCTBa 3THX RJiaCCOB). EcJIH qncJio CMelRHhIX 
RJiaCCOB KOHeqHo, TO H Ha3. IT 0 A r p y II II 0 il: R O
H e q Ho r o H HA e R ca B G. IIepeceqenHe Roneqnoro 
qHcJia IIop;rpyrrII Roneqeoro HHAeRca caMo nMeeT RoHeq-

Hhlll HH,[l.eKC (TeopeMa IlyanKape). MHACRC 
nop;rpyrrnhl H B rpynne G o6wqHo o6o3HaqaeTCH IG: HI. 
Il pOH3Bep;enue IIOpH)lKa IIO)I;rpynnhI H Ha ee HH)I;eKC 
IG: HI paBHO rropHAKY rpyrrrrhl G (Teo p e M a JI a r
p a H 1R a). 8TO COOTHOIIICHHe HMeeT MeCTO RaR AJIH KO
HeqHoH rpyrrrrhl G, TaK u B CJiyqae 6ecRoHe•rno:ii G -
AJIH COOTBeTCTBYIOIIJ;HX MOill,HOCTeii. 

Jium.: (1] l\ a pr an o JI o B M. H., Me p 3 JI fl Ho B 
IO. II. OcHOBhl TeOp>IH rpynn, ~ 1!!3)'.I., M., 1982; [2] J{ y p 0 Ill 
A. r., TeopHfl rpyrrn, 3 1!!3)'.I., M., 1967. 0. A. H•a1<06a. 

IIO)J;EP A, n o A a p a, KpHBOii 
l OTHOCHTeJihHO TOqRu 0 - MHO
meCTBO OCHOBaHHH nepneHAHKy
JIHpOB, onymeHHblX H3 TOqRII 
0 Ha KaCaTeJibHhIC K KpHBOH 
l. Hanp., ym1TKa IIacKaJIH -
fl. ORpylf<HOCTll OTHOCHTeJihHO 
ToqK11 0 (cM. pnc.). II. IIJIOCRo:il: 
JIHHHH x=x(t), y=y(t) OTHOCH
TeJlbHO HaqaJia Koopp;uHaT: 

, xx' +yy' , xx' +yy' 
X=x-x --- Y=y-y ---x'z+y'z ' x'2+y'2 

YpaBneHne IT. npocTpaHCTBennoii: JIHHHH x=x(t), y= 
= y (t), z= z (t) OTHOCHTeJihHO HaqaJia ROOPAHHaT: 

X =x-x' xx'+Y!(+zz' . Y= _ , xx'+yy'+u'. 
x'2+y'2+z'2 ' y y x'2+y'2+z'• , 

Z=z-z' xx'+yy'+ zz' 
x' 2 + y' 2 + z' 2 

A H T ll II 0 A e p 0 ft JIHHHH l OTHOCHTeJihHO TOqKn 0 
Ha3. JIHHHH, fl. R-poft OTHOCHTeJihHO TOqRH 0 eCTb JIH
HHH l. 

II. n 0 Be p x H 0 c TH OTHOCHTeJibHO ToqKH 0 -
MHOlReCTBO OCHOBaHHH nepneHAHRym1poB, OIIym;eHHhIX 
113 TOqKn 0 Ha RacaTeJihHble IIJIOCKOCTH IIOBepXHOCTH. 
YpaBHemie II. rroBepXHOCTH F (x, y, z) = 0 no OTHOIIIeHHIO 
R HaqaJiy .IWOpAIIHaT: 

X=Fx<D, Y=Fu<D, Z=F,,<D, 

A. B. Hea1<oe. 

IIO)J;KACATEJlbHAH If ITO)];- 1lL 
HOPMAJib - HaIIpaBJieHHhie OT-
pe3RII QT H QN, HBJIH!OlIJ;HeCH M 
npoemi;HHMH Ha och Ox OTpea-
KOB RacaTeJihHOH MT H HOpMa-
JIH MN K HeK-poil: KpHBOH B ee o r 
ToqKe M (cM. pnc.). T O N 

EcJIH KpnBaH eCTh rpaljinK ljiyHRll,l!H y=f(x), TO 3Ha
qeenH BeJinqnn II. n rr. paBHhI cooTBeTCTBeHHo: 

I (x) Q f ( f' QT=-f'(x), N= x) (x), 

rp;e x - a6c11,ncca ToqKH M. EcJin KpHBaH aa)I;aHa rrapa-

x=<p(t), y='lji(t), 

QT- _\ll(t)cp' (t) QN="' (t)\ll' (t) 
- "'' (t) , \ll'(t) ' 

r)I;e t - 3HaqeHne IIapaMeTpa, oIIpe)I;eJIHIOru;ee ToqRy M 
KpHBOH. BC8-3. 

IIO)J;KATEfOPllH - qacTHhift cJiyqail: IIOHHTIIH rrop;
cTpyKTYPhI MaTeMaTnq. cTpyRTyphI. KaTeropnH ~ Ha3. 
rr o A K a T e r o p n e ft KareropnII SI', ecJin Oh~;:; 
=OhSl', 

H 51 (A, B) =Hst (A, B) nMor ~ 

AJIH JII06b1x A, BE Oh~ H rrpona Be)I;eHne MopljJH3MOB 
H3 ~ COBIIap;aeT C l!X IIpOH3Bep;eHHeM B Sf. ,[l.JIH Ramp;oro 
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noµ;1macca ~, KJiacca Ob.Ii' cymecTByIOT uanMeHhlliRH n 
uan6oJihlliaH noµ;KaTeropnn ~1 Pl ~2 KaTeropnn .Ii', mrnc
Cbl o6'beKTOB K-pbIX COBilRARIOT c ~'; IlOAKaTeropHH ~1 
coµ;epiKHT TOJibKO e,I(HHHqHble Mop¢H3Mbl o6'heKTOB H3 
~' HHR3.p;HCRp0THOH Il.,nopomp;eHHOil 
~'; noµ;KaTeropnH ~2 COAepiKHT BCe Mop¢H3Mbl H3 ,It, 
aaqaJia H KOHil,bl K-pbIX JieiKaT B ~, H Ha3. n 0 JI H 0 ft 
Il., Il 0 po iK A e H H 0 ft ~'. BCHKRH IlOµ;J>aTerop1rn 
~ KaTeropnn .If, AJIJI K-poii: H 2 (A, B)=Hse(A, B) 

AJIH JII06hlx A , BE Ob~, aa3. n o JI H o ft II. KaTero
pnn .\t. IlOJIIIblMH Il. HBJIHIOTCH: Il. rrenyCTblX MHOiKeCTB 
B KRTeropmil BCeX MHOiKeCTB, Il. a6eJieBhIX rpyrrn B KaTe
ropilll acex rpynrr H T. A· )J,JIH .Ma,11,oii ,,,amezopuu 1l noJI
uan Il. KaTero_pHH BCeX KOHTpaBapHRHTHhlX ¢yHKTOpOB 
H3 '.ll B KaTeropmo MHOiKeCTB, nopOiKAeIIHRH OCHOBIIbIMH 
¢yHKTOpaMH, H30Mop¢ua KaTeropnn '.ll. 8TOT pe3yJihTRT 
Il03BOJIHeT CTpOHTb IlOilOJIH0HHe npOH3BOJibHOH MRJIOH 
KaTeropnn rrpeAeJiaMH H Konpeµ;eJiaMn. 

IlpoH3BOJibHRH Il. KaTeropHH .If He HaCJlep;yeT HHKRKHX 
CBOHCTB 3TOH KaTeropnn. 0AHaKo cymecTByIOT BRiKHble 
KJiaCCbI Il., HRCJiettyIOillHX MHorne CBOHCTBa 06'beMJIIO
JIJ,eH KaTeropHn, TaKoBhl, Harrp., pe¢JieKTHBHbre IT., KO-
pe¢JieKTHBHhle Il. M. ill. L{llJ!e1i'1W. 

IIO)J,MATPHIJ,A MaTpHIJ,hI A pa3Mepa 
mX n - MaTpll.11,a pa3Mepa kX l, rAe 1 <.k<.m, 1 <.l<.n, 
o6pa30BRHHaH 3JieMeHTaMH, HaXOAHil!HMHCH Ha nepece
qeHHH ¢HKCHpOBRHHblX k CTpOK Il l CTOJI6IJ,OB MaTpHil,hl A 
c coxpaHeHMeM npemHero nopHAKa. OnpeAeJIMTeJih KBRA
paTHOH Il. rropHAKR k MaTpHIJ,hl A Ha3. M H Ho p o M 
k-ro nopHAKa MaTpHil,hl A. T. C. IIuzoJt><u><a. 

IIO)J,MHOrOOBPA3HE - 1) B y3KOM CMhlCJie cJioaa 
TOilOJIOfHq0CKOe n-Mepuoe Il. TOilOJIOfHqeCKOfO ln-Mep
HOfO Muoroo6pa3MH M - TaKoe IIOAMHomecTBO NcM, 
K-poe B HHAyIJ,npoBaHHOH TOilOJIOfHH JIBJIH0TCH n-MepHbIM 
MHoroo6pa3HeM. qncno m - n Ha3. K o p a 3 M e p H o
c T I> 10 noA~rnoroo6pa31rn N. Han6oJiee qacTo BCTpe
qa10TCH JIOKRJihHO IlJIOCKHe Il., AJIH K-pbIX TOiKA0CTB0H
HOe BJIOiKeHne i: N-+M HBJIH0TCH ./1,0/f,ll./1,blW U./1,0C/f,UM 
BAOJ1Cenue.M. Iloµ;MHOiKeCTBO NcM HBJIHeTCH JioKaJihHo 
IlJIOCKHM n.' eCJIH AJIH KRiKAOH TOqKH p EN HM0IOTCH 
TaKaH oKpeCTHOCTb u 3TOH TOqKH B M H TaKHe JIOKRJib
Hble I>oOpAHHRTbl X1, •• ., Xm B Heil, qTo B TepMHHRX 3TMX 
KOOpAnHaT N nu OilllCblBaeTCH ypaaueHHHMH Xn+ i= 

= .. . =xm=O. 
2) B mHpoKoM CMhrcne cnoaa Tononor1111ecKoe n-Mep

Hoe Il. TOilOJIOfHqecKoro m-MepHoro MHOroo6pa3HJI M -
TaKoe n-Mepaoe M1rnroo6pa311e N, K-poe K&K MHOIBe
CTBO ToqeK JIBJIJI0TCJI IlOAMHOiKeCTBOM M (HHblMH CJlOBaMM, 
N - :JTo noAMHOll\0CTBO M, cHa6IBeuuoe cTpyK:rypoll: n
Mepuoro MHOroo6pa3HJI) II AJIJI K-poro TOiK,D;eCTB0HH00 
BJIOiK0HHe i: N-+M JIBJIJI0TCJI nozpy J1CenueJ1t. n. B Y3KOM 
CMblCJie JIBJIJieTCJI n. B mnpOKOM CMbICJie, a nocJie,a;Hee 
HBJIJieTCJI Il. B y3KOM CMbICJI0 TOfAR H TOJibKO TOrAa, 
KOrAa i 0CTb BJIOiKeHH0 B TOilOJIOfilq, CMbICJie (T. e. y Kall\
AOH TO'lKH p EN nMeeTca cKOJih yroAHO MaJihle oKpecT
HOCTH B N, aana10m11eca nepeceqeHHJIMH c N HeK-pbIX 
ORpeCTHOCTeH B M). 

3) R y c o 11 u o JI H H e Il: H o e, a H a JI n T n 11 e-
c K o e u JI H A n ¢ ¢ e p e H 11, H p y e M o e (KJiacca 
ct, l<.oo) Il. KyCO'lHO JIHHeHHOro, auaJinTnqecKOfO HJill 
An¢¢epeH11,HpyeMoro (KJiacca Ck, l ..;;.k <. oo) MHoroo6-
pa3HJI M B rnnpoKOM CMhlCJie (cooTBeTCTBeHHO y3KOM) -
3TO IlOAMHOiKeCTBO N cM, K-poe cua6IBeHo CTpyKTypoll: 
KyCO'lHO JIHHeiJuoro, aHaJIHTHqecKoro HJill A11¢¢epeHI1,H
pyeMoro (KJiaCCR Ct) MHOf006pa3HJI, IIpnqeM i JIBJIJieTCJI 
Kycoqrro JIHHeHHblM, auaJIHTHqeCKHM HJIH An¢¢epeHIJ,H
pyeMhlM (KJIRCCa Ct) norpyiKeHneM (COOTBeTCTBeHHO BJIO
iKeH11eM). OnpeAeJieune A11¢¢epeH11,11pyeMoro n. KJiacca 
Ct fO/l,HTCH Ii! Ilpll l=O, COBIIall,aH B 3TOM CJiyqae C 011pe
,IJ;eJieH11eM Torronor11qecKoro II. 06hlqHo noµ;pa3yMeeaeTca, 
'ITO l;;;;,1. 

B auaJinTnqecKoM n ,a;n¢¢epeu11,npyeMoM cJiyqaax II. 
BcerAa HBJIHeTCH JIOKRJibHO IlJIOCKHM. Ilo3TOMy orrpe,a;eJie
HHe aHaJIHTnqecKoro (An¢¢epeH11,npyeMoro) II. B y3KOM 
CMblCJie o6blquo c caMoro uaqaJia ¢opMyJI11pyeTCH KaK 
aHaJinTnqecKHH (An¢¢epeH11,11pyeMb1Il) BapHRHT AaHHOfO 
B 1) Oilp.e,IJ;eJiemrn JIOKRJibHO IlJIOCKOfO Il. C IlOMOIIl,bIO JIO
KRJibHhlX KOOPAHHaT, µ;o6aBJIHH K CKa3aHHOMY TaM yCJIO
BHIO, qTo6bl JIOKaJihHhle KOOpAHHRTbl X1, ••• , Xm 6blJill 
aHaJinTnqecKHMH (A11¢¢epeH11,npyeMhlMH KJiacca Cl). EcJin 
IIOAMHomeCTBO N YAOBJieTBopHeT nocneµ;HeMy orrpeµ;ene
HnIO, TO OHO ecTeCTBeHHhlM o6pa30M crra6maeTCH CTpyKTy
poil arraJIHTH'leCKOfO (An¢¢epeHIJ,HpyeMOfO KJiacca Ct) 
Mrroroo6pa3HH H i oKa3hlBaeTCH BJIOll\eHHeM B CMblCJie 
COOTBeTCTByIOnreii CTpyKTyphl. 

RycoqHo JIHHell:Hoe II. B yaKoM CMblCJie JioKallbllo npeµ;
CTaBJIHeTCH KaK IlO/lilOJIH3AP 06'heMJIIOII1,ero MHoroo6pa-
3HH, Kyco11Ho Jinrrell:Ho 3KBHBaJierrTHhlH c11MnJieKcy. 0Ho 
rre BCerAa HBJilleTCll JioKaJihHO IlJIOCKHM (XOTll 3TO TRK npn 
m - n>2); KpoMe Toro, AJIH TaKHX II. CBOHCTBO 6bITb 
JIOKaJibHO IJJIOCKHM B TOIIOJIOrnq. CMbICJie He coananaeT 
(no KpaiJHeil: Mepe uenocpe)lCTBeHHO) co CBOHCTBOM 6blTb 
JIOKaJihHO IlJIOCKHM B KycoqHo JIMHeMHOM CMbICJie. 

4) Il pOCTOH MOAH¢HKa11,neH ;JTJIX orrpe,IJ;0JI0H:l'IH IlOJiy
'l.aIOTCH onpep;eJieHlfJI: Il. C KpaeM; Il. MHoroo6pa3}fH 
c KpaeM (npn 8TOM B PllAC TOilOJiornq. BOilpOCOB OKR3bI
BR0TCll u;eJiecoo6pa3HbIM orpaHnqnTh B03MOiKHhle pac
noJiomeuna II. y Kpaa o6'beMJIIOmero MHoroo6pa3HJI, CM. 
( 1 ]); Il., pa3JIHqHbI0 KOMilOHeHThl K-poro MoryT HMeTb 
pa3JIH1IHYJO pa3MepHOCTh; Il. 6eCKOHe1JHOMepHOrO MHOfO
o6pa3Hll. (2]; KOMITJieKCHO RHaJIHTHqecKOfO Il. KOMilJieKCHO 
aHaJinTnqecKoro MHoroo6pa3HH. 

IIOHllTH0 Il. B y3KOM CMbICJie HBJIHeTCH HenocpeACTBeH
HblM 0606111,eHUeM IlOHllTHH KpHBOH H IlOBepXHOCTH. Il. 
B IIIHpOKOM CMbICJie MCilOJih3YIOTCll B Teopnn rpyrrn JI l'I 
(rAe [)TO IlOBllTHe Iii 6blJIO enepBhle BBeAeHO [3]), µ;u¢¢e
peHIJ,HRJibHOH reoMeTpHM [4] n teop1111 c,11,oenuu. 

5) B a,11,ze6pau11ecrwii zeoJttempuu IT.- 3aMKHyToe rroA
MHomeCTBO aJire6pa1111. Muoroo6pa3MH B 3apucrwzo mo
nMozuu. 8THM cf>opMaJinayeTCH n,IJ;eH, 11To II. 3aAaeTCll 
aJire6pan:q. ypaaaeHHHMn:. IloMn:Mo nepexoAa OT IR K APY
rn:M noJIHM, H3MeHeHn:e noHHTHH II. e noM cnyqae coc
TOHT B TOM, qTO µ;onycKaIOTCH II. c oco6eHHOCTHMH. 

Jlum.: (1) p 0 x JI H H B. A., <ll y H c ,n. B., HaqaJibHblH 
Hype TOIIOJionm. reoMeTpH'lecm-rn rJiaBbI, M., 1977; (2) JI e Hr C., 
BnegeHHe B Teopmo AHcjJcjJepeHl\HPYeMhlX MHoroo6paaHll, nep. 
c aHrJI., M., 1967; [3) III en a JI JI e K., TeopHJI rpy1111 JlH, rrep. 
c aHrJI., T. 1, M., 1948; [4] c Tep H 6 e pr c .. JleHl\HK no AHcjJ
cjJepeHl\KaJibHOi! reoMeTpHK, nep. c aurJI., M., 1970. ,l{. B. A>iOcoB. 

110)1,MO)J,Y Jlb - IlO,D;MHO~eCTBO MO)lyJIJI, JIBJIJIJOmeeca 
IlOArpynnoll: ero aAAHTHBHOH rpyIIIlbI H 3aMKHyToe OTHO
Cl'ITeJihHO yMIIoiKeHMJI Ha aJieMeHThl OCHOBHOro KOJihD;a. 
B 11acTHOCTM, JieBhlH (rrpaahlii) 11µ;ean KoJihIJ,a R JIBJI,ll
eTca n. Jieeoro (rrpaeoro) R-MOAYJIJI R. II., OTJIJlq.BblM 
OT acero MOAYJIJI, Ha3. c 0 6 c T B e H H bl M. MHoll\eCTBO 
Il. ARHHOfO MOAyJIJI, yrropH,IJ;oqeHHOe ITO BKJIIO'leB;U:IO, 
JIBJIJieTCJI rronaoll: AeAeKHHAOBoii pemeTKoii (cM. BnoMte 
npuoo&u,,.tb!ii Mo8y,11,b). EcJIH cp - roMoMopcf>u3M MOAYJIJI 
A e Mop;ynh B, TO MHomecTeo 

Kercp={xlxEA, cp(x)=O} 

oKaablaaeTCJI II. MOAYJIJI A n Ha3. a A po M r o M o Mo p
¢ H 3 M a cp. Rall\AhIH n. CJiyiKHT JI,Il;pOM HeKOTOporo 
rOMOMop¢113Ma. Il. Ha3. 6 0 JI bill l'I M (HJIH Cy III, e
C TB e Hu bl M), ecJI11 oH HMeeT HeHyneuoe rrepece'l.eH11e 
c JII06b1M APYfHM HeHyJieBhIM n. Hanp., 11,eJible qncJia 
o6paayIOT 6oJiblllOlf Il. rpyIIIIbI paIJ,HOHaJihIIblX lJHCeJI. 
RalKAhlll MOAYJih HBJIHeTCH 6oJihIDMM n. ceoeii HH'heKTMB
HOii 060JI01JKl'I (cM. lin'be/f,mUBH,b/,1), .MOOYAb). Ilo,IJ;MOAYJib 
A MOAYJIJI B Ha3. M a JI bl M (nJin K o c y m e c T e e n
u bl M), ecn11 AJIJI mo6oro IIOAMOAYJIJI A' =B paBeIICTBO 
A +A' =B BJieqeT A' =B. MaJihIM oKa3hIBaeTca, aarrp., 
BCJIKl'lll co6CTBeIIIIbIH n. 11,enHoro MOAYJIJI. MaJibIM n. 
o6pa3yIOT Jieo6paTl'IMble aJieMeHTbl JIOKaJihHOfO KOJlhIJ,a. 
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CyMMa Beex MaJlhIX II. eoBnaJJ,aeT e nepeeeqem:ieM Beex 
MaReIIMaJlhHhIX II. JleBhlii: IIJJ,eaJI I rrpIIHa/lJielHIIT paJJ,II
RaJiy ,Ll.meRo6eoHa TOrJJ,a II TOJlhKO TOrJJ,a, KOfJJ,a IM 
MaJl B M Jl,JlH BeHRoro RoHeqHo nopomJJ,ennoro Jlesoro MO
AYJIH M. 8JleMeHTbl MaJloro n. HBJlHIOTeH H e 0 6 p a-
3 y IO 111 II M II, T. e. JlI06aa CHCTeMa o6pa3yl0111HX MOJJ,y
JlH OCTaeTeH TaKOBOH nocJie VJl,aJleHIIH JlI06oro II3 ::lTIIX 
;JJieMenTOB (aTo, KOHeqno, He' 03HaqaeT, qTo IIX MOlHHO 
yJJ,aJlnTh see cpa3y!). PaJJ,HRaJl ,l],meRo6eoHa ROJlhIW an
Jl.OMop«Pn3MOB MOJl.YJlil eosnaJJ,aeT e MHOll\eCTBOM 3H)l,OMOp
«PII3MOB, IIMeIOmnx ~IaJlblH o6pa3. 

Jlum .. [1) H a III <I> , MOllYJUI l'I IWJlbl1a, nep. c neM., M., 1981, 
[2] ca> ell c H., AJJre6pa HOJJbQa, MOllYJJl'I H HaTeropHH, nep. c 
anrJJ., T. 1-2, M., 1977-79. JI. A. Cnopumwe. 

IlO,lJ,OBIIE - rrpeo6pa3osamrn eBKJll!Jl.OBa rrpoeTpan
CTBa, rrpH R-poM JJ,JlH JlIOOhIX p:Byx ToqeR A, B u 11x 06-
paaos A', B' HMeeT MecTo cooTHOllrnHlrn IA'B'l=klABI, 
r)l;e k - rroJiomnTeJlhHOe qneJio, Ha3hIBaeMoe R o a «P-
«P H 1\ He HT OM II. 

KamJJ,aH io.Momemusi HBJIHeTeH IIOAOOIIeM. Ram1we 
aau ;J1Cenue (B TOM qHeJie II TOJK)l;eeTBennoe) TaRme M011\HO 
paeeMaTpHBaTh RaK IIpeo6pa3oBaHIIe II. e Koa«P«PIIuIIeH
TOU k, paBHb!M eJJ,IIHIIue. <DIIrypa F Ha3. 11 0 A 0 6 H 0 lf 
«PIIrype F', eeJIH eymeeTsyeT npeo6pa3oBaHIIe II., rrpII 
K-poM F-+F'. II. «PIIryp HBJlHeTeH OTHomenIIeM aRBIIBa
Jl0HTHOCTII, T. e. oi:iJlaJJ,aeT eBoii:eTBaMII pe.iPJieRenBHOeTII, 
CIIMMeTpHqHoeTII II TpaH3HTIIBHOeTH. II. eeTb B3aIIMHO 
O)l,H03HaqHoe OT06pamem:ie eBKJlH)l,OBa npoeTpaHeTBa Ha 
ee611; II. eoxpaH11eT rrop11JJ,0K ToqeR na np11Moii, T. e. 
eeJin ToqKa B Jiemn:T MemJJ,y ToqRaMn A, C n: B', A', 
C' - eooTBeTeTBYIOIIlHe HX o6pa3hI npII HBK-pOM II., TO 
B' TaKme JiemIIT MemJJ,y ToqRaMII A' II C'; TOqKH, He Jie
arnIIlIIe Ha npHMOli, npH mo6m1 II. nepexoJJ,llT B ToqRII, 
He JiemalllIIB Ha OJJ,Ho11 rrp11Moii. II. npeo6pa3yeT rrp11MyIO 
B npaMyIO, 0Tp830K B 0Tpe30K, Jlyq B Jiyq, yroJl B yroJl, 
oKpymHoeTb B OKpymHoeTb. IIpII II. yroJI eoxpaHHeT 
BeJl JlqIIHY · 

II. e Koa«P<fiIIuIIeHTOM k -F 1, npeo6pa3yIOmee KamJJ,yIO 
rrp11MyIO B napairneJlhHYIO eii rrpHMyIO, llBJllleTell fOMOTe
TIIeii e Roa«P«PIIuIIeHTOM k IIJlll -k. RamJJ,oe 11. MOlHHO 
paeeMaTpHBaTh RaK KOMII03II!J,IIIO )l,BIIlliBHIIH D II HeK-poii 
fOMOTeTIIII f e TIOJlOlHHTeJlbHhIM Roa«P«PII!l,IIBHTOM. 

II. Ha3. eo6eTBeHHhlM (Heeo6eTJJeH-
H hi M), eeJrn AB11meH11e D llBJllleTea eo6eTBeHHhlM (He
co6cTBBHHhIM). Co6eTBeHHoe II. cox paHlleT opneRTau,1uo 
«PHryp, a Heco6CTBeHHOe - II3M8HH8T opnenTa!l,IIIO Ha 
IIpOTIIBO!IOJlOlHHYIO. 

ARaJiorII'lHO onpeJJ,eJI11eTe11 II. (e eoxpaneHIIeM yRa-
3aHHhIX BbIIIIe eBoiieTB) B 3-MepHOM eBKJlll)l,OBOM npoeT
paReTBe, a TaKme B n-MepHOM eBKJlII)l,OBOM H rreeBJJ,OeBK
JlHAOBOM rrpoeTpaHeTBax. 

B n-MepHbIX pn:MaHOBb!X, neeBAOpIIMaHoswx II «PnHeJle
poBhIX npoeTpaHeTBax 11. onpeJJ,eo•rneTeH RaR npeo6pa3o
BaHHe, nepeBOJl.lllllee M0TpHRy npoeTpaHeTBa B eefoI 
"e TOtfHOeTblO )l,O rroeTOllHHOI'O MHOlHHTeJlH. 

CoBoRynHoeTh ileex 11. n-Mepnoro eBRJlllJl.OBa, neeBJJ,O
eBRJlHJl.OBa, pnMaHoBa, rreeBAOpnMaHoBa IJJlH qnrneJie
posa npoeTpaaeTBa eoeTaBJIHeT r-qJienHyIO rpynny rrpe
o6pa30BaH11ii: J111, Ha3. r p y Il Il 0 ii II 0 A 0 6 H hi x 
(r 0 M 0 T e T H q e e K ll x) rrpeo6pa30BaHHH eooTBeT
CTBYIOIIlero rrpoeTpaHeTBa. B RamAOM H3 rrpoeTpaHeTB 
yRa3aHHblX THITOB r-qJleHHall rpyrrrra IIOA06HhIX rrpeo6-
pa3oBaHHH Jln eoAepm~IT (r-1)-qJleHHyIO HOpMaJlhHYIO 
IIOArpyrrrry )l,BIIlHeHHH. 

lipeAeTaBJlHIOT HHTepee MeTpHq, rrpoeTpaHeTBa Be1nop
Hb!X ITJlOTHoeTeii e rpyrrrraMn II. 11 a3oMeTpnti:, eoAepma
IIlHMH 6eeRoHeqHoMepHhle IlOArpyrrIIbl H30MeTpHil: e 06-
IIlHMH TpaeRTOpHHMH. II. II. Ezopoo. 

IlO,lJ,OBIIH TEOPIIH - yqeHHe 06 11eeJieAOBaHHH «Pn-
3Hq, HBJlem1i'1, ocuoBaHHoe Ha ITOHHTHH o WH3II'L rroAofom. 

Asa «Pu311q, HB.TieHHH n o Ao 6 H hI, eeJin no q11eJieH
HhlM 3HaqeHHllM xapaRTepnCTHK OAHO!'O HBJleHHH MOlliHO 

IIOJryqIITb qaeJieHHbie 3Ha'leHHH xapaRTepneTHK JJ,pyroro 
HBJienn.11 npoeThIM rrepeeqeToM, K-phlti: anaJior11qen rrepe
xoAy OT OAHOll eHeTeMbI eAIIHH!l, H3MepeHHH K APYTOH. 
,ll,Jla BeHKOll eoBoRyrrnoeTH IlOA06HhIX HBJleHHH Bee eoOT
BeTeTBYIOIIlHe 6e3pa3MepHbie xapaRTepHCTHKH (6e3pa3-
MepHbie KOM6HHal.\HH H3 pa3M8pHbIX BeJI11q11n) HMeIOT OAil
HaKOBOe q11eJienHoe 3naqeHne (eM. Paa.Mepnocmeii ana
Azta). 06paTHOe 3aRJIIOqenIIe Tome sepuo, T. e. eeJIII see 
COOTBeTeTBYIOIIlIIe 6e3pa3Mepnhle xapaRTepIIeTHKH ,[(JlH 
JJ,Byx HBJieHHM OAIIHaKOBbl, TO ::!TH HBJleHHH «PH3I!qecRn 
IIOA06Hhl. 

AHaJIH3 pa3MepHOeTeii H II. T. TeeHo eB113aHh1 MelHAY 
co6oii: ll IlOJlOlHeHhl B oeHOBy ;rnerrepnMeHTOB e MOAeJlf!Mll. 
B TaRHX aRerrepHMenTax oeymeeTBJIHIOTeH 3aMeBbI 
11ayqen11H HeR-poro HBJlennH B uaType rrnyqeuneM aua
JlOrIIquoro HBJleHHH Ha MOA8JlH MeHbIIIero HJlH 6oJlhIIIe
ro MaeIIITa6a (061JqHo B erre11naJlhHhIX Jia6opaTopahlx 
yeJlOBIIHX). 

IIoeJle yeTaHOBJleHIIH eHeTeMhl rrapaMeTpoB, orrpeAe
JllllOIIlHX Bhl,[(eJleHHblll KJiaee HBJleHHll, yeTanaBJlHBaIOTCR 
yeJioBIIH rroA06e:.11 p;Byx f!BJleHnil:. 11.Meuuo, rryeTh f!BJle
nIIe orrpeAeJlHeTeH n He3aBneIIMhlMII rrapaMeTpaMH, 
HeK-pbre H3 K-pb!X MOryT 6bfTb 6e3pa3MepHbIMH. IIyeTb, ,o;a· 
Jlee' pa3MepHOeTH orrpeAeJlHIOIIJ;IIX rrepeMeHHbIX lI «Pn3Hq. 
noeTOHHHhlX BbipameHhl qepe3 pa3MepnoeTH k H3 3THX 
rrapaMeTpOB e He3aBIIelll.MbIMH pa3MepHOeTHMll (k..s;:n). 
TorAa II3 n BeJlIIqHn MOlliHO eoeTaBHTb TOJlhKO n-k He-
3aBHeIIMbIX 6eapa3MepnhlX KOM6IInaU,IIB. Bee neKOMhle 
6e3pa3MepHbie xapaRTepIIeTHKH HBJleHIIil MO)l{HO paec11rnT
p11BaTh RaK «PYHKL\HII OT ::lTIIX n-k neaaBHeHMhlX 6e3-
pa3MepHbIX KOM611na11IIti:, eoeTaBJleHHblX II3 orrpeAeJif!IO
IIlIIX rrapaMeTpos. CpeAII Beex 6eapa3MepHhlX BeJluq11n, 
eoeTaBJleHHbIX H3 orrpeAeJli!IOIIlIIX xapaRTepIIeTIIK HllJle
Hllil, BeerAa MO)l{HO yRa3aTh neK-pyIO 6a3y, T. e. eneTeMy 
6eapa3MepHhlX seJIIIqIIn, R-phle onpeAeJIHIOT eo6oii Bee 
oeTaJlhHbie. 

OrrpeAeJleHHblll eooTBeTeTByIOme.ii: rroeTanOBKOM 3aAaqH 
KJlaee HBJleHHH eoJJ,epmHT HBJleHIIil, Boo6me neIJOA06Hhle 
MelHAY eo6oii. BhIAeJlenIIe H3 Hero IIOAKJlacca IIOA06HhIX 
HBJleHHil oeymeeTBJlHeTei! e IIOMOIIlhlO eJieAYIOIIlero ye
JlOBHil. 

,ll,m1 IIOJJ,06HH AByx HBJlenn.ii: Heo6XO)l,IIMO Ii JJ,OeTaTO'IHO, 
qTo6bf qIICJleHnb!e 3HaqeHHH 6e3pa3MepHbIX KOM6nuaa;nii:, 
eoeTaBJleHHhlX H3 IIOJIHOfO nepeqHH orrpeAeJli!IOII(HX rrapa
MeTpOB, o6paayIOIIlHX 6a3y, B aTIIX ABYX HBJleHHHX 6blJlH 
O)l,IIHaKOBhl. y eJlOBHH 0 rroeTOHHeTBe 6a3hl OTBJieqeHHhIX 
napa~teTpoB, eoeTaBJleHHhIX H3 3aAaHHbIX BeJI11qun, OII
peJJ,eJlHIOIIlHX HBJleHne, Ha3. K p H T e p II H M H II 0 A o-
6 ll H. 

B rHAPOAHBaM11Re BamHeii:m11Mn RPIITepHHMn HOA06m1 
f!BJlRIOTeH PeiinO.ttbaca 'LUC.ttO, xapaRTepH3yIOtnee eOOTHO
IIIeHne MemJJ,y HHepa;HOHHblMH enJlaM1l: H enJlaMH B1!3-
KOeTH, M axa 'LUCAO, yq11T1JBaI01U.ee em11MaeMoeTb ra3a, H 

<Ppyaa l/,UC.tto, xapaRTepH3yromee eooTHOIIIeHHe MemAy 
HHepIJ;HOHHbIMH eHJlaMJil H eIIJlaMH TH/KeCTH. OcnoBHhlMH 
RpHTepHHM!l IIOA06HH rrpo11eeeoB TerrJloIIepeAaqH MeIBJJ,Y 
lHHAROeThlO (ra30M) H o6TeRaeMbIM TeJlOM HBJlHIOTCJI: 
llpanam.ttsi l/,UC.ttO, xapaRTepH3YIOIIlee TepMOAHHaMJiq, eo
eTOHHHe epeAM; HycceAbma 'LUC.tto, xapaRTepnayIOmee 
HHTeHeHBHOeTh KOHBeKTHBHOro TeIIJl006MeHa MelHAY rro
BepxHoeThlO TeJla H IIOTOKOM lHH)l,KOeTH (ra3a); lle,,;.tte 
l/,UCAO, xapaRTepn3yIOIIlee eooTHOIIIeHHe MelHAY KOHBeR
THBHhlM H MOJleRyJIHpHbIM rrpou,eeeaMH rrepeHoea Te1rna 
B arnARoen1; Cmanmona 'LUCAO, xapaRTepH3YIOIIlee Hn
TeHeHBHOeTh Allee11rraa;Hll aneprHH B IIOTOKe }KH)l,KOeTH 
nJlH ra3a. ,Ll.Jia paerrpeAeJieHHH TerrJia B TBepAOM TeJie 
RpnTepHHMH IIOA06HH RBJlHIOTeH <Pypbe l/,UC.ttO, xapa·I_STe
pH3YIOIIlee eRopoeTh H3MeHeHHH TeIIJlOBhlX yCJlOBHH B 
ORpymaIOIIleti: epeAe H eRopoeTb rrepecTpOHKH IlOJlH TeMrr-phl 
nHyTpu reJia, H q11cJio Eno, onpeAeJlHIOmee xapaRTep 
COOTBeTeTBHH MemJJ,y TeMnepaTypHbIMll yeJIOBHHMII epeJJ,bI 
u paenpeAeJieHneM TeMrrepaTyphr BHyTplil TeJia. B rrpo-
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u,eccax, H3MeHH!Olll,HXCH c TeqemrnM BpeMeHH, OCHOBHhIMH 

KpHTepHHMH IJOA06HH, xa paKTepH3yIOlll,HMH OAHHaKO
BOCTh npoTeKamrn npou,eccoB BO BpeMeHH, HBJ!HIOTCH 
Kp11Tepn11 roMoxpoHHOCTH. B aaAaqax aapornApoMexaHH
KH 3TOT KpHTepm'l: Ha3. Cmpyxa.Mt 'iUCJ!O~i. KpnTepHeM 

rroAo6nH MexaHnq. AB11memu1 HBJJHeTCH H b1011io1w '1.Uc.rw. 
IlpH 1rnyqeHHH ynpyrHX Ae«l>opMau,nii KpHTepHeM IIOA06HH 

HBJJHeTCH Koa«l>«l>Hu,HeHT IlyaccoHa. 
EcJJ11 ycJJoBHH noA06HH BhmOJJHeHhl, To AJJH «l>aKTH'L 

pacqeTa BCex xapaKTepHCTHK B HaType nu AaHHhIM 0 
paaMepIIhIX xapaKTepHCTHKax Ha MOAeJlll Jieo6xoJJ;HMO 

3HaTh nepeXOAHhle MacrnTa6bl AJJH BCex COOTBeTCTBY!Olll,HX 
BeJJnqHH. EcJJ11 HBJJeHne onpeAeJJHeTCH n napaMeTpaMH, H3 

K-phIX k HMeIOT He3aBHCHMhle pa3MepHOCTH, TO AJJH Be
J!Ji[ql!IH c He3aBHCHMhIMH pa3MepHOCTHMH nepexoAHb!e 

MaCIIITa6bI MoryT 6b!Tb npOH3BOJ!hHhIMH Ji[ HX HYlHHO 
aap;aTh c yqeTOM ycJJOBHii aaAaqH, a npH :mcnepnMeH

Tax - Ii! c yqeTOM ycJJOBllll onhITa. IlepexOAHble Mac

IDTa6bl AJJH Bcex OCTaJJbHhIX pa3MepHblX BeJJnqHH noJJy

qaJOTCH H3 «l>opMyJJ, BblpamaIOm;Hx pa3MepHOCTH KalRAOii 
pa3MepHoii BeJJHqli!Hbl qepe3 paaMepHOCTH k BeJJnqnH 
c He3aBHCHMbIMH pa3MepHOCTHMU, JJ;JJH K-pblX Macrr1Ta6b1 

IlOACKa3aHbl YCJJOBHHMH OilblTa H nocTaHOBKH 3aAa'IH. 
Hanp., B aaAaqe 06 ycTaHOBHBIDeMCH o6TeKaHHH TeJJa 

HeClRHMaeMoii BH3Koii lRHAKOCTh!O ace 6eapa3MepHb!e Be

J!HqHHbl, xapaKTepH3YIOIU,He ABHllieHHe B u,eJJOM, onpeAe
JJHIOTCH 1·peMH napaMeTpaMH: yrJJaMH a, ~ (HanpaBJJeHHe 
nocTynaTeJJbHOll CKopocn1 TeJJa OTHOCHTeJJbHO ero no

BepxHOCTH) n qncJJoM PeiIHOJJhACa R. YcJJOBHH qi11anq. 

noA06HH - KpHTeplm noA06HH - npeACTaBJJHIOTCH co
OTHOIIIeHHHMH: 

ct= const, ~ = const, R = Pvd = const. 
µ 

3AeCb nOApaayMeBaeTCH, qTo npH MOAeJJHpOBaHHH HBJ!e

HHH peayJJhTaTbl onhITOB c MOAeJJb!O MO)HHO nepeHOCHTh 

Ha HaTypy TOJJhKO npH OAHHaKOBbIX a, ~ H R. IlepBhle ABa 
ycJJOBHH BCerAa JJerKO ocy1u,ecTBHTh Ha npaKTHKe, Tpe

Tbe - TPYAHee, oco6eHHO B Tex CJJyqaHx, KOrAa MOAeJJh 
MeHhllle o6TeRaeMoro TeJJa, K-poe B HaType HMeeT 6oJJblliHe 

pa3Mepbl, Hanp. KpbIJJO caMOJJeTa. IlpH yMeHbllleHHH paa

MepoB AJJH coxpaHeHHH BeJJHqHHhl qHcJJa Peii:HOJJbACa 
He06XOAHMO JJH6o yBeJJHqHBaTb CKOpOCTb o6TeKaeMoro 

noTOKa, qTQ npaKTHqeCKH 06b1qHO Heocym;eCTBHMO, JJH6o 

cym;ecTBeHHO H3MeHHTb nJJOTHOCTb H BH3KOCTb lHHAKOCTH. 

Ha npaKTHKe 3TH o6cTOHTeJJbCTBa npHBOAHT R 6oJJhIDHM 
aaTpyAHeHHHM npH H3yqeHHH aapOAHHaM11q. corrpOTHBJJe

HIIH (Hanp., npoAyBRa caMOJJeTOB B HaTypaJJhHyIO BeJJH
qHHY B aapOAHHaMHq. Tpy6ax, a TaRme Tpy6 3aRpb!TOro 

THna, B R-phlx U,HpRyJJHpyeT c 6oJJblliOll CROpOCTh!O cma
Tblll, T. e. 6oJJee nJJOTHblll, B03AYX). 

Cneu,HaJJhHhle TeopeTHqecRHe II aKcnepHMeHTaJJbHhle 

HCCJJeAOBaHHH IlORa3bIBaIOT, qT9 B pHAe CJJyqaeB AJJH TeJJ 
xoporno o6TeRaeMon qiopMhl qncJJo Peii:HOJJhACa aaMeTHO 

BJ!IIHeT TOJ!hRO Ha 6eapa3MepHhlll Roa«l>«l>Hu,ReHT JJo6oaoro 

COilpOTIIBJJeHHH H HHOrAa oqeHb CJJa6o BJ!HHeT Ha 6eapa3-

MepHhIH Roa«Ii«Iinu,IIeHT noA'heMHOll CHJ!bl ll Ha HeR-pbie AP· 
BeJJJiqHHhl, nrpaIO!ll,IIe BeCbMa BamHyIO pOJJh B pa3JJH'IHbIX 
npaKTJiq. Bonpocax. Pa3JJHqHe B 3HatJeHHII 'IIICJJa Pe:il:

HOJJhACa Ha MOAeJJH H B HaType B HeR-pb!X Bonpocax He 
HBJIHeTCH cym;eCTBeHHblM. 

AHaJJornqHblM o6paaoM npII MOAeJJIIpoBaHHH ABHlReHHH 
TeJJ B raae c 6oJJbillHMH CROpOCTHMH Heo6xOl\llMO HMeTh 

OAHHaROBble 3HaqeHHH qHCJJa Maxa Ha MOAeJJH ll B HaType. 

Ilpn MOAeJinpoBaHHH nJJaBaHIIH ROpa6JJeii no BOAe He
o6XOAHMO o6ecneqHBaTb paBeHCTBO AJJH HaTypbl ll MOAe

JJH qHceJJ ((lpyAa H PenHOJJhACa. 0AHaKo npH yMeHbllieHHH 

JJHHeiiHhIX pa3MepoB ll OilbITax B BOAe B JJa6opaTOpIIH H3 
ycJJoBHH o nocTOHHCTBe qHceJJ PeiiHOJJhAca cJJeAyeT Tpe-

6oaamre 06 yBeJJH'leHHH CROpOCTII l\BHlI\eHHH MOJJ;eJJH, a H3 

IlOCTOHHCTBa q11cJJa ((lpy11a cJJe11yeT Tpe6oBaHHe 06 yMeHh

meHHH CKopocrn: ABIIlI\eHHH MOJ(eJJH, noaTOMy TOqHoe Mo.a;e-

mi:poBaHne (npn IICnblTaHIIII Mop;eJJeii: 1wpa6mlii: B J1a6upa

TOpHn), Boo6m;e fOBOpH, HeB03MOlRHO. I1Hor)l,a TaKoro 

pona TPYAHOCTH MOlRHO o6xo)lHTh nyTeM UCLIOJlb3UBaHUH 
pa3JJH'IHblX lHHAROCTeii lIJ!lI nyTeM IICKyCCTBeHHOfO H3Me

HeHHH ycRopeHHH CIIJlbl TllllieCTH c noMO!ll,hlO «u,eHTpo6em
HOf0 l\IOAeJJHponaHHH», pacrroJJara11 HCIIb!TbIBaeMbie 06'1>eR

Tbl Ha Bpam;aIOrr\eii:cH ,YCTaHOBRe 60JJbIIIOfO l\HaMeTpa. 

,ll,eTaJJbHOe rrpOHHRHOBCHHe B cyu~HOCTb rn11po111rnaMU'I. 
HBJJeHHH noRa3bIBaeT, 'ITO BU MHOflIX cJJy'laHX BJJMHHHe 
1IHCJJa PeliHOJJb).\Ca MOIBHU y•IeCTb c HOMOII\h!O )l,OHOJ!Hl!

TeJJbHblX pactJeTOB llJIII c IIOl\IO!ll,b!O rrpOCThlX Ollb!TOB c 
HCnOJJb30BaHJrnM AaHHblX no 6yRc11ponRe IIJJOCRllX rIJJa

CTIIHOR. B fHApO/lf!Hal\IURe o6hlqHblX BOAOU3Melll,aIOII\flX cy

AOB OCHOBHOe 3Ha'!eHne 11MeeT 'll!CJ!O <l>pyna, fl noJTO

MY MOAeJJnpoBaHHe npoBO/lHTCH c co6JJIO/leHueM nocTOHH

CTBa qucJJa <l>pyAa. 
I1ccJJe)loBaHue c IIOl\IOlll,hlO MOAeJJeii qacTo HBJJHeTCH 

eAHHCTBeHJIO B03MOlliHbIM crroco6oM ::rncnepuMeHTaJJbHOro 

uaytJeHHH H perneHuH BalRHeilwHx npaRTHq. aaAatJ. TaR 
o6CTOHT AeJIO npn U3ytJeHUII HaTypHblX HBJJeHuil, npoTe

RaIOm;Hx B Te'!eHIIe AeCHTKOB, COTeH HJIU )lame TblCHq JJeT; 
B ycJJOBHHX MO)leJJhHblX onbITOB nono6Hoe HBJJeHii:e MOllWT 

npo)lOJJlRaTbCH HeCROJlhRO 'laCOB UJlll AHeH (Hanp., npu MO

)leJJHpoBaHHII npocaqHBaHIIH He«l>Tn). MoryT BCTpe'laThCH 

II o6paTHb!e CJJyqau, ROr)la BMeCTO IICCJJe)loBaHIIH qpe3Bbl
qaii:Ho 6bICTpo npoTeKaIOm;ero B npHpOAe HBJJeHHH II3y

'la!OT noA06Hoe HBJJeHHe, npollCXO/lHlll,ee Ha MO)leJJu ro

pa3)l0 Me)lJJeHHee. 
Mo)leJJHpOBaHHe HBJJHeTCH HCXO)lHOH 6aaoli AJJH 3a)la'III, 

K-paH COCTOHT B «l>aRTH'I. onpe)leJJeHHII 3aROHOB npHpOAbI, 
B OTblCKaHIIll o6ru,Hx CBOHCTB ll xapaKTepHCTIIK pa3JJHq

HbIX KJJaCCOB HBJJeHIIH, B paapa6oTRe 3RcnepIIMeHTaJJh

HblX II TeopeTHq. MeTOAOB IICCJJe)loBaHHH ll paapemeHHH 
pa3JJII'IHblX npo6JJeM, B noJJyqeHHII CHCTeMaTH'I. MaTepIIa

JJOB, npHeMOB, npaBHJI II peROMeHAaU,IIH AJJH pemeHIIH 

ROHRpeTHblX npaRTll'I. 3aAa'I. 
JI.um.: [1] E p ll ll"' Me H n. B .• AHanna pa3MepHOCTcfi. 

rrep. c aHrn., JI.- M .• 1934; [2] c e II 0 B JI. II .• MeTOAbl 
rronoonJI n paaMepHOCTH e MexaHm<e, 9 na11., M., 1981. 

JI.. H. Ceooe. 
IIOAOBHAH OBJIACTb - 0611wnpnHHToe coRpall\eHne 

TepM1rna «RpUTH'leCRaH o6JJaCTh, n0/(06HaH BhT6opoqHoMy 

npocTpaHCTBy», ynoTpe6JJHeMoro B MaTeMaTH'I. CTaTHCTIIRe 

no OTHOilleHHIO R RpIITH'I. o6JJaCTII HepaH/(UMiiaIIpOBaH

HOro nOA06HH CTaTIICTH'I. RpHTepIIH. 
IlyCTb x - CJJyqaii:HaH BeJJHqHHa, npHHHMaIOII\aH 3Ha

'leHHH B BbI6opO'IHOM npocTpaHCTBe (I, :J.-1' p 0 ) , e Ee, 
Ii! nyCTh npoaepHeTCH CJ!OlHHflH rHnOTe3a Ho : e E 0ocEl 
npoTHB aJJhTepHaTIIBbI H 1 : 0EE>1=El°"'El0 . ,ll,aJJee, nycTb 

AJJH npoBepHu H 0 npoTHB H 1 nocTpoeH HepaHAOMH3npo
BaHHbIH nono6Hblll Rp1uepHii ypoBHH a(O<a<1), KpH

TH'I. «l>YHRIJHH R-poro ecTb <p(x), xEI. TaR RaR 3TOT 
RpIITepHH HBJJHeTCH HepaH)lOMH3HpOBaHHbIM, TO 

x -{ 1, xEKc:f, 
<p ( ) - 0, :r~ K, (1) 

rne K - HeR-poe MHomecTBO IIa npocTpaHcTBa I, Haa. 

RpHTHqecKIIM MHOmeCTBOM KpIITepHH 

(corJJacHo noMy RpHTepIIIO rnnoTeaa H 0 OTRJIOHHeTCH 

B noJJh3Y H 1, ecJJII B 3RcnepHMeHTe Ha6JJIOAaeTCH co6blTHe 

{XE K }). KpoMe Toro, nocTpoeHHhlH RpHTepIIii HBJJHeTCH 

nono6HbIM, B CIIJIY qero 

(2) 

Ma (1) II (2) cJJe)lyeT, '!TO RpHTH'I. o6JJaCTb K HepaH)lOMH

anpoBaHHoro noAo6Horo RpIITepHH o6JJa)laeT cJJeAyIO!ll,HM 

CBOHCTBOl\I: 

P8 {XEK}=a npn 0cex 0Ee 0 • 

I1MeHHO, aRu,eHTHPYH BHIIMaHIIe Ha nocJJeAHeM CBOHCTBC 

KpHTII'I. MHomecTBa K HepaHAOMH3HpoBaHHoro noAo6Horo 
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Kp11Tep1rn, )J,iK. Heii.MaH H o. IhrpcoH HaJBaJIH K «06-

J1aCThIO, no)J.o6Hoii. Bb16opoqH0My npocTpaHCTBY I» B TOM 

cMblcJJe, qTO o6e aepmITHOCTII Pe {XE K} H Pe {X EI} 
He 3aB11CHT OT 8EE1o. 

Jlum.: [1) JI e Ma H 8., flJIOBCplm CTaTllCT11qeCIHIX r11IIOTe3 0 

nep. c attrJI., 2 1131\., M., 1979; [2] Ba H 11 e p Ba p n e H B. JI., 
MaTeMaT11qec1rna cTaT11cT111<a, nep. c neM., M., 1960; [3) Ney
m a n J. Pc a rs o n E. S., «Philos. Trans. Roy. Soc. Ser. A», 
1933, v. 231, p. 289-337; [4) Lehmann E. L., Scheffe 
H., «Sankhya1>, 1950, v. 10, Jl. 305-40; [4] 11 x m c, rnM me, 
1955, v. 15, p. 219-36. M. C. Hu1t!J.tlUH. 

110)1,0liHAH CTATJICTJIKA - CTaTIICTJ!Ka, IIMe10ru;aH 

O)J.HO n TO me pacnpe)J.eJ1eH11e aepoHTHOCTeii npn cnpaBe)J.

JIIIBOCTll HeK-poii CJIOiKHOM r11TIOTe3bl. 

IlycTh cTaT11CTJrna T oT06paiKaeT Bbl6opoqHoe npocT

paHCTBO (I, 53-x, Pe), SEEi, B 113MepnMoe npocTpaHCTBO 

rn), $\!)) ll nyCTb paccMaTpllBaeTCH HeK-paH CJIOiKHaH fll

IlOTe3a 1!0 : 8EEl 0s;:EI. B TaKOM cJJyqae, ecJ111 )J.JIH J1106oro 

co6b!TllH B E 53w aepoHTHOCTb 

Pe(1'- 1 (B)) He 3aB11CllT OT 8, KOr)J.a 8EElo, (*) 
TO IOBOpHT, qTO T HBJIHeTCH Il. C. TIO OTHOIIISHHIO K f11Il0-

Te3e Ho llJlll npocTO n .c. QqeBll)J.HO, qTO ycJIOBile (*) paBHC

CllJlbHO TO My, qTo pacnpe)J.eJ1eH11e CTaTIICTIIKll 1' He MeHH

eTCH, KOr)J.a 8 npo6eraeT Elo. 11MeH B Bn)J.y aTO CBOMCTBO, 

qaCTO 0 Il. C. fOBOpHT, qTo OHa HBJIHeTCH CB060)J.HOH OT

HOCilTSJlbHO napaMeTpa 8, 8EElo. Il. C. HrpaIOT 60J1b-

11IyIO pOJlb npH IlOCTpoeHIIH IlO)J.06HbIX KpHTep11eB, a 

TaKJRe npH perneHHil CTaTHCTllq. aa)J.a'I c MeIIIaIOIIJ.HMll 
napaMeTpaMn. 

n p Il Me p 1. IlyCTb x •. X2, ... , XII- HeaaBHCilMble 

O)J.HHaKOBO HOpMaJlbHO N 1 (a, a 2) pacnpe)J.eJ1eHHble cJJy

qaiiHble BeJJnqnHhI (lal<oo, CJ>O). Tor)J.a npn J11060M 
a>O CTaTHCTMKa 

1' t '""'n (X·-X)2a 
[~~=1 (X;-X)2r "'-ii=! , • 

rp;e 

X=- X· - 1 }:""'n 
n i= 1 t' 

HBJIHSTCH CB060)J.HO!f OTHOCHTeJlbHO )J.ByMepHoro napa

MeTpa (a, CJ2). 

II p n Me p 2. IIycTh X1 , X 2, ••• , ~n+m - Heaaarr
CHMble O)J.lfH3KOBO pacnpe)J.eJleHHble CJlyqaIIHbie BeJ111qrrHbl, 

(jlyHK[\lfH pacnpep;eJ1eH11H K-pb!X 11p11Ha)J.J1eJR11T ceMeHCTBy 

6f" = {F (x)} BCex He11pepbIBHblX (jlyHK[\llH pacnpe)J.eJleHIIH 

aa (- oo, + oo). B 3TOM cJJyqae, ecJJn F n (x) fl Fm (x) cyTh 

(jlyaK[\lfH aMn11p11q. pacnpe)J.eJ1ea11ii., 11ocTpoeHHhie no 

Ha6J110)J.eHMHM X 1 , X 2 , ••• , X 11 Il Xn+b X 11 +2, ••• , 

Xn+m COOTBSTCTBeHHO, TO c Ta TH c T 11 Ka c M If p
H 0 Ba 

sn,m= sup IFn(x)-Fm(x)I 
Ix l<oo 

HBJIHeTCH l10)J.06HOH OTHOClfTSJlbHO ceMeii.CTBa 6[". 
JI um.: [1] C o JI e lf\. - JI., OcHOBHbie CTPYKTYPbI MaTeMaT11-

qec1<oit CTaTllCTlll<ll, nep. c <!>paHij., M., 1972; [2) JI" H -
H 11 1< IO. B., CmT11cTnqec1<11e 3a11aq11 c Merna!OlflHMll napaMeTpaM11, 
M., 1966; [3) Ba pp a lf\. - P., OcHOBHhle IIOHHTllH MaTeMaTlfqe
CI<OH cTaT11cT111<11, nep. c <!>{latt11., M., 1974. M. C. Huxy.t1uu. 

110)1,0liHLIE MATPJI~bl - KBa)J.paTHble MaTpllU.bl 

A n B O)J.Horo nopH)J.Ka, CBH3aHHhre cooTHornemrnM B = 
= s - IA s, r)J.e s - KaKaH-Jlll60 HeBblpOiK)J.eHHaH MaT

puu.a TOro me nopH)J.Ka. II. M. 11MeIOT O)J.IlH Il TOT me pa Hr' 

O)J.HH Il TOT iKe onpe)J.eJIHTeJlb, 0).1.HH Il TOT iKe xapaKTe

pllCTllq. MHOfO'IJleH, 0).1.HH 11 Te me co6CTBeHHbie 3Ha'le

HllH. l:laCTO 6bJBaeT BaiKHO BbI6paTb )J.JIH )J.aHHOM MaTpMU.bl 

eil: 110)J.06HyIO, 11Me10ru.y10 B03MOiKHO 60J1ee 11p0CTYIO (jlopMy, 

Hanp. )J.MaroHaJibHYIO IIJIIl IBOp)J.aHOBY (CM. /Kop8ano1Ja 
.Mampu!fa). T. C. IIu20.1xuHa. 

110)1;0liHLIE MHOJKECTBA - o6o6ru;eHue aJreMeH-

Ta pHo-reoMeTp11q. noHHTIIH no8o6usi. MHotKeCTBa A n B, 
JlllHSllHO ynopHAoqeHHble OTHOIIIeHI!llMH 5l H Jf, Haa. 

Il0)J.06Hb!MII, CCJII! )J.JIH HIIX cyru.ecTByeT Tal\OC B3aIIMHO 

O)J.H03HaqHoe oT06pameHne f : A-.+B, qTo )J.JIH JII06bIX 

x, y EA na x51,y CJlep;yeT f (x)rff'f (y). M. 11. Boili;exoBcKuii. 
110)1,0liHhIE OllEPATOPbl- ouepaTOpbl S H T B 

6aHaXOBOM 11pocTpaHCTBe x (He o6HaaTeJlbHO orpaHn'leH

Hble) TaKHe, qTo cyni;ecTByeT orpaH11qeHHbIH 011epaTop U 
B x' 06J1a)J.aIOIIJ.IIM orpamrqeHHbIM o6paTHbIM, 11 BblTIOJI

HHeTCH COOTHOilleHne 

s = u- 1ru. 
Ecmr U - yHIITapHbiii. onepaTop, TO S 11 T Ha3. y H rr

T a p H 0 a K B II B a JI e H T H bl M Ii!. 

OTO 110HllTl!Ie - np11Mep IIOHHTllll T. H. TI 0 )J. 0 6 H bl x 

o T o 6 p a m e H n ii. IIycTb f 11 g - ).I.Ba oTo6paiKeHHH 

MHOiKSCTBa x B ce6H. Tor)J.a ecJ111 cyIIIeCTByeT B3ali!MHO 

O)J.H03HaqHoe oTo6paiKeHHe U : X-.+X TaRoe, qTo Uf= 
= gU, TO 3Tll OT06pameHl!Ill Ha3. 11 0 )J. 0 6 H bl M 11. 11Me

IOTCll IIOIIbITKII )J.aTb onpep;eJleHl!Ie 110)J.06IIH ).I.Jill OT06pa

meH11ii. 0).1.HOro MHOiKeCTBa x Ha )J.pyroe Y; Hanp., OT06-

paiKeH11H Ha3. IIO)J.06Hb1Mll, eCJlll cyru.ecTBYIOT B3a11MHO 

O)J.H03HaqHble OT06paiKeHl!IH u II v MHOiKSCTB x n y 
Ha ce6a TaKIIe, qTo Vf=gU. M. H. Boii1JexoBcxnii. 

llO~OliHbllI KPJITEPJIII - CTaTHCT11qecm1ii Kp11Te

p11ii. ).I.Jill nposepK11 CJIOIBHOii. rII110Te3bl H0 : 8 E 8 0 11ponrn 

cJJoiKHoii aJJhTepHaTHBbl H 1 : 8 EE1r(E10 n®1 =0), (jlyHK-

11,nll MOIIJ.HOCTll K-poro npHHHMaeT Ha Elo O)J.HO Il TO me aa

paHee aa,a;aHHOe aHaqeHHe Ha MHTepsaJJa (0,1). 
CM. H eii.Mana cmpynmypa, Bepenca - <Pumepa npo6-

.ae.Ma, n o8o6nasi 06.n,acmb. 
.II um.: [1] JI e M a H 8., Ilpoaep1<a CTaTllCT11qec1<11x r11n0Te3, 

nep. c aHrn., 2 1131(., M., 1979. M. C. Huxy.t1uu. 
110)1,0li'bEKT 0 6 'h e K T a K a T e r 0 p II H - 110HH

THe, aHaJIOflilqHoe IIOHHTHIO IIO)J.CTpyKTYPbl MaTeMaTHq. 

CTpyKTypbl. IlycTb Sf - IIpOll3BOJlbIIall KaTeropnH ll 

A - (jlnKcnposaHHblH o6'heKT na Si'. B KJ1acce acex MOHO

Mop(jlnaMoB ll3 Sf c KOIIIJ.OM B A BBO)J.llTCll OTHOilleHIIe 

npe)J.nOpll)J.Ka (OTH011ISHMS )J.SJlllMOCTll CIIpasa): µ ~ X-+A 
npep;rnecTsyeT CJ : Y -.+A HJIM µ~CJ, ecm1 µ= 11 CJ )J;Jlll 

HeK-poro µ': X-.+Y. B p;eiicTBnTeJlbHOCTH, Mop(jl11aM µ' 
O)J.H03HaqHo onpep;eJleII, IIOCKOJlbKy CJ - MOHOMOp(jJH3M. 

0THOIIleHne npe)J.IIOpll)J.Ka llH)J.y11,npyeT OTHOilleHne aK

BllBaJleHTHOCTH MSIB)J.y MOHOMop(jJII3MaMH c KOHIJ,OM BA: 
MOHOMop(jlnaMbl µ: X-.+A ll CJ: Y-.+A aKB11BaJ1eHTHhl 

TOr)J.a ll TOJlbKO TOr)J.a, KOfAa µ~CJ Il CJ~µ. KJ1acc aKBII

BaJleHTHbIX MOHOMop(jlnaMOB Ha3. II 0 A 0 6 'b e K T 0 M 

o6'heKTa A . II. c npep;cTaBHTeJleM µ : X-.+Y IIHorp;a 06oa

Haqa10T (µ: X-.+A] HJIM (µ). )J,onycKaeTCH TaKme B03-

MOIBHOCTb c TIOMOIIJ.b!O T. H. CllMBOJla 't' fIIJlb6epTa IIpOH3-

BeCTH BhI6op 11pep;cTaBHTeJ1eii nop;o6'heKTOB o6'heKTa A 
11 paccMaTpHBaTb 3Tli!X npe)J.CTaBHTeJle:ii: B Ka'leCTBe 110)J.

o6'heKTOB. B KaTeropHHX MHOiKeCTB, rpynn, a6eJ1eBblX 

rpynrr, seKTOpHblX npocTpaHCTB II. J1I06oro o6'heKTa on

peAeJJHeTcH KaIIOHHq. BJIOiKerrneM 110).1.MHOJReCTBa (no)J.

rpy11nbl, IIO)J.11pOCTpaHCTBa) B o6'beMJIIOIIJ.ee MHOiKSCTBO 

(rpynny' npocTpaHCTBO). 0).1.rraKo B KaTeropnH TOTIOJIO

rnq. npocTpaHCTB BBe)J.eHHOe 110HH}lle II. 11Illp~ IIOHflTllfl 

110/J,MHOiKeCTBa c HH)J.YIUf posaHHOil TOIIOJlorneII. 

0THOIIISHile npep;nopH)J.Ka Mem)J.y MOHOMOp(jlnaMaMH c 

06ru.11M KOHll,OM A HH)J.yu;HpyeT OTHOilleHne nopll)J;Ka Mem

AY n. o6'heKTa A : (µ)..;(a], eCJlll µ<CJ. OTO OTHOl1Iem!e 

aHaJIOfll'IHO OTH011ISHillO BKJIIO'leHl!IH TIO)J.MIIOiKeCTB rreKO

TOporo MIIOiKeCTBa. 

ECJIIl MOHOMOp(jJH3M µ peryJJllperr, TO JII06oil: 3KBHBa

JleHTHbIH eMy MOHOMOp(jlnaM TaKiKe peryJJHperr. IIoaTOMY 

MOiKHO roaopHTb o peryJJHpHbIX II. J1106oro o6'heKTa A. 
B qacTHOCTH, II. c nperi;cTaBIITeJleM 1A peryJJHpeH. B Ka

Teropnllx c HYJISBbIMll Mop(jJHaMaMll aHaJlornqrro BBO)J.HTCH 

HOpMaJlhHbie II. EcJJH B KaTeropHll .11: cyru.ecTsyeT 6HKa

TeropHaH CTpyKTypa (,If, (r' 1)]1), TO IIO)J.06'heKT (µ: x
-.+A) o6'heKTa A Haa. p;orrycTHMblM (oTHOCHTeJlhHo yRa

aaHHoii. 6nKaTeropHoii cTpyKTypbl), eCJIH µ E 5JJ1. 
M. III. l.(a.t1e1<Ko. 

110)1,llPE)J,CT ABJIEHJIE llPE)J,CT ABJIEHJIH - J111-

HeiiHoe rrpe)J.CTaBJleHne p B llHBapnaHTHOM TIO)J.IIpOCTpaH-
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CTBe Fc:.E IIpeACTaBJleHIHI :rt rpyIIIIhl (aJire6phl, ROJlbIJ;a, 
IIOJlyrpyIIIIbl) x B BeRTOpHOM (TOIIOJlOfIIq. Bel\TOpROM) 
IIpocTpaIIcTBe E, oIIpeAeJIHeMoe iJ>opMyJioii p (x)s=:rt (x)s 
AJlH Bcex s E F, x EX. Ecmr :rt - IIeIIpephlBJioe IIpeA
CTaBJlBHIIe (TOIIOJIOfIIq, rpyIIIIbI, aJire6phl, ROJlhu;a, IIOJiy
rpyIIm.1), TO mo6oe ero II. II. Tam1rn JieIIpephlBHO. 

A. H. illmep><. 
IIO)l;IIPHMOE IIPOll3BEIJ;EHHE a JI r e 6 p a H q e

c R H x c H c T e M - cneu;naJlbJihlH THU IIOACHCTeM npH
MOfO (AeRapTOBa) IIpoH3BeAeHHH cncTeM. IIyCTh Ai• i EI,
ceMeil:cTBO OAHOTHilllhlX aJire6panq, CHCTeM H IIYCTb A= 
= n. Ai - IIpHMOe npOH3BBABHHB ::ITHX CHCTBM c npoeR-

' EI 
L\HHMH Pi: A-A;, iEI. AJire6panq, CHCTeMa B Toro me 
THna Ha3. II 0 A Il p H M bl M II p 0 ll 3 B e A e H H e M 
CIICTeM A;, eCJIII CYIIJeCTByeT TaRoe BJlOJRBJIHe m: s-A' 
qTo roMoMopiJ>H3Mhl mp;, i EI, crop'beRTHBHhl. llJiorAa 
IIOA II. II. IIOHHMaeTCH .uro6aH CHCTeMa, H30MopiJ>HaR IIOA
CHCTeMe IIpHMOfO IIpOH3Bep;eJIIIH: TOrp;a CIICTeMbl, YAOB
JieTBOpHIOIIJHe ciJ>opMyJIHpOBaJIJIOMY BhlIIIe ycJIOBHIO, Ha3. 
CIIeu;naJlhJihlMH IIOAIIPHMhlMH IIpon• 
B e A e H H H M H. B TeopHH ROJleu; H B Teopmr MOAyJie.ii: 
fl. II. Ha3. TaRJRe II O A II p H M 0 H C y M M 0 H. 
TIOAilPHMOe IIpOH3BBAeJIIIe (IIOAilPHMyIO cyMMY) o6o3Jia-

'!8IOT lli E IA i (~{e IA i COOTBeTCTBeJIIIO). 

CJieAyroru;ne ycJioBIIH paBHOCHJlhHhl: a) cHcTeMa B 
HBJIHeTCH TI. II. CIICTeM A ; , i EI; 6) cyrn,ecTByeT pa3-
AeJIHIOrn,ee ceMeil:cTBO crop'beRTIIBHhlX roMoMopiJ>II3MOB 
/;: B-A;, iEI; B) cyrn,ecTByeT TaRoe ceMeHCTBO ROHrpy
:mu;IIii. p;, i EI, cncTeMhl B, qTo IIepeceqeHne aTIIX RoHrpy
:mu;n.ii: HBJlHBTCH BAIIHH'IJIOH ROHrpyaHu;HeH H Blp;~A i 
AJIH Ram1wro i EI. BcHRaH yHHBepcaJihHaH aJire6pa HB
JlHBTCH II. n. IIOAIIPHMO Hepa3JlOIBHMhlX aJire6p. 

c TeopeTIIRO-RaTeropIIoli ToqRH 3peHHH IIOHHTIIe TI. n. 
,ll.BOHCTBeHJIO IlOIIHTHIO IIpaBIIJihHOfO IlpOH3BBABHllH aJI
re6panq. CHCTeM c IIyJieBhlMH ( OAJIOaJleMeJITHhlMH) IIOACHC
TeMaMH. M. ill. L(Memw. 

IIO)].PA3)1.EJIEHHE re o Me T pH q e c R or o c HM
II JI Hu; II a JI h JI or o ROMIIJieRca K - TaRd 
reoMeTpHqeCRHH CHMIIJIIIIJ;HaJibHhlH ROMIIJleRC Ki· qTo 
TeJio IKil coBnaAaeT c TeJioM IKI II Ramp;hlil: CHMIIJieRc 
Ki COAepIBHTCH B JieR-poM CIIMUJieRce K. II paRTIIqecRII 
IIepeXOA R TI. IIpOII:lBOAIITCH c IIOMOIIl,bIO pa36HeJIHH CHM
IlJIBRCOB ROMIIJleRca K Jia 6oJlee MBJIRIIB CIIMIIJIBRChl TaR, 
'!T06bl pa36IIeJIHB RaJRAOl'O CIIMilJlBRCa 6bIJIO corJiaCOB8HO 
c paa6neIIneM ero rpaIIeii. B qacTJIOCTII, RaIBAaH BepIIIHHa 
K HBJlHeTcH BeprnnHo:ii K 1• TiepexoA R TI. o6blqHo HCIIOJih-
3yercR AJIH AORa3aTeJlhCTBa IIHBapnaHTHOCTII ROM6HHa
TOpIIO OIIpeAeJIHBMhlX xapaRTepIICTIIR no.ttuaapoe (IIanp., 
au.ttepoeou xapanmepucmunu, eo.11to.1t02uii epynn), a TaRme 
AJIH IIOJiy'!eHIIH mpuaney.ttsHfUii c IIYIBIIblMH CBOHCTBaMH 
(Hanp., AOCTaToqHo MeJIRHX TpHaHryJIHIJ;HH). 3 B e 3 A
H o e TI. ROMIIJleRca K c u;eHTpOM B ToqRe a E I KI noJiy
qaeTcH cJieAyIOIIl,HM o6pa3oM. 3aMRHYThle cnMIIJieRchl K, 
He cop;epmarn,ne TOqRy a, OCTaIOTCH 6e3 II3MeHeHIIH. Kam
Ab!H aaMRHyTblH CHMIIJieRc (J, COAepmaIIJaii. TQqRy a, 
pa36IIBaeTCH Ha l\OHyCbl c BepIIIIIHOH B TO'!Re a HaA TeMH 
rpaHRMH a, R-phle He COAepmaT a . .D:JIH Jiro6hlx ABYX TpII
aHryJIHIJ;Ifll Ti• T 2 op;Horo n Toro me IIOJll!ilApa P cyru;ecT
ByeT TpIIaIIl'YJlHIJ;IfH T 3 IIOJIII8Apa p' IIoJiyqaIOIIJ8RCH RaR 
H3 Ti· TaK II II3 T 2 IIOcJieAOBaTeJihHOCTbIO 3Be3ABbIX TI. 
IloanTIIe 3Be3AHOro II. AonycKaeT iJ>opMaJIII3au;nro Ha 
H3h!Ke a6cTpaKTHhlX C!ilMIIJI!ilIJ;IIaJihHblX ROMUJieKCOB ( CIIM
Il.iIIIIJ;HaJibHhIX cxeM). Jiro6oe 3Be3AHoe TI. 3aMKHyToro 
rroAKOMIIJleRca IIpop;oJimaeTCH AO 3Be3AHoro TI. Bcero 
KOMIIJieKca. TI p 0 II 3 B 0 A H 0 e II 0 A p a 3 A e Jl e
ll H e K' KOMIIJieRca K IIOJlyqaeTCR B pe3yJihT8Te IIOCJle
AOBaTeJlbHhlX BBe3AHbIX TI. c u;euTpaMII BO Bcex OTKphlThlX 
CIIMIIJleKcax K B IIOPHARe y6bIBaHHH IIX pa3MepHOCTeii. 
)1.JlH rrpOH3BOJihHOl'O 3aMKHyroro IIOAKOMIIJieKca K KOM
rrJieKca L noARoMrrJieKc K' c:.L' - rroJIHhT:ii B cJieAyIO!IleM 
CMblCJie: If3 TOfO' 'ITO Bee BepIIIl!Hhl HeK-poro CIIMIIJieRca 

aEL' JleJRaT BK', cJieAyeT, qTo aEK'. EcJIH B Ka'!eCTBe 
u;eHTpoB rrpoH3BOAHoro TI. Bhl6paTb 6apnu;eHTphl CHM
IIJieKcoB, TO IIOJiyqnTCH 6 a pH u; e HT pH q e c R 0 e TI. 
ECJlH AIIaMeTp R8IBAOl'O CHMIIJieKca n-MepHoro KOMIIJleK
ca K Jie IIpeBOCXOAHT '!HCJia d, TO Al!aMeTphl CHMIIJieKCOB 

6 ~ 
ero apnu;eHTpH'!ecRoro TI. orpaunqeHbl q1rcJIOM n+ 1 . 

.D:1raMeTphl CHMIIJieRCOB m-RpaTIIOfO 6ap1ru;eIITpnqecRoro 

TI. ROMIIJieKca K orpaJinqeHhl '!HCJIOM (n:l)m d, T. e. 

MoryT 6IdTh CAeJlaHbl CROJih yrOAIIO MaJlblMH IIyTeM Bhl-
6opa AOCTaToqao 6oJibIIIoro m. 

.Jlum. (1] A JI e K c a H 11 p o B II. C., RoM61rnaTopttaJI Torro
normr, M.-JI., 1947; (2] XI!IJITOH rr.-.n;m., YailJJl!I C., 
Teop1rn roMonorHil. Bee11emie e anre6pal!I'!ec1<y10 TorronorHJO, rrep. 
c aHrJJ., M., 1966. C. B. Mamoeeo. 

IIO)].PEIDETKA - IIOAMHomecTBO A aJieMeHTOB pe
IIIeTRH, 3aMKHyTOe OTJIOCHTBJlhHO onepau;n:ii + H., T. e. 
TaRoe UOAMIIomecTBO, qTo a+ b EA II ab EA AJIH JII06hIX 
a, b H3 A. TaKHM o6pa3oM, II. HBJlRercR IIOAaJire6poii. pe
IIIeTRH, paccMaTpIIBaeMo.ii: RaR yHHBepcaJihHaR aJire6pa 
c ABYMH 6nuapHbIMII orrepau;IIRMn. TioApemeTRa A Jia3. 
B bl II y K JI o ii., ecJin H3 a, b EA n a <.c <.b BbITeKaeT, 
qTo c EA. TI pIIMepaMH TI. HBJIHIOTCH BCHRoe OAHOJJle
MeHTHoe IlOAMHOJReCTBO pemeTRH, HAeaJl, il>HJibTp, HHTep
BaJl. Bee <!TH TI. BblIIyRJihIB. Jiro6oe UOAMHomecTBo aJie
MeHTOB u;eIIH HBJIReTCH ee TI. (He o6H3aTeJihIIO BhmyRJioii:). 
Bee TI. A8IIHO.ii: peIIIeTRH, yrropHAoqeJIIIhIB OTHOIIIelilleM 
BRJIIOqeJIHH, o6pa3yIOT peIIIeTRy. 

JI um.: [1] B l!I p 1< r o cjl r., Teopl!IJI CTPYKTYp, rrep. c aHrJJ., 
M., 1952; [2] c R 0 pH JI R 0 B JI. A., 3JJeMeHTbl Teopl!Il!I CTPYK
TYP. M., 1970; (3] )I{ HT OM Hp CK H ii r. II., B co.: YrropJI)IO
'leHttble ~lHO>ReCTBa If perneTRH, B. 7' CapaTOI!, 1981; (4] r p e T
ue p r., O!huaH Teopl!IJI perueToR, rrep. c attrn., M .. 1982. 

T. C. <Pogia1<ooa. 
IIO)].CTAHOBKA M Home c TB a - B3attMHo OAB0-

3JiaqHoe oTo6pameIIne MIIomecTBa aa ce6R. TepMIIH «TI.» 
rJlaBHblM o6pa30M rrpnMeJIHeTCH AJIH ROBe'IHOro MHOll\e
CTBa X. B <!TOM cJiyqae yp;o6Jio C'!HTaTh, '!TO X= {1, .. ., 
n }, H 3aIIHChlBaTh TI. B BMAe 

( 1 2 . .. n) 
y= . . . ' 

!1 12 ···In 

rAe ii, i 2, .. ., in - HeR-paH nepecmanoena 'lHCeJl 1, 2, 
.. ., n (BrrpoqeM, imorp;a TepMHII «rrepecTaHoBirn» ynoT
pe6JIReTcH RaK CHHOHHM TepMHJia «TI.», CM., Harrp., [2) 
c. 146). 3arrHCh (*) 03HaqaeT, qTo y rrepeBOAHT q1rcJIO 
kB ik. TO eCTh y(k)=i1i (IIHIIIYT TaRme k'V=ik) AJIH i= 
=1, 2, .. ., n. qHCJIO Bcex pa3JlHqHbJX TI. MHOJReCTBa x 
rrp1r IXl=n paBIIO '!HCJiy Bcex rrepecTaHoBOR aToro MIIO
il\eCTBa, T. e. n!. TipoH3BBABIIHB IIOACTaHOBOR ct H ~ MHO

mecTBa x OIIpBABJlHeTCH RaR nocJieAOBaTeJlbHOe BhlIIOJl
HBIIHB OTo6pameIIHH IX H ~ H 3aAaeTCH iJ>opMyJio.ii: ct~ (x)= 
=ct(~ (x)) AJIH Bcex x EX. CoBoKyIIHOCTb Bcex TI. MHO
mecTBa x o6pa3yeT rpyrrny OTHOCHTeJihHO BBeABHHOl'O 
YMHOlReHHH, K-paH Ha3. CUJ1t.11tempU'tec1wii epynnoii,. Jiro-
6aH IIOArpyrrIIa CIIMMeTpII'!. rpyrrrrbl Ha3. noacmanoeo1> 
epynnoii. 

CHMMeTpIIq. rpyrrIIa TI. MHOJReCTBa X o6o3Ha'!aeTca 
s (X), OHa COAepIBHT B R8'!0CTBe IIOArpyIIIIhl s F (X) -
rpyrrny, COCTOHIIJ;yIO H3 TaR!ilX IIOACTaIIOBOR y, K-phle ne
peMeru;aIOT JIHIIlb KOHeqHoe IIOAMIIOJReCTBO aJieMeHTOB 
(TO ecTb y (x) ;<: x JIHIIlb }J;JIR KOHeqHoro MHOJReCTBa aJle
MeHTOB x EX). EcJIH X ROHe'!HO H cocTOHT II3 n aJieMeH
TOB, TO CMMMeTpIJq. rpyIIrra o6o3HaqaeTCR s /!' 

T p a H c II 0 3 Hu; He ii: IIa3. TaKan II. MHOJReCTBa x' 
K-paH MeHReT MeCT8MH TOJihKO ABa aJieMeHTa i If j; OHa 
o6o3HaqaeTCH (i, j). B Sn !ilMeeTCH poBHO n (n-1)/2 TpaIIc
II03IIIJ;IIH. Jiro6an TTOACTaHOBKa y II3 SF ( X) rrpeACTaBnMa 
B BHAe IIpOH3BeAeHHH TpaHcno3HIJ;Hii:. B qacTHOCTH, Ram
A8H TI. II3 Sn eCTb rrpoII3BeAeHHe TpaHCII03HIJ;Hii. TI. MomeT 
pa3JiaraTbCR B rrpOH3BeAeHMe rpaHCU03HIJ;Ifll MHOl'HMH cno
co6aMn. Op;HaKo AJIH AaHHo.ii: y xapaKTep qeTHOCTII q1rcJia 
MHOlRHTeJie.ii: B pa3JlOJRemrn Ha TpaHCII03Ifll,Hll He 38BIICHT 
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OT eIIoeo6a paaJiomeHIIH. II., IIpeAeTaBHlltaH B BHAe IIpo-
11aBeAeHIIH qeTHOfO 'IHCJia TpaHeII03II!J,IIH, Ha3. q e TH 0 ii:, 
a paaJiaraIOll\aHeH B IIpOII3BeAeHIIe He'leTHOfO 'IIIeJia 
TpaHeII03IIu,nii: - n e q e T n o ii:. B Sn 11MeeTeH n !/2 
'leTRblX II. n eTOJihKo me neqeTRblX. EeJin II. yESn 3a
HMeana B BHAC ( *), TO ee 'leTHOeTb COBIIaAaeT e 'leTHOeTblO 
q II e JI a II n Be pen ii: IIepeeTanoBKn i 1, ••• , i,,, 
K-poe paBHO qneJiy TaKilX nap {ik, if}, qTO k<j, ik>i1· 
TpaneIIo3nu,nH, oqeBIIARo, ecTh neqeTnaH II. IIpnMene
nne OAHOH Tpanen03Il!l,Illl K JII06oii: IIepeeTaHOBKe MenaeT 
qeTnoeTh <1ueJia ee nnsepc11{1 na IIpoTnBonoJiomHyro. II po
n3BeAeHne ABYX qeTnblx, a TaKme 1wyx ne'leTHblX II. ecTh 
'leTnaH II., a qeTnoii: n ne'IeTHoii: II. (s JII06oM IIOPHAKe) -
ueqeTHaH. Bee <1eTnhie II. eoeTaBJIHIOT uopMaJibnyIO IIo,[1.
rpyrrny A (X) B rpynIIe SF(X), R-paH Ha3. 3 Ha Ko
ne p e Men Ho ii. IIpII \X\=n IIOArpynIIa A (X) o6o-
3Ha<1aeTCH An-

1( II K JI 0 M ,[l.JIIIHbl l na3. TaKaH IIO):\eTaHOBKa (J KOHe'l
noro MHomeeTBa Y= {y1 , .•• , y1 }, qTo 

a(y1l=Y21 <J~Y2)=y3,.,., <J(Y1-1)=Y1, a(y1)=Y1· 

Kone'IHbJ11 U,HKJI 0603na<IaeTca (y1, y 2 , •• ., yi). E e c
K 0 H e q H bl M !I, H K JI 0 M Ha3. TaKaH II. C'leTHOfO 
11momeeTsa 

y ={. ·., Y-2, Y-i. Yo, Y1, Y2, · · .}, 

'ITO AJIH JII06oro u,cJioro i a(y;)=y;+i· 06o:rna'IeHIIe 6ec
Koneqnoro U,HKJia TaKoso: 

(. ·., Y-2, Y-i. Yo, Y1, Y2, · · .). 

QnKJI )J,JIIlHbI 2 eeTb Tpanen03Il!l,HH. fpyIIna s n eo)J,ep
lKilT (n-1) ! !1,IlKJIOB )J,JIIlHbI n. )J.JIH mo6on IIO)J,eTaHOBKII 
'\' Il3 s (X) eyllleeTsyeT TaKoe paa6nenne MHOJReeTBa x 
Ha nenepeecI>a!Ol!J,IIeeH IIO)J,MHOil\eeTBa, 'ITO na I>alR)J,OM 
H3 RIIX y )J,eMeTsyeT KaK u,nKJI. KoHeqnble IIO}J;MHOJKeeTBa 
aTOfO paa6nennH lfMeIOT Bll)J, 

{x, y (x), •• ., yl-1 (x)}, 

rAe y1 (x\=x, a 6eeKone'lnhle -

{ ... , y- 2 (x), y- 1 (x), x, y (x), y2 (3:), .•. }, 

r,)J,e yk (xh<,x npII k;f=O. QnKJibI, HHp;yu,npyeMbie IIO)J,eTa
HOBKOM '\' na IIO}J;MHOJReeTBaX paa6nennH, Ha3. H e 3 a B H
e II M hI ~[ ll l( Il K JI a M Il IIO)J.eTaHOBKil y. HaIIlJifMep, 
(1, 3, 4) Ii (2, 5)- neaasneIIMhre U,HKJihI II. 

( 12345) 
y= 3 5 4 1 2 ; 

'\' 3aIIHehIBaeTeH B Bllp;e 

(1, 3, 4) (2, 5) 

ll HBJlmJTeH IIpOH3Be)J,eHHeM eeonx neaasnel!MhIX !1,IlKJIOB. 
Boo6rn;e, ecJin y neTom)J,eeTsennaa II., HMerom:aa JIJHHh 
lWHe'IHOe 'IHeJio !J,IIKJIOB neep;HHil'IHOM )J,JIIlHbI, TO '\' -
IIponaseAenne TaKHX u,nKJIOB. B qaeTHoeTn, Kam):lai1 ne
Tom):leCTBeHirnH II. H3 SF (X) HBJIHeTeH IIpOH3Be)J,enne111 
esonx HeaasneHMbIX U,HKJJOB Hee)J,HHHqnoii: AJIHHhI. II o
p HA o K 11 o Ac Ta H o BK n I' na SF (X), T. e. 110-
PHJ:IOK !l,HKJinq. rpym1b1 (y), paseH HanMeHhIIIeMy o6iu,eMy 
KpaTHOMY AJIHH ee He3asueHMLIX !1,IIKJJOB. 

lfa ne3asnenMhIX U,HKJJOB ):lannoi!: II. Momno 110Jiyqnn, 
HeaasncnMhre u,HKJihl II., eo11pamenttoii: e Heli. HaIIp., 
ecJin 

y=(ai, ... , az) ... (aj, ... ,an) 

IIpOil3Be):\eHne HeaasneHMbIX l~HKJIOB IIO):\eTaHOBKil 
S,,, a 6ESn Il <'l(a;)=b;, i=1, .. ., n, TO 

'\' ll3 I 
6y6- 1 =(bi, .. ., bz) ... (bj, ... , bnl 

pa3JIOJReHile IIO)J,eTaHOBKil <'lyo- 1 B npOI13B8,[l.8HHe HC-
3aBHeHMhIX J.J;HKJIOB. )].Be II. rpyIInhI S,. Tor,r~a n TOJib.Ko 

Tor,a;a eoIIpHmeHbl B Sn, .Kor,a;a OHM IIMeIOT O}J;HO II TO me 
'IHeJio He3aBilellMbIX !l,IIKJIOB Kam,a;oii }J;JIHHhl. 

11yeTh sE Sn, k - 'IIIeJio He3aBIIeHMhIX !1,IIKJIOB IIOA
CTaHoBKil s, BKJIIO'laH II U,HKJJhl AJIIIHbl 1. TorAa paaHoeTh 
n-k Ha3. A e K p e 111 e H T o M IIOAeTaHOBKII s. HanMeHb
mee 'IHeJIO lliHOJRIITeJieii IIpII pa3JIOJReHHII IIO}J;eTaHOBKll s 
B npOil3Bep;eHIIe TpaHeII03Il!J,llll eoBIIaAaeT e ee ,a;eKpeMeH
TOM. qeTHoeTb II. eosIIa,a;aeT e qeTHoeTbIO ee ,a;eKpeMeHTa. 

II. B03HHKJIH BIIepswe B KoM6nHaTopn:Ke 18 B. B KOH. 
18 B. JK. JiarpaHJR (J. Lagrange) IIpIIMeHHJl HX IIpH IIC
eJie)l,oBaHIIH pa3pemIIMoeTn aJire6p~nq. ypaBHeHnii B pa
AHKaJiax. 0. l\'.ollln: (A. Cauchy) IIOeBHTHJI MHoroqneJieH
HbJe nceJiep;oBaHHH 3TOMY IIOHHTllIO. EMy, B qaeTHOCTH, 
IIpIIHaAJiemnT HAeH pa3JiomeHHH II. B IIponase,a;enn:e a;n:K
JIOB. IIeeJiep;oBaHIIH rpyIIIIOBbIX csoiieTB II. soexop;HT 
K H. A6eJIIO (N. Abel) n: oeo6eHno K 8. faJJya (E. Ga
loi8). CM. I'a,;r,ya meopua, Jlo8cmanoeo't> 2pynna. 

Jlum.: [1] Jordan C., Traite des substitutions et des equa
tions algebriques, P., 1957; (2] I\ o c T p u Ku H A.H., Beep;e
HHe e ame6py, M., 1977; [3] Hypo m A. r., Hype Bhlcmell: 
anre6p&1, 11 H3A., M., 1975; [4] X o JI JI M., Teopua rpyrrrr, nep. 
c attrJI., M., 1962. ;a. A. Cynpy1te><1<0. 

110,!J,CTAHOBKH IIPABHJIO - 0,!1,HO Ha Bb!eoaa npa
eu,;r, JIOfHKO-MaTeMaTH'JeeKIIX He'llleJieHllH. 110,a; H83Ba
HileM «II. II.» MOI'YT qnuypupoBaTb pa3JIHqnble BH)J,hl IIpa
BIIJI. Hanp., B Bbic't>a3biB0anuu uc<tuc,;r,enuu 3TO II. II. ipop
MYJihJ BMeeTO BCeX BXOJR)J,CHHH IIpOII03H!l,HOHaJibHOil IIepe
~IeHHOH. )].JIH npeau.,.amoe uc<tuc,;r,enua: a) II. II. ipopMyJihl 
BMeeTo npe8u't>amnoii nepe.Mennou; IIpH aToM Tpe6yeTeH 
ehlnOJIHeHHe pH)J,a orpannqennii: na sxom)J,enna llHp;HBIIp;
HbIX IIepeMeHHblX e TeM, 'ITO bl Jl36emaTb K 0 JI JI Il-
3 H n u e p e M e n H hi x, T. e. enTyau,nu, Kor)l.a IIepe
Mennaa, eso60)J,HaH B IIO}J;eTaBJIHeMoii: «l>opMyJie, OKa
meTeH eBH3aHHoii B pe3yJihTaTe IIO):\eTaHOBim; 6) II. II. 
TepMa BMeeTO eso60AHblX BXOil\AeHHil IIHAilBII)J,HOil IIepe
MeHHOii eoOTBeTeTBYIOIU,ero eopTa; IIpH <!TOM TaK/Ke He
o6XO)lHMO H36eraTh KOJIJIH3Illl nepeMeHHhIX. 

Jlum.; [1] H 0 B II'. K 0 B n. c., 3JieMeHThl MaTeMaTH'!eCKOtt JIO
rHKH, 2 H31l., M., 1973, [2] Ille H qi II'. JI p; n a<. P., MaTeMaTH
'leCKaH JIOrHKa, rrep. C aHrJI., M., 1975; (3] r II'. JI b 6 e p T ]];., 
B e p H a ii: c n.' OCHOBaHll'.ff MaTeMaTHKH. JlorH'!eCKll'.6 11'.C'IHCJie
HHR u cjlopManuaa111rn apucjJMeTHK11, rrep. c HeM., 2 11'.31!;., M., 
1982. C. H. ApmeMo8. 

IIO,!J,CTAHOBOK fPYIIIIA - COBOKYIIHOeTh noa-
cmanOBOl'i Ha HeK-poM ~rnomeeTBe X, o6paayI01!J,IIX rpynIIy 
OTHOen'reJibHO OIIepau,mi: YMHOll\eHHH IIOAeTaHOBOK. llHa
qe, 11. r.- aTo IIapa (G, X), r)J,e G - rpyIIna, X -
MnomeeTBO M KalRAOMY y E G eooTseTeTsyeT IIO)J,cTaHosKa 
xpx'\' MHomeeTBa X TaKaH, 'ITO 1) xaB= (xa)f3, x EX, 
a, ~ E G, n 2) xa = x )J,JIH mo6oro x E X TOr)J,a n TOJibKO 
Tor)J,a, KOrAa a= e - e)J,HHIIu,a rpyIIIIhl G. EcJJll BLIIIOJI
HHeTeH JIIIIIIb yeJJOBile 1)' TO fOBOpHT 0 A e ii e T B II ll 
(HJIH II p e A e T a B JI e H ll Il) rpynnhl G Ha MHomecTBe 
X. B aToM cJiyqae no)l.MHomeeTBo H aJieMeHTOB rpyIIIIhl G, 
oeTaBJIHIOII(HX Ha Mecw see x EX, 6yAeT HOpMaJibHhIM 
AeJIHTeJieM B G (Ha3blsaeMhIM H A p o M A e :ii: e T B n H) 
n ipaKToprpyIIIIa: G/ H )J,e.iicTByeT ua X yme KaK II. r. 
E eJIH X - Kol'le'IHoe MHomeeTso, To II . r. ( G, X) uaa. 
K 0 H e q H 0 ii:, B npOTllBHOM cJJyqae - 6 e c K 0 H e '1-
H 0 ii:. MHoJReCTBO BCeX no,a;eTaHOBOK Ha x Ha3. c HM
Me T p n •r. r p y 11 no ii n o6oaHaqaeTCH S (X) HJIH Sn• ee
JJil X= {1, 2, ... , n}. 

II o A o 6 n e M (HJIII n 3 o M o p qi u a M o M) II. r. 
(G, X) Han. r. (G', X') Ha3. IIapa (qi, 'ljl) OTo6pameHHH, 
r,a;e qi - n30111opipnaM G Ha G', a 1jJ - 6neKu,HH X Ha 
X', npnqeM o6a oTo6pameHHH eorJiaeosaHhl B TOM CMbie
Jie, 'ITO AJIH seex x EX n a E G HMeeT MeeTo pasencroo 
(xa)IJJ= (xlJJ)<X<P. II. r., MeIBAY K-pbIMH eyIII;eeTByeT IIO):I06He, 
naa. II o Ao 6 H bl Mu. EcJIII (G, X) - 11. r., To na 
MHOJReeTBe x ecTeCTBeHHO orrpep;eJieHa 3KBirnaJieHTHOCTh: 
y~x, y, xEX¢::::::::>y=xa Jl.JIH HeK-poro aEG; KJiaCChl 
aKB1rna.rreHTHOCTH II. r. naa. o p 6 n T a M n, MJIH o 6-
JI a e TH M Il T p a H 3 Il T Il B H 0 e T ll, rpyunbl (G, X). 
II. r. T p a H 3 n T II B H a, ecJin oHa nMeeT JJHIIIh op;ny op-
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61ITY, B IIpOTIIBHOM CJiyqae OHa II H T p a H 3 H T H B H a 
(cM. Tpauaumuouasi epynna). 

IIpoH3BOJibHaH a6cTpaI>THaH rpynna G MomeT 6bJTh 
npe,11,CTaBJieHa KaK II. r. Ha IIO,ll,X0,11,llll\eM MH01KeCTBe x 
(Te o p e Ma K 3 JI n). IIplI aToM B KaqecTae X MOlKH.O 
B1:.16paTh MHomecTBO acex :rneMeHTOB rpyrrnhr G n corro
cTaBHTh Kam,11,oMy y E G OTo6pameHne, 110Jiyqa1011i;eec.11 
B pe3yJihTaTe yMHomeHHH cnpaaa Ha 3JieMeHT y : s Y = 
= ~y. IIoJiyqeHHOe TaKHM 06pa30M p e r y JI H p H 0 e 
n p e ,11, c T a B JI e H n e rpynrrhl G B ann;e n. r. He HB
JIHeTCH e,11,nHCTBeHHO B03MOiKHbIM. II pn nccJie,11,oaaHHH 
II: r. HHTeprcyIOTCH ,11,pyrnMn caoil:crnaMH, qeM npn H3y
'leHnn a6cTpaKTHbIX rpy11rr. Peqb H,11,eT He TOJibKO 0 CTpoe
HIIH rpynrrhl, a B rrepaym oqepe,11,h o TOM, KaK rpynna 
p;eHCTByeT Ha MHomecTBe x; TaK, Hanp.' CBOHCTBO TpaH-
31ITHBHOCTH eCTh caoii:CTBO II. r., a He a6cTpaKTHb!X 
rpyn11. 

IIycTb (G, X) - II. r., a M - no,11,MHomecTao B X. 
CoaoKYITHOCTh acex rro,11,cTaHoBOK YE G, nepeao,11,.11ni;nx MB 
ce6.11 (TO eCTh x EM ~xv EM), 06pa3yeT rro,11,rpynny 

GM' Ha3b!BaeMyIO c T a 6 H .ll H 3 a T 0 p 0 M MHomeCTBa 
M. MHomecTBO Tex 110,11,cTaHOBOK, K-pb!e ocTaBJIHIOT ace 
y EM Ha Mecrn, Ha3. ip n K c a T o p o M MHomecTaa M 
H o6o3HaqaeTCH G(M}. cJ>nKcaTOp 6y,11,eT HOpMaJibHhIM ,11,e- ' 
JIHTeJieM CTa6HJIH3aTopa. Ecm1 M ={a} - 0,11,HoaJieMeHT
uoe MHO)KeCTBO, TO ITOHHTHH CTa6nJIH3aTopa H iJ>nKCaTopa 
COBIIa,11,aIOT (oH o6o3HaqaeTCH Ga)· fpy11na Ha3. II 0 JI y-
p e r y JI H p H 0 ii: (HJIH ,11, e ii: c T B y IO 11\ e il: c B 0-
6 0 AH o), eCJIH CTa6nmrnaTOp Kam,11,oii: ToqmI HBJIHeTCll 
8,11,HHH'IHOM rpynrroii: H p e r y JI H p H 0 il: (HJIH II p 0 C-
T o T p a H 3 n T n B Ho :ii:), ecm1 rpynna, KpoMe Toro, 
TpaH3HTHBH3. QeHTpaJIH3aTopoM ~ (G) rpy1111hl G H33. 
ee IJ;eHTpaJIH3aTop B CHMMeTpnq. rpynne S (X) - no 
COBOKYIIHOCTb IlO}J;CTaHOBOK Ha x' 1103JieMeHTHO nepecTa
HOBOqHblx co BCeMH 3JieMeHTaMH H3 G. QeHTpaJin3aTop 
TpaH3HTHBHOll rpym1bI 110JiyperyJI.11peH, :II Hao6opoT' 
u;empaJIH3aTOp 110JiyperyJIHpHOM rpy11IIbl TpaH3HTHBeH. 
PeryJI.11pHa.11 II. r. (G, X) no,11,06Ha BhlUienpnae,11,eHHOMY 
peryJI.11pH0My rrpe,11,cTaBJieHHIO rpynnM G. U:eHTpaJie:3a
TOpoM 1J (G) peryJIHpHoro npe,11,cTaBJieHHH 6y,11,eT T. H. 
JieBOe peryJIHpHOe npe,11,CTaBJieHHe 
rpy1111hl G, conocTaBJIHIOilJ;ee aJieMeHTY y E G 110,11,cTaHoB
KY s"l'=y- 1s, s E G. 

Cyni;ecTByIOT onepau;nn (cM. (6)), 1103BOJIHIOII\He H3 3a
p;aHHhIX II. r. cTpoHTh HOBbie. 

a) Cy MM a II. r. IIycTh (G, X) n (H, Y) - ,11,ne II. r., 
rrpHqeM rrepeceqemte xnY nycTO. CyMMa (G, X)+(H, Y) 
011pep;eJIHeTCH I\aK II. r. rrp.11Moro rrpon3B8JWHHH G X H 
Ha 06'he,11,nHeHnn XU Y, npn'leM AJIH a E G, ~EH, z E 
EXUY 

a { za, zEX, 
z<a, '"= 

zi>, zEY. 

6) IIpon3aeneHneM (G, X)X(H, Y) II.r. 
(G, X) n (H, Y) Ha3. rpynna (Gx H, XX Y), neil:cTByIO
rri;a.11 Ha XXY corJiacHoiJ>opMyJie (x, y)<a, f:ll=(xa, yf:l). 

06e onepau;nn accou;HaTHBHhl n MoryT 6bITh orrpeneJieHbI 
):\Jiii IIpOH3BOJibHOro 'IHCJia rpynn. 

B) C II JI e Te H n e. TiycTb (G, X) n (H, Y) - II. r. n 
B (x) E HX - oTo6pameHne X B H. Ha MHomecTBe nap 
[a, ~ (x)), Ha3bIBaeMbIX Ta6Jinu;aMH, 011peneJIHeTCH YMHO
meHne: 

(a, ~(x)][a', W(x)]=(aa', B(x)B(xa)J, 

OTHOCHTeJihHO K-poro OHH o6pa3yIOT rpyuuy GsH. CrrJie
TeHne II. r. (G, X) H (H, Y) eCTb n. r. (GsH, XXY), 
npnqeM p;eii:CTBHe onpeneJI11eTc11 iJ>opMyJioll: 

(x, y)[a,fl(x))=(xa, yf:l<x>). 

CrrJieTeHne TaKme accou;naTHBHo n MomeT 6bITb onpene
JieHo name AJIH JII06oro BIIOJIHe yuopHAO'!eHHoro ceMeii:-

CTBa n. r. CnJieTeHne Hee,11,HHHqHbIX TI. r. 6y,11,eT HMIIpH
MHTHBHOi1: rpyrrnoll:. EcJin G n H paccMaTprrnaTh KaK nx 
peryJrnpHbie rrpe,11,cTaBJieHHH, TO 3TO onpe11;eJierrne c Toq
HOCTbIO ,11,0 nop.11,11,Ka COMHOlKHTeJieii: COBIIa,11,aeT c o6b!qHbIM 
TeopeTHKo-rpynnoBbIM cn.umeuueM rpynn. 

r) 8 K c n o H n p o B a H n e. fpynna Ta6mrn" 11;efr
cTay10ni;aH Ha MHOlKCCTBe yx, npHBOflHT K 11. r. 

(H, Y) t (G, X)= (Gs H, YX). 

IlpwrnM 11;eiicrnHe onpe,11,eJI.11eTc11 cJien;ymn\HM o6pa3oM: 

f (x)[a, f3 (x))=(/ (xa)) fl (xl, 

r,11,e f (x) E yX. 8KcnoHnpoaaHHe He accou;HaTHBHO n npn
B0,11,HT o6hl'!Ho K npnMHTHBHhIM rpynnaM. A nMeHHo, 
(H, Y) t (G, X) 11pHMHTHBHa, ecJIH (H, Y) - npHMHTHB
Ha.11 Heu;HKJinq. rpynna. 

fpyIIIIbI 110,11,CTaHOBOK B03HHKaIOT o6hlqHo KaK COBOKYII
HOCTb 110,11,CTaHOBOK, coxpaHHIOII\HX HeK-pbie OTHOilleHHll 
HJIH onepau;nn Ha MHomeCTBe X (cM. TaKme llpeo6paao
eanuu epynna). TaK, ncxo,11,HhIM ,11,JIH B03HHKHOBeHMll Teo
pnn II. r. 6hIJIO IIOHHTHe rpyIIIIbI faJiya MHOrO'IJieHa. 
EcJin 

f (x) =anxn+ ... + a0 

MHOrO'IJICH c Ro3iJ>iJ>mi;uenTaMH a; H3 HeK-poro HOJill J(' 
a s1, ••• , Sn - ero KOpHH B HeK-poM tta,11,noJie, TO rpyn
noii: faJiya 6y11;eT II. r. MHomecTBa {s1, ••• , Sn}, coxpa
H.111011i;nx pau;noHaJibHbie OTHOllleHHll Mem,n;y KOpIDIMH, 
T. e. paBeHCTBa BH,11,a 

,, C·. 1:i1 tin-0 
,""'1J r. 1i 2 • • in '='1 ···'on - ' 

r,11,e ci,i, ... in EK. KaK noKa3aJI 8. faJiya (E. Galois), 
OT CBOHCTB 3TOII rpynrrhl 3aBHCIIT pa3peIIIHMOCTb IIJIII He
pa3peIIIHMOCTb ypaBHeHHH f (x)= 0 B pa,11,uKaJiax. 8TOT 
pe3yJihTaT 11pnaeJI K pa3BHTHIO rnopnn II. r. B Tpy,11,ax 
3. faJiya, JR:. Ceppe (J. Serret), K. JR:op,11,aHa (C. Jordan) 
H ,11,p. ,Il.aJibHeHIIIee pa3BHTHe (KOII. 19 - Ha'!. 20 BB.) 
:.iTa rnopn11 Hanma B pa6oTax Y. EepHcaii:,11,a (W. Burnside), 
Y. MaHHIIHra (W. Manning), r. cJ>po6eHnyca (G. Fro
benius), 0. IO. llIMHJ:ITa, IL lllypa (J. Schur):. II. r. 
I1M0IOT MHoro1rncJieHHble npHMeHeHHll B ,11,IICKpeTHOH MaTc
MaTHKe, Hanp. npII KJiaccniJ>nKaIJ;HII 6yJieBhIX il>YHKIJ;llll H 
KOHeqHhlX aBTOMaTOB, B TeOplIH KO]:\OB c ncnpaBJieHHeM 
OIIIH6oK, IIplI nop,cqeTe H30MepoB CJIOlKHbIX opraHnq. 
coe}J;HHeHHH. 

Jlum.: [1) Passman D., Permutation groups, N.Y.
Amst., 1968; [2) W i e I and td H., Finite permutation groups, 
N.Y.-L., 1964; [3) Burns i e W., Theory of groups of fini
te order, N.Y., 1958; (4) J{ a JI y lf< H H H JI. A., Cy~ a H
e" H ii B. H., IIpeo6paaoeaHHH H nepecTaHOBKH, nep. c y1<p., 
M., 1979; [5] X o JI JI M., TeopHH rpynn, nep. c aHrJI., M., 1962; 
[6] J{ a JI y lf< H H H JI. A., J{ JI H H M. x.' c y ~a H c K " ll 
B. H., «H3BeCTHH eyaoe. MaTeMaTHKa», 1979, No 8, c. 26-33. 

JI. A. HaJty:»enun. 
IIO)l;<l>OPMY JlhHOCTII CBOlICTBO - CBOMCTBO 

HeK-pb!X J1,02U'leC/f,UX UC"'lUCJ1,e1tuii H J1,02U/f,O-MameMamu'leclf,UX 
UC'lUCAeltUU, 3aKJIIOqaroni;eecH B TOM, qTo IIOCbIJIKH Kam
noro upaBHJia IICqIIcJieHIIll COCTOllT H3 rrop;iJ>opMyJI 3a· 
KJIIoqeHIIH. II. c. II03BOJIJieT opraHH30BaTb IIOIICK Bbl
BO):\a ~CHH3Y BBepx» (cM. I'e1t1+ena ifJopMaAb1tasi cucme .. w). 
c u;eJibIO IIOBhIIII8HHH 3iJ>iJ>eKTHBHOCTH TaKoro IIOHCKa AJIH 
MHOrHX HC'llICJieHHH paccMaTpIIBaIOTCll pa3JIH1IHbie crre
IJ;IIaJIH3aIJ;HH n o6o6ni;eHIIH II. c. C. 10. MacJtoe. 

IIO)l;XO)l;H~AH )l;POBb - CM. aennasi opo6b. 
IIO)l;qUHEHHH IIPIIH~HII - onHa na iJ>opM JI un

oMeifja npUltlfUna, HCIIOJib3YIOIIJ;all IIOHHTIIe IIOA'IHHeHHH 
il>YHKIJ;II:ii:. IlycTb (I) (z) - JII06a11 il>YHKIJ;IIll, peryJIHpHaH 
B Kpyre izl <1 H YAOBJieTBop1110ni;aH ycJIOBHIO: (I) (0)=0, 
lrn(z)i<1 B izl<1; uycTb iJ>yaKIJ;HH F(z) MepoMopiJ>Ha 
B izl <1. EcJIH il>YHRIJ;HH /(z) HMeeT BHA f(z)=F (w (z)), 
TO f (z) Ha3. II 0 A 'I H H e H H 0 It iJ>yHK(\IIH F (z) B Kpyre 
izl <1, a F (z) - II 0 A lj H H H IO Ill; e ii: ip y HK u; II e ii. 
8TO 0 T H 0 Ill e H H e l1 0 A lj H H e H H H o6o3Ha'laeTCll 
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qepe3 f (z)~F (z). B npocTeiimeM cJiyqae, ROrAa F (z) - 1103HTHBHOE IIPOII031UJ;HOHAJlhHOE HC1IHC-
o8nOAucmnaa rfiYHKlfUR B lzl <1, yRa3aHHOe OTHomemrn JIEHHE - n:cqn:cJiemrn BblCRa31>1Bam1ii B H3bIKe {&, v, 
03HaqaeT rrpOCTO, qTo f (0\=F (0) H qTo «PYHKIJ;HH f (z) :::i }, 3aAaBaeMoe CJleAYIOIIJ;HMH 8 cxeMaMH aRCHOM: 
He rrpHHHMaeT B Rpyre lzl <1 Tex 3Ha'IeHHii, R-pb!X B HeM 
He rrpHHHMaeT «PYHKU,HH F (z). llMeIOT MCCTO CJieAYIOm;n:e 
OCHOBHblC TeopeMbI. 

T c 0 p e M a 1. n YCTb «PYHRU,HH w= F (z) MepoMop.iPHa 
B Rpyre lzl <1 H oTo6pamaeT ero Ha pu.Manoey noeepx
nocrnb G (F). IlycTb G, (F) - qacTh G (F), cooTBeTCTByro

IIJ;aH lzl <.r, r<1. EcJIH f (z)~F (z), TO 3rraqerrHH f (z) 
B lzl <.r (IIpH aHaAumu'lerno.M npo80A:J1Cenuu H3 f (0)= 
=F (0)) JiemaT B G, (F), IIpn:qeM rpaHHqHbrn TOqRH G, (F) 
/);OCTHraIOTCH TOJlhKO AJIH f(z)=F (ez), lel=1 (CM. [2)). 

T e o p e M a 2. Ecm1 f (z)~F (z) H F (z) peryJIHprra 
B lzl<.r, r<1, To, IIoJiaraH 

M1.(r, /)={:n~~nl/(rei8)1f..d8} 11 /.., }.~0, 

HMeeM M?.(r, f)<.M1.(r, F), }.~O, 0<.r<1 (cM. [1)). 
T e ope Ma 3. Ecmi: /(z)~F (z) H F (z) peryJIHp

Ha B z=O, TO AJU! Roa«P«Pn:u,n:eHTOB pa3JiomeHHH f (z)= 

=~:oanzn, F(z)=~:=aAnzn HMeeM ~~'~ 1 1a 11 1 2 <. 
.;;;;;~:~ 1 1Anl 2 , m=1, 2, ... (CM. [2)). 

06rri;aH Teop:irn IIOAq:irneHHH IIOJle3Ha npII paCCMOTpe
HIIll Borrpoca 0 MrromeCTBe 3HaqerrHii, IIpIIIIIIMaeMb!X (HJllf 
BhlI1YCRaeMbIX) arraJIIITIIq. «PYHKU,IIeii. 0THOllieII!fe IIOA
qIIHeHHH MomHo IICIIOJlb30BaTb B llBYX pa3Jlll'IIIbIX Ha
rrpaBJleIIIIHX. B o-rrepBb!X, MomHO HCXOAHTb ll3 3aAaIIHOI'i 
«PYHRU,IIII F (z) II II3yqaTb CBOHCTBa BCeX «PYHRU,llll f (z), 
ITOA'IHHeHHbIX F (z). ECJIII rrpII 3TOM IIOAqIIIIRIOIIJ;aH «PYHR
U,IIH F ( z) rroJIHOCTbID II3BeCTrra, TO lf3BeCTHa II o6JiaCTb 
G, (F), B R-poii JiemaT 3Haqemrn /(z) (TeopeMa 1), II aepx
HHH rpaHIIU,a IIHTerpaJibHbIX cpeAHIIX M /.. (r, f) (rnopeMa 2). 
ECJIII, RpoMe Toro, F (z\ perym:1pHa B z=O, TO IIMeeM 

BepxHHe rpaHIIU,bl AJIH Roa«P«PIIu,IIeIITOB «PYHRU,liII f (z) (Te
opeMa 3). Bo-aTOpbIX, MomHo paccMoTpeTh RaRyID-JIII6o 
MepoMop.iPHYIO B Rpyre lzl <1 «PYHRU,IIIO f (z), II3 CBOHCTB 
R-poii CJleAyeT HeB03MomHOCTh ee IIOAqIIHeHIIH B lzl <1 
HaAJiemarri;eii «PYHRU,IIII F (z). EcJIH IIpII aToM F (z), HaIIp., 
OAHOJlHCTHa, TO f (z) Heo6xo11IIMO npllHIIMaeT B lzl <1 3Ha
qeHIIH BHe G (F). 8TII HAeH IICI10Jlh30BaHHH OTHOllieHIIH 
ITOA'IIIHeHHH li BblpamaIOT Il. II. Il. II. MOmHO pacnpo
CTpaHHTh II Ha MHOrOCBH3Hble o6JiaCTII (CM. [ 3)). 

JI.um.: [1] Li t t I e wood J.E., «Proc. Lond. Math. Soc. (2)», 
192'i, v. 23, p. 481-519; (21 Rog o sins k i W., «Proc. Camb. 
Philos. Soc.».1939, V. 35, p. 1-26; [3] AJJeHHQbIH IO. E., 
«Tp. MaTeM. IIH-Ta AH CCCP», 1961, T. 60, c. 5-21; [4] 
Rog o sins k i W., «Sehr. Konigs. Gelehrt. Gesellsch. Natur
wiss. Kl.», 1931, Jg. 8, H. 1, S. 1-31; [5] Rog o sins k i W., 
«J. Lond. Math. Soc.», 1939, v. 14, Ne 53, p. 4-11; [6] er o "'e, 
«Proc. Lond. Math. Soc.», 1943, v. 48, p. 48-82; [7] Li t t le
w o o d J. E., Lectures on the theory of functions, L., 1944; [8] 
I' 0 JI y 3 II H I'. M., I'eOMeTp11qecKaH TeOPllH IJJYHKQHH KOMIIJJeKC" 
Horo rrepeMeHHOro, 2 na11., M., 1966, c. 3,56-57, 606-09. 

IO. E. A.aenU1Jbl1i. 
II03HTHBHAH IIOCJIE,ll;OBATEJlhHOCTh - IIocJie

AOBaTeJihHOCTh 11eil:CTBIITeJI1>HbIX qIIceJI µ0, µ1, µ 2, ... 
Ha npoMemyTRe [a, b) TaRaH, qTo AJIH BCHRoro MHoroqJieHa 

P (x)=a0 -j-a1x-j- ... +anxn, 

HeTOmAeCTBeHHOro HYJIID II HeoTpIIU,aTeJlhHoro 
BbipameHIIe 

CD (P) =a0µ 0 +a1µ1 + ... +anµ,,~O. 

Ha [a, b] I 

EcJIII me AJIH BCHROro TaRoro MHoroqJleHa 6yAeT qi (P) >0, 
TO IIOCJleAOBaTeJlhHOCTb Ha3. c T p 0 r 0 I1 0 3 II T II B
rr 0 ii. /];JIH Toro qTo6bl IIOCJie110BaTeJlbHOCTh µo, µ1, 
µ2, ... 6b!Jla II03HTHBHOH rra [a, b], Heo6XO/IIIMO H AO
CTaTOqHo cyrri;ecTBoBaHne B03pacrn:iorri;eii rra [a, b) «PyrrR
u,11H g(x), llJlH K-poft 

\b 
.la xndg (x) =µn, n = 1, 2, ... 

M. II. Boil1]exooc1mu. 

i::t 13 MaTeMaT11'lec11aa aHQ., ·r. 4 

A :::i (B :::i A), (A :::i (B :::i C)) :::i ((A :::i B) :::i (A :::i C)), 
A&B:::iA, A&B:::iB, A:::i(B:::iA&B), 

A:::iA VB, B:::iA VB, (A:::iC) :::i ((B:::iC) :::i (A vB):::iC) 

H npaBHJlOM BblBOAa .Mo8yc no Helie. 11. rr. 11. COAepmHT TY 
qacTb llHTYHU,liOHliCTCJ\Oro ncqHCJieHHH BbICRa3bIBaHHii 
[ (cM. JfnmyUlfUOHU3.M), R-paH He 3aBHCHT OT OTpHU,aHHH, 
a HMeHHO: BCHKaH npono3HU,HOHaJlbHaH «PopMyJia, He 
COAepmau~aR CBH3KH l (oTpIIU,aHHH), BblBOAHMa B Il. IT. II. 

TOrAa ll TOJlbKO TOrAa, ROrAa OHa BblBOllMMa B I. EcJin 
R Il. 11. li. Ao6aBHTh ABC CXeMbI aKCHOM: 

1) l A :::i (A :::iB) (3 a K 0 H 0 T p ll u, a II H H a H T e
a, e II e H T a), 

2) (A:::iB):::i((A:::ilB):::ilA) (3aROH upHBe-
A e H H H K a 6 c y p ,!I; y), 

TO IIOJiyqn:TCH n:cqn:cJiemrn [. /];JIH IIOJiyqeHHH I MOmHo 
BMeCTO 2) B3HTb II 6oJiee CJra6y10 cxeMy: 

2') (A:::ilA):::ilA (3aROH 'JaCTll'IHOro 
I1 p II B e A e H II H K a 6 c y p A Y). 

CM. TaRme 11~tnAU1>amuenoe nponoaUtfUonaAonoe uc-
<tUCAenue. 

JI.um.: [1) "I e p q A., BBe)leHHe B MaTeMaT1i:qec11y10 JJOr>rny, 
rrep. caHrJJ.,T. 1, M., 1960; [2]I'l'!JJb5epT ,r:i:., Be pH a fie 
II., OcHOBaHHH MaTeMaTHKl'I. Jiornqec11ne ncqncne1mR n ljJopMam1-
aa~nH ap111jJMeT1111n, rrep. c HeM., 2 na11., M., 1982. C. K. Co6oMB. 

1103HIJ;HOHHAH HrPA - nrpa, 11Me10rri;aH xapaRTep 
pa3BepTbIBa:iom;erocH B AIICKpeTHOM B peMeHII rrpou,ecca rra 
APCBOBIIAIIO YIIOPHAOqeIIHOM MHomeCTBe (Ha3. TaRme iJe
peeoM). }{OH e q II O ll Il. II. Ha3. CIICTeMa 

f=(l, X, m. {Px}xEX,• {lR;}iE/' {h;}iel), 

nm 1) I - MHomeCTBO mpOROB (lll=n); 2) x - KO
HeqHoe AepeBO, BeplliIIHbl R-poro Ha3. II 0 3 li u, H H M H, 
a RopeHb - H a q a JI b H o il: rr o 3 11 u, n e il:. /];JIH no-
3HU,IIii eCTeCTBeHHO onpeAeJIHeTCH OTHOIIIeHHe CJleAOBa
HHH; II03IIU,IIII, HerrocpeACTBeHHO CJleAYIDIIJ;IIe 3a AaHHOH 
xEX, Ha3. a JI b Tep Ha T II Ba M II x; noaIIU,IIli, He 
IIMe:iom;ne aJlbTepHaTIIB, rra3. 0 K 0 H 'I a Te Jl b H bl M ll, 
a Bel'YIIJ;lle B HIIX IIYTII - II a p T II H M n; MHOmeCTBO 
OKOHqaTeJlbHhlX II03IIU,IIii o6o3HaqaeTCH X*; 3) m -
paa6neHlfe MHOiKeCTBa X"X* Ha n+ 1 M H 0 me c T Il 

o q e p e AH o c T II X 0 , X 1 , •. ., Xn. B II03IIU,liHX 
H3 X;, i>O, XO)! ocyrri;ecTBJlHeTCH IIrpoROM i, B U03IIllliHX 
H3 x 0 - CJiyqaiiHo; 4) p x - BepOHTHOCTHble pacnpeAe
JleHliH Ha MHomeCTBaX aJibTepHaTirn RamAoii II03HU,Hll 

xEX0 ; 5) \Jl;= {Uf, U~, ... , U!n. l - pa36:irnHIIe Ram-

' 
AOro X;, i>O. IlpeAIIOJiaraeTCH, 'lTO ace H03IIUIIII x li3 

AaHIIOrO U~ IIMeIOT OAHRaROBOe qIICJIO aJlbTepHaTIIB II 

HIIKaRIIe ABe li3 HIIX He CJleAYIOT APYr 3a APYroM; MIIO

mecTBa u~ Ha3. H H «P 0 p M a u, II 0 H H bl M II. MemAY 
aJlbTepHaTIIBaMJI BCeX II03IIU,IIH OAHOro IIH«P'lpMaU,IIOH
Horo MHomeCTBa ycTaHOBJleHO OAH03HaqHoe COO'l;BeTC'l;
BHe, II RamAhlH ero RJiacc Ha3. a Jl b T e p H a T H .8 0 H 
caMoro nH«PopMau,nOHHoro MHO>KeCTBa; 6) h; - «PYIIKU,HH, 
CTaBHIIJ;aH B COOTBeTCTBlle RamAOii OROHqaTeJlhHOH ll03II
U,IIII Bblllrphlm B Hell HrpoRa i. 

lJIICTOll CTpaTerIIeii nrpoRa i B Il.n. HB

JlHeTCH «PYHRU,IIH, CTaBHIIJ;aH B COOTBeTCTBIIe RamAOMY IIH

<fiopMaU,HOHHOMY MHomeCTBY Uik HeR-py:io ero aJihTepHa
TIIBY • Ha6op n qIICTblX CTpaTerIIH BCex IIrpOROB COCTaB
JlHeT c H T y a u, II IO. 11 pou,ecc IIrpbI B YCJIOBIIHX CJIOmHB
rneiiCH CIITyau,nn MOmHo IIOIIHMaTb KaR CJiyqaii:Hoe 6JiyJ«-
11arrne no MHomecTBY II03HU,HH OT Ha'JaJlbHOll ll03HUIUI 
K OROHqaTeJlbHOH, npIIqeM B Ram11oii II03HU,lfH IIrpoR, MHO

mecTBy O'lepeAHOCTll R-poro npIIHa11JiemHT na ll03HU,HH, 
3IIaeT JlHllih COAepmamee ee HH«PopMau,noHHOe MHO>KeCTBO 
II Bhl6npaeT aJlbTepHaTHBY B COOTBeTCTBllH co CBoeil: CTpa-
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Ter:irnii. B 11oanu,:irnx na X 0 sbr6op aJihTepHaTMBbI cJiyqaeH. 
8TO CJiyqaiiHoe 6JiymAaHMe 011per1emrnT BepOHTHOCTHOe 
pac11peAeJieHMe Ha MHomeCTBe OKoHqaTeJihHhIX l103llU,Hii. 
IIpHHHMaH aa BhIHrphIIII HrpoKa ~IaTeMaTnq. omHAaHlle 
ero Bhrnrphlma Ha oKoHqaTeJihHhIX 11oanu,HHX, rroJiyqa:ioT 
6ecrwaAU!fUOllliYIO uzpy B HOpMaJihHOii qiopMe. 

II. ll. Haa. ll r p 0 ii c 11 0 JI H 0 ii ll H qi 0 p M a-
u. ll e ii, eCJill llHqiopMaU,HOHHhle MHomecTBa HrpoKOB CO· 
CTOHT ll3 OAHOii l103llU,llll KamAoe. B nrpe c IIOJIHOii llH
qiopMau,neii cyiu.ecTsyeT c:inyau,HH paBHOBeCllH B qHCTblX 
CTpaTerHHX (T e o p e M a U, e p M e JI o - H e ii M a
H a). 

BamHy:io poJih B II. H. nrpa:ioT cMemaHHbie cTpaTernn. 
,II.Be CMemaBHhJe CTpaTerl!ll MrpoKa Haa. 3 KB ll Ba JI e HT
H hI M ll, ecmi B CMTyau,nHX, OTJillqaIDJI\llXCH TOJihKO 
3TllMJI CTpaTerllHMll, BepOHTHOCTll KamAOii OKOHqaTeJihHOii 
l103HU,llli paBHb!. MrpoK llMeeT 11 0 JI H y ID II a M R T h, 
ecJin KamAoe ero MH<fiopMau,no1rnoe MHomecTRO cJieAyeT 
aa eAHHCTBeHHOii aJibTepBaTMBOii ncex 11peAIIIeCTBYIDJD,HX 
naqiopMau,HOHHhIX MHomecTB aToro MrpoKa. HaJinqne 
IIOJIHoii IIaMHTH y nrpoKa 03HaqaeT, qTo B MOMeHT COBep
memrn XOAa OH IIOMHllT see llHqiopMaU,llOHHbJe ~moarncTBa, 
B K-pbIX OH HaXOAllJICH, ll CBOH Bb16opbl B HHX. GT pa
T e r ll e ii 11 0 B e A e H ll R Haa. TaKaH CMernaBHaH 
CTpaTerirn, 11pn K-poii cJiyqaii:Hbre Bb16opb1 aJihTepaanrn 
naqiopMaU,llOHHhIX MBomeCTB CTOXaCTllqecmI HeaaBHCllMbI. 
KamAaH cMemaHBaH CTpaTernH nrpoKa aKBHBaJieHTHa 
BeK-poii CTpaTerlln lJOBeAeHHH TOrAa ll TOJibKO TOrAa, 
KOrAa nrpoR IIMeeT IIOJIHYID 11aMHTh (T e 0 p e M a K y
H a). 

BoJiee o6ID,MMM HBJIHIDTCH II. R. c 6ecKoueqHhIM MHO
mecTBOM aJibTepHaTHB B KamAOH II03llU,llll ll c 6ecKoHeqHo 
IIPOAOJima:iorn;MMHCH IIapTllHMll, a TaKme UZpbi IW zparfjax. 

Jlum.: [1] Il03Hl.{HOHHhle Hrpbl, M., 1967; [2] Ee p )fl R., 
0611.{aH TeopHH Hrp necHOJibHHx JIHI.{, rrep. c lfipau11., M., 1961; 
[3] H y H r. Y., B c6.: Il03HI.{HOHHbie Hrpb!, M., 1967' c. 13-40; 
[4] T ho mp so n G. L., B RH.: Contributions to the theory of 
games, v. 2, Princeton, 1953, p. 267-77; [5] Bopo6heB H. H., 
«Ilpo6JieMbl HH6epHeTHHHI>, 1962, B. 7' c. 5-20; [6] E y ii 
H 0 Hr H bl 0 Hr, «BecTHHH JirY1>, 1969, No 1, c. 1,9-59. 

H. H. Bopo6'beB, A. H. Jl.1tnyuo•. 
IIOlIA P ACIIPE,lJ.EJIEHIIE - pacIIpeAeJieHlle sepoHT

uocTeii cJiyqaiiHoii BeJIHqllHbI X n• 11pMHHMa:ioiu.eii u,eJihle 
BeOTpHu,aTeJibBhle aaaqeHllH k, O~k~n. B COOTBeTCTBHll 
c qiopMyJioii 

P {Xn= k}= 
=Ck b (b+c) ... [b+(ll-1) c] r (r+c) .. [r+(n-ll-1) c] 

n (b+r) (b+r+c) ... [b+r+(n-1) c] 

rAe U,eJihJe n>O, b>O, r>O, c;;;:,-1 - IIapaMeTphI, HJm 
3KBllBaJieHTHOH qiopMyJioii 

P{Xn=k}= 
=Ck P (P+V) ··· [p+(l!-1) V] q (q+V) ... [q+(n-l!-1) V] 

n (l+V) ... (l+(n-1) V] 

ck cn-k /en 
= (P/V)+k-1 (q/V)+n-k-1 (1/V)+n-1• (2) 

rAe u,eJioe n>O, AeHCTBHTeJihHble 0<p<1, q=1-p, 
y >O - IIapaMeTpbI. Cs11ah MemAY (1) n (2) ycTaBaBJin
saeTcH paB0HCTBaMH 

b r c 
p=b+r' q=b+r' y=b+r" 

M aTeMaTn'I. omnAaHne M T1Mc1rnpcnH II. p. paBBbI cooT-
t + vn 

BeTCTBeBHo EX,,=np M DXn=npq l+v . Cneu,naJihHhle 

cJiyqan II. p.: Xn IIMeC'T IIpll c=O 6uno.Mua.;ib1We pacnpe-
8e.;ienue c napaMeTpaMn n n p; Xn HMeeT 11pn s=-1 
zunepzeo.>.tempu<tecnoe pacnpeiJe.;ie11ue c IIapaMeTpaMn M= b, 
N=b+r n n. Tipn b-.+oo, r-.+oo, ROrAa p=b/(b+r) 110-
CTOHHHO, H y=c/(b+r)-.+0, II. p. CTpeMHTCH R 6HHOMll
aJibHOMY pacnpe;i:eJieHnID c napaMeTpaMn n n p. 

IT. p. 6bwo paccMoTpeHo ,lJ.. IIoiia (G. P6lya, 1923) 
B CBH3H c T. u. y p u o B oil. c x e M o ii II oil: a. Ma 

ypBbI, co,n;epmaiu.eil: b qepahlx n r RpacHbIX mapos, ocy
:cu;ecTBJIHeTCH Bhl6op c soaspaiu.eaneM 11pn ycJioBnH, qTo 
KamAhIH H3BJie'leHHhlH map soaspaiu.aeTCH B YPHY BMeCTe 
c c ma pa Mn Toro me u,mrra. EcJIH X n - IIOJIHoe qHcJio 
qepHhIX rnapoB B BhI6opRe o6'heMa n, TO pacIIpeAeJieHne 
X n 3aAaeTCH qiopMyJiaMH ( 1) HJIH (2). IIocJieAOBaTeJibHOCTb 
X n• n= 1, 2, ... , 11peACTaBJIHeT co6oii AllCRpeTHhIM 
MapROBCRHii IIpou,ecc, 11pll'leM COCTOHHHH 11pou,ecca OIIpe
AeJIHIDTCJI qncJIOM qepHhIX mapoB B BbI60pRe B MO
MeHT n, a ycJIOBHaH BepOHTHOCTh 11epeXOAa OT COCTOH
HHH k B MOMeHT BpeMeHH n B COCTOHHHe k+1 B MOMeHT 
speMeHn n+ 1 pasua 

{ b+kc p+k"I' 
P X,,+ 1 =k+1 I Xk=k}=--=--b+r+nc l+nv 

(aaBHCllT OT n). 
II peAeJihHhlM 11epexoAOM H3 ypaosoli cxeMbI IIoiia Mo

meT 6bITh noJiy'leH II p o u. e c c II o H a - HeOAHO
POAHhlii MapKOBCKHH IIpou,ecc c HeIIpepbIBHhIM BpeMeHeM, 
11pnHaJrnemarn,Mft RJiacc y 11pou,eccos «'IHCToro pa::JMHome
HHH». IIpH YCJIOBIIH, 'ITO aa 6ecROHe'IHO MaJIOe BpeMH l'lt 
Ilp<lllCXOAHT illlillb O[IHO H3BJieqeBl<!e ma pa, IIpll n-.+oo' 
KOrp;a np-.+t, ny-+at, BhIBOAlfTCH IIpeAeJI.bHaH YCJIOBHaH 
BepoHTHOCTh nepeXOAa ll3 COCTOllHllH k ];I COCTOHH!Ie k+ 1 
aa speMH l'lt: 

P {X (t+M) =k+1 IX (t) =k}= ~::~ M+ o (M). 

IIpH IIepexoAe OT ypHosoii cxeM.1>1 IIoiia R 11pou,eccy Ilolia 
B03HHRaeT samaaH 11peAeJihHaH qiopMa IT. p. l1MeHHo, 
BepOHTIIOCT.b pk (t) B MOMeHT BpeMeIIH t 11pe6&rnaTb B co
CTOHHllll k pasHa 

pn (t) =C?11a)+n-I ( 1:'at r (!~at) I/a 

(P0 (0)=1). 

IIoJiyqeHHoe 11peAeJihHoe pacIIpeAeJieHHe HHJIHeTCH ompu
lfame.;ibnb!.M 6unoMuaAbllb!.M pacnpe8e.;ienue.M c IIapaMeT
pa~m 1/a H 1/(1 +at) (cooTBeTCTBYIDID,ee MaTeMaTH'I. OlKH
AaHHe pasHo t, a AMCIIepcnH t(1+at). 

YpHoBaH MOAeJib H 11pou,ecc IIoiia, B R-phIX B03HHKaeT 
II. p. H ero IIpeAeJibHaH qiopMa, HBJIHIDTCH MoAeJIHMll 
c 3 qi qi e K T 0 M 11 0 c JI e A e ii c T B ll H (H3BJie'leHHe 
rnapa onpeAeJieHHoro ~BeTa ll3 ypHbI yneJIHqnsaeT sepoHT
HOCTh ll3BJieqeHHH ma pa Toro me U,BeTa IIpH CJiep;y:io1D,eM 
llCIIhITaHHH). 

II pH CTpeMJieHHH 11a paMeTpa a R BYJIID npou,ecc IIoiia 
nepeXOJ\llT B nyaccon06C1'UU npO!fecc, a TI. p. IIpll a-0 
MMeeT CBOHM npep;eJIOM llyaccona pacnpe8e.;ienue c 11apa
MeTpoM t. 

Jlum. · [1] <I> e JI JI e p B., Bse11enHe B Teopmo sepoRTHOcTeil 
11 ee rrpHJiomenm<, rrep. c aurJI., 2 H3J\., T. 1-2, M., 1967. 

A. B. Ilpoxopoe. 
IIORA TEOPEMA: nycTh RD- MHomeCTBO oT06pa

meHIIii RoaeqHoro MaomecTBa D, ID I= n, B MHomecTBO 
R II IIYCTh G - rpynna IIOACTaBoBoK MHomecTna D, 110-
pomAa:iom;aH paa6HeHIIe RD Ha miacc.1>1 aRBHBaJieHTHOcTII. 
IIpII R-poM /1. f2ERD npHaap;JiemaT O,[IHOMY II TOMY me 
RJiaccy TOrAa II TOJILIIO TOrAa, ROriJa HaM):\eTCH Ta1we 
g E G, 'ITO Ii (g (d))= / 2 (d) AJIH scex d ED; ecJIH RamADMY 
r ER COIIOCTaBJieH sec w (r) - aJieMeHT RoMMyTaTHBHoro 

ROJibIW (sec f 110JiaraeTCH paBHbIM w (!)=IT w (! (d)) 
dE D 

H Bee w (F) RJiacca Fe RD orrpeAeJIHeTCH RaR Bee JIID6oro 
/EF), TO 

~Fw (F) =P (G; ~rEI~ w (r), ~rE Rw2 (r), .•. 

... ' ~re R wn (r)), 

rAe B JieBOH qacTH paseHCTBa cyMMa 6epeTCH IIO BC0M 
KJiaccaM 3RHHHaJieHTHOCTH, a 
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ecTb u;11RJ1oaoil HHAeRc G, IIpI! :noM ik(G)
qucJ10 D;llHJIOa AJIHHbl k IIOACTaHOBRll g a pa3JI01ReHllll 
ee a rrpmrnaep;eHlle He3aaHCllMblX IJ;HHJIOa. 

TeopeMa 6b1J1a orry6J111HOBaHa a 1937 )]; . Iloiia (G. P6-
lya, CM. [3] c. 36-138), XOTH qiaHTllqecRll OHa 6brna 
ll3aeCTHa paHb!Ile (CM. [3] c. 9-35). 

EcJIH a Haqecrne aeca aJieMeHToa R 6paTh cTeIIem1 
He3aaHCllMOH IIepeMeHHOH x (llJlll rrpo113aep;eHHe CTerreHeH 

. ,..,"" k 
HeCROJlbRllX nepeMeHHblX), TO AJIH rp (x)= £.Jk=oakx (T. H. 

«pHp;, IIepeq11cJ1Hroiu;11ii qi11rypb1», r1J,e aii - q11cJio aJle-

MeHToa R aeca xk) 11 <ll (x)= ~:=obkxk (T. H. «pHp;, nepe

q11cJ1f!IOIIJ;HH HoHqiHrypau;HH», rp;e bk - 'lllCJIO HJlaccoa 
RD aeca xk) corJlaCHO n. T. llMeeT 111eCTO COOTHO!IleH11e: 

<ll(x)=P(G; rp(x), q>(x2), .. .,rp(xn))=P(G; rp(x)). 

n p II.Me p bl. 1) EcJIH. IRl=m, w(r)=1, TO cp(x)=m 
11 Torp;a P (G; m, m, .. ., m) - q11cJio HJ1accoa aHauaa
JieHTHOCTH. 

2) ECJ111 R={O, 1}, w(r)=x', To rp(x)=1+x, a IE 
ER D c w (/)= xk 111omHo IilCTOJIROBaTh HaH nop;MaomecTao 
D MOIIJ;HOCTH k. fpyrrrra G IIHAYD;HpyeT op611Tbl IIop;MHo
mecTa D, H Roaqiqiuu;BeHT rrp11 xk a MHoroqJ1eHe P (G; 
1 +x) eCTb q11cJ10 op6HT' COCTOfllIJ;l'IX ll3 nOAMHOJRecTa 
MOIIJ;HOCTll k. 

3) IlyCTb R= {O, 1 }, D= V2 - ace 2-rrop;MHOJRecTaa 
{i, j} MHOIBeCTaa V= {1, 2, .. ., p }, TOrAa fERD rrpep;
CTaaJlfleT IIOMeqeHHbJH rpaqi c aep!IlllHRMH Ji13 v, y H-poro 
p;ae aepmllHhI i Iii j cMeiRHhl, ecm1 f ( {i, j})= 1. IlycTh 
w(r)=x', TOrAa ecJ111 w(f)=xk, TO k - q11cJ10 pe6ep 
a rpaqie, COOTaeTcTByroiu;eM OT06pameHJIIO f. EcJlll Ha v 
AeMCTByeT CllMMeTpllq. rpyrrrra s P' TO, OIIpep;eJ111a AJlfl 
aESp nop;cTaHoaRy g(J Ha D COOTHOIIl0HHeM gcr {i, .i}= 
= {a (i), a (j) }, IIoJ1yqaroT IIapHyro rpynrry G= s121= 
= {gcr }, p;eii.cTayro1u;yro Ha D= v121. 

)];Jlfl IIOCJleAOBaTeJlbHOCTll gp_k (q11CeJ1 rpaqioa c p aep
!IlllHaMH ll k pe6paMll), k= 1, 2, ... , IIO Il. T. IIOJlyqalOT 
IIpOll3aOAflIIJ;YIO qiyHRIJ;llIO 

gp(X)=~:=Ogpkxk=P(S~2>; 1+x). 

.IJ:;rn ep;llHll'IHOH rpyrrIIhI IIOl\CTaHoaoR En, CHMMeTp11'1. 
rpyrrrrhl IIOACTaHoeoR Sn 11 IIapHoii rpynrrM nop;cTaHoaor1 

S~) I~llRJIOaOH HHJJ;eRC llMeeT COOTBeTCTaeHHO allA 

P (En; x 1) =x7, 

p (Sn; Xi, ... , Xn) = ~· n~=J ll;, ( ~i Yi' 
p (S~>)= ~· (If= I k;! ik, )- In i[= ~ J (x1x~11)k'iX 

·(kt) [n-1] .k I xx' 2 II ~ x, :i+ II x<'· •> k,k, 
i i=I 2i+l r<s [r,s] • 

rAe (r, s) - HaH60J1b!Illl!I 06iu;11ii AeJIHTeJlh, [r, s] - ua11-
111eHbruee o6iu;ee RpaTHoe 'IHCeJI r B s, a cyMMBpoBaHlle 
1:* npoaop;HTCfl no k1, k 2 , •• ., kn rrpB ycnoa:irn k1+ 
+2k2+ .. . +nkn=n. lfaaecTHhl IJ;l'IRJIOable HHA0RChl ;rl;Jlfl 
3HaRonepeMeHHOH, IJ;llRJIHqecROH Ji[ All3APRJlbHOH rpyIIrr, 
a TaRme qiopMyJlhl AJifl IIOJlyqeHHH IJ;HKJIOah!x llH;rJ;eRcoa 
AJlfl nponaaeAeIIllH, AeKa pToaa npo113aeAeHHH H CIIJleTe
HllH rpynrr (cM. [4)). 

l1MeIOTCfl o6o6ru;eBllfl Il. T. Ha CJly'laH JIHOro orrpeAeJle
H:lrn KUK Beca qiyHRIJ;llll, TaR ll KJlaCCOB aKaHaaJl01ITIIOCTll 
[ 1]. 

Jium.: [1] Lt; e B p e li u H. A lfl., B Ku.: Ilp1rnJI8)J;HaR KoM-
6ImaTopuaa MaTeManrna, nep. c anrJI., M., 1968, c. 61-106; 
[2] C a q 1< o e B. H., HoMfiHHaTOPHhle MeTO):thI 1:tHc1<peTuoli Ma
TeMaTHKH, M., 1977; [3] Ilepe'IDCJIHTeJJbHble 3aita'ID KOMOHHaTop
uoro ananHaa. C6. nepeeo11oe, M., 1979, [4] X a pap H <l>., 
TI a JIM e p a., Ilepe<IDCJleHl!le rpaqme, nep. c aurn., M., 1977. 

B. M. MuxeeB. 
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IIOKA3ATEJlbHAH <l>YHKI.J;HH, a Kc II o He H-

u; II a JI b H a H iP y II Ku; II H, 3 K c II 0 He HT a,-
qiyHRIJ;JilH 

y=ez""" exp z 

(rAe e - OCIIOBaH:lrn HaTypaJJbHbIX JIOrapHqiMoa- Hene
pOBO 'lllCJJo), AJIH JJro6oro 3JiaqeHllH z (AeiicTanTeJlbHOro 
IlJlll KOMilJl0KCJIOro) onpep;eJIH0Maf! COOTIIOil10HHeM 

ez = lim (1 +=-)n. 
n_,,,.rt:i n 

0Ha 06J1aAaeT CJJep;yIOIIJ;IIMH caoilcTaaMH: 

eZ1eZ2 = eZ1 +Z2 JI (eZ1)Z2 == eZ1Z2 

IIpII JII06b!X 3Ha'leHHHX Z1 H Z2. 

(1) 

n Pll p;eii:cTaJilTeJlbHblX x rpaqinK n. qi. y= eX- 3 K e
rr 0 H e H ~ ll a JI b H a ll l( p H a a H - IIpOXOAHT qepe3 
ToqKy (0, 1) ll aCHMIITOTllqecRJil rrpn6JIH-
maeTCH H oc11 Ox (cM. pnc.). Y 

B Kypce MaTeMaTHq. anaJ1:n3a paccMa
TpnaaeTcf! IT. qi. y= ax npu AeHCTBHTeJlb· 
Hb!X x Ji[ a >0' a 'i' 1; OHa CaH3aHa c ( OCHOB· 
HOH) Il. tJl. y= ex COOTIIO!IleHlleM 

ax =ex Ina. 

Il. qi. y=ax onpep;eJleIIa npH aCeX X, 

IIOJIOlRHTeJlbHa, MOHOTOHHa (aoapacTaeT, 
0 x 

eCJ!ll a>1, H y6LrnaeT, ecJIH 0<a<1), 
6ecRoHe'IIIo Amflqiepen~upyeMa; npu aToM 

IIenpepblaJia, 

r a"' (ax)' =ax In a \aXdx=-+C 
' v Ina ' 

B 1IaCTIIOCTH 

(eX)'=ex, ~eXdx=ex+c; 

B ORpeCTHOCTll KR>RAOH TO'IRH Il. qi. MOiKeT 6b1Tb pa:mo
iReHa B CTeneHIIOH PflA, Hanp.: 

x x2 x" ~"° xn 
eX=1+-11 +-21 +···+! + ... <== I• (2) · · a n=O~ 

rpaqilll( IT. !Jl. y=ax CHMMeTpuqeu rpaqi1rny IT. qi . 
y=(1/a)X OTHOCllTeJlbHO OCll OpAHHaT. EcJIJil a>1, TO 
Il. qi. ax npll X-++ 00 B03pacTa0T 6bICTpee JII060H CTe
Il01Ill x, a rrpll X-+-00 CTpeMHTCfl K Hymo 6blcTpee JII06oii 
CTeneIIH 1/x, T. e. rrpll J1ro60M HaTypaJlbHOM b>O 

Jim ~ = oo, lim I x lb ax= 0. 
x-++oolxlb X-+-oo 

06paTHOH R Il. qi. f!BJlfl0TCfl .ttozapurf>.MU'l.eCKa!t rf>ynK
q.usi. 

Il_pH KOMilJleRCHblX a ll Z Il. qi. CBH3aHa C (oCHOBHOH) 
Il. !Jl. w=ez qiopMyJ10H 

az =ez Ln a, 

rp;e Ln a - J1orap11qiM ROMrrJleKcIIoro q:ncJ1a a. 
IT. qi. w=ez- ~eJ1aH TpaHcu;en;o;eHTHaf! !pyHKIJ;HH H 

HBJlfl0TCfl aHaJlllTHq. IIpOAOJIJReHneM n. ip. y=ex c A0HCT
anTeJlbHOH OCH B KOMnJl0KCHYIO IlJIOCROCTb. 

IloMllMO qiopMyJlbl (1), Il. qi. MOiK0T 6b1Tb Oilp0AeJleHa 
TaR)f{e c noMOIIJ;bIO pHp;a (2), CXOAHIIJ;eTOCfl BO BC0H KOMD
JleKCHOH rrJ1ocKoCTH, HJIH no qi o p M y JI e 9 il JI e p a 

ez = ex+iy =ex (cosy+ i sin y). 

EcJIH z=x+iy, TO 

I ez /=ex, Argez =y+2nk, k=O, ± 1, ± 2, 

n. <fl. eZ- IIepHOAHqecRaf! c nepllOAOM 2:rci: 
ez+2ni =ez, 

IT. !Ji. ez rrp11HnMaeT ace HOMIIJleKCIIhie 3Haqeunf!, 3a nc
KJIIO'leIIneM HYJIH: ypaaHeHHe eZ=a HM0eT 6ecKOH0'1B09 
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'IllCJIO perneHllM AJIH mo6oro KOMIIJieKCHOrO 'lllCJia a ;t 0. 
8Tll perneHllR HaXOAHTCH IIO WOpMyJie 

z = Ln a= ln I a I+ i Arg a. 

TI. W· ez HBJIReTcH OAHOM 113 OCHOBHbIX :rne:11eHTapHbIX 

WYHKI\IIJI. lfope3 Hee BbipamaroTCH, HaIIp., Tp11roH0MeT

p11q. WYHK~llll H r11IIep60JI11q. WYHK~1111. IO. B. CuiJopoB. 
IlOKA3ATEJihHOE PACIIPE)l;EJIEHUE - HeIIpe-

pbIBHoe pacIIpeAeJieHlle eepOHTHOCTeil: CJIY'JalIHOM BeJill

'lHHbI x' 3aµaeaeMoe IIJIOTHOCTbIO 

. {)..e-'A.x, x;?O, 
p \X) = 

0, x < 0. 
(1) 

IlJIOTHOCTb p (x) 3ae11CllT OT IIOJIOll\llTeJibHOro Macrnrn6Ho
ro IIapaMeTpa /... <DopMyJia AJIH MOMeHTOB: EXn= n!/f..n, 
B 'laCTHOCTll - AJIH MaTeMaTll'l. om11AaH11H EX= 1//.. 11 AllC

IIepc1111 DX=1//..2; xapaKTep11cT11'l. WYHK~llH: (1-it//..)- 1. 

Il. p. BXOAllT B ceMeHCTBO pacIIpeAeJieHllM, m13bIBaeMb!X 

ell.MJUa-pacnpe8e.1teHURJUU II 3aAaeaeMb!X IIJIOTHOCTbIO 

p (x) = [f..axa- 1;r (a)] e-A.x, x;?O; 

n-KpaTHaH ceepTKa pacIIpeAeJieHllH ( 1) paeHa raMMa

pacIIpeAeJieH11ro c TeM me caMhlM IIapaMeTpoM /.. 11 c a=n. 
Il. p. - eAllHCTBeHHOe pacIIpep;eJieH11e, ooJiaAarorn:ee 

CBOMCTBOM OTCYTCTBllH IIOCJieAeMCTBllH: AJIH JII06bJX X >0, 
y >0 BbIIIOJIHHeTCH paeeHCTBO 

P{X>x+ylX>y}=P{X>x}, (2) 

rAe P {X >x+ yl X >y} - ycJIOBHaH eepoHTHOCTb co6b1-

TllH X >x+y IIpll ycJioe1111 X >y. Ceoil:cTBo (2) Ha3hrnaeTCH 
TaKme M a p K 0 B c K II M c B 0 II c T B 0 M. 

B OAHOPOAHOM nyacconoec1w.JU npoqecce paccTOHHlle 

MeIBAY ABYMH JJOCJieAOBaTeJibHblMll CKa'lKaMH TpaeKTOp1111 
llMeeT Il. p. Hao6opoT, IIpo~ecc BOCCTaHOBJieHllH c IIO
Ka3aTeJibHb!M epeMeHeM ll\113Hll ( 1) HBJIHeTCH IIyaccoHOB

CKllM IIpO~eccoM BOCCTaHOBJieHllH. TI. p. qacTO B03Hil

KaeT KaK IIpeAeJibHOe IIPll cyIIepIIo311~1111 llJIH pa3peme
unn IIpo~eccoe eoccTaHOBJieHHH, e 3aAa'lax IIepeceqe

HllH Bb!COKoro ypoBirn B pa3Jill'lHblX CXeMaX 6JiymAaHllH. 

B KpllTll'leCRHX eeTBHW:llXCH IIpo~eccax II T. II. 
"YIIoMHHYTbIMll BbIIIIe ceoil:cTeaM11 o6'bHCHHeTCH IImpo-

1we IIpHMeHemre Il. p. IIPII pac'leTax pa3Jill'lHbIX c11cTeM 
e Teop1111 Maccoeoro 06cJiymrrnaHllH II e Teop1111 HaAem

HOCTll. IlpeAIIOJiaraH epeMeHa 3aHHTOCTll IIp116opOB CJiy

'laHHb!Mll, He3aBHCHMhlMII APYr oT Apyra II pacIIpeAeJieH
HbIMH IIORa3aTeJibHO, MOll\HO 6JiaroAapH CBOMCTBY (2) 
113y'laTb CllCTeMbl Maccoeoro 06cJiym11eaHHH c IIOMOIIl;bIO 

KOHe'lHb!X llJIH C'leTHb!X ~eIIeM MapKOBa c HeIIpepbIBHblM 
epeMeHeM. AHaJior11qHbIM o6pa3oM IICIIOJib3YIOTCH ~errn 
MapRoea 11 B Teop11H HaAell\HOCTll, rAe epeMeHa 11cIIpae

Hoii: pa6oTbl OTAeJibHb!X IIpII6opoe qaCTO MOll\HO IIpeAIIOJia
raTb He3aBHCIIMb!MII II paCIIpeAeJieHHblMII IIOKa3aTeJibHO. 

Jlum.: [1) <I> e JI JI e p B., Bsenentte B Teopmo sepoHTHOCTell 
Hee IlPHJIO>t<eHHll, nep. c aHrJI., 2 H3)l., T. 2, M., 1967. 

B. A. CeBacmoR'IWB. 
IIOKOOP)l;UHATHOro CIIYCKA METO)l; - OAllH 113 

MeTOAOB MllHIIMH3a~HH wy1rn~11ii MHOrHX IIepeMeHHbIX, 

11CIIOJib3YIOrn;nif JIIIIIlb 3Ha'leHHH MIIHIIMll311pyeMoif WYHK
~II11. Il. c. M. IIPllMeHHeTCH B TeX CJiy'laHX, KOrAa MHHll

MII3IIpyeMaH WYHK~IIH HeAIIWwepeH~11pyeMa llJIII Bhl'lIIC
JieHIIe ee IIpOII3BOAHb!X Tpe6yeT 6oJibIIIOrO o6'beMa pa-
60Tbl. H11me OIIllCaH Il. c. M. AJIH 3aAa'III MIIHllMII3a~HH 
WYHK~1111 F (x) Ha MHomecTee 

X={x=(x1, ... ,xn):a;~xi~b;, i=1, . .. , n}, 

fAe a;, b; - 3aAaHHbie 'lllCJia, a;<b;; CJiyqan, ROrAa 
ece IIJIII HeK-pbre a;= -oo, b j= + 00, 3/];eCb He IICKJIIO
qaIOTCH. ITycTb e;=(O, ... , 0, 1, 0, ... , 0) - RoopAH

HaTHhlii BeKTop, y K-poro i-H KOOpAIIHaTa paaHa 1, oc

TaJihHbJe KOOpp;llHaTbI paBHbI HYJIIO. 3aAaIOr Ha'laJibHOe 

rrpn6JI11meHHe x 0 EX, a 0 >O. Ilycrb II3BeCTHO k-e IIpll-

6JI11meH11e x 0 EX, ak >0 IIpll RaKoM-JIII6o k;;,O. TI oJiaraIOT 

Pk=e· , rAe ik=k-n[!::...]+1 (3AeCb [a) - ~eJiaH qacrh 
'k n 

q11cJia a). TaK11M o6pa3oM, 

T. B. ocyrn;ecrBJIHeTCH ~llKJIII'l. IIepe6op ROQPAHHaTHblX 

BeRTOpOB el, ••• ' en· CJiaqaJia IIpoeepHIOT BblJJOJIHeHIIe 

YCJIOBllH 

a.·k+etkPkEX, F (xk+akPk) < F (xk)· (1) 

ECJill (1) BbIJJOJIHHeTCH, TO IIOJiararoT Xk+i=:.ck+et.kPk· 
a:k+1=Ct.k· ECJill (1) He BbIJJOJIHHercH, TO IIpoBepRIOT 

ycJIOBlle 

xk-akPkEX, F (xk-akPk) < F (xk)· (2) 

B cJiyqae BLIJJOJIHeH11H ycJIOBIIH (2) IIOJiararoT xk+ 1 = 
=xk-Ct.kPk• et1<+1=ak· EcJI11 o6a ycJToBllH (1), (2) He 
Bb!IIOJIHHIOTCH, TO IIOJiaraIOT Xk+1=Xk, 

{ /..ak IIPll ik=n, Xk=xk-n+i. (3) 
Cl.k+I = . 

GtkIIPll ik ;t n IIJIII Xk =I= Xk- n+ i, llJill O~k~n-1; 

rAe /.., 0</..<1,- IIapaMeTp MeToAa. YcJioBIIR (3) o3Ha

qaroT, 'ITO eCJill 3a OAllH ~llRJI 113 n IITepa~IIM IIPll IIepe-

6ope ecex KoopA11HaTHbIX eeKropoB e 1, ••• , en c maroM 

Cl.k BLIJJOJIHIIJIOCb XOTR 6hl OAHO H3 ycJIOBllH ( 1) HJIH (2), 
TO AJIHHa rnara ak He ,a;po611TCH H coxpaHHeTCH Ha IIpO

TRll\eHllll IIO Rpaii:Heil: Mepe CJieAYIOrn:ero ~HKJJa W3 n 
IITepa~IIii:; eCJIH me Ha IIOCJieAHHX n 11repa~Hf!X o6a 
YCJIOBIIH (1), (2) HH pa3y He BblIIOJIHHJIHCL, TO mar ak 
Apo6uTcH. 

Ecmr wy1rn~IIH F (x) ebrnyKJia n HeIIpepLrnHo ,a;11wwe

peH~HpyeMa Ha x, MHOll\eCTBO {xEX: F(x)~F(xo)} 
orpaHH'leHo, Ct.o - IIpOH3BOJlbHOe IIOJIOll\HTeJibHOe q11c

JIO, TO MeTOA (1) - (3) CXOAHTCH, T. e. 

lim F (xk) = inf F (x), 
k--+"' XE x 

nocJieAOBaTeJibHOCTb {x k} CXOAMTCH K MHOll\eCTBY TO'leK 

MIIHIIMyMa F (x) Ha X. EcJiu F (x) HeAuwwepeH~IIpyeMa 
Ha x, TO Il. c. M. Momer He CXOAHTbCH (CM. [1), [2]). 

Jium.: [1) Ba c H JI he B <I>. II., qHcJJeuuwe MeTO)lhI perne
ttHH 3KCTPeMaJibHhlX 3anaq, M., 1980; [2) I\ a p Ma H 0 B B. r., 
MaTeMaT1<qec1<oe nporpaMMHposantte, 2 H3ll., M., 1980. 

<1>. II. Bacu.itoeB. 
IIOKPhIBAIOrn;ulI 3JIEMEHT a q a c T u q II o 

y II 0 p H A 0 q e II H 0 M !>i H 0 JI\ e c T B e - 3JieMeHT' 
HeIIocpeACTBeHHo CJieAYIOW:Hif 3a ApyrnM aJieMeHToM; TO'l

Hee, BbipameHne «a IIORpbleaer b B qaCTH'lHO YIIOpR,D;O
'IeHHOM MHomecTee P» o3JiaqaeT, 'ITO b<a u He cyrn;ecT

ayer 3JieMeHra x E P, YAOBJieTBOpHrorn;ero ycJioeuro b < 
<x <a. T. C. <Porf!attoBa. 

IIOKPblTUE M H o m e c T B a X - Jiro6oe ceMeii:-

CTBO IIOAMHOIBeCTB 3T0f0 MHOIBeCTBa, o6'heAIIHeHHe K-poro 
eCTb X. 

1) IlOA Il. TOIIOJIOfll'leCKOfO IIpo-

c T p a II c T B a, paBHOMepHoro IIpOCTpaHCTBa II Boo6w:e 
KaRoro-m160 MHOil\eCTBa, HaAeJieHHOro TeM HJIII HHhlM 
CTpoeHIIeM, IIOHII,IaIOT IIp01I3BOJlbHOe Il. 3T0f0 MHO

mecrea. 0AHaRo B TeOplIH TOIIOJIOfH'l. IIpocrpaHCTB oco-
6eHHO ecTeCTBeHHO paccMaTpHBaTb 0 T R p bl T bl e II O

K p bl T II H, TO eCTb Il., ace 3JieMeHTbl K-pbIX HBJIHIOTCH 
OTRpb!TbIMll MHOIBeCTBaMII. EOJibillOe 3Ha'leHIIe OTKpbITLIX 

Il. Bbl3BaHo reM, 'ITO IIX 3JieMeHThl HeCyT B ce6e IIOJIHYKl 

HHWOpMa~HIO o JioKaJibHOM CTpoeHHM IIpocrpaHCTea, a 

caoiicTaa IT. B ~eJioM (e qacTHOCTII, 'IHCJIO 3JieMeHTOB 

B IIeM, KparHOCTL, KOM61IHaTOpHbie CBOMCTBa) OTpamaror 
cyrn;eCTBeHHO rJio6aJILHbie xapaRrepHCTHRII IIpOCTpaHCTBa. 

TaK, Ha H3bIKe OTKpb!TbIX Il. OIIpeAeJIReTCH pa3Mep

HOCTb IIO Jie6ery dim ronoJiorH'l. npocTpaHc1Ba: pa3Mep
HOCTb HOpMaJibHOro IIpocrpaHCTBa x He IIpeBOCXOAIIT 
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HaTypaJibHOro qIIcJia n, eCJIII B KMK)l;Oe KOHeqHoe OTKpbI

TOe II. :noro npocTpaHCTBa M01KHO BIIIICaTb KOHeqHoe 

OTKphlTOe II.' RpaTHOCTb K-poro B Ram,a;oll: TO'!Ke (T. e. 
qIIcJio :meMeHTOB IT., co,a;epmaru;nx ,a;aHHyro ToqRy) He 
npeBOCXO):\IIT n+L 0THOIIIerrne BIIIICaHHOCTII Op;Horo IT. 
B ,a;pyroe HBJll'IeTCH OCHOBHbIM o6ru;IIM :rneMeHTapHhlM OT

HOIIIeHirnM Mem,a;y IT. CeMeiicTBO MHomecTB y mrncaHo 
B ceMeii:CTBO MHomecTB A, ecJIII Ram,a;hrii :rneMeHT ce

MeiiCTBa y co11,epmIITCH B HeR-poM :rneMeHTe ceMeiicTBa A,. 
Ha Hahme OTKphlTbIX IT. OIIpe,a;eJIHeTCH RJiacc napat>oM
nat>mnblx npocmpancme. 

II 0 A II 0 K p bl T II e M IIOKpbITHH '\' MHomeCTBa x 
Ha3. BCHROe IIO,a;CeMeii:CTBO CeMeiiCTBa y, caMo HBJIHIO

ru;eecH II. MHomecTBa X. B TepMirnax nop;IIoRpbITHii OIIpe
,a;eJIHIOTCH ljiyHp;aMeHTaJibHbie IIOHHTIIH 6nROMIIaKTHO

CTH, C'leTHOH ll ljJIIHaJibHOH KOMIIaKTHOCTII. IIpoCTpaH

CTBO 6 H K 0 M II a K T H O, eCJIII ll3 Ram,a;oro ero OT
RphlTOTO IT. M01KHO Bhl)l;eJIHTb KOHeqHoe IIO)l;IIOKpb!THe. 

IlpoCTpaHCTBO c q e T H 0 K 0 M II a K T H o, eCJIH H3 

Ram,a;oro ero C'leTHoro OTKpbITOro II. M01KHO Bbl)l;eJIHTb 
ROHe'IHOe IIO):\IIOKphlTHe. IlpocTpaHCTBO qi ll H a JI b H 0 

K 0 M II a K T H o, eCJIII II3 Ram,a;oro ero OTKphlTOro II. 
M01KHO BbIJWJIIITb cqenrne IIO):\IIOKpbITIIe. c IIOMOll\bIO OT
Rpb!Tb!X II. OIIpe,a;eJIHIOTCH a6cTpaRTHble ROM6nHaTopHwe 

o6'heRThI, OTRphrnaroru;IIe ,a;opory IIpHMeHeHnro aJire6pa11q. 

MeTO)l;OB K IICCJie,a;oBaHHIO TOIIOJIOrH'l. IIpOCTpaHCTB, 6oJiee 

o6ru;nx, 'leM IIoJina,a;pb1. II. C. AJieRcaH,a;poB onpe,a;eJIIIJI 
ljiyHp;aMeHTaJibHOe IIOHHTHe H e p B a IIpOH3BOJibHOro 

IIOKphlTHH '\' RaK a6cTpaRTHOro KOMIIJieRca, BepIIIHHI.1 
K-poro IIOCTaBJieHbl BO B3aHMHO O)l;H03Ha'IHOe COOTBeTCT

BHe c 3JieMeHTaMH IIOKpblTllH '\' ll KOHeqHbIH Ha6op 3THX 

BepIIIIIH COCTaBJIHeT a6cTpaRTHblH CIIMIIJieRC B TOM II 

TOJibKO B TOM CJiyqae, eCJllI IIepece'IeHIIe OTBe'laroru;IIX 3THM 
aJieMeHTaM IIOKpb1Tnii y He IIYCTo. CnCTeMaM OTKpb!TblX II. 
IIpOCTpaHCTBa, B3HTbIX BMeCTe c OTHOIIIeHIIeM BIIIICaH
HOCTH, OTne'laIOT CllCTeMhl a6cTpaRTHbIX KOMIIJieKCOB, CBH

aaHHbIX CIIMIIJllII~naJibHblMII OT06pameHHHMII, - T. B. 

c II e K T p bl K 0 M II JI e K c 0 B. 
3aMeTHYIO poJib B TOTIOJIOrIIH nrparoT II 3 a M K H y

T bl e TI 0 K p bl T II H - TO eCTb II.' BCe 3JieMeHThl K-pwx 
HBJIHIOTCH aaMKHYTbIMII MHomeCTBa~rn. EcJIH B TOIIOJiorn'l. 

upo1.:TpaHCTBe Bee 011,HOTO'le'!Hble MHOffieCTBa 3aMKHYTbl, 

TO IIpnMepoM aaMRHyToro II. aToro rrpocTpaHCTBa MomeT 
CJIY1KIITb ceMeiiCTBO Bcex ero O)l;HOTOqeqHhlX IIO,!l;MHO

mecTB. Ho B TaKoM II. He aaRJiro'leHo mrnaRoii 1rnljiop-

111al.\1rn 0 TOIIOJIOflIII paccMaTplIBaeMOfO IIpOCTpaHCTBa, 
RpoMe TOH, 'ITO B HeM BbIIIOJIHeHa T1-aRCIIOMa OT,1J;eJI1I

MocT1I. IloaToMy Tpe60BaH1Ie aaMKHYTOCTII II. cJie11,yeT 
coep;nHHTb c p;pyr1IM1I cyru;ecTBeHHbIMII orpaH1IqeHnHM1I. 

B '!aCTHOCTII, noJie3HO paccMaTpnBaTb aaMRHyTwe JIO
RaJihHO RoHeqHwe II. Om1 cyru;ecTBeHHhl B Teop1I1I paa

MepHoCTII. BamHwM np1IMepoM aaMRHyToro II. HBJIHeTCH 

II. IIOJIII3,ll;pa aaMKHYTbIMII CIIMIIJieRCaMII RaRoro-m16yp;b 

IIOApaa.,a;eJIHIOll\ero 3TOT IIOJ111:3AP KOMIIJieRca. 
Cpe)llI orpaH1IqeH1Iii Ha II., CBH3aHHhle He c xapaRTe

poM 3JieMeHTOB, a c IIX paCIIOJIOffieHIIeM, Ha1I60Jiee qacTO 

BC'.fpeqaroTcH cJie,a;yroru;1Ie. M o ru; H o c T b II. - 'IHCJio 
3JieMeHTOB B HeM, JI 0 K a JI b H a H K 0 H e q H 0 c T b 

(y Kaffi)lOH TOqRII npoCTpaHCTBa eCTb ORpeCTHOCTb, nepe

ceRaroni;aHCH c KOHe'IHb!M MHOffieCTBOM 3JieMeHTOB ce
MeiiCTBa IIO,!l;MH01KeCTB 3Toro npoCTpaHCTBa), T 0 q e 'l

H a H K 0 He q H 0 c Tb (oaHa'laroru;aH, 'ITO MHOffieCTBO 

3JieMeHTOB II.' CO)lepmaru;IIX IIp01I3BOJibHO B3HTYIO TOqRy' 
KOHe'IHO), 3 Be 3 ll H a H K 0 He q H 0 c T b (RaffiAhlH 
aJieMeHT II. nepeceRaeTCH JIIIIIIb c ROHe'IHbIM qlICJIOM 

3JieMeHTOB 3T0f0 II.). 
Ce111eHCTBO MHOffieCTB B TOIIOJIOflI'l. IIpOCTpaHCTBe Ha3. 

K 0 H c e p B a T II B H bl M, eCJIII aaMb!KaH1Ie 06'he)l1IHe

HHH Jiro6oro ero ITO)lCeMeiicTBa paBHO 06'hell,1IHeH1IIO aa

MbIKaH1Iii aJieMeHToa 3Toro no)lce111eii:crBa. Kam)loe Jio

RaJibHo ROHeqHoe ceMeii:CTBO MHOffieCTB KOHcepBaTIIBHO. 

RoH<:epBaTIIBHhle II. B03HIIRaIOT nplI nccJie,a;oBaHHII napa-

KOMIIaKTHbIX npOCTpaHCTB, npn 3TOM BaffiHbl lI HC TpM

BIIaJibHhl He TOJibKO OTKphlThle, HO II Jiro6we KOHCepBa

THBHble II. 
BamHyIO pOJib IIrpaeT IIOHJITHe 3 B e 3 ll bl T 0 q K II 

x OTHOCIITeJibHO ceMeHCTB lllHOffieCTB (B qaCTHOCTH, IIO

Kpb!THH) y. i:ho - o6'he)lIIHeHne Bcex :rneMeHTOB ceMeii
CTBa y, Co)lepmaru;IIx x, o6oaHaqaeMoe o6w'IHo Sty (x). 
AHaJiornqHo orrpe)leJIHeTCH a B e a A a Sty (A) M H o

m e c T B a A OTHOCIITeJibHO ce111eii:CTBa MH01KCCTB '\'· 

Ha IIOHHTIIII 3Be3)lhl OCHOBaHo «liYHAa!lleHTaJibHOe OTHO
IIIeHne 3Be3)lHOH BIIHCaHHOCTH O)lHOfO II. B )lpyroe, cy

ru;eCTBeHHO 6oJiee TOHKOe, 'leM OTHOilleHIIe BIIHCaHHOCTM. 
CeMeiicTBO MHomecTB A, Haa. 3 B e 3 ll H o B n II c a H

H bl M B ceMeii:CTBO MHOffieCTB '\'' eCJIII )lJIH Ram)lOH TOqKn 

Haii:)leTCH :rneMeHT ceMeHCTBa '\'' CO)lepmaru;IIii: 3Be3)ly 3TOH 
TO'IKII OTHOCIITeJibHO A. 0THOIIIeHIIe 3Be3p;Hoii BIIHCaH
HOCTH OTKpb!TbIX II. II!lleeT BaffiHOe 3Ha'lemrn B TeopnII 

pa3MepHOCTII, Ha HeM OCHOBaHhl HeR-phle RpIITepnn MeT

pn3yeMOCTII, OHO HBJIHeTCH O)l;HIIlll H3 OCHOBHhlX 3JieMeH

Ta pHbIX IIOHHTHH' BXOAHID;HX B onpe,a;eJieHIIe paBHOMep
HOH CTPYRTypbI II paBHOMepHoro rrpocTpaHCTBa. IIoJieaHo 

paccMaTpIIBaTb ceMeiicTBa F OTKpb!TbIX II. TOIIOJiorII'l. 
npocTpaHCTBa, HarrpaBJieHHbie OTHOIIIeHneM 3Be3):\HOH BnH

CaHHOCTH B CJie,a;yroru;eM CMhlCJie: AJIH JII06bJX '\'1 II '\'2 H3 
F Haii:,a;eTCH µ E F, 3Be3)lHO BIIIICaHHoe II B y1 , n B y 2 • 

II pe,a;cTaBJIHeT ~eHHOCTb CJie,a;yroru;aH xapaRTepIICTIIRa 
rrapaRoMnaRTHOCTH Ha H3bIKe 3Be3p;HOH BIIIICaHHOCTII 

(T e o p e M a M o p H T w): xayc,a;opljioBo rrpocTpaHCTBO 
napaROMIIaKTHO B TOlll II TOJibKO B TOM CJiyqae, eCJIII B JII-0-

6oe ero OTKpbITOe II. M01KHO BIIHCaTb OTKpbITOe II. 3Bea,a;

HO. 
3Be3p;HaH BIIHCaHHOCTb B CJiyqae IIpOH3BOJibHbIX (IIJIII 

,a;ame aaMKHYThlX) II. He CTOJib co,a;epmaTeJihHa. B qacT

HOCTH, :no BHAH0 II3 Toro, qTo ce111eii:CTBO BCex O):\HOTO
'!e'IHbIX IIO):\MHOffieCTB rrpoCTpaHCTBa 3Be3JJ;HO BIIIICRHO 

n Jiro6oe II. 3Toro rrpocTpaHCTBa. 
Jlum.: [1) Re JI JI n .D: m., Oomaa TonoJiorna, nep. c aHrJI., 

2 H311., M., 1981; [2) A p x a Hr e J1 b c I< H fi A. B., II 0 H 0 Ma
pe B B. VI .• OcHOBhl oomell TOTIOJIOrHH B 3a11aqax H ynpamHeHHHX, 
M., 197 4. A. B. Apxauu.11bcnuii. 

2) B K 0 M 6 H H a T 0 p H 0 ii: r e 0 M e T p ll lI IIMe

eTCH PHA 3a)laq II rrpe,a;JiomeHHH, OTHOCHID;HXCH K crre~n
aJibHbIM TI., B OCHOBHOM BhlIIyKJiblX MHOffieCTB. IlyC'fb 

K - BbllIYKJIOe TeJIO n-MepHoro BeRTOpHOfO rrpoCTpaHCT

Ba IR.n, bd Kn int K - cooTBeTCTBeHHO rpaHIII.\a n BHYT

peHHOCTb K. Han6oJiee naBeCTHhl cJie,a;yroru;ne aa,a;aqn 

c II. 
a) Mru;eTCH MHHHMaJibHOe 'IIICJIO t (K) TpaHCJIHTOB (na

paJIJieJibHblX nepeHOCOB) int K' IIPH IIOMOll\H K-pwx M01KHO 

l!ORpb!Tb 'feJIO K. 
6) Mru;eTCH MHH1I111aJihHoe qncJio b (K) roMoTeTH'IHblX 

K TeJI c Roaljiljin~1IeHTOM roMOT0'flIII k, 0<k<1, IIPII 

IIOMOIIl;II K-pbIX M01KHO IIOKpb!Tb TeJIO K. 
B) Mru;eTCH MHHIIMaJibHOe qlICJIO d (K) fOMOTe'flI'IHhlX 

K MHomecTB c Roaljilji1I~1IeHTOM roMo'fe'flIII k>1 II ~eHT-

poM roMOTeTIIII B IR.n"int K' npH IIOMOIIl;H K-pb!X M01KHO 

IIOKpbi'fb T0JIO K. 
IlplI orpaH1IqeHHOCT1I K aap;a'III a) II 6) aRBIIBaJieH'fHbl 

Mem,a;y co6oii, <JKBIIBaJieHTHhl OCBeUfeHUsi aa8a<te (1I3BHe) 
MHomeCTBa bd K II CBll3aHw c X aaeuzepa zunomeaou. 
,AJI11 Heorpa1rnqe1rnoro K aa)la'IH a) n 6), Boo6ru;e roBopH, 

pa3JIH'IIIbI, IIpH'I0M 'IIICJia b (K) II t (K) Mory'f 6hlTb 6ec

KOHe'IHb!MH. 
Jlum.: [1) .n: a HI.\ e p .JI., r p JOH 5 a y M B., R J1 H B., 

TeopeMa XeJIJIH u ee npuMeHeHHH, nep. c aHrJI., M., 1968; [2] 
B 0 J1 T H H c K H ll B. r .. r 0 x 5 e p r VI. U., TeopeMbl H 3a-
11aqn KOMOHH3TOPHOll reoMeTplrn, M., 1965t" [3) H x )I{ e, Pa30He
HHe cjmryp Ha MeHbffiHe '13CTH, M., 1971; 4] x a II B" rep r,, 
.n; e 5 p y H Hep r., RoMOHHaTopHaH reoMeTpua TIJIOCKOCTH, 
nep. c HeM., M., 1965; [5) p 0 II )I{ e pc R., YHJ1311KH H TIOKphl
THH, nep. c aHrJI., M., 1968; [6) B 0 J1 T "H c K H fi B. r., c 0 JI
T a H II. C., RoM6HHaTOpHaH reoMCTpHH pa3Jiwrn&1x HJiaccoa BhI
nyKJihIX MHomecTB, Rmn., 1978. Tl. C. Co.11mm<. 

IIOKPhlTIUI M YIIAKOBKM - KOM61IHaTOpHbre ROH

qi 1Irypa~1IH' CBH3aHHbl0 c MIIOf03Ha'IHbIM OT06pameIIHeM 
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O)l;HO!'O MHOlReCTBa Ha p;pyroe. II ye Tb 3ap;aHbl MHOlReCTBa H pe6ep - B Ka'IeCTBe I, TO JIOKpliITneM HBJUieTCH pe6ep-

v H E H MH0!'03Ha•rnoe OT06pamemi:e f MHOlReCTBa E Hoe JIOKpblTHe rpaiJ>a, ynaKOBKOH - IIapoCO'leTaHHe, CO-
Ha MHomecTBo V. IIycTh r (e) - o6pa3 :meMeHTa e EE BepllleHHoii yIIaKoBKoii: - coBepllleHHoe napocoqeTaHHe. 

IIpII OT06pamemm f II )];JUI JII06oro C=E IIYCTb f(C)= EcJrn B Ka'IeCTBe II IIOKpblBaIOm;ero, H IlOKpblBaeMOfO 

=LJeeEf(e). IIop;MHOlReCTBO C=E Ha3. Il 0 K p bl T II- B3HTb MHOlReCTBO BepllIHH, a B KalJeCTBe J - OTHOilleHHe 

\l M (AJIH (V, E, r)), eCJlII f(C)~- v. IIop;MHOlReCTBO CMe)RHOCTII Bep1mrn, TO IIOKpblTileM 6yp;eT BHeII!He ycTOH-
P=E ua3. y II a K o H K o ii:, IIJlII y K Jl a A K 0 ii (AJIH 1II1Boe MHomecTBo, a ynaKOBKoii: - BnyTpeHHe ycToii:qu-

(V, E, f)), eCJlII )l;JlH mo6b1X ABYX pa3JlH'IHblX 3JleMeH- Boe· MHO)ReCTBOj IIPII 3TOM MIIHIIMaJlbHaH MOIIl;HOCTb no-

TOB e;, ej H3 p MHOlReCTBa f(e,) II r(e1) He IIepeceKaIOTCH. KpblTHH Ha3. 'lIICJlOM BHBII!Heii: ycTOHlJHBOCTH, a MaKCil-
IIop;MHOlReCTBO P=E Ha3. c 0 B e p Ill e H H 0 ii: y II a K 0 B- MaJlhHaH MOIIl;HOCTb yIIaKOBKII - lJHCJlOM BHyTpeuseil. 
K 0 ~I, IIJlII c 0 B e p III e H H bl M II 0 K p bl T II e M, ycTOlllJIIBOCTII (cM. I'parfioB 'IUCJ!06ble xapai>mepucmui>u). 
eCJlII p HBJlHeTCH O)l;HOBpeMeHHO II IIOKpblTileM, II yIIaKOB- 2) IIycTb v - neIIyCTOe MHOlReCTBO B MeTpH1I. npo-
KOH. MHomecTBo E Ha3. II 0 K p bl B a IO m: II M, a MHo- cTpaHCTBe R. CI1cTeMa :n: MHomecTB U=R Ha3. e-n o K p hl-
mecTBO v - n 0 K p bl B a e M bl M. ECJlII o6paTH00 OT- T H e M MHOlReCTBa V, 0CJ1H )l;IlaMeTp d ( U) mo6oro MH0-

06pameHI1e r-1 TaKOBO, 'ITO r-l(V)=E, TO MOlRHO mecTBa UE:n: He rrpeBOCXO)l;HT 2e II v=u Uenu. MHo-

paccMaTpIIBaTb v KaK IlOKpblBaIOm;ee MHOlReCTBO, a E meCTBO S=R Ha3. e-c e T b IO ,ll;Jl.H MHOlR0CTBa v, 0CJ1II 

KaK IIOKpbitlaeMoe. 0T06pameHI1e f : E__,.. V OIIpep;eJIHeT JlI06aH TOlJKa MHOJReCTBa V HaXO)J:IITCH Ha pacCTOHHHH, 

0 T H 0 III e H II e II H lJ, II A e H T H 0 c T H I, npu K-pOM He npeBbllllaIOm;eM e, OT HeK-poii TO'IKII H3 s. MHomecTBO 
v Il3 V II e H3 E HHI\IIAeHTHhI (o6o3Ha'leHne vl e), ecJIII U=R Ha3. e-p a 3 JI II q n M bl M, ecJIH JII06ble p;Be ero paa-
vE f (e). Jlil'lHble TO'IKII JlelRaT Ha p8CCTOHHIIII, 66JlhIIIeM e. IIycTb 

c IIOHHTIIHMII yIIaKOBKH 11 IIOKpblTHH CBH3aHbI 3KCTpe- Ne ( V) - MIIHHMaJlhHOe lJHCJlO MHOif(BCTB B e-IIOKpblTHH 

MaJlhHble 3ap;a'III, aaKJlIO'IaIOm;HeCH B OTblCKaHHH (no MHomecTBa V, a Me ( V) - MaKCHMaJlhHoe 'IHCJlO to'leK 
IIpoH3BOJlhHO 3ap;aHHoii TpoiiKe (V, E, f)) II. n y., p;o- B e-pa3JlH'IIIMOM IIO)l;MHomecTBe MHomecTBa V. qHCJlO 

CTaBJlHIOIIl;HX 3KCTpeMyM Tex HJlH HHblX iJ>yHKI\HOHaJlOB. log2N e ( V) Ha3. e-3 H T p 0 n II e ii: MHOJReCTBa V, a 

TaKoii iJ>yHKI\HOHaJl MOlRHO, Harrp., 3ap;aTb c IlOMOIIl;bIO log2Me (V) Ha3. e-e MK 0 c Tb IO MHOlR0CTBa v. IIoHH-
ii>YHKI\HH, conocTaBJlHIOm;eii Kamp;oMy 3JleMeHTY e H3 E THH E-3HTpODIIH II e-eMKOCTH HpHMeH.HIOTCH B Teopim 

H00TpHIJ;aTeJlbHOe p;eiiCTBHTeJlhHOe 'IHCJlO w (e), Ha3. Be- npI16JlHJReHHH iJ>yHKI\Hll Iii B TeOpHH mtiJ>opMal\HH. 
COM CIJleMeHTa e. 3ap;aqa 0 MIIHIIMaJlhHOM IlOKpbITHH 3aKJlIO- 3) IlyCTb Bn - e)l;l!HH'lHblH n-MepHbill Ky6 c M0TpH-

qaeTCH B rrocTpoeHnH mrnpbITHH C, AJIH K-poro ~ e e cw (e) Koii XeMMIIHra II noKpblBaeMoe MHomecTBo ecTh MHome-

IIpHHIIMaeT MHHIIMaJlhHOe 3Ha'leHHe. qaCTO paccMaT- CTBO ero BepIIIHH, a IlOKpblBaIOm:ee MHOJReCTBO - MHO-
pnBaeTCH cJiyqaft, Korp;a w(e)==i; 3gecb pe'Ih Il)l;eT 0 Ha- mecreo IIIapoB pap;Hyca r B Bn. Torp;a MHomecTBO I\eHT-

xomp:eHHII IIOKpblTHH MIIHillllaJlhHOH MOIIl;HOCTH, HJIH poB ma poB ynaKOBKH ecTh K08, HCilpaBJIHIOII\Hll r Ollllil-
T. H. K p a T q a ii Ille r 0 Il 0 K p bl T Iii H. EcJIH TpOHKa 6oK. ECJlH ynaKOBKa HBJIHeTCH COBepIIIeHHOH, TO KOA 
(V, E, r) TaKoBa, 'ITO Ha3. IlJIOTHO ynaKoBaHHbIM, HJIH COBep

Ill e H H bl M. 
max I r (e) j,,;;:;; u, min I r- 1 (v)I~ w, EcJIH B KalJeCTBe IlOKpblBaeMoro MH@lReCTBa B3HTb JIO,D;-
eE E veV N 6 B 6 lllHOJReCTBO I BepIIIHH Ky a n, Ha K-poM HeK-paH y-

ro 111HHI1MaJlhHaH 111om;HocTh x ( V, E, r) noKpblTIIH 
BJleTBOpHeT HepaBeHCTBaM 

12'.l,,:::::x(V E f).;;:::1-t-!_(1-t-ln 1v1w) u -...:;:;:;: ' ..... , -....:::::;. w IE I . 

yp:o- JleBa ii>YHKI\IIH /(x1 , •.• , xn) npIIHHMaeT 3Ha1JeHne 1, a 
B KalJeCTBe IlOKpbIBarom;ero - MHOlReCTBO rpaHeii (HH

TepBaJioB), I\eJIIIKOM co,a;epmam;uxcH B N 1, TO noKpblTile 
HaI1MeHhII1eii: MOII\HOCTII 6y,a;eT COOTBeTCTBOBaTh KpaTqaii:-

B aKcTpeMaJibHbIX 3a,a;aqax 06 ynaKOBKax qam;e Bcero 

Tpe6yeTCH HaHTH ynaKOBKH MaKCHMaJlhHOH MOIIl;HOCTH. 

Haor11a Ha noKpbrnaeMoM MHomecTBe V 3ap:aeTcH iJ>yHK

I\HH 'A, IlpHHHMaIDm;aH I\eJibie HeOTpHI\aTeJlhHble 3Ha'Ie
mrn, Torp:a 'A-u o K p bI T H e M ('A-y n a K o B K o ii:) Ha3. 

IIop::M:HomecTBO P=E, yp:oBJieTBopHIOII\ee ycJioBHro: AJIH 

Kam,a;oro vE V 'IHCJio CJ(v, P) Tex aJieMeHTOB eEP, K-pble 

HHI\HA0HTHbl 3JleMeHTY v, IlO)J:'IHHHeTCH nepaBeHCTBY 

CJ (v. P) ~'A (v) 

(cooTBeTCTBeHHO CJ ( v, />),.;;:'A ( v)). Cym;ecTByeT CBH3h Mem
AY 'A-noKpblTHHMII MIIHHMaJlhHoii: MOm;HocTH H 'A-ynaKoB

KaMn MaKcHMa:JihHofr MOIIl;HOCTH. HMeHno, nycTb 3ap:aHbl 

MHOJReCTBa v Iii E, MHOI'03Ha'IHOe OT06pameHHe r : E
-v, a TaKme il>YHKI\HII 'AH 'A' Ha MHomecTBe l' TaKile, 'ITO 
AJIH Kamp:oro vE V: 

A (v) +'A' (v) =I r- 1 (v) I· 
Torp:a, eCJlH MHOlReCTBO c ecTb MHHHMaJlhHOe IlO MOJI\

HOCTH 'A-noKpblTHe AJIH ( V, E, r), TO MHomecTBo P = 
= E~ c HBJlHeTCH MaKCHMaJlhHOH no MOIQHOCTH 'A' -yna

KOBKOH, H Hao6opoT: eCJlll p - MaKCHMaJihHail 'A' -yna

KOBKa, TO ~rnomecTBO C=E~P CCTb A-IlOKpbITHe MHHH
M8.7IbHOM Mom;aocTH. K KJiaccy 3a,a;aq o II. H y. oTHo

CHTCH, Raup., CJle,D;ylOII\He: 

1) IIyCTb G - rpaiJ> c MHOlR0CTBOM Bepllll!H v II MHO

meCTBOM pe6ep E. EcJIH pacc111aTpHBaTh MHomecTBO V 
B Ka'IeCTBe IlOKpbIBaeMoro, MHOlR0CTBO E - B Ka'lecTBe 

IIORpblBaIOm;ero Il OTHOI110HH0 HHI\HAeHTHOCTH BepllIHH 

meii: ,D;H3~IOHKTHBHOH HOpMaJibHOH iJ>opMe ii>YHKI\HII 
f (x1, .. ., x,.), a noKpblTHe c HaHMeHbllleii cyMMoii: paa

roe - MHHIIMaJihHOH ,D;Il3~IOHKTIIBHOH HOpMaJlhHOH lf>op

Me .il>YHKI\HH f (x1 , ••• , Xn) (cM. ByMeblx ifiYHKlfUu uop
.MaJtbHble rfiop.Mbl). 

B 3a,a;aqax o II. H y. OI\eHHBaIDTCH Hx MOJI\HOCTH, HC

cJiep:yIDTCH BOilpOCbl cym:ecTBOBaHIIH' IlOCTpoeHHH' nepe
'IHCJieHHH COBepllleHHblX ynaKOBOK, H3y'IalOTCH B03MOif(

HOCTII IlOCTpoeHHH a«P«PeKTHBHblX aJlrOpHTMOB ,ll;JlH pellle
HIIH 3THX 3a,a;aq. 

Jium.: [1] Pon me pc K., Y1<J1anm1 H noKpbITHR, nep. c 
aHrJI., M., 1968; [2] To T JI. <l>., PacnoJIOmeHHR Ha IlJIOCKOCTH, 
Ha clj!epe H B npOCTpaHCTBe, rrep. c HeM., M., 1958; [3] II HT e p
c o H Y., Y a JI p. o H 3., Konhl, ncrrpaBJIRIOll(He OIDHOKH, rrep. 
c aHrJI., M., 1976; [4] ,ll;HCHpeTHall MaTeMSTIIIKa H MaTeMaTH'leCKHe 
BOIIPOChl KHOepHeTHKH, T. 1, M., 1974; [5] x a pap H <I>., TeopHll 
rpalj>oe, rrep. c aHrJI., M., 1973; [6] Be pm K., TeopaR rpatlloB 
H ee rrp1rneHeHHll, rrep. c ljJpaH11., M., 1962; [7] B HT y m HI\ H 
A. r., 011ettHa CJIOmttocTH aanaqn Taoym1poBaHHJI, M:., 1959; LS] 
Ko JIM or op o e A. H., TH x o M Hp o e B. M., «Ycnex• 
MaTeM. HaYK>>, 1959, T. 14, B. 2, c. 3-86; [91 Bax Ba -
JI 0 B H. c., qHCJleHHhle MeTO)I;hl, 2 Han., M., 1975; [10] H 5-
JI o H c H n li c. B., Beenettne a nnc1<peTHyIO MaTeMaTHKY, M., 1979. 

A. A. CanoJ1ee>1.no. 
IIOKPbITHH TEOPEMbl - TeopeMbl ,a;nH pa3Jilif'IHhIX 

KJlaCCOB peryJIHpHblX «l>YHKI\HH, ycTaHaBJIIIB8IOJI\He 
HeK-pble CBOHCTB8 TaKIIX MHOJReCTB, K-pbre I\0JlHKOM co,a;ep

lR8TCH B MHOlR0CTBe 3Ha'IeHIIH Kam,a;oii: iJ>yHKI\IIH COOTBeT
CTByrom:ero }(Jl8CC8. HHme IlpIIBe,a;eHbl HeK-phle H3 OCHOB

HblX II. T. (cM. Tam1rn [1.]). 
T e o p e M a 1. EcJIII .il>YHKI\Il.H w= f (z) = z+ a 2z2+ + ... peryJIHpHa H O)l;HOJIHCTHa B Kpyre lzl <1 (TO eCTh 

f (z) ES), TO Kpyr I wl <1/ 4 I\0JlHKOM noKphIBaeTCH o6pa3oM 

Rpyra lzl <1 upn OT06pa;1rnBHH 3Toii: lf>yBKI\H0H. Ha 
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oKpymrrocni: I w I = 1/ 4 TOJihKO B TOM cJiyqae nMeIDTCJI TO'IKM, 
He rrpnHaAJiemam.ue 06pa3y, ecJin 

f (z) = . , 0,,;;;; ex < 2Jt. 
(1 +e""J.z)' 

T e o p e M a 2. EcJin MepoMopiJ>Haf! iJ>yHKI.1,llfl w= 

=F(s)=s+ao+ T + ... oAHoJincTHo oTo6pamaeT l~I >1, 
TO BCJI rparr1Iu,a o6paaa JiemnT B Kpyre lw-cx0 l ...;;:2. 

T e o p e M a 3. Ecmi: f (z) ES, TO no Kpaiirreii Mepe 
OAHa na n 6JI1IIBaiium.x K w=O TO'leK rpaHIIIJ,hl o6paaa 
Kpyra lzl <1 rrp11 oT06pamemrn w=f(z), Jiemamnx Ha n 
mo6wx Jiyqax, llCXOAHIIJ,UX II3 w= 0 IIOA paBHbIMll yr-

JiaMu, OTCTOl!T OT W= 0 He 6JI1Ill\e qeM Ha vl/ 4. 
Teo p e Ma 4. ECJIII /(z)ES, TO B o6paae Kpyra 

lzl <1. rrpH OT06pamemrn w= f (z) co}J;epmnTCJI MrromecTBo, 
COC'l:OflIIJ,ee ua n OTKpbJTbIX IIpflMOJIHHCUHhlX 0Tpe3KOB 
c cyMMOH AJIHH, rre MeHbllieii n, HCXOAJIW:HX II3 Ha'IaJia IIOA 
paBHhlMM yrJlaMM BeJIU'llIHbl 2Jt. 

)J,JIH f (z) ES n: YAOBJieTBop.HJOII.1,HX B Kpyre lzl <1. rrepa
aerrcTBY l/(z)l<M, M>1, 11Me10T MecTo II. T., aHaJio
rn'lHhle TeopeMaM 1, 3 (c COOTBeTCTByIDIIJ,HMH IJOCTOJIH
llhlMM). II. T. 1. 11 3 rrepeaocaTCJI 11 aa KJiacc iJ>yrrKu,IIil: 
w= I (z), peryJIHpHhlX H OAHOJIIICTHhlX B KoJibu,e 1 < lzl <r 
H oTo6pamarom;Hx ero Ha o6JiaCTH, Jiemamne B lwl>1, a 
OKpymHOCTb lzl=1 - Ha OKpymHOCTb lwl=1. 

)J,mr KJiacca R iJ>yHKIJ,IIH w=/(z)=z+a 2z2+ ... , pe
ryJIHpHhlX B Kpyre lzl <1, He cymecTByeT Kpyra Jwl <p, 
p >O, u,eJIHKOM IIOKpbIBaeMoro 3Ha'leHl!JIMU Kall\AOll II3 
iJ>yHKI.1,HH 3TOfO KJiacca. )J,JIJI «JlyHKI.1,MR 

w=F(z)=zq+a2zq+ 1 + ... , q;:,,1, 

peryJIRpHhIX B lzl <1, KalKAhIH o6paa noro Kpyra u,eJiu
KoM IIOKpbIBaeT HeK-pblii: 0Tpe30K JIID6oro 3aAaHHOro Ha
KJIOHa, COAepmam.uil: TO'IRY w=O BHyTplI, AJIIIHOH He MeHb-
11Ie A=8n2/f 4 (1/ 4)=0,45 ... , rrp1I'IeM qucno A HeJih3H 
yaeJIH'lBTh 6ea AOIIOJIHIITeJihHhIX orpaHII'leHe:n. B 3TOM me 
RJiacce iJ>yHKI.1,llR rrpn ycJIOBUM, 'ITO F(z) ;i:O B KOJihIJ,e 
O<lzl <1, KalKAhlH o6pa3 Kpyra lzl <1 IJ,eJIIIKOM IIOKpbI
BaeT Hpyr lwl <1116• HO He BCerAa IIOKpbIB80T 6oJibllllIU 
Hpyr c IJ,eHTpOM B w= 0. 

B HJiacce SP peryJIHpHhlX B lzl<1 iJ>yHKIJ,IIi f(z)= 
=zP(1+a1z+a2z2+ .. . ) TaKIIX, 'ITO KalKAOe CBOe 3Ha'Ie
HMe w OHH npn:Hn:MaIDT He 6oJiee 'leM B p TO'lKax Kpyra 
lzl<1, HMeeT MeCTO arraJior II. T. 1 c COOTBeTCTBYIQlll,UM 
KpyroM lwl < 1/ 2P+ 1• EcJIII rrpe: 3TOM a1= .. . =ap_ 1=0 HJIII 
a1 = ... =a p= 0, TO cooTBeTCTByrom;nMH HpyraMII 6yAyT 
lwl<1/ 4 HJIH lwl<1/ 2• AuaJiorri:'lHhre peayJihTaThl nMeIOT 
MeCTO AJI.H il>YHKI.l,HU, p-JIHCTHblX B cpeAHeM TIO O"Rpym
HOCTII, p-JIUCTHhlX B cpeAH0M no IIJIOIIJ,aAH ri: AP· Ha KJiacc 
SP rrepeueceua M II. T. 3. 

CM. raHme TeopeMy BJioxa B er. B,11,oxa 1w1tcma1tma. 
Jlum.: [1] r 0 JI y 3 l!I H r. M., reoMeTPl!I'leCJ<aR TeOpl!IR ljiyeK

l{l!Itt KOMIIJieKCHOrO rrepeMe1rnoro, 2 l!IaA., M., 196(). 
I'. ff. Anmomon. 

IlOJIE - KOMMYTaTHBHO-acoou,uaTIIBHOe KOJibl.1,0 c eAH
HMIJ,eii, MHOIBeCTBO HeHyJieBblX 3JieM0HTOB K-poro He rrycTO 
II o6paayeT rpyrrrry OTHOCIITeJibHO YMHOil\eHHH. II. MOIBHO 
oxapaKTepn30BaTb TaKme KaK rrpoCThle H0HYJI0Bb10 KOM
MyTaTIIBHO-accou,naTMBHhle KOJihIJ,a c emrnri:u,ei. II p u
M e phi no JI e ii: II. pau,noHaJibHhIX 'lHCeJI Q, II. Aeii
CTBHTeJihHhlX 'IMCeJI IR, II. HoMrrJieHcHhIX 'lHCeJI IC, Ko
He'lrrhle II. (cM. I'a.!!ya noM), II. qacTHhIX o6JiacTeil: u,eJio
CTHOCTM. 

II o Arr o JI e M noJI.11 K Haa. rroAMHomecTBo McK, 
K-poe caMO JIBJIHeTCJI II. OTHOCHTeJibHO orrepau,e:i:i CJIOlKe
H!lfl II yMrromeHMH, 3aAaHHbIX BK. Harrp.,ecJIM a-rreK-pwii 
aBTOMopiJ>H3M ITOJIH K' TO MHOllieCTBO 

KCJ ={.-r;EK I a (x) =x} 

HI!JIHeTCH IIOAIIOJieM B K. Ecma M H N - rro}J;rroJI.H IIOJIH 
K' TO HX rrepeceqerrHe Mn N 6yJJ;eT UOJJ;Il0JI0M B K; KPOMe 

Toro, cym;ecTayeT Ha1IM0Hhmee IIOAIIOJie MN noJIJI K, 
COAepmam.ee M 'II N M Ha3hIBaeMoe K 0 M II 0 3 'II T 0 M 
rr o JI e ii M H N (a K). KamAoe II. coAepmHT 0AHHCTBeH
rroe IIpOCT00 (T. e. He COAepmarn;ee IlOAIIOJieil:) IIOAIIOJie. 

Jlro6oii fOMOMopiJ>M3M IlOJieii JIBJIHeTCJI BJiomemieM. 
)J,JIR npoM3BOJihrroro noJIJI K cyn1ecTByeT 0AMHCTB0HHhlR 
fOMOMopiJ>H3M cp: z_,..K' rrepeBOAHIIJ;HH 0AMHHI.l,Y KOJibIJ,a 
z B 0AMHHIJ,Y rroJilI K. Ecmi: ker cp=O, To K aa3. n o JI e M 
x a p a K T e p II c T Ji[ K M H y JI b. B 3TOM CJiyqae rrpo
CTOe IIOAIIOJie IlOJIJI K COBIIaAaeT c_ II. 'laCTHhlX KOJibIJ,a 
cp ( z) H H30MopiJ>ao II OJI ID Q. EcJIH ker cp ;i: 0, TO ker cp= 
= p z AJIJI H0K-poro IIpOCTOfO p. OTO p Ha3. x a p a KT e
p u c T n K o ii rr o JI H K. II pocToe IIOAUOJie rroJI.H K 
coarraAaeT B aToM cJiyqae c cp ( z) ~ z Ip z. 

EcJiu k II0AIIOJI0 II OJI JI K' TO K Ha3. p a c ill H p e H H
e M II 0 JI .H k. IIyCTb y - rreH-poe IIOAMHOH\eCTBO 
B K' TOfAa onpeAeJieHO IIOJI0 k ( Y) - HalIM0HbllI00 IlOA
IIOJie IIOJIJI K, COA0pllrnrn;ee Y H k. fOBOpHT, 'ITO k (Y) IIO
Jiy'leHO H3 k rrpncoeJJ;IIH0HMeM 3JI0MeHTOB MHOIBeCTBa y. 

OcHOBHbie aaAaqH TeOplIH IIOJieil: - 3TO OIIIICaHH0 scex 
nop;rroJiei:i ARHHoro II., acex II., coAepmame:x A8Hrroe II., 
TO 0CTb H a A II 0 JI e ii (CM. Pacwupe1tue II 0 JJ H}, M3Y
'I0HUe acex BJiomerr1Iii: II. B ueH-poe Apyroe II., KJiaccH
iJ>ri:Hau,e:H IIOJieii c TO'lHOCTbID AO H30MopiJ>m1Ma H 1rnyqerrri:e 
rpyrrrrw aBTOMopiJ>II3MOB ARHHoro II. 

IIoJie K Ha3. K 0 H e q H 0 II 0 p 0 m A e H H hI M H8A 
CBOHM IIOAIIOJieM k, ecJIH cym;ecTayeT KoHe'lHOe MHOIBecTBO 
YcK TaKoe, 'ITO K=k(Y). Jlro6oe TaKoe II. Mo11rno HH
TeprrpeT1IpoaaTb KaK II. pau,1IorraJihHhIX iJ>yrrKu,ri:il: k ( X) 
H0K-poro HeIIplIBOAIIMOfO aJire6pauq. MHOroo6pa3HlI x' 
orrpeAeJierrHoro rraA k. l1ayqeH1IeM TaKri:x II. aane:MaeTc.H 
a,11,ze6pau<tecr;asi zeo.itempusi. B 'laCTHOCTH, 3aAaqa KJiaccri:
il>IIKaIJ,nlI raHux II. aKBHBaJieHTHa aaAatJe 6npau,HoHaJib
Hoii KJiacc1-1iJ>1IKaI.1,1IU HerrplIBOAIIMbIX aJire6pa1I'l. MHOf.O
o6pa3Hll, a aaAa'la aaxomAeH1IJ1 rpynrrw ecex aaToMop
iJ>e:aMoB II. K~k (X), octaBJIJIIDII{llX Ha MecTe ace :me
M0HThl IlOJIJI k, 3KBUBaJI0HTHa 3aAa'le HaXOIBAeHl'ffl scex 
61Ipau,uoHaJihHhlX aBTOMopiJ>e:3MOB MHOroo6pa3llJI x' OII
peAeJieHHbIX HaA k. 

Hayqerrne KoHe'lHhIX cenapa6Mb1tlitx pacwupe1tuu rrpo
II3BOJihHhIX II. cocTaBJIJleT 11peAM0T I'a,11,ya meopuu. B reo
PIIII quceJI aaarnyro poJib ri:rpaer paccMoTperre:e Horreq
HhIX pac11I1Iperre:ii IIOJIJI Q, Ha3hIBaeMwx II. aJire6paa'l. 
qnceJI. l1ay1JeH1IeM atnx II. aaanMaeTcH a,11,ze6pau<tec1wsi, 
meopusi, <tuce,11,. 

TeoplIH noJieii uayqaet Tam1rn II., aecyrn;He HeK-phle 
AOIIOJIHHTeJibHble CTpyKTypbI, rrarrp. AniJ>iJ>epeHIJ,MaJihHble 
II., TOIIOJIOf1I'leCK1Ie II., ynopHAO'leHHhle II., iJ>opMRJibHO 
aemecTBerrHhle II iJ>opMaJibHO p-aAri:'leCKIIe II. ri: AP· 

3apomAeHHe TeOpl!u II. (B paMKax Teope:ri: aJire6paM'l. 
ypa11HeHuii) OTHOCHTCJI }( cep. 19 B. IIocJie rry6JIHKaIJ,HII 
pa6ot 8. faJiya (E. Galois) II m. JiarpaHma (J. La
grange) B Teop1m rpyrrn H K. ((>. faycca 110 reopnn qnceJI 
craJio O'leBRAHO, 'ITO rrymHo ri:ccJieAOBRTh 11pe:p0Ay caMHx 
'llICJIOBhIX ce:cTeM. KoHnerru,ri:e: II. rrOHBJilIIDTCH B pa6orax 
JI. KpoHeKepa (L. Kronecker) M P. )J,eAeKHHAa (R. De
dekind). p. )J,eAeKIIHA BBeJI IIOHHTIIe II.' K-poe OH nepBo
H8'IaJibHO Ha3hIBaJI «pa11noaaJJhHOH o6JiaCThID». Teop1IJ1 
P. )J,eAeKHHAa orry6JIHKOBarra B rrpe:Me'laHri:Hx ri: p;onoJI
H0HUHX K «Teopri:II 'll!Cem> II. )J,uplixne (P. Dirichlet). 
B HBX p. )J,ep;eKIIHA cyrn;ecTBeHHO AOIIOJIHHJI ll pa3BHJI 
TeopMID 'lHCeJI, TeOpMID HAeaJIOB M TeopMID KOHe'lHblX 
II. TepMHH <~II.» anepahle rrof!BHJICH B H3JJ;aHnM aTOii: 
KHHfH B 1871. 

JI um.: [1] B y p 6 a K l!I H., Ame6pa. Meoro'IJieHbl l!I rroJIR. 
YnopHAoqeHe&1e rpyrrrrhl, rrep. c ljipaeu., M., 1965; [2) Bae n e p 
Ba p A e e B. JI., AJire6pa, rrep. c eeM., 2 HaA., M., 1979; . [3] 
JI e er C., AJire6pa"rrep. c aerJI., M., 1968; [4] 3 a pH cc Ku fi 
O., C a M HJ a JI b II., HoMMYTaTHBHa11 aJJre6pa, rrep. c aHrJI., 
T. 1, M., 1963. JI. B. f\y;mttUff. 

IIOJIE P A3JIOiKEHHH M H o r o q JI e H a - uanMeHb
mee rroJie, CoAepmamee see KopHH JJ;arrrroro MHoroqJieaa. 
T oquee, pac11Il!pemi:e L rroJI.H K aaa. rr o JJ e M p a a JI o-
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iK e H M H M H 0 r 0 q JI e H a f HaA IIOJieM K' ecJI11 f 
pa3JiaraeTCH Han IIOJieM L Ha JillHeHHbie MHOiKllTeJIM: 

f =a0 (x-a1) ... (x-an) 

Ii L=K(a1 , •• • , an) (cM. Pacuwpenue IIOJIH). II. p. cy
ru;ecTByeT AJIH mo6oro MnoroqJiena f E K[x] 11 orrpeneJieno 
OAH03HaqHo c TOqHOCTb!O AO M30Mopcp113Ma, TOiKAeCTBeH
noro na K. II. p., no orrpeneJien11IO, HBJIHeTcH KoHeqHbIM 
aJire6pa11q. pacnrnpem:ieM rroJIH K. 

II p II M e p bl. IIoJie KOMIIJieKCHbIX q11ceJI c CJiyiKMT 
II. p. MHoroqJieHa x2+ 1 HaA rroJieM IR neilcTB11TeJihHhIX 
qHceJI. J1I06oe KoHeqHoe rroJie GF (q), rne q= pn, ecTh 
II. p. MnoroqJieHa xq-x HaA rrpoCTbIM rro~rroJieM GF (p)c 
cGF (q). o. A. Heanosa. 

IIOJIE3HOCTII TEOPIIH - Teop1rn, 1rnyqaJ0ru;aH rrpen
rroqTeH11e llHAMBM:;ri;oa n ero rrpencTaBJienne B BMJW q11cJio
aoii. cpynKu;n11. II p e Arr o q T e H 11 e M na MnomecTBe 
aJibTepnaTllB x Ha3. TpaH3HTHBHOe 611Hapnoe OTHome
Hlle R na X; ono rrpencTaBJIHeTcH cpyHKu;11eii. u (x) Ha X; 
rrpn ::ITOM u (x) Ha3. qi y H K u; H e ii: II 0 JI e 3 H 0 c T 11, 
ecJin AJIH JII06blx x, yEX 113 xRy cJienyeT u(x)>u(y) n 
nao6opoT. Ta1mM o6pa3oM, B II. T. n3yqaJOTCH yrropHAO
qenHble MHOiKeCTBa H llX MOHOTOHHbie OT06pameH11H' B qnc
JIOBOe rrpocTpaHCTBO ( o6blqHo OAHOMepHoe). II. T. B03-
HHima B pa6oTax 3KOHOMHCTOB 18 B.; HaqaJIO COBpeMeH
HOM (50-e rr. 20 a.) II. T. 6blJio ITOJiomeHo ,D,m. Heii.MaHoM 
(J. Neumann) n 0. MopreHmTepHoM (0. Morgenstern) 
(CM. [1)). 

Cyru;ecTBOBaHne cpyHKu;n11 rroJie3HOCTll B cJiyqae KOHeq
Horo MHomecTBa X HBJIHeTcH oqea11AHhIM. B 6ecKoHeqHoM 
CJiyqae Heo6xoAHMblM H AOCTaToqHbIM ycJIOBMeM cyru;ecTBO
BaHHH cpyHKIJ;llH IIOJie3HOCTll HBJIHeTCH cyru;ecTBOBaHne 
ITJIOTHOro ITO ITOJie3HOCTH cqeTHoro ITOAMHOiKeCTBa A cX' 
T. e. AJIH JII06blx x, yEXIA, xR*y, cym;ecTByeT TaKoe 
zEA, qTO xR*z n zR*y, rne R*-cTporoe ITpe11:
IT 0 q Te H He (xR*y¢::=':) xRy H He yRx). EcJin x - Bbl
ITyKJIOe MHOiKeCTBO BeKTopnoro ITpOCTpaHCTBa, R neITpe
pbIBHO Ha X 11 AJIH JII06blx x, y, z EX, xR * y, 11 JII06oro 
a, O<a<1, aepHo [ax+(1-a)z]R*[ay+(1-a)z], TO 
cym;eCTByeT en11HCTBeHHaH c TOqHOCTb!O AO ITOJIOIKllTeJib
HOH JI11Heii.Holl: TpaHccpopMau;1111 JinHell:HaH cpynKu;nH no
Jie3HOCTH (cM. [3]). Pa3JI11qHbre KoM6nnau;1111 6oJiee cJia-
6blx ycJIOBllH ITPllBOAHT K neJI11Heii.HOH, pa3pblBHoii HJIM 
B TOM me CMblCJie HeenuHCTBeHHOH cpyHKIJ;llll IIOJie3HOCTll. 
HaITp., ecJin X -- BeKTopnoe ITpocTpancTBO H 113 xR*y 
cJienyeT (x+z)R* (y+z) n axR*ay AJIH acex zE X 11 a>O, 
TO cpyHKIJ;llH OKa3blBaeTCH OAH03Haqnoll:, HO Kycoqno 
JillHeHHOH. 

B II. T. TaKiKe paccMaTp11aaIOTCH cTOxacT11q. yrropHAO
qenuH 11 yrropHAOqen11H cyMM 11JI11 pa3HOCTell: aJibTepna
TllB (Torna cpyHKIJ;llH IIOJie3HOCTll CTpOHTCH ITO HeK-poMy 
KBaTepnapHOMy OTHOil1eH11IO Ha X)' 0606ru;eH11H AJIH n
apnoro OTHOilleHllH BMeCTO 611;napHoro, ITOCTpoeHl'!e cpyHK
IJ;HH ITOJie3HOCTH OAHOBpeMeHHO c cy6'heKTHBHblMll aepo
HTHOCTHMll, CBH3b Memny ITOJie3HOCTb!O M.GOrOKOMITOHeHT
HblX aJibTepnaTllB II ITOJie3HOCTHMll llX KOMIToneHT II AP· 
(CM. [3), [4)). 

Jlum.: [1) HellMaH ,!J,ffi., MopreHmTepH 0., Teo
PHJI 11rp 11 s110HoMH•iec1we nosegeH11e, nep. c aHrJI., M., 1970; [2) 
E H p I< r 0 cjl r.' TeopHJI CTPYRTYP. nep. c aHrJI., M.' 1952; [3) 
<I> 11 m 5 e p H II. C., TeopHJI noJieaHocTH AJIJI np11HJITHJI peme
HHll, nep. c aHrJI., M., 1978; [4) Cy n n e c II., 3 H He c ,!], ffi., 
a RH.: IIc11xoJior11•ieci<11e H3MepeHHJI, nep. c aHrJI., M., 1967. 

&. R. B11.1tnac. 
II0.1IElI KJIACCOB TEOPHH - Teop11H, naIOIIWH orr11-

can11e Bcex a 6 e JI e B bl x p a c m 11 p e n 11 ii (Ko
neqnhrx pacm11pen11il faJiya c a6eJieBoii rpyrrrroll: faJiya) 
IIOJIH K' rrpnnanJiemaru;ero K OAHOMy 113 CJieAyIOIIJ;llX 
TllITOB: 1) K - rroJie aJire6pa11q. q11ceJI, T. e. Koneqnoe 
pacm11pen11e IIOJIH IQ; 2) K - Koneqnoe pacnmpeH11e 
rroJIH pau;110HaJibHhIX p-an11qecK11x q11ceJI IQ p; 3) K - rroJie 
aJire6pa11q. cpynKu;11ii: onnoii: rrepeMeHHoil nan KoneqnbIM 
IIOJieM; 4) K - IIOJie cpopMaJibHbIX CTerreHHbIX PHAOB HaA 
KOHeqHblM IIOJieM. 

OcHOBHble TeopeMbl II. K. T. 6blJIH ccpopMym1poaaHbl n 
noKa3aHbl B qacTHblX cJiyqaHX JI. l\poHeKepoM (L. Krone
cker), r. Be6epoM (H. Weber), A· f11Jib6epToM (D. Hil
bert) 11 AP· (cM. TaKme A.1ee6pau<tec1wa meopug 'lUCe.1). 

IIOJIH THITa 2) II 4) Ha 3. JI 0 K a JI b H bl M H, a ITOJIH 
nrna 1) u 3) - r JI o 6 a JI h H bl M n. CooTBeTCTBeHHO 
Momno roaopnTh o JioKaJihHoii 11 rJio6aJibHOii II.K. T. 

B JIOKaJibHoii II. K. T. KamnoMy KoHeqHoMy a6eJieBy 
pacmnpeH11IO LI K c rpyrrrroil faJiya G (LI K) CTaBHTCH 
B COOTBeTCTBile HOpMeHnaH rronrpyrrrra N L/K (L*) MyJihTH
ITJIHKaTllBHOH rpyIIIIhI K* IIOJIH K. fpyrrITa N L/K(L*) ITOJI
HOCThIO OITpeneJIHeT IIOJie L, II cym;ecTByeT KaHOHnq. 
1130Mopcpn3M cp: G(L/ K)'::::'.K*IN L/K (L*) (o c Ho B Ho ii 
H 3 0 M 0 p cp H 3M II. K. T.). HBHbIM BHA 3Toro H30MOp
cpH3Ma naeT TeOpHH cpopMaJibHOro KOMIIJieKcnoro YMHOll\e
HHH (cM. [2] rJI. 6). Hao6opoT, JII06aH OTKpblTaH 110nrpyrr
ITa KOHeqHoro HHAeKca B K* peaJI113yeTCH KaK HOpMeH
HaH ITonrpyITITa AJIH neK-poro a6eJieaa pacmnpene:H L 
(Te 0 p e M a c y Ill; e c TB 0 B a H H H). 

EcJin L n L 1 - Koueqnbre a6eJieBbl pacmnpeHnH ITOJIH 
K, M=LnL1 n N=L ·Li. To crrpaaenJinBbl cooTuomeH11H 

NMJK (M*) = NuK(L*) NL,!K (L;), \ 

NN!K (N*) =NL;K (L*) n NLi!K (L;). f (1) 

BKJIJOqeH11e L 1 = L BblIIOJIHHeTCH TOrAa n TOJibKo Torna, 

NL;K (L*) ::> NL,;K (L;), 

rrp11qeM B aToM cJiyqae nnarpaMMa 
<p 

G (Li!K)-::::,,.K*INL,1K (L*) 

la <p l~ 
G (LIK)-::::,,. K*INL;K (L*), 

(2) 

rne a IToJiyqeH orpam:1qemrnM aBTOMopcp113MOB c L 1 Ha 
L, a ~ 11HAyu;11poaaH TomnecTBeHHblM oT06pameHneM 
K*-+K*, KOMMyTaTHBHa. B qacTHOCTH, ecJI11 [(ab_ 
MaKc11MaJibHoe a6eJieBo pacm11peH11e rroJIH K, TO rpyrrITa 
faJiya G ( Kabl K) KaHoH11qecKn 113oMopcpHa upoKoHeq
HOMy ITOITOJIHeHllIO rpyIIIlbl K*. 

II30Mopcp113M cp naeT TaK1Ke oIT11caH11e rrocJienoaaTeJib
aocTn ITonrpyITrr BeTBJieHnH B G (LI K). TaK, pacm11pemrn 
LI [( ne pa3BeTBJieHo Torna 11 TOJihKo Torna, Korna rpyrma 
en11H11u; U (K) ITOJIH K conepm11TcH a rpyITITe N L/K (L*). 
B aToM cJiyqae n30Mopcp113M cp IToJinocTbIO oITpeneJIHeTCH 
TeM, qTo aBTOMopcp113M <l>po6eH11yca, ITopomnaIOru;11ii. 
rpynrry G(LIK), ITepexon11T B KJiacc JI·NL/K(L*), rne 
JI - rrpOCTOM aJieMeHT ITOJIH [(. 

Ha H3blKe KoroMoJior11ii rpyrrIT 1130Mopcp113M cp 11HTep
ITpeT11pyeTCH KaK H30Mopcpn3M Memny rpyITITaMH KOfOMO
JIOfHH Tell:Ta 

H- 2 (G (LIK), z)-::::,,. G (LIK) 

Ho (G (LIK), L*) =K*INL;K (L*). 

BoJiee Toro, ITycTb LI K - ITpo113BOJihHOe KoHeqHoe 
pacmnpenne faJiya JIOKaJihHblX rroJieii. Torna AJIH JII0-
6oro u;eJioro n oITpeneJien Kanonnq. H30Mopcp113M cpn: 

Hn- 2 (G (LIK), Z) -:::,,.Rn (G (LIK), L*). 

EcJI11 3aAana 6amnH ITOJieii faJiya M=::;L::iK, TO nH
cpJIHIJ;HH 

inf: H 2 (G (LIK), L*) -----+ H 2 (G (MJK), M*) 

coxpanHeT 11naap11aHT (cM. Bpayapa zpynna), a orpa
H11qeH11e 

res: H 2 (G (MIK), M*) -----+ H 2 (G (M/L), M*) 

yMHomaeT 11HBapnaHT Ha [L: K]. EcJI11 K - ceITapa6eJ1h
Hoe 3aMblKanne ITOJIH K, TO llHBap11aHT OITpeAeJifleT Ka-
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nom1q. 1110Mopqrn:3M Mem11y rpyrmoii: B pa ya pa rroJrn K 

Br \K) ~ H 2 (G (KIK), K*) 
II QI '11,. 

B rJio6aJlbHOII n. K. T. pOJlb MYJlbTllIIJll!KaTllBHOll 
rpyIIIIhl IIOJlH 11rpaeT rpyrrna KJlaCCOB 1111eJiel1. IlyCTb 
LI K - KOHeqnoe pacnmpen11e raJiya rno6aJlLHhlX IIO
Jleii, II IL - rpyrrrra 1111eJieii: IIOJlH L. rpyrrna L* BKJla-
1\hlBaeTCH B IL B KaqecTBe 1111cKpeTHoii: no11rpyrrrrbl ( ona 
na3. r p y rr n o ii r Jl a B n bl x 11 A e Jl e ii:), a «l>aKTop
rpyrrna CL= Ir/ L*, na11eJiennaH q,aKTOpTOrroJior11eii, uaa. 
r p y II II 0 ii: K Jl a c c 0 B II A e Jl e ii:. )J,oKa3bIBaeTCH, 
qTo H 1 (G(LIK), CL)=1 11 H 2 (G(LIK), CL)~zlnz, rAe 
n= r L : K). CymecTByeT Kanon11q. BJlOllieH11e inv: 
H 2 (G(LIK), CL)-+Qlz. HaK II B JlOKaJlLHOH n. K. T., 
AJIH mo6oro l{eJioro n orrpeAeJien 1130Mopq,113M ( ocHoonolr 
1130Moptfi113M fJlo6aJlbHOH Il. K. T.) 

\)Jn: yn- 2 (G(LIK), z)-.....Hn(G(LIK), CL). 

)J,m1 a6eJieBa pacnmpen11H LI K 11aoMopq,11aM 'Po CBo-
1\llTCH K 11aoMopq,11aMy ip : G (LI K) ~c xi N v K (CL). Hop

MennaH rrop;rpyrrna NL/ K (CL) OAnoanaqno orrpeAeJIHeT 

rroJie L, 11 Hao6opoT, mo6aH OTKpLrTaH rro11rpyrrrra Koneq
noro llHAeKca B CK HBJIHeTCH nopMennoii: noArpynrroii 
AJlH neK-poro Koneqnoro a6eJieBa pacnmpen11H L (r JI o-
6 a Jl b H a H Te 0 p e M a c y me c T B 0 B a H II H). 
CooTHoUien11H, anaJior11qnble (1) 11 (2), ocTaIOTCH cnpaBel\
Jll!BhlMll 11 l\JlH rJio6aJlbHhIX rroJieii. EcJI11 Kab_ MaKc11-
MaJlhHOe a6eJieBo pacrnupemrn noJIH K, TO B q,ynKl{llO
naJlhHOM cJiyqae rpyrrrra G (Kabl K) 11a0Mopq,na rrpo1w
neqn0My IIOil0JlH0HllIO rpyrrrrhl c K, a B q11CJlOBOM CJlyqae 
rpyrrna G (Kabl K) 113oMopq,na q,aKToprpyrrne rpynnhl CK 
no CBH3HOH KOMIIOH0HT0. 

Ma0Mopq,113Mhl IPn 11 'l'n corJiacoBanhl. EcJI11 LI K Koneq
noe pacnmpen11e raJiya rJI06aJihnhlx rroJieii:, Lv - rronoJI
uen11e IIOJlH L OTHOCllT0JlbHO neK-poii: TOqKll v II Kv -
IIOIIOJ1Hen11e IIOJlH K OTHOCl!TeJlbHO orpan11qen11H v Ha K, 
TO cymecTByeT KOMMyTaTllBHaH A11arpaMMa 

\)Jn: gn- 2 (G(LIK), z)-.....Hn(G(LIK), CL), 
j cores j f (3) 

IPn: Hn- 2 (G (LvlKv), Z)-..... Hn (G (LvlKv), L*), 

r11e OTo6pamemie f 11nAyn;11poBano BJiomen11eM L *-1 L-+ 
-+C L 11 Koorpan11qen11eM cores. )J,JIH n°= 0 (3) 11aeT KOM
MyTaT11Bnyro A11arpaMMy 

')J: G (LIK)l[G (LIK), G (LIK)]-..... CKINL!K (Cr) 

i i (4) 
<p: G (LvfKv)l[G (LvlKv), G (LvlKv)J-..... K*INL !K (L*). 

V 'O V V 

)J,11arpaMMa ( 4) Il03BOJ1H0T IIOJlyq11Tb 3aKOH pa3Jl0)1(0-
HHH rrpoCThlX l\llBll30pOB IIOJlH K B a6eJleBOM pacnmpen1111 
LI K. MMenno, 1111B11aop c rroJIH K ne pa3BeTBJien B L 
(BilOJlHe pacrraAaeTCH B L) TOrAa II TOJlbKO TOrAa, Kor11a 
u (K,)cN L/K(GL) (COOTB0TCTB0HH0 K*cN L/K (Gr)). 

EcJI11 c - neK-phlii rrpocToii: 1111B11aop rroJIH K, ne pa3-
BeTBJlennhlii: BL, v - TOqKa IIOJlH K, COOTB0TCTByrom;aH c, 
II :rt - rrpoCTOH 3JleMeHT IIOJlH KV' TO orrpeµ;eJien CllMBOJl 

A pTirna ( L: K) =')J- 1 (:rt) E G (LI K), aaB11cHm;11ii: TOJlhKo 

OT c. 8JieMeHT ( L: K) - <iTo aBTOMopq,11aM CDpo6en11yca 

B IIOl\rpyrrrre pa3Jl0)1(0HllH ToqK11 v. CorJiaCHO T e 0 p e
M e II Jl 0 T H 0 c T II q e 6 0 T a p e B a JlI06oii: 3Jle-

MeHT rpynrrLI G (LI K) 11MeeT BllA ( L/~) AJIH 6ecKoneq

noro q11cJia rrpoCThlX AllB11aopoB c noJIH K. 
Hanp., MaRc11MaJlh1Ioe a6eJieBo rrepaaBeTBJleHrroe pac

UI11peH11e q11CJlOBOfO IIOJlH K (Ha3hIBaeMoe r II Jl b 6 e p
T 0 B LI M II 0 Jl e M K Jl a c c 0 B) - 3TO IIOJie, HOpMeH-

HaH TIOArpyrrrra K-poro COBrra11aeT c oGpa30M OTHOCHTeJlL

HO rrpoeKn;n11 lx-+Cx rpyrrrrLr /\.*XII U(Kv), r11e v 
v 

rrpo6eraeT Bee TOqKll IIOJlH K. rpyrrrra I xi K* x Ilv u ( K vl 

Kanon11qecK11 11a0Mopq,Ha rpyrrrre KJiaccoB 1111B11ao
poB Clx rroJIH K, qTo 11aeT Bamnhlii: 11aoMop«l>naM 
G (Fl K)~Clx. B qacTnocT11, na11 K HeT HepaaBeTBJiennhlx 
a6eJleBLIX paCUil!pen11ii: TOrAa II TOJlbKO TOfAa, Ror11a 
noJie K OAHOKJiaccno. 

T11rr pa3JiomeH11H npocToro AllB113opa c IIOJlH K B F 
rroJinocTbIO orrpe11eJIHeTCH KJiaccoM c B Cl, . BrroJine pac

rra11aroTCH B F Bee r JlaBHhle l\llBll30phl II TOJlbKO OHII. 
Bee AllB11aopb1 rroJIH K CTanoBHTCH rJiaBHLIM11 B F. 

Ilo1106no TOMy, KaK Il. K. T. l\JlH a6eJleBLIX Hepa3BeT
BJleHHbIX pacUI11peH11ii: MOlliHO 113JlaraTh Ha H3LIRe rpyrrrrhl 
KJlaCCOB AllBll30pOB II ee no11rpyrrrr, 1\10)1\HO 11aTb xa paR
Tep113al_\lllO Jiro6oro Roneqnoro a6eJieBa pacnmpen11H rroJIH 
K B TepM11nax rpyrrrrhl JiyqeBLIX RJlaccoB no neR-poMy 
MOl\yJlro (CM. A.11ze6pau'l.ec1w.R meopu.R 'l.Uce.11). Cym;ecT
ByroT TaRllie o6o6meHJUI Il. K. T. Ha CJly 1IaH 6eCKOHeqHLIX 
paCUI11peHHH raJiya ( 4). 

XoTII n. K. T. B03HllKJla KaR TeOpllH a6eJleBhIX pacnm
pen11ii:, ee pe3yJlhTaTLI 11aroT Bamnyro 11nq,opMan;11ro 11 AJIH 
Hea6eJleBLIX pacn111pen11ii: raJlya. Harrp., na Teop11n IIO
Jleii: KJlaCCOB OCHOBano AOKa3aTeJlbCTBO cym;eCTBOBamrn 
6eCKOHeqnhlx 6aUieH IIOJleH KJlaCCOB (CM. E llUJ,H,,R 1w.11eii). 

JI.um.: [!] AJire6pallqeci<aH TeOpllH qHCeJI, rrep. c aHr.q., M., 
1969; [2] Be ii: JI h A., OcHOBhI Teopllll qllCeJI, rrep. c aHrJI., M., 
1972; [3] Ko x X., TeopllH I'aJiya p-pacrnllpeHHil:, rrep. c HeM., 
M., 1973; [4] Ky 3 b M ll H JI. B., «lfaB. AH CCCP. Cep. MaTeM.», 
1969, T. 33, B. 6, c. 1220-54. JI.. B. f\y3w.mn. 

IlOJIUAHAJIHTUqECKAH 4>YHK~MH Il 0 p H A-
K a m - KOMIIJleKCHaH «l>YHKD;llH w= u+ iv 11eii:CTBl!TeJlb
HLIX rrepeMeHHhIX x II y llJlll, qTO 3KBllBaJieHTHO, He3aBn-

CllMbIX KOMIIJleKCHhlX rrepeMeHHLIX z=x+iy II z=x-iy 
B rrJiocKoii: 06JiacT11 D, rrpeACTaB11MaH B B1111e 

W=f (z, Zj = ~m- l zllfk (z\, (1) 
~k=D 

r11e fk(z), k=O, ... , m-1,- RoMrrJleKCHhle anaJI11T11q. 
q,yHKL\1111 B D. Maaqe, n. q,. w rropHl\Ra m MOlliHO OII
pe11eJI11Tb KaK q,yHRn;11ro, 11Merom;yro B D ~errpephlBHLie 

qaCTHbie np0113BOAHhle no x II y llJlll no z II z AO nopHAKa 
m BKJl!OqHTeJlbHO H Yl\OBJleTBopHIOm;yro BCIOl\Y B D 0606-
m;ennoMy ycJioB11IO Konm - P11Maaa: 

amw =0. 
a-Zm 

Il pl! m= 1 IIOJlyqaIOTCH anaJlllTllq. q,yHKIJ;llll. 
)J,JIH Toro qT06L1 q,ynKn;11H u= u (x, y) 6Lrna AeiicTB11TeJlb

noii (11Jlll MHllMOH) qaCTbIO HeK-poii Il. lji. W=u+iv B 06-
JlaCTll D, He06XOAllMO II AOCTaTOqHo, qT06hI u 6Lrna no
.11uzap.MOHU'l.ernoii rfiYH!HfUeii B D. Ha n. q,. rrepeHOCHTCH 
c COOTBeTCTByIOIIJ;llMll 113MeHeHllHMll HeK-phle KJlacc11q. 
CBOHCTBa aHaJillTllq. q,ynKl_\llH (CM. [ 1)). 

Il. q,. MYJlbTllilOpHAKa m=(mr, ... , mn) OT KOMUJieKC-
HblX rrepeMeHHLIX z1, ... , Zn 11 zr, ... , Zn B o6JiaCTll D 
KOMUJleKCHOrO I!pOCTpaHCTBa (;n, n;;;;, 1, na3. q,yHKl_\l!H 
BllAa 

1:m, - I, .. ., mn- I -k -k 1- ( ) 
W =-= z 11 . . • z n n k k Z1' • • • ' z n ' 

ki. ... ,kn=O 1··· n 

rAe ft,T . . hn - anaJI11T11q. q,yHKl_\1111 rrepeMeHHhlX zr, ... , 

Zn B D. 
JI.um.: [1] Ba JI 1< M. B., 3 ye e M. <I>., «YcrrexH MaTeM. 

Haym>, 1970, T. 25, e. 5, c. 203-26. E. l.J.. CoJ10.Menw•. 
110.JIMBEKTOP' p-B e K T 0 p, BeKTOpHoro rrpoCTpau-

CTBa V - <iJieMeHT p-ii: BHenrneif CTerren11 APV npocTpaH
CTBa v na11 IIOJleM k (CM. BHeUJ,H.fl.fl a.11ze6pa). p-BeRTOp 
MOIBeT IIOHHMaThCH RaR ROCOCI!MMeTpI!30BaHHLIH p pa3 
KOHTpaBap11aHTHblH TeH30p Ha V. J1ro6aH JlllHeHHO He3a
BllCJ1MaH Cl!CTeMa BeKTOpOB Xr, ••• ' x p 113 v orrpe11eJIHeT 
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HeHyJJeBOH p-BeKTOp Xii\ ... /\Xp; Tamm Il. H83. pa a
JJ 0 "' H M bl M H, Ji!JIH II p 0 c T bl M 11 ('laCTO - rrpocTO 
Il.). IlpH <lTOM JIIIHeHHO He3aBJICII~lbie Cl!CTeMbI Xi, ••• , 

x p H Yi' ... ' y p nopomAaIOT OAHO 11 TO me IIOAIIPOCT
paHCTBO B v B TOM 11 TOJibIW B TOM cJiyqae, Korna Yi /\ 
••• /\ y p= cxi /\ ... /\ x P' rAe c EK. )J,JIH JII06oro HeHy
JieBoro IIomrneK-ropa t E AP V ero a H H y JI H T o p 
Ann t= { v E VI t /\ v= 0} eCTb IIOAIIpoc-rpaucTBo paaMep
HOCTll <.p, IIpl!'leM IIOJlJi!BeKTOp t pa3JIOll\l!M TOrAa II 

TOJibKo Torna, Korna dim Ann t= p. PaaJiom11Mble p
BeKTopbl n-Mepuoro rrpocTpaHCTBa V o6paayroT KOH1111e
CKoe aJire6pa1111. MHOroo6paa11e B APV; COOTBeTCTByIOm;ee 
rrpoeKTllBHOe aJire6paw1. MHoroo6paa11e eCTb I'pacc.Ma1ta 
.M1toeoo6paaue. J1ro6oii: HeHyJieBoii: n-BeKTop l!Jlll (n-1)
BeKTop B n-MepHOM IIpOCTpaHCTBe v pa3JIOll\llM; 6nBeK
TOp t paaJIOll\HM Torna H TOJlbKO TOr)la, Korna t/\t=O. 

ECJI!il v1, ••• , vn - 6aanc rrpocTpaHCTBa V H x;= 
= ~~ xiv j' TO Koopn11HaTaM11 IIOJIUBeKTopa t= X1 /\ • • • 

,.;,,,J=l ' 
/\Xp B 6a3IICe {t-\ 1 /\ ••• /\V; I i1 < .. . <ip} rrpocT-

P . . . 
paHCTBa APV HBJIHIOT~H MIIHopbl t' 1···'p=detllx{kll, 
i 1 < ... < i P' MaTplil~bI !!xl II. B qacTHOCTII, rrp11 p= n 

x1 /\ ••• /\Xn=det//x!f/v1 /\ . .• /\Vn· 

Ecmi: qiIIKC!ilpOBaTb HeHyJiesoii: n-BeKTOp (!)EA nv, TO 
B03HHKaeT )lBOHCTBeHHOCTb Mem)ly p-BeKTOpaM!il Iii 

(n-p)-Bel\TOpa~m, T. e. ecTeCTBeHHblH II30MopqJII3M 

n: AP (V)--->- (An- PV)* ~An-p (V*) 

TaKoii:, 'ITO ti\ u=n (t) (u)w )lJIH Bcex tEAPV u u EAn-Pv. 
IlycTb k= R 11 B V 3a)laHo CKaJIHpHoe IIpmrnoeAeHIIe, 

Tor)la B APV llHAYL\HpyeTCH cKaJIHpHoe npon3BeAeHne, 
o6JiaAarom;ee CJieAyIOID;I!M CBOHCTBOM: AJIH JII06oro opTo
HOpMIIpOBaHHoro 6aanca Vi, ... ' Vn B v 6a3IIC {vi,/\ ... 
/\vi li1 < ... <ip} B APV TaKme opToHopMnpoBaH. CKa-

P " JIJipHblH I\Ba)lpaT 

(t,t)=~. . (tf, ... lp)2 
i, < ... < 'P 

pa3JIOll\HMoro IlOJIHBeKTopa t= Xi/\ . .. /\ .T 1) COBilaAaeT 
c KBaApaToM o6'heMa IIapaJIJieJienIIneAa B V; HaTHHyToro 
Ha BeKTopbl x1 , • • . , x r EcJin qi11KCIIpoBaTL B n-MepnoM 
eBKJIH)lOBOM rrpocTpaHCTBe v opneHT3[\IIIO ('ITO paBHOCHJib
HO Bbl6opy n-BeKTopa w, AJIH K-poro ( w, w)= 1)' TO yKa-
3aHH3H Bblille ABOHCTBeHHOCTL IIpIIBO)lll.T K ecTeCTBeHHOMY 
1rnoMopqinaMy y: APv-An-pv TaKoMy, 'ITO t/\u= 
=(y(t), u)w AJIJI ocex tEAPV, uEAn-Pv. B qacTHOCTII, 
(n-1)-BeKTopy t=x1 /\ ... /\Xn- i COOTBeTcTByeT BeKTOp 
'\' (t) EV, Haa. e e K T o p H bl M rr p o 11 a o e A e H 11 e M 
BeKTOpoB Xi, ••• , Xn-1· 

JI um.: [1 J B y p 6 a 1< n H., Ameopa. AJireopawiecmrn 
CTPYKTYPhl· JI1rnel!HalI H IlOJlll'.JIHHellHalI anreopa, rrep. c QJPRHij.' 
M., 1962; (2) R 0 c T pH I< H H A. H., Ma H H H IO. M., JlHHe>i
HalI aJireopa H reoMeTPl'llI, M., 1980; (3) II 0 c TH HI< 0 B M. M., 
JlHHellHalI anreopa I'! AHljJljJepeHijll'.aJJbHaH reoMeTpHH, M.' 1979. 

A. JI. 01<Utl/U1'. 
IIOJIIIrAPMOHHqECKAH <l>YHKU,HH, r n n e p

r a p M o H H 11 e c K a JI qi y II K 1, H H, M e T a r a p
M 0 H Ii! q e c K a JI qi y H K 1\ Ii! JI, nopR)lKa m - qiyHK-
1\HH u (x)= u (xi, ... , xn) Aeii:cTBHTeJibHblX nepeMeHHhIX, 
onpeAeJieHHaH B o6JiaCTH D eBKJIHAOBa IIpocTpaHcTBa 

!Rn' n~2, IIMeIOI[\3H HenpepbIBIIble 'laCTHh!e IIpOH3BO)l
Hbie AO 2m-ro rropHAKa BKJIIO'IIITeJibIIO II YAOBJieTBOpJiro
m;aJI BCIOAY B D II 0 JI II r a p M 0 II Ii! 'I e c K 0 M y 
ypaBHeHIIIO 

dmu==:d(d ... (~u))=O, m~1, 

rne ~ - onepaTop JiaIIJiaca. Ilpn m= 1 rroJiy'laIOTCH 
<ap.MOltU'l.ec,,,ue !fiy1t1>1fuu, rrpII m= 2 - 6uzap.Mo1tU<te-

cnue !fiY1t1"1fUU. l\aiRAaH Il. cp. 0CTL aRaJIRTH'I. cpyHKL\IIH 
OT KOOpAnHaT Xj· HeK-phie )lpyrne ceoii:cTBa iapMOHH'I. 
«liYIIK[\HH TaKme rrepeHOCHTCH c COOTB0TCTByIOII\HMH H3Me
HeHIIHMll Ha Il. qi. 

,ll.JIJI Il. qi. JII06oro rropJIAKa m>1 0606~a10rcn rrpen
CTaBJieHnH IlpH ITOMOID;ll rapMOHH'I. <f>yHK~IIii, II3BeCTHble 
n,rn 6nrapMOHII'I. qiyHKL\HII (cM. [ 1] - [ 5]). Hanp., nJin 
Il. qi. u noyx nepeMeHHbIX cnpaee,[(JIIIBo IIpeACTaBJieHIIe 

,..,m-l 2k 2 2+ 2 
u (x1 , .r2) = ,,;;.,k=O r wk (x1 , x 2), r =x1 x 2 , 

rAe Wk, k=O, ... , m--1 - rapMOHII'I. qiyaK[\HII B o6-
JI3CTH D. )J,JIH Toro 'IT06bl rpyHK~HH u (x1 , x 2) AByx nepe
MeHHbIX 6blJJ8 fl. qi., He06XO)lHMO II AOCT3Tff'IHO, 'IT06bI 
OHa 6hlJia AeITCTBIITeJibHOH (llJIH MHIIMOii:) '18CTbIO nO/!U
aHG/!Umu~eCKOU rPYltKlfUU. 

0CHOBHaH KpaeBaH 3a)la'!a AJIH Il. qi. nopHAKa m>1 
COCTOIIT B CJieAyrom;eM: HaIITII II. <Ji. u= u (x) B OOJI3CTH 
u' aenpepbIBHyro BMeCTe c npOH3BOAHhIMII no (m-1)-ro 
nopJIAKa BKJIIO'IIITeJILIIO B 33MKHyToii: o6JiaCTH D = 
==DU C H YAOBJieTBopRrom;yro Ha rpaW!:~e C ycJioBHHM: 

ulc=fo(Y), 

OU' om-•u1 an c=fi(y), ... , anm-1 c= m-dY), YEC, 
l 
J 

r)le au/an - npoII3BO)lIIaJI no HOpMaJIII K C, a / 0 (y), 
... ' f m -1 (y) - 3a)laHHble )lOCT3TO'IHO rJiaAKIIl:l qiyHKI~IIH 
Ha AOCTaTO'IHO rJiaAKOH rpaHH[\e c. MHor11e HCCJieAOBa
HIIH IlOCBHU\eHbl peIIIeHHIO 38)l3'1II (*) B mape npoCT
paHCTBa IR.n (cM. [1], [6]). )J,JIJI perneHIIH 3aAa'IH (*) 
B cJiyqae IIpOI!3BOJibHOH o6JiaCTH rrpII~IeHHJICH MeTOA HII
TerpaJihHblX ypaBHenIIii:, a TaKme pa3JIII'1Hhle aapna11noH
Hhle MeTOAbI (CM. [1], [6]). 

Jlum.: (I] Be Ky a H. H., Hosble MeTOllbl pememrn annnnTH
'JeCKHX ypaBlleJllfH, M.- JI., 1948; (2) II p II'. Ba JI 0 B M. M., 
II q e JI H II B. M., «MaTeM. CO.», 1937, T. 2, B. 4, c. 745-58; 
(3) Nico 1 es co M., Les tonctions polyharmoniques, P., 1936; 
(4) er o me, «Disq. Math. Phys.», 1940, v. 1, p. 43-56; (5) 
To 1 o t ti C., «Giorn. Math. Battaglini», 1947, v. 1, p. 61-117; 
(6) Mn pa 11 A a H., YpaaHeHnH c <JaCTHhlMH npoHaBOilHhIMH 
:mnnnTH'ICCBOro THna, nep. c nTaJJ., M., 1957. E. l.J.. Co.110.Mnil;ee. 

IlOJIHrOH Hail MOHOHAOM R, R-u o JI II r o H, o n e
p a HA,- HenycToe ~rnomeCTBO c MOHOIIAOM orrepaTopoB. 
TO'!Hee, HenycToe MIIomecTBO A Ha3. JI e B bl M n. HaA 
MOHOIIAOM R, ecJI11 )lJIH JII06b1x /,,ER n: a EA onpe)leJieHo 
nponaoeAea11e Aa EA, npII'leM 

(Aµ) a=/... (µa) 
II 

1a=a 

AJIH JIIOObIX ~. µER' a EA. n p a B bl ii: n. orrpeAeJIReTCR 
aHaJiorn'Ino. 3a)lanIIe R-noJIIIfoHa A paoaoc11JibHO aaAa
HnIO rOMOMop<f>II3Ma qi MOHOIIAa R B MOHOII)l OTo6pamennii 
MHOmecTBa A B ce6H, nepeBOARID;ero 1 B TOll\)leCTBeHHOe 
OT06pameHne. IlpII <!TOM /..,a= b TOrAa H TOJibKO TOrAa, 
KOrAa 

qi(/..,) (a)=b. 

B 'IaCTIIOCTH, Kamnoe HenycToe MHOll\eCTBO MOll\HO pac
CMaTpIIBaTL K3K fl. Ha)l MOHOH)lOM ero OTOopamemiii 
B ce6JI. TaKIIM o6pa30M, Il. TeCHO CBH3aII C ·rrpeACTaBJie
HU:eM IIOJiyrpynrrhl npeo6pa3oBaHHHMII. 

EcJIH A - y1tuBepcaAb1tan aMe6pa, CHrHaTypa K-poii 
Q conepm11.T JIHlllh yHapabie orrepa~1rn, TO A Momno IIpe
opaTIITh B II. nan CB060)lIIblM MOIIOll.AOM F c CIICTe~10ii 
CB060AHbIX o6pa3yIOlll,IIX Q' IIOJIOiKHB 

U1f2· · ·fn) a=fi U2 (.··Un (a)).·.)) 

AJIR JII06hlx f; E Q, a EA . Ecmr Q - MnomecTBo exonHhIX 
CIIrHaJIOB aBTOMaTa c MHOmeCTBOM COCTOHIIIIH A' TO A 
aHaJiorII'IIIblM o6paaoM npeopam;aeTcH B F-noJIIIroa (cp. 
A emo.Mamoe al!ze6pau'l.ecr;aR meopuR). 

0To6pameHIIe qi R-IIOJIHroHa A B R-IIOJIIIroH B na3. 
r 0 M 0 M 0 p qi Ii! 3M 0 M, eCJill. qi (f...a)=f...qi (a) /.(JIH JJIO-
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ObfX /,.,ER VI a EA • n pn A= B rroJiyqaeTCH orrpe;n;eJiem:ie 

:> H fl o M o l' q, 11 a M a. Bee 9HAO~rnpqin3Mhl nom1r0Ha A 
oupa3yKJT MOHOHA, ll A MOil\HO paccMaTpHBaTb KaK Il. 
Ha)J, HHM. 

8KBHBaJieHTHOCTb e na R-IIOJrnrone A na3. K 0 H

r p y a H u: n e il:, eCJIH (a, b) Ee BJie•rnT (Aa, Ab) Ee 
)J,JIH JIKJ6oro /,.,ER. Mnoil\eCTBO KJiaCCOB Konrpy:rnu;nu e 

ecTeCTBennhlM o6pa3oM npeaparn;aeTCfl B R-noJinroH, Ha-

3h!BaeMhlH qi a K T 0 p II 0 JI ll r 0 II () M IIOJIHroHa A ll 
o6o3naqaeMh!H •iepe3 A/8. EcJIH A - nomffon Ha)J, R, 
TO na R Moarno oIIpe)J,eJIHTb OTHOIIIeHHe Ann A, noJioil\HB 

(/,.,, µ)EAnnA, ecJIH /,.,a=µa )J,JIH acex aEA. 0THome
m1e Ann A oKa3bIBaeTcf! KoHrpyami;neii MOHOH)J,a R, 
II A ecTecTBeHHhlM o6pa3oM npeaparn;aeTCH B IT. HaA 
qiaKTopMOHOH)J,OM RI Ann A. EcJIH noJIHroH A B03HHK H3 

neK-poro aBTOMaTa, TO OIIHCannhlH IIepeXO)J, paBHOCHJieH 

((CKJieHBaHHKJ)) 0).1,HHaKOBhlM o6pa30M 11:eiiCTBY!OllJ;HX no

CJie)J,oBaTeJibHOCTeH BXO)J,Hh!X cnrHaJioB. HapHAY c o6hl'l

Hh!MII AJIH yHIIBepcaJihnhlx aJire6p KoHCTPYKU:IlflMH IIpH
Moro II IIO)J,IIpflMOrO IIpOH3Be)J,eHHH, B TeOpIIH Il. paCCMaT

p1rnaeTCH aaarnaH )J,JIH aJire6paw1. TeopIIH aBTOMaTOB 

KOHCTPYKU:HH CIIJieT0HIIH. Cao6o)J,Hoe npoH3Be)J,eHHe (HJIII 
KOIIpOH3Be11:enHe) n. COBIIa11:aeT c HX /l:ll3'bKJHKTHblM 

06'be/l:I1HeHHeM. 
Ha Il. MOil\HO CMOTpeTb KaK Ha Heall:/l:IITHBHhlH aHaJior 

MO/l:YJIH Hall: KOJibU:OM, 'ITO CJiyiHIIT 6oraTbIM HCTO'lHIIKOM 

3all:a'l TeopHII n. B '!aCTHOCTII, YCT8HOBJiena CBfl3b n. 
c pai}ut;a/!aJnu B IIOJiyrpyIIIIaX II HCCJie11:yIOTCH CBfl3H 

CBOHCTB MOHOH)J,a CO CBOiiCTBaMII Il. nail: HHM. HaIIp., 

Bee JieBhle R-IIOJIHrOHhl IIpoeKTHBHhl TOr)J,a ll TOJibKO 

Tor11:a, Kor11:a R - 011:noaJieMenTnaH rpyIIIIa, a HH'beKTHB
HOCTb BCeX Il. Hall: KOMMyTaTIIBHhlM MOHOH/l:OM R paBHO

CIIJihHa HaJJil'IHKJ B R HyJJH ll IIOpOiHll:8eMOCTH acex ero 

Hll:eaJJOB n)J,eMIIOTeHTaMH (cp. I'oMO/!OBU'tecKasi K/!accurfiu
Kal{Usi KOl!elf) · 

EcJIH R - MOHOH/I: c HyJieM 0, TO Moil\no roaopHTb 06 

R-IIOJIHroHe A c HyJieM KaK 06 R-IIOJII1rone c OTMe'!eHHoil: 

TO'!Koii u, IIpn'leM Oa= u )lJifl acex a EA. TeopHfl IT. c Hy

JleM HMeeT neK-pb!e oco6eHHOCT!L 
Kail\)J,hlii n. MOil\HO paCCMaTpIIBaTb KaK qiyHKTOp H3 

O/l:HOOU'beKTHOii KaTeropIIII B KaTeropIIIO MHOil\eCTB. 

Jium.: [1] AJJre6pa11qeci;aa Teop11a aeToMaToe, H3hlHOB 11 110JJy
rpy1m, rrep. c aHrJJ., M., 1975; [21 H JI 11 lfJ lfJ op ll A., II p e c
T O H r., AJJre6pa11qecHaH TeOpllH IIOJJyrpy1111, rrep. C aHrJJ., T. 2, 
M. 1972: [3] c K 0 pH R K 0 B JI. A., B c6.: MOllYJJll, B. 3' Ho
BOC116., 1973, c. 22-27; [4] HTor11 Hayi;11 11 TexH11H11. AJire6pa. 
TonoJior1rn. reoMeTpllH, T. 14, M., 1976, c. 57-190. 

JI. A. Cnop>LJl>WB. 

IIOJIMKPYr, II o JI II u: II JI II HA p,- 06JiacT1> 

8=6.(a=(ai, ... ,an), r=(ri, ... , rn)= 
={z=(zi, ... ,Zn) E Cn:lzv-avl<rv, V=1, ... , n} 

KOMIIJJeKCHOrO IIpOCTpaHCTBa tn, n > 1, f!BJIHKJlIJ;aHCH 

TOIIOJIOrH'I. IIpOH3Be11:eH1reM n KpyroB, 

8=81X ... X8n, 

8v={zv E IC: I zv-av I< rv}, V=1, ... , n. 

To'!Ka a~(a1 , ... , an)EICn -u;eHTp IIOJIIIKpyra 8, 
r=(r1, ... , rn), rv >O, v=1, ... , n,- ero My JI b TH-

p a Any c. IlpH a=O, r=(1, ... , 1) IIoJiy'laeTCH e AH-
H II 'I H bl {1 TI 0 JI II K p y r. 0 C T 0 B 0 M II 0 JI II K p y

r a 8 Haa. qaCTb 

T=T(a, r)={z EICn: lzv-avl=rv, v=1, ... , n} 

ero IIOJIHOii TOIIOJJOfll'I. rpaHHU:hl () 8. Il. eCTb IIOJIHaH 

Kpam1to t>pyeooasi 06/!acmb. 
EcTeCTBennhlM 0606rn;eHI1eM rroHHTIIH IT. HBJIHeTCH II o

JI n o 6 JI a c T b (II o JI n K p y r o B a H o 6 JI a c Th, 

o6o6m.eHHbiii IIOJIHU:IIJIIIHAP) D=D1X 
... x D n• HBJIHIOil{aHCH TOIIOJIOrH'I. IIpOH3Be11:eHHeM n 
(Boo6rn;e roaopH, MnorocBH3nhlx) 06J1aCTeii D v clC, v= 1, 

... , n. fpaH!U\a f= (JD IIOJIIIOUJJaCTH D COCTOUT H3 n 
MHOiKeCTB pa3~!epHOCTll 211-1: 

rv={z E en: zvEaDV, zµE jjµ' µ i: v}, V=1, .. ., m, 

o6rn;aH '!aCTb K-pbIX ectb n-MepHbiii 0 c T 0 B II 0 JI Il-

o 6 JJ a CT Jl D: 

T=aD1x ... xaDn={z EICn: zv E aDV, V=1, ... , n}. 

E. JI,. COJ10J11em;eo. 

IIOJilIJilIHEllHAH AJifEBPA - 1rncTb ame6phl, 
110yqaromafl n0Au.riu1teil1tble omo6paJ1Ce1tusi MOll:yJJeii (B '!a

CTHOCTn, BeKTOpHbIX npocTpaHCTB). IlepBbIMH pa3)J,eJJaMH 
Il. a. HBllJllfCb TeOpHH 6U/!Ulleii1tbiX rfiopM ll KBai)pamu<t
ltblX rfiopM, Teopll.fl onpeaeAumeMil 11 pa3BHBarow,ee ee 

lfC'lllCJieHI:ie fpaccMaHa (cM. B1teut1tsisi aAu6pa). OcHOB
HyKJ pOJJb B IT. a. HrpaIOT IIOHf!Tll.fl me1taop1toeo npouaoe
oe1tUJ1., menaopa, llO/!U/!Ulteunoil rfiopJnbL Il pHJJOil\eHJI.fl 
IT. a. K reoMeTpHII u aHamrny CB.fl3aHbI rJJaBHhlM o6pa

:mM c me1taop1tblM uc<tUC/!e1tueJn H aurfirfiepe1tl{Ual!b1tbiJnu 
rfiopJna.!ftU. A. JI. Onuu;un. 

IIOJIHJIUHEIIHAH 4>0PMA, n-JJ u n e ii H a 11 
qi o p M a, Ha ymITapHOM A-MO/l:yJJe E - noAU/!UHeil1toe 
omo6pa:HCe1tue En--+A (3).1,ecb A - accoIJ;HaTUBHO-KOMMY· 

TaTlfBHOe KOJlblW C ell:IIHIIU:eH). Il. qi. Ha3. TaKil\e II 0 JI H

JI II H e H H 0 JI qi y H K u: II e ii (n-JJ ll H e ii H 0 ii qi y

H KU: II e il:). IlocKOJJbKY Il. If>.- 'laCTHhlH CJJyqaii IIOJIH
JIHHeiiHbIX OT06pameHI1ii, MOil\HO fOBOpIITb 0 CIIMMeTpil

'!eCKHX, KOCOCUMMeTpil'leCKIIX, 3HaKorrepeMeHHhlX, ClfM

MeTpH30BaHHhlX II KOCOCHMMeTpII30BaHHhlX Il. qi. Hanp., 

onpe11:eJiuTeJib KBa)J,paTHOii MaTpHU:hl IIOpH)J,Ka n Hall: A -
9TO KOCOCHMMeTpI130BaHHafl (II TeM caMhlM 3HaKoIIepeMen

HaH) n-JIHneiiHaH qiopMa Ha An. n-JIIIHeHHhle qiopMbl Ha E 
o6pa3yIOT A-MO/l:YJib L,, (E, A), ecTecTBeHHO Il30Mopqi-

n n 
HblH MO)J,yJIIO (@E)* acex JIHHeHHhlX qiopM Ha ®E. B CJly
'lae n= 2 (n= 3) roaopf!T o 6ul!u1teil1tblX rfiopJnax (TpHJIH

neiiHh!X qiopMax). 
n-J1I1neiiHhle qiopMhl Ha E Tecno CBfl3aHhl c n pa3 Ko

aa pIIaHTHbIMH TeH3opaMH, T. e. 9JleMeHTaMH MO)J,yJIH 

Tn (E*)=@nE*. To'!Hee, I1MeeTCfl JIHHeiinoe OTo6paIBe-

HHe 
Yn : Tn (E*) ____,. Ln (E, A) 

TaKoe, '!TO 

Yn (u1 Q9 ... Q9 Un) (x1, ... , xn) = U1 (.r1) ... Un (xn) 

)J,Jifl JIKJUbIX u;EE*, x;EE. EcJ1u Mo)J,yJlh E cao6o)J,eH, TO 
y HH'heKTHBHO, a eCJIH E K TOMY il\e KOHe'!HO IIOpOIB)J,eH, 

TO H 6ueKTHBHO. B 'laCTHOCTH, n-JIHHeMHhle qiopMbI Ha 
KOHeqHoMepHOM BeKTOpHOM IIpOCTpaHCTBe Ha)J, IIOJieM 

OTOiHJ1:eCTBJIHKJTCH c n pa3 KO Ba pHaHTHbl Mii TeH30paMII • 

.I(J1fl JIKJ6hlx qiopM uELn(E, A), vELm(E, A) orrpe11:e

JifleTcfl HX TeH3opnoe rrpoI1aae11:enI1e uQ9v E Ln + m (E, A) 
qiopMyJ1oii 

uQ9v(x1, ... , Xn+m)=u(xi, ... ,xn)v(xn+1' ... ,Xn+ml· 

.I(m1 CHMMeTpI130BaHHhlX Il. qi. OIIpeJ1:eJieHO TaKil\e CHM· 

MeTpH'I. IIpOH3Be)J,enHe 

(a nu) V (amv) = CJn+ m (u Q9 v), 

a /l:Jifl KOCOCIIMMeTpI130BaHHbIX Il. qi. - BHeIIIHee IIpOJ.I3Be

)'(eHile 

8TH orrepaIJ;IIH pacIIpocTpaHHIOTCH Ha Mo)J,yJih L* (E, A)= 

=EB;=0L(E, A), r11:e L0 (E, A)=A, Li(E, A)=E*, Mo

AYJlh CIIMMeTpI130BanHbIX qiopM La ( E, A)= ffi;;"=oCJ nL n ( E, 
A) H MOAYJib KococI1MMeTpH30BaHHhlX qiopM La (E, A)= 

=ffi;;"=oanLn (E, A) COOTBeTCTBeHHO, IIpeaparn;afl HX 

B accou;IIaTHBHbie aJ1re6phl c eAIIHIIU:aMH. ECJIII E - :KO

He'!HO IIOpOIB)J,eHHhlii CBOUO)J,Hb!H MO)J,yJJb, TO OT06pame

HIIH Yn oIIpe)J,eJif!KJT H30MopqiH3M me1taop1toil a.riee6pb1 
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T(E*) Ha L*(E, A) H oneutHeii aJtze6pb1, A(E*) Ha aJ1-
re6py La (E, A), coarraAarom;yro B noM cJ1yqae c aJire6poii. 
3Ha1wrrepeMeHHbIX qiopM. Ecmi: A - rroJ1e xapaKTepuc
THKH 0, TO HMeeTCH TaKlI\e ll30Mopqi1I3M ClIMMeTpllq. aJl
re6phl S (E*) Ha ame6py La (E, A) Cll.MMeTpHq. qiopM. 

BcHKOii IT. qi. uELn(E, A) cooTBeTCTByeT qiyrrnu;HH 
Wn (u) : E--+A, 3aAaHHaH qiopMyJioii 

Wn (u) (x) = u (x, ... , x), x E E. 

<l>yHKIJ;llll BHAa Wn (u) Ha3. qi 0 p Ma M lI c Te II e HM n 
rra E; eCJIM E - cao60AHbiii. MOAYJlb, TO B KOOPAMHaTax 
OTHOCMTeJlbHO rrpOM3BOJibHOfO 6a3MCa OHM 3aAaIOTCH OAHO
pOAHbIMH MrroroqJierraMM CTerrerrn n. B CJiyqae n= 2 
(n= 3) rroJ1yqaIDTCH 1rnaapamurmbie rfiopMbi M ny6u<tecrme 
rfiopMbi rra E. <Pop Ma F= w ( u) IIOJIHOCTbIO orrpeAeJ1HeT 
CHMMeTprrnau;HIO UnU qiopMhl uELn(E, A), HMeIOru;YIOBlI)l; 

UnU (xi, ... , xn) = 

= ~n (-1)n-r ~. . F (.r. + ... +.r; ). 
~r=I ~i1< .• ·<tr It I 

B •rncTrrocTH, AJIH n= 2 

(u 2u) (x, y) = F (x+ y)-F (x)-F (y). 

0T06pamerrHH 'l'n H wn orrpeAem1roT roMoMopqin3M aJ1re6-
pbI s (E*) Ha aJ1re6py BCex nOJtUllOMUaJtbllblX r/iYllriifUU 
p (E), K-pbIH HBJIHeTCH H30Mopqill.3MOM, eCJllI E - CB0-
6oAHbIIr KOHeqHo rropOmAeHHhlM MOAYJlb HaA 6eCKOHeqHOM 
o6JiaCTbIO u;eJIOCTrrocTM A. 

Jium.: (1) By p 6 a Kn H., Anre6pa. Anre6pattqecmrn 
CTPYKTYPhJ. JlnHei1HaH n IIOJIRJIRHettHaH aJJre6pa, nep. c tjlpam.1.' 
M., 1962; [2) By p 6 a K If H., AJJre6pa. MHoroqneHhl lf IIOJJII. 
YrropHaoqeHHhle rpynrrhl, rrep. c tjlpaH11., M., 1965; [3) JI e Hr C .. 
Anre6pa, rrep. c aHrJJ., M., 1968. A. JI. Onu14ur.. 

IIOJIHJIHHEA:HOE OTOEP AJKEHHE, n-JI H He ii. n o e 
0 T 0 6 p a m e H H e, II 0 JI lI JI lI H e II H bl ii 0 II e p a-

n 
T 0 p,- OT06pamemrn I rrpHMOfO IIpOH3BeAeHMH ni=IE; n 

ymnapHbIX MOAyJ1eii. E; HaA accou;HaTHBHO-KOMMYTaTHB
HhIM KOJibIJ;OM A c eAHHHu;eii. B rreK-phlii A-MOAYJlb F, 
JIHHelrnoe no Kail\AOMY apryMeHTy, T. e. YAOBJleTBOpHIO
m;ee ycJIOBHIO 

f (x1, .. ., x;-1, ay+bz, x;+r, .. ., :rn)= 
=af (xi, .. ., x;-1, y, x;+1 •... , .r,,)+ 

+uf (x;, .. ., x;-r, z, x;+r, ... , :rn) 
(a, b EA; y, z EE;, i=1, ... , n). 

B CJlylfae n=2 (n=3) roaopHT o 6uJtuneiinoM omo6paJl('e
Huu (cooTBeTCTBeHHO TPMJIHHeii:HoM). HamAoe IT. o. 

I: II~ E;-+ F 
i=l 

orrpeAeJIHeT eAMHCTBerrrroe JIHHeii.Hoe oTo6pameHHe f TeH-

3oprroro rrpoH3BeAeHMH ffi7= 1E; B F TaKoe, qTO 

f(x1 ®· . . (i;J Xn) =f (x1, .. ., xn), x;EE;, 

rrpHqeM COOTBeTCTBHe /~7 eCTb 6neKIJ;lIH MrromeCTBa IT. o. 

II~ E ;--+F Ha MHomecTBo acex JIHHeMHhlX OT06pamem1ii 

,,'=1 II" 
®i=rE;--+F. IT. o. i= 1E;--+F ecrncTBeHHblM o6pa3oM 

o6pa3yIOT A-MOAYJlb. 
B A-MOAyJle L n (E' F) Bcex n-JIHrreii.nblX OTo6pameHHH 

En--+F AeMCTByeT CHMMeTpllq. rpyrrrra s ,,: 
(sf) (.r1 .... , Xn)=f (xsUb ·· ., Xs(n)), 

rAe sES,,, fELn(E, F), x;EE. IT. o. f Ha3. c HMM e T
p lI q e CK lI M, eCJIM sf=f AJIH acex sESn, M KOC 0-
c MM Me T p M q e c K lI M, eCJIM sf=e(s)f, fAe e(s)= ±1 
B 3aBHCHMOCTH OT qeTHOCTlI IIOACTaHOBKlI s. IT. o. Ha3. 
3 H a K 0 II e p e M e H H hl M (HJIM a JI b T e p H lI p O
B a H H bl M), ecmi /(xi, .•. , Xn)=O, KaK TOJibKO x;=x; 
):\JIH HCK-pbIX ii= j. BCHKOe 3HaKorrepe~l0HHOe IT. o. KOCO
cmrneTpuqHo, a ecJIM B F ypaBHeHHe 2y=O 11MeeT eAIIH-

CTBeHHoe perneHne y= 0, TO aepHo H o6paTHoe. Cn~IMeT
puqecmrn IT. o. o6pa3yI<lT IIOAMOAYJlb B Ln(E, F), ec
TeCTBeHHO M30MopqiHblH MOAYJIIO JIHHeiiHblX OTo6pamemrii 
L(SnE, F), rAe SnE eCTb n-H Cll.MMeTpuq. CTerreHb E 
(CM. CuMMempu<tecr;aR a11,ze6pa), 3HaKorrepeMeHHbie IT. o.
IIOAMOAYJib, ecTeCTBeHHO H30MopqiHhlH L (AnE, F), rAe 
AnE ecTb n-H BHellIHHH crnrrerrb MOAYJIH E (cM. BneutllM! 
a11,ze6pa). IT. o. BIIAa anf= ,~ sf Ha3. c II MM e T p II 3 O-

k.is E Sn 
B a H H hl M II, a IT. 0. BIIAa Unf= ~ e (s)s/ - K 0 c 0-

..:..i. E Sn 
c II MM e T p II 3 0 Ba H H hl M II. CIIMMeTpII30BaHrrhle (Ko
COCHMMeTp1130BaHrrhle) IT. o. CIIMMeTpIIqHhl (COOTBeTCT
BeHHO 3HaKorrepeMeHrrhl), a eCJIH B F ypaBHeHIIe n!y=c 
IIMeeT AJIH Kai«Aoro c E F eA11HCTBerrrroe perneHIIe, TO 
aeprro II o6paTrroe. ):J,JIH Toro qT06b1 BCHKOe 3HaKorrepeMeH
rroe IT. o. 6bIJIO KOCOCIIMM0TpII30BaHHhlM, AOCTaToqrro 
TaKme, qTo6bl MOAYJib E 6MJI cao6oAHhlM. 

Jium. CM. IIplf CT. JioJtuJtuneiinaR <f>op.Ma·. A. JI. Ouu14ur.. 

IIOJIHHHJibIIOTEHTHAH rPYIIIIA - rpyrrrra, 
06J1aAaIOm;aH KOrreqHblM HOp.MaJtbHbiM pRaoM, qiaKTOphl 
K-poro HIIJibIIOT0HTHbl; TaKOH PHA Ha3. II 0 JI II H M JI b
rr 0 T e H T H bl M. ):],Jiil.Ha KpaTqaiirnero IIOJIIIHHJlbIIOTeBT
HOfO PHAa IT. r. Ha3. ee II 0 JI H H II JI b II 0 T e H T
H 0 ii A JI H H 0 ii. HJ1acc BCex IT. r. COBIIaAa0T c KJiaC
COM Bcex paapeutUMO!X zpynn; OAHaKo, Boo6m;e rOBOpH, 
IIOJIIIHIIJibIIOTerrTHaH AJIIIHa M0HbIIIe pa3peIIIHMoii.. II. r. 
AJIIIHhl 2 Ha3. M e T a H II JI b II 0 T e H T H bl M H. 

Bee rpyrrrrbl, o6JiaAaIOm;IIe (Bo3paCTaIOID;HM) rroJIIIHHJlb
rroTerrTHblM PHAOM AJIIIHbl l, qiaKTOpb1 K-poro (B rropll):(Ke 
Bo3pacTaHHH pHAa) HMeIOT KJ1accb1 HHJlbIIOTeHTHOCTII, rre 
rrpeBOCXOAHID;II0 qIIceJI cl, C2, ... , Ct COOTB0TCTBeHHO, o6-
pa3yIOT Mrroroo6pa3IIe ~, HBJIHrom;eecH rrpoII3BeAeH1IeM 
HHJlbIIOTeHTHblX Mrroroo6pa3IIii:: 

~ = \Jlc,\.llc,· · · \Jlc 
l 

(cM. I'pynn Mnozoo6pa;:iue). Cao60AHbl0 rpyIIIIbI TaKoro 
MHoroo6pa31IH rra3. c B 0 6 0 A H bl M II II 0 JI II H II JI b-
rr 0 T e H T H hl M M r p y II II a M M. Oco6blii: IIHTepec 
rrpeACTaBJIHIOT MHoroo6pa3HH \JlcllC II llC\Jlc· ITepaoe 
H3 HHX COAepmIIT ace CBH3Hhl0 pa3peIIIIIMbl0 rpyrrrrbl JIH; 
BO BTOpOM ace KOHeqHo rropOiKAeHHble rpyIIIIbl KOHeqHO 
arrrrpoKCIIMnpyeMbl II YAOBJleTBOpHIOT ycJ10Bnro MaKCII
MaJlbHOCTR AJIH rropMaJibHblX IIOArpyrrrr. 

Jium.: (1) Ky po III A. r., TeopnH rpyrrrr, 3 nan., M., 1967; 
(2) He it Ma H X., MHoroo6paattH rpyrrrr, rrep. c aHrJJ., M., 
1969. A. JI. lU.MeJtbr.un. 

IIOJIHHOM - TO me, qTo MllOZO'LJ!eH. 
IIOJIHHOMHA.1IbHAH <l>YHKD;HH - o6o6m;errIIe 

IIOHHTIIJI u;eJIOH pau;HOHaJibHOH qiyrrKIJ;JIII (CM. M llOZO
'IJtell). ITycTb V - yrrIITapHhlii: MOAYJib HaA accou;IIaTIIBHO
KOMMyTaTIIBHblM ROJlbll;OM c c 0AIIHIIJ.J,eii:. 0To6pamerrHe cp : 
V--+C rra3. IT. qi., ecJIH cp=%+· . • +cpm, rp;e cp; - qiopMa 
CTeIIeHH i Ha v, i= 0, 1, .. ., m (CM. Il OJIU.i!UlleiinaR rfiop
Ma). HaII6oJiee qacTO II. qi. paccMaTpIIBaIOTCH B cJiyqae, 
KOfAa v - CBo6op;HhlH C-MOAYJlb (rrarrp., BeKTOpHoe rrpo
CTpaHCTBO Hap; IIOJI0M C) c KOrreqHblM 6a3IICOM V1, ... , 
v,,. B aTOM cJiyqae oTo6pamerrIIe cp : V--+C HBJIHeTCH 
IT. qi. TOfAa II TOJlbKO TOrp;a, KOfAa cp(x)=F(xr. .. ., Xn), 
rp;e FEC[X1, ... , Xnl - MHoroqJleH nap; C II x1, 
. .. , xn - KOOPAIIHaTbl ::iJ1eMeHTa x E VB 6a3nce v1, ... , vn
EcJIII rrpII <JTOM C - 6ecKorreqrraH 06J1aCTb u;eJIOCTHOCTH, 
TO MHOroqJieH F orrpeAeJIH0TCH OAH03HaqHo. 

IT. qi. Ha Mop;yJ1e V o6pa3yIOT accou;IIaTIIBHO-KOMMyTa
TIIBHyro C-aJ1re6py p ( V) c eARHIIu;eii OTHOCIITeJibHO ec
T0CTB0HHbIX orrepau;Hii:. B CJiyqae, KOrAa v - CB060A
Hblii. MOAYJlb c KorreqrrhlM 6a3HCOM HaA 6eCKOHeqHOH 06-
JiaCTbIO u;eJioCTHOCTH C, aJ1re6pa P ( V) KaHorrIIqeCKH HBO
MopqiHa CHMMeTpHq. aJ1re6pe S ( V*) corrpHmerrrroro Mo
AYJIH V*, a ecm1 V - KOrreqHoMepHoe B0KTopaoe rrpocT
paHCTBo HaA IIOJieM xapaKTepHCTHKH 0,- aJ1re6pe CIIM
~10TpH'IeCKHX IIOJll!JIHHeHHhlX qiopM rra v. A. JI. Onu14u,;. 
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IlOJUIHOMIIAJibHOE p ACllPE,!J;EJIEHIIE, M y JI b

T H B 0 M H a Jl b B 0 e p a c II p e A e Jl e H H e, - COB
MeCTHOe pacnpep,enem1e cJiyqalrnh1x BeJJHqHa Xi· •• ., 
X k• K-poe 3ap,aeTCH P,JJH mo6oro aa6opa u,eJihIX JieOTpH
u,aTeJJhHhIX qHcen n1 , ••• , n k• yp,oBJJeTBopHIOl!l,HX ycJio

BHIO ni+· . . +nk= n, k1=0, 1, •• ., n, j=1, .. ., k, 
iJ>opMyJJOH 

P {X - X - }- nl n, nk i-n1, .. ., k--nk -n,I. .. nk! P1 · .. pk • (*) 

rp,e n, Pi, .. ., Pk(P/;;;;,O, ~JP1=1) - napaMeTphl pac
npep,eJJeIIHH. fi. p. HBJIH0TCH MJIOfOMepIIbIM P,HCKpeTJihIM 
pacnpep,eJieIIHeM - pacnpep,eJieHHeM cJiyqaiiHoro BeKTO

pa (X1, •• ., Xk) c Xi+· • • +Xk=n (::no pacIIpep,eJJeHHe 
HBJIHeTCH no cymecTBy (k-1)-MepIIbIM, T. K. B eBKJJHP,0-
BOM npOCTpaHCTBe k H3MepeIIHH OHO Bhlp01KP,01IO). Il. p. 
ecTeCTBeHHhIM o6pa30M o6o6maeT 6ullO.Mua11b1toe pacnpe
oe11ellue H COBnap,aeT c IIOCJJeP,HHM IIpH k=2. Ha3BaIIHe 
pacIIpeAeJieHHR o6'bRCHH0TCH TeM, qTQ sepoHTHOCTb ( *) 
HBJIHeTCR 061!1,HM qJJeHOM pa3JJ01K0HH.H MIIOroqJieHa (noJJH

HOMa) (Pi+· . . +pk)". Il. p. IIOHBJIH0TCH B CJJep,yIOl!l,0H 
BepoHTJIOCTHOH CXeMe. Ramp,aH H3 CJiyqaHHbIX BeJIHqHH 
xi eCTb qHCJIO Il0HBJI0HHH OP,IIOfO II3 B3aHMOIICKJJIOqaIOII~HX 
co6blTIIH A J• j= 1, •• ., k, npH IIOBTOpHbIX He3aBHCHMhIX 
HCIIbITaIIHHX. EcJJH IIpn Kamp,oM HCllhlTaHnH sepoHTHOCTh 
IIOHBJieHHH cotJwTHH A 1 paBHa p 1, j= 1, •• ., k, TO Be
poHTHOCTh ( *) paBHa BepoHTHOCTH TOfO, 'ITO II pH n 
HCIIbITaJIHHX co6hlTHH Ai· .. ., A k IIOHBHTCH nl, .. ., Ilk 
pa3 COOTB0TCTB0IIHO. Ramp,aH H3 CJJyqall:HbIX BeJinqHH xi 
HM00T 6HHOMnaJibHOe pacnpep,eJieHne c MaTeMaTnq, OlKH

p,aHneM np1 n P,Hcnepcneii np1(1-p1)· 
CnyqaiiHhlH BeKTOp ( X 1, •• ., X kl nMeeT MaTeMaTuq. 

OlKHP,aHHe (npi, .. ., np k) H KOBapHa!l,HOHHYIO MaTpHu,y 
B= llb,)I, rp,e 

b ··--{ np;(1-p;), 
I} --

-np;pj, 

i, j=1, .. ., k 

i=j, 

:/= j 

(paIIr MaTpH!l,bl B paBeH k-1 B CHJIY Toro, qTO ~~-In;= 
=n). XapaKTepncTHq, iJ>yHK!l,HH n. p. paBHa - -

/(ti. .. ., tk)=(p1eit,+ ... +pkeitk)n. 

ITpn n-+oo pacnpep,eJJeJine BeKTopa (Yi, •• ., Yk) c m1p
MHpoBaHIIblMH KOMIIOHeHTaMH 

Y; f nP; (1-P;) 

CTpeMUTCH K HeK-pOMy MHOfOMepHoMy HO[>Jtta/!bllO.MY pac
npeoeMllUIO, a pacnpep,eJieHHe cyMMbI 

Li:=I (1-p!) y~ 
(K-paH HCIIOJlh3yeTCH B MaTeMaTnq, CTaTHCTHKe P,JlH IIOCT
poeJIHH «XU-KBaopam» KpumepU!!) CTpeMHTCH K «xu-r.eao
pam» pacnpeoeMllUIO c k-1 CTeIIeJIHMH CB060P,bl. 

Jlum.: [!) Hp a Me p r., MaTeMaTH'!ec1me MeTO/lbl CTaTHC-
THKH, nep. c aHrJJ., 2 H3/l., M., 1975. A. B. IIpoxopoB. 

110.JIIIHOMHAJlbHblll K03<1><1>1IU:HEHT - K03iJ>-
iJ>H!1,H0HT 

n! 

npH .r~ 1 x~2 ••• x;nm B pa3JI01K0HHII MHoroqJJeHa (noJJn

IIOMa) (x1+x2+· • • +xm) 11 • B KOM6HHaTOpHK0 Il. K. 
BbrpamaeT: a) qncJio BceB03MOlKHbIX IIepecTaJioBoK H3 n 
3JI0M0JITOB, II3 K-pbIX ni 3JieMeHTOB OP,HOTO BIIP,a, n2 3Jie
M0IITOB p,pyroro BHP,a, •• ., nm 3Jl0M0HTOB m-ro Bnp,a; 6) 
qncno cnoco6oB pa3Mel!l,eHHH n pa3JJnqJibIX sJieMeHTOB 
no m pa3m1qHhlM HqeiiKaM, IlpH K-pOM B i-IO flqeiiKy 
IlOMel!l,aeTCH n; 3JleMeHTOB, i= 1, 2, .• ., m, 6e3 yqeTa 
aopHP,Ka 3JieMeHTOB B JJI06oii flqeiiRe. 

GaCTHhlM CJiyqaeM n. K. HBJJHIOTCH 6uHO.MUa/!bllble 
r.oaipijj U1fUeH mbi. 

JI um.: [ 1) X o J1 J1 1\1., KoM6HHaTOp1rna, nep. c aHrn., M., 
1970; [2) pH 0 p ll a H .n lR., Bse11enne B KOMOHHaTOpHbllI ana-
J1H3, rrep. c aurJJ., M., 1963. C. A. PynoBa. 

110.TJIIJJ:IIKJIIIqECKAH rPYllllA - rpynIIa, 06-
nap,aIOma11 II 0 Jl H !I, H K JI H q e c K H M p H A 0 M, T. e. 
cy6HopMaJlhHbIM pRP,OM c !l,HKJIHq, iJ>aKTOpaMH (CM. /JofJ
zpynn pafJ). Rnacc IT. r. Tomp,ecTBeH KJJaccy pa3penrn
MhIX rpyIIn c yCJJOBHeM MaKCHMaJihHOCTH P,JIH nop,rpynn; 
OH 3aMKHYT OTHOCHTeJlbHO nepexop,a K nop,rpynnaM, iJ>aK
TOprpynIIaM H pacmnpeIInHM. GncJio 6ecKoHeqHhIX iJ>aK
TopoB B JJI06oM noJIH!J,HKJIHq, pH/le - nHBapHaHT IT. r. 
(n o JI Hu, n K JI H q e c Kn ii p a Hr).' foJJoMopiJ> IT. r. 
H30MopiJ>Ho BKJJaP,blBaeTCH B rpynIIy MaTpII!l, Hap, KOJib!l,OM 
u,eJiwx qHCeJI; 3TO no3BOJIHeT npnMeHHTh B TeopHH IT. r. 
MeTOAhI aJire6paHq, reoMeTpHH, Teopnn qHCeJI u p-ap,uqe
CRoro aHaJIH3a. Ecnn k - anre6paHq, pacmHpeHne KOHeq
Horo noJJH, G - KOHeqHoe pacmnpeHne IT. r., TO BCHKHii 
npocToll: kG-Mop,yJJh KoHeqHoMepeH Jiap, k. Bo BCHKOH 
rpynne npon3Be;J,eHne ABYX JJOKaJihHO IIOJIHU,HKJinq, Hop
MaJihHbIX nop,rpynn - JJoRaJihHO IIOJJH!l,HKJI11.q, nop,rpynna. 

Jlum.: [I) Kap ran o J1 o B M. II., Me p 3 J1 ff Ko B IO. 11., 
0CHUBhJ Teop1rn rpynn, 3 H3/l., M., 1982; [2) Three lectures on 
polycyclic groups, L., 1973. IO. H. Mepa.l!R1<oB. 

llOJIH3,!J;P - o6'hep,nHeHHe JIORaJihHO Roneqnoro ce-
MeiiCTBa BhlIIYKJihlX MHOrorpaHHHKOB B HeK-poM /Rn. 
ITop, B hl II y K Jl bl M M H 0 r 0 r p a H H H K 0 M IIO-
HHMUeTCH IIepeceqeHHe KOneqnoro qHCJia 3aMKHYThIX 
rron yn pocTpaHCTB B cJiyqae, ecJin aTo IIepeceqeHne or
pam1qeHo. J1 o K a JI h H a H K o H e q H o c T h ceMeii
CTBa 03HaqaeT, qTo Kamp,aH TOqKa /Rn HMeeT OKpecT
HOCTh, IIepeceKaIOru,yIOCH Jlllillh c KOHeqHbIM qncJJOM MHO
rorpaHHHKOB. R o Mn a KT H bl ii IT. HBJJHeTCH o6'bep,u
HeHHeM KOHeqHoro qncJra BbIIIYKJlbIX MHOrorpaHHHKOB. 
P a 3 M e p H o c T h II. onpep,en11eTCH KaR MaKcnMaJJb
HaH pa3MepHOCTb COCTaBJlHIOl!l,HX ero MHororpaHHHKOB. 
J1I06oe OTKpblTOe IIOL{MHOlKCCTBO Il., B qaCTHOCTH JJI06oe 
OTKpbITOe IIOAMHOlKeCTBO eBKJIHL{OBa IIpOCTpaHCTBa, eCTb 
IT. IToJIHap,paMn HBJIHIOTCH TaRme KoHyc n llaocmpour;a 
Hap, KOMnaKTHhIM II. ITpoCThJe IIpnMepbI (KoHyc Hap, HH
TepsaJJoM) noKa3hIBaIOT, qTo coep,nHemrn KoMnaKTHoro II 
HeKOMIIaKTIIoro IT. MomeT ne 6brTh IT. II o A n o JI u 3 A

P 0 M IIOJIH3P,pa Q Ha3. JII06oii IIOJIH3P,p p' Jiemamnii. 
B Q. Hnorp,a orpanHqnsaIOTCH paccM0TpeH11.eM TOJJhKO 
ciaMKHYTbIX IIOP,IIOJIH3ApOB. l\amAaH TOqKa a IIOJJH3Apa 
PE /Rn o6Jiap,aeT B P oKpeCTHOCThIO, HBJJHI01!1,ei"1c11 Kony
coM B /Rn c BepIDHHOll a H c KOMIIaKTHblM OCHOBaHHeM. 
cJTo CBOUCTBO OKa3bIBaeTCH XapaKTepHCTnqeCKHM: JJI06oe 
IIOP,MHOlKeCTBO Rn, KalKAaH TOqKa K-poro HMeeT KOHJlq, 
oi;peCTHOCTb c KOMilaKTHbIM OCHOBaHneM, HBJJHeTCH II. 

l\alKAblH KOMIIaKTHblH IIOJIH3P,p p MOlKHO TaK pa36HTb 
Ha KOJieqHoe qHCJIO 3aMKHYTbIX CHMIIJieKCOB, qT06bl KalK
P,hle )lBa CHMIIJieKca Jin6o He IIepeceRaJIHCh, Jiu6o nepe
ceRaJJnCb no HX o6meii rpaHn. B cJiyqae neKoMIIaKTJioro 
IT. Tpe6yeTCH, qTo6hI ceMettCTBO CHMIIJieKCOB 6h!JIO JlO
KaJibHO KOHeqJibIM. TaKoe pa36nenne Jia3. II p H M o JI n
il e ii H o ii T p n a H r y JJ H u, H e ii II. J1I06ble p,ne 
TpnaHryJJH!l,HH OP,JIOfO H TOfO me IT. HMeIOT o6mee DOA
pa3p,eJJenne. Ecnn P - 3aMKHYThIH HOAIIOJIH3AP noJIH
sp,pa Q, TO JJI06aH TpnaIIryJJH!l,HH K IIOJJH3P,pa p IIpop,OJI
maeTCH AO HeK-poii TpnaHryJIH!l,HH L nonnap,pa Q. B 3TOM 
CJiyqae ronopHT, qTO IIOJiyqaIOma11cH napa (L, K) reo
MeTpuqecRnx CHMIIJIHU,HaJihHbIX KOMIIJieKCOB TpIIaHryJJil
pyeT napy (Q, P). 0To6pameHHe f IIOJJH3P,pa Pc/Rn 
B IIOJlH3P,p Qc/R.n Jia3. K y c 0 q H 0 Jl H H e ll H bl M, 
HJIH pl-OT06pamenneM, eCJIH t HBJIHeTCH CHMIIJlHU,HaJJb
HblM B JieK-pbIX TpnanryJJH!l,HHX IIOJlH3P,pOB p H Q. 8R
BHBaJJeHTJIOe onpep,eJieHHe: t KycoqHo JIHHettHO, ecJIH f 
JJoKaJJhHO KoHuqecKoe, T. e. eCJIH Kamp,aH ToqKa a E P 
HMeeT TaKyIO KOHHq, oKpecTHOCTb N=a * L, qTQ f (J.a+ 
+µx)=Af (a)+µf (x) npH JII06brX x EL HA, µ;;;;,O, J.+µ= 1. 
,l.l,JJH TOTO qTo6bl OT06pameHne t 6b!JJO RycoqHo JIHH0H-
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HhlM, Heo6xo,11;11MO II AOCTaToqHo, qTo6bl ero rpalf>1rn MOiKHO IIOJiyqU:Tb H3 Pi IIOCJie,D;oBaT0JlhHOCTblO 3Jl0M0HTap-
f 1clRnx IRn HBJIHJICH II. Cyrreprro3Hll,HH KycoqHo Jin- HhlX KoM6irnaropHb1X CTHrnBaHnii, KaiKAOe 113 R-phlx 
HellHhlX OT06pameHHH RycoqHo JIHH0HHa. 06paTH00 OT- COCTOHT B OT6paChlBQHHH rJIQBHOro CHMIIJIBKCa BMeCT0 
o6pa1K0HH0 K o6paTHMOMY KycoqHo mrneiiHoMy OT06pa- c ero CB060AH0ll rp1Ulbl0. ECJill Q HBJIH0TCH n-MepHbIM 
meHHIO f Kycoqao JIHHeii:Ho. B 3TOM cJiyqae f Haa. pl- pl-MHoroo6paaneM, TO mo6aH peryJIHpHaH oKpecTHOCTb 
r 0 M e 0 M 0 p 4> II 3 M 0 M. KOMilaKTHOfO IIOAilOJIH3Apa PcQ HBJIH0TCH n-MepHbIM 

KaTeropnH, o6'h0KTaMH K-pon HBJIHIOTCH Il. (n IIOJIH3A- pl-MHOroo6pa3neM II IIOJIM3ApaJihHO CTHfMBaOTCH Ha P. 
paJibHhle naphl), a Moplf>113MaMH HBJIHIOTCH pl-oTo6pame- 8TO CBOllCTBO OKa3hlBaeTCH xapaKTepncn1qecKaM: ecm1 
HHH, o6oaHaqaeTCH PL HJIH ~ (cM. TaKme Kyco'l.no .n,u- n-MepHoe pl-MHOroo6paane NcQ TaKoao, 'ITo Feint N 
neunasi mono.n,oeusi). KaTerop1111 PL HBJIHeTCH OAHHM na n N">4P, TON - peryJIHpHaH oKpecTHOCTh P. Ilpn 3TOM 
OCHOBHhlX o6'beKTOB H HHCTpyMeHTOB MCCJieAOBaHHH B TO- mo6aH peryJIHpHaH OKpeCTHOCTb KpaH BM KOMIIaKTlloro 
IIOJIOfMH. Oco6eHHO B0JIMKa poJib KaTeropHM p L B a.n,- pl-MHOroo6pa3HH M pl-roMeOMoplf>Ha aM x 1. 
ee6pau'l.ec1wu mono.n,oeuu n mono.n,oeuu Mnoeoo6paauu. IlycTb P, Q - aaMKHYThle IIOAIIOJIH3APhl n-MepHoro 
iho o6'hHCHH0TCH TeM, qTO KJiacc II. AOCTaTO'l.HO umpoK. pl-Muoroo6pa3HH M, dim P=p, dim Q=q. foaopHT, qTo 

Hanp., Kamp;oe aurfjtjiepen!fupye.Moe .11tnoeoo6paaue MOll\- p H Q HaXO)J;HTCH B O 0 Ill, e M II 0 JI 0 ll\ e H H H, 0CJIH 
HO ectecTBeHHhIM o6paaoM npeACTaBHTh 0 BnAe rr. Kam- dim(PnQ)<p+q-n. Jlro6hle 3aMKHYThle noAIIOJinaAphl 
µ;oe nenpep""onoe omo6pa;J1Cenue op;Horo II. 0 Apyron cKoJib P, Qclnt M MOiRHo npnsecrn B o6mee rroJiomeHne cIWJih 
yrop;Ho Toquo anrrpoKcnMnpyeTcH pl-oTo6pameuneM. Ilo- yroµ;Ho MaJioil: R3oTonneil: M. 8TO o3uaqaeT, qTo AJIH JIIO-
aToMy KaTeropnH PL HBJIHeTcH xopolIIHM rrpn6JinmeuHeM 6oro e>O cymeCTByeT TaKaH (e-pl)-naoToDHH ht : M-

-M, qTo nomrnp;phl p If Q1=hi(Q) HaXOAHTCH B o6meM 
K KaTeropnH Bcex TOilOJIOfllq, npoCTpaHCTB H HenpepbiB- IIOJIOiR0BHH. HuorAa B onpep;eJieHHe o6i:nero IlOJIOll\0HHH 
BhlX OTOOpameHHH. c Apyroil: CTOpOHhl, TpHaHryJI11pye-
MOCTb II. II03BOJIH0T HCIIOJlb30BaTb M0TOAhl KOMOHHaTop- BKJIIOqaroT ycJIOBHH THna TpaHCBepcaJihHOCTH. Hanp., 

- M BCJIH p+q=n, TO MOiRHo AOOHThCH, qTOOhl AJIH Kall\AOH 
HOH TOIIOJIOfHH. Horne aJireupanq. HHBapnaHTbl (uanp., TOqKn aEPnQ1 H HeK-poii 0Kp0CTHOCTH u TQqKM a BM 
eo.MO/IOeUii, epynnbi, IWeOMO.!tOeUii, IW.!tblfO) CTpOHTCH H alf>- TpOii:Ka ( U, Un p, Un Qi) 6hIJia pl-roMBOMOp°"Ha TpOiiKe 
«J>eKTHBHO BblqHCJIHIOTCH c IIOMOlll,blO pa36JieHHH Ha CHM- '*' 
nJieKchl. Bonpoc o TOM, BCHKne JIJI roMeoMoplf>ahle noJIJI- ( IRP X IR q, IRP X {O }, {O} X IRq). 
3Aphl pl-rOM00Mop¢Bhl, HOCHT Ha3BaHJI0 0 c H 0 B H 0 ii K p H B 0 ii, HJIH T 0 II 0 JI 0 r JI q e c K JI ii, II.- TO-
r H II 0 T 0 3 hi JI pemaeTCH OTpn11,aT0JlbHO: AJIH n;;;;;,5 llOJIOfll'L npoctpaHCTBO x' CH8.0il\0HH00 roMeoMop¢113MOM 
cyi:necTBYlOT roMeoMopcpHhle, ao He pl-roMeoMoplf>uhle I : P-x, rAe P ecTh II. 06paab1 cnMnJieKcon KaKoii:-m160 
n-MepHbIB II. (cM. [3]). Ilpn n.,;;:3 roMeoMop¢Hhle n-Mepuhle TpnaHrymu~nn T noJIHSApa P 06pasy10T K pH B o JI n-
noJinaAphl pl-roMeoMoplf>Hhl, npn n=4 sonpoc OCTaBTCH He ii II Y 10 T p n a Hr y JI H U. JI 10 X. foaopHT TaKme, 
(1983) oTKPhlThIM AJIH KOMnaKTIIhlX II. n pelllaBTCH oTp:n- qTo roMeoMopcp:naM f 3aAaeT aa X pl-c T p y KT y p y. 
D;aTBJlhHO AJIH HeKOMIIaKTJl:hIX: cym;ecTByeT IIeCTaHAapTIIaH ,ll,se pl-cTpyKTYPhl f i : p i-x' i= 1, 2, COBIIaAalOT' eCJin 
pl-CTPYRTypa Ha IR. 4 • IloJIHBAP M Ha3. n-MepHhlM pl-M Ho- roMeoMoplf>n3M /i 1fi KYCff'IIIO JIHIIBeII, H30TOIIIIhl, eCJill. 
r 0 0 6 p a B H e M, eCJIH Kam/);aH ero TOqKa MM00T OK- roMeoMoplf>H3M /21 fi H30TOileH Kycoqao JIJIH0HHOMY' II 
pecTBOCTh, pl-r0Me0Mop¢uy10 IR.n nJiu IR'!.. Bc11Ka11 npH- aKBHBaJieHTHhl, ecJin P1 H P 9 pl-roMeoMop¢HbI. ,ll,JIH JIIO-
MOJIHHeHHaH TpnauryJIHD;HH T pl-MHoroo6pa3HH M K o M- 6oro Aalf>¢epeun;npyeMoro MIIoroo6pa3JIH M cym;eCTByeT 
6 H H a T 0 p H a. 8To 03HaqaeT, qTO 3B03Aa KaiRµ;oii: ee pl-CTPYKTypa t : P-M, corJiaCOBaHIIaH c AH¢cpepeH-
BepmnBhl KOM6HHaTopHo ilKBJIBaJIBHTHa CHMIIJieKcy. Oc- n;npyeMOll CTpyKTypoii: Ha M. 8To 03HaqaeT, qTQ AJIH 
HOBBaH rnnote3a AJIH Il., HBJIHIOlll,HXCH l!-MepHblMH TO- Ka/K/);OfO 3aMKByToro CHMIIJIBKCa (J H0K-poii TpnauryJIH-
IIOJIOfllq. MHoroo6paanHMn, ecTeCTBBBHO pacnaAaBTCH Ha n;nn noJinaApa P oTo6pameHne f ICT : a-M Anlf>¢epean;n-
ABe rnnoTe3bI: fllll0Te3Y 0 KOM6HHaTOpHOCTH BCHROH Tpn- pyeMO H He JIM0eT oco6hlx ToqeK. JI106hle ABe TaKne pl-
amyJIHD;HH TaKoro II. 11 ocuo0Hy10 rnJioTe3y AJIH pl- CTPYKTyphl Ha M H30TOilHhl. Bee UOHHTHH, onpeAeJIHBMhlB 
111Horoo6pa3Hii:. 0AHJIM H3 samHeiimnx AOCTHll\eHnii COBpe- AJIH II. (TpHaHryJIHD;HH, IIOAIIOJ1H3Ap, peryJIHpHaH OKp0CT-
MeHHOii TOIIOJIOfHH HBJIHeTCH OTpHll,aTeJibHhlii OTBeT Ha IIOCTb, OOII\ee IIOJIOll\eIIne), nepeHOCHTCH c IlOMOlll,blO 
060 r:nnoTe3hl AJIH n;;;;;,5 (cM. [4), [5]). ,ll,JIH n..;;:3 o6e rn- roMeOMopdiu3~ia f: P-X Ha KpnsoJIJIHeiiHhlii noJIHBAP X. 
IIOT03bl cnpaee/);JIJIBhl. Jlum.: tlJ A JI e H ca H n p 0 B rr. c., RoMOl<HaTOpHalI TO-

il p " no.~orirn, M.- .:I., 1947; [2] Py p" !{., ca H n e pc o H E., 
ycTh - KOMIIaKTHhlH IlOAilOJIJI3AP IIOJIH3Apa Q H Buenemte B i;yco•mo mmeitHYIO TOnOJIOrHIO, M .• 1974; [3] Mi 1-

nyCTb napa reoMeTpnqecRHX CHMIIJIHD;HaJlb!IhIX KOMIIJieK- n 0 r J., «Ann. Math.», 19ll1, v. 74, ;NI 3,.p. 575; [4] Kirby R., 
COB (L, K) TpnaaryJinpyeT napy (Q, P) TaK, qTo K- Sieben man n L., «Ann Math. Stud.», 1977, .N'• 88; [5] Ed-
n 0 JI H hi ii II 0 AK 0 M II JI e Kc. 8To 03HaqaeT, 'ITO wards R., «Notices A. M. S.», 1975, v. 22, No 2, p. A-334. 

~ C. B. Mam•ee•. 
Kail\AhlH CHMIIJieKc KoMnJieKca L, seplIIHHhl K-poro JiemaT IIOJIH3,[l;PAJibHAH D;Ellb - JIJIIIeiiHaH ¢opMa 
B K, Jiell\JIT B K, n aToro ncerAa MOll\HO AOOHThCH c no- '-"".1 d;t~ 0 o6JiaCTH UclRn, rµ;e t' cyTh r-MepHhle CHM"' 
MOlll,blO nepeXOAa K npoll.3BOAHOMY noopa3iJe.1teHUIO. IloJIJI- ~i=l ' ' 

3)J;p N' COCTOHIIJ;Hii H3 acex 3aMKHYThIX CHMilJieKCOB npo- IlJl0KChl, JieIBam;11e B u. fl p:n iJTOM IlO/); r-MepHhIM CHMilJieK-
H3BO/);HOfO IlOApa3AeJieHJIH L'' HMeIOlll,HX Bepmnuy B K' a COM B u IIOHJIMaeTCH ynopHp;oqeHHOe MHOll\eCTBO II3 r+ 1 
TaKme ero o6pa3 npn JilOOOM HenoABMIBHOM Ha P pl-roMeo- ToqKu U, BhlnyKJiaH o6oJioqKa K-poro JiemnT B U. fpa-
Moplf>n3Me Q Ha Ce6H, Ha3. p e r y JI fl p H O ii O K p e- HHll,a Il • II,. OIIpep;eJIHeTCH 06hlqHblM o6pa30M. IJOHHTMe 
c T H 0 c Tb IO IlOJIH3Apa p B Il0JIH3Ape Q. ,ll,JIH JII06hIX II. 11,. aaHHMaeT npoMemyTOqHoe IlOJIO/KeIIHe Mell\AY no-
ABYX peryJIHp!IhIK OKpeCTHOCTeii N1. N 2 llOJIH3Apa p cy- IIHTHHMH CHMIIJIHll,H3JlhHOii 11,enn TpnaHryJIHll,JIH u JI CHH-
i:necTByeT HenoABHlliHaH Ha P pl-n30Toun11 ht: N 1 XI-Q, ryJIHpHoii 11,enn B Un OTJinqaeTCH oT nocJieµ;aero JIJIHeii-
nepesop;Hi:na11 N 1 B N 2 , T. e. TaKaH, qTo h0 (N1)= N 1 H ROCThIO cnMnJieKcon. 
h1(N1)=N2· fonopHT, qTO llOJIH3AP p noJiyqaeTCH 3 JI e- Jli.m.: [1] A JI e H ca H n p 0 B rr. c., BueneHHe B rOMOJIO-

rl'l'leCHYIO TeOpl'IIO paaMepHOCTH H ofi~yIO HOMl'iHHaTOPHYIO TOTIOJIO-
M e HT a pH hi M n 0 JI n 3 A p a JI b H hi M c TH r n- riuo, M., 1975. c. B. MamBee6. 
Ba H n e M noJIM3Apa P 1 -=iP, ecJin AJIH HeK-poro n;;;;;,O IlOJIII3,ll,PAJibHhlll KOMIIJIEKC - KOHeqHoe MHO-
napa (P1 "'--p' P1 "'--p n P) pl-roMeo111op¢Ha nape (Jn x I' J«eCTBO aaMKHYThlX BhlHYKJihlX MHororpaHHHKOB B HeK-
/n x {O}). IIomrnAP Pi noJin3ApaJibHO CTHrnaaeTCH H8. poM IRn, K-poe BMecTe c Kall\AhlM M:irnrorpaHHIIKOM co-
caoii no/);IIOJinap;p P (o6o3HaqeHne (P1"4P)), ecJin oT ABplliHT nee ero rpaan n: TaKoe, qTo rrepeceqeHne pa3Jinq-
P1 K p MO/RHO nepeiiTn KoHeqHOll IIOCJie,o;oBaTeJibHOCTblO HhlX MHOrorpaHHJIKOB Jin6o rrycTo, Jin6o HBJIHeTCH rpaHhIO 
3JieMeHTapHhlX IlOJIII3ApaJibHhlX CTHrnBaHHii. ECJIH P1">4P, Kall\AOro II3 HHX. IlpnMepoM II. K. MO/KeT CJiy/KJITb COBO-
TO B H0K-poil: TpIIaHryJIHD;HH naphl (Pu P) IIOJIH3AP p KynHOCTb BCex BepIIIHH, pe6ep II )J;ByMepHhlX rpaaeii 
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cTannapTHoro TpexMepHoro Ry6a. PaccMaTpxrnaIOTCH TaK
me KOMIIJieKCbl, COCTOHill,lle 113 6eCKOHeqnoro, HO JIOKaJibHO 
KOHeqHoro ceMeilCTBa MHOrorpaHHIIKOB. IIOliHTIIe II. K. 
o6o6maeT !IOHHTIIe reoMeTpIIqeCKOfO CIIMilJIIILJ,I!aJibHOfO 
KOMIJJieRca. TeJio IPI II. K. P rrpep;CTaBJIHeT co6oil 06'he1111-
HeH.1i:e BCex BXOAHmIIX B Hero MHororpaHHIIl\OB II HBJIHeTCH 
no.1tuaapoM. l.JIIcJio MHororpaHHI!KOB B P, RaK rrpaBIIJIO, 
MeHbIIIe qn:cJia CIIMIIJieKcoe B TpIIanryJIHIJ,I!H. II. K. P 1 
Ha3. noapaaae.1tenueM KOMIIJI0KCa p, eCJIII I!X TeJia COBIIa
AaIOT ll Kallillblll MHOrorpaHHIIK H3 p I co11eplliI!TCH B HeK
poM MHororpaHHHKe II3 P. 3 Be 3 AH o e rr o 11 pa 3 u e
JI e H II e KOMIIJieKca P c u.eHTpoM B TOqRe a E IP I noJiy
qaeTCH c IIOMOIIIblO paa6xieHI!H 3aMKHyTblX MHororpaHHll
KOB, co11epmamI1x a, Ha RoHyCbl c aeplllHHOii a Hau TeMn 
I!X rpaHHMJll, R-pble He co11epmu a. Jlro6oii II. K. P nMeeT 
IIOApa3AeJieHu:e K' HBJIHIOill,eecH reoMeTpn:qeCKI!M CIIMII
JIJllU,HaJibHblM KOMIIJieKCOM. Ta1\0e no11pa3AeJ1eHI1e MOlRHO 
!IOJiyqHTb 6e3 1106aBJI0HI!H HOBblX DepIIIHH. ,l.l.ocTaToqHo, 
na11p.' IJOCJI0)"(0BaTeJibHO 11poJ113B0CTJll 3B0311Hble rro11pa3Ae
JI0HlUI P c u.eHTpaMII BO ecex eepmIIuax P. 

Jlum.: [1] A JI e Kc a H ll p 0 B TI. c., lfoM6'1HaTOpHafl TO-
IlOJIOfHII, M.- JI., 1947. C. B. Mameeee. 

llOJIIrnl];PAJILHbllI D,HKJI - no.1tuaapa.1tblWR wnb, 
rpaHnu,a K-poii: paBHa Hy.ilro. C. B. Mameeee. 

IIOJIHAH AHAJllITHlJECKAH <l>YHKIJ;HH - co
eoKy11nocTb ecex aJieMeHTOB anaJinTIIq. WYHKU.IIII, noJiy
qaIOill,HXCH rrpn eceB03MOlRHblX ana.1tumu11ec1>ux npoao.1t
:m:enuRX IICXO)l:Hoii auaJinTnq. WYHKU.IIH /= f (z) KOMIIJieKC
Horo rrepeh!eHHoro z, 3aAaHHoii rrepeoHaqaJlhHO B neR-poii: 

06J1aCTI! D pacmnpeHHOH KOMIJJieKCHOH IIJIOCKOCTI! c. 
Ilapa (D' /), COCTOHID;aH H3 o6JiaCTI! De( H 3aAaHHOM 

e D OAH03HaqHoii: anaJIHTIIqecRoii:, IIJIII roJioMopwHoii, 
WYHKU,nn /, Ha3. a JI e M e H T o M a H a JI II T n q e
c K 0 ii 4i y H K u. II II, a H a JI H T II q e c K H M 3 JI e
M e H T 0 M, IIJIH, Kopoqe, IIpOCTO 3 JI e M e H T 0 M. 
BcerAa eoaMomno, B qacTHOCTH, rrpII 3aAaHnn aHaJIHTIIq. 
WYHKU.HH rroJ1b30BaTbCH e e ii: e p III T p a c c o e bl M, nJin 
peryJ1HpHbIM, aJieMeHTOM (U(a, R), fa), 
COCTOHill,I!M rrpn a# 00 H3 CTeIIeHHOfO PHJJ:a 

fa=fa (z) = ~"' ck (z-a)k (1) 
~k=O 

II Rpyra CXOAIIMOCTII U (a, R)= {z EC: lz-al <R} 3Toro 
PHAa c 11,eHTpOM a ll pa;u1ycoM CXOAHMOCTH R >O. B CJlyqae 
a= 00 BeiiepIIITpaccoe 3JleMeHT ( u ( 00' R), I oo) COCTOHT 
H3 pHp;a 

(2) 

H 06J1aCTH CXOAIIMOCTH noro pHAa U(oo, R)= {zEC: 
lzl >R }, R~O. 

IIycTb E 1 - MHomecTBo ecex Tex ToqeR 6 E (, B K-pble 
ncx-oAIIblii aJ1eMeHT (U(a, R), fa) anamnHqeCKH rrpoAoJl

maeTCH XOTH 6bl no OAHOMy rryTH, CBH3blBarom;eMy B '( 
TOqRn a n 6. CJieAyeT nMeTb B BHAY B03Mo;1rnocTb TaRon· 
c1nyaL1,nn, Ror11a e TOqRy 6 EE / aHaJIIITnq. rrpoAoJimenue 
B03MOlRHO BAOJib HeR-poro KJiacca rryTeft L1 ll BeB03-
MOlRHO BAOJlb 11pyroro RJiacca nyTeii: L 2 (c M. Oco6aR mo•1-
1w aHaJIHTIIq. wyrmu.nn). MHOiI\eCTBo E 1 eCTb 06J1aCTb 

IIJIOCKOCTH f. Il 0 JI H 0 ft a H a JI II T II q e C K 0 M 
w y H K u. ll e ii: (B c M bl c JI e B e ii: e p III T p a c c a) 
fw, rropomAeHHoii :rneMeHTOM ( U (a, R), f al, Ha3blBa
eTCH COBOKYIIHOCTb ecex BeiiepIIITpaccOBblX 3JleMeHTOB 
( U ( 6. R), h;, ), 6 EE 1, rroJiyqae111b1x rrpn: aToM anaJinTnq. 

IlpOAOJiil\eHHII BAOJih BCeB03MOil\HblX 11yTeii Le(. 06-
JlaCTb E 1 Ha3. (e e il: e p 111 T p a c c o e o ii) o 6 JI a
c Th 10 c y 111; e c TB o B a H n H II. a. W· fwr· IlpIIMe
HHH aJ1eMeHTbl o6Ill,ero BHAa (D, /), BMeCTo eeiiepnlTpacco
BblX Ha caMoM AeJie noJiyqaroT TY me caMy!O II. a. W· f w· 
8J1eMeHTbI (D, /) II. a. W· fw qacTo Ha3. eemeRMU ana.1tu
mu11ecr.ou rfi YH KIJUU f rv· JlI06oH: aJieMeHT (D, /) II. a. W· 

f w. 6yp;yqII B3HT aa I!CXOllHbiii rrpn aHaJinTil'I. rrpo110J1-
meHIIII. npIIBOAIIT K TOM me caMoii II. a. If!. fw· Hamp;blii: 
aJ1eMeHT (U(6, R), Ii;) II. a. If!. fw MomeT 6bITb noJiyqen 

H3 JII06oro 11pyroro ee aJieMeHTa ( U (a, R), fa) rrocpep;cT
BOM aHaJIIITI!q. IIpOAOJilReHI!H RllOJib HeK-poro nyTII, 

CBll3bIDaKJill,ero B iC TOqKII a II 6-
MomeT oRaaaTbCH, qTo IICXOllHblII aJieMeHT (D, /) He 

11onycRaeT aHaJ1I1Tnq. npo11om1rnH11H HI! B OAHY ToqRy 
~$.D. B noM cJiyqae D ~ E 1 HBJIHeTCH e c T e c T B e H
n 0 ll 0 6 JI a c T h 10 c y III c c T 1l 0 B a H II H, I!JIH 
o fi JI a c T b Kl r o JI o M o p W H o c T H, WYHKU.IIII f, a ee 
rpaHIIll,a f= aD - e C T e C T B e H H 0 H r p a H II ll, e ft 
lf!yHKU.l!II /. Hanp., AJIH eeii:ep111Tpaccoea aJieMeHTa 

( U (0, 1), /o (z) = '!:= 0 zk!) 

ecTeCTBeHHoii rpaHIIU.eil: HBJIHeTcH oRpymnoCTb f= {z E 
EC: lzl=1} ero Rpyra CXOAIIMOCTII U(O, 1), T. K. noT 
3JieM0HT HeJlh3ll rrpoAOJllRI!Tb aHaJII1T1IqecKJ1. HII B OllHY 
TOqRy 6 TaRyID, qTO I 6I~1. KaRoea 6bl HI! 6blJia 06J1aCTb 

Der, MOlRHO IIOCTpOHTb aHaJil!TI!q. WYHKU.IIIO ID (z)' 
AJIH R-poii: D eCTb ecTeCTBeHHaH 06J1aCTb cylll,eCTBoBaHnH 
ID (z), a ee rpaHIIU.a f= av - ecTeCTBeHHaH rpaHIIU.a 
fD(z) (no cJieAyeT, Harrp., II3 Mummae-Jlerfjrfj.1tepa meo
pe.Mbt). 

II. a. W· fw B ceoeii: o6JiaCTII cyill,eCTBOBaHIIH E 1, eo-
06111,e roeopH, He llBJIHeTCll lfiyHKU.IIeii: TOqKII B 06b1qHoM 
C~ib!CJie noro CJIOBa. q aCTO BCTpeqa10111;aHCll B TeopnH 
aHaJIIITnq. lfiyHKU.Htt CIITyau.nH TaKOBa, qTo II. a. W· 
f w ecTb MHoro3uaqHaH !fiyHKU.HH: AJIH RamAoii ToqRn 
6EE1 cymecTeyeT, eoo6Ill,e roeopH, 6ecRoHeqHoe MHO
mecTBO aJie~reHTOB ( U ( 6, R), Ir, ) c u.eHTpoM e aToii ToqRe. 
0AHaKO 3TO MHOli\eCTBO He 60J1ee qeM cqeTHOe (T e 0 p e
M a IIyaHRape-BoJibTeppa). B u.eJ10M 
II. a. W· fw MOIBHO paccMaTpneaTb RaK OAH03HaqHyJO 
aHaJ1nT11q. WYHKU.HIO TOJibKO Ha cooTBeTCTByIO:m;en pnMa
HOBoii IIOBepXHOCTH, HBJIHIOill,ellCH MHOfOJIHCTHOH HaKpbl-

Ba!OIII;eH rroeepxHoCTb!O Hall C. Hanp., II. a. W· I (z)= 
= Ln z= ln I z I+ i Arg z MHoro3HaqHa B ceoell. 06J1aCTH 

cyill,eCTBOBaHIIH E 1= {z EC : 0 < lzl < oo }; B RamAoii Toq: 
Re 6 EE 1 oHa rrp1IHIIMaeT cqeTHoe MHomecTeo 3Haqenun 

/~(6; s)=ln/6l+iarg6+2nsi, s=O, ±1, ... , 

II RaIBAOH ToqKe 6 EE / cooTBeTCTByeT cqeTHOe MHomecTBo 
<JJleMeHTOB 

c u,eHTpOM 6- 06blqHo HCIIOJib3yeTCll OAH03HaqHaH BeTBb 
aToii: II. a. w. - rnaeHoe 3Ha'IeHHe Jiorapnw~rn ln z= 
= ln lzl + i arg z, HBJIH10n1,eecH roJ10MopwHoll. WYHKu.neil: 

B 06J1aCTH D={zEiC:O<lzl<oo, -n<argz<n}, He

rrpepblBHO npoAOJIIBaeMoii: Ha MHOIBeCTBo {z EC : 0 < 
<lzl <oo, -n<arg 6~n}. 

IIpn o6pameHnn (cM. 06paUfenue pRaa) eeiiep111Tpac
coeb1x aJ1eMeHTOB (1), (2) B03HHKa!OT aJ1eMeHTbl 6oJiee 
o6men rrpHpOAbl, 011pe11eJIHeMble COOTBeTCTBeHHO p H
A a M u II 10 II 3 e: 

f = '~"' ck (z-a)klv f = ~"' ckz-klv (3) 
a ~k=µ ' "" ...:...k=µ ' 

rAe µ - u.eJ1oe qncJio, v - HaTypaJibHoe qncJ10, n Rpy
raMn cxoAHMOCTH 3THX pHAOB U(a, R), U(oo, R). B qacT
HOCTH, rrpn µ~O, v=1 PHAbl (3) COBIIaAa!OT c pHAaMH 
( 1 ), (2)' orrpeAeJIHIOID;HMlI peryJIHpHble aJieMeHTbl; B OT
JII!qne OT HHX orrpeAeJIHeMblC pHAaMH (3) :rneMeHTbl rrpll 
µ<O HJIII v>1Ha3.0c06 bl Mn. IIpu v=1 H v>1 pll
llbl (3) orrpeAeJIHIOT COOTBeTCTBeHHO H e p a 3 B e T B-
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JI e H H hl e n (a JI r e 6 p a n q e c K n e) p a 3 B e T
n JI e H H bl e ;JJICMeHThl. 

AoIIycKaJI npn upoAoJimemm HCXOAHOro :rneMeHTa 
( U (a, R), fa) H oco6bre aJieMeHTbI c plIAaMH BnAa (3), 
Boo6nre fOBOpH, MHOf03HaqHbie (IIpH v>1) H HMeroru;ne 
oco6eHHOCTH TH!Ia IIOJIIOCa (IIpM µ <O), IIOJiyqaIOT 6oJiee 
o6nmpHyro, qeM aeiiepnITpaccoaa, p n M a Ho By o 6-
JI a c T b c y ru; e c T B 0 B a H M H ER M COOTBeTCTByIO
ru;yro 6oJiee o6mnpHyIO COBOKyIIHOCTb aJieMeHTOB, OIIpe
ACJIHeMhlX PlIAaMM BMAa (3), Ha3hlBaeMyIO ana.ttumutteC1'UM 
o6pa3oM. AHaJIMTMq. o6pa3 OTJIMqaeTCH OT II. a. IP- IIpM
coeAMHeHneM BCex oco6hlx aJieMeHTOB, IIOJiyqaeMbIX IIplI 
IIPOAOJimeHim AaHHoro peryJIJipHoro aJieMeHTa. IIocJie 
BBeAeHMH COOTBeTCTByror:u;eii: TOIIOJIOflIIl aHaJIMTilq. o6-
pa3 IIpeaparu;aeTCH B pMMaHoBy IIOBepxHOCTh AaHHOII 
¢YHKIJ;Illl. 

II PM OITHCaHHOM IIOCTpoeHMII II. a. IP- f w MOmHo IIOJib-
30BaTbCH BMeCTO aJieMeHTa IIOHHTMeM pOCTKa aHaJIMTMq. 
IPYHKIJ;Illl, CMbICJI BBeAeHMH K-poro 3aKJIIOqaeTCH B JIOKa
JIM3an;Mil ITOHHTHH aJieMeHTa, B OTBJieqeHMil OT He MMeIO
ll\eii B AaHHOM CJiyqae cyru;ecTBeHHOfO 3HaqeHMH BeJIM
qlIHhl paAnyca CXOAMMOCTM. ,T],Ba :rneMeHTa (D, f) Il (G, h) 
TaKtte, qTo o6JiaCTM D n G COAepmaT o6ru;yro ToqKy a, 
Ha3. a K B Il B a JI e H T H hl M Il B T 0 q K e a, eCJIIl 
cyru;eCTByeT OKpecTHOCTb ToqKil a, B K-poii: f=='h. 3To OT
HOllleHMe aKBMBaJieHTHOCTil o6JiaAaeT o6biqHhlMil CBOHCT
BaMM pelPJieKCMBHOCTil, CMMMeTplIM Il TpaH3IlTMBHOCTil. 

HJiacc aKBMBaJieHTHOCTM aJieMeHTOB B AaHHOii: ToqKe a EC 
Ha3. p 0 c T K 0 M a H a JI Il T Il q e c K 0 ii: IP y H K
n; II M fa B ToqKe a. PocToK xapaKTepn3yeT JIOKaJihHhle 
CDOHCTBa IPYHKI.\Illl B AaHHOii TOqKe. ,T],Ba poCTKa fa Il ga 
paBHbI, eCJIIl B HeK-poii OKpeCTHOCTil TOqKJI a COBIIaAaIOT 
KaKIIe-Jin6o IIpeACTaBMTeJIM KJiaCCOB <lKB:UBaJieHTHOCTM. 
AHaJiornqHo, npM ITOMOIU;H npeACTaBMTeJieii:, OIIpeAeJIHIOTCH 
apnlPMeTMq. Aeii:cTBIIH c pocTKaMM M MX AMIPIPepeH:u;Mpo
BaHHe. II. a. IP- fw ecTb coBoKyIIHOCTh acex pocTKOB 
aHaJIIITMq. IPYHKIJ;MH f6, 6EE1, rroJiyqaeMhlX M3 AaH
Horo poCTKa fa aHaJIMTilq. IIpop;oJimeHMeM BAOJib BCeB03-

MOmHhlX nyTeii: B C. PaaeHCTBO ABYX II. a. IP- fw, gw 
H Aeii:CTBMH c II. a. if>. oIIpeAeJIJIIOTCH KaK paaeHCTBO 
pOCTKOB fa, ga B KaKoii:-Jin6o TOqKe aEE1nEg H AeIICT
BlIH c poCTKaMM. 

3JieMeHTbI (fl, f), Beii:epIDTpaCCOBbI aJieMeHThl (Un( a, 
R), fa) Il poCTKil aHaJIMTilq. IPYHKI.\MH MHOflIX KOMIIJieKC
HbIX IIepe!'<IeHHhlX z=(z1, ... , Zn), n;;.1, OIIpeAeJIJIIOTCH 
Toqgo TaK me, KaK BbIIIle, HO c IIOMOll\bIO o6JiaCTeii: D 
KOMIIJieKCHOfO IIpOCTpaHCTBa en HJIIl IIOJIMKpyrOB CXO

AIIMOC'l'll 

Un(a,R)={zECn:lzj-ajl<R1., j=1, ... ,n}; 
Rj > 0, j=1, ... , 11; a=(ai. ... , n,,); 

R=(R 1, ... , Rn), 

KpaTHhlX CTeIIeHHb!X PHAOB 

f a=fa (z) =Li~ ..... kn=O ck, ... kn(z1-a1)k1 ... (zn-an)kn. 

IIoHHTHe II. a. IP- MHOfllX KOMIIJieKCHbIX IIepeMeHHbIX 
CTpO.llTCH AaJiee BIIOJIHe aHaJIOfllqHo CJiyqaro OAHOfO IIepe

MeHHOfO. 
Jium.: (1] Map Ky III e B n 'I A. II., TeopHH aHam1rnqecKHX 

c!JYHKI.\HH 2 113)1., T. 2, M., 1968; [2] III a 6 a T B. B., BBe)leHne 
B IWMTIJICKCHhlH aHaJIH3, 2 H3)1., 'I. 1-2, M., 1976; [3] c n p II H
r e p .JJ: a<., BBe)leHHC B Teopmo PHMaHOBbIX noBepxHOcTeil:, nep. 
c aHrn., M., 1%0; (4] CIJ y Kc B. A., BBe)leHHe B Teopmo aHaJiw 
Tll'leCKllX QJYHKn11i'1 MHOrHX KOMTIJieHCHhIX nepeMeHHbIX, M., 1962. 

E. lf,. CoJ10J11eH1feB. 
IIOJIHAH BAPHAIJ.HH IP y H K n; M M - To me, qTo 

eapuaz+UH rfi yn1'1fUU. 
IIOJIHAH I'PYIIIIA - rpyIIIIa, B K-poii AJIH Jiro6oro 

ee aJieMeHTa g M JII06oro n;eJioro qMcJia n;CO pa3pemnMo 
ypaBHenne xn=g. A6eJieBa II. r. rra3. TaKme A e JIM
M o 11 r p y II II o ii:. BamHhIMM IIpMMepaMM II. r. JIBJIHIOTCH 

aAAllTTJBHaJI rpyrrna Bcex pa:u;ttoHaJJhHhlX qnceJI M rpyIIIIa 

BCex KOMIIJieKCHhlX Koprreii 1-rn 1 CTeIIeHeii pk, k= 1, 
2, •.. , rAe p - npOCTOe qllCJJ(l (K B a 3 M I\ H K JI ll q e
c K a JI r p y II II a). Bc:maH aoeJieaa II. r. pa3JiaraeTCH 
B IIpHMYIO cyMMy rpynII, RamAaH H3 R-pbIX H30MoplPHa 
OAHOii: M3 yKaaaHHhrx. 0 Hea6eJieBhlX II. r. n3BeCTHo 3Ha
qMTeJihHO MeHhme. BcJIRaJI neeAIIHMqHaJI II. r. 6ecKo
neqHa. BCHKaH rpyIIIIa BJIOmMMa B IIOAXOAHll\YIO II. r. 
EcJIM B II. r. yKa3aHHhle B orrpeAeJiemm ypaBHeHnH pa3-
pemnMhl OAH03HaqHo, oHa Ha3. D-r p y II n o ii. TaROBhl, 
B qacTIIOCTM, JIORaJihHO HMJihIIOTeHTHbie II. r. 6e3 Kpyqe
HMH. 

J]um.: (1] l{ y po III A. r., TeopHH rpynn, 3 113)1., M., 1967; 
[2] Kap ran o JI o B M. IL, Me p 3 JI HK o B IO. II., OcHOBhI 
TeOpHH rpynn, 3 113)1., M., 1982. A. JI. fil.MeJlb'l<UH. 

IIOJIHAH KPHBH3HA - 1) II. R. B To q Ke II o
B e p x H 0 c T Il Cl> B eBKJIHAOBOM IIpocTpaHCTBe IR. 3-
CRaJIHpHaH BeJiuqMHa K, paBHaH IIpOII3BeAeHMIO rJiaBHhlX 
(HOpMaJihHhlX) RpHBil3H k1 M k2, BbiqlICJIJieMhlX B ToqRe 
IIoBepxnocTn: K=k1k 2; Ha3. TaKme zayccoeou 1'pueuanou 
IIOBepxHOCTM. IIoHHTMe II. R. o6o6ru;aeTcH AJIH rttIIeprro
BepxHOCTM B eBKJIMAOBOM IIpOCTpaHCTBe 1Rn+ 1, n>2. 
II. R. B aToM cJiyqae ecTb BeJIMqMHa K = k 1 .• . kn, r11e k; -
rJiaBHaH HOpMaJibHaH KplIBil3Ha B TOqRe runeprroBepx
HOCTil B i-M rJiaBHOM HaIIpaBJieHMil. 

II. R. B ToqRe AByMepnoii: IIoBepXHOCTM B TpexMepHOM 
pMMaHOBOM IIpocTpaHCTBe paBfia pa3HOCTM BHyTpeHneii 
KpMBil3HbI - pHMaHOBOH KplIBil3HbI AByMepHoii: IIOBepx
HOCTil, Il BHemHeii: KpHBil3HbI - pMMaHOBOH Kp1IBII3Hbl 
o6'beMJIIOll\ero IIpocTpaHCTBa B HaIIpaBJJeHMM 6ttBeKTopa, 
KacaTeJibHOfO K IIOBepXHOCTII B paccMaTpMBaeMoii: ToqRe. 

2) II. K. o 6 JI a c T n D Ha IIOBepxHOCTM Cl> B eaRJIII-

AOBOM IIpOcTpaHCTBe IR.3- BeJinqIIHa ~ ~ DKda, rAe K -

rayccoBa RplIBH3Ha IIOBepxHOCTil B TOqKe, da - aJieMeHT 
IIJior:u;aAM IIOBepxHOCTH. AHaJiorMqHo oIIpeAeJIHeTCH II. K. 
o6JiaCTM HeR-poro pMMaHOBa MHOroo6pa3IIH, IIpMqeM IIOA 
K IIOHHMaeTCH pnMaHOBa KpIIBil3Ha MHOroo6pa3IIH, BbI
qMCJIHeMaH B TOqKax MHoroo6pa31IH B HanpaBJieHMII Ra
caTeJihHhlX 6MBeKTOpOB, a MHTerpupoBam1e BeAeTCH no 
IIJioru;aAM (Mepe) o6JiaCTII MHOroo6pa3MH. JI. A. CuiJopoB. 

IIOJIHAH JIHHElIHAH I'PYIIIIA - rpyIIIIa Bcex 
o6paTMMbIX MaTplln; CTeIIeHM n HaA acCO[\l!aTMBHbIM 
ROJihl.\OM K c eAMHMn;eii; o6ru;eIIpMHHTOe o6o3HaqeHne: 
GLn(K) IlJIIl GL(n, K). II. JI. r. GL(n, K) MomeT 6bITb 
TaKme orrpeAeJieHa RaK rpynIIa aBTOMoplPII3MOB AutK( V) 
cBo6oAHOro IIpaBoro K-MOAYJIH V c n o6pa3y101n;MMII. 

B MCCJieAoBaHMM rpyIIIIbI G L (n, K) 6oJibmoii: MHTepec 
IIpeACTaBJIHeT BOIIpoc 0 ee HOpMaJihHOM CTpoeHIIII. 11,eHTP 
Zn rpyIIIIbI GL(n, K) coCTOMT M3 cRaJJHpHbIX MaTpHI\ c 
aJieMeHTaMM M3 n;eHTpa KOJihn;a K. B RJiaccttq. cJiyqae, 
KOfAa K - IIOJie, pemaIOII\YIO poJib MrpaeT IlCCJieAOBa
HIIe HOpMaJibHOfO CTpOeHMH CIIe:u;naJILHOH mmeiiHOH 
rpyIIIIhI SL (n, K), cocTOHll\eii: M3 MaTpu11 c oIIpeAeJittTe
JieM 1. A MMeHHo, ROMMyTaHT rpyIIIIbI GL (n, K) coBna
AaeT c SL(n, K) (KpoMe cJiyqaH n=2, IKl=2), H BCHKaH 
nopMaJihHaH IIOArpyIIIIa rpyIIIIhI GL (n, K) m160 coAer
mttTCH B Zm Jin6o COAepmuT SL (n, K). B qacTHOCTM, 
CIIen;ttaJihHaH IIpoeKTHDHaH rpynna 

PSL (n, K)=SL (n, K)/SL (n, K)nZn. 

HBJIHeTCH IIpOCTOH (3a HCKJIIOqenMeM CJiy'JaeB n=2, 

IKl=2,3). 
ECJIM K - TeJio Il n > 1, TO BCHRaH HOp~1aJihHaH IIOA

rpyIIIIa rpynrrhr GL (11, K) JJn6o COAepmMTCH B Z,,, m160 
COAepmnT ROMMyTaHT SL+ (n, K) rpyIIIIbI GL (n, K), 
IIpttqeM ROMMyTaHT SL+ (n, K) IIopom11aeTcJI TpaHc
BeRn;MHMM Il IPaKTOprpyIIIIa SL+ (n, K) /SL+ (n, K) nzn 
IIpocTa. HpoMe Toro, cyr:u;ecTByeT ecTeCTBeHHbiii: M30-

MoplPM3M 

GL (n, K)/SL+ (n, K) ~ K*/[K*, K*], 

rAe K*- MYJihTMIIJIHRaTMBHaH rpyIIIIa TeJia K. EcJIII 
K KOHeqnoMepHO HaA CBOHM :u;eHTpOM k, TO pom. rpyIIITbI 
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SL (11, K) urpaeT rpyrrrra Bcex MaTpHu; H3 GL (11, K) c rrpu- TeJlhHhlX HJIH HOMIIJieKCHhIX (rrocJie,a;Hee o6ycJioenueaer 
Be,a;eHHoii HopMoii 1. fpynnbl SL (11, K) It SL+ (11, K) He IrnB03MOIBHOCTh Haxom,a;eHHH co6cTBeHHhIX 3HaqeHuii KO-
Bcer,a;a c0Brra11.a10T, HO eCJIH k - rJio6aJibHoe rroJie, TO :no HeqHhlM BhlqucJinTeJlbHhIM rrpou;eccoM). )];JIH Kam11.oro 
TaK (CM. KHeaepa - Tumca eunomeaa). co6cTBeHHoro 3Haqemrn A cooTBeTCTBYIOilJ;Irn co6cTBeBHble 

MccJie,a;oBaHHe HOpMaJlhHoro CTpoeHHH II. Jl. r. Hap; BeKTOpbl MoryT 6b!Tb orrpe,a;eJleHhl H3 O):\HOpO/l.HOH CHCTeMhl 
rrpOH3BOJlbHhlM KOJlbll;OM K CBH3aHO c pa3BHTHeM a.riee6- JIHHeiiHblX ypaBHeHHH (A -A.E)x=O (E - e11.HHHqHaH MaT-
pauJtec1wii K-meopuu. Ha11. KOJlbIJ;aMH K o6ni;ero Tuna puu;a). IIpu BblqucJieHHHX Hall. rroJJeM KOMIIJieKCHhlX q11-
rpyrrrra G L (n, K) MoIBeT Oh!Th BeChMa HaCblil\eHa Hop- ceJI 11.ocTaToqHblM ycJJoBHeM cyllleCTBOBaHHH 6aauca H3 
MaJlhHblMH rro,a;rpyrrrraMH. Harrp., eCJIH K - KOMMyTa- co6cTBeHHblX BeKTopoB HBJIHeTCH rrpocToTa crreKTpa, a 
THBHOe KOJlbIJ;O 6e3 ,a;eJIHTeJleii HYJlH H c KOHeqHblM quc- Heo6xo,a;HMOe H ):\OCTaToqHoe ycJIOBHe COCTOHT B TOM, qTQ6bl 
JIOM 06paay10lllHX, TO rpyrrrra GL (n, K) iJ>uHHTHO anrrpoK- aJire6pauq, KpaTHOCTh Kam11.oro co6cTBeHHoro 3HaqeHuH 
CHMHpyeMa, T. e. 11.JlH Kam11.oro ee :rneMeHTa g CylJleCTByeT A (T. e. ero KpaTHOCTb KaK KOpHH xapaKTepHCTHq, MBOfO-
HOpMaJlbHaH no,a;rpyrma Ng KoHeqHoro HH,a;eKca, He co- qJieHa cp A) coBrra11.aJia c ero reoMeTpuq, KpaTHOCThIO, noµ; 
11.epIBalJlaH g. B cJJyqae K = z aa11.a1ia onucaHHH Hop- K-poil: IIOHHMaeTCH ,a;eiJ>eKT MaTpHIJ;bl A -A.E. II pH Heo6-
MaJlbHhIX rro,a;rpynn rpymihI GL (n, Z) iJ>aKTHqecKH 3KBH- XO/l.HMOCTH BblqucJieHHH KopHeBhlx BeKTopoB BhICOThl, 
BaJleHTHa 1wHepyaHz+-npo6.rie.Me 11.JlH rpynrrhI SL (n, z ), rrpeBocxop;HlJleii e11.uHuu;y, rrpHXO/l.HTCH paccMaTpuBaTh 
noCKOJlbKY O):\HOpO/l.Hble CHCTeMbl BH,a;a 

[CL(n, Z):SL(n, Z)]=2. 

a BCHKaH HecKaJJHpHaH HopMaJlbHaH rro,a;rpynrra rpyrrrrhl 
SL (n, z) rrpu n > 2 HBJIHeTCH KoHrpyaHu;-rro11.rpynrroil:. 

MMeeTCH rJiy6oKalI aHaJioruH Mem11.y CTpoeHueM TI. JI. r. 
H CTpoeHueM ,a;pyrux KJlaccuq, rpyrrrr, K-paH rrpoCTH
paeTCH 11.aJiee Ha rrpoCTble aJ1re6pauqecKue rpynnbl H 
rpynrrbl Jiu. 

JI um.: [1] A p T H H 3., reoMeTpHqecKaH aJire6pa, rrep. 
c aHrJI., M., 1969; [2] A h e ;a; o H H e J:R., reoMeTpHH KJiaccHqe
CKHX rpyrrrr, rrep. c cjlpatt11., M., 1974; [3] Ba cc X., AJireopaH
'!ec1mH K-TeopHH, rrep. c attrJI., M., 1973. B. II. IIJtamolW•. 

IIOJIHAH MEP A - Me pa µ Ha a-ame6pe ~, AJIH 
K-poil: paBeHCTBo !µI (A)=O BJJeqeT aa co6oil: EE~ 11.JIH 
BCHKoro Ec::.A. 311.ecb I µI - noJIHaH Bapuau;uH µ (11.JllI 
nOJIOil\HTeJlbHOH Mepbl !µ!=µ). A. II. Tepexuu. 

IIOJIHAH HEYCT01l1UIBOCTb - CBOiiCTBO auHa-
MU'teC/'iOU cucme.MbL )J;uHaMnq, CHCTeMa Ha3. B II 0 Jl
H e H e y c T 0 ii q H B 0 ii, eCJIH Bee ee TOqKn - 6J1y1R-
11a10lJlHe (cM. B.riyJ1Caa10utasi mO'll'ia). 

)];JJH Toro qTo6bl l\HHaMuq. CHCTeMa, aa11.aHHaH Ha IR.n, 
UblJla r JI o 6 a JI h Ho Bbl rr p H M JI lI e Mon (T. e. 
qT06hI cy1u;ecTB0BaJI roMeoMopiJ>uaM IR.n-+IR.n X IR, oT06pa
ma10lllHH Kam11.y10 TpaeKTOpHIO CHCTeMbl Ha HeK-py!O 
rrpHMYIO {a} X IR, r11e TOqKa a E IR.n aaeHCHT OT TpaeKTo
p1rn.), He06XO)\HMO H )\OCTaTOqHo, qT06bl CHCTeMa 6b1Jla 
BIIOJIHe HeyCTOiiqHBOH H He HMeJla cea.ria 6 6eC1'0lle'lli0Cn!U 
(TeopeMa HeMb!IJ;Koro, CM. (1)). 

Jlum.: [1] HeMhll1KHli B. B., CTerraHOB B. B., Ka
qeCTBeHHaH TeopHH ;a;Hcjlcjlepett11HaJihHhIX ypasHeHnlt, 2 Ha;a;., M. - JI., 
1949. B. M. MUJ<JtU01iUfU>WB. 

IIOJIHAH IIO,i::t;KATEfOPHH - rro,a;KaTeropnH ~ Ka
rnropuu .If TaKaH, qTo 11.JlH JII06hlx o6oeKTOB A, B H3 ~ 
BhlIIOJIHlieTCH paBeHCTBO 

Hf£ (A, B) =Hsr (A, B). 

TaKHM o6paaoM, II. rr. O/l.H03HaqHo orrpe11.emrnTCH KJJac
coM CBOHX o6oeKTOB. 06paTHO, BCH.KHH IIOl\KJiacc KJlacca 
o6oeKTOB KaTeropuu Sf o,a;Ho3HaqHo orrpe11.eJIHeT II. rr., 
11.JllI K-poii OH CJlyIBHT KJlaCCOM o6oeKTOB: B 3TY rro,a;KaTe
ropHIO BXOl\HT Te H TOJlbKO Te MopiJ>H3MbI, HaqaJla H KOH!J;bl 
K-pblx rrpuHall.JJeIBaT Bbl/l.eJieHHoMy IIO/l.KJiaccy. B qacT
HOCTH, TI. II., COOTBeTCTBYIOlJlaH e,a;HHCTBeHHOMy o6oeKTY 
A, COCTOHT H3 MHOil\eCTBa H Sf (A, A). 

MHorue Bail\Hble KJlaCcbl rro11.Karnropun (peiJ>JieKTHBHble 
" KOpeiJ>JieKTHBHbie IIO)\KaTeropHH, MHOroo6pa3HlI H T. rr.) 
HBJIHIOTCH II. II. M. ill. IJ,Me1ino. 

IlOJIHAH IIPOBJIEMA c o 6 c T B e H H bl x 3 H a-
'l e H H ll - aa11.a'la BbiqHCJleHHH BCex (B OTJlHque OT 
11acmu'l1toii npo6.rie.MM) coocTBeHHhlx aHaqeHHH KBa,a;paT
Boii MaTpHIJ;bl, OOblqHo 11.eiiCTBHTeJlbHO.ii HJlH KOMIIJleKC
BOH. lJaCTO IIOMHMO co6CTBeHHblX 3HaqeHHii Tpe6yeTCH 
eni;e H IIOCTpoeHue 6a3HCa H3 co6cTBeHHblX HJlH KOpHe
Bh!X BeKTOpOB MaTpHIJ;bl. 

PerneHue II. rr. co6cTBeHHblX 3Ha'leHHii MaTpHD;bl A 
CBO/l.HTClI K IIOCTpoeHHIO xapaKTepHCTifq, MHoroqJleHa 
<p A 3TOH MaTpHIJ;bl II BblqHCJleHJIIO ero KOpHeii., ,a;eil:CTBH-

II puMepHo no aToii: cxeMe CTpOHJIHCh H 'lHCJleHHhle Me
TOAbl perneHHH II. IL co6cTBeHHbIX 3HaqeHHH, rrpaKmKo
BaBIIIHecH 110 KOH. 1940-x rr. B 1930-x rr. 6MJIH paapa-
6oTaHbl BblCOK03<i>iJ>eKTHBHble (rro KOJIUqeCTBY apuiJ>MeTuq, 
orrepau;uii) aJirOpHTMbl BbiqHCJleHHlI xapaKTepHCTHq. MHO
rO'lJleHa MaTpHIJ;bl no ee KoaiJ>iJ>uu;ueHTaM. TaK, B Mero11e 
)];aHHJleBCKoro IIOCTpoeHHe xapaKTepHCT11q, MHOroqJieBa 
MaTpHD;bl IIOplIAKa n BblIIOJlHHeTCH c 3aTpaTOll ~ na MyJib
THIIJIHr•aTHBHblX orrepau;un (CM. (1), [21). 

MeTOAhl :noii rpynrrhl uoJiyquJIH HaaBaHue rrpHMhIX, 11n11 
TO'lHblX, no Toii: rrpuquHe, qTo, rrpoBo,a;HMhie B ToqHoii: 
apuiJ>MeTHKe, OHM 11.aIOT TOqHbie 3HaqeHHH KoaiJ>iJ>uu;ueHTOB 
xapaKTepHCTHq, MHOrO'lJleHa. Mx IIOBe;QeHHe B ycJIOBMHX 
peaJlbHblX Bbl'IHCJleHHH, corrpOBOIB;Qa!OlJlHXCH owu6KaMU 
OKpyrJJeHHll, He MOrJlo 6b!Tb rrpoBepeHO AJllI 3ap;aq CKOJ!b
KO-HH6y;nh 3HaquTeJlbHOro rropH;a;Ka no IIOlIBJleHHH u;u~
pOBb!X 8BM. TaKaH npm1epKa rrpoH30lIIJla B 1950-x rr., 
B pe3yJlbTaTe qero IIpHMble MeTOAbl 6b!JIH IIOJlHOCTbIO Bhl
TeCHeHbl H3 qucJieHHoii: npaKTHKH. RaTaCTpoiJ>uq, HeycTOii:
'IHBOCTh Bbl'lHCJleHHlI co6CTBeHHblX 3Haqeanii:, CBH3aHHaH 
c 3THMH MeTo,a;aMH, HMeeT ):\Be OCHOBHble npuqHHbl. Bo
nepBhlX, KOaiJ>iJ>uu;ueHTbl xapaKTepHCTHq, MHoroqJleHa B 
6oJlblIIMHCTBe TOqHblX MeTO):\OB rrpHMO HJIH KOCBeHHO on
pe,a;eJllIIOTClI KaK KOMIIOHeHTbl perneHHlI CHCTeMbl mrneii.Hh!X 
ypaBHeHHH, MaTpuu;a K-pon COCTaBJieHa no CTOJ16u;aM H3 
BeKTOpOB v, Av, A 2 v, ... , An- 1v, r,a;e v - aaqaJibHhlll 
eeKTop MeTo;na. TaKaH MaTpuu;a o6blqHo oqeHh rrnoxo 
o6ycJIOBJleHa, qTO BHAHO XOTlI 6bl H3 Toro, 'ITO AJIHHhl ee 
CTOJ16u;oB, KaK rrpaBHJIO, BeCbMa pa3JlH'IHbl, rrpttqeM reM 
6oJibII1e, qeM 60J1bIJie n. TeM caMblM KoaiJ>iJ>uu;ueHThl xa
paKTepHCTH'l. MHOrO'lJleHa B 06lJleM CJlyqae Bbl'IHCJIHIOTCH 
c oqeHh 60J1hIJIHMH ornu6KaMH. Bo-BTOpblx, caMa no ce6e 
3ap;aqa BblqHCJleHHH KOpHen MHOroqneaa 3aqaCTYIO OKa3hl
BaeTClI 'lHCJleHHO HeyCTOll'IHBOH. B 3TOM OTHOlIIeHUH no
Ka3aTeJleH IIpHMep (CM. [ 3]): eCJIH y MHoroqJleHa 

p (x) = (x-1)(x-2) ..• (x-19)(x-20) =x20_210x19+ ... 

H3MeHHTb KoaiJ>iJ>uu;ueHT IIpH xl 9 c -210 Ha -210+2- 23 , 

TO y B03MylJleHHOro MHoroqJleHa p (x) IIOHBHTClI IllITb nap 
KOMIIJleKCHO corrpHIBeHHblX KOpHen; y O):\HOH H3 3TllX nap 
MHHMble qaCTH AOCTHraIOT ± i ·2, 81, ••.. 

IIo,a;o6HalI qyBCTBHTeJlhHOCTb co6cTBeHHblX 3HaqeHllH 
MaTpHl\bl K H3MeHeHHlIM KoaiJ>iJ>uu;ueHTOB xapaKTepnCTHq, 
MaoroqJieHa o6blqHo He corrpoBom~aeTCH cpaBHHMOii. qyB
CTBHTeJlhHOCThIO B OTHOlIIeHHH 3JleMeHTOB caMOll MaTpnu;hl. 
TaK, eCJIH yKa3aHHblii: MHoroqJieH p (x) lIBJIHeTCH xapaK
TepHCTHq, MHoroqJieHOM CHMMeTpH'I. MaTpHIJ;hl A, TO 
H3MeHeHHlI noplil\Ka 2 - 23 B mo6oM <JJleMeHTe MaTpHIJ;hl 
npHBO)l;HT caMoe 60J1brnee K H3MeHeHHHM Toro me nopHAKa 
B ee co6CTBeHHblX 3HaqeHHlIX. 

CoepeMeHHble 'IHCJleHHble MeTOAhl perneHHH II. n. co6-
CTBeHHhlx aHa'leHHii. HaXO):\HT co6CTBeHHhle 3HaqeBHH 6ea 
npe"BapaTeJibBOro Bhl'lHCJieBHlI xapaKTepHCTH'l. MBOfO-
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qJieHa (cM. Hmepa1fuonnbie Memoabl, pememrn IIpo6JieMhl 
co6cTBeHBhlx 3BaqeBnii MaTpHu;hl). TpynoeMIWCTh Jiyq
mux H3 3THX MeTO,[(OB COCTaBJIHeT ~kn3 MyJihTHIIJIHKaTHB
HhIX oIIepan;nii, rne n - IIopHnoK MaTpHu;hl, k - KOH
cTaHTa, He 3aBHCHin;aH OT n H HMeIOrn;aH CMhICJI cpep,Hero 
qncJia nTepan;nii: MeTop,a, rrpnxop,HmerocH Ha BhlqHcJie
ime op,Horo co6cTBeHBoro 3HaqeHHH. B QR-aJiropnTMe 
3HaqeHHH k o6blqHo 3aRJIIOqeHhl Memp,y 1,5 If 2. 

IIpn6JinmeHHhle coucTeeHHhle 3HaqeHHH (eeKTophl) 
(nX n)-MaTp1n~hl A, Bhl'lliCJieHHhle opToroHaJihHhIM Me
TOJIOM M (QR-amopHTMOM /J,JIH MaTpHn; o6rn;ero BHP,a, 
MM'OAOM flKo6n HJIH MeTOP,aMH, OCHOBaHHhIMH Ha neJie
HHH CIIeKTpa, B cJiyqae CHMMeTpnqeCKHX If 3pMllT0BhIX 
MaTpHu;)' MOlRHO llHTeprrpeTnpoBaTb KaK TOqHhle co6cT
BeHHble 3HaqeHHH (BeKTOpbI) B03Myrn;eHHOH(hlx) MaTpMI~bI 
(MaTpnn;) A+FM. 3nech FM- MaTpHu;a 3KBHBaJieHTHoro 
.ll03Myrn;eHnH MeTona M - nonycKaeT on;eHKy BHna 

II FM llE.;:;; I (n) II A llE e, (1) 

rp,e e - OTllOCHTeJibHaH TOqHOCTb MamnHBOH apmpMe

THKH, llA lli;;=(Zlaijl 2) 1
/,_ eBKJIHAOBa MaTpHqHaH HOp

Ma, f (n) - «pyHKIJ;HH BHP,a Ckna. qncJio k OIIHCaHo Bhlme, 
a TOqHhle 3HaqeHHH ROHCTaHThl c H IIOKa3aTeJIH a 3aBH
CHT OT TaKUX p,eTaJieii BhlqifCJIHTeJibHOrO npouecca, KaK 
cuoco6 oKpyrJiemrn, HCIIOJih30BaHHe onepau;nH HaKoII
JieHnH cKaJIHpHhIX npoH3BeneHnii H T. p,. 06wqHoe 3Haqe
Hne a paBHO 2. 

PacnoJiaraH arrpuopHon on;eHKoii ( 1), MOlRHO oueHHTh 
TO'JHOCTb BblqncJieHHH co6CTBeHHblX 3HaqeHHH (eeKTOpoe), 
p,ocnuaeMyro e MeTone M. 8Ta ToqHocTh saenc11T OT 
o6yc.JJOBJieHBOCTH OTAeJihHhlX co6cTBeHHblX 3HaqeHHH 
(co6CTBeHHhlX nonnpocTpaHCTB). 

IIycTb A. - npocToe co6cTBeHHoe 3HaqeHne MaTpnu;w A, 
x - COOTBeTCTBYIOll\HH HOpMHpOBaHHblH co6cTBeHHhlli 
BeRTOp, y - HOpMHpOBaHHhllf co6CTBeHHbIH BeKTOp TpaH
CIIOHHpOBaHHOH MaTpHUhl AT AJIH Toro me co6cTBeHHOro 
3Haqeam1. IIpH B03Myrn;eHHH MaTp11ur.r A Ha MaTpHu;y F 
B03Mymemrn co6cTBeHHoro aHaqemrn A. c ToqHOCThIO no 
M8JiblX 2-ro nopHnKa BhlpamaeTcH eem1q1rnoii 

/j,f,,-;:::, (yT Fx)/(yTx) (2) 

ll OIWHHBaeTCH KaK 

(3) 

(II 11 2 - cneKTpaJihHaH HopMa). TaKHM o6pa3oM, qyecT
BnTeJibHOCTb A. K eoaMyrn;eHnHM MaTpHUhl A xapaKTepn3y
M'CH 'IHCJIOM s(A.)= lyTxl- 1 , Ha3. (HH/J,HBHP,yaJibHblM) 
q H c JI 0 M 0 6 y c JI 0 B JI e H H 0 c T H 3TOro co6cTBeH
uoro 3Ua'l0HHH. B cJiyqae, Korna o6a eeKTopa x H y neiicT
BHTBJibHLie, qncJio s- 1 (A.) HMeeT npocToii reoMeTpuq, 
CMLICJI: 3TO - ROCHHyc yrJia Memny BeKTOpaMH x H y, 
'ITO 06'.bHCHHeT npyroe HaHMeHoBaHHe S (/,,) - K 0 3 ljJ
lfi H n; Iii e H T rr e p e R o c a, cooTeeTCTBy10mnii A.. 

Ecm1 MaTpnn;a A nuaroHaJIH3yeMa (T. e. nMeeT 6a3nc 
113 co6cTBeHHLIX BeKTopoe), TO o6ycJIOBJieHHOCTb ee co6-
CTBeHHhIX 3Ha'leHni A.; 111omeT 6wTh oxapaKTep11aoeaHa 
H llHTerpaJibHO. IIycTb p - MaTpHu;a, COCTaBJieHHaH no 
cToJI6n;a111 na co6cTBeHHhIX eeKTopoe A.; H n111e10ma11 cpen11 
Bcex TaKHX MaTpll.n; HauMeHbIIIee 'IHCJIO o6ycJIOBJieH
HOCTH. Crrpaeenmrna TeopeMa (cM. [4)): ace co6cTBeHHble 
3Ha'ieQHH eoa111ymeHHoii MaTpHu;w A+ F 3aKJIIO'IeHbI 
B o6JiaCTH ROMTIJieKCHOll IIJIOCKOCTH, HBJIHIOmeiicH o6'benH
B0HH0M KpyroB 

lz-A,jJ.;:;;condPIJFll, i=1, .. ., n. (4) 

ECJIH 3Ta o6JiaCTb pacnanaeTCH Ha CBH3Hble KOMilOHeHTbl, 
TO Kamµ;a.11 H3 HUX coneplRIIT CTOJihKO co6cTBeHHblX 3Ha
qeHHH B03Myrn;eHHOH MaTpHIJ;bl, CKOJibKO KpyroB ee coc
TaBJIHIOT. (B KaqecTBe HOpMbl B (4) MOJRHO B3HTb crreKT
paJih&yIO HOPMY a p;JIH P - cIIeKTpaJihHoe qifcJio o6yc
JI08JieBBOCTB.) 

qHCJIO cond p Ha3. q It c JI 0 M 0 6 y c JI 0 B JI e H
H 0 c TH MaTpHIJ;bl A IIO OTHOUieHHIO K II. II. co6CTBeH
HblX 3HaqeHnH. BwpamaeMoe B CIIBKTpaJibHOH HOpMe, 
OHO CBH3aHO c Roalfllflnu;neHTaMH IIepeKoca CJienyIOJ.II;HM 
06paao111: 

EoJiee cJiomHo aaencHT OT eoaMyrn;eHHH MaTpnu;w A 
B03Myrn;emie co6CTBeHHOro BeKTOpa x, OTHOCHrn;eroCH 
K npocToMy co6cTBeHHOMy 3Ha'leHnIO A.. Ouo onpene
JIHeTcH, eoo6me roeopH, He TOJihIW Koalflifiuu;11euToM nepe
Koca, COOTBeTCTByIOll\HM caMOMY A, HO If KOaljJljJ1<1u;neHTaMH 
IIepeKoca p;JIH npoqifx co6cTBeHHbIX 3HaqeHHH. qyBCTBH
TeJibHOCTb co6cTBeHHOro BeKTopa x B03pacTaeT If npH Ha
JIH'JHH co6cTeeuHbIX 3Ha'leHnii, 6JIH3KHx K A.. B npeneJib
uoM cJiyqae, Korna A. cTaHOBHTCH KpaTHhIM, caMa IIOCTa
HOBKa eonpoca 0 qyBCTBHTeJihHOCTII OTJieJihHOro co6cT
BeHHOro uanpaBJieHnH TepHeT CMblCJI H HylRHO fOBOpHTh 
0 qyBCTBIITeJihHOCTH co6cTBeHHOro (HJIH HHBapHaHTHoro) 
nonrrpocTpaHCTBa. 

l\aqecTBeHHO ou;eHKH (3) II (4) 03Ha'IaIOT, qTO BeJIH'{IIHa 
B03Myrn;eu1rn Kamnoro co6cTBeHHoro 3HaqeunH µ;naroHa
JIH3yeMoil MaTpHUbI A IIpoIIopuHoHaJibHa eeJI11qHHe eoa
MymeHRH F, a MHOlRIITeJIHMII rrpoIIopu;HOHaJibHOCTli BbI
CTynaIOT qucJia o6ycJIOBJieHHOCTlf, lfHAHBHAYaJihHble JIH6o 
rJio6aJihHbie. EcJIH mopaaHoea lflopMa A - Hennaro
HaJibHaH II co6cTBeHuoMy 3HaqeHHIO A. oTeeqaeT aJieMeH
TapHhIH p,eJIHTeJib (z-A.)m, TO eoaMymeHne A. B o6rn;eM 

cJiyqae IIporropu110HaJihHO yme He llFll, a llFll'1m. 
HaH6oJiee BaiRHbIM qacTHhIM cJiyqaeM II. II. co6cTBeH

HhlX 3Ha1JeHnii: flBJIHeTCH BhllJHCJieHHe Bcex co6cTBeHHblX 
3HaqeHHH (co6CTBeHHblX BeKTOpoB) neHCTBHTeJihHOH CHM
MeTpH'IeCKOH JIH6o KOMIIJieKcHoii apMHTOBoil MaTpHu;w A. 
J\oalfllflnu11eHThl IIepeKoca TaKoii MaTpHu;b1 paBHhl enn
Hnu;e, n IIpn6J111meHHaH oueHKa (3) IIepexop;HT B Toqaoe 
HepaBeHCTBO 

I !':!A. 1.;:;; II F 112· 

MaTpnuy .,P B (4) MOlRHO BhI6paTh OpTOfOHaJihHOH JI1160 
YBHTapHOH, H IIOTOMy fJI06aJibHOe 'JHCJIO o6ycJIOBJieH
HOCTH B CIIeKTpaJibHOH HOpMe paBHO e)J:IIHHUe. HeaaBH
CHMO OT KpaTHOCTII ToqeK cneKTpa A cyrn;eCTByeT TaKoe 

yrropHµ;oqeH1Ie co6cTBeHHhlX aua11eHHB X; MaTpnu;w A+ F, 
qTO BhlIIOJIHHIOTCH npH ecex i COOTHOIIJeHHH 

EIUe 6oJiee TOqHwe ou;eHKII B03M01RHbl, ecJIH He TOJlbKO 
caMa MaTpnu;a A HBJIHeTCH CIIMMeTpH'IeCKOll (apMIITO
Boii:), HO II ee B03Myrn;eHne F (CM. [5]). 

TIOMIIMO yKa3aHHhIX IIMeeTCH eIUe pHA aIIOCTepHOpHblX 
oueHOK TO'JHOCTII Bbl'IHCJieHHbIX co6cTBeHHblX 3HaqeHHH 
H BeKTOpoB. OHM Han6oJiee alflljJeKTHBHbl /J,JIH CIIMMeTpH'Ie
CKHX H 3pMHTOBbIX MaTpHu A. 

IIycTh ;i - npH6JIH1ReHHbIH, a x; - TO'JHblH co6cT
BeHHb!H eeKTOp A.JIH npocToro co6cTBeHHoro aHa'leHHfl A. 
MaTpnuw A. 06a BeKTOpa npenrroJiaraIOTCH HOpMHpOBaH
HblMH. HanJiyqIIJyIO ou;eHKY A.;, K-py10 MotKHO rroJiyqoTh 

IIOCpe)J:CTBOM BeKTopa ;;, p,aeT 3HaqeHHe ljJyHKIJ;IIOHaJia 
PaJieH 

cp (A, z) = (Az, z)/(z, z), 

COOTBeTcTByIOmee ;,., T. e. qJilcJio µ;=cp (A' x~) (9TOT ljJaKT 
HMeeT CHJiy )l;JIH rrpoU3BOJlbHOll, He o6H3aTeJihHO 3pMH-

TOBOll MaTpHIJ;bl A). BeKTOp r;=Ax;-µ;x; Ha3. Be KT o
p 0 M H e B H 3 K If, 

TiycTh 
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011em\y Bem1qI1HbI a JierKo IIOJIY'IIITh no BbiqilcJieHHblM 

co6cnteHHbIM 3Haqemu1M Xj. Cnpaae)J:JIIIBhl on.eHKII: 

I/..;-µ; I~ e2/a, I sin L.. (x;,-:i-;) I~ e/a. 
ECJIII 'A; - KpaTHOe COOCTBeHHOe 3HaqeHHe IIJIII IIMeeTCH 
rpynna 6JII13KI1x K 'A; co6CTBeHHbIX snaqeanii, To HyIBHo 
011eaI1BaTb cyMMa paoe D03MYI11em1e eceii :noil rpyrrnhl n 
B03MYil10HHe COOTBeTCTByIOI11ero eii IIHBapI1aHTHOtO no.n
upocTpaHCTBa (CM. [5)). 

Hapm1y c orr11ca1rnoil IT. n. co6cTeeuui.rx sHa'JeHnfi 
qacro ao:imrnaeT neo6xo)J:nMocTh B pemeauu T. H. 
o6o6ru;eHHOii rrpoCiJICMbI co6CTBeBHhIX 
3Ba'leHHll 

Ax=f..Bx. (5) 

B aan6oJiee aaarnoM cnyqae o6o6ru;eHHoil npo6JieMhl co6-
CTBeHHhlX 3Haqemi:il: MaTplll\bI A 11 B HBJIHIOTCH CRMMeT
p1:11H!CKI1MH (apMHTOBbIMH), II O)J:Ha H3 IIllX IIOJIOil\UTeJibHO 
onpe)J:MeHa. TeopnH M MeTOil:hl 'lllCJieHHoro pememrn aa-
1iairn (5) B noM cJiyqae napaJIJieJihHhl reopnu n Mero.naM 
llJJH o6h!'!Hoil: CI1MMeTp11:qec1rnii (apMHTOBoli) npo6JieMhl 
co6cTBeHIIbIX 3Ha'leBI1ii. 

EcJIII Hll O)J:Ha H3 MaTp1:1a; A H B He He.zrneTCJl onpe,1J.e-
11eHHoii IIJIII XOTH 6hl O)J:Ha ll3 HllX )J:ail\e CHMMeTpH'IB
CKOii, TO II0Jlh3YIOTCH T. H. QZ-aJiropIITMOM (CM. [6)), 
c11oeo6pa3HbIM o6o6meaHeM QR-aJiropHTMa. Heo6xoAI1Mo 
OTMeTMTh, '!TO 3)1:0Ch B03MOil\Hhl HOllbIB ::up<J>eKThl, HeHa-
61110,IJ.aBMble B 06hl'!IIOH ll. Il. COOCTBBHHblX 3Ha'leHnll: 6ec
KOHeqRble COOCTBBHIIbie 3Ha'IBHHH, aenpephIBHhlii cneKTp. 

Erne 6oJiee cJioil\Hhl aeJinueiiHble 3anaqll ua co6craen
a1i1e 3HaqeunJI 

(An'An+A 11 _ 1'A,11 - 1+ ... + A1'A+Ao) x=O. 

TaKHe 3aAaqn peuraIOT OOhl'IHO nyTeM cae.n;eHnH K JIH
aeuabIM 6oJiee Bhlco1rnro nopnp;Ka (cM. [7)). 

JJum.: [1] lJ, a Rn JI e e c Kn n A. M., «MaTe~1. co.», IB37, 
T. 2, .Nl 1, c. 169-71; [2) <l>anneee lJ,. H., <I>anneeea 
B. H., Bhl'IHCJJnTeJJbRhle MeTD)lhl JIHRettaott aJ1re6pb1, 2 Htlll., M., 
1963; (3) W i I kins on J. H., Rounding errors in algebraic 
processes, Englewood cliffs (N.Y.), 1963; [4] Y n JI K HR co R 
):( >K. X., AJ1reopaH'IecKa11 npooJ1eMa co5cTeeaHblX saa'Ieanlt, rrep. 
c aRm., M., 1970; [5) II a p JJ err B., CnMMeTpn'laa11 npo6JJeMa 
co6CTBeRRhlX aRa'leRnll. 9ncneRRhle MeTollbI, nep. c a'lrJJ., M., 
1983; [6} M 0 I er c. B., stew art G. W., «SIAM J. Num. 
Anal.», 1973, v. 10, p. 241; [7) Ry6naaoec1<a11 B.H., e 
c6.; BhI'lnC.JJnTeJibR.hle MElTO/U>i nnHettaoll: anre6pb1, Hoeocu6., 
1980, c. 37-53. X. fr. HnpaMoe. 

IIOJIHAH IIPOH3BO~HAH iJ> y H K u. n: n - nporrn
eonaaH !IO t OT <l>YHKil,HH y=f (t, u, v, ... , z), :.iaBMCll1IJ;eii 
or nepeMeHrroii t RaK aenocpe)l:CTBeHHO, raK n qepe3 
npoMemyTO'IHble nepeMeHHbie u=u(t, x1 , ••• , Xn), v= 
=v(t, Xi, ••• , Xn), ..• , z=z(t, X1, ••. , Xn), Bhl'IMCJIHe
Mal! no !J>opMyJie 

dy at of au at av at az 
di =ai + iiU at+ av at + · · · + az at ' 

iJ/ at at Ou Oz 
r11e at, au, .. , az , ot , .. , at - 'lacmnwe npoua-

eooHbie. E. a. Co.1wMen11ee. 
no.1IHAH PEillETKA, n 0 JI H a Ji c T p y K T y-

p a,- 'lacmuqno ynopi!OO'lennoe .11tno:HCecmeo, B K-poM BCH
KOe aerryCTOe IlOAMHOIBeCTBO A MMe0T TO'IHYIO aepXHIOIO 
H TO'IHYIO HMil\HIOJO rpaHh, Ha3bIBaeMble o6hl'IHO 0 6 'h e
ll H H e H H e M H TI e p e c e q e H M e M 3JieMeHTOB 
nO)J:MHomecTaa A H o6o3Ha'laeMble V aa n j\ aa 

aaEA aaEA 

(HJin rrpocTo VA H /\A) cooTBeTcTBeHuo. EcJI11 qaCTHquo 

ynopll)J;O'IeHH00 MHOIB0CTBO IIMeeT HaH60JiblllHll 3JIBMeHT 
H Kamnoe ero HenyCT00 IlO)J:MHOIBeCTBO o6JiaAaeT TO'IHOH 
BHIBReil: rpaHhIO, TO OHO HBJIH0TCH IT. p. PellleTKa L 
TOr)J:a H TOJibKO ror.n;a HBJIHeTCll IIOJIHoii, Korna )J;JIH JII0-
6oro H30TOHHOfO OT06pameHHJl cp 3TOH pellleTKH B ce6H 
cyni:ecTByer HeITOABHil\HaH ro•rna, r. e. raKoii aJieMeur 
a EL, qTo acp= a. Ecnn: P (M) - yrrop.llJl:O'leHHoe BKJIIO
qeaueM MHOIBeCTBO IlO)J:MHOil\eCTB MHOIB0CTBa M Ji[ cp -

OTHOilleHile 3aMbIKamrn Ha p (M), TO COBOKYIIHOCTL BCex 
cp-3aMKHYTbIX IIO)J:MHOIBeCTB HBJIH0TCH TI. p. IlCHROe 'IaC
TMql!o ynop.ll)J:Oqeuuoe MHOIBeCTBO p MOIBHO H30M0p<J>no 
BJIOIBHTh B IT. p., R-paH B :1TOM CJiyqae Ha3. II 0 II 0 JI
B e H H e M MHOIBeCTBa p. II ono1wenue Ce'le/lUi!.MU l!B
JIHeTCJI liaHMeHblllHM H3 Bcex IIOIIOJIHeHuii )J:aHHOfO qac
TH'IllO ynopHAO'l0HHOf0 MHOil\CCTBa Il, p. o6pa3yIOT MHO
il\0CTBO Bcex IlOAanre6p yHHBepcaJihHOii aJire6pbI, MHO
il\eCTBO ncex KOHrpy:rnn;nii yHnBepcaJihHoii aJire6pbr, 
MHO)f(0CTBO acex 3aMKHyTblX IlO)J:MHoil\eCTB TOilOJIOfil'J. 
npocrpaHcTBa. 

Jlum.: [1] B Hp" r o !fl r., Teop1u1 CTPYHTYP, nep. c attrJJ., 
M., 1952; [2] c H 0 pH fl H 0 D JI. A., 8JJeMeHTbl TCOPIUf CTpyK
TYP. M., 1970. T. C. <Poifjanoea. 

IIOJIHAH CllCTEMA, s a M K a y T a H c H c T e M a 
(A II ii> <I> e p e H L\ II a JI h II bl x y p a B H e H H ii)' 
CMCTeMa AH!J>rpepeHa;11aJihHbIX ypaBII0HMlf c qaCTHbIMII npo-
113BO)J:HbIMll 1-ro rropH)J:Ra 

Fi(x, u, p)=O, 1~i<m, (1) 

l'=(x,., ... , Xn), U=U(Xi. ... , Xn), 

P =(Pi, "· • Pnl = ( :~ .. • . ., :xuJ, 
co cJie)J:yIOI11I1M caoii:CT110M: AJIH JII06oro na6opa queen 
(x, u, p), Yil:OBJieTBopHIO~ero ypaerreHHJIM (1), cnpaBe)J:
JIHBhI paeeHCTBa 

F;j(x, u, p)=O, 1~i, j<m, 

r.ne Fij=[F;.! F1J - Hno6u cno6nu. 
,UJIH JillBeHHblX O)J:HOpO)J:HbIX cncTeM ycJIOBHe IlOJIHOTbl 

<J>opMyJinpyeTCH ueCKOJihKO MHa'le. CKo6Ra HKo6n B 3TOM 
cnyqae nnneiina rro nepeMeHIIhIM p=(p1 , .•. , Pn), u 
ecnn cncTeMa 3arrncana B BH)J:e 

P;(u)=O, 1<i~m, 

r)J:e P; - JIHReiiHhle .nn!J><JiepeHn;naJihRble onepaTophl 1-ro 
rropH.UKa, TO 3TOH CK06Ke OTBeqaeT KOMMyTaTop [P ;, p j]= 
=P ;P 1-P jp i· IIOJIHOTa CHCT0Mbl 3aRJlIO'laeTCH B npe)J:CTa
BllMOCTM 11cex KOMMyTaTopoa [P ;, P jl B BM)J:e JinneiiHhlx 
KoM6nnaa;Hii OT pk c Roa<J><J>nu;neHTaMM, 3aBHCHI!1HMM 
TOJlbKO OT x= (x1' ... , Xn). 

EcJin: u= u (x) - COBMeCTHOe pellleHHe AByx ypaarre
H:nii 

F; (x, u, p) =0, Fj (x, u, p) =0, 

TO u HBJilleTCH pellleHneM H ypaBHeHHH 

[F;, F1J (x, u, p) =0. (2) 

ITpoM3BOJihHYIO cncTeMy anna (1) o6hl'IHO IIhITaJOTCH 
paCillMPllTh )1:0 IlOJIHOll no6aBJI0IIlleM K He.ii: HOBbIX He3a
BMCHMblX ypaBHeHllll, IIOJiyqeHHblX M3 CTapbIX c IlOMO~hIO 
onepan;mr o6pa3oBaHMH cKo6oK HRo6n. Ilpn noM pac
nrnpeHMM B COOTBeTCTBMM c (2) HM O)J:HO II3 pellleanii nepe
XO)J:HOH CHCTeMbl He Jl:OJIIBHO TepHTbCH, eCJill OHa Boo6me 
paapemHMa. 

CaoiiCTBO CMCTeMbl 6hITh IIOJIHOii HHBapnaHTHO OTHOCH
T0JILHO Tex aeoco6blx npeo6pa3oaamn'I rrepeMeHHbIX (.r, 
u, p, F), )J:JIH K-phlx coxpaHHeTCR CMbICJI An«J>«J>epenu;n
aJihHbIX ypaBH0HHH. }\ TaKHM rrpeo6pa3oBaHllHM OTHO
CHTCJl, Harrp., 3aMeHa He3aBHCHMbIX nepeMeHHbIX .x= 
=g(y), y=(y1 , ••• , Yn), a TaKme rrpeo6pa3oBaHne cJie
.UYIOI11ero THITa. IlyCTh A : 1R 2n+l+m-1Rm- TaKoe rnaA
Koe oTo6pamean:e, '!TO 

Y=X, q=p, 

V=U, t=H(x, u, p, s), 

s = (si, ... , Sm), t =(ti. ... , tm) 

0CTh )J:n:<J><J>eoMop<J>nsM 1R2n+1+m-1R2n+I+m. Torna pac
CMaTpHBaeMoe rrpeo6pa3oaaan:e 3aKJIIO'laeTCH B rrepexo~e 
OT CHCTeMbl (1) K CHCTeMe 

G;(x, u, p)=Hj(x, u, p, F)=O, 1~i<m. 
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Jlum.: [1) Ha M He 8., Cnpanoqmm no JlH4J«liepem.urnJJhHhlM 

ypaBHeHIUIM B qacTHhlX IIPOH3BO)lHblX nepnoro IIOpH)lHa, nep. c 
HeM., M., 1966; (2) r IO HT e p H. M., liHTerpapoBaHHe ypanue
HHll nepnoro nopHnHa B qacTHhlX npoaanonuhlx, JI.- M., 1931,; 
[3) C a r a the o do r y C., Variationsrechnung und partielle 
Differentialgleichungen erster Ordnung, 2 Aufl., Bd 1, Lpz., 1956; 
[t,) Gour sat E., Le~ons sur !'integration des equations aux 
derivees partielles du premier ordre, P., 1891. A. n. CO.Jtaamo•. 

II0.1IHAH CHCTEMA BbJqETOB 11 o M o A y JI IO 
m - JII06oM: Ha6op 113 m BecpaBBHMhIX MeIBAY co6oM: 
rro MOAYJIIO m u;eJILIX qHCeJI. 06blqBo B KaqecTBe II. c. B. 
ITO MOAYJIIO m 6epyTCH BaHMeBbIIIlile BeOTpHll,aTeJibHhle 
BblqeTbl 0, 1, .. ., m-1 HJIH a6COJIIOTH0 HalIMeBhIDHe Bbl-

0 m-2 
qeTbl, COCTOHIIJ;He H3 qHCeJI ' ± 1, .. ., ± -2- B CJiy-

m-2 m 
qae BeqeTHOTO m Ii! qHCeJI 0, ± 1, •• ., -2-, 2 B CJiyqae 

qeTBOTO m. C. A. Cmena>w•. 
IIOJIHAH CJICTEMA <l>YHK~JIII - opmonopMupo

eannaa cucmeMa qiyBKll,Hll {~(x)} BeK-poTo THJib6epTOBa 
rrpocTpaHCTBa H TaKaH, qTO e H Be cym;ecTSyeT qiyBKll,uu, 
opTOTOBaJihBOH eceM qiyBKll,HHM p;aBBoTo ceMeiicTBa. CH
CTeMa qiyHKll,Hii, IIOJIHaH B OAHOM rrpoCTpaHCTBe, MOJReT 
OKa3aThCH HeIIOJIHOl! B p;pyroM. Harrp., CHCTeMa 

{ V2 -} v.n cos nx , n=O, 1, .• ., o6pa3yeT II. c. qi. B rrpo-

CTpaBCTBe L (0, :re], HO He o6pa3yeT II. c. qi. e rrpo
CTpaBCTBe L (-:re, :re]. E. /I.. CO.Jto.11ten1je8. 

IIOJIHOro HAKOIIJIEHJIH ToqKA - ToqKa x MHo
mecTea M B TOIIOJIOrlf'l. npocTpaHCTBe x TaKaH, qTo 
rrepeceqemie M c JII06oii OKpeCTHOCTbIO x HMeeT MOIII;
HOCTb TY me, qTo Ii! Bee MHOlKeCTBO M. 

M. 11. Boil.1jexo•cnuil.. 

IIOJIHOE AJirEBPAJiqECKOE MHOrOOBPA31IE -
o6o6m;emrn IIOIIHTHH KOMnaKTHOro KOMIIJieKCIIOTO aJI
re6paH'l. MHOToo6pa3MH. MH0Too6pa3n:e X Ba3. rr o JI
B bl M, eCJIH AJIH JII06oro MI!Oroo6pa31UI y rrpoeKll,llH 
XX Y-+Y HBJIHeTCH 3aMKHYTblM MopqiH3MOM, T. e. rrepe
BOAIIT 3aMKHyTble (B TOIIOJIOTHH 3aplICKOro) ITOAMHOJRe
CTBa xx y B 3aMKIIYTble IIOAMIIOJReCTBa Y. JIMeeTCH T. II. 
B a JI IO a T II B H bl ii K p H T e p II ii Il 0 JI II 0 T bl: AJIH 
JII060TO KOJibIW AHCKpeTHOTO 11opM11poeamrn A c IIOJieM 
qacT11Lix K ll mo6oro Mop!J>H3Ma u : Spec K-+X p;oJimeH 
cym;ecTBoeaTh eAI1HCTSe1111blft MopqiH.3M v : Spec A-+X, 
IIPOAOJIJR8IOIII;HH u. 8To ycJIOBile HBJIJ!eTCH a11aJIOTOM Tpe-
6oea11I111 TOTO, 'IT06bl JII06aH IIOCJieAOBaTeJih!IOCTh B x 
HMeJia upep;eJihHyIO TO'IKY. 

JII06oe rrpoeKTHBI!Oe MHOroo6pa3He HBJIHeTCil IIOJIHblM, 
HO He Hao6opoT. ,Il.JIH JII06oro II. a. M. X cym;ecTSyeT 
rrpoeKTHB11oe MHOToo6pa3He X' u rrpoeKTHBHblH 6H.pall,HO
HaJihHblll MopqiH3M X' -+X (JI e M M a q JR 0 y). ,II.ml 
JII06oro aJire6paH'l. MHOToo6pa3HH X cym;ecTByeT OTKpbl

TOe BJIOJReHHe B IIOJIHOe MHOT006pa3He x (T e 0 p e M a 
Ha Ta T bl). 06o6rn.eHHeM IIOIIHTHH II. a. M. Ha OTHO
CH.TeJibHblii CJiyqaii CJiyIBHT co6CTBeHHblH MopqiH3M cxeM. 

Jlum.: (1) X a p Mc x op H P., Anre6panqecHaH reoMeTpHH, 
nep. c aHrJJ., M., 1981; (2) III a cjl ape B" q H.P., OcHOBhl 
aJ1re6paaqec1<oli reoMeTpHH, M., 1972. B. 11. ll.anw<o•. 

IIOJIHOE JI3MEHEHHE <l>YHK~JIJI - To me, qTO 
eapuaz+ua (/iynnz+uu op;11oro rrepeMeBHoro. II. n. qi. eCTh 
CyMMa no.ttO:HCUmel!bllOU eapualfUU (/iYllKlfUU H ompuz+a
me.ttbllOU eapua1fUU (/iYllKlfUU. B. 11. I'OJ1.y606. 

IIOJIHOE METPJiqECKOE IIPOCTP AHCTBO - Me
TPil'lecKoe rrpocTpaBCTBo, B K-poM Kamp;aH qiyBAaMe11-
TaJih11aH, !!Jiii CXOAHill,aHCH B ce6e, IIOCJieAOBaTeJih!IOCTb 
CXOAHTCH. II. M. II.- qaCT!lbllf CJiyqail: no11noeo paeno
Mepnoeo npocmpancmea. M. 11. Bou1J"xo•cnuil.. 

IIOJIHOE MHOiKECTBO B T o rr o JI o T 11 q e c K o M 
B e K T 0 p II 0 M II p 0 c T p a II c T B e x BaA IIOJieM 
K - M11omecTBo A TaKoe, qTo coeoKyrr11ocTh JIH11eil:11hlx 
KOM6irnau,HH <iJieMe!ITOB H3 A (BCIOAY) IIJIOT!la B x' T. e. 
rropomp;eHHoe M11omecTBOM A 3aMKayToe no.nnpocTpaH
cTeo, HJIH 33MKHyTaH JIH11ell:11aH o6oJio'lKa A, coerrap;aeT 
c X. Harrp., B HopMHpoea11110M rrpocTpaHCTBe C Beupe-

pblBBblx qiynKll,Hii Ba (0, 1] co 3BaqeHHHMH e IC MHomecTSo 
{xn} HBJIHeTCH II. M. EcJIH K - HeAHCKpeTHOe HOpMH
poBaHBoe IIOJie, TO Kamp;oe IIOTJIOIIJ.aIOIU,ee MHOJReCTBO 
(H e qaCTHOCTH Kamp;aH oKpecTHOCTh BYJIH e X) HBJIHeTCH 
II. M. 

,Il.JIH TOTO 'IT06b1 A= {at}, t ET 6blJIO II. M. B ocJia6-
JieHHOH TOIIOJIOTHll (J ( x' x *) IIpOCTpaHCTBa x' Beo6xo
AllMO u AOCTaTO'lHO, qT06bl AJIH Kamp;oro s EX* cymecT
eoeaJI llHAeKC t T3KOii, 'ITO <at, S)io0; 3TO 03Ha'laeT, 'ITO 
HHKaKaH 3aMKHyTaH ruIIepIIJIOCKOCTb He cop;epmHT ecex 
3JieMeHTOB ai, T. e. 'ITO A - T 0 T a JI b H 0 e M H o
m e c T Bo. IIpH 3TOM eCJIII x - .itOKal!bllO Bbinyn.ttoe 
npocmpancmeo, TO II. M. B OCJia6JieHBOii TOIIOJIOfUH 6yp;eT 
IIOJIHblM Ii! B HCXOAHOii TOIIOJIOfHH. M. 11. Boil.1jeX06Cnuu. 

IIOJIHOE IIPJIPA~EHJIE qi y HK u; H H B e c Ko JI b
K II x II e p e M e H H hi x - IIpHpalll,eHHe, IIpHo6peTae
MOe qiyHKIJ;JileH, KOTAa BCe apTyMeHTbl IIOJIY'laIOT (eoo6me 
TOBOpH, BeByJieBble) npn:palll,eHHH. ToqBee, nyCTb qiyHKll,HH 

f onpep;eJieHa B OKpeCTHOCTH TO'IKll x<O)= (x~O)' .•• ' x~0l) 
n-MepHOTO rrpocTpaHCTBa Rn rrepeMeHHblX x 1, •• ., x,,. 
II pHpameHue 

t:.f=/(x<ol+Ax)-/ (:r<Ol) 

qiyHKll,1111 f B TO'lKe x<O)' rp;e 

Ax=(Axi. .•. , A.rn), 

x<ol +Ax= (x~0>+Axi, •. ., x~o>+ Axn), 

Ha3. II 0 JI H bl M TI p II p a Ill, e H Ii! e M, eCJIH OHO pac
CMaTp11eaeTCH KaK qiyHKll,Hil n BCeBO~MOJRHblX IIpHpame
HHH Ax1, •• ., Axn apTyMeHTOB x 1 , ••• , Xn, ITOA'IHHeH
HhlX TOJihKO ycJIOBHIO, qTo TO'lKa x<0)+ Ax rrpHH3AJieJRHT 
o6JiaCTJil orrpep;eJieHHH qiy11Kll,HH /. Hap11p;y c II. rr. <fiyHK
ll,1111 paCCMaTpHB3IOTCH q a c T II bl e II p Ii! p a Ill, e II Ii! H 
Axkf qiyHKll,llII f B TO'lKe x< 0 l no rrepeMeHHoli xk, T. e. 

Tami:enpHparn;eHHH A/,AJIH K-phlX Axj=O, j=1, 2, .. ., 
k-1, k+1, .. ., n, k - !J>HKCHpOB3HO (k=1, 2, .. ., n). 

JI. lJ.. HyapRBV,e• . 
IIOJIHOE IIPOCTP AHCTBO - TepMHH, oT11oc11mHiic11 

K Jrtempu'l.ecnoJrty npocmpancmey, paeno.Mepno.My npo
cmpancmey, mono.ttoaul/.ecnoMy npocmpancmey, 6.ttuaocmu 
npocmpancmey, rrpoCTpa11CTBY mono11oeu'lecnou epynnw, 
rrpocTpaHCTBy c cu.MJrtempunou, nceeoo.Mempu'lecno.My npo
cmpancmey; B03M01I\Hbl yrroTpe6JieHJilH 3TOTO TepMHH3 H 
B ,[(pyrux CHTyall,IIHX. Bee orrpep;eJie!IHH IIOJIIIOTbl OCHO
B3Hbl Ha OAI!Oli: o6m;eii up;ee, KOI!KpeTHOe BOIIJIOlll,e11ue 
K-poil: 3aBHCHT OT paCCMaTpHBaeMOTO Tuna rrpOCTpaHCTB. 
06mee B orrpep;eJie!IHHX IIOJIHOTbl COCTOHT B Tpe6oBaHHH 
CXOAHMOCTJil AOCTaTOq110 lIIHpOKOTO KJiacca IIOCJieAOBaTeJib
IIOCTeli:, HarrpaBJieHHOCTeii HJIH u;e11TpHpOB8HllhlX CHCTeM. 

MeTpH'l. rrpoCTpaHCTBO Ha3. II 0 JI H bl M, eCJIH KaIBAaH 
(/iynoaJrtenma11bnaa noc11eooeame.1tbnocmb B HeM CXOAHTCH. 
B 3TOM me CMblCJie IIOIIUMaeTCil IIOJIHOTa rrceep;oMeTpH'l. 
IIpocTpaHCTBa H IIpocTpaHCTBa c CHMMeTpHKoil:. PaBHO
Mep11oe rrpOCTpa11CTBO H33. II 0 JI H bl M, eCJIH AJIH Kam
AOH u;e11TpHpOB8HHOH CHCTeMbl MIIOJReCTB B HeM, cop;ep
maIITeH CKOJib YTOAIIO MeJIKHe no OTHOIIIem1IO K IIOKpbl
THHM H3 p;a!IHOH paBHOMepHOH CTpyKTYPhl MIIOJReCTBa, 
rrepeceqeHHe 3JieMeHTOB 3TOii CHCTeMhl He rrycTO. Ha TO
IIOJIOfHq. rpyrrrre eCTh ecTeCTBeHHhie rrpaBaH II JieBaH 
paeH0Mep11hrn CTpyKTyphl. EcJIH rrpocTpaHCTBO Tpyrrnhl 
B OAIIOH H3 3TllX paBHOMepI!blX CTpyKTYP IIOJIHO, TO 0110 
IIOJIHO Ii! B ApyroM:, Ii! TOIIOJIOTHq. rpyrrrra 1133. TOrp;a 
II 0 JI H 0 ii II 0 B e ii JI IO. IIoJIHOTa no OTI!OlIIe!IHIO 
K ABYCTOpOHHeH paBHOMep11oii CTpyKType Ha Tpyrrrre' 
IIOJiyqaeMOH CTpyKTypHblM 06'hep;u11e11HeM ee rrpaeoii Ii! 

JieBoii CTpyKTyp, Ha3. II 0 JI II 0 il: II 0 p a ii K 0 B y. 
IloJIHoTa MeTpH'l. rrpocTpa11CTBa H rroJIHOTa no Pail:Koey 
MoryT 6blTb HCTOJIKOBa!lbl KaK a6COJIIOTHail 3aMKHYTOCTb 
no OTIIOIDeHHIO K JII06blM rrpeACTaBJie!lllHM A3HHOTO rrpo
CTpaHCTBa, KaK lIOAllpoCTpaHCTBa rrpocTpa11CTBa TOTO me 
THIIa. B qaCTHOCTH, MeTpuq. rrpoCTpaHCTBO IIOJIIIO B TOM 
II TOJibKO B TOM CJiyqae, eCJIH OHO 3aMKHyTO B JII060M 
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o6'beMJIIOID;eM ero MeTpliq. rrpocTpaIICTBe. TorroJioraq, 
r pyrrrra rroJIIIa no Paihway, ecm1 H TOJihKO ecmr _ oIIa 
3aMKIIyTa B JII06oii: TorroJiorHq. rpyrrrre, conepmarn;en ee 
B KaqeCTBe TOIIOJIOrliq. rronrpyrrrrhI. 3To CBH3aHO c «PYII
;naMeBTaJibHOH KOHCTpyK~I1eii: IIOIIOJIIIeIIIIH: Kam;noMy MeT
pilq. rrpoCTpaIICTBY KaIIOIIliq. o6pa30M COIIOCTaBJIHeTCH 
ero IIOIIOJIIIeIII1e - IIOJIIIOe MeTpnq, rrpocTpaIICTBO, co
nepmarn;ee liCXO;QIIOe IIpOCTpaIICTBO B KaqeCTBe BCIOAY 
IIJIOTIIoro rro;nrrpocTpaIICTBa. AIIaJiornqIIo, Kam;naH TO
rroJiorHq. rpyrrrra rrorroJIIIHeMa no P aii:Koay, "rro IIe Kam
;naH TOIIOJIOrliq. rpyrrrra IIOIIOJIIIHeMa no BeliJIIO. 

)J.JIH TOIIOJIOrHq. IIpOCTpaIICTB Tpe6oBaIIHe a 6 c O
JI IO T H 0 ii 3 a M K H y T 0 c T li - T. e. 3aMKIIyTOCTII 
B JII060M o6'beMJIIOID;eM rrpocTpaBCTBe, - IIpliBOAliT' eCJili 
orpaBilqliTbCH KJiaCCOM BIIOJIBe peryJIHpIIhlX xayc;nop«Po
BhlX rrpoCTpaBCTB, K 6nKOMIIaKTHhlM rrpocTpaHCTBaM: T~
Klie H TOJibKO TaKl!e rrpOCTpaBCTBa o6Jia;naIOT <lTIIM CBOli
CTBOM. O;nrraKO eCTb ;npyroii IIOJie3Bhlll li ecTeCTBeBHhlM 
IIO;QXOA K orrpe;neJieHHIO IIOJIHOThl TOIIOJIOrliq. rrpocTpaB
CTBa. BrroJirre peryJIHprroe xayc;nop«Poao rrpocTparrcTBo rra3. 
II 0 JI H hl M II 0 q e x y' eCJIH OHO rrpe;a;CTaBIIMO B Bil;Qe 
rrepeceqerrHH cqeTrroro ceMeil:CTBa oTKphlThlX MBomecTB 
B rreK-poM CBOeM 6nKOMIIaKTHOM xayc;nop«PoBOM pacum
peBHli. Bee TaKHe rrpocTparrcTBa ~6Jia;naIOT caoii:CTBOM 
Bapa: rrepeceqeHHe cqeTrroro ceMeHCTBa rrerrycThlX oT

KphlThlX BCIOAY IIJIO'l'HhlX MBomeCTB B Hl!X BCerna rre rryCTO. 
MeTpH3yeMoe rrpocTpaHCTBo rroJIHO no qexy B :oM II 
TOJibKO B TOM CJiyqae, eCJIH OHO MeTpH3yeMo IIOJIIIOll MeT
pI1KOH (T e 0 p e M a A JI e K c a H A p 0 B a - x a y C
A o p «P a). IIoJIBOTa no qexy o6ecrreqnaaeT rrpaBHJibBoe 
IIOBe/);eBile TOIIOJIOrilq. rrpocTpaBCTBa BO MHOrIIX cyrn;eCT
BeBBhlX oTHoIIIeHIIHx. TaK, rroJirroe no qexy cqeTrroe 

rrpocTparrcTBo I1MeeT cqeTBYIO 6a3y II MeTpI13yeMo. IIapa
KoMrraKTBOCTh coxparrHeTCH rrpn orrepa~IIII rrpon3ae;neHI1H, 
Korna rrpocTparrcTBa rroJIBhl no qexy. IIoJIBOTa no qexy 
coxparrHeTCH coeeputennw.Mu omo6paJ1Cenusi.Mu, a B KJiac
ce MeTpH3yeMhlx rrpocTparrcTB orra coxparrHeTCH B CTopo
rry o6pa3a OTKphlThlMII rrerrpephIBHhIMII OT06pameHIIHMII. 

i'J. pyroii IIOJie3Bhlii IIOAXOA K orrpe;neJieHIIIO IIOJIHOThl 
BIIOJIBe peryJIHpHoro xayc;nop«Poaa rrpocTpaBCTBa CBH3aH 
c paCCMOTperrI1eM MaKCIIMaJibHOM paBHOMepIIOM CTpyK
TYPhl Ha HeM: ecJIII TaKoe paaIIoMeprroe rrpocTpaHCTBo 
IIOJIBO, TO TOIIOJiornq, rrpoCTpaHCTBO Ha3. II 0 JI H hl M 
rr o )]. h e A o H H e. IIoJIHhl no i'J.be;noHHe B ToqHocni: Te 
rrpoCTpaBCTBa, K-phle roMeoMop«Prrhl 3a!rnHyThlM rron
rrpoCTparrcTBaM TOIIOJiorI1q. rrpoI13Be;nerrnH MeTpil~}'eMhlX 

rrpocTparrCTB. B rrpIICYTCTBHII rroJIHOThl no ,LI, he;noHHe 
B O;QHO CBOiiCTBO CJIIIBaIOTCH rrcea;noKOMIIaKTHOCTh, cqeT
BaH KoMIIaKTBoCTb II 6nKoMrraKTBOCTh. Bee rrapaKoM
rraKThl IIOJIHhl no i'J.be;QOBBe, B qaCTHOCTII IIOJIHhl no 
,Ll,be;QOBBe ace MeTpnq. rrpocTpaHCTBa. 0TCIO;na BIIAHO, 
qTo Il3 IIOJIHOThl no i'J.be;QOHHe He CJie;nyeT BaJII1qI1e y rrpo
CTpaHCTBa caofrcTBa Bapa. Crre~naJibBhlii: CJiyqaft rroJI
BOThl no ,Ll,hii;QOBHe - II 0 JI H 0 T a TOIIOJIOrilq. rrpo
CTpaBCTBa B c M hl c JI e x b IO II TT a, 03BaqaIOrn;aH ro

MeoMop.iPHoCTb rrpOCTpaBCTBa 3aMKHYTOMY rro~rrpo
CTpaBCTBY TOIIOJiornq. rrpOI13Be;neBHH HeK-poro ceMel'lCTBa 
neiiCTBHTeJihBhlX rrpHMhIX. 

Jlum.: [1] A p x a Hr e J1 b c I< H l! A. B.' II 0 H 0 M ape B 
B. H., Ocuoshl oomel! TOIIOJioruu a aanaqax u yrrpamnemrnx, M;, 
1974. A. B. ApxanZMbcxuu. 

IIOJIHOE P ABHOMEPHOE IIPOCTP AHCTBO - paa
rroMepIIoe rrpocTparrcTBo, B K-poM BCHKIIM Houtu rfiuAbmp 
CXOAIITCfl. Bamrreii:IIInH rrpI1Mep II. p. rr.- nol!noe .Mem
pu<tect>oe npocmpancmeo. 3aMKHyToe rro;nrrpocTpaHCTBO 
II. p. II. rroJirro; rroJirroe rronrrpocTpaHcTBo OT/);eJinMoro 
paBHoMeprroro rrpoCTparrcTBa 3aMKHyTo. IIpoI13Be;nerrI1e 
II. p. II. rroJirro; o6paTHo, eCJIII rrpon3Be;nerrI1e HerryCThlX 
paBHOMepHhlX rrpOCTpaHCTB IIOJIHO, TO II ace rrpoCTpaHCTBa 
COMHOl'KI1TeJII1 IIOJIHhl. BcHKOe paBHOMepHoe rrpOCTpaH

CTBO x paBHOMepHO HerrpepbIBHO OTo6pamaeTCH rra 

HeK-poe IIJIOTHoe rro;nrrpocTpaHcTBo II. p. rr. X (cM. JJo
nO/!nenue). 

Jlum.: [1] By p 5 a I< H H., 0611!311 TOIIOJIOrlrn. OcHOBHble 
CTPYRTYPhl, nep. c ,Ppauu., M., 1968; [2J I\ e J1 JI H A_m., 05ma_11 
TOIIOJioru11, nep. c aurJI., 2 Ran., M., 1981. M. H. Bom;exoecll:Uu. 

IIOJIHOE PIIMAHOBO IIPOCTP AHCTBO - pnMa

Hoao rrpoCTpaBCTBO c «PYBK~IleH paCCT.?HHIIH p, IIOJIHOe 
KaK MCTpilq. rrpoCTpaBCTBO c MeTpIIKOII p. 

IIyCTb M - CBH3HOe pIIMaBOBO rrpoCTpaBCTBO co CBH3-

HOCTbIO JleBU-qIIBIITa, TOr;na CJie;nyIOrn;Ile Tpli YTl~.epmne
HIIH <lKBIIBaJieHTHhI: a) M - IIOJIBo; 6) AJIH Kall\;QOII TQqKJJ 
p EM :mcnonelitfUll/tbnoe omo6paJ1Cenue expp orrpe;neJierro 

IIa aceM MP (rne MP - KacaTeJihHoe rrpocTparrcTBo 11 

M a p); a) Kam;noe orpaIII1qeHHoe no OTIIOIIIeIIIIIO K pac
CTOHHHIO p 3aMKByToe MHOmeCTBO A cM KOMIIaKTHO 
(T e o p e M a X o rr «P a - P II H o B a). CJie;ncTB1rn: 
JII06hle nae TOqKII p, q EM II. p. rr. MomHo coe;a;HBIITh rra 
M reo;ne3nq. AJIIIHhl p (p, q); JII06aH reo;ne3I1qecKaH rre-

orpaHI1qerrHo rrpo;noJimaeMa. " " 
l1MeeTCH [2] 0606rn;errI1e aTon TeopeMhl rra CJiyqan rrpo

CTpaBCTBa c rreCHMMeTpliqHoH «PYBK~Ileii: paCCTOHHIIH. 
Jlum.: [1] rpoMOJI ,ll., I\JIHnreuoepr B., Meil

e p B., PHManosa reoMeTpHll B ueJIOM, nep. c ueM., M., 1971; [2] 
I\ 0 H - <I> 0 c c e H c. 3.' HeROTOpbie BOilpOCbl nHQJQJ~peHQH3JIJ?
HOil reoMeTpHH B ueJIOM, M., 1959. M. H. Bou?Jexoecxuu. 

IIOJIHOE TOIIOJIOrlflIECKOE IIPOCTP AHCTBO 
CM. II01tnoe npocmpancmeo. 

IIOJIHOR BEPOHTHOCTH ll>OPMY JIA - co0Trrome
BI1e, II03BOJIHIOID;ee BhlqllCJIHTb 6e3yCJIOBHYIO BepoHTBOCTb 
co6hlTIIH qepe3 ero ycJIOBHhle BepOHTIIOCTII OTHOCIITeJihHO 

co6hITI1II, o6pa3yIOUl,IIX noJtrryIO rpyrrrry. 
Toqrree, rryCTb (Q, Jl, P) - BepoHTIIOCTrroe rrpo-

CTparrcTBo, A, A1, ••• , AnEA - co6hITIIH, rrpilqeM 
A;nAj=.O IIpII if:.j, i, j=1, 2, .. ., n, 

Uk=IAk=Q 

II p (A kl >0 AJIH acex k. Torna HMCeT MeCTO «P 0 p M y JI a 
II 0 JI II 0 ii B e p 0 H T II 0 C T II: 

p (A)= ~:=Ip (A I Ak) p (Ak)· 

II. B. «P. aeprra H B TOM CJiyqae, Korna qIICJIO co6hITHB 
A 1, A 2, • • . 6ecKorreqHo. " 

l1MeeT MeCTO II. e. «P· AJIH MaTeMaTHq, omI1;naHI1H. 
IIycTb X(w), wEQ - cJiyqaii:IIaH BeJII1q1rna IIa (Q, Jl, 
P) EX - ee MaTeMaTilq. omI1;narrI1e, a E (XIA kl -
yc'noBBhie MaTeMaTnq. OlKil/);aIIIIH OTHOCIITeJibIIO co6h!TIIM 

A k• o6pa3yIOID;IIX rroJIByIO rpyrrrry. Torna 

EX= ~l (XI Ak) P (Ak)· 
H. I'. Ywanoe. 

IIOJIHOT A B M a T e M a T II q e c K o ii: JI o r n K e 
- CBOMCTBO, 6JII13KOe K IIOHHTIIIO MaKCHMaJibHOro aJie
MeHTa B qacTJrqHo yrropH/lOqeIIIIOM MIIomeCTBe. TepMIIB 
«II.» B MaTeMaTilq. JIOrIIKe y110Tpe6JIHeTCH B KOHTeKCTax 
BH;na: IIOJIHOC HCqHCJierr:e:e, IIOJIBaH TeopHH (HJIH IIOJIH00 
MHOlKeCTBO aKCHOM), co-IIOJIBaH TeopHH, IIOJIBaH B CMhlCJie 
IIocTa CliCTeMa aKCIIOM, IIOJIBOe BJIOmerrne O/lHOH MO)leJill 

B ;npyryIO, IIOJIHaH «PopMyJia IIOJIHOH TeopHH II AP· 
O;a;BHM H3 HaIIOOJiee Ball\HhIX B rHoceoJiorHq. OTBOme

HHH HBJIHeTCH IIOHHTHe II. HCqliCJieBHH OTHOCHTeJibHO 
)laBHOM ceMaHTHKH. l1cqIICJICBHe rra3. II 0 JI H hl M, eCJili 
BCHKaH BeprraH B CeMaHTl'lq. CMhlCJie «PopMyJia <lTOro HC
qHCJieHIIH BhlBO/);HMa B HeM. IIpII <lTOM IIOIIHTHe BhlBO/);H
MOCTl'l /);OJill\HO OhlTb a «P «Pe KT H B H hi M, T. e. IIMeIOTCH 
Haoop rrpaBIIJI H HIICTpyK~Hfl HX rrpIIMeHeBHH, II03BOJIHIO
rn;aH CTpOHTb BhlBOllhI, rrpHqeM eCTb aJiropHTM, OTJIIl
qaIOrn;HH BhIBOll;hl OT HeBhlBOAOB. IIoBHTHe c e M a H TH
q e c K ll Be p rr o ii «P o p My JI hl, Hao6opoT, «PopMy
JIIlpyeTCH' KaK rrpaBIIJIO' c HCIIOJib30BaHHeM Hea«P«PeKTHB
HhlX IIOHHTHM, c IIOMOrn;bIO KBaBTOpOB BCeoorn;IIOCTH 11'0 
6ecK0BeqBbIM H 11;ame HecqeTBhlM COBOKyIIBOCTHM. B Teo

peMax 0 IIOJIBOTe KJiaccttqecKoro II liHTYH~IIOHHCTCKoro 
IICqHCJieHHH rrpe/);I1KaTOB II. IIOHHMaeTCH B yKa3aHBOM 
CMhICJie. B CJiyqae KJiaccnq. HCqliCJieHHH ceMaHTHqeCKH 
aepIIhIMH cqI1TaIOTCH Te «PopMyJibI H3bIKa y3Koro IICqHC-
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JieHllR IIpenmtaTOB (YIHI), K-pbie llCTllHHbl BO Bcex MO
JJ,eJIRX wrn paccMaTp11aaeMoro R3bJKa. B 11HTy1rn;110H1ICT
cKoM CJiyqae ceMaHT11qeCK1I BepHblMII CqlITaIOTCH cl>opMyJibJ, 
HCTHHHble BO BCex Kpumre MOOe.11nx. IloHHTlle IICTIIHHOR 
B JJ,aHHOM MOA0JIII qiopMyJibJ Tairnrn ll.CIIOJib3yeT 1rnaHTOphl 
no 6ecKoHe\IHhIM o6JiaCTIIM (eCJIII MoAeJib 6ec1waeqHa) 
Ka.K B KJiaccnqeCKOM, TaK II B IIHTYH~IIOHIICTCKOM CJiy
'l:a.HX. llaorµ;a paccMaTpnBaIOT IICqlICJieHIIH, He YAOBJieT
Bopmom1rn Tpe6oBaHHIO ai1>qieKTHBHOCT1I. 

C IIOHHTIIeM fl. HCqHCJiemrn TeCHO CBll3aHO IIOHHTHe 
rroneoii Teopnn. T e o p H e ii. (ToqHee, aJieMeHTapHoii. 
Teopneii:) Haa. rrponaaoJibHoe MHomecTBO T aaMKHyThIX 
qiopMyJI H3h!Ka Yllil. HerrpoT1Iaopeq1IBaH Teop1IH T Haa. 
II 0 JI H () ii, eCJIH MHomeCTBO Bcex CJieµ;CTBIIII II3 T B KJiac
CIIq, ncqncJieHHU rrpe11;e:KaTOB HBJI.HeTC.H MaKCIIMaJibHbIM 
uenpoT1IBopeq1IBbJM MHomecTBOM, T. e. 11;06aaJieH1Ie K T 
mo6oii aaMKHyToii: ueahIBOAHMOii. 1I3 T qiopMyJihl noaao
JiaeT BhIB0CTH JI106y10 .popMyJiy. B aToM onpe11;eJieH1I1I He 
rrpenr10JiaraeTCH, qTO MHomecTBO T aa11;aHo aqiqieKTIIBHo, 
Ta.K 'ITO IIOHHTHe BhIBOAa CTaHOBIITCH Tome aeaqiqieKTIIB
HLIM. n. reopnH T 3KBIIBaJieHTHa CJie11;y10meMy ycJIOBIIIO: 
AJUI BCJIKOH aaMKHyToii: qiopMyJihl cp IIMeeT MeCTO B Toq
HOCTH onuo H3 ABYX YTBepmneHIIH - JI1I60 cp BbIBOIJ;IIMa 
na T, Jin6o l cp BhIBOAHMa II3 T. 

EcJIH 11;aaa KaKaH-To Mo11;eJib M R3h1Ka Yl1Il, TO aoa
HHKaeT ceMaBTHq, IIOHHTHe qiopMyJibI, IICTIIHHOM B MO
):\eJI11 M. Teop1IH T Haa. rroJIHoii: oTHOCIITeJih
H o M, ecJI11 B KJiacc11q, 11cq1IcJieH1III rrpe11;1IKaToB, rro
IIOJIHeHHOM qiopMy JiaMII H3 T, BbIBOAHMbI B ToqHoCTll Bee 
IICTHHHhle B M qiopMyJihl. MemAy IIOHHTHHMII Il. T00p1IM 
H fl. OTHOCIITeJihHO M IIMeeTCH CJieAyIOIIJ;aH CBH3b. Teo
pllH T IIOJIHa TOrAa II TOJihKO Torµ;a, KOrAa cym;ecTByeT 
MO):\eJib M, OTHOCIITeJihHO K-poii OHa IIOJIHa. Mo11;eJih M 
aaa. ·M 0 A e Jl b IO T e 0 p II II T' eCJIII Bee qiopMYJibl 
Jl3 T IICTIIHHbJ B M. )J.ocTaTOqHbJM IIp113HaK Il. Teop1I1I: 
eCJIH Bee MOAeJIH HeK-poii MOIIJ;HOCTII TeopHII T II30Mopqi
Hbl, TO TeOplIH T llOJIHa. 06paTHOe He Bcerµ;a BepHO. 

IlOHHTIIe fl. TeOplIH HaXOIJ;IIT llp1IMeHeH1Ie B BOllpocaX 
paapeIDIIMOCTll Teop1Ill II3-3a cJienyrom;ero CBOllCTBa IIOJI
Hh!X Teopun: ecJIH TeOpHH T IIOJIHa II MHOmeCTBO T KO
He'lHo llJIII 11;ame peKypcnBHO rrepeq11CJillMO, TO cym;eCTByeT 
aJirop11TM, pacrroaHarom;11n no JII06oll: qiopMyJie cp BhIBO
AHMa oaa RJIH ueT. EcJI11 ue Tpe6oBaTb aqiqieKTllBHoro 
aaµ;aHllH MHomecTBa T, TO BCHKyIO TeOplIIO MOmHo IIO
IIOJIHIITh, T. e. pacm11p11Th µ;06aBJieH11eM HOBhlX aKCHOM 
AO IIOJIHOll. IlpH HaJill'llIII Tpe6oBamrn aqiqieKTIIBHOCTll 
):\eJIO o6CTOllT He TaK, KaK lIOKa3h!BaeT TeopeMa reµ;eJIH 
o uenoJiuore ap11qiMen1q, ncq11cJieu11ii:. Teoprrn T' Haa. 
p a c ID II p e H II e M T e 0 p II H T' ecJIH BCHKaH qiop
MyJia, BbJBOAllMaH 11a T, 6y11;eT BhIBOAIIMa Il3 T'. IlycTh 
T - HerrpoT11BopeqnaaH peKypc11BHO nepeq11cJI11MaH Teo
p:irn. Teopm1 T Ha3. a qi qi e K T II B u o H e rr o 11 o JI
B II M 0 ii, eCJill 110 BCHKOMy peKypcllBHO rrepeql!CJIIIMOMY 
aenpornaope•urnoMy pacm11peH11IO T' Teop1111 T Momuo 
acl>i'jleKTllBHO HaHTll <l>opMyJiy cp, i'jlopMaJibHO Hepaapem11-
MYIO a T', T. e. TaKyro, qro HH cp, HI! -1 cp He BhIBOAIIMhl ll3 
T'. TeopeMa rel];eJIH 0 HeIIOJIHOTe yTBepmµ;aeT, qT() 
H0K-paH KOHKpeTHaH ap1Ii'jJMeT11q, Teop11H Q, l!Merom;aH 
KOHequoe qlICJIO aKCI!OM, ai'jli'jleKTHBHO He IIOIIOJIHHMa. Ila 
3TOH TeopeMhl Bh!TeirneT HeIIOJIHOTa OTHOCl!TeJibHO CTaH
napTHOH MOA0JIII HaTypaJihHhlX qnceJI Jiro6oro apmpMeT11q, 
HC'lllCJieBHH, YIJ:OBJieTBOpHIOm;ero Tpe6oBaHl!IO aqiqieK
TI!BHOCTII. 

ApmpMeTn'I. TeopnH T uaa. w-n o JI Ho ii, ecJin ll3 
TOro, 'iTO B T BbJBOAllMhl ace i'jlopMyJILI BIIAa 

cp (0), cp (1), cp (2), .. ., 

CJieµ;yeT BhlBOAHMOCTb B T ljiopMyJibI 'r/X cp (.x). l13 AOKa
aaTeJibCTBa TeopeMbI fe11;eJIH O HeIIOJIHOTe CJieAyeT, qTO 

cym;eCTByIOT Teop11u' He HBJIHIOID;IIeCH (J)-lIOJIHhlMll, II 
Aame TaKne, B K-phlx Bhrnon11Ma 6ecKoHeqHaH cep1rn i'jlop
MYJI (*), a TaKme i'jlopMyJia 3x lcp(x), 11 TeM He Meuee 

rrpOTllBOpeq1Iil BhlBeCTII HeJih3.R. TaKa.R Teoplrn HR:'!. (J)
II p 0 T II B 0 p e q 11 B 0 ll. 

HerrpOTUBopeq11BaH CIICTeMa aKCHOM Ha:'!. 11 0 JI H 0 ii 
a c M hl c JI e Il o c T a, ecJI11 11;06aBJiea11e K aeii. mo6oll: 
cxeMhl aKCllOM JIH6o He pacm11pHeT aarraca BbIBOAIIMbIX 
i'jlopMyJI, JIII60 rrpeBpam;aeT CIICTeMy B rrpOTIIBOpeq11ay10. 
Harrp., aKCH0MaT11Ka KJiaCCIIq. 11cq1ICJieH11R BbICKa3bIBa
HIIH IIOJIHa B CMbICJie IlocTa, a HHTYII~llOHIICTCKoro 11cq11c
JieHHR BbICRa3bIBaHIIH He IIOJIHa. 

Jlum . .- [1] K JI II'. Hu C. K., BBeneuue B MeTaMaTeMaTHRy, nep. 
c aurn., M., 1957; [2] Ke l! c JI e p r., q a H q_ q., Teopmi: 
MoneJiel!, nep. c aurJI., M., 1977; [3] ill e H ljJ H JI n Am., MaTe· 
MaTH'IecRaa JIOrBRa, rrep. c aurJI., M., 1975; [4) Pon me pc X., 
Teop1rn peRypcuBHhIX ljlyum-1Hl! 11 aljlljleRTBBHaR Bhl'IBCJIHMOCTh, 
nep. c aurJJ., M., 1972; [5) <I> e li c P., MOlll!JihHaH JJOrHRa, nep. 
c aurJJ., M., 1974 (,UorroJIHeHHR). B. H. I'pumun. 

IlOJIHOT A B T 0 II 0 JI 0 r II II - CBORCTBO rrpo-
CTpaHCTBa, 3aKJIIO'la10m;eecH B CXOAHMOCTll IlOCJieAOBaTeJib
HOCTell, HarrpaBJieHHOCTell HJIH ceMellCTB MHOJKeCTB, rron
'IHHeHHb!X ycJIOBIIIO Korrm llJIII ero o6o6m;eHHHM (cM. 
Jlo.11Hoe npocmpancmao). A. B. Apxa1i2e.tibc><uu. 

IIOJIHhllI )J;ll<l><l>EPEHI(HAJI i'jlyHK~IIll n rrepeMeH
HhlX B TOqKe Xo E Rn - TO me caMoe, qTo ourf11.fiepeH1fUa.11 
i'jlyHKJJ;Hll B noii ToqKe. TepMHH «Il. }J;.f> yrrOTpe6JIHeTcH 
c ~eJihIO rrpOTHBOilOCTaBJiemrn ero TepMHHy ((qacTHhlll 
11;11qid>epeH~1Iam>. IloHRTIIe n. A· i'jlyHK~HII n rrepeMeHHbIX 
o6o6m;aeTCR Ha CJiyqan OT06pameH11H OTKpb!TbIX MHOmeCTB 
JIIIHeHHbIX TOIIOJIOflfq, llpOCTpaHCTB B rrono6Hbie me rrpo
CTpaHCTBa (CM, I'amo ourprfiepeH!fUa.11, <J!peute ourfirfiepeH
l.fUa.11, JJ.urfirfiepeHlfUpoaaHue omo6pa:HCeHun). 

JI. J1.. HyapR61./eB. 
TIO.'IHhllI llHTErPA.11 pemeH11e u (x, a), 

.r=(.r1, ••• , .xn), a=(a1 , ••• , an), AIIi'jli'jlepeH~llaJibHOro 
ypaBHeHIIR c qacTHbIMH 11pOI13BOAHbIMII 1-ro nopHJJ;Ka 

( au au ) 
F x1' •.. , Xn, u, ax1 ' ... ' Oxn = 0, (1) 

K-poe 3aBllCHT OT n rrapaMeTpOB al, .•• , an II B paccMaT
p1IBaeMOII 06JiacT1I YAOBJieTBopReT ycJIOBIIIO 

det I ux;a,. I ::j: 0. 

EcJI11 u (x, a) paccMaTpHBaTb KaK n-rrapaMeTp11qecKoe 
ceMeii:cTBO pemeH1Iii:, TO or116a10m;aH Jiro6oro ero (n-1)
na paMeTp11qecKoro 11oµ;ceMeil:CTBa, BhIAeJI.ReMoro ycJIOBHeM 
a;=w;(t1 , ••• , tn_ 1), 1..;:i..;;:n, HBJI.ReTCH pemeHHeM 
ypaarreH11.R (1). ITp11 <JTOM JIHHHH KacaHHH 11oaepxrrocTeH, 
aa11;aaaeMh!X IIOJIHbJM llHTerpaJioM, H orn6a10m;eli HBJIHIOTCH 
xapaKTepllCTllKaMII (1). C IlOMOIIJ;bIO fl. II. MOmrro OIIH
CaTb pemeHH.R xapaKTep11cT11q. CHCTeMbl o6bIKHOBeHHbIX 
11;11i'jli'jlepeH~11aJibHhlX ypaBHeHHH, OTBeqa10m;eil: ypaBHe
HllIO (1), H, CJieAOBaTeJibHO, o6paTHTb MeTOA KomH, K-pblll 
CBOAIIT pemeHHe ypaarreHllH (1) K pemeHHIO xapaKTepHC
Tllq, CHCTeMhI. 8TOT IlOAXOA rrpHMeH.ReTCH B aHaJIHTIIq, 
MexaHIIKe, r11;e Tpe6yeTC.R HaRTll pemeH11e KaHoHnq, cnc
TeMhI o6bJKHOBeilHbIX 11;11qiqiepeH~llaJibHhlX ypaBHeHllII 

aH 

8Ta CIICTeMa HBJIHeTCH 
HHH HK061I 

u1+H (Xi, ... , 

1,,;;;;; i,,;;;;; n. (2) 

EcJiu AJIH ypaBHeH11H (3) TI. 11. u=u (x1, . . Xn• t. 
al, ... , an)+ao 113BeCTeH, TO 2n HHTerpaJIOB KaHOHJlq, 
CllCTeMhl (2) µ;aroTCH paBeHCTBaMll ua.= b;, ux.=p;, 

I I 

1..;;:i..;;:n, rµ;e a;,b; - rrpoH3BOJibHbI8 llOCTOHHHhie. 
A. ll. CoJ1aamoe. 

IIOJIHhlll OIIEPATOP - o6o6m;errHhlii: BOJIHOBoii. orre
paTOp, T. e. qaCTH'IHO I130MeTp11q, onepaTOp, orrpe11;eJIHe
Mh!i"1 paBeHCTBOM 

W + (A2, A1 ) = s- lim eitA 2 -itA,pi. 
t-+cro 
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r,[(e A 1 n A 2 - caMocorrpm1rn1mble orrepatophl B cerrapa-
6eJibHOM rHJib6epTOBOM npocTpaHCTBe H, P 1 - opTo
rrpoeRTop Ha Hi.ac• H TaRo:il:, <ITO 

3,[(BCb If;, ac, i=1, 2,- COBORYIIHOCTb Bcex Cll0RTpaJibHO 
a6COJllOTI!O HenpepwBHbJX OTHOC!l.TOJJ bHO Ai ::lJieMeHT()B x' 
T. e. TaJ-mx, 'ITO crreRTpaJI1>HaH Mepa <EA.(µ) x, x> MHO-

mectaa Jf a6coJIJOTHO nerrpepbIBHa 
Jle6era µ (x). 

l 

OTHOCHTBJihHO Mepw 

ECJIH onepaTop W + (A 2 , A 1) (MJIII aHaJior111rno orrpeAe-
1rneMbit"1 onepaTop w _ (A2, A1)) cym;ecTByeT l'I HBJIH0TCfl 
rroJIHhIM. TO A;, 11 c- <IBCT!l. orrepaTopoa A; Ha H;, ac 
YHMTapRo ciReMeaJieHTHhJ. EcJIH A 1 11A 2 - caMoc011pHlf<eH
awe orrepaTOpbI B H 11 A 2=A 1+c<., /)/, r,[(e /EH 11 c 
eem;ecTeeHHo, TO W±(A 2 , A1) II W±(A 1 , A 2) cym;ecT
BYJOT H HBJIHIOTCH llOJIHblMII. 

Jlum.: [1) Ka To T., Teop1rn eoaMyll!enall Jmuettnhlx ooepa-
ropoe, ncp. c anrJI., M., 1972. B. H. Co60.l!e~. 

IIOJIOBHHHOro AEJIEHHH METOA, M e T 0 A 
Allx 0 T 0 M H ll.,- 1) 0,[(11H Ma MeTO,[(OB <JHCJieHHOro 
pernemrn ypaBHeH11i'1 c O,[(HHM H0H3B8CTHbIM. IlyCTb IIM0-
8TCH ypaBHeH11e /(x)=·O c HerrpepbIBHOii Ha OTpeaRe [a, b] 
<J>ymrn.neii / (x), rrpMHHMaJOm;ell: ea RoHnax oTpeaKa aHa11e
HHH paaewx aHaKOB 11 mreJOIUe:il: BHYTPl1 [a, b) e,[(IIHCTBeH
Hhlii KopeHb x*. AJIH np116J111lf\eHHoro eaxolH,[(eRIIH x,.. 
orpeaoR [a, b I ,[(eJJHT rronoJiaM 11 Bhl'lllCJIHIOT aHa<1eH11e 
/(x1) B cpe,[(Heii TO'lKe X1=(a+b)/2. ECJIH /(X1);i!:O, TO 
113 ABYX 0Tpe3ROB [a, X1) ll [x1, b] ,[(JUI IIOCJle,[(yJOm;ero /);e
JieHllH rronoJiaM Bb!OHpaeTCH TOT, ua KOBU.aX R-poro aHa
'10HHH iJ>yHRIIIIl1 paaJIM'lHhl no aHaKy. BoamrnaJOm;aH B 
npollecce Ta1wro Apo6JieHlfH nocJie/);OB8T0JibHOCTb cepe
AMH 0Tpe3KOB X1, X2, ••• CXO/J;lITCH R ROpHIO x,. CO CRO
pOCTblO reOM0TpH<I. nporpeCCIIll: 

lxn-x.l,;;;;;;(b-a)/2n, n=1, 2, .. ., (1) 

npH'leM B pacCMaTpIIB80MOM RJiacce «!iYHKU.HH ou.eHKa (1) 
eeyJiy11rnaeMa. B cJiyqae, Kor/);a iPYHRU.MH f (x) HMeeT ua 
[a, b] 6oJiee OAIIOrO ROpHH, IIOCJie/);OBaT0JlbHOCTb 6yp;eT 
CXOAIITbCH K O):\HOMY H3 enx. 

2) 0):1JIH H3 M0TO,[(OB MHeHMH38U.HH ipyeRil,HH 0/);Horo 
nepeMeHHOro, IIyCTb Tpe6yeTCH HaiiTH MIIHHMYM 

f*= min f (x) 
a<;, x< b 

YHUMOAaJibHOii ipym<u.mi: f (x) ea OTpeaKe [a, bl H yRaaaTb 
TO<IRY x*, B !>-poi\ OH AOCTJffaeTCH. Tor):\a OTpeaoK [a, b) 
,[(eJJHT rrorroJiaM H BOJIII3H ero cepeAIIHhl ; 1= (a+ b)/2 
Bbl\IHCJIHJOT 3Ha'leHHH <!>YHKU:IIH f (x) B ABYX TO<JRaX 

X1=-;:1-e/2 H X2=;:-1+e12, rii.e 'IHCJIO e>O, HBJIHJOm;eeCH 
rrapaMeTpOM MeTOAa, ):\OCTaTO'lHO MaJIO. 3aTeM aHa<JeHHH 
f (x1 ) u f (x2) cpaeH11eaIOT u c Y'l0TOM yHIIMo):laJibHOCTII 
<l>YHKl\HH f (x) II3 ABYX OTpeBKOB [a, X2) II [.rl, b] BblOHpaIOT 
TOT, K-pb!ii aaBeAOMO CO,[(eplHHT TO'lKY x,... TaK, 0CJIH 
f (x1) <I (x2)' aTO 6y):leT 0Tpe30K [a, X2), B rrpOTIIBeOM CJiy
<Iae - OTpe30K [x1 , b). Bw6paHHhlii OTpeaoR BHOBh /);eJIHT 

rrorroJJaM, a6JIH3H ero cepeAHHhl x2 6epyT ABe TO'lRH x1 = 

=x2-e/2 II X2=x2+e/2, cpaeHHBaJOT B e:nx 3Ha11eHHH 
tpyHK[{IIH 11 T. A· B peayJibTaTe B03HMRaeT nocJie):IOBaTeJib-

HOCTb cpe):IIIHHhIX TO<IeK {;:-n}, ,[(JIH K-poii: 

1X,-.-x*l<(b-a-e)/2n+i::/2, n=1, 2, (2) 

3a npu6JIMJR0HHH K f * npHHMMaIOT aea<1emrn f fxn) npH 
,[(OCTaTO<IHO 6oJJbIIIMX n. 

HaaeaHue MeTOAa o6uHCHHeTCH TeM. 'ITO ea RalH):IOM 
CJICllYIOII1,0M mare onHcamrnro aJiropnTMa OTpe3oR, co
p;epJR;iII1,11i'.1 TO'IRY MHHIIMyMa, CTaHODIITCH rrp11MepHO 
BJl.BOe Kopo•rn. Ha KJiacce yHHMo):laJihHhIX cflYHKil,IIi'I II. A· M. 
ne HBJIHeTCH uaHJIY'lIIIHM. Cy111,ecTBYJOT 6oJiee acflcpeKTHB
Hbl e M€T0llhl' II03BOJIHIOII1,ll.0 npu TOM me ROJIIJ'leCTDe Bbl-

11HCJieHHll 3Ha'leHHii <l>YHKl\1111 ,[(OCTllrHyTh JIY'llllell no 
cpaaHee:nJO c (2) TO'IHOCTH (cM., Harrp., <J>u6ona't'tU .'l(e
moo). 

Jlum.: [1) A e M HA o Ba q B. JI., Map o n M. A., Ocnoehl 
BhI'IHCJIHTeJihHoii MaTeMaTHKH, 3 H311., M., 1966, [2] Ya ft.~ 11 )];.
)]; »<., MeTO)'.lhl noactta a11cTpeMyMa, nep. c aHrJI., M., 1967. 

M. M. IlomanoB. 
IIOJIOil\llTEJihHAH BAPU:AQHH <l>YHKl~llll -

OABO H3 ,[(BYX CJiaraeMbIX, cyMMa K-pwx 0CTb IlOJIHOe 
H3Meaerrne, HJill Bapuaq,un ifiynr;q,uu, Ha ,[(aHHOM oTpeaKe. 
IlyCTb f (x) - <l>YHKU.HH /);eHCTBHTeJibHOro nepeMeHHoro, 
aa/);aeHaH ea OTpeaRe [a, b) 11 npHHH~!aIOII1,aH KOHe<IHbie 
3Ha1J0HHH. IlyCTb II={a=xo<x1< ... <xn=b}-11pOH3-
BOJibeoe paa6ueHHe oTpeaRa [a, b] H 

P 0 (/) = ~; [/ (x;)-f (x;-1)1. 

rJl,e cyMMRpOBaHMe npoH3BOAHTCH no TeM HOMepaM i, 
/);JIH R-pb!X paaHOCTh f(x;)-f(x;_i) HeOTpHil,aTeJILHa. 
BeJI1111nea 

P (f)~P (/;[a, b))=supP0 (/) 
[I 

eaa. n 0 JI 0 lf( HT e JI b H bl M H 3M e Hee II e M <I> y H
R~ H Hf HaoTpeaRe[a,b].BcerAaO~P(/)~+oo. II01rn
TIIe <(II. H. iJ>.» BBe,[(eHo R. IBop,[(aHoM (1). CM. TaRlf\e Om
puq,ame.ttblWH Bapuaq,un ifiynr;q,uu . . 

Jlu.m.: [1] Jordan C., (<C. r. Acad. sc1.», 1881, t. 92, p. 228-
230; [2) JI e 6 er A., MHrerpapoaaHae H OThlCKaHHe npHMHTHll
HhIX ljiyHK~ll. nep. c lfipam-1., M.- JI., 1934. B. H. I'OJ1y60B, 

IIOJIOiKU:TEJibHAH KOPPEJIHQllH - BHA Kop-
peJIHil,MOHHo:il: aaBHCHMOCTH Melf\AY CJiy'laHHbIMII B0JIH'lll
HaMu, rrpll R-poft yCJIOBHble cpeAHHe 3Ha'leHHH O):\HOll H3 
HHX YB0JIH'll'IBaJOTCH rrp11 B03pacTaHHH 3Ha'leHHll ,[(pyroli 
BeJIM'lHIIhl. 0 II. R. MeJRAY BeJIH'lMHaMu c r;oppe;i.nq,uu 
1>09ifiifiuq,uenmo.1o1, p roeopHT B TOM cJiy11ae, Ror,[(a p >O. 
CM. Koppe.1tnq,un. A. B. Ilpoxopos. 

IIOJIOJKHTEJibHO OIIPEAEJIEHHAH <l>OPMA -

~n llif<XiXk, 
l, k= I 

r.ne au,= a,.;, np11e11MaKJm;ee HeOTpHil,aTeJihHble aea11ee11sr: 
rrpn JllOOb!X ABHCTBUTeJibHbIX 3Ha'leHHHX X1, X2, .• ., Xn 
H o6paII1,aIOm;eecH B HYJib JIMIIIh rrpn .r1=x2= .. . =xn=O. 
T. o., II. o. ip. eCTh r;eaiJpamu<t1wn ifiop:Ma crre11,uaJibHoro 
THITa. J1J06aH II. o. ip. npHBO):\HTCH c IIOMOIIl;b!O JIHHe:ii
eoro rrpeo6paaoeaHMH R BHAY 

,.,n x~. 
~i'"'l' 

)];JIH Toro lJTOObl ¢opMa 

,.,n a·,.x·xk 
.:..l,k=l l l 

Oh!Jia II. o. ¢., Heo6xo)J,HMO u /);OCTaT011Ho, 1IT06b1 
tl. 1>0, tl.2 >0, .. ., tl.n>O, rAe 

a11a12 ... a1k 

ti.,.= a21a22 · • • a2k 

aklak2 ••• akk 

B JIJ06oii a¢<1>1'1HHOH CHCTeMe KOOp):IIIHaT paCCTOHHHe TO'llll'I 
OT rraqaJia ROOPAHHaT BbipamaeTCH II. o. ip. OT ROopp,H
eaT TO'IKH. 

CD op Ma 

f = ~~ k= 1 a;1<XfXk 

TaKaH, <ITO a;k= llki H f-:::,0 ):\JIH BC0X 3II3<JeHIIii 
X1, X2, •• " x,, II /=0 JIMIUb npH X1=X2=· •• =xn=O 
Haa. a p M HT 0 B 0 ii II. o. cfl. 

c IIOHHTHCM II. o. ip. CDH3aIIbl TaKme IlOHHTlrn: 
1) II 0 JI 0 lf( HT e JI b H 0 0 II p e A e JI e H H 0 :il: M a T-
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n ~n -
p II II bl lla;kll1 - Ta1wii. l\{aTplll(bl, qTO ~i.k-1aikXiXk 
eCTb ;ipMI!TOBa n. o. qi.; 2) noAO:HCUme.tibHO onpeoeAeHltO
ao aopa - Ta1wii: qiyHRI(llll K (x, y)=K (y, x), ·qTo 

~:"' ~:"' K (x, y) q> (x) q> (y) dx dy ;;;=: 0 

AJIH mo6oii. qiyHRI(llll q> (x) c HHTerpn:pyeMhIM RBaApaToM; 
3) noJto:HCume.tibno onpeoeJtennoii rfiynr.lfUU - TaKOH cpyHR
u;11n f (x), qTO HAPO K (x, y)= f (x-y) HBJIHeTCH rroJIOiKH
TeJibHO orrpep,eJieHHhlM. KJiacc HerrpepbIBHhlX rroJIOiKl!l
TeJibHo orrpe):leJieHHhIX qiyHKn;11ii. f (x) c f (0)= 1 cos11a;o;aeT 
c KJiaCCOM xapaRTepllCTnqeCRl'IX il>YHRII;Hll aaROHOB pac
rrpe):leJieHHH CJiyqaii.HblX BeJI11q11H. BC8-IJ. 

IIOJIOJKMTEJibHO OIIPEll;EJIEHHAH ll>YHK~MH
RoMrrJieRcHoaHaqHaH qiyHRI(HH q> Ha rpyrrrre G, YAOB
JieTBOpHIQJ.I\aH HepaBeHCTBY 

~'." ._ 1 a;aiq> (x1:--Ix;) ;;;=: 0 
'· 1-

AJIH JIIQ6blx Ha6opoB x1 , •• ., xmEG, a 1 , •• ., am EC. 
CosoRyIIHOCTb II. o. qi. Ha G o6paayeT KoHyc B rrpocTpaH
CTBe M (G) scex orpaH11qeHHhlX qiyHRn;n:ii Ha G, aaM:imy
Tblii OTHOCHTeJibHO orrepau;11ii YMHOiKeHllH II ROMIIJieRc
HOro corrpHiKeHHH. 

II p:nq11Ha BhlAeJieHllH aToro RJiacca qiym~u;11ii. cocTOHT 
B TOM, qTo HMeHHO II. o. qi. orrpe):leJIHIQT noJIO:HCUme.tiblib!e 
rfiynm-tuonaAbi Ha rpyrrrroBoii aJire6pe CG n YffRTapHhle 
rrpe)lCTaBJieHnH rpyrrrrhl G. ToqHee, rrycTb q> : G-+ C -
npon:asoJibHaH qiyHRIJ;llH 11 lqi : ( G-+ ( - qiyHRI(HOHaJI, 
aap,aHHblH paBeIICTBOM 

lqi (~ge Gagg)= ~geG q> (g) agg. 

TOr}:la ]:IJIH IIOJIOiKllTeJibIIOCTll lqi IIeo6xog11MO ll AOCTa
TOqHo, qTo6bl q> 6blJia II. o. qi. /];aJiee, lqi orrpeAeJIHeT 
*-11peAcTaBJieH11e aJire6pb1 CG B rnJih6epTOBOM npocT
paHCTBe H qi 11, CJieAOBaTeJihHO, ya11TapHoe rrpeACTaBJie
H:ne :rtqi rpyIIIIbl G, rrp:nqeM q> (g)= (:rtq> (g)6, s) ):IJIH HeR-poro 
s EH qi. 06paTHO, AJIH JIIQ6oro rrpe/l;CTaBJieHHH :re 11 mo-
6oro BeRTOpa s EH qJ qiyHRI(llH g-+(:rt (g)s, s) HBJIHeTCH 
II. o. qi. 

EcJI11 G - TorroJior:nq. rpynna, TO rrpeACTaBJieH11e :rtqi 
CJia6o HenpepbIBHO TOrAa n TOJibRO TOrAa, ROrAa II. o. qi. 
HenpephlBHa. EcJIH G JIORaJibHO ROMrraRTHa, To Herrpe
pbIBHhle II. o. qi. eaanMHO OAH03HaqHo COOTBeTCTBYIQT 
noJIOiKHTeJihHhlM qiyHRI(llOHaJiaM Ha L1 (G). 

/];JIH ROMMyTaTllBHbIX JIORaJibHO ROMnaKTHblX rpynrr 
RJiacc II. o. qi. cosnaAaeT c RJiaccoM npeo6paaoeaH11ii. 
<l>ypbe KOHeqHblX IlOJIOiKllTeJihHbIX Mep Ha ABOHCTBeHHbIX 
rpynrrax. 11MeeTCH aHaJior aToro yTBepmAeHllH AJIH KOM
naRTHbIX rpyrrn: HenpepbJBHaH qiyHRIJ;llH q> Ha KoMrraRT
Hoii: rpyrrne G HBJIHeTCH II. o. qi. TOrAa 11 TOJihRO TOrAa, 

KOrAa ee npeo6paaosaHne <t>ypbe f(b) np11HHMaeT rroJio
JKHTeJibHhle (onepaTopHbie) aHaqeHHH Ha Kamp,oM aJie
MeHTe ABOllCTBeHHOro o6'heKTa, T. e. 

~ G f (g) (a (g) £, s) dg ;;;=: 0 

AJIH BCHRoro npeACTaeJieHHH a n BCHROro eeKTopa s E :rta . 
Jlum.: [1] x b JOH TT a .. p 0 cc K, Al'icT~aKTHhlit rapMO

HHqecKHit aHamrn, nep. c aHrJI., T. 2, M., 1975; [ZJ Ha it Map K 
M. A., HopMHPOBaHHhle KOJibl{a, 2 H3JI., M., 1968. 

B. C. filyJtbMan. 
IIOJIOJKMTE.'IhHO OIIPElJ;E.1IEHHOE Hll;PO -

RoMrrJieKcHoaHaqHaH qiyHKI(HH K Ha XX X, rAe X -
rrpoH3BOJihHOe MHomecTBO, YAOBJieTBOpHIDII\aH ycJIOBHIQ 

~ K (x;, xj) t.,[Aj;;;=: 0 

P,JIH JIID6blx i, jE 2;, A;EC, x;EX. l1aMep11Mbie II. o. H. 
Ha npocTpaHCTBe c Mepoii (X, µ) COOTBeTCTBYIOT IIOJIOiKH
Tl'JlbHbIM unmeepaJtbMbi.u onepamopaM B L2 (X, µ); BRJIIQ
qemrn B CXeMy TaRoro COOTBeTCTBHH IlpOH3BOJibHhIX IIO-

JIOlKllTeJibHbIX orrepaTOpOB Tpe6yeT BBeAeIIHH 060611~eH
HblX II. o. H., accou:n11posaHHblX c OCHal.I\eIIHblMll rliJJib-
6epTOBblMH rrpocrpaHCTBaMI! (CM. [ 1]). 

Teopn:H n. o. H. 06061.I\aeT TeOpllIO noJto:HCumeJlbUO 
onpeoe.tieHUbtX rPYHKlfUU Ha rpyrrrre: AJIH IIOJIOJKn:TeJibIIOii 
orrpep,eJieHHocrn qiyHRII;HH f Ha rpyrrrre G IIeo6xoA11Mo H 
AOCTaTOqHo, qTo6bl qiyHKII;HH K (x, y)=f(xy- 1 ) IIa GXG 
6blJia II. o. H. B qacTHOCTll, Ha n. o. H. pacrrpOCTpa
HHIOTCH HeK-phle peayJibTaThl Teopn:H llQ.!JOJKHTeJibHO 011-
peAeJieHHbIX cpyHKn;11ii. Harrp., T e o p e M a E o x II e
p a 0 TOM, qro DCHKaH llOJIOiKHTeJibHO orrpep,eJieHHaH 
qiyHKIJ;HH eCTb 11peo6paaoBaH11e <I> ypbe llOJIOlKHTeJibHOii 
Mephl (r. e. :nHrerpaJibHaH JIHHeiiHaH RoM6nHan;11H xapaR
repoa), o6o6m;aercH cJieAyrom;:nM o6paaoM: BCHRoe IT. o. H. 
( 06061.I\eHHOe) AOllYCRaeT 1rnrerpaJibHOe rrpeACTaBJieHHe 
C IIOMOIIJ;bIQ T. H. :'IJieMeIITapHbJX II. O. H. OTHOCHTeJibHO 
p,aHBoro A11qiqiepeHu;:naJibHoro BhlpameH:nH [ 1]. 

Jlum.: [1] Be pea a H c K Hit JO. M., PaaJiomemrn no co6-
CTBeHHh!M !fiYHKI.{HlIM CaMOCOilPHlReHHhlX onepaTOPOB. H.. 1965; 
[2] Hp e it H M. r., «YKp. MaTeM. m.», 1949, G'. 1, M 4, c. 64-
98; 1950, T. 2, M 1, C. 10-59. B. C. illyJ1Mtatt. 

IIOJIOJKMTEJibHO OIIPEll;EJIEHHbllI OIIEPATOP 
- CHMMeTpHqHbJii orrepaTOp A B rHJib6epTOBOM rrpo
CTpaHCTBe H TaRoii, qTo 

, f(Ax, X/ Q 
lil <x, x> > 

AJIH JII06oro xEH, x7":0. BcHRHH II. o. c. HBJIHeTCH nOAo-
:HCumeAbltMM onepamopoM. M. 11. Boill;exoocnuu. 

IIOJIOJKMTEJibHOE PACCJIOEHME - 0606r~eH11.e 
llOIIHTHH ououaop a IIOJIOlKHTeJibHOH CTerreHn: Ha pnMaHO
BOll rroaepxnocr11. foJioMopqiaoe aeRTopaoe paccJioeHne 
E HaA KOMITJieRCHblM rrpocrpaHCTBOM x Haa. II 0 JI 0 iK H
T e JI h H bl M (o6oaHaqaercH E>O), ecJI:n BE cyIIJ,ecrayer 
TaRaH apMuroaa MerpnKa h, qro qiyaRII;llH 

v~-h(v, v) 

IIa E crporo rrceB,J:IOBhlIIYRJia BHe HyJieaoro ceqeHJrn. 
EcJin: X - MHoroo6paa11e, ro ycJioa11e rroJiomn:reJibHOCTH 
BbipamaeTCH B repMHHaX RpHBll3Hbl MeTpllKll h. A llMeIIHO, 
KpU8U3H,bt rfiopMe MeTpHRH h B paccJioeHllll E OTBe'laeT 
apMHTOBa RBa):lpaTlllJHaH qiopMa Q Ha x co aHaqeHllHMll 
B paccJioean:11 Herm E apMHTOBblX <1HAOMopqi11aMoB pac
cJioeHnH E. Y cJioane rroJiomnTeJihHOCTH aRBnaaneHTHo 
TOMy, qTo Qx (u) - IIOJIOJKllTeJibHO orrpeAeJieHHblH orre
paTop B Ex AJIH Jiro6oro x EX n JIIQ6oro HeHyJieaoro 
uE Tx. x· 

B cJiyqae, KOrAa E - paccJioeH11e na ROMIIJieKCHhle 
rrpHMble HaA MHoroo6paa11eM x, ycJIOBHe IIOJIOlKHTeJih
HOCTH paBHOCWlbHO IIOJIOJKllTeJibHOH orrpep,eJieHHOCTH MaT
pnu;hI 

II - a• Joi:_ h II · 
aza azf.I 

rAe Z1 • ••• , Zn - JIOKaJibHble KOOpAHHaTbI Ha x, h >O -
4>YHKI(HH, 3aAaIQIIJ,aH apMHTOBY MeTpHRY rrp11 JIOKaJibHOH 
rpna11aJinaau;1m paccJioeHnH. EcJI11 X KoMrraKrHo, To 
paccJIOeHHe Ha KOMIIJieRCHble rrpHMble E HaA x IIOJIOiKH
TeJihHO TOrAa ll TOJibRO TOr/l;a, KOrAa g:HC3H,5t /Mace C1 (E) 
CO/l;epmnT aaMRHYTYIQ qiopMy BHAa 

i ~a. f.I fl!all dza /\ d~, 

rAe liq>af.111 - IIOJIOlKHTeJibHO orrpeAeJieHHaH apMllTOBa MaT
p11u;a. B qacrnocTn, ecJIH X - p11MaH0Ba rroaepxHOCTh, 
TO paccJioen11e HaA X, orrpep,eJIHeMoe AHB11aopoM crerreHH 
d, llOJIOiKHTeJihHO TOrAa H TOJibKO TOr/l;a, ROrAa d>O. 
B cJiyqae, KOrAa E - paccJioenne paHra >1 HaA MHoro· 
06paa11eM X paaMepnocTH >1, paccMarpHaaercH TaKme 
cJieP,yIQIIJ,HH 6oJiee yaRnii KJiacc II. p.: paccJioenne E-+X 
Ha3. II 0 JI 0 JR H T e JI b H bl M B c M bl c JI e H a
K a H o, ecJIH Ha E CyJ.I\eCTByer TaRaH apMHTOBa MeTpHKa 
h, qTo apMHroaa KBa;i;paT:nqHaH qiopMa H Ha paccnoeHHH 
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E(j!) TX• aaAaHHaH iJ>opMyJioii 

Hx(v(j!)u)=hx(v, Rx(u) v), 

rAe x EX, vE Ex, u E Tx. x• IIOJiomnTeJihHO orrpeAeJreHa. 
Ilp:nMepbl: KacaTeJihHOe paccJioeH:ne TP n K IIpoeKTHBHOMY 
rrpocTpaHCTBY pn IIOJIOlRIITeJihHO, HO IIpII n >1 He HB
JIHeTCH rroJiomHTeJihHblM B CMblCJie HaKaHo; paccJioemrn 
Ha KoMrrJieKcHble rrpHMble Hap; pn, orrpep;eJIHeMoe r1mep
IIJIOCKOCThJO, IIOJIOlRHTeJihHO. 

J1J06oe iJ>aKTOppaccJIOeHne IIOJIOlRHTeJibHOro BeKTOpHoro 
paccJioeHJIH rroJiolRil'.feJibHo. EcJI:n E', E" - rroJiomn
TeJihHble (IIOJIOlRJITeJihHhle B CMMCJie HaKaHo) paccJioe
HJIH, TO E'ffiE" n E'(j!)E" rroJI0>1<nTeJihHhl (rronoarn
TeJihHbl B cMblcJie HaKaHo). 

IloHHTJie «Il. p.» 6blJIO BBeAeHO B CBH3JI c Koaaupbt 
meope.Mou 06 o6pam;eHJIH B HyJih AJIH cJiyqaH paccJioeHHii: 
Ha KOMIIJieKCHble IIpHMble, a 3aTeM o6o6m;eHO Ha rrpOJI3-
BOJibHble paccJioeHHH. HecKOJlbKO II031Re, B CBH3Il c BOII
pocoM 0 cym;eCTBOBaHJIJI BJIOlReHHH B IIpOeKTIIBHOe rrpocT
paHCTBO, 6blJIH BblAeJieHbl IIOHHTHH CJia6o IIOJIO)l(HTeJib
HOro n cJia6o oTpJia;aTeJibHoro paccnoeHJiii. 

fOJIOMOpiJ>Hoe BeKTOpHoe paccJIOeHHe E Hap; KOMIIaKT
HblM KOMIIJieKCHblM IIpOCTpaHCTBOM x Ha3. c JI a 6 0 
o T p H a; a T e JI h H bl M, ecJI:n ero HyJieaoe ceqeHHe 
o6Jiap;aeT CTporo rrceBAOBblIIYKJIOM OKpeCTHOCTb!O B E' 
T. e. HBJIHeTCH HCKJIJOqJITeJibHblM aHaJIIITJiq. MHOJReCTBOM. 
PaccJioeHJie E Haa. c JI a 6 o rr o JI o JR JI T e JI h H bl M, 
ecJIJI corrpHmeHHoe paccJioeHJie E* cJ1a60 OTpna;aTeJibHo. 
B CJlyqae, KOrp;a x - PJIMaHoBa IIOBepXHOCTb, IIOHHTHH 
cJ1a60 rroJioJRJITeJihHoro JI II. p. coarraAaJOT [5]. B o6m;eM 
CJlyqae ll3 IIOJIOlRHTeJlhHOCTJI BblTeKaeT CJla6aH IIOJIOJRJI
TeJihHOCTb; rrpnMepoB CJia6o IIOJIOJRHTeJlbHblX, HO He 
IIOJIOlRHTeJihHblX paccJioeHJI:ii: IIOKa (1983) He H3BeCTHO. 

CJia6aH rroJioJRJITeJlhHocTb paccJioeHnH £___,..x paaHo
CIIJlhHa KaJR)lOMY JI3 CJle}lyJOm;HX CBOHCTB: )'.IJIH JIJ06oro 
KorepeHTHOro aHaJIHTJiq, rryqKa (fF Ha x cym;ecTByeT 
TaKoe m0 >O, qTO rryqoK g[(j!)Sm <ff rrpn m;;.m0 rropoJR
}laeTCH rJ106aJibHblMH ceqeHIIHMn; AJIH JIJ06oro KorepeHT
Horo aHam1Tnq. rryqKa gr Ha X cym;ecTByeT TaKoe m;;.o, 
'ITO 

m(X, (JF(j!)Sm<ff)=O 

AJIH acex q;;,,1 (cM. [3], [ 4)). qepe3 <ff 3p;ecb o6o3Ha'laeTCH 
rryqoK pocTKOB roJioMop«l>HblX ceqeHn:ii: paccJ1oeHJIH E. 
CJia6o rroJIOJRHTeJlbHble paccJ1oeHHH aHaJiorH'IHbl, TaKHM 
o6paaoM, o6UJ!bllb!.M oeKmopnb!.M pacc.n;oenusiM H3 aJire6-
paI1q, reoMeTpHH H HHOrAa Ha3. 0 6 H JI b H bl M JI 
a H a JI H T H q e c K JI M JI p a c c JI 0 e H II H M n. CJ1a-
60 IIOJIOlRIITeJihHOe paccJioeHile HaA rrpocTpaHCTBOM x 
ecTeCTBeHHblM o6pa3oM orrpe}leJIHeT BJIOJReHile rrpocT
paHCTBa X B MHOroo6pa3Jie fpaCCMaHa H TeM CaMLIM B 
rrpoeKTJIBHOe rrpocTpaBCTBO. 

IIoHHTHH IIOJIOJRHTeJlbHoro, OTPJIIJ;aTeJihHOro, CJia6o 
IIOJIOlRHTeJlhHoro H CJia6o OTpna;aTeJlbHoro paCCJIOeHH:ii: 
ecTeCTBeHHblM o6pa3oM o6o6m;aJOTCH TaKJRe Ha CJlyqaii: 
JIHHeHHblX rrpocTpaHCTB BaA KOMIIJleKCHhIM rrpocTpaHCTBOM 
X (cM. BeKmopnoe ana.n;umu11ecKoe pacc.n;oenue). 

CM. TaKme Ompu!fame.n;onoe pacc.n;oenue . 
.Jium : [1] Y a JI JI c P., ,n:mj11pepem111aJibHOe l!IC'IHCJJemrn Ha 

RoMnJieRCHhIX MHorooopaamix, nep. c aam., M., 1976; l2] q >Ra H b 
ID 8 u-m 8 H b, I\OMIIJieKCHble MHOrooopaaJUI, rrep. C aHrJI., 
M. 1961; (3) HTOrH HaYRH H TeXHHRl!I. AJireopa. TonoJIOrHJI. reo
MeTPlUI, T. 15, M., 1977, c. 93-171; [I,] Schneider M., 
«Abhandl. math. Semin. Univ. Hamburg», 1978, Bd 1,7, S. 150-
170; (5] Um emu r a H., «Nagoya Math. J.», 1973, v. 52, p. 
97-128. A. JI. Onuu;un. 

IIOJIOJKHTEJlbHblA: KOHYC - IIOAMHOJReCTBO K 
p;e:ii:CTBJITeJlhHoro BeKTopHoro rrpocTpaHCTBa E, YJlOBJie
TBOpHIOra;ee CJI0AY!Olll;HM YCJIOBHHM: 

1) eCJIH x, yEK, a, B;;,,O, To ax+ByEK; 
2) Kn(-K)=O. 
n. K. orrpeAeJIHeT rroJiyyrropHp;oqeae:e B E: ITO orrpe}le

JleHIIJO, x~y. 0CJIII y-xEK. 

IlyCTh E - 6aHaxoeo IIpocTpaHCTBo. EcJin E - 3aMK
HYTb1H BOC II p 0 H 3 BO AH ID; II :ii: fl. K. (T. e. TaKOH 
n. K.' KaJRAblll BeKTop z EE K-poro rrpe}lCTaBJIM B BHAe 
z=x-y, rAe x, YE K), TO llxll+ llyll..;;:Mllzll, M He aaaI1-
CHT OT z. Te JI e c H bl ii, T. e. IIMeJOm;JI:ii: BHYTpemrne 
TO'IKH, fl. K. HBJIHeTCH BOCIIpOH3BO}lHIII;HM. 

IlycTb E*- corrpHmeHHoe rrpocTpaHcTBo K 6arraxoay 
rrpocTpaHCTBY E. EcJIJI KcE - BOCIIpOJI3BOAHIIJ;HH n. K., 
TO MHOJReCTBO K*cE* IIOJIOJRllTeJibHblX (OTHOCHTeJibHO 
n. K.) <l>YHKIJ;HOHaJIOB (T. e. TaKIIX /, 'ITO I (x);;,,O rrpn 
xEK) HBJIHeTCH Il. K. (:'lTO T. H. C 0 II pH lR e H H bl :ii: 
Ko Hy c). II. K. K aoccTaHaBJIIIBaeTCH Ha K*, a JIMeHHo: 

K={xEElf(x);;,,O rrpn /EK*}. 

EcJIJI K - TeJiecHw:ii: Il. K., TO ero BHyTpeHHOCTh coarra
;o;aeT c 

{xEE If (x) > 0 rrpH f EK*, f f:. O}. 

RoHyc B 6aHaxoBOM rrpocTpaHCTBe E Ha3. Ho p Ma JI h
H bl M, ecJin Haiip;eTcH TaKoe 6 >O, qTQ llx+ y II ;;.6 ( llu 11+ 
+llyll) rrp:n x, yEK. Il. K. HOpMaJieH TOr}la II TOJibKO 
TOrAa, KOrAa COIIpHJReHHblll KOHyc K * HBJIHeTCH BOCIIpo
ll3BO/J;Hlll;JIM. EeJin K - aocIIpOI13uop;Hm;n:ii: .KOHyc, To 
COIIpHJReHHblH KOHYC K* HOpMaJieH. 

RoHyc K Ha3. M JI H H a p; p a JI h H bl M, eCJIJI Kamµ;aH 
IIapa aJieMeHTOB x, y EE IIMeeT TO'IHYJO eepxHJOJO rpaHJ;. 
z=sup (x, y) (To eCTh z;;.x, y II AJIH JIJ06oro z1 EE JI3 
z1;;.x, y BblTeKaeT z1 ;;.z). EcJIII II. K. rrpaBJIJieH n MHHH
aµ;paJieH, TO BCHKOe C'leTHoe orpaHn'leHHOe rrop;MHOJReCTBO 
HMeeT TO'IHr!O uepXHIOIO rpaHb. 

Jlum.: (1 I\ pa c Hoc e JI h c RH l! M.A., IIoJIO>RHTeJih-
Hhle pemeHHR oneparopHhIX ypasHeHl!ll!, M., 1962. 

B. H . .II0Monoc0«. 
IIOJIOJKHTEJlbHbllI OIIEPATOP, rr o JI o m n-

T e JI h Hoe o To 6 p a JR e H JI e,- 1) n. o. B r n JI h-
6 e p T 0 B 0 M II p 0 e T p a H c T B e - JIHHe:ii:Hblll orre
paTop A' /J;JIH K-poro COOTBeTCTBYJOm;aH KBaµ;panrqHaH 
iJ>opMa (Ax, x) HeOTpIIIJ;aTeJlbHa. JI. o. Heo6xop;JIMO CHM
MeTpJiqeH n µ;orrycKaeT eaMocorrpHJReHHoe paerrrnpeHne, 
TaKJRe HBJIHIOIII;00CH n. o. CaMocorrpHJReHHblll orrepaTOp A 
HBJIHeTCH fl. O. TOrp;a H TOJlbRO TOrp;a, Korp;a BblIIOJI
HHeTCH JIJ06oe ns cJieµ;yJOm;Ilx ycJ10BI1il:: a) A =B* B, 
rµ;e B - aaMKHYTbl:ii: orrepaTOp; 6) A =B2 , rµ;e B - caMo
corrpHJReHHblii orrepaTop; B) crreKTP A coµ;epJRHTCH B 
(0, 00). CoBOKYIIHOCTb orpaHilqeHHblX n. o. B rHJib6ep
TOBOM rrpocTpaHCTBe o6paayeT KoHye B aJ1re6pe BCex 
orpaHn'leHHblX orrepaTopoa. 

2) II.o. B rrpocTpaHCTBe c KOHYCOM
OTo6paJReHne aeKTOpHoro rrpocTpaHCTBa X B ce6H, cox
paHHIOm;ee Bblp;eJieHHblll B x ROHYC K. l1HTerpaJ1bHble 
orrepaTopbI c IIOJIOll<HTeJihHblMJI Hµ;paMII B paaJinqHblX 
iJ>yHKIJ;HOHaJibHblX npocTpaHCTBa:: e BhlAeJleHHblMH u KoHy
caMH IIOJIO)l(liTeJihHblX <l>YHKIJ;JIII HBJIHIOTCH JIJIH0I!Hb1Mll 
n. o. IIpn HeK-pblX AOIIOJIHHTeJlbHblX YCJIOBJIHX Ha reo
MeTpmo KoHyca K li Aeii:CTBJie II. o. A YAaeTCH ycTaHo
BHTh cym;eCTBOBaHne A-co6cTBeHHblX BeKTopoB H3 x 
(cooTBeTCTBYJOIIJ;Ile eo6CTB0HHble 3HaqeHHH Haa. II 0 3 n
T H B H bl M n, HJlli B e A y m: II M n, OHH rrpeBOCXO/J;HT 
a6coJIJOTHble BeJIH'IHHbl ecex OCTaJihHblX co6CTBeHHblX 
3Ha'leHnii). Harrp., µ;oRa3aHo (cM. [3]), qTO ecJin A -
BIIOJIH0 HerrpepblBHblll II. o. e HeHyJleBblM crreKTpOM, TO 
ero cneKmpa.n;onbtu paauyc HBJIReTCH rrosnTHBHblM eo6eT
BeHHblM 3Ha'leHneM. YcJIOBile ROMIIaRTHOCTH MOJRHO sa
MeHIITb YCJIOBHHMH Ha IIOBeµ;eHile pe30JihBeHTbl (CM. [ 4)). 

B CJiy'lae HeJIHHeHHblX Il. O. HCCJiep;yeTCH BOIIpoc 0 cy
m;eCTBOBaHHH Herrop;BHJRHOH TQqKn orrepaTOpa (T. e. pe
meHHH ypaaHeHHH Ax= x) II o B03MOIBHOCTII HaxolRJl0HHH 
aTOH TO'IKH KaK IIpeµ;eJla orrpep;eJieHHblX peKyppeHTRblX 
IIOCJlep;oBaTeJieil:. 

HeK-pble pe3YJibTaTbl TeopIIII n. o. MoryT 6b1Tb rrepe
HeceHbJ Ha orrepaTOpbl' OCTaBJIHIOIIJ;Tl0 :irnaapilaHTHblMJI 
Bbl/J;eJieHHble rrop;MHomecTBa 6oJiee o6m;e:ii: npI1pOAbl, 'leM 
KOHYCbl (cM. (5)). 
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3) TI. o. B H H B 0 JI JOT H B H 0 M: a JI re 6 p e (*- onepaTOpbl La HenpeE_hlBHbI " npo[\OJilRaIOTCH AO Hcnpe-
aJire6po) - JIIIIIOIIHoe oT06pameH11e *-aJire6pbI A B HH-
BOJIIOTHBHYIO aJire6py B' rrepeBOAHIIJ.OO noJiolf\HTOJibHhlP pbIBHbIX onepaTopoe La B nonoJIHeHHH HI npocTpaHcTBa 

aJieMeHTbI B IIoJiomnTeJJbHh!O. Han6oJiee uayqeehl 11. o. AIH1· 0To6pamemrn n1, nepeBOAHI~ee aEA B La, n 
C*-a.riee6p (HBJIHJOrn;HOCH, IIOCKOJ!bKY IIOJIO)RHT0JlhHbl0 OCTb Tpe6yeMoe 11per1cTaBJ10Hlf0, uplI'ieM B Ka<JeCTBe ~ 
aJleMeHThl C*-aJire6phl o6paayIOT Konye, qaCTHhlM CJiyqaeM MOlf\HO B3l1Tb o6paa OAHHllIIhl IIpH cynepII03HIIllll J\aHO-
TI. o. IIpocTpaacTB c 1wHycoM). MMeeT MecTo aepaseHcTso auq. oTo6pameHnii A---+AIHr+H/. 
III TI * 6 2 Jium.: 1] re JI b <Pa H il H. M., Ha ii Map H M. A., 

aapu;a AJIH • o. C -aJ1re p: qi (a ))>(cp (a))2, eCJm a=a*. «llss. AH CCCP. Cep. MaTeM.», 1948, T. 12, c. 445-80; [2] s e-
Haifr10Hhl Kp3MHH0 TO'!Kll MHOiKeCTBa y H ll Ta JI b H hi x g a I I., «Bull. Amer. Math. Soc.», 1947, v. 53; [3) Hall Map ({ 
(T. e. coxpamuom;ux eAHHH'IHhlH aJieMeHT) TI. o. May<Ja- M.A., HopMHpoeaHHbie HOJihQa, 2 na11., M., 1968. B. C. lllyJ1w1wn. 
JIHCb 8 11 0 JI H e H 0 n p e p bl 8 H hi 0 n 0 JI 0 m H- IIOJIOJKHTEJlhHblll :1.JIEMEHT a JI r e 6 p w 
Te JI b H hie 0 n e p a T 0 phi (B. H. n. o.), TO 0CTb JIH- c ll H B 0 JI!_() II He ii * - aJieMeHT x * -aJire6pbl A' 
HeliHh!e oTo6pameHnR qi: A---+B, AJIH K-ph!x noJiomII- r1onycKa10rn;11n nper1cTasJieHne x=y*y, rr1e yEA. Muo-
TeJihHhl ace oTo6pamemrn mecTBO P (A) TI. a. 6anaxosoM: *-aJire6ph! A co1wpmnT 

n MHOiK0CTBO Q (A) KBar1paTOB apMllTOBhIX 3Jl0M0HTOB, co-
( a;;);, j=l ___.. (cp (aij));, i= I ;:i;epmarn;ee, B CBOIO oqepeAb, MHOiKeCTBO Po (A)+ scex 

MaTpnqHhIX C*-aJire6p M (A) 8 M (8), 0KaaaJioCh, '!TO apMllTOBhlX aJieMeHTOB c noJ10iKl!TeJihHbIM cneKTpoM, no, 
;J;JIH B. H. II. o. CIIpaae,a;mrn aHaJior TeOpeMhl 0 IIPOAOJI- soo6rue fOBOpll, He COiJ.0PiKHT MHOiK0CTB3 A+ BC.ex apMII-
arnmm IIOJIQ;KHT0JlhHOfO cfiYHKIIllOHaJia: B. H. II. o. C*- TOBbIX 3JieMeHTOB c H00TpRI~aTeJibHhlM CIIeKTpOM. YcJio-
aJire6pbl A B HeK-pyro aJire6py HeiiMaHa MOll\0T 6b!Tb BlleM p (A )CA+ OilP0A0Jlf10TCH KJiacc BIIOJ!He Cl!MM0T-
npo,[10JJIB0H AO B. H. JI. o. JI1060M: c•-anre6phl, CO)lepma- PJPUlhlX (llJIH apMHTOBhIX) 6aHaXOBhlX *-aJire6p; ,ll;JIR 
men A. Ee.JIM O)lHa H3 C*-aJire6p A, B KOMMyTaTRBHa Toro qTo6bJ *-aJire6pa 6blJia Bll0JIH0 CHMMeTpll'IHOll, 
(H TOJlhKO B :noM CJiyqae), TO BCHKl!ii: IT. o. llBJIHeTCH Heo6XO)J,llMO H !IOCTaTO'lHO, 'IT06hl ece ee apMHTOBhl 3Jl0-
B. H. II. o. ~10HThl HM0JIH ,a;eiiCTBHT0JlbHhJH CII0KTp. PaseHCTBO p (A)= 

4) 11. o. B 6 a Ha x 0 B 0 M II p 0 c T pa H c TB e =A+ HMeeT M0CTO Torria H TOJibKO TOrp;a, Korp;a A eCTb 
E - Jin:HeiiHhlH oIIepaTOp A TaKoil, qTo A Kc. K, r~e C*-ame6pa. B aT0~1 CJIY'Iae P (A) - eocnpouaeo,L\Ru~n.H 
K - no.rio:H<:ume.ribllblU Kollyc 8 E. Co6cTBBHHblii BeRTop Konye B npocTpaHCTBe ecex apMHTOBhlX aJieM0HTOB aJI-

A, nemarunft a K, Haa. II o JI o mu T e JI b u bl M, a co- re6phl A· 
6 , Jlum.: [1] H Ji. il Map H M. A., HopMHPOBaHHbie KOJJbQa, 

OTB0TCTBYJOIIJ;ee co CTB8HH00 3HaqeHH0 - n 0 3 lf T H B- 2 H8)'.(., M., 1968.; 12) .ll " K c M b e JR.' C*-aJireopbl H HX npcn-
H bl M. EcJJu K - socIIpouaeo.u11rn;nii KoHyc, A - BIIOJIHe cTanneHHH, nep. c lj)paa1.1., M., 197 4: [3) P a il K o e )l. A 
Heupeph!B!Jh!H IIOJIOiKll.TeJibHblM OIIepaTop u APu)>au «.llOKJI. AH CCCP», 1946, T. 54, M 5, c. 391-94; [4) pt ii k v:: 

«Bull. Lond. Math. Soc.», 1970, v. 2, p. 327-34; [5) Pa l mer 
AJIR HSK-poro B8RTopa u, He rrpHHap;Jiemarn;ero KoHycy - I., «Bull. Amer. Math. Soc.», 1972, v. 78, p. 522-24. 
K' HaTypaJJbHOro p H a >O, TO eneKTpaJibHblH par1HYC r A B. c. lliyJtbM.aH. 

orrepaTopa A HBJIROTCH noan:THBHhlM co6cTseuuh!M aHa- IlO.JIOC MET0.11: - MOTO.ll a Teopnu cJiyHKu;Hil KOMnJieKc-
'leHneM A, npn11eM r A;;;.a'IP (Te 0 p 0 Ma R p 0 ii H a _ Horo nepeMeHnoro, onuparorn;uifc11 aa ou;eHKll, csJiafdea10-
p y TM a H a). mue )J,JIHHhl HeK-poro cneu;naJibHoro ceMeiicTBa RpIIBbIX u 

JJum.: [1) Ax n ea e p H. M., r JI a a Ma H M. M. Teopn11 IIJIO~a.L\b o6JiacTu, aanoJIHJieMoH 3Tl!M ceMeiicTBOM. B oc-
JIUHeilHbIX oneparopoa s rHJJb6eprosoM npocTpaHcTse,' 2 na11., Hose II. M. Jiell\aT JieMMbI fpeTirra (cM. [ 1]). Op;na ll.3 Hux 
~ .. 1966; [2) sher man s., <•Amer. J. Math.», 1951, v. 73, ~opMyJiupyeTCH cJieTTyromHM o6paaoM. 
:No 1, p. 227-32; [3] Hp e il H M. r., p y TM a H M. A. «Ye- '!' " ......, 
nexn MaTeM. Haym>, 1948, T. 3, a. 1, c. 3-95; [4] me ii> e p x., IIycTb B IIpRMoyrOJibHUKe co CTOpoHaMu AJIHHhl A H B 
TonoJiorwrncRne aeKroptthle npocTpaHCTBa, nep. c aHrJl., M., 1971; HMeeTCR KOHeqHoe qJilcJio ue HaJierarorn;11x APYr Ha p;pyra 
[5) I\ pa c H 0 c e JI b c RH il M. A., c 0 6 0 Jl e B A. B. «)lOKJI. 6 " s k 1 
AH CCCP», 1975, T. 225, No 6, c. 1256-59; [6] Hp a c H 0 c e JI b- O)J,HOCBH3HhlX 0 JJaCT0H k• = , .. ., n, c mopp;aHOEb!MII 
0 K 11 ll M. A. [n 11p.), MHTerpaJlbHhle onepaTOpbl B npOCT- rpaHHIIllMll, cop;epmamIIMII Ha CTOpouax AJIIIHbl A no OT-
paHCTBaX CYMMHpyeMblX ljiyHJ<QHil, M., 1966; [7) )l HR CM be fl\., P03Ky, K-pble H0 Bb!pOlli[\8JOTCll B TOlJRll (o6JiaCTll Sk o6pa-
C*-aJireCipbl H HX npe11crnsneuHH, nep. c ljipaa1.1 .• M., 1974; [8) ay10T IIOJIOCbl, l!l\YUIHO OT OTTHOll CTopoHhl TTJIJIHbl A K TTPY-
H p a c H o c e JI b c R " it M. A., IlOJIO>ttHTeJJbHhle pemeHHH " " "' 
onepaTOpubrx ypaeaeHHiI, M., 1962. roil)· EcJm o6JiaCTb S k KOHcfiopMHO OTo6pamaeTCH Ha 

B. c. WyJ!bM.att, B. JI. JioM.OH.OCOB. np11MoyrOJibHHK co CTopoaaMH ):\JIHHhl ak H bk TaK, '!TO 
IlOJIOIKHTE.JlhHhlll IJ>YHKqHOHAJI Ha a JI re 6- YllOMHHYTble 0Tp03Kll nepeXO)J,HT B CTOpOHbl AJJMHhl ak, TO 

p e c II H B 0 JI IO n ll e il * - JIMH0llHhlH <l>YHKUMO
HaJI I Ha *-anre6pe A , YAOBJieTeop11rorn;Hii ycJIOBllJO 
f(x*x))>O )lJlll Bcex xEA. BaJRHOCTb n.cfi. II npuqHHa 
llX BB0AeBHH aaKmoqaeTCH' B 1JaCTHOCTH, B TOM, qTO OHM 
Il:CIIOJibSYIOTCH B TaK Haa. fHC-K 0 H c T p y K u H ll -
O,(IHOfO H3 OCHOBHhJX M8TO)l0B l!CCJl0AOBaHllH CTPYKTYPhl 
6aEaxoeblx * -aJJre6p. Ha Hen (11 na ee 0606rn;eu11Hx, 
HaIIp. Ha aeca Ha C*-aJire6pax) OCHOBaBo AOKB33T0JibCTBO 
Teope~thl a6cTpaKTHOH xapaKTepuaau;1rn pasaoMepHo aaM
KHYThlX * -aJire6p onepaTopoB B fHJib6epTOBOM npocT
paHCTBe II TeopeMhl 0 IIOJIHOT0 CIICTeMhl HeIIpHBOAH
MbIX ynuTa pHb!X npeACTaBJieunii JIOKaJJbHO KOMIIaKTBOH 
rpyIIIIbJ, 

fHC-KOHCTPYKUHR eCTb ruoco6 IIOCTpoeHHll no opoua
BOJiblJOMY n. cfi. I Ha ,, -ame6pe A c 0AHHllU0H TaKoro 
*•npep;cTaBJieH!rn n1 aJJre6pw A B rHJih6epToeoM npocT
paacTBe H1, qTO f(x)=<n1 (x) £, ;> AJIJJ acex xEA, rr1e 
~EH1 - HeK-phlii UHKJiflq, B0KTOp, K-phlii COCTOHT B CJJe
AYJO~eM. B A onper1eJIH8TCR noJIYCKaJ111pnoe nponase
)leHue (x, y)= f (y*x); cooTeeTCTayromn:M HeifTpaJibHhlM 
nor1npocTpaHcTBOM RBJIHeTCR JieBhIH up;eaJI Ni= {x E 
EA : f (x*x)=O }, rroaToMy B IIpe11.ruJib6epTOBOM rrpocT
paHCTee A IN J KoppeRTHO onpe,1:1eJieHbl onepaTopbl Jiesoro 
y~rnomenIIH La Ha aJieMeHThl aEA (La (x+N1)=ax+N1); 

npHqeM paeeHCTBO ~OCTHraeTCfl TOJlbKO B TOM CJiyqae, 
eCJIH s k' k= 1, ...• n, - npHMoyrOJibHliKH co CTopoHa~rn 

' ~n ' 
AJIIIHhl ak H B H ~k-iak=A. 

B KaqecTBe r1pyroii JieMMhl CJJYll\HT I'pemu..a npuni+un. 
.,T)eMMhl rpeTWa 80pHhl II )J;Jill 6ecKOH01IHOf0 MHOll\0CTBa 
IIop;o6nacTeii:. 

TI. M. KBR M0TOA Teopuu OAHOJil!CTBhlX KoH!f>opMHblX 11 

RBa3JilKOH<l>opMHblX OT06pamea11ii 6bIJI BIIepBhle HCJIOJib-
30BaH x. fpeTUieM [ 1], K-pb!H c noMOIIIh!O 3TOro MeTop;a 
CllCTeMaTH'l0CKll HCCJie)loBaJI 11 peIIIHJI 6oJihil!Oe KOJIH
qec_TBO 8KCTpeMaJJbHhlX aaAB'l AJIR OAHOJIIICTHblX <fiYHK
rvm, 3aAaHHblX B KOH0'1HOCBH3HblX II 6ecKoHeqeoceR3HbIX 
o6Jiacwx (CM, [3]; o 11.pymx IIp11MeHeHHRX TI. M. CM. [2], 
fJI, 4, § 6). 

Il. M, JI0iKIIT B OCHOB0 iJncmpeMa.ribHOU .11tempu1m .Memo8a. 
. Jlum.: [1) Gr ii t z sch H., «Ber. verhand!. Sachsisch. Akad. 

Wiss. Le1pz1g. Math.-physische. Kl.», 1928, Bd 80, H. 6, S. 367-
76: H. 7, S. 503-07; 1Q29, Bd 81, H. 1, S. 38-48; H. 2, $. 51-87; 
[2) r 0 JI y 3 H H r. M., reoMeTpH'lecKaH TeOpl!II ljJyHJ<QHil l<oM
IlJICliCHOrO nepeMCHHOrO, 2 H3jl., M., 1966; [3] ll )f( e HI< H II c 
ll >t<., 0)1HOJIHCTHhle lji)'HRI.tllH 1!1 ROHljiopMHh!e oro6pa>t<CHHII, nep. 
c aHrJI., M., 1962. E. r. I'OJ!yauna. 
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IIOJIOC METO,!J; - MeTOµ; IIpH6m1meHHoro perneHHH 

O)J;HOMepHhIX HHTe!paJibHhIX ypaBHeHHH ((lpeArOJibMa 2-ro 
POAa, OCHOBaHHhIH Ha crrea;HaJibHOM crroco6e aaMeHhI Hp;pa 
Ha BhlpOiKAeHHOe, Ha rroJiy'leHHH peaoJibBeHThI Bblpom
p;eHHoro ypaaHeHHH u rrocJien;y10meM yTO'IHeHHH rrpH6Jrn
meHHoro pemeHHH c rroMOIIJ;hIO 6hICTpocxop;Hmeroc11 
HTepaTHBHoro aJiropHTMa. 

IIyCTh ncxop;Hoe HIITerpaJibHoe ypaaHeHne aanncaHo 
B BHp;e 

cp(x)-A~: K(x, s)cp(s)ds=f(x). (1) 

~JIH IIOCTpoeHHH Bhlpomp;eHHoro HApa B II. M. KBap;paT 

{a.;;;;;xo;;;;;b, a.;;;;;so;;;;;b} 

paafornaeTCH Ha N IIOJioc 

Jb-a. b-a. } 
)_J\Tio;;;;;x.;;;;;j\T(i+1), a.;;;;;s.;;;;;b , 

i=O, 1, ... , N-1. 

B Kamp; oil: rroJioce ( i) iJ>YHKIJ;HH K (x, s) rrpu6JIHa\aeTCH 
B cpep;HeM KBaµ;paTH'leCKOM HJIH paBHOMepHO il>YHKD;Heii 
BHp;a 

K; (x, s)=C; (x)+P; (x) Q; (s). 

B rrpocTe:iirneM cJiyqae 

K;(x, s)=K(s;, s), s;E[b~ai, b~a(i+t)J 

II pH JJOMOIIJ;H iJ>yHKIJ;HH K; (x, s) MOiKHO o6paaoaaTh 
BhlpOlf{).leHHOe H).lpO: 

KN(x, s)= ~:~! C;(x)+Pi(x) Q; (s), (2) 

~ { Pi (x), xE [b-;,a i, b-;,a (i+ 1) J 
P;(x) = 

0, x~ [b;a i, b;a (i + 1) J 
~ { C; (x), xE [b;a i, b-;t (i-1) J 
C;(x) = 

0, x~ [b;a i, b;a (i+ 1) J . 
Pernenne ypaaHeHHH c Bhipomp;eHHhIM Hp;poM (2) arr

rrpoKCIIMupyeT perneHHe (1), aoo6me roaopH, TeM Jiy'lrne, 
qeM 6oJibIIIe 'IHCJIO rroJioc N II 'leM Jiy'lrne arrrrpoKCHMaa.uH 
K (x, s) B Kamµ;oil. rroJioce. II pn6JIHmeHHoe peIIIeHHe 
CJlo (x) MO)f{HO ern;e YJIY'lllIHTb c IIOMOID;bIO HTepaTHBHOro 
anropHTMa: 

IJ'k(x)-A ~:KN(x, s)<pk(s)ds= 

=f(x)+A. ~:[K(x, s)-KN(x, s)JCJlk-i(s)ds. (3) 

l1TepaD;HH (3) CXO)J;HTCH K pemeHHIO (1) B cpep;HeM 1rna1-1-
paTH1IeCKOM UJIH paBHOMepHo rrpH YCJIOBHH AOCTaTO'IHOH 
6JIH30CTH H;n;ep K (x, s) H KN (x, s). 

Jium.: (1] II 0 JI 0 lR Iii tt r. H., q a J] e HR 0 II. II., «1lO-
noBiAi AH YPCP», 1962, M 4, c. 427-31. 

A. B. Banyw.unci<Uu. 
IIOJIOCA - COBOKYIIHOCTb TO'leK IIJIOCKOCTH, Jiema-

IIJ;HX Me~y p;ayMH rrapaJIJieJibHhIMJI rrpHMhIMH aToil: l:IJioc
KocTn. Roop;n;nHaThI To'leK x, y rroJiochI yµ;oaJieTaopmoT 
HepaaeHcTBaM C1 <Ax+By<C2 , rµ;e A, B, C1 , C 2 -

HeK-phle 11ocTOHHHhle, 11pH1IeM A H B o,n;HoapeMeHHo He 
paBHhI Hymo. IIpeo6paaoaaHHe w=ez KoHiJ>opMHo OT0-
6pamaeT 110.iIOCY 0 <Y <n KOMlIJieKCHOH lJJIOCKOCTH 
z=x+ iy Ha BepXHIOIO JJOJIYIIJIOCKOCTb KOMlIJJeKCHOH 
JIJIOCKOCTH W. BCa-3. 

IIOJIOCA, 11 o B e p x H o c T H a H 11 o JI o c a (B ya
KOM CMhICJie),- O,D;H011apaMeTpH1IeCKoe ceMeHCTBO Kaca
TCJibHblX 11JiocKocTe:ii K 11oaepxHoCTH. B o6meM CMhlcJie 

11 0 JI 0 c 0 il: Ha3. o6'hep;HHeHH0 KplIBOH l II B0KTOpa m' 
opToroHaJibHoro B Kail\AOH TO'IKe KpHBOH ee KacaT0JlbHOMY 
BeKropy. IIycTh B eBKJJHp;oaoM 11pocrpaHCTBe IR3 KpHBaH l 
aaµ;aHa ypaaHeHlrnM r=r (s), rp;e s - ecTecraeHHhli napa
MeTp KpHBOII:, r (s) - paAHYC-BeKTOp TO"'IRII KpllBOH. 
Bµ;oJib l aaAaeTCH aeKTOp-iJ>yHKU.HH m=m (s), rp;e m (s) -
ep;HHH'IHbIM BeKTOp, opToroHaJlbHhIH KacaTeJibHOMY BeK
Topy t=drlds B COOTBeTCTBYIOII~HX TO'IKax KpHBOi. B 3TO'.M 
CJiyqae roBOpHT, 'ITO BAOJih KpHBOH l aap;aHa lIOBepXHOCT
HaH 110Jioca ((>={I, m} c HopMaJibIO m (s). BeKrop T= 
=[m, t] Haa. BeKTOpOM reop;e3H1IeCKOH 
H 0 p M a JI H lIOJIOCbl ((>; BMeCTe c B0KTOpaMH t JI m 
aeKrop T o6paayeT TpexrpaHmrn ((lpeHe p;JI11 II. OrHoc:e:
TeJibHo 110ABHmHoro rpexrpaHHHKa ((lpeHe AJill II. aa
lIHChlBaIOTCH IWPHBall,HOHHhle iJ>opMyJihI ((lpeue: 

dt I • d't _ k + . iIS=kgT-rknm, ds - - gt Xgtn, 
dm 
ds = -knt+xgT. 

rµ;e kg (reop;eaII'I. Kp11Bll3Ha II.), k,, (s) (HopMaJibHaH KpH
BH3Ha IT.), Xg(s) - (reop;e3I11I. Kpy'IeHHe II.) - cKaJIHp
Bhle iJ>YHKll,HII 11apaMeTpa s. 

E CJIH B 1rnmp;oil: TO'IKe K pl!BOH l BCKTO p tn KOJIJIHBea pea 
BeKTopy rJiaBHOH HOpMam1 KpHBOil l, TO kg=O H B 3TOM 
cJiyqae II. Haa. r e o ,n; e a H 'I e c K o ii 11 o JI o c o ii:. 
ECJIII B Kamp;oii TO'IKe BeKTOp m ROJIJIHHeapeH 6HHOpMaJIH 
KpHBOll, TO B 3TOM CJiyqae kn=O, a II. Ha3. a c II M II TO
T 11 q e C R 0 ii. 11 0 JI 0 C 0 H. 

Jium.: (1] B JI II m 11 e B., BaeneHHe B .IIH4Jcjlepen~HaJibHytO. 
reoMerpmo, nep. c HeM., M., 1957. JI. A. Cuoopo•. 

IIOJIYrE0,!1;E3HqECKHE KOOPl);HHAT.LI, r e o-
p; e 3 II q e c K 11 e H 0 p M a JI b H hI e K 0 0 p .rl H H a
T hi, - 1wopp;HHaThl x1 , ..• ' xn B n-MepHOM pHMaHOllOM 
npOCTpaHCTBe, xapaRTepH3YIOIIJ;ll.eCH TeM, 'ITO Koopp;HHaT
Hhie JJIIH11H, COOTBeTCTBYIOI!1He x1 , HBJIHJOTCH reo,n:eaH'I. 
JIHHHmm, Ha K-phIX x 1 11rpaeT poJih HopMaJibHoro napa
MeTpa, a KOOPAIIHaTHh!e 11oaepXHOCTH x1=const - opTo
roHaJihHhl aTHM reop;e3Il1IeCHHM. B II. H. KBaµ;paT JIHHeii:
Horo aJieMeRTa 11MeeT Bl'IA 

ds2 = (dx1)2 + ~ ~ Cij dxi dxl. 
~1. /=2 

II. K. MOlKHO BB0CTII B ,IIOCTaTO'IHO MaJioii. OKpeCTHOCTH 
JII06oil TO'IRII 11pOH3BOJibHOro pHMaHOBa 1IpOCTpaHCTBa. 
B µ;ay~rnpHhlX p11MaH0BhlX 11pocTpaHCTBa_x B PHAe CJIY'llleB 
(Harrp., p;JJH peryJIHpHhIX noaepxHoCTeH ctporo orpHUa" 
TeJibHOM KpHBH3HM) B03MO)f{H0 BBep;eHHe II. K. B u;enoM. 

B p;ayMepHoM cJiyqae Haaµ;paT JIHHeiiHoro aJieMeHTa B 
TI. K. 11pHHHTO aanHCh!BaTb B BIIAe 

ds2 =du2+B2 (u, v) dv2 • 

II0J1Ha11 (rayccoaa) Hp1IBH3Ha MomeT 6h!Th uailµ;eua no 
iJ>opMyJie: 

1 a2 B 
K=-B au•· 

IIp11 H3yqeH11H µ;~yMepHbiX pll.MllHOBbIX MHoroo6paauil: 
3HaH0011peµ;eJieHIIOH Hp11.BH3Hhl Ball<HYIO pOJib urpaIOT 
crrea.HaJibHhie TI. K.- r e o µ; e 3 H q e c K u e n o JI H p
H hI e Hoop AH Ha T hI (r, cp). B 3TOM cJI.Y'lae ace 
Koopp;HHaTHhie reoµ;eaHq, JIHHHH cp=const 11epeceKaIOTCH 
a oµ;uo:H ToqKe (11 o JI IO c e), a cp .HBJIHeTcH yrJioM Mem,n;y 
ROOpp;HHaTHhIMH JIHHHHMH v=O H <p=const. JlHHHH r= 
= const Haa. r e o µ; e a H 'I e c K o ii o K p y m H o
c T b JO. l\aaµ;paT JIHHeiiHoro aJieMeHTll I! OKpeCTBOCTH 
110JIJOca B reoµ;eanqecRHX 110JJHpHhlx Hoopp;HHaTax HMeeT 
Bll)J; 

ds 2 = dr 2 + r 2 { 1 - ~ 0 r 2 -

-+ (K1 cos cp+K-11 sin(p) r3+o (r3)} d<p2, 
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rAe K 0 - noJIHaH (rayccoaa) Kp1rnrrnrra B T011Ke P, K 1 -

npOI13BOAIIall OT K IIO r B TOlJKe p B rranpaBJleHirn reOAe-
3H11eCKOll c:p= 0, K 2 - Ta1rnH me nponaBOAHaH B eanpaa

Jiemrn reoAean11ecKoii: c:p= n/2. 

Il pn OnpeAeJieIIIIII Il. K. B IICeBAOpIIMaIIOBOM !IpOCT
paIICTBe '!aCTO Tpe6yeTCH' 'IT06bJ reOAe3II'leCKlle, COOTBeT

CTByrom;IIe x 1, ee 6blJIII II30TponHbIMH. B aTOM CJJ Y'Iae 
KBaApaT JlIIIIeii:Horo <JJleMeIITa HMeeT BIIA 

ds 2 = ± (dx1) 2 + ~~ ._ 2 g;j dxi dxj 
t, 1-

(aaaK + HJJII - BbI6npaeTCH B aaBHCIIMOCTII OT 3Hairn 
KBaApaTa IIHTepBaJia KaCaTeJlbHOro BeKTOpa K JIHHIIII x 1). 

lJ.. 11.. Co><oJ1oe. 
IIOJIYrllllEPBOJIUqECKOE IIPOCTPAHCTBO -

npoeKTIIBIIOe n-npocTpaHCTBO, B K-pOM MeTpHKa onpe

)l,eJlHeTCH aaAaHHblM a6coJIIOTOM, COCTOHIIWM II3 COBOKyn

HOCTll AeHCTBIITeJibHOro KOHyca 2-ro nopHAKa Qo HH)l,eKca 
10 c (n-m0-1)-nJIOCKon aepmnHoii T 0, (n-m0-2)
Aeii:cTBl!TeJlbHoro KoHyca Q1 HIIAeKca 11 c (n-m1-1)
nJJocKoii aepIIIIIHoii: T1 B (n-m0-1)-nJIOCKOCTII T0 , 

(n-m1 -2)-Aeii:CTBnTeJlbHoro Korryca Q2 IIIIAeKca 12 c 
(n-m 2-1)-IIJlOCKoii BepIIIIIHoii T 2 B (n--rn1 -1)-IIJIOC

KOCTH T1 ll T. A· AO (n-mr-2-2)-AeHCTBIITeJibHOro KO
Hyca Qr-1 IIH)l,eKca lr-1 c (n-mr-1-1)-IIJlOCKOH BepIIIII

HOlr Tr-I Il HeBblpom)l,eHHOH 11eilcTBIITeJihHOH (n-mr-1-
-2)-KBa)\pIIKOH Qr IIHAeKca lr B IIJlOcKocTn Tr-I• 
O..;;:mo<m1< ... <rnr- 1 <n. TaKoe rrpocTpaBCTBO 
H"a3. TI. II. IIH11eKCOB lo, 11, ••• , lr II o603H8'18eTCH 
lol11 .. . lrs:;:om1 .. . mr-1 

B CJly11ae' Kor Aa KOH ye Qo HBJilleTCH rra poii: CJIHBIIIIlXCH 

IIJlOCKOCTeii' COB!IaA8IOII~HX c IIJIOCKOCTbIO To (rrpia mo= 0)' 
Il. II. C Heco6cTBeHHOH IIJIOCKOCTbIO T 0 Ha3. no.;iyeBKJ!U
OOBbL.M npocmpancmeo.M: 

t,t, ... Ir nm,m, ... mr-1 
n . 

PaccTOHHne MemAY TOlJKaMn X ll Y oupeAeJIHeTCH B aa
BllCHMOCTil OT pacnoJiomeHilH npHMOH XY OTHOCHTeJlbHO 

IIJlOCKOCTe:ii T 0, T1, ••• , Tr-I· EcJIH, B lJaCTHOCTH, npH
MaH XY He nepeceKaeT OJJOCKOCTh T0 , TO paccTOHHIIe 

MemAY T011K8MH x Il y onpeAeJIHeTCH c rIOMOllibIO CKaJillp
Horo npOII3Bep;eHHll aHaJiorH'!HO COOTBCTCTBYIOllieMy on

pe)l.eJieHIIIO B rwaauiunep60J1u<tecno.M npocmpancmee. 
EcJin me npHMaH XY rrepeceKaeT nJIOCKOCTh T0 , Ho He 
nepeceKaeT nJioCKocTb T 1 MJJII nepeceKaeT nJIOCKOCTb 

Ta_ 1, Ho He nepeceKaeT nJIOCKOCTh Ta, TO paccTOHHHe 

MemAY T011K8MII onpel(eJIHeTCH c llOM011IblO CKaJIHpHoro 

KBaApaTa pa3HOCTil COOTBeTCTBYIOII~IlX BeKTOpOB TOlJeK 
X n Y. 

B 38BIICIIMOCTII OT pacnoJiomeHIIH OTHOCIITeJlbHO IIJlOC

KOCTeil T 0, T 1, ••• , Ta, ... a6coJIIOTa pa3JIH11aIOTCH 11e
Tblpe TIIna npHMblX pa3JllllJHblX IIOPHAKOB: <JJlJIHllTH11ec

KIIe' rIInep6oJIII11eCKIIe' Il30TpO!IHble II na pa60JIH11eCKIIe. 

YrJibl MemAY nJIOCKOCTHMll B IT. n. onpeAeJIHIOTCH no 
aHaJiornII c onpeAeJieHJaeM yrJIOB MemAY llJlOCKOCTHMil B 

KB83llrnnep6oJIH11. npocTpaHCTBe, T. e. c IlCIIOJib30BaHneM 
paCCTOHHHH B )l,BOHCTBeHHOM npOCTpaHCTBe. 

IlpoeKTHBHaH MeTpHKa Il. II. HBJlHeTCH MeTpHKOH H8H-

6oJiee o6m;ero BHA8. qaCTHbIM CJly11aeM MeTpHKll Il. II., 

Hanp.' HBJIHeTCH MeTpnKa KBa3nrianep6oJill11. npOCTpaH

CTBa. B lJaCTHOCTII, 2-nJIOCKOCTb 01 sg COBna;naeT c nceBAO

eBKJlH[\OBOH 1R2, llJlOCKOCTb 10s~- c KonceBAOeBKJIHAOBOll 

1 R ;; 3-npOcTpaHCTBa 11 S~ H lOS~ COBIIaAaIOT C KB33Ilrllnep-

6oJIH11eCKHM 3-npocTpaHCTBOM, 3-npOCTpaHCTBO 10s;
c KOIICeB)l,OeBKJlHAOBhlM 1 R; H T. A·; 3-npocTpaHCTBO 

100s~2 ABOHCTBeHHO nceBAOraJlllJleeBy npoCTpaHCTBY 1 r3• 
OHO Ha3. K 0 n c e BA 0 r a JI Il JI e e B hi M II p 0 c T pa H

e T B 0 M, ero a6coJIIOT COCTOHT Il3 rm phi AeHCTBHTeJihHhIX 

IIJIOCKocrnii: (Koeyc Q0) n T011KH T1 ea npHMoii: T0 nepece
'ICHHH 0THX IIJlOCKOCTeii:. 

Jl:silmeHHHMII n. II. Ha3. ero KOJIJIIIHea~Hil, nepeBO,O:H

m;ne a6coJIIOT B ce6H. Ilp11 ma=n-mr-a- 1-1 II npII 
la= lr - a n. II. ,O:BOHCTBeHHO caMoMy ce6e. B TaKOM npo
CTpaHCTBe onpeAeJlHIOTCll K 0 A B II m e H H H, onpe)l.eJle
HHH K-phlx aHaJlOrIIlJIIbI onpe,a:eJieIIHIO KO)l,BMmeHMH B KBa-

3IlrIInep6omJ'I. npocTpaHCTBe, ,a:aoii:CTBeHHOM caMoMy ce6e. 

Jl:aIImeHIIH, ABIImeHnH n Ko,a:anmerrnH 06paay10T rpynnhl, 
HBJIHIOllIHeCH rpynnaMII Jln. JJ:anmeHIIH (KaK II KO)l,BMme

HIIH) n. n. OIIIICbJBaIOTCH nceB)l,OOpToroHaJibHhlMH onepaTo

paMH IIH)l,CKCOB, onpe)l.eJieHHblX nrr,a:eKcaMn npocTpaHCTBa. 
TI. II. HBJIHeTCH noJ1ypUMllH,06bL.M npocmpancmBOM. 
Jlum.: (1) Som mer v i I I e D. M. Y., «Proc. Edinburgh 

Math. Soc.», 1910, v. 28, p. 25-41; [2) Po a e H ljJ e JI h n B. A., 
HeeBRJJH)'.(OBbl rrpOCTpaHCTBa, M., 1969. JI. A. cuaopoe. 

IIOJIYrPYIIII MHOrOOBPA3HE - KJiacc noJiy-

rpynn, aa)l,aBaeMhlll CHCTeMoii: TOm)l,eCTB (CM. AJ1ie6pau
<teC/'iUX cucme.M .M1toioo6paaue). BcHKOe n. M. 6y)l,eT JIH6o 

n e p II 0 AH 11 e c K II M, T. e. COCTOIIT II3 nepno,a:n11. 
llOJlyrpynn, Jln6o Ha AK 0 MM y Ta TH B H bl M, T. e. 

CO)l.epmIIT MHOroo6paaIIe acex KOMMyTaTIIBHbIX IIOJiyrpynn. 

Il,JlH KJlaccmpnKaqJIII pH)l.a CBOHCTB TI. M. Bhl)l,eJIHIOTCH 
HeK-pble TH!Ibl TOm)l,eCTB. Tomp;eCTBO u= v Haa. H 0 p M a

Jl b H bl M (a TaKme p e r y JI H p H hi M, 0 A H 0 p 0 A

H hi M), ecJIH MHomecTBa nepeMeHHblX, BXOAHII~HX B CJlOBa 
u H v, COB!Ia)l,aIOT, II a H 0 M a Jl b H bl M - B npOTHBHOM 

CJiy11ae. TomAeCTBO u= v Haa. y p a B H 0 B e Ill e H H bl M, 
eCJlH KalK)l,aH nepeMeHHall B u II v BCTpe11aeTCH O)l,HO II 

TO me 'IHCJlO pa3. qaCTHblll CJiy11aii ypaBHOBellleHHoro 

TOlK)l,eCTBa - n e p e c T a H 0 B 0 11 H 0 e T 0 m A e c T

B 0 - eCJlH U=X1 ... x m H v IIOJiy11eHo ll3 u nepeCTa
HOBKOH nepeMeHHblX. TI. M. Hap;KOMMyTaTHBHO TOrp;a 11 

TOJibKO TOr)l,a, KOr)l,a Bee ero TOm)l,eCTBa ypaBHOBellleHHble. 

Ea3HC TOm)l,eCTB Il. M. IJJ1 Baa. He l1 p ll B O )l, II M hi M, 
ecJin JII06oe ero co6cTaeeuoe no)l.MHomecTBO aa)l.aeT MHo

roo6paane, OTJilllJHoe OT 1))1. BcHKoe Ha)l.KOMMYTaTHBHoe 

Il. M. HMeeT HenpHBOAHMbill 6aaHC TOmAeCTB. CyiqeCTBY
IOT Il. M., He HMeIOIIJ;He HenpHBOAHMblH 6a3HC TOm)l,eCTB. 

IlpnMepbl KOHe'IHO 6a:mpyeMhlX Il. M.: JlI06oe MHorooopa

aiae KOMMYTaTHBHhlX IIOJlyrpynn, JII06oe nepHO)l,ll11ecKoe 
TI. M. c nepecTaHoao11Hb1M Tom)l,eCTBOM, JII06oe IT. M., 3a

)l.aHHoe nepecTaHOBOlJHblMH TOlKACCTBaMn. JI106aH IIOJlY

rpynna c 'IHCJIOM :rneMeHTOB ~5 HMeeT KOHe'IRblH 6a3IlC 

TOmAeCTB, HO CYllieCTByeT 6-:rneMeHTHaH noJiyrpynna, He 
llMeIO~aH KOHe'IHoro 6aanca TOm,a:eCTB. 

CJie)l,yIOllIHe ycJioBHH AJIH TI. M. IJJ1 :rnanaaJieHTHbl 

s:m aa)l,aHo HOpMaJibHhIMH TOmAeCTBaMII; ace Tom,a:eCTBa s:m 
HOpMaJibHhI; s:m CO)l.epmnT ABYXaJieMeHTHYIO IIOJlypellleT
Ky. Il. M. 1))1 HMeeT cpe)l,H CBOHX TOlK)l,eCTB aHOMaJlhHOe 

TOr)l,a II TOJlbKO TOr)l,a, KOr)l,a IJJ1 nepHO)l,Il11ecKoe H COCTOllT 
na apxuMe)l.OBblX noJiyrpynn. 

MnHnMaJlbHble n. M. HC11eprrhIBaIOTCH MHoroo6paaHHMH 

acex: 1) noJiypellleTOK, 2) noJiyrpynn JieBblX HyJie:ii, 

3) noJiyrpynn npaBblX HyJieii (cM. H&e.Mnomenmoe nOJ!y
zpynna), 4) noJiyrpynn c HyJieBblM yMHomeeneM, 5) a6e

JleBblX rpynn 3KCllOHeHThl p npn JII06oM npoCTOM p. 
B pellleTKe BCeX Il. M. BCHKHll Heep;HHHlJHblll aJleMeHT 

llMeeT llOKpblBaIO~HH ero aJleMeHT; eAHHHlJHblii: aJieMeHT 

He MomeT 6b1Tb paaeH o6'he)l,HHeHHIO KOHelJHoro lJHCJla 
Hee)l.HHH11Hblx aJieMeHTOB. PellleTKa Bcex IT. M. He YAOB

JleTaopHeT HHKaKoMy HeTpHBilaJlbHOMY pellleTOlJHOMY TOm

,a:ecTBy H HMeeT MOlliflOCTb KOHTHHyyM. ::hy me MOJ:qHOCTb 

nMeIOT no)l.pemeTKa acex MHoroo6paanii: HHJihlIOJiyrpynrr 

c TOm)l,eCTBOM x 2=0 H llOApemeTKa BCex Ha)l,KOMMYTaTHB
HblX MHOroo6pa3Hll. Jl:JIH HeK-pblX IT. M. s:m llOJlylJeHbl 

HBHble onncaHHH pemeTKH nx no)l.MHoroo6pa3nii: L (IJJ1); 
onncaHbl n. M. s:m c HeK-pbIMH orpaHHlJeHHHMH Ha pe

IIIeTKY L (IJJ1). 
n. M. Baa. Ma JI bl M, eCJIH L (~) KOHe'IHa. TI. M. s:m 

Baa. M H 0 r 0 0 6 p a a H e M K 0 He 'I H 0 r 0 H H

A e K c a, eCJIIl CTyneHH HHJlbllOTeHTHOCTII HllJlblIOTeHT

HhlX llOJlyrpynn Il3 s:m orpaHnlJeHhl B COBOKYIIHOCTil (aTO 
YCJIOBlle aKBHBaJieHTHO TOMy, lJTO Kam};\aH HIIJiblIOJiy-



441 DOJIYI'P"FDDA 442 
rpynna 113 !Dl HHJibnOTeHTHa, a TaKJKe TOMy, 'ITO !Dl He co- IIpHMepbl II. '1pe3BbI'laHHO MHOfO'll!CJieHHbI. 3TO -
;i.eplKHT MHOroo6pa3HJI Bcex KOMMYTaTHBHbIX HllJibnoJiy- pa3JIH'IBble MHoJKeCTBa 'll!CeJI BMeCTe c onepa~11eli CJIO-
rpynn c TOJKAeCTBOM x2=0). BcnKoe MaJioe II. M. llMeeT JKeHl!H l!JIH YMHOJKeHH.H, 3aMKHYTbie OTHOCHTeJibHO pac-
KOHe'IHbIH HHAeKc. CMaTpHBaeMOH onepa~HH, II. MaTpH~ OTHOCHTeJibHO YM-

,[(JIH nepHOAH'lecKoro II. M. !Dl CJieAyIOm;He ycJIOBHH HOlReHHH, II. tPYHK~lllH OTHOCHTeJibHO (<IlOTO'le'IHOfO)) 
aKBHBaJieHTHhI [ 4]: !Dl cocToHT H3 co.1130K apx11MeAOBhIX YMHOJKeHHH *, 3aAaBaeMoro tliopMyJioii (! * g) (x) =I (x) 
nonyrpynn; B JI106o:ii: nonyrpynne 113 !Dl KaJKµ;hlii KJiacc g (x), II. MBoJKeCTB OTHOCHTeJibHO onepa~m1 nepece'le-
KPY'IeHHH ecTb noµ;noJiyrpynna; !Dl He coµ;eplKHT nony- Hl!H HJIH o6'beAHHeHHH n T. A· B o6m;eli TeopHH H HeK-pbix 
rpynnhl BpaHATa B 2 (cM. llepuoiJu'lec,;an, no.1tyzpynna). npHJIOJKeHHHX oaJKeH cJieAYIOID;HII npHMep II. IIyCTb X -
3THM ycJioBHHM YAOBJieTBOpHIOT II. M. !Dl c MOAYJIHpHoii npon3BOJibHOe MHOJKecTBo. Ha MHoJKeCTBe Fx Bcex Ko-
pemeTKo:ii: L (!Dl) H II. M. KOHe'IHoro l!HAeKca (B qacT- He'IHblx nocJieAoBaTeJibHOCTe:ii: aJieMeHTOB H3 X onpe1w-
HOCTH, MaJihle II. M.). Manoe II. M. JI o Ka JI h Ho K o- JIHeTcH onepa~HH, 3aAaBaeMa.a tliopMyJioii 
H e q H 0 (T. e. COCTOllT H3 JIOKaJibHO KOHe'IHbIX nony
rpynn) TOfAa H TOJibKO TOrAa, KOfAa JIOKaJibHO KOHe'IBO 
MHuroo6pa3He ocex rpynn H3 !Dl; MaJioe JIOKaJihHO KOHe'l
Hoe MHoroo6pa3He rpynn - 3TO B TO'IHOCTH KpOCCOBO 
~rnoroo6pa3He (cM. I'pynn .Mnozoo6paaue). 0 APYrHx 
JIOKaJibHO KOHe'IHblX II. M. CM. JloKaJtbH,O ,;one'lnan, noJty
zp ynna. On11caHbI II. M., cocTonm;ue H3 tPHHHTHO annpoK
CHMllpyeMLix nonyrpynn [3]. 

MHoJKecTBO ocex II. M. OTHOCHTeJibHO MaJib~eBcKoro 
YMHOJKeH11.11 06pa3yeT 'laCTH'IHhIH rpynnOHA G. lfaBecTHbI 
Bee HAeMnoTeHThI B G, BX B TO'IHOCTH 9. MaoJKeCTBO ocex 
II. M., 3aAaBaeMblx CHCTeMaM11 TOlKAeCTB BHAa w=O, 
06pa3yeT MaKCHMaJihHLI:ii: rpynnoHA B G. 

ll3y'laIOTCH TaK:me II. M. nonyrpynn c AOnoJIHHTeJih
HblMH cnrHaTypHbIMH onepa~11HMH: MHoroo6pa3l!H MOHOll
AOB (c cnrHaTypHoii eAHHH~eii:), MHoroo6pa3HJI noJiyrpynn 
c CHrHaTypHbIM HyJieM, MHoroo6pa3HJI HHBepCHbIX DOJiy
rpynn H AP· 

Jlum.: [1] Ev ans T., «Semigroup forum», 1971, v. 2, 
J'&1,p.1-43; [2] All:3eHmTaT A.H., BoryTa B.R., 
B co.: IIoJiyrpynnoBble MHorooopa31rn u noJiyrpynnbl 3HAOMoplflna
MoB, JI., 1979, c. 3-46; [3] r 0 JI y 6 0 B a. A., can R p M. B., 
«l(OKJI. AH CCCP», 1979, T. 247, J'& 5, c. 1037-41; [4] can R p 
M. B., C y x a Ho B E. B., «H3B. BY30B. MaTeMamKa», 1981, 
Ne 4, c. 48-55. JI. H. meepmt. 

IIOJIYrPYIIIIA - MHoJKecTBo c OAHoii 6nHapHoii: oue
pa~11eii:, YAOBJieToop.1110m;eii: 3aKoHy accoi+uamuBnocmu. 
IIoHHTHe II. eCTb 0606m;en11e noHHTHH zpynn"": H3 aKc110M 
rpymiLI OCTaeTCH Jillillb OAHa - acco~HaTl!BHOCTb; 3THM 
o6'LHCHHeTCH H TepMllH «II.». II. Ha3LIBaIOT 11Horl:{a M o
H 0 11 A a M 11, HO nocJieAHllH TepMHH ynoTpe6JIHeTCH 
qam;e BCero AJIH IT. c CllrHaTypHoii: el:{HHll~eii: (T. e. c HYJib
apHOH onepa~11eii, OTMe'la10m;e:ii: eµ;11Hu~y). 

Teopl!H IT. np1rnaAJiellillT K 'IHCJIY cpaBHl!TeJibHO MOJIO
ALIX o6nacreii: anre6pb1. ITepBLie HCCJie;J.OBaHHH, noCBH
m;eHHLie II., OTHOCHTCH K 20-M rr. 20 B. H CBH3aHLI c l!Me
HeM A. K. CymKeBH'la. OH, B 'laCTHOCTH, oupeµ;en11JI CTpoe
HHe H;i.pa (Hal!MeHhIDero Hp;eaJia) KOHe'IHOB IT., T. e. 
tliaKTl!'leCKH CTpoeHHe KOHe'IHOH II. 6e3 co6CTBeHHLIX 11;i.ea
JIOB. 3ToT pe3YJibTaT uo3p;Hee 6LIJI o6o6m;eH ,n:. PHcoM 
(D. Rees) Ha npo113BOJibHble Bno.1tne npocm""e no.1tyzpynn"" 
H ycoBepmeHCTBOBaH nocpeACTBOM BBeµ;eHll.H noH.HTHH 
MaTpll~LI Hap; rpynnoiil: (cM. PucoBc,;an, no.1tyzpynna .Mam
pu'lnozo muna). TeopeMa P11ca, K-pyIO MOJKHo C'IHTaTb 
HeK-pbIM aHaJioroM TeopeMbI Beµ;µ;ep6epHa o npocmx 
aJire6pax, np11Haµ;JieJK11T K 'IHCJIY OCHOBHblX tliaKTOB 
Teopllll IT. ,[(pyrne paHHH0 HCCJI0/J;OBaHHH no TeOpHH IT. 
np11Haµ;JieJKaT A. KJIHtPtPOPAY (A. Clifford), O;J.HHM H3 
nepBLIX 3Ha'lllT0JlbHLIX ;J.OCTHJKeHHH K-poro 6bIJIO BBeµ;e
HH0 H H3yqeHHe II., noKpLIBaeMLIX rpyunaMH; 3TB IT. 
Ha3. Tenepb BnOJIH0 peryJIHpHLIMll, HJIH 1MUr/HfiopiJ06bl,.M,U 
no.1tyzpynna.Mu. K KOH. 50-x rr. 20 B. TeopHH II. ctliopMH
poBaJiaCb B caMOCTOHT0JlbHYIO B0TBb COBpeMeHHoii aJI
re6pLI c 6oraTOii npo6JieMaT11Koii, pa3Hoo6pa3HbIMH Me
Toµ;aM11 11 T0CHbIMH CBH3HM11 c MHOfHMll o6JiaCTHMH MaTe
MaTl!Kll KaK co6CTBeHHO anre6paH'leCKllMH (B nepByIO 
o'lepe,!J;h, c Teop11eii: rpynn 11 Teop11eii KoJie~), TaK n µ;py
r11M11, Hanp. tPYHK~llOHaJibHblM aHaJill30M (IT. onepaTopoB 
B 6aHaXOBhIX npoCTpaHCTBaX)' µ;11tlitliepeH~HaJibHOH reo
MeTp11eii (II. 'laCTll'IHbIX npeo6pa3oBaHHii:), ame6paH'I. 
TeopHeii: aBTOMaTOB (II. aBTOMaToB). 

(x1, ... , Xn) *(Yi. .. ·, Ym) = (x1, .. ·, Xm Yi. .. ·, Ym)· 

Tor;i.a Fx OTHOCHTeJibHO onepa~Hli * HBJIHeTcH II.; 
OHa Ha3. c B 0 6 0 A H 0 ii IT. Ha MHOllieCTBe x. Bcn
Ka.H IT. eCTb roMOMOPtPHblH o6pa3 H0K-poii CB060AHOH. 

BcnKaH COBOKYIIHOCTb npeo6pa30BaHHH npOH3BOJibHOrO 
MHOJKeCTBa M' 3aMKHyTaH OTHOCl!TeJibHO onepa~HH K 0 M
u 0 3 ll ~ H H (nocJI0/:{0BaTeJibHOro BLinOJIH0HHH, Ha3. 
TaKJKe Cy n e p n 0 3 H ~ H 0 ii), 6yp;eT IT. OTHOCl!TeJibHO 
3TOH onepa~uu; TaKOBa, B 'laCTHOCTH, COBOKynHOCTb scex 
npeo6pa3oBaHHH MHOJKeCTBa M, Ha3. c HMM e T pH
q e c K 0 ii II 0 JI y r p y n n 0 ii Ha MHOJKeCTBe M. 
Mnorue saJKHble coooKynnocTH npeo6pa3osanHii: oKa3bI
BaIOTCH IT., npH'leM 'laCTO OHH He HBJIHIOTCH rpynnaMH. 
C p;pyroii: CTOpOHhl, BCHKaH IT. 1130MOplfiHa HeR-poii IT. 
npeo6pa30BaH11ii:. TaKllM o6pa30M, 11M0HHO nOHHTlle IT. 
OKa3blBa0TCH na116onee no;i.xop;Hm;llM AJIH 113Y'l0Hl!H B ca
MOM o6m;eM Bli;J.0 upeo6paaooaH11ii:, li B 60JibIDO:ii: CTeneHll 
qepea paCCMOTpeH11e npeo6pa3oBaHllH ocym;ecTBJIHIOTCH 
CBH311 Teop1111 IT. c APYfHMll o6JiaCTHMll MareMaTl!Kll. 
ITp11 aToM oqeHb 'laCTo II. B03HHKaIOT KaK II. aHl:{oMop
tPllBMOB (cM. 9niJo.Moprfiua.Mo6 no.1tyzpynna) Tex HJill l!HhIX 
paccMaTpHBa0MbIX CHCTeM: npOCTpaHCTB, anre6p, rpalfioB 
11 T. µ;. K II. npuBOAllT TaKJKe paccM0TpeH11e 'laCTH'IHLIX 
npeo6pa30BaHllB H 611HapHLIX OTHOID0Hllii OTHOCl!TeJibHO 
onepa~1111 YMHoJKen11.11. 

KaK 11 B µ;pyrnx aJire6pa11q, Teop11.11x, OAHOii H3 rnas
HblX aap;a'I TeOpHH IT. HBJIH0TCH KJiaCClltPllKa~llH BCeB03-
MOJKHLIX IT., onucaH11e l!X CTpoeHHH. 3To ocym;eCTBJIHeTCH 
npellip;e BC0f0 HaJIOJKeHlleM Ha paCCMaTplrnaeMble IT. 
pa3Jill'IHhIX orpaH11'10HHH H BLIµ;eJieHlleM T0M CaMblM paa
Jlli'IHblX TlllnoB II. OrpaHH'l0HliH MoryT 11MeTh paaHyIO 
np11pOAY. II. MoJKeT yp;ooneTBopHTb tPHKCllpooaHHoii: 
CllCTeMe TOJKAeCTB (Tllnli'IHLie np11MepLI - KOMMyTaTllB
Hble II., IT. nµ;eMnoTeHTOB) HJIH µ;pyrl!M YCJIOBHHM, BLI
pamaeMhIM tliopMyJio:ii: yaKoro HC'lllCJieH11H npeµ;1rnaTOB 
(np11MepLI - IT. C SaKOHOM COKpam;eHHH, peryJ11rpHble 
IT.). 3aKoH coKpam;eH11H 11 perynnpHOCTb npeACTaBJIHIOT 
co6oii: up11Mepb1 orpaHu'leHHii:, HOCHllJ;l!X TaK l!JIH l!Ha'le 
xapaKTep ocna6neHHH CBOHCTB rpynnLI; BBeAeH11e noµ;o6-
HblX YCJIOBHH 6bIJIO, IIOJKaJiy:ii:, oco6eHHO nonyJIHpHO Ha 
uepBblX uopax pa3BllTIIH T00p11H IT. (cpeAll BbI/J;eJieHHLIX 
a;i.ecb T11nos, Ha116onee 6JIH3Kl!X K rpynnaM,- npaBbl.e 
zpynn,,,,). Bo MHor11x cnyqanx, snpo'leM, B03Hl!Ka10m;11e 
Ha 3TOM nYTH KJiaCCLI IT. BKJIIO'laIOT B ce6.H IT., B0CbMa 
jtaJieKlle no CBOllM CBOHCTBaM OT rpynn (nmll'IHbJH np11-
Mep - IT. llp;eMnoTeHTOB). 

IToHHTlle pezy.1tnpnou nOJtyzpynnb/, B03HHKJIO no aHaJio
r1111 c noHHTlleM pezy.1tnpnozo no.1tbi+a. Knacc perynnpHhIX 
IT. np11Hap;JieJK11T K 'll!CJIY Han6oJiee llHTeHCHBHO 113yqae
MblX B Teop11n II. OH BKJIIO'laeT B ce6n CJieAYIOm;He oam
Hble KJiaccbl nonyrpynn: MYJibTllnJinKaTllBHh!e II. pery
JIHpHbIX Kone~ (u, B qacTHOCTH, II. ocex M&Tpe~ µ;aHnoro 
nopnµ;Ka Ha;i. T0JIOM)' CHMM0Tpll'leCKll0 II.' II. BC0X qac
Tll'IHbIX upeo6paaoBaHHH MHOll\0CTB, llHBepCHb10 II., 
KJIHtPtPOPAOBbl II. 11, B 'laCTHOCTH, II. l!AeMIIOTeHTOB l!I 

BnoJIHe upoCThle II., onoJIHe 0-npoCThle II. H AP. 
,[(pyroii: rnn pacnpocTpaHeHHMX orpaHn'leHHii: - or

pan11qen11.11 Ha CllCTeMy BC0X HJIH HeK-pLIX IIOAIIOJiyrpyrm, 
B '13CTHOCTH HA0aJIOB, a TaKme HeK-pblX OTHOIDeHllii Ha 
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ll., B qacTHOCTH KOHrpyami;nil:. Ta!< B03HHKaIOT, Hanp., qacTHOCTH, paCCMOTpeHHe rJiaBJibIX KOHrpy::rnu;11l"1 (CM. 
paaHoo6pa3HbJe THIIhI npocmpix no.riyzpynn H paaHoo6- [3]), a TaKlHe HA e a JI h H hi x, HJIH pH co B c R H x, 
paaHhle yCJIOBHH ROJieqHOCTH (CM. llo.riyzpynna c yc.rio- R 0 Hr p y 3 Hu; H ii:, COIIOCTaBJIHeMbIX Ralf{ll;OMY ABY-
"ue.lt 1wHe<tHocmu, flepuoau<tec1wn no.riyzpynna, JloKa.rtbliO CTopoIIHeMy l!AeaJiy (ecJIH I - 1111.eaJI noJiyrpyrrrrw S, 
l·Olie'l.'ill!t no.riyipynna, <Punumno annpoKCU.Mupye.Ma!t no.riy- TO COOTBeTCTBYIOIU,aH pHCOBCRaH KOHrpyaHU,HH HMeeT 
zpynna, Munu.Ma.rtbHbtU uaea.ri), fl. C pa3HhlMH THIIaMll llll;e- CBOl!IMH KJiaccaMH / H OIJ.H03JieMeHTHble IIOIJ.MHOIB0CTBa 
aJibHhlX pHJWB 11 n11.eaJibHhIX cncTeM (cM. If aea.ribnbtii pna, {x }, r11.e x E S'-.._l) R pwe qacTo ncrroJih3YIOTCH B paam1q 
If U.rtbno.riyipynna); rrpHHU,HIIH3JlbIIYIO poJib B l!CCJ1e11.o- Hb!X Borrpocax H o6'hHCHHIOT BaIBHOCTb paCCMOTpeHlrn 
B3HIIH MHOfllX BOIIpOCOB TeOpHH fl. HrpaIOT I'pulia om- Hll;eaJIOB; iflaKTOpIIOJiyrpyrrny ITO pHCOBCROJI KOHrpylH!ll,HH 
11.omenun a1>auaa.rienmnocmu. Hl\3, lfi a K T o p rr o JI yr p y rr rr o H P H c a no COOT 

OrpaHnqeHHH MoryT OTHOCHTbCH K rropom11.a10ni;HM BeTCTBYIOUJ;eMy n11.eaJiy l13 peIIIeHa;bIX aa11.aq BToporo 
MHOIBeCTB3M H BbI)l.eJIHTh HX THI!bl m160 c TO'IRll 3peHHH BH,ll;3 CJiep;yeT OTMeTHTb OUMC31IH0 KOHrpyaHU,MH Jia CHM-
xa pa1uepa IIOpOIBIJ.3IOlll,llX 3JieMeHTOB (Harrp., Hll;eMIIO- M0TpH'IeCKHX fl Ha BIIOJIHe 0-rrpOCTbIX fl.; BeCbMa IJ.3-
T8IIThl; BCHK3H fl. BJIOIBHM3 B ll)J;eMIIOTeHTIIO rropoIBAeH- JieKO IIPOABllHYTO uayqeHHe ROHrpyaJIU,HII Jia llHBepCIIhlX 
HYIO fl.) HJIH HX qncJia (ROHeqHo IIOpOIBll;eHIIble fl. cy- fl.; ll3yqemrn paauKa.rtOB fl. paaBJrnaeTCH He 6ea BJIHHHHH 
iu;ecTBeHHO yqacTBYIOT BO MHOrHX llCCJie):(OB8HllHX), m160 aHaJIOfH'IIIOro paimeJia reopllll ROJieu;. PaccMoTpeHHe 
C TO'IKll apeHHH B3aHMO):(eHCTBHH rropo)f(,!\alOUJ;llX 3JICMeII- roMoMoplfiH3MOB fl. B fl. C 331l;aHHbIMH «XOpOIII.llMH» CBOH-
fOB - 11ayqa10TCH n.' 33)1;3HHhle orrpep;eJIHIOlll,IIMH COOT- CTB3MII cnoco6cTBOB3JIO lf>opMHpOB8HlllO HanpaoJJeHI!H' 
HOIII8HIIHMJil Iii, B '!aCTHOCTll, ROHeqHo OIIpell;eJieHHhl0 fl. 38HJilMa10m;erocH anrrpoKCHM3U,lleH (cM, Cenapamuenan 
(CM. A.riiopumMu<tecKan npo6.rie.Ma, /lo.riyepynna c yc.rio- no.riyzpynna, <Punumno annpoKcu.Mupye.Man no.riyepynna). 
BUe.M KOHe'lliOCmu), Jrn6o c o6'hell;HHeHHOH TOqRll apeBHH B HCCJI81l;OB31IHHX, CBHl!aHIIhlX c paccMOTpeHHeM IIOA-
( CM., aarrp., BuquK.riu<tecKan no.riyepynna). no.11yrpyrrn, BhIAeJIHeTcH caMoCTOHTeJibIIoe uanpaBJJeHne, 

flptt H3Y'18HHH CTpOeHHH fl. B3IBIIYIO pOJib nrpaIOT paa- IIOCBHUJ;eHHOe nayqeHIIIO pemeToqHb!X CBOHCTB fl., T, e. 
JinqHble ROIICTpyRIJ;HII, CBOAHlll,H8 OIIIIC3Hile paccMaTpll- B3allMOCBH38H MeIBAY CBOHCTBUMH fl. II CBOHCTB3Mll pe-
B38Mb!X fl. K TeM MJlll MHhlM «6oJiee XOpOIDIIM» TllII3M. ill8TOR IIX IIOAIIOJJyrpyrrrr (CM. PeutemKa noaa.riae6p). 
,AOBOJlbHO qaCTO B Ra'IeCTBe IIOCJl8)J;HllX Bb!CTYU8IOT illHpO!We HarrpaBJieHI!e Teopl!ll fl, IIOCBHUJ;eHO 113yqe-
rpy11IIbI, Ft IIpllHIJ;IIII OIIHC31IIIH «ITO MO)J;YJIIO rpymrn pac- HHIO p33JllfqHbIX BJIOIBeIIHH fl. l1CTOKll aToro HarrpaBJI0-
rrpocTp3HeH B TeopeTHRO-IIOJiyrpynnoBbIX llCCJie)J;oBa- RH.II BOCXOWIT K RJJaccnq. rrpo6JJeMe 6.rtO:llCeHUJt noAyepynn 
HHHX, OH rrpOHBllJICH em;e B YUOMHHaBmeii:cH RJl3CCil'I. B rpynnbl. 0 HeK-pbIX aa11.aqax ll peayJibT3T3X aToro Ha-
TeopeMe Pnca, corJiacHo R-poii: BC.IIK3H srroJJHe 0-npocTaH rrpasJieHHH CM. B CT. Pacmupenue rroJiyrpynnbl .. 
(BIIOJJHe IIpOCT3H) fl. ll30MoplfiHa perym1pHOH pllCOBC!\OH JilIIT0IICllBHO paamrnaeTCH TeopHH MHoroo6paaaii fl.; 
fl. M3TpllqHoro THIIa H3A rpyIIIIOH C HyJieM (rpyrrrroH). 06 HCCJJell;OB3HHHX B 3TOM II3IIp3BJJeHl!ll CM. B CT. /l o.riy-
rpyrrrrbl yqacTBYIOT B ROHCTPYRU.HHX, OIIllCb!B3IOUJ;llX 2pynn ;1rnoeoo6paaue. HaqHHl\eT pa3BIIB3TbCll Teop11.11 
llHBepcHhle TI., ll B KOHCTPYKll,llllX, OI!l1Cb!B3IOIIJ;R·X ROM- RB83HMHoroo6paaHii n. (CM. A.112e6pautteCKUX cucmeM 
MyT8TllBHhle apxu.Meaoab! no.riyzpynnbi C 38KOHOM CORpa- KBll3U.MHOeG06paaue) II HeR-pbIX p;pyrHX RJl3CCOB fl., 
UJ;8HHR II 6ea llJJ;eMIIOT0HTOB. 01IHCaHile fl. C MHOfHMll ye- 6JIU3KHX B TOM llJIII llHOM CMb!CJie K MHOroo6pa3H.IIM. 
JJOBlllIMll KOHeqHOCTll CBOAHTC.II R rpyrrrraM C COOTB0TCT- CBH311 o6mefi TeOpIIH fl. C IWHKpeTHbIMH fl. ocyiu;eCTB-
BYIOlll,llMH ycJioBHHM!I. JIHIOTCll MBOrHMD rryTHMII. PemaIOTCH npo6JJeMbI a6cTpaRT-

Cpe11.11 ROJICTPYKIJ;llH, yqacTBYIODJ;HX B OIIMC8HHH n., HOH xapaKTep11aau;n11 T6X HJIH llHbIX BalRHblX lWHRpeTHbIX 
HMeIOTCH KaR o6iu;eaJire6pa11'IeCKll0, H8IIp. Up.IIMbie IlpO- fl. (Haop., fl npe06p830BaHHH: ll3BeCTHO, B qaCTHOCTll, 
11asep;eu1111, rrop;rrpHMhle nponaaep;euu11, TaK II cneu;nlf>n- HeCROJJhKO xapaKTepe:aau;nu c11MMeTp11qecRux Il.), orr11-
qecK11 TeopeTHKO-IIOJiyrpyrrnoBble. K IIOCJIBAHIIM OTHO- ChIBaIOTCR pa3JIIl'!Hbl6 HX a6crpaKTHbI0 CBOHCTBa. 0 HeR-
CHTCH yme yrroMHH8BIIII18CH pHCOBCRHe fl., a TaK;Re pll]J; pwx OCHOBHbIX peayJJbT8THX, KacaIOID;HXCll fl, IIpeo6pa-
p;pyrHX, H3 R-pbIX CJJep;yeT ynoMHHYTh J(OHCTPYRU.HIO 30BaHHH, CM. /lpeo6paaoeanuii no.riyapynna. MayqaJOTCH 
c B H 3 R H - TaKoro paa611eIIllH ua IIOAIIOJiyrpyn11hl, 1130MOplj>H3MbI H roM0Moplf>11aMbI a6cTpaKTHbIX n. B paa-
'ITO COOTB8TCTBYIOin;ee OTHOill0HHe 3RBHB8JI0HTHOCTll 6CTb Jill'IHbie ROHKp0THble fl., rrpe1RA0 BCero fl, npeo6paao-
ROHrpy3Hll;llH. Cpe;n;H CBH30K oco6yIO poJib HrpaIOT ROM- eaBIIH H fl, M8TpH!l; (CM. /lpe{}cmae.A.enue no.riyzpynnbi). 
MYTaTHBHbJe CBH3KH (llJIH IIOJiypeIDeTRII) H M8TpH'IHble l1CCJI0AOB8HHeM fOMOMOplf>11aMOB fl. B HeK-pbie qucJIOBbie 
(rrpHMoyroJihHbie) CBH3Kll (cM. CenaKa no.riy2pynn). B n., npem;n;e acero B MYJJbTHI1JIJllKaTl!BHYIO n. ROMIIJieKc-
TepMHHax CBH30K OIIHCbIB8IOTCH MHOrHe THilbl fl. TaK, Hb!X 'll!CeJJ, 38HHMa0TCH T60pHH xapaKmepoe IIOJiyrpynn. 
TeopeMa KJ1nlf>lfiop11.a 0 BUOJIHe pery•rnpHblX n. 03JiaqaeT, K cneu;naJJbHblM paa,lleJiaM Teop1111 n. IIpHBOIJ.llT pac-
rro CYID;BCTBy, qTQ :'!Tl! Il. HC'lepIIbIB8IOTCH IIOJiypeWBT- CMOTpeHH0 fl. C )J;OIIOJJHllT0JlbHbIMll CTpyKTypaMl!, COrJia-
KaMll BIIOJIII0 IIpOCThlX fl.; BIIOJIH0 rrpOCTbie fl.- 3TO COBaHHbIMll C OUepau;ueft YMIIOIBeHIIH. 3p;eCb CJIBAY0T, B 
B TOqHOCTll rrp11MoyroJibHble CBH3RH rpynn; TeopeMa nepByIO oqepell;b, OTMeTHTb CTPYRTYPY TOIIOJIOrnq, upo-
TaMypbl - Hmv1ypw yTBepm11.aeT, qTO J1106aH KOMMyTa- CTpaHCTBa (CM. Tono.A.02u'iec~an no.riyepynna) n CTPYRTYPY 
THBIIaH fl, ell;HHCTBBHHWM o6paaoM pa3JJ011\HM8 B CBH3RY Il'OPRAJ'8, 'IaCTll'!HOrO llJill JlllH0HHOfO (CM. Y nopnao'len-
apXHM0):{0BbIX n. (cM. [3]). na.ii no.riyapynna). 

KaK 11 sc10p;y B aJJre6pe, cyiu;ecTBeIIHYIO poJJh e Teop1:111 PaaeHeaeTCH H Teop1rn HeR-pwx BHAOB o6o6meHHhlx 
n. 11rpaeT IIOHIITHe roMOMoplf>11aMa II, COOTB0TCTB0HHO, 110- 11. B rrepey10 oqepe)\h aTO BJJre6pw c OAHOH n-apIIoii 
HlITlle ROHrpyaIIU,HII. n. rrp1rnap;JiemaT K '!HCJIY ywrnep- orrepau;11:e:H, IIOll;'!HHeHHOii o6o6m;eHHOMY accou;FtaTHBHOMy 
caJihIIbIX aJire6p, KOHrpyaHu;n11 R-pbIX He orrpep;eJillIOTCH aaRouy (11x uaa. n-a c c o u; 11 a T n B a M n, HJJH n-
OAIIOaHaqHo HeR-pbIM CBOHM RBHOHHqecKHM CM0lf\HbIM trnac- II 0 JI y r p y II II a M H). PaccMaTpHBaIOTOH TaKme 8JI-
COM (U!APOM») 110,1106Ho TOMY, RaK 3TO, Harrp., HM00T MeCTO re6pbI c O)J;HOii 'I3Cn1qHoii aCCOIJ;HBTIIBHOii 6HHaprrnii 
B rpyrrrrax II KOJibU,3X. 8ra OOJiee CJIOIBHaH CHTyau;llH orrepau;aeii ( op;Ha na CCTeCTBeHHWX CHTyau;11ii 11011.06aoro 
rrpHBeJia R pa3BHTHIO ,[\OBOJlbHO 06m11paoro HarrpaeJieHllfl po11.a B03HHKaeT B TCOpHH Karnropnii). 
Teop1m TI., IIOCBlllll,eHHOro nayqeJIIllO KOHrpyaHIJ;llB TI. Jlum.: [1) c y !II He B H q A K' TeopHH 06oti111eHHOIX rpynn 
c paaJinqHhlX ToqeR aperr11H. PewaeMble 3A8Ch aanaqn Xap.- K., 1937; l2J JI n n H H E c , floJ1yrpvnnhl, M .• 1060 

1) L3] K JI H iii iii 0 p ll A., n p e c T 0 H r ' AJlreopaH'ICCHaa Teo 
AeJIHTCH B OCHOBHOM Ha AB8 Bllll;a: Bbl)J;0JIHIOTCH Te HJIH PHH noJiyrpynn, nep. c affrJI' T 1-2, M' 1972, [4)AJlreopaH'IC-
HHhJe cneu;naJJbHble THIIbI KOHrpyaHIJ;llH Ha rrpoH3BOJlbHhlX CRBJI Teop1rn aBTOMBTOB, Jl3hlROB H IlOJiyrpynn nep c aHrJI • M., 
fl.; 2) OllHCb!B8IOTCH BCe ROHI'py3IIIJ;HH Ha TeX HJIH IIHhlX 1975; (5) <II Y H C JI., qaCTH'IHO ynopa11:oqeHHhle 3Jire('.ipaRqecime 

fl CllCTeMbl, nep. c aHrJI., M., 1965, L6] HTOrH HBYHH. AJtretipa. To-
c1reu;HaJ1bHblX ., rrpnHaJJ;JiemaID;HX B811\HbIM B KaROM-TO IlOJIOrHII. 1962, M., 1963~ c 13-58, [7] Hmm IIBYHll. AJireopa. 
OTHO!IleHHH KJiaccaM fl· K rrepsm1y BllAY OTHOCHTCH, B 1964, M., 1966, c. 161-<102, (8] HTOrH HBYHH Anretipa. TODOJIO-



445 IIOJIYrPYillIA HEJIHHE0HhlX OIIEPATOPOB 

nrn. reoMeTplUI. 1966, M., 1968, c. 9-56; [9] Semigroups, N.Y.
L., 1969; [1 O] H o w i e J., An introduction to semigroup theory, 
L.-N.Y.-S.F., 1976; [11) Petrich M.,lntroductiontosemi
groups, Columbus, 1973; [12] er o me, Lectures in semigroups, 
B., 1977; [13] R e d e i L., The theory of finitely generated com
mutative semigroups, Oxf.-[a.o.], 1965; [14] Hofmann K. H., 
M o st er t P. S., Elements of compact semigroups, Columbus, 
1966; [15] La I I em en t G., Semigroups and combinatorial 
applications, N.Y.-[a.o.], 1979, [16] E i 1 en berg S., Auto
mata, languages and machines, N.Y.-S.F.-L., v. A, 1974; v. B., 
1976. JI.. H. illeapuu. 

IIOJIYrPYIIIIA HEJIHHEllHblX OIIEPATOPOB
o,a;BorrapaMeTpHqec1we ceMei'ICTBO orrepaTopoB S (t), O~t< 
< 00, orrpe,a;eJieHHhlX H ,a;eHCTBYIOmnx B 3aMRHYTOM IIOA
l\IHO)f(eCTB0 C 6aBaxoaa rrpocTpaBCTBa X, 06Jia1w10mee 
CBOHCTBaMH: 

1) S (t+"r)x=S (t)(S (T)x) rrpn xE C, t, T>O; 
2) S (O)x=x ,D;JIH JII06oro xE C; 
3) rrpII RalR,D;OM xE c lf>yHRIJ,llH s (t)x (co 3HaqeHIIHMII 

B X) BerrpephIBBa no t Ha [O, oo ). 
IloJiyrpyrrrra S (t) IIMeeT TIIII w, ecJin 

llS(t)x-S(t)yj],,;;;;ewl[[x-y[I, x, yEC, t >0. 

IloJiyrpyrrrra TIIrra 0 Haa. c lK II M a IO me 11. 
TaR me, RaR II ,D;JIH rronyrpyrrrr JIHHeii:HhlX orreparopoa, 

BBO,D;JITCH IIOBHTIIe rr p 0 II 3 B 0 A H m e r 0 0 rr e p a-
T o p a A 0 rroJiyrpyrrrrhI S ( t): 

A0x= lim (S (h)x-x)/h 
h~o 

Ha TeX aJieMeHTaX xE C, ,D;JIH R-phlX aToT rrpe,a;eJI cymecrny
eT. EcJIII rroJiyrpyrrrra CiRIIMa10ma.11, To A 0 - ,D;IICCHUaTHB
HhIH orrepaTop. IlpII BTOM orrepaTop A B 6aHaxosoM upo
CTpaBCTBe x A II cc II II a T II Be H, eCJIII llx-y-A. (Ax-
-Ay) II;;;;: llx-yll rrpII x, yED (A), A.>O. J.l.IICCIIUaTIIBHWH 
ouepaTop MoiReT 6h1Th MHoroaHaqHwM, Tor,a;a B oupe,lleJie
HIIII uo,a; Ax IIOHIIMaeTCH JII06oe ero 3HaqeHIIe Ha x. ,[(IICCII
rraTIIBHhlll orrepaTop Ha3. m-,a; II c c ll II a T II B B hi M, 
eCJIII Im(I-A.A)=X rrpII A.>O. EcJIII S(t) - TIIrra w, TO 
A 0-wl ,D;JICCIIrrarnBeB. 

OCBOBHaH TeopeMa 0 rropom,a;eBIIH 
rr o JI yr p y rr rr hi: eCJIII orrepaTop A-wl ,D;IICCJIIIaTIIBell 
H npII µ.ocTaToqBo MaJJhIX A. >O o6paa Im (I-A.A) ouepaTo
pa I -A.A co,'lepiRIIT D (A), To cymecTByeT rroJiyrpyrrrra 
s A(t) Tlllla (J) Ha D (A) TaRaH, qTO 

SA(t)x= lim (I-..!:.._A)-"x. 
n ~ oo n 

rµ.e xE D (A), rrpn 3TOM cxo,[IHMOCTh paaHoMepHa Ha JII06oM 
ROBeqHoM upoMeiRyTRe ll8M0H0HJIH t. (CymecTBOBaHHe 
uoJiyrpyuuhl s A(t) l\IOiRHO IIORa3aTb, eCJIH 3aMeHIITb yc

JIOBII0 Im (J-1..A):::>D(A) 6oJiee cJia6hlM: 

lim A,- 1d(Im(I-A.A), x)=O, 
A-~o 

riw d - paCCTOHHJie M0iRAY MHO)l'6CTBaMJI.) 
C orrepaTopoM A MomHo CBH3aTb 3 a A a 11 y R o III II 

du 
lit EAu (t), t > 0, u(O)=x. (*) 

EcJIJI cymecTayeT c H JI h H o e p e m e H JI e aaAaqJI 
(*), T. e. HeupephlBHaH Ha [O, 00) lf>yHRD,IIH u (t), a6cOJIIOTHO 
HenpephlBHaH Ha JII06oM ROMUa:KTe ll3 (0, 00), rrpHHHl\laIO
maH npn rroqTH acex t >0 3HaqeHHH B D(A), nMeroma.11 
IIpll IIO'ITH acex t >0 CllJibHYID rrpoll3BOAHYIO, YJWBJI0TBO
PHIOIUYIO BRJiroqem1ro (*), TO u(t)=S A(t)x. Jlro6a.11 !f>yHR
IJ,llH s A ( t )x HBJIH0TCH 0AllHCTB0HHhll\I T. H. ll II T e r p a JI b
H bl M p e III e H n e M aaAaqn ( *). 

EcJIII. B YCJIOBll.HX OCHOBHOll TeopeMhl rrpocTpaHCTBO x 
pelf>JieKcHsHo n A aaMRHYT, TO npn x ED (A ) lfiyHmurn 
u (t)= S A(t) AaeT CHJihHoe pemeHne aaAaqH Kornn (*), npH 

3TOM ~~ EA 0u(t) rroqTn B03Ae, rAe A 0z-MHomecTIJO 3Jie

MeIITOB MHHHMaJibHOH Hopa!hl ll.3 A z. B noM CJIY'Iae npo-

ll3BOAHmHii: onepaTop A 0 nonyrpym1hl SA(t) IIJIOTHO sa,a;aH: 

D (A 0)=D (A). ECJIH, csepx Toro, X 11 X' paBHOMepso 
BWIIYRJihI, TO 0110paTop A 0 O,D;H03Ba'l0H H npH acex t;;;i.O 

d1u 
cymecTByeT rrpaaaH rrpOH3BO,D;BaH dt=A 0u (t), 3Ta cPYHK-
IJ,HH HerrpephIBBa cnpasa Ba [O, oo) H BenpephlBBa BO acex 
TO'IRdX, RpoMe, 6b!Tb MOiR0T, C'leTHOfO MBOlR0CTBa, B 3TOM 
cJiy'lae D (A 0)=D (A) H A 0=A 0 • 

Ecm1 X pelf>JieRcnaHo ( cooTBeTCTBeHBo X = Y', rµ.e 
Y - cerrapa6eJibHO), a orrepaTop A OAB03HaqeB H 06J1aAa
eT T0M CBOHCTBOM, 'ITO ll.3 Xn-+ x Bx ll. Axn-+ y B c,n,a6oii. 
mono,n,ozuu a (X, X') (cooTBeTCTBeBHO a (X, Y)) CJleJwer 
y=Ax, TO u(t)ED(A),t;;;;,0,Hu(t) CJ1a60 (cooTBeTCTBeHBO 
cJia6o *) HenpepbIBBO AH!f>lfiepeBD,HpyeMoe pemeBne aa
Aa'IH ( *). B Hepelf>J1eRCHBHOM CJIY'lae 1rnsecTHhl npHMephl, 

ROrAa BhlIIOJIHeHbl ycJIOBHH OCBOBBOH TeopeMhl npH D (A)= 
= x II lj>yHRIJ,Hll. u ( t) = s A ( t)x Be IIMeIOT Aame CJia6oB: 
npOll3BO)J;BOH Bx Bll npn RaRHX xEX, t:::;:O. 

IlycTb A - HerrpephlBHhlH onepaTop, orrpeµ;eJieBHLIH 
Ha aceM X II TaKoli, qTo A -wl ,D;HCCHilaTIIBeB. Tor,lla 
Im (I-A.A)= X npn A.>O, Affi<i H AJIH Jiro6oro xE X aa,a;a
qa (*) llMeeT eAHHCTBeHBOe BenpephlBHO AII!f>lfiepeBD,Hpye
MOe Ha [O, oo) peweBHe u(t)=SA(t)x. EcJIH onepaTOp A 
HerrpephlBeH B aaMRHYTOH 06Jiacn1 orrpeAeJJeHHH D (A), 
TO ,D;JIH Toro, qTo6hl OH 6wJI nponaso,D;HllJ,HM onepaTopoM 
noJiyrpyrrrrhl TIIUa (J) Ba D (A), Heo6XOAHMO H l!;OCTaTO'IHO, 
'IT06bl A -wl 6hlJI AHCCHUaTHBBblM ll. lim A.- 1d (x+A.Ax, 

A--+0 
D (A))=O npH xED (A). 

B rHJib6epTOBOM rrpocTpaHCTBe H cmnMaroma.11 noJiy
rpynna Ha MHOlR0CTBe c l\IOlR0T 6b!Tb rrpo,D;OJllReBa AJJH 
ClRIIMaIOllJ,eii IIOJiyrpyrr11hl Ha 3aMRIIYTOM BhlDYKJIOM MBO

mecTBe C 113 H. IlpH aroM rrpoH3BOAHID,Hii: orreparop A 0 

pacmJipeHHoii: noJiyrpy11nhl 6yµ.er orrpeµ.eJ1eH Ba IIJIOTBOM 

B C MBomecTae. CymecrnyeT e,a;HHCTBeBHhlll m-µ.Hcc11na

TJIBHhlii: 011epaTop TaRoii:, qTo D (A)= C n A 0=A 0 • EcJI11 

A eCTb m-AHCCHrraTHBHblii: orreparop, To D (A) BhlDJKJIO 

H cy11J,eCTByeT e,a;HHCTBeBHaH ClKHMaIOID,aH Ba D (A) noJ1y
rpynna S(t)=SA(t), ,D;JIH R-poli A 0=A 0 • 

EcJrn Ha µ.eii:CTBHTeJlhIIOM rHJih6epTOBOM 11pocTpaHCTBe 
H 3aAaH BhlITYRJihiii: rroJiyHenpephlBHhlii: lf>yBRD,noHaJI <p 
H &<p - ero cy6&urfirfiepenlfUU, TO 011epaTOp Ax= -o<p (x) 
(AJIH Tex x, np11 R-phlX &qi (x) HerrycTo) HBJIHeTCH AllCCll
rraTHBIIhIM. IloJiyrpyrrrra s A(t) o6JiaAaeT CBOHCTBaMH, 
CXO[I.HhlMll co CBOHCTBaMn JIHIIellHhlX aHaJIHTlfq, IIOJJyrpyrrn. 

B qacTHOCTH, SA(t)xED (A) (t>O) npH Jiro6oMxED (A) u 
u (t)= S A(t)x HBJJHeTCH CHJibBhlM peIIIeHn.eM aaµ.aqH Konrn 
(.,,), rrpnqeM 

II d;tu II= II A0u (t) II<+ II x-v 11+211 A0ri II 
AJIH scex t >O, v ED (A). EcJIH <p µ;ocTHraeT Mil.HJIMyMa, 
TO u (t) CJia6o CXOAHTCH 11pn t-+ 00 R HeR-poii ToqRe Mll.
Hlll\IYMa. 

J.l.JIH rrpH6JIHiReBBOro peweHJIH 3aµ.aqll. Kown CYmeCT
aeHHYIO pOJih nrparor TeopeMhl 06 anrrpoRcHMaa,1111 noJiy
rpyrrrr. IlyCTb X, Xm n=i, 2, ... ,- 6aHaXOBhl npocTpaH
cTaa, oneparopbl A B X n An B Xn OAB08BaqHhJ 11 YAOB
JJeTBOpHIOT ycJIOBlIJJM OCBOBBOll TeopeM'bl c 0611J,nM THilOM 
w, onepaTophl Pn: X-+ Xn - mmeiiHhl 11 llPnllx_.xn< 
~const. TorAa na cXOAHMOCTll pe30JihBeHT (A.>O, A.w<1) 

II (l-A.An)-1 PnX-Pn (I-A.A)-1xllxn----->0 

rrpn x ED (A ) cJieAyeT CXOAHMOCTh rroJiyrpy11rr 

I\ SAn (t) PnX-pnSA (t) xl/xn --->O, xED (A), 

paBHOMepBaH Ha RalRAOl\I ROH0'l:HOl\I npoMeJRyTRe. 
MyJihTllrrJIHKaTllBHhle lf>opMYJihl JI11, 110J1yqeBBb1e nM a 

ROH0lfHOMepHoM JIHB0HBOl\I CJiyqae, o6o6meHbl Ha HeJin
BellHblll cJiy'laH. EcJin A, B n A+ B cyTh m-AHccnrra-
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TllBHbI0 OAH03HaqHhJe orrepaTopb! B rHJib6epTOBOM rrpocT

paHCTBe 11 3aMRHyToe BhlITYKJIOe MHoiReCTBO CcD (A) n 
nD (B) HHBapl!aIITHO OTIIOCllTeJihIIO (/-AA)-l 11 (/

-1.,B)-l, TO np11 mo6oM xE cnn (A) nn (B) 

SA+s(t)x=nl~m"' [sA( ~)s8 ( ~)yx. 

cha lfiopMyJia cnpaBeAJillBa TaRme B npoH3BOJILIIoM 
6arraxoaoM npocTpaHCTBe X ,ll;JIH mo6oro x E X, ecJill A -
ITJI-OTBO 3aAaBHhlM JillHeHHhlM m-p;11cc111rraTllBHhlll orrepaTOp, 
a B - 3aAaHHhlii Ha aceM X HerrpephlBHhlii: ;ri;11cc11naTllBHbIH 
onepaTop. B 06011x cJiyqaHx 

sA+s(t)x=lim[(1--k-st 1 (1- ~ At 1 yx, 

xED (A)nD (B). 

B npHBOAIIMbIX H11me rrp11Mepax HeJI11Heii:Hh!X Alllf!cpeperr
I\llaJibHhlX orrepaTopoB, y;ri;oaJieTBOpHIOII\llX ycJIOBllHM oc
rroaHoii: TeopeMhI o rropOiRAeHllll rroJiyrpyrrrr, yRa3h!BaeTCH 
JillIIIb rrpoCTpaHCTBO x II RpaeBhle yCJIOBllH, a Toquoe OIIll
carr11e D (A) orrycRaeTCH. Bo acex rrp11Mepax Q - orpa
H11qeHHaH o6JiaCTb B !Rn c rJiaAROH rpaH11a;e:n; ~. '\' - MHO
ro3HaqHhJe MaRCllMaJihHhle MOHOTOHHhle OT06pameHllH IR ....... 
....... 1R, ~ (0) 3 0, '\' (0) 3 O; 'ljJ : 1R -+ 1R - Herrpeph!BHaH CTpo
ro ao3pacTaIOII\aH cpyHRI\llH, 1jl (0)=0. II p II Me p 1. 

iJu 
X=Lp(Q), 1~p..;;:oo, Au=~u-~(u), -iJnE'\'(u) Har. 

( !Ju 
II p Il Me p 2. X=L1 Q), Au=~'ljJ(u), -iJnE'\'(u) Har. 

II p Il Me p 3. X=W21 (Q), Au=~'ljJ(u), u=O Ha r. 
II p n Me p 4. X=C (Q) HJill X=L 00 (Q), A u='lji (~u), 
u=O Ha r. II p Il Me p 5. X=L1(1Rn), Au=div /(u), 
fAe f E C1(1R) co 3HaqeHllHMH B !Rn, f (0)= 0. II p 11 M e p 6. 
X=Loo(IR), Au=f(ux), rAe f: IR.-... IR HenpepbIBHa. 

Jlum.: (1) Barbu V., Nonlinear semigroups ana differen
tial equations in Banach spaces, Bucure~ti. 1976; (2) Br e
z is H., Operateurs maximaux monotones et semi-groupes de 
contractions dans Jes espaces de Hilbert, Amst.-L.-N.Y., 
1973; [3] Brez is H., Paz y A., «J. Funct. Anal.•l, 1972, 
v. 9, No 1, p. 63-74; (4] Cran d a I I M. G., Liggett T. M., 
«Amer. J. Math.», 1971, v. 93, No 2, p. 265-98; [5] Koba
¥ ash i Y., «J. Math. Soc. Japan», 1975, v. 27, No 4, p. 640-65; 
L6] Konishi Y., «Proc. Japan. Acad.», 1972, v. 48, ;N, 2, 
p. 62-66, (7] M art in R. H., «Trans. Amer. Math. Soc.», 
1973, v. 179, p. 399-414; (8) Webb G. F., «J. Funct. Anal», 
1972, v. 10, No 2, p. 191-203; [9] x a 3 a H M. IL, ~l,ll;OKJJ. 
AH CCCP», 1973, T. 212, M 6, c. 1309-12; (10] er o me, TaM 
me, 1976, T. 228, No 4, c. 805-808. 

C. I'. Hpeuu, M. H. Xaaa11,. 
IIOJIYrPYIIIIA OIIEPATOPOB - ceMeii:CTBo orrepa

TopoB { T} B 6aHaXOBOM HJIH TOIIOJior11qecROM BeRTOpHOM 
rrpocTpaHCTBe, o6JiaAaIOIIl,ee TeM CBOHCTBOM, qTo ROMII0-
8111\HH Jll06bIX ABYX orrepaTOpOB ceMellCTBa CHOBa rrp11HaA
JieiRllT ceMeMCTBY. EcJI11 orrepaTOpbI T «3aHyMepoaaHhI» 
3JieMeHTaM111 HeR-poii a6CTpaRTHO:ii: rroJiyrpynrrhI m: II 6n
HapHoii: orrepaa;11n rroJiyrpyrrrrhl oTseqaeT ROMTI03HI\HH 
orrepaTopoB, To rroJiyrpyrrrra {T} Ha3. rr p e Ac Ta a JI e
H II e M II 0 JI y r p y II II bl m:. Ha1160Jiee IIOAp06Ho II3Y
qeHhl oononapa.11,empu<tec,,,ue no.11yzpynnbi JIHHeMHhlX orpa
m1qeHHhlX orrepaTopoB B 6aHaXOBOM rrpocTpaHCTBe x' 
AaIOIIl,lle rrpeACTaBJieHne aAAllTllBHOH IIOJiyrpyrrrrhI acex 
IIOJJOiRHTeJihHhlX q11ceJI, T. e. ceMeii:CTBa T (t) co CBOHCTBOM 

T(t+T)x=T(l)T(T)x, I, T>O, xEX. 

M.3 CllJibHOH Il3Mep11MOCTH T (1), l>O, CJieAyeT, qTO 
T (t) - CllJihHO HerrpephlBHaH rroJiyrpyrrrra, rroaToMy B 
p;aJibHeii:meM TOJibRO TaR11e Il paCCMaTpllBaIOTCH. 

Cym;eCTByeT qncJio 

W= lim t- 1 In/!T (t)ll 
I-+"' 

- T n n rr o JI yr p y rr rr bl. Bee cpyHRI.J,HH T (t)x paCTYT 
He 6bICTpee <IRCIIOHeHTbI. 

Ba:11rnoii xapaKTepl!CTlIROM HBJIHeTCH lI H qi Ft H II Te-
3 ll Ma JJ b H bl ii onepaTop noJryrpynnhl 

A0x= lim 1- 1 [T (1) x-x], 
t _.,. 0 

orrpeAeJieHHhlll Ha JIHHeRHOM MHOiReCTBe D (Ao) TeX 3Jie
MeIITOB x, rra R-pb!X rrpeAeJI cym;ecTByeT, lI ero 3aMhIRaHIIe 
A (eCJill OHO cym;ecTByeT) - II p 0 II 3 B 0 AH III, II ii: 0 II e
p a To p rr o JI yr p y rr rr bl. MHomecTBO D (A 0) IIJIOTHO 
Ha IIOAIIPOCTpaHCTBe x O• HBJIHIOII\eMCH 3aMbIRaHlleM o6'he
AllHeHllH acex 3HaqeH11ii: T (l)x. EcJill B X 0 HeT HeHyJieBhIX 
aJieMeHTOB, Ha R-ph!X T (l)x=O, TO cyII.1,eCTByeT rrpo113ao
AHm;11ii: orrepaTop A. B AaJihHeiiimeM acerAa rrpeAIIOJiaraeT
CH, qTo X 0=X 11 qTo 113 T(l)x==O cJieAyeT x=O. 

Ha1160Jiee rrpocToii: RJiacc rroJiyrpyrrrr - RJiacc C0 - BhI
p;eJIHeTCH ycJioaneM: T(l)x-+x rrpn t-+0 11 Jiro6oM xEX. 
,JJ;JIH BhlIIOJIHeHllH 3TOfO ycJIOBllH Heo6xop;HMO II AOCTaToq
HO, qT06hl cpyHRI\llH llT (t) II 6bIJia orpaHHqeHHoii Ha RaRoM
H116y;ri;h rrpoMemyTRe (0, a). B noM cJiyqae T (t) 11MeeT rrpo
H3BO,ll;HII.1,Hii orrepaTop A =A 0 , p;JIH pesoJibBeHThl R (A, A)= 
= (A-l.,/)- 1 R-poro BhlIIOJIHeHo 

llRn(A,, A)ll.;;;;;M(A,-w)-n, n=1, 2, ... ; A>w, (1) 

rp;e (J) - THII IIOJiyrpyrrrrhl. 06paTHO, eCJill A - 3aMRHY
Thlll orrepaTOp c IIJIOTHOM B x o6JiaCTbIO orrpeAeJieHllH, AJIH 
pe30JihBeHTbl K-poro BblIIOJIHeHO (1), TO OH HBJIHeTCH rrpo-
113BOAHII\llM orrepaTOpoM HeK-pon rroJiyrpyrrrrhl T ( t) KJiac
ca C0 , rrpnqeM llT(t)ll~Mewl. YCJIOBHH (1) Bh!IIOJIHHIOTCH, 
eCJill 

II R (t.,, A) [I.;;;; (A,-w)- 1 

(y c JI o B n e X 11 JI JI e - M o c 11 A hI). EcJI11 rrp11 aTOM 
w=O, TO T(t) - c:HCamuu no;iyzpynna: llT(t)ll~1. 

c y M M II p ye M a H II 0 JI yr p y II II a - Ta, AJIH 
R-pon cpyHRI\Illl llT (t)xll cyMMHpyeMhl Ha JII06oM ROHeqHOM 
OTpe3Re rrpn acex x EX. CyMM11pyeMaH rroJiyrpyrrrra llMeeT 

rrpoH3BOAHIIJ;Hii: onepaTOp A =A0 • OrrepaTOp A 0 3aMRHYT 
Torp;a 11 TOJihRO TOr,!la, Rorp;a rrp11 Jiro6oM x E X 

lim + 11 T (s) xds=x. 
I-+ O Jo 

,JJ;JIH cyMMHpyeMoii: rroJiyrpyrrrrhl rrpn ReA>w orrpeAe
M~ rrpeo6pa3oaaHne JlarrJiaca 

~: e-'M T (t) x dt =- R (A,) x, (2) 

p;aroII.1,ee JillHeii:Hb!ii: orpaH11qeHHhlH orrepaTOp R (A), o6Jia
p;aIOII\HH MHOfllMH CBOMCTBaMH pe30JihBeHThl. 

,JJ;JIH Toro qTo6hl 3aMRHYThlH orrepaTop A c rrJIOTHoii: B X 
o6JiaCTbIO orrpeAeJieHllH 6bIJI rrpOH3BOAHII\IlM orrepaTopoM 
cyMMllpyeMOH IIOJiyrpyrrrrhl T (t), Heo6XO;rJ;HMO Iii AOCTaToq
HO, qTo6bI AJIH HeR-poro (J) cyII.1,eCTBOBaJia pe30JibBeHTa 
R (A, A) rrp11 Re A, >w H BhlIIOJIHHJIHCh ycJioa11H: a) llR (A, 
A )11..;;:M, Re A >w; 6) cyu~eCTBYIOT TaRHe HeoTpna;aTeJibHaH 
Iii HerrpepbIBHaH no COBORYIIHOCTH rrepeMeHHhlX cpyHRI\IlH 
<:p(t, x), t>O, xEX, II HeOTpna;aTeJihHaH cpyHKI\llH <:p(t), 
orpaHJilqeHrraH Ha Jiro6oM rrpoMe;RyTRe [a, b)c(O, oo), qTo 
rrp11 w1 >w 

\
00 e-"' 11 qi (t, x) dt < oo, 

,1 0 

lim t-1ln<:p(t) < oo, <:p(t, x).;;;;;qi(t)llx[I, 
t-+ao 

11Rn(A,, A)xlJ.;;;;; (n! 1)! ~ ~tn-le-'Mqi(f, x)dt. 

IIpII 3TOM 

llT (t)x!l<qi(t, x), JIT (t)l[.;;;;;cp(t). 

EcJIH µ;onoJm11TeJihHo noTpe6oaaTE., qTo6hl cpyHKI\HH 
llT (t) II 6h!Jia cyMMHpyeMon Ha Rorre•IHE.IX upoMemyTRax, 
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TO Heo6XOAllMO H AOCTaTO'IHO cym;eCTBOBaHne TaKOR Herrpe- ,l.l;JHI Toro 'IT06hl IVHI noJiyrpynnhl KJiacca Co rrpn HeK-poM 
pbIBHoii <jJyHKQHH <p (t), 'ITO npn w1 >w t0~0 <jJyHKQllll T (t)x 6h!JIH AH<jJ<jJepeHQHpyeMhl rrpll acex 

~: <p (t) e-w,t dt < cxi, 

II Rn (A., A)ll..;;;; 

x EX n t >t0 , Heo6xoAHMo n AOCTaTo'IHo cym;ecTBOBaHIIe Ta-
(3) KHX 'lll.CeJI a, b, c>O, 'ITO pe3oJibBeHTa R (A., A) orrpeµ;eJie

Ha B o6JiaCTH 

,,;;;;(n~ I)! ~:tn-le-Mqi(t)dt, A.>w, n=1, 2, ..• (4) 

Ilpn 3TOM llT(t)ll~qi(t). Bhl6npaH pa3JIH'IHhle <jJyHKQnn, 
YAOBJieTBopmom;ne (3), MOll\HO BbIAeJIHTb pa3JIH'IHbie lIOl\-
1rnaCCbI cyMMnpyeMhIX noJiyrpynrr. EcJin <p (t)=M ewt, 
TO noJiy'laeTCH KJiacc C0 n H3 (4) BhlTeKaeT (1). EcJin <p (t)= 
=.Mt-rxewt, O~a<1, TO H3 (4) noJiy'laeTCH ycJioane 

llRn(A.,A)~,,;;;; Mr(n-a) ,A.>w,n=1,2, ... 
(n - 1)! ('1. _ w)n-a 

Ilonyrpynna co CTeneHHLIMH oco6easocTHMH. EcJin 
B rrpeAhlAYm;eM rrpll.Mepe a~1, TO B (4) HHTerpaJihl npn n~ 
~a-1 pacxoAHTCH. B cooTBeTCTBHll c 3THM npon3BOAHm;ni\: 
onepaTop COOTBeTCTBYIOm;nx rroJiyrpyrrn MOll\eT He HMeTb 
pe30JibBeHTbl Hll npn KaKll.X A, T. e. HMeTb cneKTp, COBna
AaIOm;ni\: co BCeH KOMUJieKCHOll IIJIOCKOCTbIO. 0AHaKo AJIH 
TaKHX onepaTopoB, Ha'IHHaH c HeK-poro n, cym;eCTBYIOT 
<jJyHKQHH s n(A, A)' COBIIaAaIOm;He B npeAhlAym;nx CJiy'laHX 
c Rn+ 1(A., A). OnepaTop-<jiyHKQHH Sn(A, A) Ha3. p e-
3 0 JI b B e HT 0 ll I1 0 p H A K a n, eCJIH OHa a&aJIHTH'IHa 
B aeK-poii. o6JiacTn Ge C n rrpn A. E G 

Sn (A., A) Ax= ASn (A., A) x, xED (A), 

Sn (A., A) (A-Af)n+lx=x, xED (An+i), 

n H3 Toro, 'lTOSn(A.,A)x=O npnacexA.EG, cJieAyeT, 'ITO 
x=O. Ecnn D (An + 1)= X, TO orrepaTop MomeT nMeTI> eAllH
CTBeHHYIO pe30JihBeHTY IIOPHAKa n, AJIH K-poii HMeeTCH 
MaKCHMaJI1>HaH o6JiaCTb aHaJIHTH'IHOCTH, Ha3. p e 3 0 JI b
B e H T H hi M M H 0 )1\ e c T B 0 M 11 0 p H A K a n. 

IlycT1> AJIH CHJI1>Ho aenpephlBHOH noJiyrpynnhl T (t) 
BhllIOJIHHeTCH HepaBeHCTBO 

II T (t) /J,,;;;;; Mt-aewt 

npn a~1. Tor;i:w ee npon3BOAHm;nii onepaTOp B nMeeT 
pe30JI1>BeIITY nopH,rvrn n npn n >a-1, npn'IeM 

Sn (A., B) x = ...!..._ I"' tne-MT (t) x dt, Re A. > w, 
n! Jo 
~ dkSn (1'., B) x II,,;;::: 
11 d1.J1. ~ 

,,;;;;; n! (~~~~:~k++in-+~)-a, Re A> ro, k=O, 1, . . . (5) 

06paTIIo, nyCTh orrepaTop B nMeeT npn Re A.>O pe30JI1>
aerrTy Sn(A., B) nopH}l;Ka n, AJIH K-poii Bh!I10JIHeHo (5) npn 
n> a-1. TorAa cym;ecTayeT eAHHCTBeHHaH noJiyrpynrra 
T (t) c oQeHKoii 

II T (t) II..;;;; Mt-rxewt' 

AJIH npoH3BOAHm;ero onepaTOpa A K-poii S n(A., A)= 
=Sn(A., B). 

rnaAKaH nonyrpynna. Ecm1 xED (A 0), To <jJyHKQHH 
T (t)x HenpephlBHo .rvi<jJ<jJepeHQnpyeMa n 

dT (I) 
-d-t -x= A0T (t) x= T (t) A0x. 

Cym;ecTBYIOT noJiyrpynnhl KJiacca C0 , AJIH K-phlx npn 
x$.D (A 0 )=D (A) <jJyHKQHH T (t)x HeAn<jJ<jJepeHQHpyeMhl 
npn BCeX t. 0AHaKo AJIH Ball\Hh!X KJiaCCOB rroJiyrpynrr Ha-
6JIIOAaeTCH HBJieHne IIOBhlilleHHH nx rJiaAKOCTH c yBeJIH'le
HlleM t. EcJilf T (t)x, t >t0 , AH<jJ<jJepeHQHpyeMhl npn JI1060M 
x EX, TO H3 rroJiyrp ynnoaoro caoii:cTBa CJieAyeT, 'ITO T ( t)x 
ABalKAhl AH<jJ<jJepeIIQHpyeMa npn t >2to, TpHIBAhl - npll 
t>3t0 n T. A· Ilo3TOMY eCJIH T (t)x AH<jJ<jJepeHI~npyeMhl npn 
JII06h!x t>O n xEX,To T(t)x 6ecKoHe'IHO AH<jJ<jJepeHQnpy
eMhl. 

Re A.> a-binl ImA.I 

ll B 3TOH o6JiaCTll 

II Re (A., A) II..;;;; c I Im A. J. 
,Ll.JIH Toro 'IT06h1 T (t)x 6hlJIH 6ecK0He11Ho AH<jJ<jJepemwpye
MbIMH npn acex x EX ll t >0, Heo6xoµ;n:Mo H AOCTaTO'lHO, 
'IT06hl AJIH Kall\AOro b >O HamJIHCb TaKHe ab' Cb' lJTO pe-
30JihBeHTa R (A., a) orrpeAeJieHa rrpn 

H 
Re A.> ab-b In J Im A. J 

II R (A., A) /I..;;;; cb I Im A. I· 
,D;ocTaTo'lHhle ycnoanH: ecJin npn HeK-poM µ >ro 

Iim In I T 111 R (µ + iT, A) II= to < oo, 

TO T(t)xAn<jJ<jJepeHQHpyeMhinpnt>t0 n xEX, ecJIJil t0=0, 
TO T (t)x 6eCKOHe1IHO AH<jJ<jJepeHQHpyeMhl rrpH BceX t>O 
H xEX. 

l1HOrAa 0 rJiaAKOCTH noJiyrpynrrbl MOll\HO CYAHTb no ee 
IlOBBl\BHHIO B HyJie; Hanp.' eCJIH AJIH Kall\J];oro c >O cym;ecT
ayeT TaKoe be, 'ITO npn: O<t<bc 

ll /-T (t) I/..;;;; 2-ct In t- 1 , 

TO T (t)x 6ecKoHe'IHO All<jJ<jJepeHI~HpyeMhl npn acex t>O, 
xEX. 

l1MeIOTCH yCJIOBHH rJiaAKOCTll cyMMHpyeMh!X rroJiyrpynrr 
n: noJiyrpynrr CTerreHHoro pocTa. EcJin noJiyrpynna CTe
rreHHoro pocTa a 6ecKoHe'IHO AH<jJ<jJepeHQnpyeMa npia t>O, 
TO <jJyHKQHH 

dT (I) x=AT (t) x 
dt 

'laCTO TaK)f{e HMBCT CTeIIeHHOH pocT: 

11 AT (t) //,,;;;; M 1t-i3ewt. 

MeIBAY 'llICJiaMH a H ~ B o6m;eM CJiy11ae HeT ll\eCTKOii CBH3ll, 
H 'lllCJIO ~ MOll\eT CJiyll\HTh AJIH 6oJiee A0TaJibHOH KJiaCCH
<jJHKaQllll 6ecKoHe'IHO AH<jJ<jJepeHQHpyeMh!X nonyrpynn 
CTeneHHoro pocTa. 

A.HaJIHTH11ecKaJ1 nonyrpynna. BamHhlii: KJiacc nonyrpyn
Hhl, CBH3aHIIhlll c ypaBHeHllHMH c 11aCTHbIMH rrpoll.3BOl\HhIMH 
napa6oJIH'l. Tlma, COCTOHT ll.3 noJiyrpyrrn T (t), AOIIYCKaIO
m;nx aHaJIHTH'l. npOAOJill\eHne B HeK-phlH CeKTOp KOMllJieKC
HOH IlJIOCKOCTH, COAepmam;nll: IIOJIOll\HTeJihHYIO IIOJIYOCb. 
/];JIH Toro 'IT06hl rronyrpyrrrra KJiacca C0 o6JiaAaJia 3THM 
CBOHCTBOM, Heo6XOAHMO ll AOCTaTO'lHO, 1JT06hl B H01(-poil: 
rrpaao:ii rronyrrnocKoCTH Re A. >w p;JIH pe30JihBeHThl BhIIIOJI
HHJIOCh HepaBeHCTBO 

II Re (A., A) [I,,;;;; MI A.-w 1- 1 • 

TaKme Heo6xoAHMo n: AOCTaTO'lHo, 11To6b1 rroJiyrpynna 
6wJia CHJihHO All<jJ<jJepeHQRpyeMo:ii H 'ITo6bl p;JIH ee rrpOH3-
aop;Ho:ii HMeJiaCh oQeHKa 

II ~; II,,;;;; Mt-leWt. 

HaKoHeQ, H3 HepaaeHCTBa 

lim 111 -T (t) 11 < 2 
1-0 

TaKIBe CJieAyeT aHaJIHTH'lHOCTh T (t). 
Ecm1 noJiyrpyrrrra T (t) AOIIYCKaeT aHaJIHTH'l. upoµ;oJI

meane T (z) a ceKTop larg zl «p~n/2 H nMeeT CTeneuuoll: 
poCT B HyJie, llT(z)ll~clzla, a>O, TO pe30JihBeHTa Sn(A., A) 
nopHp;Ka n >a-1 ee rrpoH3BOp;Hm;ero onepaTopa A AOJiy-
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CK80T aHaJlHTH'I. IIPOAOJllReHHe B ceKTOp larg A.I <:rtl2+c:p 
H B mo6oM ceKTope larg A.l<:rt/2+\jl, ¢<c:p, p,orrycKaeT 
OIJ,eHKy 

11 Sn (A., A) II.;;;; I A 1a-n-1 M (tjl). 

06paTHO, rrycTh pe30JlbBeHTa Sn(A, B) orrepaTopa B onpe
p,eJieHa B ceKTope larg A.I <:rt/2+'¢ n crrpaBeAJlIIBo Hepa
aeHCTBO 

II Sn (A., B)ll.-;;;; A,a-n-1 M. 

Torp,a cymecTByeT anaJIHTHqecKaH B ceKTope I arg zl <'¢ 
nonyrpynna T (z) pocTa ct, AJIH rrpoH3BOAHmero orrepaTOpa 
A K-poii: Sn(A., A)=Sn(I.., B). 

Ilm1yrpynna-pacnpeAeJieHBe. B cooTBeTCTBHII c o6rn;e:ii: 
KOHIJ,em~Heii TeOpIIH pacrrpeAeJleHllH (o606UfellllbiX rfiynK
lfUU) MOlKHO OTKa3aTbCH OT TOro, qTo6bI orrepaTop-iJ>yHKIJ,HH 
T (t) 6h1Jla orrpeAeJiena rrpH KalRAOM t >O, a rrOTpe6oaaTb 

JillIIIb BhlqllCJlllMOCTb IIHTerpanoa ~ :: T (t)c:p (t)dt AJIH acex 

c:p H3 npocTpa&cTBa D (IR) acex iJ>nnHTHbIX 6ecKoneqHo Ailii>
ii>epenI1,11pyeMb1x ii>YHKIJ,llH. TorAa B03HHKaeT orrpeAeJleHne: 
Il 0 JI y r p y II II 0 H - p a c II p e A e Jl e H II e M B 6a
HaXOBOM rrpocTpaHCTBe x Ha3. JIHHeil.Hoe nerrpephlBHOe 
OTo6pame&tte T (c:p) npocTpancTaa D (IR) B rrpocTpaHCTBO 
L (X) acex JIHHeHHhlX orpaHnqe&HbIX orrepaTopoa a X, 
o6JiaAaIOmee CBOMCTBaMll a) T (c:p)=O, eCJlll supp c:pc:: 
c:(-oo, O); 6) AJIH c:p, tjJ ll3 npocTpaHCTBa D+(IR), coCTOH
mero 113 BCeX ii>YHKIJ,HH H3 D (IR) c HOCHTeJlHMll B (0, 00 ), 

T(c:p*\jl)=T(c:p)T(tjl), rAe caepTKa 

c:p *'I'=~="' c:p (t-s) tjJ (s) ds 

(rroJiyrpyrrrroaoe CBOHCTBo); B) eCJlH T (c:p)x=O AJlH BCeX 
cpED+(IR), TO x=O; r) JIHHe:iiHaH o6oJioqKa o6'b0AHHeHHH 
scex aaa11enn:ii T(cp)x, c:pED+(IR), xEX, IIJlOTHa B X; 
A) AJlH JlI06oro y=T(\jl)x ctjJED+(IR) cymecTByeT TaKaH 
aenpephlBHaH Ha (0, 00) ii>YHKIJ,HH u (t) co 3HaqeHHHMH B x, 
qTo u (O)=y n 

T (c:p) y = ~: c:p (t) u (t) dt 

AJlH acex cpED (IR). 
HniJ>nHHTe3HMaBbHhl:ii orrepaTop A 0 

IIOJlyrpynrrhl-pacrrpeAeJieHHH orrpeAeJIHeTCH TaK: eCJill cy
meCTByeT AeJlbTa-rrocJieAOBaTeJlbHOCTb {pn }C::D +(IR) Ta
KaH, qTo T (pn)x-+ x H T (-p~)x-+ y npn n-+ oo, TO 

xED (A 0 ) n y=A 0x. HHii>HHHTe3HMaJlbHbIH orrepaTop AOIIy

CKReT 38>.l:btKaHHe A=Ao, K-poe Ha3 II p 0 H 3 B 0 AR
m H M 0 II e p a T 0 p 0 M II 0 Jl y r p y II II hi - p a e-
rr p e A e Jl e H H H. MHomeCTBO n ;~1D (A~) IIJlOTHO B x 
n: coAep>KHT T(cp)X rrpH JII06o:ii c:pED+(IR). 

3aMKHYThlii: JlJIHeHHhlH orrepaTop A c IIJlOTHO:ii B X 06-
JiaCTbIO orrpep,eJieHIIH HBJIHeTCH rrpOH31lOAHIIl,IIM orrepaTO
pOM noJiyrpyrrrrhl-pacrrpeAeJleH11H TOrAa H TOJlbKO TOrAa, 
Kor11.a HaHAYTCH qucJia a, b~O, c >O H H8TypaJibHOe m 
TRKHe, qTo rrpn. Re A.~a In (t+IA.l)+b cyrn;ecTayeT pe-
30JlhBeHTa R (I., A) n. BbIIIOJIHeHo nepaaeHcTBo 

(6) 

EcJIH A - 38MKHYTbIH JIHHeHHbIH orrepaTOp B X, TO 

MHOlRCCTBO n;~1D (An) MOJKHO rrpeapaTHTh B IIpOCTpaHCT
BO ((> perne x 00, BBe[\H B HeM CHCTeMy HOpM 

II x II,,= ~;=o llAkrll· 

Cymean.e A oo orrepaTopa A na X oo ocTaBJIHeT X 00 n.HaapH
aHTHhlM. Ec1rn A - rrpo113BO[IHrn;n:il: orrepaTop rroJiyrpyrr
rrhl-pacrrpeAeJieH11H, TO A"" - npoHaBOAHrn;11n orrepaTop 
nonyrpyrrnhl KJlacca C0 (HerrpephlBHbIH rrpn. t)?-0, T (O)=l) 
B npocTpaHCTBe x 00. 06paTHO, eCJIII x 00 IIJIOTHO B x' one
paTop A HMeeT HerrycToe pe30JlbBeHTHOe MHomecTBO H HB
JIHCTCH rrpOH3BOAHill;HM orrepaTopoM IlOJlyrpyrrrrhl KJiacca 
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C0 B X oo, TO A - rrpo11aao,a;im~Hii: orrepaTOp noJiyrpyrrIIhl
pacrrpeAeJieHllH B X. 

IloJiyrpyrrrra-pacrrpeAeJleHn.e HMeeT aKCrroHeH1~11aJibHbiil 
IIOPHAOK pocTa He BhlIIIe q,1-<:q<oo, eCJlH rrpH HeK-pOM 
w>O oTo6pameHJrn exp(-wN)T(cp) HerrpepbIBHO B Torro
Jior11n, HHAYil,HpoaaHHoii Ha D + npocTpaHCTBOM S (IR) 6bl
CTpo y6waarom;11x iJ>ymn~11iI. ,AJIH Toro qT06bl 3aMKHYThlii 
JlllHeHHhlH orrepaTOp 6b!JI rrpo113BOAHlll;HM orrepaTopoM Ta
Koii: rroJiyrpyrrrrw-pacrrpeAeJleHHH, Heo6xop,n.Mo 11 AOCTa
Toqno, qTo6bl oH HMeJl peaoJibBeHTY R (I., A), AJIH K-poii: 
Bb!IIOJIHeHO (6) B o6JiaCTll 

{A.: Re A.;::: [ctln (1 +I Im A. l+~))t-•/q, Re A.> w}, 

rAe a, ~ >O. B qacTHOCTH, eCJlll q= 1, TO rroJiyrpyrrIIa Ha3. 
a K c II 0 H e H II, H a JI b H 0 i'I II HepaaeHCTBO (6) Bb!IIOJl
HHCTCH B HeK-po:ii: IIOJIYIIJlOCKOCTH. HMeeTCH xapaKTep11-
CTHKa IIOJlyrpyrrrr yKa3aHHb!X THIIOB B TepM1IH8X CBOHCTB 
orrepaTopa A 00 • ,AJIH rroJiyrpynrrhl-pacrrpep,eJieH11:il: :irnyqeHhl 
BOIIpOCbl rJiaP,KOCTll II anaJlllTHqHoCTll. 

IloJiyrpynna oneparopoB B (OTACJIHMOM) JIOKRJibHO Bbl
rryKJIOM npocrpancree X. Orrpe,a;eJieHliHl CllJihHO aerrpe
pbrnHo:il: rroJiyrpyrrrrhI nerrpepbIBHbIX B X orrepaTOpOB T (t) 
OCTaeTCH TaKHM me, KaK II B 6anaXOBOM rrpoCTp8HCTBe. 
AnaJior11qHo KJiacc C0 BhlAeJIHeTCll caoil:CTBOM T (t)x-+ x 
np11 t-+0 11 JII06oM x EX. IloJiyrpyrrrra na3. Jl o K a Jl b
H 0 a K B II H e II p e p hi B H 0 :il: (rrp11H8AJie;KllT KJlaccy 
ZC0 ), ecJin ceMeitcTBO orrepaTopoa T (t) paBHOCTerreHHO 
Henpepb!BHO, KOrAa t rrpo6eraeT JIIOOOH KOHeqHhlll rrpoMe
lKYTOK 113 (0, oo). B 6oqeqHoM rrpocTpaHCTBe rroJiyrpyrrrra 
KJiacca C0 acerAa JlOKRJibHO aKmrnerrpephlBHa. 

IloJiyrpyrrrra Ha3. a K B H H e rr p e phi B H o il: (rrpH
HaAJielKHT KJiaccy uC0 ), ecJIH ceMeHCTBO T(t), O<t<oo, 
paBHOCTerreHHO Herrpepb!BHO. 

HHiJ>11nnTe3HMaJlbHbIH n rrpoH3BOAHlll;llH orrepaTopw rro
Jiyrpyrrnhl orrpeAeJlHIOTCH T8K me, KaK II B 6anaXOBOM 
cJiyqae. 

B AaJibHeiirneM rrpeAIIOJlaraercH, qTo rrpocTpaHCTBO X 
ceKBeHI~ll8JlbHO IIOJlHO. ,AJIH IIOJlyrpyrrrr KJiacca lCo rrpoH3-
BOAHIIJ,HH orrepaTop A coBna,a;aer c nniJ>11nn.Te311MaJibHhlM, 
ero o6JiaCTb orrpeAeJleHHH D (A) IIJIOTHa B X II, 6oJiee 

Toro, IIJlOTHO B X MHOlR0CTBO n ,';'~1D (An). IloJiyrpyrrrra 
T (t) ocTaBJIHeT D (A) 11naap11anTno:il: 11 

dT 
li"tx=AT(t)x=T(t)Ax, 0.-;;;;t < oo, xED(A). 

EcJI11 A - rrpo113BOAHlll;HM orrepaTop rroJiyrpyrrrrhl .irnac
ca uC0 , TO rrpH Re A. >O orrpeAeJieHa pe30JlbBeHTa R (A., A) 
II OHa HBJIHeTCH rrpeo6paaoaaHHeM JlarrJiaca OT TIOJly
rpyrrrrhl. 

Jlnae:iiHbIH orrepaTop A HBJIHeTCH rrpon3BOAHlll;HM onepa
TOpoM IIOJlyrpyrrrrhl KJiacca uCo TOrAa II TOJ!bKO TOrAa, 
Kor,a;a OH 3aMKHYT, HMeeT IIJlOTHYIO B x o6JlaCTb orrpeAe
JleHllH H cymeCTBYeT TaKaH IIOCJ!eAOBaTeJlbHOCTb IIOJIO
lKllTeJibHhlX qJiceJI l..k -+ oo, qTo AJIH JII06oro A.k orrpeAeJie
Ha pe3oJibBeHTa R (A.k, A) 11 ceMeHCTBO orrepaTopoa 
[f,,.R (Ak, A)]n, k, n=i, 2, ... , paBHOCTerreHHo Henpepwa
HO. Ilp11 aroM rroJiyrpyrrrra MoJKeT 6b!Th rrocTpoeHa no iJ>op
MyJie 

T (t) x= Jim (exp [-A,k-A~ R (l.,k, A)] t) x, 
k-+"' 

t;:::O, xEX. 

B nenopMHpyeMoM JioKaJibHO BbIIIYKJIOM rrpocTpaHcTae 
rrpOH3BOAHIIl,HH orrepaTop IIOJI yrpyIIIIbl KJlacca lCo MoJKeT 

" n d He HMeTb pe30JlbBeHTbl HH B OP,HOll ToqKe. pHMep: A= ds 

B rrpocTpaHCTBe C 00 6ecKoHeqno AHii>iJ>epeHI!,HpyeMbIX ii>YHK
~HH OT s Ha IR B KaqecTBe orrepaTopa, 3aMeHHIOmero pe-
30JihBeHTy, MOlReT 6h1Tb B3HT aenpepb!BHhlll onepaTop, yM
HOlReHHe K-poro Ha onepaTop A -I.,/ crrpaaa H cJieaa «Ma
Jio» OTJIHqaeTcH OT ep,HHHqnoro onepaTopa 
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HerrpephIBHn1ii orrepnop R (A), onpep:eJieHH&1ii. AJIR A 
H3 MHOil\eCTBa Ac IC' Ha3 a c H M n T 0 T H q e c I\ 0 ii. 
p e s o JI b B e H T o ii JIHHeiieoro onepaTopa A, ecJin 
orrepaTop AR (A) ttenpepi,rneH B X, orrepaTOp R (A\A p:orry
cRaeT pacumpettne c D (A) 11,0 eenpepbIBBoro orrepaTopa 
B (A) B X H cyn~ecTayer Tal\aH npeAeJibHalI Toq1rn Ao MHO
mecraa i\, qTo n+(A)x-+ 0, n-(A)x-+ 0 rrpH A-+ Ao 11,JIR 

mo6oro x H3 X, rAe 

H+ (A)=(A-Al) R (A)-1, H- (A)=B (A)-/.,R (A)-/. 

AcnMIITOTllq. peaoJibBeHTa o6JiaAaeT PHAOM caoii.cre, 6mrn
KHX I\ CBOHCTBaM o6blqHoii. pe30JibBCHTbl. 

)].JIR Toro qTo6bl aaMRHYTbIII JIHHeiiHn1ii: orrepaTop A 
c IIJIOTHOH B x o6JiaCTbID orrpep;eJieHlrn 6bIJI IIIJOlf3BOAHIIJ,lIM 
onepaTopoM noJiyrpynrrw RJiacca lC0 , tteo6xop;nMo n 110-
craToqeo, qTo6bI cyIU,ecTBOBaJin Ta1me qncJia w n a> 0, 
qTo rrpn A >w orrpeJ!,eJieHa acnMITTOTHq. pe3oJihB0HTa R (A) 
orreparopa A, o6Jiap;arouwII csoiicTBa~rn: iJ>ymu~nn R (A), 
fl+ (A), 9- (A) CH.Jlb!IO 6eCROHeqeo fl:HiJ>iJ>epeIII~llpye\lbI npn 
"->w, ceMeii:cTBa orrepaTopos 

a7'. dnH± (71.) 71.n+1 dnR (71.) 
e d7',n ·~~,A>W,n=0,1, 

paBHOCTerreHIIO Herrpeph!BHbI. 
TeopeMhl rropom11;eHHR noJiyqeHhI n )lJIH Apyrnx RJiaccoa 

Il. O. B JIORaJibHO BblilYKJIOM npocTp8HCTBe. 
Conpm«eHHBll nOJ1yrpynna. Ecmi T (t) - noJiyrpyrrna 

KJiacca Co B 6aHaXOBOM npocrpaHCTBe x, TO COJipll1R0HHbie 
OII0pBTOpbI 00p83YIOT IIOJiytpynnhl orpaHH'l0HHbIX Onepa
TOpOB B conpRmeHHOM npocTpaHCTB0 X'. Op:Halrn COOTHO
memrn T' (t)f-+ f npn t-+ 0 n Jiro6oM f ~ X' BhIIIOJIHReTcH 
JIHWb B CMbICJie cJia6oii: TonoJior11H a (X , X). EcJin A -
nponaao,11,RIIJ,HM onepaTop, To coupmReHIIhIH onepaTop A' 
6yp;eT CJJa6bIM IIpOHSBOAHIIJ,HM orrepaTOpOM T' (t) B TOM 
CMh!CJl0, qTQ D (A') COCTOllT ll3 BCCX TeX f, AJIH K-yh!X cyIU,e
CTByeT B CMbICJl0 CJia6oii CXOAHMOCTH npeAeJJ t- 1 T'(t)-/]f 
rrpu t-+ 0, paBHhIH A' f. 06JiaCTh onpe,l'l;eJieHHH D (A') 
nnoTHa B X' B CMb!CJie cJJa6oii: TorroJiornlf, u orrepaTop A' 
aaMKHYT B 3TOM TOIIOJIOrnn. 

fI YCTb X + - COBOKYITHOCTb TeX 3Ji0M0HTOB HB X', 
AJIR K-pbIX T'(f)-+ f np11 t-+ 0 B CHJibHOM CMhlCJJe, Torp;a 
X + - aaMKHYTOe noAnpocrpattcTBO X', HHBap11aHTIIOe 
OTHOCllTSJJbHO acex T' (t). B X + orrepaTOpbl T (t) o6paayroT 
IIOJJyrpynnhl KJJacca Co. IlpocrpaHCTBO x + MOil\eT 6b!TL 
noJiyqeeo KaK CHJILHOe 38MhIKBHHe a X' MHomecTBa 
D (A'). EcJJn HCXOAHoe rrpocTpancTBo peiJ>JieKCHBHo, TO 
X + = X'. )].JJR noJJyrpynn KJiacca C0 a JIOK8JJhHO DhlnyK
JiblX npocTpaIICTBaX cnpaDeAJIHBbl aIIaJJOrll'lHble cl>aKThl. 
lloJiyrpyrrnbl KJJaccoa lC0 H uC0 nopomAaroT nonyrpynn&1 
TaKHX me KJiaCCOB B npocTpaHCTBe x +. 

IIOJ1yrpynna·pacnpeAeJieHue B (o't;:(e.11HMOM) JI0Ka.11hHO 
Bhln~KJIOM npocTpaucTse. IloJiyrpynna-pacnpeA0Jl0HHe 
T (cp) a ceKDeH{\naJihtto nonHoM JIOK8JibHO a&myKJIOM npo
cTpaecTae onpe1wm1ercR T8K me, KaK Ha 6auaxoaoM npocT
paHCTDe. IloJiyrpynna T (cp) H83. JI 0 K a JI b H 0 a K B H
R e II p e p bl B H 0 H (KJiacca lD'), 0CJIH AJill mo6oro KOM
naKTa K cD (IR) ceMeil:crno onepaTopoa { T (cp) }, 1p EK, 
paaaocreneIIao aenpep&rnHo. B 6oqeqeoM npocTpaHCTBe X 
acHKaR noJiyrpynna-pacnpe11:eJieHne npHIIap;nemuT Knaccy 
lD'. AIIaJiornqeo cnyqaro 6aaaxoaa rrpocTpancraa onpeAe
JilleTCH 11uiJ>11HHT03HMBJJbHbIH one pa Top A 0 noJiyrpynnbl
pac11pe,a:eJJeHHH. J~JIH noJiyrpyrrn KJiacca lD' oH aaMKHYT 
(Ao= A), n ;_1D (A") IIJIOTHO B x, npH JJI06bIX x Ex II 
cp ED (IR) BhlIIOJIHOHO 

T(cp)xED(A), T'(cp)x=AT(cp)x+cp(O)x, \ 
T'(ep)x=T(cp)Ax+cp(O)x, xED(A) f (7) 

06oo~e1rnym ilJymrn,mo T c HOCHTeJJeM Ha [O, co), 06Jia
Aa10IU,yro CBOHCTBBMH (7), ecreCTB011HO Ha3!1aTh qi y ll ,[\a
M e HT 8 JI h HOR ¢yaxr:p1e1l: onepaTopa 

: 1 -A. TaKHM o6paaoM, ecnu A - 11poH3B<¥VlIUHH one-

15* 

pa Top IIOJJyrpynrrhl T RJiacca lD', TO T HBJilleTCH iJ>yep;a-
d 

MeHT8JibHoi'1 iJ>yemwei'r onepaTopa d't-A. 06paTHOe yT-

aepm,11,ettne I!epHo npll p:OIIOJIHHTeJibliblX npeAIIOJIOil\eHIIHX 
OTHOCHTeJibHO IIOPHARa CHHryJIHpHOCTH ii>YHA8M0HTaJibHOH 
ii>YHKUllll T (Toqeee, iJ>yHKil,llH f(T(cp)x), rAe JEX'). 

)].JIR xapaKTepnaarvrn rroJiyrpyrrrrhl B JIOK8JibHo BhlnyR
JJOM npOCTp8HCTBe IIOJl03Hb!M llBJIHeTCH IlOHHTHe 0 6 0 6-

lll, e H Ho ii p es o JI " Be HT bl. qepea ~ ot5oaeaqaeTc11 
o6paa iJ>yem~HH cp ED (IR.) npll rrpeo6paaoaannn Jlarrnaca, 

B npocTpancrae 15 (IR) acex o6pa30B BBOAHTCH TOIIOJIOfllH, 
HHAYUHpyeMall npeo6paaoaaBHeM Jlannaca H3 TOIIOJIOTHH 
D (IR). Ilpeo6paaoaaIIne JlarrJiaca X-aaa'IHOii: o6o6rueeeoii: 

ii>YHKUHH F onpeA0JIH0TCll paaeHCTBOM F (cp)=F(rp). IlpH 
aTOM ff HBJIHeTCH HenpepbIBHb!M oro6pameHH0M 113 fj (JR) 
a npocTpaecrae L (X) JJHHSMBbIX HenpephIBHhIX onepaTo
poa H8 x. IlyCTb fj~ - npocTp8HCTBO DC0X ff, IIOJiy'leB
HbIX 113 F c HOCHTeJieM Ha (0, co), c ecreCTDeHROH TOilOJIO
r11eii. ECJIH A - JllIHCHHbIH onepaTop B x, TO ero MOlf\HO 

«noAHHTh» AO onepaTopa AB rrpocTpaucTae D: c rroMOIUhIO 
paaeucTaa 

(AF) <<Pl=A (F (~))=AF (qi). 

TaKHM o6paaoM, oa onpeAeJJeB ua Tex FE fj ~, AJIH K-phlx 
rrpaeaR qaCTh onpe.o;eneea npH Jiro6oii. rp ED (R) 11 upOAOJI-

maeT o6o6IU,eunyro iJ>ynKUHIO Ha D ~. Ha fJ ~ orrpeAeJIR01·
cR HenpepbIBHblH onepaTOp x paaeHCTBOM 

(~F) (~)= /,} (~) =F' (cp)=-F (cp'). 

EcJm onepaTOp A -1 HMeer uenpephIDHbltt o6paTHblii. R aa 
D ~ , To R II a a. o 6 o 6 Ill, e H n o ii. p e a o JI h D e H T o i'r 
onepaTopa A. 

OnepaTop A nMeeT 0606IU,eueyro peaoJibDeBTy TOr/J,a 
d 

u TOJJhl\O TorAa, KOrAa y onepaTopa dt -A cyruecTayer 

JIORBJILHO 3KBIIB0Ilpepb!BH8.II cl>YHA8MeHT8JlbH8fl ii>YBKUHH 
T, K-paR cTponTCH no iJ>opMyJie: 

T(cp)x=(R(1@x)) (<P'), cpED(IR), xEX, 
fll,C 

(1 Q9 x) (~) = (6 Q9 x) cp =cp (0) x. 

Ilpu AOllOJIHHTeJibHhIX ycJIOBHHX T 6yf);eT noJiyrpynnoii
pacupe):(eJieHHeM. B repMHHax o6o6rueeuoii. peaoJibDeHTbl 
nonyqeea raKme TeopeMa nopomAeHHH IT. o. KJiacca lC0• 

CM. TBKil\0 /loJtyapynna nMuneii,11,bl,X onepamopo6. 
Jlum.: [1] x H JI JI e s., <l> H JI JI H ll c P., <J>yHHllHOHllJlbHhlH 

aHaJIH3 H OOJ1yrpynn1>1, nep. e aHrJJ., 2 H3):l., M., 1962; [2] By By-
H H HRH K>. M., B HH.: Teop11R onepaTOPOB B ll>YHlll:IHOH3JJbHhlX 
npocTpaHCTBax, Hoeocut'I., 1977, c. 99-120; [3] 3 a (i p e If Ro 
TI. n., 3 a ill If e B c I{ If ii A. B., «].{OKJI. AH CCCP», 1969, 
T. 189, M 5, c. 934-37; [4] 3 a ljl If e B c K If A A. B. «Tp. Ma
TCM. ljl-Ta BopoHC>i<. yH-Ta», 1~70, B. 1, c. 206-10; [5j M 0 c H
n a R., <l>yHKUHOHBJJbHhltt aHaJIH3, nep. c aHrJI., M., 1967; [6] 
.K p e ii H C. r., JlHHeilH1>1e µ;HijiijiepettunaJ1bHl>Je ypaaHeHl!R B 6a
ttaxo110M npOCTP3HCTBe, M., 1967; [7] c If JI b 'I e HK 0 K>. T., 
«,!l;mjHj>epeH11. ypaBHCHIHI», 1979, T. 15, .Ni 2, c. 363-66; [8] ch a
z a rain J. uJ. Funct. Analys.», 1971, v. 7, .Ni 3, p. 386-446; 
[9] G i or an es cu J., «J. Math. Analys. and Appl.», 1971, 
v. 34. p. 34-41; [10] e e >1< e, «Rev. roum. math. pures et 
appl.», 1977, v. 22, M 8, p. 1053-68; [J 1] K ;do T., «Proc. 
Amer. Math. Soc.», 1970, v. 25, ;N; 3, p. 495-98, l12] Lions J., 
«Portugal. Math», 1960, v. 19, p. 141-64; [13] Paz y A., 
«J. Math. Mech.», 1968, v. 17, M 12, p. 1131-U; [14] er o me, 
«Proc. Amer. Math. Soc.», 1971, v. 30, M 1, p. 147-50; [15] 
U sh i J i ma T., «Sci. Papers College Gen. Edie. Univ. To
kyo», 1971, v. 21, p. 93-122; [16] er o >1< e, «J. Fae. Sci. Univ. 
Tokyo. Sect. IA», 1972, v. 19, .No 1, p. 65-127; [17] W i Id C., 
•C. r. Acad. sci.>>, 1977, t. A 285, p. 437-40. 

Kl. M. Byaynuium, C. I'. Hpeuu. 
IIOJIYrPYIIIIA C YCJIOBHEM KOHEqHOCTH -

IIOJiyrpynna, o6JI8AaIOIU,8ll HeK-pbIM CBOHCTBOM 0 T8KIUI, 
qTo DCHK8H KOH0qHaR noJiyrpynna o6Jiap;aer 3THM CBOHCT
BOM (T8K00 CBORCTBO 0 H83. y C JI 0 B H e M K O B 0 q H o-
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c T n). B oIIpep;eJieHnn caoii:cTaa 8 MoryT iJ>nrypnpoaaTb op;HoCTopoHHnx KoHrpy:rn~nii:. RoMMYTaTHaHaH IIoJIY· 
3JleMeHTbl IIOJlyrpyIIIIbl, ee IIOAIIOJlyrpyIIIIbl Iii T. II. rpyIIIIa y,u;oaJleTaopHeT YCJlOlrnlO MHHHMaJlbHOCTH (MaKCH-

11 pnMepbl ycJioanii KOHeqHOCTH: IIepnop;nqHOCTb (CM. MaJlbHOCTH) ):IJlH KOHrpyaHJ:i;n:ii TOr,u;a Iii TOJlbKO Tor,u;a, Kor,u;a 
Jlepuo&u11ecnan no.1tyzpynna), JloKaJlbHaH KoHeqHoCTb (CM. oHa HMeeT rJiaaHbl:ii PHA n y,u;oaJieTBopHeT ycJioanro MHHH-
Jlona.1tblto none111tan n0.1tyzpynna), iJ>nRHTHaH aIIIIpoKCHMH- MaJlbHOCTH AJIH IIo,u;rpyIIII [7] (KoHeqHo IIOpomi:1eHa). 
pyeMOCTh (CM. <Punumno annponcuMupyeMa.H, no.1tyzpynna), Jium.: [1) H JI II Qi Qi op II A., II Pe c To H I'., AJire6pa1I-
KoHeqHaH IIOpom):leHHOCTb, KOHeqJilaH OIIpep;eJieHHOCTb. qec1<a1I TeOplilI IIOJiyrpyrrrr, rrep. c aHrJI., T. 2, M., 1972; [2) III e B-

P II H JI. H.~ «M3B. AH CCCP. Cep. MaTeM.», 1965, T. 29, M 3, 
MccJie/waaHHH KoHeqHo oIIpep;eJieHHblX IIoJiyrpyrrII a aHa- c. 553-66; L3l er o me, «MaTeM. aaMeTKII», 1974, T. 15, M 6, 
qnTBJlbHO:ii CTeIIeHH aep;yTCH c TOqKH 3peH1rn aJiropHTMHq. c. 925-35; [4) er 0 me, «MaB. BY3oB. MaTeM.», 1974, M 5, 
IIpo6JieM. Han6oJiee H3aeCTHoe ycJioane, IIpH K-poM KoHeq- c. 205-15; [5) E Pm o s a T. M., TaM me, 1977, M 11, c. 7-11.; 

[6) Hotze I E., «J. Algebra», 1979, v. 60, M 2, p. 352-70; 
HaH IIopomp;eHHOCTb IIoJiyrpYIIIIbl aJieqeT ee KoHeqHyro OII- [7) Ko z h u k ho v I. B., «Semigroup Forum», 1980, v. 21, 
pe;o;eJieHHOCTb,- KOMMyTaTnaHOCTb (Te 0 p e Ma p e- No 4, p. 337-50; [8) past i j n F., TaM me, 1977, v. H, M 3, 
A en). BCHKaH C'lBTHaH IIOJlyrpyIIrra aJiomnMa a IIOJlY- p. 21•7-61.. JI. H. llie•puit. 
rpyIIIIY c ;D;BYMH IIopom,u;arorri;nMn, a TaKme a IIoJiyrpyrrrry IIOJIYrPYIIIIOBAH AJirEBPA - anre6pa cD (S) 
c TpeMH np;eMIIOTeHTHblMH IIOpom,u;arorri;nMH (8]. Hap; IIOJleM cD, o6Jiap;arorri;aH 6a3HCOM s, HaJlHIOrri;HMCR 

QeJih!ii pH;D; ycJioani KOHB'lHOCTH iJ>opMyJiiapyeTCH a Tep- op;HoapeMeHHo n MYJlhTHIIJlHKaTnaHoii IIOJiyrpyIIIIoii:. B qa-
MHHax peIIIBTKB IIOAIIOJlyrpyIIII (HaIIp., yCJlOBHe MHHH- CTHOCTH, eCJlH 6a3HC s HaJlHeTCH rpyIIrroii, IIOJlyqaeTCH 
MaJlbHOCTH AJIH IIOAIIOJiyrpyIIII). IloJiyrpyIIIIa s Tor,u;a n zpynno1Jan a.1tee6pa. ECJIH IIOJiyrpyIIIIa S co,u;epmnT HYJlh, 
TOJlbKO TOr;o;a yp;oaJleTaopHeT YCJlOaHIO MHHHMaJlbHOCTH TO OH o6brqHO OTomp;eCTaJlHeTCH c HyJleM aJire6pbl <D (S). 
AJIH IIop;IIoJiyrpyIIII, Korp;a S IIepnop;nqecKaH, nMeeT JlHIIIh 3ap;aqa om1caHHH acex JlHHeHHblX rrpe11;cTaaJleHnii: rroJiy-
KoHeqeoe qucJlo KJlaCcoa KpyqeHHH, a Kamp;oM KJlacce rpyrrrrhI s Hap; IIOJleM ((> paaHOCHJlbHa 3ap;aqe OIIHCaHHH 
KpyqeHHH Ke Han6oJlbIIIaH IIop;rpyrrIIa Ge yp;oaJieTaopHeT acex rrpep;cTaaJieHn:ii aJire6pbl ((> (S). 3HaqeHne II. a. )l;JlH 
ycJioaRIO MHHHMaJibHOCTH ;D;JlH JIOArpyIIII, a pa3HOCTb Ke"' Ge Teopnn IIOJlyrpyIIII COCTOHT a ao3MOmHOCTH IIpHMeHeHHH 
KoHeqHa (2]. AHaJioriaqHoe CTpoeHne nMeroT IIoJiyrpyIIIIbl 6oJiee 6oraTOro arrrrapaTa Teopnn aJire6p AJIH n3yqeHHH 
KoHeqHoro paHra (KoHeqHoCTb paHra 03HaqaeT, qTo MHHH- JlHHe:ii:HblX IIpep;cTaaJieHn:ii rroJiyrpyIIII. IlpnMep TaKoro 
MaJlbHoe 'lHCJlO IIopom,u;arorri;nx Kamp;oii KoHeqHo IIopom- pop;a pe3YJlbTaTa: aJire6pa ((> (S) KoHeqHoii: rroJiyrpyIIIIbl S 
p;eHHOll IIO)l;IIOJlyrpyIIIIbl IIOJiyrpyrrIIbI s He IIpeaoCXO)l;HT IIOJlyrrpocTa TOr/~a Iii TOJlbKO Tor,u;a, Kor,u;a ace JlHHe:iiHbI0 
cpnKCnpoaaHHoro qncJia), IIOJlyrpyIIIIbl KOHeqHo:ii IIIHpHHbl IIpep;CTaaJieHHH IIOJlyrpyrrIIbl s Hap; IIOJleM cD IIpnaO)l;HMbl. 
( S 6 Jium.: [1) H JI II ljJ ljJ 0 p II A., II p e CT o H I'., AJire6pau-
KOHB'lHOCTb IIIHpHHbl )l;JlH 03HaqaeT, qTo H3 JllO oro KO- qecKalI TeOplilI IIOJiyrpymr, rrep. c aHrJI., T. 1, M., 1972. 

HeqHoro MHomecTaa M ee 3JleMeHTOa MOmHO abl)l;eJlHTb JI. M. I'Jtycmin. 
IIOAMHomecTao, IIopom,u;arorri;ee TY me IIOAIIoJiyrpyrrIIy, qTo llOJIY,[J;E,[J;EKIIH,[J;OBA PEIDETKA, II o Jl y A e-
n M, Morri;HoCTb K-poro He IIpeaocxo;n;nT iJ>nKcnpoaaHHoro A e K n H Ao a a c T p y K T y p a, II o Jl y M o A y-
qncJia), rrepno;n;nqecKne IIoJiyrpyrrIIbl c ycJioaneM MaKcn- Jl Hp Ha H p e III e T K a (c T p y K T y p a),- peIIIeTKa, 
MaJlbHOCTH J];JlH IIO)l;IIOJlyrpyIIrr Iii AP· (CM. [3], [4]). a K-po:ii OTHOIIIeHne MOAYJIHpHOCTH CHMMBTpH'IHO, T. e. 

llHaepcHaH rroJiyrpyIIrra yp;oaJieTBopHeT ycJioanro MHHH- aMb aJie'leT bMa AJIH JIID6blx 3JleMeHToa peIIIeTKH a n b. 
MaJlbHOCTH )l;JlH HHaepCHblX IIOAIIOJlyrpyIIII Torp;a Iii TOJlbKO 0 T H 0 III e H Iii e M 0 A y Jl H p H 0 c T Iii IIpH 3TOM 
TOr/Ja, Kor,u;a OHa o6Jiap;aeT rJiaaHblM pH)l;OM (CM. H&ea.1tbltb!U OIIpep;eJlHBTCH CJlep;yrorri;nM o6pa3oM: roaopHT, 'ITO 3JleMeH-
p11& IIOJlyrpyrrIIbl), Kamp;blll iJ>aKTOp K-poro eCTb Bpan&ma TbI a Iii b o6pa3flOT M 0 A y JI H pH y IO II a p y HJlH qTO 
no.1tyzpynna c KOHe'IHh!M 'IHCJlOM np;eMIIoTeHToa, ace MaKCH- aMb, ecJin a (b+c)=ab+c p;JIH Jiro6oro c<.a. PeIIIeTKa, 
MaJlbHble IIop;rpyrrrrbl K-po:ii: y,u;oaJieTBopHIDT ycJioanro MH- a K-po:ii: aCHKaH IIapa aJieMeHTOa MOAYJIHpHa, Ha3. Mo-
HHMaJlbHOCTH AJIH rrop;rpyIIIIbl. AHaJiornqHble orrncaHHH A y Jl H p H 0 :ii p e III e T K 0 ft HJlH i)ef)e-,;;un&o!JOU pe-
IIOJlyqeHbl )l;JlH YCJlOaHH MaKCHMaJlbHOCTH, KOHB'IHOCTH uiem-,;;ou. 
IJaHra n AP· (cM. [5]). PeIIIeTKa K0He11Hoii: AJIHHbl rroJiyp;ep;eKHHAOBa Torp;a n 

ll3 ycJioan:ii: KOHB'IHOCTH, iJ>opMyJinpyeMblX a TepMHHaX TOJlbKO Torp;a, !Wrp;a OHa yp;oaJleTaopHeT y c Jl 0 a Iii IO 
11aCTH'IHO yrropHAO'leHHoro MHomeCTaa np;eaJioa IIOJlY- II 0 K p bl T Iii H: eCJlH x Iii y IIOKpblaalOT xy, TO x+y IIO-
rpyrrrrhI, Han6oJiee H3aeCTHbl ycJioanH MHHHMaJlbHOCTH ML, KpbrnaeT x n y (cM. Jlo-,;;pM1Ja10w,uu a.aeJrtenm). B Jiro6oli 
MR• M 1 )l;JlH rJiaaHblX Jieablx, IIpaablx, p;aycTopoHHHX II. p. K0He11Hon p;JIHHbl IJblIIOJlHHeTCH y c JI o a n e 
np;eaJioB (aTn ycJioanH 11acTo oIIpep;eJIHIDTCH a TepMnHax lli o p A a H a - .n; e A e K n H p; a A JI H ~ e II e ii (ace 
Z-, 51,- n 1-KJiaccoa, CM. I'puna omnouienun an1Ju1Ja.1tenm- MaKCHMaJlbHbI0 ~errn Memp;y p;ayMH iJ>nKcnpoaaHHblMH aJie-
nocmu). AHaJiorn11Ho orrpep;eJIHeTCH ycJioBiie M H )l;JlH %- MeHTaMH HMeroT OAHY n TY me p;JinHy), 'ITO rro3aoJIHeT 
KJlaccoa. KoH'hlOHKIJ;HH ycJioanii: ML H MR 3KanaaJleHTHa pa3aHaaTb a HHX Teopnro pa3MepHOCTH. n. p. KOHe'llIOH 
KOH'hlOHK~HH ycJioan:ii: M J Iii M H• a OCTaJlbHOM 3TH YCJlO- )l;JlHHbl HaJlHeTCH peIIIeTKOll c OTHOCHTeJlbHbIMH AOIIOJIHe-
aHH He3aanCHMbl; a qaCTHOC'J,'H, rroJiyrpyrrrra c ycJioaHHMH HHHMH Torp;a Iii TOJlbKO TOrf);a, Korp;a Kamp;bl:il: ee 3JleMeHT 
ML n M; He o6H3aTeJlbHO yp;oaJieTaopHeT ycJioanHM MR ecTb o6'hep;nHeHne aToMoa. TaKne peIIIeTKH Ha3. re o-
n M H· BMeCTe C TeM IIOJlyrrpoCTaH (CM. I' .1ta1J1tb!U rfianmop Me T pH q e CK Iii M H. BamHblH KJlaCC Il. p. o6pa3yroT 
noJiyrpyrrrrbl) rroJiyrpyrrrra c ycJioaneM ML HJlH MR yp;oa- 6JIH3KHe K reoMeTpn11eCKHM MaTpOH):IHble peIIIeTKH (CM. 
Jl0TaopHeT ycJioanro M 1 . ,Il;JIH peryJIHpHblX noJiyrpyrrrr ace [3]). Kamp;aH KOHe11HaH peIIIeTKa H3oMopiJ>Ha rrop;peIIIeTKe 
'l0Tbipe ycJioaHH 3KanaaJleHTHhI; aCHKaH IIOJiyrpyrrrra C ye- KOHeqHOH Il. p. l\JlaCC Il. p. He 3aMKHYT OTHOCHTeJibHO 
JioaneM M H 6yp;eT Kaa3nrrepnop;nqecKo:ii:. RoHeqHo rropom- roMoMopiJ>HblX o6pa3oa. 
p;eHHaH rroJiyrpyrrrra c ycJioaneM ML HJln MR• ace rrop;- HapHp;y c Il. p., Ha3blaaeMblMH TaKme n o JI y p; e p; e-
rpyrrrrhl K-po:ii: KoHe'IHbl, CaMa KOHe'IHa [6]. K Iii HA 0 a bl M Iii c a e p x y, paCCMaTpnaalOTCH II 0 Jl y-

IIoJiyrpyrrrra c YCJloaneM MHHHMaJlbHOCTH J];JlH rrpaabIX A e A e K H HA 0 a bl c H H 3 y p e III e T K H, OIIpep;e-
KOHrpyaH~H:ii HaJlHeTCH rrepHO)l;H'leCKOM, yp;oaJleTaOpHeT JlHeMble )l;aOHCTaeHHblM o6pa30M. IlpnMepaMH Il. p., KpoMe 
ycJioanro ML n p;aorrcTBeHHoMy ycJioanro MaKCHMaJlbHOCTH p;ep;eKHHp;oahrx peIIIeToK, HaJIHIDTCH peIIIeTKH acex pa36ne-
AJ1H rJlaaHblX JleahIX np;eaJioa; eCJlH npn 3TOM ace ee rrop;- HHH KOHe'IHbIX MHomecTa H peIIIeTKH JIHHeHHbIX MHoroo6-
rpyrrrrbl KOHe'IHhI, TO caMa rroJiyrpyrrrra KoHe'IHa [ 6]. B HH- pa3nft aiJ>d>nHHhIX rrpocTpaHCTa. 
aepCHbIX rroJiyrpyrrrrax YCJloane MHHHMaJlbHOCTH )l;JlH rrpa- Jium.: (1] B II :p Kr 0 ljJ r., TeopHlI CTPYKTyp, rrep. c aHrJI., 
abIX KOHrpy3HYTJilH 3KanaaJleHTHO ycJioanro MHHHMaJlbHOCTH [2 II3)'.I.), M., 1952; L2) Birk h 0 ff G., Lattice theory, [3 ed.], 

...., Providence, 1967; [3) Maeda F., Maeda Sh., Theory of 
AJIH JieahIX KOHrpyaH~nii:, a TaKme ToMy, 'ITO rroJiyrpyrrrra symmetric lattices, B.-Hdlb.-N. Y., 1970. T. C. <Poif>aito•a. 
HMeeT JlHIIIh Korre11uoe qncJio H/J;eMIIOTeHTOa H YAOBJleTBo- 110.'IYEBRJllI,[J;OBO llPOCTP AHCTBO - ,u;eiiCTBH-
pHeT YCJlOaHIO MHHMMaJlbHOCTH AJlH rro11rpyrrrr (7]. ll3y'leH TeJlbHOe acpiJ>HHHoe n-rrpocTpaHCTBO, B K-poM orrpep;eJieHO 
PHA cao:ii:CTa IIOJlyrpyrrrr c ycJioaHeM MaKCHMaJlbHOCTH )l;JlH CKaJIHpHoe rrpon3aep;eHHe BeKTopoa TaK, 'ITO IIpH Hap;Jle-
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mam;eM Bbr6ope 6aanca CI\aJUipHbIH KBap;paT (x, x) sc.imoro 
BeKTopa HMeeT BHA 

(x, x)=- ~'. (xi)2+ ~n-d (xj)2. 
"""'•=1 """1=l+1 

Ta Koe IT. II. HaahlsaeTCH IT. II. HHA0KCa l H Ae«PeKTa d, 
o6oaHaqaeTCH l+(d)Rn. ITpn l=O BhlpameHHe CKaJrnpHoro 
KBap;paTa B0KTopa HBJIH0TCH KBaApanrqHoH IIOJIYOIIpeAe
JieHHOH «PopMoli, n II. II. Haa. n-IIpocTpaHCTBOM iW«PeKTa 
d, o6oaHaqaeTCH (d) Rn. 

II. II B IIpoeKTHBHOH KJiaccn«P:irnau;un MoryT 6bITb oIIpe
p;eJieHhl KaK COOTB0TCTB0HHO IIOJiyaJIJIIIIITHq IIpOCTpaHCT
BO HJIH IIOJiyrnIIep6om1q. IIpOCTpaHCTBO c Heco6CTB0HHOll 
a6coJIIOTHOH IIJIOCKOCThIO, K-phle HBJIHIOTCH IIpOCTpaHCTBa
MH c IIpOeKTHBHhlMH MeTpnKaMH HaI160Jiee o6m;ero Bnp;a. 

B II. II. oIIpeAeJIHeTCH T. H. II o JI y Hee BK JI n p; o Bo 
II p 0 c T p a H c T B 0 KaK MeTpnqecKoe n-IIpOCTpaHCTBO, 
HBJIHIOm;eec.11 rnIIepc.iPepoli c OTomp;eCTBJI0HHhlMH AHaMeT
paJibHO IIpoTHBOIIOJIOIBHbIMII ToqKaMII B II. II. nHp;eKca l 
n Ae«PeKTa d. TaKnM o6paaoM, IIOJiyaJIJIHIITnq, n IIoJiyrn
IIep6oJinq. IIpOCTpaHCTBa MoryT 6hlTh HHTepIIpeTIIpoBaHhl 
KaK yKaaaHHhle rnIIepc.iPephl (T. e. KaK IIoJiyHeeBKJIHAOBhl 
IIpOCTpaHCTBa) B II. II. c COOTB0TCTBYIOU{HMH HHp;eKCOM H 
p;e«lieKTOM. 

reoMeTpnq. HHTepIIpewu;n.11 MeXaHHKH faJIHJieH - HhIO
TOHa IIpnsop;HT K II. II. 11> Rn (cM. [2]). 

IT. II. HBJIH0TCH IlOJiypnMaHOBhlM IIpOCTpaHCTBOM HyJie
BOH KpHBH3Hhl. 

Jlum.: [1) Sommer vi 11 e D. M., «Proc. Edinburgh Math. 
Soc.», 1910, v. 28, p 25-1.t; [2) H 0 Te JI b H II'. R 0 B A. II., 
IIpll'.H~ll'.Il OTHOCHTeJibHOCTll'. II'. reoMeTpll'.JI Jio6aqescRoro, B RH.: 
In memoriam N.I Lobacevski, T. 2, HasaHh, 1926; [3) Po 3 e H
I!> e JI hp; B. A., HeeBRJIHAOBhl npocTpaHcTBa, M., 1969. 

JI. A. CuaopoB. 
IIOJIYHHBAPHAHT - o6m;nll: co6cTBeHHhlll BeK-

TOp ceMeiiCTBa aHAOMop«PuaMOB BeKTOpHoro IIpOCTpaHCTBa 
nJin Mop;yJI.11. EcJin G - MHomecTBO JinHei'rHhlX IIpeo6pa
aosaHnii BeKTOpHoro IIpOCTpaHCTBa v HaA IIOJieM K' TO IT. 
MHC>meCTBa G - 3TO TaKOll B0KTOp vE v, qTo v;iO H 

gv=x (g) v, gEG, 

r,a;e x : G-+ K - «PYHKD;HH, HaaMsaeMaH Be co M II o
JI y H H Ba pH a HT a v. IT. seca 1 Ha3. TaKJRe H H B a
p H a H T 0 M. qall{e BCero paCCMaTpHBaeTCH CJ1yqaft, 
Kor,a;a GcGL (V) - JinHeliHa.11 rpyIIIIa, Torp;a x: G-+ K* 
eCTb xapaKTep rpyIIIIhl G n IIpo,a;oJimaeTCH p;o IIOJIHHOMH
aJibHOH «PYHKu;nn ua End V. EcJin cp : G-+ GL (V) -
JinHeliHoe IIpe,a;cTasJieHne rpyIIIIhl G B IIpocTpaHCTBe V, 
TO IT. rpyIIIIhl cp (G) Ha3. TaKJRe II 0 JI y H H B a pH a H
T o M II p e A c T a B JI e H n .11 cp. ITyCTh G - JinHeHHaH 
aJire6panq. rpyIIIIa, H - ee aaMKHYTaH IIo,a;rpyIIIIa, 
bC9 - aJire6phl Jln nnx rpyIIII. Tor,a;a cym,ecTBYIOT 
TaKoe ToqHoe pau;noHaJihHoe JinHeHHoe IIpe,a;cTasJieHne 
cp : G-+ GL (E) n TaKoli nOJ1y:irnsapnaHT vE E rpymrn 
cp (H), qTO H H b HBJIHIOTCH MaKCHMaJibHhlMII IIO,D;MHOJRe
CTBaMn B G n g, ,D;JIH o6paaos K-phlX B End E seKTop v 
0CTh IT. :3TO 03HaqaeT, qTo COOTB0TCTBH0 aH ~ Kcp(a)v, 
a E G, eCTh naoMop.iPIIaM aJire6panqecKoro o,a;uopo,a;Horo 
IIpocTpaHCTBa Ha op6nTy IIpHMOii Kv B IIpoeKTHBHOM IIpo
CTpaHCTBe p (E). 

qacTo II. MHomecTBa GcEnd V Haa. IIOJIHHoMnaJibHYIO 
«PYHKD;HIO Ha End V, HBJIHIOIIJ,YIOCH IT. MHOJR0CTBa JIHHeH
HhlX IIpeo6paaosaHIIii TJ (G) IIpocTpaHcTBa K [End VJ, me 

(TJ (g) f) (X)=f (Xg) 

gEG, !EK [End VJ, X EEnd V. 

EcJIH GcGL (V) - JIHHeliHa.11 aJire6panq. rpyrrrra, g -
ee aJire6pa Jln, TOG o6Jia,a;aeT TaKHMH IT. 

Ji, .. ., In EK [End VJ 

o,a;:irnarwsoro seca, qTo G n g cyTh MaKCRMaJibHhle IIo,a;
MHomecTBa B GL(V) n End V, ,D;JIH K-pbIX / 1, ... , In CYTh 
IT. (TeopeMa llleBaJIJie). 

Jlum.: [1) B o p e JI h A., JlHHellHLie ame6paHqecRn:e rpynnhl, 
nep. c aHrJI., M., 1972; [2) X a M qi p H )]: m., JlHHellHhle aJire6-
paHqecRHe rpynnhl, nep. c aHrJI., M., 1980; [3] ill e Ba JI JI e I\., 
TeopHJI rpynn JIH, nep. c lfipaH~., T. 2, M., 1958. 

A. JI. 011.u14u11:. 
IIOJIYKOJibqO - HenycTOe MHomecTso c ,D;BYMH 

accou;naTHBHhlMH 6nHapHhlMH OIIepau;HHMH + H • ' CBH-
3aHHhlMH ,D;HCTpR6yTHBHbIMH aaKoHaMR: 

(a+b)-c= a·b+a·c 

" a·(b+c)=a·b+a·c. 

B 6oJibIIIHHCTBe cJiyqaeu p;oIIOJIHnTeJihHO rrpep;IIoJiaraeTCH, 
qTo CJIOJReHne KOMMyTaTHBHO H qTo cyru;eCTByeT HYJih 0, 
,a;JI.11 K-poro a+O= a IIpn JII06oM a. BamHeHIIIne IIpnMephI 
IT.- KOJibD;a H AHCTpn6yTHBHhle pemeTKH. ITpn HaJinqnn 
e,a;HHHD;hl 1 OTHOCHT0JihHO yMHOJR0HHH o6a 3Tll KJiacca o6'h-
0AHHHIOTCH Tpe6oBaHHeM 

l:/X 3y (x+ Y= 1). 

HeoTpnu;aTeJihHhle u;eJihle qncJia c o6bJqHhlMH oIIepau;nHMII 
o6paayIOT II., He y,a;oBJI0TBOpHIOil{ee aToMy Tpe6oBaHnIO. 

JI. A. C11:opHA11:0B. 
IIOJIYKYBHqECKAH IIAPABOJIA - IIJiocKaH aJire-

6panqecKa.11 Kpnsa.11 3-ro IIopH,a;Ka, ypaBHeHHe K-poli B 
IIpHMoyroJibHbIX KOOPAHHaTax HMCeT BH'I 

y=ax'I•. 

HaqaJio Koop,a;nHaT ecTh ToqKa B03Bpara (cM. 
pnc.). )l;JIHHa ,a;yrn OT TOqKn 0: 

l = 2;a' [(4+9a2x)'12-8J; 

KpHBH3Ha: 

k = 6a 
-Vx (4 + 9a•x)'/2 

HHor,a;a IT. II. Ha3. II a p a 6 0 JI 0 i\: H e il: JI H. 
Jlum.: [1) ca Be JI 0 B A. A., IIJIOCRll'.e RPHBble, M., 1960; 

[2) c M 0 r 0 p lR e B c RH ii A. C., c T 0 JI 0 Ba 3. c., Cupa
soqHHR no TeopHH nJiocRHX RpHBhIX TpeTbero nopJIIJ;Ra, M., 1961. 

l1. lJ.. Co11:0.itoB. 
IIOJIY JIUHERHOE OTOBPAiKEHHE - ow6pw1rn-

Hne a (Jiesoro) Mop;yJIH M B (JieBhlH) Mo,D;yJih N Hap; OAHHM 
n TeM me KoJihD;OM A, y,a;oBJieTsop.1110m;ee ycJioBHHM: 

a (x+y) =a (x)+a (y), 

a (ex)= ca a (x), 

r,a;e :r, y EM, c EA, c-+ca - HeK-phlii aBTOMop«Pn3M KOJib
u;a A. B aTOM CJiyqae rosopHT, qTO a II o JI y JI n He li
H 0 0 T H 0 c H T e JI b H 0 a B T 0 M 0 p «P H 3 M a a. 
IT. O. B0KTOpHhlX IIpOCTpaHCTB Ha~ IIOJieM IC OTHOCHT0JibHO 
KOMIIJieKCHoro COIIpHIB0HHH c0 =c Ha3. TaKme a HT H JI H
R e ii H hl M o To 6 p am e H II e M. II. o. A-Mop;yJI.11 M 
B ce6H Ha3. II 0 JI y JI H H e il: H bl M II p e 0 6 p a 3 O
B a H He M. 

II p n Me p. r o Mo Te T n .11 A-Mo ,a; y JI .11 M, T. e. 
oTo6pameHne x-+ ax (xEM), r,a;e a - «PnKcnposaHHhIH 
o6paTnMhlii aJieMeHT KOJihu;a A, eCTh IIoJiyJinHeliHoe IIpeo6-
paaosaHne OTHOCHT0JibHO aBTOMop«Pn3Ma ca=aca-1. 

)l;JIH IT. O. OCTaIOTCH CIIpaB0AJIHBhlMH MHorne CBOHCTBa 
JIHH0HHhlX OT06pameHHH H roMOMop«Pn3MOB MO,D;yJieH. 
B qaCTHOCTH, .11,a;po H o6pa3 IT. o. HBJIHIOTCH IIO,D;MO,D;YJIHMH; 
IT. o. CB060,D;HhlX MOAyJieii: C KOHeqHhlMH 6a3HCaMII IIOJI
HOCTbIO OIIpep;eJIHIOTCH CB00H MaTpnu;eil:; ,D;JIH IT. O. B0KTOp
HhIX IIpOCTpaHCTB OIIpep;eJIH0TCH paHr' COBIIaAaIOru;nii c 
paHrOM ero MaTpHD;hI, H T. ,a;. 

Jlum [1) By p 6 a Ru H , AJire6pa. Ame6pauqecRue cTpYR
TYPhI JlHHellHaJI u noJIHJIHHeibiaJI aJire6pa, nep c lj>paHQ, M., 
1962 A JI 011.u14u11:. 

IIOJIYMAPKOBCKHR IIPOqECC - cJiyqaiirrhlli IIpo
u;ecc x (t) c KOHeqHbJM HJIH cqeTilhIM MHOJR0CTBOM COCT0.11-
IIHH N= {1, 2, ... }, nMeIOru;nil: cTyIIesqaThle TpaeKTOpnn 
co cKaqKaMn B MoMerrThl speMerrn 0<i:1<i:2< .... 3Haqe-
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HHH II. II. x (Tn) B MOM0HTbl CKaqJ\QB o6paayJOT Maprwea 
lfenb c rrepeXOAHhlMH BepOHTHOCTHMH 

P;j=P {X (Tn)=j IX (Tn-1)= i}. 
PacrrpeAeJieHHH MOMeHTOB CKaqKoB Tn OIIHChlBalOTCH c IIO
MOill,blO <IJYHK11HH pacrrpeAeJieHnH Fij(x) cJieAyIDmnM 06-
paaoM: 

P {Tn-Tn-1 < x, X (Tn) = j IX (Tn-1) = i} = PijF ij (x) 

(n rrpn 3TOM He 3aBHCHT OT COCTOHHHll rrpo11ecca B 6oJiee 
paHHne MOMeHThl BpeMeHn). EcJin 

' -?;. x 
Fij (x) =e <J , x~O. 

AJIH Bcex i, j EN, TO II. II. X (t) HBJIReTCH 11errh10 MapKoBa 
c HerrpepbIBHhlM BpeMeHeM. EcJin Bee pacrrpeAeJiemrn BhI
pmKAeHhl B OAHOll TO'!Ke, TO llOJiyqaJOT 11eIIh MapKOBa c 
AHCKpeTHbIM BpeMeHeM. 

II. rr. cJiymnT MOAeJiblO MHornx IIpou,eccoB MaccoBoro 
o6cJiyll\HBaHHH H Teopnn HaAell\HOCTH. c II. rr. CBH3aHbl 
upon;eccbl Ma pKOBCKoro BOCCTaHOBJieHHH (CM. B occmanoe
.ttellU/£ meop un), orrnchlBaromne KoJinqecTBO rrocemeHnft 
rrpou.eccoM X (t) cocTOHHnft i EN aa BpeMR [0, t]. 

lfayqeHne II. II. H MapKOBCKHX IIpou.eccoB BOCCTaHOBJie
HHH aHaJIHTnqecKH CBOAHTCH K CHCTeMe HHTerpaJihHbIX 
ypaBHeHnii: BOCCTaHOBJieHHH. 

Jlum.: [1] K 0 p 0 J1 IO R B. c., T y p (j If H A. <I>., IloJTy
MapROBCRlfe npouecch1 If Hx rrpm10lfleHHJ1, K., 1970. 

B. A. CeBUcmbmtoB. 
IIOJIYMAPTHHr AJI - rroHHTHe, paBHOCHJihHoe IIO

HHTHHM cy6MapTnHraJia HJIH cyIIepMapTHHraJia. 11MeHHO, 
CToxacTnq. IIOcJieAoBaTeJibHOCTh X=(Xt,:Jrt), tE T=[O,oo), 
aaAaHHaH ua nepoRTHOCTHOM IIpocTpaHCTBe (Q, :Jr, P) c BhI
A0JieBBhlM Ha HeM y6hlBalOillHM ceMeii:CTBOM a-aJire6p 
(:Jf t)1 ET• :Jr s=:Jrt=:JF' s-<.t, Ha3. II 0 JI y M a p TH H r a
JI o M, ecau EI X ti< oo, X t HBJIReTCH :Jf rnaMepuMoiI n c 
BepOHTHOCTblO 1 HJlll 

HJIH 
E(Xt\:Jfs)~Xs, 

E (Xtl:Jfs)<Xs. 

(1) 

(2) 

B cJiyqae (1) II. uaa. c y 6 Ma p T n Hr a JI o M, B cJiy
qae (2) - c y II e p M a p T n H r a JI o M. 

B COBpeMeHHOll JJ11TepaType TepMHH «II.» HJIH He YIIO
Tpe6JIHIOT, HJIH OTOll\AeCTBJIHIOT c IIOHHTHeM cy6MapTHH
raJia (cyIIepMapTnuraJI OIIpeAeJIReTcH H3MeHeHneM 3HaKa 
H3 cy6MapTHHraJia H Ha3. HHOrAa HHll\HHM II.). CM. TaKme 
Mapmunza.tt. A. B. IIpoxopoe. 

IIOJIYHACJIEll;CTBEHHOE KOJibl(O c JI e B a -
KOJihll,O, Bee KoueqHo IIOpomAeHHhle JieBbie nAeaJihl K-poro 
npoeKTHBHhl. II. K. HBJIHIOTCH KOJibll,O u,eJiblX qnceJI, KOJib
ll,O MHOroqJieHOB OT OAHOro HeH3BeCTHoro HaA IIOJieM, pezy
.it!tplllU IW.ltblfll B CMbICJie HeftMaHa, HaCJieACTBeHHble KOJib
lla, HOJibU,a HOHeqHo IIOp01KAeHHhIX CB060AHhIX HAeaJIOB 
(IIoJiy-F I -HOJihlla). AHaJioruqHo onpeAeJIReTcH II pa Boe 
II. K. JleBoe II. K. He 0611aano 6blTh IIpaBhIM II. K. 0AHaKo 
JIOKBJibHoe JieBoe II. K. oKa3blBaeTCH o6JiaCThID u;eJioCTHO
CTH H rrpaBhlM II. K. I\oJihllO MaTpuu; HaA II. K. RBJIReTCH 
II. K. EcJIH R eCTh II. K. H e2=eER, TO eRe eCTh II. K. 
I\ouequo IIOp01KAeHHhlll IIOAMOAYJib rrpoeKTHBHOro MO/l;y
JIH HaA II. K. H30Mopqieu IIpHMOH cyMMe HeK-poro MHOme
CTBB KOHeqHo IIOp01KAeHHhlX JieBhIX HAeaJIOB OCHOBHOl'O 
KOJibU,a H, CJieAOBaTeJibHO, rrpoeI{THBeH. I\alKAhlll Ta1rnil 
MOAYJib MOll\eT 6blTb IIpeACTaBJieH If KaK rrpHMaH cyMMa 
MOAYJieii:, ABOHCTBeHHbIX KOHeqHo IIOpO!KAeHHbIM IIpanbIM 
HAeaJiaM OCHOBHOro KOJibU,a. 

,ll,JIH KOMMyTaTHBHOro KOJibU,a R 3KBHBaJieHTHbI cJieAylO
m;He CBOHCTBa: (1) R ecTb II. K.; (2) (A nB)C=Acnsc, 
rAe A, B H C - IIpOH3BOJihHhie HAeaJibI KOJihU,a R; (3) 
IIOJIHOe KOJibll,0 qacTHbIX KOJibU,a R peryJIHpHO B CMhlCJie 
Heii:MaHa, If AJIH BCRKoro l\laKCHMaJibHOl'O HAeaJia m KOJib
u,a R KOJihll,O qacTHhlX Rm RBJIHeTcR KOJihll,OM uopMupona
mm; (4) Bee 2-IIopomAeBHhle HAeaJihl KOJibU,a R rrpoeKTHB-

Hbl. KoJihD;O MHoroqJieHOB OT OAHOl'O IIepeMeHHOro HaA KOM
MyTaTHBHhlM KoJibU,OM R oKaahlnaeTcH II. K. B TOM H 
TOJibKO B TOM cJiyqae, KO!'Aa R peryJIRpHO B CMhlCJie 
He:iiMaHa. 

Jlum.: [1] Kap Ta H A., 8 II J1 e H 6 e pr C., roMoJTOrHqe
CRaJI anre6pa, rrep. c aHrJI., M., 1960; [2) HrorH HaYRH u TeXHH
RH. Ame6pa. TOIIOJIOrlfJI. reoMeTpHJI, T. 14, M., 1976, c. 57-190, 
T. 19, M., 1981, c. 31-134. JI. A. CnopttJll'iOB. 

IIOJIYHEIIPEPhlBHAH <l>YHKI(HH - qiyHKllHR H3 
IIepBoro Bapa r;.ttacca. IloApo6Hee, qucJioBaH qiyHKllHH f, 
OIIpeAeJieHHaR Ha IIOJIHOM MeTpnq. IIpOCTpaHCTBe x' Ha3. 
II 0 JI y H e II p e p bl B H 0 ii: c H Ji[ 3 y (c B e p x y) 
B ToqKe x0 E X, ecJIH 

limx...., x, f (x) = f (x0) (limx--+ x, f (x) = f (x0)). 

<llyHRU,HH f Ha3. IIOJiyHeIIpephlBHoii CHnay (caepxy) Ha X, 
ecJIH oHa IIOJiyneIIpephlBHa CHH3Y (caepxy) AJIH acex x EX. 
II peAeJI MOHOTOHHO aoapacTaIDmeft (y6blBaIDmeii:) IIOCJieAO
BaTeJibHOCTH IIOJiyHeIIpephlBHhIX CHH3Y (caepxy) B TOqKe 
x0 <l>YHKU,nil ecTb II. qi. CHH3y (caepxy) B x0 • EcJIH u (x) H 

v(x) eCTb II. qi. COOTBeTCTBeHHO CHH3Y H CBepxy Ha x H 
AJIH acex xEX nMeeT MeCTO u(x).;;:v(x), u(x)>-oo, v(x)< 
< + oo, TO cymecTByeT HeIIpep1>1BHaH Ha X qiyHKU,HR f Ta
KaR, qTO v(x) .;;:/(x) .;;:u(x) AJIH acex x EX. EcJIH µ - HeoT
pnu,aTeJihHall Mepa Ha Rn, TO AJIR JIID6oii: µ-uaMepnMoii: 
qiyHKllHH f : Rn-+ R cymecTByIDT ABe IIOcJieAoBaTeJih
Hocrn qiyHKll,HH {u,,(x)} H {vn(x) }, YAOBJieTBopHIOill,He yc
JIOBHHM: 1) un(x) IIOJiyHeIIpephlBHbI CHH3Y' Vn(x) IIOJlyHe
upepbIBHhl caepxy, 2) Ka/KAaH qiyHKU,HH un(x) orpaunqeHa 
CHH3Y' Kall\Aall qiyHKll,HH Vn(x) - CBepxy' 3) IIOCJieAOBa
TeJibHOCTb {un} HeBoapacTaJOmaR, IIOCJieAOBaTeJibHOCTb 
{v,,} HeyohlBaroma11, 4) )lJIH acex x nMeeT MecTo HepaBeH
CTBO 

Un (x) ~ f (x) ~ Vn (x), 

5) µ-IIoqTn BCIDAY 

lim Un (x) = lim Vn (x) = f (x), 
n--+ oo 

6) ecJIH AJIH Ee Rn qiyHKllHH f cyMMnpyeMa, f EL (E), TO 
Um vnEL(E) H 

lim I Un dµ = lim I Vn dµ = I f dµ 
n-+oo JE n-+oo jE JE 

(Teo p e M a B n Ta JI n - I\ a p a T e o Ao p n). 
Jlum.: [1) Ha Ta H c 0 H IL II., Teo_pHJI (jlyHRUlfll Be~ecT

BeHHOil nepeMeHHOil, 3 H3A., M., 1974; [2] ca R c c., TeopHll 
HHTerpaJia, nep. c aHrJT., M., 1949. JI. A. Bwwzpaao•a. 

IIOJIYHEIIPEPbIBHOE OTO BP AiKEHUE c n e p-
x y (c Hu a y) - oTo6pameHue f OAHoro TOIIOJioruq. IIpo
CTpaHcTna X n Apyroe Y TaKoe, qTo H3 

lim Xn=X 

lim f (xn) < f (x) (lim f (xn) ~ f (x)) 

(3AeCh lim (lim) - BepxHHH (HHIKHHll) rrpeAeJI). 
M. JI. Bou1fexo•cnuii. 

IIOJIYHEIIPEPbIBHOE p A3BHEHHE c H If 3 y 
(c B e p x y) - paa6ueHne D, T. e. aaMKByToe AH3'hlOHKT
HOe IIOKpblTHe IIpOCTpaHCTBa x' Ta Koe, qTo IIpOeKU,HH 
p : X -+ D HBJIReTcH oTKphlThlM (aaMKHYThlM) oTOopame-
HueM. M. JI. Boii1fexoecnuii. 

IIOJIYHEIIPEPblBHbllI METOll; CYMMUPOBA-
IUIH - MeTOA cyMMnpoBaHHH pRAOD n rrocJiel.{onaTeJihHo
cTeiI, OIIpeAeJieHHhlH c IIOMOill,blO IIOCJieAOBaTeJihHOCTH 
qiyHKu,uil. IIycTh {ak(w) }, k=O, 1, ... ,- rrocJieAOBaTeJib
HOcTh qiyHKU,Hii:, 3aAaHHhlX Ha ueK-pOM MHO/KeCTBe E H3Me
HeHHH IIapaMeTpa w, H Wo - TOqKa crymeHHH 3TO!'O MHO
mecTBa (KOHeqHaH HJIH 6ecKOHeqHaH). ,ll,aHHYIO IIOCJieAO
BaTeJibHOCTh {sn} c IIOMOill,blO qiyHKU,HH ak(w) IIpeo6paay
lOT B qiyHKU,HlO a(w): 

a (w) =~:=oak (w) sk. (1) 



461 UOJIYOUPE)J,EJIEBHAH <J>OPMA 462 

EcJill PHA B (1) CXOAHTCH AJIH scex w, AOCTaToqHo 6mt3KIIX 

lim a (w) = s, 

TO IIOCJICAOBaTeJibHOCTb {sn} Ha3. cyMMIIpyeMoii: K IIpeAeJiy 
s II 0 JI y H e II p e p bl B H bl M M e T 0 A 0 M c y M M II
p 0 B a H 11 H, OIIpeAeJICHHblM IIOCJICAOBaTCJibHOCTbIO !J>yHK
u;nii: {a k( w) }. EcJIII {sn} - IIOCJICAOBaTeJibHOCTh qacTII'!
HblX cyMM pHAa 

(2) 

TO pmi: (2) B 3TOM cJiyqae Ha3. cyMMI!pyeMblM IIOJlyHenpe
pblBHblM MCTOAOM K cyMMe s. II. M. c. IIPII wo= 00 HBJIHeTCH 
aHaJloroM Mampu'lnMo Memooa cyMMupoeanun, oIIpeAeJ1eH
Horo MaTpIIu;eii: llank II, npIIqeM u;eJIO'lHCJieHHblii: na paMeTp n 
3aMeHeH HenpepblBHblM IIapaMeTpoM w. IIocJieAOBaTeJlh
HocTh !J>yHKIJ;IIll a k( (J)) B 3TOM CJlyqae Ha3. II 0 JI y H e
n p e p bl B H o ii: M a T p n u; e ii:. 

II. M. c. MomeT 3aAaBaThCH npeo6paaosaHneM Heno
cpe1.1cTBeHHO p111.1a B !J>yHKIJ;IlIO c IIOMOITJ;bIO 3aAaHHOH no
CJieAOBaTeJibHOCTM .PYHKIJ;Hll, HaIIp. {gk( w) }: 

y (w) = ~,: 0 g11, (w) uk· (3) 

B aToM cJ1yqae pHA (2) Haa. cyMMnpyeMblM K cyMMe s, ecJin 

lim y(w)=s, 
W~Wo 

rAe Wo - TO'!Ka cryni;eHnH MHOllieCTBa E H3MeHeHIIH napa
MeTpa w, a PHA B (3)IIpeAnoJiaraeTcH cxop;HIIJ;IIMCH AJIH scex 
w, )J;OCTaToqHo 6JIII3KHX K Wo· 

II. M. c. B HeK-pb!x cJ1yqaHx HBJIHIOTCH 6oJiee yAo6Hbl
MII' qeM MeTOAbI cyMMIIpoBaHIIH' onpep;eJleHHble o6blqHblMII 
MaTpIID;aMII, T. K. II03BOJIHIOT IICIIOJib30BaTb annapaT 
TeopIIII !J>yHKIJ;IIH. IIpnMepaMH II. M. c. HBJIHIOTCH A 6e.iin 
Memoo cyMMUpoeanun, Bope,n,n Memoo cyMMupoeanun, 
Jlunoe,n,erfia Memoo cyMMupoeanun, Mummaa-Jlerfirfi11epa 
.Memoo cyMMupoeanun. I\Jiacc II. M. c. cocTaBJIHIOT MeTOAbl 
c noJiyHenpepblBHbIMil MaTpnu;aMH BHAa 

a,. (w) =Pk wk!~~= OP1Wl, 

rp;e B 3HaMeHaTeJle CTOIIT u;eJlaH !J>yHKIJ;IlH, He CBO)J;HITJ;aHCH 
K MHoro•rneHy. 

YcJIOBIIH peryJ1HpHOCTH II. M. c. aHaJ1ornqHbl yCJIOBIIHM 
peryJIHpHoCTH MaTpH'IHOro MeTOAa cyMMIIpo;eaHHH. HaIIp., 
yCJIOBilH 

'"""' ~'k= 0 I a11, (w) \.;;;; M 

).\JIH scex w, AOCTaToqHo 6JIM3KIIX K Wo, 

lim ak (w) =0, k=O, 1, 2, ... , 

HBJIHIOTCH Heo6xoAHMbIMH II AOCTaTO'IHblMil, qTo6bI II. M. c., 
oapeAeJleBHbIH npeo6paaoBaHHeM (1) DOCJieAOBaTeJlbHOCTII 
{s,,} B !J>yHKIJ;HIO, 6blJI peryJIHpHblM (cM. Peey,n,npnocmu 
npuana1m). 

Jlum.: [1] x a p ll Ii r., PacXOlllHI(liCCJI PllJlhl, rrep. c aHrJI., 
M., 1951; [2] I\ y" P., BeCKOHC'lHblC MaTPlil!hl H IIPOCTP3HCTBa 
rrocJieaoeaTeJJbHOCTeli, rrep. c aHrJJ., M., 1960; L3] Z e 11 er K., 
B u k ma n n W., Theorie der Limitierungsverfahren, 2 Aufl., 
B.-Hdlb.-N.Y., 1970. JI. H. Bo.M;o6. 

IlOJIYHOPMA - KOHeqHaH HeoTpnu;aTeJihHaH !J>yHK-
1..\IlH p Ha seKTopHoM npocTpaHCTBe E (HaA noJ1eM p;eu
CTBHTeJihHblX HJIH KOMIIJieRCHblX 'IHCCJI), IIOAqHHeHHRH 
ycJIOBilHM: 

p (l.,x) = I A, I p (x), 

p (x+y).;;;;p (x)+P (y) 

AJIH scex x, y EE a CKamipos A. IIpHMepoM II. cJiymnT 

llOpMa; OTJIH'!IIe aaKJIIO'laeTCH B TOM, qTo )J;JIH II. AOITyc
TIIMO p (x)=O IIpII x ;tO. ECJIII Ha BeKTOpHOM npocTpaHCTBe 
3aAaHa IIOJlyHOpMa p' a Ha ero IlOAITPOCTpaHCTBe - ,n,uneii
llb!U rfiym>,ifUOna,n, f, IIOA'IIIHeHHbIR ycJIOBIIIO I/ (x) J <.p (x), 
TO ero MOlliHO npop;oJllliIITh Ha see npocTpaHCTBo c coxpa
HeHIIeM aToro ycJIOBHH (T e o p e M a X a H a - B a H a
x a). B MaTeMaT11q. aHaJrnae Ha1160J1ee yII0Tpe611TeJ1bHbl 
OTAeJIIIMhle monoA03U'leCKue eeKmopnbie npocmpancmea, 6a-
3IIC OKpecTHOCTeii: HYJIH B K-pbIX MOlliHO COCTaBl!Tb Il3 BbI
IIyKJiblX MHOllieCTB. TaKIIe npocTpaHCTBa Ha3. JI 0 K a JI b
H 0 B bl n y K JI bl M Il. B 3TIIX npocTpaHCTBax 6aa11c MO
meT 6hITb OIIIICaH nepaBeHCTBaMn p (x) <1, r,11.e p - He
IIpepbIBHble II. B TO me speMH B npaKTIIKe MaTeMaT11q. 
aHaJIII3a BCTpeqaIOTCH Il TaKIIe TOIIOJIOfII'I. BeKTOpHble II po
CTpaHCTBa (B TOM qncJle II c MeTpn3yeMOH TOIIOJIOfIIeii:)' Ha 
K-pbIX HeT neTpIIBIIaJlhHhIX HenpephIBHblX II. II pocreihunii: 
IIp1rnep TaKoro poAa - IIpOCTpaHCTBO Lq(O, 1), rp;e O< 
<q<1. 

Jlum.: [1] By p 6 a" 111 H., TOIIOJJOrH'l0CKllI6 BewropHbJe 
rrpocTpaHcTBa, rrep. c cjJpaHn., M., 1959, [21 Py TI. 111 a Y., ll>yH11-
1IHOHaJibHhltt aHaJI111a, rrep c aHr.rr., M., 1975. E. A. I'opuu. 

IlOJIYOrPAHll.qEHHblH OilEPATOP - cuMMempu-
1tec1wii onepamop S B rHJib6epTOBOM IIpocTpaHCTBe H, 
AJIH K-poro cyrri:eCTByeT TaKoe 'IIICJIO c, qTo 

(Sx, x) ~ c (x, x) 

AJIH scex seKTopoB x, Jiemarri:IIx B 06J1acTn onpeAeJleHHH S. 
II. o. S scerAa nMeeT noJ1yorpam1qeHHoe caMoCoIIpHmeH
HOe pacrnnpenne A c Ton me HHmHeii: rpaHbIO c (T e o p e
M a <ll p II A p n x ca). B 'laCTHOCTII, Hx IIBAeKcb1 ,11.e!J>eK
Ta COBIIaAaIOT. 

Jlum.: [1] p n cc <I>., Ce" e cjJ a JJ b Bu - Ha 11 b E., Jle1<
IIHH no cjJyHKIIHOHaJJbHOMY aHaJJ11ay, rrep. c cjJpaHn , 2 ua.u;., M., 
1979. B. H. Jlo.11<ouocoB. 

IlOJIYOIIPE)J;EJIEHHAH cJ>OPMA - KBaopamu1tnan 
rfiopMa HaA ynopHAoqeHHhIM IIOJleM, npencTaBJIHIOITJ;aH 
Jin6o TOJibKO HeOTpnu;aTBJibHbie, Jin6o TOJlbKO HeITOJIO
mnTeJlbHbie aJ1eMeHTbI IIOJIH. B nepsoM CJiyqae KBaA
paTH'!HaH !J>opMa Ha3. H e 0 T p Il !..\ a T e JI b H 0 ii: 
(q(x)~O AJIH scex 3Haqem1ii: x), BO BTOpOM - He II 0 JI o
m II Te JI h HOH KBaApaTHqHoii: !J>opMOH 
(q (x) <.0). qarri:e scero II . .p. paccMaTp1rnaIOTCH nap; rroJieM 
JR ,11.encTBnTeJlhHhIX qnceJI. HaA IIoJieM C anaJ1orII'IHO 
OIIpeAeJIHIOTCH IlOJlyorrpeAeJieHHbie (HeoTpHu;aTeJlhHhle II 
HeIIoJlomnTeJihHhle) 3pMHTOBbl KBaApaTII'IHble !J>opMhl (CM. 
9pMumoea rfiopMa). 

ECJIM b - CMMMeTpIIqecKaH 6HJIMHeii:HaH HJII!. apMM.TOBa 
lfiopMa, npnqeM q(x)=b(x, x) HBJIHeTCH II • .p., TO n !J>opMy 
b TaKme MHOfAa Ha3blBaIOT IlOJiyoIIpep;eJleHHOll (HeOTp~a
TeJibHOH HJIM. HenoJiomnTeJlhHoil:). EcJIII q - trnap;paTM.qHIUI 
IIJIII apMHTOBa II • .p. B seKTopHOM IIpocTpaHCTBe V, TO 

N= {xE Vlq (x)=O} HBJIHeTCH nonnpOCTpaHCTBOM, COBII!l!
AaIOITJ;IIM c HApoM !J>opMhl b, IIpHqeM Ha VIN ecTeCTBeHHhlM 
o6pa30M HHAyu.npyeTCH IIOJIOmIITeJihHO orrpep;eJleH.HaH MJIIl 
OTpnu;aTeJibHO orrpeAeJieHHaH !J>opMa. 0. A. HBanoBa. 

IlOJIYilJIOCKOCTh - COBOKyIIHOCTb ToqeK IIJIOC-
KOCTH, JlemaIIJ;IIX no OAHY CTopoHy OT HeK-poii: npJJMOH 
aTon IIJIOCKOCTH. I\oopAIIHaThl TOqeK II. yp;osJ1eTBop.HIOT 
HepaseHCTBy Ax+By+C>O, rp;e A, B, C - HeK-pble no
CTOHHHhie, npH'!eM A Il B OAHOBpeMeHBO He paBHbl HyJUO. 
EcJin caMa rrpHMaH Ax+By+C=O (r pa H .11: u; a II.) 
IIp11qnCJ1HeTCH K II., TO rosopHT o 3 a M K H y T o ii: II. 
Ha KOMITJleKCHOH IIJIOCKOCTII z= x+ iy paccMaTpHBRIOTCH 
BepxHHH IIOJIYllJIOCKOCTb y=Imz>O, 
H If m H H H II 0 JI y Il JI 0 c K 0 c T b y= lmz<O, JI e-
B a H noJlyUJIOCKOCTb .-r=Rez<O, npaBaH 
II o JI y n JI o c Koc Th x=Rez>O n T. A· BepxHHH II. 
KOMIJJleKCHOH IIJIOCKOCTII z KOH!J>opMHO OTo6pamaeTCH Ha 
Kpyr lwl <1 c IlOMOIU.blO Ap06HO-JIIIHellHOII !J>yHKIJ;Hil 

w=eie z-~' 
z-13 

fAe e - npOH3BOJlbHOe AellCTBHTeJlbHOe qncJIO, a Im ~ >0. 
ECD-3. 
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Il0.1IYilPABHJlhHLIE MHOrorPAHHHKH, Te JI a 
A p x n Me A a,- BhlnyKJible MHororpaHHHKH, ace rpaHn 
K-pb!X cyTh npaBHJibHble MHoroyroJibHHKH, a MHOrorpaH
Hhle yrJibI KOHrpy:rnTHbl nmi: CHMMeTpnqHbl. }J,aHJible 0 
II. M. np1rne11:eHbl B Ta6mz1~e, r11:e B - qncJio aepnnrn, 
p - qHCJIO pe6ep, I' - qnCJIO rpaHeH, I'k - qnCJIO nk-

• 

qaCTO TIO/I; fl. a. TIOHIIMaeTCll KOHeqffOMepHall aJire6pa 
Hap; IlOJieM, llBJillIOma11c11 npllMOH CyMMOH npOCTblX aJI
re6p. JI. A. Cnopwinoe. 

ITOJIYITPOCTAH AJirEBPAHqECKAH rPYililA -
CB113HaH JIHHeil:HaH aJire6pal'!q. rpynna llOJIOJKl'!TeJihHOM 
pa3MepHOCTn, cop;epmamaH Jil'!Illh TpHBHaJihHble pa3pe

6lii1s 
~16 

Illl'!Mhle (HJIH, qTo paBHOCl'!JlbHO, 
a6eJieBhl) CBH3Hhle aaMKHYTb!e 
HopMaJihHble no11:rpynnhl. <f>aK
Toprpynna CBH3HoiI Hepaapellin
MoiI JIHHeil:Hoil: aJire6panq. rpyn
Tihl no paAnKaJiy noJiynpocTa. 

Ca.11aHaJI JIHHeiIHa11 aJire6pa
nq. rpynna G noJiolRnTeJibHoil: 
paaMepHOCTH Haa. TI p 0 c T 0 H:, 
ecJin oHa He cop;epmnT co6cT
BeHHhIX CB.113Hb!X aaMKHYTbIX 
uopMaJihHhIX 11011;rpynn. LJ;emp 
Z (G) npocToii rpynrrhl G Ko
Heqeu, n G/Z (G) npocTa KaK 
a6cTpaKTHa.11 rpynna. AJire6-
pa:nq. rpynna G noJiyrrpocTa 
TOI'/1;8 H TOJibKO TOI'/1;8, KOl'/1;8 
G paaJiaraeTCH B rrponaaep;eHHe 
rrpoCTblX CB.113Hb!X aaMKHYTb!Xi 
HopMaJihHhIX rrop;rpyrrrr. 

IlOJJynpaBHJJbHbie MHOrorpaHHHRH 

B CJiyqae, KOI'/J;a OCHOBH00 
IIOJI0 0CTb IIOJI0 IC KOMIIJI0KCHblX 
qnceJI, II. a. r.- aTo ue qTo 
nHoe KaK rroJiyrrpocTaH rpynna 
JI!'! Hap; I(). 0Ka3b!Ba0TCH, qTo 
KJiaccmpHKa~nH II. a. r. uap; 
npOl'!3BOJlbHblM aJire6pal'!qeCKH 
aaMK&yThIM rroJieM K aHaJior:nq
Ha cJiyqa10 K=C, T. e. qTo II. 
a. r. onpep;eJI.110TCH c ToqHoCThIO 
AO naoMopiJ>naMa CB00M KOpHe
BOH Cl'!CT0MOM H H0K-poii rrop;pe
IlI0TKOM B p0I110TK0 B0COB, CO
p;epmameiI ace KOpHH. ToqHee, 
nyCTh T - MaKCHMaJibHhIH Top 
B II. a. r. G, X (T) - rpynna 
xapaKTepoB Topa T,paccMaTpl'!
aaeMa.11 KaK pellieTKa B rrpoCT-

Ne Ha I 
PHC. BIPI r I n, I n,, n,, r, I r, / r, / s, / s, / s, / s 

Yce•rnHHbIJ! TeTpaanp 1 1Z 18 8 6 3 -
y ce•<eHHbll! Ry 5 . . • 2 24 36 14 8 3 -
PoM5oRy5001<Taanp • 3, 4 Z4 48 Z6 4 3 -
OJI OCKOHOCblil: Ry 0 . . . 5 Z4 60 38 3 4 -
Ycc'leHHhll! Ry6ooRTaanp 6 48 7Z Z6 4 6 8 
Hyooo1<Taanp ....•. 7 1Z Z4 14 3 4 -
Y ce'leHrihlli 01<Taanp . . • 8 24 36 14 6 4 -
Yce'leHH&Iil: no11eRaanp •. 9 60 90 32 10 3 -
PoMOOHRocononeRaanp .. 10 60 1ZO 6Z 4 I 3 5 
Yce'leHHblH HKOCO)(O)(eKaanp 11 1zol18ol 6Z 4 6 10 
HROCO)(O)(eRaanp . . • • • . . 12 30 60 3Z 3 5 -
Yce'leHHhlli HROcaanp ..•. llJ 60 90 3Z 6 5 -
IlJJOCKOHOChlli )(O)(eRaanp 14 60 150 9Z 3 5 -
IIpaBHJJbHaH IlPH3Ma (n=3, 

5, 6, ... ) ..... 15 2n 3n n+Z 4 n -
AHTlmpHBMa (n= 4, 5, 6, ... ) 16 Zn 4n Zn+Z 3 n -

yroJihHblX rpaH0H, s - ql'[CJIO rpaueH:, CXOAHI~HXC.11 B Kam
AOM B0pllIHHe, B TOM ql'[CJie S1 n1-YI'OJlbHbIX, S2 n2-yroJibHbIX 
II T. A· B eBKJIIIAOBoM rrpocTpaucTBe IR3 cymecTayeT 13 II. 
M. [CM. p11c., 1-14, IIHOI'Aa Bb!A0JI.llIOT ABa Bl'!Aa poM6oKy-
6ooKTa3Apa (p11c., 3-4), K-pble paaJI11qaIOTCH TCM, qTo 
B0pXH.llH qaCTb MHoroyroJihHllKa, COCToHmaH 113 5 KBaApa
TOB II 4 npaBllJibHblX TpeyroJihHHKOB, IIOB0pHyTa KaK ~e
JI00 Ha yroJI :rt/4] I'! AB0 6eCKOH0qHbl0 cep11n - rrpH3Mbl 
(pIIC., 15) H aHTIIIIpl'!3Mbl (p11c., 16). 

HeBhIIIYKJihIX (aaeaAqaThlx) II. M. 6oJihllie 51. 
Jlum.: (1] 8HUHRJ!Ollel\Hll aJJeMeHTapHOH MaTeMaTHRH, RH. 4-

reoMeTpHH, M.-JI., 1963; [2) JI IO c Tep H HR JI. A., BbIIlYKJJhle 
!jJHrypbl H MHOrorpaHHHKH, M., 1956; [3] Br ii ck n er M., 
Vielecke und Vielflache. Theorie und Geschichte, Lpz., 1900; 
[4] Be H H H H nm e p M., MoneJJH MHororpaHHHROB, nep. c 
aHrJJ., M., 1971.. A. B. Heauoe. 

ITOJIYITPOCT AH AJirEBP A o Tu o c 11 T e JI h H o 
pa An Ka JI a r - aJire6pa, .llBJIHIOmaHc.11 r-noJiynpoCThIM 
KOJib~OM (CM. Ilo,;r,ynpocmoe 1Wllblfo). B H0K-phIX KJiaccax 
aJirefip rrpn IIOAXOA.11meM Bhl6ope paA111rnJia r YAaeTc.11 
OIIl'!C8Th CTpoett!Ie II. a. (CM. H.1taccuttec1.u nol!ynpocmoe 
KOAblfO, A.1tbmepnamu1Jnbie IW.l!blfa u a1£ee6p1>1, Rop8anoHa 
a,;r,ae6pa, Jlu no,;r,ynpocmaa a1£ee6pa). 

4 4 -
6 8 -

18 8 -
32 6 -
12 8 6 

8 6 -
8 6 -

12 20 -
30120 1Z 
30 zo 1Z 
20 12 -
zo 1Z -
80 1Z -
n z -
Zn z -

2 1 
z 1 
3 1 
4 1 
1 1 
2 z 
z 1 
2 1 
z I 1 
1 1 
z 2 
z 1 
4 1 

z 1 
3 1 

-
-
-
-
1 
-
-
-
1 I 1 

-
-
-
-
-

3 
3 
4 
5 
3 
4 
3 
3 
4 
3 
4 
3 
5 

3 
4 

paHCTBe E=X (T)@IR. }],Jiii 
JII06oro pa~l'!OHaJibHOI'O JIH-
H0HHOI'O rrpep;CTaBJI0Hl'!H p rpyrr
Ilbl G rpyrrna p ( T) .HBJIH0TCH 
Al'!aroHaJinaHpyeMoil:. Ee co6-
CTB0HHhl0 3Haq0Hl'!H, .llBJIHIOmn

ec.11 ::iJieMeHTaMH rpynnhl X (T), Haa. Be ca Mn rr p e A
c T a B JI e H n .11 p. HeHyJieBhle aeca rrpHcoe11:nHeHHoro 
rrpep;cTaBJI0HHH Ad Haa. K o p H .11 M I'! rpyrrrrhl G. 0Ka-
3hIBaeTCH, qTo cncTeMa ~ c X ( T) acex Kopuell: rpyrrnhl G 
HBJIH0TC.ll IIpHB011;0HHOH 1wpne1JOU cucme.Mou B IIpOCTpaHCTB0 
E, IIpl'!q0M H0IIpHBOll;l'!Mb10 KOMIIOH0HTbl Cl'!CT0Mbl ~ - ::!TO 
Cl'!CT0Mbl KopueH: rrpoCTblX aaMKHYThIX HOpMaJihHblX IIOA
rpyrrn rpyrrnhl G. }J,aJiee, Q (~)=X (T)=P (~), rp;e Q (~)
peI11eTKa pap;HKaJihHhIX aecoa, a P (~)= p .. EE la*(),,) E Z 
AJI.11 acex a E ~ } - p e Ill e T K a B e c o B KOpHeBoil: cnc
T0Mhl ~. B cJiyqae K = C rrpocTpaHCTBo E ecTeCTB0HHo 
OTOllill;0CTBJIH0TCH c aemecTB0HHblM rrop;rrpoCTpaHCTBOM 

t;ct*, r11:e t - aJire6pa Jln Topa T, HaTHHyToM Ha AHii>

iJ>epeH~l'!aJibl BC0X xapaKT0pOB, a p0I110TKH B t, /J;BOHCTB0H
Hbl0 K Q ( ~ )=X ( T)=P ( ~), coanap;aIOT ( c ToquoCTbIO p;o 
MHOlliHT0JI.ll 2:rti) C f1=f(G)=fo (CM. Jlu no.n,ynpocmaa 
epynna). 

OcHoBHa.11 TeopeMa KJiaccniJ>nKa~nn yTBepmp;aeT, qTo 
ecJin G' - p;pyra.11 II. a. r., T' - ee MaKcnMaJibHhIH Top, 
~ 'cE' - CHCT0Ma KOpII0H rpynnhl G' H 0CJIH cymeCTByeT 
JIHIIeil:Hoe oTo6pameHne E -+ E', onpep;eJI.1110mee naoMop-
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«Pn3M KopHeBblx CHCTeM ~ II ~' n oT06pamaIOm;ee X ( T) Ha qcgl ( V) - aJire6pa Jin 
X ( T'), TO Gc=G'. KpoMe Toro, AJIH JII06on IIpnBeAeHHoii re6paHq, rpyIIIIbl, To X 

peAyKTHBHOii: JIHHeii:Hoft aJI
eCTb II. a. aJire6pb1 g Torna n 
- IIOJiyIIpOCTOH ::JHAOMop.iPH3M KOpHeBOH CIICTeMbl ~ H JII06on perneTKII A, YAOBJieTBOpHIO- TOJibKO TOrAa, KOrAa x 

m;en ycJIOBIIIO Q (~ )SA<;;P ( ~ ), cym;eCTBYCT TaKaH Il. a. r. IIpOCTpaHCTBa V. 
G, 'ITO ~ eCTb CHCTeMa ee Kopnen OTHOCIITeJibHO MaKCII- Jlum.: [1] Bop e JI h A., JI1rnel!uh!e aJireopa1Prnc1me rpynrrhI, 
MaJibHOro TOpa T II A= X ( T). nep. c aHrJI., M., 1972; [2] Me p 3 JI JI Ro a IO. II., Pa111Io-

K ;r., ( uaJihHh!e rpynnh!, M., 1980; [3] X a M lfJ p II Am., JllIHel!Hhie 
JiaCCH'l'III~npoBaHbl TaKme ace uaoee1tuu B qaCTHOCTII, ameopaHqecRHe rpynnh!, nep. c aHrJI., M., 1980. A. JI. OnuUJun. 

BCe 8.BTOMop«PII3Mb1) Il. a. r. 
Jlum.: [1) c Tel! 8 0 e pr P. r., JleRLIHH 0 rpynnax meaaJI- 110.JIYllPOCTOll 3H,!J;OMOPll>H3M, TI o JI y TI p o-

Jie, nep. c aHrJI., M., 1975; LZ] x a M qi pH A lR., JlHHel!Hh!e aJI- c T 0 e JI II H e ii H 0 e TI p e 0 6 p a 3 0 B a H II e, BeK-
refipa11qecRHe rpynnh!, nep. c aurJI., M., 1980. A. JI. O"UUJW<. TOpnoro IIpocTpanCTBa V HaA TIOJieM K - ::JHAOMop«PII3M a 

110.JIYIIPOCTAH rPYIIIIA (B CMblCJie HeK-poro pa- TipOCTpaHCTBa V TaKoii, qTo BC.IIKoe TIOAIIPOCTpaHCTBO B V, 
AHKaJia) - rpyTITia, pa8ur;a.tt K-poii COBTiaAaCT c ep;IIHHq- IIHBapHaHTHOe OTHOCIITeJibHO a, o6Jiap;aeT IIHBapIIaHTHblM 
Hoii: TIOArpyTITioii. TaKIIM o6pa3oM, IIOHHTIIe II. r. ueJIIIKoM TipHMblM AOTioJIHeHneM. l"t;pyrIIMII CJioBaMII, Tpe6yeTCH, 
OTipep;eJIHeTCH Bbl60pOM pamrnaJibHOro RJiacca rpyrm. qTo6bl a OIIpeAeJIHJI Ha v CTpyKTYPY rroJiyIIpOCToro MOAYJIH 
B TeopIIII ROHeqHblX rpyrrrr II rpyrrrr Jin IIOA paAIIKaJIOM HaA KOJib[\OM K [X]. Harrp., JII06oe opToronaJihHOe, CIIM-
o6blqHo IIOHHMaIOT HaII60JibIIIYIO ( CBH3&yIO) pa3peIIIIIMyIO MeTpIIqecKoe IIJIII ROCOCIIMMeTpIIqecKoe JIIIHeil:Hoe npeo6-
HOpMaJib&yIO IIOArpyrrrry. B ::JTIIX cJiyqa.irx OIIIICanIIe IT. r. pa3oBaHIIe KoHeqHo~rnpHoro eBKJIIIAOBa rrpocTpaHCTBa, a 
CBOAIITCH K OIIIICaHIIIO rrpoCTblX rpyrrrr. TaKme JII06oe A II a r 0 H a JI II 3 H p y e M 0 e (T. e. 3a-

Jlum.: [1) I\ y p 0 m A. r., TeOpHH rpynn, 3 H3ll., M., 1967; IIIICblBaIOm;eecH B HeK-pOM 6a3nce AIIaroHaJibHOft MaTpII-
[2] I1 0 H T P lI r II H JI. C., HenpepbIBHbie rpynnhI, 3 1I3ll., M., a;eft) JIIIHeftHoe rrpeo6pa3oBaHIIe KOHeqHoMepHoro BeKTOp-
1973· A. JI. illMeJ!b1<U1i. HOrO IIpOCTpaHCTBa HBJIHIOTCH Il. ::J. IIoJiyIIpOCTOTa ::JHAO-

IIOJIYIIPOCTAH MATPHI(A - KBaApaTna.ir MaTpmi,a Mop.iPII3Ma coxpan.ireTCH rrpn IIepexoAe R IIHBapIIaHTHoMy 
HaA IIOJieM F, IIOA06HaH MaTpIIa;e BIIAa diag [d1, ... , d1], IIOAIIpOCTpaHCTBy WcV H K «PaKTOpIIpOCTpaHCTBY V/W. 
rAe di - MaTpIIa;a HaA F c HerrpIIBOAIIMhIM B F [x] IIyCTh dim v < 00 • 8HAOMop.iPII3M a : v-+ v HBJIHeTCH 
xapaKTepIICTII'leCKUM MHoroqJieHOM, j=i, ... , k. /"t;JIH II. a. TOr,'\a II TOJibKO TOrAa, KOrAa ero MHHHMaJibHblft MHO-
MaTpIIUbl A HaA IIOJieM F CJieAyIOm;IIe TPII YTBepmAeHHH roqJieH He IIMeeT RpaTHblX MHomnTeJieft. IlyCTh, KpOMe 
aKanaaJieHTHbl: (1) A TioJiyrrpocTa; (2) MHHHMaJibHblft Mno- Toro, L _ pacrnnpeHHe rroJIH Kn a<L>=aQ91 - npoAoJime-
roqJieH MaTpIIUbl A He HMeeT KpaTHblX MHOmIITeJieii B HHe ::JHAOMop«PII3Ma a Ha IIpOCTpaHCTBO Vm= V()()KL. Ec-
F [x]; (3) aJire6pa F [A] IIoJiyIIpocTa. JIH aw IIoJiyrrpocT, TO II a IIoJiyrrpoCT, a eCJIII J; cerrapa-

EcJin F - coaeprneHHoe rroJie, TO II. M. HaA F IIOAo6na 6eJibHO naA K, TO aepHo II o6paTaoe. 8HAOMop«Pn3M a na3. 
p;IIaroHaJibHOH MaTpnue HaA HeK-pblM pacrnnpeHIIeM F. a 6 c 0 JI IO TH 0 II 0 JI y II p 0 c T bl M, eCJIII am rroJiy-
/"t;JIH BCHKOH KBaApaTHOH MaTpIII~bl A HaA coaeprneHHblM rrpoCT AJIH JII06oro paCIIIIIpeHHH L=iK; AJIH ::JTOro Heo6-
TIOJieM IIMeeTCH eAHHCTBeHHoe rrpeACTaBJieHIIe B BHAe A= XOAHMO H AOCTaToqHo, qT06bl MIIHHMaJibHblft MHOrOIJJieH 
=As+AN, rAe As eCTh TI. M., AN HHJihIIoTeHTHa, He HMeJI KpaTHblX KopHeft a aJire6paH1J. 3aMb1KaHIIII K 
A sA N=A NA 5; MaTpnubl As n AN rrpIIHaAJiemaT an-
re6pe F [A]. IIOJIH K, T. e. qTo6bl aHp;oMop«Pn3M a(K) 6blJI AHaroHaJIII3II-

Jlum.: [1) By p 5 a R II H., AJireopa, nep. c ljlpaH11., M., 
1966, rJI. 8. 1J.. A. Cynpy"e""'"· 

IIOJIYllPOCTOE KO.Jlbl(O - RoJibUO R c HyJieBblM 
paAnKaJioM. ToqHee, ecJIII r - HeK-pblii: paAnKaJI (cM. Pa-
8ur;a.ib/, KOJien II aJire6p)' TO KOJibUO R Ha3. r-rr 0 JI y
II p 0 c T bl M B CJiyqae, KOrAa r(R)=O. lfacTo, roBOpH 
06 accounaTHBHOM TI. K., IIMeIOT B BHAY 1>.ttaccu<tecr;u 
no.iynpocmoe 1>0AblfO. JI. A. Cnop1'1moe. 

IIOJIYllPOCTOE IIPE,!J;CT ABJIEHHE - TO me, qTo 
BIIOJIHe rrpHBOAIIMoe rrpep;cTaBJieHIIe (cM. Bn0.tt1te npueo8u
.Moe .M1to:11eecmeo). 

IIOJIYIIPOCTOA: MO,!J;Y Jib - TO me, qTQ eno.i1te 
npueo8U.Mb/,U .Mo8y.ttb. 

110.JIYIIPOCTOR 3.JIEMEHT JI II H e ft H o ft a JI-
r e 6paII11 e c Ko ii: rpyrrrrbl G-aJieMeHTgEGc 
cGL (V), r1:ie v - KOHeqHoMepHoe BeKTOpHoe IIpOCTpan
CTBO HaA aJire6panqeCRH 3aMKHYTblM TIOJieM K, HBJIHIO
IIJ;HHCH no.iy npocmb/,.M a1t80.Mo prj; ua.MO.M TipocTpancTBa V. 
IIoHHTHe n. a. He 3aBHCHT OT peaJin3anIIH rpyIIIIbl GB BHAe 
JIIIHeii:Hoii: rpyIIIIbl, a orrpeAeJIHeTCH JIHIIIb CTpyKTypoil: aJI
re6panq. rpyrrrrbl Ha G. 8JieMeHT g E G TioJiyrrpocT TOrAa n 
TOJibKO TOrAa, KOrAa AJIH orrepaTopa rrpaaoro CABHra 
pg B K [ G] cym;ecTayeT 6a3nc H3 co6cTBeHHblX BeKTopoB. 
II pn JII06oM paunoHaJibHOM JinHeii:HoM rrpeACTaBJieHHH 
<:p: G-+ GL(W) MHomecTBo TI. a. rpyrrrrbl G oTo6pamaeT
c.ir Ha MHomeCTBO Il. a. rpyIIIIbl <:p(G). 

AHaJiorHqHo orrpeAeJIHIOTCH rr o JI y rr p o c T bl e a JI e
M e HT bl aJire6panqecKoft aJire6pb1 JIH 
g, oTaeqaIOm;eil: rpyrrrre G; An«P«PepeHunaJI dq> : g -+ 
-+ g! ( W) rrpep;crnaJieHHH <:p oT06pamaeT MHomeCTBO 
Il. ::J. aJire6pbl g Ha MHOmeCTBO Il. ::J. CBoero o6pa3a. 

TioJiyIIpocToil: aJieMeHT aJire6pb1 Jln 
g - aTo aJieMeHT XE g Ta1rnft, qTo rrpncoeAHHeHHoe JIII
Heil:Hoe rrpeo6pa3oBaHIIe ad x HBJIHeTCH IIOJiyrrpoCTblM 
::JHAOMop.iPH3MoM aeKTopHoro rrpocTpaHCTBa g. EcJiu 

pyeM. 
Jlum.: [1) By p 5 a RH H., AJireopa. MoayJIH, ROJih!.la, 

ljlopMb!, nep. c ljlpaH11., M., 1966. A. JI. 01iUUJU1<. 

110.JIYllPHMAH - op;Ha 113 qacTeft rrpHMoft, Ha K-pble 
pa36IIaaeTCH rrpHMaH JII06oft ee ToqKoii: a. ECJIII TOqKa 0 
OTHeCeHa K II., TO II. Ha3. 3 a MK Hy T 0 il: II. (HJIH 
JI y q 0 M). BCEJ-3. 

110.JIYllPHMOE llPOH3BE,!J;EHHE r p y II rr bl A 
H a r p y rr rr y B - rpyrrrra G= AB, HBJIHIOIIJ;aHCH rrpo
H3BeAenneM CBOHX IIOArpyIIII A H B' rrprneM B HOpMaJibHa 
BG, II A nB= {1 }. ECJIII TaKme HA HOpMaJibHa B G, TO 
TI. TI. rrpeapam;aeTCH B np5t.Moe npouaee8enue. II. TI. no 
rpyrrrraM A H B CTpOHTCH HeOAH03HaqHo. /"t;JIH IIOCTpoeHIIH 
Il. II. Hymao em;e 3HaTb, KaKne aBTOMOp«liH3Mbl Ha rpyrrTie 
B Bhl3blBaIOT coIIp.irmeHHH aJieMeHTaMn n3 A. ToqHee, eCJIII 
G=AB - II. TI., TO Kamp;oMy aJieMeHTY aEA COOTBeTCT
ayeT aBTOMop«Pn3M aa E Aut B, HBJIHIOIIJ;Hftc.ir CoIIpHme
HHeM aJieMeHTOM a: 

aa(b)=aba- 1 , bEB. 

TI pn aTOM cooTBeTCTBHe a ~ aa eCTb roMoMop«PII3M A -+ 
-+ Aut B. 06paTHO, ecJin A II B - npoH3BOJihHble rpyrr
IIbl, TO AJIH JII06oro roMoMop«Pn3Ma <:p : A -+ Aut B cym;e
CTByeT eAHHCTBeHHoe II. rr. rpyrrrrbl A Ha rpyTirry B TaKoe, 
'!TO aa=<:p (a) )J;JIH JII06oro a EA. II. rr. HBJIHeTCH qaCTHblM 
cJiyqaeM pacUJ,upe1tua rpyrrrrbl B c rroMOIIJ;hIO rpyIIIIhl 
A, TaKoe paCIIIHpeHne Ha3. p a c m e II JI H IO m; II M c H. 

Jlum.: [1] I\ y po m A. r., TeopHH rpynn, 3 Hall., M., 1967. 
A. JI. filMeJ!b1<UU. 

IIOJIYilCEB,!J;OEBKJIH,!J;OBO IIPOCTPAHCTBO-
aeKTopHoe TipOCTpaHCTBO c BhlpomAeHHOH IIHAe.iPIIHIITHOft 

MeTpnKoft. TI. II. !., · ·1'R'i(•· · .mr-1 orrpep;eJI.ireTCH KaK 

n-MepHoe IIpOCTpaHCTBO, B K-poM 3ap;aHO r CKaJIHpHblX 
rrpoII3BeAeHIIH 
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n~e O=m 0 <m 1 <. . <m,=n; a=1, 2, .. ., r; ia=ma-1+ + 1, .. ., m", 1\ = ± 1, rrp11qeM - 1 cpe;iu1 q11ceJI ei 
a a 

BCTpeqaeTCH la pa3. IIpOI13BeAeHlrn (x, Y)a orrpeAeJieHo 
AJIH Tex BeKTopou, AJIH K-pbIX ace KOOPAHHaThl x rrpn i...;:: 
<ma-I paBHhl Hymo. Ha aTHX aeKTopax crrpaBeAJIHBO 
paaeHCTBO (x, Y)a-1=0. IIepahlii CKaJIHpHbIH KBaApaT npo-
11:3BOJlhHOfO BeHTOpa :r II. II. HBJIHeTCi! BhlpOmAeHHOH RBaA
paT!fqHoii !J>opMoli OT ROOPAHHaT BeRTopa: 

(x, x) = - (x1)2 - (x2)2 - ... - (xl1)2 + (xl +I )2 + ... + 
+ (xn-d)2, 

rAel-nHAeKc, d=n-m1 -Ae!J>eRT II.rr.IIpn 
11=c1 2= ... = l,=O II. rr. HBJIHeTCH noAyefilutuiJoebi.M npo
cmpancmeoJtt. B II. 11. orrpeAeJIHIOTCH m-Mepttbl0 IIJIOCRO
CTH (m <n), rrpHMhle, napaJIJleJlhHOCTh, AJIHHa BeRTOpa TaR 
me, KaR B rrcenAOeBKJIHAOBhlX rrpoCTpattcTaax. B II. rr. 
l + (dlR n MOll\HO BbI6paTh OpTOrOHaJlbHhlH 6a3HC, COCTOH
Il~IIM H3 l BeRTopoB MHHMoii AJIHHhI, n-l-d BeII!eCTBeHHOH 
AJIIIHbl H d H30TpOIIHbIX BeRTOpOB. qepea KRlliAYll'l TOql\y 
II. n. Ae!J>eKTa d MOll\HO rrpoaecn1 d-Mepuy10 H3oTporrHyIO 
IIJIOC!WCTh, Ka>RAblii BeRTOp K-poii opToroHaJieH BC.eM BeR
TOpaM II. 11. CM. TaKme I'aAUMeeo npocmpancmeo. 

Jlum.: [1] P o a e H cJ> e JI b 11 B. A., HeeBHJJHllOBbl rrpocTpaH-
CTBa, M., 1969. 1J.. 11. Co"OJ!08 

IIOJIYIICEBAOPHMAHOBO IIPOCTP AHCTBO -
MHOroo6pa3ne c Bb!pomAeHHOM 1rnAe!J>11HHTHOM MeTpm<oii:. 
II. II. l, ... lrv~, ... m,_, orrpeAeJIHeTCH KaR n-MepHoe MHO

roo6pa3Re c ROOpAHHaTaMH xi' B R-pOM 3aAaHo r JIHHeiiHhIX 
3JieMeHTOB 

2 • • 
dsa = g(aJ ii dx'" dx1a, 

rAe 0=m0 <m1 < .. . <m,=n; a=1, 2, .. ., r; ia=ma-i+ 
+1, ... , ma, rrpn'leM HHAeRc RBaApaTuquoii if>opMhl g!ali/ 

paeett la. Jhmeiinhlii: :rneMeHT ds~ onpeAeJieH AJIH Tex BeR
Topos, AJIH I<-pb!X ece RoopAnHaThI dxi rrpH i <ma-I paBHhl 

Hy mo (AJIH 3THX BeRTOpOB crrpaBeAJIHBO paeeHCTBO ds~-1 = 
=0). IIp11 l 1=l 2= ... =l,=O II. rr. HBJIHeTCH noAypuJtta-
11oe1J1,Jtt npocmpancmeo.M. IIpocTpaHCTBa v~ H k 1VW HB
JIHIOTCil R B a 3 H p H M a H 0 B bl M li II p 0 c T p a H
e T B a M I!. B II. II. orrpeAeJIHIOTCi! OCHOBHhle IIOHHTHll 
AHif>!J>epeHIJ,H3JlbHOll reoMeTpHH (rrarrp., RpttBH3Ha) 110 arra
JIOfHH c pnMaHOBblMH rrpocTpaHCTBaMH (CM. [ 1)). 

Jlum [1) p 0 3 e H cJ> e JI h II B. A., HeeeHJIH/IOBbl IIPO-
cTpaHCTBa, M., 1969. 11.. 1J.. Co"OJI06. 

IIOJIYPEIDETKA, rr o JI y c T p y KT y p a,- ROM-
MyTaTHBHaH HAeMIIOTeHTHaH IIOJlyrpyrrrra, 1'. e. IIOJly
rpynIIa c TOif\AeCTBaMM x+y=y+x ll x+x=x. BCHRa.11 
IIQ,Jiype111eTKa p= (p, +) MomeT 6bITh rrpeapaII!eHa e 'lac
mu'l>W ynopnao'le>otnoe Jttno:JK:ecmeo ('IaCTH'lHhlll rropHAOR...;:: 

BBOAMTC.11 COOTHOIIl0HHeM a<b~a+b=b), B K-pOM A.11H 
JII06oii: rraphI aJieMeHTOB cyII1eCTBY0T ToqHaH aepxH.HH rparrh 
sup {a, b }=a+b. 06paTHO, BCHROe 1!8CTH'IHO yrropHAO
qerrrroe MHOlli0CTBO c TO'lHhlMII BepXHHMH rpaHHMH AJIH JII0-
6b!X nap ;JJICMeHTOB HBJIHeTCH II. OTHOCHTeJibHO orrepaQHll 
a+b=sup {a, b }. B 3TOM cJ1yqae roBopHT, qTo '13CTH'IHO 
yrrop.11~oqeHHOe MHOif\eCTBO HBJIHeTCH B e p x H e ii II O
JI y p e 111 e T R 0 ii (ttJIH II 0 JI y p e 111 e T R 0 ii II 0 
o 6 'h e A H H e rr H .11 M, HJIH V-rr o JI y p e 111 e T R o ii:). 
H ll m II .II H II 0 JI y p e Ill e T K a' H83b1Ba0M8H TaRme 
II 0 JI y p e III e T R 0 " II 0 11 e p e c e q e H H II M, HJill 
A-rr o JI y p e 111 e T R o ii, orrpeAeJ1HeTCH AY3JihHO KaK 
'l8CTHqHo yrrop.HAO'leHH00 MHOllieCTBO, B R-poM AJIH mo6wx 
ABYX 3JieMeHTOB cyru,eCTByeT TO'lHaH HHif\HHH rp3Hb. 

T. C. <J>o(/JaitoBa. 
IIOJIYPHMAHOBO IIPOCTP AHCTBO - rrpocTparrcT

Ho c mmypHMaHOBOii MeTpHROff (c BblpomAeHHblM MeTpnq. 
TeH30poM). II. II. HBJl.llBTCH 0606II1eHneM IIOH.llTHH pU.MllllO
flll npocmpallcmea. OrrpeAeJierr11e II. rr. MO>IrnT 6hITh BL1pa
m:eno c IIOMOIIJbIO IIOHHTHir, rrpHM0RHeMh!X npn onpeAeJie
HHH pHManoua rrpocTpattCTBa. 13 onpeAeJiemm prrnarroaa 
npOCTpaHCTBa v n HCllOJIJ,:JyeTCH B RaqeCTBe I\aCaTeJihHUfO 

rrpOCTpaHCTBa 6BRJIHAOBO IIpOCTpaHCTBO !Rn, IIpH'ieM Ka
CaTeJihHh!e 80.KTOpbI B Rall\AOll TOqRe x (x1 •• . xn) Ev n llH
eapnaHTHbl rrpn IIapaJIJI0JihHLIX rreperrocax V n (MetpHq. 
1'0H30p a;j IIpOCTpaHCTBa v,, a6COJIIOTHO IIOCTOHHBH). 
ECJIH B R81J0CTBe KaCaTeJihHOfO IIpOCTp3HCTB3 B K3ll\AOii 
TO'lRe IIpOCTpaHCTBa V n 6epeTCH n0Ayee,;.1tuaoeo npocmpa11-
cmeo Rr;:•m, mr-1, TO MeTpuKa IIpoCTpaHCTBa V n 6yAeT HB

JIHTbCH BhlpOlliAeHrroii:, MeTpnq, TeH30p Tarn.Ke a6coJIIOTHO 
IIOCTOHHeH, BO HBJIHeTCH Terrepb BblpOIHABHJfblM, ero MaT
pl(lll,8 HMeeT parrr mi H IIM00T rreoco6eHHyIO IIOAMaTpH!\Y. 
OrrpeA8JIH0TCil BTOpoii BblpOmAeHHhlii MeTpHq, T0H30p B 
(n-m1)-IIJIOCKOCTJf (auxi=O), R-paH H33. HyJieaoii (~1-m, )
IIJIOCROCTbIO TeH3opa au; ero MaTpnu,a TaKme OOJl8AaeT 
tteoco6eurron rroAMaTpHu,eii n T. A· IIocJieArrnii, r-ii MeT
pnq. T0Haop, orrpeAeJieHHhlll B Ry]Jeeoii: (n-m,_1)-IIJIOCKO
CTH (r-1)-ro Terraopa,- H0BhlpOiRAeHHhlii T0H30p c H80C0-
6eHHOH MaTpnu,eii:. TaRoe npocTpaHCTBo H naa. II. II. H e 
3TOM CJlyqae o6o3rraqaeTCil CllMBOJIOM vr;:1m, ... m,_1. Aaa-

JIOrllqHo onpeAeJifleTCH II. II. BlfAa 111 •··· 1rvm,m, .. .in,_1, 
T. e . .KorAa e RaqecTee RacaTeJibHoro rrpocTpaHCTBa 6epeTCH 

IIOJlyIIceBAOeBRJIHAOBO npocTpattCTBO l,l, .. .l, R~''"" mr-1 

IIpoCTp8HCTBa vw H kl li~ Ha3. R B a 3 ll p II AI a H O
B hl M H II p 0 c T p a H c T B a M H. 

HaR n B p11MaH0BoM IIpocTpaHCTBe, B II. n. BBO}.(llTCH 
IIOHHTHe RpllBll3Hbl B AByMepHOM H8npaBJI0HHH. IIoJiyrn
rrep6oJIH'l. H IIOJIY3JIJlll:IITH'l. rrpocTpaHCTBa HBJIHIOTCH 
II. II. IIOCTOHHHOii: HeHyJleBOH RpllBll3Hhl, a IJOJiyee.KJIH}\OBO 
IIpocTparrcTBO - II. rr. IIOCTOHHHoii rryJieaoii. RpHBH3HhI. 

TaRHM o6paaoM, II. n. MomeT 6h1Tt. orrpeAeJierro Ra.K 
IIpOCTpaHCTBO alJ>if>HHHOii CBH3HOCTH (6ea Rpy'IeHHH), Kaca
TeJibHble UpOCTpaHCTBa K-poro B R3lliAOM TO'lRe i!BJIHIOTCH 
IIOJiyeBRJIHAOBhlMH (HJIH IIOJIYIICeBAOeBRJIIIAOBbIMH)' rrpH
qeM MeTpuq. Terraop II. IL HBJIHeTCH a6coJIIOTHO IIOCTOi!H
HblM. 

B II, II. Amp!J>epenu,HaJibHaH reoMeTpnH JIIIHHif H IIO
aepxrrocTeii. CTpOHTCH ITO arraJIOfHlf c Anif>!J>epeHIJ,ll3JlhHOH 
reoMeTpHeii JIHHHll H IIOBepXHOCTeii B v n c y'leTOM yRa33H
HOii Bblllle crreu,Hif>HqrrocTH II. II. IIoaepxttoCTH noJ1yrn
rrep60J1Hq. n IIOJIY3JIJ1HIITH'l. rrpocTpaHCTB caMH HBJIHIOTCI! 
II. 11. B qacTHOCTH, m-opnc!J>epa rroJ1yrnrrep6om1q. rrpocT

parrcTBa m+ 1Sn naoMeTpnqHa II. rr. V;i'..'._;i-m-i, MBTpHKa 
R-poro CBO}'l,HTCH R MeTpHRe rroJiy3JIJIHIITH'l. rrpocTp3HCTB3 

S::'-m-i; aTOT if>aRT HBJIHeTcH 0606II1eHHeM naoMeTpH'IHOC
TH opucif>ephI rrpoCTpaHCTBa JI o6aqeBCROro eBRJIHAOBOMy 
rrpOCTp3HCTBY. 

Jlttm (1) Po a e H cJ> e JI b 11 B. A., Heee1<JIHJl.OBbl npocTpaH-
CTBa, M., 1960. "7. A. CuaopoB. 

llOJIYCHMJIJIEHTHqECKOE IIPOCTPAHCTBO -
IIpoeRTHBHOe (2n+1)-IIpOCTpaHCTBU, B K-pOM 3aA3Ha 
(2n-2m0 ·-1)-llJIOCROCTh T0 , B Heil - (2n-2m1-1)-rrJioc
ROCTh T 1 H T. A· AO (2n-2m,_1-1)-rrJIOCKOCTH T r-i. npn 
;JTOM B IIpocrpaHCTBe 33A3Ha ByJih-CllCTeMa, nepeDOAHIJJaH 
Bee TOqRJf rrpocTpaHCTB3 B IIJIOCl\OCTl1, npoXOAHII~ne qepe3 
IIJIOCROCTh T0 ; e IIJIOCKOCTH T0 33AaHa a6coJIIOTHaH HyJII,
cncTeMa, IIepenoAmIJ,aH nee ee TO'lKll, e (2n-2m0 -2)
IIJIOCROCTH' J1elliaII1ne B Heil: H rrpOXOAHlll,llC qepe3 (2n
-2mi -1)-IIJIOCROCTb T1 H T. A· AO a6coJIIOTHoii: aym,
cncTeMhI (2n-2m,_1-1 )-rrJIOCROCTH T ,_ 1 , nepenOAHH\eii 
ece ee ToqRn n (2n-2m ,_1-2)-rrJiocKoCTH, Jiemanuie B 

rreii, O...;::m0 <m1 < ... <mr-1 <n. II. II. o6o3Haqaerc11 
Sp!r;:~~1, ... , 2m,_,+1. 

II. rr. noJiyqaeTCH MeTOAOM, arraJIOrH'lIIhlM rrepexOAY OT 
3JIJIHIITHq. II r11rrep60Jinq, upOCTpaHCTB R IIOJiyaJIJ!HIITlt'l. 
ll IIOJ1yrHrrep6om111. IIpocTpaHCTBaM, H HBJIHBTCH 6oJIOe 
06ll.\HM no OTHOJlleHHIO R KHa3UCHMUJieI\Tllq, upocTpaHCTlly. 

l\oJIJIHHeaIJ,Im fl. II., rrepeHOAHll.\110 B Ce6n IIJJ OCROCTJ:! 
T,., rrepecTaHOBO'!Hble c HYJih-<3I!CTeMa~rn, Ha3. II 0 JI Y" 
c Il M II JI e R T H q e c K Il M H II p e 0 6 p a a 0 B a H ll

H M H II.II. 
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Cyll\eCTBYIDT HHBapxrnHTbl rroJiycuMnJieKTIIq. rrpeo6pa-

3oBaHIIii, aHaJIOI'II'IHble CllMIIJieKTIIq. IIHBapIIaHTY CIIMII.!IeK
TIIq. npocTpaHCTB. IIoJiyCHMIIJieRTIIq. rrpeo6pa30BaHHll o6-
pa3yIDT rpyrrrry, HBJI11romyroc11 rpyrrrroii JIK. 

Jium [1] Po 3 e H ljJ e JI b n B. A., HeepKJinnonbl rrpo-
CTpaHCTBa, M., 1969. JI. A. CuiJopoB. 
IIOJIYCHMIIJUU~HAJlhHLIA ROMIIJIEKC - npem

nee Ha3BaHIIe CIIMIIJIII[\HaJibHOI'O MHOlReCTBa, namtoe IIpH 
rrepBOM pacCMOTpeHHll o6~eKTOB TaKoro pona. 

M. M. Boii.!fex0Bc1wii.. 
IIOJIYCOBEPIIIEHHOE KOJlhD;O - KOJ!b[\o, Kam

Ablii: Roneqno nopomnenHhiii JieBhlii: (mm Kamnhlii Koeeqno 
nopomnennblii: npaBbiii:) MOAYJih Hall K-pbIM o6Jianaer npo
eKT11BHbIM HaKphITIIeM. KoJib[\O R c paJ(uKaJioM )1,me:iw6-
coHa J oKa3bIBaeTCH II. K. Torna H TOJihKO Torna, 1wrna R 
IlOJIYJIOK8JlbHO Ii! y Kamnoro nneMDOTeHTa <l>aKTOpKOJih[\a 
RI J nMeeTc1111neMnoTeHTBhIH npoo6pa3 e R. IIepeoe ycJio
BHe Mom no 3aMeBHTh rpe6oeamrnM 1rnaccHq. noJiynpo
cToTbl <l>aKTopKOJihC\a RI J, a eropoe- eoaMOlRHOCTbID 
<<IIOllHMMaTh~ 11a R/J BR MonyJihBbie npHMhle paaJiomeHull. 
Il. K. xapaKTepH3YIDTCll TaKlRe ycJIOBMeM, qTQ KalRAbIH 
MOAyJih nonycKaeT np11Moe pa3JIOlReHHe, OTHOCHTeJihHO 
K-poro aonoJIBHeMhl MaKc11MaJihHble npHMhle cJiaraeMble. 
KoJihC\O MaTp111:1 Han II. K. 11eJI11erc11 II. K. 

CM. TaKme Cooepwe1uwe 1W.1tblfO n JIHT. npn 3TOH cTaThe. 
JI. A. C><OPHA><OB. 

IIOJIYTOPAJIHHERHAH <l>OPMA - <l>YHK~H OT 
AByx nepeMeHHblX ea MOAyJie (aanp., Ha BeKTOJlHOM npo
CTpaHCTBe), JIHHeiiHall no OJlHOMY nepeMeHHOMY ll noJiyJIH
HeiiHaH no npyroMy. Toqnee, II. <I>· na ymuapnoM MonyJie 
E HaA acco1:1HaTIIBHO-KoMMYTRTHBHblM KOJihllOM A c emim~
u;eii, CHa6meHHblM aBTOMop<l>M3MOM a - aCJ' Ha3. OTo6pa
if(eHue <p : EX E - A , JI11HeiiHoe npu <l>HKCHpoBaHBOM 
BTOpOM apryMeHTe II IlOJiyJI11Heiinoe (CM. llo.1ty11uneii,11oe 
omo6pa:HCenue) npH <l>HRcupoeaHHOM nepBOM apryMeHTe. 
AHaJior11qHo onpeAeJI11eTc11 n o JI y T o p a JI 11 H e ii: H o e 
o To 6 pa me Hue Ex F - G, rne E, F, G-A-MoayJI11. 
B cJiyqae, Rorna aa =a (a EA), noJiyqaeTc11 non11Tue 6u
.ttuneiinoii (/fopMbl (11 6u.ttuneii,nozo omo6pa:HCenu11). )1,pyroii 
BalRHblll IlpHMep Il. ¢. IIOJiy1JaeTCH, KOI'J(a V - B0KTOp
HOe npocTpaHCTBO BaJ( IIOJieM IC ll a CJ= a. Cneu;HaJibHblM 
CJiyqaeM II. <I>· HBJIHIDTCH apMUm06bl rfiopMW (a TaKme KOC0-
3JlMllTOBbl <l>opMbI). 

II. <I>· MOmHo paccMaTpneaTh n Ha MonyJIHX Han neKOM
MyTaTMBHblM KOJihD;OM A; B 3TOM cJiyqae npeanoJiaraeTc11, 
qTo (J - a HT Ha BT 0 M 0 p <I> Il 3 M, T. e. qTO 

(ab)CI =bu aa, a, bEA. 

)1,JIH II. <I>· yAaeTCH BBeCTH MHOr11e IIOHHTHH T00Jlllll 611JI11.
neiiHblX «PopM, Hanp. IlOHHTHH opTOI'OH8JibHOI'O IlOAMOAy
JIH, Jieeoro 11 npaeoro 11npa, neebrpomnenHoii ¢opMbI, 
MaTpllC\bI «J>opMbl e naHHOM 6aa11ce, paara «J>opMbl, conp11-
meBBbIX I'OMOMOp<l>113MOB. 

Jlum. [1] B y p fi a K 11 H. AJirefipa. Monynu, KOJibtW, 
ljJopMhl, rrep. c ljlpattu., M., 1966; [2] JI e Hr c., AJirel'ipa, rrep 
c aHrJI., M., 1968. A. JI. OttUUIU>< 

IIOJIYYIIOPH)J,OqEHHOE IIPOCTP AHCTBO - 06-
mee Ha3BaHHe BeKTOpHblX npocTpaHCTB, B K-phlx onpeAe
JieHO 611napnoe oTHOIIIeHne qacT11qnoro nopHAKa, corJiaco
sannoe onpeneJieHHblM o6paaoM c eeKTopnoii CTpyKTypoii 
npocTpaHCTBa. Bsenenn:e nop.11ARa B lf>yHKu;110HaJihHblX 
npoCTpaHCTBax I103BOJIHeT HCCJie):\OBaTh B 06m11x paMKaX 
<l>YHKC\HOHaJihHoro aHaJI11aa TaK11e aaAaq11, K-pble cymecT
eenno CBH38Hbl c HepaBeHCTBaMH MelRAY <l>YHKD;BHMH, c Bbl
AeJieH11eM KJiaCCOB UOJIOlRHT0JihHblX <l>YHKD;llH. 0AHaRo, B 
OTJIHq11e OT MHOlReCTBa AeHCTBHTeJihHh!X q11ceJI, AOilYCKaro
mllro UOJIHOe ynopHAOqeHHe, eCTeCTBeHHh!H nop11noK B 
«l>YHK[\HOHaJihHblX npocTpaHCTBax ORa3blBaeTCH JIHIIIb qac
TlilqHblM; Hanp., B npoCTpaHCTBe C [a, b I ecTeCTBeHuo cq11-
TaTh, qTO <l>YHKC\HH f Mamop11pyeT <l>YHRD;HID g, ecJIH f (t)~ 
;;.g(t) np11 ecex tE[a, b). Ho rrp11 TaKoM onpeneJ1enn11 no
p11nKa MHOr11e <l>YHK[\llH OKalRyTCH necpaBHHMblMll Memny 
co6oii. 

YnopH,a;o11eHHhle eeRTopHhle npocrpaHCTea (y. e. n.). 
BeRTopnoe npocTpaHcTBo X nan noJieM neii:cTBHTeJihBblX 
qnceJI Haa. y n o p 11 A o 'I e H H bl M, ecJiu e HeM onpe
AeJieHo 61rnapnoe OTH01IIen11e nopHAKa, np11qeM x~y BJieqeT 
x+ z~y+ z AJIH Jiro6oro z EX H /.,x~'Ay J(JIH mo6oro 1J11cJ1a 
/.,~0. TaKoBo, Hanp., C [a, b] c ecTecTBeHHbIM nop11J(ROM. 
EcJIH OTHOIIIeHne ~ eCTb nopHAOK, TO MHOil\eCTBO x + = 
= {xEX: x>O}- KOHyc, Ha3. I1 0 JI 0 lR HT e JI h H bl M 
K 0 H y c 0 M. 06paTHO, eCJIH B BeRTOpHOM npoCTpaBCTBe 
x aanaH ROHyc K c eepIIIHHOii: B HyJie, TO B x MOlReT 6b!Tb 
BB011;0H TaKoii nopHAOR, np11 R-poM x + = K: CJie.rcyeT IIOJI0-
'1\HTh x~y, ecJIB x-yEK. PaccMaTpneaIOTCH 1160Jiee 06-
m1rn y. B. n., B K-pblX onpeneJieHa Jilllllb CTJlYKTypa KB83R
nopHAKa. B aTOM cJiyqae MHOIBecreo X + ectb KJIHH, a 
BCllRHii: RJIHH c BepIIIHHOM B HyJie nopomnaeT B x Keaau
UOJlHAOK. 

IIycTh y. B. n. X HaAeJieHo nopR:AKOM. Koayc X + Haa. 
eocnpo113BOAHmnM, ecJIH X+-X+=X. 3To 
CBOHCTBO ROHyca x + neo6XOAMMO H AOCTaToqno, IJ;JIH TGro 
'1T06bi JIID6oe KOHelJHOe IlOJ(MHOlReCTBO Il3 x 6r.mo orpa1tH
qeHBh!M (csepxy II cnnay). Te y. B. o., B K-pt.IX BCHROe 
orpan11.qennoe ceepxy MBomecreo 11Meer eepxaIOro rpaHh, 
unaqe - Toqnyro eepxnroro rpanmi;y, 11JI11 cynpeMyM (a 
TOrAa II BCllKOe orpan11qeHHOe CH11ay MHOffieCTBO HMeeT 
HJllKHIOID rpaHh, IIHa'le - Toqnyro HH)f(HIDIO rpaHIII\Y' IilJIH 
ne<l>11MyM), Ha3. I1 0 p II A R 0 B 0 n 0 JI H bl M ll Will 
(o)-II 0 JI H bl Mn. BoJiee CJia6blii. BHA IlOJIHOTbl B y. B. II. 
onpeneJI11eTc11 cJienyrorn;uM o6paaoM: y. B. n. aaa. A e ,a; e
R II H A 0 B 0 I1 0 JI H bl M, eCJIH BCHKOe ero orpaa1111ea
rroe csepxy II HanpaBJI0HHOe BBepx IIOIJ;MHOllWCTBO HMeeT 
sepxnroro rpaHb (MHomecTBO EcX nanpaMeHo BBepx, 
ecJin AJIH JII06blx x1, x 2 EE cyru;eCTByeT TaKoii: :r;3 EE, 'ITO 
x8~xi. x 2). EcJIH 3TO rpe6osan11e BblilOJIHeHO AJIH orpa
en:qeeHblX soapacTa10mnx nocJieJ(oBaTeJihHOCTeil, TO y. e. n. 
Haa. A e ,a; e K If HA 0 B 0 (o)-n 0 JI H bl M. )1,e11;eKHBflOBa 
noJIBOTa cJia6ee (o)-noJIHOTbI. Hanp., ecJI11 X - npoRa -
BOJJhHoe 6ecKoHeqnoMepnoe 6anaxoso npocTpaHCTllO, 
uEX, O<r<llull, a K - Konye, HaTHHyTLIH Ha aaMK
HYTblH IIIap S (u; r) 11 3JieMeBT 0, H c noMOill;hIO K B X 
BB0A0H nopHAOR, TO x - J(eAeKHIJAOBO IIOJIHOe, HO He 
(o)-UOJIHOe. y. B. n. Ha3. a p x II M e A 0 B bl M, eCJIIl B 
neM BbIIIOJIHeHa ApxuMeoa a1>cuo.Ma. B 'laCTHOCT!f, apx11Me
AOBh!M llBJIHeTCH BCHKOe AeAeKlfHAOBO (o)-nOJIBOe y. B. Il. 

B y. B. n. BBOAHTCH IlOHHTll:e II 0 pH A K 0 B 0 ii c x o
A II M 0 c TH: nocJienoeaTeJihHOCTb txn} (o)-c x 0 AH Tc H 

(o) 
R 3JieMeHTY x (Xn----+X)' ecJI11 cyrn;eCTBYIDT T8KHe B03pac-
Taroma11 Ii! y6blBaroma11 UOCJI0AOBaTeJihHOCTll {Yn} JI {zn}, 
qTo Yn<Xn<Zn 11 sup Yn=x=inf Zn· (o)-n p e A e JI o6J1a
AaeT MHOI'llMH CBOHCTBaMll npe,a;eJia B MHOlKeCTJle A0HCTBH
TeJihHblX qHCeJI, OAHaKO Hel\-pble H3 HllX cnpaBe,D;JIHBbI 
JIHIIIb B apXHMeAOBblX y. B. II. 

JI11neii:nhlft onepaTop A, neiicTeyrom11il: M3 y. s. 11. X 
B y. B. n. y (B qaCTHOCTII, JIMHellHblH <l>YHR{lll:OHaJI c neii
CTBllTeJihHblMH anaqeHBHMH), rraa. n 0 JI 0 iK H T e JI b
H bl M, ecJI11 AX+ cY + )1,JI11 noJIOlRHTeJihHblX «J>yBKI\HO
HaJioe cnpaseAJIHBa cJieAy1011i;a11 T e o p e M a o p a e
n p o c T p a H e u H 11. IIycTh E - JIHHeil:noe nonMnome
CTBO B X, Mamop11pyromee Ko Hye X + (aTo oaaaqaeT, qTo 
AJIH Jiro6oro xEX + cymecTByeT TaKoii YEE, qTO y~x). 
Bc11KHii JIHHeiinblii <l>YHKC\HOHaJI, aananablil: Ha E n no
Jiom11TeJihHblil: OTHOCHTeJihHO KOHyCa E n X +, 1(0IlYCKaeT 
JI11Heiinoe noJIOlRHTeJihHOe pacnpocTpaaen11e Ha ace X. 

BeRTOpHaJI pemeTRa (B p ) - y B. II., B K-pOM OT
HOIIIeH11e nop11nKa onpeAeJIHeT CTpyKTYPY peIIIeTKll. IlpH 
3TOM AJIH onpeneJieHHH B. p J(OCTaTOIJHO IIOCTYJIHpOBaTh 
AJIH JIID6blx AByx aJieMeHTOB 113 y. e. n. cyrn:ec:reoaa,1111e op;
Hoii 11a rpaneii: eepxneil: xv y 11JI11 HlllRHeii x /\ y. Hanp., 
ecJI11 cymecTByeT xvv, To x/\y=x+y-xvy. EcJin: X -
B. p., TO Konye x + Ha3. M Ii! B II 3 Apa JI b Bbl M. B B. p. 
AJIH JIID6oro ee 3JieMeHTa x cymecTBYIDT OOJIOlRRTeJlh
HaH II 0TpriqaTeJihH8H IJ8CTll X+=xvO II x_=(-x)vO. 
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Ilpu aTOM x=x+-x_, u na lfiopMyJia p;aeT «M1IH1IMaJih
noe» rrpe.n:CTaBJiemrn x B BIJ)J;e pa3HOCTif IIOJIOmMTeJibHblX 
3JieMeHTOB, T. e. eCJill x=y-z, nie y, z;;;;,O, TO X+ <Y, 
x_ <z. MIIHIIaApaJibHhlll Konye HBJIHeTCH BOCIIpOII3BOAH
II:\IIM. 8JieMeHT lxl=x++x_ Ha3. MOAYJieM aJieMeHTa x. 
B rrpocTpaHCTBe C [a, b] c ecTeCTBeHBhIM yrropHAoqea1IeM 
IIOJIOmIITeJihHblll Konye MIIHMaApaJieH, IIOJIOmIITeJibHaH 
qaCTb mo6oii: lfiyHKI:\IflI x (t) If3 c IIOJiyqaeTCH If3 x (t) 3aMe
HOH ee oTpIIu;aTeJihHhIX 3HaqenIIii: nyJieM, a MOAYJih eCTh 
lfiyHKD;IIH Ix ( t) I. B B. p. BCHKoe Koneqnoe MHomecTao aJie
MeHTOB IIMeeT o6e rpann. MoAyJih aJieMeHTa a. p. o6JiaAaeT 
MHOrHMH CBOMCTBaMII a6coJIIOTHOH BeJinqnHbl AeHCTBIITeJih
HOfO qIJCJia. 

B. p. Ha3. AH c T p II 6 y T ll B H 0 :ii, eCJIHAJIH rrpo1rn
BOJibHOro MHomeCTBa ee aJieMeHTOB {xa }, y K-poro cymecT
ayeT sup xa, rrpn Jiro6oM y EX crrpaaeAJIHBa lfiopMyJia. y /\ 
/\SUP xa=sup {y/\xa}. TorAa Bepna ll ABOHCTBeHHaH 
lfiopMyJia. yvinf xa=inf {yVxa}. 

T e 0 p e M a 0 A B 0 ft H 0 M p a 3 6 ll e H ll II IIOJIO
mHTeJibHblX aJieMeHTOB: eCJIH x= Y+z, rAe y, z;;;;,O, II OAHO
BpeMeHHO x=x1+ ... +xm rAe ace x;;;;;,O, TO KamAblll x; 
MOmHo rrpeACTaBl'lTb B BHAe x;= Y;+z; TaK, qTo BCe Y;, z;>O 
ll 'ITO 

Y =YI+.·.+ Yn, Z = Z1 +· .. +Zn· 

.IJ.aa aJieMeHTa x, y B. p. Ha3. A H 3 'b IO H K T H bl M H 
(xdy), ecJin !xi/\ lyl=O . .IJ.aa MHomeCTBa A, B Ha3. An 3 'b
ro H KT H hi Mn, ecJin adb AJIH JII06hlx a EA , b EB. B rrpo
CTpancTBe C [a, b I AII3'hIOHKTHOCTh xdy o3naqaeT, qTo 
x (t)y (t)=O. IloJiomnTeJibHhlll aJieMeHT e Ha3. c JI a 6 0 ft 
e p; II H n u; e ii: (e A n H H u; e :ii B c M bl c JI e <I> p e :il:
A e H T a JI H), eCJIH 0 - eAIIHCTBeHHblH aJieMeHT' AH3'b
IOHKTHblH c e. B C [a, b I CJia6o:ii eAnnnu;e:ii HBJIHeTCH Jiro6aH 
«l>YHKD;HH, K-paH 6oJibIIIe 0 Ha BCIOAY IIJIOTHOM MHomecTBe. 
EcJII1 me :rneMeHT e TaKoB, qTo AJIH Jiro6oro x cymecTayeT 
/.., rrpn K-pOM lxl <f..e, TO e Ha3. c ll JI b H 0 ii: e All H n
u; e ii:, a x c CIIJibHOll eAIIHnu;e:il: Ha3. B. p. 0 r p a H n
q e H H bl x a JI e Me HT 0 B. B c [a, b] CIIJihHaH eAH
HMu;a - Jiro6aH lfiyHKD;HH, AJIH K-poii min x(t)>O. EcJin 
B apxnMeAOBOll B. p. x c CHJibHOM eAIIHnu;e:ii e IIOJIOmHTb 
ll:z:ll=min {/.. : lxl <Ae }, TO x CTaHOBHTCH H 0 p M II p O-
B a H H 0 ii p e III e T K 0 ii:. 

Ha IIJIOCKOCTll JII06oii: KOHyc, KpoMe OAHOMepHoro (T. e. 
Jiyqa), MHHnaApaJieH. Ho B rrpocTpancTBax c 6oJihIIIIIM qlIC
JIOM H3Mepenn:il: cpeAn 3aMKHYTblX KOHYCOB MHoro He MH
HIIaApaJihHblX, narrp. TaKOBbl ace «KpyrJible» KOHyChl B IR3. 
)J,JIH Toro qT06hl Konye (c aepIIIHHOii B HyJie) B n-MepHOM 
apXIIMeAOBOM y. B. II 6blJI MHHHaApaJihHblM, neo6XOAHMO 
II AOCTaToqHo, qT06bl OH 6blJI HaTHHYT Ha (n-1)-MepHblii 
CllMIIJieKC c JIIIHeiino He3aBHCllMhIMII BepIIInHaMII. BCHKaH 
apxnMeAoBa n-MepHaH B. p. II30Moplfina rrpocTpaHcTBy 1Rn 
c IIOKOOPAIIHaTHhIM yrropHAoqeHHeM. 

K-npocTpaHCTBa (K.-rr.), rr po c T p a H c TB a K a H
T 0 p 0 B ll q a, cyTh (o)-IIOJIHble B. p. 8To - OCHOBHOH 
KJiacc n. II., OHR acerAa apxnMeAOBbl. (o)-CXOAIIMOCTb B 
K.-rr. OIIIIChIBaeTCH c IIOMOmbIO Bepxnero ll HnmHero rrpe
AeJIOB, HMeHHO, AJIH orpaH:Hq, IIOCJieAOBaTeJibHOCTH { Xn} 

lim Xn =inf sup xm, lim xn =sup inf Xm 
n m~n - n m~n 

(o) -.- • 
n TOrAa Xn~X 03HaqaeT, qTo x=hmxn=hmxn. IlycTb 
X ecTh K.-rr . .11.JIH JII06oro MHomeCTBa EcX ero AH3'hIOH
KTHblM AOIIOJIHeHneM Ha3. MHomeCTBO Ed= {x EX: x dE}. 
BCHKOe MHomeCTBO, K-poe HBJIHeTCH AH3'bIOHKTHblM AOIIOJI
HeHireM (K KaKoMy-Jin6o MHomecTBy)' Ha3. II 0 JI 0 c 0 ii . 
.11.JIH JII06oro MHomeCTBa E cyiu;ecTByeT HanMeHhIIIaH IIOJIO
ca, coAepmarn;aH E, nMenno Edd; ona na3. rr o JI o c o :ii, 
II 0 p 0 m A e H H 0 :ii M H 0 m e c T B 0 M E. ECJII'l caMo 
E eCTh rroJioca, To Edd= E. IloJioca, rropomAeHHaH OAHO
aJieMeHTHblM MHomeCTBOM, Ha3. r JI a B H 0 :ii. IloHHTne 
IIOJIOCbl BBO)J;HTCH II B JII06oii: B. p., OAHaKO B K.-II OHO nr
paeT oco6yro poJih, rroCKOJihKY crrpaBeAJinBa T e o p e M a 

0 II p 0 e K T II p 0 Ba B ll ll Ha IIOJiocy: eCJIH E - IIOJIOCa 
B X, TO AJIH Jiro6oro x EX cymecTayeT eAHHCTBennoe pa3JIO
menHe x= y+z, rp;e y EE, z E Ed. OrrpeAeJieHHbI:ii npH aToM 
Jinneii:nbl:ii orrepaTop y= Pr Ex Ha3. rr p o e K T o p o M 
H a rr o JI o c y E. EcJin 3aAana rrpo1I3BOJihHaH coaoKyrr
HoCTh rrorra pHO AII3'bIOHKTHblX IIOJIOC Ea' IIOJIHaH B TOM 
CMblCJie, qTO 0 - eAHHCTBeHHblll aJieMeHT H3 x' AH3'hIOHKT
Hblii aceM Ea, TO JII06o:ii x EX+ rrpeACTaBHM B BnAe x= 
=sup xa, rAe xa=PrEax. BcHKn:ii 1-nAeaJI YcX TaKme 

(o) 
HBJIHeTCH K.-rr. 0AHaKo eCJin Xn E Y n Xn~x B X, TO aTo 
COOTHOIIIeHHe aepno ll B y TOJibKO B TOM CJiyqae, KOrAa IIO
CJie)J;OBaTeJibHOCTb {xn} orpaHnqena B Y. 

IlpnMepoM K.-rr. CJiymnT rrpocTpaHCTBO S acex Aeii:CTBn
TeJibHblX rroqTJZ[ BCIOAY KoneqHblX ll3Mep1IMblX lfiyHKu;nii Ha 
(0, 1], B K-pOM aKBnBaJieHTHble lfiyHKD;llH OTOmAeCTBJIHIOT
CH. <I>ynKu;nH x ES cqnTaeTCH rr0Jiom1iITeJibHoii:, eCJIJil x (t)> 
;;;;,O rroqTn BCIOAY· EcJin A= {xn} - cqeTnoe orpaHHqen
noe caepxy IIOAMHomecTBo H3 S ( orpannqenHOCTh caepxy 
o3naqaeT, qTo cyru;ecTByeT TaKaH y ES, qTO xn(t) <Y (t) 
rroqTH BCIOAY AJIH JII06oro n), TO lfiyHKD;IIH x (t)=sup xn(t) 
n 6yAeT aepxneu rpaHhIO MaomecTBa A, T. e. sup A Bblquc
JIHeTCH IIOToqeqno. 0AHaKO AJIH necqeTHblX MHomeCTB Bbl
qncJieHne rpane:ii TaKnM me crroco6oM yme neao3Momno, 
ll cymeCTBOBaH1Ie y necqeTHblX MHomeCTB orpannqeHHblX 
MHomecTB B s yCTaHaBJIHBaeTCH CJiomnee. (o)-CXOAIIMOCTb 
BS 03naqaeT CXOAIIMOCTh rroqTII BCIOAY· Bee rrpocTpancTBa 
Lp=[O, 1], p>O, HBJIHIOTCH 1-HAeaJiaMH B s, ll IIOTOMy OHI'l 
Tome HBJIHIOTCH K .-rr. 

Bamnyro poJih HrpaeT TeopeMa P1Icca - RanTopoanqa 
0 TOM, qTo MHomeCTBO acex II 0 p H A K 0 B 0 0 r p a H H
q e H H bl x 0 II e pa T 0 p 0 B (T. e. JIHHeHHblX orrepaTO
pOB, rrepeBOJJ;HmIIx orpan1Iqennble no yrropHl:\O'leHHro 
MHomeCTBa B TaKHe me) 113 B. p. B K.-rr. rrpn ecTeCTBeH
HOM rropHAKe (A.;;;;;B o3HaqaeT, qTo Ax.;;;;;Bx rrpn acex 
x:;:;,O) caMo HBJIHeTCH K.-rr. Teop1rn K.-rr. naIIIJia rrpnJiome
HHH B BblIIYKJIOM anaJin3e H TeopnH aKCTpeMaJihHhIX 
3aAaq, Mnorirn pe3yJihTaTbl 31:\eCb OCHOBhIBaIOTCH Ha Teo
peMe Xana - Eanaxa - KaHTopoB1Iqa o IIPOAOJimeHHII 
JIIIHeHHblX onepaTopoa co 3naqen1IHMII B R.-rr. 

K.-II. Ha3. p a c III II p e H H bl M, eCJIII BCHKOe MHome
CTBO ero rronapHo AH3'hIOHKTHblX aJieMeHTOB orpaH1Iqeno. 
B pacIII1IpeHHOM K.-rr. acerAa cymecTByeT cJia6aH eAIIHnu;a. 
)J,JIH JII06oro R.-rr. X cymecTByeT eAnHCTBennoe (c Toq
HOCThIO AO H3oMoplfi1I3Ma) paCIII1IpeHHoe K.-rr. Y, B K-poe 
x rrorpymaeTCH KaK 1-HAeaJI' a IIOJIOCa B y' rropomAeHHaH 
x, COBIIaAaeT c Y. TaKoe y H33. Ma Kc lI Ma JI b H bl M 
p a c III II p e B ll e M K. - II. IlpOCTpaHCTBO s (0, 1] -
MaKCIIMaJihHoe paCIII1Ipen1Ie AJIH acex rrpocTpaHCTB L pl 0, 
1]. IloHHTIIe paCIIIIIpennoro K.-rr. IIrpaeT cymecTBenayro 
pOJib BO BCe:ii TeOplilI fl. II., B qaCTHOCTII IIpll IIpep;CTaBJie
Hl'lll K. rr. c noMomhro lfiynKu;n:ii. 

c B. p. II R .-II. TeCHO CBJI3aHO IIOHHTlie pemeToqno
HOpMHpOB3HHoro rrpocTpaHCTBa - BeKTOpHoro rrpocTpaH
CTBa, KamAOMy [)Jie..MeHTY K-poro COIIOCTaBJieHa ero 0606-
meHHaH HOpMa, HBJIHIOlll;aHCH aJieMeHTOM lfi1IKC1IpOBaHHOll 
B. p. II YAOBJieTBOpHromaH o6blqHblM AJIH HOpMbl aKCII
oMaM, B K-pblX 3HaK nepaBeHCTBa IIOHIIMaeTCH B CMhICJie 
rropHAKa B y1rn3annoii B. p. TaKHe rrpocTpaHcTBa IICIIOJih-
3YIOTCH B TeOp!IlI «l>YHKD;IIOHaJibHblX ypaaHeHIIll (TeopeMbl 
cyiu;ecTBOBaHIIH; MeTO}J;bl IIp1I6JIHmeHHOro peIIIeHnH; MeTO)J; 
HbIOTOHa - KaHTOpOBIIqa; MOHOTOHHble rrpou;eCCbl IIOCJie
AOBaTeJibHblX IIp1I6JI1ImeH1I:ii H T. A·). 

TorroJiorRtJecKne rroJiyynopHAO'ICHHh1e rrpocTpascTua. 
B lfiynKu;noHaJihHOM anamrne IICIIOJih3YIOTCH TaKme y. B. II., 
B K-pblx OAHOBpeMeHHO orrpeAeJieHa eme HeK-paH TOIIOJIO
rlIH, corJiaCOB3HHaH c IIOPHAKOM. IlpocTeHIIIllH ll Bam
HeMIII!Iii: rrp1IMep TaKoro rrpoCTpaHCTBa - 6anaxoea pe
iuem1w. 0606meH1IeM IIOHHTHH 6auaxoaoii peIIIeTKII CJiy
mnT JIOKaJibHO BblIIYKJiaH peIIIeTKa. 

Bamnh1:ii KJiacc 6aaax0Bh1x K.-rr. cocTaBJIHIOT KB
rr po c T pan c TB a (HB-n.), KaHTOpOBH'la-
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E a H a x a II p o c T p a H c T B a. TaK Ha3hlBaeTcH 6a
Haxoao K.-II., YAOBJieTBOpHIOmee ABYM AOIIOJIHI1TeJihHhlM 
ycJIOBIIHM: 1) Xn.fO BJieqeT llxnll-+ 0 (nopHAIWBaH HeIIpe
pbIBHOCTb HOpMbI); 2) eCJIII IIOCJJeAOBaTeJJhHOCTb {xn} B03-
pacTaeT II He orpaHI1qeHa IIo IIOPHAKY, TO llx n II -+ + oo. 
B KB-II. YAaeTcH OIIIICaTh c IIOMOmhIO 11opMhl M11orI1e lf>aK
Thl, onI1paIOmI1eCH no CBOeMy CMhlCJJy TOJJbKO Ila IIOpHAOK. 

(o) 
HaIIp., Xn-+O 0311aqaeT, qTo lllxnlv ... vlxn+mlll-+0 

n--> oo 
paBHOMepHo OTHOCIITeJibHO m. )J.JIH Toro qTo6hl MHOJirnCTBO 
B KB-n. E 6hlJIO orpaHI1qeHo no IIOPHAKy, Heo6xop:nMo H 
AOCTaTOqHo, qTo6hl orpaHI1qeHHhlM 6hlJIO MHOJReCTBO acex 
qnceJian.n;a lllx1lv ... vlxnlll, rAexiEE. KB-II. ecThpery
JJHpHoe K.-II. 

II p II Me p KB-n.: Lp[O, 1] npII 1..-:p<+oo. 
IIyCTb x - npOil3BOJJhHOe JIOKaJlhHO BhlIIYKJIOe rrpo

CTpaHCTBO, Ha.n;eJleHHOe CTpyKTypoi\: y. B. n. II IlMeIOmee 
T. H. HOpMaJlhHhlii KOHYC x +; npn :'JTOM HOpMaJlhHOCTb x + 
paBHOCIIJlhHa TOMY' qTo B x cymecTByeT 6a3a OKpecTIIO
CTeii HYJIH, COCTOHmaH Il3 a6coJIIOTHO BhlllYKJlhlX Il rropHµ
KOBO 11achlmeHHhlX MHOJReCTB u (IIOCJlep;Hee 03HaqaeT' qTQ 
ecmr x, y EU n x,..:y, TO II Beeb IlIITepaaJI [x, y] EU). )J,JIH 
Toro qTo6hl KaJR):lhlH 11enpepbIBHhlH JIIlHeHHhlH ¢YHKIJ;I10-
11aJ1 Ha JIOKaJihHO BhlllYKJIOM y. B. n. 6hlJI npe.n;cTaBIIM 
B Bn.n;e pa3HOCTII IlOJIOJRilTeJibHhlX HenpepbIBHhlX JIIlHeHHhlX 
ljiyHKIJ;IIOHaJIOB, Heo6xop;11Ma II AOCTaTOqHa HOpMaJlhHOCTb 
KOHyca x + B CJ1a6oii TOnOJlornn. )J.JIH IIOpMnpoBaHIIhlX 
IIpOCTpaHCTB IIOpMaJlbHOCTb KOHyca B CJ1a6ou Il CHJlbHOH 
TOIIOJIOrIIIl paBHOCIIJlbHhl. 

Jium.: [1] By JI 11 x B. 3., Bsegea11e B Teopmo noJ1yyrrop1Igo
•rnHHbIX npocTpaHCTB, M., 1961; [2] Ra a Top o B 11 q JI. B., 
By JI ll x B. 3., n ll H c Rep A. r., <IlyHRIVIOHaJlbHblll aHaJIH3 
B rroJ1yynopHAO'leHHhIX npoCTpaHcTnax, M.- JI., 1950; [3] III e
lfi e p X., TonoJ1or11qec1111e BeRTOPHble rrpocTpaHCTBa, nep. c aHrJI., 
M., 1971; [4] l\pacHoceJ1bc11Hll M.A., IloJ1om11TeJ1b
Hhie pemeHHII onepaTOpHbIX ypasHeHHll, M., 1962; [5] AH To
H o s c 11 n II M. H., Bo JI TR H c 11 11 II B. r., cap bl Mc a-
11 () B T. A.' TOilOJIOrH'1ec1111e ameopbl BYJllI, Tam., 1963; [6] 
B Hp R r 0 ljJ r., Teop1rn CTPYRTYP. rrep. c aHrJI., M., 1952; [7] 
I\ a HT 0 p 0 B H 'I JI. B., A R ll JI 0 B r. Il., <IlYHRI.{HOHaJlbHb!ll 
aHaJIH3, 2 H3A., M., 1977i [8] <IlyHRI.{HOHaJ1hHbill aHaJ111a, M., 1972 
(CrrpaBO'I. MaTeM. 5-Ra); L9] By JI ll x B. 3., BneAeHHe B TOO{!HIO 
ROHycos B HOpM11posaHHblX npocTpaHCTBax, l\aJIHHHH, 1977; l1 O] 
I\ p e tt H M. r., p y TM a H M.A., «YcrrexH MaTeM. Haym>, 
1948, T. 3, B. 1, c. 3-95; [11] ByxnaJIOB A. B., BeR
CJlep A. II., Jio3aHOBCRHll r. H., «YCnexH MaTeM. 
HayR», 1979, T. 34. B. 2, c. 137-83; [12] AR ll JI 0 B r. n., 
I\ y T a T e JI a A a e C. C., YrropHAO'leHHble BeRTOpHbie npocTpaH-
CTBa, HOBOCHOHPCR, 1978. B. 3. By.iux. 

llOJIYD;EIIHOE KOJihD;O, n o JI y u; e rr H o e 
c JI e Ba (c n p a Ba) K 0 JI bu; o,- KOJlbIJ;O, HBJIHIOmee
CH JleBhlM (npaBbIM) no.n.ylfennbl.M .Mooy.n.e.M Haµ caMnM co6oii. 

JI. A. Cnopmi.11.08. 
IIOJIYD;EIIHOR MO)J,Y JIL - MOAYJlh, pa3J1araIOmI1i\:

cH B rrpHMYIO cyMMy u;errHhlX noµMoµyJ1eii (cM. Il,ennou .MO
oy.n.b). Bee JleBble R-MOAYJIIl OKa3hlBaIOTCH II. M. Tor.n;a I1 

TOJlhKo Tor.n;a, Kor.n;a R - o6o6meHHO oonopaonoe 1>0.R.blfO. 
JI. A. Cnop><JJ.11.08. 

110JIY3JIJilll1TllqECKOE llPOCTPAHCTBO -
rrpoeKTIIBHOe n-rrpocTpaHCTBO, B K-poM MeTpnKa OIIpeµe
JIH0TCH 3a.n;aHHl>lM a6COJIIOTOM, COCToHmilM Il3 COBOKyIIHO
CTil MHI1Moro KoHyca 2-ro rropH.n;Ka Q0 c (n-m0 -1)
rrJlocKoii aepIIInHoii T0 , (n-m0 -2)-MHnMoro KoHyca Q1 c 
(n-m1-1)-nJ1ocKoii aepIIIIIHOii T1 B (n-m0 -1)-nJ10CKOCTI1 
T0 , (n-m1-2)-MHilMoro KOHyCa Q2 c (n-m 2 -1)-nJIOCKoii 
aepIIIIIHOH T 2 B (n-m1-1)-nJIOCKOCTil T1 Il T. A· .n;o (n
-mr_1-2)-MHilMoro KOHyca Qr-I c (n-m,_1-2)-rrJlo
CKOii BepIIIIlHOH Tr-I Il HeBhlpomµeHHOii MHilMOii (n
-mr-1-2)-KBa.n;pnKOH Qr B (n-mr-1-1)-IlJIOCKOCTil 
Tr-r. O,..:m0 <m1< .. . <mr-r<n. llHµeKcbl KoHycoB Qk, 
k=O, 1, ... , r-1 paBHhl: l0=m0+1; l 0 =m0 -ma-r. 0< 
<a<r; lr=n-mr-I· II. rr. o6o3HaqaeTCH s~·m,. .. mr-I. 

B CJlyqae, Kor.n;a KOHYC Qo HBJIHeTCH napoii CJIIlBIIIIlXCH 
nJ1ocKocTeii, coBIIaAaIOmnx c nJ1ocKocTbIO T0 (rrpn m0 =0), 
rrpocTpaHCTBO c Heco6cTBeHHoii: rrJiocKocTbIO T0 Ha3. no.n.y
ee11..n.uooe1>1.M npocmpancmeo.M R';:•ma. · .mr-1 

PaccTOHHne Mem.n;y ToqKaMII X n Y orrpe.n;eJIHeTCH a 3a
BHcn:MocTII OT paCIIOJIOJReHIIH rrpHMOH XY OTHOCIITeJibHO 
IlJIOCKOcTeii T0 , T1, ... , Tr-I· EcJin, B qacTBOCTII, npHMaH 
XY He rrepeceRaeT rrJioc1wcTh T0, To paccToH11ne Mem.n;y 
TOqKaMil x H y orrpe.n;eJIHeTCH c IlOMOmbIO CKaJIHpHoro 
rrpOI13Bep;eHIIH aHaJiornqHo onpe.n;eJieHillO paCCTOHHilH B 
11.eaaua.uunmu<tecno.M npocmpancmee. EcJ1I1 me rrpHMaH 
XY nepeceKaeT nJiocKoCTh T0 , Ho He nepeceKaeT nJiocKocTh 
T1 mrn nepeceKaeT rrJiocKoCTh T a-r. Ho He nepeceKaeT 
ITJIOCKocTb T 0 , paccTOHIIIle Mem.n;y Toq1rnMn orrpe.n;eJIHeTcH 
c noMomhIO CKaJIHpHoro KBa.n;paTa pa3H-OCTil COOTBeTCTByIO
mnx BeKTopoB ToqeK X n Y. 

B 3aBHCHMOCTH OT pacIIOJIOlf\eHilH OTHOCHT0JlbHO nJio
CKOCTe.ii: a6coJIIOTa B II. n. pa3JIIlqaJOTCH qeTblpe TIIIIa npH
MbIX. 

YrJ1bl Mem.n;y nJiocKOCTHMII B II. n. onpe.n;eJIHIOTCH aHa
JiornqHo OIIpe.n;eJieHil!O yrJIOB Mem.n;y nJIOCKOCTHMII B KBa3Il-
3JIJIIlllTilq. rrpocTpaIICTBe, T. e. c ncnOJib30BaHI1eM paccTOH
Hilll B ABOHCTBeHHOM rrpocTpaIICTBe. 

IIpoeKTIIBHaH MeTpnKa II. rr. HBJIHeTcH MeTpnKoii Han-
60J1ee o6mero an.n;a. qacTHhlM cJiyqaeM MeTpnKn II. IT, 
HBJIHeTCH, Harrp ' MeTpnKa KBa3Il:'JJIJIIlITTilq. ITpOCTpaHCTBa. 
B qacTHOCTII, 2-ITJIOCKOCTh sg coarraµaeT c eBKJ1n.n;oaoii, 

S~ - C KOeBKJIIl,ll;OBOH, 3-npocTpaHCTBO S ~ - C KBa3Il

:o!JIJIIlllTilqecKilM, sg - C eBKJIH,ll;OBhlMil 3-ITpOCTpaHCTB8Mil 1 

3-ITpOCTpaHCTBO Sg1 HBJIHeTCH raJ1I1J1e0BbIM, S~12 - ljJJiaro

BblM ITpOCTpaHCTBOM II T. A· 3-ITpOCTpaHCTBO S~2 COOTBeT
CTByeT ITO rrpIIHIJ;IlITY ABOHCTBeHHOCTII raJ1I1JieeBy 3-rrpo
CTpaHCTBY r 3 Il Ha3. KoraJin:JieeBhlM npoCTp8HCTBOM. (A6co
JIIOT KoraJ1I1Jieeaa ITpOCTpaIICTBa COCTOIIT Il3 ITapbI MH!ilMhlX 
ITJioCKOCTeii: (KoHyc Q0) II ToqKn T1 Ha ITpHMoii T0 nepeceqe
HIIH :'JTilX IlJIOCKOCTeH.) 

)J.anmeHnHMH II. n. HBJIHIOTCH ero KOJIJ1n:Heau;I1n, rrepe
BOAHmne a6coJ1IOT B ce6H. B cJiyqae m 0 =n-mr-a-1-1, 
l0 =lr-a II. n. HBJIHeTCH .n;aoiicTBeHHhlM caMoMy ce6e, B 
HeM OITpeAeJIHIOTCH KO/'IBilJReHilH, OITpe.n;eJieHUe K-pbIX aHa
JlornqHo orrpe.n;eJ1eHnIO Ko.n;anmeHnii KBa3naJ1JII1ITTI1q. ITpo
CTpaIICTBa. 

)J.BI1JReIII1H, ABilJReHIIH II KOABIIJReHIIH o6pa3yIOT rpyn
IThl, HBJIHIOmnecH rpyITITaMII Jln. )J.BI1IBeH11H (KaK H Ko
ABI1meHI1H) OITIIChlBaIOTCH opToroHaJlhHhlMII onepaTopaMH. 

II. II. HBJIHIOTCH no.n.ypu.Manoebi.Mu npocmpancmea.Mu. 
Jium.: [1] Po a e H ljJ e JI b A B. A., HeeBRJIHAOBbI rrpocTpaH-

CTBa, M., 1969. JI. A. Cuaopoe. 

llOJihKE - IDBAPD;A TEOPEMA: J1I06oii noJIHbIH 
IlJIOCKIIH qeTblpexyrOJlbHIIK MomeT cJiylf\IITb ITapaJ1JieJ1h-
11oii rrpoeKu;I1eii TeTpaa.n;pa, ITop;o6Horo J1I060My µaHHOMY. 

TeopeMa arrepBhle BbicKa3aHa B I1Hoii ljiopMe K. IIoJihKe 
(K. Pohlke, 1853), o6o6meHa r. lliaapu;eM (H. Schwarz, 
1864). 

Jium.: [1] 8HI.{HRJIOileAHII 3JleMeHTapHOll MaTeMaTHRH, RH 4-
reoMeTplllI, M., 1963. A. B. 116au08• 

llOJIIOC - 1) II. Koopp;IIHaT - HaqaJio Koopp;nHaT 
B no.n.apnbix 11.oopounamax. 

2) II. - u;eHTp uneepcuu. 
3) II. ITpHMOii p OTHOCIITeJlhHO JIIIHIIII 2-ro ITOpHµKa -

TOqKa p' AJIH K-poii ITpHMaH p HBJIHeTCH no.n.apoii TO'lKil p 
OTHOCilTeJihHO .n;aHHOH JIIIHilll 2-ro ITOpH.n;Ka. A. B. 118aU06. 

llOJIIOC - 1130JI11poaaHHaH oco6aa mo<tna a op;H03Haq
Horo xapaKTepa a11aJ111Til'l. ljiyHKD;IIII f (z) KOMITJleKCHoro 
ITepeMeH11oro z TaKaH, 'ITO I/ (z) I HeorpaHn'leHHO B03pac
TaeT rrpn npI16JI11meHe:n K a, lim f (z)= oo. B µocTaTO'lHO 

MaJioii rrpoKoJioToii oKpecTHOCTil V= {zEIC: O<lz-al < 
<r} ToqKH a f= oo IIJIII V' = {z E IC : r < lzf < oo} B cJiyqae 
6ecKoHeqHo yAaJieHHoii ToqKn: a= oo ljiyHKIJ;IlH f (z) rrpeµ~ 
CTaBIIMa B BI1Ae pHAa JlopaHa CITeu;I1aJihHoro BIIAa: 

f(z)=~:=-mck(z-a)k, af= oo, c_mf=O, zEV, (1) 
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HJIH COOTB8TCTB8HHO 

"' ck 
/(z)=~ -,a=oo,c_,,,,tO,zEV', (2) 

k= -m ,k 

c ROHeqHh!M qncJIOM OTPHIWT8JibHblX CTeIIeHeii B r.rraBHOil 
qacn1 rrpH a ;t 00 HJIH COOTB8TCTB8HHO ROHeqHblM qncJIOM 

noJiomnTeJibIIblX cTeneHeii: IIpn a= oo HaTypaJihHoe qncJio 

m B <lTHX pa3JI01R8HHHX Ha3 II 0 p H A R 0 M, HJIH R p a T
H 0 C Tb IO, II 0 JI IO Ca a, IIpH m= 1 fl. Ha3 II p 0 C
T LI M. Pa3JiomeHnH (1) n (2) IIoRa3blBaIOT, qTo lfiyHRIJ;HH 
p (z)= (z-a)"'f (z) IIpn a ;t co HJIH p (z)= z-mt (z) npn a= oo 
aHaJIHTHqecRH IIpOAOJimaeTCH B IIOJIHYIO ORpeCTHOCTb IIO
JIIOCa a, IIpnqeM p (a) ;t 0. l'IHaqe IIOJIIOc a IIOpHARa m 
MOlRHO eme oxapaRT8pH30BaTh TeM, qTO lfiyHR[\HH 1// (z) 
HMeeT I! aTOll TOqRe a HYJib RpaTHOCTH m. 

To"llia a= ( a 1 , ... , a ,J ROMIIJieRcHoro IIpocTpaHCTBa 

en, n~2, Ha3. n aHaJIHTHq, lfiyHRil;HH I (z) MHOfHX ROMII

JI!)RCl;lblX IIepeMeHHblX z= (z1' ... , Zn), 8CJIH BblIIOJIHHIOTCH 

c.n'eµ;yIOIUne ycJIOBHH 1) f (z) roJioMoplfiHa BCIOAY B HeR-poii: 
ORpeCTHOCTH u TOqRH a, 3a HCRJIIOqeHneM MH01R8CTBa Pc 
c U, a E P; 2) f (z) rre npOAOJimaeTCH arraJIHrnqecRn HH B 
oµ;rry ToqRy P; 3) cymecTByeT roJIOMoplfirraH B U lfiyHRL\HH 
q(z)=jEQ TaRaH, 'ITO rOJIOMoplfirraH B U"'_P lfiyHR[\HH 

p (z)= q (z)f (z) roJIOMOplfirro IIPOAOJIJRaeTCH BO BCIO ORpecT
IIOCTb u, npnqeM p (a) ;t 0. 3A8Cb TaRlRe 

lim f (z) = lim P (z) = oo, 
z-+ a z-+a q (z) 

O}J;Ha.KO UpH n~2 fl., RaR Ii! OC06bie TO'IRH B006J[\e, He MO

ryT 6blTh H30JIHpOBaBHblMH 
Jlum [1) ma 6 a T B B , Bee11enHe B IWMIIJieKCHb!li anaJIH3, 

2 1'1311 , M , 1976 E l1. Co.ito.Me?HieB 
IIOJUI OIIEPATOP - JmHeii:Hoe CJia6o HeIIpepblBHoe 

OTo6pameBHe f-+ <JJ,1, f EDL(IR.4), IIpocTpaHcTBa DL(IR.4 ) oc

HOBH&IX lfiymrn;nii: f (x), x E IR4 , IIpHHnMaIOmHx 3HaqeHnH II3 
ROH81IHOMepaoro BeRTOpHoro IIpOCTpaHCTBa L, B MHO/Ke
CTBO oIIepaTopoB (Boo6rri;e roBopH, HeorpaHHqeHHblx), oIIpe

µ;eJieHHblX aa IIJIOTHOM JIHHeHHOM MHoroo6pa3HH D 0 EH 

HeR-poro rHJih6epTOBa IIpOCTpaHCTBa H n PH aTOM IIpeA
IIOJiaraeTCH, qTo RaR B L, Ta.K n B H Aeii:cTBYIOT HeR-pLie 

IIpeµ;cTaBJieHHH g-+ Tg(B L) Hg-+ Ug (B H), gEG, HeOA
aopoµ;Hoii: rpyIIIIbl JiopeH[\a G, IIpHqeM TaR, qTo BblIIOJIHe

HO paBeHCTBO 

Ugqifui.1 =<p, /' gEG, fEDL (IR.4), (*) 
g 

(Tg/)(x)=Tgf(g- 1x), xEIR 4 • 

B 3aBncnMOCTH OT IIpeACTaBJieHnH B L (cRaJIH£Horo, Bel\

TOpHoro, CIIHHOpHoro HT. A·) IIOJie {qi,, /ED (IR4)} Ha3. 
COOTBeTCTBeHHO c R a JI H p H bl M, B e R T 0 p H bl M 

mm c n H Hop H bl M. CeMeii:cTBo II. o. {qi1, /EDL(IR.4)} 

BMecTe c rrpeACTaBJiemrnMn { T g , g E G} H { U g. g E G}, AJIH 
R-phlx BblIIOJIOeHo ycJioBne (*), a TaRme eni;e pHA o6ni;Hx 
Tpe6oBaHHll (cM. [1]), Ha3. RB a HT 0 Bbl M (IIJIII RB a H

T 0 B a BB bl M) II 0 JI e M. 

KpoMe aeR-pblX MOAeJieii:, OTHOCHIIJ;HXCH R ABYMepHoMy 

HJIH TpexMepHoMy Mnpy (CM. [2], [4]), IIOCTpOeHbl (1983) 
TOJibRO npoCTbie IIpHMepbl T. H. CB06op;HblX RB3HTOBblX IIO

Jieii [3]. 
Jlum. [!) :n: o c T P., 06~a" TeopHH KBaHTOBaHHbIX rroJiel\, 

nep c anm., M., 1967; (2) C a l\: M o n B., MoneJib P (cp), eBKJIH
llOBOit KeaHToeolt Teop1m rroJIH, rrep. c anrJI., M., 1976; [3J Bo r o
JT 10 l'i 0 B H. H.' m II p K 0 B ,z:i:. B.' Bse11en11e B Teopmo KBan
TOBaHHbIX rroJiel\:, M., 1957; [4) EBKJIHllOBa TeopHH noJIII. MapKOB
CKait rro11xo11, nep. c anrJI., M., 1978. P A. Mumwc. 

IIOJUIPA-1) II. TO'IRH P OTBocnTeJibHO 

H e B bl p 0 1R A e H H 0 ii: JIHBIIH 2-ro IIOpHARa - MHO
meCTBO ToqeR N' rapMoBnqeCRII COIIpmReHBblX c TOqRoii p 
OTHOCI!TeJibBO ToqeR M 1 II M 2 IIepeceqeBHH JIIIHIIII 2-ro 

nopRµ;Ka C0RYII.UIMH, IIpOXOAHIIJ;HMH qepe3 TOqRy p. IIOJIH
pa H.BJIHeTCH IIpHMOH mrnneii:. ToqRy P aa3. nO/£ 10coM. 
ECJI!f TOqRa p JielRIIT BH0 JIIIHIIII 2-ro IIOpHARa (qepe3 Toq-

Ry p MOlRHO IIpOBeCTH AB0 RaCaT0JibHbie R JIIIHHH), TO II. 

IIpOXOAHT qepe3 TO'IRH RacaHHH AaHHOll JIHHHH c IIpHMbIMH, 
IIpOBeµ;eOHblMH qepe3 TOqRy p (cM. pHC. 1). ECJIII TO'IRa p 
Jie/KUT Ha JIHHHH 2-ro IIOpHARa, TO II. HBJIHeTCH IIpirnaH, 
RacaTeJihHaH R ):(aHHOil JIH

HIHI B aToii TO'IRe. EcJIH II. 
TOqR11 p IIpOXOAHT qepe3 

TOqRy Q, TO II. TOqRH Q 
IIpOXOAHT qepe3 TOqRy p 
(cM. pHC. 2). 

BcmrnH H8BblpomAeHHaH 
JIHHHH 2-ro IIOpHARa oIIpe
A0JIHeT 6neR[\HIO TOqeR rrpo-
8RTHBHOil IIJIOCROCTH Ii! MHO

IK8CTBa ee IIpHMblX - no
Jl!tpumem (noJIHPHOe IIpe
o6pa3oBaHHe). CooTBeTCT

PHC. f. 

ByIOni;ne IIpH aTOM IIpeo6pa30BaHHH lfinrypbl Ha3. B 3 a
H M H 0 II 0 JI H p H bl M H. <l>Hrypa, COBIIaAaIOIIJ;aH co 
CBoeii B3aHMHO IIOJIHpHoii, Ha3. a B T 0 II 0 JI Hp H 0 ii: 

(CM., HaIIp.' aBTOIIOJIHP· 
Hblii: TpexBepnmHHHR PQR 
Ha pnc 2). 

AHaJIOrHqHo oIIpeAeJIHeT

CH II. (II 0 JI H p H a H 
II JI 0 CR 0 C T b) H8R-pOH 
TOqRH OTHOCHT8JibHO H8Bbl· 

p01RA0HHOH IIOBepXHOCTH 
2-ro IIOpHARa. 

IIOHHTHe II. OTHOCHT0Jib

HO JIHHHH 2-ro IIOpHARa 
o6o6rri;aeTCH Ha JIHHHH n-ro 

nopHARa. IIpn aTOM 3aAaH

PHC. 2. 

HOii TOqRe IIJIOCROCTH CTaBHTCH B COOTB0TCTBHe n-1 IIO

JIHP OTHOCI!TeJibHO JIHHHH n-ro IIOPHARa. IIepBaH H3 aTHX 

II. HBJIH8TCH JIHHHeii IIOPHARa n-1, BTOpaH, HBJIHIOru:aRCH. 
II. 3aAaHHOll TOqRH OTHOCHTeJibHO IIepBoii II., HMeeT IIO

pHAOR n-2 Ii! T. A· H, BaROH8[\, (n-1)-H II. HBJIHeTCH 

IIpHMOil JIHHHeii. 
Jlum.: (1) E qi HM o B H. B., Bwcmaa reoMeTpHH, 6 Hall., 

M., 1978; (2) II o c Ta HK o B M. M., AnaJIHTH"leCKa/l reoMeT
PHH, M., 1973. A. B. J!BaHo•. 

2) II. A 0 IIOAMHomecTBa A JIORaJihHO BblIIy1moro TOIIO

JiornqecHoro BeRTOpHoro npocTpaHCTBa E - MHomecTBO 

lfiyHRL\HOHaJioB f H3 coIIpH1ReHHoro npocTpaHCTBa E', AJIH 

R-pb!X l<x, /)I <1 AJIH Bcex x EA (3AeCb (x, /) 3HaqeHHe 
f B x). B H II o JI H p o ii: A 00 Haa. MHOlReCTBO Bel\TopoB x 
IIpocTpaHCTBa E, AJIH R-pblX l<x,f)l<1 AJIH Bcex/EA 0

• 

II. BblIIyRJia, ypaBHOBeIIIeHa 11 aaMRHyTa B cJia6oii: TO
IIoJiorHH. BHIIOJIHpa A 00 HBJIHeTCH cJia6blM aaMbIRaHHeM 

BblIIyRJIOii ypaBHOBeIIIeHHOll o6oJioqRH MHO/KeCTBa A. 
KpoMe Toro, (A 00 ) 0 =A 0 • EcJIH A - ORpeCTHOCTb HYJIH B 

IIpOCTpaHCTBe E' TO ee IIOJIHpa A 0 HBJIHeTCH ROMIIaRTOM B 
cJia6oii: * TOIIoJioruH (T e o p e M a B a H a x a - A JI a-
o r JI y). 

II. o6'beAHHeBmI u aA a mo6oro CeMellCTBa {A a} MHO
/KeCTB II3 E eCTh IIepeceqemre II. <iTIIX MHomecTB. II. IIepe

ceqeHnH CJia6o 33MRHYTbIX BblIIYRJiblX ypaBHOBeIIIeHHbIX 

MHOlReCTB A a eCTb 33MRHYT3H B CJia6oii: * TOIIOJIOfIIH BbI
IIyRJiaH o6oJioqRa IIX II. Ec.rrII A - IIOAIIpocTpaHCTBO B E, 
TO ero II. COBII3A3eT c IIOAIIpOCTpaHCTB(IM B E'' oproro
H3JibHblM R A . 

3a lfiYHAaMeHT3JibHYIO CHCTeMY O}(peCTHOCTeii: HYJIH, 

OIIpeAeJIHIOIIJ;HX CJia6yIO * TOIIOJIOrHJO IIpOCTpaHCTBa E'' 
MO/KHO IIpI!BHTb CHCTeMy MHO/KeCTB BHA3 M 0 , rAe M IIpo-
6eraeT Bee ROHeqHble IIOAMHOIB0CTB3 IIpocTpaHCTBa E. 

IIoAMHomecTBO lfiyBRL\IIOBaJioB IIpocTpaHCTBa E' paBHO
CTeIIeHHo HeIIpepblBHO TOTAa Il TOJib.KO TOrAa, ROrAa OHO 

COAepm11TCH B II. HeR-poii oRpeCTHOCTII HYJIH. 
Jlum.: (1] 3 II Ba p 11 c P., <t>yHKQHOHaJibHhlit anaJIHa, nep. 

c anrJI., M., 1969. B. 11. JloMonocoe. 
IIOJIHPH30BAHHOE AJirEEPAMqEcKOE MHO-

ro06PA3HE - IIapa (V, ~), rAe V - IIOJIHoe rJiaARoe 
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MHOroo6pa3IIe Hall. aJire6paIIqecKII 3aMKHYTbtM IIOJieM k, s 
H3 Pie V/Pic0 V - KJiacc HeR-poro o6IIJibHoro o6paTIIMoro 
nyqKa, Pic 0 V - CBH3HaH ROMIIOHeHTa a6eJieBoii: cxeMbl 
IIIIKapa Pie V. B cJiy'lae, KOr,L\a V - a6eJieBo MHoroo6-
pa3He, onpe/WJieHO TaRme IIOHHTIIe c T e II e H II II O
JI H p II 3 a II. II II II. a. M.; OHa COBIIa):\aeT co CTeIIeHhIO 
II3oreHIIII <p .:e : V -+ Pic0 V, oIIpeAeJIHeMoii: IIY'IROM 
Z E !;, a IIMeHHo: 

<r.:e (x) = r;z ® z- 1EPic0 l', 

rAe T x - MopcJ>II3M CABIIra Ha x, xE V. IloJIHpII3aII.IIH cTe
IIeHII 1 Ha3. r JI a B H 0 ii: II 0 JI H p II 3 a n II e ii:. 

IIOHHTIIe II. a. M. TeCHO CBH3aHo c IIOHHTHeM IIOJIHpII30-
BaHHoro ceMeiicTBa aJire6paII'I. MHoroo6pa3IIii:. IlycTb 
f : X -+ S - ceMeiicTBo MHoroo6paauii c 6a3oii S, TO 
ecTb f - rJia,L\KIIii IIpoeRTIIBHhlii: MopcJ>I13M cxeMbl X 11a 
HiiTepoBy cxeMy s' CJIOHMH K-poro HBJIHIOTCH aJire6paI1q. 
MHoroo6pa3IIH. II 0 JI H p II 3 0 B a H H bl M c e M e li
e TB o M Ha3. IIapa (XIS, !;IS), r11,e XIS - ceMeiicTBo 
f : X -+ S c 6a3oii: S, a !;IS - RJiacc OTHOCIITeJibHO o6HJih
Horo o6paTIIMoro IIyqKa Zxis B Hom(S, Pie XIS) no M0-
11,yJIIO Hom(S, Pic 0 XIS), rAe Pie XIS - OTHOCIITeJihHaH 
cxeMa IIIIRapa. 

BeeAeHIIe noHHTHH noJIHpI130BaHHoro ceMelicTBa II 
II. a. M. Heo6xoAIIMO AJIH nocTpoeHIIH npocTpaecTB MoAy
Jieii aJire6paII'I. MHoroo6pa3IIii (cM. Mo&y.tteu meopusi). 
TaR, HaIIp., He cymecTByeT IIpocTpaHcTBa MOAYJieii ecex 
r JiaAKIIX aJire6paII'I. KpIIBblX poAa g~ 1, a AJIH IIOJIHpH30-
BaHHblX KpIIBblX TaRoe IIpOCTpaHCTBO MOAyJieii: cymecTByeT 
[ 4]. 0AHHM II3 nepBblX BOIIpOCOB, CBH3BHHbIX c IIOHHTHeM 
IIOJIHpII3aII.IIII MHoroo6pa3IIii, HBJIHeTCH BOIIpoc 06 011,HO
BpeMeHHOM norpymeHmi: B IIpoeKTIIBHOe npocTpaHCTBO IIO
JIHpH30BaHHblX MHOroo6pa3HH c <fililRCHpOBaHHblMII 'IIIC
JieHHblMII HHBapIIaHTaMII. ECJIII (V, S) COll,0piRHTCH B Kaqe
CTBe cJioa B noJIHpII30BaHHOM ceMeii:cTBe (XIS, !;IS) co 
CBH3Hoii 6a30H s II OTHOCIITeJihHO 06I1JibHblM IIy'IROM 
Zx!sE sl s, 'fO cymecTByeT Jill TaKaH ROHCTaHTa c, 3aBlilCH
maa TOJlbKO OT MHOfO'IJieHa fIIJib6epTa h(n)=J((V, ,Zn), 

'!TO IIpH n>c IIy'IKII ,Z~ C MHOfO'IJl0HOM fIIJibOepTa h(n) 
II c Hi(Xs, Zsn)=O IIpII i>O otJeHh o6HJihHbl )l;JIH acex 
II. a. M. (X s- Ss), rAe s ES? /];JIH rJiaARIIX II. a. M. eaA 
aJire6paII'!eCRII 3aMKHYTblM IIOJieM xapaRTepIICTHKII 0 OT
BeT Ha :'JTOT BOIIpoc IIOJIOiRIITeJiee [3], a B cJiyqae IIOBepx
HOCTeH OCHOBHOfO TIIIIa c KaHOHII'I. IIOJIHpII3anIIeii: ROH
CTaHTa c He 3aBIICIIT 11,ame OT MHOfO'IJieea fIIJih6epTa (CM. 
[ 1], [2]). 

Jlum.: [1] Bomb i er i E., «Puhl. math. IHES», 1972, 
No 42, p. 447-95; [2] Koda 1 r a K., «J. Math. Soc. Jap.», 
1968, v. 20, M 1-2, p. 170-92; [3] Matsu s aka T., Mum
t o rd D., «Amer. J. Math.», 1964, v. 8"6, .M 3, p. 668-84; [4] 
Mumford D., Geometric invariant theory, B., 1965. 

B. c. ffyJIU>WB. 
IIOJUIPIITET, II o JI a p e o e II p e o 6 p a 3 o a a

H Ii e,- rwppeJIS/,1.fUR, :rt, AJIH K-poli :rt2= id, TO eCTb :rt (Y)= 
= x TOrJJ;a II TOJibKO TOrAa, ROrAa :rt (X)= Y. II. pa36IIBaeT 
Bee IIOAIIpocTpaHCTBa Ha IIapbl, B 'laCTHOCTII, eCJIII napa o6-
pa30BaHa IIOJJ;IIpocTpaHCTBaMII S0 II S n-i. rAe S0= 
=:rt(Sn-1) - TO'IKa, a Sn_ 1=:rt(S0) - rIIIIepIIJIOCKOCTh, 
TO s 0 Ha3. II 0 JI IO c 0 M r II II e p II JI 0 c R 0 c T II 
Sn-i. a Sn-1 Ha3. II o JI H p o :ii To 'I K H S0• IlpocTpaH
CTBO IIn( K) HaA TeJIOM K o6JiaAaeT II. TOrAa II TOJibRO TOr
Aa, KOrJJ;a TeJio AOIIycKaeT H H B 0 JI IO T II B H bl il: H H
eep c H bl H aBTOMopcJ>II3M a (T.e. a 2=id). 
IlycTb :rt IIpe11,cTaBJIHeTCH IIoJiy6HJII1eeiieoii <fiopMoii f a(x, 
y). Tor11.a :rt 6yAeT II. B TOM H TOJlbKO B TOM cJiy'lae, KOrAa 
H3 fa(x, y)=O CJieAyeT fa(Y, x)=O. 

IIOJIHpHT0T :rt HBJIH0TCH JIH6o c HM II JI e RT II q e c K 0 H 
K o p p e JI H n II e :ii, xapaKTepII3yIOmeil:cH TeM, '!TO 
Pen (P) AJIH JII06oii TO'IKII P (B noM cJiyqae f (x, y) 
HBJIHeTCH ROCOCIIMMeTpuq. lfiopMOH Ha An+ 1' a K - IIO
JieM), JIII6o JI rrpeACTaBJIH0TCH a-CIIMMeTpIIq. lfiopMOH Ha 
An+1:a(fa(x, y))=fa(y, x) (cHMMeTpHqecKnii: 
II.), B aTOM cJiyqae cyinecTaoeaeIIe uecTporo n3oTpoIIeoro 

HyJieBoro IIOll,IIpOcTpaecTBa paeeoCHJibHO TOMY, '!TO xa
paKTepHCTIIKa TeJia car K = 2 (e qacTHOCTH, ecJIH Car K # 
,t2, TO JII06oe eyJieBOe IIOAilpOCTpaHCTBO CTporo H30Tpon
eo). 

0THOCHTeJibHO IIOJIHpHTeTa :rt oIIpeAeJIHeTCH pa3JIOiReHH6 
IIpoeKTHBHOrO IIpocTpaHCTBa Ha IIOIJ.IIpocTpaHCTBB, II03BO
JIHIOUJ,ee npHBeCTH IIOJIYOIIJIIIHeHJIYIO <fiopMy' rrpeAcTaBJIH
IOil!YIO JI, " RaHOHII'I. BIIAY· BaarneiimIIMII cpeAII HHX HB
JIHIOTCH 

M - MaKcIIMaJihHoe HeII3oTpOIIHoe HyJieeoe llOAIIpocT
paHCTBO, ero pa3MepHOCTb n(:rt)-1; rAe n 'leTHO II ea3. 
A e 4> e R T o M JI, f Kococ11MMeTp11qea; 

U - MaRCIIMaJihHOe CTporo II30TpoIIeoe eyJieeoe noµ;
npocTpaHCTBo, ero paaMepHOCTb i(Jl)-1, i Ha3. II HA e K-
c 0 M , /=O; 

J - ROMllOHeeTa, CB060AHaH OT uyJieBblX IIOAllPOCT
paHCTB, eeII30TpoIIHa, npII'leM f HBJIHeTcH IIoJIOlRlilTeJibBO 
IIJIII OTpIInaTeJibHO OIIpeAeJieHHOH, Mn J = 0; 

W = M + U - MaKcnMaJibeoe eyJieeoe IIOAIIpocTpaHCT
BO, ero pa3MepHOCTb i(Jl)+n(:rt)-1. 

IlpoeKTIIBHoe IIpeo6pa3oBaeIIe F Ha3. :rt-Ao II y c TH
M bl M (oTHOCIITeJibHO rroJiapIITeTa JI), ecJIII :rtF= Fn. 
IloJiyJIIIeeil:eoe rrpeo6pa3oeaeIIe (F, <p) Tor11.a II TOJibKO 
TOrAa IIHAYnIIpyeT Jl-AOIIyCTHMoe IIpoeRTI!BHoe IIpeo6pa-

30Baane, KorAa B K cymecTByeT c TaRoe, '!TO f (Fx, Fy)= 
= c<p (/ ( x, y)). :rt-AonycTHMbie IIpeo6pa3oBaHHH o6pa3yIOT 
rpynIIy Gn (Ha3. r p y n II o :ii II.). EcJin rpyIIIIa Gn 
TpaH3IITirnea, TO JIII6o KaiRAaH TO'!Ka npocTpaecTBa IIn 
HBJIHeTCH eyJieeoii. (11 Gn B aTOM CJiyqae Ha3. c H M n JI e K
T II 'I e c R 0 iJ)' JIII6o HeT HII OAHOH HyJieBoii TOqKif (Iii 
Gn aa3. B aToM cJiytJae o p T o r o e a JI h B o ii: rrp11 
a=id H yHIITapHOH IIpII a,t1d). 

Jlum.: (1] E ljJ II M 0 B H. B., Bhlcma11 reoMeTpHll, 6 H3)1., 
M., 1978. M H. BoU1f<'X06Cnuii.. 

IIOJIHPHOE MHOJKECTBO - 1) II. M. a Ha JI n-
T II q e c R o :ii qi y e K n II n f (z) KOMUJieKCHhlX uepe
MeHHblX z=(z1, .•. 'Zn), n~1.- TaRoe MHOiReCTBO p TO'leK 
eeR-poii o6JiaCTH D KOMIIJieKCHoro rrpoCTpaBCTBa en, 
'!To: a) f (z) roJioMoplfiua BCIOAY B D"-._P; 6) f (z) ee npo
AOJimaeTcH aaaJIHTlil'leCKII HH B OJl:HY TO'IKY P; B) AJIH JII0-
6oii: Toq1>11 a E P cyinecTBYIOT TaRae oRpecTHOCTb U a K ro
JIOMo~cJ>eaH B u a <JiyHKIJ,HH qa(z);¢;0, '!TO fOJIOMOp<IJHa.11 B 
Dn{Ua"-._P} lfiyHKIJ,RH p 0 (z)=q 0 (z)f(z) upoll;OJI>K30TCH 
roJioMoplfiHo B U0 • Bo BCHKO:ii TO'lKe aEP HMeeM q0 (a)=O. 
II. M. p COCTOHT II3 no.1UOCO(JaEP lfiyHRll,II.H /(z), B R-pbIX 
Pa(a),tO, H TO'leK HeonpeAeJieHHOCTH aEP lfiyeKII.KR 
f(z), B R-pbix p 0 (a)=O (npeAnoJiaraeTca, qTO p 0(z) a q0(z) 
He HMeIOT o6mnx MHOiRIITeJieil:, fOJIOMoplfiHblX H paBHblX Hy
JIIO B a). BcaKoe II. M. eCTb arraJIRTH'I. MHO>KeCTBO ROMII
JieRCHOH pa3MepHOCTH n-1. 

2) II.M. B TeopHH IIOTeHnIIaJia-MHO)Re
CTBO E TO'leK eBRJIHAOBa rrpocTpaHCTBa Rn, n~2, TaKoe, 
'!TO cymecTByeT II0TeH11,IIaJI U µ (x), x E 1Rn, ueK-poli 60-
peJieBcKoii MepbI µ, IIpHHIIMaIOm;II:ii 3Ha'leuo:e + 00 B TO'l
Rax E II TOJibRO B HIIX. 

B cJiytJae .1toeapurfJJ.£u<tec1;oeo nomenqua.1ta npn n= 2 II 
nb10mono6a nomexquaJ1a rrpH n>3 AJIH Toro, 'IT06hl orpa
Hn'leeuoe MHomecTBo E 6bIJio II. M., ueo6xo)"l;IIMO n AO
CTaTO'IHo, '1To6w E 6hIJIO MeomecTBOM TnIIa G(i H nMeJio 
HyJieByIO BHeIIIHIOIO eMKOCTb. Ilpn aTOM B oupeµ;eJieBHH 
II. M. Momeo 3aMeHIITh <<II0TeH11,naJI» Ha <<cyneprapMOHH'!e
cKyIO cJ>yHKUIIIO». OceoBebie ceoiicTBa II. M. AJIH aToro cJiy
'laH: a) MHOiReCTBO {a}, cocTOHm;ee H3 OAHO:ii TO'IKH a E Rn, 
ecTb n. M.; 6) C'leTHOe o6'beAIIHeHne II. M. ecTb n. M.; 
B) JII0000 Il. M. HM00T Jie6eroBy Mepy eyJih B Rn; r) IlpH 
KoecJ>opMHbIX OTo6pameHIIHX Il. M. nepeXOAHT B Il. M. 

JloKaJihHbIH KpHT0pIIU Il, M. CM. B CT. Paape:m:enxocmb 
J.£no:m:ecm6a. 

Jlum.: [1] ID a 6 a T B B, BBe11eirne B ROMIIJJeRCHhllt aHamrn, 
2 113)1., 'J, 2, M • 1976; [2) JI a H II R 0 ljJ H c ' OCHOB:bl coepe
MeHHOfi Teop1m IIOTeHUl!aJJa, M., 1966, (3] B p e JI 0 M. OCHOBl>I 
RJ1acc11'lec1wft Teop1111 n0Tenu11ana, nep c cppauu , M , 1964 

E .l{ CoJ10Mett1Je•. 
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IIOJIHPHOE PA3JIOiKEHHE - 1) IT. p. JI n He ii- B cJiyqae, KOrAa A= C (X) - aJire6pa scex HenpepbIB-

H o r o n p e o 6 p a a o B a H n H - paaJiomemie JinHeii- HblX qiyHKI~nii Ha KoMnaKTe, a6coJIIOTHa11 BeJII1qnHa 
HOro npeo6pa30BaHnH KOHeqHoMepHoro eBKJ!HAOBa (HJ!ll !J>yHKI\HOHaJia COOTBeTCTByeT IlOJ!HOH BapMa1vrn onpeAe-
yHnTapHoro) rrpocTpaHCTBa LB npmrnBeAeHMe caMocorrpH- JieHHoii. HM Mepbl. 
meHHOro lI OpTOrOHaJihHOrO (COOTBeTCTBeHHO YHIITapHoro) Il. p. !J>yHKI~lIOHaJia BO MHOrOM Il03BOJIHeT CBOAHTh M3-
npeo6pa30BaHJrn. RamAoe JIHHe:ii:Hoe npeo6paaoBaHMe A yqeHMe !J>yHKI~MoHaJioB Ha C*-aJire6pax K MayqeHHIO noJio-
npocTpaHcTBa L AonycKaeT n. p. lRHTeJibHblX !J>yHKI~HOHaJIOB. c ero IlOMOII(hIO, Hanp., MO)l{-

A = s. u, Ho nocTpOMTh AJIH Kamp;oro f EA' Ta Koe npeAcTaBJieH11e :rt 
aJire6pb1 A, B K-poM f peaJIMayeTCH seKTOpHo (T. e. cyme
CTByIOT BeKTOphl 6, TJ H3 Hn TaKMe, qTO /(x)=(:rt(x)6, TJ), 
x EA),- TaKHM csoiicTBOM 6yAeT o6JiaAaTh npeACTa.BJieHMe 
n111 ' IlOCTpOeHHOe no IlOJIOlRHTeJihHOMy !J>yHKIJ;HOHaJiy 
n111 c noMorn;hIO KOHCTpyKa;Hn feJib!J>aHAa - Ha:ii:MapKa -
CeraJia r H c - K 0 H c T p y K a; H H). 

rAe S - noJIOJKHTeJihHO noJiyonpeAeJieHHoe caMoconpH
meHHoe JIHHeiiHoe npeo6paaosaHHe, a U - opToroHaJih
Hoe (HJIH yHHTapHoe) JIHHenHoe npeo6paaoBaH11e, npHqeM 
S onpe1teJIHeTcH eAHHCTBeHHbIM o6paaoM. EcJIH A HeBhl
pomAeHBo, TO npeo6pa30BaHHe s HBJIHeTCH Aame IlOJIOJKH
TeJibHO onpeAeJieHHblM, a u TaKlRe onpeAeJIHeTCH OAH0-
3HaqHo. ,Ll,JIH oAHoMepHoro ym1TapHoro npocTpaHcTBa 
Il. p. COBilaAaeT C npeACTaBJieHHeM KOMITJieKCHOrO q11cJia Z 

B TpHrOHOMeTpifq, !J>opMe. A. JI. 01<u14un. 

2) IT. p. one pa Top a - npeACTaBJieHHe onepaTo
pa A, p;eii:cTByIOra;ero B rMJih6epTOBOM npocTpaHcTBe, B BH
Ae 

A=UT, 

rp;e U - qacTHqHo H30MeTp11qecKHH, a T - noJioiRHTeJib
Hhlii: onepaTOpbl. BcHKHii: aaMKHYThlil onepaTOp A p;ony
cKaeT n. p., npHqeM T= (A* A)•;, (qacTO HCilOJ!b3yIOT o6o-

3HaqeHHe T= IA I), a U oT06pamaeT aaMbIKaHHe RA. 
o6JiaCTH onpeAeJieHMH conpHmeHHoro onepaTopa A aa 

aaMblKaHHe o6JiacTH aHaqemi::H RA onepaTOpa A (Teo p e
M a He :ii: Ma Ha, CM. (1)). n. p. CTaHOBHTCH eAHHCT
BeHHblM, ecJIH noTpe6osaTh, qTo6bl HaqaJihHoe H KOHeqHoe 
IlOAilPOCTpaHCTBa onepaTopa u COBilaAaJIH COOTBeTCTBeH-

HO c RA• H RA· C Apyro:ii: CTOpOHhl, U scerAa MOlRHo Bbl-
6paTb YHHTapHbIM, H30MeTpHqeCKHM HJIH KOH30MeTpHqe
CKHM - B 3aBHCHMOCTH OT COOTHOIJieHHH KopaaMepHOCTeii: 

noAnpocTpaHCTB RA• H RA- B qacTHOCTH, ecJIH 

TO MO)l{HO BbI6paTb u YHHTapHbIM H HaHTH TaKOH apMHTOB 
onepaTOp <P, qTO U=exp(i<l>). TorAa IT. p. onepaTopa A 
aamnneTCH B BHAe 

A= I A I exp (icD), 

IlOJIHOCTbIO aHaJIOrHqHOM Il. p. KOMITJieKCHOrO qHCJia. 
IlepeCTaHOBOqHOCTb COMHOlRHTeJieii. B Il p. HMeeT MeCTO 
TOrAa H TOJibKO TOrAa, KOrAa onepaTop HOpMaJieH. 

IloJiyqeH (cM. [2], [3]) aHaJior n. p. AJill onepaTopoB B 
npocTpaHCTBe c HHAe!J>HHHTHOil MeTpHKOH. 

3) IT. p. .Py H K a; H o H a JI a H a a JI r e 6 p e 
H e ii: M a B a - npeACTasJieHne HopMaJihHoro !J>yHKa;no
HaJia f Ha aJire6pe HeliMaHa A B BHAe /=up, rAe p - noJio
lKHTeJibHbl:ii: HopMaJibHbl:ii: !J>yHKIJ;HOHaJI Ha A, u EA - qac
TnqHall H30MeTpHll (TO eCTh u*u lI uu* - npoeKTOphl), 
YMHomeHHe noHIIMaeTCll KaK Aeii:cTBHe Ha !J>yHKIJ;HoHaJI p 
onepaTopa, conpHmeanoro K JieBoMy yMHOJKeHHIO Ha u 
BA: f(x)=p(ux) AJlll scex xEA. IT. p. scerAa MOlRHO 
ocyrn;ecTBHTh TaKHM o6pa3oM, qT06bl Bb!IlOJIHllJIOCh ycJio
Bne: u*f= p. IlpH 3TOM ycJIOBHll Il. p. onpeAeJieHo OAH0-
3Baqno. 

BcHKHH orpaH11qeHHhlH JIHHeHHhlii: !J>yHKIJ;HOHaJI f Ha 
rrponasoJibHo:ii: C*-aJire6pe A MOlRHO paccMaTpnBaTh KaK 
HOpMaJibHhlll !J>yHKIJ;HOHaJI Ha yHirnepcaJihHOil o6epTb1BaIO
meii aJire6pe Heii:MaHa A"; COOTBeTCTByIOra;ee n. p. /=up 
Ha3. 0 6 e p T bl B a IO rn: H M n 0 JI ll p H bl M p a 3 JI o
m e H H e M .p y HK a; lI 0 Ha JI a /. Cymemie !J>yHKIJ;HO
HaJia p Ha A Ha3blBaeTCll a 6 c 0 JI IO T H 0 ii B e JI II
q II Ho ii: <I> y BK a; II o Ha JI a II o6oaHaqaeTCll 1/1; cJie
p;yIOra;He CBOHCTBa OAH03Haqrro onpep;eJillIOT qiyHKIJ;IIOHaJI 

It I: 111 I J U = II I II 11 l/ (x) 12 < U I U ·I I l(x* .:i:). 

4) IT. p. a JI e M e H T a C*-a JI r e 6 p bl - npeACTaB
JieHMe aJieMeHTa C*-aJire6phl B BMAe nponaseAeHMH noJio
IBMTeJihHoro aJieMeHTa Ha qacTnqHo M30MeTpMqecK11:ii:. 
Il. p. B03M01RHO He AJIH BCeX aJieMeHTOB: B o6blqHOM Il. p. 
onepaTopa T B rMJih6epTOBOM npocTpaHcTBe noJIOlRMTeJih
Hbl:ii: COMHOlRHTeJih npMHaAJieIBHT C*-aJire6pe, nopOiRAeH
HOH T, HO 0 qacTHqHo lI30MeTpMqecKOM COMHOlRllTeJie MO
lRHO yTBepmAaTh J!HIIIb, qTQ OH npMHaAJielRHT nopom

AeHHO:ii: T aJire6pe He:ii:MaHa. IloaTOMY onpeAeJIHIOT H 

HCilOJ!h3YIOT T. H. 0 6 e p T bl Ba IO II( e e n. p. aJieMeHTa 

aEA : a=ut, rAe t=(a*a)'l 2 EA - qacT11qHo M30MeT
pMq. aJieMeHT YHHBepcaJibHOH o6epTb1BaIOII(eii aJire6phl 
He:ii:MaHa A" (npeAnoJiaraeTcH, qTo A KaHomrqecKM BJio
meHa B A"). 

Jlum.: [1] Ha II Map K M. A., HopMHposannhle KOJJblla, 
2 H3A., M., 1968; [2] Bognar J., «Stud. Scient. Math. Hung:», 
1966, t. 1, No 1/2, p. 97-102; [3] ,[(HK c Mb e m., C*-anre6phl 
H HX rrpeACTaBJieumi, rrep. c cjlpau11., M., 1974. B. C. llI1JJ1bMatt. 

IIOJIHPHOE COOTBETCTBHE - cooTBeTcTBHe p;syx 
nosepxHOCTe:ii:, npH K-poM B COOTBeTCTBYIOIIt;HX ToqKax pa
AMYC-BeKTOp OAHOH H3 HHX napaJIJieJieH HOpMaJIH p;pyro:ii: H 
Hao6opoT. ,Ll,JIH KalRAO:ii: rJiaAKoii: nosepxHoCTH F B E 3 c 
paAnyc-BeKTopoM x cylI(ecTByeT (npH onpeAeJieHHhlX ycJio
BHHX) noJIHpHaH eii: nosepxHOCTh F* c paAHyc-BeKTopoM 

n 
x* = - (x. n) , rAe n - HopMaJih, a (x, n) - onopHaH 

!J>yHKIJ;HH K F, TaK 'ITO 

(x*, x)=1, (x;, x)=(x;, x*)=O. 

11.HOrAa 3TH ycJIOBlill TaKlRe BXOAllT B onpeAeJieHHe Il. C. 
IlOHllTHe Il. C. IlOJiyqaeT HaH6oJiee llpKOe BhlpalReHHe (B 

CMbICJie IlOJIHOH ABOHCTBeHHOCTlI) B a;eHTpoaclicliHHHOH reo
MeTplIII. M. H. Boi11.1exoecnui1. 

IIOJIHPHblE KOOP)J;HHATbl - qifcJia p n qi (cM. 
pn:c.), CBll3aHHble c AeKapTOBhlMH npllMOyroJibHblMlI KOop
AHHaTaMII x lI y !J>opMyJiaMH: 

x=pcosqi, y=psinqi, 

rp;e 0..;;:p<oo, 0<qi<2n. KoopAH
HaTHbre JIHHIIH: KOHIJ;eHTpHqecKOH 
OKpylRHOCTII (p= Const) lI JiyqH 

y 

(qi=const). CHcTeMa II. K.- op- -+-i--ji::..11. -+-+-_;r;_ 
mozona.1tblta!t cucmeMa. Kamp;o:ii: 
TOqKe IlJIOCKOCTH Oxy (aa HCKJIIO
qeHHeM ToqKH 0, AJill K-po:ii: p=O, 
a qi He onpeAeJieHo, T. e. MomeT 
6bITb JII06bIM qHCJIOM 0 <(fl <2:rt) 
COOTBeTCTByeT napa 'IIICeJI (p, qi) II o6paTrro. PaCCTOllHHe 
p Toqmi: p OT TOqKJi: (0, 0) (n 0 JI IO c a) Ha3. n 0 JI ll p
H bl M p a A II y c 0 M, a yroJI qi - n 0 JI ll p H bl M y r
JI 0 M. 

Koacli!J>1Ia;1IeHTbl JlaMe: 

Lp=1, Lcp=p. 

8JieMeHT IlJIOIIJ;aAII: 

cla = p clp clqi. 
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BeKTopHhle A11iJ>iJ>epeHr1,11aJihHhle orrepau;1111: JIOril'I. rpyrma, peiJ>JieKcnBHO [8]. 0 xapaKTep113au;RH peiJ>-
(Jf 1 at JieKCJ1BHhlX rpyrm CM. (9]. 

grarlp I= -,--1 , gradcp f = - -a ; ABaJior n. A· mrnecTeH 11 AJIH BeKoMMyraT11BHh1x rpyrm ( fJ p cp 
(T e 0 p e M a A B 0 H c T B e H H 0 c T II T a H a K a -

div a= _:_ ap + aap + __:_ aacp ; R p e ii H a) (CM. [ 4], [ 6], [ 7]). IlycTh G - KoMrraKTHaH 
P ap P acp Torro.rrorIIq. rpyIIrra, R - aJire6pa KOMIIJieKCBo3uaquhlx 

~ - __!__ _i_ ( !.!__) ___!___ !:.J_ _ !:.!__ __!__ ~ ...!... !:.!__ rrpeACTaBJIHIOll{lfX iJ>yBKD;lfii Ba G, s (R) - MHOIBeCTBO acex 
f - P ap , p ap + P' acp• - ap• + P ap + p• ilcp' • BeByJieBhlx roM0MopiJ>I13MOB aJire6p co : R --* C, yAOBJie-

0 6 0 G w: e H H bl M If n. K. Ha3. qIICJia r II \j), CBH3aH- TBOpHIOIIJ;IIX ycJIOBIIIO co(!)= co(/), f ER. B s (R) OIIpeAe-
Hhle c AeKapTOBhlMlf npHMoyrOJibHhlMII KOOpAI1HaTaM!f JIHeTCH yMHOJReHI1e (a, ~) - a~, YAOBJieTBOpHrom;ee CJie-
x 11 y iJ>opMyJiaMI1: AYIDm;eMy ycJioBIIIO: ecJI11 p: G--* U(m) - HerrpIIBOAIIMoe 

BerrpephlBBoe yH11TapHoe IIpeAcraaJieBIIe rpyrrrrhl G II 
Pu(g) - ero MaTpllqHhle 3JieMeBThl, TO x = ar cos ')J, y = br sin ')J, 

rAe 0.-;;:r<oo, O..;;:')J<2n, a>O, b>O, a-:Fb. RoopAHHaTHm' 
JIIIH!fll: 3JIJIIIIIChl (r=const) Il JiyqII (')J=const). 

lJ.. lJ.. ConoJto•. 
IIOMEXOYCTOIPUIBOCTb - rroHHTHe, xapaKTepI1-

3yrom;ee CIIoco6HoCTh CIICTeMhl IIepeAaqII 11HiJ>opMaD;I1I1 
IIpOTIIBOCTOHTb IlCKamarom;eMy AeiiCTBIIIO IIOMex. Ilpe
AeJihHO AOCTlflRilMYIO Il. AJIH OIIT!fMaJihHOro MeTOAa rrepe
AaqII qaCTO Ba3. II o Te Hu; II a JI h H 0 ii Il. B TeopnII 
uepeAaqlI IlHiJ>opMaD;lflf Il. KOHKpeTHOH CIICTeMhl IIepeAaqu 
uBiJ>opMaD;IIII xapaKTepu3yroT coo6utenuu mo'lnocmblO eoc
npouaeeoenun II, B qaCTHOCTll, omu60'lll080 oerwoupOBllllU!t 
eeponmnocmblO rrepeAaBHoro coo61u;eHI1H. 

Jlum.: [1] x a p II e B H q A. A., Bopboa c IlOMeXaMR, 2 113)'.(., 
M., 1965; [2] BoaeHI1paljJT ,[(m., ,[(me11ooc M., Teo
peTHqecI1He OCHOBbl TexmrnH CBff3H, nep. c aHrJJ.' M.' 1969. 

P. JI. lJ.o6pyuwn, B. B. lipMOB. 
IIOHTPHflIHA ABOIICTBEHHOCTb - 1) Il. A.-

ABoiicTaeHHoCTb MelRAY a6eJieBbIMII TOIIOJIOr11q. rpyrrIIaM!f 
II IlX xapa,;mepoe epynna.11tu. T e o p e M a A B o ii c T
B e H H o c T H yTBepmAaeT, qTo ecJI11 G - JioKaJihHO 
KOMIIaI\THaH a6eJieaa rpyrrrra II X (G) - ee rpyIIIIa xapaK
Tepoa, TO ecTecTBeHHhlii roM0MopiJ>1I3M G--* X (X (G)), 
rrepeBOAHW:IIii a E G B xa paKrep coa : X ( G) --* T, 3aAaHHhlH 
iJ>opMyJIOH 

roa(a)=a(a), aEX (G), 

eCTb II30MopiJ>1I3M TOIIOJior11q. rpyIIII. lfa 3TOH TeopeMbI 
BhlBOAHTCH CJieAyIO!Il;IIe YTBepmAeH!fH. 

I. EcJIII H - aaMKHyTaH IIOArpyrrIIa B G H 

H*={aEX (G) I a(H)=O} 

- ee aHHyJIHTOp B x (G), TOH COBIIaAaeT c aHHYJIHTOpOM 

{aEG I a (a) =0 vaEH*} 
IIOArpyIIIIhl H*; IIPII 3TOM rpyIIIIa X (H) ecTeCTBeuuo 1130-
MopiJ>Ba X (G)/ H*, a X (GI H) - rpyIIIIe H*. 

I I. EcJII1 cp : G --* H - HerrpephlBHhlii roMoMopiJ>II3M 
JIOKaJihHO KOMIIaKTHhlX a6eJieBhlX rpyIIII, TO IIOCJie OTOJR
AeCTBJieHIIH rpyrrrrhl G c X (X (G)) 11 rpyIIIIhl H c X (X (H)) 
IIplI IIOMOIIJ;lf lf30MopiJ>II3MOB a - COa roMOMopiJ>II3M (cp*)* 
OTOIBAeCTBJIHeTCH c cp. 

III. Bee rpyIIIIhl X (G) (KaK TOIIOJior11q, rrpoCTpaHCTBa) 
COBIIaAaeT c aecoM rpyIIIIbl G. 

Il. A· COIIOCTaBJIHeT KOMIIaKTHbIM rpyIIIIaM G AlICKpeT
Hhle rpyIIIIhl x (G) If Bao6opoT. Ilp11 3TOM KOMIIaKTHaH 
rpyIIIIa G MeTplI3ye~rn TOrAa II TOJihKO TOrAa, KOrAa x (G) 
cqeTHa, If CBH3Ha TOrAa If TOJibKO TOrAa, KOrAa rpyIIIIa 
x (G) 6e3 KpyqeHilH. RoHeqHoMepBOCTb KOMIIaKTHOH rpyII
IIhl G paBHOClfJibHa TOMy, qTo x (G) IIMeeT KOHeqHhlii paHr 
(cM. Pane a6eJieaoii rpyIIrrhl). RoHeqHoMepHaH KOMIIaKT
HaH rpyIIIIa G JIOKaJihHO CBH3Ha TOrAa II TOJihKO TOrAa, 
KO!'Aa x (G) KOHeqHo rropOIBAeHa. ECJIII G KOHeqBa, TO 
Il. A· COBIIaAaeT C OBOucmeennocmblO KOHeqHhlX a6eJieBhIX 
rpyIIII, paCCMaTplIBaeMoii HaA IIOJieM c KOMIIJieKCHhlX 
qlICeJI. 

ToIIoJior1Iq, rpyIIIIhl, AJIH K-phlx aepua TeopeMa ABoiicT
BeHBOCTII, Ha3. p e ip JI e K c If B H bl M If, 0Hlf Be 11cqep
IIhlBaIOTCH JIOKaJihHO KOMIIaKTHbIMlf rpyIIIIaMlf, T. K. JIT0-
6oe 6aBaXOBO IIpOCTpaHCTBO, paC<;MaTplIBaeMoe KaK TOIIQ-

8To YMHOJReB11e II ecTeCTBeBBaH TOIIOJIOl'lfH IIpeaparu;aroT 
S (R) B roIIoJiomq. rpyIIrry. RamAoMy g E G oTaeqaer ro
MoMopiJ>II3M agES (R), 3aAaBaeMhlii iJ>opMyJioii 

ag (!) =/ (g), /ER. 

TorAa COOTBeTC'fBIIe g - ag eCTb Il30MopiJ>II3M 'fOIIOJIOr!fq, 
rpyIIIIhl G Ba S (R). /];aBo TaKme aJire6paw1. 0II11camrn 
KaTerop11II aJire6p R, K-paH oKa3hlBaeTCH, TaK11M o6pa3oM, 
ABOHCTBeHHOH KaTeroplIII KOMIIaK'fHhlX TOIIOJIOJ'IIq. rpymr. 
8ra reop11H AOIIyCKaeT o6o6m;eBIIe Ba CJiyqaii OAHOPOAHbIX 
rrpoCTpaBCTB KOMIIaKTHhlX TOIIOJIO!'!fq, rpyIIII (CM. [ 4]). 

Jlum.: [1] II 0 HT p ff r H H JI, c., «Ann. Math.», 1934, v. 35, 
No 2, p. 361-88 (pyc. nep.- «Ycnexn: MaTeM. Hayw>, 1936, B. 2, 
c. 177-95); [2] er o me, HenpepblBHble rpymihl, 3 Ha)'.(., M., 
1973; (3] Kampen E. van, «Ann. Math.», 1935, v. 36, p. 
448-63; (4] R p e H H M. r., «Yilp. MaTeM. >R.», 1949, T. 1, No 4, 
c. 64-98; 1950, T. 2, No 1, c. 10-59; [5] Mop pH C C., ,[(Bofi
CTBeHHOCTb IlOHTpffrHHa H CTpOeHn:e JJOilaJJbHO IIOMilaIITHhlX aoe
JJeBblX rpynn, nep. c aHrJJ., M., 1980; [6] Ha HM a p II M. A., 
HopMHPOBaHHh!e IIOJJblja, 2 H3)'.(.' M.' 1968; [7] x b IO H T T 8.' 
Po cc R., A5cTpaRTHhlH rapMOHn:qec1111fi aHaJJH3, nep. c aHrJI., 
T. 2, M., 1975; [8] Smith M. F., «Ann. Math.», 1952, v. 56, 
No 2, p. 248-53; [9] Ven k at a ram an R., «Math. Z.>>, 
1976, Bd 149, H. 2, S. 109-19. A. JI. Onu14un. 

2) Il. A· B 'f o II 0 JI o r If H - H30MopiJ>Il3M MelRAY 
p-MepBoii rpyIIIIoii KoroMoJiorlfii AJieKCaBAPOBa - llexa 

HP (A ; G) c KoaiJ>iJ>nu;neBraMH B rpyIIIIe G KoMrraKTBoro 
MHOJReCTBa A' Jiemaru;ero B n-MepBOM KOMIIaKTUOM op1IeH
TllpyeMOM MBoroo6pa3IlII Mn, H (n - p - 1)-MepBoii rpyrr-

IIoii roMoJiornii H~-p-i(B; G) AOIIOJIBeBHH B=Mn""-A 
B IIpeAIIOJiomeBnH, qTo HP (Mn; G)=HP+l(Mn; G)=O 
(roMOJIOrlIII II KOrOMOJIOrIIH B pa3MepBOCTII ByJih - IIplI
BeAeHBhle; CIIMBOJI c 03Haqaer KOMIIaKTBhle HOCHTeJIH). 
/];JIH CJiyqaH, KOrAa A IIJIIl B - KOHeqBblH IIOJIH3Ap, 3'fO'f 
II30MopiJ>II3M 6hlJI ycTaBOBJieu /];m. AJieKCaBAepoM (J. Ale
xander). H. CTIIBPOA (N. Steenrod) ycTaBOBHJI BaJIIlqlle 
TaKorO II30MopiJ>II3Ma AJIH JII06oro OTKpbITOro IIOAMHOJRe
CTBa A cMn, a R. A. CIITBHKOB - AJIH rrpoH3BOJihBoro 
IIOAMHomecTaa A. 

B IIpI1BeAeHBOM BIIAe 3aKoB ABoiicraeBBOCTII IloHTpH
rIIHa 6bIJI ciJ>opMyJIIIpoBaH n. c. AJieKCaHAPOBblM. B IIep
BOHaqaJihHOii iJ>opMe YTBepIBAaJiaCh ABOiiCrBeHHOCTb B 
CMhlCJie TeopIIII xapaKrepoB MeIBAY rpyrrrraMII H p(A; G*) 

II H~-p-i(B; G), rAe G* - 6nKoMIIaKTBaH rpyIIIIa xa
paKrepoB AHCKperBoii rpyrrrrhl G. 8KBIIBaJieBTHOCTh 06e11x 
iJ>opMyJIIIpOBOK 3aKoHa ABoiicraeBBOCTII CJieAyer Il3 Toro, 
qro rpyrrrra H p(A; G*) ecrh rpynna xapaKrepoB rpyIIIIhI 

HP(A; G). lfa IIpeAIIOJiomeB11H 06 au;1IKJI!f1IHOCT11 MBoroo6-
pa31fH B pa3MepHOC'fHX p H P+1 II II3 TO'IHOii IIOCJieAOBa
reJihHOC'fII KoroMoJiornii IIa phl (Mn, A) BhITBKaeT, 'ITO 
HP(A; G)=HP+l(Mn, A; G), IIoaroMy II. JJ:.- npocToe 
CJieACTBne ABOHCTBeHHOCTII IIyaBKape - JieiJ>1IIe1w {CM. 
Jlyan,;ape oeoucmeennocmb). 

H a1I60Jiee 06n1,aH iJ>opMa coorBonrnBniI ABOiicraeBBOCTil 
paccMarp11BaeMoro rnrra COCTOII'f B CJieAyrom;eM. IlyC'fb 
Mn - npo113BOJihBoe MBoroo6paa11e (Bo3MOIBBO, 0606-
1~eBBoe, He o6H3areJihHO KOMIIaKTHOe H He o6H3areJihHO 
opIIeHTHpyeMoe), ~ - JIOK8JihHO IIOCTOHHHa.Jl CHCTeMa 
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Koaiflqmc11rnHToB co cJioeM G, A - npo1I3BOJihHOe TIOAMHO
mecTBo B Mn 11 <D - ceMeiiCTBO scex aaMKHyThlX B Mn 
MrromeCTB, conepmam;11xcH B B= Mn"-.,A. Torna eCJilf 

Hp(Mn; '§)=Hp+ 1(Mn; '§)=0, TO HP(A; Jtn('§))= 
= H'f:-p-l (B; '§). 3nech H~ - roMoJiornu c aaMKHYThlMH 
HOC!fTeJIHMH, conepmam;11MHCH B <D (T. e. IlpHMOli: npe)leJI 
rpynn H q ( F; '§), FE <D), a Jt n('§) - JioKaJihHo noCTOHH
HaH c11cTeMa Koa¢qmn11errToB, o6paaosauHaH rpyrmaM11 
Hn(Mn, Mn"-.,x; '§), xEMn. B rrp11Be)leHHOM paseHCTBe 
KoaifliflHnlleHTbl Jt ,.('§) )lJIH KOfOMOJIOrHH MoryT 6blTb aa
MeHeHbl Ha '§, eCJilf pacc~rnTpllBaTh roMOJIOrHII c Koaiflifl1I
n1IeHTaMH B rreI{-poli: crren11aJihHo onpe/WJIHeMoii c11cTeMe. 

Jlum.: [1] A JI e H ca H 11 po B II. C., TonoJ1or1Fiecm1e Teo
peMh! 11aoilcTaeHHOCTM, q, 1 - 3aMHHYThie MHmRecTBa, M., 1955 
(Tp. MaTeM. 1m-Ta AH CCCP, T. 48); [2] Ma cc ll Y., TeoplHI 
roMOJIOrMl! >I 1<oroMoJ1orMii, nep. c aHrJI., M., 1981. 

E. r. C1<JUtpenno. 
IIOHTPHrHHA llHBAPllAHT - nrrsap1IaHT ocHa-

m:eHHhlx rrepeCTpoeK IIOBepxHOCTlf c 3a)laHHbIM Ha Heii oc
Ha1neHHeM. IlyCTh (M2 , U) - aaMKHyTaH op11eHT11pyeMaH 
IlOBepXHOCTb C n-MepHbIM OCHam;eH!feM U B Sn+ 2, T. e. 
TpHBHaJIHaan11eii HopMaJihHoro n-MepHoro paccJioeun.11· 
Ha)l nosepxHOCTbIO M 2 B sn+ 2. Jlro6oii 3JieMeHT z EH1(M2 , 

Z) MomeT 6h1Th peamrnoBaH rJiaAKO :imMepc11poBaHuoli: oK
pymHoCThIO c caMorrepeceqeHHflMH, K-pbla HBJIHIOTCH TOJib
KO /.IBUHHb!MH II TparrcsepcaJihHblMII. IlyCTb Bb16paua II 3a
iflnKCHpOBaHa HeK-paH op11eHTannH oKpyamocTH S1; 
nyCTb u1(Y), U2(Y), ... ' un(Y) - opTOroHaJihHble BeKTOpb!, 
soaH11Karom:11e H3 ocnam;eHHH U, orpaHH'le1rnoro Ha TO'IKY 
f (y), y EC; Un+ 2(y) - BeKTop, KaCaTeJihHb!H B TO'lKe f (y) 
K Kpnnoii: C= f (y), corJiaCHo Bb16parrrroii op11errTan1111 S1; 

Un+1(Y) - BeK'rop, i;acaTeJibHblll K M 2 B TO'lKe/(y), opTO
roHaJihHblll 11n+ 2(y) n rranpasJieHHhlii TaK, 'ITO rrocJiep;ona
TeJihHOCTh neI\Topon U1(y), ... ' Un(Y), Un+1(Y), Un+2(Y) 
naeT CTaHAapTHYIO opuerrTap;11ro ciflepbl sn+ 2• BoaHlfKaIO
JIJ.ee 0To6pa1uemre h: S1 - S0n+ 2 aanaeT aJieMeHT H3 
rpyrrrrhl :n:1 (.S'On+ 2), K-paH rrpH n)d H30Mopiflrra Z 2. 
IlyCTh ~=0, ecJI11 h roMoTonno HyJiro, H ~= 1, eCJIH h He 
roMOTOIIHO nymo, 11 nyCTh ana'leHne iflyrrKnHH <D0 : H 1(M2, 
z) - :;z 2 pauno cyMMe rro mod 2 'lHCJia ABOHHhIX TO'leK 
Kpnuoii C, peaJII1:1yrow.eii 3JieMeHT z, H 'l.lfCJia ~. orrpe)leJierr
noro no Kpunoii C. TaK, orrpe)leJieHrroe arra'IeHHe <D0 (z) 
3aBnCHT TO.JJhJW OT l'OMOJIOf.lf'I. KJiacca z, Iii iflyHIUI;HH 
©0 (z) YAOBJieTBOpHeT cJre)lyrom;eMy ycJiosuro: 

<D0 (z1 + z2) = !J.J0 (zi) + ©0 (z2) + <D (z1> z2) mod 2, 

rne <D : H 1(M2 , ?:)X H 1(M2, Z) - z - iflop111a rrepece
'ICHHii O/l)IOMepHblX rOMOJIOrIIi"I rronepXHOCTH M 2 • arf-llli
BapuaHm iflyHm\Hll CJ)o II Ha3. H H Ba pH a II T 0 M II 0 H
T p H r H II a napi,1 (N/2, U). Ilapa (M2, U) ocHam:eHHO ne
peCTpaHBaeTCH AO napb! (S2' U) TOr)la If TOJibKO TOr)la, IWr
p;a II. II. rrapbl (M2, U) paBeH HyJiro (T e o p e M a II o HT
p Hr H Ha). 

II. n. MomeT 61.i!Th peaJIH30BaH (n+2)-111epHbIM ocHaw.e
RlfeM Ha Tope, n)>2, Iii HBJIHeTCH e)lHHCTBeHHblM HHBapHaH
TOM )lByMepHbIX OCHaw.eHHblX n06opouaJtt08. IT. Iii. 3a)laeT 
H30Mop.iPH3M :n: n + 2( Sn)= Z 2, n)>2. 

JI um.: [1] II 0 H T p JI r ll H JI. C., rJia)IHMe MHOroo6pa3MJI ll 
MX npMMeHeHMJI B TeopMM roMoTOnMil, 2 M3)1., M., 1976. 

M. A. Illma>ib'KO. 

IIOHTPHrHHA KBAJJ;PAT- 1wz0Jtto.aozuitec1;aa onepa-
1fU!! f?2 THIIa (:J.i:ik' 2n; Z 2k+l> 4n), T.e. OT06pameHHe 

f?2: H2"(X, Y; Z2,,)-+H4"(X, Y; Z2,.+i)• 

orrpe)leJieHHOe AJIH JII06oil: napb! TOIIOJIOfH'l. IIpOCTpaHCTB 
(X, Y) u TaKoe, 'ITO )lJIH Jiro6oro HerrpepbIBHoro oTo6pa
meHHH f: (X, Y) - (X', Y') HMeeT MecTO paneHCTBo 
f*,?2=:?2f* (e c Te c TB e H H 0 c Tb). 

II. K. o6JiaAaeT CJieAyIOIJJ;HMH caoii.CTBaMH: 

1)f?2 (u+v)=f?2u+f?2v+i(uv), ri~ei:Z ,._,.z k+i 
2 2 

- BJ10meHne; 

2) pf?2u= u2 H :I'2pu=u2, rne p: H* (X, Y; 2: 21<+ 1)-+ 

--rH*(X, Y; Z 2 ,.) 

- roMOMopiflH3M np11ne)leHHH ITO mod 2; 
3) ;p L=Lf?, rne L: H2n- 1(X; G) - H 2n(LX; G) -

H30MoptH3M Ha)lCTpoli:KH, a :r - IlocmHUliOBa nBaopam 
(HHb!MH CJIOBa:1m, KOrOMOJIOrH'l. Ha)lCTpoiiKoii Ha)l :?2 
HBJIHeTCH f?). EcJI11 

:?2: K ( z 2 ,., 2n) -+K ( Z 2 k+ 1 , 4n) 

If 

- npe)lCTaBJIHIOJilHe OTo6pamemrn, TO Qf?2= ;r. 
Cnoil:cTBa 1), 2) o)lH03Ha'lHO xapaKTepnayroT II. K. 11 

noToMy MoryT 6b1Th npHHHThl aa orrpeneJIHIOinne ero a1\c11-
0Mhl. KoHCTpyKTlfBHo II. K. orrpeneJIHeTcH iflopMyJioii 

:?2 {u} = {uv0u-f- uv1Bu} mod 2"+ 1, 

rne u EC 2n(X; Z) - KonHKJI mod 2" (o U;-rrpo11anenerr11Hx 
CM. CT. Cmunpuoa KBaopam). 

Cyw.ecTByeT (cM. [5], [6]) 0606w.eH11e II. K. Ha cJiy'lail: 
nponanoJihHoro rre'leTHoro npocToro p. :Cho o6o6w.eHHe HB
JIHeTCH KoroMoJioru'l. orrepanueii THIIa (Z k• 2n; z k+I, 

p p 
2pn) H Ha3. p-ll c T e II e H b IO II 0 II T p H r H H a :r p· 
)J.JIH orrepannn ;r P 1rneroT 111ecTO iflopMyJihl (K-phle 3Ty orre
par~HIO o)lH03H3'IHO xapawrepuaym1·): 

:? (u+v)=5) u+f?v+i (~r-l _.!._ (!!) uiup-i) 
" p p "'-ii= I P ! 

rne t : z r/' - z Pk+ 1 -- BJiomeBHe; 

Pf?pu = uP n :Pp pu = uP, 

rne p: H*(X, Y; z k+ 1)-II'·(X, Y; z ") -roMoMop-
P p 

iflH3M IIpHBe)leHHH no MO)lyJIIo p, o6o6marow.He COOTBeTCT
nyroui;ne qiopMyJihl )lJIH :fl2 • AHaJIOr iflopMym1 3) )lJIH :? P 
HMeeT BHA fPpL=O, 03Ha'!aJOinnii, '!TO KOrOMOJIOrH'l. Ha)l
CTpOii:Ka Ha)l :Pp IIpH p>2 paBHa HYJIIO. IlpH p>2 HMeeT 
MCCTO paneHCTBO .'Pp(uv)=(.~Ppu)(.'Ppv), B K-pOM yMrrome
HHe MOll\HO C'lHTaTh KaI> BHel!JHHM ( x -yMHOlRBHHeM), 
TaK Iii BHyTpeHHHM ( LJ-yMHomeHJieM). II pH p= 2 COOTBeTCT
nyrow.ee paBeHCTBO HMeeT MeCTO TOJibKO c TO'lHOCTbIO AO 
CJiaraeMhIX IIOpHIJKa 2. 

HaH6oJiee 06w.1rn 06paso111 II. K. onpe)leJIHeTCH AJIH Ko
roMoJiorHii Ha)l rrp0.113BOJ/bIIOi1 KOHO'IHO nopom)leHHOH a6e
Jienoii rpynnolr :rt (cM. (21, [3]). 0.KoH<JaTeJihllbIH BHA aToro 
o6o6ui;emrn (cM. (6)): II. K. npe)lCTaBJIHeT co6oii KOJihnenoii 
rOMOMopifln3M 

:?*: r (H2n (X; n))-+ H* (X; r (:n:)), 

rne r - iflyHKTOp paa)leJieHHblX CTeIIeHeil: aJire6pb!. ECJIH 
n= z I'' TO p-H KOMIIOHeHTa aToro rOMOMopiflH3Ma conrra
)laeT c p-i:i CTerreHhJO IloHTp>IrHHa:? P (rrp11 p=2 - c II. K. 

:?2l· 
Jlum.: [1] II 0 HT p JI r ll H JI. c., «.UOHJI. AH CCCP», 1942, 

T. 34, c. 39-ld; [2] B 0 JI T JI H c H ll il B. r.' roMOTOIIMqecHaJI 
TeOp>IJI HenpepblBHblX OT06pa»<eHMil ll BeHTOpHbIX IIOJleil, M., 1955; 
[3] II o c TH ll Ho B M. M., «.[l;OHJI. AH CCCP», 1949, T. 64, 
No 4, c. 461-62; [4] Browder W., Thom as E., «Quart. 
J. Math.», 1962, v. 13, p. 55-60; [5] Thom as E., «Proc. 
Nat. Acad. Sci. USA», 1956, v. 42, p. 266-~69; [6] er o »< e, 
The generalized Pontrjagin cohomology operations and rings with 
divided powers, Providence, 1957. 

C. H. Ma.ri,,1zu11,, M. M. llocm><u1rna.. 
IIOHTPHrHHA KJIACC - xapaKmepucmu<tecKuu n.aacc, 

onpe)leJieHHblH )lJIH )lellCTBHTeJibHhlX BeKTOpHhlX paCCJIOe
Hnii; II. K. BBe)leHhl n 1947 JI. C. IloHTpHI'HHhIM (1]. )J.JI.11 
ae1noprroro paccJioemrn s c 6a3oii. B IT. K. o6o3Ha'laIOTCH 
CHMBoJioM P;(s) EH4 i (B) • H rroJiararoTCH paBHWMu 
P;(s)=(-1)i C2; (s@IC), r)le s@IC - KOMIIJieKCHtPHKanlIH 
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paccJioemu1 £,a ck - l/31eansi 1>.1taccN. II o JI H bl M II. K. 
Ha3. H00/l,HOpO/l,HblH xapaKTepuCTU'I. KJiacc p=1+P1+ 
+P2+... . llHa11e roeopH, II. K. onpe/l,eJIJUOTCH KaK 
KJiaCCbl KOrOMOJioruii P;EH4i(BOn). 3a/l,aBa0Mbl0 paBeH
CTBOM p;= /*((-1)i C2;), r/l,e t : Bon- (Bun) - OTo6pa
li\0Hue, COOTB0TCTByIOm;ee KOMilJI0KCHtPHI<8IUl:H yaurep
caJibHOro paCCJI00HHH, a cnEH2k(B u nl - KJiaCCbl q)l(:JHH. 

IIyCTb (xn) R - oeem;eCTBJieHue yHuBepcaJihHoro paccJio
eHnH Xn Ha/l, BU n· IIoJIHblii II. K. p ((x,,) R) paccJioeHuJI 

(xn)R COBila/l,aeT c II7.,.1(1+x1) EH*(BU n), r/],e x1, ... , Xn -
o6pa3yIOm;He By (CM. Xapa1>mepucmu"1ec1>uu 1>,11,acc). 

qaCTH'IHOe OIIHCaHne KOJibIJ,a KOrOMOJIOrHii H* (BO n) 
Moli\eT 6b1Tb noJiy11eHo B TepM11nax 06paay10m;ux By CJie
AYIOlll;HM o6pa3oM. 0To6pameHne g: BU [n/2 l -+ BOn, cooT-

B0TCTBy10m;ee paCCJI00HHIO (x[n/21) R Jiu6o (x[n/21) R (8)81 ' 
r/],e 81 - O/l,HOM0pHoe TPHBHaJibHOe paCCJI00HH0, HH/l,yIJ,u
pyeT roMoMoplfrn.3M HOJieu, g*:H*(BOn)- H*(B U [n/ 21), 
npu K-poM IlO/l,KOJibIJ,O KOJibIJ,a H*(BOn), IIOpOli\/],aeMoe 
II. K. Pi. p 2, ••• , p[n/2 1, OTo6pamaeTCJI MoHoMoptliHo Ha 
IlO/l,KOJibIJ,O KOJibIJ,a H *(Bun)' COCTOJll1l00 H3 BCex '10THbIX 
CHMM0TpH'I. UOJIUHOMOB OT 06pa3y10mux By. q0THOCTb no
HHMaeTCJI B TOM CMbICJie, 'ITO Kali\/l,aJI nepeMeHHall X; /l,OJili\
Ha BXO/l,HTb B IlOJIHHOM B '10THOH CT0Il0HI1. TeM CaMblM 
IlOJiy'la0TCH BblpameHH0 JII06oro 3JI0M0HTa KOJibIJ,a z (P1' ... 
... , P[nt 2 J)cH*(BOn) 11epe3 o6pa3y10111,He By, 11To Bali\Ho 
AJIJI npaKTn11. Bbl'IHCJieHuii c II. K. XapaKTepHCTH'I. KJiacc, 
onpe/l,0Jill0MblH '10THbIM CHMMeTpH'I. IlOJIHHOMOM OT 06pa-
3y10111,ux By, MomeT 6b1Tb BblpameH 11epea II. K. cJie/l,y10-
111,uM o6paaoM. IloJinH0111 BblpamaeTCJI 'lepe3 aJieMeHTapHble 

CUMM0TpH'I. !}JyHKIJ,HH nepeMeHHbIX xL ... ' x~, a aaTeM 
BM0CTO :lJieMeHTapHblX CHMM0TpH'I. lfiyHKIJ,HH IlO/],CTaBJill0T
Cll IT. K. 

EcJiu £, 11 - /l,Ba /l,eHCTBnTeJibHblx neKTopHbIX paccJioe-
11ua Hall. o6meil: 6a:m1!, TO KJiacc KoroMoJioruii p (sEEJl])
-p (s)p (l]) HM00T uopH/l,OK He 6oJibUI0 AByx; 3TO CBH3aHO 
c T0M, 'ITO /l,JIH nopBoro KJiaCCa l..JmaHH C1(A)=-c1(1.). 

IlyCTb HOIC-poe KOJILIJ,O A, CO/l,epm:amee 1 / 2, paccMaTpn
naeTCll B Ka'l0CTBe IWJibIJ,a Koalfilfi1111,HeHTOB H nyCTb pi -
II. K. co 3Ha'leHHHMH B H*( ·; A). B 3TOM cJiy•1ae 11111eeT 
MOCTO paBeHCTBO 

P (s EB 11) = P <£J P (11) 
HJIH 

P1t(SEfllJ)=~iPk-i(£)P;(l]), Po=1. 

H'.oJibIJ,O H**(BOn; A) 1110H0Mop<fiao oTo6pamaeTCH B 
/J**(BU[n/zl; A), n oGpaa :noro 01·06pam:eH11.H coBna/],ae'J' 
c IlO/l,KOJibIJ,OM Bcex '10THblX CHMMeTpH'I. pH/l,OB c o6pa3yIO
IIJ,HMH By B Ka'leCTBe uepeMeHHblX. IIpn aToM noJIHblii II. K. 

nepeXO/l:HT B IlOJIHHOM IIf~12 1(1+x~), all. K.- B aJieMeH

Tapnble CHMMeTpB'I. !}JyHKIJ,HH OT nepeMeHHblX xt ... , x~ . 
TeopeMa: 

H**(BOn; A)=A[(p1, .•. , P[n/2l]l 

H'.OJibIJ,O KoroMoJiornii H*(BSOn) co11:epmHT KpoMe II. K. 
T3Kli\e au.1tep06 1>.1tacc eEHn(BSOn)· TeopeMa: 

H**(BS02H 1 ; A)=A[[pi, ... ,Pk• e]], 

H**(BS021t; A)=A[[pi, ... , /11t-1. e]], 

ll:JIJI npocTpaHCTBa BS02k n111eeT 111ecTo paBeHcTBo Pk=e2 • 

0To6pamenne g : BU [n/ 2l - BOn nponycKaeTCJI 11epe3 

BU [n/ 2 l - B SO n· Hn11:yu,npoBanHoe OTo6pamenne 
H**(BSO,,)-+ H**(BU)[n/2) nepeBOIJ:HT e B HYJih npH 
He'leTHOM n H B IIf~21 x; upn 'leTHOM n. 

IIycTb f (t) E Q [[t)] - 11eTHblii lfiopMaJihHblii CTeneHHoii 

PHii: Ha/], llOJieM Q. Tor11:a PHii: IIf~1;11 (x;) onpeA0JIJleT He-

16* 

K-pblii: H00/],HOpO/l,HblH aJieMeHT KOJihIJ,a H**(BOn; Cl), T. e. 
xapaKT0pHCTH'I. KJiacc. ,IJ,onycKall H0K-pyIO BOJibHOCTb, 
MOiKHO aanucaTb 

X= IT~~:) f (x;)EH** (BOn; Q). 

XapaKTepnCTH'I. KJiacc x cTa6uJieH (To eCTb x (£ffi8)= 
=x(£), r/],e 8 - TpHBH8JibHOe paCCJIOeHue) TOI'/l,a H TOJibKO 
TOr/],a, KOr/],a CB060/l,HblH 'IJI0H PHAa f (t) paBeH 0/l,IIHllU,0. 
EcJiu noJioli\HTb f (t)=tlth t, TO nocTpoeHHhlii onncaHHblM 
cnoco6oM xapaKTepuCTH'I. KJiacc o6o3naqaeTCH 11epe3 L 
n na3. L-K JI a c c o M X 11 p u, e 6 p y x a, 

II[n/2 ) h EH**(BO · Q L = i=l x;ft Xi m ). 

CTaH/l,apTHaJI npou,e/l,ypa BblpamenuJ1 PHA_a II/ (x;) 11epea 
3JI0M0HTapnble CBMMeTpH'I. !}JyHKIJ,HH nepeMeHHbIX xi, ... 
... , x~ upnBOAllT K npe/l,CTaBJI0HHIO KJiacca L B BH/l,e pa11:a 
OT II. K. ,IJ,pyroii eamahlii /l,JIH npuJiomenHii xapaKTepu
CTH'I. KJiacc noJiylJaeTCJI, 0CJIH IlOJIOli\HTb 

f (t) - t/2 - t 
-~- el/2_,-l/2 • 

H'.Jiacc, 3a/],aBaeMblH 'leTHblM CllMMeTpII'I. pH/l,OM 

II n x;f2 
f (x;) = sh (X;/2)' 

Haa. A - K JI a c c o 111. AHaJiorn11ao, A - K JI a c c o M 
Haa. xapaKTepncTn'l. KJiacc, aa/l,aBaeMblii: PJIAOM II/ (x;), 

2! 
r/],e f (t)= sh (2!)" 06a aTH KJJacca, KaK u L, Moryr 6blTh 

BblpameHbl 11epea II. K. 
T 0 n 0 JI 0 r " q e c K a JI " H B a p II a H T H 0 c T b. 

B 1965 C. II. HoBHIWB [2] /l,OitaaaJI, 'ITO II. K. c pau,110-
HaJibHblMM Koalfitiiuu,HeHTaMH ABYX roMeOMop!}JHblX MHOroo6-
pa3uii: COBl18/l,8IOT. ,IJ,o aTOH pa60Tbl 6bIJIO U3DeCTHO, 'ITO 
pau,uoaaJibHble II. 1c. Hyco'IHO JiuaeiiHo HHBapnaHTHbl, T. e. 
c0Bna11:a10T IJ:JIH ABYX Kyco11uo JIHHeiiHblX ro111e0Mop!}JH&1x 
MHoroo6pa3uii. EoJiee Toro, 6blJIH orrpe11:eJIOHbl (cM. [ 4]) 
pau,uoaaJibHble II. n. IJ:JIH I\yco11Ho mrneiiHblX Maoroo6pa-
3Hii (Bo3MOiKHO c l\pae111). EbIJI JlUH rrpn111ep (cM. [5]), noKa-
3bIBa10mnii, 'ITO 1,eJio'IHCJieH11ble II. K. ae JIBJIHIOTCH Tono
J10ruq. 11aBapnaHTaM11. 

B 1969 6blJIO f!;OKaaaao (cM. [7]), 'ITO CJioii: Top/PL pac
CJIOeHnJI BPL - B Top HMeeT roM0Tonn11. Tim npo
CTpaaCTBa 3ttJiea6epra - MaKJieiiHa K(Z 2 , 3). 0Tc1011:a 
CJIE'/l,yeT TOilOJIOrH'I. HHBaprraHTHOCTb pau,noHaJihHblX II. 
K., a TaKme BblTeKaeT oupoBepmenne o c H o B H o ii: 
rHUOT03blKOM6HH8TOpBOHTOllOJIOrHH 
(Hauptvermutung). 

0 6 0 6 Ill, e B H bl e K JI a e c bl II 0 B T p JI r H H a. 
IIycTb h* - 0606111,eaHaJI TeopHJI Koro1110Jioruii, B K-poii 
orrpef);eJieHbl KJiacc1o1 qmaaJ1 cr;. EcJiu AJIJI OIJ:HOMepHoro 
KOMnJieKCHoro BeKTopaoro paccJioeauJI A BblIIOJIBeHo pa-

BeHCTBO CT1(A) = - <J1(~). TO II. K. co 3HaqeHHJIMH B Teo
pHH h* Momuo oupe11:eJIHTh upemHeii: tliopMyJioii P ;(£)= 
=(-1)ia2;(£@C). Onpe11:eJieHHble TaK11M o6pa3oM KJiaccbl 
6y11:yT 06Jia11:aTh CBOHCTBOM p (£ffi11)=P (~)P (l]), r11:e P= 
= 1+P1 + P 2+ ... - noJiablii: II. K., paccMaTpHBaeMblii B 
TeOplll'I h*@z (1/2]. 

011:aaKO BO MHorux npaKTH'leCKll HCllOJib3yeMblX 0606-
meHHblX TeopHJIX (aarrp., B K-Teopnu) rrpnBeAeHaoe pa
BeHCTBO /l:JIH CJ1 ne HMeeT MeCTa. B TaKHX TeOpHJIX aeu,eJie
coo6pa3HO onpeLJ;eJIJITb II. K. OIIHCaHHblM cuoco6oM, T. K. 
rrpu T8KOM orrpe11:eJieHHll He BblIIOJIHHeTCJI o6bl'IH8H lfiop111y
Jia JJ,JIH uoJiuoro KJiacca cyMMbl IJ:Byx paccJioeHnii, µ:am:e 
IIOCJie BKJIIO'leHHJI 1/ 2 B KO:JtPtPHU,HeHTbl. Mom:HO orrpe11:eJIHTb 
o6o6menable II. K. cJie11:y10111,nM o6pa3oM. IIyCTb h* -
111yJihTHIIJIHK8TJIB1IaJ1 TeopHJI KOrOMOJiornii:, B K-poil: yHH
nepcaJibHblM o6pa3oM 3a/],aHa opneaTaIJ,HJI u (~@IC) E 
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E 172n(s£®C) paCCJioemrn s@C, r1-1:e 6 - npOH3BOJibHOe 
n-Mepaoe Aei'icTBHTeJibHoe paccJioemrn aa1-1: B IIycTb 
e (£®CJ - all:Jiepoa 1macc paccJioeHHH £@IC, e (£@IC)= 

= i*u (6Q91C), r1-1:e i : B -+ s6@C - BKJIIO'leHHe HyJieBoro 
ceqemrn. II. K. B Teope:n h* Haa. xapaKTepncTn'l. KJiaCChI 
pi' onpe1-1:eJieHHbie }J:JIH 1-1:eii.cTBHTeJibHblX BeKTOpHblX pac
CJIOeHJrH H Y/l:OBJieTBOpHIOlll,He CJie}J:yIOlll,HM yCJIOBHHM 

1) P;(s)=O, eCJIH i >2dim6; 
2) P;(sffi0)=P;(s), r1-1:e e - TpHBHaJibHOe paCCJIOeHne; 
3) Pk(sffiri)-L ;P ;(s)P k-i(11) - <lJleMeHT nopH}J:Ka CTe

nemi: /l:BOHKH; 

4) P.,(6)=(-1)ne(6Q9C), rµ;e n=dim6. 
)J,oKa3aHO Cylll,eCTBOBaHne H e}J:HHCTBeHHOCTb xapaKTe

pHCTH'l. .1rnaccoa c nepe'IHCJieHHhIMH caoiiCTBami:. II. K. 
B <JTOM CMblCJie IIpHBO/J:H'f K nOHHTHIO /J:BY3Ha'JHOH ljiopMaJib
HOH rpynnbl Ha}J: KOJibIJ,OM h*(pt), COOTBeTCTBYIOIIJ;ell: TeO
pHH h*. 

XapaKTepncTn'l. KJiaCCbI 'Jt; B K-TeopnH onpe1-1:eJIHIOTCH 
cJie1-1:y10mell: ljiopMyJioll:: 

~in; (s) si = ~i (-1)itiy; (s ®CJ= y_t(£Q9C) = 

=A ((sffi(-dirns))Q9C), 
t/(1-t) 

r1-1:e s=t-t2, a1-1:ecb Y; - f!:HCJnn r;JtaccM B Z 2-rpa1-1:ynpo
BaHHOH K-Teopnn. 

JI.um.: [1] IT 0 HT p fl r I'! H JI. C., «MaTeM. CO.», 1947, T. 
21, c. 233-84; (2] Ho B H Ho B C. II., «,!J;OHJI. AH CCCP», 
1965, T. 163, c. 298-300; (3) By x w Ta 5 e p B. M., «MaTeM. 
c6.», 1970, T. 83, c. 575-95; (4] p 0 x JI" H B. A., III Ba p u 
A. C., «,!J;OHJI. AH CCCP», 1957, T. 114, c. 490-93; [5] M H Ji
n 0 p .ri: >ft., «MaTeMaTHHa», 1959, T. 3, No 4, c. 3-53; 1965, T. 9, 
No 4, c. 3-40; (6) c T 0 Hr P.' 3aMeTHH no TeopHH Ko5op)'.(H3MOB, 
rrep. c aHrn., M., 1973; t71 K i r b y R., Si e b en man n L., 
Foundational essays on topological manifolds, smoothings and 
triangulations, Princeton, 1977. A. <P. XapmuJ1aaae. 

IIOHTPHrlIHA IIOBEPXHOCTII - Jiearnlll,ne B 'le-
Tb1pexMepHoM eBKJIH}J:OBOM npOCTpaHCTBe IR.4 /J:ByMepHble 
KOHTHHyyMbl Cm, dim Cm=2, TaKHe, 'ITO HX ZOMOJIOZU'le
CKllJi, paaMepnocmb no }J:aHHOMY MO/l:YJIIO m=2, 3, ... paBHa 
1 II 'ITO OHM B <JTOM CMblCJie «pa3MepHO HenoJIHOIJ,eHHbl>). 
JI. C. IIoHTpHrnH I 1) nocTpoHJI TaKHe noaepxHOCTM C 2 , 

c 3, 'ITO HX TOnOJIOfH'l. npOH3Be}J:eHne C= c 2X c 3 ecTb KOH
TIIHyyM pa3MepHOCTH 3. 8THM 6blJia onpoBeprHyTa r1mo
Te3a, 'ITO npH TOnOJIOrH'l. nepeMHOllrnHHH /J:BYX (MeTpH'le
c1rnx) KOMnaKTOB HX pa3MepHOCTli CKJia}J:blBaIOTCH. IIM me 
<JTa rHnOTe3a /l:OKa3aHa }J:JIH roMOJIOfH'l. pa3MepHOCTH TIO 
npOCTOMy MO}J:yJIIO H B006lll,e no BCHKOH rpynne KoaljiljJHIJ,H
eHTOB, HBJIHIOID;elicH noJieM. IIOCTpOeH TaKme 121 /l:ByMep
HblH KOHTHHYYM C B IR.4, TOnOJIOfH'l. KBa}J:paT K-poro C2 = 
= C X C TpexMepeH. 

JI.um.: [1] II o HT p fl r 11 H JI. C., «C.r. Acad. sci.», 1930, 
t. 190, p. 1105-07; [2J B 0 JI T fl H c KI'! II B.' «YcmexH MaTeM. 
HaYH», 1951, T. 6, B. 3, c. 99-128; [3) A JI e H ca H )'.( p 0 B II. C., 
BeeneH11e B roMoJ1or11qec1<y10 TeopHro paaMepHocrn " oo~yro HOM
OHHaTOPHYIO TonoJ1or11ro, M., 1975. II. C. AJ1encanopoe. 

IIOHTPHrlIHA IIPMHlJ;IIII MAKCMMYMA - co-
OTHomeHJrn, Bblpama10mne Heo6xo1-1:nMble ycJioBHH cnJih
Horo <JKCTpeMyMa }J:JIH HeKJiaCCH'leCKOH BapnaIJ,HOHHOH aa
}J:a'IH onmuMaJtbnozo ynpaeJtenun .Mame.Mamu11ecr;ou meopuu. 
CljiopMyJinpoBaH B 1956 JI. C. IIoHTpHrHHblM (cM. 11]). 

IIpHHHTaH ljiopMyJIIIpOBKa II. II. M. OTHOCIITCH K CJie
AYIOJIIeH 3 a /J: a q e 0 II T H M a JI b H 0 r 0 y II p a B
JI e H H H. )J,aHa CHCTeMa o6blKHOBeHHblX AHljiljiepeHIJ,HaJib
HblX ypaBHeHHH 

d:=f(x, u), (1) 

r1-1:e x E 1Rn - ljiaaoBblH aeKTop, u E IR.P - y II pa B JI H 10-
111. H H II a p a M e T p, f - BeKTOp-ljiyHKL\HH, HeI1pepb!B
naH IIO COBOKYIIHOCTII I1epeMeHHblX H HeilpepblBHO 1-1:nljiljie-

peH11,11pyeMaH IIO x. B IlpocTpaHCTBe !RP aaµ;aao MHomecT
uo U AOIIYCTHMblX aaaqem1ll: ynpaBJIHIOJIIero I1apaMeTpa u; 
B <fla30BOM IlpOCTpaHCTBe IR.n }J:aHhI TQ'IKII xO II x 1; lji1rncn-

poBaH Ha'laJihHhiii MOMeHT BpeMeHH t0 • )J, o II y c T H M bl M 
y n p a B JI e H H e M HBJIHeTCH JII06aH KyCO'lHO Henpe
pblBHaH ljiyHKl~HH ll (t), to~t~tl, co 3Ha'leHHHMH BO MHome
CTBe u. fOBOpHT, 'ITO 1-1:onyCTHMOe ynpaBJiemrn u= u ( t) 
II e p e B 0 /J: H T ljiaaoByIO TO'IKY H3 IIOJiomeHHH x0 B IIO
JiomeHne x 1 (x0 -+ x 1), ecJin cooTBeTCTBy10m;ee eMy pemeHne 
x (t) CHCTeMbl ( 1), yAOBJieTBOpHIOJIIee ycJIOBIZ!IO x (to)= x0 ' 

oI1peAeJieHo rrpn acex tElt0 , t1) H x (t1)=x1. Cpe1-1:11 acex 
/J:OilyCTIZ!MblX yilpaBJieHHH, I1epeBO/J:HlIJ,HX ljiaaoByIO TO'lKy 
113 IIOJiomeHHH x0 B noJiomeHne x1 , Tpe6yeTCH HaHTH 0 Il
T HM a JI b H 0 e y II pa B JI e H H e - ljiyHKU.HIO u*(t), 
MHHIIMH3Hpy10my10 ljiyHKllHOHaJI 

J=\ 1'fO(x(t),u(t))dt, (2) 
.) t, 

a;necb t0 (x, u) - aa;naHHaH ljiyHK!l,HH TOro me KJiacca, 'ITO 
H KOMIIOHeHTbl f (x, u), x (t) - pemeHIIe CHCTeMbl (1) c 
Ha'laJihHblM yCJIOBHeM x (to)= x0 ' OTBe'laIOm;ee yI1paBJieHHIO 
u (t), t1 - MOMeHT I1poxom1-1:eHIIH noro pemeHHH qepea 
TO'IKY x1 . Ilon perneHneM 3a}J:a'IH nOHIIMaIOT I1apy, COCTOH
lll,yIO H3 OIITHMaJibHOro yilpaBJieHHH u*(t) H OTBe'laIOJIIeH 
eMy OIITHMaJibHOii TpaeKTOpHli x* (t) CHCTeMbl (1). 

IIyCTb 

H (tp, x, u) = (tjJ, f (x, u)) 

- CKaJIHpHaH ljiyHKL\HH (raMHJibTOHHaH) IlepeMeHHblX tjJ • 
x, u, rne tJJ=(tJJo, tpl)E1Rn+1, 'PoEIR.1, tJJlEIRn, f=(fo, f). 
<PyHKL\HH H (tp, x, u) CTaBHTCH B COOTBeTCTBHe KaHOHH'le
CKaH (raMHJlbTOHOBa) CHCTeMa (OTHOCHTeJibHO tjJ, x) 

dx i!H dljJ i!H 
di a"' · di - ax (3) 

(Ilepooe H3 <JTHX ypaBHeHHH ecTb CHCTeMa (1)). IIyCTb 

M (ip, x)=sup{H (tp, x, u) I uEU}. 
II p H H II H II M a K c H M y M a II 0 H T p H r H H a: 

ecJin u*(t), x*(t) (tE lt0 , t1))- pemeHne aa1-1:a'IH OIITnMaJib
Horo yI1paBJieHnH (1), (2) (:z:0 -.+x1, uE U), TO cymecTByeT 
TaKaH HeHyJieBaH a6coJIIOTHO HeI1pepb1BHaH ljiyHKIJ,HH 
tjJ (t), 'ITO Tpoil:Ka ljiyHKL\HH tjJ (t), x*(t), u*(t) Y/J:OBJieTBOpH
eT Ha lt0 , t1) cncTeMe (3) n AJIH IIO'ITH acex tE[t0 , t1) Bbl
IIOJIHHeTCH ycJIOBHe MaKCHMyMa 

H(ip(t), x*(t), u*(t))=M(ip(t), x*(t)), (4) 

a B KOHe'lHblH MOMeHT t1 - yCJIOBIIH 

M('1'(t1),x(t1))=0, tJJo(t1),.;;;;;0. (5) 

EcJin ljiyHKL\HH tjJ (t), x (t), u (t) y1-1:oaJieTaopHIOT cooTHo
meunHM (3), (4) (To eCTh x(t), u(t) 06paay10T a Kc T p e
M a JI b II 0 H T p H r li H a), TO HMeIOT MeCTO yCJIOBHH 

a/ft, (t) = M (tp (t), x (t)) = const, 'Po (t) = const. 

Ha 1-1:aHHoro yTaepm1-1:eHnH BblTeKaeT I1pHHL\HIT MaKCHMy
Ma /l:JIH 3a}J:a'IH 0 6hICTpo;neilcTBHH (1°=1, J=t1-to)· 8TO 
yTBepm;neH11e ;noI1yCKaeT ecTeCTBeHHoe o6o6rL\eHne ua ueaa
TOHOMHble CHCTeMbl, aa;na'IH c ITO/J:BHmHblMH KOHIJ,aMH Tpa
eKTOpnii H 3a}J:a'IH c orpaHH'leHHHMH Ha ljia30Bble KOOp}J:H
HaTbl (ycJioBHeM x (t) EX, r1-1:e X - aaMKHyToe MHomecTBo 
ljiaaoaoro IlpocTpaHCTBa IR.n, Y/J:OBJieTBopHIOJIIee HeK-pblM 
/J:OIIOJIHHTeJibHblM orpam1qeH11HM ( cM. I 1))). 

)J,oilyJIIeHne K pacCMOTpeHHIO 3aMKHYTblX MHomecTB u, 
X (aTn ooJiacTn MoryT, a qacTHOCTH, aa1-1:aaaThCH cncTeMa
MH HecTpornx uepaaeucTB) o6ycJIOBHJIO ueKJiaccn'l. xa
paKTep 3a}J:a'ln. 0CHOBHble rreo6XO}J:HMble ycJIOBHH KJiacc11-
qecKoro aapnaIJ,IIOHHOro IIC'lHCJieHHH c o6bIKHOBeIIHblMH 
I1pOH3BO/l:HblMH BblTeKaIOT na II. II. M. (cM. I 1), a TaKme 
Beuepmmpacca ycJtoeusi). 

PacI1pocTpaHeHHoe 1-1:0Ka3aTeJihCTBo 11aJiomeHHoiI ljiop
MyJI11poBKII II. II. M., OCHOBaHHOe Ha l!CIIOJib30BaHHli T. H. 
H I' 0 JI b q a T bl x Ba pH a II, H ii (T. e. Ha pacCMOTpe
HHH /J:OilyCTHMblX yI1paBJieHnii, OTJ\JIOHHIOlll,HXCH OT OIITII
MaJibHOro I1pOH3BOJibHblM o6pa3oM, HO 3aTo JIHillb Ha KOHe'l-
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HOM 'lHeJle MaJlbIX llHTepBaJIOB BpeMeHH), eoeTOHT B JIHHea
p113au;m1 3a)J;a'IH B OKpeeTHOeTH OIITIIMaJlbHOro pemerrn.11, B 
noeTpoemm: HeK-poro BbIIIYKJIOro KOHyea Bapnau;nil: OilTil
MaJlbHOH TpaeKTOpHI! Il rroeJle)J;yroru;eM HeIIOJlb30BaHMll Teo
peMbl 06 OT)J;eJIHMOeTli BblIIYKJlbIX KOHyeoB (eM. (1]). CooT
BeTeTByroru;ee yeJIOBMe 11:aJ1ee 3arrneblBaeTeH B aHaJIMTll'l. 
iflopMe (4), (3), B TepMMHaX MaKeHMyMa raMHJlbTOHHaHa 
H ('ljJ, x, u) oT ifla30BblX rrepeMeHHbIX x, yrrpaBJ1eHnil: u II 
e 0 II p H JR e H H bl x II e p e M e H H bl x 'ljJ, nrpaIOID;IIX 
pOJlh, aHaJIOrll'lHyIO JI aepan:m:a J.f,/i,O;m;ume.M!:M B KJlaeeII
qeeKOM Bapnau;HOHHOM He'lneJleHHH. 8ifl4>eKTHBHOe neIIOJlh-
30BaHHe II. rr. M. 'laeTo rrpnBOAMT K Heo6xo)l11MoeT11 pernaTb 
ABYXTO'le'lHyIO KpaeByIO 3a)J;a'ly )];JI.II eIIeTeMbl (3). 

Ha1160J1ee rroJ1Hoe perneHne 3a)J;a'III orrTIIMaJlbHoro yrr
paBJ1eH11.11 IIOJly'leHO )];JI.II JIMHeHHblX eneTeM, r11:e eOOTHOIIIe
HllH II. rr. M. qaeTO BbieTyrraIOT He TOJlbKO KaK Heo6xo11:11-
MOB, HO Il KaK AOeTaTO'lHOe yeJIOBilB OIITHMaJlbHOeTM. 

II. II. M. IIOJIY'IHJI MHOrO'JMeJIBHHblB 06061u;eHHH, Harrp., 
B HarrpaBJIBHHII OXBaTa 60J1ee eJIOJRHblX HeI\JlaeeH'l. orpa
HH'leHn:ii: ( B TOM 'lIIeJle eMeIIIaHHblX orpaHII'leHIIH Ha yrrpaB
JieHHH ll ifla30BblB KOOp)J;HHaTbl iflyHKD;llOHaJlbHblX ll pa3HO
o6pa3HblX qiopM llHTerpaJlhHblX orpaHH'lBHn:ii), B Il3y'leHHil 
)J;OeTaTO'lHOeTH eoOTBBTeTBYIOID;HX yeJIOBHii, B paeeMoTpe
Hllll o6o6r.u;eHHblX perneHH:ii, T. H. eKOJlb3HID;IlX peIBMMOB, 
eIIeTeM 11:114>4>epeHu;MaJ1hHblX ypaBHeHH:ii: e HBrJla/);KOH rrpa
BOH qaeTbIO, 11:mpqiepeHu;IIaJlhHblX BKJIIO'leHn:ii:, 3a)l;a'l OIITH
MaJlbHoro yrrpaBJleHIIH JJ:JIH )J;MeKpeTHbIX eneTeM Il eIIeTeM 
e 6eeKOHe'lHblM 'lMeJIOM eTerreHeii eBo6o)J;bl, orrneblBaeMblX, 
B qaeTHOeTII, ypaBHBHilHMII e qaeTHblMil rrpOM3BO)J;HbIMII, 
ypaBHeHIIHMil e rroeJle/);etteTBMeM (B TOM 'lMeJle e 3arra3)J;hlBa
HMeM), 3BOJllOD;IlOHHblMil ypaBHeHMHMII B 6aHaXOBOM rrpo
eTpaHeTBe 11 T. A· IIoeJ1e)J;Hee rrp1rneJ10 K paeeMoTpemno Ho
BblX KJlaeeoB Bapnau;nii eoOTBeTeTByIOIIJ;HX iflyHKD;IlOHaJloB, 
BBe)J;eHHIO T. H. IlHTerpaJlbHoro rrpHHD;MIIa MaKenMyMa, 
JIIIHeapn3oBaHHoro rrpnHu;IIrra MaRenMyMa II T. A· BeebMa 
o6m;ne RJiaeebr napnau;noHHbrx 3a)J;a'l e HeKJ1aeen'l. orpa
Hil'IeHMHMM (B TOM 'IneJle B BM)J;e HeeTpornx HepaBeIIeTB) 
IlJIH HerJla)J;KlIMll iflyHKD;lIOHaJlaMM rrpMHHTO Ha3blBaTb 
3 a A a 'I a M Il II 0 H T p H r lI H e K 0 r 0 T lI II a. OT
KpbITHe II. rr. M. rroeJ1ymrrno BaJRIIbIM eTHMYJIOM B e03,r\a
HillI -MaTeMaTn'l. Teopnn orrT11MaJibHoro yrrpaBJieHn.11. 0Ho 
eT11MyJ1npoBaJ10 HOBble neeJle)J;oBaIIMH B Teop1rn AM4>iflepeH
u;naJibHhlX ypaBHeHMH, iflyHKD;lIOHaJlbHOM aHaJin3e Il Teo
pIDi 3KeTpeMaJlhHbIX 3a)J;a'l, Bhl'lHeJIHTeJibHOll MaTeMaTMKe 
II 11:pyrnx eMeIBHbIX o6JiaeTHX. 

Jlum.: [1] II 0 HT p lI r ll H JI. c., B 0 JI T lI H c K ll ll B. r., 
r a MK p e JI ll II 3 e P. B.' M ll II( e H H 0 E. Cl>., MaTeMaTH'IC
CKaR TeopHR onmMa.ITbHblX npo11eccoB, 3 Hall., M., 1976. 

A. B. HypJ1Cm-icnuu. 

IIOHTP1HHHA IIPOCTPAHCTBO - eu.rib6epmoeo 
npocmpancmeo c uniJerfjunumnoii J.tempur;oii IIx, nMeroru;eii 
KOHe'JHblH paHr HHAeiflnHMTHOeTH x. OeHOBHbie iflaKTbI reo
MeTpnn II. rr. yeTaHoBJieHbl JI. C. IIoHTplirHHhlM [1]. IIo
MIIMO iflaKTOB, 06ru;11x )];JI.II rrpoeTpaHeTB e IIHAeiflIIHIITHOH 
MeTpIIKOH, MMeIOT MeeTo eJ1e11:yrom;I1e. 

EeJIIl f? - JII06oii HeOTpilu;aTeJlhHbIH JIMHeaJI B IIx' TO 
dim fjl..,.:x; eeJIIl f? - IIOJIOlHHTeJibHblll JIMHeaJI Il dim~ = 
=x, TO ero J-opToroHaJibIIoe 11:orroJ1Hemrn N HBJIHeTeH 
OTpilu;aTeJILHhlM JIIIHCaJioM n IIx =fP@N. IIpn 3TOM N 
npe;:J,eTaBJIHBT co6oii IlOJIHOe rrpocTpaHCTBO no OTHOllieHIIIO 

R HopMe lxl= V -J(x, x). EcJin J1nHeaJ1 LcIIx HeBblpom
ACH, TO HeBblpom11e:f'o ero J-opToroHaJlhHoe AOIIOJIHeHne M 
II IIx=MffiL. 

CrreRTp (B 'la CTI:~ :Tn, lUICRpeTHhlii crreRTp) J-yHnTapHo
ro (J-caMocorrp;;m"rrnoro) orrepaTopa cnMMeTpil'IeH OTHO
CIITCJlbHO e;_;uHoii 011py;:rnoCTII (AeRCTBMTeJibHOH OCII), Bee 
3JleMeHTapHwe )J;eJIIITeJIII, OTBe'Jarom;ne co6CTBeHHblM 'lIIC

JiaM f.., IAl'>i, HMCIOT I\OHe'lHbIH IIOpH)J;OK p~_, p,_ ..,.:x, p,_ = 
= p ,_ -1. Cy MM a pa;3MepHocTe:ii rwpHeB1>1x rro11:rrpocTpaHCTB 

J-yHinapHoro (J-caMocorrpHmeHHoro) orrepaTOpa, oTBe
qaroru;nx coGcTBeHHblM 'lIICJiaM 'A, l'AI >1 (Im 'A>O), ue 
rrpeBOCXO,r\IIT 'lIICJla )(. 

OeHoBoii Teop1rn J -caMocorrpnmeHnwx orrepaTopoB, 
.a:ef1CTByIOID;IIX B II. II. IIx' HBJIHeTCH CJ1e11yro111aH TeopeMa 

[1]: y Ram11:oro J-caMoeorrpHmeHHoro orrepaTopa A (D (A)= 
= IIx) cyru;ecTByeT X-MepHoe (MaKCMMaJlbHoe) HeoTpnu;a
TeJlbHOe IlHBapnaHTHOe IIO)J;IIpocTpaHCTBO ¥, B K-poM Bee 
co6cTBeHHwe 3Ha'lemrn orrepaTopa A HMeIOT HeoTpnu;aTeJlh
Hyro MHIIMyIO 'JaCTb, II X-MepHoe HeoTpnu;aTeJlbHOe IlHBapn
aHTHOe IIO/);rrpoeTpaHCTBO Jr'' B K-pOM Bee co6CTBeHHble 
3Ha'JeHHH HMeIOT HeIIOJIOJRHTeJlhHyIO MHilMYIO qaeTb. 
AHaJ1orH'lHoe yTBepm/);eHne c 3a~rnHo:ii: BepxHeii (HnmHeii) 
IIOJIYIIJIOCKOCTH Ha BHeIIIHOeTb (BHyTpeHHOCTb) e/);MHH'lHOro 
Hpyra crrpaBe)l;JIIlBO Il )J;JIH J-yHHTapHbIX orrepaTOpOB, a 
rrpn HeK-pbIX /);OIIOJIHHTeJlbHblX ycJIOBHHX - /);ame )J;JIH 
orrepaTopoB B rrpocTpaHeTBe II,.,. 

EcJ1n U ecTb J-yHnTapHw:ii orrepaTop, TO ero MaKeH
MaJlbHhle HHBap11aHTHble HeOTpnu;aTeJlbHble IIOAilpOeTpaH
CTBa ¥, Jr' MoryT 6blTh Bw6paHbl TaRHM o6pa3oM, 'IT06bl 
IIOPHAKH :rneMeHTapHbIX )J;eJlnTeJle:ii: orrepaTopoB u g= 
= U I Jr, U Jr'= U I Jr' 6blJIH MnHnMaJlbHbl. ,IJ;J1H Toro 'IT06bl 

MHOrO'JJleH p (A), He MMerom;nii KOpHe:ii: BHYTPH e)J;HHil'lHOrO 
Rpyra, 06J1a13;aJ1 cBo:ii:cTBOM: (P ( U)x, P ( U)x) ..,.:0, x E IIx, 
HeoGXO)J;IIMO H )l,OCTaTO'lHO, 'IT06bl OH )J;eJIHJICH Ha MHHil
MaJlbHbIH arrHyJ111pyrom;11:H MHoro'lJleH orrepaTopa U ,ff" . 

EeJIH orrepaTop u - D;MRJIH'JeeRH:ii, TO ero HeOTp11u;aTeJ1b
Hble HHBapIIaHTHble IIO)J;IIpOeTpaHeTBa pa3MepHOCTII x 
orrpe11:eJ1.11IOTCH e11:nHCTBeHHbIM o6pa3oM. B aToM cJ1y1Jae 
yKa3aHHOe CBOMeTBO MIIOrO'lJleHa p' KOpHM {A;} K-poro 
JlemaT BHe C/);IlHil'lHOro Rpyra l'A;I >1, 3KBnBaJleHTHO 
)J;eJIMMOeTM p ('A) Ha xapaKTepneTM'l. MHOrO'lJleH orrepaTopa 
Ug. 

B II. rr. IIx y Ram11:oro BIIOJIHe HerrpepbIBHoro J-eaMo
corrp.11meHHoro orrepaTO{Ja A TaRoro, 'ITO HyJlh rrpnHa/);Jle
lKMT ero HerrpepblBHOMY crreKTpy, OCTaTO'lHblH crreRTp OT
cyTCTByeT. RopHeBble BeKTOpbl TaKoro orrepaTOpa o6pa3yIOT 
6a3MC Pneca B IIx llO OTHOIIIeHHIO K (1:i:e4>IIHHTHOH) HOpMe 
(IJlx, x). 

MHorne qiaKThl oG MHBapnaHTHhlX rro11:rrpoeTpaHeTBax II 
erreKTpe o6oGm;aIOTCH Ha CJly'laii J-II30MeTpM'leCKilX Il J -He
paCTHrMBarom;nx orrepaTopoB. TaK, ecJIH Ai. ... , An -
rrpOM3BOJlhHaH eoBoKyIIHOCTb co6eTBeHHblX 3Ha'JeHMM J-
Il30MeTpH'leCROro orrepaTopa, A;.fk,ei, i, k=1, ... , n, 

n rropHAOK 3JleMeHTapHoro 11:eJ1IITBJIH BTO'lRe A;, TO ~~p;< 
..,.:x. BcHKIIH J-HepaeTHI'HBarom;n:ii: orpaHM'lBHHO o6paTH
Mhl:ii orrepaTop T 06J1a/);aeT x-MepHbIM MHBapnaHTHblM He
OTpnu;aTeJlbHhlM IIO)J;IIpoeTpaHCTBOM $°'TaRMM, 'ITO Bee coG
eTBeHHble 3Ha1JeH11.11 eymeH11.11 Tl¥ J1emaT B BAMHII'IHOM 
Rpyre (2]. AHaJ1or:n'lHw:ii: cpaRT BepeH )J;JIH MaKeIIMaJibHhlX 
J-AIIecIIrraTMBHblX orrepaTopoB. Boo6r.u;e J-11:nccnrraTIIBHhlH 
orrepaTOp A, D (A )CD (A*), nMeeT He 60J1ee x co6cTBeH
HblX 3Ha'leHIIIT B BepxHeii: rroJ1ynJ1ocRocTI1. MemAy J-1130-
MeTpII'IeCKIIMM II J-e11MMeTp11'leeRHMII (n, 60J1ee IIIIIpOKO, 
J-HepacTHrIIBaIOII\IlMII II J-/);IIeCIIIIaTMBHbIMII) orrepaTo
paMII ycTaHaBJIIIBaeTCH CBH3b c IIOMOIIJ;bIO Ka.t!U npeo6pa-
308llllU!!, R-poe B rrpocTpaHCTBe IIx 06J1a/);aeT BceMn ec
TecTBBHHblMM CBOHCTBaM:n [2). 8TO II03BOJIHeT pa3BHBaTL 
TeopMIO pacHIIIpBHilll O/);HOBpeMeHHO )J;JIH J-H30MeTpII'le
CKIIX Il J-CHMMeTpn'IeCRilX orrepaTopoB. B 'laCTHOCTil, BCH
KHH J-n3oMeTpn'leCKII:ii (J-cIIMMeTpII'IBCRIIii) orrepaTOp 
MomeT 6wTh pacHIIIpeH AO MaKCIIMaJlbHoro. EcJIII ero IIH
/);eKCbI 11:eifleKTa He O/);IIHaKOBhl, TO y Hero HeT J-yHIITapHblX 
(J-caMocorrpHmeHHwx) pacrnIIpeHIIIT. EcJIII me oHII OAM
HaKoBw II KOHe'lHhl, TO JII06oe MaKCMMaJlbHOe paerniape
Hne HBJIHeTCH J-yHIITapHblM (J-caMocorrpHIBeHHbIM). 

,IJ;JIH BIIOJIHe HerrpepblBHblX J-AMCCIIIIaTMBHblX orrepaTo
poB B II. rr. IIx BepeH TaRme pHA yTBepmAeHIIIT o rroJIHOTe 
CllCTeMbI KOpHeBblX BeKTOpOB, aHaJIOfil'lHbIX COOTBeTCTByIO
Iu;IlM cpaKTaM ll3 TeopnM AMCCMIIaTMBHbIX orrepaTOpoB B rrpo
CTpaIICTBax c AeiflnrrMTHOB MeTpIIROH. 
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Jlum.: [1] II 0 HT p fl r H H JI. c.' «HaB. AH CCCP. Cep. 

MaTeM.», 1944, T. 8, c. 243-80; [2] H 0 x B H II 0 B H. c., I\ p el! H 
M. r., «Tp. MoCF. MaTeM. 06-Ba», 1956, T. 5, C. 367-432; (3] 
H x me, TaM me, 1959, T. 8, c. 413-96; [4] A 3 H 3 0 B T. fl., 
Hoxa1111oa II. C., «Ycnexn MaTeM. Haym>, 1971, T. 26, B. 4, 
c. l,3-92; [5] I\ p el! H M. r., B RH.: BTOpaa JieTHf!f! MaTeMaTH
'IecRaf! mROJia, [T.]1, H., 1965, c. 15-92; [6] Hal! Map R M. 
A., H c Mar H JI o B P. C., B RH.: HTorn HaYRH. MaTeMaTn'IecRHll 
aHaJIH3, 1968, B. 17, M., 1969, c. 73-105; [7] Ha II b H., 
IlpocTpaHCTBa COCTOf!HHM c HH11ecjlHHHTHOl! MeTpHROl! B RBaHTOBOl! 
Teopnu IIOJIH, rrep. c aHrJI., M., 1969. 

H. R. HUK.OJl~CK.UU, B. c. Ilat1JI08. 

IIOHTPHflIHA XAPAKTEP ph - xapat;,mepucmu
•tect;,uu r.Aacc, onpeAeJHieMhIH paBeHCTBOM ph (s)=ch (6@ 
{)()IC), r/);e 6Q91C - RoMnJieKc11ifl1rnau;1rn paccJioemrn £, 
Cii - g :J1CaHst xapat;,mep. II. x. KaK imeMeHT KOJihu;a 
H**(BOn; IQ) 3a/);aeTCH 'leTHhIM cnMMeTpn'I. pHAOM 
~[n/2] X·+ ,.-x. 6 ., -"-i= l (e l e ') H 0 Jia/);aeT CBOHCTBaMM 

ph (6(8)ri)=ph6·phT), ph (6E8TJ) =ph6+ph'f]. 

l1HAeKCHhlii KJiacc I (6) noJiaraeTcH paBHhlM T (6QS)IC), 
rAe TEH**(BUn; IQ) - ToiHJa 1>Aacc. l1rr/);eKCHhlH mrncc 
JEH**(BOn; IQ) BblpamaeTca qepe3 06pa3yrom.11e By no 
iflopMyJie 

X• -X· 
l=D--'-D--'--x. X• 0 

1-e 1 1-e 1 

11~rneT MeCTO CJieAyIOIIJ.aH TeopeMa 0 CBH3M II. x. c KJiac

COM A. IIycTL 6 - AeiicTBMTeJihHoe BeKToprroe paccJioemrn 
HaA 6a3o:H B, uMemm.ee Spinn-CTPYKTypy, n=dim £=8k. 
)l.JIH TaKn:x paccJioeHnii rcMeeTCH 11:.10Mopifl113M ToMa B /);eH
CTB11TeJ1hrroii K-Teop1rn: 

<fl: KO*(B)-+KO* (B'°). 
IlyCTb 

<DH: H* (B; IQ)-+ H* (B'°; IQ) 
- 1130Mopifl113M ToMa, OAH03Ha'IHO onpeAeJieIIHhlH op11eH
Ta1~tteii paccJ1oeH11H \;. TorAa 

<Di/ ph (<D (1)) =A(--s). 

3Ta <fiopMyJJa HBJIHeTCH TO'!HbIM aHaJioroM COOTBeTCTByIO
m.ero YTBepiKAeHllH 0 CBH3H xapa!\Tepa l.JarnHH c KJ!aCCOM 
TOAAa. 

Ecm1 s - KOMnJieKcHoc BeKToprroe paccJioeH11e, TO 
T(s)=A~((6)il.)ec,(~)l 2 , 3Aecb (S)il. - OBem.ecTBJ1err11e pac

cJJoerr11H, T - KJiacc TOAAa. 
J]um. CM. rrpH CT. llo><mpJ<Zutta nJ1acc. A. <P. XapmUJ1aaae. 

IIOHTPHfMHA qMCJIO - xapaKmepucmu'tecKoe 'tuc
.i!O, onpeAeJieHJIOe )l,JIH AeiicTBllTeJihHbIX 3aMKHyThlX MHO
roo6pa311H 11 np11H11Marom.ee pau;110HaJ1bHhle 3Ha'leH11H. 
II ye Tb x EH** (BO; IQ) - npon3BOJ!hHhlii (Heo6H3aTeJibHO 
OAIIOpOAHhlll) cTa611JibHbIM xapaKmepucmu'teCKUU KJlllCC. 
)l.JIH 3aMKHyToro op1rnHn1poBaHHoro MHoroo6pa311H M 
pau;1rnrraJihIIOe 'IllCJIO x (M]=(x("tM), [Ml> Ha3. q II c
JI 0 M II 0 H T p H r II H a MHOroo6pa311H M, COOTBeTCT
BYIOIIJ.llM KJiaccy x, 3AeCh TM - KacaTeJihHOe paccJioeHne. 
II. 'I. x [M] aaBUCIIT JIMI!Ib OT OAHOpOAHOH KOMnoHeHTbl 
CTeneHM dim M KJI acca x. Il ycTb w= { i 1, ... , i k} - pa3-
611eHne •mcJia 11, T. e. na6op u;eJihIX HeoTpnu;aTeJihHhlX 
'IHCeJii1 , ..• , i1,ci1+ ... +ik=nHpw=p., ... ,p,. EH4n(BO). 

'• k 
Pau;110HaJihHbie 'lllCJia Pwl M] onpeAeJieHhl AJIJI 3aMKHyToro 
~rnoroo6pa0nn M pa3MeprrocT11 4n H Be.ex pa36Bemdi w 
'IHCJ!a n. 

II. 'I. x [M], x [N] ABYX 6opAaHTHhIX (B opHeHT1IpoBaH
rroM c~1blcJie) MHoroo6pa311ii M, N paBHhl: x (M]=x (N] 
(T e o p e M a II o II T p n r 11 H a). 

CorJiacHo aTol1 TeopeMe Kall\AhlH xapaKTep11cT11'l. KJiacc 

xEH**(BO; IQ) HHAyu;11pyeT roM0Mopifl1rnM x [ l: Q~o -
-* IQ, a Kall\Ahlii aJieMeIIT [ M) E Q~o HHAyu;11pyeT roM0Mop
«P113M H**(BO; IQ)-* IQ, x-* x (M]. )J,pyr11Mn CJIOBaMn, 
I!MeeTCH OT06pameH11e 

cp: Q~O --+Hom (JI** (BO; IQ); IQ). 

EcJIM Bee II. 'I. 11 Dlmu(/JeMt 'tUcAa ABYX op11eHT11poBaHHhlX 
3aMKIIYTbJX MHoroo6pa31IM COBnaAaIOT' TO <JTM MHoroo6pa-
3MH 6op;J,aIITllbl (B opneuT11poBaIIHOM CMbJCJie). 

3a11,aqa, aHaJior11qnaH npo6JieMe MMJIHopa - X11pu;e-
6pyxa AJIH KBa3MKOMnJieKCHbIX MHoroo6pa3MH, COCTOMT B 
TOM, 'IT06bl on11caTb o6pa3 OTo6pameHI!H cp. Perneu11e <JTOM 
3a/);aq11 OCHOBaHO Ha paccMoTpeHMM Il. q. B K-Teop11H, COOT
BeTCTBYIOIIJ.MX IioHmpstzuHa KJ1accaM :It; B K-Teop1111. Ilyc.Th 
w= {i1, ..• , in} - Ha6op u;eJIMX HeoTp11u;aTeJihllhlX qnceJI, 
Sw(P) n Sro(ep) - xapaKTep11cT11'l. KJiacchl, DnpeAeJIHe
Mble 'leTHbIMII CMMMeTpll'I. pn;J,aMM 

sw (x~, ... , x~) H sw (exi+e-xi-2, ... , ex"+e-xn_2) 

COOTBeTCTBeHHO, 3/);eCb SCil(tl, •.• , tn) - MHHMMaJihH&IM 
u ii ik 

CHMMeTpll'I. noJIIIHOM, CO/);epmam;Hll O/);HO'IJieH f1 ' •.. ' tk ' 
n;):i1+ ... +ik. Ilyc.Th B*cHom(H** (BO; IQ); IQ) -
MHOll\eCTBO TaKIIX rOMOMop.ili113MOB b: JI** (BO; IQ) - IQ, 
AJIH K-phlx b(Sw(P))E/£, b(Sw(ep)L)Ez[1/2] npu BC.ex 
ua6opax w. TorAa o6pa3 roMoMop«PH3Ma 

cp: Q~O-+ Hom (H** (BO; IQ); IQ) 

OoBnaAaeT c B* (Te 0 p e Ma c T 0 Hr a - x a TT 0 p ia). 
XapaKTepncTH'l. 'IHCJia L [M] 11 A [M], cooTBeTcTByIO-

n~11e KJiaccaM L, A EH** (BO; IQ), Ha3. L-p o A o M n 
A-p o A o M cooTBeTCTBerruo MHoroo6pa3HH M. 

)J,JIH 3aMKHyToro MHoroo6pa3MH M, pa3MepHOCTh K-poro 
ABJIHTCH Ha 4, HMeeT MBCTO paBeHCTBO L (M]=l(M), rAe 
I (M) - CUZHamypa ~morooGpa3IIH, T. e. CllrHaTypa KBaA
paT11qHoii «PopMhl nepeceqeH11n, onpeAeJieHHoii Ha H n;2(M), 
n= dim M ( T e o p e M a X 11 p u; e 6 p y x a). )J,JIH 
3aMKHyToro cn11HopHoro Muoroo6pa3IIH M qeTHoii pa3-
MepHOCTII CnllHOpHhIH HII/);eKC M' T. e. IIHABKC onepaTopa 

)J,11paKa Ha M, coBnaAaeT c A [M]. 
Jlum. CM. npn CT. llottmpRZUtta nJ1acc. A. <P. XapmuJlaaae. 

IIOIIEPEqHlfK M H o m e c T B a - BeJill'IHHa, xa
paKTep1rnyr01u;aH yKJIOHBH!Ie MIIOll\BCTBa B MeTpll'I. npoCT
paHCTBe OT rreK-poii CHCTBMbl o6'beKTOB (KaK npaBHJIO, KO
llB'IHOMepHblX) rrpn onpeAeJieIIHOM MBTOAe np116JI11mellllH, 
a Tami:rn BeJil!'IIIHa, xapaKTepn3yIOm;an TO'IHOCTb BOCCTa
HOBJ!BHllH <JJ!eMerrTa IJ3 AaHHOro MHOll\BCTBa npH onpeAe
JieHHOM MeTOAe KOAHpoBaIIHH. Ha1160J1ee 113y'leIIhl II., xa
paKTepn3yrom.11e B03MOll\IIOCTb annpOKC11Mau;11I1 MHOll\BCTBa 
KOHe'IHOMepHbIMII KOMnaKTaMll II KOHB'lllOMepHbIMil JillHeii:
HbIMil MHoroo6pa3HH.\lll (nonepe'IHIIKH no AJieKcaHApoBy 
11 nonepe'IHllK no KoJIMoropoBy). 

IIycTb X - HOpMIIpoBaHHoe npocTpaHcTBO c eA11Hn'IHhlM 
rnapoM B, CcX - annpoKc11M11pyeMoe noAMHomecTBo 
Bx, lll={A}, AcX,-HeK-paH COBOKynHOCTb annpoK
CHMIIpYIOIIJ.llX nOAMIIOll\eCTB, F (C, A) - HeK-pan COBOKyn
HOCTb oTo6pameHHii f : C-* A, HaKoHeu;, 15=15 (C, W)= 
=UAE~F(C, A) - 3aAaHHaH COBOKynHOCTb OT06pame-

HHH Il3 annpoKCHMHpyeMoro B annpoKCHMHpyrom;ee MHO
meCTBa. l.JHCJIO 

Pfj (C, X)= inf supl]x-/(x)ll (1) 
fEfJ XE C 

xapaKTep113yeT BeJill'IHHY yKJiorreHnn annpoKCIIMHpyeMoro 
MHOll\eCTBa c OT COBOKynIIOCTH annpOKCHMIIpyeMbIX MHO
meCTB w npn MBTO/);e annpOKC1IMa1vrn 15. 

EOJibI!IIIHCTBO n.' xapaKTep113yrom;nx annpoNCHMau;11-
0HHhle CBOHCTBa Toro IIJill IIHOro annapaTa np116J1Hll\eHIIH, 
3aAaIOTCH no THny ( 1). 

EcJIII 5ll=~J1N - COBOKynHOCTh {MN J Bcex JIHIIeMHbIX 
MIIoroo6pa311ii (T. e. CABlffOB JIHHeiiHbIX ITOAnpOCTpaHCTB) 
pa3MepIIOCTll <.N, a F (C, MN) - COBOKynHOCTb ncex 
OT06pameH11ii. 113 c B MN• TO BBJIH1IHHa ('l)' Ha3bIBaeMaH 
N-nonepe'IIIHKOM no KoJIMoropoBy 
MIIomecTBa C n o6o3rraqaeMan o6blquo dN(C, X), xapaKTe
p11a ycT MlllllIMaJibHOe YKJIOHBIIlle AaIIIIoro MHOll\eCTBa c 
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OT N-MepHhlX mmeii:Hh!X MHoroo6paanii:, T. e. xapaRTepH· meHnii: na CB KN, <D= Ucp(C, KN), TorAa (2) Ha3hlBaeTCH 
ayeT a1rnpoRcHManrnHhle B03MOlKHOCTH N-MepHhlX JIHHei"r- {KN} 
HhlX MHoroo6pa3aii:. )J,pyrHe paBHOCHJibHhle H o6rrrerrpHHH- N - II 0 II e p e 'I H Ii! R 0 M II 0 y p bl c 0 H y H o603Ha-
Thle orrpe1wJieHHH dN TaROBhl (cM. [1]): 'laeTCH uN(C). )J,pyroe paBHOCHJibHOe Ii! o6IIJ,eIIpHHHTOe OIT-

dN (C, X) = inf sup inf [lx-y II= peAeJieHHe rrorrepe'IHHRa YphlcoHa TaRoao: u N(C) ecTb 
{MN} x E c y EM N HlillKHHH rpaHb AHaMeTpOB IIOKphlTHH MHOJRecTBa c KpaT

HOCTH <.N + 1. IIorrepe'IHHK no YpbICOHY xapaKTepHayeT 
= inf inf {e > 01 CC MN+eB}. (1') cTerreHh N-MepHocTH (c TO'IKH apeHHH 6pay3poacKoii: pa3-

{MN} e MepHOCTH) MHomecTBa c. 
EcJIH lll=!IJ1N (HJIH=~N - COBOKYIIHOCTH Bcex IIOA- BrrepBhle BeJIH'lHHY, Ha3BaHHYIO BIIOCJieACTBHH II., BBeJI 

rrpocTpaHCTB {LN} paaMepHOCTH <.N, a F (C, MN)(F (C, B 1923 II. C. YphlCOH (cM. [2]), Kor;:i;a orr orrpeAeJIHJI uN. 
LN)) - coaoKyrrHoCTb acex aiJ>qmHHhlX (JIHHeHHbIX) ne- B 1933 II. C. AJieI\CaHAPOB [3] BCKphlJI arrrrpoKCHMaTHB-
rrpephlBHhlX OT06pameHIJlr IJ3 c B III N(LN), TO BeJIH'lHHa Hhle acrreKThl TeopHU pa3MepHOCTH, 'ITO rrpnBeJIO ero K 
(1), o6oaHatJaeMaH aN(C, X)(A,N(C, X)) n H33hlBaeMaH a ip- orrpeAeJieHHIO aN. B 1936 A.H. J\oJIMoropoa f 1] orrpeAe-
ip Il H H bl M (JI H He ii: H bl M) N-rr 0 II e p e 'I H Ii! K 0 M, mm dN - HMeHHO 3TOT II. H3H6oJiee HHTeHCHBHO H3y'laJI-
xapaKTepH3yeT arrrrpoRCHMaTHBHhle B03MOIBHOCTH aiJ>iJ>Hrr- CH p;aJiee B TeopHn rrpII6JIHJReHHH. B 1931 JI. C. IIoHTpH-
HhlX (JIHHeHHblX) N-MepHhlX OT06pameHHH. rHH Ii! JI. r. Illm1peJibM3H (cM. [4]) Bhlp33HJIH paaMepHOCTb 

EcJIH lll=jl'N eCTb COBOKYIIHOCTb {KN} BCex N-MepHhlX (TOIIOJIOfH'l. xapaKTepHCTIIKy), HCII0Jlb30B3B 3CHMIITOTH-
ROMII3KTOB (HJIH, paBH03Ha'lHO, BCex N-MepHbIX IIOJIH3A- 'leCKYIO MeTpH'l. xapaKTepHCTHKY Ne(C) (o6paTHYIO K rro-
poB), a F (C, KN) - MHomeCTBO acex rrerrpephIBHhlX oTo- rrepe'IHHKY eN(C)), paarryro AJIH MeTpH'I. rrpocTparrCTBa C 
6pameHIIII H3 c B KN, TO BeJIH'lHHa (1), H33h!BaeMaH N-rr o- H3HMeHbllieMY 'IHCJIY 3JleMeHTOB 2e-rroKpMTHH AJIH MHOJRe-
II e p e 'I H II R 0 M II 0 A JI e K c a H A p 0 B y H 0603- CT Ba c. MrrTepec R IIOA06Hb!M BeJIH'lHH3M B03poc B 50-x rr., 
11aqaeMaH aN(C, X), xapaKTepHayeT cTerreHb arrnpoKCHMa- KOrAa A. H. J\oJIMoropoB [5], 6aaHpyHCh rra HAeHx TeopnH 
IJ;HH MHomecTBa C N-MepHb!MH KoMrraKTaMH. HrriJ>opMau;nn, BBeJI BeJIH'lHHY Ne(C, X) (o6paTrryro K norre-

ECJIH &= ~ N - COBOKYIIHOCTb <£N} BCeX N-TO'le'lHb!X pe'IHHKY EN( c' X)) H ciJ>opMyJinpoaaJI rrporpaMMY HCCJle-
MHOJReCTB SN{x1 , ••• , xN} BX, a F(C, SN) - coaoKyrr- AOBaHHii: aeJIH'lHH THrra Ne(C), Ne(C, X) n HM IIOA06HbIX 
HOCTb acex oT06pameHHii: H3 C B SN, TO II. ( 1), o6oarra 'Jae- KaK crreu;HaJibHblii: paaAeJI TeopHH rrpH6JIHIBeHHH, CBHaarr-
MbI:ii eN(C, X), xapaKTepH3yeT rra1rMeHblllee ymrnHeHHe Hblll c BOrrpocaMH HaIIJIY'lIJiero Ta6yJIHpoaaHHH iJ>yHKIJ;Hll. 
AaHHoro C OT N-TO'le'lHb!X MHomecTD, T. e. xa paKTep1rnyeT )J,BOH'lHhl:ii JiorapmflM aeJIH'lHHhl Ne ( C, X) rroJiy'lHJI Ha-
anrrpoKCHMaTHBHhie no3MOll\HOCTH N-To'le'lHhIX MHOIBeCTB. 3BaHHe e-anmponuu MHomecTaa C, a log2Ne(C) - a 6 co-

Bce BBep;eHHble Bb!IJie arrnpoKCHMaTHBHbie II. aaBHCHT JI IO TH 0 :ii e - 3 HT p 0 II II H MHOIBeCTBa c. 
OT o6'heMJIIOIIIero npocTpaHCTBa x Ii! MoryT ll3MeHHTbCH IIoJiy'leHO MHOIBeCTBO ROHKpeTHhlX peayJibTaTOB, rAe 
rrpH rrorpymeHHH C c ero MeTpHKO:ii B APYroe rropMnpoaaH- Te HJIH HHhle II. (rra3BaHHhle Bb!IJie H HHLie) Bhl'lHCJIHJIMCb 
Hoe rrpOCTpaHCTBO. AJIH p83JIH'lHb!X iJ>yrrKIJ;HOHaJibHblX RJiaCCOB Ii! reoMeTpH'l. 

)J,pyro.ii: Tnrr II. CBH3aH c aaAa'laMn <<KOAHponaHHH» o6'beKTOB. TaKne Bhl'lHCJieHHH MomHo pa3AeJIHTb Ha ABO 
3JieMeHTOB MHomecTBa C 3JieMeHTaMH Apyro.ii: rrpHpOAhl rpyrrrrLI - aCHMIITOTH'leCKHe H TO'lHble. 
HJIH, KaK 3TOT npou;ecc eIIJ,e HHa'le Ha3b!BaIOT, c 38A3'1Pll BoT HeK-pb!e pe3YJibTaThl, KacaroIIJ,HeCH aCHMIITOTH'l. 
BOCCTaHOBJieHHH. IIyCTb c - MOTpH'I. npocTpaHCTBO, Z= Bbl'IHCJI()HHH II. co60J1enc1mx 1maccoB. IIycTb w; -
= {\;} - HeK-paH COBOKYIIHOCTb «KOAHPYIOIIJ,HX» MHOmecrn' COBORYIIHOCTb il>YHRIJ;HH x (.) rra ROHe'lHOM 0Tpe3R() (cKa-
cp (C, \;) - HeK-paH coaoKyrrHoCTb oro6pamerrHii: f: C--+ meM, Ha [O, 1]), y R-pbIX (r-1)-H rrpOH3BO)J;HaH a6coJIIOTHo 
--+ \;. Ha1rnHeu;, <P=cD (C, Z)= Ui;e zcp (C, \;)- aaAaHirnH Henpepb!BHa H /VIH r-ii: rrpoH3BOAHOH BhlIIOJIHeHo Hepaaerr-
coaoRYIIHOCTb MeTOAOB IWAHPOBaHHH. BeJJH'UIHa CTBO 

p<l>(C)=inf sup D(f- 1 (z)), (2) llx(rl(·)llp==(~:1x<ri(t)IPdt) 11 P.;;;;1, p~1,k=1, 2, •• .,. 
fE<l> ZEf(C) 

rAe 'lepe3 D (E) o6oarra'leH AHaMeTp MHomecTBa E, xapaK
TepH3yeT BOCCTaHOBHMOCTb 3JleMeHTOB MHO)f\eCTBa c no 
HHiJ>opMa1wn, «3aROAHPOBaHHOH» 3JleMeHTaMH MHOJReCTB \; 

,L(OJW38Ha CJJe,!l;YIOII\8H aCHMIITOTH'l. iJ>opMyJia: 

( N-<r-<1/p-1/q>+>, 

H3 Z c noMOIIIhIO oTo6pameHnii: H3 cD. BoJiblilHHCTBO II., 
CBH3aHHb!X c npou;eccaMn BOCCTaHOBJieHHH, aaAaeTCH no dN (vV~, 

\.-I J 1,.;;;;q~p,.;;;;oo HJIH 1,.;;;;p,.;;;;q,.;;;;2, 
Lq)" 1 l\1-(r-(1/p-1/2) ) 

l . + ' 
(3) 

THITY (2). 
ECJIH ([> - COBOKYIIHOCTb BCeB03MOll\Hb!X OT06pameHHIJ 

H3 c B z' COCToHm;ero H3 OAHoro MHOlReCTBa {1, ... ' N }, 
TO II. (2), o6o3Ha'laeMblii: eN(C), xapaKTepH3yeT TO'IHOCTh 
BOCCTaHOBJieHHH 3JieMeHTa c IIOMOIIJ,bIO Ta6JIHIJ;bl' COCTOH
IIJ,eil: na N 3JieMeHTOB. EcJIH C JieIBHT B JIHHeiiHoM HopMn
poaaHHOM rrpOCTpaHCTBe x Ii! <D - COBOKYITHOCTb BCeX rre
npepblBHhlX aiJ>iJ>nrrHhlX OTo6pameHHll H3 x B fR.N' TO Be
JIIl'lHHa, paarraH p<l>(C)/2, rAe p<t>(c) orrpeAeJieHo B (2), 
Ha3b!BaeMaH N - II 0 II e p e 'I H Ii! K 0 M II 0 f e JI h
ip a HA y Il o603Ha'JaeMaH dN(C), xapaKTepnayeT TO'lHOCTb 
DOCCTaHOBJieHnH :lJleMeHTOB no HX o6pa3aM rrpH aiJ>iJ>HHHbIX 
OTo6pameHHHX B fR.N. )J,JIH u;eHTpaJibHO-CHMMeTpH'lHb!X 
MHOlReCTB BeJIH'lHHbl dN HMeeTCH Apyroe paBHOCHJibHOe 
orrpeAeJieHHe: 

N 
dN (C)= inf supllxll = inf sup{e > 01cnLceB}, (2') 

{N} xeCnLN {N} e 

rAe LN - 3aMKHyroe IIOArrpocTpaHCTBO KopaaMepHOCTH N. 
CT ycTh Z COCTOHT H3 BCeX N-MepHbIX KOMIIaRTOB {KN}, 
cp (C, KN) - COBORYIIHOCTb BCeX HerrpephlBHblX OT06pa-

1.;;;;p.;;;;q.;;;;oo, q~2. 

Ma qaCT!IhlX CJiyqaeB aepxHeii CTpORH iJ>opMym1 (3) cJie
AYeT, 'ITO acHMIITOTH'leCRH rranJiy'lmHM arrrrp0Kc11~mpyro
IIJ.HM rrpocTpaHCTBOM HBJIHeTCH rrpocTpaHCTBO TpHrOHOMeT
pH'l. IIOJIHIIOMOB HJIH rrpocTpaHCTBO CIIJJallHOB c paBHOMep
HO pacrrpeAeJieIIITbIMH y3J1aMH. 

OmnAaJioc i., 'ITO acerAa HMeeT MecTo TaRaH acHMIITO
TllKa, T. e. IIOAIIpOCTpaHCTBO TpHrOIIOMeTpH'l. IIOJIHHOMOB 
AaIIHOH CTeIIeHH BCerAa 6yAeT aCHMIITOTH'leCRH 31\CTpe
MaJibHblM. 0AHaRO ORa3aJIOCh, 'ITO 3TO He TaK (cM. [10], 
[ 13]). TpHroHoMeTpH'l. IIOJIHIIOMhl lin {cos nt, sin nt, O..;: 
<n <.N} oKa3aJIHCb acnMIITOTH'leCRH rre aRCTpeMaJibHbIMH. 
0AIIaKo B pHAe cJiy'laeB «rrepecTaBJieHHhle» rapMOHHKH, 
T. e. ';::_N rapMOIIHR, B3HTb!X B «HenpaBHJibHOM» rropHgKe, 
BCe-TaRH ORa3aJIHCb 3KCTpeMaJibIIblMH. 

Pernerrne 3aAa'IH o II. co6oJieBCRHX KJiaccoa orrHpaeTCH 
Ha HCCJiep;oaaHne aorrpoca o rrorrepe'IHHKe n-OKTa3APOB 
B IR_n; 
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Jlpn p~q BPJHl'lHHa dN(O~, l~) onpe)J;eJIHeTCH TOqHo; rrpM 

p <q To•rno nwrncJieHa neJiwnrna dN(01, l~), 1rna 01rn3a-

.. (1 N )'/2 Il JiaCb paBHOH -r1 . pMHU,lmHaJibHYIO pOJib rrpH 

BhJqncJieHHM KOJIMoroponc1rnx TI. co6oJieBCKHX RJiaccon nr
paIOT CJiep;y10uwe ou,eHKH (CM. [ 13]): 

A) dN (ot l!).;;;; 2N-'l2 (In n)'/2; 

5) dN (O~, l'!,) .;;;;AN-'12 ( 1 +In; r·, 
rp;e A - IIOCTOHHIIaH; 

B) eCJIH "'E (0, 1), TO rrpH n'A ,,;;.N <n HMeeT MeCTO Hepa-
BeHCTBO 

dN (01, z'!,).,;;; Ci.. N-'1 2 • 

PacCMOTpeH norrpoc H 06 acnMITTOTHq, nonep;eHHH aJieR
caHp;poncRnx fl. Co60J1eBCKHX KJlaCCOB. 0Ra3aJIOCb, qTO 

aN (W;, Lq)X N~ rrpn 1 < p, q < oo, rEN. 

PeIIIHTb BOIIpOC 0 TOqHoM BhlqHCJleHHH Il. - :3TO HaHTH 
<iKCTpeMaJlbHhIH p;m1 p;arrHoro 11'.Jlacca anrrapaT rrpH6J1HlKe
HHH. IlepnhIH: pe3yJ1hTaT <iToro pop;a 11p11rra11J1elKHT 
A.H. RoJIMoropony [1], R-pb1ii: peIIIHJI 3ap;aqy o Bh1qHcJ1e

HHH rrorrepeqHnRa dN(WL L 2 [O, 1]) :n aHaJ1oruqHy10 3ap;a

qy AJIH rrep:nop;nq, RJ1acca Wf B MeTpHRe L 2([-:rc, :re]). 
,Ll,JIH Bh1q11cJ1err11H ToqHoro 3Ha'leHirn rrorrepeqmrna 

dN( w:, Loo[-:rc, :re]) BIIepBbJe npHRJle'leHhl (CM. [7]) TOIIO
JIOrH'l. MeTOAhl (TeopeMa o rronepeqrrnRe ma pa, coop;Hm;aHCH 
K TeopeMe BopcyRa 06 aHTnrrop;ax). ::ha TeopeMa 6blJ1a o6-
o6m;eHa (cM. [ 12]) H rrpnMeHeHa K Haxomp;err:n10 p;pyr:nx 
TO'IHblX pemeHnH:. BnOCJle)l;CTBHH o6rrapylKHJIHCb HIITepec
Hbie CBH3H c nap:nau,HOHHbIM :ncq:ncJleHHeM H OIITHMaJlbHb!M 
y11panJ1errneM (CM. [ 9]). 

0 rrorrepe'IHHKaX eN, eN H o6paTIIb!X K HHM BCJlnq:nrrax 
Ne (C) n Ne (C, X) CM. e-anmponuH. 

BorrpOCbl 0 n. HMeIOT Tecrroe corrpHKOCIIOBeII:ne c pa3IIO
o6pa3HblMH 3ap;aqaM:n reoMeTpHn. Harrp., 3ap;aqa 06 acnMrr
TOTHKe BeJIH'lHHbl Ne(C, /R_n) TeCHO CBH3aHa c 3ap;aqeif 
0 HanJ1yqmeM 3aMOIIl;CIIHH rrpOCTpaHCTBa /R_n ccpepaMH. 
3aBHCHMOCTb aCHMllTOTHqeCKHX fl. OT o6'beMJIIOI[J,erO rrpO
CTpaIICTBa rrpnBeJla K Hp;ee BBep;eIIHH a6COJIIOTIIblX Il.
BeJlnqnH 

P1(C)=infpF(C, X), 

rp;e IIHlKIIHH rpaHb 6epeTCH no BCeM BJIOlKeIIHHM c c ero 
MeTpHKOH B OfrLeMJIIOIIJ;ee IIpOCTpaIICTBO X. Il pH 3TOM 
OKaSblBaeTCH (CM. [9)), Harrp., qTQ 

A 1 N 
eN (C) =z e (C), 

a~ (C) =+ uN (C). 

Jlum.: [1] H 0 J1 M 0 r 0 p 0 B A. H., «Ann. Math.», 1936, 
v. 37, p. 107-10; [2] y phi c 0 H II. C., TPYllhl no TOilOJlOrlm 
11 11pyr11M o6JiacTHM MaTeMaT11H11, T. 1, M.-JI., 1951, c. 483; 
[3) A J1 e Kc a H II p 0 B II. C., «Fund. math.», 1933, v. 20, 
p. 140-50; [1,] II 0 HT p" r II H JI., III H II p e J1 b Ma II JI. r., 
B KH.: r y p e B II q B., B 0 J1 M 3 H r., Teopl!H paaMepHOCTll, 
rrep. c aHrJI., M., 1948, c. 210-18; [5] H 0 J1 M 0 r 0 p 0 B A.H., 
«)J:OKJI. AH CCCP», 1956, T. 108, M 3, c. 385-88; [6] B p y 11-
H hi it IO. A.j T II Ma H A. <I>., TaM me, 1959, T. 126, .N; ;,, 
c. 927-30; [7 T II x 0 M II P.O B B. M., «YcrreXH MaTCM. H~YJO>l 
1960, T. 15, B. 3, C. 81-120, 1965, T. 20, B. 1, C. 227-30, [8 
er o me, HeKoTop&ie sonpocw TeopHH rrpH6Jim1<eHHit, M., 1976; 
[9] er 0 lH e, B RH.: TeopllH np116JIHlHeHllH tPYHKuHlt. Tp. Mem11. 
KOHljJ. no TeopHH npHOJllllHemrn ljJyHKuHlt. HaJiyra. 1975, M., 1977, 
c. 359-65; [10] H c Mar H J1 0 B P. C., B KH.: reoMCTPHR 
JI11HeitHhIX rrpocTpaHCTB n Teop1rn orrepaTopoB, HpocJiaBJih, 1977, 
c. 75-113; [11] er o me, «Ycnexn MaTeM. naym>, 1974, T. 29, 
B. 3, c. 161-78; [12] Ma R 0 B 0 3 IO. H., «MaTeM. c6.», 1972, 
T. 87, M 1, c. 136-42; [13] Ha ID H H B. C., «Has. AH CCCP. 
Cep. MaTeM.>1, 1977, T. 41, M 2, c. 334-51; [14] Hop H e 11 q y R 
H. II., 8RCTpeMaJihHWe aa)la'lli Teop11u npH6JiumeHHJI, M., 1976. 

B. M. Tuxo.Mupoa. 

IIOIIOJIHEHHE TOITOJlor:nqecRoro neRTOpHoro rrpocT

paHCTBa x - TOIIOJIOfH'leCKOe BeKTOpHoe rrpocTpaHCTBO x 
TaKoe, qTo x HBJIHeTCH IIOAIIPOCTpaHCTBOM x H x IIJIOT

HO n X. Ilop; Il. rroe:nMaIOT TaRme 11 orrepau,HIO rrepexop;a 

OT X K X; CTaHp;apTHoe ee ocyru,eCTBJleH:ne - c rroMOIIJ;bIO 
11,anpaB.!LeHHOcmeii (B qaCTIIOCTH, IIOCJlep;oBaTeJlbHOCTeH 
Kornn). M. H. Bouwxo•c=u. 

IIOIIOJIHEHHE PABHOMEPHoro IIPOCTPAHCTBA 
X - OT}J;eJl:nMoe no,11,noe paonoJJtepnoe npocmpancmoo 
x Tal\'.oe, qTo cy1u;eCTBYCT paBHOMeprro rrerrpepbIBHOe OT06-

pameH11e i: x-x 11 p;JIH J1106oro panrroMepHo rrenpepbIBHo
ro OT06pameHHH f rrpocTpaHCTBa x B OTAeJIHMOe IIOJIHOe 
paBHOMepnoe rrpocTpaHCTBO y cyru,eCTByeT' H rrpHTOM 
ep;:nIICTBeHHOe, paBHOMepHO rrerrpepbIBHoe OT06pameHHe 

g: X-Y, IIpHqeM f=goi. Ilop;rrpOCTpaHCTBO i(X) IIJIOTIIO 

B X, :n o6pa3hI rrpn oT06pameHHH i X i oRpymerr:nH: AJIH 
x HBJIHIOTCll OKpymeHHHMH }J;JIH i(X), a 3aMhIKaHHH rro-

CJle}J;HHX B xx x o6pa3yIOT cpynp;aMeHTaJlbHYIO CHCTeMy 

OKpymerr:nH: }J;JIH x. Rorp;a x OTJJ;eJIHMO, i HH'hCKTHBHO 
(qTo II03BOJllleT OTOmp;eCTBHTb x c i(X). 0T}J;CJIHMOe IIO
IIOJIHeH:ne rrop;rrpocTpaHCTBa AcX H30Mopcprro 3aMhIRarr:n10 

i (A) c X. OTp;eJl:nMoe 11orroJ1HeHHe npo:n3BeJJ;eH:nH panrro
MepHhIX rrpocTpaHCTB H30Mopcprro rrpOH3Bep;eHHIO OTACJIH
Mb!X IIOIIOJIIIeHHH npocTparrCTB-COMIIOlKHTeJleH. 

,Ll,(JKa3aTeJlbCTBO cyru,eCTBOBaHHH x no cym;ecTBy 0606-
m;aeT I!OCTpOeHHe r. RaHTopa (G. Cantor) MIIOJReCTBa p;eH:
CTBHTeJlbHblX qHCeJI H3 q:nceJI pau,:norraJlbIIblX. 

Jlum.: [1] By p 6 a K" H., 06ll(aff TOIIOJIOrHff. OcHOBHble 
CTPYKTYPbl, rrep. c ljJpaHu., M.' 1968. M. H. Boil!{eXOBC><Uu. 

IIOIIOJIHEHHE CEqEHllHMll, non o JI II e H He 
M a K-H e ii JI a, '!aCT:nqHo ynopHp;oqenrroro Mrromecrna 
M - nMnaa peuiemt>a L, rroJ1yqaeMaH 113 MHomecTBa M 
CJ1ep;y10m;HM o6pa3oM. IlycTb M=M (ecJ1:n M 06J1ap;aJ10 
HyJleM) HJIH IIOJlyqaeTCll BIIeIIIIIHM npncoep;:nHCIIHeM rra:n
MCHbIIIero :iJleMeHTa 0 K M (eCJIH M He nMeJlo rryJ1H). 

11 rryCTb P ( M) - yrropHp;oqeHHoe OTHOIIleH:neM BKJIIOqe
mrn MHOJReCTBO ncex HenyCTbIX IIO}J;MHOlKCCTB MHOJReCT-

Ba M. ,Ll,JIH J1106oro XE P(M) rrycTb 

XLi={aEM \ a:;-;,,x AJIH ncex xEX}, 

xv={aEM\a.;;;;x }J;JIH ncex xEX}. 

YCJIOBHe cp(X)= (X Li) V orrpep;eJIHCT aa.Mbir.anua omnouie
nue cp rra MrromeCTBe P(M). PemeTRa L ncex cp-3aMRHy

ThIX rrop;MHomeCTB MrromecTna P ( M) HBJIHeTCH rroJ1Holi. 

,[l,JIH J1106oro x EM MIIomeCTBo (xLi) V HBJIHeTCH rJian
HhIM :np;eaJ10M, nopomp;eHIIhIM <iJleMeHTOM x. IloJ1araH i(x)= 
= ( xLi) V }J;JIH ncex x EM, noJ1yqa10T H30MopcpHoe BJlome
rr:ne i MHomecTna M B 110J1Hy10 pemeTKY L, coxpaHHIOiu,ee 
nee ToqHble nepxHne :n HHIBIIHe rpan:n, cym;ecTnyroru;:ne 
B M. B npnMeHCHHH It yrropHp;o'leHHOMy MIIomeCTBY pa
u;noHaJ11>HhIX 'lnCeJI onncaHHaH IWHCTPYKU,HH p;aC'T IIOllOJJ
HCHHe MHOlKeCTBa pa11:noHaJ1bHbIX q:nceJI p;eµ;emrnp;OBhlMH 
ceqeHHHMH. 

Jlum.: [1] Mac n e i 11 e H. M., «Trans. Amer. Math. Soc.», 
1937, v. 42, p. 416-60. T. C. <PorjjaHoea. 

IIOIIOJIHEHHH METO)l; - MeTop; nhlqncJieHHH 06-
paTHoii MaTpHU,hI, OCHOBaIIIIbIH Ha peRyppeHTHOM rrepexo
r~e, HCIIOJ!b3YIOiu,CM BhJqHCJ!CHHC MaTpHU,bI (C+uv)- 1 , rp;e 
u- BCKTOp-CTOJI6eu;, v - BCKTOp-CTpORa, no cpopMyJle 

(C + uv)- 1 =C- 1 -_!_ C- 1uvC- 1 , y= 1 +vC- 1u. 
v 

Bb1qHCJIHTCJlhHaH cxeMa MeTop;a TaKona. IlycT1> A= 
= lla;jll - p;aHHaH MaTp1111a n-ro rropHp;Ra. PaccMaTpnnaeT
CH rrocJiep;oBaTCJibHOCTb A 0= E, A 1, .•. , A"' rp;e A k= 
=Ak-1+ekak, ek CCTb k-ii CTOJl6eu; CAHHI!qHOH MaTpllD;bI 
E, ak=(aki. · · ., ak, k-1' ak, k-1' ak, k+i. · · ., aknl· 
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TorAa A n=A H MaTpm1,a A - 1 uoJiy•rneTCJI B pe3yJihTaTe 
n-KpaTHOrO IIpHMeHeHHJI OilHCaHHOI'O BblllJe upo11,ecca. 
Pac•rnTHble qiopMyJibl rrp11 aToM 11MeroT cJieAYIOil.\HH BHA: 

6CJIH a~k> ecTh j-ii: CTOJI6eIJ, A k• TO AJIJI k= 1, 2, ... , n; 

a a(k-1) 
k i a(k -1) . 1 2 ( ) 

(k-1) k ' J = ' ' ... , n. * 
1 + akak 

a(k> = a\k-1) 
I I 

~JIJI MaTpHll,bl A k1 AOCTaToqHo BblqHCJIJITh aJieMeHThI 
rrepBblX k CTpOK, T. K. IlOCJieAyIOill,Jae CTpOKH COBilaAaIOT 
co CTpOKaMia eAHHJaqHOH MaTpHIJ,bl. 

lfaBeCTHbl Apyriae CI10C06bl opraHJa3aIJ,HH BblqHCJieHHH 
B II. M., OCHOBaHHble Ha MOAiaqi:irnaIJ,HH (*), Harrp. T. H. 
Me To A E pm o Ba (CM. [1]). 

Jlum.: [1] ct> a 11; 11; e e B ,r:i:. K, ct> a 11; 11; e e Ba B. H., Bh1-
'll!:CJH1TeJihHble MeToll;bl mrnel!aol! aJire5pbl, 2 >1311;., M. - JI., 1963. 

I'. 1J.. HUM. 
IIOPHCTOCTH T011KA p;JIJI MHO/KeCTBa E H3 n-Mep

Horo eBKJIHAOBa upocTpaHCTBa IR n - TOqKa x 0 E IR n, 
n;;;.1, AJIJI K-poii Cyill,eCTByeT IlOCJieAOBaTeJibHOCTb 
OTKpblTblX rnapoB Bk c paA11ycaMH rk-+ 0 11 o6Ill,l'!M 
IJ,eHTpOM B ToqKe Xo TaKHX, qTo AJIJI Ka/KAOI'O k= 1, 2, ... 
HaiiAeTCJI OTKpblTbliI map GkcB k "E paA11yca ;;;. Crk, 
I'Ae c IIOJIO/KHTeJihHO H He 3aBHCHT OT k (Ho, Boo6rr1,e roDO
pJI, 3aBHCHT OT x0 11 E). MHomeCTBo E Ha3. rr o p 11 c T bl M, 
eCJIH Ka/KAaJI ero ToqKa JIBJIJieTCJI II. T. AJIJI Hero. M HO
meCTBo E Ha3. (J-Il 0 p H c T bl M, eCJIH ero MO/KHO rrpeA
CTaBHTb B BHAe KOHeqHoro HJIH cqeTHOfO o6'he)J;HHeHHJI 
rrop11CTblX MHomecTB (cM. I 1]). II. T. AJIJI E JIBJIJieTCJI 
II. T. AJIJI ero 3aMblKaHHJI if 11 He JIBJIJieTCJI TOqKoii DJIOT

BoCTR B CMhICJie Jle6era HH AJIJI E, RH AJIJI E. KamAoe 
nopHCToe HJIH (J-IIOpHCTOe MHO/KeCTBO E c fR.n HMeeT 
rrepayro KaTerop11ro no Bapy ia HyJieayro Mepy Jle6era 
B fR.n. 06paTHoe, aoo6m;e roaopJI, HeBepHo: cyill,eCTByIOT 
Aa/Ke CoBepmeHHble HHI'Ae He IlJIOTHble MHO/KeCTBa EclR.1 , 

HMeIOill,He Mepy HyJih, HO He JIBJIJIIOill,HeCJI (J-IlOpHCTblMH 
(CM. [2]). ~JIJI MHO/KeCTBa E, Jie/Kall],ero Ha rJiaAKOM MHO
roo6pa3HH Sc fR.n, II. T. x0 ES MHomecTBa E OTHOCHTeJib
HO MHOroo6pa3HJI s orrpeAeJIJieTCH, KaK Bblllie, rrpH AOIIOJI
HHTeJibHOM ycJIOBHH, qTo IJ,eHTpbl rnapoB Bk JiemaT Ha S. 

Jlum.: [!] )l: o JI»< e HK o E. II., «HaB. AH CCCP. Cep. 
MaTeM.», 1967, T. 31, M 1, c. 3-14; [2] Zajicek L., «Caso
pis pest. mat.», 1976, sv. 101, s. 350-59. E. II. 11.0J1J1Cenno. 

IIOPD;HH M H o m e c T B a - rrepeceqeH11e MHomecT
aa c HHTepBaJIOM B cJiyqae MHOIKeCTBa Ha rrpJIMOH H c OT
KpblTblM KpyroM HJIH rnapoM, c OTKpblTblM npJIMoyroJib
HHKOM HJIH napaJIJieJieIIHileAOM B cJiyqae MHolKeCTBa 
B n-MepHOM (n~2) upocTpaHCTBe. BamHOCTb aToro no
HJITHH orrpaBAblBaeTCJI CJieAyIOIII;HMH o6CTOJITeJibCTBaMH. 
MHomecTBo A .aaJI.aeTc.a BCIOAY rrJIOTHblM B MHomecTBe B, 
ecJIH KaiKAa.a II. MHomecTBa B coAepmHT ToqKy MHo

mecTBa A, :irnaqe roaop.a, ecJIH 3aMblKaHHe A -=:iB. MHo
mecTBo A JIBJI.aeTCJI HIHAe He nJioTHblM B MHomecTBe B, 
ecmi: A He 6yAeT BCIOAY rrJIOTHhIM RH B KaKoi!: II. MHo
mecTBa B, T. e. ecJin He cyni;ecTByeT II. MHomecTBa B, 
COAepmaill,eiicJI B A. A. A. Ho11.10wno•. 
IIOPH~KA COOTHOIDEHHE, c p a B H e H n e 

qi y H K u, 11 ii, 0 - o-c 0 0 T H 0 Ill e H H JI, a c H M IT

T 0 T Ii! q e c K lie c 0 0 TH 0 Ille H Ii! JI,- IIOHRTHe, B03-
mmaroill,ee rrp11 113yqemm rroBeAeHnH OAHOH qiyHKU,HH 
OTHOCHTeJihHO p;pyroil: B OKpeCTHOCTH HeK-poii: Toqmi: (6blTb 
MoiKeT, 6ecKoneqHoii). 

IIycTb x0 - rrpeAeJibHaH ToqKa MHomecTBa E. EcJin 
AJIH qiyHKIJ,llH f (x) H g (x) cyIIJ,eCTByIOT TaKHe IIOCTOHH
Hble c>O H 6>0, qTo lf(x)l~clg(x)I npn lx-x0 1<6, 
x ;i:x0 , TO roaopHT, qTo f HBJIHeTcH orpanHqeHnoii no cpaB
HeHHIO c g qiyHKIJ,Heii: B HeK-poii: OKpecTHOCTH TOqKH Xo, 
H IIHilIYT 

f (x) = 0 (g (x)) rrpu x--+ x0 

(qnTaeTcH: «/ (x) ecTb 0 fioJihllIOe OT g (x)»); x-+ x 0 oaHa
qaeT, qTo pacc~iaTpnaae~we caoiicTBO uMeeT ~rncro JIHillb 

B HeK-poll: OKpeCTHOCTH TOqKn Xo. EcTeCTBeHHblM o6pa30M 
no orrpep;eJieHiae rrepeHOCHTCH Ha cJiyqa11: x -+ oo, x -+ 
-+±00. 

EcJIH qiyHKll,HH f(x) H g(.x) Ta1me, qTo f=O(g) H g=O(f) 
IIpH x-+ Xo, TO OHH Ha3. qi y H K IJ; Ii! JI M H 0 p; H 0 r () 
II o p .a A Ka rrpa x-+ x 11 • Harrp., eCJIM <fiyHKll,HH a (x), 
~(x) TaKoBbl, qTo a(x);i:O, ~(x);i:O rrpn x;i:x0 H cyill,e
CTByeT rrpeAeJI 

I. a (x) , O 
Ill f3 (X)=C 'F , 

X_,,.Xo 

TO OHH O)J;HOfO uopJip;Ka rrpn x -+ Xo· 
~Be qiyHKll,liH f(x) Ii! g(x) Ha3. a KB Ii! Ba JI e HT H bl

M Ii! (a c Ii! M I1 T 0 T H q e c K Ii! p a B H bl M H) rrpH 
x-+ Xo H mrrnyr f-g, ecJIH B HeK-poii: OKpeCTHOCTH ToqKJI 
x0 , KpoMe, 6blTh MoiKeT, caMoil TOqKn x0 , orrpeAeJieHa 
TaKa.a qiyHKIJ,HJI qi (x), qTo 

f(x)=qi(x)g(x) H lillq>(x)=1. (*) 
X-+Xo 

y CJIOBHe :3KBHBaJieHTHOCTH ABYX <fiyHKIJ,HH CHMMeTprrqno, 
T. e. eCJIH f-g, TO Ii! g-f rrpn x-+ Xo, Ii! TpaH3HTHBHO, 
T. e. ecJIH f-g H g-h, TO f-h rrpH x-+ Xo· ECJIH B BeK-poii 
OKpeCTHOCTH ToqKH Xo rrpn x;i:xo crrpaBeAJIHBbl HepaBeH
CTBa f (x) ;i:O, g (x) ;i:O, TO ycJioB11e (*) aKBHBaJieHTHO 
JII06m1y H3 CJieAyIOill,HX 

11.ll f (x) =1 1· g (x) 1 
) ' Ill j(x)= • 

X-+Xo g (x X->Xo 

ECJIH a(x)=e(x)/(x), rAe lill e(x)=O, TO roaopJIT, qTo 
X---+Xo 

a; HBJIHeTCJI 6 e c K 0 H e 'l H 0 M a JI 0 ii: qi y H K II, Ii! e ii 
no cpaBHeHHIO c qiyHKIJ,1rnii: f, 11 rrHmyT 

a;= o (!) rrpn x ---+ x0 

('IHTaeTCJI: «a ecTb o MaJioe OT ff>). ECJIH f(x);i:O rrpH x;t:x0 , 

To a=o(f), KorAa lill a/f=O. B cJiyqae, ecmi: f RBJIJiercH 
X-+Xo 

6eCKOIIe'lHO MaJioii rrpH x-+ Xo, TO fOBOpJIT, 'ITO qiyHKIJ,HJI 
a= 0 (!) IIpH x -+ Xo JIBJIHeTCH 6 e c K 0 H e 'l H 0 M a
JI 0 i!: 6 0 JI e e B bl c 0 K (j r 0 II 0 p H A K a, qeM f. 
ECJIH me g (x) H It (x) l" - BeJIH'lli!Hbl OAHOfO IIOPJIAKa, 
TO fOBOpJIT, qTo g HBJIHeTCH B e JI Ii! q Ii! H 0 i!: II 0 p JI A
K a k OTHOCHTeJihHO f. Bee qiopMyJihI yKa3aHHOro BbIJJie 
BHAa Ha3. a c Ii! M II T 0 T H 'l e c K Ii! M 11 0 II, e H K a
M 11, OHH HaH6oJiee HHTepeCHbI AJIH 6ecKoHeqHo MaJiblX Ii! 

6ecKoHe'lHO 6oJihllIHX qiyHKIJ,HH. 
II pH Me p bl: eX-1=o(1) (x-+ O); cos x 2 =0(1), 

(In x)a= 0 (x13) (x-+ 00; a, ~ - JIIOObie IIOJI01RHTCJibHbie 
qMcJia); fx/sin(1/x)]=O(x2)(x-+ oo). 

HeKOTOpbre CBOHCTBa CHMBOJIOB 0 Ii! 0: 

0 (af) = 0 (/) (a-const); 

0 (0 (/)) =0 (/); 
0 (f) 0 (g) =0 (f·g); 

0 (o (/)) = o (0 (/)) = o (/); 
0 (/) 0 (g) = 0 (f. g); 

ec.TIH 0<x<x0 H f=O (g), TO 

~:J (y) dy=O o:. I g (y) I dy) (x--+x0). 

<t>opMyJibl' COAepmam;He o-' 0-CHMBOJibT' qHTalOTCH TOJibKO 
cJieaa Hanpaao, aTo He HCKJIIO'laeT Toro, 'ITO OTAeJihHble 
qiopMYJibI OKa3bIBaIOTCH crrpaBCAJIHBblMH Ii! npH 'lTeHHH 
crrpaaa HaJieBO. CHMBOJibl 0 Ii! 0 AMI qiyHKIJ,Hii KOMIIJieKc
HOfO rrepeMeHHoro Ii! AJIJI qiyHKIJ,HH MHornx rrepeMeHHblX 
BBOA.HTCJI aHaJiorH'lHO TOMy, KaK OHH 6hIJIH orrpeAeJieHhI 
BhIITie AJIJI qiyHKIJ,HH OAHoro Aei!:cTBHTeJibHoro rrepeMeHHoro. 

M. II. illa6y11.un. 
IIOPH,11;1\0BAH CT ATJICTHKA - 'lJieH eapuatfUOIUWiW 

paoa, nocTpoeHHoro no pe3yJihTaTaM na6JIIOAeHHH. IIycTb 
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Ha6moµ;aeTCH cJiyqaii.Hbiii: seRTop X=(X1, X 2, ... , Xn), 
rrpHHHMaIOll(llM 3Ha'leHHH x=(x1, X2, ..• , Xn) B n-MepHOM 
emrnHµ;osoM rrpocTpaHCTBe 1Rn, n>2, ll rrycTh B Rn 3aµ;aHa 
ljiyeRIJ;llH <p ( ·) !Rn -+ IR.n, orrpep;eJieHHaH rro cJieµ;y10ll(eMy 
rrpasHJiy: 

<p (x)=x(->, xERn, 

rµ;e x\·)= (x(nl)• x<n2 ), ••• , X(nn)) - BeKTop ll3 Rn, rroJiyqeH
HhIII ll3 BeKTopa x B pe3YJibTaTe rrepecTaHOBKll ero KOop
AHHaT X1, X2, ... , Xn B B03pacTaIOll(eM rropHµ;Ke, T. e. 
KOMIIOHeHThl X(nl)• X(n2)> ••• , X(nn) BeKTOpa x<-l YAOBJieT
BOpHIOT cJieµ;yIOll(eMy COOTHOIIleHlllO 

X(nl),,;;;;;x(n2),,;;;;; ... ,,;;;;;x(nn)· (1) 

B 3TOM cJiyqae CTaTllCTIIKa X<·l=cp (X)= (X<nl)• ... , X <mill 
Ha3. B a p ll a u; ll 0 H H hi M p H A 0 M (llJill B e K T o
p 0 M) II 0 p H A K 0 B bl x c T a T ll c T ll K, a ee k-H 
KOMIIoHeHTa x nk (k= 1, 2, ... ' n) Ha3. k-ii II 0 p H A K 0-
B 0 H CTaTllCTllKOM. 

B Teopllll II. c. Hall6oJiee rroJIHo H3yqea cJiyqaii, Korµ;a 
ROMIIOHeHTbl x 1 • x 2• ... ' x n cJiyqaiiHoro BeKTOpa x cyTh 
He3aBHCHMhle Op;llH3KOBO pacrrpeµ;eJieHHble CJiyqaHHble Be
JIJl.qllHbl, qTo B µ;aJihHeiiIIIeM ll 6yµ;eT rrpeµ;rroJial'aThCH. 
EcJill F (u) - ljiyHKIJ;llH pacrrpeµ;eJieHHH cJiyqaiiHoii seJIH
qllHhl xi• i= 1, 2, ... ' n, TO ljiyHKIJ;llH pacrrpeµ;eJieHHH 
F nk (u) k-ii II. c. X <nk) BhI'lllCJIHeTcH rro ljiopMyJie 

F nk(u) =P {X<nk),,;;;;; u}= IF(u) (k, n-k+1), \ u I< oo, (2) 

rµ;e 

I (a, b) =-1- \Y xa-I (1 --x)b-1 dx 
Y B (a, b) j 0 

- HeIIOJIHaH 6eTa-ljiyeKIJ;llH. 113 (2) cJieµ;yeT, qTo eCJill 
ljiyem::i;llH pacrrpeµ;eJieHllH F (u) 11MeeT rrJioTHOCTb sepoHTHO
CTll f (u), TO IIJIOTHOCTh sepoHTHOCTH fnk (u) k-ii IT. c. 
X<nk)• k=1, 2, . ., n, Tome cyll(eCTByeT 11 BbipamaeTCH 
ljiopMyJioil: 

f nk (u) = (l<-1)7:n-k)! [F (u)Jk- 1[1- F (lt)Jn-k f(u), lul < oo. 

(3) 
B npeµ;rroJiomeHllH cyll(eCTBOBaHllH IIJIOTHOCTH f (u) 6MJia 
IIOJiyqeaa COBMeCTHaH IIJIOTHOCTb BepoHTHOCTll 
fr1r2 ... rl (u1, U2, .•• , uk) IT. c. X1nri)• Xcnr.I> ... , x(nr )> 

' - k 
1-<r1 < r 2 < ... < rk<n; k<n, K-paH BbipamaeTCH ljiop-
MyJioii 

f ~ 
r1r,. . .rk(u1> U2, .. .,.uk)=(r1 -1)!(r2 -r1 -1)r ... (n-rk)!X 

xFi 1 (u1) f (u1) [F (u2)-F (u1)]''-r,-i f (u2) ... 

... (1-F (uk)(·-rkf (uk), (4) 

- 00 < U1 < U2 < .. , < Uk < 00. 

<t>opMyJibl (2) - ( 4) 1103BOJIHIOT' Harrp., H3HTll pacnpep;e
JieHlle BepOHTHOCTeii T. H. a Kc T p e Ma JI h H bl x II. C, 

X<nl) = min (Xi, X 2, X,.) H 
I<i<n 

X<nn)= max (Xi, X 2, 
I<i-<,.n 

X,.), 

a TaKme pacrrpeµ;eJieHlle CTaTllCTMKH W n= X <nn)-X lnll• 
K-py10 Ha3. p a 3 M a x o M. Hanp., ecJin ljiyHKIJ;llH pac
rrpeµ;eJieHll.H F (u) HerrpephIBIIa, TO ljiyeKIJ;ll.II pacrrpeµ;eJie
HHH pa3Maxa W n BbipamaeTC.II ljiopMyJIOii: 

P {W n < w} =n ~ :)F (u+ w)-F (u)in- 1dF(u), w~O. (5) 

<t>opMYJibl (2) - (5) IIOKa3b1BaIOT, qTO, KaK ll B o6ll(eii 
TeopHH Bbl6opoqIIbIX MeTOAOB, TOq!Ibie pacrrpeµ;eJieHHH 
II. c. HeB03MOil\HO HCIIOJib30BaTb rrpH noJiyqemm CTa
THCTHq. BblBOAOB, eCJill ljiyHKIJ;HH pacrrpeµ;eJieHllH F (u) He
ll3BeCTHa. MMeHHo noaToMy B TeopHH II. c. rroJiyqHJill IIIH-

poKoe pa3BHTl'le acHMIITOTHq. MeTOAbl HCCJiep;oaaHHH pac
rrpeµ;eJieHHH II. c. rrpH HeorpaHHqeHHOM yaeJIHqeHllll paa
MepHocTH n aeKTopa Ha6JI10µ;eHHii. B acllMIITOTll'I. TeopHH 
II. c. ll3yqaIOTCH npep;eJJbHbie pacrrpe11;eJJeHHH COOTBeT
CTBYIOll(HM o6pa30M HOpMllpOBaHIIb!X IIOCJieµ;oaaTeJibHO
CTe:li: II. c. {X Cnki }, Korµ;a n-+ oo; rrpH JTOM, aoo61IIe roaopH, 
rropHAKOBblll HOMep k MOJKeT MeHHThCH B 3aBllCHMOCTI! 
OT n. EcJm c poCTOM n IIOPHAKOBblH HOMep k MCHHeTCJI 
TaKHM 06pa3o:11, qTo cyw.ecTByeT Jim kl n, OTJIJl.q!IhJII OT 

n-> oo 
0 H 1, TO COOTBeTCTBYIOll(He II. c. x (nk) paccMaTpllBaeMoii 
IIOCJieAOB3TeJibHOCTll {X (nkl} Ha3. u; e H T p a JI b H bl M ll 
llJJH c p e A H H M H II. c. E CJIH me Jim kl n paaeH 0 HJJH 

n->.., 
1, TO II. c. X1nk) Ha3. K pa ii H HM ll. 

B MaTeMaTHq, CTaTHCTHKe n;eHTpaJihHhle II. c. ncrroJJb-
3YIOT rrpll IIOCTpoeHHll COCTOHTeJibHb!X IIOCJJeµ;osaTeJibHO
CTe:ii on;eIIOK AJIH 1£6llHmU/!eU Hell3BeCTHOH ljiyHKIJ;llll pac
rrpep;eJieHHH F (u) rro peaJIH3au,HH cJJyqaii.Horo aeKTopa 
X HJJH, HHaqe roaopH, rrpH ou,eauaaHllH ljiyHKil,llll F- 1 (u). 
Harrp., nycTh xp- KBaHTllJJh ypoBHH P (0<P<1) ljiyHK
Il,llH pacnpeµ;eJieHHH F (u), rrpo K-py10 naaecTHo, qTo ee 
IIJJOTHOCTh aepoHTHOCTH f (u) HerrpepblBHa ll CTporo rroJio
mnTeJJbHa B HeK-po:ii OKpeCTHOCTH TOqKll Xp. B BTOM 
CJiyqae IIOCJieµ;oaaTeJihHOCTb u,eHTpaJibHh!X 11. c. {X (nk)} 
c IIOPHAKOBblMH HOMepaMll k=f(n+1)P+0,5], rµ;e [a) -
u,eJiaH qacTb µ;e:iiCTBHTeJibHOro 'lllCJia a, HBJIHCTCH COCTOH
TeJJbHOH IIOCJieµ;oaaTeJihHOCTblO ou,eHOK AJIH KBaHTHJill 
xp, n-+oo. EoJiee Toro, aTa rrocJieµ;oBaTeJihHOCTh IT. c. 
{ x (nk)} aCHMIITOTH'leCKH HOpMaJiblIO pacrrpeµ;eJieIIa c 
rra paMeTpaMH 

P (1-P) 
Xp Hf' (Xp) (n+t)' 

T. e. AJIH JI106oro µ;eiicTBHTeJJbHoro 'lllCJia x 

( x -x } lim P ICnk) P f (xp) < x =<I> (x), 
n~~ I P(i-P) 

\ n+i 

(6) 

rµ;e <I> (x) - q1yirnu,1rn pacrrpeµ;eJJeHHH CTaHµ;apTHoro Hop
MaJibIIoro 3aKoHa. 

II pH ~1 e p 1. IlycTb X\·l=(Xcnl)• ... , x(nni)-BeK
TOp IT. c., JIOCTpOeHHh!H IIO CJiyqailHOMY BeKTopy x = 
=(X1, .. ., X,,), KOMIIOHeHTbl K-poro cyTh IIe3aBHCHMh!e 
CJiy'laiiHhie BeJillqHHbl, IIOA'IllHHIOJIIHCCH OAIIOMY ll TOMY 
me BepoHTHOCTHOMY 3aKoHy, IIJIOTHOCTb BepoHTHOCTH 
K-poro HerrpephrnHa H CTporo rroJIOil\HTeJihHa B HeK-poil: 
oKpecTHOCTH Mep;HaHhl x 112 B aToM cJiyqae rrpn n-+oo 

rrocJieµ;osaTeJJhHOCTh Bh16opo•IHhJX Mep;HaH {µ,, }, orrpeµ;e
JIHeMhIX AJIH JI106oro n> 2 rro rrpamrny 

ecJJll n -He'leTHoe qHcJJo, 

n-'IeTHoe qHcJJo, 

acHMIITOTH'IeCKH HOpMaJJbHO pacrrpeµ;eJieHa c rrapaMeTpa~rn 

x1;2 H {4 (n+1) 12 (x1;2n-1. 

B qacTHOCTH, ecJJn 

I (x) = v-:no exp { - (x2~~>'} , I a I < oo, a > 0, 

TO ecTb X; rrop;qllH.HeTc.H HopMaJJbHOMY 33KOHY N (a, a2), 
TO B JTOM CJiyqae IIOCJJeAOBaTeJILHOCTb {µ"} acllMIITOTI!
qecmi: HopMaJibHO pacrrpeµ;eJieHa c na paMeTpaMH x, 1, =a 

o':n: 
H 2 (n+ 1J . Ecmi: IIOCJie11;osaTeJibHOCTb CT3TllCTllK {µn} 

cpaBHHTb c IIOCJieµ;oaaTeJibHOCTblO HaHJiyqrrmx HecMell(eH
HblX ou;eHOK 
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MaTeMaT11q. OiKHAaHHH a HOpMaJibHOfO l'!aKOHa, TO CJieAYeT 

OT/.\aTb rrpeATI01ITemrn IIOCJieAOBaTeJII,HOCTH {X n }, T. K. 

- o2 cr2.n 
DXn=n < 2 (n+1) ~Dµn 

AJIH mo6oro n);:2 
II p II Me p 2. IIyCTb x<·l=(X(nl)• ... , X(nn)) -

BeKTOp II. c.' IIOCTpoeHHhlii no CJiyqail:HOMY BeKTopy 
X = (X l • ... , X n), KOMIIOHeHThl K-poro He3aBIICIIMbI R 
paaHoMepHo pacrrpeAeJieHbI Ha oTpe3Ke [a-h; a+hJ, 
npuqeM napaMeTphl a H h neH3BeCTHhl. B aToM cJiyqae 
IIOCJieAOBaTeJibHOCTII CTaTIICTIIK {Y n} H {Zn}, fAe 

Y n=-} (X(nl)+ X<nn)) H Zn= 27:! 1) (X(nn) -X (nl)), ~2, 

HBJIHIOTCH COCTOHTeJibHhlMII IIOCJieAOBaTeJibHOCTHMII CBepx
aqHpeKTHBHhlX HecMew;eHHhlX ou;eHoK AJIH napaMeTpoa a 
H h COOTBeTCTBeHHO, npilqeM 

2h 2 2h' 
(n+1)(n+2) H DZn=(n-1)(n+2) • (7) 

MoiKHO IIOKa3aTb, qTO IIOCJieAOBaTeJihHOCTH CTaTIICTHK 
{Y n } H {Zn } orr peAeJIHIOT Ha II JI yqnme ou;eIIKH AJIH a 

H h B CMhlCJie MHHHMyMa KBUApaT11qnoro pIICKa B KJiacce 
JIHHe:HHhlX HecMem;eHHbIX ou;eHOI\, BhlpameHHblX B Tep
MIIHaX II. c. 

Jlum. (I] l{ p a Me p r., MaTCMaTll'ICCKllC MCTO)lhl CTaTllC
TllKll, nep. c aHrJJ., 2 113)l., M., 1975; (2) Y 11.rr" c C., MaTeMa
Tll'ICCKaH CTaTl'ICTllHa, nep. c aHrJJ., M., 1967; (3) .u a ii B H )l r., 
IIopH)lKOBhle cTaTllcTmrn, nep. c aHrn., M., 1979; [4) r y M 6 en h 
:;J.j CTaTllCTHHa 3KCTPeMaJihHhix 3Ha'ICHMil, nep. c aHrn., M., 1965; 
[5 r a e R Jl.' III II )l a R 3.' TeopllH panrOBhlX RPMTCPllCB, rrep. 
c aHrJJ., M., 1971; [6) r He )le HR 0 B. B., «,UORJJ. AH CCCP. 
HoBalI CCPllH», 1941, T. 32, M 1, c. 7-9; [7) er 0 >Re, «Ann. 
Math.», 1943, v. 44, M 3, p. 423-53; [8) CM 11 pH o B H. B., 
«Tp. MaTeM. MH-Ta», 1949, T. 25, c. 5-59; [9) er 0 >Re, «Teop111I 
eepoHTH. 11 ee np11Me11en.», 1967, T. 12, M 2, c. 391-92; LIO) 
'!115.ucos ,U. M., TaM >Re, 1964, T. 9, M1, c. 159-fio; [11) 
Cr a 1 g A. T., «Amer. J. Math.», 1932, v. 54, p. 333-66· [12) 
Tippett L. H. c., «Biometrika», 1925, v. 17, p. 364-87· 
(13] Pe arson E. S., TaM >Re, 1932, v. 24, p. 404-17. ' 

M. C. HunyJ1uu. 
IIOPHAKOBAH TOIIOJIOrIIH - TorroJiomn .ff"< Ha 

JIHHeHHO yrropHAoqeHHOM MHOiKeCTBe x' rropOiKAeHHaH 
JIHHeHHblM yrropHAoqeHHeM <, 6aay K-poll: o6paayIOT BCe-
B03MOiKHbte HIITepBaJibl Ha X. M. If. Bou~exoecnuu. 

IIOPHAKOBOE qJICJIO, T p a H c <P H H H T H o e 
q II c JI o, 0 p A H H a JI b H 0 e q Ji[ c JI o, 0 p AU
H a JI, - nopH{J1'oebiu mr; n BnOJIHe ynopHAoqeHHoro MHo
mecTaa. IIoHHTHe II. q, BBeJI r. KaHTop (G. Cantor, 
1883, c~1. [2]). Hanp., II. •r. MHomecTaa HaTypaJibHhlX qH
ceJI, ynopHAoqeHHoro OTHOIIIeHH.eM ...;, eCTb w. II. q, MII0-

1 
iKeCTBa, COCTOHIIl,0fO H3 qncJia 1 R qnCeJI BHAa f - n , 
eCJIH n= 1, 2, ... ' ynopHAoqeHHOfO OTHOIIIeHHeM ..;;::, eCTb 
w+L foaopHT, qTO II. q. a paBHO (MeHhIIIe) .II. q, ~. 
H ITHIIIYT a=~(a<~), eCJIH MHOiKeCTBO THna a ITOA06Ho 
MHomeCTBY (OTpeaKy) THrra ~· AJIH nponaBOJibHhlX II. q. a 
H ~ BhlITOJIHfleTCH OAJ!a H TOJibKO OAHa H3 B03MOiKHOCTeii 
a<~, a=~, a>~. MHomecTBO {~:~<a} acex II. q., 
MeHblIIHX a, BITOJIIIe ynopnp;oqeHo no THUY a OTHOIIIeHHCM 
...;. EoJiee Toro, KalHAOe MHomecTBO II. q, BITOJIHe yno
PHAoqeHo OTHOIIIeHHeM ...;, T. e. B KaiKAOM HerryCTOM MHO
meCTBC II. q. eCTh HamreHbmee II. q. AJIH KamAoro MHo
mecTaa Z II. q, cyrn,ecrnyeT II q., rrpeBocxoAnrn,ee 1rnmAoe 
II. q, H3 Z. TaKHM 06paao~1, He cyru;ecTayeT MHomeCTBa 
acex II. q. HaHMCHLmee cpeAH II. q., cJieAYIOIIl,HX aa 
II. q. a, Haa. rr o c JI e A o B a T e JI e M a H o6oaHaqaeTCH 
a+L II. q, a Ha3. n p e A III e c TB e H H HK 0 M II. q, 
a+L II. 11. Haa. rrpeAeJihHhlM qncJioM,ecJin 
OHO He HMeeT npeAIIIeCTBeHHHKa. TaKHM o6paaoM, 0 -
rrpe,iWJibHoe qncJio. KamAoe II. q. MOiHHO rrpeACTaBHTb 
B BHAe a=A+n, rp,e '),, - npeAeJibHOe q11CJIO, n - HaTy
paJibHOe, a cyMMa IIOHHMaeTCH KaK CJIOiKeHile IlOPHAKO
BblX THilOB. 

T p a H c <P H. H H T H 0 ft II 0 c JI e ,n; 0 B a T e JI b-
H 0 c T b IO THTia a, HJIH a-n 0 c JI e A 0 B a T e JI b H o
c Tb IO, Haa. <J>yHK!lHH cp, orrpeAeJieHHaH Ha {~ : ~<a}. 
EcJin aHaqeHHHMH aToii rrocJieAOBaTeJibHOCTH cJiymaT II. 'L 

H H.3 "\'<~<a CJieAyeT cp(y) <cp (~), TO 3Ta IIOCJICAOBaTeJih
HOCTb Haa. B 0 3 p a c Ta IO IIl, e II. IIycTb cp 06oaHa11aeT 
A-nocJieAOBaTeJihIIOCTh, rAe A - npe,[leJihHoe qncJio. Ha
HMeHbmee cpeAII II. q.' 6oJiblIIUX KalHAOfO H3 q11ceJI 
cp ("\')' rAe "\'<A, Haa. n p e A e JI 0 M IlOCJICAOBaTeJILHOCTH 
cp(y) AJIH y<A n o6oaIIaqaeTcH lim cp(y). Harrp., w= 

Y<I. 
= lim n= lim n2. II. q. /,, KoH<J>11HaJihHO rrpeAeJihHOMY 

n<w n<w 
qncJiy a, ecJin '),, HBJIHeTCH rrpeAeJioM aoapacTaIOrn,eii 
a-nocJieAoBaTeJihIIOCTH: A= lim cp (~). 

s<a 
II. q. naa. p e r y JI H p II bl M, ecJIH OHO He KoH<J>n

HaJibHO HHKaKOMY MeHbIIIeMy II. q.' II c H H r y JI H p
H bl M B npoTHBHOM CJiyqae. II. q. Ha3. Haq a JI h H bl M 

II. q., MOIIl,HOCTn T, ecJin OHO Ha11MeHhmee cpeAH II. q. 
MOIIl,HOCTH 't (T. e. cpeAH nopHAKOBbIX THITOB BIIOJIHe yno
pHAoqeHHblX MHomecTB MOIIl,HOCTn T). HaqaJibHoe II. q. 
MOIIl,HOCTR T o6oaHaqaeTcH w (T). MHomecTBO {w (6) : 8 <•} 
BCeX HaqaJibHbIX II. q. 6ecKOHeqHbJX MOrn,HOCTeii, MeHL
IIIHX qeM -t, BIIOJIHe ynopHAoqeHo. EcJIH II. q. a HBJIHeTCH 
ero nopHAKOBblM THITOM, TO IIOJiaraeTCH (J) ('r) = Wa. Ta1rn~1 
o6paaoM, KaiKAOe HaqaJibHOe II. q, CIIa6maeTCH HHAeKCOM, 
paBHblM nopHAKOBOMY THUY MHOiKeCTBa Bcex IIaqaJibHbIX 
II. q_, MeHhmnx, qeM AaHHoe. PaaJII1qm,i~1 HaqaJibHLIM q11c
JiaM COOTBeTCTBYIOT pa3JIIlqHJ,Je HHp;eKChl. l\aiH/We r!. 'I. a 
HBJIHeTCH HHAeKCOM HeK-poro naqaJibIIOfO qilcJia. lfaiKAOe 
npeAeJibHOe rr. q. A;i;O KoH<J>HHaJihHO HaqaJibHOMY qucJiy 
wa - HaIIMeHbIIIeMy na II. q,, KoH<J>nHaJibHb!X A. 

HaqaJibHOe q11CJI0 Wa Haa. c JI a 6 o H e A o c T n m H
M bl M, eCJIH OHO peryJIHpHo Hero HHAeKC a - npe).\eJJbHOe 
qJilCJIO. Hanp., w= w 0 cJia6o HeAOCTHiKHMo, a Ww CIIHrY
JIHpHo H noToMy He 6yAeT CJia6o HeAOCTHlKIIMO. EcJin a >0, 
TO Wa CJia6o HCAOCTJiliHHMO TOfAa Ji[ TOJibKO TOr,[\a, KOfAa 
a= wa=cf (a), rAe cf (a) - HaH.MeHhmee qncJio ~ TaKoe, 
qTo a KOH<J>nHaJibHO Wi;. 

CJia6o HeAOCTHiKHMble II. q. AonycKaIOT KJiaccn<J>mrnu;HIO, 
aHaJiorJilqHyIO KJiaCCil<J>HKau;nH HeAOCTJiliKJ!MbIX 1'ap au na.ttb
nux 'tuce.tt. CyMMa II rrponaBeAeHne ABYX II. 11. JlBJUIIOTCH 
II. q, ECJIH ~rnomeCTBO HHACKCOD BIIOJIHe yrropHJW'feuo, TO 
srroJIHe ynop11,n,oqeHIIaH cyM~Ia II. q, HBJlfteTCH II. 11. Jl:Jia 
II. q, MOiKHO onpeAeJIHTb B03BeAeIIHe B CTeneHh IIO TpaHC

<J>nIIHTHOH HHAYKD;IIH: y 0=1, ys+ 1=yS.y, "\'A=lim ys, fAe 
s<i. 

'),, - npeneJibHoe qncJio. lJHCJio ya Haa. CTeneIIbIO qncJia 
y, y - OCHOBaHileM CTerreHH H a - IlOKaaaTeJieM CTene

HH. Harrp., B3HB y=w, a 0=1, noJiyqaIOT a 1=ya0 =w, 

a 2= ww, a 3 = www, . . • . II peAeJI aToii nocJicAoBaTeJib
HocTH e=lim an HBJIHeTCH HaHMeHblIIJilM KpHTJil'I. 'IHCJIOM 

n<w 
lfiyHKD;HH w'e., T. e. HaHMCHhIIIHM na II. q., AJIH K-pb1x 

w8= e. YncJia e, AJIH K-pblx Bb!IlOJIHHeTCH 3TO paaeHCTBO, 
Ha3. a n c H JI 0 H-0 p AH Ha JI a M H. 

BoaBeACHHe B CTerreHh MOiKHO HCIIOJib30B3Tb AJIH npeA
CTaBJieHHH II. q, B BHAC, HanoMHHaIOrn,eM rrpeACTaBJieime 
HaTypaJibHb!X qnceJI B AeCHTH'IHOil CHCTeMe. Ecm1 "\' >1, 

1 <a<yTl, TO cyru;eCTBYIOT Ta1we HaTypaJibHOe qnCJIO n 
Ji[ TaKHe IlOCJieAOBaTeJibHOCTH ~l• ~2• ••• , ~n H 111· 112· 
... , l'Jn• qTo 

ct=yTl•~1+Yr12~2+···+yr:n~n' (1) 

TJ > 111>112>-··> l'Jn, O.;;;;; ~i < y, (2) 

AJIH i= 1, 2, ... , n. <l>opMyJia (1) AJIH 1mceJI ~ i H l'Ji, 
YAOBJieTBOpHIO!llliX yCJIOBHHM (2), Ha3 p a 3 JI 0 lH e II H
e M q II c JI a a ITO OCHOBaHI!IO y YncJia ~i H33 lVilfipaMI!' 
a qncJia 11; - noKaaa-reJIHMH cTerreHel1 aToro pa3JiomeIIHH. 
PaaJioiKeHHe II. q, no i:1aHII0My OCHOBaIIIIIO eAHHCTBeHHO. 
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Pa3JIOIBeBne II. 11. no ocuoaaHnIO w ncnoJib3yeTCH ;a;JIH orr
pe;a;eJiemrn BaTypaJibHOfO CJIOil\eHIIH H BaTypaJibHOfO 
yMuoIBeBIIH II. 11. 

Jlum.: [1] A JI e R ca H Jl p 0 B II. C., Bae11emrn B OO~YIO Teo
PHIO MHomeCTB II'. ljlyHR~Hll, M.- JI., 1948; [2) I\ a HT 0 p r., 
B RH.: Hoah!e H)leH a MaTeMarn11e. C6. 6, CTIB, 1911., c. 90-184; 
[3] x a y c II 0 p "' <I>., Teopll'.R MHOlReCTB, nep. c HeM.' M.- JI., 
1937; [4] l\ypaTOBCRHH I\., MOCTOBCRll'.ll A., Teo
PHR MHOlReCTB, nep. c aHrJI., M., 1970; [5] s i e rp ins k i w., 
Cardinal and ordinal numbers, 2 ed., Warsz., 1965. 

B. A. ErfiUMo8. 

IIOPH)J;KOBLI:O THII .1tuneii1w ynopa&o<tennoeo .MM

:HCecm1Ja A - cao:ii:CTBO MBOIBeCTBa A, K-poe npiacym;e 
JI1060My JIHBe:i!iuo yrrop.11;a;o11euu0My MBOIBeCTBY B, rro
;a;o6uoMy A. II pn 3TOM ;a;aa MBOIBeCTBa A H B, JIHBe:i!iuo 
ynop.11;o;o11eBBhle COOTHOITieHirnMH R H s, Ba3. II 0 A 0 6-
H hI M H, eCJIH cym;eCTByeT iJ>yBKD;lrn /, B3aHMHO o;a;uo-
3Ha'IHO OT06pama10m;a.11 ..4 ua B H TaKa.11, 'ITo AJIH JII06LIX 
TO'leK x, y EA BhIIIOJIBeBo xRy¢:::::::=) I (x)Sf (y). r. RaBTOp 
(G. Cantor) onpe;a;eJIHJI II. T. KaK TaKoe caoiICTBO JIHBeii:uo 
yrrop.11;a;o11eBHOfO MHOil\eCTBa, K-poe OCTaeTCH, ecmr OT
BJie'lbCH JIIllilb OT CBOHCTB 3JieMeBTOB 3TOf0 MHOil\eCTBa, 
HO Be OT HX rropH;a;Ka. q T06bI no;o;11epKBYTb, 'ITO npoae
;a;eu O;ll;HH 3TOT aKT a6cTpaKI~IIII, r. RaHTOp ;ll;JIH o603Ba'le-

HHH II. T. MuomecTBa A BBeJI CHMBOJI A. )J;JI.11 11acTo acTpe-
11a10m;iaxc.11 MHOIBeCTB HX II. T. 0603ua11aeTCH crreu;naJibBhI
MH 6yKaaMH. Harrp., ecJin z + - MuomeCTBO acex ua
TypaJibBhlX qHCeJI, yrrop.11;o;o11euuoe OTHOIIleBHeM ,.;;;;, TO 

z + = (!). E CJill iQ - MHOil\eCTBO BC ex pau;nouaJibBhlX 
1mceJI, TaKIBe ynop.11;o;o11euuoe OTBOITieBileM ..,;, To Q='l']. 
Jlnueii:uo ynop.11;o;o11eBBOe MHOIBeCTBO A HMeeT THII (!) 

Tor;o;a H TOJibKO TOrp;a, Kor;o;a: (1)A HMeeT rrepBblH 3Jie
MeBT ao, (2) KaIB;ll;hJH 3JieMeBT :c MBOil\eCTBa A IIMeeT 
rrocJie;o;y10m;I1:ii: x+ 1, (3) eCJIII a0 EX cA II MBoil\eCTBO X 
cop;epIBHT IIOCJie;D;OBaTeJib KaIB;o;oro CBoero 3JieMeBTa, TO 
X=A. Cym;ecTayeT TOJibKo op;nu II. T. 11 uerryCThlX MBO
IBeCTB, IIJIOTHhIX, C'leTBhlX, ue IIMeIOm;IIX HII rrepaoro, HU 
rrocJie.11uero aJieMeBTa (T e o p e M a R a B T o p a). Jlil
ue:ii:uo ynop.11;o;o11euuoe MBOIBeCTBO IIMeeT II. T. /., - MBOIBe
CTBa acex p;eHCTBIITeJibHbIX 'IIICeJI, eCJIII OHO uerrpepbIBHO II 
CO,!tepIBIIT IIJIOTBOe B HeM IIOAMHOIBeCTBO A , II. T. R-poro 
eCTb 'I'], UMeIOm;ee c HHM o6m;ee Ba'laJio II 06m;I1I! IWBeu;. 
,lJ;oRa3aBa Be3aBIICIIMOCTb B CHCTeMe aKCIIOM (ZF) Cyc.ttuna 
npo6.tteMbi, CM. [1]. 

,ll;JIH II. T. orrpe.rteJIHIOTCH onepau;I1I1, 1:\0 BeK-poii. CTe
neuia auaJI orII'IHhl e a p:eiJ>MeTil'I. one pau;I1HM. 

IlyCTb a n ~ - 11;aa II. T., A II B - TaKIIe p;aa JIII

neii.uo yrrop.11;o;o11euuhre MBoIBeCTBa, 'ITO A =a, B= ~ II 

A nB=0. c y MM 0 ft a+~ Ha3. II. T. a+~=A LJB, fAe 
MBoIBeCTBO A U B yrrop.11;o;o11euo TaK, 'ITO ace aJieMeBThl 
MHOil\eCTBa A rrpe;o;ITieCTBYIOT BCeM 3JieMeBTaM MBoil\eCTBa 
B, a B Kam;o;oM II3 MBOIBeCTB A II B rropa;o;oK coxpauaeTCH. 
B 11aCTBOCTH, ecnn a II ~ - uaTypaJibHhie 'IIICJia, TO orr
pe.rteJieBI1e cyMMhI II. T. coarrap;aeT c orrpep;eJieHI1eM cyMMhI 
BaTypaJibBhlX 'IIICeJI. MMeIOT MeCTo paaeBCTBa (a+~)+'\'= 
=a+(~+'\') n a+O=a=O+a, r;a;e 0 - II. T. rrycToro 
MHOil\eCTBa. 3aKOH KOMMYTaTIIBBOCTH B o6m;eM CJiy'lae 
Be BhIIIOJIBHeTCH, uarrp. w+1+1+w. 

IIycTb a=A H ~=ff. II p on 3 Be A e u II e M a·~ ua3. 

II. T. a ·~=A xB, r;o;e MHOil\eCTBO A xB yrrop.11;o;o11euo 
TaK, 'ITO eCJIH {x, y }, {xi, Yi} - ;o;aa ero aJieMeuTa, TO 
nepBhIH 3JieMeBT rrpep;ITieCTByeT BTOpOMy, Korp;a y <Yi 
HJIII (a cny11ae coarra;o;euia.11 opp;nBaT) x <xi (rrp1rnu;1m rro
cnep;uiax pa3JIIl'IHhlX 11neuoa). MMeIOT MeCTO paaeHCTBa 
(a·~)·'\'=a·(~·'\'), a·1=1·a, a·O=O·a=O, rp;e 1 -
IT. T. o;o;uoaJieMeBTBoro MBoIBeCTBa. YMuomeBI1e, KaK n 
CJiomeuiae, HeKoMMyTaTHBBO. Harrp., W·2;":2·w. 3aKoB 
1vrcTp116yTI1BHOCTI1 BhJIIOJIHHeTCH: a (~+'\')=a ·~+a"'\'· 
CT pOI13Bep;emrn A· A npep;CTaBJIHeT HerrpepbIBHhiiI 0. 'f. 
MOIIJHOCTII KOHnrnyyMa, Be COAepmam;nii: C'leTBOfO IIJIOT
HOro llOJ:IMHOlKeCTBa. 

C CYMMO:i!i n npmrnae;a;ee11eM II. T. TeCHO CBH3aHhI cyMMa 
I1pOH3BOJlbHOfO YIIOpHAO'leBBOfO MHOJReCTBa fl. T, II 
JieKCHKorpaiJ>u11. rrpon3ae;o;eu:ee BIIOJIBe yrrop.11;o;o11euuoro 
MBomeCTBa II. T. II ye Tb {Am : m EM} - CeMeHCTBO mrneii.
HO yrropHAO'leHBhJX MHOlKeCTB, IIB;D;eKCHpOBaHBOe BilOJIBe 
yrrop.11;o;o11eHBhlM MHOlReCTBOM M, H A= II {Am: m EM}
p;eKapTOBO rrpOH3Be;a;eBH0 3TOf0 CeMeHCTBa. 

JI e K c H K 0 r p a ip H 'I e c K H M II p 0 II 3 B e A e H H
e M ceMeii:cTaa {Am : m EM} ua3. MHomeCTBO A , ua;a;eJieu
uoe cJie;o;y10m;nM nopH,!tROM. EcJIH {am} H {bm} 3JieMeBThl 
II3 A, TO {am}< {bm} TOr.rta II TOJlbKO Tor;o;a, Kor;o;a IIJIII 
ai< bi, HJIH cym;ecTayeT m 0 EM TaKoe, 'ITO am=bm p;JIR 

acex m <mo H amo <bm0 (rrpHBIJ.HII rrepBhIX pa3JIII'IBhlX 'IJie
HOB). EcJIH am=A m H A - JieKCHKorpaiJ>1111. npoII3Be;o;e-

BHe ceMeii:cTBa {Am: mEM}, TO a=II {am: mEM}=A 
H33. II p 0 H 3 B e A e H He M c e Me ii: c T Ba II. T. 
{am:m EM}. C noMOill;bIO JieKCHKorpaiJ>ia11. npoH3Be;a;eBHH 
H o6o6m;euuo:i!i nonmunyyM-eunomeabi nocTpoeuo ;D;JIH Kam
;o;oro nap&una.ttbnoeo 'IUc.tta 't TaKoe JIIIBe:i!iuo yrrop.11;o;o11eu
uoe MHOlReCTBO '11,; MOill;HOCTH 't, 'ITO Kamp;oe JIHBenuo yrro

pH;ll;O'leBBOe MBOlReCTBO MOill;HOCTH ..,;'t no;a;o6uo BeK-poMy 
no;a;MBOlReCTBY MH01ReCTB3 '11,;· ECJIH 't HBJIHeTCH CHJlbHO 

uep;oCTHlRIIMhJM KapAHB3JlbHhlM 'IHCJIOM, TO o6o6m;euuaH 
KOBTIIHyyM-rianoTe3a ;D;JIH p;oRa3aTeJibCTBa 3To:i!i TeopeMbr 
ue uymua. B 'laCTBOCTH, AJIH 't=/f0 T3KHM MBOlReCTBOl\! 
HBJIHeTCH JII06oe JIHBeHHO ynop.11;o;o11euuoe MHOJReCTBO 
II. T. 11· 

Jlum.: [1] Mex T., Teop11R MHo>ReCTB Iii MeTOJl ljlopc11Hra, 
nep. c aHrJI., M., 1973. B. A. ErfiUMos. 

IIOPH)J;OK - 1) II. ame6pan11. Kp11aon F (x, y)=O, 
r;o;e F (x, y) - MHOfO'IJleH OT x II y, H33. naHBhJCIDYIO CTe

x' 
nenb 11Jienoa noro Mnoro11Jiena. Hanp., annnrrc a;-+ 

y• 
+b'=1 eCTb Kpnaa.11 BToporo II., a JieMHIICKaTa (x2+ 

+ y2)2= a2 (x2-y2 ) - Kpnaa.11 11eTaepToro II. 2) II. 6ec
Kone11no MaJIOH BeJIIl'IHHbI a OTHOCIITeJibHO 6ecKoHe'IHO 
MaJIOH BeJIIl'IIIHbl ~ eCTb Ta!We 'IIICJIO n, 'ITO cym;ecTByeT 

KOBe'IHbIH rrpep;eJI lim ;n, OTJIIl'IHhJH OT BYJIH. Hanp., 

sin2 3x npII x-+0 eCTb 6ec1wHe11uo MaJiaH BToporo II. OT-
. sin 2 3x 

uocnTeJibBO x, TaK KaK hm -x-2-=9. Boo6nw roaopHT, 
X--> ll 

'ITO a - 6ecK0He11Ho Mana.11 BhICIIIero II., 11eM ~, ecJin 

lim ;=o, n BI13IIIero II., 11eM ~. ecnn lim ;=oo. 

AuaJIOfH'IHO orrpep;eJIHIOT rr. 6eCKOHe'IHO 6oJibillIIX Be
JIIl'IIIH. 3) fl. HYJIH (cooTaeTCTBeHuo nomoca) a iJ>yHKD;IIII 
f (x) eCTb TaKoe 'IIICJio n, 'ITO cyI1JeCTByeT KOBe'IHhIH npe-

;o;en lim ~ (x) n (COOTBeTCTBeHBO lim (x-a)nt (x)), OTJIH'i-
X-->a (x-a) 

BbIH OT HYJIH. 4) II. rrpo113nop;uoft - 1111cJio AniJ>iJ>epemw
poaaHnii, R-pb1e Bap;o np0113BeCTll Hap; iJ>yHKIJ;HCii, 'l'f06bI 
nony1111Th JTY npo113eop;ny10. Hanp., y'" - rrpon3BOAHlilI 

a•z 
TpeTbero II., a'xa'y - npon3BOAB3H 'leTBepToro II. Aua-

nor1111uo orrpeAeJIHIOT II. 11.niJ>iJ>epeBU,IlaJia. 5) II. p;11iJ>iJ>e
peuu;11aJibHoro ypaaHeBllH - BaIIBhICrnnii 1111 Tl. rrpo113-
BOABhIX, axop;11m;nx B ypaeueu11e. Harrp., y"' y' -(y")2= 
=1 - ypaaueuue TpeTbero II., y"-3y'--1-y=O - ypaB
ueune BTOporo II. 6) II. KBaApaTuoii: MaTpHD;hl - 1111cno ee 
CTpOK IIJIH CTOJI6D;OB. 7) II. KOBe'IHOH rpyIIIlbI - 'lllCJIO 
aJieMeBTOB rpynrrhI. EcJI11 rpyrrrra G 6ecK0He11ua, TO roao
pHT, 'ITo G - rpynrra 6ecKoue11uoro II. He CJie
p;yeT rryTaTb IIOPHAOK rpyrrrrhl c rropHp;KOM B rpyrrrre, 0 
K-poM CM. Ynopa&o<tennaa epynna, TJacmu<tno ynopa&o<ten
naa epynna. 8) II. :rneMeHTa rpyrrnhI - u;eJioe rronomn
TCJihHoe 'IIICJIO, paeuoe 'IIICJIY pa3Jill'!HblX JJreMeHTOB B 
u;11mrn•rncRoii. no{\rpyrme, nopmR,f\aeMorr JTHM :rneMeHTOM, 
m160 oo, ecJin na nop;rpyrrrra 6ecRoue11Ha. B rrocJieA
ueM CJiy11ae 3JieMeHT H33. 3JieMeHTOM 6eCKOHe'IHOfO 
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n. EcJIH II. aJieMeHTa a KOHe'leH H paBeH n, TO n HBJlH
eTCH HanMeHbIJIIIM II3 qIIceJI, AJIH :K-pLix an=1. 9) IIpaBLIH 
II. B KOJihil,e Q - TaKoe no11,KoJibil,O R KOJibil,a Q, 'ITO 
11,JI.FI BCHKoro x E Q Hail:11,yTcH a, b ER TaKIIe, 'ITO b o6pa
TIIM B Q H x= ab- 1 • l"t;pyrHMH CJIOBaMII, R - 3TO TaKoe 
IIOAKOJibil,O B Q, qTo Q HBJIHeTCH KJiaCCH'I. IIpaBLIM KOJib
Il,OM qacTHLIX KOJibll,a R (cM. 'lacmnbix 1toAblfO). 10) Ec
JIH IIpH HeK-poM HCCJie)l,OBaHHH liJill BhI'lllCJieHHH OT6pa
CblBaIOTCH see CTeIIeHll HeK-poil: MaJIOH BeJIH'lllHhI, Ha'IHHaH 
c (n+ 1)-il:, TO fOBOpHT' 'ITO llCCJie)l,OBaHe:e liJill BhI'lllCJie
HHe se)l,eTCH c TO'IHOCThIO .o;o seJIH'lllH n-ro II. Hanp., IIpH 
HCCJie)l,OBaHHH MaJILIX KOJie6aH11H CTpyHLI IIpeHe6peraIOT 
BeJIH'lHHaMH, CO)l,epmam;11MH BTOpLie li BhICIJille CTeIJeHH 
nporn6a H ero IIpOH3BOAHLIX, noJiyqaH 6Jiaro.o;apH aroMy 
JIIIHeil:Hoe ypasHeH11e (JIIIHeapn3yH 3a11,a11y). 11) CJioso 
«II.)) ynoTpe6JIJieTCH TaKme B IIC'lHCJieHIIII KOHe'lHhIX pa3-
HOCTeii: (pa3HOCTII pa3JIH'l'.HbIX II.), B Teopnn MHOfIIX CIIe
u;naJibHbIX qiyHKil,HH (Hanp., Il,IIJIIIHAPH'I. qiyHKil,IIH n-ro TI.) 
H T. A· 12) Ilpn HaMepeHHHX rosop.FIT 0 BeJIH'IIIHe IIOpH)l,Ka 
1on, IIO)l,pa3yMeBaH IIOA 3THM, qTo OHa 3aKJIIO'leHa Mell\AY 
0,5 -ton n 5 .1on. 

IIo .Mamepua.tia.M oattou.Me'H1i0U cmambu UJ BC8-3. 

ITOPHAOK, o T H o IJI e H n e II o p H A K a,-
6unapnoe omnoutenue Ha HeK-poM MHomeCTBe A, o6blqHo 
o6o3HaqaeMoe CHMBOJIOM .:s;;: H 06Jia11,a10m;ee CJie11,y10m;HMH 
CBOHCTBaMn: (1) a.:s;;:a (p e qi JI e K c H B H 0 c Tb); (2) eCJIH 
a.:s;;:b H b.:s;;:c, TO a.:s;;:c (T p a H 3 HT H B H 0 c Tb); (3) eCJIH 
a<.b H b.:s;;:a, TO a=b (a HT H c HMM e T pH q H 0 c Tb). 
ECJIH -:s>: - Il., TO OTHOIJieHHe <, OIIpe)l,eJIHeMoe YCJIOBHeM 
a<b, eCJIII a.:s;;:b n a=fab, Ha3. c T po r II M II. CTpornii: II. 
MOll\eT 6LITb onpe)l,eJieH H K3K OTHOIJieHHe, 06Jia)l,a10m;ee 
csoiiCTBaMII (2) H (3') : a<b 11 b<a He MoryT BhIIIOJI
HHTbCH 0)1,HOBpeMeHHO. 3aIIHCb a.:s;;:b o6LI'l'.HO qnraerCH KaK 
«a MeHbllie HJIH p3BHO b» HJIH «b 6oJibIJie HJIH paBHO a», 
a a<b - K3K «a MeHbllie b» HJIH «b 60Jibllie a». Il. Ha3. 
JI H H e ii: H hI M, ecJIH 11,JIH JII06Lix a, b EA HMeeT MeCTO 
a-:s>:b HJIH b.:s;;:a. 0THOIJieHHe, 06Jia11,a10m;ee CBOHCTB3MH 
(1) H (2), H33. II p e A II 0 pH AK 0 M HJIH KB a 3 H II o
p H A K 0 M. ECJIH <I - KBa3HIIOpH11,0K, TO OTHOIJieHne 
a~b, orrpe11,eJIHeMoe ycJIOBHHMH a<Jb n b<Ja, oKa3b1Baerc11 
3K6Uea.11,enmnocmb10. Ha qiaKropMHomecrse no aron aKBH
saJieHTHOCTH MomHo onpell,eJIHTh II., noJiaraH [a).:s;;: [b), 
r11,e [a) - cMemHhIH KJiacc, co.o;epmam;nn aJieMeHT a, 
eCJIH a<Jb. IIpnMepbl 11 JIHT. CM. npn er. 'lacmuqno ynopH-
iJoqennoe MnoJ1Cecmeo. JI. A. CnopuRnoo. 

ITOCREAOBAHHH OTO BP AJKEHIIE AJIH rJia11,Koro 
HJIH xorH 6bl HenpepblsHoro nomoi>a {St} n rpaHcsepcaJib
Hoii: K HeMy rHneprrosepxHocrn V - oro6pameHIIe T, 
corrocrasJIHIOII1,ee Tff<rKe vE V nepsyro no speMeHII roqKy 
nepece'leHIIH c v IICXOAHIIl,eii H3 v IIOJIOIKHTeJibHOH IIOJiy
rpaeKTOpHII ITOTOKa (n onpe11,eJieHHoe )l,JIH Tex v, )l,JIH K-pbIX 
raKoe nepece11eHne nMeercH). (fIInepIIosepxHOCTb V Ha3. 
IIpH 3TOM c e 'I e H H e M, c e K y III, e II II 0 B e p x
H o c r h 10, r p a H cs e pc a JI b 10.) Kor.o;a pa3Mep
HOCTb dim V= 1 (raK qro {St} - IIOTOK Ha IIJIOCKOCTH 
HJIII .o;syMepIIoii IIOBepxIIocrn; B aroM CJiyqae V Ha3. 
raK;Ke A y r o il. 6 e 3 K o II r a K r a) n V IIapaMerpII-
3osaIIa 'lHCJIOBblM IIapaMerpoM s, ro CMem;eHne roqeK V 
no.o; .o;eii:crsneM II. o. OIInci.rnaercH IIeK-pon 'IHCJIOsoii: 
qiyHK11,nen f o.o;Horo nepeMeHnoro (ecJIH v orse11aer 311aqe
Hn10 IIapaMerpa s, ro Tv - 3HaqeHHIO IIapaMeTpa s+ 
+ f (s)), K-paH IIa3. qi y H K u; n e ii II o c JI e A o s a II n H. 
Bnepsble II. o. ncnOJib30BaJI A. IIyaHKape (H. Poincare, 
[1)), noaroMy nHor.o;a II. o. Ha3. o To 6 pa me H n e M 
II y a II K a p e. 

ECJIH JI106aH IIOJiyTpaeKTOpHH IIepeceKaeT v, TO n. o. 
(oIIpeAeJieHHoe s AaHHOM cJiyqae IIa sceM V) s 3HaqnTeJib
Hon cTeIIeHn onpe.o;eJIHer IIOBeAeHIIe scex rpaeKropm'l IIO
rmrn. 0.o;HaKO TUKIIC «rJio6aJihHhlC)) Ce'IE'HHH cyn~eCTBYIO'l' 
AaJll)}(O HO scer.o;a (B '13CTHOCTH, y raMHJlbTOHOBOH CllCTC
Mbf Ha MHoroo6paa1rn IIOCTOHIIHOi1: aHepnnr, He npoX01J.H-
1u;eM 11epe3 KpnTHq. roqKn raMHJibTOIIHaIIa, T. e. paenoee-

CU!t no.11,0J1Cenu!t, Her 3aMKHYThIX - KaK MHoroo6pa3HH -
rJio6aJibHhIX ceqeHnii:; CM. [3) rn. VIII, n. 4. 7). 

/"t;JIH HeaBTOHOMHOH CHCTeMhI c nepHOAHqeCKOH IIpasoii 
lJaCTblO 

x=/(t, x), f(t+-r, x)=f(t, x), (*) 

B03HHKaer aHaJior II. o.: roqKe x conocrasJIHIOT ro11Ky 
Tx=q; (i:, x), r.o;e q; (t, x) - peUieHHe cncTeMLI (*) c HaqaJib
HhIM 3Ha'leHHeM q; (0, x)=x. 3ro «0ro6pamemie c11,s11ra Ha 
nepno.o;» MOll\HO .o;ame qiopMaJibHO paccMarpnsaTb KaK 
II. o., eCJIH (*) paccMarpnsarh KaK asTOHOMHYIO cncreMy 
B «Il,HJIHH.o;p1111eCKOM» qia30BOM npocrpaHCTBe. 0To6pame
Hlie T onpe.o;eJieHO BCIO)l,y, eCJIH peUieHHH CHCTeMLI (*) 
onpe.o;eJieHLI npn scex t. 

qam;e npllXO)l,HTCH HMeTb 11,eJIO c ((JIOKaJibHLIM)) Ce'le
HileM - ero nepeceKaeT TOJihKO qacrh TpaeKropnil: n He
pe11,Ko TOJibKo 11aCTh nepeceKa10m;nx ero rpaeKTopnii: BHOBb 
B03Bpa111,aeTCH Ha v. IIpHMepoM MOiKeT CJIYiKHTb MaJieHb
Ka.FI rJia;qKaH (<IJJIOIIl,a)l,Ka» Kopa3MepHOCTH 0)1,HH, rpaHC
sepcaJibHO nepeceKa10111,aH HeK-pyIO 3aMKHYTYIO rpaeKTO
pIIIO L. B aroM CJiy11ae II. o. onpe11,eJieHO s6JIH311 vnL H 
xapaKrepII3yer nose.o;eHIIe rpaeKropnii s6JIH3H L. 

B reopnn cMenuii raKme BBOAllTCH II. o. (cM. [2)), HB
JIH10111,eecH o6o6m;eHHeM npe11,hl11,y111,ero np11Mepa (n oxsa
TLisa10111,ee raKme II. o. 11,JIH o6hlKHoseHHLIX 11,nqiqiepeHu;n
aJibHhIX ypasHeIIHH B KOMilJieKCHOH 06Jiacr11). 

J!um.: [1) II ya HR ape A., 0 HPHBblX, onpenemreMbIX JJ:HlfJ
ljJepem~aJibHblMH ypaeHeHHHMH, nep. c ljlpam.1., M., 1947; (2) 
Ta My pa II., TOIIOJIOrHH CJIOeHHll, nep. c ffilOH., M., 1979; (3) 
r 0 )'.( 6 H n 0 H R.' .D:HlfJljJepeHI.{HaJibHaH reoMeTpHH H aHaJIHTH'Ie
CHaH MexaHHHa, nep. c ljJpaHI.{., M., 1973. lf.. B. AttocoB. 

ITOCREAOBATERhHOCTEA: KATErOPHH - <raor-
Hbril: CJiyqaii: 06111,eii: KOHCrpyKil,HH Karerop1111 qiyHKTopos 
IIJIH Kareropnn 11,1rnrpaMM. Ilycrh Z - MHomecrso u;eJihlX 
qnceJI, CHa6meHHOe o6LI'l'.HhlM OTHOIJieHHeM IIOpHp;Ka. 
Tor11,a :;z MomHo paccMarpnsarh KaK MaJiyIO Karnrop1110, 
o6'beKraMH K-poil: HBJIHIOTCH 11,eJILie 'lllCJia, a Mopqi113Ma
MH - sceso3MOll\HLie rrapLI BH.o;a (i, j), r11,e i, j E z n i -:s>:j. 
Ilapa (i, j) - aro e)l,HHCTBeHHhIH MopqiH3M o6'heKTa i 
s o6'heKT j. KoMII03Hil,HH Mopqi113MOB orrpep;eJIHercH cJiep;y10-
111,11M paseHCTBOM: (i, j) (j' k)= (i, k). 

/"t;JIH rrpoH3BOJibHOH KareropHH st KarnropliH ROBa
pHaHTHb!X qiyIIKTOpOB ~ (Z' .ft') H3 z B st Ha3. Ka
T e r 0 p H e ii. II 0 c JI e A 0 B a T e JI b II 0 c T e il: Hap; 
St. qro6bl 3aAaTb qiyIIRTop F : z -+Si', ;qocraro'l'.HO 
yKa3aTh CeMeHCTBO o6'heKTOB H3 .ft', aanII.o;eKCHposaHHOe 
u;eJihlMII qncJiaMH, n .o;JIH Kam11,oii. napb! o6'heKTOB A;, 
A; +l shl6parh npoH3BOJibHblii: MopqiH3M a;,; + 1 : A ;-+A; +i· 
Tor11,a oro6pameHHH F(i)=A;, F (i, i+1)=a; ; + 1 011,HoaHa'l
HO npo)l,oJimarerCH AO «iiYHKropa F : z-+ sr: EcrecrseHHOe 
npeo6pa3osamrn cp qiyHKropa F : ';?, -+ St B qiyHKrop 
G : z -+St, r. e. Mopqin3M KareropHn nocJieAosareJib
IIOCTefr, 3a)l,aeTCH TaKHM ceMeHCTBOM Mopqin3MOB 
cp;: F(i) -+G(i), qro cp;G(i, i+1)=F(i, i+1)· <p;+ 1 AJIH 
JI106oro i E Z . 

EcJIH St - KaTeropnH c IIyJieshlMH MopqinaMaMn, TO 
B II. K. ~ (Z, m Bhl.o;eJIHeTCH IIOJIIIaH nop;KareropHH 
KOMIJJieKCOB, T. e. TaKHX ipyIIKTOpOB F : z -+Si', qTo 
F(i, i+1) F(i+1, i+2)=0 AJIH JI106oro iEZ· ,Il;JIH a6e
Jiesoii: KaTeropnH ~ II. K. H IlO)l,KaTerOpHH KOMilJieKCOB 
HBJIHIOTCH a6eJieBblMH KaTeropHHMH. 

BMecTo KareropHH z MomIIo paccMaTpIIsaTb ee no.o;
KaTeropHH, COCTOHiqHe TOJibKO H3 IIeOTpHil,aTeJibIIb!X HJIH 
TOJibKO H3 IIenoJiomnTeJihIIhlX qnceJI. CooTseTCTsy10rqne Ka
reropn11 AHarpaMM raKme IIa3. II. K. M. m . .l{a.ieuno. 

ITOCREAOBATERhHOCTh a JI e M e II T o s 3 a-
A a II II 0 r 0 M II 0 m e c T B a - qiyIIKil,HH, onpe)l,eJieII
HaH Ha MIIOmeCTBe IIaTypaJibIIhlX 'IHCeJI' MIIomeCTBO 3IIa
'ICHHii K-poii: CO)l,epmHTCH B paccMaTpHsaeMOM MIIomecTse. 

3 JI e u e II T 0 M, HJIH q JI e II 0 M, IIOCJIC)l,OBaTeJibIIO
CTH f : N-+X, r.o;e N - MHOiKeCrBo HaTypaJibHblX qnceJI, 
X - aap,aIIHoe MIIOiKeCrso, rras. yrropHAoqeIIHaH rrapa 
(n, x), x=f(n), nEN, rEX, K-paH 0603rra,rneTCH qepe3 
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Xn· HaTypaJibHOe 'lHCJIO n Ha3. H 0 M e p 0 M a JI e M e H
T a II 0 c JI e ,[\ 0 B a T e JI b H 0 c T H Xn, a aJieMeHT 
x EX - ero 3 H a q e H n e M. TiocJie,a;oBaTeJibHOCTh 
f : N-+X 06L111Ho 06oaHa11aeTCH 11epe3 {xn} HJIH xn, n= 
=1, 2, .... 

MaomecTBO aJieMeHTOB TI. Bcer,a;a c11eTHO, rrpn11eM ,a;Ba 
pa3JIH1JHb!X 'lJieHa TI. OTJIH'laIOTCH no KpaiiHeii: Mepe HOMe
paMn. MaomeCTBO aHa11eHnii aJieMeHTOB II. MomeT 6hITh n 
KOHe'lHbIM; TaK, MHOll\eCTBO 3Ha'leHHii BCHKOii c T a II, n
o Hap H 0 .ii: TI., T. e. IIOCJie,[\OBaTeJibHOCTH {xn}, BCe 
aJieMeHThl K-poii HMeIOT O,[IHO H TO me 3Ha'leHHe: x,.=a, 
n= 1, 2, ... ' COCTOHT ll.3 O,[\HOro aJieMeHTa. 

EcJIH nl <n2, TO 'lJieH Xn, IIOCJie,[\OBaTeJ!bHOCTH {xn} 
Ha3. II p e ,[\ III e c T B y IO III, H M 'lJieHy Xn,, a 'lJieH 
Xn 2 - c JI e ,a; y IO III, n M aa 11JieHoM Xn,. TaKHM o6paaoM, 
MHomecTBO aJieMeHTOB TI. yrropH,a;o11eHo. 

Toro HJIH 1moro po,a;a TI. BCTpe11aIOTCH B pa3JIH1IHhIX 
paa,a;eJiax MaTeMaTHKH H c HX IIOMOIIl,bIO OIIHChlBaIOTCH 
MHorne CBoiiCTBa n3yqaeMhlx o6'heKTOB. Harrp., ecJin 
x - TOIIOJiorn11. rrpocTpaHCTBO, TO cpe,a;n TI. ero TO'leK 
BamHyIO poJib nrparoT c x o ,a; H III, n e c H TI., T. e. II., 
K-phle nMeIOT rrpe,a;eJI B aTHX rrpocTpaHCTBax. B TepM1rnax 
CXO,[\HIII,HXCH TI. y,a;o6Ho (Bo BCHKOM CJiyqae, rrpn HaJIH'lHll 
C'leTHOii 6a3hl) OIIHChlBaTb CBOHCTBO KOMIIaKTHOCTH, cy
III,eCTBOBaHne rrpe,a;eJia OTo6pameHHH, ero HenpephlBHOCTh 
H T. II. ECJIH BC0 3JI0M0HThl Il. HeK-phIX o6'b0KTOB (To'leK, 
MHOll\eCTB, OTo6pameHHii H T. ,a;.) o6Jia,a;aIOT KaKHM-JIH6o 
CBOiiCTBOM, TO 'laCTO 6hlBaeT HYlRHhIM BhlHCHHTb, coxpa
HHeTCH JIH aTo CBoiicTBO ,a;JIH rrpe,a;eJia TI.; Hanp., BhlHCHHTb, 
KaK Be,a;yT ce6H CBOiiCTBa H3MepuMOCTH, HerrpephlBHOCTH, 
,a;mp4JepeHIJ,HpyeMOCTH, HHTerpnpyeMOCTH npn rrpe,a;eJibHOM 
nepexo,a;e ,[\JIH pa:mH'lHhlX Bll,[\OB CXO,[\HMOCTH <i>YHKil,HH 
(IIOT01101IHOii, IIO'lTH BCIOp;y, paBHOMepHoii, no Mepe, B 
cpe,a;HeM n T. rr.). 

Mrror,a;a OTo6pameHne f : 1, n-+X KoHe'lHoro MHomecTBa 

1, n def { 1, 2, ... ' n} HaTypaJihHhlX lJHCeJI B MHomeCTBO 

X Ha3. Ko He 11 Ho ii II. H 06oaHa11aeTCH 11epea {x1, x 2, 
••• , Xn}, r,a;e Xn=f(k), k=1, 2, ... , n. TI. MomeT aa
,a;aBaTbCH <l>opMyJioii ee o6III,ero 11JieHa (Hanp., TI. 11JierroB 
apH<i>MeTH'l. rrporpeCCHH), peKyppeHTHOll <l>opMyJioii 
(Harrp., TI. 11HceJI EepHyJIJIH) HJIH rrpocTo cJioBeCHhIM orrHca
HHeM c TOH HJIH HHOll CTerreHhIO a<l><l>eKTHBHOCTH (Harrp., 
TI. BCex rrpoCThlX HaTypaJihHhlX 1111ceJI B rropHµ;Ke HX Boa
paCTaHHH). CM. TaKme l/.6oi1Haa noc.rie&o6ame.ttbHQCmb, 
KpamHaa noc.rie&o6ame.ttbHocmb. 06o6meHneM rroHHTHH 
TI. HBJIHeTCH Hanpaa.JteHHOcmb. JI. 1J.. Ryop1181fe8. 

IIOCJIE/l:OBATEJibHhllt AHAJIH3 - paa,a;eJI Ma-
TeMaT1111. CTaTHCTHKH, xapaKTepHoii qepToii K-poro HBJIH
eTCH TO, lJTO lJHCJIO rrpoH3BO,[\HMhlX Ha6JIIO,[\eHnii (MoMeHT 
OCTaHOBKH Ha6JIIO,[\eHHii) He <i>HKCHpyeTCH aapaHee, a 
BbI6HpaeTCH ITO xo,a;y rra6JIIO,[\eHHii B 3aBHCHMOCTH OT 3Ha-
1IeHHll IIOCTyrraIOIII,HX ,a;aHHhIX. C'j'HMYJIOM K HHTeHCHBHOMY 
pa3BHTHIO H rrpHMeHeHHIO B CTaTHCTH'l. rrpaKTHKe IIOCJie
,[\OBaTeJihHhIX MeTo,a;oB rrocJiymHJIH pa6oThl A. BaJibpa 
(A. Wald). MM 6hlJio ycTaHoBJierro, 'lTo B 3a,a;a11e paaJin11e
HHH (rro pe3YJibTaTaM He3aJiHCHMhIX Ha6JIIO,[\eHHll) ABYX 
rrpoCThlX rnrroTe3 T. H. IIOCJie,a;oBaTeJibHhlii KpHTepHii OT
HOIIIeHHii BepOHTHOCTeii ,a;aeT 3Ha1JHTeJibHhlii BhIHrphIIII B 
cpe,a;HeM lJHCJie rrpoH3BO,[\HMhlX Ha6JIIO,[\eHHii no cpaBH0HHIO 
c Han6oJiee MOIIl,HhlM KJiacc1111. crroco6oM paaJIH'leHHH (orr
pe,a;eJIHeMoii: JieM111oii HeiiMaHa - TinpcoHa) c <PnKc11po
eaHHhlM o6'heMOM Bb16opKH H TeMn me BepoHTHOCTHMH 
OIIIH601IHhlX peIIIeHHii. 

OCHOBHhle rrpHHIJ,HIIhl TI. a. COCTOHT B CJie,a;yIOIII,eM. 
TiyCTb S1. S2, ••• - IIOCJie,a;oBaTeJihHOCTb He:'!aBHCHMhlX 
O,[\HHaKOBO pacrrpe,a;eJieHHh!X CJiy11aiiHhlX BeJIH'lHH H <i>YHK-
11,HH pacrrpe,a;eJieHHH Fa (x)=Pa {£1 <x} aaBHCHT oT He
H3BeCTHoro rrapaMeTpa 8, rrpnHa,a;JiemaIII,ero HeK-poMy 
rrapaMeTpH'l. MHOlReCTBY El. 3a,a;aqa COCTOHT B TOM, 1IT06bl 
IIO peayJibTaTaM Ha6JIIO,[\eHnii BhlHeCTH TO HJIH HHoe peIIIe
HHe 06 HCTHHHOM 3Ha'leHHH HeH3BeCTHOrO rrapaMeTpa 8. 

B OCHOBe JII06oii CTaTHCTH'l. 38,[\81IH pemeHHH JiemaT 
rrpocTpaHCTBO D 3aKJII01IHTeJibHhlX (repMHHaJibHhlX) pe
IIIeHHii d (o 3Ha'leHHHX rrapaMeTpa 8) H rrpaBHJIO T, orrpe
,a;eJIHIOIII,ee MOMeHT rrpeKpaIII,eHuH Ha6JIIO,[\eHHii, B K-phlll 
H BhIHOCHTCH aaKJIIO'lHTeJibHoe peIIIeHHe. B KJiaccn11. 
MeTo,a;ax Ha6JIIOµ;eHnii MOMeHT T HBJIHeTCH HeCJI y11ail.Hb!M 

" <l>nKCHpOBaHHhlM aapaHee; B IIOCJiep;oBaTeJihHhlX MeTo,a;ax 
T HBJ!HeTCH cny11aiiHoii BeJIH'lHHoii, He 3aBHCHII~eii: OT «6y
,a;yIII,ero» (MapKOBCKHll MOMeHT, MOMeHT OCTaHOBlrn). <Pop
MaJibHO, rryCTh QT ,.=a{w : £1, •.. , Sn} eCTh a-aJire6pa, 
rropomp;eHHaH cny11aiiHhlMH BeJIH'lnHaMn s1, ••• , Sn· CJiy-
11aii:HaH BeJIH'lHHa T=T (w), rrpHHHMaIOIII,aH aHa'leHHH 
0, 1, ... ' +co' Haa. !II a p R 0 B c K H M M 0 M e H T 0 M, 
ecJIH co6h1Tne {T ...;:n} EQT n ,[\JIH Ram,a;oro n;;;;.O (QT 0= 
= {0' Q }). IlyCTb QT 't - COBORYIIHOCTb TeX H3MepHMhlX 
MHomeCTB A' ,[\Jill R-phlx An {To;;;;;n} EQT n H ,[\JIH Kam.a;oro 
n#O. EcJIH QT n HHTeprrpeTHpyeTCH KaK COBOKYIIHOCTb 
co6hlTHii, H36JIIO,[\aeMbIX ,[\O cny11aiiaoro MOMeHTa n (BKJIIO
'lHTeJibHO), TO QT 't MOlRHO HHTeprrpeTnpoBaTb RaK COBO
RYIIHOCTb co6hlTHii, Ha6JIIO/J;aeMhIX ,[\O CJiy11aiiHoro MOMeHTa 
'"C (BKJIIO'lHTeJ!bHO). 3aKJII01IHTeJibHOe (TepMHHaJ!bHOe) pe
meHHe d=d(w) eCTb QT-r;-H3MepnMaH <i>YHKIJ,HH co 3Ha'le
HHHMH B rrpoCTpaHCTBe D. Ila pa &= (T, d) TaKHX <i>YHKil,Hi"I 
Haa. (rr 0 c JI e ,[\ 0 B a T e JI b II hi M) p e III a IO III, H M 
II p a B H JI 0 M. 

/l:JIH Bhl,[\eJieHHH cpe,a;n pemaIOIII,HX rrpaBHJI «OIITHMaJib
HOro» 3a,a;aIOT <l>YHKIJ,HIO pHCKa w (T, 8, d) H paccMaTpHBa
IOT MaTeMaTn11. omu,a;aHne Ee W (T, 8, d). CyII1,eCTBY10T 
pa3Hhl0 IIO,[\XO)l;hl K orrpe,a;eneHHIO IIOHHTHH OIITHMaJ!bHOTO 
peIIIaIOIII,ero rrpaBHJia &*= (T*, d*). O,a;nH H3 Hux, 6eiiecos
CKHii, OCHOB8H Ha rrpe,a;IIOJ!OlReHHH, 'lTO rrapaMeTp 8 HBJIH-
0TCH CJiyqaiiHoii BeJIH'lHHOii c arrpnopHhlM pacrrpe,a;eJieHH
eM :rt=:rt (d8). Tor,a;a nMeeT CMhlCJI roBopHTh o :rt-pucKe 

R6 (:rt)=~ eEeW (T, 0, d) :rt (d8) 

H rra3hlBaTb rrpaBHJIO &*= (T*' d*) 0 II TH Ma JI b H hi M 
6 e ii e c 0 B c R H M p e III e H H e M (HJIH :rt-0 II T H
M a JI b H hi M), ecnu R6• (:rt)<Rll (:rt) ,a;JIH nro6oro ,a;pyroro 
(,a;orrycTHMoro) npaBnna. Han6onee pacrrpocTpaHeHrro:ii 

<l>opMoii pnCKa w (T, 8, d) HBJIH0TCH pHCK BH,[\a cT+ + W1 (8, d), r,a;e KOHCTaHTa c;;;;.O HHTeprrpeTnpyeTCH KaK 
CTOHMOCTb e,a;HHH'lHoro H86JIIO,[\eHHH, a W1 (8, d) HBJIHCTCH 
<l>YHKIJ,Heii rrorepb OT aaKJ!lO'lHTeJ!bHOro pCIIICHHH. 

B 6eiieCOBCKHX 3a,a;a11ax OThlCKaHne OIITHM3JlbHOro 3a

KJII01JHTeJ!bHOro peIIIeHHH d*' KaK rrpamrno, HC Bhl3hlBaCT 
TPYAHOCTeii, H OCHOBHhle yCHJillH HarrpaBJ!eHhl Ha 0Thl
CKaHH0 OIITHMaJ!bHOro MOMeHTa OCTaHOBKH T*. TI pn 3TOM 
6oJibIIIHHCTBO aa,a;a11 II. a. yKJI ao;hlBaeTCH B cne,a;yIOIIl,YIO 
cxeMy (<OIITH~IaJibHhlX rrpaBHJI OCT3HOBKH». 

IlyCTh X=(xn, Jr,,, Px), n;;;,.O, .rEE, - 11,errh Map
Koaa B <l>a30BOM rrpocrpaHCTBe (E' .'B), r,a;e Xn - COCTOH
HHC 11,errn B MoMeHT speMeHn n, a-anre6pa QT n HHTepnpe
n1pycrcH KaK COBOKYIIHOCTb COOhlTHii, rra6JIIO,[\aeMhlX /10 
MOMeHTa BpeMeHH n (BKJIIO'lHTeJibHO), a p x - pacrrpe,a;eJie
Hl!e BepOHTHOCTeii, OTBe'laIOII1,ee HalJaJ!bHOMY COCTOHHHIO 
x EE. TI pe,a;rronaraeTCH, 'lTO, rrpeKpaII1,aH Ha6JIIO,a;eHne B 
MOMeHT BpeMeHn n, rroJiy11a10r BhlHrphlm g (xn). Torna 
cpe,a;HHii BhlHrphIIII OT ocraHOBKH B MOMeHT T eCTb Exg (x,), 
r,a;e x - Ha'laJibHOe COCTOHHHe. <PyHKil,llIO s (x)= 

=sup Exg(x-r;), rp;e sup 6epeTCH no BCeM (KoHe'lHhl)I) 

MoMeHraM OCT3HOBKH T, Ha3. ~ e H 0 ii, a MOMeHT Te, 

,a;JIH K-poro s(x)<Exg(xi)+e ,[\JIH BCeX xEE, Ha3. e

o II T H M a JI b H bl M M 0 M e H T 0 M 0 c T a H 0 B K H. 
0-0IITHMaJ!bHhie MOMeHThl Ha3. 0 II T H M a JI b H bl M H. 
0CHOBHhl0 BOIIpOChl reopnn (<OIITHMaJ!bHhlX rrpaBHJI OCTa
HOBKH» TaKOBhl: Ka KO Ba CTpyKTypa ~eHhl s (x), RaK ee 
HaiiTn, Kor,a;a CyIIl,eCTBYIOT e-OIITHMaJ!bHhie H OIITHM3JlhHhie 

MOMeHThI, R8KOB8 HX crpyKTypa. HHme rrpnee)J,eH 0)1,l!H 
H3 THIIH'lHhlX peayJibTaTOB, KaCaIOIII,HXCH IIOCTaBJI0HHhlX 
BOIIpOCOB. 
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TiyCTb tPYHRU,HH g(x) orpaHn'leHa: lg(x)l<c<oo. 0TCIO)J;a, B cm1y BLIIIYRJIOCTH BBepx tPYHRu,nii p(n), g(n), 
Tor)J;a u,eHa s (x) HBJIHeTCH HanMeHLIIIeii ~mcu,eccnnHoii Tp (n), MoIBHo nLrnecTn, 'ITO HaiiAYTCH )];Ba 'IHCJia 0 < 
MamopaHToii tPYHRIJ,HH g (x), T. e HanMeHhmeii H3 tPYHRU,nii <A <B <1 TaRne, 'ITO o6JiaCTb npo)J;OJiil\eHHH C= {n : A< 
I (x), YAOBJieTBopHIOIIl,HX ABYM CBOHCTBaM <n <B }, a o6JiaCTh npeRpau~eHHH Ha6JIIO)J;eHnii f= 

g(x),;;:;;f(x), Tf(x)~f(x), =[0, 11"'--(A, B). Tipn 3TOM MOMeHT OCTaHOBRH 

r)J;e T/(x)=Exg(x1). Tipn aroM MOMeHT •o=irrf {n~O: JlnEr} 

•e =inf {n~ 0: s (xn),;;:;;, g (xn) + e} 

HBJIHeTCH e-onTHMaJibHbIM )J;JIH BCHRoro e >O. U,eHa s (x) 
Y!IOBJieTBOpHeT ypaBHeHnIO BaJibAa - E0JIJIMaHa 

s (x) =max {g (x), Ts (x)} 

H MOil\0T 6bITb HaR)J;0Ha no <PopMyJI0 

s (x) = lim Qng (x), 
n-->-m 

Qg(x)=max{g(x), Tg(x)}. 

B TOM CJiy1Ia0, ROr)J;a MHOil\0CTBO E ROH01IHO, MOM0HT 

T0 =inf{n~O: s(xn)=g(xn)} 

6y)J;eT OIITHMaJibHbIM. B o6UWM CJiyqa0 MOM0HT To HBJIHeTCH 
OIITHMaJibHhlM, 0CJIH P x {T0 < oo }= 1, x EE. 

TiycTh 

C={x: s(x) > g(x)}, f={x: s(x)=g(x)}. 

B cooTBeTCTBHH c onpe)J;eJieHneM 

To= inf {n ~ 0: xnE r}. 

MHa'le roBopH, npeRpam.emrn Ha6JIIOAeHiril: cJie)J;yeT npon3-
BOAHTh npn nepBOM nona)J;aHl'lH B MHOIBeCTBO r. B CBH3l'l 
c 3THM MHOil\eCTBO c Ha3. MHOIBeCTBOM IIPOllOJlil\0HHH 
Ha6JIIOp;eHHH, a f - MHOil\eCTBOM npeRpaIIl,0HHH Ha6JIIO
.zi;eHl'lH. 

MJIJIIOCTpau,neii 3Tl'lX pe3yJihTaTOB MoIBeT CJIYIBHTh 3ap;a
qa pa3Jil'l1IeHHH ABYX npoCThIX rnnoT03, Ha R-poil: A. BaJibA 
npop;eMoHcTpnpoBaJI npenMyru;ecTBO nocJie)J;oBaTeJibHhlX 
MeTO)J;OB no cpaBH0Hl'lIO c RJiaCCl'l'leCRl'lMH. TiyCTb napaMeTp 
0 npHHHMaeT )];Ba 3Ha1IeHHH 1 H 0 C anpnopHbIMH BepOHT
HOCTHMH n l'l 1-n COOTBeTCTBeHHO H MHOil\eCTBO 3aRJII01Il'l
T!'JlbHbIX p0III0HHR D COCTOl'lT TaRIBe H3 ABYX TO'leR: 
d= 1 (npl'lHHMaeTCH mnoTe3a H 1 : 0= 1) n d=O (npHHH
Ma0rcH mnoT03a J/0 : 0=0). ECJIH tPYHRU,l'lIO W1 (0, d) 
BbI6paTb B BHA0 

fa, 0=1, d=O, 
W 1 (0,dJ=i b, 8=0, d=d, 

l 0, B OCTaJibHbIX CJiy'laHX 
H noJIOil\IITb 

W (T, 0, d)=cT+W1 (0, d), 

TO )J;JIH R0 (n) noJiy'laIOT BbipaIB0HHe 

RO (n) = cEn T+ aan (6) + b~n (6), 

rAe 
an(6)=Pn{d=010=1}, ~n(6)=Pn{d=110=0} 

- BepoHTHOCTH omH6oR nepBoro n BTOporo poAa, a Pn 03-
Ha'laeT pacnpe)J;eJieHne B0poHTHOCTeii B npocTpaHCTBe 
Ha6JIIOA0Hl'lii, OTBe1Ia10m.ee anpHopHoMy pacrrp0;:i;eJieHHIO 
n. EcJIH nn= P {0= 1 i<ff n} - anocTepnopHaH BepoHT
HOCTb rHnoTe3bI H1 : 0= 1 OTHOCHTeJibHO a-aJire6pbI 
<ff n= a { W : £1, · . ·, £n }, TO 

RO (n) =En [cr+g (ni:)), 

g (n) =min (an, b (1-n)). 

Jfa o6m.eii TeopHn onTHMaJibHblx npaBHJI ocTaHOBRl'l, npn
M0neHnoii R x,,= (n, n,,), CJie11y0T, 'ITO qiynKu,1rn p (n)= 
=inf, R6 (n) yp;oBJI0TBOpHeT ypaBHeHHIO 

p(n)=min{g(n), c+Tp(n)}. 

HBJIHeTCH onTHMaJJbHbIM (no=n). 
EcJin p0 (x) n p1 (x) - nJioTHOCTH pacnpe)J;0JieHniI F0 (x) 

1 
n F1 (x) (no Mep0 dµ= 2 (dF0+dF1)), a 

cp= P1 (!;,) ... p, (~n) 
Po(!;,) .. ·Po (sn) 

- OTHOIII0Hl'l0 npaB)J;OTIO)J;06HH, TO o6JiaCTb npo)J;OJilK0HHH 
Ha6JIIO)J;0HHH (CM. pnc. 1) MOlR0T 6bITb 3arrncaHa B Bl'lA0 

C { A 1-:rt B 1-:rt\ 
= cp:1-An-<cp<1-nn-1 

n T0=inf {n;;;;,O: cp,,$C}. 
B 1-:rt 

Ilpn 3TOM ecmr cp,,;;;;,, 1-B -n' TO BbIHOCHTCH: p0me-

HHe d=i, T. 0. rrpnHHMaeTCH rnnoT0aa H 1 : 0=1. Ecmr me 
A 1-:rt 

cp,0 < l-A -,r:-, TO- rnnoTe3a H 0 : 0=0. 

CTpyRTypa aroro onTnMaJibHoro pemarom.ero npamrna 
coxpaHH0TCH l'l AJIH 3a)J;a'ln paaJII'!'l0HHH rnrroTe3 B yc
JIOBH03RCTp0MaJib H 0 H 
IIOCTaHOBRe, COCTOH
m.eil: B CJie)J;yI01II0M. 
)J;JIH RalRAOro p0ma10-
m.ero npaBHJia 6= (T, 
d) BBO)J;HT B0pOHTHOCTH 
omn6oR a (6)=P1 (d= 
=0), ~(6)=P0 (d=1) 

PHC. 1. 

x 
H 3a)J;aIOT )];Ba 'IHCJia 
a>O H ~>O; I'! nyCTh, 0 
AaJI0e, 8 (a,~) - COBO
RYIIHOCTb BC0x p0ma
I01IIHX npaBnJI c a(6)<:a, ~(6)<~ l'l E0T<oo, E1T<oo. 
CJieAYIOIIl;l'lll tPYHAaM0HTaJibHhlH p03YJihTaT 6Lrn noJiy1I0H 
A. BaJihAOM. EcJIH a+~<1 H cpeAH RpnreptteB 6=(T, 
d), OCHOBaHHb!X Ha OTHOIIIeHHl'l npaB):\OnOA06HH cpn I'! 

HM0IOIIl,HX Blip; 

T=inf{n~O: cpnf (a, b)}, 

{ 
1, cp,~ b, 

d= 
0, cp,~a, 

H3HAYTCH T3RH0 a= a* H b= b*' 'ITO BepOHTHOCTH onrn6oR 
nepBOro n BTOporo po11a B TO'IHOCTH paBHbI a n ~. TO 
pemaIOIIl,00 npaBHJIO 6*= (T*' d*) ca= a* I'! b= b* HBJIH0TCH 
B RJiacce 8 (a, ~) OIITI'!MaJibHbIM B TOM CMbICJI0, 'ITO 

E0T*.,;;; E0T, E1T*~ E1T 

p;JIH JII06oro 6E 8 (a, ~). 
TI penMyru;eCTBa nocJI0p;oBaTeJibHOro pemaroru;ero npamr

Jia 6* = (T*, d*) no cpaBHeHHIO c RJiaCCH'leCRUM nporu,e 
npOHJIJIIOCTpnpoBaTb Ha npnMepe 3ap;aqn pa3JIH1I0HUH p;Byx 
rI'!nOT03 H 0 : 0=0 n H 1 : 0=1 OTHOCI'!T0JihHO JioKaJihHoro 
cpe11Hero 3Ha1IeHHH 0 B:llH0pOBCROrO 11pOIJ,0CCa £t C e11n
HH1IHOll Al'ltPtPY3neii. OnTI'!MaJibHOe nocJie)J;oBaTeJihHoe pe
ma10m.0e npaBHJIO 6*= (T*, d*), 06ecn01InBa10m.0e 33-
;naHHhle BepoHTHOCTII omn6oR a I'! ~ nepBoro n BToporo 
po~a COOTB0TCTBeHHO, Olll'lCbIBa0TCH CJie,LlyIOIIl,I'!M o6paaoM: 

T*=inf{t~O: A1f(a*, b*)}, 

d* _ [1, t.,,. ~ b*, 

- \o, Ai;•,;;:;;a*, 
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rp;e At= ln <Jlt n OTHomeHne npasp;onop;oforn (npoII3BOAHaH 
Mepw, OTBeqaJ01IIeii El= 1, no Mrpe, OTseqa101IIeii El=O) <Jlt= 

~t-~ t 1-a a 
=e 2 a b*=ln-fl- a*=ln 1_ 13_ (cM. pnc. 2). 

OnTIIMaJibHOe KJiaccnq. npaBIIJIO .S=(i:, d) (corJiaCHo 
JI0MMe HeiiMaHa - 11npeoHa) onnehrnaereH eJiep:y101IIHM 

Pnc. 2. 

o6pa3oM: 

r,i~e 

t=t(a,~), 

/..y ~h (a, ~). 

/.. 7 < h (a, ~), 

t (a, ~) = (ca.+c13 )2 , 

a cv - KopeHb ypaBH0HIIH 

,/- e dx-y. _1_ ~"' -x'/2 _ 
v 2n cv 

11oeKOJihKY E0i:*=2ffi (a,~), E1i:*=2ffi (~,a), rJJ,e 

ffi (x, y) = (1-.c) In ~+x In -1 x , 
y -y 

TO 
~=2 rn(fl,a) ~-2 rn(a,[3) 
t (a, fl) (ca+cfl)2' t (a, fl)- (ca+cfl)2 · 

lJIICJI0HHhIH nop;eqeT noKa3hIBaeT, qTo npII a, ~..;:0,03 
E0i;• 17 E,i;* 17 

t (a, f3) ,,;;:;; 30 ' t (a, fl) ,,;;:;; 30 · 

l1Haqe rosopH, npII paeeMaTp1rnaeMhIX 3HaqeHIIHX omn6oK 
nepsoro n BToporo pop:a OIITHMaJibHhlii noeJiep:osaTeJihHhlii 
M0TOA pa3.JUl"IeHIIH Tpe6yeT npHMepHO B p:Ba pa3a M0Hbill0 
Ha6JIJOA0HIIH, 'IeM OIITIIMaJibHhIH M0TOA e qiuKeIIpOBaHHhIM 
•rncJioM Ha6JIJO)l,0HIIii. EoJiee Toro, eeJIH a=~. TO 

lim~=lim~=..!... 
a~ 0 t (a, a) a~ 0 t (a, a) 4 

Jlum.: (1] B a JI h II A., IIocrreuosaTeJibHhlll aHamrn, rrep. 
c aHrrr., M., 1960; [2] 11111 p "es A.H., CTaTHCT11qec1111i1 no
crreuosaTeJihHhlll aHaJIH3, M., 1976. A. H. illupReB. 

IIOCJIE/J;OBATEJlbHbIX IIPIIBJIIIJKEHIIll ME-
TO,[J;, M e T 0 A II 0 B T 0 p H bl x II 0 A e T a H 0 B 0 K, 
M e T 0 A II p 0 e T 0 ii II T e p a II, II H,- O}J:IIH II3 06r11,IIX 
MeTop:oB npu6JIHll\0HHoro pernemrn onepaTopHhIX ypaBHe
HHii. Bo MHOrHX eJiyqaHX xopomaH CXO}J:I!MOeTh noeTpOeH
HhIX 3Tl1M M0TOJJ:OM 1IpH6JIIIll\0HIIii II03BOJIH0T npIIMe
HHTb ero B npaKTHK0 BhlqHeJieHuii. 

11yeTb E - HeK-poe MHOlf\eeTBo, Ha K-pOM 3ap:aH 
onepaTOp A, oT06pamaJOI11,HH E B ee6H. Tpe6yeTeH HaHTII 
uenop:BHlliHYJO ToqKy 3Toro oTo6pamemrn, T. e. pemeHne 
ypaBH0HHH 

x= A (x), xEE. (1) 
JlyCTb ypaBH0Hil0 (1) HMeeT pemeHHe x* If KaKHM

JllI6o enoco6oM yKa3aHo ero Ha'laJILHoe npu6m1meHHe 
Xo EE. Bee oeraJibHhle npn6JIHJKeHnH B rr. n. M. eTpOHTeH 
no lf>opMyJie 

(2) 

8TOT npou.eee Ha3. II p 0 e T 0 ii 0 AH 0 ill a r 0 B 0 ii 
HTepa11,Hei'r. 

,IJ;JIH neeJie,D;oBaHHH CXOAHMOeTn nocJie,D;oBaTeJibHOeT!I 
(2)' a TaKme ,ll;JIH ,D;OJrn3aT0JibeTB3 cyn1eCTBOB3HlfH peme
llllll ypaBHeHHH (1) lllll[JOKO rrpHMCHHCTCH mrnw ccJiopMym1-
poBaHHhlii IT p H H II, H II c a; II M a JO ll( H x 0 T 0 6 p a -
meHHH. 

JlyeTb E - rroJIHoe MeTpnq. npocTpaHeTBO e MeTpHKOH 
p; orrepaTop A onpep;eJieH B 3aMKHyroM rnape S pap;nyca .S 
e 11,eHTpOM B Xo: 

S={xEE: p(x, Xo),,.;;.S}; 

AJIH BeHKHX 3JI0M0HTOB x H y H3 rnapa s BepHO COOTH0ill0-
HH0 

p(Ax, Ay),,;;;;;ap(x, y), 0 < a=eonst < 1; 

AJIH Ha'laJibHOl'O npn6JIHll\eHnH Xo BhIIIOJIHeHO HepaBeHeT
BO p (A x0 , x0) ..,;: m, AJIH queeJI a, .S, m co6JIJOAaercH yc
JIOBne ml (1-a) ..,;: .S. 

Torp:a: 1) noeJiep:osareJibHhle npn6JinmeHHH xn, Bhl
qneJIHeMhie no npasnJiy (2), Moryr 6bITb Haiip:eHhl np11 
BeHKOM 3HaqeHHH n, n see oHn npnHap:JieIBaT mapy S; 
2) IIOCJI0AOB3T0JlbHOeTb Xn CXO}J:l!TeH K HeK-poli: ToqKe 
x* ES; 3) rrpep:eJihHhlli: aJieMeHT x* ecTb perneH11e ypaB
HeH11H (1); 4) p:JIH npI16JI11meHHH x 11 nepHa CJiep:yJ0111,aH 
Oll,0HKa 6Jil!30CTll K pemeHlllO x *: 

P (xn, x*) ,,;;:;; 1.'.'.'a an. 

,IJ;aJiee, BO BCHKOM IIO}J:MHOll\eCTBe npocTpaHeTBa E' rp:e 
}J:JIH ABYX JIJ06hlx ToqeK .c, y BepHO HepaBeHeTBO p (Ax, 
A y) < p (x, y), ypasHeH11e (1) He MoIBeT 11MeTh 6oJiee 
op:Horo perneH11H. 

JlyeTb E= fR.n - apII¢MeT11qecKoe n-MepHoe npoCTpaH
eTBo 11 onepaTop A B (1) 11MeeT BHA Ax=B:c+b, rp:e B= 
= lla;kll - Knap;paTHaH MaTpI111,a n-ro nopHp:Ka, b= (b1, ... , 
b,,) - 3ap;aHHhlll, a x= (.c1' ... , x,,) - 11eKOMhlll BeKTO
pbI B fR.n. EcJI11 B aroM npoCTpaHeTBe MeTp11Ra onpe,11,eJieHa 
lf>opMyJioii 

p(x, y)=maxlxi-Yil 
i 

n <JJieMeHThl MaTpn11,h1 B y,a;osJieTBOpHIOT ycJIOBllIO 

~:= 1 aui1 < 1 

AJIH BCex i, i= 1, ... ' n, TO 113 npHHll,HITa Cil\l!Ma!Olll,l!X 
oTo6pameHIIM CJieµ;yeT, '!TO eucTeMa aJire6pauq. ypanHe
HlIH x=Ax 11MeeT e,a;uHCTBeHHoe pemeH11e B fR.n, K-poe 
MOil\HO IIOJiyqil'l'b J1. H. M., 11ex 0,11,H 113 npOil3BOJlbHOl'O 
HaqaJihHoro npI16JI11meH11H x 0 E IR. 11 • 

EcJIH B fR.n p:eii:eTByeT eBKJI11p:osa MeTp11Ka 

p (x, y) = V ~;=1 (x;-y;)2, 

Torp:a noJiyq aeTCH p:pyroe yeJIOBl!e exoµ;lIMOeTll IJOCJJe).l;O
llaTeJibHhIX npn6JrnIBeHnii: 

~n ,..,n a~ < 1. 
~i=l ,,;;,.,k=I ik 

DycTh (1) - nHTerpaJihHoe ypanHeHne, B K-poM 

Ax(t)=f(t)+f..~:K(t, s)x(s)ds, 

rµ;e l!3BeeTHhre cpyHKll,IIH /, K HHTerpnpyeMhl c 1rna,a;paTOM 
cooTBeTCTBeHHO Ha MHomeeTBax [a, b J 11 I a, b] X I a, b], 
/.. -- qucJIOBoii uapaMeTp. Torµ;a ua npnm~1rna cil\11Ma10-
111,1rx OT06pameH11.ii: cJieµ;yeT, 'ITO eemr 

1/..1 < o: ~:K2 (s, t)dtdst 112
, 

TO paec~rnTpHBaCMoe l!HTel'p3JibH08 ypaHH8HHe l!MeeT ep;11H
CTBeHHOe pernemie B upoeTpaHeTne L2([a, b]), K-poe MOil\
HO rrocrpo11Th II. IL M. 

Jium.: [1] <I> a 1111 e e B ,IJ;. K., <I> a 1111 cc Ba B. H., Bb!
lJHCJinTeJihHbte MCTO.IJ;bI JIHIICitHOM aJ1refipbI, 2 Jt;J)],.' M.- JI.' 1963; 
[2] K p bl JI OH B. H., Bo 6 Ho B B. B., Mo Ha CT bl p
H bl ii II. H., Bh!qHCJill'reJJbHbie ~JeTOAhI, T. 1-:l, M., 197li-77; 
[3] K o .u JI a 1· 1( JI., <l>ym<l(MOHa.nhHhJii auaJIH3 H Bhl'IHCJ!HTem,
Haa MaTCMaTHHa, nep. c HCM., M., 1969. B. B. XseiJe.JtuiJae. 
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IIOCTA AJirEBPA - arrre6pa Bll,ll,a (P, Q), r.a:e P 
HBJIHeTCH MHOlKeCTBOM qiyHKL\llH, a Q - MHOlKeCTBOM 
orrepaL\HH, paBHOCHJibHblX orrepaL\IUIM KOMII03HL\llll c pa3-
Jill'lHOrO poAa orpaH11'leHirnM11. ITp11MepaM1I II. a. HBJIH
IOTCH KOHe'lH03Ha'lHble 11 C'leTH03Ha'JHble JIOrllKH, JIOrllKll 
HeO/);Hopop;HblX qiyrrm\11ii 11 T. rr. IIpo6JieMaTnKa IT. a. no 
cymecTBY COBIIa/);aeT c npo6JieMaT11Koil: /);JIH MHOf03Ha'lHblX 
JIOfllK. 

Jlum. CM. npH CT. Mno2oana~11a.11 .ao2uxa. B. B. HyiJp.!!BtfeB. 
llOCT A KAHOHIPIECKAfl ClICTEMA, 11 c q 11 c-

JI e H 11 e IT o c Ta,- crroco6 3a/);all11H nepe'tuc.au.Mblx 
.MIWJICeCmB CJIOB. IToHHTlle Il. K. C., rrpe/);JIOlKeHHOe 
8. IloCTOM (E. Post) B 1943, 6blJIO rrepBblM o6m;nM IIOIIH
THeM UC'lUCJ!eHUI!, rrp11ro/);HblM /);JIH 3a/);aHHH rrpon3BOJibHblX 
rrepe'IHCJIHMblX MIIOlKeCTB H He IIpHBH3aHHblM K JIOfll'l. 
CTpyKType rropom/);aeMblX o6'beKTOB, K HX ceMaHTHRe H R 

Jior11Re Bb1008a npaou.tt. IT. R. c. 3a/);aeTCH 'leTBepKoil: 
A, P, JI,, :n:, rAe A - aJiqiaB11T 11C'lHCJieH11H, P (He 11Me10-
m11ii o6mHx 6y1rn c A) - aJiqiaB11T rrepeMeHHblX, JI, -
CIIllCOK CJIOB B A (aKCllOM HC'lllCJieHnH), :n: - CIIllCOK rrpa
BHJI BblBO/);a Bll/);a 

G1, 1P1, 1 • • ·G1, n1P1, nP1. n 1+1 

Gm, 1Pm, 1 · - ·Gm, nmPm, nmGm, nm+ 1 

G1P1· ··GnPnGn+1 

(G;, i cyTh o603Ha'leHHH CJIOB B A, Pi, i - o603Ha'lemrn 
6yRB H3 P). CJIOBO Q rroJiyqaeTCH H3 Oi.· .. , Om rrp11Me
HeH11eM rrpaBiaJia ( *)' eCJill /);JIH KalK/);OH BXO/);HIL\eii: B ( *) 
6yKBbl H3 p MOlKHO IIO/);o6paTb CJIOBO B A (arra'leH11e ::JToii 
rrepeMeHHOH), IIO/);CTaBJIHH K-poe BMeCTO BCex BX01K/);en11ii 
paCCMaTp11BaeMoii rrepeMeHHOH B (*), Mbl IIOJIY'IllM IIOCJie 
TaRoro 3aMemeHHH BCex rrepeMeHHblX CJIOBa 01,. •• ' Q rn -
Ha/); qepTOH H Q - IIOA qepTOii:. Ha OCHOBe 3T0f0 IIOIIHMa
HHH rrpaB11JI orrpeAeJIHeTCH BblBOAllMOCTb B IT. '" c. B rno
pn11 HC'lHCJieH11ii rrpuMeHHeTCH CJie/);yIOmee onpe,!1,eJieH11e 
uepeqncJI11Moro MrromecTBa CJIOB BA, 
aKBHBaJieHTHOe o6bl'JHOMy: M rraa. II e p e q II c JI H M bl M, 
eCJIH OHO COBIIa,ll,aeT c MHOlKeCTBOM CJIOB B A ' BblBO/);HMblX 
B HeR-poii IT. K. c., aJiqiaBnT R-poii co/);epm11T A (rreo6xo
AllMOCTh pacrrrnpeHHH A xoTH 6bl o/);Hoii: 6y1rnoii: £ HeycTpa
HHMa, HO MOlKHO IIOTpe6oBaTb, 'IT06bl IIOMllMO M 6blJHI 
BblBOAllMbl JIRIIIh cJioaa B11Aa £Q, rAe Q 11a A). 

PaccMaTp11BaIOTCH pa:JJIH'lHble CIIeL\11aJI113aL\llll IIOHHTHH 
n. K. c.: 1) H 0 p Ma JI b H bl e c II c Te M bl IT 0 c Ta 

Gp 
(BCe npaB11Jia nMeIOT BRA pG')' 2) JI 0 K a JI h H bl e 11c-

P1 Gp, 
'lllCJJeHHH (rrpaBnJia B11/);a p,G'p,), 3) o r p a H 11 'I e H-

H bl e HC'lHCJieHHH (aJiqiaBllT 0,ll,H06yKBeHHblii:, upaB11Jia 
o/);&onocblJIO'lHbl) n AP· -YnoMHHYTble crr.eL\HaJIH3aL\mI 
npe/);IIOJiaraIOTCH 0,ll,HOaKCHOMHblMll, K KalK/);Oll 113 HHX 
MOlKHO CBeCT.11' rrponaBOJibHYIO IT. K. c. (ycTaHOBJieHHaH 
IlOCTOM 8KBHBaJieHTHOCTh Il. K. C. H HOpMaJihHblX HC'lliC
JieH.ll'll HMeeT qiya/);aMeHTaJihHOe 3Ha'leHHB /);JIH pa6oT noro 
narrpaBJie&HH, AJIH aaxom/);eH11H aepaapelllnMblX c11cTeM). 

Jlum. CM. npH CT. Hc><uc.aenue. C. IO. Mac.aoB. 
llOCT A KJIACC - 3aMKHYThIH OT11oc11TeJihHo orre-

pa L\JIH cyrreprroallL\1111 KJiacc cfyHKL\llH a.1tze6pb1 .ttoeur.:u 
(qi. a. JI.). 8. IlocT (E, Post) ycTaHOB11JI, 'ITO TaRnx 
KJiaCCOB B TO'IHOCTH C'leT&Oe MH01K8CTBO, II /);aJI HX 
HB&oe orrncaa11e. HM me rroKaaano, 'ITO nee oan HBJIHIOT
CH KOHe'lHO rropomµ:eHHblMH, IIOCTpoena pemeTKa no 
BKJIIO'leH11IO, o6paaoBaHHaH 3THMH KJiacca;;rn. MrromecTBO 
yKa3aHHblX KJiaccoB ncqepnblBaeTcH cm1cKOM C,., A;, D )• 
Lk, Oi, S,, P,, F~, F';', rAe i=1, 2, 3, 4; j = 1, 2, 3; 
k=1, . .. , 5; l = 1, ... , 9; .r = 1, 3, 5, 6; s=1, •.• , 
8; µ = 2, 3, ... 

KJiacc c, C0,!1,epmnT Bee qi. a. JI.; C2 COCTOHT H" Bcex 
qi. a. JI. /(x1, ..• , x 11 ) Ta1rnx, 'ITO f (0, ... , 0)=0; C3 -
l13Bcexqi. a. JI.TaKIIX, 'IT0/(1, •.. , 1)~1;C4= C2nC3. 
KJiacc Ai COCTOHT na~ acex MOHOTOHHhIX qi. a. JI.; 

A2=C2nA1; Aa=CanA1; A4 = A2nA3. _!\_J_Iacc Da ~0-
CTOHT na acex qi. a. JI. f (x1, • • ., Xn) = I (x1, • • ., xn); 
D 1=C4nD3; D 2=A1nD3• KJiacc L 1 cocT011T na acex 
qi. a. JI. /(x1 , x2, ••• , xn)=x1+x2+ ... +xn+d(mod 2), 
dE {O, 1}; L2=C2nL1; La=CanL1; L4=L2nLa; Ls= 
=DanL1. 

KJiacc 09 COCTOllT 113 BCex qi. a. JI., cymecTBerrrro aaan
CHIL\llX rre 6oJiee 'JeM OT 0/);HOro rrepeMeHHoro; Os= A 1n09; 
0 4=Dano9; 0 6=C2noq; 06=cano9; qi=o.no6; 01 
COC'J'OHT 113 acex KOHCTaHTHblX qiyHKD;lnI; 02=0.no7; 
oa=o6no7 • 

KJiacc S 6 coCTOllT na acex qi. a. JI. /(x1, ••• , xn)= 
= X1VX2V· . . VXn H acex KOHCTaHTHblX qi. a. JI.; Sa= 
=C2ns6; S 5=C3 ns6; S1=sans •• 

KJiaCC p6 COCTOllT na acex qi. a. JI. f(x1' X2, .•. , Xn)= 
=x1&x 2& ... &xn H acex KoHCTaHTHblX qi. a. JI.; P 0= 
=C2nP6; Pa=CanP6; P1=P5nPa. 

<I>. a. JI. YAOBJI0TBOpHeT ycJioan10 alt , ecJin JII06hle µ 
Ha6opoB, Ha K-pblX OHa paBHa 0, llMeIOT 06m;y10 ROOp/);11Ha
TY, paBHYIO HyJIIO. AHaJioria'lHO c aaMeHoii 0 Ha 1 BBO
,ll,llTCH yCJIOBHe Aµ . 

KJiacc F~ COCTOllT na acex qi. a. JI. co CBOHCTBOM aµ; 

Ff=C4nF~; F~=A1nFf; F~=FfnF~; Ff COCTOllTIH3 

acex qi. a. JI. co cBoii:cTBOM Aµ; F~=C4 nF~; Ff=Aan 

nF~; F~=F~nF~. 
<I>. a. JI. yAoBJieTBOpHeT ycJIOBHIO a"', ecJI11 ace Ha6opb1, 

rra K-pbIX OHa paBHa HYJIIO, nMeIOT 06my10 ROOPAllHaTy' 
paBHYIO rryJIIO. AaaJior11'lHO c aaMeHoii 0 Ha 1 BBOAllTCH 

CBOHCTBO A.,. KJiacc F4 COCTOHT 113 BCex qi. a. JI. co CBOH

CTBOM a"'; F;"=C 4 nF;'; F;'=A1nF;'; F;'=F;'nF;; 
F;' COCTOHT H3 BCeX qi. a. JI. CO CBOHCTBOM A 00 ; F ;' = C 4 n 

n F;'; F;'=A 3 n F;;"; F;'= F';' n F';'. 
PellleTRa no BRJIIO'leHnIO, o6paaoBaHrraH <1T11Mn KJiac

caMn, iaao6pameHa Ha pHCyHKe. Ha HeM RJiaCChl nao6pa-

meHhI TO'lRaMl!I. )].Be TO'IKH coe/);11I1eHbl Ayroii, ecJill H11me
JiemamaH TO'lRa o6oaHa'laeT RJiacc, HerrocpeAcTBeHHO 
CO/);epmam11ii:cH B BepxHeM RJiacce (T. e. MeiRAY HllMH HeT 
rrpoMemyTO'lHblX RJiaccoB). 

Jlum.: [1] H 6 .no H CI< H ii C. B., I' a B pH JI o B I'. II., 
K y n p JI a r1 e B B. B., <l>YHI<'-IDH aJire6pbl JJorHI<H " I<JiaCCbI 
IloCTa, M., 1966. B. B. Kyf!p.11ev,eB. 
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IIOCTA MAilllIHA - op;nH na BapnaHTOB Tb10punza 
JltaUlUHbt, 

IIOCT A HOPMAJibHAH CHCTEMA, u o p M a JI b
u 0 e H c q H c JI e H H e,- Ba)RHhlii: qacTHhIH cJiyqail: 
Jlocma 1>anonu<tec1wu cucmeMbt. c. IO. Mac.,ioe. 

IIOCTA PEIDETKA - perneTKa no BKJIIOqeumo llocma 
a.1tZe6p. 

IIOCTA CHCTEMA IIPO)l;YKIJ;HlI, Hop Ma JI b

H a .II c H c T e M a II 0 c T a, H 0 p M a JI h H 0 e 
n c q n c JI e H n e II o c Ta,- qacTHhlii CJiyqaii: llocma 
l'illHOHU'teCl>OU cucme.Mbt, KOrp;a Bee npaBnJia BhIBop;a HMCIOT 

Gp 
BHP: pG H HMeeTC.11 TOJibKO O)J;HO HCXO)J;HOe CJIOBO (op;Ha 

aKCHOMa paccMaTpnBaeMoro ncqncJieHn.11). 8. IlocT [ 1] 
ycTaHOBHJI aKBnBaJieHTHOCTh II. c. n. n KaHoHnq, cncTeM 
IlocTa B rnnpoKOM CMhICJie. II. c. n. 6bIJIH ncnoJih30BaHhl 
8. IIocTOM n A. A. MapKOBhlM (1947) rrpn nocTpoeHnn 
nepBbIX rrpnMepoB aCCOlfUamUllHbtX UC'iUCJteHUU c Hepaape
IIIHMOH npo6JieMo.ii: pacnoaHaBaHn.11 paBeHcTBa cJioB (n po 6-
JI e M a T ya). 

Jlum.: [1] Post E. L., «Amer. J. Math.», 1943, v. 65, 
M 2, p. 197-215; [2] Map I< 0 B A. A., TeopHR aJiropmjJMOB, 
M., 1954 (Tp. MaTeM. llH-Ta AH CCCP, T. 42). c. H. Ao.nu. 

IIOCTHHKOBA KBA)l;PAT - 1>ozoJ1to.1toeu<tec1>aJ£ one
palfuJ£ Tnna 0(1, A, 3, B), rp;e A, B - a6eJieBhl rpyrr
rrhl c iJ>:imCHpOBaHHhlM r e T e p 0 M 0 p ip H 3 M 0 M ri: 
A -+ B, T. e. TairnM OTo6pameHneM, qTo iJ>yHKu;n.11 

h (gi, g2)=rJ (g1 +g2)-11 (g1)-11 (g2) 

6nJinue.ii:Ha n TJ (-g) = TJ (g). IlyCTh s: F-+ A - ann
MopiJ>naM, a F = EB~ - CB060AHa.11 a6eJieBa rpynna. 
,Il.JI.11 1-KOIJ;HKJIOB II. K. orrpeAeJieH iJ>op111yJio:il: 

el---+ fi~(e~LJ<'le~), 
rAe e~ - TaKa.11 Kou;enb c KoaiJ>iJ>nu;neHTaMH B F, qTo 

~~=e1 • Haacmpou1>ou HaA II. K . .11BJI.11eTc.11 llonmpnzuna 
1>ea&pam. )];JI.II OAHOCBH3Horo X II. K., AJIH K-poro A= 
= :rt2 (X), B= :1t3 (X), a T] onpeAeJiaeTC.11 KOMil03HIJ,Heii c 
OT06pameuneM XoniJ>a S3 - S2, HCIIOJibayeTC.11 rrpn KJiaC
cniJ>nKau;nu OT06pameHHH TpexMepHhlX IIOJIH<lApOB B x. 
II. K. BBeAeH M. M. IlocTHnKoBhlM (1]. 

Jlum.: l1] II o c TH HR o B M. M., «,[l;O!<JI. AH CCCP», 1949, 
T. 64, .M 4, c. 461-62. A. <P. Xapw11.llaoJe. 

IIOCTHHKOBA CIICTEMA, H a T y p a JI b H a .11 
c n c T e 111 a, r o 111 o T o n n q e c K a .11 p e a o JI h -
B e HT a, 11-p a a JI om e H n e o 6 111, e r o T n n a,
nocJieAOBaTeJihHOCTb paccJioeHn.ii: 

• • • __!!_!!_:!:..!._.. Xn~ Xn-I~=.:_.. · ·~ Xo=pt, 

CJIOHMH K-pwx HBJIHIOTCH 8u.n,en6epea - Ma1>.n,euna npo
cmpallcmea K (nm n), rAe :rtn - neK-pa.11 rpyrrna (a6eJieBa 
rrpn n > 1). BBeAeHa M. M. IlocTHHKOBhlM [1]. IIpo
CTpaHCTBO x n Haa. n-M q JI e H 0 M (IIJIH n-M a T a m 0 111) 
II. c. {p,,: Xn-+ Xn-d· II. c. {Pn : Xn-+ Xn-d Haa. 
c x 0 A .II m e ii c .II K IIpOCTpaHCTBy x' eCJIH ee o6paTHhlH 
npeAeJI lim {Pn : X n-+ X n-I} CJia6o roMOTon:uqecKn 

+--
<JKBHBaJieHTeH npocTpaHCTBY X. B no111 cJiy'lae npocTpaH-
CTBO x Ha3. npeµ;eJIOM Il.c. {pn:Xn-+Xn-d· 

MopiJ>:naMOM 11.c. {pn:Xn-+Xn-d B Il.c. 
{qn : y n - y n-I} Ha3. IlOCJieAOBaTeJihHOCTb nenpepbIB
HhlX oT06pameHHH f n : X n-+ Y n• AJIH K-phlx Anarpa111111a 
f01110TOilH'leCKH Ko111111yTaT11BHa. MopiJ>naM {/ n} HHAyu;n
pyeT OT06pameHne lim f n : limX n -+ lill Y m Ha3hlBaeMoe 

+--- +--- +--
ero n p e A e JI o M. 

Ha onpe1wJiemrn II. c. cJieAyeT, 'ITO AJIH KamAoro n ;;;,.1 
OT06pameH:ne Pn HBJI.llCTCH (n - 1)-<JKBHBaJieHTHOCThIO 
(CM. I'o.Momonu<teCl>UU mun), B qaCTHOCTH :rt;(Xn-1)=: 
=::rt; (X,,) npu i < n, n,,(Xn) =:: l'tn H :rt; (Xn)=O npn 
i > n. IIpOCTpaHCTBa x H x n n111eIOT OA'l'IH H TOT me 
(n+ 1)-Tnn. B qacTHOCTH, ecJin II. c. KoHeqHa, T. e. AJIH 
ueK-poro qncJia N npn Bcex n > N rpynna nn TPHBBaJih-

Ha, TO npOCTpaHCTBa x H x; fOMOTOilH'l0CKB <JKBHBaJICHT
Hhl. B 06me111 cJiyqae np:n i <. n HMeIOTMecTo nao111opiJ>iaa-
111hl H;(Xn) =: H;(X) H :rt;(Xn) =: rr1(X), T. e. c poCTOM n 
rpynnhl f01110JIOfHH H f01110TOilHq, rpymihl CTa6JaJIH3Hpy
I0TC.ll. )J;JI.11 Jiro6oro KJie-
ToqHoro paa6neHnH K ... -;,,. ~Xn_,_ ... __.x 1 
paaMepHOCTR ..;;: n 111Ho- I 1 J . I 
mecTBa [K, X] n [K, t n V:n i 1n-1 tY1 
Xnl coBnaAaIOT. XapaK- · ··-+-Yn-Yn-1-· .. -Yi 
TepncTnq, KJiacc kn= PHc. 1, 
=c(PnlEHn+I (Xn-1; 
{:rtn}) paccJI00Hli.ll Pn: Xn-+ Xn-r. T. e. o6paa npn 
mpanczpeccuu 

-r: Hn (K (n, n); :n;)---+ Hn+l (B; {:rt}) 

if; ylloa.Meuma.ttbHOao 1>.ttacca L11 E Hn (K (:rt, n); :rt), Haa. 
n-111 k-H H B a p B a H T 0 M (HJIH n-111 Il 0 c T H B K 0 B C
K li M cp a K T 0 p 0 111) II. c. HJIH ee npeAeJia x. )];JI.II JII0-
6oro n ;;;;. 1 n-ii: qJieH II. c., a n0To111y n (n+1)-Tnn npo
CTpaHCTBa x IlOJIHOCThIO onpeAeJIHIOTC.11 rpynrraMH :rt1, •• ., 
:rtn H k-nHBapnaHTaMH k1, •• ., kn-I· qaCTO II. c. naa. 
ABOHHa.11 nocJieAoBaTeJihHOCTh 

IlpocTpaHCTBO x TOrp;a li TOJihKO TOfAa .llBJI.lleTCJI npe
p;eJIOM II. c. {Pn: Xn-+ Xn-d, KOrAa cymecTBylO'f 
TaKne (n - 1)-aKBHBaJieHTHOCTH Pn: X-+ Xm 'ITO Pn-1-
-PnoPn AJIH JII06oro n ;;;;. 1. AHaJioriaquo xapaKTepnay
IOTCH npep;eJihl MopiJ>:ua1110B II. c. 

CymecTByeT BapiaaHT nou.11Tn.11 II. c., iaHorp;a oKaahlaaro
mn:iic.11 6oJiee rroJie3HhlM. B noM BapnaHTe npocTpaHCTBa 
X n npep;noJiararoTc.11 KJI0TO'lHhlll1H paa6neHn.11111ia, o6Jia

AaromnMH TeM CBOHCTBOM, qTO Xn-1CX~ H X~:\_=Xnnl, 
a oT06pameHn.11 Pn: Xn-+ Xn-i - TaKH111H KJieToqHhlMli 
OT06pameHH.11111H (yme He .llBJIHIOmn111nc.11 paccJioeHRHMH), 
'ITO, BO-IlepBhlX, p nl Xnfi 1= id H, BO-BTOphlX, f01110TOilH'I. 
CJioii 0To6pameHn.11 Pn (T. e. CJio:il: aToro 0To6pameun.11, 
npeBparu;eHHOfO B paCCJIOeHne) JIBJI.lleTC.11 npocTpaHCTBOll1 
K (:rrm n). TaKue n. c. Ha3. K JI e T 0 q H hi M H. Ilpep;e
JIOM KJieTO'lHo:ii: II. c. HBJIH0TCH KJieToqHoe paa6neHne X, 
p;JI.11 K-poro Xn=X~ npn Jiro6oM n;;;;. 1. Ilp01!3BOJihHaH 
II. c. ro1110TonnqecKn aKBRBaJieHTHa KJieTo'lHoil: II. c. 

OcuoBua.11 Teope111a Teop:nn II. c. yTBep,mAaeT (c111. [1], 
(6]), 'ITO Kall\AOe npoCTpaHCTBO x .llBJI.lleTC.11 rrpeAeJIOll1 
HeK-poii OAH03HaqHo (c TO'lHOCThIO AO H30111opiJ>n3111a) Oil
pep;eJieHHOH 11.c. {pn:Xn-+Xn-d· 8Ta Il.c. Haa. 
c H c T e M 0 .ii: II 0 c T H H K 0 B a Il p 0 c T p a H c T
B a x. l1111eeT MeCTO TaKme Bap:naHT OCHOBHOH TeopeMbl 
AJIH oTo6pameH:nil:: Jiro6oe oT06pameune f : X -+ Y 11B
JI.11eTc.11 npep;eJioM HeK-poro 111opiJ>:na111a {/11 : Xn-+ Yn} 
II. c. {Pn: Xn-+ Xn-d npocTpaHCTBa X B II. c. 
{qn : Y n-+ Y n- I} npocTpaHCTBa Y. 8TOT 111opiJ>naM Ha3. 
ciacTe111o:ii IlocTHHKOBa 0To6pameu:n.11 
f (AP· Ha3BaHnH: r 0 111 0 T 0 Il H q e c K a .II p e 3 0 JI h
B e H T a o To 6 p a m e H ia .11, 11-c n c T e 111 a o 6 me ro 
TH Il a 0 T 0 6 p a )R e H H .II, c H c T e 111 a M y p a
ll 0 c T H H K 0 B a 0 T 0 6 p a )R e H H .11). )J;JI.H IlOCTO.llH
HOfO 0To6pameu:n.11 c : X -+ pt JinHeiiHo CBH3Horo npo
cTpaHCTBa X ero II. c. coBrraAaeT c II. c. npocTpaHcTBa X. 

B npHJiomeH:nax 6oJihIIIoe pacrrpocTpaHeHne noJiyqnJin 
T. H. c Ta HA a p TH hi e c H c T e 111 hi II 0 c TH H KO
B a (K-phle aaqaCTYIO Ha3. npoCTO c H c T e 111 a M ll II 0 c T
H HK 0 Ba), npeACTaBJIHIOmne co6o:il: II. c., COCTaBJieHHhle 
H3 rJiaBHhlX paCCJIOeHHH p n : x II - x n-1' HHAyu;npyro
mnxc.11 na CTaHAapTHhlX paccJioeun:il: Ceppa K (:rtn, n) -+ 
-+EK (:rtn, n + 1) -+ K (:n:n, n + 1) IlOCTHHKOBCKHMli iJ>aK
TopaMH kn E fin+ 1 (X n-I; :rt 11), HHTeprrpeTnpye!l'hlMH B cnJiy 
rrpeACTaBHMOCTH rpynn J\OfOMOJIOfHll KaK OT06pameun.11 
kn: Xn-1-+ K(:rtm n + 1). CTaHAapTHhlll1H II. c. o6Jia
p;aIOT ace npocTpaHCTBa, fOMOTOIInqeCKH npoCThl0 BO BC0X 
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pa3MepHOCTHX (B TepMHHOJIOfllll [2) - a6eJieB&I IIpOCT
paHCTBa), ll TOJlbKO OHM (CM. [3), [4)). 

CTaH)J:aPTH&Ie n. c. IIpHMeHH:IOTCH AJIH pemeHHH 3ap;aq 
pacIIpOCTpaHemrn ll 3ap;aq IIOHHTHH, K KOTOp&IM CBOAHT

CH ~morne 3ap;aqn aJire6panqecKoii TOIIOJIO
A-Y nm. 06'beAnHeHJiall IIOCTaHOBKa !lTllX 3ap;aq 

1! IP 3aKJiroqaeTCH B CJiep;yrorn:eM. IlyCTh nMei eTCH (roMOTOIInqecKn) KOMMyTaTHBH&Iii KBa
x-B ApaT IIpOCTpanCTB n oTo6pamea:m'l:, B KoTo-

PHc. 2. poM OT06pameHne i HBJIHeTCH 3aMKHyT&IM 
KopaccJioeHneM c KocJioeM XI A, a p - pac

CJioeuneM co CJioeM F. CIIpaurnsaeTCH, cyrn;ec:rsyeT Jill 
TaKoe oro6pamenne X --+ Y, qro6bl o6a IIOJiyqarorn:nxcH 
TpeyroJihHHKa 6blJill (roMOTOIInqeCKll) KOMMyTaTHBH&IMll. 
,ll.aJiee, ecJin TaKoe oTo6pamenne cym;ecTsyeT, To Tpe-

6yeTCH BhlqllCJIHTh MHO

A~ Y n -EI([7tn(F),11+1] mecTBO [X, Ylf1 roMOTOii i P.n t IInq. KJiaccoB oro6pame
x_!rr.=..t_ Yn-i~I<[7t (F) 11+1] Hllll x--+ y «IIOA A» 

11 1 (To ecrh rel A) H <<HaA B». 
PHc. 3 IlyCTh AJIH paccJioeHnH 

p : Y --+ B cym;eCTByeT 
CTaHp;apmaH Il. c. {pn: Yn-+ Yn-1' Y0=B} (AJIH aToro 
p;ocTaToqno, narrp., IIOTpe6oBaTh, qT06&1 IIpOCTpanCTBa Y 
ll B 6bIJIH OAHOCBH3HhIMll). 3ap;aqy OTHOCHTeJihHOrO IIOA
HHTHH pemaroT mar 3a maroM. 

PaccMoTpnM <mJieMeHTapHyro» 3ap;aqy orHocnreJI.hHoro 
LIOAHHTHH OTo6pameHnH fn_ 1 : X--+ Yn-l c (n-1)-ro 
qJieHa Il. C. Ha n-il: qJieH Il. C. (pHC. 3). 

0To6pameHnH fn-l n gn-l oIIpep;eJIHIOT OTo6pamenne 
XIA--+ K(nn, (F), n + 1), T. e. mrncc KoroMoJiornil: 
en+ 1 EHn+ 1 (X, A, nn(F)), Ha3bIBaeMbiil: rr p e II HT c T
B II e M. 0To6paa\eHIIe f n- l Torp;a II TOJihKO TOrp;a MomHo 

IIOAHHTh B y n• KOrp;a en+ 1= 0. )J,Ba IIOAHHTIIH f~ ll /~ orrpe
AeJIHIOT aJieMeHT dnEHn(X, A; nn(F)), Ha3MBaeMhlil: 
p a 3 JI II q a ro rn: e ft, K-phlii rorp;a II TOJihKO rorp;a paseH 

HYJIIO, Korp;a IIOAHHTIIH f~ II /~ roMOTOIIHhl. 
TaKIIM o6pa30M, 3ap;aqa OTHOCIITeJibHOfO IIOAHHTIIH 

6yp;eT pernena, ecJIII IIocJie-p;osareJihHO B03H1IKarorn:1Ie IIpe
IIHTCTBIIH en+ 1 paBHbl HYJIIO (naIIp., 0CJllI Hn + 1 ( X, A; 
Jtn(F))=O. IlOAHIITIIe 6yp;er eAIIHCTBeHHO, eCJIII IIOCJiep;o
BaTeJihHO B03H1IKa10rn:1rn pa3JI1Iqa10rn;ne dn paBHbl HyJIIO 
(HaIIp., ecJin Hn(X, A; Jtn(F))=O). B cJiyqae,Korp;aKo
paccJioeH1Ie i HBJIHercH BJiomen1IeM KJieroqHhlX pa361IeH1Iii, 
IIpeIIHTCTBHe en+ 1 II pa3JIIIqarom;aH dn COBIIap;aIOT C o6blq
HhlMII «IIOKJieToqHhlMII» npenamemeue.M II paa.ttu'ialOUf~ii. 

,ll.JIH OAHOCBH3HhlX IIpOCTpaHCTB x' rpyIIIIhl TOMOJIOflill 
K-pbIX KOHeqno IIOpOJRAeHbI, fl. C. aiJ>iJ>eKTIIBHO BhlqlICJllI
Ma [ 5 I II, cJiep;oeareJihHO, aiJ>!JieKTIIBHO BbiqlICJIHM roMOTO
IIH'I. THU IIpocrpancTBa X. Op;naKo Ha rrpaKnrne AJIH 6oJih
nmHcTna IIpocrpaHCTB II3-3a pe3Ko B03pacTarorn:e11 cJiom
HOCTH BbrqncJieHIIH yp;aeTCH Bhl'llICJllITh TOJlhKO uaqaJihllbie 
0Tp03KII Il. C. ,ll.JIH Bhlql!CJieHIIll IICIIOJlh3yeTCH MeTOA 
Ko20.1wJtoeu'ieerwx onepaztuii. 

f~BOHCTBeHIIOli K fl. C. HBJIHeTCH C II C T e M a }\a p Ta
H a - Ce pp a 

. . . -----.. x~s ____,. x~~ 1----+ •• • ____,. x~~1 = x 
npocTpaIICTBa x' COCTOHID:aH II3 paccJioeHIIH, CJIOHMH 
K-phlx HBmIIDTCJ;I npocTpaHcrna 8iiJien6epra - MaKJieiiHa 

K(Jtn (X), n - 1). IlpOCTpaHCTBO x~s Ha3. (n + 1)-M 
y6nnarorn:nM IIpocTpancTBOM AJIHX.qJie-

HbI X~S CIICTeMbI l\apTaHa - Ceppa HBJlllIOTCH TOMOTO
IIIIq. CJIOHMII (n - 1)-:mennaJieHTHOCTeii Pn : X --+ X n 
AJIH n. c. IIpocrpaHCTBa x, a 'IJieHhl Xn n. c.- IIpOCTpan

CTBaMII IIeTeJih nap; CJIOHMH paCCJIOeHHll x~s --+ x. 
p a C IIJ; e TI JI e H H 0 II fl. C. Ha3. IIOCJiep;onaTeJihHOCTb 

rnaBHhIX paccJioennii 

• • "----+ Xn----+ Xn-i-· · ·----+ Xo =pt, 

17* 

CJIOHMII K-phIX HBJIHIOTCH npoCTpaHCTBa 8iiJieH6epra -
MaKJieiina K (Jtn, Sn), rp;e Sn ~ Sn+l· Pacrn:enJieHHhle n. c. 
HBJIJIIOTCH OCHOBHhlM TeXHIIq. cpep;CTBOM 113yqeH1IH T. H. 
HIIJlhTIOTeHTHhlX IIpocrpaHCTB II, B qaCTHOCTII, !IX AOKa.ttu
aaztuii (CM. [2), [6), [7)). l1MeIOTCH H p;pyrne Bap1IaHThl 
fl. C. (CM. [6)}. 

JI um.: [1) TI 0 c TH H II 0 B M. M., HCCJJeAOBaHHll ITO roMOTO
nn•iec11oll Teopnn HerrpephIBHhIX oro6pameHHi1, 'I. 1-2, M., 1955; 
[2) er o me, «Ycrrexn MaTeM. Hay10>, 1977, T. 32, a. 6, c. 117-81; 
[3] M om e p P., Ta Hr op a M., l\oroMoJ1ornqec11ne orrepa
unn H HX IIpHJIOlReHHll B TeOPHH rOMOTOIIHH, rrep. c aHrJJ., M., 
1970, rJJ. 13; [4] C rr e H hep 8., AJ1re6panqec11a11 TorroJJorirn, 
rrep. c aHrJJ., M., 1971, rJJ. 8; [5] B pay H 8. X., «MaTeMaTHKa», 
1958, T. 2, No 2, c. 3-24; [6] B a u e s H. J., Obstruction theory 
of the homotopy classification of maps, B.-Hdlb.-N.Y., 1977; 
[7] Hi Ito n P., Mis Ii n G., Roi t berg J., Localiza
tion of nilpotent groups and spaces, Arnst., 1976. 

C. H. MaJtbl2Un. 
IIOCTOHHHOll: KPIIBI13Hbl IIPOCTP AHCTBO -

pnManoBo IIpocTpancreo M, y K-poro ceKI~nonHaH Kp1IBII3-
Ha K (a) no BCeM AByMepHbIM HaIIpaBJieHIIHM a IIOCTOHHHa: 
eCJIII K(a) = k, TO fOllOpHT, qTo Il. K. II. nMeer Kp1IBII3-
HY k. CornacHo TeopeMe Illypa, pnMaHoBo IIpOCTpaHCTBO 
Mn, n>2, eCTh Il. K. II., ecJin AJIH Jiro6o:ii TOqKn pEM 
ceKI~noHHaH KpnBII3Ha K (a) no nanpaBJieHIIIO JIID6hlx 
AByMepHbIX nop;npocTpaHCTB a KaCaTeJibHoro npocTpaH
CTBa T PM op;Ha n Ta me. Temiop KpnBn3Hhl II. K. rr. 
BbipamaeTCH qepea Kp1IBII3HY k II MeTpnq. TeH30p g ij ITO 
iJ>opMyJie 

R~k 1 =k (11~gl1 -ll~gjl,)· 
Il. K. II. HBJIHeTCH JIOKaJihHO Cl!MMeTp1IqeCK1IM IIpOCTpaH
CTBOM. 

C roqHoCThIO p;o n3oMeTpnn cym;ecTsyeT ep;nHCTBeH
Hoe IIOJIHOe OAHOCBH3HOe n-MepHoe pnMaHOBO npoCTpaHCTBO 
Sn (k) IIOOTOHHHOH KpMBII3Hhl k. II pn k= 0 <!TO eor;.ttUOOBO 
npocmpancmeo, rrpH k > 0 - ciJ>epa pap;1Iyca 11Vk~ 
nplI k < 0 - JI o6a'ieeer;oeo npoempanemeo. 

IlpOCTpaHCTBa Sn (k) HBJIHIOTCH MaKCIIMaJihHO OAHOpop;
HbIMII npocrpaacTBaMH, r. e. o6Jiap;aroT rpyrrrro:il: ABIIme-

n(n+ 1 J 
Hnii MaKcnMaJihHO B03MOJRHon pa3MepHOCTn - 2--. Bee 

OTJlliqHhle OT Sn (k) MaKCHMliJihHO OAHOpOAHhle pHMaHOBbI 
rrpocTpaHCTBa ncqepnhlmirorcH npoeKTHBHhlMH (nHaqe, 
aJIJIHnTnqecKnMH) npocrpaHCTBaMn, K-phle rroJiyqaroTCH 
H3 c«Pep OTOJRAeCTBJieH1IeM p;naMeTpaJihHO rrpOTIIBOnOJIOlR
HhlX ToqeK. 

IloJIHhle, HO neOAHOCBH3Hhle II. K. n. Ha3. n p 0 c T p a H
e T B e H H bl M II ip 0 p M a M II. 0Hn noJiyqaroTCH II3 
oAHOCBH3Horo npocTpaHcrBa Sn (k) iJ>aKTopn3aIJ,1Ie:ii no 
cno6o;wo p;el1cTnyrom;eii. ,llHCK peTHoii rpyrrne ABHJReHnil: 
npocrpaHCTBa Sn (k). l13BeCTHhl BCe IlpOCTpaHCTBeHHbie 
iJ>opMbI noJI01R1ITeJihHOii Kp1IBII3Hhl. II po6JieMa KJiacc1I¢n
Kau,nn npocTpaHCTBeHHhlX ¢opM eyJieBoii II OTpnu,aTeJih
Hoil: Kp1IBH3Hhl AO KOHIJ,a (1983) ne pemeHa. 

Il. K. n. BhlAeJIHIOTCH cpeAII BCeX pnMaHOBbIX IIpOCT
paHCTB OAHHM m1 CJiep;yrom;nx xapaKTeplICTnq. CBOHCTB: 
1) II. K. n. yp;oBJiersopHIDT aKcnoMe nJiocKocr1I, r. e. 
Jiro6oe reop;e3nqecKoe B ToqKe noAMHoroo6pa3ne B II. K. rr . 
HBJIHeTCH BnOJIHe reop;eanqeCKI!M. 2) II. K. n. HBJIHeTCH 
JIOKaJihHO rrpoeKTIIBHO nJIOCKIIM rrpocrpaHCTBOM, T. e. 
p;onycKaeT JioKaJihHO rrpoeKTIIBHhle OTo6pamennH B eBKJIH
AOBO npOCTpaHCTBO. 

IloHHTIIe II. K. II. He o6Jia,a:aeT CBOHCTBOM KoppeKTHO
CTII, T. e. rrpoCTpaHCTBO c MaJio MeHHIOIJIRMIICH ceKIJ,IIOH
HhlMII KpHBII3HaMH MOlReT CIIJibHO OTJIIIqaThCH OT Il. K. II. 
0,a:HaKo HeK-phle o6IJIHe CBOHCTBa Il. K. n., Harrp. TOnO
JIOfliq. CTpoeHIIe, IIPII aToM coxpaHHIOTCH (TeopeMa Ap;a
Mapa - HapTaHa, TeopeMa o c¢epe n ,a:p., CM. Kpueuana, 
[ 2)). CoaeprneHHo nHa 'le o6cToHT p;eJio AJIH rrcesAopn
MaHoBhlx fl. K.II.- JII06oe nceBp;OpllMaHOBO npOCTpaHCTBO 
3HaKoonpep;eJieHHOH ceKIJ,IIOHHOH Kp1IBH3HbI, pa3MepHOCTb 
K-poro 60JihIIIe p;ByX, HBJIHeTCH Il. K. n. 
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II. R. n. HBJIHIOTCH Tam1rn JIORaJihHO ROH«jJopMHo eBK
JIHAOBblMH, T. e. AODYCKaIOT JIOKaJihHble KOH«jJopMHble OT0-
6pameHHH B 0BKJIHAOBO npOCTpaHCTBO. 

Jlum [1] B 0 JI b Iii ,n)f{., IlpOCTPQHCTBa IIOCTOHHHOl! RpH
BH3Hbl, rrep. c aHrJJ., M., 1982; (2] B y p a r o IO. ,D:., 3 a JJ
r a JI JJep B. A. «YcrrexH MaTeM. HayR», 1977, T. 32, B. 3, 
c. 3-55. lf.. If.. ConOJ!oB. 

IIOCTOHHHOll IDHPHHLI KPHBAH - nJiocRaH 
BblnyKJiaH Rp1rnaH AJIH R-poii: paCCTOHHHe Melf<AY JII06b1Mll 

napaMH napaJIJieJihHblX onopHblX npH
MblX OAHHaKOBO. 8TO paCCTOHHHe Ha3. 
ill H p H H o ii: II. ill. K. RpoMe oRpym
HOCTH, cym;ecTByeT 6eCKOH0'1HO MHOTO 
ApyrHx, Boo6ni;e roBopH, HerJiaAKHX 
II. ill. K. IIpocTe:iimeii: H3 HHX llB
Jill0TCll T p e y r 0 JI b H H K p ii

JI o, COCTOllill;Hll H3 Tpex AYT OKpymno
CTH OAHoro paAHyca a, K-pble coem1-
HllIOT B0pII1HHbl paBHOCTOpOHHero Tpey-

PHC. 1. rOJibHHKa co CTOpOHOH a (CM. pHC. 1). 

lllHpHHa rpeyroJihHHKa PiiJio paBHa a.· 
IIJiorn;aAh ljJHrypbl, orpaHH'leHHoii TpeyroJibHHKOM PiiJio, 

paBHa ~· ( Jt2- J/23 ). 1:13 Bcex II. ill. R. JWHnoii illHpHHbl a 

TpeyroJibHHK PiiJio orpaHH'IHBaeT ljJHrypy HaHMeHbilleii: 

nJiorn;aAH. IIpHMepbl ApyrHx II. ill. K., ni;e AYTH II. ill. R., 
onHCaHHble BOKpyr pa3JIH'IHblX MHoroyroJibHHKOB, npeA

CTaBJIHIOT co6oii AYTH OKPYlf<HOCTe:ii, CM. Ha pHC. 2. ,ll,mrna 
II. m. K. IIlHpHHbl a paBHa Jta (Bap6be meopeJ.ta). 

PHC. 2. 

IIoHllTHe II. ill. R. MOlf<HO o6o6m;HTh Ha CJiy'laii: o6'heKTOB 
c BblCOKOH Ropa3MepHOCTbIO. IIyCTb v - rJiaAROe noA
lllHOT006pa3H0 n-MepHoro eBRJII!AoBa npocTpaHCTBa. IIpo
CTpaHCTBO v Ha3. T p a H c H 0 p M a JI b H bl M n p 0 c T

p a H c T B 0 M (CM. (2))' eCJIH AJIH Ralf<AOH TO'IKH p Ha v 
trnpMam.Hoe MHoroo6pa3He v (p) TaROBO, 'ITO AJIH Ralf<AOH 
TO'IKH qEv(p)nv BblnoJIHeHo ycJioBne v(q)=v(p). RJiacc 
nJIOCKHX TpaHCHOpMaJibHblX RpHBblX COBnaAaeT c RJiaCCOM 
rJiaARHX II. ill. K. (o npocTpaHCTB0HHblX TpaHCHopMaJib
HblX KpHBblX CM. (3)). 

Jlum.: 11] B JI 11 III Re B., Hpyr Iii map, nep. c HeM., M., 
1967; i2] Robertson S. A., «Michigan Math. J.», 1964, 
v. 11, p. 97-105; i3] Wegner B., «Math. Nachr.», 1972, Bd 
53, S. 337-44; 1975, Bd 67, S. 213-23. lf.. lf.. ConOJ!oB. 

IIOCTOHHHOll IDHPHHbI TEJIO - Bb1DYKJioe TeJio, 
AJIH K-poro paCCTOHHHe M0lf<AY JII06b1MH napal\IH napaJIJI0Jib
HblX onopHblX nJIOCKOCTe:il: O/l;HHaKOBO. 8TO paCCTOHHHe Ha3. 
ill H p n Ho ii: II. ill. T. RpoMe illapa cyrn;eCTByeT 6ecRo
H0'1HO MHoro APYTHX, Boo6m:e roBopH, HerJiaARHX II. ill. T. 
IIpocTeiiillHM H3 HHX HBJIH0TCH TeJio, orpaHH'l0HHoe noBepx
HOCThIO, noJiy'leHHOH nyTeM Bpam;eHHH TpeyroJihHIIKa PiiJio 
BoKpyr O/l;Hoii: H3 ero oceii: CHMMeTpmi. RJiacc II. ill. T. 
COBna11;aeT c KJiaCCOM BblnyKJiblX Te JI n 0 c T 0 H H Ho
r o o x B a Ta, AJIH R-pblx rpaHHll;bl opToroHaJihHblX npo
eKI~Hii Ha BC0B03MO)f(Hbl0 nJIOCKOCTll HM0IOT COBIIaAa10m;11e 
/l;JIHHbl. 

RpoMe II. ill. T., 11HorAa paccMaTpuBaIOT Te JI a no
c T 0 H H H 0 ft H p K 0 c T II, K-pble xapaRT0pH3yIOTCH 
TeM, 'ITO rmom:aA11 nonepe'IHOfO C0'10HHH BCCB03MOiKHblX 
opToroHaJihHblX npoe1.;ri;H:il: 3THX TeJI coBnaAaJOT. 

Jlum.: [1] B JI H III H c B., Hpyr Iii IIIap, ncp. c HeM., M., 
196 7. )1.. JI.. ConOJ!uB. 

IIOTEHIJ;HAJI, rr o T e H a; n a JI h H a H qi y H R-
n; ll H, - OAHa H3 xapaRTepHCTIIK BeKTOpHOfO nOJIH. 
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c R a JI H p H bl :ii: n 0 T e H n; H a JI CKaJIHpBaH 
.pyaRIJ;HH v(M) TaRaH, 'ITO a,=gradv(M) BO Bcex 'fO'IKaX 
o6JiaCTll 3aAaHl!l'I nOJill a (M) (llHOrAa, Hanp. B ifiH3HKe, 
II. Ha3. BeJIH'IHHY, npoTHBonoJiomny10 no 3HaRy). EcJin 
TaRaH IPYHRD;Hll cym:ecTByeT, TO BeRTopHoe noJie Ha3. 
nomenlfUaAbMbl.M noAeM. 

B e R T o p H bl ii: n o T e H n; u a JI BeKTOpHa11 
ljJyHKll;llH A (M) TaKall, 'ITO a=rotA (M) BO Bcex TO'IKax 
o6JiaCTH 3aAaHHH noJIH a (M). Ecmr TaRa11 ljJynRri;1111 cy-· 
m:ecTByeT, TO B0KTOpHoe noJie a (M) Ha3. COAeUOUOaAbUblM 
noAe.M. 

B 3aBucnMocrn or pacnpeAeJieHHH nopolf<Aa10m;11x II. 
Mace HJill 3apHAOB paccMaTpnBaIOTCll II. TO'le'IHOro 3apHAa, 
noBepxHOCTHblH II. (npocToro HJIR ABOHHoro cJI011), o6'heM

Hbiii II. 11 AP· (cM. llomenlfUaAa meopua). A. B. Heanoe. 
IIOTEHIJ;HAJIA TEOPHH OBPATHLIE 3A~AqH -

3aAa'IH, B K-pblX Tpe6yeTCll HaHTH ljJopMy H nJIOTHOCTll 
npnTHrnBa10m;ero TeJia no 3aAaHHblM 3Ha'leH11HM BHeillHero 
(BHyTpeHHero) noTenri;naJia ::noro TeJia (cM. llomenl{UaAa 
meopua). B Apyroft nocTaHoBRe OAHa H3 TaKHX 3aAa'I 
COCTOllT B OTblCKaHllll TaKoro TeJia, 'IT06bl ero BH0illHllll 
o6'beMHblH nOT0HIJ;HaJI 3a/J;aHHOH nJIOTHOCTH COBna/l;aJI BHe 
::noro TeJia c 3a/l;aHHOH rapMOHH'I. ljJyHRIJ;neii:. IIepBoHa
qaJibHO II. T. o. 3. paccMaTpHBaJIHCb B CBH311 c 3aAa'laMn 
TeopnH ljJ11rypb1 3eMJIH 11 He6ecHoii MexaHHKH. II. T. o. 3. 
CBH3aHbl c 3aAa'laMn .PHryp paBHOB0CHH Bpam;arom;ei.\:cH 
lf<HAKOCTll H 3a/l;a'laMH reoljJH3llKll. 

QeHTpaJibHoe MeCTO B HCCJie/J;oBaHHH II. T. o. 3. cocTaB
JIHIOT npo6JieMbl cym;eCTBOBaHHH, 0/l;HHCTB0HHOCTH, yCTOll
'lllBOCTll, a TaRlf<e C03/l;aHH0 aljJ«jJeRTHBHblX 'IHCJieHHblX Me
TO/l;OB 11x peilleHnH. TeopeMbl cym;eCTBOBaHHH peilleH11:ii B 
MaJIOM HM0IOTCH /l;JIH cJiy'laH TeJia, 6JIH3KOfO K /l;aHHOMy, 
HO npn 3TOM HM0IOTCH 3Ha'IHT0JibHbl0 TPYAHOCTll B HCCJie
/J;OBa.Hllll ypaBH0HHH, RaK npaBHJIO, H0JIHH0HHblX, K K-pblM 
CBO/l;HTCH <iTH 3aAa•m. Rp11TepHeB cyrn;ecTBoBaHHH rJio-
6aJibHblX peilleH11ii: H0T (1983). Bo MHOTHX CJiy'laHX cy
m;eCTBOBaHne rJio6aJibHblX peillem1ii: npe11;noJiaraeTCH 3·a
paHee, 'ITO 0CT0CTB0HHO BO MHOTHX npnJIOlf(0HHHX, II nc-
CJI0AYIOTCH npo6JieMbl 0/l;HHCTB0HHOCTH II YCTOH'lllBOCTll. 
0/l;HllM ll3 OCHOBHblX MOM0HTOB B UCCJie/J;OBaHHll npo6JieMbl 
0/l;llHCTB0HHOCTH HBJIH0TCH BblHBJieHH0 /l;OnOJIHllT0JibHblX 
yCJIOBllH Ha pelll0HllH, o6ecne'IHBaIOm;HX HX 0AllHCTB0H
HOCTb. c upo6JieMOH 0/l;llHCTB0HHOCTll CBH 3aHa npo6JieMa 
ycTOH'IHBOCT11. ,ll,JIH 3a/l;a'I, 3anRCaHHblX B BH/l;e ypaBH0HHH 
1-ro po11;a, Boo6m:e TOBOpH, CKOJib yroAHO MaJiblM Bapllan;H
HM npaBOH 'laCTH MoryT COOTB0TCTBOBaTb KOH0'1Hbl0 Bap11a
ll;llll peilleHHH, T. e. ::ITH 3aAa•rn OTHOCHTCH K HeKoppeRTHO 
IIOCTaBJI0HHblM 3aAa'laM. ,11.JIH TOTO 'IT06bl 3aAa'la CTaJia 
KOppeKTHOH, HaRJia/l;blilaeTCH PHA AOIIOJIHllT0JihHblX orpa
HH'l0HHH Ha peilleHnH; npH 3THX orpaHH'l0HllHX IIOJiyqa
IOTCH pa3JIH'IHbl0 xapaRTepHCTllKll OTKJIOH0HHH peill0HHH 
B 3aBllCllMOCTH OT OTKJIOH0HllH rrpaBOH 'laCTH. 

HHme cljJopMyJI11poBaHbl o6paTHble 3a/J;a'IH HhIOToHoBa 
(o6'heMHoro) noTeHn;HaJia H noTeHn;naJia rrpocToro CJIOH 
/l;JIH ypaBH0Hllll J1anJiaca B TpexMepHOM eBKJIH/l;OBOM rrpo
CTpaHCTBe IR3' XOTH yRa3aHHbl0 3aAa'111 llCCJie/l;yIOTCH 
H B n-MepaoM (n>2) eBKJill/l;OBOM rrpocTpaHCTBe AJIH rro
TCHll;llaJioB o6m;Hx 3JIJillIITH'I. ypaBH0HllH (CM. (7)). 

IIyCTh Ta, a=1, 2,-0AHOCBll3Hble orpaHll'l0HHble 
o6JiaCTH c Kycoqao rJia/l;R11M11 rpaHRn;a~m Sa,; 

U a (x) =~Ta I x~y I µa (y) dy 

- HhIOTOHOB rroTeHn;11aJI; 

Va (x) = La I x~y I Sa (y) dS Y 

rroTeHn;11aJI rrpocroro CJIOH, rAe lx-yl - paCCTOHHne 
MelKAY TO'IRaMH x= (x1, x 2, x 3) u y= (y11 y 2, y 3) B IR3, 

~ta (y) f= 0 (~a (y) f= 0) IIO'ITH HCIOAY B Ta (Sa). H rryCTh 

Za (x)=Wa (x)+'\'Va (x), 

I rAe ~. y - 11;eii:cTBIIT0JibHble 'lllCJia, ~2+y2 t= O. 
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06m;aH B He ID H H H Il. T. O. 3. COCTOHT B HaXOIB)J;eHml 

<f>opMbl H nJIOTHOCTH npHTHrHBaIOm;ero TeJia no 3a)J;aHHhIM 
3Ha'leHHHM BHeurnero nOTeHu;naJia z (x). ,11.JIH noJiy'leHHH 
ycJIOBHH e/J;HHCTBeHBOCTH peUieHHH 3TOH 3ap;aqn OHa <f>op
MyJinpyeTCH cJiep;y10m;nM o6pa3oM: HaftTn TaKne yCJioBnH 
p;JIH o6JiaCTeft Ta H nJioTHOCTeii µa, ~a. 'IT06hl H3 paBeHCT
Ba BHeIIIHHX noTeHu;naJioB Zr (x) n Z2 (x): 

Zr (x) = Z2 (x) AJIH x E R3"-,.(7\ UT~) (1) 

cJiep;oaaJio paaeHCTBo T1=T2, µr = µ 2, ~r = ~ 2 . Ecmi: MHo· 

mecTBo R3 "-,.( Tr U T2) cocTonT n3 op;Hoii KoMnoHeHThl, To yc
JioBne (1) BhlnoJIHHeTCH, Korp;a Zr (x)=Z2 (x) )J;JIH lxl >R, rp;e 
R - p;ocTaTO'lHO 6MhIIIoe, nJin Korp;a Ha rpaHHu;e rnapa 
Ix I= R 3ap;a10TCH p;aHHhle, 06ecne'lHBa10m;1rn coanap;eHHe 
Zr (x) n Z 2 (x) BHe aToro rnapa. B KatJeCTBe Tami:x p;aHHhIX 
MoryT 6b1Tb Bb16paHb1 )J;aHHble ,11.HpHXJie Ha BCeii rpaHnu;e 
rnapa mi:6o p;aHHble Kornn Ha KYCKe rpaHHll,hl mapa n T. p;. 
B p;aJibHeiirneM )J;JIH npoCTOThl C'lHTaeTCH, 'ITO MHomeCTBa 

T'=TrnT2 H T"=IR3"-,.(i\LJT2) COCTOHT H3 O)J;HOH KOM
noHeHThl. 

PerneHne o6m;e:ft BHernHeii IT. T. o. 3. ep;HHCTBeHHO, ecJin 
µ1=µ2=µ > 0, ~r=~2=~ > 0, a o6JiaCTH Ta KOHTaKT
Hhl, T. e. TaKHe, 'ITO )J;JIH Kamp;oro H3 MHOil\eCTB T' H T" 
cym;ecTByeT o6m;nii yqacT011 S *(mes S * -:/- 0) rpaHHU. 
Sa, npH'leM mes[(S1 LJS 2) "-,. S *)=0. 

Il. T. O. 3. )J;JIH HblOTOHOBblX noTeHn;HaJIOB noJiyqaeTCH, 
Korp;a B (1) ~=1 n y=O. IlycTb Ta, a=1, 2,- o6JiacTn, 
3Be3)J;Hble ElTHOCHTeJihHO o6m;eii TO'IKH, a <f>YHKll,HH µa (y) 
FIMeIOT BHA µa (y)=ilav (y), rp;e ila=const, v > 0 n He 3a
BHCHT OT p= lyl. EcJIH HblOTOHOBbl noTeHu;HaJibl YAOBJieTBo
pHIOT ycJIOBHIO (1) H, KpoMe Toro, cym;ecTByeT TO'lKa 
x0 ETrnT2 TaKaH, 'ITO Ur(x0 )=U2(x0 ), TO Tr=T 2 , 

µr=µ2. 
ECJIH B ycJioBHHX (1) noJIOil\HTh µr=µe=µ, ~=1, y=O, 

TO noJiyqaeTCH 3ap;aqa 06 onpep;eJieHHH <f>opMhl rrpnTHrn
aa10m;ero TeJia no H3BeCTHblM 3Ha'JeHHHM BHeIIIHero HblOTO
HOBa noTeHu;naJia u (x) 3a)J;aHHOH nJIOTHOCTH. PerneHne 
aToii 3ap;a'IH ep;nHCTBeHHO B KJiacce o6JiacTe:ft Ta, 3Be3)J;HhIX 
OTHOCHTeJibHO o6m;e:ft TO'IKH, B CJiyqae 3a)J;aHHbIX nJIOTRO
CTe:ft µ (y), MOHOTOHHO Hey6blaa10m;e:x c pocTOM IYI. 

EcJIH B ycJioBnHx (1) noJioil\HTh ~=0, y=1, ~r=~ 2, 
TO noJiyqaeTCH 3aAa'la 06 onpep;eJieHHH <f>opMhl npHTHr11-
aa10m;ero TeJia no H3BeCTHbIM 3Ha'JeHHHM BHernHero noTeH
n;HaJia npocTOro CJIOH v (x) 3a)J;aHHOH nJIOTHOCTH ~. ,11.JIH 
BhlnyKJiblX TeJI nOCTOHHHOH nJIOTHOCTH perneHne 3TOH 3ap;a
'lll ep;nHCTBeHHO. 

EcJin B ycJIOBllHX (1) noJIOIBHTh T1= T 2= T, ~=1, y=O, 
TO noJiyqaeTCH 3ap;aqa 06 onpep;eJieHHH nJIOTHOCTH npH
THfHBa10m;ero TeJia no H3BeCTHblM 3Ha'JeHHHM BHernHero 
HbIOTOHOBa noTeHu;HaJia. PerneHHe 3ap;a'ln ep;nHCTBeHHO, 
eCJIH <f>yHKll,HH µa (y) HMeIOT BHA µa, (y)=ri (y)va (y), rp;e 
ava _ 0 ari 
- - 0, ri> ' fJp > 0. fJp 

06Ill,aH B Hy T p e H H H H Il. T. O. 3. COCTOHT B HaXoil\
p;eHHH <f>opMbl H nJIOTHOCTe:ft npHTHfHBaIOm;ero TeJia no 
3ap;aHHblM 3Ha'JeHHHM BHyTpeHHero noTeHu;naJia z (x). 
/l:JIH noJiy1IeHHH TeopeM e)J;HHCTBeHHOCTH HCnOJib3yeTCH CJie
p;y10m;aH <f>opMyJIHpOBKa 3TOH 3ap;aqn; Haii:TH ycJIOBHH )J;Jlfl 
o6JiaCTeH Ta H nJIOTHOCTe:ft µa. ~a. 'IT06hl H3 coanap;eHHH 
BHyTpeHHHX noTeHu;naJioB Zr (x) n Z 2(x): 

Z1 (x) = Z2 (x) )J;JIH x E Tr n T 2 (2) 

cJiep;oBaJIH paaeHCTBa Tr= T 2, µr= µ2, ~r= ~2· 
EcJIH B yCJIOBHHX (2) ~= 1, y= 0, TO B KJiacce BhlnyKJiblX 

TeJI nepeMeHHOH noJIOil\HTeJibHOH nJIOTHOCTH perneHne e)J;HH
CTBeHHO. EcJin me B ycJIOBHHX (2) ~=0, y=1, ~r=~2=~= 
= const, TO B KJiacce BhlnyKJibIX TeJI perneHHe TaKme 
ep;HHCTBeHHO. 

IlycTb llll~eTCH TCJIO T Ta1rne, 'ITO ero BHemm1if HblO
TOHOB noTeHu;ttaJI u (.c; Tr, µ) AaHHoii IIJIOTHOCTH µ (x) 
paBeH BHe TeJrn Tr 3aAaHHOii: rapMOHH'l. lflyHKll,HH H (x), 

H (x) -+ 0 npn lxl -+ co n H (x) 6JIH3Ka B CMhICJie HeK-po:ft 
<f>yHKll,HOHaJibHOH MeTpHKH K BHCIIIHeMy Hb!OTOHOBY no
TeHl\HaJiy U (x; T, µ) 3a)J;aHHoro TeJia T nJIOTHOCTH µ. 
,11.JIH op;HoCBH3HhIX o6JiaCTeii T c rJiap;Koii rpaHnu;eii: S 
npH ycJioBnn µ (x) Is -:/- 0 pernenHe 3ap;aqn cym;ecTByeT n 
e)J;HHCTBeHHO. 

BHyTpeHHHH 3a)J;a'la CTaBHTCH aHaJiorH'lHO BHeIIIHe:ft, 
npn'leM H (x) HBJIHeTCH pemeHHeM Heop;Hopop;Horo ypaa-

HeHHH JlanJiaca B KOHe'lHOH o6JiaCTH Go-=i i: 
~H =- µ (x) AJIH xEG0 • 

Miu;eTCH TeJio Tr TaKoe, 'ITO )J;JIH 

gradH(x)=gradU(x; Ti.µ). 

B OTJIH'IHC OT BHernHe:ii BHyTpeHHHH 3ap;aqa HMeeT, Boo6-
Ill,C rOBOpH, He e)J;HHCTBCHHOC pemeHHe; 'IHCJIO pemeHHH 
onpep;eJIHeTCH ypaBHeHneM pa3BCTBJICHHH. 

Il JI 0 CK H e Il. T. O. 3. (n=2) CTaBHTCH aHaJIOfH'lHO 
npOCTpaHCTBCHHblM c y'leTOM COOTBCTCTByIOm;ero noBe)J;eHHH 
nOTCHD,HaJIOB Ha 6eCKOHe'lHOCTH. B CBH3H c 3THM pHA YT
aepmp;eHHH, npnaep;eHHblX Bblllle )J;JIH n=3, BH)J;OH3MCHH
CTCH. IlJIOCKHe Il. T. O. 3. HHOrp;a yp;o6HO HCCJie)J;OBaTb 
MeTO)J;aMH TeopHH <f>yHKll,Hll KOMnJieKCHoro nepeMCHHOro H 
KOH«jJOpMHb!X OT06pameHHH. 

Il JI 0 CK a H B He Ill H H H Il. T. 0. 3. IlyCTb µ= 1 -
3ap;aHHaH nJIOTHOCTb, npH'ICM BMCCTO JiorapH«jJMH'l. no-

a 1 ( a TCHu;naJia Mace aaep;eHa ero npon3BO)J;HaH az = 2 ax -

-i :y); Ha KOMnJICKCHqii nJIOCKOCTH z=x+iy BHC Kpyra 

K (0, R) = {lzf < R} 3ap;aHa aHaJIHTH'l. <f>yHKll,HH H (z), 
H ( oo )=0, oco6hle TO'IKH K-po:ft npH ee aHaJIHTH'l. npop;oJI
iHCHHH Haxop;HTCH BHYTPH o6JiaCTH D *' 0 ED*. Tpe6yeTCH 
HaiiTH KOHe'lHYIO O)J;HOCBH3ffYIO o6JiaCTb D c mopp;aHOBOH 

rpaHHu;eii, i5*cDcl5cK (0, R), TaKy10, 'IT06hl H (z)= 
=U(z,D) )J;JIH fzl>R, rp;e 

U (z, D)=- ! ~ ~D z~~ de d1'J, ~=£+ i1'j. 

PerneHHeM 3Toii 3ap;a'IH C'lnTaeTCH <f>yHKU.HH z (t), oT06pa
ma10m;aH KoH<f>opMHO ep;nHH'lHhlii Kpyr It I < 1 KoMnJieKc
HOH nJioCKOCTH t Ha o6JiaCTh D nJioCKOCTH z= x+ iy H 
yp;oaJieTBOpHIOill,aH ycJIOBHHM z (0)=0, z' (0) > 0. 

IlyCTb D - 3a)J;aHHaH KOHC'lHaH O)J;HOCB113HaH o6JiaCTb 
c mopp;aHoBo:ft rpaHHu;eii, <f>YHKIJ;HH U a (z)= U (z, D) AJIH 
z E IR 2"-,.D. Torp;a <f>yHKll,HH yp;oaJieTBopHeT ypaBHCHl!IO 

* ___ 1_ r Ua[z (t)]dt 
z(s)- 2niJitl=i t-s ,fsl> 1 , (3) 

rp;e 

z•(s) =z ( ~}npn f sf:;:;;,:1. 

EcJin z (t) HBJIHCTCH perneHneM ypaBHCHHH (3), B K-poM 
U a (z) 3aMeHeHa yKa3aHHOii BhIIIIC <f>YHKu;neii: H (z), npH'leM 
z (t) o)J;HOJIHCTHa npH ltl < 1, z (0)=0, z' (0) > 0, TOH (z)= 
= U(z, D) AJIH lzl > R. 

Ma ypaBHCHHH (3) Moil\HO noJiy'lHTh pHA CBH3eii Memp;y 
<f>YHKll,He:ft u a (z) H <f>ymni;neii z (t). Hanp., CCJIH BHCIIIHHH 
noTeHu;HaJI u a (z) MOil\HO aHaJIHTH'lCCKH npo)J;OJlil\HTb 
BffYTpb D qepe3 BCIO rpaHnu;y &D' TO z (t) - aHaJIHTH'l. 
ljJyHKll,HH IIpH ltl=1; CCJIH • 

~m ck , 
Ua (z) = ~k=I Zk npH I z I> R, cm 'F 0, 

TO 
z (t)=ar t+ .. , +amtm, am-:/- 0. 

JTO n03BOJIHeT llHOrp;a pC!IIHTb nJIOCKyIO Il. T. O. 3. B KO-
~m ck 

HC'IHOM Be:p;e. IlyCTh H(z)= ~k=r7'• cm-:f-0. Tori;i;a cooT-
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eeTcTeyrom;ee eemrneii:eoe ypaeeeRHe AJIH z (t) :rneneaneRT
HO, eoo6m;e roeopH, HemrneiiHoii ciacTeMe anre6paia'l. 
ypaeHeHiaii OTHOCHTeJibHO Roaljiqrn:r.vi:eHTOB al, ... , am. 
<l>yHR11llH z (t), eoo6m;e roeopH, He OAHOJIHCTHaH upia I ti <1, 
HaxoAHTCH RaR pemeHne noii anre6pan'l. cncTeMbl ypae
ueHiaii. Knacc OAHOJIHCTHblX e Rpyre ltl < 1 pemeunii: 
z (t), YAOBJieTBopHIOIIJ;HX ycJIOBllHM z(O)=O, z' (0) > 0, 
HBJIHeTCH pemeHneM uocTaeJieHHO:ii: II. T. o. 3. 

AHa.rrorn'!Hoe iaccneAoBaHl!Ie Moarno upoeecnr AJIH 
BHemHeii: o6paTHOH 3a/);a'ln JiorapialjJMn'l. uoTe~iaaJia 
IIpOCToro CJIOH, a Tam1rn AJIH BHyTpeHHHX o6paTHblX 3a/);a'l 
JiorapnljJMH'l. IlOTeH11naJIOB, upn'leM KaK AJIH BHeIIIHllX, 
TaK H )J;JIH BHyTpeHHHX 11. T. o. 3. MOlKHO paccMaTpllBaTb 
rrepeMeHHble IlJIOTHOCTH. 

Jlum.: [1] Ho Ba Koll II., «iloKJI. AH CCCP», 1938, T. 18, 
M 3, c. 165-68; [2] TH x 0 H 0 B A. H., TaM me, 1943, T. 39, 
M 5, c. 195-98; [3] c p e T c H c R II ll JI. H., Teop11J1 HblOTO
HOBCROro noTcnuuaJia, M.- JI., 1946; [4] Mn a Hoe B. R., 
«lI3B. AH CCCP. Ccp. M3TCM.>>, 1956, T. 20, No 6, c. 793-818; 
[5] er 0 lR e, «)lOJ<JI. AH CCCP», I \155, T. 105, M 3, c. 409-11; 
1956, T. 106, M 4, c. 5U8-H9; [6] JI a B p e HT he B M. M., 
0 HCROTOPblX HCHOJJJlCRTHbJX 331\B43X MaTeMaT11qecRoll lfi11aHRl'I, 
HOBOCHO., 19n2: [7] n Jl If JI e TI H 0 A. lI., «ilH!filjlepeHl{HaJibHble 
ypaBHCHHH», 1%u, T. 2, .No 1, c. 107-24; 1967, T. 3, No 1, c. 30-
44: 1970, T. li, No 1, c. 27-49; 1972, T. 8, M 1, c. 118-25; er 0 
lR e, ••CH6. MaTCM. >tU>, 1965, T. 6, M 6, c. 1332-56; 1971, T. 12, 
M 3, c. 630-47; M 4, c. 828-36; M 6, c. 1341-53; [8] TI'! x O
H o B A. H., A p c e H " H B. H., MeTO)'.lhl perneHHJI aeiwppeRTHbIX 
aanaq, 2 aan., M., 1979. A. H. IIpuJ1emw. 

IIOTEHIVIAJIA TEOPJUI - n uepeoHa'laJihHOM uo
HHMaH1111 - y'leHlW 0 CBOllCTBax CHJI, /);ellCTByIOm;HX IlO 
3aRoHy ecmrnpHoro THroTeHHH. B lfiopMyJI11poeRe aToro 
aaRoHa, AaHHoii 11. HhIOTOHOM (I. Newton, 1687), p0'lh 
HAeT TUJihKO 0 c1rnax B3al!MHOl'O rrpHTHlKeHHH, AeiiCTByIO
mux Ha 11:ee Marnp11aJihHble 'laCTH1lbl MaJiblx paaMepoe, HJIH 
MarnpuaJihHble TO'IKH, npHMo rrpouop11mrnaJihHble upo11a
ee11:eHHIO Mace aTHX 'laCTH11 ll o6paTHO upouop11110HaJibHble 
1rna11:paTy paCCTOHHHH MelKAY 'laCTH11aMH. IToaTOMY rrepeoii 
ll eamHeil:mef1 c TO'IKH apeHHH He6eCHOH MeXaHHKH H reo11:e-
3HH aa11:aqeii: 6blJIO uayqcmre CHJI rrpHTHlKeHHH MaTep11aJih
Hoii TO'IKH orpaHH'leHHblM rJia/);KHM MaTepuaJibHblM TeJIOM
cljiepou/);OM H, B 'laCTHOCTH, aJJJIHIICOHAOM (1160 MHorue 
He6eCHble TeJia HMCIOT HMeHHO ;JTy lfiopMy). IlocJie uepBblX 
qaCTHblX AOCTHlKeHnii M. HhIOTOHa ia AP. y'leHblX ocHoe
Hoe 3Ha'leHHe a11:ecb HMeJIH pa6oTbl ii\. JiarpaHma (J. Lag
range, 1773), A. Jle;RaH11:pa (A. Legendre, 1784-94) H 

IT. JiarrJiaca (P. Laplace, 1782-99). ii\. JiarpaHm ycTa
HOBHJI, 'ITU IlOJie CHJI THfOTeHHH, KaK roeop»T Tenepb,
I10TeH11HaJihHOe, u eeeJI ljiyHR1IHIO, R-pyro uoame Am. fpHH 
(G. Green, 1828) Ha3BaJI IlOTeH11naJihHOii:, a K. raycc 
(C. Gauss, 1840) - npocTo 11ornH11naJioM. HblHe 11:ocTnme
HHH aToro uepBOHa'laJihHOro 11epuo11:a o6bl'!HO BXOAHT B 
Rypcbl KJiaCCH'i. He6eCHOH MexaHI1KH (C~!. TaKlKe [2)). 

Eme K. raycc 11 ero coepeMeHHHKH oGnapymHJIH, 'ITO 
nomenz+Ull.1!08 .Memoa IlpHMeHHM He TOJihKO AJIH pemeHHH 
3a)J;a'l TeOp!!H THrOTeHnH, HO H eoo6me AJIH penreHHH 
lllHpOKOfO Kpyra 3a)J;a'i MaTeMaTH'l. ljJH3HKH, B 'laCTHOCTH 
aJieKTpocTaTnKH H MarHeTn3Ma. B ceH3H c aTHM cTaJIH 
pacc~taTpHBaThCH IIOTeH1111aJibl ee TOJibIW ljJH3H'ieCKH 
peaJibHblX e eonpocax B3allll·!Horo up11n1meHHH IlOJIOlKH
TeJihHblX Mace, HO H «Mace» 11pOH3BOJILHOfO 3HaKa, HJIH aa
PHAOB. B IT. T. oupe11:eJI11JIHCL ocHoDHhie Hpaeeble aa11:a'ln 
TaKHe, KaK J{upuxM 3aaa<ta H JleiiJttana aaiia<ta, aJieKTpo
CTaTH'l. 3a)J;a'ia 0 CTaTH'l. pacnpe)J;eJieHHH 3apHAOB Ha 
IIpOBO)J;HHKax' !'lJIH Po6e1ta aaaa<ta, 3aAa'ia 0 BblMeTaHHH 
Mace (cM. Bb!JttemanuR. .Memoa). Ami pewemrn yKaaaHHblX 
aa11:a'l e cJiy'iae o6JiaCTeii c /\Ot:TaTO'lHo rJiaAKoii rpaHH11eii 
OKa3aJIHCb a¢<f>eK'l:HBHhlM cpe)J;CTBOM CIIeu,naJibHble pa3HO
BH)J;HOCTH IIOTeHU,HaJIOB, T. e. cue1111aJibHbie BH)J;bl HHTer
paJIOB, 3aBHCH11\HX OT uapaMeTpoe, TaKHe, KaK IIOTeH11HaJI 
o6'heMHO pacupe)J;eJieHHblX Mace, I10TeH1IHaJibl upoCTOfO H 

p;eoiiHOfO CJ!OH, JiorapnljJMH'i. IlOTeHIJ,HaJibl, I10TeH1lllaJibl 
rpirna l'I AP· 0CHOBHyIO poJih B C03AaHHH CTpOfHX MeTO)J;OB 
pemeHirn OCIJOBHblX KpaeDbIX 3a)J;a'l CblfpaJIH pa60Tbl 
A. M. JfanyHoea H B. A. CTeKJioea KOH. 19 B. J.I3yqeHHe 

CBOHCTB IlOTeHn;HaJIOB pa3Jill'lllhIX BHAOB npiao6peJio B 
II. T. 11 caMOCTOH'reJihHoe 3HaqeHne. 

Mom;RblH CTHMYJI B HaIIpaeJieHHH o6o6meRHH OCHOBHhIX 
aa/);a'l ia aaKoH'leHHOCTH ljiopMYJIHpoBoK IT. T. 110Jiy'lnJia 
Ha'IHH3H c 1-ii: IlOJI. 20 B. Ha OCHOBe HCI10Jih30BaHllH 
o6rn;Hx noHHTH:ii: Mepbl e CMblcJie PaAoHa, eMKoCTn n 0606-
meHHhlx 1'YHK11llH. CoepeMeHHaH IT. T. TeCHO CBH3aHa B 
ceoeM pa3BllTHH c Teop:oe:ii: aHaJIHTH'l. ljiyHK11HI°1, rapMOHH'l. 
ljiyHK11HH, cy6rapMOHH'l. ljiyHK11HH n Teopiaeii: eepOHTHO
CTeii. 

HapHAY c /);aJibHe:ii:mnM yrJiy6JieHHblM H3y'leHHeM KJiac
ciaqecKnx Kpaeeblx aa/);a'l H o6paTHblX aa/);aq (cM. Ilomen
lfUa.l!a meopuu o6pamnMe aaaa<tu) AJIH coBpeMeHHoro 
IIep110Aa pa3BHTHH IT. T. xapaKTepHo npHMeHeHHe MeTOAOB 
H IlOHHTllH coepeMeHHOH TOITOJIOfHH H ljiyHK11HOHaJibHOrO 
aHaJIH3a, IlpHMeHeHHe a6CTpaKTHblX aKCHOMaTH'l. MeTO/);OB 
(CM. Ilomenz+ua.l!a meopua a6cmpar;mnaa). 

0CHOBHbIC THlibl lIOTeH11naJIOB H HX CBOHCTBa. ITyCTb 
s - rJia/);KaH 3aMKHyTaH IlOBepXHOCTh, TO eCTb (n-1)
MepHoe rJia)J;Koe MHoroo6paaiae 6e3 RpaH, e n-MepHOM 
eBKJIHAOBOM IIpOCTpaHCTBe IR.n, n ~ 2, orpaHHq11earom;aH 
KOHe'lHYIO o6JiaCTb G= G +, aG= S, n IIyCTh G- = 
=IR.n°"' (G+ US) - BHemHHH 6ecKoHe'!HaH o6JiaCTh. ITyCTh 

( 1 1 3 
( 2) I 1n-z ' n~ ' 

E( ) -E(j l)_,wnn- x-y x, Y - x-y - ' 1 1 l 2n In Tx=-y-f , n = 2, 

- rJiaeuoe lfiYHAaMeHTaJihHoe pemeHue ypaeeeHHH Jlau

Jiaca ~u=~~~1a2u/ax:=o e IR.n, r11:e 

lx-yl=[~;_, (xk-Y1t) 2 J112 

paCCTOHHlle MelKAY TO'lKaMH x= (x1 ••.. , Xn) H y= 
=(y1, ••• , Yn) B IR.n, wn=2:rtn 12/r(n/2) - rrJiomaAh e/);HHll'l
HOii cljiepbl B IR.n, f - raMMa-ljiyHK11HH. TpH HHTerpaJia, 
3aBHCHm;nx OT x IrnK OT uapaMeTpa: 

Z (x) = L p (y) E (x, y) dy, } 

V (x) = ~s µ (y) E (x, y) dS (y), 

W(x)=l v(y)--)_E(x, y)dS(y), Js vny 

(1) 

r11:e ny - HanpaBJieHHe BHelllHeii: OTHOCHTeJihHO G + HOp
Mamr K S e TO'IKe y ES, Haa. cooTBeTCTBeHHO o 6 'h e M
B bl M I1 0 T e H 11 H a JI 0 M, I1 0 Te H 11 H a JI 0 M I1 p 0 c
T or o CJIQH H IlOTeHn;HaJIOM ABOii:Horo 
c JI 0 H. <l>yHK11HH p (y), µ (y) H v (y) Ha3. I1 JI 0 THO• 
c T a M H COOTBeTCTByIOI11HX I10TeH11HaJioe; HlliKe OHH 6y
AYT upe)J;IIOJiaraThCH a6coJIIOTHO HHTerpHpyeMblMH COOTBeT
CTBeHHO Ha G HJIH s. ITpH n=3 (a HHOr/);a H IIpH n ~ 3) 
HHTerpaJibl (1) Ha3. H b IO 1' 0 H 0 Bbl M 0 6 'he M H bl M 
I1 0 T e H 11 H a JI 0 M, H b IO T 0 H 0 B bl M H II 0 T e H-
11 H a JI a M ll I1 p 0 c T 0 r 0 l'l A B 0 ii H 0 r 0 c JI 0 H, 
rrpH n= 2 - JI 0 r a p H qi M H q e c K H M H I1 0 Te H 11 ll
a JI a M H Ma c c, II p 0 c T 0 r 0 H AB 0 ii H 0 r 0 c JI 0 H. 

ITycTb p up11HaAJielKHT KJiaccy C1 (GLJS). Tor11:a o6'heM
Hblii uorne11naJI H ero upoH3BOAHble 1-ro rropHAKa Henpe
pblBHbl BCIOAY B IR.n, rrpHqeM l'IX MOlKHO Bbl'iHCJIHTb 110-
cpe)J;CTBOM AH1f>ljiepeH1111pDBaHJrn IIOA dHaKOM HHTerpaJia, TO 
eCTh ZEC1 (1R.n). AaJiee, 

lim (Z (x)/E (x, 0)) = M, M = \ p (y) dy. 
lxl-+oo JG 

IT poH3BOIJ:Hble 2-ro uopH)J;Ka HeIIpepblBHbl ecro11:y eee S, 
HO IlpH DepeXO/);e 'lepe3 IlOBepXHOCTb S OHH IIpeTepIIeBaIOT 
paapbIB, IIp11qeM e o6JiaCTH G + y11:oeJieTBopHeTCH ypaeHe
HHe ITyaccoHa - ~Z=p(x), xEG+, a e G- - ypaeHemie 
JlarrJiaca ~Z= 0, x E G-. Ilepe'!HCJieHHble ceoiicTea xa paR
TepnayIOT o6'beMHblll IIOTeH1111aJI. 
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EcJin GI - KoHe•rnaH o6JiaCTh IIpocTp&HCTBa Rn c rpa

mn~eii SI= iJG1 KJiacca CI, To CIIpaBeAmrna qi o p M y JI a 
r a y c c a A JI H o 6 'h e M H o r o II o T e a u. n a JI a: 

~ S, :;x dS i( x) = - ~ G n G 1 p ( y) d y. 

TiycTb µEC1 (S). TI0Te:eu,11aJI npocToro CJIOH V(x) ecTb 
rapMoHnq. iJ>yHKU,llH IIp11 xft. S, IIp11qeM 

lim (V(x)/E(x, O))=M, M=\ µ(y)dS(y); 
lxl-+oo .S 

B qacrnocm, Um V(x)=O I1p11 n;;;;;, 3, eo lim V(x)=O 
IXl-+<X> Jxl-+oo 

Ilpll n= 2 TOrAa II TOJibKO TOrAa, KOrAa ~ s µ (y)dS (y)= 0. 

TI0Teeu,11aJI npocToro CJIOH HeIIpepbIBeH BCIOAY B Rn, 
VE C ( IRn), IIp11qeM V (x) 11 ero KacaTeJihHbie IIpo113BOAHhle 
HeIIpepbIBHbI IIpw IIepexoAe qepe3 IIOBepxHOCTh S. Hop
MaJihHaH IIp0113BOAHaH IIOTeHU,HaJia IIpOCTOro CJIOH Ilpll 
IlepexoAe qepe3 IIOBepXHOCTb s llCIIblTbIBaeT CKa'!oK: 

( av)+= J_ (x) +av (x) 
an~ 2 µ anx ' 

(~)- = - J.. t (x) +av (x) 
-Jn" 2 ~ anx ' .x Es, 

rAe ( ~:) + II ( iJ~:)- - IIpeAeJibHbie 3Ha'!eHHH HOp

~taJibHOii IIpo113BOAHoii cooTneTCTnemw n3 G + n G-, TO 
eCTb 

( av)+ - Jim aJ1 (x') 

Onx - x' --+ x, x' E G + Onx ' 

- = hm -,,- --- . ( 
il]l )- . u]l (x') 

8nx x'~x.x'eG- dnx 

l.J:epe3 iJV(x)liJnx 3AeCL o6o3Ha'leHo T. H. II p n Moe 
3HaqeH11e HOpMaJihHOi IIp0113RO)J:HOi 
II 0 T e H u. II a JI a II p 0 c T 0 r () c JI 0 H' Bbl'lllCJieHHOe 
Ha IIOBepXHOCTll s' TO eCTb 

av (x) (' fj 
~= .lsµ(y) anxE(x, y) dS (y), x ES, 

K-poe HnJineTcn HeIIpepbrnHoii <PYHKu,1ieii To'IKll x ES, 
a HAPO iJE (x, y)/iJn,_. HMeeT CJia6y10 oco6eHHOCTb Ha s' 

I a / const 
an_, E (x, y) .;;;;;; I x-y 1n ' ' x, y E S. 

IlepeqncJieHHWc cnoiicTBa xa paKTep1rny10T IIOTem~11aJI 
npocroro CJIOH. 

IlyCTh vEC 1 (S). fiornmvrnJI ABOiiHoro CJIOH W(x) 
eCTb rapMOJH!q. ii>YHKU,llH IIpH xft.S' IlpnqeM 

lim Wnlxln-I\V(x)=M, M=(' v(y)dS(y). 
lxi-+oo .ls 

Ilpn IIepeXOAe qepe3 IIOBCpXHOCTh s IIOTeHu,11aJI ABOiiHoro 
CJIOH llCIIh!TblBaer CRa•I<m: 

1 1 
W+ (x)=-2V (x)+ W (x), W- (x)=2V (x)+ W (x), 

x Es, 
rAe W+ (xrw W- (.r) - U_:W;.(C'JlhHhle 3Ha'!eHHH IIOT0Hll,RaJia 
ABOii.Horo CJIOH coornerCTB~ilHO 113 G+ n G-, TO eCTb 

W+ (x)= lim W (x'), w- (x) = lim W(x'). 
x'--+ x, x' E G+ x'--+x, x' Ea-

lJepe3 W(x) IIp11 xES o6o3HaqeHo T. H. II p n Moe 
3HaqeH11e IIOTeHu,IIa.r1a ABOlIHOro CJIOH, 
BblqHCJieHHOe Ha IIOBepXHOCTH s' TO CCTb 

W(x)=(' v(y),/!.-E(x, y)dS(y), xES, ,ls uny 

K-poe HBJineTCH HeIIpepMBHoii iJ>yHRu,11eii ToqR11 x ES, 
a HAPO iJE (x, y)/iJny RMeeT cJia6y10 oco6eHHOCTh Ha S, 

I a I oon~ any E (x, y) .;;;;;; I x-y 1n • ' x, y E S. 

J\acaTeJihHble IIpo113BOAHhle IIOTeHu,waJia ABOiiHoro CJIOJI 
TaKme RCIIhITLIBaIOT cRaqoK IIp11 IIepexoAe qepea IIoBepx
HOCTb s, HO HOpMaJibHaH I1pOH3BOAHaH iJW(x)l&nx coxpa
HHeT caoe aHaqeH11e IIp11 IIepexoAe qepe3 S: 

( =:: r = u:: r . x E s. 
Ilepeq11cJieHHhie CBOiiCTBa xapaKTepuay10T IIOTeHu,n:aJI 
ABOii.Horo CJIOH . 

B CJiyqae IIOCTOHHHOII IIJIOTHOCTll v= 1 11MeeT MeCTO 
iJ>opMyJia faycca AJIH IIOTeHu,waJia 
A B O ii H O r 0 C JI 0 H: 

(1, xEG+, 
_(' 0:, E(x, y)dS(y)=q(x)=< 1/2, xES, 

.ls Y l O, xEG-. 

llHTerpaJI B JieBoii qacT11 noro paaeHCTBa RHTeprrpen1-
pyeTcn RaK (AeJieHHhlii Ha Wn(n-2)) TeJieCHblii yroJI, IIOA 
K-pbIM Bll)J:H8 IIOBepXHOCTb S 113 TOqRll X. 

Hwarn AOIIOJIHRTeJibHO IIpllBOAHTCH H0K-pble CBOii:CTBa 
IIOTeHu,RaJIOB IIpH MeHbIIlllX orpaH11qeHllHX Ha IIJIOTHOCTH 
II IIOBepxHOCTb s. 

EcJI11 pELI(G), TO Z(x) - rapMoH11q. iJ>yHKU,llH rrp11 
xEG- 11 Z(x) cyMM11pyeMa B G+. EcJiw pELp(G), 1 <.p<. 
.;;;;;n/2, TOZEL.,(IRn), 1lp+1lq=1, 1<q<np/(n-2p); eCJIII 
pELp(G), p>n/2, TOZEC(IRn). EcJI11 pELp(G), 1..;;:p..;;:n, 
TO ZEWJ(Rn), 1<q<np/(n-p); eCJIH pELp(G), p>n, TO 
ZEG1(1Rn). EcJI11 pEL2(G), TO Cylll,eCTByIOT 060611l,eHHble 
IIp0ll3BOAHhie 2-ro rropHAKa OT z (x), OHR TaRme IIp11HaAJie
maT KJiaccy L2(G) II BblpamaIOTCH c IIOMOil~blO CHHfYJIHpHbIX 
RHTerpaJioB: 

a2 Z 1 ~ a' ax.ax. =--nfiijP(x)+ Gp(y)~E(x, y)dy, 
l J l J 

i, j=1, 2, ... , n, 

rAe {ji/=1 rrpu i=j, <~u=O IIp11 if=j; ecJin: pELl'(G), 1< 
<P < 00) TO ace o6o611l,eHHhie rrpOH3BO.IJ:Ilble iPZ/iJxiiJx i 
TaRlRe cylll,eCTBy10T n rrp1111aAJiemaT L p(IR.n). EcJin p E 
EL p(G), 1 <.p < + oo, TO Z (x) ecTb o6o6"11l,eHHOe pemeHwe 
ypaBHeHRH TiyaccoHa -t.Z=p(x), xEG. EcJiw PE 
EC(o, a>(G) H S ECO, al, O<a<1, TO ZEC(2, a> B G+ 

11JI11 G-. ECJIH pEC<l, al (G) 11 SECck+1, a>, O<a<1, l, 
k - u,eJible, O<.l<.k, To ZEC<l+ 2 • a>(G+). 

IlyCTh SECc1• a), O<a<1, i5 - aaMKHyTaH KOHeqHaH 

o6JiaCTh TaKan, qro G+ LJScDcDclR.n. TorAa ecJin 

µELp_(_S), p=1, 2, TO VELp(D), VELP (S), iJV/iJxiE 
ELp(D), p=1, 2; i=1, 2, .•. , n. EcJiw IIJIOTHOCTh µ orpa
HwqeHHaH H CyMM11pyeMaH, TO 

v E cw. 'A>v"A E (O, 1). 

ECJIH µEC(O, a>(S), O<a<1, TO VECCI, a) BG+ RJill 
G-. ECJill vfCCO, a>(S); TO WEC(o, a) BG+ HJill G-. 

EcJI11 µEC(/, a)(S) n SEC<k+r, ai,O<a<1, l, k - u,e
Jible, O<.l<.k, To VECcl+I, a) BG+ 11JIR G-. EcJin vE 
EC(/. a>(S) n SECck+I, al, 0<a<1, l, k - ~eJible, 
O<.l<.k+1, TO WEC(l, a) B G+ llJIH G-. 

)J,JIH AOOIIpeAeJieHilblX no Herrpepb!BHOCTll IIOTeHU,HaJIOB 
II llX rrpo113BOll;IlblX Ha IIOBepXHOCTH s OIIRCaHHble BblIIle 
CBOHCTBa rJiaAROCTll TaRme OCTaIOTCH B CllJie Ilpll COOTBeT
CTBYIO!ll,HX yCJIOBllHX rJiaAKOCTH Ha IIJIOTHOCTb H IlOBepx
HOCTb S. 

IlpeJJ;CTaBJieHHe ljlyHKI~HH H perneHHe OCHOBHbIX Kpae· 
BbIX 3a)J:aq TeopHH IIOTCHI~liaJia c TIOMOlll,blO IIOTeH~HaJIOB. 
IlycTb <I>(x) -iJ>yHK~nH KJiacca C~(GLJS), S - rnaAKaiI 
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IIOBepxHOCTh KJiacca C2. Tor,i:ia CIIpaBeAJJ:uBo 
HOe TOiKA0CTBO (!}! 0 p M y JI a r p H H a): 

HHT0rpaJih- C(G-LJS), SEcu. a>,O<a.<1,yAoBJI0TBop1110nzyro Kpae
BoMy ycJIOBHIO u(x)=cp-(x), xES, rAe <p-(x) - AaHua11 
HeIIpephlBHaJI !}!yHKl:\HJI Ha S; IIp:u aToM it (x) IIpeAIIOJia
raeTCJI peryJJJipHOii: Ha 6eCKOHe'IHOCTH, T. e. -~0 ~<1>(y)E(x, YJdY+~s(°:n~>E(x, y)-

-<D (y) aEa~~ Y>) dS (y) = q (x) <D (x). (2) 

B 11aCTHOCTH, B o6JiaCTH G !}JyHKl:\HJI CI> (x) IIpeACTaB:uMa B 
BHA0 cyMMhl o6'beMHOro IIOTeHl:\HaJia H IIOTeHl:\HaJIOB IIpo
CToro H ABOHHOro CJIOJI COOTBeTCTBeHHO c IIJJOTHOCTJIMH 

p (y) =- M> (y), µ (y) =o<I> (y)/ony, v (y) =-<I> (y). 

)J.JIJI rapMOHH11ecKoii: B o6JJaCTH G !}JyHKl:\HH u (x) KJiacca 
C1(G u S) HMe0T MeCTO TOli\AeCTBO 

~s c:~:) E (x, y)-u (y) aEa~~ y)) dS (y)=q (x) u (x), (3) 

H II03TOMy TaKaJI !}JyHKl:\HJI u (x) IIpeACTaBHMa B G B B~e 
cyMMhl IIOTeHl:\HaJIOB IIpOCTOro H ABOHHOro CJIOJI COOTBeTCT
BeHHO c IIJJOTHOCTJIMH µ(y)=ou(y)/ony, v(y)=-u(y). 
0AHaKo 3TH IIJIOTHOCTH B !}JopMyJie (3) He MoryT 3aAaBaTbCJI 
IIpOH3BOJibHO Ha s' OHH CBJI3aHhl HHTerpaJibHhlM COOTHO
meHHeM, IIoJiy11arom;uMCJI H3 (3) IIpH x E G-. 

Ll;eHTpaJJbHoe MeCTo B II. T. 3aHHMaIOT KpaeBhle 3aAa11:u 
)J.upuxJie H Heii:MaHa (Ha3. TaKme IIepBoii :u BTopoii: Kpae
BhlMH 3aAa11aM:u) AJIJI o6JiaCTeii: G+ (BHYTpeHH:ue 3aAa11:u) 
11 G- (BaemH11e 3aAa1111), K-phle B IIpeAnoJiomeHHH p;ocTa
To11aoii: rJiaAKOCTH IIOB0pXHOCTH YAaeTCJI IIOJIHOCThIO HCCJie
AOBaTb CBe,a;eHH0M HX K H H T 0 r p a JI h H hi M y p a B-
R e H H JI M II. T. 

B H y T p 0 a H JI JI 3 a A a 11 a )J. 11 p :u x JI e: aaii:TH 
rapMoHH110cKy10 BG+ !}JyHKl:\HIO zt(x) KJiacca C(G+LJS), 
SE cu. tt>, O<a.<1, YAOBJieTBOpJI10m;y10 Kpa0B0My ycJio
BHIO u(x)=cp+(x), xE S, rAe cp+(x) - AaHHaJI H0IIpephlBHaJI 
!}JyHKl:\Hll aa S. P0m0a110 aToii: 3~Aa1111 BCerAa cym;0cTBy0T, 
eAH!CTB0HHO II MOiKeT 6h1Tb HaHAeHO B BHA0 IIOTeHl:\HaJia 
ABOHHOrO CJIOll 

u (x) = \ v (y)-}!..- E (x, y) dS (y) 
.)s uny 

c IIJIOTHOCThIO v, K-paJI aaXOAHTCJI KaK eAHHCTB0HH00 pe
ill0HH0 HHT0rpaJibHOro ypaBH0HHJI <I>p0ArOJibMa 2-ro POAa 

--}v (x)+ ~s v (y) 0!Y E (x, y) dS (y)=cp+ (x), xE S. 

B H y T p e H H JI JI 3 a A a q a H 0 ii: M a H a: Haii:T:u 
rapMoH11110cKyIO B o6JiaCTH G + !}JyHKl:\HIO u (x) KJiacca 
C1(G+ LJS), SEC<l, a), O<a.<1, YAOBJieTBOpJI10m;y10 Kpae
BOMy yCJIOBHIO ou(x)/onx='IJ+(x), xES, rA0 'IJ+(x) - AaH
HaJI H0IIpephlBHaJI !}JyHKl:\HJI Ha S. P0meH:ue aToii: 3aAa'IH 
cym;ecTByeT TOrAa H TOJlhKO TOrAa, KOrAa !}JyHKl:\HJI 'IJ+(x) 
yp;oBJieTBOpJI0T ycJioBHIO opToroHaJibHOCTH 

~s 'I'+ (x) dS (x)=O. (4) 

~ho p0ID0HHe OIIpeAeJIJieTCJI c TO'IHOCTblO AO npo:u3BOJibHOH 
aMHTHBHOH IIOCTOJIHHOH c B BHAe u(x)= V(x)+C, rAe 

V (x) = ~ s µ (y) E (x, y) dS (y) 

- DOT0Hl:\HaJI DpOCToro CJIOJI, IlJIOTHOCTh µ K-poro onpe
A0JIJI0TCJI 113 HHT0rpaJibHOro ypaBHeHHJI IJ>p0ArOJibMa 2-ro 
pop;a 

-}µ(x)+~ 5 µ(y)i!xE(x,y)dS(y)='IJ+ (x), xES. (5) 

CooTBeTCTBy10m;ee OAHOPOJ:\H00 ypaBHeH110 :uM0eT u0TpHBH
aJihHoe pemeHH0 µ0(x), a H00AHopoAHoe ypaBaea:u0 (5) 
pa3p0IDHMO IIpH BhlIIOJIH0HHH yCJIOBHJI (4), np1111eM ero 
06m;0e pem0a110 HMeeT BHA µ (x)+cµ0(x), rAe c - IIpo:u3-
BOJihHaH IIOCTOHHHaH. 

B H e m H JI H 3 a A a q a )1. u p H x JI e: ua11T:u rapMo
miqecKyro B o6JiaCTH G-, OEG+, !}JyHKl:\HIO u(x) KJiacca 

lim Ix 1n- 2 u (x) =Const. 
1xl-•co 

PemeHHe aToii: 3aAa'IH BcerAa cymecTByeT, eAl!lBCTBeHHO 
H MOlReT 6h1Tb Haii:AeHO B BHA0 

u (x)= W (x)+Aflx 1n-2 , 

rAe A - noCTOJIHHaJI, 

W (x)= \ v (y)~E (x, y) dS (y) Js uny 

- noTeHl:\HaJI ABOHHoro CJIOJI, IJJIOTHOCTh v K-poro 11BJI11eT
CH pememieM HHTerpaJibHOI'O ypaBHeHHJI IJ>pe.ztrOJibMa 
2-ro poAa 

~v(x)+\ v(y)...}!-E(x, y)dS(y)= 
- .)s ully 

=<p-(x)- 1 x~-•' xES. (6) 

CooTBeTCTBy10m;ee OAHopoAHOe ypasHeuue 11MeeT HeTpBBH
aJihaoe pemeHe:e v0= 1. II pH Ha,a;nemam;eM Bh16op0 noCTOHH
Hoii A pemeHHe HeOAHOPOAHOro ypaBHeHHJI (6) HMeeT BHA 

v(y)=v-(y)+C, 

rAe c - IIpOH3BOJibHaJI IlOCTOJIHHaJI, a v-(y) - qaCTH00 
pemeaue yp-HBJI (6). IIocTOJIHHaJI A noA6e:paeTCJI 11 BHAe 

A= - ~s cp- (x) v0 (x) dS (x), 

rAe IIJIOTHOCTb v0 AOJimaa YAOBJieTBopJITh ycJios:u10 

~svo(Y) IYI~-• dS(y)=1. (7) 

3Ta IlJIOTHOCTb Vo eCTb HeTpHBHaJibH00 pemea:ue ypaBHe
HHJI (5) BHyTpeuaeii: 3aAa'1H HeiiMaaa c AaHHhlMH 'IJ+(x)=O, 
x ES, YAOBJieTBopJIIOll:\ee 3KBHBaJieHTHOMY (7) II pH n~3 
yCJIOBHIO HOpMHpOBKH 

Vo(x)==~ 5 v0 (y)E(x,y)dS (y)=1, xEG+LJS. 

IIoTeHl:\HaJI npocTOro CJJOJI V0(x) IIJIOTHOCTH v0(x) Ha3. 
p a B H 0 B e c H hi M II 0 T e H I:\ H a JI 0 M, HJIH II O
T e H I:\ Fl a JI 0 M p 0 6 e H a. IIJIOTHOOTb Vo(x) AaeT pe
meHHe 3aAa*rn Po6eHa HJIH aJieKTpocTaTH'I. aaAa11u o pac
npeAeJieHHH 3apJIAOB Ha npoBOAHHKe s' C03AaIOm;eM paBHO
BeCHhlii noTeHl:\HaJI, IIOCTOJIHHhlii: B o6JiaCTH G+. HeK-paH 
CJIOlRHOCTb pemeHHH BHemHeH 3aAa'IH )J.e:p:uxJie IIpOHCXO
AHT- H3-3a Toro, 'ITO peryJIJipHaJI Ha 6eCKOH0'1HOCTH rapMO
HH'I. !}JyHKI:\HH u (x), soo6m;e fOBOpH, y6&rna0T npH lxl - 00 
MeAJieHHee, 'leM IlOTeHl:\HaJI ABOHHoro CJIOJI, H II03TOMy u (x) 
B o6n:ieM CJiyqae HeJib3H npeACTaBBTb B BHAe OAHOro TOJibKO 
IIOTeHl:\HaJia ABOHHoro CJIOH. 

B Hem H n JI 3 a A a q a H e ii: M a a a: HaiITH rapMo
HH1JecKy10 B o5JiaCTH G-, DEG+, !}!yHKl:\HIO lt(x) KJiacca 
C1(G- US), S EC<l, a>, O<a<1, YAOBJieTBop1110m;y10 Kpae
BOMy yCJIOBHIO ou(x)/onx='IJ-(x), xES, FAe 'IJ-(x) - AaH
HaH HenpephlBHaJI !}!yHKl:\HJI Ha S; npH 3TOM u (x) npeAno
JiaraeTCJI peryJIJipHOH Ha 6eCKOHe'IHOCTH. IIp:u n~3 pe
IIIeHHe 3TOH 3aAa'IH BCerAa cym;ecTByeT H eAHHCTBeHHo; 
npu n= 2 pemea:ue cym;eCTByeT TOrAa H TOJihKo TOrAa, 
Kor.na BhlllOJIHJieTCJI ycJIOBHe 

~s 'IJ- (x) dS (x) =0, (8) 

np1111eM pemeane onpeAeJieao Jlllillh c TO'IHOCTblO AO npo
H3BOJibHOii a.LUl.HTHBHOH IIOCTOJIHHOH. PeI1IeHHe BHellIHeii: 
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3aAa'lll Heii:MaHa npeACTaB11Mo B BllAe IIOTeHIJ;IIaJia npoc
Toro CJIOH 

u(x)=~ 5 µ(y)E(x, y)dS(y), 

OJIOTHOCTb µ K-poro eCTb pellleHlle llHTerpaJibHOro ypaBHe
HllH <I> peArOJibMa 2-ro poAa 

- ~ µ (x) + \" 5 µ (y)~ E (x, y) dS (y) = 
• dn.; 

='!'- (x), xES. (9) 

IIp11 n;;;;,3 pememie :noro ypaBHeH11H acerAa cyru;ecTByeT 11 
BAllHCTBeHHO. II pII n= 2 COOTB0TCTByIOllJ,ee OAHOpOAHOe 
ypaBHeH11e llMBeT HBTpllBllaJibHOe pemeHne µo(x), rroaTOMy 
H00AHOPOAHOe ypaBHeH11e (9) np11 BbIIIOJIHeHIIll ycJIOBJIH 

pa3pellillMOCTll (8) llMeeT 0AllHCTB0HHOe pemen11e µ (x) 
TaKoe, 'ITO 

~ 8 ,:i (x)dS(x)=O, 

a ero o6m;ee pe1J1eH11e HMeeT BllA µ (x)= µ (x)+cµ0 (x), 
rAe c - npoII3BOJibHaf! IIOCTOflJIHaH. 

PemeHIIe KpaeBbIX 3aAa'l II. T. MOlf\eT UbITb noJiy'le110 
TaKme c nmrnn~hIO I'puna rfiyn1>1fuu. Hanp., AJIH (BHyTpett
HeiI) 3ap;a'lll ,[l,11p11XJie ljiyHKl\llH rpIIHa HMB01' BllA 

G(x, y)=E(x, y)+g(x, y), xEG+LJS, yEG+, 

rAe g (:r, y) - rapMoH11'l. ljiyHKI~1rn B G+ 11 ttenpepbIBHaH 
B G + US no .r, AJIH RamAoro y E G + YAOBJieTBopHIOIU;aH 
KpaeRoMy ycJIOBllIO G(x, y)=O, xES. Pelllen11e (BHyTpe11-
HeiI) aaAa'lll ,[1,11pHXJie u (x) 1macca C2 (G +) n c (G + u S) 
AJIH ypaBHeH11HIIyaccoaa -t..u(x)=f(x),xEG+, c Kpae
BbIM yCJIOBlleM u(x)=cp+(x), xES, npeACTaBllMO B BllAe 

u(.r)=~a+f(y)G(x, y)dy+ 

+~ 8 cp+(y) ;i~y G(x, y)dS(y), xEG+. 

3aBJ1CHia;J1e OT napaMeTpa x JIHTerpaJibI 

I p (y) G (x, y) dy, I v (y)-,(!-- G (x, y) dS (y) J G JS cny 

Ha3. COOTBeTCTBeHHO 0 6 'b e M H bl M II 0 T e H a; ll a-
JI OM r p H Ha (3aAa'lll ,[l,HpllXJie), II 0 Te H IJ; 11 a-
JI 0 M r p H H a A B 0 ll H 0 r 0 C JI o H. H X CBOHCTBa 
aHaJIOrll'lHbl CBOHCTBaM IlOTeHI~llaJIOB ( 1). 

C DOMOIIJ;bIO ljiyHHIJ;IIH rp1rna K llHTerpaJibHbIM ypaBHe
llHHM CBOAHTCH 3aAa'ln Ha couCTBeHHbie 3Ha'leH11H. Hanp., 
3aAa'la ,[1,11pJ1xJie - !'.u= A,u (.r), x E G +, c RpaeBbIM ycJio
BJleM u (x) =0, :rE s' CBOAHTCH H HHTerpaJibHOMy ypaBHe
HllIO <l>peArOJihMa 2-ro poAa c caMoconpameHHb!M HAPOM 

u(x)-A,~a+u(y)G(x, y)dy=O, xEG+. 

.r.aJibHeihuee o6o6m;eHHe HBKOTOpblX OCHOBHbIX DOHH
THH TeopHH noTeHI~HaJia. IIapaJIJieJihHO c yrJiy6Jie11HbIM 
JI3y'leHH0M CBOHCTB DOT0Hl~llaJIOB ( 1)' onpeAeJIHeMbIX IIJIOT
HOCTHMH fioJiec HJIH MeHee o6ru;ero BHAa, II llX npHMeH0HllH 
caMO IIOHHTIIe IIOT0Hl\llaJia DOABeprJJOCb Ha'lJIHaH np11Mep
HO c 20-x rr. 20 B. rJiy6oKoMy o6o6ru;eHIIIO, CBR3aHHOMy c 
nonRTJ1e111 Meph1 11 llHTerpaJia PaAoHa. 

IIycTL t.,;;;;,o - DOJIOlKllTeJihHaH 6opeJieBCKaH Mepa Ha 
npocTpaHCTBe !Rn c KOMnaKTHbIM noc11TeJieM supp A,. 
II0TeHu;11aJI MepbI 

EA, (x) = ~E (x, y) di., (y) (10) 

Cyll\eCTByeT BCIOAY B fR.n B CMbICJie OT06pamemrn EA, : 1Rn -
-+ [O, oo] npII n;;;;,3 II EA,: IR2 -+ (-oo, oo] np11 n=2 
(T. e. 3AeCb AODyCRaeTCH II 311a'leHJle + 00) II HBJIHeTCH 
cynepeap;.ionu11eci;ou rfiyni;r.+ueu BCIOAY B !Rn, rapMOHH'le
CRoii - BHe HOCJIT0JIH 111ephl supp A,, ,Ll,JIH Mephl A 11po11a-

BOJibHOro 3HaRa c KOMCTaKTHbIM HOCJITeJieM IIOTeHa;JlaJI EA 
onpeAeJiaeTCH, JICXOAR 113 RaH01111'l. pa3Jiome11J1R A= 
= t., +-A,-, A,+ ;;;;:o, t.,-;;;;,o, a BIIAe E/.,=EA +-EA,-. B Tex 
TO'lRax xEIRn, rAe o6a IIOTeHa;JlaJiaE/.,+(x) II E/.,-(x) np11-
Hl1MaIOT 3Ha'JeH11e + 00' BTOT llOTeHa;11aJI He onpeAeJieH. 
EcJI11 Mepa t.,;;;;,O cocpeAOTO'leHa Ha rJiaAROii: noaepxHoCTll 
s' TO aHaJIOrII'IHO (10) onpeAeJIHeTCH II IIOTBHIJ;llaJI ABOii
Horo CJIOH MepbI A,: 

...2!:.... A, (x) = \ ,!!, E (x, y) di., (y). 
any J vny 

II0Tena;11aJI (10) ROHe'leH, EA,<+oo, BCIOAY B IR.n, 3a 
llCKJIIO'leHIIelll TO'leK DOJIHpHoro MHOlKeCTBa, K-poe xapaR
Tep11ayeTCH RaR MHomecTBO a11emHeii: eMROCTll HYJih. ECJIII 
EA, (x)= 0 BCIOAY' RpOMe MHOlKBCTBa BHelJlHeii: eMKOCTll 
HYJih, TO A=O. EcJI11 111epa t.,;;;;,O, A;t':O cocpeAoTo'leHa na 
MHomeCTBe e111ROCTH HYJih, TO sup EA,=+ oo. Cnpaaeµ;JI11B 
CJieAyIOIIJ;llH npllHIJ;llll MaKCllMyMa: 

EA, (x)...;;;; supp {EA, (y): y E supp/.,}, 

T. e. aepxHRH rpaHb EA, (x) eCTh aepxHRH rpaHh cymeH11R 
EA, Ha supp A,. EcJIH aTo cymeH11e HenpepbIBHO (B 0606-
1a;e11HoM CMh!CJie, BKJIIO'laR 3Ha'leH11e + oo) B TO'lRe x 0 E 
Esupp A, TO noTe11a;IIaJI EA, (x) nenpepbIBeH B TO'lKe x 0 

B IR.n. II0Te11a;HaJibI Mep EA, CBOAHTCH K noTeHa;11aJiaM IJJIOT
HOCTeii (1) TOrAa II TOJibKO TOrAa, KOrAa Mepa A a6coJIIOTHO 
Henpepb!BHa no Mepe Jle6era COOTB0TCTBeHHO Ha G HJIM Ha 
S (CM. (3)-(6)). 

E;cJIH T - o6o6ru;eHHaH ljiy11KIJ;HH, HJill pacnpeAeJieH11e, 
B IR.n, TO II 0 Te Ha; II a JI p a c Il p e A e JI e H II H 
onpeAeJIReTCH KaK CBepTRa E*T, HBJIHIOJ.IJ;aHCH TaRme o6-
o6ru;eHHOH ljiyHKa;11eii:. Hanp., ecJI11 T - lji11HHTHaR 0606-
1a;eHHaH ljiyHKIJ;IIH, TO B IR.n B CMbICJie o6o6m;eHHbIX ljiyHR
a;11ii: cnpaBeAJIIIBO ypaBHeH11e IIyaccoHa !'.(ET)= - T. 
I10TeHa;11aJibl 111ep MOll\HO pacc111aTpnBaTh I\aK 'JaCTHb!H CJiy
qaii: noTeHa;IIaJioB pacnpeAeJieH11ii. 0 noTe~naJiax pacnpe
AeJieHHH CM. [3), (4), (9). 

,[l,JIH o6JiaCTeii: G=G+ c AOCTaTO'lHO rJiaAKOii: rpaHIIa;eii S 
MeTOA CTOTeHa;HaJIOB AaeT aljiljieKTllBHOe pemeHne 3aAa'lll 
,[1,IIpnxJie. 0AHO n3 oc110BHbIX HanpaBJieHnii: pa3BHTllH II. T. 
COCTOllT B OTKpblTIIH MeTOAOB AORa3aTeJibCTBa cym;eCTBOBa
HHH II eAHHCTB0HllOCTH pemeHIIH 3aAa'IH ,Ll,11p11xJie AJIH BCe 
6oJiee nmpoR11x RJiaccoB o6JiaCTeii: (CM. Bb!;.iemanua ;,iemoa, 
/{upux.tte npunr.+un, lleppona Memoa, m.eapr.+a a.ttbmepnu
PYIOUfUU Memoa). 0AHaKo B 1910 C. 3apeM6a (S. Zaremba) 
3aMeT11JI, 'ITO AJIH nJiocRoii 06JiaCT11 G npn HaJIII'lllJI J130-
JIJ1poBaHHh!X TO'leK rpaHJIIJ;bl aG= S 3aAa'la ,[l,J1pJ1XJie B 
npHB0A0HHOii Bblllle KJiaCCll'l. DOCTaHOBKe He BCerAa pa3-
pem11Ma; 6oJiee Toro, B 1912 A. Jle6er (H. Lebesgue) no
Ka3aJI, 'ITO Olia He BCerAa pa3p01IlJIMa JI AJIH npoCTpaHCT
BeHHbIX o6JiaCTeii:, roMeOMopljJHhlX IIlapy, np11 HaJIJl'lHJI AO
CTaTO'IHO OCTporo BXOAHm;ero B o6JiaCTb OCTpJIH rpaHHIJ;bl 
(T. H. o c T p ll e JI e 6 er a, c111. Hppeey.ttapnaa epanu11-
naa mo11i;a), T. e. cym;ecTByIOT TaRne Henpepb!BHh!e ljiyHR
a;11J1 cp + (x), x E aG, AJIH H-pbIX 3ap;aqa ,Ll,npllXJie He pa3pe
Ill11Ma 1111RaRHM cnoco60111. 

IIoaToMy aam11oe 3Ha'leH11e 11MeeT noJiy'leHHOe B XOAe 
pa3BJITJIH MeToµ;a IIeppoHa o 6 o 6 m; e H H o e p e Ill e
H n e B c 111 hi c JI e II e p p o H a - B 11 H e p a 3 a A a
'I n ,Ll, 11 p H x JI e AJIH ypaBH0HJIH JianJiaca. KaK noKa3aJI 
H. B11Hep (N. Wiener, 1924), npn <!TOM JII06an KoHe'lHaR 
HenpcpbIBHaH ljiyHKIJ;llH cp= cp +' 3aAaHHaH Ha rpaHJIIJ;0 s = 
=DG npOH3BOJibHOH ROH0'lHOii 06JiaCTJ1 GclR.n, pa 3-
p e Ill H M a, T. e. AJIH Hee cyJ.IJ;eCTByeT ll npHTOM 0AJIHCT
B0HH00 06061.IJ;eHHoe pellleHne H <i' (x) B CMhlCJie IIeppoHa -
8J1Hepa. Boo6ru;e, B 1939 M. EpeJio (M. Brelot) noKa3aJI, 
'ITO KOHe'IHaH ll3111epnMaH ljiyHKIJ;llH ~ Ha s pa3peIUHMa 
TOrAa JI TOJibKO TOrAa, IWrAa cp 11merp11pyeMa no eap:MOllU
'leCKOU Mepe Ha s. 

06o6Ja;eHHOe pelileHne H q> (:r) He BO Bcex rpaHH'lHblX TO'l
Rax npIIHJIMaeT 3aAaHHh!e 3Ha'leHHH cp. TotJRa x0 ES Ha 3. 
p e r y JI fl p H 0 ii, eCJili AJIH JII06oii: IWHe'JHOH Henpepb!B-



531 DOTEilllHAJIA TEOPHH AECTPAKTHA.fl 532 
Hoii: «Pymn~1rn cp rra S o6o6meHHoe pernemrn H <i> (x) u,p:11HH
MaeT arraqerrHe cp (x0 ), TO eCTb 

Lim H q> (x) = cp (x0), x EG 
X-+ Xo 

II po11He TO'IKH x 0 E S Ha3. H p p e r y JI H p H bl M n, K HMM 
OTHOCHTCH ll30JIHpoBaHHbie TOqKll rpaHllU,bl IIpll n;;.2 ll 
OCTpHe Jle6era rrpH n;;.3. KaK oKaaaJIOCb (Ke.n,.n,oea -
9eanca meope.Ma, 1933), MHomeCTBO HpperyJIHpHblX ToqeK 
HMeeT BIIeillHIOIO eMKOCTb HYJib, T. e. HBJIHeTCH B HeK-pOM 
CMblCJie paapemeHHbIM. MHoiHeCTBo peryJIHpHblX ToqeK 
IIJIOTHO Ha S. 

.11.JIH 3aAaqn .IJ.npnxJie CTpOHTCH COOTBeTCTBerrrro H 
0 6 0 6 ill e H H a H IP y H K U, H H f p H H a G, K-pyIO 
MOll\HO orrpeAeJIHTb, Harrp.' AJIH rrpon3BOJibHO «PnKCHpO
BaHHOll ToqKH y E G cJieAyIDmHM o6paaoM: 

G (x, y)=E (x, y)-HE (x, y) (x), xEG. 

06o6meHHaH «PYHKU,HH fp1rna coxparrHeT HeK-pble CBOllCT
Ba 1maccnq. «PYIIKU,HH fpnHa, Hanp. CBOHCTBO CHMMeTpllH 
G(x, y)=G(y, x), rro lim G(x, y)=O, xEG, TOrp;a n TOJibKO 

X-+Xo 

Torp;a, KOfAa Xo - peryJIHpHaH TQqKa rpaH!IU,bl s (CM. 
[4), [6]). 

Bamnoe 3HaqeHne HMeIOT TaKme HCCJieAOBaHHH 3aAaqH 
.IJ.npnxne AJIH KOMilaKTOB H ycTOii:ql!BOCTll 3aAaqn /"t;HpHxJie 
(CM. [6], [4)). 

l:IHTeHCHBHO pa3Bl!BaeTCH II3yqeHHe IIOTeHU,HaJIOB c 
p;pyre:MH Hp;paMn, OTJIHqHblMII OT HApa E (x, y), n nx rrpH
MeHeHnii. AJIH perneHHH KpaeBblX aaAaq (cM. Becce.n,ee no
menlfua.n,, He.11uneiinwii nomen1fua.n,, Pucca nomenlfua.n,, 
a TaKme (3), [11)). 

Jium.: [1] r IO HT e p H. M., Teopmr noTem11rnJia H ee rrpH
MeHeHHe H OCHOBHhlM aa11a<IaM MaTeMaTH'IeCHOH ljJHamrn, M., 1953; 
[2) C p e T e H c H H ii JI. H., TeopHR HbIOTOHOP.c1wro rroTeH
UHaJia, M.- JI., 1946; [3) JI a H II H 0 ljJ H. c.' 0CH0Bhl COBpe
MeHHOtt TeOpHH IIOTeHuHaJia, M., 1966; [4) B p e JI 0 M., 0CH0Bhl 
1maccH<tec1<oil TeopHH IIOTeHuHaJia, rrep. c ljJpaHu., M., 1964; [5) 
Ke 11 o g g O D , Foundations of potential theory, B., 1929; 
(6) R e JI II hi m M B., «YcrrexH Ma1eM. Haym>, 1941, B. 8, c. 171-
231, [7) B H u a 11 a e A. B., YpaBl!eHHH MaTeMaTH<Iec1<oll ljJH-
3HHH, M , 1976, [8) er o me, RpaeBh!e aa11a<IH llJIR BJIJIHIITH<Ie
ctmx ypaBHeHHtt BTOporo IIOPflllKa, M., 1966; [9] B JI an HM H
p o B B. C., YpaBHeHHfl MaTeMaTH'!eCKOtt QJH3HHH, 4 H311., M., 
1981; [10) l\ y pa HT P., YpaBHeHHH c qacTHhlMH npoHsBOllHhIMH, 
rrep. c aHrJI., M., 1964; [11) M Hp a H II a R., YpaBHeHHH c qacT
HhlMH rrpOH3BOllHhlMH SJIJIHIITH'Iec1<oro THIIa, rrep. c HTaJI., M .• 
1957; (12) MHXJIHH C. r., JIHHeil:Hble ypaBHeHHfl B 'IaCTHbIX 
IIpOH3BOllHhlX, M., 1977; [13) TH x 0 H 0 B A. H., ca Map
c 11 H ll A. A., YpaaHeHHH MaTeMaTH'Iec11ott QJH3HHH, 5 H31l., M., 
1977. A. H. IlpUJ1enno, E. lJ.. Co.110Me><w6. 

IIOTEHIJ;HAJIA TEO PHH ABCTP AKTHAH - Teo
p:irn JIOTeHu,naJia Ha a6cTpaKTHblX TOIIOJIOfI!q. npoCTparrCT
a ax. II. T. a. B03Hl!KJia B cep. 20 B. H3 CTpeMJieHHH OXBa
THTb eJUIHblM aKCl!OMaTnq. MeTOUOM IIIHpOKoe MHoroo6pa-
3l!e CBOHCTB pa3JIHqHblX IIOTem~naJioB, rrpHMeHHeMblX npn 
pemeHnn paaHoo6pa3HblX aauaq TeopnH un«P«PepeHLI,HaJib
HblX ypaBHeHnii c qaCTHbIMH rrpoH3BOL{HblMH. Ilepaoe no
CTaToqao IIOJIHoe H3JIOll\eHHe aKCl!OMaTHKll «rapMOHl!qe
CKHX» «PYHKU,llll (T. e. perneHl!ll uorryCTl!MOro KJiacca ypaB
HeHnii c qaCTHblMll rrpOH3BOL{HblMll) ll COOTBeTCTBYIOmllX 
noTeHu,HaJioB 6blJio uaHo M. Epeno (1957-58, CM (1)), Ho 
OHO OXBaTblBaJio TOJlbKO ypaBHeHHH 3JIJIHIITl!q. Tllrra. Pac
IIIJipeHlle Teopnn, rrpHrop;Hoe H AJIH IDHpoKoro KJiacca 
ypaBHeHHH napa6onnq. TJma, rroJiyqeHo X. EayapoM 
(1960-63, CM. (3)). BechMa nJIOAOTBopHbIM oKaaancH ae
poHTHOCTHblii: IIOL{XOA K II. T. a., HaqaJio K-poMy 6blJIO rro
JIOll\eHO eme B pa6ornx II. Jlean (P. Levy), .IJ.m . .IJ.y6a 
(J. Doob), f. XaHTa (G. Hunt) ll AP· 

.11.JIH HBJiomeHnH II. T. a. yno6Ho IIOHHTHe eap.MOHU'te
c1weo npocmpancmea. IIycTb X- JioKaJibHO KOMrraKTHoe 
TOIIOJIOfllq. npocTpaHCTBO. II y q K 0 M «P y H K u, H H 
Ha X Has. 0To6pameH11e ~. orrpep;eJieHHoe Ha ceMeii:cTBe 
acex OTKpblTblX MHO)J(eCTB x H TaKoe, qTo 

1) ~ ( U) AJIH nro6oro OTKpblToro MHomeCTBa UcX eCTb 

ceMeii.cTB o lfiyHKu,nii: u : U --+ IR= [ - co , oo]; 

2) eCJill OTKph!Tble MHOll\eCTBa u' v TaKOBbl, 'ITO u c v c 
c X, TO cymeHne JII06oii: «PYHKU,llll H3 ~ ( V) Ha U rrpHHan
Jie)lrn.T 15 ( U); 

3) eCJIH AJIH JII06oro ceMeii.cTBa { Ud, i EI, OTKpbITbIX 
MrromeCTB U;cX cymeHHH HeK-poi"1 onpeueJieHHOH na 
U;ezU; «PYHKU,Hll u Ha U; UJIH acex iEI npHHaAJiemaT 

'iJ(U;), TO uE\l;(UiE/U;). 
IIyqoK «PYHKU,JIH fil.\ rra x ua;;. r a p M 0 H ll q e c K II M 

II y q K 0 M' eCJIH L{JIH JII06oro OTKpbITOro MHomecTna 
UcX ceMeii.CTBO fill ( U) eCTb ueii:cTnHTeJibHoe aeKToprroe 
rrpocTpaIICTBO HerrpepblBHblX «PyrrKU,llll Ha u. <l>yIIKU,llH u' 
orrpeJJ:eJieHHaH Ha HeK-pOM MHOllieCTBe ScX, COL{epJKaIUeM 
OTKpblTOe MHomeCTBO U, Ha3. fill-«P y H K u, H e ii:, eCJill 
cymeHHe ul U rrp1IHaL{JiemnT fill ( U). fapMoHn:q. rryqoK fill 
rr e B bl p o m A e H B ToqKe x E X, ecJIH B oKpeCTHOCTH 
x cyu\eCTByeT fill-«PyHKU,llH u Ta.KaH, 'ITO u (x) of. 0. 

PeaJihHble pa3JIHqllH B aKCHoMaTmrnx Bay::ipa, EpeJio, 
l"t;y6a xapaKTepn:ayIOTCH CBOHCTBaMH CXO).\l!MOCTH fil.1-
«PYHKU,HH. 

a) c B 0 ii: c T B 0 c x 0 A n: M 0 c T ll E a y 3 p a co
CTOHT B TOM, qTO eCJill B03paCTaromaH IIOCJieL{OBaTeJibHOCTh 
fil.l-«PyHKU,Hll JIOKaJibHO orpam1qeHa Ha HeK-pOM OTKpblTOM 
MHOll\eCTBe u cX' TO npeueJibHaH «PYHKU,l!H IJ eCTb fill
«PyHKU,JIH. 

6) C B 0 Il C T B 0 C X 0 A ll M 0 C T ll .IJ. y 6 a COCTOHT 
B TOM, qTO eCJill npe11,eJibHaH «PYHKU,l!H IJ KOHeqHa Ha IlJIOT
HOM MHOll\eCTBe B x' TO IJ eCTb fil.l-«PyrrKIJ,11.H. 

B) C B O ii: C T B O C X O A ll M 0 C T ll B p e JI 0 COCTO
l!T B TOM, qTO eCJill npeueJibHaH «PYHKL\MH v B03pacTaIOmeii: 
IIOCJiep;oBaTeJibHOCTli fil.1-«PyHKU,l!II Ha HCK-pOl'l: o6JiaCTli 
UcX KOHeqHa B TOqKe xE U, TO v CCTb fill-«PyHKU,HH. 

ECJIII rrpOCTpaHCTBO x JIOKaJibHO CBH3HO, TO HMeIOT 
MeCTO HMIIJll!KaU,l!II B) ;> 6) ;> a). 

IlyqoK «PYHKU,l!H u Ha x Ha3. r H II e p r a p M 0 H li

q e c K ll M II y q K 0 M, eCJIIl AJIH JII06oro OTKpblTOTO 
MHOll\eCTBa UcX C~MeHCTBO 11 ( U) eCTb BbIIIYKJlblH KOHYC 
noJiyHerrpepblBHbIX CHH3Y «Pymn1,nii u : U -+ (- oo, co I; 
U-«P y H K 11 H H orrpeneJIHeTCH aHaJIOrII'IHO W-«PyHKU,Hll. 
OT06pameH1Ie U-+ U(U)n(-U(U)) ecTL rapMoeuq. 
rryqoK $ID= Wu, rropomp;eHHbliI nyqKoM U; TOJibKO llTOT 
rapMOHl!q. rryqoK 6yueT HCIIOJib30BaTLCH B L{aJibHeii:rneM. 

IIyCTb Ha rpaHHU,e au OTKpLITOro MIIOll\eCTBa UcX 
AaHa HenpepblBIIaH «PYHKU,l!H Cf : a U -+ (- 00, CXl) C KOM
IlaKTHblM HOCIITeJieM. fHneprapMOHllq. rryqoK ll II03Il0JllleT 
rrocTpOHTb Ileppona .Memoao.M o6o6meHHOe pemerrHe aana
q11 .Il.llpl!XJie L{JIH HeK-pblX OTKpblTblX MHmKecw B KJiacce 

COOTBeTCTByIOmllX fill-«PYHKU,l!Il. IlyCTb Tiq> - ceMeiicTLo 
IIOJiyHenpepblBHblX CIIH3Y u ~«PYHKU,llll u, orpaHll'lClll:bJ x 
CHH3Y Ha u' IIOJIOll\HTeJibHblX BHe HeK-poro KOM!laKTU II 

Jim infu(x)~cp(y), yEOU; 
x-+ y 

MomHo rroJiomnTh Uq> = -llcp. IIycTb Terrepb 

Hq>(x)=inf{u(x): u{Uq>}, xEU, 

n H q> = co, eCJIH Ucp = 0. AHaJiorHqeo, 

j!cp (x)=sup{u(x): uE!!cp}, xEU, 

l!JIH l!. q> = - CXl. <l>yHKU,HH Ha3. p a 3 p e III II M 0 J'i:, CCJIJI 

AJIH Hee H <i> H H <i> coarranaroT, H cp= H cp= H <P• II H cp HBJrneT

CH W-«PyHKu,neii:; 3Ta «PYHKll,HH H <P 11 ecTb o6o6meaaoe pe
rneHne aaAaq11 .IJ.upnxJie B KJiacce fili-«PyHKu,nii:. 0TKpbIToe 
MHomeCTBO UcX p a a p e m n M o OTHoC11.TeJILHo U, 
ecnn paapernnMa nro6aH KOHeqrraH eenpepbIBIIaH ciiYHKU,HH 
C KOMilaKTHblM HOCHTeJieM Ha aU. /"t;JIH pa3peumMOfO MHO
ll\eCTBa U oTo6pameHne H q> : C k(fi U) -+ 1R. ecTL noJiomn

TeJibHblH JIHHeHHblH «PYHKU,HOHaJI, K-pb11'1, CJiep;onareJibHO, 
oupep;eJIHeT JIOJIOll\HTeJibHYIO Mepy µx, x EU, ua3. r a p-
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M 0 H II q e C K 0 ii Me p 0 H Ha aU B TOqKe X (oTHOCH
TeJibHO U). 

JloKaJihHO KOMIIaKTHOe rrpoCTpaHCTBO x c rI1rreprap
MOHI1q. rryqKOM u rrpeaparn;aeTCH B rap M 0 H II q e c K 0 e 

11 p 0 c T p a H c T B o, ecm1 AJI.H aero BblIIOJIHHIOTCH co
OTBeTCTBYIOU\He qeThlpe aKCHOMbl (CM. I'apMOl{,U'Jecr;oe npo
cmpaHcmeo), IIpH'IeM B aKCIIOMe CXOAHMOCTH HMeeTCH B BH
AY CBOI'icTBO Eayapa. 

qaCTO (B KJiaccuq. IIpIIMepax HMeHHO TaK II OOCTOHT 
p;eJio) 3a ocaoay GepeTCH rapMoa11q. 11yqoK >ID, a aKCHOMa 
MamopaHThI cJiymHT Torp;a orrpep;eJiea11eM rI111eprapMOHil'L 
11yqKa. Harrp., eBKJIHAOBo rrpocTpaHCTBO IR.n, n>2, c 
11yqKOM KJiaCCilq. perneHIIH ypaBHeHHH JiarrJiaca IIJIH 
ypaBHeHHH TeIIJI011pOBOAHOCTH B KaqeCTBe >ID HBJIHeTCH 
rapMOHHq. rrpocTpaHCTBOM. rapMoanq. rrpoCTpaHCTBO JIO
KaJihHO CBH3HO, He cop;epmIIT Il30JII1pOBaHHblX ToqeK II 
HMeeT 6a3HC H3 CBH3IIblX pa3peIIIHMblX MHomeCTB (pa3peIIIH
MblX o6JiaCTeii:). 

0TKpbITOe MHOiKeCTBO u rapMOHHq. 11pocTpaHCTBa x c 
cymeaneM U IU B KaqecTBe r11rreprapMoanq. rryqKa eCTh 
rapMOHilqeCKOe 11pOCTpaHCTBO X. rn-
11eprapMOHilq. «PYHKJ:J.IIH u aa UcX aa3. c y 11 e pr a p
M 0 H H q e c K 0 ii: «P y H K II, II e ii, eCJIII AJIH JII06oro 
OTHOCHTeJibHO KOMlJaKTHOfO pa3pernn:Moro MHomeCTBa v' 
v cu' HaI160JihIIIaH MilHOpaHTa µVu HBJIHeTCH rapMOHil
qeCKOil, µvu E fill ( V). Maorne caoilCTBa 1macc11:qecKI1x cy
rreprapMoa11q. «PYHKIJ,HH (cM. Cy6eapMonu'Jec1wsi rfiy1u>r.fusi) 
BbllJOJIHHIOTCH H 3/J;eCh. Il 0 T e H II, H a JI 0 M Ha3. TaKaH 
IIOJIOll\HTeJihHaH cyrreprapMOHnq. «PYHKIJ,HH u, AJIH K-poil 
HaH60JihillaH rapMOHHq. MilHOpaHTa µVu Ha x TOll\/J;eCTBeH
HO paBHa HyJIIO. rapMOHHq. IIpOCTpaHCTBO X Ha3. {£-r a p
M 0 H H q e c K H M (IIJIH \ll-r a p M 0 H H q e c K n M) 
11 p b c T pa H c TB 0 M, eCJIH AJIH JII06oii ToqKH xEX 
cyIIl,eCTByeT lJOJIOll\IITeJibHaH cyrreprapMOHHq. «PYHKil,HH u 
(COOTBeTCTBeHHO lJOTeHIJ,HaJI u) Ha x TaKaH, qTQ u (x) >O. 
JI106oe OTKpbITOe MHOll\eCTBO \ll-rapMOHHqeCKoro 11pOCT
paHCTBa pa3peIIIHMO. 

IlpHHnMaH aa OCHOBY rapMOHHq. 11yqoK fill H orrpep;eJIH.H 
COOTBeTCTBYIOlIJ,Hii r1111eprapM0Hnq. 11yqoK >ill* c IIOMOIIJ,b!O 
aKCHOMbl MamopaHTbl, IIOJiyqaJOT 11 p 0 c T p a H c T B 0 
E a y a p a, coe11ap;a10rn;ee c rapMorrnq. 11pocTpaHCTBOM 
AJI.H fill*. EcJIH rapMOHilq. 11yqoK ?ID AJill JI106oro OTKpbIToro 
MHomecTea UclRnx 1R coCTOIIT Il3 pernea11il h ypaBHeHHH 
TerrJioIIpOBOAHOCTH i'J.h-ah/at=O, TO >ID o6Jiap;aeT CBoiiCT
BOM CXOAIIMOCTl! l"t;y6a II 1Rnx IR c 3THM 11yqKoM >ID eCTb 
\ll-11pOCTpaHCTBO (Eayapa). IlpII 3TOM v - rI111eprapMo
HHq. «PYHKil,HH Imacca C 2 TOf/J;a H TOJibKO Torp;a, eCJIH i'J.v
-av/at<r;;,0. 

II p o c T p a H c T B o E p e JI o xapaKTepI13yeTCH 
CJiep;yIOIIl,IIMII yCJIOBil.HMH: x He HMeeT H30JII1pOBaHHblX 
ToqeK H JIOKaJihHO CB.H3Ho; peryJIHpHhle MHOll\eCTBa OTHO
CnTeJihHO >ID o6pa3yIOT 6a3y x (peryJIHpHOCTb - 3TO pa3-
peIIIHMOCTb KJiaccnq. 3ap;aqn AnpnxJie B KJiacce >ill); 
)ID o6Jiap;aeT caoilcTBOM cxop;I1MOCTH EpeJio. IIpocTpaacTaa 
EpeJio COCTaBJIHIOT co6CTBeHHblH IIOAKJiacc T. H. 3JIJIIIII
TnqeCKIIX rapMOHilq. rrpoCTpaHCTB (CM. (4]), T. e. 3JIJIHII
Tn:q. 11poCTpaHCTB Eayapa. EcJin rapMoHnq. rryqoK >ID 
/];JI.II JII06oro OTKpbITOfO MHOmeCTBa UclRn, n>2, COCTOHT 
H3 perneHnii u ypaBHeHIIH JiarrJiaca i'J.u=O, TO IR.2 c 3THM 
rryqKoM ecTb (\;-rrpocTpaHCTBo EpeJio, a IR.n rrpn: n>3 eCTb 
\ll-rrpocTpaacTBo EpeJio. Ilpn 3TOM v - rn:rreprapMOHilq. 
«PYHKil,H.H KJiacca C~ TOr)la H TOJibKO TOr/J;a, eCJIH i'J.v<r;;,0. 

ToqKa y rpaHHil,bl au pa3peIIIIIMOfO MHOll\eCTBa u rap
MOHilq. IIpOCTpaHCTBa Ha3. p e r y JI H p H 0 :ii: r p a H II q
H o :ii: To q K o ii, ecmr Jl.·rn mo6oii: KOHeqaoii: HerrpepbIBHoii 
«PyHKll,HH cp Ha a U HMeeT MeCTO 11pep;eJI 

lim Hrp (x)=cp (y), xEU, 
x-+ y 

a B rrpOTHBHOM CJiy'Iae y Ha3. H p p e r y JI H p H 0 ii 
r p a H H q H 0 ii T 0 q K 0 11:. IlyCTb F - «PIIJibTp Ha u, 
CXOA.Hlll;IlllC.H K y. E a p be p 0 M «PIIJibTpa F Ha3. CTporo 

IIOJIOll\HTeJihHa.H rilrreprapMOHHq. «PYHKIJ,H.H v, onpep;eJieH
Ha.H Ha 11epeceqemrn u c HeK-poii OKpeCTHOCTbIO y II CXOA.H
IIl,aHCH K 0 BAOJib F. EcJrn AJIH OTHOCHTeJibHO KOMIIaKTHOro 
pa3pernnMoro MHomecTBa U (~-rapMoHn'IeCKoro rrpoCTpaH

CTDa Bee .iPHJibTp hi, CXOAHIIJ,HeCH K TO'IKaM y Eau' l!MeIOT 
6apbep, TO u - p e r y JI H p H 0 e M H 0 m e c T B o, 
T. e. Bee ero rpamr'IHLre TO'IKII peryJIHpHhle. Ecmr U -
OTHOCnTeJihHO I<OMIIaKTHOe OTI\pbITOC MHomeCTBO \ll-rap
MOHH'IeCKOro 11pOCTpaHCTBa, rra 1\-poM cyrn,eCTByeT CTporo 
lJOJIOll\nTeJibHaH rnrreprapMOHil'I. «PyHKIJ,IlH, CXOAHIIl,aHCH 
K 0 B Kamp;oii ToqKe y Eau' TO u - peryJIHpHoe MHome
CTBO. 

RpoMe n3yqeanH pa3pern11MOCTI1 II peryJIHpHOCTH e 3a
p;aqe AnpIIXJie, K OCHOBHOH rrpo6JieMaTIIKe n. T. a OTHO
CHTCH: TeopIIH eMnocmu Toqe'JHblX MHOll\eCTB Ha rapMOHH'I. 
11pocTpaacTaax X; TeopnH BblMeTaHnH (CM. Bb!Memanusi 
Memoa) «PYHKIJ,Ilii Ii! Mep Ha X; TeOpIIH IIHTerpaJihHblX rrpep;
CTaBJieHnii lJOJIOll\IITeJihHblX cyrreprapMOHnq. «PYHKIJ,Hll Ha 
X, 0606rn,a10rn,aH rrpep;cTaBJieHHH MapTHHa (CM. M apmuna 
epanuqa). 

Yme B Haq. 20 B. 6blJia 3aMe•ieHa TeCHaH CBH3b TeOpIIH 

rroTeHIJ,naJia c HeK-pbIMH eorrpocaMn Teopnn eepo.HTHOCTeii, 
TaKHMH, KaK 6poynoecnoeo aeuJ1cenusi npoqecc, aunepoecnuii 
npoqecc, Map1wecnuu npoztecc. Harrp., eepOHTHOCTb Toro, 
qTQ TpaeKTOpnH 6poyHOBCKOfO ADHJKeHIIH B IIJIOCKOH 06-
JiaCTH Ge IR 2, IICXOAHU\aH H3 TO'IKH x0 E G, BCTpenn B rrep
Bblii: pa3 rpaHIU~y aG Ha (6opeJieBCKOM) MHOll\eCTBe EcaG, 
eCTh ae qTo naoe, KaK eapMonu'lecnasi Mepa MHomecTBa E 
B TOqKe x 0 ; no.ttsipnb!e MIWJ/Cecmea rpaHHIJ,bl aG CyTh IIpII 
3TOM Te MHomeCTBa, K-pble TpaeKTOpilII He BCTpeqaJOT IIO'I
TII aaBepaoe. B AaJihHeilrneM aepoHTHOCTHble MeTOAhl crro
co6cTB0BaJII1 6oJiee rJiy6oKoMy IIOHI1MaHI1IO HeK-pbIX IIAe:ii: 
Teopnn IIOTeHIJ,HaJia H rrpnBeJin K PHAY HOBblX pe3yJihTa
TOB; c p;pyroii CTOpOHhI, TeopeTHKO-IIOTeHIJ,IlaJihHblll IIOA
XOA yMeHhIIIaeT oTqymp;eHHOCTb Teopnn BepoHTHOCTe:ii: H 
TaKme rrpHBO/];IIT B Heft K HOBbIM pe3yJihTaTaM. 

IlyCTb x - JIOKaJihHO KOMIIaKTHOe rrpocTpaHCTBO co 
C'IeTHOii 6a3oft, ck II Co - KJiaCCbl KOHeqHb[X HerrpepbIB
HblX «PYHKIJ,nii: Ha x COOTBeTCTBeHHO c KOMIIaKTHblM HOCH
TeJieM H CTpeMHIIJ,IIXCH K 0 Ha 6eCKOHe•rnocT11. Hp;po-Mepa 
N (x, E)>O ecTb (6opeJieacKaH) «PYHKIJ,Il.H OT x EX AJIH 
Kamp;oro OTHOCHTeJihHO KOMIIaKTHOro (6opeJieBCKoro) MHO

meCTBa EcX. C rroMOIIl,hIO N Kamp;o:ii: «PYHKIJ,HH f>O, f EC k• 
CTaBHTCH B COOTBeTCTBHe IIOTeHIJ,IlaJI-«PYHKIJ,HH 

NJ (x) = ~ f (y) N (x, dy), xEX, 

a Mepe S>O COOTBeTCTByeT IIOTeHIJ,HaJI-Mepa 

SN (E) = ~ N (x, E) dS (x). 

Ep;nHil'IHoe Hp;po I (x, E) paBHO 0 rrpII xf/;:_E H paBHO 1 rrpH 
xEE, OHO He H3MeHHeT/(x) H S(E). Harrp., B eBKJIIIAOBOM 

rrpocTpaHCTBe IR.3 HAPO 

N (x, E) = \ -1 dy I 
.)E x-y 

orrpep;eJIHeT HhIOToHoB rroTeHIJ,I1aJI N f c rrJioTHOCThIO f, a 
SN eCTh Mepa c rrJIOTHOCThIO, paBHoii: HhIOTOHoBy noTea
I1,I1aJiy Mepbl S (CM. /lomenqua11a meopusi). 

Hp;po-rrpon3aep;eane nMeeT BRA 

MN (x, E)= ~ N (y, E) M (x, dy). 

CeMeHCTBO Hp;ep {N t }, t>O, c aarrnHOM KOMII03Hll,IIH 
N t + s= N tN s HBJI.HeTCH O/J;HorrapaMeTpnq. rroJiyrpyrrrroii:. 
HApo N YAOBJieTBopneT rroJIHOMy rrpIIHil,IIIIY MaKCnMyMa, 
eCJIII AJIH JIIOObIX /, g>O I13 Ck II a>O BbIIIOJIHeHI1e Hepa
BeHCTBa Nf,,;;.Ng+a Ha MHomecTDe, rAe f>O, BJreqeT 3a 
co6oft BblIIOJIHeHne 3Toro HepaBeHCTBa BCIOAY Ha x. 
0CHOBHaH B 3TOII TeopIIII T e 0 p e M a x a H T a B rrpo
CTeiirneii: «PopMe COCTOIIT B TOM, 'ITO eCJIII o6pa3 ck II pn 
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0T06pamemu1 N JIJIOTeH B C0 u N YAOBJieTBOpHeT IIOJIHOMY =a;;(x), e;=e;(x), c(x)..;;:O n IIpaBo:ii 'laCThIO f(x), IIpn'IeM 
IIpumi;nIIy MaKCnMyMa, TO cyu.1,eCTByeT IIOJiyrpyIIIIa {Pt}, c (x) <-k: <0 BHe HeK-po:ii orpaHH'leHHO:ii o6Jiacm, co-
t?O, TaKMI, 'ITO Aepma1IJ,eu BHyTpu o6JiaCTh D KJiacca C1. TorAa JI106oe 

r"' pellleHHe u (x) ypaBHeHHH (1) KJiacca C2 (D u S) MOlRHO 
Nf (x) =.) 0 Ptf (x) dt, I ~O IIpeACTaBHTh B BnAe cyMMhl Tpex (06061IJ,eHHhIX) IIoTeHIJ,n

aJioB: IIOTeHIJ,naJia o6~eMHhIX Mace 
( .p e JI JI e p 0 B c K a H II 0 JI y r p y II II a); II pH 3TOM 

Pt oT06pamaeT ck B Co, Po - eAUHH'lHOe HApO, lim Ptf= 
t-+O 

=f, /EC0 , JioKaJihHO paBHOMepHo u P 1(1)..;;:1. <l>yHKIJ,HH 
f~O Ha3. fl Kc ll, e cc II B H 0 :ii .p y HK ll, II e ft OTHOCII
TeJihHO IIOJiyrpy1111h1 {Pt}, eCJIH BCerAa p ti<! H lim p tf= 

t-+O 
=t; ecJin Ptf=f, TO/ Ha3. H H Ba pH a HT H 0 ii .PYHK
ll, H e ii. CooTBeTCTByIOm;ne IIOCTpOeHUH HMeIOT MeCTO II 
AJIH IIoTeHIJ,HaJia-Mephl SN. 

Qqep'leHHaH TeopHH r. XaHTa (1957-58) nM.eeT HeIIO
cpeACTBeHHhIH BepOHTHOCTHhIH CMhICJI. IIyCTb Ha x 3aAaHa 
lieK-paH a-aJire6pa 6opeJieBCRHX MHOlReCTB Ill: H BepoHT
HOCTHaH Me pa p. CJiyqaftHaH BeJIH'lHHa s = s (x) - <!TO 
sil:-H3MepnMoe OT06pameH11e x B IIpOCTpaHCTBO COCTOHHHH 

R=[-oo, oo]. CeMeHCTBO cJiy'laiiHhIX BeJIH'lHH {St}, 
t?O,- 3TO CJiy'laHHhiii MapROBCRUH IIpOIJ,eCC, AJIH R-poro 
S t(x) - TpaeRTopnH TO'IRH x EX, ecJin AJIH RamAoro y, 
- 00 ..,;y < 00, cym;ecTByeT BepoHTHOCTHaH Mepa PY H3 %'( 
TaRaH, 'ITO 

1) PY ({S0 =y}) =1; 2) PY (A), AEIR, 

- 6opeJieBCRaH !J>yHRIJ,HH OT y; 3) BIIA TpaeRTOpHII, IIpo
XOAHm;eil: qepea y B MOMeHT r, IIpH t?r He 3aBHCIIT OT IIOJIO
iReHHH IIpeAhIAym;nx ee TO'leR. IIp11MeH11TeJibHO R TaRHM 
MapRoBCRIIM IIpmi;eccaM IIoJiyrpyIIIIhl {Pt} HHTepIIpeTu
pyIOTCH RaR IIoJiyrpyIIIIhl Mep 

Pt (y, B) =PY ({StEB}). 
BamHoe 3Ha'leHIIe nMeeT II3y'leH11e aRCIJ,eccuBHhIX n HHBa
puaHTHhIX !J>yHRIJ,IIH OTHOCHTeJihHO IIOJiyrpyIIII {Pt}. 

c Apyroii: CTOpOHhl, eCJIII x eCTb )ll-rapMOHH'leCROe 
IIpOCTpaHCTBO co C'JeTHOH 6aaoii, TO Ha HeM BCerAa MOlRHO 
BE.I6paTb HApo IIOTeHIJ,IIaJioB TaR, 'IT06hl YAOBJieTBopHJIHCh 
ycJIOBIIH TeopeMbl XaHTa, II aRCIJ,eccuBHhle !J>yHRIJ,HH cooT
BeTc1'By10m;eil: IIOJiyrpyIIIIhl 6yAyT TOrAa B ToqaocTH aeoT
pHIJ,aTeJibHhIMH ruIIeprapMOHH'l. !J>yHRIJ,HHMH. TeopeMa 
XaHTa o6o6m;aeTCH II AJIH HeR-pbIX TIIIIOB rrpOCTp3HCTB 
Bayapa (cM. [4], [7]). 

II Apyrne rroHHTIIH II. r. a., TaR11e, HaIIp., KaR Bh1MeTa
H11e, IIOJIHpHhle H TOHRHe MHOlReCTBa, TaRme IIOJiyqaIOT 
BepoHTHOCTHYIO HHTepIIpeTaIJ,HIO B paMRax o6m;eii: Teopu!I 
CJiy'laHHhIX IIpOIJ,eCCOB, 06Jier'laI01IJ,yIO !IX IICCJieAOBaHIIe. 
C Apyroii: CTopoHhl, AJIH TeopnH BepoHTHOCTeii oRa3aJiaCb 
BamHoil: TeopeTnRo-IIOTeHIJ,IIaJibHaH TpaRTOBKa pHAa rro
HHTHii, TaRnx, HaIIp., RaR MapTHHl'aJihl, BhIXOAHill,HX aa 
paMRH MapROBCRHX IIpOIJ,eCCOB. 

JI um.: [1] B re I o t M., Lectures on potential theory, 2 ed., 
Bombay, 1967; (2] er o me, «L'enseign. math.», 1972, t. 18, 
No 1, p. 1-36; [3] Bauer H., Harmonische Ratime und ihre 
Potentialtheorie, B., 1966; (4] Constantine s cu C. 
Corne a A., Potential theory on harmonic spaces, B., 1972; 
[5] M e tt e f II. - A., Bepof!THOCTb u nOTem-1HaJ1bI, nep. c aHrJI., 
M., 1973; [6 X a HT ,[]; m. - A.t Map1wsc1me rrpoueccbl a rroTeH
uuaJ1bl, nep. c aHrJI., M., 1962; 7] B I um en th a I H., G e
t o or R., Markov processes and potential theory, N.Y.-L., 
1968. E. ff.. C0Jto.Me11.i;ee. 

IIOTEHIJ;I:IAJIOB METO,IJ; - MeTOA 11ccJieAOBaHHH 
RpaeBhIX 3aAa'l AJIH ypaBHeHIIii MaTeMaTII'l. !J>u3HKH rryTeM 
CBeAeHIIH IIX R IIHTerpaJihHhIM ypaBHeHIIHM, OCHOBaHHhlii 
Ha IIpeACTaBJieHHH pemeHHii :!TUX 3aAa'l B BUAe (o6o6m;eH
HhIX) IIOTeHIJ,IIaJIOB. 

IIyCTb B IIpOCTpaHCTBe 1Rn, n?2, 3aAaHO An!J>!J>epeHIJ,U
aJibHOe ypaBHeHIIe c 'laCTHhlMII IIpOH3BOAHhIMII 2-ro IIO
PHARa :JJIJIIIIITII'l. THIIa 

Lu=~~ i= I ( aij ax~':xJ + ~7=1 e; ::,. +cu=/ (x) 

(1) 
C AOCTaTO'lHO rJiaARHMII RoacW>RIJ,HeHT3MH ai/= a ji= 

~DE(x, y)p(y)dy, 

IIOTeHIJ,HaJia IlpOCTOfO CJIOH 

~s E (x, y) a (y) d-sy 

II IIOTeHIJ,HaJia ABOJOIHOro CJIOH 

~ 5 Qy[E(x, y)]µ(y)dsy, 

(2) 

(3) 

(4) 

rAe S=aD - rpaHnIJ,a o6JiacTn D, E(.r, y) - z.tta6noe 
(/iynaa.11tenma.n,bnoe peuunue oIIepaTopa L, cnMBOJI Qy o6o-

3HatJaeT oIIepaTop 
a,, 

Qyv= aDN-bv, 

Aeil:cTByIO~ii B ToqRe y ES, N - eAHHH'lHhiii BeKTop Ko
uopMaJiu B TO'lKe y ES, 

a2 =~~=1 (~;=laijCOS(v, Yj)y, 

b=~~= 1 e;cos(v, Y;), 

'V - ep;HHH'lHhlii BeKTop BHeIIIHeii HOpMaJiu K s B TO'JKe 
y ES. IIJioTHocm IIoTeHIJ,HaJioB p (y), a (y) n µ (y) - AOCTa
TO'lHO rJiaARHe !J>yHRIJ,IIH na D uJiu S. 

,Il.JIH IIOTeHIJ,UaJIOB (2)-(4) OCTaIOTCH B CuJie, c COOTBeT

CTByIOIIJ,HMU U3MeHeHHHMH, nee AH!J>!J>epeHIJ,ll:aJibHhle II 
rpaHU'lHhle CBOHCTBa rapMOHU'l. IIOTeHIJ,UaJIOB, OIIUCaHHhle 
n CT. llomem+ua.n,a meopua AJIH CJiy'laH, ROrAa L - oIIe
paTop JlaIIJiaca. Ha ocHoBaHnH aT11x cnoiicTn yAaeTCH cne
CTH RpaeBhle 3aAa'IU AJIH 3JIJIUIITI1q, ypanHeHuii THIIa ( 1) 
K IIHTerpaJihHhIM ypanHeHUHM, aHaJIOfll'lHO TOMy' RaK ::no 
6hIJIO 01rncano AJIH aaAa'l fl.npuxJie u HeiiMaHa AJIH rap
MOH11q, !J>yHKIJ,Hii B CT. JlomentfUllJ!ll meopua. 

Jium.: [1] M" p a H n a I\., YpasHemrn c '!aCTHbIMl!I npol!la
aonHblMl!I SJ1J1l!ITITl!l'!ec1wro THTia, nep. c HTaJ1., M., 1957; (2] B H
u a n a e A. B., Rpaesh1e aa}\a'll!I )'.IJlfl SJ1J1l!ITITH'lec1mx ypasHeHl!lli 
BToporo nopflJJ:Ka, M., 1966; l3] B JI a n 11. M 11. p o s B. C., Ypas
HeHl!lfl MaTeMaTl!l'!ecRofi cjll!l31!1RI!., 4 1!13/1., M., 1981; [1.J Ry TI pan-
3 e B. ,[];., MeTO)'.lbI noTemurnJ1a s Teopl!ll!I ynp yrocTH, M., 19 6 3; 
(5] M l!I JI H - T o M c o H JI. M , TeopeTH'leCKafl rHnpo)'.(l!.HaMmm, 
nep. c aHrJI , M , 1964. E. ,ll,. CoJto.MeU1.Je•. 

IIOTEHIVIA.'IbHAH CETh, c e T h E r o p o-
B a, - opToroHaJibHaH ceTb Ha AByMepHoii: IIOBepXHOCTH 
eBI\JIIl/:IOBa IIpOCTpaHCTBa, K-pyIO rrepeBOAIIT B ce6H IIO
TeHIJ,UaJihHOe ABIIil\eHue lRIIAKOCTH no noii: IIOBepXHOCTU. 
B IIapaMeTpax II. c. JiuaeiiHhl:ii aJieMeHT IIoBepXHOCTH HMe

eT BUA 

ds 2 = ~ du2-+~ dv 2 au av , 
rAe <I>=<I> (u, v) - IIOTeHIJ,HaJI IIOJIH c1rnpOCTII lRUAI\OCTIL 
KamAaH opTOI'OHaJihHaH IIOJiyreoµe3U'l. CeTb IIOTeHIJ,UaJib
Ha. tiacTHhIM CJiyqaeM II. c. HBJIHeTCH Jluyeu.1i.;ia cemb. 
II. c. BIIepBhie paccMaTp1rnaJI ,A. <l>. Eropon (1901). 

Jium.: (1] Ero po e )],. <I>., Pa60Th1 no m<cjlcjlepem1HaJ1httoli 
reoMeTpHH, M., 1970; [2] III y JI l!I Ko a c K l!I ft B. II., RJ1accH
qecKafl )'.(l!lcjlcjlepeHl{l!laJlbHafl reoMCTPl!lfl B TeH30pHOM H~JlOlReHl!IH, 
M., 1963. B. T. Baau.Jtee. 

llOTEHIVIAJibHOE IIOJIE, r p a A u e H T H o e 
II 0 JI e,- BeRTOpHoe IIOJie, o6pa30BaHHOe rpaAHeHTaMU 
rJiaAROii: CRaJIHpHoii !J>yHR!l,IIII f (t) HeCHOJlbKIIX nepeMeH
HhIX t= (t1, ... , tn), IIp1IHaAJiema1IJ,HX neR-poii: o6JiaCTH T 
n-MepHoro IIpOCTpaHCTBa. <l>yHRIJ,HH f (t) Ha3. c K a JI H p
H hi M II 0 T e H ll, lI a JI 0 M (II 0 T e H ll, I! a JI b H 0 ii 
qi y HK ll, II e ii) ::noro IIOJIH. II. II. BITOJIHe UHTerp11pyeMO 
B T: n (/ia(/i(/ia ypaeHenue (grad f (t), dt)=O HMeeT B Ra
qecTBe (n-1)-MepHhlx IIHTerpaJibHhIX ~moroo6pa3uii. JIII-
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HHH (n= 2) IIJIH IIOBepXHOCTH (n~3) ypoBHH IIOTem1,1rnJI a 

f (t). JI106oe peryJIHpHoe BIIOJIHe HHTerpnpyer.rne B T rwaa

pHaHTHoe IIOJie v= ( V1' V2, ••• ' Un) IIOJiyqacTCH yMHOJReHJI
eM IT. II. Ha CKaJIHp: 

at 
Va. (t)=c(t) ata, 1.;;;;;a.;;;;;n. 

CKaJIHp 1/c (t) Ha3. HHTerp11pyI01llIIM MHOIBHTeJieM ypaBHe

HllH ITc}lac}lc}la (v(t), dt)=O. ITpH3HaKOM llOTeHIJ,HaJihHOCTH 
IIOJIH va(t) (c (t)= 1) CJiyIBaT paBeHCTBa 

ava. av13 

otf'> = ata ' 
1 .;;;;a, 

03HaqaIOIIIHe, qTO llOJie v (t) HBJIHeTCH 6e3BHXpeB&IM (CM. 
Buxpb). 

ITOHHTHe IT. II. llllilpOKO HCIIo.7Ib3yeTCH B MeXaHHKe H 

cPH3HKe. EOJibllIHHCTBO CUJIOBblX " 3JieKTpHq. IIOJiei'r MOIB

HO paccMaTpHBaTb KaK IT. II. Harrp., eCJIII I (t) BbipamaeT 
JJ,aBJieHHe B TOqKe t H]:\eaJibHOii: IBHAKOCTH, 3aIIOJIHHIOllleii: 

o6JiaCTh T, To BeKTop F= -grad f ·dw paBeH paBHoneii:cT

BYIOllleii: CHJI naBJieHHH, llpHJIOll\eHHOft K 3JieMeHTy o6'beMa 
dw. ECJIH f (t) - TeMrrepaTypa HarpeTOro TeJia T B TOqKe 

t, To eeKTop F= -k ·grad f, rne k - K03cPcPHIVIeHT TerrJio

rrpoaonHoCTH, paeeH IIJIOTHOCTH TeIIJIOBoro IIOTOKa, HAY
lllero B CTOpOHy MeHee HarpeTblX yqaCTKOB TeJia (B Ha

rrpaBJieHHH, OpTOTOHaJibHOM H30TepMHq. IIOBepXHOCTHM 

f= const). JI. n. Kyn'l{oB. 
IIOTEHIJ;IIAJihHblll OIIEPATOP - oTo6pameHue 

A 6aHaxoaa rrpocTpaJICTBa X B conpHiKeHHOe npocTpaH

CTBO X*' HBJIHI01IIeeCH rpap;neHTOM HeK-poro cPYHKIJ,HOHaJia 
fEX*, T. e. TaKoe, qTo 

<A h) = I' I (x+ th)-! (x) x, Ill t . 
1~ 0 

Harrp., BCHKHii: orpaHnqeHHblii: caMoconpHiKeHHhlii: onepa

TOp A, orrpeneJieHHhlll Ha THJib6epTOBOM npocTpaHCTBe 
H, HBJIHeTCH rroTeH11,naJihHhlM: 

I 1 } A=grad n:<Ax, x) xEH. 
Jlum.: [1] Ba II H (i e pr M. M., BapHar:(HOHHb!it MeTOa H 

MeTOll MOHOTOHHbIX onepaTOPOB B TeOpHH HeJIHHeHHbIX ypaBHeHHH, 
M., 1972; [2] raeBcRHfi X., rperop K, 3axapHac 
R., HeJmueltnhie onepaTopub!e ypasueumi 11 onepaTopub!e ampljJe
peHQHaJihHhJe ypaeueumr, nep. c ueM., M., 1978. B. H. Co6o.n,eB. 

IIOTEPh (f>YHKIJ;IIH - HeoTpn11,aTeJibHaH c}lyHKIJ,IIH• 

IIOKa3hlBaIOlllaH IIOTepH (y1IIep6) 3KCrrepHMeHTaTOpa B 3a
naqe rrpHHHTHH CTaTHCTHq. peJJieHHH rrpH KaJR):\OM B03MOiK
HOM HCXO):\e 3KCrrepHMerrTa. ITyCTh x - CJiyqaii:HaH Be

mnHHa, rrpIIHHMaIOJll,aH 3HaqeHHH B Bbl6opoqHoM rrpoCT

paHCTBe (!, 53, P8), 0E0, H rrycTh D= {d} - rrpocT

paHCTBo acex B03MOiKHb!X perrrnHHH, K-pble MOIBHO rrpH
HHTb OTHOCHT0JibHO rrapaMeTpa 0 ITO peaJIH3all,HH CJiyqaft

HOrO BeKTOpa x. 'B TeOpHH CTaTI!CTHqeCKHX peUiaIOlllllX 

cPYHKll,HH JI106y10 HeOTpn11,aTeJibHYIO cPYHKll,HIO L ( · , ·), 
orrpe):leJieHHYIO Ha !XD, Ha3. cP y HK II, He ft II 0 Tep h. 
3HaqeHne L(0, d) IT. qi. L (-' ·) B rrpOH3BOJihHOH TOqKe 

( e' d) EI x D HHTeprrpeTnpyIOT KaK y111,ep6' K K-poMy rrpH
BOAHT rrpnHHTne peJJieHnH d, d ED, ecJin H<:THHlrne 3Ha qe

HHe rra paMeTpa eCTh e' e E 0. 
Jium.: [1] B a JI ha A., CTaTHcTHqecime pema10111He ljJyHHQHH, 

nep. c aHrJI., B RH.: Il03Hl:.(HOHHb!e HrpbI, M., 1967; [2] JI e Ma H 
3., Ilposepi;a cTaTHcTHqecRHX rttnoTea, nep. c aurJI., 2 Hap;., M., 
1979. M. C. Huny.!!utt. 

IIOTOK B e K T o p H o r o rr o JI H - OAHO H3 IIOHH
THH T00pHH BeKTOpHOrO IIOJIH. IT. B0KTOpHOTO IIOJIH a 
qepe3 IIOBepXHOCTb i} v BblpamaeTCH c ToqaoCTbIO AO 3HaKa 
rroaepXHOCTHhIM HHTerpaJIOM 

~~av (a, n) ds= ~ ~av(ax dy dz+audz dx+az dx dy), 

rne n - e):\HHHqHblH BeKTOp HOpMaJIH K rroeepXHOCTH iJV 
(npennoJiaraeTcH, qTo H3MeHeHHe aeKTopa n rro rroaepx-

HOCTH iJV HerrpephIBHO). ,Il;JIH IIOJIH CKopocreft qaCTllll, IBH)l,

KOCTH IT. BeKTOpHOTO IIOJIH paBeH o6'beMy IBH/J;KOCTH, 
rrpoTeKaIOllleH 3a e/J;HHHll,y BpeMeHH qepe3 IIOBepXHOCTb i} v. 

BC&-3. 
IIOTOK, A 11 H a M n q e c K a H c R c T e M a c H e

rr p e p hi B H hi M B p e M e H e M, - )l,HHaMRqecKaH CHC

TeMa, orrpe/J;eJIHeMaH p;eii:CTBHeM a/J;]:\HTHBHOH rpyrrrrbl /J;e.ll:
CTBHTeJibHb!X q11ceJI IR (HJIH a)l,)l,HTHBHOH IIOJiyrpyrrJihl 

HeOTpHll,aTeJihHblX /J;eftCTBHTeJihHb!X q11ceJI) Ha HeK-pOM 

c}la30BOM rrpOCTpaHCTBe w. ,Il;pyrHMH CJIOBaMH, KaJR/J;OMy 
t E IR (Kam/J;oMy t~O) corrocTaBJieHo HeK-poe rrpeo6pa30-

BaH11e S 1 : W - W, rrpHqeM 

S0 (w)=w H St+s(w)=St(Ss(w)). 

ITpn 3TOM t o6h!qHo Ha3. «BpeMeHeM» Ro aaBHCHMOCTH Stw 
OT t (rrpll cPHKCHpOBaHHOM w) roBOpHT KaR 0 «ABHIBeHHH» 
TOqKH S 1w; MHOIBeCTBO acex S1w p;JIH JJ,aHHOro w Ha3. 

T p a e K T 0 p H e ii: w (HepenKo 3TOT TepMHH yrroTpe6-

JIHeTCH rrp11MeH11TeJibHO K c}lyHKll,HH t ~ S tw). KaK 11 AJIH 
JII06hlx )l,HHaMnq. CllCTeM, o6hlqHo c}la3oBoe rrpocTpaHCTBO 
Ha]:\eJieHO HeK-poft CTpyKTypo:ii, H IT. B KaKOM-TO CMhICJie 

corJiaCoBaH c Heil: rrpeo6paaoBaHHH St coxpaHHIOT 3TY 

CTpyKTypy' rraKJia]:\blBaIOTCH orrpeneJieHHhle ycJIOBHH Ha 

xapaKTep 3aBHCHMOCTH s tW OT t. 
B IIpllJIOIB0HllHX qallle BCero BCTpeqaIOTCH IT., OIIHChl

BaeMb!e aBmono.Mnbi.Mu cucme.Ma.Mu o6blKHoBeHHhIX AHcPc}le

peH11,HaJibHhlX ypaBHeHHH 

(vi= f; (w1, ... , Wm), i=1, ... , m, (*) 

HJIH, B BeKTOpHhIX o6o3HaqeHHHX, zii=f(w), wEIR.n. Herro

cpep;cTBeHHoe 06061IIeHHe - rr o T o K H a A n if> qi e p e H-
11, H p y e M 0 M M H 0 r 0 0 6 p a 3 H H Wm, orrpeiJ;eJIHe
Mb!ft («IIOpOIB]:\aeMblft») 3a]:\aHHhIM Ha Wm rJia/J;KHM BeKTOp

HhIM rroJieM f (w) KJiacca Ck, k~1 (r JI a AR H ft 11 o
T o K K JI a c c a Ck). B 3TOM cJiyqae ABHll\eHHe ToqKH 

Stw, IIOKa OHa HaXO)l,HTCH B rrpe)l,eJiax OAHOH KapTb! (Jio

KaJibHOH CHCTeMhl KOOp/J;HHaT)' OIIHCblBaeTCH CHCTeMOll BH
na (*), B rrpaBoii: qaCTll K-poii: CTOHT KOMUOH0HThl BeKTOpa 

f (w) B cooTBeTCTBYIOlllHX Roopn11HaTax. ITp11 rrepexone R 
ll,pyroll: KapTe OIIRCaHHe ABHiKeHHH MeHHeTCH, IIOCKOJihKY 
rrpll 3TOM MeHHIOTCH RaK KOOPAHHaThl TOqKH S1w, TaK ll Bhl

pameHHH p;JIH KOMIIOHeHT aeKTopa f (w) KaK c}lyHKll,Hft Jio
KaJihHhIX Koopp;HHaT. CM. TaKIBe lfa.Mepu.1ttwii nomoK, 
H enpepbiBnb!ii nomoK, Tono.rwzu'lec1>asi iJuna.1ttuJtec1>asi cu
cme.1tta. 

IT. o6pa3yIOT Han6oJiee BaIBHhlll KJiaCC ARHaMnq. CHC

TeM, K-pblii: K TOMy me rrepBhlM HaqaJI H3yqaTbCH. TepMRH 
«AHHaMHqecKaH CHCTeMa» qaCTO yrroTpe6JIHIOT B y3KOM 

CMb!CJie, IIOHHMaH ITO]:\ HHM HMeHHO IT. (HJIH IT. H Kac
h·aiJb!). lf.. B. Attoco•. 

IIOTOK - rroHHTHe HHTYHIJ,HOHHcTcKoft MaTeMaTHKH 

(CM. lfnmyUlfUO//,U3Jtt); COBORyIIHOCTh, 8UO, COCTOHlllllll ll3 
KOHeqHhlX KOpme:HCeii HaTypaJihHhIX qHceJI, Ha3blBaeMb!X 

y3JiaMR IT.(HJIH 0 AOIIYCTHMhlMH RopTema

M H IT.). ToqHee, BHA IT KopTeme:ii HaTypaJibHb!X ql{CeJI 
Ha3. II 0 T 0 K 0 M, eCJIH BhIIIOJIHHIOTCH CJie):lyI01IIHe yc

JIOBHH: 1) cy1IIeCTByeT 3c}lc}leKTHBHOe rrpaBHJIO a (T. H. 
3 a K 0 H II 0 T 0 Ra), corJiaCHO K-poMy AJIH BCHKOro 

KOpTema <n1, ... ' nm> MOIBHO Bb!HCHHTh, HBJIH0TCH JIH OH 
y3JIOM II; 2) rryCTOll KOpTem < ) HBJIHeTCH y3JIOM BCHKOTO 

II.; 3) eCJIH KOpTeiK (n1, ... ' nm) eCTb y3eJI IT, TO BCHKHft 
ero HaqaJibHhlft KopTem BHAa (n1, ••• , ni) rrp11 i~m TaKme 
HBJIHeTCH y3JIOM IT; 4) eCJIH KOpTem <n1, ••• , nm) eCTh y3eJI 

II, TO Ha:iineTCH HaTypaJihHOe k TaKoe, qTO (n1, ... ' nm, k) 
ecTh y3eJI IT. 

EcJIR KopTem11 HaTypaJihHblx qiaceJI yrropHnoqRTh, cqR

TaH, qTO -r<:rt Torna ll TOJihKO TOrJJ,a, Korp;a T eCTb co6cT

B0HHOe HaqaJIO :rt, TO c TOqKH 3peHHH 3TOTO IIOPHAKa IIOTOK 

IT rrpeACTaBJIHeT co6o:ii 6eCKOHeqHOe AepeBO C HaqaJIOM < ), 
3a]:\aHHOe <ic}lc}leKTHBHhIM o6pa30M (3a]:\aHH08 3aKOHOM). 

Cao6onHo cTaHOBHlllaHCH rrocJiep;oBaTeJibHOCTh a (HJIH, 

6oJiee 061IIO, rrpmrnBOJibHaH ac}lc}leKTllBHaH cPYHKIJ,HH, rrepe-
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pa6aThIBaIOm;aH HaTypaJibHbie 'IHCJia B HaTypaJibHhle) 
Ha3. 3 JI e M e H T 0 M IT 0 T () K a n, CllMBOJinqecmr a, E II, 
ecJI11 AJIH BCHKoro n KOpTem (a(O), ..• 'a(n-1)) HBJIHeT
CH yaJioM II. R np11JiomeH11Hx ncTpeqaeTCH TaKme noHHTHe 
OCHaID;CHHOrO Il. 0 C H a Jn e H H hi ii. Il 0 T 0 K r COCTOllT 
H3 ITOTOKa Il H acpcpeKTHBHOrO npaBnJia r II (T. H. A 0 II OJI

H 11 T e JI h H o r o 3 a K o H a II.\, IIp11IIHChIBarom;ero 
KaJHAOMy yaJiy 3t IIOTOKa Il HeK-phlii. o6'beKT r u(3t). Kam-

AOMY aJieMenTy IIOTOKa II IIp11 3TOM ecTeCTBeHHhIM o6paaoM 
COOTBeTCTByeT IIOCJieAOBaTeJibHOCTb o6'beKTOB, 3aAaBaeMhIX 
3aKOHOM r I1. 

B H3hlKe cpopMaJibHoro 11HTy11u,11onncTcNoro MaTeMaTnq. 
anaJI113a II. aaAaeTCH cpy1mu,n:eii. - CBOIIM 3aKonoM II. 
c 3TOM IJ,0Jlbl0 paCCMaTpnBa0TCH CTaHAapTHOe IIpHMHTHBHO 
peKypc:irnnoe B3aHMHO OAH03Haqnoe COOTBCTCTBHe MemAy 
lWpTell\aMll HaTypaJihHhIX q11ceJI II HaTypaJibHhlMH qn:c
JiaM11. IIyCTb IIpH 3TOM KOpTemy < > COOTBCTCTByeT 0, 
onepannH COeAHHeHHH ABYX lWpTemeii. B O)~HH 3aAaeTCH 
Ha H}' HOMepax IIpllMHTllBHO peRypCHBHOM cpyHKD,neii. 

X*Y, x 03HaqaeT HOMep KOpTema c eAHHCTBeHHhlM qJieHOM 
x. YTBepmAeHn:e, qTo KOpTem c HOMepoM x HBJIHeTCH yaJIOM 
II., 3aAaBaeMoro a, 3annChIBaeTCH B B11Ae a(x)=O. TorAa 
cpopMyJia Spr(a), BhlpamarornaH IIom1rne «cpynmurn a aa
AaeT II.», 3aIIn:ChlBaeTCH B Bn:Ae 

a (0) =0& vxy (a (x * y) =0 ::J a (x) =0) & 

'Ix (a (x) =0 ::J 3Y (a (x * 0 = 0)). 

HaKonen, eCJIH qepe3 a (n) OU03Ha'!JtTI, HOMep KOpTema 
(a(O), ••• , a(n-1)), rAe n - AJIIIHa KOpTeiua, TO cpop
MyJia a Ea («a eCTb :lJ!eMem· Il.,3a)J.aHHOl'O a») 3anucwBaeT

CH B BHAe \fxa (a (x))=O. 
B OCHOBaHHHX MaTeMaTHl\11 ynoTpe6JIHIOTCH Tal\1Ke oGoG

IL\eIIHH IIOHHTHH II., B H-phlx HCIIOJib3yIOTCH KOpTemu ne 
naTypaJihHhlx qn:ceJI, a 6oJiee cJI011rnwx ofh,eKTOB, nanp. 
NOpTe:iKll, COCTaBJICHHhle H3 cno60AHO CTaHOBHJnHXCH IIO
CJI0AOBaT0JibHOCT0M. 

Jlum.: [1] re ll TH Hr A., l1HTYHI!HOHH3M. Bne11enne, nep. 
c attrJJ., M., 1965. A. r. ,l{pawAu><. 

IIOTOK H CETH - cpy1rnu,1rn, coIIOCTaBJUI10m;aJ1 AY
raM Aannoi1 cemu (opHenTn:poBamwro rpacpa) neK-pwe 'IHC
Jia. Ka1KA00 'IHCJIO HHTepnpeT11pyeTCH HaR UHTCHCl!BHOCTb 
llOTOl\a H0K-pOrO rpy3a ITO P,aHHOH J~yre. fl. BC. JlBJIRIOTCH 
yp,oGnoii. MOP,0JibIO IIpu IICCJI0P,OBaHHII PHAa npoGJieM B 
-rpaHCIIOpTe, CBH31I H AP· oGJiaCTHX, CBH3a!IHhlX c ABH1JW
H110M rpy30B, I!HcpopManHll 11 T. A. Mnorne 3aAa•rn 0 IIOT0-
1\ax HBJIHIOTCH 3aJ(a•1aM11 JlHHCiiHOl'O nporpaMMH}lOBamrn 
lI MOryT pewaTLCH o6InH~lH MC'TOP,aMll 3TOM T00p1111. 0AHaIW 
ll 6oJibIIIIIHCTBe cJ1y•rnen :iaj\a•rn o 110Tu1rnx A<mycrrnroT acp
cpeKTIIBHOe pernenue MeTOAaMH Teop1rn rpacpoB. 

IlycTb Kamp,oii. p,yre (x, y) ceTII N IIpIIII1Icano neoTpIIna
TeJibHOe p,eii.CTBIITeJibHOe qlICJIO c (x, y) - IIporryc1rnaH 
cIIoco6nocTb p,yrII (x, y). foBopHT, qTo IIOTOK I (x, y) HB
JIHeTCH CTanIIOHapHhlM llOTOKOM BeJIII'llIHhl v II3 BepillIIHhl r 
B BepillIIHY s, yp,oBJleTBopnrom;nM orpam1qemrnM IIpoIIycK
HhlX crroco6nocTeii p,yr, ecm1 

1- (r)-1+ (r)=v, 
1- (x)-j+ (x)=O IIpll x ;i r, s, 

1- (s)-1+ (s)= -v, 
0.,,;;;;, I (x, y),,;;;;; r (x, y) /J;JIR JJro6oii. p;ym (x, y), 

ap,ech 1-(x) = ~ I (x, y) -IIOTOK, BhlXOAH~11ii H3 Beprn1111w ..:;...y 
x, a I+ (x)= ~/ (y, x) - rroToH, BXOP,Hil\llM B Beprn1111y x. 

B aap,aqe 0 MaKCllMaJlbHOM IIOTOKe 

Memp,y ABYMH neprn11HaMI1 Tpe6yeTCH IIOCTpOIITb CTa)\110· 
HapHhlM llOTOK II3 nepillHHbl r B B0pl1l11Hy s, HMe10~11ii MaK

c11MaJ1hHO B03MOlf(HyIO BeJIH11HHY v. )J,JIH perneHI!H aTOH 
3ap,aqn cy~eCTBYIOT P,OCTaTOqno acpcpeRTHBHhle aJirOpIITMbI. 
IlycTh X - rrop,MnomecTno neprnn11 ceTn N TaRoe, qTo 

rE X, sfl=X. Torp.a MHomecTBo p,yr (x, y) TaK11x, qTO xE X, 
yf!=X, Ba3. pa 3 p e 3 0 M. IlporryCHHOH CllOCOUHOCTbIO 

pa3peaa Ba3. BeJI11q11na ~x Ex, y$X c (x, y). CnpaBeP,JinBa 

CJiep,yro~aH T e 0 p e M a 0 M a K c II M a JI b H 0 M 
II 0 T 0 K e H M II H H M a JI b H 0 M p a 3 p e 3 e: MaK
CllMaJihHaH B0Jill'IHHa llOTOKa paBHa MllHllMaJihHOII rrpo
rryCRBOM crroco6nocT11 pa3pe3oB. B rrp1rnome111IHx qacTo 
llCllOJ!b3Y0TCH T e 0 p e M a 0 I.I, e JI 0 q II c JI e H H 0-
c T n: ecJ111 rrporrycKHaH crroco6nocTb Ayr neJ1oq11cJ1e1111a, 
TO cyI]\0CTByeT ]\0JIO'lllCJleHHb!M MaKCHMaJlbHhIM (cTau,n:o
HapHhlll) llOTOK. 

R 3aAaqe o MaHcn:MaJlhHOM rroTol\e MemAy AByMH Bep
rn1111aM11 CBOP,l!TCH pHA 3aAaq: 3aAaqa o MaKC11MaJ1bHOM 
11. B c. c HCCl\OJlbl\HMll llCTO'IHllHaMH II CTOKaMn; 3aAaqa 0 
Mal\CllMaJlhHOM Il. BC., HM0IOJn0M H00Tp11U,aT0JlhHhle orpa
HJiqemrn Ha llOTOl(!I 110 AyraM Kai\ CBepxy, Tai\ II CIIH3y; 
3aAaqa 0 MaKC11MaJILHOM llOTOKe B neop1!0HTHpOBaHHb!X II 
CMeIIIaHIJblX ceTHx; 3aAaqa 0 MaKCllMaJlbHOM IlOTOl\0 B ceTn 
c rrporrycKHhIMll cIIocoonocTHMll AYr n: Beprnn:n n: AP· 

TeopeMa o MaKc11MaJ1hHOM rroToHe 11 M11H11MaJ1hHOM pa3-
pe3e BhIHBHJla o6~yro OCHOBy pHAa pe3yJJhTaTOB, llOJly
qeHHhIX panee B T00p11H rpacpOB H l\OM61111aTopn:Ke. 0Kal3a
JIOCb, qTo Hal( CJleACTBllH 3TOM TeopeMhl MoryT 6h1Tb noJly
qenhl: TeopeMa o MaKCnMaJlhHOM 11apocoqeTan1111 B eparfie 
OBYOOJlbHO.M, T00p0Ma 0 pa3JlllqHhIX 11p0ACTaBllTeJIHX, 
TeopeMhl 0 k-CBH3HOCTll rpacpoB (cM. I'parfja CBsiilHOCmb), 
TeopeMa o rroKphlTHll qacTn:qao yrropHAoqen11oro MnomecT
Ba na11Menhrn11M q11cJ10M u,eneii. H AP· CBeAenn:e pa3JJn:qnhlx 
3aAa'I K 3aAaqe 0 MaKCIIMaJILHOM llOTOirn HIJJIH0TCH BalKHhlM 
M0TOAOM T00pmi rpacpoB ll KOM61111aTOpHKll. 

B pHµ.e 3aAa'l 0 n. H c. Kamp,oii. Ayre (x, y) COllOCTaBJIH0T
CH qn:CJIO a (x, y) - CTOHMOCTb rrepeB03Kll 0AllHll!l,hl rpyaa 
no p,yre (1-, y) II Tpe6yeTCH HaiiTH IIOTOK, YAOBJl0Tll0pHIO
ll.l,llM Oil peA0JieHHWM orpamrqemrn M II MHHHMH311pyro~11ii. 
06~y10 CTOIIMOCTh IIOTOKa. 3 a A a q a 0 II 0 T 0 K e M 11-
H II M a JI " II 0 ii c T 0 II M 0 c T H COCTOHT ll 11axoJKp,en1111 
CTaIJ,l'!OHa pnoro II OTO Na H3 B0pl1lHHhl r B Bep11111ny s, YAOB
Jl0TBOpHIO~ero orpanI1qe1111HM nponyc1mwx crroco6nocTeii. 
µ.yr, 11p11qeM TaRoro, qTo BeJ1nqH11a ero paBHa aap,annoMy 
'111.CJiy v, a CTOllMOCTh MllHHMaJILHa. 

B 'f p a H c II 0 p T H () ii 3 a A a ., e CCTh HBJJHeTCH 
ABYAOJibHb!M rpacpo~1. BeprnHHbI OAIIoii. µ.oJrn S 1' ••. , Sm 
HHTeprrpeT11py10TCH KaK nyIJKThl OTllpaBJiemrn H0N-poro 
rpy3a, nepmHHhl Apyroii T1, ••• , T n - 1rn11 rrynNThl na-
3Haqemrn. Kamp,wii rryHKT OT11panJie11n:H S; 11MeeT onpep,e
JieBIJoe npep,J1omee11e b;, 11 Kall\Ahlii nynKT Ha3naqemrn T j 
IIMeeT orrpep,eJieHHWii crrpoc Cj. lI3B0CTHa CTOllMOCTh a;; 
nepeB03K!I eµ.mrnI~hl rpy:ia 113 s ( B T j· 3aAaqa COCTOllT R 
OThlCRa111111 rroToNa MnH11MaJ11>11011 CT011MOCT11, YAOllJICTBO
pHro~ero crrpoc Bo llcex 11y11KTax Ha311aqe11l!H. 

PaccMaTp11BaIOTCH TaKJKe MBororrpop,yRTOBLie noTOKll 11 
llOTOKll, 113MeHHIOID;HeCH BO BpeMeH11. 

Jlum.: [1] <llop)I JI.-P., <l>aJ11<cpcoH ,U.-P., IloTo-
KH B CeTJIX, rrep. c aHrJJ., M., 1966. B. B. AAmceee. 

IIOTQqEqHAH CXO)J,HMOCTb - OP,IIH !13 BIIP,OB 
CXOAllMOCTll llOCJlep,oBaTeJlbHOCTll cpyHKIJ,llll (oT06pamenIIii.). 
IlycTh In: X-+ Y, n=1, 2, ... , rp,e X - HeK-poe MHO
mecTBO, a y - TOllOJIOl'l!'I. rrpocTpaHCTBO, TOrp,a n. c. 03-
naqaeT, qTo AJIH J1ro6oro :meMeHTa x EX IIocJ1ep,0BaTeJ1h-
11ocTh TO'!eK Yn= I n(x), n= 1, 2, ... , cxop,11TCH B rrpocTpaH
CTBe Y. BamnhIM 11op,RJ1accoM RJ1acca rroTo'!eqao cxop,H
~IIXCH llOCJleAOBaTeJlbHOCTeii. HBJIHIOTCH paBHOMepnu 
CXOAHJn!leCH llOCJlep,oBaTeJlbHOCT!I. JI. ,l{. RyopaBiiee. 

IIOTQqEqHOII CXO)J,HMOCTH TOIIOJIOrHH -
op,aa H3 TorroJ1or11ii. IIpocTpancTBa F ( X, Y) 0To6pamen11ii 
MnomecTna X B TOllOJ1or11q. IIpocTpaHCTBO Y. HarrpaBJ1e

H11e {/cdaE 2(cF(X, Y) rroToqeqao cxop,IITCH KIEF(X, Y), 
ecJ111 {/ a(x) }a E 2( cxop,nTCH IIpII J1ro60M x EX K I (x) B TOIIO

JIOl'llll rrpocTpaHCTBa Y. Ba3y oKpecTHOCTe.ii TOqK11 lo E F(X, 
Y) o6pa3ymT MHoJKecTBa B11p,a {ll/(x;)cv10(x·)' i=1, ••• 

I 
••• ' n}, rp,e X1, ••• , Xn- KOIJe'!Hhlll 11a6op TOqeN 113 x II 
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vf,(x;) EV f 0 (x;) 

paHcTBa Y. 

- 6a3a ORpeCTHOCTeii TOqRn /o(x;) IlpOCT• 

EcJin Y on1em1Mo, To F (X, Y) TaRme 0Tnem1Mo n Ac 
cF (X' Y) ROMilaRTHO TOf]:\a H TOJibRO TOr):\a, 1wrna upn 
RamnoM x f X ROMIIaRTHO MHomecTBo Ax= {/ (x) I/EA}. 

Jlum.: Ill I\ e JI JIM Am., 06II.1aH T!lIIOJIOrMH, rrep. c aHrJI., 
2 M31J;., M., 1981. B. 11. Co6oJZM. 

IIOXrAMl\IEPA YPABHEHHE - mrneiiHoe oobm-
HOBeHHOe nmpifiepeHu,11aJibHOC ypaBHeHne n-ro llOPHAKa 
BH):\a 

Q (z) w<nl-11Q' (z)w<n-1) + ... 
... + (-1)n µ (µ+1) ... ,<µ+n-1) Q<n> (z) w -

n. 

-[ R (z) w<n- 1>-(µ+1) R'(z) w<n- 2>+ ... 

+(- f)n-1 (µ+1) ... (µ+n-1) R<n-1) () J =0 
.. . (n-1)! z w ' 

fAe µ - ROMIIJieRCHaH llOCTOHHHaH, Q (z), R (z) - MHOfO
qJieHhl CTe11em1 .,;;;n 11 ..,.::n-1 cooTBeTCTBeHHO. II. y. Oh!JIO 
HCCJie/waaHo JI. IIoxraMMepoM [1) 11 K. :11\opnaHoM [2). 

II. y. 11po11HTerpnpoaaHo c IlOMOll\hIO 8ii.1tepa npeo6pa
aoeanuH, 11 ero qacTHhle pememIH IIMeIOT BllA 

r µ+n-1 
w(z)=Jy(t-z) u(t)dt, 

u (t) = Q 
1
(t) exp [ ~ t ~ ~~~ dT J, 

rAe '\' - HeR-phlii ROHTYP B ROMIIJieRCHOll llJIOCROCTll t. 
IIyCTb BCe ROpHll al, ••• 'am MHoroqJieHa Q(z) rrpoCTbie II 
BhlqeThl iflyHRU,1111 R (z)IQ (z) B 3TllX TOqKa){ - HeU,eJihle 
q11cJia. IIycTb a - iflmrnnpoBaHHaH ToqRa TaRaH, qTo 
Q (a) ,co, II rryCTb '\'j ~ rrpoCTaH 3aMKHYTaH KprrnaH c Ha
qaJIOM H ROHU,OM B TOqKe a, llOJIOlKHTeJibHO op11eHT11poBaH
HaH, R-paH COAeplKllT BHYTPII ce6H TOJlbRO ROpeHh aj, j= 
=1, ... ' m. <DopMyJia (*) AaeT perneH11e n. y., eCJill 

y='\'j'\'k'\'f 1 y'i/, f # k; j, k=1, .. ., m; 

H3 ;JTllX perneH11ii pOBHO m JillHellHO He3aBllCIIMhl. )l.JIH 
IlOCTpoeHllH OC'faJibHhlX perneH11ii HCllOJib3YIOTCH Apyr11e 
ROHTyphl, B TOM q11cJie He3aMRHYThle (CM. [3J, [4)). 8hJqIIC
JieHa rpyrrua MOHOApOMllII II. y. (cM. [3)). 

qaCTHhlMII CJiyqaHMll II. y. HBJIHIOTCH y p a B H e H II e 
T n cc o (cu. [4]), TO eCTb II. y., B R-poM 

Q (z) =Ir~; (z-aj), R (z)= Q \z)( i+ !;~~ 1 ~~j ), 
n II annepuifa ypaellenue. 

Jlum.: l!l Poch hammer L., «Math. Ann.>>, 1889, Bd 
35, S. 4 70-94; (2) J or d an C., Cours d'analyse de !'Ecole 
Polytechnique, 3 ed., t. 3, P., 1915; (3) A Ii H c 8. JI., Ot'ibrn
HOBeHHble 11;nljJljJepem.1naJihHhJe ypaBHeHHH, rrep. c aHrJI., Xap., 
1939; (4) I\ a M R e 8., CrrpaBO'IHHR IIO ot'iblRHOBeHHblM IJ;HljJljJepeH
llHBJlbHblM ypaBHeHHHM, rrep. c HeM., 5 nap;., M., 1976. 

M. B. <1>eaop10n. 
noqTH BCIO,!J,Y' A JI H II 0 q T H B c e x x (OTHOCll

TeJihHO Mephl µ),- Bh1pameH11e, o3naqaroll\ee, qTo peqb 
11]:\eT 0 BCeX x II3 H3MepHMOfO rrpocTpaHCTBa x' 3a IICKJIIO
qenneM, Oh!Th MomeT, HeK-poro MHomecTBa A=X Mephl 
HYJih: µ(A)=O. B. H. Bum101fnos. 

rroqTH KOMIIJIEKCHAH CTPYKTYP A - llOJie 
I JIUHeiiHhlX rrpeo6paaoaaHnii: RacaTeJihHhIX upocTpaHCTB 
Ha MHoroo6pa311H M, YAOBJieTBOpHromee ycJioBnIO 

[~=-id, 

T. e. llOJie l>O.Mn.uncnbiX cmpynmyp B RaCaTeJihHbIX IIpOCT
paHCTBaX T PM, p EM. II. R.c. I oupeAeJIHeT paaJiomenne 

TC M= V ++ V _ KoMrrJieKcHiflnKau,nn TC M KacaTeJihHOro 
paccJioeHHH B IIpHMyro cyMMY KOMilJieRCHO COilpHmeHHbIX 
APYf Apyry IlOApaccJioennii: v + H v - ' COCTOHlll,HX H3 co6-
CTBeHHhIX BeKTOpOB aiflqmHopa I (IlPOAOJilKeHHOfO ITO JIH-

HeiiHoCTH Ha TC M) c co6cTBeHHhIMH aHaqeHHHMH i H -i 

cooTBeTCTBeHHo. 06paTHo, paaJioJReHIIe TC M B upnMyro 
cyMMy ABYX asanMHo corrpHmeHHhix BeRTopHbix uonpac

cJioeH11i'1 S, S onpeJWJIHPT II. JL c. Ha M, l(JIH KOTopoii 
V+=S. 

II. R. c. I Ha3. n HT er pH p ye Mo ii, ecJI11 oHa 11H
nyu,IIpyeTcH ROMIIJICKCHOH CTpyl\Typoii Ha M, T. e. CCJIH 
cy111,ccTByeT aTJiaC nonyCTRMblX KapT MHorooupa3HH ]\f, B 

R-ph!X llOJie I 11MeeT IIOCTOHHHb!C Koopnn11aTbI 1ik· Heo6-
XO]:\IIMOe II nocTaTO'IHOe ycJioB11e 11HTerp11pyeMocTII II. K. c. 
COCTOIIT B llHBOJIIOTIIBHOCTll nonpaCCJIOCHHH v +' T. e. 3a~rn
HYTOCTII IIpOCTpaHCTBa ero ceqem1ii OTHOCI!TeJil,HO KOMMy
TllpoBaHl!H (RoM11JieKc11hlx) BCJ{TopHhix rroJieii. YcJio!ne nH
aoJIIOTllBHocTn 11011paccJioemrn l, + paDHOCIIJihHO oopauw
HIIIO B HYJib accou,II11poBaHHOR c I DeKTOpH03HaqHOll 2-ifiop
MbI N (I, /), 3aAaBaeMoii ifiopMyJioii 

NU, l)(X, Y)=[IX, IY]-l[X, IY] -l[l, XY]
- [X, Y], 

r,a;e x' y - BeKTOpHhlC llOJIH. JTa ¢opMa Ha3. T e H 3 o
p 0 M K p y q e H II H, IIJIII Te H 3 0 p 0 M H e ii e H
x e H: c a, II. K. c. TeH3op HeiJ:eHxe)';'1ca N (I, I) MOlKHO 
paccMaTp11BaTh ItaR AnifliJiepem111poBaH11C CTeIIeHn 1 aJire6-
phl AnifliflepeHu,11aJibHhIX iflopM Ha M, 11Mero111,ee BHA 

N(I, l)=[l, [I, dlJ+d, 

rAe d - BHellIH11ii AnifliflepeIIu,11aJI, a I paccMaTp1rnaeTCH 
Kai\ A11ifliflepeHU,IIpOBaH11e CTerreHII 0. 

C TOqK11 3peHllH TeopIIII G-cTpyKTYP II. R. c. rrpeACTaB
JIHeT 113 ce6H GL(m, C)-cTpyKTypy, rAe m= 1/ 2 dim M, 
a TeH30p Rpyqemrn N (I, I) - TeH30p, orrpeAOJIHeMhlU rrep
aoii CTpyRTypHOll iflyHRI~llCll non CTpyRTyphl. GL(m, C)
CTpyKTypa HBJIHeTCH CTPYKTypoii [)JIJIHllTllq, Tllna, H 
llO:'lTOhlY aJire6pa JlII 11HiflIImITe3HMaJihHblX aBTOMopiflII3-
MOB II. R. c. YAOBJieTBOpHeT 3JIJIHIITll'I. cncTeMe AnifliflepeH
u,IIaJibHhIX ypanmm11ii 2-ro rropHAKa 11]. B qacTHOCTII, aJI
re6pa JI11 11HiflIIHIITea11MaJihHhIX anToMopifln3MOB II. K. c. 
Ha I\OMIIaKTHOM MHoroo6paa1111 IWHeqHoMepHa, a rpyrrrra 
G BCeX aBTOMopifl113MOB ROMIIaRTHOfO Mnoroo6pa3IIH c 
II. K. c. HBJIHeTCH rpyrrrroH: Jln. )l.JIH HCKOMIIaKTHhIX MIIO
roo6pa311H aTo, aoo6me roaopa, He Ta1c 

ECJIII rpyrrrra aBTOMopiflII3MOB G TpaH3IITllBHa Ha m10ro-
06pa31111 M, TO II. R. c. I OAH03HaqHo orrpeAeJIHeTCH CBOHM 
3Haqen11eM IP B iflIIRCIIpoBaHHoii TOqKe p EM, K-poe rrpeA
CTaBJIHeT 113 ce6a HHBapIIaIITHyIO OTHOCUTeJibHO npe):ICTaB
JieHIIH 1130Tp011IIII KOMIIJiel\CHyIO CTpyKTYPY B RaCaTeJibHOM 
npocTpaHCTBe T PM (cM. H neapuanmnb/,u 06'be1>m Ha OAHO
poAHOM upocTpaHCTBe). MeTOAhl Teoprrn rpyrrrr JlII rroaao
JIHIOT IIOCTpOllTb lliI!pOKIIll KJiacc OAHOpO/l.HbIX ll]JOCT
paLC'fB, 06Jia,a;amm11x IIHBapIIaHTHoii II. R. c. (1rnK HHTer
p11pyeMon, TaK II HellHT0rp11pyeMoii) H 11p11 Tex HJIH 
IIHhlX rrpeADOJIO/ReHIIHX KJiacc11ifiIIu,11poBaTh IIHBa pIIaHTHhle 
n. K. c. (CM. [2]). Haup., JII06oe iflaRToprrpoCTpaHCTBO G/H 
rpyrrrrhl JlH G 110 IIOArpyrrrre H, cocTOHIL\eH 113 HeIIOABHm
HhIX ToqeK aBTOMopiflII3Ma HeqeTHOro IIOPHARa rpyDIIhl 
JlH G, o6JiaAaeT HHBapRaHTHoii II. K. c. IIpnMepoM HB
JIHeTCH 6-MepHaH ciflepa S 6 , paCC~taTpIIBaCMaH Kalt OAHO
pOAHOe rrpocTpaHCTBO G2/S u (3); HU OAHa H3 HHBapHaHTHhlX 
II. R. c. Ha S 6 He HBJIHeTCH llHTerpnpyeMoii. 

HaJrnqne Ha MHoroo6pa3HH II. R. c. HaRJiaAhIBaeT He
K-phle orpaHnqeHHH Ha ero TOllOJIOfIIIO - OHO AOJilKHO 
6b!Tb qeTHOMepHbIM, opneHTIIpyeMhIM, a B KOMIIaRTHOM 
CJiyqae Bee ero HeqeTHOMepHhle KJiaCCbl lIITnifleJIH - y IIT
HH AOJilKHhl 6h1Th paBHhl HyJiro. CpeJlH ciflep II. K. c. norry
CKaIOT TOJlbKO cifiepbI pa3MepHOCTeii 2 H 6. 

Jlum.: (1) Ko b a ya sh I S., Transformation groups in dif
ferential geometry, B.-(u.a.J, 1972; [2) I\ o Mp a Ru B TI. TI., 
CTPYHTYPbl Ha MHoroo6pa3HHX n OAHOPOAHhJe rrpocTpaHcTua, 
MHHCR, 1978; (3) JI H x H e p 0 B H 'I A., TeOPHH CBIT3HOCTeif 
B 11eJIOM H rpyIIIlbl rOJIOHOMHH, rrep. c ljlpam.1., M., 1960; [4) 
Y l.l JI JI c P., .JJ:mjJljJepeH1.1naJihHOe MC'IHCJieHne Ha HOMIIJieKCHhIX 
MHorooopasnHx, nep. c aHrJI., M., 1976; (5) Xe p Ma H n e p JI., 
BBell;eHHe B Teopmo QJYHR!.{Hli HeCHOJlbHHX ROMIIJieHCHblX rrepeMeH
HhlX, rrep. c aHrJI., M., 1968. /I.. B. AJZenceescnuu. 
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IIO'ITH IIEPHO}J; - IIOHHTHe TeopHH no'tmu nepuo8u

'tec1wx ifjyHIHfUU' HBJIHIDII1eec.11 06061I1eIIHeM IIOIIHTIIH rre
pHo,a;a. ,lJ;JIH paBHoMepnoii rroqTH uepno,a;uq qiymn1un 
f (x), - oo <x< oo, qHCJio T=T 1(e) IIa3. e-rr o q T H rr e p H
o A o M qiymnJ;HH f (x), ecJIH )l;JIR acex x BbIIIOJIHHeTCH He
paBeHCTBO 

I I (x+'t)- t (x) I < e. 
,lJ;JIH 06061I1eHHhIX rroqTH rrepHo,a;Hq. qiymrn,Hii IIOHHTHe 
n. II. orrpe,a;emreTCll CJiomnee. Harrp., B npocTpaHCTBe 
S'f qiynmi;Hfi CTerraHoBa e-rroqTH rrepHo,a; T orrpe,a;eJIHeTCH 
HepaBeHCTBOM 

D P [f (x+T)-/ (x)] <e, 
S1 

r,a;e D 8p[f, <p] - paccToHHHe Mem,a;y qiynmi;HHMH f (x) H 
I 

<p (x) B MeTpHKe IIpOCTpaHCTBa Sf. 
MnomeCTBO n. II. qiyHKIJ;HH I (x) Ha3. 0 T II 0 c H T e JI b

H 0 II JI 0 TH hi M, 'ecJIH cyII1eCTByeT qHCJIO L=L (e, /) >0 
TaKoe, qTQ B Kam,a;oM HHTepBaJie (a, a+L) ,a;errCTBHTeJlb
HOll OCH Hafi,a;eTCH XOTH 6bl O,!l;HO qHCJIO 3TOro MHomeCTBa. 
Orrpe,a;eJieHHe paBHOMepHhIX rroqTH rrepHo,a;Hq. qiynm1,nfi H 
rroqTH rrepHo,a;Hq, qiynm1,Hil. no CrnrraHoBy MomeT 6h1Tb oc
HoBaHo Ha Tpe6oBaHHH cyII1eCTBOBaHJrn OTHOCHTeJlbHO 
IIJIOTHhIX MHOmecTB e-rroqTH rrepHO,!l;OB y 3THX qiyIIKil,HH. 

JI um.: [1] JI e B H ir a a B. M., IIoqm-nepHOllH'!ec1rne cjJym1-
~m. M., 1953. E. A. Bpeauxu><a. 

IIO'ITH IIEPHO}J;H11ECKAH «l>YHK~HH - qiyIIK-
Il,HH, K-paH MomeT 6b1Tb rrpe,a;cTaBJieHa 06061I1eHHhlM pll,!l;OM 
<I>ypbe. CyII1eCTByIDT pa3JIHqHhle crroco6hl orrpe,a;eJieHHH 
KJiaCCOB Il. II. qi., OCHOBaHHhle Ha IIOHHTHHX 3aMLIKaHHH, 
rroqTH rrepHo,a;a, c,a;BHra. Kam,a;hlrr H3 KJiaccoa IT. r1. qi. 
IIOJiyqaeTCH B pe3yJibTaTe 3aMbIKaHHH B TOM llJlll llHOM 
CMhICJie 0,!l;HOH ll Toii me COBOKYIIHOCTH KOHeqHhIX TpHrOHO
MeTpnq, cyMM. 

IlycTb D 0 [f(x), <p(x)] - paccTOHHHe Me,K,a;y qiyHKil,HH
MH f (x) n <p (x) B MeTpnq. rrpocrpaHCTBe G. ,IJ;aJiee B Kaqe
CTBe G paccMaTpHaaeTCH o,a;Ho H3 rrpocrpaHCTB U, S '!, 
WP' BP' r,a;e u - COBOKYIIHOCTb HerrpephIBHhIX orpaHHqeH
HbIX Ha ,a;eii:CTBHTeJibHOH OCH qiyHKil,HH c MeTpHKOH 

Du(/(x), cp(x)]= sup \/(x)-<p(x)I; 
-oo<x<oo 

Sf, WP, BP - COBOKYIIHOCTH qiyHKil,HH, H3MepHMhIX II 

cyMMHpyeMhIX co crerreHbID p, p~1, B Kam,a;oM KOHeqHOM 
llHTepBaJie ,a;eii:CTBHTeJibHOH OCH c MeTpHKaMn: 

DP(/ (x), <p (x)]= 
S1 

sup [+ rxx+ 1 /f(x)-<p(x)IPdx] 11P, 
-oo<x<oo .l 

D P (/ (x), <p (x)] = lim D P [! (x), <p (x)], 
W 1-+ao SI 

D P [/ (x), <p (x)] = hm 2-t /I (x)-<p(x) / dx . [ -:--- 1 ~ t p J f /p 
B t-+ao -'t 

II ycTb T- MHomecTBo Tpli!TOHOMeTpHq. IIOJIHHOMOB au,a;a 

""N t>,kx 
4'.<k=l a,.e ' 

r,a;e t..k - JIID6hle ,a;eHCTBHTeJibHhle qHCJia, ak - KOMIIJieKC
Hhle KoaqiqiHil,HeHThl. qepe3 Ha( T) ooo3IIaqaeTCH 3aMbIKa
HHe B rrpocTpaacTBe G MaomecTBa T. KJiaccb1 Hu( T)= 
=U-rr. rr., H 8p(T)=Sf-rr. rr., HwP(T)=WP-rr. rr., 

I 
H Bp=BP-rr. II. Ha3. COOTBeTCTBeIIHO KJiaccaMH paBHO-
MepahIX II. rr. qi., n:JIH Bopa no'tmu nepuoDu<tecr.ux rfiynr.-
1.fUii, CmenaHoea no<tmu nepuo8u<teci;ux rfiynr.!fuu, Heu.Mi 
no'tmU nepuo8u<teci>ux rfiYHK!fUu, Beaui>oew-ta no<tmu nepuo-
8utteci>ux rfiYHK!fUii. Bee oIIpe,a;eJieHIIbie Bblrne KJ1accb1 
II. rr. qi. HHBapHaHTbl OTHOCHTeJlbHO CJiomeHirn. B~recTe c 

f (x) B Kam,a;hIH KJiacc BXOAHT /(x), I/ (x)I u rrpoH3Bet-1emre 

IlEPHO~ 544 

f (:r)eiA.x, r1-1e !.. - ,a;eiicTBHTeJibHoe qucJio. PaccTOHHHH 
D sP[f (.r)' <p (:z:)l IIpH pa3JIHqIIbIX 3Haqemrnx l TOHOJIOrnqe-

1 
CKH 3KBHBaJieHTIIbl, If IIOTOMY M:O)l{IIO C'IHTaTL l= 1. IlyCTh 
S~-rr. r1.=SP-rr. rr., S1-rr. II.=S-rr. 1r., B 1-rr. II.=B-rr. rr., 
TOrAa HMeIDT MeCTO BKJIIDqerrHH 

U-rr.rrcSP-rr.rrcWP-rr.IICBP-rr.rr., p~ 1; 

H, eCJIH P1<P2, P1~1, 

SP• -II.IICSP 1 -II.II.' WP 2 -rr.II.C WP 1 -II.II, 

BP• - II .II. c BP• -II .II. 

.Il.JIH Kam1-10Il: f (x) EB-rr. II. cyII1eCTByeT c p e A II e e 
3HaqeIIHe 

M {! (x)} = lim 2- \' f (x) dx; 
L--+ oo L jo 

qiyHKil,HH a(!.., f)=M {f(x)e-0.x}, r1-1e !.. - ri;eiiCTBHTeJib
IIOe qHCJIO, MomeT OTJIHqaTbCH OT HYJIH rre UOJiee qeM IIa 
cqeTHOM MrromeCTBe 3HaqerrHii !..; B pe3yJihTaTe IIyMepail,HH 
B rrpoH3BOJibIIOM IIOPHAKe IIOJiyqaeTCH IIOCJieAOBaTeJibIIOCTh 
{t..,.}, k=1, 2, ... , II o Ka 3 a Te JI e Il: <I> y p he qiyIIK
Il,HH f (x). 

qHCJia At.. =a(!..,., /) IIa3. K o a qi qi H Il, H e H T a M H 
k 

<I> y p he qiyrrKil,HH f (x). II. rr. qi. f (.r) JIID6oro orrpet-1eJieII
aoro BhIIIJe KJJacca COOTBeTCTByeT PH/.\ <I>ypbe BHIJ;a 

f (x) ~ ~ At.. eit..kx. 
k k 

,1J;JIHf(x)EB2 -rr.rr. nMeeT MeCTO paBeIICTBO Ilap
ceaaJIH 

B KJiacce "BP-rr. rr. oGoGrIJ;aeTCH Teo p e Ma P n cc a -
<I> H III e pa: rrycTL p.,,}, k=1, 2, ... ,- rrpoH3BOJibIIhle 
ri;eficTBHTeJihIIble qJlcJia, {Ak}, k=1, 2, ... ,- KOMIIJieKc-

Hble qrICJia, AJIH K-pb!X ~:=I IA kl2 < 00' Tor,a;a CyII1eCTByeT 

f (x) EB2-rr. rr., AJIH K-poii TpHrOIIOMeTpnq, PHA ~k A 1.e;t..kx 

HBJIHeTCH ee pHAOM <I>yphe. 
T e 0 p c M a e A ll II c T B e II II 0 c T If IIOH11MaeTCH 

B cJie,a;yIDHJ,eM C!llbICJie: ecmr ri;ne qiy HIU\HII f (x) EH 0 ( T) n 
qi (x) EH a(T) nMeIDT o,a;nII n TOT me PHA cJJypLe, TO nwrroJl
IIHeTCH paBeHCTBO 

Da[f(x), <p(x)]=O. 

B qacTIIOCTH, ,a;JIR paBHOMepHbIX II. n. qi. TeopeMa e,a;HIICT
BeIIIIOCTH 03HaqaeT, qTO f (x)=qi (.r) (AJIH n. II. qi. CrnrraHO
Ba - rroqTH BCIDAY). TeopeMa e,a;nHCTBeHHOCTH, noHnMa
eMaH B TOM me CMbICJie, qTo II AJIH PHAOB CllypLe - Jle-
6era 2:rc-rrepno,a;HqecKHX qiyIIKIJ;nii, IIe HMeeT MecTa AJIH 
II. rr. qi. Beil.JIH - Ee3HKOBHqa, 

KJiaccbI paBIIOMepHhIX II. rr. qi. n II. rr. qi. CTerrarrosa 
HBJIHIDTCH COOTBeTCTBeIIHO IIeTpHBHaJibHb!Mll pacrnHpeHH
HMH KJiacca Herrpepb!BIIhIX IIa BCeii qnCJIOBOH OCH ll cyMMH
pyeMhlX Ha [0,2:rc] 2:rc-rrepno,a;nqecKnx qiyIIKI\HM. ,lJ;JIH 
3THX KJiaccoB II. rr. qi. cox paIIHeTcH TeopeMa e,a;nIICTBeH
HOCTH. 

l"t;pyrHe, MeIIee qiopMaJibHhle orrpe,a;eJieIIHH II. rr. qi. pac
cMaTpHBaeMhIX KJiaCCOB OIIHpaIDTCH IIa IIOIIHTHe no'tmU ne
puoaa ll Ha o6oGIIJ;eHHH 3TOro IIOHHTHH. 

CJie,a;cTBneM orrpe,a;eJieHHR KJiaccoB II. rr. qi. qepea rro
HHTHe 3aMhIKaHHH RBJIHeTCH T e 0 p e M a a II II p 0 K
c ll M a I\ ll H: ):\Jill Kam,a;oii Il, II. qi. f (.r) ll3 U (HJIH 
SP, WP) H Kam,a;oro e>O MomIIo yKa3aTh KoIIeqIIbIIT TpH
rorroMeTp11q, IIOJIHIIOM P (x) H3 MIIomecTBa T, y,a;oBJieTBo
PHIDHJ,HH IIepaneIICTBY 

Du[/ (x), P (x)] < e 

(D 5p[f(x), P(x)]<e, Dwplf(x), P(x)) < e). 
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TeopeMa auupoKcn.Mau,nn MomeT cJiylKllTh oTrrpaBHhIM 
rryHRTOM oupeneJieHllH pa3JIH'IHhIX KJiaCCOB 11. Il. qi. 11pH 
BTOM auupoRCllMllpyroru,He IlOJIHHOMbI p (x) MoryT conep
maTh «IIOCTopoHHne», T. e. OTJlll'IHhie OT IlOKa3aTeJieii: 
((lyphe qiyHKU,llH f (x), noKa3aTeJ111. OnHaKo AJIH HeK-phlx 
I1p11JIOlK0HHH TeopeMbI auupoKCl1Mau,n11 BaJKeH TOT qiaKT, 
'ITO MOlKHO COBepIIIeHHO m16emaTh BB0A0H11H B p (x) IIOKa-
3aTeJieii:, OTJIH'IHhIX OT IlOKa3aTeJieii: ((lyphe qiyHKJJ,1111 f (x). 

B CBH3H c upeACTaBllMOCThIO 11. u. qi. o6o6m;eHHhIMH p.11-
naM11 ((lypbe B03HHKaeT BOilpOC O I1pH3HaKaX CXOAHMOCTH 
AJIH 3T11X p.11µ;0B 11 upno6peTaIOT 3Ha'leHlle pa3Hoo6pa3Hble 
MeTOAhI cyMM11poBaH11.11 0606m;eHH&1X pHAOB ((lyphe (.MeTOA 
EoxHepa - ((leii:epa 11 np.). TaK, uoJiy'leH&1 upn3HaK a6-
COJTIOTHOH CXOAHMOCTll o6o6m;eHHhIX PHAOB ((lypbe c JIH
HeHHO He3aBHC11MhIMH IlOK83aTeJIHM11 ((lyphe, I1pH3IIaK paB
HOMeprroii: CXOAHMOCTH p.11µ;0B ((lyphe, RorAa IA.,,I - oo 
upn k - oo, n aHaJiorll'IHhlii upn3HaR B cJiyqae, KorAa 
Ak - 0 I1p11 k - 00. 

3Ha'leHHe I1pll3HaKoB paBHOMepHOH CXOAllMOCTll B Teo
pHH 11. Il. qi. IlOA'IepKllBaeTCH CJieAyroru,eii: TeopeMoii:: 

eCJill TpnrOHOMeTpll'I. PHA ~llakeiAkX CXOAllTCH paBHOMep

HO Ha BCeii: µ;eii:CTBllTeJibHOH OCH, TO OH HBJIHeTCH PHAOM 
<I>yphe cBoeii: cyMMbr S (x)cU-u. u. CJieAcTBne: cyru,ecT
ByIOT paBHOMepHhle 11. Il. qi. c IlpOH3BOJibHhIM C'leTIIhIM 
MHomecTBoM noKa3aTeJieii: ((lypbe. B qacTHOCTn, noKa3a
TeJI11 ((lyphe paBHOMepHoii: 11. u. qi. MoryT nMeTh IIpeAeJih
Hhle TO'IRH Ha KOHe'IHOM pacCTOHHHll llJill Aame pacIIoJia
raThCH BCIOAY DJIOTHO. 

KpoMe rroHHTHH 3aMhIKaHn.11 nJin DO'ITH uep1rnAa, AJIH 
orrpeAeJieHHH Il. Il. qi. MOlKIIO HCIIOJib30BaTh IIOHHTHe CABH
ra. TaK, qiyrrKU,HH I (x) 6yAeT paBHOMepHoii: n. II. qi. Torna 
ll TOJihKO TOrAa, Korp;a H3 Kamµ;oii: 6ecKOHe'IHOll IIOCJieAOBa
TeJihHOCTll qiyHKu,nii: f (x+h1), f (x+h2), ... , rAe CABHrH 
h1, h2, ... - upon3BOJihIIbJe AeHCTBHTeJibHhle 'IHCJia, MOJK
HO BhI6paTh paBHOMepHO CXOAHill,yIOCH IlOAilOCJieAoBaTeJih
HOCTh. 8To orrpeµ;eJieHlle CJIYlKHT OTIIpaBHOH TO'IKOH rrpH 
paccM0TpeH11H 11. rr. qi. Ha rpyurrax. 

0CHOBIIhle qiaKThI Teopnn 11. Il. qi. OCTaIOTCH cupaBeA
JIHBhIMH H B TOM CJiyqae, eCJill paccMaTpHBaTb IIOHHTHe 
o6o6m;eHHoro CABHra. Bo3MOJRHhI H rroJie3HhI Apyrne 0606-
memrn. 11. II. qi. co 3Ha'leHllHMH B eBKJIHAOBOM n-MepHOM 
rrpocTpaHCTBe, B 6aHaxoBOM HJill MeTpll'I. IlpOCTpaHCTBe, 
aHaJIHTnqecKne n rapMoHn'lecKne II. u. qi. 

Jlum.: [1) Bop r., Ilo'ITH nepuo;ri;u'lecm1e tl>YHK!1HH, nep. 
c HeM., M.- JI., 1934; [2) Bes i c 0 vi t ch A. S., Almost 
periodic functions, Camb., 1932; [3] JI e Bur a H B. M., Ilo'ITH
nepuoJ111'lecKHe ljlyHKUHH, M., 1953; [4] Hy n IJ o s H. TI., «Yc
nexH MaTeM. HaYK», 1968, T. 23, B. 4, c. 117-78; [5) R u di n w., 
Fourier analysis on groups, N.Y.-L., 1962; [6) JI e BI'! Ta H 
B M., Oneparoph! o6o6m;eHHoro C;rJ;BHra I'! HeKOTOph!e HX npHMeHe
HHH, M., 1962; [7) Hp a c H 0 c e JI b c K H ii M. A., By p ;ii; 
B III., H o JI e c o B IO. C., HeJJHHeliHhle no'ITH nepno;ri;n'lecKHe 
KOJie6aHHlI, M., 1970. E. A. Bpelluxuua. 

rroqTH IlEPHO~HqECKAH <I>YHK~HH AHARH
THqECKAH - aHaJinTn11ecKa.11 qiyHKU,llH f (s), s= u+ i't, 
peryJI.11pHa.11 B rroJioce - oo ...;:a <u <~...;:+co n paaJio
mnMa.11 B pHA BnAa 

rAe an - KOMIIJieKCH&Ie, An - Aeii:CTBIITeJihHhle 'IHCJia. 
)];eiiCTBHTeJibHOe 'IIICJIO 't rra3. e-Il 0 q T II I1 e p II 0 A 0 M 
qiyHRu,nn f (s), eCJIII BO Bcex TO'IKax rroJiochI (a, ~) BhIIIOJI
HHeTc.11 HepaBeHCTBO 

I I (s+i•)-f (s) I< e. 
11. II. qi. a.- aHaJIHTH'lecKaH qiyHKU,HH, peryJIHpHaH B 
IIOJIOCe (a, ~) Ii! 06Jianaroru,a.11 AJIH KaJKAOro e>O OTHOCH
TeJibHO IlJIOTHhIM MHomecTBOM e-uo11T1I rrepnoAoB. AHaJio
flI'IHo orrpep;eJI.11eTc.11 11. rr. qi. a. B 3aMKHyToii uoJioce 
a...;:u...;:~. II. rr. qi. a. B uoJioce [a, ~I Ha KamAoli up.11Moii: 
IIOJIOCbl HBJIHeTCH paBHOMepHoii: IlO'ITH rrepHOAH'I. qiyHKl\H
ei\: OT AeiicTBIITeJihIIOro rrepeMeHHOfO 't, OHa orpaHH'leHa B 
[a, ~], T. e. B JII06oii: BHyTpeHaeii IIOJIOCe. ECJIH ii>YHKl\lIH 
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f (s), peryJIHpHaH B rroJioce (a, ~), HBJIHeTCH paBHOMepHoii 
IlO'ITll ueplIOAH'I. qiyHKU,Heii XOTH 6bI Ha OAIIOII eAHIICTBea
HOll II_P.HMO:ii u= u0 3Toii rroJIOChI, TO orpaHn'lerrrrocTh f ( s) 
B [a, J:l] BJie'leT 3a co6o:ii ee IIO'ITH rrepnOAH'IHOCTb BO Bceii 
IlOJIOCe [a, ~]. B pe3yJihTaTe Teop1:rn n. II. qi. a. OKa3hI
BaeTCH B ocHoBe cBoe:ii arraJiorn'IHOH TeopnH no11mu nepu
oou11ec1>ux rjjyn1>lfUU OT ]:\eii:CTBllTeJihHOro DepeMeHHOrO. 
l1o3TOMY Ha Il. Il. qi. a. JierKO rrepeHOCHTCH MHOrne BaJK
Hbie qiaKThI IlOCJieAHeii: TeopnH: TeopeMa 0AHHCTBeHHOCTII, 
paBeHCTBO IIapceBaJIH, IIpaBnJia AeiicTB11ii: HaA pHAaMn 
)];npnxJie, arrrrpoKCHMal\HOIIHaH TeopeMa H pan AP· Teo
peM. 

JJum.: [1] Bop r., IIO'ITH nepHo;ri;n'leCKHe tl>YHKI.{HH, nep. 
c HeM., M.- JI., 1934; [2) JI e B HT a H B. M., IlO'ITH·nepHO;rJ;H· 
'leCKHe tl>YHKI.{HH, M.. 1953. E. A. Bpeouxuua. 

11oqn1 IIEPllO~HqECKAH <I>YHK~HH HA rFYII
IIE - 06061D,eHne uo'ITH rrepnoµ;n11. qiyHRu,nii, 3aAaHHhIX 
rra IR1• 

IlycTb G - (a6cTpaKTHa.11) rpyuua. KoMrrJieKcH03Ha'l
rra.11 qiyHKl\HH /(x), xEG, Ha3. II pa B 0 ii: I1 0 q TH II e
p H 0 AH q e c K 0 ii qi y HK l\ n e ii (rr. II. qi.), ecJIH 
ceMeiiCTBO f(xa), rAe a rrpo6eraeT BCIO rpyrrIIy G, KOMIIaKT
rro B CMbICJie paBHOMepHo:ii CXOAHMOCTll Ha G, T. e. H3 
KaJKAOH IIOCJieAOBaTeJihHOCTH /(xa1), f(xa2), ... MOlRHO BhI
AeJIIITb paBHOMepHO Ha G CXO]:\HID,YIOCH IIOAIIOCJieAOBaTeJib
HOCTb. AHaJIOfH'IHO OIIpeAeJIHIOTCH JI e B a H II 0 q T n 
II e p H 0 A ll q e c K a H qi y H K 1\ ll H Ha rpyrrrre G. 
0Ka3bIBaeTCH, q'l'() BCHKaH rrpaBaH (JieBa.11) II. II. qi. HB
JIHeTCH OAHOBp0M0HHO JieBo:ii (upaBoii) II. II. qi.' H 11MeeT 
MecTo KOMilaKTHOCTh ceMeiicTBa f (axb), rAe a, b He3aBHCH
MO IIpo6eraroT rpyrrIIy G. 11ocJieAHee cBoiicTBo qacTo rrpH
HHMaeTCH B Ka'leCTBe orrpeAeJieIIHH rr. rr. qi. Ha G. CoBo
RyrrHoCTh Bcex u. u. qi. Ha G ecTb 6aHaxoBo rrpocTpaHCTBO 
c BopMoii: 11/ll=sup l/(x)I. 

xeG 
Teopn.11 rr. II. qi. Ba rpyrrrre cymecTBeBHO omi:paeTc.11 Ha 

T e 0 p e M y 0 c p e A H e M 3 H a q e II H ll (CM. [ 5 J, 
[ 8)). llnHeiiBhlii qiyHKl\HOHaJI M x{t (x) }, 3aAaBBhIH rra 

, rrpocTpaBCTBe ucex u. rr. qi., Ba3. c p e AH HM 3 Haq e-
H He M, eCJIH 

1) Mx{1}=1, Mx{/(x)};;;,.O AJIH /(x);;;;oO n Mx{/(x)}>O 
AJIH /=¢:0; 

2) Mx{f(xa)}=Mx{f(ax)}=Mx{f(x- 1)}. 

YBnTapHaH MaTpnu.a g (x)= {g;j(x) }{, j~i. 3aAaBBaH rra 
G, Ba3. y H H Ta pH bl M II p e Ac Ta B JI e H H e M 
r p y u u hI G, ecJIH g(e)=Ir (e - eAHHHl\a rpyrrrrhl G, 
Ir - eAHHH'IBaH MaTpnu.a rropHAKa r) 11 AJIH JII06hlx aJie
MeBTOB x, yEG HMeeT MeCTO paBeHCTBO g(xy)=g(x)g(y). 
qllCJIO r Ba3. p a 3 M e p H 0 c T b IO II p e A c T a B JI e
H 11 .11 g. MaTpH'IBhle aJieMeBThI g;j(x) cyTh rr. rr. qi. Ba 
G. B TeopnH u. rr. qi. Ha rpyrrrre oHH nrpa10T Ty me poJih, 
'ITO 11 qiyBKl\HH exp(iA.x) B rnopmi: rr. u. qi. Ba rrp.11Moii IR1. 

)];Ba rrpeACTaBJieHHH g (x) H g' (x) Ha3. Cl K B H B a JI e H T
H hI M H, eCJIH cymecTByeT TaKaH IIOCTOHHHaH MaTp1111a A' 
'ITO g'(x)=A - 1g(x)A. 11peACTaBJieHHe g Ha3. He II p ll
B 0 All M hI M, 0CJill ceMeHCTBO MaTpnu. g(x), xEG, He 
HMeeT o6m;ero HeTpllBllaJihHOfO HHBapnaHTHOro IlOAIIPOCT
paBcTBa B IRr. MBomecTBo Bcex BenpnBOAHMhIX yBnTap
HhIX upeACTaBJieHllH pa36HBaeTCH Ha KJiaCChI 3KBHBaJieHT
HhIX MeJKAY co6oii upeAcTaBJiemi:ii. IIycTh H3 Kalf\Aoro KJiac
ca 3KBHBaJieHTHhIX upeACTaBJieHliH BhI6paBo no OAHOMy 
rrpeACTaBJieHHIO ll IlOJiy'leHHOe MHOlKeCTBO o603IIa'leHO s. 
Torna MHomecTBo u. u. qi. Ha G 

H={cp,_(x)}={cp, cp=g;j, gES} 

oKa3hIBaeTc.11 opTOroBaJihHoii (xoT.11, Boo6me rosop.11, He
c'leTHo:ii) CHCTeMo:ii. 

T e o p e Ma 1 (pa Be B c TB o IT a pc e B a JI 11). 
EcJIH AJIH rr. rr. qi. f (x) IlOJIOlKliTh 

M x {I (x) ~ (x) } 

f ~ ~ cp11, Mi/2 {I '1'11, (x) j2} 
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TO 

j Mx {'<x){pA (x)} 12 
Mx{l/(x)i2}=~ Mx{l(j>A(x)l2} 

foaopHT, qTO IIpep;cTaBJieBJile g ES B x o A n T B p H A 
<l> y p h e II. II. qi. f (x), ecJin M x{f (x)gij(x) };i: 0 AJIH 
HeK-phlx i, j, 1.,..:i.,..:r, 1~j_..:r. 

T e 0 p e M a 2 (T e 0 p e M a a II II p 0 K c II M a-
~ Hu). MHomecTBo H IIJIOTHO B IIpocTpaHCTBe II. II. qi., 
Hap;eJieHHOM HOpMoii 

II! II= sup If (x) I, 
xeG 

np11qeM RamAy10 II. II. qi. MomHo CKOJlb yrO/:(HO 6JIH3KO aII
IIpOKCHMHpoBaTh KoneqHoii JIHHellHOH KOM6HHa~ueii MaT
pHqHblX 3JieMeHTOB IIpel{CTaBJieHHH, BXO/l:HmHX B ee PHA 
<l>yphe. 

EcJin G - TonoJior11q. rpynna, TO K oIIpep;eJieHHIO 
n. n. qi. HymHo p;o6aBHTh Tpe6oBaHHe ee HeIIpepbIBHOCTH. 
B <noM cJiyqae 11 IIpeACTaBJieHHH, BXOAHmue B ee pHA <l>y~ 
pbe, TaKme 6yp;yT HeIIpepbIBHhIMH. 

B cJiyqae, KOrAa rpyIIna G a6eJieaa, HeIIpephIBHhle ynu
Tapnhle IIpep;cTaBJieHHH OAHOMepHhl - OHH Ha3. x a p a K
T e p a M H rpyIIIIhl, G. XapaKTephl rpyIIIIhl G o6o3Ha•ia-· 
IOTCH qepe3 x. H paBeHCTBO IlapceBaJIH TaKOBO: 

Mx{if (x) \ 2}=~nlanl2 , an=Mxff(x)Xn(x)}. 

B cJiyqae G= 1Rn neIIpepbIBHhIMH xapaKTepaMH HBJIHIOT
CH qiyHKIJ;HH x(x)=exp(iA·x), rp;e "-ERn, A·X=A1x1+ •.. + 
+"-nxn. H3 TeopeM 1, 2 CJiep;yroT OCHOBHbie pe3yJihTaTbl Teo
pHH II. II. qi. Oll;HOTO H MHOTHX IIepeMeHHhlX. 

)J;oKa3aTeJibCTBO OCHOBHhlX IIOJfomeHHH TeopHH II. II. qi. 
OIIHpaeTCH Ha paCCMOTpeu11e HHTerpaJihHblX ypaBHeHHii Ha 
rpyIIne (cM. [2)) • .IJ.oKa3aHo [3] cymecTB0BaH11e p;ocTaToq
uoii CHCTeMhl JIHHeHHhlX IIpeACTaBJleHHH KOMIIaKTHblX 
rpyIIII JI11. B 3TOM cJiyqae HHBapnaHTHOe HHTerpHpOBaHHe 
(a 3HaqlfT, If CfeAHee) yCTaHaBJIHBaeTCH HeIIOCpe/:(CTBeHHO. 
IlocTpoeHo (4 HHBapHaHTHoe HHTerpupoaamrn Ha a6cT
paKTHoii KoMIIaKTHoil: rpyIIIIe, 06ycJioBJI11Ba10mee pacnpo
CTpaHen11e Ha 3TOT cJiyqafi TeOpHH IleTepa - BeiiJIH. 

TeopHIO II. II. qi. Ha rpynIIe Momno Bb!BeCTH (CM. [3)) 
H3 TeopttH IleTepa - BeiiJIH cJieAyromHM o6pa3oM. IIycTb 
f (:r) - II. II. qi. Ha rpyIIIIe G H IIYCTb 

p(x, y)= sup lf(axb)-f(ayb)I, 
a, b E G 

TOrAa MHOlHeCTBO E= {tEG, p(t, e)=O}eCTb HOpMaJihHhlH 
AeJIHTeJib rpyn11L1 G, a p - HHBapHaHTHaH MeTpHKa Ha 
qiaKToprpynIIe GI E H f paBHoMepHo HeIIpephlBHa Ha GI E. 

Ifa noqnr nepnoAHqHoCTH diyHR~HH f(x) cJieAyeT, qTO 
norroJIHeHHe qiaKToprpyrrnhl G7 E no MeTpHRe p eCTh RoM
IIaRTHaH rpynna, H TeopeMbl 1, 2 CJiep;ylOT H3 TeopHH Ile
Tepa - Beil:JIH. 

Jlum.: [1) JI e B HT a H B. M., Ilo'ITH-nep110;11PJecRHe c!JyHR
mm. M., 1953; [2] Wey l H., «Math. Ann .. ,, 1926, Bd 97, s. 
338-56;[31 PeterF.,WeylH., TaM me, 1927,Bd97, s. 
737-55; [4) Neumann J. von, "Comp. math.», 1934, v. 1, 
M 1, p.106-14; [5) ero me, «Trans. Amer.Math. Soc.», 1934, 
v. 36, p. Ho-92; [6] We I I A., «C. r. Acad. sci.», 1935, v. 200, 
p. 38-40; [71 I1 0 c H )'.I a R., <l>yHIU\HOHaJibHhlll aHaJIH3, nep. c 
attrJI .. M .. 19 67; [8 J Ma a k W .. Fast periodlsche Funktionen, 
B., 1950. B. B. JRuno•, B. M. Jleauma11,. 

noqTH IIPHBO)];IIMAH JIHHEIIHAH CHCTEMA 
o6hIRHoBeHHhlX µ;HqiqiepeH~HaJihHhlX 
y p a B H e H II II - CHCTeMa 

x=A (t)x, xEIRn, 

A (·):IR---> Hom (!Rn, 1Rn), 

06Jia1J;a10maH CBOHCTBOM: naiiµ;eTCH CHCTeMa c IIOCTOHHHb!Mll 
Rmiqiqi11~11eHTaMH y~ By, y E fR.n, 11 p;JIH namp;oro e>O 
nail:p;eTCH J/iiny1wea npeo6paaoeanue L e(t) TaR11e, 'iTO B pe-

3YJibTaTe 3aMeHbl x= Le(t)y CHCTe:tlla (•) IIepexO/:(HT B CHC· 
Te My 

y=(B+Ce (t)) y, 

sup 11 C8 (t)11 < e. 
t E fR. 

BclIRaH npueo8uMan ,;r,uneunaa cucmn.w noqrIJ IIpHBOAHMa. 
Jlum.: [1) MTorn nayRn n TeXHHRH. MaTeMaTH'lecRHti aHaJIH3, 

T. 12, M., 1974, C. 71-146. B. M. MUMUO>i~U?IOB. 

rroqTII IIPOCTOE qlICJIO - HaTypaJibHOe q11cJio 
n, HMeromee B~ 

n= P1P2 · · · Pk• 
rAe Pi - npoCThle qncJia, a k;;;;;,1 - ROHCTaHTa. IlpOCTble 
qIJCJia HBJIHIOTCH qaCTHhIM CJiyqaeM fl. II. q. II pH k= 1. 
)J;JIH fl. JI. q. HMelOT MeCTO reopeMbl, 0606ma101Illie Teope
My o pacnpep;eJiemrn npoCThlx qnceJI B naTypaJihHOM PHAY· 
PHµ; aaaumuBn&1,x npo6,;r,eM, K-phle eme He perneHhl a npo
crhlx q11cJiaX, pema10TCH B Il. Il. q. B. M. Bpeauxu11,, 

rroqTII CHMIIJIEKTHqECKAH CTPYKTYPA -
HeBblpomAeHHaH p;nqiqiepeH~Ila.JlbHaH 2-qiopMa Ha MHO
roo6pa3HH. II. c. c. Q MomeT cymecTBoBaTh TOJibRo 
Ha qeTHoMepHoM MHoroo6pa3HH M(dim M=2m) 11 oIIpe
AeJIHer Sp (m, IR)-cTpyKTYPY B Sp (m, IR.)• a HMeHHO rJiaB
Hoe paccJioeHne peIIepoB Ha M co cTpyRrypHofi rpyIIrroli 
Sp (m, IR), COCTOHIIlee H3 acex penepoa r= {ei, f i• i= 1, 
... , m }, /:(JIH R-pb!X 

Q(ei, e1)=Q(fi, !1)=0, Q(ei fj)=8u. 

Heo6xop;HMoe n p;oCTaToqHoe ycJioBne cy~eCTBOBaHHH 
Ha MHOroo6pa3Hil M Il. C. c. (TaR me, RaR H IIoqTil KOMU
JieRCHOH CTpyRryphl) COCTOHT B B03MOmHOCTH peAyR~HH 
crpyKrypHOH rpyIIIlhl RacareJibHOTO paccJIOeHHH K YHH
TapHOH rpynIIe U (m) . .Il.JIH aTOro, B qaCTHOCTH, Heo6xop;n
Mo o6pameHne B HyJih acex HeqeTHOMepHbIX RJiaCCOB lIITH
qieJIH - YHTHH MHoroo6pa3HH M (cM. (1)). 

IloqTl{ ROMilJieKCHaH CTpyKTypa J H pHMaHOBa MeTpHRa 
g Ha MHoroo6pa3HH M onpeA0JIH10T n. c. c. Q no qiopMyJie 

Q (X, Y)=g (JX, Y)-g (X, JY), 

rµ;e X, Y - Be.KTophl, H JI106aH II. c. c. MomeT 6hlTb IIo
Jiyqena TaRHM o6pa30M. fl. C. C. Q Ha3. H HT e T pH p ye
M 0 H HJIIl, IlHaqe, c Il M n JI e R T H q e c R 0 H c T p y R
T y p 0 :ii, eCJIH B oKpeCTHOCTH JI106oil: roqRH B HeR-phIX 
JIORaJihHblX ROOPAHHarax xi' yi' i= 1, ... ' m, OHa rrpHBO
AilTCH K BHAY Q= ~ dxi /\ dyi. CorJiacHo TeopeMe .IJ.ap6y 
AJIH 3TOTO neo6xo/:(IlMO If AOCTaTOqHo, qTo6hl qiopMa Q 
6blJia 3aMRHyra. IlpnMep HHTerpupyeMoil: II. c. c. - Ra
noHBqecRaH CHMOJieRrHq. crpyRTypa Q=~dp;/\dqi Ha 
RoRaCaTeJibHOM paccJioemui: T* M IIpOH3BOJihHoro MHo
roo6pa3HH M (3AeCh qi - JIORaJihHhle ROOPAHHaThl MHO
roo6pa3HH M, Pi - cooTBercTBy10m110 RoopAHHaThl B 
CJioe). IIpHMepoM HElllHrerpnpyeMoil: II. c. c. HBJIHercH Jie
BOHHBapHaHTHaH 2-qiopMa Ha IIoJiyrrpoCTOH rpynne Jln G, 
IIoJiyqaromaHCH pa3HeCeHHeM JieBblMH CABHraMl'I: IIpOH3-
BOJlbHOH HeBhlpomp;eHHOH BHeIIIHeii 2-qiopMhl Ha COOTBeTCT
Byromeil: rpyrrrre G aJire6pe Jln. TaR me, RaR 11 pnMaHoBa 
MerpHRa, II. c. c. onpep;eJIHeT H3oMopqin3M KacaTeJibHhlX 
H RORacaTeJihHblX npocTpaHCTB (a TeM caMhlM Il npo
crpaHCTB ROHTpaBapnaHTHhlX H ROBapHaHTHhIX reH30pOB), 
a raRme RaHOHIJqecRyro 2m-qiopMy o6'heMa ri=ilm!Qm 
u pHp; oIIeparopoB B rrpocTpaHCTBe A (M) p;HqiqiepeH~H
aJihBhlx qiopM: onepaTOp eQ BHenrnero yMHomeHHH na Q; 
oneparop iQ BHyTpeHHero yMnomeHHH Ha Q; onepaTop 

3Be3p;oqRH Xop;ma * : AP(M)-+ A2m -P(M), w-+ iwrJ, rAe 
orrepaTOp iro BHyTpeHHero yMHOlRemrn onpep;eJIHercH RaR 
CBepTRa µ;aHBOH qiopMbl c p-BeRTOpOM, COOTBeTCTBYIO~HM 
p-cpopMe w; oIIeparop ROAHcpcpepeHD;npoaamrn 8= :tod:;:. 
B orJIHqHe OT p11MaHoaa cJiyqaH onepaTop ~=d8+8d 
ORa3hlBaeTCH ROCOCHMMeTpHq. OTHOCHTeJibHO rJio6aJibHO-
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ro cHaJrnprroro rrpo1rnse/);eH1zm <a, ~>=~Mal\*~ B 

rrpocTpaHCTBe p-¢opM Ha ROMrraRTHOM MHOroo6pa31rn: M. 
)J;Jrn rrpoII3BOJihHoii p-¢opMhl IIMeeT MecTo pa3Jiome-

HR0 Xo/);ma - Jlerrama w= w0+ea COt+e~ 002+ ... , rp;e 
w;EAP- 2i(M) - OAH03Ha'IHO orrpeAeJieHHble s¢1f>eHTllB
Hhle (T. e. aHHYJIHpyeMbie orrepaTopoM i 12 ) lf>opMhl [3]. 

II. c. c. Ha3. H o H qi o p M Ho rr JI o c Ho ii:, ecJiu 
cymecTByeT TaHa.11 !f>yHRil,HH A.>O, 'ITO d(A.Q)=O. 8To BH
BHBaJieHTHO rrpeACTaBHMOCTll ¢opMbl Q B BH/);e: 

Q= yl "''."' dxi (\ dyi. 
"'"l=l 

IIpll m= 2 Heo6xo/);HMblM II AOCTaTO'IHblM ycJI_OBHeM Toro, 
'IT06hl II. c. c. Q 6MJia HoH¢opMHo rrJiocRoH, HBJIHeTCH 
3aMRHYTOCTb 1-lf>opMbl c'IQ=igdQ, a rrpH m>2 - Bb!IlOJl-

HeHHe paBeHCTBa dQ=(1/m-1) c'IQ/\Q (cM. [1]). 
TeH3op T nma (1, 2), cooTBeTCTBy10mm:i: 3-¢opMe dQ 

n orrpeAeJineMblil paBeHCTBOM Q ( T x Y, Z)= dQ ( X, Y, Z), 
r/);e x' Y, z - B0RTOpb1, Ha3. T e H 3 0 p 0 M R p y q e
H u H II. c. c. Q. C HHM accon;mapyeTcH, soo6me rosopn, 
BhlpomAeHHaH MeTpHRa g(X, Y)=tr TxTy. C rrpoH3BOJih
aoii: II. c. c. CBR3hIBaeTCH RJiacc JIIIHeHHblX CBH3HOCTeii \/, 
arrrrymi:pyIOIUHX ¢opMy Q H HMeIO!UHX TeH30p T CBOHM 
TeH30pOM Rpy'leHl!H. )J;se TaRue CBH3HOCTH OTJIH'laIOTCH Ha 
TeH3oprroe rroJie BHAa Qij S jlll• rAe S jkl - rrpoH3BOJihBoe 
CHMMeTpnqec1;oe TeH3opHoe rroJie. PaccMaTpusaeMhle CBH3-
HOCTH B3aHMHO 0/);H03Ha'IHO COOTBeTCTBYIOT Ce'leHHHM rrep
Boro rrpo/);oJimeHJrn B1 -+ B p;JIH Sp (m, IR)-cTpyHTYPhl B= 
=B Sp(m, R)• HBJIHIOmerocH rJiaBHbIM paccJioeHneM perre
pos Ha B co CTpyHTypHoii: rpyrrrroii S3(fR.2 m) (seRTopHoii: 
rpyrrrroii: O/);HOPOAHbIX IlOJIHHOMOB TpeTheii CTerreHH OT 2m 
rrepeMeHHhIX). Sp (m, IR)-cTpymypa HBJIHeTCH G-cTpyRTy
poii 6ecRoHe'IHoro T1rna. IIosroMy rpynna aBTOMoplf>u3-
MOB II. c. c. MomeT 6b1Th 6ecHoHe'IHOMepHoii. B qacTHOCTII, 
rpynna aBTOMop4f>H3MOB CHMilJl01'Tl!'I. CTPYRTyphl BCer/);a 
6ecRoHe'IHOMeprra H HBJIHeTCH k-TpaH3HTHBHOH rpynnoii 
AJIH J1106oro k>O. 

Jlum.: [1) Liberman n P., tcBull. Soc. Math. France», 
1955, t. 83, p. 195-224; [21 lITOru aayRH H T0XHHRH. AJireopa. 
TonoJioruH. reoMeTpuH, T. 11, M., 1974, c. 153-207; [3) JI bI
q a r H H B. B., «Ycnexu MaTeM. HaYR», 1979, T. 34, M 1, c. 137-
165; [4) Kobayashi Sh., Transformation groups in differen
tial geometry, B.-[a.o.J, 1972. ,a. B. AJ1enceeocnuii. 

IlQqTJfKQJibIJ;Q - O/);HO H3 o6o6meHHH IIOHHTHH ac
con;HaTHBHOro ROJlhll,a. II.- BTO KOA.btfOUa HaA rpynrroii:, 
T. e. yHIIBepcaJihHaH aJire6pa, B R-poii: HMeeTCH accon;ua
TllBHaH orrepan;HH yMHomeHirn H onepan;HH cJ1omeH1rn; 
OTHOCHTeJlhIIO CJIOlReHHH II. AOJllRHO 6h1Tb rpynnoii (He 
o6H3aTeJlhHO ROMMyTaTIIBHOii:), npH'leM AOJl1R0H TaRme Bbl
IlOJIHHTbCH npaBhIH 3aROH AHCTpH6yTIIBHOCTH: 

x (y+z)=xy+xz. 

II. llBJIHIOTCH TaRme qacTHhIM cJiyqaeM .MYA.bmuonepamop
Hbi.r zpynn. 

II pHMepaMH II. HBJIHIOTCH MHOlReCTBa Ms( r) BC ex OT06-
pameHJaii rpynrrbl r B ce6H, nepeCTaHOBO'IHbIX C /);eHCTBU
eM ¢HRCHpoBaHHOH IlOJiyrpyrrnhl BHAOMop¢m3MOB s rpyrr
IlbI r. rpyrrrrOBble orrepall,HH B Ms( r) BBO/);HTCH IlOTO'le'IHO, 
YMHQ_lReHl!eM B Ms( r) HBJllleTCH ROMil03Hil,HH OTo6pame
IIHII. IIo'ITHROJihll,o M s(r) HBJIHercn aHaJioroM ROJihn;a 
MaTpHn;. 06bl'IHbIM o6pa30M BBOAHTCH IIOIIHTHH IlO/);IlO'ITH
ROJlhll,a, H/);eaJia, rrpasoro MOAYJIH HaA II. 

IIycTh N 0 (cooTsercTBeHHO N c) - MHoroo6pa3ue II., 
3ap;asaeMoe TOiRAeCTBOM Ox= 0 ( coorBeTCTBeIIHO Ox= x). 
JI106oe no'ITHROJihll,O A pa3JiaraeTCH B cyMMY ITOAIIO'ITHRO
JICJ~ A =Ao+A C• r/);e Ao E No, A cEN C• IIpH'leM Ao nA c= 
=0. 1(HRJlH'leCRHii: IIpaBbIH A-MOAYJib M Ha3. II p HM H
T .H B H bl M T II II a 0, ecmi: M IIpOCT' II p H M II T H B
H bl M TH rr a 1, eCJlH m160 xA=O, Jm6o xA=M AJIH 
mo6oro:rEM, n IIpHMHTHBHhIM TH II a 2,ecmrM 
HBJ1HeTC11 IIpoCThIM A 0-MoAyJieM. IIo'ITHROJlhll,O A Haa. 

18* 

IIpnMHTHBHbIM Tnrra v (v=O, 1, 2), ecJIH cymecrsyer roq
Hbrii rrpOCTOH A-MOAYJih r nma V. IIpn BTOM B03HHRaeT 
IIJiornoe sJiomeHirn rroqrm>oJihn;a A B M s(r) AJIH neR-poii: 
IlOJiyrpyIIIIhl BH/);OMoplf>H3MOB S rpyIIIlbI r. )J;mI 2-IIpHMll
THBHbIX IIO'ITIIROJlell, A c e/);HHHil,eii: H ycJIOBHeM MllIIl!MaJlb
HOCTH AJIH npaBhIX n/);eaJIOB B Ao HMeeT MeCTO paBeHCTBO 
A =Ms( r) ( aHaJior reopeMhl BeAAep6epHa - A pTHHa). 
)J;JIH Ramµ;oro v= 0, 1, 2 BBOAHTCH IlOHHTHe p a A H R a Jl a 
):\me Ro 6 co Ha TH II a v, o6o3Ha'laeMoro Jv(A), oH 
OIIpeAeJIHeTCH RaR rrepece'leHne aHHYJIHTOpOB V-IlpHMH
TlfBHbIX A-MoAyJieii:. PaAHRaJI J,1,(A) orrpe/);eJinercn RaR 

nepece'leHne MaRcHMaJihHhIX rrpasblx MOAYJIHpHhIX H/);ea
JIOB. Bee '10Thipe paAHRaJia pa3JIH'IHhl, IIpH'leM 

J 0 (A) c: J 112 (A)<;; Ji(A) c: J 2 (A). 

0Ra3hIBaeTCH, 'ITO BTH pap;nRaJlbl o6Jiap,aIOT MHOrHMH 
csoii:creaMH paAHRaJia )J;me1w6corra accon;narHBHhlX RoJiell; 
(CM. [4]). 

)J;JIH II. crrpaBeAJIHB arraJior reopeMhl Ope o rroqrHROJlh
n;ax qaCTHblX [ 4). 

)]; H C T p H 6 y T l'! B HO ll O p 0 1R A e H H bl M II 0 'I
TH R 0 Jl b II, 0 M Ha3. II., aMHTHBHaH rpyIIrra R-poro 
rropom11:aerc11 TaRnMn sJieMeHTaMH x, 'ITO 

(y+z)x=yx+zx 

ll:JIH scex y, z H3 II. Bee p,ncrpH6yrHBHO IIopom/);eHHhie II. 
rropomp;aIOT MHoroo6pa3He No. )l.JIH HOHe'IIIblX AHCTpnoy
THBHO IIOp01RAeHHblX II. IlOHHTHH 1- l'! 2-rrpl!MHTHBHOCTM 
COBIIa/);aIOT; 1-IIpHMHTHBHhle AHCTpn6yrnBHO IIOpOiKAeHHble 
II. HMeIOT BHA Mo(r) /);JlH HeR-poii: rpyrrrrhl r. B ARCTpH6y
TMBHO rropom/);eHHOM II., c Tom/);eCTBOM 

(xy-yx)n<x,Y>=xy-yx, n(x, y) > 1, 

YMHOlReHne ROMMyTaTHBHO (CM. (3), [4]). 
Ram/);oe II. H3 N 0, He coAepmamee HHJihrroreHTHhIX 

sJieMeHTOB, HBJIHercn rroµ;rrpHMhIM IIpoH3BeAeHHeM II. 6e3 
/);eJiureJieii: ayJIH [4). IIo'ITnanre6pa A pa3JiaraeTcSJ: B npn
MyIO CYMMY rrpoCTblX II. TOr/);a H TOJlbRO TOr/);a, HOr/);a a) OHR 
YAOBJl0TBOpHeT ycJIOBHIO MHHHMRJlhHOCTH /);JlH rJiaBHblX 
H/);eaJioB, 6) B A HeT n/);eaJioB c ayJieBhIM yMHomeHHeM, 
B) aRHyJinrop JII06oro MHHHMaJihHoro nµ;eaJia MaRcnMa
JieH (1]. 

)J;JIH II. IIoJiy'leHhl pe3yJihTaThl, aHaJiorn'IHhie pe3yJih
raTaM 0 crpoeHHH peryJIHpHb!X ROJie:u; (2), 0 IIO'ITHHOJlbIJ;aX 
qacTHhIX (5]. II. nMeIOT rrpHJiomeHHH R H3yqeHnIO rpyIIII 
IIO/);CTaHOBOR, 6JioR-CXeM, IIpoeHTMBHOH reoMeTpllH [ 4]. 

Jlum.: [1) Be 11 H. E., «Canad. Math. Bull.», 1977, v. 20, 
No 1, p. 25-28; [2) Heather I y H. E., «J. Indian Math. 
Soc.», 1971., v. 38, p. 345-54; [3) ~ i g: h S., «J. London _Math. 
Soc.>>, 1975, v. 12, pt. 1, p. 27-31, [t,J P i I z G., Near rmgs, 
Arnst., 1977; [5) 0 s w a Id A., «Proc. Edinburgh Math. Soc.», 
1979, v. 22, M 2, p. 77-86; (6) II 0 JI H H c. B., B RH.: KOJibua, 
HOBOCHO., 1973, c. 41-45. B. A. ApmaJIW1iOB. 

IIOHC, JI n H H, cnMrrJieHca a TpnaHryJIHil,MH T - co
BoRyIIHOCTh In (a, T) Tex CHMIIJieRcoe n3 3aMRHyroii: 
3Be3Ahl St(a, T) (o6'hep,HrreHHH CH!lrnJieRcos T, co/);epma
mmt u), R-phle He rrepeceHaIOT U. M. H. Boiiitexosc><Uii. 

IIPABAH rPYIIIIA - rroJiyrpyrrIIa, rrpocTaH crrpaea 
(cM. Ilpocmait no.n.yzpynna) H YAOBJleTBopHIO!UaH JieBocTo
poHHeMy 3aRoHy coRpameHnH. BcnRaH II. r. HBJIHeTcH 
eno.n.ne npocmou no.n.yzpynnou. Ceoii:CTBO IIoJiyrpyIIrrhl S 
6h1Th II. r. :rnmrnaJieHTIIO JI1060My H3 cJiep,y101n;nx ycJiosHii:: 
a) S rrpocTa crrpasa n co11:epmHT np,eMIIoTeHT, 6) S pery
JIHpHa H YAOBJieTBOpHeT JiesocTopoHHeMy aaRorry coHpa-
1:u;eHHH, s) S o6Jia/);aer pa36HeHneM Ha JieBhle u/);eaJibI, HB
JIHIOIUHecn (Heo6xo11:HMO n3oMoplf>HhIMn) rpyrrrraMH, r) S 
ecrh rrpHMoe rrpou3BeAeHHe rpyrrrrhI H rroJiyrpyIIIIhl rrpa
Bhl~ HyJieii: (cM. Hae.Mnomenmoe no.n.yzpynna). CHMMeTpII'I
HhIM R IIOHHTMIO II. r. HBJlHeTCH llOHHTHe Jl e B 0 ii: r p y II
II bl. rpyITIIhl H TOJlbRO OHH CyTh OAHOBpeMeHHO fl. r. U 
JieBbl0 rpyrrnhl. BcnRaH BIIOJIHe rrpocTaR rroJiyrpyIIIIa ofi
JiaAaer pa36ueHH0M Ha rrpanhle (JieBble) HAeaJihl, HBJISJ:IO-
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Il\Hee.H (Heo6XOAHMO 1!30MOpiJ>HblMI!) IIpaBbJMH 
rpyIIna~rn. 

(JieBhIMI!) PoJih llOHHTIIH TI. JI. e. IIpoHerrHeTeH Ha eJieAyIOil\eii: 

Jlum.: (I) HJJHllJllJopg A., IlpeCTOH r., AJJre6paH
'lec1mJI TeopHJI noJJyrpyrrn, rrep. c aHrJI., T. 1, M., 1972. 

JI. H. meepun. 
IIPAB)J;OIIO)J;OBIIH YPABHEHllE - ypaBHeHHe, 

R-poe coeTaBJIHIOT llpH HaXOIBAeHHH eTaTHeTI!'I. ou;eHOR He
H3BeeTHhlX rrapaMeTpOB ITO .Mll"J>CU.MllAbltOZO npa6oonooo6ua 
;iiemooy. IIyeTb x - eJiyqaiiHhlll BeRTOp, IIJIOTHOeTb Be
pO.HTHOeTIJ R-poro p (xi 8) eo/);epIBHT HeH3BeeTHhlll rrapa
MeTp 8 Ee. Tor/);a ypaBHeHIJe 

i) 

116 Inp(Xj8)=0 

rraa. y p a B H e H H e M II p a B A 0 II 0 A 0 6 H H, a ero 
pe11IeHHe S - 0 IJ; e H R 0 H M a R e H M a JI b H 0 r 0 
(rr a H 6 0 JI b III e r o) II p a B A 0 II 0 A 0 6 H .H AJIH 
rrapaMeTpa e. B HeR-pbIX eJiy'!aHx II. y. pemaeTe.H :lJie
MeHTapHO, HOB oeHOBHOM II. y. rrpe/);eTaBJI.HeT eo6o:ii aJire6-
pa11qeeRoe HJIH Tpaneu;eH/);errTrroe ypaBHeHHe, /);JI.ff pemeHHH 
K-poro IIOJih3YIOTe.H MeTOAOM IIOeJie/);OBaTeJibHhIX rrpn6JIH
il\eHHH. 

Jium.: [1) Ba H A e p Ba p A e H B. JI., MaTeMaTH'!ecRaJI 
CTaTHCTHRa, nep. c HeM., M., 1960. M C Huny.wn. 

IIP ABllJlhHAH llHTEPIIPET A~llH - HHTeprrpeTa
IJ;HH iJ>opMaJibHOH eneTeMhl, rrpn R-poft Bee aReHOMhl neTHH
Hbl HJIH rrpHHHMaIOT 3Ha'leHHe «HeTHHa» rrpH Beex 3Ha'leHH
HX ee IIapaMeTpOB, a IIpaBHJia BblBO/);a eoxpaH.HIOT eBoHeTBO 
npHHHMaTb 3Ha'!eHHe «HeTHHa». )J;aHHOe onpe/);eJieHHe OT
rroenTeH K ABY3Ha'!HblM JiorH'I. neqneJie-
IIHHM. EeJIH HeTHHHOeTHblX 3Ha'!eHHH 
6oJibl1Ie H HeR-pble H3 HHX OTMeqeHbl, TO 
s orrpe/);eJieHHH II. H. BMeeTo eJioB «rrpH· Z) 
IIHMaTb 3Ha'!eHne ,,HeTHHa"» Ha/);o HC· 
IIOJib30BaTbeJioBa <mpHHHMaTb OTMe'leH-
Hble_ 3Ha'!eHHH». EeJin rrpnBe/);eHHoe Ta 
eBoHeTBO HHTeprrpeTau;HH He BblIIOJIHH-
eTeH, TO OHa Ha3. He II pa B H JI b H 0 ii. 
II. H. AJIH iJ>opMaJihHblX eiaeTeM, rroJiyqa10m;nxeH A06aBJie
HHeM K yaRoMy iaeqneJieHHIO rrpe/);HRaTOB RaKoro-TO MHOIBe
eTBa aKeHOM T, Ha3. TaKil\e M 0 A e JI HM H e He Te M bl 
a Ke H o M T HJIH Mo/);eJI.HMH AJIH T. IIpoH3BOJihHble HH
TeprrpeTau;HH /);JIH TaKHX iJ>opMaJihHblX eneTeM Ha3. aJire6-
paH'I. eiaeTeMaMH HJIH rrpoeTo MOAeJI.HMH. 

Jlum.: (I] 'I e p 'I A., BaegeHHe B MaTeMaTB'leCRYIO JJOrHRy, 
rrep. c aHrJJ., M., 1960. B H. I'puuiun 

IIP ABllJILHAH JIJIHEA:HAH CHCTEMA o 6 bl K-
H o Be H H bl X AHiJ>iJ>epeHu;HaJihHhIX ypaB
H e H H ii: - eHeTeMa BJiIAa 

(1) 

(rAe A (.) - eyMMHpyeMoe Ha KaIBAOM OTpeaKe OTo6paJRe
HHe IR+-+ Hom (fRn, fRn)), 06JiaAa10ni;aH eBoii:eTBOM: 

lim + lt tr A(•) d't' 
t-++"' Jo 

eyni;eeTByeT H paBeH ~;=1/.,;(A ), rAe /.,1(A );;;:;. ••• ;;;;.t.,n(A) 
Jlanyno6a xapa-,;mepucmu'iec1we no-,;aaame.n,u elileTeMbl (1). 

)J;JI.11 Toro '!T06bl TpeyroJihHaH eneTeMa 

.. ~n . 
u' = . . Pfi' (t) ul, i=1, .. ., n, 

J=L 

6bIJia rrpaBHJihHOJI, rreo6XOAHMO II AOCTaTO'IHO, 'IT06bl ey
n~eCTBOBam1 rrpeAeJibl 

lim f 5
0
1 p;;(•)d't', i=i, .. ., n 

1-++oo 

(K pH Tep H ii JI .H II y H 0 B a). Be.HKa.H npU600U.MllR 
.n,uneiina.n cucme.Ma H Be.HKaH no1tmu npu6oiJuMaR .n,uneuHaR 
cucme.Ma .HBJI.HIOTeH IIpaBIIJibHblMH. 

T e 0 p e M e JI .H n y H 0 B a. TiyeTb eneTeMa (1) IIpa
BHJihHa.H H k ee xapaRTep11eTH'l. IIORa3aTeJieii: JlHIIyHoBa 
OTpmi;a TeJibHhl: 

0 > ').,n-k+l (A)~ ••. ~ ').,n (A). 

TorAa AJIH BeHKOil eHeTeMbl 

;;=A (t)x+g (t, x), (2) 
rµ;e g ( t, x) yAOBJieTBopHeT eJieAyIOm;HM yeJIOB!il.HM: g, g~ 
HeIIpepblBHhl, g(O, t)=O, llg~(x, t)ll=O(lxle ), rAe e= 
=eonst>O, uaiiAeTeH k-Mepeoe MHoroo6paane VkcfRn, 
eo/);epmam;ee TO'IKY x=O, TaKoe, '!TO BeHKoe pemeHHe 
x(t) eeeTeMhl (2), Ha'!11HaIOil\eeeH Ha Vk (To eeTh x (0) E Vk), 
:rnerronenu;naJihHO yoblBaeT II pH t -+ + oo, TO'lrree - YAOB
JieTBOpHeT HepaBeHeTBy 

Ix (t) I e;;;;;C6eP·n-k+l (A)+ll] 1 Ix (0) I 

(AJIH BeHKOfO 6>0 nplil HeK-pOM Co). 
Jium [1] JI JI n y H o B A. M., Oom:a11 3agaqa oo ycTOlltie

BOCTH ABHlReHHlI, Xap., 1892 (TO me, B RH.: Coop. CO'!., T. 2, M.
JI., 1956); [2) Bbl JI 0 B B. <I>., B H H 0 r p a A P. a., r p 0 O
M a H .a;. M., H e M bl 11 R 11 II B. B., TeopHJI noRa3aTeJ1ell Jin
IIYHOBa H ee np1rnomeHHJI R BOIIpocaM yCTOll'!HBOCTH, M ' 1966; 
[3) lITOrH HaYRH 11 TexHHRH. MaTeMaTH'leCRHll aHaJJB3, T, 12, M., 
1974, c. 71-146. B. M. MUJ1J1uon14u1wB. 

IIPABllJlhHhIE MHOfOfPAHHIIKll, Te JI a IT JI a
T 0 Ha,- BhIIIYKJibl0 MHOrorpaHHHRH, Bee rpaHH K-pbIX 

PHC. 

eyTh OAHHaKOBble rrpaBHJlbHble MHOroyroJibHIIKII H Bee 
MHororpaHHble yrJibl rrpH BeprnnHax IIpaBnJihHhle II paB
Hhle (pRe. 1a-1a). 

B eBKJIHAOBOM rrpoeTpaHeTBe E3 eyui;eeTBYIOT IIHTh IT. M., 
µaHIIhle 0 K-pblX IIpliIBe/);eHbl B Ta6JI. 1, r/);e e11MBOJI lllJieifiJIIJ 
{p, q} (eM. Mnozozpannu-,;a zpynna) o6o3rraqaeT II. M. e 
p-yroJihHblMll rpaH.HMe liI q-rpaHHhIM!il yrJiaMn. 

T a 6 JI. 1. -II p a B H JI b H bl e (B bl n y R JI bl e) 
M H 0 r 0 r pa H H HRH B E 3 

Puc. I CHMBOJI I qlfCJlO I qHCJIO 

I 
qHCJlO 

IIInellJJIH aepwHH peoep rpaHell 

TeTpaagp ... la {3. 3) 4 6 4 
Hyo (reRcaagp) 16 {4. 3) 8 12 6 
0RTaagp le {3,4} 6 12 8 
.D;o11eRaagp 1z {5.3) 20 30 12 
lIRocaa11p Iii {3' 5) 12 30 20 

,ll;Boii:eTBeHHblMH MHOrorpaHHJiIKaMJil 
{p, q} n {q, p} Has. TaKne, K-phie rrepexop;HT Apyr B Apyra 
rrplil IIOJIHpHOM IIpeo6pa30BaH!illil OTHOeHTeJihHO BIIneaHHOII 

Ta6J1. 2.-IIpaa11J1bHble MHororpaHHHRH a E• 

I qllCJIO I qllCJIO I qllCJlO I qllCJlO CHMBOJJ f\ByMep- TpexMep-
IllJ1ecjJJ1H ~~P.;- pefiep HblX HbIX 

rpaHell rpaHell 

CHMrrneRc {3, 3, 3} 5 I 10 
I 

I 0 5 
I'HnepRyo {4, 3, 3) 16 32 24 8 
16-rpaHHHR {3, 3, 4) 8 24 32 16 
24-rpaHHHR {3, 4, 3} 24 96 96 24 
12 0-rpaHHBK {5, 3, 3} 600 120 0 720 12 0 
6 0 0-rpaHHBR {3, 3, 5) 120 720 1200 600 
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HJIH ormcaHHOII clfiephl. Terpaanp p;aoii:craeH caM ce6e, reK
caaAp - OKTa<lAPY Il AOJJ;eKa8,[(p - 1rnoca8APY· 

B rrpocTpaHCTBe E 4 cyIIJ,ecTByIDT rueCTb n. M., AaHHhie 
0 K-phlX rrpHBeAeHhI B Ta6JI. 2. 

B rrpocrpaHCTBe En, n>4, cym;ecrayeT Tpll n. M.
aHaJiorn: TeTpaaApa, OKTa8Apa Il Ky6a; IIX CilMBOJihl IIIJielfi
JIII - {3, ... , 3 J, {4, 3, ... , 3 }, {3, ... , 3, 4 }. 

ECJIIl IIOA MHoroyrOJibHilKOM IIOHHMaTb IIJIOCKile 3aMK
HYThle JIOMaHhle (XOTH 6hI II CaMonepeceKalOIIJileCH), TO 
MOlRHO yKa3aTb em;e 4 H e B bl II y K JI hi x (3 B e 3 A q a-

PHC. 2. 

T hl x) n. M. (T e JI a n y a H co). B 8TilX MHororpaHHil
Kax JIH6o rpaHH rrepeceKalOT p;pyr )J;pyra, JIH6o rpa:en -
caMorrepeceKarom;HecH MHoroyroJibHIIKII (pHc. 2a-2e). 
,ll.aHHhle 0 HilX npIIBe)J;eHhl B ra6.rr. 3. 

Ta OJI. 3.-IlpaBHJibHh!e (HeBh!IIyKJihle) 
M H 0 r 0 r p a H H H K e B E' 

MaJihltt sBean'IaThlfi noneKaanp 
BoJihmott aBesn'laThlfi i:ioneKirnnp 
EoJihmolt noneKaanp . . . . . . . 
lIKocaanp ....... · · . · · · 

PHc. J ~N~o I ~:g:g I ~~~~i 

!~ \ II \ l! l! 
Jlum.: [1) 8u11HKJIOIIe):IHfl 3JieMeHTapuolt MaTeMaTHKH, RH. 4-

reoMeTPHlI, M., 1963; [2) JI IO c Tep H HK JI. A., Bh!IIYKJih!e 
q>Hryph! H MHOrorpaHHHKH, M., 1956; (3) ill K JI lI p CK l'I H 
A· 0., q e H LI 0 B H. H., ff r JI 0 M H. M .• MaopaHHble aana'll'I 
H TeopeMh! aJieMeHTaPHOli MaTeMaTHKl'I, 'I. 3, M., 1954; [4) Co
x et er H. S. M., Regular polytopes, 3 ed., N.Y., 1973. 

A. B. H6a>to6. 

IIPABHJibHbIE MHOrOYrOJibHHKH - MHoro-
yroJihHIIKII, y K-phIX paBHhI ace ero yrJihl Il paBHhI ace ero 
CTOpOHhl. IloAp06Hee CM. MnoeoyeO.ttblWK. 

IIPABOYIIOPH,ll.OqEHHAH rPYIIIIA - rpyrrrra G, 
Ha MHOJKeCTBe 3JieMeHTOB KOTopoii 3aAaHO OTHOIUeHile 
JIHHeiiHoro rropHp;Ka ..;;: TaKoe, qTo AJIH acex x, y, z H3 
G HepaaeHCTBO x..;;:y BJieqeT 3a co6oii: xz..;;:yz. MHomecT
BO P= {x E Glx>e} IToJiolRIITeJihHhlX aJieMeHTOB rpymrn 
G HBJIHeTCH q Il c T 0 ii (TO eCTh p n p- 1 = 0) JI Il
H e RHO M (TO eCTb PLJP-1LJ{e}=G) IIOJiyrpyn
IT o ii. BcHKaH qncTaH JIHHeiiHaH IIOAITOJiyrpynna P ITpona
BOJI&Ho:ii rpyITIIhI onpeAeJIHeT B He:ii ITpaBhlii ITOPHAOI', a 
HMeHHO nopHAOK x<y ~ yx- 1EP. 

fpynna A (X) aBTOMoplfiH3MOB JIHHe:ii:Ho ynopHAoqeHHoro 
MHOJKeCTBa x ecTeCTBeHHhIM o6pa30M MOlReT 6bITb npa
BoynopHAOqeHa. BcHKaH n. r. rropH)J;KOBO Il30MoplfiHa 
HeK-po:ii: ITOArpyrrne A (X) AJIH ITOAXOAHIIJero JIIlHeHHO YITO
PHAoqeHHOI'O MHOlReCTBa (CM. [1]). ApXHMe)J;OBa n. r., TO 
eCTb n. r., AJIH K-po:ii aepHa aKCilOMa ApXHMeAa (CM. Ap
XlMteaoea epynna), ITOPHAKOBO Il30MoplfiHa no)J;rpyITrre aA
)J:IlTilBHo:ii: rpynIThI AeiiCTBHTeJibHhIX qHCeJI. B OTJIIlqHe OT 
(ABYCTopoHHe) JIHHe:ii:Ho ynopHAoqeHHhIX rpyITIT cyIIJeCTBy
IOT HeKOMMyTaTHBHhie Il. I'. 6e3 co6CTBeHHhlX BhIIIyKJihlX 
IIOJJ;rpynrr. J\JiaCC Il. r. 3aMKHYT OTHOCIITeJibHO JieKCill(O
rpalfiIIq. pacurnpem1:ii:. CncTeMa acex BhIITYKJihIX rronrpyrrn 
n. r. G JIHHeHHO yrropHp;oqeHa 110 BKJIIOqeanro Il ITOJIHa. 
8Ta CilCTeMa paapeIIIHMa TOI'Aa Il TOJI&KO TOI'Aa, KOI'Aa AJIH 
BCHKIIX noJIOlRHTeJibHhIX aJieMeHTOB a, b E G cyIIJeCTByeT Ha
TypaJI&Hoe qllCJio n TaKoe, qTo anb >a. EcJin rpyrrrra 06-
JiaAaeT pa3peIIInMoii CIICTeMoii noArpynrr S ( G), <JiaKTophr 
K-po:ii He HMelOT KpyqeHHH, TO G MOJKHO TaK rrpaaoyrropH
AOqHTh, qTO BCe IIOArpynnhI H3 s (G) OKalRyTCH BhlIIYKJibl-

Mll. B JIOKaJI&HO HilJibIIOTeHTHOil Il. I'. CIICTeMa BhIIIYKJlhlX 
ITOArpynn paaperrnrna. 

fpyrrrra G TOrAa II TOJlbKO TOrAa MOlReT 6bITb rrpaBo
yrropHAOqeHa, KOI'Aa p;JIH JII06oro I\OHeqHoro Ha6opa 

{x; f= e, 1~i~n} 

aJieMeHTOB II3 G na:iiAyTcH qncJia e;= ± 1, 1..;;:i ..;;:n, 
TaKHe, qTo IIOJiyrpyrrrra, rropom)J;eHHaH MHOlReCTBOM 

{x~ 1 , ••• , x;,n }, He co)J;epmnT eAHHHIJ;hl rpynnhl G. 
BcHKHii cTpyKTypHhlii (perneroq

Hhlii) rropHAOK rpyrrrrhl ecTb rrepece
qeHne HeK-ph1x ee npaBhIX rropHA
KoB (cM. Cmpyi>mypno ynopaiJo'len
naa epynna). 

Jium.: [1) l\ o Ko p e H A. II., l\ O· 
rr bI T o a B. M., JI1rnelino yrropH):IO'IeH
Hble rpyIIIIhl, M.. 1972; l2) M u r a 
R. B., R h e m t u I I a A., Orderable 
groups, N.Y.-Basel, 1977. 

B. M. Ron~tmoB. 

IIP AH,ll.T JIH YP ABHEHHE - ocuoaHoe IIHTerpo-Amp
lfiepemi;IIaJI&Hoe ypaaueHne KphIJia caMoJieTa Koneqnoro 
pa3Maxa. Ilpll BhlBOAe Il. y. AeJiaIDTCH rrpeAHOJIOlReHHH, 
KOTOphle II03BOJIHIOT cqnTaTh KalRAhIH 3JieMeHT KphlJia Ha
XOAHII.\IIMC.H B ycJIOBIIHX o6TeKaHHH ero IIJIOCKOIIapaJI
JIBJlbHhIM IlOTOKOM. 8TO AaeT B03MOlRHOCTb CBH3aT& reo
MeTpnq. xapaKTepIICTHKH KphlJia c ero aapoA1rnaMnq. 
CBOHCTBaMH. TaK, IIOJiyqeHHOe Il. y. IIMeeT BHA 

F (I 0 ) 1 \a F' (t) 
B(t,)+n J-at-t, dt=f(to), -a< to< a, (1) 

rAe F - ncKoMaH lf>yHKIJ,IIH, F'(t)=dF(t)/dt, B H f -
3a)J;aHHhie <JiyHKIJ;IIII B(t)=cb(t), f(t)=vw(t), a Heco6cT
BeHHhlii IlHTerpaJI IIOHIIMaeTCH B CMhICJie rJiaBHOl'O 3Haqe
HilH ITO Kornn. 3uaqeHIIH BXOAHII.\IIX B 3Tll paBeHCTBa Be
JIIlqllH cJieAy10m;11e: 2a - pa3Max KpbIJia, K-poe npeAITO
JiaraeTCH CHMMeTpllqHbIM OTHOCIITeJihHO IIJIOCKOCTil Oyz, 
npnqeM uaITpaBJieHHe ocn Oz coanaAaeT c uarrpaaJielll!eM 
rroToKa B03Ayxa Ha 6ecKoHeqHoCTII; b (x) o6o3HaqaeT xopAy 
rrpo<JiHJIH, K-pbI:ii COOTBeTCTByeT a6cu;ncce x; F (x) - IJ;IIp
KyJIHIJ;IllO B03AYIIIHoro IIOTOKa BOKpyr 3TOro rrpo<JinJIH; 
c - ueK-pyIO ITOCTOHHHyIO; v - CKOpOCTb B03AYIIIHOI'O 
IIOTOKa Ha 6eCKOHeqHOCTH; a (J) - <liYHKIJ,IlIO, aaancmn;yro 
OT Il30l'HYTOCTH npo<JiIIJIH Il rrepeKpyqnaaHIIH KphlJia 
(cM. [ 1)). HcxoAH na 3KCnepnMeHT3JibHhIX A3HHhlX, noJia
raIOT, qTo F (-a)= F (a). 

Il. y. pernaeTCH B 33MKHYTOM BIIAe Jllllllb npn BeCbMa 
mecTKHX ITpeAITOJiomeJIHHX. B o6m;eM cJiyqae YAaeTcH 
Il. y. CBeCTil K IlHTerpaJihHOMy ypaBHeHHIO Cl>peArOJibM3 
(CM. (3]). 

Il. y. Ha3. ITO HMeHil JI. IlpaH)J;TJIH (L. Prandtl). 
Jlum.: [1] r 0 JI y 0 e B B. B., JleKI.IHH 110 TeOpl'IH KPh!Jia, 

M.- JI., 1949; [2) Hap Ma H T., BIO prep c II., TeopeTH· 
qecKaH aa{!Oi:IHHaMHRa HneaJihHhix lHl'I):IKOCTeil, rrep. c aurJI., M.
JI., 1939; [3) My c x e JI H m B H JI H H. H., CHHrYJilIPHhle HHTe
rpaJibHbie ypaeaeHHH, 3 H31\., M., 1968. B. B. Xoeae.11uaae. 

IIPAH,ll.T JIH qJICJIO - OAHH na KpnTepnea ITOA0-
61IH TelIJIOBhlX npou;eccoB B lRIIAKOCTHX Il raaax. n. q. 
3aBHCilT TOJlbKO OT TepMOAHHaMIIq. COCTOHHHH cpe):lhl. n. q_ 

Pr=v/a=µcp/f..., 

l'Ae v= µ/p - RIIHeMaT:aq. Koa<Ji<JiIIIJ;HeHT BH3KOCTII, µ -
AHHaMnq. Koa<Ji<Jinu;IIeHT TeIIJIOIIpOBOAHOCTH, p - ITJIOT
HOCTb, /... - Koa<Ji<Jimi,neHT TenJiorrpoaoJJ;trncTH, a=f...lpcp -
Koa<Ji<Jinn,neHT TeMrrepaTyponpoBOAHOCTH, c P - yAeJILHaH 
TeIIJIOeMKOCTb cpeAhl rrpn IIOCTOHHHOM )J;aBJieHHH. 

n. q_ CBH3aJIO c AP· KpnTepHHMil IIOA06nH - IleK.tte 
'lUc.tto.M n Peiino.ttbaca 'lUC.ttO.M cooTHoIIIeHneM Pr= Pe/Re. 

n. q_ Ha3. ITO IlMeHn JI. IlpaHATJIH (L. Prandtl). 
IIo .Mamepua.tia.M oauou.Menno'll cmambu ua BC9-3. 

IIPEBOCXO,ll.HOE KOJihqO - KOMMyTaTJrnHoe He-
Tepooo KOJibIJ;O, y):IOBJieTBOpHIOni;ee rpeM rrpHBOAI!MhIM 
Hnme aKCHOMaM. MaaecTHO, qTo eeoMempu'leci>ue i>a.ttblfa 
o6JiaAaIOT PHAOM KaqeCTBeHHhIX CBOllCTB, He npncym;nx 
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IIpOH3BOJibHhlM HiiTepOBhlM IWJibIJ;aM. IlOHHTHe Il. R. II03-
BOJJHeT B aRCHOMan1q. qiopMe yqeCTh Ball\He:iirnn:e lI3 ::JTHX 
CBOHCTB. 

ARcnoMhl n. R. A. 
A 1. RoJJbIJ,o A ymrnepcaJJbHO u,enHoe. (RoJJbIJ,O A Ha3. 

II, e II H bl M, ecma AJIH JII06hlx ABYX ero npOCThlX HAeaJIOB 
1:J i= \:'' AJIHHhl JII06hlx HeynJIOTHHeMbIX u,enoqeR npoCThlX 
nAeaJJoa ,P=,P0c.p1c ... c.pn=.P' coanaAaIOT. RoJib:a;o 
A Ha3. y H H B e p c a JI b H 0 :a; e II H bl M, ecJIH :a;errHhlM 
HBJIHeTCH JJI06oe ROJib:a;o MHoroqJJeHoB A [ T 1, .•• , T 1tl.) 

A2. <l>opMaJibHhle cJion: ROJJb:a;a A HBJIHIOTCH reoMeTpH
qecm1 peryJJHpHblMH, T. e. AJIH mo6oro rrpocToro HAeaJJa 

.pc:A H roMoMopqiu3Ma H3 A B rroJie K ROJiblW A"i, @AK 

peryJJHpHo. 3p;ecb All - rronoJIHeHIIe JioKaJibBoro ROJib

ri;a A 11 . 
A3. ,!J;JIH JII06oli: :a;eJIOCTRo:ii RoueqHoii A-aJire6pbl B 

uali:AeTcH aeHyJienoii: aJieMeHT b EB TaRoi1:, qTo ROJibIJ;O 
qacTHhlX B [b- 1) peryJIHpHo. 

Il. R. o6JiaAaIOT CJieAyIOI:a;liMH CBOHCTBa~m. 
1) )];ml Il. R. A MHOlReCTBO peryJIHpHbIX (COOTBeTCTBeH

HO RopMaJibHhix) ToqeR cxeMhl Spec A OTRpblTO. 
2) EcJin: npeaocxoAHOe JioRaJibHoe ROJibll,O A rrp11:BeAeH

Hoe (cOOTBeTCTBeHHO HOpMaJibHOe, paBHopaaMepRoe), TO 

TaKHM me 6yAeT rronoJIBeHMe A. 
3) QeJioe 3RMb1RaHn:e Il. R. A B KouequoM pacrnnpeHJm 

IlOJIH qaCTBblX ROJibIJ,a A HBJIHeTCH ROHeqHOH A -aJire6poD:. 
4) EcJin: ROJibll,O A npeaocxo;t1Hoe, TO mo6aH A -aJire6pa 

ROHeqHoro THITa - TRRme Il. R. 
)];Ba BalRHeHillHX npnMepa Il. R.- IlOJIHble JIORaJibHhle 

ROJibIJ,a (HJIH aHaJIHTHq. ROJibIJ,a) H ABAeRHHAOBbl ROJibIJ;a 
c noJieM qacTHblX uyJieaoii: xapaRTepucTHRIL TaKHM o6-
pa3oM, RJIRCC Il. R. AOCTaTOqHo IDHpOR H, B qaCTROCTH, CO
AepiRHT Bee aJire6pb1 ROReqRoro THOR BaA IlOJieM HJIH HaA 
ROJlbIWM :a;eJih!X qHceJI z. 

IlpeBOCXOAHOCTb ROJibil,a A TeCHO CBH3aua c B03MOll\
HOCTbIO pa3pemeHHH oco6eRnocTeiI cxeMhl Spec A (cM. 
[1], [2]). 

Jlum.: (1] Grothen die ck A. [Dieudonne J.], 
Elements de geometrie algebrique, pt. 2, P., 1965; (2] Xu po
H a K a X., «MaTeMaTlrna», 1965, T. 9, No 6, c. 3-70. 

B. H. ,l1a!W,./f08. 

IIPE,[J;BA3A - ceMeii:cTBo y OTRpblTblX ITOAMBomecTB 
TOilOJIOrHq. npocTpRRCTBa x TaRoe, qTO COBORyIIROCTb 
acex MHomecTB, HBJIHIOI:a;IIXCH nepeceqeuueM Roaeqaoro 
qncJia aJieMeHTOB y, o6pa3yeT 6aay X. _ _ 

M. H. BoutjexoBc1£Uu. 
IIPE,[J;BAPEHHAH (f>QPMY JIA - qiopMyJia Y3Roro 

ucqucJieRHH npeAHRaTOB (YMil), HMeIOIIJ,aH BHA 

Q1x1Q2x2 ·. · Qnxn '¥, 
rAe Qi o6o3HaqaeT RBaHTOp BCeo6r:a;RoCTH v HJIH RBRHTOP 
cyr:a;ecTBoBaHHH 3, nepeMeHHble x;, xi pa3JIHqHbl npn: i:;l::j 
Ii! If - qiopMyJia, He COAepmam;aH RBaHTOpOB. Il. qi. Ha3. 
TaRme n p e A B a p e H H bl M Ii! H 0 p M a JI b H bl M H 
qi 0 p M a M Ii! HJIH ll p e H e R c H bl M H qi 0 p M a M Ii!. 

,AJIH BCHROH qiopMyJibl <p H3b1Ra YMil MomHo Haii:rn 
Il. qi., JIOfJaqeCRH ::JRBHBaJieHTHyIO B RJiaCCHq. HCqHCJl0HHH 
npeAHRaTOB qiopMyJie <p. Ilpo:a;ecc HaXOlRAeHHH Il. qi. OC
HOBaH Ha CJieAyIOIIJ,HX ::JRBHBaJieHTIIOCTHX, BblBOAHMblX B 
RJiaccHq. YMil: 

(Vxcp (x) :::::> '¥) = 3x' (<p (x') :::::> '¥), 

3X<p (x) :::::>If-= '!/X' (<p (x!) :::::> If), 

'¥ :::::> Vx«p (x)"""' Vx' ('¥ :::::> <p (x')), 

'¥ :::::> 3xcp (x) = 3x' ('¥ :::::> <p (x')), 

1 Vx<p=3x -1 <p, l 3x<p=Vxlcp, 
Qy ';/x <p = ';/x<p, Qy 3x <p = 3X<p, 

r.D;e x' - JII06aH nepeMeHHaH, He BXOAHIIl,aH ceo6o.D;HO e 
qiop'.ll:yJibl <p (x), '¥, ll. <p (x') noJiyqaeTCH H3 <p (x) 3RM0HOH 
BCeX CB060AHhIX BXOiRA0Hll.H x Ha x' j nepeMeBH8H y He 

BXOAHT CBOOOAHO B ';/x<p, 3x<p. qTOOhI npnMeIIHTb npnBC'
AeHHble ::JRBHBaJieHTHOCTH, HaAO npeABapnTeJibHO Bbipa-
3HTb JIOrHq. CBH3RH qepe3 :::::> H 1 j 3aTeM, IIpHMeHHH ::JTI! 
::JRBll.BaJieHTHOCTH, IIOCTerreHHO nepeABHraTb ace RBaHTOpbl 
BJieBo. l10Jiyqa10maHCH B p03YJibTaTe Il. qi. Ha3. II p e A
B a p e H II 0 ii qi 0 p M 0 ii. p;aIIHOH qiopMyJihl. 

Jlum.: [1] M e H JJ: e .n b co H 3., Bnenemie n MaTeMamqecKYIO 
.norirny, nep. c aur.n., M., 1971. B. H. I'pumun 

IIPE,[J;fHJihBEPTOBO IIPOCTPAHCTBO - aeRTop-
Hoe npoCTpaHCTBO E HaA IlOJieM KOMilJI0KCHblX HJIH AeH
CTBHTeJibHbIX qf!CeJI, CHa6meHHOe CRaJIHpHhIM rrpoH3BeAe
HHeM EXE - c, xXy "'* (x, y), yAOBJieTBopHIOI:a;HM cJie
AYIOIIJ;HM ycJioBHHM: 

1) (x+y, z)=(x, z)+(y, z), (A.x, y)=A.(x, y), (y, x)= 
=(x, y), x, y, zEE, A.EC (IR); 

2) {x, x)~O AJIH x EE. 
1 

Ha II. II. E onpep;eJieHa noJiyHopMa llxll=(x, x)2 . 
IIorroJIHeHn:e E no noii IIoJiyHopMe HBJIHeTCR eu.ttb6epmo
BN:M npocmpancmao:M. B. H. Jlo.11to1<ocoB. 

IIPE,[J;EJI - OAIIO 1'13 ocIIoBHblX IIOHHTHii: MaTeMaTURH, 
03Haqa10r:a;ee, qTo KaKaH-TO rrepeMeHHaH, 3aBHCHI:a;aH OT 
Apyroii: IIepeMeHHOii:, rrpn: oIIpeAeJieHHOM ll.3MeHeRHH IIO
cJieAIIeH, HeorpaHn:qeHHO npn:6JIHJKaeTCH R HeR-pOMy no
CTOHHHOMy a&a'IeHll.IO. OCHOBHblM npn orrpe,l(eJieHHII II. 
RBJIHeTCH IlOIIHTHe 6JIH30CTH paccMaTpll.BaeMbIX o6'beRTOB: 
TOJlbRO llOCJie ero BBe,l(eHHH II. rrp1106peTaeT TOqHblH CMblCJI. 
c IT. CBR3aHhl OCHOBHble IlOHHTHH MaTeMaTHq. aHaJIH3a: 

HenpepblBHOCTb, npoH3BOAHaH, ,l(n:qiqiepeH:a;HaJI' HHTerpaJI. 
0UHHM H3 npocTeiimHX CJiyqaeB II. HBJIHeTCH n. nocJiep;o
BaTeJibHOCTll.. 

IT p e A e JI n o c JI e A o B a T e JI b R o c T n. IlycTb 
X - TorroJiorHq. IIpocTpaHCTBo. IIocJiep;oBaTeJibHOCTb ero 
ToqeK Xn, n=1, 2, ... , Ha3. CXOJ.IHI:a;eii:CH K TO'IKe XoEX 
HJIH, qTo TO me caMoe, TOqKa Xo Ha3. n p e A e JI 0 M A a H: 
II 0 ii lI 0 c JI e A 0 B a T e JI b II 0 c T H, ecJIH AJIH JII060H 
OKpecTBOCTH u TO'IRfl Xo cyr:a;ecTeyeT TaRoe HaTypaJibHoe 
N, qTQ AJIH ecex n > N BhITIOJIHHeTCH BRJI10qemrn x n E U; 
IIpH <JTOM IlHIDYT 

B cJiyqae, ROrAa x - xaycAopqioao IIpocTpaHCTBO, n. 
rrocJieAOBaTeJibHOCTH xn EX, n= 1, 2, ... , ecJIH oe cyr:a;ecT
ayeT, eAHHCTBeH. )J;JIR MeTpHq. rrpocTpaIICTBa x TO'!Ra Xo 
HBJIHeTCH Il. IlOCJI6)J;OBaTeJibHOCTH {xn} TOrAa H TOJibRO 
Tor,l(a, RorAa AJIH JII06oro e>O cyr:a;ecTByeT TRRoe HaTy
paJibHoe N, qTo AJIH acex HoMepoB n > N BhlITOJIIIHeTcH He
paaeHcTao p (xn, x 0) <e, rue p (xm x 0) - pacCTOHHHe Mei«
AY ToqKaMH xn H x 0• EcJifl rrocJiep;oaaTeJibHOCTb ToqeR 
MeTpIIq. npocTpaIICTBa CXOAHTCH, TO OHa orpaHn:qeea. Ilo
CJiep;oBaTeJibHOCTb ToqeK lIOJIHOro MeTpll.q. npocTpaHCTBa 
HBJIHeTCH CXOAHmeHCH B TOM Ii! TOJibRO B TOM cJiyqae, ROrAa 
oHa qiyHAaMeHTaJibHaH. B qacTHOCTH, no aepHo AJIH qn:c
JIOBblX nocJieAOBRTeJibHOCTeii:, ,l(JIH R-pblX HCTOpHqecRH 
anepBb!e B03HHRJIO noHHTHe II. nocJieAoBaTeJibHOCTH. )J;JIR 
q11CJIOBblX IIOCJieAOBaTeJibHOCTe:ii crrpaBeAJIHBhl qiopMyJihI 

lim c=c, lim cxn=c lim Xn, 
n-+ oo 

c - npoll.3BOJlbH06 qiHKCHpoBaHHOe q11cJio, 

lim (xn+Yn)= lim xn+ lim Yn, 
n_,,.r.o n_,,..oo n_,,..® 

lim XnYn= lim ·"n lim Ym 
n_,,..co n_,,..co n--+CJJ 

a eCJIH lim Yn ~o, TO 
n-+"' 

8Tn CBOlICTBa qHCJIOBblX IlOCJiep;oBaTeJibIIOCTeII IIepeHOCHT
CH ua II. nocJieAOBaTeJibIIOCTeii: uoJiee o6r:a;nx CTpy1nyp, 
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Harrp. CBOHCTBO IT. CYMMLI - Ha IIOCJie).(OBaTeJibHOCTH TO- Ila BCHKOR orpaunqeHHOii qMCJIOBOi'I IIOCJie,[IOBaTeJibHO-
'iCK mrneiiHhlX TOIIOJIOrMq. rrpoCTpaHCTB, CBOHCTBa IT. rrpo- CTH MOiKHO Bbl/:{CJIHTh CXO/lHlllJIOCH TIO/llIOCJie11onaTeJI1>-
Jl3BeAeHHH - Ha IIOCJiep;oBaTeJibHOCTH TO'le'.K TOilOJIOfHq, HOCTb (CM. EoAblflllW - Beuepwmpacca meope.l,ta), a H3 
rpyrrrr H T. A· BCHKOH ueorpaHnqeHHOM - 6eCKOHeqHO 6oJibIIIy!O. 

EcJiu p;eiiCTBHTeJihHhre 'IHCJIOBble nocJiep;oaaTeJlhHOCTu IT. (KoHe'IHhiii uJiu 6ecKoHB'IHblii) KaKoii-Jiu6o rrop;nocJie-

xn E IR H YnE IR CXOAHTCH H x,,~Ym n=1, 2, ... ' TO /IOBaTCJii>HOCTH p;amrnii IIOCJiep;oBaTCJii>HOCTH Ha3. q a C-

lim x,,,,;;;; lim y,,, T H q H bl M II p e A e JI 0 M IIOCJiep;Heii. B MHOiKCCTBe 
n-+ 00 n-+ QD BCex qaCTH'IHLIX TI. BCHKoii IIOCJiep;oBaTeJibHOCTH ABHCTBH

T. e. rrpu rrpep;eJibHblX rrepexop;ax HeCTporne HepaaeBcTBa 
coxpaHHIOTCfl. EcJiu 

lim Xn= lim y,,=a 
ri-+oo n.-+oo 

H x,,<.zn<-Y,,, 'fO IIOCJie/I;oBaTeJibHOCTI> Zn, n=1, 2, ... ' 
CXO,[IIITCH K TOMy me TI.: lim z,,=a. 8TH CBOHCTBa 0606-

n- :n 
ID;aIOTCH Ha TI. IIOCJiep;oBaTeJibHOCTeii: TOqeK y11opnp;oqeH
IIb!X MHOlKCCTB. 

BcnKaH ao3pacTaIOIIJ;an (y6blaaIOID;aH) uocJiep;oaaTeJI1>
HOCTh 11eiiCTBHTCJil>HblX quceJI Xm T. e. TaKaH, qTO x,,<. 
~Xn+l (C001'B8TCTB8HHO xn;;;;.Xn+1), n=1, 2, ... ' orpaHH
qeHHaH CBepxy (CHII3Y), CXOAHTCH, Hee II. HBJIHeTCH Bepx
HHH (HHlKHHH) rpaHh MHOiKeCTBa ee BH!l'leHnfi. Harrp., 
ecJiu a >O, k - IIaTypaJibHoe qucJio, a,, - 11p116mrnrnH-

k /-
Hoe 3HaqeHJie KOpHH v a c n p;eCHTJlqHb!MH 3HaI>aMH IJOCJie 

3aIJHTOii:, BbJqJlCJieHHOe c He,D;OCTaTKOM, TO a,,, n=1, 2, ... ' 
o6pa3yIOT B03paCTaIOII\YIO IJOCJiep;oBaTe.lfbHOCTI> H lim a,,= 

n~., 

= va. )J,pyruM IlpHMepoM B03paCTaIOIIJ;8H orpaHuqeHHOH 

CBepxy IJOCJiep;oBaTeJibHOCTH HBJIHeTCH nocJie).(0BaTeJI1>
HOCTb 11epuMeTpOB 11paBHJibHblX MHoroyroJibHHKOB c n 
CTopoHaMu, n= 3, 4, ... ' BIIHCaHHblX B HeK-pyIO oKpym
HOCTh, K /I;JIHHe K-poii: H CXOAHTCH :na IIOCJiep;oBaTeJib
HOCTh. 

Oco6ym poJib B reop.11u 11ucJI0BblX nocJiep;oBaTeJihHOCTeii 
urpaIOT 6 e c K o H e q II o M a JI hi e u o c JI e A o B a
T e JI b H 0 c T H, T. e. IIOCJie/.(OB!lTeJibHOCTH, CXOAHII\H6CH 
K IIyJIIO. 06ID;ee IIOHHTHe IT. 'IHCJIOBOH IJOCJI0/I;OB8TeJihHOCTH 
CBOAHTCH K IIOHHTHIO 6ecKoHequo M8JIOH B TOM CMhlCJI0, qTo 
'UICJIOBaH IIOCJiep;oBaTeJibHOCTb CXOAHTCH .K HeK-poMy qJlC
Jiy B TOM H TOJibKO B TOM CJiyqae, KOr/);a paaHOCTb Memp;y 
qJieJiaMu IIOCJI0/I;OBaTeJibHOCTH H 3THM qJlCJIOM HBJIHeTCH 
6eCKOHeqJio MaJIOH IlOCJiep;oBaTeJibHOCTl>lO. 

IToJie3HblM HBJIH0TCH H IIOHHTli0 6 e c K 0 H e q H 0 
6 0 JI h Ill H x q H c JI 0 B bl x II 0 c JI e A 0 B a T e .II b
H 0 c T e ii:, T. e. IIOCJie/);oBaTeJihHOCTe:ii, HMeIOII\HX CBOHM 
TI. JI.H6o oAHY H3 6ecKoHe'lnocTeii co anaKoM +co mrn - oo, 
Jin6o 6ecKoHe'lIIOCTh 6ea aaaKa oo. )J,JIH oupeAeJieHHH 6ec

KOHe'lHhlX IT. BBOAHTCH IIOHllTIIH e-oKpeCTHOCTen, e >0' 
6ecKOHeqHOCTen + 00' - 00 H 00 B MHOlKeCTBe A6llCTBH
TeJibHb!X qnceJI 1R rro lfiopMyJiaM 

UH- oo, e)= {xER:x > ...!.\, 
e J 

U (- oo, e)= {xEIR:x < -+}, 
U(oo, e)={xEIR:\x\>...!..\ 

e J 
H !IOHHTI!e r-oKpeCTHOCTH 00 B MHOlKCCTBe J;O~mJieKCJib!X 
qnceJI C: 

u ( oo, e) = { z E IC: I z I > f}. 
TinmyT lim xn= oo (coOTBeTCTBeHHo Jim .rn=+oo liJIH 

n~~ n•oo 
-oo), .rnE IR, n= 1, 2, ... , ecJin AJIH JII06oro e>O cylI\eCT
ayeT TaKoli HOMep N, qTo /);JIH acex HOMepoB n > N BlllnoJI
HHeTeH BKJIIOqeune xn EU ( oo, e) (cooTBeTCTBeHHO BHJIIOqe

Hne xnEU(+oo, e) HJIH x,,EU(-oo, e)). AaaJiornqno 
orrpeAemiercn 6ecKoaeqHblii: IT. AJIH nocJieAoBaTeJihHOcTeit 
KOMUJieKCHb!X <mceJI. 

TCJil>HblX 'IHCeJI BCerp;a HMCIOTCH KaK Han60JibIIIHii, TaK H 
Ha11MeHbIIIHH (KoHe'!Hh!e HJIH 6ecKoJieqHLJe). Hau6oJihIIIHH 
(cooTBeTCTBeHIIo uanMeIIhII111ii) qaCTHqHhIH TI. uocJie/);0Ba-

TeJI1>HOCTH Ha3. ee B e p x H Ji[ M (COOTBCTCTBCHHO H H iK
H 11 M) npep;eJIOM. TiocJie/I;OBaTeJibHOCTb HMeeT KOHeqHblH 
HJIH 6ecKo&eqHl>IH TI. TOT/I;a H TOJil>KO TOI'Aa, KOI'Aa ee Bepx
HHH TI. coauap;aeT c HHiKHHM, rrpuqeM ux o6ID;ee 3Ha'IeHue 
H HBJIHCTCH TI. 

C IIOMOII\bIO fl. IIOCJIC/I;OBaTCJibHOCTH MOl'yT 6b1Tb orrpe
p;eJICHbl p;pyrue IJOHHTHH IT., IIarrp. IT. lfiyHKI~nn u IT. HH
TerpaJibHblX cyMM. Orrpep;eJieJiue IT. rrocJie11oaaTeJI1>HOCTeli 
o6o6ID;aeTCfl Ha CJiy'rnii uarrpaBJICJIIIblX ('JaCTIJqHO yIJopH
AO'ICHHbIX) MHOiK8CTB. 

IT p e A e JI !fly HK~ u n (o To G p a iK e Hun). 
ITycT1> Xu Y - TOIIoJioruq, rrpocTpaHCTBa, EcX, x0 -

TO'!Ka rrpHKOCHOBeHuH MIIOlK8CTBa l!.'' f : E - y - OT06-
pameuue EBY. ToqKy aEY Haa. rr p e 11 e JI o M o To G
p a iK e H H H f B TOqJ\e Xo (uJilr, IrnK roBOpHT, rrpu x, 
CTpeMHII\CMCH K Xo) H IIHIIIYT 

lim f (x) =a HJIH f (x) __,.a rrpu x __,. x 0 , 
X-+ Xo 

eCJIH, KaJWBa 6bl HH 6bma OKpeCTHOCTb V= v (a) TOqKH a 
B Y, cyID;eCTByeT TaKa11 oKpeCTHOCTh U= U (x0 ) TO'lKH x0 

B x' qTQ AJIH JII06on TOqKH x EE n U(xo) ee o6pa3 f(x) rrpn
Ha/I;JI0iKHT v : I (x) E v. llHa'le roaopH' 0CJIH I ( E n U) c v. 
EcJIH Y - xaycp;oplfioeo upoCTpaHCTBo, TO oT06pameHne 

f : E - Y MomeT nMeTb TOJibKO op;nn IT. B TO'lKe x0 EX. 
B cJiyqae, Korp;a E*cE n x0 - ToqKa rrpnKoCHoBeHnH 

MHomeCTBa E*, To IT. cymeHHH fE• oTo6pameunH f Ha 
MHOlK8CTBe E* Ha3. n. OT06pameHHH (lfiyHKI~lrn) I no MliO" 
meCTBy E*, npn aToM IlHIIIYT 

lim f (.r)= lim IE* (x). 
X-+X 0 , xeE* 

EcJIH f: E - Y, E*cEcX, x0 - TO'!.Ka rrpnKoCHoae
mrn MHOlKeCTBa E* H CYII\8CTByeT lim /(x), TO B ToqKe Xo 

X-+X 0 

cyID;eCTByeT H rrpep;eJI f ITO MHOlKeCTBY E*' rrpuqeM 

lim f (x) = lim f (x). 
x-+X 0 , XEE* X-+X 0 

EcJin E1cX, E 2cX, f: E 1 LJE 2 - Y u cyw;ecTBYIOT 

Jim /(x)= Jim f(x)=a, 
X -+X0 , XE El X-+ X 0 , XE E 2 

TO cyID;eCTByeT H 

lim f(x)=a. 
X-+ Xo 

ITpn paccMoTpeunn IT. oTo6pameHHH (lfiyHK~mi) f: E -
- y' E ex' rrpn x - Xo Ex MomeT CJIY'lHTbCH, 'ITO Xo EE 
umr, Hao6opoT, x0 $.E. CJiyqau x0 EE upe/);cTaBJIHeT crre~n
aJihHblH HHTepec, T. K. OJI rrpnBO/);HT K IJOHHTHIO uerrpepbIB

HOH lfiyHK~m1: ecmr f : E - Y n x0 EE, TO AJIH Toro, 'lT06h1 
OT06pamemie f HMCJIO IT. B TOqKe Xo' Heo6xo/);HMO H AO
CTaTO'lHO, 'lT06b! 

lim f(x)=f(xo)· 

B cJiyqae BhIIIOJIHemrn aroro ycJIOBHH OTo6pameune f 
R Ha3. He II p e p bl B H bl M B TOqKe Xo· Ecm1 TOqKa 
Xo HBJIH0TCH H30JIHpOBaHIIOH TOqI\OM MHOlKeCTBa E' TO B 

ueu Bcerp;a cyID;eCTByer upe/);eJI 

lim f (x) = f (x0 ) 
x-+ x 0 
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p;Jrn mo6oro oTo6pamemrn f: E-+ Y, T. e. mo6oe 0To6pa-
111emrn f HenpepbIBHO BO Bcex ll30JinpoBaHHhlX ToqJrnX 
MHOll\eCTBa CBoero orrpeAeJieHJUI:. Ilo;iroMy IIOHHTlle Il. 
oTo6pamemrn, B 11acTHOCT11 ero HerrpepbIBHOCTll, coAepma
TeJibHO Jillllih p;JIH rrpeAeJihHhlX ToqeK oTo6pamaeMoro MHO
mecTBa. B KJiaccnq, CJiy11ae n. iJ>yHKIJ,HH f : E-+ y o6blq
HO rrpeAnOJiaraeTCH, lJTO Xof/:.E, T. e. lJTO TOlJKa Xo He rrpH
HaAJiemIIT TOMy MHOmecTBy, ITO K-poMy 6epeTCH Il. 

EcJI11 B T011Ke x0 EX AJIH rrpocTpaHCTBa X BhlIIOJIHHeTCH 
rrepBaH aKCIIOMa clJeTHOCTll, a rrpocTpaHCTBO y - xayc
AopiJ>oBo, TO AJIH Toro, 11To6b1 cym;ecTBOBaJI rrpeAeJI lim f (x) 

X-tXo 

oTo6pameHnH f : E-+ Y, EcX, Heo6xoAHMO H AOCTaTO'l
Ho, 'IT06hl AJIH mo6o:ii: rrocJiep;oBaTeJihHOCTH Xn EE, n= 1, 
2, ... , lim xn=x0 , cymecTBOBaJI rrpep;eJI lim f(xn)· Ilpn 

n-oo n-+CX> 
BhlIIOJIHeHllll aroro ycJIOBllH rrpeAeJI lim f (xn) He 3aBHCllT 

11 ... 00 

OT Bhl60pa yKa3aHHOH IIOCJieAOBaTeJihHOCTll {xn} ll HX 06-
m;ee 3Ha11eHI1e RBJIReTCH II. oTo6pameHHH f B To11Ke x0 • 

IIpep;eJI rrocJiep;oBaTeJihHOCTII ToqeK 
{y n} TOIIOJIOrll'l. rrpocTpaHCTBa y HBJIHeTCH 'IaCTHblM cJiy
qaeM n. OT06pameHIIH (iJ>yHKIJ,IIH): B 3TOM cJiy11ae E=N -
MHOJKeCTBO HaTypaJihHblX quceJI, paccMaTpirnaeMblX c AIIC
KpeTHOH TOIIOJIOmeii:, Xo=+co, X=NLJ {+oo}, oKpe
CTHOCTblO + 00 B x HBJIHeTCH mo6oe IIOAMHomeCTBO 
UcN BIIAa U={n: n~n0 }U{+oo}, rp;e n0 - HeK-poe 
HaTypaJibHOe 'IHCJIO. 

IlOHHTile II p e l1. e JI a K p a T H 0 H II 0 c JI e A 0 B a
T e JI h H o c T II, T. e. rrocJiep;oBaTeJihHocTI1, <JJieHhl K-poii: 
CHa6meHbI 11,eJIO'IllCJieHHblMII MyJihTIIIIHp;eKcaMII, TaKme HB
JIHeTCH 11acTHhlM cJiyqaeM II. OTo6pameHHH. 

BHyTpeHHIIii KpIITepnii cym;ecTBOBaHJrn II. oTo6pameHHH 
f : E -+ y B AaHHOH TOqKe Xo (OH Ha3. K p ll T e p H e M 
R 0 m II) B CJTy<Jae, KOTAa B TOqKe Xo TOIIOJIOrll'l. rrpocT
paHCTBa X~E BblIIOJIHHeTCH rrepBaH aKcnoMa c11eTHOCTH, 
a MHomeCTBO y HBJIHeTCH IIOJIHblM MeTpH1I. rrpocTpaHCTBOM, 
cocTOIIT B TOM, qTo rrpep;eJI lim f (x) cym;ecTByeT Torp;a n 

x-xo 
TOJibKO Torp;a, Korp;a AJIH JI106oro e >O Haii:p;eTCH TaKaH OK
pecTHOCTh u = u ( Xo) TOqKII Xo B x' lJTO AJIH BCex TO'leK x' 
II x"' YAOBJieTBOpHIOm;llX ycJIOBlllO x' EE n u' x" EE n u' 
BhIIIOJIHHeTCH HepaBeHCTBO p (f (x"), f (x')) <e. B qacTHOCTH, 
3TOT KpIITepnii: crrpaBep;JillB, Korp;a y HBJIHeTCH MHOll\eCT
BOM p;eiiCTBllTeJibHblX JIJIH KOMIIJieKCHblX qe:ceJI. 

H e K o T o p bl e c B o :il: c T B a rr p e A e JI o B. 
EcJIH Y - MeTpn11. rrpocTpaHcTBO, f : E-+ Y, EcX, 
n cym;ecTByeT rrpep;eJI lim f (x)=a E Y, TO Haii:p;eTCH TaKaR 

x-xo 
OKpeCTHOCTb U= u (xo) TOlJKll Xo, qTo rrp11 OTo6pameHllll f 
oCipa3 rrepeceqeHllH En u OT06pamaeMoro MHomeCTBa E 
c 3TOH OKpeCTHOCTblO 6yp;eT orpaHnqeHHblM IIOAMHOmecT
BOM rrpocTpaHCTBa y. 

Ecm1 iJ>yHKIJ,nH f: E-+ IR, EcX, IR. - MHomecTBo 
11;eiicTBHTeJibHblX qnceJI, nMeeT B To11Ke x0 EX He paBHblii 
HyJIIO KOHelJHblH Il., TO cym;eCTBYIOT TaKlle OKpeCTHOCTh 
U= u (xo) TO'lKll Xo ll qncJio c>O, qTo AJIH BCex TO'leK 
x EE n u Bb!IIOJIHHIOTCH HepaBeHCTBa 

f (x) > c, ecJin lim f (x) > 0, 
X-+ Xo 

f (x) < -c, ecm1 lim f \X) < 0. 
X-+ X 0 

ECJill y - TOIIOJIOrJilq. rpyrrna (B 'IaCTHOCTll, KOMMyTa
TIIBHaH c ap;p;nnrnHo:il: 3arrncb10 rpyrrnoBoii orrepa11,I1II), 
f : E-+ Y, EcX, x0 E X, To rrpep;eJI lirn f (x) cy111,ecTByeT 

X-+X0 

Torp;a n TOJibKo TOrp;a, Korp;a iJ>yHKIJ,llH a (x)= f (x)a - 1 

IIMeeT B ToqKe x0 rrpep;eJI, paBHbIH ep;e:Hn11,e rpynnhl Y 
(COOTBeTCTBeHHO iJ>yHKJ:~Irn a(x)=f (x)-a HMeeT Il. B x0 , 

paBHblll HyJIIO,- TaKne iJ>yHKll,llll Ha3. 6 e c K 0 He 11 H 0 
M a JI bl M ll qi y HK II, ll H M n). 

Ecm1 y - JillHeiiHOe TOIIOJiornq. IIpOCTpaHCTBO HaA rro
JieM P, !1: E-+ Y, !2: E-+ Y, EcX, TO n. B TOqKe Xo 
JII1Heii:Hoil: KoM61rna11,nII oTo6pameHn:il: f 1 n f 2 paBeH TaKoii: 
me mrne:il:HOH KOMfoJHal~JIII llX n. B TOH me TOlJKe: 

Jim [f,1/i(x)+A.2/ 2 (x)]=A1 lim fi(x)+A.2 lim / 2 (x), 
X-+Xo X-+Xo X-+Xo 

A.1EP, A.2EP. 

EcJill y - MHOJKeCTBO p;eiiCTBHTeJihHbIX llJill KOMIIJieI<C
HblX 11HceJI, / 1 : E-+ Y, / 2 : E-+ Y (TaKne iJ>yHK11,n11 Ha3. 
qncJioBbIMn), EcX, TO 

lim ft (x) / 2 (x) = Jim / 1 (:r) lim /2 (x), 
X-+ Xo X-+ Xo X-+ Xo 

a ernn lim f 2(x) ¥ 0, TO 
X-+Xo 

lim / 1 (x) 
lim / 1 (x) = x-> x 0 

x-+ Xo /, (x) lim / 2 (x) ' 
X-+ Xo 

rrpH11eM B aroM cJiy<Jae rrop; lirn 1
1•<<x>) rroHnMaeTCH II. 

X-+Xo J X 

cymeHnH iJ>yHKIJ,llll ~: Ha rrepece11eHne oTo6pamaeMoro 

MHomeCTBa E c HeK-poii OKpecTHOCTblO TO'IKH Xo TaKoii:, qTo 

Ha yKa3aHHOM rrepeceqemrn HMeeT CMblCJI 11aCTHoe ~: • 

EcJin /1(x)~/2(:r), xEE, n cyIIJ,eCTByIOT rrpep;eJfbl lim / 1(x), 
lim /2(x), TO X-+Xo 

lim / 1 (x)...;;;; lim / 2 (x). 
X-+ Xo X-+Xo 

EcJin X 11 Y rroJiy11eHbl ll3 MaomecTBa p;e:iicTBIITeJib
HblX 'IHCeJI IR IIOIIOJIHeHneM ero m160 6ecKOHeqHoC'J'blO 6e3 
3HaKa: oo, JI1160 ABYMH 6ecK0He11HocTHMll co 3HaKoM: 
+oo, -oo, EclR, /(E)clR 11 x0 ft.E, To ciJ>opMyJinpoBaH
Hoe oopeAeJieH11e II. iJ>yHKIJ,llll HBJIHeTCH KJiaccnq, orrpe
AeJieHneM KOHeqHoro 11 6ecK0He11Horo II. p;eiicTBHTeJibHo:il: 
iJ>yHKll,Illl OAHOro rrepeMeHHoro. AHaJior11qHo, ecJin rrpoeT
paHCTBa x ll y rroJiyqaJOTCH IIOIIOJIHeHHeM 6ecKoHe1JHOCTblO 
00 MHomeCTBa KOMnJieKCHblX qIICeJI c' TO IIOJiyqaJOT orr
pep;eJieHne II. (KoHeqHoro n 6ecKoHeqHoro) AJIH iJ>yHKIJ,nii 
KoMrrJieKcHoro rrepeMeHHoro. EcJin me rrpocTpaHCTBO X 
rroJiyqaeTCH rronoJIHeHneM 6ecK0He11HocTbIO oo rrpocTpaH
CTBa IR.n (cooTBeTCTBeHHO tn), n>1, TO rroJiy11aIOT orrpe
p;eJieHne K0He11Horo 11 6ecK0He11Horo II. iJ>yHKIJ,llll MHornx 
nepeMeHHblx rrpn CTpeMJielHln apryMeHTa K KoHeqHoii: HJill 
6ecKoHeqHo yp;aJieHHoii: ToqKe.· 

,Il;JIH iJ>yrrK11,nii, orrpep;eJieHHblX Ha IlOAMHomecTBax 'IllC
JioBo:ii npHMOH (HJIII, 6oJiee 06111,0, Ha yrropRp;oqeHHblX MHO
meCTBax), cym;ecTByeT noHHTne o A H o c T o p o H He r o 
II p e A e JI a. IlpnMepoM ii>YHKIJ,Hii, llMeIOIIJ,llX ITO KpaiiHe:ii 
Mepe OAHH OAHOCTOpOHHHH n. BO BCex rrpep;eJibHblX TO'I
Kax o6JiaCTll orrpep;eJieHHH' HBJIHIOTCH p;eiiCTBHTeJibllble 
MOHOTOHHble ii>YHKIJ,llll: eCJill ii>YHKIJ,HH I MOHOTOHHa Ha 
MHOmeCTBe E 'lllCJIOBOH OCH ll ToqKa Xo HBJIHeTCH npep;eJib
HOH TOqKo:ii MIIOJKeCTBa E' TO oua HBJIHeTCH ll rrpep;eJibHOH 
TOqKOH XOTH 6bl OABOro H3 MBomecTB E1=E n {xE IR: x< 
<a}, E 2=En {xEIR: x>a}. Ecm1 To11Ka x0 rrpep;eJihHaH 
AJIH MBomecTBa E 1 , TO y iflyuK11,11n f B To11Ke x0 cymecTByeT 
n. CJieBa, a eCJill OHa rrpep;eJibHaH AJIH E2, TO cnpaBa. 
Ilp11 3TOM ecJI11, Hanp., iflyHKIJ,HH f Bo3pacTaeT n orpaH11qe
Ha CBepxy' E 1 i:. 0' Xo - npeAeJihBaH TO'lKa AJIH MHOme
CTBa E 1 , TO npeAeJI lirn f (x) KoHeqerr. 

X-+Xo 

OcHOBBhIM o6mnM MeToAoM OTblCKaHnH II. iflyHKIJ,Hii HB
JIHeTcR MeTO)l BbI)leJieIIllH rJiaBHblX 11acTeii: iJ>yBKIJ,llH n OK
peCTHOCTH p;aHHOH ToqKn, qTo o6bl1JHO AeJiaeTCH c IIOMOIIJ,b!O 
Teu.ttopa ifjop:My.ttbi. ,Il;JIH nhl11ncJieHIIH II. qacTo 6blnaeT 
rroJie3BO JI onuma.l!si npaeu.l!o. 

1-feCMOTpH Ha 6oJihlllyIO o6mHOCTb IIOHHTllfl Il. OT06pa
memrn, orro He oxBaThrnaeT ace cymecTsy10111,ne rroHHTllH 
Il., llMeIOIIJ,HeCfl B COBpeMeHHOll MaTeMaTllKe. Hanp., IIO
BHTUe II. HHTerpaJibHblX cyMM He COAepmuTCH n IIOHHTilll 
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CT. oro6paIBeRIUI (iJ>yHRIIHH). ,UocTaTOqHo 06m1rn UOHHTH
eM n., B onpeAeJieHHOM CMhlCJie OXBaThlBaIOil{HM ace oc
HOBHhle CJiy'laH, HBJIJleTCH fi. OT06paIBeHHH TIO iJ>HJibTpy, 

n p e A e JI ip H JI b T p a. IlyCTb x - TOTIOJIOrHq, 
npocTpaHCTBo, X;i:0, ll= {U}- ero 6a3a TonoJiormi:, 
~ - ip u JI h T p Ha X (T. e. TaRoe HenycTOe ceMencTBo II; 
HenyCThlX IlO/l:MHOil\eCTB npOCTpaHCTBa x' qTo /);JIJI mo6hlx 
A I Et)', A "El:\' cymecTByeT TaRoe A E~. qTQ AcA I nA "). 
ToqRa x0 Ha3. n p e A e JI o M ip u JI h T p a ~ 11JI11 ero 
npeAeJibHOll ToqRoii:, eCJill il>HJibTp ~ CHJibHee il>H.llbTpa 
.!B (xo), JIBJIJIIOmerocJI JIORaJibHOH 6a30H TOTIOJIOrHH B Toq
Re x0 , T. e. AJIJI JII06oro U E .!B (x0) cymecTByeT TaRoe A E~, 
'ITO AcU. 

IlycTb N - MHoIBecTBo HaTypaJibHhlX qnceJI c AHCRpeT
Hoii TOTIOJiorneii. ((>HJibTp Ha MHOil\eCTBe N, COCTOJIJllHH 
H3 BCeB03MOil\HhlX AOTIOJIHeHHH R ROHeqHhlM IlOAMHOil\eCT
BaM MHOIBeCTBa N, na3. n a T y p a JI h H hi M ip H JI h T
p 0 M H o6o3HaqaeTCJI ffN. OH ne HMeeT n. B N. ToT il\e 

lf>nJihTp Ha MHOIBeCTBe X =NU {+ oo }, B R-poM JioRaJih
HaH 6a3a .!B ( + 00) COCTOHT H3 BCeB03MOil\HhlX MHOil\eCTB 
An= {m: mEN, m>nEN}, a .!B(n) rrpn nEN- H3 O/);Hoii 
TOqRH n, HMeeT CB OHM Il. 6ecROHeqHOCTb + 00. EAHHCTBeH
HOCTb Il. iJ>HJibTpa TOTIOJIOrHq, IIpOCTpaHCTBa CBJI3aHa C OT
/);eJIHMOCTbIO ToqeR npocTpaHCTBa: /);JIJI Toro qTo6hl JII06oii 
iJ>nJihTp TonoJiornq, npocTpaHCTBa HMeJI He 6oJiee o/);Horo 
Il., He06XO/l:HMO H /);OCTaTOqHo, qT06hl npocTpaHCTBO 6hlJIO 
xaycAopiJ>oao. 

IlycTb x - HeR-poe MHOil\eCTBO, y - TOIIOJIOrHq, npo

CTpaHCTBO' cp - OT06paIBeHHe x B y' ff - iJ>nJibTp Ha x. 
ToqRy bEYHa3. npe,n;eJioM oTo6paIBeHHJI 
cp II 0 iJ> H JI b T p y ~ H IIHIIlYT 

Iim 5 cp (x) = b, 

ecJIH iJ>HJibTp cp (m, COCTOHill;Hll H3 BCeB03MOil\HhlX MHO
il\eCTB cp (A)' A E ~' HMeeT CB OHM n. B IIpOCTpaHCTBe y 
TOqRy b. 

EcJIH X= N - MHOIBecTBO HaTypaJibHhlX 'IHCeJI, cp -
oT06pameune N B TOUOJIOrH'I. npocTpaHCTBO Y, cp (n)= 
=ynEY, nEN, ffN- HaTypaJihHhlll il>HJibTp, TO n. OT06-

paIBeHHJI cp no il>HJibTpy ~N B npocTpaHCTBe y COBIIa/);aeT 

c oohlqnhlM n. IlOCJie)'\oBaTeJibHOCTH {yn} B Y. 
E CJIH B X = N X N, ~ - iJ>nJihTp na X, JIBJI.RIOIIIH.ii:cH 

npo1rnae/);eHHeM ABYX HaTypaJibHhlX il>HJibTpOB ~N' T. e. 

COCTOJIIl{HH H3 BCeB03MOil\HhlX MHOIBeCTB BH/);a A x B' r11:e 

A EffN, B EffN, cp - oTo6pameHne l\JX N B TOIIOJIOrH'I. 

npocTpaHCTBO y: cp(n, m)=YnmEY, nEN, mEN, TO n. 
OTo6pameHHJI cp no il>HJibTpy ~ B npocTpaHCTBe y COBTia/);a
eT c o6hl'IHhlM n. ABOHHOH IIOCJie/);OBaTeJibHOCTH {y nm} B Y. 

IlycTh 3JieMeHTaMH MHOil\eCTBa x JIBJIJIIOTCJI, B CBOIO oqe
pe/);b, MHOil\eCTBa x, COCTOHia;He H3 RaRoro-JIH6o pa36He-

HHJI T={tiJ~'.:i ueR-poro oTpe3Ra [a, b]; a=t0 <t1 < ... < 
<tn- 1 <tn= b H RaRHX-TO TO'leR Gi E [t;-1, t;J, i= 1, 2, ... , 
TO eCTb 

x={T; Gi. ... , Gn}· 

Il ye Tb A 11 (ll:JIJI JII06oro TJ >O) - IIOAMHOil\eCTBO MHOil\e
CTBa X, cocToHmee u3 acex :meMeHTOB x EX, y R-phlx MeJI-

ROCTll exo1:v1m11x B aux pa3611eH11n T= {t; H'.:~ MeHhIIIe TJ, 
TO eCTb 

max (t;-t;-1) < TJ· 
i= I, 2, ... , n 

C11cTeMa ~={A 11 } HBJIHeTcJI iJ>:nJihTpOM. BcJIRaJI 11:eiicTBH
TeJibHaJI iJ>yuRa;HH f, onpeAeJieaaaJI ua OTpe3Re [a, b), 
rropom11:aeT oTo6pamemrn cp / MHomecTBa X B q11cJioayro ocb 
IR no iJ>opMyJie 

!pf (x) = ~~=l f (G;)(l;-f;-1), X= (Tj Gi. ... , S11), 

i=n 
T={t;} .• 

£=0 

TamaM o6paaoM, cp 1(x) JIBJIHeTcJI 3HaqeH11eM HHTerpaJihnofi 
cyMMhl P11MaHa iJ>yHRa;1111 f, cooTBeTcTayrorn;uM aJieMeHTY 

xEX. 
n. OT06pamemrn cp I B IR no il>HJibTpy ff COBIIa/);aeT c 

06h1qHh1M n. HHTerpaJibHhlX cyMM PHMaHa iJ>yHRll;HH f 
IIPH ycJIOBHH, qTO MeJIROCTH paccMaTpHBaeMhlX pa36He
HHH CTpeMJITCJI R HyJIIO. 8TO COBTia/);eHHe miecT MeCTO B 
TOM CMhlCJie, 'ITO o6a Il. O/);HOBpeMeHHO cyll{eCTBYIOT llJill 

HeT, a ecJIH CYilleCTBYIOT, TO paBHhl II JIBJIJIIOTCJI ana
'leHHJIMH HHTerpaJia PnMaHa OT iJ>yHRa;n11 f no oTpe3Ry 
[a, b]. 

II p e A e JI o T o 6 p a IB e H 11 JI T o II o JI o r H q e
c RH X IT p 0 C T p a H CT B II 0 iJ> ll JI b T p y. fiyCTb 
x II y - TOIIOJIOrll'I. npocTpaHCTBa, EcX' ff - iJ>11JibTp 
Ha E, cp - OT06pameH11e E B Y. ToqRy b E Y Ha3. n p e
/); e JI o M 0To6pameH11JI cpBTOqRe aEX no 
cp 11 JI b T p y ~, eCJill a JIBJIJieTCJI fi. iJ>HJibTpa ff, a b 
JIBJIJieTCJI n. cpHJibTpa cp (ff). B 3TOM cJiy'lae IIHIIIyT 

b=limll cp (x). 

EcJIH .!B (a) - 6a3a oRpecTHOCTeii B ToqRe a, E= 
= X"-. {a}, a il>HJibTp ~ COCTOHT 113 BCeB03MOiKHhlX «opo
ROJIOThlX oRpecTHOCTeH» U (a)"-. {a} TOqRH a, U (a) E .!B (a), 
To rrpe11:eJI limll cp (x) coe1Ia/);aeT c o6hlqHhlM npe/);eJIOM 

lim cp (x) oTo6paIBeHHJI cp B ToqRe a, TO ecTb o6o6maeT 
x~a 

RJiaccHqecROe OIIpe/);eJieHHe fi. OT06paIBeHHJI, ciJ>opMyJIH
poBaHHOe B TepMHHax oRpecTHOcTeii:. Herrocpe/);CTBeHHhIM 
o6o6meHHeM IIOHJITHJI Il. IIOCJI0/);0BaTeJibHOCTll JIBJIJI0T
CJI Il, HaIIpaBJieHHOrO MHOil\0CTBa B TOIIOJIOrHqeCROM IIpo
CTpaHCTBe, T. e. TaROro qaCTHqHo ynopJI/);OlJeHHOro MHO
il\0CTBa, y R-poro 3a 1rnIB/);hlMH ABYMJI aJieMeHTaM11 HMe
eTcJI cJie/);yIOil{Hll. B TepM1rnax n. no HanpaBJI0HHb!M 
MHOil\0CTBaM MOil\HO TaRil\e ciJ>opMyJIHpoBaTb IIOHJITHe fi. 
oTo6pameHHJI o/);Horo TonoJiornq, npocTpaHCTBa B APY
roe (cM. Hanpa6.1tennocmb, Cxoou.Mocmb). 

n p e A e JI II 0 c JI e A 0 B a T e JI b H 0 c T H M H o-
il\ e c T a. T o rr o JI o r H q e c R H ii rr p e A e JI. IlycTb 
An• n= 1, 2, ... ,- MHOil\eCTBa TOIIOJiornq, rrpocTpaHCTBa 
x. B e p x H H M T 0 II 0 JI 0 r H q e c R H M II p e A e-

JI 0 M ft An IIOCJie/);OBaTeJibHOCTH {An} Ha3. MHOil\eCTBO 
ToqeR x EX, RaIB/);aJI oRpecTHOCTh R-phlx rrepeceRaeTcJI c 
6ecROHeqHhlM qHCJIOM MHOil\eCTB Am a H H ii\ H H M T O
rr 0 JI 0 r H q e c R H M IT p e A e JI 0 M !.!:. An - MHOIBe

CTBO ToqeR, RaIB/);aJI ORpeCTHOCTb R-phlX CO/);epIBHT ToqRH 

IIO'ITH acex An· QqeBHJJ;HO, ,!! A nClt An· EcJIH A= 

= lt An= It Am TO rrocJie11:oaaTeJibHOCTh {An} ua3. cxo

AHme.ii:cJI, a MHOil\eCTBO A ee TOilOJiornqecRHM n. H Il!illlIYT 
A= lt An· BepxHllH H HHil\HHH TOIIOJIOrH'leCRHe n. nocJie
,a;oBaTeJibHOCTH JIBJIJIIOTCJI 3aMRHYThlMll MHOIBeCTBaMH. 

Te 0 p e TH R 0-M H 0 ii\ e c TB e H H hi H II p e A e JI, 
MMeeTCJI IIOHJITHe Il. TIOCJie,a;oBaTeJibHOCTH MHOIBeCTB, He 
CBJI3aHHOe c TOIIOJIOrneii. Ilocne1waaTeJibHOCTb MHOil\eCTB 
Am n=i, 2, ... , Ha3. c x o A JI III e ii: c JI, ecJIH cym;ecT
ayeT raRoe MHomecTBO A, Ha3hlaaeMoe ee n p e A e JI o M 
11 o6oaHa qaeMoe 

A=lim Am 

qro Ram,n;aJI ero TO'IRa np1rna,a;JieIBHT eceM ~momecTaaM 
Am HaqnHaJI c HeR-poro HOMepa, H Ram,a;aJI TOqRa 113 06'he
p;11HeHHJI ecex MHomec TB An, He npHHap;JieIBam;aJI A , co
p;epiKHTCJI JIHIIIb B ROHe'IHOM 'IllCJie MHOil\eCTB An. MHoil\e
CTBO A JIBJIJieTCJI Il. IIOCJICAOBaTeJibHOCTH {An} TOr,l:(a H 
TOJibRO Torp;a, ROr/);a OHO JIBJIJieTCJI O/);HQBpeMeHHO ee 6epx
/l,UM u /l,UJICH,U.M, npeoe.1tO.M. 

Jlum.: [1] H JI b H H B. A., II 0 3 HR K 8. r., OeHOBbl MaTe
M3TH'leeKoro auaJIH3a, 3 H3JJ:., 'I. 1, M., 1971; [2] H JI h n H B. A., 
can o B H n q n tt B. A., Ce u no B B. X., MaTeMamqeeKHH 
3H3JI113, M., 1979; [3) H y )'.( p R B I.I e B JI. )].., Hype MaTeMaTH
qeeKoro 3H3JIH33, T. 1-2, M, 1981; [4J HHKOJibeKnil c. 
M., Hype MaTeMaTn'leeKoro aHaJIH3a, 2 H3JJ:., T. 1, M., 1975; [5) 
B y p 6 a K n H., Oomaa TorroJiornn. OeHOBHhJC eTPYnTYPhI, rrep. 
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c cjlpaHu., 2 11an., M., 1958; (6] 3 a Ma H c H 11 ll: M., BseneHHe TO yKaaaHHhlii npep;eJI B L 2(Q), uoo6ru;e rouopH, He cyru;ecT-
s cospeMeHHYJO anreopy 11 aHaJI11a, rrep. c cjlpaHu., M., 1974; [7] 
Re JI JI 11 Arn. ,n., 06II1aJI TorroJionrn, rrep. c aHrJI., 2 11an., syeT. 
M., 1981; (8] x a y c no p cjl ct>., Teop1rn MHornecTs, rrep. c HeM., Brrepshle II. rr. rr. 6hlJI clfiopMyJI11pouaH AJIH ypasHeHHll 
M.- JI., 1937. JI. /J.. KyapM!JeB. feJibMroJib~a B IR2 (cM. [1]): 
IIPE~EJibHAH TOllKA M H o m e c T B a - TO'lKa, 

B mo6oii: 0KpecTHOCT11 K-poii: coµ;epm11TCH no KpaiiHeii: (6 + k2) u = - f, Q =IR 2 , 

Mepe op;Ha TO'IKa µ;aHHOro MHOJKeCTBa' OTJllPIHaH OT Hee p = - l!i.' I.= - k2 < 0. 
caMoii. PaccMaTp11saeMhle MHomecTBa 11 TO'IKa npep;noJia
raIOTCH rrpnHaµ;Jiemaru;11MH H0K-pOMY TOIIOJIOrll'l. IIpo
CTpaHCTBy. MHoJReCTBO, cop;epmaru;ee BC0 CBOll Il. T., Ha3. 
3 a MK H y T bl M. COBOKYIIHOCTb BC0X Il. T. MHOJR0CTBa 
M Haa. II p 0 H 3 B 0 AH bl M M H 0 JR e c TB 0 M 11 o6o-
3Ha'la0TCH M'. EcJI11 paccMaTpnsaeMoe ToIIoJior11'l. IIpo
CTpaHCTBo X yµ;osJieTsopHeT IIepsoii: aKc110Me 0Tp;eJI11MoCTH 
(AJIH JII06hlx ABYX ero TO'leK x H y cyru;ecTByeT OKpecTHOCTb 
u (x), He cop;epmaru;aH TO'IKY y), TO Kamµ;aH OKpeCTHOCTb 
n. T. HeK-poro MHOJR0CTBa MCX coµ;epIBHT 6ecKOH0'l
HO MHoro TO'leK 3TOro MHOJR0CTBa H rrpOH3BO,!l;HOe MHO
meCTBO M' - aaMKHYTO. BcHKaH npunocnoBenusi mol/.na 
MHOJR0CTBa M HBJIH0TCH m160 ero Il. T., JIH60 H30JIHpO
BaHHOH. 

Jlum.: [!] A JI e H ca H n p 0 B II. c., Bsenem1e B TeOpmo 
MHOll<eCTB H OOII1YIO TOIIOJIOrHIO, M., 1977; [2] x a y c A 0 p cjl ct>., 
Tcop1rn MHoll<eCTB, rrep. c HeM., M. - JI., 1937. 

JI. lJ.. KyapRB'leB. 
IIPE~EJibHAH TOllKA T p a e K T o p n n {fix} 

il, H H a M H q e c K 0 ii: c H c T e M hi ff - TO'llia 

x = a. 

(a-II p e A e JI h H a H TO 'I Ka) HJIH 

lim f 1kx 
k-+"' 

(1) 

(2) 

(w-II p e A e JI h Ha H To q Ka), rµ;e {tk}, kEN,- no
cJiep;osaTeJibHOCTh TaKaH, 'ITO t k __,. - oo rrpn k __,. oo 
B ( 1) HJIH t k --+ + oo npn k __,. oo B (2) n IIpeµ;eJihI ( 1) 
HJIH (2) cyru;eCTBYIOT. 

,11.JIH Tp80KTopnn {fix} AHHaMH'l. CHCTeMhl ff (HJIH, HH8'l0, 
f(t, x), CM. [1]) a-Il. T. (w-II. T.) - TO me, 'ITO w-Il. T. 
(a-II. T.) TpaeKTopnn {!-ix} AHHaMll'l. CHCT0Mbl f-t (cnc
T0Mhl c o6paru;eHHeM BpeMeHn). MHomecTeo Qx (Ax) ecex 
w-Il. T, (a-IT. T.) TpaeKTOpHH {ttx} Ha3. (J)-II p e A e JI b
H bl M (a-n p e A e JI b H hi M) M H 0 JR e c T B 0 M 3TO.ii: 
TpaeKTOpHH. 

Jlum.: [1] He M bl u H H ll: B. B., c Te II a H 0 B B. B., 
Ra'leCTBeHHaJI Teop11rr n11cjlcjlepeHQllaJibHblX ypaBH0HHll:, 2 113A., 
M., 1949. B. M. MW1..t1uon14U>£OB. 
IIPE~EJibHOro nor JIOIIJ,EHHH IIPHHilHII -

onoco6 OAH03Ha'IHOro BblAeJieHllH pemeH11ii: ypaBHeHHH, 
aHaJiorll'IHbIX I'e.!!b.Mio.l!blfa ypaBnenu10, c noMOID;hIO BBep;e
HHH 6ecKoHe'lHo MaJioro norJioru;eHllH, MaTeMaTn'l. CMhlCJJ 
II. n. II. cocToHT B cJiep;yroru;eM. IIyCTb Q - Heorpau11qeH
HaH o6JiaCTh B Rn, P - caMocoIIpHmeHHhlii oIIepaTop B 
L 2(Q), aaµ;asaeMblH µ;111filfiepeH~HaJibHhlM BhlpameHneM 

P ( x, a~ ) , x E Q, n op;Hopop;HblMH rpaHH'IHhlMH ycJioBHH

Mll Ha aQ, I. - TO'IKa HenpephlBHoro cIIeKTpa orrepaTopa 
P. TorAa rrpH eofoO ypasHeH11e 

Pu8 =(Ii.+ ie) u 8 + f 
Oµ;H03H8'IHO paapemHMO B L2(Q) H B HeK-phlx CJIY'l8HX MO)li
HO BhlAeJIHTb pemeHHH u=u± ypaBHeHHH 

Pu=l.u+ f 
c IIOMOID;hIO IIpep;eJihHoro rrepexoµ;a 

u± = lim u8 • 
e-+ ± o 

Ilpn 3TOM IIpeµ;IIoJiaraeTcH, 'ITO f HMeeT KoMrraKTHhlM Ho
cnTeJih, a CXOAHMOCTb Ue -+ u ± rrpH e -+ ± 0 IIOHHMaeTCH 

B CMhlCJie L 2(Q'), r,a;e Q' - npoH3BOJibHaH orpaH11'leHHaH 
o6JiaCTb B Q. TaK K8K I. - TO'!Ka CII0KTpa onepaTOpa p' 

BhlA0JJHeMhle c IIOMOID;hIO aroro IIp1rn~Brra perneHHH u ± 
COOTBeTCTBYIOT pacXOAJIID;l'IMCH UJIH CXOAHIIJ.HMCH BOJIHaM 
n YAOBJI0TBOpHIOT us,n,y'l.enusi yc.!!08UIO Ha 6ecKOHe'IHOCTll. 
:3TH peayJI1>T8Tbl 6hlJIH IIepeHeceHhl (cM. [2), [3]) Ha 3JIJIHn
Tll'lecKne Kpaeshle aa,a;aqn BO BHemHOCTH orpaBH'IeHHOH 
o6JiaCTH B Rn AJIH oIIepaTopa 

P (x, ...!?..) = - ~n ...!!__ (akj ...!!__) + q (x), (*) 
ax ~k. i=l fJxk axj 

r.rte KOacpcpH~lleHThl akj(x) AOCT8TO'IHO 6hlcTpo CTpeMHTCH K 
KOHCT8HT8M IIPll lxl-+ oo. ,11.JIH cnpase.rtJIHBOCTH II. II. JI. 
B aTOM cJiyqae ueo6xo,a;:p:Mo Tpe6ouaTh, 'ITo6bl A. He 6hlJIO 
co6cTBeHHhlM aua'leHneM orrepaTopa P 11Jin f 6hJJia oproro
HaJihaa co6crBeHJlhlM cpyHK~HHM. TeopeMa RaTO (cM. [3]) 
.rtaeT AOCTaToq:ahle ycJIOBHH OTCYTCTBllH co6CTB0HHbIX 3Ha
'l0HHH Ha aeIIpepbIBHOM CII0KTp0 OIIepaTopa P= -6+q (x). 
TaKa11 TeopeMa noJiy'leHa AJIH OIIepaTopa (*) (cM. [3]). 
II. u. II. o6ocaoeaH AJIH HeK-phlX o6JiacTeii c HeKoMIIaKT
Hoii: rpamrn;eii: (cM. [3], [4]). 

II. n. II. 11 COOTBeTCTBYIOID;He ycJIOBlUi H3Jiy'leBHll Haii
p;eahl AJIH ypaBHeHHH JII06oro IIOPH.rtKa H CHCTeM ypaBHemi:ii 

(CM. (5], (6]); OHH COCTOHT B CJiej:lyIOru;eM.IlycTb P( i :x) -
aJIJIHIITlPieCKnii: (nJIH rnIIoaJIJIHIITH'lecKnii:) oIIepaTOp, YAO
BJieTBopHroru;nii YCJIOBHHM: 1) MHOrO'IJieH p (a) HMeeT Aei'1-
CTBHT0JlbBbl0 KOacplfin~neHThl, 2) IIOBepxHOCTb p (a)= 0, 
a E IR.n, pacrrap;aeTCH Ha x-cBH3HhlX rJiaAKHX rrosepxHo
CTeft s j c OTJIH'IHOH OT HYJIH KpHBH3Hoii:, 3) grad p (a)ofoO 
Ha sj. IIyCTb H8 Sj aa,a;aHhl op:eeHT8~HH, T. e. Heaasncn:Mo 
JJ;JIH l<alRAOH IIOBepXHOCTH Bhl6paHhl HaIIpaBJI0HHH HOpMa-

JIH v. IIycTb w=~, a;=aj(w) - TO'lKa Ha Sj, B K-poii: v 

H (J) HMeIOT OAHHaKOBhle HanpasJieHHH, H µj(w)=(aj(W), 
w). TorAa if>YHK~HH u (x) yµ;oaJieTsopHeT YCJJOBHHM 11aJiy
'leHHH, eCJIH OHa IIpej:ICTaenMa B Bnp;e 

u - ~x u · (x) u ·-0 (r(i-n)/2) 
- ~/;o;l J ' ,- ' 

au. a: - iµ/ (w) Uj=o,(r<i-n)/ 2 ), r ___,. oo. 

:3T:e ycJIOBHII Bhl,a;eJJHIOT eµ;nacTaeaHoe pemeHn:e ypasHe-
HHH 

P (i :x) U=f, xEIR.n, 
AJIH mo6oii lfiyHK~HH I c KOMIIaKTHhlM HOCHTeJieM. n. II. II. 
AJIH 3Toro ypaBH0HHH aaKJIIO'laeTCH B TOM, 'ITO 3TO me 
perneHne IIoJiyqaeTcH B IIpeAeJie opn: e-+ +o H3 op;Ho
aHa'lHoro orrpeAeJIHeMoro peIIIeHHH ue (x) E L 2 (IRn) aJI
JIHIITH'l. ypaBHeHHH 

P ( i :x) ue + ieQ ( i :x) u8 = f, 

rAe Q (a) HMeeT A0MCTBHTeJibHble KoalficpH~HeHThl H Q (a)ofo 
;tO Ha sj. B 38BllCHMOCTH OT Ha6opa sign Q(a), 1~j~x. 

<JES j 
B IIpe.rteJie IIOJiyqaIOTCH pemeHHH c YCJIOBHHMH H3Jiy'le
HHH, COOTBeTCTBYIOID;HMH TOH HJIH HHOH opneHTa~HH IIO
BepXHOCTeii: sj.3TOT IIpHH~HII o6ocHOBaH AJIH ypaBHeHHH 
H CHCTeM JIIOOOro IIOPHAKa c rrepeMeHHhlMH Koalfiqm~neH
TaMH BO BH0IlIHOCTH orpaHH'leHHOI'.i: o6JiaCTH (c~I. [5], 
[6]), a TaKme B cJiyqae HeBhlIIYKJihIX Sj; AJIH aTnx ypas
HeHn:ii HMeeTCH H TeopeMa ep;HHCTBeHHOCTH THIIa RaTo. 
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Jium.: [t] H r Ha T 0 B c K Hit B. c., «Ann. Phys.», 1905, 
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1953, T. 32, No 1, c. 109-56; (3] 3 it 11 y c ,rt:. M., "Ycnexe Ma
TeM. HaYm>, 1969, T. 24, B. 3, c. 91-156; [4] c Be m H HK 0 B 
A. r .• «.[(ORJI. AH CCCP», 1951, T. 80, No 3, c. 345-47; [5] Ba it H-
6 e pr B. P., «YcnexH MaTeM. HaYm>, 1966, T. 21, a. 3, c. 115-94; 
[6] er o me, «MaTeM. c6.», 1968, T. 75, No 3, c. 454-8~. 

B. P. Baut1.6ep2. 
IIPE,Ll;EJlbHOE MHOiKECTBO C (/, z0 ; S) <iiYHKIJ.IIII 

f (z): G - Q, orrpe,a;eJieHHoii. B o6JiaCTII G_S:IC co 3Haqe
HIIHMH Ha c<jiepe P1IMaHa Q, B TOqKe z0 E G no MHomecT
BY Sc:.G, z0 E S, - MHomecTBo aHaqeHuii aEQ, AJIH K-pblx 
cyru;ecTBYIDT Tamm nocJie,a;oeaTeJibBOCTH ToqeK {zn },zn ES, 
n=1, 2, ... ; lim zn=z0 , qTo 

n-+oo 

lim f (zn) =a. 
n-+ oo 

Kam,n;oe 3HaqeHue a EC (/, z0 ; S) Haa. n p e ,n; e JI h H bl M 
a H a q e H u e M <jiyHKIJ.HH f B TOqKe z0 no MHomecTBY S. 
Teop1rn Il. M.- aTO paa,a;eJI TeOpHH <iiYHKIJ.HR, B KOTO
poM rpaHIIqHble CBOMCTBa <jiyHKIJ.IIR 11ayqaro~,CH B TepMII
Hax TOIIOJIOrliqecKHX H MeTpliqecKHX CBOHCTB paSJilfq
HbIX Il. M. 

ECJIH B KaqeCTBe MHOJReCTBa s B3HTa BCH o6JiaCTb G, 
TO IIoJiyqaeTCH II 0 JI H 0 e II p e A e JI h H 0 e M H O
JI{ e c TB o C(f, z0 ; G)=C(f, z0); B CJiyqaHx CTpororo 
BKJiroqeHIIH Sc:.G COOTBeTCTByroru;ne n. M. c (/, zo; S) 
IIHor,n;a Has. qacTHblMH. IToJIHoe Il.M. C(f, z0 ) 

acer,a;a aaMKHyTo; eCJIH <jiyHKIJ.HH t HenpepblB!a Ha MHO
meCTBe s' JIOKaJibHO CBH3HOM B Toq1rn Zo Es' TO n. M. 
c (/, zo; S) Jin6o Bbipom,a;eHHOe, T. e. COCTOHT H3 O,!l;HOH 
TO'JKH, JIH6o HBJIHeTCH HeBblpom,a;eHHblM KOHTHHYYMOM. 
ECJIH Il. M. C(/, z0 ; S) COBna;o;aeT C Q, TO OHO Ha3. TO
T a JI h H bl M IT. M. 3Haqemrn a E Q rrpnHa;o;JiemnT M H o
m e c TB Y IIOBTOpHroru;IIXC.fJ 3HaqeH:nii: 
R (/, z0 ; S) <jiyHKIJ.Hlil f B TQqKe z0 no MHomecTBy S, ecmr 
cyru;ecTayeT TaKaH nocJie/J;OBaTeJibBOCTh ToqeK {zn }, zn ES, 
n=1, 2, ... , lim zn=z0 , qTo a=f (zn), n=1, 2, .... 

n-+ oo 

Bcer,a;a R (/, z0 ; S)c:.C (/, z0 ; S). ECJIH ,!l;JIH HeK-poro 
aEQ a o6JiaCTH G cyru;ecTByeT nYTh I:__: z=z(t), O..,;t<1, 
OKaHq1rnaroru;HHCH B ToqKe Zo, zoEG, lim z(t)=zo, II 

t-+1 

TaKo:ii, qTo lim f (z (t))=a, TO a aaa. acu.Mnmomu'tec11:u.M 
t-+ 1 

ana'tenue.M <jiyHKIJ.Hlil f B ToqKe z0 (B;D;OJib IIYTII L). A c II M
n T o Tu q e c K o e M Home c TB o A(/, z0 ; G) -
aTo coaoKyrrHocTh ecex ac1IMIITOTHq. SHaqeHuii: f B Toq
Ke z0. 

IlOHHTHe fl. M. 6blJIO BIIepBble RBHO c<jiopMyJIBpOBaHO 
IT. IleHJieae B 1895 (rro,a; HaaaaHIIeM «otlJiaCTh Heorrpe,a;e
JieHHOCTH», CM. [1]) B CBH31I c usyq~HHeM rroee;o;emrn arra
JiliITlilq. <jiyHKIJ.l:III e6JIH31I ee oco6oH ToqKH H KJiaccmJrn
Kaa.Heil: oco6eHHOCTeii TaKHX <jiyHKIJ.HH. c TeX rrop B Teo
pnn IT. M. 113yqaIOTCH B OCHOBHOM TPH reoMeTpl:IqeCKH rrpo
CTeMIIIHX CJiyqaH: a) Zo - lil30JIHpoaauHaH TOqKa rpamr
IJ.bl FrG HJIII BHyTpeHHHH ToqKa G; 6) G=D= {lzl <1} -
ep;nHH~blii Kpyr HJIH, aoo6ru;e, HeK-paH mop,n;aHoea 06-
JiaCTh, a Zo - TOqKa rpaHliIIJ.bl r= FrD; B) rpami:qa E= 
= FrG eCTb BCrop;y paspblBHhlM KOMII8KT Ha IIJIOCKOCTB 
(T. e. BIIOJIHe HeCBH3Hblll KOMIIaKT, He co,a;epmaru;11rr HII
KaKoro HeBblpom,a;eHHoro KOHTIIHyyMa) H z0 EE. PH;o; 
KJiaCCIIq. pesyJihTaTOB TeopHII aHaJIHTHq, <jiyHKIJ,HM ,a;o
rrycKaeT <jiopMyJiupoaKy B TepMHHax IT. ~· Harrp., Co
XOlflWeo meope.Ma B HeCKOJibKO yCHJieHHOH <jiopMe: eCJIII 
Zo - lil30JI1IpoBaHHaH TOqKa BCrop;y pa3pblBHOro KOM
rraKTa Ec:.G II /(z) - MepoMop<jiaan <jiyHKIJ.HH Ha G'-_E, 
TO Il. M. C (/, z0; G'----E) JIII60 Bblpomp;eHHOe, JIII60 TO
T8JibHOe, ;I.J;orroJIHIITeJibHO K aToMy Jlu11:apa meope.Ma 
yTBepmp,aeT, 'JTO B CJJY'Iae, Kor,a;a C(!, z0; G'----E) TOTaJfh
Ho, T. e. Kon\a z0 - cy14ecmeenno oco6aa mo't1W, MHo
mecTBo CR(!, z0; G'----E)= Q'----R (!, z0; ~E) coiwprrrnT 

He 6oJiee ABYX paSJIH~blX 3Haqem1.H. B aToM me cJiytJae 

CR(/, z0 ; G'----E)c:.A(f, zo; G'----E) 

(H eepcena me ope.Ma)· • 
0CHOBHOH B3 pesyJihTaTOB, KacaIOrn;HliICH rnoplIII 

rroae;o;eHHH MepoMop<jJHblX <jiyHKIJ.HM B6Jilil3H ~Torn;eii» 
rpaHHIJ.bl (T e 0 p H H IT e H JI e B e), COCTOHT B cJie;o;yI?
rn;eM (cM. [1], [2]): eCJIII MHOJR0CTBO EcG HMeeT JIHHeH
Hyro xayc;o;op<jioay Mepy HYJih, µ (E)= µ] (E'.)=0, II <PYHK
U.IIH f MepoMop<jJHa B ~E, TO B Kam.l{oH ToqKe zoEE 
Il. M. C (/, z0 ; ~E) JIII60 Bblpomp;eHHoe, JIH6o TOTaJib
HOe' 6oJiee Toro e rrepaoM cJiyqae f MepoMop<jJHa n B TO'J
Ke ; 0 , TaKHM o6paaoM, TOq1m z0 EE, B K-po:ii IT.: M. C(f.! 
zo; ~E) BblpOll\;D;eHHoe, HBJIHeTCH ycTpaHHMOll oco6o!il 
ToqKoii: if>yuKIJ.IIII f; 1IayqeH1Ie ycTpaHIIMblX MHomecTB 
pa3JilfqliblX KJiaCCOB <jiyRKIJ.IIH MOJRHO paccMaTpnBaTb 
KaK paa.l{eJI TeoplIH IT. M. 

BamHblM yc:nJieHHeM TeopeMbl IlHKapa HBJIHeTCH T e o
pe Ma r o JI y 6 e a a: ecJIH EcG, µ (E)=O II f Mepo
MoprJma B ~E, TO B Jiro6oii cyrn;ecTBeHHO oco6oii. ToqKe 
z0 EE MHomecTBo CR(/, z0; G'----E) HMeeT aua.wmu'tec-
11:y10 eMnocmb HYJih (II, CJie)J;oBaTeJibHO, IIJioCKyro Mepy 
µ 2 (CR)=O). • 

HaqaJIOM TeOplIII n. M. B CJiyqae HerrpepblBHOH rpa
HHIJ.bl MOJRHO cq1ITaTb pa6oTy Il. <f>aTy (P. Fatou, 1906) 
o rpaHIIqHblX 3HaqeHIIHX <jiyHKIJ.liIM f (z), roJioMopif>HblX 
B e,n;IIHIIqHoM Kpyre D= {lzl <i }. ECJIII TaKaH if>yHKIJ.liIH f 
orpaHuqeHa B D, TO rroqTJil BCIDAY (B CMblcJie Mephl Jle6e
ra) Ha OKpyll\BOCTII r= {lzl = 1} OHa IIMeeT pa/J;JilaJibHble 
Ji[ yrJIOBble rpaHIIqHble SHaqeHHH (Te 0 p e Ma <I> a T y). 
;I.l;JIH rrp01I3BOJibHOH TOqJ(II 6= ei0 E r rryCTb h (6, cp) 
o6o3HaqaeT xop,a;y Kpyra D, 0Kanq11aaroru;yrocH B 6 II 
o6pasyrorn;yro c pa,n;1IycoM, rrpoae,a;eHHblM B 3TY ToqKy, 
yroJI pacTBopa cp, -:nl2<cp<:nl2. II rryCTh ~ (6, cp1, 
cp2) - yrnoaaH o6JiaCTb c aepIIIHHOH 6 E r' COCTOHrn;aH 
113 acex ToqeK Kpyra D, saKJiroqeHHblX Mem;o;y ABYMH xop
,n;aMH 

h (6, cpi) H h (6, <jl2), - :rt/2 <cpl < cp2 < :rt/2. 

ToqKy 6 Er Has. T 0 q J( 0 il: <I> a T y H OTHOCHT J( MBO
meCTBY F (/), ecJIH 06'he,n;11HeH11e 

uc u. 6; ~ (6, cpi. cp2)) 

ITO BCeM yrJIOBblM o6JiaCTHM ~ (6, cpl, cp2) COCTOHT II3 
e)J;HHCTBeHHOro 3HaqeHHH /(ei0), Has.yr JI 0 Bbl M r pa
H 11 q H bl M a H a q e H 11 e M <PYHKIJ.IIII f B TO'lKe 6. 
IIHaH if>opMyJIIIpOBKa TeopeMbl <l>aTy COCTOIIT B TOM, qTo 
)J;JIH orpaB1IqeBHo:i!i roJioMoprJ>Hoil: B Kpyre D if>YHKIJ.HB f 
crrpaae,a;JIIIBO pasJiomenne f= J'.: (/) U E, mes E=O. PeayJib
TaT )l;OIIOJIHHeTCH T e 0 p e M 0 H e ,a; II H c T B e H H 0 c T liI 
<I>. 11 M. P II cc o B (1916): ecJIII f roJioMopif>Ha II or
paH1IqeHa B Kpyre D II Ha HeK-poM MHOiReCTBe Mc:.F (/), 
mes M >O, HMeeT yrJioaoe rpaHHqHoe 3HaqeHIIe f (6)= a, 
6E M, TO f (z)=sa. 9To yTBepm,a;eHHe 6hmo HesaanCIIMo 
/J;OKa3aHO H. H. Jly31IHblM II II. II. Ilp11aaJIOBblM (1919), 
K-pble cyrn;eCTBeHHO pacrrpoCTpaHHJIH ero TaKme Ha CJiy
qaii: rrpo1I3BOJihHblX MepoMopif>HblX if>YHKIJ.IIH. B TOM me 
ro;o;y H. H. JI y31IH H II. II. II pHBaJioB orry6JI1IK0BaJIH 
r p a H H q H y IO T e 0 p e M y e A H H c T B e H H 0 ~
T Ji[ /J;JIH CJiyqaH pa11;1IaJibHblX rpaHII~blX 3HaqeHHII~ 

ecJIH roJioMop<jJHaH B D rJ>YHKIJ.liIH f Ha MHomecT~e M BTopo11 
J'8Terop1I1I H MeTpliqeCKH IIJIOTHOM Ha HeK-pOII ;o;yre '\'Cr 
HMeeT O)J;HO II TO ~e pa11:~aJibHOe r.~aHIIqHoe 3HaqeHIIe 
aEQ, TO eCTh hm f (rei0)=a, e• EM, TO f(z)=a. 

r-+1 
B 1936 II. II. ITp11aaJioa oTMeTIIJI, qTO yTBepm;o;eHHe 
f (z)= const ocTaeTCH B ,CIIJie n B TOM CJiyqae, Kor.l{a SHa
qeHHH ai; =lim f (rei0) He o6H3aTeJihHO O;ll;IIHaKOBbl B Toq-

r-+1 
Rax 6=ei0 EM, Ho rrp1IHa)J;JiemaT HeK-pm1y MHomeCTBY 
(Jiorap11<jJMH'leCKo:ii) eMKoCTII HYJih. OcuoaHaH II/J;eH H 
3JleMeHTbl ;ll;OKa3aTeJJbCTBa TeopeM Jly31IHa - ITplIBa-
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JlOBa IIpIIMeHIIMbl II B o6rn;eM CJiyqae HerrpephlBHblX oro6-
pamem1~i f Kpyra D, qro II 6blJIO rro3):tHee IICIIOJlb30BaHo 
BO MHOTHX pa6orax. 

ToqKy ~Ef={lzi=1} Ha3. r o q Ko ii. II JI e c Hep a 
II OTHOCHT K MHOJReCTBY I(!), eCJIII rrepeceqeHHe 

n c u, ~; 8 ( ~, (jJ1, <"P2l l 
no BCeM yrJIOBbIM o6JiaCTmI 8 (~. <"Pl! cp2) c BepmIIHOH ~ 
coBrrap;aer c Q. B 1927 A. IL IlJiecnep AOKaaaJI, qro )J;JIH 
mo6oii. Mep0Moplj!H011: B Kpyre D ljiyHKI:J:IIIl f rroqrII BCe 
roqKII OKPY1RHOCTII r npnHaA,llemar JIH6o F (!), Jln6o 
/(!), ro ecrh f=F(/)LJ/(/)LJE, mes E=O. ToqKy ~Er 
Ha3. T 0 q K 0 ii. M e ii. e p a Il OTHOCHT K MHoll\eCTBY 
M (!), ecJIII C (!, ~; D)7'=Q II rrepeceqeHne xopAaJlbHhlX 
II. M. n c (!, ~; h (~. cp)) no BCeM xopp;aM, npoBeAeHHblM 
B r611Ky ~. coBnaAaer c C(f, ~; D). K. Meii.ep (K. Meier, 
1961) ycraHOBIIJl CJiep;yIOlll,IIH aHaJlOT reopeMhl IIJieCHepa 
B repMIIHax KareropIIII no Eapy: ecJIII f MepoMopljina 
B D, TO BCe TO'lKII OKpymHOCTH f, 3a B03MOll\HblM IICKJlIO
qeHI1eM MHomecrBa E nepBoii: KareropIIII, rrpI1Hap;Jiemar 
06'he,n:1rneH1IIO M (!) U I (f). IIoJI yqeHo yro11HeHne reopeMhl · 
Meil:epa, corJiacHo K-poMy E ecrb MHomecrBo rrepBoil: 
KareropIIII II rmrn Fa (cM. [12) - [14), rp;e rroJiy11eHb1 
ycI1JieHI1H reopeM IIJiecHepa II Meil:epa, a raKme AaHbl 
06paIIJ,eHI1e reopeMhl Meii.epa n xapaKrepI1aa11,I1H MHo
mecrBa M (!)). 

Pa6ora II. <Dary nocJiyll\I1Jla nepBOHaqaJibHhlM roJiq
KOM K pa3BilTilIO qiyHAaMeHTaJlbHblX IICCJieµ;oBaHIIH rpa
HllqHblX CBOHCTB aHaJlIITil'l. qiyHKIJ,IIH. llccJieµ;oBaHillI <fl. 
II M. PI1ccoB, H. H. Jlya1IHa, ll. ll. IIpHBaJioBa, P. He
BaHJIJIHHhl (R. Nevanlinna), A. ll. IIJieCHepa, B. ll. CMJ1p
HOBa II fl:P· rrpOBO)J;IIJlllCb He3aBIICJIMO OT IIp;e:ii: II. IIeHJieBe, 
ll )J;JlH HIIX xapaKrepHo IICIIOJlb30BaHI1e Meroµ;oB, CBH3aH
HblX c reopI1eil Mephl n reopneil nHrerpI1poBaHI1H, c rro
HHTirnM .KareropIIH no Eapy (cM. [4) - [9)). 

0CHOBHblM o6'heKTOM IICCJle)J;OBaHnii. <1>. llBepceHa 
(F. Iversen) n B. fpocca (W. Gross) 6hlJIII raKme Mepo
MopqiHhle qiyHKIJ,IIII f B o6Jiacrn D c mopAaHoBoil rpaHn-
11,eii f= Fr D. B rrpoI13BOJlbHoil roq:Ke ~0 E r r p a u II q
H 0 e II p e p; e Jl b H 0 e M H 0 )I\ e c T B 0 c (!, ~; f) 
onpep;eJIHercH cJiep;yIOIIJ,IIM o6paaoM: ecJin M, o6oaHa
'Iaer aaMblKaHile 06'bej:\I1HeHnH LJ C (!, ~; D) no BceM roq-

'CO C (/, ~O; 
IIOJlyqeHHblX 
yrBepmp;aer, 
TO'lKe ~oE r 

Ci(!, 

r)= n r> 0 M,. Op;Ha Il3 OCHOBHblX reopeM. 
HeaaBHCIIMo <fl. JiBepceHoM JI B. fpoccoM, 
'lTO rrpH yKa3aHHhlX YCJlOBIIHX B Kami:ioii: 
MBOll\eCTBO 

~oi D)=C(f, ~o; D)"'-.C(f, ~0 ; f) 

OTKpbITO II BCe 3HaqeHIIH aEC;(f, ~o; D), aa B03MOll\HblMII 
)J;BYM.II IlCKJlIOqeHIIHMH, npIIHaj:\Jiemar MHOll\eCTBY no
BTOpHIOIIJ,IIXCH 3Ha'leHHH R (!, ~o; D); KpoMe TOTO, Kam
p;oe ucK-.1t10'tume.abnoe :ma'tenue (ecJIH raKOBhle cyrn;ecr
ByIOr) IIBJlHeTCH aCJIMIITOTilq, 3Ha'leHileM qiyHKIJ,IIH f 
B TO'lKe ~o· 

llccJieAOBaHHH <1>. llBepceHa II B. fpocca rroJiy11J1JII1 
CBoe p;aJibHeiimee paaBHTile B pa6orax A. EiipJIIIHTa 
(A. Beurlirig), B. 3aii1WJIH (W. Seidel, oH JI BBeJI rep
MIIH «II. M.» B 1932) II AP· (cM. [5) - [9)). PaccMar
pI1BaJIHCb B OCHOBHOM CJlyqa1I, Korµ;a ~o rrplIHaAJiell\IIT 
HeK-poMy «MaJIOMY» MHOJReCTBY E roqeK rpaHHIJ,bl r 
HyJieBoii. JlIIHeii:Hoii. Mepbl IIJlH HyJieBoii eMKOCTII, II Il3y-
1IaJIOCb IT. M. C (!, ~0 ; f"'-.E), orrpep;eJIHeMoe aHaJiorilq
HO MHOJReCTBY C (/, ~; f). B :JTHX IlCCJle/:\QBaHIIHX IIC
IIOJlb30BaJlIICb H MeTOAbI reopHH IIOTeHIJ,IlaJla. 

HoBeii:nme peayJihrarhr B aroM HarrpaBJieHHH cqiopMy
JIHpoBaHM HilJRe AJIH CJiyqaH Kpyra D= {lzl <1 }. IIycrh 
IJinKcJ1pOBaHo MHomecrBo E Ha AYre y rpaHJIIJ,hl f= {I zl = 
=1}, mesE=O, ~0 EE. KamAoii roqKe ~Ey"'-.E or
HeceM mop,rraHoBy AYTY At; cD, 0KaHqI1Barorn;y10cH B ~· 

IIycrh M; - aaMMKamrn 06'beA1rnemrn 
no BCeM roqKaM 

~E (y"'-.E) n {I z-~o I< r} 

11 nycrb 
TorAa MHomecrBo 

S (~0 ) = C (f, ~0 ; D)"'-.C* (/, ~0 ; f"'-.E) 

OTKpbITO, MHOll\eCTBO s (~o)"'-.R (f, ~o; D) IIMeer eMKOCTb 
HYJih, a Kamµ;oe aua11eHne aE S (~0)"'-.R (!, ~0 ; D) HB
JIHeTCH aCIIMIITOTil'l0CKIIM 3HaqenI1eM qiyHKll,IIIl f m160 B 
TO'lKe ~O• JlI160 B Kamp;oii. TO'lKe HeK-poFt: IIOCJiep;oBaTeJlb
HOCTH {~n}, ~nEf, n=f, 2, ... , lim ~n=~o· ECJIII eM-

n~oo 

I\OCTb E paBHa HYJIIO, TO )l;JlH Kamp;oil: CBH3HOH KOMIIOHeH
Tbl Sk(~0), k=1, 2, ... , MHomecrBa S(~0) MHomeCTBO 
Sk (~o)"".R (/, ~O; D) COCTOHT CaMoe 6oJibmee H3 )J;Byx pa3-
Jlil'lHblX 3HaqeHHH. 

C IIOMOIIJ,bIO nopMa.1tbnbix ceMeiicma 6blJia p;oKaaaua 
r e o p e M a JI n H µ; e JI ii qi a: ecmr roJioMopqiHaH IJiynK-
11,IIH f orpaHilqeHa B Kpyre D II HMeeT aCHMIITOTilq, 3Ha
qemrn a B roqKe ~0 E r, ro oHa IIMeer B aroil me roqKe 
auaqeHile a II B KaqecrBe yrJioBoro rpaHnquoro 3Ha11e
HI1H. HopMaJlbHOCTb ceMeiicrBa F= {! (z)} MepoMopqiHblX 
WYHKIJ,nii: f (z) B o6JiaCTII G MomHo xapaKrepI130Barb 
B repMIIHax T. H. c qi e p II q e c K 0 ii: II p 0 H 3 B 0 p;
H OH 

I !' (z) I 
p(f (z)) = 1+\/(z) 12 • 

llMeHHo, ceMeilcrBo F HopMaJibHO rori:ia JI roJibKo rori:i:a, 
KOT,11.a c1JiepI11I. rrpoll3BO)l;Hble p(f(z)), !EF, paBHOMepHO 
orpaHilqeHbl BHyrpn G, T. e. AJIH JII06oro KoMrraKra Kc G 
MOll\HO yKa3aTb raKyIO IIOCTOHHHYIO C= c (K), 'lTO 

p(f(z)).;;;;;C(K), zEK, !EF. 
?p;HaKO HaI160Jiee Ball\Hb!H BKJla)J; HOpMaJlhHbIX ce

MeIICTB B T00pHIO II. M. qiopMyJiupyercH rrplI IIOMOlll,Il 
IIOHHTHH HOpMaJlbHOH qiyeKIJ,IlH. MepoMopqiHall B O)J;HO
CBH3HOH o6JiaCTH G qiyeKIJ,HH f (z) Ha3. H 0 p M a Jl b
H 0 ll qi y HK II, H e ii B G, eCJlll HOpMaJlbHO ceMeHCTBO 
{/ (S (z)) }, TAe s rrpo6eraer ceMeHCTBO BCeX KOHIJiopMHblX 
aBTOMopqinaMoB o6JiaCTII G; f (z) HopMaJibHa B MHoro
CBH3Hoii o6JiaCTil G, eCJlH OHa HOpMaJlbHa Ha YHIIBepcaJib
HOH HaKpb!BaIOrn;eil: rrOBepxHocru G. MepoMopqiHaH qiyHK-
11,n11 /(z) B Kpyre D= {lzl <1} HOpMaJlbHa rori:ia Il TOJlbKO 
rorp;a, KOTAa cyIIJ,eCTByer KoHcraHra C=C (!), O<C<oo, 
TaKaH, 'lTO 

I I C I dz 1 
p (f (z)) dz .;;;;;; ~ . 

3p;ecb JieBaH qacrh ecrh aJieMeHr AJIIIHbl B r. H. xop;n:aJib
Hoi'1 MerpuKe ua cqiepe PJ1MaHa Q p;JIH oro6pamemrn 
w=f(z), a croHrn;ee B rrpaBoil: qacTll BblpameHile da(z)= 
= ldzl/ (1-lzi 2) ecrh aJieMeHT µ;JIHHbl B mrrep60JII111. 
Merpn:Ke Kpyra D. OrpaHuqeHHble roJioMopqiHble qiyeKIJ,HJI 
H MepoMopqiHble qiyHKIJ,HH, He rrpIIHHMaIOIIJ,He rpex pa3-
JIH1JHbIX 3HaqeHilii, HBJIHIOTCH HopMaJibHblMII WYHKIJ,IIHMH, 
JI HeK-pble CBOllCTBa qiyHKIJ,IIH Ha3BaHHblX KJlaCCOB rrepe
HOCHTCH Ha rrpoH3BOJlbHble HopMaJlbHble WYHKIJ,IIH. Harrp., 
AJIH rrpoH3BOJlbHoii: HOpMaJibHoii WYHKIIIIH crrpaBeAJllIBO 
yTBepmi:teHHe reopeMM JlHHAeJiiiqia. l\Jiacc Bcex Hop
MaJibHblX MepoMopqiHblX WYHK!IIIH B Kpyre D HMeer 
H0K-poe CXOACTBO c KJiaccoM ozpanu'tennozo aufJa rfiynK-lfUU. 
0AHaKo HMe10rc11 II cyIIJ,ecrBeHHble paaJIJI'lHH. Harrp., 
cy111,ecTByIOT HOpMaJlhHble MepoMopqiHble qiyeKIJ,llll 6ea 
aCJIMIITOTilq, 3HaqeHHH, a CJleAOBareJlbHO H 6ea paAJlaJlb
HblX rpaHilqHbIX 3HaqeHilH, qero He M01R0T 6b!Tb AJlH 
WYHKIJ,IIH orpaHil'l0HHoro Bilµ;a. BamHMe IICCJieAoBaHIIH 
aCIIMIITornq, 3Ha'leBnii 6b!JIII rrpOB0A0Hhl ,IJ.m. MaR
JieilHoM (G. R. Mac.Lane, CM. [7], [9)). TeopIIH MaR
Jlell:Ha Il03BOJ!IIJla IIOJlY'IIITb HOBbie p;oRa3aTeJlbCTBa HS-
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BeCTHblX paHee CBORCTB HopMaJibHblX cpyHKD;HR; TaK, 
Harrp., MHOll\eCTBO TO'IeK ~Er' B K-pblX HOpMaJibHaH roJio
MopctJHaH cpyHKil,HH f (z) HMeeT aCHMllTOTH'I. 3Ha'IeHne, a 
CJI0AOBaTeJibHO H yrJIOBOe rpaHH'IHoe 3Ha'IeHne, nJIOTHO 
Ha r. 

c IIOHHTHeM HOpMaJibHOCTll TeCHO CBH3.aHO pacnpeAe
JieHne 3Ha'IeH:nii MepoMopcpHblX cpymm;11ii. IlocJieAosa
TeJibHOCTb {zn }To'IeK Zn eAIIHH'IHOro Kpyra D, lim lznl = 1, 

'It-+ oo 

Ha3. P-rr 0 c JI e A 0 B a T e JI b H 0 c T b IO AJIH Mepo
Mopcpuoil: cpyHKD;HII f (z) B D, ecJin )l;JIH mo6oii ee 6ecKo
Be'Iuoil: nOAnOCJie/l;OBaTeJibHOCTll {z } H ll;JIH mo6oro 

nk 
B >O MHOll\eCTBO 

Q""'R (t, z; u;=1 {zED:a(z, zn1) < e}) 

COCTOIIT caMoe 6oJibIIIee 113 ABYX 3Ha'IeH11H. IImrnaaHo, 
'ITO f 06Jia11;aeT XOTH 6hI O,D;HOH P-nocJiell;oBaTeJibHOCTbID 
B TOM n TOJibKO B TOM CJiyqae, eCJill 

lim supqt(z)=+oo, q1 (z)=(1- /zl 2)p(f(z)). 
I z I -+ 1 

TaKnM o6pa3oM, pacnpe11;eJI0Hne 3Ha'IeHnii MepoMopcpHofi 
cpyHKI~llH f (z) CBH3aHO co CTpoeHlleM II. M. HenpepblBHOll 
cpyHKIJ,llH q/(z). 

Cyrn;ecTBeHHble npoi:i;snmeHHH nMeIOTCH B Teop11I1 II. M. 
o6mnx oT06pameHnii f: D - Q, D= {lzl <1 }. TaK, ern;e 
B 1955 6blJia /J;OKa3aHa T e o p e M a o T o 'I K a x 
H e 0 n p e A e JI e H H 0 c T 11: )l;JIH npoH3BOJibHoro OT06-
paiKeHHH f : D - Q TO'IKH ~ E r' B K-pbre MOll\HO npo
BeCTll 11;se HenpepblBHble Kp11sble L~ 11 L~ TaKne., 'ITO 

C (!, ~; L~) f: C (/, ~; L~), 
06pa3y10T caMoe 6oJibIIIee c'IeTHoe MHomecTso. T e o
p e M a M a K c 11 M a JI b H 0 c T H H 0 JI JI H H r B y
A a: nycTb L 0 - npon3BOJibHblii: KOHTHHYYM B Kpyre D 
TaKOH, 'ITO Lon r= {z= 1 }, H nyCTb KOHTHHYYM La noJiy
qaeTCH H3 Lo noBopoTOM Ha yroJI 0 BOKpyr Ha'IaJia KOOp
)l;HHaT; TOrAa AJIH npon3BOJibHoro oT06pameH11H f : D -
- Q TO'IKH ~=eiB Er, B K-pblX 

C (!, ~;La) f: C (!, ~; D), 

o6pa3yIDT MHOll\eCTBO nepBOII KaTerop11n Ha r. To'IKY 
~Er oTHocnT K MHomecTsy C(f), ecJin II. M. C(!, ~; D) 
cosna11;aeT c nepeceqerrneM 

n cu, ~; tJ. (~, cpi, !p2)) 

no BCeM yrJIOBblM o6JiaCTHM c BepIIIllHOH ~. ,IJ.oKa3aHo (10], 
'ITO 

r=C (/) LJE 
)l;JIH npo!i13BOJibHoro oT06pameH11H f : D - Q, rAe E -
MHOll\eCTBO Tirna Fa Iii nepsoil: KaTerop:im. 06paTHO, )l;JIH 
npOH3BOJibHOro MHOiKeCTBa E c r THna Fa H nepsoli 
KaTeropnn cyrn;ecTByeT roJioMopcpHaH H orpaH!il'IeHRaH 
B D cpyHKil,HH f(z), )l;JIH K-poii E= ~C(f). MHomecTBo 
c (!) HBJIHeTCH nOAMHOll\eCTBOM MIIOllieCTBa K (!), COCTOH
rn;ero H3 TaKHX TO'IeK ~ E r' B K-pblX 

c (/' ~; !!.. (~, cpi, !p2)) = c (!, ~; !!.. (~, cp~, cp~)) 
)l;JIH JII06blx ABYX yrJIOBbIX o6JiacTeii: !!.. (~, !pi. cp 2) n !!.. (~, 
cp~, cp~). IIycTb Ecr n: ~Er. ,11.JIH i:i;aaHoro e>O nycTb 
,. (~, e, E) o6o3Ha'IaeT AJIHHY Han:6oJibIIIeii OTKpbITOH AYrll 
rra r' Jiemarn;eii: B Ayrosoii e-oKpecTHOCTH {eiB; I 0-arg ~I < 
<e} TO'IKH ~ H He HMerorn;eil: o6mnx TO'IeK c E; ecJIH Ta
KOH µ;yrn HeT, TO noJiararoT r (~. e, E)= 0. MHomecTBO E 
Ha3. II 0 p Iii c T bl M Ha r' ecJIH )l;JIH JIRJ6oii TO'IKll ~EE 

lim sup r (~. e, E) > O; 
e-+ o 

(J-Il 0 p H c T 0 e M H 0 )I\ e c T B 0 eCTb o6'be)l;JmeHlle 
He 6oJiee 'IeM C'I0THoro 'IncJia nopn:CThlX MROll\&eTB. Bc11-

Koe a-nop:nCT00 MBOll\0CTBO eCTb MHOffi0CTBO nepsoii KaTe
ropnn n mrneiiHoii Mepb1 HYJib. ,11.JIH npoH3BOJibHOro 
OTo6pameH!ilH f : D - Q CilpaBell;JIHBO paBeHCTBO r= 
= K (!) LJ E, rAe E ecTb a-nopIICToe MHomecTso T11na Goa· 
06paTHO, ll;JIH Ilp01I3BOJibHOro a-nopllCTOro MHOll\eCTBa 
E cyrn;ecTByeT roJioMopcpHaH n orpaH11'IeHHaH B D cpyHr\-
11,lilH f (z), )l;JIH K-poii ~ K (f)=iE. 

0 Teop1m II. M. AJIH <JiyaKIJ,Ilti: MHornx KoMnJieKCHbIX 
IlepeMeHHbIX CM., Hanp., (15] - (17]. 

Jlum.: [1] Pa in I eve P., Lecons sur la theorie analytique 
des equations differentielles .. ., P., 1897, [2] z ore t ti L., 
Lecons sur le prolongement analytique .. ., P., 1911; [3] r o JI y-
6 e B B. B., 011HosHa'Im>1e aHaJIHTH'Iecmi:e ljJyHRl\HH. ABT0Mop<fi
Hh1e ljJyHm:nrn, M., 1961; [4] II pH Ba JI 0 B If. If ' rpaHH'IHble 
CBOliCTBa aHaJllilTH'IeCRHX <!iYBRl\Hll, 2 H3/I., M.- JI' 1950; [o) 
Ho c Iii p o R n o c Iii, IIpe/leJibHL1e MHomecrna, nep. c anrJ1., 
M., 1963; [6] R 0 JI JI Iii Br By 11 8., JI 0 Ba Tep A., TeopHH 
npeJ:leJihHhIX MBOmecTB, nep. c aHTJI., M., 1971; [7) M a R - JI e ii H 
r., ACHMilTOTH'IeCRHe 3Ha'leHHH TOJIOMOp(j)HblX tPYHRl\Hil:, nep. 
c aHrJI., M., 1966; [8) Map Ry Ille B H q A. If., Ty Map RH H 
r. u.. x a B H H c 0 H c. JI., B RH.: IfCCJ1e110BaHHH no conpe
MeHHhIM npo6J1eMaM TeopnH (jlyHRl\Hil: ROMnJ1eRcHoro. nepeMeBHOro, 
M., 1961, c. 100-10, L9] JI 0 Ba Tep A., B RH .. IfTOTH HaYRlf 
u TeXHHRlll. MaTeMaTHqec1mll: aHaJIH3, T. 10, M., 1973, c. 99-259; 
[10) ,U o JI m e H R o E. II., «li3B. AH CCCP. Cep. MaTeM.>>, 1967, 
T. 31, M 1, c. 3-14; [11) er o me, «Ann. Math.», 1976, v. 2, 
p. 191-201; [12) r a B_p H JI 0 B B. If., «nORJI. AH CCCP», 1974, 
T. 216, M 1, c. 21-23; L13] r a B pH JI 0 B B. II., Ra Ha TH H
R 0 BA. H., TaM me, 1977, T. 233, Mi, c. 15-17; (14) Ra
H a TH HR 0 B A.H., TaM me, 1978, T. 238, No 5, c. 1043-1046; 
(15) p y 11 H H Y., TeopnH ljlyHRl\Hil: B IlOJIHRpyre, nep. c aHTJI., 
M., 1974, (16] x e HRH H r. M., 'l 111 p Ra E. M., B RH.: IITOTH 
HaYRH n TeXHHRlll. ConpeMeHHhle npo6J1eMw MaTeMaTHRH, T. 4, M., 
19751 c. 13-142; (17] Rudin W., Function theory in the unit 
ball of en, N.Y.-[e.a.], 1980. 

B. H. I'aepUJioe, E. II.. CoAO.MeHJJe6. 
IIPE,!J;EJlhHOE MHOiKECTBO T p a e K T o p II R 

{ftx} A H B a M II q e c K 0 ii c H c T e M bl ft- MHO
llieCTBO Ax acex a-n pe11;eJibHblX To'l'.eK ( a-rr p e A e JI h

H 0 e M H 0 iK e c T B o) HJIH MHOll\eCTBO Qx acex (U

npe11;eJibHblX TO'IeK ( (J)-n p e A e JI b H 0 e M H 0 )I\ e c T
B o) 3TOH TpaeKTOpH!il (cM. Ilpeoe.n.blW!t mo<1,1'a TpaeKTO
pnn). ,11.JIH TpaeKTOplilH {fix} cncTeMbI (IIJIII, li!Ha'Ie, f (t, x), 
CM. [1]} a-II. M. (cooTBeTCTBeHHO w-II. M.) - TO me, 'ITO 
w-II. M. (coOTBeTCTBeHHO a-II. M.) TpaeKTOpHH {t-tx} 
1.t;HHaMn:q, CIICTeMhI f-t (cIIcTeMbI c o6pam,eHHeM apeMeHII). 
IIoaToMy caoftcTBa a-II. M. aHaJiorH'IBbl CBOftCTBaM (J)
II. M. 

MHoll\eCTBO Qx - aaMKHYTOe HHBapI!aHTHOe MHOll\e
CTBO. EcJIII Qx= 0' TO TpaeKTOpIIH {ttx} Haa. y x 0 AH
ill, e il: B II 0 JI 0 )I\ 11 T e JI b H 0 M H a II p a B JI e H H II; 
ecJI:n Ax= 0, TO TpaeKTOpHH {f1x} Ha3. y x o i:i; H m, e ti: 
B o T p II q a T e JI h H o 111 rr a n p a B JI e H n n; ecm1 
Qx=Ax=0, TO TpaeKTopnH Ha3. y x o i:i; H m, e ii. Ecm1 
xEQx, TO TO'IKa x Haa. I1 0 JI 0 iK HT e JI b H 0 y c T 0 ft
q n B o ii rr o II y a c c o R y; ecmi: x EA x• TO TO'IKa x 
Ha3. 0 T p H q a T e JI b H 0 y c T 0 il: q Iii B 0 ii: II 0 
II yacc o Hy; ecJin xE QxnAx, To To'lKa x aaa. y c-
T OH 'I II so ii: no IIyaccoHy. Ecm1 xf/=Qx H 
Qx=f=0. TO TOqKa x Ha3. n 0 JI 0 )I\ Iii Te JI b H 0 
a c HM II T 0 TH 'I e c K 0 ft; ecJIH xf/=Ax H Ax=l=0' 
TO ToqKa x Ha3. 0 T p Iii ~a T e JI b H 0 a c H M II T O
T H 'I e CK 0 ft. 

EcJIH ToqKa x IIOJIOllililTeJibHO ycToftqn:aa no JiarpaHmy 
(cM. Ycmoii<1,u11ocm& no JiaapanJH:y), TO Qx- HeI1yCToe 
CBH3HOe MHOll\eCTBO, 

lim d(ftx, Qx)=O 
t ..... + 00 

(r11;e d (z, Y) - paccTOmrne OT TO'IKH z 11;0 MHomecTea Y) 
n B Qx Hail:1.t;eTCH pe1'yppenmnaH mo<1,1'a (TpaeKropnH). 
EcJIH x - Heno1.t;BHll\HaH TO'IKa, TO Qx= {x }. Ecmi: x -
nepHOAHq, TO'IKa, TO 

Qx={f1x}1e lR = {/fx}le[o, T)• 

r1.t;e T - nepno1.t;. EcJin TOqKa x noJioll\HTeJibHO ycTO:il:
qnaa no II yaccoay, Ho He rrerrOl\BIIlliIIaH H rre rrepno11;R'Ie
cKaH, a MeTpn'I. rrpocTpaHCTBO, Ha K-poM 3a11;arra pac-
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CMaTpllBaeMa.11 1r1rnaMJaq, CHCTeMa, IlOJIHO, TO B gx BCIOAY MOlRHO HaniacaTb acHMilTOTllRY npn t - 00 OCTaTRa 0 (1) 
IlJIOTHhl ToqRn, He npnHaµ;Jiemarn;ne TpaeRTOplIH {ttx }. B (*), a TaRme IlOJIY'llITh acllMilTOTHRY npH t - 00 pe-

EcJIH p;nHaMnq, cncTeMa aap;aHa Ha nJiocRoCTll aBTo- meHJali p;pyriax HecTaIJ.HOHapHhlX aap;aq (cM. [2), (7)). 
HoMHoii cncTeMoii ,qmpljiepem1,naJihHhlX ypaBHeHnii YRaaaHHhle cBoiicTBa RJ.. noJiyqeHhl B [7) AJIH cMemaHHhlX 

x =I (x), x E IR. 2, IE c1 aap;aq BO BHeIITHOCTll orpaHnqeHHOH o6JiacTH AJIH ypaB
rreHnii n cncTeM JIID6oro nop.11,qRa. 

(rJia)l;RHM BeRTOpHbIM IIOJieM /(x)), TQqRa x IIOJIOlRHTeJihHO 
ycTOftqnaa no JlarpaHIBY, Ho He rrepno_qnqecRa11 H f (x) 
He o6parn;aeTC11 B HYJih Ha MHomecTBe gx (T. e. MHO
IBeCTBO Q_., He cop;epIBHT HeITOABHlRHhlX TO'leR), TO Qx
IJ,HRJI, T. e. aaMRHYTall Rpnaa.11 (TpaeRTOpllll nepHOAHq, 
TQqRH)' a TpaeRTOpH.11 {f1x} rrpn t - + 00 crrnpaJI0BIIAHO 
HaMaTbIBaeTCll Ha 3TOT IJ.HRJI. y AHHaMuq, CHCTeM, aa
)l;8HHhJX Ha IR.n, n >2, HJIH Ha HeR-phIX ABYMepHhIX no
BepXHOCTllX, Hijllp. Ha TOpe, w-II. M. MoryT 6hITh ycTpoeHhl 
HHa'le. Hanp., y HppaIJ,HoHaJihHoil: o6MoTRB Topa (c11crnMa 
qi=1, \ti=µ, rµ;e (<:p, 'ljl) (mod 1) - IJ.llKJIH'I. ROOp}:IHHaThl 
Ha TOp0 T2 , µ - HppaIJ,HOHaJibH00 qHCJIO) MHOlReCTBO 
gx ,ll;JI.11 BC.llROii: TOqRn x = (<:p, 'ljl) coarraµ;aeT co BC0M TO
poM. 

Jlum.: [1] He M bl I\ R If n B. B., c Ten a H 0 B B. B., 
l{aqecTBeHHaH Teop1rn l!;Hlj>lj>epeHQHaJJbHblX ypaBHeHHil, 2 H31!;., 
M.- JI., 1949; [2) II 0 H T p lI r If H JI. c., 00blRHOBeHHble 1U1d>
ljJepeH11HaJJbHble ypanHeHHR, 4 Hap;., M., 1974. 

B. M. MUJl..JIUO'll!JlUNOB. 

IIPE,!J;EJlbHOll AMIIJIHTY,!J;bl IIPHHI(HII - crro
co6 O}:IH03Ha'IHoro BhI}:leJieHH.11 peWeHHii: CTaIJ,HOHapHhlX 
ypaBHeHHH, OlIHChJBaIOrn;HX YCTaHOBHBmHec.11 ROJie6aHHll, 
qepea npe.rteJI npn t --+ oo aMTIJIHTYAhl pemennii cooTBeT
CTByIDrn;nx HeCTaIJ,HOHapHhlX ypaBHeHHH c HyJieBhJMll Ha
'laJihHhIMH ,qaHHhlMH 11 rrep11oµ;nqecRoii: no t rrpaaoii 11acTh10 
BH}:la f(x)e±iwt. Crrpaaep;JIHBOCTb II. a. n. oaHaqaeT, 'ITO 
pemeHne v (x, t) yRaaaHrroii HeCTaIJ,llOHapHoil: aa,qaqn rrp11 
t - 00 llMeeT BRA 

v(x, t)=u±(x)e±iwt+o(1), 

rµ;e u± - pememrn CTaIJ,HOHapHoro ypaBHerrn.11. 
Bnepahle aToT rrpnHIJ,Hn 6h!JI rrpe,11Jiomen (cM. [ 1]) p;JJH 

ypaaHeHH.11 feJihMTOJibU.a B IR.n 

OH Bhl}:leJIHeT Te me peweHH.11 3TOTO ypaBHeHH.11, qTo H 
ua.1ty'tenuR. yc.1to11uR. n npeiJe.1tbnozo noe.ltOUfenuR. npunr+un. 
Cnpaaeµ;JinaoCTh II. a. rr. HCcJieµ;oaaHa: }:IJIH ypaaHen11:ii: 
2-ro nop11p;Ra c rrepeMeHHhlMll RoaljiljJHIJ,HeHTaMH BO BHelll
HOCTH orpaHH'leHHOll o6JiaCTH (cM. [2], [3]), ypaBHeHHH 
feJibMTOJlbIJ,a B HeR-pbIX o6JiaCT11X c H0ROMrraRTHOll rpa
HHIJ,eil: (cM. [3], [4]), aaµ;aqn Rom11: - IIyaccoHa a noJioce 
(CM. [5]), HeR-phlX ypaaHeHnii BhJCORoro rrop11p;Ra (cM. 
[3], [6]), CMemaHHhlX 3a_qaq BO BH0lllHOCTH orpaHH'leHHOH 
o6JiacTH }:IJIH ypaarreH11il: H cncTeM JII06oro rrop11p;Ra c 
nepeMeHHhIMH RoaljiiJ>nu.neHTaMH (cM. [7]). B rrocJieµ;HeM 
CJiyqae YCJIOBH.11 H3JIY'leHH11 H npHHIJ.Hil npe,qeJibHoro 
nor Jiorn;eHHH Bbl}:leJIHIOT 2x' 1 < x < 00 ' pemeHHH CTaIJ,HO
Ha pHoro ypaaHeun.11, a II. a rr. ,qaeT p;aa na HHX. YRaaaHhl 
(cM. [8]) TaRne nocTaHOBRH II. a. rr., R-pHe noaaoJIHIOT 
IIOJiyqHTh ace 3TlI 2x pemeHHM. 

,!J;JI.11 cnpaaeµ;JIHBOCTH II. a. rr. Heo6xoµ;HMo, qTo6h! 
f (x) 6hJJia opToroHaJibHa aceM co6cTB0HHhlM ljiyHRIJ,HHM 
cTaIJ,HoHapHoii aa_qaqn, IloaToMy II. a. n. He cnpaaeµ;JIHB 
B orpaHH'leHHoii: o6JiacTH. IlycTh P').. - orrepaTop, R-phln 
COOTBeTCTByeT 3aBHCHIIJ,eH IIOJIHHOMllaJlhHO OT crreRTpaJib
uoro napaMeTpa A, cTaIJ,HOHapHon 3aAaqe, rroJiyqeHHoil: H3 
CMemaHHOH aaµ;aqH }:\JI.II HeCTaIJ,HOHapnoro ypaBHeHH.11 
aaMeHoii: B ypaBHeHHH H rpaHH'IHhJX ycJIOBH.llX orrepa
Topa µ;nljiljiepeHIJ,Hpoaann.11 iiJ/at Ha rrapaMeTp A,, Crrpaaep;
JIHBOCTh }:IJIH orrepaTOpa P').., /.,=const, IT. a. rr. cBH3aHa 
c B03MOll\HOCTblO aHaJIHTH'I. rrpop;oJilR0HH11 11µ;pa pe30Jlb
BeHThl R')..=PJ:.1 Ha HerrpephlBHblll crreRTp H rJiap;ROCThIO 
no A, aToro rrpop;oJimeun.11 (cM. (3), [7]). EcJIH 11p;po R1. 
AOrrycRaeT anaJillTH'I. rrpoµ;oJIIBeHne qepea nenpephIBHhlti 
cneRTp H HMeeT rro,qxoµ;11rn;ne oqeHRH rrpH A, --+ oo , TO 

Jlum.: [1) TH x 0 H 0 B A. H., ca Map c RH n A. A., 
«ffi. oRCnepHM6HT. H TeopeTHq. «!>H3HRH», 1948, T. 18, N, 2, c. 243-
248; [2) JI a p; bl )f( e H c Ra R o. A., «YcnexH MaTeM. HaYR>>, 
1957, T. 12, B. 3, c. 161-64; [3) 8 tt ll y c n. M., TaM me, 1969, 
T. 24, B. 3, c. 91-156; [4) c Be m H HR 0 B A. r., «nORJI. AH 
CCCP», 1950, T. 73, M 5, c. 917-20; [5] II ca Ro Ba E. H., 
«n1111Jd>epeH!1HRJJhHble ypanHeHHH», 1970, T. 6, M 1, c. 56-71; 
[6] M H x an JI 0 B B. II., «Tp. MaTeM. 1rn-Ta AH CCCP», 1967, 
T. 91, c. 100-12; [7] Ban H 6 e pr B. P., «YcneXH MaTeM. 
HaYR», 1975, T. 30, B. 2, c. 3-55; [8) er o >Re, «Han. BY3on. 
MaTeMaTHRa», 1974, M 2, c. 12-23. B. P. Bauu6epe. 

IIPE,!J;EJlbHblE TEOPEMbl T e o p H II B e p o 11 T
H o c T e ii: - o6rn;ee HaaaaH11e p11,qa TeopeM Teopnia ae
po11THOCTeii, YRaablaaIDrn;iax ycJioaia11 aoaHHRHoBeHn.11 rnx 
HJill HHhlX aaROHOMepHOCTeii B peayJibTaTe p;eii:CTBHll 
6oJihIITOro qncJia cJiyqaii:HhlX ljiaRTopoa. IIepahle II. T., 
ycTaRoBJieHHhie H. EepnyJIJIH (J. Bernoulli, 1713) n 
II. JlanJiacoM (P. Laplace, 1812), OTHoc11Tc11 R pacnpe
p;eJieBHIO OTRJIOHeHIIH qacTOThI µnln Il011BJI0HHll HeR-poro 
co6hITHll E npB n neaaaBCllMhlX iacnhITaHHHX OT ero ae
pollTHOCTH p, O<p <1 (TOqHbie ljiopMyJinpoBRH CM. B 
cTaTh.llX Bepny.1t.1tu meopeMa, Jlan.1taca meopeMa). C. IIy
accoH (S. Poisson, 1837) pacnpocTpaHHJI aTn TeopeMhl Ha 
CJiyqail:, Rorµ;a aepollTHOCTh pk HaCTYIIJieHH.11 co6hJTll11 
E B k-M llCilhlT8HHll MOIB0T aaanceTb OT k, onncaB npej:leJih
HOe IIOBe}:leHne npn n - 00 pacnpe,[leJieHH.11 OTRJIOHeHHR 

11acTOThI µnln OT cpep;uero apniJ>Men1qecRoro p=..2.... ""1nk pk 
1t ~ =1 

aepollTHOCTeii: Pk• 1..;;:k.,;:n (cM. Ilyaccona meopeMa). 
Ecm1 o6oanaqHTh qepea X k cJiyqail:HyID aeJinq1rny, npn
rriaMaIDrn;YID aHa'lenne, paaHoe eµ;1rnm.1,e npn no11aJieHnn 
co6hJTHll E B k-M ncnh!TaHnn, B arraqeHne, paanoe HYJIID 
npH IIOllBJI0HIIH npoTHBOilOJIQlRHOTO co6hlTHll, µn MOIBllO 
npe,[ICTaBHTh B BHµ;e cyMMhl 

'ITO rroaaoJIHeT paccMaTpHBaTb rrepeqncJieHHhle TeopeMhI 
RaR qacTHhle cJiyqaia µ;Byx 6oJiee o6rn;nx yTBepm,11errnii:, 
OTHOClllil;HXC.11 R cyMMaM ueaaBHCHMhJX CJiyqaii:HhJX Be
JIJ:I'IHH - 60.1tbW.UX 'tUce.1t aai>ona H 1fenmpa.1tbnoii. npe
iJe.1tbnoii. meopeMb! (R-phle npHBO}:l.llTC.11 HHll\e B HX :l(Jiac
CHq. ljiopMyJIHpOBRe). 

3aKou OOJihWHx 11nceJI. II ycTh 

(1) 

- rrocJieµ;oaaTeJibHOCTb H03aBHCHMhJX cJiyqaiiHhIX BeJJH
'IHH, Sn - cyMMa rrepBhlX n H3 llHX: 

Sn=X1+X 2 + ... +Xn, 

An n B~ - cooTBeTcTBeHHO MaTeMaTnq, oIBnp;aHiae 

An=Esn=EX1+Ex2 + ... +EXn 

n ,1111cnepcn11 

B~=Dsn=DX1 +ox2 + ... +oxn 

(2) 

cyMMhI Sn- roaopHT' qTo IIOCJie,qoaaTeJibHOCTh (1) IIO,D,
'IHH.lleTC.11 3 a R 0 H y 6 0 JI b ill H x q H c e JI, ecJill npn 
mo6oM 8 >O eepoHTHOCTb HepaaeHCTBa 

I :n_ ~n I> 0 

CTpeMlilTCll .K HYJllO rrpH n -+ 00 . 
llIHpoRIIe ycJIOBHll rrpHJIOlRllMOCTH aal\OHa 6oJihIIlHX 

qnceJI Hailµ;eHhl arrepahle II. JI. qe6hlmeahJM (1867) n aaTeM 
o6o6IIJ,errhl A. A. MapKOBhIM ( 1906). Borrpoc o neo6xoAn
MhlX H ):IOCTaTO'lllhJX yCJIOBllHX npHJIOlRHMOCTlil aaRorra 
6oJibWHX qnccJI 6h!JI oRoH'IaTeJihHO pemeH A. H. Rom10-
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ropoBhlM (1928). B cJiyqae, 1wrp;a cJiyqaii:Hhle aeJin:qn:Hhl 
x n HMelOT OAIIY H TY me ljiyIIK~HlO pacnpep;eJieHlUI, STH 
ycJIOBHH, KaK noKa3aJI A.H. Xn:aqn:a (1929), CBOAHTCH K op;
HOMy: BeJin:qn:HhJ x n AOJimHhl HMeTb Koae~hl0 MaTeMa
TJilq. OmHp;aHHH. 

D;euTpaJibHaJI npeAeJibHaJI TeopeMa. 
K IIOCJiep;oBaTeJibHOCTH ( 1) npn:Memrna 
H a H II p e A e JI b H a H T e 0 p e M a, 
6hlx Z1 H Z2 aepoHTHOCTb HepaaeHCTBa 

z1Bn <Sn-An< z2Bn 
nMeeT rrpep;eJioM rrpn: n-+ oo aeJIJilqn:ay 

<lJ ( Z2)-<lJ (z1), 

foBOpHT, qTo 
~ e HT p a JI h

ecJIH IIPH JI10-

ID (z) = 1 i z e-x'/2 dz 
V2n .l - oo 

(cM. Hop.11ta.!!bHoe pacnpe8eJieHue). ,I(oaoJihHO o6~ne µ,o
cTaToqHhJe ycJIOBHH npn:MeHHMOCT!il ~eHTpaJibHoii IT. T. 
6hJJIH yKa3aHhl IT JI. lle6MmeahJM (1887), HO B ero AO
Ka3aTeJibCTBe o6aapymHJIHCb npo6eJihl, BOCJIOJIHeHHhle 
JIHillb II03me A. A. MapKoBhlM (1898). Pemean:e BOIIpoca, 
6Jin3Koe K oKoaqaTeJibHOMy, 6hJJio rroJiyqeao A. M. JlH
llYHOBhlM (1901). To~aH ljiopMyJinpoaKa Teo p e M hi 

JI H II y H 0 B a TaJ\OBa: IIYCTb 

Ck=E IXk-EXk 12+'\ 6 > 0, 

Cn=C1 +c2+ ... +en. 

EcJIJil OTHomean:e Ln=Cn/B~+O CTpeM!ilTCH K HYJIID npn: 
n - 00, TO K IIOCJiejJ,OBaTeJibHOCTH (1) IIpHMeHli:Ma ~eHT
paJibHaH IT. T. OKoHqaTeJibHOe pemean:e aonpoca 06 yc
JIOBHHX rrpn:MeHHMOCTH ~eHTpaJibHoii IT. T. rroJiyqeao 
B ocHOBHhIX qepTax C. H. BepamreiiHoM (1926) n: AO
rroJIHeao B. <l>eJIJiepoM (W. Feller, 1935). B ycJIOBlilHX 
~eHTpaJihHOH IT T. OTHOCHTeJibHaH TO~OCTb aIInpoKCH
Ma~HH BepoHTHOCTH aepaaeHCTBa THrra Sn-An>znBn, 
rp;e zn HeorpaHn:qeaHo pacTeT BMeCTe c n, aemi:qlllloii: 
1-<D (zn) MomeT 6hJTb BeCbMa HeBhJCOKOH. Heo6xo.o;nMLie 
,[IJIH IIOBhlilleHHH TOqHOCTH rronpaaoqHhJe MHOlRHTeJIH yKa-
3hJBaIOTCH B IT'. T. jJ,JIH aepoHTHOCTeD: 6oJibIII!ilX OTKJIOHe
HHH (cM. Eo.!!butux om1MOHeHuil 6epoHmHocmu, Kpa.11tepa 
meopeMa). BcJieA 3a r. RpaMepoM (H. Cramer) H B. <l>eJI
JiepoM aorrpoc n:ccJiep;oaaJicH IO. B. JlHHHBKOM n: AP· 
Tli!IIH~hle pesyJihTaTbI, OTHOCH~HeCH K sToii: o6JiaCTH, 
Jierqe acero IIOHCHHTb Ha npn:Mepe cyMM (2) HeSaBHCH
MLIX OAHHaKOBO pacIIpeAeJieHHhJX CJiyqaii:HbIX BeJinqnH 
X 1 , •• '., Xn,. ·....:. c EXj=O H DXj=1; B STOM cJiyqae 

An=O, Bn= Y n. 
ITycTb, JiaIIp., paccMaTpnaaeTCH BepoHTIIOCTb Hepa-

BeHCTBa 

8Ta aepoHTHOCTh paBHa 1-F n (zn), r,110 F n (z) - ljiyHK~HH 

pacIIpe.o;eJieHHH BeJin:qnHhJ snl Vn H IIPH ljililKCnpoaaHHhJX 
Zn=Z H n-+ 00 

1-F n (z)--+ 1-<D (z). (3) 
EcJIH Zn 3aBHCHT OT n, rrpn:qeM TaK, qTo Zn -+ oo npn: 
n-+ CO, TO 

1-F n (zn)--+ 0 H 1-<D (zn)-----+ 0 

H ljiopMyJia (3) cTaHOBlilTCH 6ecnoJieaaoii:. Heo6xoAlilMLI 
o~eHKH AJIH OTHOC!ilTeJihHOll ToqHoCTll annpOKCHMa~Jilll, 
T. e. AJIH OTHornean:H 1-Fn(zn) K 1-<D(zn). B qacT
HOCTH, ecTeCTBeHHO B03HHKaeT Borrpoc 06 YCJIOBHHX, npn: 
K-phlX 

(4) 

CooTHomeane (4)' MomeT BhlIIOJIHHThCH npu JI1060M po
cTe Zn TOJlbKO npn: YCJIOBHH, qTo caMH CJiaraeMhl0 HMelOT 
HOpMaJibH1>lll 3aKOH (STOT BhlBOA sepeH yme npn: Zn ITO 

nop.11µ,Ky, 6oJihIIIHx Yn). EcJIH me cJiaraeMLJ:e ae HBJIHIDTCH 
HopMaJibHhJMH, TO STO COOTHOilleHHe M011\0T BhlIIOJIHJITbCH 
JI!ilillh B onpep;eJieHHhlX 3 o a a x, K-phle no rropH;a;Ky ae 

npeaocxo,11HT Jfn. Han:6oJiee «ysKne» (Jiorapn:ljJMn:qe, 
CKOro nopHp;Ka) 30Hhl IIOJiyqa10TC.ll npH ycJIOBHH Koaeq
HOCTH orrpep;eJieHHOfO qn:cJia MOM0HTOB. ITpn: STOM B OII• 
peµ,eJieHHhlX ycJIOBHHX ((peryJIHpHOCTH» IIJIOTHOCTH cJia
raeMhJX MomHo npocJiep;nTh nepexo,11 «HOpMaJibHoii:» acn:M
IITOT!ilKH B CTeIIeHHy10. Hanp., ecJIH IIJIOTHOCTb cJiarae
MbIX X j pasaa 

2 

n- <1 +">" 
TO paBHOMepHO no z npn: n - 00 

P {~ ~ z} ~ 1-<D (z) + 2- -1- - 1- · Vn 3:rt Vn z• ' 

yqHThJBaH, qTo npH z - co 

1-<I> (z) ~ _1_ e- z'/2 
V2n z ' 

JI0fKO IIOH.llTh, npH KaKHX z HMeeT MeCTO (4). Pacrnn:pean:e 
30Hhl AO CT0II0HHOH (BHjJ,a na, a.<1/2), Tpe6yeT YCJIOBH.ll 

Ix I 4a 
E j 2a+l 

e <co (5) 

H COBilaA0HHH orq>eAeJieHHoro (3aBHCH~ero OT a.) qn:cJia 
MOMeHTOB x j c COOTB0TCTBeHHhJMH MOMeHTaMn HOpMaJib
HOfO pacnpeAeJieHHH. EcJIH me ycJiosn:e coanap;ean:.11 Mo
M0HTOB Be BbIIIOJIH0HO, TO OTHOilleHJil0 B JI0BOH qacTH (4) 
oIIHChlBaeTcH B TepMnaax PHAa RpaMepa (IIpH TaK Has. 
ycJioBHH RpaMepa, CM. KpaMepa meope.11ta) HJIH ero aa
qaJibHhlX orpe3KOB (npu BhlnoJIHeHHH ycJioan:ii Tima (5)). 
O~eHKH aepoHTHOCTeii 60Jibm11x oTKJioaeae:ii 11cnoJib-

3y10TCH B MaT0MaTii:q, CTaTHCTHKe, CTaTHCTHq, ljJH3HK0 
H T. A· 

lfa APYrlilx HaIIpasJieHRii pa6oT B o6JiacTH IT. T. Momao 
OTM0Tli1Tb CJieAYlO~He. 

1) HaqaThle A. A. MapKoBhlM n: IIPOAOJimeHBI.re 
C. H. BepamTeii:HoM n: AP· RccJieAoBaH!ilH ycJiosui!: np11-
JiomHMOCTH 3aKoHa 6oJibIII!ilx qn:ceJI H ~eHTpaJibHoii: 
IT. T. K CYMMaM 3aBHCHMbIX CJiyqaii:HbIX BeJinqn:a. 

2) ,I(ame B CJiyqae IIOCJieAOBaT0JlbHOCTJil op;HHaKOBO 
pacnpeAeJieHHhIX CJiyqaiiHbIX B0JIHqJilH Momao yKa3aTb 
IIpOCThle npHMephl, KOfAa ~HOpMHpoBaHHbI0)) (T. e. IlOA· 
BeprHyThle KaKoMy-JIH6o JIHH0HHOMY npeo6pa3oBaHJil10) 
cyMMhl (sn-an)/bn, fA0 an, bn >O - IlOCTOJIHHhl0, HMelOT 
B npep;eJie pacnpep;eJieHHe, OTJIH'iHOe OT HOpMaJibHOfO 
(peqb np;eT o HeBbipomp;eHHhlX pacnpep;eJieHnHx, T. e. 
pacnpeµ,eJieHHHX, He cocpep;oToqeHHhlX ~eJIHKOM B op;HoH 
ToqKe) (cM. Y cmou'l.U6oe pacnpe8eJieHue). B pa6oTax 
A. H. XnHqe:aa, B. B. fHep;eHKo, IT. Jlean: (P. Levy), 
B. ,rJ.e6Jinua (W. Doeblin) Iii AP· noJIHoCThlO n:ayqeHhl 
KaK KJiacc B03Moawhlx pacnpeµ,eJiemi:ii p;JIH CYMM Hesa
sncHMLIX CJiy<IaHHMX B0JIJilqJilH, TaK H YCJIOBHH cxo,1111-
MOCTH pacnpep;eJI0HHH CYMM K TOMY HJIH lilHOMY npeA0Jlb
HOMY pacnpep;eJieH1110 (a cxeMe cepnii cJiyqaii::HhJX aeJIH
qe:H IIpn ycJIOBHH acuMnmomu'l.ecnou npeHe6peeaeMocmu 
cJiaraeMbIX) (cM. EeaepaHU'l.HO 8eJiuMoe pacnpe8eMHUe, 
C.!!y'l.ailn&1u npolfecc c neaaBUCU.MblMU npupau+eHUHMU). 

3) 3HaqHT0JlhH00 BHJilMaHHe yp;eJIHeTCJI T. H. Jiona.!!bllbi.M 
npe8e.!!&Hb1M meopeMa.M. IlycTh, Hanp., CJiyqambie ae
JinqnHhl X n npn:an:MalOT JIHIIIh ~eJihl0 airaqeHHH. Torµ,a 
cyMMbI Sn IIpHHHMalOT TaKme TOJibKO ~eJihl0 aaaqeHHH 
H ecTeCTBeHHO IIOCTaBHTb BOIIpoc 0 npe,11eJihHOM IIOBe
p;eHHH aepOHTHOCTeII P n (m) Toro, qTo sn= m, rp;e m -
~eJioe. ITpOCT0HIIIIIM npnMepOM JIOKaJibHOH I1. T. MomeT 
CJiymHTh JIOKaJibHaH TeopeMa JlaIIJiaca. ,I(pyroii TIIII JIO-
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l{a.llbHblX Il, T. OIIHCblBaeT rrper1eJibHOe pacrrpep;eJieHHe 
IIJIOTHOCTeil: pacrrpeµ;eJieHHH cyMM. 

4) Il. T. B HX KJiaccHq. IIOCTaHOBKe OIIHCbIBaIOT IIOBe
µ;eHHe OT)J;eJibHOH cyMMhI Sil c B03pacTamrnM HOMepa n. 
,JJ; OCTSTOqHo o6IIUl0 Il. T. )J;JIH BepOHTHOCTeii co6blTHH, 
3aBHCHII\HX cpaay OT HeCKOJlbKHX CYMM, IIOJiyqeHbl arrep
Bbie A. H. R oJIMoropoBhIM ( 1931). TaK, Harrp., H3 ero 
peayJibTaTOB CJiep;yeT, qTo rrpH BeCbMa mHpOKHX ycJio
BHHX aepoHTHOCTh HepaaeHCTBa 

max JsR.J < zBn 
1..;k..;n 

HMeeT rrpep,eJIOM BeJIHqHHY 

~ ~ao (-i)k _1_ e - (2k+ I)' z•/s:n;• 0 
:n; ""-'k= 0 21'+ 1 ' z > . 

Han6oJiee o6II\HH crroco6 p;oKaaaTeJihCTBa rro;o;o6HblX 
Il. T.- rrpep;eJibHhIH rrepexo,a; OT )J;HCKpeTHblX rrpou,eCCOB K 
HerrpephIBHblM. 

5) IlepeqHcJieHHble Bblille Il. T. OTHOCHTCH K CYMMaM 
CJiyqaiiHblX BeJI11qHH. Il pHMepoM Il. T. HHOrO pop;a MOryT 
CJIYIBHTh Il. T. )J;JIH qJieHOB aapHaU,HOHHOrO pH)J;a. 3TH 
n. T. rrop;po6Ho nayqeHbl E. B. fHep;eHKO, H. B. CMlip

HOBblM H AP· 
6) HaKOHell,, K Il. T. OTHOCHT TaKJRe H TeopeMbl, yCTa

HaBJIHBaIOill,He CBOHCTBa IIOCJiep;oaaTeJihHOCTeii CJiyqaii
HbIX aeJIHqHH, HMeIOru,He MeCTO c aepoHTHOCThIO, paBHOH 
er1HHHU,e (cM., Harrp., Bo.ttbULUX 'tUCe.tt ycu.1te1utbi11 aanon, 
II oomopnozo .n,ozapurfj.Ma aa1wn). 

0 MeTop;aX ,[IOKa3aTeJibCTBa Il. T. CM. B CTaTbHX X a-
panmepucmu'tecnaa rfjynnlfuR, Pacnpe&e.ttenuu cxo&u-
.Mocmb. 

Jlum.: [1] I' He A e HK o E. B., Ho JIM or op o B A. H., 
IIpege.nbHhie pacrrpeAeJieHHII Mil CYMM HeaaBUCHMhIX CJiyqalflihIX 
BeJIHqHH, M.- JI., 191,9; [2] M 5 par u M 0 B M. A., JI H H
H a K ID. B., HeaaBHCHM&1e H CTaUHOHapHO csaaaHHble BeJIHqHHhI, 
M., 1965; [3] II e T po s B. B., CyMMhI HeaaBHCHMhIX CJiyqal!HhIX 
BeJIHqHH, M., 1972; [I,) II p 0 x 0 p 0 B ID. B., p 0 3 a H 0 B 
ID. A., Teopaa sepOIITHOCTel!, 2 H3A., M., 1973. 

IO. B. Ilpoxopoe. 
IIPE,JJ;EJlhHbl.0: KOHYC a bl rr y K JI o ii rr o B e p x

H 0 c TH s - IIOBepXHOCTh p (S) KOHyca, o6paaoaaH
HOro IlOJIYIIPHMhIMH, HCXOAHill,HMli H3 HeK-poii TOqKH 
0 ES H npHHa11,Jiemaru,HMH BhIIIYNJIOMY TeJiy, orpaHnqeH
HOMY S. Il. K. onpe,D;eJieH O)l,H03HaqHo C TOqHOCThIO AO 
napaJIJieJihHoro nepeHoca, aaBHCHru,ero oT aL16opa Toq
KH O. IloHHTHe II. K. onpe11,eJIHeTCH :a p;JIH HeK-phlx KJiac
coa HeBblTIYKJiblX noaepXHOCTeil:, Hanp. )l,JIH T. H. clf>epH
qeCKH 0)1,HOJIHCTHblX cep;JIOBblX noaepXHOCTeii. 

Jlum.: [1] rr 0 r 0 p e JI 0 B A. B., BHelliHffff reoMeTpHa Bbl-
rryKJibIX rrosepXHOCTel!, M., 1969. M. H. BoU>Jexoecnuii. 

IIPE,r:r;EJibHhl.0: ~IIKJI - aaMKHyTaH TpaeKTopHH 
B ifiaaoBOM npocTpaHCTBe aBTOHOMHOll CHCTeMbl o6blKHO
BeHHblX p;nifiifiepeHU,HaJibHhIX ypaBHeHHH, K-paH HBJIHeTCH 
a- HJIH (J)-npe.a;eJibHhIM MHOJReCTBOM (cM. llpe&e.ttbltOe .MltO
JICeCmBO TpaeKTOpHH) XOTH 6bl 11,JIH 011,HOH p;pyroil: TpaeK
TOpHH aTOH Cl!CTeMbl. II. u,. Ha3. 0 p 6 H T a JI b H 0 
y C T 0 ft q H B hI M, HJIH y C T 0 ii q H B bl M, eCJIII )l,JIH 
BCHKoro e >O Hail:11,eTCH 6 >O TaKoe, qTo ace TpaeKTop:irn, 
HaqnHaIOII\HeCH B c'l-oKpecTHOCTH II. u,. rrpn t=O, He Bhl
xo11,HT H3 ero e-oKpeCTHOCTH rrpH t>O. IT. u,. COOTBeTCT
ayeT rrepHO)l,Hq. pemeHHe CHCTeMbl, OTJIHqHoe OT IIOCTOHH
Horo. EcJIH oHo ycToii:qnao no JI.imyHoBy, TO II. u,. yc
Toftqna. /];JIH Toro qTo6bl rrepnop;nq. pemeHHIO COOTBeTCT
BOBaJI ycTOiiqHBbIH II. u,., )l,OCTaToqHo, qT06bI MO)J;YJIH 
acex ero .MY.ttbmun.ttunamopoo, KpoMe op;Horo, 6blJIH 
MeHbme ep;HHHU,bl (cM. Op6uma.ttbnaa ycmou'tuoocmb, An&
ponooa - Bumma meope.Ma). C ifinaHq. ToqKH apeHHH 
n. u,. COOTBeTCTByeT rrepHO)l,Hq. pemHMY' HJIH aomono.n,e-
6anu10, CHCTeMbI (CM. [2)). 

IlycTh aBTOHOMHaH CHCTeMa 

x=t (x), 

Onpep;eJieHHaH B o6JiaCTH UC V 11 , r11,e V 11 - p;mplf>epeHU,H-

pyeMoe MHOroo6paan:e, Harrp. Vn=IRn, HM00T 3aMKBy
TYIO TpaeKTOpHIO f. Il poaep;eM rn:rrepnoaepXHOCTh 31:, 

rrepeceKaIOII\YIO r TpaHcBepcaJibHO B TOqKe p. Tor11,a 
JI106aH TpaeKTOpHH CHCTeMhI, HaqnHaIOill,aHCH npli t=O 
B ToqKe cE Ven:, r11,e V - ;o;ocTaToqHo MaJiaH oKpecT~ 
HOCTb ToqKn: p' rrpH yaeJIHqeHHH t CHOBa rrepeceqeT :n; 
B ToqKe T (c). ,JJ;n:<P<'fieoMop!J>naM T : V-+ T (V) HMeeT 
HeIIO)l,BHIBHYIO TOqKy p H Ha3. noc.tte&ooanUR, omo6paJ1Ce
nue.M. Ero caoil:CTBa orrpe11,eJIHIOT noaep;eHHe TpaeKTopnil: 
CHCTeMbl B OKpeCTHOCTH f. Il. ll,. B OTJIHqHe OT IIpOH3-
BOJlhHOH aaMNHYTOH TpaeKTOpHH acer11,a onpep;eJIHeT 
OTJIHqHoe OT TOJRAeCTBeHHoro OTo6pameHHe IIOCJie11,oaa
HHH. EcJIH p - ce11,JioaaH ToqKa 11,n!J><PeoMop!J>e:aMa T, 
TO Il.u,.Haa.Il.u,. ce)l,JIOBoro THIIa. CHCTeMa, 
HMeIOII\aH Il. ll,. Ce,a;JIOBOfO THIIa, MOJReT HMeTb fOMOKJIH
HHq. KpHBYfO, T. e. TpaeKTOpHIO, )l,JIH K-pOH Il. ll,. HB
JIHeTCH OAHOBpeMeHHO KaK a-, TaK H (J)-npe11,eJihHblM MHO
meCTBOM. 

B CJiyqae ABYMepHoii CHCTeMhI ('1-) (V11 =1R2 ) B Ka
qecTBe Jl 6epyT IIPHMYIO H paccMaTpHBaIOT .PYHKU,HIO 
p : p (c)= T (c)-c, K-paH Haa. If> y HK u. H e ii II o c JI e
ll. o Ba H H H. RpaTHOCTh HYJIH c=p lf>yHKU,HH p Haa. 
K pa TH 0 CT h IO Il. U,. Ilpep;eJibHhIH U,HKJI qeTHOH 
KpaTHOCTll Ha3. II 0 JI y y CT 0 H q H Bbl M. Il. ll,. BM0CTe 
c ToqKaMH rroKoH H cenapampuca.Mu orrpeAeJIHIOT KaqecT
aeHHYIO KaPTHHY rroaep;eHHH OCTaJibHblX TpaeKTopHH 
(cM. Jlyannape - Ben&uncona meopua, a TaKIBe [3), 
(4)). Il. U,. B CJiyqae aHaJIHTHq, lf>YHKU,HH f(x) npHHap;Jie
JRHT K OAHOMY H3 Timoa: 1) ycToiiqHBhIH, 2) HeycToftqH
BblH, T. e. ycToiiqHBblll Il. u,., eCJIH H3MeHHTb HaIIpaBJie
HHe t Ha npoTHBonoJiomHoe, 3) noJiyycToftqHBhIH. Hanp., 
CHCTeMa 

X1 = -rox2 + µx 1 (x~ +x~ -1)k, 

x2 = rox1 + µx 2 (x~ +x~-1)k, 
rAe ro ;i: 0, µ= const, k EN, HMeeT rrpn: µ <O (µ >O) H k 
HeqeTHOM ycToftqHBblH (ueycTOftqHBblii)' a rrpu k qeT
HOM - IlOJIYYCTOHqHBblH n. 1{. KpaTHOCTH k; BO acex 

aTHX CJiyqaHX n. 1{. HBJIHeTCH OKPYIBHOCTh x~+xi=1, 
T. e. TpaeKTOpHH pemeHHH 

X1=COS (rot+<po), X2=Sin (rot+<po). 

EcJIH CHCTeMa (*) aap;aHa Ha o)l,HOCBH3Hoii: o6JiaCTH UclR2 , 

TO Il. 1{. OKpymaeT TIO Kpail:HeH Mepe op;Hy ToqKy IIOKOH 
:noil: CHCTeMbl. 

/];JIH pa3hICKaHHH Il. U,. B CHCTeMe 2-ro rropHp;Ka rrpH
MeHHeTCH MeTO)I,, OCHOBaHHhlll Ha CJiep;yIOII\eM YTBepmp;e
HHH: ecJIH aeKTopHoe rroJie f (x) HarrpaaJieHo BOBHYTPh 
(aoaHe) KOJihu,eo6paaHoil: o6JiaCTH G H B G HeT ToqeK IIO
KoH, TO B G HMeeTCH XOTH 6hI 0)1,HH ycToHqHBhIH (HeycTOH
qHBhIH) n. u,. BbI6op o6JiaCTH G rrpOH3BO)l,HTCH H3 lf>n-
3Hq. coo6pameHHii HJIH peayJihTaTOB aHaJIHTHqeCKHX HJIII 
qe:cJieHHhIX pacqeTOB. 

Jlum.: [1) iI 0 HT p JI r H H JI. c., 05bIKHOBeHHble AH1fli11epeH
l{HaJibHble ypaBHeHHII, 4 H3A., M., 197i.; [2] A H A p 0 H 0 B A. A., 
B U T T A. A., X a H K H H C. 8., Teopua KOJJeOaHHl!, 2 U3A., 
M., 1959; [3] A H A p 0 H 0 B A. A., JI e 0 H T 0 B U q E. A., 
I' o p Ao H FL M., M a l! e p A. I'., HaqecTBeHHaJI TeopHJI 1urna
MuqecKHx CHCTeM BTOporo IIOPIIAKa, M., 1966; [4] u x lR e, Teo
:pu11 OucjlypKal{Hll AHH8MHqeCKHX CUCTeM Ha IlJIOCKOCTH, M., 1967; 
L5] II JI H c c B A., He.noKaJJbHhle rrpooJieMbl TeopuH KOJieoaHull, 
M.- JI., 1961,, [6] M 0 H c e e B H. H., ACUMITTOTHqecKue MeTOAbl 
HeJIUHellHoll MexaHHl<H, 2 U3A., M., 1981. JI. A. qepnac. 

IIPEAHKAT - <i>YHKU,HH, aHaqeHHHMH K-poil: HBJIHIOT
CH BblCKa3bIBaHHH 06 n-Kax o6'beKTOB, IIpeµ;cTaBJIHIOill,llX 
3HaqeHHH apryMeHTOB; IIpH n= 1 Il. Ha3. «CBOHCTBOM», 
rrpH n >1 - ~OTHomeHHeM», e)l,HHliqHhle BblCKa3bIBaHHH 
MoryT paccMaTpHBaTbCH KaK HYJibMeCTHhle n. 

qTo6hI aa11,aTh n-MeCTHblii IIpep;nKaT P (xi. ... , x 11), 

CJiep;yeT yKaaaTh MHomecTBa D1, ••. , Dn - o6JiaCTll 
H3MeHeHHH II p e A M e T H bl x II e p e M e H B hI x 
.TI> ••• , x 11 , rrpuqeM qaII\e acero paccMaTpnaaIOT cJiyqaft 
D1=D2= . . . =Dn· c TeopeTHKO-MHOJReCTBeHHOH TO'!Kll 
apeHn:H n. orrpeAeJI.11eTCH aa11,aaneM rrop;M11omecTaa M 
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B p;exa pTOBOM rrpoH3Bep;eH:iUI D 1 X . .. X D n. TI pH aToM 
p (al! ... , an) JIOHBMaIOT RaK BhlCKaahJBaHBe «yJiop.11µ;0-
'leHHhJH rra6op (ai, ... , an) Jipnrrap;JieJRBT M». CHHTaK
CH'I. aap;aHne n-MecTHoro II. ocym;ecTBJIHeTCH yKaaaH:neM 
<l.iopMYJihl JIOrBRO-MaTeMaTB'I. HahlKa, COAepmam;e:il: n 
CBo6o.Q;HhlX rrepeMeHHhlX. IIoHHTBe II. BOCXO)l;BT K ApHc
TOTeJIIo; arrrrapaT orrepHpoBaHBH c BhJCKaahlBaHBHMB, co
p;epmam;HMB B CBOeM COCTaBe II., paapa6oTaH B MaTeMa
TB'I. JIOrBKe (CM. Jloau'lec1me uc<tuc.ienusi, Ilpe8uKamoe 
UC'lUCAenue). c. IO. MaCJl-06. 

IIPE)J;IIKATHBHOCTb - oco6Liii crroco6 o6paaoBaHHH 
IlOHHTBH, xapaKTepmlYIOID;HHCH OTCYTCTBJi!eM <mopO'IHOro 
Kpyra» B OJipep;eJieH:n.11x: onpe)l;eJIHeMLI:i!i o6~eKT He )l;OJI
meH y11aCTBOBaTb B CB00M co6cTB0HHOM OJipeA0JI0HBB. 
EcJIB HBhlK, Ha K-pOM p;aIOTCH OJip0)l;0JI0HIDI, l{lopMaJIB80-
BaH, TO II. oaHa11aeT, RaK npaBHJio, 'ITO onpep;eJI.1110m;a.11 
ljiopMyJia He )J;OJIJRHa cop;epmaTb CBHaaHHOH JiepeMeHHOH, 
B o6JiaCTb BBMeHeHlrn K-poii: BXO)J;HT onpe)l;eJIH0MhlH o6~eKT. 

H enpe8uT>amuenble onpe8Menusi, Hao6opoT, OTJIH'la
IOTCH HaJIJi!'IH0M B HBX TaKoro «nopO'IHOro Kpyra». Hu
JI0HBe Henpe)l;HKaTHBHOCTJi! BCTpe11aeTCH TaKme B HeK-phlX 
paccymp;eHHHX, Korp;a B Jipo1wcce o6ocHoBaHHH HeK-pa.11 
11acTb npoBOAHMoro paccymp;eHHH caMa paccMaTpHuaeTcH 
KaR o6~eKT paccym)l;eHIDI. MMeHHO BCUOJibaOBaHBe Ta
KOro TBJia paccymp;eHH:il: HBJIHeTCH JIPH'IBHOii: IlOHBJieHBH 
ceMaHTH'I. anmuno.;iiuu. TBJIH'IHhlH JipHMep - ycTaHOBJie
HBe npOTJi!BOpe'IBH B T. H. Jiapap;oKce JilRe~a: eCJIJil HeKTO 
YTBepmp;aeT - «H Jiry», TO aTO yruepmp;eHHe He MOlR0T 
6bITb BCTBHHhlM B He MOJReT 6h1Tb JIOlRHhlM. 

B. H. I'pumu1t, A. I'. ,l{pa211J1u1t. 
IIPE,lJ;HKATHAH IIEPEMEHHAH - nepeMeHHa.11, 

a11a11eHBHMB K-po:il: MoryT 6h1Tb npeounambl. II pH ljiopMaJib
BOM JIOCTpoemm aRCBOMaTB'I. CHCTeM II. JI. OTJIB'laIOTCH 
OT un8ueu8nb1X nepe.MennblX TeM, 'ITO BMeCTO HBX MOlRHO 
Jiop;cTaBJIHTb ljiopMyJihl. TaK, B HC'IBCJieHBB npeABKaTOB 
2-:il: cTyJieHH, eCJIH B aKCHOMe 

Vx<p (x)---. <p (t) 

x - npep;:nKaTHaH JiepeMeHHaH )l;JIH n-MeCTHhlX Jipep;HKa
TOB, TO B Ka'leCTB0 t MOJRHO BaHTb JII06y10 ljiopMyJiy c n 
OTM0'1eBBbIMB JiepeMeHHhlMB. IlpH ;JTOM peayJibTaTOM 
IlO)l;CTaHOBKB ljiopMyJihI t c OTMe'leHHhlMH JiepeMeHHhIMJi! 
z1 , ••• , Zn BMeCTO II. n. x B aTOMapHyIO ljiopMyJiy x (y1 , 

••• , Yn), rp;e Yi• .•• , Yn - HH)l;HBB)J;Hhle JiepeMeHHhle, 
HBJIHeTCH ljiopMyJia t (y1lz1, ... , Ynlzn), IIOJiy'laIOm;aHCH 
Ha t O)l;HOBpeMeHHOH aaMeHOH CBo6op;HhIX BXOlRp;eHH:il: 
Z1, ••• , Zn Ha Yu ••. ' Yn COOTBeTCTBeHHO. 

Jium.: Eil q e p q A., BBe)leHHe B MaTeMaTH'IeCRYIO JIOrHRy, 
nep. c aHrJI., M., 1960; t2l Ta 1< e y II' B r., Teopua 1101<aaa-
!l'eJihCTB, nep. c aHrJI.J..M., 1978. B. H. I'pumu1t. 

IlPE,lJ;HRATHbln CHMBOJI, JI p e AH Ka TH a H 
6 y R Ba,- o6oaRa'leHHe KaKoro-Jiu6o KOHKpeTHoro npe
AHKaTa. HaJip., CHMBOJIOM <= 11acTO o6oaHa'laIOT OTHOme
HHe JIOpHp;Ka Ha p;eiiCTBHTeJibHhlX 'IHCJiax, HBJIHIOm;eec.11 
p;ByMeCTHbIM rrpep;HKaToM. II pH ljiopMaJibHOM rrocTpoeHHH 
H3h1Ka CHMBOJibI, OTHeceHHhle K KaTeropHH Jipep;HKaTHhlX, 
AOJilRHbI onpeAeJieHHhlM o6paaoM HCJIOJib30BaTbCH )J;JIH 
rrocTpoeHHH BhlpameHHH HahIRa. MMeRHO, ecJIH P ecTb 
n-MeCTHbIH II. c., To cpep;H CHHTaKcH11. rrpaBHJI o6paao
BaHHH BhlpameHHH ljiopMaJIHaOBaHHOro H3h1Ra )J;OJIJRHO 
6h1Tb JipaBHJIO: «eCJIH t1, ... , tn - TepMhl, TO 
P (t1, ••• , tn) - ljiopMyJia». TaKHM o6paaoM, II. c. CHH
TaKCH'lecKH HCIIOJib3YIOTCH AJIH o6pa30BaHHH ljiopMyJI, a 
ceMaHTH11ecKH o6oaHa'laIOT rrpep;nKaThl. 

Jium.: [1] R JI H H H c. R., Bne11eJ1He B MeTaMaTeMaTHRy, 
nep. c aHrJI., M., 1957; [2] Epmoa IO.JI., IlaJIIO
TH H E. A., MaTeMaTH'IeCRaH JIOrHim, M., 1979. B. H. I'pumuit. 

IIPE,!J;IIKATOB JICqJICJIEHIIE ljiopMaJibHaR 
aKCHOMaTJil'I. Teopn.11; BC'IBCJieHHe, rrpep;Ha3Ha'leHHOe )J;JIH 
OIIHCaHHH AOZU'leCKUX aaKOllOB, crrpaBe)J;JIBBhlX ]\JIH JII06oii 
HerryCTOH o6Jiacni: o6~eKTOB c rrpOH3BOJibHbIMH 3ap;aHHbl
MH Ha aTHX o6~eKTaX II p e AH K a T a M H (T. e. CBOii
CTB3MB Ji! OTBOill0HHHMH). 

,ll;JIH ljiopMyJIHpOBKJi! fl. Ji!. CJiep;yeT BHa'l:aJie ljiopM)'JIJi!pO
BaTb TO'IHhlll JI 0 r Ji[ K 0 - M a T e M a T Ji[ q e c R H ii 
H a hi K Q. B Han6oJiee pacrrpocTpaHeHHOM cJiy11ae op;Ho
copTHhIX HahIKOB 1-ro rropHp;Ka TaKoii: Hahm cop;eplRBT 
rrpep;MeTHhle JiepeMeHHhle x, y, z, ... , ljiyrrK~HoHaJibHhle 
CHMBOJihl f, g, h, ... c paaJIJi!'IHhlM KOJIB'leCTBOM apry
M0HTHbIX MeCT " rrpep;HKaTHhie CHMBOJihl (rrpep;HKaTHhle 
6yKBhl) P, Q, R, . . . TaKll\e c paaJIH'IHhlM KoJIH11ecTBOM 
apryMeHTHhlX MecT. Ma JiepeMeHHhlX H ljiyrrK~HoHaJibHhlX 
CJi!MBOJIOB KOHCTpynpyIOTCH T e p M hi HahlKa, cop;epma
TeJibHO HHTepJipeTHpyeMhle KaK HMeHa o6~KTOB Ji!CCJIBAO
BaHJi!H Teop:nn. ,UaJiee, ecJIH P ecTb n-MeCTHhliI Jipep;HKaT
Hhiii CBMBOJI HBbIRa Q, n;;;;.o, a t1, ... , tn - TepMLI, TO 
P (t1, ... , tn) ecTb, JIO oJipep;eJieHHIO, a To Ma pH a H 
(a JI e Me H Ta pH a H) qi 0 p My JI a HBhlRa Q. Cop;ep
JRaTeJibHO p (t1, ... , tn) oaHa11aeT, 'ITO HCTJi!HHO BhlCRa
ahlBaHHe, rJiac.11m;ee, 'ITO o6~eKThl t1, ••• , tn cu.11aaHhl 
OTHOill0HJi!0M p. 

Ma aTOMapHhlX ljiopMyJI c JIOMOm;bIO nponoaulfuonaA&nblx 
CBsiaox H xeanmopo6 KOHCTpynpyIOTC.IJ ljiopMyJihl H3h1Ka. 
06hl'IHhlH Ha6op CBHaOK B RBaHTOpOB B RJiaCCH'leCKOM Ji[ 

HHTYH~HOHBCTCROM II. H. TaRou: 8i. HJIH /\ (KOH~IOHK~HH, 
«B»), v (p;ua~IOHK~BH, HepaBAemi:TeJibHOe «BJIH»), -+ BJIH 
=i (HMJIJIJi!Ra~BH, «BJie'leT», ((0CJIJi! ••• , TO»), l (oTpH~aHHe, 
«He»), v (RBaHTOp «AJIH BCBX»), 3 (RBaHTOp «cym;ecTByeT»). 
CooTBeTCTBeHHO HeaJieMeHTapHhle ljiopMyJihl aTHX nc11nc
neHniI uMeIOT BHA (<p/\ "¢), (<pV"ljl), (qo"ljl), l <p, Vx<p, 
3x<p. Bxomp;eHne JiepeMeHHoiI x B ljiopMyJiy <p Haa. 
c B H a a H H hi M, eCJIB x BXOABT B 'laCTb <p BHp;a 3X<p 
"lfl!H Vx"ljl. 0CTaJibHhl0 BXOlRABHHH x B <p Haa. c B 0 6 0 A
H hi M H. IIepeMeHHaH x Haa. JI a p a M e T p 0 M <p, 
eCJIB Haiip;eTCH XOTH 6hl O)J;HO CB06op;Hoe BXOJRp;eHHe x B 
<p. MHTYBTBBHO rouop.11, ljiopMyJia c JiapaMeTpaMH Bhlpa
maeT HeK-poe yCJIOBHe, K-poe Jipeupam;aeTCH B ROHRpeT
HOe BhlCKa3hlBaHHe, eCJIH aap;aTb M 0 A e JI b B c q Ji[ e JI e
H B H, T. e. Bhl6paTb HeK-PYIO HeJiyCTYIO o6nacTb o6~eK
TOB HCCJieAOBaHHH B JIPBIIHC8Tb JIPBAHRaTRhlM CHMBOJiaM 
JI p e A B K a T hi (T. e. OTHomeHBH Ha o6JI8CTB o6~eKTOB), 
a JiapaMeTpaM JIPHJIBCaTb B Ka11ecTBe arra11eHui oJipep;eJieH
Hhle o6~KThl. 

II. u. aap;aeTcH c JIOMOID;bIO aKcHoM H Jipamrn BhlBop;a. 
HaJip., op;Ha na o6hl'IHhlX ljiopMynHpOBOK K JI a c c H q e
c K 0 r 0 B c q H c JI e H Ji[ H JI p e ~ Ji[ K a T 0 B co~ep

;KHT CJiep;yIOm;He aKCBOMhl: 

f. (<p =i ("¢ =i <p)), 
2. ((cp =i ("¢ =i TJ)) =i ((<p =i "¢) =i (<p =i TJ))), 
3. ((<p /\ "¢) =i <p), 
4. ((<p /\ 'lji) =i "¢)' 
5. (<p =i ("¢ =i (<p /\ "¢))), 
6. ((<p =i T)) =i (("¢ =i TJ) =i ((<p v "¢) =i TJ))), 
7. (<p =i (<p v "¢)), 
8. ("¢ =i (cp v "¢)), 
9. (l<p=>(<p=i¢)), 

10. ((<p =i "¢) =i ((<p=>l'i') =>l<p)), 
11. (<p v l<p), 
12. (Vx<p =i cp (x I t)), 
13. (<p (x I t) =i 3x<p), 
14. (Vx (<p:=J"ljl) =i (<p =i Vx"ljl)), 
15. (Vx ("¢ =i <p) =i (3x"¢ =i <p)). 

3p;ecb cp, "ljl, TJ 06oaHa11a10T JiponaBOJibHble ljiopMyJihl H3h1Ka 
Q, TaR qTo KaJRp;aH na cTpo11eK 1-15 Jipep;cTaBJIHeT co-
6oiI aKCHOMHYIO cxeMy, Jiopomp;a10m;y10 KOHKpeTHYIO ax
CHOMY HC'IHCJieHHH rrpH KOHKpeTHOM Bhl6ope ljiopMyJI <p, 
¢, TJ. ,Il;aJiee, B cxeMax 14 u 15 rrpep;rroJiaraeTCH, 'ITO x -
He rrapaMeTp ¢opMyJihl cp; B cxeMax 12 H 13 11epe3 q> (xi t) 
o6o3Ha'leH pe3yJibTaT op;HoBpeMeHHoro aaMem;eHHH ucex 
CB060,llHhlX BXOlRp;eHHH JiepeMeHBOH x B <p Ha TepM t 
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(npH'10ll4 ec.n::n t OKaaaJICJI Ha M0CTe x B 'laCTll qiopMyJihl qi, 
BM0IOII\eii BBf]; 3y,P BJIB Vyx, rAe y BXOAHT B t, TO CJieAY0T 
AODOJIBJIT0JlbHO aaMeHBTh BC0 CBJl3aHHhle BX01RAeHHJI y B 
BTY 'IQCTh Ba nep0M0HHYJ.O, He BXOAJIII\YIO B qi; 3TO j:\eJia-
0TCJI JI,JIH. Toro, 'IT06hl He AOIIYCTHTb HCKameHHJI CMb!CJia qi 
DpB aaMeHe x Ha t; TaKoe HCKameHHe CMblCJia Haa. l\ 0 JI
JI B 3B0 B nepeMeHHhIX). 

.Uanee, TI. :n. CoAepmHT ABa apamrna BhIBOAa: 1) ecJIH 
BlilB0A01lhl «J.>opMyJihl BHAa qi H (qi:::>'IJ), TO pa3pernaeTCH 
BWB0CTB «J.>op14yny 'ljJ (npaenJio Moayc nonenc) H 2) ecJIH 
uweeJI,eBa cf>opMyna qi H x - nepeMeHHa.11, TO paapernaeTCH 
BhlB0CTB q,opMYJIY Vxqi (II pa B H JI 0 0 6 0 6 ~ e H H H). 

lfoTOJJKOeami:e Jior:n'I. ceaaoK e TI. n. TaKoe me, KaK 
B B 8"1,C1'aaW8anuu UC1'UC.n.enuu. qTO KacaeTCH HCTOJIKO
BQllBJI KBQHTopou, TO ORB B KJiaCCH'leCKOM TI. H. TpaKTy
lOTCH. c ncuoJii.aoeaHBeM aKTyaJibHoii: 6ecK0He'IHOCT11. EcJIH 
38A3Tb JIHTepnpeTaD;JIIO H3h1Ka, TO RamAaH qiopMyJia 6ea 
Ila paMeTpOB IIOJiy'laeT 3Ha 'leHHe «HCTllHa» llJill «JIO)Rb)). 
<l>opMyna Haa. Kn a c c JI q e c K JI o 6 m; e a H a q n
M o ii, eCJIB oua e mo6oii: IIHTepnpeTan;HH :u upu mo6oM 
DPBIIJ1ChleaH11B aHa'leHH:il: oopaMeTpaM np1mI1MaeT aHa'le
IUle «HCTJIHa». B CHJIY I'eoe.n.a meopeMb/, o nMnome B 
l\JIQCCB'leCKOM Il. JI. BhlBOAHMbl BCe KJiaCCH'leCKll o6~e-
3B8'DIMLie «l>opMyJihl H TOJlbKO OHH. (ha TeopeMa npeA
CTQBJI.110T co6o:il: TO'IHOe BhlpameHne up;en qiopMaJiuaan;uu 
Knacc:ra:'I. Jior1rnn: e KJiacc:UqecKoM TI. u. BhlBOAHTCH see 
JIOru11. aaKOHhl, o6m;ue AJIH scex MOAeJieii:. 

HHTYJID;HOHHCTCKoe HC'IHCJierrue 
IJ p e AB K a T 0 B OTJIH'laeTCH OT KJiaCCH'leCKoro TeM, 
'lTO 113 'IBCJia aKCHOMHbIX cxeM HCKJII0'130TCH cxeMa 11. 
PaBJIB'IH0 p;eyx BC'IHCJieHH:il: OTpamaeT pa3JIH'IH00 IIOBH
wane JIOrH'I. CBJl30K H KBaHTopoe. B IIOCJl0AHeM HC'IHC
JI0HHB 3TO IIOHHMaHHe TpaKTyeTCH B paMKaX U1£myU1fU0-
1ntaMO. Bonpoc o noJIHoTe HHTyun;uouucTcKoro TI. H. 
OK&BWJJ80TCH aua'IBTeJibHo cJiomHee :e: AonycKaeT paaJIH'l
uwe pemeBH.11 B aaBHCHMOCTH OT AeTaJieil: HHTYHIVIOHHCT
CROii: C0M8BTliIRB, HO B 3JI,eCb MomeT 6b!Tb paaeHTa BeCbMa 
COJI,0p1R8'l'0JlhB8JI T00pHll MOJI,0Jieii:, aHaJiorH'lllaH KJiaCCB'I. 
:Mooe.uu meopuu (cM. Kpuni>e Mooe.ttu, Psa.n.uayeMoCmb). 

Yn0Tpe6JIJ1IOTC.ll H Apyrue qiopMyJiupoBKH TI. H., cpeAH 
K-pbix c TO'IKH apeHHH fJ01rnaame.n.1>cmo meopuu Hau6oJiee 
88iKBhl HC'IJICJieHH.11 HaTypaJibHOro Bb!BOA8 (cM. Ecmecm-
8111/,H,IJIU .n.oaU1'6CICUU Bb/,800) H Cl!IC86'//,lfUU UC'/,UC.!11!'//,UI!. 

Il. B. HBJIHeTCJI 06h1'1HbIM 6a:mcoM AJI.11 IIOCTpoeHHH JIO
rH'I. HC'IHCJieHHH, upeAHaaHa'leHHblX AJIH orrucaHHH qipar
MeHTOB TeX HJIH HHhlX KOHKpeTHhlX MaTeMaTH'I. Teopuii:. 
Hanp., ecJIH Mhl cTpeMHMCH orrHcaTb HeK-phl:il: KJiacc IIC
THHHhIX CY1RAeHHll TeopHH MH01ReCTB, TO Moll\HO IlOCTpOIITb 
JiorH'I. BC'IHCJieHHe B H3hIKe TeopHII MH01ReCTB, B K-poM, 
KpoMe 8KCHOM H rrpaBHJI BhlBOAa KJiaCCH'leCKOro TI. H. (Jio
rH'I. IIOCTyJiaTOe), 6YAYT qiurypupoBaTb AOIIOJIHHTeJibHble 
H e JI 0 r H q e c K H e a K c H 0 M hi, OIIHCbIBa10m;ue ceoil:
CTBa MB01ReCTB. TipHMepoM THIIH'IHOH HeJIOrll'I. aKCHOMbI 
B TeopHH MH01ReCTB HBJIHeTCH Bb!6opa ar;cuo.Ma. 

II. H. HHOrAa Ha3. ya K HM H c q II c JI e H H e M 
II p e A H K a T 0 B, H c 'I H c JI e H H e M II p e A H K a
T 0 B 1 - r 0 rr 0 p H A K a, qi y H K n; H 0 IT a JI b H hi M 
H c q H c JI e H H e M 1 - r 0 II 0 p H A K a, B OTJIH'IHe 
OT HC'IHCJieHHii:, COAepmam;ux KBaHTOphl IIO rrpeAHKaTaM H 
COOTBeTCTByrom;ue 8KCHOMbl ceepTb!BaHHH, YTBepm/J;aIOm;He 
cym;ecTBOBaHne cooTeeTCTBYIOm;Hx rrpeAHKaToe. TaKoro 
po/l;a HC'IHCJieHHH, yme He HOC.llm;ne 'IHCTO Jioruq, xapaK
Tepa, '18CTo Haa. TI. n. B hi c rn er o no pH AK a. IIpu
MepoM T8Koro HC'IHCJieHHH Moil\eT CJiylRHTb munoe meopua. 
TioMHMO KJiaCCH'leCKoro H HHTYHD;HOHHCTCKoro TI. H., 
HMeIOTC.11 H APYrHe JIOrH'I. cncTeMhl, 011n:chlea10~ue Jioril'I. 
aa.1<0BI>I, R-phle MoryT 6bITb BbipameHhl HHhlMH JIOrH'I. 
cpeR;CTB8MB BJIR c HHhlX MeTOAOJioruq, rro3HD;Hii:. C10Aa 
OTHOCJITCH II. H, MOAaJibHOH, HHAYKTHBHOll JIOI'HKH H AP· 

Jlum.: [1] r 11 JI" 6 e p T .o;., Be p u all c TI., Oc1100attHR 
MaTeMaTH1rn. Jloruqemrne llC'IHCJJeHHR H cjlopMaJmaaUHR apHcjlMe
TllHH, nep. c HeM.' 2 113)'.I.' M.' 1982; [2] H JI H H II'. c. K' Beeaeull'.e 
B MeTaMaTE!MSTHHy, nep. c SIHJJ., M., 19j7; [3] H 0 B II'. H 0 B n. c.' 

8JJeMeHTbl MaTeMaTH'lecHoll Jiorm<B, 2 B3ll., M., 1973; [4) Ta He
Y T H r., TeopHJI 110Ha3aTeJibCTB, nep. c aurJJ., M., 1978. 

A. r. JJ,paaaJlWt. 
IIPE,LJ;KOMIIAKTHOE IIPOCTPAHCTBO, en o JI-

H e orpaHH'leHHOe npocTpaHCTBO,
paenoJrtepnoe npocmpancmso X, /J;JIH BCHl~Oro OKpymeHHH 
u K-poro cym;ecTByeT KOHe'IHOe IlOKphlTHe x MH01ReCTBaMH 
IIOPHAKa u. ,D;pyrHMH CJIOBaMH, JI,JIH Kamp;oro OKpymeHHH 
ucx AOJI1RHO Ha:il:THCb TaKoe KOHe'IHOe MH01ReCTBO 
FcX, qTo Xe U (F). PasHoMepHoe apocTpaHcTso KoM
rraKTHO TOrAa H TOJibKO TOrAa, KOrAa KamAaH ceTb B x 
o6JiaAaeT IIOACeTbIO Kornu. TioaTOMY AJIH Toro 'IT06bl X 
6hlJIO II. H., [\OCTaTO'IHO, 'IT06bI HeK-poe IIOIIOJIHeHH0 npo
CTpaHCTBa x 6bIJIO KOMII8KTHhlM, H Heo6xop;HMO, 'IT06hl 
Kali\A00 IlOilOJIH0HB0 ero 6b!JIO KOMrraKTHhlM. 

M. H. Boil1.ft!XOBcnuii. 
IIPE,LJ;JIOjf(EHIIE - rrpocTeii:mee BhlpameHHe H3h1Ka, 

npe/l;CTaBJIHIOID;ee co6oil: TaKoe coej:\n:HeHHe cJioe, K-poe 
HMeeT C8MOCTOHTeJibHhlll CMbICJI, T. e. BhlpamaeT aaKOH
'leHHYIO l'vlbICJib. B qiopMaJiuaoeaHHhIX H3b!Kax TI. Haa. 
qiopMYJihl, He COAepmam;ue CB060AHhlX rrepeMeHHhlX, T. e. 
rrapaMeTpon. TI. B qiopMaJIHaosaHHhlX H3bIKax Ha3. TaKme 
3 a MR H y T bl M H qi 0 p My JI a M H. Hanp., B H3b1Ke 
1-ro rrop.11p;Ka (.11ahlKe yaKoro HC'IHCJieHHH npe/J;HKaToe) 
qiopMyJihl 

VxVy3z(x..;;;z&z..;;;y), 3z(1..;;;z&z..;;;4), 1..;;;2 

HBJJHIOTCH aaMKHYThlMH (nepeaH JIOll\HaH, a BTOpaH II 
TpeTbll - HCTHHHhle B o6JI8CTH HaTypaJibHhIX 'IHCeJI). 
<JlopMyJihl 

3z (x..;;;z&z..;;;y), z..;;;1 

He .llBJIHIOTCH aaMKHYTbIMH, T. K. COAepmaT rrapaMeTphl 
(x H y - B rrepeo:il: B z - BO BTOpo:il:). 

Jlum.: [1) 'I ii p 'I A., BeeaeHHe B MaTeMaTH'leCHYIO Jiorm<y, 
nep. c aarJI., M., 1960. B. H. I'pumw<. 

IlPE,LJ;MEPA - KOHeqHo aMHTHBHaH Mepa c AeiiCTBH
TCJibHbIMH HJIH KOMIIJieKCHhIMH 3Ha'leHHHMH Ha HeK-poM 
rrpocTpaHCTBe Q, 06Jia/J;arom;a.11 cso:il:cTeoM: orra onpeAeJieHa 
Ha aJire6pe ~ nop;MHomeCTB Q, K-pa.11 HMeeT BHA W= 
= u lBa. rj:\e lBa - C0M0HCTBO cr-aJire6p rrpoCTp8.HCTBa 

aeA 
Q, IIOMeqeHHbIX 3JieM0HT8MH HeK-poro 'laCTil'IHOro yrrop.11-
p;o'leHHOro MHomecTea A TaK, 'ITO lBa,ClBa, rrpu a 1 <a2 , 

u cymeHHe 3Toii: Mephl Ha JI106yro cr-aJire6py !Ba C'leTHo 
aAAHTHBHO. Hanp., ecJIH Q - xaycp;opqioeo TorroJiorH'I. 
IIpOCTpaHCTBO, A - COBOKYIIHOCTb scex KOMIIaKTOB, yrro
P.llAO'leHHhlX no BJIO)ReHHIO, !Ba, a EA, eCTh cr-aJire6pa 
6opeJieBCKHX IIOAMHOll\eCTB KOMIIaKTa a H Co (Q) - npo
CTpRHCTBO ecex HerrpephlBHblX qiyHKD;HII Ha Q c KOM
rraKTHhlMH HOCHTeJIHMII, TO BCHKH:il: JIHHeHHblll qiyHKD;MoHaJI' 
Ha Co(Q), rrerrpephIBHhIM OTHOCHTeJibHO TOIIOJiorHH paeHo
MepHOH CXOAIIMOCTH B Co (Q)' rropomj:\aeT II. Ha aJire6pe 

~ = U lBa. 
aeA 

TiyCTb Q - JiHH0HHoe JIOK8JibHO BhlilYKJioe npocTpaH
CTBO, A - COBOKYilHOCTb KOHe'IHOMepHbIX IlOAIIPOCTpaHCTB 
corrp11meHHoro npocTpaHcTBa Q', ynopHAO'leHHhIX no 
BJiomeHHIO, lBa, a EA,- HaRMeHhrna.11 cr-aJire6pa, OTHOCII
TeJihHo KOTopo:il: H3MepHM JII06o:il: JIHHe:il:Hhlrr qiyB'KD;HOHaJI 
qi Ea. MHomecTBa ua aJire6pbI ~ = U lBa Haa. ~ H JI H H-

ae A 
A p H q e c K H M H M H 0 me c T B a M H, a JII06aH TI. H8 
~ - n; H JI H H A p H q e c K 0 ii: M e p 0 :il: (HJIH K B a-
3 HM e p 0 :il:). JI106o:il: IlOJIOll\HTeJihHO onpe/J;eJieHHhlii 
qiYHKD;HOH8JI Ha rrpocTpaHCTBe Q'' HenpephlBHhl:il: Ha JII06oM 
KOHe'IHOMepHOM IIOAIIPOCTpaHCTBe acQ, HBJIHeTCH xapaK
T0pHCTH'I. qiyHKIJ;HOH8JIOM (rrpeo6paaoeaHHeM <Dyphe) 
HeK-po:ii: KOHe'IHOH HeoTpHn;aTeJibHOH TI. Ha Q. 

Jlum.: [1) By p 6 a H II'. H., liuTerp11ponaHHe. Mepbl ua JJo
HaJibHO HOMnaHTHhIX npocTpaHCTnax. UpoaoJJmeuHe Mepbl. lIHTer
PHPOBaHHe Mep. Mepbl Ha oT)'.leJJHMblX npocTpaucTnax, nep. c cjlpauu., 
M, 1977. P.A. MuHJ<oc. 

IIPE,LJ;METHAH OBJIACTb, y H nee pc y M,- Tep
MIIH TeOpHII Mop;eJieil:, o6oaaaqaJO~HR o6JiaCTb H3M0HOHllll 
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(IIpo6eramu1) IIpew.i:eTHhIX IIepeMeHHhIX :l{aB&oro rl>opMaJJb
Horo HShIKa. B Ka'leCTBe .PopMaJJbHhIX HShIKOB 6epyTCH 
HShIKH ysHoro HC'IHCJJeHHH npeJ:vrnaToB. Rall\Ahlii: TaKoii 
HShIK IIOJJHOCTbIO ODHChIBaeTCH MHomeCTBOM 

L={P0 , ••• , Pni ... , F 0 , ••• ,Fm, ••. }, 

rJJ;e P0 , •• • , Pn, ... - IIpeµ;HKaTHhle CHMBOJJhI, aF0, ••• , 
Fm' .•. - .PYH~HOHaJJbHhle CHMBOJihI, )J;JJH Kamµ;oro HS 
K-phIX yKasaHo 'IHCJJO ero apryMeHTHhIX MecT. Mo.a;en:b !Dl 
(HJJH anre6paH'I. CHCTeMa) ,a;JJH L sa.a;aeTCH HeIIyCThIM :aom
ll\0CTBOM M H HHTepIIpeTHPYIOII\eH .PYBKI~11eii: I, oIIpe:l{e
JJeHHoii Ha L H COIIOCTaBJJHIO~eii n-M0CTHOMY IIpe.a;irnaT
HOMY CHMBOJIY n-MeCTHblii: IIp0)J;HKaT, T. e. IIO,IJ;MHOJl(8CTBO 
µ;eKapToBoii: cTeileHH Mn MHomecTBa M, a n-MeCTHOMY 
rl>YHKD;HoHaJJbHOMY CHMBOJJY - n-M0CTHYIO .PYHKD;HIO 
Mn--+M. MHomecTBO M Has. II. o. (mm yHHBepcYMoM) 
Mo.a;eJJH fill. 

Jlum.: [1] K JI H H H C. K., l\laTeMam'leCKaJI JIOrHKa, rrep. 
c aHrJ1., M., 1973; [2] Ke it c JI e p r., 1I 0 u q. q., TeopHa 
MOll;eJieit, nep. c aHrJI., M., 1977; [3] E pm 0 B IO. JI., II a
JI 10 Te H E. A., MaTeMam'lecKaJI J1oreKa, M., 1979. 

B. H. I'puwun. 
IlPE)];METHAH IIEPEMEHHAH - To me, 'ITO u11,au

eua11,an nepeJ.£e11,11,an. CM. TaKme llpeau1eamos UC"UC.1te11,ue. 
IIPE,IJ;METHLUl H3LIK - HShIH, HBJJHIOID;Hii:cn IIpe.a;

MeToM 1rny'leHHH. IIp:e: .popMaJrnsao;HH KaKoii:-JJH6o co.a;ep
maTeJJbHOii Teop:e::e: pasJJH'laroT .a;Ba HShIHa. Oµ;HH - aTo 
HShIK .PopMan:e:syeMoii Teop11u, HJIH II. n., sap;aBaeMhIH 
IlpaBHJJaMH IIOCTpoeHHH BbipameHHH II. JI. H ceMaHTH'le
CKHMH IlpaBHJJaMH, OIIpeµ;eJIHIO~HMH, 'ITO o6osHa'laIOT ero 
BhlpameHHH HJIH KaKHe OHH BhlpamaroT cymp;eHHH. ,IJ;py
roii: - 3TO HShIK, Ha K-poM .popMyJIHpyIOTCH YIIOMHBYThle 
Bhlme CHHTaKCH'leCKHe H ceMaHTH'I. IIpaBHJJa. :3TOT HShIK 
Has. J.£ema.J18b!1'0J.£. 06bl'IBO MeTaHSbIK He .PopMaJJHsyeTCH. 
0AHaKO H ero MOmHo .PopMaJJHSOBaTb, H Torp;a OH CTaHeT 
II. H., ,D;JIH HSy'leHHH K-poro Tpe6YeTCH HOBbIH MeTaHSbIK. 

Jlum.: [1] K JI II'. H B c. K., BBeneuee B MeTaMBTeMamKy, 
nep. c aurJI., M., 1957. B. H. I'puwun. 

IIPE)];HOPMA - TO me, 'ITO n0.1ty11,opJ.£a. 
IIPE)];IIOPH)];OK, K B a s H II o p H TI. o K, II p e TJ.-

y II 0 p H TI. 0 'I e B H 0 c T b, K B a s H y II 0 p H TI. o
'I e H H 0 c T b, - pe.PJJeKCHBH00 H TpaHSHTHBBOe 6u11,ap-
11,oe om11,ome11,ue Ha MHomeCTBe. EcJJH ~ eCTb II. Ha MHo
mecTB0 M, TO OTHOmeHHe a-b+-+a~b H b~a. a, bEM, 
HBJIHeTCH OTHomeHBeM 3KBHBaJJeHTHOCTB Ba M. II pH 
aToM II. ~ HHTJ.YD;BpyeT nopnao" Ha .PaKTopMHomecTBe 
M/-. T. C. <Z>o!tJano•a. 

IIPE)];IIYqoK Ba ToI10JJoru'lecKoM IIpocTpaHcTee X 
co 8Ha'l0BHHMH B BeK-poii KaTeropHH i/C (Hailp., KaTeropHH 
MBomeCTB, rpynII, MOT.f.YJJeii:, KOJJeo;, ••• ) - KOBTpaBa
pHaBTHhIH rfiy11,1emop F HS KaTeropHH OTKphITbIX MHomeCTB 
IIpOCTpaHCTBa x H HX ecTeCTBeHBbIX OTo6pameBHH BKJIIO
'leHIDI B KaTeropHro i/C. B saBHCHMOCTH OT i/C IIpe,D;IIY'!OK F 
&as. II p e TI. II y 'I K 0 M M B 0 )I( e c TB, r p y II n, M o
l.f. y JI e ii, K o JI e o;,. •• • 0TBe'laroID;He BKJIIO'leBBHM Ve U 
Mop.PBSMhI F ( U)--+F (V) Has. roM0Mop.PuaMa1m orpa
HH'leHHH. 

BcHKHB II. oI1pe.a;eJIHeT Ba X ny"o" (cM. Jly"1eos meopun). 
E I'. Cx.u11enno. 

IIPE)];CKA3YEMAH a-AJirEBPA - BaBMeHhIDaH 
cr-aJire6pa .?=.?(f) MBomecTB us 

OXR+={(ro, t):roEO, t;;;;;.O}, 

IIOpOmTJ.eBHaH BC0Ml'I oT06pameHHHMH (ro, t)--+f (ro, t) MBO
meCTBa '1 xR + e R, K-phle (µ;JIH Ka~oro .Pirncupoeaasoro 
ro E Q) HBJIHIOTCH (Ilo t) HeIIpephIBBhIMB cneea B f-corna
coBaHBhIMB c Hey6b1Bal011\HM ceMeBCTBOM f = (3F tlt;;.o 
IIoµ;-cr-anre6p 3F F-T, t;;;;i:O, rTJ.e (0, 3() - HBMep:e:Moe 
IIpocTpaHCTBO. II. cr-a. nopolRT.f.aeTcH TaKme nro6oi us 
COBOKYIIBOCTeH MHOmeCTB: 

1) AX {O}, rµ;e A E(ff0, H [o, •], rl.f.e • - MapKOBCKHe 

MOMeHThI, a [o, ·] ·- CTOXaCTH'I. HHTepBaJI1>1; 
2) AX {O}, r}:{e A Eclro, BA X(s, t], r.a;e s<t BA Eclrs· 

19* 

Meml.f.Y ono;uoHaJJbHhIMH anre6paMH H II. a-a. HM:eeT 
MecTo coornomeHHe ,?(IF)=6 {IF). 

Jlum.: [1] ]l e JI JI a m e p B k. I EMKOCTB B CJly'!aitHble npo-
11ecc1>1, rrep. c lflpaHn., M..,,,1975. A H mupae• 

IIPE,IJ;CKA3YEMLln CJIYqARHLUl IIPO~ECC -
CTOX&CTH'leCKBii: IIpoo;ecc x = ( x t ( (J))' clT t)' HBJIHIOII\Hi°ICH 
HSMepHMhIM (KaK OT06pameHHe (ro, t)--+X (ro, t)=Xt(ro)) 
OTHOCHTeJJbHO npeac1eaayeJ.£OU u-a.1tae6pb! .?=fP (IF). 

A. H. filupJU!B. 
IIPE,IJ;CTABBMOCTB MATPB~ IIPOBJIEMA -

I1po6JJeMa, saKJJIO'laIOII\aHCH B TOM, 'IT06hl BhIHCHl'ITb, Mom
HO Jiii yKasaTb TaKoii el.f.llHhlii: 0611\llH MeTo.a; (aMopumJ.£)' 
K-phlii: IIO IIpouseoJJbHoii: CHCTeMe U, U1 , ••• , Uq o;eno
'IHCJJeHHbIX MaTpBo; IIOSBOJJHJJ 6hl sa KOHe'IHoe 'IHCJIO maroB 
OTB0THTb Ha BODpoc, IIpeTJ.CTaBHMa Jiii MaTp11o;a u 'lepes 
ocTaJlbHhle MaTpHD;hl U1 , ••• , Uq c IIOMOII\hIO OIIepao;nH 
yMHomeHHH. HaH6oJJbmHii: HHTepec IIpep;cTaBJJHeT CJJy
'lail:, KOrAa MaTpHD;hl U, U1 , ••• , Uq HBJJHIOTCH KBaA
paTHhIMH ll HMeIOT OAHH H TOT me IIOpH,D;OK. TaK c.popMy
JJllpoBaHHaH II. M. n. Has. o 6 ID; e ii. <l>nKc11py11 MaTpHD;hI 
U1, ... , u q H OCTRBJJHH MaTpllD;Y u IIepeMeHHoii:, IIOJIY
'laIOT T. H. 'I a c TH bl e II. M. II. AnropHTM, pemaroll\HH 
06ID;YIO II. M. II., pemaJJ 6hl H BCe 'laCTHhle npo6JJeMbl, TaK 
'ITO p;JJH ycTaHOBJJeHHH HepaspemHMOCTH o6ID;eii II. M. n. 
µ;ocTaTO'IHO yKasaTb XOTH 6bl OAHY HepaspemllMYIO 'laCT
HYIO II. M. n. 

II. M. n.- OTJ.Ha HS IIepBhIX a.1taopumJ.£u"ec1eux npo6.1teJ.£ 
anre6paH'I. xapaKTepa, HepaspemHMOCTb K-phlx 6hIJJa yc
Ta&OBJJeHa. IIepBoHa'laJibHO A. A. MapKOBhIM 6hIJJO IIO
KaaaHo (cM. [1), [2)), 'ITO ,D;JJH JJI06oro n;;;;i:6 MOil\0T 6b1Tb 
IIOCTpoeBa CHCreMa, COCTOH~aH HS 91 MaTpHD;hl IIOpHp;Ka 
n, TaKaH, 'ITO cooTOOTCTBYIOII\RH eii: 'lacraan II. M. II. 
6yµ;eT HepaspemHMoii, T. e. 6y.a;eT HeBosMomeH anropHTM 
(IIOHHMaeMhlii: B TO'IHOM CMbICJJe aToro CJJOBa), paCIIOBHRIO
~Hii: IIO IIPOHSBOJlbHOii: MaTpHo;e IIOpH.a;Ka n, IIP0l.f.CTaB11Ma 
JIB oHa 'lepes MaTpHD;hI TJ.aHHoii CHCTeMbl. B µ;aJibHeii:meM 
(cM. [3)) 'IHCJJo MaTpHo; B cHcreMe 6hIJio YMeB&meHo .a;o 23 
H 6blJIO IIOKasaHo, 'ITO sa C'leT HRT.f.Jlemall\ero ycJJom&eHHH 
KOHCTPYKD;HH cncTeMhI (BKJiro'laH yBeJJH'leB:e:e 'IHCJJa 'IJie
HoB) ycJJoBHe n;;;;i:6 MomeT 6hITh ocna6neHo µ;o n;;;;i:4. )l;n11 
JJI06oro n;;;;;.6 CTpOHTCH KOHKpeTHaH CHCTeMa, COCTOHIUaH 
HS 12 MaTpHD; IIOpH,IJ,Ka n, c HepaspemHMOB 'laCTBOH 
II. M. n. (cM. [4)). IlyTeM IIOAXOAHID;eii .Pm>ea~HB U ll 
eapbHpOBa&HH U1 , ••• , Uq TJ.OKasana HepaspemHMOCTb 
o6meii II. M. II. AJJH n=3 (cM. (5)). 

Jlum.: [1) Mal? K 0 B A. A., «Jl:OKJI. AH CCCP», 1951, T. 78, 
No 6, c. 1089-92; L2] er o me, Teopea aJ1ropelflMOB, M.- JI., 
1954 (Tp. MaTeM. Bu-Ta AH CCCP, T. 42); [3] er 0 me, «Z. math. 
Logik und Grund!. Math.», 1958, Bd 4, S. 157-68; [4] Ha
r 0 pH Id it H. M .• «VI BcecOI03B. KOH!l>ePeHIIHll no MBTeM. JIOrB
Re», Tli., 1982, c. 124; [5] Paterson M. S., «Studies i_n 
appl. math.», 1970, v. 49, No 1, p. 105-07. H. M. Hazopnt>1u. 

IIPE,IJ;CTABBMLIR Cl>YHKTOP - KOBapuaHTHhlii: 
(HJIH KOHTpaBapHaHTHhIH) il>YHKTOjl F ll3 HeK-poii: KaTe
ropHll Si' B KaTeropHIO MHOil\eCTB 15, l'IBOMop.PHbIH OTJ.HOMY 
HS OCHOBBhIX Teope'll'IKO-MHomeCTBeBHhIX .PYHKTOPOB: 

HA (X) =H (A, X): Si'-+ 15. 
<l>yBKTOp F : st-s IIpeTJ.CTaBHM TOr)l;a ll TOJibKO TOr
)l;a, Korl.f.a HRHT.f.YTCH TRKHe o6'b0KT A E 0 b.!i' H aneMeHT 
aEF(A), 'ITO l.f.JJH Ka~oro aJieMeHTa xEF(X), XEOb.R', 
cyll\eCTByeT el.f.HBCTeeHBhIH Mopcl>HsM a: : A--+X, l.f.JJH K-poro 
x=aF(a:). 06'b0KT A HRBhIBaeTCH II p e TI. c Ta B JI H IO
~ 11: M .p y B K T o p F; oH oI1pe}:{eJieH Ol.f.BOSHR'lBO c TO'l
uocTbIO l.f.O 11aoMop<1>11aMa. 

B KaTeropHH MHOil\eCTB Tomµ;eCTBeHHhIH tfiynKTOP IIP0A
CTRBHM: IIpel.f.CTaBJIHIO~HM o6'heKTOM CJJYil\llT O,IJ;HOTO'le'l
HOe MBOil\eCTBO. <l>y&KTOP BSJITHH HeK-poii p;eKapTOBOH 
CTeIIeHH TRKil\e IIpeACTRBllM: IIp0)l;CTaBJJHIOII\HM o6'heKTOM 
cnymHT MHOil\eCTBO, MO~HOCTb K-poro paBHR 3TOH CTeIIel'lll. 
B IIpoHBBOJJbHoii KaTeropHH IIpoHBBeTJ.eHHe II. tfi. F; c 
IIpeTJ.CTaBJIHIO~HMH o6'beKTRMH Ai, i EI, IIpeµ;cTaBHMO 
TOrTJ.a H TOJlbRO TOrAa, ROrl.f.a B 3TOM KaTerop1m CYIIWCTBY0T 
KonpoHBBel.f.eHHe o6'heKTOB A; Bc11Knii: 1weapHaBTHbIH 
II • .p. IIepecTaHoeo'leH c IIpe.a;enaMH, T. e. HeIIpephlneH. 
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II • .p.- aHanor rroHHTlrn «cao6ororna y1rnaepcaJibHaH 
aJire6pa c OWJHM 06paay1011IHM». ,ll;JIH JI106oro «PYHKTopa 
G : sr-e ll II. «P· F MHOJReCTBO ecTeCTBeHHhlX rrpeo6pa-
30BaHHH Nat(F, G) H3oMop.iPHo MHomeCTBY G(A), r;a;e 
A - rrpe;a;cTaBJIHIOllIHH o6'heKT. 3TO rroKa3h!BaeT, qTo 
II. q,. HBJIHIOTCH cao6oWJh!MH o6'heKTaMH KaTeropHH «PYHK
Topoa. 

,ll;JIH a;a;;a;HTHBHhlX KaTeropHil: BMeCTO «PYHKTOpOB co 
3HaqeHHHMH B IS paccMaTpHBaIOTCH a;a;;a;HTHBHhle «PYHKTopb1 
co 3HaqeHBHMR B KaTeropmI a6eJieBhlX rpyrrrr; II08TOMY 
rro;a; II. «P· IIOHHMaeTCH a;a;;a;HTHBHhlH «PYHKTOp, H30Mop«P
HbIH OCHOBBOMY a;a;]"IHTHBHOMY .PYBKTopy. 

IIoHHTHe II q,. nepaoHaqaJibHo B03HHKJIO B aJire6paHq. 
reoMeTpHH (cM [2]). HaH6oJiee aaJRHhlMH npHMepaMH 
II. «P· a;a;ecb HBJIHIOTCH .PYHKTophl IIHKapa Pie XIS H 
rHJib6epTa Hilb x Is' rrpe;a;CTaBHMble B KaTerop1m aAze-
6pau'tecnux npocmpancm6 (cM. [1]). IIycTb K - rroJie 
qacTHh!X peryJrnpHoro ;a;HcKpeTHoro HopMHpoaaHHoro KOJih
u;a 0 c coaeprneHHhlM rroJieM BhlqeToB. EcJIH X 0- rJiaA
·KaH reoMeTpHqecKH HeIIpHBOAHMaH co6cTBeHHaH l\pirnaH 
poAa g >O Ha;a; K, To ee .;iiunu.11taAbnaH .11to&Mb npe;a;cTaBJIHeT 
<PYHKTop Y ~ IsomK (Y ®o K, X 0 ) H3 KaTeropHH pery
JIHpHhlX 0-cxeM. EcJIH A - a6eJieao MHoroo6paa:lrn Ha;a; 
K' TO ero MHHHMaJibHall H epona JltOOMb HBJIHeTCH rJiaA
KOii rpyrrrroaoii cxeMoii X-+ Spec 0, npe;a;cTaBJIHIOllieii: 
«PYHKTOP Y 1-4' HomK (Y ®o K, A) Ha KaTeropuH rJiaAKHX 
0-cxeM. 

Jlum.: [1] A p T II'. H M., 
c. 3-39; [2] r p 0 T e H Jl II'. K 
MaTeM. Ha YR», 1972, T. 27' B. 

«MaTeMaTHKa>>, 1970, T. 14, No 4, 
A., n be Jl 0 H He lf\., «YcnexH 
2, c. 135-48. 

C. I'. Tanneee, M. ill. L{aJtenno. 
IIPE)J;CTABJIEHHE AJirEBPbl JIH B Be KT 0 p

H 0 M II p 0 c T p a H c T B e v - roMOMop«Pn:aM p aJI
re6pbI JIH L Ha;a; rroJieM k a ame6py JI11: gt(V) acex 
JIHHeHHhlX npeo6paaoaaHHH npocTpaHCTBa V HaA k. 
,ll;aa rrpeACTaBJieHHH p1 : £-+gt (V1) H p2 : L-+gl( l' 2) 
Ha3. 3 K B ll B a JI e H T H hJ M H (HJIH ll 3 0 M 0 p 4> H bI
M H), ecm1 CYllieCTByeT H30Mop.pn:aM a: V1-+ v 2• p;JIH K-poro 

a (p1 (l) v1) = p2 (l) a (v1) 

rrpH JII06hlx lEL, v1EV1• IIpeACTaBJieHHe p B V Haa. 
Ko He q Ho Me pH bl M, ecmr dim V <oo, n: He rr pH
B 0 ;a; lJ M hi M, eCJIH B v He CY11IeCTByeT OTJillqHhlX OT HYJIH 
ll acero npocTpaHCTBa IIOAIIpocTpaHCTB, HHBapHaHTHbIX 
OTHOCHTeJibHO acex onepaTOpOB p (l), lE L. 

IIpn: aa)J;aHHhlX rrpe;a;cTaBJieHHHX p1 : L-+ gt (V1) H 
p2 : L-+gt(V2) MOJKHo rrocTpoHTh rrpe)J;cTaBJieHH11 p1ffip2 
(npHMaH CYMMa) H p1@p2 (TeHaopnoe rrpon:aaeAeHHe) 
anre6phl LB npocTpaHCTaax V1EfJV2 H V1@V2, noJiaraH 

(P1 EBP2) (l) (v1, V2)= (P1 (l) v1, P2 (l) v2), 

(Pi @P2) (l) v1®v2=P1 (l) V1 ®v2+v1 ®P2 (l) V2 

,D;JIH v1 E V1, v2 E V 2, l EL. EcnH p - rrpe;a;cTaBJieHHe aJI
re6phl JIH L B rrpocTpaHCTBe V, To .PopMyJia 

< p* (l) u, v> =-<u, p (l) v> 
onpe;a;enHeT rrpe)J;CTaBJieH«e p* aJire6pb1 L Ha corrpHmeHHoM 
K v npocTpaHCTBe, Ha3. K 0 HT par pa ;a; H e HT H hJ M 
no OTHOIIIeHHIO K p. 

Ram)J;oe II. a. JlH L OAHoaHaqHo npo;a;onmaeTcH AO 
rrpeACTaaJieHIIH yHn:aepcaJibHoii 06epThlBaI011Ieii anre6pb1 
u (L); TeM calllh!M ycTaHaBJIHBaeTCH H30Mop.PH3M KaTero
pHH II. a. JlH L H KaTerop1m Mo)J;yJieii: HaA U (L). B qacT
HOCTH, npep;CTaBJieHHIO p anre6pbl L COOTBeTCTByeT H;a;eaJI 

ker p B U (L) - HAPO ero rrpo;a;oJIJReHHH p: Ecnn: rrpeA
CTaBJieHn:e p HerrpHBOp;HMO, TO n:;a;eaJI ker p rrpHMHTHBeH. 
06paTHO, BCHKHH rrpHMHTllBHhlH n:;a;eaJI B u (L) CTpOHTCH 
TaKHM cnoco6oM IIO HeK-pOMY (Bo0611Ie roaopH, He e;a;HH
CTBeHHOMY) HerrpHao;a;uMoMy rrpe;a;cTaaneHHIO p anre6pb1 L. 
lfayqeHne rrpocTpaHCTBa rrpnMHTHBHhlX u;a;eanoa PrimU (l), 
CHa6meHHOro TOIIOJJOrHeiI ,ll;meRo6coHa, HBJIHeTCH CyID;eCT
BeHHOH qaCThIO TeopHH II. a. Jiu. 0Ho npoaep;eHo rroJI-

HOCTblO B CJJyqae, Kor;a;a L - KOHeqHoMepHan: paape
IIIHMaH aJJre6pa JlH, a k -aJJre6pauqecKH aaMKHyToe 
IIOJie xapaKTepHCTHKH HYJib (CM. [2]). 

Hau6oJiee rroJIHo HayqeHw KoHeqHoMepHble rrpe;a;cTaB
JieHHH KOHeqHoMepHbIX aJire6p JlH Ha;a; aJire6paHqecKH 
aaMKHYThlM rroJJeM xapaKTepHCTHKH HYJJh. B cJJyqae rroJieii 
C H 1R 3TH rrpe;a;cTaBJieHHH Haxo;a;HTCH ao aaaHMHO o;a;Ho-
3HaqeoM COOTBeTCTBHH c aHaJJHTHqecKHMH KOHeqHoMepHbIMH 
rrpe;a;cTaBJJeHHHMH COOTBeTCTBYIOllIHX O,D;HOCBH3Hh!X (KoM
IIJieKCHhlX HJIH BeID;eCTBeHHbIX) rpyrrrr JlH. B ::noii CHTya-
1.l;Hll JJI06oe rrpe;a;cTaaJieHHe paapernHMoli: a.ure6phl JlH 
co;a;epmHT o;a;HoMepHoe HHBapHaHTHoe rroArrpocTpaHCTBO 
(CM. Jiu meope.;iia). JI106oe rrpe;a;cTaBJJeHHe IIOJIYIIPOCTOH 
aJire6phl Jln: BIIOJ!He rrpHBOAHMO, T. e. H30Mop.PHo rrpa
MO:li: CYMMe HerrpHBOAHMbIX rrpe;a;cTaBJieHuii:. HenpHBOAHMhie 
rrpeACTaBJJeHHH IIOJiyrrpoCTOH aJire6pw JlH L IIOJIHOCTblO 
KJJaccn.PHn;HpOBaHbl: KJJaCCbl H30Mop.PHhlX npeACTaBJie
HHU B3aHMHO o;a;Ho3HaqHo COOTBeTCTBYIOT A 0 M ll H a H T
H bl M Be c a 111, T. e. BeCaM c HeOTpHD;aTeJibHblMH qHCJIO
BhlMH OTMeTl\aMH, H3 conpHmeHHoro npocTpaHCTBa H* 
K IIOAaJire6pe RapTaHa H ame6phl L (cM. Rapmana meope
.11ta 0 CTaprneM BeKTope). 06 OIIHCaHHH CTpoeHHH HenpHBO
,D;HMOro rrpeACTaBJJeHHH IIO COOTBeTCTBYIOllieMy eMy AOMH
HaHTHOMY aecy (ero CTaprneMy aecy) CM. B CTaTbHX Rpam
nocmb 6eca, Xapanmepo6 rfiop.11tyAa. 

II poH3BOJihHhlli: (He HBJIHIOllIHHCH, aoo6iu;e roaopH, ;a;o
MHHaHTHhlM aecoM) 3JJeMeHT A.EH* TaKme onpeAeJJHeT 
HeK-poe HenpHBO,D;HMOe JIHHeli:Hoe npe;a;cTaBJieHHe IIOJIY 
npocToii: aJJre6ph! Jln: L co cTapIIIHM aecoM 'A, HBJJH101u;eeca, 
OAHaKo, 6ecKoHeqHoMepHhlM (cM. Jipe&cmaMenue co cmap
um.M 6enmopo.M). CooTBeTCTBYIOllIHe U (L)-MOAYJIH Ha3. 
M o A y JI H M u B e p M a (cM. [2]). IIoJIHoii KJiaccmfrn
KaD;HH HenpHBO)J;HMblX 6eCKOHeqHoMepHbIX npe)J;CTaBJie
HHll nonyrrpoCTbIX aJire6p JlH IIOKa (1983) He IIOJiyqeHo. 

EcJIH k - aJire6pauqecKJI aaMKHyToe rrone xapaKTe
pHCTHKH p >O, TO HenpHBOAHMble npe)J;CTaBJieHHH KOHeq
HOMepHoii aJire6pbI JlH L acerAa KOHeqHoMepHhl H HX pa3-
MepHOCTb orpaHHqeHa KOHCTaHTOH, 3aBHCHID;eii: OT n= 
=dim L. EcJIH ame6pa L HMeeT p-cTpyKTypy, To na 
KOHCTaHTa eCTb p<n-r)/ 2' rAe r - MHHHMaJibHaH B03-
MOIBHaH pa3MepHOCTb aHHYJIHTOpa JIHHellHOll «PopMbl Ha L 
B Konpn:coeAHHeHHOM npeACTaBJieHHH [ 4] . .il:JIH OIIHCaHHH 
MBOJReCTBa HeIIpHBOAHMbIX rrpeACTaBJieHHll B 3TOM cJiyqae 
rrpHMeHHeTCH cneAYI011IaH KOHCTPYKD;HH. IIycTh Z (L) -
u;eHTP ame6ph! U (L) H Mi- a.P«PHHHoe ame6pa11:q. 
MHoroo6paaHe (paa1v1epHOCTh dim Mi=n), ame6pa pe
ryJIHpHhlX .pyaKu;Hii Ha K-pOM coana;a;aeT c z (L) (M H o
r o o 6 p a a u e u; a c c e H x a y a a). 0T06pameHHe 

p ~ ker (p/Z (L)) II03BOJIHeT COIIOCTaBHTb Kall\)J;OMY HerrpH
BOAHMOMY npe)J;CTaBJieHHIO TOqKy MHoroo6pa3HH 1.1,acceH
xayaa. IIoJiyqaeMoe oT06pameHn:e c10p'heKTHBHO, rrpoo6-
paa JII06oii ToqKR H3 ML KOHeqeH, a AJIH ToqeK OTKpb!TOfO 
BCIOAY IIJIOTHOro IIOAMHOJReCTBa 3TOT npoo6pa3 COCTOHT 
H3 OAHOro 3JieMeHTa [7]. IIoJIHoe OUHCaHHe Bcex HeIIpH
BO/l,HMblX npeACTaBJJeHHH HMeeTCH AJIH HHJlbIIOTeHTHblX 
ame6p JlH (cM. [8]) H HeK-pbiX OTAeJibHb!X rrpHMepoB 
[ cM. [9], ( 10)). IIoJiyqeHhl TaKme paaHoo6pa3Hhle peayJib
TaThl OTHOCHTeJibHO cnen;HaJibHbIX THIIOB rrpeACTaBJieHnii. 

Jlum.: [1) B y p 6 a H H H., rpym1hl H aJ1re6pL1 JIH, rrcp. 
c ljJpaHlj., M., 1976-78; [2] n: II'. H c Mb e lf\., YHHBepcaJTbHbIC 
o6epTblBaIOmHe aJJre6pbl, rrep. c ljJpaH11., M., 1978; [3) )l >Ke Ko 6-
c 0 H H., AJ1re6pbl JIH, nep. c aHrJI., M., 1964; [4] MR JI b Hep 
A. A., <«l>YHHQHOHaJJbHblll aHaJJll'.3 H ero 11p1rnomeHHR», 1980, T. H, 
No 2, c. 67-68; [51 c e pp m. - n., AJJre6pbl JIH n rpyrrrrbl JIH, 
rrep. c aarJI. H ljJpaH11., M., 1969; [6] Teopm1 aJ1re6p JIH. To110J10-
rm1 rpyrrrr JlH, rrep. c ljJpaa11., M., 1962; [7 J Z a s s e n h a u s H., 
«Proc. Glasgow Math. Assoc.», 1954, v. 2, p. 1-36; [8] Bell c
tfl ell JI e p B. JO., Ha 11 B. r., «Cl>YHKijll'.OHaJlbHblH aHaJJll'.3 II'. 
ero rrpHJJO>KeHHR», 1971, T. 5, No 2, c. 28-36; [9] Jantzen 
J.C., «Math. Z.», 1974, Bd 140, H. 1, S. 127-49; [10) Py ll a
H 0 B A. H., «II3B. AH CCCP. Cep. MaTeM.», 1970, T. 34, No 4, 
c 735-43. A. H. Pyaanoe. 

IIPE)J;CTABJIEHHE ACCOIOIATHBHOll AJlrEB-
Phl p a 3 M e p H o c T H n - roMoMop.iliH3M aJire6ph! A 
Hap; IIOJieM F B aJire6py MaTpllu; Mn (F), T. e. COIIOCTaB-
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JieHHe Kamp;oMy a EA KsaapaTHoii MaTpHIJ.LI T (a) I1op.11a- rpymm B TOiloJiorn:qecKoe seKTopHoe I1pocTpaHCTBO. CM. 
Ka n, npH K-poM [(o:~rnaKmnaa epynna. A. H. illmepa. 

T(A.a+µb)=A.T(a)+µT(b) H T(ab)=T(a)T(b), 

r11e a, b EA, A., µ E F. 06hl11Ho Tpe6yeTC.ll TaKlRe, 11To6hl 
eJlHHHu;e aJire6pb1 A cooTBeTCTBosaJia eAJ1HH11Ha.11 MaTpH
na; HHorp;a rpe6yerc.11, 11To6hl H caMa aJire6pa A 6b1Jia Ko
He'lHoMepHoil:. 

BcnKoe Hepa3JIOlRHMoe npep;cTaBJieHHe I10JiynpocToii 
aue6pb1 3KBHBaJieHTHO I1p.1IMOMY CJiaraeMoMy pezy.riap 11,QZO 
npe&cmaB.ltenua. TaKHM o6pa3oM, BCHKaH IIOJiyIIpocra.11 
aue6pa .11sJI.11eTc.11 aJire6poii K o H e 11 H o r o (II p e p;
c T a B JI e H q e c K 0 r 0) T H II a' T. e. HMeeT KOHe'lHOe 
'IHCJIO HeH30Mop«fJHb!X Hepa3JIOlRHMb!X I1pep;CTaBJI0HHH. 
HenoJiyI1pocrhle aJire6phI MoryT 6bITh KaK K0He11Horo, ra1\ 
B 6 e c K 0 H e q H 0 r 0 II p e A c T a B JI e H q e c K o
r o TH II a (TaKosa, Hailp., A= {1, r, slr2=s2= rs=sr= 0 }) . 
AJJre6pbl 6eCKOHe1IHoro THila I1pHHHTO p;eJIHTb eII1e Ha a JI
re 6 p bl µ; H Kor o TH II a, 3ap;a11a KJiaccn«PnKau;nn 
K-pblx cop;epmHT B ce6e KJiaCCH'l. HepemeHHYID 3 a A a q y 
0 IT a p e M a T pH u; (T. e. 3ap;a11y 06 O)J;HOBpeMeHHOM 
npe:sep;eHHH K KaHOHH'l. qiopMe ABYX JIHHeMHb!X OilepaTO
poB B KOHe'lHOMepHOM IlpocrpaHCTBe), H a JI r e 6 p bl 
p y q H 0 r 0 T H II a. 

OcHOBHblMH soI1pocaMH, e:3y11aeMhIMH B Teopn11 II. a. a .• 
RBJI.IIIOTC.ll IIOJiy11eHHe Heo6xop;HMhIX H )J;OCTaTO'lHb!X YCJIO
euii:, IIPH K-pblX aJire6pa IlpHHa)J;JJell\HT O)l;HOMY H3 Ilepe
qucJieHHhIX THIIOB, JI KJiaccn«PnKau;n.11 Hepa3JIOlRHMblX I1pep;
CTaBJieHHii B Korre11rroM H py•rnoM CJiy11a.11x. B 06II1eM CJJy
qae 3TJI 3ap;a11n He pemeHhI. OI1ncaH11e aJire6p K0He11rroro 
II py11Horo THila H HX IIpe!l;CTaBJieHHH IIOJiy11erro )J;JI.ll aJJ
re6p, y K-pblx KBap;par pap;nKaJia paserr HYJIID (cM. [2], 
[4], [8]-[10]). PemeHhI II po 6 JI e M hI E pay a pa -
T p a JI JI a, T. e. p;oKa3aHo, 'lTo Hap; JIID6bIM I10JieM aJI
re6pa 6ecK0He11rroro Tlflla HMeeT Hepa3JIOlRHMhle I1pep;
cranJieHn.11 CKOJib yrop;Ho 6oJibIIIOH pa3MepHOCTH, a Hap; 
cosepmeHHb!M IIOJieM HMeeTC.ll 6eCKOHe1IHO MHoro pa3Mep
HOCTeii:, B Kamp;oii H3 K-pblX HMeeTC.ll 6ecKoHe1IHO MHOrO 
Hepa3JIO)RHMb!X IIpep;CTaBJieHHii (CM. [5), (7)). J1ID6a.11 
aJJre6pa KOHe'lHOfO THila rrap; aJire6paH11eCKH 3aMKHYTb1M 
IIOJieM HMeeT MYJibTHHJIHKaTHBHb!R 6a3HC, T. e. 6a3HC, y 
K-poro I1poH3Bep;emrn JIID6hlx p;syx ero aJieMeHTOB JIH6o 
pasHo HYJIID, JIH6o rrpHHa,n;Jiemur aToMy 6a3ncy [6). IIoJI
HOCThIO pemeH BOnpoc 0 pa3p;eJICHHH rpyrrIIOBhIX aJire6p 
aa py11HbJe n AHKHe [ 1]. 

C II. a. a. TeCHo cs.113anh1 Ilpep;crasJieHH.ll HeK-ph1x APY
rux o6'beKToB: KOJI'laHOB, 11aCTH1IHO yI1op.11p;o11eHHhIX MHo
mecTB, perueTOK, 6oKCOB. 

Jium.: [I] Bo HA a p e HK o B. M., )l po 3 A IO. A., «3a
IlBCKH Hay•rnhlx CeMHHapOB JIOMII», 1977, T. 71, c. 24-41; [2] 
R p yr JI R }{ c. A., TaM a<e, 1972, T. 28, c. 60-69; [3] Kap T" c 
'I., P a II H e p II., TeopnR npeACTaBJieHHll KOHe'IHhIX rpynn 11 
accoriuaTHBHhIX aJireop, nep. c aHrJI., M., 1969; [4] H a a a p o
B a JI. A., «II3B. AH CCCP. Cep. MaTeM.», 1973, T. 37, No 4, c. 
752-91; [5] Ha 3 a p 0 Ba JI. A., p 0 II Tep A. B., KaTerop
Hhle MaTpH'IHhle aagaqu H npooJieMa Bpayapa - TpaJIJia, K., 1973; 
[6] Po II Tep A. B., Ooo5Il1eHne TeopeMhl BoHrapTI1a, K., 1981; 
[7] er 0 lf< e, «Mas. AH CCCP. Cep. MaTeM.», 1968, T. 32, c. 1275-
1282• [8] DI ab V., Ring e IC., Indecomposable representa
tions' of graphs and algebras, Prowidence, 1976; [9] D o n o
va n P., Frei s Ii ch M. R., The representation theory of 
finite graphs and associated algebras, [s. I., 1974]; (10] Gab-
r i e I P., !<Manus. Math.•>, 1972, v. 6, M 1, p. 71-103. • 

A. B. Poumep. 
IIPE)l;CTABJIEHHE 6ECKOHE11HOlI fPYIIIlbl -

roMoMop«l>H3M 6ec1wHe1IHOii rpyIIIlbl B rpyIIIIY B3aHMHO 
o,n;Ho3Ha11Hb!X OTo6pameHnii: Ha ce6.11 (soo6II1e rosop.11, 
6ecKOHe11Hb!X) MHomeCTB. ':laru;e scero paccMaTp1rna10rc.11 
II. 6. r. aBTOMop«l>H3MaMH aJire6pa1111. CTPYKTyp; B 3TOM 
cJiy11ae Teopn.11 II. 6. r. CB.ll3aHa c reopneii: Ilpep;cranJie
HHii: CBH3aHHb!X c 3THMH rpynilaMH rpyIIITOBhIX aJire6p. 

Jium.: [1] Ku p u JI JI o B A. A., 8JieMeHThl Teopuu npeA
CTaBJieHHll, 2 H3A., M., 1978; [2] IT JI 0 T K H H B. II., I'pynnbl 
asTOMoplfiuaMOB amefipaH'leCKHX CHCTeM, M., 1966 A H mmepa. 

IIPE)l;CTABJIEHHE BHKOMIIAKTHOlI rPYIIIIbl -
Herrpepb!BHOe Ilpep;CTaBJieHHe 6HKOMilaKTHOii TOIIOJIOfH'I. 

IIPE)l;CT ABJIEHIIE f PYIIIlbl - roMoMop«fJH3M rpyil
IlhI B rpyIIIIY BCex o6paTll:MHX I1peo6pa30BaHHll HeR-poro 
MHomecTBa V. IIpep;cTaBJieHHe p rpyI1I1hI G Ha3. JI H
H e ii H hI M, eCJIH v .llBJI.lleTC.ll BeKTOpHhIM IlpOCTpaH
CTBOM Hap; HeK-phIM IIOJieM k, a I1peo6pa30BaHirn p (g), 
gE G,- mrneiiHhIMH npeo6pa3oBaHH.llMH. 1IacTO JIHHeiiHhJe 
Ilpep;CTaBJieHH.ll Ha3hIBaIDT )J;JI.ll KpaTKOCTH IlpOCTO II p e p;
c T a B JI e H n .11 M H (cM. Ilpe&cmaB.1tenuu meopua). B Teo
pHH npep;cTaBJieHHii a6cTpaKTHhIX rpyI1I1 HaH6oJiee pa3-
pa6oTaHHhIM pa3p;eJIOM HBJI.lleTC.ll TeopH.ll RoHe•moMepHhIX 
I1pep;CTaBJieHHii KOHe'lHhIX rpyiln (c~1. Rone'tnou epynnbi 
npe&cmao.rienue, II pe&cmaoAenue cu.M.Mempu'tecKou epynnb!). 

Ecm1 G - TOIIOJJOfli'J. rpyI1na, TO paccMaTpHBaIDTC.ll 
HeI1pephIBHhIC JJHHciilme npep;cTaBJieHHH rpyIIIlhI G B To
IIOJiorn11ecKoM BeKTopHoM npocTpaHCTBe V (CM. Henpe
pb!onoe npe&cmaMenue, Ilpe&cmao.rienue mono.rioeu'tecKou 
epynnb!). EcJIH G - rpyI1I1a JIH, a V - KoHe'lHoMepHoe 
IlpocTpaHCTBO Hap; IR HJIH c' TO HeilpephIBHOe JIHHeiiHoe 
Ilpep;CTaBJieHHe aBTOMaTH'leCKH .llBJI.lleTC.ll BeII1eCTBeHHO 
aHaJIHTH11ecKHM. AHaJIHTH'leCKHe n p;n«Ji«JiepeHu;npyeMhle 
Ilpep;CTaBJieHH.ll rpyIIIlhI Jln MOlRHO Oilpep;eJIHTb H B 6ec
KOHe1IHOMepHOM CJiy11ae (CM. A na.riumu'tecKoe npe&cmao.rie
nue, BecKone11no.Mepnoe npe&cmao.rienue). Bc.11KOMY AH«fi
«Jiepeuu;npyeMoMy I1pep;cTasJieHHID p rpyI1I1hI Jln G cooT
BeTCTByeT HeK-poe JIHHeHHoe Ilpep;cTasJieune ee aJire6phI 
JlH - p;n«fi«Peperru;naJI I1pep;cTasJieHn.11 p. EcJin G - CB.113· 
Ha.11 rpynila Jln, TO ee KoHe11HoMepHhle I1pep;cTaBJieHnst 
IIOJIHOCTbl() Oilpep;eJI.lll()TC.ll CBOHMH p;n«P«JiepeHu;naJiaMH. 
Hae:6oJiee pa3pa6oTaHHhle pa3p;eJihI Teopne: I1pep;CTaBJieHnii 
TOIIOJIOfH'l. rpyIIII - aTO Teopn.11 KOHe'lHOMepHhIX JIH
HeiiHhIX I1peACTaBJieHHii IIOJIYIIPOCThIX rpyIIII Jln, K-pa.11 
11acTo «PopMyJinpyeTC.ll Ha .ll3hIKe aJire6p Jin (cM. Rone'tno
.Mepnoe npe&cmao.rienue, Ilpe&cmao.rienua K.riaccu'tecKux 
epynn, Rapmana meope.Ma o CTaprneM seKTOpe), Teopn.11 
npe&cmaB.1tenuu 11:o~ina11:m11,&1x ep ynn, Teopn.11 ynumap nb!x 
npe&cmao.rienuii. 

)l;JI.11 aJire6pan11. rpyIIII HMeeTC.ll Teopn.11 pa!fuona.ribn&ix 
npe&cmaB.ltenuu, BO MHOfOM aHaJIOfH'lHa.ll TeopHH KO
HelJHOMepHb!X Ilpep;CTaBJieHHR rpyIIII Jln. 

Jlum.: [1] lli c JI o 5 e HK o ,u. fl., KoMnaKTHbIC rpynnhl 
Jiu H HX npeACTaBJieHlrn, M.' 1970; [2] K Hp H JI JI 0 B A. A .• 
8JieMeHThI Teop•IH npeACTaBJieHlill, 2 H3A., M.' 1978; [3] Ha 11-
M a p K M. A., TeopnR npegCTaBJieHnll rpynn, M., 1976; [ll] 
lli e JI o 5 e HK o )l. n., III Tep H A. M., IlpegcTaBJieHHR rpynn 
Jill, M., 1981. A. JI. O><u14un. 

IIPE)l;CTABJIEHIIE KOMIIAKTHOlI fPYIIIIbl -
roMoMopqin3M KOM!JaKTHOH rpyIIIlbl B rpyIIIIY HeilpephIBHb!X 
JIHHeii:HblX aBTOMop«l>H3MOB (KOMIIJieKCHoro) 6aHaXoBa IlpO
CTpaHCTBa, HeilpephIBHhlii B CHJibHOll OilepaTOpHOR TOIIO
JIOfHH. 

IlyCTh G - KOMI1aKTHa.11 rpyI1I1a, V - 6aHaxoso Ilpo
CTpaHCTBO n <p : G-GL (V) - I1pep;cTasJieHHe. EcJIH V= 
=H - fHJJb6epTOBO I1pOCTpaHCTBO, a <p (g) - y&Hrap
Hb!R oncpaTop AJJH mo6oro g E G, TO <p Ha3. ynumapnb!.M 
npe&cmao.rie11,ue.M. B H scerp;a cyII1eCTByeT ~lKBHBaJJeHT
HaH HOpMa, OTHOCHTeJibHO K-poii p;aHHOe Ilpep;CTaBJJeHHe <p 
yunrapHo. 

Bcmwe HeilpHBOAHMoe y&HTapHoe npep;cTasJieHHe rpyI1-
m1 G RoHe11HoMepHo. IIycTb {pa, a EI} - ceMeiicTBO sce
B03MOlRHhIX IIOila pHO He3KBHBaJieHTHhIX YHHTa pHhIX HeilpH
BOAHMhIX I1pep;CTasJieHHR rpyI1I1hI G. Bcmwe yHnrapHoe 
I1pep;CTaBJierrne <p rpyrrilhI G .11sJI.11eTc.11 oproroHaJibHOH 
I1p.11Moli cyMMoii TaKHX op;Ho3Ha11Ho oI1pep;eJieHHblX rrpep;
CTasJieHnii <pa, a EI, 'lTO Kamp;oe <pa HBJI.lleTCH opToro
HaJibHoii I1p.11Moii cyMMoii HeK-poro ceMeftcTna I1pep;cran
JieHnii, 3KBHBaJieHTHblX pa. 

EcJin G K0He11Ha, To ceMeiicTBo {pa} rome KoHe'lHo JI 
cop;eplRHT CTOJibKO 3JJeMeHTOB, CKOJibKO HMeeTC.ll B G 
pa3JIH11Hb!X KJiaCCOB conpRiKeHHhIX 3JieMeHTOB (npn 3TOM 
Lae 1(dim pa)2= IGI). 3ap;a11a HCCJiep;osaHH.ll 3TJIX rrpep;
CTasJieHnii: (sb111ncJieHH.11 nx xapaKTepoB, Haxomp;eHHJI 
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JIBHOii: peaJIHaaU,HH H T. II.) COCTaBJIJ10T IIpep,MeT o6rrrnprroii: 
TeopHH (cM. Kone'l1wu epynnbi npe&cmao.rienue). 

EcJIH G - CBJ1aHaJ1 op,uoCBHaIIaJI KOMIIaKrIIaJI rpyIIIIa 
Jin, a Ge- ee KOMIIJieKcmpnKau,1rn (CM. Ko.Mn.rieKcurfiuKa-
lfUst epynnbi Jlu), TO orrncan:ire ceMeiicraa {pa, a EI} p;JIH G 
CBOll;HTCH (IIocpep;craoM cymemrn IIpeµ;craaJJem1ii Ha G) 
K OIIHcaHHIO ceMe:iicraa acex BeIIpHBOAHMh!X IIoIIapHo 
He3KBHBaJieHTHh!X KOHeqHoMepHh!X palfUOltaJ!bH,blX npe&
cmaMenuu peµ;yKrHaHoii: aJire6paiaq, rpym1b1 Ge. flocJJep;
Hee me ceMeii:crao, B caoIO oqepep;b, p;orrycKaer noJIHoe 
OIIHCaHH0 c IIOMOIIJ;bIO paccMorpeHHH crapmn:x BCCOB (CM. 
llpe&cmaMenue co cmapwu:u oeKmopo.M). 

B coapeMeHnoii: reopHH qiaceJI H aJJre6pan:q, reoMerpHH 
paccMarpHBaIOTCJI l-aµ;n:qecKHe IIpeµ;craBJieHHJI KOMIIaKT
BhIX BIIOJIH0 HeCBH3Hh!X rpyrrrr (cM. [5], [6]). 

Jium.: [1] IT o H T p H r H H JI. c., HenpephIBHhle rpynnhl, 
3 H3)1., M., 1973; [2] Ha AM a p K M. A., Teop1rn npencTaBJie
HlilA rpynn, M., 1976; [3] iR e JI 0 6 e HK 0 ,U. II., KoMnaKT
Hhle rpynnhl JIH Iii Hx npe11cTaBJiemrn, M., 1970; [4] JI e H r C., 
SL,(R), nep. c aHrJI., M., 1977; [5] re JI h cjJ a H 11 H. M., r pa
e B M.H., Il11TeI.1KHA-illanHpo H.H., Teop1rnnpe11-
CTaB11eHlilA Iii aBTOMOpcjJHhle cjJyHKl.IHH, M., 1966; [6J c e pp 
ii(. - n.' A!ieJieBhI !-a11H'!ecmrn np~cTaBJiem111 H 3JIJIHilTH4ec1me 
llpHBhleJ.. nep. c aHrJJ., M., 1973; L7] III e Ba JI JI e K., TeOpHll 
rpynn JUI, nep. c aHrJI., T. 1, M., 1948. B. JI. IIonoB. 

IlPE)];CTABJIEHHE IlOJIYrPYIIIlbl s a K JI a cc e 
II 0 JI y r p y II II :s - TOMOMop.iP:iraM IIOJiyrpyIIIIbl s B 
BeK-pyro rroJiyrpyIIrry Ha KJiacca :S (B cJiyqae :iraoMop«Pna
Ma TOBOplIT 0 ToqnoM IIpep;craaJieBHH). 06hJqno HMeIOTCJI 
B BHAY KJiaCChl RaKHX-JIH6o KOHKpeTIIblX IIOJiyrpyrrII. 
Han6oJiee iaayqeBhl IIpep;craBJieHHJI B KJiacce IIoJJyrpyIIII 
IIpeo6paaoaaunii: (Kopoqe - rrpep;craBJieHHH IIpeo6paao
aaHHJIMH), B KJiaccax rroJiyrpyIIII qacrn:qHh!X rrpeo6paao
BaBHH H 6:e:BapHh!X OTHOIIleHHH, B KJiacce IIOJiyrpyrrrr 
MaTp.1!11; (T. H. MaTpH~e, HJIH JIHHeHHbie, fl. II.). B reopHH 
aBTOMaTOB c RRlKAhIM RBTOMaTOM CBJlaaHO IIpep;craBJieHHe 
cBo6op;Hoii rroJiyrpyrrrrhl IIpeo6paaoBann:mm MHomecrBa 
ero BByrpeBHHX COCTOHHHH. CIIeu,HaJibHblII xapaKrep HO
CJIT II. rr. rrpeo6paaoBaHHJIMH, CBHaaHHh!MH TeM HJIH HHbl!II 
o6paaoM co CBOHCTBaMH aJieMeHTOB IIpeo6paayeMoro !IIHO
mecTBa, nap;enennoro KaKoii-Jin:6o crpyKrypo:il: (anp;oMop
«PiaaMaMH, Herrpepb!BHh!MH I1peo6paaoaaHHHMH H T. II.). 
BcJIKaJI I10JiyrpyI1rra c ep;n:Hn:u,eii n:aoMop«Pno I1pe11;craan:Ma 
KaR IIOJiyrpyrrIIa Bcex 8Hll;OM0p«PnaMOB opn:eHTHpoBaHHOTO 
HJIH ueopHeHTHpOBaHHOTO rpa«Pa, KaK IIOJiyrpyI1I1a BCeX 
3HP,OMopqlH3MOB HeK-po:il: ame6ph! c ynapHb!MH OIIepau,HH
MH H r. II. MaBecrno (1983) necKOJibKO KOHcrpyKu,Hn, rro-
3BOJIJIIOID;HX IIOJiyqHTb BC0 fl. II. qaCTHqffb!MH IIpeo6paao
BaHHJIMH. 0HH CTpOJITCJI Ha HeK-pb!X rrpocrefiIIlHX fl. II. 
rrpH IIOMOIIJ;ll HX o6'hep;HH0HHJI, KparHoro IIOBTOpeHHH, 
orpanHqeHHH Ha IIOp;MHomecrBe H oIIepa1vm norpymemrn 
I10J1yrpy11I1. 

IIpn:coep;HHHB K IIOJiyrpyIIIIe s C1\HHllU,y: S1 = s u { 1 } 
H npop;oJIJKHB peryJ1.11pnoe II. II. S JJeBhIMll c)l,muaun na 
i:i;eKapToay creI1eHb S" IloJiyrpynnhI S1, IIOJJyqa1or npep;
craaJienHe cp1 - l-Kparnoe noaropem1c peryJJHpnoro II. II. 
S. BcJ1Koe I1pe11;craBJienn:e tjJ IIOJiyrpynmr S npeo6paao
BallHJIMH MHOJKeCTBa Q Mow.er 6b!Tb IIOJiyqeno (CM. [21) 
Ha <p/ C IIOMOIIJ;bIO H0K-pOTO OT06pameHHH 8 : SI -+Q 
raK, qro 

Oco6y10 poJib Hrpa10r rpaHaHTHBHbie rr. II.' T. e. raKHe 
ee IIpep;craBJieHHH cp IIpeo6paaoBaHHHMll MHOJKeCTBa Q' 
qro AJIH JII06blx a, ~ E Q aaiiµ;eTc.11 a, p;JIJI Koroporo 
(q>a)a=~. 

II. II. aaaHMHo op;noanaqHbIMH qacrH•IHbIMH I1peo6paao
BaHHJIMH CBHaaHbl c IIOHHTHeM H CBoiicrBaMH unoepcnb!X 
nMyepynn. 

II pH HCCJiep;oBaHl!ll MaTpHqHblX fl. II. IIpllBJJ0KaIOTCH I{ 

paccMOrpeHHIO no.1iyepynnoobie a.1iee6pbi. MayqaercJI BOIIpoc 
o rrpHaop;11MocrH MarpH'qHblX II. 11. Haiip,eHbl HerrpHBOP,ll
Mble I1pe11;craBJ1eHHH }l,JIJI p.1111;a rroJryrpyrrrr (n TOM q:ircJJe 
H p;JIJI Koaeqffb1x). MaTpHqHhle npeµ;craaJremrn BIIOJIHe 

rrpOCTb!X II BIIOJIHe 0-rrpOCThIX IIOJiyrpyrrrr Moryr 6blTb no
crpoeHbl KaK rrpop;oJimea11e npep;craaJierruii ux IIOArpyrrrr. 
MarpH'IHMe rrpep;craaJieHHH rrponaBOJihHbIX rroJiyrpyrrrr 
Moryr 6blTb OIIHCaHbI IIpH IIOMOI[J,11 rrpeµ;craBJieHHil HX «PaK
ropoB, HBJIJIIOIIJ;HXCH rrpoCTbIMH H 0-rrpoCTbIMII IIOJiyrpyrr
rraMII. 

Jium.: [1] HJIHcjJcjJop11 A., IlpeCTOH r., AJire6paH
'ICCK3ll TCOPHll nonyrpynn, nep. c aHrJI., T. 1-2, M., 1972; [2] 
B a r H e p B. B., «MaTeM. c6. », 195H, T: 381 .01; 2, c. 203.~4oj· 
[3] JI II n H H E. c., TaM a<e, 1960, T. 52, .No 1, c. 589-96, [4 
III a ii: H B. M., TaM a<e, 1963, T. 60, .No 3, c. 293-303; [5] MC
A Ii st er D. B., «Semigroup Forum», 1971, v. 2, No 3, p. 189-
2ti3; No 4, p. 288-320; [6] J 6 n s son B., Topics in universal 
algebra, B.-N. Y., 1972. JI. M. I'J1ycnun, E. C. J1J1nun. 

IIPE)];CTABJIEHHE CHMMETPHqECKOlI rPYII-
III:.I - JIMHe:il:noe rrpep;craaJJenn:e rpyrrrrbl Sm Hap; KaKHM
JIH6o rroJJeM K. EcJIH char K=O, ro Bee KoHeqnoMepHh!e 
fl. c. r. BIIOJJHe rrpHaop;HMb! H orrpep;eJieHbI nap; iQ (1rnaqe 
roaop.11, ace HerrpHBOIJ;HMbie KoaeqnoMepHbie rrpep;craaJJe
HHH Hap; iQ a6coJIIOTHO HerrpHBO)l;HMbl). 

Herrp:iraop;HMhle KoHe'llloMepHbJe rrpeµ;craBJieHHJI rpyrrrrhl 
s m Hap; iQ KJiaccH.iPHu,HpyIOTCJI CJiep;yIOiu,HM o6pa30M. 
IIyCTb d - KaKaH-JIH6o /011,aa &uaipa.M.Ma, OTBeqa10m;aH 
paa6iaeHHIO A=(A1, .. ., A,,) q11cJia m, Rd (cooraercraeHHo 
Cd) - Ilop;rpyrrrra rpyrrrrhl Sm, cocrom~a.11 Ha acex rrop;
cranoaoK, rrepeBOAHiu,HX Kamp;oe H3 'IHCeJJ 1, 2, ... , m 
B qHcJio, Haxo11;.11m;eecH B TOH me crpoKe (cooTB0TCTBeHHO 
croJI6u,e) µ;iaarpaMMbI d. Torp;a 

Rd::::,. S1.1 x ... xs1., 
11 

cd~ s1.,x ... xs1.'' 
1 s 

rp;e A,'= (A,~, ••• , A,;) - paa611eHHe q11cJia m, corrp.11merreoe 
K paa6neHHIO A,. Cym;ecrByer ep;n:ncTaeanoe Herrp:iraop;HMoe 
rrpeµ;craBJieHHe Tt.. ; S m-+GL ( U1.) rpyrrrrhI Sm (aaaiac.11-
ILI,ee roJibKO or A,) co cJieµ;yIOIIl,HMH cBoftcrBaMH: 1) B rrpo
crpancrae Ut.. HMeerc.11 raKoii HeHyJieao:ii BeKrop ud, qro 
Tt.. (g)ud= ud AJIJI JII06oro g E Rd; 2) B rrpocrpancrae U'A 
HMeercH raKoii: HeHyJieRo:ii BeKrop Ud, qro T,., (g)ud= 
=e(g)ud AJIJI JII06oro gEC4, ri:i;e e(g)=±1 - qerHoCTh 
IIOACTaHOBKll g. flpep;craBJI0HHH' oraeqa10m;n:e paaJJl!'IHblM 
paa6ueHHHM, He 3KBHBaJieHTHbl' H HMM 11cqepIIbIBaIOTCH 
Bee nerrpHBOIJ;HMbJe rrpep;craBJI0HHH rpynrrh1 Sm nap, iQ. 

BeKropbI ud H Ud orrpeµ;eJieHbI op;noaHaqHo c Toqnocrb!O 
µ;o YMHOJKeHHJI Ha qn:cJio. ,UJIH Rcex µ;n:arpaMM, OTBeqaIO
IJ~HX paa6HeHHJO A, ar:ir BeKropbI nopMn:py10rc.11 raKHM o6pa-
aoM, '!TO gud=Ugd II gud =U~d AJUI JII06oro gESm, 
rAe gd o6oaaaqaer µ;narpaMMy, rroJiyqae111y10 :ira d rrp:irllrn
neHtteM Ro BceM 'lllCJiaM rrop;craHoBKH g. BeKropbI ud 
(cOOTBeTCTBeHHO Ud), COOTBeTCTBYIOI[J,llC CTaH/WPTHhlM 
p;HarpaMMaM d, o6paaymr 6aa:irc rrpocrpaacraa U1.; B aroM 
6aa:irce orrepwropbI rrpeµ;craBJieHHJI T1. aarrncbrna10rcH i~c.i.10-
qn:cJieHHhIMH Marpnu,aMH. P aaMepHOCTb rrpejlcraBJICHHH Tt.. 
paBHa m!rr. ,.(1.-1,.) m' 

l' ' --..J l u1mT1.= =-Iii I;! Ila, jl f..;j 
rp,e l;=A;+r-i (i=1, ... , r), a rrpouasep;enne B anaMe
aareJie aroporo BblpameHHH 6epercJ1 no BceM KJierKaM 
cu ra6JIHU,hl IOnra tt.., rrpHqeM AiJ o6oanaqaer JJ;JIHHY coor
Bercray10II1,ero RpIOKa. 

Paa6HeHHIO (m) oTBeqaer rpHBHaJibHoe oµ;noMepHoe 
rrpep;cTaaJieHn:e rpyrrrrhl Sm, a paa6HeHHIO ( 1, .. ., 1) -
HeTpHBHaJibHOe OIJ;HOMepnoe rrpep;craBJieHHe e (qerHOCTb). 
Paa6n:eHHIO A,', corrpHmeHHoMy K A, orBeqaer rrpep;craBJre
HHe eTt... IIpocrpancrBo U /..' KaHoHHq. o6paaoM (c roq
HOCThIO µ;o TOMOTeTHH) OTOllill;CCTBJIHeTCH c rrpocrpaHCTBO~l 
Ut.. raK, qro T1.,(g)=e(g)T1. (g) p;JIH J1106oro gESm; 
np11 aroM llIOlKHO c•mrarb, qro ud = ud'• rµ;e d' - p;Har
paMMa, rroJiyqaeMaH Ha d rpaHCIIOHHpOB3HHeM. 
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TiocTpoemie rroJIHoft ClilcTeMhl HeIIplilBOAHMhIX TI. c. r. 

rrpoH3BOAlilTCH c IIOMOIIJ;bIO lOnza CU.M.M!!mpuaamopoe, II03-
BOJIHK)!IJ;JilX IIoJiyqJilTb pa3JIO)ReH.ne peryJIHpHoro npeACTaB
Jiemrn. Ecm1 d - ARarpaMMa !OBra, OTBe'larom;aH pa3-
6Remuo A,, To npeAcTasJieHRe Tl. BKBu;saJieHTHO II. c. r. 
Sm B JieBOM HAeaJie rpynnosoft aJire6phl' QS m, nopomAeH
HOM clilMMeTp1rnaTopoM IOHra ed. AnocTepRopHoe onlilca
Hlle aJieMeHTa ed COCTOllT B CJieAyrom;eM: Tµ (ed)= 0 rrp11 
µ:;t:A,, a Tl. (ed) - onepaTop paHra 1, p;eii:cTByrom;11:il: no 

cliopMyJie Ti. (ed)u= (ud, u)ud AJIH Jiro6oro u EU').., l'Ae 
( ' ) - IIOAXOAflll\l!M o6pa30M HOpM11posaaHoe HHBa
pHaHTHOe cKaJIHpaoe yMaomemrn a npocTpaHCTBe U 'Ji.. Tip11 
8TOM 

, m! 
(u4, Ud)= dlmU'J... 

Tip01nrno1:tm::a;a11 qiyumvrn AJIH xapaKTepos npeACTaBJie
HMft Tl. p;aeTCH <Ppo6rnuyca rf>op.My.wu. 0AHaKo AJIH Bhl
qMcJieHHH OTA0JihHhlX 3Haqean::il: xapaKTepoB YA06Hee 
noJih30BaTbCH peKyppeHTHhIM!il coOTHomeHllHMil:. Ha1160-
Jiee acliciieKTHBHhIM 113 HllX HBJIH0TCH n p a B M JI 0 M y p

H a r a Ha - Ha Ka HM hi: nycTb «'Ji.µ=a~':r-3Ha
qeHMe xapaKTepa npeACTaBJieHMH T;.. Ha KJiacce [µ] co
rrpm1rnHHhIX aJieMeHTOB rpynnhl S 111 , onpeAeJieHHoM pa3-
6MeHH0M µ qJlcJia m, H IIYCTh pa3(faeHMe µ COA0P1RlilT qHCJIO 

p. qepe3 µ o6o3aaqaeTCH paa6n:eH:e:e qHcJia m-p, rroJiy
qaeMoe H3 µ Bh!6pach!BaHHeM 'lHCJia p. TorAa 

a~m)=~- (-i)i {1) a!..":!:..-p) 1 ,.µ ;.. ')..µ 

rAe cyMMa 6epeTCH no BCeM pa36MeHHHM I qMcJia m-p, 
llOJIY'laeMhlM YAaJieH!ileM KOCOTO KpIORa AJIHHhl p 113 Ta6-

JIH!J;hl IOHra t'J.. , a t (X°) o6o3Ha1JaeT BhICOTY yp;aJieHaoro KO
coro KproKa. 

MMeeTCH TaKme MeTOA (cM. [5]), no3BOJIHIOI1\Hft Haii:TM 
ri;eJIHKOM Ta6JI11ri;y xapaKTepoB rpynrrhI S 111 , T. e. MaTplilri;y 
A= lla'Aµll. TiycTh Af').. ecTh TI. c. r. Sm, HHAYIJ;MpoBaHHoe 
TpHBHaJibHhIM OAHOMepHhIM rrpeACTaBJieHMeM IIOArpynnhI 
R;.. =R4, rAe d - AHarpaMMa JOara, oTBeqarom;aH pa3-
6HeHMIO A,. M rrycTh Ml.=~µm'Ji.µTµ, a M= llm>.µll. EcJIH 
C'IH'T6Th, qTo CTpORH H CTOJI6IJ;hl MaTpHIJ;hl M pacnoJiome
Hhl B rropHAKe JieRCHKOrpaciiJilq. y6hIBaHMH llHAeKCOB (pa3-
6n:eHHil:), TO 8TO 6yAeT HM1RHHH TpeyroJihHaH MaTpliri;a c 
e,u;n:anri;aMH Ha mrnroHaJI:e:. 3HaqeHlle xapaRTepa npeA
CTaBJieHMH M 'A Ha RJiacce [µ] paBHO 

b - cµI R;.,nCµJI 
;..µ- I RJ-I 

qi;e cl! - nopHAOR IJ;0HTpaJIH3aTopa noACTaHOBRH H3 KJiaC
ca [µ]. MaTpuri;a B= llb'J..µll HBJIHeTcH sepxaeft TpeyroJib
noii, H HM00T MeCTO COOTHOmenMe MMt=BC-IBT, rAe 
C= diag (cµ ), n:a R-poro OAH03aaqao onpeAeJrneTCH MaTpH
ri;a M. Tiocne aToro MaTpn::a;a A HaxoAMTCH rro qiopMyJ1e 

A=M-lB. 

OrpaHM'leHMe rrpep;cTaBJleHMH T 'J.. rpynnhl Sm aa IIOA
rpynny s m - I HaXOJJ;HTCfl !IO n p a B H JI y Be T B JI e H H H: 

T;.,I Sm-1 = ~iT(J.., . ... , J..;-1· ... , >-r)' 

TAe cyMMHpOBaHMe pacnpoCTpanf!eTCfl Ha Te i, AJIH R-phlx 
l.,;>A;+r (BRJIIO'laH r). OrpaaMqean:e npe;n;cTaBJleHHH Tl. Ha 
rrop;rpynrry Am npH A, :;t: A,' a6coJIIOTHO HenpHBOAMMo, a 
npH /.,=/.,' pacrrap;aeTCH nap; RBap;paTM'IHhIM pacnmpeHlleM 
noJIH Q B cyMMy ABYX He8RBMBaJleHTlildX a6COJllOTHO He
np!ilBOAHMhIX rrpep;cTaBJleHHH OAHHaROBOH pa3M0pHOCTli. 
TioJ1yqaeMhie TaKHM o6pa3oM rrpeACTaBJleHHH rpynnhl Am 
uc•ieprrbIBaIOT see ee nerrpn:BOAMMhle rrpeACTaBJ1eHMfl HaA IC. 

0 II. c. r. B TeH3opax CM. B CT. llpe&cmaB./tl!l/,US/, KllllCCU
ttecr;ux zpynn. 

Pa3pa6oTaHa TaKme TeopnH MOAYJIHpHhIX TI. c. r. (cM., 
Harrp., (5)). 

Jlum.: [1] Be it JI b r., KJJaCCH'lec1rne rpyIIIIbl HX HHBapH
aHThl H rrpe)ICTaBJJeHHR, rrep. c aHrJJ., M., 194 7; (2) M y p H a
r a H <I> • .n;., TeopHR rrpe)ICTaBJleHHit rpyrrrr, rrep. c aHrJJ., M., 
1950; (3] X a Me p Me m M., TeopHR rpyrrrr H ee rrpnMeHeHirn 
1< ljJH3H'lec1<HM rrpooJJeMaM, rrep. c aHrJI., M., 1966; (4] K '.3 p or H c 
q., p a it H e p H., Teop1rn rrpe11cTaBJJeHifll ROHe'!HhIX rpyrrrr H 
accouHameHhlx aJireop, rrep. c aHrJJ., M., 1969; [5] .n; me it Mc r., 
TeopHR rrpe11cTaBJJeHHll CHMMeTpH•IeCRHX rpyrrrr, rrep. c aHrJJ., 
M., 1982. 8. B. Bun6ep2. 

IIPE,!J;CTABJIEHHE CO CTAPillHM BEKTOPOM -
JIMHeiiHoe npeACTaBJl0HMe p KOHeqnoMepaoii rroJiynpocTOii: 
pacm;enJIHeMoft aJire6phl JIM g naA noJieM k xapaKTepn
CTHKH HYJih c pacm;enJ1H10m;eii: K apmana no&a.1tae6pou t, 
YAOBJieTBopHrom;ee cJ1eAyIDITJ;HM ycJioB11HM. 

1) B npocTpaHCTBe V npeACTaBJieHMH p cyrri;ecTByeT 
Ii; M K JI If 'I e c I\ H ft Be KT 0 p v (T. e. v - naHM0Hh
illee !l-llHBapnanTHoe rroArrpocTpancTBo, coAepmaIIJ;ee v). 

2) p(h)(v)=/.,(h)v AJIH acex hEt, rAe A, - aeKoTo
paH ciiHKCHpoBaHHaH JIMHeii:naH cliopMa Ha t co 3Ha'leHMH
MH Bk. 

3) EcJIM a 1 , ••• , a,- cn:cTeMa npoCThIX Ropaeft, 011-
peAeJieHnaH HeK-phlM JieKCllKOrpaciiMq, ynopHAO'leHMeM 
MH01R0CTBa d BCex KOpHeii aJire6phl g OTHOCHT0JihHO t 
(cM. Kopne6asi cucme.Ma), a ea.• ta.• ha. - cooTBeT-

' l l 
cTByrorri;ne KopHIO ai BeKTOphl M3 6a3n:ca IIleBaJIJie aJire6phl 
g, i=1, •.• , r, TO p(ea)(v)=O p;JIH scex i=1, ••• , r. 

l 

TaKMM o6pa3oM, A, HBJIHeTCH BecoM OTHOCMTeJlbHO cyme
HHH p aa t (CM. Bee npeACTaBJleHHH); OH Ha3. c T a p
m II M Be c 0 M. TipocTpaHCTBO v na3. Ii; B K JI ll q e
c K n M g-M o A y JI e M c o c T a p ill n M B e c o M A, 
H 0 6 p a 3 y IO m; e ft v, a v na3. c T a p ill HM B e K T o
p OM. 

)J;JIH BCHKoft JIHHeftHo:il: cliopMhl A, aa cym;ecTByeT 
eAMHCTBeHnoe c ToqaoCThlO AO 3KBHBaJieHTHOCTM aenpHBO
AHMOe rrpeACTaBJieHirn P'J.. aJire6phl g co CTapWHM aecoM 
A,, g-MOAYJib V (/.,), onpeAeJIHeMhlft P'J.., HBJIHeTCH npHMoii: 
cyMMoft B0COBhIX IIOAIIpOCTpaHCTB OTHOCMTeJihHO cymeHHH 
pl. Ha t. l:lx Beca MMeIOT BMA 

A,- """1' n·a· 
~i=l l l' 

rAe n;- u;eJible HeoTpHri;aTeJibHhle qMcJia. Becosoe noA
rrpocTpancTBo V µ (/.,) Beca µ KoaeqHoMepao, HaTHrnea
eTCH HaA k Ha BeKTOpbI BHAa 

(P;.. (f aiJ P;.. (faiJ ··Pl. (f ais))(v), 

H AJIH JII06oro h Et orpaHR'leHlle P;.. (h) na V µ(A.) HBJil'l
eTCH cKaJIHpHhIM orrepaTOpoM yMnomeHHH na ~t (h). IIpo
CTpaacTBO v A (/.,) OAHOMepHo; Bee A HBJIH0TCH eAHHCTBeH
HhIM CTapWHM B0COM npeACTaBJieHJilH pl. H M01R0T 6h1Th oxa

paKT0pM30BaH KaK ep;llHCTBeHHhlll Bee t-Mo/:(yJifl v (/.,) 
TaKoii:, qTo JII06oii Apyroft Bee MMeeT BHA 

A,- """1' n·a· 4'-ii= I l l' 

rAe ni- u;eJible neoTpuri;aTeJihHhle 'IMCJia. 
II peACTaBJie&Jile p"' RoaeqHoMepH-0 TOrp;a M TOJihKO Tor,u;a, 

KOrAa A - A 0 M M H a H T H a H JI H H e ft H a H qi 0 p
M a aa t, TO eCTb A, (ha.) - ri;eJioe neoTpn:ri;aTeJihnoe 

l 
qncJio p;JIH scex i=1, ... , r. Bc11Koe HenplilBOAMMoe Ro-
He'IHoMepHoe JIMneftHoe rrpeACTaBJienne aJire6phl !l HMeeT 
BMA p;.. AJIH HeK-poii AOMHHaHTHOii JIHneftnoft cliopMhl A 
aa t (TaR 'ITO see TaRHe npeACTaBJieHHH 1maCCMcii:au;Rpy
IOTCH c TOqHOCTblO AO 8KBMBaJieHTHOCTH AOMHH8HTBhIMH 
Jin:HeftHhIMH qiopMaMH aa t). MHomecTBo Bcex BecoB Ko
He11n0Mepnoro npeACTaBJieHMH p;.. OTHOCMT0JibHO t liHBa
pHaHTHO OTHOCHTeJibHO Beii11si zpynnbi aJire6phl !l (pac
CMaTpHBaeMoii: RaK rpyrrna JIHHeHHhIX npeo6pa3oBaHnii 
rrpocTpaHCTBa t), M eCJIH Beca ~t II y JieJKaT B OAHOll op6HTe 
rpyrrrrhl BeiiJ1H, To pa3MepnocTM rrpocTpaHCTB V µ (/.,) M 
Vy (/.,) COBIIaAaIOT. )J;JIH BCHKOTO Beca µ H BClU\OTO KOpHH 
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a E ~ 1111cJio µ(ha) - a;eJioe; ecJI11 np11 aroM µ+a - TOilrn 

Bee, TO 
p (ea) (V µ (A)) -:/= 0 

(3/);eCh ha - aJieMeHT 113 t, COOTBeTCTByrorn,nii: a, a ea
ImpHeBoii: BeRTop I\OpHH a). 

Jlum.: [1] ,r:i: m e K o 6 co H H., AJJre6pw Jln, rrep. c aHrJJ., 
M., 1964; [2] TeopHlI aJJre6p JIH. TOIIOJJOrHJI rpyrrrr JIH. CeMll:
Hap «CocjJyc JlH», rrep. c cjJpaHI1., M., 1962; [3] IB: e JI o 6 e H K o 
,a:. II .• HOMIIaKTHble rpyrrrrbl Jln II'. HX rrpe)'.ICTaBJJeHHJI, M., 197 o; 
[4] Cart an E.~ «Bull. sci. math.», 1925, t. 49, p. 130-52; 
[5] Haris h - C nan d r a, «Trans. Amer. Math. Soc.», 1951, 
v. 70, p. 28-96. B. JI. Ilono•. 

IIPE,l1;CTABJIEHHE TOilOJIOrHqECKOll rPYIIIILI
HenpepblBHoe OTo6pameHne rpynnbl G B TonoJior1111. rpyn
ny roMeoMop.il>113MoB HeK-poro TonoJiorn11. npocTpaHCTBa. 
qame Bcero IIOA II. T. r. G noHHMaeTCH 11,wi,eunoe npe&cma(J-
11,enue, 6oJiee Toro - TaKoe mrneiJHoe npeACTaBJieHne :rt 
TonoJior1111. rpynnbl G B TonoJiorn11. BeKTOpHoM npocTpaH
CTBe (T. B. n.) E, 'ITO BeRTop-.il>yHKnn.11 g-+:rt(g)x, gEG, 
onpeAeJI.11eT np11 Jiro6oM x EE HenpepblBHoe oTo6pameHne 
rpynnbl G B npocTpaHCTBo E. B 11aCTHOCT11, BCHKoe ne
npepbumoe npe&cmat111,enue rpynnbl G HBJIHeTCH II. T.r. G. 

Teop11.11 II. T. r. TecHo cB.113aHa c Teopneil: npe11cTaB
JieH11il: pa3JIH11HblX TOilOJIOr1111ecKHX zpynnO!Jb!X a11,ze6p. 
Cpe/);11 HllX Bamneil:meii: HBJIHeTCH 6aHaXOBa CHMMeTpnq
HaH aJire6pa Mep M (G) rpymlbl G (aJire6pa Bcex peryJI.11p
HblX 6opeJieBCK11X Mep Ha G c KOHeqHoil: IIOJIHOH Bap11aa;neil:, 
B K-poi\: yMHomeH11e onpeAeJIHeTCH KaK csepTKa). qacTo 
11cnoJih3yeTCH TaRil\e TonoJior1111ecKa.11 aJire6pa C' (G) 
Bcex peryJIHpHblX 6opeJieBCK11X Mep Ha G c KOHe'IHOll 
IlOJIHOH Bapnaa;neil: H c KOMilaKTHblM HOCllTeJieM. YMHO
il\eHne B C' (G) onpe11eJI.11eTc.11 KaK csepTKa, a nHBOJiro
a;n.11 µ-+µ *, µEC' ( G), onpe11eJI.11eTCH .il>opMyJioiI 

~Gt (g) dµ* (g) =~GI (g- 1 ) d/t (g), I EC (G). 

TonoJiorn.11 aJire6pb1 C' (G) corJiacyeTC.I! c ABOHCTBeHBo
CThIO MeIBAY aroii aJire6poil: n aJire6poii: C (G) (Bcex He
npepblBHblX «l>YHKD;HH Ha G), paccMaTpnBaeMoil: B KoMnaKT
HO OTKpblTOH TOilOJiornn. BaiHHYIO poJib nrparoT TaKil\e 
paaJinqHble no/);aJire6pb1 aJire6p M (G) n C' (G). B qacT
HOCTH, eCJIH E - KBa3HilOJIHOe 6oqeqHoe HJIH IlOJIHOe 
JIOKaJibHO BblilyKJIOe npocTpaHCTBO (JI. B. n.), a :rt - He
npepblBHOe II. T. r. G B E, TO .il>opMyJia 

:rt(µ)= ~a :rt (g) dµ (g), µEC' (G), 

onpeAeJI.11er CJia6o HenpepblBHblii: JI:irneHHblii onepaTop :rt(µ) 
B E H COOTBeTCTBne µ-+:rt(µ) eCTb npe)l,CTaBJieHne aJire6pb1 
C' (G) B npocTpaHCTBe E, O/);H03HaqHo onpe/);eJimomee 
npeACTaBJieHne :rt TonoJiornq, rpynnbl. Ilpn aroM II. T. r.
(ronoJiorn11ecKn) nenpu1Jo&u.1ttoe npe&cma1JAenue, onepanwp
no nenpu1Jo&u.1ttoe npe&cma1J11,enue, BITOJIHe HenpnBOAHMoe 
npeACTaBJieHne, 3KBHBaJieHTHO ApyroMy n. T. r. (n T. A.) 
TOr/);a 11 TOJibKO ror/);a, KOrAa COOTBeTCTByromee npe/);CTaB
JieHne aJire6pb1 C' (G) o6Jia/);aer cooTBercrByIDID;HM csoii
CTBOM. 

IlycTh :rt ecrh II. T. r. G B JI. B. n. E; nycrh E' - co
npm1rnHHoe KE npocrpaHCTBo. <l>yHKD;Hll Ha G BHAa g-+ 
-+<p(:rt(g)£), £EE, Ha3. Marp11qHhIMH aJieMeH
T a M 11 n p e A c r a B JI e H n .11 :rt. EcJI11 E - rHJih-
6eproBo npocTpaHCTBO n £EE, II~ II= 1, TO «l>YHKD;lfll BllAa 
g-+ (:rt (g)£, £>, gEG, Ha3. c «I> e p 11 q e c K HM H «I> y HK
n H .II M H, CBH3aHHblMH C rrpe/);CTaBJieHHeM :rt, 

IlyCTb E, E* cyTb JI, B. n. B ABOHCTBeHHOCTll, :rt eCTh 
n. T. r. GB JI. B. n. E. <l>opMyJia :rt* (g)=:rt (g- 1)* onpeAe
JIHeT II. r. r. :rt* s E*, Ha3. con p .11 me H H hi M, 11JI11 
K 0 H T p r p a A H e H TH bl M, K :rt. IIycTb :rt1, :rt2 cyrb 
II. T. r. GB T. B. n. Ei. E 2 coorBeTcTBeHHo, E=E1+E 2-

np.11Mai;i: cyMMa H :rt (g), gEG,- HenpepblBHhIH JIHHeHHblH 
oneparop B E, onpe/);eJieHHblH .il>opMyJioil: 

:rt (g) (x1 +x2) = :rt1 (g) X1 + :rt2 (g) x2, x1 EE1, X2 EE2. 

Oro6pamenne g-+:rt (g) ecTb II. T. r. G B T. B. n. E, Ha3. 

n p .11 Mo ii c y MM oil: II. T. r. :rt1 n :rt 2 • B HeK-Pbl.:\'. 
cJiy11a.11x (B 11acTHOCTH, AJIH ynnTapHhIX rrpe11cTaBJiemm) 
~IOil\eT 6b1Tb onpe11eJieHO TeH30pHoe IIpOH3Be/leHHe Il. T. f, 

11 np.11Ma.11 cyMMa 6ecKOHe11Horo ceMeiicTBa II. T. r. C rro
Morn,bro orpaHe:11eH11.11 11JI11 pacumpeH!rn rroJI.11 cKaJI.11pos 
BBO/l.llTCJ'I onepan1111 oBeID;eCTBJieHH.11 H KOMIIJieKCM.il>11Kaa;n11 
AJI.11 II. r. r. 

II pe11cTaBJieH11e TorroJiorn11. rpynrrbl Ha3. B n o JI H e 
n p n B o A n M bl M, ec.irn Jiro6oe aa~mHyToe nHBapnaHT
Hoe rro11npocTpaHCTBO HMeeT /);OIIOJIHnTeJihHOe 3aMKHyTOe 
IIHBapnaHTHOe IIO/);IIpOCTpaHCTBO. IIpe/);CTaBJieHne :rt TO
IIOJIOrH'I. rpynnbl GB T. B. II. E Ha3. p a 3 JI 0 ii\ HM bl M, 
ecJin cymecTsyroT TaKne aaMKHyTble nnsapnaHTHble no11-
11pocTpaHCTBa E 1, E 2 B E, 'ITO :rt 3KBnBaJieHTHO np.11Moii 
cyMMe 110ArrPeACTaBJieHnil: :rt1, :rt 2 npeACTaBJienn.11 :rt, 0T
se11arorn,nx no11rrpocTpaHCTBaM E 1, E 2 cooTBeTCTBeHHO; B 
npOTllBHOM CJiy11ae :rt Ha3. H e p a 3 JI 0 ii\ H M bl M. He
pa3JIO:IKHMOe rrpllBO/lllMOe npeACTaBJiemrn :rt onpe/);eJIHeTCH 
He TOJlbKO IIOAnpeACTaBJieHHeM H cpaKTOprrpeACTaBJieHneM, 
COOTBeTCTByIOID;llMH /);aHHOMY llHBapnaHTHOMy 1101111po
CTpaHCTBy, HO H HeK-pblM KJiaCCOM O/);HOMepHblX KOroMo
Jior11il: rpyrrrrbl G c Koa«P«PnnneHTaMn B G-MoAyJie orpann
qeHHblX JIHHeHHblX onepaTopoB H3 11pocTpaHCTBa .il>aKTOp
npe/);CTaBJieHHH B rrpoCTpaHCTBO npe/);CTaBJieHn.11. 

BamHeil:mnMn o6Ill,HMH 3aAa11aMH Teopnn II. T. r. HBJIH
IOTCH onncaHne scex Hepa3JIOil\HMblX rrpe/);CTaBJieHnii 11aH
HOH TOIIOJiorn11. rpynnbl H nay11eHne B03MOil\HOCTH OIIH
caHH.11 (pa3Jiomenn.11) npon3BOJibHblX II. r. r. c noMOill,hIO 
Hepa3JIOil\HMblX. B o6rn,eM cJiy11ae o6e aa/);a11n AaJieKn 
(1983) OT IlOJIHOro pernenn.11, HO noJiy11eHHble B 3THX Ha
rrpaBJieHHHX peayJibTaTbl 11eJiaIOT Teopnro II. T. r. ocHo
soii zap.1ttonuJtecrwzo ana11,uaa a6cmpar;mnozo, o6o6inaro
inero reopnro pHAOB n HHTerpaJIOB <l>ypbe, crreKrpaJibHyro 
reopnro yHnrapnblx orreparopoB, reopnro mopAaHoBblX 
HOpMaJibHblX cpopM H CHCTeM o6blKHOBeHHblX AHljiljiepeHnH
aJibHblX ypaBHeHHM c IIOCTOHHHblMH Koaljiljinu;neHTaMn, a 
TaKil\e OCHOBOH HeK-phIX pa3/);eJIOB apro/);nqeCKOH reopnn, 
KBaHTOBOH MexaHHKH, crarncrnqecKOH ljJH3HKH H reopnn 
II OJI.II. 

Han6oJiee saIBHblM paa/);eJioM o6rn,eil: reopnn II. r. r. 
.1IBJI.11erc.11 reopn.11 ynumapnux npe&cma1JAenuu, HMeIOi:u;nx 
MHOroqncJieHHble rrpHJIOil\eHH.11 H o6Jia/);aIOill,HX PHAOM 
csoil:crs, yrrpoinarorn,nx nx nayqenne. B qacrHocrn, opTo
ronaJibHoe /);OilOJIHenne K HHBapnaHTHOMY IIO/);IlpocrpaH
CTBY YHHTapHoro rrpe/);CTaBJieHnH HHBapnaHTHO, II03TOMY 
BCHKOe YHHTapHoe II. T. r. BIIOJIHe npHBO/);HMOj /);JI.II ymr
rapHblX npe/);CTaBJieHnii ycJIOBH.11 IlOJIHOH HenpHBOAHMO
CTH, (TOIIOJiornqecKoii.) HeIIpHBO/);HMOCTH H oneparopnoi! 
HerrpHBO/);HMOCTH paBHOCHJibHbl (Ho, Boo6ine roBop.11, CJia-
6ee yCJIOBHH aJire6panq, HeIIpHBO/);HMOCTH). 

,IJ.pyroil: KJiacc II. r. r., nMeromnil: MHoroqncJieHHble rrpn
JiomeHn.11, o6paayror r;oneiino.1ttepnb!e npe&cmaMenua. May
qeHne rrpeACTaBJieHH:il: aroro KJiacca so MHoroM 06Jierqa
erc.11 OTHOCHTeJibHblM yrrpoinemrnM aHaJIHTnq, CJIOlKHOCTH 
3a/);a'IH no cpaBHeHHIO c o6Ill,HM CJiyqaeM; B qaCTHOCTH, 
HerrpnBO/);HMOe KOHeqHoMepHoe II. T. r. BilOJIHe HerrpHBO
AHMO. 0AHaKo reopn.11 KOHeqnoMepHhIX II. T. r. nocTpoeHa 
(1983) /);OCTaTOqHO IIOJIHO JIHIIlb AJI.11 HeK-pblX KJiaCCOB 
TOIIOJIOrnq, rpyrrn (B qacTHOCTH, i'IJIH rroJiynpoCTblX rpyrrn 
Jln n AJIH rpyrrn IR n z). )J.JIH HeCKOJihI\O 6oJiee rnnpoKoro 
KJiacca rpyn11, coAepmarn,ero KJiacc rpyrrn Jln, cyinecrsy
eT IlOJIHoe onncarurn HerrpHBOAHMblX KOHe'IHOMepHhIX 
II. T. r. 

Teopn.11 II. T. r. 6oJiee paapa6oTaHa AJIH JioKaJibHO 
KOMilaKTHblX rpynrr. Bail\HeiiIIIHM CBOUCTBOM KJiacca 
JIOKaJibHO KOMIIaKTHblX rpynrr HBJIHeTC.11 ero CoBrra11eHne c 
KJiaccoM noJIHblX rorroJiornq, rpynrr, Ha K-pb1x cym:ecrByeT 
HettyJieBa.11 rrpasonHBap1rnHTHa.11 peryJI.11pHa.11 6opeJies
cl\a.11 Mepa m (cM. X aapa .Mepa). 3ToT ljiaHT noasoJI.11er 
Bl\JIIO'IH'fh B 'IMCJIO rpynIIOllhIX aJire6p JIOKaJihHO HOMIIaKT
HDH rpyrrrrbl G 6anaxooy CHMMerpn11Hyro aJire6py L 1 (G)= 
=L1 (G, m) (oTHOCHTeJibHO CBllpT!\li), H-pa.11 11:rpaeT pe-
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rnarom;yro pOJib B TeopHH orpaHH'JeHHblX (T. e. HMeIOlll;HX 
orpa.IIH'leHJiblH o6pa3) n. T. r. G B 6arraXOBhIX rrpocTparr
CTBaX. ((lopMyJia 

J"I (/) = ~ G f (g) J"I (g) dm (g), f ELi(G), 

ycTaHaBJIHBaeT B3aHMHO OAH03Ha'lHOe COOTBeTCTBHe MemAy 
orpaHH'leHHbIMH rrpencTaBJieHHHMll J"I JIOKaJibHO KOMIIaKT-

HOH rpynrrhl G lI (HerrpepbIBHblMH) npeACTaBJieHHHMll n 
aJire6pbl Li (G), o6JiaAaIOlll;llMH TeM CBOHCTBOM 'ITO 

it (Li (G))H n IIJIOTHO B npocTpaHCTBe H - npeACTaB~eHHH 
- n 
:rt; IIpH 3TOM YHHTapHble Il. T. r. COOTBeTCTBYIOT CllMMeT
pH'IHbIM rrpeACTaBJieHHHM aJire6pw Li (G). )J,pyroe csoii
CTBO JIOKaJibHO KOMIIaKTHblX rpyrrrr COCTOHT B TOM, 'ITO 
IIX rrpeACTaBJieHHH B 6o'le'lHblX JI. B. II. cyTb HenpepbIBHble 
npeACTaBJieHHH. 

Han6oJiee pa3BHTaH 'laCTb TeopHH n. T. r.- TeopHH 
YHHTapHbIX rrpeACTaBJieHHH JIOKaJibHO KOMIIaKTHbIX rpyrrrr. 
B CBH3H c cym;ecTBosarrneM Mepbl Xaapa Ha JIOKaJibHO 
KOMIIaKTHblX rpyrrrrax OKa3blBaeTCH B03MOll\HbIM 1rny'leHne 
pezy.Mtpnozo npeocmaMenu!t rpyrrrrhl G B rrpocTpaHCTBe 
L 2 (G), npnsop;am;ee, B qacTHOCTH, K aHaJiory ll.n.anmepe.tt!t 
ifjopM.y.n.w )J;JIH TaKHX rpyrrrr, a TaKme K BblAeJieHHIO OCHOB
uo:il:, AOilOJIHllTeJihHOH ll AHCKpeTHOi'i cepn:il: yHHTapHbIX 
IT. T. r. paccMaTpnsaeMoro KJiacca (cM. /(ono.n.nume.ttbllll!t 
cepu!t, /( uclf.pemna!t cepu!t). BamHeHlIIHMH o6rrrHMH aaAa
'laMH TeOpHH ymITapHbIX fl. T. r. HBJIHIOTCH 3aAa'lH lIO
CTpoeHHH., HerrpHBOAHMbIX rrpep;cTaBJieHI~.ii ll ljiaKTopnpe11-
CTaBJieHHH, pa3JIOll\eHHH rrpeACTaBJieHHll B rrpHMOH llHTe
rpaJI, H3y'leHHH p;yaJibHblX o6'beKTOB ll CBH3aHHble c HHMH 
BOlipOCbl TeOpllll cljiepH'l. ljiyHKil,IIH, TeOpHH xapaKTepOB II 
rapMOHH'l. aHaJIH3a, B TOM 'lHCJie - H3y'leHMH pa3JIII'lHblX 
rpyrrrroBblX aJire6p. 

McKJIIO'lHTeJibHO 6oraTblM npHJiomerrnHMH rroAKJiaccoM 
KJiacca JIOKaJihHO KOMIIaKTHblX rpyrrrr HBJIHeTCH KJiacc 
rpyrrrr JlJI. TeoplIH 6eClf.one<tnoM.epnbtX npeocmae.n.enuii 
rpyrrrr Jln, BKJIIO'laIOlil,aH TeOpHIO rrpeACTaBJieHHH KJiaCCJI'l. 
rpynn' HBJIHeTCH O/:\HIIM II3 HaJI6oJiee 6hICTpo pa3BHBaIO
ru;IIXCH paap;eJIOB o6m;eii TeOplIII n. T. r. M Olll;HblM !.JeTOAOM 
II3y'leHHH fl. T. r. JlH HBJIHeTCH op6um M.emoiJ. 

)J,pyroil aamHhIH IlOAKJiacc KJiacca JioKaJihHo KOllrnaKT
l'ibIX rpyrrn o6paayroT KoMrraKTHhie rpyrrnhl. IlpeACTaBJie
HIIH KOMITaKTHblX rp¥IllI - O)J;llH II3 Han6oJiee aaseprneH
HblX paap;eJIOB o6m;eH TeoplIH Il. T. r., HBJIHIOlll;IIHCH HH
CTpyMeHTOM H3y'leHHH fl. T. r., COp;epJKalll;HX KOMJiaKTHble 
rro~rpyrrrrbI. AKTyaJihHblM paaAeJioM TeopHH rrpeACTaBJie
mm KOMrraKTHblX rpyrrrr HBJIHeTCH rpyrrrra 3aAa'l, CBH
aaHHblX c sorrpocaMH pa3JIOJKeHHH orpaHJI'leHJIH Ha rrop,
rpyrrrry ~ TeH3opHoro npo1I3BeAeBHJI KOHKpeTHblX npep,
cTaBJieHHII K~.MrraKTHhIX rpyrrn Jln. PaaAeJioM Teopnn 
rrpep,cTaBJieHIIII KOMilaKTHblX rpyrrrr, HMeIOlll;HM MHOro
'lHCJieHHble IlplIJIOll\eHIIH B aJire6pe ll aHaJIJI3e, .ffBJIHeTCH 
TeOplIH KOHe'lHblX rpyrrrr rrpeACTaBJieHJIH. 

He TOJihKo yrroMHHyTaH Bhlrne aaAaqa nayqeHJIH Hepaa
JIOJKIIMblX fl. T. r., HO ll 6oJiee rrpOCTaH 3ap;aqa OilHCaHHH 
aau.errJieHJIH BIIOJIHe rrerrplIBOAHMbIX rrpep;cTaBJieHIIH CBH
aaHHaH c cooTBeTCTByrom;e.ii: Teopneii KoroMoJiorJiil:, perne
Ha (1983) Jlllllib AJlll rreK-pbIX rpyrrrr, HeCMOTpH Ha ee 
Ba~HOCTh B lIOCTpoeHHll rapMOHll'l. aHaJIH3a Ha rpynrrax. 
)J,encTBIITeJihHO, B TepMIIHaX Hepa3JIOll\JIMbIX fl. T. r. (a 
nMeHHO, BXOP,lllll;IIX B aHaJIHTil'I. IIPOAOJIJKeHHe COOTBeT
CTBYIOll\eH OCHOBHOH cepIIH) P,JIH HeK-pbIX rpyrrn Jlu (COOT
BeTCTBeHHO rpyrrn IllesaJIJie) rroJiy'leH aHaJior TeopeMbI 
IIaJIH - B:irnepa, p,arom;n:il: om1camrn o6pa3a rpynnosoii 
aJire6 phi ljJIIHllTHblX 6ecKOHe'lHO P,Hljiljieperru.npyeMbIX (COOT
BeTCTBeHHO ljJIIHHTHblX JIOKaJibHO lIOCTOHHHbIX) ljiyHKil,HM 
Ha rpyrrrre rrpH npeo6paaoBaHHH ((lyphe (T. e. rrpn oT06-

pameHHH t- ~of (g)n (g)dµ (g), IE K (G), conocTaBJIHIO

m:eM !fiyHKI~IIll Ha rpyrrrre orrepaTOpH03Ha'lHYIO ljiyHKil,IIIO 
Ha MHOJKeCTBe npep,cTaBHTeJieii rrpocTpaHCTBa KJiaCCOB 3K
Bl!BaJieHTH OCTll rrpep,cTaBJieHuii aToii: rpynrrbl). MeHee 06-

m;aH aap;a,;a OIIHC~Hllll scex BilOJIHe Herrpl!BOAllMbIX npep;
CTaBJieHHlI AaHHOH rpyrrnhl perneHa ( 1983) JIHJilh p;JIH Jio
KaJibHo 1wMrraKTHblX rpyrrrr, ljiaKToprpyrrna K-pbIX no 
I~eHTpy KOMrraKTHa (BilOJIHe HerrpHBOAHMble npep;cTaBJie
HllH TaKHX rpynn KOHe'lHOMepHbI, ll Ha6opa 3THX npeA
CTaBJieHHH )J;OCTaTO'lHO AJIH IlOJiyqeHHH aHaJiora TeopeMbl 
IlaJIH - BnHepa) n AJIH HeK-phlx JIHHeiiHhIX rpynn Jlu (s 
TOM 'lHCJie p;JIH KOMITJieKCHblX noJiynpocTbIX). RaK a Te
o pun YHHTapHbIX, TaK ll B TeOpHH HeyHHTapHbIX Il. T. r. 
HaKOilJieH 6oraTblH ljiaKTH'l. MaTepHaJI, OTHOCHIIJ;HHCH K 
KOHKpeTHblM rrpep;cTaBJieHHHM KOHKpeTHbIX rpynn ll K IlpH
JIOll\eHHHM 3THX peayJihTaTOB K OTP,eJibHbIM aap;aqaM rap
MOHH'l. aHaJIH3a Ha TaKHX rpynnax. 

PHA BOIIpOCOB TeopHH Il. T. r. CBH3aH C H3yqeHHeM 
Il. T. r. B npocmpancmeax C unoerfiunumnoii M.empU/f.OU. 
)J,JIH HeK-pbIX rroJiyrrpoCTblX rpynn JlH IlOJiyqeHo IlOJIHOe 
OilHCaHHe BlIOJIHe HeIIpHBOAHMbIX rrpep;CTaBJieHHll B TaKIIX 
npocTpaHCTBaX (K HX 'lllCJIY OTHOCHTCH, B qaCTHOCTH, He
IlPHS.?AHMble KOHe'JHOMepHble npep;cTaBJieHHH TaKHX rpyrrn) 
ll HaHAeHo pa3JIOll\eHHe TeH30pHbIX IlpOH3BeAeHHH HeK-pbIX 
HenpHBOP,llMbIX rrpeACTaaJieHnii 3Toro THila Ha HerrpHBOAII
Mble yHHTapHble npeACTaBJieHHH. TeopnH orrepaTOpHo He
rrpnaop,HMhIX npencTaaJieHHH noJiyrrpocTblx rpynrr Jln B 
rrpoCTpaHCTBaX c HH)J;eljJHHHTHOii M0TpHKOii II onpeneJieHne 
CTpyKTypbl HX llHBapnaHTHblX rrop;rrpocTpaHCTB TeCHO CBH-
3aHbl c a!;!aJIHTll'l. rrpOAOJill\eHneM OCHOBHOH cepHII npen
CTaBJieHHll 3THX rpynn. 

y cnex1I TeOplIH n. T. r. CBH3aHbl c pa3BIITHeM Teopn:n 
npoelf.muenbl.x npeocmaMenuii, !? pacrrpocTpaHeHHeM pnn;a 
MeTO)J;OB Teopmr Up!JACTaBJieHHII rpyrrrr Jln (B 'laCTHOCTH, 
MeTOp,a op6nT) Ha JIOKaJibHO KOMrraKTHhle rpyrrrrhl o6m;ero 
BHAa, a TaKJKe C pa3BIITHeM TeopHH Il. T. r., He .HBJIHIO
IIIII,?'Cll JIOKaJihHO KOMilaKTHblMH (rpyrrrr rJiaP,KHX ljiyHK-
11,Illl Ha MHoroo6pa3HII co 3Ha'leHHHMH a rpyrrrre JIII, rpyrrrr 
p;IIljiljieoMopljJH3MOB rJiaAKIIX MHOroo6pa3Hii:, 6ecKOHe'l
HOMepHbIX aHaJioroB KJiaccH'l. rpyrrrr H HeK-pbIX p;pyrnx). 
lf3yqeHHe rrpencTaBJieHnii Ta1mx rpyrrrr oKaaaJiocb csaaaH
HhIM c Teopnen BepoHTHOCTeH (B qacTHOCTH, Teopnel'l: Map
KOBCKIIX rrpou.eccos) II 3aA8.'laMH CTaTHCTll'l. ljJH3IIKH. 
c Apyroii CTOpOHbl, ycTaHOBJieHbl rJiy6oKne CBH3H TeOpHII 
rrpeACTaBJieHIIM rpyrrrr MaTpHII, 2-ro rropHAKa Han JIOKaJibHO 
KOMUaKTHbIMll lIOJIHMll (n HeK-pbIX CBH3aHHblX c HIIMH 
rpyrrrr) c aap;aqaMH TeopHn quceJI. 

Jlum.: [1] Ba p y T A., p 0 H q R a P., TeopHfl npe)'.ICTaBJie
Hl!IH rpyrm l!I ee np1momemrn, nep. c aHrJI., T. 1-2, M., 1980; [2] 
B l!I JI e H 11 l!I H H. H., Cnenl!IaJibHhle ljJyHRnHD n TeopnH npe11-
CTasJieHHll rpynn, M., rn65; [3] re JI b ljJ a H 11 M M , r p a
e B M. M .• II fl T e ll R H H - ID a IT l!I p 0 M. M .• Teopl!IH npe11-
CTaBJieHHH l!I aBTOMOpljJHbJe tPYHRnl!IH, M., 1966; [4] /I( a Re 8., 
JI e Hr JI e H 11 c P., ABTOMopljJHhle ljJopMhl Ha GL,, nep. c aHrJI., 
M., 1973; L5] JH e JI o 6 e H 11 o ,z:i:. II., RoMna11THhle rpynnhl JI11 
11 l!IX npe)'.lcTaBJieHHfl, M., 1970; [6] er o me, rapMOHl!Iqec11nft 
aHaJIH3 Ha ITOJiynpOCThlX ROMITJieRCHhlX rpynnax Jln, M., 1974; 
[7] JI( e JI 0 6 e H R 0 };(. II .• ill T e p H A. ll .• IIpe)ICTaBJieHl!IH 
rpynn Jil!I, M., 1983; (8] RH pH .TI JI 0 B A. A., 8JieMeHThl TeO
PHl!I npe)'.lcTaBJiem1il, 2 H31l .• M .• 1978; [9] R JI H M hi R A. Y., 
MaTpl!IqHbJe aJieMeHTbI l!I rmalfJljJHITl!IeHThl HJie6ma - rop11aHa npe11-
CTaeJieHl!Ill rpynn, H., 1979; [10] JI e Hr C., SL, (R), nep. c aHrJI., 
M., 1977; (11] Ha HM a p R M.A., HopMl!IpOBaHHhle ROJibna, 
2 1!!3)'.I., M., 1968; [12] er o m ~· TeopnH npe11craBJJeHnii rpynn, 
M., 1976; [13] Gaal S. A., Lmear analysis and representation 
t!'eory, B.-[a.o.], 1973; (14] Lie groups and t~eir representa
tions, Bdpst, 1975; (15] Mackey G. W. Umtary group rep
resentations in physics, probability and number theory Reading 
1978; [16] Non-commutative harmonic analysis, B.-[a.o.J: 
1979. A. 11. filmep><. 

11PE)1;CT ABJIEHMll KOJihIJ;O - KOMMyTaTIIBHoe 
JWJibll,O, orrpeAeJIHeMoe cJieAyIOIIWM o6pa3oM. A,a;AIITHB
HaH rpyrrrra Il. K. nopOIBAeHa KJiaccaMH 3KBHBaJieHTHOCTH 
rrpe/lCTaBJieHHH rpyrrrrw G B seKTopHbIX rrpocTpaHCTBax, 
a orrpeAeJIHIOlll;He COOTHOJileHHH HMeIOT BHA J"l=J"11+l"l2; 

rAe J"I - KJiacc :3KBIIBaJieHTHOCTH HeK-poro lip0ACTaBJie
HHH, J"li- KJiacc 3KBHBaJieHTHOCTII ero rronrrpep;cTaBJieHHH, 
a J"l2- KJiacc 3KBHBaJieHTHOCTH COOTBeTCTByrom;ero ljiaKTOp
npep:cTaBJieHHH :re; orrepa11,1IH yMHomemrn B II. K. cono
cTaBJIHeT KJiaccaM 3KBHBaJieHTHOCTll rrpeACTaBJieHuii J"li II 
l"l2 KJiacc 3IrnHBaJieHTHOCTH HX TeH30pHoro npOH3BeAeHHll. 
Il. K. IIHOrAa Ha3. KO JI b II, 0 M f p 0 Te HA II Ka 
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rpynnhl G . .11.JIH JIOKaJihHO KOMnaRTHhIX rpynu II. K. ecTh n-Mepnoe aeKTOpHoe npocTpancTBo naA noJieM k, 
rpynnhl G npnnHTo na3hIBaTh ROMMyTaTHBHoe ROJihl.\O, f - HeawpmHAeHHaH CMMMeTpHqecRafl 1rn11 3Hai;onepe. 
onpe;o;eJieHHOe onepaIJ,HHMH rrpRMOH cyMMhl Ii! TeH30pHoro MeHHaH 6HJIHHeiinaH «PopMa Ha V) B HHBapHaHTHhIX IlOA-
npomrne;o;enuH B MHomeCTBe KJiaCCOB 3RBHBaJieHTHOCTH npocTpaHCTBax TeH30pHbIX CTeneneii Tm (V) npocTpaHCT-
nenpepLIBHbIX yHnTapnwx npeACTaBJieHnii rpynrrhl G. aa V. ECJin k - noJie nyJieaoii xapaKTepHCTHKH, To ace 
JfayqeHne CTpyKTYPhl II. K. IIJIOAOTBOpHO ,[\JIH KOMilaRT- HerrpHBO,[\HMhle IIOJIHHOMHaJ.IhHble JIHHeMHhle npe,a;cTaBJie-
HhIX rpyrrn, rAe OHO rrpHBO,[\HT K TeopHH ABOiiCTBeHHOCTH Hirn yKaaaHHhIX rpyIIII peamrnyIOTCH B TeH30pax. 
B TepMnnax 6JioK-aJire6p, a TaKme B 6oJiee o6rn;eM cJiy- B cJiyqae k= IC rrepeqn:cJieHHbre BbIIIIe rpyrrnhl HB-
qae ,[\Jiii rpyIIII Tlma I' r;o;e :irnyqenne CTpyKTYPhl II. R. JlflIOTCH KOMIIJieRCHLIMH rpynrraMH Jln: . .11.JIH acex HHX, Rpo-
MomeT 6LITh caeiieuo K 1rnyqeHn:ro cTpyKTypw TeH30pHhIX Me GL (V), ace (,a;ml>«Pepenu;11pyeMhle) JIHIIeiiHwe rrpeA-
rrpon3BeAennii HenpHBO,[\HMhIX YHHTapHbIX rrpeACTaBJie- CTaBJieHHfl nOJIHBOMHaJibHhl; BCHKOe JIHHeii.noe rrpeACTaB-
HlIH. A. H. mmepn. Jienne rpyIIIIbI GL ( V) HMeeT BHA g f-+ ( det g) k R (g), rAe 

IIPE~CTAlfJIEHHll TEOPHH - Teop11n, n:3yqarom;aH k E z, a R - rroJIJIHOMHaJihnoe JIHHeii.Hoe rrpe,a;cTaBJie-
roMoMop<J>n3MbI rroJiyrpyIIn (B qaCTHOCTH, rpynn), aJire6p Hne. RJiaccHqecK11e KOMnaKTHble rpynnhl Jln Um SU 71 , 
IIJIH ,a;pyrHX aJire6panq. CHCTeM B COOTBeTCTBYIOII.(He CHC- On, SOm Spn HMeIOT Te me KOMIIJieKCHble JIHHeHHble 
T0Mhl 3HAOMop«PH3MOB HeK-poii IIOAXOAHrn;eii. CTpyKcypw. npeACTaBJieHHH H Te me HHBapHaHTHhle no,a;npocTpaHCTBa 
Oco6eHHO qaCTO paccMaTpHBaIOTCH JI Il H e Il H LI e B npocTpaHCTBax TeH3opoB, qTo Ii! IIX KOMnJieKCHhle 060-
n p e Ac Ta B JI e H H H, T. e. roMoMop«Pn3MLT noJiy- JioqKia GLn(f,), SLn(C), On(IC), S071 (C), Sp2 71 (C). 
rpyrrn, rpyrrrr, accou;11aTHBHhIX aJire6p HJIH aJire6p JIH IIonoMy pe3yJihT8Thl TeopHH JIHHellHLIX np0ACTaBJieHHfI, 
B noJiyrpynny, rpyrrny, aJire6py JIHHeiiHhIX npeo6pa3o- rroJiyqennwe AJIH KJiaCCHqeCKHX KOMIIJieKCHhlX rpyrrII JI n, 
aannil: HeH-poro BeRTOpHoro rrpocTpaHCTBa v. Ta1me rrepeHOCHTCH Ha COOTB0TCTByIOIIJ;He KOMJiaKTHhl0 rpynnw If 

rrpeACTaBJielllie Ha3. TaNme JI H He ii H bl M n p e A- nao6opoT («ynnTapHhlii. TpIOK» Beil:JIH). B qacTHOCTH, c 
r T a B JI e H H e M B n p 0 c T p a H c TB e v, a v IlOMOIIJ;hIO HHTerpnpoBaHHH no ROMilaKTHOH rpyrrne AOKa-
na3. II p 0 c T p a H c T B 0 M II p e A c T a B JI e H 11 H. 3bIBaeTCH IlOJIHaH npHBOAIIMOCTb JIHHeHHhlX npeACTaBJle-
llaCTO IIOA II. T. IlOHHMaIOT HMeHHO TeopHIO JIHHeHHbIX HIIH KJiaccuqeCKHX KOMITJieKCHhIX rpynn Jin. 
rrpe,a;ctaeJieunii. EcJIH npocTpaHCTBo V KoneqHoMepuo, EcTeCTBeHHoe JIHHeii:Hoe rrpeACTaBJieH11e rpyllllbl GL ( V) 
To ero pa3MepHoCTh Ha3. p a 3 M e p H o c T h ro II p e A- B npocTpaHCTBe Tm ( V) onpeA0JIH0TCfl no <l>opMyJie 
CTaBJieHHH, a caMo npe,a;cTaBJI0HH0-KOHeq- g(v1®···®vm)=gvi:Q9 ... Q9gvm, gEGL(V), viEV. 
H 0 M e p H bl M. TaKHM o6pa30M, pa3JIIrqaroTCH KOHeqHo
Mep&LJe n 6ecKoneqHoMepHbie npeACTaaJieHHH. IIpe,l\CTaB
JieHne Ha3. T 0 q H hi M, eCJIJl OHO HH'beKTIIBHO. 

lfay'l0HHe JIHH0iiHLIX npeACTaBJieHHH noJiyrpynn, rpynn 
Il aJire6p Jln CBOAHTCH K H3yqeHHIO JIHHeHHhIX npe8cmae
.ienuu accoz+uamuen1>1x a,;r,ze6p. A n:MeHHO, JI11neiiHwe npe8-
cmae,;r,enusi no,;r,yzpynn (JiuneiiHhle npe8cmae,;r,enusi zpynn) 
B npocTpaHCTBe v HaA noJieM k HaXOAHTCH B ecTeCTBeHHOM 
B3aHMHO OAH03HaqHoM COOTBeTCTBHII c rrpeACTaBJieHHHMH 
cooTBeTCTBYIOIIJ;eil: rroJiyrpynnoaoil (rpynrroaoii) ame6pbI 
naA k B npocTpaHCTBe V. IIpeACTaBJieHHH aJire6phl JlJI L 
HaA k B3aHMHO OAH03Ha'IHO COOTBeTCTByIOT JIHH0HHhIM 
npe,a;cTaaJieHHHM ee ynHBepcaJihHoii o6epThIBaIOIIJ;eil: aJire-
6pw. 

3aAaHJie mrneiinoro npeACTaBJieHHfl qi aCCOI.(HaTHBHOW 
aJire6pLI A B npocrpaHCTBe V paanocHJihHO 3a11aHnIO Ha V 
crpyKTYPhl A-MOAYJIH, H83blBaeMoro M 0 A y JI e M II p e A
c T a B JI e H n H qi. 1Ip11 paccMoTpenHII npeAcraaJieHnil: 
rpyIInhl G nJIH aJire6phl JIJI L roaopHT TaKme o G-MOAYJIHX 
II.l!H L-Mo,a;yJIHX (cM. Mo8y.1tb). foMOMop<l>H3MhI Mo,a;yJie:ffi: 
rrpeACTaBJieHHH H83. cn,;r,emalOUfUJUU onepamopaMu. lfao
Mop«PHLIM MOAYJIHM COOTB0TCTBYI0T 3 K B ll B a JI e H T
H LI e II p e A c T a B JI e H H H. IIoAMOAYJib MOAyJIH v 
npe,a;craBJI0HlilH <jJ - 3TO IIOAilpOCTpaHCTBO w c v' IIHBa
pnaHTHOe OTHOCHT0JlhHO c:p; IIHAYIJ;Hpyellfoe B w npeA
CTaBJl0HH0 H83. 11 0 A n p e A c T a B JI e H II e M, a npeA
CT8BJI0HHe, HHAYIJ;HpyeMoe B «PaKTopMoAyJie V/W,
«P a R T o p n p e A c T a B JI e H JI e M npe,a;craaJieHHH c:p. 
IIpHMLie cyMMhl MoAyJieii: cooT11eTcTByror npHMhlM cyMMaM 
npeAcraBJICHHii, Hepa3JiomHMhle MOAYJIH - HepaaJiomrr
MhIM npe,a;craBJI0HHHM, npOCThle MOAYJIH - HenpHBO,[\H
MhlM npeACTaBJieHHHM, a noJiynpocrhle MOAYJIH - anoJIHe 
npnBOAHMhIM npeACTaBJICHHHM. OnpeAeJIHIOTCH raKme reH-
1opHoe npOI13BeA0HH0 JIHHellHhIX npeAeTaBJI0HIIR' BH0illHHH 
H CHMM0TpJiq, CTeneHH npeACTaBJieHHH (CM. Tenaopnoe 
npouaeeaenue npeACTaBJICHHH). 

HapHAY c a6crpaHTHOii (nmi: aJire6paJiqecKoii) II. T. 
cyIIJ;ecruyeT TeopHH npeACTaBJieHHll TOilOJIOrH'I. o6'heK
TOB, Hanp. TOilOJIOrHq. rpynn lIJIH 6anaXOBhIX aJire6p 
(CM. Henpepwenoe npe8cmae,;r,enue, IlpeacmaMenue mono-
,;r,oeu'lec1>ou zpynn1>1). o. A. Heanoea. 
IlPE~CT ABJIEHHH KJIACCIPIECKHX fPYIIII 

B T e H 3 0 p a x - JlHHefIHhle npCACT8BJ10HHH rpyIIn 
GL(V), SL(V), O(V,f), SO(V, !), Sp(V,f) (rAe V 

B TOM me npocTpaHCTBe orrpe11:eJieHO JIHH0HHOe np0ACTall
JieHne CHMMeTp11:q, rpyrrnw Sm: 

a (v1 ®· . . Q9 v 111 ) =va- 1 (1) ®· . . Q9 va- 1 (m)' aES 111 , v;E V. 

OnepaTophl nnx ABYX rrpeACTaBJieHn:ffi: nepecTaHoeoqnhl; 
TeM caMhIM B Tm(V) onpeAeJieHo JIHHeii:uoe rrpeAcTaaJJe
HHe rpynnw GL ( V) XS m· EcJIH char k= 0, To IIpOCT
paHCTBO Tm (V) MomeT OhITh pa3Jiomeuo B npHMYIO cyM
MY MHHHMaJihHbIX (GL (V) x s m)-HHBapnaHTHhlX rrop;npo
CTpaHCTB: 

3A0Cb cyMMHpOBaHHe npOHCXOAHT no BCeM pa36HeHHllM 
A qncJia m, coAepmaIIJ;HM He 6oJiee n cJiaraeMLIX, U 'A -
npocTpaHCTBO a6coJIIOTHO HenpHBOAHMOro npe/ICTallJieHJIH 
T'J.. rpynnhl Sm• OTBe'laIOIIJ;ero pa36neHHIO A (cM. Ilpea
cmaMenue cu.M.Mempu'lec1wu zpynnbi), a V'J.. - npocTpan
CTBO H0K-poro a6coJIIOTHO aenpHBO,[\HMOro npe,a;cTaBJI0HHll 
R'}.. rpyIInLI GL (V). Pa3foremu1 A YA06HO rrpe11craBJillTh 
B BH,l\e aa6opoa (A1, A2, ... , An) u;eJihIX 11e0Tp11l.(aTeJihHbIX 
qn:ceJI, YAOBJieraopHIOII.\HX ycJIOBHHM A1;;;.A2;;;. .. .";?!Am 
°I:.;Ai=m. 

IIoAnpocrpaHCTBO V;, Q9U;, cTm (V) pa3Jiaraerc11 B cyM
My MHHHMaJihHhlX G L ( V)-HHBa p11anTHhIX noAnpocTpaRcra, 
B HamAoM H3 K-phlx peaJinayercH npeActaBJICHHe R;,. 
8rn llOAllpocrpaHCTBa MoryT 6h!Tb HBHO noJiy'leHhI IIpHMe
H0HH0M H Tm (V) lOnza cUJUJUempuaamopoe, CBR3aHHhIX c 
pa36HeHH0M A. Hanp., AJIH pa36HeHHH A= (m, 0, ... , 0) 
(cooTBeTCTB0HH0 A=(1, ... , 1, 0, ... , 0) npH m<n) 
dim U 'A= 1 H V;, ®U;, ecTh MHHHMaJihHoe GL ( V)-Hai:ia
pnaHTHoe IlOAilpocrpaHCTBO, COCTOHrn;ee H3 Bcex CUMM0T
pH'I. ( COOTB0TCTBeHHO KOCOCHMMeTpHq.) TeH30poB. 

Ilpe,a;cTaaJieHHe R'J.. xapaKTepH3yeTCH cJieAyIOIIJ;HMH 
caoii:CTBaMH. IIycTh BcGL ( V) - noArpynrra, cocroHIIJ;aH 
HB JIHII0HHLIX onepaTOpoB, K-pLie B H0K-pOM 6a3HC0 (ei, ... , 
en) IIpocTpaucraa V 3annchIBaIOTCH aepxHHMH rpeyrOJih
HhIMII Marpnu;aMH. TorAa oneparophl R'A(b), bEB, nMeror 
0AHHCTBeHHhlH (c roqaoCTbIO AO qncJioBoro MHO»\HTeJIH) 
OOII.\Illl co6CTB0Hllhl:ii BeKTOp v'}.., H83hIBaeMhIH c T a p III Ii! M 
B e K T o p o M npeACTaBJieHHH R;, • CooTBeTCTByroIIJ;ee 
co6CTB0HHOe 3Ha'l0HH0 (c T a p III H ii B e c npeACTaBJie-

HHH R 'A) paano b~~ ... b~~, rAe bii eCTh i-ii AHaronaJib
HLiii aJieMeHT Marpnu,LI oIIeparopa b B 6a3nce (e1, ... , en). 
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IlpencTaaJieHuH R ,_, oTaeqaJOru;ne pa3Jlll'IHhIM paa6ne
HJrnM A, He aHB11RaJieHTHbJ. XapaRTep rrpe/lCTaRJierr11.11 R J. 
HaxonnTCH no qi o p M y JI e B e ii JI H: 

WJ.(Z 1 , ••. ,Zn) 
tr R (g) = , 

le , H'0 (zi. ... ,zn) 

rne z1 , ... , z,,- ROpHn xapaRTep11cT11q. MHoroqJieHa orre
paTopa g, w,_ - o6o6ru;eHHblii orrpeAeJinTeJlb Barrnep
MOH/la, OTReqaJ0ru;11ii pa3611eHHIO A (cM. <Ppo6enuyca rfiop.w,y
Aa), W0- o6wqrrblll: orrpe1leJI11TeJib BaHnepMOH/la. Paa
MepHOCTb rrpeAcTaBJieHHH R ,_ paRHa 

l--l. 

dimR>.=IIi<i ~-( , 
rne l;=A;+n-i. 

Orpami:qeHne npencTaBJieH11H R ,_ Ha yH11MO/lY JIHpHyIO 
rpynny SL (V) Herrp11BoA11Mo. Orparr11qeH11H Ha SL ( V) 
11peACTHBJieH11ii R ,_ 11 R µ 3RBnBaJieHTHbI Torna H TOJlhIW 
Tor,na, 1rnrAa µ;=A;+s (s He 3aR11c11T OT i). OrpaH11qemie 
npe,ncTaRJieHllH R J. rpyrrrrw GLn(k) Ha IIOArpyrmy 
GLn-l (k) HaXO/lllTCH no rrpaR11Jiy: 

R>. laL,,_ 1 (k)= ~µRµ, 

rne µ rrpo6eraeT ace Ha6opw (µ 1, ... , µ,,_ 1), YAORJleTRO
p111oru;ne ycJioBHIO 

Ai~ µ1 ~ A2~ µ2~·. -~ µn-1~ An· 
,[J;JIH BCHROH mrnrpaMMbl lOHra d, OTReqaroru;eii: pa3611e

Blll0 A, TeH3op v1c@udE Tm(V) (o6o3HaqeHllH CM. B CT. 
llpeocmaMenue cu.w,.w,emputtecrwii ipynni.i) HBJIHeTCH pe
ayJihTaToM aJibTepH11poBaHllH no CTOJI6u;aM /lIIarpaMMhl d 
Teaaopa ei,® ... @eim• rAe ik - HOMep cTpoRn A11arpaM
MLI d, B R-poii HaXOAllTCH q11cJio k. TeH30pbl, IIOCTpoeH
HLie TaRllM o6pa30M no RCeM CTaHAapTHblM AllarpaMMaM 
d, o6pa3yIOT 6a311C MllHllMaJlbHOro s m-llHBap11aHTHOfO 
IlOAIIpOCTpaHCTRa Vic @U A' B R-pOM peamrnyeTCH rrpen
CTaRJieH11e TA rpyIIIIhl s m. 

JIHHellHOe npe)J;CTaRJieH11e opTOroHaJibHOll rpyIIIIbI 
0 (V, /) B rrpocTpaHCTBe rm ( V) ycTpoeHO cJiep;y10ru;11M 
ol'ipaaoM. MMeeTCH paaJiomeHHe B rrpHMYIO cyMMY nnyx 
(0 (V, /)XS rn)-11HBapHaHTHhIX rrop;rrpocTparrcTR: 

rm (V) = T'/? (V) EB T'I' (V)' 

f)\e T'/? ( V) COCTOllT 113 6 e c c JI e ll H bl x T e H 3 0 p 0 B, 
T. e. TeH3opoB, CBepTI\a R-pbIX c lfiopMOll f ITO JlI06blM ,l{ByM 
llH/leRcaM paana HYJIIO, a 

T'j' (V) = ~crESm a (Trn-2 (V)@ 1-1). 

IlpocTparrcTRo T'/? ( V) B cnoIO oqepeAb pa3JiaraeTCH B rrp.11-
MYIO cyMMY MllHHMaJlbHblX (0 (V, /)XS m)-11HBap11aHTHbIX 
IlO)\IIpOCTpaHCTB: 

T'/? (V)=~J. V~@U>.,, 
f)\e V~CVJ.. Ilp11 3TOM V~;C:Q TOfAa 11 TOJibRO TOfAa, 

Korna CYMMa A; +A~ RblCOT rrepRbIX /lBYX CTOJI6u;oB Ta6-
JlllD;bl lOHra, OTBeqaroru;eii pa3611eHn10 A, He rrpeaocxOAIIT 

n, II B 3TOM CJlyqae v~ eCTb rrpocTpaHCTBO a6coJIIOTHO He

npllBO)J;IIMOro rrpe/lCTaBJieHllH R1 rpyrrrrbl 0 ( v' /). n pe)l
CTaRJieHllH R1, OTBeqa10ru;11e pa3JI11qHbJM pa3611eHnHM A, 
ue 3.KBHBaJieHTHbl. EcJI11 pa36neHIIe A ynoaJieTBop.11eT 

ycJIOBllIO A~ +A; ...;:n, TO IIOCJle 3aMeHbl rrepnoro CTOJI6u;a 

ero Ta6JI!1D;hl lOHra CTOJ16u;oM BbICOTbl n-A; IIOJlyqaeTCR 

ra6JI11u;a IOHra HeR-poro pa3611emrn X, TaRme YAOBJieTBO
p1110ru;ero aToMy ycJios1110. CooTBeTCTBy10ru;11e rrpencTaaJie

HHH rpyrrrrhl 0 ( v, /) CRH3aHbl COOTHOIDeH11eM R ~ (g)= 
J. 

=(det g) R~. (g) (B 1faCTHOCTll, OHI! IIMeIOT O)J;llHaJWByIO 
paa~te pHOCTb). 

OrpaH11qerr11e npeACTaBJleHHH R~, Ha IIOArpyrrny SO (V, /) 
a6coJlIOTHO HerrpHBOAHMO, 3a HCRJlIOqeHHeM CJiyqa.11, ROrAa 

n qeTHO n l.=X (T. e. q11cJio cJiaraeMhIX pa3611eHHH A paBHO 
n/2). B 3TOM IIOCJieAHeM CJiyqae OHO pacrra,naeTCH Ha.D: non:eM 
k 11Jln ero RBaApaTnqrrbIM pacmnpeHneM B cyMMY .o:ayx 
He3RBHBaJleHTHb!X a6coJIIOTHO HerrpnBO/lHMblX rrpeACTaB
JieHllH OAllHaROBOll pa3MepHOCTH. 

Ilp11 Bhlq11cJierr1111 paaMeprrocT11 rrpeAcTaBJieHHH Rf 
MOll\HO C'IHTaTb, qTO A; <.n/2 (B rrpOTHBHOM CJIY'lae cne

AYeT 3aMeHHTb A Ha X). IlycTb l;=A;+nl2-i. Tor)la npH 
HeqeTHOM n 

. 0 [n;,] l; [n/,] (l;-11) (!;+II) 
dim R ,_ = IJ - II . . ( . ") , 

i= I n/2-i i, i= l i<i (J-i) n-i-1 

a rrpn qeTHOM n II Ai= r 
• 0 rrn/2 (l;-l1) (1;+11) 

d1 rn R J. = . . 1 . . -,.....-,,,.--.,.-.,--
'· 1= , i<1 (j-i) (n-i-j) 

Ilpu A= 1 rrocJieAHHH qiopMyJia AaeT rroJIOBHHY pasMep

HOCTn rrpeACTaBJieHllH Rt T. e. pa3MepHOCTb Ram).{oro 
H3 COOTBeTCTByroru;nx eMy a6COJIRJTHO HeIIplIBO/lHMhlX npe.u;
CTaBJieHllll rpynrrhl SO (V, /). 

PaanomeH11e IIpOCTpaHCTBa Tm(V) OTHOCHTeJibHO CHllol
IIJieRTllq, rpyrrrrhl Sp (V, /) aHaJiornqHo paaJiolR0HHIO OT
HOCHTeJlhHO opTOfOHaJibHOll rpyrrrrhl, c TOM pa3HI<lll;eii:, 'ITO 

V~i=O TOrAa H TOJlbRO 1'0rAa, ROrAa Ai...;:n/2. PaaMep

HOCTb rrpeACTaBJieHllH R~ BaXOAUTCH B 3TOM CJiyqae IIO 
qiopMyJie 

. o Iln/2 l; Iln/2 (li-ll) (l;+lj) 
dtrnRJ.= . I ., . . . 1 · ·· (" · · · 2' t= n/t.-i+1 '• 1= , t<J 1-i)(n-1-i+ ) 

rAe l;=A.;+nl2-i+1. 
Hum.: [l I B e if J1 b r.' l\J1acc11qecH11'.e rpynnhl, IIX l1HBap11-

aHTbl 11 npe11cTaHJiemrn, nep. c aHrJ1., M., 1947; [2] /Ke J1 o 6 e H
K o ,!J;. II., l\oMnaKTHhie rpynnh! Jl11 11 11x npencTaBJleHIIJI, M., 
1970; [3] X a Me p Mew M., Teop1rn rpynn 11 ee np11MeHea11e 
11 cjmanqecKHM npo6J1eMaM, nep. c aHrJ1., M., 1966. 

8. B. BU'lt6epa, 
IlPE,ll,CT ABJIHIOID;AH <l>YHKIJ;MH - Henpepb!BHaH 

qiyHRD;llH f Ha TOilOJlor11q. npocTpaHCTBe x' CHa6meH
HOM Herr.PepbIBHhIM AeiicTBlleM HeR-poii rpynnhl G, op6HTa 
R-poil: {g*/lgEG} B rrpocTpaHCTBe acex HenpephIBBhIX 
qiyHRD;Hll Ha x rropOiRAaeT ROHeqHoMepHoe IIOAIIpOCTpaH
CTBO. Il. qi. IIHO!'Aa Ha3hIBaIOT TaRme C qi e p lI 'I e CR 11-
M II, llJlH II 0 q T II Ii H B a p ll a H T H bl M H, qi y H R
u; H H M 11. Il. qi. CO 3HaqeH11HMlI B IIOJie k= IR. HJIH C 
06pa3y10T G-11HBap11aHTHy10 k-rro)lanre6py F (X, k)o B 
ame6pe acex k-3HaqHhIX HerrpepbIBHhlX qiyHxu;nii: F (X, k) 
Ha X. B cJiyqae, Ror,a;a X = G - TOIIOJiornq, rpynrra, )leiicT
ayroru;a.11 Ha ce6e rrp11 IIOMOIII;H JieBhIX C,IJ;BHfOB, F(X, k)o= 
=F(G, k)o COBIIaAaeT C IlOAIIpOCTpaHCTBOM B F(G, k), 
rropomAeHHblM MaTpnqHbIMII aJieMeHTaMn ROHeqHoMepHb!X 
HerrpepbIBHhIX JI11Heii:Hb!X npeACTaBJieHnii rpynrrh! G. EcJIH 
rrp11 3TOM G ROMIIaRTHa, TO MOiRHO orpaHnqnTbCH MaTpnq
HhIMII aJieMeHTaMH Herrp11BOAnMhIX npeACTaBJieHHii. Harrp., 
ecnn G= T - rpyrrrra aparu;eHHH rrnocRoCTn, To IT. ¢. sa 
G - 3TO Tp11roH0MeTp11q, rroJI11HOMhl. ,ll,pyrnM npuMepoM 
RBJIHIOTCH RJlacc11qecR11e clfiep11q. qiyHRD;HH Ha ctl>epe, 
R-pbie CYTb Il, qi. ,IJ;JIH CTaH)J;apTHOfO p;eHCTBHH rpyIIIlhl Bpa
ru;eHllll cqie pb!. 

EcJI11 G - RoMrraRTHaH TorroJior11q. rpyrrrra, Henpep1a
HO AeMCTByJOrr~aH Ha rrpocTpaHCTBe x' HBJIRIOiu;eMCll ol5'b
eA11HeH11eM cqeTHOfO q11cJia ROMilHRTOB, TO F (X, k)c; 
IIJIOTHO B F (X, k) OTHOCllTeJibHO ROMilaRTHO OTKpldTOi!: 
TorroJior1111 (CM. !Iemepa - Beu.Mi meope.w,a). AHan:orHq
Hble yTRepmAeHllR crrpaBeAJIHBbl AJIR Il. qi. pa3Jil'l"qHldX 
cTerrerreii rJiaARocT11 Ha A111filfiepeHu;11pyeMoM MHorootipa
a1111 c rJiaJ(J\llM AeMCTBHeM ROMIIaRTHOll rpyrrrrhl Jin. c .i:i:py
roil: cropoBbI, ecJin G ue AorrymrneT HeTp11BI1aJihHhlX aenpe
pbIBHhIX roMoMopqin:3MOB B ROMIIaRTHYIO rpynrry (Ha
npHMep, G - CBH3HHH IIOJiyrrpoCTaH rpynrra Jin tiea 
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KOMllaKTHhIX IIpOCThIX cpaKTOpoB), TO BCHKaH Il. cp. Ha 
KOMIIaKTHOM IIpOCTpaHCTBe x c HeIIpephIBHhIM AeHCTB!IeM 
rpyIIIIhl G HBJIHeTCH G-1rnaapnaHTHoii [4]. 

EcJ1n rJJaAKOe AeilcTBne KOMIIaKTHOl'i rpyIIIIhl Jlia G 
Ha AHcpcpepeHI~npyeMOM MHOroo6pa3HH x nMeeT Jl.l:IIIlh 
KOHe'JHOe 'IHCJIO THIIOBop611T, TO aJ1re6pa F 00 (X, k)o Bcex 
Il. cp. KJlacca C"" KOHe'JHO IIOpomAeHa HaA IIOAaJ1re6poii 
acex G-11HBap11aHTHhIX cpyHK~Hii KJ1acca C00 (cM. [5]). 
B qaCTHOCTR, AJIH OAHOPOAHOro IIpocTpaHcTBa X aJ1re6pa 
F ( X, IC) 0 = F 00 ( X, IC) a KoHe'JHO IIopomAeHa n oTom
AeCTBJJHeTCH c aJ1re6poii peryJ1HpHhIX <)iyHK~Hil: Ha acpcpHH
HOM OAHOPOAHOM aJ1re6pa111J. MHoroo6pa3HH HaA IC, MHO
mecTBo aeme~TBeHHhIX To'JeK K-poro coaIIaAaeT c X. 
BamHo:ii: AJIH upnJ1omeHH:ii: HBJIHeTCH 3aAa'la o pa3J1omeH11n 
G-Mop;yJ1H F (X, IC) 0 B IIPHMYIO cyMMy IIpoCThIX G-M0Ay
J1eii. B CJlyqae, KOrAa x - CHMMeTpH'IeCKoe 01:\HOPOAHOe 
IIpOCTpaHCTBO KOMIIaKTHOH rpyIIIIbl G, OHa 6h!Jla peII!eHa 
8. RapTaHoM [1]. 

06o6meHneM Il. cp. HBJIH!OTCH II p e A C T a B JI H 10~ 
m 11 e c e q e H 1:1 H HeK-poro aeKTOpHoro G-paccJ1oeH11H 
E Hail G-IIpocTpaHCTBOM X, T. e. HeIIpeph!BHhle ce'leHHH, 
G-op61:1Thl K-phlx IIopomµa10T KOHe'lHoMepHhle II0µ11po
CTpaHCTBa B IIpocTpaHCTBe f(E) acex HeIIpepbIBHhIX ce
qeanii:, HaIIp. IIpe11cTaBJ1H10il.l1:1e TeH3opHhle IIOJIH Ha rJ1aA
KRX MHoroo6pa31:1HX c rJla)lKHM µeiiCTBl:leM rpyIIIIhl JI1:1 
G; oHH 06pa3y10T G-IIOAMOAYJlh f(E) 0 cr(E) (cM. [5]). 
ECJIH rpyIIIIa G KOMIIaKTHa, TO IIO)lMO)lYJlb f (E) Q IIJIOTeH 
B f(E). B CJly'lae, Korp;a x - Cl:IMMeTp1:1qecKoe O)lHOPOA
HOe npocTpaHCTBO rpymrn G, 1:13yqeHo (cM. [3]) pa3J1ome
H1:1e G-MOAYJIH f(E)a Ha npoCThle .KoMIIoHeHTbI. EcJ111 me 
x - KOMIIaKTHOe O)lHOpop;Hoe IIpOCTpaHCTBO IIOJlynpo
CTOH rpyIInhl JI1:1 G 6e3 KmrnaKTHbIX cpaKTOpoB co CBH3Hoii 
cTa~H?HapHoii IIoµrpyIIIIon, TO 

dim r (E)a < oo 
(CM. [2]). 

Jlum.: [1] Cart an E., «Rend. Circ. Mat. Palermo», 1929, 
v. 53, p. 217-52; [2] .ll a 0 !3 a H q a, «YcneXH MaTCM. HaYR>>, 
1975, T. 30, B. 5, C. 203-04, [3] ,ll 3 lI )'.(bl K KJ. B., «)J;OK.n. 
AH CCCP», 1975, T. 220, M 5, c. 1019-22; (4] JI y Ka I.\ K H ii 
A. M., «YcnexH MaTeM. HaYK», 1971, T. 
26, B. 5, C. 212-13; [5] 0 H HI.I.\ HK y 
A. JI., «Tp. MOCK. MaTeM. 06-Ba», 1976, 
T. 35, c. 235-64. A. JI. Onuu1u11:. 

IlPEKPAW:EHlUI T011KA -
oco6aH TO'lKa IIJIOCKOH KpHBOH, B 
K-poii KpnBaH o6ph!BaeTCH. 0Kpy;K
HOCTb )J;OCTaTO'lHO MaJloro pa,!lnyca x 
C ~eHTpOM B fi. T. IIepeceKaeT ~+----~--
KpHBYIO TOJlbKO B 0,!IHOH TO'JKe. 
Hanp1rnep, y KpIIBoii: y= x lnx 
Il. T.- Ha'JaJIO Koopp;nHaT (CM. pHC.). BCB-3. 

IIPEOBP A30BAHBE - oT06pameHne u aeK-poro 
MHomecTBa M (aoo6me rmiopH, aaµeJ1eHHoro HeK-poii 
CTPYKTypoii:) B ce6H. 06pa3 aJ1eMeHTa a EM IIpn IIpeo6-
pa3oBaHnn u o6o3HatJaeTCH u(a), HJIH ua, HJIR au, HJIH au. 
CoaoKyIIHOCTh acex Il. MHomecTBa M B ce6H 06pa3yeT 
OTHOCHTeJlbHO- oIIepa~nn yMHomeH1rn (cyIIepIIo3n~nn) npe
o6paaoeanuu no.;iyzpynny, Ha3b1BaeMy10 c H M M e T p n
'l e c K 0 ii II 0 JJ y r p y II II 0 ii Ha MHomeCTBe M. 06-
pa THMhle 3JleMeHTh! 3Toii IIoJlyrpyIIIIhl Ha3. no&cmanoe,,,aJ.tu. 
Bee IIOACTaHoBKn Ha MHomecTBe M 06pa3y10T IIo,!lrpyIIIIY 
CHMMeTpH'I. IIOJlyrpyIIIIhl - CUJ.tJ.temputJeCh"YIO zpynny. 

CM. TaKme llo&cmanoeo,,, zpynna, llpeo6paaoeanui1 
zpynna. 0. A. HBanoea. 

IlPEOBPA30BAHllll rPYIIIIA - no&cmanoeo,,, zpyn
na (G, M), ,!leiicTBy10maH Ha MHomecTBe M. Ilpn 3TOM ecmr 
Ha MHomecTBe M oIIpe,!1eJ1eHa KaKaH-J1n60 CTPYKTypa n 
aJ1eMeHThl RB G 3TY CTPYKTYPY coxpaHHIOT, To IIpHHHTO 
roaopnTL, 'ITO G ecTh rpyIIIIa IIpeo6pa3oBaHHii 3TOH 
.CTpyKTypLI. HanMeHoBaHl:le n. r. o6h!'JHO OTpa;KaeT B 
aeK-poi Mepe aanMeaoaaane CTPYKTyphl, orrpe,!1eJ1eaHoii 
na M. TaK, HaIIp., ecJ1n M - Bel\Topaoe IIpocTpaHCTBo 
HaA TeJIOM, TO rpyIIIIb!, coxpaHHIOil.lIIe 3TY CTPYKTYPY, 

Ha3. .;iuneilnhiJ.tu zpynna.Mu. EoJ1ee o6mo, mmeiiHLIMH 
rpyrrrraMH Ha3. 'JaCTO rpyIIIIbl aBTOMopcpH3MOB MOAyJlei:i 
HaA pa3J1H'lHh!M11 KOJlh~aMn. B qacTHOCTH, ecJIH M - cao-
60,!IHhlii: KOHe'JHOMepHhIH MOAYJlh HaA KOJlb~OM :£; ~eJlhIX 
'lHCeJI, TO roaopHT o ,,,pucma.;i.;iozparfiutJec,,,ux zpynnax. Ecmr 
M - TOIIOJIOfH'J. IIpOCTpaHCTBO, a G COCTOHT l13 aBTOfOMeo
MOpcpH3MOB IIpocTpaHCTBa M, TO roaopHT o rpyIIIIax ae
IIpeph!BHbIX IIpeo6pa3oBaHuii. EcJ111 M = K ecTb noJ1e, a 
G - KOHetJHaH rpynna aBToMopcpH3MOB noJIH K, To G 
HBJIHeTCH rpyIInoii faJ1ya pacrrmpeH1rn Kl L, rAe L - IIOA-
110J1e, COCTOHil.lee H3 3JleMeHTOB, HeIIOABHIBHbIX npn ,!leil:
CTBHH aJ1eMeHTOB H3 G. PaccMaTp11aaeTCH TaKme cnTya~nH, 
KOrAa rpyIIIIa G n MHomecTBo M cHa6meHhl CTpyKTypaMH 
OAHoro 11 Toro me T11rra, rrp1:1'IeM AeiicTBHe rpynnbl G Ha 
M HBJIHeTCH Mopcpn3MOM B COOTBeTCTBYIOil.leii: KaTeropnu. 
Hanp., ecJ1n G - TonoJ1orH'l. rpyIIna, HeIIpeph!BHO AeiicT
ay10maH Ha TOIIOJIOfH'l. IIpOCTpaHCTBe M, TO roaopHT 0 
mono.;iozutJernou zpynne IIpeo6pa30BaH11ii; aHaJ1orn'lHO 
onpeAeJIHIOTCH Jlu zpynna npeo6paaoeanui1, a.;ize6pau'tecnasi 
zpynna npeo6paaoeanui1. 

Jlum.: [1] MaTeMaTHRa, ee CO)lepmaHue, MeTO)lhl H 3BB"ICHHC, 
T. 3, M., 1956, r.n. 20. JI. A. J(CJ.11y:HCH.un. 

IIPEOBPA30BAHBII IIOJIYrPYIITIA - acHKaH 
IIOAIIOJlyrpynna CHMMeTpH'l. noJ1yrpynrrhl T Q• r,!le T g
COBOKYIIHOCTh acex npeo6pa3oBaHnii MHomecTBa Q. 1.JacT
IIhIM CJJyqaeM Il. II. HBJIHIOTCH npeo6paaoeaHUU zpynnhi. 

Il.n.P1 ET!J,• P 2cTg, Ha3.nOA06Hh!MH, ecJIH 
cymecTBYIOT 6neK~nn cp: Qr~Q2 n 'ljJ : P 1-+P 2 TaK1:1e, 
'ITO IIpn ua=~(a, ~EQ1 ; uEP1) nMeeT MecTo ('ljlu) (cpa)= 
= cp~. fiO,!I06Hhle Il. II. H30MOpcpHhl, HO o6paTHOe, B006me 
roaopH, HeBepHo. 0,!IHaKo B npe,!1eJ1ax HeK-phlx KJlaccoB 
Il. II. H3 H30MopcpH3Ma Bh!TeKaeT IIO,!lo6ne. TaKOB, Hanp., 
KJJaCC Il. II., BKJIIOqaIOil.lHX BCe TaKHe npeo6pa3oBaHHH U, 

'ITO uQ COCTOliT H3 O,!IHOfO 3JleMeHTa. 3a,!laHHe IIOJlyrpyn
IIhl KaK II. II. HeceT 60J1hIIIYIO HHcpopMa~n10, qeM ee 3aµa
Hne c TO'JHOCTblO AO H30MopcpH3Ma. 

IlpnH~nIInaJ1bHO aamHo Bhl,!leJleHne caoiicTB II. n., HH
aapnaHTHhIX OTHOCHTeJlhHO H30MopcpH3MOB . .[(JIH HeK-poro 
I\JlaCCa Il. II. f yCJIOBHe, IIpH K-pOM IIOJlyrpyIIna S 
113oMopcpHa HeK-poii: noJ1yrpyIIne H3 r, Ha3. a 6 c T p a KT
rr 0 ii x a p a K T e p H c T H K 0 ii K JI a c c a r. Haii
AeHhl a6cTpaKTHhle xapaKTepncTnKn AJIH HeK-phlx aamHhIX 
n. n. BcHKaH IIOJlyrpyIIIIa H30MopcpHa HeK-po:ii n. n. 
IloJ1yrpyIIna S Tor,!la n TOJlbKo TOrAa n3oMopcpHa HeK-poii 
CHMMeTpiaq, IIOJlyrpynIIe T !J• KOr,!la oaa HBJllleTCH MaKCH
MaJlhHhIM IIJIOTHhIM H):leaJlhHhlM pacurnpeHneM (cM. Pac
wupenue II0J1yrpynnhl) KaKoii:-J1n60 noJ1yrpynnhl A c 
TOmAeCTBOM xy= x. 

lfa o6me:ii Teopnn Il. n. Bhl,!leJ1HeTCH HanpaaJJeHHe, IIpn 
K-poM rrpeo6pa3yeMoe MrromecTBo Q HaAeJleHo HeK-pon 
CTPYKTypoii: (TOIIOJIOrneii, ,!leHCTBHeM, OTHOIIIeHneM B Q H 
T. II.), H paccMaTpHBa!OTCH Il. II., CBH3aHHh!e C 3TOH 
CTPYKTypo:ii (3H,!IOMop¢n3Mhl, HeIIpeph!BHh!e HJlll JIHHeH
Hh!e IIpeo6pa3oBaHHH, c&euzu no.;iyzpynn n T. ,!I.). lfay
'leHHe COOTHOII!eHHH Me;KAY CBOHCTBaMH CTPYKTYPhl B Q 
H CBOHCTBaMn IIOJlyrpyIIIIhl COOTBeTCTBYIOil.lllX npeo6pa3o
BaHHii HBJIHeTCH o6o6meHneM Teopnn faJ1ya. B tJaCTHOCTH, 
ll3BeCTHhl CJlyqan, J\Of,!la yKa3aHHaH Il. II. BIIOJIHe onpe,!le
JIHeT CTPYKTYPY (cM., Hanp., 9nfJoMoprfiuaJ.toe 110.;iyzpynna). 
CaoiicTBa JleBh!X H IIpaBbIX C,!IBHrOB IIOJlyrpynn HCIIOJlh3y
IOTCH B o6meii Teopnn noJ1yrpynII. 

06o6UieHneM IIOHHTHH upeo6pa3oBaHHH HBJIHeTCH 'I a C
T n q H o e rr p e o 6 p a 3 o B a H n e, 0To6pama10mee 
KaKoe-J1n60 IIO,!IMHomecTBO Q' cQ B Q. EnHapHoe OTHO
IIIeHne Ha MHomeCTBe Q HHOrAa TpaKTYIOT KaK MHOf03Ha'l
HOe (aoo6me roaopH, qacTnqHoe) IIpeo6pa3oBaHne aToro 
MHomecTBa. PaccMaTpnaaeMbJe OTHoc1:1reJ1hHO oIIepa~nH 
cynepno3H~HH (oIIpe,!1eJ1HeMoii KaK yMHomeHne 6HHap
HhIX OTHOllieHnI'i) 0,!IH03IIa'JHhle H MHOf03Ha'lHh!e qaCTI!'lHh!e 
IIpeo6pa3oBaIIHH TaKJKe o6pa3yIOT IIOJlyrpynnh!. neJle
COo6pa3HO pacntaTpnaaTh 11x I\aK noJ1yrpy11nw, Ha,!leJleH· 
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Hhle AOIIOJIHHTeJihHbIMil CTPYKTypaMn (aarrp., OTHOIIIeHneM 
SKJIIO'JeHHJI 6nHapHbIX OTHOIIIeHuil:, SKJIIO'lemrn HJIH pa
seHCTSa o6aacTeii orrpeAeJieHuJI, SKJIIO'leHuH uJiu paseH
CTsa o6pa30S ll T. A.). 

Jlum.: (1] JI H n 11 H E. C., IloJJyrpyrrrrbl, M., 1960; [2] 
l\ JI H cjJ cjJ o p A A. X., II p e c T o H r. B., AJ1re6ya11qec1rnfl 
TeopHH rroJJyrpyrrrr, rrep. c aHrJJ., T. 1-2, M., 1972; (3 r .11 y c
K H H JI. M., «MaTeM. c6.», 1961, T. 55, M 4, c. 421-48.: (~] 
Schein B. M., «Semigroup Forum», 1970, v. 1, M 1, p. 1-62. 

JI. M. I'Jtycnun, E. C. Jlsmun. 
IIPEIIHTCTBHE - rroHJITHe roMoTOIIH'l. rorroaomu; 

llHSa puaHT, paSHblll HYJIIO' eCJill COOTSeTCTSYIOII(aJI 3aAa'la 
paapenmMa, II OTJIIl'lHbIH OT HYJIJI - s rrpoTHSHOM cJiyqae. 

IlyCTh (X, A) - rrapa KJieTO'lHhlX rrpocTpaHCTS u Y -
OAHOCSH3HOe (6oJiee o6ll(o - roMOTOIIH'leCKlf rrpocToe) 
Torroaorn'l. rrpocTpaHCTBo. MomHo JIM AaHuoe uerrpepbIBHoe 
oTo6pameHne g : A-Y rrpoAOJill\HTh AO HerrpepbISHoro 
oTo6pameHuH I: x-Y? IlpoAoJimeuue MomHo ocyll(e
CTSJIJITh no OCTOSaM xn rrpOCTpaHCTSa x. IlyCTb IIOCTpOeHO 
TaKoe OT06pameHHe I : xn u A-Y, 'ITO f 1...i = g. ,ll,JIJI JII06oil: 
opueHTHposaHHOH (n+1)-MepHOH KJieTKll Sn-y OT06-
paiKeHHe f laen+l aaµ:aeT OT06 pameHne sn-y (rAe Sn 

ecTh n-MepHaH c¢epa) H aJieMeHT rxe E :rcn(Y) (nMeHHO 
3AeCh H HCIIOJib3yeTCH rOMOTOIIIl'l. rrpoCTOTa rrpocTpaHCTSa 
Y, II03SOJIHIOII(aH nruopnposa Th Sbl6op OTMe'leHHOH TO'l
KH). TaKnM o6paaoM, soaHnirneT Kouerrh 

c'/+1Een+l(X; :rtn(Y)), c'tl(en+l)=rxe. 

TaK KaK AJIH en+ 1cA, otieSHAHO, c'f+ 1(en+ 1)=0, TO Ha 
caMoM AeJie 

c{+iEcn+ 1 (X, A; :rtn (Y)). 

O'JeSHAHO, .c?+l= 0 TOrAa H TOJlhKO TOTAa, KOrAa I rrpo
AOJill\aeTCH Ha Xn+1, T. e. Kouerrh Cf+l JISJIJieTCH II p e
ll JI TC TS He M K IIPOAOJill\eHIHO I Ha Xn+l. 

I\ouerrbc7+1Een+l(X, A; :rtn(Y)) HSJIJieTCH KOUHKJIOM. 
Ha Toro, 'ITO c7+ 1=0, soo6ll(e rosopJI, He cJieAyeT, 'ITO g 
He rrpOAOJill\aeTCH Ha x : I MomeT He IIPOAOJiiKaTbCH Ha 
Xn+l S C!IJIY aeyJla'lHOTO Sbl6opa IIpOAOJill\eHHH g Ha Xn. 
MomeT 01rnaaThCH, aarrp., 'ITO oTo6pamemrn f jxn-1 U A 

IIPOAOJill\aeTCH Ha xn + 1, T. e. 'ITO IIPOAOJill\eHne S03M0ll\HO 
rrocae oTcTyrrJieHnH Ha OAHH mar. OKaablsaeTcH, 'ITO Il. 
K 3TOMY HSJIHeTCH KJiacc KOrOMOJiornii 

[c{+i]EHn+i (X, A; :rcn (Y)), 

TO eCTh [cr+ll=O TOTAa H TOJihKO TOrAa, KOTAa cyll(eCTSyeT 

TaKoe OT06pamemte 1: Xn: 1 LJA-Y, 'ITO 1/xn-ILJA= 

=ljxn-1u A (s 'laCTHocTn, f /A=g). ,ll,JIJI AOKaaaTeJihcTsa 

aToro YTBepmAeHHJI HCIIOJih3yeTCH KOHCTPYKUHH paaJtu
'llllOUfeii. 

TaK KaK 3aAa'ly roMoTorrn'l. KJiaccn¢uKaunn oTo6pa
meuni'i: x-Y MOmHo HHTeprrpernposaTh KaK aaAaqy rrpo
AOJimeHnH, TO TeopnH Il. rrpnMeHnMa n K orrncaHmo MHo
mecTsa [X, YJ roMoTorrn'l. KJiaccos 0To6pamem1ii na X s 
Y. IlyCTh /=[0, 1] n rrycTh A=XX {O, 1} - IIOAIIpocT
paHCTSo s XX/. TorAa rrapa oTo6pamemi:ii / 0 , 11 : x-Y 
irnTeprrpeT:npyeTCH KaK oTo6pameH:ne G : A-Y, G (x, i)= 
=li\x), i=O, 1, :n HaJI:n'l:ne roMOTOIIl!H MelKAY lo Hl1 03Ha
•rneT HaJI:n'lll.e oTo6pamemrn F : X X 1-Y, rrpoAoJimaIO
ll(ero oTo6pamemie G. Ilp:n aToM ecJI:n roMoTOIIHJI F rro
CTpoetta Ha n-MepHOM OCTOBe IIpOCTpaHCTBa X, TO Il. Kee 
rrpoAoJimeH:nIO Ha X ecTh paaJI:n'laIOII(aJI 

d" Uo, fi) Een (X; :rtn (Y)). 

B Ka'JeCTBe rrp:nJiomeH:nJI MOJKHO y1rnaaTh OIIll.CaH:ne MHO
mecTsa [X, Y)=-~[X, K(:rc, n)), n>1, rAe K(:rt, n) - 9ii
.aen6epea - Ma11.aeii1ta npocmpancm1Jo; :rt; (K (:rt, n))=O 
IIPJl i:j:n, :rt,,(K (:rt, n))=:rc. IlycTh lo: x-K (:rt, n) -
nocTOHHHOe oro6pamea:ne, a I: x-K (:re, n) - IIpo1rn-

soJihHoe HerrpephlBHoe oTo6pamemi:e. TaK KaK Hi (X; 
:rtj{Y))=O rrp:n i <n, TO lo H 11 roMOTOIIHbI Ha Xn-l H MOif<HO, 
SbI6pas KaKyIO-HH6YAh TaKyIO rOMOTOIIHIO, orrpeAeJIHTh 
paami:qaJOII(yIO 

an (f, /o) E en (X; :re,, (Y)) =en (X; :rt). 

I\aacc KoroMoJioruii [dn (f, 10 )) EHn (X; :rt) orrpeµ:eJieH 
!WppeKTHO, T. e. He aas:nCHT OT Sbl6opa TOMOTOIIHH MeiKAY 
lo :n I (s c:nay Toro, 'ITO :rtj(Y)=O rrpn i<n). ,IJ,aaee, eca:n 
OTo6pameH:nJI I, g: X-Y TaKOShl, 'ITO (dn(f, lo))= 
=[dn(g, lo)J, TO [dn(f, g)]=O :n, 3Ha'l:UT, I Hg rOMOTOIIHbI 
Ha Xn. n. K IIPOAOJill\eHBIO ::JTOll TOMOTOIIHH Ha see x JiemaT 
s rpyrrrrax Hi(X; :rt;(Y))=O (TaK KaK i>n), n, :rna'l:nT, 
oTo6pameH:nJI I :n g roMOTOIIHhl. TaK:nM o6paaoM, roMoTo
rr:n'l. KJiacc oTo6pameHuH f rroJIHOCThIO onpeAeJIJieTCH aJie
MeHTOM [dn (!, 10)) EHn (X, :rt). HaKoHeu, AJIH JII06oro 
aJieMeHTa x E Hn ( X, :re) aaiiAeTCJI OTo6pameH:ne I c 
[dn(f, 10))=x :n IJOTOMY [X, K(:rt, n))=Hn(X; :re). Aaa
Jior:n'lHO: eca:n :re; (Y)= i rrpn i<n u dim X ~n, TO [X, YI= 
=Hn(X; :rc,,(Y)). 

II pu :nccJieAoSaHun aaAaqu rrpoAoJimeH:nJI paccMaTpusa
aacb S03MOll\HOCTh IIPOAOJiiKeH:UH IIOCJie (<OTCTYIIJieH:UH ua 
OAHH mar». IloJIHoe pemeHHe aaAa'l:n Tpe6yeT aHaa:naa 
S03MOll\HOCTll rrpOAOJill\eHHH IIQCJie OTCTyIIJieH:UH Ha rrpo1rn
SOJibHOe 'lllCJIO maros. ,ll,JIJI ::JTOH ueJIH HCIIOJih3YIOTCH IW

WMO.ttoeu11ect>ue onepalfUU HJIH llocm1tut>o1Ja cucmeM&i. 
TaK, AJIH orrncaH:nH MHomecrsa [X, Y), IAe :rci(Y)=O 
rrpH i<n, :rtn(Y):j:O, dim X=n+r; Tpe6yeTCH, soo6ll(e 
rosopH, HCCJieAOSaTh S03MOll\HOCTh OTCTynJieHHH ua r+1 
mar, AJIJI qero HaAO nccJieAoSaTh rrepshle n+r aTame:ii: 
CHCTeMbI IlocTHHKosa rrpoCTpaHCTSa Y, T. e. HCIIOJlh30-
saTb KOrOMOJIOr:U'l. orrepauu:n IIOPHAKOS ~r (s CT. Koeo
MO.ttOeutteCt>Ue onepalfUU aTa aaµ:aqa paao6paHa AJIJI r= 1 ). 

Teop:nJI Il. HCIIOJih3yeTCH TaKme S 6oaee o6ll(eH CHTya
UHH IlPOAOJimeHHH ce11e1tuii. IlycTh p : E -+B - HeK-poe 
paccaoeH:ne co caoeM F (rrp:n'leM :rt1 (F)=O :n :rc1 (B) Ae:ii:
CTsyeT Ha :rci(F) Tp:ns:naJihHO), rrycTh AcB :n s: A-E -
HeK-poe cetJeHue (T. e. TaKoe HerrpephlSHoe oTo6pameHue, 
'ITO ps(a)=a). MomHo JIH rrpoAOJiiKHTh s Ha see B? CooT
seTCTBYIOII(:ne Il. aemaT s rpyrrrrax Hn+ 1(B; :rtn(F)). 3a
Aaqa rrpoAoJimeH11JI IIoJiy'laeTCH :na aToii: aaAa'l:n, eca:n rro
aom:nTh B=X, E=XX Y, p(x, y)=x, s(a)=(a, g(a)). 
AHaJIOTH'lHbIM o6paaoM C IIOMOJUb!O Teop:nH Il. IICCJieAy
eTCH :n aaAa'la KJiacc:n¢:nKau:n:n ce'leH:nii. 

Ha:iwueu, s aaAa'le IIPOAOJimeH:nJI MomHo CHJITh orpa
Hll'leH:ne roMOTOIIH'l. rrpoCTOTbI IIpOCTpaHCTSa y (:n aHa
JIOr:U'lHO s aaAaqe 0 ce'JeHHHX); AJIH ::JTOro HaAO HCIIOJib30-
SaTb KOrOMOJIOr:n:n c JIOKaJibHbIMII Koa¢¢11u:neHTaM:n. 

IO. B. PyaRn. 
IlPECJIE,lJ;OBAHHH HrP A - aHTaroHuCTil'lecKaH 

A:n¢¢epeHu:naJihHaJI I1rpa rrpecJieAoSaTeJIJI (AoroHJIIOII(ero) 
P :n rrpecJieAyeMoro (y6eraIOII(ero) E, ,a;s:nmeHHJI K-pbIX 
OIIHCbISaIOTCJI C:UCTeMaMH AH¢¢epeHu:naJibHbIX ypasHeHuii: 

P: X=f (x, u), E: y=g (y, v), 

rAe x, y - ¢aaosble ueKTOpbI, orrpeAeJIH!Oll(He COCTOHHHH 
:nrpoKos P II E cooTseTcTseHHo; u, v - yrrpasJIJIIOII(:ne 
rrapaMeTphl, sbI6:npaeMble :nrpoKaM:n s Kall\AhlH MoMeHT 
speMeH:n :na aaAaHHbIX KOMIIaKTHbIX MHOmeCTS u, v 
esKJIIIAOSbIX rrpocTpaHCTS. UeJibIO P MomeT 6hlTh, narrp., 
c6JI:nmeH:ne c E Ha aaAaHHoe paccTOJIH:ne, 'ITO ¢opMaJihHo 
03HaqaeT IIOIIaAaH:ne x s l-oKpeCTHOCTh y (l~O). Ilpll 
::JTOM paaJI:n'laIOTCJI CJiy'la:n c6JI:nmeH:UH aa MHHHMaJihHOe 
speMH (Il. n. Ha 6 bl c T p 0 A e ii c Ts II e), K 3aAaHHO
MY MOMeHTY speMeHH (Il. n. c II p e A II H ca H H 0 ii: 
II p 0 A 0 JI m ll T e JI h H 0 c T h IO) H AO MOMeHTa AOCTH -
meHHJI 11rpoKoM E HeK-poro MHomecTsa (:nrpa c «JI:nH:neii 
m:naHH»). CpasHHTeJihHO xopomo :ii:ay'leHbI urphl c IIOJIHOH 
HH¢opMau11eft, KOrAa o6a :nrpoKa 3HaIOT ¢a30Bble COCTOH
mrn APYf Apyra s Kall\AbIH reKyll(IIH MOMeHT speMeHn. 
IloA perneaueM Il. n. rroH:nMaeTcJI HaxomAeH:ne c:e:TyauHH 
paBHosec1u1. 
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Jlum.: (1] II o HT p 11 r 11 H JI. C., «YcneXR MaTeM. uayK», 

1966,T.21,B.4,c.219-74;[2] RpacoBCKllli H.H.,Cyii
ii 0 TH H A. IL, lI0311UllOHHhlC lllllflcjlepeuunaJibHhle 11rpb1, M., 
1\l74; (3] A Ji 3 e Kc P., )];111flcjlepeuu11aJihHhle 11rpb1, nep. c aHrJI., 
M., 1967; [4] II e T po c "H JI. A., )];11cjlcjlepeuunaJihHbJe 11rpb1 
npecJie)loBaHHfl, JI., 1977. JI. A. IIempocmt. 

IlPHBJiliiKEHHE - TO me, qTo annponcu.Ma!Jusi. Tep
MHH «II.» 1rnorAa YIIOTpe6JI.11eTCH B CMhlCJI0 I1p116mi:maIO
m;ero o6'heKTa (Hailp., HaqaJihIIoe II.). 

IIPHBJlliiKEHIIE B CPE~HEM - I1p11:6mi:meH11e 
3aAaHHOH H HHTerpepyeMOH Ha 11poMemyTRe la, bl lfiyHK-
1\HH f (t) lfiyHKl\Heii cp (t), KorAa 3a Mepy 11orpemHocT11 
I1pHHHTa BeJIHqHHa 

µ(f, cp)= ~:1 t (t)--cp (t)I at. 

B 6oJiee o6m;eM cJiyqae, KorAa 

µ (/, cp) =~:If (t)-cp (t) lq da (t) (q > 0), 

rAe a (t) - Hey6hlaaIOm;aH Ha [a, b I OTJI11qHa.11 OT 11ocTORII
Hon lfiyIIKl\HH, roBOpHT 0 c p e A H e c T e II e H H 0 M (c 
IIOKa3aTeJieM q) II p II 6 JI II ii\ e H H II OTHOCllTeJII.HO pac
rrpeAeJieHllH da(t). Ecmi: a(t) a6coJIIOTHo HeI1pephlBIIa 
II p (t)= a' (t), IIOJiyqaIOT c p e A H e c T e II e H H 0 e 
II p II 6 JI II ii\ e H II e c B e c 0 M p (t), eCJill lf(e (J (t) -
CTy11eaqaTaH lfiyHRil;llH co CKaqKaMll ck B TOqKax tk H3 
[a, b], TO llpHXOAHT K B 3 B em e H H 0 My c p e AH e
c T e II e H H 0 M y II p II 6 JI II ii\ e H H IO B CllCTeMe 
ToqeK {tk} c Mepoii I10rpenrnocT11 

µ (/, cp)=~kckl f (t,.)-cp (tk)lq· 

EcTeCTBeHHhlM o6pa3oM aT11 llOHHTllH o6o6m;aIOTCH Ha 
CJiyqaft ibyHKl\llH MHOrllX 11epeMeHHhlX. 

Jlum.: 111 r 0 H q a p 0 B B. JI., Teop1111 llHTepnoJ111poaau1111 
II npHOJIHlfleHllll cjlyBKUUit, 2 113Jl., M., 1954; [2] H HK 0 JI b
e K H it c. M.' IlpllOJIH)f(eBHe cl>YHKl\lllt MHorux nepeMeHHhlX II reo
peMhl BJIOIBeHHR, 2 113)l., M., 1977. 

H. II. Rop><eiI'tyn, B. II. Momop><?JLU. 
IIPllBJIHiKEHlIE (f>YHKIJ;Jlll - 3aMeHa 110 011pe

AeJieHHOMY I1paB11Jiy lfiyHKl\1111 t (t) 6Jill3KOH K Hen B TOM 
llJill llHOM CMhlCJie lfiyHKl\lleH cp (t) 113 3apaHee lfi11KC11po
BaHHoro MHomecTBa 'in (II p 11 6 JI H m a IO m; e r o M H o
·>« e c TB a). IlpeA110JiaraeTc.11, qTo lfiymm,11.11 f oI1peAeJieHa 
Ha TOM MHomeCTBe Q m-MepHoro eBRJillAOBa IlpOCTpaHCTBa 
(B qaCTHOCTH, µ;eHCTBllTeJibHOH oc11), Ha K-pOM ocym;ecTBJIH
eTCH np116JI11memie, oHa MomeT 6hITh 3aAaHa HBHO qepe3 
aJieMeHTapHhle ilJyHKl\1111 11JI11 6h1Th pemeH11eM HeK-poro 
ypaaHeH11JL EcJI11 o 1fiyHmi;1111 f (t) paciloJiaraIOT HenoJIHon 
1rnlfiopMal\11eft, To TOrAa peqh 11AeT, 110 cym;ecTBy, o 11p11:-
6JI11meII11:11 3aAaaaeMoro aToil: 11:1IlfiopMaIJ;11eft IJ;eJioro KJiacca 
<JiyHRIJ;llH. 

IlpaKT11q. Heo6xoA11MoCTh B II. q,. B03HllKaeT B caMhlX 
pa3JillqHhlX CHTyau;e.11x, ROFAa HYiKHO lfiyIIKIJ;llIO f (t) aaMe
HllTb 6oJiee rJiaAKOll llJill 6oJiee IlpOCTOH II YA06Hoii AJIH 
Bb1q11CJieH11n, BOCCTaHOBllTb lfiyHKIJ;llOHaJihHyIO 3aBllCll
MOCTb IIO aKCI1ep11MeHTaJibHhlM AaHHhlM H T. II. 

B o6m;eft 3ap;aqe II. q,. o6hlqHo MOil\Ho BhlAeJIHTh cJieµ;y
IOm;ee 6oJiee qaCTHhle 3aAaq11: Bhl6op 11p11:6JI11maIOm;ero 
~rnomeCTBa 'in; Bhl6op Mephl 11orpemHoCT11 np116JI11meH11.11; 
Bhl6bp MeTOAa I1pH6Jillil\0HllH, T. e. IlpaBllJia, 110 K-poMy 
cpyHKD;Hll f ( t) COIIOCTaBJIHeTCH lfiyHKIJ;llH cp ( t) 113 'in; 
llCCJiep;oBaH11e II OIJ;eHKa 11orpeIIIHOCTH 11p11:6JIHiKeHHH. 

II p11 B hi 6 0 p e II p H 6 JI II ii\ a IO m; e r 0 M H 0 ii\ e
c T B a 'in. llOMHMO 6e3yCJIOBHoro Tpe6oBaHllH 06ecI1e
qnTh ffYiKHYIO TOqHoCTb rrp11:6JIHil\eH11.11, pyKoBOACTBYIOTCH 
ctpeMJieH11eM HMeTb p;eJio c rrpoCThlMll no CTPYKType 11 
y,11;06Hh1M11 AJIH ah1q11CJleHn.11 lfiyHKIJ;llHMll cp (t), Ha K-phle 
MoryT HaKJiap;hlBaTbCH anpnopHhle ycJIOBllH, CBH3aHHbie, 
Ha11p., c rJiaAKOCTbIO. 

l\JiaCCnq. anI1apaTaM11 rrp11:6JIHil\eHHH HBJIHIOTCH aJire
Gpa11qeCKne (ecJI11 Q - orpaHI1qeHuoe 3aMKHyroe MHome
cTBo) H Tp11roH0MeTp11qecK11e (a rrep11op;11q. cJiyqae) 
IIOJIHHOMLI oµ;Horo II MHOrHX 11epeMeHHhlX. lIIHpoKoe npe:-

MeHeHI1e 11x B KaqecTBe 11p116JII1il\aIOm;ero MHomecTBa o6y
CJIOBJieHo, B qacTHOCTII, 11pnHu;11m1aJibHOH B03MOil\HOCTbIO 
rrp116JIH311Tb He11peph1BHYIO lfiyHKIJ;HIO aJire6panqeCKHMH 
HJill Tp11rOHOMeTp11q, llOJillHOMaMll c JIIOOOH Ha11epeA 3a
AaIIHOH rrorpemHOCThIO. ToqHOCTh 11p11:6JI11:lf\eH11.11 MomeT 
6h1Tb llOBbIIIIeHa 3a cqeT yaeJI11qeHIIH CTelleHII llOJIHHOMa, 
qTo, OAHaKo, ycJIOil\HHeT rrp116JillllrnIOm;11n a1111apaT ll 
yaeJI11qI1aaeT BblqllCJillTeJibHhle TPYAIIOCTll rrp11 ero HC
IIOJib30BaHHH. Ha npaKTllKe B KaqecTBe np116JI11maIOm;ero 
MHOlf\eCTBa 6epyT IIOAIIPOCTpaHCTBa aJire6pa11qeCKHX llJIH 
TpHrOHOMeTpilq, IIOJIHHOMOB lfinKcnpoBaHHOro IlOPHARa 
II CTp0MHTCH IIOJiyqHTb HYiKHYIO roqHOCTb c IIOMOill;bIO 
IIOJIHHOMOB B03MOil\HO MeHbmeii: CTerreHn. BoJiee o6m;nn II 
B TO me apeM.11 6oJiee rI16Knn arrrrapaT rrpI16JI11:memra rroJiy
qaIOT, paccMaTpHBaH o6o6m;eHHhle IIOJIHHOMhl 

cp (t)=c1cp1 (t)+ ... +cNcpN(t), 

rAe {cpi. .. ., cp N} - HeK-pa.11 cncTeMa mrneii:Ho Heaaa11-
c11Mhlx lfiyHKIJ;HH, K-pyIO MOil\HO Bhl611paTb B 3aBllCllMOCTH 
OT ycJIOBHH KOHKpeTHOH 3a)laqI1 II anp11opHhlX Tpe60BaH11ii 
Ha cp (t). 

Bo MHorex 3aAaqax 6oJiee ecrecraeHHhlM 11 yAo6HhlM c 
Bhlq11cJI11TeJibHOH ToqKll 3peHllH' qeM KJiacc11q. IIOJillHOMbI' 
an11apaTOM rrp116JI11Ji\eH11.11 oKa3aJIIICh cn.ttaii.nbi. EcJIH 

flN={a=T~ < T1 < ... <TN= b}, N ~ 2, (1) 
cp11Kc11poBaHH00 pa36HeH11e 0Tpe3Ka [a, b], TO (11 0 JI II HO
M II a JI b H hi M) c n JI a ii H 0 M llOPHAKa r AelfieKTa 
k (k= 1, 2, .. ., r) 110 paa6I1eH11IO !lN Ha3. lfiyHKIJ;llIO s(t), 
«CKJieeHHyIO» B ToqKax •i. T2, .. ., 'N-l 11a aJire6paI1q. 
MHoroqJieHoB crenemi: r TaK, qTo Ha aceM oTpeaKe [a, b] 
Olla He11pephlBHa BMeCTe co CBOllMll 11p0113BOAHhlMll AO 
(r-k)-ro IIOfHAKa BKJIIOqI1TeJibHo. TamlM o6pa3oM, s (t) E 
ECr-l<[a, b H s(t) ecTb aJire6pa11q. MHoroqJieH CTeneIIII r 
Ha KamAoM IlpoMemyrKe (Ti-i. • 1), i=1, 2, .. ., N. 
Harrp., JioMaHa.11 c y3JiaM11 B roqKax 'i ecTb c 11 JI a ii: H 

II e p B 0 r 0 II 0 p H A K a A e q, e K T a 1; HerrpephlBHO 
A111filfiepeHl\llPYeMaH Ha [a, b] lfiyHKIJ;llH s(t), COBIIaAaIOm;a.11 
Ha [•i-h •;], i=1, .. . , N, c Ky611q. MHoroqJieHoM, ecTh 
Ky 6 II q e c K II ii: c n JI a :ii H A e q, e KT a 2 H T. A· 
AHaJior11qHo oI1p0A0JIHIOTCH c11JiaHHhl ABYX 11 6oJibmero 
q11:cJia rrepeMeHHhlX. llMeH KOHeqeyIO rJiaAKOCTh, CIIJiaHHhl 
o6JiaAaIOT 6oJibIIIefi, qeM IIOJillHOMhl, JIOKaJihHOH r116Ko
CTbIO: 113Me1IeH11e aHaqeHnn cnJiaii:Ha Ha HeK-poM rrpoMe
myTKe (a, ~) MaJio CKa3hlBaeTCH (HJill COBCeM He CKa3hlBa-
0TCH) Ha IIOBeA0HHll ero BHe (a, ~). Ilpe11Mym;ecTBa CIIJiail.
HOB, IIOMllMO rrpoCTOThl MaIIIHHHOH peaJIIl3aD;llH, CKa3hl
BaIOTCll, B qacTHOCTH, TaM, rAe 11HlfiopMau;11.11 0 IIpH6JI11lf\ae
MOH lfiyHKD;Hll HMeeT AllCKpeTHhlll xapaKTep, Jiallp. 3Ha
q0HllH B H0R-pbIX ToqKaX caMoii lfiyHRIJ;llll f 11, 6hITb MOlf\eT, 
HeK-phlX ee rrpoH3BOAHhlX. 

EcJI11 f (t) eMeeT oco6eHHOCTII HJill rrp116JI11lf\eHne ocy
m;ecraJI.11erc.11 B HeorpaHeqeHHo:ii 06Jiacr11, To YA06HhlM 
a11rra pa TOM np116JI1Ilf\eHHH HBJIHIOTCH paIJ;IIOHaJibHhl0 Apo611 
p (t)/q(t), rAe p (t) 11 q(t) - aJire6pa11q. MHoroqJieHhl. 3a
p;aHHhle Ha ace:ii A0HCTBllTeJibHOH OCH HerrepHOAHq, lfiyHK
IJ;llll IlpH6JI11maIOT TaKme u;eJihlMll lfiyHKIJ;llHMll aKCIIOH0H
IJ;IlaJibHOro T11rra. 

M e p a rr o r p e m H o c T H µ (!, cp) Bhl6I1paerc.11 
o6hlqHo c yqeroM ycJIOBllH KOHKperHo:ii 3aAaqH II 11MeIO
m;eiic.11 11:HlfiopMaIJ;1111 o rrp116JII1maeMoii lfiyHKIJ;Illl f (t). 
qam;e ecero AeJio caop;11Tc.11 K Bhl6opy CoAepmam;ero f 
lfiyHKIJ;HOHaJibHOro rrpoCTpaHCTBa, B M0Tp11K0 K-poro u;e
Jiecoo6pa3HO OIJ;eHllBaTb rrorpeIIIHOCTb rrpn6JilllK0HllH. 
ECJIH 

µ (/, cp) =sup If (t)-cp (t) I, 
t E Q 

TO peqb llA0T 0 p a B H 0 M e p H 0 M, llJIH q e 6 bl III e B-
C K 0 M, II p II 6 JI II ii\ e II II H, eCJII! me 

µ(f, cp)= ~QI f (t)-cp (!)IP dt, p > 0, 
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ro roaopHT o c P e A H e c T e n e H H o M n p n 6 JI n- Ecm1 'iJ1 - mrnei'rnoe MHoroo6pa3ne n: B HeM cym;ecTByeT 
)!\ e H ll ll, K-poe npn p=1 Ha3. II pH 6 JI u JR e H n e M CHCTeMa lf>YHKIIUI! <i'i. ... , (j)N TaKaJI, qTO Qli (ti)=1, 
8 c p e AH e M. Oco6oe 3HaqeHne llMeeT CJiyqaii: p=2 - Qli (tk)=~O (k=Fi), TO lf>yHKIJ;llJI 
c p e A H e K B a A p a T H q e c K 0 e II p ll 6 JI II lK e
H n e, Korp;a rrorpemHoCTh Ha1rnyqmero rrpn6JinmeHHH 
il>YBKu;nn f KoHeqHoMepHblM rrop;rrpocTpaHCTBOM MOlfleT 
6h!Th TOqffO BblpameHa qepea HeK-pble orrpep;eJinTeJin. 
B HeK-pblX aap;aqax Tpe6oaamrn 6JIH30CTH lf>yHKIJ;Hii: f 
ll <p B pa3JIHqHblX ToqKaX pa3JillqHbI; )J;JIJI yqeTa 3TOH He
OABOpOp;HOCTH BBOjJ.JIT oecooy10 rPYlll>lfUIO p (t)~O H pac
CMaTPH1!_alOT B 3 B e ill e H H 0 e II p H 6 JI H lK e H H e 
c MepoH rrorpeIIIBOCTH 

11111! 

µ (!, <p)=sup It (t)-cp (t)I p (t) 
IE Q 

µ(/, <p)= ~Ql/(t)-<p(t)IPp(t)dt, p > 0. 

BecoaaH lf>YHKIJ;HJI rroaaoJIJ1eT TaRme o6ecrreqnTh KoHeq
eocTh rrorpemHoCTH, ecJin, Harrp., t (t) Heorpam1qeHa. 
EcJIH norpenrnoCTh p;oJimHa yqnThlBaTh 6JrnaocTh f n: 
tp TOJibKO B OT)J;eJibHbIX TOqKax tk (k= 1, ... , N) H3 
Q, TO B KaqeCTBe µ (/, cp) MOlKHO Bbl6paTh OP.HY H3 BeJinqnH 

11/lH 

max I I (t k) - <p (t k) I 
1<,k~N 

8 K-pwe TaRme MOfYT BBO)J;HTbCJI BeCOBbie Koalf>lf>n:u;neHTbl. 
Ilplil pemeHHII aorrpoca o TOM, rro RaKoMy npaanJiy Bbl-

6HpaTb H3 MHOJKeCTBa 'iJ1 rrpn:6JIHlKaIOIIJ;YIO li>YHKIJ;HIO 
tp(t)=<p(/,t)(rrpn Bhr6ope MeTop;a rrpn6Jin
lK e B H JI), ecTeCTBeHHO CTp0MJieHH0 06ecrreq11Tb IIO B03-
~I01RHOCTH 6oJiee Bb!COKYIO TOqHOCTb rrpn6m1meHHJI H op;
HOBpeMeHHO npOCTOTY IIOCTpoeHHll <p (/' t) no HMeIOIIJ;eHCJI 
Hnlf>opMau;nn o rrpn6JinmaeMoii lf>YHRU:HH f (t). Ilepaoe 
rpe6oaaHne opneHTHpyeT Ha «6Jinmaii:myIO» R f (t) lf>YHR
qmo (j)j(t) H3 'iJ?, T. e. TaRyIO, qTQ 

µ(/,<pi)= infµ(!, cp). 
<p E ~l 

311ecb cpaay me B03HHRaIOT BOI!pocbl 0 cyiu;eCTBOBaHHH 
n eAHHCTBeHHOCTH TaROH lf>YHRU:Hll (If> y H R ll H H H a H
J! y q me r o rr pH 6 JI n me H n J1), a TaKme o ee 
xapaRTepncT11q. caoiicTaax (cM. [5]). Cyiu;ecTBoaaH:e:e 
rapaHTHpyeTCJI, eCJIH 'iJ1 - 3aMKHYTOe JIORaJibHO ROM-
03KTHOe MHOll\eCTBO, B qaCTHOCTH ROHeqHoMepHoe nop;
rrpOCTpaHCTBO. EAHHCTBeHHOCTb 3aBHCHT RaR OT CBOHCTB 
nptt6JI:e:maIOiu;ero MHomecTa_a 91 (cM. Xaapa yc,;r,ooue, 
'le6Mmeoa,, cue me.Ma 4>YHRIJ;HH), TaR n OT MeTpHRH, onpe
Jl0JIJIIOIIJ;eH Mepy rrorpemHoCTH µ (/, <p). MaaecTeH PJ1A 
eeo6xoAHMblX H AOCTaTOqHb!X YCJIOBHH, K-pblM AOJill\Ha 
YJIOB:!eTBopHTh TYHRD;HJI Ha11ayqrnero npn6JinmeHHJI Ql/ (t) 
B TOH HJIH llHOll Cl!Tyau;nH (CM. Hau.1ty<tmezo npu6.1tuJ1Ce
llUR .M1tozo11,;r,en, 'f e6bimeea meope.Ma, M api>ooa i>pume
puii). 0AHaRO 3TH KpHTepHH, RaR npaBI!JIO, He p;aIOT CIIO
co6oe alf>lf>eKTHBHOfO IIOCTpoeHI!JI li>YHKIJ;HH <pf (t). IloaToMy 
60JibIDOe 3HaqeHHe HMeIOT MeTO)J;bl, K-pble II03BOJIHIOT no 
11nlf>opMau;nn o rrpn6anmaeMoll: lf>yHRIJ;HH f ( t) alf>lf>eKTHB
no IIOCTpOHTb HeK-pyIO lf>YIIKIJ;HIO <p (/' t) H3 \)(, o6ecneqn
saIOiu;yIO np11eMJi:eMoe npn6Jinmerrne. 3p;ecb, B nepayIO 
oqepep;b, Hap;o roaopHTh o JI n H e ii H bl x M e T o
il ax (KorjJ.a <p (a1/1+a2/ 2 , t)=a1<p (11, t)+a2<p (/2 , t)), 
K K-pb!M, B qacTHOCTH, OTHOCHTCll MeTOA HIITepnOJIHD;HH. 
3alf>HKC11pOBaB ToqKll t1, ... , tN H3 Q, MOJKHO Bbl611-
paTb <p (/, t) cpep;n Tex lf>yrrKU:Hii qi (t) H3 \)(' K-pble YAOB
JieTBOpllIOT YCJIOBHIO HIITeprroJUll~HH 

(2) 

rrpnHap;JiemnT SJl n YAOBJieTaopJ1eT ycaoa11J1M (2); oBa 
aap;aeT ll B T e p II 0 JI JI ll 11 0 H B bl i!: M e T 0 A II p B-
6 JI H lK e B H JI, JIBJIJIIOIIJ;HHCJI, oqeBH)J;BO, JI11B0llHblM. 
<PyBRD;ll!O <p (/, t) MOlKHO Bbl6npaTb, Tpe6yJ1 COBIIa)J;eBHH 
B ToqRax tk Be TOJibKO f (t) 11 qi(/, t), Bo 11 BeK-pblx ax 
npoH3BOjJ.HblX; B 3TOM CJiyqae fOBOPJIT 06 H B T e p II O

JI H .P 0 B a B H H c K p a T H bl M H ya JI a M H. EcJIH 
Q=[a, b), a~~ <t2< ... <tN~b, TO cyiu;ecTayeT ep;HB
CTBeHHhlH aJireopanq. MHoroqJieH cTeneHH N-1, a a ue
nepno~nq. CJiyqae (b-a=2n, tN=t2n-l <b) - e;ri;HBCT
BeHHblll TPllfOHOMeTpnq. IIOJIHHOM rropHp;Ra n-1, COBIIa
jJ.aroiu;nii: c f (t) B ToqRax tk. RpaTHoe HHTepnon::e:poBaHBe 
ocyiu;eCTBJIJIIOT HHTeprroJIJIIJ;HOHHble IIOJIHHOMbl 9pMHTa, 
qaCTHblM CJiy<IaeM K-pb!X J1BJIJ1eTCJ1 MHoroqJieH Teii:Jiopa 
Rorp,a B O)J;HOH TOqRe aJire6panq. MHoroqJieHOM CTeneHll ~ 
HBTepnoJI11pyIOTCJI 3HaqeHHJI lf>YHRIJ;HH H ee IIepBbIX n 
rrpoH3BO)J;HbIX. 

l1HTeprroJI11poBaHne CIIJiaHHaMH HMeeT CBOH oco6eH
HOCTH, CBJl3aHHble c Bbl6opoM ToqeK HHTepIIOJISID;HH H 
Rpaeablx ycJioanii:, o6ecneqn:aaIOlllHX cyiu;ecTBoaaH:e:e n: 
ep;HHCTBeHHOCTh HHTepnoJIJID;HOHHoro cnJiail:ua. Harrp., 
CrrJiaiiH s (t) n_opJ1p;Ra r~2 µ:eqieRTa 1 DO pa36HeHHIO (1), 
npnunMa10m;nn aap;aHHble auaqeHHJI B N paaJinq&hlJ: 
TOqRax ti HHTepaaJia (a, b) TaKllX, 'ITO 'ti-1 <.ti<'ti, i= 
= 1, 2, ... , N, cy~ecTayeT H ep;n:BcTBeH, ecaH aa;ri;aTL 
onpeAeJieHHblM o6paaoM Kpaeable ycJioBHJI B anp;e m4 qu:
ceJI sM (a) (O~vo;;;;r-1) H mb qnceJI s(µ) (b) (0<.'J<r-1), 
npnqeM ma+mb=r. <l>yBKIJ;HH /E Ck-I [a, b MOlKHO 
O;rJ;H03BaqHo COIIOCTaBHTb CDJiaHH s (f' t) IIOPJIARa 2r-1 
1wlf>eRTa k (1 <.k <.r) rro paa6neHHIO (1), noTpe6osaB Bbl
rroJIBeHnH paaeIICTB sM (f, 'ti)=/(V) ('ti), v=O, 1, ••• , 
k-1; i= 0, 1, ... , N, a rrpH k < r TaRme HeK-pblX RpaeahIX 
YCJIOBllii. Il pll k= r 3TOT CIIJiaHH Ha3. 3 p M I! T O B bl M, 
a TaKme JI 0 K a JI b H, bl M, T. R. ero IIOBe/WHHe Ha HH
TepBaJie (•1-i. i;,.) orrpep;eJIJleTCJI TOJibRO 3BaqeHHJIMH 
li>YHKU:HH /(t) lJ ee rrpoH3BOP,HblX /M (t) (v=1, •.. , k-1) 
B TOqKaX 'l:i-1 H 'ti· 

B n. If>. Ball\HYIO pOJib HrpaIOT TaRme JIHBeHHble Me
TOP,bl, nocTpoeHHble Ha 6aae paaJiomeBHJI npn6Jim1tae
Moii: li>YHKu;nn B PJ1A <I>yphe no BeR-poll: opTOrouan:i.uoll: 
CHCTeMe. B qacTHOCTll, B nep11op;n:q. CJiyqae mHpORO pac
rrpocTpaHeHHblM annapaToM rrpn6JIHJKeHHJI JIBJIJIIOTCH CYM
Mbl <l>ypbe rro TpnroBoMeTpnq. cncTeMe H HX paaJIHqHhle 
ycpep;BeHHJI (cM. Jipu6,;r,uJ1Cenue rfiyni>lfuii; JIHHeHHbl0 
MeTO)J;bl npn6JIHJKeHHJ1). 

M c c JI e A o B a H 11 e H o u; e B R a u o r p e m-
H 0 c T H II p H 6 JI H lK e H H JI - Ball\HblH c npaRTH'I. 
ToqRn apeHHJI n s To me speMH Hau6oJiee cop,epmaTeJIL
Hbli1 B np;eiIHOM OTBOIIleIIHI! 3TaII Il. If>. J1MeHBO pa3pa-
6oTKa MeTOl\OB ou;eHRH norpemHoCTH, nayqeune aaa11cH· 
MOCTH ee OT rJiap;KOCTHblX xapaKrepnCTHK npn6JIHll\aeMoii 
lf>YHRIJ;HH, HCCJieAOBaHne H cpaBHeHne annpoKCHMaTHB• 
HblX CBOHCTB pa3JIHqBb!X anrra paTOB npH6JIHlKeHHJI np11-
BeJIH R ¢opMnpoaaHHIO Teopnn rrpn6JIHll\eHllJI lf>YBRD;llll -
op;Horo H3 Ban6oJiee HHTeHcnsrro paaanaaIOIIJ;HXCH pa3Ae· 
JIOB MaTeMaTHq. aHaJin3a. 

<f>yH)l:aMeHT TeOpHH Il. If>. 6b!JI 3aJIOlKeH pa6oTaMH 
Il. JI. lJe6bIIlieBa B 1854-59 (CM. (1)) 0 Hal!JlyqmeM 
paBBOMepHOM rrpn6JI11JKeHHH uerrpepblBHblX li>YHKIJ;HH 
MIIoroqJieHaMll H pau:noHaJibHbIMH p;po6J1Mll, a TaR:lKe pa-
6oTaMH R. Beii:epmTpacca [2], p;oRaaaamero B 1885, qTo 
AJIH JII06oi1 uerrpepb!BHOH Ha 0Tpe3K0 [a, b] HJIH HenpepbIB
HOH ua sce1'i ocn c nepno;ri;oM 2n lf>YHKIJ;HH f (t) cyiu;ecT
ayer IIOCJie)J;OBaTeJibHOCTb aJire6paHqecKHX ( COOTBeTCT
BeHBO TpnroHoMeTpnqecKnx) DOJIHHoMoB Pn(f, t) no-
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pHp;Ka n= 1, 2, . . . TRKaH, qTo npu n - ClO 

µ(!, Pn(f))=maxlf(t)-Pn(f, t)l->0, 
IE Q 

rp;e Q eCTb [a, b] HJIH, COOTBeTCTBeHHO, BCll qHCJIOBaH OCb. 
AnaJIOfHqHhle cpaKTbl HMeIOT MeCTO H B CJiyqae, Korp;a 
Mepa norpeIIIHOCTH onpep;eJIHeTCH HHTerpaJibHOH MeTpH
KOH, a TaRme p;JIH qiynm:i;nll: Mnornx nepeMeHHhIX. Oco-
6y10 BaH\HOCTb npHo6peTaeT HCCJlep;oBaHHe CKOpOCTH y6hl
BaHHH qe:cJioaoll: nocJiep;oaaTeJihHOCTH µ (f, Pn (!)) B 3a
BHCHMOCTH OT CBOHCTB npH6JIHmaeMOH «!>YHRIJ;HH H OT 
Bbl6opa npn6J1Hma10IIJ;HX noJIHHOMOB P n (f, t). Han6oJib
llIHH HHTepec npep;CTaBJIHeT H3yqeHHe HaHJlyqmero npH-
6JIH1ReHHH, a TaRme npH6JIH1ReHHH, p;ocTaBJIHeMoro JIH
HeHHhIMH MeTOAaMH, n03BOJIHIOIIJ;HMH no qiyHKIJ;HH f (t) 
aqiqieKTHBHO nocTpOHTh noJIHHOM P n (f, t). BamHhIH nan 
B pa3BHTHH TeOpHH IT. qi., CBH3aHHbIH c HMeHaMH 
ill. lli. BaJ1Jie ITycceHa (Ch. J. La Vallee Poussin), 
,II.. ,Il.meKcoHa (D. Jackson), C. H. EepHmTell:Ha, coc-Ta
BHJIH HCCJiep;oBaHHH CBH3H Memp;y CROpOCTbIO y6bIBaHHH 
norpellIHOCTH npH6JIH1ReHHH qiyHKIJ;HH f (t) BbIOpaHHbIMH 
TeM HJIH HHbIM crroco6oM MHOroqJieHaMH p n (!, t) CTerreHH 
n (npH n-+ ClO) H p;uqiqiepeH11;HaJ1bHo-pa3HOCTHbIMH caoll:
CTBaMH f(t). 0Ka3aJIOCb, qTQ 3TH CBOHCTBa, T. e. HaJIH
qne y f (t) npoH3Bop;HhIX, nx rJ1aAKOCTh H T. p;., Momno 
B pHp;e CJ!yqaea oxapaRTepH30BaTb qepe3 nocJ1ep;oaaTeJih· 
HOCTb rrpn6J1HiKa10IIJ;HX IIOJIHHOMOB H noaep;enne p;ocTaB
JIHeMOH HMH norpeIIIHOCTH (CM. llpu6.!!U:J/Cl!l/,UI! rPYllKlfUU; 
npHMble H o6paTHhle TeopeMhl). 8THM p;aBaJlaCb HoBaH, 
ROHCTPYKTHBHaH xapaKTepHCTHKa HenpepbIBHhIX H p;mp
qiepeHIJ;HpyeMhIX qiynmi;nll:. B nepaoll: TpeTH 20 B. TaKaH 
rrpo6JleMaTHKa 6bIJia p;OMHHHPYIDIIJ;efi B TeOpHH npHOJIH
iKeHHH, qTo jlaJio noBOA roBopHTb 0 Heii: KaK 0 1w;icmpyn
muenou meopuu rfiYH1'1fUii. 

B 30-40-x rr. rroHBHJIHCh pa6oThl A. H. KoJIMoro
poaa, lli. <l>aaapa (J. Favard) H C. M. HHKOJihCKoro, 
R-phle noJIOiKHJIH HaqaJIO HOBOMY HanpaBJieHHIO HCCJiep;o
BaHHH, CBH3aHHOMY c np11:6J1H1ReHHeM KJlaCCOB qiyHKIJ;Hll 
KOHeqHOMepHbIMH noAnpocTpaHCTBaMH H IIOJlyqeHHeM T01I
HhIX 011;eHoK norpeIIIHOCTH qepe3 3a.a;a10IIJ;He KJ!acc .a;nqi
qiepeHIJ;HaJibHo-pa3HOCTHhle xapaKTepHCTHKH. Peqb HAeT 
06 OTbICKaHHH BeJIHqHH 

supµ(/, PN(f)), 
f E !Jll 

rp;e µ (g, cp) - Bb16paHHaH Mepa norpeIIIHOCTH npH6JIH
meHHH, [)1 - HeK-pbitt KJiacc qiyHRIJ;Hii:, a PN(/, t) -
npn6JIHiKaIOIIJ;Hfi (aoo6me roaopH, o6o6IIJ;eHHhIH) noJIH
HOM, Koaqiqimi;HeHThl K-poro onpep;eJIHIOTCH Bb16opoM 
MeTop;a npn6J1HmeHHH. Pe3yJihTaThl TaKoro pop;a no3Bo
JIHIOT cpaBHHBaTb M0TO/J;hl npn6JIHH\eHHH c Toqmi: 3pe
HHH HX annpoKCHMaTHBRbIX B03MOiKHOCTeH H CTaBHTh 
BaiKHYIO /J;JIH npHJIOmeHHll 3ap;aqy OThICKaHHH )J;JIH p;aH
HOfO KJiacca qiyHKIJ;HH onTHMaJlbHOfO (HaHJiyqmero) npH-
6JIHiKaIOIIJ;ero arrnapaTa (cpHKCHpoaaHHOH pa3MepHOCTH 
N). llccJ1ep;oaaHHH B 3TOM HanpaaJieHHH, 6a3HPYIDIIJ;HecH 
KaK Ha H3yqeHHH CBOHCTB KOHKpeTHhIX MeTO)J;OB npH6JIH
iK0HHH, TaK H Ha caMbIX o6IIJ;HX noJIOiKeHHHX qiyHKIJ;IIO
HaJlbHOr_? aHaJIH3a, OKa3aJIHCb BeCbMa nJIOAOTBopHbIMH 
H B H)J;0HHOM OTHOIIIeHHH, T. K. npHBeJIH K ycTaHOBJleHHIO 
npHHIJ;HnHaJlbHO HOBbIX qiaKTOB 0 CBH3H Memp;y pa3JIHq
HhIMH no xapaKTepy 3KCTpeMaJibHbIMH 3ap;aqaMH, no3BO
JIHJIH BhIHBHTb rJiy6oKHe H TOHKHe 3aBHCHMOCTH B TeO
pHH qiynKIJ;HH. BJiarop;apH 3TOMY oRa3aJIOCh B03MOH\HbIM 
p;o ROHIJ;a peIIIHTb pHp; 3KCTpeMaJlbHbIX 3ap;aq no HaHJiyq
meMy npHOJIHiReHHIO BalRHeHIIIHX KJlaCCOB qiynKIJ;HH 
(cM. [5), (7), a TaKiKe llpu6.!!U:J/Cl!l/,UI! rPYllKlfUU; 3KCTpe
MaJibHble 3ap;aqn Ha KJ!accax qiyHKIJ;nll:). 

0 He K 0 T 0 phi x A p yr H x a c n e RT a x IT. qi. 
Ha npH6JIH/Ka!OIIJ;YIO qiyHKIJ;HIO cp (t)=<p (!, t) ll3 m MO
ryT HaKJiap;bIBaTbCH p;orroJIHHTeJihHhle orpaHnqeHHH. EcJIH 
OHH He CBHaaHhl c qiyHKIJ;Beil: f (Harrp., orpami:qeHHH HJIH 

CBH3H Ha K03cpcpHIJ;HeHTbl npn6J1HiKa10IIJ;ero noJIHHOMR), 
TO p;eJIO qiaKTHqecKH CBO)J;HTCH K yTOqHeHHIO rrpH6JIHlKaIO
IIJ;ero MHOiKeCTBa \.ll. HoBaH CHTyaIJ;HH B03HHKaeT, eCJIH 
orpaHHqeHHH Ha cp (f, t) CBH3aHhl c npH6JIHH\aeMOH qiyH
KIJ;Heii: /; O)J;HH H3 HHTepeCHblX cJiyqaea - 0 A H o
c T 0 p 0 H H e e n p H 6 JI H iK e H H e, KOrp;a cp (/, t) 
H3 m )J;OJliKHa YAOBJieTBopHTh HepaBeHCTBY cp (f, t) <./ ( t) 
(HJIH ~) H rrorpeIIIHOCTb OIJ;eHHBaeTCH B HHTerpaJibHOii 
MeTpHKe (cM. (19)). 

B npHKJiap;HbIX 3ap;aqax HapHp;y c HBHO 3ap;aaaeMbIMH 
qiyHKIJ;HHMH B03BHKaeT Heo6xop;HMOCTb npH6Jllllt\aTb KpH
Bble H noaepxHOCTH, p;onycKa!OIIJ;He TOJlbKO napaMeTpHq. 
3ap;aHne; B KaqecTBe annapaTa npn6J1Hll\eHHH MoryT cJ1y-
1RHTh, Hanp., napaMeTp11q, cnJ1aHHhl. Mepy norpemHOCTH 
3p;ecb ecTeCTBeHHee acero onpep;eJIHTh qepe3 xaycp;opqiooo 
paccTOHHHe, K-poe xopomo yqHThIBaeT reoMeTpnq, OJIH-
30CTh TaKHX o6'heRTOB, H, Hanp., )J;JIH RpHBhIX 11 ll 12 
onpep;eJIHeTCH paaeHCTBOM 

r (/i. 12)=max {maxminp(P, Q), max min p(P, Q)}, 
Pel, Qel, Pel2 QEl1 

rp;e p (P, Q) - eBRJIH)J;OBO (HJ!H KaKoe-HH6yp;b .a;pyroe) 
pacCTOHHHe Memp;y ToqRaMH P H Q. Xaycp;opqioao pac
CTOHHHe HBJIHeTCH 6oJiee npep;noqTHTeJibHhIM npn Bbl-
6ope Mephl norpe!IlHOCTH H B HeK-phlx CHTyaIJ;HHX IT. qi., 
Hanp. Korp;a pa3pbIBHYIO qiyHRIJ;HIO HYiKHO annpoKCHMH
poBaTb qiyHKIJ;Heil: rJlap;KOH (cM. [ 16)). 

Pe!IleHHe pHp;a 3ap;aq TeopHH IT. qi. TeCHo CBH3aHo c 
HCCJiep;oBaHHeM 3KCTpeMaJibHhIX CBOllCTB noJIHHOMOB no 
TeM HJIH HHb!M KOHKpeTHbIM CHCTeMaM qiyHKIJ;BH (Hepa
BeHCTBa p;JIH rrpOH3BOIJ;HbIX MHOroqJieHOB, noJIHHOMhl, 
HanMeHee YKJIOHHIOIIJ;HecH OT HYJIH, H p;p.). B qacTHOCTH, 
p;oKa3aTeJibCTBO o6paTHhIX TeopeM IT. qi. cyIIJ;eCTBeHHO 
6a3npyeTCH Ha HepaBeHCTBax, p;a!OIIJ;HX OIJ;eHKY HopMbI 
(HJ!ll 3HaqeHHH B qiuKCHpOBaHHOH TOqKe) HeK-poil: npo
ll3BOp;HOH aJire6panqecKoro HJIH TpnroHoMeTpnq, nomr
HOMa qepe3 Te HJIH HHhle xapaKTepncTHKH caMoro noJIH
HOMa. B aToM HanpaBJieHHH n3aecTeH pHp; Toquhlx pe-
3YJibTaToB, HMelOTCH o6o6IIJ;eHHH Ha 11;eJ1hle qiyHKIJ;Hil 
(CM. (6) - (10)). 

3a11,aqa 06 aJire6pauq, MHoroqJleHe (c qinKcnpoBRHHbIM 
CTap!IlHM Koaqiqiu11;HeHTOM), HaHMeHee YKJIOHHIOIIJ;eMCH OT 
nyJIH B MeTpnKe C HJIH LP Ha oTpe3Ke [a, b), aKBHBaJieHT
HaH 3ap;aqe 0 HaHJlyqmeM rrpH6JIHH\eHHH qiyHKIJ;HH t" 
MHOroqJieHaMH CTeIIeHH n-1, HCCJiep;oBaJiaCb IT. JI. qe-
6bl!Il0BbIM (MeTpnKa C) n' ero yqeHHKaMH (MeTpnKa L1). 
PemeHHe p;aIOT MHoroqJleHhl qe6bl!IleBa nepaoro (C) n BTO
poro (L1) po11,a H MHoroqJleHhl JlemaH11,pa (£ 2), nMeIOIIJ;He 
IIIHpoKoe rrpnMeHeHHe KaK B TeopeTHqeCKHX, TaK H B npu
KJiap;HbIX HCCJ1eµ;oaaHHHX. lfaaecTeH pHp; pe3yJihTaTOB 
AJIH 6oJiee o6IIJ;ero cJ1yqaH, Korp;a Ha Koaqiqiu11;neHThl 
MHoroqJleHa HaKJlap;bIBaeTCH HeCKOJlbKO CBH3eii: (CM. [6]). 
3ap;aqa 0 MOHOCIIJ!a:ii:He MHHHMaJibHOH HOpMbI, 31\BHBa
JleHTHaH OTbICKaHHIO HaHJiyqmero rrpH6JIHiKeHHH cpyn;;
IJ;Illl t11 cnJia:ii:HaMH rropH11,Ka n-1 co CB06op;HbIMH Y3JiaMll. 
npno6peJia oco6oe 3HaqeHue B CBH3H c TeM, qTo K Heii 
B pH11,e CJiyqaea CBO)J,HTCH 3ap;aqa 0 HaHJlyqJileii KBap;pa
TypHoll: cpopMyJie (CM. (17)). 

0 IT. cp. B KoMnJleKCHo:li: nJIOCKOCTH CM. llpu6.!!U:JICl!llllf 
rPYllKlfUU KOMn.!!l!KCl/,030 nepeMl!llll030. 

Jlum.: [1) q e 5 hi m e B II. JI., Borrpocb1 o HaHMeHhumx ae
J1Hq1rnax, CBll33HHbie c IlPHOJIH)f(eHHhlM npep;cTaBJleHHeM ljlyHRJtHll 
(185~). IIonH. coop. coq._. T. 2, M.- JI., 191,7, c. 151-235; 12] 
We 1 erst r ass K., «Sitzungsber. Akad. Berlin», 1885, S. 633-
639, 789-805; (3] I' 0 H q a p 0 B B. JI., TeopHll HHTepIIOJIHJlO· 
BaHHll" npHOJIH)f(eHHll l!IYHRQHit, 2 H31!;., M, 1951,; [I,] Ha Ta H· 
c 0 H H. II., KOHCTPYRTHBHaH TeOpHH l)lyHRIUiil M.- JI. 1949• 
[5] K 0 p H e it q y R H. II., 81<CTpeMaJ1bHl>Je 3aAaqH TeOpHH npu'. 
OJIH)f(eHHll, M., 1976; [6] .ll: 3 lI p; hi K B. K , Bsep;eHHe B TeOpRJ(l 
l!3BHOMepHoro np11on11meHHH ljlyHKI1Hil rroJJBHOMaMH, M., 1977; 
17] T" x o M 11 po B B. M., HeKOTOphie sonpochl TeopHH npHona
meHHit, M., 1976; [8] H HK 0 JI b c RH ii c. M., IIpHOJIH)f(eHHe 
ljlyH1<1111lt MHOrHx nepeMeHHhIX 11 TeopeMhl snomeHHH, 2 H3A., M., 
1977; [9] Ax" e 3 e p H. H., Jie1<11Hu no TeopHH arrrrpoRCHMa-
11""· 2 H31!;., M., 1965; [10] THMaH A. ell., TeopHll IlPHOJJB)f(e-
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HUH qryHKIIHfi ~eiiCTBHTeJ!bHOrO nepe!lreHHOro, M., 1960; [11) Ko
p o B 11 H H II. II.j JIHHefiHbJe onepaTOph1 u TeopHH npHOJlmI<e
HHfi, M, 1959; [12 AJ15epr )J;m., HHJlbCOH 3., YO Jilli 
.!I: m, TeopHH cnJ1afiHon Hee npHJIO>fteHHH, nep. c aHrJI., M., 1972; 
[13) c Te q }( H H c. B., c y 5 5 0 TH H IO. H., CnJlafiHhl B Bh!
qffCJIHTeJibHOfi MaTeMaTHtte, M., 1976; [14) JI op a H II. - m. 
AnnpoHCHMaQHH H onTHMHaa1111a, nep. c (jlpaH11., M., 1975; [15j 
K o JI JI a T 11 JI., K p a 5 c B., TeopHH rrpHOJIHmeHHtt. qeob1men
c11He rrpHOJIH>fteHHH H HX IIpHJIO>fteHHH, rrep. c HeM., M., 1978; [16) 
c e H n 0 B B., Xaycnop(j)OBh!e npHOJIH>fteHHH, CO(j)HH, 1979; [17] 
H H }( 0 JI b c !( H tt c. M., Kea11paTypHhle (j)OPMYJlhl, 3 H3)1., M., 
1979; [18] 3 a B b Ii JI 0 B IO. C., KB a c 0 B B. H., M Hp 0 m
H H q e H }( 0 B. JI.' MeTO)lhl CilJlafiH-(jlyHH!IHfi, M.' 1980; [19] 
K 0 pH e tt q y !( H. II., JI" r y H A. A., A 0 p 0 H H H B. r., 
AnnpoRCHMaljHH c orpaHHqeHHHMH, K., 1982. H. n. HopHeU'iyn. 

IIPllBJIIUKEHllE (f>YHKqHR; JI H H e ii H bl e 
M e T 0 A bl n p H 6 JI H m e H H H - MeTO)l;bl rrpH6JIHlRe
HHH, orrpep;eJ1HeMi.re JIHHeiiHblMH orrepaTopaMH. EcJIH 
B JIHHeiiHOM HOpMHpoBaHHOM rrpocTpaHCTBe iJ>YHRD;HH x 
B Ra'l:eCTBe rrpn6m1m11IO:m;ero MHomecTaa Bb16paHo JIH .. 
H0IIHOe MHoroo6paane lR, To JII06oii: JIHneii:nb1ii: orre
parop U, corrocTaBJIHIOIIlllii: if>yam1;1rn f EX iJ>YHKIJ;HIO 
U (!, t)= ( Uf) (t) H3 lR TaR, qTo 

U (a1/1 + a 2/ 2, t) = a1U (/i, t) + a2U (12, t) 

(a1 H a 2 - JII06bre 'l:HCJia), orrpep;eJIHeT JI H He if H bl ii: 
Me T 0 A II pH 6 JI H me H H H (JI. M. rr.) ipynRD;Hii rrpo
CTpanCTBa x iJ>YHRD;HHMH MnomecTBa \R. JI. M. II. Ha3. 
npoeRD;HOHHblM, ecJIH U(f, t)=f(t) )l;JIH acex f 
H3 \)(,OH Ha3. II 0 JI 0 m HT e JI b H bl M, eCJIH U(f, t)~O 
)l;JIH HeoTpna;aTeJlbHblX iJ>ynRa;m'f f (t). 

Han6oJlbIIIHH HHTepec rrpep;CTaBJIJieT ROHe'l:HoMepHblH 
cJiyqaiJ:, Ror11;a \R=lRN eCTb N-MepHoe rrop;rrpocTpaHCTBO, 
H Tor11;a 

U(f, t)=UN(!. t)=L.~~ 1 ck(f)cpk(t), (1) 

rp;e {cpk (t) >£"- 6aanc 'iRN, a ck - neR-pble onpep;eJieH
Hhle na X mrne11:nbie iJ>YHRa;HoHaJibl. Bb16op JIHneil:Ho ne-

aaBHCHMoii: ClJCTeMbl {cpk (t) w H Ha6opa iJ>yHRJJ;HOHaJIOB 

{cd;v MomeT orrpep;eJIHTbCH TOii HHiJ>opMaa;neii: o rrpn-
6m1maeMoii iJ>YHRJJ;HH f (t), R-pyIO rrpep;rroJ1araeTCH HC
IIOJlb30BaTb rrpn rrocyioeHHH JIHHeii:Horo MeT011;a. Ecm1 

Ck(/)= t (tk), rp;e {tk h - iJ>HRCHpoBaHHaH CHCTeMa TO'l:eR 
B o6JiaCTH orrpep;eJ1eHHH iJ>ynRD;HH f (t) H CJlk (t;)=O rrpn 
i7'=k, CJlk(tk)=1, TO UN(/, tk)=f(tk), k=1, N, 
H HMeIOT H H T e p II 0 JI H a; H 0 H H bl il: M e T 0 A 
(narrp., HRTeprroJIHJJ;HOHHbIH Mnoro'l:Jlen Jlarpanma, un
mepnoJ1.ll!fUonnbiu cnAaun). EcJIH X=H - rHJ1b6epT0Bo 
rrpoCTpaHCTBO il>YHRD;Hii H Ck(!) - RoaiJ>iJ>na;HeHTbI <llypbe 
lf>ynmi;nn f no opTonopMnpoaannoii cncTeMe {cp,. (t) }, TO 
cyMMbI (1) p;aIOT JIHneiiHblii: MeTop; opToro
n a JI b H 0 r 0 II p 0 e K T H p 0 B a H H H x na IJ1N, 
rrpH'l:eM B STOM CJly'l:ae 

llf-U NU) llH=~f\\t- ~:=l akCJlk\\H, 
k 

T. e. aroT MeTOA peaJinayeT naHJIY'l:IIIee rrpn6J1nme
mrn iJ>ynRJJ;HH f mrneil:HbIMH ROM6nnawrnMH iJ>yHRD;HH 
CJlk(t). 

B TeopHH JI. M. II. iJ>YHRa;Hii oco6oe BHHManne yp;eJIH
eTCH rrpo6J1eMe cxop;HMOCTH. IIycTb X - 6anaxoao rrpocT
panCTBO, {cpl (t), CJl2 (t), ... } - JIHHeil:Ho ne3aBHCHMaH 
CHCTeMa iJ>ynRIJ;HH H3 x, 'iRN(N=1, 2, ... ) - rrop;rrpo
CTpaHCTBa, rropomp;eHHhle rrepBblMH N iJ>yHRD;HHMll aToii 
CHCTeMhl, u N (N = 1, 2, ... ) - JIHHeiiHble orpanR'l:eH
Hble orrepaTopbI H3 X B IJ1N· Cxop;HMOCTh U NU, t)-+ 
-+ f (t) (B CMhlCJie llU Nf-fllx-+ 0 rrpn N-+ oo) AJIH JII0-
6oil: iJ>yHKD;HH f (t) H3 X HMeeT MecTo Torp;a H TOJlbRo 
Torp;a, Rorp;a 1) rrocJiep;oaaTeJlbHOCTh nopM II U NII orrepa
Topoa UN orpannqena (cM. Banaxa - III meunxayaa 
meope.Ma) H 2) UN(/, t)-+ f(t) )l;JIH acex iJ>ynKa;11ii f (t) 
H3 MHOJi\eCTBa A' BCIO)l;Y IIJIOTHOro B x. 9TH yCJIOBHH Bbl
IlOJIHHIOTCH, B qaCTHOCTH, B rrpocTpaHCTBe 2n-rrepHO)l;H-

'l:eCRHX 1f>ynRJJ;lIH Lp=Lp[O, 2nJ rrpll 1 <P <oo .D;JIH orre
paTopoB S ,,, onpe11;eJ1HeMhlX cyMMaMH <llyphe 

SnU. t)= ~0 +~:=1 (akcoskt+bksinkt), (2) 

n=1, 2, ... , 

iJ>ynRD;HH f no TpHroHoMeTpH'l:. cncTeMe, npH'l:eM B Ra
qecTBe MnomecTBa A , na R-poM rrpoBepHeTCH ycJIOBHe 2), 
MOlRHO B3HTb MHOlReCTBO acex TpHronoMeTpH'l:. IIOJIHHO-

MOB. EcJIH me X eCTh rrpocTpancTBo C= C[O, 2n:) (ne
rrpepbIBHblX Ha BCeii: OCH c rrepHO)l;OM 2n ipynKD;HH) HJIH 

l1, TO llSnll~ln n rrpH n-+ oo (CM. J/e6eza Koncmanmb!) 
H, cJ1ep;oBaTeJ1bno, cy:m;ecTBYIOT B CH B £1 iJ>YBRIJ;HH f (t), 
K R-pb1M IlOCJlegoBaTeJibHOCTb {Sn(!, t)} ne CXO)l;HTCII 
B COOTBeTCTBYIOIIJ;eii: MeTpHRe. TaR RaR B 6aHaXOBOM rrpo
CTpancTBe il>YHRJJ;HH x c nopMoii, HnBapiaanTnoii: OTHOCH

TeJlhHO cp;aiara, gJIH orrepaTopa U; JIHneiinoro rrpoeRTH

poaanHH X na rro11;rrpocTpaHCTBO T n TpHronoMeTpH'l:. 

IIOJIHHOMOB rropHp;Ra n cnpaBep;JIHBO nepaBenCTBO II U; II~ 
~llSnll (cM. [3)), TO pacxop;HMOCTh na CH L1 HMeeT MecTo 

H )l;JIH rrocJiep;oBaTeJibnoCTH {Ui }. B qacTHocrn, aTo 

HMeeT MeCTO na l' )l;JIH IIOCJlegoBaTeJlbHOCTH HHTeprroJIIIJJ;H
OHHblX orrepaTopoB JlarpaHma no JII06on TpeyroJibnoiI 
MaTpna;e Y3JIOB HnTeprroJ1npoaannH. AnaJ1orH'l:Hble iJ>aKThl 
oTpna;aTeJibHoro xapaRTepa na6J1IOgaIOTCH H B nerrepiao
)l;H'l:. CJlyqae p;JIJI orrepaTopoB JIHHeil:Horo rrpoeKTHpOBamrn 
npocTpancTB C [a, b] H L1[a, b] na rro11;npocTpancTBa An 
(n=1, 2, •.. ) aJire6panq. Mnoro'l:JieHOB CTerreHH n. 

<llaRT pacxop;HMOCTH IIOCJie)l;oBaTeJibHOCTH (2) )l;JIH HeR-

pbIX iJ>YHRa;Ilii H3 C rro6yp;HJ1 BBeCTH B paccMoTpenne paa
JIH'l:nble ycpell,nenHH cyMM <llypbe, He 06J1ap;aro:m;iae raKI!M 
HeJJ;OCTaTROM. TaROBbl, narrp., <l>euepa cy.M.Ma, Bepnzumeu
na - PozoauncKozo .Memoa cy.M.Mupoeanu.11, K-pble HB
JIIIIOTCH qacTHbIM CJlyqaeM (rrpH onpep;eJieHHOM Bbl6ope 

'l:HCJIOBblX MROlRHTeJ1eii: Akn)) rroJIHnOMOB BHIJ;a 

U~ (/, t) = ~ + ~~=1 Akn) (ak cos kt+ bk sin kt), (3) 

n=1, 2, .... 
TaK RaK 

U~ (!, t) = ! ~~n [ -}+ ~:=l Akn) cosk (t-u) ]t (u) du, (4) 

TO cpep;nHe (3) BXO)l;IIT B BeCbMa II!HpORHii RJiacc JI. M. II., 
rrpep;cTaBHMblX B BH)l;e cBepTRH iJ>ynRJJ;HH f c HeK-pbIM 
(cnnryJIHpHbIM) Hp;poM, CBOHCTBaMII R-poro (B p;aHnOM 

CJiy'l:ae CBOiiCTBaMH TpeyroJlbHOii MaTpHD;bI 'l:HCeJI {J..<;il }) 
H orrpe.qeJIHeTCH pemeHHe BOrrpoca 0 CXO)l;HMOCTH. ECJIH 

lim Akn)=i, k=1, 2, .. ., 
n-+"' 

TO CYMMbi (3) paanoMepno cxoJJ;HTCH, Ror11.a f (t) - TpH
ronoMeTpnq. IIOJIHHOM, H aHa'l:I!T. BbIIIOJIHeno ycJIOBI!e 2). 

,AJIH orpannqennoCTH HopM U~, RaR 01rnpaTopoB Il3 C 
B c, Heo6XO/l,HMO, 1l:T06bl 

A<n> A<m A<m _1_+ _2_1 + ... +-1n = 0 (1) 
n n-

H /..kn)=0(1) paBHOMepHo non H k=1, 2, ..• , n. 9TH 
ycJIOBHII CTaHOBIITCH H )l;OCTaTO'l:HbIMH )l;JIH orpaHH'l:eH-

HOCTH IlOCJle)l;OBaTeJihHOCTH {II u~ II}, eCJIH HaJIOll\HTb Ha 

MaTpB~Y {J..1~> } neR-pble p;onoJ1HI1TeJibHhle Tpe6oBaHlIH 
(narrp., BbIIlYKJIOCTb HJIH BOrHyToCTb no crpoRaM). Ilo 

aHaJIOrHH c (3) c IIOMOIIJ;b!O MaTpHJJ;bI MHOlRHTeJieii {J..~n) } 
CTpoHTCH TaKme cpep;nne na 6aae cyMM <llypbe - qe6bI
IIIeBa (AJIH f E C [ -1, 1]), a TaRme Ha 6aae HHTepnoJIH-
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u;noHHblX IIOJIHHOMOB JlarpaH;1rn no y3Jia~1 2/m/(2n-+1) a T3KiKe llpu6.'IUJ1Ce1we rfjy111t!fllil; aKcTpe~rnm,Hbie 3aAaqu 
(B rrepnop;nq, cJ1yqae) HJIH no Y3JiaM cos [(2k-1)n/(2n-1-2)) Ha 1rnaccax ijJyrrKu;11i'1, Jla1t.iy'lzuuu .wneultblU .uemo8). 
Ha 0Tpe3I\e (-1, 1) (CM., Harrp., (6)). Jlum.: [1] K 0 p 0 BI<" H II. IT., JimrnliHbie onepaTOpbI" TeO-

B " PHH npHl'iJU1a<eH11tl, M., 195~; [2] .u 3 H )'.(bl H B. K., BBe)'.(eHH0 
orrpoc 0 CXO)J;HMOCTH JIHHeHHblX IIOJIOilmTeJibHblX one- H TeOpHIO paBHOMCPHOro npH6JIHa<eHHfl cjlyHHUllll IIOJIHHOMaMH, M .• 

paTOpOB U'/;, p;ellCTBYIOill,HX H3 C (a, b] ll An HJIH H3 C 1977; [3] T II X 0 M HP 0 B B. M., HeHOTOphle BOIIPOCbI TeOpHH 
T ( (4) IlpHOJil!)l(eHHI!, M .• 1976; [4] K 0 pH ell q y I< H. n., 8ttCTpe-

B n B qacTHOCTH, orrepaTopoB BHµ,a c IIOJIOiKHTeJib- M3JlbHhle aa)la'IH TeopllH IlpH(IJrnmeHHfl, M., 1976; [5] r 0 H q a-
HblM Hp;poM), pernaeTCH Ha Tpex rrpo6HblX ijJyHK11,1rnx p o n B. JI., Teopn11 H\JTJlpnonupoBa!llrn n npH6JinmellHH cpyHH-
(cM. [1]): ,l.\JIH p&BHOMepuoii: CXO)J,HMOCTH IIOCJiep;osaTeJib- uull, 2 113)1., M., i9M; L6J T" Ma H A. <l>., TeopHlI IIPHOJIHlHe-

+ - Hl!H «l!YHHUHI! nellcTBHTeJlbHOro nepeMeHHoro,,. M., 1960; [7] A Jl-
HOCTH Un (f, t) K f (t) EC [a, b] HJIH K f (t) EC Heo6xop;HMO tie pr ,um., H n JI h co H a., yo JI III µ, m. TeopHH crmali-
H )J,OCTaTO'IHO, 'lTOObl 3TO HMeJio MeCTO )J,JIH qiyHKll,Hll 1, t, HOB" ee IlpllJIOa<eHUH, nep. c aHrJI., M., 1972; [sJ c Te q H "H 
f2 HJIH COOTBeTCTBetlHO "Jifl .J'.,YtiK"IIll 1, sin t, cos t. c. B., c y 6 (j 0 TH H IO. H., Cmrni!Hbl B Bbl'!HCJIHTeJlbHOll MaTe-" '*' '"' MaTn1<e, M., 1976; [9] CT en a !l e 11 A. II., PaBHOMePHbie npu-

MccJiep;osaune rrorpemHOCTH rrpn6JiniKeHHH, µ,ocTaBJIHe- 6J1umenn11 TpuroHoMeTpuqeci<HMH IIOJIHHOMaMH. J111Hei!Hbie MeTOJJ:bI, 
MOH JI. M. II., CBO)J,HTCH, qallle BCero, K m1yqeHHIO CKopoCTH K.; 1981. H. II. Hoptt.eil'lyn. 
cxop;nMOCTH U NU, t) K f (t), ou;eHKe IIorpemHOCTII qe- IIPHBJllIIKEHHE <l>YHK~HR; II p H M bl e H o 6-
pes µ:nqiqiepeHu;naJibHO-pa3HOCTHble xapaHTepnCTHKH IIpn- p a T H .hi e T e 0 p e M bl - TeopeMbl II HepaBeHCTBa, 
6JiniKaeMoii qiyHKll,HH, BblHCHeHHIO Borrpoca 0 TOM, KaK pe- ycTaHaBJIHBaIOill,He CBH3b MeiKp,y µ,nqiqiepeHu;naJibHO-paa-
arnpyeT JI. M. II. Ha yJiyqmemrn ee rJiap;KOCTHblX CBOHCTB. HOCTHblMH CBOHCTBaMH IIpnfomiKaeMoii qiyHKII,llII H BeJIII-

IIpn ou;eruw artIIpoKCHMaTIIBHhIX csoiicTB JI. M. II. (1) 'IHHOH (a TaKiKe IIosep;eHneM) IIorpernuocTn IIpn6JI11iKeH1111 
ecreCTBeHHb!M opneHTHpoM CJIYiKHT HaIIJiyqrnee rrp116JIH- ee TeM HJIH HHblM MeTO)J,OM. IIpHMble TeopeMbI (rr. T.) )1;3IOT 
iKeHHe E (!, 1)1N)X qiyHKIJ,HH j IIop;rrpocTpaHCTBOM l)lN· ou;eHKY rrorpemHoCTII rrp116JiniKeHHH qiyHKll,HH f (t) qepea 
JI e6eza nepane1tcmno ee rJiap;KoCTHble xapaKTepncTHKH (uaJinqne rrpon3BO/l,HhIX 

11 t - s n (f) II c .;;;;; E (f, T n) c (In n + 3) (5) 

IIOKaablsaeT B coIIOCrasJieHnn c //, J1Ce"1>co1ta nepaee11cmno.M 

(w (g, 6) - MOAYJib HeIIpepblBHOCTH qiyrrKu;nn gE C), 
'!TO, XOTH rropHAOK IIpn6JinmeHnH cyMMaMH ((lypbe He
CKOJibKO xyme HaRJiyqrnero (In n B (5) HeJib3H aaMeHHTb 
KORCTaHTOH), 3TH cyMMbl pear11py10r Ha JII06oe IIOBblIIIe
HHe rropHAKa µ;mpcpepem~npyeMOCTH rrpn6JiniKaeMOH qiyHK
u;nn. J.l.JIH HeK-phIX me JI. M. II. rropHp;OK rrpn6JiniKeHRH 
He ll!OiKeT 6b1Th Bhlme orrpep;eJieHHoii BeJIH'IHHbl, CKOJibKO 
6bl rrpoH3BO)J;HblX Hn HMeJia qiYHKll,HH f (t) (a qi qi e K T 
H a c bl ~ e H n H). TaK, IIOpH,IJ;OK rrpn6JiniKeHRH JIRHeii
HbIMH no.n:O)l{HTeJibRblMH IIOJIHHOMH8JibHb!MH OIIeparopaMH 

U~ He MOiKCT 6b1Tb BblIIIe 0 (n- 2); AJIH cyMM <l>eiiepa IIO
pH)J;OK Hacbllll,eHHH O(n- 1), )J;JIH cyMM EepHmreii:Ha -
PoroanHcKoro 0 (n- 2). l'IHrepIIoJIHll,HOHHble crrJianHbl rrpn 
orrpep;eJieHHOM BbI6ope yaJioB cKJie:iiKn 06ecneqnsa10r Han
Jiyqmnii: rropH)J;OK IIorpemHOCTH IIpn6JIHiKCHHH He TOJibKO 
caMo:ii qiyHKll,HH, HOH HeK-pblX ee rrepBblX rrpoHBBO):IHblX -
B BaBHCHMOCTH OT CTeIIeHn MHOrO'IJieHOB, 113 K-pblx CKJieen 
crrJiaii:H (cM. [7), [8)). 

B OT)J;eJibHblX CJiy'laHX )J;JIH KOHKpeTHblX JI. M. II. Ha.ii
p;eHbl TO'!Hble HJIH acnMIITOTH'leCKH TO'IHble ou;eHKH IIO
rpemHOCTH Ha KJiaccax qiYHKU.nii. Bnp;nMo, rrepBbiii He
TpnsnaJibHblii pesyJihrar raKoro pop;a 6blJI rroJiy'leH 
A. H. RoJIMoropoBblM, K-pbl:i!i B 1935 ycraHOBHJI, 'ITO 

sup llf-Sn (f)ll-c =~~In~ +o (n- '), 
fe W'K n 

rp;e W'K (r=1, 2, ... ) - KJiacc qiYHKU.Hii fEC, y K-pblx 
f('-l) (t) a6COJIIOTHO HeIIpepblBHa Ha [0, 2it) H IIO'ITH BCIO)J;Y 
I/('> ( t) I <.K. B p;aJibHeiimeM aHaJiorn'IHoro xa paKTepa 
peayJihtarbl 6b1JIH 110Jiy'leHbl AJIH cyMM ((lypbe (n ,IJ;JIH 
HeK-pblx nx cpep;Hnx) Ha p;pyrnx saiKHhIX KJiaccax qiyHK
u;nii, aap;asaeMblX, HaIIp., MaiKopaHToii MOAYJIH Herrpe
pblBHOCTH r-n rrponBBO):{Ho:i!i (cM. [2), (6), (9)). Oco6b1H 
llHTepec rrpep;craBJIHIOT JI. M. II. (1), B TO'IHOCTH peaJIH-
3YIO~He Ha TOM HJIH HHOM KJiacce qiyHKll,Hfi: sepXHIOIO 
rpaHb HanJiyqmnx IIpH6JiniKeHRH IIO,IJ;IIpocTpaHCTBOM lYlN· 
TaKHM CBOHCTBOM AJIH KJiaCCOB wr K (r= 1, 2, ... ) 06-

Jiap;aIOT rrpn onpeAeJieHHOM Bbl6ope 'A~n) cyMMbl snp;a (3), 
Hanp.' IIpH r= 1 HaAO IIOJIOiKHTb 

'A<ni_~ct ~ 
k - 2n+2 g 2n+2 ' 

a T8KiKe HHWpIIOJIHll,HOHHble CIIJiaHHbl IIOPHAKa r-1 p;e
cpeKTa 1 c yaJiaMH CKJie:ii:KI! knln (k=O, 1, 2, ... ) (c~I. l4J, 

onpep;eJieHHoro IIopnp;Ka, MOAYJib HerrpepblBHOCTH HJIH 
MOJWJib rJiap;KOCTH caMoii qiyHKIJ,1111 j HJIH HeK-poii ee 
rrponasop;Ho:ii 11 T. rr.). B CJIY'Jae HanJiyqmero rrpn6Jin· 
iKeHHH IIOJIHHOMaMH II. T. H3BeCTHbl errw KaK Teopelllbl 
.IJ.iKeKcoHa [1) n nx paaJIH'IHhle 0606I11,eHHH n YTO'IHeHRll 
(cM. //, J1Ce"1>co1ta 11epane1tcmno, //, J1Ce"1>co1ta meope.Ma). 06-
paTHbrn TeopeMhI (o. T.) xapaKrepnay10r µ,mpcpepeHu;naJib
Ho-paauocTHble CBOHCTBa cpyHKll,HH B aaBHCHMOCTH OT CKO
poCTH y6h!B'aHHH K HYJIIO ee uanJiyqrnnx (nJin KaKnx-Jin6o 
APYrIIX) IIpn6JiniKeHn:ii. 3ap;aqa rroJiy'leHHH o. T. IIpn6Jin
iKeHnH qiyHKIJ,HH BIIepBbie 6blJia IIOCTaBJieHa, a B HeK-pblX 
cJiy'laHx n pemeHa C. H. EepHmreiiHoM [ 2]. CorrocTaBJie
HHe II. T. H o. T. II03BOJIHeT HHOrp;a IIOJIHOCTblO oxapaKre
pnaosaTb KJiacc cpyHKIJ,HH, HMeIOill,HX re HJIH HHble rJia,IJ;
KOCTHble CBOHCTBa, c IIOMOill,blO IIOCJiep,oBaTeJibHOCTH, Harrp.' 
HanJiyqmnx rrpn6JiniKeHRH. 

Han6oJiee npocra CBH3b MeiKp;y rr. T. n o. T. B IIepno-

p;nq, cJiyqae. IIycTb l' - IIpocrpaHCTBO HerrpepbIBHblX 
Ha Been OCH 2n-rrepnO,IJ;H'leCKHX qiyHKIJ,HH c Hop111oii 

11t11- =max If (t) I, c t 
E (f, T n) = inf II f - cp 11-

qi e Tn C 

- HanJiyqmee IIpn6JiniKeHne qiyHKll,HH f H3 C nop;IIpocr· 
paHCTBOM T n rpnroitoMeTpn11. IIOJIHHOMOB IIopHp;Ka n, 
w (!, 6) - MOAYJib HenpepbisHocrH qiyHKu;nn f EC; C' 
(r= 1, 2, ... ) - MHOiKCCTBO r paa Herrpepb!BHO .n;nqicpepeH-

u;npyeMblX Ha BCeii OCH qiyHKIJ,HH H3 C, C0= C. Ilp HM all 

T e o p e M a: ecJin f E C', To 

E (!, Tn-1),.;;;:,. Ctl (t<r>, ! ) , (1) 

n=1, 2, ... , r=O, 1, ... , 

rµ;e KOHCTaHTa kl He 3aBHCHT OT n. EoJiee CHJibHOe YT
sepiKp;eHne COCTOHT B TOM, '!TO MOiKHO yKa3aTh IIOCJiep;oea
reJibHOCTb JIHHeii:HblX MeTop;os Un (n=O, 1, ... ), cono-

craBJIHIOill,HX qiyHKll,HH f (t) H3 C IIOJIHHOM Un (f, t) ET n 

n raKnx, qro )J;JIH f EC-, norpemaocTb Iii - Un (!)II c 
ou;eHnsaeTCH II pa soil: qacrbIO ( 1). 0 6 p a r H a H r e o

p e M a yrsepiKp;aer, '!TO p;JIH f E C 
~[I/OJ 

ro (f, 6),;;;;;; kl6"'-In= 1 E (f, T n-1), 6 > 0, (2) 

rp;e kl - a6coJIIOTHaH KOHCTaHra, [ 1/6) - u;eJiaH qaCTb 
'IHCJia 1/6, a H3 CXO)J;HMOCTH rrpH HeK-pOM HarypaJibHOM r 
PHAa 
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cJie/.(yeT, qTo f E er, rrp11'leM aHaJion11rno (2) MOlRHo 011e
Hl!Th w (!('l. 1/n) qepe3 E (f, T,,_ 1) (1zc~ 1, 2, ... ) (c.11. 
[4], [8], [12]). lfa 3THX 01\eHOK, B 'laCTHOCTll, CJie/.(yeT, qTQ 
ecmi: 

E(f,T,,_1)=0(n-r-a), r=O, 1, ... ,0<a<1, 

TO !EC' ll /('>(t) YAOBJieTBOpHeT rrpu O<a<1 y c JI o
B ll IO fiiJibAepa 

I /(r) (t')-/(r) (t")l<K I t'-t" 1a, (3) 

a npII a= 1 - y c JI 0 B H IO 3 II r M y H A a 

I /(r) (t')-2/<r> ( t' ;t") + f<r> (t") I,.;;; KI t' -t" I· (4) 

0(503a:a•urn aTOT 1rnacc cjJyHKl\Ilil:. qepea Kifr+a, noJiy

'laIOT ero KoHCTpyKTHBa:y10 xa paKTepHcnrny: f E K ifr +a 
TOrp;a Il TOJibKO TOr/.(a, lWrJ~a 

E(f, T 11 _ 1)""'0(n,-r-a). 

2n-nepIIOAU'lecKaH iJ>ymm,1111 6acHoHe'IHo AmfliJ>epeHl\lf
pye~rn Ha Bcei':i OCR B TOM II TOJibHO ll TOM cJiyqae, ecm1 

lim n'E (!, T,,_1)=0 
ll-HI> 

AJIH mo6oro r= 1, 2, .... 
AHaJiorlfqHwe iJ>aKTbl lfMeIOT MecTo AJIH 11p116m1meHHH 

rrepnoA:nq iJ>yHKl\llH B MerpIIRe Lp[O, 2n](1~p<oo), 
a TaKlRe IJ;JIH 3aA8HHhIX Ha BCeii OCH (He 0611aaTeJibHO 
rrepHO/.(Jiq ) il>YHKI\IlH B CJiyqae rrp:n6JilllR0HllH IlX l\PJlhJ\lll 
cjJyHKI\HHMlf ROHe'IHOII CTerreHH (CM. [7], (8)). Ylane

CTHbI n. T. ll o. T. /.(JnI /EC', lfCIIOJib3YIOII\He B KaqeCTBe 
AHcjJcjJepeII11naJihHo-paaHocruoil. xa pa11rep11crnKn MOAYJih 
rJia/.(KOCTJI (J)k (!, 6) IlOPHARa k= 1, 2, ... npII6JIHlRaeMOil 
il>YHKI\H:ll (:nm1 IIeK-poiI ee npoH3BOAHOii) (CM. [ 4), (8)). 

MHaqe o6cToIIT p;eJio B cJ1yqae npII6Jie:meIIIIH Ha KoHeq
HOM orpea1rn. IIycTb C=C[a, b] - npocTpaHCTBo Henpe
pb!BHhlX Ha [a, bl iJ>yHRI\Hll c HOp\!Oll 

II/lie= max l/(t)I, 
a<. t<. b 

C' = C'[a, bl - MHOlReCTBO r paa HenpephIBHO p;11cjJiJ>e
peea;npyeMhlX Ha [a, bl cjJyHRIWH, C0=C, KHr+afa, b) -
KJiacc <iiYHRl\Hll, OIIpe/.(eJIHNlhlif HepaaeHCTBaMH (3) I1 (4) 
npH t', t'' E [a, bi. .Il:JIH eanJiyqmero rrpn6JIHilffiHilH 

E (/, An-1; a, b)= inf 11 /-p lie. n=1, 2, ... , 
pEAn-1 

cjJyHRll;IlH f EC' ITOAIIpocrpaIICTBOM An- l anre6pa11q. 
MHoroqJieIIoB crerreen n-1 CIIpaBeAJIMBa 011eIIRa BMAa (1) 
•rnpea Mop;yJib ee11peph!BHOCTH iJ>yHRI\Hll f''> Ha [a, b), 
OAHaKo 06pall\eH11e, aHaJior11qeoe nepnoA11q. cJiyqa10 
(c HepaaeHCTBOM BHAa (2)), 3,IJ;eCb B03MOlRHO JIHillb Ha 
oTpeaKe, JiemaII\eM BHYTPII IlHTepaaJia (a, b). Harrp., ecJIH 

E(f, An_ 1 ;a, b)<Mn-r-a, 

r=0,1, ... , O<a<i, 
(5) 

TO MOlRHO JIHIDb yreepmµ;arh, qro f npJIHaAJie)fmT HJiaccy 
KHr+a [a1, bi), orrpeAeJIHeMOMY eepaeerrcraaMn: (3) (rrpu 
O<a<1) 11 (4) (rrpH a=1) JIHIDh IIa oTpeaKe [a1, b1]c 
c(a, b), npH'leM KOHCTaJITa K 3aBHCllT OT a, al, bl I1 b 
H MOlReT HeorpaH11qeHIIo yaeJIH'IHBaTbCH, ecJI11 a1 -+ a, 
b1 -+ b, CyII\eCTBYIOT ¢YHKI\)illl, He npHHaµ;JiemaII\Jie 
KJiaccy KHr+a(a, b), AJIH H-p&rx, ogHaKo, 

E (!, An_ 1 ; a, b)=O (n-r-a). 
Hanp., 

E (Yi-t2., An_ 1 ; -1, 1) < 2/nn, n=1, 2, ... , 

XOTH Y1-t2<t.KHa Ha [-1, 1) HH np11 KaHOM a>1/2. 
0Ka3aJIOCb, 'ITO aJire6pa11q. ~rnoroqJieHhl MoryT, o6ecne
q:naaH Ha aceM orpeaKe [a, b) aa1:1Jiyqurn:fi rropHp;oK IIpH-

20" 

6JinlReHRH cliYHKI\Ill:I f EC, Y KOHI\OB oTpeaKa ocyII\eCTB
JIHTh npn:6JIHlReHne cyII\eCTBeHHO .rryqUiee (anepB&Ie ::>TOT 
cpeHoMeH 6b!JI o6HapyIBeH C. M. HnKoJibCKIIM, CM. [3]) 
Ecm1, B qacTHOCTil, fEKHr+a(a, b], To rrpe: 1rnmgoM 
n >r CYII\eCTByeT MIIoroqJieH Pn (t) EA n-I TaKoit:, 'ITO 

If (t)-Pn(t)l<M [ ~ Y(t-a) (b-t)+ ~.]'+a' (6) 

a<t<b, 

r)J:e KOIICTaHTa M He 3aBHCilT HM OT n, HU OT t. :ho YTBepm· 
AeIIue, B OTJiifqlle OT (5), yme MOiKHO o6paTIITb: eCJIII AJIH 
f EC CYII\eCTByeT nol'nep;oaaTeJibHOCTh MHoroqJieHOB 
Pn(t)EA,,_ 1 TaHlfX, qTo npll HeK-pb!X r=O, 1, ... Il 
O<a..;;:1 BhlIIOJIHeHo (6), TO fEKHr+a[a, b). IfaaecTIIhl 
II. T. II o. T. AJIH /E C'[a, b], IlCIIOJib3YIOil\Ile MOAYJih He
upepb!BHOCTH n MOAYJih rJiaAKOCTII (cM. (4], [8)). 

II. T., B K-p&rx AaIOTCH nopHAKOBhie 011eIIKil norpern
HOCTII qepea p;HcjJ<l>epeIIl\lfaJibHO-pa3HOCTHbie xapaKTe
pllCTlfKil rrpII6JIJilRaeMOH cjJyIIKI\Illl, AOKa3aHbl gm1. MIIO
fllX KOIIKpeTIIblX MeTOAOB rrpn6JIIIIBeHml (CM. [6), [8], 
(9)), B qacTHOCTII AJIH cnJtaUIWB (HaIIJiyqm11x II HHTepIIo
JIHI\IlOHHblX ( 10)). 

MaaeCTHhl rr. T. II o. T. AJIH npII6JIHIBeHHH u xaycp;op
iJioaoil. MeTpHKe (CM. (13)). 3p;eCb B03HllKaIOT CBOH oco-
6eHHOCn1; B qaCTHOCTll, xapaKTepI13aI\IIH KJiaccoJi <f>YHK
ll,llii: qepea 11x HalfJiyqrnne xaycgop<l>oabl npu6JiumeHHH 
CBH3aHa He TOJlbKO c IIOPHAKOM noro rrpn6JIHlReHHH, HO 
II c BeJI11q:nHOH KOHCTaHThl B CO-OTBeTCTBYIOII\eM Hepa
BeHCTBe. 0 II. T. II o. T. B MHOrOMepHOM cJiy'lae CM. llpu-
6JtU:JICenue rfiyn1>1.fUU; CJiyqaii MHOrHX AeHCTBHTeJibllblX 
IIepeMeIIIIhIX. 

Jium.: [1] Jackson D., Ober die Genauigkeit der Anna
herung stetiger Funktionen durch ganze rationale Funktionen 
gegebenen Grades und trigonometrische Summen gegebener Ord
nung, Gott., 1911; [2] B e p H rn Te ll: H c. lI., O Ha1myqrneM 
IIpllfiJJH)f(eHHH Henpepb!BHhIX tPYHKUHll nocpe)ICTBOM MHOrO'!JJeHOB 
AaHHOll: CTeneHH (1912), Co6p. CO'I., T. 1, M., 1952, c. 11-104, 
[3] H" K 0 JI b c K" ll: c. M., «lf3B. AH CCCP. Cep. MaTeM », 
1946, T. 10, M 4, c. 295-317; [4] ,a: 3 II II hI K B. H., BBe)leHHe 
a Teopmo paBHOMepHoro rrpH6JJH>Ke111m llJYHRJ.lllfi noJJHHOMaMH, M., 
1977; [5] RopHefi'IYR H. TI., 3RcTpeMaJJ&HhJe aa113.q11 reo
P"" npH5Jlll)f(eHJm, M., 1976; [6] T" x 0 M II p 0 B B. M., He
HOT0pb1e BOIIpOCl>I T60Pllll UPHOJJH)f(eHJlll:, M., 1976; [7] Ax" e-
3 e p H, II., JleRJ.IHll no TeOpHH annpOKCllM!ID;HH, 2 H3)1., M., 1965; 
[8] T " M a H A. <I>.' Teopmr IlpllOJIHlfieHHJI lllYHRLIHH 11eilcTBH
T6JlbHOro nepeMeHHOro, M.' 1960; l9] R 0 p 0 B Rn: H II. II. 
J111HeilHblll oneparophl 11 Teop1m npuonumeBidi, M., 1959; [1 ol 
c Te 'IR II H c. B., c y 6 (i 0 T ll H IO. H., Crrnail:Hhl B Bhl'!llC
JlllT6JlbHOil: MaTeMaTHR6, M., 1976; [11] ,a: a yr a Be T II. R., 
Hae11eHHe B TOOPHIO np116mi:meHHH lllYHRI.lllil:, JI., 1977; [12] c Te q
R "H c. B., «H3B. AH CCCP. Cep. MaTBM.1>, 1951, T. 15, M 3, 
c. 219-42; [13] c e H II 0 B B JI.' Xayc11opllJOBhle np116,rrnmeHHH, 
ColjJmr, 1979. H. II. Hopneu'<yn. 

IIPUBJllUKEHHE «l>YHK~HR; c JI y q a ii: M H o-
r n x /.(eHCTBilTeJihHbIX rrepeMeHHblX
CJiyqaii, KOrAa npHt'iJIHlRaeMaH iJ>yHKI\HH f aaaHCHT OT ABYX 
n 6oJihmero qncJia nepeMeIIHhlx: 

f (t)=f (ti. t 2 , ••• , tm), m:;;,,2 

(CM. llpu6.ttU:JICenUe rfiylillll.fUU). llo cpaaHeHHIO C OAHOMep
HblM CJI yqaeM IlCCJieAOBamrn BOIIpOCOB rrpHOJIHlReHHH 
ipyeK1111n m (m~2) nepeMeHBhIX aaaqnTeJihHO ycJiom· 
HHeTCH BBH)J:Y IIOHBJieHilH IIPilIII\HIIllaJibHO HOBb!X 06-
CTOHTeJibCTB. CBH3aHHblX c MIIOrOMepHOCTbIO. II pemµ;e 
acero no KacaeTCH o6JiaCTH, Ha K-poll: ocym,eCTBJIHeTCH 
rrpH6JIH)ReHHe. IIpoCTO CBH3Hb!H KOMIIaHT (B OAHOMep
HOM CJiyqae - 0Tpe3oK) B /IZ m (p;ame Ha IIJIOCKOCTH) 
MolReT HMeTh caMy10 paaII006paaHy10 KOII4>11rypa11mo, H 
aoaH:nJl'.aeT Heo6xoA11MoCTb KJiaccucjJm~HpoeaTb o6JiaCTu 
B aaBHCllMOCTH, Hanp.' OT rJiaAKOCTIIbIX CBOHCTB ux rpa
mm,. CJiolRHOCTH IIOHBJIHIOTCH H npB ou11cae11n p;114>iJ>e
peIIl\HaJibIIo-pa3HoCTHblX CBOllCTB iJ>yHKl\Hll m rrepeMeH
IIbIX. 8Tlf CBoiiCTBa Moryr 6b!Tb, B00611\e roaopH, pa3JIIlq
IIb!Mll no paaHb!M HarrpaaJieHilHM, lfX xapaKTep1rnaa;nH 
p;oJimIIa yqHTbIBaTh KaK re0Merpn10 o6JiaCTil orrpege11e
HUH, TaH Il IIOBe)l:eHHe <f>YHKl\HH upn: IlOAXO,L\e K rpae1111e' 
TaK qro 6oJibmoe aHaqeun:e rrpuo6peraeT HayqeJiue rpa-
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mPmhlx csoiiCTB l}iy1nm;nii. Ecan IIhITaTbCH ynpoCTHTL 
pernemrn arrrrpoKCIIMau;noHHoii 3a11a1m rrepexoAoM K 06-
JiaCTII 6oJiee rrpoCToii CTPYKTYPhl, TO B03HHKaeT rrpo6JieMa 
B03MOll\HOCTII IIPOAOJill\emrn ljiyHRIJ;IIII f H3 o6aaCTII QclRm 
B HeK-pyIO COAepmam;y10 Q KaHOHilq, o6JiaCTb QI (Harrp., 
B rrapaJIJreJieIIIlrrep; IIJIH Ha see rrpocTpaHCTBO 1Rm) c cox
paHeHileM TeX HJIII IIHhIX rJia)l;KOCTHhIX CBOHCTB (CM. Ilpo
{}o.n,J1cenua meope.Mbi). 8TOT Kpyr BOIIpOCOB TeCHO CBH3aH 
c n.n,o:HCenua meope.Ma.Mu, a TaKme c rrpo6JieMaMn, B03HJil
KaIOll{HMII IlpII perneHIIH KpaeBhIX 3ap;aq MaTeMaTn:q, 
tPil3HKII. 

YseJin:qeHne qn:caa He3aBIICHMhIX nepeMeHHhIX, ecTeCT
BeHHo, ycJiomHHeT II anrrapaT npu6JIHmemrn, e:6o yse
JIHqilsaeTCH ero pa3MepHoCTb npu TOM me, Harrp., rro
pHp;Ke IWJIIIHOMOB. AJire6pa11q, MHOroqJieH CTenemi: nr, 

. ., llm COOTBeTCTBeHHO no rrepeMeHHhIM tr, .. ., tm 
IIMeeT BIIA 

Pn,,. . .,nm(t1, .. ., tm)="Zak,,. .. ,kmtk' ... tkm (1) 

(ak., .... km - p;e1'fCTBU.TeJibHhle Koa<P<Pnu;IleHThl, cyMMil
posamie sep;eTCH rro kv , v= 1, ... , m, oT 0 p;o nv), TaK qTo, 
Harrp., rrop;rrpocTpaHCTBO MHoroqJieHoB CTerreHII 3 rro 
Kamp;oMy Jil3 m rrepeMeHHhIX HMeeT pa3MepHOCTb 4m 
J1Horp;a tPIIKCilpyeTCH cyMMapHaH CTerreHb MHOroqJieHa n, 
Torp;a cyMMilposaHne B (1) pacrrpocTpaHeHo Ha HHAeKChl, 
:tAOBJieTeopHIOll{Ile HepaseHCTBY 0 .:;;::k1 + ... + kv <.n. 
TpI1ronoMeTpI1qecKnn 11eiicTsnTeJibHhIH rroJIIIHOM rropHAKa 
n1 , ••. , nm rro rrepeMeHHhIM t1 , .• ., tm MomeT 6h1Th 3a
rrncaH B Bn)l.e 

T n1,. • ., nm (ti, .. ., tm) = 

-· ~ a exp ( i ~ m k t ) 
- ""' k 1 ,. .. , kv "-'v= I v 'II ' 

rp;e KOMIIJieKCHhle Koa<P<Pnu;neHThl ak,, .... km c IIHAeKCaMH 
rrpoTJilBOilOJIOll\Horo 3HaKa K-OMIIJieKCHO conpHmeHhl, a 
cyMMI1posaHI1e sep;eTCH rro kv , v= 1, ... , m, OT -nv 
AO llv . 8TOT IIOJIHHOM ll!Oll\HO TaKme rrpe11cTaBI1Th B Bilp;e 
JIIIHeiiHOH KOM6nHaIJ;HII BCeB03MOll\HhIX rrpOH3Bep;eHHll 
snp;a <Jl• (t) q;. (t2) ••. <pk (tm), rp;e <pk (tv) ecTL Jin6o 

K-1 n.2 m v 
sin kv t,, (0 .:;;:k,, <.nv ) , Jin6o cos kv tv (0 <.kv <.nv). llln
poKoe rrpI1MeHeHI1e Haxop;11T MHoroMepHhle c1rnaiirr&1. 
«CKJieeHHhle» AO orrpeAeJieHHoii rJiaAKocTn Il3 «KycKoB» 
aJire6paI1q, MHoroqJieHoB m rrepeMeHHhIX. B CJiyqae m= 2 
HaI160Jiee rrpoCTOH BHA HMeIOT CIIJiaHHhl, CKJieeHHhle Il3 
MHOroqJieHOB no rrpHMhIM, rrapaJIJieJibHhIM OCHM Koopp;Il
HaT. B KaqecTBe anrrapaTa npn6JinmeHHll rrpI1MeHllIOTCH 
TaKme «PYHKIJ;IIH g (tl, •. ., tm), llBJillIOIII;nec11 IIOJIHHO
MaMII IIJIII crrJiail:HaMII JIIIIIIb no HeK-pbIM li3 rrepeMeHHblX. 
,Ll,Jill rrpn6JinmeHHH Herrepnop;Ilq, ljiyHKIJ;RH, 3ap;aHHhIX Ha 
BCeM rrpocTpaHCTBe 1Rm (HJIII Ha HeorpaHnqeHHOM MHO
meeTBe Il3 IR m), MoryT rrpnMeHllThCH u;eJILJe tPYHKii;I111 
31\CilOHeHD;IlaJibHOro THrra, rrpep;cTaBJilMble B Billl,e cyMMhl 
a6coJIIOTHo cxo11Hm;eroc11 cTenerrrroro p11na 

Gn,,. . .,nm(ti, ... , tm)= 
- ,., a tk, tkm (2) 
-4'.Jkv~O,v=1, ... ,m k., ... ,km 1··· m 

rrpn ycJioBHH, qTo AJIH mo6oro E >O npu scex IWMIIJieRc
HhIX t1, t2, .. ., tm 

rp;e KOHCTaHTa Me 3aBIICHT TOJlhKO OT E (CM. [1]). CJieAyeT 
3aMeTIITb, 'ITO B OTJIHqJile OT IIOJIIIHOMOB ljiyHKil;JilH (2) 
orrpeAeJIHeTCll 6ecRoHeqHhIM qJilCJIOM rrapaMeTpOB. 

B MHoroMepHoM cJiyqae crrpasep;JinBa T e o p e M a 
B e ft e p III T p a c c a o B03MomrrocrII rrpn6JII13Ji1Th rre
rrpepLrnrry10 Ha orpaHnqeHHOM 3a:r.rnHyToM ~rnomecrse 

QcJRm if>yHKIJ;RIO f UE C (Q)) HJIH HenpepDIBHYIO Ha sceM 

rrpocrpaHCTBe 1Rm c nepno1:10M 2n no Kam710My nepeMeH

HOMY ljiyHKIJ;IIIO f (f E C (IR m)) ame6panqernIIMII (co
OTBeTCTBeHHo rpilrOHOMeTpnqeCKHMH) IIOJIIIHOMai.rn c JII0-
6oii Hanepep; 3ap;aHHoi:'r CTeneHhIO roqrroCTH. AHaJiorilq
Hhlii ljiaKT HMeeT MeCTO II B rrpOCTpaHCTBaX Lp (Q) Jil (B 

rrepI1011,nq, cJiyqae) LP (IR.m) (1 <.p <oo ). Ha JII1Heii11hle 
HOpMHpOBaHHhle rrpoCTpaHCTBa ljiyHKIJ;IIH Ill rrepeMeHHhIX 
pacrrpoCTpaHHIOTCH o6rn;Ile ljiaKTbI II reopeMbl 0 CBOHCTBaX 
HaI1ayqmero rrpI16JII1memrn, o cyrn;eCTBOBaHIIII, eAIIHCT
BeHHocrn II xapaKrepIICTil'I. CBOlfCTBax «PYHKIJ;IIII HaIIJiyq
rnero rrpn6JinmeHHH, a TaKme o611{Ile COOTHOIIIeHIIH /IBOH
CTBeHHOCTH AJIH rrpI16JII1ll\eHI1H BhIIIYKJibIM MHOll\eCTBOM 
II, B '!aCTHOCTII, rroi:1rrpocTpaHCTBOM (cM. [3], [4)). Op;HaKo 
rroJiy'IeHne KOHKpeTHbIX peaJII13aIJ;IIH 3TIIX TeopeM c yqe
TOM KOHKpeTHOH MeTpIIKH II crreu;mpHKII rrpI16Jinma10m;ero 
IIOAIIPOCTpaHCTBa B MHoroMepHOM CJiyqae corrpHmeHO 
c 6oJihIIIIIMII TPY/:IHOCTHMII. 

EoJiee IlOJIHO HCCJiep;osaHbI BOilpOCbl CBH3II rropH11Ka 
y6hIBaHHH HaHJIY'IlIIIIX rrpn6JrnmeHIIH «PYHKIJ;HH MHOrHX 
rrepeMeHHhIX aJire6pan'IeCKIIMH II Tpl!rOHOMeTpI11I. IIOJIH
HOMaMII, a raKme u;eJiblMII «PYHKIJ;IIHMII c rJiap;KOCTHbIMII 
CBOHCTBaMII rrpI16JII1maeMOH «PYHKIJ;IIII. 

TiyCTb Q - rrpOI13BOJibHOe OTKpb!TOe MHOmeCTBO B JRm 
(B qacrHOCTII, Q= JRm), e - e):lIIHil'IHhIH BeKrop H3 fRm, 
h >0 II Qhe - MHomecrso To'IeK t E Q TaKIIX, qro oTpe30K 

[t, t+he]cQ. EcJIH fELp(Q), 1<.p<.oo, To seJII1q11Ha 

we(!; 6)Lp(Q)= sup II/ (t+he)-f (t)llLp(Qhe) 
h-'(li 

Ha3. M 0 p; y JI e M H e II p e p bl B H 0 c T H 
IJ;HH /(t1, .. ., tm) B MerpnKe Lp(Q) 
n p a B JI e H II 10 e. BeJIIl'IIIHY 

IP y HK
Ii O H a-

w(f; 6)Lp(Q)=s~pwe(f; 6)Lp(Q) 

Ha3. M 0 p; y JI e M H e II p e p hi B H 0 c T H «PYHKIJ;HH f 
B Lp(Q). " 

B rrepno11I1q, cJiyqae p;JIH HaIIJIY'IlIIIIX npI16Jinmemrn 
~n,, .... nm (f)Lp(IJl.m) TPil~OHOMeTpilq, IlOJIHHOMa:r.m 

T n,, .. ., nm ljiyHKIJ,IIII /E Lp ('Rm), HMeIO~ii qacTHDie 
(soo6m;e rooopH, o6o6m;eHHhle no Co6oJieBy) rrpoI13BO/IHhl0 

'v 
D'vf=-8- fELp ('Rm) 

v 'v 
atv• 

(rv ~O - UeJihle, D~f= /, v= 1, ., m), crrpase;o;JIHBhl 
ou;eHKH 

~M~m n;'vwe (D~v/; n; 1 )i ("'In)' (3) 
v=I v p " 

rAe e,, - e11;I1Hil'IHblH BeKTop, HarrpaBJieHHhIH BAOJib tv' 
a KOHCTaHTa M He 3aBHCIIT OT f II llv . ,Ll,Jill «PYHKIJ;HH f 
Il3 L~ (IRm), IIMeIOll{eii o6o611{eHHhle CMelilaHHhle H He
CMemaHHhle npOI13BOIJ;Hble 

Dr/= ar f EL (IR.m) 
atG ... at'm P 

l m 

(r =(r1, •. ., rm)) rropH):lKa r=r1+ ... +rm, HMeIOT MeCTO 
HepaBeHCTBa 

En, .. ., n (f) Lp( IR_m) ~ 

w (Dr/; n-t)[_pO~m). 
+rm=r 

(4) 

ECJIII 
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T. e. ecJIH tPYBKI\HH Dr f y710BJleTaopmoT I'ii.ttboepa yc
.1toeu10, To 

- M 
En, ... , n (f)Lp('Rm)~ nr+a , r=O, 1, .. ., 0<a.;;;1. (5) 

B rrocJie,rvrnM cJiyqae o6paTHaH TeopeMa yTBepm71aeT, qTo 

ecmr AJIH !f>YBKI\Inr /Elp(IR.m) rrp!i acex n=1, 2, ••• 
crrpaae)J;mrna oa;eHKa (5 ), To cy11\eCTBYIOT rrpon3BO/J;Hbie 

Dr f E LP (IR.m), YAOBJleTBopHIOII\IIe IIp!i Jlro6oM h E fR.m 
HepaBeHCTBaM 

II D"f (t+hl-D''f (t) /ILp(IR.m),,;;; KI h Ja, (6) 

ecmr 0 <a <1, IIJlII 

II D'' f (t + h)- 2D'" f (t)-D'' f (t -lllllT.p('Rm),,;;; KI h J, (7) 

ecJIII a=1, rAe K He 3aBMcnT OT AJlIIHhl lhl=(hi+ ..• + 
+h~)'I• BeKTOpa h=(h1 , ••• , km)· 

TeopeMbI, aHaJloflil'IHhle rrp1rne)J;eHHbIM, aepHhl Tam1;e 
AJIH HerrepIIOAHq, qiyHKa;nii fELp('R.m), eCJIH B KaqecTBe 
armapaTa rrpII6mm>eHHH 11puMeHHIOTCH a;eJihle qiyHKI\HH 
aKcrroHeHa;HaJibHOro TirIIa. II puBeAeHHhle pe3YJibTaThl pac
rrpocTpaHHIOTCH TaKme Ha KJlaCChl qiYBKI\HH, rJla;rl;KOCTb 
K-pbIX OIIHCblBaeTCH B TepMHHax MO;rJ;yJieii: HerrpepbIBHOCTH 
(MoAyJieii rJia;D;KOCTH) 6oJiee BbrcoKoro rropHAKa (cM. I 1]). 

B cJiyqae rrpn6mrnmHnH qiy1rna;nii: f E LP (Q) aJire6-
panq, MHoroqJieHaMH P n,, .... nm Ha orpaHn'leHHOM rra
paJIJleJie11IrrreAe (u HeK-pbIX APYrirx orpaHnqeHHbIX MHO
mecTBax) AOKa3aHbI rrpHMhle TeopeMhl, arraJiornqRhle (3), 
(4) H (5). 06paII\eHHe 3THX TeopeM, KaK Ii AJlH qiyHKl~HH, 
3aAaHHhlX Ha KOHeqHoM 0Tpe3Ke, B03M01RHO Jlllillb Ha 
MHomecTBe Qi, JieiRaII\eM cTporo BHYTPH Q. M3BeCTHhl 
o6paTHhle TeopeMbl, rrpeAIIOJiararoII\ne rroahlllleHne rro
PHAKa rrpn6JinmeHHH a6JIII3H rparrna;hI MHomecTBa Q 
(c111 [13)), a TaKme rrpHMhle Teope111hl, yTBepmAaIOII\He 
B03MOlKHOCTb TaKoro YJIY'illleHiiH B6JI!i3H yrJIOBhlX TO
qeK ( c111. I 14)). Heo6xoAHMhle Ir ;ri;ocTaTOqrrhle ycJioBHH, 
06ecrieqnaa10II\He rrp!iHa;D;JleiRHOCTb qiyHRa;nn f KJiaccy 

He+ a (Q) (011pe1J;eJI.11eM0111y a MeTpnKe C (Q) ycJIOBHHMH, 
aHaJIOfJilqHhlM!i ycJIOBHHM (6), (7)) 3a cqeT IIOBhlmeH!ill 110-
PHAKa rrpir6JIIrlKeHHll a6JI!i3H rpaHiiI\hl (KaK B o;ri;HoMepHOM 
cJiyqae), HeH3BeCTHbl (1983). 0)J;HaKo HMeeT MeCTO CJie
AY!OlI\HM pe3YJibTaT OTPHI\aTeJibHoro xapaKTepa (c111.[13]). 
IIycTh Q= {t : t E IR.2 , I ti ...;1 }. He cyII\eCTayeT HH OAHOH 
orrpeAeJieHrroii Ha Q IIOCJie;D;OBa'l'eJibHOCTH qiyHKI\HH 

t..Jf> (ltl), n=1, 2, ... , 0<a<1, o6Jia;ri;aroII\eii: cJie
AYIDlI\HMH ABYMH caolicTaaMn: 

1) AJIH BCHKOH cpyHKI\Illi f H3 H~ (Q) HaHAeTCH IIOCTOHH
HaH M H IIOCJle;D;oBaTeJlbHOCTh MHOroqJleHOB 

P (t) = ,-, a(n) tk, tk• n = 1 2 
n ~O<k1+k2<.n ki,k2 1 2' ' ' .•. , 

TaKHX, qTo 

If (t)-·Pn (t) J,,;;; MA.~a> (It I), tE Q; (8) 

2) H3 TOfO, qTo AJlH orrpeAeJieHHOH Ha Q qiyuKI\HH f 
cyrr~ecTByroT nocTOHHHaH M >O n nocJieAOBaTeJlbHOCTL 
MHOfO'IJleHOB p n (t), YAOBJieTBOpH!OlI\IlX HepaaeHCTBY (8), 

cJieAyeT, qTo /EH~(Q). 
B KaqecTBe Apyrnx rrpmrnpoa, oTpamaIDlI\HX crreI\Ir

qiIIKY rrpH6JinmeHIIH qiyHKI\HH MHOf!iX rrepeMeHHhlX, 
MOlRHO rrp!iBeCTH CJle)J;yIOII\He pe3yJibTaTbl. 

IIycTb En n (f) X. - HaliJIY'imee rrpn6JIIIiKeHne 2n
nepnoµ;nqecKoft 'qiyHKI\IiII f ABYX nepe111eHHhlx TpirroHo

MeTpnq. IIOJl!iHOMaM!i T n,,n, B MeTpHKe i (X = c ('R.2) 

HJIH X=Lp(IR.2)), a E-n,,rJJ (f)X- HaIIJiyqlllee npn6JIIr

meHne f B .\" qiyHKI\IIHMII T n,, 00 , HBJlHIOlI\HMIICH Tp!IrO
BOMeTpHq, IlOJlHHOMaMH IIOpH)J;Ka n1 !IO nepeMeHHOMy ti, 

KoaqiqiliI\IreHThl K-pbrx cyTL qiYBKI\HH oT t 2 • AHaJiornqHo 

orrpeµ;eJIHIOTCH BeJlir'IHHbI E-'7,, n, (!) x . 
EcJIH 1 <P < oo, TO BbIIIOJIHHIOTCll HepaBeHCTBa 

E ni, n, (f) Lp ( ll.2),,;;; Ap (E ni, 00 (/) L p ( ll.2) + E 00 ' n, (f) Lp (DP))' 

r)J;e AP 3aBH~HT _:rnlllh OT p. _ _ 
Ecm1 me X=L1 (IR.2 ) IIJlII X=C(IR.2), TO 

En.,n, (/)x_ .;;;A In (2+minfn1, n2}) (Eni,oo (f)x+ 

+Eoo,n2 (/);)• (9) 

r)J;e A - a6coJIIOTHall rrocTOHHHall, II MHOlKHTeJlb In (2+ 
+min {n1 , n 2 }) B HepaBeHcTBe (9) HeJlh3H 3aMeHIITb Hli Ha 
KaKoii: )J;pyroii:, pacTYII\Hii: rrpH min {n1 , n2 }-+ oo no no
PHAKY 111ei:iJieHHee (cM. [15)). 

II p!iHI\IiIIHaJlbHhle oco6eHHOCTII B03HHKaroT B 3aAaqax 
IiHTepnoJIHpoaaHiiH qiyHKI\Illl MHOfHX rrepeMeHHblX. 
Harrp., cyII\eCTBOBaHne aJire6panqecKoro HHTepnOJlHI\HOH
Horo MHOroqJleHa B OTJlHqne OT OAHOMepHoro CJlyqaH cy
lI\eCTBeHHO 3aBHCHT OT paCIIOJlOJReHHH Y3JIOB HHTeprro
JlHI\HH. Pa3pa6oTaHbI, TeM He Mesee, :iqiqieKTHBHhle cno
co6bl IlOCTpoeHHH IlOJlHHOMOB H CilJlaHHOB, HHTepnoJlH• 
PYIDII\HX qiyHKI\HIO f (t1, ••• , tm) Ha orrpe;ri;eJieHHhlM o6-
pa3oM Bb16pasrroii ceTKe Y3JlOB (cM. Hnmepna.ttupooaxue), 
/];JIH MHOfOMepHbIX HHTepnoJIH[\HOHHhlX CIIJlaHHOB B PHAQ 
CJiyqaeB HaH)J;eHhl IIOPHAKOBhle O[\eHKH norpelIIHOCTH 
rrpn6JIH1ReHiiH KaK CaMOH qiYBKI\HH /, TaK H ee qaCTHhlX 
npoH3BOAHbIX, 6oJiee ;ri;eTaJibHO HCCJle;rJ;OBaHbl B :JTOM Ha
rrpaaJieHHH µ;ayMepHhle cnJiaii:Hhl MaJioro nopHAKa, a 
TaKme JIOKaJibHbie (apMHTOBhl) CnJlaHHhl JlI06oro nopH;rJ;Ka 
(cM. (7), [ 10] - [ 12]). Cpe,rw APYrHX JIHrreliHhlx MeTo;ri;oR 
npn6JlHiKeHHH qiyHKI\Hll MHOrHX nepeMeHHhlX cpaBHil
TeJibHO Jiyqme HCCJleAOBaHbl KpaTHhle CYMMbl <I>ypr,e H 
HX pa3JlHqHble cpe;D;HHe. 3;ri;ecb H3BeCTHhl I10PHAK0Bhl0 
O[\eHKH npn6JIHmeHHH Ha KJiaccax qiyHKI\HH, B HeK-J>bIX 
CJiyqaHX Haii:µ;eHa TOqHaH aCHMilTOTHKa (CM. [5], [6), [8]). 

Jlum.: [1] H H R 0 JI b c RH it c. M., IIp116JJH1ReH11e il>YHRI.1Hit 
MHOrHX nepeMeHHbIX H TeopeMbl BJIOlReIDiff, 2 11311., M., 1977; [2] 
r y Tep P. c., H y 11 p JI BI.I e B JI, ,[];., JI e B HT a H B. M., 
8J1eMeHTbl :reopHB il>YHRl.IHit, M., 1963, c. 106-98; [3] H op H e li
q y R H. II., 8RcTpeMaJl&Hble aa11a<m Teop1111 up116J111meHHJ1, M., 
1976; [4] TH x 0 M Hp 0 B B. M., HeRoTOpble BOnpOCbl TeOpJrn 
up116JI11meH11l!, M., 1976; [5] A a JI 11 bl R B. H., Bne11eH11e B Teo
PHIO I!3BHOMepHoro np116J1HlReHHJ1 il>YHRl.IHit UOJIHHOMaMH, M., 
1977; (6] T HM a H A. <I>., TeopHJI np116JIH1Rem111 il>YHRl.IHit 11eit
CTBHTeJ1bHOrO nepeMeHHOro, M., 1960; (7] c Te 'IR H H c. B., 
c y 6 6 o T 11 H ID. H., CnJ1aitHbl B Bbl'illCJJHTeJ11>Hoit MaTeMaT1rne, 
M., 1976; [SJ c Ten a He I.I A. IL, PaBHOMepHoe np116JIHlReH11e 
Tp11roHOMeTpH'leCRHMH nOJIHHOMaMH. JI11uei!Hble MeTOllbl, H., 1981; 
[9] JI 0 p a H II. - JR.. AnnpoRCHM311HJI H OUTHMH331.1HJI, nep. 
c il>PaH11., M., 1975; [10] A JI 6 e pr A m., H 11 JI b co H 8., 
Y o JI m A m., Teop11JI cmiai!Hon 11 ee np11JiomeH11JI, nep. c aHrJI , 
M., 1972; [11] 3 a B b JI JI 0 B ID. c., H Ba c 0 B B. H., M H
p 0 m H H 'I e H R 0 B. JI.' MeTOllbl cnJ1aitu-ljJyHRI.1Hit, M., 1980. 
Li 2] B a p r a P., <I>yHRQHOHaJI&Hblit auaJIHa 11 Teop11J1 annpoRcR
M31.1HH B •rncJieHHOM auaJI11ae, nep. c aurJI., M., 1974; [13] H 11-
R OJI b CRH ii C. M , «CH6. MaTeM. lR.>>, 1969, T. 10, M 5, C. 1075-
1083; [14] B p y 11 H bl it ID. A., «,[];ORJI. AH CCCPo>, 1970, T. 195, 
M 5, c. 1007-09; [15] Te M JI JI Ro B B H, «,[];ORJI. AH CCCP», 
1975, T. 223, c. 1079-82. B. H. Ronoea.Jtoe, H ll Ropueii'l-yn. 

IIPIIBJIIIiKEHU:E cl>YHKIVlll; a Kc T p e Ma JI L
H hl e 3a)J;aqn Ha KJiaccax qiyHKI\HH-
3a)J;a'ln, ca.113aHHhle c OThlCKaHneM aepxHeli rpaHn no
rpemHocTn npn6JinmeHHH Ha qiuKcupoaaHHOM KJiacce 
qiyHKI\HH H c Bhl6opoM ,1\JIH Hero Ham1yqmero B TOM HJ!Il 
nHoM cMhlcJie annapaTa npn6JinmeHnH. Ha<JaJio nccJie
AOBaHHHM no :JKCTpeMaJibHhlM 3a)J;aqaM Il. qi. IIOJIOiKHJIH 
pa6om A. H. KoJIMoroposa (CM. (1) - [2)), m. <I>aaapa 
(cM. (3] - (4)) n C. M. HHKOJibCKoro (cM. [5]-[6)). 
IllnpoKoe pa3BIITIIe :JT!i HCCJle)J;oBaHIIH IIOJiyqHJlB HalJH
HaH c 50-x rr. 20 B.; OHH CTiiMYJIHpoBaJlliCb I10Tpe6soc
THMil Bhl'IHCJlHTeJlbHOH MaTeMaTHKII, see 60JibIIIe CTaJIKH
BaBIIIeHCH c 3a)J;a'laMII OI1TliMii3a[\HOHHOfO CO)J;epmaHHH. 

EcJIII B HopMIIpoaaHHOM qiyHKI\IIOHaJlbHOM rrpocTpaH
CTBe X paccMaTpuaaeTCll II. qi. H3 KJiacca !Ill cjiyHKI\HHMll 
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.ilnrncwposaRHoro MHomectsa l)(c:X, to HHtepec npei:1-
CTaBJJflJOT 3a):IR'IH OThlCKaHH.fl B0Jllf'll'!H 

rne 

- HanJJyqmee 
I)(, a TaKme 

E (ffit, \R)x=sup E (!, ill)x, 
f E ~ll 

E (/, \R)x= inf 11/-(jJ[[x 
<p E ~( 

rrpn6mrmenne «PYHKI~nn f (t) 

cf} (!JJl, 1)1, U)x=sup 11/-U/llx. 
f Eml 

(1) 

MH01RflCTBOM 

(2) 

r):le u - HeK-pb1ii KOHKpeTHblll MeTO/I; rrpw6JJn1ReHHfl, 
3a):lasaeMhlll TeM HJIH HHhlM orrepaTopoM, ,D;ellCTBYIOlll,HM 
H3 x B \)(. c reoMeTpH'I. TO'IKH 3peHHH sepXHH.fl rpaHb (1) 
xapaKTepnsyeT BeJJH'IHHY YKJJOH0HHH MHomecTBa fill OT 
1)1 B MetpnKe x. IlpaKTH'I. CMblCJJ BeJIH'IHHbl E(rm, \Jllx 
MOiKHO BH):leTb B TOM, 'ITO OHa, BO-rrepBb!X, i:1aeT MHHH
MaJibHO B03MOll\HYJO OIJ,0HKY cseyxy /:IJIH HaHJJy'lmero 
rrp11l5mnKeHHH MHOiK0CTBOM l)l <PYHI<ll,llH, 0 K-pon 113-
BeCTHO TOJJbKO, 'ITO OHa rrpHHa):IJJ01RllT KJJaccy rm, a BO
BTOpblX, HBJJ.fleTC.fl orrpe,D;eJJeHHblM opweHTllpOM rrpn OIJ,eH
Ke II cpaBH0Hllll arrrrpoKCl!MaTl!BHblX B03M01RHOCT0ll I{OH
KpeTHb!X M0TO,ll;OB rrpn6JJllll'9HllH Ha KJiaCCe rm. lfro Ka
caeTCH B0Jlll'IIIHbI (2), TO Hal!60JJee BalRHb!M HBJIH0TCH 
cJJyqafr, 1rnr,D;a \R=l)(N ecTb N-MepHoe rro,D;rrpocTpaHCTBO, 
u - Jil!HeiiHb!H M0T00,ll; rrpn6JJnmeHllH. lfaBeCTeH IJ,eJJblll 
PH/:I TO'IHhlX II acl!MIITOTll'lecKH TO'IHhIX pe3yJJhTaToB no 
rrpH6JJnmeHlllO KJlaCCOB «PYHKIJ,lli'i KOHKpeTHblMll JlllH0ll
HbIMll MeTO,D;aMll (B 11aCTHOCTll, IIOJlllHOMaMll II CIIJJaii:
HaMM) (CM. [1]-f 12], (19]), HO oco6wii: llHTepec Bbl3bI
BaJOT MeTO,ll;hl, peaJJll3YJ01ll,lle TO'lHYJO HlliKHJOJO rpaHb 

cf} (rm, l)(N)x= inf cf} (rm, l)(N, U)x. (3) 
UXC>JIN 

pacrrpoctpaHeHHyro Ha see JJllHeHHhle orpaHM'leHHhle orre
paTopbl u ll3 x B l)IN. T. e. Jll!HeflHble MeTO,ll;bl, H8llJJy'l:
mne ):IJIH KJiacca rm. HcHo, 'lTO BCeri:1a 

E ([J1, \RN)x.;;;; cf} (rm, j}/Nlx. 

II, ecTeCTB0HHO, B03HHKaeT BOrrpoc 0 B03M01RHOCTH 3l.J;0Cb 
3HaKa paBeHCTBa. IlOMllMO TpHBMaJJbHOrO CJJy'laH, KOr,D;a 
x - rHJib6epTOBO rrpocTpaHCTBO «PYHKil,llfl II HallJJY'lIIIee 
rrpn6JJlliKeHne KaiK):IOll «PYHKil,llll ,ll;OCTaBJI.flJOT cyMMbI 
cDyphe ITO opTOHopMHpoBaHHOMY 6a3MCY 1)1N, ll3BeCTHbI 
Cl!TyaU,llH B HerllJJb6epTOBOM rrpocTpaHCTB!l, KOr,D;a Jlll
HeiiHhlH MeTo,D; peaJJll3yeT HallJJy11mee npI16JJnmeHI1e Ha 
BCeM KJlaCCe rm. 

Ta«, eCJJll X - rrpocTpaHCTBO 2n-nepMO,ll;ll'leCKllX «PYHK-

U,llii: Lp=Lp[O, 2:n:] (1.,..:p.;;;;oo), l)(fn- 1 - rro,D;rrpoCTpaHCT

BO TpllrOHOMeTpll'I. IIOJll!HOMOB rropH):IKa n-1 (diml)?fn-1= 

=2n-1), MW~(r=1, 2, ••. ) - KJiacc «PYHKil,llll fELp, 
y K-pbIX /fr-I) (t) al5COJJJOTHO HerrpepbIBHa Ha [0,2:n:] ll 

11/11- <:M, TO 
Lp 

E (MW~, l)(fn-1)z: =cf} (MW~. l)(fn-1)[: = MKrn-r, 
p p 

p=1, oo; n, r=1, 2, .. ., 

r,D;e Kr - KOHCTaHThI <l>asapa, rrpll'll'M rra1rny11mee npI1-

i5JJMmeHI1e Ha KJJaccax M wr II M w: peaJrnayeT mrnen

Hhrii MeTO):I U~-1. IIOCTpoeHHblll Ha 6aae cyMM cDyphe 
(cM. Ilpu6.11,u:J1ceHue rfiyHx:l{uii; Jll!Henrrhle MeTO):lhl rrpnl5-
JllilK0HHH, cj:opMyJia (3)) rrpn onpe,D;eJJeHHOM Bb!Oope MH0-

1RMTeJJeii: A~n-r)=A~n-l) (r). IlocTpoeHhI Jll!HeiiHhle orrepaTo

pb! co 3Ha11eHI1HMH B l)(fn-l, peamrnyJ01I1,I1e sepxHJOJO rpaHh 
Ha11J1y'llllllX rrpI16JII1IBem1ii Ha 1rnaccax ceepToK, BKJIJO-

IJaIOlll,liX, B 'laCTHOCTH, KJJacchI MW~ 11 MWi c ,D;po6-
HhlMH r>O, a TaKme NJJaCCbI corrpH1ReHHbIX «PYHKIJ,HH 
(CM. (10], (11]). 

,[l.JJH IIpI16mnReIDrn IIO,ll;IIpOCTpaHCTBOM S~ 2:rt-IIepl!O/l;II

qec1-a1X crnrafrrros nopflil,Ka m JJ,e«PeKTa 1 c y3JiaMI1 CKJJell:

Kll kn/ n (dim S fi..= 2n) crrpase):IJil!Bbl paseHCTBa 

E(Mw;, s~;;1)i =cfi(Mw;. s~;;1)i =MKrn-r, 
p p 

p=1, oo; n, r=1, 2, ... ; 

Ha1rny'IIIIIIM Jll!HeHHbIM MeTO/:IOM 3):\eCh HBJIHJOTCH CIIJJaKHbI 

a r _ r(f, t) ll3 S~;;- 1 , llHTeprrom1py10lll,lle «liYHKil,lllO f (t) 
B TO'IKax kn/n, ecJill r 'leTHO, n B T011Kax knln+nf2n, 
ecJJll r ne11eTno. 0Taocn:TeJibHo KJJacca Mw: atll crman
Hbl o6JJa,D;aJOT HCI{JJJO'll!TeJJhHbIMll armpoKCl!MaTl!BHb!Mll 
CBOHCTBaMll, T. K. HaHJIY'IIIll!M o6pa30M rrpI16JJI1iKaJOT 

!f>yHNil,llll f(t)EMW,: B JJro6on MeTplIKe LP (cM. [7]). 
Ilepe'll!CJJeHHbie CJJy11aI1, KOr,D;a BeJJH'lllHhl ( 1) H (3) 

COBila,D;aJOT H y,D;aeTC.fl IIOCTpOHTb KOHKpeTHbIH JIIIHef'rablii 
MeTO):I, peIIIaJOIU;llH cpa3y o6e 38,D;a'lll, HBJI.f!IOTCH, B ns
uecTHOM CMhlCJJe, ~eaJIE.HJ>LMH. B i:1pyrnx cuTyau,mrx acp
«PeKTllBHhlM npll pemeHllll 3a)l;a'IH ( 1) OKa3bIBaeTCH IIOll;XO/I;, 
OCHOBaHHbIH Ha HCIIOJlb:JOBaHllll o6ru;l!X teopeM ):IBOHCT
BeHHOCTll, OTpamaJOIU;llX cpyH):laMeHTaJJbHble COOTHOIIIe
HJUJ reoMeTplln Bhmy1moro anaJimrn (cM. [7], [8]). ECJill, 
rranp., X - npmrnBOJibrroe mrnenaoe rropMllpOBaHHoe 
npocTpaHcTBo, X* - eMy oorrpm1rnunoe, 1)1 - Bblnymrne 
MHomecTBO a X, TO AJifl' JIJ06oro aJieMeHTa x E X 

inf /lx-u~= sup [F(x)-supF(u)]; (4) 
uE~l FE X*, U Ffi< I uE'.Jl 

B 11aCTHOCTU, eCJJll I)( - rro.µ;rrpocTpaHCTBO, TO 

inf llx~ull=sup{F (x): FEX*, llFll<1, 
UE>JI 

(5) 

CooTHoIIIeHnH (4) l!Jlll (5) rrossoJJHIOT B pH/l;e cJJyqaeB 
CB0CTH BbI'lllCJJ0HIIe l!JIH OIJ,elIKy BepxHeii rpaHI!. (1) K 
6oJJee 0003pl!MOH 38,D;a'le Ha 3KCTpeMyM .f!BHO 38/J;aBae
MOtO «PYHKil,llOHaJia Ha HeK-pOM MHmKeCTBe «PYHKIJ,llH, 
CBH3aHHbIX, ecJJn: I)? -- IIO/J;IIpocTpaHCTBO, ycJJOBllHMll. 
opToroHaJJhHOCTM. HanpnMep, l!CIIOJJh3YH (5), oIJ,eHKY -, 
E(Wq• l)lfn-1h. (1.,..:p, q.,..:oo) MOiKHO CBeCTI!. c IIOMOlll,blO 

p .. 
U3BeCTHblX HepaaeHCTB K Bbl'lllCJJeHHIO Bepxaeu rpaHu 
HOpM llgllq• (q'=q/(q-1)) Ha MHOlKeCTBe «PYHKIJ,l!H 

gE w;,(p'=p/(p-1)) T8KllX, 1ITO 

r2n cos kt 
.) 0 g (t) sin kt dt =0, k=O, 1, ... , n-1. 

BoJJee TOHKa.fl CHTya~ll.fl B03HUKaeT' eCJII!. 3a,D;a'la ( 1) 
pelllaeTcH Ha KJiaccax, 3agasaeMbIX orpaHl!'leHnf!Mn: He Ha 
HOpMy r-H rrpOI13BO,ll;HOH j<rl (t), a Ha ee MO):IYJ!h HerrpepbIB

HOCTH w(/''l, B)x, B qacTHOCTH KOr,D;a rm= W'HW (r= 
=0, 1, .. ., WoHw=Jiw)-KJiacc 2:rt-rrepHognqecRux 

lf>yHKIJ,llll /EC' (C0 =C), y K-pb!X 

w(f<n, lJ)c=w(/<rl, 6).;;;;w(lJ), 

r,D;e (J) (6) - 3a,D;aHHblf'I MO,D;yJJh HerrpepbIBHOCTH, Harrp. 
w(lJ)=MBa (O<a.,..:1, O...;:lk::n) 3,D;ech rrpnMeHeHl!e (5) 
Tpel5yeT UCIIOJlb30BaHHH TOHKIIX CBORcTB .µ;n:«P«PepeHIJ,H
pyeMbIX rrepHO,ll;ll'l «PYHKIJ,l!K Tl!IIa TeopeM cpaBHemm II 

K 0.11,Jttoeopoea HepaeeHcme (JJ.JJH HOpM rrpoll3BO,ll;HbIX), 
HO Olll!ChlBaeMblx c, IIOMOlll,bID arrrrapaTa uepecTaHO,BOK 
(paBHOH3Mepl!Mb!X «PYHKil,llH). IT pl! yCJIOBllll BbIIIyKJJOCTU 
ssepx w(B) crrpaBe,D;JIHBhI paoeacTBa (cM. [7], (13]). 

E (WrHw, l)(fn-1h=E (Wrffw, S~nh=llf11r (w)Jfx, 
'n=1, 2, . ; I =0, 1, 

r,D;e X=C l!Jlll Lr. f,,r(W, t) - «PYHK~l!H H3 wrnw ue
puoi:1a 2nln c rryJieBbIM cpe):IHl!.M auaqenaeM rra rrep11:011;e, 
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Y K-poi\: j(rl ( W, t) 'l:eTHa, paBHa f CJJ (:t/n-21)]/2 Ha [0, I1pII6JHJ1ReHHH npn HaJII1qnn orpannqem1fi, 3aAaBaeMblX 
n/211] n paBHa -[w(2t-n/n)l/2 Ha [:n:/2n, :n:/111. HopMhl c uoMoll\bIO 1rnnyca. 
II/ nr ( w) llx Ao11ycKaIOT HBHoe awpameHne, uanp.: 0ThlCKamre Ha1myqruero anuaparn npt16mrnrnH:nH (<fluK

AJIH AaHHoro KJiacca lfiyHKIJ,HH 
IT 0 II e p e q H H K a x: HaHTll 

l cnpoBaRHOH pa3MepHOCT!l) 
II I no (w) lie = 2 w (n/n), fill npnBOAHT K 3aAaqaM o 

llfnr (w)/J-=~ \it<Dr (n-1) W (1/n) dt, c -11 .l 0 
r=1, 2, ... , 

rAe lfiyHKIJ,HH c:Dre(t) 3a):(aIOTCH Ha [O, n) peKyppeHTHO: 

1 (' Jt- t 
<Dk(l)=z.lo <l>1t-i(u)du. 

PerneH:ne 3aAaq 0 HauJiyqmeM ,ll;JUI KJiacca wr HW mrneii

HOM MeTOAe 113 c B IJlfn-1 HJIII B s ~n H3B0CTHO B CJiy•rne 

w(ll)=Mll (O~ll~n), T. e. JiOrAa wruw=MW:,+1. 

l1.HTep110JIHIJ,HOHHble CnJiali'HbI a r (/, t) H3 S ~n peam13y10T 

8epxmoro rpaHb E ( wrn(iJ, S~nlc (npu JIIOOOM BhIIIyKJIOM 

w(ll)) JIHIDb B cnyqae r=i. 
Ilpu pemeHHH BKCTpeMaJibHhlX 3aAaq Ha KJiaccax lfiyHK-

11,Hfi, 3aAaHHhlX Ha KOB0'1HOM 0Tp03Ke H He CBH3aHHblX 
il\0CTKHMH KpaeBh!Mli ycJI08HHMH, H0Jlb3H IBAaTb pe3yJib
TaTOB B CTOJib coeeprneHHOM, KaK B nepHOAHq. CJiyqae, 
BllAe: Ha BKCTpeMaJibHblX lfiyHKll,HHX CKa3b!BaeTCH B03-
Myru;arolll,ee A0HCTBl!e KOHIJ,OB apoMeil\yTKa, K-poe ycyry6-
JIH0TCH c yaeJinqeHMeM nopRAKa A1I!filfiepe11)\:npyeMocT:n. 
3AeCb H3B0CTHhl HeK-pble pe3yJibTaThl c :roqHoii aCHMIITO
TIIKOii. ECJIH MWrHa(r=0,1, ... ; O<a...;1, MW0Ha= 
=MHa) - KJiacc lfiyHKIJ,MH /(t)EC'[-1, 1], y K-pb!X 

IJ<r>(t')-tr(t")l<Mlt'-t"la(I', t"E[-1, 1)), 

TO AJIH Ha:nJiyqrnero paBHmiepHOI'O ua [-1, 1] up:n6JIH

if\0HI!H IlOAI1pOCTpa11CTBOM \)?~ aJire6pa11q, MHOroqJieHOB 
C:TeileHH n-1 U:M0IOT MeCTO COOTHOID0HHH 

16) 
ll---+ QO 

= 0 <Dr (n-t) 1a dt, M ~:rt 
- 0 

r='l, 2, \7) 

K-pbre llOJie3110 cpaBlll!'fb c COOTBeTCTByIOlll,HMH pe3yJibTa
Ta~IH B nepIIOAHq. CJiyqae; upn a= 1 npaBhle qaCT11 (6) 
u (7) paBHbl cooTBeTCTBeHHO MK 1 H MK r + 1. 0TKa3aBmnCh 
OT MHoroqJieHoB ea:nJiyqrnero rrp:n6JIIIIBeli!IR, MOIBHO ycn
JIHTb BTH pe3yJiuTaThl, Cylll,eCTBeHHO yJiyqrnHB np:n6JI11il\e
mrn y KOHIJ,OB oTpe3Ka [ -1, 1) 6e3 noTepn Harrnyqrneli 
aCHMIITOTHRH Ha aceM npoMemyTKe. Raup., AJIH JI106oii 
t EM ua cylll,eCTByeT IIOCJJeAOBaTeJibl!OCTb aJire6panq, 

MHoroqJieHOB Pn (!, t) E \)1~ TaK11x, '!TO paa110MepHo no 
tE[-1, 1) up:n n-+ oo 

lf(t)-PnU, t)I<~ [(~Y1-t2t+o(n-aJ]= 
=E (MHa, \R~)c[(t-12)a/ 2 +o (1)). 

A liaJior11'lllb1ii lfiaKT HMeeT MeCTO AJIH lfiymumii KJiaccoa 
MWrH1 (r=1, 2, ... ) (CM. (11]). B 3aAa'lax upn6m1-
memrn CITJiaiiHaMH (HanJiyqrnHMH H HHTepDOJIHIJ,HOI!llblMH) 
KJiaCCOB lfiyHKIJ,HH, 3aAaHHblX Ha 0Tpe3Ke, H3BeCTHhl HeK
pb!e TO'lllhie (rJI. o6p. t AJIH CIIJiaHHOB MaJioro nopHAKa) 
H acnMnTOTl!qeCKli TO'!Hhle pe3yJibTaTbl (CM. [ 1.5 J). 

B CJiyqae OAHOCTopo1111ero 11pn6Jiuil\eHHH (B HHTer
paJibHOH MeTp11Ke) 11aaecTeH PHA TO'!Hb!X peayJihTaTOB 
no 01.1,eHKe norpemHOCT:n ua11Jiyqrnero up116JI11me1111H noJIH
HOMaMu ll CnJJaiiHaMl! Ha 888/l;eHHhlX 8hIUie KJiaccax !fiyHK
ll,Hll (CM. [ 19]). IlpH llX noJiyqe111111 cymecTB0IIHO ncnOJib-
30BaJIUCb COOTHOIUemrn ABOHCTB011110CTH AJIH Ha11JiyqIIIero 

BeJJHqHHhl (C~l. (1) II (3)) 

dN(fill, X)=infE(fill, mN)x, 
'JIN 

dN (IJJl, X) =inf if} (IJJl, \RN)x, 
'JIN 

fAe HlllRHJJe rpaHH 6epyTCH no BCeM noAnpocTpaHCTBaM 
'inN H3 X (n nx CABJJraM) pa3MepHoCTn N, a TaKme yKa-
3aTh BKCTpeMaJibHble (HanJiyqnrne) noAnpoCTpaHCTBa, pea
JIJJ3y10m,ne BTH HHIBHne rpau11. Ou,eHKH caepxy AJIH dllf 
lI dN AaIOT HaHA0HHhle AJIH KOHKpeTHhlX noAnpoCTpaHCTll 
1)1N B0JilJqJllihl E (fill, 1)1N) X H <f/ (IJJl, \RN) X• OCHOBHall 
TPYAHOCTb B 3aAaqe 0 nonepeqH:nKe o6hrtlHO COCTOHT 
8 noJiyqeu11n ToqHhlX ou,eHoK CH:n3y. B PHAe c11Tyau,m'l 
noJiyq:nTb TaK:ne OIJ,0HKH YAaeTCH, IlpHBJieKaH TonoJJornq. 
coo6paIBeHMH, B qacTHOCTH TeopeMy Bopcy1rn 06 aHTH
noAax (CM. [8]). IlpaKTHqeCKH BO BCex CJiyqaHx Toquoro 
pernemrn 3aAaq11 o ua:nJiyqrneM npu6JI11IBeH11:n 1rnaccoB 

M w~ H W' Hw uepHOAHq. lfiyHKIJ,HH IlOAI1pOCTpaHCTBam1 
\J1L1-1 (Tp:nroHoMeTp:nq, I10JIHHOM08 IlOPHAKa n-1) l! 

S';;, (CDJiaHHOB HeK-poro IlOPHAKa m AelfieKTa 1 DO pa3-
6ueHHIO kn/n) HaHA0HHble TOqlihie BepXHHe rpaHH E(~JJL 
\J1N)x ARIOT :n 3HaqeHHH uouepeqHJIKOB dN BTHX KJiaCCOB, 
npnqeM OKaaaJIOCb, qTo AJIH uepIIOAI!'I. KJiaCCOB d2n-1 = d2n· 
B qacmocm (CM. [7], [8]) , 

dz,,-dW'.°x,, CJ= d2n (w;;,, c)=d2n-dwr, Z1) = 
( -r - ) , =d2n Wr, L1 =Krn-r, 

11, r =1, 2, 

a rrpn Bh!DyKJIOM BBepx w ( ll) 11 X = C nJI11 L1 

d2n-1 (ttrrHrn, X) =d2ri (WrH"'• X) =ii fnr (w) lix. 
n=1, 2, ... ; r=O, 1, ... 

CJieAyeT OTM0TIITh, qTo noAnpocTpa11CTBO \.'11 f,1_ 1 HBJIHeTCH 
HaHJiyqrnnM AJIH paCCMaTpHBaeMblX KJiaCCOB I!pH ecex r 
ll HIIKaKoe IIOAnpocTpaHCTBO pa3MepHOCTH 2n ue AaeT Ha 

nnx KJiaccax Jiyqrnee upuoJI:nmemie, 'leM \)([,,_ 1 (:nMeIO
mee pa3MepHOCTb 2n-1). IloAnpoCTpaHCTBO CDJiallllOB 

srn HBJIH0TCH HaMJIY'IIDHM AJIH KJiaCCOB W'.: 1 lI W'HW B c 
npn m=r II AJIH KJiacca w;+I B f1 upn m~r. JlnHeRHbie 

nonepeqH11Kn div KJiaccoe W: B C n Wi B £1 coenap;aIOT 
c dN, OIIH peaJIH3YIOTCH Ha IlOAI1pOCTpa11CTBaX \.'11fn-1 II 

S~;;- 1 HaHJiyqrnHMH JIUH0HllhlMH M0TOAaMu, O K-pbIX yrro

MllllaJIOCb Bh!IIIe. Ilouepe'IHHKH dN JI dN KJiacca w~ B L2 
11p:n N=2n-1 :n N=2n paa11b1 n peaJiu3yIOTCH cyMMaMH 
<Dypbe no Tp11ro110MeTp:nq, CHCTeMe. ,ll,JIH nouepe'IHllKOB 
KJiaccoa lfiyHKIJ,m'l, 3aAaHHblX 11a oTpe3Ke, B PHAe cJiyqaeB 

H3BeCTHa TO'IHaH ac11MDTOT11Ka; 11orrepe1rnmm d N :n div 
KJiaCCOB w: B c [ -1, 1] COBllaAaIOT II peaJIH3YIOTCH HH
TepDOJIHIJ,HOHHhIMH CilJiaiiHaMH nopHARa r -1 no liepaB
HOMepHOMy pa36Hel!HIO (CM. [8]). 

3aAaqy 01.1,eHKH rrorpeIDIIOCTH rrp116JII11ReHHH Ha MHOil\e
CTBe Xr r-X IIHTerpaJIOB OT <PYHKJJ.Hi'J H3 X (He HBJIHIOllJ,eM
CH JIOKaJibHO KOMnaKTHb!M) MOil\110 CAeJiaTf> KoppeKTHOii, 
eCJIH Oll,0HHBaTb AJIH IE xr rrpH lfiMKCHpOBaHHOM y >0 Be
JII!qHHY 

E (f, "I1N)x/w (!<rl, Y)x 

( Ul(g, ll)x - MOAYJib Henpepb!BIIOCTn <fly11K1.1,n:n g B npoc:r
pa11CTBe X) l!JIII (B CJiyqae npu6JinlKeHIIH KOHKpeTHb!M Me

TOAOM) 8eJinquHy 

II I-UN I llx/w (f<rl, y)x. 
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0TbICRaane TOqHhJX Bepxunx rpaHeii BTHX BeJinqnH Ha MIIO
il\eCTBe X' paBHOCHJibHO HaXOil\)l;eHHIO HanMeHbIIIeii ROH
CTaHThl B COOTBeTCTBYIOIIIeM II., :HCe/'iCOJta 1tepaee1tcmee; 
MOil\HO 3aTeM roBOpliTb 0 MHHHMH3aII,nn IIO BCeM no,a;npoCT
paHCTBa:M pa3MepHOCTH N. B pH,a;e cJiyqaea BTn 3a,a;aqe: 
pemeHh!. Hanp., B HepaaerrCTBe 

E (/, S~n)c.;;;;; M ,n-rw (!<ri, n/n)c, /EC', 
Han:MeHbIIIaH ROIICTaHTa M ,= K,/2, IIpnqeM OHa He MOil\eT 

6h!Tb yMeHhIIIerra, ecJrn S~n 3aMeHnTh J1I06h!M ,a;pyrn:M no,a;
npocTpaHCTBOM Toii me pa3MepHOCTn (cM. [ 14]). lfaaecTHhl 
TOqHhle ROHCTaHThl B HepaBeHCTBe AmeRCOHa p;JIH npn6Jin
meHnH TpnroHOMeTpnq. IIOJIHHOMaMn B paBIIOMepHOll n HH
TerpaJibIIOH MeTpn:Re (cM. [7]). B rrenepno,a;n:q. cJiyqae eCTb 
pe:iyJihTaThl c TOqHOll aCHMIITOTHROll. 

Cpe,a;n 3RCTpeMaJihHhlX 3ap;aq, B R-pblx npn6JIHIBaIOIIIee 
~IHOil\eCTBO, He 6y,a;yqn JIHHeHHbIM MHOroo6pa3neM, HB
JIHeTCH BbIIIyRJibIM MIIOil\eCTBOM, HHTepec IIpe,a;cTaBJIHIOT 
3a,a;aqn HanJiyqmero IIpn6JinIBeHHH op;rroro RJiacca cpyHR-

11,nii ffi1 ApyrnM RJiaCCOM ffi11 c JiyqmnMn, B TOM HJIH HHOM 
CMbICJie, rJia,!l;ROCTHbIMH CBoii.cTBaMn. CHaqaJia TaRaH 3a,a;a
qa B03HHRJia RaR IIpOMeil\yTOqHaH IIpn IIOJiyqeHnn TOqaoii. 
OII,eHRH )lJIH 

( -w T ) ( -w -1) E H ,\Jl2n-1 c [)1 = H , ffi11 =MW"" 

(cM. [7]); B ,a;aJihHeii.meM ee CTaJin paccMaTpnBaTb RaR 
caMoCTOHTeJibHyro, IIpnqeM B pHAe cJiyqaeB n:cnoJib3oaarrne 
COOTHOIIIeHHH (4) II03BOJIHJIO IIOJiyqnTh TOqHblll pe3yJihTaT. 

Ilpn 

ffi1=M1W~, 

!.Uh =M2W~ (0 < r < k). 

3,a;ecb o6HapymnaaercH CBH3h c 3a,a;aqaMn: o HepaaeHCTBax 
:VJeil\)ly HOpMaMn IIpOH3BO)l;IlblX n 0 HanJiyqmeM IIpn6Jinil\e
HIIH OIIepaTOpa ,a;n<J><J>epeHII,IIpOBaHn:H JIIIHeHHblMII orpaHH
qeHHbIMH OIIepaTopaMn (cM. [16]). 

MaorIIe BRCTpeMaJihHble 3ap;aqn IIpn6JinmeHn:H cpyHRII,nii 
MOil\HO HHTepIIpeTnpoBaTb RaR 3ap;aqn OIITHMaJibHoro BOC
CTaHOBJieHnH (cM. [15], (17], [18)). IlyCTb 1rn<J>opMaII,nH 0 

!fiyaRII,HII ff X 3ap;aeTCH BeRTopoM T (f, A)= {/1.1 (/), ••• , 
An(/)}, r,a;e xk - 3ap;aHHble rra x !fiyHRIJ,HOHaJibl (HaIIp., 
3HaqerrnH !fiyHRII,HH f (t) HJIH (n) HeR-pbIX ee npon:3BO)l;HbIX 
B cpIIRcn:poBaHHblX ToqRax). 3HaH, qTo f IIpIIHa,a;Jieil\HT 
RJiaccy [)1, Tpe6yeTCH IIO nacpopMa11,nn T (!, A) aoccTaHo
BHTb c HanMeHbIIIeii IIorpeIIIHOCTbIO cpyHRII,IIIO f HJIII 3Haqe
Hne L (!)Ha Heii HeR-poro JIIIHeiiHoro cpyHRII,HOHaJia (Hanp., 

L(f)=f(T), L(f)=~:f(t)dt II T. II.).MnHnMn3a11,nH Moil\eT 

npe,a;IIoJiaraTbCH He TOJibRO IIO MeTo)laM s' COIIOCTaBJIRI0-
111,HM BeRTopy T(f, A) cpyHRII,HIO qi(t)~f(t) (nJin !fiyHRII,no
HaJI l (!) ~ L (!))' HO TaRil\e n IIO Ha6opaM cpyHRIJ,HOHaJIOB 
A.k (k= 1, ... , N). B 3aBIICIIMOCTH OT Bbl6opa Mephl IIorpem
HOCTH n: RJiacca MeTO)l;OB s 3ap;aqa OIITHMaJibHOro BOCCTa
HOBJieHIIH !fiyHRll,HH MOil\eT 6b!Tb l!HOr,a;a CBe,a;eHa R OTblCRa-

HHIO IIOIIepeqHIIROB dN HJIII dN, qe6bIIIIeBCRoro 11,eHTpa 
nJin: ,a;pyrnx xapaRTepncnrn RJiacca [)1. 0IITIIMaJibHOe aoc-

cTaHOBJieHne HHTerpaJia ~:/ (t)dt IIO irn<J>opMaII,IIII Bn,a;a 

{! (tk)} HJin {/CV> (t,.)} npIIBO,a;nT R 3ap;aqe o HanJiyqmeii 
RBa,a;paTyp1rnii <J>opMyJie ,a;JIH RJiacca [)1. Ha1rnyqmnfi aIIIIa
paT BOCCTaHOBJiemrn B pH)le cJiyqaeB ):\OCTaBJIHIOT CIIJiafi-

Hbl, TaR, HaIIp., CIIJiaHilbl Or-1(/, t) li3 S~~ 1 , ll!!TepIIOJIH
pyIOIIIne B paBHOCTOHIIIHX TOqRax tk, BOCCTaHaBm!BaIOT 

cflyHRII,HII f H3 w::a IIO nrrcflopMaII,HI! Ak(/)= I (tk) B Ra;R,a;Ofi 
roqRe tf=tk c MIIIIH~!aJibIIO B03MOil\IIOM Ha BCeM RJiacce 

JtV~ norpeIDHOCThIO. 
B npocTpaucTBax cflyuR11,ni'.1 ,a;ayx 11 6oJihl!lero qncJia ne

peMerrrrwx, ecJin He cqIITaTb TpnanaJibHoro cJiyqaR np11-
6JI11meunH B r11Jib6epTOBOM npocTpaHCTBe, Toquhlx peme
HIIH sRcTpeMaJihHhlX aa):\aq IIoqTII HeT (1983). B ueMHornx 

CJiyqaHx II3BeCTHbl aCHMTITOTnqeCRH TOqHhle COOTHOIIIeH11H 
)lJIH norpeIIIHOCTl1 paBHOMepuoro IIpH6Jinil\eHIIH RJiaCCOB 
cflyuR11,11:!1 cyMMaM11 <I>yphe n aeR-phlMH 11x cpe,a;m1Mn 
(CM. (12]). 

Jium.: [1] I\ o JIM or op o e A.H., «Ann. Math.», 1935, 
v. 36, .No 2, c. 521-26; [2] er o me, TaM me, 1936, v. 37, M 1, 
p. 107-10; (3] Fava rd J., «C. r. Acad. sci.», 1936, t. 203, 
p. 1122-24; [4] ero me, «Bull. sci. math.», 1937, t. 61, 
p. 209-24, 243-56; [5] H HK o JI b c K H tt C. M., «Tp. MHAH 
CCCP», 1945, T. 15, c. 1-76; [6] er o me, «Il3B. AH CCCP. 
Cep. MaTeM.>>, 1946, T. 10, c. 207-56; [7] I\ 0 pH e ii q y K H. II., 
311cTpeMaJ1bHb1e aana'lll Teopl!Il!I npH6J1>1meHl!IJI, M., 1976; [8] TH
x o M l!I p o e B. M., He110Topble eonpochl Teopl!Il!I npH6JJnmeHHil, 
M., 1976; (9] ,[I; a JI n bl 11 B. R., BeeneHHe e Teopmo paeHoMep
Horo IlPl!IOJll!ImeHl!IJI ljJyHm~tt IlOJIHHOMaMl!I, M., 1977; (10] Ax H
e a e pH. H., JleKI\l!Il!I no Teopl!Il!I annpo11c>1Mal\l!Il!I, 2 Han., M., 1965; 
(11] T l!I Ma H A. <I>.' Teopl!IJI IlpHOJll!ImeHl!IJI QJYHKI\l!Iil neilCTBl!I
TeJlbHOro nepeMeHHOro, M., 1960; (12] CT en a He 11 A. H., 
PaeHoMepHble npl!IOJIHmeHHJI TPl!IroHOMeTpl!I'lecKHMH no.Til!IHOMaMH. 
Jil!IHelhlbleMeTO)'.(hl, R., 1981; [13] RopHeil'lyK I-1.Il.,«Ma
TeM aaMeTRH», 1976, T 20, JV, 5, c. 655-64; [141 er o me, 
«YKp. MaTeM. mypH.», 1979, T. 31, M 4, c. 380-88; [15] er 0 me, 
«Hae. AH CCCP. Cep. MaTeM.», 1981, T. 45, M 2, c. 266-90; 
[16] Ape c T 0 B B. B., «Tp. MaTeM. HH-Ta AH CCCP», 1975, 
T. 138, c. 3-28; [17] Be JI HK H H B. JI., «MaTeM. aaMeTKH», 
1977, T. 22, M 5, c. 663-70; [18] JI 1!I r y H A. A., «Anal. Math.», 
1979, v. 5, M 4, p. 269-86; (19] I\ op He ii 'l y K H. II., JI H
r y H A. A., .r:i: 0 p 0 H l!I H B. r., AnnpORCHMal\HJI c orpaHH'!e
Hl!IJIMH, I\., 1982. H. II. Ropneii'lyn. 

IIPllBJUliKEHHE (f>YHK~Hll KOMIIJIEKCHOI'O 
IIEPEMEHHOI'O - pa3,a;eJI ROM11JieRCHoro aHaJin:3a, 1rny
qaIOIIIIIM ao11pocw 11p116JIIIil\eHHoro npe,a;cTaBJieunH (a1111po
RCIIMa11,11II) cPYHRll,11M ROMl1JI0RCHOro 11epeMeHHOro 11ocpe,a;
CTBOM aHaJIHTIIq. cPYHRIJ,HM c11e11,naJibHhlX RJiaCCOB. Oc
HOBHblMH B TeopnII II. <fl. R. 11. HBJIHIOTCH 3ap;aqn: 0 B03-
l\10il\HOCTH npII6JIIIil\eHIIH, CRopoCTl1 11p116JI11il\eHnH n 06 
a1111pORCIIMaII,nOHHhlX CBOllCTBax pa3Jil1qHhJX c11oco60B 
11pe,a;cTaBJieHIIH cPYHRII,IIR (HHTep110JIHII,HOHHhlX 11ocJie,a;oaa
TeJibHOCTeii. n pH)lOB, pH,!l;OB 110 opToroHaJihHblM MHOroqJie
Hal\I H MHoroqJieHal\I <I>a6epa, pa3JIOil\0HIIH B 11e11pepbIBHbie 
,a;po6n II a1111p0Rcn:Mau,nl1 IIaAe, 11ocJie,a;oBaTeJibHOCTefi 
110JIMHOMOB na ::iRc110HeHT II pH,a;oB /];npIIxJie n: T. 11.). 
Teop11H II. <fl. R. 11. TecHo CBH3aHa c ,a;pyrn:Mu pa3,a;eJiaMn 
ROM11JieRCHoro aHaJIII3a II MaTeMaTHRl1 B 11,eJioM; B TeopHH 
11pn6JinmeHnH Bail\HYIO pOJib 11rpaIOT MeTO):\hl H pe3yJihTa
Thl ROHcPOPMHhlX OT06pameHnii., HHTerpaJibHbie 11pe,a;CTaB
JieHirn, TeopnH 110T0HII,11aJJa, Teop11H cflyHRI~HOHaJibHblX 
aJire6p n: AP. 

QeHTpaJibHaH 11po6JieMaTnRa Teop11n II. <fl. R. I!. OTHO
CHTCH R 11pn6Jinil\eHHIO cflyHRll,11M l\IHOroqJieHaMn n paII,IIO
HaJibHblMH cPYHRII,HHMII, B qacTHOCTH l\IHOroqJieHal\IH H pa-
11,IIOHaJibHhll\IH cPYHRll,11HMl1 Ha11Jiyqmero 11pu6Jinil\eHHH 
(cym;ecTBOBaHn:e, xapaRTepnCT11q. CBOHCTBa, e,a;nHCTBeH
HOCTb), a WRil\e 3RCTpeMaJibHbie 3ap;aqn n pa3JIHqHbJe 
011,eHRII )l;JIH l\IHOroqJieHOB H pa11,noHaJibHblX cPYHRII,HH 
(011,eHRII pocTa, HepaBeHCTBa ):\JIH npon3BO):\Ilb!X' MHOro
qJieHhl n: pa11,noHaJibHble cflyHRII,HII, Ha11Meuee yRJIOHHIO

IIIH0CH OT HYJIH, H T. 11.). A. A. I'on~ap. 
Ilpn:6JIHIKeHn:e cPYHKIJ,liH KOMl1JieKCHOro 11epeMeHHoro 

MHoroqJieHaMe: H pa11,uo11aJibHhIMli cf>yHKU,HHMH. B 3TOl\I 
pa3,a;eJie Teopnn IT. <fl. R. 11. MOil\HO Bblp;eJIIITb H0CIWJibRO 
HanpaBJierrnii.. 

1) HayqeHIIe B 0 3 1\1 0 ii\ H 0 c TH 11 p II 6 JI n ii\ e-
H II H cPYHRII,HH J (z) ROMI!JieRCHOJ 0 11epeMeHHOro z c JII06oli 
ua11epe,a; aa,a;aHHoii ToqHoCThIO nocpe,a;cTBOM ~rnoroqJieHoB 
11 pa11,n:oHaJibHblX cflyBRII,11H OT z B 3aB11CHl\IOCTH OT CBOHCTB 
Toro MHOil\ecTBa E, Ha R-poM 3a,a;arra f II Ha R-poM 11ponc
XOl:\HT 11pn:6Jmil\eHne, OT CBOMCTB l\leTpnRn yRJJOHeHHH p 
n, HaR011e11,, OT CBOHCTB caMoii. cflyHRII,11H /. 

2) lfayqeIJIIe CBOHCTB M H 0 r 0 q JI e H 0 B H p a II, H-
o II a JI b H bl x <P y H R II, II i'.r H a 11 JI y q III e r 0 11 p II-
6 JI n ii\ e H II H, T. e. TaRIIX ~rnoroqJieHOB p rt (z; f ,E. p) 
II pa11,HorraJibHhlX cflyHRIJ,IIM R,,(z; f, E, p) cTe11eHII ue Bhlllle 

n, n= 0, 1, ... ' ):\JIH R-pLIX 

p(/, P ,,(z; f, E, p)) = E.,, (f, E, p) def inf {p (f, P): deg Po;;;;; n}, 

p(f, R 11 (z; f, E, p)) =Rn(!, E, p) def inf {p (!, R) :deg Ro;;;;; n}, 
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rAe HlliKHl!e rpann 6epyTCH COOTBeTCTBeHHO ITO BCeM MHoro
qJieHaM P (z) crerrenn deg P <:n n pau,nonaJihHhIM iJ>ynKu,n
HM R (z) cTerrenn deg R <:n (Jin6o rro qacrn MnomecrBa Ta
Knx MHOroqJieHOB HJIH pau,noHaJibHblX iJ>ynKIJ,HH, BhIAeJIHe
MOH KaKnMn-Jin6o p;orroJinnTeJibHhIMH ycJioBnHMB). Ilo 
cymecTBy 3AeCb nAeT peqh o CBo.ii:crBax pernennil: neK-poro 
KJiacca 3KCTpeMaJibHhlX 3aAaq. Crop;a MOiKHO OTHeCTll TaK
me n3yqenne n p;pyrnx aKcrpeMaJibHblX 3ap;aq na Mnomecr
Bax MnoroqJienoB, pau,nonaJibHblX iJ>yHKu,nil n Ha HeK-pblX 
KJiaccax anaJinTnq. iJ>ynKu,nii, a raKme HCCJiep;oBaH!ilH 
anaJinrnq. CBOHCTB MHOroqJieHOB ll pau,noHaJlbHblX iJ>ynK
IJ,llll (B qaCTHOCTH, IIOJiyqenne nepaBeHCTB Memp;y pa3Jinq
llblMll HOpMaMH 3THX iJ>yHKIJ,llll ll HX IIpOI!3BO)J;HblX). 

3) lfayqenne 3aBHCHMOCTH CKOpOCTll y6hIBaHHH K HYJIIO 
BeJinqnn E (!, E, p) H Rn(!, E, p) rrpn n-+ oo OT CBOHCTB 
f, En p (raK na3. rr p HM hi e re op e M bl Teopnn rrpn-
6JinmeHnH) ll 3aBHCHMOCTH CBOHCTB iJ>yHKIJ,llll f OT CKopo- I 

CTH y6b!BaHHH E nU, E, p) HJIH R nU, E, p) K HYJIIO rrpn 
n - 00 ll CBOHCTB E ll p (o 6 pa TH bl e Te 0 p e M bl). 
C arnM narrpaBJie11neM 11epa3pblB110 CBH3a110 n3yqe11ne 
B03Mom11ocreil H3Becr11hlx MeTop;oB IT. qi. K. n. (ra1rnx, 
RaK pH)J;bl no <Pa6epa .M1weo'l.n,ena.M, pa3Jinq11ble unmepno
.n,siz+uo11,n1>1e npoz+eCCbl ll T. n.) ll OTblCKa11ne llOBblX aiJ>iJ>eK
THBHblX MeTO)J;OB rrpn6Jinil\eHHH. 

4) Ilpn6JIHil\eHne iJ>ynKIJ,llll HeCKOJibKHX KOMIIJieKCllblX 
nepeMellHblX. 3p;ecb pernaIOTCH B OCllOBllOM re me 3aAaqu, 
qro n B CJiyqae op;Horo nepeMe11noro, op;HaKo peayJihrarbl 
ll MeTOAbl HX noJiyqemrn, KaK rrpaBHJIO, peaKo OTJIHqalQTCH 
or CJiyqaH op;noro nepeMe11Horo. 

Hnme OTMeqe11bl 110K-pble OCllOBHble pe3yJihTaTbl. 
1) 3ap;aqy o B03MOll\HOCTH CKoJih yrop;110 xopornero paB

noMepnoro npn6Jinme11nH MnoroqJienaMn pernaroT Pynee 
meo pe.Ma ( B CJiyqae a11aJinrnqnocrn f na E), JI aepenmbeea 
meope.Ma (nenpepb!BHOCTh f na E), Ke.n,iJ&ima meope.Ma 
(E - aaMK11yraH o6JiaCTh, f nenpephrn11a 11a E n aaaJin
Tnqna Bnyrpn E), M epee.n,sina meope.Ma (B o6m;eM cJiyqae: 
E - KOMITaKr, f nenpepblBHa na E n a11aJinTnqna BO BHY
rpemmx ToqKax E). 

2) 3ap;aqy 0 B03MOll\llOCTll npn6JIHll\0HllH roJIOMopiJ>noil 
iJ>yHKu,nn 11a aaMKnyroM rrop;MnomecrBe E pacrnnpe11Hoii 
KOMITJl0KCH0ll ITJIOCKOCTH c peIIIaeT reopeMa Pynre. Ilpn 
nayqe11nn B03Momnocrn npn6JinmennH iJ>y11m~n.ii: f H3 
pa3JIHqHblX rrpocrpa11CTB B MeTpHKe 3THX rrpocrpa11CTB IIO
cpep;CTBOM pau,n.011aJihHblX iJ>yHKIJ,11.ll Ball\HYIO poJib nrparor 
KOJIHqeCTB0HHbl0 xapaKTep11CTHKll MHOll\0CTB ecC, a11a
Jior11qnble ana.n,umu'lernou e.M,,,ocmu y (e). B repMnnax y (e) 
3aAaqa 06 OIIHCaHHH KOMIIaKTOB E' Ha K-pb!X JII06aH ne
rrpepblBHaH iJ>yHKIJ,lllI c JII06o.ii: Toq110CTbIO npn6JI11maeTCH 
pau,noHaJlhllblMll ii>YHKIJ,HHMH, pernaeTCH CJiep;yrom11M 06-
paaoM: 11eo6xop;11Mo 11 p;ocTaroq110 BhIIIOJI11eH11e Jin6o yc
JIOBHH 

(a) y(cr(r,a)"-.E)=y(cr(r, a))=r 

AJIH JJio6oro Kpyra cr(r, a)= {z: lz-al<r}, aEC, r>O; 
m160 ycJIOBHH 

(6) lim ,.- 2y (cr (r, a)"-. E) = oo 
,_,.o 

)J;JIH mo6oro a EE (:mBMBaJie11THOCTh ycJioBn:il: (a) n (6] 
BblpamaeT r. 11. «HeycronqnBoCTh» a11aJin.TnqecK011 
0MKOCTII). 

3) EcJin E orpami:qeHo n naMep11Mo no Jle6ery 11 1 <:p < 
<2' TO MllOll\0CTBO BCex pau,noHaJibllblX iJ>y11KIJ,llll IIJIOTllO 
B rrpocrpallCTBe £P (E). 

4) EcJin p >O, G - OAllOCBHa11aH o6JiaCTh c mopAa110Boii 
crrpHMJlH0MOll rpan11u,eil:, TO CeMeHCTBO BCeX MllOroqJieHOB 
OT z IIJIOTHO B C.Mupnoea r;.n,acce E p(G) TOfAa H TOJlbKO TOrAa, 
Korp;a G - Cltrnpnoea 06.n,acmb. 

5) IlyCTb KOMIIJleKCll0311aqHble iJ>yHKIJ,Hll Cjl1(z), ... , 
crn(z), f(z) Herrpepb!BHhI 11a KOMUaKTe Ecrc, n)d. Cpe)J,H 
BCex 0606m;e1111blX IIOJlllllOMOB Bnp;a 

P (z) = c1qi1 (z) + ... + c11qi 11 (z) 

(Ci' ••• ' Cn - npon3BOJlbllble KOMIIJieKCllhle qn.cJia) 0606-
me1111blil: IIOJIMllOM Po(z) HBJIHeTCH 11anMe11ee yKJIOllHIOIIl;HM
CH or f no MerpnKe 

Pc(/, P)=max {I/ (z)-P (z) l:zEE} 

TOrAa M TOJlbKO ror)J,a, KOrAa 

min{Re [P (z) (Po (z)-f (z))]:zEE, 

I I (z)-Po (z) l=Pc(/, Po)}.;;;;;O 
)J;JIH Kamp;oro P (z). 

6) EcJI11 E - KOMIIaKT co CBH311blM p;orroJinenneM G 
n BG cymecrByer I'puna rfiyn,,,z+usi (rrepBoil KpaeBoil aap;aqn 
AJIH ypaBH0HMH Jla1maca) g (z, 00) c IIOJIIOCOM B 00' TO 
rrpn z E G p;JIH JII06oro ~111oroqJie11a P (z) cTerre11u n cnpaBeA
JlHBO 11epaBe11CTBO 

IP (z) I <.M exp {ng (z, oo )}, 

M=max {IP (z) j:zEE}. 

7) EcJIH E - orpannqe1111blH HeBblp01Kp;e1111blH 1wnrn.-
11yyM co CBH311blM p;orroJI11e11neM G, f (z) 11errpepblB11a na E 
c Mop;yJieM 11errpepblBllOCTH w(6) ll a11aJIHTllq11a BO BllyTpeH
HllX ToqKax E, ro 

En(/, E, Pc)<, C (/) W ( d c: n)), 

r1w 

d (t) =max {min {I ?;-z I :?;EG. 
g (~, oo)=ln (1+t)}:zEoG}. 

EcJin aaMK11yraH o6JiaCrh G orpa11nqe11a a11am1rnqecKoii 
KpHBOH f, TO ycJIOBH0 

En(f, E, Pc)=O(n-r-a.) 

3KBHBaae11THO BblIIOJI11ennro )J;JIH j<Pl (z) B G ycJIOBHH fiiJih
p;epa rropHp;Ka a, O<a<1. lfayqe11 raKme cJiyqai'i:, Kor;:i;a 
f - Kycoq110 rJiap;KaH KpHBaH C yrJiaMM. 

8) B pHAe cJiyqaeB aiJ>iJ>eKTHBllblM anrraparoM rrpn6Jin
mennH a11aJIMT11q. iJ>y11KIJ,Hll HBJIHIOTCH paaJinq11ble HHTep
IIOJIHIJ,HOllllbl0 rrpoU,eCChl, B TOM qllCJie fl af}e annpOlf,CU.Ma
lfUU H HX 0606m;en11.11. 

9) Ilp11 n;;;=:2 B (;n cymecrByror KaK HeaaMK11yTble mop
p;a110Bbl KpHBble' 11a K-pblX ae Kamp;aH 11errpepblBHaH iJ>yHK
IJ,HH paBllOMep110 c JII06oii Toq110CTbIO rrpn6JinmaeTCH MHO
roqJie11aMH OT (z1, ... ' Zn), TaK H 3aMKllYTble mop;:i;a110Bbl 
KpHBble, Ha K-pblX M11oroqJie11aMH paBHOMepHO npn6.11nma
eTCH Jiro6aH nerrpepblB11a.11 iJ>y11Ku,11.11. B C 1 aro HeB03Mom110. 

10) K 11acroHmeMy BpeMenn (1983) MMeeTCH cpaBHII
TeJih110 MaJio rrpHMblX TeopeM reop11n npn6JinmeHMH pau,no
naJihllhIMH iJ>y11KIJ,HHMll co CB060)J;llblMM IIOJIIOCaMII (T. e. 
6ea BCHKHX ycJIOBllll 11a paCIIOJIOil\eHne IIOJIIOCOB rrpn6m1-
maromeii: iJ>y11Ku,nn) 11 a11aqnre.11h11oe KOJIHqecrBo o6parnhlx 
reopeM. E. II. lf.OJ1~enno. 

Jium.: [1] r o H q a p o s B. JI., Teop1rn UHTepnoJiuposaHHfl 
H npH5JiumeHUfl lj>yHK!lllit, M., 1954, [2] Yo JI m .D: m. JI., HH
TeprroJiflQHfl H annpOKCHMa!lllfl paQUOHaJibHblMH l!>YHKQHflMU B KOM
nJieKCHOl! ooJiaCTU, nep. c aHrJI., M., 1961 (TaM me, IlpuJiomeHHe: 
M e p r e JI fl H C H., O HeKOTOpblx peayJihTaTax B TeopHH pasHo
MepHblX u HaHJIY'JmHX npHoJIHmeault noJIUHOMaMu u Pa!lllOHaJib
HblMU WYHKQHflMU, C 461-99); [3] CM II pH 0 B B. II., JI e-
5 e ;a; e B H. A • RoHCTPYKTllBHafl Teopufl lj>yHR!lllit KOMnJieKCHOro 
nepeMeHHOro, M.- JI., 1964, [4] ,n; a fl ;a; bl K B. R., Bse;a;eaue 
s Teopmo paBHOMepaoro npH5JIHmeHUfl ll>YHKQUl! noJIUHOMaMH, M., 
1977. [5] p y c a K B. H .• Pall.DOHaJibHble ilJYHKLIHU KaK annapaT 
npHOJIUmeHUfl, MUHCK, 1979; [6J I' a Me JI u H T .• PaBHOMePHble 
aJireopbl, nep. c aHrJI., M., 1973; [7] JI e o HT be B A. ([J., Pfl;a;hl 
0KCilOHeHT, M., 1976; [8] HeKOTOpble BOilpOCbl TeOpHU npUOJIHme
HUll, nep. c aHrJI., M., 1963; [9] I\ e JI ;a; bl m M. B .• «,!J;OKJI. AH 
CCCP», 1936, T. 4, c. 163-66; Eiol JI a B p e HT be B M.A. 
«TP ([Jua.-MaTeM. UH-Ta AH CCCP», 1934, T. 5, c. 159-245, [1\j 
I\ 0 JIM 0 r 0 p 0 B A. H., «Ycnexu MaTeM. HaYK», 1948, T. 3, 
B. 1, c. 216-21; [12] Me pre JI fl H c. H., TaM me, 1952, T. 7, 
B. 2, c. 31-122; [13] B HT y ill K Iii H A. r., TaM me, 1967, T. 22, 
B. 6, c. 141-99; [14] Ji: mp 5 a ill fl H M. M., «MaTeM co», 
1955, T. 36, c. 353-440; [15] r 0 H 'I a p A. A., B RH.: Tp Mem
llYHapo;a;Horo KOHrpecca MaTeMaTHKOB. MOCKBa, 1966, M., 1968, 
c. 329-56; [16] ,D;oJimeHKO E.11., YJihflHOB II JI., 
«BeCTll. MOCK. YH-Ta. Cep. MaTeM. Mex.», 1980, JV, 1, c. 3-13; 
[17] M e pre JI n H C. H., B RH.: MaTeMaTuKa B CCCP aa copoK 
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JieT, T. 1, M., 1959, c. 383-98; [18] r 0 H 'I a p A. A., Me pre
JI JI H C. H., s HH.: McTOPHJI OTe'leCTBCHHOll: MaTeMaTHHH, T. 4, 
HH. 1, K., 1970, c. 112-93; [19] TaMpaaon II. M., 
rJiallHOCTH H IlOJIHHOMHaJibHhJe IlPHOJIHlf<eHHJI, R., 1975; [20] 
M e JI b H H R o B M. C., C H H a H JI H C. 0. n HH.: ConpeMeH
Hhie npo5JieMbl MaTeMaTHHH, T. 4, M., 1975, c.' 143-250. 

IIPHBJIHiKEHIUI IIOPH,[1,0K, a II II p o K c n M a-
u; H H II 0 p H JJ. 0 K,- IIOPHJJ.OK IIorpellIHOCTH IIpn6JIH
il\eHHH KaK IIepeMeHHOH BeJIH'lHHhl, 3aBHCHIU;en OT rrenpe
phIBHOro HJIII JJ.IICKpeTHOro apryMeHTa T, OTHOCIITeJibHO 
JJ.pyron IIepeMerrrron <:p (•), II0BeJJ.errI1e K-poii, KaK IIpaanJio, 
C'IIITaeTCH Il3BeCTHhIM. 06hl'IHO 't' - HeK-phlii IIapaMeTp, 
HBJIHIOIU.IIHCH 'IHCJIOBOH xapaKTepnCTHKOH IIpI16Jinil\aIO
mero MHOil\eCTBa, (HaIIp.' pa3MepHOCTb aTOfO MHOil\eCTBa) 
HJIII MeTO)la IIpn6JIHil\eHHH (rranp., mar HHTeprrOJIHil,IIH); 
npn [)TOM MHOil\eCTBO 3Ha'leHI!R 't' nMeeT KOHe'lHYIO HJIH 6ec
KOHe'lHYIO IIpeJJ.eJihHYIO TO'IKY. <l>yHI(Il,HlI <:p (•) - 'laIIJ,e 
acero cTeIIeaaa11, IIOKa3aTeJihHaH HJIII Jiorapn.iPMn'leCKaH. 
B Ka'leCTBe <:p (•) MOIBeT «PnrypnpoBaTh nenpepwmocmu .MO
iJy.n,b IIpn6m1maeMOR «PYHKIJ,IIII (IIJIII HeK-poii ee IIpOH3BOJJ.
HOii) IIJIH ero MaIBopaHTa. 

II. 11. xapaKTep1rnyeT KaK anrrpoKCHMaTHBHhle B03MOIB
HOCTH MeTO)l,a rrp:n6mrmeHHH, TaK H onpe,ueJieHHhl0 CBOH
CTBa rrpn6JirimaeMoro otheKTa, aaIIp., JJ.Il«P«Pepeau;:naJihHO
paarrocTahle CBOHCTBa npn6JIHil\aeMOH «PYHKll,HII (CM. ll pu
f5.JtUJ1Cenue rPYllKlfUU; IIpHMbie H o6paTHhie TeopeMbI). 

B 'IHCJieHHOM arraJin3e II. n. •mcJierrrroro MeToJJ.a, I1Me10-
IIJ,ero norpenrnoCTh 0 (hm) (h - mar MeTOJJ.a), rra3. noKa
aaTeJih m. 

Jlum.: [1] r 0 H 'I a p 0 B B. JI., TeopHJI HHTepilOJIHPOBaHI!R 
H IlpBOJIHlf<eHHJI tPYHR~Hli, 2 H3/I.' M.' 1954; [2] T H M a H A. <I>.' 
TeopHJI npH5JIHlf<eHHJI tflYHH~Mli neliCTBHTeJibHoro nepeMeHHoro, 
M., 1960; [3] Bax Ba.~ 0 B H. c., qHCJieHHhie MeTOJ:lhl, T. 1, 
M., 1975. H. II. Hopneu'tyn, B. ll. Momopnbtu. 

IIPHEJilliKEHHH TEOPHH, a II II p o K c HM au; n 11 

Te o p II H,- pa3p;eJI MaTeMaTH'l. aaaJin3a, 1rnyqa101IJ,I1ii. 
MeTOJJ.hl rrpn6JinIBeHHH OAHHX MaTeMaTH'l. o6·beKTOB APY
rnMH II BOIIpOChl, CBH3aHHhle c HCCJlep;oaamreM H ou;eHKOH 
B03HIIKaIOIIJ,eii. IIpII [)TOM rrorpeIIIHOCTH. 

0CHOBHoe cop;epmamrn II. T. OTHOCHTCH K npu6.JtUJICellUIO 
rfiynr;tfuu. <l>yrr)l,aMeHT II. T. OhIJI aaJiomerr pa60TaMI1 
II. JI. 1:!.e6b1rneaa (1854-59) o aanJiyqrneM paaaoMepaoM 
npn6J1nmeann «PyrrKu;nii MHoroqJierraMn II R. BeiiepmTpac
ca (K. WeierstraB), ycTarroBirnrnero B 1885 npna1:1unnaJ1h
ay10 B03MQ;KHOCTb rrpn6mrnHTb aenpephIBHYIO Ha KOHe'l
HOM 0Tpe3Ke «PYHKil,MIO aJire6pail'l. MHOfO'IJleHaMM co CKOJlb 
yro)l,HO MaJiorl rrarrepe)l, aa)l,arraoii: rrorpemrroCThIO. Paa
BIITile II. T. B 3Ha'lIITeJihHOH CTeneHII onpe11,0JllIJIOCb OCHO
BOilOJlaraIOIIJ,HMH pa60TaMI1 A. Jle6era (H. Lebesgue), 
Ill. /I\. BaJJJie IIyccerra (Ch. J. La Vallee Poussin) 
c. H. BepHIIITeilaa, ,[I,. ,[1,IBeKCOHa (D. Jackson), m. <l>a~ 
aapa (J. Favard), A.H. RoJ1Moropoaa, C. M. HIIKOJlhCKo
ro 0 npn6m1merrnn «PYHKUHH II KJiaCCOB «PYHKlJ,HH. 

c pa3BMT1!.eM «PYHKil,IIOHaJihHOro aH8JII13a MHorne Borrpo
Chl II. T. cTaJIM paccMaTpnaaTh B caMoii: o6ru;eii cnryau;nn, 
Harrp. KaK rrpn6JinmeaHe aJieMerrroa rrpoI13BOJihrroro JIH
aeiiHoro rropMnpoaaauoro rrpocTparrcraa X. II pn aToM 
Bhlll,0JilIIOT rpn Kpyra aa11,a'l, K-pbie B oIIpe,ueJ1erruon cTe
rrenn COOTBeTCTBYIOT H OCHOBHhIM XpOHOJIOfH'l. aTanaM pa3-
BH')'HH HCCJie)l,OBaBnii: B II. T. 

1. IIpn6m1merrne «PIIKCnpoaanrroro aJieMerrra x EX aJie
MeHTaMH «PnKCHpoBaHHOfO MHomecTBa \.ncX. ECJIII B Ka
'leCTBe Mephl rrpHOJIHil\eHH.II B3lITb BeJIH'lHHY 

E (x, 91)= inf/lx-ufi, 
uem 

r. e. nauAy'lutee npu6.n,uJ1Cenue x MHOiReCTB0M \Jl, ro, rro
MHMO HCCJieAoBaHHlI H OIJ,eHKH E (x, ffi), B03HIIKaIOT BO
rrpOChl o cyIIJ,eCTBOBaHHH aJieMerrra rranJiyqmero npn6J1I1-
IBe11n11 Uo H3 \.n (11,JIH K-poro llx-uoll=E (x, \Jl)), ero ell,IIH
CTBeHHOCTH II xapaKrepnCTH'l. CBOHCTBax. Jlro6oi\: orrepa
rop A , oro6pamaronrnii: X n \JI, 3a11,aer aeK-phlii: Mero.a: 
rrpn6J111iKeHHlI c uorpeIITHOCTbIO llx-A x 11. ECJIII m - JIIl

HeHHOe MaorooGpaaHe, TO oco6oe aaa'ieHue RMeIOT Jinaeil:-

Hhle onepaTOphl. ,il,JIH IIOCJleAOB8TeJlhHOCTH {An} TaKHX 
OIIepaTopoB B03HHKaeT aa11,aqa 06 yCJIOBHlIX CXOJJ:HMOCTB 
A ,,x - x 11,JllI JII06oro x EX. 

2. IIpn6m1meae:e «Pn:KCHpOBaHHOfO MHOil\eCTBa !!11cX 
;meMeHTaMH 11,pyroro q>IIKCHpOBaHHOro MHOil\eCTBa 91 H3 
X. HanJ1y'lIITee npn6Jinmemrn B 3TOM cJiyqae BhipamaeTc.11 
BeJIH'IHHOH 

E (!!11, \.n) =sup E (x, 9(), 
x E IDl 

K-palI 11,aeT MHHHMaJihHO B03MOiRHyIO ou;eHKY rrorpeIIIBOCTII 
np:n6J1nmerrHH JII06oro 3JleMeHTa x Ex aJieMeRTaMn 1!3 m. 
B KOHKp0THhIX CJiy'iaHX 3aJJ.a'la COCTOU:T B TOM, 'iT06hl OIJ,e
HUTb HJIU TO'IHO BhlpaaIITb E (!D1, 91) qepe3 xapaKTepnc
TIIKII, 3all,aIOIIJ,Me MHOil\eCTBa !lJ1 H '.n. ECJIII rrpn6JIIIil\eHI1e 
ocyIIJ,eCTBJllieTCll c IIOMOIIJ,bIO orreparopa A ' TO HCCJie)'.lyeTClI 
BepXHHlI rpaHb 

sup II x-Axll, 
XE !Jlc 

a TaHil\e (eCJIU \.n - JIHHeHHOe MHOroo6paane) BeJIH'lHHa 

cf} (!!11, 91)= inf sup/Ix-Ax II, 
Axc:m xeIDl 

r11,e rrnIBHHlI rpaHh pacrrpocrpaHena rra see mnrenBMe 
orreparopbI, oro6pamaIOIIJ,He X H \)1. JI;rrneil:Hhlii: onepaTop, 
peamrnyIOIIJ,HH ny rrmKHIOIO rp&Rb (eCJIH OH cyIIJ,eCTByer), 
onpeJJ.eJilieT nau.n,y'lutuu .n,uneu1tNu .MemoiJ rrpn6J1I1IBCHI1lI. 
Oco6hlii Harepec npe,ucTaBJrneT BbIHCHenne cJiyqaea, Kor11,a 
cf} (!!11, 91)= E (!!11, 91). 

3. HanJiyqmee npn6JIHmerrne 'fiH"cnpoaarrrroro Maome
craa !!11cX 38JJ.aHHhlM RJiaCCOM {\Jl} annpoKCHMHpyIO!lJ,HX 
MHOll\eCTB H3 X. IIpe11,IIoJ1araeTCH, 'ITO B KJlaCO {\)1} 
BXO)l,HT B KaKOM-TO CMbICJie «paBHOlJ,0HHhle» MHOil\eCTBa, 
Hanp. COAepIBaIIJ,ne 011,HO H TO il\e KOJIH'l0CTBO 3JleMeHTOB 
l!Jilil IIM0IOIU.He 011,ay H TY me pa3Mepnocrh. IIepBhIH cJiy
qaii IIpIIBO)l,IIT K 3a11,a'Ie 06 e-aHTpOUHH MHOIBeCTBa !!11 (or
HOCHTCJlbHO X), BTopoft - K 3aJJ.a'laM Bhl'IHCJleHHH none
pe'lltUKO(f MHoil\eCTBa !!11 (a rrpocTpaacrae X), B •racrnoCTII 
BeJIH'IHH 

( 1) 

II 

d'N(!ll1, X)=infcf}(!IJ1, 91N), (2) 
9lN 

r11,e HHll\He:e rpaan 6epyrc11 no aceM II011,npocTpaacTBaM 
\RN na X cliI1KCI1poaarraon pa3MepaoCTII N (HJIH no ace
B03MOll\HhIM nx c11,anraM 91N+a). TaK:nM o6paaoM, B aa-
11,aqax ( i )-(2) pe'Ih HJJ.er 06 OTbICKannn rraIIJiyqrnero (co
oTBeTcraeaao aanJiy'lrnero Jinneftrroro) arrIIapara IIp:n-
6JinIBeHnH pa3Mepaocrn N 11,JIH Mrromecraa !!11. 

.'Jum [1] Ax He 3 e p H. M., JieR~HH no TeopHH annpo11cH
MaQHH, 2 na11 , M., 1965, L2] r o H q a p on B. JI , TeopHJI Hn· 
TeplIOJIHpOBaHHJI H IlpHOJIH)l{eHHII tPYHH~ll:. 2 H3/I., M., 1954; [3] 
.U 3 JI 11 hl R B. R., Bae11eHHe e Teopmo paaHOMepHoro npHOJIHme
HHJI tPYHRQHll IlOJIHHOMaMH, M , 1977, [4] H :UH 0 JI b CH H Ii 
C. M., IlpH5Jrnlf<eHHe tPYHRQHli MHOrHx nepeMeHHhIX H TeopeMbl 
BJIO)f(eHHJI, 2 H3)'.l,., M., 1977; [5] I\ 0 pH e liq y I< H. II., 3RC'I'pe
M3JibHble 3a11a'IH TeopH:u npHOJIHmeHHJI, M., 1976; [6] TH x o Mn
P o B B. M., He1<0Topble aonpocbl TeDPHH npHOJIHlf<eHHfi, M., 
1976; [7] TH Ma H A. ct>., TeopHJI IlPHOJIHa<CHHJI «l>YHR~ll: 11ell:cr
BHTeJibHOro nepeMeHnoro, M., 1960. 

H. ll. Kopneu<yn, B. ll. Momopitbtu. 

IIPIIBJIIIiKEHHH <l>YHK~llll MEP A - KOJIJl"Ie-
crseHaoe Bhlpameane rrorpernaoCTH rrpn6JinIBerrn11. Ror11,a 
pe'lb n11,er 0 rrpn6JIHiReHliII «PYHKIJ,HH t (t) «PYBKQHeii: cp (t), 
Me pa IIpI16JinIBeHHlI µ (f' cp) o6hllJBO OIIpe11,eJIJI0TClI MeTpH
KOH rreK-poro .iPyaKu;noHaJihrroro rrpocTpaacTBa, co11,epma
II{ero Kan /(t), TaK n <:p(t). Hanp., ecJin «PYHKll,IIH /(t) 
H <:p ( t) aerrpepbIBHbl Ha 0Tpe3Ke [a, b], qaCTO IlOJih3YIOTCH 
p<IBHOMepaoii AieTpllKOll IIpocrpaHCTBa c [a, b], T. e. 
IIOJiaJ"aIOT 

µ(!, cp)= max If (t)-q> (t) /. 
a<;;t~b 
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Ecmi: me HenpepbIBHOCTh npn6mi:maeMoil: if>y1rnu;n11 He ra
paHTI1poBaHa HJIH no ycJioB1110 3aAaqn BamHa 6JIH30CTh 
MelKAY f (t} H cp (f) JIHlllb B cpeAHeM Ha [a, b], MomHo HC
IIOJih30BaTb 1rnTerpaJihHbie MeTpmrn IIpoCTpaHcTB L pl a, 
b], IIOJiaraa 

µ U, cp) = ~: q ( t) I t ( t) -cp ( t) IP at, P > o, 
rAe q ( t) - HeK-pa.11 Becoea.11 qiyHKu;11a. 3AeCh rran6oJiee 
ynoTpe6111eJibHhllll 11 YAOOHhIM c IIpRKTllq. ToqK11 apeH11H 
HBJHteTCH CJiyqaft p=2 (cM. Cpeanen1Jaapamuttec1we npu-
6.n,uJ1Cenue qiyHKu;11il:). 

n. !Ji. M. MOil\0T yqIJTbIBaTh 3Haqemrn qiyHl\u;11ii: I (t) II 
Ip (t) JlllIIIb B OT/{eJibHblX T0'1Kax tk, k= 1, ... ' n, npmrn
mytl\a [a, b], Hanp 

µ(f,cp)= max (/(t,.)-cp(t,.)j, 
1<k<n 

µ (/, cp) =~~=I q,. I I (t,.)-cp (tk) IP' 

rp;e qk - H0K-pble IIOJIOJR11TeJibHble I\Oaif>qi11u;11eHThI. 
AHaJior11qHo orrpep;eJI1rercH Mepa np116JI11JReH11H qiyHK

u;uii: ABYX n 6oJihIIJero qJicJia nepeMeHHbIX. 
Mapa 11p116JI11JKeH1111 qiyaKu,nn /(t) 

c e 111 e ii c T B o M qi y H .K u; 11 M: F o6bl'lHO onpep;emrnT
ca RaK nau.n,y•uuee npu6.n,uJ1Cenue: 

E (!, F)=µ (/, F)= infµ(/, cpl. 
<f!E F 

Ilop; Mepoii: np116m1meH11n KJiacca !:JJ1 qiyHKu;11ii f (t) qiyHK
u;nHMn Ip ( t) 113 «l>nKCHpoBaHHOro MHOll\0CTBa F nOHllMaIOT 
Bem1q1rny 

E (!:!JI, F) = µ (fill, F) =sup inf ~t (f, cp), 
fE~!jJEF 

K-paH xapaKTepHayeT MaKCHMaJibHOe OTKJIOH0Hlle qiyHKu;nii 
MHmKeCTBa !:!JI OT 6JIIDKaiimnx K HllM qiyHKu;nii na F. 

B 06ru;e111 cJiyqae, KorAa paccMaTpnBae1c.11 npn6Jinlf\e
Hne B IIpon3BOJihHOM MeTpnq. npocTpaHCTBe X, Mapa npn-
6mi:meHHH µ (x, u) 3JI0M0HTa x (IJI0M0HTOM u (MHOlli0CTBOM 
F) ecTb paccTOHHHe p (x, u) (p (x, F)) M01RAY x n u (x n F) 
B CMblCJie MeTpHKH npocTpaHCTBa x. 

JI.um.: [1) r 0 H 'I a p 0 B B JI., TeopHll HHTepIIOJIHpoBaHHll 
H IIPHOJIH>ReHHll l!IYHRI1HH, 2 H311, M , 1954; (2] H H Ho JI b
e R H ii c. M.' IlpHOJIH>ReHHe (jlyHRl{Hit MHOrHX rrepeMeHHl>IX H 
TeopeM1>1 BJ1omettH11, 2 H3/I., M , 197 7 

H fl Roptteii:'<YK, B. fl. Momopttinii. 
IIPMBAJIOBA OIIEPATOPLI, II a p a Me T p bl 

Il p 11 B a JI 0 B a,- OIIepaTOpbl, II03BOJIHI0Iu;ll0 Bblpa311Tb 
ycJIOBHe rapMOHllqHOCTH qiyHKu;n:n: 6ea HCIIOJib30BaHllH 
qaCTHblX IIpOH3BO)J;HbIX. IlycTh u(x) - JIOKaJihHO HHTe!'
pn:pyeMaR qiyHKI~JilH B HOHeqHoil: o6naCTH D eBKJIHAOBa 
npocTpaHCTBa 1Rn, n;;;;,:2; w(h) - o6'b0M IIIapa B (x; h) 
pap;n:yca h c u;eHrpoM x ED, pacIIonomeHaoro B D; 

!'ihu (x) = w(1h) ~B(x, h) u (y) dy-u (x). 

B e p X H H ll II H H JK H H H 0 II e p a T O p bl Il p M

B a JI 0 B a -x * u ( x) II /'i ... u ( x) COOTB0TCTB0HHO OII pep;e-

JIHIOTCH qiop111yJ1aMlf -

X*u' (x) = lim ( l'i1iu (x): h' ) 
h-+0 2 (11+ 2) ' 

~*u(x)=lim (tihu(x). Z(::z)). 
h-+0 

Ecmr BepXHHil H HHlf\Hl'l:H Il. 0. C0Bnap;a10T, TO 0 II e p a
T 0 p fl p H B a JI 0 B a f'i * U (x) onpe/{eJIH0TCH qiopMyJIOH 

~*u (x) = ~*u (x) = ~*u (.r) = ~!1o ( ~h u (x): 2 (:~ Z)) • 

EcJiu qiyrrKu;un u (x) uMeeT HeIIpephIBHbre qacTHbre npo
H3BOAHble AO 2-ro rropH/lKa BHJIIOqn:TeJlhHO B ToqKe x ED, 

TO B 3T0If TOqKe Cyru;ecTByeT fl. O. f'i*u (x), I!: OR paBeH 
aHaqeH1110 oIIepaTopa JlaIIJiaca: /'i*u(x)=l'iu(x). Crrpa
BeAJIHBa T e o p e M a Il p n B a JI o B a: ecJiu Henpe
pbIBHaH B o6JiaCTH D qiynKu;n:.11 u (x) YAOBJieTBopHeT BCIOAY 
B D yCJIOBHIO 

~*u (x) .i;;;: 0.,.;;;; ~*u (x), 

TO u(x) - rap111ou11q, qiyHKIJ;HH B D. 0TC10Aa BbITeKaeT, 
'ITO HeIIpepblBHaH qiyHKIJ;HH u (x) B D .RBJIHeTCH rapMOHH
qecnoil: TOrAa 11 TOJihKO TOrAa, Korp;a Bo BCHKoil: ToqJrn x ED, 
HaqnHaH c l{OCTaToqHo MaJioro h, !'ihu (x)=O um1, 1rnaqe 1 

u (x) =-(1h) r u (y) dy. 
w JB(x; h) 

Cpep;Hee aHaqeHne no o6'heMy IUapa 3/{eCb Momno aairnnnTh 
cpep;HuM 3HaqeHHeM no IIJioru;a1i:11 cqiepbI. 

JI.um.: [1] n pH Ba JI 0 B IL li., «MaTeM. C6.>>, 1925, T. 32, 
c. 464-71, [21 er o me, Cy6rapMOHH'l'.eCHHe l!IYHRl.IHH, M.
JI • 1937. [3) B p e JI 0 M., 0CH0Dbl HJ1aCCH'Iec1wlf TeOpHH IIOTeH
l{HaJla, rrep. c (jlpaHu., M., 1964. E. 1J.. CoJtoMett1fee. 

IIPHBAJIOBA TEOPEMA - 1) Il. T. o con pH-
m e H H bl x «I> y H K u; li H x: IIYCTb 

a ,,oo 
f (t) = f+ 4'.lk= 1 (a,. cos kt+ bk sin kt) 

- nepuO)J;Jil'leCKaH HenpepblBHaH qiyHKil;H.R c nepno)'.(OM 2rt H 

f(t) = ~ + ~;,. 1 (bk cos kt-aksin kt) 

- TpuroH0MeTp11qecKu conp.11menHa.11 <l>yHnu;u.11 c f (t); 
Torp;a ecJiu f (t) YAOBJleTBopHeT ycJioBuIO JlnnIII11u;a c no-

KaaaTeJieM a, f E Lip a, 0 <a..;;:1, To fE Lip a np11 O<a<1 
11 f n:MeeT MOAYJih HenpephIBHocm, He 60JihIII11ii: M6 ln (1/6) 
np11 a= 1. 8Ta TeopeMa, AOKa3aHHaH H. 11. n puBaJIOBblM 
[1], HMeeT Ball\Hbie npuMeHeHHH B TeOpHll Tp11rOHOMeTp11q, 
pH/lOB. Ona IIepeHOCllTCH u Ha ycJioBHH JlnnIIJuu;a B He
K-pblx /lpyrux MeTp11Kax (CM., HaIIp., [5]). 

2) n. T. e An: H c TB e H H 0 c TH a Ha JI H T II q e-
c K H x qi y H K u; II .il:: ecJin: O)J;H03Ha'lHaH aHaJIHTnq. 

, qiyHKIJ;HH f (z) B o6nacTu D IIJIOCKOCTH KOMIIJieHcHoro nepe
MenHor-0 z, orpaHuqeHHOil: cnpHMJIHeMoil: mopp;aHoBoil: 
KpUBOH f, Ha H0K-pOM MHOlK0CTB0 EC f IIOJIOJKHT0JibHOH 
Mepbl Jle6era Ha f HM00T HYJI0Bbl0 yrJIOBbI0 rpaHllqHble 
3Ha'lenn:H, TO f (z)=O B D. 8Ta Teope111a p;oKa3aHa 
H. 11. IlpnBaJioBblM [2); ee 0606ru;eHn:e111 JIBJIHeTcH Jlyau
na - Ilpuea.n,oea meopeMa; CM. TaHme E8uncmeennocmu 
C60UCm6o aHaJIJilTJiqeCKllX qiyHHIJ;llH. 

3) n. T. 0 c H Hr y JI Hp H 0 M n: HT e r p a JI e 
R 0 111 n:, 0 c II 0 B H a H JI e MM a n pH B a JI 0 B a,-
0,IJ;HH H3 OC80BHblX peayJibTaTOB Teopuu HHTerpana THIIa 
l\oIIJH - CTHJITbeca (cM. Kouiu unmeepa.n,), IlycTb r : ~= 
= s (s), O..;;s..;;l,- cupHMJIHeMaH (aaMKHyTaH) lf\opp;anoBa 
Kp11BaH Ha IIJIOCKOCTH KOMIIJieKCHoro nepeMeHHOro z, l -
)J;JIHHa KpUBOH f, S - )J;JIHHa p;yru Ha f, OTCqHThIBaeMaH 
OT H0K-poil: qiuKCllpOBaHHOH TOqKn; cp=cp (s) - yroJI Melli
AY IIoJiomuTeJihHblM HaIIpaBJieBneM ocu a6cu;ucc u Kaca
TeJihHoil: K f, 1jJ (s) - KOMIIJl0KCHaH qiyHKIJ;HH orpaHuqeH
HOH Bap11au;1m Ha r. IlycTb TOqKa ~o Er onpep;eJIHeTCH 3Ha-
qeHll0M So )J;JIHHbl p;yrn, so=~(so), O..;;:so..;;:l, II r11 - qacTb 
JIHHIIH f, OCTaBIIIaHCH IlOCJie yp;aJieHHH H3 f M0HblII0H AY
rn:, KOHU:aMH K-poil: HBJIHIOTCH TOqKll ~ (so-6) Jil ~ (so+6). 
RoHeqHhlH IIpeAeJI npn: i5 -+ 0 

}' 1 l eiq>(S)d~(s) 1 l ei(jl(S)d\jl(s) 

11~ 2ni Jr6 ~-~. =zni Jr t;-t;, (1) 

ecnu oH cyru;ecTByeT, naa. c n: Hr y JI H pH bl M 11 HT e
r p a JI o M R o Ill n - C T u JI T h e c a. IlycTb D + 
H D - - COOTB0TCTB0HHO l\OHeqHaH H 6ecKOH0'lHaH o6Jia
CTll, orpaHJiqn:aaeMhle KpllBOM f. <IJ 0 p M y JI H p 0 B 1' a 
fl, 'f.: 0CJIH /{JIH rroqTH BC0X 110 Mepe Jleoera Ha f ToqeK l' 
cyru;ecwyeT c1rnryn.11pHbill HHTerpaJI (1), TO uoqTu BCIOAY 



631 TIPHBEllERHAR 632 

HR r cym;eCTBYIOT yrJIOBhle rpaHR'IHhle 3Ha1JeHRH p±(~o) 
HHTerpaJia nma Kornn - CTHJITbeca 

F (z) = ....!...., \ eicp(s) d\IJ (s) z En± 
2m JI' 6-z ' ' 

COOTBeTCTBeHHO H3 o6JiacTeli D ±, npn11eM TIO'ITH 
cnpase11:JinBhl CoxolfrWzo rfjop.My.ttbl: 

p±(I' )=-1- r eicp(s)d\IJ(s) ± _!_,h' (·) 
\,O 2 :rti J [' ~ - 60 2 'Y So • 

(2) 

BCIOAY 

(3) 

06paTHO, eCJIH TIO'ITH BCIOJ1:Y Ha f CyllleCTByIOT yrJIOBbie 
rpaHH'IHLie aHa11eHnH F+(~0) (nJin F-(60 )) HHTerpaJia (2), 
TO IlO'ITH BCIO/l:;v' Ha f Cyll\eCTByIOT CHHryJIHpHblll HHTerpaJI 
(1) H rpaHn'IHhre 3Ha11eHnH c 11:pyroil: cTopoHhI F-(60 ) 

( cooTBeTCTBeHHO F + ( 60)), npn11eM BhIIIOJIHHIOTCH paBeHCTBa 
(3). (ha TeopeMa 6hlJia ycTaHoBJieHa M. M. IIpnsaJIOBhIM 
ll:JlH HHTerpaJIOB THIIa Kornn - Jle6era (T. e. ).(JIH CJiy'laH 
a6COJIIOTHO nerrpephIBHOH <jiyHK~HH 'I' (s), CM. [2]), a 3aTeM 
H /l:JIH o6mero CJiy'laH [ 3]. Oaa nrpaeT OCHOBHyIO pOJib s· 
Teopnn CHHryJIHpHhIX HHTerpaJibHbIX ypaBHeHHH Il pa3-
phIBHhIX rpaHH'IHhIX 3a).(a'I aHaJIHTll'I. <jiyHK~HH (CM [6]). 

4) II. T. 0 r p a H H q H hl x 3 Haq e H H H x H HT e
r p a JI a T n rr a H'. o rn n - JI e 6 e r a: ecm1 IBOpAa
HOBa KpHBaH r KyCO'IHO rJiaAKaH H 6e3 TO'leK 3aOCTpeHHH, 
a KOMIIJieKCHaH <jiyHK~HH f ( ~), ~Er, Y/l:OBJieTBOpHeT yCJIO
BHIO JI:irrrrnn~a 

l/(61)-/(~2)1 < Cl61-~2la, 0 < a.;;;;1, 

TO HHTerpaJI Tnrra H'.onm - Jle6era 

F _ 1 r / m d6 ± 
(z)- 2:rti Jr--r=z • zED ' 

eCTb nerrpephlBHaH <jiyHK~nH B 3aMKHyTOii o6JiacTn D +, 

np11111eM /l:JIH rpaHI!'IHbIX 3Ha'leHIIII p±(6) Bhl!IOJIHHIOTCH 
yCJIOBHH: 

Ip± (61)-F± (62) I < C1 I 61 -~2 la, 
ecJin O<a<1, n 

IF±(~1)-F±(~2)l<C2(o)l~1-~2lln 1 , 
I 61-62 I 

eCJIH a=1, 161-621...:6<1 (CM. [2]). 
Jium.: [I] II p Iii Ba JI o B IL IL, «Bull. Soc. math. France», 

1916, t. 44, p. 100-03; [2] er o me, MHTerpaJI Cauchy, CaparnB, 
1918; E3l e r o m e, rpam«rnb1e csolicTBa o,n;HoaHa'lHhlx aHam1Tn
qec1<HX lfiYHRUHll, M., 1941; [4) er o m e, rpaHlil'lHble csolicTBa 
aH3JIJiITH'leCRHX lfiYHRl{HH, 2 H3,ll; .• M.- JI., 1950; [5] 3 Iii r M y HA 
A., TpHroHoMeTplil'leci<ne PflAhl, nep. c aHrJI., M., 1965; [6) X n e
A e JI HA a e B. B., B RH.: MTorH HaYRH H TeXHHRH. CoepeMeHHbJe 
npo6JieMbl MaTeMaTHRlil, T. 7, M .• 1975, c. 5-162. 

E. /1,. Co.<o.Mett1fe8. 
IIPIIBE)J;EHIIE K ABCYP}];Y - rrpaBnJio JIOrH'I. BbI

BO/l:a, Il03BOJIHIOII\ee 3aKJIIO'IHTb, 'ITO eCJIH H3 CTIHCKa yT

Bepm11:em1il: r' A CJie11:yeT i;a:K yTBepIBAeHne B' TaK H yT
BepIB,11,eHne -1 B, TO H3 CTIHCKa r CJie).(yeT l A . fl paBHJIO 
fl. K a. 3aIIHChIBaIOT, Hanp., B BH).(e 

r.A-+ B; r. A-.-in 
r-+IA 

H Haa. TaKIBe n p a B n JI o M B B e 11: e H n JI o T p n ~ a
H H H. II. K a. HBJIHeTCH oonycmU.Mbl.M npaeu.tto.M ).(JIH 
no11:aBJIHIOll1ero 60JibIIIHHCTBa JIOfHKO-MaTel\laTH'I. HC'IHC

JieHl!ii. C. IO. Mac.<oB. 
IIPIIBE)J;EHHAH CIICTEMA BLlqETOB rr o M o A y

JI IO m - Ha6op, COCTaBJieHHbIH H3 BCex qnceJI no.ttHOU 
cucme.Moi ewtemoe no MOAYJIIO m, B3aHMHO npoCThIX c m. 
fl. C. B. !IO MO/l:yJIIO m COCTOHT H3 qi (m) 'IHCeJI, TAe qi (m) -
<jiyHK~nH 8il:Jiepa. B Ka'leCTBe II. c. B. rro MO/l:YJIIO m 06h1q
Ho 6epyTCH B3anMHO IIpOCThle c m 'IHCJia IIOJIHOll CHCTeMhl 
BbI'leTOB 0, 1, ... , m-1. C. A. Cmena'HoB. 

IIPHBE)J;EHHAH CXEMA - cxe.Ma, JIOKaJibHoe KOJih
~o JII06oii: TO'IKH K-poil: He CO).(epIBnT HeHyJieBhIX HllJ!b!IO
TeHTHhIX <lJie~!eHTOB • .D:JIH JII06oil: cxeMbI (X, 6x) cym;eCT-

ByeT HaJI60JibIDaH 3aMKHYTaH rrp:irnep;eHHaH IIO,l'.ICXeMa 

(Xred· 6xred), xapaKTep:irnyeMaH COOTHOIIIeHHHMH 

6x d x=6x. xlrx, re • 

r11:e r x - np;eaJI, COCTOHII\HH H3 BCex HHJlb!IOTeHTHhlX 3JI0-

MeHTOB KOJihIW 6x. x· rpynrroBaH cxeMa Hap; noneM xa
paKTepIICTHKII 0 BCer11:a IIpHBep;eHa (3). fl. C.- KJiaCCH'I. 
o6'beKT n3y'leHnH B aJire6pan11. reoMeTpnn. 

Jlum.: !11 A p TH H M., «MaTeManrna», 1970, T. 14, No 4, 
C. 3-47; [2) r p 0 Te HA HK A., ll be A 0 H He lR., «Ycnexn 
MaTeM. naym>, 1972, T. 27, No 2, c. 135-48; (3] Ma M lfi op A .u .. Jiei<nHlil 0 RPHBblX Ha aJire6paH'lec1<oll TIOBepxHOCTlil, nep. c 
aHrJJ., M., 1968. C. I'. Tannee8. 

IIPIIBIIJIErIIPOBAHHLID KOMIIAKT - rroHHTne, 
lJaCTO HCIIOJih3yeMoe B Teopnn KOMIIJieKCHhIX rrpocTpaHCTB, 
B oco6eHHOCTH B Teopnn Mo11:yneii KOMIIJieKCHhlX CTpyKTyp. 
IIyCTb K - KOMIIaKT B en, 6K - orpaHH'IeHHe Ha K 
rry'IKa poCTKOB TOJIOMOp<jJHhlX <jiyHK~HH B en. H'.oMrraKT K 
Ha3. II p H B H JI er H p 0 B a H H hi M 0 T H 0 c H T e JI b II 0 
KorepeHTHOTO aHaJIHTH'leCKOTO rry11Ka 
:Jr, 3a).(aHHOTO Ha K, eCJIH cym;eCTByeT TO'IHaH IIOCJiep;oBa
TeJibHOCTb OT06paIBeHHll 6rIIY'IKOB 

0--+ Zn-+ Zn-1--+ ... --+ Z1--+ Zo ~tf---+ 0, (1) 
r. 

B K-poil: Z;=6_K c HeK-phlMn r;;;;,, 0,. i=O, 1, ... , n, 
TaKaH, 'ITO rropom11:eHHaH eIO IIOCJiep;oBaTeJibHOCTb rrerrpe
pbIBHbIX onepaTopoB 

C--+ B (K, Zn)~ B (K, Zn-1)--+ ... 
d 

... --+ B (K, Z1)--+ B (K, Z 0) (2) 

TO'IHa n pacm;errJIHeMa. 311:ecb 

B (K, Z;)=B (K, 6)\ 
a B (K, 6) eCTh 6aHaxoBo rrpocTpaHCTBo HerrpephlBHhlX Ha 
K <jiyHK~nii, ronoMop<jJHhrx BHyTpn K, HaAeJieHHoe paBHo
MepHoii HOpMOll. p a c Ill e II JI II e M 0 c T b IIOCJie).(OBa
TeJibHOCTH (2) 03Ha'laeT, 'ITO H/l:pO II o6pa3 AH<ji<jiepeH~H
aJia d B Kail\AOM 'IJieHe nMeeT rrpHMOe 3aMKHyToe AOIIOJI
HeHHe. 8TO yCJIOBl!e pacllleIIJIHeMOCTH 3KBHBaJieHTHO CJie

AYIOllleMy: cyni;eCTByeT JIHHettHbIM HerrpephIBHhIH onepaTop 
h B (2), rrepeBOAHlllHM B (K, Z ;) BB (K, Z;+i), TaKoii, 'ITO 
dhd=d (o II e pa T 0 p r 0 M 0 T 0 II H n). CBOHCTBO TO'l
HOCTll H pacni;errJIHeMOCTH IIOCJie).(oBaTeJibHOCTH (2) He 3a
BHCHT OT Bhl6opa IIOCJiep;oBaTeJibHOCTH (1). 

IIyCTb TO'IKa z rrpnHaAJiemnT BHyTpeHHOCTH KOMIIaKTa 
K. Tor).(a cyllleCTByeT Mop<jin3M :rt KoMrrJieKca (2) B CJioii: 
KOMIIJieKCa (1) Ha).( TO'IKOll z, rrepeBOAHlllHll 3Jie~IeHT 

B(K, Z;), T. e. <jiyHK~HIO Ha K co 3Ha11emrnMn B Cri 
Bee pOCTOK B TO'IKe z. 0TCIOAa BhITeKaeT, 'ITO IIOCJieAOBa
TeJibHOCTb 

d :rtcp 
B (K, Z1)--+ B (K, Zo) -+:Jr z (3) 

rroJiyTO'IH~: RoMrraKT K Ha3. :Jf-rr p n B n JI er n po
B a H H 0 H 0 K p e c T H 0 c T b IO T 0 q K H z, eCJIII OH 
(Jf-IIpHBHJiernpoBaH H IIOCJie).(oBaTeJlbHOCTb (3) TO'IHa. 8TO 
CBOMCTBO TaKIBe He 3aBHCllT OT BbI6opa IIQCJie11:0BaTeJib
HOCTH (1). 

/];JIH BCHKOTO KorepeHTHOTO aHaJIHTH'I. rry'IKa :Jr BCH
KaH TO'IKa ero o6JiaCTn orrpep;eneanH 06Jia11:aeT <jiyHAa~rnH
TaJihHoil: CHCTeMoH :Jf-IIpHB:llJiernpoBaHHbIX OKpeCTHOCTeii:. 
B Ka'leCTBe TaKHX OKpeCTHOCTeii: BbI6npaIOTCH IIOJIHKpyrn 
c orrpep;eJieHHbIMH COOTHOIIIeHHHMH THIIa HepaBeHCTB )J,JIH 
paAnycoB. M3BeCTHO AOCTaTO'IHoe ycnoBne :Jf-rrpnBnJiern
poBaHHOCTH rroJin~nJIHH/l:pa, CBH3hIBaIOlllee rryqoK :Jr c ycT
policTBoM rpaHH~hl (CM. [1]). 

PaccMaTpnBaIOTCH TaKIBe npnmrnernpoBaHHhie KOM
rraKThl !IO OTHOIIIeHHIO K rryqKy, 3aAaHHOMy Ha rrpon3BOJlh
HOM KOMilJISKCHOM rrpocrpaHCTBS x, !IpH 9TOM nMeIOT Il 

BHAY KOMIIaKThl, IIpHBHJiernpoBaHHhle OTHOCHTeJihHO nyq

KOB f* (:Jr), r11:e f KapTa Ha x. 
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Jlum.: (1] Dou ad y A., «Ann. Inst. Fourier», 1966, t, 16. 

p. 1-95. B. II. Jia.11aJ11oiloe. 
IIPHB0)1;HMAH JIHHElIH AH CHCTEMA o 6 hi R H o

B e H 11 b1 x AIIiJ>iJ>epeHn;rraJibHb!X ypaBHe
H II iI - CIICTeMa 

_;;=A (t) x, xE fR.n (IIJIII Cn), (*) 
A ( · ): IR.-----... Hom (fR.n, fR.n) (rrJirr Hom (IC", Cn)), 

rrepeXO/(Hlll,aH B CIICTeMy c IIOCTOHHHb!MH Ro3iJ>lf>IIn;rreHTaMII 

y=By B pe3yJihTaTe 3aMeHhl x= L (t)y, rAe L (t) - HeR-poe 
JI sinyno6a npeo6paao6anue. EcJIII OT06pame11ne A (t) He
rrpephlBHo H rrepIIO/(H'IeCRII 3aBIICHT OT t, TO CIICTeMa (>i<) 
IIpIIBOAHMa (Te 0 p e M a JI H II y H 0 B a). ,l.l,JIH rrpIIBO
AIIMOCTII CHCTeMbl (*) He06XOAIIMO II /(OCTaTO'IHO, 'IT06bl 
narnJIIICh upeo6pa30Ba11IIe Jlm1yH0Ba L (f) II orrepaTop B 
TaRne, 'ITO BCHROe perneHne CHCTeMbl (*) HMeeT BRA 

x (t) =L (t) efBx (0) 
(R p II Te p II ii: E p yr II Ha). 

JJum.: [1] JI JI II y H 0 B A. M., OomaH aana<i:a 00 YCTOit'IU
BOCTJll JJ:BH>Hemrn, e ero KH.: Coop. co<i:., T. 2, M.- JI., 1956, c. 7-
263; [2] E p yr H H H. II.. IlpHBO)'.(HMb!e CHCTeMbl, JI.- M., 
1946 (Tp. MaTeM. HH-Ta AH CCCP, T. 13). B. M. MUJIJIUOltJ4U><o6. 

IIPHBOl!;HMOE IIPEl!;CTABJIEHHE - JIIIHeii:Hoe 
rrpeACTaBJieHIIe, B rrpocTpaHCTBe R-poro eCTh co6CTBeHHOe 
un6apuanmnoe noanpocmpancmfJO. A. H. illmepn. 

IIPHB0)1;HMOE PHMAHOBO IIPOCTP AHCTBO -
pIIMaHOBO rrpoCTpaHCTBo M, y R-poro JIIIHeii:na.11 (IIJIII, 
IIHa'le, OAHOPOAHaH) eo.n,OH,0.MUU epynna IIpIIBO/(IIMa, T. e. 
IIMeeT HeTpHBIIaJihHbie IIHBapIIaHTHhie IIOAIIpOCTpaHCTBa. 
PIIMaHOBO IIpOCTpaHCTBO c HeIIpIIBO/(IIMOH rpyrrrroii: TOJIO
HOMIIII Ha3. H e II p II B 0 A H M bl M. IIoJIHOe 0/(HOCB.113-
HOe II. p. rr. pa3JiomuMo (Teo p e M a A e P a Ma), T. e. 
pa3JiaraeTCH B rrp.11Moe IIpOII3BeAeHIIe pIIMaHOBb!X IlpOCT
paHCTB noJiomIITeJihHoiI pa3MepHOCTII. EoJiee TO'IHO, mo-
6oe IIOJIHOe O/(HOCBH3HOe pIIMaHOBO rrpoCTpaHCTBO II30MeT
pII'IHO rrp.11M0My rrpoII3Bel(eHIIIO M 0 X M 1X ... X Mk eBRJIII
AOBa IlpOCTpaHCTBa Mo II IIOJIHb!X O/(HOCBH3Hb!X HerrpIIBO
AIIMb!X pIIMaHOBb!X rrpocTpa11CTB M;, i>O, rrpII'IeM TaRoe 
pa3JiomeHIIe M el(nHCTBeHHO c TO'IHOCThIO AO rropJIARa co
MHOmIITeJieiI. 

0cJia6JieHHblH BapIIaHT 3Toil TeopeMbl crrpaBeAJIIIB AJIH 
rrceBAOpIIMaHOBblX rrpOCTpaHCTB: IICeBAOPIIMaHOBO rrpOCT
paHCTBO Ha3. c JI a 6 0 H e II p II B 0 A II M bl M, eCJIII Bee 
HeTpIIBIIaJibHble IIHBapIIaHTHble OTHOCIITeJibHO rpyrrrrbl ro
JIOHOMIIH f IIO/(IIpOCTpaHCTBa RaCaTeJibHOTO IIpOCTpaHCTBa 
li30TpOIIHbl, T. e. IIHAYII;IIpOBaHHOe Ha HIIX CRaJIHpHoe rrpo
II3Be/(eHHe Bb!pOmAeHo. J1106oe IIOJIHOe O/(HOCBH3HOe IICeB
AOpIIMllHOBO IIpOCTpaHCTBO pa3JiaraeTCH B IlpHMOe IIpOII3-
BeAeHIIe CJia6o HeIIpIIBO/(HMblX rrceB/(OpIIMaHOBblX rrpOCT
paHCTB. ECJIII IIOAIIpOCTpaHCTBO HeIIOABHmHb!X OTHOCII
TeJibHO rpyIIIIbl TOJIOHOMIIII BeRTopoB HeII30TpOIIHO, TO 
TaRoe pa3JIOmeHIIe e/(IIHCTBeHHO c TO'IHOCTbIO AO rropHARa 
COMHOmHTeJieii:. CJia6o HeIIpIIBO/(IIMOe IICeBAOPllMaHOBO 
rrpoCTpaHCTBO He pa3JiaraeTCH B IIpHMOe IIpOH3Be/(eHne 
rrceBAOPHMaHOBblX rrpOCTpaHCTB [ 3]. 

Jlum.: [1) JI H x Hep o B H q A., TeopHH CBH3HOCTett e ue
J10M 11 rpyIIII roJioHoMHtt, IIep c cjJpaHu., M., 1960; [2] Ko 5 a JI
c n III., H o M 11 n a y K., OcHOBbI nncjJcjJepeHuHaJibHOH reoMeT

pun, IIep. c aHrJI., T. 1, M., 1981; [3) Wu H., «Illinois J. Math.», 
1964, v. 8, No 2, p. 291-311; [4] III a II Hp 0 H. JI., «.r:i:oKJI. 
AH CCCP», 1972, T. 206, N2 4, c. 831-33. lJ.. B. A.11enceeec1£Uii. 

ITPH3MA - MHororpaHHIIR, y R-poro ABe rpa11II cyTh 
n-yroJibHIIRII (o c Ho Ba H II H II.), a ocTaJibHbie n rpa

neii: (6 o R o B bl x) - rrapaJIJieJio
rpaMMbl. OcHoBaHHH II. R0Hrpya11T-

I 
I 
I 
I 
C--

lfj Hhl II pacrroJiomeHbl B rrapaJIJieJib
HblX IIJIOCROCTHX. II. Ha3. II pH M 0 ll, 
eCJIH IIJIOCROCTH 6oROBblX rpa11eii: 
rreprreHAHRYJIHpHb! R IIJIOCROCTII oc
HOBaHHH. IIpHMYIO II. Ha3. rr pa-
B II JI b H 0 iI, eCJIII OCHOBaHI!eM ee 

cJiyi«HT rrpaanJihHbill MHoroyroJibHIIR. II. 6b!BaIOT Tpe
yroJihHble, 'leThlpexyroJibHble II T. p;., cMoTpH no TO My, 
JiemIIT JIU B OCHOBaHirn: TpeyroJibHIIR, qeTblpexyroJibHUR H 

T. A· Ha pncyaRe Aaaa mecT11yroJibBal'£ II. (cJieBa - rrp.11-
Ma.11). 06'hel\I II. paBeH rrpon3Be/(eHHIO llJIOlll,aAII OCHOBa
HIIH Ha BblCOTY (paCCTOHHHe Mem/(y OCHOBaH:umm II.). 

BC8-3. 
IIPH3MATOH)1; - MHororpaHHHR, /(Be rpamr u-poro 

(o c H 0 Ba H H H II.) JiemaT B rrapaJIJieJibHb!X IIJIOCKOCTHX, 
a OCTaJihHble HBJIHIOTCH TpeyroJib
HIIRaMH HJIH rpanen;IIHMII, IIpH'IeM 
y TpeyroJibHHROB O/(Ha CTopoHa, a 
y rparren;IIil: o6a OCHOBaHIIH HBJIH
IOTCH CTopoHaMII OCHOBaHIIll II. 
(CM. pIIc.). 06'heM II. paBeH 

~ (S+S'+4S"), 

rAe h - paCCTOHHIIe MemAy OCHO
BaHIIHMH II., S :u S' - IIX IIJiom;a
/lII, S" - rrJiom;ap;h ceqeHIIH, OAIIHaRoBo yAaJieaHoro oT 
o6oIIX OCHOBaHIIH. BC8-3. 

IIPHKOCHOBEHHH IIPEOBPA30BAHHE, Ra ca
T e JI b B 0 e JI p e 0 6 p a 3 0 B a H H e, R 0 H T a R T
B o e n p e o 6 p a 3 o B a H II e,- npeo6pa3oBaHIIe Rpn
BblX Ha IIJIOCROCTII, rrpII R-poM /(Be Raca10m;:uec.11 APYT 
Apyra KpIIBble npeo6pa3yIOTCH B ABe RpHBble, TaKme Ra
ca10m;11ec.11 Apyr Apyra. CM. Konmanmnoe npeo6paao6anue. 

IIPHKOCHOBEHHH roqKA - TO'IRa x MHomeCTBa 
A B TOIIOJIOTII'l. npoCTpaHCTBe x TaRaH, '!TO BCHRaH ee OR
peCTHOCTb nMeeT HerrycToe rrepeceqeHIIe c A . MHomeGTBO 
BCex II. T. o6pa3yeT 3 a M bl Ra H II e [A] MHomeCTBa A. 

M. H. Boii1fexoecnuii. 
IIPHMAPHOE KOJibIJ;O - ROJihn;o c eAIIHIIn;eil:, iJ>aR

TOpROJihn;o R-poro ITO paAIIRaJiy ,l.l,meRo6coHa H30MopiJ>Ho 
ROJihn;y MaTp:un; HaA TeJIOM HJIH, 'ITO TO me caMoe, HBJIHeTCH 
apTIIHOBblM rrpocTblM KOJihII;OM. EcJIII nAeMrroTeHTbl II. R. 
R c pa/(RRaJIOM )J;meRo6CoHa J MOmHO IIOAHHMaTb no MO
AYJIIO J (T. e. y Raml(oro 1I/(eMrroTeHTa II3 RI J cym;ecTByeT 
IIAeMIIOTeHTHblH rrpoo6pa3 B R), TO R II30Mopii>Ho ROJihll,Y 
Bcex MaTpnn; Ha/( HeR-pblM JIORaJibHblM ROJiblJ,OM. 8TO, B 
qaCTHOCTII, IIMeeT MeCTO, eCJIII J eCTb HHJibIIAeaJI. 

Jlum.: (1] ,r:i: lH e 11 o 5 co H H., CTpoeHHe 110Jieu, IIep. c aHrJI., 
M., 1961; [2) <I> e tt c K. Anreopa: KOJlbQa, MOJJ:YJIH H I<aTeropHH, 
nep. c aHrJI., T. 1-2, M., 1977-79. JJ. A. Cnopmmos. 

IIPHMAPHOE IIPEl);CTABJIEHHE - To me, 'ITO 
rfjanmopnpeacmao.aenue. 

IIPHMAPHOE PA3JIOJKEHHE - rrpel(CTaBJieHHe 
IIl(eaJia I KOJih11,a R (IIJIH IIOAMOAYJIH N MOAYJIJ:c M) B BIIAe 
rrepeCe'leIIHH IIpIIMapHblX HAeaJIOB (rrpIIMapHblX rrop;Mop;y
Jieil). II. p. o6o6m;aeT pa3JiomeHne 11,eJioro 'IHCJia B npon3-
Bel(eHIIe CTerreHeil: pa3JIH'IHblX rrpoCTblX 'IHCeJI. Cym;ecTBO
BaHne II. p. B ROJibn;e MHOroqJieHoB /(ORa3aJI 8. JlacRep 
[1], B IIpOH3BOJibHOM ROMMyTaTIIBHmI nemep060.M IWAblfe -
8. HeTep [2]. IIycTb R - ROMMyTaTHBHoe HeTepoBo ROJib-

n 

n;o. II. p. /= n Qi Ha3. He II pH B 0 A II M bl M, eCJIH 
i=1 

n Q;:f:l AJIH JII06oro j=1, ... 'n II paAHRaJibl P1, .•• 'P,, 
i*j 
II/(eaJioB Q1, ••. , Qn rrorrapno pa3JIII'IHbl (pa An R a JI o .1.1 
rrpmtapHOTO IIAeaJia Q Ha3. TaROH e/(HHCTBeHHblll npoCTOH 

HAeaJI P=Q, 'ITO pn=Q AJIH HeR-poro 11aTypaJibHoro 
'IIICJia n). CoBoRyIIHOCTb rrpoCTblX nl(eaJioB {P1, ••. , Pn} 
orrpeAeJie11a OAH03Ha'IHO nAeaJioM I (rr e p B a H T e o
p e Ma e A II H c TB e H H 0 c T II II. p.), MIIHIIMaJibHble 
no BRJIIO'leHHIO <JJieMeHTbl :non COBOKyIIHOCTII Ha3. II 3 o
JI :up o Ba H H hl M II rrpoCTblMII IIAeaJiaMn 
:ul(eaJia /, ocTaJihHble - B JI om e H H bl Mn rr p o c T bl
M II II A e a JI a M II, rrpII'IeM rrpIIMapHble IIAeaJibl, COOT
neTCTBYIOIIJ,He II30JIIIpoBaHHbIM rrpoCTblM IIAeaJiaM, TaRme 
O/J,H03Ha'IHO orrpeAeJieHbl II/(eaJIOM I (B T 0 p a H T e o
pe Ma e A II H c TB e H H 0 c T II II. p., CM. [3]). H3o
JIIIpOBaHHblM IIpOCTblM JAAeaJiaM IIAeaJia I ROJibll,3 MHOTO
qJieHOB HaA IIOJieM COOTBeTCTBYIOT uerrpHBOAHMbie ROMITO
HeHThl aifjrfjunnoeo J.uio2006paausi Ropneii: IIAeaJia /. HMeIOT
CH pa3JIII'IHble HeROMMyTaTHBHble o6o6m;eHIIH JIOHHTHH 
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Il. p. AKCHOMaTirnaIUUI Il. p. rrpnBeJia K pa3BUTIUO af}
f)umU8HOU meopuu uueaJ1oe. 

Jlum.: [1) Lasker E., «Math. Ann.», 1905, Bd 60, S. 20-
116; [2) Noe the r E., «Math. Ann.», 1921, Bd 83, S. 21,-66; 
[3) A :r h JI M., Ma K 11ouaJIh11 M. Bae11emrn B KOMMYTaTHB
nyJO aJireopy, rrep. c aur"~-. M., 1972; li.J 3 a p n cc Kn it 0., 
Ca M JO a JI h II., HoMMyTaTHBHaJI aJire6pa, rrep. c aurJI., T. 1-2, 
M., 1963; [5] By p 6 a K" H., l\OMMYTaTHBHaH amc6pa, rrep. 
c ljJpauu., M., 1971. B. T. Map1<0B. 

IIPHMAPHblll lf)l;EAJI K o M M y T a T n B H o r o 
Ko JI bu; a R - TaKoii np;eaJI IcR, qTQ ecJin a, bER n 
ab El, To Jin6o bEI, Jin6o a" El AJIH HeK-poro HaTypaJih
Horo qncJia n. B KOJlbD;e u;eJihlX qnceJI z n. H.- np;eaJI 
anp;a pn z, rp;e p - rrpocToe, n - HaTypaJibHOe q11cJio. 
BaarnyIO poJib B KOMMyTaTHBHoii: aJire6pe nrpaeT rrpep;cTaB
JieH11e JII06oro 11p;eaJia KOMMyTaTllBHoro nemepoea 1wJ1b1Ja 
B BH)J;e rrepeceqeHHH KOHeqHOfO q11CJia Il. ll.- npu:.tapnoe 
paa.tto:HCenue. BoJiee o6m;o, rrycTb Ass (M) 06osHa11aeT MHO
mecTBO nepanqHhlX np;eaJioB KOJihn;a R, HBJIH!Om;nxcH aH
HyJIHTOpaMll HeHyJieBhlX nop;Mori;yJieii: Mop;yJIH M. Ilori;
Mop;yJih N MOAYJIH M Hap; HiiTepoBhlM KOJihn;oM R Has. 
rr p 11 M a p H hi M, ecJI11 Ass (MIN) - op;HosJieMeHTHoe 
MHOil\eCTBO. EcJIH KOJlbIJ;O R KOMMyTaTHBHO, TO JII06oii 
co6cTBeHHhlH rrop;MOAYJih HiiTepoBa R-Mop;yJIH, He rrpep;
CTaBHMhlH B a11p;e rrepeceqeH11H ri;ayx cTporo cop;epmam;nx 
ero rrop;Mop;yJien, np11MapeH. B HeKoMMyTaTllBHOM cJiyqae 
3TO He TaK, ll03TOMy rrpep;rrpnHnMaJillCb llOllhlTKH llOCTpo
HTb pa3J111qHh1e HeKOMMyTaTHBHhle o6o6m;eHHH llOHHTllH 
rrpnMapHOCTll. Harrp., co6cTBeHHhlii rrop;Mop;yJih N Mop;yJrn 
M Ha3. II p H M a p H bl M, eCJill AJIH JII06oro HeHyJieBoro 
HH~eKTBBHoro rrop;Mop;yJIH E' llH~eKTHBHOH o6oJioqKn E 
Mop;ym1 MIN rrepeceqeH11e HAep roM0Mop.iP11sMoB ns EBE' 
TPHBRaJlbHO. )l;pyroe yp;aqHoe 0606m;eH11e - IIOHHTHe 
Tepu;napHoro 11p;eaJia [ 4]: JleBhlii np;eaJI I HiiTepoBa cJleBa 
KOJlbIJ;a R Ha3. T e p u; ll a p H hi M, eCJill )J;JIH JII06hlX 
aneMeHTOB a ER, b E R"-.J 113 aR b=I cJ1ep;yeT, qTo AJIH JII0-
6oro cER'-.J Haii:p;eTCH 3JleMeHT dERc'-.J TaKon, qTO 
aRd=I. 06a 3Tll o6o6m;eHllH rrpllBO)J;HT K HeKOMMyTaTllB
HhlM aHaJioraM rrp11MapHoro pa3JIOil\eHllH. Rail\)J;hlii Tep
u;napHhlii 11p;eaJI HeTepoBa KOJibn;a R rrp11MapeH B TOM ll 
TOJ!bKO B TOM cJiyqae , Korri;a KOJlbIJ;O R YAOBJleTBOpHeT 
y c JI 0 B H IO A p T H H a - p ll c a: )J;JIH J1!06b1X 
JieBhlX 11p;eaJ10B /, J KOJlbIJ;a R Haiip;eTCH HaTypaJibHOe 
qncJ10 n TaKoe, qTO JnnJ=IJ (cM. [3)). 

Jlum.: [1) By p 6 a!{ H H., HOMMYTaTHBHaH aJireopa, rrep. 
cljJpauu.,M.,1971; [2) 3apHCCKHit o.,CaMI08Jib II., 
HoMM)'TaTHBBaJI ameopa, rrep. c anrJI., T. 1, M., 1963; [3) Go 1 d
m an O., «J. Algebra», 1969, v. 13, No 1, p. 10-47; [4) Le
s i e u r L., Cr o is o t R., Algebre noetherienne non commuta
tive, P., 1963. B. T. MapnoB. 

IIPllMHTHBHAH rPYIIIIA IIO)l;CTAHOBOK -
rpyrrrra rrop;cTaHoBoK (G; M), coxpaHHIOtu;aH JIHlllb TpnBn
aJ!hHhle OTHOllleHHH 3KBHBaJieHTHOCTH Ha MHOil\eCTBe M 
(T. e. paBeHCTBO H aMop.iliHYIO 3KBHBaJieHTHOCTb). lfayqa
IOTCH rJiaBHbIM o6pa30M KOHeqHhle Il. r. ll. 

Il. r. Il. TpaH3lITHBHa H BCHKaH 2-TpamlI!THBHall rpyrma 
rrpHMHTHBHa (CM. Tpa11aumuenaa zpynna). B ToquoCTH 
1-TpaH3HTHBHbie (T. e. He HBJIH!Om;HeCH yme 2-TpaH3HTHB
HhlMH) rpyrrrrhl llO)J;CTaHOBOK Ha3. y H H ll p H M H T H B
H LIM II. RoMMyTaTHBHblMH n. r. ll. HBJIHIOTCH D;HKJIHq. 
rpynnhl npocToro rropHp;Ka H TOJihKO OHH. TpaH8HTHBHaH 
rpynna llO)J;CTaHOBOK rrpHMHTHBHa TOrAa H TOJlhKO Torp;a, 
Korp;a CTa6nmrnaTOp Ga Kamp;oii: ToqKH a EM ecTb MaKCH
MaJ!hHaH nop;rpyrrrra B rpynrre G. )l;pyroii: rrpH3HaK rrpHMH
THBHOCTH OCHOBaH Ha COITOCTaBJieHHH Kamp;ml TpaH3HTHB
HO:ii rpyrrrre (G; M) ee rpa«Pon, COOTBeTCTBy!Olil;HX 6HHap
HhlM opfo!TaM 3Tml rpym1hl. fpyrrrra (G; M) rrpHMHTHBHa 
Torp;a H TOJibKO TOrp;a, Korp;a rpa«Pbl, COOTBeTCTBy!Om;He 
Hepe.iPJleKCHBHblM 2-op6HTaM, CBH3Hbl. l.JHCJIO 2-op6HT Ha3. 
paHroM rpyrrrrhl (G; M). Pam paneH 2 AJIH 11:aamp;&1 TpaH3ll
THBHhlX rpyrrrr, a paHr YHHllpHMHTHBHOii rpyrrrrhl He MeHb

IJJe 3. 
Bcmrnt1 Hee11:11mP1HbliJ HOpMaJihHbdi ACJIUTeJib n. r. ll. 

TpaH3HTHBeH. BcHKaH TpaH3MTHBHaH rpynna rrop;cTaHoBoK 

rrorpymaeTCH B KpaTHoe crrJieTemrn IT. r. rr. (rrpaB11:a, ra
Koe rrpep;CTaBJI0HHe He OAH03Haquo). 

MHorne BOilpOCbI Teopnu rpyrrrr llOACTaHOBOK CBOAHTCH 
K o6o3peHHIO Il. r. IT. lfaBeCTeH CITHCOH BCeX Il. r. II. 
CTerreun ..,;:: 50 (CM. [ 4)). lfayqaJOTCH CBH3H Memp;y Il. r. II. 
H rrpoCTbIMH KOueqHhlMH rpyrrrraMH. 

06o6m;euHe llOHHTHH Il. r. IT.- I\ pa TH 0 ll pH MH
T H B H hi e r p y rr rr hi. fpyrrrra ITO/l:CTaHOBOK (G; M) 
Ha3. k pa3 rrpHMHTHBHOH, ecJin OHa k pas TpaH3HTlIBHa 
H .iliHKCaTop (k-1)-ii TO'IKn p;eii:CTByeT rrpHMllTllBHO Ha oc
TaJibHblX ToqKax. 

Jlum.: [1) Cameron P., «Bull. London Math. Soc.», 1981, 
v. 13, p. 1-22; [2) Krasner M., Kaloujnine L., 
«Acta Scient. math. (Szeged)», 1951, v. 14, p. 39-66; [3) W i e
land t H., Flnlte permutation groups, N.Y.-L., 1964; ('] 
II o r o p e JI o a B. A., B RH.: VI BoecoJOaBblit cnMrroanyM no 
Teopn11 rpyrrn. C6opnnK. H., 1980, c. 146-57; [5] III Mn n T O. IO., 
A6cTpaKTHaH TeOpHH rpyrrn, 2 H3)'.I., M.- JI., 1933. 

JI. A. Ra.11y;)fC1iU1i. 

IIPHMMTHBHAH PEKYPCHH - crroco6 orrpe11,erre
HHH «PYHKIJ;Hll OT HaTypaJibHhlX apryMeHTOB c HaTypaJJbHbl
Mll 3HaqeHHflMH. foBOpHT, qTo (n+1)-MeCTHaH «PYHKIJ;HH 
f (x1, ••• , xn, y) rroJiyqeHa rr p 11 M 11 TH B Ho ii p e Ky p
c He ii 113 n-MeCTHOH «PYHKD;HH K (x1, ... ' Xn) lI (n+2)
MeCTHOii «PYHKl{HH h (x1, •.. ' x,,, y, z)' CCJllI AJIH Bcex nary
paJlbHhlX 3HaqeHnii: X1, ••• , Xm y nMeeT MeCTO 

f (xi, ... , Xn, 0) =g (x1, ... , Xn) 

ll 

f(x1, ... , :rn, y+1)=h(xi. ... , Xn, y, 

/(xi. ... , Xn, Y)). 

)l;J111 11:aHHhlX g H h TaKaH «PyuKqHH f ncerp;a cym;ecTByer n 
ep;HHCTB0HHa. IlpH n=O onpcgeJIHIOm;He paaeHCTBa ,t(JIH f 
3arrn:Ch1Ba!OTCH B BH)J;e 

f(O)=a, f(x+1)=h(x, f(x)). 

<1JyHp;aM0HTaJlbHhlM CBOHCTBOM Il. p. HBJIHeTCH TO, qro 
rrpH J1!060M paayMHOM yToqHeHHH llOHHTHH BhlqHCJIHMOCTH 
«PYHKIJ;llH f' rroJiyqeHHaH H3 BhlqllCJIHMhlX «PYHKIJ;HH g H h 
C IIOMOIIlbIO Il. p., CaMa BhlqllCJIHMaH. Il. p.- O)J;HO 113 OC
HOBHhlX rrpaBHJI rropomp;eHHH H3 HCXO)J;HOfO ua6opa npo
CT0lllllHX «PYHKIJ;HH Bcex rrpHMllTH~IIO peKypcnBIIbIX H BCex 
qaCTHqHo peKypcllBHhlX ¢yHKIJ;HH. 

Jlum.: [1) Y c n e B c Rn ii B. A., Jlem.1n11 o BhI'IHCJIHMbIX 
tPYHKI1HHX, M., 1960; [2] Ma JI b LI e B A.H., AJirOpHTMbl H pe· 
KYPCHBHbIB tPYHKLIHH, M., 1965; [3) p 0 )'.I lR e pc x., TeopHH p0· 
K)'PCHBBbIX tPYBKUHll H aljJljJeKTHBHaH Bbl'IHCJIHMOCTb, nep. c aurJI., 
M., 1972. C. H. Apme.11106. 

IIPHMHTMBHO PEKYPCHBHAH Cl>YHKI(HH -
«PYHKD;HH OT HaTypaJibHhlX apryMeHTOB c HaTypaJibHhlMH 
3Haqenn:HMH, K-py!O MOil\HO rroJiyqn:Tb H3 npoCT0HlIIHX 

.iliYHKIJ;Hii 

s(x)=x+1, o(x)=O, /~(Xi, ... ,xn)=Xm 

KoaeqHhlM q11cJioM onepau;Hii cyrreprr03HD;Hn H npu.1i.u1nus
noii pe.,,;ypcuu. 

IloCKOJihKY HCXO)J;Hhle «PYHKD;HH flBJIH!OTCH BhlqHCJIHMbl
MH, a orrepaTOpbr cyrreprroanu;Hn n rrpnMHTHBHo:ii peKypc1m 
BhlqHCJIHMOCTb COX paHHIOT, MHOll{eCTBO BC0X Il. p. IP. eCTb 
rro11:RJ1acc KJiacca acex ewtuc.ttu:.tbix ¢yn1>z+uii. Ramp;a11 
Il. p. «Ii· 3ap;aeTCfl OllHCaHH0M ee IIOCTpOeHHH H3 HCXO)J;HbIX 
«PYHKD;llii (rr p n M H T H B H 0 p e K y p c H B H 0 e 0 ll H
e a H He) H, CJie)J;OBaT0JlbHO, KJiaCC BC0X Il. p. «P. cqeTeH. 
IlpaKTHqeCKH BCe apn.iPMen1q. «PYHKD;HH, yrroTpe6JIHeMbl0 
B MaTeMaTHK0 ITO KOHKp0THblM llOBO)J;aM, HBJIHIOTCH Il. p. 

.iP., uarrp.: x+y, x·y, xY, sg(x), [ ~ }ocTaToKoTp;eJieHHll 

x Ha y, 1t (x) - rrpocToe qHCJIO c HOMepoM x H T. A· 
0THOlll0HH0 p (x1 •••• ' Xn) Ha HaTypaJ!bHblX qHCJiax Ha3. 

ll p H M H T n B H 0 p e K y p c H B H bl M 0 T H 0 ill e H H

e M (rr. p. o.), eCJIH «PYHKD;HH g(x1, ... ' x,,), paBHafl 1, 
1wrp;a p (x1, ... ' Xn) HCTHHHO, H 0, Korp;a p (x1, ... ' Xn) 
JIOiKHO, f!BJIH0TCH IL p. «P. roaopHT, '!TO O'fHOUJeJIHe 
P (x1, .•. , x,,, z) rroJiyqeuo ns OTHOllleHHH Q (x1, •.. , x,,, 
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y, z) c IIOMOill;h!O 0 r p a H II q e H H 0 r 0 K B a H T 0 p a, 
eCJIII 

P (xi. ... , x,., z) ~ '</y (y ~ z :=:::;> Q (x1 , •.. , x,., y, z)) 

HJIH 

P (xi. ... , x 11 , z) ~ 3Y (y ~ z&Q (xi. ... , x,., y, z)). 

KJiacc II. p. o. 3a~rnHyT OTHOCIITeJlhHO rrpIIMeHemrn Bcex 
JIOrilq. CBH30H (BKJlJOqaH OTpm~aHI1e) H orpaHnqeHHhIX 
1rnaHTOpOB. 

IlyCTb /1, ••• , ls+I cyTh n-MeCTHhle n. p. «P., a P1, ••• 
... , P s - Ta1rne II. p. o., 'ITO Ha JII06oM aa6ope a11aqeHn:ii 
apryMeHToB 11CTHHH0 He 6oJiee OAHoro na Hnx. Tor):la 

~YHRI~HH 

( 
f (x1, ••• , x ,.) = { 

l 
JIBJIHeTCH fl. p. IP. 

fs(Xi. .•. ,xn). ecJlH Ps(X1, •.• ,xn). 
ls+1 (x1, ••• , Xn), B APYrnx cJiyqaHX, 

foBOpHT, qTo «PYHKllIIH f (x1, ••• , Xm z) IlOJlyqeHa H3 
BCIOAY orrpe):leJleHHO:ii «PYHKllHH g (x1, ••• , x,,, y, z) rrpIIMe
aeHIIeM or p a H n q e H Hor o on e p a To p a Mn
H u Mn 3 a 11 n n, ecJin f (x1, •.• , x,., z) paBHO MHHHMaJlh
HOMY y TaKoMy, qTo y<.z H g(x1, ... , x,., y, z)=O, H paBHO 
z+1, eCJlH TaKoro y HeT. RJiaCC Il. p. «P. 3aMKHYT OTHOCH
TeJ!hHO rrpnMeHeHHH orpaHnqeHHhIX orrepaTopoB MHHHMH-
3a11nn. 

<l>yHKllIIH <D (y, x 1, ••• , xn) Haa. y H II B e pc a JI h Holl: 
)IJIH KJlacca BCeX n-M0CTHhIX Il. p. «P., eCJlH ):IJlH Kall\):IOH 
TI. p. «P· f (x1, ••• , xn) HaliJJ;eTCH HaTypaJihHOe qncJio k 
raKoe, qTo 

f (x1 , .•. , x,.)=© (k, x 1 , ••• , xn)· 

~JIH Kail\):\ Oro n~ 1 TaKaH YHHBepcaJlbHaH «PYHKllHH cy
~eCTByeT, HO OHa He MOll\eT 6h1Th fl. p. «Ii· 

BcHKoe peKypCIIBHo IIepeqncJinMoe MHomeCTBo ecTh 
o6JiaCTh 3HaqeHn:ii Il. p. «P.; BCHKoe peKypcnBHO IIepeqI1c-
11nMoe OTHOII10Hile R (x1, ••. , Xn) IIpe):ICTaBHMO B BH):le 
3yA (y, X1, ••• ' x,.), r):le A - n. p. o. BcmrnH n. p. cp. 
npeJJ;CTaBnMa B apurfiMemui;e ¢opMaJib1tou, T. e. AJIH Kam-

11oii n. p. IP- I (x1, ••• ' Xn) Haii):leTCH apn.iPMeTnq, «PopMyJla 
F(y, x1' ... , xn) TaKaH, qTo AJIH HaTypaJihHblX k1, ... , k,,, 
m rrpn /(k1, ••• , k,.)=m B «PopMaJlhHOH apn.iPMeTnKe BhIBO-

AHMa «PopMyJia F(m, k1, ••• , kn), a npn /(k1, ••• , k,.)-:f:m 

BblBO):IHMa ·1F(m,k1, ... ,kn) (3JJ;eChk1, ••• ,k,., m-apn«P
MeTuq. TepMhl, nao6pamaIOII\ne B «PopMaJlhHOH apn.iPMe
nme HaTypaJlhHhle qHCJla k1 •... ' k,,, m). 3TOT «PaKT 3aHM
MaeT 11eHTpaJlhH00 MeCTO B AOKa3aTeJlhCTBe HeIIOJlHOThl 
~OpMaJlbHOH apn.iPMeTHKII (CM. [4)). 

Jlum.: [1] y c n e ff c K H tt B. A., JieKl\HH 0 Bbl'IHCJIHMbIX 
i!>YffKUHHX, M., 1960; [2] Ma JI b LI e B A. H., AJirOpHTMbl H pe
KYPCHBffble lf>YffKl\HH, M., 1965; [3] p 0 )'.I )I{ e p c x., TeopHH pe
KYPCHBffbIX ~lf>YffKl\lltt II alf>ljJeKTHBffaH BbI'Il'ICJIHMOCTb, rrep. c affrJI., 
M., 1972; [4J Me H )'.I e JI b c 0 ff 8., BBe)'.leHHe B MaTeMaTH'IeC
KYIO JIOrHKY, nep. c affrJI .• M., 1976. c. H. ApmeJ1t06. 

IIPllMIITIIBHOE KOJihD;O rr p a B o e - acco11I1a-
THBHoe IWJlhllO, o6Jia):laIOru;ee npaBhIM TOqHhIM 1tenpueoou
.11biM MooyJieM. AHaJiornqHo (c IIOMOlllhIO Jieaoro Henpnao
JIUMoro MO):lyJlH) orrpe):leJlHeTCH Jl e B 0 e II p H M H T H B
B 0 0 K 0 Jl h 11 O. RJiaCCbl npaBhIX II JleBblX Il. K. He COB
na):laIOT. 8CHKOe KOMMyTaTHBHOe Il. K. HBJlHeTCH IIOJleM. 
BCHKoe IIOJlyIIpocToe (a CMhICJle ,!{ J1Ce1>06co1ta paoui;aJia) 
KOJlhllO HBJlHeTCH IIO):IIIpHMhIM IIpOU3Be):leHUeM fl. K. Ilpo
CTOe KOJlhllO JlI160 HBJlHeTCH fl. K., JlH6o pa):II1KaJlhHO. 
TI. K. c HeHyJleBhIMH MHHIIMaJlhHbIMH IIpaBhIMH Il):leaJlaMu 
OIIIIChIBaIOTCH TeopeMOH IlJlOTHOCTH. fl. I\. C yCJlOBHeM 
MIIHHMaJlhHOCTH ):IJlH npaBhIX JI):leaJlOB (T. e. apnrnoBbl 
TI. K.) HBJlHIOTCH rrpoCThIMH. 

RoJlhllO R rrpHMHTHBHO TOr):la H TOJlLIW TOr):la, KOr):la OHO 
o6Jia):laeT MaKCli!MaJlhHhIM ~IO):lyJIHpHhIM rrpaBblM n):leaJIOM 
I, K-pLrli He co):lepmli!T ABYCTOpoHHIIX IIJJ;eaJioB KOJihlla R, 

OTJlilqHhIX OT HyJieBoro H):leaJia. 8TO CBOHCTBO MOll\eT 6h1Th 
IIpIIHHTO aa onpe):leJieH11e II. K. B miacce Heacco11naTHBHLrx 

KOJiell. 
Jlum.: [!] ,a: m e Ko o co ff H., CTpoeime KOJiel\, nep. c affrJI., 

M., 1961; [2] x e p c !I' e tt ff 11., HeKOMMYTaTllBffble KOJlbl\a, rrep. 
c affrJI., M., 1972. K. A. JfieB.l!anoB. 

IIPIIMIITIIBHbl.0: II/];EAJI, II p a B o II p n M u T 11 B
R bl ii: li A ea Jl,- TaKOH ):IByCTOpOHHHH H):leaJl p acco11n
aTHBHOro KOJihlla R, qTo «PaKTOpKOJihIW RIP HBJIHeTCH 
(rrpaBhIM) npuMumu1J1tbl,Jtt KO.l!blfOM. AHaJiornqHo, c no
MOlllhIO JieBhIX IIpHMHTHBHhIX KOJiell MOll\eT 6b1Th onpeJJ;e
JleH Jl e B 0 Il p HM H TH B H bl ii: HA ea Jl. MHoll\eCTBO 
fl BCeX fl. H. KOJlblla, CHa6ll\eHHOe HeK-pO:ii TOilOJIOrHeH, 
OKa3blBaeTCH IlOJle3HhIM IIpH nayqeHHH OT):leJlbHhIX KJlaCCOB 
KoJie11. 06blqHo MHomecTBo II TorroJiornaHpyeTCH IIpH no
Mo~ CJleJJ;yIOru;ero 3llMbl,1>a1tusi om1toute1tusi: 

A={P' I P'Eil, P' = (nP, PEA)}, 

r):le A IlO):IMHOil\eCTBO B n. MHoil\eCTBO BCex II. H. KOJlhlla, 
CHa6meHHOe TaKoii: TOIIOJlornell:, Ha3. c T p y K T y p H hi M 
n p 0 c T p a H c T B 0 M 0TOro KOJlhlla. 

Jlum.: [1] ,a: me 11 o o co ff H., CTpoeHUe ROJiel\, rrep. c 
affrJI., M., 1961. K. A. JfieB.l!aJ<o8. 

IIPIIMIITIIBHblR KJIACC a JI r e 6 p a n q e c K 11 x 
c H c Te M - TO me, qTO MIIOroo6pa3He (CM. A.!!ze6pau
•teCKUX cucmeM M1tozoo6pa3ue). 

IIPIIMIITIIBHblA: MHOfOlJJIEH - ~rnoroqJieH 
f (X) ER[X), r):le R - acco11HaTHBHo-KoMMywnrnHoe 
KOJlhllO c Ol~H03HaqHblM pa3JlOil\eHHeM Ha MHOll\HTeJlH, 
K03.iP«Pn11neHThl K-poro He HM0IOT HeTpHBHaJlbHhIX 0611\IIX 
):leJinTeJieii:. JII06oii: MHoroqJieH g (X) ER[ XI MOll\Ho aann
caTh B BH):le g(X)=c(g)f(X), r):le /(X) - II. M., a c(g) -
Han6oJlhII1HH 06111n::ii ):lemITeJlh Koa«P«Pn11neHTOB MHoroqJie
Ha g (X). 8JieMeHT c (g) ER, onpe):leJieHHhlii c TOqHoCThIO 
AO yMHoil\eHHH Ha o6paTHMhle aJieMeHTbl na R, Haa. c o
A e p m a H 11 e M M H o r o q JI e H a g ( X). CIIpaae):IJIH
Ba JI e MM a ray cc a: ecJin g 1 (X), g 2 (X) ER(X], 
TO c (g1g2)=c(g1)c(g2 ). B qaCTHOCTH, rrpon3Be):leHHe II. M. 
CHOBa npHMHTHBHO. 

Jlum.: [1] 3 a pH cc KI'! l! o., c a MIO a JI b II., I\OMMYTa-
THBffaH aJireopa, rrep. c affrJI., T. 1, M., 1963. JI. B. Kya•Mun. 

llPIIOPIITET A METO/]; - MeToA, rrp11MeHH0MhIH a 
peKypCHBHOH Teop1rn MHOil\eCTB ):IJlH IIOCTpoeHHH npoCTO 
ycTpoeHHblX c peKypCHBHOH TOqKH apeHHH (B rrpoCTeH
illHX CJlyqaJIX - peKypc1rnHO rrepeqn:CJlHMbIX) MHOll\eCTB 

(IPYHK11HH, HyMepa11Hii: :u T. II.), YAOBJieTBopHIOillHX 6ec
KOHeqHoii: CHCTeMe yCJlOBHH orrpe):leJieHHOro THIIa. CIIe-
11n«PnKa ):IOilyCTHMblX ycJIOBHH Tli.KOBa, qTo ):IJlH Toro 
qT06hl YAOBJleTBopnTh oT):leJ11>HOMY ycJioBHIO na ):laHHoii 
CHCTeMhl, o6blqHo 6LrnaeT ):IOCTaTO'fHO, t{T06bl B CTpOHI11e-
0CH MHOll\eCTBO 6h1Jl BKJlJOqeH orrpe):leJleHHhIH (3aBHCHill;HH 
OT paccMaTpnaae~rnro ycJioBHH) aJieMeHT. OJJ;aaKo Ha Kam
AOM :JTane IIOCTpOeHHH (rrpe):ICTaBJlHIOI11ero co6o:ii HeK-phIH 
BhlqncJinTeJlhHhIH IIpo11ecc, qeM H o6ecneqn:BaeTCH peKyp
CHBHaH npoCTOTa CTpoeHirn HCKOMoro o6'h0KTa) Rail\):IOe 
H3 ycJIOBH:ii cncTeMbl (K-poe orrpe):leJrneTCH, Boo6ru;e roBo
pH, 6ecKOHeqHhIM MHOll\eCTBOM KOHCTpyKTHBHhIX o6'beKTOB) 
IIpe):ICTaBJieHo HeK-po:ii CBoe:ii KoHeqHoii anIIpOKCHMa11Heii. 
BKJlJOqeHHe B CTpOHilleecH MHOll\eCTBO :JJ10M0HTa, 06ecIIe
qnBaIOI11ero BhIIIOJlHeHne aIIIIpoKCHMa11n:u j-ro yCJIOBHH, 
eiqe He ):laeT rapaHTHH, qTo TeM caMhIM 6yJJ;eT YAOBJleTBo
peHo C8MO j-e yCJlOBHe. Il. M. II03BOJIHeT B H3BeCTHhIX 
CJlyqaHX o6XO):IHTb :JTO npeIIHTCTBMe. c <!TOH ~eJih!O j-My 
ycJIOBIIIO ):laHHOll CHCTeMhl, j=1, 2, 3, ... , B npo11ecce 
IIOCTpOeHirn CTaBIITCH B COOTB0TCTBHe HaTypaJlhHOe q11:CJ10, 
HBJlHIOilleecH K8H):IH):laTOM Ha pOJlb :JJleMeHTa, BKJlJOqeHMe 
K-poro B CTpOHI11eecH MHomeCTBO YAOBJleTBOpHeT j-My 
ycJIOBMIO; rrpo TaKOH :JJleMeHT rrpHHHTO roBOpHTh, qTo 

OH noMeqeH MapKepoM III (cHa6meHHhIM, B03MomHo, ):lo

IIOJlHHTeJlhHLIMM HH):leKcaMn). Ram):lhlii TaKoii: KaHAHAaT 

MOll\eT B rrpo11ecce IlOCTpoeH:UH 38M0HHThCH (mm, qTo TO 
me caMoe, MapKep MO;KeT C):IBHraTbCH), 110 rrpn 3TOM B 

rrpocTeii:rrmx IIpMOpHTeTHhIX KOHCTPYKllIIHX CaMa IlOCJie-
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,ll;OBaTeJibHOCTb, B K-poii BhlilOJIHIUOTCH IIOIIhlTKH y,a;oBJieT
BOpHTb ,a;aHHhlM yCJIOBIUIM, opramrnyeTCJI raK, qTo Kam
):lhlll MapKep MOJReT H3MeHnTb CBoe IIOJIOJReHHe JIHIIlb 
KoHeqHoe qncJio paa, rrp11:qeM B caoeM 3a1mroqnTeJibHOM 
IIOJIOJReHnn OH c Heo6xo,D;IIMOCTbIO OTMeqaeT aJieMeHT, 
rapaHTnpyrom;nll: BhlIIOJIHeHne COOTBeTCTByrom;ero ycJioBnH. 

II. M. 6hlJI coa,a;aH rrpn peIIleHnn rrpo6JieMhl IlocTa o 
cym;eCTBOBaHnH HeTpHBnaJibHbIX peKypCIIBHO rrepeqncJin
MhlX CTeIIeHeii. BIIOCJie,D;CTBnn OH 6hlJI nCIIOJib30BaH B 
MHoroqncJieHHhlX aa,a;aqax, B03HnKllinx rrpn nayqeHnH 
TbIOpHHfOBbIX H Apyrnx CTerreHeii, CTpyKTyphl peKypcnBHO 
nepeq11cJinMbIX MHOJReCTB (yIIopJI,a;oqeHHOH OTHOllieHHeM 
BKJiroqeHnJI), Teop1111 BhlqncmrMhlX HyMepa~nii n ,a;p. IlpII 
3TOM B03HnKJIJI pa3JIHqHbie Mo,a;mp11Ka~nn IIepBOJJaqaJib
HOfO Il, M. (B qaCTHOCTn, HHOf,D;a ,D;OIIyCKaeTCJI, qT06hl 
HeK-phle MapKephl Memrnn CBoe IIOJIOJReHne 6ecKoHeqHO 
MHOro paa), II03TOMy Hepe,a;Ko rrpe,a;IIoq11raIOT fOBOpHTb 
o MeTo,a;ax npnop11TeTa. 

Jlum.: [1] Pon me pc X., TeopHH peKYPCHBHi.1x ljJyHtH.{Hfi 
u aljJ(jleKTHBHaH Bbl'IHCJIHMOCTb, nep. c aHrJI., M., 1972; 
[2) Sacks G. E., Degrees of unsolvability, Princeton (N.J.), 
1963. B. A. ~ytucmtil. 

IIP.RCOE,lVIHEHHAH rPYIITIA r p y n II hi G -
JinHell:HaJI rpyrrna Ad G, JIBm1rom;aJICJI o6paaoM rpyrrrrhl 
Jln 11J1u aJire6panq, rpyrrrrhl G rrpn npucoeoune1mo.M npeo
cmaMenuu. IT. r. Ad G co,a;epIBHTCJI B rpyIIrre Aut g 
acex aBTOMopif>n3MOB aJire6phl Jln g rpyIIrrhl G, a ee 
aJire6pa Jln coarra,a;aeT c rrpncoe,a;nHeHHOH aJire6poll: ad g 
aJire6phl Jln g. CBJI3HaJI rroJiyrrpoCTaJI rpyrrrra ecTb 
r p y II II a II pH c 0 e An H e H H 0 r 0 TH II a (T. e. 
Olia H30Mopif>Ha CBoeii Il. r.) TOf):la n TOJlbKO TOr,D;a, IWr,D;a 
ee KopHu rropom,a;aroT rpyrrrry pa~noHaJibHhlX xapaKTepoB 
MaKCHMaJibHoro Topa; ~eHTp TaKoii rpyrrrrhl TpHBnaJieH. 
ECJIH OCHOBHOe IIOJie nMeeT xapaKTepHCTnKy 0 n G CBJI3-
Ha, To Ad G o,a;Ho3HaqHo orrpeJJ;eJIJieTcJI aJire6poii Jln g 
n Ha3. HHor,a;a Il.r., 11Jin rpynrroii BHyTpeH
H H x a B T 0 M 0 p ip n 3 M 0 B, aJire6pbI JlH g. B qacT
HOCTH, ecJin G noJiyrrpocTa, TO Ad G cosrra,a;aeT co CBJI3Holl: 
KoMIIOHeHToii e,a;nHn~hl B Aut g. 

Jium.: [1] TI 0 HT p Fl r H H JI. c., HenpepbIBHble rpynnbl, 
3 nan., M., 1973; [2] Ce pp JR. - n., Ame6pb1 JIH H rpyrrrrb1 JIH, 
nep. c aHrJI. H ljJpaHu., M., 1969; [3) X a M ljJ pH ,l.l, m., JIHHefi
Hble aJireopaH'!ecmrn rpyrrrrb1, rrep. c aHrJI., M., 1980. 

A. JI. OliUUfUK. 

IIPIICOE,!J;IIHEHHAH IIOBEPXHOCTb - rroaepx-
HoCTb Y, Haxo,a;Jim;aJICJI c ,a;aHHOH rroaepxHOCTbIO X 
B llemepcona coomoemcmouu, rrpnqeM aCHMIITOTnq, ceTn 
Ha Y cooTBeTCTByeT Ha X corrpJimeHHaJI ceTb CJ c paB
HhlMH HHBapnaHTaMH, n Hao6opOT. Il. II. Y JIBJIJieTCJI 
BpllUff!H,U,n unour;ampucoil ,ll;JIJI x' H Hao6opoT. EcJIH CeTb 
CJ - rJiaBBoe ocH0BaH11e H3rn6amrn X, TO Y - B uanr;u 
nooepxnocmb. H. x. Ca6umoB. 

IIPIICOE,ri:.RHEHHOE IIPE,ri:CTABJIEHHE r p y II
II hi Jln HJIH aJire6panqecKoii. rpyrrrrhl 
G - JIHHell:Hoe IIpeJJ;CTaBJieH:ue Ad rpyIIIIhl G B Kaca
TeJibHOM rrpocTpaHCTBe Te (G) (nJin B aJire6pe Jln g 
rpyIIIIhl G), COIIOCTaBJIJIIOIII;ee KaJRJJ;OMY a E G Anif>if>epeH
~naJI Ad a=d(lnt a)e BHyTpeaHero aBTOMopipnaMa Int a: 
x-axa- 1. EcJin Gc=GL(V) - JIHHeil:HaJI rpyrrIIa B IIpo
CTpaHCTBe v, TO 

(Ada)X=aXa- 1 , XE Te (G). 

HJJ;po Ker Ad CoJJ;epmHT ~eHTp rpyrrrrhl G, a B cJiyqae, 
Kor,a;a G CBJI3Ha n OCHOBHOe IIOJie HMeeT xa paKTepnCTnKy 0, 
COBIIa):laeT C ~eHTpOM. ,lJ.nif>if>epeH~naJIOM Il. II. rpyIIIIbl 
G B ToqKe e CJIYIBHT rrpncoe):lnHeHHOe rrpe,a;cTaBJieH11e ad 
aJire6phl g. 

Ilpncoe):IHIIeHHhlM rrpeJJ;CTaBJieHneM 
a JI r e 6 p hi JI 11 g Haa. JinHeiiHoe IIpe):ICTaBJieHHe ad 
aJire6phl g B Mo,a;yJie g, AeiicTsyrom;ee rro ipopMyJie 

(ad x) y= [x, y], x, yEg, 

, I - orrepa~nJI B ame6pe g. HJJ;po Ker ad ecrb 
aJire6phl Jln g. IlpncoeJJ;1rneHHbre oIIepaTophl 

ad x HBJIHIOTCJI AHcl>cl>epe~n:poBaHHJIMH aJrre6phl !J H Ha3. 
B H y T p e H H n M n ,a; n ip <P e p e H ~ ll p 0 B a H n JI
M n. 06paa ad g Ha3hlBaeTCJI II p H c o e ,a; n H e H Ho ii. 
a JI r e 6 p o Il: n JIBJIJieTCJI n,a;eaJioM B aJire6pe Jlu 
Der g acex ,a;nif>if>epeH~npoaaIIBii aJire6phl g, npn11eM 
Der g/Ad g ecrb rrpocrpaHCTBO H 1 (g, g) 1-MepHhlX Koro
MOJiornii aJire6pbI JI11 g, orrpe,a;eJIJieMhlX n. rr. B qacT
HOCTH, ad g= Der g, eCJIH g - rroJiyrrpocTaJI aJire6pa Jlu 
Ha,D; IlOJieM xapaKrepHCTHKH 0. 

Jlum.: [1] ,l.l, me Ro 6 co H H., Ame6pbl JIH, rrep. c aHrJI .• 
M., 1964; [2] TI 0 HT p Fl r H H JI. c., HerrpepbIBHble rpyilIIbl, 
3 H311;., M., 1973; [3] c e pp JI\. - TI., Ame6pbl JIH H rpynnbl JIH, 
nep. c aHrJI. H ljJpaHu., M., 1969; [4] X a M ljJ pH ,l.l, m., JIHHell
Hble anreopaH'!eCKHe rpynnb1, nep. c aHrJI., M., 1980. 

A. JI. O!iUUfUK. 

IIP.RCTPEJIKH METO,ri:, c r p e JI h 6 hI M e T o ,a;,
MeTo,a; pellieH1rn Kpaesoll: 3a,a;aqn ,D;JIJI o6hlKHoBeHHoro ,a;n<P
if>epeH~IIaJibHoro ypaBHeHnJI, K-phlii aaKJiroqaeTCJI BO BBe
,a;eHHH ynpaBJIJIIOIIJ;nX nepeMeHHhlX (napaMeTpOB) ll IlOCJie
,a;yrom;eM Haxom,a;eHnn nx H3 cncreMhl ypaBHeHnll:, IIpn 
3TOM Bhl6op napaMeTpoB nMeeT pelliarom;ee 3HaqeHne ,D;JIJI 
ycnenmoro pellieHHJI aa,a;aqn, 

IlyCTb HMeercJI rrpH a~x~b ,a;mpipepeH~naJibHOe ypaB
HeHne 

y' =F (x, y) 

c rpam1qHbIM yCJIOBneM 

g(y (a), y(b})=h, 

(1) 

(2) 

r,a;e BeKTOp-if>yHK~nH y= (Yi' ... ' y nl T OT x IIO,D;JiellrnT 
onpe,a;eJieHHJO, BeKrop-if>yHK~nn F=(F1, ... , Fn)T n g= 
=(g1, ... , gn)T 1!3BeCTHhl, qncJIOBOii BeJHOp h=(hl! ... , 
hn)T 3aJJ;aH. 

IlyCTb 3a,a;aqa Rollin 

aZ/(}x=F (x, Z}, 

Z (a, r)=r, 

(3) 

(4) 

r,a;eZ=(Zl! .•. , Zn)T, r=(r1 , •• • , rrz)T, nMeeT en;nHCTBeH
HOe pellieHne Z (x, r}, onpe,a;eJieHHoe rrp11 a~x~b, rEEn. 
Ilpn IlOIJ;CTaHOBKe B (2) BMeCTO y (a) 3a,D;aHHOfO 3HaqeHnH 
Z(a,r)=r, a BMecTo y(b) Haiin;eHHoro 3HaqeHHJI Z(b,r) 
noJiyqaror ypaaHeHne 

g (r, Z (b, r))=h (5) 

OTHOCHTeJibHO rra paMerpa r. 
AJirOpHTM Il. M. COCTOnT B CJielJ;yIOm;eM: CHaqaJia Ha

XO):IJIT pellieHne r=,. * ypaBHeHnJI ( 5)' a 3aTeM - HCKO
MOe pellieHne rpaHnqHoii aa,a;aqn (1) - (2) RaK pellieHne 
aaµ;aqn Rollin 

y'=F(x, y}, y(a)=r*. 

,Il.JIJI pellieHnJI ynoMHHaBllinxcJI 3J:ICCb aaJJ;aq Kornn: MoryT 
6bITb nCIIOJlb30BaHbl qncJieHHbie MCTO):lbI. ,II.Jill pemeHnH 
ypaBHeHnJI (5) ~eJiecoo6paaHo na6paTb KaKoii-JI11:60 nTe
pa~noHHhIH MeTO):I. 

B CJiyqae, Kor,a;a HCK-pbre 113 KOMilOHeHT BeKropa g 
3aBHCJIT TOJlbKO OT y (a), a OCTaJihHble KOMIIOHeHThl -
TOJlhKO OT y (b), BhlfO,D;eH JJ;pyroii Bh!6op rrapaMerpoB (CM. 
[1], a TaKJRe He.ttuneilnasi 1>pae6asi aaoa11,a; qncJieHHbre 
MeTO):lhl pemeHnJI). fiMCIOTCJI JJ;pyr11e Bapl!aHThl Il. M, 
(CM. [4]). IT. M. rrpnMeHJIIOT 11 np11 pellieHnn ceToqnoii: 
Kpaesoii aa):laqn, 

Jium.: [1] Bax Ba JI o B H. C., qHcJieHHble MeTOl\bl, 2 Han., 
M., 1975; [2] ro11yHoa c. K, PJioeHbRHll: B. c., 
PaaHOCTHbie cxeMbl, 2 H31\., M., 1977; [3] Hp bl JI 0 B B. II., 
Bo 6 Ko B B. B., Mo Ha c T bl pH bl ll: TI. II., Bhl'IHCJIHTeJib
Hble MeTOJJ:bI, T. 2, M., 1977; [4] CoBpeMeHHble 'IHCJJeHHbie MeTOl\hl 
perneHHJI oobIHHOBeHHbIX )'.(HljJljJepeHuHaJibHhlX ypaaHeHHfi, rrep. 
c aHrJJ., M., 1979. A. <P. manmm. 

IIPHTHiKEHIIH OEJIACTb y c T o iI q n B o r o 
p a c Il p e ,a; e JI e H n JI - COBOKYilHOCTb Bcex if>yHK~HH 
pacrrpeJJ;eJieHnJI F (x) TaKii:x, qro ,D;JIJI nocJie):loBaTeJibHOCTn 
He3aBHCnMhIX o,a;nHaKOBO pacrrpe,a;eJieHHbIX CJiyqaiiHbIX 
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aeJm'Il'IH X 1, X 2, ••. c cflymrn;Heii: pacnpeAeJiemrn F (x) rroJiyqaeTCH 06orarn;e1meM yu1rnepcaJihHoro H3hlKa JJ;O-
rrp11 IIOAXOJJ;Hrn;eM noA6ope llOCTOHHHhlX A n H B,, >O, rroJIHHTeJihHhlMH KOHCTPYKl:J.HHMII, oco6euuo YA06BhlM11 
n=1, 2, ... , pacrrpeAeJieBIIH CJiyqaiiuhlx aeJII1q11u AJIH iJ>opMyJII1poaaHI1H 3aAaqII Il3 KJiacca. 06hJquhJe Kouc 

CTpyKIJ,HH YHIIBepcaJihHOfO H3h!Ka IICilOJlb3YlOTCH JII160 
( ~~= 1 X k-An) / Bn, n = 1, 2, ... , (*) AJIH «CKperrJieBI1H» AOilOJIHI1TeJibHhlX KOHCTPYKL\IIH B 11,e

JIOCTBYID rrporpaMMY' JII160 AJIH nporpaMMilpOBaHIIH «ue
CTaHAapTBhlX» KOMIIOHeHT 3aAaqH B II p e A 'b H 3 bl K e 
AOilOJIHHTeJihHhle KOHCTpyKll,llII IIOJIHOCTblO «3aropailrnBa
IDT» YHIIBepcaJihHhlll H3h!K II rrepeBOAHTCH Ha uero CIIe-
11,IlaJihHhlM 1IpeIIpo11,eccopoM. II o A 'h H 3 hi K rroJiyqaeT
CH Il3 YHIIBepcaJibHOfO H3h!Ka OTRa30M OT KOHCTpyKll,HH, 
ueyIIOTpe6I1TeJibHhlX B AaHHOM KJiacce 3aAaq, JIH6o 1IpeA
BapI1TeJibHhlM COCTaBJieHI1eM 6I16JIHOTeKI1 «CTaHAapTHhlX 
IIporpaMM», B COBOKYIIHOCTII AOCTaToqHhJX AJIH Bhlpame
HIIH Jiro6oii 3aAaqII Il3 KJiacca. Bo acex CJiyqaHX BhlrOAa 
OT yrroTpe6JieHll:H II.-o H. COCTOIIT B TOM, qTO BMeCTO 
rrporpaMMilpOBaHIIH 3aHOBO Kail\AOH 3aAaqII Il3 KJiacca 
AOCTaTOqHO JIIIIllb yKa3aTb cpeACTBaMII II.-o. H. IIapa
MeTphl, OTJIIlqarorn;ne OAHY 3aAaqy OT Apyroii:. 

CJia6o CXOAHTCH IIPII n - 00 K BeBhlpOil\AeHHOH cPYHKll,IIII 
pacrrpeAeJieBIIH V (x), K-paH c ueo6xoAHMOCThID oKa3hIBa
eTCH ycToftqnaoll:. 

0AHOH Il3 OCHOBHhlX 3aAaq TeOpIIII ycToiiqHBhlX 3aKO
HOB HBJIHeTCH orrI1cauI1e II. o. ycToiiqIIBhlX 3aKouoa. TaK, 
AJIH uopMaJibHoro pac1IpeAeJieBI1H B 1935 A. H. Xnuqil
HhlM, B. ClleJIJiepoM (W. Feller) II II. JleaI1 (P. Levy) 
6hlJIO ycTauoaJieuo, qTo F(x) IIpI1BaAJieil\I1T II. o. uop
MaJihBoro 3aKoua TOfAa H TOJlbKO TOrAa, KOfAa rrpn X-+00 

x 2 I aF (Yl/ I y2 aF (y) ____,. o. 
JiYl>x .liyl<x 

IIo3il\e E. B. rueAeHKO (1939) II B. ,IJ.e6JJIIH (W. Doeblin, 
1940) AaJIII oIIncauHe II. o. ycToiiq:irnoro 3aKoua c IIoKa-
3aTeJJeM a, 0<a<2: AJIH IIpHB8AJiemuocTH F(x) II. o. 
HeBhlpOil\AeHBOfO ycToii:qHBOfO 3aKOHa v (x) c IIOKa3ate
JieM a ueo6xoAHMO H Ll;OCT8TOqHo, qto6bI 

F (- x)/[1-F (x) + F (- x)]----+ ctf(c1 + c2) IIpH x---->- oo 

AJJH ueK-phlx c1~0, c2~0, c1+c 2 >0, orrpeAeJJR:eMh!X rro 
V (x), 11 

(1-F (x) + F (- x)]/(1-F (tx) +F (-tx)] _,. trx 
npn x ____,. oo 

npJI Kail\AOM nocTOHHHOM t>O. OrpaHI1qenHe Ha xapaKTep 
IIOBeAeHllH HOpMn:pyrorn;IIX KoaiJ>iJ>H11,J1eHTOB B n• n= 1, 
2, ... , IIpHBOAllT K yMeHbHJeHHlO COBOKYIIHOCTH iJ>yHKIJ,llll 
pacrrpeAeJJeHIIH, AJJH K-pb!X JIMeeT MeCTO CXOAJIMOCTb no 
pacrrpeAeJJeunro AJJH rrocJJeAOBaTeJihHOCTJI ( *). CoaoKyrr
HOCTh il>YHKll,llll pacrrpeAeJJeHJIH F (x)' AJJH K-ph!X il>YHK-
11,JIJI pacrrpeAeJJeHHH IIOCJJeAOBaTeJJhHOCTJI CJJyqaii:HhlX Be
JBiqHH (*) rrp11 IIOAXOAHIJJ;eM Bh!6ope IIOCJJeAOBaTeJJbHOCTJI 

Am n=1, 2, ... , IIOCTOHHHOH c>O H Bn=cn-1/rx, n=1, 
2, ... , CJJa6o CXOAHTCH K yCTOHqJIBOH il>YHKIJ,HH pacrrpeAe
JJeHJIH v (x) c IIOKa38TeJJeM a, Ha3. 0 6 JJ a c T b lO H 0 p
M a JJ b H 0 r 0 II p II T H ii\ e H H H v (x). HopM8JlbH8H 
II. 0. HOpMaJJhHOfO pacrrpeAeJJeHJIH COBII8AaeT c COBO
KYIIHOCTblO HeBbipomAeHHhlX pacrrpe,a;eJJeHnii c KOBeqHoii 
AJ1CrrepcHeii. 

HopMaJihHaH II. o. HeBbipomAeHHOii ycTOii:qnaoii: iJ>yHK-
11,1111 pacnpeAeJJeu11H V(x) c rroKa3aTeJieM a (O<a<2) 
o6pa3oBaHa iJ>yHKIJ,llHMH F ( x) TaK11MJ1, qTo cyrn;ecTByroT 
H KOHeqahl 

lim F (x)/I x lrx = c1 ~ 0, 
x~-oo 

lim (1-F (x))/xrx=c2 ~0-, 
X--+oo 

rAe c1 II c2 orrpe,a;eJJHIDTCH ycToii:qHBhIM 3aRoHoM V (x). 
Jium.: [!] rue11eu110 B. B., HoJJMoropos A.H., 

IIpe)leJJbHbie pacrrpe)leJJemrn MH cyMM ueaaBHCHMbIX CJJY•mfiHhIX 
BeJJHqHH, M.- JI., 1949; [2] H 5 par" M 0 B H. A., JI" H
H II H IO. B., HeaaBHCHMb1e " cTa~1muapuo cs1rnaHHbie seJJHqHHhI, 
M., 1965; [3] II e T po e B. B., CyMMbl ueaaBHCHMb!X cJJyqallHb!X 
eeJJHqffH, M., 1972. B. A. Pozoauu. 

IIP06 .. 1IEMHO-OPHEHTHPOBAHH:blll H3LIK - crre
L\J18JJ113HpoBaHHhlii H3h!R rrporpaMMJlpOB8HHH 3aAaq, 
rrpJ1HaAJJemarn;11x HeR-poMy qeTKo BhI,B;eJJHeMoMy RJJaccy. 
Bh!AeJieuJ1e KJiacca rrpoJ13BOAJITCH JIJ160 iJ>11KCaIJ,11eii Ma
TeMaTnq. o6'heKTOB, Jiemam:nx a ocuoae pemaeMh!X 3aAaq 
(HaIIp., KJiaCC 38Aaq JIHHeii:HOH aJire6phl)' JIH6o iJ>11KC8Il,Jl
eii 06JiaCT11 np11MeHeHHH 8BM (Harrp., KJJacc 3aAaq orre
paTJIBHoro IIJiaHnpoBaHHH H yqeTa Ha npeAIIpHHTIIH). 
IIpo6JieMIIaH opJ1eHTa[\J1H o6Lrquo rrpoJ13BOAJITCH B ROH
reKcre ueK-poro yunaepcaJJhuoro H3hIRa nporpaMMHpo
aaunH, no OTHOIIIeHHlO K K-poMy II.-o. H. HBJIHeTCH m160 
H8A-, JIH6o rrpe,a;-, Jin6o IIOA'hH3hlKOM. H a A 'h H 3 hl K 

A. II. EpmoB. 
IIPOrOHKH METO.r. - MeTOA rrepeuoca OABOToqe'l

Horo rpauI1qHoro ycJIOBIIH c IIOMOIJJ;hID AI1iJ>iJ>epeH11,naJih
Boro IIJIII pa3HOCTH0f0 ypaBBeHIIH, COOTBeTCTByrorn;ero 
AaHHOMY ypaaueumo. IIpI1MeHHeTCH AJIH pemeunH rpa
HilqHoii: 3aAaqII B TOM CJiyqae, KOrAa npucmpe.ttt;u .Memof! 
He aiJ>iJ>eKTIIBeH. 

IIyCTb Ha 0Tpe3JW a.,;x.;;:b 3aAaHO JIIIHeHHOe o6hlKHO
BeaHoe AI1iJ>iJ>epeH11,I1aJibHoe ypaaHeuI1e 

y' (x) +A (x) y (a:)= f (x), (1) 

rAe KBaAp8TH8H MaTpHIJ,a A (x) rropHll;Ka n n BeKTop f (x) = 
=1/1 (x), .• ., fn(x)]T - 113BeCTHhle HeIIpephlBHhle iJ>yHK
[\JIH, AniJ>iJ>epeHL\HpyeMaH aeKrop-iJ>yuK[\HH y (x)= [yi(x), 
.. ., Yn (x)]T ITOAJJ81RIIT OIIpeAeJJeHHIO. R ypaBH8HJIID (1) 
1IpHC08AJIHeHhl rpaHHqHh!e ycJJOBJIH B iJ>opMe 

<p Ty (a)= a, 'ljl Ty (b) = ~. (2) 

r11;e Jl3B8CTHhle MaTpJIIl,hl <p JI 'ljl HM8IOT pa3Mepbl nX k H 
nX l JI paHrII k H l COOTB8TCTB8HHO, 

a=[a1, .. ., ak]T, ~=[~i. .. ., ~i]T, 
I1cIIOJJb3YH AHiJ>iJ>epeH[\JlaJJhHhle ypaaueHHII 

u' (x)-AT (x) u (x) =0, 

y' (x) = u T (x) f (x) 

c HaqaJJhHhlMJI yCJJOBHHMII u (a)=<p, 'l' (a)=a' fAB HCKO
MaH AniJ>iJ>epeHIJ,HpyeMaH MaTpHll,a-iJ>yHK[\HH u (x) nMeeT 

pa3Mephl nXk, y(x)=[yi(x), . ., 'l'k(x)]T, MOil\Ho onpe-
11;eJJHTh u (x) n y (x) Ha aceM orpe3Ke a .;;:x.;;:b (n p H M o li 
x 0 A II p 0 r 0 H K H). c IIOMOill;hlO ypaBHeHHH 

u T (b) y (b) = y (b) 

Ii BTOporo li3 rpaHHqHbIX ycJJOBJIH (2) MOil\HO OIIpeAeJJHTb 
3Haqen11e y(b), eCJJR KBaApamaH MaTpJ1I1,a [u(b), 'ljl) HMe
er paHr n. McKoMoe pemeane rpaaJlqHoli 3aAaqII ( 1)-(2) 
ablqHCJIHeTCH Teneph RaK perneHJ1e 3aAaqH Kornn AJJH 
ypaBH8HIIH (1) B uanpaBJJ8HHli OT roqRH x= b K roqKe 
x=a (o6paTHhIH XOA IIporoHKH). ¥Ka3aH
Hhlll M8TOA rrpHMeHHM JI K MHOfOToqequo:ii: 3aAaqe, KOrAa 
ycJJOBHH BliAa (2) 3aAaIDTCH He TOJlhKO HR ROHIJ,aX, HO 
JI B H8CROJJbRliX BHyTpeHHHX roqKax orpe3Ra a.;;:x.;;:b. 
Pa3pa6orauhI aapHaHThl MeTOAa IIporoHKH AJIH rrepeHoca 
JIHHeHHhlX rpauliqHh!X ycJJOBHii, OTJIHqHhlX OT (2) (CM. 
[ 1)). 

,lJ.oCTOHHCTBa II. M. BHAHhl Ha rrp11Mepe CJI8AYIOIIJ,eii 
rpauJ1quoii: 3a11;aq11: 

y" (x)+ Q (x) y (x) =/ (x), 
y' (a)+ <py (a)= a, 
y' (b)+t!JY (b)=~, 

(3) 

(4) 
(5) 
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rne KBanparHaH Marpnu,a Q (x) rropH/lKa n 11 BeKrop f (x) 
pa3Mepa n - H3BeCTHhle HerrpepbIBHbJe «PYHKU,HH, ABam
Ahl nn«P«PepeHu,npyeMaH BeKTOp-.iliyHKD;HH y (x) IlOAJieIBHT 
orrpeaeJieHHIO, H3BeCTHhl0 KBanpaTHhle MaTpHD;hl cp II "' 

nMeIOTIIOpHAOK n,a=(a1, .. . , an)T, B=(B1, ... , B11)T. 
11CIIOJib3YH AH«P«PepeHD;HaJibHbie ypaBHCHHH 

v (x) =[v (x)J2+ Q (x), 
y' (x) =V (x) y (x) + f (x) 

c HaqaJihHhlMH ycJIOBHHMH v(a)=cp, y(a)=a, rae HCKOMaH 
AH«PiJiepeHu;npyeMaH KaanparHaH Marpm~a-.iliyHKIJ;HH v (x) 
l!Meer rropH)J;OK n, y(x)=[yi(x), ... , Yn(x)]T, 1nu;yrcH 
v(x) n y(x) Ha BCeM orpeaKe a,;;;;;;x,;;;;;;b (n pH Mo ii x o A 
D p 0 r 0 H Kn). 

C llOMOl.D;hlO ypaBH0HHH 

y' (b) +v (b) y (b) =y (b) 

II rpaHnqHoro ycJIOBHH (5) MOIBHO onpep;eJIHTh 3HaqeHne 

y (b)=lv (b)-'i'J- 1 ly (b)-BL (6) 

ecJIH Marpnu;a v(b) - 'ljJ nMeer paHr n. 11cKoMoe pemeHne 
rpaHHqHOll aap;aqu (3) - (5) HaXO)J;HTCH IrnK pemeHne 
3ap;aq11 l\owu )J;JIH ypaBHeHnH 

y' (x) + v (x) y (x) = y (x) 

C HaqaJihHbIM YCJIOBHeM (6) (o 6 p a T H hi H X 0 )J; II p O
r 0 HK H). TaKHM o6pa30M, n. M. )J;JIH aap;aqn (3) - (5) 
HBJIHeTCH MeTO)J;OM IIOHHJReHHH IIOpHp;l\a llH.ilicpepeHIJ;H
aJibHOro ypaBHeHHH (3). 

B cJiyqae KOHeqHoll IIOCJIC/WBaTCJibHOCTH JIHHCllHhlX 
aJire6panq, ypanHeHnii 

aicpi-1-b1cpi+c;cp;+1=/;, i=1, 2, ... , n, (7) 

rne KoaiJiiJi11:u;neHThI aj, Ci, b; - H3BeCTHhI0 KBap;paTHhl0 
MarpnD;hl nopH)J;Ka v, a f; n cp; - e:aBeCTHhlH 11 HCKOMbiii: 
DeKrop-croJI6U,hI pa3Mepa v, a1=0, cn=O, aJiropHTM rrpo
roHRB onpep;eJIH0TCH CJiep;yIO~HM o6pa30M: 

B;+1= (b;-a;B;)- 1 c;, (8) 

z1+1=(b;-aiB;J- 1 (a;z;-f;), i=1, 2, ... , n, (9) 

rrpH yCJIOBHHX Bi=O, z1=0 (rr pH M 0 a x 0 A) H 

cp; = ~i +1cp; +d-z; +i. 
i=n, n-1, ... , 1, 

(10) 

npn ycJIOBHH cpn+ 1=0 (o 6 pa TH hi :ii x o A). 3p;ecb 
~i - KBap;parHaH Marpuu;a nopH)J;Ka v, z; n cp; - BeKrop
croJI6D;hl paaMepa v. l13JIOJReHHhlH Meron Ha3. MeTOAOM 
II p a B 0 H n p 0 r 0 HK H. AHaJiorHqHo «PopMyJiaM (8)
(10) noJiy'laIOTCH «PopMyJihl JI e B 0 ii II p 0 r 0 HK n. 
l\oM6HHHpyH JieByIO H npaByIO nporOHKH, noJiy'laIOT Meron 
B c T p e q H hi x n p 0 r 0 H 0 K. IlpH peweHHH ypaB
HeHHH (7) c CHJihHO MeHHIO~HMHCH KoaiJiiJinu,neHTaMH npn
.l\!0HH0TCH n 0 T 0 K 0 B hI ft M e T 0 n II p 0 r 0 H K H. 

)J,JIH Haxomnemrn nep11:op;n'l. peweHnH 6ecRoHetJno:ii no
cJiep;oaareJihHOCTH ypaBH0HHH BH)J;a (7) c nepe:op;nq, KO
aiJiqmu;neHTaMH HCIIOJih3Y0TCH u. H K JI Iii q e c K a H n p o
r o HK a (cM. [4]). 

CM. raKme Opmoeona.1tb1wii npozon,,;u -Aiemoo. 
Jium.: [1] Ba x B a Jr o B H. C., 'IHcJieHHbie MeTOAhI, 2 l!I3A., 

M., 1975; [2] R p hi JI o B B. IL, Bo 6 Ro B B. B., Mo Ha c
T hip H hi ii II. I:I., Bhl'll!ICJll!ITeJJbHhle M0TOAbI, T. 2, M., 1977; 
[3] M a p q y R r. l:I.' MeTOAhl Bbl'll!ICJil!ITeJibHOit MBTeMBTl!IRH, 
2 l!I3A.' M., 1980; [4] c a M a p c R l!I :i1 A. A., H l!I R 0 JI a e B 
E. C., MeTOAhl pememu1 ceTO'lHblX ypaBHeHH:it, M., 1978. 

A. <P. lliannun. 
IIPOl'PAMM OIITHMH3HPYIOIIVIE IIPEOBPA30-

BAHHH - np11MeHHeMbie np11 rpaHCJIHU,HH HarrpaaJieH
Hhle rrpeo6paaoBaHHH IIporpaMMbI, npencraBJieHHO:ii B 
HeK-pon ee npoMemyroqHoii «PopMe, c u,eJihIO yJiyqmeHnH 
pa6o'IHX xapaRTepHCTHK IIporpaMMbI, CBH3aHHhIX c HC
IIOJih80BaHH0M eIO pecypcoB :3BM' rJiaBHhlMH H3 K-pbIX 

HBJIHIOTCH BpeMH BhIIlOJIHeHHH Ii! o6'heM aammae~mif 
naMHTH. 

06hiqHo RaJRp;oe IIpHMeHeHne fl. 0. II. H3MeHHCT JJO
KaJibHYIO CeMaHTHKY .iliparMeHTOB rrporpaMMbl, HO coxpa
HHeT ceMaHTHKY rrporpaMMhI B I~eJioM - peayJihTHpy10~aH 

rrporpaMMa JI11:60 3KBHBaJieHTHa HCXOAHOH, JIH6o HBJIHCTCH 
ee noonpep;eJieHneM Ha 6oJiee nmpoRoe MHomecTao 
BXOAOB. 

Pa3JIHqaIOT M a m H H H 0 - 3 a B H c H M hI e n. o. rr., 
R-phle orrpep;eJIHIOTCH oco6eHHOCTHMH MaIIIHHHOro H3hlK3 
HJIH npyrHMH xapaKTepHCTHKaMH KOHRpeTHOH :3BM, Ii! 
y H H Be pc a JI h H hie n. o. rr. (ra1me, Harrp., KaK 
yp;aJieHHe H3 nporpaMMbl orreparopoB, He)J;OCTHIBHMhlX OT 

HaqaJia), K-phlO onpep;eJIHIOTCH TOJibKO ceMaHTHKOH, BKJia
AhlBaeMOH B HCXOiJ:HYIO 3aIIHCh aJiropHTMa, lil IIpHM0HHMhl 
)J;JIH rnnpoKoro KJiacca :3BM. 

0CHOBHbie crroco6hI yJiyqmeHHH MaIIIHHHOll rrporpaMMhl 
IIpH Il. O. II. aaKJIIO'laIOTCH B yp;aJieHJillil BhiqncJieHHH HJIH 
o6'heKTOB Ji18 rrpou,eccoB BhlilOJIHeHHH rrporpaMMhl HJIH B 
3aMeHe B HlilX CJIOJRHhIX BhlqJilCJieHHH Ha 6oJiee IIpOCThl0 
(Ha OCHOB0 arrpnopHbIX ou;eHOK CJIOJRHOCTH Bhl'llilCJI0HHH). 
:3ro rpe6yer yqeTa yrrpaBJIHIO~nx, nH«PopMau,noHHhlX n 
'JaCTOTHhlX OTHOIII0HHH, B08HHKa10me:x B 3TllX rrpou,eccax 
Memny oIIepaTopaMn n o6'heKraMn rrporpaMMbI. Il. o. n. 
rro cymecTBy BKJIIOqaeT B ce6H: HaxomneHne Heo6xo)J;HMhlx 
eMy OTHOIDeHnll: yRa3aHHoro THIIa ITO JIOKaJibHOH C0MaH
THl\e orrepaTopoB rrporpaMMhl - T. H. II 0 T 0 K 0 B hI H 
a H a JI lil 3 II p 0 r p a M M IJ; rrponepKy HeK-pblX CBOHCTB 
co6paHHOll HH.iliopMaIJ;HH - T. H. K 0 HT e K c TH hi x 
y c JI o B H ii; rrpeo6paaoaaHHe .iliparMeHTa nporpaMMhl 
B CJiyqae yp;oBJieTBOp0HHH 3TlilX CBOHCTB - co6CTBeHHO 
rpauc«PopMau,nH namrnro n. o. rr. 

Ilo B0JIHqHH0 TOH 'laCTlil rrporpaMMhl (r. H. y q a c T K a 
3 K 0 H 0 M lil H), K-paH o6pa6aThlBaeTCH fl. O, Il, He3a
BHCHMO OT ORpylRSHHH, fl. O. II. pa3)J;0JIHIOTCH Ha JI O

K a JI h H bl e, yqaCTOK 3KOHOMJillil K-pbIX He 6oJiee one
paTopa; r JI 0 6 a JI h H hI e, y'laCTKOM 9KOH0Mlilli H-phIX 
HBJIH0TCH BCH IIporpaMMa; K B a 8 H JI 0 K a JI h H hI e, 
rne yqaOTOK 3KOHOMHH - HeK-pbI:ii .iliparMeHT IIporpaM
MhI, HM0IOmHH iJiHKCHpoBaHByIO BHyrpeHHIOIO crpyKTY• 
py,- HaIIp., JI y q (JIHBeiiHaH IIOCJic)J;OBaTeJihHOCTh one. 
paropoa), 8 0 H a (HeTpHBJilaJihHhIH CHJihHO CBH3Hhlii 
IIop;rpaiJi yrrpaBJIHIO~ero rpaiJia rrporpaMMhl), He COJ:lep· 
mamaH npyrnx aoH, HJIH r a M a K (nonrpa«P, CBHaaa
Hhl:i!: c OCTaJihHOH 'laCThlO yrrpaBJIHIO~ero rpa«Pa B TO'l
HOCTJil )J;BYMH BepmnHaMn - BXO)J;HOH lil BhIXO)J;Hoii:; BXOA
HaH BeplliHHa IIpHHa)J;JI0JRHT raMaRy, a BhIXOAHaH Her), 
He conepmamnii npyrnx raMaRoB n aoH. 

)J,ml yMeHhllieHHH apeMeHH6ii H eMKOCTHoii cJioJRHocm 
rJio6aJibHOrO Il. O. II. qaCTO HCIIOJib3yeTCH iJi a KT 0 pH-
3 a u. n H - aaMeHa rJio6aJibHoro Il. o. n. cep11eii: KBaa11-
JI0KaJihHhlX, rrpHMeHHeMhlX K «PparMeHTaM rrporpaMMhl 
B COOTBeTCTBHH C JilX BJIOJReHHOCTbIO. 

ToJihRO )J;JIH yaKnx RJiaccoB rrporpaMM TaKHX, Kax, 
Harrp., KJiacc JIHHeHHhlX rrporpaMM, MOJRHO IIOCTpOHTb 
KOHe'lHhlll IJOJIHhlll Ha6op fl. O. Il. Il03TOMY B KOHKpeT
HhlX rpaHCJIHTopax Ha6op Il. O. II. B 3HaqnTeJihHOH CT0-
rreHH crpoHTCH Ha aapncrnq, OCHOBe H cy~eCTBeHHO aa
BlilCHT OT RJiacca 3a)J;a'l, MH K-phlX rrpenHa3HaqeH rpaHC
JIHTOp. BamHhlM HBJIHercH Bhl6op rrocJiep;oaareJihHOCTI! 
rrpHM0H0HHH Il. O. II., IIOCKOJibKy, KaK IIpaBHJIO, HCIIOJib
ayeMhie Ha6ophl Il. O. II. H0 HBJIHIOTCH CHCT0M8MH lJiip
qa - Poccepa, B K-phlx peayJihTaT He aaBHOHT or IIOpHp;Ka 
npHM0H0BHH IIpeo6pa3oBaHHH. 

Ha6op n. o. II. AJIH rpaHCJIHTOpOB c Han6oJiee pacrrpo· 
crpaHeHHhlX npo6.1te.Arno-opuenmupo1Jannb/,X .11,abt,,;01J (Ta-
1\HX, Harrp., KaK a.1tzo.1t, rfiopmpan, ITJJ/J) HBJIH0TCH xo
pomo HCCJI0AOBaHHhlM lil II03BOJIH0T IIOJiyqaTb MaIIllilHHhl0 
rrporpaMMhl, cpaBHHMhle no Kaqecray c rrporpaMMaMH, 
HaIIncaHHhIMH spyqHyIO. OH co,a;epiKHT rrpeo6paaOBaH11H 
IIO YIWJI0HHIO IIOBTOpHhlX BhlqHCJI0HHH c O):\HHaKOBhlM pe
ayJihTaTOM, qacr11qHOMY BhlIIOJIH0HHIO rrporpaMMhl rrpH 
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TpaHCJIHI\Hll, no qHCTKe rrporpaMMhl OT 6ecrroJie3HhlX 
o6'heKTOB ll A0HCTBHH, 3aMeHe CJIOlKHblX BblqHCJieHHll Ha 
6oJiee IIpOCTbie, yMeHbllI0HHIO cy~IMapHoro pa3Mepa OAHO
BpeMeHHO cym;eCTBy!OID;HX o6'heKTOB, COKpam;eHHIO pa3-
M0pa rrporpaMMhl. 

Jlum.: [1] Ax o A., Y JI h Ma H ,!l. a<., Teopl!IJI Cl!IHTaKCl!I'Ie
cKoro aHaJJl!I3a, nepeno11a 11 1wMnl!IJJHI~l!Il!I, nep. c aHrJJ., T. 2, M., 
1978; (2] B a 6 cu 11 l!I tt r. II. H up., AJJhcjJa-cHcTeMa anTOMa
TH3RUl!Il!I rrporpa~nmpoeaHIIJI, HoeocH6., 1967; [3] Hach JI -
Hoe B. H., II o TT o c l!I H II. B., TexuoJJormi TpaHCJJJIUHH, 
Hoeoc116., 1979. B. H. Kac~R1lOB. 

IIPOrP AMMA - nJian AeiicTBHli, noAJiemam;Hx ahl
noJinenHID H0K-pb!M HCIIOJIHHTeJieM, o6blqHO aBTOMaTH
'!eCKHM ycTpoiicTBOM, qam;e acero 3BM; npeµ;nHcanHe, 
a.tizopum.11t. Il. rrpeACTaBJIH0TCH B BHAe KOHeqHOH COBOKyII
BOCTH KO Ill a HA (H H CT p y K I\ ll li), KalKAaH H3 
K-phIX rro6ymAaeT HCIIOJIHHT0JIH BhIIIOJIHHTb HeK-py!O 
aJieMeHTapHy!O orrepal\HIO HaA AaHJihIMH, xpaHHID;HMHCH 
B naMHTH HCIIOJIHHTeJIH ll HMeHa K-phIX HBJIHIOTCH rrapa
MeTpaMH IWMaHAhl. ABTOMaTH3M HCIIOJIHeHHH AOCTHraeT
CJI TeM, qTo JI106a.11 TeKym;a.11 KoMaHAa, KpoMe 3aaeplliaIO
UJeH, yKa3blBaeT OAH03HaqHO Ha KOll!aHAY Il., K-pa.11 AOJilK
Ha BhIIIOJIHHTbCH IIOCJie TeKym;eii. Oco6eHHOCTh!O HCIIOJI
HeJIHH HBJIHeTCH HaJIJ1qHe KOMaHA B e T B JI e H ll H (yc
JIOBIIhIX rrepeXOAOB), B K-phIX Bhl6op OAHOro H3 JieCKOJib
KHX y1rn3aHHhIX IIpOAOJilKeHHH AeJiaeTCH Ha OCHOBaHHH 
rrpoBepKH CBOHCTB AaJIHhIX, yno111naaeMh1X B KOMaHAe. 
Apyroli oco6eHHOCTbIO HBJIHeTCH B03MmKHOCTh MHoroKpaT
aoro BhIIIOJIHeHHH OTAeJibHhIX KOll!aHA. 3rn oco6eHHOCTll 
rrpUBO,ll;HT " TOMY, qTo IIOCJieAOBaTCJibHOCTb BblIIOJIHHeMhIX 
KOMaHA ll ee ,ll;JIHHa II pH HCIIOJIHeHHH Il. MoryT BapbHpO
BaTh, OAH03Haqao onpep;eJI.11.11cb BXO,ll;Hhlll!H AaHHhIMH. Ta
Klllll o6pa30M, n.' HBJIHHCb KOHeqHhIM o6'heKTOM, no6ym
AaeT llCIIOJIHHTeJIH 3aKOHOMepHo pear11poBaTh Ha IIOTeH-
1\HaJibHO 6ecKoHeqHoe paauoo6pa3ne BXO,ll;Hhlx ,ll;aHHhIX. 
TeM caMhIM Il. TaK me, "aK n Teope111hI c nx p;oKa3aTeJih
crsaMn, peaJIH3YIOT caoiicTBO aceo6m;HocTH MaTeMaTnq. 
aaKoHoMepaocTeli. 

MaTeMani:q. a6cTpaKI\Hll n. H3yqa!OTCH npozpa.11t.11tupo
BanueM meopemu11ecrmM. IT. aamHa He TOJibKO KaK npep;
rrncaHne AJIH 3BM' HO ll KaK HCTOqHHK onepal\HOHHOro 
3IIaHHH ,ll;JIH qeJioaeKa. TeM caMbIM a.1tzopumMu11ec1>ue siabi
i;u, C03,lJ;aHHhle ,ll;JIH 3aIIHCH n.' HecyT TaKme KOMMYHH
KaTMBHYIO iJ>yHKI\HIO' CBOHCTDeHHyIO ecTeCTBeHHhIM H3hI
KaM. 

CocTaBJieHne n. ,ll;JIH 3BM' llJill npozpaMMUpoeanue, 
CTaJio B CBH3ll c IlillpOKHM IIpHMeHeHneM 3BM HOBOH Mac
COBOH iJ>opMoii: 111aTeMaTnq. rrpaKTHKH. 

Jlum.: [1] E p won A. II., «HH6epHeTHKa», 1972, M 5, c. 
a5-99; [2] Ty pc 1' l!I ll B., MeTO)IOJJOrl!IJI rrporpaMMl!IpODaHl!Ill, 
M., 1981. A. U. EpwoB. 

IIPOrPAMMJIPOBAHJIE - 1) npo11ecc cocTaa.ireHHH 
npoBpaMMN, IIJiaHa AeHCTBHii; 2) AUCI\HIIJIHHa, H3yqaJOm;aH 
M0TOAhl H I!pHeMhl COCTaBJieHHH nporpaMM. c orrpep;eJieH
HOH AOJieH ycJIOBHOCTH n. KaK AHCI\llIIJIHHa AeJIHTCH aa 
npozpaMMupoeanue meopemu11ec1>oe, H3yqaJOII}ee MaTeMa
TJJq. a6cTpaKI\HH rrporpaMM n crroco6oa HX rrocTpoeHn.11, 
c ll c T e Ill H 0 e II p 0 r p a M Ill ll p 0 B a H ll e, HMeIO
ll}ee AeJio c pa3pa6oTKOH MameMamu11ec1>oeo 06ecne11enusi 
3BM' T. e. rrporpaMMHhIX KOMIIJieKCOB Maccoaoro ll AJIH
T0JibHoro rrpnMeHeHHH, ll II p H K JI a A H 0 e II p o
r p a M M H p o B a H n e, 06cJiymnBa10m;ee KOHKpeTHhle 
npHMeHeHHH 3BM BO BCeM HX pa3H006pa3HH. 

CocTaBJiemi:e rrporpaMMhl HBJIHeTCH TBopq. 3aAaqeii, 
T. K. IIOHCKH CIIOCOOa AOCTHlKeHHH ljaiKe qeTKO ciJ>opMy
JIHpOBaHHOH 1\0JIH B o6rIJeM cJiy•iae Tpe6yIOT Bhlpa60TKH 
IlJIH IIpHBJieqeHHH IIOBoro 3HaIInH. B HeK-phlx qacTHhIX 
CJiyqa.11x B03MOlKHO HaXOlKAeHne OOJiee CHCTeMaTHq0CKOH 
11 iJ>opMaJiblIOI) IIpOI\eAyphI Il. TaK, CCJIH 3aAaIIne IIa Il. 
yme ciJ>opMyJIHpoBaHO B BIIAe aJiropuTMa, TO Il. CBOAMTCJI 
K nepeaop;y c H3h1Ka 3amrcH aJiropuTMa, nJIH a.1tzopumMu-
11ecr;ozo Jl3b!IW, K H3hlKY. HerrocpeACTBeHHO BOCIIpHHHMae
MOMy HCIIOJIH!ITCJieM. B HeJ{-pb!:x MaTeMaTI!'I. MO,ll;eJIHX 
aap;aqa nepeaop;a pernaeTCH HcqeprrbrnaroII}e. Harrp., ecJin 
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3aAaqa ciJ>opMyJIHpoBaJia B BllAC TeOpCMhl CyII\CCTDOBRHHH 

'</X3!yP (x, y), 

rAe P (x, y) - JieK-pa.11 iJ>opMyJia y3Koro 11cqncJieHHJI 
rrpeP,HKaTOB, TO 113 AOKa3aTeJibCTBa TeopeMhl B KOHCTpyK
THBHOH JIOrHKe aiJ>iJ>eKTHBHO H3BJieKaeTCfl peKypcHBIIoe 
OIIHCaHne iJ>yHKI\llll cp (x), J(JIH K-poii '</xP (x, cp (x)) 
(Teo p e M a R JI II H n - H e JI h co Ha). IloncKu 
CllCTeMR'fliq, IIp01\0AYP nepeBop,a 3annceii aJiropHTMa B 
rrporpaMMhI n H3BJieqeHnH nporpaMMhl H3 ycJioBMH BaAaq11 
ll AOIIOJIHHTeJibHOH HHiJ>opMaIJHll COCTaBJIHIOT rrpeAMeT aa
moMamuaa!.f UU npozpaMMUpoeanusi H ee 'IaCTHOro cJiy
qa.11 - mpanc.ttsi!.fUU nporpaMM. 

MeTOJlHKa IT. yAeJI.11eT oco6oe BHnMaHHe crroco6a111 onn
caHn.11 HCXOAHOH CI!eIJHifJHKal\Hll 3aAaqn, IIOAJie11<au1eii Il., 
IIOCKOJibKY yMeJioe HCIIOJib30BaHHe 3aJiolKeHHOii B cneu,H
iJ>1rna11nH llHiJ>opMal\llll II03BOJIH0T IIPHAaTb n. 6oJiee AO
CTOBepHblH xapaKTep. BalKHb!M acrreKTOM n. HBJIHeTCH 
3a6oTa o qeTKOH CTpyKType rrporpaMMhl, 06Jierqa101IJeil: 
npoBepKy ee n.eaBllJlbHOCTH, a rJiaBHOe - BhIAeJieHne ll 
H30JIHU,HIO TeX <J:lparMeHTOB rrporpaMMhI' AaJibJiell:JJiaH p,e
TaJIH3al\HH K-phIX Tpe6yeT IIpHBJieqeHHH JIOBoro 3JiaHMH. 

HeK-poe rrpeACTaBJI0HHe o crroco6e nepexop,a OT crre
IIHil>HKal\HH 3ap,aqH K rrporpaMMe m1eT cJiep,y10m;11ii rrpnMep 
Il. 3ap;aqll B03BeAeHHH X B HaTypaJibHYIO CTeIIeHh n. 

llcxop;Hoe 3HaHHe: x1=x, xn+m=xn.xm, xnm=(xn)m. 
06aapylKHBaH, 'ITO 8TH COOTHomeHllH II03BOJIHIOT CBCCTll 
pemeHHe 3a)l,aq11 xn H 6oJiee rrpocToi"r ( T. e. c MCHhllIHM n), 
IIhITaIOTCH rrpH,ll;aTb JICXO,ll;HOMY 3HaHHIO rrpocre11:JJiyIO ifiop
MY (TBopq. mar): 

x0=1, xn+I=xn·x, x2n=(x")2. 

Cop;epmaTeJihHbIH aHaJIH3 IIOI\a3bIBaeT, qTo TIJCTbe cooT
aoJJieHne aiJ>iJ>eKTllBHCe, HelK0Jlll BTopoe, HO 3aTO rrpHMe
HllMO H0 Bcerp;a. BTopoe COOTHOJJieHne nepeIIHCbIBaeTCH 
B BH)J;e CJiyqa.11' )J;OilOJIHHTeJibIIOro K TpeTheMy (TBopq, 
mar): 

x0=1, x2n+l=x2n.x, x2n=(xn)2. 

llcIIOJlh3YH o6paTHlllOCTb iJ>yHKIJllH 2n II n+ 1 H JIOruq. 
HeCOBMeCTllMOCTb COOTHOmeHHH, IIOJiyqaIOT peKypCHDHoe 
COOTHOJJieHne MeTO,ll;Olll pa36opa CJiyqaeB (iJ>opMaJibHhIH 
JJiar): 

ecJIH n=O, TO 1; 
ecJIH n qeTJioe, TO (xn/ 2 )~; 

ecJin n JieqeTHOe, TO x. xn - I. 

OcTaeTc.11 nepenncarh 3To rrpaBnJio na Ka1wM-m160 aJiro
pHTMllq. H3h1Ke, Harrp. aJiro.11-60 (iJ>opr.iaJihHhIH JJiar): 

real power(x, n); real x, integer n; 
power:= if n= 0 then 1 else 
if even(n) then power(x,n/2)t2 else xXpower(x, n-1). 

Orrpep;eJieH11e rrpo11ep;yphl rrpoaepKH qeTIIOCTH even (n) 
CTaHOBllTCH OT,ll;eJibHOH, 6oJiee qaCTHOll 3ap;aqeH Il. 

BamHoii cocTaBHoii: qacThIO II. .11aJI.11eTc.11 rrpoaepKa 
npaBHJihHOCTll nporpaMMhl. 0,ll;HllM H3 crroco6oa o6ecne
qeHHH rrpaBHJlbHOCTH HBJIHeTCH IIpH)J;aHne IIPOIJeccy n. 
iJ>opMhl, CXO,ll;HOH c )J;OKa3aTeJibCTBOM TeopeMhl, T. e. Kor
Aa KalK,ll;hlii JJiar rrocTpoeun.11 rrporpaMMhl conpoaomp;aeTcJI 
paccymp;eHHeM, IIO)J;TBepm)l,a!Om;HM H0IIpOTHBOpeqnBOCTb 
aroro mara HCXOJJ;HOMy 3HaHHIO 0 rrporpaMMe ll )1;0110JlHH
TCJlbHOMy 3HaHHIO, llCIIOJlb30BaHHOMy B p,aHHOM JJiare. 
Boaa11Ka101IJ11e rrp11 noM iJ>opMaJibHbie )l,ep;yKTHBIIhle cH
cTeMbI TaKme rrnyqaJOTCH B npozpaMMupoeanuu meopemu-
11ec1>0.11t. ,Il,orroJIHllT0JlbHblM cpe,ll;CTBOM rrpoBepKH rrpaBHJlb· 
JIOCTll yme COCTaBJieHHOH rrporpaMMhl HBJIH0TCH ee 0 T
JI a AK a, T. e. CllCTeMa'fnq. IICIIhITaHllH rrporpaMMbl Jia 
MamHHe 11 cpaaHeHne aiJ>iJ>eI(Ta, npou3BO,ll;11Moro nporpaM
MOH, c OlKH)J;aeMhIM. XoTH Ha npaKTnKe OTJia,ll;Ka HBJIHeTCH 
rrpenMy1u,ecTBeHHbIM cnoco6or.i rrpoBepKn rrporpaMM, reo
peTnqecKn ona He MmKeT 6b!Tb HCqepIIb!Ba!Om;ei"1, T. "· 
ycTaHOBJieHne npaBHJlbHOCTH rrporpaMMhl IIyTeM KOHeq-
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HOH CHCTeMhl HCIIhITamrii: MomeT 6b1Th /);OCTHTHYTO TOJILKO 
/);JUI O'leHh y3KHX KJiaCCOB 3a/);a'I (CM. A11mo.11tamo11 meopua). 

.Jium.: [1] JI IO 5 1'I Mc H H ll 3. 3., Map Thi H IO H B. B., 
T p H «!> 0 H 0 B H. II.. IIporpaMMHpOBaHHe, M .• 1980; [2] .D: e ll
H c T pa 3. B., ,r:t:HC1'1'1IlJU1Ha nporpaMMHpoaamrn, nep. c aHrJJ., 
M., 1978; [3] Melle p B., B 0 )I ya H R., MeTO)lbl nporpaMMH
poaaHHJI, nep c ljJpam.1., T. 1-2, M., 1982. A. TI. Epmoe. 

IIPOl'PAMMHPOBAHIIE MATEMATIIqECKOE -
CM. Mame.11tamu'lec1we npozpa.11t.11tupo11anue. 

IIPOl'P AMMHPOBAHHE IIAP AJIJIEJlbHOE -
pa3/);eJI uporpaMMHpOHaHHH, CB.II3aHHhIH c 1rny'leH11eM H 
pa3pa60TKOH MeTO/);OB H cpe/);CTB /);JI.II: a) a/);eKHaTHOro 
OIIHCaHHH H nporpaMMaX eCTeCTBeHHOro rrapaJIJieJIH3Ma 
MO/);eJinpyeMhIX B 8BM K yrrpaHJIHeMhIX 8BM CKCTeM H 
rrpo11,eccoa, 6) pacuapaJIJieJinBaHHH o6pa6oTKK nH¢opMa-
11,nn B MHororrpo11,eccopHhIX H MYJlhTKilporpaMMHhIX 8BM 
c 11,eJibIO ycKopeHHH Bhl'IKCJieHKH H a¢¢eKTKBHOro HC
IIOJlh30BaHHH pecypCOB 8BM. 

B OTJIK'lne OT rrporpaMMHpOHaHHH IIOCJie/);oBaTeJihHhIX 
Bhl'IHCJieHnil, KOHil,eIITyaJihHYIO OCHOBY K-poro COCTaBJIH
eT noHHTne aJiropHTMa, peaJin3yeMoro no maraM CTporo 
rrocJie/);oHaTeJihHO HO apeMeHn, B II. u. rrporpaMMa rropom
/);aeT COBOKYIIHOCTh rrapaJIJieJihHO upoTeKaIOIIl,HX upo11,ec
COB o6pa6oTRH HH¢opMall,KH, IlOJIHOCThIO He3aBilCKMhIX 
HJIK CHH3aHHhIX MeIBAY co6oii CTaTn'leCKHMK HJIH AKHaMK
'leCKHMK rrpoCTpaHCTBeHHO-BpeMeHHhIMH KJIK IlpH'IJ!HHO
CJie/);CTBeHHhIMK OTHOIIIeHKHMH. 

Bhl'lllCJI111TeJihHhlH uapaJIJieJIH3M HhICTynaeT B pa3HbIX 
KOHKpeTHhIX ¢opMaX B 3aBKCHMOCTK OT aTarra rrporpaM
MnpoBaHKH, OT CJIOl«HOCTH rrapaJIJieJihHhIX qiparMeHTOB H 
xapaKTepa CBH3eii: MeIBAY HHMH. 

B TeKCTaX, OIIHCblBaIOIIl,HX 3a/);a'IH H rrporpaMMhl, MOIB
HO Bbl/);eJIHTh ypOBHK CJIOIBHOCTH qiparMeHTOB, /);JI.II K-pbIX 
a a A a 11 a p a c u a p a JI JI e JI n B a H n H, T. e. co
CTaHJieHHH rrapaJIJieJihHOH rrporpaMMhl, pemaeTCH rro-pa3-
HoMy: BhlpameHKH co CKaJIHpHhIMH /);aHHhIMH; BbipameHlrn 
Ha/); CTpyKTypHhIMH /);aHHhIMH (HeKTOphl, MaTpKil,hl, /);e
peBhH H T. rr.), 3aIIHCbIBaeMble B aJiropHTMH'I. H3bIKax c 
IIOMOIIl,hIO ouepaTOpOH 11,HKJia; I10/);3a/);a'IH K IlOAIIporpaM
Mbl; He3aBHCHMhle 3a/);a'IH H uporpaMMbI H MYJlhTHIIpo11,ec
copHhIX CHCTeMax. 

II peAnochIJIKoii AJIH pacrra paJIJieJinBaHnH HhlpameHnii 
CJiyIBKT TOT ilia KT' 'ITO BXO/);HIIl,He B Hl\X orrepa11,nn H ¢YHK
Il,HH YAOBJieTBOpHIOT HeK-pbIM COOTHomeHKHM, HHAYIIHpyro-
111,HM Ha BCeM MHOIBeCTHe BhlpameHHH OTHOmeHne 3KBHBa
JieHTHOCTH IlO pe3yJihTaTaM (HarrpnMep, /);JI.II apnqJMeTII'I. 
ouepa11,nii: - acco11,naTHBHOCTh, KOMMyTaTHBHOCTh, /);HCT
pn6 YTHHHOCTh). 3 a A a 'I a p a c II a p a JI JI e JI K B a
H H H COCTOHT B IlOCTpOeHHH no 3aAaHHOMY BhlpameHHIO 
E ::manaaJieHTHoro BhlpameHnH E', K-poe MomeT 6hITh 
HCilOJIHeHO 3a HanMeHbmee 'IHCJIO rrapaJIJieJihHhIX maroB, 
r/);e napaJIJieJihHhIH mar - aTO COBOKyIIHOCTh /);eHCTBllH, 
HhIIlOJIHHeMhIX O/);HOBpeMeHHO Ha pa3HhIX Bbl'IHCJIHTeJIHX 

(upo11,eccopax). Raup., BhlpameHne 

a+ b + (c Xd)/(e XI)+ g 

rrpeo6pa3yeTCH B 3KBHBaJieHTHoe BhlpameHne 

((a+ b) +g) + ((cXd)/(eX/)), 

KCilOJIHeHKe K-poro ocym;eCTBJIHeTCH 3a 3 rrapaJIJieJihHhIX 
mara. 0THomeHne 'IHCJia uapaJIJieJihHhlx maroa ncuoJI
HeHnH K 'IKCJiy IlOCJie/);OBaTeJibHhIX maroB Ha3. y c K o
p e B n e M p a c u a p a JI JI e JI n B a H n H. Jlro6oe 
apmpMeTn'I. BhlpameHne c n orrepaH/);aMn MomeT 6h1Th 
Hhl'IHCJieHo ua paJIJieJihHO 3a 0 (log n) maroB c nCIIOJih30-
BaHneM n upo11,eccopoa. 0THOCHTeJihHaH upoCTOTa aJiro
pnTMOB pacnapaJIJieJinBaHHH BblpameHKH I103HOJIHeT pea
JIH30BaTh HX aHTOMaTH'leCKH B 8BM c IIOMOIIl,hIO cue11,n
aJihHhIX uporpaMM HJIH auuapaTHhIMH cpeACTBaMH. 

BoJihmee ycKopeHne MomeT 6bITh uoJiy'leHo aa C'leT 

pacna paJIJieJinBaHHH o6pa6oTKH CTpyKTYPHhIX naHHhIX. 
B anropHTMH'I. H3h1Kax nrna aJiroJI HJIH lliopTpaH Bhlpame

BHH Ha.it CTpyRTypHhIMH /);aHHhIMH IIporpaMMnpyIOTCH c 

IlOMOIIl,hIO orrepaTopoB 11,HKJia anAa FOR I= A, B, C, 
DO S, r/);e I - 11,eJio'lncJieHHhl:ii uapaMeTp l\l!KJia, A -
ero Ha'laJihHoe 3Ha'leHne, B - KOHe'IHoe aHa'leHne, C -
mar n3MeHeHHH uapaMeTpa, S - TeJio IIHKJia, 3aAaro111,ee 
/);eHCTB'HH, HhIIIOJIHHMble Ha O/);HOM mare l!TepaIIHH. )J;JIH 
pacuapaJIJieJIKBaHHH CllCTeMbl HJIOIBeHHhIX 11,HKJIOB pac
CMaTpnaaeTCH n-MepHoe 11,eJIO'IHCJieHHOe IIpOCTpaHCTBO 
HTepall,KH c KOOp/);nHaTHhIMH OCHMH 11, I 2• ••• , In· BbI
IIOJIHeHHe Kr:ii KTepaIInn no uapaMeTpy / 1, K 2-ii nTepaIIrrn 
no IIapaMeTpy I 2, ••• , Kn-ii: nTepa11,nn no uapaMeTpy In 
H3o6pamaeTCH TO'IKoi"1 (K1, ••• , Kn) aToro rrpoCTpaHCTBa. 
B IIpocTpaHCTHe nTepa11,n:ii HIIIeTCH ceMei"ICTBO uoaepx
HOCTeii, YAOBJieTBOpHIOIIl,H.X ycJIOBliIO: ace l!TepaIIHH (Ki. 
... , Kn), Jiema111,ne Ha mo6o:ii K3 3TUX IIOBepXHOCTeii:, 
MoryT BhIIIOJIHHThCH rrapaJIJieJihHO. )J;JIH rrporpaMMHOro 
rrpe/);CTaBJieHHH napaJIJieJibHOH o6pa6oTKH CTpyKTYPHhIX 
AaHHbIX ueo6XO/);HMbl CIIeIIHaJihHbie H3hIKOBhle cpeACTBa. 
c 3TOH 11,eJihIO paapa6oTaHbl MOAH¢1rna11,nn cy111,eCTByIOIIl,HX 
H3hIKOB uporpaMMHpOBaHHH (B OCHOBHOM - qiopTpaHa)' 
B K-pble BBO/);HTCH uapaJIJieJihHbie orrepaTOphl IIHKJIOB, 

Harrp., BHAa 

FOR ALL(/, J, K)/[1:N; 1:L; 1:M], 

rrpn HCilOJIHeHHK K-pbIX TeJio IIKKJia KOIIHpyeTC.II no OIIpe
/);eJieHHhIM IIpaBHJiaM Ha rrapaJIJieJihHO HCIIOJIHHeMble HTe
paIIHH. 8TH H3hIKH CHa6maIOTCH TaKme 6oJiee pa3BHThIMK 
cpe/);CTBaMn OIIHCaHHH CTpyKTypHbIX /);aHHhIX H cpe/);CTBa
MH yrrpaBJieHHH pa3MeIIl,eHHeM HX B IIaMHTH /);JI.II o6ecrre
'leHKH 6blCTporo IIapaJIJieJihHOro /);OCTyrra K CTpyKTYPHhIM 
/);aHHhIM. )J;aJihHeii:mee IIOBbJmeHne ypoBH.II H3bIKOB rrpor
paMMHpOBaHH.II COCTOHT B HCI10Jlh30BaHHH rpymIOBbIX 
orrepaIIKH Ha/); CTpyKTypHhIMH /);aHHbIMH TaKHX, KaK IIO
KOMilOHeHTHoe YMHOIBeHne H CJIOIBeHne BeKTOpOB H MaT
pnll,, CKaJI.IIpHoe n aeKTOpHoe IIponaBe/);eHne, 06pa111,eHne 
MaTpHII, H T. II. IIpnMeHeHne TaKHX .II3bIKOB II03BOJIHeT 
3aMeHHTh aBTOMaTH'I. pacuapaJIJieJinBaHne IlOCJie/);OBa
TeJihHbIX 11,HKJIOB, R-poe Ha rrpaKTHKe oCyIIl,eCTBHMO, HO 
OTHOCKTeJihHO CJIOIBHO, Ha Herrocpe/);CTBeHHOe 3a/);aHIIe 
IIapaJIJieJihHhIX rpyrrrroBbIX oIIepa11,n:il:. 

IIapaJIJieJibHbie BbipameHHH MoryT HCIIOJIHHThCH a c H R
x p 0 H H 0 HJIII c H H x p 0 H H o. B rrepBOM CJiyqae 
He ¢nKCHpyeTCH CBH3h MeIBAY BpeMeHaMH BbIIIOJIHeHHH 
IIapaJIJieJihHhIX ouepa11,nll., so BTopoM cnyqae apeMeHa HX 
BhIIlOJIHeHHH /);OJIIBHbl BKJia/);hIBaThCH B meCTK!Ie paMKll 
TaKTHpoaaHHoro pacIIncaHnH. EcJin oIIepaIIHII nMeIOT 
llinKCHpOBaHHhle /);JIHTeJihHOCTH II !I3BeCTHO 'l!ICJIO IIpo-
11,eccopoB, /);OCTyIIHhIX B JII06oii: MOMeHT llCIIOJIHeHlrn, TO 
11,enecoo6pa8HO Ilp!IMeHHTh CllHXpOHHhIH MeTOA Bhl'lllCJie
md:, B IIpOTHBHOM CJiyqae - 6oJiee r1I6K1Ill aCl!HXpOHHbIH. 
YrrpaaJieHHe acnnxpoHHbIM 11CIIOJIHeHneM Bb1pameHnii oc
HOBaHo Ra IIOTOKOBOM IIpHHil,HIIe' orrepall,HH MOIBeT BbIIIOJI
H.IIThCH B JII06o:ii MOMeHT apeMeHH IIOCJie Toro, KaK /);JI.II 
Hee IlO/);rOTOBJieHhl OIIepaH/);hl. 

PacIIapaJIJieJIHBaHHe Ha ypoaHe IIOA3a/);a'I H noAIIpo
rpaMM cy111,eCTBeHHo cJiomHee. B 3TOM cJiyqae IIapaJIJieJih
Hbre IlPOIIeCCbl MoryT HMeTh CJIOilrnyro BHyTpeHHIOIO CTpyK
TYPY, AJIHTeJihHOCTh HX BbIIIOJIHeHHH He iliHKcnpoaaHa; 
upo11,eCChl B3all~IO/);eHCTBYIOT' o6MeHHBa.IICh /);aHHhIMH ll 06-
pa111,aHCh K 06111,HM pecypcaM ( 06111,He AaHHhle n IIporpaMMbI 
B rraMHTH, BHemHHe ycTpOHCTBa ll T. II.). ABTOMaTH'I 
pacrrapaJIJieJinBaHne Ha 3TOM ypoBHe Tpe6yeT CJIOIBHbIX 
aJiropHTMOB aHaJIH3a 3a/);a'I H y'leTa /);HHaMH'I. CIITyall,IIH 
B CIICTeMe. B CBH3II c 3THM oco6oe 3Ha'leHHe IIMeeT C03/);a

HHe H3hIKOB II. II.' II03BOJI.IIIOIIl,HX rrporpaMMIICTy HeIIo
cpe/);CTBeHHO OIIl!CbIB3Th CJIOIBHhle B3aHMO/);eHCTBHH ua
paJIJieJibHblX upo11,eCCOB. 

B 6oJihmHHCTBe H3hIKoB n CIICTeM II. u. IIpHHHTa qac
TH'IHO acnHxponna.II opraHHaaIIHH BbI'IIICJieHHH. B H3hl
Kax II. II. HMeIOTC.II cpe/);CTBa Bbl):\eJieHIIH (IIopoIB/);eHHH) 

rrapaJIJieJibHbIX rrpo11,eCCOB ll cpencTBa l!X CHHXpOHH3all,Hll, 
K-phle a arrIIapaType IIOAAepmrrnaIOTCH MexaHH3MaMII 
IIpepbIBaHHi"I - IIpIIHYAHTeJihHhIX OCTaHOBOK upo11,eccoB 
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c 3aIIOMirnaHHeM llX TeKyll\IU COCTOHHHH H c IIOCJieilYI0-
11\eH aKTHBau;n:eii HJIH B0306HOBJieHneM ilP· npou,eccoa. 

Han:6oJiee H3BeCTHhIMH n: npoCThIMH nporpaMMHhIMII Me
xaBB3M3MII CIIHXpOHH3aIJ,lllil HBJIHIOTCH ceMaiJ>ophl H co6hl
THH. c e M a ip 0 p - :'JTo CIIeIJ,IIaJibHaH ynpaBJIHIOIIJ,aH 
rrepeMeHHaH, rrpIIHIIMaIOIIJ,aH u;eJioqIICJieuuhle 3HaqeHIIH. 
CeMaiJ>op o6hlquo CBH3au c ueK-phlM KoHiJ>JIIIKTHhlM pecyp
coM. R ceMaiJ>opy rrpn:MeHHMhl TOJibKo p;ae onepau;1m P 11 
V. EcJrn B xo)J:e !ilCIIOJIHeH11H npou,ecca BCTpeTHTCH onepa
IJ,IIH P (s), rp;e s - ceMaiJ>op, TO npou,ecc MOlReT npop;oJI
maTbCH c yMeHbilleHn:eM 3HaqeHIIH s Ha 1 TOJibKO B TOM 
CJiyqae, Korp;a 3Ha1JeHn:e s IIOJIOlRHTeJibHO; B I!pOTIIBHOM 
CJiyqae OH I!pllOCTaHaBJIHBaeTCH H 3aHHMaeT MeCTO B oqe
pep;n: q (s) rrpou,eccoB' *ilYIIJ,HX COOTBeTCTBYIOIIJ,ero pecyp
ca. Onepau,m1 V yaeJIIIquaaeT 3Haqeuue s na 1 11 aoao6uoa
JIHeT rrepahl:ii B oqepep;n: q (s) rrpou,ecc. Mexaun:aM ceMaiJ>o
poB IllHpOKO JilCIIOJlb3yeTCH B H3hIKax yrrpaBJieHIIH npo
u,eccaMH B orrepaIJ,IIOHHhlX CIICTeMaX 8BM H B pH)J;e YHH
BepcaJibHhlX H3hlKOB nporpaMMHpOBaHHH (Harrp.' ll.l!ZO.l!-

68). MexamrnM c o 6 hi T II ii BKJIIOqaeT yrrpaBJIHIOIIJ,IIe 
rrepeMeHHbie, TeKyIIJ,IIe 3HaqeHIIH K-phlX OTMeqaIOT Ha
CTYIIJ1eH11e KaK11X-J11160 nporpaMMHhlX HJIH CHCTeMHblX 
co6h1Tn:.ii: (3aaepllleH11e npou;eccoB, rrpeph1BaH11H n: T. n.), 
II crreu;11aJ1bHhle orrepaTophl omHp;aHHH co6hlTH.ii:. 

CeMaiJ>ophl n co6hlTllH HBJIHIOTCH yHHBepcaJibHhlMll cpep;
CTBaMH CHHXpOHII3aIJ,Hll, HO OHH CJillillKOM IIpIIMllTIIBHhl, II 
HerrpaBIIJlbHoe HX llCIIOJlb30BaHIIe MOlReT rrpn:BeCTll K aBa
pHHHhlM C!i1Tyau;11HM TaKIIM, KaK B3aIIMHaH 6JIOKIIpOBKa 
rrpou;eccoa (Harrp., )lBa rrpou;ecca Tpe6yroT )J:JIH csoero 
IIpOilOJllReHIIH !IO )):Ba pecypca II KalR)J:hlll <<3aXBaT11JI» IIO 
op;HoMy). CTpeMJieHue IIOBbIC!ilTb Hap;emHoCTb rrporpaMMH
poaaHHH rrpHBOilHT K IIOHBJieHHIO 6oJiee CJIOlRHhlX Mexa
HII3MOB CHHXpOHH3au;n:n: (<II 0 q T 0 B hi e H Ill, II }\ 11» -
oco6hle CTpyKTypbI ilJIH o6MeHa coo6IIJ,eHHHMII, )J:JIH K-phlX 
iJ>1rncnpoaaHhl rrpasnJia pa6oThl c HHMH IIapaJIJieJibHhlX 
IIpou;eccoa; M o H 11 T o p hi - Ha6ophl rrpou;ep;yp n )J:aH
HhlX, K 1\-phlM rrpou;ecChl MoryT o6pamaTbCH TOJlbKO IIO
oqepe)J:HO II K-phle CO)J:eplHllT 3a)J;aHHhle IIporpaMMHCTOM 
IIpaBnJia opraH113aIJ;IIII B3aHMO)J;eHCTBIIll. 

qlilCTo acIIHXpoHaoe II. II. ncrroJib3yeTCH ilJIH opraHII
aau;n:n: Bhlqn:cJierrn::ii B pacIIpe)J:eJieIIIIhlX BhllJHCJIIITeJibHhlX 
CHCTeMaX, B K-pbIX IIOJIIIOCTbIO HCKJIIO'leHbI KoHiJ>JIHKThl 
rro p~cypc~M CTpeMJieHHe ynpoCTHTb opraHn:3aIJ;HIO B3an
Mo)J:eBcTBIIH Memp;y npou;eccaMII c o6IIJ,IIMII pecypcaMH 
npHBJieKaeT BHHMaHne K acn:HxpoHHhlM Merop;aM BhllJHCJie
HHH, B K-phlx pa3pemeH HeperJiaMeHTnposaHHhlii )J:OCTyrr 
rrapaJIJieJibIIbIX npou;eccos K 06ru;11M pecypcaM. Hanp., 
pa3pa6aThlBaIOTCH acnrrxpOIIHhle aJiropn:TMhl, B K-phlX 
rrapaJIJieJibIIhle npou;ecCbl o6MeIIn:BaIOTCH )J:aIIIIbIMH c 06-
IIJ,eii IIaMHTbIO, I1p111I0M rreyrropH)J:O'leHHhlH ilOCTYII R rra
MHTH rre MeillaeT ilOCTHlHeIIHIO O)J;H03Haqrroro pe3yJibTaTa. 

B Teop1m II. rr. pa3pa6aTbIBaIOTCH iJ>opMaJibIIbie Mo)J;eJin: 
napaJIJieJibIIhlX rrporpaMM, rrpou;eccoa II cncTeM II c IIX 
IIOMOIIJ,bIO HCCJiep;yIOTCH pa3JIII1JHhle acrreRThl II. II.: aBTO
MaTH'l. pacrrapaJIJieJIIIBarrn:e rrocJiep;osaTeJibHhlX aJiropIIT
MOB H IIporpaMM; pa3pa60TRa rrapaJIJieJibHhlX MeTO)J;OB 
BhllJHCJieHIIH ilJIH pa3HbIX KJiaCCOB 3ap;aq H pa3HhlX RJiac
COB napaJIJieJibIIhlX BbllJHCJIIITeJlbHhlX CllCTeM; OIITHMaJib
HOe nJiaHHposaHne napaJIJieJibIIbIX Bhl'IHCJ1eH11ii: n: pacnpe
p;eJierrne pecypcoa Memp;y rrapaJIJieJibHhlMH IIpou;eccaMII; 
iJ>opM3JlbIIOe onn:carrIIe ceMaIITHRH rrporpaMM II H3hlROB 
II. n. Cpep;n: TaRIIX Mop;eJie:ii - cxeMhl napaJIJieJibIIhlX 
rrporpaMM, OTpamaIOII\IIe c pa3IIOH CTerreIIbIO p;eTaJin3a
l~IIII CTpyKTYPIIhle CBOHCTBa nporpaMM; rpaiJ>oBhle MO)J;eJIH 
II ac11rrxpoHIIhle ceTH (II empu cemu)' HBJIHIOII\HeCH MaTe
MaTIIq, a6cTpaRIJ,llHMll ilHCKpeTHblX rrpou;ecCOB II CllCTeM. 

Jlum.: [1] Ho To B B E , «Hn6epueT1rna», 1974, No 1, c. 
1-16; M2, c. 1-18; [2] Hap H H b fl H H A. c., TaM me, No 3, 
c. 1-15; No 5, c. 1-14; [3] <I> a 1111 e e Ba B. H., cI> a 1111 e
e B ,[I;. H., TaM me, 1977, No 6, c. 28-40; (4] Kuck D. J., 
«Comp. Surveys», 1977, v. 9, No 1, p. 29-59. B. E. Komo«. 

IIPOfP AMMMPOBAHME TEOPETMqECKOE -
MaTeMaT11qecRaH ilHCIJ;IIIIJllma, 1i13Y1IaIOIIJ,3H MaTeMaTll'l. 

a6CTpaKIJ,IIII rrporpaMM, TpaKTyeMhlX KaK o6'beKThl, Bhl
pameHHhle Ha iJ>opMaJibHOM H3h1Ke, o6Jiap;aIOru;ne onpep;e
JieHHoii IIHiJ>opMau;110HHOH II Jior11q. CTpyKTypoii: H IIO)J;Jie
maIIJ,IIe 11cnoJIHeHIIIO Ha asToMaTn:q. ycTpo:iiCTBax. II. T. 
ciJ>opMIIpOBaJIOCb npeIIMymeCTBeHHO Ha OCHOBe ilBYX MO
p;eJie:ii BhlqIICJieHIIH: IIOCJie)J;OBaTeJlbHhlX nporpaMM c na
MHTbIO, IIJIII onepaTOpHbIX rrporpaMM, H peKypCHBHhlX npo
rpaMM. 06e MO)J;eJin CTpOHTCH Hail HeK-poii a6CTpaKTHOii 
aJ1re6pa11q. CIICTeMo:ii (D, <P, II), o6pa3oBaHuoii: npep;
MeTHOH o6JiaCTbIO D, KOHeqHhlM Ha6opoM (cnruaTypo:ii) 
il>YHKIJ;IIOHaJibHhlX <P= {cpl, ... , cpm} H npep;nKaTHhlX 
II= {n1. . .. , nn} CllMBOJIOB c 3ap;aHHhIM ilJIH Kamp;oro 
CIIMBOJia qIICJIOM ero apryMeHTOB (a pH 0 c Tb IO). 

OIIpep;eJieHIIe KJiacca rrporpaMM cJiaraeTCH II3 Tpex 
qacTeil:: cxeMbl rrporpaMMhl (CIIHTaRCIICa), HHTepnpeTau;nn 
II ceMaHTHKII. c x e M a II p 0 r p a M M hi - 3TO ROH
CTpyRTHBHhlll o6'beKT' IIORa3hlBaIOII\HH, KaR CTpOllTCJI 
rrporpaMMa c 11crroJib30BauneM cnrHaTyphl H p;pyrnx iJ>op
MaJibHhlX CllMBOJIOB. l:I HT e p II p e T a u; H H - aTO 33-
p;aHne ROHKpeTHOll IIpep;MeTHOH o6JiaCTII H COIIOCTaBJieHIIe 
CIIMBOJiaM CIIrHaTyphl KOHKpeTHhlX iJ>yuKu;nii: II rrpep;nKa
TOB (6a30BhlX orrepau;nii:), corJiaCOBaHHb!X c npep;MeTHOH 
o6JiaCTbIO II apHOCTbIO CIIMBOJIOB. c e M a H T H K a -
aTo crroco6 corrocTaBJieHHH 1rnmp;oii nporpaMMe pe3yJib
TaTa ee BhlIIOJIHeHIIH. RaK rrpaBIIJio, c IIporpaMMaMn: 
CBH3hlBaIOT BhllJIICJIJieMbie IIMH ctJyHKIJ;Hll. l:IHTeprrpewu;nH 
o6hl1JHO BXOilHT B ceMaHTIIKY RaR IIapaMeTp, IIOaTOMY 
cxeMa nporpaMMbl 3ap;aeT MHomecTBO nporpaMM n Bhl
qHCJIHeMhlX HMll iJ>yHKII;IIH, K-poe IIOJiyqaeTCH rrpn BapbH
poBaHIIH HHTeprrpeTau;nii uap; ueK-phlM 3aIIacoM 6a30BhlX 
orrepau;11ii. 

c x e M a II p 0 r p a M M hi c II a M H T b IO, H33hl
eaeMaH TaKme a JI r o JI o rr o il: o 6 H o :ii, HJIH o rr e
p a T o p H o ii:, c x e M o il:, aa,ll;aeTcH B BH,ll;e RoHeqHoro 
opIIeHTnpoBaHHOro r p a ip a II e p e x 0 A 0 B, HMe
IOIII;ero o6hlqHo OilHY BXOAHYIO II OAHY BhlXOAffYIO Bepmn:
Hhl, aepmnuhl c op;uoii: (IIpeo6pa3osaTeJin) n ABYMH (pac
II03HasaTeJin:) HCXO,D;HIIJ,HMH p;yraMH. c IIOMOIII;bIO CHMBOJIOB 
cnrHaTyphl H cqeTHOro MHOlHeCTBa CHMBOJIOB nepeMeHHhlX 
H ROHCTaHT o6hl1IBhlM o6pa30M CTpOHTCH MHOlReCTBO ipyaR
u;n:oHaJibHhlX H rrpep;n:KaTHhlX TepMOB. lfalH,ll;OMY pacrro-
3HaBaTeJIIO COIIOCTaBJIHeTCH HeR-phlH npep;HRaTHhlH TepM' 
a npeo6pa3oBaTeJIIO - onepaTop npncaansaunH, HMeIO
ru;nii BHil y:=r:, rp;e y - CHMBOJI rrepeMeHHoii:, a 't - iJ>yuR
u;110HaJ1bHhlH TepM. RoHelJHaH COBORYIIHOCTb BCex nepe
MeHHhlX B cxeMe o6paayeT ee n a M H T b. l:IHTeprrpeTa
u;nH B ilOIIOJIHeHHe K ROHKpeTn3au;nn 6a30BhlX onepau;11il: 
rrpep;nnchlaaeT Ramp;o:ii nepeMeHuoii o6JiaCTb ee II3Meue
HIIH, a Kamp;oii: ROHCT3HTe - ee 3Ha'lerrn:e. ,11.JIH nporpaMM 
c rraMllTbIO Han:6oJiee o6hlqHa T. H. o II e p a u; 11 o H H a H 
c e M a H T H R a, COCTOHII\aH II3 aJiropHTMa BhlIIOJIHe
HIIH rrporpaMMhl Ha aa)laHHOM COCTOHHHH rraMHTH. II po
rpaMMa BhlIIOJIHHeTCH np11 ilBHlHeHnH !IO rpaiJ>y nepexo
/:IOB. IIpl!! norra)J:aIIHH Ha pacnoaHaBaTeJib BhllJHCJIHeTCH 
rrpep;nRaTHbIH TepM n npon:cxop;nr nepexop; rro p;yre, co
oraeTCTBYIOIIJ,eil: arraqeHnIO rrpe)J:nRaw. IIpn nona;i:iaHn11 Ha 
rrpeo6pa3osaTeJib c orrepaTopoM y:=-r: Bhl'lBCJIHeTCH aHa
qeHn:e r: 11 rrpncaansaeTCH rrepeMeHHoii y. Pe3yJibTaT Bhl
rroJIHeHHH rrporpaMMhl - COCTOHHne naMHTH IIpII nona
;i:iaHllH Ha BhlXOilHYIO Bepmn:uy. 

c x e M a p e R y p c H B H 0 H II p 0 r p a.M M hi, HJIH 
p e R y p c .11 B H a H c x e M a, IICIIOJibayeT RpoMe iJ>yuR
IJ;HOHaJibHhlX T. H. y c JI 0 B H hie Te p M hi, o6paay
IOIIJ,He BMeCTe c nepBhlMII MHOlReCTBO BhllJHCJIHTeJlbHhlX 
TepMoB. YcJioBIIbI.ii: TepM 3ap;aeT Bhlq11caeHne MeTO)J:OM 
pa36opa cJiyqaes 11 HMeeT BIIil (nl•1lr:2), rp;e :rt - rrpe.n;n
RaTIIbI:ii, a •1 H •2 - BblqncJinTeJibHhle TepMbl, H COOTBeT
CTByeT ROHCTPYKIJ,llH YCJIOBHOrO BhlpameHHH B llAZOM: 

if n then r:1 else r:2. 

TepMbl CTpOHTCH Ha)): C'leTHb!M MHOlHeCTBOM BXOp;Hb!X H 
iJ>opMaJibHblX rrepeMeHHhlX, ROHCTaHT H CHMBOJIOB oIIpe,ll;e-
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JIJieMhIX lfiymrn;:idi. PeRypc.HnHaH cxe~rn cocTOHT ll3 rJian
Horo Bhl'lHCJIHTeJihHOro TepMa c BXOAH:l,IMH rrepeMeHHhlMH 
ll KOHe'lHOro Ha6opa peRypcHBHhIX ypanHeHllll BllAa 
f(x1 , ••• , Xn)=T, rAe f - CHMBOJI orrpeAeJIHeMoif lfiyHK
u;1111, x 1, ••• , Xn - lfiopMaJihHhle IIe(leMeHHhle, a T -
TepM c rrepeMeHHhIMll 113 MH0l!(0CT1la {x1' ••. ' x n } H c 
orrpeAeJIHeMhIMll lfiyHRD;llHMH ll3 Ha6opa ypanReHm'L IIpH 
ecTeCTBeHHhIX rrpe.r1rroJiomemmx Ha HHTeprrpeTau;mo 6a-
30lll>IX orrepau;Hii: CHCTeMa ypanHeHHii OTHOCHTeJibHO onpe
;a;eJIH0MhIX lfiyHKll;Hll 11cerAa llMeeT T. H. H a II Me H h
IIl Y IO HenOABll;RHyIO TO'fKY (H.H.T.)
COBORYHHOCTh lfiyHKll;llH, YAOBJieTBOpHIOill;llX ypanHeH.HHM, 
c rpalfi11RaMH' rrp.HHap;JieIBalll;HMll rpa<f>ttKaM JII06bIX p;py
rHX pemeHttii: ypanHeH11if. IIop;cTaBJIHH B rJiaBHhIM TepM 
BMeCTO CHMBOJIOB orrpep;eJIHeMb!X lfiyHRll;HH COOTBeTCTByIO
n111e KOMIIOHeHThl H. H. T., IIOJiy'laIOT lfiYHKll;HOHaJibHbltl: 
TepM, 3aAaIOII1Hll HeI\-pyIO !J>yHKll;llIO BXO)J;HhIX rrepeMeH
HhIX, R-paH H o6'hHBJIHeTCH lfiyHKu;Heii:, Bbl'IllCJIJieMoii: pe
RypcHBHOii rrporpaMMOii. IIocROJihRY rnRoii: crroco6 co
rrocTanJiemrn rrporpaMMe Bhl'lllCJIHeMoii: eIO lfiyHKD;HH He 
AaeT KOHKpeTHoro aJirOpllTMa BhI'lllCJieHHH. orrpep;eJieHHaH 
TaK ceMaHTHKa Haa. A e H 0 Tau; H 0 H H 0 ii:. 

YKa3aHHhle lfiopMaJI113Mhl RaK 6br OTMe'laIOT p;ttanaaoH 
ypOBHeii: ll306pa311TCJlhHhlX cpe,[\CTB H3hIKOB rrporpaMMH
ponaHHH: ecJI11 orrepaTopHhle cxeMhI 6JI113Kll R CTPYRType 
MarrmHHOH rrporpaMMbJ' TO peRypcllBHbie cxeMhI 6JIHJRe 
H HCXOAHO:ii lfiopMYJIHpOBRe 3aAR'I, IIOAJiemam.11x rrporpaM
~mponaHHIO. 

I1ccJiep;onaH11R no II. T. necyT Ha cet5e OTTIO'!aTOK 06-
me~rnTeMaT11'l. cpep;CTB, llCTIOJib3YeMbIX rrpu 11ayqeH1111 MO
;a;eJie:ii rrporpaMM. <l>opMaJibHO-KOM6.HHaTOpHbJe MeTO,[\hl 

lfiopMHPYIOT T e 0 p H IO c x e M Il p 0 r p a M M, H-paH 
H3y'laeT CBOHCTBa rrporpaMM, HHBap11aHTHhle OTHOCHTeJib
BO nhl6opa HHTeprrpeTau;.Hn 6a30nhlx orrepau;nii:. Jlorn'l. 
MeTOAhl :11ay'laIOT crroco6hr orrpep;eJieH11R ceMaHTHKH rrpo
rpaMMhl, a TaRme ll1IJ.YT 3aKOHOMepHOCTH B rrpou;ecce rro
CTpOeHHH rrporpaMMhl. AJire6pa11'l. M0TO)Ihl, OTBJieKaHCb 
OT KOHKpeTHO:ii CTpyKTYPhI rrporpaMMhl, HOHll;eHTp11pyIOT 
cnoe BHIIMamrn Ha H3y'leHHH MROiHeCTB, B03HllKaIOill;IIX 
rrpH paccMOTpeH11n rrporpaMMhI HJill KJiacca rrporpaMM. 

CJIOIB.HB1JJ11ecH pa3lteJihl II. T. oxnaThIBaJOT B OCHOBH0\1 
MOAeJIH rrocJiep;onaTeJihHhlX BhI'lllCJieH11ii:, BhlIIOJIHReMhIX 
OAHHM aKTllBHhIM YCTpOHCTBOM. 11ay'feHile upo6JieM, B03-
H.HKaIOill;IIX IIpII Heo6xop;HMOCTH opraHI130BaTb COBMeCT
HYIO pa6oTy aHcaM6JIH MamnH, o6'beAIIHJieMbIX AJIH pe
IIleHnH OAHOii 3aAa'III IIJIII naanMop;eiicTByI011J.llX rrocpe11cr
noM rrepeAa'l.H cnrHaJion ll IIHlfiopMau;nll, cocranJIHeT rrpep;
MeT HOBOH AllCll;llilJIIIHhI - T. H. npozpaJtutUp06QH,Ult na
pa.11,.11,e.11,b/WZO. 

Teopn.11 cxeM nporpaMM. OTrrpanHh!M TIOHHTneM Teopn11 
cxeM rrporpaMM HBJIHeTCH IlOHJITlle lfiyHKll;llOH8JlbHO:ii 3R
BHBaJieHTHOCTll. )J,ne cxeMhl q, y H K u; ll 0 H a JI b H 0 
3 K B II B a JI e H T H bl, eCJill AJIH mo6o:ii IrnTeprrpeTau;nn 
COOTBeTCTByIOru;He rrporpaMMbJ Bbl'lllCJIJIIOT Op;llH8KOBhI0 
lfiyHRD;llH. KaIBAOMy BblllOJIH0HIIIO rrporpaMMbI MOIBHO 
COTIOCT8BIITb ero Il p () T 0 K 0 JI -- oco6oro pOfla TepM 
n cnrHaType 6aaOBbIX orrepa11nii, OTpamaIOm;Ili!: rropHi'\OK 
nx BhlTIOJIHeun.11. EcJin Il3BeCTHhI 3Ha'leHn11 HCTHHHOCTH 
rrpeAHKaTOB, BXO)J;Hlll;llX B nporpaMMy, TO rrpoTOKOJI no 
3TllM 3Ha'JeHIIHM CTpOUTCH 0/J,H03H8'IHO, rrpn STOM )J;JIH 
IIOCTpOeHHH He HYIBHO 3H8Tb llHTeprrpeTall;llII 6a30BbIX 
orrepau,nii:. ECJIII BbJ6npaTb 3Ha'leHIIH HCTHHHOCTH rrpe
AHKaTOB rrpOH3BOJibHO, TO B pe3YJibTaT0 AJIH CX0Mbl rrpo
rpaMMbl C03AaeTCH HeK-poe IVIHOiHeCTBO lfiopMaJibHb!X 
rrpOTOKOJJOB, H83hIBaeMoe ee A e T e p M II H a H T 0 M. 
)J,ne cxeMbI lfiopMaJihHO JKBttna.ireHTHhl, ecJin nx AeTepMil
HaHThI COBII8AaIOT. <l>opMaJibHaH 3KBHB8JieHTHOCTb KOp

peKTHa, ecJIH Il3 Hee cJieAyeT lfiynKJ~HoHaJibHa11 :rnnnna
JieHTHOCTb. IIOCKOJibI\Y fleTepMnHaHT CTpOIITCH 'IYCTO 

KOM6IrnaTOpHO Ha OCHOBe rrpOH3BOJihHOro Bbl6opa H3 KO
H0'IHOro MHOJR0CTBa, OH o6pa3yeT lfiopM8JibHbJH H3hIK, BOC
np1rnmrne111wii HeK-phI~I aBTO~IaTOlll. TipeACT8BJIHIOT oco6bIH 

HHTepec T8Kfle orrpep;eJieHHll rrpOTOROJia CX0M rrporpaMM, 
K-phle rrpHBO)J;HT I\ pa3peIIIHMhlM p;eTep~mHaHTaM. .Il:JIH 
TaRnX p;eTepM11HaHTOB MOJRHO CTaBllTb norrpoc 0 IIOHC
Ke cncTeMhl npeo6pasonaHni!: cxeM rrporpaMM, noJIHoii 
B TOM CMb!CJie, 'ITO JII06hle p;ne lfiopMaJibHO 3RBllBaJieHTHble 
CX0Mhl rrepeBO)J;llMhl op;Ha B ,r:ipyryIO 3TIIMll rrpeo6pa30-
B8HIIH!llH. 

CTpyKTypa Teop:11n cxeM rrporpaMM cJ10mnnacb Ha 6a3e 
OCHOnorroJiaraIOm;Hx pa6oT A. A. JlHrryHona H IO. JI. RHo
na (cM. [5], [ 10)). IIocJie)J;HHH rroJIHOCThIO n3yq11JI 
rrpOCTeiimyIO MOfleJih orrepaTCipHblX cxeM c c11rHaTypoii: 
OAHOMecTHhIX orrepau,H:ii H p;orrycKa10iu;nx n rrporpaMMe 
TOJibKO OARY rrcpeMe1rnyIO (c x e M hI JI Hon a). IIpo
TOKOJIOM cxeMhl RHOBa HBJIHeTCH IIOCJiep;onaTeJibHOCTb 
BhlIIOJIHHeMhlX orrepau;ttii:, rrepeMemaeMhlX BHa'leHHHMll 
rrpep;I1RaTon. AnToMaT, nocrrp11HnMaI01u;ttii fleTep111:11HaHT, 
OK83bTBaeTCH KOHe'IHbIM 8BTOM8TOM, a lfiopMaJibHaH 3KBll
BRJI0HTJJOCTh paapemnMa, rrp11 3TOM oua conrra;u;aer c 
lfiyHKD;HORaJILHoi!:. )J,JIH cxeM RHona naii:p;ena rroJIH8H 
CHCTeMa rrpeot5pa30B8HllH. 

)J,JIH ot5u~eii MOABJIH orrepaTOpHhlX cxeM lfiYHKll;llOH8Jib
H8H 3RBHBaJieHTHOCTb OR83aJI8Cb Hepa3peillHMOii:, Op;HaKO 
yp;aJIOCb HaHTll lfiopMy rrpOTOKOJia - T. H. JI 0 r ll H 0 -
T e p M a JI b H y IO ll c T 0 p II IO, K-paH IIpllBO):\llT 
I\ pa3peIIIHMOMy p;eTepM11H8HTY. 8TOT rrpOTOHOJI lfi11KCH
pyeT IIOCJIC)J;OB8TeJibHOCTb BhIIIOJIH0HHH ll aUa'leHHH rrpe
AllR8TOB cxeMhl, a AJIH Kamp;oro apryMeHTa rrpeAnKaTa 
yKa3hIBaeT tl>YHKu;110HaJihHhlii TepM, K-pbl:ii BhI'IHCJIHJI 
aHa'leHne p;aHHoro apryMeHTa rrpn BhlIIOJIHeHHH rrporpaM
MbI. AnToMaTOM, nocrrpnH11MaIOU~HM p;eTepMnHaHT, oRa-
3h!BaeTcll ABYXJieHTO'lHhlH HOHe'lHhlH aBTOM8T. )J,JIH norn
RO-TepM8JlbHOii: lfiopM8JibHOH 3KBHB8Jl0HTHOCTH TaKme Haii
p;eHa Il0JIH8H CllCTeMa rrpeo6pa30BaHHH. 

Cym;ecTBeHHOe Mee.To n Teop:1111 cxe111 rrporpaMM 3aHH
MaIOT BOIIpOcbl rrepeno11a cxeM rrporpaMM ll3 O,!IHOH Bbl'lllC
JIHTeJibHOii: MOA0JIH B ApyryIO. OrrepaTOpHbie cxeMhl elfilfieK
THBHO rrepeBOAHTCH B peHypcl'lBHhle cxeMhl B TOH me CHr
HaType, op;HaKO o6paTHaH TpaHCJIJill;llH HeB03MOJRHa, T. K. 
BhlJJOJIHeHHe peKypcHBHOH rrporpalllMbl Tpe6yeT, noo6iu;e 
ronopll, CKOJib yrop;HO 60JibIJJOro 'IHCJI8 H'leeK naMHTH. 

)J,eTepMuHaHT peKypCllBHOH cxeMhl MOJReT 6hITb aagaH 
B Bll)J;0 KOHT0KCTHO-cno6op;Horo 113b!K8 (CM. I'paMMamrurn 
6ec11:onme1tcmna.ii), O)"IHaKo norrpoc o pa3pernnMOCTH cooT
neTCTByI01u;e:ii lfiopMaJibHOll 3KBHB8JieHTHOCTII OCTaeTCH 
IIOKa (1983) OTKphITbIM. 

TeopI111 cxeM rrporpa111M aaHnMaeTCH TaRme H3Y'IeHHeM 
o·rgeJibHbIX KJI8CCOB cxe111 rrporpalllM c I\eJibIO Bhl/l,eJillTb 
cJJyqan pa3peIIIIIMbIX BKBIIBaJieHTHOCTeii:, OHa T8KJRe 060-
raiu;aeT 6aaonyIO Bhl'lllCJillTeJibHYIO 111011,eJib )"IOJIOJIHIITem,
HbIMII KOHCTpyKll;llHMll 113b!KOB rrporpaMMilponaHllR' nay
'faH rrpu STOM Bbipa3IITBJibHYIO CHJIY o6oram;ean:ii ll BO
rrpOCbl CBO/J,llMOCTll. 

Jioru11ecKaJI TeopH11 rrporpaMM. ronopHT, 'ITO rrporpa111-
111a A q a c T II q H 0 II p a B II JI b H a OTHOCIITCJibHO 
BXO)J;HOro yCJIOBHH p ll BblXOp;Horo yCJIOBIIH Q (o6oaHa'le
Hil0 p {A } Q), eCJill B CJiy'Iae, KOrAa p HCTHHHO AJIH BXOA
Hh!X 3H8'leHni!: rrepeMeHHhIX n A 3anepmaeT pa6oTy, Q 
IICTHHHO AJIH BhlXOAHblX 3H8'ICHHH rrepeMeHHhlX. IIpn JTOM 
p Ha3. rr p e A y c JI 0 B ll e M, a Q - Il 0 c T y c JI O
B n e M rr p o r p a M M bl A . II porpaMMa A T o T a JI b
H o rr pan n JI b Ha (o6o3Ha'leHne P<A >Q), ecJin A 
qacTil'IHO rrpanuJibHa OTHOCHTeJibHO P n Q, a TaKme A 
3anepmaeT pa6oTy AJIH BXOAHhlX 3Ha'leHnii: nepeMeHHhlX, 
YAOBJieTBOpHIOm;nx YCJIOBHIO p. )J,JIH AOKa3aT0JlbCTBa qac
Tll'IHOH rrpaBHJibHOCTH IIOCJieAOBaTeJibHb!X rrporpaMM 'l8CTO 
HCII0Jlb3Y0TCH 111 e T 0 A <I> JI 0 ii: A a, K-pbIII COCTOHT B 
CJiep;y10ru;eM. Ha cxeMe rrporpaMMbJ BbI6npaIOTCH KOHTpOJib
Hbie TO'lRll T8K' 1fT06bl JII06oii: Il,HKJIIl'l. IIYTb rrpOXOflllJI 
no Hpaii:Heii Mepe 'lepe3 OAHY TO'lRy. J\OHTpOJibHhI0 TO'IKH 

T3KrKe CBH3h1Il810TCH c BXO/J,OM n BbIXOflOM cxeMbl c Kam
)J;Oll KOHTpOJibHOii: TO'IKOH accou;nnpyeTCH crreu;naJibHOe 
ycJIOBIIB (T. H ll H i'I y KT ll B H 0 0 y TB e p JR A e H ll e, 
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HJIH H H B a pH a HT u; H K JI a), K-poe HCTHHHO rrpn 
KalRAOM rrepeXOAe qepe3 :ny TOqKy. c BXOAHOH H BhIXOAHOII 
TOqKaMH accou;nnpyIOTCH BXOAHOe H BhIXOAHOe YCJIOBHH. 
3aTeM KalRAOMY IIYTH rrporpaMMl>I MelRAY ABYMH COCeAHH
MH KOHTpOJibHblMH ToqKaMH COIIOCTRBJIHeTCH T. H. yCJIOBile 
rrpaBHJihHOCTH. BhIIIOJIHHMOCTb scex ycJiosnil: rrpaBHJib
HOCTH rapaHTHpyeT qaCTHqHyIO rrpaBHJibHOCTb rrporpaMMbI. 
0AHH H3 crroco6os AOKaaaTeJibCTBa aaseprneHHH pa60Tb1 
rrporpaMMbl COCTOHT BO BBeAeHHH B nporpaMMy AOIIOJIHH
TeJlbHblX cqeTqHKOB H ycTaHOBJieHHH orpaHnqeHHOCTH 
arnx c•ieTqnKon Ha BhIXOAe rrporpaMMhl B rrpou;ecce AOKa
aaTeJibCTBa qaCTH'IHOH rrpaBHJihHOCTH. 

Eb!JIO rrpeAJiomeHo aaAaBaTb aKcnoMaTHq. ceMaHTHKY 
113b!KOB rrporpaMMHposaHHH rrocpeACTBOM KOHe'IHOH aK
CHOMaTH'I. CHCTeMbl (T. H. JI 0 r HK H x 0 a pa), co
CTOH~eii H3 aKCIIOM H rrpaBIIJI BbIBOAa, B K-poii: B KaqeCTBe 
TeopeM BhIBOAHMbI yTBepIBAeHHH 0 qaCTH'IHOll rrpaBHJih
HOCTH rrporpaMM. Harrp., AJIH orrepaTopa rrpncsansamrn 
cxeMa aKCHOM HMeeT BHA 

P (x +-- e) {x := e} P, 

rp;e P (x+-e) oaHa'laeT peayJibTaT rrop;cTaHomm n P nh1pa
)1(0HHH e BM0CTO Bcex BXOIB)l,eHnil: rrepeMeHHOll x, a AJIH 
orrepaTopa u;HKJia Tnrra while rrpasnJio BhIBO,ll;a HMeeT BHA 

(P /\ R) {A} Pf- P {while R do A} (P /\ l R) 

(ro eCTb p HBJIHeTCH HHBapnaHTOM ll;HKJia). 
IIycTb paccMaTpHBaeTCH JJornKa Xoapa, y K-poii B 

RaqecTne H3hIKa AJIH aarrncn ycJionm'l B3HT H3hIK apmp
MeTHRH 1-ro rropH)l,Ka. YTnepm)l,eHne o qacTnquoil: rrpa
BBJihHOCTH nporpaMMbI Ha3. BbIBOAHMbI~I, ecJIH OHO BbIB0-
1\HMO n pacrnnpeHHH aroil: JiornKH rrocpeACTBOM Ao6anJie
HHH HCTHHHhIX iJ>opMyJI apniJ>MeTHKH, H Ha3. HCTHHHhIM, 
eCJIH OHO HCTHHHO IIO OTHOIII0HHIO K orrepau;noHHOii (HJIH 
11eHOTall;HOHHoil:) ceMaHTHKe rrporpaMMbr. JiornKa Xoapa 
Ha3. c 0 c T 0 H T e JI b H 0 ii:, eCJIH Kamµ;oe BbIBOAHMoe 
B Hen yTBepi«AeHHe HCTHHHO, H Ha3. II 0 JI H 0 ii: (OTHO
CHT0JihHO apniJ>MeTmrn:), eCJIH K6ii\A00 HCTHHH00 YTB0pm
l\0HH0 BbIBOAHMO B Heil:. CoCTOHTeJibHaH H IIOJIHaH JIOrHKa 
Xoapa rrocTpoeaa, n qacTHOCTn, AJIH H3h1Ra rrporpaMMH
poeaHHH, COAepmarr\ero rrpoCTb!e rrepeMeHHhle H orrepa
ropb! rrpHCBRHBaHHH, COCTaBHOil:, ycJIOBHhifi, ll;HKJia H 
rrpon;eAYPbI (eo3MOlliHO, peKypCHBHbie, HO c pH)l,OM orpa
HH'IeHnil:). 

BamHhIM o6o6m,errneM JiornKH Xoapa HBJIHeTCH T. H. 
a JI r 0 p H T M H 'I e c K a H (HJIH AH H a M H 'I e c K a H) 
JI 0 r HK a. IIycTh p {A }Q rrpe)l,CTaBJieHO B BHAe P:::i 
=i[A]Q, rAe [A]Q eCTh caMoe CJia6oe rrpeAYCJionne, )l,JIH 
R-poro crrpase)l,JIHBo yTnepmAeHne o qacTnqaoil: rrpanHJih
HOCTH rrporpaMMhI A c rrocTycJionneM Q. AHaJiornqHo AJIH 
CJlyqaH TOTaJibHOH rrpaBHJihHOl'TH llYCTh p <A >Q rrpeA
CTaBJieHO B BH)l,e P:::i <A >Q. <DopMyJihI amopMTMHq. 
JIOrMKH CTpOHTCH H3 iJ>opMyJI 6aaosoro Jiornq. H3h!Ka (AJIH 
aarrncn ycJiosnft) n rrporpaMM c rroMOIIIhIO 6yJieBh1X orre
pau;nil:, KBaHTopoe, a Tam-Ke orrepau;nft BHAa [A]Q, <A >Q. 
B aJiropHTM11q. JIOrHKe Bh1paanMhI paaJinqHhre yTBepmAe
HllH 0 rrporpaMMaX, Harrp. HX SKBHBaJieHTHOCTb. AHaJio
rH'IHO JiornKe Xoapa AJIH aJiropHTMnq. JiornKH rrocTpoeHa 
COCTOHTeJibH3H H IIOJIHaH KOHeqHaH aKCHOMaTHq. CHCTe
Ma B CJiyqae H3bIKa rrporpaMMHponaHHH, )l,OIIYCKaIOmero 
II HeAeTepMMHHpoeaHHhle rrporpaMMhI. 

,ll,JIH AOKaaaTeJibCTBa yTBepi«AeHMH 0 peKypCHBHbIX 
rrporpaMMax qaCTO HCIIOJih3yeTCH crreu;naJibHaH HHAYK-
1\llH, CBH11aHH8H c orrpeAeJieHHeM H. H. T. IIyCTb AJIH rrpo
CTOThI peKypcHBHaH rrporpaMMa aap;aeTCfl OAHHM ypaBHe
HHeM f=r:(f), a ee AOHOTau;noHHaH CO!liaHTHKa - H. H. T. 
f". IIpn ecrncTeeHHhIX npeA110JiomeHnax 06 ycJIOBHH P 
crrpaBeAJIHB cJieJ:(YIOru;nii npnHu;nn HHAYKu;nn: ecJin iJ>op
MyJia p (Q) llCTHHHa H H3 p (r:i (Q)) CJie11:yeT p (r:i + 1 (Q))' 
TO BhIIIOJIHHeTCH P (/ 11 ) (a11ech Q - HHrAe He orrpeAeJieH
uaH ifiyHK!l;HH). ,ll,JIH orrnca1rna AOHOTau;noHHoii ce~IaHTHKH 
113b!KOB rrporpaMMHponarnrn BbICOKoro ypoBHH HCIIOJib-

ayeTCH 3aAaHHe o6JiaCTH ,ll;aHHblX B BH,ll;e T. H. D 0 JI H bl x 
p e lll e T 0 K c K 0 T T a. 

3aAaqy CHHTeaa nporpaMMhl MOlRHO iJ>opMamrnoBaTb 
KaK 3aAaqy IIOCTpOeHHH AOKa3aTeJibCTBa TeOpeMhl 
'Vx3yII (x, y) H TIOCJieAYIOIIIero H3BJieqeHIIH rrporpaMMb! 
113 aToro AOKa3aTeJibCTBa. IIocTpOeH aJiropHTM, K-pb!ii: IIO 
AOKa3aTeJibCTBY B HHTYH!l;HOHHCTCKOH JiorHK0 ,ll;a0T rrpo
rpaMMY Ha H3hIKe aJiroJI-68. EcJIH ,!J;OKaaaTeJibCTBO HC
TIOJihayeT rrpaBIIJIO HHAYK!l;HH, TO eMy COOTB0TCTByeT B 
rrporpaMMe u;HKJI BHAa for to ••• do ••• od. MaeJieKaeMaa 
rrporpaMMa 6yA0T rrpneMJieMoil: CJIOii\HOCTH, ecJIH HCTIOJib-
30BaTb npeAIIOJIOii\eHne, qTQ OHa CTpOHTCH H3 CTaHAapT
HbIX (T. e. 3aAaHHblX) il>YHK!l;HH H rrpeAHKaTOB, CBOHCTBa 
K-pb!X OTIHCaHbl aKCHOMaMH crreu;naJibHOro BHAa. 

Anre6pau11ecKaH TeopHH nporpaMM. IIpnMepoM rrpmte
aeana aJire6paHq. MeTOAOB B II. T. MomeT CJIYii\HTb rrpo-
6JieMa 3KBHB8JieHTBOCTH AHCKpeTHbIX rrpeo6paaoeaTeJieil: 
rnymKosa, B K-phle eCTeCTBeBHO BKJiaµ;hIB8IOTCH orrepa
TOpHb!e cxeMhl nporpaMM. IIyCTb ~ - KOHeqHblH 6BTOMaT 
MBJIH c BXO)l,Hb!M ampaBHTOM x H BhlXOAHDIM aJiiJ>aBHTOM 
y H c 3aA8HHbIMH HaqaJibHbIM H aaKJIIO'IHTeJibBhlM COCTOH
HHHMH. IIyCTb G - IIOJiyrpyrrrra c MHOii\eCTBOM o6paay
IOIIIHX y u eAHHHu;eil: e. IIyCTb paccMaTpneaeTCH aBTOMaT 
Mypa Gµ (eoaMomHo, 6ecKoHeqHhIH) c ~rnomecTBaMn co
CTOHBHii: G, BXOAOB y' Bb!XOAOB x' HaqaJibHhIM COCTOH
HH0M e, ipyaKu;neii: BbIXOAOB µ (g) H il>YHK!l;Heil: rrepeXOAOB 
q(g, y)=gy. ABTOM8T ~. pa6ow10ru;Hil: COBMeCTHO c Gµ, 
Baa. A H c K p e T H bl M II p e 0 6 p a 3 0 B a T e JI e M, 
eCJIH 2{ BOCTlpHHHMaeT B Irn'leCTBe BXOAa BbIXOA Gµ ' a 
Qµ BOCIIpHHHMaeT B KaqeCTBe BXOAa BhIXOA ~. BhIXOAOM 
~ C'IHTaeTCH rrpH aTOM COCTOHHHe Gµ B MOMeHT OCTaHOB
Kll )[{. ,ll,HCKpeTHble rrpeo6paaoeaTeJIH aKBHBaJieHTHhl 
OTHOCHTeJibHO noJiyrpyrrrrhI G, ecJIH AJIH KalR,ll;Oro OTo6pa
;KeHHH µ 113 G B x OHH o6a He OCTaH8BJIHBaIOTCH rrpll 
pa6oTe c Gµ m160 o6a OCT8HaBJIHBaIOTCH c OAHHaKOBhIM 
BhIXO)l,OM. YcTaHoeJieaa paapernHMOCTb rrpo6JieMhl aKBH
BaJieHTHOCTH AHCKpeTHbIX rrpeo6pa3oBaTeJieH OTHOCH
T0JibHO IIOJiyrpyTIIIhI c JieBhlM COKparu;eHHeM, Hepa3JIO
)f(llMOH 0AHHIIu;eil:, B K-po:il: paapelllHM8 npo6JieMa TO)f(
J1:0CTB8 CJIOB. OnHCaHhl TaKme BCe paapelllHMhle H Hepaa
peIIIHMbie CJiy'laH aKBHBaJieHTHOCTH )l,HCKp0THhIX npeo6pa-
30B8TeJieii: OTHOCHTeJibHO KOMMYTaTHBHOH rroJiyrpyDIIbI. 

II. T. OKa3h1BaeT CBOe BJiHHHH0 Ha npaKTHKY rrpem11:e 
ecero K8K KoHu;errTyaJibHhIH 6aram rrpH nayqeaHH rrpo
rpaMMnpoeaHHH n - 6oJiee TeXHH'I. rryTeM - qepea Teo
pnIO iJ>opMaJibHbIX H3bIKOB rrporpaMMHpOBaHHH. 3,ll;eCb 
CBOHCTBa aOCTpaKTHWX MOAeJieil: BbiqHCJI0HHii: HCIIOJib3Y
IOTCH )l,JIH YTO'IHeHHH ceMaHTHKH H3bIKOB rrporpaMMHpo
eaHHH H AJIH o6oCHOBaHHH pa3JIH'IHhIX MaHIIIIYJIH!l;Hfl c 
rrporpaMMaMH (CM. Tpauc.MHfUH nporpaMM, Jlpoepa.M~t 
onmu.Muaup y10ufue npeo6paaooanuH). 

Jlum.: [1] r JI y III H 0 B B. M., JI e T If 'I e B c H If ll A. A., 
B RH.: lfa!ipauuhie sorrpocbl aJire6pb1 " JiorttHlf, Hosoc116., 1973, 
c. 5-39; L2l E p m o B A. II.. Bseneu11e s TeopeTttqec11oc rrpo
rpaMMHposauHe, M., 1977; (3] Ko To B B. E., Bsenentte B Teo
pmo cxeM rrporpaMM, HOBOCH6., 1978; (4] JI a B p 0 B c. c., 
«IIporpaMMHPOBaHHe», 1978, No6, c. 3-10; [5] JIHIIYHOB 
A. A., «IIpo6JieMbl HH6epueTHHH», 1958, B. 1, c. 46-74; [6] He
rr ell Bo A a H. H., «IIporpaMMHposa11tte», 1979, No 1. c. 15-25; 
[7] II JI IO III HR B H q IO c P. A. [H Ap.l, «H116epueTHHa», 1979, 
M 2, c. 12-19; (8] CeMaHTHHa H3hIROB rrporpaMMHposaumr. C6. 
CTaTel!, nep. c aHrJI.' M.' 1980; [9] c H 0 TT .JJ:.' «Ktt6epueTHqecHHH 
c6opHHH», 1977, B. 14, c. 107-21; (10] fl H 0 R IO. M., «IIpo6-
JICMbl HHliepHeTHHH», 1958. B. 1. c. 75-127; (11] Manna z., 
Mathematical theory of computation, N.Y.,-[a.o.J, 1974. 

A. II. Epwoe, B. A. HenoMliRUfUU. 

IIPOrPAMMMPOBAHIUI H3blK - iJ>opMaJibHaa aaa
Koeaa CHCTeMa, CJiymaru;aH o6ru;eHHIO qeJIOBeKa c 8BM. 
PemaH BbiqHCJIHTeJibHhle aaAaqn HJIH yrrpaBJIHH HCIIOJI
BHT0JibHbIMH MeXaHH3MaMH, 8BM c ee rrporpaMMHhIM o6ec
rre'leHueM AeMOHCTpIIpyeT CJIOii\Hhle iJ>opMhI IIOBeµ;eHHH, 
o6hl'IHO OTHOCHMble K YMCTBeHHOR )l,eHTeJibHOCTH qeJioBe
Ka. M.MeHHO 3TO CXO)l,CTBO iJ>yHKIIHM, OTpamaIOru;ee o6ru;
HOCTb Kn6epneTHq. 33KOHOB o6pa6oTJrn H11iJ>opMau;HH B 
1RHBb!X opraHH3MaX H aBTOMaTnq. ycTpoii:CTBaX' Il03BOJIH-
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eT roBOpllT:h 0 H3hIKe 8BM, 0 IIOHHMaHBH MaIDHHOH rrepe
,[\aBaeMOH eif nH«PopMaI{Hl'I, 06 06me1rnn qeJloaeKa II 
8BM. 

OcHoaHoe Haanaqemrn II. H.- 6hITb cpe,a;cTaoM npo
zpa.M.Mupoeanusi, T. e. «PopMyJ1npoaaHHH IIporpaMM, IIOA
ne:maru;nx BblIIOJIHeHnro Ha 8BM. OcMhlcJreHHaH IIporpaM
Ma AJIH 8BM IIpe,a;cTaaJIHeT co6on caoeo6pa3Hyro oIIepa
rrnoHHyro H HH«PopMaI{HOHHYIO MOAeJlb HeK-pon 3aI\OHO
MepHOCTH aHemHero Mnpa, IIpnqeM IIporpaMMa «f>nKcllpyeT 
aTy 3aKOHOMepHOCTb a Toqaoft H aOCIIpOH3ao,a;nMoii «PopMe. 
8Ta ,a;oKyMeHTaJlbHaH CTOpoHa IIporpaMMnpoaaHHH ,a;eJ1a
eT II. H. TaK:me BaiRHhIM cpe,a;cTaoM IIpo«PeccnoHaJlbHoro 
o6meHnH J1ro,a;eii. 

Han60J1ee pacIIpocTpaHeHHblM aH,a;oM II. H. HaJIHIOTCH 
a.1tzopumMU'l{ec1me siabiim, «PopMyJ1npyroru;He aJ1ropnTM pe
meHnH 3a,a;aqJl. Ha 8BM. 06brqHo II. H. HOCHT y-HHaepcaJlb
HblH xapaKTep, ,a;onycKaH «PopMyJ1HpoaaHHe aJ1ropnTMoa 
pemeHHH pa3Hoo6pa3HblX 3a,a;aq, II0,a;J1e:mam;Hx pemeHnro 
Ha pa3HblX ;)BM. B To me apeMH AJIH 60J1ee y,a;o6Horo 
IIpe,a;cTaaJieHHH 3a,a;aq ll.3 HeK-poro qeTKO abl)l;eJIH0MOro 
KJ1acca co3,a;aroT npo6.tte.Mno-opuenmupoeannNe siabi1'u, a 
AJIH 60J1ee IIOJIHOro BCIIOJlb30aaHHH a03MOiRHOCTell KOH
KpeTHOH 8BM C03AaIOT .Mal/.lUl/,l/,O-opuenmupoeaHHbte !£3bi-
1m. Han60J1ee pacIIpocTpaaeHHbre II. H. a 1970-e rr.
a.ttzo.tt, rfiopmpan, ,;060.tt, II JI I I, a.ttzo.tt-68. K 60J1ee cIIe
rrnaJibHblM H3blKaM OTHOCHTCH .ttucn, CU.My.tta, cno6o.tt. 
B CCCP IIOJ1yqnJ1n pacIIpocTpaaenne TaK:me H3blKH a.ttbrfia 
n perfia.tt. 

Jlum.: [1] R p 11H1111K11 ii H. A., M 11 po Ho B I' A, 
<I> p 0 JI 0 B T. n .. 1IporpaMM11poeaH11e II aJJrop11TMll'!eCK11e f!3bl
Kll, 2 113)'.(., M., 1979; [2] II pa TT T., fl3h!Kll rrporpaMMllPOBa· 
HllH: paapa60TKa 11 peaJJll33.11HH, rrep. c aHrJJ , M , 1979. 

A. II. Epwo•. 
IIPOrPAMMLI CXEMA - «PopMaJ1bHhlft KoHcTpyK-

TnaHhlil: o6'beKT, II0J1yqaroru;HHCH H3 npozpa.MMbi a6cTpa
rnpoaaHneM OT JleKcnq. oco6eHHOCTeH HCIIOJib30aaHHoro 
IIpn ee 3aIIHCH «PopMaJibHoro H3blKa IIporpaMMHpoaaHHH n 
OT CMblCJla aJleMeHTapHblX ,a;eftcTaHii H o6'beKTOa, YIIOTpe6-
JIHeMhIX a IIporpaMMe. II. c. n3yqaroTCH a npozpa.MMupo· 
eanuu meopemu'l{ecr>o.M. A. II. Epwo•. 

IIPOrPECCIUI - cM. Apurfi.Memu'l{ecr;asi npozpeccusi, 
I' eo.Merttp U'l{ecnasi npozpeccusi. 

IIPO-p-rPYIIIIA - IIpoKoneqaaH rpyIIIIa, HaJIHrorrra
HCH IIpoeRTHaHhlM IIpe,a;eJIOM ROHeqHblX p-rpyIIII. HaIIp., 
a,a;,a;HTHaHaH rpyIIIIa KOJibI{a '?lp rreJiblX p-a,a;nqecRHx qJl.ceJI 
HaJIHeTCH II .-p-r. B Teopnn Tanya II .-p-r. IIOHaJIHIOTCH 
RaK rpyIInbl Tanya p-pacmHpeanft rroneiL 

IIycTb G ecTb II.-p-r. Ee c n c Te Moil: o 6 pa 3 y ro
III H x Ha3. IIOAMHOiReCTBO EcG, o6na,a;arom;ee caoHCTaa
MH: 1) G coaIIa,a;aeT c MHHHMaJibHOH 3aMKHyToii IIo,a;rpyII
IIOH rpyrruhl G, co,a;ep:marrreii: E, 2) a nro6oii oKpecTHoCTH 
e,a;HHHIIhl rpyIIIIbl G co,a;epmaTCH IIO'ITH ace (T. e. ace, 
RpoMe KoHeqaoro <rncJ1a) 3JieMeHTbl na E. 

IIycTb I - MHo:mecTBo nH,a;eRcoa H F 1 - a6cTpaKTHaH 
cao6o,a;HaH rpyIIIIa c cncTeMoii: 06pa3yrorrrHx {a;I i E /}. 
IIpoeRTnaHhlft IIpe,a;eJ1 F (/) cncTeMhl rpyrm F 11 N, r,a;e 
N - TaRne HopMaJibHble ,a;eJinTeJin rpyIIIIbl FI> qTo HH
,a;eKc IIo,a;rpyIIIIbl N a F 1 HaJIHeTcH cTeIIeHhIO <rncJ1a p, 
a IIoqTn ace aneMeHThl a;, i EI, J1e:maT a N, HaJIHeTcH 
II.-p-r., R-paH Ha3. ca 0 6 0 AH 0 ii II.-p-r. c CHCTeMOH 
o6pa3YIDUVIX {a;I i EI}. BcHRaH 3aMKIIyTaH IIo,a;rpymra 
cao6oAHoii II.-p-r. caMa HaJIHeTcH cao6o,a;noft II.-p-r. BcH
RaH II.-p-r. G eCTb «PaKToprpyIIIIa cao60,[\HOH rr.-p-r., TO 
eCTb cyrrrecTByeT TOHHaH IIOCJle,a;oaaTeJlhHOCTb roMoMop
if>n3MOa II.-p-r. 

1-R-F.!!:......G-1, 

r,a;e F - IIO};l;XOAHmaH cao6o,a;HaH II.-p-r. (aTa IIOCJ1e,a;o
aaTeJ1hHOCTh Ha3. II p e A c T a a JI e H H e M r p y II II bl 
G c II o M o m; h ro F) IIo,a;MHo:mecTao EcR Ha3. 
c n c T e M o ft c o o T rr o III e H n ii rpyIIIIhl G, ecm1 R 
HaJIHeTCH IIaHMeIIbIIIHM 3aMKIIYTblM HOpMaJlhHblM ,a;eJ1H
TeJ1eM a R, co,a;ep:mamnM E, n J1ro6oft OTKpblThIM HopMaJlh-

Hhlii ,a;eJinTeJib B R co,a;ep:mnT IIO'ITH nce aJieMeHTbl H3 E. 
MomHOCTB MHHHMaJlbHoro (oTHOCHTeJlbHO aKJIIOqeHHH) 
MHo:mecTaa o6pa3YIOUVIX H MHHHMaJlbHOH CHCTeMbl COOT
HOIIIeHHH COOTaeTCTBYIDIIIero IIpe;1:1cTaaJ1eHHH II .-p-r. G AO
IIYCKaIOT KOrOMOJIOTH'l. HHTepIIpeTau;Hro: IIepaaH MOII{
HOCTb coaIIa1weT c pa3MepHOCTbIO Ha,a; 7J, / p '1l IIpOCTpaHCTaa 
91 (G)=91 (G, 7J,/p7J,), a BTOpaH - c pa3MepHOCTbIO Ha~ 
7J,/p7J, IIpocTpaHCTBa 9 2 (G)=H2 (G, 7J,/p7J,). 3,a;ecb 7J,/p7J, 
paccMaTpHaaeTcH KaK ,a;HcRpeTHblH G-MOAYJ1b c TpHan
aJlbHblM ,a;e.ii:cTaHeM. EcJ1n G - KoHeqHaH p-rpyIIIIa, TO 

4 dim 9 2 (G) ~(dim 9 1 (G)-1) 2 ; 

H3 aToro pe3yJlbTaTa ablaO,a;HTCH OTpHu;aTeJlbHOe pemeHne 
KJlaccHq. npo6J1eMhI 6all.lnu no11eii RJ1accoa [ 4]. 

Jlum.: [1] Ce pp JR. - II., RoroMoJJor1111 I'aJJya, rrep. c 
!Jlpam~., M., 1968, [2) R o x X., Teop11H I'aJJya p-pac1m1pemlil:, 
rrep. c HeM., M., 1973; [3] Anre6pa11'1ecKaH rnop11H 'lllCeJJ, rrep. 
caarJJ., M., 1969, [4) I'oJIOJJ: E. C., Illacjlapee11q HP., 
«Hae. AH CCCP. Cep. M3TeM.», 1964, T. 28, No 2, c. 261-72. 

B. JI. Ilona•. 
IIPO/];OJiiKAEMOCTh PEIDEHHII /];H<l><l>EPEH-

D;HAJihHLIX YP ABHEHHII - caolicTao peIIIeHHII 
o6blKHoaeHHhIX ,a;n«P«PepeHu;HaJlbHbIX ypaaHeHHH 6blTb IIpo
)l;OJliReHHbIMH Ha 6oJlbIDHH HHTepaaJI He3aaHCHMoro IIepe
MeHHoro. IIyCTb 

X=cp(t), tEI, (1) 

- pemeHne cncTeMhl 

;;=/ (t, x), xEfR.n. (2) 
PemeHne x=¢(t), tEJ, cHcTeMbl (2) Ha3. IIpo,a;oJ1-
:m e H He M p e III e H H H (1), eCJIH J-=il H ¢ (t)=cp (t), 
tEI 

IlyCTb «PYHKIIHH 

f(t, x)=(fi(t,x1, . ., Xn), •. ., fn(t,xi, .. ., Xn)\ 

oIIpe,lleJieHa a o6nacTH Gc:=IR7.+! H t0 EI. PeIIIeHHe (1) 
Ha3. He 0 r p a H H 'I e H H 0 II p 0 A 0 JI iR a e M hI M 
(H e 0 r p a H H 'I e H H 0 II p 0 A 0 JI iR a e M bl M a II e
p e A (a II p a a o), H e 0 r p a H H q e H H 0 II p 0 A 0 JI
iR a e M bl M H a 3 a A (a JI e a o)), ecJIH cymecTByeT ero 
IIpo,a;o.11:meHne, oIIpe,a;eJieHHoe Ha ocH - oo < t < oo ( cooT
aeTCTBeHHo aa 110nyocn t0 ~t < oo, Ha nonyocn - oo <t..;;;; 
~t0). PemeHHe (1) Ha3. n po Ao JI ma e M bl M a II e
p e A (a n p a a o) A o r p a H H u; bl r o6nacTH G, 
ecJIH cyrn;ecTByeT ero npo,a;oJI:meaHe x=¢ (t), t0 ~t~t + < 
< oo, o6na,a;arorrree caoiicTaoM: ,a;JIH nro6oro KoMnaKTa 
FcG eail:,a;eTCH 3HaqeHne t=tF, t0 <tF<t+, TaRoe, qTo 
ToqKa (tF, ¢ (tF)) He co,a;epmHTCH a F. AHaJiorHqHo onpe
,a;eJIHeTcH n p o A o JI m a e M o c T h H a 3 a A (a JI e
a o) A 0 r p a H H u; hI f. PemeHne, K-poe HeJib3H 
IIPOAOJliRHTb, IIa3. H e II p 0 A 0 JI iR a e M bl M. 

EcJ1n «PYHKIJ;HH f (t, x) HenpepblaHa a o6JiaCTH G, TO 
ac.irnoe peIIIeHne (1) CHCTeMhl (2) MomeT 6hITb IIPOAOJiiReHo 
anepe,a; (Ha3a,a;) J1H60 HeorpaHHqeHHo, nn6o ,a;o rpaHHIJ;bl 
f. }J;pyrHMH CJIOaaMH, aCHROe perneHHe CHCT0Mhl (2) 
Mo:meT 6h!Tb rrpo,a;onmeHo ,a;o Herrpo,a;onmaeMoro pemeHnH. 
EcJIH qacTHhle IIpon3ao,a;Hble 

a1;1axj, i, j=1, ... , n, (3) 

HeIIpephlaHbl a 06J1acTn G, To TaKoe rrpo,a;oJ1meHne e.n;nHcT
aerreo. 

l1HTepaaJI J Ha3. M a K c H M a JI b H bl M H H T e p
a a JI 0 M c y III e c T a 0 a a H H H peIIIeHmr CHCTeMbl 
(2), eCJIH ero H0Jlb3H rrpo,a;oJliRHTb Ha 60J1bllillH llHTepBaJI. 
)];Jill J1ro6oro perneHHH JIHHeliHoii CHCTeMhl 

1,.;;;;; i,.;;;;; n, 

C HenpephlaHhIMH Ha HHTepaaJle J Koa«P«Pnu;HeHTaMH aij (t) 
H rrpaBh!Mll qaCTHMH /; (t), 1 ~i, i ~n, MaRCHMaJibHhIM 
1rnTepaaJ1 cyrrrecTaoaaemr peIIIeHmr coarra,a;aeT c J. )J;JIH 
peIIIeHHH HeJlnHeiiHhlX CHCTeM MaKCHMaJlbHblH HHTepaaJI 
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cym;ecTBOBaHirn MOlf\eT 6b!Tb pa3Hb!M /VIH pa3Hb!X peme
HllII, H ero OTblcRaHHe - TPYAHaH 3ap;a'la. Harrp., p;JIH 
pemeHnH 3ap;aqu Komn 

d:=x2, x (to)=xo 
HMeeT MeCTO 

np:o x0 <0, 

rrpn x0 >0, 

npn x0=0. 
J=(-oo, co) 

,11.oCTaTO'IHble ycJIOBHH, npn R-pb!X MolRHo yRa3aTb 
MaRCHMaJibHb!H HHTepaaJI cym;ecTBOBaHlrn pemeHHH, p;aeT' 
Harrp., TeopeMa YnHTHepa: rrycTb lf>yHm:vrn 
f(t, x) Henpepb!BHa npn tEJ=[t0 , t0+a], xEIRn n B noii 
o6JiaCTH Bb!IlOJIHHeTCH oa;emrn 

lf(t,x)l,;;;;;;L(lxl), 

rp;e L (r) - Henpepb!BHaH npn r~O .pyHRl\HH, L (r) >O H 

~+oo dr/L (r)=+oo; 

TOfp;a MaRCHMaJibHb!H HHTepaaJI cym;eCTBOBaHHH JIIo6oro 
pemeHHH CHCTeMbl (2) COBilap;aeT c J. 

3Ta rnopeMa cnpaaep;Jinaa n B TOM cJiyqae, Rorp;a J = 
= [ t0 , oo). EoJib!IlOH HHTepec rrpep;cTaBJIHIOT p;ocTaTO'IHhle 
ycJioBnH HeorpaHH'leHHoii rrpor10JimaeMoCTH pemeHnH:. 
Harrp., ecJIH il>YHRD;HH f (t, x) n ee 'laCTHble rrpoH3BOAHhle 
(3) Herrpepb!BHhl rrpn t0 <.t<oo, xEIRn n npn ::JTHX 3Ha
'leHHHX t, x Bb!IIOJIHHIOTCH oa;eHRH 

lof;/ox1i,;;;;;;c(t) < oo, i, j=1, ... , n, 

TO pemeHne cncTeMhl (2) TaRoe, 'ITO x (t 0)=x0, cym;ecTayeT 
npu t0 <.t<oo AJIH JIIo6oro x0E /Rn. 

IlycTb paccMaTpnaaeTcH 3ap;aqa l{omn 

d:=t(x), x(t 0 )=x0 (4) 
AJIH aemollOM1wii cucmeMb!, npn'IeM «PYHRD;HH f (x) Henpe
pb!BHO p;n.iP.PepeHa;npyeMa B o6JiaCTH G=IR~. Ecmr npn 
B03pacTaHHH t «Pa30BaH TpaeRTOpHH pemeHHH x=q; (t) 
3ap;a'IH (4) OCTaeTCH B ROMrraRTHOM IIOAMHOlf\eCTBe FcG, 
TO 3TO pe!IleHne MOlf\HO npoi:i;oJilf\HTb Ha IlOJIYOCb to<-t<oo. 

Jlum.: [1] II 0 HT p ff r H H JI. c.' 05h!RHOBeHHhle AHqHjJepeH
QHaJJbHble ypaBHeHHH, 3 H3A., M., 1970; [2] A pH 0 JI b A B. II., 
05bIRHoBeHHbie AHq11jlepeHI.1HaJJbHhie ypaBHeHHH, M., 1971; [3] 
H e M hi 1~ R H tt B. B., C T e rr a H o B B. B., RaqecTBeHHaH Teo
PHf! AHlf11jlepeHQH8JlbHblX ypaBHeHHfi, 2 H3A., M.- JI., 1949; [4] 
RDAAHHrTOH 8. A., JieBHHCOH H., TeopHH o5LIRHo
BeHHh!X AHlf11flepeHQHaJJbHhlx ypaBHeHHfi, rrep. c aHrJJ., M., 1958; 
[5] x a p T Ma H <I> •• OOhlRHOBeHHhle AHQJljJepeHQHaJJbHbie ypaB
HeHirn, nep. c aHrJJ., M., 1970; [6] 'I e 3 a pH JI., ACHMilTOTH'le
CROe n0Be11emie H ycTofi'IHBOCTb perneHHfi o OhlHHOBeHHhlX 1111QiljJe
peHQHaJJbHhlX ypaBHeHHfi, nep. c aHrJI., M., 1964j [7] Wint n er 
A., «Amer. J. Math.», 1945, v. 67, p. 277-8'<. 

M. B. <PefJop10n. 
IIPO~OJiiREHIUI H OXBATOB METO~ - MeTOA nc

CJiep;oaaH1u1 pa3JIH'IHhIX An¢¢epeHa;naJibHo-reoMeTpnq. 
CTPYRTYP Ha rJiap;Rnx MHoroo6pa3HHX n nx IIOAMHoroo6-
pa3nHx. B OCHOBe Il. H O. M. JieiKaT p;n.P«PepeHD;HaJibHO
aJire6paH'l. RpHTepnn orrepaa;nH:, II03BOJIHIOIU;HX B HHBa
pnaH').'HOH (6e3ROopp;HHaTHOH) «PopMe rrpncoep;HHHTb R 
p;aHHoii CTPYRType BHyTpeHHe CBH3aHHhle c Heii CTpyR
Typhl, B TOM 'IHCJie H HX AH.P«PepeHa;naJibHhle HHBapnaHTbl. 
l1CTopn'IeCRH IT. H o. M. B03HHR BCJieA 3a MeTOAOM rro
ABlllf\HOfO perrepa RaR HHBapHaHTHb!H MeTOA HCCJieAOBa
HHH ITOAMHoroo6pa:mii: op;HopoAHbIX rrpocTpaHCTB HJIH npo
CTpaHCTB co CBH3HOCTbro. BrrocJieACTBHH IT. n o. M. 6b!JI 
pacnpocTpaHeH Ha reoMeTpnro npon3BOJibHhIX paccJioeH
HbIX npocTpaHCTB. B OTJIH'IHe OT rJiaBHOH a;eJIH MeTop;a 
rroµ;BHiKHOfO perrepa - IlOCTpoeHHH RaHOHH'l. ITOJIH perre
poB Iii p;n:.iP«PepeHa;n:aJihHb!X HHBaplilaHTOB n:3yqaeMo:ii CTPYR
TYPhl rryreM rrocJieµ;oaaTeJibHOro cyIBemrn cooTB0TCTBYro
w;11x rJiaBHhlX paccJioeHHhlX npocTpaHCTB, IT. n o. M. 

CTaBHT a;eJibIO rroc-rpoeHHe HHBapHaHTOB H HHBapnaHTHO 
npncoeAHHH0MhlX CTPYRTYP 6e3 cymeHnH rJiaBHhlX pac
CJioeHnii perrepoa. B Heo6xop;nMhIX CJIY'laHx IT. H o. M. 
BRJiro'lae-r n rrpoa;ecc RaHoHirnaa;nn penepa. 

ITycTb G - rpynna Jln n K (G) - RJiacc acex G-npo
cTpaHcTB c JI0BOCTopoHHHM .[leHCTBHeM rpynrrhl Jln G Ha HHX 
RaR rpynnhl rrpeo6pa3oBaHnil:. G-o x B a T o M Ha3. TaRoe 
rJiap;Roe crop'heRTHBHOe oTo6paiKeHne 

/:X--+ Y; x, YEK (G), 

'ITO AJIH Jiro6oro g E G ROMMyTaTHBHa 11.narpaMMa 

x _!__. y 
lg l f l t~ ' 

x ____,.. y 

r11.e lg H l~ - rrpeo6pa3oBaHHH G-npocTpaHCTB X n Y co
OTBBTCTBBHHo, OI1P0ABJIHBMhle 3JIBM0HTOM g. B 3TOM CJIY
qae roaopHT' 'ITO npocTpaHCTBO y c IlOMOm;hro f 0 x B a
q e H 0 I1 p 0 c T p a H c T B 0 M x HJIH n p 0 c T p a H
e T B 0 x HBJIH0TCH I1 p 0 A 0 JI iK e H H e M n p o
c T p a H c T B a Y. KJiacc K (G) CTaHOBHTCH RaTeropne.ii: 
c Mop«Pn3MaMn - G-oxaaTaMn. 

IT pnMephl G-oxaaToB. 
1) ITycTb T(p, q)EK(GL(n, R)) - rrpocTpaHCTBO T0H-

3opoa THila (p, q), p;;;:,:1, q~1. OxaaTOM HBJIHBTCH OTo6pa
iKeHHe CBBpTRII 

T (p, q) ____,.. T (p-1, q-1). 

IloJIHaH CB0pTRa TBH3opoB rrpocTpaHCTBa T(p, p) 

T (p, p):T (p, p)--+ R 

HBJIH0TCH rrpHMepoM OXBaTa HHBapnaHTa. 
2) Ecan X, YE K (G), TO XX Y c noMom;bro prx n pry 

OXBaTbIBaeT x H y COOTB8TCTB0HHO. MHbIMH CJIOBaMH, 
xx y HBJIH0TCH npop;OJiiKeHneM RaR x' TaR H y. 

IloHHTHe OXBaTa ecTeCTBeHHb!M o6pa30M pacnpocTpa
HH8TCH Ha RJiaCCbl paCCJI00HHblX npocTpaHCTB, npncoep;n
HeHHhlX R rJiaBHhIM paccJioeHHHM. ITycTb n: P (M, H)-+ 
-+M - rJiaaHoe paccJioeHHoe rrpocTpaHCTBO co cTpyRTyp
Hoii rpynnoii H, ,[\0HCTByrom;eii Ha P rrpaabIM o6pa3oM, n 
FE K (H) - Jiro6oe Jieaoe H-npocTpaHCTBO. 06'b0RTaMH 
RJiacca K (P) npHcoep;HHeHHhIX R P paccJioeHHhlX rrpo
CTpaHCTB HBJIHIOTCH npocTpaHCTBa THila 

F (P)=PXF/H, 

TA0 .PaRTopn3aD;HH IlOApa3yMeBaeTCH no CJie,rtyrom;eMy 
rrpaaoMy p;eiicTBHIO rpyrrrrhl H Ha PX F: 

(£, Y) h=(£h, h- 1Y); (£, Y)EPXF, hEH. 

ITpocTpaHCTBO F (P) EK (P) HBJIHeTCH paccJioeHHhlM HaA 
6a3oii M rrpocTpaHCTBOM c THilOBhlM cJioeM F. 3JieMeHT 
y E F (P), onpeAeJIHeMhlii: napoii (£, Y) E PX F, 3arrHChl
aaroT B BMAe y= £Y. EcJin F, <PE K (H) H f: F-+ <P -
OTo6paiKeHne /[-oxBaTa, TO B CHJIY ROHCTPYRI\Hll F (P) II 
<D(P) t HHAYD;HpyeT IlOCJIO.ii:Hoe crop'beRTHBHOe OT06paiKeH11e 
f : F (P)-+ <P (P), Ha3hlBaeMoe P-o x B a T o M. P-ox
aaT f onpep;eJIHeTCH rro 3aRoHy: 

f(£Y)=£/(Y), £EP, YEF. 

TaRHM o6pa30M, RJiacc K (P) rrpncoep;nHeHHhIX R P pac
cJioeHHhIX npocTpaHCTB HBJIHeTCH RaTeropneii c Mop.iP1rn-
MaMH nma P-oxaaTOB /. CooTB0TCTBHe F~F (P), f~f 
HBJIH0TCH 6neRTHBHhIM «PYHRTopoM RaTeropnn K (H) Ha 
RaTeropnro K (P). CJiep;oaaTeJihHO, AOCTaTO'IBO n3y'laTb 
orrepaa;nn oxaaTa B RaTeropnHX H-npocTpaHCTBa. 

EcJin s: M-+ F (P) - ceqeHne paccJioeHHoro npocT
paHCTBa F (P) (n 0 JI e r e 0 Me T pH q e c R 0 r 0 

o 6 'be RT a Tnna F), TO P-oxaaT f: F (P)-+ <P (P) 
npHC08AHHH0T K ce'leHHIO s ceqeHne ;= 1 (J s OXBa'leHHOfO 
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paccJioemrn <D (P); HHhIMH cJioaa~m. noJie remieTpnq, 
o6'heRTa s (x), x EM, oxaaTh!BaeT rroJie remieTpHq, o6'heR-

Ta 10 s (x). EcJIH s (x) - CTPYRTYPHhlii o6'heRT HeR-poi 
G-cTpYRTyphl, To 113yqeu11e G-cTpyRTYPhl H ee HHBapHaH
TOB CBOAHTCH BO MHOl'OM R OThICRaHJillO OXBaTh!BaeMhIX reo
MeTpJilq, o6'beRTOB. B rrpol!ecce OThICRaHHH OXBaTLIBaeMhlX 
reoMeTpJilq, o6'he:ItTOB BaIBHYIO pOJib HI'palOT Alilp«PepeHI1H
aJibHhle RpHTepma OXBaTOB, «PopMyJIHpyeMhle B TepMHHaX 
CTPYRTYPHhIX AH«P«PepeHI111aJibHhIX «PopM paccJioeHHhIX 
rrpocTpaHCTB Jil COCTaBJIHIOIIJHe OCHOBY II. Jil o. M. 

JI.um.: [1] JI a n Tee r. <l>., «Tp. Moc1c MaTeM. o5-Ba>>, 1953, 
T. 2, c. 275-382; [2] er o me, B 1rn.: Tp. TpCTbero BcecoI03HOro 
MaTeM. C'he3na. MocHBa, 1956, T. 3, M., 1958, c. 409-18. 

JI.. E. E•mymux. 
nPOJJ;OJliREHIUI no nAP AMETPY METOJJ; -

BI\JlroqeHHe AaHHoii aagaqJil B OAHorrapaMeTpttqecRoe (0...;: 
...;:a...;:1) ceMe:HCTBO aa,n;aq, CBH3h!BalOI1Jee AaHHYIO aaAaqy 
(a= 1) c H3BeCTHOH paapeIIIHMOH aaAaqeii (a= 0)' H II3Y
qeHHe aaauc11Moc:ru perneHHH OT rrapaMeTpa a. MeTOA 
mupoRO HCllOJib3YeTCH B TeOpHH Att«PIJiepeHI1HaJibBh!X ypaB
BeBHH. 

IIyCTb, Hanp., Tpe6yeTCH AORaaaTb paapemHMOCTb B 
RJiacce fiiJibAepa aaAaqH .IJ:MpHXJie 

Lu=/,} (1) 
u/aD=cp 

B orpaHttqeHuoii N-MepHoii o6JiaCTH DE A (n, µ) AJIH JIH
HeliHoro aJIJillIITH'I. orrepaTopa 2-ro rropHARa 

~N o2u ~N OU 
Lu=~ .. _ a;1(x)ax.ax.+~·- b;(x)ax,-+c(x)u, 

l,/-1 l j l-1 L 

c (x).;;;;;; 0, a;1, b;, cEC(n- 2, µ) (D), D =D+aD, 

n~2, µ > 0. 

BBOAHTCH ceMeiiCTBO aJIJIHIITMq, orrepaTopoa 

Lau=aLu+ (1-a) du, O.;;;; a.;;;; 1, 

n paccMaTpHBaeTCH AJIH Hero aaga'Ja .IJ:llpMXJie 

Lau=/ B D,} 
u/1w=cp. 

(2) 

IIycTb ~ - MHOIBeCTBO Tex a E [O, 1], AJIH R-phIX aaAaqa 

(2) O)l;H03Haquo paapeIIIMMa B RJiacce C(n, µ) (D) rrpH JII06b!X 
f H cp, /E C(n-2, µ) (15), cp E Cfn, µ) (iJD). MHoil\eCTBO ~ 
He rryCTO, IIOCKOJibRY rrp11 a=O (T. e. AJIH orrepaTOpa Jla
IIJiaca) sagaqa (2) o;o;HoaaaqHo paapemuMa B RJiacce 

C(n, µ)(fl), I<aR aTO CJieAyeT H3 TeopHH IIOTeBl!llaJia. MHo
IBeCTBO ~ O;ll;HOBpeMeHHO OTRphlTO H aaMRHYTO Ha (0, 1) 
H, CJieAOBaTeJibBO, COBIIaAaeT c (0, 1). TaRHM o6paaoM, 
a=1 rrpHHa;o;JieIBHT ~ H aaAaqa (1) paapemuMa. 

II. 110 11. M. (a aap11aHTe aHaJIHTHq, rrpoAoJimeHHH no 
rrapaMeTpy) 6h!JI rrpeAJIOIBeH H paaBHT B PHAe pa6oT 
C.H. EepHmTeiHa (cM. [1], (2)). B ;o;aJibBeiimeM aTOT MeTo;o; 
HameJI mupoRoe rrpnMeHeHHe B paaJIHquhlx aorrpocax 
TeopHH JIHHeHHb!X Jil HeJIHHeiiHhlX Att«P«PepeHI1HaJibHhlX 
ypaaHeHHii, rrptt'IeM e:geH aHaJIHTHq. rrpoAOJIIBeHHH no 
napaMeTpy 6LIJia AOllOJIHeHa 6oJiee 06IIJHMH «PYHRl!JilOHaJih
Hb!MH H TOIIOJIOl'Mq, rrpHHl!HIIaMH (CM. [3)). 

Jlum.: [1] Be~ H m Ten H C H , «Math. Ann.», 1904 
Bd 59, s. 20-76; [2J e r 0 lR e, Coop. CO'I., T. 3, M., 1960; [3j 
JI e p 3 J:R., ma y n e p IO., «Ycnexu MaTeM. HRYH», 1946, B. 
3/4, c. 71-95. H. A. illuw.Mape•. 

nPOJJ;OJliREHIUI no nAP AMETPY METOJJ; -
MeTOA 11ptt6Jittil\eHHOI'O peIIIeHHH HeJIHHeHHhlX «PYHRl!MO
HaJibHhlX ypaBHeHHH. II. IIO II. M. COCTOHT B TOM, qTo pe
maeMoe ypaaHeHHe P (x)=O 0606I1JaeTCH R BllAY F (x, t)=O 
rryTeM BBe;D;eHHH rrapaMeTpa t, npllHHMalOIIJel'O 3aAaH
Hble 3HaqeHHH Ha ROHeqHOM HHTepBaJie to...;:t ...;:t*' TaR, 
11To rrepaoHa1rnJihIIoe ypaaHeHne rroJiyqaeTCH rrpn 
t= t* : F (x, t*)=P (x), a ypaaHeHne F (x, t0)=0 Jierno 
pernaeTCH HJIH naaecTHO ero pemeHHe x0 (cM. [1) - [3)). 

06o6IIJeIIHOe ypaaneHHC F (x, t)= 0 rrocJieAOBaTeJihHO 
pewaeTCH rrpH oTp;eJILHhIX 3eaqeinrnx t : t0 , t1 , •• ., tk= t*. 
YpaaueHHe rrpn t=t;+ 1 pernaeTCH RaR11M-JIH60 11TepaI1H
OIIHhIM MeTOAOM (MeTOAOM HhIDTOHa, rrpocToii 11TepaI1Hl1:, 
HTepal!JilOHHhlM MeTOAOM aapHBlJHH rrapaMeTpa (4) H Ap.), 
eaqnHaH c rroJiyqeeHoro pemeHHH x; ypaaHeHHH F (x, t)=O 
rrpn t=t;. IIpHMeHeHHe ua Rail\AOM rnare no i, Harrp. n 
HTepaI111ii MeToAa HhmToea, rrpHBOAHT R cJieAYIDIIJeil: «Pop
MYJie: 

i=O, 1, 2, .. ., k-1; v=O, 1, 2, .. ., n-1; x(n 1 =x~n>. 

EcJI11 pa3HOCTb t;+i-t; AOCTaTO'!HO MaJia, TO snaqeuue 
x; MOIBeT ORa3aTbCH AOCTaToqHo xopoIIIHM HatJaJibHblM 
rrpu6m1IBeHHeM, 06ecnetJ1rna10IIJHM CXOAHMOCTb, AJIH IIOJiy
tJeHHH pemeHHH Xi+l rrp11 t=t;+1 (CM. (1), (3), [5]). 

Ha rrpaRTHRe tJac-ro HCXOAHaH aaAatJa ecTeCTBeBRhIM 06-
paaoM aaBHCJilT OT HeR-poro rrapaMeTpa, R-phlll MOil\0T 
6hITb Bb16paH B RatJeCTBe rrapaMeTpa t. 

II. no rr. M. rrpttMeHHeTCH RaR ,n;JIH perneBHH c11cTeM 
ReJIHHeiiHblX aJire6paH'I. Jil TpaHCl!CHAeHTHhlX ypaBHeHnil: 
(CM. [1], (2)), TBR II AJIH 6oJiee 06llJHX nemrneiiHblX «PYHK
l!llOHaJibHb!X ypaaHeH11ii B 6aeaxoawx rrpocTpancTBax 
(CM. (5) - [7)). 

II. no rr. M. HHOI'AB uaa. TaRIBe rrpHMoii MeTOA aapna
l!MH rrapaMeTpa (cM. (2), (6)), a TaRme ROMOHBupoaaHHhlH 
MeTOA rrpHMOI'O Jil JilTepal!MOHHOI'O MeTOAOB Bap1rn1~HJil napa
MeTpa. B aTHX MeTOAaX IIOCTpoenne yemeHllll o6o6IIJeHHO
I'O ypaBHeHJilH CBO)J;llTCH rryTeM AH<t>«PepeHl!llPOBaHllH no 
rrapaMeTpy K perneHHIO AH«P«PepeHl!llaJibHOIT 3aAa'l.H c Ha
lJBJlbHhlMH ycJIOBHHMH (aaAatJH Rom11) MeTop;aMH qncJiee
Horo HHTerp11poaaHJilH o6b!RHOBeHBhJX All«P«PepeHl!llaJih
BhlX ypaaneHnii.. II pHMeHHH rrpocrnlimHli Me TOA 8iiJiepa 
B rrpHMOM MeTo;o;e aapHaI111II rrapaMeTpa R aa;o;aqe Rornn 

dx [ • J-1 ' dt=- Fx (x, t) Ft (x, t), x (t 0)=x0 , 

rrpn6JIJilil\eHRhie 3HB11CHJilH x (t;)=x;, i=1, 2, k, pe
meHHH x (t) ypaaneenH F (.r, t)= 0 Momeo orrpe,lleJIHTb 
CJieAYIOJl!HMH paBeHCTBBMJil: 

x;+1=x;-(t;+ 1-t;) [F~ (x;, ti)]- 1 Fi (x;, t;), 

i=O, 1, 2, .. ., k-1. 

8JieMeHT Xk 6yAeT llCROMbIM rrpHOJIUIBeHHb!M pemeHlleM 
ncxoAHoro ypaaHeR11H P (x)=O. YTOtJHeH11e acex nJIH 
HeR-phlx anaqeHJilll x; + 1 MOil\HO rrpoBOAHTL JilTepaI~UOHHhIM 
MeTOAOM aapHal!HH rrapaMeTpa [ 4) (HJin MeTOp;oM HhIOTO
ua). 06o6Jl!eHRoe ypaaHeH11e npn aTOM paccMaTp11aae-rcll 
o6hllJHO B BHAe 

F (x, t;+1) = (1-/.,) F (x(ol, 11+1), x(Ol =X;+ 1 

Ha ROHelJHOM rrpoMeIByTRe 0 ..,;:}, ...;:1 UJill, 3aMeIIHH 3AeCb 
1-/., Ha e-i:, na 6ecRoHe'lHOM rrpoMeil\yTI>e O...;:t.,.,:oo. 

MeTOA aapn:al!MM rrapaMeTpa rrpHMeneH R mHpoKOMY 
KJiaccy aa;o;aq KaR AJIH IIOCTpoeHllH pemeHHll, TRR II /\Jiii 
AoKaaaTeJihCTBa ux cyIIJeCTBOBBHHH (cM., Harrp., [3], [4], 
[6), (7)). 

JI.um.: [1] Lah a ye E., «Acad. Roy. Belg. Bull., Cl. Sci. 
Ser. 5», 1948, t. 34, p. 809-27; [2] .n. a au n e H Ho ,n:. <Ii., 
«YHp. MaTeM. HU>, 1953, T. 5, .Nl 2, c. 19G-206; [3] 0 p Tera 
,D. )f(., P e li H 5 o JI n T B., HTcpa l\HOHHhJe MeTO)l;hl pewemrn ue
JIHHei!:Hb1x CHCTCM ypaBHCHHH co MHOrHMH HeH3BCCTHblMH' nep. 
c aHrJJ., M., 1975; [4] .n: a B II'. n e H H 0 )J.. <l>.' «iR. Bhl'IHCn. 
MaTeM. II'. M3TCM. cjJH3.>>, 1975, T. 15, .M 1, c. 30-47; [5] .n: e Me H
Tb e Ba A. M., «.ll:OHJJ. AH CCCP», 1971, T, 201, M 4, c. 774-
777; [6] .n: a B H n e H H 0 ,D.. <l>., «YHp. MaTeM. lR.», 1955, T. 7, 
M 1, c. 18-28; [71 m II'. n JI 0 B c Ha H H. A., «Y'I. 3an. JirY•, 
1958, M 271, a. 33, c. 3-17. )1,. <P • .l{a•uoenxo. 

nPOJJ;OJDREHIUI TEOPEMbl - TeopeMw o rrpoAOJI
IBeHnH «PYHRl!JilJil c IIeR-poro MJIOil\eCTBa Ha 6oJiee IIIMpoKoe 
TaRHM o6paaoM, qTO rrpoAomReHHaH cpyBKl!HH o6Jiap;aeT 
orrpegeJieHHh!MJil CBOHCTBBMJil. l{ II. T. OTIIOCHTCH rrpeiK,lle 
BCel'O aa,!Ia'IH 06 aHaJillTJilqeCROM rrpo;:tOJiil\eHllJil «PYHRlJull. 
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IT p1rnepoM TeopeMhl cym;ecTBOBaHHH HerrpephlBIIoro rrpo

AOJimeHHH HerrpephlBJIOii ipymn~HH HBJIHeTCH T e 0 p e M a 
E pay a pa- Y phi co Ha: ecJin E-aaMKHyToe rro,a;
MHomecTBO HopMaJibHoro rrpocTpaHCTBa X 11 f: E-+ IR -
aerrpephIBHaH ,a;eii:CTBHTeJlbHaH orpaHnqeHH8H iJ>yuK-
11,HH, TO cym;ecTeyeT Tal\aH HerrpephIBHRH orpaHnqeHHaH 
il>YHKIJ,nn F: X-+ IR, qTO F=f Ha E. R qncJiy IT. T. 
OTHOCHTCH X ana - Banaxa meope.11ta o rrpo,a;omReHHH JIH
BeHHblX iJ>yHRI~HOHaJIOB B B0RTOpHbIX rrpocTpaIICTBax. 

B 0BKJIH,D;OBOM rrpocTpaHCTBe IT. T. B OCHOBIIOM CDH3aHhl 
c pemeHneM cJie,a;y10m;nx ,a;ayx aa,a;aq: 1) rrpo,a;oJimeIIne 
il>YHm~nn c o6JiaCTeH, Jiemam;nx B rrpocTpaHCTBe, IIa ace 
rrpocTpaHCTBo; 2) rrpo,a;oJimeHne il>YHRll,Hil: c rpaHHll,bl 
06JiacT11 Ha caMy o6JiaCTb. B 06011x cJiyqaHx TpeoyeTcH, 
qTo6hl rrpop;oJimeIIIIaH iJ>yHR!J;HH o6Jia,a;aJia orrpe,a;eJieH
HbIMH CBORCTBaMll rJia,D;ROCTH, T. e. rrpnHaAJiemaJia orrpe
ll0JieHHOMY il>YHRI~llOHaJibIIOMY RJiaccy, aaa11cHm;eMy OT 
CBOMCTB rrpO,D;OJI)f(aeMOH il>YHKll,1111. 

3ap;aqa o rrpo,a;oJimeIIHH iJ>yHKIJ,llll. c coxpaHeHHeM Herrpe
pb!BHOCTH qacTJibIX IIp0113BOAHhlX c o6JiaCTll c AOCTaToqHo 
ma,a;Koii rpaH11rr;en Jia ace rrpocTpaHcTeo 6bIJia pemeHa 
M. XecTeHCOM [3) 11 X. YHTHll [4]. EcJI11 Ha (n-1)-Mep
aoii. rpaH11rr;o iJG o6JiaCTH G, Jiemam;eii B n-MepHoM rrpocT
paHCTBe IR.n, aa,a;aIIhl il>YHRIJ,llH !pk: aG- IR, k=O, 1, 
... , m, TO aap;aqa IIOCTpOeHHH TaKOH il>YHKll,HH u: c- IR, 
qro AJIH IIee 

;/tu 
anfl =cp.1z, k=O, 1, ... , m, uEC"° (G), (*) 

r11e n - HOpMaJib K iJG, B CJiyqae, Kor,a;a rJiaAROCTb ipyuR-
11,HH cpk H rpaHHll,hl iJG OJIHChIBaeTCH B TepMHHRX uerrpeph!B
HOCTll 11 rrpnHaAJI01RHOCTH I'e.1tbiJepoBy npocmpancmsy 
(rrpH HaJinq1rn, 6b!Tb M01R0T, HeK-phIX oco6eHHOCT0H), pac
CMaTp11BaJiaCb 8. Jlea11 [5), lli. lli11po [6) - [7) n M. llieape 
[8). lfayqaJICH TaKme nopH,D;OK pocTa qaCTHhIX rrpo1l3BOA
HblX IIOpHAKR k>m rrpn CTp0MJieHHH apryMeJITa }( rpaHHll,0 
{JG o6JiaCTH G. 

C11cTeMaTnqecR11 o6e yKaBaHHhle aaAaqn o rrpoAOJIIBeHnn 
il>YHRll,HH B paaHhIX MeTp11Kax LP, 1 .c;:p <=+ oo, AJIH pa3Hhlx 
ll3MepeHHM H B pa3Jill'llihIX iJ>yHKll,HOHaJibHhIX rrpoCTpaIICT
Bax m~yqaJincb C. M. HnKOJibCRHM n ero yqeuuKaMn (cM. 
[9), [10]). B TepMHIIax PHAa iJ>yIIRrr;1101IaJibHhlx npocTpaHCTB 
ycTaIIOBJI0IIhl Ha11JiyqllJne xa paKTepnCTllRH AmpiJ>epeu-
11,naJibHhIX CBOMCTB iJ>yHKll,HM, K-phle MOIBHO IIOJiyq11Tb rrpn 
llPOAOJI1R0HHH il>YHRIJ,1111, 06JiaAaIOI11,eii. aa,a;aHHbIMH AniJ>iJ>e
p0Hll,HaJibHO-pa3HOCTHhIMH caoii.CTBaM11 (cM. B.1toJ1Cenun 
meope.11tw). ,Il,JIH 3aAaq11 (*) 6b!JIO HaMA0IIO rrpOJ:(OJI)f(eHHe, 
aa11Jiyqmee c ToqRn apeHllH pocTa IIpOH3BOAHhIX IIOpHJ:(Ka 
k>m III:JH JIOAXOAe K rpaHnquoMy MHOroo6pa311IO (CM. 
[11), [ 12J). 

qaCTO MeTOAhl rrpOAOJI1ReH11H iJ>yHKIJ,HM II CHCTeM .pyHK-
11,HM (*) c rpaHllll,bl o6JiaCTll Ha BCIO o6JiaCTb OCHOBaHhl Ha 
l!HTerpaJibHbIX rrpeACTaBJieHllHX il>YHRll,HM. ITo,a;o6uhle M0-
T0Ahl rrpoAOJilReHllH il>YHRIJ,HH o6blqHO HBJIHIOTCH JIHHeH
Hh!Mll. Cyrn;ecTByIOT 11 Apyr11e MeTOAhI npOAOJIIBeHHH iJ>yHK-
11,11ii:, Hanp., OCHOBaHHhle Ha pa3JIOIBeHHll iJ>yHRIJ,HM B PHAhl 
c IIOCJI0AyIOill,HM IIPOAOJIIBeHHeM Kail\AOro qJieHa PHAa. 
8TOT MeTOA, aoo6m;e roaopH, He JIHHeMHbIH. l1MeIOTCH 
CJiyqan' I\OrAa aaBeAOMO He cyirr;ecTByeT JIHHeiiHoro MeTOAa 
Ilp0A0.7Iil\0HHH ( 13). 

Jlum.: [1] x a y c )'.( 0 p ljJ <I>.' Teop1rn MHO)l{CCTB, nep, c HeM., 
M.- JI., 1937; [2] Ro JIM or op o B A. H., <1> o M 11 II C. B., 
3JJeMeIITbl TeopHH lj!ymn-111tt H ljJymn-1110HaJ1bHOrO aHaJJH38' 5 H3)'.(.' 
M., 1981; [3] Hes ten es M. R., Extension of the range of 
differentiable function, «Duke Math. J.», 19H, v. 8, p. 183-92; 
[4] Whitney H., «Trans. Amer. Math. Soc.», 1931,, v. 36, 
p. 63-89; 1936, v. i.o, p. 309-17; [5] Levi E. E., «Mem. Soc. 
It. dei XL», 1909, v. 16, p. 3-112; [6] Giraud G., «Ann. Ee. 
norm. sup.», 1929, t. 1,6, p. 131-21,5; [7] er o m c, TaM me, 
1932, t. i.9, p. 1-10i., 21,5-308; [8] Ge v re y M., «Ann. :t1lc. 
norm. sup.», 1935, t. 52, p. 39-108; [9] H 11 11 o JJ b c R 11 tt 
c. M.' IIpnOJJH)l{eHlrn ljJyHm-111tt MHOrHX nepeMeHHblX H TeopeMbl 
BJJomeHnJI, 2 nan., M., 1977; [10] Be co e 0. B., ll JJ b 11 H 
B. II., H n 11 o JJ b c 11 n tt C. M., llHTerpaJJhHb1e npencrneJJe
HllJI ljJyHm-1ntt H TeopeMbl BJJO)l{eHHJI, M., 1975; [11] Ry)'.( p JIB
l\ e B JI. ,n:., «Tp. MaTCM. HH-Ta AH CCCP», 1959, T. 55; [12] 

y c n c H c H H" c. B., «CHU, MaTeM. lR.>>, 1966, T. 7, No 1, 
C. 192-99; .NV 2, C. 1,09-18; [13] By p C II H 0 B B. ll., 
r o J1 b ll Ma II M. Jl., «Tp. MaTeM. 11I1-Ta AH CCCP», 1979, 
T. 150, c. 31-51. JI. ,ll,. Hy8pMW6. 

IIPO)J;OJUKEHHH TEOPEMbl B a II a JI n T n q e-
c R 0 :ii r e 0 M e T p H H - yTBepmp;eHHH 0 rrpop;oJilRO
HHH iJ>yHKll,HM, ceqean:ii aHaJIHTHq. nyqKoB, aHaJIHTJaq. 
rryqKoB, aHaJIHTHq. lIOJ:(MHOlReCTB, roJioMopiltHhIX H Mepo
MopiJ>HhIX 0To6pamea11i1 c ,a;orroJIJieHHH X"-A B aaaJIHTliq. 
rrpocTpaHCTBe X K IlOAMHomeCTBY A (Kai\ rrpaanJio, Tome 
anaJinTnqecRoMy) Ha ace rrpocTpancTBO X. RJiacc11q. pe
ayJihTaTaM11 0 IlPOA0.7Iil\0HHH iJ>yHKJ~HH HBJIHIOTCH p;Be Teo
peMhl PnMaHa. 

IT e p B a H T e 0 p e M a p H M a H a YTBepmAaeT' 
'ITO BCHKaH aHaJillTHq. il>YHRll,llH Ha X"'A' rp;e x - HOp
M3.7IbJIOe ROMrrJieKcaoe rrpocTpaHCTBo, a A ero aHaJ1HT11q, 
I!Oll;MHOIBecTBO KopaaMepIIOCTll ~2. npOAOJiil\aeTCH AO 
aHaJillTHq. iJ>yHRll,IIII Ila BCeM x. B T 0 p a H T e 0 p e M a 
p n Ma Ha yTBepmAaeT, qTo BCHRaH aHaJI11T11q. iJ>yHKll,llH 
f Ha X"'-A, rAe A H11rp;e ue IIJIOTHoe auaJI11THq. noAMHome
CTBO HOpMaJibHOro KOMIJJieKCHoro rrpOCTpaHCTBa x' JIOKaJih
HO orpauuqeuua.H Ha x, IIPOAOJIIBaeTCH AO aHaJIHTHq. iJ>yuR-
11,Hll Ha aceM X. CyI11,eCTBy10T 0606m;eH11H n11x TeopeM ua 
IIp0113BOJihHhle KOMIIJieKCHble rrpocTpaHCTBa x' a TaKme 
Ha ceqeHHH RorepeHTHhIX aHaJIHTllq. rryqKoB (CM. JI OKa.!tb
nwe 1weo.11toJ1.oeuu). 

BamHe:iim11M11 peayJihTaTaMII o rrpoAoJimeII11Hx aHaJI11-
T11qecKHx no,a;MHo;KeCTB HBJIHIOTCH TeopeMa PeMMepTa -
ll!Teii.Ha - III11.PMaHa H TeopeMa E11mona. T e o p e M a 
P e M M e p T a - III T e :i1: H a - III 11 ip M a H a yTBep
mp;aeT, qTO BCHKOe qMCTO p-MepHoe ROMilJieKCHOe aHaJIHTHq. 
IIOAMHOil\eCTBO B X"'A' rp;e x - KOMilJieKCHOe a1IaJI11T11q. 
MHoroo6paime, a A ero 3aMKHyToe IIOAMIIOil\eCTBO, HMeIO
Ill,ee IIyJieay10 (2p-1)-MepHy10 Mepy XaycAopiJ>a, rrpo
,a;oJimaeTCH AO 'IHCTO p-MepHoro ROMlIJieKCHoro aJiaJillTllq, 
no,a;MHomecTBa BO BCeM X. T e o p e M a E 11 rn o rr a 
yTBepJRp;aeT, 'ITO BCllKOe qncTO p-MepHoe KOMilJieKCHOe aHa
JlllTHq. IIOAMHQ;K0CTBO v B X"'A' rAe x - ROMIIJieRCHOe 
aHaJIHTH'I. MIIoroo6paau:e, a A - ero .KoMnJieKcuoe aHaJIH
TM'I. IIOAMHOil\eCTBO, IIPOAOJIIBaeTCH AO qHCTO p-MepHoro 

ROMilJI0KCHO aHaJIHT11q. IIOAMHOJReCTBa v BO BCeM x' 
eCJIH v 11MeeT .7101\aJibHO ROHeqHhlll o6'beM B HeK-poii. OKpecT
HOCTll U MHOIB0CTBa A B X. 

l1MeIOTCH KpHTepHll rrpOAOJIJl\aeMOCTll aIIaJillTHq. OT06-
pameHllH, 0606irr;a10111,11e KJiaccHq. 11 ui;apa meope.11ty. Harrp., 
BCHKOe aJiaJIIITHq. OT06pameH11e X"'-A-+Y, rAe x -KOMII
JieKCHoe MHoroo6paa11e, A - ero aHaJIHT11qecKoe H11r,a;e He 
JIJIOTHOe IIOAMHOIBeCTBO, a y - r11rrep60JI11qeCKOe ROM
naKTHOe ROMlIJieKCHOe MHOroo6paa11e, MOil\JIO IIPOA0.71-
)f{Jl'Tb AO aaaJIHTHq. oT06pameHHH X-+Y. BcHKoe He BCIOAY 
BbipOiRAeHHoe aHaJIHTH'I. 0To6pamea11e X"'-A-+Y, rAe 
X -KoMnJieRcHoe MHoroo6paane, A - ero auaJIHTHq. IIOA
MuomecTBO, y - KOMrraKTHOe KOMilJieKCHOe MHOroo6paane 
c OTp11rr;aTe.7IbHblM nepBbIM KJiaccOM qIB8HH, MOlRHO rrpo
AOJiil\HTb AO MepoMopiJ>Horo oT06pameH11H X-+Y. 

Jlum.: [1] r p 11 ljJ ljJ HTC <1>., I\ 11 Hr .!l )!{., Teop111I HeBaH
JlHHHbl 11 roJJOMopljJHbJe oTo6parncmrn aJJre6panqecm1x MHoroo6-
paaMn, nep. c ailrJI., M., 1976; [2] Ro 6 a JI c n Ill., «MaTeMa
THHa», 1973, T. 17, B. 1, c. 47-96; [3] x a p B H P., roJJOMOpljJ
Hhle uenn n nx rpaHHUhl, nep. c aHrJJ., M., 1979. 

/J.. A. llo1w.MapeB. 
IIPOJJ;YKTIIBHOE MHOJKECTBO - MHomecTBO Ha

TypaJihHhIX q11ceJI A, p;JIH K-poro cyirr;ecTByeT TaKaH qac
TliqHo peKypcHBHaH iJ>yH.Kll,HH cp, qTO cp (x) EA - W x p;JIP. 

BCHRoro peKypc11BHO rrepeqnCJillMOro MHOlReCTBa w x c 
reAeJJeBbIM HOMepoM x, co)J;epmaI11,erocH B A. HaaecTHO, 
'ITO ,D;JIH BCHKoro IT. M. A cyu~ecTByeT TaRaH 06rn;epeKyp
c11BHaH <f>y1rnqHH 'ljJ, qTo yme AJIH KalRAOro x B 33BllCllMOCTH 
OT B3aHMHOro pacrroJiomeHllH MHOlReCTB A II w x liMeeT 
MeCTO JI1160 'ljJ (x) EA - Wx, JI1160 'ljJ (x) E Wx-A. TaKm1 
o6paaoM, IT. M. «aiJ>.PeKTHBHo» oTJIHqaeTcH OT JI106oro pe
KypcHBHO nepe'!llCJIHMOro MHOmeCTBa. c Apyro:i1: CTOpOHhl' 
BCHKOe IT. M. COAep1RH1' 6ecKOHe'lHOe peKypCHBHO rrepe
'lHCJlllMOe ITOA~rnomecTBo, B c11Jiy qero IT. M. npoTHBono-
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CTaBJUIIOTCH UJH,JH,YHHbl.llt Jlt,HOJtCecmeaM, XOTH l!MMyHHbl
MII H IIPOAYKTHBHblMH MHomecTBaMH IIe ncqepIIbIBaeTCH co
BOKyIIHOCTb MHOIBeCTB, He HBJIHIOlU.IIXCH peKypC!IBHO rre
peqHCJIHMblMH. II pOAYKTHBHhIMH OKa3bIBaIOTCH MHOfHe 
MHomecTBa, Hrparo1u;ne BamHyIO pOJlb B peKypcnBHO:ii TeO
pnH ~momecTB (HaIIp., MHomecTBO BCeX reAeJleBblX HOMepoB 
ofou;epeKypCHBHblX lfiyHKl_\Illl B HeK-pO:ii reAeJleBOH HyMe
paIJ;HH scex qacTnq1Io peKypcHBHblX lfiyHKu;nil:) n B ee rrpn
JlomeHHHX (B qacTHOCTH, MHomeCTBa scex HOMepoB HCTHH
HblX li JIOmliblX lfiopMyJI :meMe1ITapHOH apnlfJMeTHKH rrpH 
ecTeCTB0HIIOH 1IyMepau;nn scex ee lfiopMyJI). PeKypcnBHO 
rrepeqncJIHMble MIIOmeCTBa, AOIIOJIHeHHe K-pblX (AO HaTy
paJlblIOfO PHAa) HBJIHeTCH rrpOAYKTHBHbIM, Ha3 K p e
a T n B H bl M u; OIIH o6pa3yIOT BamHblH KJlacc peKypcuB
IIO rrepe'IHCJIHMblX MHomeCTB. 

JI um [ 1] P o 11 m e p c X., Teopm1 pe1<ypcnBHhlx ljJyHKL1nf1 
n aljJljJeKTHBHa11 Bhl'IHCJIHMOCTb, nep. c aHrJJ., M., t972. 

B. A. J.iywcnuu. 
IIPOERTHBHAH AJirEBP A s y 3 K o M c M bl c J1 e -

aJ1re6pa TO'leK Ha rrpoeKTHBHOH rrpHMOii:; rrpoeKTHBHO
HHBapnaHTHble KOHCTpyKu;nn AllH orrpeAeJ10HHH CJIOmeHHH 
n yMHOmeHHH ToqeK rrpoeKTHBHOlI rrpHMOH l, pacIIOJIOmeH
IIOH B H0K-poil: npoeKTHBHOH IIJIOCIWCTH :re, AJIH K-poll: Bbl
IIOJIHHeTCH /{ eaapw npea.l!OJ/ceHUe. 8Tn KOHCTpyKu;nH 3a

p 
BHCHT OT Bbl6opa Ha 
l Tpex pa3JIHqHblX 
ToqeK 0, E, U. 

K 0 II c T p y K

l~ n H I orrpeAeJIHeT 
AJIH JII06blx ABYX 
ToqeJ> A n B, OTJIH'I· 
HblX OT U, TpeTbIO 

'.!"'--~----------,~---'==-- TO'IKY A+ B, TaKme 
0 u OTJlnqHyIO OT u n 

Pnc. 1. Ha3blBaeMyIO c y M
M O ll ToqeK A 

Iii B. ~JIH ::noro B rrJ1oc1wcTn :re rrpoBOAHTCH Tpn rrpHMbre a, 
b n u, OTJIHqHble OT l, 1Ie rrpoXOARll{He qepe3 OAHY ToqKy n 
rrpoXOAHll{He COOTBeTCTBeHHO qepe3 ToqKn A, B n U. 
IIyCTb p - TOqKa nepeceqelIHH rrpHMblX u H a, Q - TOqKa 
rrepeceqeHnH rrpHMblX u n b, R - TOqKa rrepeceqemrn rrpH
MblX OQ JI a, S - TOqKa nepeceqemrn rrpHMblX b n UR. 
TorAa rrpmrnH PS rrepeceKaeT rrpm1yro l B orrpeAeJ1e1rnoii 
TO'!Ke T= A+ B ( o6iu;nii cJ1yqaii - Ha pnc. 1). 0Ka3blBaeT
CH, TaK IIOCTpOeHHaH TO'!Ka 3aBHCHT Jll!illb OT A, B, 0, u 
II He 3aBHCHT OT Bb16opa rrpHMblX H TOqKH E. 

K o II c T p y K u; n H II orrpeAemieT AJIH mo6blx ABYX 
TO'leK A H B, OTJlnqHblX OT U, TpeTbIO TOqKy A . B, TaKme 

OTJIHqrryro OT u' Ha3blBaeMyro II p 0 H 3 B e A e II n e M 
T o q e K A n B. ~JIH noro B IIJIOCKOCTn rrpoBOAHTCH Tpn 
rrpHMble a, b, u, rrpOXOAHtu;He COOTBeTCTBelIHO qepe3 TOqKn 
A, B H U, OTJIH'llible OT l n 1Ie rrpoxOAHll{ne qepe3 OAIIY Toq
Ky. IIyCTb p - TOqKa rrepeceqeHHH rrpHMblX u H a, Q -
TO'!Ka nepece'!eHnH rrpHMblX u n b, R - TOqKa rrepeceqe1InH 
rrpHMh!X EQ u a, S - TOqKa rrepeceqerrnH rrpHMbIX OR 

0 

n b. TorAa rrpHMaH 
PS rrepeceKaeT rrpH
Myro l B orrpeAeJ1eH-
1Ioi'1 TOqKe T=A ·B 
( o6m:nil: cJ1yqa:ii -
Ha pnc. 2). 0Ka3hI
saeTcH, TaK IIOCTpO· 
eHHaH TO'IKa 3aBH
CHT JIHII1b OT A , B, 
0, E, U, HO He 3a
BHCHT OT Bb16opa 
IIpHMblX a, b n u. 

0THOCHT e JI b H 0 
PHC. 2 . 3TIIX orrepau;Hii: CJIO. 

meHnH n y~rnome

Hna TO'IKII rrpHMOH l (0Tmi:q1Ibl0 OT U) 06pa3yro-r T0JIO K (0, 
E, U). IT0Me1IHB pOJIHMn A n BB KOHCTpyKu;un II, noJ1y
'laIOT HIIBepcao H30Moplfiaoe TeJ10 K*(O, E, U). EcJ1n O', 

E', U' - J1I06aH ApyraH yrropHAO'leHHaH Tpoil:Ka TO'leK Ha 
rrpmwii: l H3 TOH me IlJIOCKOCTH :re, TO COOTBeTcTByrom:ee TeJJO 
K'(O', E', U') l!30MoplfJHo K(O, E, U) BCJleACTBne Toro, 
qTO MemAy rrpR:MblMH l n l' cyiu;ecTByeT rrpoeKTHBHOe COOT
BeTCTBne; II03TOMY JII06oe TeJIO K, H30MoplfiHoe HM, Ha3. 
rrpocTo TeJIOM AaHHoii rrpoeKTHBHo:ii rrJ1ocKocTn (HJIH µ;ame 
Aa1I1Iof1 rrpoeKTnBuo:ii remieTpnn); rosop.HT TaKme, qTO 
HMeeT MeCTO Il p 0 e K T n B II a H r e 0 M e T p n H H a A 
T e JI o M K. B o6m:nx cJ1yqaHx KOIICTpyKu;nll: I H II lfinry
pHpyroT qeTbipe Jlemam:ne B OAHO:ii IlJIOCKOCTH TO'IKH p, Q' 
R, s, HHKaKne TPH H3 K-pb!X He KOJIJIHHeaplibI; OIIH o6pa-
3yIOT T. H. (rroJIHblH) q e T bl p e x B e p Ill n II H H K c 
TpeMH rrapaMH rrpoTnBorroJ1om1IhlX CTopoH PQ, RS; PS, 
QR ; PR, Q S. ToqKn rrepeceqelinH Z, X, Y 3Tnx nap npoTn
eorroJ1om1IhlX cTopoH Ha3brnaeTCH A n a r o H a JI h
H bl M n T 0 q K a M II, a rrpHMble, coeAHIIHIOtu;He AHaro
HaJlbHbie TOqKu,- An a r o Ha JI HM n. Crreu;naJ1b1IblH 
CJlyqall:, He IlOKa0aHHbll! Ha pncyHKe, COOTBeTCTByeT TOI! 
cnTyau;nn, KOrAa X, Y, Z KOJ1J1n1Ieap1IbI (cM. <!>auo no
cmy.l!am). 

A1IaJ10fH'11Ible IIOCTpOeHnH rrpOBOAHTCH n B rryqKe npH
MblX, rrpOXOAHll{HX qepe3 OAHY TOqKy c HCil0Jlb30Ba1IneM 
(rromwro) q e T bl p e x c T o p o H II H K a - lfinrypbl, 
ABOHCTBeHHO:ii qeTblpexsepII1HHHHKY, n rrpnBOAHT K TeJly 
K*, HIIBepcHo n30Moplfi1Im1y K. 

CsofrcTBa rrpoeKTHBIIOii: rrpHMOii l KaK aJ1re6panq. cnc
TeMbl onpeAeJIHIOTCH reoMeTpH'leCKHMH (rrpoeKTHBIIO-HII
BapnalITIIbIMH) CBOHCTBaMH rrpoeKTHBIIOH IIJIOCKOCTH, B 
K-po:ii oHa pacrroJ1omeHa. TaK, Harrp., KOMMyTaTHBHOCTb K 
3KBHBaJlelITIIa BblllOJIHeHHIO II anna UKCU0.11tbi; TO, qTo xa -
paKTepncTnKa K IIe paBHa 2, 3KBnBaJleHTIIO rrocTyJlaTy ((la
Ho; rrpH OTCYTCTBHH aBTOMoplfin3MOB y TeJla K, OTJIHqHblX 
OT B1IyTpe1I1IHX, J1106oe npon;muenoe npeo6paaoeanue ecTb 

K0.1!.l!UnealfuR, n T. A· 
c IIOMOll{blO TeJla K Ha rrpHMO:ii, a 3aTeM H B rrpoeKTHBHOM 

npocTpaHCTBe, ee COAepmaru;eM, BBOAHTCH npoe1rmue1t1>1e 
h'OOpiJunamb!, OIIHCblBaIOll_\He aJ1re6panq. MOAeJlh rrpoeKTHB
HOfO rrpocTpaHCTBa, TaK 'ITO COAepmaHne rrpoeKTHBHOil: reo
MeTpnn no cyll{eCTBY orrpeAeJIHeTCH CBOHCTBaMH Toro TeJla 
K, HaA K-pb!M OHa IIOCTpoeHa. 

B II1Hp0KOM CMbICJle IT. a. HCCJleAyeT COBOKyIIHOCTb IlOA
rrpOCTpaHCTB rrpoeKTHBHOfO rrpocTpalICTBa, HBJIHIOll{yIOCH 
aeiJe,,;unaoeoii peutemKOU C /J;OllOJIHelIHHMH; rrpH 3TOM KOHe'l
IIOMeplIOCTH rrpocTpaHCTBa He Tpe6yeTCH, HO HaKJla/J;b!BaIOT
CH YCJIOBHH IlOJllIOTbl, cyru;eCTBOBalIHH OAHOpOAHOro 6a3nca 
HT. p;., 6J1arop;apH qeMy ycTaHaBJlnsaroTCH pa31Ioo6pa3Hble 
CBH3n c Teopnen rrpocThlX n peryJ1Hp1IbIX KOJ1eu;, Teopu:ii 
orrepaTop1IbIX a6eJ1eBblX rpynrr HAP· pa3p;eJ1aMH aJ1re6pb1. 

Jlum.: [1] X o 11 m B., II n 11 o )l., MeTOllhl anreopaHqecKoi1 
reoMeTpHH, nep. c aHrJJ., T. 1, M., 1954; [2] A p T n H 8., reo
MeTpHqecKa11 anreopa, nep. c aHrJJ., M., 1969. 

M. H. Boii.~xoocnuii.. 
IIPOEKTIIBHAH rEOMETPHH - pa3AeJI reoMeTpHH, 

n3y'laroiu;nii: cno:iicTBa lfinryp, 1Ie MelIHIOll{HecH rrpn npoe1r
mue1tbix npeo6paaoeanuax, Harrp rrpn rrpoeKTnpoBalIJillI. 
TaKne CBOHCTBa 1Ia3. II p 0 e KT H B II bl M n; K IIHM OTHO
CHTCH, Harrp., rrpHMOJIHIIeHHOe pacrroJ1ome1Ine TOqeK 
(K 0 JI JI n He a pH 0 c Tb), IlOPHAOK aJ1re6paHq. Kpn

BOH JI T. A· 
IT pn rrpoeKTHpOBalIHH TO'leK OAHOH IIJIOCKOCTH Il IIa 

Apyryro IlJIOCKOCTh IT' He Kamp;aH TOqKa IT' HMeeT rrpoo6-
pa3 B IT Jil He Kamp;a.11 TOqKa H3 Il HMeeT o6pa3 B II'. 8TO 
o6cTOHTeJlbCTBO rrpnBeJlo K Heo6xop;HMOCTH AOIIOJ11IeHHH 
eBKJlIIAOBa rrpOCTpalICTBa T. H. 6eCKOH,e'lHO yaa.l!eltltb!Jll,U 
3.l!e.11te1tma.11tu (H e c o 6 c T B e H II bl M n T o q K a M n, 
Il p H M bl M n II Il JI 0 c K 0 c T b ro) n K o6pa30BaH.Hro 
HOBoro reoMeTpH'I. o6'heKTa - TpexMepHoro npoe1rmue1to
ao npocmpaHcmea. ITpn 3TOM Kamp;aH npHMaH p;orroJ11IHeTCH 
Oll;IIOH Heco6cTBe1I1IO:ii TO'IKOH, KamAaH IIJIOCKOCTb - OA
HOH Heco6cTse1I1IOH np.11Moii:, Bee rrpocTpalICTBO - OAIIOH 
Heco6cTBelI1IOH IlJIOCKOCTbIO. ITapaJ1J1eJ1b1Ible npHMble p;o
IIOJIHHIOTCH O)J;IIOH n TOH me 1Ieco6CTBe1I1IOii: TOqKOH, Re
na paJ1J1eJ1b1Ible - pa3HblMII, na paJ1J1eJ1b1Ible IlJIOCKOCTH 
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AOIIOJIHHIOTCH O)l;HOH H TOH me HecoffoTBeHHOii rrpHMOH, He
rrapaJIJieJibHhle - pa3HhlMH. Heco6cTBeHHhle ToqK11, KoTo
pblMH AOIIOJIHHeTCH IIJIOCKOCTb, rrpHHa;QJiemaT Heco6CTBeH
HOH npHMoii, norroJIHHIOm:eii TY me rrJioCKOCTh. Bee Heco6-
CTBeHHble TOqKJ,'( Ii! Heco6CTBeHHble rrpHMble rrpHHa;QJiemaT 
Heco6CTBeHHOii IIJIOCKOCTH. )J,orroJIHeHHe eBKJIH)l;OBa rrpoCT
paHCTBa AO rrpoeKTHBHOro rrpOCTpaHCTBa IIpHBOAHT K TO My, 
qTo rrpoeKTHpOBaHHe CTaHOBHTCH B3aHMHO O)l;H03HaqHblM. 
AHaJiorn:qHaH rrpou,e)l;ypa rrpHMeHHMa H AJIH n-MepHoro rrpo
CTpaHCTBa. 

Cym:ecTByIOT paaJin:qHble crroco6Lr aKCHOMaTHq. rrocTpoe
HHH rrpoeKTHBHoro rrpocTpaHCTBa. HaH6oJiee pacrrpoCTpa
HeHHbIM JlBJIHeTCJl BHAOH3MeHeHHe CHCTeMbl aKCHOM, rrpen
JIOmeHHOii B 1899 )J,. fHJih6epToM (D. Hilbert) AJIH 060-
CHoBaHHH aJieMeHTapHoii reoMeTpHH (CM. I'u.1tb6epma cucme
Ma a/'iCUOM). IIpoeKTHBHOe IIpOCTpaHCTBO paccMaTpn:BaeTCH 
KaK COBOKyIIHOCTb <JJieMeHTOB Tpex po;noB: ToqeK, IIpHMblX 
H IIJIOCKOCTeii, Mem)l;y K-pblMH ycTaHOBJieHO OCHOBHOe AJIH 
II. r. OTHOIIIeHHe HHIJ;HAeHTHOCTH, xapaKTepn:ayIOm:eeCH 
Ha;QJiemarri;n:MH aKCHOMaMn:. 0HH OTJin:qaIOTCH OT COOTBeTCT
ByIOrri;eii rpyrrrrbl aKcnoM aJieMeHTapHoii reoMeTpn:n TeM, qTO 
Tpe6yIOT, qTo6bI Kam)l;ble )!;Be rrpHMhle, Jiemam:ne B OAHOH 
IIJIOCKOCTH, HMeJIH o6m:yIO TOqKy, H HR Kail\AOH rrpHMOii 
HMeJIOCh, no Kpaii:Heii Mepe, TPH pa3JIHqHble TOqKH. B KOH
KpeTHblX cJiyqaHx ;QJIH rroJiyqeHnH 6oJiee «6oraTOii» II. r. 
9Ta COBOKYIIHOCTb aKCHOM AOIIOJIHHeTCH aKCHOMaMH IIO
pH;QKa H HerrpephIBHOCTH (AJIH ;neiiCTBHTeJihHOro rrpoeKTHB -
HOfO rrpoCTpaHCTBa), llanna a/'iCUOMOU (AJIH II. r. HaA KOM
MyTaTHBHblM TeJIOM), <Pano nocmy.1tamoM (AJIH II. r. HaA Te
JIOM, xapaKTepHCTHKa K-poro ;t:2) H T. A· 

3aMeqaTeJibHhlM rroJiomeHn:eM II. r. HBJIHeTCH &eoucmeen
nocmu npUHlfUn. foBOpHT, qTO TOqKa Ii! IIpHMaH (TO'IKa H 
IIJIOCKOCTb, rrpHMaH H IIJIOCKOCTb) H H u; Ii! A e H T H bl, ec
JIH TO'IKa Jiemn:T Ha rrpHMOH (HJIH rrpHMaH IIpOXO,ll;HT qepe3 
TOqKy) H T. ,a;. Tor,a;a ecJin: BepHo HeK-poe rrpe,a;JiomeHn:e A 
0 TOqKax, IIpHMblX H IIJIOCKOCTHX rrpoeKTHBHOfO rrpOCT
paHCTBa, c~opMyJIHpOBaHHOe TOJlbKO B TepMHHaX HHU,H
,a;eHTHOCTH Mem;ny HHMH, TO 6y,a;eT BepHO H ABOiiCTBeHHOe 
npe,a;JiomeHne &3, K-poe rroJiyqaeTCH H3 A aaMeHoii CJIOBa 
((TOqKa» Ha CJIOBO ((IJJIOCKOCTh», CJIOBa ((IIJIOCKOCTb» Ha CJIOBO 
«ToqKa» H c coxpaHeHneM CJioBa «IIpHMaH». 

BamHyIO poJib B II. r. HrpaeT l{eaapea npe&.1toJ1Cenue, 
BblilOJIHeHHe K-poro Heo6xo,a;n:Mo H ,a;ocTaTOqHo ,D;JIH BBe,a;e
HHH npoeKTHBHblMH cpe;a;CTBaMn: CMCTeMbl npOe/'imU6llblX 
/'iOOp&unam, COCTaBJieHHblX H3 aJieMeHTOB HeK-poro TeJia K, 
eCTeCTB!'HHblM o6pa30M CBH3aHHOfO c TOqKaMH npoeKTHB
HOH rrpHMoii: (CM. llpoeKmuenaa a.1tee6pa). 

0CHOBbI II. r. 6blJIH aaJiomeHbI B 17 B. II\. ,IJ;eaaproM 
(G. Desargues) (B CBH3H c pa3BHTHeM HM yqeHHH 0 rrepc
neKTHBe) n B. IIacKaJieM (B. Pascal) (B CBH3M c HayqeHn:eM 
HM HeK-pbIX CBOHCTB KOHH'I. ceqeHHii). BoJibIIIOe 3HaqeHHe 
,D;JIH IIOCJie,a;yIOm:ero pa3BHTHH II. r. HMeJIH pa6oTbl r. MoH
ma (G. Monge, 2-H rroJI. 18 - naq. 19 BB.). RaK caMoCTOH
TeJihHaH ,a;Hcu,n:rrJinHa II. r. 6MJia naJiomeHa II\. IloHceJie 
(J. Poncelet, Haq. 19 B.). 3acJiyra II\. IIoHCeJie 3aKJIIOqa
JiaCh B BbI,D;eJleHn:H rrpoeKTHBHbIX CBOHCTB ~nryp B OT,D;eJib
Hblii KJlaCC Ii! yCTaHOBJieHHH COOTBeTCTBHii Mem,a;y MeTpn:
qeCKHMH H rrpoeKTHBHblMn: cBoiicTBaMH 9THX ~nryp. R aTo
My me rrepHO,D;y OTHOCHTCH pa60Tbl II\. BpnaHIIIOHa (J. Bri
anchon). )J,aJibHeii:rrree paaBn:THe II. r. rroJiy11nJia B Tpy,a;ax 
H. lliTeiiHepa (J. Steiner) HM. lliaJIH (M. Chasles). BoJib
rnyIO poJib B pa3BHTHH II. r. CblrpaJIH pa6oTbl R. lliTay,a;Ta 
(Ch. Staudt), B K-pblX 6blJIH HaMeqeHbl TaKme KOHTypbl aK
CHOMaTn:q. IIOCTpOeHHH II. r. Bee 9TH reoMeTpbI CTpeMn
JIHCb ,a;oKa3bIBaTb TeopeMbl II. r. CHHTeTn'I. MeTO,D;OM, IIOJIO
mn:B B OCHOBy H3JIOmeHHH rrpoeKTHBHble CBOHCTBa !fmryp. 
AHRJIHTHq. HarrpaBJieun:e B II. r. 6blJio uaMeqeuo pa6oTaMn 
A. Me6Hyca (A. Mobius). BJIHHun:e ua paaBn:THe II. r. 
oKaaaJin pa60Tbl H. H. Jio6aqeBCKoro no coa,a;aun:IO ueeB
KJin,a;oaoii: reoMeTpnn, no3BOJIHBIIIne B ,a;aJibrreiiIIIeM A . .Ka
JIH (A. Cayley) n: Cl>. RJiei'rny (F. Klein) paccMoTpeTb paa
Jlll11Hble reoMeTpH'I. cncTeMr.r c TO'IKH 3peH1rn II. r. PaaBu-

Tne aHaJin:Tnq. MeTo,a;oB o6r.rqHoii II. r. n 11ocTpoeH11e Ha 
aToii: 6aae KoMrrJieKcuoii II. r. (8. lliTYAH, E. Study, 8. Rap
TaH, E. Cartan) 11ocTaBHJIH aa,a;aqy o aaBHCHMOCTH Tex HJIH 
HHblX 11poeKTHBHhIX CBOHCTB OT Toro TeJia, Ha,a; KOTOphI!lf 
IIOCTpoeHa reoMeTpHH. B perrreHHH 3TOfO BOrrpoca 6oJib
mnx ycrrexoB ,a;o6n:JIHCb A. H. RoJIMoropoB n: JI. C. IIoH
TpHrHH. 

Jlum.: [1] r JI a r o JI e B H. A., IIpoei;mBHaH reoMeTpHH, 
2 H311., M.-JI., 1963; [2] rn:JlbOepT ,r:i:., ROH-Cl>GC
c e H C., HarJ1HllHaH reoMeTPHH, rrep. c HeM., 3 11a11., M., 1981; 
[3] R o i; c T e p X. C. M., ,QelicTBHTeJlhHaH rrpoei;THBHaH IIJIOC
HOCTb, rrep. c aHrJI., M., 1959; [4] r H Jl[b 6 e p T .r:i: ' OCHOBaHHf! 
reoMeTpHH, rrep. c HeM., M.- JI., 1948; 5] x a p Tc x 0 pH P. 
OcHOBhI rrpoeRTHBHoli reoMeTp1m, rrep. c aHrJI , M., 1970, [6j 
E <PH M 0 B H. B., BbICIDaf! reOMeTpHH, 6 H311., M., 1978; [7] 
A JI e i; c a H 11 p o B II. C., Jlem~HH no aHaJIHTH'IeCROli reoMeT
PHH ... , M., 1968; [8] E !fl HM 0 B H.B., P 0 3 e H 110 pH 
8. P., JI11nettHaf! aJ1reopa H MHoroMepHaH reoMeTpHH, M., 1970; 
[9] A p TH H 8., reoMeTpH'leCHaf! ameopa, rrep. c aHrJI., M., 
1959; [10] Ve b I en 0., Young J. W., Projective geometry, 
v. 1-2, Boston-N.Y., 1910-18; [11] BI as ch k e W., Pro
jektive Geometrie, 3 Aufl., Basel, 1954. M. H. Bouwxoecnuu. 

llPOEKTIIBHAH f PYIIllA o T n rr e p e M e H H r.r x 
H a ,a; T e JI o M K - rpyrrna PGLn (K) rrpeo6paa0Bau11ii 
(n-1)-MepHoro rrpoeKTHBHOfO rrpOCTpaHCTBa p n-1 (K), 
HH,D;yu,n:poBaHHI:·IX H0Bblpom,a;eHHhIMH JIHH0llHhlMH rrpeo6-
pa30BaHHHMH rrpocTpaHCTBa Kn. IlMeeTCH ecTeCTBeHHhlH 
3IIHM0p~H3M 

P: GLn (K) ->- PGLn (K), 

H,D;poM K-poro cJiymnT rpyrrrra roMOTeTHH rrpocTpaHCTBa 
Kn, naoMop~HaH MyJibTHIIJIHKaTHBHoii rpyrrrre Z* u,eHTpa 
Z TeJia K. 8JieMeHThI rpyrrrrbl PGLn(K), Ha3. rr p o e K
T H B H bl M H II p e 0 6 p a 3 0 B a H H H M n:, HBJIHIOTC.ff 
KOJIJin:Heau,nHMH rrpocTpaHCTBa Pn-l (K). HapH,a;y c rpyrr
IIoii: PGLn (K), Ha3. TaKme n o JI H o ii rr p o e K T H B
H 0 ii r p y II II 0 ii, paccMaTpnBaIOT y H H M 0 A y JI .ff p
H y IO II p 0 e KT H B Hy IO r p y II II y PSLn (K) II 
aoo6rri;e rpyrrrrhl mi:,a;a P (G), r,a;e G - HeK-pa.a JIHHeii:Ha.a 
rpyrrrra. 

II pH n~2 rpyIIrra PSLn (K) rrpocTa, aa HCKJII011eHHe!lf 
,a;ayx cJiyqaeB, Kor,a;a n=2 n: IKl=2 HJIH 3. EcJin: K - Ko
HeqHoe IIOJie H3 q 3JieMeHTOB, TO 

I PSLn (K) I= (q-1, n)-1 qn (n-1)/2 (qn-1) X 

X(qn-l_f) ... (q2-1). 
Jlum.: [1] .r:i: be II 0 H He JR., reoMeTpHH RJlaCCH'IeCHHX 

rpynrr, rrep. c <jlpaH11., M., 1974. a. B. Bun6epe. 
llPOEKTHBHAH ,!1;Hfl>fl>EPEHqU:AJihHAH fEO-

METPHH - paa,a;eJI reoMeTpnn, HayqaIOrri;HiI ,D;H~~epeH
u;n:aJihHo-reoMeTpHqecKn:e CBOiiCTBa KpHBblX H IIOBepx
HOCTeii, coxpaH.HIOIIJ;MXC.a rrpn IIpoeKTHBHblX npeo6pa3oBa
HHHx. TaKOBhI, Harrp., IIOHHTH.ff aCHMIITOTH'I. HaIIpaBJie
HHH HJIH, 6oJiee o6rri;o, conpaJ1Ce11,11,1J1,x nanpa6.!tenuu, conpu-
1>aca10u+euca Yiea&pui>u (B 11aCTHOCTH, KBa,a;pHKH JIH, rry11Ka 
KBa,a;p1rn )J,ap6y H T. rr.), npoei>muenou nopMaau n T. ,a;. 
BamHyIO poJib B II. ,a;. r. 11rpaeT &eoucmeennocmu npun
lfUn, TaK, Harrp., IIOBepXHOCTb B IIpoeKTHBHOM IIpOCTpau
CTBe MomeT paCCMaTpHBaTbC.ff H KaK ,D;ByXIIRp8.M0TpH'l. 
ceMeii:CTBO To11eK, H KaK orH6aIOrri;aH ,a;ayxIIapaMeTpHq. 
ceMeiicTBa rrJiocKoCTeli. Paapa6oTaHHhIMH paa;neJIRMH 
II. ,a;. r. HBJI.HIOTCH (IIpoeKTHBHaH) TeopHH IIpHMOJIHHeiiHblX 
i>onepyanlfuu, aorrpocbl npoerimuenoeo uazu6anusi, acnM
IITOTHq. IIpeo6pa3oBaHHH (B qaCTHOCTH, IIpeo6pR30BRHHn 
BaKJiyH,a;a, BHaHKH, 8ii:3eHxapTa, JlaIIJiaca H p;p.). 

IIepar.re HCCJie,a;oBaHHH IIO II. ,a;. r. Ha'laJIHCb B KOH. 19 
B.; 3,D;0Cb oco6eHHO BamHbl pa60Tbl r. )J,ap6y (G. Darboux) 
no TeopHn rroaepxHocTeii H KOHrpyaHu,Hii. IIepeo:ii KHHroii, 
r,a;e CHCTeMaTH'leCKH HaJiomeHa KJiaCCH'I. II. p;. r., HBHJiaCb 
pa6oTa [ 1). B ;naJibHeiiIIIeM IIOHBHJIHCb MOHOrpa~HH [2), 
[3), [4], B K-pblx II. ;a;. r. rrpe,a;cTaeT yme nmpoKo pa3BHTOH 
reoMeTpnq. TeopHeii:, ca.aaaHHOii c ;npyrHMH paa,a;eJIRMH 
reoMeTpHH Ii! HMeIOrri;eii: IIIHpOKHe IIpHJiomeHHH, HRIIp. B 
Teoprrn nmpiflepeHU,llaJibHbIX ypaBR0HIIH (B oco6eRROCTH 
HeJIHH0llHblX, 'ITO BhIHCHHJIOCb B IIOCJiep;Hee epeM.ff IIPH «6ec
KBa;npaTypHOM» IIOJiyqeHHH HX pemeHHH IIyTeM aHaJioroB 
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aCHMIITOTH'I. rrpeoGpa3oBaHuii, CM., Harrp., C1111yc I'opDo-
na ypan11e1111e). _ 

r. <llyfiHHI! (G. Fubini) II 3. L[ex (E. Cech) /);aJIH H3JIO
il\eHe:e Il. A· r. B TeH30pHOH ljiopMe, IiCilOJlb3YH noeapuanm
noe &urfirfiepe114upoea1we u IIOJIOllU!B n OCHony lfiYHAa
MeHTaJih!IbJe ljiopMbI (cM., Ha11p., <Py6uHu rjjopMa). TaK 
6blJia perneHa 3aAa'rn upoeKTHBHO HHBapnaHTHoro ocHaJI\e
HHH IIOBepxHOCTH 3-MepHoro npoCTpaHCTBa. EoJibillOH 
Bl\JlaA n II. A· r. BHeceH C. II. <llHHHKOBblM H ero rn1wJioil:, 
B oco6eHHOCTH 3TO KacaeTCH TeopnH KOHrpy::IHI.{HH H Teo
pnH nap KOHrpy:ml.{HH H HX npeo6pa30BaHHH. IIpo6JieMa 
npoeKTHBHO HHBapHaHTHOro OCHa!I\elllrn MHOroo6paa1rn B 
Ml!Ol'OMeprroM npoeKTHBllOM npocTpaHCTBe HCCJiep;onaJiaCh 
r. <ll. JlanTeBblM Iii AP· 

81f>ljieKTHBHblM cpeACTBOM ttayqerrHH II. A· r. M11or0Mep-
11blx npoCTpaHCTB HBJIHeTCH M e T 0 A H 0 p M a JI H 3 a
l{ H HA. n. HopAeHa (6). B 3TOM MeTop;e c KaIB/);OH ToqKOII x 
m-Mepuoii IIOBepXHOCTH x m IIpOeKTHBHOl'O npocTpaHCTBa 
p n aCCOI.{HHpyeTCJI HHI\HAel!Tl!aH x (n-m)-MepHaH IIJIOC
KOCTh (11 o p M a JI h 1 - r o p o A a), nepeceJ<aIOII\aH Ka
caTeJihHYIO IIJIOCKOCTb B eAHHCTBeHHOII TOq!{e x, a B Kaca
TCJihHOH m-MepHOH IIJIOCKOCTH BbI6npaeTCH (m-1)-MepuaH 
IIJIOCKOCTb (H 0 p M a JI h 2 - r 0 p 0 A a), H0 Hlll.{H
AellTHa.11 ToqKe x. Ilpn aToM Ha nonepxHOCTH X m HllAYI\H
pyeTCH arfjrfjunnaR C6R3/i,OCmb 6e3 KpyqeHHH, CBOIIcTBa K-poil: 
3aBHCHT l\aK OT CTpOeHHH x m• TaH H OT Bbl6opa 110pMa
JIH3al.{HH. B CJiyqae HOpMaJIH30BallHOH rnnepnonepx110CTH 
B0311HKaeT ):IBOHCTBerrrraH KOHCTpym~HH, npHBOAHII.{aH K 
BllyTperrHHM CBR3HOCTHM Gea KpyqerrnH 1-ro H 2-ro po/);a, 
conpm1rn11Hb!M OTHOCHTeJILHO aCHMIITOTH'I. TeHaopa rHnep
nonepXHOCTH. Ilpn CIIel.{naJibHOM Bbl6ope rropMaJIH3al.{HH B 
06II\yl0 cxeMy BKJIIOqaeTCH AHlfilfiepeHI(HaJihHaH reoMeTpHR 
npocTpaHCTB, OTBeqaIOII\HX IIOArpyIInaM IIpoeKTHBHOll 
rpynnbl: alfilfin1111hIX, 611aKCHaJibllblX, ueeBKJIHAOBblX H en
KJIHAOBblX npoCTparrCTB. 

HaKoHel.{, n pa6owx 8. KapTarra (E. Cartan) IIOCTpoeua 
o6JI\aH TeopHH IIpOCTparrCTB npoenmuenoii ceRanocmu. 
f. <lJ. JlaIITeB, HCIIOJih3YH MeTO,D; Blleilll!HX ljiopM, HCCJie
AOBaJI HX KaK paCCJIOeHHble IIpOCTpaHCTBa, CTpyKTypHaH 
rpyrma K-pbIX .11nJI.11eTcrr rpynIIoii: npoeKTHBHblX IIpeo6pa
aonaHHH npoeKTHBHoro IIpocTpaHCTBa. 

Jlum.: [1] W i 1 c z ¥ n ski F., «Mem. pub!. Acad. Bel
gique», 1911, t. 3, pt. 2; t2) Fu bin i G., Cech E., Geometria 
proiectiva differenziale, t. 1-2, Bol., 1926-27; [8) Bo I G. 
Projective Differentialgeometrie, t. 1-3, Gott., 1950-67; [4j 
<I> 11 H 11 " o e c. II., IIpoeKTHBHO J1Hlf11pepemwanhHaa reoMeTpHll, 
M.- JI., 1937; [5) er 0 )fl e, Teopli'!ll KOHrpy0HUHtt, M:.- JI .• 
1950; [6) H 0 p n e H A. II., IIpocTP8.HCTBa alfllfJIIHHOlt CBR3-
HOCTH, 2 H31\., M., 1076; [7] Ra r a H B. ct>., OOHOBbl TeOpHH rro
eepXHOCTeH e TeHaopHOM II3JIOllleHHH, 'L 2, M.- JI., 1948. 

A. II. HoptJe11., A. !I. lliup01'W8. 
IlPOEKTHBHAH METPHKA - MeTp:irna p (x, y) B 

IIOAMHOlReCTBe R npoeKTIZ!BHoro npocTpaacrna pn taKaJI, 
qTo HparqaiimaR: OTHOCHTeJibHO aToii. M0TpHKH JIBJIHeTC.fl 
qacTbIO nJIH nceii: npoeKTHBHOH npHMoil:. Ilpn BTOM rroJJara
IOT, qTo R He npnnap;Jieil\HT HH O,D;HOH fHilepIIJIOCIWCTH H 
qTo 1) A)IJI JII06bIX Tpex HeKOJIJittHeapHblX Toqe}( x, y, z a:e
paBeHCTBO TpeyroJiblIHKa BbIIIOJIHHeTCH B CTpol OM CMb!CJie 

p(x, Y)+p(y, z) > p(x, z); 

2) ecJIH x, y - pa3JIHqHble TO'IKH H3 R, TO nepeceqeH11e 
l (x, y) IIpHMoii l, rrpoxo,D;HII\eii: qepe3 x n: y, c R eCTh JIH6o 
BCH l (6 0 JI b ill 0 ll K p y r), JIH6o IJOJiyqaeTCH H3 l 
yp;aJieHHeM HeK-poro 0Tpe3Ka (Mory!I\ero CBO,D;HTbCH H K 
OAllOH ToqKe) (Me T p Iii q e c K a R II p RM a H). 

MHomecTDa R, HaAeJieHHhJe II. M., ua3. II po e KT 11 B-
H O MeTpH'IeCKHMH npoCTpaHCTBaMH 
(II. M. II.). 

B OAHOM H TOM me II. M. II. He MoryT OJJ;HOBpeMeHHO cy
JI\eCTBOBaTL oGa THIIa JIHHHH: JI1160 ace OHR - MeTpHq. 
IIpHMble (T. e. n3oMeTpnqHbl oTpeaKy H3 R1), JI1160 me 
BOe OHH - 6oJibillHe Kpyrn OJJ;HHaKOBOM AJIHHbl (T e 0 p e
M a r a Me JI .11). IIpocTpaHCTBa IIepnoro THIIa uas. o T
K p bl T hi M H (OHM COBIIagaIOT c IIOAMHOil\eCTBaMH a!J>ljin:u-

uoro IIpoCTpaHCTna, TO rcTi.. c I'", n3 K-poro yAaJieHa HeK
paH r11IIepIIJIOCKOCTf,); J'COMCT)Jl!R OTK)JhlThJX II. M. II. Ha3. 
Tam1rn I'u.ttb6epma eeoJtempu,eii. IlpoCTpaHCTBa BToporo 
THIIa Ha3. 3aMKHYTblMH (OHM COBIIa/);aIOT co BCeM pn). 

II po6JieMa onpeAeJieHHH ucex Il. M. - a To TaH Haa. 
4-.11 npoGJieMa fHJihfiepTa (CM. (2)), noJIHoe ee pememie 
AaHo A. B. IloropeJIOBblM (1974). 

C Il. M. CBH3aHO, KaK qaCT!IhlH ee CJiy'lall 1 T. H. npoe,;
muenoe Mepoonpe&e.ttenue - DlleA0HHe D IIOAMHOlR0CTBa 
npoeKTHBHOro IIpOCTpaHCTBa MeTO,D;aMH npoeKTHBHOll reo
MCTpirn TaKoii MeTpHKH, npn K-poii <JTil UO,D;MHOil\eCTBa 
OKa3blBaIOTCH H30MOpljJHblMH 0DKJIH/);OBy' rHnep60JIH'Je
CKoMy n 3JIJIHIITHqecKoMy npocTpaHCTBaM. TaK, reoMeTpHH 
OTKpblTblX II. M. II.' IIO,D;JielRa!I\ee MHOil\0CTBO K-pb!X COB
nap;aeT co BCel\I aljiljJHHHblM IIpOC'fpaHCTBOM, Ha3. r e O
M e T p H e ii M Iii II K 0 B c K 0 r o. E B I{ JI H A 0 B a 
r e 0 M e T p II R - 3TO OAHOBpeMeHHO reoMeTpHH frrJib-
6epTa H reoMeTpmI MHHKOBCKoro. 

r n II e p 6 o JI H q e c K a .11 r e o M e T p 11 R - reo-
MeTpn.11 fnJib6epTa, B K-poli cy11.{eCTBYIOT OTpameHHH OT 
BCex IIpHMhIX. ,ll.JIH 3TOro Heo6xo,D;HMO H ,D;OCTaToqHO, qTU6W 
R 6blJIO BHyTpeHrrOCThIO aJIJIHIICOHAa. 

8 JI JI H II T H q e c K a R r e 0 M e T p H R (IIJIH Pu-
.Mana eeoMempusi) - reoMeTpnH n. M. 11. BToporo THIIa. 

Jlum.: [1) By 3 e Ma H r., He JI JI II II. ,II, IB., IIpoeKTHBH,aJ! 
reoMeTpl!a 11 rrpoeKTHBHhie MeTpHKH, rrep. c aHrJJ., M., 1957; L2l 
Upo5JieM&I I'IIJib5epTa, rrep. c Hc>M., M., 1969. 

M. H. Boii1feXoscnuii. 
IIPOEKTHBHAH HOPMAJlb - o6o6uwmrn norrHTIHI 

HOpMaJIM B MeTpH'I. reoMeTpHH. B OTJIHqne OT IIOCJieAHeii, 
l'Ae HOpMaJib BIIOJIHe OIIP0AeJIReTCH KaCaTeJihHOH IIJIOC
KOCTblO K IIOBepXHOCTH (T. e. OKpeCTHOCTblO nepaoro no
pH,D;Ka), B npoeKTHBHOM reoMeTpMH 3TO He TaK. ,ll.ame ll 
qJieHhl TpeTbero IIOpHAKa MaJIOCTH He onpeAeJIHIOT Beprrrnny 
KOOp,D;HHaTHOro TeTpaagpa, He JieIBa!I\YIO B KaCaTeJibHOll 
IIJIOCJ(OCTH (T. e. K Bbl6paHHOH /{ ap6y nea&pune MOil\HO 
IIOCTpOHTh He OAI!H aBTOIIOJIHpHblH TeTpaaAp). 8TO ecTeCT
neuuo: npoeKTHBHaH rpynrra aHaqnTeJl.hHO nmpe rpynnw 
ABHlf\errn:ll, a IIOTOMY ee HHBapHaHTbl AOJI/Kllhl 6blTb 6oJiee 
Bb!COKoro IIOPHAKa; HO H OKpeCTllOCTh 4-ro nop.11,D;Ka He 
onpeAeJIHeT eAHllCTBeHHOH npHMOll, K-py10 MOlRHO npHllHTb 
aa TpeThlO OCh TeTpaap;pa. Ha <lTOl\I IIYTH, Hanp., IIOJiyqa
IOTCH; 
AnpeKTpHca BnJih'lHHCKoro 

1 . 
W=N +1 u1ri, 

pe6po f p11Ha 

G = N+J.. (gpq !_g!__ _ _!_ A-. Tijp)r 
4 l f 1l P" 

oCb llexa 

C=N+J.. (gis iJsI _..!._A ·kTijk) 
3 21 I l 

HOpMaJib <1Jy6HHH 

. iJ SI 
F=N -j-g1s 2T r; 

(~p;ecb N - aljilji11HHa.11 HopMaJIL). 
Bee OHH JiemaT n oguoii nJioCKOCTH. 

r;, 

Jlum.: [1) III Hp o Ko B 11. A .• Ill 11 ]lo Ko B A. II., Aljl· 
lfimrnaa i:1111fi¢icpett1111aJJbHaH reoMeTp11rr, M., 1ll59; [2) Hop Ac !I 
A. II., IIpocTpaHCTBa alfilfJHHHOH CBH3HOCTH, 2 H3):\., M., 1976, [3] 
<l> II H II 11 o e C. IL, IIpoeKTHBHO-n111filfiepem~HaJihHall reoMeTp1rn, 
M.- JI., 1937. M. 11. Boii~exoBCIWU 

IIPOEKTHBHAH IIJIOCKOCTb, A B y M e p H o e 
II p 0 e K TH B H 0 e II p 0 c T p a H c T ll o,- HHl.\l!-
A0HTHOCTHaH CTpyKTypa :rt= {.?, :;e, I}, r ge aJieMeHTbl Meo
mecTna .? Ha3. T 0 q K a M n, ::JJieMeHThl MHOlKeCTBa :;e -
II p .II M bl M n, a I - OTHOilleHHe HHI\H,D;el!THOCTH. lie
I\HA0HTHOCTHaH CTpyKTypa YAOBJI0TBOpH0T CJieAyIOilll!M 
aKCHOl\laM: 

1) ,D;JIH JII06hIX ,D;Byx pa3JI!lqHblX ToqeK p H q CyJI\eCTByeT 
eµ;nBCTBeHHaH npHMa.11 L TaKaJI, qTO pl L 11 qi L; 
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2) )lJIH JlIOObIX nayx pa3JIHqrrblX rrpl!MblX L n M cyu~ecT
ayeT e)lHHCTBeHmrn Toq1rn p TaKaH, 'ITO pl L n pl M; 

3) cymecTByIOT qeTblpe Toq.1rn, HHKaKue TPH H3 K-pblX 
He HHil,H)leHTHhl O)lHOH lIPRMOH. 

Harrp., rryqoK II rrpaMblX n IIJlOCKOCTeil: TpexMepHoro aip
iJ>nHHoro rrpocTpaHCTBa, rrpOXO)lHllIIIX qepe~ ToqKy 0, 
RBJlll0TCH IT. II., eCJlll B KaqeCTBe rrpoeKTHBHOII TOqKH CqH.:
TaTb rrpHMyro rryqKa II, a B KaqecTBe rrpoeKTHBHOH 
rrpaMoii: - rrnocKoCTb H3 II. B aToii: HHTepnpeTaII,HH rrony
qaroT npo3paqHblff reoMeTpnq, CMblCJl O)lHOpO)lHbl0 KOOPAH
HaTbl TOqKH II. II Ha)l IIOJleM KaK Koop)lHHaTbl KaKoro
JlHOO BeKTOpa rrpHMOH, H3o6pamaromeii: ::ny TOql{y (CM. 
Ilpoe1>mU1JHaH eeoJotempuH, Ilpoe1>mU1JHl>!e r>oopounambi). 
,ll;pyrHM npn:MepoM HBJ1R0TCll II n.' COCTOHllIRll ll3 C0MH 
ToqeN AP i=1, ... , 7, H ceMH npllMblX {A 1 , A2, A4}, 

{A 2, A 3 , A 5 }, {A 3, A4, As}, {A 4, 

A 5 , A 7 }, {A 5, A 6 , A 1 }, {A 6 , A 7 , 

A 2 }, {A 7 , Ai. A 8 } (pnc. 1),
rrpe)lcTaBHT0Jlb KJlacca KOHeqHhlX 

rrpoeKTHllHblX IIJlOCKOCTeii. II. TI_: 
p (2, n) HR3. ~ 0 H e q H 0 H 

II p 0 e l{ T JI B U 0 II II JI 0 C
K 0 c T b IO nopll)lKa n, eCJlH OT

HOilleHHe 1rnu;HAeHTBoCTH YAOB
JieTBopHeT eme O)lHOU aKCHOMe: 

4) CyllieCTByeT np11Ma11, HHll,ll
AeHTHall posHo n+1 ToqKe. 

_:_;/I'----'~--~'- B P (2, n) Kam)lail TOqKa (IIPR.: 

Mall) llHil,HA0HTHa n+ 1 IlpllMOH 

PHC. 1. 
(ToqKe), a qHCJlO ToqeK IIJlOCKOCTH 
paBHO qHCJly rrpHMhlX H paBHO 
n2+ n+ 1. OcTaeTCH HeBblHCHeHHblM 

(1983) aorrpoc, )l.'I11 Kamix 3HaqeHHii n cymecTByeT II. rr. 
P (2, n). ,Il;oKa3aHo cyI1.1eCTBoaam1e KoueqHoii: II. n , nop11-
AOK K-poii ecTb CTeneub rrpocToro qncJia (cM. [ 4)). ,ll;mrnaa
HO TaKme (CM. [5)) OTCyTCTBHe II. 11. p (2, n) )l,Jill ll!HpOKOro 
KJiacca queen: ecmi: n cpaBHHMo c 1 UJIH 2 no Mo)lynro 4 u 
ecnn: B pa3JI01ReHHH 3TOfO q11cJia Ha rrpOCThle MUOlKHTeJiu 
BCTpeqaeTCH B HeqeTHOM CTerreHH XOTll Ohl OAHO rrpoCTOe 
qncno, cpaBHHMOe c 3 ITO MOAYJIIO 4, TO p (2, n) rre CYIIleCT
ByeT; TaKOBhl, Harrp., n=6, 14, 21, 22, .... Borrpoc OTHO
CHT0ilbHO n= 10, 12, 15, 18, ... OCTaeTCH OTKph!TblM. 
BamHoii: 3a1-1aqeii Teopuu KoHeqHblX II. rr. HBnHeTCH H3y
qemi:e IIOAIIJiocKocTeii sa)laaHoii IIJIOCKOCTH P (2, n). TaK, 
ecm1 p (2, m) llBJIHeTCll COOCTBeHHOH IIO)lII,JIOCKOCTbIO KO
HeqHOH II. rr. P(2, n), TO m2+m~n 1wn m2=n (cM. [_5)). 

Crreu;niJ>nqecKHM )lJIH II. II. HBJIHeTCR IIOHllTHe )lBOHCT
BeHHOCTH. ,ll;Be II. II. Ha3. A B 0 ii c T B e H H bl M H, HiIH 
A y a ,JI b H bl M n, eCJlH Mem)ly TOqKaMH (~pHMhlM:U) O)l
HOH rrnocKoCTH n np11Mh!MH (ToqKaMn) )lpyrou Momrro ycTa
HOBHTb B3a:UMHO O)lH03Haqrroe COOTBeTCTBlle, coxpaHRIO

Il.lee HHil,HAeHTHOCTb. HeK-pble II. rr. (Harrp., II. rr. Hail 
rroneM k) )lorrycKaroT ABOHCTBeBHoe oT06pameHHe Ha ce611, 
K-poe Ha3. K 0 pp e JI II II, He ft, a II. II., AOIIycKaIO
IIJ;ne KOppeJIHil,HIO, Ha3. a B T 0 A y a JI b H.,hl M H. ,ll;Jill 
II. II. HMeeT MeCTO T. H. MaJiblH rrpHHII,HII )lBOHCTBeHHOCTJI 
ecm1 aepHo HeK-poe rrpeAJiomeHHe A o ToqKax H rrpRMblX 

IT. II.' ciJ>opMyJIJ1poBaHHOe TOJibKO B TepM1max HHil,H)leH!
HOCTH Mem)ly HJIMH, TO 6y1-1er BepHO npe)lJiomeHHe ~. ABOH
CTBeHHOe J{,, T. e. rrpe)lJiomeHn:e, K-poe rroJiyqaeTc11 113 A 
aaMeHOH CJIOBa «ToqKa» ua CJlOBO «rrpHMaR>> H Hao6opoT. 

11.aoMopiJ>Hoe oTo6pameHne II. rr. Ha c~6H Haa Ko Jl

Jl H H e a u; 11 e ii. KoJIJlJ1Heau;1rn KorreqHon II. rr. P (2, n) 
HBJIHeTCH IIO)lCTaHOBKOii MHOiKeCTBa ToqeK H IIO):ICTaHOBKOH 
MHomecTBa IIpHMblX, rrpJ1qeM 3TH IIO)lCT_aHOBKH IIO)lOOHbl. 
KoHeqHaR II. n. Haa. A e a a p r o e o u, ecJIH oHa 11MeeT 
rpyrrrry KOJIJIJIHeaII,HH, )lBam)lbl TpaH3HTHBHYIO rra ee Toq
Kax. rpyIIrra KOJlJlHHeau;n:ii Ae3aprOBOH II. II. PG (2, p h) 

JIMeeT nop.llAOK 

h (p2h+ ph+ 1) (p2h+ ph) p2h (ph-1 )2. 

rpyrrrra KOJIJlJIHeau;nft He)le3aproBOR II. II. p (2, n) llllteeT 

nopH)lOK, He rrpeBOCXO)lllllIIIii 

ns (n 2 +n+1) (n 2 +n) n 2 (n-1) 2, 

f):l;0 s..;;;:ln2n. IlopH)lKH rpyIIn KOJIJlHHeau.nii H3BeCTHblX 
He)le3aproBblX II. rr. He rrpeaocxo)lllT rropllAKOB rpyIIn KoJI
JIHrrean.Hii: )leaaprOBblX IIJlOCKOCTeH TOro me nopH)lKa. 

Ha paCCMOTpeHJIJI 53 THIIOB MHomeCTB 

T (G) = {(x, X) I G HBJ1HeTc11 (x, X)-TpaH3HTJIBHofi}, 

onpe)leJleHHblX AJlH IIOJIHOH rpynrrbl KOJIJlHHean.n:ii G, 
OCHOBaHa K JI a c c JI ip ll K a u; H R JI e H u; a - E a p
T o Jl o u. u; H IT 11. 0AHHM na ~CHOBHbIX rryTeH H3yqeHHJ'! 
II II. llBJill0TCf! BB0)l0Hlle B H0II KOOp)lHHaT JI TepHapHOII 
orrepaII,HH. Kam)loMy BoaMomHoMy THIIY II II KJiaCcHiJ>nKa
II,HH JleHu;a - EapTOJlOil,Il,H COOTBeTCTByeT CHCTeMa aJire6pa-
11q, aaKorroB, K-poii )lOJlmHo YAOBJleTaopHTh HaTypaJihHoe 
TeJio II. rr., orrpe)leJleHHOe qepea TepaapHyro orrepau;nro. 
Harrp., II. rr. 11BJ11IeTc11 )leaaproaoii (rrarrrroaoM:) TOr)la u 
TOJibKO TOJ')la KOf)la BO Bcex ee HaTypaJlbHblX TeJiaX Bbl
llOJIHlleTCH adcoIJ,HaTHBHhlH (KOMMyTaTnBHhlH) 3aKOH ,ll;e-
3aproaa 1rnHeqHaH II. n. P (2, n) HBJIHeTCll IIarrrroaoii. 

Oco6eHHOCTb A03aproaort IT rr. PC (2, n) B TOM, qTo oHa 
o6Jia)laeT KOJIJinHeau;ueM: rropH)lKa n 2+n+1, II,HKJinqecKoH 
11a TOl!Kax JI IIpHMb!X. 3TOT peayJlbTaT )laeT B03MomHOCTb 
rrpe)lCTRBnTb II. rr. PG (2, n) B BII)le II,HKJlnq, Ta6JIHII,bl Ta
Koe rrpe)lCTaBJleH11e PG (2, n) 3aKJiroqaeTCH B TOM, q'fo Toq
KH II.JlOCKOCTH 3aHyMepoBaHHble Ha TypaJlhHblMH qlicJiaMn 
OT 1 AO n2+ n+ 1, pacrroJiaraIOTCH B IIpllMOyroJlbHOH TaOJlH
u;e H3 n+1 CTpOKH JI n 2+n+1 CTOJlOII,a TaKHM 06paam1. 
'ITO Kam)lblH CTOJlOeII,, 03Haqaromuii rrp11MyIO co BCel\II! 
ea Hell TOl!KaMH, IlOJlyqaeTCll npn6aBJleHneM K Kam)loMy 

3Jl0MeHTy rrpe)lblilYIIlero CTOJJOII,a e)lHHHll,bl ITO MOAY JIIO 
n2+n+1. Harrp., npe)lCTaBJiemi:e nJioCKOCTH P (2, 2) nMe-

eT BHA 1234567 
2345671 
4567123 

IlnoCKOCTH p (2, n), f)le n~8, e)lHHCTBeHHbl c TOqHOCTbIO AO 
HdOMopiJ>n3Ma - 3TO )lea a pro Bbl IIJIOCKOCTH 11JlH IIJIOCKOCTI\ 
faJiya (CM. (6]), a yme )lJlll n=9 ll3BeCTHbl qeTh!pe HeJl30-
MopiJ>Hble IIJlOCKOCTH (CM. [7]). 

EcJIH K aKcnoMaM II. n. 11 rrpe)lJiomerrnro )J,e3apra npn
coe)lHHHTb aKCHOMbl rropH)lKa (K-pblMH OIIHChlBae;cH pa3)l~
JleHHOCTb ABYX nap ToqeK, Jiemarn;nx Ha OAHOII npHMOH 
HaIIp., Ha p11c. 2 napa C, D paa)leJIHeT rrapy A, B, a napa 
A C He pa3)leJIHeT rrapy B, D) 11 aKcHoMy Herrpeph!BHOCTH, 
To' rroJiyqeHHaH II. rr. oKa3blBaeTCll naoMopiJ>Hofi )leIICTBn
TeJibHoii aiJ>iJ>11HHOH IIJIOCKO-
CTH IIOIIOJlHeHHOH H0COOCT- c D 
BeH~h!Mlf 3JleM0HTaMn: K A fJ, 
Kam)lOil IIpHMOil npuco-
e)lHHReTCll H0C00CTBeHHall Pnc. 2. 
(6ecKoHeqrro y)laJieHHaR) 
TOqKa, K rrapaJIJleJibHblM IIpHMblM - O)lHa H Ta me, a l{ 
rrerrapaJIJieJlbHblM - pa3Hble, rrpnqeM .. see Hec96cTBeHHble 
ToqJ(l! JiemaT Ha O)lHOH HeCOOCTBeHHOH rrpHMOH. 

II. II. Ha3. T 0 II 0 Jl 0 r JI q e c !{ 0 ii, eCJlH MHomeCTBa 
ee ToqeK JI npHMblX llBJIHIOTCH TOIIOJIOrJlq, rrpoeTpaHCTBa
MH, npHqeM OTHOIIIeHHe JIHll,H)leHTHOCTH llBJIHeTCll Henpe
pblBHblM. B TOIIOJIOfHq, IIJIOCKOCTH TepnapHall onepau;11H 

HerrpepblBHa QO BCeM CBOHM apryMe~ITa~I. c Toi:oJiorHq, 
TOqKn ape:OHll MHomeCTBO ToqeK )leHCTBHTeJibHOJI II. rr.: 
(paBHO KaK H MHomeCTBO rrpHMb!X) rrpe)lCTaBJlHe! COOOH 
aaMKHyToe Heop11eHTHpyeMoe MHoroo6paa11e, 3HJiepoaa 

xapaKTep11CTHHa K-poro paBHa 1 
Jlum.: [1] R 0 11 c Tep X., .[l.eitcTBHTeJihHafl npoe11THBHafl 

nJIOCKOCTh, nep. c anrJI., M , 1959; · [2] B s P P., JIHueituafl aJI
reopa H npoeHTHBHafl reoMeTpHfl, rrep. c aHrJI , M., 1955; [3] 
c K 0 pH fl K 0 B JI. A., «YcneXH MaTeM. uaym>, 1951, T. 6, B. 6, 
c 112-54; [4] Rap Te c H <I>., BBe)leHHe B KOHe'IHble reOMeT
pHH nep. c aurJI , M , 1980, (5] X o JI JI M , TeopHfl rpy~rr, rrep 
c aiirn., M., 1962, rn 20; [6) Dembo w s k 1 P, ~1n1te geo
metries, B.-N.y, 1968;, [7] Room T G., Kirkpat-
1 i ck P. B. Mmiquatermon geometry, Camb., 1971 

' B. B. A(/ia11acbeB. 
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IIPOERTHBHAH IIPHMAH - npoer;muBHoe npocmpan- Z EM c Ha'laJIOM x 0 11 KaIBAOII ee TO'!Ke x1 upoeKTIIBHoro 

cmBo pa3MepHOCTll 1; II. n., paccMaTp11aaeMaH KaK caMo- 0ToupameH11H (Pnlx{-+(Pnlxo TaK, 'ITO YAOBJieTBopHeTCH 

CTOHT0JlbHhlM o6'heKT, HBJIHE'TCH 3aMKHYThlM OAHOMepHhlM CJieAyIOru;ee ycJIOBI!e. IlyCTb M IIOKphlTO KOOPAllHaTHhlMll 
MHOf006pa311eM. fi. II. HBJIH0TCH CBOeo6pa3HhlM IIp00KTHB- o6JiaCTHMll, B K-phlX <IJ11KCHpOBaHO rJiaAKOe IIOJie peIIepa 
Hl>IM IlpOCTpaHCTBOM - Ha Hen HeT liHTepeCHhlX OTHOIIIe- (P nlx, y K-poro BepIII11Ha, OIIpeAeJIHeMaH BeKTOpOM eo, 
Hllll llH~llABHTHOCTH, KaK y IIpoeKTllBHhlX IIpOCTpaHCTB COBIIaAaeT c x. (PeIIep B p n oupeAeJIHeTCH KJiaCCOM 3KBll-
6oJibill0M pa3MepHOCTli. EAllHCTBeHHhlM llHBap11aHTOM II. II. BaJieHTHOCTll 6a311COB B BeKTOpHOM IIpOCTpaHCTBe v n+1' 
CJiyiKllT 'lliCJIO ee TO'l0K. II. Il. Ha3. H e II p e p hi B H 0 ii:, ' 
A II c K p e T H 0 ii: llJlll K 0 H e q H 0 ii:, eCJill OHa HH~ll- eCJill 3KBllBaJieHTHhlMll C'lllTaIOTCH TB {ea} II {ea}, a= 0, 1, 
AeHTHa co MHOJRBCTBOM TO'leK MOIIl;HOCTll KOHTllHyyMa, •• ., n, y K-pbIX e~=Aea, A,:;t:O.) TorAa IIpli t--+0 OTo6pa-
C'l0THhlM llJlll KOHe'!HhlM COOTBeTCTBeHHO. IB0Hll0 ceMeMCTBa AOJIJRHO CTpeMHTbCH K TOJRAeCTBeHHOMY 

II. II. Ha3. y II 0 p HA 0 q e H H 0 :ii, eCJill Ha He:ii 3aAa- OT06pameH11IO, IIpll'leM rJiaBHaH 'laCTb ero OTKJIOHeHllH OT 
HO OTHOIII0HHe pa3AeJieHllH ABYX nap pa3Jill'lHhlX TO'l0K. IlOCJieAHero AOJIJRHa orrpeAeJIHTbCH OTHOCllTeJibHO IIOJIH 
llpeAIIOJiaraeTCH, 'ITO pa3ABJieH11e He 3aBllCllT o~ rropHAKa peuepoB B HeK-po:ii OKpeCTHOCTH TO'IKH Xo MaTpmi;eii Jlll-
IIap H IIOPB:AKa TO'l0K B rrapax II JII06aH 'l0TBepKa pa3JIH'l- HeiiHhlX AmpcpepeH~llaJihHhlX cpopM 

HhlX TO'leK pa36HBaeTCH Ha ABe B3allMHO pa3AeJIHIOIIl;lleCH (!)~ = rg',. dxi, det II r1o'i II ± 0, 
naphl eAllHCTBeHHhlM o6pa30M, a TaKme IIpHHHMaeTCH aK- ~ ,, ,- (1) 

CI!OMa paCIIOJIOiReHHH, CBH3hlBaIOru;aH IlHTb pa3Jill'lHhlX 
TO'l0K (CM., Harrp., [1]). YrropHAO'l0HI!e n. II. HaA IIOJieM R 
CBH3aHO c yrropHAO'leHHOCTbIO 3Toro IIOJIH, a I!MeHHO: rrapa 
TO'leK {A, B} pa3AeJIHeT IIapy {C, D }, ecJin arwilnoe om
lioutenue (A, B; C, D) 0Tp11~aTeJibHO, 11 He pa3AeJIHeT, ecJIH 
(A, B; C, D) rroJioJRHTBJihHO. KoHe'!HyIO II. rr. PG(l, q) 
HaA I'a,n,ya nO,n,eM ae'!eTHOro IIOPHAKa q MOiRHO YIIOPHAO
'lllTb aHaJior11'lHo aeru;ecTBeHHO:ii II. II. IIoJiaraIOT (cM. 
[ 4]), 'ITO uapa TO'leK {A, B} pa3AeJIHeT rrapy {C, D} 
TOrAa If TOJlbKO TOrAa, KOrAa (A' B; c, D) - KBaApaTH'l
Hhlll Bhl'l0T IIOJIH raJiya GF (q). 

fi, Il. IIpno6peTaeT <mpeAeJieHH00 reoMeTpll'l. CTpOBHIIe, 
eCJill OHa BJIOJReHa B upoeKTliBHOe IIpOCTpaHCTBO 6oJibIIIe:ii 
pa3MepHOCTI-I; TaK, Raup., Il. II. OAH03Ha'IHO OIIpeAeJIHeT
CH ABYMH pa3JIH'lHl>IMll TO'lKaM11, a aHaJIHTHlJ. orrpeAeJie
Hll0 fi. II. KaK MHOJReCTBa KJiaCCOB 3KBHBaJieHTHOCTll nap 
3JieMeHTOB TeJia k, H0 paBHhlX OAHOBpeMeHHO HYJIIO, no 
cy~eCTBY 3KBllBaJieHTHO BJIOJReHllIO fi. II. B rrpoeKTllBHOe 
npoCTpaHCTBO pn (k), ii;;;:,2. ECJill P1(k) HBJIHeTCH n. II. 
HaA IIOJI0M k, TO rpyrrrra aBTOMopqm3MOB n. II. Aut P1(k) 
MO)KeT 6h1Tb rrpeACTaBJieHa Ha TO'lKax P1(k) B rrapaMeTpll'l. 
cpopMe KaK MHOJReCTBO OT06pameH11ii 

k-+ kaa+b , a, b, c, dEk, ad-be# 0, aEAut k. 
kac+d 

fpyrrrra aJire6pan'l. aBTOMopcpn3MOB AeiicTB11TeJibIIO:ii II. rr. 
H30MOpcpHa rpyrrrre rrepeMeru;eH11:ii AeHCTBllTeJibHOM IIJIOC
KOCTll Jio6a'leBCKoro, a rropHAOK rpyIIrrhl Aut PG(1, p") 

paaeH h (p 3"-p"). 
Ha n. II. MOJRHO IIOCTpOIITb Apyr11e reoMeTpllll. TaK, 

HaIIp., IIJiocKocTh Me611yca IIopHAKa p AOIIycKaeT HHTep
IIpeTa~1110 Han. rr. PG (1, p 2) (CM. (5]). )J,pyro:ii TpaAH~llOH
HOH reoMeTpll'l. KOHCTpyK~11e:ii HBJIHeTCH ll306pameHne 
IIpoeKTllBHoro IIpOCTpaHCTBa p n (k) Ha n. II. P1(k) (CM. 
(2]), IIpH K-pOM TO'!'Kll ll3 p n (k) l!306paJRaIOTCH Ha6opOM 
n TO'leK n. II. P1(k) (3AeCb k - aJire6pan'!'eCKll 3aMKHy

TOe IIOJl0). 
Jlum.: [11 r JI a r o JI e B H. A., IIpoe11THBHaH reoMeTpHH, 

M., 1963; [21 ma Ill ape B H q II. P., OcHOBbI aJire6paHqec11ott 
reoMeTpH.H, M., 1972; [3) Hughes D. R., p i p er F. c., 
Projective planes, N. Y., 1973; [4) Kus ta an he i mo P., 
«Comment. phys -math.•, 1957, v. 20, M 8, [5) Ve b I en 0., 
Young J. W., Projective geometre, v. 1, Boston, 1910. 

B. B. AgimtacbeB. 
IIPOE:KTHBHAH CBH3HOCTh - aurjujiepen1fua,n,b-

uo-zeo.Mempuitecr;ag cmpyr;mypa Ha rJia,D;KOM MHoroo6pa-
3Hll M; cIIe~IIaJihHhlM BllA c1Jganocmu Ha .Mnozoo6paauu, 
Ror,a;a IIpIIKJieeHHoe K M rJia,a;Roe paccJioeHHoe IIpocTpaH
CTBO E HMeer CBOllM TllilOBhlM CJI00M IIpOeKTHBHOe IlpOCT
paHCTBO P n pa3MepHocm n=dim M. CTpyKTypoii TaKoro 
E K Kam,a;o:ii roqKe x EM IIp11coeA11HHeTCH aK3eMDJIHp upo
eKTHBHoro IIpocTpaHCTBa (P nlx, K-phl:ii OTOll\,D;eCTBJIHeTCH 
(c TO'IHOCTLIO ,a;o roMoJior11ii c HHBap11aHTHOll CBH3KOH 
npH!.:lhlX B TO'!Ke x) c KaCaTeJibHhlM ~eHTpoacpcp11HHhlM upo

CTpaHCTBOM Tx(M),AonoJIHeHHhlM 6ecKoHe'!'HO y,a;aJieHHOH 
fllI10pIIJIOCKOCThIO. Il. c., KaK CBH3HOCTb B TaKOM E, upe
AYCMaTpHBaeT COIIOCTaBJl0Hli0 KaJRIIOH rJia,a;Ko:ii KpirnoiI 

Cl, ~=0, 1, .. ., n; i, j=1, .. ., n, 

o6ru;e:ii AJIH BCex L. )J;pyr11M11 CJIOBaM11, o6pa3 peIIepa B TO'l

Ke Xt I1p11 OT06pamea1111 (Pn)xt --+(P,,)xo AOJIJR0H 6h1Tb OII

p0A0JI0H BeKTopaMll 

rp;e x - KaCaT0JlbHhlll B0KT0p K L B TO'IK0 Xo H 

I . e~ (t) 
1m --t- =0. Bo3MOIBHOCTh uepexoAa K aKBHBaJieHTHblM 

t-+0 
ua311caM rrp11Bo,a;11r K roMy, 'ITO cpe,a;a cpopM (1) cyru;ecrBeH
Hhl TOJlbKO 

i j i i 0 0 
Wo, lli=Wi-6iwo, Wi (2) 

II p11 upeo6pa30BaH1111 peuepa uoJIH B rrpo113BOJibHOii TO'lKe 

xEM cornaCHO cpopMyJiaM ea,=A~,e13, e13=A~'ea,, r,a;e 

A~,=A~'=O, r. e. up11 rrepexo,a;e K upo11aaoJibHOMY <JJie
MeHry rJiaBHoro paccJioeHHoro upocrpaHCTBa II perrepoa B 
IlpOCTpaHCTBaX (P,,)x, cpopMhl (1) 3aMeHHIOTCH CJieAyIOIIl;li
Mll 1-cpopMaMll Ha Il: 

w~', =A~' dA~, +A~, Ar w~ (3) 
2-cpOpMhl 

Qt,= dw~', + w~: /\ wf, (4) 

HBJIHIOTCH IIOJiy6a30BhlMll, T. e. JlllHBHHhlMli KOM611Ha~11H

MI! w~/\ w~, 11 reH3oprrhlM11, r. e. rrp11 upeoupa30BaHm1 pe

uepa Marp11~aM11 A'& 11Memr Mecro cpopMyJihl 

Q~', = A~·AfQ~, 
r,a;e Q~', COCTaBJieHhl 113 (3) aHaJIOfll'lHO (4). )J,JIH cyru;ecr
BeHHhlX cpopM (2) 11MeIOT MeCTO crpyKrypHhle ypaaaeHllH 
n. c. (r,a;e AJIH upocrorbr orry~eHbI rnrp11x11): 

i I 9i j .-.i I 
. . dwo T i /\ wo. = •<o, . . I 

8/ 9i 9k k (~I o , xi 0) el } d i+ k /\ i +wo /\ ViWk-1· U/,Wi = i• 

dwH-w~/\87=Q?, ) 
(5) 

r,a;e 0f= Q{-6{Qg. 3,a;eCb IIpaBhie 'laCTll IIOJiy6a30Bhl; 
OHll COCTaBJIHIOT CHCTeMy cpopM Kpy'leHHH-KpllBH3Hbl Il. C. 

Paaeacrao Qb=O 11Meer 11Haap11arrrHhlii CMhlCJI. B aroM 
CJiyqae fOBOpHT O Il. C. HyJieBOfO Kpy'!'eHHH; ,ll;JIH Hee 

e::=ef. l1HBap11aHTHhle TOJR,D;eCTBa 

Q~=O, 0i;=0, 
. . 1 . k 

K~,,i = o, e; = 2 K~k1 wo 

BhI,D;eJIHIOT crrel\llaJihHhlii KJiacc II. c., Ha3hlBaeMhlX (no 

Kapraay) HOpMaJihHhlMU n. c. 
<l>opMhl (1) oupe,a;eJIHIOT n. c. Ha M OAII03Ha'!'HO: o6-

pa3 up11 oro6pamemrn (P nlxt--+ (P nlx 0 penepa B TO'!'Ke Xt 
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oIIpenemieTcH pememi:eM {ea(t)} cncTeMh! 

dua = (W~)x <tl (; (t)) 11 fl (6) 

IIPH Ha'IaJII>HhlX ycJIOBHHX ua (O)= ea, rne xi= xi (t)-ypaB
Hemrn KpHBOH L B HeK-pOB KOOPAHHaTHOH oKpeCTHOCTH ee 
TO'IKH Xo c KOOPAHHaTaMH xi (0). 

JII06h!e 1-<jlopMhl w&, e{, w~. 3aJJ;aHHble Ha TI 11 YAOBJieT
BOpHIOIQHe ypaBHeHHHM (5) c IIpaBh!MH <JaCTHMH, Bh!pamaIO-

IQHMHCH 11epea w~A w~, rne w&, i=1, ... , n, JIHBeiiHo Be3a
sncnMhl, oIIpeJJ;eJIHIOT B noM CMhlcJie HeK-py10 TI. c. Ba M. 

KpnBaH, K-pyIO OIIHChlBaeT B (P n>xo TO'!Ka, OIIpeneJIHe
MaH IIepBbIM BeKTOpOM eo(t) pemeHHH {ea (t)} CHCTeMbl (6), 
Haa. p a a B e p T K o ii Kpnsoii L. Kpnsai1 Ha3. re o A e-
3 u q e c Ko ii JI u Hue ii TI. c. Ha M, ecJiu ee pa3sepT
Ka B HeK-poii: OKpecTHOCTH IIpOH3BOJlhHOii: ee TO'IKH x HB
JI HeTCll IIpHMOii IIpocTpaHcTBa (Pn)x· YpaBHeHHH xi= 
=xi(t) reoJ);e3H'I. JIHHHH OIIpeJJ;eJIHIOTCH c IIOMOIQhIO <jlyHK
~Hii 

; (t) = (wiJx <t> (x (t)) 
H3 Cl'ICTeMbl 

dsi +;1 (e})x<tl (x (t)) = i}xltl (x (t)) si, 
rne {} - BeK-paH 1-<jlopMa. B peIIepe, rne wi=dxi, 
£i =xi, aTa CHCTeMa HMeeT BHA 

d•xa (dx' dxn-•) 
(dxnp=- Qa dxn' ··.,(hi! + 

dxa (d:x1 dx"- 1 ) +dxii Qn dxn ' '· '' dxn ' (7) 

fJJ;e Qa H Qn - MHOfO'IJieHbl 2-rO IIOpHJJ;Ka, KOa<jl<jl:n~:neHTbl 
K-phlx eCTb <jlyHK~HH OT xl, ... , x". 

T e o p e M a K a p T a H a: ecJIH Ba rJiaJJ;KOM MHoro
o6pa3n:H M 3aJJ;aHa CHCTeMa KpHBhlX, JIOKaJibHO onpeJJ;eJIHe
MaH CHCTeMoii JJ;:n<jl<jlepeHI.\HaJibHblX ypaBHeHHH BHJJ;a (7), 
TO cyn~eCTByeT OJJ;Ha H TOJlbKO OJJ;Ha HOpMaJibHaH TI. c., 
JJ;JIH K-poii 3Ta Cll.CTeMa KpHBblX HBJlHeTCH CHCTeMoii reone-
3H'I. Jlll.HHii. 

Teopn:H TI. c. naeT, TaKHM o6pa3oM, cpencTBo JJ;JIH nHBa
pnaHTHoro HCCJieJJ;OBaBHH CHCTeM JJ;H<jl<jlepeH~HaJibHhlX 
ypaBHem1ii CII0L(HaJibHOro BHJJ;a. TI. c. IIOJI03Hhl TaKme IIpH 
HCCJl0JJ;OBaHHH reOJJ;03H'I0CKHX (n:Jill. IIpOeKTHBHbIX) OT06pa-
1R0HHH IIpOCTpaHCTB a<jl<jlnHHOH CBH3HOCTH. TI. c. CBOAHTCH 
K arji(punnou cenanocmu, ecJIH ua M cymecTByIOT JI0KaJI1>-

o . 
Hhle IIOJIH peIIepoB, OTHOCHTeJI.bHO K-ph!X wi= p ij w6. 
,ll.JIH Kamno:ii a<jl<jln:HHOii: CBH3HOCTH Ha M cymecTByeT 
enn:ucTseuuaH uopMaJI1>HaH II. c., nMe10maH o6mn:e reone
anq, JIHHHH, H3 K-poH. OHa M01R0T 6h!Tb IIOJiy'IeHa. ,ll.Be a<jl
<jln:HHhle CBH3HOCTH reone3H'I0CKH (HJill. IIpoeKTHBHO) 31\BH
BaJieHTHbl, ecJIH :nx uopMaJibHhle II. c. cosIIaJJ;aIOT. B qacT
uocTn:, a<jl<jln:HHaH CBH3HOCTh Ha M IIp:n dim M>2 IIpoeK
THBHO 0BKJIHJJ;OBa Torna Iii TOJihKO TOrJJ;a, Korna ee T0H30p 
IIpoeKTHBHoii KpnBH3Hhl K ikl o6pamaeTc.H B HYJib. 

Jlum.: [1) Cart an E., «Bull. Soc. math. France», 1924, 
t. 52, p. 205-41; [2] er o me, Lesons sur la theorie des espaces 
a connexion projective, P., 1937; L3) er o me, IlpocTpaHCTBa 
acjJqmHHOH, IIPOCHTHBHOH H HOHcjJOpMHOti CBR3HOCTH, nep c cjJpaHu.' 
l\aaaH&,1%2; [4) Kobayashi S.,NaganC\ T,«J Math. 
and Mech.», 1964, v. 13, M 2, p. 215-35. IO. r. Jly.Mucme. 

IIPOEKTIIBHAH CXEMA - 3aMKHYTaH IIOJJ;CXeMa 

IIpoeKTHBHOfO IIpOCTpaHCTBa Pi; B OAHOpOAHhlX KOOpAllHa

TaX Xo, •.• , Xn Ha pi IIpoeKTHBHaH cxeMa 3anaeTCH CHCTe
MO:ii OAHOPOAHhlX aJire6pan:q, ypaBH0HHii: 

/i(x0 , ... , Xn)=O, ... , fr(x0, ... , Xn)=O. 

KamJJ;aH TI. c. HBJIHeTcH IIOJIHo:ii (KoMnaKTHoli B cJiyqae 
k=C); o6paTHO, IIOJIHaH cxeMa IIpoeKTHBHa, eCJIH Ha Heii: 
ecTb 06n:JI1>Hb1ii: o6paTn:MhlH IIy'IoH. llMeIOTCH n: ApyrHe 
Kpnrepn:n: IIpOeKTilBHOCTH. 

06o6meHH0M IIOHHTHH fl. C. CJiylRHT npoel\THBHblH MOp
<jlH3M. Mop<jlH3M cxeM /: x - y Baa. II p 0 e K T 1:1 B H bl M 

(a X - cxeMott, IIpoeKTHBHoli HaA Y), ecJIH X HBJIHeTCH 
aaMHHyro:ii noACXeMoii npoeKTHBBoro paccJioeurrn Py(cf}), 
rAe cf} - JIOKaJI1>Ho cso60AHbiii 6v-MoAyJI1>. Kmmo3HD,HH 
npoeKTHBHbIX Mop<jlH3MOB upoeKTHBHa. IlpoeKTHBBOCTb 
Mop<jln:3Ma coxpaHHeTCH Iii rrpH 3aMeHe 6a3bl; B qaCTBOCTll., 
CJIOH IIpoeKTHBHOro Mop<jln:3Ma HBJIHIOTCH IIpoeKTHBHblMll. 
cxeMaMH (Ho He o6paTHoL EcJin cxeMa X npoel\THBHa, a 
x - z - KOHe'IHblH CIOp'beKTHBHblH MOp<jlH3M, TO H z 
rrpoeKTHBHa. 

JI106aH n. c. (HaA Y) MOlReT 6b1Tb IlOJiy'IeHa IIpH IlOMO
mn KOHCTpyKL(HH II p 0 e K T H B H 0 r 0 c II e K T p a. 
OrpaHH'In:BaHch cJiyqaeM a<jl<jlHHHOH 6a3bI, Y=Spec R; 
rrycTb A= EB A; - rpaAyn:poBaBHaH R-aJire6pa, rrpH-

i:;;. 0 
tJeM R-MoJJ;yJI1> A1 1:1MeeT KOHe'IHhlii Tn:rr n rropomAaeT aJI
re6py A, n: IIYCTb Proj (A) - MBomecrso OAHOpOJJ;HhlX 
IIpOCThlx HAeaJioB pcA, He coAepmamnx A 1 . Cua6meHHoe 
ecTeCTBeHHOii TOTIOJiorneii H CTPYKTypHhlM rry'IKOM MHO
meCTBO Proj (A) HBJIHeTCH IIpoeKTHBHOii: Y-cxeMoii:; 6oJiee 
Toro, mo6aH rrpoeKTHBHaH Y-cxeMa HMeeT TaKOii: BHIJ;. 

Jlum.: [1] Ma M cjJ 0 p 11 ,U., AJireopanqecHaR reoMeTPHR, 
T. 1 - l\oMnJJeHCHh10 npoeHTHBHhle MHorooopaa1rn, nep. c aHrJJ., 
M., 1979; [2) UTOrH HayHH H TeXHHHH. AJireopa. TonoJiorHR. reo
MeTPllR, T. 10, M., 1972, c. 47-112. B. H. JJ,auwioe. 

IIPOEKTllBHOE AJirEBPAllqECKOE MHOiKECT
BO - JIOIJ;MHomecTBO TO'leK rrpoeKTHBHoro rrpocTpaHcT
Ba pn, OIIpe11;eJieHHOrO Hall; IlOJieM k, HMeIOmee (B Oll;HOpOJJ:
HblX KOOpll;n:HaTax) BHA 

V(I)={(a0 , ... , an)EPnl f(a0 , ... , an)=O 
AJIH mo6oro /EI}. 

311;ecb I - OIJ;HOpOll;HblH n:11;eaJI B KOJibl(e MHOfO'IJieHOB 
k [ X 0 , ••• , X nl. (llAeaJI I OAHopo11;eH, ecJin H3 f EI n: /= 
=~/;, rne ace /;-OAHOPOAHble MHOfO'IJieHbl CTerreHH i, 
cJie11;yeT, 'ITO see /;EI.) 

CaoiiCTBa n. a. M.: 

1) V (~ iESI;)=niES V (I;); 

2) V (Jin 12) = V (l1)U V (I2); 
3) ecm1 11 c I 2 , TO V (l2) c V (11); 

4) v (l) = v (yT), 
rµ,e YI-paAHKaJI n:AeaJia I. ll3 caolicTB 1)-3) cJieAyer, 
'ITO Ha v (!) MOlRHO BB0CTll TOHOJIOfHIO 3apncKoro. ECJIH 

l= yT, TO l OAHOaHaqrro npeACTaBJIHeTcH B BHAe nepece
'l0HHH O)J,BOpOAHhlX IIpOCTb!X HA0aJioB: 

I=~1n ... n~s 

V (I)= V (~1) U ... UV (~s)· 
B cJiyqae, KOfAa l - OAHOpOIJ;Hb!H IIpocToli HAeaJI, 
n. a. M. v (I) Ha3. rr p 0 e K TH B H bl M M H 0 r 0 0 6-
p a a :n e M. 

Jlum.: [1) ma cjJ ape n H q H. P., OcHOBhI aJireopaaqecRott 
reoMeTPllll, M., 1972; [2] 3 a p II cc RH tt o., ca MIO 3 JI b II., 
l\oMMyTaTl!BHaH aJireopa, nep. c aHrJJ., T. 1-2, M., 1963. 

Bun. C. Hy.l!ui<oB. 
IIPOEKTllBHOE ll3rlIBAHUE - pacnpocrpaueH:ne 

Ba npoeKTlfBHyIO reoMeTpHIO IIOHHTHH H3r:n6aHHH (HaJio
meHHH) B M0TpH'I. T00pHH nosepXHOCT0H, IJ;aHO f. <Jly6HHH 
(G. Fubini, 1916) (o6o6Iqerrne aroro IIOHHTHH Ha reoMerpHIO 
JII06oli rpynIIhl npeo6pa3oBaHHii: IIoJiy'IHJI 8. KapTaH, 
E. Cartan, 1920) c HCnOJib30BaBH0M IIOHHTHH T. H. Ka•IeHHH 
OIJ;HOH noaepXHOCTH no Apyroli. 

IlycT1> G - rpyrrna npeo6paaoaaHn:ii IIpocTpaHCTBa E. 
IlooepxrrocT1> S' HaJiaraeTcH Ha nosepxrrocTb S (1rnn: Ka
THTCH no S) B reoMeTpHH rpynnbI G, ecJIH M01RAY HX TO'l
KaMH ycTaHaBJIHBaeTCH B3aHMHO OIJ;H03Ha'IHOe COOTB0TCT
BHe TaK, 'ITO KaiRAO:ii nape cooTBeTCTBYIOll.\HX TO'IeK MES, 
M' ES' MOlRHO npHcOeAHHHTb npeo6pa30BaHHe y EG, K-poe 
nepeBOAHT S' B IIOJiomerrn:e S. IIpn: aTOM Tpe6yercH, qro6w 

1) M' coaMell.\aJiach c M; 
2) KamAaH KpnsaH l' ES', npoxoAHmaH qepe3 M, HMeJia 

B aroii TO'IKe 1rncaH11e n-ro nopHAKa c COOTBeTCTBYIOll.\ell 
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RpHBOH ZES (T. e. paccTOHH11.e MelRAY ToqRaMH M'* 11 
M*, 6JIH3RHMl1 R o6Il(eii ToqRe M' = M, 6yAeT 6ecR0He11uo 
MaJJbIM nopHARa n+1 no cpaBHeH11.IO c pacCTOHHil.eM 11.X OT 
o6Il(eii Toqm1.). CooTBeTCTB:ue S :u S', xapaRTepn:3yIOII(eecH 
'IHCJJOM n, Ha3. Ha JI 0 me H ll e M n - r 0 D 0 p H A K a. 

CoAepmani;eecH 3AeCb ITOHHTil.e paccTOHHil.H ue B11.oc11.T 
orpam1'leH11.H Ha reoMeTpHIO rpynn1i1. 0AHaRo 3A0Cb peqb 
HAeT 0 nopHAR0 Kacamrn Kpll.BIJX B H0CJWJJbKO 6oJJee T0C
HOM, qeM o6bl'IHO, CMblCJie CJJOBa (OTJlll.'111.0 COCTOil.T B TOM, 
'ITO COOTB0TCTBH0 M0IBAY TO'IRaMH o6enx Rpll.BbIX yme ycTa
HOBJJeHo H8JJOIB0Hil.0M, TOr)la RaK o6bl'IHO OHO ycT8H8BJJI1.
B80TCll np11. onpeAeJieH11.H nopHJIRa Raca11.11.11). 

IIycTb, AaJiee, G - rpynna npoeRTll.BHblX npeo6pa3oBa
HHii 11. nycTb S 11. S' npoeKTil.BHo HaJiaraIOTCH. TorAa II. n:. 
eCTb npeo6pa30BaH1i.e noaepxHOCTB S c coxpauemrnM npo
eKTuB11.oro JJu11.eiiHoro aJieMe11.Ta 

ds=~, F, 

rAe F 2 u F 3 - <l>y6unu ¢op.Mb! (npH aToM 3AeCb - HaJio
IBHMOCTh 2-ro nopHARa). 11 OKa3bIB80TCH, 'ITO, RpoMe Jlll-
11.eiiqaTbIX IJOBepx11.ocTeii, TOJlbKO T. H. noaepXHOCTlf R 
(cM. [ 1)) AOIJycRaIOT 11.eTp11.B11.aJih11.oe II. H. 

IIpoeKTHBil.aH reoMeTp11.H aa11.11.MaeT neKoe cpeA11.ee no
JJome11.11.e Me11\AY MeTplf'IeCKOH, rAe, B006Il(e fOBOpH, BCH
K8H noaepxHOCTb MomeT 11ar116aTbCH, 11: aip1ji11.H11.oii, rAe 
IIOil.HTlfe 11.ar11.6a11.11.H 11.e 11.MeeT MeCTa: JJI06ble J1B0 IJOBepx-
11.0CTII. AOIIYCK8IOT 11.aJJome11.11.e 1-ro nopHAK8 II. HI1.KaK11.e 
ABe pa3JJH'IIl.ble He MoryT 11:MeTb Hanome11.11.e 2-ro rropHAKa. 

Jium.: [1) cI> H H HR 0 B c. II., IIpoeRTHBHO-AR«!>lj>epeHQRaJib
Haa reoMeTPHII, M.- JI., 1937; [Z) H 0 p A e H A II. IIpocTpaH
CTBa alj>lj>HHHOll CBII3HOCTH, 2 H311;., M., 1976. 

M. H. B OU1fexooc7£uii. 
IIPOEKTHBHOE MEPOOIIPE,[J;EJIEHHE - BBe-

)le11.11.e B ITOAMH011\eCTBax npoer;mue11.oeo npocmpancmea 
MeTOAaM11. npoeKTil.Bil.OH reoMeTpll.11. T8KOH M0Tp11.KII., Dpll. 
K-poii 3TII. ITOAMil.OIBeCTBa OK83b!BaIOTCH ll30Moplji11.bIMII. eB
KJJil.AOBy' r11.nep60JJ11.qeCKOMy mm: 3JJJJllllTH'10CKOMY npocT
pa11.cTB8M. ::ho AOCT11.raeTCH Bb!AeJI0!1.11.eM 11.3 KJJacca BCex 
npoer;muenbix npeo6pa3oea11uu T8KHX npeo6pa30BaH11.H, 

K-phre rropomAaIOT B aTHX ITO)lMil.omecTBax rpynrry npeo6-
pa30BaH11.:il:, ll.30MopqmyIO COOTB0TCTBYIOIIJ;0H rpyrrne ABll.
me11.11.:i\:. HaJJ11q11.e ABBme11.11.ii rro3BOJJHeT «OTKJJ8AhlB8Th» 
0Tpe3Kll. OT Aall.HOH TO'IKII. B AaHil.OM HanpaBJJ0Hllll. II. TeM ca
MhIM BBeCTH IlOil.HTHe AJJllll.bI 0Tpe3J{8. 

qT06bl 110JJy'IHTb 0BKJJil.AOBO Mepoorrpep;eJie11.11.e B n
MepHOM npoeKTil.BHOM rrpocTpall.CTBe p' Bbl)J;eJIHIOT B 11.eM 
OAil.Y (n-1)-Mep11.y10 r11neprrJJOCKOCTh :rt, H83bJBaeMyIO II. e
c 0 6 c T B e H II. 0 H r II. n e p II JI 0 c K 0 c T b IO' ll yc
TaHaBJJil.B8IOT B 3TOH r11.nepnJJOCROCTll. 3JJJJll.IITll.'leCKOe no
JJHp11.oe COOTB0TCTBil.e II TO'leK l'I (n-2)-Mepll.b!X nmeprrJJoc
KOCTeii (T. e. IIOJJHpll.Oe COOTB0TCTBll.e, np11. K-poM HHKaRaH 
TO'IKa 11.e llp11.H8AJJeIBll.T COOTBeTCTByIOII(eH en (n-2)-Mep
HOH IlJJOCKOCTII.). 

IIycTb En - DOAM11.omecTBo npoeKTHBHoro 11pocTpa11.cT
Ba P, rroJJyqaIOII(eecH yAaJJe11.11.eM H3 11.erc 11.eco6cTBeHHoii 
r11rrepnJJoCKOCT11.; X, Y, X ', Y' ~ TO'IKH, rrp11HaAJJemail(11e 
En- ,II.Ba oTpe3Ka XY 11. X'Y' 11.a3. Ko 11. r p ya u T 11. bl
M II, ecJJ11. cyll(eCTByeT rrpoeKTHB11.oe npeo6pa30Baa11.e q;, 
rrepeBOAHII(ee TO'IKII. x II. y COOTB0TCTB0!1.HO B TO'IKll. X' ll 
Y', rrp11. K-poM coxpaHHeTcH no.Mipumem II. 

OnpeAeJJe11.11.oe TaK11.M o6pa3oM no11.HTHe KOHrpyauTuoc
TH 0Tpe3KOB II03BOJJH0T B En BBeCTII. MeTp11.Ky eBKJJ.11.AOBa 
npoCTpaHCTBa. ,ll.JJH 3TOf0 B np00KTHBil.OM rrpocTp8!1.CTBe p 
BBOAIJTCH Cil.CTeMa npoeKmUBl/,blX r;oopounam c 6a3IICil.bIM 
c11.MnJJeKcoM OA 1 A 2 •• • A ni np11qeM TO'IKa 0 He rrp11:11.ap;
JJeIBHT 11.eco6cTBeH11.oii: r11.nepnJJocKocT11. :rt, a TO'IKII. A 11 
A 2, ••• , An np11.HaAJJemaT aToii: rrJJocKocT11.. IIycTb TO'IKa 0 
B 3TOH Cil.CTeMe HMeeT KOOpAll.11.aTbl 0,0, ••• , 0, 1, a TOqKH 
Ai• i= 1, 2, ••• , n, 11.MeIOT Koopp;1111.aTbl 

x 1 =0,x2 =0, ... ,x;_1 =0,x;=1,x;+ 1=0, ••• ,xn+i=O. 

TorAa aJJJJ11.nT11.qecKoe noJJHpHoe cooTBeTCTBll.e II, 3aAaH-

Hoe B nrnepIIJJOCKOCTH :rt, MOiK0T 6bITb 3aIIIl.C8HO B Bil.)l0 

u;=~;=I a;Jxj, i=1, 2, ... , n. 

MaTpmi;a I la,) I aToro cooTB0TCTBll.H 6yAeT c11.MMeTp11.qec
Koii:, a COOTB0TCTByIOII(aH eii: KB8AP8Til'IHaH ljiopMa 

Q (xi, x 2 , ••• , Xn)=La;jxixj 

ITOJJ011\lfT0JJbHO onp0A0JJ0HHOH. IIyCTb 

X=(a1:a 2 : ••• :an:an+1) n Y=(b1:b2: .•• :bn:bn+1) 

ABe TO'IKII, np1111.aAJJemall(11.e En (To eCTh an+ii"O, 
b 11 +1#0). Mom11.o rroJJOIBll.Th: 

... , 

~=Y1, _!2_=Y2, ••• , J!.E.___y 
bn+• bn+• bn+• - n• 

TorAa paccroH11.11.e p MeIBAY TO'IKaMn X II Y onpeAeJJHeTCH 
cooTHomeuneM 

p(X, Y)=YQ(x1-Y1, X2-Y2, ••. , Xn-Y 11 ). 

,II.mi ycTauoBJJe11.11.H II. M. B n-Mep11.0M r11.nep60JJI1q. 
rrpocTpaHCTBe B n·M0pll.OM npoeKTil.Bil.OM npocTpaHCTBe p 
paccMaTpll.BaeTCH Mil.OIBeCTBO u Bil.YTP0!1.Il.11.X T0'10K AeH
CTBHTeJJbll.OH OB8JlbHOH r11.Depnoeepx11.ocT11. s 2-ro IIOPHAKa. 
II ye Th X, Y, X', Y' rrpnHaAJJemaT M11.omecTBy U, TOl'Aa 
OTpe3KII. X Y 11 X'Y' C'IHT8IOTCR Ko11.rpyaHTHbIM11., ecJJ11. 
cyll(eCTByeT npoeKTHB11.oe npeo6pa30Ba1rne rrpocTpa11.cT
Ba P, rrp11. K-poM r11.neprroBepxuoCTb S OTo6pamaeTcH Ha 
ce611, nepeBOAHmee TO'IRII. x H y COOTBeTCTBell.HO B TO'IKII. 
X' 11. Y'. BBeAeu11.oe TaKIIM o6pa3oM rro11.HT11.e KOHrpya11.T
HOCTlf tJTpe3l(OB npll.BO)lll.T R ycTaHOJJJJeHIIIO BO MH011\0CTB0 
u MeTpHKII. r11rrep60JJ11q. npocTpaHCTBa. ,II.Jiii.Ha 0Tp03Ka B 
3TOH M0Tp11.K0 onpeAeJJReTCfl COOTil.OIIl0!1.11.0M 

p(X, Y)=c/ln(XYPQ)I, 

rAe P II Q - TO'IKII. nepeceqe11.11.H npHMoii XY c r11.rrepno
eepx11.ocrhIO s' a c - IIOJJOiKIITeJJhHOe '111.CJJO, CBH3aHHOe 
c Rp11.Bll3HOH rrpocTpall.CTBa Jio6aqeBCROro. 

,ll.JJH BBeAeHil.H B rrpoeRTil.Bil.OM rrpOCTpaHCTBe p 3JJJJll.Il
Til'I. MeTpIIKII. B 3TOM DpOCTpaHCTBe paccMaTpll.llaeTCH 3JJ
Jlll.IlTll'leCKOe noJJHpuoe cooTBeTcTBile II. ,II.Ba oTpe3Ka XY 
11. X'Y' uaa. Ko11.rpyaHTHbIMU, ecJJH cymecTeyeT npoeK
TI1B11.oe npeo6pa3oea11.I1e q;, nepeeo)l11Il(ee TO'IKH X II Y co
OTBeTCTBeu11.o B TO'IKII X' 11. Y', rrp11. K-poM coxpa11.11eTCR 
noJJHpn.TeT II (T. e. )lJJR mo6oii: TO'IKH M 11. ee noJJHpbI m 
noJJHpo:i\: TO'IKII q; (M) 6yAeT qi (m)). EcJJ11. aJJJJ11.rrT11:qec1;oe 
IlOJJHpHOe COOTB0TCTBil.e II 3aAaHO COOTHOIDeHIJHMll. 

~n+I 
u;= ..t::..Jj=I a;jxj, i=1, 2, ... , n+1, 

TO MaTp11.IJ;8 (a;j) 6yAeT Cil.MM0Tp11.'10CKOH, a COOTBeTCTByIO
Il(8ll eii: KB8Ap8Til.'IIl.aH iJ>opMa - IlOJJOIBil.T0JJbHO orrpeAe
JJeHHOH. TorAa ecJJ11. 

X = (X1 :x2: • •• :xn:Xn+1), Y = (Y1: Y2: • • ·: Yn:Yn+1l, 

TO 

p (X, Y)=arccos I B (X, Y) I 
YB (X, X) VB (Y, Y) ' 

rAe B - 611.JJ11.11.eii:uaH iJ>opMa c MaTp11.IJ;eli lla;Jll. 
Bo Bcex paccMoTpeHHbIX cJJy'laflx (ecJJ11. AOITOJJHll.Th Aeii:

CTBn.TeJJhll.Oe rrpoeRTIIBil.Oe rrpocTp8HCTBO AO ROMITJJeRC-
11.oro rrpoeKTll.BHOro rrpOCTp8HCTBa) rrp11. npoeKTIJBHbIX rrpe
o6pa30Ball.11.RX, onpeACJJRIOII(Il.X KOHrpyaHTil.OCTb 0Tpe3KOB, 
T. e. ABll.11\ell.IJHX, OCTaIOTCH 11.11.BapuaHTHblMH HeK-pbie r11.
nepnoBepxHOCTll. 2-ro rropRARa, ua3. a 6 co JI IO Ta M·II.. 
B cJJyqae eBKJJIJAOBa Mepoorrpe)leJJeHIJR a6coJJIOTOM 6yAeT 
MHHMaH (n-2}-MepHaH OBaJJbHaR IlOBepXHOCTb 2-ro rro

PHAKa, B cJJyqae r11.nep60JJ11.q. MepoonpeAeJie11.11.11 - oaaJib
uaH (n-1)-Mep11.aH AeHCTBHTeJJhHaR r11.rrepnoeepxHocTh 
2-ro nopHAKa, B cJJyqae aJJJJIJITTH'I. MepoonpeAeJJeH11.H -
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Mrr11MaH (n-1 )-MepnaH oaaJihrra11 r11rreprroeepxrrocTh 2-ro 
rropHAKa. 

Jlum.: [11 E Ill u Mo B H.B., BhlcmaR reoMeTpHJI, 6 H3JI., 
M., 1978; [21 r JI a r o JI e B H. A., IIpoeRTHBHaR reoMeTpHJI, 
2 Ha11., M., 1963; [31 By a e 111a11 r., Ke JI JI H n. ,r:i; m., IIpo
eRTHBHaJI reoMeTpHJI H npoeRTHBllh!e MeTpHRH, nep. c aHrJI., M., 
1957. · ll. C. Moaeno~. A. C. llapxoM.ettno. 

IlPOEKTHBHOE MHQjJ\ECTBO - Mrromecrno, K-poe 
MomeT 6hlTh rroJiyqerro 113 6ope.rieecrwx Mtw:m:ecme IIOBTop
IIblM rrp11Merrerr11eM orrepau;11il rrpoeKT11poeamrn 11 rrepexo11a 
K 11orroJirremno. IT. M. KJiacc111ji11u;11pyIOTCH no mrnccaM, 
o6pa3yIOI1l11M upoeKTHBnyro 11epapx11ro. ITycTb /= ww-
6apoecKoe npocTparrcrno (ro?iteOMopcJlJIOe rrpocTparrcTBy 
11ppau;1rnrraJihIIhlX quceJI). MrromecTBo Pel"' npuna11Jie
m11T: 1) 1maccy A 11 ecm1 p ecn. npoel{U,HJI ooperreBCKOro 
Mrrm1rncTea npocrparrcTBa /"' + 1; 2) RJiaccy CA 11 (P eCTh 
CA n-M Home c TB o), ec,JIIJ ero AOIIOJinerr11e Jm°""p ecTb 
An-MHOmecTBo (n~1); 3) 1maccy A 11 (P ecTb A n-M H o
m e c Teo), ecJm P ecTb rrpoeRU,llH CAn_1-MnomecT
ea rrpoCTpaHCTBa Jm + 1, n~2; 4) RJiacey B n• ecJI11 P 11p11-
uap;Jiem11T 011noepeMeauo KJJaccaM An 11 CA n• n~ 1. Te 
me RJiaCCbl IIOJiyqaKJTCH aaM0HOU rrpoeRU,llll. HeIJpepbIB
HblM o6pa30M (MHOll\0CTBa Toro iKe upocTpaHCTBa /"'). 

B c11JJy Cyc.11una meope.Mbl, KJiacc A 1 coena11a0T c RJiac
coM A -M.no:m:ecme (cJJep;oeaTeJJblJO, mrncc CA 1 - c KJWCCOM 
CA-M.tw:m:ecme), a KJiacc B1 - c RrraccoM 6opeJJeBCKllX 
MHoiKecTB. )l.JIH 11am11oro HJiacca An nocTpoeno yn11aep
caJibHOe MHO)f(eCTBO, If rrpu ero IIOMOillll IIOKa3aHa cJiep;y10-
IllaH T e 0 p e M a 0 II p 0 e K T II B H 0 ii: II e p a p
x II II (TeopeMa «Cy1IleCTBOBaH11H», TeopeMa ((Q nenyCTOTe 
RJlaCCOB»): BnCAnCBn+l (cJ1011oea:e.JibHO, BnCAnc 
cB n 1-1), rp;a Kamp;oe H3 BKJIJ0qen1111 - CTporoe. MoII.\-
llOCTb MllomeCTBa acex IT. M. npocTpaHCTlla I paena zKo. 

Kamp;oe A a-MnomecTeo - 06'i.eJJ;1111e11ne H1 6ope.JieBcKrrx 
MHomecTe 11:, 3H3'1HT, CIJllTHO HJIH nMeeT MOlll;HOCTh H1 HJIH 
2K• (cM. (2), (7)). )l.mi: RJiacca A 2 BbIIIOJIHBl{bl upHHU,Hllbl 
yu111fiopM113au;1111 r.i: pe,11;yK1lL1H, a ,!IJIH 1macca CA 2 - (nep
Bblil) npHHIJHII or11em1MocT1a:. KalKAhlH H3 IIpoeRTUBUblx 
RJlaCCOB c HOMepoM n~2 HHBapHaHTeH OTHOCHTeJJbUO A
onepalfUU. )l.JIH Kam11oro H3 RJiaccoB A"' CA n cylllecreyeT 
6s-onepalfUH, p;aIOII.\aH B ToqnoCTll ece MHO)f(0CTBa <!Toro 
RJlacca, HCXO,!\H H3 3aMKHYThlX MHOlR0CTB. l1ayqeHHe fl. M. 
(Aaffie BToporo 1rnacca) - TPYAHaH 3a)J;a'la. Mnor11e Bo
npochl Teopm1 IT. M. oRaaaJIHCh nepa3pernllMhlMH e KJiac
crrq. CMblCJI0, 'ITO IIOJlHOCThJO IIOATB0pA11JIO npe)J;BHII0Hlle 
(CM. (6)) «OOJlaCTb Il. M. eCTb o6JiaCTb, rp;e llpHHll,HII HC
KJIJO'l0HHoro TpeThero yffie ne IIp11Men11M». TeopHH IT. M. 
IIoJiyq11JJa ceoe 11aJJhneiimee IIpop;emReHHe c np11eJieqe
HHBM CllJlbHblX T00p0THKO-MHOIB0CTBeHHbIX npe11noJIOiirn
Hllii, TaRHx, RaK MC (cy~e~TeyeT H3Mep11Mhiii Rapp;1rnaJI), 
PD (aRc110Ma npoeKTHBrro11 onpep;eJIHMoCTH), V=L. 

B npe11110JioffieHHH MC: Ramp;oe A 2-Mnmi<ecTBo HSMep11Mo 
(no Jle6ery), o6Jia,!laeT Bapa ceoucmeoM. H, eCJIH necqeTno, 
co11epIBHT (nenycToe) coeepmennoe no,!IMHoffieCTBo; Ram
p;oe A 3-MnoiuecTBo MOffieT 6b1Th ynHljiopMH3Hpoeano A 4-

MHOlHBCTBOM. 
B rrpep;rroJioffieHHH PD 1) Ram11oe IT. M. H3Mep11Mo, 06-

JJap;aeT CBOHCTBOM Eapa H, eCJlll HeC'10THO, cop;eplf{HT coeep
IIl0HHOe ITOAMHO)f(eCTBO, M01R0T 6hITb YHHljJOpMH3HpoBaHO 
IT M., TO'IHee rrpHHU,llII yn111popM1rnau;1111 Bhll10JIH0H AJIH 
RJlaCCOB A 2n H CA 2n + 1; 2) AJIH RJiaccoB A 2n H CA 2n+ 1 Bbl
IIOJ1H0H IIpllHll,llll pe11yRU,llH, CJJe11oeaTeJlbHO, )J;JIH .KJJaCCOB 
A 2n + 1 H CA 2n - rrpHHU,HII OTA0J1HMOCTH. 

B 11pe11110JiomenHH V=L: 1) cym;ecTByeT nec'leTnoe CA
MnoarncTBo, ne cop;epIBam;ee coeeprnenHoro no11MnomecTea, 
H neHaMepHMoe B 2-MnomecTBo 6e3 ceoilcTea Eapa; 2) npH 
n~2 AJIH RJiacca An BhlIIOJIH0H rrp11BU,HII ynmpopMu.aau;11H. 

E CJIH AJIH 1macca A n BhlllOJIHeH np11nu;Hn ynmpopMHaa
ll,Hll, TO Bblll0JIH0H B. npHHll,lil1 pep;yRU,llH. ITpH n~3 06-
paTHaH HMITJIHRau;HH ne p;oKaayeMa B ZFC. Ecm1 cyllleCT
ayeT HeH3Mep11Moe (nJJ11 6ea ceoiicTBa Eapa) A 2-MHoIBecTeo, 
To cylllecTeyeT necqeTnoe CA-MnomecTeo, ne co11epmalllee 
coeeprnennoro rrop;MnomecTea. Ee.Jiii Raffip;0e nec'leTnoe 
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CA-MHO)IrnCTBO co):lepffiHT coaeprne1111oe rro11M110IBecTBO, 
TO aTo me eepuo AJIH Ramp;oro uec'leTHoro A 2-MuomecTea 
(CM. (7)). 

0TMeqenuhle pe3y.JihTaThl cIIpaeep;JJllBhl rre TO.JlbRO A.JIH 
npocTpllHCTBa I' HO H AJIH 'lllCJIOBOH rrpHMOH H, B006~e, 
AJIH rrro6oro rroJIHoro cerrapa6eJibHOro MeTpn'I. npocT
paHCTBa. HMeeT MecTo c.J1ep;y101IlaH TeopeMa o TorroJiorHq. 
HHBapllallTHOCTll IT. M.: roMeOMOpljJHhlll o6pa3 Il. M. AaH
HOrO RJiacca, pacrrOJIO)f(eHHblH B TOM me HJIH JlJ06oM p;pyrOM 
llOJlllOM cerrapa6eJibHOM MeTpH'I. llpOCTpaHCTBe, eCTb n. M. 
Toro me RJiacca. 

Jlum.: [11 JI ya u H H. H., «C. r. Acad. sci.», 1925, v. 180, 
p. 1572 (rrep.: [61, c. 304-306); [2] Si e r p i n s k i W., «Fund. 
math.», 1925, t. 7, p 237-43; [31 Ky {I a T 0 B c RH il K., To
IlOJIOrHJI, nep. [c a11m.l, T. 1, M., 1966; L4l K y p a T 0 B c R H il 
K., Moc To s c 11 u tt A., TeopHJI MHomecTB, rrep. c aHrJI., M., 
1970; [5] S i e r p i n s k i W., Les ensembles projectifs et ana
lytiques, P., 1950; [61 JI y 3 H H H. H.' Co6p. coq.' T. 2, M.l 
1958, o. 242, ;!68; [71 Jech T., Set theory, N.Y., 1978; [8 
H i nm a n P., Recursion theoretic hierarchies, B., 1978; 
[91 H 0 B HR 0 B II. C., lfa6p. TPYllhl, M., 1979; (101 K 0 a
JI 0 Ba 3. IL, «H3B. AH CCCP. Cep. MaTeM.», 1962, T. 26, No 2, 
c.223-60; [11] I<aHTOPOQHq JI. B.,,JlHBeHCOH E. M., 
«Fund. math.», 1932, t. 18, p. 214-79; [121 Martin D., B 
RH.: Handbook of mathematical logic, Arnst., 1977, p. 783-815: 
[191 Mos ch ova k is Y., e RH.: Proc. of the Inter. Congr. 
of Mathem. (Vancouver, 1974), v. 1, Montreal, 1975, p. 251-57; 
[14] I{ a H 0 Be tt B. r., «,[l;OR,JI. AH CCCP», 1980, T. 253, No 4, 
c. 800-03; [151 JI IO 6 e LI RH n B. A., B co.: MCCJle)IOBallHJI no 
TeopHH MHOlf<0CTB u 11eRJ1accHq. JtOrHRaM, M., 1976, c. 96-122; 
[161 K e c h r i s A., B RH.: Logic colloquim' 77, Arnst., 1978, 
p. 155-60; [171 Mauldin R., «Mathematika», 1976, v. 23, 
M 2, p. 151-55; [181 Marcus S., «Math. Nachr.», 1959, Bd 
17, No 3-6, S. 143-50; [191 HoaJ10Ba 3. M., <t>HJ1Hn
rr 0 B B. II., «M3B. BY30B. MaTeM.», 1978, No 7, c. 33-39. 

A. I'. E.11.,,nun. 
ITPOEKTHBIJOE ITPE,[{CT ABJIEHIIE r p y n n bl 

G - roMoMopljJH3M aToil rpyIIllhl B rpynny PGL(V) npo
eRTllBHJi!X npeo6paaoean11ii upoeKTHBnoro IIpocTpancTBa 
p (V), CBH3aHHOro c B0KTOpHb1M IIpOCTpaHCTBOM v HaA IIO
JieM k. 

c RalKllblM n. n. <:p rpynnhl G CBH3aHO u;eHTpaJihH00 pac
IIlHpen11e :noii: rpynnhl 

i p 
1 ___,. k• ___,. E cp ---+ G ---+ 1 , ( *) 

rp;e p - ecTeCTB. npoeKU,HH rpynnhl GL(V) na PGL(V), 
i - BJIOmenHe MYJihTIWJlHKaTHBHOH rpyrrnhl IIOJlH k D 
GL(V) B BHII0 cRaJIHpnhlx MaTp11u;, a Ecp=p- 1(<:p(G)). 
Kamp;oe ceqenHe s IIpoeRU,HH p nap; <:p ( G) aap;aeT OT06pame
n11e 

'I'= s o <:p: G ---+ G L ( V), 

o6JJa,!laIOill00 CBOHCTBOM 

'¥ (g1g2) =C (g1, g2) lJ' (q1) lJ' (q2), 

rp;e c: GX G -+ k* - p;ayMepnhlil KOU,HKJI na rpynne G. 
J\Jiacc KOfOMOJlor11ii: h <!Toro KOU,HRJla ne 3aBl!CHT OT Bbl6opa 
ceqeHllH S. 0 H 011p0A0J1HeTCH Il. II. <:p II orrpep;eJJHeT RJlacc 
BKBHBaJ10HTHOCTH pacrn11p0HHH (*). y CJ10BH0 h= 0 Heo6-
XOAHMO H IIOCTaTO'IHO )J;JlH Toro, qTo6hl Il. II. <:p IIOJiyqaJIOCb 
cJ>aRTopH3au;11eii: JJHneiinoro npe11cTaBJien11H rpynrrhl G. 

Il. II. eCTeCTBeHHblM o6pa30M B03HHKaJOT llpli H3y'lemrn 
.JIHneitnhlx npep;cTaeJJen11il pacrn11penH:ii: rpyrrn. Bamueil
rn11e 11p11M0pb1 Il. II.: CilllHOpH00 11pe1ICTaBJ10Hll0 OpToro
HaJibHOH rpynnhl 11 npe11.cTaBJien11e BenJIH c11MnJieKT11q. 
rpyrrnhl. Ha Il. n. neIIocpeACTBenno nepeuocHTCH orrpe11e
JieHHH 3KBllBaJ10HTHOCTH II nerrpllBOIIHMOCTll JIHH0HHhIX 
11pep;cTaBJien11ii. HJiaccncl>HRaU,HH nenpHBOIIHMhlx IT. II. 
KOHe'IHblX rpynn rroJiyqena lif. IIlypoM (I. Schur, 1904). 

IT. II. Ha3. y H HT a p H bl M, 0CJ111 IIpOCTpaHCTBO v 
rHJlb6epTOBO, a OTo6palR0HH0 'I' MO.lKHO Bb16paTb TaK, qTOObl 
OHO I!pHHIIMaJio 3HaqenHe B rpy11rre u (V) YHHTapHbIX 
011epaTopoe B v. J13yqaJJ11Ch YHllTapHble HellpHBO)l;HMble 
IT. II. TOIIOJIOfH'I. rpy11n [ 4); )J;JIH CBH3HOH rpy1111bl Jln G 
MX H3y'len11e CBOAHTCH K H3y'l0HlllO YHllTapHblX ae11p11BOAH
Mb1X npe11cTaeJieHHH op;noceHanoii rpyrrrrhl Jlu G, aJire6pa 
JlH R-poi HBJ1H0TCH u;euTpa.JibHbIM pacmu:peHJAeM aJire6pb1 
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JlII g rpyrrrrhl G c ITOMOil(b!O d-MepHoii: KOMMyTaTIIBHOii aJI
re6pbl Jln, ni:e d= dim H 2 (g, IR.). 

Jlum.: [1] I\ 11 p 11 JI JI o B A. A., 8J1eMeHTh1 Teop1111 npe11cms
JieHMil, 2 113)1., M., 1978; (2] l\epTMC q,, Paftuep II. 
Teopna npe)ICTaBJieuul! KouequbJx rpynn n accounaTHBHbJX aJireop' 
rrep. c aurJI., M., 1969; [3] M a ck e y G. W., «Acta math.•>' 
1958, v. 99, p. 265-311; [4] B a r gm a n n v., «Ann. Math.•>' 
194 7, v. 48, p. 568-640. A. A. Hupu.n.l!os: 

IIPOEKTIIBHOE IIPEOBP A30BAHIIE - B3aHMHO 
op;H03HaqHoe oro6pameHI1e F npon;muenoeo npocmpancmea 
II n Ha ce6.a, coxpaH.11IOmee orHoIIIeHI1e rrop.11µ;Ka qacrilqHo 
yrropHJJ,oqeHHoro (no BKJIIOqe1rn10) MHomecraa acex rro;J,
npocrparrcra IIn, r. e. oro6pamemrn II,, B ce6H raKoe, qro 

1) ecJin SpcSq, ro F(Sp)CF(Sq); 
2J JJ,JIH Kam.a.om SP cyu:i:ecrayer SP raKoe, qro F (Sp)= 

=Sp; 
3) Sp=Sq ror;J,a II TOJihKO ror;J,a, Kor;J,a F(Sp)=F(Sq). 
IIpII II. II. coxpaIIHIOTCH cyMMa Iii nepeceqeHI1e rro1mpo

crparrcra, roqKJil oro6pamaIDTCH B roqKII, He3aBHCIIMOCTh 
roqeK coxparrHercH. II. rr. o6pa3yIDr rpyrrny, rra3. II po
e KT H B H 0 ii r p y II II 0 ii. IIpIIMepbl II. n.: YiO/t/LUlte~ 
az+u.11, nepcner;muea, eo.Mo.n,oeu.11. 

IIycrb IIpocrpaHCTBO IIn IIHTepnpern:pyerCH KaK COBO
KyIIHOCTb IIOil,IIpocrpaHCTB p n ( K) JieBOfO BeKTOpHoro IIpo
crpaIICTBa An+ I (K) HaA reJIOM K; II 0 JI y JI II He ii II hi M 
n p e o 6 p a 3 o B a rr" e M A n+I B ce6n Ha3. rrapa 
(F, cp), cocroHIIJ:aH Il3 aaroMoplfiI13Ma F a,a;JJ,HTHBHoii rpyrrnhl 
A n + 1 n aBTOMoplfiI13Ma cp reJia K raKoro, qro AJIH JII06hlx 
aEAn+1 H kEK IIMeer Mecro: F(ka)=cp(k) F(a); B qacr
HOCTII, IJOJiyJIIIHefrnoe npeo6pa3oBaHne (F, cp) HBJIHeTCH JI Il
H e ii rr hi M, ecJIH cp (k)=k. IIoJiyJII1Heii:Hoe IIpeo6pa3oBa
rrne (F, cp) 1mµ;yu;I1pyer II. II. F. 06paTHoe yraepmµ;eHne -
II e p B a H 0 c H 0 B H a H T e 0 p e M a II p 0 e K
T Il B H 0 ii r e 0 M e T p II 11: eCJIII n~2. TO Kamµ;oe II. IJ. 
F MHµ;yu;npyercH HeK-phlM IIOJiyJinHeii:rrhlM IIpeo6pa3oaa
H1i:eM (F, cp) npocrpaHCTBa An+l (K). 

Jlum.: (1] B s p P., JlnHei!Haa ameopa 11 rrpoeKTHBHaH reo
MeTpHH, rrep. c 3HrJI., M., 1955; [2] x 0 )I )f( B., II H )I 0 ,n:., 
MeTOl\bl aJ1reopa11qec1wli reoMeTpl'l11, nep. c aurJI., T. 1, M., 1954. 

M. M. Boiiuexoscnuii. 
IIPOEKTIIBHOE IIPOCTPAHCTBO - COBOKYIIHOCTb 

Bcex rro,a;IIpocrpaHCTB IIHLI;Il/J;eHTIIOCTIIOii crpyKTY phi :rt= 
={.?,:£,I}, rµ;e :meMeHThl Mrromecraa.? rras. TOlJKa
M Il, a 3JieMeHTbI MHomecrBa :£ - II p H M bl M II, I -
OTHOIIIeHI1e II H a; II A e H T H 0 c T II. II 0 A II p 0 c T
p a H c T B () M IIHLI;I1,a;eHTIIOCTHOII crpyKryphl :rt rras. IIOA
MHOll\eCTBO S MHomecrBa ,?, p;JIH K-poro cIIpaaeµ;mrno yc
JioBne: ecJIII p, qES II p,Cq, ro MHomecrao roqeK npHMoii:, 
npoxop;Hil(eii: qepes TOlJKil p Il q, raKme npI1rra,a;Jiemar S. 
HHa;I1,a;eHrrrocrrraH crpyKrypa :rt yµ;oaJieraopHer cJiep;yID
JnMM rpe6oBaIIIIHM: 

1) /J;JIH JII06h1x ,a;ayx pa3JII1qrrhlx roqeK p II q cyinecrayer 
e;J,MHCraerrrraH rrpHMaH L raKaH, qro pl L, ql L; 

2) Kamµ;aH rrpHMaH IIIILI;I!AeHrHa no Kpaii:rreii Mepe c 
rpeMH roqKaMII; 

3) ecmr µ;ae pa:mI1qHhle rrpHMJ>Je L, M rrepeceKaIDrcH B 
TOlJKe p Il BhlIIOJIHeHo ql L H rl L, a sf M, tl M, ro IIpHMhle, 
npoxoµ;ma;I1e qepe3 rrapht ro'leK r, t II s, q, rrepeceKaIOTCH. 

Iloµ;npocrpaIICTBO s II 0 p 0 ii\ A e II 0 MHOJKeCTBOM s 
TOlJeK H3 .? (IJIIIDYT S= <s> ), eCJIIl s HBJIHeTCH nepece
qerrneM acex IIOAnpocrpaHcra, co1i:epmamI1X s. MHomecrao 
TO'leK s rra3. He3aBI1CI1MhlM, ecJII1 AJIH JII06oro x Es I1Meer 
Mecro xf/=. <•""- {x} >. Y nop.111i:olJeHHoe MaKCIIMaJibHOe II 
He3aBI1CI1Moe Mrromecrao roqeK noii:npocrpaHcrBa S rras. 
6 a 3 H c 0 M s' a lJIICJIO ero 3JieMeHTOB d (S) - p a 3-
M e p H o c r h IO noii:npocrparrcraa S. Iloii:npocrpaHC'rBo 
pa3MepIIOCTII 0 HBJIHeTCH 'fOlJKOii, pa3MepIIOCTII 1 - npo
er;mUBHOii npa.Awii. Ilop,npocrparrcrao pasMeprrocrII 2 Ha3. 
npoer;muenoil nJ1ocnocmb10. 

B II. n. onpep,eJieHhl onepaa;IIII cJiomemrn II nepeceqe
HIIH noAIIpocrpaHCTB. CyMMoii Pm+ Pk noii:npocrpaHCTB 
P,,. H Pk rras. HanMeHhmee Il3 no;J,npocrpaHCTB, coii:epma
u:i:ee H pm, 11 pk· IlepeceqeHHeM pm n pk IIOP,IIpocrpaHCTB 

pm II pk Ha3. rraI160Jib1IIee Il3 IIOAII pOCTpaHCTB, cop,epma
ineec.11 H B P ,,,, II B Pk· Pas~tepHOCTH nop,npocrpaHCTB Pm, 
pk• nx cyMMhl n nepeceqeHHH CBH3aIIhl COOTHOlleHI1eM 

m+k=d (Pm n Pk)+d (Pm+P,.). 

)l,JIH JII060rO pm cyni:eCTByer p n- m -1 TaKOe, qro pm n 
nPn-m-1=P-1=0 n Pm+Pn-m-1=Pn (Pn-m-1 
IJ:OIIOJIHeHne pm B p nl. II ecJin p mCP r> TO 

(Pm+P,.) n Pr=Pm+Pk n Pr 
AJIH JII06oro P,. (A e A e K II HA 0 B 0 II p a B II JI o), T. e. 
OTHOCIITeJibHO BBeµ;eHIIhlX onepaa;IIII II. II. HBJIHeTCH 1i:e1i:e
KHHAOBOH pernerKOH c P,OIIOJIHeHIIHMII. 

n. n. pa3MepHOCTH 6oJih11Ie ABYX ii:esaproBO (CM. ,4e
aapea npeo.n,0J1Ce1tue), a cJiep,oaareJihHo, I13oMoplfiHo II. n. 
(JieBoMy IIJIII npaBoMy) HaA IIOP,XOAHil(IIM reJIOM k (cM. [ 1]). 
Ph (k) (Hanp., Jieaoe) pasMepHOCTH n HaA reJIOM k - COBO
KyIIHOCTb JIHHeii:HhlX IIOAIIpocrpaHCTB rreK-poro (n+ 1)
MepHoro JieBoro mrneiiHoro npocrparrcraa A h+ 1 (k) rraii: 
reJioM k; roqKaMH Ph (k) HBJIHIOTCH npHMhle A~+ 1 (k), r. e. 
MHOJKeCTBa KJiaCCOB 3KBHBaJieHTHOCTH CJieBa crpoK (xo. 
X1, .. ., Xn), cocraBJieHHhlX H3 3JieMeHTOB reJia k H He paB
HhlX OAHOBpeMeHHO HYJIIO (crpOKII (.:ro, X1, .. ., Xn) II 
(y0 , y1, .. ., Yn) 3KBHBaJieHTHhl cJieBa, ecJIII cyinecray
eT raKoe A Ek, qro x;=A.lJ;, i= 0, 1, .. ., n); no1i:npocrpaHCT
BaM11 Pf,, (k), m= 1, .. ., n, HBJIHIOTCH (m+1)-MepHhle noµ;
upocrpaHcraa A/n+l (k). Moilrno ycraHOBIITh HeK-poe co
oraercrBile Memii:y JieBhlM Ph (k) II npaBhlM P~ (k) IT. n., np11 
K-poM no,a;npocrpaHCTBy P~ (k) coorsercrayer P~-s- 1 (k) 
(noii:npocrpaHCTBa P~ (k) 11 P~-s-i (k) Ha3. A y a JI b
rr hi M II Apyr ii:pyry), nepeceqerrnIO IlOAIIpOC'l'paHCTB co
OTBeTCTByer cyMMa, a cyMMe - nepeceqeim:e. EcJIII HeK-poe 
yraepmii:emrn, OCHOBaHHOe TOJibKO Ha CBOHCTBax JIH
HeiiHhIX IIOAIIpocrpaHCTB, llX nepeceqeHilii II cyMM, cnpa-

BeAJIIIBO AJIH Ph (k)' TO cnpaae,a;JIIIBO " COOTBeTCTBYIOIIJ:ee 
yrBepm1i:errI1e AJIH p~ (k). 3ro COOTBeTCTBile Memii:y caoiicr
BaMH npocrpaIICTB p~ (k) H p~ (k) Ha3. JI p H Ha; Il II 0 M 
A B 0 ii C T B e H H O C T II AJI ff Il. II. (CM. [ 2 [). 

KoHeqHoe reJio Heo6xoAHMO KOMMyTaTHBHO, CJieµ;oaa
reJihHO, KOHeqHoe II. n. pasMepHocrn 6oJihIIIe ,a;ayx H no
PHAKa q Il30Moplfirro II. n. HaA I'a.n,ya noMM PG (n, q). 
KoHelJHOe n. II. p (n, q) coii:epmIIT (qn+ 1-1)/(q-1) TO-

qeK II n;=O (qn+I-i-1)/ II~=O (qr+ 1-i-!) rrop,npo

crpaHCTB paa~rnpHOCTII r (CM. [ 4]). 
}{ 0 JI JI II B e a u H e ii: TI. II. HBJIHeTCH nepecraHOB

Ka ee roqeK, K-paH oro6pamaer rrpmthle B npHMhle, npn 
3TOM no,a;npocrpaHcraa oro6pamaIDTCR Ha noii:npocrpaHCT
Ba. H erpI1BI1aJihHaH 110JIJII1Heau;1rn II. rr. II Meer ae 6oJiee 
O,D;HOfO a;eHrpa H He 6oJiee OAHOH OCH. r pynna KOJIJIIIHea
LI;Illl KorreqHoro TI. n. PG(n, ph) 1n1eer nopHAOK, paaHhlii: 

hphn(n+l)/2 IIMl (phi-1). 
!=I 

Kamii:oe TI. n. PG(n, q) ii:onycKaer a;nKJIIllJernyID rpaH3Il
TIIBHylO rpynny KOJIJII1Heaa;I1ii (CM. [3]). 

K 0 p p e JI H a; II e ii: t5 n. n. HBJIHeTCH nepecraHOBKa 
noii:npocrpaHCTB, K-paH Menner BKJIIDqemrn, r. e. ecJin 
Sc T, ro S6 => T6 . II. n. ii:onycKaer KoppeJim~mo, roJibKO 
ecJII1 OHO Koaeq1101vieprro. BamHoe srraqerrI1e B npoeKTIIB
Hoii: reoMeTpIIII I1rpaer KoppeJIHLI;HH IIOPHAKa ABa, Ha3. 
no.n,npumemoM. 

Jlum.: [1] A p To H 8., reoMeTPll'IeCJrna aJire6pa, nep. c 
aHm., M., 1969; [2] x 0 A )f( B., II II A 0 ,U., MeTO)'.(bl aJire5pal'l
'!eCROi! reoMeTp11n, rrep. c aHrJI., T. 1, M., 1954; [3] Dembo w
s k i P., Finite geometries, B.-[a. o.], 1968; [4] Segre B., 
Lectures on modern geometry, Roma, 1961. B. B. AgiairncMB. 

IIPOEKTMBHhlE KOOP)J;IIHAThl - B3aHMHo oii:-
H03Haqrroe COOTBeTCTBHe MeIBAY 3JieMeHraMII npOeKmUBH020 
npocmpancmea ITn (K) (npoeKTHBHhlMn noii:npocrpaHCTlla
Mll sq) If KJiaccaMn 3KBnBaJieHTHhlX ynopHAOqeIIHbIX KO-
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He'IllhIX nop;MHomecTB sJieMeHTOB TeJia K. II. K. no)lIIpocT

paHCTB Sq IlpH q>O (Ha3. TaKJRe r pa cc Ma H 0 Bbl M H 
K 0 0 p )l II H a T a M n) onpe)leJIHIOTCH qepe3 KOOpP,H!JaTbl 

To'IeK (0-MepHblx nonnpocTpaHCTB), Jiemam;11x B Sq, 11 
noTOMY )lOCTaTO'IHO onpe]leJIHTh II. K. TO'IeK npoeKTHB
Horo npocTpaHCTBa. 

IIycTb B COBOKYilHOCTH CTpOK (xO, x 1, ••• , xn)=x He 

paBHblx OJIHoapeMeHHO HyJI10 sJieMeHTOB TeJia K (K-pble 
Ha3. TaKJRe 0 A H 0 p 0 A H hi M H K 0 0 p )l H H a T a
M H T 0 q e K) BBe)l;eHO OTHOilleHHe 3KBHBaJieHTHOCTH 

cJieBa (cnpaaa): x-y, ecJIH cym;ecTayeT 'AEK TaKoe, 'ITO 
xi=').,yi (xi=yi').,), i=O, ... , n. Toni;a coaoKynHOCTh 

KJiaCCOB :mBnBaJieHTHOCTH HaXO)lHTCH BO B3aHMHO OAH0-

3Ha'IHOM COOTBeTCTBHH c COBOKYilHOCTb!O TO'IeK 5l npoeK

THBHOro npocTpaHCTBa p~ (K) (P~ (K)). EcJIH ~ HHTepnpe
THpyeTCH KaK MHOJReCTBO npHMblX Jieaoro (npaaoro) BeK-

TOpHoro IIpocTpaHCTBa A ~+I (K) (A ~+I (K)), TO on11opop;
Hble KOOp)lHHaTbl TO'IKH M HMeiOT CMb!CJI KOOp)lHHaT BeK

TOpOB, npnHa)lJiemam;nx npHMoii l, IIpep,cTaBJIHIOilleii STY 

TO'IKy, a II. K.- COBOKyilHOCTH acex Tamax KOOPAHHaT. 
B o6m;eM cJtyqae II. K. TO'IeK npoeKTHBHoro npocTpa11-

CTBa IIn OTHOCHTeJibHO HeK-poro 6a3HCa BBO)lHTCH 'IHCTO 

npoeKTHBHblMH cpe)lCTBaMH (npn o6H3aTeJibHOM Bb!IlOJI

HeHHH B IIn !{ eaapaa npea,;r,o:m:enuR,) cJie)ly!Om;HM o6pa30M. 

MHomecTBo an (n+1) He3aBHCHMblX TO'IeK A 0 , ••• , An 
IIpocTpaHCTBa IIn 11aa. c H M n JI e K c o M, IIpH STOM 

TO'IKH A 0 , •• • , Ai-l• A;+r. ... , An TaKme 11e3aBHCHMbI 
Iii OIIpe)leJIHIOT HeK-poe IlO)lIIpOCTpaHCTBO s n-1= ~ 1 , Ha~. 
r p a II b IO 8TOro CHMilJieKca. CyllleCTByeT HeK-paH TO'l
Ka E, 11e Jiemam;aH HH Ha op,Hoii na rpaaeii: ~ i. II ycTf, i0 , 

i 1, ••• , in - JI106aH nepecTaHOBKa qnceJI 0, 1, ... , n. 
To'IKH A;k+l' ... , A;n' k~O, n E oKa3bIBaIOTCH Heaaan

CHMblMM Iii OIIpep,eJIHIOT HeK-poe s n- k· ~aJiee, TO'IKH 
A ;0 , ••• , A;,. onpe)leJIHIOT Tome HeK-poe S,., a TaK KaK 

cyMMOH s k H s n- k HBJIHeTCH ace IIpOCTpaHCTBO IIm TO s k 

Iii s n-k HMeIOT B TO'IHOCTH OAHY 06m,y10 TO'IKY E;o ... ;,,, He 

Jiemaui;y10 HH B O)lHOM H3 (k-1)-MepHblX IIOP,IIpOCTpaHCTB, 

oupep,eJlfieMb!XTO'IKaMn Aio• .. . , A;j_ 1,A;j+i' .. . , A;k; 

IIpM STOM E;0 ••• ;k' A;k+l' ... , A;n TaKme Heaaan-

CMMbl. TaKHM o6pa30M noJiy'IaeTCH 2n+ 1-1 TO'IeK 

Eio ... ;k' BKJIIO'IaH TO'IKH E;=A; H E 0 ••• n=E, K-pble 

H 06paay10T penep npocTpa11CTBa Sn=IIn; 
CHMilJieKC (Jn HBJIHeTCH ero OCTOBOM. 

Ha Kam)lon npHMon A;Aj nMeIOTCH Tpn TO'IKH A;, Aj, 
E;j, nyCTh OHH nrpa10T poJib TO'IeK 0, U, EB onpep,eJieHHH 
TeJia K paccMaTpHBaeMon npoeKTHBHo:ii reoMeTp:irn (cM. 

llpoei;muanaR, a,;r,ee6pa). TeJia K (A;, E if• A j) H K (A,., 
Ek1, A 1) naoMop.iliHbl µ;pyr µ;pyry, IIpn'IeM naoMopqinaM 
ycTaHaBJIHBaeTCH II p 0 e K T H B H bl M c 0 0 T B e T-

c T B n e M T~j Memµ;y TO'IKaMn µ;ayx npHMbIX A iA J n 

A kA 1 TaKHM, 'ITO TO'IKH A,., E kt. A 1 oTBe<JaIOT TO'IKaM A;, 
E ib A J 8JieMeHT TeJia K, cooTBeTCTBy10ni;a:il: TO'IKe P IIpn

Mon A ;A j• Ha3. n p 0 e KT H B H 0 ft K 0 0 p µ;II II a T 0 :ii p 
TO'IKH PB nmaJie (A;, Eii, AJ)· B qaCTHOCTn, II. K. Eif 
acerµ;a paaHa 1, a II. K. P B nmaJie (Aj, Eij, A;) eCTh 
p*=p-1. 

IIyCTb p - TO'!Ka npoCTpaHCTBa, He Jiemam;aH HH Ha op;
HOH na rpaHe:ii cnMnJieKca an: A 0 , ••• , Am o6pa3y101Ilero 
BMeCTe c HeK-poii: TO'IKOH E penep R. ECJIH HCIIOJib30BaTb 
TO'IKy p BMeCTO E B BblillenpnBe)leHHO:ii KOHCTpymi;nn pe

IIepa, TO IlOJIY'IHTCH IlOCJie)lOBaTCJibHOCTb TO'IeK p ;, p ij• 
P;jk• ... , rµ;e P;0 ••• ;,. JieIBHT B nop;IIpocTpaHCTBe, oIIpe

µ;eJIHeMoM A;0 , •• • , A;k (Ho He JiemnT HHBOp;Honna rpa

Hen CHMilJieKca a,,, o6pa3oBaHHOro 3THMH TO'IKaMn). IIyCTb 

p ij - KOOpP,HHaTa TO'IKH p ij (Jiemam;eii: Ha A ;A j) B lIIKaJie 

(A;, E if• A j). Torµ;a ecJIH i, j, k uoIIapHo pa3JIH'IHbl, TO 

1) PijPj;=1; 

2) PikPkjPj1=1. 

IIycTh .r0 - IIpOH3BOJihHblii: aJieMeHT K, OTJIH'IHblII OT 

HYJIH, a :r; =Xo/J;o. x t:O, i= 1, ... , n (npli 3TOM OKa3b!BaeT

CH, 'ITO Pij=.rj 1x;). Torna COBOKyIIHOCTb 3KBHBaJieHTHblX 
Memµ;y co6oii: cTpoK, onpenemrnMbIX pa3JIH'IHbIMH aJie~rnH
TaMn Xo, H µ;aeT II. K. TO'IKH p OTHOCHTeJibHO penepa R. 

IIyCTb p Jie;KHT B IIO)lIIpOCTpaHCTBe s k• OII~.eµ;eJIHeMo~ 
TO'IKaMH A io• .•. , A;,,, HO He JieJRHT HH B 0,!\HOH H3 rpaHeH 

CHMilJieKca, OIIpe)leJIHeMoro 3THMH TO'IKaMH. IIyCTb COBO

KYilHOCTb SKBHBaJieHTHblX CTpOK (x; 0 , ••• , x;,.) HBJIHeTCH 

II. K. TO'lKH p OTHOCHTeJihHO penepa R JIO,!IIIpOCTpaHCTBa 

s,,, OIIpep;eJIHeMoro CHMIIJieKCOM (Jk H TO'IK<Jii E;o ... ;k. 
Torµ;a II. K. TO'IKH P OTHOCJITeJihHO penepa R aap;a!OTCH 

cJie)lyIOIIJ;HM o6paaoM: Yi=x;, i=i0, ••• , ik; Y;=O, it: 
1"i0 , ••• , i,.. " 

JI106aH COBOKYIIHOCTb 3KBHBaJieHTHblX Mem)ly co6oH 

CJieBa (cnpaaa) (n+1) CTpOK, IIOCTpOeHHaH Bbll1IeH3JIOJReH
HblM CIIOC060M, COOTBeTCTByeT O)lHOH Iii TOJibKO O)lHO:ii TO'I

Ke P IIpocTpaHCTBa IIn H oIIpe)leJIHeT noSToMy B HeM II. H. 
Jlum.: [1] X o .n; m B., Il u .n; o ,r:i:., MeTOAhl anre§pauqeciw_ii 

reoMeTpHH, nep. c aHrJI., T. 1, M., 1951,. M. If. Bouitexo•cnuti. 
IIPOEKTll.BHblft MO~YJib - Mop;yJih P, y)loBJieTBo

pR!Om;H:ii JII06oMy H3 CJie)lyIOIIJ;HX 3KBHBaJieHTHblX ycJIOBHll: 

1) )lJIH JI106oro 3IIHMOp.iliH3Ma" Mo)ly Jieli ct2 B - C Iii JII06oro 
rOMOMop.iliHaMa ~: p - c HaHµ;eTCil Tal\OH roMOMop.iliH3M y: 
p - c, 'ITO ~=cty; 2) Mop;yJib p HBJIHeTCH IIpHMbIM cJiara

eMblM CB060)lHOro MO)lyJlf1; 3) .iliYHKTOp Hom (P,-) TO'IeH; 

4) JI106oii aII11Mopqi11sM MO)lyJieii A - P pacui;eIIJIHeTCH. 
T e o p e M a K a II JI a H c " o r o [2), yTaep1Kµ;a10-

m;aa, 'ITO BCHKni"1 II. M. HBJIHeTca npaMo:ii cyMMoii II. M. 

co C'IeTHblM 'IHCJIOM 06pasy10m;HX, CBO,!IHT nay'IeHne CTpyI\

TYPhl II. M. K C'IeTHoMy cJiyqa10. II. M. c l\0He:11bIM 'IHCJIOM 
06paay10m;Hx nayqa10Tca B aJire6panqecHoH K-Te~pnn. 
IIpocTeiim11M IIpnMepoM II. M. HBJIHeTCH cao6op;HbIH Mo

µ;yJih. Han l\OJihIJ;aMH, paaJIOIBHMblMH B IIpirny10 cyMMy, 
acerna cym;ecTBYIOT II. M., OTJIH'IHble OT cao6op;HbIX. Coa

IIap;eHne l\JiaCCOB IIpoel\THBHbIX H cao6op;HbIX Moµ;y Jieii 
µ;oKa3aHO )lJIH JIOl\aJibHblX KOJieii; (2], l\OJICII; MHOrO'IJICHOB 

Hap; IIOJieM OT 11eCl\OJibKHX IIepeMeHHbIX (CM. [3], [4]). 
Jlum.: (1) Rap Ta H A., 8 ti JI e H 6 e p r C., roMoJ1oru

'lec1m1I aJ1re6pa, nep. c aHrJI., M., 1960; ~2) Kap I ans k Y J., 
«Ann. Math.», 1958, v. 68, No 2, p. 372-77; (3) Cy c JI 1t H A. A., 
«,!J;o1w. AH CCCP», 1976, T. 229, No 5, c. 1063-66; HJ Qui I
I en D., «Invent. Math.», 1976, v. 36, p. 167-71. B. E. I'o•opo•. 

IIPOEKTIIBHblR OB'hEKT K a T e r o p n n - IIOHH

Tne, qiopMaJIH3Y!Olll;ee CBOHCTBa peTpaHTOB (nma }IPlIMbIX 
CJiaraeMb!X) CBOOO,!IHblX rpyIIII, cao6op;HhlX MO)J;yJieH H T. II. 

06'hel\T p KaTeropHH SI' Ha3. II p 0 e K T H B H hi M, eCJIH 

)lJIH BCHKoro 3IIHMop.iliH3Ma v: A - B Iii IIpOH3BOJibHoro 
MopqinaMa y: P -B Haiiµ;eTCH Tal\on MopqinaM y': P-A, 
'ITO y=y'v. )];pyrHMll CJIOBaMn, o6'h0KT p IIpoeKTHBeH, 

ecJin ocHOBHOH .iliYHHTop Hp(X)=H(P, X) H3 SI' B Ka

Terop1110 MHOIBeCTB IS IIepeBO)lHT <iIIHMop.iliH3MhI H3 SI' 
B aIIHMopqinaMbl KaTeropnn IS, T. e. B c10pwHTHBHhle 
OTo6pameHHH. 

II p H M e p bl. 1) B KaTeropHH MHomeCTB BCHl\HH o6'b

el\T IIpoeKTHBeH. 2) B KaTeropnn rpynII IIpOel\THBHhl cao-

6op;Hhle rpyIIIIbl Iii TOJibKO OHH. 3) B KaTeropnn A!Ul JieBhlX 

Mop;yJie:ii: Hap; accoii;HaTHBHblM KOJibii;OM A c ep;H11nii;eif 

MOAYJib IIpOCl\THBeH TOrp;a Iii TOJibl\O TOrp;a, l\Orµ;a OH HB
JIHeTCH IIpHMhlM cJiaraeMbIM cao60µ;11oro MOAYJIH. 0IIH

caane l\OJieii;, Hap; K-pbIMH BCHKHii: IIpoeKTHBHhiii MOAYJih 

caoooµ;ea, cocTaBJIHeT conepmaane II p o 6 JI e M hI C e p

p a. 4) B HaTeroplilH A [J1 ace Mop;yJIH IIpoel\THBHbI Torµ;a 

n TOJibl\O Torµ;a, Horµ;a l\OJibii;O A l\Jiacc:ipiecl\Jil IIoJiy

IIpOCTO. 5) B HaTeropnn .iliYHHTOpoa (ff (1:l, IS) na MaJioii 
HaTeropnH 1) B KaTeropn10 MHOIBeCTB IS HaIBl\blH o6'h

eKT npoeKTHBeH TOrp;a H TOJibl\O TOrAa, l\OrAa 1) - /];JilCl\

peTHaH HaTeropHH. 
B oIIpeµ;eJieHHH II. o. nHorµ;a IIpeµ;IIoJiara10T, 'lTO .iliYHK

TOp Hp IIepeaoµ;nT B c10p'heHTHBHhle OTo6pameHHH 11e 

ace sIInMopqi!i13Mbl, a Mop.iliH3Mhl Bhlp;eJieHHoro RJiacca ct. 
, B 'IBCTHOCTII, ecJiu Q', - l\Jiacc AOIIYCTHMHX snuMop.ili113-
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MOB fornareropIIII .Ir= (.Ir, er;, !Dl), ro P Haa. Ao n y c- EcJIII B Rareropmi: .Ir cym;ecrayror npoirnaeAeHm1 JIIO-
T II M hi M n p 0 e RT II B H hi M 0 6 'be RT 0 M. Hanp., 6bIX ceMe:HCTB OO'LeRTOB II HApa nap MopljJII3MOB, TO B Sl' 
B HeR-phlx MHoroo6pa3nHx rpynn cao6oAHhle rpynnhl aroro cym;ecrayer npeAeJI Jiro6oro ljiymnopa F : 1l - Sl' 113 npo-
MHoroo6paa1rn HBJIHIOTCH p;onycTHMhlMll II. o. OTHOCH- Il3BOJibHOii MaJioii: Rareropnll 1). M. ill. Ua.tte>t?<O. 
reJihHO RJiacca acex crop'LeRTHBHhlX roMoMopljJH3MOB, HO IIPOEKTHBHLUI CIIEKTP R o JI bu, a - cxe.Ma X= 
He HBJIHIOTCH II. o.' IIOCROJibRY cym;ecrayror Hecrop'LeR- = Proj (R), COIIOCTaBJIJ!eMaH rpaAynpoBaHHOMY ROJibIJ,Y 

THBHhle 3IIHMopljJH3Mhl. R= ~"' Rn· KaR MHomecrao To'leR X npe11craBJIHer 
)]. yaJibHhlM R nOHHTHIO II. 0. HBJIHeTCH IIOHHTile H H 'b- """n= 0 

e R T Il B H 0 r 0 0 6 'b e R T a. <l>yuAaMeHTaJibHaH poJih co6oro MHOiKeCTBO OAHOPOAHbIX npoCThlX 11:11eaJIOB pcR' 
npoeRTllBHhlX Il IlH'LeRTllBHhlX o6'LeRTOB 6hlJia BhlHBJieHa ~ QO 

npu nocrpoeHHH roMOJIOrll'l. aJ1re6phl. B RareropHHX Ta1mx, 'ITO P"J) """n= I Rn. TonoJiorlrn Ha X onpep;eJIHercH 
MOAYJieii BCHRilll MOAYJib npeACTaBHM B BHAe <l>aRrop- CJie;a;yIOm;HM 6a3HCOM OTRpbIThlX MHOiKeCTB: x 1= {plf<l:-P} 
MOAYJIH npoeRTllBHoro MOAYJIH. 8ro cao:i!icrao II03BOJIH0T ;a;1rn fERm n>O. CrpyRrypHhlii ny'loR 6x JIORaJibHO 
crpOHTb T. H. -npoeRTHBHhle pe30JibBeHThl ll: HCCJieAOBaTb OROJibIJ,OBRHHOro npocrpaHCTBa x aap;aercH Ha 6aanCHhlX 
pa3JIH'lHbie TllnhI roMOJIOrH'l. paaMepHOCTH. OTRphlThlX MHomecTBaX raR. r (XI• 6x)= [R (/)lo' T. e. 

Jlum.: lil Hap Ta H A., 8 it JI e H 6 e pr C., roMoJior11- nop;ROJibIJ,O ;rneMeHTOB creneHll 0 ROJihIJ;a qacrHhlX R(/l 
qec11ar1 aJire6pa, nep. c aHm., M., 1960; [2J Ma11J1eil:H C., no MYJibTHnJIHRaTHBHOH cncreMe {/n}n-:..o· 
I'OMOJJor1rn. nep. c aHrJI., M., 1966. M. m. I{a.llett?<O. ""' 

IlPOEKTHBHblll IIPE)l;EJI, o 6 p a r H hi ii n p e- Ha1160Jiee samIIhlM npHMepoM II. c. HBJIHercH pn= 
A e JI,- ROHcrpyRu,HH, B03HlmmaH IIepBOH8'lRJibRO B reo- =Proj Z[T0 , T1, ••• , Tnl· MHomecrao ero k-aHa'lHhlX 
pnll MHO)KeCTB ll ronoJionm, a aareM HameAmaJI mupoRoe TO'IeR p~ AJIH JII06oro IIO.TJH k IIaXOAllTCH B ecreCTB0HHOM 
IIpHMeHeHlle BO MHOrllX pa3AeJiax MaTeMaTllRH. Ha11:60J1ee COOTBeTCTBllH c MHOiKeCTBOM TO'leR npoeRTHBHOro n-Mep-
'Jacro ucnoJih3yercH II. II. ceMeiicraa op;HorunHhlX Mare- Horo npocrpaHcTBa HaA noJieM k. 
M8Tll'l. crpyRryp, HHp;eRcnpoaaBHhlX aJieMeHraMH HeR-poro EcJill ace ROJihIJ;a Rm RaR Ro-MOAYJill HaTHHYThl Ha 
npeAynopHp;o'leHHoro MHomecTBa. IIycrh I - MHomecrao, Ri(i!) . .. (j9R 1 , ro Ha Proj (R) onpeAeJieHa em;e p;onoJIHH-
cHa6meuHoe OTHOilleHlleM npeAIIOpHp;Ra <' H Ra)l(p;OMY ----..... --" 
aJieMeHry i EI conocraaJieHo MHomecrao Xi, a Ramp;oii m 
nape (i, j), i, jEI, 8 R-poii i<j, conocraBJieHo oro6pa- reJihHaH crpyRrypa. AnMeHHO, noRphlTl!e {X1l/ERi}11: 
meH11e Cf'iJXi - x1 , npH'leM Cf'ii• iEI,- romAecraeHHhre eAHHllU.hl fig onpeAeJIHIOT 1-Rou,nRJI 1.Jexa Ha Proj (R), 
oro6pameHHH 11: Cf'iJCf'Jk=Cf>ik npll i<j<k. MHomecrao !- R-poMy oTBe'laer 06parnMhrf1 ny'loR, o6oaHa'laeMhlii '1epe3 
1Ia3. n p 0 e RT H B H bl M n p e A e JI 0 M c e Me n- 6 (1). 1.Jepe3 6 (n) npHHHTO o6o3Ha'laTb n-IO TeH30PHYIQ 

c TB a MHOiKeCTB xi ll oro6pameunii: Cf'iJ• eCJill BhIIIOJIHeHhl CTeIIeHb 6 (1)®n ny'lRa 6 (1). Cym;ecTByer RaHOHil'l. 
CJie,a;yrom;ue YCJIOBllH: a) cym;ecTByeT raRoe CeMeHCTBO (j) 

OTo6pameIIllii :Tti: x - xi, 'ITO :rtiCf>ij=:rt1 AJIH JII06oii roMOMopljill3M Rn----". r (X' 6 (n)), yRa3hlBaIOm;llii reo-
IIapbl i<i; 6) AJIH JII06oro ceMeii:craa oro6pametmii ai: Y- MeTJIH'l. CMbICJI rpaAy11poBRH ROJibIJ,a R (cM. [ 1]). EcJin, 
- xi, iEI, npoll3BOJibHOro MHO)l(ecraa Y, p;JIH R-poro Hanp., R=k[To, .. ., Tnl. TO 6(1) COOTBeTCTByeT IIY'IRY 
BhlIIOJIHeHhl paaeHcTBa ai'Pi1=a1 IIpH i<j, cym;ecTByer rHIIepIIJIOCRllx ce'leHnii B P~. 
raRoe op;H03Ha'IHO oIIpeAeJieHHoe oro6pameu11e a: Y - X, Jlum.: (1] Ma M cjJ op A .U., .rre11unn o 11p11a&1x Ha aJJreopan-

E J u II qec11ol! noaepxHoCTH, nep. c aHrJI., M., 1968; .(2] Grothen-
'ITO ai=a:rti AJIH Bcex t . £>.OHCTPYRTHBHO . II. MOiKHO die ck A., Elements de g~ometrie algebrique, t. 1-4, P., 1960-
0IIHCaTb CJieAYIOlIJ,HM 'o6pa3oM: paccMaTpHBaercH IIPHMOe 1967 (Pub!. IHES). B. B. monypoB. 

IIpoll3Bep;eHue II. Xi 11: B HeM Bhlp;eJIHercH IIop;MHomecrao IIPOEKTOP, II p o e R a. II o H H hi il: o II e p a r o p, -
t E I JIHHeiiHhlH OIIepaTop p B BeRTOpHOM IIpOCTpaHCTBe x 

acex ljiyum~nii /: I - U i e IX i• AJIH R-phlX BhlIIOJIHHIOTCH TaRoii, 'ITO p2= p. M. H. Boii.1fexoecnuii. 
paBeHcTBa Cf'i/ (/ (i))= f (j) IIpn i<j · 8ro IIOAMHomecTBo IIPOEK~HOHHLIE METO)l;bl - Merop;h1 OThlCRaHHH 
HBJIHeTCH II. II. ceMeiicTBa Xi· EcJIH ace X; cua6meHhl IIpn6J1nmeuuoro pemeHHH oIIepaTopIIoro ypaaueHHH a 
AOIIOJIHHTeJihHOii op;HOTliIIIHOii crpyRTypoii:, R-paH nepe- 3ap;aHHOM IIOAIIPOCTpaHCTBe, OCHOBaHHbie Ha IIpoeRTllpO-
HOCHTCH Ha Iii E Ix;, TO 3Ta me crpyKTypa HHAYU.HpyeTCH BaHHll ypaaHeHllH Ha HeR-poe (aoo6m;e roaopH, Apyroe) 
Il B II. II. IIoaTOMY MOiKHO roaopllTb 0 II. II. rpyIIII, MO- IIOAIIPOCTpaHCTBO. II. M. HBJIHIOTCH' OCHOBOll IIOCTpOeHllH 
AYJleii, TOIIOJIOrH'l. IIpocrpaHCTB Il T. A· pa3Jlll'lHhlX Bbl'lllCJIHTeJihHbIX CXCM pemeHllH RpaeBbIX 

EcrecrBeH'lbIM 0606m;eH1leM IIOHRTHH' II. II. HBJIHeTCH' aap;a'l, B TOM 'lllCJie Mero11a ROHe'lHbIX 8JieMeHTOB Il Me-
IIOHH'Tlle II. II. ljiyuRropa. IIycrb F : 1l-+ .ll' - OAHOMecr- TOAa ROJIJIORaa.11:11. 
Hbl:ii RoaapnaHTHhlii ljiyuKTOp 11:3 MaJioii RareropHn 1) 8 IIycTh L - oIIepaTop, 06J1aCTh oIIpe11eJieHHH D (L) 
IIpoHaBOJihHYIO Kareropnro .ll'. 06'LeRT x E Ob .R', aMecre R-poro JI0iKllT B 6aHaxoaoM IIpocrpaHCTBe X, a 06J1aCTh 
c Mopqiu3MaMn :rtn: x-+ F (D), DE Oh'.!), Ha3. II p 0 e R- 3Ha'leHHii R (L) - B 6aHaxoaoM IIpocTpaHCTBe Y. )];JIR 
T Il B H hi M II p e A e JI () M (o 6 p a T H hi M II p e- pemeHllH ypaBHeHllH 

Lx=y (1) A e JI o M, llJIH IIpocro II p e A e JI o M) qi y H R T o p a 
F, ecJ1n BhIIIOJIHeHhI cJiep;yrom;ne ycJ10BHH: a) :rtnF (cp)= 
= nn • AJIH J1ro6oro MopljiuaMa cp: D -+ D'; 6) p;JIH BCHRoro 
ceMe:iicraa MopljinaMoB an: Y - F (D), p;JIH R-poro 
anF (cp)=an• IIpll cp: D-+ D', cym;ecrayer raRoii eAHH
craeHHhlil: MopljiuaM a: Y-+ X, 'ITO an=a:rtv• p;JIH Jiro6oro 
DE Ob 1). 06oaHa'leHHe: lim F= (X, :rtn). AHaJIOrH'lHO 
oIIpeAeJIHercH IIpoeKTHBHhlii IIpep;eJI RoHrpaaa p11:aHTHoro 
ljiyHRropa. 

n p H M e p hi II. II. 1) IIycTb I - AHCKperHaH RaTe
ropnH. Torp;a AJIH IIpOH3BOJibHOro ljiyHKTopa F: I - sr 
IIpoeKTHBHhlil: IIpeAeJI ljiyHRropa F coarrap;aer c npn.Mbl.M 
npouaeeaenue.M ceMeiicraa o6'beKTOB F (i), i E J. 

2) IIycrh 1l - RaTeropllH c ABYMH o6'beKTaMn A, B 
H ABYMH Heeµ;1rn1111HhlMR MopljJH3MaMH a, ~: A - B. Torp;a 
IIpep;eJI JII06oro ljiyHRTopa F : '.!) - .ll' H'BJIHeTCH nopoltt 
11apbI Moplji;u3MOB F (a), F (~). 

IIpoeRQ.llOHHhlM Merop;OM Bbl6nparor p;Be IIOCJieAOBaTeJib
HOCTll IIOp;IIpocrpaHCTB {X n} Il {Y n }, 

XncD(L)cX, YncY, n=1, 2, .. ., 

a raRme IIpoeRTOpbI Pm IIpoeRrnpyrorr~ue Y Ha Yn- Ypaa
HeHne (1) 3aMeHHercH IIpn6mrmeHHhn~ 

(2) 

B cJiyqae X=Y, Xn=Yn, n=1; 2, ... II. M. (2) IIpll
HHTo Ha3bIBaTb M e T 0 A 0 M r a JI e p R Il H a (HIIOrAa 
IIOCJleAffHU MeTOA rpaRTyeTCH' 60J1ee IIIllpOKO, CM. I'aJtep
KUUa .Memoa). 

MMeer MecTo re o p e Ma c x o 1111: Mo c r TI II. M. AJIH 
JlllHeUHbIX ypaBHeHHfr (AJIH cJiy'laH ROHe'lHOMepHbIX 
IIop;IIpocTpaHCTB X n 11: Y nl. II ycrh L JinHeeH 11: IIepeBOAHT 
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D (L) Ha R (L) B3anMHo OAH03Ha1IHO, rrpn11eM D (L) Ir B rrpnMeHeHnn K KpaeBhIM 3aAa'laM AJist ypaBHeHnil: aJI-
R (L) IIJIOTHbl B x H y COOTBeTCTBeHHo; IIOAIIPOCTpaHCTBa JIMIITH'l. THIIa R KalJeCTBe H, KaK npaBHJIO, Bb16npaeTCst 
Xn H Yn KoHe11HoMepHbI, dim Xn=dim Ym n=1, 2, ... , aHepren111. rrpocTpaHCTBO rJiaBHoii 11acT:rr cooTReTCTBy-
a rrpoeKTopb1 P n orpaHn11eHhI paBHOMepHo no n, TO ecTb 10m;ero AmlHpepeHu;HaJibHoro orrepaTopa. 
llP nll ~c= con st, n= 1," 2, ... TorAa cJieAyIOm;ee ycJio- Jlum.: [1] I\ p a cu o c e JI b c R H ll M. A. [H 11 p.l, Ilp1!115JJH-
Bne a) paBHOCHJibHO Ha6opy ycJIOBHH 6) n a): meuuoe pemenHe onepaTopuhlx ypaeneHHif, M., 1969. 

a) Ha11nHaH c HeK-poro n= n0 cyrn;ec·rnyeT eAHHCTBeHHoe r. M. Baiinumw. 
perneHne Xn ypaaneHnH (2) n llLxn-Yll -+ 0 rrpn mo6oM IIPOEKqHOHHbllI CIIEKTP - HIIAeKcnpoBaHHoe 
y E F; Hanpa6.11eHHb!M MHOJ1CecrneoM (A, >) ceMeiicTBO cu.Mn.11ur+u-

6) nocJieAOBaTeJibHOCTb IIOAIIpocTpaHCTB LXn npeAeJib- a.11&Hbix no.Mn.11encoe {Na: aEA} TaKoe, 11To AJIH 1rnmr1oii 
Ho IIJIOTHa B Y, T. e. paccTOHHne d (y, LXn) -+ 0 npn napb1 nHAeKCOB a, a' EA, AJIH K-pbIX a' >a, onpeAeJieHo 
n -+ 00 AJIH 'r/y E F; cnMnJinu;naJihHOe oT06pamenne (rrpoeKu;nst) n~' KOM-

B) •=lim•n>O, rp;e •n= inf liPnYnll· IIJieKCOB Na• Ha KOMIIJieKc Na. Ilpn aTOM Tpe6yeTCH, 
n-+«> YnELXn, llYnll=l " a• a" 

EbICTpOTa CXOAHMOCTH rrpn co6JIIOAeHHH ycJIOBHII 6) 1IT06bI n~ = na na'' KOrAa a" >a' >a (ycJIOBHe TpaH3H-
H B) xapaKTepn3yeTCH HepaBeHCTBOM THBHOCTH). TorAa Iii rOBOpHT, lJTO 3aAaH II p () e Ku; H 0 H-

d (y, LXn),,;;;;llLxn-Yll< (1+cf•n)d(y,LXn)· (3) HhIH crreKTp S={Na,n~',A}, HJinnpocToS={Na, 

B cJiy11ae, KOrAa rrpocTpaHCTBa X n Y rnJib6epTOBhI, 
a Pn n Qn - opTOrrpoeKTophl, rrpoeKTHpy10m;ne Y co
OTBeTCTBeHHO Ha Yn n LXn, ycJioane B) paBHOCHJibHO 
YCJIOBHIO 

a') 8=lim 8,,<1, r,o:e 8n=llPn-Qn11- pacTBop IIOA-
n-+«> 

npocTpaHCTB Y n n LX n; BMeCTO (3) rroJiyqaeTCH ou;eHKa 

1 
II y-QnYl!,,;;;;llLxn-Yll,,;;;; V II y-QnYll· 

1-8~ 

B cJiy11ae Y n= LX n (MeTOA IIanMeHbIIIHX KBap;paT.OB) 
8n=O, n=1, 2, ... , Iii KpHTepHeM CXOAHMOCTH HBJIHeTCH 
ycJimme 6). 

TeopeMa r1aeT ycJioene CXOAHMOCTH HeBH3KH llLxn-yll. 
EcJIH L- 1 orpaHn11eH H yER (L), TO H3 GXOAHMOCTH He
BH3KH CJI0AY0T CXOAHMOCTb CaMHX npn6JinmeHnii Xn K 
perneHnro x= L -I y ypaaHeHnH ( 1). lfa TeopeMhl M01KHO 
ll3BJie'lh YA06HhlH KpnTepnil: CXOAHMOCTH MeTO):\a faJiep
KHHa; AJIH MeTOAa I'aJiepKHIIa - IleTpOBa CJieAye.T AO
IIOJIHHTeJibHO IIaJIOll\HTb ycJIOBHe THIIa a'). 

IlycTh l - JIHIIe:iiIIaH orpaHn'leIIIIaH ilJopMa. a a - 6n
JIHHefrnaH orpaHn'leHHaH ilJopMa Ha A0HCTBHTeJihlIOM rnJib-
6epTOBOM rrpocTpaHCTBe H (nJin noJiyTopamrne:iiHaH B cJiy
qae KOMIIJieKCHoro H). J.lorrycKaeTCH, lJTO a npe):\CTaBnMa 

B BH,'\0 a=a+b, TaK lJTO 

y= const > 0, 

a 6nJinIIeiiHaH ilJopMa b BIIOJIHe HerrpephlBHa, T. e. cJia6ble 
CXO):\HMOCTH Un -+ u, Vn-+ v B H BJieKyT 3a co6of1 cxo
AHMOCTb b (um Vn) -+ b (u, v) (cnMMeTpH'IHOCTb ilJopM a, 

a, b Ile o6st3aTCJibIIa). IlycTb IIOCTaBJieHa 3aAaqa; HaHTH 
u EH TaKoe, 'ITO 

a(u, v)=l(v) VvEH. (4) 

MeTOp; faJiepKnIIa perneHHH 3ar1a11n (4) aaKJIIO'laeTcH B 
cneAyIOm;eM. Bh!6npaIOT KaKne-Hn6yAh (3aMKHYTbie) rror1-
npocTpaHCTBa HnCH, n=1, 2, ... , H HaXOAHT unEHn 
TaKoe, lJTO 

(5) 

MMeeT MecTo cJier1y10m;ast TeopeMa: nycTb {H n} rrpe
AeJibHO IIJIOTHa B H, BhlIIOJIHeIIh1 HaJiomeHHhie BhlIIIe IIa a 
ycJIOBHH, H 3aAa'la (4) HMeeT eAHHCTBeIIHoe perneHne 
u EH (paaHocnJihIIoe ycJioane: OAHOPOAIIaH aar1a'la OThI
CKaIInH u H3 YCJIOBHH a(u, v)=O VvEH HMeeT JIHIIIb Tpn
BllaJibIIOe perneHne u=O); TOrAa aaAa'la (5) rrpn acex 
p;ocTaTO'IHO 60JibIIIHX n HMeeT ep;HHCTBeHIIOe peIIIeHne 
unEHn H llun-ull-+ 0 c ou;eHKOH 

rr1e O,, - opTorrpoeKTop, 
c=const. 

11poeKTnpyron~ni'1 H Ha H "' 

n~' }. 9TO IIOHHTHe npnHaAJiell\HT Il. C. AJieKCaH):\pOBY 
(cM. [2]); OHO, IIO cyTn, 3KBHBaJieHTHO o6m;eMy IIOHHTHIO 
0 6 p a T H 0 il: c H c T e M hi, HJIH 0 6 p a T H 0 r 0 
c rr e K T p a (cM. Cnenmp B KaTerop1rn). ,Aeil:cTBHTeJih
HO, Kall\p;bIH KOMIIJieKC Na ecTeCTBeHHbIM o6pa30M npe
Bparn;aeTCH B qacTHlJHO yrropHAO'leHHOe MIIOll\eCTBO CHM
IIJieKCOB aToro KOMIIJieKca, a CJie):\OBaTeJibHO B TOIIOJIO-

rn11ecKoe T 0-npocTpaHCTBO Na. II pn 3TOM npoeKu;nn n~' 
CTaIIOBHTCH HerrpephIBHhIMH OT06pameHHHMH. 06paTHO, 

eCJIH {Na' n~'} - o6paTHaH CHCTeMa H3 TOIIOJiorn11ecKHX 

To-IIPOCTpaHCTB H HerrpephIBHhIX rrpoeKu;nil: n'&'' TO Kam
p;oe T 0-npocTpaHCTBO Na ecTeCTBeHHO npeaparn;aeTcst B 
11aCTH1JHO yrropRAO'leHHoe MH"meCTBO, a 3TO qaCTH'lHO 
yrropHAO'leHHOe MHomeCTBO peaJIH3yeTCH B BH):\e CHMIIJIH
l~HaJibHOro KOMIIJieKca Na. Ilpn aToM HenpephIBHhle npo
eKu;nn n~' CTaHOBHTCH CHMIIJIHD;HaJibHhlMH OT06pameHHH
MH. TaKHM o6pa30M, n. c. - aTO B TO'lHOCTH o6paTHast 
CHCTeMa H3 TOIIOJI01'H'leCKHX To-IIPOCTpaHCTB (cM. [3]). 

IloIIHTHH «Il. C.» (a CJieAOBaTeJihHO, H o6paTIIOH CH
CTeMhl rrpocTpaHCTB) H H e p B a CHCTeMhl MIIomecTB (CM. 
Hnme) OKaaaJin orpOMHOe BJIHHIIHe He TOJibKO Ha pa3BH
THe TOIIOJiornn, HO H Ha pa3BHTne aceii TeopeTHKO-MIIO
mecTBeHHOH MaTeMaTHKH. IlocJie aToro CTaJio B03MOll\IIhlM 
roaopnTh o Teopnn arrnpoHCHMau;nn cJioll\HhlX TOIIOJiorn-
11ecKnx H aJire6po-TOIIOJIOrn11. o6'beKTOB 6oJiee IIpOCTb!MH. 

EcJin AJIH Kail\f(oro a EA KOMIIJieKc Na KoHe11eH, TO 

CII0KTP S={Na, n:i'} Ha3. KOHClJHhlM npoeK-
1~ Iii 0 H H bl M C II e KT p OM. C KalKAb!M Il. C. S= {Na, 
n~'} CBH3J,rnaIOTCH CJie):\yIOm;ne IIOHllTHH. BCHKHH Ha6op 
CHMIIJICKCOR £= {ta : a EA} no OAHOMY H3 Kamf(oro KOM
rIJieKca Na crrnKTpa S Ha3. H n Th IO :iToro cneKTpa, ecJm 

npn a'>a acerr1a nii'ta.=ta, rAe ta, twE£. MHomecTBo 
S acex IIHTeii c TonoJiorneil:, 6a3y K-poil: o6pa3yIOT MHO

mecTBa BHAa Ota 0 = {S' E S : t~, ~fa0 }, r,o:e a0 EA, ta 0 EN a 0 

IIpOH3BOJibllhl' a t~, ~tao 03Ha qaeT' lJTO CIIMIIJI0KC t~ 
HHTH s' B I{OMIIJieKCe N a0 HBJIH0TCH rpaIIbJO CHMIIJI0HCa 
tao• Jia3. II 0 JI H bl M II p e A e JI 0 M c II e K T p a s. 
Ta me TorroJiornst rroJiy11aeTCH, ecJin IIHAYu;npoaaTh Ha S 
TOIIOJiornIO TnXoIIoBCKoro rrpon3Be):\eIIHH IT {off a : a EA }, 
fAe oN' a - COOTBeTCTBYIOm;ee KOMIIJieKcy Na TOIIOJiorn-

11ecKoe To-IIPOCTpaHCTBO. HnTh s' = {t~} o6'beMJieT HllTb 

s= {ta}, eCJill AJIH Kall\AOfO a EA BhlIIOJIIIeIIo t~)da. 
HnTb s Ha3. Ma K c HM a JI h H 0 ii (cooTBeTCTBeHHO Mn
il ll M a JI h H 0 :ii), ecJin IIe cym;ecTByeT HHKaKOH OTJIH'l
IIOii OT Hee HHTH, AJIH K-pof1 OHa 6bJJia 6hl o6'beMJieMOH (co
OTBeTCTBeIIIIO o6'beMJIIOID;eil:). Ilor1rrpocTpaHCTBO IIOJIHoro 

rrpeAeJibIIoro rrpocTpaIIcTBa S crreKTpa S, cocTostm;ee na 
acex MaKCHMaJibHb!X (coOTBeTCTBeIIHO H3 acex MHIIHMaJib
HhlX) HHTeii, Ha3. Be p x H HM (cooTBeTCTB0HHO H ll )K

H H M) II p e A e JI 0 M c II e K T p a s. IIOJIHhlll rrpeAeJI 

s HBJIHeTCH IIOJiyperyJIHpHhlM (B ,o:pyroil: TepMHHOJIOfllll -
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eeMHperyJIHPHbIM) T0-rrpoeTpaHeTBOM, a aepxHHii S 
n HHIBHHii S rrpe,a;eJihI eyn T1 -npoeTpaHeTBa. Ecmi: S -
KOHe'JHhJii fI. e., TO S, S H S - OHKOMITaKTHbie ITpOeT
paHeTBa. 

B oeHOBe aeeii TeOpHH aITITpoKeHMarvru TOITOJIOfH'l. 
rrpoeTpaHeTB 110JIH3,!1;paMH, aepHee eHMITJIHqHaJibHbIMH 
KOMITJieKeaMH, JieIBHT aae,a;eHHoe II. C. AJieKeaH,a;poBbIM 
(eM. [ ~)) ITOHHTHe Hepaa eueTeMbl MHOJReeTB. H e p B 0 M 
p;aHHOH eueTeMbl a MHOJReeTB Ha3. eHMITJIHqHaJibHblH KOMIT
JieKe Na. aepIDHHbl K-poro B3aHMHO O)l;H03Ha'JHO eOOT
BeTeTBYIDT 3JieMeHTaM eneTeMbl a TaKHM o6pa30M, 'ITO 
Kam,a;oe MHOIBeeTBO BepmHH OITpe,a;eJIHeT enMITJieKe KOM
ITJieKea Na Tor,a;a H TOJibKO TOr,a;a, Kor,a;a eOOTBeTeTBYID~He 
3THM aepmmraM ~momeeTBa eHeTeMbl a HMeIOT HeITyeToe 
ITepeee'leHHe. 

Y,a;o6Hee paeeMaTpHBaTh T. II. KaHOHH'l. ITOKpbITHH 
ITpoeTpaHeTBa x. JloKaJibHO KOHe'lHOe (KoHe'lHoe) ITO
KpblTHe a ITpOeTpaHeTBa x Ha3. K a H 0 H H 'I e e K HM, 
eeJIH ero JJieMeHTbl - Ka1wnu'lec1me .Mno:m:ecmea (3aMK
HYTb1e) (B µ;pyroil: TepMHHOJiorrm - peryJIHpHhle 3aMKHy
Tbie) e )l;H3'hIDHKTHblMH OTKpbITbIMH H,a;paMH. EeJin l13 
µ;ayx KaHOHH'l. ITOKpblTHH npoeTpaHe1'Ba x f!OKpb!THe a' 
eJieµ;yeT 3a ITOKpb11'HeM a, 1'. e. a' BITHeaHo B a (B 3TOM eJiy
qae a' >a), TO OITpe,a;eJieHo eeTeeTaeHHoe eHMHJIH~HaJI1>-

Hoe OTo6pamemie :rt~' (ITpoeK~HH) Hepaa Na• Ha Hepa Na, 
K-poe B03HHKaeT, eeJin Kam,a;oMy JJieMeHTY A a• Ea' ITO
Kpb11'HH a' ITOe1'aBH1'b B eOOTBeTeTBHe TOT e,a;nHeTBeHHblH 
aJieMeHT Aa ITOKpbI1'HH a, ,a;JIH K-poro Aa:::iAa'. IIyeTh 
Ill (X) (e001'BeTeTBeHHO llro (X)) o6o3Ha'laeT eOROKYITHOeTb 
Beex JIOKaJibHO KOHe'JHblX (KoHe'IHb!X) KaHOHH'I. ITOKpbITHH 
ITpoeTpaHeTBa X. ,ll,JIH Kam,a;oro a E Ill ( X) ( eooTBeTeTBeHHo 
a E ll!0 (X)) o6o3Ha'leHa BeH eoaoKyITHoeTh acex JIOKaJihHO 
KOHe'lHbIX (KoHe'lHblX) KaHOHH'l. ITOKpblTHH ITpoeTpaHeTBa 
x. ,ll,JIH Kam,a;oro aElli(X) (e001'BeTeTBeHHO aElllo(X)) 
paeeMa1'p:irnaeTeH KOMITJieKe Na' HBJIHl()~Hii.eH HepBOM ITO
KpblTHH a. EeJIH a' >a, TO OITpe,a;eJieHo eHMITJIH~HaJibHOe 

OTo6pameHue n~' : Na' - Na. IIoJiy'leHHblii. TaKnM 
o6pa3oM II. e. S= {Na, n~'} Ha3. no JI H hi M (eoOT
BeTeTBeHHo K 0 He 'I H bl M) II. e. TOIIOJIOfH'I. ITpOeTpaH
eTBa X. II. C. AJieKeaH,a;poa [2] e~e a 1928 ,a;oKa3aJI, 'ITO 
KaIB,a;blH Me1'pH'leeKiril: (n-MepHbIIl) KOMJiaKT HBJIHeTell 
BepXHHM ITpep;eJIOM (n-MepHoro) KOHe'IHOfO fI. C. Hap; e'!eT
HblM MHOIBeeTBOM HH):\eKeOB. A. f. J\ypom B 1934 )l;O
Ka3aJI, '!TO Kamp;blii. 6imoMnaKT eeTh aepxmril: ITpe.QeJI 
eaoero KOHe'IHoro II. e. B 1961B.11. IloHoMapeB ,a;oKa3aJI, 
'!TO Kam,a;Mil: ITa paKoMITaKT eeTb aepxHHii. ITpe,a;eJI caoero 
ITOJIHoro TI. c., TO eeTb eITeKTpa, ITOC1'pOeHHoro Hap; MHO
meeTBOM Ill (X) Bcex JIOKaJibHO KOHe'IHbIX KaHOHH'I. 
IIOKpblTHH ITpoeTpaHcTBa X. B. M. IloHoMapeB BBeJI ITO
HHTHe p a e e JI a 6 JI e H Ii! ll CHMITJIIlqM.aJibHOfO KOM
ITJieKea K, ITOHHMaH no.a; 31'HM BeHKHii 33MKHYThIII: ITO,a;
KOMITJieKe K' cK' eo,a;epma1qHii Bee BeplIIHHbl KOMITJieKea 
K. HyJihMepHblH KOMITJieKe, eoeTOH~HH 11.3 Beex aepITIHH 
KOMITJieKea K, Ha3. ero IT o JI H bl M p a e e JI a 6 JI e
H Il e M (HJIH 0 e T 0 B 0 M). 3aMeHllH Bee KOMllJieKebI 
,a;aHHoro II. e. ux (ITOJIHhIM) paeeJia6JieH:11eM H eoxpaHHH 
ITpn 3TOM ITpoeKqHH, IToJiy'laIDT (ITOJIHoe) paeeJia6JieHHe 
eITeKTpa. MeeJie,a;oaaHne HeITpHBO)l;HMhJX eoBepmeHHblX 
01'o6pameHHii ITapaKOMIT3KTOB eBO)l;HTeH K uceJie,QoBaHHI() 
paccJia6JieHHI1 HX ITOJIHb!X n. e. Dpn :HOM npe,a;eJT ITOJI
HOfO paeeJia6JieHHH ITOJIHoro II. e. uapa1;oMITaKTa X 
eeTb T. H. a6co1t10m X na paKoMnaKTa X, a npe,a;eJI ITOJl
Horo paeeJia6JieHHH KOHe'IHOro fI. e. JII06oro peryJIHp
HOfO ITpoeTpaHeTaa - 61moMITaKTHoe paemupeHue CTo-

yHa - qexa ~X a6eoJIIDTa X BToro peryJIHpHoro ITpo
eTpaHeTaa. BeHKHii KOHe'lHblii a6eTpaKTHbJii n. e. 3K
BHBaJieHTeH eITeKTPY Ha.a; HeK-pblM HanpaaJieHHbIM H3-
MeJib'laIO~IlMCH MHomeeTBOM KoHe'lHb!X KaHOHH'leeKHX 
noKpb!THii HeK-poro rroJiyperyJIHpHoro 6rmoMITaKTHoro 
T0-npoeTpa.HcTaa, T. e. IToJiy'laeTeH ua noro cIIeKTpa 

IToepe,a;eTBOM KOHe'lHOro 'lileJia eJte,a;yID~nx onepaquil:: 
1) aaMeHa eITeKTpa H30Mop'1JHblM eMy erreKTpoM, 2) 3aMeHa 
erreKTpa ero KoH'1JunaJibnoii. qaeThID, 3) 3aMena eneKTpa 
eITeKTpOM, eo,a;epma~nM ,a;aHHb!H B Ka'leeTBe KOH'1JHHaJib
HOH qaeTH (Teo p e Ma 3 a ii q e Ba). 

fIOHHTHH Hepaa H fI. e. p;oeTaBHJIH epep;eTBa )l;JIH pe
,QyKqHH eaoneTB o6~HX rrpoeTpaHeTB, H rrpem,a;e aeero 
ITapaKOMIIaKTOB, OHKOMITaKTOB H MeTpH'l. KOMIIaKTOB, K 
eaoiieTBaM KOMITJieKeOB H HX eHMIIJIH~HaJibllblX OT06pa
meHHH. 8To IT03BOJIIlJIO orrpe,a;eJIHTb H H3y'laTb rOMOJIO
fH'leeKue H KOfOMOJIOfil'leeKHe HHBapuaBTbl o6~ux ITpO
eTpaHeTB, a He TOJibKO ITOJIHa,a;poa (eM. A 1tetccaniJpoea -
l/exa zo.Mo1tMuu u KOZO.M01tozuu, CneKmpa1tbllb!e zo.Mo1tozuu). 
Bee aTo ITpnaeJio K eHHTe3y reo~ieTpH'leeKHX H TeopeTHKO
MirnmeeTBeHnhIX u,a;eii. B TOITOJIOfHH. 

Jium.: [1] A JI e" ca H >1 po n TI. C., «C.r. Acad. sci.», 1927, 
t. 184, p. 317-20; 12] er o me, «Ann. Math.», 1929, v. 30, p. 
101-87; [3] er o me, «YcnexH MaTeM. Hayw>, 1947, T. 2, n. 1, 
C. 5-fi7; [l.J er 0 lR C, BBe)'.leHHe B TeOpll'.IO MHOlReCTB H OOIT(yIO 
TOllOJIOrll'.IO, M.' 1977; [5] A JI e R c a H ll p 0 B Il. c.' II 0 H O
M ape B B. IL, n HH.: General topology and its relations to mo
dern analysis and algebra, v. 2, Prague, 1967, p. 25-30; [6] 
A JI e H ca H n po B Il. C., <I> en op q y R B. B., «YcnexH Ma
TeM. uayw>, 1978, T. 33, R. 3, c. 3-48; [7] Il 0 H 0 Map e B B. H., 
«MaTeM. COOPHHK», 1963, T. 60, .No I, c. 89-119; [8] 3 a Al\ e B 
B. H., «TPYilbl MOCH. MaTeM. OO-Ba>>, 1972, T. 27, c. 129-93. 

B. H. Ila>to.MapeB. 

IIPOEKIVUI - Tepmrn, eBH3aHHblil: e orrepaqHeti: rr p o
e K 1' Il p 0 Ba H Ii! H (IT p 0 e q Ii! p 0 Ba H JI H), K-pyro 
MOIBHO onpe,a;eJIHTh eJie,a;yID~HM o6paaoM (eM. pHe.): 
BbI6HpaIDT IlpOH3BOJib
HYID TO'IKY s ITpoeTpaH
eTBa B Ka'leeTBe q e H
T p a IT p 0 e K T H

p 0 B a H H H Ii! IIJIO
eKOeTb Il', He rrpoxo-
AH~YID 'lepe3 TO'IKY s' s 
B KaqeeTBe !I JI 0 e Ko- ------J 
e 1' H IT p 0 e K ~ H ii. 
q T06bI errpoeKTHpO-
Ba1'h TO'IKY A (rr p o o 6 p a 3) ITpoeTpaHeTBa Ha m10-
eKoeTb CT' qepe3 qeHTp rrpoeKqHii S, ITpOBO)l;HT IlpHMYIO 
SA ,a;o ee ITepeee'lemrn B TO'lKe A' e ITJIOeKoeTbID Il'. 
To'IKY A' (o6pa3) Ha3. rrpoeKqueii. TO'IKH A; 
ITpoeKIJ;Heil: '1Jurypb1 F Ha3. eoaoKyrrHOCTh II. aeex ee 
TO'leK. 0ITHeaHHaH D. Ha3. q e H T p a JI b H 0 ii (HJIH 
K o H H q e e K o ii). II. e 6eeKoHe'lHO y,a;aJieHHhIM qeHt
poM rrpoeKTHpoBaHHH Ha3. Il a pa JI JI e JI b H 0 ii. (HJlH 
~Ii! JI Ii! HA p II 'I e e K 0 ii). EeJIH IlJTOeKoeTb n. paeITO
JIOIBeHa nepneH):\HKYJIHpHO K HaITpaBJieHHI() ITpOeKTH
poBaHHH, TO lI. Ha3. 0 p T 0 r 0 H a JI b H 0 ii (HJTJI II p H
M 0 y r 0 JI b H 0 ii). 

IIapaJIJieJihHhie II. mrrpoKo ueITOJih3YIDTeH B na'lepma
me1tbnoii zeo.Mempuu p;JIH noJiy'leHHH pa3JIH'lHbIX anµ;oe 
JI3o6pameHHi1 (eM., HaITp., A1>cono.r1iempuS1, JlepcneKmuea). 
l1MeID1'eH erre~HaJibHhie BH)l;bl fl. Ha ITJIOeKOeTb, e'1Jepy H 
,a;p. noaepXHOeTH (eM., HaITp., f{apmozparfju'lec1>an npo-
eKlfU!I, Cmepeozparfju'lecKan npoeKz+U!I). A. B. H•a1w•. 

IIPOJI3BE,ll,EHJIE e e M e ii e 1' B a o 6 'h e R T o e 
K a T e r 0 p H JI - IIOHHTHe, OITHehlBaIDu~ee Ha H3b!Ke 
MOp'1JJI3MOB KOHeTpyKqHJO p;eKapTOBll I1pOH3Be/l,eHHlJ. fI yeTb 
A;, i E /,- nn,a;eKeJipoaaHHoe eeMeiieTBO o6'heK1'0B Ka
TeropJIJI $i'. 061,eKT PE Ob.~ (a~rneTe e Mop'1Ju3MaMH 
n;: P - A;, i EI) Haa. npoH3Be,a;e11ueM ce~reiieTBa o6'heK
TOB A;, iEI, eCJIH ):\J!H BeHKOfO ceMel1eTBa Mop'1JH3MOB 
a; : X - A;, i El, eyu~eeTayeT TaKoii: egnHeTaeHHblii: Mop
'1Jn3M a: X - P, 'ITO a:rt;=a;, iEI. Mop'1JH3Mbl :rt; Ha3. 
Il p 0 e K l~ II H M H !I p 0 Ii! 3 B e p; e H H H; fI · 0603Ha-

'laeTeH II~ A;(n;), HJIH rr. A;, HJIH AiX· . . XAn 
1 E I t E 1 

B eJiy'lae I= {1, •. ., n }. Mop<J>naM a, BXOAH~Hii B 

OITpep;eJieHHe fI., IlHOf):\a o6o3Ha'JaeTCH Ili E 1a; HJIH 

( x )i E Ia;. n. ceMeii:CTBa A;, i EI' OITpe,a;eJieHo O)l;H03Ha'IHO 
e TO'l.BOCTbK) AO Il30Mopcpll3Ma; OHO accoqnaTHBHO H ROM-
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MyTaTHBHO. IlOHllTHe fl. C0M0llCTBa 06'h0KTOB ,IJ;BOllCTBeB
HO noHllTHIO nonpouaoeaenusi ceMe:il:CTBa o6'b0KTOB. 

1IpoH3B0A0HlleM rrycToro ceMeHCTBa o6~eKTOB llBJllleTCll 
npaahlft HYJlb (T e p M ll H a JI b H hi ft 0 6 ~ e K T) Ka
Teropmi:. B 60J1billHHCTBe KaTeropnii CTPYKTypn3oaaHHhlX 
MHOJReCTB (KaTeropnn MHOlReCTB, rpyrm, TOIIOJIOrll'l. 
rrpocTpaHCTB ll T. A·) IIOHllTHe rr. ceMeiicTBa o6~eKTOB 
coarra,11aeT c rroHHTHeM ,11eKapToaa (np11Moro) IT. aTnx 
o6~eKTOB. TeM He MeHee TaKoe COBJiap;eHne He llBJIHeTCH 
o6a3aTeJlbHhlM: B KaTeropnn rrepno,11nqecKHX a6eJ1eBhlX 
rpyrrrr IT. ceMeiicTBa rpyrrrr Gi, i E /, eCTb rrepHOAH'l. 
lJaCTb AeKapTOBa Jl. 3THX rpyrrrr, K-paa B o6IIJ,eM CJlyqae 
OTJ1H'laeTc11 OT caMoro ,11eKapToaa IT. 

B KaTeropnax c HyJ1eBhIMH Mopq,n3MaMn AMI J1106oro 

rrpouaae,11eHn11 P= IJ ~ Ai (ni) cyru;ecTBYJOT Tairne OA-
i EI 

HoaHa'lHO orrpeAeJ1eHHble Mop«J>naMhl <Ji: A; - P, iEI, 
'ITO <Jin;=1A;• a;n1=0 rrpu i=foj. Ecmi. I KOHff'lHo, To B 
a6eJ1eaoii KaTeropnn n1a1+ .. . +nn<Jn=1 n IT. ceMeiicTaa 
o6~eKTOB A1 , ••• , An coarraAaeT c nx KorrponaBeAeHneM. 

JI.um.: [1) U a JI e HK o M. III., III y JI hr e i1 ljJ e p E. r., 
OcHOBhl TeopHH KaTeropHil:, M., 1974. M. m. L{a.11m»o. 

IIPOH3B0)1;HAH - OAHo ua ocaoaHblX rroa11Tnii: Ma
reMaTH'l. aaaJ1naa. ITycTb ,11eii:cTBHTeJ1bHa11 «J!YHKIJ;Hll 
f(x) AeftcTBHTeJlbHoro rrepeMeHHoro x orrpe,11eJ1eHa B 
HeK-poii: OKpeCTHOCTM TO'lKll Xo ll cyru;ecTayeT KOHff'lHhlll 
HJIH 6ecKoHelJHblii rrpeA0JI 

lim /(x)-/(x,,). (*) 
x ~ Xo X-Xo 

8TOT rrpe,[leJI H Haa. IT p 0 M 3 B 0 AH 0 ii: 0 T q, y H K
u; ll M /(x) B TO'lKe Xo· ECJIH IlOJIOlf\llTb y=f(x), 

x-x0=8x, f (x)-f (x0 ) =f (x0 +8x)-f (x0) =8y, 

TO npeAeJI (*) aam1merc11 TaK: 

1. 4y 
Im Ax 

dX-+ 0 

lfono.rrh3YIOT TaKme o6oaHa'leHBll f' (x0), df ii:•> , y', 
...!!:J!..._ d 
dx , dX f (x0 ) n HeK-phle APYrHe. 

Onepau;n10 BbI'lHCJleana IT. Haa. AM «P «Pe p e Hu; n:
p 0 B a H ll e M. ECJIH rrpon3B0,[1Ha11 f' (xo) KOHelJHa, TO 
«J!YHKu;n10 f (x) Haa. An «P qi e p e H u; M p ye M o ii: B 
T 0 q R e Xo· <llyHKD;HIO, An«J>lfiepeHu;npyeMyIO B KRlRAOH 
TO'lKe HeK-poro MHOJReCTBa, Haa. An«J>iflepeHu;npyeMOH Ha 
3TOM MHomecTae. )J.e:«J>«J>epeHu;n:pyeMa11 «J!YHKIJ;H11 acer,11a 
aerrpephlBHa. 0AHaKO cym,eCTBYIOT HerrpephlBHble «J>yaR
D;HH, He HM0IOIIJ,He fl. BO BCeX TO'lKaX 3aAaHHOrO rrpOMe
myTKa (cM. HeaurjjrjjepenlfupyeMasi rjjyn1>1fusi). 

ITyCTb «J>yHKIJ;IUI p;n«J>«J>epeHu;Hpy.eMa B HeK-pOM npoMe
>KYTKe. Ee rrponaao,11Ha11 f' (x) MomeT oKaaarbCH rrpe: 3TOM 
paapMonou rjjynn1fueu. 0,11HaKo no KJ1acC1i.«J>nKau;Hn Bapa 
(cM. Bapa n.11,accb1) oHa acer,11a HBJIH0TCII «J!YHKu;neii 1-ro 
KJlacca ll 06J1a;:i;aeT CBOMCTBOM )J.ap6y: rrpHHHB ABR 3Ha
'leJi!HH' rrpn:HHMaeT H BCe npoMemyTO'lHhle. 

06o6m,eHHeM ITOHHTHH IT. HBJIHeTCll ITOHHTHe IT. no 
11rno11rncray. ITycrb AeiicrBHTeJ1bHa11 «J!YHKIJ;HH f (x) orr
pe;ri;eJ1eHa Ha HeK-poM MHomecrae E AeHCTBHT0JlbHbIX 
qnceJI, x 0 - rrpe;ii;eJJbHaH TO'lKa aroro MHOJKeCTBa, x0 EE, 
ll cyru;ecTByeT KOHe'lHblH HJIH 6ecKOHe'lHblH rrpeAeJI 

I (x)-f (xo) 
lim X-X0 

X--4-X 0 ,XEE 

K-pblH H Ha3. IT p 0 H 3 B 0 AH 0 H 0 T «Ji Y H K u; n n: 
t (x) IT 0 M H 0 lK e c T B y E B TO'lKe Xo ll o6oaHa'laIOr 

CHMBOJIOM /~(:co). J1. «J!yHKIJ;IIH ITO MHOJK0CTBY eCTb o6o6-
IIJ,0HHe rrOHHTHH IT. PaaHOBHAHOCTIIMM <JToro 0606ru;eH1rn 
HBJIHIOTCH JIOHHTHH 081wcmoponneii npouaoo8noii, npou3-
ooi'Jnoao 11,uc.ia, annponcu.Mamuonoii npouaooanoii. 

)1;aHHoe onpe~eJieHn:e II. (n: ero o6o6ru;eHn:e), a TaKme 
npocrell:mue ee caoilcTBa rro'lTn 6ea 11aMeHeHn:ii pacrrpo
crpaHHIOTCH Ha KOMITJleKCHble «J>yHKIJ;HH H BeKTOp-«J>yHKIJ;HII 
Ae:HCTBHTeJlbHoro IIJIH KOMrrJieKcHoro rrepeMeHHoro. R po Me 
Toro, cyru;eCTBYIOT ITOHHTHH J1. CKaJIHpHoii «J>yHKIJ;IH! 
TO'IKH eaKJIHAOBa rrpocTpaacTBa IR.n (cM. I'paauenm), 
Il. «J!YHKIJ;IIH MHOJKeCTBa ITO Mepe (B 'laCTHOCTH, ITO ITJIO
ru;aAII, no o6~eMy H T. rr.), ITOHHTHe II. pacrrpocTpaHHIOT 
Ha BeKTOp-«J>yHKIJ;HH TO'IKH a6cTpaKTHoro rrpocTpaHCTBa 
(cM. ,4urjjlj)epen1fupooanue omo6paJ1Cenusi). 

0 reoMeTpH'l. B MeXaHH'l. HCTOJIKOBaHIIH n., 0 rrpo
CTeHillHX rrpaBHJlaX AHlfi«J!epeHIJ;HpoaaHil.H, 0 fl. Bb!CIIIHX 
ITOpHll;KOB, O lJRCTHbIX J1., a TaKme JIHT. CM. B CT. JI. urfirfje
peHlfUllAbHoe UC'/,UC.11,enue. I'. ll. To.11cmaB. 

IIPOH3B0)1;HOE MHOil\ECTBO - COBOKYITHOCTb 
M' acex npe8Mbnblx mo'len MHomecTBa M B rorroaorn:'l. 
rrpocTpaHCTBe. MHolReCTBO M' COBITaAaIOru;ee co CBOHM 
fl. M., Ha3. C 0 B 0 pill 0 H H bl M. M. H. BouwxoBc»uu. 

IIPOlI3B0)1;HOE IIPABHJIO B hi Bo A a A JI H A a H
R o r o n: c q n c JI e H II H - Bbiooaa npaeu.11,0, aaKJIIO'le
Hil.e K-poro BblllO,J:IIIMO Il.3 ero llOChIJIOK B paccMaTpHBaeMoM 
IIC'lBCJleHnn:. Hanp., B oMcnaabloanuii uc'luc.11,enuu rrpaBIIJIO 
BblBO/J;a 

A:::i B, B:::J C 

A:::JC 

HBJIHeTCH II. IT.' ITOCKOJibKY B 3TOM BC'lHCJieHHH Il.MeeT 
MeCTO BblBOAIIMOCTb n:a ITOCblJIOK: 

A:::::iB, B:::::iC f-A:::::>C. 

BcHKOe n. rr. HBJIHeTCH aonycmUMbl.M, npaBUAOM, HO He 
BCHKoe ,[IOITYCTIIMOe rrpaBHJIO HBJJHeTCH rr. rr. Harrp., 
noacmanoonu npaou.11,0 B HC'fHCJieHn:n: BhICKa3b!BaHIIii HB
JIHeTcH IJ;OITYCTHMblM rrpaBll.JIOM, HO He rrpon3BOIJ;HblM. 

JI.um.: [1] H JI H Hu C. H., Bse~emrn B MeTaMaTeMaTHKY, 
nep. c aHrJI., M., 1957. C. H. ApmeMoB. 

IIPOH3B0)1;HOE qlJCJIO, rr p o II a a o A H o e q H c
JJ 0 ,II; n: H H, - llOHHTIIe Teopn:n: «J>yHKIJ;IIR ii;eiiCTBHTeJlh
Horo rrepeMeHHOrO. B e p X H HM II p a B hi M fl. 'l. 

Aa Baa. aepxHnii rrpeii;ea OTHOllleHHH / (x~:=~ (x) rrpn 

x1 - x, rAe x1 >x. AHaJlorn'lHO orrpeAeJIHIOT H n: m
H e e rr p a Boe Aa, B e p x Hee Ag n H n lK He e 
Ag JI e B bl e II. 'l. ECJIH Aa=Aa (Ag= Ag), TO f (x) IIMeeT 
B TO'lKe x OAHOCTOpOHHIOIO rrpaay10 (J1eay10) rrpOH3BOAHYIO· 
06hIKHOBeHHaH rrpOII3BOIJ;HRH cym,eCTByeT, eCJIH ace 'le
Thlpe IT. lJ. KOHe'lHbl H COBIIa,[laIOT. Il. 'l. 6b!JIH BBeiJ;eHh! 
Y. ,lJ;nHII (1). RaK rroKaaaJI H. H. JlyanH, ecJ1n ace 'le
Thlpe Il. 'l. KOH0'1Bbl Ha HeK-pOM MBOJKeCTBe, TO «J!yHKIJ;llH 
HMeeT o6bl1IHYIO rrpOH3BOAHYIO BCIOAY Ha 3TOM MHOlK0-
CTBe, KpoMe TO'leK MHOJKeCTBR Mepbl HYJlb. 

JI.um.: [1) Dini U., Fondamenti per la teorica delle funzio
ni dt variabili reali, Pisa, 1878, [2) Ca Kc C., Teopmi: HHTerpaJla, 
nep. c aHrJI., M., 1949. T. n. JJ.y»m.ue11.no. 

IIPOH3B0)1;H:blll ABTOMOP<l>H3M B 3 p r o A II q e
c K oft Teo p n n - rrpeo6paaoaaHMe Tx, orrpep;eJ1H-
10ru;eec11 no aBTOMop«J>Il.aMy T npocmpancmoa c .Mepoa 
(M, µ) H H3MepHMOMY ITOAMHOJKeCTBY ITOJIO>KHTeJlbHOM 
Mepbl XcM, ITO'ITH ace TO'IKII K-poro ITOA ;ii;eliCTBHeM 
Il.Tepau;nii T CHOBR rroua;ii;aIOT B x. /];JIH KalKAOil TRKOiJ 
TO'!Kll x orrpep;eJlllIOT Tx (x) KaK TY TO'IKY TpaeKTOpm1 
T"x, B K-poii: 3Ta TpaeKTOpIIH BrrepBble ITOCJle x B03Bpa
ru;aeTCH B X (corJ1acuo IJyan1>ape meope.Me o aoaaparu;eHil.H, 
YCJIOBHe, 1JT06hl ITO'ITH ace TO'IKII H3 x co BpeMeHeM 
CHOBR B03Bparu;aJIHCb B x' aBTOMaTH'l0CKII BbIITOJIHHeTCH, 
eCJlll µ (Af) <co). J1 peo6pa30BRHHe TX OKR3b!BaeTCH 
RBTOMop«J>H3MOM (TO'lHee, RBTOMoplfi1I3MOM no mod 0) 
rrpocTpaHcTBa X c n:Hp;yu;HpoaaHHoii Ha HeM Mepoii (rro
CJ1eAHHH eCTb Mepa µ, paccMaTpn:aaeMaH TOJlbKO Ha llOA
MHOlKeCTBRX x; eCJIH µ ( X) < 00' TO o6bIKHOBeHHO 3TY 
Mepy eru;e HOpMMpyIOT). 

06paTHO, ecJln: U n>oT"X=M (:no ycJJOBn:e aBTOMa• 
TH'leCKII BbllIOJJHHeTCH, ecJ1n aBTOMop«J>naM T aprop;Il.'feH), 
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TO llCXO)l;HhIH aaTOMopqm:3M T BOCCTaHaamrnaeTCH (c Toq
HOCTbIO p;o corrp.11memrn rrocpe)l;CTBOM HeK-poro 1rno
MopqnrnMa rrpOCTpaHCTB c Mepoil:) no T x H B p e M e H H 
B03Bpam;eHJIH 

nx(x)=min{n > O:Tnx EX}. 
A JIMeHHO, T eCTh cneq,ua.tibHinu aemoMoprfiuaM, rrocTpo
eHHhIH no Tx H nx. P,. B. Att0C06. 

IIPOJI3BOJJ;HbllI «l>YHKTOP - cf>yHKTOp, «H3Meparo
Il~Jii:l:» OTKJlOHemrn OCHOBHOro cf>YHKTOpa OT Toqaoro. 
IlyCTh T(A, C) - ap;p;HTJIBHhIH cf>YHKTOP H3 KaTerop1rn 
Ri-Mop;yJieil: n R 2-Mop;yJieil: B KaTeropmo R-Mop;yJieil:, 
KOBapnaHTHhIH no rrepBOMY aprYMeHTY H KOHTpaaapHaHT
HhIH no BTOpOMY. ,11.JIH liH'heKTHBHOH pe30JlbBeHThl x 
MOAYJIH A 11: npoeKTJIBHoii pe30JII>BeHThl Y Mop;yJI.11 C 
rroJiyqaroT ABalRAhl rpap;yn:poaaHHhlff KOMIIJieKc T (X, Y). 
fpyIIIIbl roMOJlOrliH acco~nJipOBaHHOro OAHHapHoro KOM
IIJleKca T (A, C) He 3aBHCHT OT Bbl6opa pe30JlhBeHT, 06-
Jiap;aroT cf>YHKTOpHhIMH CBOHCTBaMH H Ha3. rrpaBhIMH 
rrpOH3BO)l;HblMH cf>YHKTOpaMH nn T (A' C) cf>YHKTOpa T (A' C). 
OcnoaHoe caoiiCTBO IT. cf>.- cym;ecTBoBaHne 6ecKoHeq
HblX TOqHblX TIOCJle)l;OBaTeJlbHOCTeH 

--+ RnT (A', C)--+ RnT (A, C)--+ RnT (A"C)----+ 

--+Rn+IT (A',C)--+ ... 
--+ RnT (A, C")--+ RnT (A, C)--+ RnT (A, C') --+ 

---... nn+i (A, C")--+ ... , 

HHAY~HpOBaHHblX KOpOTKHMH TOqHblMH TIOCJie.qoaaTeJlb
HOCTHMH 

0--+ A'---+ A--+ A" -+ 0, 

0--+ C'--+ C--+ C"---+ 0. 

Jleable IT. cf>. orrpep;eJIHIOTCH p;aoiicTBeHHhlM o6pa30M. 

IT. cf>. cf>yHKTopa Hom o6o3HaqaroTCH ExtR. CflyHKTop 

E )[tJ~ (A, C) KJiaccncf>n~npyeT ace pacme:peHHH Mop;yJI.11 
A c HAPOM C c ToqliocTbIO AO 3KBHBaJieHTHOCTJI (cM. 
BJpa yMno:HCenue, RozoM0.tiowu a.tize6p). 

Jlum.: [1] Hap Ta HA., a it JI e H 6 e p r C., roMoJiorH•iecRaH 
ame6pa, nep. c aHrJI., M., 1960, [2] Ma K JI e it H c., roMoJIOrHH, 
nep. c aHrJI., M., 1966. B. E. I'o•opo•. 

IIPOJI3BOJJ;JIID;AJI «l>YHKD;JIJI, re He p a T pH ca, 
qucJlOBOH JIJlJI cf>YHK~liOHaJlbHOH IlOCJle)l;oBaTeJlbHOCTH 
{an (x)} - cyMMa CTeneHHoro pH,n:a 

F (x, w)= ~:=o an (x) wn 

c IIOJlOlRHTeJlbHblM pa,n:nycoM CXO)l;HMOCTH. EcJIH H3B0CTHa 
IT. cf>., TO ,n:JIH 11:3y11eHHH nocJiep;oeaTeJibHOCTH {an (x)} 
HCIIOJlb3YIOTCH CBOHCTBa Koacf>cf>n~neHTOB Tefmopa aHa
JlHTHq. cf>YHK~Hii. ,11.JIJr MHOroqJieHOB {Pn (x) }, opToro
HaJlbHhlX Ha JIHTepaaJie (a, b) c BeCOBOH cf>yHK~neii h (x), 
npn HeR-phlx o6m;e:x ycJIOBHHX cym;ecTByeT IT. cf>. 

F(x,w)=~"' Pn(x)wn, xE(a,b). 
"'-in= o 

,11.JIH KJiaccnqecKnx opToroHaJlbHhIX MHOrO'IJieHOB IT. cf>. 
npe,n:cTaBJlHeTCH B HBHOM BH,n:e qepe3 aecoayro cf>YHK~HIO 
h (x) H HCTIOJlb3yeTCH AJlH Bhl'IHCJleHHH aaaqeHHH 3TJIX 
MHoroqJieHOB B OT)l;eJlbHblX TO'IKax, a TaKJRe )l;JlH llblBO,n:a 
pa3JIHqHbIX TOJR)l;eCTBeHHhIX COOTHOITieHHH Memp;y 3THMH 
MHOroqJieHaMH H HX rrpOJI8BO)l;HhIMH. 

B Teopn:JI aepoHTHOCTe:n IT. qi. cJiy11aiiHoii aeJin:qn:Hhl £, 
rrpHHHMarom;eii ~eJlO'IHCJleHHhle 3Ha'leHHH { n };' c BepoHT
HOCTHMB {Pi; (n)}, onpe;o;eJI.HeTCH rpopMyJioii 

F(£, z)=~:=OP~(n)zn, jz/,,;;;;;1. 

C noMOID;bIO IT. qi. Bbl'IHCJI.HIOTCH pacrrpep;eJrnmu1 aeponT-

HOCTeii: CJiyqaii:Hoii: BeJIB'IHHH £, ee MaTeMaTB'I. OlRH)l;aJme 
n p;ncrrepcn.a: 

P6 (n)= ~' FW(s,O), Es=F;(s, 1), 

Ds=F;, (s, 1) +F; (s, 1)-[F~ (s, 1)]2 • 

II. qi. CJiyqaiiHOH BeJlliqliHIJ s MOlRHO orrpep;eJIHTb KaK 
MaTeMaTnq, OJRHp;aHHe CJiyqaliHOH aeJIHqHHhl zs' TO eCTb 
F (s, z)= Ezs . 

Jlum.: [1] C ere r., OpToroBaJihHhle MHoro'IJieHhI, nep. c 
1:jHrJI., M., 1962; [2] Cy e TH H TI. H., HJiaccH'lecRHe opToroHaJihHhle 
MHOro'IJleHhJ, 2 H31I;., M' 1979; [3] <I> e JI JI e p B., BBelI;eHHe B TeO
pmo BePOIITHOCTeit H ee npHJIOa<eHHII, nep. c aHrJI., 2 H31I;., T. 1-2, 
M., 1967. II. R. Cyemun. 

IIPOH3BOJJ;JIID;JIII OIIEP ATOP rr o JI y r p y rr rr bl -
rrpOHBBO)l;HaH B HyJie OT IIOJiyrpyrrrrhl JlHHeHHblX orpaHe:qen
HblX orrepaTOpoB T (t), 0 <t < oo, p;eiicTByrom;n:x B KOM
rrJieKCHOM 6aHaxoaoM rrpocTpaHCTBe X. Ecm1 T (t) He
rrpephIBHa no HOpMe orrepaTOpOB, TO OHa HMeeT BHA T (t)= 
=efAo, r,n:e A 0 - orpaHnqeHHbIH orrepaTop, 

lim t- 1 [T (t)x-x]=A0x (1) 
t-+ 0 

rrpn: mo6oM xEX 11: A 0 eCTh IT. o. T(t). 06paTHO, ecJIJI 
npep;eJI cJieBa cym;ecTByeT rrpJI acex x EX, TO T (t)=etAo. 

EoJiee cJiolRHaH Ka pnrna B03HHKaeT, Korp;a T ( t) TOJlbKO 
Clt.tibno nenpepbienaa n0.tiy2pynna. B aToM CJiyqae rrpep;eJI 
(1) cym;ecTByeT He npn acex x. OrrepaTop A 0 , orrpep;eJieH
Hhlii Ha JlJIHeHHOM MHOJReCTBe D (Ao) acex Tex x, AJIH 
K-pblX rrpep;eJI cym;eCTByeT, HBJlHeTCH JlHHeiiHhIM Heorpa
HnqeHHblM orrepaTopoM II Ha3. H H qi H H JI Te 3 HM a Jl b
H bl M o n e p a T o p o M. B qacTHOCTH, A 0 orrpe,n:eJieH 

Ha acex aJieMeHTax anp;a ~:T(t)ydt, a, ~>O,yEX. 
Ecm1 o6o3Haqn:Tb 1Iepe3 X 0 3aMblKaHIIe o6'he)l;HHeHHH 
o6JiacTeii 3Ha'leHIIii acex orrepaTOpoB T (t), t>O, TOD (A 0) 

IIJlOTHO B Xo li, 6oJiee Toro, nnD (A~) IIJlOTHO B Xo. 
Bee 3Ha'leHHH orrepaTopa A 0 TaKme JielRaT B X0 • EcJin 
orrepaTOp A 0 HeorpaHII'leH, TO D (A 0) HBJIHeTcH MHOJRe
CTBOM rrepaoil: KaTeropIIH B Xo. 

EcJin B X 0 HeT aJieMeHTOB x, Ha K-pblx T (t)x=O, TO 

orrepaTop A 0 ,n:orrycKaeT 3aMblKaH11e A=A0 , K-poe 11 Ha3. 
II p 0 ll 3 B 0 A H m; JI M 0 II e p a T 0 p 0 M IIOJiyrpyrrrn.t 
T (t). B 3TOM cJiy'lae rrpII x ED (A) 

T (t) x-T (s) x= ~: T ('t) Ax d't, 

dT d!) x = A0 T' (t) x = T (t) Ax. 
(2) 

PaaeHCTBO (2) orrpe,n:eJIHeT 3aMKHYTb1H onepaTOp A, 
K-pblli, aoo6m;e roaopH, mnpe, 'leM aaMblKaHe:e A 0 • Ero 
HHOr,n:a Ha3. 0 6 0 6 :tD; e H H bl M II p 0 II 3 B 0 A H m; II: M 
0 II e p a T 0 p 0 M IIOJiyrpyrrrrhl T (t). 

Ha MHomecTae DR Tex me x EX, p;JIH R-phlx cxo.qnTcH 
Heco6CTBeHHhIH JIHTerpaJI 

~: T (s) x ds, (3) 

orrpep;eJieH orrepaTOp 

R (Ii,) X= lim r 00 e-'AST (s) xds 
t-+ 0 .l t 

rrpn Re li,>ro, r,n:e ro - THII noJiyrpyrrrn.t T(t). 3ToT one
paTop o6Jiap;aeT CBOHCTBaMn: 

1) R(A,)DRcDR; 
2) R (Ii,) x-R (µ) x=(µ-/i,) R (Ii,) R (µ) x; 
3) R (Ii,) (Al-A0 )x=x, x ED (A0); 

4)(Al-A)R(A,)x=x, xEDRnXo. 

EcJin HHrnrpaJI (3) a6coJIIOTHo cxo,n:HTCH npn: Jiro6oM 
xEX, To IT. o. A cym;ecTByeT TOrAa H TOJlbRo rorp;a, Kor,n:a 
113 T(t)x==O, xEX0, cJie.qyer x=O; orrepaTOp R(/i,) orpa-
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mi.qeH, n, ecm1 X 0=X, OH coerraAaeT c peao.tt&uenmoii 
orrepaTopa A; AJUI Toro qT06h1 A 0 6hrn 3aM1rnyThlM (A =A0), 
Heo6XOAHMO H AOCTaTO'IHO, 'IT06hI 

1 ~ t lim T T (s) x ds =X 
I_,. 0 ° 

npn mo6oM xEX0• 
OcHOBHoil 3aAaqeii Teopnn rroJiyrpyrrrr orrepaTopoB HB

mieTCH ycTaHOBJieHne CBH3H MelRAY CBOllCTBaMn rroJiy
rpyrrrr II CBOllCTBaMII IIX Il. 0., npnqeM IIOCJieAIIHe o6h!'IHO 
qiopMyJinpyroTCH B TepM1rnax onepaTOpoB R (/.,). 

Jlum.: [1] x II JI .n e 8., <I> II JI .n II II c p' Cl>YHRUMOHaJihHblll 
attaJIH3 H rroJiyrpym1b1, rrep. c attrn., M., 1962, [2) 3 a 6 pen
" 0 II. II., 3 a ljJ II e B c R II'. ll A. B., «)l;ORJI. AH CCCP», 1969, 
T. 189, M 5, c. 934-37; [3] er o >Re, TaM >Re, 1970, T. 195, M 1, 
c. 24-27. c. r. Rpeuu. 

IIPOH3BOJibHhIX IIOCTOHHHhIX BAPHAD;HH -
MeTOA perneHHH JIHHeRHhIX HeOAHOPOAHhIX o6h!KHOBeHHh!X 
AHqiqiepeeu,naJihHh!X CHCTeM (HJIH ypaBH0HHll). 9ToT MeTOA 
II03BOJIHeT 3aIIIICaTh B 3aMKHYTOll ipopMe o6u+ee pew,enue 
HeOAHOPOAHOll CHCTeMhl, ecm1 H3BeCTHO o6nwe perneHIIe 
cooTBeTcTeyrom;eii OAHOPOAHoiI cncTeMh!. HAeH MeTOAa 
II. rr. B. COCTOIIT B TOM, 'ITO rrpOI!.3BOJihHh!e IIOCTOHHHhle, 
BXOAHUIHe B o6m;ee perneHIIe OAHOPOAHOH CHCTeMhI, 3a
MeHHIOTCH cpyHKil,IIHMH He3aBHCIIMOH rrepeMeHHOH, K-phle 
IIOA6HpaIOTCH TaK, qTQ6h! YAOBJieTBopHTh HeOAHOPOAHOH 
CHCTeMe. B KOHKpeTHhIX 3aAa'IaX ::JTOT MeTop; rrpnMeHHJICH 
em;e JI. 9liJiepoM (L. Euler) n /];. EepHyJIJin (D. Bernoul
li), Ho ero rrnJIHaH pa3pa6oTKa rrp:irnaAJiemnT /K. Jlar
panmy [1]. 

IlycTb paccMaTpHeaeTcH 3ap;aqa Kornn )J;JIH JIHHeil:Hoii 
Heop;Hopop;Hoii CIICTeMhl 

rp;e 
X=A(t)x+f(t), x(t0 )=x0 , 

A:(a, ~)--->-Hom (IRn, 1Rn), 

/:(a, ~)-IRn 

(1) 

- cyMMHpyeMhle Ha KalRAOM KOHe'IHOM 0Tp03Ke OT06pa
JReHHH, t0E(a, ~). EcJIII <ll (t) - <flYHAaMeHTaJibHaH MaT
pHu,a perneHHH OAHOPOAHOll CHCTeMh! 

y=A(t)y, (2) 
TO y=Cl>(t)c, cEIRn,-o6m;ee perneHne ::JTOH CHCTeMhl. 
II. II. B. rrpeACTaBJIHeT co6oii 3aMeHy rrepeMeHHhlX B CH
CTeMe (1): 

X=ID(t)u 

n rrpHeop;nT K qi o p M y JI e I{ o rn n AJIH perneHirn 3a
Aa'IH (1): 

X=<D (t) cJ>-l (to) xo+CI> (t) fl <D- 1 (T) f (T) dT, J lo 

K-pyro Ha3. HHOrAa qi 0 p M y JI 0 ii B a p H a Il, H H 
(rr p 0 ll 3 B 0 JI b H hi x) n 0 c T 0 H H H hi x (cM. TaKJRe 
JI UHeUHOe iJurfirfiepeHU,Ull.ttbHOe yp ll6HeHUe 06bl1'H06eHHOe). 

HAeJO n. n. B. IlHOfAa YAaeTCH HCilOJlb30BaTb B 6oaee 
o6m;eii HeJIHHellHOH CHTyawrn AJIH onncaHHH CBH3Il peme
HilH B03Mym;eHHOH IlOJIHOH CllCTeMhI H perneHHH HeB03-
Mym;eHHOH yKopo'IeHHoii cncTeMhl (cM. [3], [4]). Harrp., 
AJIH pernemrn x (t) 3aAa'ln 

X=A(t)x+f(t, x), x(t 0 )=Xo 

(rAe A, f - aenpephIBHhle oT06pameHnH n rAe 06ecne'IH
eaeTCH ycJioene e,111IHCTBeHHOCTII perneHnH) cnpaBeAJIHBa 
qiopMyJia 11. n. B., HBJIHJOUiaHCH IIHTerpaJibHh!M ypaeHe
HHeM: 

x (t) =Cl> (t) cJ>-l (to) xo+<D (t) rt cJ>-l (T) I (T, x (T)) dT; J to 

3A0Cb <D (t) - qiyHAaMeHTaJibIIaH MaTpnu,a pernerrnii CH
cTeMhI (2). 

Jlum.: [1] Lagrange J., CEuvres, t. IV, P., 1869, p. 151-
251; [2) II 0 HT p II r H H JI. c., 06bIKHOBeHHhie JJ,HljJ!jJepem~1rnJih
Hble ypaBHeHHll, 5 H3A., M., 1983; [3) A JI e R c e e BB. M., «BeCTH. 

MOCR. ya-Ta», 1961, M 2, c. 28-36; 141 pell 311 H h JI. 8' Jio
RaJibHal! 3RB11BaJieHTHOCTh p,111jJqiepeauHaJihHhlX ypastteHHli, PHra, 
1971. H. X. Poaoe. 

IIPOKOHEllHAH rPYIIIIA - TOilOJIOrH'leCKaH rpyn
na HBJIHIOIIJ;aHCH npoenmuBHbl.M npeoe.tto.M CHCTeMh! HO
He~Hhlx rpynn G;, i E /, cna6meHHhIX AHCHpeTHoii Tono
Jiome.ii: (I - npep;yrropHAO'leHeoe MHomecTBo). II. r. 
G o6o3Ha11aeTCH lim G;. RaK nop;rrpocTpaHcTBo npHMoro -IlpOH3Be/];eHHH n. G;, CHa6JReHHOllO KOMIIaKTHOll TOITO-

i EI 
JiorHeii (6a3oii OKpeCTHOCTe.ii: eAHHllll,bI HBJIHeTCH CIICTeMa 

Hp;ep npoeKu,n.ii: ni E IG; - G;), oua 3aMKHyTa Il IlOTOMY 

KOMnaKTHa. 
II p n Me p hi. 1) IIycTh I - MHomecTeo u,eJihIX 

'lnceJI, 66JibIIIHX HYJIH, c ecTecTeeHHhIM OTHomenneM 
nopHp;Ka n G;='lJ)pi'lf.,. IIycTh T/:+-1 : G;+ 1- G; - ecTeCT
BeHHh!H annMopqi1rnM Il 

j i+l i+2 i 
Ti=T; Ti+l . •. T;-1 

p;JIH JIJ06h!x i <j. TorAa lim G; - (aAAHTRBHaH) rpyrrna 
~-

KOJibU,a z p u,eJihIX p-aAH'leCKilX 'lHCeJI. 
2) BcHKaH KOMnaKTHaH aHaJIHTH'l. rpyrrna HaA noJieM 

p-aAn'lecKnx 11nceJI (Hanp., SLn(Zp)) HBJIHeTcH (KaK 
TorroJiorH'l. rpynna) II. r. 

3) n ye Tb G - a6cTpaKTHaH rpynna H {Hi' i E /} -
ceMeHCTBO Bcex ee HopMaJibHh!X AeJIHTeJieii KoHe'lHOro 
IIHAeKca. Ha I MomHo eeecTn OTHorneHHe ..,;:, rroJJomne 
i..,;:j, ecJIH H;=:JHj. 3To OTHorneHne rrpeepam;aeT I B 
npeAynopHll;O'leHHoe MHomecTeo. CorrocTaBJIHH KalRAOMY 
i EI rpynny GI H; H KaJRAOM nape i ..,;:j H3 I -ecTecTBeHHhlii 
roM0Mopqi1rnM Ti : GI Hj -+ GI H;, noJiy'laJOT II. r. G"= 
=IimGIH;, Ha3. accou,nnpoeaHHoli c G TI. r.: 

OH;-HBJIHeTCH OTAeJIHMhIM IIOilOJIHeHHeM rpyIIIIhl G OT
HOCHTeJibHO TOllOJIOfllH' onpeAeJieHHOH IIOArpyrrrraMH KO
Heqnoro HHAeKca. HAPO ecTecTeeHrroro roMoMopip:irnua 
G - G HBJIHeTcH nepece'leHneM ecex noArpyrrn KoHe'l
noro HHAeKca. B aToli KoHcTpyKu,nH MOJRHo 61,rno 6h! eMe
cTo ceMeiicTBa ecex HopMaJihHhlX A0JIHTeJieii Korreqeoro 
HHAeKca paccMaTpneaTb JIHIIIb Te, llIIAeHC K-ph!X eCTh 
cTeneHh qinKc11poeaHHoro npocToro 'lHCJia p. CooTBeTCT-
eyrom;aH rpynrra 0603rra'laeTcH {J,, n HBJIHeTCH npo-p
zpynnoii. 

4) II. r. cJieAy10m;nM o6pa3oM ecTecTBeHrro B03HHKaroT 
B Teopm1 faJiya (Boo6m;e roeop11, 6ecHorre'IHhIX) aJire6-
pan11. pacrn11pem1il: rroJieil:. IlycTh Klk - I'a.ttya pacmu
penue n {K;lk, iE/} - ceMelicTBO ecex Korreqrrhlx pac
IIIJrpeHHH raaya IlOJIH k, JJemam;nx BK. TorAa K= u ie 1K;. 
Ha I MomHo eeeCTH oTHornenne <., noJioJRHB i ..,;:j, ecJin 
K;r:;;:,Kj. Torp;a I CTaHoBHTCH npeAynopHAO'l0IIHhIM MHO
mecTBOM. IIycTb GalK;lk - rpynna faJiya pacrnHpemrn 
K;lk. Ram/];oli nape i <.j H3 I conoGTaBJIHeTcH ecTeCTBeH
Hhlli roMoMopcpH3M 

Tf :Gal Kj/k---->- Gal K;!k. 

TorAa cooTBeTcTByroru,aH II. r. lim Gal K;/k (a6cTpaHTHo) 
+-

ll30Mopqma rpyrrne Gal K/k, 'ITO no3BOJIHeT C'lHTaTb 
Gal Klk n. r. CBCTeMa nop;rpynn Gal KIK; 06pa3yeT B 
Gal K/k cBcTeMy oKpeCTHocTeii 0AHHHil,hI (cM. I'aJtya 
mono.ttozu'lecna!I zpynna). 9Ta KOHCTPYKU,HH noJiy'laeT 
0606m;eHI1e B aJire6pan'l. reoMeTpHH npn orrpeAeJieIIHII 
qiynAaMeHTaJibHOll rpynnhl CX0Mhl. n. r. MoryT 6bITb 
oxapaH.TepH3oBaHJu K8K KOMilaHTHhie BilOJIHe H0CBH3Hhl0 
rpynnhl (cM. Ko.MnanmnaJ1 zpynna), a TaKme KaK KOM
naKTHhle rpyrrnhl, y K-phIX HM00TCJI MHOJReCTBO OTKph!ThIX 
nopMaJJbHh!X p;emueJieii, o6pa3yrom;ee CHcTeuy oKpecT
rrocTeii 0AHIIHil,hl. Teop1rn KoroMOJIOfllM n. r. (cM. Kozo
,M,O/IOZUU zpynn, I'a.ttya nozo.MoJtozuu) 11rpaeT eamHyro 
pOJih B C0Bp0M0HHOH TeopHil faaya. 
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Jium.: [1] Ce p p li\.-n., HoroMoJJor1111 ranya, nep. c lfipaHn., ITT\ ( 6 ~ s s ( 

M., 1968; [2] Hox X., Teop11Rranyap-pacm11pea11ll, nep. caeM., Ha :J.J< o oaHa'leime m1rA). EcJin 1S •To IT. JI. L S1) 
M., 1973; [3] AJire6pa111qec11aR TeOpllR 'll!CeJJ, nep. c aHrJJ., M., eCTb coaoKyIIHOCTb acex if>opMyJI, o6m:eaHa'IHMblX Ha 
1969. B. JI. llano•. mo6on cTpyKType !.J.)1 E S1• ,Il;JIH AaHHon ceMaHTIIKII S 

IIPOMEiKYTOK, o T K P bl T bl ii IJ p o M e m Y T o K, ecTecTaeHHO onpeAeJIHeTcH oTHorneH11e c e M a H T 11 q e-
n a Te pa a JI,- MHoIBecTao To'leK, aaKJIIO'leHHblX Melli- c K 0 r 0 c JI e A 0 a a H 11 R r F sA, rAe r cocToHT n:a 
AY AaYMH p;aHHblMH, T. e. yp;oaJieTaopHIOm;llx ycJioaHIO IJiopMyJI; aTo oTHollleHn:e oaaaqaeT, '!TO AJIH mo6oii cTpyK-
a11p;a a<x<b. IT. He aKJIIO'laeT KOHIJ;Oa II o6oaHa'laeTCH 
(a, b), a OTJIII'IHe OT OTpeaKa [a, b] (aaMKHyToro n .), TYPbl m1E s ll3 !.lJ1 FB AJIH acex BE r CJiep;yeT !.lJ1 FA. 
aKJIIO'laIOm;ero KOHl.l,bl, T. e. COCTOHm;ero 113 TO'leK a<:x<:b. CeMaBTHKII S1 II S2 Ha3. 3 Ka II a a JI e BT H bl Mn:, 

BC&-a. eCJin: OTHorneHn:H F s, n F s 2 coaIJap;aIOT. OcHoaHoe 
IIPOMEiKYTOqHAH JIOfHKA a bl c K a a bl a a- Tpe6oaaHrre, Dpe/thHaJIHeMoe K ceMaHTn:He, - aTo ee 

}Ill ii - nponaaOJihHoe HenpoTnaope'ln:aoe MHOiKecTao K 0 p p e KT H 0 c Tb: H3 ff--1A AOJiiKHO CJie1waaTh 
I1pOII03Hl.l,HOBaJibHblX if>opMyJI, aaMKHyToe OTHOCilT0JibHO r F sA. Bee ynoMn:HaeMble HHiKe ceMaHTHKH KoppeKTHbl. 
npaanJia ablaop;a .Mooyc nonenc Iii npaanJJa IIOACTaHOaKH ,IJ;pyroe aaiKH00 caoii:cTao C0MaHTHKJil - IIOJIHOTa. IT. JI. 
H cop;epIBani;ee ace aKCHOMh! unmyuu,uonucmcrweo ucituc- L eaa. n 0 JI H 0 ii: 0 T H 0 c n T e JI h H 0 c 0 M a a
Aenua BbtcKaa1>uianuii I. 

Han:6oJiee ecTecTaeHHblM crroco6oM aap;aHn:H n. JI. T n: K HS, ecJIH A EL~LFsA. 
HaJIHIOTCH II p 0 M e iK y T 0 q H bl e I1 p 0 I1 0 3 ll I.I, Iii o- A JI r e 6 p a ll q e c K a R c e M a H T ll II a s A co-
H a JI b H bl e H c q H c JI e H II H. J\aiKAOe Ta11oe IIC'IHC- CTOIIT Il3 II c e a A 0 6 y JI e a bl x a JI r e 6 p, T. e. 
JieHne aaAa0TCH yKaaaHn:eM eeK-poro 'IHCJia KJiaccnqecKn aJire6p anAa 
o6m:eaHa'!IlMbIX npoU03Hl.l,IlOHaJibHbIX if>opMyJI' 11.06aaJIH- !.lJ1 = (M, &, v, =· l; 1, 0)' 
eMblX 11 aKcn:oMaM n:c'ln:cJieHnH I. 

CoaoKynHoCTh acex n. JI. o6paayeT )l;HCTpn:6yTHBHYIO 
perneTKY OTHOCHT0JihBO aKJIIO'leHllH =, rrpH'leM KoHe'IHO 
aKc110MaTnan:pyeMhie IT. JI. 06paay10T a aeii rro11.perneTKY, 
a K-pyIO H30Mopif>Ho aJIOiKHMa JIIOOaH KOHe'IHaH AHCTp11-
6yTn:aHaH perneTKa. 

IT. JI. L Haa. p a a p e rn 11 M o M:, ecJIB cym;ecTayeT 
aJiropHTM, K-pb!H !10 KaiKAOii npOII03lll.l,llOHaJibHOB IJiop
MyJie A pacnoaHaeT, npnHa):{JieiKHT A n. JI. L HJill HeT. 
TaK, paapernHMhIMil HaJIHIOTCH IlHTyn:1.1,noHn:cTcKaH n 
1rnaccH'!ecKaH IT. JI. Boo6m;e, acHKaH if>nHHTHO annpoK
cmvmpyeMaH (cM. HHiKe) KOHe'IHO aKCHOMaTH3HpyeMaH 
CT. JI. paapernRMa. IlocTpoee np11Mep KoHe'IHO aKc110Ma
rnan:pyeMoil HepaapeIDl<IMOii IT. JI. (CM. [7)). 

n. JI. L Haa. All 3 'b IO HK T ll a H 0 ii, ecJIH H3 (Av B) EL 
cJI011.yeT, '!To A EL lilJIH BEL. 8TRM caoiicTaoM o6JiaAaeT, 
Hanp., MHTYill.l,llOHilCTCKaH n. JI., HO He OOJia)l;aeT KJiac
Cil'leCKaH IT. JI. Cym;ecTayeT 6ecKoHe'IHO MHoro AM3'hIDHK
THaHhIX IT. JI. 

l1 HT e p II 0 JI R I.I, II 0 H H 0 e Ca 0 ii CT a 0 IT. JI. 
(T e 0 p e M a H p e ii r a) COCTOilT a TOM, 'ITO eCJIIl 
if>opMyJia A ~B I1pnea11.JieiKilT n. JI. L, TO cym:ecTByeT 
if>opMyJia C, co11.epIBam;aH TOJihKo 0611.1,11e AJIH A n B nepe
MeHHhie n TaKaH, 'ITO (A ~C) EL n (C~B) EL; ecJin A :11 B 
ue HMeIOT 0611.1,:11x IJepeMeHHhlX, To l A EL HJIH BEL. Ilo
KaaaHo, 'ITO IlHTepIJOJIHl.l,IlOHHbIM caoiicTaoM, KpoMe IlH
TYill.l,IlOHilCTCKOH Il KJiaCCJil'leCKOil n. JI., o6Jiap;aIOT e11.1,e 
poaHO IlHTb IT. JI. (cM. [6)). 

<llopMyJia A Haa. a bl pa a Iii Mo iI qepea if>opMyJihI 8 11 
B2 •... a IT. JI. L, CCJIIl A MOiKHO IJOJIY'IIlTh Il3 B1, 
8 2, .•• c IJOM01J1hIO KOHC'!Horo 'lnCJia aaMeH Ha aKanaa
JieHTHhle (a L) if>opMyJibl ia KOHe'IHoro qncJia 11011.cwHoaoK 
paHee IJoJiy'leHHhlX if>opMyJI aMecTo nepeMeHuhlx. CnncoK 
if>opMyJI L={B1, 8 2, •.. } if>yHKgnoHaJihHO 
II O JI 0 H a IT. JI. £, CCJIIl aCHKaH if>opMyJia ah1pa3HMa a 
L qepea L. AJiropHTMH'ICCKaH Dpo6JieMa pacnoaHaaaenH 
«l>YHKl.l,IlOHaJihHOH IIOJIHOTbl JII06oro CIIMCKa qiopMyJI pa3-
pem:11Ma AJIH HHTYHl.l,HOHHCTcKoiI H HCK-pbIX Apyr:11x 
II. JI. (cM. [3)). )J,pyraH aJiropHTMH'I. npo6JieMa - npo-
6JieMa pacIJoaeaaaenH ahlpaaHMOCTH A 'lepea L no 11.aH
HhlM qiopMyJie A :11 cn:11cKy L - IJoJioiKnTeJihHO pemeHa 
JIHillb AJIH HCK-ph!X IT. JI.; OHa OCTaeTCH no Ka ( 1983) 
OTKpbITOH AJIH IlHTYill.l,IlOHilC'fCKOii II. JI. 

,IJ;pyroiI cnoco6 aa,a;aHHH II. JI. ,a;aeT T. e. ceMaHTH'I. 
IIOAXO/J.. Ilo,a; c e Ma HT Iii K 0 ii a,a;ecb IJOHHMaeTCH HeK-poe 
MHoiKeCTBo S cTpyKTYP (MoAeJieil) !.J.)1, ea K-phIX onpe11.e

JieHo OTHOIIJemre IICTilHHOC'fll !.lJ1 F eA 11aeeoil IIpOII03Il
l.l,IIOHaJihHOB «l>op~1ynh1 A 11p11 r1aHeoii: 01.1,eeKe 8 (o 1.1, e 11-
H a - 0T06pamen11e, co110CTaB.11H10w:ee uepeMeHHLJM cjlop
MYJihl A eeK-pble ana'lemrn B !.J.)1). C!>opMyJia A, 11nunea» 
B !.lJ1 npll JII06oM: 01.1,eHKe, Haa. o 6 m: e a H a q H M o ii 

rAe l - ynapHaH, a &, v, s - 6nHapHble onepa1.1,:11n 
Ha M' COOTaeTCTay1011.1,ne CaH3KaM l, &, v' ~. IIpH'IeM 

(M, &, v) - AllCTp:116yTHaHaH peIIJeTKa, a 1 ll 0 - Han-
6oJihlllHH :11 HaIIMeHhIIJHH aJieMeHThl a M. Onepa1.1,:11n s 
:11 l yAoaJieTaopHIOT caoil:cTaaM: AJIH JIIOOhlX a, b, c EM 

a.;;;; (b :::::i c) ~(a& b)..;c H 

0THOIIJCHlle !.lJ1 F eA aAech oaHa'laeT, 'ITO A npHHHMaeT 
a !.lJ1 3Ha'ICHil0 1 nplil AaHHOH 01.1,eHKC 8. 

J\aiKAaH IT. JI. IlOJIHa OTHOCilTCJihHO KOHC'IHO IIOpOiK
AeHHblX nceaAo6yJieablX aJire6p. EcJin n. JI. L IJOJIHa 
OTHOCJilTeJihHO MHomecTaa KOHe'!HblX nceaAo6yJieablX aJI
re6p (OAHOD KOHe'IHOD nceaAo6yJieaoii ame6phl), TO OHa 
eaa. qi Il B Il T H 0 a n II p 0 K c H M Il p y e M 0 iI (co
OTaCTCTaeHHO T a 6 JI n 'I H o ft). II pocTeiirneii TaOJill'IHOH 
n. JI. HaJIHeTCH KJiacc:11qecKaH IT. JI. )J,H3'hIOHl\TilaHhie 
IT. JI., a qacTHOCTH IlHTYill.l,IlOHilCTCKaH, TaOJill'IHh!Mil He 
HaJIHIOTCH. l1MeeTCH npli!Mep He 4>11HHTHO arrnpoKCilMil
pyeMoil KOHe'IHO aKCilOMaTH3HpyeMOH IT. JI. (CM. [3)). 

c e M a H T" K a H p ll n K e s K COCTOl1T Il3 Kpunr.e 
.MUOMeii, 11MeIOm;HX B AaHHOM CJiyqae anA (!.J.)1, 8), rAe 

!.J.)1= (M, <l - itacmuit1w ynopa&o'lennoe .Mllo:m:ecmoo, 
Ha3. TalOKe 0 c T 0 a 0 M, IlJIIl ill K a JI 0 ii, a 3Ha'!eHHHMl1 
01.1,CHKII 0 HaJIHIOTCH IIOAMHOiKCCTBa M' IIpH'IeM AJIH 

JII06blx a, ~EM :11a a.E8(p;) Ha<~ cJieAyeT ~E8(p;). 
MeiKAY ceMaHTHKaM11 s A Il s K UMeeTCH TCCHaH CaH3b 

(CM. [5]), OAHaKo OHil ee 3Ka:11aaJICH'fHhl; a 'laCTHOCTll, 
cym;ecTayIO'f IT. JI., He IIOJIHhle OTHOCHTeJihHO SK 
(CM. [3)). 

HoecTpyKTHaHble ceMaHTHKH-aToce
MaHTnKa peaJ1,uaye.Mocmu SR (cM. [1)) :11 ceMaenrna 4>:11-
HHTHhlX aaAa'l s F· 8TH ceMaHTHKll HC IIOJIHbl AaiKe AJIH 
HHTyn1.1,11oe:11cTcKoii IT. JI., 6oJiee TOro, cym:ecTayIOT «l>op
MyJihl, o6w:eaHa'IHMbie a s R Iii He 06111eaHa'IHMble a s F• 
:11 Hao6opoT. 

n p e A :11 K a T H hi e IT. JI. onpeAeJIHIOTCH no aHaJio
r:11n C IT. JI. ablCKa3blaaHHil, T. e. 3TO - paClllHpeHirn 
:11HTynri;:11oeHCTcKoii JiorHK11 npeA:11KaToa LI, c0Aepma11.1,He
CH a KJiaCCH'I. JIOfHKe npe11.:11KaToa. B OTJIIl'IIle OT npono-
3Hl.l,HOHaJihHblX IT. JI. ace IIpCAHKaTHhle IT. JI. Hepa3p0II1Il
Mhl. CeMaHTHKa npeAHKaTHblX n. JI. aeaJIOfll'IHa COOT
aeTCTay10w:eM: ceMaHTHKe IT. JI. ablcKaahrnae:11ii: (cM. [2)). 

Jlum.: [1] H 0 B ff II 0 B Il. C., l\OHCTPYRTHBHaR M8TeM8TH
qecKalJ JJOr11111a C TO'IKH apeHHR KJl8CCH'leCKOl\, M., 1977, (2] n pa
r a Jl II H A. r., MaTeMaTH'Iec1111ll HHTYHI1HOHH3M. Bse11eH11e B Teo
PHIO 11011aaaTeJJhCTB, M., 1979; [3] Ky 3 He 11 0 B A. B., B KH.: 
Jior111'Iec11111il BhlBOll, M , 1979, c. 5-33; [4] er o me, «MaTeMaT11-
qec11ue 11cCJ1e11oean11R», 1975, T. 10, B. 2, c. 150-58; (5] 8caR11 a 
JI JI' B KH.: Jior11qec1111il Bb!BO)'.I, M., 1979, c. 147-72; [6] Ma]{
c 111 Mo Ba JI. JI., «Ameopa 111 Jior1111a», 1977, T. 16, c. 643-81; 
[7] ID ex TM a H B. B., «llOKJI. AH CCCP», 1978, T 240, No 3, 
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c. 549-52; [8) Hosoi T., 0 no H., «J. Tsuda College», 
1973, v. 5, p. 67-82. C.H. Co6011eB. 

IIPOMEiRYTQqHblR HKOBIIAH - Ha6op KOMIIJieKc
Hhlx TOpOB, orrpeAeJIHeMhlX He'leTHOMepHbIMII KOfOMOJIO
rI1HMII KOMIIJieKcHoro mrnepoea MHoroo6pa3IIH, reoMeT
pm1 K-phlx TecHo cBH3aHa c reoMeTpneii caMoro MHoro
o6pa3IIH. 

IIyCTb Hn(X, IR) (cooTBeTCTBeHHO Hn(X, Z)) - rrpo
CTpaacTBO n-MepHbIX KOfOMOJIOfIIH c AeUCTBIITeJibHhlMII 
(coorneTCTBeHHO c a.eJihlMII) KoaqiqiIII.J.IleHTaMII KOMIIJieKCHO
aaaJIIITil'l. KaJiepoaa Maoroo6pa3I1H X. Ha aemecrn. Tope 

Tn(X)=Hn(X, IR.)/Hn(X, Z) 

rrpn Re'leTHOM n MOll\HO ABYMH pa3JIIl'lHhlMII crroco6aMI1 
aaecTn KOMIIJieRceyro CTPYKTYPY, IICIIOJib3YH rrpeAcTaB
JieHne n-MepHbIX KOfOMOJiorm'l: c KOMIIJieKCHhlMII Koaqi
qim~I1eRTaMI1 B BIIAe rrpHMoil: cyMMhl Hn (X, IC)= 
=ffip+q=nHP' q rrpocTpaecrn HP' q rapMOHil'l. qiopM 

nrna (p, q). IIycT& Pp, q : Hn (X, IC) -+HP' q - rrpoeK
I.J.IIH, a 

p-q 

C = ~ iP-Qp H C = ~ iTP=Q"T p w "'-<p+q=n p. q a ~p+q=n p, q 

- orrepaTOphl, rrepeBOAHIIJ;He KOfOMOJIOfIIII c Aeii:crnn
TeJibffhlMH KoaqiqiI1I.J.I1eHTaMI1 B ce6n. IIoJiaraH 

(a+ib) CO=aw+bCw (to) II (a+ ib) CO=aco+ bC0 (co), 

AJIH JII06oro co 113 Hn(X, IR), a, bEIR, rroJiy'laIOT KOM

IIJieKCRhle CTpyKTypbI aa Tn(X), rrepaaH Il3 K-phlX T~ (X) 
aa3. II p 0 M e m y T 0 'I H hi M H K 0 6 II a H 0 M B e .ii:-

JI H, a BTOpaH T'b (X) - II p 0 Me my T 0 'I H hi M To
p 0 M r p II qi qi II Tc a. EcJIH x - MHoroo6pa3Ile XoA
ma, TO XOAll\eBa MeTpIIKa Ha x KaHOHil'leCKII OIIpeAeJIHeT 

Ha II. n. T~ (X) CTpyKTYPY rroJIHpI130BaHHoro a6eJieaa 

MHOroo6pa3IIH, 'ITO He BcerAa IIMeeT MeCTO AJIH T'/; (X). 
c Apyro.ii: CTOpOHhl, IIpII I'OJIOMOpqiHo.ii: Bapnaa.IIII MHoro

o6pa3IIH X rrpoMemyTo'lHhle TOphl T'/; (X) aaphIIPYIOTCJJ 
roJIOMopqiHo [ 2], a II. n. Be:iiJIH aTIIM caoiicTBOM MoryT 
He o6Jiap;a·rh. Cup-rrpoI13BeAeHI1e, 3aAaromee cIIapI1aamrn 
rrpocTpaHCTB Hn(X, IR) II Hd-n(X, IR), rAe d=dimRX, 

orrpeAeJIHeT KOMIIJieKCHOe crrap1rnaHI1e TOpOB T'/; (X) II 

T~-n ( X) n ABO:iicTBeHHOCTb MelRAY a6eJieBhlMH MHoro

o6pa3HHMH T~(X) II Tt°n(X). B cJiytJae, KorAa dim1Cx= 

= 2k+ 1, II. n. T~ + 1 ( X) HBJIHeTcn caMoABoiicTBeHHhlM 
a6eJieBhlM MHoroo6pa3neM c rJiaBHoil: rroJinpn3aa.ne:ii, a 
Tbk+i (X) - rJiaBHbIM TopoM. 

II. H. CJiymHT Ball\HbIM HHBapI1aHTOM K<JJiepOBhlX MHO
roo6pa3n:ii. EcJin AJIH ABYX MHoroo6pa3n.ii: X H Y n3 

coarraAeBirn T~ (X)= T~ (Y) (cooTBeTCTBeHHO T?; (X)= 
= T'/; (Y)) cJieAyeT, 'ITO X:::,,,Y, TO roaopnT, 'ITO AJIH X 
awnoJIHeHa Te o p e M a T o p e JI JI n. TeopeMa To
peJIJIH BhllIOJIHHeTCH, Harrp., AJIH aJire6pan'l. RpHBhlX. 
c IIOMOJI.J.bIO II. H. 6hlJia AOKa3aHa HepaI.J.IIOHaJibHOCTb 
o6rn,e.ii: Ky6irnn B rrpoeKTHBHOM rrpocTpaHCTBe p4 (cM. 
[1]) II HeK-p&rx p:pyrnx MHoroo6pa3nil: <llaHo. 

Jlum.: [1) Clemens C., Griffiths Ph.,«Ann.Math.», 
1972, v. 95, No 2, p. 281-356; [2) Cr it tit h s Ph., «Amer. J. 
math.», 1968, v. 90, p. 568-626, 805-65; [3) Wei I A., «Amer. J. 
math.•f, 1952, v. 74, p. 865-94. Bu><. c. HyJ1u><oo. 

IIPOHOPMAJibHAH IIO)l;fPYIIIIA - rrop:rpyrrrra H 
rpyuIIhl G, YAOBJieTBopHrom;aH cJiep:yromeMy ycJioanro: 
ecJin K - IIop:rpyrrIIa H3 G, corrpHmeHHaH c H, TO K 
coupHmeHa c H B IIop:rpyIIIIe, IIopomAeHHoil: H II K. 
Cu.rioea nooepynnb! B KOHe'lHhlX rpyrrIIaX, x o.ri.ria noo
epynnbl n K apmepa nooepynnbi B KoHe'lHbIX pa3pernnMhlx 
rpyurrax IIpoHopMaJibHhl. IIoHHTne II. II. TeCHO CBH3aHu 
c noHHTneM a61wp.Ma.11b1Wii noiJepynnbl. Jiro6aH a6Hop
MaJI1>HaH rrop:rpyrrrra rrpoHopMaJibHa, a HOpMaJin3aTop 
II. u. a6HopMaJieH. 

Jlum.: [I) m e Me T K 0 B JI. A., ([JopMaqBR KOHe'IHbIX rpynn, 
M., 1978. B. /(. MaaypoB. 

IIPOII031ID;IIOHAJlbHAH IIEPEMEHHAH - cnM-
BoJI rfiopJita.rib1weo Rabl1w, cJiymam;nil: AJIH o6o3Ha'leHnH 
IIpOH3BOJibHOf0 BhlCKa3hlBaHHH. c. H. Co60J1eB. 

IIPOII03HD;IIOHAJibHAH CBH3KA - CHMBOJI 
rfiopMa.rib1weo RJM1w, cJiymamn:ii AJIH o6oaHa'leHnH .rioeu
ttec1>ou onepatfUU, c IIOMO!I.J.bIO R-poii H3 AaHHhlX BbICKa-
3bIBaHHll MOll\HO IIOJiy'laTb HOBhle BbICRa3bIBaHIIH. Bam
HeHUJHMll II. c. HBJIHIOTCH KOH'bIOHKI.J.IIH & (nHa'le I\)' 
AH3'bIOHKI.J.IIH v' HMIIJIHKaa.nH :::::> (nHa'le - HJIII ;:. ) ' 
OTpna.aHI1e l (nHa'Je ~ ), 8KBHBaJieHTHOCTb = (nHa'le +-? 

HJIH ~). 8TH II. c. COOTBeTCTBYIOT B pycCKOM H3h1Ke 
BbrpameHHHM «n», ((HJIH», ((BJie'leT>>, <me aepHO, 'ITO» H 

«paBHOCIIJibHO». IIHorp:a paccMaTpIIBaIOTCH n Apyrne 
II. c., Harrp. T. H. /Uerfirfiepa w,mpux. 

CnMBOJI == o6hl'IHO BBOAHTCH He KaK ee3aancHMaH II. c., 
a KaK coKpameeI1e: 

A=B!:;(A:::::>B)&(B:::::>A). (1) 

ECJIII me B H3h1Ke HMeeTCH IIpOII03III.J.IIOHaJibHaH KOH
CTaHTa J., o6o3Ha'laIOJI.J.aH (<JIOffib», TO OTpna.aeI1e MOll\HO 
paccMaTpHBaTh KaK coKpameHne: l A!:; (A:::::> J.). 

II. c. &, v' :::::> H l He HBJIHIOTCH eeaaBHCIIMhlMH B 
KJiaCCH'l. JIOfHKe, IIOCKOJibRY B Heil: BepHhl <ll\BHBaJieHT
HOCTH: 

A & B ==- l ( l Av l B)---,. l (A:::::> l B), 

Av B= l (lA&lB)= (lA :::::> B) =((A:::::> B) :::::> B), 

A:::::> B=(lAV B) = l(A&lB), 

(2) 

(3) 
(4) 

T. e. Ramp:aH I13 II. c. &, v, :::::> BhlpamaeTcH qepe3 ·1 
n OAHY H3 ocTaJihHhlX. IIonoMy rrpn qiopMym1poaKax 
RJiaCCH'leCKoro npon03UtfUOUa.rtblW80 UC'lUC.rteUU!l BhlCKa-
3hlBaHHH B Ra'leCTBe HCXOAHOH MOll\HO 6paTb p:Be II. c.: 
l n OAHY H3 II. c. &, v, :::::>, a ocTaJibHhle paccMaTpnaaTb 
RaR coKpam;eunH, corJiaceo (1) - (4). B HHTyna.no
HIICTCKoil: JiornRe II. c. &, v' :::::> H l HBJIHIOTCH He3a
BHCHMhlMII. C. H. Co60J1eB. 

IIPOII031ID;IIOHAJibHAH (f>OPMA, B &1 c R a a hl
B a T e JI b H a H qi 0 p M a,- H3hlROBOe BhlpameHne, co
p:epmamee nepeMeHHhle, BMeCTO K-phlX MOll\HO OOACTaB
JIHTb BhlCKa3hlBaHHH, noJiy'laH rrpn <!TOM HOBhle BbICKa-
3hlBaHHH. B qiopMaJII13oBaHHhlX H3h1Rax IT. qi. Ha3. qiop
MyJihl, COAepmani;ne CB060AHhle BXOJf\)J;eHIIH npon03HI.J.HO
HaJibHhlX nepeMeHHhlX, rrpIIHHMaromnx 3Ha'leHnH B MHome
CTBe ucmunnocmnMx ana'lenuu. 

II. qi. Ha3. Ta.Kme Bb!pameHHH, IIOCTpoeHHhle no THIIy 
npono3UtfUOUa.rtbliOU rfiop.ny.rtbi, B R-phlX BMeCTO npoII03H
I.J.IIOHaJibHhlX rrepeMeHHhlX HCIIOJlb3YIOTCH CHMBOJihl .nema
Ji,3bll>a, o6o3Ha'larom;ne IIpOH3BOJibHbJe qiopMyJihl 8blC1>a
abieanuu uc'luc.rienuR. 

Jium.: [1) M e H 11 e JI h co H 8., BBeaemrn B MaTeMaTH'lec1;yJO 
JIOrirny, nep. c aHrJJ., M., 1971. B. H. I'pumu>1.. 

IIPOII031ID;IIOHAJibHAH (f>OPMY JIA - Bhlpame-
HIIe, OOCTpoeHHOe H3 npon03UtfUOUa.rtbH,b/,X nepeJiteH,Ub!X 
c UOMOII.J.bIO npon03UtfUOUa.rtbH,blX CB!l301> &, v' :::::>, l, = 
(II, B03MOJf\HO, HeK-phlX Apyrnx) no CJiep:yIDJI.J.l!M rrpaBH
JiaM: 1) Kamp:aH nponoana.I10HaJihHaH nepeMeHHaH ecTb 
II. qi.; 2) ecJin A, B cyTh II. qi., To (A&B), (A vB), 
(A:::::>B) n (lA) cyTh TaRme II. qi. 

EcJin a - eeR-phl:ii Ha6op rrponoana.noHaJibHhlX CBH30K 
(c II r Ha Ty pa), TO DOA II. qi. cnrHaTyphl a IIOHHMa
eTCH TaRaH II. qi., B IIOCTpoeHHH R-poil: B 2) l!CIIOJib30-
BaJIHCb Jiil.lib CBH3RII H3 a. C. H. Co60JleB. 

IIPOII031ID;HOHAJibHAH (f>YHKD;IIH - qiyHRI.J.IIH, 
apryMeHTaMH H 3Ha'leHHHMII K-poil: HBJIHIOTCH ucmunnocm
lib!e anattenuR. 8TOT TepMnH ynoTpe6JIHIOT, Rorp:a pe'lb 
HAeT 06 HHTeprrpeTaa.nn qiopMaJIIl30BaHHoro JIOfH'l. H3h1Ka. 

EcJin Q - MHomecTBO HCTHHHOCTHbIX 3Ha•JeHHll qiopMyJI 
AaHHoro H3h1Ka, TO II. qi.- 3TO JII06oe oT06pameHne BHAa 
Qn - Q (n):O). 8TJIMH qiyHRI.J.IIHMH HHTepnpeTHpyIOTCH 
npono3UtfUOH,a.rtbUble C8!l31>U, 003BOJIHIOJI.J.He o6pa30BbIBaTb 
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1'13 npeAJIOiRemdi: HJIH cf>opMyJI BOBLI0 upe,n:JI-OiReBHH HJill 
iflopMyJihl. IIp11 1macc11qecm>ii: AByaHaqHoii: HHTeprrpeTannn 
MHOlKeCTBa HCTHHHOCTHhlX 3HaqeH11ii:, T. e. Korp;a Q= {O, 1 }, 
TaKHe iJ>yHKUHH Haa. TaKme cf> y H K n H H M H a JI r e 6-
p hi JI o r H K H. B. H. I'pumun. 

rrPorroa1111;1mHAJihHOE u:cqu:cJIEHHE, n c q 11 c
JI e H H e B hi c K a a hi Ba H 11 ii:,- .wzu'lecrwe ue<iuc.ie
nue, B K-poM BhlBOAHMhlMH 06'beKTaM11 HBJIHIOTCH npono-
3UlfUOHaJibHbie rfiopMy.ibl.. l\amAoe II. 11. aap;aeTCH Ha6opoM 
aKcnoM (11ponasoJibHhlX 11po11oannnoHaJJbHhlX iflopMyJJ) 
H ebl.eooa npaeu.i. <I>opMyJJa, BhlBOAHMaH B p;aHHOM II. n., 
Haa. Te o p e Mo ii: ::noro II. n. B KaqecTBe IIpaenJJ 
BhlBOAa o6hlqHO 6epyT Jttooyc noHrnc H IIOACTaHOBKy (IIpo
H3BOJlbBhlX IIpOII03HUHOHaJJbHhlX iJ>opMyJJ BMeCTO IIepe
MeHHbIX). l1.Horp;a II. n. aap;aroT He aKcnoMaMn, a ai>cuoJtt 
cxeJttaJttu; TOr)l;a IIpaBHJIO IIO)l;CTaHOBRH ORa3hlllaeTCH 
lf3JJHIDHHM. 

I\ JI a cc 11 q e c Ro e II. n. aap;aeTcH cJJep;yromuMn: 
aRCHOMaMn:: 

1)p:=J(q:=ip), 
2) (p =i (q =i r)) =i ((p =i q) =i (p =i r)), 

3) (p & q) :=Jp, 
4) (p & q) =i q, 

5) p:=i(q:=J(p&q)), 
6) p => (pVq), 
7) q => (pV q)1 
8) (p =i r) =i ((q =i r) =i ((pVq) =i r)), 
9) (p =i q) =i ((p =>lq) =>lp), 

10) llp=>p. 
B aTOM II. n. nponoauz+uoHaJibHb!e ce:;ia1;u &, v, =i, l 

He HBJJHJOTCH Heaaencn:MhlMH. Ero MOlKHo aap;aTh c 110-
MOJIIbIO TOJlbKO aKCHOM 1), 2), 9) H 10), OCHOBhlBaHCb Ha 
CBH3Rax =i, l B KaqeCTBe HCXOAHhlX. TorAa CBH3RH & 
H v paccMaTpHBalOTCH KaR COKpa1IIeHnH: 

A & B !:; l (A => l B), AV B ~ 1 A :=i B, 

a aKCHOMhl 3) - 8) CT3HOBHTCH TeopeMaMH. I\JJaCCHqe
CKoe II. H. Haa. T3K1Ke II OJI H hi M fl. H., IIOCKOJlbKy 
p;o6aeJJeHn:e K HeMy JJJ06oii: HeBbIBOAHMOM B HeM iJ>opMyJJhl 
B KaqeCTBe aKCHOMhl IIpHBO)l;HT K II p 0 'l' H B 0 p e q n
B 0 My II. H., T. e. K TaKOMy, B K-pOM BblBO)l;HMhl ace 
11po11oannHonaJJbHble iflopMyJJhl. qacTO KJJaccnqecKoe II. H. 
Haa. 11pocTO II. H. 

M H T y H n H 0 B H c T c K 0 e (K 0 H c T p y K T H B-
Ii o e) II. n. IIoJJyqaeTCH Jia KJJaccnqecKoro II. H. aaMerron 
aKCJIOMhl 10) 6oJJee CJJa6oii: aKCJIOMOH 

11) lP => (p => q). 
II. JI., 110JJyqaeMoe na KOHCTpyRTHBHoro II. 11. p;o6aeJJe
HHeM KOHeqrroro (HJJH peKypCHBHoro) qn:oJJa aKCJIOM, rraa. 
II p 0 M e JR y T 0 q B hi M, c y II e p H H T y JI n H 0 H H
e T c R JI M (JIJJJI c y II e p K 0 H c T p y R T JI B H bl M). 
CM. TaKme llpoJtte:HCymo'lHaa .i02u1>a. 

,Il;pyrHMH IIpn:MepaMH II. 11:. HBJJHIOTCH uJttn.iui>amueHoe 
nponoauz+uoHaJibHOe UC'lUc.ieHue, JttUHUJtta.ib1toe nponoau
z+uona.ibHoe uc'luc.ieHue, noaumueHoe nponoauz+uoHaJibHOe 
UC'lUCJieHue. 

M H T e p II p e T a n JI H II. H. ocylllecTBJJHeTcH c 
llOMOJIIblO aJJre6p (MaTpHU) BHAa 

~=(M, D; &*, v*, =>*, l*), 
rAe M - MHomeCTBO ucmuHnocmn&ix 3Ha'leHuii, D 
MHOlReCTBO Bhl)l;eJJeHBhlX HCTHHHOCTllblX auaqeHHH, 

D c M, a&*, v•, =>*, l* 
- 011epau_HH rra M, COOTBeTCTBYIOJIIHe CBH3KaM &, v' =i H 
1- MHomecTBo D ;noJJmHo y;noBJJeTBopHTh cJ1e;ny10meMy 
ycJJOBHIO: AJJH J1106&1x a, bED, ecm1 a ED H (a=i*b) ED, TO 
bED (corJJacoeaBHOCTb c rrpaBHJIOM MO)l;yc llOHeHc). <I>op-

MyJJa naa. o 6 me a Haq 11 Mo ii: na MaTpHne ~. ecJJn 
OHa IIpHHHMaeT Bhl)l;eJieHHOe aHaqene:e IIpJI JIJ06oii: HHTep
IIpernue:n ee rrepeMeHHhlX aJieMeHTaMR M. II pocTeiimeii: 
MaTpHneii HBJIHeTCH MaTpJina ~2• COCTOHIIIaH H3 ABYX 
aJieMeHTOB 1, 0 («HCTHHa», ((JI01Rb») H OAHOro Bbl)l;eJJeHHOro 
anaqenHH 1, a oIIepaun11 &*, v *, =i*, l * orrpeAeJIHIOTCH 
o6blqHblM o6paaoM (CM. A.ize6pa .iozui>u). IIpoIIoanne:o
HaJibHaH iflopMyJia, o6meaHaqn:MaH Ha !Ula. Haa. T a B T o
JI 0 r H e ii.. <I>opMyJia HBJJHeTCH TaBTOJIOrJieii Toru;a H 
TOJibKO TOrAa, Korp;a OHa HBJIHeTC.11 TeopeMoii: 1maccn:qe
CK0ro II. n. 

Jlum.: [1) 'I Ii p q A., BBe)lelme B MaTeMarn'leCRyIO JJOl'lrny, 
uep. c aHrJI., M., 1960. C. R. Co6oMs. 

IIPOCTAH AJifEBPA - Heo)l;HoaJieMeHTHaH aJire6pa 
6ea )l;BycTOpOHHHX np;eaJJOB, OTJJHqHhlX OT 0 H eceii: aJire6pb1. 
II. a. 6ea 0)l;HHHUhl MOlReT H H0 6h1Tb npocmbl.Jtt KOAblfO.M, 
T. K. B aTOM CJiyqae He BCHKHH up;eaJJ KOJJbu_a HBJIH0TCH 
H)l;eaJJoM aJJre6phl. ,Il;JJH HeK-phlx RJtaccoB aJJre6p na
eecTHa KJiaCCHiJ>mmnu.11 KOH0qHOMepHbIX n. a. (CM. A Jib
mepnamU6Hbl.e KOAbz+a u a,;ize6pb1., l!opoaHoea a.ize6pa., Jlu 
a.ize6pa). JI106aH accon11aT11BHaH aJire6pa HaA IIoJJeM, 
06JJap;a10ma.11 ep;JIHnneii:, BJiom11Ma a II. a. c Toll: me eAH~ 
BHu_eii:. 

Jlum. CM. rrp11 CT. Ilpocmoe 'IWJ!btfO. JI. A. CnopHJ<1<0B. 
IIPOCT AH rIUIOTE3A B M a T e M a T n q e c R o ii 

c T a T n c T n K e - yTBepmp;eHne, corJiacno R-poMy Ha-
6JJIOAaeMaH CJiyqafirra.11 BeJ111qn:Ha IIOAqHH.lleTC.11 ROHRpeTHO 
aap;aHHOMy pacIIpep;eJieHn:IO sepoHTHOCTe:il:. PacrrpeAeJJe
Bne sepoHTHOCTeii, onpep;eJIHeMoe IT. r., Haa. r n II o T e
T H q e c RH M pa c II p e A e JI e H He M. Harrp., ecJIH 
Ha6JJIO)l;aeTCH CJiyqaii.HaH eeJIHqHHa x' TO yTBepmAeHIJe 
«X 11op;qn:H.11eTcH aaKoHy IIyaccoHa c rrapaMeTpoM 1» 
HBJJHeTc.11 II. r. CM. TaKme C.io:HCHaH eunomeaa. 

M. C. HU1<l/J!U1<. 

IlPOCTAH rPYilIIA - rpymra, He HMeJOII\aH HOp
MaJihHblX llOArpyIIrr, OTJJHqHbIX OT eceii: rpyIIIIbl H ep;n:
HHqHOH rrop;rpyrmhl. Om1canHe ecex npocm&ix 1wHNHbl.X 
epynn HBJIHeTCH J~eHTpaJibHOH rrpo6JJeMon B TeopHH 
KOHeqHblX rpyIIrr. B Teopnn 6ecKoHeqHhlx rpyrrrr a11aqe-
11ne II. r. arraqn:TeJJbHO M0Hbme BBHAY nx Heo6oapn:MoCTH. 
IIpOCTOH HBJIHeTCH rpy11IIa ecex qeTHbIX IIOACTaHOBOK, 
KamAaH H3 K-phlX rrepeMeIIIaeT ROHeqHoe IIOAMHOIBeCTBO 
3JleMeHTOB ~rnomecTea M, ecJin MOIUHOCTh M He MeHhme 5. 
cha rpyrrrra 6ec1wHe•rna, ecJJH M 6eCKOHeqHO. Cym;ect
BYIOT KOHeqHo IIOpOiR/];eHHbie H Aame KOHeqHO OIIpeu;e
Jl0HHble 6ecK0Heq11ble II. r. BcirnaH rpyIIrra BJIOiRHMa a 
II. r. B TeopHH rpyrrII Jln H aJJre6panq. rpyrrrr onpep;e
JieBne II. r. HeCKOJibKo OTJUiqaeTcJt OT rrpnee;neHrroro 
Bblille (cld Jlu no.iynpocmaH zpynna). A. JI. illMMb'l<UH. 

IlPOCTAH ,IJ;YrA - roMeOMopiJ>HbIH o6paa oTpeaKa. 
BHyTpeHmrn xapaKTepncTn:Ka: II. u;.- no Jtu1tua, HMeIO
maH B )l;Byx TOqKax HHAeRC BeTBJJeHHH 1 (K 0 H n e B hi e 
T 0 q 1( n:), a BO ecex OCTaJibHbIX TOqKax - HHAeKC BeTB
JJeHHH 2 (B H y T p e H H H e T 0 q K H). 

M. H. BOUtf'X08C1<UU. 
IlPOCT AH KOHEqHAH rPYilIIA - KOHeqHaH rpyrr

rra, B R-poli HeT HOpMaJibHhlX IIOArpyrrrr, OTJJHqHblX OT 
eceii: rpyrrIIbl n OT ep;n:nJiqHoii rroArpyrrrrhl. II. K. r. -
HaHMeHbIDJie «CTpOHTeJJhHble 6JIOKH», H3 K-pb!X c IIOMOIIJ;blO 
pacnrnpennil 111omeT 6b1Tb «co6pana» J1106a.11 RorreqnaH 
rpynna. I\all\AhlH iflaKTOp KO.Mn03UlfUOHHOZO pHoa KOHeq
HOR rpy11nbl HBJJHeTCH II. K. r., a MHHHMaJihrraH HOpMaJib
HaH rrop;rpynrra - rrpHMoe rrpoH3Be)l;eHn:e II. K. r. IIpo
cTenm11MH rrpn:MepaMn II. K. r. cJiymaT UHKJJn:q. rpyIIIIhl 
rrpoCTbIX rropHAKOB. ToJibRO TaKHM II. K. r. H30MopiflHbl 
iflaKTOphl KOMII03HUHOHHbIX PHAOB paapeIDHMhlX rpyrrrr. 
Bee ocTaJlbHhle II. K. r. Hepaapemn:Mbl n nx rropHAKH 
qeTHbl (cM. Eepncaiioa npo6.ieJtta - 1)). EecRoHeqnhle 
cepnn: IIpnMepoB Hepa3pemHMbIX II. K. r. u;aroT arraRo
rrepeMeHHhle rpyrrrrbl Wn, rrpoeKTHBHbie cnennaJibHhle 
JJnHe:iirrhle rpyrrrr&r PSL (n, q) Han Korre'IHbIM rroJJeM rro
pHAKa q, npoeKTHBHble cn:MrrJieKTHq. rpyIIIIbI PSP (2n, q), 
IIpoeKTHBHble opTOroHaJibHhle rpyrrrrhl PQ (n, q) n rrpo-
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eKTHBHhie yunTapHhie rpyrrrrhI PS U (n, q2). Bee rrepeqnc
JieHrrhie II. K. r. 6hIJIH H3BeCTHhI em:e B IIpournoM BeKe. 
KpoMe HHX, B KOH. 19 B. 6bIJU! OTKphIThI em:e 5 rpyIIII (cM. 
Mambe epynna). B Haq. 20 B. rrocrpoeHLI KOHeqHhle 
aHaJiorH IIpocrbIX rpyrrrr Jln r1ma G2 (cM. lf.ut>cona epynna). 
OrKphITHH HOBhIX 6ecKoHeqnhIX cepHH II. K. r., cp;eJiaH
Hhie B 50-x rr.' II03BOJIHJIH rroJiyqHTb 60JiblIIIlHCTBO 
Tl'IIIOB H3BeCTIIbIX !IpOCThIX rpyrrII 113 rpyrrII aBTOMop.ilrna
MOB rrpocrh!x aJire6p Jlu (cM. llleea,11,,11,e epynna). lfasecr
Hbie 6ecrrnHeqHhie cepHn II. K. r. IIpep;craBJieHhl B ra6J1Iu-1e. 

OooaaaqeHne, 
CBR3aHHOe c ,!J;pyroe YCJIOBHR 
THIIOM COOT- 0003Ha•!eHHe cy111eCTBOBaHHR 

BeTCTBYI0!11eli II. R. r. 
aJireophl JI11 

Zp p- rrpoCTOe qnCJIO 

~l !:;;.. 5 

np;eaJIOB H H0 llBJIHIOill;8HCH AByx;lJleMeHTHOH IIOJiyrpyrrnoii 
c HyJieBLtM yMHOllieHHeM, 6 H II p 0 c T a H - COCTOHm;a11 
na op;Horo q)-KJiacca (cM. I'puna omnomenusi aKeueaMnm
nocmu), 0-6 H II p 0 c T a H - COCTOHill;a11 H3 ABYX §)
KJiaCCOB, O)J;HH H3 K-phIX HyJieBoi, II p 0 c T a 11 0 T H 0-
c H T e JI h H 0 K 0 H r p y 3 H ~ H ii - ue HMeIOll.\a11 KOH
rpyau~nii, RpOM0 yHnBepcaJibHoro OTHOIIIeHHH H OTHOIIIe
HHH paserrcrsa. 

BcHKaH rrpocraH cJieBa HJIH cIIpasa IIOJiyrpyrrrra 6H
IIpocra; sc11KaH 6nIIpocraH IIOJiyrpyIIrra np;eaJibHO IIpo-

IIopRJlOK rpyrrrrhl d 

p 

l!/2 

Al(q) PSL(l+1, q) 1:;;.2; 1=1, q:;;.4 ql (1+1)/2 (q'-1) (q'-1)-··<l+ 1 _1)/d (1+1, q-1) 

Bl (q) PP. (21+1, q) l:;;,.3; 1=2, q:;;,_3; q 12 (q' - 1) (q' -1)- .. (q''- 1)/d (2, q-1) 
1=1, q:;;.4 

cl (q) PSp (21, q) 1>3; 1=2, q>3; q12 (q' -1) (q'-1)- · ·(q•L 1)/d (2. q-1) 
I= 1, q:;;. 4 

Dl (q) PQ+ (21, q) I:;. 3 ql (l-1) (q'-1) (q'-1)-. ·(q2l-2_ 1) (qi -1)/d (4, ql-1) 
E• (q) q•• (q'-1) (q' -1) (q•-1) (q8 -1) (q'-1) (q 12 - I )/d (3. q-1) 
E, (q) q" (q'-1) (q'-1) (q'-1) (q••- 1) (q 12 - 1) (q14 -1) (q18 -1 )/d (2, q-1) 
E, (q) q12 • (q'-1) (q'-1) (q"- 1) (q"-1) (q"-1) (q 20 - ! )-

·(q24 - I) (q 36 -1) 
F, (q) q•• (q'-1) (q 6 -1) (q 8 -1) (q12 -1) 
G, (q) q• (q'-1) (q'-1) 
'At (q') PSU(l+1, q') 1>3; 1=2, q:;;.3 ql (l+ 1)/2 (q'-1~ (q'+ 1) (q'-1)-. ·(ql +• +(-1)1)/d (1+1, q+1) 

l= 1, q;;> 4 
'Dt (q') PQ- (21, q) 1>2 ql (!-1)/2 (q'-1) (q'-1)- ··(qll-•-f) (ql+ 1)/d (4, ql+ 1) 
'E, (q') q•• (q'-1) (q'+ 1) (q 6 -1) (q 8 -1) (q'+ 1) (q12 -1)/d (3, q+ 1) 
'D, (q') qll (qL1) (q•-1) (q'+q'+ I) 
'B, (q) Sz (q) q=Z'l+t q' (q-1) (q'+ 1) 
'G, (q) R (q) q=3•l+t q' (q-1) (q'+ 1) 
'F, (q)' q=Z•l-1 q" (q-1) (q'+ 1) (q 4-1) (q'+ 1)/d 2 IIPH q=2 

31-1ech q - ueHyJieBa/I creIICHh IIpocroro qHcJia, l - Ha
rypaJihHoe qHCJIO, (s, t) - HaH60JiblIIHH 06!1.\Hll ACJIHTeJih 
qnceJI s H t. KpoMe IIepeqncJieHHhIX B ra6JIH~e, naaecrllhI 
ell.\e 26 II. K. r., He BXOl.\11!1.\HX HH B 01.\HY 6eCKOHeqnyro 
cepHIO II. K. r. (r. H. cnopa&u11ec1rne npocmble epynnbi). 

fJiaBHoii. aap;aqeii reopHH II. K. r. HBJI11erca IIpo6JieMa 
rmaccmfrnKa rw11 II. K. r., co1-1epmaHneM K-poii. cJiyarnr 
11,oI\a38T0JihCTBO roro, qro Kam1-1a11 II. K. r. H30MoplfiHa 
01.\HOH H3 H3BeCTHhIX IIpOCTbIX rpyIIII. ,D,pyraH aap;aqa 
COCTOHT B H3yqeHHH CBOHCTB H3BeCTHhIX IIpOCThIX rpyIIII: 
HayqeHnn nx MarpHqHbJX IIpe1-1craBJieHnii: (cM. Rone11noii 
epynnb! npeiJcmaMenue), OIIHC8HHH IIpHMHTHBHhIX IIOA
CT8HOBOqHbIX IIpe1-1craBJieHHH (CM. JJo&cmanoeOK epynna) 
HJIH, 6oJiee o6m:o, rrpe1-1craBJieHIIll B BHAe rpyIIrr 8BTOMOp
lfin3MOB pa3Jil!IqHhIX MareMarHq. o6'heKTOB (rpalfioB, KO
HeqHhIX reoMerpm:i), OIIHC8HHH IIOArpyIIrr, B qacTHOCTl'I 
M8KCHM8JibHhIX IIOArpyIIII, H T. A· 

JI.um.: [1] Kap Tep P., «MaTeMaTHRa>>, 1966, T. 10, No 5, 
c. 3-47; [2) A Ill 6 ax e p M., «YClICXH MaTeM. HaYR», 1981, T. 361 
M 2, c. 141-72; [3) Huppert B., Endliche Gruppen, [Bd 
1, B., 1967; (4] Blackburn N., Huppert B., Finite 
groups II, III, B., 1981. B. 1J.. Maif)Jpoe. 

IIPOCT AH IIOJIYfPYIIIIA - rroJiyrpyrrTia, He co.a;ep
mam;a11 co6crBeHHbIX HAeaJIOB HJIH KOHrpy3H[.\lilll Toro 
HJill HHOro lfiHKCllpOBaHHOro Tlllla. B 3aBHCllMOCTH OT 
paccMarp11aaeMoro nma so:rn1ma10r pa3JIHqHhie TllIIhI 
II. II.: HA ea JI b H 0 II p 0 c Ta H - He cop;eplliall.\aH 
co6crBeHHhIX ABycropoHHHX Hl.\e8JIOB (repMll.H «II. II.» 
qacro OTHOCHT TOJibKO K T8KHM IIOJiyrpyIIIIaM), II p 0-
c r a H c JI e B a (c rr p a B a) - He co1-1epmam:a11 co6-
crsennhix JieBbIX (rrpallhix) 11p;eaJioB, 0-rr p o c r a 11 
( CJieBa' crrpaBa) - IIOJiyrpyrrrra c Hy Jie~1, He COAepmaII.\811 
co6crBeHHbIX HeHyJieBhIX l.\ByCropOHHilX (JieBhIX, IIpaBhIX) 

1 IIPH q>2 

era' HO cym;ecrByIOT HAeaJihIIO II. II., He HBJIHIOil.\Hec11 
6nIIpOCTbIMll (H 1-1ame T8KHe, qro BCe IIX ~-RJiaCChI Ol.\II0-
3JieM0HTHhI). BamHeii.IIIHM r11II0M HAeaJibHo II. TI. (0-rrpo
CThIX IIOJiyrpyIIII) 11BJIHeTCH enMne npocmasi nMyepynna 
(BIIOJIHe O-rrpocra11 rroJiyrpyIIrra). BamHelirn11e rrp11uephl 
6nrrpoCThIX, HO He BTIOJIHe II. II.: 6U1fUKJ1,U'lect>asi no,11,y
epynna, q e r hI p e x c TI 11 p a JI h Ha H II o JI y r p y rr
II a Sp 4 (cM. (11)) - aro IIOJiyrpyarra, aa1-1aHnaH IIopom
p;aIOII.\HMH a, b, c, d H OIIpep;eJIHIOill;HMll COOTHOIIIeHHHMH 
a2=a b2=b c2=c d2=d ba=a ab=b bc=b cb=c 
dc=c: cd=d: da=d; TioJiy;pyIIIIa 'sp 4 H3~MoplfiH~ pucoe~ 
ct>oii no,11,yepynne .Mampuitnoeo muna Hal.\ 6n~HRJIHq. IIo
JiyrpyIIrroii. c IIopomp;aIOill;HMH u, v, r1-1e uv= 1, c C3Hl.\BH'I
MarpH~eli 

II! n· 
qerbipexcrmpaJihHa11 IIOJiyrpyrrrra 11BJIHeTCH B HeK-pOM 
CMhlCJie MHllll.MaJihHOH cpel.\H 6nrrpoCThIX 11 He BIIOJIHe 
II. II., nopom.a:eHHhIX Koneqnh!M q11cJioM Hl.\eMrroreHTOB, 
Il nepe)l;KO B03lnJKaer KaR IIOl.\IIOJiyrpyIIrra TaKHX IIOJiy
rpynII. 

IIpocrhie cnpaBa IIOJiyrpyIIIIhI (II. c. II.) Haa. raKme 
IIOJiyrpyIIIIaMH c rrpaBhIM 1-1eJieH11eM 
IlJIH II 0 JI y r p y II II a M H c II p a B 0 li 0 6 p a T H
M 0 c T h IO. 0CHOB8HlleM AJIH 3THX repMllHOB HBJ1Herc11 
CJieAYIOillee CBOHCTBO T8KHX IIOJiyrpyIITI, 3KBHBaJieHTHoe 
orrpeAeJieHn:ro: l.\JIH JII06h!x 3JieMeHTOB a u b cym;ecrayer 
aJieMeHT x raKoii:, qro ax= b. II. c. rr., cop;epl!<all.\HC Hl.\eM
noreHThl,- aro B TO'IHOCTH npaebie epynmi. Bamnwfi 
npHMep II. c. II. 6e3 H/],eMIIOTeHTOB )J;OCT8BJIHeT IIOJiyrpynna 
T (M, 6, p, q) scex raKHX IIpeo6paaosa&HH q; MHomecraa 
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M' qTo 1) H/lPO cp paBHO OTHOlli0H1UO :'JKBIIBaJieHTHOCTH 6 
Ha M, 2) MomHoCTh iJ>aKTOpMHOIBeCTBa M/6 paBHa p, 
3) MHOllieCTBO M cp nepeceKaeTCH c Kall\)lblM 6-KJiaCCOM He 
6oJiee qeM no O)lHOMy aJieMeHTY' 4) MHOJReCTBO 6-KJiaCCOB, 
He nepeceKaIOID;HXCH c Mcp, HMeeT 6ecKOHeqHyIO MOIIJ,
HOCTb q, npuqeM q,;;;;;,p. IIoJiyrpynIIa T(M, 6, p, q) Has. 
II o JI yr p y n no il: T e ch e nma (p, q), a B cJiyqae, 
Korna 6 - OTHomeHIIe paBeHCTBa, OHa Ha3. Il 0 JI y
r p y II no ii E a p a - JI e B H TIIIIa (p, q) (cM. [6], 
[7D. IIoJiyrpyIIIIa Tecbe - IIpIIMep II. c. n. 6e3 HAeM
noTeHTOB, He o6H3aTeJihHO ynosJieTsop1110meli IIpasocTo
pOHHeMy 3aKOHY COKpam;eHl!H. BCHKaH Il. c. Il. 6e3 ll)leM
IlOTeHTOB BKJiap;bIBaeTCH B Il01J.XOAHmyro IlOJiyrpynIIy 
Tecbe, a BCHKaH II. c. II. 6e3 IIAeMilOTeHTOB ll c IIpaBO
CTOpOHHHM aaKOHOM COKpameHIIH BKJia)lhlBaeTCH B IIO,[l;
X01J.HIIJ,yIO noJiyrpynIIy Eapa - JleBII (IIpIIqeM B o6oIIx 
cJiyqaHX MOll\HO Bb16paTb p= q). 

PaaJI11qHhle TIIIlhl II. II. qacTo B03HIIKaIOT B KaqecTBe 
«6JIOKOB», II3 K-pbIX CTpOHTCH paccMaTpl!BaeMhle IIOJiy
rpynnhl. IIo IIOBOAY KJiaccIIq. IIp11Mepos II. II. CM. Bno.;ine 
npocmasi no.;iyzpynna, BpaniJma no.;iyzpynna, Jlpa6asi 
epynna; 0 fompOCTblX IIHBepCHbIX IlOJiyrpynIIax (B TOM 
qIIcJie CTpyKTYPHble TeopeMhl Ilpll HeK-pbIX orpaRHqeHIIHX 
Ha IIOJiypemeTKY H)leMIIOTeHTOB) CM. [1), [8), [9]. Cyme
CTllYIOT IIp;eaJihHO IlpOCTble IIHBepCHhie IlOJiyrpyIIIIbl c 
IIpOll3BOJihHhlM qIICJIOM !?Z)-KJiaccos. II pII n3yqeHIIII BJIO
meHIIii: IIoJiyrpyIIII B II. II. o6hlqHo JIII6o yKa3hlBaIOTCH 
ycJIOBHH AJIH B03M01RHOCTII COOTBeTCTBYIOHJ;ero BJIOll\eHIIH, 
JIH6o ycTaHaBJIIIBaeTCH' qTO BCHKaH IIOJiyrpynIIa BKJiaAhl
BaeTCH B IIOAXO)lHID;YIO II. II. paccMa TpIIBaeMoro TIIIIa; 
HaIIp.' JII06aH IIOJiyrpyIIIIa BKJia)lblBaeTCH B 611IIpOCTYIO 
IIoJiyrpyIIIIY c emrnmi;eil: (CM. [ 1)), B 6IIIIpocTyIO IIOJiyrpyII
IIy' IIOpOIB)leHHYIO ll)leMIIOTeHTaMII (CM. [ 10))' B IIpOCTyIO 
OTHOCHTeJibHO KOHrpyaHIJ;llH IIOJiyrpyIIIIy (K-paH MOll\eT 
o6Jia)laTh TeMll llJIH HHhlMll HaIIepeA 3aAaHHblMII CBOH
CTBaMH: HaJinq11e HJIII OTCYTCTBIIe HYJIH, IlOJIHOTa, IIY
CTOTa IIO)lIIOJiyrpyIIIIhl <l>paTTIIHII II T. )l., CM. [3) - [5)). 

Jlum.: (1] H JI H lj> lj> 0 p 11 A.• II p e CT 0 H r. • Ameiipaeqec
KaH Teop1rn noJiyrpynrr, rrep. c aHm., T. 1-2, M., 1972; [2] JI ll
n H H E. c.' IIOJiyrpynnbl, M.' 1960; [3] B 0 II y T b JI. A., «CHO. 
MaTeM. >R.», 1963, T. 4, ;N', 3, C. 500-18, ( 4) illy T 0 B 3. r., «Ma
TeM. CO.», 1963, T. 62, M 4, C. 496-511; [5] H JI HM 0 B B. H., 
«CHO. MaTeM. >R.», 1973, T.14, No 5, c. 1025-36; [6] Baer R., Le
v i F., «Sitzungsber. Heidelberg. Ak.ad. Wiss. Math.-naturwiss. 
Kl.», 1932, Abh. 2, S. 3-12; [7J Te 1ss1 er M., «Compt. rend. 
Acad. sci.», 1953, v. 236, JV, 11, p. 1120-22; [8] Munn W. D., 
B KH.: Semigroups, N. Y.- L., 1969, p. 107-23; [9] H 0 w i e J., 
An introduction to semigroup theory, L.- [a. o.], 1976; [10] 
Pastijn F., «Semigroup Forum», 1977, v. 14, JV,3, p. 247-
263; [11] By le en K., Meakin J., Past ijn F., «J. Algeb-
ra», 1978, v. 54, p. 6-26. JI. H. illeepuu. 

IIPOCTEllIDHll IIOTOK - cJiyqaftHaH IIOCJiep;osa-
TeJihHOCTh MOMeHTOB BpeMeHH O<T1<T2<· •• , B K-phle 
IIpOllCX01J.HT co6hITllH HeK-poro IIOTOKa co6hlTllH (HaIIp., 
IlOTOKa Bhl30BOB, IIpllXO)lHIIl,llX Ha TeJieiJ>oHHYIO CTaHll;llIO)' 
yp;oBJieTBOpHIOill;afl ycJIOBIIIO He3aBllCllMOCTll ll OlJ.HHaKo
BOH IIOKa3aTeJibHOH pacIIpep;eJieHHOCTll pa3HOCTeii: T; +1-

T;. II. II. c pacIIpep;eJieHlleM 

F(x)=P{T;+ 1 -T;,;;;;;,x}=1-e-Ax, x~O, (*) 

HBJIHeTCH qacTHhlM CJiyqaeM IIpo11;ecca BOCCTaHOBJieHllH 
(cM. Boccma1106.;ienusi meopusi). C II. n. CBH3aH nyacco
n0Bc1mu npoz+eCC 6 (t), paBHhlH qIIcJiy co6blTllH IlOTOKa B 
0Tp03Ke BpeMeHll (0, t). II. Il. Il COOTBeTCTBYIOIIJ,llll 
eMy IIyaccoHOBCKIIii: IIpo11;ecc YAOBJieTBOpHIOT cJiep;yromHM 
ycJIOBllHM. 

CT a 11; 11 o Hap Hoc Th. )J.JIH JII06hlx O<t0 , O<t1 < 
<t 2 < ••. < t k pacIIpeAeJieHHe cayqaHHhlX seanq11H 

6 U1+to)-6(t1-1+to), l=2, ... , k, 

He 38BHCHT 01' to. 
0 p A II H a p H 0 c 1' h. BepOHTHOCTb IIOHBJiemrn B 

HHTepsaJie (t, t+ M) u;syx IIJIH 6oJiee co6blTllH IIOToKa 

pasHa o ( ~t) npn ~t - 0. 

0 T c y T c T B Jll e II 0 c JI e 11. e ii: c T B II II. Ilp11 0 < 

<t1<t2<· • • <tn CJiyqail:Hble BeJll!qHHhl S(t1) - £(ti-1), 
l=1, ... , k, ne3aBHCHMbl. 

,IJ;oKa3hlBaeTCH, qTo IIPll BhlIIOJIHeHHII :'JTIIX ycJIOBJilH 
ll Ilpll yCJIOBIIll 

P {6 (t+M)-6 (t) =1}=A M+o (M) 

IIOTOK 6yAeT rrpOCT0HIHHM c IlOKa3aTeJibHblM pacrrpe,neJie

HIICM (*)· 
JI um.: [1] X " H q" HA. H., PaoOThl no MaTeMaT11qec11oft Teop1rn 

Maccoaoro ooCJIY>RHBaHHll, M., 1963. B. A. Ceeacm~mtoe 
IIPOCToro CJIOH IIOTEHIJ;IIAJI - BblpameHii:e BlllJ.8 

u (x) =~sh (/x-y I) f(y) da (y), (1) 

rAe S - 3aMKRYTaH IIOBepxnoCTh Jlf!rrynosa (KJiacca 
C(l, "->) B eBKJIHAOBOM IIpOCTpaHCTBe IR.n, n;;;;,:2, pa3Ae

JIHIOIIJ;aH IR.n Ha BHyTpeHHIOIO o6JiaCTh D + lI BHeIIIHIOIO 
D-; h (lx-yl) - il>YHAaMeHTaJihHoe pemeHlle onepaTopa 
JlaIIJiaca: 

h((x-ylJ~{ N 2' n~3; 
(n-2)roNlx-y1 -

1 1 
2n ln TX=ilT , n ~ 2; 

wn=2:n:n/2 /r (n/2) - nJiomaAh 0AIIHIIqnoii: ctj>ephl B IR.n, 
Ix - yl - paccToHnHe MeIBAY ToqKaMII x n y, da(y) -
aJieMeHT IlJIOIIJ,aAII s. 

EcJIH f (x) E C<0 l (S), TO II. c. II. u (x) onpeAeJieH BCIOAY 
B IR.n. II. c. II. rrpep;cTaBJIHeT co6oii: qacTHhlii cJiyqail: 
nb10mono6a nomenz+ua.;ia, IIOpOIBAaeMoro MaccaMII, pac
rrpeAeJienHhlMII Ha IIOBepXHOCTII s c IIOBepXHOCTHOH IIJIOT
HOCTbIO f (y), H o6JiaAaeT cJieAyIOIIJ,IIMH csoiicTBaMn. 

B D + II D - II. c. II. u (x) IIMeeT npOI13BOAHhle scex 
IIOPHAKOB, K-phle MOll\HO BblqIICJIHTh IIOA 3HaKOM IIHTer
paJia, II YAOBJieTBOpHeT ypasHenIIIO JlaIIJiaca ~u(x)=O, 
T. e. HBJIHeTCH zap.MOHU'teC/WU rfiyHK,z+Ueu. IlpII n;;;;,:3 
:'JTa iJ>yHKll;llH peryJIHpHa Ha 6ecKoneqHOCTII, u ( 00) = 0. 
II. c. II. u(x) HeIIpepbIBeH BO BCeM IIpOCTpaHCTBe IR.n, 
IIpnqeM u(x)EC(O, v)(IR.n) rrpII JII060M v, O<v<A. IlpII 

IIepeXOAe qepea IIOBepxHOCTh s IIpOII3BOJ:i;Hafl no HaIIpaB
JienIIIO BHemHeii: HOpMaJIII n 0 K S B ToqKe y0 E S TeprrnT 
pa3pb!B. II pep;eJihHble 3HaqeHHH aopMaJihnoii rrpOII3BOA
noli II3 o6JiaCTII D + II II3 o6JiaCTII D - cymecTByIOT II 
HerrpephlBHbl BCIOAY Ha s II BbipamaIOTCH COOTBeTCTBeHHO 

iJ>op111yJiaMn 

I . du I _ du (y~) f (y 0 ) 

Ill dn"'i-~--2-' 
x _,,.Yo o o 

(2) 

l . ..!!:!:__/ _ du (Yo) + f (Yo) 
Ill dn /- dn 2 ' 

x _,,.Yo o o 

d~~:>= ~s 0! 0 
h (I y-y0 /) f (y) da (y) (3) 

- T. H. Il p H M 0 e 3 H a q e H ll e H 0 p M a JI b H 0 il: 

II p 0 Il 3 B 0 AH 0 il: II. c. Il. B TOqKe Yo ES, rrpuqeM 
du(y0 )/dn0 EC<0 • v)(S) IIpIIBCexv, O<v<A. EcJIII /(y)E 
E C(o, "-> (S), TO qacTHhle rrpoII3BOAHhle iJ>yHKll;Hll u (x) 
HenpepbIBHO rrpOAOJill\aIOTCH B D + II B D- AO iJ>ynKlJ;IIH 

KJiaccos C(o, "-> (D +) n C(o, "-> (D-) COOTBeTCTBeHHO. B 
:'JTOM CJiyqae TaKme 

du (Yo)/dno E c<o. A) (S). 

8TII CBOllCTBa 0606r11;aIOTCH B pa3JillqHblX HaIIpaBJieHHRX. 
Harrp., ecJin /(y)EL1(S), TO u(x)EL1 BnyTpn II BHe S, 
iJ>opMyJihl (2) IIMeIOT MeCTO noqTn BCIOp;y Ha s, npnqeM 
HHTerpaJI (3) cyMMnpyeM na s. lfayqeHbl TaKme CBOHCTBa 
II. c. II., IIOHHMaeMbIX KaK HHTerpaJlbl no rrpoH3BOJlhHOll 
paAOHOBCKoii: Mepe µ, cocpeAoToqeHHoii Ha S: 

u(x)=~ h(/x-y/)dµ(y); 
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3)J:eCh Tairn<e u (x) - rapMoae:q. cpyHKIJ;HH BHe s' iflopMyJILI 
(2) HMeIOT MeCTO rroqTn BCIOil:Y Ha S no Mepe Jle6era c 
aaMeHOH f (y) Ha rrpOH3BO)J:HyIO MepLI µ'(Yo) no Mepe 
Jle6era. B orrpep;eJiemrn (1) if>YHAaMeHTaJibHoe pememae 
onepaTopa Jlamrnca MOlRHO aaMeHHTh Ha nponaBoJihHYIO 
if>yHHIJ;HIO Jlean AJUI o6m;ero :JJIJIHIITH'l. onepaTopa 2-ro 
nop.11p;Ra c nepeMeHHhIMH Roaifliflnu;neHTaMH RJiacca C<0• 1'.) 
c aaMeHoii. uopMaJihHoii. nponaaop;Hoii. d/dn0 Ha npoua
Bo)J:ayIO no ROHOpMaJIH. Ilpn :'JTOM nepe'IHCJieHHhle CBOH
CTBa OCTaIOTCH B cnJie (CM. (2) - (4)). 

II. c. n. ncnoJibayeTCH npu pemeHHH RpaeBhIX aap;aq 
)J:JIH :'JJIJIHIITH'l. ypaBHeHHH. Ilpep;CTaBJieHne HCROMoro 
pemeHHH 2-ii. Rpaeaoii aap;aqu B anp;e II. c. n. c HeuaaecT
Hoil: llJIOTHOCTbIO f (y) H HCilOJib30BaHHe CBOHCTBa (3) 
npHBO)J;HT R IIHTerpaJibHOMy ypaBHeHHIO ((lpep;rOJibMa 
2-ro po)J:a Ha S AJIH onpep;eJieHHH f (y) (cM. (2] - (5)). 

Ilpu pemeHHn RpaeBhIX aap;aq )J:JIH napa6oJin'l. ypaa-
HeHnii HCilOJib3yeTCH T e II JI 0 B 0 ii. II 0 T e H u; H a JI 
II p 0 c T 0 r 0 c JI 0 H BH)J;a 

v(x, t)=~:d•~sG (x, t; y, -r:)f(y, •)da(y), 

rp;e 

G (x, t; y, •)= 1 exp £-lx-y l2/4(t--r:)] 
(2 V:it)n (t--r)n/2 

- iflyHAaMeHTaJihHoe pemeune ypasaeHHH TenJiorrpoaop;
HOCTH B n-MepuoM npocTpaHCTBe, f (y, •) - IIJIOTHOCTb. 
((lyHRIJ;HH v (x, t) n ee o6o6m;eune Ha CJiyqaii rrponaBOJih
Horo napa6oJIH'l. ypaBHeHHH 2-ro nop.11p;Ra o6Jia)J:aIOT 
CBOHCTBaMH, auaJiorH'lHhIMH yRaaaHHhIM )J;JIH u (x) (CM. 
(3), (4), (6)). 

Jlum.: (1] r IO H T e p H. M., Teop1rn noTeHL1HaJJa " ee npa
MeHeHHe I{ OCHOBHblM aana_qaM MaTeMaTaqecKOll ljJH3HKH, M., 1953; 
[2] M n p a H 11 a K., YpaBHeHHH c qacTHhlMH npoH3BO)IHhIMH aJJJJHil
TH'lec1<oro nma, nep. c HTaJJ., M., 1957; [3) T II x o Ho B A. H., 
C a M a p c " " II A. A., YpaBHeHHH MaTeMaTH'lec1<oll ljJHSHKH, 
5 H3)1.' M.' 1977' [4) c M II p H 0 B B. H ' Kypc BhlCIOell MaTeMa
THKII' T. 4 ' 5 H3)1.' M.' 1958; [5) <I> p " )I M a H A ' YpaBHeHHH c 
qacTHhIMH nponaBOJIHhIMH napa50JJH'lec1<oro Tana, nep c aHrJJ., M., 
1968; [6) B " Lt a JI a e A. B., KpaeBh!e aana_qn )IJJH 3JJJJHilTH'lec1<ax 
ypaBHeHall BToporo nopH)IKa, M., 1966. E. II.. CoM.11ten~ea. 

IIPOCTOE KOJihD;O - ueop;uoaJieMeHTHoe RoJihIW 6e3 
)J:ByCTOpOHHHX H)J:eaJIOB, OTJIH'lHhIX OT 0 H BCero ROJihu;a. 
Accou;naTHBHoe II. R. c e)J:HHnu;eii., co)J:epmam;ee MHHn
MaJihHhlii. O)J:HOCTOpOHHHH np;eaJI, H30Mopifluo KOJibIJ;y 
MaTpnu; Hail: HeR-phIM TeJioM. Bea rrpe)J:noJiome1m.11 cy
m;ecTBoBaHnH 0)J:HHHIJ;hl TaRoe ROJibIJ;O ORa3blBaeTCH JIO
RaJihHO MaTpH'lHhIM Hap; HeR-phIM TeJioM D, T. e. Ramp;oe 
ero ROHelJHOe IlO)J:MHOlReCTBO cop;epIBHTCH B IIO)J;KOJihIJ;e, 
naoMopiflaoM ROJihIJ;Y MaTpHu; uap; D (CM. [2]). Cym;ecT
ByIOT II. R. 6ea )J:eJIHTeJieii HyJIH (p;ame HiiTepoBhl), OT
JIH'lHhle OT TeJI, a raRme HiiTepoBhl II. R. c p;eJIHTeJIHMH 
HYJIH, HO 6ea np;eMrroTeHTOB [3]. MaaeCTHhl II. R., pap;n
.KaJibHhle B CMhICJie )J.JReRo6coHa (CM. (1)). 0)J:HaRo OT
RphIT Bonpoc 0 cym;eCTBOBaHHH npOCThIX HHJibROJieu;. 

OnncaHHe cTpoeHHH aJibTepHaTHBHhIX II. R. cao)J;HTCH 
R accou;naTHBHOMy CJiyqaro (cM. AAbmepnamuenb1e 1WAb1fa 
u aAZe6pb1). CM. TaRme llpocmaH aAee6pa. 

Jlum.: [1) B 0 I{ y Tb JI. A., AcCOLtHaTHBHh!e KOJ!hLta, 'I. 1-2, 
HOBOCHO., 1977-81; [2) ,[lme1<oocoH H., CTpOeHJrn KOJJeLt, 
nep. c aHrJJ., M., 1961; [313 a JI e cc KHll A. E., Hep 0 CJ! a B
C" II II 0., «Communs. Alg.», 1977, v. 5, No 3, p. 231--44; [4) 
<l> e II c K., AJJreopa: KOJJhLta, MOJIYJJH n 1<aTeropnn, nep. c aHrJJ., 
T. 1-2, M., 1977-79; [5) Cozzens J., Faith C., Simple 
Noetherian rings, Camb.- [a. o.), 1975. JI. A. Citopnaitoa. 

IIPOCTOE MHOiKECTBO - peRypcnBHO nepeqncJin
Moe MHOJReCTBO HaTypaJibHhIX qnceJI, )J;OIIOJIHemrn R-poro 
eCTh UJtt.Atynnoe MnO:HCecmeo. II. M. HBJIHIOTCH npoMemy
TO'lHbIMH B CMhICJie TaR Haa. m-CBO)J:HMOCTH (cM. Pei;yp
cuenaH meopu!t MliO:HCecme) MelR)J:y paapeIIIHMhIMH MHoJRe
CTBaMH H TBOp'leCRHMH (RpeaTHBHhIMH) MHOJReCTBaMH -
IlOCJie)J:Hlle HBJIHIOTCH Han:60JibillHMH cpep;n: nepe1IHCJIHMhIX 
MHOll\eCTB B CMhlCJie m-CBO/J;HMOCTH. IlyCTh p - npo1i:a
BOJihHOe II. M., a K - npoH3BOJibHOe RpeaTHBHOe MHOlRe
CTBO aaTypaJihHhlX 'lHCeJI (uanp., MHomecTBo re11;eJieB&1x 

q 23 MaTeMaTn'lec1<aH aHU., T. 4 

HOMepoa reopeM q,opMaJibHOH apnlJ>MeTnRn). Torp;a He 
cym;ecTByeT o6m;epeRypcnBHoii iflyHRIJ;HH f (x), cao11;.11m;eii 
K R P, T, e. TaRoi, 'lTO 

x E K ~ I (x) E P. 

Cao11;nMoCTh PR K nMeeT MecTo acer11;a, a R P He CBOAHTCH 
HH O)J;HO paapemHMOe MHOJReCTBO. 

Jlum.: [1] y c n e H c I{ H ll B. A., JieKLtHH 0 Bhl'IHCJllIMh!X 
lfJYHKLtHHX, M.' 1960; [2] M a JI b Lt e B A. H.' AJJropnTMhl H pe1<yp
CHBHh!e lfiYHKLtHII, M., 1965; [3) p 0 )I )I{ e pc X., TeoplIH peKyp
CHBHhlX lfiYHKLtHll II aljlljleKTHBHaf! Bhl'IHCJIHMOCTh, nep. c aHrJI.' M.' 
1972. C. H. Apme.11toa. 

IIPOCTOE OTHOIDEHHE Tpex roqeR M 1, M, M 2 Ha 
np.11Moii - 'lHCJio A TaRoe, 'ITO 

M 1M=}..MM 2 • 

Ilpn aToM roaopHT, 'ITO TOlJRa M p;eJIHT OTpeaoK M 1M 2 

B OTHOilleHHH A. EcJin (x1, y1) n (x 2 , y 2) - Roop)J:HHaTLI 
TO'leR M 1 n M 2, TO Roopp;nHaThl TO'lRH M orrpep;eJI.IIIOTCH 
no rpopMyJiaM 

x,+?..x2 

X=!+x-' 
y-y,+?..y, 

- 1+?.. • 

II. o. JIBJIJieTCJI uuaapnaHTOM acprpHHHhIX npeo6paaoaaHHi. 
A.B. Haa'l<OB. 

IlPOCTOE IlOJIE - rroJie, He cop;epmam;ee co6cTBeH
HhIX rro11;rroJieii:. Ramp;oe noJie co11;epmnT e)J:nHCTBeHHoe 
npocToe no11;rroJie. II. n. xapaRTepHCTHRH 0 naoMopif>Ho 
noJIIO pau;noHaJibHhIX q1rneJI. II. n. xapaKTepHCTHRH p 
n:aoMopqlHo noJIIO Bhl'leToB no MOAYJIIO p. O. A. H•a,.oaa. 

IIPOCTOE IlPE)J.CTABJIEHlJ.E - TO me, 'ITO nenpu
eoouMoe npeocmaMeHUe. 

IlPOCTOE ':IHCJIO - HaTypaJibHoe (u;eJioe noJIOJRH
TeJibHoe) lJUCJIO p >1, HMerom;ee TOJibRO /!;Ba AeJIHTeJIJI 
1 H p: 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, ••• 
llncJia, 11Merom;ne He MeHee Tpex paaJIH'lHhIX )J:eJinTeJieii, 
Haa. c o c T a B H hi M u. Ilom1Tne II. 'l. HBJIJieTCJI oc
HOBHLIM npn nay'leHHli )J:eJIHMOCTH HaTypaJibHhIX lJHCeJI. 
TaR, 0 c H 0 B H a JI T e 0 p e M a a JI e M e H T a p H 0 ii: 
Teo p n H qnceJI yTBepm)J:aeT, 'ITO BCHRoe HaTypaJibHoe 
lJHCJIO, OTJIH'lHOe OT ep;HHHIJ;hl, Jin6o npocToe, Jin6o, eCJIH 
oHo cocTaBHoe, MoJReT 6h1Th npep;cTaBJieHo B a1111;e npoua
ae11;eHHJI npoCThIX quceJI. IlpH aToM TaRoe npe)J:CTaBJieHne 
e/l;HHCTBeHHO (c ToqHOCTbIO )1:0 pacnoJioJReHHH COMHOlRH
TeJieH). 3annch aToro nponaaep;eHHH B Bnp;e CTerreHeii: 
011;nHaROBhIX II. 'l., a caMnx II. q. B nopJill;Re aoapacTaHHJI, 
p;aeT RaHOHH'l. paaJioJReHne HaTypaJihHoro 'lHCJia: 

a, a 1 a~ 
n=p1 P2 · · · pk ... 

c IlOMOIIJ;bIO KaHOHH'l. paaJioJReHHH HaTypaJibHhIX lJHCeJI 
al! a2, •.• , ak HaXo/l;HT Ha1160JibmHM o6m;nii: p;eJIHTeJib 
d= (a1, a2 , ••• , a~) n HanMeHb!Ilee o6m;ee RpaTaoe m= 
=la1, a2, •.• , akl :'JTHX lJHCeJI. c IlOMOIIJ;bIO RaHOHII'I • 
pa3JIOlReHHJI HaTypaJibHOro 'lilCJia n BhllJHCJIHIOTCH 3Ha
'leHHJI TeopeTHRO-lJilCJIOBhIX iflyHRIJ;Hll T(n), s (n) II cp (n), 
R-phle o6oaHa1JaIOT COOTB6TCTBeHHO 'lilCJIO p;eJIHTeJieii., 
cyMMY /1;6JIIlT0Jieii: lJIICJia n 11 ROJill'leCTBO HaTypaJibHhIX 
'lMCeJI m<E;;n, B3aHMHO npOCThIX c n (T. e. TaRHX, qTo 

(m, n)=1): 
•(n)=(a1+1)(txz+1) (ak+1), 

cp(n)=n(1-;1 )(1-;,) ••. (1-:J· 

Cym;eCTBeHHOii oco6eHHOCThIO arnx rpopMyJI HBJIJieTcJI ux 
aaBHCHMOCTb OT apnif>MeTH'l. CTpyRTYPhl HaTypaJibHoro 
apryMeHTa n. 

II. q. nrparor poJih cBoeo6pa3IIbIX «Rnpn11qu1rnB», II3 
R-pb!X CTpOHTCH BCe OCTaJlhHbJe HaTypaJlbHhle lJilCJia. 
Em;e B 3 B. 11;0 H. a. EBRJIHil: )J:OKaaaJI 6ecKoHeqHoCTh MHo-
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mecTBa Il. 11., a 8paToc!}leH Hamen cnoco6 0TceneaHB11 
fl. 'I. HB MHOlK0CTBa HaTypaJibHhIX 'IHCeJI (CM. 3pamoc
(/iena pe1Uemo). JI. 8iinep (L. Euler) HameJI µ;oKaaaTeJih
CTBO 6eCKOHe'IHOCTll MHOlKeCTBa fl. 'I., OCHOBaHHOe Ha 
llCDOJlb30BaHHH cpell;CTB MaTeMaTH'I. auaJI:uaa. .I(aJib
Heii'mee pa3BHTHe aHaJIHTl'l'I. MeTO/l,a 8iiJiepa OKaaaJIOCb 
0'10Hb IIJIO)J;OTBOpHhIM (cM. A HaAumu'tecitaa meopua 'tU
CM). fl. JI. qe6hIIIIeB OTKphIJI pll)J; HOBhIX 3aKOHOB, K-phIM 
DOl{'ll'IHllIOTCll fl. 'I. B '!:aCTHOCTII, C DOMOII{bIO aJieMeH
TapHhIX paccymµ;eHBii, l'ICDOJib3YlOII{l'IX KaHOHl'l'I. paa
JIOlKeHHe )J;Jlll '!:l'ICJia n!, Il. JI. qe6hIIIIeB HaIIIeJI Hepa
B0HCTBa, K-phIM AOJllKHO ynoBJieTBOpllTb KOJIH'leCTBO 
1t (x) npOCThIX 'll!CeJI p ~x: 

x x 
In x < 1t (x) < b In x ' 

rne a<1, b>1 - HeK-phle IIOJIOlKHTeJihHhle KOHCTRHThI. 
Ha:u6oJiee rJiy60K1rn aaKoHoMepHOCTH, K-phIM DOA'IHHll
eTCll noseneH:ue rrocnenosaTeJihHOCTH Il. 'I., 6hIJIH nony
'leHhI nyTeM yrJiy6JieHHll l'ICXOAHhIX Hti;eii fl. JI. qe6hI
DieBa c DOMOII{blO aHaJIHTH'leCKllX 11, B p11µ;e CJiyqaeB, 
aJieMeHTapHhIX MeToµ;oe (CM. PacnpeiJeAenue npocmwx 
'tUCe.1!). 

fl. 'I. CBll3aHhI He TOJibKO C MYJibTHDJIHKa'l'ltBHOH, BO 
H c a)J;)J;llTllBHOH CTpyKTypoii HaTypaJibHhIX 'lllC0JI. .I(o
CTaTO'IHO xapaKTepnoii B :!TOM OTHODJ0Hllll llBJilleTCll 
I'oAbiJ6axa npo6J1e.11£a o paa611eHHH HaTypaJihHhIX 'WCeJI 
Ha CyMMy Tpex n. '!:., peIIIeHHall B 1937 11. M. BHHOrpa
/l,OBhIM (CM. A iJiJumuBnaa meopua 'tuceA). May'leH11e 
aaKOHOB paanomeu1111 II. 'I. e anre6pa11'I. rroJ111x rrpomr
eaeT ceeT ua ceofrCTBa o6hI'!:HhIX II. 'I. Harrp., paccMaT
p11ea11 aaKoH paaJiomeu1111 II. 'I. p ;i:2 e none rayccoBhIX 
'IHCeJI, rronyqa10T Teo p e My r a y cc a : p=a2+b2 

TOTJJ,a II TOJibKO Torµ;a, Korµ;a p=1 (mod 4). 
Cym;ecTByeT MHOTO IIOKa (1983) eme He peIIIeHHhIX 

npo6JieM, OTHoc11m11xc11 K II. 'I. Harrp.: 
6yµ;eT Jiii 6ecKoHe'IHhIM MHmReCTBo II. 'I. MepceHHa: 

p=2Q-1, r/],e q-npocToe; 

6y.neT Jiii 6ecKoH0'1HbIM MHomeCTBO II. 'I. <I>epMa: 

p=22n+1, rµ;e n~O-u.eJioe; 

cym;ecTeyeT Jiii 6ecKoHe'luoe MuomeCTBo II. 11. p 1 11 p 2 
«6JI113HeIWB~, T. e. TaKllX, 'ITO P1-P2=2. 

8Kcnep11MeHTaJlbHhI8 ll aBpHCTH'I. coo6pameHHll CBH
A0T0JlbCTBYIOT B IIOJlb3Y IIOJIOlKllTeJibHOTO peIIIeHllll c!}lop
MyJinpoBaHHbIX BhIIIIe rrpo6JieM II AP· auaJior11'IHLIX aa/l,a'I. 

Jlum.: [I] X a CC er., Jle!H.\HH DO TeOpHH 'IHCe.JI, nep. C HeM., 
M., 1953. B. M. Bpe0uxu1i. 

IlPOCTOll fOMOTOilMllECKHO: THil - KJiacc 
KJieTO'IHhIX KOMIIJieKCOB, rrp11Ha/l,Jiemam11x O/l,HOMY eO.MO
monu'teCIW.MY muny, TaKoii, 'ITO YaumxeiJa Kpy'tenue 
COOTBeTCTBy10meii roMOTOilll'I. aKBllBaJieHTHOCTlil paBHO 

HyJIIO. M. H. BoU'tfXOBCl<UU. 
IlPOCTOll 11.I(EAJI - µ;eycTopoun11ii BAell.JI P KoJILIJ.a 

R TaKoi'r, 'ITO :ua ABc.P, rµ;e A 11 B - nµ;eaJihI B R, 
cJieJJ,yeT, 'ITO Jin6o A c.P, n1160 Bc.P . .I(J111 accou.HaTIIB
Horo KOJlbIJ.a aKIJHBaJieHTHhIM orrpe/l,eJieHHeM Ha 113hIKe 
aJieMeHTOB 6y/l,eT cJie/l,y10mee: 

aRb c. P--+ a E P 11JI11 bEP, 

rJJ;e a, b - aJieMeHThI KOJibIJ.a R. Bc11K11ii npu.MumuBnwii 
uiJeaA rrpocT. 

IIycTb R - accou.11aT11BHO-KOMMyTaTHBHoe KOJibIJ.O c 
e/l,HH1111.eii'. Tor/l,a rrpocToTa 11/l,eaJia PcR aKB11BaJieHTHa 
TOMy, 'ITO ab E P-+aEP HJill b EP, T. e. TOMy, 'ITO !}laKTOp
KOJibIJ.O RIP eCTb o6JiaCTb u.eJIOCTHocrn. B aToM cJiyqae 
B011Knii MaKCIIMaJihHLiii 1Iµ;eaJI npocT, a nepeceqea11e ecex 

npoCThlX 11JJ;eaJioB KOJibIJ.a R 11en11eTc11 paA11KaJioM uyJie
soro np;eaJia (T. e. MHOlKeCTBOM HHJlbIIOTeHTHhIX aJieMeH
TOB). 

06o6m;eHHeM ITOHHTHJI II. 11. CJJY'fWT noHHrne npu.Map
noao uiJeaAa. B Teopu11 npuMapnwx paB.l!o:JtCenuu II. H. 
11rpa10T Ty me pOJib, 'ITO rrpOCThle 'lllCJia B pa:lJiomeHHH 
u.eJihlX 'IHCeJI no CTeIIeHHM npOCThIX, a IlpHMapHhle H)J;ea
Jlhl - poJih CTerreneii rrpoCThlX 'JHCeJI. 

M/l,ean P peIIIeTKll L uaa. n p o c T hi M, ecJIII 

ab E P--+ a E P lilJJlil bEP. 

M/l,ean P npocT TOr/l,a 11 TOJihKo TorJJ;a, 1wrµ;a F= L '--._P -
upocTOii cpHJibTp, T. e. ecJIH a+bEF-+ aEF HJIH bEF. 

Jlum.: [1] By p ii a K l!I H., HOMMYTaTHBH311 aJJreiipa, nep. 
c lj>paHn., M., 1971; [2] .A If( e K 0 Ii c 0 H H., CTpoeHHe ROJJen, 
nep. c aHrJJ., M., 1961; [3] 3 a p l'I cc RH ll: O., Ca MIO a JJ b II., 
ROMMYTaTl'IBHBll aJJre!ipa, nep. c aHrJJ., T. 1, M., 1963; [4] c K 0 p
H II R 0 B JI. A., 3JJeMeHThI TeOpHH CTPYKTYP. M., 1970. 

O. A. HBa>toBa. 
IlPOCTO:O HHTEPBAJI 11 a c T H 11 B o y rr o p 11 A o

'I e H H 0 r 0 M H 0 lK e c T B a - IIO)J;MHOlKeCTBO, COCTOll
m:ee 1'13 p;eyx aJieMeHTOB a<:b TaKnx, 'ITO Mem/l,y HHMll B 
µ;aHHOM 'laCTH'IHO yrropH)J;O'leHHOM MHOlKeCTBe HeT p;pyrnx 
aJieMeHTOB, T. e. 

0 A. Hsa>toBa. 
IlPOCTO:O HTEP A~llll METO.I( - MeTO/J. rrp116m1-

mennoro pernenn11 CHCTeMhI n11neiinhlx aJire6paH'I. ypae
neuuii: Ax=b, K-pa11 rrpeo6paayeTCH K BHAY x=Bx+c 
II peruen11e K-poH HaXO)J;HTCll KaK rrpe/l,eJI IIOCJiep;oeaTeJib
HOC'fll xk+l=Bxk+c, k=O, 1, ... , r/],e x 0 - naqaJihHOe 
IIpH6JIHlKeHH0. .I(Jill CXO/l,llMOCTH II. H. M. IIpll JII060M 
Ha'laJibHOM IIpH6JJmKeHHH x 0 Heo6XO)J;l'IMO H )J;OCTaTO'lHO, 
'IT06hl ece co6CTB0HHhle ana'leHHll MaTpH~hI B 6hIJill no 
MO/l,yJIIO MeHhIIIe 0)J;llHHIJ.hl; II )J;OCTaTO'IHO, 'IT06hl KaKaH
J11160 nopMa MaTpHIJ.hI B 6hIJia MeHhDJe eµ;11H11IJ.hl. Ecnn 
/],Jiii HOpMhI MaTpHIJ.bI B' corJiacoeaHHOH c HOpMoii BeKTopa 
x, llMeeT MeCTO OI~eHKa llBIJo;;;;;p<1, TO II. H. M. CXOJJ;HTCll 
co CKOpOCTbIO reoMeTpH'I. rrporpecc1111 II )J;Jlll rrorpeDIHOCTll 
M0TO)J;a Bepna ou.eHKa 

llxm-xll~pm Hx0-xll· 

.I(JI11 cnyqa11 Ky611qecKoii:, OKTaaµ;p11qecKoii H c<fiepn:'le
CKOH BeKTOpHhlX HOpM ycJIOBHe llB ll~P 6yµ;eT BbIIIOJI
HeHo, eCJIH HMBIOT MeCTO OIJ.0HKH: 

1) ~;=1 lb;jl~P. i=1, 2, ... , n· 
' 

2) ~~=1 I bij I~ p, i=1, 2, ... , n· 
' 

3) ~n 2 2 .. b .. ~p. 
L, J=l IJ 

IIpOCT0HIIIHH eapuaHT M0TO/],a COOTB0TCTByeT CJiyqaro, 
Korµ;a B Ka'!eCTBe MaTpHIJ.hl B BL1611pa10T MaTpnu.y E - A, 
r/l,e E - e/l,HHll'IHa11 MaTp11u.a. Ecn11 ece /l,11arouaJihHMe 
aJieM0HThI MaTpllIJ.hI A OTJIII'lHhI OT HyJIH, TO, Bh1611pa11 
b=D-l(D-A) 11 c=D- 1b, rµ;e D - /l,naronaJihHaJJ 
MaTpHIJ.a, )J;l!afOHaJibHhI0 aJieMeHThl K-pofr CODIIaJJ,aIOT C 
/l,narouaJihHhIMll aJieMeHTaMn MaTpHIJ.M A, rroJiy'l"aIOT HKo6u 
.MemoiJ llJIII M0TO/l, O)J.HOBpeMeHHbIX CMemeunil:. 

qaCTHhIM cJiy'laeM II. 11. M. 11eJI11eTc11 MeToµ; B=E-TA 
II c=t:b, rJJ,e T - HTepau.110HllbIH napaMeTp, K-phlii Bh1611-
paeTCH H3 yCJIOBllH MHHHMyMa no T HOpMbI M8TpHIJ.hl 
E-t:A. Ecnn y1 11 y 2 - MHHuMaJihHoe n MaKcnMaJihHoe 
co6CTBeHHhle 3Ha'l0HHH CHMMeTpH'!HOII IIOJIOlK11TeJibHO 

2 
orrpep;eJieHHOH MaTpHIJ.hI A' TO IIpl'I T= '\'1 +'\'2 /],Jiii 

c!}lepn'I. nopMbI MaTpllIJ.hl B 11MeeT MecTo ou.euKa 11.B II ~p. 
r/l,e p= '1'2-'I'• < 1. 

'\'2+'1'1 
.I(Jill HeJIHHe:ii:uoii ClICT0MhI am·e6pan'l. ypaBH0HHH 

cp;(x)=O, 1~i~n., x=(xi. x 2 , ••• , Xn), 
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k+ 1 k ( k) xi =xi -Tep; x , 

BoIIpoc o Bbr6ope :inepau;MoHHOro IIapa~teTpa T pemaeTCH 
B 3aBMCUMOCTM OT AM<Ji<JiepeHII,HaJihHblX CBOHCTB <JiyHKII,lfH 
<p; (x). qaCTO OH rrownrneH Tpe6oBaHHID JIOKaJibHOH cxo
AUMOCTH MeTOAa B OKpeCTHOCTH peIIIeHHll. 

Jlum.: [1] <I> a A A e e B ,[I.. X., <I> a A A e e Ba B. H., Bb1'!11C· 
JJ11TeJihHble MeTOAhI Jil1Heil:Hoil: aJire6p&1, 2 11aA., M., 1963; [2] B e
P e a 11 H IL C., lR 11 A K o a H. II., MeTOAbl Bbl'l11CJieH11i!:, 3 11a1i., 
T. 1, M., 1966; [3] 0 p Te r a .u >I!., p e ii: ff 6 0 JI AT B., IITe
pau110HHble MeTOAhl pemeHMll HeJI11Heil:HblX CHCTeM ypaBHeH11il: co 
MHOr11M11 He>1aseCTHhIM11, nep. c aHrJI., M., 1975; L4] Ca Map
c Kun A. A., H HK o JI a ea E. C., MeTOAbl pememu1 ceTO'!Hh1x 
ypaBHeH11i!:, M., 1978. E. C. HmwAaee. 

IlPOCTOlI 3.1IEMEHT - 0606m;eHF1e IIOHHTMH IIpOCTO
ro qucJia. IlycTh G - o6JiacTh u;eJIOCTHOCTH MJIH KOMMyTa
TMBHaH IIOJiyrpyIIrra c eAHHHII,eii:, YAOBJieTBop11:ioru;a11 
aaKoHy coKparu;emrn. HeHyJieBoil: aJieMeHT pEG, He HB
JIHIDIIJ,HHCH AeJI:uTeJieM eAUHHII,bl, uaa. II p 0 c T bl M, ecJI:u 
IIpOH3BeAeHue ab MOlReT AeJIHTbCH Ha p JIHIIlb B TOM CJIY
qae, KOrAa XOTH 6bl OAMH lf3 aJieMeHTOB a HJIH b AeJIHTCll 
Ha p. BCHKMH n. 3. llBJIHeTCH He II p Fl B 0 AM M bl M, 
T. e. µ;eJIUTCH TOJibKO Ha AeJIHTeJIM ep;UHHII,bl M accou;Mupo
BaHHble c HMM aJieMeHTbl. Henp:uBoAMMblii: aJieMeHT He 
0611aaH 6blTb rrpOCTblM, OAHaKo B zayccoeou noJ1.yzpynne 
3Tlf ABa IIOHHTlfll COBIIaAaIDT. EoJiee Toro, eCJilf BCllKMll 
Herrp:uBOAHMblii aJieMeHT 11a G HBJilleTCH rrpoCTblM, TO 
rroJiyrpyrrrra G rayccoaa. AHaJiorM'IHble yTBepmAeH:uH 
HMeIDT MeCTO AJIH rfjar;mopuaJ1.bUNX IWJl.el.f. 8JieMeHT KOJihII,a 
HBJilleTCll IIpOCTblM TOrAa If TOJibKO TOrAa, KOrAa rJiaBHblH 
HAeaJI, IIOp01RAeHHbIH 8TIIM aJieMeHTOM,- npocmoii uoeaJI.. 

CymecTByIDT o6o6ru;eHnH aTnx rroHHTHii Ha HeKOMMy
Ta TUBHblii CJiyqail (CM. [2]). 

Jlum.: [1] I\ o H II., Cso6oAHble KOJJbUa 11 11x CBll311, nep. c 
aHrJJ., M., 1975; [2] I\ y po m A. r., JleKU11H no 06I1Ieil: ame6pe, 
2 113A., M., 1973; [3] JI e Hr C., AJire6pa, nep. c aHrJJ, M., 1968. 

0. A. Jleaiwea. 
IIPOCTP AHCTBEHHhlE cl>OPMhl - CBH3Hble IIoJIHble 

pHMaHOBbl IIpOCTpaHCTBa IIOCTOHHHOll KpHBM3Hbl. Il po-
6JieMa KJiaCcH<Jimmu;HH n-MepHblX p:uMaHOBblX rrpocTpaHCTB 
rrpOH3BOJihHOH IIOCTOHHHOll KpHBll3Hbl 6b!Jlli c<JiopMyJiu
poBaHa B. R:uJIJI:uHroM (W. Killing, 1891), K-pblii. Ha
aaaJI ee II p 0 6 JI e M 0 ii II p 0 c T p a H c T B e H H bl x 
<fl 0 p M R JI M <Ji <Ji 0 p A a - f\ JI e ii H a; COBpeMeH
HaH <flopMyJIHpOBKa noii rrpo6JieM&r 11,aHa X. Xon<JioM 
(H. Hopf, 1925). 

n p II M e p bl n. <fl.: eBKJillAOBO rrpocTpaHCTBO En 
paaMepHOCTl'I n eCTh TI. <Ji. HyJieBoii KpMBl'l3HW (TaK Ha-
3blaae~rne IIJIOCKOe rrpocTpaHCTBo); c<Jiepa Sn B En+I pa
A:uyca r >0 eCTb Il, <Ji. IIOJIOlliHTeJibHOll Kp11BM3Hbl 1/r2 ; 

rrpocTpaHCTBO Jio6aqeacKoro (rm10p60JI11q, npocTpaHCTBO) 
An ecTb n. <Ji. OTp:uu;aTeJibHOH Kp11Bll3HbI; IIJIOCKMH TOP 
Tn=En/r, rAe r- n-MepHall peIIIeTKa B En, eCTb n. <Ji. 
HyJieBOH KpHBM3Hbl (IIJIOCKoe IIpOCTpaHCTBO). 

JI:io6a11 n. <Ji. Mn KpMBll3HbI (J M01R0T 6b!Tb IIOJiyqeHa 

113 OAHOCBH3HOH Il. <Ji. Afn TOll me Kp11BM3Hhl <JiaKTOp11-
aau,11eii: ITO AMCKpeTHOH rpyrrrre f ABHlReHMH IIpOCTpaHCTBa 

JIJn, AeiicTBy:iom:ux CB060AHO (T. e. 6ea HeIIOABMlRHhlX 

To'leK); rrp11 aToM ABa rrpocTpaHCTBa Mn= Mn/r H M'n= 
. =if n/r' M30MeTpM'IHhl B TOM II TOJibKO B TOM CJiyqae, 

KOrAa r II r' COIIpH1R0HbI B rpyrrrre Bcex ABlllReHHll Mri. 
TeM caMhlM rrpo6JieMa KJiacc11<Ji11Kau,n11 n. <fl. CBOAllTCll 
K aaAaqe OIIMCaH11H Bcex Hecorrp11meHHbIX rpyrrrr ABM1Re
HMH IIpOCTpaHCTB sn, En B An, Aeii:cTBy:ioru;:ux CB060AHO. 
IlpocTpaHCTBO Mn Ha3. c <Ji e p M q e c K 0 ii II p 0 c T
p a H c T B e H H 0 ii: <fl 0 p M 0 ii: (c. II. <Ji.), ecJI11 Mn= 
=Sn/r, eBKJIMAOBOll rrpocTpaHCTBeHHOll 
<Ji o p M o ii (e. rr. <Ji.), ecJin Mn= En/r, ·II r :u II e p 6 o
·JI H q e c K 0 il: II p 0 c T p a H c T B e H H 0 ii <Ii 0 p
M o ii (r. n. <Ji.), ecm1 Mn=-~:\ 11 /r; qiyH).(aMeHTaJibHa11 
rpyrrrra Jl!fn M30MopqiHa f. Il p:u II3y'leHMH rrpo6JieMbl 
KJiaccnqinKaII,HH Il. qi. HeHyJieBOH Kp:UBM3HH (J 3Ha'leBHe 

23* 

l al He HrpaeT cym;eCTBeHBOH poJI:u, II03TOMY o6bl'IHO 
C'IIITaIDT I al= 1. 

ECJIM n 'leTHO, TO eAMHCTBeII!IhlM ABHlReHHeM cqiephl 
Sn 6ea HeIIOABIIIBHhlX TO'leK HBJilleTCH U,0HTpaJihHaH CHM
MeTplfll, nepeBOAHma11 KalRAYID TO'IKY c<Jiephl B 11,naMeT
paJibHO IIpOTllBOIIOJIOJimy:io; <JiaKTOpIIpOCTpaHCTBO Sn/f 
ITO rpyrrne r' rropom11,eHHOe 3TlfM ABIIlReHMeM, eCTb 
rrpocTpaHCTBO P11MaHa (aJIJIUIITH'l. npocTpaHCTBo). JI:io6a11 
c. rr. <Ji. qeTHOH paaMepHOCTH n uaoMeTpH'IHR JIM6o Sn, 
JIH6o pn. EbIJIH KJiacc11<Ji11u,MpoBaHhl TpexMepHble c. n. <Ji. 
(cM. [ 2]). CJieAYIDillMM maroM B HarrpaBJiem.rn KJiaccn
<!iHKau,un c. rr. <Ji. HBIIJIRCh 06ma11 rrporpaMMa pemeHHH 
3TOll rrpo6JieMhl II ee rrp11MeHeHHe AJill KJiaccHqiHKaD;HH 
c. n. qi. paaMepHOCTll 4k+1 (cM. [ 4]). IlOCHOJihKY c_<Jiepa 
Sn KOMII3KTH3, AUCKpeTH8ll rpyIIII8 f ABH)l{0Hlfll Sn 
KOHeqHa, TO AJIH KJill.CCn<JiuKal.(i'lll n-MepHhlX c. II. <Ji. 
AOCTaTO'IHO OIIllC3Th Bee Hecorrp11meHHble KOH0'IHhle IIOA
rpyrrrrhl opToroHaJihHoii: rpyrrrr&I 0 (n+1), Aeil:CTBy:ioru;He 
CB060AHO Ha Sn. foBopHT, 'ITO OpTOroHaJihHOe IIpeACTaB
JieHue :rt KOHe'IHOH rpyrrllbl G B En+ 1 c B 0 6 0 A H 0 0 T 
HeIIOABlflRHhlX ToqeK, eCJIMJIJIR BC0X gEG"-{1} 
rrpeo6pa3oBaHIIe :rt (g) c<Jiephl Sn He HMeeT HeUOABHlRHblX 
TO'leK; B 'IaCTHOCTH, :rt - TO'IHoe rrr.eACTaBJieHue. CorJIQCHO 
rrporpaMMe, M3JiomeHHoil: B [ 4 , pememrn IIpo6JieMhl 
c. II. qi. RJiu<Ji<JiopAa - RJieii:Ha MomHo pas6uTh Ha PRA 
narroa. Bo-rrepa&1x, naii:TM Heo6xoAHMhle M 11,ocTRTO'IHhle 
ycJIOBHII AJIH Toro, 'IT06hl a6cTpaHTHaH rpyIIna G MOrJia 
CJiyll{lfTh <liYHA8MeHTaJibHOll rpynnoil: c. n. <Ji. II KJiacc~
<JiHu,upoBaTb TaKue rpynrrhl: rroJiyqeeTCH HeK-poe ceMeH
CTBO {G1.} rpyrrrr. Bo-BTOpbIX, OilHCaTh Bee H0<lKBUBaJieHT
Hbie HerrpUBOAIIMhle opToroHaJibHhle rrpeACTaBJieHHll KBll\
AOll M3 rpyrrn {G1.} M BbIAeJIMTb cpeAll HUX IIp0ACTaBJieHHH, 
CB060AHhle OT H0IlOABMIBHhlX TO'leK. HaKoHeu;, orrpe11,eJIHTb 
ace aBTOMop<JiH3Mbl rpyrrn {GA. } II BhlHCHlfTh, KaKM0 H3 
HaiiAeHHbIX rrpe11,cTBBJieH11ii: aKBMBaJieHTHhl no MOAYJIID 
aBTOMopqi1I3Ma COOTBeTCTBy:ioru;eii: rpynITbl. 8Ta nporpaMMa 
B IIOJIHOM o6'h0M0 6blJia peaJI:uaoBaHa B [5), 'ITO rrp:uBeJio 
K ncqepmrna:iomeii KJiacC11<Ji:uKaL11I11 c. II. <Ji. JI~6a11 
KOHe'IHaH ll,HHJIH'l. rpyrrrra np11HBAJiem11T ceMeIICTBy 
{G1. }; 'IT06br HeII,l!HJIM'l. rpynna nop11AK8 N MOrJia CJiy

lRHTb <flYHA3MCHTaJibHOll rpyIIIIOll n-MepHOH c. II. <fl., He
o6XOAHMO (Ho He AOCTaTO'IHO), 'IT06hl N 6hlJIO B33HMHO 
rrpocTO c n+ 1 II AeJIIIJIOCb Ha KBaApaT KaKoro-JI1160 
u,eJioro •mcJia. 

fJio6aJibHall Teop1111 e. II. <Ji. B03HIIKJia KaK rrp1IJIOlli0HIIe 
HeK-pbIX peayJibTaTOB reoMeTp11'I. Kp11cTaJIJiorpa<Ji1111. B pa-
6oTe [3) 6wJI llCilOJib30BaH 113BeCTHhlH c KOH. 19 B. CIIllCOK 
Kp11cTaJIJiorpa<Ji11q, rpyrrrr B E3 u noJiy'leHa TOIIOJior11qe
cKaH, a B KOMIIaKTHOM CJiyqae a<Ji<Ji11HHa11, KJiacc11<fl11HaU,llH 
TpenrnpHhlX e. rr. <Ji. TeopeMbI E1I6ep6axa o Kp~tcTaJIJio
rpaiJ>n'I. rpyIIIIaX B En IIpMBO!l,IIT K CTpyKTypHOH T00pII11 
KOMIIaKTHblX e. II. <ji. npoII3BOJibHOH paaMepHOCTII. B qacT
HOCTM, AJIH JI:io6oro n;;;.2 cym:ecTByeT TOJibKO KOHe'IHOe 
'IIICJIO pa3HhlX KJiaccoB 3KBMBaJieHTHhlX KOMIIaKTHhlX 
e. II. <Ji. paaMepHOCTll n, npn 3TOM ABe KOMIIaKTHbl0 e. II. qi. 
Mn= En/r :u M' n= En/r' a<JiqilIHHO aKB:uBaJieHTHhl, ecJin 
M TOJibKO eCJIII MX iJ>yHJ:J;aMeHTaJibHhle rpyIIIIhl f If f' 
11aoMopqiH&1. Harrp., JI:io6aH ABY~rnpHaH KOMrraKTHaH 
e. II. ip. roMeOMopqiHa (a CJieAOBaTeJibHO, aiJ>iJ>11HHO 8KBH
BaJieHTHa) JIM6o IlJIOCKOMy Topy' JI:u6o rroBepXHOCTI! 
KJieii:Ha. A6cTpaKTHall rpynrra r Tor11a II TOJibKO TOrAa 
MomeT cJiylRHTh qiyHAaMeHTaJibHOii rpynrroii: KOMIIaKTHoii 
e. II. qi. Mn, KOrAa a) f IIMeeT HOpMaJibHyID a6eJieBy 
IlOArpynny f* KOHe'IHOrO 11.HAeKca, II30MOp<flHyID :zn; 
6) f* COBIIaAaeT CO CBOIIM u,eHTpaJI:u3aTOpOM B f; B) f 
He :UMeeT aJieMeHTOB KOHe'IHOro rropRAKa. ECJIII TaKaH 
rpyrrrra f peaJIII30BaHa B BMAe AMCKpeTHOH IIOArpyIIIIhl 
B rpyrrrre Bcex ABllJKeHl!H rrpocTpaHCTBa En, TO f* COB
IIa)laeT c ~!HOJKeCTBOM rrapaJIJieJihHhlX CABIIfOB, rrp11Ha!l,
Jiemanu1x f, H UMeeTCH HOpM3JibHOe HaKpblTHC [J !IpO
CTpaHCTBa Mn= En/r IIJIOCKMM TopoM Tn=En/r*, 011-
peneJieHHOe iJ>opMyJioii p (f* (x))= r (x) AJIH BCex x E En, 



711 IlPOCTPAHCTBO 712 

KoHeqHaH rpyIIIIa r/r* H30Moplf>Ha rpyIIDe H3KpbIB310-
m:nx upeo6pa30B3HHH )J;JIH p, K-paH B CBOIO oqepep;b 
1130Moplf>Ha zo.n,onoJttuu epynne npocTpaHCTBa Mn. KoM
naKTHaH e. n. If>. Bcerp;a irneeT KoHeqayro rpyrrny roJ1oao
MHH. CnpaBe)J;JIHBO H o6paTHOe yTBepmp;eHne: KOMil3KT
HOe pnMaHOBO I1pOCTp3HCTBO, rpyIIna fOJIOHOMHH K-poro 
KOHeqHa, HBJIHeTCH IIJIOCKHM. )J,OK333HO, qTo J1106a11 
KOHeqHaH rpynna H30Mopqma rpyIIIIe fOJIOHOMHH HeK-poil: 
KOMil3KTHOH e. II. qi. AqllpHHHaH KJl3CCHqJHK3IJ.HH KOM
naKTHhlX e. II. If>. aap;aaaoii: paaMepHOCTH n B HaCToHru.ee 
BpeMH (1983) H3B0CTHa TOJlbKO AJIH n..,;:4. IIpn n=3 
HMeeTCH 6 KJlaCCOB opneHTHpyeMhlX H 4 KJlacca H00pH0H
THpyeMhlX alfilf!HHHO 3KBHBaJl0HTHhlX KOMIIaKTHhlX e. II. qi. 
KJiaccnqina.npoBaHhl KoMIIaKTHhle e. II. qi. c IJ.HKJIHq. 
rpyrrnaMn roJIOHOMHH npoCToro rropHp;Ka. CeMeii:cTBO Bcex 
aenaoMeTpnqHhlX IIJIOCKHX TopoB Tn MOiKHO IIapaMeTpH
aoBaTb 3JleMeHTaMH H3 

SL (n, Z)'-..,GL+ (n, R)/SO (n), 

rp;e GL + (n, R) - CBH3HaH KOMIIOIIeHTa ep;HHHIJ.hl B 
GL (n, R), a naoMeTpnq. KJ1acc11qi11KaIJ.HH KoMnaKTHhlX 
e. II. qi. paaMepHOCTH n HenocpeACTBeHHO CJlep;yeT H3 HX 
aqiqi11HHoii: KJla~cHqinKaa.nn H H30MeTp11q. KJ1accnqimrna.nn 
TopoB Tn. HeKOMIIaKTHhle e. II. «Ji. KJ1accnqi11n.npoBaHhI 
( c TOqHOCTb10 AO H30M0Tpnn) TOJlbKO B paaMepHOCTHX 
2 H 3; B qaCTHOCTH, AByMepHaH HeKOMIJaKTHaH e. II. qi., 
OTJIHqHaH OT E 2 , roMeoMopqiHa IJ,HJlHIIAPY, JIH6o JIHCTY 
Me6nyca. JI106aH HeKOMIIaKTHaH e. rr. qi. p;orrycKaeT p;eii
CTBHT0JlhHyro aHaJIHTHq. peTpaKIJ.HIO Ha KOMI!aKTHOe BIIOJl
He reop;eanq. IIJIOCKoe IIOAMHoroo6paaHe; KJ1acc qiyHp;a
MeHTaJlhHhlX rpynrr HeKOMIIaKTHhlX e. II. qi. COBIIap;aeT c 
KJlaCCOM qiyup;aMeHTaJlhHhlX rpyIIII KOMIIaKTHhlX e. II. qi. 

MccJ1ep;oBaHne AByMepHhlX r. n. qi. no cym:ecTBy Haqa
JIOCh B 1888, Korp;a A. IIyanKape (H. Poincare, (1)), 
nayqaH AHCKpeTHhle rpyIIIIhl p;po6HO-JIHHe:BHh!X npeo6-
pa3oBaHHH Bepxueii: IIOJIYIIJIOCKOCTH Im (z) >O KOMIIJleKC
HOH IIJIOCKOCTH - rfjyncoow zpynnbi, aaMeTHJI, qTo HX 
MOiKHO TpaKTOBaTh KaK rpyIIIIhl ABHiKeHHM IlJIOCKOCTH 
Jio6aqeBCKoro A2 • IIycTb :£ - rpynna ABHiK0HHM A2 , 

coxpaHHIOIIJ.HX opneaTaa.nro; A1, .•• , A 4m, m;;;;,2,- Bhl
nyKJlhl:ii: 4m-yroJlbHI!K B A2 c noIIapao KonrpyaHTHhlMH 
reop;eal!q. CTopoHaMH 

A4i-3A4i-2 = A4;-1A4,-, A4i-2A4i-1 = A4;A4; + i, 

rp;e i=1, ... , m, A 4 m+ 1=A 1 , cyMMa yrJ10B K-poro 2n. 
3J1eMeHThI a; n b; 11a :£ nepeBOAHT A 4;_ 3A 4;_ 2 B 

A.,;A4;-1 H A4i-2A4;-1 B A4;-1A4; 

COOTBeTCTBeJIHO (aa pHC. IIOKa3aH CJlyqa:ii m= 2). Torp;a 
IIO)J;rpynna fc:£, I!OpOiKAeHHaH <JJleM0HT3MH a;, b;, 
p;e:iiCTByeT Ha A2 6ea Henop;BHiKHhlx ToqeK, a aap;aHHhl:ii: 4m-

A yrOJlbHHK CJIYiKHT qiyH,a;aMeH-
5 T3JlbHOH 06J1aCTb10 <JTOM rpyn

Ilhl; I!pH 3TOM f HMeeT 0AHHCTB0H
HOe onpep;eJIHIOIIJ.ee COOTHOIIl0HHe 

<flaKTopnpocTpancTBo A2/f HBJIH
eTCH opueHTHpyeMOH KOMIIaKTHOM 
r. n. qi. pop;a m, n Kamp;aH AByMep
HaH OpH0HTHpyeMaH KOMilaKTHaH 

A1 r. II. qi. MOiKeT 6hITb IIOJlyqeHa Ta-
KHM cnoco6oM. IIycTh Tenepb r- a6cTpaKTHaH rpynna, H30-
MopqinaH qiyap;aMeHTaJih HOM rpynne opl!eHTHpyeMoil: aaMK
nyTo:ii noBepxnocTH pop;a m. Torp;a cym:ecTByeT Henpe
phlBHoe OT06pamea11e cp: r x R 6Tn - 6-+:£' YAOBJleTBO
pH101IJ.ee yCJIOBHHM: a) JWH BCex xER 6m-B OTo6pameHHe 
cp~ : g ~ cp (g, x) HBJJHCTCH MOHOMopqiH3MOM f B <)';'; 
6) no.a;rpynnw fx=crx(f) 11 fx,=crx·(f) coIIpHmeHhI B 
:£ Tor.a;a H TOJlhKO Tor.a;a, Korp;a x=x'; B) ecJIH p;ucKpeT-

H8H IIO)J;rpyIIna f'c:£ lf30M0pqiaa f, TO OH3 COI!pHmeaa 
c r x )J;JIH HeK-poro x E R 6m - 6 • TaKlfM o6pa30M, ceMe:UCTBO 
aeirnoMopqiHhlX KOMII3KTHhIX r. II. qi. paaMepHOCTlf 2 
pop;a m 33BHCHT OT 6m-6 A0HCTBIITeJlhHhlX napaMeTpoB. 
)J,ayMepHaH KOMI!aKTHaH r. II. qi. ecTeCTBeHHhlM o6paaoM 
HaAeJIHeTCH CTpyKTypoii: puMaHOBOM IIOBepXHOCTH, H 
TOJlbKO qTQ cqiopMyJ111poBaHHOe yTBepmAeHite nepBoHa
qaJlbHO 6bIJIO AOK333HO cpep;CTB3MH TeOpllH yH11qiopMn
aaa.u11; reoMeTpHq. AOKaaaTeJlbCTBO 6bIJIO A3HO B [7]. 
YKa3"ilHHhle peayJ1hTaThl 0606m:a10TCH aa HeKoM1IaKTHhle 
r. n. qi., roMeoMopqinhle cqiepe c KoHeqJihlM ql!CJIOM pyqeK 
n AhlpoK, a taKme Ha HeopHeHTHpyeMhie r. II. qi. paa
MepaocTH 2. B npoTHBOIIOJIOmHocTh .a;ByMepHoMy cJ1yqa10 
H0 cym;eCTByeT He1IpephlBHhlX ceMeMCTB HenaoMeTpnqHhlX 
KOMIIaKTHhIX r. II. qi. paaMepHOCTH 6oJlbIIIe 2. A HMeHHO, 
KOMII3KTHhle r. II. qi. paaMepHOCTH n;;;;,3, HMerom:ne H30-
MopqiHhle qiyHAaMeHTaJlhHhle rpylIIIhl, H30MeTpHqHhl. )J,py
rnx o6m;nx peayJlhT3TOB, Henocpe.a;cTBeHHO OTHOCHIIJ.HXCH 
K KJlaccnqinKaa.nH n-MepHhlX r. II. qi., B HaCTOHm;ee BpeMH 
(1983) HeT; 1IpHMepbI r. II. qi. paaMepHOCTH n;;;a.3 IIPHBe
)J;eHhl B (6), (8). 

KpoMe pnMaHOBhlX II. qi. HayqaJIHCh nx o6o6m:emrn: 
uceBp;opHMaIIoBhl, aqiqiHHIIhle 11 KOMIIJleKCHhle II. qi. n 
II. qi. CHMMCTpnq. IIpOCTpaIICTB (CM., Hanp., (9)). 

Jlum.: [1] II ya H Hape A., Ha6p. TPYJJ:hl, T. 3, M .. 1974; 
[2] Th re If a I I W., Se i fer t H., «Math. Ann.», 1930, Bci 
104, S. 1-70; [3] Nowacki W., «Comment. math. helv.», 
1934, v. 7, p. 81-93; [4] Vincent G., TaM me; 1947, v. 20, 
p. 117-71; L5] Bo JI bill ,[I; m., IIpocTpaHCTBa nocTOllHHoll: HPH
BH3Hhl, nep. CaHrJJ.,M., 1982; [6] B 11'.H 6ep r 3. B., «MaTeM. 
CO.», 1969, T. 78, No 4, c. 633-39; [7] Ha Ta H 3 0 H c. M., 
«Ycnexn MaTeM. uaym>, 1972, T. 27, B. 4, c. 145-60; (8] Mi I l
son J. J., «Ann. Math.», 1976, v. 104, p. 235-47; [9] Bo
re I A., «Topology», 1963, No 2, p. 111-22. H. P. Ra.MbtW.attC"-UU. 

IIPOCTP AHCTBO - J1omqecKn MhlCJ111MaH qiopMa (nJ111 
CTPYKTypa), CJ1ymam:aa cpep;oli, B K-poft ocym:ecTBJIHIOTCH 
.a;pyrne qiopMhl 11 Te HJIH HHhle KOHCTPYKU.HH. Hanp., B 
<JJleMeHTa pHOH reoMeTpllH IIJIOCKOCTb llJlll IIpOCTpaHCTBO 
cJ1ymaT cpe.a;o:ii, r.a;e CTpOHTCH paaHoo6pa3Hhle qinryph1. 
B 60J1bIIIHHCTBe cJ1yqaea B II. qinKCHpyroTCH oTIIorneHHH, 
CXOAHhle no qiopM3JlbHhIM CBOHCTB3M c o6blqHbIMH npoCT
paIICTB0HHhlMH OTHOIIIeH!fHMH (paCCTOHHHe Memp;y Toq
K3MH, paBeHCTBo qi11ryp H p;p.), TaK qTO o TaKHx II. MOlHHo 
CKaaaTh, qTo OHH 1IpeACT3BJIH10T JIO!'HqecKH MhlCJIHMhle 
npoCTpaHCTB0HHO-IIOA06Hhl0 qiopMhl. IIepBbIM H sa:11rneil.
IIIllM MaTeMaTnq. II. HBJIHeTCH TpexMepHoe eon.n,uooou 
npocmpancmoo, npep;CTaBJIHIOIIJ,ee IIpH6J111meHHhIH a6cT
paKTHhlii o6paa peaJlbHOfO II. 06m:ee IIOHHTHe «II.» B 
MaTeMaTHKe CJIOiKllJIOCb B peayJlhT3Te 0606m:ea11H H BHAO
H3MeHeHHH 1IOHHT11:ii reoMeTpHn eBKJIHAoBa II. IIepBhle 
II., OTJIJiiqHhle OT TpexMepHoro eBKJIHAOBa, 6b!JIH BBep;eHhl 
B 1-:ii IIOJI. 19 B. 3To 6bIJIH JI 06a"1Jeocno20 npocmpancmeo 
H eBKJIHAOBO II. J1106oro qncJ1a 11aMepeHHM (CM. Mnozo.xep
nasi eeo.Mempusi). 06m:ee IIOHHTHe o MaTeMaTHq. II. K3I{ 
«MHOfOKp3THOM rrpOTHlHeHHOCTll>) 6hlJIO BhlABHHYTO B 1854 
E. P11MaHoM (B. Riemann); oHo 0606m;aJ1ocb, yToqHH
JIOCh H KOHKp0TH311pOB3JIOCb B pa3HhlX H31IpaBJieHllHX: Ta
KOBhl, Hanp., puManoeo npocmpancmoo, rfjunc.ttepooo npo
cmpancmeo, oenmopnoe npocmpancmeo, iu.ttb6epmooo npo
cmpancmoo, .Mempu<iecnoe npocmpancmeo, mono.n,ozu'iecnoe 
npocmpancmeo. B coBpeMeauoli MaTeMaTHKe II. 01Ipe.a;e
JlH10T KaK MHOlH0CTBO KaKHX-JlH6o o6'heKTOB, K-pbie Ha3. 
ero TOqKaMH; liMH MoryT 6bITb reoMeTp11q. qiHryphl, qiyHK
Il,HH, COCTOHHHH qinanq. CHCTeMbl H T. A· PaccMaTp11BaH 
HX MHOlHeCTBO KaK II., OTBJleKalOTCH OT BCHKllX HX 
CBOHCTB H yqHThlB310T TOJlbKO Te CBOMCTBa !IX COBOKylIHO
CTH, K-pble onpeA0JlH10TCH 1IpHHHThlMH BO BHHM3JIHe HJllf 
BBep;eHHhlMH no onpep;eJieHlllO OTHOIIIeH:lrnMH. 3TH OTHO
IIIeHHH Mem.a;y TOqKaMH II TeMH mm HHhlMH qiHrypaMli, T. e. 
MaomecTBaMH ToqeK, orrpe.a;eJIHIOT «reoMeTp1110» II. IIpH 
3l{CHOMaT11q. ee IIOCTpoemm OCHOBJihle cnoii:CTBa <JTHX OT
JIOIIIem1ii BbipamaroTCH B COOTBeTCTBYIOIIJ,HX aKCl10Max. 

Ilp11MepaM11 TI. MoryT cJ1ym11Th: 1) MeTp11q. II , B K-pb!X 
onpeAeJleHo pacCTOHHHe Mem.a;y TOqKaMH; aa1Ip., II. Jie-
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npepbIBHhlX cf>yHKll;H:ii: HI!. R.-JI. 0Tpe3Re [a, b], r)l.e TO•IKa
MII cJiyIBaT iJ>ymn.\IIII I (x), HerrpephIBHble Ha [a, b), a pac
CTOHHIIe MeIB)l.y 11 (x) II I 2 (x) orrpe)l.eJilieTCH KaK MaKCIIMYM 
MO)l.YJIH IIX pa3HOCTII: 

r=max I 11 (x)-f2 (x) I· 
2) «II. co6bITIIH», IIrpa101n:ee BaIBHyIO pOJih B reoMeTpIIq. 
HHTeprrpeTan;IIII TeOpIIII OTHOCIITeJihHOCTII. RaIB)l.Oe co6bl
TIIe xapaKTepII3yeTCH IIOJIO/KeHIIeM - KOOPAIIHaTaMII x, 
y, z II BpeMeHeM t, II03TOMY MHO/KeCTBO BCeB03MOIKHblX 
co6blTIIii: oKa3blBaeTCH qeThlpexMepnhIM II., rAe «TO'lKa» -
co6blTIIe orrpe)l.eJIHeTCH 4 KOOp)l.IIHaTaMII x, y, z, t. 3) ©a-
30Bble II., paccMaTpIIBaeMhle B TeopeTIIq. iJ>II3IIKe II Mexa
HIIKe. ©a30Boe II. ii>II3II'l. CIICTeMbl - 3TO COBOKyIIHOCTh 
Bcex ee B03MO/KHblX COCTOHHHii:, K-phle paccMaTpIIBaIOTCH 

rrpII 3TOM KaK TO'lKII 3Toro II. A. P.. Aae,,canapo6. 

H-IlPOCTPAHCTBO - TorroJiornqecKoe rrpocTpancTBo 
c YMHO/KeBIIeM, 06J1a)l.aIOII.\IIM ABYCToponneii roMOTOIIII'l. 
e)l.IIm1n:eii:. 1IoApo6Hee, rrynKTIIpoBaHnoe TorroJiorII'l. rrpo
cTpancTBo (X, e), AJIH K-poro 3a)l.aHo HerrpepblBHoe OT0-
6pamenIIe m : XX X - X, Ha3. H - rr p o c T p a n c T

B o M, eCJIII m(e, e)=e H oTo6pameHIIe X - X, x -
- m (x, e) II x - m (e, x) roMOTOIIHhI rel (e, e )ToIB)l.ecTBen
HOMY OTo6pamenIIIO. 0TMe'leHBaH TO'lKa e Ha3. r 0 M o
T O II II 'le CK OH eAIIHHn;eii H-II. X. Hnor)l.a 
TepMIIH «H -II.» yrroTpe6JIHeTCH B 6oJiee y3KOM CMhICJie, 

llPII K-poM Tpe6yeTCH, 'lT06bl OT06pamenIIe m : xx x -
-x 6bIJIO r 0 M 0 T 0 II II q e c RB a c c 0 n: Ji[ a T II B
R bl M, T. e. 'lT06hI OTo6pameBIIH 

mo(mXid), mo(idXm):XXXXX-+X 

6blJIII roMOTOIIHbl rel (e, e, e) Mell<AY co6oii:. HHoraa Tpe-
6yeTCH TaKme cymecTBOBamrn r 0 M 0 T 0 II II q e c K II 
0 6 p a TH bl x 3 JI e Me HT 0 B. 8TO 3BaqIIT, 'ITO )I.OJI/K
HO 6b1Th 3a)l.aHo OTo6pamemre µ: (X, e)-(X, e), )l.JIH 
K-poro oT06pameHIIH 

X-+X, X-+m(x, µ (x)), x~m(µ(x), x) 

roMOTOllHbI IIOCTOHHHOMy OT06pameH11IO x - e. Harrp., 
AJIH JIJ06oro rrynKTIIpoeannoro TOIIoJiorII'l. rrpocTpaHCTBa 
Y neme.ttb npocmpancmeo QY HBJIHeTCH roMOTOIIl!'l0CKH 
aCCOU,IIantBHbIM l/-11. c roMOTO!III'l0CKII o6paTBblMII 3Jie
MeHTaMII, a Q 2 Y= Q (QY) HBJIHeTCH TaKme H K 0 MM y

T a T II B H bl M H -II., TO 0CTh TaKIIM, 'ITO OTo6palK0HIIH 

XX X-+ X, (x, y)-+ m (x, y), (x, y)-+ m (y, x) 

roMOTOIIHbl. fpym1bl KoroMOJIOrIIii: H-11. o6pa3yIOT X onifja 
a.ttze6py. 

Jlum.: [1] B 0 p 11 Ma H ,U lR., Cl> 0 r T P., roMOTOIIl'l'leCI'8 HH
sapHaHTHb!e a.·rreopa•l'rnc1me CTPYKTYPhl Ha TOIIOJIOrH'JeCKHx rrpo
CTpaHCTRax, rrep. c aHrJJ., M., 1977. A. <1>. Xapmu.<aaae. 

K-IlPOCTPAHCTBO, R an Top o B II q a rr po-
c T p a H c T B o, - rropH)l.KOBO IIOJIBOe BeKT0pH00 rrpo
CTpaHCTBO, T. e. BeKTopno0 no.ttyynopsiao'tennoe npo
cmpancmeo, B K-poM BCHKOe orpaBII'l0HH00 CBepxy MHO
m0cTBo IIM00T BepxHIOIO rpanh. 0TKpbITO JI. B. RaHTO
poBII'l0M ( 1). 

Jlum.: [1] Ha HT 0 p 0 BI'! 'I JI. B., «MaTeM. CO.», 1937, T. 2, 
c. 121-68. M. H. Bou~exo6C1'UU. 

IIPOCTP AHCTBO HA,!J; A.1IrEliPOlI - IIpOCTpaHCTBO, 
06Jia)l.a10mee aurfirfie pen!fua.ttbno-ieoJ.tempu'tecrwii cmp yn
my poii, TO'lKH K-poro MoryT 6b1Th cna6menhl Koop)l.IIHaTa
MH II3 aeK-poii aJir06phl. B 6oJihllIHBCTBe cJiyqaeB aJire6pa 
rrpe)l.noJiara0TCH accou,IIaTIIBnoii: c 0)1.llHHu,eii:, Hnor)l.a -
aJihTepHaTHBHOii: c 0)1.IIBHU,eii: (CM. A cco1fuamuenb1e 1W.ttblfa 
u a.ttze6pb!, A.ttbmepnamuenble KO.ltblfa u a.1tze6pb1). 

,!J;JIH IlOCTpOeBHH IIlHpOKOrO KJiaCCa Il. H. a. MOmBO 
llCXO)l.IITb II3 IlOHHTIIH ynIITapnoro MO)l.yJIH Ha)!. aJir06poii, 
orrpe)l.eJI0mre K-poro uoJJy'laeTCH II3 orrpe)l.0Jienu.11 BeK

TOpHoro llpOCTpaHCTBa Hall TeJIOM nyTeM 3aMeHbl TeJJa 
Ha accou,Ha'flrnny10 aJire6py c 0mrnun:eii: (cM. [ 11, [ 3]). 
B pe3yJJhTaT0 rrpIIcoe)l.HnenIIH K aJieMeHTaM MOilYJI.R, Ha-

3bIBaeMbIM BeRTOpaMll, HOBhIX aJieMeHTOB, Ha3bIBaeMbIX 
TO'lKaMH, CBH3aHHhIX c BeKTOpaMa T0MH me aKCIIOMaMn, 
'ITO Il TO'lKil aiJ>iJ>nHHoro rrpocTpaHCTBa c ero BeKTopaMH, 
IIOJiyqaeTCH aiJ>ii>IIHHOe rrpoCTpaHCTBO Ha)!. accon:naTHBHOH 
aJire6poii: c eAHHIIl.\eii:. AiJ>il>nHHhl0 rrpeo6pa3oBaHnH e 
aiJ>iJ>IIHHOM npocTpaHCTBe Ha)!. aJire6poii: IIMeIOT B Koop
AHHaTax BII)I. 

xi=~~ A~f (xi) +al, 
,,:_,J= 1 I 

r)l.e f (x) - uerrpephIBHhlii: aBToMopiJ>HaM ame6pb1. n-Mep
Hoe aiJ>iJ>1rnaoe npocTpaHCTBO Ha)!. aJire6poii:, HMeIOII.\0H 
paHr r Ha)!. HeK-pbIM IIOJieM, )l.OIIycKaeT eCT0CTBeHHyIO M0-
)1.eJJh (rrp0)1.CTaBJieHIIe) B nr-MepHOM aiJ>ii>HHHOM rrpOCTpaH
CTBe Ha)!. TeM me IIOJieM. B 3TOH MO)l.eJJH Kam)l.a.R TOqKa 
aiJ>iJ>naaoro rrpocTpaHCTBa HaA aJir06poii: H3o6pamaeTCH 
TO'lKOH nr-MepHoro aiJ>ii>IIHHOro IIpOCTpaHCTBa Ha)!. pac
CMa TpIIBaeMbIM IIOJJeM, KOOp)l.IIHaTaMII K-poii HBJIHIOTCH 
KoaiJ>iJ>nu,IIeHTbl pa3JiomeHIIH KOOp)l.HHaT TO'leK rrpoCTpaH
CTBa Ha)!. aJire6poii: rro 6a3HCHbIM aJJeMeHTaM aJir06pbI. 
B cJiyqae, Kor)l.a 6a3HCHhie aJieMeBThl eA, A=1, .. . , r, 
aJJr06pbI CBH3aHhl Mem)l.y co6oii: CTPYKTypHhIMH ypaBHe-
HIIHMH 

8A8B=l'~Bec, 

r)l.e l'~B - CTpyKTypHble KOHCTaHTbl aJJre6pbI, Kam)l.OMy 
6a3HCHOMY 3JJeMeHTY e A COOTBeTCTBY0T B MO)l.eJIH JIHHeii:uoe 
rrpeo6pa3oBaHII0 c MaTpIIu,eii 

'YA 0 

0 'YA 

r)l.e IIO )l.HarOHaJIH CTOHT n 0)1.IIHaKOBbIX r-M0pHbIX 6JIOKOB 

I' A= lll'~B II- B aiJ>iJ>FIHHhIX rrpocTpaHCTBax Ha)!. aJire6paMII 
MOmHo 3a)l.aTh 3pMHTOBY MeTpHKy (eBKJIJil)l.OBy Il rrceB)l.0-
eBKJIII)l.OBy), a B CJJyqae KOMMyTaTIIBHbIX aJire6p H KBa)l.
paTH'lHyIO (eBKJIIl)l.OBy II rrceB)l.00BKJIH)l.OBY) MeTpHKy. ,!J;JIH 
STOro B yHHTapHOM MO)l.yJie orrpeneJJHeTCH CKaJJHpHoe 
IIpOII3B0)1.eBIIe BeKTOpOB (a, b), B rrepBOM CJiyqa0 o6JJa
)l.aIOII.\00 CBOHCTBOM 

(a, b) = (b, a) 1 , 

r)l.0 I - HHBOJIIOTIIBHblii: anTnaBTOMopiJ>n3M (HHBOJIIOU,IIH) 
B aJire6p0, a BO BTOpOM CJiyqae - CBOHCTBOM 

(a, b) = (b, a). 

CKaJI.11pHbIH KBa)l.pa T BeKTopa AB orrp0AeJIHeT MeTpH'l. 
IIHBapIIaHThl rraphl TO'l0K A II B; ABum0nIIH eBKJJHAOBhIX 
Il IIC0B)l.OeBKJIII)l.OBbIX rrpoCTpaHCTB -aii>ii>IIHHble rrp006-
pa3oBaJIHH, coxpanHIOII.\IIe cKaJI.11paoe rrpoH3Be)l.eJIIIe BeK
TopoB. Il pII 3aMeIIe B OIIp0)1.0JieHIIII 9JIJIIIIITH'leCKHX II rH
rrep6oJIII'leCKIIX Il. JI. a. CKaJIHpIIOrO IIpOII3Be)l.eIIHH BeK
TOpOB CKaJIHpHbIM npoII3Be)l.eBIIeM BeKTOpOB (x, y), )I.Jill 
K-poro (x, 11)= -(y, x)1 IIJIH (x, 11)= -(y, x), rroJiy
qa0TCH 3 p M II T 0 B o, HJIIl K B a A p a T Ji[ q II 0 e 
c II M II JI e K T II q e c K 0 e, n. H. a. 

Mnoroo6pa3He O)l.HOM0pHbIX rro)l.MO)l.yJieii (n+ 1).-MepHo
ro yIIHTapHoro MOAYJIH na)I. aJire6poii: K IIa3. n-MepIIbIM 
rrpoeKTHBHbIM rrpOCTpaHCTROM Jia)I. 
a JI r e 6 p o ii: K; TO'lKaMH 3Toro rrpocTpaIICTBa Jia3. 
0)1.HOMepnb10 IIO)l.MO)l.yJIII, a KoopaueaTbl BeKTOpOB 3THX 
IlO)l.MO)l.yJieii: Jia3. rrpoeKTIIBIIbIMM KOOp)l.ueaTaMII TO'l0K. 
B rrpoeKTllBIIOM II. n. a. orrpeJ:10JIHIOTCH TaK me, KaK e 
npoeKTilBHbIX rrpOCTpaIICTBax Ba):( IIOJIHMH, KO.lt.ltUliealfUll 
H IWppe.ttstlfUU. B rrpoeKTIIBHblX KOOp)l.IIHaTax KOJIJIHB0a

).\IIH HMeIOT BII)J, 
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r.ue f (x) - HeI1pephIBHhl.ii: aBTOMopiJ>H3M aJire6phl, a Rop

peJIH!l;HH HMeIOT BU.U 

lu;= ~~ f (xi) Ai1., 
~J=l 

r.ue f (x) - HeI1pephIBHhiii aHTuaBTOMop!J>naM aJire6phl, a 
u; - IlpoeRTIIBHhie RoopAHHaThI rHrreprrJioCROCTII. Bae

.urume CJ\aJIHpHoro rrpOH3Bep;eHUH BeRTOpOB B ymrTapHOM 
MOAyJie II03BOJIHeT orrpep;eJIHTb B IlpoeRTilBHOM rrpOCTpaH

CTBe, IIOCTpoeHHOM c IIOMOIJ\b!O noro MO.UyJIH, apMHTOBhl 
HJIIl, B CJiyqae ROMMyTaTHBHO.ii: aJire6phl, RBaApaTHqHble 
aJIJIHIITH'leCRHe n rnrrep6omrq. MeTpHRH. MeTpnq. HHBa
pnaHTbI TO'leR 3THX rrpoCTpaHCTB orrpe.ueJIHIOTCH CRaJIHp

HhIMil rrpoH3BeAeHHHMil BeRTOpOB x Il 11 COOTBeTCTByIOIIJ;IlX 

IIOAMOAyJie.ii: c IIOMOil\h!O ABOHHOro OTHOilleHHH 

W=(x, x)- 1 (x, 'fl) ('fl, 11)- 1 (11, x). 

B TOM cJiyqae, Ror.ua W - Aeii:CTBHTeJihHoe qncJio, irnaa

pnaHT w, AJIH R-poro W= cos2 w, Ha3. p a c c T o H H H

e M Mem.uy COOTBeTCTBYIOIJ\IlMil TOqRaMH (CM. [2]). 
Il poeRTilBHhle, 3JIJIHIITH'leCRHe, fHI1ep6oJIH'leCRile Il 

CHMIIJieRTil'l. IlpOCTpaHCTBa HaA Ae.ii:CTBHTeJihHblMH IlpO

CThIMH aJire6pa~m (Hanp.' aJire6paMH AeHCTBHTeJihHbIX, 

ROM!IJieKCHhIX Il RBaTepHHOHHhIX MaTpnu;) o6JiaAaIOT TeM 
CBOHCTBOM, qTo IIX il>YHAaMeHTaJihHhle rpymihl HBJIHIOTCH 
rrpoCTbIMll rpyrrrra~m Jh1 6ecRmrnqHbIX cepnli. EBRJIHAO

BbI' rrcea11:oeBRJIIIAOBbl ll RBa3H3JIJIHIITH'leCRHe, 1rna:-inrH
rrep6om1qecRHe II RBa3HCilMIIJieRTil'l. rrpocTpaHCTBa HaA 
TeMH 11\e aJire6pa~m o6Jiap;aIOT TeM CBOHCTBOM, qTO IlX 

iJ>yHAaMeHTaJibHbie rpyITIIbl HBJIHIOTCJI RBa3HIIpOCThIMH 
rpyIIIIaMII JIH Tex me cepnii (CM. [2]); TeM me CBOHCTBOM 

o6Jiap;aIOT npoeI{THBHbie' 3JIJIHITTH'leCRHe' nmep60JIH'le
c1me II CIIMITJieRTilq. rrpOCTpaHCTBa HaA IlOJiyrrpOCThIMII 
aJire6pa~rn, R R-pbIM OTHOCIITCH aJire6pa AyaJihHhIX 'lIICeJI. 

HecRoJihRO CJiomaee onpep;eJIHIOTCH npoeRTHBHhle II 

3pMHTOBbl (aJIJIHITTH'IeCRUe Il rnnep60JIHqecRHe) IIJIOCRO

CTH HaA aJibTepHaTUBHbIMil aJire6paMII. <l>yHAaMeHTaJibHhle 
rpynrrhI 3TIIX UJIOCROCTeii: HBJIJIIOTCH npOCTblMil HJIII RBa-

3IIIlpOCThIMII rpyrrnaMH Jin HeR-pbIX oco6hIX RJiaCCOB. 
J7um.: (J] By p 6 a 1< H H., AJireopa. AJireopa11qec1<ne cTpy1<

TYPhJ. JI1mettttaJI n noJinmmellttaJI aJireopa, nep. c cjlpattu., M., 
1962; [2] P o a e H cjl e JI h n B. A., HeeB1<JIHllOBhI npocTpaHCTBa 
M., 1969; (3] Benz W., Vorlesungen fiber Geometrie der Algeb~ 
ren, B., 1973. B. A. Poaenrfie.tthfl, A. IT. Wuponoe. 

IIPOCTPAHCTBO OTOliPAJKEHHlI Ton o JI or n

'l e c R 0 e - MHOmeCTBO F OT06pameHHH MHomeCTBa x 
B TOITOJIOrHq. npoCTpaHCTBO y c RaIWH-HH6yAh eCTeCTBeH

HOll TOITOJIOrHeii T Ha F. Ilpn !J>nRCHpOBaHHhIX MHOIB0CTBe 
X II IIpOCTpaHCTBe Y IlOJiyqaJOTCH pa3JillqHhl0 Il. O. B 

3aBJICIIMOCTil OT Toro, RaRHe OT06pameHHH x - y BRJIIO
qaJOTCH B F Il I\aKaH eCT0CTB0HHaJI TOITOJIOfHH 6epeTCH 

Ha F. Bb!6op F CBH3aH c HaJinqneM Ha x Il y AOITOJIHII

TeJihHblX CTpyRTYP Il cneu;n!J>HROH pacc~iaTpnBaeMOH CHTya
Il;IIII. TaK, B RaqecTBe F MoryT !J>nrypnpoBaTh: MHomecTBO 
Bcex HenpepbIBHhIX OTo6pa~eHIIH MHOmeCTBa x B npoCT

paHCTBO y' MHOIBeCTBO BCex OT06pameHIIH MHOIBeCTBa x 
B :ipocTpaHCTBO Y, "MHoIBeCTBO acex HcrrpephIBHhlX JIH
HeIIHhIX OTo6pallrnHHII TOilOJIOfH'leCRoro BeRTOpHoro IIpo
CTpaHCTBa x B TOITOJIOJ'IIqecKoe B0RTOpHoe npOCTpaHCTBO 

y' MHOIBeCTBO BCex Henpepb!BHbIX fOMOMopiJ>II3MOB TOIIO

JIOfII'l. rpyrrnhl x B TOIIOJIOJ'llq. rpyrrny y' MHOIBeCTBO 
Bcex rJiaAKIIX OTo6pamemu1: OTpeaRa B IIPHMyIO II T. /],. 

BamHOCTb pacCMOTpeHIIH n. o. B onpe.ueJieHHOH Mepe 
Bhl3BaHa TeM, 'ITO OTo6pameHIIH npeACTaBJIRIOT co6oii: 
Han6oJiee 06m11ii cnoco6 cpaBHeH1111 MaTeMaTIIq. o6'heR
TOB. 

EcTeCTBeHHb!e TonoJiornu (Ha MHomecTBe F) o6hl'IHO 

orrpe!;leJIHIOTCH no CJieAyIOil\eii: cxeMe. B F iJ>nRc11pyeTCH 
ceMeIICTBO S IIOAMHomeCTB, u npe86aaa TOITOJIOrIIII T Ha F 
COCTaBJIHeTCH II3 MHomeCTB BHAa 

V(A, V)={f E F; f (A) c V}, 

rAe A ES H V - JII06oe OTRphIToe MHomecTBO B F. EcJIII 

s - ceMeiiCTBO BCex KOHe'lHhIX (IIJIII OAHOTO'le'lHb!X) IIOA-

MHOIBeCTB MHOIBeCTBa x' TO T Ha3. T 0 II 0 JI 0 r II e ii: 
II o T o 'I e 'I H o ii: c x o A II M o c T II na X. ECJIII S 
COCTOHT II3 BCex ROMIIaRTHbIX IIOAMHOIBeCTB TOilOJIOflI'l. 

npocTpaHCTBa x' TO T Ha3. R 0 M II a R T H 0 0 T R p bl
T o ii To II o JI or II e ii:. ECJIH XE S, TO T Ha3. To II o
JI 0 r H e ii p a B H 0 M e p H 0 H c x 0 A II M 0 c T II (Ha 

X). BnpoqeM, BCHRYIO ToIIoJiornIO T Ha F, IIoJiyqaeMyIO 
no 3TOH cxeMe, Ha3. TOIIOJIOrIIeii paBHOMepHOH CXOAIIMO

CTII Ha 3JieMeHTaX ceMeHCTBa s. 
B aaBIICHMOCTII OT o6JiaCTH MaTeMaTnRII Te HJIH uHhie 

Il. O. ORa3hIBaIOTCH OCo6eHHO BaIBHhIMII. }\ 'lHCJiy u;eHT

paJihHb!X o6'heRTOB iJ>yHR!l;IIOHaJihHOfO aHaJII13a OTHOCHTCH 
6aHaXOBb! IIpOCTpaHCTBa HerrpepbIBHb!X iJ>yHR!l;IlH Ha l\OM
naRTaX B T 0 II 0 JI 0 r Il Il H 0 p M bl, T. e. TOIIOJIOfIIII 

paBHOMepHOH CXOAHMOCTII, Il B c JI a 6 0 ii: T () II 0 JI o
r II II, K-paH OITHCbJBaeTCH B TepMIIHaX IIOTO'le'JHOH cxo

AIIMOCTII. B TeOpIIII I'OMOTOITIIH BamHyIO poJih nrpaeT 
rrpOCTpaHCTBO IIyTeii B TOIIOJIOfH'l. IIpOCTpaHCTBe, T. e. 

npOCTpaHCTBO HeIIpepbIBHb!X OT06pameHIIii .ue:iiCTBIITeJib
HOfO 0Tpe3Ra B 3TO IIpOCTpaHCTBO. roMOTOililH O/:IHOfO 

oT06pameHIIH B .upyroe rrpeACTaBJIHIOTCH nyTeM B npoCT

paHCTBe OT06pameHHH. Il. 0. ciJ>ep B ciJ>ephl B03HIIRaeT 
npH onpep;eJieHIIII rOMOTOllH'leCRIIX Il ROfOMOTOIIH'leCRIIX 

rpyIIII. 
Oco6eHHO ecTeCTBeHHOH Ha MHOIBeCTBe Bcex OT06pame

HHH OAHOro K-npocTpaHCTBa B Apyroe ORa3hIBaeTCH ROM
naRTHO OTRpb!TaH TOIIOJIOfIIH. IlpeIIMYII\eCTBOM TOUOJIOfIIII 

paBHOMepHOH CXOAIIMOCTH (Ha BCeM npocTpaHCTBe) HBJIH
eTCH ee MeTpH3yeMOCTh. ::ha TOITOJIOfHH - CHJihHelimaH 
B 60JiblllOM RJiacce eCTeCTBeHHblX TOIIOJIOfIIH Ha Il. O. 

Ho o6JiaAaeT aamHh!MII IlpeIIMyll\eCTBaMII n TOIIOJiorHH 

IIOTO'le'JHOH CXOAHMOCTII - CJia6eiimaH B TOM me Rpyre 
TOITOJIOfIIH. Bo-IIepBhIX, 3Ta TOIIOJIOfHH o6Jiap;aeT HaH-

6oJiblllHM 3anaCOM ROMITaRTOB, RaR CJia6elimaH, a ROM

IIaRTHOCTh HBJIHeTCH OAHIIM II3 Han6oJiee IIOJie3HhIX CBOHCTB 

MHOmeCTBa !J>yHR!l;IIH. Bo-BTOpbIX, IIMeeT MeCTO il>YHAaMeH
TaJibHb!H peayJihTaT )J,3. Hara Thi (J. Nagata), K-phIM II3y
qenIIe JII06hIX muxonoecnux npocmpancme CTaBIITCH B 

IIpHMYIO CBH3b c IICCJieAOBaHUeM TOIIOJIOfII'l. ROJieu;. 

A HMeHHO, TIIXOHOBCRIIe npoCTpaHCTBa x II y roMeoMop!J>
Hhl B TOM Il TOJihRO B TOM CJiyqae, eCJIII TOIIOJIOfII'l0CRII 

II30Mop!J>Hbl TOIIOJIOfll'I. ROJihu;a c p ( x) II c p ( Y) Henpe
phIBHbIX !J>yHK!l;HH Ha x II y' B3J!Thle B TOIIOJ!Ofl!Il IIOTO

qe•rno:ii: CXOAHMOCTH. 
PaCCMOTpeHHe TOIIOJIOfII'l. CBOllCTB Il. 0. IIOJie3HO npII 

AORaaaTeJJhCTBe TeopeM o cyrn;ecTaoaamrn oTo6pameHIIH 
c TeM IIJIH HHhIM CBOHCTBOM IloJIHOTa MeTpH'l. rrpOCTpaHCT

Ba HerrpephIBHhIX A0HCTBHTeJihHblX iJ>yHR!l;IlH Ha ROMIIaRTe 

qepe3 IIpilH!l;HII CIBaTbIX OTo6pameHHH IIp11MeHJieTCJI AJIH 

AORa3aTeJihCTBa il>YHAaMeHTaJihHOH TeopeMbl 0 cym;eCTBO
BaHIIII pemeHIIH AIIiJ><JiepeHu;HaJihHoro ypaaaemrn B II3-
BeCTHhIX npep;IIo.rromeHIIHX. CJieACTBHeM IIOJIHOThl MeTpH'l. 

rrpoCTpaHCTBa iJ>yHRu;nii JIBJIHeTCJI Bepa ceoilcmeo. Ha aToi°I 

OCHOBe AORa3bIBaeTCH, Hanp., cyrn;eCTBOBaHI!e Herrpepb!B

HOH Hnr.ue He .un!J>!J>epeau;npyeMoli !J>ynRD;IIII Ha oTpeaRe. 
CBOHCTBO Ea pa n. o. 11rpaeT u;eHTpaJihHyIO pOJih rrpH 

p;oRaaaTeJihCTBe TeopeM o6UJeeo no.wJ1Cenusi, npn AORaaa
TeJibCTBe H3BeCTHOH TeopeMbl 0 BJIO/l{IIMOCTII Ram.uoro 

n-MepHoro RoMnaRTa co C'leTHol1 6a3oii B (2n+1)-MepHoe 

eBKJIHAOBO npocTpaHCTBO, II T. n. 
BJIIIHHIIe npocTpaHCTB .ue:iiCTBIITeJihHhIX iJ>yHRu;II:ii: Ha 

o6nwIO TOITOJIOfIIIO IIpOHBIIJIOCb B CJieAyIOil\eU 3ap;aqe 

o6mero xapaRTepa: RaR CBH3aHhl caoiicTBa npoCTpaHCTB X 
Il y' eCJIII IIpOCTpaHCTBa neIIpepbIBHb!X .ueiiCTBIIT0JlbHbIX 
iJ>yHR!l;HH Hap; HI!MII (B TOUOJIOfHH IIOTO'le'IHOH CXOAllMOCTH 

B f50MUaRTHO OTRpbITOH TOIIOJIOfIIII) roMeoMop!J>Hb! (JIH: 
Hel!Ho roMeoMopiJ>HbI). MaBeCTHO, HaIIp., 'ITO JIHHeiiHble 

roMeOMopiJ>H3Mb! coxpaHJIIOT KOMUaRTHOCTb Il pa3MepHOCTh. 

Cyru;ecTBeHHoe 3Ha'leHne nMeeT HacJiep;oaaHHe ABOIICT

BeHHOCTI! M011\A¥, CBOllCTBaMH TOIIOJ!Of!l'l. rrpoCTpaHCTBa If 

TOIIOJIOfH'l. CBOIICTBaMI! npoCTpaHCTBa !J>yHR!l;IIH HaA HIIM 

B TOJIOJIOfIIH IIOTO'le'JHOH CXOAHMOCTII. Il pHMepoM JIOJie3-
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aoro pe3yJibTaTa B noii: o6Jiacnr MomeT CJiymIITb TeopeMa: 
mo6aH KOHe'!HaH CTeIIeHb npOCTpaHCTBa Jll'lHAeJleqioHa B 
TOM ll TOJlbKO B TOM CJly'!ae, eCJIII IIpOCTpaHCTBO qiyHKU,llH 
HaA HUM nMeeT C'!eTHYIO TeCHOTy. 8TOT pe3yJibTaT npII
~!eHHeTCH' B qacTHOCTn' rrpn I!CCJiep;oBaHHll CTpoemrn 
H 0 M II a K T 0 B 8 6 e p Jl e ii. H a - KOMIIaKTOB, Jiema
lll,IIX B 6aaaxoBbIX rrpoCTpaHCTBax, HaAeJieHHblX CJJa6oii: 
TOIIOJlOfHeii:. 

Jlum.: [I]}{ e JJ JJ 11 .U ;H. JI., 06ll(afl TOilOJJor11fl, nep. c attrJJ., 
111., 1981. A. B. Apxmae.11bc1<uii. 

IIPOCTP AHCTBO C lIH)];Ecl>HHIITHOll METPlIKOll., 
G-rr po c T pa H c TB o,- rrapa o6'heKTOB (E, G), n3 
H-pblX rrepBblH eCTb BeKTOpHoe IIpOCTpaHCTBO E HaA IIOJleM 
KOMIIJleKCHblX '!MCeJI, a BTOpoii: eCTb 6nJIMHeii:HaH (TO'!Hee, 
noJiyTOpaJIMHeii:HaR) qiopMa G HaA E; na qiopMa Ha3. 
TaKille G - M e T p M K o ii:. ECJIM G - rroJiomnTeJibHO orr
peAeJieHHaR (T. H . .[(eqiMHHTHaR) <fiopMa, To G eCTb CKam1p
Hoe npOII3Be.[(eHIIe B E' ll c IIOMOUJ,bIO G MOmHO KaHOHH'l. 
crroco6oM (CM., Harrp., I'u.11b6epmoeo npocmpa11cmeo c un
ae(/iunum11ou .Mempurwu) BBeCTII HOpMy H paCCTOHHIIe 
(T. e. o6bl'!HYJO MeTpIIKy) AJlH aJieMeHTOB II3 E. B cJiyqae 
o6ID,eH IIOJiyTopaJIMHeii:Hoii qiopMbl HeT HOpM I'lJlll MeTpMK, 
HaHOHH'lec1rn CBH3aHHblX c G, M Tep.MnH «G-MeTpMHa» JIIImh 
HaIIOMMHaeT 0 TeCHOH CBH3ll AeqiHHI'lTHblX IIOJlyTopaJIMHeii:
HblX qiopM c HeK-pblMH MeTpMKaMn B BeKTOpHblX rrpocT
paHCTBax. 

TeopMH K 0 H e q H 0 M e p H bl x II p 0 c T p a H c T B 
c II H A e qi ll H I'l T H 0 ii: M e T p ll K 0 ii:, Ha3. 'lalll,e 
6MJlMHeii:HO MeTpH'l. npocTpaHCTBaMII HJllI n p 0 c T
p a H c T B a M I'l c 6 II Jl ll H e ii H 0 ii: M e T p I'l K 0 if, 
pa3pa6oTaHa elll,e r. <l>po6eHMyCOM I'l H3JlaraeTCH B Rypcax 
JIIIHeiiHoii: ame6pb1 (cM. [ 1)). 

0CHOBHOH IIeJlbIO O 6 llJ, e ii: Te O p II ll Il. C n. M. 
HBJlHeTCH BblAeJleHHe ll HCCJleAOBaHHe cpaBHIITeJlbHO rrpo
CTblX, HO BamHblX AJlH IIpHJiomeHuii: KJlaCCOB HeCll.MOConpn
:JtCennbiX onepamopoe B fllJlb6epTOBOM IIpOCTpaHCTBe. Il. C 
H. M. BIIepBhle BBeAeHbI JI. C. IlOHTpHI'llHhlM (2) (I10Ap06-
Hee CM. llonmpnzuna npocmpancmeo). 

Teoprrn n. c ll. M. pa3BIIBaeTCH no ABYM HanpaBJieHH
HM - reoMeTpHH 3THX rrpOCTpaHCTB ll JlHHeHHhle orrepaTO
pbl B HHX. 

reoMeTpHH o6mnx Il. C H. M. B OCHOBHOM HCCJleAyeT: 
a) CBH3b G-MeTpHRH c pa3JIH'!Hh1Mn TorroJiornRMII Ha E; 
6) KJlaCcHqiI!lrnIIHIO BeKTOpHblX 110.[(IIpOCTpaHCTB (mrnea
JlOB) B E OTHOCHTeJlbHO G-MeTpnRn (oco6eHHO T. H. Aeqin
HnTHblX IIOAIIPOCTpaHCTB; CM. HHme); B) CBOHCTBa G-rrpo
eJ\THpOBaHnH; r) 6a3HChl G-npocTpaHCTB. 

B cJiyqae a p M u r o B o ii: G - M e T p n K n (G3 -

M e T pH K H), T. e. TaKoii:, '!TO G(x, y)=G(y, x) AJl}J 
Bcex x, y EE, aamHeii:mIIMn noHHTHHMH H pe3yJibTaTaMn 
reoMeTpHll Il. C ll. M. HBJlHIOTCH CJleAyIOllJ,IIe. IlyCTb Kam
AOMy BeKTOpy y EE IIOCTaBJieH B COOTBeTCTBHe JlHHeMHblfr 
qiyHKIIIIOHaJI Gy: x--+ G(x, y), xEE. To II o JI or H H 
T Ha E Ha3. IIOA'!IIHHIOII(eii: G-MeTpnKy, 
ecJIII qiyHRU,HOHaJI Gy HeIJpepbIBeH B T AJIH ace~ y EE; 
T 0 I1 0 Jl 0 r ll H T Ha3. c 0 r Jl a c y IO llJ, e ll c H c 
G-M e T p H K 0 ii' ecJin OHa IIOA'lllHHeT G II RaJKAhlH 
T-HeDpepblBHbrii: qiyHKIIMOHaJI HMeeT BHA Gy, y EE. B Dpo
cTpaHcTBe E c HHAeqinHHTHOH MeTpMKOH MOmHo 3aAaTb 
He 6oJiee OAHOH TOIIOJlOfIIll <I>perne, IlOA'lllHHIOlll,eii: G, H, 
op;HaKO, He KamAaH G-MeTpnRa AOIJYCKaeT TaKyIO TOIJOJlO
rnIO (cM. [ 4)). EcJIH IIOA'!HHHIOIIIaH G-MeTpnRy TOIJOJJoruH 
HBJlHeTCH I1peAfIIJlb6epTOBOH TOIIOJlOrneii: Ha E I'l 3ap;aeTCH 
B E cKaJIHpHhlM npoH3BeAeHIIeM H ( ·, ·), TO qiopMa H 
Ha3. 3 p M ll T 0 B 0 H e 0 T p ll II a T e Jl b H 0 ii: M a
m o p a H T o ii: qiopMbl G; B 3TOM cJiyqae 

I G (x, y) /2 .r;;;;;,.CH (x, x) H (y, y), C=const, x, ye E. 

IlocJ1c rronoJIHeHnH no H-nopMe rroJiyqaeTcR r n JI b 6 e p
T OB O npOCTpaHCTBO c nnp;e<fJHHIITHOH 

M e T p n K o ii (E, G), rAe G - Dpo,JJ;oJimeHne G no He-

npepblBHoCTH Ha Bee DpocTpaHCTBO E. IlpII noM MeTp1rna 

G MomeT oKa3aTbCH BblpOmAeHHoii, Aame ecmr G - HeBbI
pomAeHHaH MeTpHKa. 8TOro BhlpOmA8HHH He npoHCXOAHT, 
ecm-1 MeTpmrn G HeBblpOmAeHa n Hau6oJibll1aR H3 pa3Mep
HOCTeii: x IIOJIOmHTeJlbHblX IlOAIIPOCTpaHCTB B E KOHe'!Ha. 
B rrocJieAHeM cJiyqae noJiyqaeTCH npocTpaHCTBO IloHTpR
rHHa Ilx. 

IloAnpocTpaHCTBO L B npocrpaHCTBe (E, G) c HHAeqiII
HIITHoii: MeTpHKOM Ha3. n 0 Jl 0 m II 1' e Jl b H bl M II 0 A
rr p 0 c T p a H c T B 0 M, 0 T p ll II a T e Jl b H bl M II 0 A
n p 0 c T p a H c T B 0 M (o6IIJ,ee Ha3BaHne - A e qi II H H 1'-
H bl M n 0 A II p 0 c T p a H c T B 0 M) llJll! H e ii T-
p a Jl b H hi M n 0 A n p 0 c 1' p a H c T B 0 M, B 3aBHCH-
MOCTll OT Toro, 6yAeT JlH G (x, x) >O, G (x, .c) <0 HJlH 
G(x, x)=O AJlH JII06oro xEL; IIOAnpocTpaHCTBO Ma Kc n
M a Jl b H 0 n 0 Jl 0 m II T e Jl b H o, eCJlH OHO IIOJlOmH
TeJlbHO H He MomeT 6h1Tb pacmHpeao c coxpaHeHneM aroro 
cBoiicTBa. BcHKOe IJop;npocTpaHCTBO op;Horo II3 Ha3BaHHhlX 
TnnoB co,a;epmnTCH B MaKCnMaJlbHOM IJOP,IIpOCTpaHCTBe 
Toro me Tnna. 

BamHyIO pOJib B RJiaccnqiuKaIInn nop;IJpOCTpaHCTB B 
npocTpaHCTBax c nH,a;eqinHHTHOM MeTpHKOH IIrpaIOT nOHH
THH K a H 0 H II q e c K 0 r 0 p a 3 Jl 0 ii\ e H ll H ll G-
o p T 0 r 0 Ha Jl b H 0 r 0 n p 0 e KT ll p 0 B a H II H. 

BeRTop x EE Ha3. G-o p T o r o H a JI b H hi M K n o p;
n p 0 c T p a H c T B y LcE (= H 3 0 T p 0 n H bl M 
n 0 ,[( n p 0 c T p a H c TB 0 M OTHOCHT8JlbHO L), ecJIH 
G(x, y)=O ,a;mr JII06oro yEL. IloAIIpOCTpaHCTHO L Ha3. 
B bl p 0 m A e H H bl M, 8CJlll OHO co,a;epmIIT XOTH 6bl 
OP,IIH HeHyJieBoii BeKTOp, ll30TpOilHblii OTHOCHTeJlbHO L. 

EcJIH L - IIOAnpocTpaHCTBO B DpocTpaHCTBe E c HH
,a;eqinHnTHoii: MeTpIIKOH, TO L'= {y: G(x, y)=O, vxEL}
ero G-o p T o r o H a JI b H o e l"I o II o JI H e H u e. Bcer
,a;a L"= Lr;, r,a;e T - JII06a11 TonoJioraH, corJJacyIOlll,aHCH 
c G. G-opToroHaJibHOe ,a;onoJIH8HHe L' BbrpomAeHHoro BeK
TOpHoro nop;npoCTpaHCTBa L HBJlH8TCH BhlpOmAeHHbIM 
BeKTOpHbIM rro,a;npocTpaHCTBOM, 3aMRHYThlM OTHOCIITeJlbHO 

JII06oil: TorroJiornu -r, corJiacyIOIIIeiicH c G, a LnL1- ecTb 
BeKTOpHOe IIOAilpOCTpaHCTBO ll30TpOnHblX 3JleMeHTOB. 
Ilo,a;rrpocTpaHCTBO /, Ha3. I1 p 0 e K II ll 0 H H 0 n 0 Jl
H bI M, ecJIH Ramp;blii BeRTOp y EE nMeeT G-n p o e K II n IO 
Ha L, T. e. cy1IIeCTByeT TaRoe YoEL, '!TO G(x, y-y0 )=0 
).(JIH Ram,a;oro x EL. E,a;nHCTBeHHOCTb G-rrpoeRri;nn Ha L 
paBHOCHJlbHa HeBhlpomAeHHOCTn nop;rrpocTpaHCTBa L, a 
ee cym;ecTBOBaHne 3aBHCHT OT HenpepblBHOCTll «l>YHKIIllO
HaJla Gy B TonoJiornHx Ha L, corJiacyIOlll,HXCH c G. EcJin 
M II N HBJlHIOTCH G-opToroHaJlbHhlMn nop;IIpocTpaHCTBaMJI 
II M + N = E, TO M n N npoeRIIIIOHHO noJIHbl; ecJin L -
npoeRIIIIOHHO noJIHoe IIOAnpocTpaHcTBo, To L+ L' = E, 
IlpII'!eM cyMMa ecTb npRMaH cyMMa, ecm1 E - HeBblpolK
).(eHHoe npOCTpaHCTBO c HH,a;eqiHHllTHOii M8TpHKOM. 

IlycTb L - p;eqinHHTHoe rro,a;npocTpaHCTBO B rrpocTpaH
CTBe c HH,a;eqinHHTHOH MeTpIIKOH E; OHO Ha3. p e r y
Jl H p H bl M, ecJin Ram,a;bIH qiyHm:i;:10HaJI Gy, y EE, He

rrpepblBeH Ha L B HOpMe l/xlla= IG(x, x)I'/•. B npoTHBHOM 
CJiyqae OHO HR3. c ll H r y Jl H p H bl M. BCHKOe HeBbl
pomAeHHOe 6ecROHe'!HOMepHoe rrpocTpaHCTBO c HH,[(eqiu
HIITHOH MeTpHROH COAepmaT CIIHryJIHpHhle IJOP,IlpOCTpaH
CTBa. ,IJ.eqiHHHTHOe IlOAnpocTpaHCTBO L npoeKIIHOHHO 
IJOJlHO B TOM H TOJlbKO B TOM cJiyqae, eCJlH OHO peryJIHpHO 
II ecJIII ,D;JIH JII06oro y EE Ha:iip;eTCH TaRoil: BeRTop x EL, 

ll:c1lt=llGullt=G (x, y). 

JlnHeHHbie orrepaTOpbl B npoCTpaHCTBax c lIHP,eqinHHTHOH 
MeTpnHoii n3y'laJlHCb B OCHOBHOM B fllJlb6epTOBblX npOCT
paHCTBax c HH,D;eqinHHTHOH MeTpHKOH; HMeeTCH o63op 
6aHaXOBblX aHaJlOfOB (cM. (8)). 

Kai\ n B cJiy'iae rnJib6epTOBblX rrpocTpaHcTB c nHp;eijm
HHTHOii: MeTp1rnoii, Ball\HhlM HHCTpyMeHTOM n3y'!emrn 
reOM8TpHlI fi. C H. M. H JlnHeHHLIX onepaTOpOB B npoCT-
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parrcTBax (E?.. G), rrap;eJieHrrblx HeI\-poii: ToIIoJionreii:, 
corJiacoBaIIHOH c G, llBJillIOTCH TaK Haa. G-o p T o H o p
M ll p 0 B a II H hi e 6 a 3 ll c bl B E, T. e. TaKHe 6a3HChl 
{en} TOIIOJioruqecKoro BeKToprroro IIpocTpaHCTBa E, 'ITO 
(Gek, en)= ±c'lkn; k, n=1, 2, ... (cM. [4]). 

Jlum.: [1] Ma JI bu e B A. IL, OcHOBhl JJHHettHott ame6pb1, 
3 H311., M., 1970; [2] n 0 HT p lI r II H JI. c., «H3B. AH CCCP. 
Cep. MaTeM.», 1944, T. 8, c. 243-80; (3] H 0 x B H II 0 B H. c., 
I\ p e ii: H M. r., «Tp. Moc11. MaTeM. 06-ea», 1956, T. 5, c. 367-
432; [4] I' II H 3 6 y pr 10. Il., ll 0 X B H 11 0 B H. C., «YcrreXH 
MaTeM. HaYR», 1962, T. 17, No 4, c. 3-56; [5] }{ p e ii: H M. I'.j 
B RH.: BTOpalI JleTHlilI MaTeM. IIIROJJa, q, 1, R., 1965, c. 15-92; [6 
A 3 II a o BT. H., Ho x B H.A o e H. C., «Ycrrexu MaTeM. Haym>, 
1971, T. 26, B. 4, c. 43-92; [7] Ha II b R., IlpOcTpaHCTBa COCTOH
HHfi c IIHllecjJHHJ!ITHOfi MeTPHROfi B RBaHTOBOil: TeOpHH IIOJJH, rrep. c 
aHrJI., M., 1969; [8] H 0 x B H II 0 B H. C., «lfaB. AH MOJill. CCP», 
1968, N• 1, c. 60-80. H. R. Huno.111>cnuii., B. C. IIaBJ10B. 

IIPOCTPAHCTBO C MEPOlI (X, A,µ) - uaJ1tepuJ1we 
npocmpancmeo (X, A) c aap;aaaoil: Ha A Mepou µ (T. e. 
cqeTHO ap;)l;HTHBHOH cpyHKu;nell: co 3HaqeHHHMH B l 0, 00], 
AJIH K-poii: µ (0)=0; IIOCJiep;rree CBOHCTBO CJiep;yeT H3 
ap;p;nTnBHOCTn, ecJin Mepa KoHeqHa, T. e. He IIpnHnMaeT 
aHa'leHnH oo, u p;ame ecJI11 nMeeTcH xoTh op;rro YE A c 
µY<oo). 3aII11Cb (X, A,µ) qacTO COKpam;aIOT AO (X, µ) 
u roBOpHT, qTO µ ecTb Mepa rra X; nHorp;a :ny aaIInch co
Kpam;aIOT p;ame p;o X. OcrroBHOH cJryqaft - Korp;a A 
HBJIHeTCH CJ-aJire6poii: H x MOil\HO IIpe)l;CTaBHTb B Bnp;e 

U;;"~1Xn c XnEA n µXn<oo; Mepy B 3TOM cJiyqae Ha3. 
(B II 0 JI H e) CJ-K 0 H e q H 0 ft (a ecJin µX < 00' TO 
(B II o JI He) Ko He q Ho il:). TaKoBa, HaIIp., Mepa Jle-
6era Ha 1R. (cM. Jle6eea npocmpancmeo). Op;HaKo nHorp;a 
BCTpeqaJOTCH n He CJ-KoHeqHble Mepbl, KaK, HaIIp., k-Mep
HaH Xaycoop(/ia Mepa Ha IR.n IIpn k<n. BcTpeqaIOTCll TaK
me Mop;ncpnKau;nn, Korp;a µ IIpnHnMaeT arraqerr1111 B (-oo, 
00], KOMIIJieKCHble HJIH BeKTOpHhle 3HaqeHnH, a TaKil\e 
Korp;a µ BCero JIHIIIb KOHe'IHO ap;p;HTHBHa. 

Jlum.: [1] X a JIM o ill II., TeopuH MephI, rrep. c anrJ1., M., 
1953; [2] )l: a H cjJ 0 p II H., III Ba p u .ll: lf{., JlHHettHbJe orrepaTOphl, 
q, 1 - 06111aH TOOPHH, rrep. c aHrJI., M., 1962. ,[{. B. Al<OCOB. 

IIPOCTP AHCTBO-BPEMH - TepMnH, o6oaHaqaJOm;n:ii 
reoMeTpnq, KOHCTpyKu;nIO, K-paH OIIHCblBaeT IIpOCTpaHCT
BeHHhle H BpeMeHHbie OTHOIIIeHHH B TeX cpH3H'l. TeopnHX, 
B K-phIX 3T11 OTHOIIIeHHH paccMaTpnBaIOTCH KaK B3aHM0-
3aBHCHIU11e (aTH Teopnn IIpHHHTO Ha3. pemITlIBHCTCKlIMH). 
BIIepBhle IIOHHTHe Il .-B. B03HHKJIO IIpH cpopMyJI11poBKe 
H CHCTeMaTnaau;nn OCHOBHbIX IIOJIOil\eHnii Teop:irn OTHOCH
TeJibHOCTU. Il.-B. aTOH Teop11n HBJIHeTCH 'leTbipeXMepHblM 

IICeBp;oeBKJIHAOBblM IIpocTpaHCTBOM E(i. a) c JinHeHHblM 
aJieMeHTOM 

ds2 = c2dt 2 -dx2-dy2-dz2 , 

rp;e x, ~· z - IIpocTpaHCTBeHHble KoopAHHaThl, a t -
JjpeMeHHaH KOOp)l;nHaTa, c - CKOpOCTb CBeTa. i:lTa CHCTe
Ma Koopp;nHaT Ha3blBaeTCH B cpnanKe ea.ttu.tteeeou cucmeMou 
1wopounam n COOTBeTCTByeT unepl.fua.ttblWU cucmeMe om
c11,ema. Ilepexop; Memp;y paaJinqHhIMH raJinJieeBhIMn cncTe
MaMn Koopp;11HaT, cooTBeTCTBYIOID;HH paCCMOTpeHll!O HHep
u;naJibHblX CHCTeM OTC'IeTa, )l;BHIBYID;HXCH p;pyr OTHOCHTeJib
HO p;pyra, ocym;ecTBJIHeTCH c lJOMOIIJ;bIO JI openl.fa npeo6pa
aoaanuu. To, qTQ arraqerr11e Bpe~rnHrr6ii: Koopp;nHaThl B Ho
BOH CHCTeMe Koopp;:irnaT OKa3bIBaeTCH IIpH 3TOM BbipaIBeH
HblM KaK qepea Bpe~rnHrryIO, TaK n qepea IIpocTpaHcTBeH
Hhle Koopp;:irnaThl CTapoii cncTeMbl Koopp;11HaT, oTpamaeT 
B3aHM03aBHC11MOCTb IIpocTpaHCTBeHHhIX ll BpeMeHHbIX OT
HOIIIeHnil: B CIIeu;11aJihHOH Teopnu OTHOCI'!TeJibHOCTll. II.-B. 
CIIeu;11aJibHOH Teopm1 OTHOCnTeJibHOCTH IIPHHHTO Ha3bIBaTh 
TaKIBe Il.-B. M H H K 0 B c K 0 r o, JI 0 p e H u e B bl M 
II.-B. 

B o6m;eii: Teoptt11 oTrrocnTeJibHOCTH B KaqecTBe II.-B. 
HCIIOJib3YIOTC.II pa3JIH'lHbie qeTblpexMepHhle IICeBp;OpHMa
HOBbl IIpOCTpaHCTBa CHrHaTyphl (1, 3). 0TJIHque MeTpIIKll 
noro II.-B. OT IIJIOCKoii MeTpIIKH Il.-B. cneu;IIaJibHOi'1 
TeOpirn OTHOCHT0JibHOCTll OIBIChIBaeT B o6m;eii TeOpHH OT
HOCIITeJibHOCTH rpaBHTal\HOHHOe IIOJie (c~I. Fpaeumal.fU!t). 
B CBOIO oqepep;b MeTp1ma II.-B. cB11aaHa c pacIIpe.({eJieHH-

eM H CROHCTBaMn rrerpaBuTaUHOHHbIX IIOJieii II pa3JIJaqHblX 
BHAOB c IIOMOillhIO 9unw,meuna ypaanenuu. 

Bblpa6oTKa Korru;eIIUIIH II.-B. cblrpaJia BaIBeyIO poJib B 
IIpeop;oJierrIIn MeTacpH3H'l. IIop;xop;a K IIpocTparrcTBy KaK 
a6coJIIOTHOMY BMeCTHJIHIUY TeJI II K Bpe~rnrr11 KaK a6co
JllOTIIOH AJIIITeJibHOCTH, rre CBH3aHHOll c peaJibHhIMH qm
auq, IIpou;eccaMH. 

B p;aJihHell:IIIeM KorrueIIllHH II.-B. B Toii nJin IIHoii: cpopMe 
BXOAIIT B CTpyKTYPY p;pyrux cpII3IIq, TeopII:ii, paCCMaTpII
BaIOm;Hx peJIHTIIBIICTCKHe acpcpeKThl (peJIHTlIBlICTCKOii KBaH
TOBoii MeXaHHKII, KBaHTOBOH Teopnn IIOJIH II p;p.). B o6m;eii 
Teopnu OTHOCIITeJihHOCTH 6blJIH n3y'leHbl MHor11e THIIbl 
II.-B., HBJIHIOID;Rec11 peIIIeHnHMU ypaBHeHnH 8ii:HIIITeii.Ha. 

KaqecTBeHHoe paaJIII'lne Memp;y IIpocTpaHCTBeHHblMH 11 
BpeMeHHhIMII OTHOIIIeHHHMH c ToqKII apeHIIH peJIHTHBIICT
CKOH cpH3IIK11 HaXO)l;IIT CBOe OTpameHIIe B HaJI11qIIH B 
II.-B. BeKTopoB paaJI11qHoii: IIp11pop;bl - IIpocTpaHCTBeaao
u BpeMeHIIIIOA06HhIX BeKTopoB, o6paayIOID;IIX B KacaTeJih
HhIX IIpocTpaHCTBax KoHychl. CooTBeTCTBeHHO, MeTp11Ka 
II. -B. oKaahIBaeTCH 11HAecpIIH1ITHoii:, npocTpaHCTBeHHO- 11 
BpeMeHIIIIOA06Hble BeKTOphl IIMeIOT pa3Hbie 3HaKn CKa
JIHpHoro KBap;paTa. fpaHnu;y Memp;y KoHycaMII IIpocT
paHCTBeHHo- H BpeMeHIIIIO)l;06HblX BeKTopoB o6paayeT 
H3oTponHhIH KOHyc, uaomponnbie eenmopbi K-poro IIMeIOT 
HyJieBoH CKaJIHpHhIH KBap;paT II COOTBeTCTBYIOT ABHil\eHn!O 
CBeTa 11 p;pyrnx qacTIIU c HyJieBo:ii Maccoll: IIOKOH. 

MHorIIe cneu;ncpIIq, acpcpeKTbl TeopIIII OTHOCIITeJibHOCTll 
CBH3aHbl lIMeHHO c HH)l;ecpnHIITHOCTb!O MeTpIIKll II.-B. ll 
c HaJIIIqIIeM CTpyKTyphl H30TpOIIHblX KOHYCOB Ha II.-B. 
HaIIp., Jiopeau;eBo aaMep;JieHne BpeMeHII eCTh cJieACTBJie 
o6paTHoro rrepaBeHCTBa TpeyroJihHIIKa B IIpocTpaHCTBe c 
JIHp;e«finHHTHOll MeTpIIKOH, corJiaCHO K-poMy B JWyMepHOM 
IICeBAOeBKJIIIAOBOM IIpOCTpaHCTBe HaKJIOHHaH BCerAa KO
poqe CBoeii: IIpoeKu;nH. 

Bo MHOrnx CJiyqa11x OKa3hIBaeTCH IIOJie3HblM B pa3JIH'l
HOH CTeneHII OTBJieKaTbCH OT KOHKpeTHoro CTpOeHHH MeT
pHKH II.-B. n paccMaTpIIBaTb JIHIIIh cBo:iicTBa cTpyKTyphl 
II30TpOIIHblX KOHyCOB Ha II.-B., TO eCTb paccMaTp11BaTh 
paaJinqHhle T. H. o6m;ne IIpocTpaHcTBa KIIHeMaTnq, TUIIa, 
nJin BpeMen11nop;o6Hble npocTpaHCTBa. 

Ilpn peTpocneKTHBHOM aHaJinae IIpep;IIIecTByIOm;nx cpn-
3H'l. Teopn:ii c ToqKII apeHIIH Teopnn OTHOC!fTeJibHOCTH 
6bIJIH IlOCTpoeHhl pa3JI111JHble THl1bl Il.-B., K-pble MOil\BO 
yCJIOBHO IIOCTaBHTb B COOTBeTCTBne Hb!OTOHOBCKOH Mexa
HIIKe (ea.ttu.tteeao npocmpa1icmeo) II p;ame «fiHaIIq, npeJI
CTaBJieHnHM ApncT0TeJI11 (cM. [5]). 8Tn II.-B. HBJIHIOTCH 
pa3JI11qHblM11 npOCTpaHCTBaMn c Bhlpomp;eHHhIM H30Tpon
HhIM (cBeTOBhIM) KOHyCoM (HaIIp., IIOJIYPIIMaBOBblM IIpOCT
paHCTBOM). llMeHHO BhlpOIB)l;eHne 1130TpOIIHOro Konyca 
II03BOJIHeT paccMaTpHBaTb aTH IIpOCTpaHCTBa KaK npe
}leJibHbie CJiy'laH II.-B. Teop1111 OTHOC11TeJihHOCTH H COIIO
CTaBJIHTb HX TeM TeopHHM, IICXO)l;HOH BHyTpeHHeH CTpyl\
Type K-pbIX KOHIJ,eIIIJ,HH Il .-B. 6hIJia 'lyIBp;a. 

Jlv,m.: [1] 3 ll Hill Tell H A., Co6p. Hayq, TPYllOB, T. 1-4, 
M , 1965-67; [2] A JI e 11 ca H n.P o B A. )]:., «Borrpocb1 cjJ1rnoco
cjJnu», 1959, No 1, c. 67-84; l3] JI a H 11 a y JI.)]:., JI n cjJ
ill Hu E. M., TeopHlI IIOJIH, 6 H311., M., 1973 (Teopemq, cjJH3HRa, 
T. 2); [4] pa III e B c K II'. tt n. K., PnMaHOBa reoMeTpHH H TeHaop
Hhltt aHaJIH3, 3 na11., M., 1967; [5] Ile Hp o ya P., CTpyRTypa rrpo
CTpaHCTBa-epeMeHu, rrep. c aHrJI., M., 1972. ,[{. ,[{. Cono.110•. 

llPOTHBOIIOJIOiKHAH TEOPEMA - TeopeMa, IIO
JiyqaJ0m;a11c11 IIyTeM aaMerrbl ycJioBnH u aaKJIIO'lerrn11 AaH
HOH HCXOAHOH TeopeMhl HX OTpnuaH11HM11. 

IIPOTMBOPEqJIBbllI KJIACC - KJiacc K cpopMyJI 
H3blKa yaKoro HC'lHCJieH11H IIpeAnKaTOB (YMII) TaKOH, 
qTo cym;ecTByeT TaKaH «fiopMyJia <p, 'ITO cpep;cTBaMII YMII 
H3 K BbIBOAHMO KaK <p, TaK 11 l<r (0Tp11u,aHne <p). ,Il.pyrHMH 
cJioBaMn, ecJin K aKcnoMaM YMII p;o6aB11Th Bee «fiopMyJihr 
H3 K B KaqecTBe HOBbIX aKCHOM, TO B IIOJiyqeHHOM HC'lHC
JieHHH 6yAeT BbIBO)l;IIMa KaK «JiopMyJia <p, TaK 11 «JiopMyJia 

l <p. B. H. I'ptlUWI<. 

llPOTJIBOPEqJIE - cpopMyJia <p H3bIKa y;moro uc
'lllCJieHnll npeA11KaTOB (YMII) TaKall, 'ITO BO BCex MOp;eJIHX 
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3TOfO H3bIKa OHa JlOJKHa. <J>opMyJla qJ HBJlHeTCH IT. TOl'):(a 
II TOJlb}{() TO!')l;a, KOrAa lqi BblROl\llMO B Yl1IT. 

B. H. l']JU1UU1i. 

UPOTMBOPEq1u1 3AKOH - JlOnlqecKnii 3aKOH, 
yTBepmna10rn;HII, qTo HHKaKoe BbICKa3bIBaHne He MOJKeT 
6h!Tb HCTHHHhIM O)l;HOBpeMeHHO co CBOHM OTpHll,aHneM. 
B H3h!Ke HcqncJleHirn BbICKa3bIBaHl1H IT. 3. BbipamaeTCH 
ij>opMyJlOH 

l (A& l A). 

8ra 4JopMyJla BhIBO)l;ll.Ma KaK B KJlaCCH'IeCKOM, TaK H B 
IUITYHll,HOHIICTCKOM HCq11cJleHHll Bh!CKa3bIBaHHH. 

B. H. I'pU1UU1i. 

DPOD;E,[J;YPA - 1) ITocJieJwaaTeJihHOCTh ,a;eiicTBni"1, Bhl
IIOJIHHeMaH 3aKOHOMepHo, corJiaCHO TOqHoMy rrpeAIIl!Ca
HHIO; llAZO p Um.M. 

2) IT.- oco6hIM o6pa3oM o«flopMJieHHaH npozpa.M.Ma, pe-
1IIa10rn;aH 3a)l;aqy, qaCTHyIO no OTHOIIIeHHIO K ,a;pyroii, 
6onee II!HpOKOii: 3a)l;aqe; «PYHAaMeHTaJlbHMI nOHCTpy1u1,1111 
a;izopum.MU'leCKUX 5!3b!K06. 

IT. HBJllieTCH rJlaBHhIM cpep;CTBOM 1IpeOAOJleHHH CJlOJK
HOCTH npozpa.M.Mupoeanusi nyreM c11cTeMan1q. pa3JJ;eJiemrn 
38)'.laqn Ha qacTn. Pa3JlH'IaIOT ,[\Ba crroco6a Bbl)l;eJleHirn n. 
npn rrporpaMMnpoaaH11.H: HHCXO)l;Hill,llii II BOCXOAHil\Hll. 
IIpn H H C X 0 AR l1\ e M C II 0 C O 6 e Il. B03HttKaer rrpH 
OJIHOKpaTHOM pa36neHnn 3anaqn Ha MaJioe qncJio cTaH-
11apTHO corrp11raeMhIX rron3anaq; reM caMblM IT. n,a;eHn1-
ij>1111npyercH AO Toro, KaK 6yner rrocTpocHa ee rrporpaMMa. 
IIpn B 0 C X OAR l1\ e M C II 0 CO 6 e IT. 3aroTaBJlnHa
eTCH BrrpoK, c TeM qro6hl B JJ;aJlbHeii:uieM 6hITb HCIIOJlh30-
B8HHOll npn pe111eHl!.I!. 6oJiee IIIHpoKoii: 3a,a;a•m KaK :rne
MeeTapHoe ,a;eiicTBHe. 

ITporpaMMa, o6pa3yIOrn;aH Il., o6blqHO CO/l.eplKHT CB0-
60)IHbie rrepeMeHHhle, Ha3hIBaeMbie «PopMaJlbHhIMH rra pa
MerpaMH IT. IT pH o6parn;eHHJil K BbIIIOJlHeHI!IO IT. «PopMaJlb
BhIM rrapaMerpaM npnJJ;aIOTCH nx 3HaqeHnR, Ha3hIBaeMhle 
ij>aKTJilq. rrapaMeTpa~m. OrmcaHne n. o6blqHo COCTOHT 113 
qerh!pex qacTeii:: TeJia IT., T. e. co6cTBeHHo uporpaMMhI, 
06pa3yIOrn;eii IT., l!MeHlI IT., CIIl1CKa «PopMaJlbHblX IIapa
MeTpOB 11 aTp116yTOB - rrepe'iml CBoiicTB IT. Oohl'IHO 
arpuoyThl xapaKTcpn:iy10T MHomecTBa, K-phlM rrp1rnaJJ;Jie
maT 3HaqeHHH !f>opMaJlbHbIX napaMeTpOB H pe3yJlbTaTOB 
II. ITpocnfillllHM BH,[\OM IT. HBJlHIOTCH II p 0 LI. e A y p hl
ij> y H K II, H H. )J,JlH HHX «PopMaJlhHhle uapa~ieTpbl HBJlH
IOTCH a pryMPHTaMH «PYHKll,IIH, a 06pa111,eH1Ie K IT. -«PyHKLJ.HH, 
l!MeIOrn;ee BHA lIMeHH IT., ;ia K-pb!M CTOHT B CKOfo\aX CIIIICOK 
ij>aKTJiq. napaMeTpOB, 03HaqaeT «KoMaH,a;y» BhI'IHCJleHHH 
3eaqeeHH «PYHKll,IIH, COOTBeTCTBy10rn;ero 3THM napa~IeT
paM. A. II. Epwoe. 

ITPIOll>EPA IIOBEPXHOCTh - npnMep AByMepHoro 
11eiicTBnTeJlbHOro aHaJlnTnq. MHoroo6pa3nH, ee nMe10rn;ero 
C'ieTHOro 6aanca OTKph!ThlX MHOJKeCTB; rrpnae11.eH B pa6ore 
T. PaAO [ 1 I. llMeeTCH 0606rn;eH11e IT. II. Ha CJlyqaii JlI06oii 
qerHoii: pa3MepHOCTH (cM. [2]). OJJ;HaKo BCHKaH pHMaHOBa 
rroBepXHOCTb HMeeT cqeTHbliI 6a3HC OTKpb!TblX MHOJKeCTB 
(TeopeMa Par10). 

Jlum.: [tJ Rad 6 1'., «Acta Szeged», 1925, v. 2, p. 101-21; 
(2) C a I a b i E., R o s e n I i ch t M., «Proc. Amer. Math. Soc.», 
1953, v. 4, JJ. 3:l:i--'•O; (3] C n p n n rep A lH., Beenenne 
B TCOpHIO pnMaHOBblX IIOBCPXllOCTCM, nep. c anrJJ., M., 1960; l4J 
He Ban ·" 11 n n a P., YnmpopMn3aL111R, nep. c neM., M., 195:J. 

E. j{. CoJ10Me>14ee. 
IIPHMAH - o,a;Ho H3 OCHOBHhlX reoMeTpH'i IIOHHT11ii. 

II. OOhl'IHO KOCBeHHblM o6pa3oM onpe1~eJrneTcH a11c110Ma
MI! reoY1eTpirn; Harrp., eBKJIHAOBa IT.- aKCHoMaMH HH1~11-
l{eHTHOCTH, rropHJJ;Ka, KOHrpyBHTHOCTH, HerrpepbIBHOCTl1. 
II. Ha3. rrpoeKTHBHoii, a«P«PnHHoii, rnrrep6om1qecKoii H 
T. A· B 3aBHCHMOCTH 01' IIJlOCKOCTH, B K-pyIO Olla BJlOJKeHa. 
IT. MOJKHO H3yqaTh no ee npeo6paaoaaH11HM, HHAYll,Hpye
MhIMH KOJ1JlHHea11,11HMH rrJiocKocT11. TaK, Harrp., rpyrrrra 
aJire6paHq. aBTOMOpqm3MOB ,a;eiiCTBHTeJlhHOJ':i rrpoeKTHB
HOM IT. H30Mop.iPHa rpyrrrre rrepeMern;eHHM ,a;eii:CTBIITeJihHOii 
IIJlOCKOCTH Jlo6aqeBcKoro. TorroJlOfHqecKH Bee IT. O)l;HOH 
IIJlOCKocTu 3KBHBaJleHTHhI. TaK, 3JIJIH1IT11qecKat1 H ,a;eiicT-

BH'feJihHaH rrpoeKTHBHaH IT. TOIIOJlOfJPieCKH 3KBHBaJleHT
HbI OKpymHOCTH CBKJlHIJ.OBOii l!JlOCKOCTII, a KOMIIJieKCHali 
rrpoeKTHBHaR IT.- AByMepHoii c«Pepe eBKJlHAOBa npocrpan
CTBa. IT. Ha3. Herrpepb!BHOH, )l;IICKpeTHOH IIJIII KOHeq
HOii:, eCJlH OHa HHl~H,[\eHTHa co MHOJKeCTBOM TOqeK MOll\HO
CTH KOHTHHyyMa, C'ieTHbIM HJlll KOHe'IHb!M MHOlKeCTBOM 
COOTBeTCTBeHHO. 

B IIJlOCKOCTH Ha/.\ rrpOH3BOJlbHb!M IIOJleM IIO,[\ IT. JIOHH
MaIOT aJire6paHq. JIHHHIO 1-ro rropHJJ;Ka. B rrpHMoyroJlh
Hoii: CllCTeMe KOOpJJ;HHaT (x, y) eBKJlHIJ.OBOH IIJlOCKOCTH 
IR. 2 II. aanaeTcR mrneiiHhIM ypaaHenneM 

Ax+By+C=O, 

Kmi«P.iPH11,HeHThI A , B onpeAeJlHIOT KoopAHHaThl uopMaJlb
noro BeKTOpa BTOH rrpRMOH. 

ITpHMoii (A, B) a«P«PHHHOro rrpocrpaHcrna HaA rroJieM k 
_____,. 

(no Beii:JIIO) Haa. MHomecTBO ra1mx roqeK M, qTo AM= 
---+ 

=tAB, rJ:(e tEk. B. B. Ag!amrcbfe, JI. A. Cuaopoe. 

IIPHMAH CYMMA - KoHcrpym~nR, urnpoKo 11crroJlh-
3yeMaH B reop1rnx TaKHX MaTeMaTirq. CTpyKTyp, KaTeropnn 
K-pbIX 6m13KH K a6eAeBb!.M r;amewpusi.M; B Hea6eJieBOM 
CJlyqae KOHCTpyKl~HH rrpRMOil cyMMbl 06b1q110 naa. )~ H C
K p e T H bl M II p R M bl M II p 0 II 3 B e ,[\ e H H e M. 

IlyCTb ll - HeK-pb!ii: KJlaCC OAHOTHIIHhIX aJire6panq. 
c11cTeM, conepmarn;nx OAH03JleMe11r11y10 (HyJieay10) non
cncreMy. IT pH MO ii cyM~IOI"i HJlll (AUCK peTHblM) rrpRMbIM 
rrponaae,a;eHneM cnCTeM X ;, i EI, ua KJiacca U Ha3. rro,a;

cu~TeMa npstMOZO npouaeefJenusi X = rr. X ;, COCTOHill;aH 
t E I 

H3 rai;nx «PYHKu_nii: f: I - X, ace 3uaqemrn K-phlx, Kpo
Me KOHequoro qucJla, npuna)l;JleJKaT COOTBeTCTBYIOl1\HM 
nyJleBblM fIO)l;CllCTe~Ia~I. IT. C. o603Ha•JaeTCJl 0/.\HHM H3 
cJieny10rn;nx cnoco6oa: 

II~/ X;, II~ IX;, ~;EI X;. 

)J,JIH KOHequoro quCJla CJlaraeMbIX HCIIOJlb3YIOTCH TaKme 
o603HaqeHHH 

X 1 + · .. + X n• XI ffi · · · EB X n• 

HerrocpeJJ;cTBeHHO n3 orrpeJJ;eJieHnii: cJleJJ;yeT coarra,a;emrn 
IT. C. H rrpHMOfO IIpOH3BeJJ;emrn B CJly•rae KOHeqHOCTH 
qucJia cJiaraeMhlX. 

,[l;JIR KalKJJ;OrO CJlaraeMOfO IT. C. X = Ilffi Xi Cyill,eCTBy-
'l E I 

eT KaHOHHq. BJlOJKeHne q; : xi - x, K-poe BJleMeHTY 
xEX; COIIOCTaBJIHeT «PYHKll,JJIO q;(x): I - x, rrpnH11-
MaIOrn;y10 3Ha'!eHne x rrpn 3Ha<IeHHlI apryMeHTa i H paBHYIO 
HyJlIO B OCTaJlhHblX CJlyqaRx. CJie)l,OBaTeJlbHO, M01f\HO 
cqnTaTb, qTo IT. c. coneplKHT CBOH CJlaraeMhle. B cJlyqae 
Q-rpy1111 (B 'IaCTHOCTH, B CJlyqae rpyrrn, a6eJieBhIX rpynrr, 
BeKTOpHblX npocTpaHCTB, KOJlell,) MOlKHO JJ;aTb (<BHyTpeH
nee» orrpeAPJleHne IT. C. Q-rpyrrrra G HBJlHeTCH IT. C. CBOHX 
Q-rronrpyrrrr G ;, i EI, ecJIH BbllIOJIHeHhI cJieny10111,He ycJio
BnH: a) G nopomnaeTcR G;, i E /; 6) Kam11.aH Q-rronrpyrrna 
G; RBJIReTCH H/leaJioM B G; a) rrepeceqeHHe G; c Q-uon
rpyrrrroii:, rropom11.eHHOH OCTaJJJ,HhIMH HJJ;eaJiaMH, HBJlHeTCH 
HyJieaoll: rronrpyrrrroii: AJIH KamAoro i. 

BcHKOe BeKTOpHOe npoCTpaHCTBO eCTb IT. C. OAHOMep
HhlX IIOJJ;IIpocrpaHCTB. BcHKaH CB060JJ;HaH aGeJieBa rpyrrrra 
HBJlfleTCH IT. c. 6ecKoHe'lHhlX 1(11KJ1Hq. rpynn. BcHKaH 
KOHeqHaH a6eJleBa rpyrrna eCTh IT. C. npnMapHbIX 11,lIKJlHq. 
rpyrrrr. BcHKoe acco11,11aTHBHOe KOJlbI\O c en11Hn11,eii, ynon
JleTBopH10111,ee ycJlOBHIO MHHHMaJlbHOCTH J.IJlH 11neaJlOB, 
eCTb IT. C. KOHeqHOfO qHCJla IIOJlHb!X KOJlell, JlHHeHHhIX 
rrpeo6pa3oBaHHH IIO/.(XOAHl1\HX KOHeqHOMepHb!X BeKTOp
HhIX rrpocTpaHCTB. 

B TeopHH rpyrrrr, pe!lleTOK n KaTeropHii rny6oKoe paa
BHTHe IIOJlyqnJla rrpoGJie~m H30Mop«PH3Ma IIpHMhlX pa3JlO
arnm1ii:, Haqa.110 K-poii: ohIJlO rroJioJKeHo TeopeMOH Pe~m
Ka - IIIMH,a;Ta o [\eHTpaJibHOM H30Mop.iP113MC npH~lhIX 
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pa3JIOJReH11iI rpyrrrr, 06JiaAarom;11x rJiaBHhIM pHAOM 
Kpy.11,.11,n - PeJ.taKa - mJ.tuoma meopeMa). 

(cM. noMy TI. 11. 110Jiyrpy1111, rpy1111, IWJie~, aeKTopHhIX 11po
CTpaHCTB II T. II. CH OB a HBJUIIOTCH 110Jiyrpy1111aM11, rpy11-
rraM11, KOJib~aM11, BeKTOpHhIMM rrpocTpaHCTBaMu COOTBeT
CTReHHO. 

B TeOpMll KaTerop11lr HHOrJ(a TI. c. Ha3. IIOHHTile, 
ABOHCTBeHHOe IIOHHTllIO rrp0113B0A0HllH, T. e. 1wnpouaee
oenue o6'heKTOB KaTeropJII!. M. ill. L{a.1ten1w. 

0-IIPHMOE OB'bE)J;HHEHHE rr o JI yr p y rr 11 c Hy
JI e M - IIOJiyrpyrrrra, IIOJiyqeJIHaH 113 AaIIHOro ceMeHCTBa 
{Sa} IIOJiyrpy11II c IIyJieM, IIOrrapIIO IIepeceKaIOIIJ;llXCH 
Jil'IIIIh rro noMy HYJIID, 3aAaB11eM Ha 06'heA11HeII11n US a 
onepa~nll YMIIOil\eHnH, COBHaAarom;e.ii: c llCXOAHO.ii: 011epa
~Jieii Ha Ilail\AOH lJOJiyrpyrme s a II TaKoii, qTo s aS j3 = 0 
AJIH JII06blx pa3JillqHhIX a, ~- 0-TI. 0. Ha3. TaKil\e 0 p To
r o H a JI h H o ii c y M M o il:. On11caHne pHAa TllHOB 
lJOJiyrpyrrn yCTaJiaBJIJIBaeT B03MOil\IIOCTb JIX pa3JIOil\eBJIH 
B 0-TI. o. Tex RJill lllihIX JI3BeCTHhIX lJOJiyrpyrrrr (CM., 
1Ia11p., MaKCUJ.tll.ltbnbl,u uoea.11,, MuHUJ.tll.ltbltbl,U uoea.1t, 
Pezy.11,npnaa no.11,yzpynna). 

Jlum.: [1] H JI 11 IP IP op n A., II p e c To Hr., AJJre6pa11<ie
cKaH Teop1rn rroJJyrpynrr, rrep. c aHrJJ., T. 2, M., 1972. 

JI. H. illeBpun. 
IIPHMOE IIPOH3BE)J;EHHE - OJ(Ha 113 OCHOBHhlX 

06m;eMaTeMaT11q, KOHCTpyRa;11il:, llAeH K-poii rrpRIIaJ(JJeil\llT 
J.1.eKapTy; II03TOMY TI. !I. Ha3. TamKe /J, e K a p T 0 B hi M 
II p 0 H 3 B e /J, e II II e M. TI. n.' llJill rrpOCTO rrp01I3BeJ(e
III!eM, p;ayx He11yCTblX MIIOil\eCTB x II y Ha3. MHOil\eCTBO 
xx Y, COCTOHm;ee 113 acex yrropHJ(oqeHIIblX nap BI!Aa 
(x, y), r/W xEX, YE Y: 

XXY={(x, y)jxEX, YEY}. 
Ecnn OAIIO JI3 MBomecTB X mm Y rrycTo, TO rrpo11aaep;eH11e 
IIYCTO. MIIoil\eCTBO XX Y MOil\HO OTOIBAeCTBHTb C MIIO
il\eCTBOM cpyIIK~Jiii, orrpeJ(eJieHHhIX IIa ABYX<iJieMeBTHoM 
MBOil\eCTBe {1, 2} II rrpIIHI!Marom;nx 3JiaqeHllH B MIIOil\eCT
Be x rrpn: 3HaqeHllll apryMeHTa, paBBOM 1, JI B MIIOil\eCTBe 
y rrpn: 3JiaqeJillll apryMeIITa, paBHOM 2. 8To OTOIBAeCTBJie
IIJie II03BOJIHeT pacrrpocTpaHHTb orrpeAeJieH11e TI. II. Ha 
cnyqaii Jiro6oro KoJI11qecTaa MHOil\HTeneil:. TiycTb I -
BeK-poe MHOil\eCTBO llHAeKCOB H rryCTb xi - 11p0113BOJlb
BOe ceMeHCTBO MHomecTB, 3aHHAeKcJipoaaHHb!X aJieMeIITa
Mll MHOil\eCTBa /. TI. II. ceMeiicTBa MHOil\eCTB X;, iE/, 
Ba3. MHOil\eCTBO TaKllX cpyIIK~llii I: I-+ x' r1J,e x = u x ;, 

i EI 
qTo f(i)EX; J(JIH Kail\J(oro iEI. 06blqIIo TI. n. o6o3IIa-

qaeTCH II. X ;; AJIH KoHeqJioro MIIomecTaa llBAeKCOB 
t EI 

I= { 1, ... , n} JICIIOJih3YIOTCH TaKIBe ooo3Ha qeH11H II~ Xi 
t=1 

JIJin: X 1 XX 2 X ... XXn. EcJI11 I COCTOllT JI3 OAHOro aJie-

MeIITa 1, TO IIi= 1 X1 = X 1 • l1.HorJJ;a TI. rr. KOHeqHoro qn:cJia 

MHOil\HTeJieiI orrpeAeJIHeTCH HHAYKTHBHO: 

Iln IIn-1 
i=1 X;= i=1 Xk X Xn. 

3HaqeH11e KOIICTPYK~nn: TI. rr. orrpeJ(eJJHeTCH npeIBAe 
BCero TeM, qro B IIeM ecTeCTBeIIBO BBOAHTCH AOIIOJIIIH
T0JibJiaH CTpyKTypa, ecJIR ace MHOIBllTeJIH HBJIHIOTCH OAHO
THIIHhIMll MaTeMaTn:q, CTpyKTypaMn:. Raup., nyCTb x,., 
i EI,- OAHOTllIIHhle aJire6pan:q, c11cTeMhl, T. e. MHO
mecTaa c o6m;eii c11rHaTypoiI KoIIe'IHoMeCTBhIX rrpeAllKa-

TOB JI orrepa~n:ii. TorAa rrp0113BeAeH11e X = IIi E 1X i 11pe

Bpam;aeTCH B aJire6paH'I. CHCTeMy c TOH me cn:rHaTypoi"1: 
AJI!_I cpyHK~11.ii: / 1 , .• ., In : I-+ X 11 n-apnoii orrepa~n:11 w 
AeHCTBne cpyIIK~1111 f 1 •• • j nW Ha aJieMeBT i 011peAeJIHeTCH 
paaeHCTBOM 

/1 ... fnw(i)=fi(i) ... fn(i)w; 

;maqeH11e rrpeA11KaTa P (11, •• ., fnl llCTJIBHO, ecJIH J(JIH 
JII06oro iEI llCTHHHo 3JiaqeHn:e P(fi(i), .. ., fn(i)). Tipn: 
<JTOM BblIIOJIHeHn:e BO acex xi orrpeJ(eJieHHblX TOIBAeCTB 
BJieqeT aa co6oii nx Bbll10JIBemrn B rrpon:aaeJ(eH11n:. Tio-

.fl:JIH JII06oro MHOlRllTeJIH TI. rr. X=II. xi cym;ecTByeT 
t EI 

e c T e c T Be H II a H II p 0 e K ~II H Pi : x-+ xi, orr
peJ(eJIHeMaH paaeHcTBOM /pi= f (i). MIIomecTBO X 11 ce
MelicTBO rrpoeKUllH Pi• iEI, o6JiaJ(aIOT CJI0AYI0Ill;llM y II u
B e p c a JI b II hi M c B 0 H c T B 0 M: AJIH Jiro6oro ce
MeiicTBa 0To6pameII11li g; : Y-+ X; cym;ecTayeT TaKoe 
OJ(II031Ia'IIIO 011peJ(eJieIIHOe OT06pameII11e h : y -+ x' qTo 
gi=hp; J(JIH IrniHAOfO iE/. 8TO CBOllCTBO coxpaHHeTCH 
a cJiyqae, KorJJ;a ace Xi - on;HOTllIIIIhle aJire6pa11q, c11-
cTeMLI, II II03BOJIH0T orrpeAeJIHTb IIOAXOAHill;YIO TOlJOJiornq, 
cTpyKTYPY TI. rr. TorroJiornq, rrpocTpaIICTB. CcpopMyJI11po
aaHHoe CBOHCTBO Jieil\llT B OCHOBe orrpeJ(eJiemrn npoU86e
oenun o6'heKTOB KaTerop1111. 

MHor11e 3aAaqH MaTeMaTHKll CBH3aIIbl c on11caHll0M Ma
TeMaT11q, o6'heKTOB, Hepa3JIOIBllMbIX a TI. 11., 11 c BhlRcHe
H11eM ycJIOBllH, rrp11 K-pbIX MHOil\I!TeJIH rrpo113BeAeIIllH orr
peJ(eJieHhl OAH03JiaqHo c TOqHOCTblO AO 1130MOpcp113Ma. 
J\Jiacc11q, peayJihTaTaMll 3AeCb HBJIHIOTCH TeopeMa 0 
CTpOeHllll KOHeqHo rropOIBAeHHhlX MOAYJI0H HaA KOJib~OM 
rJiaBIIhIX 11AeaJioa 11 rnopeMa PeMa1rn - lliMllATa o ~eHT
paJihHOM 1130MOpcp113Me rrpHMhIX pa3JIOil\eHllH rpyrrrr c 
rJiaBHhIM pllp;OM. 

TI. II. llHOrAa Ha3. 110 JI II hi M II pH MhIM rrpo113-
B e A e II II e M B OTJI11q11e OT AllCKpeTHOro rrpHMOro rrpo-
113BeAeIIllH (JIJill npHMOU cyJ.tJ.tb!), K-poe orrpeAeJIHeTCH B 
Tex CJiyqaHX, KOrAa AOIIOJIHJIT0JlbHaH CTPYKTypa B MHO
il\I!TeJIHX II03BOJIHeT BhIAeJillTb OAHOaJieMeHTHbie IIOA
CTpyKTyphl (Harrp., eA11H11qHbie IIOArpyrrrrhl, HyJieBbie 
IIOAIIPOCTpaIICTBa II T. II.). l\aK rrpaBUJIO, TI. rr. KOHeqHoro 
q11cJia MHOil\llTeJieir COBIIaAaeT c AllCKpeTIIhIM rrp0113BeAe
IIlleM. M. ill. L{a.11en1'0. 

IIPHMOll IIEPECqET - rrepecqeT aJieMeIITOB HeK-poro 
MJioil\eCTBa HaTypaJibHhIX q11ceJI B IIOPHAKe !IX B03pacTa
HllH. ToqHee, TI. n. MHomecTBa A HaTypaJibHbIX q11ceJI 
ecTb cTporo ao3pacTarom;a.11 cpyHK~llH IIaTypaJihHoro ap
ryMeIITa, o6JiaCTh aJiaqeH11il: K-poii comraAaeT c A. B Teo
p1111 aJiropJITMOB peKypcllBHOCTb II CKOpOCTb B03pacTa
HllH TI. II. MHOil\eCTBa HBJIHIOTCH ero Bail\HhIMll xapaKTe
pJICTJIKaM11. Harrp., 06m;epeKypc11aHOCTh (rrp11MnT11aHaR pe
Kypc:naHOCTb) TI. rr. 6ecKOHeqIIoro MHomecTaa aKBI!BaJieHT
Ha paapeumMOCTll (npJIMllTllBIIO peKypCI!BHOH pa3peru11-
MOCTJI) noro MHOil\eCTBa. MHoil\eCTBa JiaTypaJibHhIX qJI
ceJI, TI. rr. K-phlx He Mamop11pyroTc.11 HJIKaKoi"1 06i~epeKyp
c11aHoii cpyHK~ll.e.ii:, Ha3. r II II e p II MM y H H bl Mn, OHll 
JirpaIOT cym;ecTBeHIIYIO pOJib B Teop11JI ma6.11,u•rnoil CBO
ou.11,ocmu. 

JI um.: [1] Y c rr e H c R n l\ B. A., JieRI.(l!Il!I o BbI'lHCJJl!IMhlx 
IPYHKI.(l!IHX, M., 1960; [2] Pon me pc X., Teopl!IH peKYPCl!IBHhlX 
IPYHRI.(l!Iil l!I s1P1PeKTl!IBHaH Bhl'IHCJJl!IMOCTh, rrep. c aHrJJ., M., 1972. 

C. H. Apme.11<08. 
IIPHMOYrOJibHHK - qeThlpexyroJihIIllK, y K-poro 

ace yrJihl rrpRMble. TI. HBJIHeTCH rrapaJIJieJiorpaMMOM. 
IIPHMOYrOJibHHKOB <l>OPMY JIA - cpOpMyJia Bhl

qJicJieHnH llIITerpaJia rro KoJieqJioMy rrpoMemyTKY [a, b]: 

~~f(x)dx==.h~:= 1 f(a+(k-1)h), (*) 

rAe h=(b-a)IN 11 aE[a, a+h]. Ame6pa11q. CTerreHh 
TOqJIOCTll paBHa 1 rrpn: a= a+ h/2 II paBHa 0 B OCTaJibllblX 
CJiyqaJIX. 

H'.aaAparypHaH cpopMyJia (*) ToqHa AJIH Tp11roH0MeTp11<r. 

cpyHK~llll 
2:n: • 2:n: 0 

cos b-a kx, SIII b-a kx, k= , 1, 2, .. ., N-1. 

B CJiyqae b--a=2:rt KBaJJ;paTypBaH cpopMyJia (*) TO'lHa 
AJIH acex Tpn:roHoMeTpH'I. IIOJillHOMOB rropRAKa He Bblllle 
N-1, 6oJiee Toro, ee Tp11rOHOMeTp11q, CTerreHb TO'IIIOCTll 
paaHa N -1. H11KaKa.11 1J,pyra.11 Kaap;paTypHaH cpopMyJia c 
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N p;elicTBnTeJibIIhlMn Y3JiaMn rre MomeT nMeTb Tp11ro110-
MeTpJiq. CTerreHb ToqrroCTJI, 6oJibIIIYIO qeM N-1, TaK qTo 
II. iJ>. rrpH b-a=2n o6Jiap;aeT rraJIBhlCIIIeli TpHrorroMeTpJiq. 
CTeIIeHblO ToqHOCTll. 

IIycTh R (!,a) - rrorpemrrocTb II. ip., To ecTh paaHOCTh 
Memp;y Jieaofi 11 rrpaaoii qacTHMJI rrp1I6JI11meHrroro paaeH
cTBa (*). EcJin rrop;HHTerpaJibIIaH iJ>ymn~n11 f (x) )'.\Bamp;hI 
rrerrpepwarro l(JiiJ>iJ>epem~11pyeMa aa [a, b], To rrp11 a= 
=a+h/2 crrpaaep;JI11Bo rrpep;cTaaJieHHe 

R (t, a+-})= b2-4a h2f" (;), 

rp;e ~ - rreK-pa11 ToqKa rrpoMemyTKa [a, b). EcJin iJ>YHK
rr1111 f (x) - rrepnop;JiqecKaH c rrepnop;oM b-a n 11MeeT rre
rrpepb!BHYIO rrpo_H3BOAHYIO rropHll;K3 2k (k - rraTypaJibHOe 
qncJio) Ha BCe11' p;eHCTBHTeJihHOH OCH, TO rrpn Jl1060M 
aE[a, a+hl 

h•k 
R(f, a)=-(b-i;i)B2k (2k)! /<2k>('f]), 

rp;e 'f] - TOqKa rrpoMemyTKa [a, bl n B 211 - qncJio Bep
rryJIJIH. H. II. MbtC06Cnux. 

IIPHMblX METOA - MeTOA qncJieHHoro pernerrJIJI p;niJ>
iJ>eperrrrnaJihHhIX ypaarrerrni\: c qacTHblMJI rrpo!I3Bop;Hb!MH 
(cM. [1) - (3)). IIpJIMeHHM AJIH HeJinHeiirrwx ypaBH0HJIH 
3JIJIHITTJiqecKoro [ 4), rnrrep60J1lJqecKoro [ 5) n rra pa60JIH
qec1wro [6) THIIOB JII06b!X rropHJ'.IKOB H CHCTeM ypaBHeHni'r. 
II. M. rro3BOJIHeT rrpoaop;11Tb qucJlerrHble pacqeThl a o6Jiac
THX c Kp!IBOJIHII0HHb!MJI rparrnnaMH [7]. II. M. IICITOJib3Y
eTCJI p;Jill perneIIHH pa3rroo6pa3HhlX aap;aq MeXaIIJIKJI [8). 

B II. M. rrpoII3aop;11TcH annpoKclJMarrJIH onepan1m J'.11Iil>
ipeperrnnpoaarrn11 no rreK-pbIM rranpaaJieHHHM, qTO no3HO
JIHeT rroHH3IITh paaMeprroCTh aap;aqn n aaMeIIHTh pernerrne 
JICXO)J;IIOH CHCT0Mbl p;niJ>iJ>eperrnnaJibIIblX ypaBHeHHH c 'IaCT
IIbIMH rrpoH3BOp;IIb!MH pacqeTOM arrrrpoKCHMHPYIOIIl,eii: ee 
CHCTeMbl MeHbIIIero rropHp;Ka. 

C noMOIIl,hIO Tl. M. perneH pHp; 3a11;a11 raaoaoii p;nrraMHKH 
(9]. IIpn 3TOM 3ap;aqa JIHTerpnpoaaHJIH ncxop;rroii cncTeMbl 
p;niJ>iJ>epeHI~HaJibllblX ypaBHeIIHH c qacTIIblMJI rrpO!I3Bop;
IIbIMII CBOAHTCH K pacqeTy arrrrpoKCIIMHpy10meii: ee CHCTe
MLI o6blKIIOBeHHhlX p;niJ>IJ>eperrn11aJibHhlX ypaBHeHHH. 
B II. M. o6JiacTb HHTerpnpoaaHHH p1rn6irnaeTcH rrorrepeK 
Yl'.\aprro:o cJioll PHAOM rrpHMhlX Jiyqeif rra rroJIOCbl. 3aMhl
KaIOIIl,HH Jiyq pacrroJiomerr B caepx3ayKoaoft o6Jiacni:. 
Jlyqu pacrrOJl'lr:JIOTCll COOTB0TCTBeIIHO Y3JI3M MIIoroqJieHa 
lJe6b!IlleBa HJIH paBHOMeprro. fa30/J;HHaMHq. iJ>YHKI~Hll 
arrrrpoKCHM~PYIOTCll Kycoqrro JIHHei\:rro B/J;OJib Kall\IJ;Oll 
IlOJIOCbl mrno IIOJIHHOMH3JibHO c Y3JI3MH HHTepIIOJIHIWH 
Ha acex Jiyqax. IIoJiyqaeMaH arrrrpoKCHMnpy10rn;aH cncTeMa 
o6blKHOBeHHblX AHiJ>iJ>epeHI~HaJibHblX ypaarreHHH HHTerpn
pyeTCll BIJ;OJib Kam1J;oro Jiyqa OT YA3PHOH BOJIIIbl K TeJiy. 
B OTJIHq1rn OT u11,meepa.!!bHbix coom11,ouu11,uii MemofJa rre 
COCT3BJilllOTCll llHTerpaJibIIble COOTIIOIDemrn H rre Bbll(eJIH
eTCll MHIIHMaJihHall o6JiaCTb BJIHllIIHJI 33TYIIJI0IIHH' qTo 
rrpHBO/J;HT K crrnmeHHIO TO'IIIOCTH, HO ynpOIIl,30T BH)J; arr
npoKCHMHPYIOIIl,eii CHCT0Mbl (CM. [10]). 

II. M. rrpoBe1J;eHw pacqeTbl ABYMeprroro o6teKaHHH pHIJ;a 
TeJI B paII1,eIIHH coaeprneHIIblM [ 11], paBHOBeCHbIM [ 12) ll 
HepaaHoaecHhlM [ 13) ra3oM. II. M. perneHa aa,n:a11a caepx-
3ByKoaoro o6TeKaIIHH ciJ>epw rop1011eii cMeCbIO c ucnoJib-
3oaarrneM MOIJ;eJin AeTorrannorrrroft aoJIIIbl (14), ynapnoii 
BOJIHbl n iJ>porrra nJiaMeHH [ 1_5] n AP· C rrpHMeHeHneM TpH
rorroMeTpHq. a1mpoKCHMaqHH !IO MepHIJ;HOHRJibHOMY yrJiy 
II. M. _pacrrpocr_paHerr Ha rrpocTpaHCTBeHBO-TpexMepnwii. 
CJiyqaH (cM. [16J, [17)), B TOM 'IHCJle )J;JIH HepaBBOBeCHoro 
o6reKaHIW 3aTyIIJieHIUI [18]. 

Jlum.: [1] Rothe E. H .. «Math. Ann~ 1930 Bd 102 s 
650-70; [2] Ro JIM or op o B A. H. II e;. po B ci Ru A H' r • 
II H c Ry H 0 B H. c .. «BIOJIJI. MrY. 'ceRI~ A» 1937 T 1 ~ 6' 
c. 1-26; [3] .u 0 p 0 )'.( H II u bl H A. A.: B ~H.: R'oHifiepeH~HJ; 
«IIYTH pa3BllT11ll COBeTCROrO MaTeMaT11qecRoro MaIIIHHOCTpOeHllfl 
II 11p116opocTpOeHllR», M., 1956. [4] R 0 c T IO II 0 B H q E x 
«.[(ORJI. AH CCCP», 1958, T. 118, M 3, c. 433-35; [5] JI e 5 e: 
)'.( e B B. H., «BecT. MrY», 1955, M 10, c. 47-57; [6] 0 JI e A
H H R 0. A., R a JI a m H H R o B A. C., q lH o y IO A - JI u B &, 

«H3B, AH CCCP. Cep. MaTeM.>>, 1958, T. 22, .Ni 5, c. 667-704; 
[7] B y A a R B. M., r o p 5 y H o B A. )l;., «,ll;ORJI. AH CCCP» 
1958, T. 118, M 5, c. 858-61; [8] A JI II x a m R II H lL H., «Bbl: 
quCmlT. MaTeM.», 1957, M 1, C. 136-52; [9] r 11 JI H H c R 11 II C. M., 
Te JI e H H H r. <I>., T II H lI R 0 Br. II., «Han. AH CCCP. MexaH. 
II Mam11HOCTP.>>. 1964, .Ni 4, c. 9-28; [10] B e JI 0 u e p R 0 B
C K 11 II 0. M., q y m 11 11 H II. H., «l:R. Bb1q11cJI. MaTeM. 11 MaTeM, 
lfi11a.», 1962, T. 2, .Ni 5, c. 731-59; E11J Po c JI a 11 on r. c., Te
JI e H II Hr. <l>.j B llH.: C6. pa6oT BU MOCK. yH-Ta, 1968, No 11, 
c. 9~-112; [12 Te JI e II II H r. <J>., T II H lI II 0 B r. 11. «)l;ORJI 
AH CCCP», 19611, T. 159, .Ni 1, c. 39-42; [13) CT y .no 'n B. II.: 
B RH.: HeROTOpble 11p11MeHeH11H MeTOna ceTOR B raaonoii n11HaMHI<e 
B. 5, M., 1974, c. 140-227; [14) r H JI H H c R II H c. M., 3 a II: 
p II H 0 B 3 . .a: .. q e pH bl ll r. r., «l13B. AH CCCP. MexaH. lHll)'.(
ROCTll 11 raaa», 1966, M 5, c. 8-13; (15] r II JI II H c R 11 H c. M 
q e pH bl II r. r .. TaM !Re, 1968, M 1, c. 20-32; [16] M H H 0 c: 
u e B B. B.. T e JI e H H H r. <I>., T II H lI R 0 B r. II. «,ll;ORJI. 
AH CCCP», 1968, T. 179, No 2, c. 304-07; [17) Ba am 11'H A. II., 
q e JI bl me Ba II. <I>., «H3B. AH CCCP. MexaH. >Rll)'.(ROCTll It 
raaa», 1967, M 3, c. 119-23; [18) Ce Me Hux 11 Ha O. H., 
ill Ra )'.( 0 Ba B. II., TaM lHe, 1973, No 2, c. 99-103. 

IO. M . .l{a6btiJoB. 

IICEBAOBA3A T o n o JI o r 11 q e c K o r o n p o-
c T p a H c T B a x - ceMeHCTBO OTKpb!TblX B x MHOll\0CTB 
TaKoe, qTo Kall\IJ;3H ToqKa rrpOCTparrCTBa x HBJIHeTCH rre
peceqerrneM ecex co1J;epmaIIl,HX ee aJieMeHTOB aToro ceMe:ii
CTBa. II. cyII1,eCTByeT TOJlbKO B npocTpancTBaX, Bee O)J;HO
T01JeqHble noi:iMnomecraa K-pwx 33MKHYTbl (T. e. e T1-

npocTpaHCTBax). EcJIH Ti-IIPOCTpaHCTBO c 6a30I! cm rrap;e
JIHTb 1J;pyroil: 6oJiee CJIJibHOll TOilOJIOrHeii:, TO r{JJ yme He 
6y1J;eT 6a30H IIOAOro TOIIOJIOrIIq. rrpocrpaHCTBa, HO OCTa
rreTCH ero n. B qacTIIOCTH, C'IeTIIYIO II. HMeeT /J;llCKpeTHOe 
npocTpancTBO MOIIl,HOCTil KOHTHHYYM, B K-poM cqeTHOii 
6a3w neT. 0AHaKo AJIH 6HKOMrraKToB (T. e. 6irnoMrraKTHhlX 
xaycnopiJ>oBwx npocTpancTB) 113 rraJIHqHH cqeTrroli II. 
CJIEl1J;yeT cyIIl,eCTBOB3HHe cqeTHOH 6a3bl. 

Jlum.: [1] A p x a H r e JI b c R II ii A B., II 0 H 0 Ma-
p e e B. H., OcHOBbl 00111eA TOIIOJIOrHH e aa11aqaJ1. H yrrpaarnemui:x, 
M., 1974. A. B. Apxanzeabc"uu. 

IICEBAOBYJIEBA AJirEBPA - pemerna L=(L, ~). 
COIJ;ep!K3IIl,3H H3HM0HbIIIHH aJieMeHT 0 JI TaKaH, qTo 
/J;Jill JII06blx ee aJieMeHTOB a H b Bo MnomecTBe {x EL : 
a/\ x~b} cyinecTByeT naH60JibIIJ!fii aJieMeHT a:::> b, rp;e 
al\ x - HaH60Jibillall IIHll\HHH rpaHb )J;JIH a Iii x. 3JieMeHT 
a:::> b na3. II c e B ll 0 ll 0 II 0 JI H e H II e M a 0 T H o
c Iii T e JI b H 0 b, HJIH Iii M n JI ll K a ll ll e ii: OT a K 
b. BcHKaH II. a. HBJIHeTcll 8ucmpu6ymue11,oii pew,em.,.oii 
c nan60JibIDlfM 3JieMeHTOM 1 (TaKOBblM 6yi:ieT JII06oft 3Jie
M0HT Blf/J;a a::::ia). 

II. a. cJiymaT aJire6paJiq. MOIJ;eJIHMH u11,myu!fuonucm
c.,.oeo UC'lUCMHUH 6bic.,.aaw1a11,uii feHTHHra H xapaKT0pH3y
IOT ero aHaJiorHqrro ToMy, KaK 6y.n,ee1>1 a.ttee6pbL xapaKTe
p1rny10T KJiaccHq. 11cqHcJienHe awcKa3blBaHHii:. II. a. Haa. 
TaKme a JI r e 6 p a Mu r e ft T n rr r a. 

PerneTKH c ornocnreJihIIhlM rrceBAOAOIIOJIHeH11eM pac
cMaTpHaaJI ern;e B 1919 T. CKoJieM [1], rrpaBAa 6e3 cBH31! 
c JIOrHKOH. BrrepBhle TaKaH_ CBll3b IIOHBHJI3Cb rrpH p11c
CMOTpeHHH peIIIeTOK, ABO Iii CT Be H H bl X fl. a. (T. e. 
peIIIeTOK, IIOJiyqaJOilllfXCll 113 fI. a. o6parn;eHHeM OTHOIIIe
IIllll <::; cM. (2)). TaKne perneTKH 6wJIJI Ba3BaHhl a JI re 6-
p a M H B p a ya pa. IIo3p;Hee aJire6paMu Bpayapa 
cTaJIH na3LJBa Th 11 II. a. 

l\Jiacc II. a., paccMaTpHBaeMhlX KRK y11,uoepca.!!bH1,ie 
a.J!ee6pb! (L; 0, /\' v' :::>) c .KOIICTaBTOH 0 H p;eyMeCTHbll\111 
onepaq,!IHMH /\' v' :::>, MOll\eT 6b!Tb 33AaH c IIOMOIIl,blO 
HeK-pOII CHCTeMhl TO)KIJ;0CTB. 

KorrrpyauqnH R=L XL yrrHBepcaJihUoii: aJire6pw (L; 
0, /\, V, :::>), HBJIHIOIIl,eiicH II. a., rroJIBOCThIO orrpe.ueJUI
ercH KJiaCCOM 3KBHBaJI0HTHOCTH, co~epmarn;HM 1, T. e. 
MHOmeCTBOM 

V ={x E L:<x, 1> ER} (1) 
rro iJ>opMyJie 

<x, Y> ER~ (x :::> y E V u y :::> x E v). (2) 

MHomeCTBO (1) HBJIHeTCH p em e T 0 q u bl M l}l H JI b T
p 0 M, T. e. yp;OBJieTBOpHeT ycnOBHJIM 

(x E v u x.,;;;;y) ~ Y E v u ( x E v n YE v) :::::> x A y E v . 
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Hao6opoT, BCHKHH HerrycToii perneTo'lllhlii: cpHJibTp v OTHOilieHHe x-<;.y TaK, 'ITO A -<;.B TOr):la H TOJibKO TOI'Aa, 
IIpOH3BOJihHOH II. a. L orrpeAeJIHeT no cpopMyJie (2) KOH- KOI'Aa cpopMyJia A :::iB BblBOAHMa B 3TOM HC'lHCJieHllB H 
rpyanu;mo Ha aJire6pe (L; 0, /\' v' :::i ), KJiacc 3KBIIBaJieHT- cpaKTOpH30BaTb 3TO MHOmeCTBO no OTHOilieHIIIO 3KBlrna-
HOCTH eAHHHD;bl K-poii COBIIap;aeT c HCXOj\HblM cpIIJibT- JieHTHOCTH x-<;.y&y-<;.x, TO IJOJIYlJHTCH CBOOOp;HaH II. a. 
poM V. Jlum.: HJ S k o 1 em T., Selected works in logic, Oslo, 1970, 

B II. a. (L, ...;:) BblIIOJIHHeTCH TaKme 6ecKOHe'lHblii: AHC- p. 67-101; i2l Mc Kins e Y J.lc. c., Tarski A., «Ann. 
Math.», 1946, v. 47, p. 122-62; [3 pace Ba E., c HR 0 p-

TpHOYTHBHblH 3aKOH c RH ii P., MaTeManrna MeTaMaTeMaTHRH, nep. c aHrJJ • M., 1972; 
[4] JJ: p a r a JI 11 H A. r., MaTeMarnqec1111ll HHTYHQHOHH3M. Bae11:e-

a /\sup X =sup {a/\x:x EX} (3) HHe B Teopmo 11:011asaTeJJbCTB, M., 1979; [5] Applications of shea
ves. Proc .... of sheaf theory to logic, algebra and analysis, B.-

j\JIH JIIOOOI'O aEL H JIIOOOI'O MHomeCTBa XcL, HMeIOrn;ero 
B L nanMeHbllIYIO aepXHIOIO rpaHb sup X. EcJIH perneTKa 
(L, ...;:) TIOJIHa, T. e. sup x cyrn;ecTByeT AJIH JIIOOOI'O xcL, 
TO, Hao6opoT, H3 TOI'O, 'ITO B Heii: crrpaBeAJIIIBO TOmjJ;eCTBO 
(3), BblTeKaeT, 'ITO ona HBJIHeTcH II. a. Orrepau;e:.11 :::i 
onpep;eJIHeTCH paBeHCTBOM 

a :::i b==sup {x E L:a/\x.;;;;b}. 

II o JI H bl e II. a. (T. e. rroJIHble pemeTKH, yp;oaJieTBO
pmorn;e:e TOmAeCTBY (3)) paccMaTpHBaIOT KaK aJire6pb1 
(L; 0, /\' sup) c KOHCTaHTOH 0, ABYMeCTHOii onepau;neii: 
/\ : L XL-+ L H «6ecKoHelJHoMecTHOH» onepau;neii sup : 
{X ; xcL }-+ L. 8TOT noµ;xoµ; onpeµ;eJIHeT AJIH JIOJIHblX 
II. a. CMblCJI TaKHX TIOHHTHH, KaK I'OMOMOpcpH3M, KOHI'py-
3HD;HH, nop;aJire6pa. TaK, AJIH KoHrpyaHD;HH RcL XL 
p;oJimHo BhIIIOJIHHTbCH ycJIOBHe: ecJIH X = {xi : i EI} H 
Y= {Yi: iEJ} - .ri;aa nop;MHomecTaa BL TaKHX, 'ITO AJIH 
BCHKOI'O iEI HMeeT MeCTO <x;, Yi>ER, TO <sup x, 
sup Y> ER. RJiacc noJIHblX IT. a., paccMaTpnaaeMblx 
KaK aJire6pb1 (L; 0, /\, sup), MomeT OblTb 3aµ;aH HeK-poii: 
CIICTeMoii: TOmAeCTB, coµ;epmarn;nx onepau;nn 0, /\, sup. 
IToa'tOMY OH 3aMKHYT OTHOCHTeJibHO IlOAaJire6p, cpaKTOp
aJire6p H npHMbIX npoH3Bep;ene:ii: ceMeficTB aJire6p. B KJiac
ce noJIHblX II. a. cyrn;ecTBYIOT cao6op;Hble aJire6pb1 c 
JIIOOblM MHOmeCTBOM o6pa3yIOID;HX. 

EcJIH J : L -+ L - M y JI b T H n JI H K a T H B H bl fi 
0 II e p a T 0 p 3 a M bl Ka H H H Ha IIOJIHOH IT. a. L= 
=(L, ...;:), T. e. TaKaH cFYHKD;HH, 'ITO B L TOmp;eCTBeHHO 
BblIIOJIHHIOTCH YCJIOBHH 

x.;;;;J(x)=J(J(x)) II J(xf\y)=J(x)/\J(y), 

TO OTHOilieHHe 

R1= {<x, y) 'EL XL: J (x) =J (y)} (4) 

HBJIHeTCH Konrpyanu;neii: Ha aJire6pe A (L; 0, A, sup), 
a MHomeCTBO JL={xEL:J(x)=x} c IIHp;yu;e:poaaHHblM 
H3 L nop.11µ;KoM <-l1L - rroJIHoii: IT. a. (JL; <-l1L), 
H3oMopcpnofi cpaKTopaJire6pe A/ R1 . Hao6opoT, rrpoH3-
BOJibHaH KOHrpyaHD;HH R Ha A orrpep;eJIHeT ITO cpopMyJie 

J R(x)=sup {y E L:<y, x) ER} (5) 

MYJibTHIIJIHKaTHBHblii: orreparnp 3aMb1KaHHH JR : L-+ L. 
Orn6pameHHH J,,_...R, H R,,_...J R• 011peAeJI.11eMhie cpopMyJia
MH (4) H (5), B3aHMHoo6paTHbl. 

IT pH Me p bl IT. a. 1) MHomeCTBO {X ; xcu}, yno
PHAO'leHHoe no BKJIIO'leHHIO =, HBJIHeTCH 110JIHoii: IT. a. 
Ero nop;aJire6paMH 6yp;yT TOTIOJIOI'HH Ha u II TOJibKO OHH. 

2) EcJin cpyHKD;HH I : L-+ L na noJIHoii: II. a. (L, ...;:) 
Tomµ;eCTBeHHo yµ;oaJieTaop.11eT ycJIOBHHM 

I (I (x)) =l (x) .;;;;x, I (x/\y) =l (x) f\/ (y), (6) 

TO MHomeCTBO IL= {xEL: lx=x} c HHAYIII1poaaHHhlM 
OTHornene:eM nopHµ;Ka 06pa3yeT rrop;aJire6py aJire6pb1 
(L; 0, /\, sup). Bc.11KyIO no11;aJire6py A~L arnfi ame6pb1 
MomHo IlOJIY'lHTb yKa3aHHblM c11oco60M H3 0AHHCTB0HHoii 
ci>YHKD;HH I, yµ;oaJieTaop.11IOrn;efi ycJioBHHM (6). Ona onpe
p;eJIHeTCH paBeHCTBOM 

/(x)=sup{a E A:a.;;;;x}. 

((lynKu;H.11 I, yp;oaJieTaop.11IOrn;a.11 ycJioBHHM (6), Ha3. 
0 11 e p a T 0 p 0 M B 3 H T H H B H y T p e H H 0 c T H. 

3) EcJIH orrpeµ;eJIHTb Ha MHomecTBe ((> acex cpopMyJI 
H3b1Ka HHTYBD;HOHHCTCKOl'O BC'lllCJieHBfl BliolCKaah!BaHHB 

N. Y., 1979. B. H. I'puuw11. 

IICEBAOBEKTOP - TO me, 'ITO oceooii oe,;mop. 
IICEBAOBbltlYKJIOCTh II IICEBAOBOrHYTOCTh -

CBOHCTBa o6JiaCTeii B KOMIIJieKCHblX rrpocTpaHCTBaX, a 
TaKme KOMIIJieKCHblX rrpocTpaHCTB H cpyHKD;HH Ha HHX, 
aHaJIOI'H'lHble CBOHCTBaM BblIIYKJIOCTH H BOI'HYTOCTH 06-

JiaCTeii: H cpynKu;Hii: B rrpocTpancTBe IR n. Bern;ecTBeHHaH 

cpyHKD;HH <p KJiacca C2 Ha OTKpblTOM MHomeCTBe Uc(;n 
Ha3. p-II c e B A 0 B bl II y K JI 0 ii: (HJIH p-B bl TI y K
JI o ii:), ecm1 apMHToaa cpopMa 

a•cp -
H (<p) = ~- ---- UjUk 

1.kazjazk 

BMeeT B Kamp;ofi TO'lKe OOJiaCTH u He MeHee 'leM n-p+1 
neoTpHu;aTeJibHblX co6cTeeHHblX 3Ha'leIIIlfi. B cJiyqae, 
Korµ;a H (<p) HMeeT He MeHee 'leM n-p+1 110JiomnTeJibHblX 
co6cTeeHHblX 3Ha'leHMii, roeopHT, 'ITO qi c H JI b Ho (HJIII 
c T p o r o) p-11 c e e A o e bl rr y K JI a. B qacTHOCTII, 
( CHJibHO) 1-nceap;OBblTIYKJible cpyHKD;HH - 3TO ( CTporo) 
n.n,10pucyozap.MOH,U'tec,;ue rfjyn1"z+UU KJiacca C2 • <J>yHKD;HH 
na anaJIHTM'l. MHomecTBe Xe U Ha3. (cHJibHO) p-ebl11yK
Jio:ii, ecJIH OHa HBJIHeTCH orpaHH'leHileM CIIJibHO p-11ceaµ;o
Bhll1YKJIOH cpyHKu;Bn Ha U. HaKoHeu;, (cHJibHo) p-ebl11yKJia.11 
cpyHKD;HH Ha npoH3BOJihHOM KOMl1JieKCHOM 11pocTpaIICTBe 
x - 3TO HenpephleHaH cpyHKD;HH Ha x' K-paH B OKpecT
HOCTH JIIOOOH TO'IKH 11peACTaBJIHeTCH (CHJibHO) p-Bh!IIYKJIOlr 
cpyHKD;He:ii B COOTBeTCTByIOrn;eii: JIOKaJibHOH MOp;eJIH (CM. 
A na.n,umu'tec,;oe npocmpancmoo). 

RoMnJieKcnoe 11pocTpaHCTBO X rra3. (p, q)-B bl rr y K
JI 0 - B 0 I' H y T bl M, eCJIH cyrn;ecTByIOT He11pepbleHaH 
cpyHKD;HH <p: X-+ IR II TaKile d0 , c0 , rp;e -oo...;:d0 -<;.c0 -<;.oo, 
'ITO AJIH JIIOObIX c;;;.co H d<.do MHomeCTBO 

X c, d = {x E X / d < <p (x) < c} 

OTHOCHT0JibHO KOM11aKTIIO B x' a <p CIIJibHO p-BhlTIYKJia 
Ha X oo, co II CIIJibHO q-BblIIYKJia Ha X do. _ oo. E CJIII d0= - cc 
HJIH co= 00' TO rrpocTpaHCTBO x Ha3. c H JI h H 0 p-
11 C e B A O B bl TI y K JI bl M HJIII C II JI b H 0 q-B O I' H y
T hi M COOTB0TCTBeHHO. ECJIII me do=co=-oo, TO x Ha3. 
p-11 0 JI H bl M. 

II p H M e p hi. 1) 0TKpbIToe MHomeCTBO X c rJiap;Kofr 
rpaHHu;eii: ax B KOMITJieKCHOM MHOI'OOOpa3IIII M Ha3. 
c T p 0 I' 0 p-11 c e BA 0 B bl II y K JI bl M (c T p 0 I' 0 p
n c e BA 0 B 0 I' Hy T bl M), eCJIII BCHKaH TO'lKa xoEaX 
o6Jiaµ;aeT OKpeCTHOCTbIO u' B K-poii cyrn;ecTayeT TaKaH 
CHJibHO p-BblITYKJiaH cpyHKD;HH <p, 'ITO x n U= {xE 

EU/qi(x)<O} (cooTBeTCTB0HHO xn U= {xE U/qi(x)>O})· 
BCHKOe CTporo p-rrceBIJ;OBb111YKJIOe (CTporo p-ITCeBAOBO
I'HYTOe) OTIIOCIITeJihHO KOMIIaKTHOe OTKpblTOe MHomeCTBO 
HBJIH0TCH CIIJibHO p-Bb111YKJihlM (CIIJibHO p-BOI'IIYTblM) MHO
roo6pa3H0M. EcJIH HeK-pble KOMIIOHeHThl rpaHIID;bl aX 
YAOBJieTeopHIOT ycJIOBHIO p-rrceap;oBhlIIYKJiocTH, a µ;py
rne - ycJioeHIO q-rrceeµ;oeorIIYTOCTH, TO rroJiy'laIOTCH 
npHMepbI (p, q)-BbITIYKJIO-BOI'HYTblX MHoroo6pa3HH. 

2) RoMrraKTHble KoMnJieKCIIble rrpocTpaHCTea ecTeCTeen
Ho C'lHTaTb 0-BhIIIYKJiblMH. 

3) RJiacc 1-rroJIHhlX rrpocTpaHCTB coerraiweT c KJiaccoM 
mmeiina npocmpancmo. 

4) nJiaCC CHJihHO 1-BblIIYKJibIX rrpoCTpaHCTB COBIIap;aeT 
c KJiaCCOM rrpoCTpaHCTB, IIoJiyqaJOrn;HXCH H3 rrpocTpaHCTB 
Ilheii:Ha IIYTeM COOCTBeHHOH Mop;nqmKau;nn B KOH01JHOM 
MBomecTB0 TO'leIL 
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5) IlycTb x - KOMIIaKTHOe KOMIIJieKCHoe MHoroo6pa- rpyIIII aBTOMopcpli3MOB orpam1'IeHHblX CliMMeTplPI. o6-

3Ue pa3MepHoCTH n, S- ero 3aMKIIyToe IIop;MHoroo6pa3He, JiaCTeii. 
ace KOMIIoHeHTbl K-poro HMeJOT pa3MepHOCTb q. Torp;a Jlum.: [1] Ermine .r. L., «Ann. Sc. norm. sup. Pisa. Cl. 
X'"-.S HBJIJieTCH CHJibHO (q+1)-BorHYTblM, a eCJIH Hop- sci», 1979, v. 6, M 1, p. 1-18; [2) IiTOrH HayRu" TeXHHRIL AJJre6-

s pa. TOilOJ!OrHfl. reoMeTpHfl, T. 15, M., 1977, c. 93-171. 
MaJibHOe paCCJioemrn Hap; IIOJIOiKHTeJibHO - CHJibHO A. JI. Onu~u><. 
(n-q)-BbIIIYKJib!M IIpoCTpaHCTBOM. IICEB,ll,OrAJUIJIEEBO IlPOCTPAHCTBO - IIpoeK-

6) ECJIII s - 3aMKHyToe IIO)J;MHoroo6pa3He Kopa3Mep- THBHoe n-rrpocTpaHCTBO c Bbl)J;eJieHHOii: 6ecKoHe'IHo yp;a-
IIOCTH p B MIIoroo6pa3HH llheliHa x' TO X"-._S p-IIOJIHO. JieHHOll (n-1)-ITJIOCKOCTblO To acpcpHHHoro n-rrpocTpaHCT-

7) roJioMopcpHoe BeKTOpHoe paCCJIOeHne E paHra r Ba, B K-poli, B CBOJO O'Iepep;b, Bbll{eJieHa 6eCKOH0'IHO yp;a-
Hap; MHoroo6pa3HeM x Ha3. p-II 0 JI 0 iK li T e JI b H bl M JieHHaH (n-2)-IIJIOCKOCTb Ti rrcesp;oeBKJili,[IOBa rrpocTpaH-
(q-o T p Ii! u; a Te JI b H bl M), eCJIH Ha E cym;ecTByeT Ta- CTBa lRn-1' a B (n-2)-IIJIOCKOCTH T1 Bbl)J;eJieHa (n-3)-
KaH IIOCJIOii:HaH 3pMHTOBa MeTpliKa h, 'ITO cpyHKl.l;l<IH KBap;pnKa Q2, HBJIHJOm;aHCH a6coJIJOTOM re:rrep60Jill'IeCKOfO 
X (v)= -h (v, v) Ha E HBJIHeTCH CHJibHO (p+r)-BhIIIYKJioli (n-1)-IIpocTpaH'CTBa HHp;eKca l. CoaoKyIIHOCTh rrJioCKoc-
(cooTBeTCTBeHHO -)( HBJIHeTCH CHJibHO q-BhIIIYKJIOH) BHe Teii: T0 , T1 11 KBa)J;pHKH Q2 06pa3yeT a6COJIIOT (6a311C) Il. IT., 
HyJieBoro Ce'IeHHH (B CJIY'JaHX p= 1 H q= 1 IIOJIY'IaJOT ITO- o6o3Ha'IaeMoro tr n· Harrp., 3-IIpOCTpaHCTBO 1r3 llMeeT 
HHTllH no.1toJ1Cume.1tb1tozo pacc.1toenun li ompulfame.1tb1tow CBOHM a6coJIJOTOM 2-IIJIOCKOCTb T0, rrpHMYIO T1 B T0 11 rrapy 
pacc.1toenun). ECJIH X KOMIIaKTHO, TO IIpOCTpaHCTBO p-IIOJIO- p;eHCTBHT8JibHblX TO'IeK Q2 Ha IIpHMOH T1 • Il. II. MOiKHO 
iKHTeJibHOro paCCJIOeHHH E HBJIHeTCH CHJibHO (p+r)-Bor- OIIpe.n;eJIHTb KaK acpcpl'IHHoe n-IIpOCTpaHCTBO, B 6ecKoHe'IHO 
HYTblM, a IIpocTpaHCTBO q-0Tp11u;aTeJibHOfO paccJioeHllH - yp;aJieHHoii: ITJIOCKOCTH K-poro IIpu )J;OIIOJIHeHllH p;o rrpo-
CHJibHO q-BblITYKJiblM. n pocTpaHCTBO roJioMopcpHoro BeK- eKTHBHOro n-IIpocTpaHCTBa orrpep;eJieHa reoMeTpllH rrceB-
TOpHoro paCCJioeHHH Hap; p-IIOJIHblM IIpOCTpaHCTBOM BCerp;a p;oeBKJill)J;OBa (n-1)-IIpocTpaHCTBa HH)J;eKca l. 
p-rroJIHo. PaccToHHHe MeiKAY TO'IKaMH oIIpep;eJIHeTCH aHaJiore:'I-

,ll;JIH (p, q)-BblITYKJIO-BOfHYTblX IIpOCTpaHCTB )J;OKa3aHbI HO OIIpep;eJieHHJO paCCTOHHHH B za.1tU.1teeeoM npocmpancmee. 
TeopeMbl 0 KOHe'IHOMepHOCTH H OT)J;eJIHMOCTH HeK-pbIX ,ll;BHiKeHHHMH fl. II. l r n HBJIHJOTCH ero KOJIJiliHeal.l;llll, 
IIpOCTpaHCTB KOfOMOJIOfHil co 3Ha'IeHHHMH B KorepeHTHblX IIepeBO)J;HiqHe a6COJIIOT B ce6H. ,ll,BHiKeHHH o6pa3yJOT 
aHaJIHTH'I. IIY'IKax (cM. Kone'lnocmu meopeMbl. B TeopHH rpyIIIIY, HBJIHJOm;yJOCH rpyIIrro1'I JI11. 
aHaJIHTH'IeCKJIX IIpOCTpaHCTB). AHaJIOfH'IHhre TeopeMbl KO- IlpoCTpaHCTBO, a6coJIJOT K-poro )J;BOHCTBeH a6coJIJOTY 
He'IHOCTH )J;OKa3aHbl TaKiKe H )J;JIH CHJibHO (p, q)-BblIIYKJIO- fl. II. tr m Ha3. "/i:Onceei)oza.1tu.1tee81i1M npocmpancmBOJrt. <J>.1ta-
BOfHYTb!X oT06paiKeHnii (cM. [ 1), [2]). Il pocTpaHCTBO X zoeoe npocmf ancmeo - IIpep;eJihHblii: cJiy'Ia:ii Il. rr. tr n· 
HBJIHeTCH CHJibHO 1-BblIIYKJiblM Torp;a Ii! TOJihKO Tor,11,a, Jlum.: [1 p 0 3 e H q, e JI b II B. A., HeeBRJIH)IOBbl npo-
Korp;a dim H' (X, F) < oo p;JIH acex r n JIJ06oro KorepeHT- cTpaHcTBa, M., 1969. JI. A. cuaopoe. 
Horo aHaJIHTH'I. IIY'IKa F ua X. EcJin X p-IIoJIHo, To IICEB,ll,OrPYililA II p e o 6 pa 3 o B a H 11 :ii p; H cp-
H'(X, F)=O )J;JIH acex r";:!:p H JIJ06oro KorepeHTHoro a11a- cp e p e H l.l Hp ye Moro M Hor o o 6 pa 3 n H M -
JIHTH'I. IIY'!Ka F Ha x. ceMe:iiCTBO p;ncpcpeoMopcpH3MOB OTKpblTblX IIO)J;MHOiKeCTB 

rpyIIIIbl fOMOJIOfHH p-BblIIYKJiblX H p-IIOJIHhIX IIpo- MHOroo6pa3HH M B M, 3aMKHYTOe OTHOCHTeJibHO KOMIIO-
CTpaHCTB o6Jia,[laJOT CJiep;yJOiqHMH CBOHCTBa~rn. ECJIH x 3lil.l;HH oT06paiKeHH:ii, IIepexop;a K o6paTHOMY OTo6paiKe-
eCTb n-MepHoe IIpHaep;eHHoe CHJibHO p-Bbl11YKJIOe (p-IIOJI- Hli!O, a TaKiKe cyiKeHHH H CKJie:iiKll OT06paiKeH11ii:. To'!Hee, 
Hoe) KOMIIJieKc11oe IIpocTpaIICTBo, To dim H ,(X, IC)< oo nceap;orpyIIIIa IIpeo6pa3oaa11e::ii (II. II.) r MIIoroo6pa3HH 
(cooTBeTCTBeHHo H,(X, IC)=O) )J;JIH r";:!:n+p. ,ll,JIH CHJibHO M coCTOHT 113 JI o Ka JI h H hi x II p e o 6 pa 3 o Ba-

1-BblIIYKJiblX IIpocTpaIICTB H3BeCTHO TaKiKe, 'ITO rpyIIIIbl H Ii! ii:, T. e. nap Bll)J;a p~(Dp, p), rp;e Dp - OTKpbITOe 
H,(X, Z) KoIIe'IIIO nopoiKp;eHhl npn r";:!:n+1, a p;JIH p-
IIOJIHhIX MHoroo6pa311ii:,- 'ITO H,(X, Z)=O AJIH r";:!:n+p IIOAMHOiKeCTBO B M, a p - p;ncpcpeoMopcpm3M DP - M, 
H 'ITO rpyIIIIa fl n + p - l ( x' z) cao6op;Ha. IIpH'IeM IIpep;IIOJiaraeTCH, 'ITO 1) p' q E r ;> poq= (i- 1 (D p n 

I\oMIIJieKCHoe IIpocTpaHCTBO X Ha3. IICeBl(OBor- ni/(Dq)), po~Er, 2) !!_Er-~p- 1=(p(Dp), p-1)Er, 

H y T bl M, eCJIII B x cym;ecTByeT OTHOCHTeJibIIO KOMIIaKT- 3) (M, id) Er, 4) ecJin p - p;mpcpe0Mopcp113M OTKpblTOfO 
Hoe oTKpblToe MIIoiKeCTBO U, IIepeceKaJOm;ee KaiKp;yJO 11e- IIO)J;MIIOiKeCTBa DcM BM 11 D= U aDa, rp;e Da _ oTKphl-
IIpllBOAHMYJO KOMIIOHeIITY rrpocTpaHCTBa x H YAOBJieTBo- - -
pHJOm;ee CJie,D;yJOm;eMy yCJIOBHJO: JIJ06aH TO'IKa xoE&U Tble IIO)J;MHOiKeCTBa B M, TO (D, p) Er~ (Da, Pl Dal Er 

o6Jia.n;aeT TaKoii oKpeCTHOCThJO V B X, 'ITO p;JIH JIJ06h1x AJIH JIJ06oro a. BHp;on3MeHHH l\OJiiKHhIM o6pa3oM ycJio-
TO'IeK xE v, ,[IOCTaTO'IHO 6JIH3KHX K Xo, BHH 1)-4), MOlRHO OIIpep;eJIHTb II. rr. IIpOH3BOJibHOfO TO

IIOJIOfH'I. IIpocTpaHCTBa (CM. [7]) HJIH .n;aiKe IIpOH3BOJlb
HOfO MHOiKeCTBa. TaK iKe, Kai\ rpyIIrra IIpeo6pa3oBaHHH, 
II. II. OIIpep;eJIHeT Ha M OTHOIDeHHe 3KB11BaJieHTHOCTH; 
KJiaCCbl 3KBHBaJieHTHOCTH IIa3. ee op6HTaMH. TI. II. r 
MHoroo6pa3HH M Ha3. T p a H 3 H T H B H 0 ii:, eCJIH M
ee ep;nHCTB8HHaH op6HTa, H Ha3. II pH M HT H B H 0 :ii, 
ecJIH B M HeT HeTpHBHaJihHbIX rJia/];KHX r-nHBapnaHTHbIX 

CJIOeHn:ii (B IIPOTHBHOM CJiyqae II. II. Ha3. li M I1 pH M H

T H B H 0 il:). 

If (x) I~ sup I I (y) I 
ye v nu 

l{JIH acex roJ10MopcpHblX cpyHKl.l;HH f B V. EcJrn X eCTh 
n-Mepuoe MHoroo6pa3ne, n";;i:2, TO p;oCTaTO'IHO, 'IT06bl 
MHOiKeCTBO u 6hlJrn CHJibHO (n-1)-IICeB)J;OBOfHYTbIM B x. 
JI106oe KOMIIaKTHOe IIpOCTpaIICTBO IICeB)J;OBOrHyTo. .Ll:JIH 
IICeap;oaorHyThlX IIpocTpaHCTB X p;oKa3aIJhI CJiep;yJOm;He 
reopeMbI KOHe'IHOCTH: IIpOCTpaHCTBO fOJIOMopcpHblX ceqe
HHH JIJ06oro roJioMopcpHoro BeKTOpHoro paccJioeHHH Ha,q 
x KOHe'IHOMepHo; ecm1 x CBH3HO, TO ace fOJIOMOpcpHhie 
cpyRKl.l;HH Ha x IIOCTOHHHhl; IIOJie MepoMopljJHblX ljiyHKl.l;Hii: 
Ha x eCTb IIOJie aJire6paH'I. cpyHKl.l;HH, CTeIIeHb TpaHc-
1ieHp;eHTHOCTH K-poro He IIpeaocxop;nT dim X. IlocJiep;
HHH TeopeMa HMeeT BaiKHble IIPHJIOiKeHHH K aemoMoprf>nlilM 
rf>y1t"li:lfU!tM, OCHOBaHHhie Ha TOM, 'ITO rrpocTpaHCTBO Dir, 
rp;e r - co6cTBeHHo pa3phrnHaH rpynIIa aaToMopljin3MoB 
orpaHH'IeHHOii: o6JiaCTH D B icn, BO MHOfHX CJiy'IaHX OKa

ablaaeTCH nceB,D;OBOfHYTLIM (B 3TOM CJiy'Iae roaopHT, 'ITO 
r-rrcee.n;osor11yTaH rpyrrna). Hanp., 
rreeB,[IOBOfHYTblMH HBJIHIOTCH apnljJMeTH'I. llO~rpyrrrrbl 

n. II. r p;ncpcpepeHa;HpyeMoro MHoroo6paaHH M Ha3. 
II. II. JI H, OIIpep;eJIHeMoii: CHCTeMo:ii s /];HcpcpepeHl.l;HaJib
Hb!X ypaBIIeHHll B 'IaCTilbIX IIpOH3BOJJ;HblX, 8CJIH f COCTOHT 
H 3 TeX Ii! TOJibKO Tex JIOKaJibHbIX rrpeo6pa30BaHHH MHOro

o6pa3HH M, K-pbrn yp;oaJieTBopHJOT c11crnMe S. Harrp., 
II. KOIIcpopMHblX IIpeo6pa3oaamzdi IIJIOCKOCTH - 3TO rr. rr. 
Jin, oIIpep;eJIHeMaH ypaaHeHHHMH Kornn - P11MaHa. Ilo

PHAKOM II. II. JI11 11a3. MHHHMaJihHblil: rropHp;oK oIIpe,11eJIHJO
m;eii: ee CHCTeMbl p;HcpcpepeHa;HaJihHblX ypaaHeHnil:. 

IJ pH Me p bl II. II. JI H. 1) IJ. BCeX fOJIOMOpcpHbIX JIO

KaJibHb!X IIpeo6pa30BaHHii n-MepHoro KOMIIJieKCHOfO 
IIpocrpa11craa icn. 2) II. acex roJioMopcpHbIX JIOKaJibHblX 
IIpeo6pa30BaHnii: rrpocTpaHCTBa l(;n c IIOCTOHHHblM HKO-
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6naHoM. 3) II. scex roJioMopiJ>HLIX JIORaJibHLIX rrpeo6pa-
30BaHnfl upocrparrcrna ICn c mw611aHoM, paBHhlM 1. 
4) r a M H JI b T 0 H 0 B a II c e B ,a; 0 r p y II II a, co
CToHmaH na scex roJioMopiJ>HbIX JioRaJibHhIX rrpeo6paaosa
Hnii: rrpocrpaHcrsa 1Cn (n qerrro), coxpaHHIOIIl,HX ,a;11iJ>iJ>epeH
u;naJihHYIO 2-iJ>opMy 

w = dz 1 /\ dz 2 +dz8 /\dz'+ ... + dzn-l /\dz". 

5) IT. scex roJioMopiJ>HbIX JIORaJihHhlX rrpeo6pa30BaH11ii: 
rrpocrpaHCTBa <en, coxpaHHIOll{HX iJ>opMy (J) c TOqHOCThIO 
JW IlOCTOHHHoro MHOll\llTeJIH. 6) H 0 HT a KT H a H 
II c 0 B A 0 r p y II n a, COCTOHll{aH ll3 scex roJioMopiJ>HhlX 
JIORaJibHbIX rrpeo6pa30BaHHll IIpOCTpaHCTBa (n (rrp11 
n=2m+1, m>1). coxpaHHIOIIl,llX c ToqHOCTbIO ,a;o (iJ>yHK
u;noHaJibHOro) MHOmHT0JIH p;niJ>iJ>epeHu;HaJibHYIO 1-iJ>opMy 

dzn+ ~m (zi dzm+i_zm+i dzi). 
~i=l 

7) Bell{eCTBeHHhie aHaJior11 KOMrrJieKcHhIX rr. rr. na rrpnMe
pos 1) - 6). IlopHAKH II. II. Jin: H3 rrpHMepoB 1), 3) - 6) 
paBHbI 1, a B rrpnMepe 2) IIOPHAOK paBeH 2. 

JII06aH rpyrrrra JI11 G npeo6paaosaHnii: MHoroo6pa3HH 
M onpep;eJIHeT II. II. f (G), COCTOHll{YIO H3 orpaHnqeHllll 
rrpeo6pa3oBaHHii: 113 G Ha OTKph!Thie IIO/];MHomecTBa MHO
roo6pa3Hll M. IT. n. snp;a r (G) Haa. r JI o 6 a JI nay e
M hl M H. TaR, Il. JIOKaJibHhlX KOHiJ>opMHhlX IIpeo6pa-
30BaHHM ciJ>ephl sn rJio6amrnyeMa rrpu n >2 n He rJio6aJIH
ayeMa npn: n= 2. 

II. n. Jiu r Haa. n. n. K o H e quo r o T 11 rr a, ecJin 
Hailp;ercH TaRoe aarypaJihHOe qncJio d, qTo JII06oe JIOKaJib
Hoe rrpeo6pa30BaH11e p E r O/];H03HaqHo orrpep;eJIHeTCH 
csoeii: d-crpyelr B HeK-poll: ToqKe x ED p; HBHM0HbHiee 
raKoe qf[CJIO d Ha3. c T e II e H b IO, HJIH T Iii II 0 M, n. n. 
f; eCJIH me Taf\OrO d He Cyll{eCTByeT, TO f Ha3. II. II. 
6 e c K o He q H or o T 11 rr a. II. n. B rrpn:Mepax 1)-
6) - rrpMMHTHBHb10 n. II. Jin: 6ecKOHeqaoro Tlilrra. 

IlyCTb f - Tp8H3HTllBHaH !1. II. Jllil n-MepHoro p;niJ>«J>e
peHD;lilpyeMOrO MHoroo6pa3HH M Iii G' (f) - cosoKyII
HOCTh scex r-cTpyii: JioKaJihHhlx rrpeo6pa3osaanli mi r, 
coxpaHHIOIIl,HX ToqKyOEM, T. e. TaK!ilx pEf, qToOEDp 
n p (0)=0. MaomecTBo G' (f), cHa6meHHoe ecTeCTBeHHoil 
crpy1nypm1: rpyrrrrhl .!In, Ha3. r p y n rr o fr H 3 o r p o
Il Iii H r-r 0 II O p II AR a II. II. f (rpyIIna G1 (f) Ha3. 
TaKme JI H H e i1 H 0 II r p y II l1 0 i1 H 3 0 T p 0 II H H 
II. rr. f). AJire6pa Jh1 gr (f) rpyrrrrhl G' (f) ecTeCTBeHHhlM 
o6paaoM BKJia/];bIBaeTCH B aJire6py JI11 r-CTpyi"r lleI\TOpHLIX 
IIOJieii: Ha M B roq1rn a. EcJIH r - II. 11. Jl11 rrepnoro 
nop11p;Ka, TO H,a;po G1'> (f) ecTecTsennoro roMoMopiJ>HaMa 
cr+i (f)-+ G' (f) np11 mo6oM r;;?:1 3aBHCl1T TOJibI\O OT 
JIHHCHHOM rpymrw m10Tponn11 G1 (f) 11 Haa. ee r-M rr p o
A O JI 11< e H H e M. Il. U. Jl11 f rrepsoro IIOpllp;Ka TOrp;a 
M TOJibKO Tor,11,a HBJIHeTCH II. II. KoueqHoro TMIIa d, Korp;a 

dim G<d- 1> (f) -:F 0 n: dim G<d> (f) =0. 

EcJ111 rrp11 3TOM J111rreiiHaH rpyrrna 11a0Tpon1111 Gl(f) rre
up11sop;11Ma, TO d.,.;2 (CM. (5)). ,[(JIH Toro qTOObl U. II. Jill f 
nepsoro rropHp;Ka 6wJ1a rr. rr. KorreqHoro T11rra, rreo6xop;11-
Mo, a B KOMUJICKCHOM CJ1yqae 11 p;ocTaToqHo, qTo6h! aJ1re6pa 
JI11 g1 (f) He cop;epmaJ1a 3HAOMopiJ>113MOB paura 1 (cM. 
[ 10)). TaKue JIHHeHHble anre6pbl JI11 rra3. a JI JI n n T n
'I e C }( M M 11. 

,I(JIH n. rr. Jin r nepsoro rropHp;Ka s TepM11Hax ee JI11-
HeiiHoii aJ1re6phl 11aorpon1111 Bblq11cJieHbl aJ1rc6pbl Jin scex 
rrpop;oJ1meHnf1 G1'> (f), r;;?:i. A 11.MeHHo, anre6pa JI11 
gen (f) rpynrihI G<'> (f) COCTOMT M3 (r+i)-CTpyil BeKTOp
HbIX IIOJleH Ha M B TOqKe 0, HMeIOll{HX B HeK-poii JIOKaJlb
HOlI CHCTeMe KOOPAHHaT (x1, x 2 , •• ., x") Bll,l:\ 

~ i io i1 xir _!._ 
~ vi,i, ... i,x x . . . axi ' 

i u u 

rp;e vi,i, ... ir - npOl13BOJlbHb!Il TeH3op, CHMMeTpHqHbIH no 
HlnKillIM HHAeKcaM 11 YAOBJieTBOpmoru;nii:: YCJIOBlllO: npli 

Jl·I06blx iJ>MKCHpoBaHHbIX i1' i2, ... ' i, MaTp11u;a 

II v! · · · lj. · 1 J. i •• i2 • .... tr 1 i, J= • 2, ... , n 

cop;epmHTCH B, aJire6pe JI11 g1 (f), OTHeceHHOH R CHCTeMe 
ROOp,D;HHaT (xi). 

n yCTb M - n-Mepnoe ,a;11iJ>iJ>epeHu;11pyeMoe ~rnoroo6pa· 
311e Ha,a; rroJieM K =IR HJIH IC. BCHRaH rpaH3HTHBHaH rr. n. 
JIH r nopHp;Ra k MHoroo6pa31rn M cosna,a;aeT c n. Bcex 
J10RaJ1hHhIX asroMopiJ>n3MOB HeR-poii: Gk ( f)-crpyRryp11 
(cM. G-cmpy1>mypa) nopHp;Ka k Ha M (rr e p B a H o c· 
Ho s H a H Te o p e M a H a p T a H a). l\J1accuiJ>11Ka· 
D;HH scex np11MHTl1BHblX II. II. Jiu 6eCROHeqHoro runa 
snepBT,re 6wJia rroJiyqerra 8. HapTaHoM (2). CorJ1acao ero 
TeopeMe BCHKaH IlpUMUTUBHaH II. II. Jiu 00CKOHeqHOfO 
Tn:na, COCTOHIIl,aH U3 fOJIOMopiJ>HhlX JIOKaJlbHbIX npeo6pa· 
30BaHJilH, JIORaJibHO 1130MopiJ>aa O/];HOH U3 "· II. npuMepoe 
1)-6). 8Ta TeopeMa aeo,a;HoKpaTHo rrepep;oKa3hlBaJ1ach; ee 
COBpeMeHHbie ,l:tORa3aT0JlbCTBa noJiyqaIOTCH qucTO aJ1re· 
6pauq. cpep;CTBaMu. Ilpu CJTOM JIORaJlbH00 U3Y'leHH0 TpaH· 
3JilTUBHOH II. II. Jin f CBO/];UTCH R U3yqeHUIO HeK-pOH iJ>UJihT· 
posarrnoi"1 ame6pr,r Jiu (cM. (9)). l\J1accuiJ>uRau;RH Tamu 
<f>n:JlhTposaHHhlX aJ1re6p Jiu MomeT OhITh nposep;erra Ha 
OCHOBe RJ1accmpuKau;1m rrpOCTbIX rpaP,ylilposaHHbIX 8JI· 
re6p Jllil (cM. (3)). l\J1accn:iJ>1rnau;n:H npuM!ilTUBHh!X rr. n. 
JIR rronyqeaa TaRme u s aem;ecTHeHHOM cJ1yqae, rrplilqeM 
ycJIOB!ile aHaJin:Tn:qHocr.11 r1eii:crsuH n. II. 3aMeHeHo ooJJee 
cJ1a6h!M ycJ1oaueM 6ecKorreqrrou ,1:tn:iJ>iJ>epeau;upyeMoc111 
(cM. (8), (9)). 

IlocTpoem,r HeK-pi.re a6cTpaKTHh!e Mop;eJl!il TpaH3lilT!ilBHJJX 
n. n. JIR, R-pble npuasaHhl nrpaTh B Teoplilu n. n. 6ecKo· 
rreqaoro THII8 TaRyIO me pOJib, RaRyIO B ROHeqrroMepHOM 
cJiyqae lilrpaIOT a6cTpaRTHble rpynrrhl Jin: (cM. [6], (9)). 

Jlum.: [I] CT e pH II e pr C., Jie1m,1111 no 11111jJljlepemwaJJbHOA 
reoMeTpHH, rrep. c aurJJ., M., 1970; [2J Cart an E., Oeuvres 
completes, v. 2, P., 1953, f· 571-714 857-925; 1335-84; [3] 
Gui 1 1 em in V., «J. Dlf. Geom.», 1970, v. 4, .M 3, p. 257-82; 
[4] K o b a y a s h I S., Transformation groups in differential 
geometry, B.-Eu.a.], 1972; [5] Kobayashi S., Naga· 
no T., «J. Math. and Mech.», 1964, v. 13, M 5, p. 875-907; 1965, 
v. 14, p. 679-706; (6) K u ran is hi M., «Nagoya Math. J.1>, 
1959, v. 15, p. 225-60; 1961, v. 19, p. 05-91; [7) Liber· 
man n P., «Bull. Soc. math. France», 1959, t. 87, .No 4, p. 409-25; 
[8) S hn id er S., «J. Diff. Geom.•>, 1970, v. 1,, .M 1, p. 81-89; 
(9) Singer l.M., Sternberg S., «J. d"Analyse rn3th.'. 
1965, t. 15, p. 1-1\1.; [10] W i 1 son R. L., «Proc. Amer. Math. 
SoC.•>, 1971, v. 29, M 2, p. 243-49. &. B. Bun6epe. 

IICEB,[J;OfPYIIIIOBAH CTPYHTYPA Ha ~'Ho-
r o o 6 p a 3 11 11 M - MaRc11MaJ1bHh!i-i aTJiac A rJ1a)I· 
RHX JIORaJlbHhlX ,a;11iJ>iJ>eoMop«J>113MoB MHoroo6pa3HH M Ha 
¢>11Rc11posarrrroe MHoroo6paa11e V, see ¢YHRl\1111 rrepexo11a 
Memp;y K-pLIMH rrp1rnap;J1emaT p;aHHOH IICCB1J,Orpy11rre f 
JioRaJibHhlX rrpeo6pa3osaH!ilM MHoroo6pa31rn V. IlceB}IO· 
rpyrrIIa r Ha3. o rr p e A e JI H IO II\ e ii: n c e B 11 o· 
r p Y II II 0 H, a MHOroo6pa3110 V - MO/];eJlbHhIM npO· 
CTpaHCTBOM. Il. C. C orrpep;eJIHIOIIJ;eH ncesp;orpyrmoii: f Ha3. 
T8Rme f-c T p y RT y p O ii:. EoJ1ee rrop;po6rro, MHomecreo 
A V-arraqrrh!x KapT MHoroo6pa311H M (T. e. p;11iJ>iJ>eoMop· 
iJ>113MOB cp : u - v OTKphlThlX IIOAMHomeCTB UcM Ha 
OTRpbIThle IIOAMHomeCTBa cp (U)c V) Ha3hIB88TCH TI. c., 
ecJ111 a) JII06aH ToqRa x EM rrp11Hap;J1em11T 06J1acro 
orrpep;eJieH11H HeR-pm1 Ra pThl <p 113 A ; 6) AJIH mo611x 
KapT cp : U-+ V, 'I' : W-+ V 11a A iJ>yrrRu;uH nepexo11a 
'ljiocp- 1 : cp(un W)-+ 'i'(un W) HBJIHeTcH J10RaJiba11M 
rrpeo6pa3osaa11eM 1rarrrroii rrcesp;orpynnhl r; s) Mrromecreo 
A HBJIHeTCH MaRCHMaJILHblM MHomeCTBOM Ra pr, YAOBJJe· 
TBOpHIOll{HX YCJIOBHIO 2). 

II p .HM e p bl II. c. 1) Ilcesp;orpynna r IIpeo6pa3oea· 
HUH MHOroo6pa3HH V 3ap;aeT Il. C. ( V, f) Ha V, RapTaMB 
K-pofr CJiymaT JIORaJibHMe rrpeo6pa3osamrn M3 r. Ona 
uaa. c T a H A a p T H 0 JI n JI 0 c K 0 ii r - c T p y K· 
T y po JI. 2) TiyCTb V= Kn eCTb n-seKTopuoe npocTpaacr· 
so Hap; K =IR, IC 11JI11 Jiesblii: MOAYJlh Hap; TeJ10M Ksarepmrn· 
HOB K = H, a r - rrcesp;orpynrra JIOKaJibHhlX npeo6pa· 
3osarr.11i"1 V, rJ1aBHhre JIHHeMHh!e qacn1 K-pb1x np11rrap;Jie;KaT 
rpynne GL (n, K). CoOTBeTCTBYIOID;8H r-cTpyKTypa Ha 
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MHoroo6pa3HH M eCTb CTpyKTypa rJlaAKOro MHoroo6pa3HH 
npn: K= IR, KoMnJleKcttoro aHaJiuniq, MHoroo6pa3HH npn: 
K=C n cneu;ttaJlbHoro KBaTepHHOHHoro MHoroo6pa;imr 
npn: K=H. 3) IIycTb r - nceBAOrpynna JlOKaJlbHhIX 
npeo6pa3oBaHHM BeKTopHoro npocTpaHCTBa V, coxpa
BHIOil\HX AaHBhlif TeB30p S. 3aAaHHe f-CTpyKTyp&i paBBO
CJilJlbHO 3BAaHM!O HHTerpHpyeMoro I!OJlH TeB30pOB nrna 
s Ha MHOroo6pa3HH M. Hanp., ecmt s - HOBhlpOlI\AeH
BaH KOCOCHMMOTpnqnaJl 2-lfiopMa, TO J'-CTpyKTypa eCTh 
CHMI!JleKTlr<I. CTPYKTYPil. 4) n YCTh r - nCCBAOrpynrra 
JIOKaJlbHhlX npeo6pa3oaa1mii npocTpaHCTBB IR 2n + 1 , co
xpaHJlIOil\HX c TOqHOCTbIO AO <fiyHK!l;HOHaJlhHOro MHOlRH
TeJlH AH<fi<fiepeH!l;llBJlbHYIO 1-<J>opMy 

}-,: n . 
dxo + . x2• - i dx2'. 

<=l 

TorAa r-cTpyKTypa 0CTb KOHTal\THBH CTPYKTypa. 5) IIyCTb 
V= GI H - OAIIOPOAHOe rrpocTpaHCTBO rpyrrrrhl JIH G, a 
f - rrceBAOrpyrrrra JlOKaJlbHhlX rrpeo6pa30BaHHH V, npo
/(OJllRaIOil\llXCH AO npeo6paaoBilHHii H3 rpynnhl G. Tor,r~a 
r-cTpyKTypa Ha3. II. c., onpeAeJI.IIeMoii OAHOpO/:IHb!M 
npOCTpaHCTBOM v. IIpHMepaMH TaltllX CTpyKTYP iIBJlHIOTCH 
crpyKTypa npocTpaHCTBa nOCTOJlHHOH KpllBH3Hbl (B qaCT
BOCTH, JlOKBJlbHO eBKJlHAOBa npocTpaHCTBa), nJlOCKHe 
KOB!fiopMHhle H npoeKTHBHhle CTpyKTypi,r. 

IIyCTb f - TpBH3llTHBHBH nCeBAOrpynna Jin npeo6pa-
30BaHIIH npocTpaHCTBB V=IRn nopHAKB l; r-cTpyKTypa 
A Ha MHoroo6paam1 M onpeAeJIHeT rJiaBHoe no)l,paccJioe
B11e :rc1i : B"-+ M paccJioemur KopenepoB mo6oro nopHA
Ka k Ha M' COCTOHil\CO H3 k-CTpyii KapT ll3 A: 

Bk={j~cplcpEA, cp(x)=O}, :rc,,(j~cp}=x. 
CrpyKTYPHOJI rpynnoii paccJioemrn :rck HBJlHeTC.fl rpynna 
H30TponnH k-ro nopH)l,Kfl Gk ( f) nceBAOrpynnhl r' K-paH 
1-1eiicTByeT Ha Bk no <fiopMyJie 

j~ (a) j~cp= j~ (a o cp). 

PaccJioerrne n1i Haa. k-M c T p y KT y p H hi M p a c
c Jl 0 e H H e ~I IIJlII Gk ( f)-c T p y K T y p 0 ii' onpeAe
JJIIeMOi'I II. c. A. PaccJioeHile n:i, r11,e l - nopnAON nceB-
11orpynnw f, B CBOIO oqepe[lh, OAH03HaqHo onp0A0JIH0T 
II. c. A 1rnN MHomecTBO Kapr cp : U-+ V, AJIH K-pwx 

j~ (a 0 cp} Est' 0CJ111 a Er' a 0 cp (x) = 0. 

feoMeTpIIH pacCJIOCHIIH :re,, xapaKT0pI13yeTCH HaJlHql!eM 
KaHOHil'IecHOJI G'' (r)-aKBIIBapnaHTHoii ropn30HTaJlbHoii: 
orBocnTPJlhHO rrpoeKD;IIII B"-+ Bk-l 1-<J>opMhI 0" : TB"-+ 
-+ V+gk (f) CO 3Ha'!eHil0M B IIpOCTpaHCTB0 V+gk (fl, 
r11e g" (f) - ame6pa JIM rpyrrnhl Il30TponIIII G" (r). 
0Ba 3aAa0TCH <J>opMyJloi"! 

0~k (bk) =l:t j~-l (cpt 0 (jJo1)it=O• 

bk- .k ( ) bk- d .k ( ) -lx, (jJo • -di lxt cpt' 

cp1EA, cpt(x1)=0, tE[O, e], 

B YAOBJ10TBOpHeT HeK-poMy CTpyKTypHoMy ypaBH0HIIIO 
Maypepa - KapraHa. AJire6pa Jln I1H!fiI1HI1Te3I1MaJibHhIX 
3BTOMOp!J>I13MOB f-CTpyKTypw M01R0T 6b!Tb OX a paKT0pI1-
30B3Ha KaK aJlre6pa Jln BeKTOpHhIX IIOJieii Ha Bl' coxpa
BlllOil\IIX KaHOHil'leCNYIO 1-!J>opMy 8t. 

0CHOBHOH rrpo6JleMOM T00pHI1 Il, C. HBJIHeTCH rrpo6JieMa 
onucaHIIH II. c. Ha MHoroo6pa3Hil c orrper1eJIHIOil\eH rrceB-
1-1orpynnoii r c TOqHOCTbIO TIO 3KBHB8JlCHTHOCTFI. ll:Be II. c. 
ua Mnoroo6pa3IIII Ha3. 3 K B II B a Jl e H T H bl M II, 0CJlII 
O/.IBa m1 HIIX MolReT Ob!Th rrepeBep;ena B p;pyryro p;I1!fi<J>eo
Mop<J>1rnMOM MHOroo6pa3IIH. 

IlyCTb r - n106aJIII3yeMaH TpaH3IlTilBHaH rrceBAOrpyrr
na npeo6pa3oBaHHll OAHOCBH3HOfO MHoroo6pa3llH v. Jlro-

6oe on;HoCBlil3Hoe MHoroo6pa3Jie M c r-cTpYKTYPOH A 
AonycKaeT oT06pameHne p : M-+ V, Ra:'lb!Bae~rne pa3-
BepTKoi'1 f\apraHa, K-poe JlOK8JlbHO HBJlHeTCH II30MOp
<J>n3MOM r-cTpyKTYP· ECJIII r-cTpyKTypa A 06Jia11,aeT 
HeK-pbIM ycJlOBIIeM nOJlHOThl, B qacTHOCTII, eCJlH ll-II!Of006-
pa3l!e M KOMIIBKTHO, TO OTo6pamemrn p HBJlH()TCH H30-
Mop!J>II3MOM f-CTpyKryp J1 BCe f-crpyKTyphl paccMaTpirnae
Moro Tl!na HBJlHIOTCll !J>opMaMH CTaHAllPTHOH f-CTpyKTyphl 
V, T. e. miJiy'lamTCH H3 V .pal\TOp1rnar~neti no CBo6oJJ,RO 
11,eiirrny10n1eii /(IICl\peTHOii rpynne aBTOMOptp113MOD (V, r). 
TaK o6cTOHT AeJio, Rarrp., c (nceBAO)pnMaHoBWMH crpyK
rypaMll IIOCTOHHHOH KpIIBH3Hhl H c KoR!fiopMHO IIJlOCKHMH 
crpyKrypaMH Ha I\OMIIal\THhlX MHoroo6pa:IHHX 111n, n>2. 
BamRoe MeCTO u reopnll II. c. 3aHHMaer reopl!H r1e<fiopMa
u;nii:, nepBoHaqaJlbHO pa3BHTaH /(JlH KOMIIJleKCHOJI crpyK
Typhl. B Heii: m1yqaercH Borrpoc 06 orrncamrn HerpmrnaJlb
HhlX p;e<J>opMa~nii: r-crpyKTYPhl A' T. e. ceMeHCTB At 
f-CTpyKTyp, CO)l,epiRall\HX [laHHYIO f-crpyKrypy Il fJlllAKO 
3aBIICHil\IIX OT rrapaMeTpOB t IIO MOTIYJlIO TpIIBIJaJlbHhlX 
Ae!J>opMau;I1ii:. IIpocTpaHCTBO !fiopMaJlhHhlX HH!J>nHHTe3H
MaJlhHhlX HeTpIIBI11\JlbHhlX AelJiopMau;Hii ;ri:aHHOH f-crpyK
Typhl orrHc&rnaercH KaK rrpocrpaRCTBO H 1 (M, 0) OAHO
MepHhlX I\OfOMOJlOfIIH MHoroo6pa3HH M c Ko3!J>!J>Hu;HeHTa
MH B nyqKe poCTJ\OB 0 HH!J>llHIIT03IIM8JlbHhlX aBTOMOp
!fiH3MOB r-crpyKTYPhl A. TpIIBIIaJlbHOCTb :iroro npocrpaH
crea BJleqeT ll\eCTKOCTh r-crpyKTYPhl. TpHBII8JlbHOCTb 
ABYMepHb!X KoroMoJlorm1': H 2 (M, 0)~0 rro3BOJIHeT npH 
HeK-phlX YCJIOBIIHX AOKa3aTb Cyll\eCTBOB8HIIe HeTpHBII8Jib
HhlX p;e!fiopMau;nii f-crpyKTypbI, COOTBeTCTBYIOll\HX p;aHHOll 
JIH!J>nHnre311MaJlbHOJI 1le!fiopMau;H11 ns H 1 (M, El). 

Jlum.: (1] }{ a p Ta H 8., rcoMCTPHR pnMaHOBblX npOCTpaHCTB, 
nep. c <!Jpauu.i M.- JI., 1no; [2] Gui 11 em in V., stern
b c r g S., Derormation theory of pseudogroup structures, Provi
dence, 1966 («Mem. Amer. Math. Soc.», Ne 64); [3) Po 11 a ck A. S., 
«J. Diff. Geom.», 1974, v. 9, No 3, p. 355-90; [4] Gr if
f it h s P.A., «Math. Ann.», 1904, Bd 155, H. 4, S. 292-315; 
1965, Bd 158, H. 5, S. 326-351; [5] Po mm are t J. F., «Ann. 
Inst. H. Poincare, n. Ser.», 1973, v. 18, p. 285-352; [6] Ber a rd 
BergeryL., Bourguignon J.P., Lafontaine J., 
«Proc. Symp. Pure Math.», 1D75, v. 27, p. 3-32; [7) Sp en
c er D. C., «Ann. Math.», 1962, v. 76, No ~. p. 306-398; No 3, 
p. 399-445. /J.. B. A.<e,;ceeocnuu. 

IICEB,[J;O,[J;lI<l><l>EPEHIVIAJlbHhUI OIIEPATOP -
onepaTop, A0HCTBYIOl1\IIH B <J>yHK!l;IIOHaJlbHhIX rrpocTpaHCT
BaX Ha AM<fi!fiepeHu;n:pyeMOM MHOroo6pa3IIII II JlOK3JlbHO 
no orrpeAeJieHHhlM rrpaBnJiaM 3anI1ChlBaeMhIII c rroMOil\bIO 
HeK-poii !fiyHK!l;IIII, 06111qHo Ha3. CIIMBOJlOl\l II. o., II YAOB
Jl0TBOpHIOJl\eii ou:eHKaM npOI13BOAHb!X onper1eJieHHoro TJil
rra, aHaJloruqnhIX ou:enKaM rrpOll3BOAHhlX IJOJIHHOMOB, 
HBJIHIOil\HXCH CIIMBOJiaMH 11n!J>!J>epeHI(IIaJihHb!X orrepaTOpOB. 

II yCTh Q - OTKphlTOe IIOAMHOJReCTBO B IR n, C;' (Q) -
rrpocTpaRCTBO 6ecKoneqno AM!fi!fiepeHU:IIPYeMhlX <fiyHK~ni1 
c KOMIIaKTHbIM HOCIITeJleM, rrpnHaAJlemam;n:M Q. II pocTeii-

IIIIIM IT. o. B Q - aTo one pa Top P : c;; (Q) -+ C00 (Q), 
aap;aBaeMblii <IJopMyJioii 

Pu(x)=(2:rc)-n~ei"'.~p(x, 6)zi(6)d6, (1) 

rAe uE c;; (Q), 6E !Rn, d6-Mepa Jle6era Ha !Rn, X·G -
o6hI'IHOe CKaJlHpnoe rrpOII3BeAeHHe B0KTOpOB x H 6, ~ (6) -
npeo6pa30BaHH0 <l>yphe !fiyHK~llll u, TO eCTb 

um= 5 e-ix·~u (x) dx 

(HHTerpaJl 3AeCb H Bhl!II0 6epeTCH 110 !Rn), p (x, 6) - rJiaA
Kafl !J>yHK!l;Ilfl Ha Q x !Rn' YAOBJ10TBOpHIOil\afl HeK-pb!M 
YCJIOBIIHM H Ha3hlBaeMaH c II MB 0 Jl 0 M n. o. P. Orre
paTOp P BMAa (1) o6o3Ra qaeTCH TaKme p (x, D) IIJlII 
p (x, Dx)· EcJin 

P (x, G) =~I a 1..;;: m Pa (x) Ga 

?.IHoroqJleH OT £ c Koa!J>!J>HU:lH1HTaMJI pa. E Coe (Q) 
(sp;ecb a - MYJihTHirn;itexc, T. e. a=(a1, .. ., an), Gtj~O, 
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aj - IJ,eJible, jaj=a1+ .. . +am set=s~' ... S~n), TO paaJioll\eHHe 

p (x, D) COBIIaAaeT c ourfjrfjepettlfUllAb/lb!.M, onepamopo.M, p (x, s) - ~/~-0 x m Pm-J (:r, s), 
IIOJiyqaeMblM, ecm1 B Bbipall\eHJile p;JIH p (x, S) BMeCTO S ~ 
IIOACTaBHTb BeRTop D= ~ 0~. rAe X(s)EC 00 (Rn), X(s)=1 II~H 1£1;;;,.1, X(s)=O rrp.e 

l:JaCTO HCIIOJib3yeTCH RJiacc ClIMBOJIOB p (x, s) E coo (Q x Isl ..;;:1/2, Pm- j (x, s) EC"' (Q x ( n"'.O)) H IIOJlOll\HTeJlbHO 
xlRn), Y/.IOBJieTsopmOIIJ,HX YCJIOBHHM op;nopo.n;na no S rropH,n;Ra m-j 

a 13 I m p(a)+6(") Pm-j(x, t6)=tm-jPm-j(x, 6), xEQ, 6EfRn"'-Q· I as OxP (x, 6) .;;;;; ca, 13, 3( (1+161) - ... ' (2) 

xEX, sEIRn, 
ii ii 

rp;e a, ~ - MyJibTHHn,n;eRcbl, ox= ax , O£ = ~, 

O/C -ROMrraRT B Q. 8ToT RJiacc o6o3HaqaeTcH Sp, 6 (nJIH 

s'[:, 6(Q x fR.n)). 
06b11mo rrpe,n;rrOJrnraeTcH, qTo O..;;:p..;;:1, 0..;;:15..;;:1. 1Iepe3 

Lp, 6 (HJIH Lp, 6 (Q)) o6o3HaqaeTCH RJiacc orrepaTOpoB 
(TaRllie Ha3blBaeMblX II. o. B Q) BH/\a p (x, D)+K, rp;e 

p E Sp, 6, a K - HHTerpaJibHblH orrepaTop c 6ecKoHeqHo 
p;mplfiepemi;npyeMhIM Hp;poM, T. e. orrepaTOp BHl{a 

Ku (x) = ~ K (x, y) u (y) dy, 

rp;e K (x, y) EC"' (Q x Q). Cl>yHRIJ,HlO p (x, 6l rro-rrpemHeMy 
Ha3. CHMBOJIOM II. o. p (x, D)+K, XOTH Terrepb OHa orrpe
p;eJieHa yme He O/];H03HaqHo, a c TOqHOCTblO AO CHMBOJIOB, 

rrpnHa,n;Jiell\aIIJ,HX s- 00 = nmERST, 0· OrrepaTOp AEL'lJ. Ii 

Ha3. II. o. II 0 pH AR a He Bbl me m H TH II a p, 6. 
OrrncaHHblH BblIIIe .n;nlfilfiepeHu,naJibHblH orrepaTop rrpnHa.ri;

Jiell\HT RJiaccy L'I', 0 • HanMeHbIIIee B03MOll\Hoe 3Haqemrn m 
qacTo Ha3. n o p H A R o M II. o. RJiaccbl S'/;, 6, L'/;, 6 
qacTo Ha3. R JI a c c a M n X e p M a H .n; e p a. 

MomHo 3ap;asaTb II. o. B Q c rroMOIIJ,bIO ABOHHblX CHM
BOJIOB, T. e. B BH.ri;e 

Pu=(2n)-n ~~ ei(x-yH;a(x, y, s)u(y)dyd6. (3) 

IIpn a (x, y, 6)=p (x, s) 3Ta lfiopMyJia rrepexo.ri;HT B (1). 
06blqHo npeAIIOJiaraeTCH, qTo a (x, y, 6) E S'f}, 6 (Q x Q x 
x fR.n), TO eCTb 

I a~ af af a (x, y, 6JI.;;;; 
.;;;;ca,f3',f3",.1t' (1+1rnm-p1a1+6IW+i3"I, x, yEOl'C (4) 

rp;e 0/( - RoMnaRT B Q. EcJIH 0..;;:6<p..;;:1, TO IIOCTpoeH
HblH RJiacc orrepaTopoB BHp;a (3) (co BCeB03MOll\HblMH 

lfiyHRIJ,HHMlI a Esp, 6) COBrrap;aeT c RJiaccoM Lp, 6 (Q). II pH 
3TOM CHMBOJI p (x, s) (orrpeAeJieHHblH C ToqHOCTblO AO 
CHMBOJlOB H3 s- 00 ) HMeeT CJie.ri;y10IIJ,ee aCHMIITOTHq. pa3-
JIOll\eHne: 

p (x, 6) - ~ a11 aC:.D~a (x, y, 6) I ' £.<a · ~ Y=X 

ni;e a!=a1! ... an! H cyMMHpOBaHHe Bep;eTCH no BCeM 
MYJibTHHHAeRcaM. ::ha 3arrncb o3naqaeT, qTo pa3HOCTh 
Mell\AY p (x, s) H qacTblO cyMMbl, B3HTOH no TeM a, AJJH 
R-pblx !al ...;N' HBJIHeTCH CHMBOJIOM, rrpHHal(Jiell\ani;nM 
S m-(p-6)N 

p, 6 ' T. e. CHMBOJIOM, nopHAOR R-poro He BblIIIe HaH-
60JibIIIero II3 nopHAROB OCTaBIIIHXCH qJieHOB. 

II. o. P rrpoAOJill\aeTcH no HerrpepbIBHOCTH HJIII c rroMo
IIJ,hJO ABOii:CTBeHHOCTH AO one pa TO pa P : c{}' (Q)-+ D' (Q), 
rAe D' (Q) II c{}' (Q) - rrpocTpaHCTBa o6o6rri;eHHbIX 
lfiyHRli;IIH II o6o6rri;eHHhlX lfiyHRIJ,IIH c RoMnaR'I;BblM HOCH
TeJieM B Q COOTBeTCTBeHHO. ECJIH 6<1, TO rrpII 3TOM 11. o. 
o6JiaAaeT CJieAYIOIIJ,IIM CBOHCTBOM II c e B A 0 JI 0 R a JI b
H OCT II: ecJIII uEc{J'(Q)nC00 (Q'), rAe Q'cQ, To 
Pu E C00 (Q'). .IJ;pyraH lfiopMyJIIIpOBRa csoii:CTBa rrceBAO
JioRaJibHOCTII: HAPO K (x, y) (B CMbICJie Illsapu,a) orrepaTo
pa P 6ecRoHeqHo p;mpiPepeHl\HpyeMo no x, y rrpn x=f=y. 

R JI a c c II q e c R II ii II. o. rropHp;Ra m B Q - II. o. 

PE:L'i',o, CIIMBOJI R-poro p (x, s) p;onyCRaeT aCl:lMIITOTIIq. 

II pnMepoM RJ1accnqecRoro II. o. HBJIHeTcH AH!filfiepeHIJ,II
aJibHblii orrepaTop (c rJiap;RHMII Roalfi!finu,ueHTaMH). <l>yHR
IJ,IIH Pm (x, s) Ha3. r JI a B H hl M C II M B 0 JI 0 M RJiac
c1necRoro II. o. 

II. o. B Q Ha3. co 6 c TB e H H bl M (HJIH II. o. c 
c 0 6 c T Be H H bl M H 0 c HT e JI e M, HJIII II. o. c 
R 0 M II a R T H bl M H 0 c H T e JI e M)' ecJIH rrpoeRIJ,HH 
HOCHTeJIH ero HAPa rrpII rrpoeRTIIpoBaHIIII Q x Q Ha Rall\
/];blH COMHOll\HTeJib HBJIHIOTCH co6CTBeHHhlMII OTo6pame-

HIIHMII. Co6cTBeHHblii II. o. P OTo6pamaeT C;;" (Q) B 

CO' (Q) H rrpo,n;oJimaeTCH no HenptryhlBHOCTII p;o oTo6pame
HHii C00 (Q)-+ C00 (Q), if'(Q)-+ c6''(Q) II D' (Q)-+D' (Q), 
OH MOlReT 6hlTb aamICaH B BII/];e (1) C CIIMBOJIOM p (x, s)= 
=e-ix·'Sp (eix S), rl{e aRcrroHeHTa B CRo6Rax paccMaTpu
BaeTcH RaR lfiynRIJ,IIH OT x, a 6 HBJIHeTCH rrapaMeTpoM. 

II ye Tb A, B - /];Ba II. o. B Q, II3 R-pblx O/:\HH HBJIHeTCfl 
co6CTBeHHhlM. Torp;a HMeeT CMhlCJl HX npoII3Bep;eHIIe (RoM
II03HIJ,HH) C=AB. BamHyIO poJib B TeopnII II. o. urpaeT 

Te o p e Ma o R o Mn o 3 H IJ, H II: ecJIH A E £1(:,1 6 , 

BEL1(:,• 6 , 0..;;:15..;;:p..;;:1, TO C=ABEL'(:,1 (,m•. EcJIH rrpu 

3TOM 6<p, c(x, 6), a(x, 6), b(x, 6) - CHMBOJihl orrepaTO
pOB c' A ' B' TO 

c (x, s) - ~a~ [o~a (x, s)][D~b (x, 6)]. 
B qacTHOCTII, ecJIII A, B - RJiaccuqecRIIe II. o. nopHµ;

ROB m1 , m 2 , TO C - RJiaccIIqecRIIii II. o. rropHARa m1+m 2 
C rJiaBHblM ClIMBOJIOM Cm 1+m,(X, s)=am,(X, 6)bm,(X, S), 
r.ri;e llm 1 (x, S), bm, (x, S) - rJiaBHble CIIMBOJibl orrepaTOpOB 
AH B. 

EcJIH PEL'lJ. 6, 0..;;:6..;;:p..;;:1, TO cyIIJ,ecTsyeT H eiJ;IIHCTBeH 

corrpHmeHHhrii II.o. P*EL'P.6, AJIH K-poro 

(Pu, v)=(u, P*v), u, vE C;;" (Q), rµ;e (u, v)= ~ u (x)v (x)dx

cRaJIHpHoe rrpou3se.ri;eH1:1e u II v B £ 2 (Q). EcJIH rrpH 3TOM 
6<p l:l p* (x, s) - ClIMBOJI II. o. P*, a p (x, s) - CHMBOJI 
P, TO 

,. ( t ,.., 1 a a--t 
P x, ,,,) - "'-'a a1 as DxP (x, ,,,). 

TaRHM o6pa3oM, co6cTBeHHhie II. o. rrpn 6..;;:p o6pa3yIOT 
aJire6py c HHBOJIIOIJ,IIeii:, 3aAasaeMoii: rrepexo.ri;oM R corrpH
ll\eHHoMy orrepaTopy. IIpoII3BOJlhHhie II. o. 06pa3y10T 
MOAYJib Hall; 3TOH aJire6poii:. 

Te o p e Ma o 6 or p a H II q e H Ho c T 1:1 II. o. 
RJiaccoB XepManAepa B L 2-nopMax B Hau6oJiee Toqaou 
lfiopMe COCTOHT B CJieAYIOIIJ,eM (cM. (8)): IIYCTb Q= Rn' 
one pa Top P nMeeT BHA (3) c ABOHHblM CHMBOJIOM a (x, y, s), 
YAOBJieTsopHIOIIJ,HM oIJ,eHKaM (4), rAe qHcJia m, p, 6 YAOB
JieTBopHIOT ycJIOBIIHM 

O.;;;;p,;;;;;1, 0..;;;;6,;;;;;1, m,;;;;;O, p-6-~~0; n (5) 

Torp;a orrepaTop P rrpop;oJimaeTcH AO orpaHnqeHHoro orre
paTOpa P : £ 2 (fR.n)-+ L 2 {Rn). B qacTHOCTH, rrpn ycJio
BIIH (5) orpannqeHbl B L2 (Rn) II. o. BHAa (1) c CHMBOJiaMII, 
yp;oBJieTsopHIOIIJ,HMH ou,eHNaM (2) paBHOMepHo no x (T. e. 

c IIOCTOHHHblMH Ca, 13, i!(=Ca, 13, He 3aBIICHIIJ,HMH OT Ol'C). 
0Tc10p;a cJieAyeT, Harrp., orpaHnqeHHOCTh B £ 2 (fRn) orre-

paTOpoB PELg,6, ecJin 0..;;:6..;;:p<1 n HAPO orrepaTOpa P 
l:lMeeT ROMIIaRTHblH HOCHTeJih (HJil:l OIJ,BHRII CHMBOJla OIIHTh-



737 IICEB,I:{O,I:{H<I><l>EPEHIJ;HAJihHblR OIIEPATOP 738 

Tami: pasHoMepHbI no x). Ilpn p<c'I mm rrpn ll=1 orrepa
Topbl Ta1wro snp;a yme He 06.irnaTeJihHO orpaHnqeHbJ. AHa
Jiornwo, B o6w;eil: cnTyau;nn HeBblrroJIHeHne op;Horo na 
ABYX IIOCJie/J;HHX ycJIOBHH (5) yme ,11aeT 1macc n. o., co
,11epmam;nil: HeorpaHnqeHHble orrepaTopbI. 

B TepMIIHax ou;eHOR CHMBOJia MOmHO µ;aTb ycJIOBHH or
paHnqeHHOCTH n. o. B Lp-HOpMax, a TaRme B reJib,[lepOBblX 
n B mespeescmi:x HopMax (cM. [8)). 

Ecma B IR.n i:1aH orrepaTOp P=p (x, D), rµ;e PES'[). lb 
0<c'l<p<1, rrpnqeM ou;eHRH (2) paBHOMepHbI ITO xE IR.n, TO 
3ToT orrepaTop rrpop;oJimaeTcH p;o orpaHnqeHHoro 011epaTopa 
P : Hs (IR.n)-+ ns-m (IR.n), sE IR, rµ;e nt (IR.n) oaHaqaeT 
o6blqHoe rrpocTpaHCTBo Co6oJieBa Ha IR.n (HHOrjl;a o6oaHa
qaeMoe TaRme W~ (IR.n)). 

l\Jiacc n. o. L'[). 6 rrpn 1-p<c5<p<1 B ecTeCTBeHHOM 
CMblCJie HHBapnaHTeH OTHOCHTeJibHO i:1mpljieoMopljJH3MOB 
TaR me, RaR H ero IIO)J;RJiaCC RJiaccnqecRHX fl. O. i:ho 
II03BOJIHeT orrpe):leJIHTb RJiacc Il. o. L'[). 6 (X) H RJiaccnqe
CRHe fl. O. Ha IIpOH3BOJiblIOM rJia):IROM MHoroo6pa3HH 
X. <t>opMyJia aaMeIIbl rrepeMeHIIoii B cnMBoJie rrpn p;nljiljieo
MopljinaMe x : Q -+ Q1 , rµ;e Q, Q1 - o6JiacTH B X, HMeeT 
BH)I 

ai (y, 'Y]) ly~x ex) - ~a~ a(Ta) (xf, x' (x) 'YJ) X 

D a ix;(z) ·1] I 
X ze z=x• 

rp;e a (x, s) - CHMBOJI orrepaTopa A EL'[). 6 (Q), ai(y, 'Yj) -
cnMsoJI orrepaTopa A 1 EL'{:: 11 (Q1), aap;aHHoro ljiopMyJioii: 
A 1u=[A (uox))ox- 1 , T. e. rroJiyqeHHoro H3 A aaMeIIolr 
rrepeMeIIHblX x; x' (x) o6oaHaqaeT HRo6naH oT06pameHHH 
x, fx'(x) - TpaIICIIOHHpoBaHHaH MaTpnu;a, 

a(a) (x, S) =iJ~a (x, S), x; (z) =X (z)-x (x)-x' (x) (z-x). 

B qacTHOCTH, OTCIDp;a CJiep;yeT, qTo rJiaBHblH CHMBOJI RJiac
cnqecRoro fl. 0. Ha MHOroo6pa3HH X HBJIHeTCH ROppeRT
HO onpep;eJieHIIOH ljiyHRD;H0H Ha RORaCaTeJibHOM paccJioe
BHH T*X. 

Ecmr X - RoMrraRTHoe MHoroo6paane (6ea RpaH), To 
fl. O. Ha X o6pa3yroT aJire6py C HHBOJIIDD;HeH, eCJIH BBO
)J;HTb HIIBOJIIDD;HID c IIOMOill;bIO CRaJIHpHoro rrpoH3B0/J;eBHH, 
aap;asaeMoro rJiap;Ro:ii: rroJiomnTeJibHOH IIJIOTHOCTbID. Orre-
paTOp A E Lg, 11 (X) orpaHnqeH B L 2 (X), a ecJIH A E 
ELP. o(X),r;w m<O,ToTaROH n. o. ROMIIaRTeII B L2(X). 
,Il;JIH RJiaccnqecRHX n. o. A rropHp;Ra 0 Ha x 

infllA+Kll= sup lao(x, 6)1, 
(x, f;)E T*X 

rµ;e ao (x, s) - rJiaBHblll CHMBOJI orrepaTOpa A' a K rrpo-
6eraeT MHomeCTBO BCex ROMIIaRTHblX orrepaTopoB B L2 (X). 
OrrepaTop A E LP, 6 (X) HerrpepbIBIIO oT06pamaeT ns (X) 
B ns-m (X) rrpn JIID6oM sE IR. 

nap a Me T pH R c 0 M n. o. A Ha3. TaRoii n. o. B, 
qTO I-AB H I-BA - n. o. rropHµ;Ra -oo' T. e. HHTeT
paJibHble orrepaTOpbI c rnap;RHM Hp;poM. IlycTb A E Lg'. o(Q), 
0 <c'I <P <1, a (x, 6) - CHMBOJI orrepaTOpa A. ,IJ;ocTa
ToqHbJM ycJIOBH0M cyw;ecTBOBaHHH rrapaMeTpHRCa orrepa
Topa A HBJIHeTCH BblIIOJIHeHne ou;eHoR: 

\a(x. 6)1~El61mo, 161~R, E>O, moEIR; I 
J a- 1 (x, 6) iJ~ iJ~a (x, 6) J..;;;; ~ (6) 

..;;;;ca,13,Kl6i-Pla1+111131, 16i~R,xEK.) 

B 3TOM cJiyqae cyw;ecTByeT rrapaMeTpnRc BE L~0° (Q). 
IlpocTeHUHIM CJie)J;CTBHeM cyw;ecTBOBaHHH rrapaMeTp1rnca 
HBJIHeTcH rnrroaJIJIHIITHWOCTh orrepaTopa A: ecJIH Au E 
EC"' (Q'), rµ;e Q' cQ, To u EC"' (Q'). l:IHhIMH cJiosaMn, 
sing supp A u=sing supp u. BepeH TaRme cJiei:1yrow;nil: 
6oJiee ToqHhlll ljiaRT (T e o p e M a p e r y JI H p H o-

c T n): 0CJIH Au E Hioc (Q'), TO u EHi6cmo (Q'). l1M00T M0CTO 

11 MHRpoaoRaJibHaH TeopeMa peryaHpHoCTII: WF (Au)= 
= WF (u), rµ;e WF (u) oaHaqaeT BoJIHoBoil: ljipoHT o6o6w;eH
Hoil: ljiyHRIJ,lIH U. 

YcJIOBHH (6) rrpu 1-p<c5<p<1 HHBapnaHTHbl OTHO
CHTeJibHO µ;nljiljieoMopljJH3MOB. Ilo3TOMY HMeeT CMLICJI co
OTBeTCTBYfillll;llH RJiacc orrepaTopos Ha MHoroo6paann X. 
EcJIH x - ROMIIaRTHOe MHoroo6paane, TO TaROH orrepa
TOP A ljipep;roJibMOB B C"' (X), 'i". e. nMeeT B C"' (X) ROHeq
HoMepHble H,11po H ROH,!lpO, a T:rnme aaMRHYTbIH o6pa3. 

RJiaccnqecRHH n. o. A rropH,11Ra m c rJiaBHblM CllMBOJIOM 
am (x, 6) Ha3. 3 JI JI H rr TH q e c Rn M, ecJIH am (x, 6)¥0 
rrpn 6 ¥ 0. TaRoil: orrepaTOp y,11osJieTBop.11eT ycJIOBHHM 
(6) c mo=m ll HMeeT rrapaMeTpHRC, TaRme HBJIHIOill;llHCH 
RJiaccnqeCRllM Il. o. rropH,!IRa - m. Ha ROMIIaRTHOM MHO
roo6pa3HH X TaRofi Il. o. aa,11aeT ljipejl;roJibMOB orrepaTop 

A:Hs(X)--+Hs-m(X), sEIR. 

Bee 3Tll orrpep;eJieHHH ll ljiaRTbl rrepeHOCHTCH Ha n. o.' 
µ;eil:cTBymw;ne B B0RTOp-ljiyuRIJ,HHX HJlll, 6oJiee o6m;o, B 
ceqeHHHX B0RTOpHbIX paccJioeHHH. ,Il;JIH 3JIJIHIITHq. orrepa
Topa Ha ROMIIaRTHOM MBoroo6pa3HH x HH):l0RC aajl;aBae
Moro HM OT06pameHHH A : ns (X) - ns-m (X) Ha co6o
JieBCRHX RJiaccax ceqeHnfi He aasncnT oT s E 1R n MomeT 
6bITb HBHO BblqncJieH (cM. JiniJe~ca r.fiopMy.1tb1). 

PoJib Il. o. COCTOHT B TOM, qTO HMeeTCH pHIJ: orrepaIJ,HH, 
BblBO)l;HDJ;HX aa RJiacc p;nljiljiepeHu;naJibHblX orrepaTopos, Ho 
coxpaHHIDIIJ,lIX RJiacc n. o. Harrp.' pe30JibB0HTa ll ROMII
JI0RCHbl0 CTerreHH 3JIJIHIITHqecRoro µ;nljiljiepeHIJ,llaJibHOro 
orrepaTopa Ha ROMIIaRTHOM MHoroo6paann HBJIHIDTCH RJiac
cnqecRHMH fl. O., OHH B03HHRaIDT rrpn CBejl;0Hllll Ha r_pa
HHIJ,Y 3JIJIHIITnqecRoiI rpaHnqHon aap;aqn (cM., Harrp., L7), 
[8) H rrpep;rrocJie)J;HIDID CTaTbID B [1)). 

Cyw;ecTByIDT pa3Hble BapnaHTbl Teopnn n. o., npncrro
co6JieHHble R pemeHHID paaJinqHbJX aap;aq aHaJinaa n Ma
TeMani:q. ljJH3llRH. qaCTO B03HlIRaIDT fl. O. C rrapaMeTpoM, 
Heo6xop;HMbl0, Harrp., )J;JIH nayqeHHH pe30<lhBeHTbl H aCHMII
TOTHRll co6cTBeHHblX 3HaqeHniI. BamHyID poJih nrpaIOT 
pa3JIHqHbJe BapnaHTbl TeOpHH fl. O. Ha IR.n, yqHTblBaIOIIJ,He 
aljicpeRTbl, CBH3aHHble c OIIHCaHneM IIOBe)J;eHHH cPYHRIJ,HH Ha 
6ecRoHeqHOCTH, lI qacTnqHo HHCIIHpnpoBaHHble MaTeMa
Tnq. BorrpocaMH RBaHTOBOH MexaBHRH, B03HHRaIOIIJ;HMH 
rrpn nayqeHHH RBaHTOBaHHH RJiaccnq. CHCTeM (cM. [5), (1)). 
B Teopnn JioRaJihHOH paapemnMoCTH ypaBH0HHH c qacT
HblMH rrpoH3BO)J;HblMH ll B crreRTpaJibHOH TeOpHlI IIOJie3Hbl 
fl. O., IIOB0)1;0HHe R-pbIX OIIHCblBaeTCH C IIOMOIIJ;bID BeCOBblX 
ljiyHRIJ,HH, 3aMeHHIDIIJ,HX 161 B ou;eHRax Tnrra (2) (CM. [8), 
[14)). IlocTpoeHa aJire6pa fl. 0. Ha MHOroo6pa3HH C RpaeM, 
cop;epmaruaH, B qacTHOCTH, rrapaMeTpHRC 3JIJIHIITnqecROH 
rpaHnqHoil: aap;aqn (cM. [3), [13J). 

qaCTHblM CJiyqaeM fl. O. HBJIHIOTCH MHOfOMepHble CHH
ryJIHpHble HHTerpaJihHble n HHTerpo-p;nljiljiepeHIJ,naJibHble 
orrepaTopbI, nayqeHne RoTopbIX nop;roTOBHJIO no.11BJieHne 
TeOpHH fl. 0. (CM. [ 10)). 

TeopnH Il. o. cJiymnT ocHoBoil: p;JIH nayqeHH.11 unme2pa.1tb
nblx onepamopoo Cllyphe (cM. (7), [ 10)), nrparom;nx Ty me 
pOJib B T00plm rnrrep6oJinq. ypaBHeHHH, qTQ H fl. O. B Te• 
opnn 3JIJIHIITnq. ypaBHeHHH. 

Jlum.: [11 IlceBAOAHllJllJepeHuuaJJbHhle onepaTOphl, nep. c 
aHrJJ., M., 1967; [2] Arp a H 0 Bu 'I M. c., Bum u R M. H., 
IIcesgomi:llJllJepeHuuaJJhHhle onepaTOphl, M., 1968; [3] a CR u Hr. H., 
Kpaenhle aagaqu AJJH aJIJJUIITU'lecRux rrceBJlO,llHllJllJepem:~aJJbHblx 
ypaBHeHUH, M., 1973; [4] r p Y. mu B B. B., IlceB)lO,llHllJllJepem-111-
aJibHhle orrepaTOPhl, M., 1975; L5] III y 0 u BM. A., IlceBAOAIIllJllJe
peHQUaJJbHble orrepaTOphl u crreRTPaJibBaff Teopua, M., 1978; {6] 
Friedrichs K. 0., Pseudo-differential operators, N. Y., 
1970; [7] Treves F., Introduction to pseudo-ditterential 
and Fourier integral operators, v. 1-2, N. Y., 1980; [8] Tay-
1 or M., Pseudo-differential operators, B.- [u. a.], 1974; 
L9] K um a n o - go H., Pseudo-differential operators, Camb., 
1981; [10] Duis term a at J., Fourier integral operators, 
N. Y., 1973; [11] Mac JI o B B. II., <I> e 11 op IO R M. B., Ksaau
RJ1accu'!ec11oe rrpHOJIHlReHue AJJff ypaBHeHUH RBaHTOBOll MeXaBURH, 
M., 1976; [12] Arp a H 0 Bu 'I M. c., «Ycrrexu MaTeM. aayR», 
1965, T. 20, B. 5, c. 3-120; [13] B 0 u t et de M 0 n v e I L., 
«Acta math.», 1971, v. 126, p. 11-51; l14] Hormander L., 
«Comm. Pure Appl. Math.», 1979, v. 32, No 3, p. 359-443. 

M. A. fily6un. 
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IICEB):t:O,IJ;YI' A - HacJieACTBeHHo IIepaaJIOlRHMblii: co
Aepmam;nii: 60Jiee OAHOii: Toq1rn a.Meeouauwii 1>onmunyy.M. 
TaROB, IIarrp., Knacmepa 1>onmunyy.M. M. H. Boiiwxoecnuii. 

IICEB,IJ;OEBRJUl,IJ;OBO IIPOCTP AHCTBO - AeiicTBH
TeJibIIoe acpcpHHHOe rrpocTpaHCTBO, B K-poM KalR)lblM ABYM 
BeRTOpaM a H b IlOCTaBJieIIO B COOTBeTCTBHe orrpeAeJieHIIOe 
qffCJIO, IIa3blBaeMoe c R a JI H p II bl M IT p 0 H 3 B e A e
a He M (a, b). 

1) CkaJrnpaoe rrpmmBep;eIIne ROMMyTaTHBIIo: 

(a, b)=(b, a); 

2) CKaJIHpIIoe rrpoH3Be)J;eIIne AHCTpn6yTHBIIO OTIIOCH
TeJibHO CJIOlReHHH BeRTOpoB: 

(a(b+c))=(a, b)+(a, c); 

3) qHCJIOBOii: MIIOlRHTeJib MOlRIIO BhlIIeCTH aa 3Ha.K CKa
JIHpaoro rrpOH3Bep;eHHH: 

(ka, b) =k (a, b); 

4) c~eCTByIOT TaRne n BeRTOpOB a;, qTO 

(ac, ac) > 0, c .;;;; l; (ad, ad) < 0, d > l; 
(a;, a 1)=0, if:j. 

qncJio n IIaa. paaMepHOCTbID II. rr., l - H II A e Kc o M, 
ITapa qnceJI (l, p), p=n-l, - c n r II a Typo ii:. II. rr. 
o6oanaqaeTCH E(l, p> (HJIH 1En)· IIpocTpaIICTBO E(l, 3> IIaa. 
Munn~oc1weo npocmpancmooJtt. B rrpocTpaHCTBe Ea, P> BO 
BCHROH CHCTeMe n BeRTOpOB b;, )J;JIH R-pblx (b;, b;) :;t:O H 
(b;, b1)=0 rrpn i:;i:j, qncJio BeRTopoB b;, AJIH K-phlx (b;, 
b;) >O, paBHO l, a qncJio BeRTOpOB b;, )J;JIH R-pblx (b;, 
b;) <O, paBHO n-l (a a K 0 H H H e p II, H H R B a A p a
T H q II o H cp O r M hi). 

M o A y JI b la BeRTOpa a II. rr. MomeT 6b1Tb orrpeAeJieH 

KaR HeoTpn11,aTeJibHhlii RopeIIb Yl(a, a)I. BeRTopbI, cRa
JIHpHhle Irnap;paTLI K-pb!X pa.BHhl 1 H -1, Ha3. COOTBeTCT-
.BeIIIIO e A H H H q H bl M H H M H H M 0 e A H H H q-
H bl M H B e R T 0 p a M H. BeRTOpbI x, )J;JIH R-pb!X 
(x, x)=O, o6Jiap;aIDT HyJieBhIM Mo)J;yJieM H Ha3. II 3 O
T p 0 n H bl M H B e R T 0 p a M n; HanpaBJieHHH H30-
TpOUHbIX BeRTopoB - H 3 0 T p 0 IT H bl M H H a IT p a B
J! e H H HM H. 

B TI. n. nMeIDTCH Tpn Bnp;a npHMblx: eBRJIHAOBbl, IIa
rrpaBJIHIDm;nft BeRTOp R-pbIX HMeeT IlOJIOlRHTeJibIIblll CRa
JIHpIIblii: RBap;paT ( (a, a) >O), rrceBp;oeBRJIHAOBbl (a, a) <O) 
H H30TpOITHble ((a, a)=O). CoBoRyITHOCTb BCex H30Tporr
HblX IlpHMblX, rrpoxo)J;HII~HX qepea HeR-pyID TOqRy' IIa3. 
H 3 0 T p 0 IT H bl M R 0 H y C 0 M. 

B II. rr. nMeeTcH HeCROJibRo BHAOB rrJJ.ocRocTeii:: eBRJin
AOBbl rrJJ.ocRoCTH E 2 , rrceBp;oeBRJJ.HAOBbl ITJIOCROCTn E (1; 1 ) 

H ITJIOCROCTH, COAepmam;ne H30TpOilIIble BeRTOpbl,- T. II. 
ITOJiyeBKJIHAOBbl IlJIOCROCTH cnrHaTypbl (0,1) H (1,0) H 
p;ecpeKTa 1 (cM. Jlo.;iyeonAuaooo npocmpancmoo) H naoTporr
Hble IlJIOCKOCTll, Bee BeRTOpbl R-pbIX H30Tp0IlIIbl. 

3a paccToHIIne Memp;y ToqRaMn A (x) n B (x) rrpnIInMa

eTCH MOAYJib Be.KTopa AB, H oHo MomeT 6b1Tb BblqncJieIIo 
cJieAyrom;nM 06paao111: 

AB2 = I y-x 12 = I (y-x), (y-x) I· 
II. IT. He HBJIH0TCH MeTpHq, rrpOCTpaHCTBOM, T. R. B HeM 
He BbIIIOJIHHeTCH HepaBeIICTBO TpeyrOJibHHRa. EcJIH BeR
TOpbI a H b rrpnIIaAJiemaT eBKJIHAOBOH IlJIOCROCTH (HJIH 
ITCeBp;OeBKJIH)J;OBOB IIJIOCROCTH HHAeRCa 0), TO )J;JIH HHX Bhl
Il0JIIIH0TCH HepaBeHCTBO TpeyroJJ.bHnRa, a eCJIII OIIH ITpH
Hap;JielRaT IICeBAOeBRJIHAOBOH ITJIOCROCTH HIIAeRCa 1, TO 
AJIH HllX BbIITOJIHH0TCH T. H. o6paTuoe uepaBeHCTBO Tpe
yroJibHHRa: 

la+bl:;;.olal+lbl. 
B II. II. HMeIDTCH Tpn BHAa ccpep: ccpepbl c noJiomnTeJib

HblM RBaApaToM paAnyca: (x, x)=p 2 , ccpepbl c 0Tpn11,aTeJib
IIblM KBaApaToM paAnyca: (x, x)= -a2 n ccpepbl nyJieBoro 
paµ;ayca: (x, x)=O, coBnap;arom;He c H30TpOIIHhlM KoaycoM. 
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)]. B H lR e H H H II. rr. HBJIHIOTCH acpqnrnIIb!Mli rrpeoopa-
30BaHUHMlf H MoryT 6b!Tb 3aITnCaHhl B Bl!Ae 

x'=Ux+a. 
OrrepaTop U YAOBJieTBopHeT ycJioBnIO I U xi= Ix I, T. e. 
coxpaIIHeT paccTOHHHe MelRAY TOqKaMIL ,ll,Bnmeau11 II. rr. 
o6paayIOT rpyrrrry no YMHOil\eIIHIO; OIIa 3aBHCHT OT 
n (n+1)/2 aeaaBHCHMblX rrapaMeTpoB. ,ll,BnmeanH II. rr. 
aaa. ABHil\eHHHMH 1-ro HJIH 2-ro poLJ;a, ecJJ.n OIIH HBJIHIOTCH 
acpcpHIIHblMH rrpeo6pa30BaIIIIHMH COOTBeTCTByIOm;ero POA8. 

AH T n AB nm e H n e M II. rr. IIa3blBaIOT reoMeTpnq. 
rrpeo6paaoBaane, IIpn R-poM BCHRH:ii BeKTop a nepexop;nT 
B BeRTop a' TaRoii:, qTo (a, a)= -(a', a'). 

B II. rr. MOlRHO BBecTu ocaoBIIble oITepa11,nia BeRTopaoii 
n TeIIaopaoii aJire6phI. OcaoBHble p;ucpcpepeIIu;naJibIIo-reo
MeTpnq. IIOHHTHH CTpOHTCH B COOTBeTCTBHH c rrpaBHJiaMH 
reoMeTpnn rrceBAOPHMaIIOBblX rrpocTpaHCTB. MeTpuq. TeH
aop II. II. nMeeT BHA (B rammeeBoii cncTeMe Koop;o;nHaT) 

f · 
0 

1) 
g;j= --1 

}p 
lo -1) 

II. n. HBJJ.HeTCH rrJioCRHM, T. e. ero PuMana menaop paBeH 
ayJIIO. EcJin Tenaop PnMaIIa IICeBp;opnMaHoBa rrpocTpaHCT
Ba paBeII IIYJIIO TOlR)J;eCTBeHIIO, TO OHO HBJIHeTCH JI O
R a JI h H 0 IT c e B A 0 e B R JI H A 0 B bl M II p 0 c T
p a H CT B 0 M. 

IIo)J;MHoroo6paanH II. II. MoryT aeCTlil paaJinqm>1e MeT
pnRn: IlOJIOil\HTeJJ.hHO HJIH OTpnu;aTeJibIIO orrpep;eJieHHYIO 
pnMaHoBy MeTpHRY' ITCeBp;opnMaIIOBy MeTpuRy H Bbl
pomp;eIIHyIO MeTpHKY (CM. lf naerfiunumnasi .Mempuna). 
TaR, HaITp., ccpepbl II. rr. HecyT (Boo6m;e r0Bop11, HHp;ecpn
IIHTHyIO) MeTpHRy IIOCTOHHHOH RpHBH3IIbl. B E(l, n-1) 

ccpepa c IlOJIOil\HTeJihHblM RBaApaTOM pap;nyca HBJIHeTCH 
(n-1)-MepIIbIM rrpocTpaHCTBOM, H30MeTpnqHbJM IIpOCTpaH
C'1'BY Jio6aqeBCRoro. 

II. rr. Ea. pl (l+ p= n) n eBRJIHAOBO IIpOCTpaHCTBO En 
MOlRHO paccMaTpnBaTh RaR rrop;rrpocTpaHCTBa ROMITJieRC-

2 ~n 2 E . Horo IIpocTpaHcTBa c cpopMo:ii ds =~i=1dz;. CJIH xJ -

Koopp;nHaTbl II. rr., yf - p;eiiCTBHTeJihIIoro eB.KJIH)J;oBa 
ITpOCTpaIICTBa, z/ - ROMITJieRCHoro eBRJIHAOBa npocTpaH
CTBa, TO ypaBHeIIHH ITO)J;IlpoctpaIICTB HMeIOT BHA 

xf=Rezi, O<j<l; xf=Imzi, l<j<n, yi=Rezi. 

MetpHRY II. IT. MOIBIIO cpopMaJibHO IToJJ.yqnTh na MeTpHRH 
eBRJinp;osa rrpocTpaacTBa aaMeIIon xi= iyf, l <i<n. 

Jlum .. - [1) E ii> l'I M 0 B H. B., p 0 3 e H )'.( 0 pH 3. P., JI1rneft
HaJI aJireopa l'I MttoroMepttaH re0Me-rp1rn, M., 1970: [2) P o a e w 
fjl e JI b n B. A., Mttor0Mepm>1e npocTpattcTBa, M., 1966; [3) JI a H
A a y JI. n., JI i<I fjl III l'I U E. M., Teopl'III IlOJIII, 6 l'I3JJ:., M., 1973. 

11,. 11,. Con0.1100. 
IICEB,IJ;OKOMUARTHOE IIPOCTPAHCTBO - eno.;i-

ne peey.;isipnoe npocmpancmoo X TaKoe, '!TO BCil KaH p;eii.
CTBHTeJihHaH cpyHRil,HH, orrpeAeJieIIHaH H HerrpepbIBIIaH 
IIa X, orpaanqeIIa. B RJiacce IIOpMaJibHblX rrpoctpaHCTB 
o6oeMbl IlOHHTHil cqeTHOH KOMITaKTIIOCTH H rrceB/];OKOM
rraRTIIOCTH COBITaAaIOT. M. II. Boii1fexoecnuu. 

IICEB,IJ;OROH<l>OPMHOE OTOBPAiKEHHE - 6ueo.;io
.Moprfinoe omo6paJ1Cenue o6JiaCTH D ITpoctpaHCTBa 1Cn Ha 
o6aacth D'cCn rrpn n>1. Haasaaue CBHaaao c TeM, 
qTo rrpn n > 1 <JTo oTo6pameIIne ae HBJJ.Hetc.11, soo6m;e roBo
pH, 1>onifiop:~rnbt.M omo6paJ1CenueM. E. 11,. Co.1w.Mett1feB. 

IICEB,IJ;OMETPHRA H a M II o m e c T B e X -
HeOTpIIu;ateJihHaH p;eiiCTBHTeJibIIaH cpyIIRil,HH p, orrpeAeJJ.eH
HaH Ha MIIOJReCTBe scex nap aJieMeHTOB MIIOJReCTBa x 
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(T. r. Ha XX X) H rrop;quHeHHaH CJiep;yJOll{HM TpeM orpamr
'IeHHHM, Ha:!. a R c H 0 M a ~! II II c e B A 0 M e T p n
R u: a) ecmr x=y, TO p(x, y)=O; 6) p(x, y)=p(y, x); 
B) px, z) ~p (x, y)+P (y, z), rp;e x, y, z - JII06hle aJieMeH
ThI MHomeCTBa x. 

He Tpe6yeTCH, qT06hl H3 p (x, y) =0 cnep;oaaJio, qTo x= 
=y. ITo rrceap;oMeTpnrrn p Ha MHOliWCTBe X onpep;eJIHeTCH 
TOIIOJIOrHH Ha x: Toq1rn x rrpnHap;JieilUIT aaMhIKaHHIO MBO
meCTBa Ac:: X, ecJiu p (x, A)= 0, rp;e 

p(x, A)=inf{p(x, y):yEA}. 

cha TOIIOJIOfHH BIIOJIHe peryJIHpHa, HO He 06H3UTeJibHO 
xaycp;opcpoaa: op;rroToqeqrrhle MHomecTBa MoryT 6hITb ne
aaMKHYThI. Kamp;aH BIIOJIHe peryJIHpHaH TOIIOJIOfli.11 MO
meT 6MTb aap;ana ceMelicTBOM IT. KaK CTPYKTypnoe o6'be
p;:irnemi:e oTaeqaJOmnx aTnM IT. TonoJiornll:. Ae:aJlormmo, 
ceMeHCTBa IT. MoryT cJiymnTb p;JIH orrpep;eJ1ee:1rn, omrcaanH 
H nccJiep;oBaHnH paarroMepahlx CTPYKTYP· 

Jlum.: [1] He JI JI u Am., Oo~afl Tono11ormi, nep. c aur11., 
2 H3JI., M., 1 981. A. B. ApxanztAt>Clluu. 

IICEB]lOMETPIIqECKOE IIPOCTP AHCTBO - MHO-
mecTBo )(_, Hap;eJiennoe nce6iJO.Mempuiwu. I\amp;oe II. M. 
HOpMaJibHO l!l YJJ:OBJl0T.BOpHeT rrepeoii aKCHOM0 C'!eTHOCTH. 
BTopaH aKCHOMa cqeTROCTH BhlilOJIHJieTCH B TOM ll TOJibKO 
B TOM CJiy'lae, KOrp;a x - cenapa6eJibHOe rrpoCTpaRCTBO. 

M. H. Boi11JllX06CXU(i. 
IICEB,[J;OMHOrOOliPA31IE n - Me pH o e a a MK-

H y T 0 e (COOTBeTCTBeHHO, c K p a e M) - KOH0'1H00 CHM
IIJIHI~HaJihHOe paa6nenne co CJiep;y10ll{HMH CBOllCTBaMH. 
a) H e p a 3 Be TB JI e H H 0 c T b: KaiKp;bIH (n-1)-Mep
HbIH CHMIIJieKC HBJIHeTCH rpaHhlO poBHO p;eyx (COOTB0TCT
BeHHO, op;noro HJIH p;eyx) n-MepHbIX CHMilJI0KCOB; 6) c H JI b
H a H c B H 3 H 0 c T b: JII06hle p;Ba n-MepHLIX CHMIIJieKca 
MOiKHO coep;HHHTh «I~erroqKOH» n-MepBLIX CHMIIJI0KCOB, B 
K-pOII 1rnmp;hle µ;ea cocep;mi:e CHMIIJl0KCR HM010T 06my10 
(n-1)-MepnyJO rpanb; B) p a 3M e p no c TH a JI o A
H 0 p 0 A H 0 c T b: KaiRAhlH CHMIIJl0KC HBJill0TCJl rpaH"hlO 
neK-poro n-MepHoro cuMrrJieKca. ECJIH neK-pall mpuanay
.MtlfUsi TOIIOJIOfH'I. IIpOCTpaHCTBa JlBJIJleTCJl IT., TO H JII0-
6aJl ero TpHaHryJIHI~HH HBJIH0TCH IT., II03TOMY MOil\HO 
roaopHTb 0 CBOHCTBe TOIIOJIOrH'I. rrpocTpaHCTBa 6LITh (HJIII 
ne 6hlTh) IT. 

IT pnMephl IT.: TpnanryJrnpy0MhJ9 CBll3Hhle KOMIIaKTHble 
roMOJIOrH'I. MHOroo6pa3IIJl nap; z; KOMIIJleKCHhle aJire6pa
H'I. MHoroo6pa3Hll (p;ame c oco6enBoCTllMH); ToMa npocm
pancm6a BeKTOpHhIX paccJioeHHll HUA TpHanryJIHpyeMLIMll 
KoMrraKTHhlMH Mnoroo6yaaHHMII. HarJIHAHO IT. Momno 
cquTaTb KOM6IIHaTOpHOH peaJIIIaaa;He:ii: o6meii Hp;eH MHO
roo6pa3HH c oco6eHHOCTHMH, o6pa3yIOll{HMH MHOiKeCTBO 
Kopa::!MepnocTH p;aa. ,[J,JIH IT. HMeIOT CMhICJI noBllTHH opueH
THpyeMoCTH, opHeHTaa;un n CTeIIeHH OT06pameHHH, npII
qeM rrpn KoM6HnaTOpHoM nop;xop;e IT. o6paayroT ecTeCTBen
nyro o6JiaCTb onpep;eJieHnH aTHX IIOHHTIIH (TeM 6oJiee '!TO 
lfiopMaJibHO onpep;eJienue IT. npo~e, qeM orrpep;eJieHne KOM-
6unaTopnoro MHoroo6pa<rnR). ll,111KJihl B MHoroo6paauHx 
MOJKHO B HeK-pOM CMbICJie peaJIH30BaTb rrocpep;CTBOM IT. 
(cM. CmunpoiJa aaiJaita). 

Jlum.: [1] 3 e ii lj> e p Tr., T p e JI h ljJ a JI JI h B., TonoJiorun, 
nep. c HeM., M.- JI., 1938; [2] C n e H hep a., AJ1re6pa1111ec1mH 
TOilOJJOrHH, nep. c aHrJJ., M., 1971. a. B. AnocoB, 

IICEB,[J;OHOPMIIPOBAHIIE - o6o6m;eHH0 nOHllTJfH 
MyJihTHIIJIHKaTHBHoro nopMupooanusi, aaKJIIO'IQIOll{eecll B 
OCJia6JieHHH O/];HOH H3 aKcnoM: BMeCTO yCJIOBHJl w (a, b)= 
=w(a) w(b) Tpe6yeTcH TOJihKO w(a, b)~w(~) w(b). ITpn
Mep IT.: B KOJib~e acex HerrpepbIBHhIX p;encTDRTeJibHhIX 
!JiyHKI~Hii f(x), orrpep;eJieBHhIX na oTpeaKe [0,1], II., H~ 
HBJIHIOll{eecH nopMupoaanneM, onpep;emieTCH lflopMyJlon 

(/)=max l/(x)I. 
XE [0, I] 

BcHKRH p;elicTBHTeJibHaH KoHe'IHOMepHaH aJlre6pa MomeT 
6hlTh nceap;onopMnpoaaaa. 

Jlum.: [1] Hypo rn A. I'., JieK11eu no 00I11eft a11reope, 2 ua11., 
M., 1973. 0. A. Hsanosa. 
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IICEB,[J;OOTKPbITOE OTOliPAiKEHIIE - Herrpepr.rn
noe OTo6paiKeHHe t : x - y Ta1we, qTo AJIH BCHKOII 
ToqKH y E Y H JII06o.ii: oKpecTHOCTH U MnomeCTBa 1- 1y B 
X HerrpeMeHHO yElnt/U (3p;ecb Int/U - MHomecTBO acex 
BHyTpeHHHX ToqeK f u OTIIOCHTeJibHO Y). • • 

M. II. Bouwxoecxuu. 
IICEB,[J;OIIEPHO,[J;IIqECKAH <l>YHKIJ,IIH c II e p n o

A a M If Wo, W1, ... , w, - cpyrrK~HH t (t, U1, .. ., u,) 
OT r+ 1 rrepeMeHBblX, yp;oaJieTBoparomall ycJioBHHM: 

f(t, ui, ... , ui+w;, ... , u,)= 
=! (t, ui, ... , u;, ... , u,), i=1, .. ., r; 

f(t+w0, ui, .. ., u,)=f(t, u1+w0, ... , u,+w0). 

IT p.DMep: ecJill f 0( t) H fi ( t) - HenpepbIBHble nepnop;Hq. cpy HK
D;HH c rrepHop;aMH Wo H W1 COOTBeTCTBeHHO, rrpn'leM OTHO
rneune Wof W1 IIppa~HOHUJlbHO, TO f(t, U1)=/o(t)+fi(t+u1) 
HBJIHeTCH IT. cl>. 

IT. cp. CBJiaana c 1>BaaunepuoiJuitec1wii rfiynKlfUeii n orrpe
AeJut0TCH 110 aeE: ep;HHCTBeHBblM o6paaoM: cpyrrKIJ;HH F (t) 
1-rnaannepnOAH'IHa c rrepnop;aMn w0 , w1 , ••• , w, TOrp;a n 
TOJihKo TOrp;a, Korp;a cymecTByeT TaKaH nerrpepbIBHaH 
IT. cp. f(t, u1 , ••• , u,) c rrepnop;aMn w0 , w1, ••• , w,, '!TO 
F(t)=f(t, 0, ... , 0). IO. B. HoMAeimo. 

IICEB,[J;OPHMAHOBA rEOMETPIIH - COBOKyn-
HOCTb reoMeTpH'I. CBOHCTB IIOBepXHOCTeii If KpHBbIX B 
nceeiJopUManoooM npocmpancm6e 1 V n· 8Tn CBOHCTBa BhITe
KaIOT H3 CBOMCTB rrceap;opIIMaHOBOH MeTpHKH aToro rrpoCT
paHCTBa, K-pan HBJIHeTCH 3HUKOHeorrpeµ;eJieHHOH KBap;pa
TH'!HOll cpopMOH llffAeKCa l: 

ds2 =gif (X) dxi dxl. 

,Ll.JinHa p;ym KpHBOH l BbipamaeTCH lfiopMyJIOII 

s= ~l V gij dxi dxi, 

OHR MQ;K0T 6b1Tb p;eHCTBnTeJibHOH, 'IHCTO MHHMOH HJIH nyJieM 
(I130TpOIIHaSI KpHBUH). feop;e3Hq, JlHHHlI B l V n A~iKe B 
MaJILIX CBOHX qacTHX TepHIOT aKCTpeMaJibHble CBOHCTBa, 
OCTaBaHCh JIHHIIHMH CTaIJ;HOHapnoii AJIHHhl. ,Ll.JinHa p;yrH 
l MOll\eT 6h1Th 6oJibllle HJIH M0Hhllle AJlIIHhl reOAeauq. OT
pe::rna, coeµ;e:nll10mero KOH~hl p;yrn Z. EcJin paccMaTpn: 
BaeTCH rrpocTpaHCTBO n - l v m TO 0Tpe30K reop;e3II'leCKOH 
AB p;elicTBHTeJibnoE: ):(JinHhl p;aeT p;JIHHHelirnee pacCTOHHHe 
Mem):(y ToqKaMn A, B (a rrpep;rroJiomennH, '!TO ny p;yry 
reoµ;eaH'!eCKOH MO)RHO BJIOiKHTb B rroJiyreop;e3H'!eCKyIO Kp
opp;uaaTHYIO CHCTeMy B Bnp;e KOOPAHHaTHOHUJIHHHH H qT~ 
p;Jill cpaeneunll 6epyTCH rJiap;Kne Kpnahle p;encTBHTeJihHOII 
AJIHHhl H3 o6JiacTn, rp;e orrpep;eJiena aTa Koopp;nnaTnaH 
CHCTeMa). B CJiy•rne, Korp;a paccMaTpHBaeTCH rrceB):(OpHM~
HODO npOCTpaHCTBO n-1Rm MOiKHO BCHKYIO rrpHMyIO p;eH
CTBHTeJihHOH AJIHHbl rrpnHHTh aa OCb xn opTOHOPMHpo
BaHHOH KOOPAHHaTHOH CHCTeMhl, B K-po.ii: CKaJIHpHhIH KBaA
paT BeKTOpa x llMeeT BHA 

~n-1 '! 2 
x=- "-'•=I x 1 +xn. 

3p;ecb JII06oll: rrpHMOJIHHeHHblH 0Tpe30K p;eii:CTBIITeJibHOH 
p;JIHHhl (BAOJih OCH xn) 6yp;eT CJIY1RHTb AJIHHHeHllIHM pac
CTOHHHeM MelKAY TO'IKaMn, HBJIHIOIIJ;HMHCH ero KOHD;aMH. 
B cJiyqae npocTpancTBa 1 V n (nJIH 1 R nl oTpeao~ reop;eanq, 
JIHHHH MHnMoii: AJIHHbl 6yp;eT CJIYlKHTh AJIHnnenrnHM pac
CTOHBHeM no cpaBHeHHIO co BCeB03MOlRHblMH rJia/,(KHMll 
KpHBhlMH MHHMOH /,(JllIHhl, KOHIJ;hl K-pbIX COBnap;aJOT c KOH-
~aMn reoµ;eanq, oTpeaKa. _ 

Ha OCHOBe rrceep;opHMaHOBOH MeTpHKH paaaepThIBaeTCJl 
p;n!fiq,epena;HaJibHR.ll reoMeTpHH rroeepXHOCTeii: n KpHBhIX 
B rrceBAOPHMaHOBOM npocTpaHCTBe, orrpep;eJIHIOTCH KpH
BH3Bhl KplIBhIX H noaepxnocTeH HT. A· 

IT. r. B03HHKaeT TaKme na noaepxnoCTHX B rurrep6oJinq, 
upocTpancTaax. IlpocT0HIIIHM cJiyqaeM IT. r. HBJIHeTCH 
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reoMeTpHH nceoooe1m.ttuoooa npocmpancmoa i Rn H, B 'laCT
HOCTH, reoMeTpMH Mun1wocnoeo npocmpancmoa. 

Jium. CM. npn CT. 1Jcee8opuMa1weo npocmpancmeo. 
JI. A. Cu8opoe. 

IICEBJJ;OPIIMAHOBO IIPOCTPAHCTBO - npocTpaH
CTBo a«J>«J>nHHOii: CBH3HOCTH (6e3 Rpy'IeHHH), RaCaTeJibHOe 
npocTpaHCTBo B Ramp;oii: TO'lRe R-poro HBJIHeTCH nceoooeo
n.ttuooobiM npocmpancmooM. 

IIycTb An eCTh n-npocTpaHCTBO a«J>«J>nHHoii CBH3HOCTH 
(6e3 Rpy'IeHnH) n 1 Rn - RacaTeJibHoe nceBp;oeBRJIHAOBo 
npocTpaHCTBO B RaIBp;oii: TO'lRe npocTpaHCTBa A n> B BTOM 
cJiy'lae IT. n. o6o3Ha'laeTcH 1V n· RaR n B co6cTBeHHOM 
pnMaHOBOM npocTpaHCTBe, MeTpn'I. TeH3op npocTpaHCTBa 
V n HBJIHeTCH HeBhlpomp;eHHhIM H a6COJllOTHO noCTOHHHhIM, 

a MeTpH'I. «J>opMa npocTpaHCTBa 1V n HBJIHeTCH RBap;paTH'l
HOll «J>opMoii: 1rnp;eRca l: 

ds2 = g ij dxi dxl, i, j = 1, ... , n, 

gu(X)-MeTpH'I. TeH3op cvm detflg;1fl;z':O. IIpocTpaHcT
Bo iv n MOIBHO onpep;eJIHTh RaR n-MepHoe MHoroo6pa3ne, 
B R-poM 3ap;aHa nHBap11aHTHaH p;11«J>«J>epeHa;naJihHaH RBap;
paTH'lHaH «J>opMa nH;n;eRca l. 

IIpocTeii:m1rn npnMepoM IT. n. HBJIHeTCH npocTpRHCTBO 
I Rn. 

IT. n. iv n Ha3. npnBO/:IHMhIM, eCJIH B ORpeCTHOCTH RaIB
p;oii: ero TO'IRH cym;eCTByeT TaRaH ~HCTeMa Roopp;nHaT 
(xi, ... , xn), 'ITO Bee Roop;n;nHaThl xi MOIBHO pa3p;eJinTh 

i 
Ha rpynnhl x a TaRne, 'ITO giafa ;z':O JIHillb p;JIH Tex nHp;eRCoB 

ia, ia, R-phle npnHap;JieIBaT o;n;Hoii: rpynne, a g iala HBJIH
IOTCH «J>yHRD;HHMH TOJibKO Roopp;nHaT BTOH rpynnhl. 

B IT. n. onpe;n;eJIHeTCH RpnBn3Ha npocTpaHcTBa B ABY
MepHoM HanpaBJieHlm, OHa MOIBeT 6hITb HCTOJIROBaHa RaR 
RpHBH3Ha reop;e3n'leCROii: (HeH30TponHoii:) 2-rroBepXHOCTH, 
npoBeAeHHOH B ;n;aHHOH TO'lRe B p;aHHOM p;ByMep!;!OM Ha
rrpaBJieHHH. ECJIH 3Ha'leHHe RpHBH3Hhl B RaIBp;oH TO'lRe 
O)J;HO H TO me no BCeM p;ByMepHhIM HanpaBJieHHHM, TO OHO 
HBJIHeTCH noCTOHHHhIM BO BCex TO'lRaX (T e 0 p e M a 
my pa) H IT. n. Ha3. B BTOM CJiy'lae 1!· n. IIOCTOHHHO~ 
RpnBH3Hhl. ITpHMepoM IT. n. nocToHHHOH oTpna;aTeJihHOH 
RpHBH3Hhl HBJIHeTCH rianep6oJIH'l. rrpoCTpaHCTBO ls n OT
pna;aTeJibHOH RpHBH3Hhl - OHO HBJIHeTCH IT. n. n- 1vn; 
rrpocTpaHCTBO 1 Rn eCTb IT. n. uyneBoli RpHBH3Hhl. 

Jium.: [1] pa me B c RH ii: II. K., PnMaHOBa reoMeTPHR H 
TeHaopahlil: aaaJ1ua, 3 ua;a;., M., 1967; [2] Po a e H lj> e JI h ;a; B. A., 
HeeeRJJH;IJ;OBhl upocTpaHcTBa, M., 1969; [3] B ii: H m Te ii H A., 
Coop. HBy'I. Tpy;a;oe, T 1, M., 1965. JI. A. Cu8opoo. 

IICEB)];OCKAJIHP - BeJIH'lHHa, He H3MeHmom;aHCH 
rrpia rrepeHoce H rroBopoTe Roopp;HHaTHhIX oceii:, Ho H3MeHH
rom;aH CBOH 3HaR npH 3aMeHe HarrpaBJieHnH Ramp;oli OCH Ha 
npOTHBOnOJIOil\HOe. ITpHMepoM IT. MOIBeT CJIYIBHTb CMe
maHHOe rrpon3Bep;eHne Tpex BeRTopoB n cRaJIHpHoe rrpo_:
H3Be;n;eHne (a, b), rp;e a - oceoou oenmop, b - o6hl'lHhIH 
(rrOJIHpHhIH) BeRTop. BC8-J. 

IICEB)];OCKAJIHPHOE IIPOII3BE)];EHHE, R o c o e 
rr p 0 H 3 B e A e H H e, av b HeHyJieBhIX BeRTOpOB a H 
b - rrpon3Be;n;eHne nx Mop;yJieii: Ha ciaHyc yrJia cp rronomn
TeJibHoro (rrpOTHB 'laCOBOH GTpeJIRll) Bpam;eHHH OT a R b: 

avb=lalfbjsincp. 

EcJin a=O n (nnH) b=O, To II. rr. rroJiararoT paBHhIM uymo. 
CM. Benmopna51, a.ttee6pa. A. B. Heattoe. 

IICEB)];OCJIYlJ:AllHblE lJ:HCJIA - CM. C.tty•taiinb!e 
u nceoooc.1ty11,aiinbie 11,uc.tta. 

IICEB)];OC4> EPA - rroBepxHOCTb rrocToHHHOH oTpua;a
TeJihHO ii: RpHBH3Hhl, o6pa30BaHHaH Bpam;eHneM TpaR
TpHChl BORpyr ee acnMIITOThl (cM. pnc.). JlnHeHHhIH BJie
M0HT B noJiyreop;e3H'l. Roopp;1rnaTax HMeeT BllA (JIHHHH 
u= 0- reop;e3H'lecRaH): 

ds2 = du2 + ch2 ~ dv 2 , a= const; 
a 

B H30T0pMH'l. ROopp;11HaTax: 

dx2 +dy• 
ds 2 = a2 --2- , a= const. y 

BcJIRaH noBepXHOCTb ITOCTO
HHHOH OTpna;aT0JlbHOil: Rpn
BH3Hhl HaJioIBnMa Ha II. 
BHyTpeHHHH reoMeTpnH IT. Jio
RaJihHO coBrrap;aeT c reoMeTpneii: Jio6a'leBcRoro (cM. Be.ttb
mpaAtu unmepnpemattusi). 

Jium.: [1] B hi r o ;a; c Ru ii: M. H., ,IJ:mjuj>epeaq11aJ1hHa11 reo
MeTPHH, M.- JI., 191,9; [2] Kar a H B. ct>., 0CH0Bhl Teopnu no
eepXHOCTeil: e TeH30pHOM naJ1omeam1, 'l. 2, M.- JI., 191,8. 

A. B. H•anoB. 
IICEB.JJ;OTEH30P - TeH3op, paccMaTpnBaeMhIH c TO'l

HOCThIO ;n;o npoH3BOJibHOro «J>yHRD;HOHaJibHOro MHOIBHT0JIH. 
IICEB)];OXAP AKTEP M H o IB e c T B a A B T o-

n 0 JI 0 r H 'I e c R 0 M n p 0 c T p a H c T B e x - HR
HM0HbillHH H3 BCex 6eCROH0'lHhlX Rapp;nHaJIOB T TaRnX, 
'ITO cym;ecTByeT C0M0HCTBO MOIIJ;HOCTH T OTRphIThlX B x 
MHOil\0CTB, nepece'leHne R-phIX eCTb A. 06o3Ha'la0TCH 
o6hl'IHO tjJ (A, X). ITceBp;oxapaRTep tjJ (A, X) orrpep;eneH 
AJill BC0X rrop;MHOil\0CTB A npocTpaHCTBa x B TOM H TOJlbRO 
ii TOM cJiy'lae, 0CJIH B x BC0 op;HOTO'l0'lHhl0 rrop;MHOil\0CTBa 
3aMRHYThl. ITop; rrceBp;oxapaRTepoM tjJ (x, X) TO'IRH x EX 
B TonoJiorn'l. npocTpaHCTBe x IIOHHMaeTCH rrceB;n;oxapaR
Tep tjJ ( {x }, X) MHoIBeCTBa {x} B X. 

ITceB;n;oxapaRTep "'(X) TOITOJIOrH'l. npoCTpaHCTBa x -
HaHM0HbIIIHH 6eCROH0'lHhIH Rapp;nHaJI T TaRoH, 'ITO RaIBp;aH 
TO'lRa HBJIH0TCH nepece'leHneM ceMeiiCTBa MOIIJ;HOCTH ..,;:T 
OTRphIThIX B x MHOil\0CTB. ITpoCTpaHCTBa C'l0THOro II.
Te, B R-phIX RaIBp;aH TO'lRa HM00T Tnn Go . Ramp;oe TOIIOJIO
rH'l. npocTpaHCTBO MOIBHO npep;CTaBHTb RaR o6pa3 rrpn 
HenpephIBHOM OTRphITOM OT06paIB0HHH H0R-poro napa
ROMIIaRTHOro xaycp;op«J>oBa rrpocTpaHcTBa C'leTHoro II. 
)J,JIH 6nROMnaRTHhIX xaycp;op«J>oBhIX rrpocTpaHCTB C'l0T
HOCTb IT. paBHOCHJlbHa rrepBoii: aRCHOMe C'l0THOCTH. Boo6-
m;e, IT. 3aMRHyToro MHoIBeCTBa A B 6nRoMrraRTHOM xayc
p;op«J>oBoM npocTpaHCTBe x paBeH MOIIJ;HOCTH H0ROTO
poli onpeOe.ttitlOUfeii cucmeMbl. onpecmnocmeii MHomeCTBa 
A B x. 

Jium.: [1] A p x a Hr e JI b c R l'I ii A. B., II 0 H 0 Ma
p e e B. II., OCHOBhl 00111ell: TOIIOJIOrl'IH e aa;a;aqax u ynpamaemn1x, 
M., 1974; [2] A p x a Hr e JI h c Ru ii: A B., «Ycnexu MaTe".!· 
HayR», 1981, T. 36, B. 3, c. 127-46. A. B. Apxa1<2MbC><UU. 

IICEB)1;03JIJIHIITHlJ:ECKHll HHTErPAJI - HHTer-
paJI Bnl&a 

~ R (z, Y f (z)) dz, 

rp;e R - paa;noHaJihHaH «J>yHRD;HH p;Byx apryMeHToB, 
f (z) - MHoro'lJieH 3-ft nJI11 4-ll: cTerreHn 6e3 RpaTHhIX Rop
Heii, R-phlii: MOil\0T 6hITb BhlpameH BJI0M0HTapuo, T. e. 
qepe3 aJire6pan'l. «PYHRD;Illl OT z H Jiorap11«J>Mhl OT TaRllX 
«J>yuRa;nii. Harrp., 

(' z• dz 
Jvz~-1 

ecTb IT. n. CM. 9.1t.1tunmu11,ecnuii Ulimeepa.tt. E. lJ.. CM0Me1<7.1ee. 
IICH-4>YHKD;HH, "' - «Py H Ra; H H r a y cc a, 

AH r a MM a - «Py H Ra; H H,- nepBaH npo113BOp;HaH OT 
Jiorapn«J>Ma ellMMa-rfiyHKl.fUU. 

IlTOJIEMEH TEOPEMA: BO BCHROM BhIIIyRJIOM 'l0Thl
pexyroJibHHR0, BIIHCaHHOM B ORpyIBHOCTb, rrpoH3Bep;eHne 
p;JinH p;naroHaJieii paBHO cyMMe rrpon3Bep;eH11H AJIHH ero 
rrpoTnBorroJioIBHhIX cTopoH. Ha3BaHa rro nMeHn RJiaBp;HH 
ITTOJl0M0H (2 B.), R-phIH HCITOJib30BaJI ee )J;JIH BhIBop;a 
H0R-phIX COOTHOIII0HHH B TpnrOHOM0Tpnn. n. c. Mo8e1<06. 

IIYAHKAPE rHIIOTE3A - YTBepmp;eHHe, rrp!InHChl
BaeMoe A. ITyaHRape (H. Poincare) n rJiacHm;ee: Jiro6oe 
3aMRHyToe op;HOCBH3Hoe TpexMepHoe MHoroo6pa3ne ro
MeoMopqmo TpexMepHoil: c«J>epe. EcTeCTB0HHhIM o6o6m;eHueM 
HBJIH0TCH CJiep;yrom;ee yTBepmp;eHHe (o 6 0 6 m; e H H a H 
r H 11 o T e a a IT y a H R a p e): mo6oe 3aMRByTOe 
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n-MepHoe MHoroo6pa3He, fOMOTOTIHqecKH 3KBHBaJieHTHOe 
n-MepHol'1 ciJ>epe sn, roMeo~wpiJ>Ho e:ii:; B HaCToHni;ee apeMH 
(1983) AOKa3aHa AJIH acex n, KpoMe n=3 (npu n=4 -
JIHIJib AJIH rJiap;KHX MHoroo6pa3HH). IO. B. PyaRn. 

IIY AHKAPE rPYIIIIA - rpyrrna ABHlReHHll npocT
paHCTBa MHHKOBCKOfO. Il. r. HBJIHeTCH TIOJiynpHMhIM npo
H3BeAeHHeM rpyrrnhl npeo6pa3oBaHHli Jlopemi;a 11 rpynnbl 
qeTbipexMepHhlX CABHroa (TpaHCJIHIJ;n:ii:). II. r. Ha3aaao no 
nMeHH A. IIyaHKape (H. Poincare), KoTopbI:ii: anepBbie 
(1905) ycTaHOBHJI, qTO npeo6pa3oBaHHH JiopeHIJ;a o6pa3y-
IOT rpynny. A B H•a><o•. 

IIY AHKAPE ,l1;BOllCTBEHHOCTh - H30MopiJ>H3M 
p-MepHhlX rpynn (MoAyJieii) fOMOJIOfHR n-MepHoro MHoro
o6pa3HH M (a TOM q11cJie o6o6ni;eHHoro) c KoaiJ>iJ>nii;HeHTaMH 
B JIOKaJibHO IIOCTOHHHOH CHCTeMe ~ rpynrr (MOAyJieii)' 
H3oMopiJ>HhlX G, (n-p)-MepHbIM KoroMoJiorHHM Mc KoaiJ>
iJ>n:IJ;n:eHTaM11 B opn:eHTn:pyIOUJ;eM nyqKe !7t n (~) HaA M 
( CJio:ii 3Toro rryqKa B ToqKe x EM comrnp;aeT c JioRaJihHoii: 

rpyIInoii roMoJioru:ii: H~=Hn(M, M"x; ~)). IIpn 3TOM 

o6bl'IHhle roMoJiornn: H~ (M; ~) n:3oMopiJ>Hhl KoroMoJiorn:HM 

H% (M; !7t n (~)), q= n-p, c KOMIIaKTHhIMH HOCllTeJIHMll 
(KoroMOJIOfllHM ((BTOporo pop;a»), B TO BpeMH KaK roMOJIO
fllll «BToporo pop;a» H p(M; ~) (orrpep;eJIHeMble «6ecKo
HeqHhIM11» IJ;eIIHMll) ll30Mopd>Hhl o6bl'IHhlM KOfOMOJIOfllHM 
Hq (M; !7t n (~)). B 6oJiee ot'lni;eM a11p;e n:MeIOT MecTo H3o-

MopiJ>n3Mhl n: (M; ~)= H&, (M; !7t n (~)), rp;e <P-JII06oe 
ceMeti:CTBO HOCHTeJieli. 

AHaJiorH'IHhle oTomp;ecTBJiemrn HMeIOTCH TaKme AJIH 
fOMOJIOrHH H KOfOMOJIOfllll IIO)J;MHOJReCTB A cM H nap 
(M, A) (p;ao:ii:CTBeHHOCTh IIyaHKape
JI e qi me Ii; a). lfMeHHo, IIyCTb A - OTKPhlTOe HJIH 3aM
KHyToe IIop;IIpocTpaHCTBo B Mn B=M"A. IIycTb <P/ B -
CeMeti:CTBO Bcex Tex MHOlReCTB H3 ©, K-pble cop;epmaTCH B 
B' H rryCTb (Jl n A - ceMeiiCTBO MHomecTB Bn:p;a F n A ' 
Fe©. TorAa TO'IHaH rrocJiep;oBaTeJibHoCTb roMoJiorHii napb1 
(M,B) 

... H~IB (B; ~) __,. n: (M; ~) - n: (M; B; ~) __,. 

__,. H:~~ (B; ~) -+... (*) 

COBnap;aeT c KOfOMOJIOfH'I. IIOCJiep,oBaTeJibHOCTbIO rrapbI 
(M, A) 

. . . -+ H7r., (M, A; !7t n (~)) -+ H~ (M; !7t n (~)) ___. 

-~H~nA(A; !7tn(~))-+H~+ 1 (M;A; f7tn(~))-+ ... 

rpyrrnhl H:/B (B; ~)=H:/B (M; ~) COBnap;aIOT c 

H~ (B; ~) B CJiy11ae, Korp;a <P= c, H c Hp (B; ~) B CJiyqae, 
Korp;a <P - ceMeHCTBO 'I' BCex 33MKffYThlX B M MHOJReCTB, 
a MHOlReCTBO B 3aMKHYTO (B 3TOM CJiy11ae CHMBOJI <P B 
nepao:ii: IIOCJiep;oBaTeJibHOCTH MOlReT 6bITb oIIyni;eH, rrpH
'leM nMeeT MeCTo H30MopiJ>n3M HP (M, B; ~)=HP (A; ~)). 
B CJiyqae, KOrAa <P= 'I'' a B OTKpbITO, CHMBOJI <P MOlRHO 
orryCTHTb JIHIIIb BO BTopoM H TpeTheM 'IJieHax fOMOJIOfH'l;. 

IIOCJiep;oBaTeJihHOCTH, T. K. fOMOJIOfHH fl:/B (B; ~) 3a

B11CHT He TOJibKO OT TOIIOJIOfH'I. IIpOCTpaHCTBa B' HO H OT 
BJiomeHn.11 BcM. 

B CJiyqae, IWrp;a <D= 'I', 3TOT CHMBOJI (BMeCTe C <P nA) 
MOlReT 6hITb onyni;eH B KOfOMOJiornq. IIOCJiep;oBaTeJibHOCTII 
rraphl (M, A). EcJin: A 3aMKHyTO, To 

H~(M, A; f7tn(~))=H~;a(M; !7tn(~))= 

=H7r.,/B (B; f7t n (~)), 

IIpll <D= 'I' B03H11KaIOni;ne KOfOMOJIOfHH B 33BHCHT He TOJib
KO oT B, Ho n oT BJiomeHnH BcM. EcJin <P= c n A 3aMKny
To, TO cp n A MOlRHO 3a~teHHTb Ha c, H B 3TOM CJiyqae 

TaKme H% (M; A; f7t n(~))=H% (B; f7t n (~)) - KOfOMOJio-

r1111 «BToporo pop;a» npocTpaHCTBa B. EcJIH <P=c, HO A 
OTKpbITO, TO KOfOMOJIOfl!H HgnA (A; f7t n (~)) OTJIH"'laIOTCH 

OT H% (A; !7t n (~)) (II 3aBHCHT OT BJIOil\eHHH A cM). 
,AaoiicTBeHHOCTh IIyaHKape - JieiJ>IlleIJ;a JierKo MomeT 

6bITb IIpnMeHeHa AJIH OIIHCaHHH ABOHCTBeHHOCTH MeiRAY 
fOMOJIOfHHMH H KOfOMOJIOfHHMH MHoroo6pa3HH c KpaeM. 
IIoJie3HO HMeTb B BHAY, qTo eCJIH ace OTJIHqHble OT HYJIH 
CJIOH IIyqKa !7t n (R) H30MopiJ>HbI OCHOBHOMY KOJibIJ;Y R' 
TO f7t n (~)= f7t n (R)@R~· 

B CJiyqae, KOrAa IIyqoK !7t n (R) JIOKaJihHO IIOCTOHHeH, 
cyni;ecTByeT eAHHCTBeHHhlR c TOqHOCTbIO AO H30MopiJ>H3Ma 
JIOKaJibHO IIOCTOHHHhlll IIyqoK z (R)' AJIH K-poro 
z (R)@Rn n (R)= R. IIo3TOMY eCJIH B fOMOJiornq. IIO
CJiep;oBaTeJihHOCTH (*) BMeCTO ~ HCIIOJib30BaTb IIy'IOK KO
aiJ>iJ>H!J;lleHTOB Z(R)@R~· TO B KOfOMOJIOfHq. IIOCJiep;oaa
TeJibHOCTH CTaHeT (BMeCTO !7t n (~)) iJ>n:rypn:poBaTb IIY'IOK ~· 
TaKn:M o6pa3oM, HaIIepep; 3ap;aHHhle KoaiJ>iJ>HIJ;neHThl B H3o
MopiJ>n:3Max ABOHCTBeHHOCTll MoryT iJ>n:rypn:poBaTb KaK B 
roMOJIOfHHX, TaK 11 B KOfOMOJIOfllHX. 

Han6oJiee ecTecTBeHHoe µ;oKa3aTeJihCTBO II.µ;. IIoJiy11aeT
c.11 cpep;cTBaMn Teopnn: IIyqKoB. II. p;. B ToIIoJiorn:n: -
qaCTHbIH CJiyqaii COOTHOilieHHH A B 0 ti: c T B e H H 0 c T ll 
T n rr a II y a H K a p e, cnpaaep;JIHBhlX AJIH IIpon:3BOA
HhlX ii>YHKTOpOB B fOMOJIOfll'I. aJire6pe (p;pyro:ii: qaCTHhlH 
cJiy11a:ii - p;ao:ii:cTBeHHOCTh Tn:na IIyaHKape AJIH roMoJio
r11:ii 11 KOfOMOJIOrn:ii: rpyIIII). 

Jlum.: [1] C 11 JI a p e H R o E. r., «Ycnexu: MaTeM. Ha)'Rlil», 
1979, T. 34, B. 6, c. 90-118; [2] e 1' 0 lR e, «MaTeM. 33MeTRH», 
1980, T. 28, Ne 5, c. 769-76; [3] Mac c HY., Teop11R roMOJJOl'Hit 
H ROrOMOJJOrHit, nep. c aHrJJ., M., 1981. E. r. CnJtapenno. 

IIY AHKAPE ,!1;11Blf30P - AHBH3op, 3aAaHHhln ecTe
cTBeHHO:ii: noJI.11pn:3aIJ;n:eti: Ha HKo6naHe aJire6pa1111. Kpn
ao:ii:. <PopMa IIepece11eHH:ii: O)J;HOMepHbIX IJ;llKJIOB fOMOJIOfHH 
aJire6panq. KpllBOH x llHAY!J;HpyeT ymrnop;yJIHpHyIO KOCO
CHMMeTpH'I. iJ>opMy Ha pemeTKe IIep11op;oB. B COOTBeTCTBHH 
c oIIpep;eJieHneM IIOJIHpn:3oBaHHoro a6eJieaa MHoroo6pa3HH 
aTa iJ>opMa oIIpep;eJIHeT rJiaBnyIO IIOJIHpn:3aIJ;HIO Ha HKo6na
He Kpnao:ii: I (X). IIoaTOMY aiJ>iJ>eKTllBHhlH p;n:Bn:3op 0c 
cl (X), 3ap;aHHbIH 3TOH IIOJIHpn:3aIJ;n:e:ii:, OIIpep;eJieH OAH0-
3Ha'IHO c TO'IHOCTbIO AO Cp;Bnra Ha 3JieMeHT x E 1 ( X). reo
MeTpllH II. A· 0 oTpamaeT reoMeTpn:IO aJirefipan:11. Kp11-
Bo:ii: X. B 11acTHOCTH, pa3MepHOCTh MHomecTBa oco6blx 
TO'leK II. p;. dim 0 sing e;;;;,:g-4, rp;e g - POA KpllBOii x 
(CM. [1]). 

Jlum.: [1] Andreotti A., Mayer A., «Ann. Sc. norm . 
sup. Pisa», 1967, v. 21, Ne 2, p. 189-238. Bun. C. RyJtuno•. 

IIY AHKAPE 3A,l1;A llA: Ha:ii:Tn rapMOHH'lecKyIO B Ko
He11Ho:ii: OAHOCBH3HOH o6JiaCTH s + ii>YHKIJ;llIO no yCJIOBllIO Ha 
rpaH111J;e L o6JiaCTH: 

du ( du A (s) an+B s) ds + c (s)u = f (s), 

rp;e A (s), B (s), c (s), f (s) - 3ap;aHHble Ha L ;a;e:ii:CTBllTeJib
Hhle ii>YHK!J;HH, s - p;yroBaH a6CIJ;llCCa, n - HOpMaJib K 
L. R 3To:ii: 3ap;a11e IIpnmeJI A. IlyaHKape (H. Poincare, 
1910), pa3pa6aTbIBaH MaTeMaTll'I. Teopn:IO IIpllJillBOB, ll )J;aJI 
(HerroJIHoe) pemeHHe 3ap;a11n B CJiy11ae, Korp;a A (s)=1, 
c (s)= 0, KOHTYP L n: iJ>yHKIJ;HH B (s), f (s) - aHaJinTn11ec
Kne. 

CM. TaKme I'panu'i,11,Ne aaaa'i,U meopuu anaJtumu'i,ecriux 
rfjyni>lfUU. A. B. Heanoe. 

IIYAHKAPE :UHTEPIIPETAI(llH - Mop;eJib, peaJin-
3yIOni;a.11 reoMeTpHIO IIJIOCKOCTll Jio6aqeacKoro (rn:nep6o
JIH'I. reoMeTpHIO) Ha IIJIOCKOCTll KOMIIJieKCHOfO IIepeMeHHO
ro. B II. n:. c KpyroBhlM a6coJIIOTOM Kamp;a.11 ToqKa ep;nHn:11-
Horo Kpyra E= {z: lzl <1} B IIJIOCKOCTH z Ha3. r H II e p-
6 0 JI H q e c K 0 :ii: T 0 q K 0 B:, a caM Kpyr - r H II e p-
6 0 JI H q e c K 0 B: II JI 0 c K 0 c T b IO. ,!1;yr11 OKpym
HOCTe:ii: (n: p;naMeTp) B E' opTOroHaJihHble K rpaHH'IHOH OK
pylRHOCTH Q= {z : lzl= 1 }, Ha3. r 11 II e p 6 0 JI ll q e C
K H M ll II p H M bl M H. RalRAaH TO'IKa Q Ha3. II A e
a JI h H o :ii T o 11 K o :ii:. rnnep60JI1111. IIpHMhle c o6ui;e:ii: 
r11IIep60Jil1'1. TOqKoii: Ha3. II e p e c e K a IO ni; II M II c H 
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II p H M hi M 11; c o6m,eii: 11p;eaJibHOll TO'IKOH - II a p a JI
JI e JI h H hi M 11 II p H M hi Ill 11; IIpHMble, K-phle He IIepe
C3KaIDTCH H He napaJIJI0JibHhl,- r H II e p II a pa JI JI e JI b
H hi M H (p a c x 0 A H Ill H M H c H) II p H M hi M H. Ta;K, 
Hanp ' Ha pn:c. 1 H3o6pameHhl ABB IlpHMhle, IIpOXOAHIIJ,He 
qepe3 TO'l:Ky Zi, rrapaJIJI0JihIIO IIpHMoii Z2Z3. 

B II. H. B noJiyIIJIOCKOCTH H= {z=x+iyly>O} Kamp;aH 
TO'IKa BepxIIeii IIOJIYJIJIOCKOCTH Ba3. r 11 JI e p 6 0 JI H
q e c K 0 :ii: T 0 q K 0 :ii:, a caMa JIOJIYJIJIOCKOCTb - r H
JI e p 6 0 JI H q e c K 0 ll II JI 0 c K 0 c T h !(). IloJiyoK
PYffiHOCTH n: noJiyIIpHMLie, opTOroHaJihHhle p;encTBHT0Jih-

Pnc. 1. 

Ho:ii: OCH, IIa3. r H JI e p 6 0 JI H q e
c K HM H JI pH M hi M H. MBOJRe• 
CTBOM 11p;eaJibHhlX TO'l:0K (a6COJil()
TOM) .IIBJIH0TCH p;e:UCTBHT0JibHaH 
OCb H 6eCKOH0'lIIO yp;aJieHHaH TO'lRa 

Pnc. 2. 

IIJIOCKOCTH z. AHaJiorH'lIIO II. 11. c KpyroBhlM a6coJIIDTOM 
orrpep;eJIHIOTCH IIapaJIJieJihHhle, IIepeceKaIOIIIH0CH n pac
xop;.11~eCH npHMhle. TaR, HaIIp., Ha pnc. 2 H3o6pameHhl 
p;Be IIpHMhle, npoxop;m:rurn qepe3 TO'lKy z1 napaJIJieJihIIo 
IIpHMOH Zg Z3. 

)J.BHlR0BHH OllltChlBaIOTCH KOHil>opMHhlMH IIpeo6pa3oBa
HIUIMH, nepeBOAHID;HMll a6COJIIOT B ce6H. PaCCTOHHHH OIIpe
p;eJIHIOTCH c noMOIIIhIO µ;soii:IIoro oTHoIIIeHnH 'l0Thlpex TO
'l:eK 

p(z1, z2)=kln(z1, z 2, z;, z;), 
rµ;e z~ - 11µ;eaJihHaH TO'lRa IIOJiynpHMOll, HCXO)J;HIIJ,0H H3 

z1 n: npoxop;Hru,ei qepea z2; z; - n:p;eaJihHaH TO'lKa IIoJiy
np.11111o:ll:, 1tcxoµ;Hrn;eii: H3 z2 n: IIpoxop;Hrn;eii qepe3 z1 ; k -
npOH3BOJihHOe IIOJIO)f(HT0JihBOe IIOCTOHHHoe; 

• • 
( * *) Z1-Z1 Z2-Z1 

Z1, Z2, Z1, Z2 =-.--: -.--, 
z 1 -z2 z 2 -z2 

BeJUl'lllHhl yrJIOB B Il. H. COBIIaAaIOT C B0JIH'lHIIaMH yrJIOB 
B reo111eTpn11 Jlo6a'leBCKoro. 

II. H. IIf0AJIO>l\eHa A. IlyaHKape (H. Poincare, 1882). 
Jlum.: [1 H JI e it H <I>., 8JieMeuTapuaH MaTeMaTHKa c TO'lKH 

apeunH Bh!cmelt, nep. c ueM., T. 2, M.- JI., 1934; [2] Har a H 
B. <I>., Jlooaqesc1Wlt Iii ero reoMeTPHH, M., 1955; [3] r H JI b-
5 e p T ,!J;., H o H - <I> o c c e H C., HarJIHAHaSI reoMeTpHH, nep. c 
ueM .• 3 H3A .• M.- JI., 1981; [4] II y a H K a p e A .• lfaopaHHbie 
TPYAhl, [nep. c ljlpaim.l. M., 1974; [5] He Ba H JI H H Ha P., 
YHHljlOpMHaa1.11rn, nep. c HeM., M., 1955; [6] Sansone G., 
G e r r e t s e n J., Lectures on the theory of functions of a comp
lex variable, [v.] 2, Geometric theory, Groningen, 1969. 

A. B. Heanoe. 
IIY AHKAPE KOMIIJIEKC - o6o6rn;eHne IIOHH1'H.II 

MHoroo6pa3HH; npocTpancreo, rpyrrIIhl roMoJiornii: K-poro 
ycTp00IIhl B IIeK-poM CMhlCJie TaK me, KaK rpyIIIIhl fOMOJIO
rnii: 3aMKHyToro opnemnpyeMoro MIIoroo6pa3nH. A. IIy
anKape (H. Poincare) o6HapyamJI, 'ITO rpynnhl roMoJio
rn:ii: MHoroo6paamI YAOBJI0TBOpHIOT HeK-pOMY COOTHOIIle
IDllO (nao111opil>H0My Ilya1uiape aeoilcmeennocmu). II. K. 
IIP0ACTaBJIHeT co6oii: IIpOCTpaBCTBO, fAe aKCHOMaTH3H
poBaH <!TOT naoMopil>n3M (cM. TaKme Ilyanrwpe npocmpan
cmeo). 

A JI r e 6 p a H 'I e c K H ii: K 0 M II JI e K c n y a H
K a p e - D;0IIHOH KOMIIJI0KC c «PopMaJibHOH ABOllCTBeH
HOCTblO IlyaHKape - aHaJior npemnero. 

IlyCTb C= {Ci} - IIOIIOJIH0IIIIhlll D;0IIIIOH KOMIIJieKc c 
Ci=O IIpH i>O raKoii, 'ITO ero rpyIIIIhl roMoJiomii KOIIe'l
Ro nopolf\A0IIhl. IlyCTh, Kpo.Me Toro, KOMIIJieKC c CIIa6meII 
TaKoii (n;enHoii) mi:aronaJibIO .::l: c-+ C@C' 'ITO (e@1) .::l= 

= (1@e).::l, rAe e : c-+ z - IIOITOJIH0HJI0 (n c OTOm

A0CTBJIH0TCH c C@z H z@C). HaJinqne AHaroHaJlJI II03-
BOJIH0T orrpep;eJIHTh crrapirnaHJie 

Hk (C) @Hn (C)--+ Hn-k (C), x@ y --+xny. 

KoMIIJieKc C IIa3. r e o M e T p n 'I e c K n M, ecm1 aap;aHa 
n;eIIIIaH roMOTOIIJIH Memp;y .::l JI T Ll, rp;e T: C@C -+ C@ 
@C - rrepecTaIIOBl\a coMIIOffiJITeJieii T ( a@b) = b@a. 

feoMeTpli'I. D;0IlHOH KOMIIJI0KC Ha3. aJire6pali'l0CKHM 
II. K. «PopMaJibIIon pa3MepnoCTli n, ecJIJI cym,eCTByeT TaKoii 
aJieMeIIT 6eCKOII0'lIIoro IIOPHAKa µEH n ( C), 'ITO AJIH JII0-
6oro k fOMOMop«PH3M n µ : Hk (C)-+ H n-k (C) eCTb H30-
MOPIPH3M. 

IlpHMepaMll aJire6pa11'J. II. K. HBJIHIOTCH KOMIIJI0KC CliH
ryJIHpIIhlX 1~eIIeii: op11eHTHpyeMoro 3aMKHyToro MIIoroo6-
paaJIH HJIH, 6oJiee 06I1Io, II. K., onpep;eJieHIIhlii BhlIIIe, 
c IIOl\XOAHID;HMH ycJIOBllHMH KOII0'IIIOCTH. Moamo orrpep;e
JiliTh TaRme n; e rr H hi e n a p hi Il y a H K a p e -
aJire6paH'l. anaJiorJI nap IlyaIIKape (X, A). PaccMaTpnaa
IOTCH TaKme II. K. (H n;eIIIIhle naphl IlyaIIKape) Mop;yJieii 
IIaA IIO)J;XOAHillHMII KOJibD;aMH. IO. B. PyOan. 

IIYAHKAPE IIPOCTPAHCTBO - 1) Il. II. .iliop-
MaJibHoli pa3MepHOCTH n - TOIIOJIOfH'leCKOe IIpOCTpaII
CTBO X, r;iw 3a.l(aH aJieMeHT µEH n (X)= z, 'ITO r0Mo-
111op«Pn3M nµ: Hk (X)-+ H n-k (X) BH)J;a x-+ x n µ HB
JIH0TCH H30Mop«PH3MOM AJIH JII06oro k (3A0Ch n -onepa
IJ,JIH YHTHH YMIIOiK0HllH, B&IC01l:0HH0). IlpH 3TOM n µ IIa3. 
H 3 0 M O p IP JI 3 M O M A B O H C T B e H H 0 C T H II y
a HK a p e n aJieMeHT µ uopomp;aeT rpyIIIIY H n (X)= z. 
JI106oe 3aMKIIyToe op11eHT11pyeMoe n-Mepnoe CBH3Hoe 
TOIIOJIOfH'l. MIIoroo6paae:e HBJIH0TCH II. II. «PopMaJibIIOH 
pa3M0pHOCTH n; B Ka'leCTB0 µ 6epeTCH opneIITaD;HH (IPYIIAa
M0IITaJibHhlH KJiacc) MIIoroo6pa3HH. 

IIyCTh x - KOH0'III00 KJI0TO'III00 rrpocTpaIICTBO, BJIO
iK0IIHOe B eaKJI11p;oao npocTpaIICTBO RN 6oJibIIIoii pa3Mep
IIOCTH N, 11 u - aaMKIIyTaH peryJIHpIIaH oKpeCTIIOCTh 3TO
ro BJIOffi0IIJilH, a au - ee Kpaii:. CTaIIAapTIIOe OTo6pame
IIH0 p: au-+ x npeapaIIIa0TCH (no Ceppy) B paCCJI00IIHe. 
T e o p e Ma: npocTpancTBo X HBJIHeTCH II. n. «PopMaJih
IIoli pa3M0pIIOCTJI n Torp;a li TOJihKO TOrAa, Korp;a CJIOH 3TOfO 
paccJioeIIHH roMOTOIIH'leCKJI aKBnBaJieIIT0II c«Pepe SN - n - 1 • 

Bo3IIJIKaIOIIIee IIaA II. II. X orrncaIIIIoe paccJioeIIHe ( CJioii 
1\-poro - c«Pepa) 0AJIHCTB0HHO c TOqIIOCThIO AO cran;no
IIapIIOH 3KBJIBaJI0IITIIOCTH H IIa3. c «P e p H 'I e c K H M 
II 0 p M a JI h II hi M p a c c JI 0 e II H e M, HJIH p a c
c JI 0 e H lie M C II H Ba Ka, Il. II. X. IlpJI 3TOM KOIIyC 
rrpoeHD;HJI p: au-+ x eCTb ToMa npocmpancmeo IIOpMaJih
HOro c«Pepn'l. paCCJIOeHHH Hap; x. 

Ecm1 orpaIIJI'lJIThCH JIHIIIh roMoJiorJIHMJI c Koa«P«P111v1-
eHTaMJI B II0K-poM IIOJie F, TO IIOJIY'IHTCH T. H. II p 0 c T
p a H c T B o II y a H K a p e HaA F. 

PaccMarpnaa10rcH raKme II a p hi II y a II K a p e 
(X' A) (o6o6ID;eHJil0 IIOHHTHH ~moroo6pa3HH c KpaeM), rp;e 
AJIH ReK-poii o6pa3yIOm,eil: µEH n ( X, A)= z JI Jt106oro 
k n1>1eercH naoMop«Pn3M ABoficraeHIIOCTH IIyaHKape: 

nµ:Hk (X) ____... Hn-k (X, A). 

Il. Il. 0CT0CTB0HIIhlM o6pa30M B03IIHKaIDT B 3ap;aqax 
cym,ecTBoBaHHH n: KJiaCcH.iPirnau;nn: CTPYKTYP Ha MHOro
o6pa3HHX. CoAepmaTeJibHa TaKme 3aAa'la crJiamJIBaIIJIH 
(rpnaIIryJIHD;HH) II. II.' TO eCTh OThlCKaHJ.rn rJia)lKoro (Ky
CO'IHO JIHHeiiuoro) 3aMKHyToro MHOroo6pa3JIH, fOMOTO
IIH'leCKH aKBJIBaJieHTHoro JJ;aHIIOMY IT. rr. 

2) Il. II. n-M e p H 0 e - 3aMKHyTOe n-Mepuoe MHOrO
o6pa3JI0 M, zoMo/!Ozuil zpynnbi H; (M) K-poro H3oMop.iliHhI 
rpyIIIIaM roMoJiornil H; (Sn) n-MepIIoH c.iPepbI Sn; Apyroe 
IIa3BaHne - r o M o JI o r Iii 'I e c K a H c «P e p a. 

0AHOCBH3II00 Il. Il. f0MOTOIIJI'l0CKJI 3KBHBaJI0IITHO Crpepe 
(cM. I'oMomonu•iecrmil mun). ,11.JIH rpyrrrr&1 :rt, peaJIH3yeMOil 
KaK rfjynaa:Atenma.l!bllllfl zpynna HeK-poro II. n., H.MeIOT Mec
ro paBeIICTBa H 1(:rt)=H2(:rt)=O, rp;e H;(:rt)-rpyIIIIhl ro
MOJiornii rpyrrnhl :rt. OGpaTBO, AJIH JIIDGoro n;;;.5 n JIIOGoil: 
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RoHeqHo npeACTaBHMoil rpy11n&1 :rt c H 1(:rt)= H 2(:rt)= 0 cy- rr1e o).l;HOSHaqHble ljiymn~HH X; (x1, ••• , xn) YAOBJISTBOpH-
u~ecTByeT n-MepHoe II. II. Mc :rt1(M):rt. JOT ycJIOBHIO 

.D:JIH n= 3, 4 ::lTHX ycJIOBMil HeAOCTa TOquo AJHI peamrna
~HH rpy1111bl :rt B BuAe :rt=:rt1(M). TaR, rrarrp., ljiyH/WMeH-
TaJI&Han rpynrra JIIOooro TpexMepHoro II. rr. 1wnycRaeT 
ROilp0ACTaBJICllHC c omrnaROBblM qHCJIOM 06pasy10~11x 
H COOTHOJUeHnii. E!~HHCTBeHHaH ROHSqHaH rpyrrrra' pea
JIH3yeMaH RaK ¢YHAaMeHTaJihHaH rpyrrua TpexMepHoro 
II. rr., eCTb fornapnaH rpynna nRocaaApa (x, y: x2=y"=1), 
HBJlflIOll(aHCH ljiyH).l;aMeHTaJlbHOll rpyilllOH aoae1waapa 11pu
cmpa11cmea - l!CTopnqeCRH nepaoro npmtepa II. n. 

Jlum.: [I] B pay n e p B .• IIepecTpolhrn O)IHOCBA3HblX MHO-
roo6pa3HA, nep. c aHrJJ., M., 1983. IO. B. PyilR><. 

IIY AHKAPE CCl>EPA - cljiepa a npocTpaHcTBe R1 

c OTOil\).l;eCTBJieHHblMll AHaMeTpaJibHO IlpOTHBOllOJIOil\HblMH 
TO'IKaM11. II. c. Auljiljiem1opljJHa npoeRTHBHoii ITJIOCROCTI! 
IRP 2 ; oHa OhlJia BBeAeHa A. Ilya1mape (H. l'oincare, CM. 
[ 1 )) llJIH l!CCJIC/l;OBaH'lrn nOBCACHHH ua 6ecRoHeqHOCTll ljiaso-
BblX TpaeRTOpnii: AByMepHoii: aBTOHOMHOii CHCTeMbl 

x=P (x, y), y=Q (x, y) (1) 

B cJiyqae, KOfl\a P 11 Q - Mnoro'!JieH&r. IT. c. oohr<IHO 11:Jo6-
pama10T TaR, 'ITOObl <!Ha 1;acaJJaCb llJJOCIWCTH (:r, y); npn 
upoeKTupoaamrn us 1~e11Tpa II. c. asauMHo OAH03Ha'IHO 
oT06paIBaeTCH Ha IRP 2 , rrpuqeM nape 1i:naMeTpaJibllO npo
THBOilOJIOlRHblX TOqeR :JRBaTopa OTBe'laeT 6ecROHeqHo y1i:a
Jl8HHaH TO'IRa. CooTBeTCTBeHHO, ljia30Bble TpaeKTopmI CHC
TeMbl (1) OT06pamaIOTCH Ha RpHBble Ha cljiepe. 

ORBHBaJieHTHblll MeTO/I; HCCJie/J;OBaHIIH CHCTeMbl ( 1) 
npuMeHeHne n p e o 6 p a s o B a H M ii II y a H R a p e: 

a) x=..!.., y=~ 11 6) x=..!.., Y=-. z z z • z 

IIepaoe (COOTBeTCTB8HHO BTOpoe) H3 HllX npnrOAHO BHC 
ceRTopa, cop;epIBa1~ero oc& y (on :r). Hanp., rrpeo6paso
eaHue a) npHBO/l;l!T CHCTeMy (1) R BHAY 

~=P* (u, z), ~~ = Q* (u, z), (1 ') 

r11;e dt= znd'l: n n - HanooJ11>1IIaH H3 CTeneneii P, Q; 
OC06ble TO'IRH CHCT0Mbl (1 ') Ha3. 6 e c R 0 H e q H 0 y A a
.'! e H H bl M H 0 c 0 6 bl M H T 0 q R a M H CHCT0Mbl (1). 
EcJIH MHOfO'IJl0Hbl p' Q B3aHMHO npOCTbl' TO MHoroqJieHbJ 
p•' Q* TaRme B3aHMHO rrpoCTbl II CHCTeMa (1) HM08T RO
He'IHOe •rncJio oecKoHe'IHO y11;aJJeHHhIX oco6blx TO'leR. 

JI um.: [1] II y a H 1< a p e A., 0 J<puuurx, onpeneJJReMhlX nml1-
<1IepemurnJThHWMH ypasHeHHAMH, nep. c cjlpam:.i., M., 1947; l2l 
AH )Ip 0 H 0 II A A., JI e 0 HT 0 B JI q E. A., r 0 p )I 0 H H. M., 
Ma it e p A. r., lfa4eCTBeHHall TeOPHR j\~lllaMHqec1mx CHCTeM BTO
poro nopRmia, M., 19fl6; [3] JI e cjl we 11 C., reoMeTp11qec1<aA TCO
p1rn 1111cjlcjlepem:.iuaJTbHblX ypaBHeH11tl, nep. c aHrn., M., 1961. 

M. B. <Peoop10><. 
IIY AHKAPE TEOPEMA: rrycTh Ha rnap;ROM saMRHy

TOM /l;ByMepHOM pHMaHOBOM MHOJ'Oo6pas~m v onpe/l;eJicHO 
BeRTOpHoe rroJie x' HMeIOru;ee ROHe'IHOe 'IUCJIO H30JlllpO
BaHBh!X oco6h!x TO'l9.K A 1 , ••• , A-· 
Torp;a 

~j(X, At)=X,(V); 

3AeCb j (X' A;) - HH)'J:8RC Toq1rn: Ai OTHOCHT8JlbHO x (CM. 
Oco6ou mO'l{,/;U unaei;c), 'X - 9ii.ttepoea .rapai;mepucmuna 
V. 'YcTaHoBJieHa A. IlyaHRape (H. Poincare, 1881). 

M. H. Boil.1,feXo6cnuil.. 

IIY AHKAPE TEOPEMA e T e o p n n y c T o ii: q 11-
B o c T n - CM. Ycmou<tueocmb no Ilyaccony. 

IIY AHKAPE TEOPEl\IA B03BPAil~EHIUI - o,'.IHa 11a 
OCHOBHblX TeopeM 06111eil TCOpmI AHHa.\1114. ('Jl('TC\I c lllllla
puaHTHOll MCpoii:. 

IIycTb ABHlR8HHe CHCTeMbl OilHCblBaeTCH .[(lllji<fiepeH~H
aJibHblMH ypaBH8HHHMll 

(1) 

,.,n o (MX;) _ 
"'-i· --0-- -0, M > 0, 

t=l xi 

TaK 'ITO ypaBHeHHH (1) AOITycHaIOT llOJIOil\HTeJihHbIH HH
TerpaJJ bHblii nHBa pnauT 

(2) 

Ilpep;uoJiaraeTCH TaRIBe, '!TO ecJIH H3o6paIBaIO~aH TO'l.Ka 
p c KOopp;1rnaTaMu X1, .•• , Xn B HaqaJihHblll MOMeHT Bpe
MeHn to HaXOAHTCH BHYTPli HeR-poii o6JiaCTH v ROHe'IHOro 
o6'heMa, TO orra 6y.[(eT ocTaBaTbCH HeonpeAeJieHHO µ;oJiro 
DHYTPH 3Toi1 06JiacT11, n 'ITO 

II. T. a.: eCJIH paccMaTpl!aaeTCfl o6JiaCTb U0 , co11;epIBa-
11.1aACH B v, TO MOil\HO Bb16paTb 6eCROHe'!HbIM •mCJIOM CllO
cufioB Ha'!aJibHOe IlOJIOil\eHHe TO'IRH p TaKIUI o6pa30M' 
'ITOObl na TO'!Ka rrepeceRJia o6JiaCTb u 0 6ecKoHe•rno l\IHOI'O 
paa. Ecm1 ::!TOT Bbl6op Ha'laJI&Horo noJioIBeHHH 11;eJiaeTc11 
Hayp;aqy BHYTPH U0 , TO aepoHTHOCTh Toro, '!TO TO'!Ka P 
He nepece'leT o6JiaCTb U0 6ecRoHe'!Hoe 'IHCJIO paa, 6y11;er 
6eCKOHe'!HO MaJia. 

.D:pyr11MH CJIOBamr, eCJIIi Ha'!aJihHble ycJIOBllH He f!BJIH
IOTCH UCRJllO'IIITeJibHb!Mll B yRa3aHHOM CMblCJie, TO TO'IRa 
p rrpoiip;eT oeCROHe'IHO MHOfO pa:i CKOJ!b yrop;Ho OJIH3KO 
OT caoero Ha'!aJI&Horo noJiomeHHH. 

.D:anil\eHne, npn K-poM CHCT0MR 6eCROH0'1HOe 'IHCJIO pas 
B03Bpau~aeTCH B ORpeCTHOCTb Ha'laJihHOfO COCTOHHHH, 
A. IIyaHKape (H. Poincare) HasaaJI y c To ii q u a bl M 
e c M bl c JI e II yacc o Ha. II. T. a. 6&1J1a arrepable 
yCTaHOBJieHa A. IIyaHRape (cM. (1), (2)), aero p;oRa3aTeJib
CTBo 6b!JIO yJiyqmeHo K. KapaTeo11;opn (3). 

Baep;H B MeTp11q, npocTpaHCTBe R c noMO~bIO '!eTblpex 
aRCIIOM a6CTpaRTHOe IlOHHT!le Mepb! µA JII06oro MHOlReCT
Ba AcR H paccMaTpl!BaH /l;HHaMH'I. CMCTeMy f(p, t) (p= 
=P AJIH t=O), sa11;aHHy10 B R, K. KapaTeop;opII HasnaJI 
r.iepy µ IIHBapnaHTHOH OTHOCHT0JlbHO CHCTeMbl f(p, t), ec
mr /l;Jifl mo6oro µ-usMepnMoro 11rnomecTBa A HMeer MeCTO 
paB0HCTBO 

p/(A, l)=pA, -oo < t <+oo. 
l1HeapuaHTHaf! Mepa npep;cTaBJIH0T co6oii ecTeCTBeHHoe 
o6o6ru;eHHe HHTerpaJihHoro HHBapuaHTa (2) AJJH p;mpcpepeH
~HaJihHblX ypaBHeHuii (1). IIpeAilOJIOil\HB Mepy Bcero npo
CTpaHCTBa R ROHe•rnoil, K. HapaTeop;opH )'J:oRasaJI, qTo: 

1) CCJIH µA =m>O, TO HaiiAyTCH 3Ha'l8HHH t, itl;;;.1, 
TaRne, '!TO µ[A· f (A, 1)) >O, r11;e A· f (A, t) - MHOil\eCTBo 
TO'leR, npHHaAJISil\a~ux 0).l;HOBpeM0HHO MHOil\eCTBaM A ll 

I (A, t); 
2) ecJin e rrpocTpaHCTBe R co cqeTHoii 6asoii: µR= 1 AJIH 

HHBapttaHTHOii: Mepbl µ,TO noqTJ1 ace TO'IRH p ER (a CMblc
Jie Mephl µ) ycToil:quebl no IIyaccoHy. 

A. JI. XttH'IHH (5) yTO'IHHJI qaCTh 1) aToii TeopeMbl, p;o
Kasae, qTo AJIH BCHKOro naMepHMOfO MHOlR8CTBa E, µE= 
=m>O, 11 ;110Goro t, -oo<t<+oo, HepaBCHCTBO 

µ (1)= µ (E·/ (E, t)) > A.m2 

BblilOJIHHeTCH /l;JIH OTHOCHT8JlbHO llJIOTHOfO MH01ReCTBa 
3Ha'!8HllH t Ha OCH -oo<t<+oo (npH JIIOOOM A.<1). 

H. r. lJeTaeB (CM. (6), [i)) o6o6ru;HJI n. T. B. Ha CJiy•rnii, 
1;or11;a ljiyHR~l111 xi B (1) :iaBHCllT TaRil\e OT BpeMCHH t 
uepnOAll'leCmI. l1MeHHO, rryCTb a) AeiiCTDl!TeJibHbDI CO('
TOHHHHM CHCTeMbl OTBe•rnIOT J!Hlllb AeiiCTBllT8JlbHble sna
'!eHHH rrepeMeHHb!Xj 6) ljiyHRI~Hla xi B AHljiljiepeH~HaJib
HblX ypaDHCHHHX ABHIB8HHH (1) cyTb uepHOAHqecRue OTHO
CUT8JlbHO t c OAHHM 06ru;1m HM BC0M nepHO/l;OM T; e) B CBO
eM /J;BIIil\eHJm ToqRa p He BblllA8T H3 HCR-pou 3RMRHyToii 
06JiacT11 R, ecm1 ee HaqaJI&Hoe rroJioIBentte P0 HaXOAHTCH 
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ri:1e-Jrn:60 BHYTPH orrpe11;eJieHHOii o6JiaCTll: ro; r) mes wk;;:: orrpe11;eJIHIOII(He COOTBeTCTBeHHO B03MOll\Hhle H 11;eHCTBII-

~a mes w 0, r11;e mes wk= ~ Wkdx1 ... dxn o6o3HaqaeT Mepy TeJibHhle rrepeMeII(eHHH cncTeMhl,- CBH3aJibI ypaBHeHHHMH 
dw. ,,k 

MHOll\eCTBa Wk (o6'h0M B CMhICJie Jle6era), K-poe 3aIIOJI- /h]i=at-""" _ Cct(3it:Dalll3' i=1, ... , k, 
HHIOT B MOMeHT t= to+ ki; /l;BIIll\YII(HeCH ToqKH' Bhlllle/J;IIIHe Gt, 13- 1 

B t0 H3 W0 ; k - HeK-poe u,eJioe qncJio, rrocTOHHHaH a rrpe11;- ecJin rpyrrna B03MOll\HhIX rrepeMeru,errIIii: X a orrpe11;eJieHa 
IIOJiaraeTCH He 6eCKOHeqHo MaJioii:. Tor11;a rroqTn: BCIOAY CBOHMH CTpyNTypHhIMH IIOCTOHHHhIMH ca13i: 
(KpoMe, 6h1Tb MomeT, MHOll\eCTBa ToqeK Mephl HyJib) B k 

o6JiaCTH ro TpaeKTOpHH HM0IOT ycTofiqHBOCTb B CMhICJie (Xt;tX13 )=Xt;tX13- X13Xt;t= ~i=l ca13;X;, 
IIyaccoHa. 

H. M. KphIJIOB u H. H. EoroJI106oa [8] /J;JIH aecbMa mn
poKoro KJiacca /l;HHaMHq. CHCTeM 11;aJIH IIOCTpoeHHe Mephl, 
HHBapHaHTHO:ii OTHOCHT0JlbHO 11;anno:ii /l;HHaMn:q. CHCTeMbI 
(CM. TaKme [4]). 

Jium.: [1] Poi n care H., «Acta math.», 1890, v. 13, 
p. 1-270; [2] er o me, Hsop. TP., nep. c !IJpaHI-1., M., 1972; 
L3] Car a the odor y C., «Sitz. Pres. Acad. Wiss. Berlin», 
1919, s. 580, [4] HeMblQRHll B.B., CTeilaHOB B.B., 
KaqecTBeHHaH TeopHH gmjJ!IJepeH11HaJ1bHhIX ypaeHeHull, 2 HsA., 
M.- JI., 1949; [5] x H H q H HA. H., «Comp. math.», 1934, v. 1 
p. 177-79; [6] 'I e Ta ea H. r., «C. r. Acad. sci.», 1928, t. 187' 
p. 637-38; [7] er o me, «Yq. san. Ka3aHcR. yH-Ta», 1929, T. 89: 
RH. 2, c. 199-201; [8] K p bl JI o B H. H., B o r o JI IO o o B H. H. 
«Ann. Math.», 1937, v. 38, No 1, p. 65-113. B. B. Py.MJitttte•'. 

IIY AHKAPE TEOPEMA IIOCJIE,!1;H1UI: rrycTb K -
KOJibll,O Ha IlJIOCKOCTH, orpaHHqeHHOe oKpymHOCTHMII c 
pa11;11ycaMH r=a H r=b, n: 11;aHo oTo6pameHHe ero B ce6H 
(8 - IIOJIHpHhIH yroJI) 

r=cp (r, 8), S='IJ (r, 8), 

y11;0BJieTBopH1011we ycJioBHHM: 1) oTo6pamerrn:e coxpaHHeT 
IIJIOII(a/J;b, 2) Kam11;aH rpaHHqHaH OKpylKHOCTb rrepexo,a;HT 
B ce6H cp(a, 8)=a, <p(b, 8)=b, 3) TOqKH c r=a rrepe11;an:ra
IOTCH rrpoTHB qacoaoii: cTpeJIKH, a ToqKn: c r= b - no qa
coaoii: cTpeJIKe, TO ecTb 'IJ(a, 8)>8, 'IJ(b, 8)<8. Tor11;a 
no OTo6pameHHe HMeeT /!;Be Herro,a;BHll\Hbie TOqKII. BMeCTO 
coxpaHeHHH IIJIOII(a/l;H, 6oJiee 06II(O, MOll\HO IIOTpe6oBaTb, 
qTo6Iil HHKaKaH rro11;06JiaCTb He rrpeo6pa30BhIBaJiaCb B CBOIO 
(co6CTB0HHYIO) qacTb. 

9Ta TeopeMa BhICKa3aHa A. IIyaHKape [1] B 1912 B CBH-
3H c HeK-phIMH 3a/J;aqaMH He6eCHOH MeXaHHKH; ,a;oKa3aHa 
HM B pH,a;e qaCTHhIX CJiyqaeB, 0/l;HaKo o6II(ero AOKa3aTeJib
CTBa noii: TeopeMhl OH He IIOJiyqHJI. Pa6oTa 6hIJia IIOCJiaHa 
A. IIyaHKape B HTaJihHHCKH:ii mypuaJI (cM. [1]) 3a ABe He
/1;0JIH /J;O CMepTH, rrpIIqeM aBTOp B corrpoBO/J;HTeJibHOM IIHCb
Me pe11;aKTopy Bhlpa3HJI yaepeHHOCTb a crrpaae,a;mrnocTn 
TeopeMhl B o6II(eM cJiyqae. 

IIoJIHoe 11;0Ka3aTeJihCTBo AaJI qepe3 rroJiro11;a ,IJ.m. EHpK
ro<p [2]. 

Jium.: [1] Poi n care H., «Rend. circ. mat. Palermo», 
1912, v. 33, p. 375-407, [2] Birk hot t G., «Trans. Amer. 
Math. Soc.», 1913, v. 14, p 14-22; [3] II a pc JI. A., AHaJIHTH
qecHaH g1rnaM1rna, nep. c aHrJI., M., 1971. M. H. Bouwxoocnuii. 

IIYAHKAPE YPABHEHHH - o6JWie ypaBHeHHH 
MexaHJrnH roJIOHOMHhIX CHCTeM, rrpe/J;CTaBHMhle c IIOMOII(bIO 
rreK-poii rpyrrrrhl Jle: 6ecKoHeqHo MaJiblX rrpeo6pa3oBaHHH. 

IIycTh x;, i= 1, •• ., n,- rrepeMeHHhle, orrpe11;eJIHIO
II(He ITOJIOll\0HHe roJIOHOMHOH MexaHHq. CHCTeMhl, cTeCHeH
HOH II/l;eaJibHblMH CBH3HMH, 3aBHCHII(HMH HBHO OT BpeMeHH. 
EcJIH Cl!CTeMa HMeeT k CTerreHeii: CB060/l;bl, TO CYJ!10CTByeT 
llHTpaH3HTHBHaH rpyrrrra 6ecKOHeqHO MaJiblX rrpeo6pa3oBa
HHM 

a ~n ·a ~n · a X-- I_ X- I_ 
0 -- at + j = i £o ax . ' ct - j = i £ct ax . ' 

J J 
a.=1, .. ., k, 

II03BOJIHIOJ!laH rrepeBeCTH CllCTeMy B MOMeHT BpeMeHll t H3 
ITOJIOll\eHllH x; B 6ecKOHeqHo 6JIH3KHe AeMCTBHT0JibHOe 
ITOJIOll\eHne xi+dx; II B03MOll\HOe IIOJIOll\eHHe x;+lix; 6ec
KOH01JHO MaJiblMH npeo6pa3oBaHHHMH rpyrrrrhl ( x o+ 

+ ~k _ 1 TJctX a) dt H rro11;rpyrrrrhl ~k ro;X; cooTBeT-
ct- """ct= 1 

CTBeHHO. 311;ecb Wa H T]a: - He3aBHCHMhle rrepeMeHHble, 

a, ~=1, ... , k, 

a one pa Top X 0 rrepecTaHoBo•rnrr c rpyrrrroii: 
rrepeMeJ!lerrn:ii 

B03MOll\HhIX 

(X0Xct)=0, a.=1, .. ., k. 

9TH yCJIOBHH /l;aJiee rrpe11;rroJiaraIOTCH BblITOJIHeHHhIMII. 
II. y. HMeIOT BllA o6bllrnoBeHHblX AH.ili«Pepeuu,n:aJibHhIX 

ypaBH0HHH 2-ro rropHll;Ka 

d aL k aL 
dt a'li =~ct, II= 1 c aj13T]a ari13 + X jL' (1) 

j-1, ... , k, 
L (t, x1 , .. ., xn, TJi. .• ., TJk)=T+u 

«PYHKU,HH JiarpaHma, T (t, x, TJ) - KHHeTn:q. :rneprHH, 
u (t, x) - CHJIOBaH «PYBKII;HJl. 

YpaaHeHHH (1) 6hIJIH rroJiyqeHhl arrepahle A. IIyaHKape 
(CM. [ 1]) /J;JIH CJiyqaH TpaH3HTHBHOH rpyrrrrlil B03MOll\HhIX 
rrepeMeII(eHHH, Kor11;a CBH3II He 3aBHCHT HBHO OT BpeMeHH, 
ll rrpn:MeHeHbl (cM. [2]) /J;JIH HCCJI0/l;OBaHllH /J;BHll\eHHH 
TBep11;oro TeJia c aJIJIHITCOH/J;aJibHOH IIOJIOCTbIO, u,eJIHKOM 
3aIIOJIH0HHO:ii H/l;eaJibHOH ll\li/l;KOCTbIO, COBepmaIOJ!10H 011;
HOpO/J;HOe BHxpeaoe /J;BHll\0HHe. H. r. lJeTaeB (CM. [3]) 
0606111IIJI II. y. Ha CJiyqafi HHTpa3HTHBHOH rpyrrrrbl rrepeMe
meHHH, Kor11;a CBH3H 3aBHCHT HBHO OT apeMeHH, H pa3pa-
6oTaJI nx Teopn:IO (cM. [3]-[5]), a TaKme rrpeo6paaoBaJI K 
6oJiee rrpocToMy KaHOHIIq. BHAY (CM. gemaeoa ypaonenusi). 
B qaCTHOCTH, HM 6b!JI 11;aH (CM. [5]) MeTO/J; ITOCTpoeHHH rpyrr
Ilhl B03MOll\HblX li 11;eiiCTBHTeJibHblX rrepeMeJ!10HHH, Nor11;a 
roJIOHOMHhle CBH3H 3a/J;aHhl B AH.ili«PepeHu,HaJibHOll «PopMe, 
Ii! BBeAeHO BamHoe IIOHHTHe ll,HKJIHq. rrepeMeJ!leHHH. 

IIepeMeJ!leHHH Xn r=s+1, .. ., k, Ha3. u, HK JI 11-
q e c K II M II, eCJIH OHM YAOBJieTBOpHIOT yCJIOBHHM: 

1) XrL=O, 
2) (XrX13)=0, r=s+1, .. ., k, ~=1, •• ., k. 

CorJiaCHO 2) U,IIKJIHq. rrepeMeII(eHHH X r o6pa3yIOT a6eJieBy 
rro11;rpyrrIIy rpyrrrrhl B03Momuhlx rrepeMeJ!leHn:i!i, rrepecTa
HoaoqHyIO co BC0MH orrepaTopaMH x 13. ,Il.JIH ll,llKJIHq. rre
peMemeHHH cyH1eCTBYIOT rrepahle HHTerpaJihl II. y. 

aL 
arir=ar=const, r=s+1, .. ., k. 

lfa aTHX COOTHOllleHHH rrepeMeHHhle T], MOll\HO Bhlpa3IITb 
qepea rrocTOHHHble ar H IIepeMeHnh!e t, x;, T] 1 , •• ., TJs H 
BB0CTH «P y H K u. Ii! IO p a y c a 

R (t, Xi. .. ., Xn; T]i, ••• , TJs; lls+i. .•. , ak) = 
~k aL 

=L-"""'"'s+1 a1lrTJr· 

Tor,a;a AJIH 11e11nNJ1H'I. rrepeMeIII;errn:ii: II. y. rrpn:rrnMaIOT 
Bll/J; ypaBH0HHM 

d aR ~ aR 
dt arii =""" Cajl3 TJct ari13 + ~ Cctjy T]aCX.v + X iR' (2) 

a, j, ~=1, ... , s; y=s+1, .. ., k. 

IIocJie IIHTerpn:poaamrn ypaBHerraii: (2) :maqeHHH T], orr
peAeJUIIOTCH paBeHCTBaMH 

aR 
TJr=- aar, r=s+1, .. ., k. 
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EcJIH p;onoJIHIIT0JibHO BhlIIOJIHHIOTCH paB0HCTBa ca.;v= 0, 
ct, j=1, •• ., s; y=s+1, •• ., k, T. e. 0CJIH Hell,HRJIHq. rre
peMellleHIIH X 13, P= 1, •• ., k, rrpep;cTaBJIHIOT co6oil: rrop;
rpyrrrry rpyIIIIhl B03M01RHhlX rrepeMem;eHuH, TO ITO OTHOllie
IDIIO R noll: rrop;rpyrrrre paccMaTpnaaeMaH MexaHnq. cnc
TeMa o6pa3yeT RaR 6hl caMOCTOHTeJibHyIO roJIOHOMHYIO CHC
TeMy c s CTerreHHMH CB06op;hl, OIIIIChlBaeMyIO ypaBHeHHHMH 
(1) rrpu ct, j, ~=1, •• ., s, rp;e poJib «PYHRll,IIII L urpaeT 
«PYHRll,HH R. 

II. y. cop;epmnT RaR qacTHhle CJiyqan: JI aipanJ1Ca ypa6-
nenua, Rorp;a rpyrrrra rrpeo6pa3oBaHnil:, yaeJinqnaa10m;aH 
OJ:IHY II3 rrepeMeHHhlX Ha 6eCROHeqHo MaJiyIO IIOCTOHHHyIO, 
npuBO)J;HTCH R rpyrrrre rrepecTaHOBOqHhlX Memp;y co6oil: 
rrpeo6pa3oBaHJail:; 9uMpa ypa6nenua epallleHHH TBepp;oro 
TeJia, Rorp;a poJib 'l'Ji HrpaIOT rrpoeRll,HH p, q, r MrHoBeHHOH 
yrJIOBOH CRopoCTH. 

Jium.: [1] Poi n care H, «C. r. Acad. sci.», 1901, t. 132, p. 
369-71; [2] er o me, «Bull. Astron.», 1910, t. 27, p. 321-56; 
[3] q e Ta e B H. r., «,l:t:OKJI. AH CCCP», 1928, No 7, c. 103-04' 
[4] er o me, «C. r. Acad. sci.», 1927, t. 185, p. 1577-78; [5J 
er 0 lR e, «IlpHKJI. MaTeM. ll MeXaH.>>, 1941, T. 5, M 2, c. 253-62. 

B. B. Py.MJ1H1feB. 
IIY AHKAPE - BEHl!;IIKCOHA TEOPIIH - pa3p;eJI 

RaqecTBeHHOH Teopmi: An«P«PepeH!~UaJibHhlX ypaBHeHHH H 
Teopuu AHHaMH'I. CHCTeM, OTHOCHillHHCH R rrpep;eJibHOMY 
(rrpn t-'r ± 00) IIOBep;eHHIO TpaeRTOpHH aBTOHOMHhlX CHCTeM 
.i:i;ayx .i:i;n«P«PepeHI1,naJibHhlX ypaaHeHn:ll 1-ro nopHp;Ra: 

(yCJIOBHH, 06ecrre'lnBa10m;ne cym;eCTBOBaHne H e)J;HHCTBeH
HOCTb pellieHHH, rrop;pa3yMeBaIOTCH BhlIIOJIHeHHhlMH). B Ha
n6oJiee BalRHOM CJiy'lae, Rorp;a B orpaHH'leHHOH 'laCTH IIJIOC
ROCTH CHCTeMa HMeeT TOJibRO ROHe'IHOe qncJIO pa6H06eCUJI, 
no.1ioJ1Cenuu, oCHOBHoii pe3yJibTaT A. IIyaHRape (H. Poin
care, CM. [1)) H M. BeH)J;HRCOHa (I. Bendixson, CM. [2]) 
COCTOHT B TOM, 'ITO JII06aH orpaHH'leHHaH IIOJiyTpaeRTO
pnH {IIOJIOlRHTeJibHaH HJIH OTpnu;aTeJibHaH) Jin6o CTpeMHT
CH R IIOJIOlReHHIO paBHOBeCHH, Jin6o HaBnBaeTCH (Harrop;o-
6ne crrnpaJin) Ha npeae.ttbHb!u lfUK.tt, Jin6o aHaJiorn'IHhlM 
o6pa30M HaBnBaeTCH Ha 3aMRHYTYIO cenapampucy HJIH «Ce
rrapaTpHCHhlH ROHTyp», COCTOHID;HH H3 HeCROJibRHX ce
rrapaTpnc, «coe)J;HHHIOID;HX» HeR-phle IIOJIOJReHHH paBHOBe
CHH, mr6o CaMa HBJIHeTCH IIOJIOJReHneM paBHOBeCHH HJIH 
3aMRHYTOH TpaeRTopneii. Han6oJiee 'laCTO HCIIOJib3yeMoe 
CJie)J;CTBHe: eCJIH IIOJiyTpaeRTOpHH He BhlXO)J;HT H3 HeR-poil: 
ROMIIaRTHOH o6JiaCTH, He cop;epmam;eil: IIOJIOlReHHH paB
HOBeCHH, TO B 3TOH o6JiaCTH HMeeTCH 3aMRHyTaH TpaeRTO
pnH. ,Il.JIH Tex CJiy'laeB, Rorp;a IIOJIOlReHnii: paBHOBeCHH 
6eCROHe'IHOe 'IHCJIO HJIH ROrp;a IIOJiyTpaeRTOpHH He HBJIH
eTCH orpaHH'leHHOH, Tome HMeeTCH )J;OCTaToqHo IIOJIHOe, 
XOTH H 6oJiee CJIO)RHOe OIIHCaHne (CM. [ 4)). HaROHeIJ,, MO)R
HO paccMaTpnBaTb nenpepbi6Hb!U nomoi> Ha IIJIOCROCTH, He 
rrpep;rroJiaraH, 'ITO OH 3ap;aeTCH An«P«PepeH11,naJibHhlMH ypaa
HeHHHMH (*), n6o rrpn 3TOM BCe em;e B03M01RHO HCIIOJlb30-
BaTb OCHOBHhle «TeXHH'leCRne» rrpep;rrochlJIRn II.- B. T.: 
JKopaana meope.My n noc.tteao6anua omo6paJ1Cenue AJIH 
JIORaJibHhlX ceqeHHH, roMeoMop.iliHLIX 0Tpe3RY (cym;eCTBO
BaHne HX AORa3aHO B [7], CM. TaRme [8]). 

K II.- B. T. rrpHMhlRaIOT: OTRphlTaH A. IIyaHRape CBH3b 
Memp;y BpallleHHeM BeRTOpHoro IIOJIH Ha rpaHHu;e o6JiaCTH 
n nHp;eRCaMn rroJiomeHnii paBHoBecn.11 BHYTPH Hee (cM. 
Oco6ou mO'lKU unaei>c); pe3yJibTaThI M. BeH)J;HRCOHa H 
JI. Bpayapa (L. Brouwer) o B03M01RHhlX THrrax rroaep;eHH.11 
TpaeRTOpnii B03Jie IIOJIOJRennil: paBHOBeCHH (CM. [2]
[5]); pe3yJibTaThl, yToqn.1110m;ne poab «oco6hlx TpaeRTo
pnll:» - IIOJIOlReHHH paanoaecu.11, rrpep;eJibHhlX 11,HRJIOB H 
cerrapaTpHC - B «RaqeCTBeHHOH RapTHHe», B03HHRa10m;ell: 
Ha «Pa30BOH IIJIOCROCTH (CM. [6]). 

XoTH o6m;aR TeopnH p;aeT ncqeprrhlaa10m;y10 nH.iliopMa11,n10 
0 BapnaHTaX rroaep;eHHH «Pa30BbIX TpaeRTOpnii, B03M01R
HhlX AJIH CHCT0M ( *)' :no He OTBeqaeT Ha BOIIpoc, RaRoil: 
aap1rnHT peaJIH3yeTcH AJIH TOH mrn nno:il: ROHKpeTnoll: 
CHCTeMhl. Pel1I0HHIO rrop;o6nhlX BOIIpOCOB (o6hlqno He AJIH 

OT)J;eJibHOH CHCT0Mhl, a AJIH HeR-poro RJiacca CHCT0M) rro
CBHill,0HO 6oJibllIOe ROJrnqeCTBO pa6oT, B R-phlX, KaK rrpa
BIIJIO, cyru;ecTB0HHO IICIIOJib3Y0TCH 06m;a.11 TeopHH, HO 
R-phle HHROHM o6pa30M ne CBO)J;HTCH R ee aBTOMaTJaq. rrpu
M0H0HHIO. 

Jium.: [11 II ya HK ape A., 0 KpUBblX, orrpe11em1eMLI.X 11mfl
ljJepem.1naJibHbIMH ypasHemrnMH, rrep. c ljJpaHI.\., M., 1947; [2] 
Be H)I HK c 0 H II., «Ycrrexn MaTeM. HayK», 1941, B. 9, c. 191-
211; [3] B r o u we r L. E., «Verhandel. Konik!. nederl. akad. 
wet. Atd. natuurkunde. I. reeks», 1909, v. 11, p. 850-58; 1910, 
v. 12, p. 716-34; 1910, v. 13, M 1, p. 171-86; [4] He M bl W 
K ll it B. B., c T e II a H 0 B B. B., l{a'!eCTBeHHaJI TeopHJI )'.IHljJljJe
pelfl1llaJibHblX ypaBHeHHit, 2 H3)'.I., M., 1949; [5] x a p T M a H ct>., 
Oob!KHOBeHHhle 11nlfJljJepeHI.\HaJibHhle ypanHeHHJI, rrep. c aHrJI., M., 
1970; [6] AHllPOHOB A.A., JieoHTOBH'I E.A., rop-
11 0 H II. II. M a it e p A. r.' Ka'!eCTBeHHaff TOOPHJI )'.IHHaMH'!eCKHX 
CHCTeM BTOporo llOpJI)'.IKa, M., 1966; [7] whit n e y H., «Ann. 
Math.», 1933, v. 34, M 2, p. 244-70; [8] He M bl I.\ K Hit B. B., 
«Beem. MOCK. yH-Ta», 1948, No 10, c. 49-61. a. B. A>WCOB. 

IIY AHKAPE - BEPTPAHA (f>QPMY JIA - .iliopMyJia 
rrepecTaHOBRH rropHARa HHTerpHpOBaHHH B IIOBTOpHhlX He
co6CTBeHHhlX HHTerpaJiaX B CMhlCJie rJiaBHOro 3HaqeHHH 
no Kornn. 

IIyCTb f - rrpOCTaH 3aMRHyTaH HJIH pa30MRHyTaH rJiap;
RaH JIHHHH Ha ROMIIJieKCHOH IIJIOCROCTH; q; (t, t1)-orrpep;e
JieHHaH Ha f (Boo6ru;e rOBOpH, ROMIIJieRCH03Ha'IHaH) cpyHR-
11,HH, yp;oaJieTaopHIOilla.11 paBHOMepHo ycJioBHIO feJibp;epa 
ITO t, t1; t0 - .iliHRCHpOBaHHaH TOqKa Ha f, OTJIHqHaH OT 
ROHIJ,OB, ecJIH r pa30MRHyTa. Toni;a HMeeT MeCTO II.-
B. «Ii· 

I _!!:!__ I Q) <t. t,) dt1 = 
.lr t-t, .lr t,-t 

=- n2q; (t0 , t 0) + ~ r dt1 ~ r (t-<i't~;·<:;~ t) dt. (1) 

<l>opMyJia crrpaaep;Jinaa n rrpH 6oJiee o6m;nx rrpep;rroJio
meHHHX OTHOCHTeJibHO JIHHHH f H .iliYHRIJ,l'lH Cf! (CM. [4)). 
EcJin q; (t, t1)=ct(t) ~(t1 ), rp;e ctELP, ~ELp', p>1, p'= 
=p/(p-1), TO paBeHCTBO (1) crrpaBe)J;JIHBO AJIH rroqTH BCex 
to Er (CM. [ 5], [ 6)). EcJin JIHHHH r 3aMKHyTa II «PYHRll,IIH q; 
3aBnCHT OT O)J;Horo apryMeHTa, TO paBeHCTBO (1) rrpHHH
MaeT BHA 

1 I dt I (j) <t,) 
(ni)• .l r t- 10 .l r t;::"t dt1 =Cf! (to) (2) 

H HMeeT MeCTO AJIH acex HJIH rroqTH BCex to E r B 3aBHCHMOC
TII OT Toro, YAOBJieTBOpHeT q; ycJIOBHIO feJib)J;epa HJIH 
q;ELp, p>i. PaaeHCTBO (2) TaRme Ha3. II.- B. «P· 

IIocTpoeHhl anaJioru «PopMyJihl (1) B cJiyqae RpaTHhlX 
HHTerpaJIOB (CM. [8]-[11]). 

ct>opMyJia (1) rrpn orrpep;eJieHHLIX ycJioan.11x 6blJia rroJiy
qeHa r. Xapp;n (CM. [7]) paHee A. IIyaHRape (CM. [ 1]) H 
m. EepTpaHa (CM. [2], [3]). 

Jium.: [1] Poi n care H., Lei;ons de mecanique celeste, 
t. 3, P., 1910; [2] Bert rand G., «C. r. Acad. sci.», 1921, t. 172, 
p. 1458-61; [3] er o me, «Ann. sci. Ecole norm. super.», 1923, 
t. 40, p. 151-258; [4] My c x e JI H w B H JI H H. II., CnHryJIJip
Hble HHTerpaJibHble ypaBHeHHJI, 3 H3)'.I., M., 1968; [5] x B e )'.I e
JI H II 3 e B. B., «CPOO!Q. AH I'pya. CCP», 1947, T. 8, M 5, c. 283-
90· [6] er 0 lR e, B KH.: llTOrH HayKH ll TeXHHKH. CospeMeHHhle 
npooJieMhl MaTeMamRH, T. 7, M., 1975, c. 5-162; [7] Har
d y G. H., «Proc. London Math. Soc.», 1909, v. 7, M 2, p 181-208; 
[8] Tricomi F., «Math. Z.», 1928, Bd 27, S. 87-133, [9] G i
r au d G., «C. r. Acad. sci.», 1936, t. 202, M 26, p. 2124-26; 
[10] er o me, «Ann. sci. Ecole norm. super.», 1934, t. 51, t. 3-
4, p. 251-372; [11] M H X JI H H C. I'., «Ycnexn MaTeM. HaYK», 
1948, T. 3, B. 3, c. 29-112; [12] er 0 lR e, MHOrOMepHble CUHry
JIJIPHhie HHTerpaJihl u UHTerpaJihHble ypaBHeHHJI, M., 1962. 

B. B. XBeaeJtuaae. 
IIY ACCO HA U:HTErP AJI - nHTerpaJibHoe rrpep;cTaa

JieHne perneHHH f{UpUX.tte aaaa'lU )J;JIH Jlan.ttaca ypa6HeHUS/. 
B rrpoCTeil:rnnx o6JiaCTHX. TaK, II. n. AJIH 11Iapa B n (0, R) 
eBRJinp;oaa npocTpaHCTBa IR.n, n~ 2, pap;nyca R c ~eHTpoM 
B HaqaJie KOOp)J;HHaT HMeeT BHA 

u (x) =I f (y) P Bn (x, y) dSn (y), (1) .lsn (o, R) 

rp;e f (y) - p;aHHaH nerrpephlBHa.11 «PYHKI~u.11 Ha c«Pepe 
Sn(O, R) pai:1nyca R, 

1 Rn-• (R 2 -I x I') 
PBn(x, y)=CJn Ix-yin 
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- H A p 0 Il y a C C 0 H a A JI H Ill a p a, Un= 

=nnn/2nn- 1;r (n/2+1) IIJIOIIWJ;h c<}Jephl Sn (0, R), dSn -
::JJieMeHT IIJIOIIJ;aAH s n (0' R). 

C. IlyaccoH [1] rrpHIIIeJI K <JiopMyJie (1) B cJiyqae n=2 
KaK K HHTerpaJihHOiI <JiopMe aarrHCH cyMMhl Tpn:roHOMeTpHq, 
PHAa 

a2° +~:= 1 (a1icoskB+b1isink8)rk, 

rAe ak, bk - Ko::i<}J<}J!iIIJ;HeHThl <l>ypbe «f>yHKIJ;HH f (y)=f(el'P), 
(r, 0) Ji[ (1, <p)- IIOJIHpHLie KOOpAHHaThl COOTB0TCTBeHHO 
TOqeK x= rei6 Ji[ y= ei'P ' KOrAa HAPO IlyaccoHa HMeeT BHA 

PB (x y)=PB (rei0 ei'P)=_!_ 1-r' (2) 
2 ' 2 ' Zit 1-2r cos(9-cp)+r' 

(o rrpHMeHeHHHX n. Ji[, B reopuH TpllSOHOMeTpH'I. PJIJJ:OB 
CM. [3], a TaKJKe A 6e.11.ii - Ilyaccona .Memoo cy.MMupooa-
1w.ii). 

Il. 11. AJIH IIOJiyIIpOCTpaHCTBa 

n: = {x= (xi, .. ., Xn) E IRn: Xn > O} 

HMeeT Bl!A 

u (x) =~Rn f (y) PR: (x, y) dR~ (y), (3) 
0 

rAe 

R~={y=(yi. .. ., Yn)EIRn: Yn=D}, 

dR~ - ::iJieMeHT IIJIOIIJ;aAH R~, f (y) - orpaHHqeBrraH rre

rrpepbIBHaH <}JyHKIJ;HH ua R~, 

2r ( T+ 1) 
P RrL,. (x, y) = ---'---'- X11 

n:n;n/2 lx-y Jn 
- H A p 0 Il y a C C 0 H a A JI H II 0 JI y Il p O C T-
p a H c T B a. <l>opMyJihl (1) H (3) cyTh qacTHhle CJiyqaH 
lfiopMyJihl fpnua 

u(x)=~rf(y)aaa~/>df(y), (4) 

.a:arorri;eii pernerrne aaAa'In )];npnxJie AJIH o6JiacTeii: DclRn 
C rJiaAKOH rparrmi;eii f IIplil IIOMOIIl;lil rrpomlBOAIIOii 
dG (.x, y)/ dr:,y <}JyHKlJ;HII fpHrra G (x, y) no HarrpaBJI0BHIO 
BByTpenneH HOpMaJIH K r B ToqKe y Er. Mrror.a:a lfiopMy
Jiy (4) TaKJKe IIa3. Il. Jil, 

OcrroBHble CBOHCTBa n. Jil.: 1) u(x) eCTh rapMOBJilq, cfiyl!:K
ll;liH KOOpAHIIaT TO'IK!il x; 2) Il. Jil, .a:aeT peme11He 3aµ,a'IH 
)];npHxJie c rparrHqrrhIMH .a:arrrrhIMH f (y) e KJiacce (orpaBH
qeHHhlx) rapMOBJilq, ¢YBKJl;HR, T. e. <JiyrrKJl;!iIH u(x), rrpo
TJ,OJIJKeHrraH Ha rpaHHll;Y o6JiaCTJil 3Ba'I0BBJIM!il f (y), Be
rrpepbIBBa a aaMKIJYTOii: 06JiacT11. Ha ::JTHX caoiicTeax oc
noaanhI IIpHMeHeBJiIH n. Ji[. B KJiaCCJiqec:Koil: MR T0M a Tl!!q. 
lfi1rn1rne (cM. [4]). 

Il. H., IIOBHMaeMblH B CMbICJie Jle6era, OT CYMMHpyeMOH 
<JiyHKlJ;HH f (y), rrarrp. aa Sn (0, R), naa. H H T e r p a
JI o M Il y a c c o H a - JI e 6 e r a; HBTerpaJI BH,n;a 

u (x) =~Sn (0, R.) P Bn (x, Y) dµ (y) (5) 

no IIpOH3BOJibHOH Korreqrroii 6opeJieBCKOH Mepe µ, cocpeAO
TO'IeHHOH Ha Sn (0, R), rraa. H rr Terp a JI o M II ya c
c o Ha - CT H JI Tb e c a. RJiacc A rapMOHH'I. <JiyHKlJ;HH 
u (x)' npe.a:cTaBHMhIX HHTerpaJIOM (5)' xapaKTepH3yeTCJI 
TeM, qTQ JII06aH lfiyHKlJ;HJI u (x) EA ecTh pa:rnocTb µ,eyx 
HeoTpHll;aTeJibHhIX rapMOHH'I. <JiyHKlJ;HR e B n(O, R). RJiacc 
<JiyHKIJ;Hii, npeµ,cTaBHMhlX HHTerpaJioM IIyaccona - Jle-
6era, ecTb rrpaeHJibHhIH noµ,KJiacc KJiacca A, coµ,epmarri;Hii, 
B CBOIO oqepeµ,h, ece orpaHJilqeHHhle rapMOHJilq, <JiyHKIJ;lillil B 
B n (0, R). )];JIH rroqTH ecex TO'IeK y ES n (0, R) no Mepe Jle-
6era na S n(O, R) HHTerpaJI IIyaccoHa - CrHJITbeca (5) 
HM00T yrJIOBble rpaBH'IHble anaqeBHH, COBIIaAaIOlIJ;He co 

3HR'I0HHeM rrpon3BOAHOH µ' (y) Mephl µ IIO Mepe Jle6era. 
TeopnJI HHTerpaJioe Ilyaccona - CrHJITbeca M Ilyacco
Ha - Jle6era CTpOHTCJI B AJIJI CJiyqaH IIOJiyrrpOCTpaHCTBa 
(CM. [5]). 

BoJihmyro poJih a TeopHH aHaJIHTHq, <JiyHKIJ,nii: MHornx 
KOMll.ll0RCHbIX rrepeMeHHbIX H B ee rrpnMeHeHHHX K KBaIITO
eol: T00pB1!! IJOJIJl HrpaIOT pa3JIB'IHble MOTJ.H4fJHKaIJ,Hlil Il. lil. 
Hanp.,H,a:po IlyaccoHa AJIJI rroJIRKpyra 

Un={z= (zi. .. ., Zn) Etn: I Zj I< 1, j =1, .. ., n} 
KOMIIJI0RCHOf0 rrpOCTpaHCTBa ((;n IIOJiyqaeTCH IIpH rrepe
MHOlK0HHH H,D;ep (2): 

pun (z, 6)= rr;,=i PB 2 (zf, b/)· 

CooTeeTCTByIOIIJ;Hi II. H. 

u (z) = ~ Tn I((;) PUn (z, 6) dTn (b) 

nooCTOBYIIOJIHKpyra Tn={b= (b, .. ., bn)ECn: lb11=1, 
j= 1, .. ., n} .a:aeT KpaTBOrapMOlUl'I. ¢YHKIJ,HIO u (z), z Eun, 
rrpnBHMBIOIIJ;YIO Ha OCTOBe Tn HerrpephIBHhle 3Ha'IeHHJI 
f (~). PaccMaTpHBaIOTCH Tam1rn o6o6rri;eHHJI e en:µ,e HHTer
paJioB IlyaccoHa - Jle6era n: IlyaccoHa - CTHJITbeca 
(CM. (6]). 

B RB8BTOBOH T00pH1I IIOJIJI rrpHMeHHIOTCJI n. n:. AJIJI 
Tpy6'1aThIX o6JiacTeii: TC KoMnJieKcHoro rrpocTpaucTBa Cn 
Haµ, BbIIIYKJihIM OTKpbITblM OCTpbIM KOBYCOM c B rrpOCT
paBCTBe 1Rn (c BepIIIHHOH B Ha'laJie KOOpTJ,HHaT) BHTJ,a 

re= IRn+ iC = {z=x+ iyEtn: 
x=(x1, .. ., xnJERn; y=(Yi. .. ., Yn)EC}. 

II. H. ,a:JIJI IIOJIYIIJIOCKOCTH BHAa (3) rrpn n= 2 eOTh '!aCTHhiii 
CJiy'Iail: TaKnx n. H. TJ,JIJI Tpy6qaTbIX o6JiaCTeii. II. a. AJIJI 
orpaue:'leBBhlx CllMMeTpn'I. o6JiaCTeiI npocTpaHCTBa ((;n 
upe.11cTaBJilleTc11 TaK me, RaK II. H. IJ;JIJI Tpy6'IaTo:i1 o6JiaCTH 
B npocTpaBCTBe MaTpRlJ;. IlOHHMRJI IIJIOTHOCTb n. lil. I KRK 
0606IJJ;ennyro <JiyHKJJ;HIO, a caM II. H.- KaK ceepTKY f c 
H.[lpOM flyaCCOBa, llpH:X:OTJ,HT K B8lKHOMY IIOHJITHIO Il. Jil. 
OT o6o6rri;eBHhIX ¢yaK[\HH orrpeµ,eJieHHhIX KJI8CCOB (CM. 
[7)-[9]). 

Jlum: [!]Poisson S. D.,«J.Jl:colepolytechn.»,1820,t. 11, 
p. 295-a41; 1823, t. 12, p. 404-509; [21 Schwarz H. A., 
«VierteljahrBBchr. Naturforsch. Ges. Zlirich», 1870, Bd 15, S. 113-
28; [SI Ba pH H. }\., TpnroHOMeTpn'!eC1me PHAhl, M., 1961; [4] 
T 11 x o Bo B A. H., C a M a p c K 11 it A. A., YpaBHeHHH MaTe
MaTH'!eCKOH ljlHSH!IH, 5 H3,IJ; 'M' 1977; [5] c 0 JI 0 Me H 11 e BE . .u .. 
Hrorn HaYRH MaTeMaTH'!eCRHit attamrn. TeopuH aepoHTHOCTeit. 
PeryJIHPOBattne. 1962, M., 1964, c. 83-100· [6] p y AH H Y., 
TeopnH <fiYHR11Hll a rro.mrnpyre, rrep. c aHrJI., :M., 1974; [7] B JI a
A HM Hp 0 B B. C., Q(jo(i~eHHble <fiYHRllHH B MaTeMaTH'!eCROll <fi11-
3HR8. M., 1976; [8] x ya JI 0 - Re H, rapMOHH'l0CKHll aHaJIHa 
<fJYHR11Hll MHOrHX ROMIIJieRCHblX repeMeHHhlX B RJiaCCH'leCRHX OO
JjaCTllX, nep. c RHT., M., 1959; [9 c Te it H H., Bell c r., Bae.n;e
Hlle B rapMOHll'leCKlllt aHaJill3 Ha eBRJIH,ll;OBhlX rrpocTpaHCTBax, 
rrep c a11rJI, M., 1974. E. JI, Co.1toMeU1JeB. 

IIY ACCOHA METO)]; CYMMHPOBAHIUI - To me, 
'ITO A6e.n:" - Ilyaccona .Memoo cyM.Mupoeanua. 

IlYACCOHA IIPEOBPA30BAHHE - HIITerpaJibBOe 
rrpeo6paaonaune en.a:a 

f(x)=* ~="' 1+<:_t>•da. (t), 

r.a:e a. (t) - «J>ya.KIJ,HJI orpaIIJI'I0HHOfO HBM0H0HHJI B KR1K/J;OM 
ROB0'IHOM HHT0pBaJie, a T8K)f(e rrpeo6paaoBaHirn 

I ( ) _ 1 r <Xl cp <t> at 
X -n J-oo 1+(x-t)' ' 

BbITeKaIOIIJ;ee n:a (*), ecm1 ct (t) - a6coJIIOTHO HerrpepbIB
rraa <}JyHKIJ,HH. IlyCTb 

g(x)=-! ~:u- 2 [g(x+u)-2g(x)+g(x-u)]du 
H 

~ "' t'k Ttg (x) = (-i)k - g<2k> (x) + 
k=O (2k) I 

~i"' k t•k+• ~ k + ~k=.o (-1) (2k+ 1)! g<2 l (x). 
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I1MeIOT MeCTO CJie)J;y10m;ne «J>op1.1yJibl o6pam;eHHH )J;JIH II. rr.: 6nHOMHaJibHOrO pacrrpe)J;eJieHHH B yCJIOBllHX, KOr)J;a n (qe:-

a (x+O)+a (x-0) a(+O)+a(-0) CJIO HCIIbITa&:1r:ii:) BeJIHKO, ap (BepOHTHOCTb ycrrexa) MaJio. 
2 2 CM. llyacco1ta meopeJtta 2). II. p. c xoporrmM rrpe:6Jin

meHHeM OIIHChIBaeT MHOrlie cp1Ianq. HBJiemrn (cM. (2], T. I, 
= lim ('X Ttf (u) du rJI. 6). n. p. flBJifleTCH rrpe)J;eJibHhIM )J;JIH MHornx )J;HCKpeT-

t--+ 1- 0 J 0 HhIX pacrrpe)J;eJiemdl:, TaKHX KaK, Harrp., eunepeeo.Mempu<te
rrpH BCex x H 

Ql (x) = lim T tf (x) 
1--+l-O 

AJIH rroqTH acex x. 
IIycTb c - BhmyKJlhIH OTKphlTbIH OCTpbiii: l(OHYC 

c aepnmHoii: B HyJie H C* - corrpRIBeHHbIH IWHyc, 

cnoe pacnpe8eAe1tue, ompUZfameAbnoe 6uno.MuaAb1toe pac
npe8Me1tue' n oiia pacnpe8Me1tue' AJIH pacrrpe)J;eJieHHii:, 
eoaHHKarom;nx B aa)J;aqax o paaMem;eHHn qacTHD; rro flqeii:
KaM rrpe: orrpe)J;eJieHHOM naMeHeHHn nx rrapaMeTpoe. B ee-

B !Rn pOH'fHOCTHhIX Mo)J;eJiflX II. p. IIrpaeT 60Jibmy10 poJib KaK 
T. e. 

C*={6:61x1 + ... +6nxnd0, vx EC}. 

0)'l' c (z) = ~ c• el (z,~, + ... +zn~n)d£ 

Haa. fl A p o M R o m II Tpy611aToii 06J1acTn: TC= {z= 
=x+iy; xE IR.n, yEC} n. II. (0606.m;eRHOii) cJiyHKD;IIH f 
Haa. ceepTKa 

r.zte 
f*:flc(x, y), (x, y)ETc, 

I Kc (x+iy) 12 
!re (x, Y) = (2n)n Kc (iy) 

- R)J;po ITyaccoHa Tpy6qaTOii o6JiacTH TC (cM. (21). 
Jium.: (!] Po I I a rd H., «Trans. Amer. Math. Soc.», 1955, 

v. 78, N• 2, p. 541-50; [2] B JI a >1 HM I'! po B B. C., 06o6ll(eHHh!e 
lj>yHRQl'IH B MaTeMaTH'lec11oll: lj)H31'!Re, M., 1976. 

IO. A. Bpbl'<Xo•, A. II. Ilpyauuxoe. 
ITY ACCOHA PACIIPE)J;EJIEHIIE - pacnpe)J;eJiemrn 

BepoHTHOCTeii: CJiyqaiiHoii: BeJIH'IHHhl x' llPHHHMa10m;eii 
a;eJihle HeoTpHa;aTeJlbBhie 3Ha'leHHH k=O,i,2, .. •j c Bepo
.IITHOCTHMH ,.,,, 

P {X=k}=e-Aki, 

r~ )..>() - napaMeTp. ITpoH3BO)J;.IIID;a.II «J>yHKD;HH II xapaK
T0plICTH'l. «J>yHKD;HH IT. p. onpe)J;eJ1.1IIOTc.11 cooTB0TCTB0HHo 
paBeBCTBaMH 

cp(z)=eA<z-11 n /(t)=exp[)..(eit_i)]. 

MaTSMaTu'I. oIBn)J;aHne, mrnnepCHH 11 ace ceMHHHBapuaHThl 
60J1ee BhlCoKoro nopHAKa paBHhl A. <l>yHKD;H.II pacnpe)J;eJJe
BB.II II. p. 

F (x) = ~ [x] ,-A Ai 
""'"i= 0 t! 

B TO'IKaX k=0,1,2, ••• BhlpamaeTCH «J>opMyJJoii: 

F (k)=-b-S: ylie-Ydy=i-Sk+l (A), 

rp;e S k+I (A) - 3Haqemrn B TO'IKe A cpyHKD;HH eQ,J1£J1£a-pac
npe8eAe1tusi c napaMeTpoM k+i (11n11 «J>opMyJJoii: F (k)= 
=1-H2k+ 2 (2A), rp;e H 2,,.+ 2 (2A) - aHa'leHue B TO'!Ke 2A 
«J>yHKI~HH «xu-noaapam» pacnpe8eAenusi c 2k+2 CTeneHHMH 
CBo60Ji;hl), OTKyp;a, B qacTHOCTH, CJlep;yeT COOTHOilleHH0 

P {X =k}=S1i (A)-Sk+1 (A). 

CyMMa HeaaBHCHMbIX CJlyqaiiHhIX BeJIH'IHH x It •• ., x m 
11Me10m;nx IT. p. c napaMeTpaMH A1, •• ., Am rrop;'IHHfleTcfl 
IT. p. c napaMeTpoM A1 + ... + An-

06paTHO, eCJIH cyMMa x 1 + x 2 p;eyx He3aBHCHMhlX CJly
qaii:HhlX BeJIH'IHH X 1 nX 2 nMeeT II. p., TO Kamp;aH CJ1yqaii:
Ha.11 IleJJn'lnHa X 1 nX 2 IIOJi;'lnHeHa IT. p. l1MeIOTCH o6m;He 
Heo6xop;HMbl0 n AOCTaTO'IHhle ycJJOBHH cxoµ.11MocTn pac
rrpep;eJJeHHH cyMM HeaaencnMhlX CJlyqaiiHhlX BeJIH'lllH K 
IT II , • X-1-. 

• p. pH ~00 CJ1yqa1rnaH BeJIH'IHHa V[" nMeeT B rrpe-

)J;eJle cTas)J;apTsoe HOpMaJlhHOe pacrrpep;eJJeBHe. 
IT. p. 6b!J10 arrepabre rroJJy'leHo C. ITyaccoHoM (S. Po

isson, 1837) rrpa BhlBOll0 rrpu6JIHiR0HHOK «J>opMyJlhl )J;JUI 

TOqHoe pacnpe)J;eJieH1Ie BepOHTHOCTeii:. IIpHpO)J;a Il. p. 
KaK ToqHoro pacrrpe)J;eJieHHfl eepoRTHOCTeii: Ha1I60Jiee rroJI-
HO pacKphlaaeTCH B TeoplIH CJiy11aii:Hh1x rrpoa;eccoe (cM. 
llyacconoocnuii npolfecc), rµ.e II. p. IIOflBJIHeTCfl KaK pac
rrpe)J;eJieH1Ie 11nCJia X ( t) HeK-phIX cJ1y11aftHhlX co6hlTJiii, 
rrpo1ICXOAHW:1IX B TeqeHBe cpnKcnpoeaHBoro 1IHTepeaJ1a epe-
Meun t: 

-i-.t (At)k 
P {X (t) = k}=e """kl, k=O, 1, 2, ... 

(napaMeTp A - cpep;Hee 'lllCJio co6hlTHii B ep;HHna;y Bpe
MeHH), HJIH, 6oJiee o6m;o, RaK pacrrpe)J;eJJeHH0 cJiy'laii:Horo 
'lHCJia TO'leK B H0K-poii «J>nKCHpoBaHHOii: o6naCTH 0BKJIH• 
itoea rrpocTpaHCTBa (napaMeTp pacrrpep;eJieBHH rrporrop
a;noHaJieH o6'LeMY o6JiacTH). 

HapRp;y c IT. p., KaK OHO onpeAeJI:e&o Bhlme, paccMaTpH
BaIOT H TaK Ha3. 0 6 0 6 m; e H H 0 e HJill c JI 0 )1\ H 0 e 
IT. p. TaK Haahlea10T pacrrpep;eJieHn:e eepoRTHocTeii cyMMhl 
x 1 + x 2+ ... +xv CJly'laHHoro 'lHCJla 'V O)J;HHaKOBO pac
rrpep;eJieHHhlX CJiy'laBHhlX BeJIH'lHH x 1 • x 2• ••• (npu aTOM 
'V' x l• x 2t ••• C'IHTaIOT B3aHMHO HeaaBHCHMbIMH, H v -
pacnpep;eJieHHhlM no IT. p. c rrapaMeTpoM A). XapaKTepac
Tnq. «J!yHKIJ;HH cp (t) o6o6m;eHBOro fl. p. paBHa 

cp (t) =exp {A('ljl (t)-1)}, 

rp;e \jl (t) - xapaKTepHCTH'I. «J>yRKIJ;HJI Xv. Haup., oTpa~a
TeJihHOe 6HHOMHaJibHoe pacrrpep;eJieHHe c rrapaMeTpaMn n 
Hp HBJifleTcH o6o6m;eHHhlM IT. p., TaK KaK p;JJH Hero 
MOll\HO IIOJIOll\HTb 

1 1 1 
"lj1 (t)=-rlog ---=t, A=log-, q=i-p. 

1-qe1 P 

06o6m;eHHhle IT. p. 6earpaHH'IHO ,11;eJIHMhl H Kamµ;oe 
6earpaHH'IHO )J;eJIHMoe pacnpep;eJieHne .IIBJIHeTcH npe,n;eJI:oM 
o6o6:o:i;eHBhlX IT. p. (MomeT 6h1Tb «C,D;BHHYThlX», T. e. c xa
paKTepnCTH'I. cpyHKD;HHMH BH)J;a exp (An('IJn(t)-1-itan)). 
BMecTe c TeM ece 6earpa,HH'IBO µ;eJIHMhle pacrrpep;eneHH.a 
(11 TOJibKO OHH) MoryT 6bITb IIOJiy'leHhl KaK npep;eJlhl pac
npep;eJI0HHH cyMlll BHp;a hn1Xn1+ . · · +hnknXnlrn -Am 
rAe (X ni. .• ., X nkn) 06paay10T cxeMy cepnii: He3aBHCH
MbIX cJiyqaii:HhlX BeJIH'lHH C IT. p., hnkn >O H An - p;eiicTBH
TeJibHble 'IHCJia. 

JJum.: [1] Po is son S. D., Recherches sur la probabilHe 
des Jugements en mati~re criminelle et en mati~re civile,_precedees 
des r~gles generales du calcul des probabilites, P., 1837; L2] ct> e JI
JI e p B., BBenem1e B TeOpl'IIO BeponmocTeil: I'! ee np1rnomemrn, nep. 
c aHm., 2 1'13)'.I., :r. 1-2, M., 1967; [3] B 0 JI b me B JI. H .• c M II p
H o B H. B., Ta6JI1IQhl MaTeMaTH'lec11olt cTamcmRH, 2 II3i'.I., M., 
1968; [4] JI I'! H H II R IO B., 0 c T p 0 B c RH a H. B., Pa3Jlo
>RemIH CJIY'fail:Hhlx BeJllI'll'!H II BeRTOpOB, M. I 1972. 

A. B. IlpoxopoB. 

IIY ACCOHA CKOBKll - AH«J!!JiepeHIJ;ll:aJibHoe Bldpa-
ll\eHH0 

~ n ( au av au av ) 
(u, v) = ~ ,· 1 aq: ap. -a;. aq. ' = I I I I 

(1) 

aaeuc.i:_m;ee OT p;eyx !JiyH~D;HH u (q, p) H v (q, p) 2n nepeMeH
HhlX q~ (q1, •• ., qn), p- (p1, .• ., Pn)· Beeµ;eHbI C. ITyac
COHOM [1). IT. c.- qacTHhlii: rnyqaii H11,06u cno6()1>, II. c. 
eCTb 6nJinHeiiHaH «J>opMa OT «PYHKD;HH u, v, npnqeM 

(u, v)=-(v, u), 



759 IIYACCOHA 760 
M mieeT MeCTO TOJR)J;eCTBO .fhw6n (CM. [2]) 

(u, (v, w))+(v, (w, u))+(w, (u, v))=O. 

II. c. rrpnMeHHIOTCH B Teopnu .n:mp!f>epem~naJihHblX ypaa
HeHuii: c qaCTHblMH rrpO!i13BO)J;HblMH 1-ro rropHp;Ra H HBJIHIOT
CH y.n:o6HblM MaTeMaTH'l. armapaTOM B aHaJIHTH'l. Mexamrne 
(cM. [3]-[5]). Harrp., ecmi: q, p - RaHOHH'l. rrepeMeHHhie 
H .n:aHo rrpeo6pa3oBaHue 

Q = Q (q, p), P=P (q, p), (2) 

. , On), P= (Pi. ... , Pn) II (nX n)-MaT-

(P, P), (Q, Q), (Q, P) (3) 

cocTaBJieHbl H3 :rneMeHTOB (P;, Pj), (Q;, Qi), (Q;, Pj) co
OTBeTCTBeHHO, TO (2) HBJIHeTCH RaHOHH'l. rrpeo6pa30BaHHeM 
Tor.n:a H TOJihKO Tor.n:a, Ror,n:a rrepable .n:se MaTpHU,bl a (3) 
HyJieBhle, a TpeTbH - ep;nHH'IHaH. 

II. c., Bhl'lllcJieHHble AJIH cJiyqaH, Rorµ;a a ( 1) u H v 
3aMeru,eHhl RaRo:ii:-Jiia6o rrapoii: ROOp)J;HHaTHblX lf>yHRU,Hii: OT 
q, p, Ha3. ii> y H lJ; a M e H T a JI b H bl M H c R 0 6 R a M Iii. 

Jium.: [1] Poisson S., <cJ. l!icole polytechn.», 1809, t. 8, 
p. 266-3V.; [2] Jacobi c.; «J. reine und angew. Math.», 1862, 
Bd 60, s. 1-181; [3] y HT Te!( e p E. T., AHaJIHTH'leCKaH )'.IHHa
MHKa, nep. c aHrJI., M.- JI., 1937; [4] JI y p be A. H., AHaJIHTH
qecKaH MeXaHHl<a, M., 1961; [5] r 0 JI )'.IC Te JI H r., I\JiaCCH'leC
RQH Mexamrna, nep. c aHrJI., 2 11a11., M., 1975. A. II. CO.l!aamoe. 

IlYACCOHA TEOPEMA - 1) II. T.- rrpep;eJibHaH Teo
peMa TeopHH aepoHTHOCTe:ii:, HBJIHIOIIl,aHCH qaCTHbIM CJiy
qaeM 60.n,biuux 11.uce.n, aanona. II. T. o6o6ru,aeT Bepny.n,.n,u 
meopeMy Ha CJiyqaii: He3aBHCHMblX HCIIblTaHnii:, BepoHTHOCTb 
IIOHBJieHHH B R-phIX HeR-poro co6blTHH 3aBHCHT OT HOMepa 
!ilCilblTaHiaii: (T. H. c x e M a II y a c c o H a). <l>opMyJin
poBRa II. T. TaROBa: ecJIH B IIOCJie,a;oBaTeJibHOCTH He3aBHCH
MblX HCIIblTaHII:ii: co6blTHe A HacTyrraeT c BepOHTHOCTHMH 
p ,., 3aBHCHIIl;HMH OT HO Me pa HCIIblTaHHH k, k= 1, 2, ... , 
µnln - qacTOTa A B rrepBblX n HCIIblTaHHHX, TO rrpH JII060M 
e>O BepOHTHOCTb HepaBeHCTBa 

I µnn p,+. · .+pn/ 
n ~e 

6y,a;eT CTpeMHThCH R 1 npn n-+oo. TeopeMa BepHyJIJIH cJie
.n:yeT H3 II. T. rrpn p 1= .. . =pn- II. T. 6blJia ycTaHoBJieHa 
C. IIyaccoHoM [1]. /];oRa3aTeJihCTBO II. T. 6hIJIO rroJiy'leHo 
C. IIyaccoHOM H3 aapnaHTa Jlan.n,aca meopeMb/,. IIpocToe 
n;oRa3aTeJibCTBO II. T. 6blJio ,a;aHo II. JI. 1.Je6hllneBblM (1846), 
K-poMy TaRme IIpHHap;Jiell\HT rrepBaH o6ru,aH lf>opMa 3aROHa 
6oJibmiax qiaceJI, BRJIIOqa10m;aH II. T. B Ra'leCTBe qacTHoro 
CJiyqaH. 

2) II. T.- rrpep;eJihHaH TeopeMa Teopnn aepoHTHOCTeii: 
o cxop;HMOCTH 6unoJotua.n,bnoeo pacnpeoe.n,enusi R Ilyaccona 
pacnpeoe.n,enu10: ecJin P n(m) - aepoHTHOCTh Toro, 'ITO B 
n HCIIblTaHnHx BepHyJIJIH HeR-poe co6blTHe A HacTyrraeT 
pOBHO m pa3, npH'IeM II BepOHTHOCTb A B Ramp;oM HCIIblTa
HHH paBHa p, TO rrpH 6oJibIDHX 3Ha'leHHHX n H 1/p BepOHT
HOCTb p n (m) 6JIH3Ra R 

e-nP (np)m 
m! 

BeJIH'IHHa A.= np paBHa cpe.n:HeMy 3Ha'leHnIO 'IIICJia Hac
cynJieHHii: A B n HCIIblTaHHHX, a IIOCJie)J;OBaTeJihHOCTb 3Ha-

u Am 
qeumi: e-A mi, m=0,1, 2, .•. , A.>O, o6pa3yeT pacrrpe.n:e-

Jieune IIyaccoHa. II. T. 6blJia ycTaHOBJieHa C. IlyaccoHoM 
[ 1] p;JIH cxeMhl RCIIblTaHnii:, 6oJiee o6ru,e:ii:, qeM cxeMa Bep
HyJIJIH, Ror.n:a aepoHTHOCT!il HaCTynJieHRH co6hITHH A 
MoryT MeHHTbCH OT HCIIblTaHHH R HCilblTaHii:IO TaR, 'ITO Pn-+0 
npn n-+ oo. CTporoe p;oRa3aTeJihCTBo II. T. a noM cJiyqae 
OCHOBaHO Ha paCCMOTpeHnn cxeMbl cepnii: cJiyqaii:HblX Be
JIH'IHH raRoii:, 'ITO B n-ii cepnn cJiyqa:ii:Hbre aeJIH'IIIHbl He3a
ancnMhl H npnHnMaIOT 3Ha'leHHH 1 II 0 c aepoHTHOCTHMH 
n Pn 1-pn cooraercraeHHo. BoJiee y.n:o6Ha lf>opMa II. r. 

B an.n:e HepaBeHCTBa: ecJin A.=p1+ .. . +Pm cS=p~+ ... 
. . . +p~' TO npH n~2 

I Pn(m)-e-A ~~ / ,..;;;26. 

3TO HepaBeHCTBo yRa3blBaeT onrn6Ry rrpn 3aMeue P n (m) 
Am 

BeJIH'IHHOH e-A mi. EcJin p 1= ... =pn=Aln, TO 6= 
=A.2/n. II. T. n TeopeMa JiarrJiaca p;aIOT ncqeprrblBaIOru,ee 
rrpep;cTaBJieHne 06 acnMIITOTH'l. noae.n:eHHH 6nHOMHaJibHOrO 
pacrrpep;eJieHnH • 

1IocJiep;y10ru,ne o6o6ru,eHnH II. T. co3p;aaaJinch B ,a;ayx 
OCHOBHblX HarrpaBJieHHHX. c O)J;HOH CTOpOHhl, IIOHBHJIHCb 
yTO'IHeHHH II. T., ocHoBaHHble na acnMIITOTH'l. pa3Jiome
HHHX, c .n:pyroii: - 6blJIH ycTaHOBJieHbl o6m;ne ycJIOBHH cxo
)J;HMOCTH cyMM He3aBHCHMblX CJiyqaii:HhIX B0JIH'IHH R pac
rrpep;eJieHHIO IIyaccoHa. 

Jlum.: [1] Poisson S. - D., Recherches sur la probabilite 
des jug:ements en matiere criminelle et en matiilre civile ... , P., 
1837; L2] JI o a B M., Teop1111 aepOHTHOCTell, nep. c aHrn., M., 
1962; [3] B 0 p 0 B !( 0 B A. A., Teop1111 BepOHTHOCTell, M., 1976. 

A. B. IlpoxopoB. 
IIYACCOHA YPABHEHME - .n:n!f>!f>epeHu,naJibHoe 

ypaBH0HHe c qaCTHblMH rrpOH3BO)J;HblMH, R-poMy yp;oBJieT
BOpHeT o6'be.Mnb/,u nomenz+ua.n, BHYTPH o6JiacTe:ii:, 3aHHTblX 
C03)J;aIOIIl,HMH ::ITOT IIOTeHu,naJI MaccaMn. /];JIH l/,b/OmOUO!Ja 
nomenz+ua.n,a B rrpocTpaHCTBe IR.n, n~3, n .n,oeapurfi;.iu11.ec
noeo nomenz+ua.n,a B IR. 2 II. y. HMeeT BH~ 

n i)'u 
~u=~. - 2 =-cr(Sn)p(xi, ... ,xn), 

l=l axi 

rp,e p=p(xi, •.• , xn) - IIJIOTHOCTh pacrrpep;eJie1rnH Mace, 
a(Sn)=n:rcn/ 2 /r(n/2+1) - rrJioru,a,a;h ep;HHH'IHO:ii: clf>epbl 
Sn B IR.n, f(n/2+1) - 3Ha'leHne raMMa-lf>yHRil,HH. 

II. y. HBJIH0TCH OCHOBHblM rrpnMepoM Heo,a;Hopop;Horo 
ypaaHeHnH aJIJIHIITH'l. Tnrra. II. y. arrepBble paccMoTpeHo 
C. IIyaccoHoM (S. Poisson, 1812). 

Jlum.: [1] B 11na11 a e A. B., YpaBHemrn MaTeMaT11'lec1<ott 
cjJH3HKH, M., 1976; [2] Ry pa HT P., YpaaHeHHH c qacTHhlMH npo
H3BO)'.IHhlMH, nep. c aHrJI., M., 1964. E. /1,. Co.<0Me>1.~eB. 

IIYACCOHA YPABHEHME; q n c JI e H H bl e Me To-
A bl p e llI e H H H - MeTO)J;hl, 3aM0HHIOIIl,He HCXOiJ:HYIO 
Rpaeay10 3ap;aqy )J;JIH ypaBHeHHH IIyaccoHa 

~ d a2u(x) 
~u (x) = ~ --2 = f (x), x = (x1, x 2, ... , xd) (1) 

r = 1 axr 

CHCTe~rnii: H3 N JinHellHblX aJire6panq, ypaBHeHHH 

LN (uN) =fN, (2) 
peUieHne R-poii UN= (u1, U2, ••• , uN) II03BOJIHeT IIOCTpo
HTb H0R-pyIO arrrrpoRcnMaU,HIO p NUN )J;JIH peUieHHH ncxo.n:
HOH 3ap;aqn, N __,_ oo. 

B 3aaucnMoCTH OT crroco6a cpaaHeHnH peUieHHil: ncxo.n:
HOH 3ap;aqn (1) n .n:ncRpeTHoii: 3ap;aqn (2) orrpep;eJIHIOTCH 
TaRne BalRH0HIJIHe IIOHHTHH, RaR rrorpellIHOCTb 'IHCJieHHOfO 
MeTo,a;a H ou,eHRa rrorpeUIHOCTH (TO'IHOCTH). /];pyrHMH xa
paRTep!ilCTHRaMH 'IHCJI0HHblX MeTO)J;OB CJiyffiaT aJire6panq, 
CBOHCTBa CHCTeM (2) (.n:ncRp0THblX aHaJioroB RpaeBhIX 3a
,a;aq), CBH3aHHble c yCTOH'IHBOCTbIO HX peUieHnii (RoppeRT
HOCTbIO )J;HCRpeTHblX 3a,a;aq) H B03MOlRHOCTbIO OTbICRaHHH 
TO'IHblX HJIH rrpn6JinmeHHblX peUieHnii (2) TeMH HJIH HHbl
MH IIPHMblMH HJIH HTepail,HOHHblMH MeTop;aMn rrpn BblIIOJI
HeHHn COOTBeTCTByIOru,e:ii: Bbl'IHCJIHT0JlhHOll pa6oTbl H COOT
BeTCTBYIOIIl,HX Tpe6oBaHHHX Ha o6'heM HCIIOJih3yeMo:ii: rra
MHTH 3BM (cM. Munu.Muaaz+Usi 61it1/.UC.!!Ume.n,bl/,OU pa60mb/,). 

BamHocrh 'IIICJieHHoro peUieHnH RpaeBblX 3ap;aq p;JIH 
II. y. orrpep;eJIHercH He TOJihRO reM, 'ITO <JTII 3ap;aq1I 11acro 
B03HIIRaIOT B pa3Hoo6pa3HblX o6JiaCTHX Haymr II reXHIIRII, 
HO II reM, lJTO OHII Hepe.n:Ro CJiyllrnT II cpep;CTBOM pemeHIIH 
6oJiee o6ru,nx RpaeBblX 3ap;aq RaR )J;JIH ypaBHeHIIH II CIICTeM 
ypaBHeHIIH ::IJIJIIIIITII'l. TIIIIa, raR II pa3JIII1JHblX Hecrau,IIO
HapHbIX CIICTeM. 0CHOBHblMII 'IIICJieHHblMII MeTOAaMII AJIH 
peUieHIIH paccMaTplIBaeMblX RpaeBblX 3a,a;a11 HBJIHIOTCH 
npoeRU,llOHHble MeTO)J;bl II pa3HOCTHbie Mero,a;bl. 
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rr p 0 e K rr II 0 H IJ bl e M e T 0 A bl BRJIIOqaIOT B ce6H 
PRA MeTO):IOB: BapnarrHOHHble, HaHMeHblIIllX KBa):lpaTOB, 
fanepKIIHa, npoeKrrIIOHHO-pa3HOCTHble, npoeKrrHOHHO-ce
TOqHble, KOJJeqHblX :rneMeHTOB. ,Il.JIH Bcex IIHX xapaKTepHO 
CBe)J;eH11e HCXOAIIOII Kpaesoi\: 3ap;aqH K onepaTOpHOMY ypaB-
1IeH11IO 

L (u)=/ (3) 
( onepaTOp L p;eil:cTByeT, aanp., n3 rHJib6epTOBa npocT
paHCTBa H B H) c noc,1ei:1y101rr11M Bb16opoM KoaeqaoMepIIbIX 
nop;npocTpaHcTB HN H FN (N-+oo); caMa 3ap;aqa (3) B 

3THX MeTop;ax 3aMeHHeTCH 3ap;aqeii: Haxomp;eIIHH ~EHN 
TaKoil:, qTo AJIH mo6oro v E F N 

(L(;,N-f, v)H=O. 

Torp;a npH 3aAaHHblX 6a3Hcax B H N H F N CHCTeMa (2) 
HBJIHeTCH CHCTeMoii OTIIOCHTeJibHO Ko;iiJ>iJ>nrrHeJITOB pa3-

JIOiKeHllH u N no 6a3HCy H N H 3a p Nu N MOiKHO npHHHTb 

caMy il>YHKll,1110 i;,N; norpelIIHOCTb MeTO)J;a ecTeCTBeHHO 

onpep;eJIHTb KaK 11u-i;,N11 H· B HaH6onee BaiKHblX cJiyqaHx 
H HBJIHeTCH HeK-pblM nop;npocTpaHCTBOM npocTpaHcTBa 

Co6oJieBa w~ (Q), HN=FN, Ii! eCJIH 'i'1(x), 'i'2(x), ... , 
'i'N (x) - 6a3HC H N. TO CHCTeMa (2) np11H11MaeT BHA 

~; = 1 u J ~ Q grad tjJ J grad 'i'i (x) dx = 

=L.Jtx)tpi(x)dx, i=1,2, ... ,N. (4) 

IIorpelIIHOCTb MeTOp;a npn: noM onpep;enHeTCH paccTOH
HHeM B H OT pellleHHH HCXO)J;HOH 3ap;aqn AO nop;npOCT
paHCTBa H N (cM. [ 1], [5]-[9]). B cospeMeHHblX sap11aHTaX 
npoeKrrHOHHblX MeTOAOB nop;npocTpaHCTBa H N cTpeMHTCH 
Bb16HpaTb TaK, qT06bl il>YHKll,HH 'i'i(x) HMeJIH JIORaJibHble 
HOCHTeJIH Ii! B KaiK)J;OM ypaBHeHllll (4) JIHIIIb KOJieqHoe q11c
JIO KoaiJ>iJ>Hrr11eHTOB 6blJio OTJIHqHo OT HYJIH. MeTOAbl TaKoro 
THIIa Ii! Ha3. II p 0 e K rr Il 0 H H 0 - c e T 0 q H bl M Ii! M e
T o A a M n (npoeKrrnOHHo-pa3HOCTHblMH, sap11arrHOHIIo
pa3HOCTHblMH, KOHeqHblX 3JieMeHTOB) (cM. [1], [4], [7]
(9], [11]). HaH6oJiblIIHM i:1ocToHHCTBOM aTnx MeTop;os HB
JIHeTcH HX npHMeHHMOCTb npH AOCTaToqao CJIOiKHOH reo
MeTpHH o6JiaCTH Q, B K-poii: paccMaTpHBaeTCH KpaeBaH 
3ap;aqa. R npoeKrrllOHIIblM MeTO)J;aM npnMblKaeT Ii! OTIIOCH
TeJibHO peAKO npHMeHHeMblll KO.!!/lOKatfUU :Memoo. 

p a 3 H 0 c T H bl e ( K 0 H e q H 0 p a 3 H 0 c T H bl e) 
M e T o A bl 11cnoJib3YIDT annpoKcHMarrHIO Hcxop;aoii: 06-
nacT11 Q HeK-poii: ceToqHoil: o6nacTbIO QN, coAepmam;eii N 
y3JIOB ceTKll, Il o6blqHo np11BOAHT K CHCTeMe (2) Ha OCHOBe 
annpoKcnMarrHH II. y. n cooTBeTcTByrom;nx rpaHHqHblX 
ycJIOBHH HX pa3HOCTHblMH (ceToqHblMH) aHaJioraMn, HC
IJOJlb3yIOIIJ;HMH JIHIIIb 3HaqeHnH iJ>yHKll,Hll B Bb16paHHblX 
y3nax (cM. [ 1]). 1Iorpe1IIHOCTb MeTOp;a o6blqHo nonyqaeTcH 
cpasHeHneM seKTopa u N n seKTopa, nonyqaeMoro cyme
HneM HCKOMOro pellleHHH Ha MHOiKeCTBO paccMaTpnBaeMblX 
y3JIOB. RoppeRTHOCTb H annpoKCHMarrnH MoryT 113yqaTbCH 
npH pa3JIHqHblX Bb16opax HOpM, B qaCTHOCTH B03MOiKHO 
11cnoJib30Bamie np11HrrHna MaKCHMyMa; CXOAHMOCTb IJOJiy
qaeTCH KaK CJie)J;CTBHe RoppeRTHOCTH II annpoKCHMarrnn 
(CM. [1)-[4]). 

CHCTeMbl (2) MoryT BblBO)J;llTbCH Ii! Ha OCHOBe HeK-pblX 
AHCKpeTHblX aIIaJioroB COOTBeTCTByrom;nx BapnarrHOJIHblX 
aap;aq n Ha ocHoBe annpoKCnMarrnn HeK-pbIX HIITerpaJib
HblX COOTJIOIIIeJIHH (CM. [1], [2], [4], (10)); TaKne nop;xop;bl 
HeCKOJlbKO c6JI11iKaIOT 3TH sapnaHTbl paaHOCTHblX MeTOAOB 
c npoeKrrIIOIIHO-paaHOCTHblMH. 

M e T o A bl p e III e H n H c H c T e M c e T o q-
H bl x y p a B H e H Il ii (2) IIan6oJiee HJITeHCHBIIO H3y
qaJIHCb )J;JIH npoCTeHIIIHX paaHOCTHblX aIIaJioroB Ha napaJI
JieJiennne):IHOll cewe (cM. (1], [9], [11]-(19]). B cnyqae 
p;syx nepeMeHHblX n o6nacTH Q Ha nnocKOCTll, HBJIHrom;eiicH 
npHMoyroJihHHKOM, qacTo np:11MeHHIOTCH AJIH PHAa rpa
HHqJiblX ycJIOBHH npHMble MeTO)J;bl, IJ03BOJIHIO!ll,lle HaHTH 

pelllemrn (2) npn aaTpaTe 0 (Nln N) ap11iJ>MeT11q. ,o;eii:cT
B11il:. 8To - MeTOA paaAeJieHHH nepeMeHHblX, ltCIIOJib3YIO
m;Hil: AlICKpeTHOe npeo6pa30BaH11e <l>ypbe, Ii! Me'fOA pep;yN
ll,HH (CM. [ 12], [ 13]); 113BeCTHbl II MeTOAbl c orreHKOH 0 (N) 
p;eii:CTBHH (cM. [ 14]). IIpH d?:>2 H HaJinqnH paap;eneHHH ne
peMeHHblX (QB 3TOM cnyqae - napannenenHnep;) pemeHHe 
(2) c TOqHOCTblO e>O MOiKHO Hail:m npH aaTpaTe 0 (N ln 
Nlln el) p;eii:cTBHH c noMom;bro HTeparr110HHoro MeTop;a 
nepeMeHHblX HanpaBJieJinii: (CM. [ 1], [ 12]); HTepa1IHOHHble 
MeTO)J;bl c iJ>aKTOp113yeMblMH onepaTOpaMH (MeTOA IJOCJiep;o
BaTeJibHOH csepxpenaKca11nn c cnMMeTpHaa11nei\:, HenoJI
Hoil: MaTpnqHoii: iJ>aKTopnaarrHH, nonepeMeHHo-TpeyroJib
Hblil:) IJ03BOJIHIOT HaHTH pemeHne (2) c TQqHOCTblO e npH 

aaTpaTe O(N1 + 1/ 2d lln el) p;eil:cTBHH (cM. (12], [15]) AJIH 
AOBOJlbHO o6m;nx CHTYarrnii:. 

B cnyqae OAHOCBH3HblX H MHOrOCBH3HblX o6nacTeii: Q 
Ha IJJIOCKOCTH, COCTaBJieIIHblX na KOH0qHoro qncna npHMO
yroJibHHKOB, pem0HH0 CHCT0Mbl (2) c TOqHOCTblO e MOiK0'f 

6b1Tb Hail:p;eHo npH aaTpaTe O(NlnN+N'l•llnel lnN) 
p;e:iicTBHH Ha OCHOBe paap030B Q Ha npHMoyrOJibHHKII 
(cM. [15], [16]). IIoxomaH acHMIITOTHKa AJIH p;ncKp0THblX 
aHanoroB 3ap;aqH ,Il.Hp11xne B cnyqae HeKoTopblx o6Jia
CTeil: IJOJiyqeHa c IJOMOIIJ;blO M0Top;a eMKOCT0H (CM. [ 17]) 
II il>nKTHBHblX HeH3B0CTHblX (cM. [ 18]). ,Il.JIH pHp;a CHCT0M 
(2), HBJIHIOm;HXCH npoeKrrlIOIIHO-pa3HOCTHblMH aHaJiora
MH HCXOAHblX 3ap;aq, aaTpaTbl Tnna O(N ln Nlln el). a 

nHorp;a 11 O(NlnN) (npH eXN-a,a>O) p;ocmraroTCH 
c noMOIIJ;bIO 11Teparr110HHblX MeTO)J;OB, HCIJOJlb3YIOIIJ;HX 3K
BHBaJieHTHOCTb onepaTOpOB no cneKTpy (cM. [11], [17], 
[19]). McnoJib3oBaHHe nocnep;osaTeJibHOCTeii: ceToK B pHp;e 
cJiyqaeB noaBOJIH0T nonyqnTb HTepa11110HHble MeTO)J;bl, 

,u;arom;ne pemeHHe (2) c ToqHoCTbIO eXN-a, a>O, np11 
aCHMllTOTHqecKll MHHHMaJibHblX aaTpaTax BblqHCJIHTeJibHOH 
pa6oTbl (qncno p;eii:cTBnii: ecTb O(N)) (cM., Hanp., [1], [9], 
[11], [19)). 

Jium.: HJ r 0 )'.( y H 0 B c. K., p JI 6 e H b R II'. tt B. c., 
Pa3HOCTHble cxeMbl, 2 uan., M., 1977; [2] JI an him e H
e Ra JI 0. A., KpaeBhle aana<Iu MaTeMaTH<IecRott ljJuauRH, M., 1973; 
[3] M a p q y R r. II.. III a tt )'.( y p 0 B B. B., IloBblilleHHe TO'IHOC
TH pemeH11il: paaHOCTHbIX cxeM, M., 1979; [4] Ca Map
c R II'. n A. A., A H )'.( p e e B B. B., Pa3HOCTHbie MeTO)'.(bl )'.(JIJI 8JIJIHII
TH'leCRHX ypaBHeHHtt, M., 1976; [5] M II'. X JI 11 H C. r., qHCJieHHaJI 
peaJIHaa1111F1 BapHaLIHOHHbIX MeTOJJ:OB, M., 1966; [6] K p a c H o
c e JI b c R u it M. A. [u nP.l, IIpu6J1HmeHHoe pemeHue onepaTOp
Hhlx ypaBHeHHil:, M., 1969; [7] 0 6 a H lR. II., IIpuoJiumeHHOe peme
Hue aJIJIHIITH<tecR11x RpaeBhIX aa)la'l, rrep. c aHrJI., M., 1977; [8] 
c T p e Hr r., <I> 11 R c .JJ: m., TeopuJI Merona RoHe<tHhlX aJieMeH
TOB, rrep. c aHrJI., M., 1977, [9) 0 r a He c JI H JI. A., p 11 B
R u H n B. fl., P y x o B e LI JI. A., Bap11a11HoHHo-pa3HOCTHhte 
MeTOJJ:hl pemeHHJI 8JIJiurrmqecR11x ypaBHeHutt, q, 1-2, BHJibHIOC, 
197 3-7 4 (.JJ:mflljJepeHl\11'.aJibHble ypaBHeHHJI II'. 11'.X IIPHMeHeHue, B. 
5, 8); [10) c a Map c R 11 tt A. A., <I> p JI 3 II'. H 0 B H. B., «YcrrexH 
MaTeM. Ha YR», 1976, T. 31, B. 6, C. 167-97; [11] .JJ: b JI ROH OB E. r., 
B RH.: BapuaL1HOHHO-paaHOCTHble MeTO)'.(b) B MaTeMaTu'leCROil: ljluau
Re, HoBOCHO., 1978, c. 149-64; [12) c a Map c R II'. ii: A. A., H H
R o JI a e B E. C., MeTOJJ:hl pemeHHH ceTO<tHhlX ypaBHeHuil, M., 1978; 
~13) Barker R. J., B RH.: Mathematical models and numeri
cal methodst Warsz., 1978, p. 255-68 (Banach center publicati
ons, v. 3); 14) B an k R. E., Ro s e D. J., «SIAM J. Numer. 
Anal.», 1975, v. 12, No 4, p. 529-40; [15) Ky 3 He LI 0 B IO. A., 
B RH.: Bapua11HOHHo-pa3HOCTHble MeTO)'.(bl B MaTeMaTH'leCROil: ljlusu
Re, HOBOCHO., 1978, c. 178-212; [16] A b JI R 0 H 0 B E. r., B 
RH.: qucJieHHble MeTOJJ:bI B MaTeMaTl!I<teCRoil: ljJ1rauRe, HoBocuo., 
1979, c. 45-68; 117] Ac T pa x a H LI e Br. II., B RH Pa3HOCT
Hble u BapHaL1110HHo-paaHocTHble MeTOJJ:hl, HoBocuo., 1977, c. 63-
72; [18) Ha II 0 p II'. H IL E., H II'. R 0 JI a e B E. c., «JJ:uljlljlepeH-
1111'.aJibHble ypaBHeHl1JI», 1980, T. 16, No 7, c. 1211-25; [19] K 0 p
H e e B B. r., CxeMbl MeTO)'.(a ROHe'lHblX aJieMeHTOB BbICORHX IIOPHJJ:
l{OB To<tHocm, JI., 1977. E. r . .aMxoWJB. 

IIY ACCOHA (f>OPMY JIA - 1) To me, qTO /lyaccona 
unmeepa.ti. 

2) <l>opMyna, p;arom;aH nHTerpaJihHOe npep;crnsneHHe 
pe1II0HHH 3ap;aqn H'.OIIIH )J;JIH BOJIHOBOro ypaBH0HHH B npo
CTpaIICTBe IR3: 

o'u i)i2-a2 Au=0, t > 0, M=(x, y,z), 

-oo <x, y, z<+oo, 
u (M, 0) =Cj) (M), a,.(~~· O) 'ljJ (M) 
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R HMerom;aH Bil)l; 
fJ 

u (M, t) =ai {tr (lt(<p)} +tr at ('ljl), (1) 

rat (<p) = 41n ~ Sat <p (P) dQ 

cpep;Hee 3HaqeHne qiymm,nn <p Ha cqiepe Sat B rrpocTpaH
CTBe (x, y, z) pap;uyca at c D;0HTpOM B TO'IR0 M, dQ -
::JJieMeHT mrnm;ap;n e)l;HHH'IHOH clPephl. B cJiyqae neop;Hopop;
Horo BOJIHOBoro ypaBHeHHH B qiopMyJie ( 1) p;o6aBJIH0TCH 
TpeThe CJiarae111oe (cM. (2)). 

lfa qiopMyJihl (1) cnycna Memoao.1tt IIOJiy'laIOTCH IPopMyJihl 
pernemrn aap;aqn Kornn )l;JIH cJiyqaH p;syx (II y a c c o H a 
qi o p 111 y JI a) n op;Horo (~ • A JI a 111 6 e p a qi o p M y
JI a) IIpocTpaHCTBeHHoro IIepeMeHHoro (c111. [2]). CM. TaRme 
Kupxzo(fia ifiopMy.tta. 

3) l1Horp;a II. IP· Haa. IIHTerpaJihHOe IIpep;cTaBJie1me 
perneHHH aap;a11n Kornn )l;Jifl ypaBHeHHfl TeIIJionpoBo)l;HOCTH 
B rrpocTpaHCTBe IR3: 

~~ -a2 ~u=0, t > 0, M=(x, y, z), 

-oo <x, y, z<+oo, 
u (M, 0) =<p (M), 

HMe10m;ee BIIA 

S I MPI' 

u (M, t) = ( V 1 ) 3 <p (P) e -~ da (P). 
2 na•t /R. 3 

(2) 

<Pop111yJia (2) Herrocpep;cTBeHHO o6o6m;aeTCfl aa mo6oe 
qe:CJIO IIpOCTpaHCTBeHHhlX IIepeMeHHhlX n ;;;::. 1. 

Jium.: [1) Poisson S. D., «Mem. Acad. sci.», 1818, t. 3, 
p. 121-76; [2) THXOHOB A.H., CaMapc1111it A.A., 
Ypaaaeamr MaTeMaTH'lemwtt ljJH3HRH, 5 ua;a;., M., 1977; [3) B JI a
;a; H M 11 p o a B. C., YpaaaeHHII Ma'feMamqecRott lj)H3HRH, 4 H3;a;., 
M., 1981. E. JJ.. Co.ito,,<eu~eB. 

IIY ACCOHA fl>OPMY JIA CYMMHPOBAHHH - qiop-
111yJia 

"',+oo "'1 +oo 1 r +oo . 
..:.ik=-oog(2k:rt)=..:.ik=-a> Zn .l -oog(x)e-zkXdx. 

II. IP· c. nMeeT MeCTo, ecnn, Harrp., «fiyHRD;Hfl g(x) a6co
JIIOTHO HHTerpnpyeMa Ha H.E!TepBaJie ( - 00' + 00)' HMeeT 
orpaHH'leHHOe H3MeHeHHe H 2g(x)=g(x+o)+g(x-O). 
II. IP. c. aarrnchlsaeTCfl TaRme B Bnp;e 

Va~;:_ 00 g (ak) =Vii~;:_ a> x (bk), 

rp;e a JI b - JII06hle )l;Ba IIOJIO)l\HTeJlbHhlX qucJia, y,ll;OBJieT
nopH!Olll,He ycJIOBHIO ab= 2:n, a x (u) ecTh npeo6paaosa-
11ne <Pypbe IPYHRD;HH g: 

X(U)=--= g(x)e-lU dx, 1 ~+oo ·x 
V2:rt - oo 

Jium.: [1) 3 II'. r My H ;a; A., TpHrOHOMe'rPB'leCI<Be Pll;D;hl, nep. 
c aHrJI., T. 1, M., 1965; [2) TB T q Map m E., Bae;a;eHHe B Teopmo 
HHTerpaJIOB cI>ypbe, rrep. c aHrJI., M.- JI., 1948. H. H. Bo.anoB. 

IIY ACCOHOBCKHll: IIOTOK - To me, 'ITO nyacconoe
cKuu npOlfecC. 8TOT T0pMHH HCIIOJih3YIOT, RaR npaBHJIO, B 
Teopnn MaccoBoro o6cJiymnsaHHR. 

IIY ACCOHOBCKlllI IIPOqECC - cJiyq:aiiHhlii: rrpon;ecc 
x (t) c He3aBHCI!MhIMM IIpnpam;eHHHM.U x (t2)-X (t1), 
12 > t1 , HMeIOII\HMH llyaccona pacnpeae.aenue. B op;Hopop;
HOM II. n. )l;JIH JII06hlx t 2 > t1 

p { X (t2)-X (t1) = k} = 7-.,k (t~-;-t,)k e -"- (t, - t.>, 

k=O, 1, 2, . . . (1) 

Koaqiqinu;neHT /,, > 0 Ha3. H H T e H c l:l B H 0 c T h IO n y
a c co Ho B c R or o n po n; e cc a X (t). TpaeRTop1rn 
II. II. X (t) IIpep;cTaBJif!IOT co6oii CTyneHqaThle qiyHRI\HM co 
oRa'IKaMrr paa111epa 1. MoMeHThI cRaqRoB 0 < T1 < •2 < ... 
06paay10T npocmeuuwu nomon, OIIHChlBarom;nii IIOTOR Tpe-

6oBaHHll BO MROrnx CI!CT0Max MaCCOBOTO o6cJiylRMBam!H. 
Pacrrpep;eJ1eHHJ1 cJiyqaE:HhlX aennqnH •n-•n-1 Heaasncn
Mhl IIPH n=1,2, ... M HMeIOT IIOKa3aTeJihHYI0 IIJIOTHOCTh 
/,,e-"-t, t ;;;;i, 0. 

0AHHM Ha C·BOHCTB II. II. HBJilI0TCH CJiep;y10rn;ee: yCJIOB
HOe pacrrpep;eJieHne MOMeHTOB CRa'IROB 0 < •1 < •2 < ... 
<•n < t IIpn X (t) - X (0) = n coB1rn,qaeT c pacrrpep;eJie
uneM Bapnan;HOHHOTO pR)l;a HeaaBHCMMOll Bh!6opRH o6'beMa 
n c paBHoMepHhlM pacnpep;eJieHueM Ha [ 0, ti. C p;pyroii: 
CTOpOHhl, ecJin 0 < T1 < T2 < ... <•n - orrncaHHhlH 
BhlIIIe sap.e:an;HOHHhlH PRA, TO rrpu n-+ oo, t-+ oo 1 c nit-+ 
-+/,, noJiyqa10T n rrpep;eJie pacIIpep;eJieHne cRaqRoB II. II. 

B Heop;Hopop;HoM II. rr. HHTeHCHBHOCTh A(t) aaancnT oT 
npeMeHn t n pacrrpe;i;eneH1:1e X (t 2)-X (t1) orrpep;eJIHeTCfl 
<f>opMyJio:ii: 

[ I 1• A (u) du] k - r t, A (u) du 

P{X (t2)-X (t1)=k}= .) 11 ,,1 e J 1' 

IIpn onpep;eJieHHhIX ycnoBHf!X II. n. MomeT 6h!Tb IIoRa-
3aH RaR npe;i;e.rr cyMMhl HeorpaHn'leHHO eoapacTa10m;ero 
'IHCJia He3BBHCHMhIX «pep;RHX» IIOTOROB )l;OBOJlhHO o6m;ero 
BH)l;a. 0 H0K-ph!X noy'll:lT0JibHhlX rrapap;oRcax, CBH3aHHhlX c 
II. II.' CM. 13), T. 2, TJI, 1. 

Jium.: [ ti Bop o B Ro a A. A., TeopHII aepolITHOCTefi, M., 
1976; [2) r H x Ma H H. H.. c R 0 p 0 x 0 ;a; A. B., H ;a; p e H
R o M. IL TeopHII aepolITHOCTefi H MaTeMaTH'lecRalI CTaTHCTHRa, 
H., 1979; t3J cI> e JI JI e p B., Bae;a;eaHe B TeopHIO aepolITHOCTelt Hee 
IIPBJIOlReHHlI, 2 H3;a;., rrep. c aHrJI., T. 1-2, M .• 1967. 

B. A. CeBacm~JmoB. 
IIYJibBEPH3A~HH Ha p; n IP IP e p e H n; n p ye-

M 0 M M H 0 r 0 0 6 p a 3 HI! M-BeRTOpHoe llOJie w Ha 
RacaTeJihHOM rrpocTpaHcTBe TM, n111e10IIl,ee B TepMHnax no
HaJihHLIX Hoopp;HHBT (xl, ..• , xn, v1 , ••• , vn) Ha TM, ec
TecTBeHHhlM o6paaoM CBH3aHHhlX c JIORaJibHhlMll ROOpp;:irna
TaMJI (x1, ... , xn) Ha M, KOMIIOHeHTbl (v1 , ••• , vn, /1, ... , tn), 
rp;e fl= Ji (xl, ... , xn, v1 , .•• , vn) - IPYHRD;HII RJlacca 
C1 , IIpnqeM npH IPnRcHposaHHhl'X x1 ,. • • , xn oHn HBJIHIOT
Cfl IIOJIO)f(JITeJibHO O)l;HOpO)l;HhlMll <f>yHRD;MflMll OT v1 ' ... ' vn 
CT0Il0HH 2 (aTn CBOi!:cTBa w He 3aBHCf!T OT ROHRpeTHOTO 
Bhl6opa JioRaJihHhlX ROopp;nHaT). Onpe,qeJif!eMafl 3THM IIO
JieM CHCTeMa p;11.pqiepeHn;HaJibHhlX ypaBHeRnii: 

dxi _ i .!!::!:!_ __ Ji ( 1 n 1 n) · - 1 Cft-V, dt- X, ... ,x,v, ... ,V ,z-- , ... ,n, 
JRBliBaJieHTHa Cl!CTeMe p;mJi«fiepeHn;naJihHhlX ypaBH0HHii 
2-ro rropRp;Ka 

d'xi · 
""di'=/' (xl' .. '.' xn' vl' ' .. ' vn)' 

IIOaTOMy TI. OIIMChlBBeT (rrpnqeM HHBapuauTHhlM o6pa30M, 
T. e. He 3BBHClIID;IIM OT CHCTeMhl ROOp)l;nHaT) Cll'CTeMy TaHIIX 
ypaBHeHnii: Ha M. 

BamHeii:rnnii: cJiyqaii: II. - Rorp;a Ji cyTh MHoroqJieHhl 
2-il: CTerreHH OT vi: 

fi=}.:r~k(xl, ... ,xn)vfvk, r}k=r~j· (*) 

B aTOM CJiyqae r f k 3B)l;BIOT Ha M aifiifiunnylO CB!lanocmb c 
HYJI0BhIM T0H30pOM RpyqeHHf!. 06paTHO, AJIH BCf!Roii 
alPIPnHHOH CBH3HOCTI! ypaBHeHHH reop;e3JI'!. JIHHMH aap;a
IOTCfl HeR-poii: II. c Ji snp;a (*) (IIpnqeM rrpn IIepexop;e OT 

CBJl3HOCTH K rryJihBepn3BD;HH r2~_CMMMeTpll3yIOTCH IIO HHm
HllM llHIJ;eRcaM). EcJ11:1 IIOJle w - RJiacca C2 ' TO Ji o6H-
3aHhl nMeTh snp; ("'). B o6IIl,eM cJiy11ae W, RaRnM 6h! rJiap;
RHM OHO mr 6hlJIO BHe HyJleBoro ceqeHHH pacCJI00HHH TM, 
He 06H3aHO 6h!Th IIOJI0M RJiacca C2 B03JI0 aTOTO ceqeHUH. 
B TaRoii cnTyan;nn nHorp;a ronopHT 06 o6o6IIl,eHHOii: II., 
OCTaBJiflfl TepMMH ((II.» TOJibRO )l;JIH CIIen;HaJibHOfO CJiyqaH 
(*). ~n1Pqiepe11n;naJ1bHhie ypasHeHmI AJIH reop;ean11ecRnx B 
qi1rnCJieposoii reo111eTpn11 IIpHBOART R o6o6rn;eHHoii II. 

Momao f{aTh oIIpep;eneH11e II. B aHnapnaHTHbIX Tep
MHHax, IIpHI'O;J;HOe H )l;JIR 6a11axoBbIX MHoroo6paauil: 
(CM. (1)). 



765 
Jlum.: [!] JI e Hr C., BBe;a;emrn n Teopmo ;a;mjujJepen~pyeMbIX 
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IlYHKTMPOBAHHOE IIPOCTP AHCTBO - TOIIOJIO-
n1qecKoe rrpocTp"aHCTBO x c OTMeqeHHOH TOqKoii Xo B HeM; 
rryHKTIIpoBaHHblII o6'heKT RaTeroprm TOIIOJIOrIIq. IIpOCT-
paHCTB. M. H. Boil.11exo•cnuil.. 

IIYHKTMPOBAHHLIA: Oli'hEKT K a T e r o p 11 11 

C, o6JiaAarom;eii «PuHaJihHbIM o6'heK
T o M,- rrapa (X, x0), r11,e XEObC, x0 - Mop«Pu3M «Pu
HaJibHoro o6'heKTa B X. BaJirneiimIIii 11pIIMep: rryHKTupo
BaHHoe TOIIOJioruq. 11pocTpaHCTBO, T. e. 11apa (X' Xo), 
rAe X - TOIIOJioruq. rrpocTpaHCTBO, x0 EX - ToqKa, 
Ha3blBaeMaH OTMeqeHHOH. TiyHKTupoBaHHble TOIIOJIOruq. 
rrpoCTpaHCTBa o6pa3yIDT KaTeropIIro, MopqiuaMaMu B K-poii 
llBJIHIOTCH OT06pameHIIH, rrepeBOAHIIJ;Ue OTMeqeHHYIO TOqKy 
B OTMeqeHHyro. A. <1>. XapiuUJtaaae. 

IIYHKTM<l>OPMHhlll HAPOCT - HapoCT TorroJiorJiq. 
rrpoc~paHCTBa x "B ero 61!KOMIIaKTHOM pacnmpeHUJI y 
TaKOJI, q!o BCHKIIH CBH3Hb1II 6HKOMIIaKT B Y"-._X COCTOHT 
H3 OAHOH TOqKJL M. H. Boil.t{exoecnuil.. 

IIYCTOE MHOil\ECTBO - MHomecTBo, ue cOAepma
m;e~ aJieMeHTOB. 06oaHaqeHHH: 0, A. HHaqe, 0= {x : 
x ;z= x }, rrpH [)TOM BMeCTO x ¥= x B [)TOM orrpeAeJieHHH 
MOJI\HO 6blJIO 6bl IICIIOJib30BaTb Jiro6oe BCerAa JIOJI\Hoe 
YTBepmAeHHe. IT. M. HBJIHeTCH rrop;MHomeCTBOM aro6oro 
MHOll\eCTBa. M. H. Boil.t{exoocnuil.. 

IIYCTLIX HID;MKOB KPMTEPMll - cTaTHCTH'IeCKIIii. 
Kp1nepHii rrpoaepKH rHrroTeabl H 0 o rrp:auap;JiemHoCTH He-
3aBHCHMon Bb160pKH «PHKCHpoBaBHOMY paCIIpep;eJieHHIO. 
IIop;po6Hee, rryCTb X 1,. •• , Xn - He3aBHCHMaH BbI6opKa, 
B3HTaH Ha HerrpepblBHoro pacrrpep;eJieH:aH F (x). ToqKH 
zo=- 00 <z1 < Z2 < ... <zN-1 <zn= co Bbl6HpaIOTCH 
TaK, :T06b1 F(z11) - F(zk_ 1 ) = 1/N, k=1,2, ••. , N. RpH
TepHH CTpOHTCH Ha OCHOBe CTaTHCTHKH µo, paBHOii qHCJiy 
IIOJIYIIHTepBaJioB (zk-1' z,.], B K-pbie He IIOIIaJio RH o,a;Horo 
Ha6Jirop;eHHH x;. 8TOT KpHTepHH HMeeT CJle,a;yrom;Hli Bn)J;: 
ecJIH µ0 ~ C, TO rHIIOTe3a H 0 rrpIIHHMaeTcH; eca11 µ0 > C, 
To rurroTeaa H 0 OTBepraeTCH. RoHCTaHTa C Bb16npaeTCH 113 
ycJIOBllH, qTo omn6Ka 1-ro pop;a, T. e. BepOHTHOCTb OTBepr
HYTb rnrroTe3y H 0 eCJIH oHa aepua, paBHa aa,a;aHHoMy 
3HaqeHHIO. BblqllCJieHne KOHCTaHTbl c 11 pacqeT MOIIJ;HOCTH 
II. H. K. rrpII 6oJibIII11X n n N rrpou3BO,a;HTCH c IIOMOIIJ;bIO 
rrpep;eJihHblX TeopeM B CJiyqaHHblX pa3Mem;eBllHX. 

Jlum.: [1] l\ o Jl'IHH B. <I>., Ce Ba c Th fl Ho BB. A., q 11-
c T fl R o B B IT , CJiyqal!Hhie paaMe111eHHfl, M., 1976. 

B. A. CeeacmbJl><o•. 
IIYTE.ll IIPOCTP AHCTBO - rrpocTpaHCTBO E pac

CJioeHHH (E, p, X), Ha3bIBaeMoe pa cc JI 0 e H He M 
II y T e ii:, rp;e x - JIHHe:HHO CBlJ3HOe npOCTpaHCTBO c OTMe
qeHHOll TQqKOll *' E - MHOll\eCTBO nymeii B x' Haq1rnaro
IIJ;HXCH B *' p - OTo6vameHHe, COIIOCTaBJllIIOIIJ;ee Kamp;oMy 
nyTH ero KOHIJ,eByro TOqKy; rrpH <!TOM E pacCMaTpIIBaeTCH B 
KOMIIaKTHO OTKpblTOH TOIIOJIOI'HH. CJioeM noro paCCJIOeHHH 
(HBJIHIOIIJ;eroCH Ceppa pacc.11,oenue.M) HBJIHeTCH neme.n,b 
npocmpancmeo QX - MHomeCTBO acex neme.n,b rrpocTpaH
CTBa X B TOqKe *. fl. II. CTHrirnaeTCH ITO ce6e B TOqKy, 
TaK qTo rOMOTOIIHq. rpyrrrrbl 1tn (E)=O, ll rOMOTOIIHq. rroc
Jiep;oBaTeJibHOCTb paCCJIOeHHH rryTeii Bblpomp;aeTCH B 
T. H. II 3 0 M 0 p «I> H 3 M bl f y p e B 11 q a: 

:rtn (QX) ~ :rtn+I (X). 
M. H. Boil.tfexoecnuil.. 

IIYTb - HerrpepblBHoe oT06pameH11e f oTpeaKa (0, 1) 
B Torroaorn'I. 1IpocTpaHCTBo X. ToqK:a f (0) 11 f (1) Ha3. 
H a q a JI h H o n H K o H 11, e B o ii T o q K a M n IIYTH f. 
II., 01Ipep;eJieHHbIH no f «PopMyJion t-+ /(1-t), tE(O, 1), 
Ha3. II y Te M, 0 6 pa TH bl M /, Iii o603HaqaeTCH 1-1. 
TI., orrpe11,eJIHeMbIH no rryrnM f 1IIf2 cf1 ( 1)= f 2 (0) «PopMyJioil 

f--;.~ /(2t), t,,;;;;:1/2, 
I /(2t-1), t~1/2, 

Ha3. II p o II 3 B e A e H H e M II y T e n /1 n f 2 11 06oarra-
11aeTCH /if 2. CoaoKynrrocTb Bcex II. mrnenHo CBH3Horo 
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rrpocTpaHCTBa x c OTMeqeBHOH TOqKoii: • ' Haq:auarom;HXCH 
B ueii, o6pa3yeT nymeii npocmpancmeo. M. H. Boil.tfexoee>iuil.. 

IlYqKOB TEOPMH - clien;IIaJibm.rli: MaTeMaTH'I. arr-
11apaT, o6ecrreqIIBarom;IIii: eAHHblll IIO,D;XOA ,D;JIH ycTaHOBJie
HIIH CBH3H Mem,a;y JIOKaJibHblMH H rJio6aJibHblMII CBOHCTBaMn 
TOIIOJIOrIIq. rrpocTpaHCTB (B qacTHOCTII, reoMeTpnq. o6'heK
TOB) II HBJIHIOIIJ;IIHCH MOIIJ;HblM cpep;CTBOM HCCJieAoBaHHH 
MHOrllx 3a,a;aq B COBpeMeHHOii. aJire6pe, reoMeTpHII, TOIIO
JIOfHII II aHaJIH3e. 

Ha TorroJiorIIq. rrpocTpaHcTBe X aa,a;aH rr p e A 11 y q o K 
F, ecJIII KamAoMy OTKpblTOMY IIOAMHOll\ecTBy UcX COIIO
CTaBJieHa a6eJieBa rpyrrrra (KOJlbIJ,O, MOAYJib HaA KOJlbll,OM 
ll T. rr.) F(U) II BCHKOH nape OTKpblTblX MHOll\eCTB VcU-
roMoMop«PH3M F{I: F(U)-+ F(V) TaKoii, 11To F8-Tom-

11,ecTBeHHblH II30Mop«Pn3M II F~=F~F{I AJIH Kam,a;oii: 
TpoiiKII w c v c u. ,11.pyrllMII CJIOBaMII, rrpe,a;rry110K -
KOHTpaaapHaHTHblll «PYHKTOp II3 KaTerop:irn OTKpblTbIX 
IIO)J;MHOll\eCTB x II llX BJIOll\eHHH B KaTeropnro rpyrru (Ko-

J1e11, II T. II.) Iii nx roMOMop«P11aMOB. 0T06pameBHH F{/, 
Haa. roMoMopqinaMaMII orpaunqeHHH (Harrp., 

eCJIII F ( U) - «PYHKIJ,IIII KaKoro-JIII6o THIIa, F{/ - orpa
HIIqeHHH HX Ha MeHbmee IIO)J;MHOll\eCTBo). Ha MHOll\0CTBe 
6F= U 6f x, rp;e 6F x - rrpHMoii rrpep;ea lim F ( U), 

XEX XE U 
cJiep;yrom;IIM o6paaoM orrpep;eJieHa TOIIOJIOrirn: ,a;Jia BCHirnro 
U c X II Jiro6oro aE F ( U) B (ff o6'hHBJIHeTc.R: oTKpblTbIM 
MHomecTBO S, cocToHm;ee II3 Tex To11eK (ff x, x E U, K-pble 
CJiymaT o6pa3aMII (J rrpII orrpep;eJieHIIll 6F x· B [)TOH TOIIO
JIOfIIH CJIOH 6F x )J;HCKpeTHbl Iii 3aMKHYTb1 B tf, orrpe,a;eJrne
Mble rrpHMblMH 1Ipep;eJiaMH 1IocaoiiHble aJire6panq. orrepan;n11 
Ha 6f HerrpepblBH!'I, a ecTeCTBeHHa.R: rrpoeKIJ,IIH p : (ff-+ 
-+ X, rrpn K-poII 6fx=p- 1 (x), HBJIHeTCH JIORaJibHblM 
roMeoMop«PH3MOM. IlpoCTpaHCTBO 6F BMeCTe c IIOCJIOHHbIM!l 
aJire6pa1111. orrepaIJ,HHMH II rrpoeK11,nen p Haa. II y q Ko M 
a6eJieBb1x rpyrrrr (KoJieu II T. rr.) Hap; X, 01Ipep;eJIHeMbIM 
rrpeArry11KoM F. 

BcHKoe He1IpepblBHoe oT06pameHHe s : U-+ 6f, )J;JIH 
K-poro x=ps(x), Haa. c e q e HII eM 6f Hap; U. Ce11eH11e 6f 
Ha.a; x' orrpep;eJIHeMoe BCeMH flYJIHMH B 6F X• Ha3. H y JI e
B bl M. ECJIII HeK-poe ceqeHIIe s paBHO flYJIIO B T01JK0 x, 
TO s COBIIap;aeT c eyJieBblM ceqeHIIeM B HeK-poii ORpeCT
HOCTH x, IIO;JTOMY MHOll\eCTBO Tex TO'leK, B .K-p~x s OTJIHqHo 
OT HYJIH (HOCIITeJib ce11eHIIH s), aaMKflYTO B u. 

IIycTb f(U, 6[) (cooTBeTCTBeHHO FIJJ(X, 6f), r,a;e <I> -
HeK-poe CeMeHCTBO aaMKHYTblX MHOiKeCTB B x' B 11aCTHO
CTH fc(X; 6[))- rpy11rra (KOJlbIJ,O, Mo,a;yJib II T. 11.) ecex 
ceqeHHII Hap; u ( COOTBeTCTBeHHO ce11eHIIll HaA x c HOCIITe
JIHMH II3 <I>' B 11aCTHOCTH ceqeHIIll c KOMIIaKTHblMH HOCHTe
JIHMH). CooTBeTCTBHe U -+ f( U, 6[) HBJIHeTCH rrpep;rryq
KOM HaA x' K-pblll Ha3. II p e p; II y q K 0 M c e q e H H ii 
rry11Ka 6[. Hc1IoJib3yeMoe rrpn 01Ipe,a;eJieBHII TorroJiorn11 ua 
6F COOTBeTCTBHe (J -+ s orrpeAeJIHeT TaKme roMoMopl{>II3MLI 
F ( U) -+ r ( u, 6f), KOMMYTHpyrom;He c orpaHHqeBHHMH Ha 
v c u, T. e. roMOMOp.il>H3M 1Ipep;rry11KOB. 3TOT fOMOMop
«Pn3M HBJIHeTCH H30Mop«l>H3MOM IIpII yCJIOBIIH, 'lTO IICXO)J;
HblR rrpep;1IyqoK F yp;oaJieTBopHeT Tpe6oaaHHHM: a) ecJ111 
U = U U J.. n a, a' E F ( U), TO a= a', eCJIII paBllLI orpau11-

'A 
qeHHH a, a' Ha ace UJ..; 6) ecJIH U= U UJ.., a CJJ.. EF(UJ..)-

'A 
TaKOll Ha6op <iJieMeHTOB, qTO orpaHHqeHIIH 01',, Oµ Ha U An n u µ COBrrap;aroT, TO cym;ecTByeT a E F ( U)' orpasHqeHHH 
K-poro Ha Kamp;oe U 1'. coerrap;aroT c CJJ... IloHHni:e upe,a;1Iyq
Ka, yp;oaJieTBopmom;ero aTIIM Tpe6oBaHHHM, aKBIIBaJieHTHo 
rroHHTllIO rropom11,eHHoro HM rryqKa, rroaToMy Tamm 1Ipep;
rry11K11 TaKme Hepep;KO Ha3. II y q K a M H. 

IlyqoK anp;a X X G, rp;e G - H0K-paH rpyrrrra, Haa. 
II 0 c T 0 H H H bl M H o6o3HaqaeTCH qepe3 G. JI 0 K a JI b
H 0 II 0 c T 0 lI H H bl M Ba3. 1IyqoK, IIOCTOHHHbIH B ,a;ocTa
ToqmJ MaJTbIX oKpecTHOCTHX x EX. TorroJiorHH TaKIIX 
rry'IKOB OT)J;eJIHMa, eCJIH x - OT)J;eJIIIMOe rrpOCTpaHCTBO. 
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B 6oJiee THII:llqHfdX CHTyaa;HHX TOIIOJIOfHH 6f MOlReT 
6hITb HeOT)J;eJIHMOH, p;ame eCJill OT)J;eJIHMO x (TaKoB, rraIIp., 
IIyqoK pOCTROB HeIIpephIBHhIX (IIJIH AIIcp«J>epeHD;HpyeMhIX) 
cpyHKIJ.Hii, IIopomp;eHHhIH IIpep;IIyqKoM F, rp;e F ( U) -
HeIIpephIBHhle (Allcp«J!epeHa;llpyeMhle) cpyHKD;HH Ha U; op;
HaKo IIyqoK pOCTKOB aHaJIHTnq. cpyHKD;HH Ha MHoroo6pa-
3HH OT/J;eJIHM). 

BcHKHn roMOM9p«J>ia3M IIpe11;IIyqKoB F -+ F' IIpHBOAHT 
K OT06pameHHIO COOTBeTCTBYIOID;HX IIyqKOB 6f - 6['' 
K-poe HBJIHeTCH JIOKaJihHblM roMeoMop«J>H3MOM H fOMOMOp
«J!Ho oTo6pamaeT CJIOH B cmra; TaKoe oTo6pameHJae IIyqKoB 
:Ua3. r 0 M 0 M 0 p cp H 3 M 0 M II y q K 0 B. CTaH/l;apT
HhIM o6pa30M OIIpe/l;eJIHIOTCH MOHO- H 3IIHMOpcpH3Mhl. Ilpia 
JI1060M roMoMop«J>ia3Me f : ;F' -+ 6F o6pa3 f (6f') ecTb 
OTKphITaH qaCTb ;r. 3aMKHYTaH IIO OTHOJJieHJIIO K IIOCJioii
HhIM aJire6paiaq. oIIepaa;iaHM. BCHKaH qacTb 6f, y11;oaJieT
aopHIOIIJ;aH 3THM Tpe6oBaHIIHM, Ha3. II 0 A II y q K 0 M 
B 6F. ([> a K T 0 p II y q 0 K IIyqKa 6F IIO IIOAIIYqKy 6F' 
OIIpep;eJIH0TCH KaK IIyqoK 6f", IIOpOIB/J;eHHhIH IIpe11;IIyqKOM 
U-+ r(U, 6f)/r(U, 6f'); IIpH 3TOM HMeeTCH 3IIHMOpcpH3M 

6F - ;r·. IIpiaqeM tr;=6f xl6f;. )J;JIH BCHKOfO OTKphITOfO 
u cX qepe3 6F u o6o3HaqaeTCH IIO/J;IIyqoK B ;r, HBJIHIOIIJ;HH
CH o6'he/J;nHeHiaeM p - 1 ( U) c HyJieBhIM ceqeHHeM 6F Hap; X, 
a qepe3 6F X'.. u - COOTBeTCTByIOIIJ;HH «J>aKTOpIIyqoK (orpa

HiaqeHHe K-poro Ha X'-...,U COBIIap;aeT c orpaHHqeHHeM 6f). 
Bo3MOORHOCTb YIIOTpe6JIHTb TIO OTHOilieHHIO K IIyqKaM 

Ha/I; x TaKH0 IIpHBhlqHhle TepMHHhl, KaK roMoMop«J>H3M, 
H/J;po, o6pa3, IIOAIIyqoK, «J>aKTOpIIyqoK HT. )];., BKJia/J;hIBaH 
B 3TH IIOHHTHH TaKoii me CMhICJI, KaK B aJire6pe, II03BOJIHeT 
paccMaTpHBaTh HX c KaTeropHoii TOqKH 3peHHH H IIpHMe
HHTb B n. T. KOHCTPYKD;HH 20MO.lt02U'lec1wii a.riee6pb1,. Bo3-
mrna10ra;iae HaA x KaTeropHH IIyqKOB pO/J;CTBeHHhl TaKHM 
KJiacciaqecKHM, KaK KaTeropiaH a6eJieBhIX rpyIIII HJIH Ka
TeropiaH MO/l;yJie:il:; B qacTHOCTH, AJIH IIyqKOB OIIpep;eJIH
IOTCH IIpHMhle cyMMhl, 6eCKOHeqHhle IIpHMhle IIpOH3Bep;e
HHH, HHAYKTHBHhle IIpe11;eJihl H AP· IIOHHTJ!!H. 

AIIIIapaT n. T. IIpOHHK B pa3Hoo6pa3Hhle o6JiaCTH MaTe
MaTHKH 6Jiaro11;apH TOMy, qTo OIIpep;eJieHhl eCTeCTBeHHhle 
KoroMoJioriaia H* (X, 6f) IIpocTpaHCTBa X c Koa«J>«J>iaa;iaeH
TaMH B IIyqKe ;r, IIpHqeM 6e3 KaKHx-m160 orpaHnqeHJaii 
Ha X (qTo cyra;ecTBeHHo, HaIIp., B aJire6paiaq. reoMeTpHH, 
rp;e B03HHKaIOra;iae IIpOCTpaHCTBa, KaK IIpaBHJIO, HeOT)J;e
JIHMhl), H qTO ,g;pyriae KOfOMOJIOfHH (B Tex HJIH HHhIX KOH
KpeTHhIX ycJIOBHHX) CBO/J;HTCH K IIyqKOBhIM IIO KpaiiHen 
Mepe B Tex CHTYaIJ.HHX, r11;e HX IIpHMeHeHHe OIIpaap;aHO. 

)];JI.a OIIpe/l;eJieHJaH H* (X' 6f) CHaqaJia CTpOHTCH K a H 0-
H n q e c Ka H pe30JibBeHTa 

C* (6f) :0-+ 6f-+ co (6f)-+ c1 (;T)-+ ••• , 

r11;e co (;T) - IIyqoK, oIIpe/l;eJIHeMhlii 11pep;IIyqKoM F, 
AJIH K-poro F ( U) - rpyIIIIa acex (BKJIIOqaH pa3phIBHhle) 
CeqeHHH 6f' Ha/I; U, IIpH 3TOM f ( U, CO (6f)) = 
=F ( U), Cl (;[)=Co (co (3f)/6f), ... , cP+ 1 (;[)= 
=CO(CP(6f)/lm CP- 1 (;[)), • • • • Ilo onpep;eJieHHIO, 

HP(X, 6f)=HP(f(X, C*(;T)) (H~(X, ;[) IIoJiyqa

IOTCH 3aMeHOH CHMBOJia f Ha f q,)). Ilpia 3TOM CaM IIyqoK 3f 

yp;aJIHeTCH H3 C* (;[), TaK qTo H:b (X' ;[)= r ct> (X' ;[) 
(AJIH KJiacciaq. KoroMoJiornii: H 0 (X, G)-rpyIIIIa JioKaJihHO 
IIOCTOHHHhlx «J>yHKIJ;HH Ha X co 3HaqeHHHMH B G). Pe30Jih
aeHra C* (;f)-ToqHhIH KOBapHaHTHhlii ~YHKTOp OT ;[: 
TOqHOH TpOHKe «K03cpcpHIJ.HeHTOB» 0-+;f -+6f-+6f"-+0 
OTBeqaeT TOqHaH TpOHKa pe30JihBeHT. <l>yHKTOp f ct> OKa-

3hIBaeTCH TOqHhIM Ha qJieHaX CP, p ;;;;.: 0, pe30JihBeHT, II0-
3TOMY yKa3aHHhIM Koa«J>«J>na;neHTaM oTaeqaeT ToqaaH IIO
CJie11;oaaTeJihHOCTh KOfOMOJIOfHH 

... -+ H!P- 1 (X, gf")-+ H~ (X, gf'j-+ 

-+ H{p (X, ;[) -----... H{p (X, ;T")-+ ... , 

HaqnHaIOra;aHCH C 0-+ r ct> (X, 6f') -+ r ct> (X, ;f)-+. 

RoroMoJioriaq. IIOCJieAoBaTeJihHOCTh naphl (X, A) oTBe

qaeT TpO:il:Ke 0 - 3F X'..A - 6F - 3F A - 0 (A - 3aMK

HYTOe MHOmeCTBO). 

RoroMoJiorHH H(p ( X, ;[) o6Jiap;aIOT CJiep;yIOlIJ.HM CBOII
CTBOM «yHHBepcaJibHOCTH», pacKphIBaIOID;HM HX 3HaqeHJae: 
AJIH JII06oii: 11;pyroli pe3oJihBeHThl Z* (T. e. HaqnHaIOra;elicH 
C 3f TOqHo:ii IIOCJie)J;OBaTeJihHOCTH IIyqKoB ,Zq) HMeeTCH 

ecTeCTBeHHhln roMoMop«J>ia3M «cpaBHeHHH» HP (f ct> (X, 

Z*))-+ H{p(X, 6f), AJIH OIIHCaHHH K-poro B TepMnrrax 

H~ (X' zq) IIpHMerrHIOTCH CIIeKTpaJibHhle IIOCJie/l;OBaTeJih

HOCTH. BameH cJiyqaft, KOf/J;a IIyqKH pe30JibBeHThl <I>
a a; H .K JI H q H hi, T. e. Korp;a H/t(X, zq)=O IIpH p ;;;,:1: 
B 3TOM CJiyqae yKa3aHHhIH roMoMop«J>ia3M eCTb H30Mop«J>ia3M. 
0CHOBHhIMH IIpHMepaMH aa;nKJIJaqHhIX IIyqKOB HBJIHIOTCH 
BHJihle IIyqKH (AJIH BCex UcX OT06pamerrHH r (X' Z) -
- r ( u' Z) 3IIHMop«J>Hbl) H MHrKHe IIyqKH (rr106oe ceqeHHe 
rra/I; 3aMKHYThIM MrromeCTBOM IIPOAOJimaeTCH /J;O ce11errHH 
HaA BCeM X). RaHOHJaq. pe30JlbBeHTa COCTOHT H3 B.HJlhIX 
nyqKoB. Ecrrn X - IIapaKOMIIaKTHoe IIpocTpaHCTBo, TO 
BCHKHH BHJihIH IIyqoK HBJIHeTCH TaKme H MHfKHM. 

Caoii:CTBo yHnaepcaJibHOCTH II03BOJIHeT cpaBHHBaTh c 
IIyqKOBhIMH (a CJie)J;oBaTeJihHO, H Memp;y co6o:il:) KOfOMOJIO
fHH, B03HHKaIOra;He B 6oJiee KOHKpeTHblX CHTyaa;HHX, 
OIIpep;eJIHTb )J;JIH HHX Te eCTeCTBerrrrhle rparrHD;hl, B K-phlx 
HX IIpHMeHeHJae acpcpeKTHBHO, a TaKme IIpnMeHHTb MeTOAhl 
n. T. AJIH peJJieHJaH KOHKpeTHhIX 3ap;aq. HaIIp., KOfOMOJIO
fHll AJieKCaH/l;pOBa - t:Iexa MOlRHO OIIpe11;eJIHTb c IIOMOID;bIO 
Koa;eIIe:il:, IIoJiyqa10ia;nxcH H3 Koa;eIIen CIIea;iaaJibrro no.1106-
parrrro:il: CHCTeMhl OTKphIThIX IIOKphITHH rrepeXO/J;OM K IIpHMO
My 11pep;erry. 8TH Koa;erria OKa3hIBaIOTCH ceqerrHHMH IIyqKOB 
pocTKOB Koa;erreii: ( oIIpe11;eJIHeMhlx aHaJioriaqrro IIyqKaM 
poCTKOB cpyHKIJ.HH), COCTaBJIHIO!D;HX pe30JihBerrTy rpyIIIIhl 
(HJIH 11;ame IIyqKa) Koacp«J>iaa;iaerrTOB, K-paH OKa3hIBaeTCH 
MHrKon, ecJin rrpocTpaHCTBo IIapaKoMrraKTrro. TaKHM o.6-
pa3oM, /l;JIH IIapaKOMIIaKTHhIX rrpocTparrCTB KOfOMOJIOfHH 
AJieKCaH/J;poaa - t:Iexa coarra11;a10T c rryqKoBhIMH. Arra
JiornqHhlft BhIBOA HMeeT MeCTO AJIH rrpocTpaHCTB 3apHCKoro 
(a qacTrrOCTJI, /l;JIH aJire6paiaq. MHoroo6pa3ian). CeqeHHH
MH IIyqKoB pe3oJibBeHThl oKa3hIBaIOTCH H Ko11,erria AJieK
caH11;epa - CIIerrhepa, IIpiaqeM pe3oJihBeHTa cocTOHT H3 
MHfKHX rryqKoB, ecJIH x rrapaKOMIIaKTHO, B qaCTHOCTH, B 
aTOM cJiyqae KoroMoJiornia AJieKcarrp;epa - Crrerrhepa n 
AJieKCaH/J;poaa - t:Iexa ecTeCTBerrrro H30Mopcprrhl. B cJiyqae 
CHHI'YJIHpHblX KOfOMOJIOfHH OTOil\)J;eCTBJierrne Koa;erreii:, 
COBrrap;a10ra;iax /l;pyr c p;pyroM rra CHHfYJIHpHhIX CHMIIJieK
cax MeJIKOCTH (IIpOH3BOJibHhIX) OTKphIThIX IIOKphITHH, IIpH
BO/l;HT K T. H. JIOKaJIH30BaHHhIM Koa;errHM (AaIOID;HM Te me 
KOfOMOJIOfHH), K-phle HBJIHIOTCH ceqeHJaHMH rryqKoB, OII
pep;eJIHeMhIX rrpe/l;IIyqKaMH o6hlqHhIX CHHryJIHpHhIX Koa;e
IIeii. IlyqKJa OKa3hIBaIOTCH MHfKHMH, eCJIH x IIapaKOMIIaKT
HO (a ecJin x rracJie)J;CTBeHHO rrapaKOMIIaKTHO, TO p;ame BH· 
JihIMH), HO o6pa3yIOT pe30JihBeHTY IIpH /l;OIIOJIHIITeJibIIOM 
Tpe6oBaHJaH, qTo6hl x 6hIJIO CJia6o JIOKaJihHO CTHI'HBaeMhIM 
(a Kamp;o:il: oKpeCTHOCTH U Kam11;oli ToqKn x EX Hanp;eTC.H 
MeHhIIIaH OKpeCTHOCTh, CTHfHBaeMaH B TOqKy BHYTPH U). 
RJiacciaq. rrpiaMepoM HBJIHeTCH T e o p e M a A e P a M a: 
KOfOMOJIOfHH KOMIIJieKCa AH«J!«J>epeHa;HaJibHhIX «J>opM AHcp
cpepeHa;iapyeMoro MHOroo6pa3HH COBIIa/J;aIOT c o6blqHhIMH 
KOfOMOJIOfHHMH c KOacpcpna;iaeHTaMH B IIOJie IR 11;eiiCTBH
TeJibHhIX qJiceJI (rryqKn poCTKOB 11;n«J>«J>epeHIJ,naJibHhlx «J>opM 
HBJIHIOTCH MHfKHMH H o6pa3yIOT pe30JihBeHTy IR.: B6mrnn 
Kail\)J;OH TOqKH Kail\/J;aH 3aMKHyTaH p;ia«J>«J>epeHa;HaJibHaH 
cpopMa HBJIHeTCH TOqHoii). 

HMeIOTCH TaKme pe30JihBeHThl, OTBeqa10ra;ne JII06hIM OT
KphIThIM HJIH JIOKaJibHO KOHeqHhIM 3aMKHYThIM IIOKphITHHM 
ll II03BOJIHI01D;ll0 cpaBHHBaTh KOfOMOJiornn x c KOfOMOJIO
rHHMH IIOKphITUll (cIIeKTpallhHhle IIOCJI0)J;OBaTeJihHOCTH 
IIOKphITHH). B qacTHOCTH, II30Mopcpn3M o6ecIIeqJiaaeTCH 
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ycJioBJaeM Hq=O npe: q ~ 1 AJIH acex aJieMeHTOB noKphITHH 
n: n:x KoHeqHhlx nepeceqeHn:il: (Teo p e Ma JI e p e). 
IIepexon K npHMOMY npep;eJiy no OTKphIThlM noKpbITHHM 
AaeT H30MO·p.iliu3M KoroMoJiorn:il: AJieKCaHApoBa - 1:1exa 

H* c nyqKoBhIMH n: AJIH HenapaKo~maKTHhIX X npn: ycJio
BHH, qTo B x HMeeTCH AOCTaToqHo MHoro MeJIKHX OTKphl-

ThIX MHOJirnCTB u, AJIH K-phIX ifq(U, 3f')=O npH q~ 1 
(Teo p e Ma Rap Ta Ha). 8TO o3HaqaeT, qTO npe:Me-

HHeMhle B aJire6pa11q, reoMeTpnu KoroMoJiore:n: H* c Koa.ili
.iiiuu;n:eHTaMH B KorepeHTHhIX nyqKax TaKlirn H30Mop.iliHhl 
CTaHAapTHhIM nyqKoBhIM KON>MOJiorHHM H*. 

06ru;n:e KoHcTpyKu;1111, 06ecneq11aaroru;11e roMoMop.ilin:3M 
cpaBHeHHH, TI03BOJIHIOT TaKme cpaBHHBaTb KOrOMOJIOrHH 

HP(X, !}tq) c H* (f(X, .Z*)) [aHaJiore:qHo H~ (X, !Jtq) 
c H* (f <I> (X, .Z*))) B cJiyqae, KOrAa .Z* - JIID6oil: An: «Ii
.iii e p e Hu; Ha JI b H Iii .D: TI y q 0 K (T. e. nyqoK, B K-pOM 

AJIH JII06oro q KOMTI03HD;HH _zq - _zq + 2 paBHa HyJIIo) c 
au;HKJIHqHhIMH _zq' rAe !Jtq - npoH3BO)lHhle nyqK11 OT .Z* 
(HBJIHIOID;HeCH .iliaKTOpnyqKaMH HAep no o6pa3aM B KaIBAOH 
pa3MepHoCTH q). CooTBeTCTByroru;n:e no My cneKTpaJibHhle 
TIOCJieAOBaTeJibHOCTH I!MelOT MHoro pa3JIHqHhIX npuMeHe
HHH. IIpu aTOM, eCJIH !Jtq=O npn: q ~ 1, To H* (f(X, 
.Z*))=H* (X, :;to). Hanp., ecJIH B KaqecTBe .Z* B3HTh 
nyqoK u;eneil: ~ * (onepaTop rpaHHD;hl noHn:maeT pa3Mep
HOCTh Ha ep;n:Hn:u;y, f(U, ~*) - u;ene: naphl (X, X"'-U), 
CJIOH !Jt~= lim Hq(X, X"'-U)=Hq(X, X"'-x)), TO 

-+ 
xeU 

noJiyqaeTCH 3aBHCHMOCTh roMoJiorn:il: H'f (X, G) OT ace

Bo3MomHhlx H~ (X, !Jtq)· Ha MHoroo6pa3HH !Jtq=O npn: 

q < n=dimX H H'i/(X, G)=H~-P(X, !Jtn), T. e. HMeeT 

MeCTO Jlyamwpe oeoucmee1mocmb. EcJIH A - OTKphITOe 
HJIH 3aMKHyToe IlOAMHOJReCTBO JIOKaJibHO KOMTiaKTHoro 
X, TO roMoJiorn:u A onpe)leJIHIOTCH TeMH ceqeHHHMH ~ *' 
HOCHTeJIH K-phlx COAepmaTCH B A' a roMOJIOrHH naphl (X' 
A) - ceqeHHHMH orpaHn:qeHHH ~ * Ha X"'-A. Hao6opoT 
(H aTO - Tome OAHO H3 npoHBJieHHH ABOHCTBeHHOCTH 
IIyaHKape), ecJin: ~* - Jiro6aH BHJiaH pe30JibBeHTa AJIH 
KoroMoJior11il:, To orpaHuqeHne ~* Ha X"'-A onpeAeJIHeT 
KoroMoJiorn:n: X"'-A, a ceqeHHH ~* c Hocn:TeJIHMH B A -
KoroMoJiorn:n: naphl (X, X"'-A). IIyqKn: ~* BHJihle, H B 
cJiyqae MHoroo6pa3n:H roMoJioruq, nocJieAoBaTeJibHOCTb 
naphl (X' A) COBTiaAaeT c TOqHOCTbIO AO o6paTHOH HyMe
pau;n:n: c KorOMOJiorn:q, TIOCJieAoBaTeJibHOCTbIO naphl 
( X, X"'-A). 8TO o3HaqaeT, qTO ABOHCTBeHHOCTH B MHoro
o6pa3HHX, TIOA06Hhle JI e(fiute1fa oeoucmeennocmu HP (X, 
U, G)=Hn-p(X"'-U, !Jtn), HBJIHIOTCH qacTHhIMH CJiyqaH
MH ABOHCTBeHHOCTH IIyaHKape. 0Ka3b1BaeTCH, qTo COOT
HOIIIeHHH ABOllCTBeHHOCTH, He YKJiaAhIBaroru;n:eCH B aTy 
cxeMy' HBJIHIOTCH CJie)lCTBJIHMH ABOHCTBeHHOCTll IlyaHKape 
H au;HKJIHqHoCTH MHoroo6pa3HH B HeK-phIX pa3MepHOCTHX. 

T aKaH me CHTyau;n:H B03HI!KaeT B CJiyqae HenpepbIBHoro 
oT06pameHn:H f : X-+ Y. Pe30JibBeHTa AJIH KoroMoJiorn:il: 
X onpe)l;eJIHeT Ha Y HeK-phlii A11.ili.iliepeHu;11aJibHhlil: nyqoK 

Z*, AJIH K-poro CJI011 !ltZ cyTh npHMhle npeAeJihl KoroMo
Jiornii yq u-1 ( U)' ;n no OKpecTHOCTHM u TOqeK y (a 

AJIH 3aMKHyThlx OT06pameHllH HZ=Hq u-1 (y), df)), 
npn:qeM H* (X, df)=H* (f (Y, .Z*)). Bo3HHKaroru;aH 3a-

an:cn:MoCTb H* (X, 3f') oT HP (Y, !Jtq) on11Ch1BaeTcH cneKT
paJihHoil: nocJieAOBaTeJihHOCThIO Jlepe oTo6pameHHH f 
(qaCTHhIM CJiyqaeM K-poil: HBJIHeTCH cneKTpaJibHaH IlOCJie
AOBaTeJibHOCTb Ceppa pacc,;r,oenusi). 06paru;eHn:e B HYJih 
!Jtq OTBeqaeT au;HKJIHqHhIM OTo6pameHHHM, o6ecneqn:BaH 
1130MOp.iliH3Mhl KoroMoJior11il: x II y c cooTBeTCTByIOru;llMH 
Koa.ili.ili11u;n:eHTaMn: (T e o p e M a B h e T o p n: c a n: ee 
o6o6ru;eHHH). YnoMHHaBIDHeCH Bhlme o6ru;n:e KOHCTpyKu;HH 
p;aIOT TaKme CIIeKTpaJihHYIO IIOCJieAOBaTeJibHOCTb OT06pa
meHHH, yqHThIBaroru;yro (HapHAY c !IX KOroMOJiorn:q, CTpyK-

TypoiI) CTeneHb HeCBH3HOCTH npoo6pa30B ToqeK, K-paH 
oco6eHHO a.ili.ilieKTHBHa AJIH HyJibMepHhIX HJIH KOHeqHo
KpaTHhIX OT06pameHHH (B CJiyqae HaKphITHH OHa npeB
paru;aeTCH B cneKTpaJihHyro nocJieAOBaTeJibHocTb RapTaHa). 
l1.MeIOTCH TaKme cneu;n:aJihHhle cneKTpaJihHhle nocJieAOBa
TeJibHoCTH a KaTeropn:Hx G-npocTpaHCTB (npocTpaHCTB, 
Ha K-phlx onpeAeJieno Aeil:cTBne rpynnhl G). 

B nyq•1wBhIX KoroMoJiorn:Hx ecTeCTBeHHhIM o6pa3oM on
peAeJIHeTcH MyJihTHTIJIHKaTHBHaH CTPYKTypa. Cyru;eCTBO
aaHn:e cneu;n:aJibHhIX BHJlhIX pe30JibBeHT' OT06pameHHH 
BHYTPH K-phlx onpeAeJIHIOTCH HeK-poil: noJiyCHMTIJin:u;n:aJih
Hoil: CTpyKTypo.ii:, TI03BOJIHeT AaTb HBHhle .iliopMyJihl AJIH 
yMHomeHHH Kou;eneiI, aHaJiorn:qHhle o6hlqHhIM. 0AHOBpe
MeHHO no AaeT B03MOIBHOCTb onpeAeJIHTh B II. T. n: AP· Ko
roMoJiorn:q, onepau;n:e:. 

AnrrapaT II. T. HaXoAHT MHoro npn:MeHeHn.ii: BCIOAY, rAe 
cyru;eCTBeHHO HCTIOJib30BaHHe a6cTpaKTHhIX rOMOJiorn:q, 
MeTOAOB: B TOTIOJIOrHH (roMoJiorn:q, H KOrOMOJiorn:q, pa3-
MepHOCTb, JIOKaJibHhle roMOJIOrHH H ABOHCTBeHHOCTb, 
CTPYKTypa pa3JIHqHhIX KJiaccoa HenpephIBHhIX oTo6pame
HHH B TOM qucJie BJiomeHn:H Ha TIJIOTHhle TIOAMHOJReCTBa, 
B q~CTHOCTH 6n:KOMTiaKTH.iliHKau;n:il:, H T. n.), B Teopn:11 
aHaJIHTHq, MHoroo6pa3HH [roMOJIOrHH H KOrOMOJIOrHH c 
Koa.ili.ilinu;ueHTaMH B KorepeHTHhIX aHaJIHTHq, nyqKax H HX 
npuJiomeHHH, KoroMOJIOrHH H aHaJIHTHqeCKRe AR.ili.iliepeH
u;RaJibHhle .iliopMhI, roMOJIOrHH H aHaJIHTHq, TIOTOKH (aHa
JIOr TeopeMhl Ae PaMa RT. n.)], a TaKme B a6cTpaKTHoil: aJI
re6paRq. reoMeTpHR (KoroMOJIOrHH a.ili.iliRHHhIX, npoeKTHB
HhIX H TIOJIHhIX aJire6paRq, MHOroo6pa3H.ii: c Koa.ili.iliRu;HeH
TaMH B KorepenTHhlx aJire6pan:q, nyqKax, aJire6pan:q, 
ABOHCTBeHHOCTh Ceppa, aJire6paRqecKaH (KoM6RHaTop
HaH) pa3MepHoCTh R AP·)· 

HeK-phle ocHoBHhle HAeR II. T. n: cneKTpaJihHhlx nocJie
AOBaTeJihHOCTeil: noHBRJIRCh B pa6oTe '/R. Jiepe (J. Leray, 
1945 H TI03me) B CBH3H c H3yqeHHeM roMOJIOrRq, CBOilcTB 
HenpepbIBHhIX OT06pameHHll JIOKaJibHO KOMTiaKTHhIX npo
CTpaHCTB, K-phIM 6hlJIO AaHo TaKme onpeAeJieHn:e KOrOMO
JIOrHH (c KOMTiaKTHhIMH HOCHTeJIHMH) c Koa«1i.ili11u;11eHTaMH B 
nyqKe. ~OBOJlbHO TIOJIHOe H3JIOJReHRe TeopHH nyqKoB c 
npuMeHenn:eM pe30JibBeHT 6blJio AaHo no3me A. RaprnHoM 
(H. Cartan). EoJibrnoe BJIRHHHe Ha pa3BRTHe II. T. oKa-
3aJIH AaHHoe A. Be:iiJieM (A. Weil, 1947) AOKa3aTeJihCTBO 
TeopeMhl Ae PaMa R pa6oThl '/R. II. Ceppa (J .-P. Serre, 
Haq, 50-x rr.) no aJire6pan:q, MHoroo6pa3HHM. RoroMoJio
rRR c Koa.ili.ili11u;ReHTaMH B nyqKe onpeAeJIHJIRCb nepBoHa
qaJibHO cnoco6oM AJieKcaHAPOBa - 1:lexa. 3aaeprneHHhlii 
BR)l II. T. npn:o6peJia B KoHu;e 50-x rr. B pa6ornx A. fpo
TeHAHKa (A. Grothendieck) n: P. foAMaHa (R. Godement), 
B K-phlx 6blJia AOCTHrHyTa MaKCHMaJihHaH o6ru;HOCTb, a 
MeTo)J;hl 3Haqn:TeJihHo ynpom;eHhl. B qacTHOCTH, 6hIJIO noKa-
3aHo, qTo B KaTeropHH nyqKOB Ha)]; x HMeeTCH o6pa3yroru;aH 
(T. e. nyqoK J, AOTiyCKaroru;uii: HeHyJieBble rOMOMop.iliH3MhI 
B Jiro6oil: HeHyJieaoil: nyqoK; AJIH nyqKoB a6eJieBhIX rpynn 

J= ~Uc::X Zu). TaK qTo Kall\AhIH nyqoK BKJiaAhIBaeTCH B 
HH'beKTHBHhIH (T e 0 p e Ma r p 0 T e HA HK a). B 
aTOM COCTOHT npRqHHa .iliopMaJibHOH aHaJIOrl!H MelRAY 
TeopReH KoroMOJiorn:il: c Koa.ili.iliRu;HeHTaMH B nyqKaX H Teo
pneil: npOH3BO)J;HhIX OT .iliYHKTOpOB B KaTeropHH MO)J;yJieH: 
B KaTeropHH nyqKoB HaA x «AOCTaTOqHo» HH'heKTHBHhIX 
o6'heKTOB (XOTH, KaK npaBHJIO, MaJio npoeKTHBHhIX), H 
noaTOMY MOJRHO CBo6o)lHO npRMeHHTb Bee COOTBeTCTByro
ru;Re cpe)J;CTBa roMoJiornq, aJire6phl, B qaCTHOCTH onpeAe

JIHTh KoroMoJIOrHH H'lt, (X, (ff) (6e3 KaKHX-JIH6o orpa
Hn:qenn::ii Ha X) KaK npoR3BOAHhle TOqHoro cJieBa .iliyHKTopa 
fw(X, df) (11 Aame KaK Ext* (Zx, 3f')). 8TO me npoJIRBa

eT CBeT H Ha o6ru;yro npn:pOAY' Hanp.' TaKHX 110HHTHH, 
KaK KoroMoJiorRq. pa3MepHOCTh (nan Z) npocTpancTBa, 
aJire6pan:q, pa3MepHOCTb MHoroo6pa3HH n: rJio6aJihHaH 
paaMepHoCTb KOJihu;a. A. fpoTeHARKoM AaHo onRcamre 
cneKTpaJihHo:ii nocJieAoBaTeJibHoCTH AJIH .iliYHKTopa EX t, 
Heo6xoAHMoii B aJire6pan:q, reoMeTpRn:. EoJiee npocToil: 
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crroco6 KOHCTpynpoaamrn HH'heKTHBHhIX rry'IKOB 6hIJI Haii:
)leH p. foAeMaHoM. OH IIOKa3aJI TaKIBe, 'ITO AJIH IICCTpoe
HHH TeopnH KOTOMOJIOrnii BJIOJIHe AOCTaTO'IHO JIOJib30BaTh
CH npeAJIOil\eHrroii HM KaHOHH'IeCKoii BHJIOH peaOJihBeHTOH, 
K-paH c TO'IKH 3peHHH roMOJIOTH'I. aJire6phl oKa3hIBaeTCH 
npocTo OAHOH H3 a~nKJIH'IHhIX pe30JihBeHT nyqKa. P. foAe
MaH rrepBhIM CTaJI IIpHMeHHTb BHJILie H MHTKHe IIY'IKH, oKa-
3hIBarom;necn a~HKJIH'IHhIMH B TOM :me CMhICJie (MHTKHe 
a~HKJIH'IHhl JIHIIIb rrpn ycJIOBHH rrapaKOMJiaKTHOCTH x' 
'IeM o6'hHCIIHeTCH HX HCIIOJlb30BaHne rrpenMym;eCTB0HHO B 
TOJIOJIOTHH). 

Jlum.: [1] Bred on G. E., Sheaf theory, N. Y., 1967; [2] 
r 0 p; e M a H p.' AJire6pa1f'teC1<aH TOilOJIOl'Hff " TeopHJI IIY'll<OB' 
nep. c llJpaHI-1., M., 1961; [3] r p 0 Te Hp; HI< A., 0 HelmTOphIX 
sonpocax rOMOJIOrn"lec1<ofi aJire6ph!, nep. c llJpam-1., M., 1961; 
[I.] Swan R., The theory of sheaves, Chi.- L., 1964. 

E. I'. C1U111peurw. 
rryqoK - 1) II. - npeony'lOK F TaKoii, 'ITO AJIH BCHKO-

ro o6'heAnHeHHH u = u ')..U ').. OTKphIThIX nop;MHO:meCTB u ').. 
TOIIOJIOTH'I. npocTpaHCTBa x BhIJIOJIHeHLI CJiep;yrom;He 
ycJIOBHH: 1) eCJIH orpaHH'leHHH Ha l\ail\ti;oe u ').. aJieMeHTOB 
s H s' H3 F(U) COBIJaAaIDT, TO s'=s"; 2) ecmI Sf.. EF(U,..) 
TaKOBhl, 'lTO AJIH JII06oii naphl nnp;eKCOB }.., µ orpaHH110HHH 
S'}. H Sµ Ha lj ').. n U µ COBJiap;aIOT, TO cym;ecTByeT <ilJI0MeHT 
s E F ( U), orpaHH'leHHH K-poro Ha ace U 'A coanap;aror c 
Sf... BCHKnii: II. Ha X H3oMopiJ>en II. pocmi>oe nenpephIB
BhIX ce11ennii neKoToporo naKphIBarom;ero npocTpaBCTBa 
p : E -+ X nap; X, K-poe onpep;eJIHeTcH op;H03Ba'IHO c TO'I
HOCThJO p;o H30MopiJ>H3Ma (noµ; HaKpLIBaJOIIIHM upoctpaHCT
BOM IIOHHMaeTCH HenpephIBHOe OT06paIBeHne E na x' 
HBJIHrom;eecH JIOKaJihHhIM roMeoMopiJ>H3MOM), noaTOMY IIOA 
II. 06h111Ho noHnMaeTCH TaKIBe H caMo uaKphlBa10m;ee OT0-
6paIBeHne p : E-+ X (cM. Ily'li>06 meopun). 

E. I'. Cn.<Rpemw. 
2) II.- op;HorrapaMetpn'IecKoe ceMeHCTBo JIHHnii Ha 

IIJIOCKOCTH HJIH JIOBepXHOCTeH B IIpOCTpaHCTBe, JIUHeUHO 
3aBIICHm;ee OT napaMeTpa. IIyCTh Fr n F 2 - iJ>yHK~Hn p;Byx 
nepeMeHHhIX, Henponop~noHaJihHhle p;pyr p;pyry. CeMeii:
CTBO JIHHHiiI Ha IIJIOCKOCTH, onpep;eJIHeMhIX ypaBHeBIIeM 

A1F 1 +A2F2 =0 
npn aceBo3MOll\HhlX 3Ha'leHnHx napaMetpoB Ar n A2 (Kpo
Me Ar=O, A2=0), IIpep;cTaBJIHeT co6oii II. (iJ>aKTlI'IeCKH rr. 
3aa11c11T OT op;Horo napaMeTpa Ar : A2). AHaJior1:1'IHO 3aIIH
ChIBaetcH ypaBHeH11e II. IIOBepxHOCTeii B IIpOCTpaHCTBe. 
Asa ypaaHeHHH Fr=O, F 2=0 p;aroT p;aa aJieM0HTa II. 
(p;ae JillHllH nJIH p;ae IIOBepxaocrn:), K-pble onpep;eJIHIOT 
aech II. Kamp;Me p;aa aJieMeHta II. nepeceKaIOTCH IIO op;
HOMy II TOMY me MHOll\eCTBY TO'leK - II 0 c H T e JI IO. 
HocnTeJih II. MomeT cop;epmath J<aK p;eiicTBHTeJihBLle, 
TaK H MHHMhle TO'lKH. EcJI11 ncxop;HL!e KpIIBhle II. HBJIJUOT
CH aJire6pa1111. KpHBblMll nopHp;KOB m II n, TO BOCl:lTeJih 
COCTOHT H3 mn TO'IeK (p;eii:cTBHTeJihHblX HJil:l MBl:lMblX, 
co6CTB0BHLIX llJll:l Heco6CTBeHHblX). 

II y q 0 K II p H M bl x - MHOll\0CTBO Bcex npHMblX, 
Jiemam;nx B op;Hoii IIJIOCKOCTH n IIpoxop;Hm;1:1x 11epea iJ>1:1K
c11poBaHHyro TO'IKY (c 0 6 c T B e H H hi iI II.) llJIH napaJI
JieJihHblX iJ>1:1Kc11poBaHHOii IIpHMOH (H e c 0 6 c T B e IT
H bl ii: II.). YpaBHeH1:1e II. IIpHMblX nMeeT BHp; 

A.r (Arx+B1v+Cr)+A.2 (A2x+B2y+C2)=0. 
IT y q 0 K II JI 0 c K 0 c T e H - MHOll\eCTBO Bcex IIJIOC

KOCTeiI, rrpOXOAHm;11x qepe3 il>nKc11poBaHHYIO rrpm1yro 
(c 0 6 c TB e H H bl ii II.) llJill IIapaJIJieJihHblX HeK-poil 
iJ>11Kc11poBaHHOH IIJIOCKOCTH (H e c 0 6 c T B e H H bl ii II.). 
YpaBHeHne II. IIJIOCKOCTeil nMeeT BHA 

Ar (A1x + BrY + Crz +Dr)+ A.2 (A 2x + B 2y + C2z + D2) = 0. 
II y q 0 K 0 K p y JI\ H 0 c T e ii: - OAHOIIapaMetpnqe-

CKoe ceMeHCTBO OKpyIBHOCTeii:, JI11HeHHO 3ftBHCHm;ee OT 
rrapaMeTpa. IT. OKpyIBHOCTeii: COAepIBllT OKpyll\HOCTH ll 
OAHY np1'!My10. HocnTeJieM (c 0 6 c TB e II H 0 r o) IT. 
OKpyIBHOCTeii HBJIHIOTCH p;Be KpyrOBbJe TO'lKll II AB0 co6-
CTB0RBLie TO'I}(l! a H b. EcJIH a i= b, TO II. OHpyiHHOCT0ll 

MOll\HO onpeAeJIHTb Ka}( MHOll\eCTBO OKpyIBHOCTeii (C'IHTan 
IIpHMble OKPYIBHOCTHMH 6ecKoHe'IHOTO paAnyca), rrpOXOAH
m;nx qepe3 TO'IKH a n b; ecJin a= b, Hymno p;orroJIRHTeJihHo 
Tpe6oBBTh, 'IT06hl oKpymHocTn KacaJIHCb Apyr p;pyra B 
TO'IKe a. EcJin a n b Aeii:CTBHTeJihHble H pa3JIH'IIIble, II. 

PHC. 1. PHC. 2. 

oKpymHoCTeii aaa. a JI JI II II Tu q e c H II M (puc. 1), ecmr 
COBilaBmne (p;eii:CTBIIT0JihBble) - II a p a 6 0 JI II q e
c K l1 M (p11c. 2), ecJIH MHHMhle (pa3Jill11Bble) - r H II e p-
6 0 JI H q e c K HM (pnc. 3). H e c 0 6 c TB e H II bl M 
II. OKpymHOCTeft HaB. COBOKyIIHOCTb KOH~0HTPH'I0CKllX 
OKpyiHHOCT0B (pnc. 4). 

Y Kamp;orO C06CTB0HHOro IT. OKpyIBHO<;T0H cym;ecTBy0T 
TaK Ha8. paOUl'ill.//,bHll5t OCb - IlpHMaH, Kamnan TO'!Ka K-poii: 

P11c. 3. Puc. 4. 

HMeeT OAllIIaKOBYIO CT0II0Hh TOlJKH (pa3JIH'IHYIO tJ;JIH paa
JIHqHbJX TO'IeK) OTHOCHT0JihHO acex oKpymHocTeii II. Pa
ti;HKaJihHaH och aJIJIHIITH'IecKoro II. npoxop;nT 11epe3 o6m;He 
TO'IKH oKpymHOCTeiI; IIapa6oJIH110CKOro - HBJIH0TCH HX 
o6m;eii: KaCaTeJihHOii; rnrrep6oJIH'I0CKOTO - JIHHReii ~eHT· 
poB p;ayx OKpymaocTeii, opTproHaJihHblX KO BCeM OKpym
HOCTHM II. U:eHTphI oKpymaocTeii II. JiemaT aa IIpHMoii, 
IIeprreap;HRYJIHpHOH pap;11KaJihHOH OCH. ToqKa rrepece11e
HHH JIIIHHH ~eHTpOB II. H ero pap;nKaJihHoii oc11 Ha3. 
~ e H T p o M II. CTeneah u,eaTpa II. 0Taoc11TeJibHO mo6oif 
OKpyIBHOCTH II. op;nHaKoBa H Ha3. c Te II e II b IO IT. Ecm1 
OCb a6c~ncc HBJIH0TCH JIIIHHeii ~eHTpOB OKpyIBHOCTeii 
II., a och opp;11HaT - pati;HKaJihaoii: ochro IT., TO ypaaae
n11e IIpOH3BOJihHOH OKpylRHOCTH IT. HM00T BHA 

x2+y2 -2xt+p=0, 

rJJ,e t - IIapaMeTp, oIIpep;eJinrom;IIli Aaaayro oKpymHOCTh, 
p - CTeIIeHh II. )l.JIH ::JJIJIHIITH'I0CKOTO II. p < 0, AJIH 
rra pa60JI11qecKoro II. p = 0, AJin rHIIep60JI1111ecKoro p > 0 
(cTerreHh Heco6cTB0HHoro II. Momao C'IIITaTh 6ecKoHeqrroii). 

0RpymHOCTH, OpTOTOHaJihIIhl0 BC0M OKpyIBHOCTHM AaII
aoro II., cal\rn o6paayroT IT.; IIpo aToT II. roaopHT, 'lTO oa 
co 11 pH me H c AaHHhlM. 8JIJIIIIITn11ecK11ii II. coIIpHIBeH c 
rIIrrep60JI1111ecK11M, rrapa6oJIII110CKHH - c rrapa6oJIH'Ie
CKIIM. 

Jlro6oii IT. OKpylRIIOCT0H HBJIH0TCH IIepeceqerrneM ABYX 
cenaor; oKpymrrocTeii. 

II y q o K c ip e p - op;rroIIapaMeTp11qecKoe ceMeiicTBO 
cwep, JIHHeHIIO 3BBIICHmee OT II apaMeTpa. JI106ble }];Be 
ciJ>epbl II. IIepeceKaIOTCH rro aeK-poii 0Rpy11rnocT11 Aeii:cT
Bl:lT0JihHoro, HyJieBOTO l!Jlll MHHMOTO PBAHyca. B IIepBOM 
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cJiy11ae II. c<J>ep Ha3. 3 JI JI H II TH q e c RH M, OH COCTOHT 
H3 Bcex c(jlep, rrpoXOAHIIJ,HX qepe3 AaHHYIO ORpy11rnocTb; 
BO BTO{IOM II a p a 6 0 JI H q e c RH M, II. COCTOHT H3 
Bcex cipep, Raca10m;nxcH Apyr Apyra B o6ru;eii: TO'IRe; B 
Tp0Th0M - r H II e p 6 0 JI H q e c R HM, II. COCTOHT H3 
Bcex ccliep, OpTOrOHaJihHhIX R HeK-phIM TpeM AaHHhIM cclie
paM, rrepeceRaIOIIJ,HMCH B AByx TO'IKax. Y II. c<J>ep nMeeTcH 
TaK Ha3. p a A H K a JI b H a .H II JI 0 c K 0 c T h, KalKAaH 
TO'IKa K-poii: J:IMeeT OAHHaKOBYIO CTerreHh (pa3JIH'IHYIO AJI.H 
pa3BhIX TO'leR) OTHOCHTeJihHO cqiep II.; a;eHTphI Bcex cij>ep 
II. Jiem31T Ha OAHoi rrp.11Moil:, rreprreuAHRYJIHpHoil paAH
KaJihHOH IIJIOCKOCTH. 

II. aj>ep HBJIHeTCH rrepece11eHneM Tpex ceTeii cqiep, 
a;eHTphl K-phlx He Jie;RaT Ha OAHOH IIpHMOH. 

B rrpoeKTHBHoil reoMeTpnn a JI r e 6 p a n 11 e c K n M 
II y q R 0 Mu II p H M hi x Ha3. MHOJKeCTBO Bcex IIpHMhIX 
npoeKTHBHOH IIJIOCKOCTH, KOOPAHHaThI U1, U2, U3 K-phlx 
Yl!OBJieTBopll'.IOT ypaBHeHnIO 

F (u1, u2, u3) = 0, 

rAe F (u1, u2 , u3) - He paBHhIH TOJKAeCTBeHuo HYJIIO 
MBOTO'IJieH, OAHOPOAHhlH OTHOCHTeJibHO IIepeMeHHhlX U1, 
U2, u3; CTerreHh MHOTO'IJieHa F Ha3. c T e II e H b IO (HJIH 
II o p HA K o M) II. IIpHMhIX. AJire6pan11ecKnii: II. IIpll'.MhIX 
II e p B 0 r 0 n 0 p H A K a 3aAaeTCH ypaBHeHneM 

a1u1 + a2u2 + a3u3 = 0 

H rrpeACTaBJIHeT co6oi MHOJKeCTBO Bcex rrpHMLix, IIpOXOAH
m;nx 11epe3 TO'IKY c KOOpAHHaTaMI! (a1, a2, aa)· 

AJire6pan11ecKnii: II. IIpHMhlX B T o p o r o II o p H A
K a aaAaeTCH ypaBHeHHeM 

f nu~+ f 22u~+ faaui+ 2/12u1u2+ 2/13u1u3 + 

+2f23U2U3=0, fiJ=f Ji• i, j=1, 2, 3, 

rAe f if - A0HCTBHTeJihHhie 'IHCJia, cpeAn K-pLix no Kpaii:He:ffi: 
Mepe OAHO oTJIH'IHO oT HYJIH. EcJrn: AHCKpHMHHaHT 8= 
=!/;JI, i=1, 2, 3, OTJin11eH OT HYJI.H, II. rrpHMLIX BToporo 
rrop.HAKa Ha3. He B hi p 0 lK A e H H hi M, eCJIH 8=0 -
B hi p om A e H H hi M. RaJKAhlH HeBLipOlKAeHHLiii: II. 
BToporo rropHAKa HBJIHeTCH MHOJKeCTBOM KacaTeJihHhlX K 
H0BhipOlKA0HHOll JIHHHH BToporo IIOPHAKa; KaJKAaH HeBhl
pOJKAeHHa.H JIHHHH BToporo IIOPHAKa HBJIHeTCH orn6aI01IJ,eii: 
HeK-poro HeBhlpOlKA0HHOro II. BTOporo IIOPHAKa. 

Jlum.: [1] II o c TH 11 " o n M. M., .AHaJIHTH'lec1<afl reoMeTp1rn 
M., 1973. A. B. Hsmws'. 

IIll>ACl>Cl>A IIPOBJIEMA - rrpo6JieMa orrncaHHH nH
TerpaJihHLIX MHoroo6pa3nii MaKCHMaJihHOH pa3MepHOCTH 
AJIH cncTeMbI II rfiarfHjia ypaenenuu 

ea.= o, oi: = 1, .•. , q, 

aaAaeaeMoii: Ha6opoM HR q An!Ji<J>epeuu;naJihHhlX 1-cf>opM a 
HeR-poii o6Jiacni: McfR.n (HJIH Ha HeK-poM MBorooopaanH), 
JIHHeii:uo HeBaBHCHMhIX B KaJKAOH TO'IKe. ITOAMBoroo6paane 
NcM Haa. HHTerpaJibH&IM MHoroo6paan
e M CHCT0MhI ( *), 0CJIH orpaHH'l0HH0 (jlopM ea. Ha N TOlK
A0CTBeHHO paeHO HYJIIO. II. II. 6h1Jia IIOCTaBJieHa H. rrqiaqi
lf>oM (J. Pfaff, 1814). 

c reoMeTpR'I. TO'IKR apeHH.H CHCTeMa (*) OIIP0A0JI.H0T 
(n-q)-Mepuoe pacrrpeAeJieHHe (Ilr.fia(/Jrfia cmpynmypy) 
B M, T. e. rroJie 

x-Px={yEIJZnle~(y)=O}, xEM, 

(n-q)-MepHbIX IIOAIIPOCTpaHCTB, a IT. II. COCTOHT B OIIH
caHHH IIOAMHoroo6paan.ii: MaKCHMaJibHOH B03MOlKHOH pa3-
MepHOCTH, KaCaIOIIWXCH 3TOro IIOJI.H. BalKHOCTb II. II. 
OIIP0A0JI.H0TC.H T0M, 'ITO HHTerpnpoaaHne IIpOH3BOJlhHOTO 
ypaBH0HH.H c 'laCTHhIMH rrpOH3BOAHhIMH MOJKeT 00Tb CBe
A0HO K (cooTaeTCTBYIOIIJ;HM o6pa3oM yTo'IH0HHoii:) II. rr. 
Harrp., HHTerp11poaamrn ypaaHeHH.H 1-ro nop.H)l.Ka 

F (xi, u, Du/Dxi) = O 

25* 
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CBOAHTCH K II. II. AJIH ypaBH0HRll: IJ<f>ac}iclia e=1=.au-pjd:r:i= 0 
Ha M110roo6pa:rnn (aoo6m;e roeopn, c oco6eHHOCT.HMn), 
3aAaBaeMOM B rrpocTpaHCTBe IR. 2n + 1 ypaBH0BH0M 

F (xi, u, p;)= 0. 
BrroJIH0 RHTerpHpyeMaH CHCTeMa ITciia<J><J>a (a TaKJKe 

OAHO ypaeHeHHe IIcliacliclia IIOCTOHHHOfO KJiacca) JIOKaJibHO 
MOlK0T 6h!Tb rrpHB0A0Ha K rrpocTOMY KaHOHH'I. BHAY. 
B 3TIIX cJiy11aHx pemeHe:e II. rr. cBOAIITCH K pememuo o6LIK
HoaeHHhlX AHclicpepeHa;.11.aJihHhIX ypaaHeH.11.ii. B o6ru;eM cJiy-
11ae (a RJiacce rnaARHX qiyirnu;nii) II. II. He pemeHa (1983). 
B aHaJIHTH'I. cJiy11ae IT. II. 6h!Jia pemeaa 3. RaptaHOM 
(E. Cartan) Bero Teopnn CHCTeM B IIHBOJIIOI\lllf. <l>opMyJIH
poaRa OCHOBHOH TeopeMLI RapTa&a OCHOBaHa Ba TIOHHT.11.H 
peryJIHpHoro IIHTerpaJihHoro 3JieMeHTa. k-MepHoe IIOAnpo
ctpaHCTBO Ek RacaTeJihHoro rrpocTpaHCTBa T xM Ha3. k
M e pH hI M HHTerpaJibHhIM <JJieMeHTOM 
CHCT0MhI (*), ecJIH 

ea.(Ek)=O, aea.(Ek AEk)=O, 0:=1, ... , q. 

ITo;a;rrpocTpaHCTBO s (Ek) KOKaca'l'eJibHOro rrpocTpRBCTBa 
r;M, IIOpom;a;eHHOe 1-cliopMaMH ea.ix. Ekjaea.rx. rAe 
J - orrepaa;HH BHYTpeHBero YM'IIO)f(0HHH, Ha3. II 0 JI ll'. p
H o ii c n c T e M o ii: llllTerpaJibBoro 3JieMeHTa Ek· HH
TerpaJihHhIH aJieMeHT Ek ua3. p e r y JI a p H LIM, ecJIH cy
m;ecTByeT TaKoii: <J>Jiar Ek=:;Ek+1-=> ..• =:>E1=:>0, AJI.H 
R-poro 

dimEi=i, dimS (E;)=maxdimS (Et), 

rAe MaKCHMYM 6epeTca no BCeM i-MepHhIM I!HTerpaJibHLIM 
3JieMeHTaM E;, coAepmaru;nM E;_ 1• Teo p e Ma Rap
T a H a yTaepmAaeT cJieAy10ru;ee: rrycTh N ecTh k-Mepuoe 
.lfllTerpaJihHoe MHoroo6pa3lrn cncTeMhI fitfJaqHjia c aHa
JIHTH'I. Koa«P«Pnu;11eHTaMH H AJIH HeK-poro x EN KacaTeJih
Hoe rrpoctpaHCTBO T xN HBJIH0TCH peryJIHpHhIM HHTerpaJib
HhlM aJieMeHTOM. TorAa AJIH mo6oro HHTerpaJibHoro 3Jie
MeHTa Ek+i-=>TxN pa3MepttoCTH k+1 cym.ecTayeT B HeK
poit ORpecTHOCTH TO'IKI! x JllHTerpaJibBOe MBOroo6paae:e 

N, JioRaJihHO COAe pmam;ee N, AJIR R-poro Ek+ 1 = T xff · 
TeopeMa RapTaHa 61.ma o6o6ru;eHa Ha rrpoH3BOJihHLie AHcli
<J>epeHa;HaJihHLie cncTeMhI, 3a;a;aaaeMLie HAeaJiaMH B aJire6pe 
AH<l>«PepeHa;11aJibHhIX «PopM Ha MHOroo6pa3HH (T e 0 p e M a 
R a p T a Ha - R 3 JI e pa ). 

Jlum.: [1) Rap Ta H 8., Bttenm11e 11mj11pepenUHaJihHhle c11c
TeMh! 11 nx reoMeTPH'lecmrn npm10mett11fl, nep. c ljJpam:i •• M., 1962; 
[2] er o me, HHTerpaJihHhie 11Hnap11anThI, nep. c ljJpaHI.1., M.
JI., 19i.o; [3] Pam enc Rn it II R., reoMeTp11qec1<air Teop11fl 
ypanttea11ft c qacmh!MH nponaBOllHhIMH, M.- JI., 191,7; [t,] CT e pH-
5 e p r C., JleRUHH no 11111fJljJepenUHaJihHOli reoMeTp1111, nep. c attrJI., 
M., 1970. l/,. B. A .. enceescnuu. 

IIll>A<l>Cl>A CU:CTEMA - CIICTeMa n rfiarfi(/Ja ypaenenuit 
(cM. TaKme IlrfiarfJrfia cmpynmypa). 

II<l>A<l><l>A CTPYKTYPA, p a c II p e A e JI e H 11 e,
eeKTOpHoe IIOApaccJioeHne :rt : P -+ M KacateJihHoro pac
cJioeuna TM-+ M MBoroo6pa3HH M. Pa3MepHoCTh p 
cJioea Px=:rt- 1 (x) ua3. paaMepHOCThlO IT. c. :rt, 
a 11111cJio q=n-p (r)l.e n=dim M) - pa Hr o M, HJIH Ko
p a 3 M e p H o c T h 10. II. c. pa3MepuocTH p Momuo pac
CMaTpnaaTh KaK rroJie p-MepHLIX noAIIPOCTpaHCTB x f-+ p x 
ua MHoroo6pa3HH M. 

06hl'IHO IT. c. 3aAaIOT cncTeMo:ii: Jlrfjarfirfia ypaenenuu 
01= ... = aq= 0 HJIH, ABOHCTBeHHhIM o6pa3oM, YKa3aHneM 
B0KTOpHLIX IIOJie.ii:, 3Ha'leHH.H K-pb!X B rrpOH3BOJihHOH 
TO'IKe x EM 06pa3y10T 6a3nc IIOArrpocTpaHCTBa P x. 

ITo;a;Mttoroo6pa3Irn NcM Ha3. n HT er p a JI h H hi M 
MHoroo6pa3n:eM II. c., eCJIH TxNCPx AJI.H acex 
xEN. IT. c. Ha3. B II 0 JI He H HT er pH p ye M 0 ii:, 
ecJill 11epe3 RaJKAYIO TO'IKY x EM rrpoxoAHT p-MepHoe HH
TerpaJihHoe MHOroo6pa3He HJIH, 'ITO 3KBHBaJieBTHO, eCJIH 
JIOKaJihHO OHa MOlK0T 6h!Th 3aAaHa CHCTeMoii: ypaBHeHri 
IIqiaqiqia dy1= ... =dyq=O, rAe y1, ... , yn - ueR-pw:e 
JioKaJibHhle KoopAnHaTLI B M. 8To IIOHRTife COOTB0TCTBY0T 
IIOBHTHlO llIIOJIHe HHterp11pyeMOR CHCT0Mhl ypaBHeHri 
rrqiaqiqia. IIyCTb r (n) - rrpoCTpaHCTBO Ce'leHHH pac-
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CJioeBWI n: P-+ M, a L (:rt) - IIpocTpaBCTBO AHtlitliepeB- rp;e P, Q, R - tPYBK~HH OT x, y, z, a ycJioBHe (2) IIOJIHOH 
~HaJibBLIX 1-tliopM, 06pam;a10m;Hxcn B BYJih Ba P. Comae- 1rnTerpHpyeMoCTH IIpHBHMaeT BHA 
BO T e 0 p e Me <I> p 0 6 e H Hy ca, II. c. n BIIOJIHe liBTe- a {}[ a 

P (~-_!!_) + Q (~-aP) +R (_:_ __ _g_) =0 (4) rpnpyeMa Torp;a H TOJihKO Torp;a, Korp;a IIpOCTpaHCTBO az iiy ax az ay ax 
f (n) HBJIHeTCH IIOJJ;anre6poii aJire6pbl JlH D (M) BeKTOp-
HhIX IIOJieii: Ba M HJIH, 'ITO 8KBHBaJieBTBO, eCJIH HJJ;eaJI, HJIH 
IIopomp;eBHLiii: IIpocTpaBCTBOM L (:rt) B aJire6pe g (M) 
AHtlitliepeB~HaJibBhIX tliopM, saMKHYT OTBOCHTeJihHO OIIe
paTopa BBeIIIBero AHtlitliepeB~HponaBHH. 

IIyCTh A (n) - aJire6pa JI11 HBtPHBHTeSHMaJibHbIX 
aBToMopcfiHsMoB II. c. n, T. e. MHomecTBO BeKTOpHLix 
IIoJieii: XEf(n), AJIH K-pblx [X, f(n)]cf(:rt). AJire6pa 
A (:rt) eCTh IIop;anre6pa anre6pLI JlH D (M) H op;HoBpe
MeBBo MOAYJih Hap; KOJih~OM F (M) rJiaJJ;KHX tPYffK~Hii: Ba M. 
<l>aKTOpMOAYJif> r (:rt)/ A (:rt) xapaKTepHsyeT CTeIIeHh BeHH
TerpHpyeMOCTH II. c. 

II. c. n Bas.per y JI Hp Bo ii:, eCJIII pasMepBoCTh IIpo
CTpaBCTBa Ap(n)= {XP' XEA (n)} Be saBHCHT OT pEM. 
B aToM cJiyqae A (:rt) eCTh IIpocTpaBCTBO ceqeBHii: BIIOJIBe 
HBTerpHpyeMoii: II. c. n' : P'= Upe MAP (n)-+ M, K-pan 
Bas. x a p a KT e pH c TH q e c K 0 ii: c H c Te M 0 ii: 
II. c. n. PaBr CTPYKTYPbl :rt' Bas. K JI a c c o 111 II. c. n, 
OB paBeB BaHMeBhmeMy BOSMOlRBOMY qffcJiy KOOPAHBaT 
JIOKaJibHOH CHCTeMLI KoopJJ;HBaT, qepes K-pLie BLipamaIOTCH 
nee 1-tliopMLI HS L (:rt). KJiacc peryJIHpBoii: II. c. paBra 1 
(T. e. IIOJIH rHIIepIIJIOCKOCTeii) BeqeTeB H o6pasyeT IIOJI
HYIO CHOTeMy JIOKaJibBblX HBBapHaHTOB: JIOKaJibBO B BeK
poii: CHCTeMe KOOpJJ;HBaT yi II. c. KJiacca 2k+1 sap;aeTCH 
ypaBHeBHeM IItliatlitlia 

dyl+y2dy3+ ... +y2k dy2k+1=0. 

.IJ:pyrHM Ball\BLIM JIOKaJibHblM HHBapHaBTOM II. c. HB
JIHeTCH ee p o p;, yKaSblBaIOIIJ;HH pasMepBOCTh MaKCHMaJih
BLIX HBTerpaJibBblX Beoco6Lix MBoroo6pasHii: (cM. Ilrfiarfirfia 
npo6.1te.Ma). IIoJIBaH CHCTeMa JIOKaJibBblX HBBapHaBTOB 
11. C. paSMepBOCTH p IIpH 1 < p < n - 1 BeHSBeCTBa. 

II. c. MomBo paccMaTpHBaTh KaK G-cTpyKTYPY 6ecKo
Bequoro THIIa, rp;e G - rpyIIIIa JIHBeiiHLIX IIpeo6pasona
BHH IIPOCTpaBCTBa IR n' OCTaBJIHIOIIJ;HX HHBa pHaBTBOii: 
p-MepByIO KoopJJ;HBaTBYIO IIJIOCKOCTb. Ee CTPYKTYpBan 
tPyHK~HH 1-ro IIOPHAKa COOTBeTCTByeT F (M)-6HJIHHeii
BOMY OT06pameHHIO c : f (:rt) X f (:rt)-+ D (M)/f(n), K-poe 
oIIpep;eJIHeTCH KOMMYTHponaBHeM neKTOpBLIX IIOJieii:. IIpo
CTpaBCTBO A (n) conIIap;aeT c np;poM neKTopBosBaqBoii: 
6HJIHBeii:Hoii tPOPMhl c. 

Jium. CM. npB CT. llffiaffirfia npo6ae~ta. /J.. B. AaeneeeBe>mii. 
IICl>ACl>Cl>A YPABHEHHE - ypanBeBrre BHJJ;a 

co= a1 (x )dx1+ ••• +an (x) dxn=O, n;;:.3, (1) 

rp;e xEDclRn, co - AHtlitliepeH~HaJibHaH 1-tliopMa, tPYHH:
~HH a1 (x), j=1, .•• , n, Aeii:CTBHTeJihHOSHamLI. II yen 
a1(x)EC1 (D) H BeKTOpHoe IIOJie a(x)=(ai(x), .. . , an(x)) 
He HMeeT KPHTHq. ToqeK B o6JiaCTH D. 

MHoroo6pasHe Mkc/Rn pasMepHoCTH k;;;;.1 H KJiacca C1 
Has. H H T e r p a JI b H hI M M H 0 r 0 0 6 p a s H e Ill 
II. y. (1), ecJIH co=O Ha Mk. II. y. Has. B II o JI II e H H
T e r p H p y e M hI M, eCJIH qepes Kamp;y10 ToqKy o6JiaCTH 
D IIpOXOJJ;HT HIITerpaJiblIOe MHoroo6pasHe MaKCHMaJiblIO 
BOSMOlRIIOH pasMeplIOCTH n-1 H IIPHTOM TOJibKO OJ);IIO. 

Teo p e Ma <I> po 6 e II Hy ca: AJIH Toro qT06bl II. y. 
(1) 6blJIO BIIOJIIIe HIITerpHpyeMblM, 1Ieo6xo):IHMO H JJ;OCTa
Tomo BblIIOJIIIeHHe yCJIOBHH 

dco /\ co=O. (2) 

B aToM cJiyqae HIITerpHponalIHe II. y. CBOAHTCH K HIITerpH
ponalIHIO CeMeii:CTBa CHCTeM o6blKIIOBelIIIblX AHtlitliepeH
~HaJibliblX ypaBIIelIHH. 

B TpexMeplioM eBKJIH,ll;OBOM IIpocTpaHCTBe II. y. HMeeT 
Blip; 

Pdx+ Qdy+Rdz =0, (3) 

(rot F, F)=O, rp;e F=(P, Q, R). 

B aToM cJiy'lae cym;ecTByIOT rJiaJJ;KHe lfiyH11~nu µ, U 
(µ =I= 0) TaKHe, 'ITO 

Pdx+ Qdy+Rdz = µdU, 

H HBTerpaJibHbie IIOBepXHOCTH II. y. (3) sa.a;aIOTCH ypaB
BeHHHMH U(x, y, z)=const. EcJIH F eCTh HeK-poe CHJIO
noe IIOJie, TO IIOJie µ -lp HMeeT IIOTeB~HaJibHYIO tPYBK
~HIO, paBBYIO U. EcJIH II. y. (3) Be BIIOJIBe HBTerpHpye
Mo, TO OHO Be HMeeT HHTerpaJibBblX IIOBepXBOCTeii:, HO 
MOll\eT HMeTh HBTerpaJibBbie KpHBble. ECJIH sap;aBbl IIpo
HSBOJibBble tPYffK~HH x=x (t), y=y (t), TO (3) 6yp;eT o6bIK
BOBeHBblM AHtlitliepeB~HaJibHbIM ypaBBeHHeM /J;JIH z H KpH
nan x=x (t), y=y (t), z=z (t) 6yp;eT HBTerpaJibBoii:. 

IIocTaBoBKa sap;aqn 06 HCCJiep;onaBHH ypanBeHHH (1) 
AJIH IIpoHSBOJibBoro n ;;;;;. 3 H o upHBeJJ;eHHH AHtPtliepeB
~HaJihBoii: 1-tliopMbI co K KaBOHHq. BH;a;y IIpHBap;Jiell\HT 
II. IItliatlitliY [1]. YcJioBHe (4) BIIepnhre 6blJIO IIoJiyqeBo 
JI. 3ii:JiepoM B 1755 (cM. [2] rJI. IX). 

JloKaJibBO JII06oe II. y. c IIOMOIIJ;bIO rJiap;Koii: saMeBbl 
nepeMeBBblX IIPHBO;a;HTCH K BHJl:Y 

(5) 

r;a;e Yo·· .• , Yp• Z1·· •• , Zp - HOBble HeaaBHCHMble IIepe
MeBBhle (2p + 1 .,;;;;;; n, p ;;;;. 0). qHCJIO 2p + 1 Bas. K JI a c
c o M II. y.; sp;ecb p - BaH6oJibmee qHcJio TaKoe, qTo 
,a;HtlitliepeB~HaJibHaH tliopMa co/\ dco /\ . . . /\ dco CTeIIeBH 
2p+1 Be panBa Tom;a;ecTneBBO BYJIIO. IIpH p=O II. y. 
BIIOJIBe HBTerpHpyeMo. <l>yBK~HH Yo (x), ••• , !LP. (x) Bas. 
II e p B bl M H H BT e r p a JI a M H II. y. (:i ), a ero 
HBTerpaJihBble MBoroo6paSHH MaKCHMaJibBO BOSMO>KHOH 
pasMepBOCTH n-p-1 SaJl:aIOTCH ypaBBeBHHMH 

y0 (x) =c0, ... , Yp (x) =Cr 

c H c T e M 0 ii: II tP a tP tP a Bas. CHCTeMa ypaBHeHHH 
Bllp;a 

co1=0, ••• , cok=O, k < n, (6) 

r,a;e xEDclR.n, COj - AHtlitliepeB~HaJibBble 1-tliopMbl: 

C01=~== 1 COjk(x)dxk, j=1, ••• , k. 

PaHr r MaTpR~bl llco11r(x)!l 1Ias. pa Hr o M c H c Te M bl 
II tP a tP tP a B ToqKe x. CHcTeMa IItliatiitlia Has. B n o JI H e 
H II Terp Hp ye M 0 ii, eCJIH qepes Ka>K;a;YIO TOqKy xE u 
IIpOXOJ);HT HHTerpaJiblIOe MHoroo6pas11e MaKCHMaJibHO BOS-
1\IOlRBOH pasMepBOCTH n-r H IIpHTOM TOJlbKO OJl;HO. 

T e o p e M a <I> p o 6 e II H y c a: ;a;m1 Toro qT06br 
CHCTeMa II tP a tP tP a (6) 6blJia BIIOJIHe HIITerpHpyeMoii, 
Heo6xo.ri;HMo n p;ocTaToq1Io BhlIIOJIHelIHe ycnon11ii 

dro1 /\ co1 /\ ••• /\ cok=O, i=1, ••• , k. 

3ap;aqa 06 HIITerpHpoBalIHH JII06oii: KOHeqffOH HeJinHeii:
Hoii: Cl!CTeMbl AHtlitliepeH~HaJibliblX ypanHeHHH c qaCTJihIMH 
rrpoHSBO;a;HhIMH 8KBHBaJieHTIIa sap;aqe 06 HHTerpHpOBalIHH 
HeK-poii CHCTeMhl IItliatlitlia (CM. [6]). 

IIoJiyqelI pnp; pesyJibTaTOB IIO aHaJIHTHq. TeOpHH CHC
TeM IItliatlitlia. PaccMaTpHBaJiaCb BIIOJIHe HIITerpHpyeMan 
CHCTeMa Iltliatlitiia 

dy =x-Pfdx-j-z-Qgdz 

HS m ypanHelIHH, rp;e p, q - IIOJIOlRHT0JibHhie ~eJible 
qHCJia, a BeKTop-lfiyHK~HH f (x, y, z), g (x, y, z) roJioMoptli
BLI B TOqKe x=O, y=O, z=O; yKasalibl JJ;OCTaToqHble 
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ycJIOBirn cym;ecTBoBa&HH roJioMop«Jmoro B Ha'laJie Roopp;H- ECJIH P (!, Dn) < oo, TO roBopHT, 'lTO ljiyHRIJ;Irn j (x) 
HaT pemeHHH (cM. [7]), rrpHBep;eIIhl o6o6m;eIIHH ea 6oJihmee HMeeT orpaHH'leIIHYIO (Ro1.Ie111.IyIO) II. B. Ha Dn, a RJiacc 
lJHCJIO IIeaaBHCHMhIX rrepeMeHIIhIX. BCex TaRHX tPYHRIJ,HH 06oaHa11aeTCH 11epe3 p (Dn)· 8'l'O 

Jium.: [11 Pf a ff J. F., «Berl. Abh.», 1814-1815, s. 76-135; orrpep;eJieIIne rrpeAJiomnJI ,Am. IheprroHT [ 1]. RJiacc 
[2] B ii: JI e P JI., ,UmjujJepeHI~HaJibHOe HC'lHCJieHHe, nep. c JiaT., p (Dn) cop;epmHT B ce6e RJiacc A (Dn) tPYIIRIJ,Hii, HMeIOm;nx 
M.- JI., 1949, [3] n e T p 0 B c K H ii: M r., JieKijHH no TeOpHH 
oobIKHOBeHHhlX 11mjJ<!JepeHI1HaJihHhlX ypaBHeHnil:, 6 Hall., M., 1970; orpa1.In11eHHYIO A plfeAa eapualfUIO II.a D n-
[4] Bo r 11 a Ho B IO. c, JieKQHH no )IH<jJ<jJepeHQHaJibHhlM ypairne- Jlum.: [1] Pier Pont J., Lectures on the theory of fun-
HHHM, MHHCK, 1977; [5] Hap Ta H B., BHemHHe )IH<jJ<jJepeHQMaJib- ctions of real variables, v. 1, N. Y., 1959; [2] Hahn H., Theorie 
Hbie CHCTeMbI 11 HX reoMeTpu'leCKHe npuJiomeHHH, nep. c <!JpaHQ., der reellen Funktionen, Bd 1, B., 1921. B. H. I'o.tty6oe. 
M., 1962; [6] P am ea c K H ii II. H., reoMeTpuqecKaH TeopHH Il;)JIJI - BJIHEPA TEOPEMA: tPYIIRIJ,HH f E L2 (-oo, 
ypaBHeHHil c '!aCTHbIMH npOH3BO)IHb!MH, M.- JI., 1947; [7] Equa- +oo) Torp;a H TOJlbRO TOrp;a o6paIIJ,aeTCH B HYJib IIO'lTH 
tions differentielles et systemes de Pfaff dans le champ complexc, BCIOAY BHe OTpeaRa [-A, A J, Rorp;a ee rrpeo6paaoBaIIHe 
B., 1979. M. B. <Peaop10n. 

II<l>A<l><l>A <l>OPMA iJuefi(jjepenZfuaAbnaa rjopMa Cllypw 
CTerreIIH 1. F (y) = ~ : : f (x) eixy dx, y E IR, 

IICl>A<l><l>HAH 3 II a R 0 II e p e M e H H 0 ii M a T p Ji-

u. hi x - MIIOrO'lJieII PfX OT irneMeHTOB MaTpHIJ,bl x, RBa,[1-
paT R-poro paaeH detX. To11Hee, ecJin X = llxull - aHaRo
rrepeMeHIIaH (T. e. YAOBJieTBOpHIOm;aH ycJIOBHHM xu = 
=-x1;, xu=O) MaTpnu,a nopH.[IRa 2n 1.Iap; ROMMYTaTHBHO
accou,naTHBHhIM ROJibIWM A c e,[IHIIHIJ,e:il:, To PfX eCTb aJie
MeIIT ROJihu,a A, Bhl'lHCJIHeMhlli no ljiopMyJie 

Pf X = ~ s e (s) x;,j, ... xinin' 

rp;e cyMMHpOBaHHe Be,[leTCH IIO BCeB03MOll\Hh!M paa6neHHHM 
s MIIomecTBa {1, •.. , 2n} Ha IIerrepeceRaIOm;necH rrapb1 
{ia, ja}, rrpn11eM C'lHTaeTCH, 'lTO ia < ja, a=1, ... , n, 
a e (s) - 3HaR IIO.[ICTaIIOBRH 

( 12 ... 2n-1 

i1h · · · in 
~n) . 
ln 

II. 06Jia.r:1aeT CJie.r:1yIOm;nM11 caoii:CTBa~m: 
1) Pf (CTXC) = (det C) (Pf X) 

AJIH JII06oii: MaTpHIJ,hI C rropHp;Ra 2n; 
2) (Pf X)2 =det X; 
3) ecJIH E - cao6op;HhIH A-MOAYJib 

e17 ••• , e2n H 

u = ~ x · ·e · /\ e · E A2A ~ i < j lj l J , 

n 
Au= n! (Pf X) e1 /\ ... /\ e2n· 

c 6aancoM 

Jlum.: [1] By p 6 a K H H., AJire6pa. Mo11yJIH, KOJibna, cjJopMhI, 
nep. c cjJpaHQ., M., 1966, A. JI. 01<u~un. 

IIbEPIIOHT A BAPJIA:QJIH - O,[(Ha na 11ncJI0Bh1x xa
paRTepncTHR tPYHRil,HH HeCROJibRHX rrepeMeHHhIX, R-pyIO 
MOll\HO paCCMaTpnBaTb RaR MHOroMepHbIH aHaJior eap UalfUU 
rfiynl'llfUU O.[IHoro rrepeMeHHoro. IlyCTb tPYHRIJ,HH f (x)= 
=f(x1 , •• • , xn), n=2,3, ..• , aa.i:1aHa Ba n-MepHoM rrapaJI
JieJiennne.r:1e 

Dn=[a1, brJ X ••• X [an, bnJ 

HIT;:', k=1, ... , n,- paa611eHHe OTpeaRa (ak, bk) Ha m, 
m= 1, 2, ... , paBHh!X Mem.r:1y co6o:il: 0Tpe3ROB TO'lRaMH 

ak = ai <a~ < ... < a'k =bk 

(a~-a~- 1 =(bk-ak)/m, .1'=1, ... , m). 
::hn paa6HeHHH rropom.r:1aIOT paa611eHne 

nm =II;'1 X ... X rr;;i 
rrapaJIJieJierrnrreAa Dn Ha mn rrapaJIJieJiennrre.r:1oa d1, 
d2, ... , dmn c pe6paMH, uapaJIJieJibIIh!MlI ROOp.[IHHaTHhlM 

OCHM. 
IlyCTb 

Q (/, nm)=~ mn (!) (/, d;·), 
~J=l 

r.r:1e w (!, dj) - RoJie6aHne ljiyHRIJ,HH f (x) Ha 

def 1 
P (!, Dn) =Sup sup --=IQ(!, IIm). 

m nm mn 

YAOBJieTBOpHeT ycJioa11IO 

H HBJIHeTCH orpaIIH'leHHeM Ha p;enCTBHTeJihHYIO rrpHMYIO 
HeR-po:il: u,eJIOH aHaJIHTH'l. ljiy&RIJ,HH F (z) ROMIIJieRCIIOro 
nepeMeIIrroro z, npH'leM IF(z)I.;;;;;; eAlzl AJIH acex zEIC 
(cM. (1)). AHaJioroM II.- B. T. IIaa. onncaH11e o6paaa 
HeR-poro npocTpaHCTBa tPYIIRIJ,Hll HJIH o6o6IIJ,eHIIhIX tPYIIR
IJ,HII II.a JioRaJibIIO RoMnaRTHoii rpynrre rrpn <l>ypbe npeo6pa
aoeanuu HJIH p;pyroM HH'heRTHBHOM HIITerpaJibHOM rrpeo6pa-
3QBaHnH; 11am;e acero arraJioroM II.- B. T. rraa. onncaIIHe 
o6paaa npocTpaIICTBa C;;" (G) ljinIIHTIIhIX 6ecR0He111.Io 
p;HljiljiepeHu,npyeMhIX ljiyIIRIJ,Hi!: HJIH npocTpaHcTBa S (G) 
6hICTpo y6hrnaIOm;Hx 6ecRoHe1IHO .r:1nljiljiepeHIJ,HpyeMhIX 
tPYHRIJ,HH Ha JioRaJibHO ROMIIaRTHOII rpynrre G npH npeo6-
pa3oBaHHH <l>ypbe Ha rpyrrrre G. TaRne aHaJiorH naBeCTHhl, 
B 'laCTHOCTH, ,[IJIH a6eJieBhIX JIORaJibHQ RoMnaRTHhIX 
rpynn, ,[IJIH HeR-phIX CBH3Hh!X rpyrrrr JIH, .[IJIH HeR-phIX 

no.r:1aJire6p ame6phl C;;' (G) Ha aem;ecTBeHHhIX noJiynpoCThIX 
rpyrrrrax JI11, a TaR1*0 AJIH HeR-pLIX APYrHx HHTerpaJibHhIX 
npeo6paaoaaHnn. 

Jlum.: [1) B H Hep H., TI a JI H P., IlpeoopaaoBaHJrn tt>ypbe 
B KOMnJieKCHoll OOJiaCTH, nep. c aHrJI .• M .• 1964; [2] B JI a )I H M H
p o a B. C., 06o6~eHHbie <!JyHKI1HH a MaTeMaTH'lecKOll cjJHaHKe, 
M., 1976; [3] I'eJihcjJaHll M.M., I'paeB M.M., BnJieH
K H H H. H., MHTerpaJibHaH reoMeTpHH H HeKOTOphle CBHaaHHbie c 
Hell BOnpOChl TeOpHH npe)'.ICTaBJieHHil, M .• 1962; [4] m e JI 0 6 e H
K 0 ,U. II., I'apMOHH'IeCKHH aHaJIH3 Ha noJiynpOCTbIX KOMnJieKCHbIX 
rpynrrax JIH, M., 1974; [5) p y II H H Y., <I>yHKijHOHaJibHblll aHa
JIH3, nep. c aBrJI., M., 1975. A.H. IIlmepli. 

IIIOJI3E PH,!J; - CM. Bemt1.uuua mo'tr;a. 
IIHTbllI IIOCTY JIAT, a K c n o M a n a p a JI JI e JI h

H 0 c TH E BR JI H ,[I a,- 11epe3 TO'lRY p BHe npHMOH 
A A' B nJioCROCTH, rrpoxop;HIIJ,ei1 11epea P n A A', MomHo 
npoaecTH JIHIIIh O/:IHY npHMyIO, He rrepeceRaIOm;yIO A A'. 
B «Ha11aJiaX» EBRJIH,(la II. n. 6hIJI rrpHBe,(leH B CJie,[lyIO
m;e:il: 3RBllBaJieHTHOH ljiopMyJIHpOBRe: d1 eCJIH rrpHMaH, 
rrap;aIOIIJ,aH Ha ,[(Be npHMhie, o6paayeT BHYTpeHHne n rro 
O,[IHY CTOpOHY yrJihl, MeHhIIIHe ABYX rrpHMhIX, TO rrpO,[IOJI
meHHhie HeorpaHH'leHHO 3TH ,[(Be rrpHMhie BCTpeTHTCH c TOH 
CTOpOHhl, r.r:1e yrJihl MeHbIIIe .r:IBYX rrpHMbIX» (CM. [1)). y ROM
MeHTaTOpOB EBRJIH,[la B03HHR aarJIH,[1, 11To aTo npe.r:1Jiome
HHe MOll\HO ,[IORa3aTb, onnpaHCb Ha OCTaJibHhle aRCHOMhl. 
Ilonh!TRH ,[IORaaaTeJibCTB B03HHRJIH eIIJ,e B )l,peaHen fpe
Il,HH. 8Tn nonhITRH rrpo.r:10JimaJIHCb Ha Cpe,ItHeBeRoBoM 
BocToRe, a aaTeM B 3arra.r:1Ho:il: Eaporre. EcJI11 He roaopHTh 
0 rrpHMh!X Jiorn11. omn6RaX, TO o6hl'!HO HeHBHO (a HHOr,(la 
H c OT'leTJIHBhIM IlOHHMaHneM) BBO,[IHJIOCb rrpeµ;noJiomeHHe, 
He BhIBO,[IHMOe H3 OCTaJibHhIX aRCllOM, R-poe ORa3hIBaJIOCb 
TaRHM o6paaoM aRBHBaJieHTHhIM II. n. Hanp., paCCTOHHHe 
Memµ;y rrapaJIJieJIHMH orpaHn11eHo, npoCTpaHCTBO .r:1onyc
RaeT «npoCToe» (nocTynaTeJibHOe) ,llBHmeHne (ace TpaeK
Top11n - rrpHMhie JIHHHH), ,[(Be c6JinmaIOlll,HeCH rrpHMhie 
Bcer.r:1a nepeceRaIOTCH, cyIIJ,eCTBYIOT rrop;o6Hhie He paBHhle 
cpuryphI, cyMMa yrJioB TpeyroJlhHHRa paaHa ABYM rrpHMhIM 
n AP· )l,m. CaRRepn (G. Saccheri, 1733) paccMaTpnaaJI 
qeThipexyroJibHHR c rrpHMh!MH yrJia~!H rrpn OCHOBaHmI H 
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paBHhlMH 6oRoBhlMH CTopoHa~m. Paaee TaRoll: qeTb1pex
yroJibHliR paccMoTpeJI 0Map Xaii:HM (11-12 BB.). Jfa Tpex 
B03MOlKHhlX rHIIOTe3 06 OCTaJlbHhIX ABYX paBHhlX yrJiax 
(oHH Tyllhle, OHII OCTpble, OHR IIpHMhle) OH CTpeMHJICH OT
BeprHyTb ABe IIepBI>Ie, T. R. IIa TpeTbell: BhlTeRaJI TI. II. 
)];m. CaRRepH YAaJioCb IIpHBeCTH R IIpoTnBopeqn10 CJiep;cT
BIIH II3 IIepBoii: fIIIIOT03hl, HO OH COBepmHJI JIOfJlq, omu6Ry 
B oIIpoBepmeHHH rHIIoTe3hI ocTporo yrJia. M. JlaM6epT 
(J. Lambert, 1766, oIIy6JI. 1786) up11 aHaJIOfH'IBOM 
IIOp;XoAe oIIpoBeprHyJI rHIIOTeay ocTporo yrJia, Tome co
Bepmnu IIpn aToM cepbeaay10 ornn6Ry. Ott BLICRaaaJI rrpeA
IIOJiomeHne, qTo TaRaH reoMeTpHH ocyII~eCTBJIHeTCH Ha MHH
MOH c<jiepe. A. JlemaHAP (A. Legendre, 1800) B IIepBhlx 
II3AaHHHX yqe6HHRa «8JieMeHTbl reoMeTpHH>) HCXOAHJI H3 
cyMll!hl S yrJioB TpeyroJihHHRa. OIIpoBeprHyB rnIIoTeay 

s > 2d, OH AOIIYCTHJI ornn6Ry IIPII BhlBOAe CJ10ACTBHH H3 
fllIIOT03hl s < 2d, a HMeHHO, OH HeHBHO BB0JI aRCHOMy, 
qTo AJIH JII06oll: TOqm1 BHYTPH ocTporo yrJia cym;ecTByeT 
IIpHMaH, IIpOXOAHID;aH qepe3 8TY TOqRy II IIepeceRaIOm;aH 
o6e CTOpOHhl yrJia. Pememie IIpo6JieMhI TI. II. (Toqnee 
ee CHHTne) 6hIJIO IIoJiyqeHo JIYTeM coaAaHnH H. M. Jio6a
qeBCRHM (1826) reoMeTpnn, 0Tpn1w10m;ell: TI. II. Ma HeIIpo
nrnopeqnBOCTH JI o6al/,eec,;,ozo zeoMempuu CJI0AY0T aeaaBH
CIIMOCTb TI. II. OT AP· aRCHOM 0BRJlllAOBOil reoMeTpHH. 

Jlum.: [1) Haqana Es11n11na, nep. c rpeq., T. 1-3, M.- JI., 
1948-50; [2) Har a H B. <I>., OcHoBaHllfl reoMeTp1111, q, 1, M.
JI., 1949•i [3) E qi HM 0 B H. B., BblclDafl reoMeTpllfl, 5 113)'.I., M., 
1971; [4 06 ocHoeamrnx reoMeTp1111. C6. 1wacc11qec1mx pa6oT 
no reoMeTp1111 JI06aqesc1mro .. ., M., 1956; [5) Po a e H ljl e JI b n 
B. A., Hcropmr HeeeHJlllnoeoit reoMeTp1111, M., 1976. 

B. JI. Jlanmee, 
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PAABE IIPH3HAK c x 0 A H M 0 c T H 'I JI c JI O-

B hI x p n Ao B: PHA ,,.. an CXO/J.HTCH, eCJIH rrpH /J,OCTa-'""'n= 1 
TO'IDO 60JihlIIHX n BhlIIOJIH.HeTC.H BepaBeBCTBO 

Rn= n (~-r):;;;;;. r, r/J,e r > 1; 
an+• 

ecJIH Rn ...;;: 1, Ba'IHBa.a c BeK-poro BOMepa n, To PHA pac
XO/J,HTCH. 

YcTaBOBJieB R. Paa6e (J. Raabe). E. r. Co6oaeecnaa. 
PABEHCTBA AKCHOMLI - aKCHoM&I, peryJIHpy

IOIIJ;He yrroTpe6JieBJiie OTBOIIIeBH.H paBeBCTBa B MaTeMaTHq, 
p;oKasaTeJI&CTBax. AKcHoMhI BTH YTBepmAaIOT pe.PJieKCHB
BoCTb OTHOIII0BH.H paBeBCTBa Iii B03MOiKHOCTh aaMeHhl paB
Boro paBllL!M. CBMBOJIH'leCKH P. a. aarrHChlBaIOTCH TaK: 

x=x, 

x=y A cp (ylv) ~cp (xiv), 

x=y ~ t (ylv) =t (xiv), 

r/J,0 cp - npOH3BOJibBa.H .PopMyJia, a t - rrpoH3BOJihBhlii 
TepM paccMaTpHBaeMoro H3h1Ka; x, y, v - rrepeMeBBhle, 
l'IM0IOm;He O/J.BY H TY me BerrycTyIO o6JiaCTh H3M0B0BHH; 
BhlpameBHH BH/J,a cp (xiv) H t (xiv) 06oaBa11a10T peayJI&TaT 
aaMeBhl BC0X CB060/J,Hb1X BXOm/J,eHl'lii: rrepeMeBBOH v B .Pop
MYJI0 cp HJIH TepMe t Ba x. 

c llOMOIIJ;hlO p. a. MOiKHO /J,OKa3aTb Cl'IMM0TpH'IBOCTh H 
TpaBBHTHBBOCTb OTBOIII0BH.H paB0BCTBa. ,l].JIH BTOro B 

Ka'leCTBe cp Ba;iw B3.HTh .PopMyJiy y= v B rrepBOM CJiyqae H 
.PopMyJiy v=z BO BTOpOM. 

EcJIH .popMyJihl H TepMhl paccMaTpHBaeMoro HBhIKa CTpo
HTCH 1'18 aToMapHhlX .PopMyJI H T0pMOB c noMom;hIO JIOrB'I. 
CBH30K 11 cynepno3l'llJ;HH, TO npHB0/J,eBHhle p. a. MomHo 
BhlBeCTH 1'13 l'IX 11acTHhIX CJiy'laeB, KOr/J,a B Ka'leCTBe cp 
l'I t 6epyTC.H aTOMapBhle .PopMyJihl H TepMbl. CHMBOJIH
'leCKlil: 

Xi=Yi AP (x1, .. ., x;, .. ., Xn) ~ P (xi, ... , Yi• .. ., xnl, 

Xj=Yi ~ f (xi, ... 'Xj, ... 'Xn)=f (xi. ... 'Yi•' .. ., Xn), 

r/J,e P B f CYTh n-MeCTBhle rrpe/J,HKaTBhlii H .PYBKIJ;HoBaJIL
Bhlii CHMBOJibl. B. H. I'putuutt. 

PABHOBEJIHKHE ll PABHOCOCTABJIEHHLIE <l>ll
rYPLI - /J,Be .Pnrypbl B IR2, HMeIOm;He paBBhle llJIOIIJ;a/J,H H 
cooTB0TCTBeBBO /J.Ba MHoroyroJI&BHKa M 1 H M 2 TaKHe, 'ITo 
HX MO)l(HO paspeaaTb Ba MBOroyroJibBBKl'I TaK, 'ITO 'laCTH, 
COCTaBJIHIOm;He Ml• COOTBeTCTBeBBO KOBrpyBBTHhl 'laCTf!M, 
COCTaBJI.HIOIIJ;BM M 2. 

,l].JIH IR.n, n ~ 3, paBBOBeJIHKOCTh 03Ba'laeT paBeBCTBO 
o6~eMoB; paBBOCOCTaBJieBBOCTb MHororpaBBBKOB orrpe/J,e
JIJleTCJI aBaJiorH'lHO c R2• 8TH IIOBHTl'IH o6o6m;aIOTC.H TaKme 
aa B00BKJI1'1/J,0Bhl reoM0TpHH. 

Ilnom;a/J,h (MHoroyroJihBHKa) ecTh .PYBKU.HH s (M), YAOB
neTBopH10m;a.11 cne/J,yIOIIJ;l'IM aKCHOMaM: 

(a) s(M) ~ 0 /J,JIH nro6oro MBoroyron&BHKa M; 
(~) ecJIH M eCTh o6'&e/J.HBeBne MHoroyroJI&HHKOB 

M 1,. • ., M II• IIorrapBo He HMetom;HX o6m;Hx To'leK, TO 

s (M) =s (M1)+ ... +s (Mk); 

(y) ecJIH M1 B M 2 KoHrpyaHTHbT, TO s(M1)=s(M2); 

(ll) IIJiom;a/J,b KBa;zi;paTa, CTOpOHOR KOTOporo llBJIJ!l0TCH 

e;zi;ID!IHIJ;a AJIBHhl, paBBa 1. 
c IIOMOm;&IO BTHX aKCHOM orrpe/l,eJI.HeTCJ!I IInom;ap;b IIpH

MOYJ'OJlhBBKa. 
Te o p e M a. EcJIB /J,Ba MBoroyroni.Hl'!Ka paBBococTaB

JieBhl, TO OBB paBBOBeJIHKl'I. 
Ha BTOH TeopeMe OCBOBaB M e T 0 A p a 3 6 B e B B H, 

lil8BeCTBhlH em;e EBKJIBAY: IJ;Jl.H Bhl'IHCJieBHH IIJiom;ap;n MHO
royroJlhBHKa IIhlTaIOTCH paa6HT& ero Ba KoBe'lHoe 'DICJI~ 
11acTeit, H3 K-phIX MOmBO cocTaBBTh .p11rypy 1'13BeCTBOH 
rrnom;a/J,H. Harrp., napannenorpaMM paBBococTaBJieB c 
rrpHMoyroJibBHKOM, HMeIOIIJ;HM TO me OCBOBaBHe H TY me 

Puc. 1. Puc. 2. 

BhICOTY (CM. pHc. 1); TpeyroJibHHK paBHOCOCTaBneB c IIa
paJIJieJiorpaMMOM, HMeIOm;HM TO me OCBOBaBHe H B/J,BOe 
MeH&myIO BhICOTY (cM. pnc. 2). TaKHM o6paaoM, BCH TeopHH 
IIJIOIIJ;a/J,eii: MBOroyrOJibBl'IKOB MomeT 6b1Tb IIOCTpoeaa Ba 
OCBOBe TeopeMhl 0 IIJIOIIJ;a/J,H rrpHMoyrOJibBHKa. 

Cym;ecTByeT H ;zi;pyroii: crroco6 Bhl'lncneHl'IH IInom;ap;eii, 
OCBOBaBBblii: Ba aKCBOMax (~) l'I (y),- Me T 0 A A 0 II 0 JI
H e BB .H. ,l].Ba MBoroyronhHHKa Baa. pa B H 0 A 0 II 0 JI
B JI e M hi M H, ec-

Jll'I HX MomBo 11;0- I ;'ijll 
IIOJIBHTh COOTBeT-
Cl'B0BBO KOHrpy- _ 
BBTBhlMH '13.CT.HMH .._ ____ .....,..._ 

TaK, 'IT06hl IIOJIY- Puc. 3. 
'll'IJil'ICh KOBrpy-
BBTBhl0 MHoroyroJihHHKH. Harrp., rrapanJieJiorpaMM H IIpH
MoyroJihBHK c OIJ;BBaKOBhIMH OCBOB8BHJIMB H 0/1,HBa
KOBhIMH BhlCOTaMH paBHOAOIIOJIBHeMhl (CM. pnc. 3) H IIOTOMY 

paBHOB0JIBKl'I. 
B eBKJil'lll;OBOH II40CKOCTB IJ;Ba MBoroyron£BBKa B TOM 

B TOJibKO B TOM CJiy'lae paBBOBeJIHKH, ecJIB OHH paBBOCO
CTaBJieBhl (a TaKme eCJII!! OBl'I paBBO/J,OIIOJIB.HeMbI). ABano
rH'IHa.H TeopeMa crrpaBep;JIHBa B IIJIOCKOCTH Jio6a'leBcKoro 
H B aJIJIHIITHqecKoif rrnocKoCTH. HarrpoTBB, B Beapx11-
Me11;0Boii reoMeTpHH BKBHB8JleBTHhl Jll'llIIh paBHOB0JIHKOCTh 
l'I paBBOll;OIIOJIH.HeMOCTh; paBBOB0Jll'IKOCTh me HM Be BKBH

BaJieBTHa. 
TeopHH o6'b0MOB B IR3 6aaHpyeTcn Ba aKcHoMax (a), 

(~), (y), (ll), aBaJIOrH'IHhIX aKcnoMaM IIJiom;ap;H. Op;aaKo 
p;JIH Bhl'IHCJieHHH o6'h0Ma TeTpaap;pa co BpeMeB EBKm1p;a 

BCIIOJlh3Y0TC.H rrpe;zi;eJibHhlR rrepexo;zi; («11epTOBa JieCTBHIJ;a»), 
a B COBpeMeHHbIX yqe6Hl!!KaX - l'IHTerpaJI, orrpe;zi;eJieHHe 
K-poro TaKme CBJl3aHO c IIpep;eJibBhlM rrepeXO/J,OM. 060CBO
B8BHe HCIIOJlh30BaBH.H «JIHIIIHero» (IIO cpaBBeHHIO c IIJia
BBMeTpBeii:) rrpep;eJI&Horo rrepexo;zi;a, ;zi;oKaaaTeJihCTBO 
Toro, 'ITO MeTo;zi;aMH paa6HeHH.H B /J,0IIOJIB0HHJI HeB03MOmBO 
Bbl'll'ICJll'ITh o6'h0M rrpoH3BOJlhHOrO TeTpaa;zi;pa, COCTaBHJUI 
TpeTblO npo6JieMy rHJibOOpTa. B 1900 M. ).I.ea (M. Dehn.) 
pelIIHJI TpeThIO rrpo6JieMy, ;zi;oKaaae, 'ITo rrpaBmihB&Ill 
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TeTpaap;p H pasHoseJIHKHH eMy Ry6 He pasHOCOCTaSJieHhl. 
,AJIH pasHococTasJieHHOCTH p;syx pasHoseJIHKHX MHoro
rpaHHHRos M 1 n M 2 s IR.3 Heo6xoAHMo n p;ocTaTOq
HO, qT06hl )l;JIH Ramp;oro n1rnapnaHTa ,AeHa f (M) (HeR-po:il: 
iJ>YHKIJ.HH OT )l;JIHH pe6ep H seJinqnH COOTSeTCTSYIDIIJ.HX 
p;syrpaHHhIX yrnos, CM. [2)) ShIJIOJIHHJIOCh paseHCTso 
f (M1)=/(M2)· 

llMeJOTCH MHoroMepHhle o6o6IIJ.eHHH HHsapnaHTOS ,AeHa, 
c 110MOIIJ.bJO K-phlX ciJ>opMyJinposaHo Heo6xop;nMoe YCJIOSHe 
pasHOCOCTasJieHHOCTH H )l;OKa3aHo, qTO 11pn n ~ 3 rrpa
Sl;IJibHhlH n-MepHhlH CHMl1JieKC He pasHOCOCTasJieH c pas
HOSeJIHKHM eMy Ry6oM. B IR.4 Heo6xop;nMoe ycJiosne 
pasHOCOCTasJieHHOCTH HSJIHeTCH TaRil\e H )l;OCTaTOqiJhlM. 

IIycTb G - HeR-paH rpyrrrra ASHmeHnii rrJioCROCTH. 
,Asa MHoroyroJibHHRa M 1 n M 2 Ha3. G-R o Hr p ya HT
H hi M n, ecJIH CYIIJ.eCTsyeT TaRoe p;snmeHne g E G, qTo 
g(M1)=M2. ,Asa MHoroyroJibHHRa M 1 n M 2 Ha3. G
p a s H 0 c 0 c T a s JI e H H hi M H, eCJIH HX MOil\HO pa3-
pe3aTb Ha qacTH TaKHM o6pa30M, qTo qacTH, COCTaSJIHJO
IIJ.He M1, COOTSeTCTSeHHO KOHrpyaHTHhl qaCTHM, COCTaS
JIHJOIIJ.HM M 2. AHaJiornqiJo 011pep;eJIHeTCH G-pasaococTas
JieHHOCTh MHororpaHHHKOS. 

IIyCTb s - rpy1111a )l;SHiKeHHii, COCTOHIIJ.aH H3 scex 
rrapaJIJieJibHhlX 11epeHOCOS H u.eHTpaJibHblX CHMMeTpnil:. 
II OHHTHH pasHococTasJieHHOCTH n S-pasHococTasJieIIHOCTH 
s IR2 aRsnsaJieBTHhl. B qacTHOCTH, pasHoseJinRne MHoro
yroJihHHKH MOll\HO pa36HTb Ila qacTH TaKHM o6pa3oM, qTo 
COOTSeTCTSYJOIIJ.He HX qacTH He TOJibKO KOHrpyaHTHhl, HO H 
HMeJOT COOTSeTCTSeHHO 11apaJIJieJihHhle CTOpOHbl. 

PasHOCOCTaSJieHHOCTb s TOM H TOJibKO s TOM CJiyqae :'JK
snsaJieHTHa G-pasHococTasJieHHocTn, ecJIH G=::;S s cJiyqae 
IR.2 n GcD0 s cJiyqae IR.3, rp;e D 0 - rpy1111a scex p;snme
Hnii, coxpaHHJOIIJ.HX opneHTaa.nro. 

Hnme 11pe:sop;HTCH orrpep;eJieHne iJ>JiaroshlX nHsapHaHTos, 
1103SOJIHJOIIJ.HX p;aTb Heo6xop;HMoe H )l;OCTaTOqHoe ycJiosne 
T-pasHococTasJieHHocTH, rp;e T - rpy1111a scex rrapaJIJieJib
HblX 11epeHocos. IIycTh 1Rn- 1, .• ., IR.i, 1 ...;:: i ...;:: n-1,
TaRaH llOCJiep;osaTeJibHOCTb 11op;11pocTpaHCTS rrpocTpaH
CTBa !Rn, qTO 1Rn-l=:;; ... :::ilRi (sepxmi:ii HHp;eKC 03HaqaeT 
pa3MepHoCTh). IIyCTh, p;aJiee, p;JIH Ramp;oro j=i+i,. . ., n 
©nKCHposaHo O)l;HO H3 p;syx 110Jiy11poCTpaHCTS, Ha K-poe 
Ri pa36nsaeTCH 11op;11pocTpaHCTsoM IR.i- 1 ; no 110Jiy11po
CT,PaHCTso Ha3. «110JIOil\HTeJibHhlM» H o6o3HaqeHo 'Iepe3 
Pl. IIocJiep;osaTeJibHOCTh <P= (Pn, . . ., pi+ 1) Haa. ip JI a
r ~ M 11opHp;Ka is !Rn. IIyCTb, HaRoHeu., Q= (Mn-1, .. ., 
M 1 ) - TaRaH rrocJiep;osaTeJibHOCTb rpaHeii MHororpaHHH
Ra MnclR.n, qTO Mn-l=::; ... ::iMi. EcJIH MilllRi )l;JIH 
Bcex j = i,. . ., n-1, TO rroJiaraJOT 

H<D (Q) =!ln-1 · · · · ·e; I Mi I, 
rp;e !Mil eCTh i-MepHhlrr o6'beM rpaHn .M'', a .ei=±1 
s aasncHMOCTH OT Toro, rrpHMhlRaeT JIH Ml+ 1RMlc110Jio
iKHTeJibHOii CTOpOHhl HJIH HCT.'ECJIH me Mi ii- IRi XOTH 6bl 
p;JIH op;Horo j, TO H <I> (Q)= O; H <D (Mn) - cyMMa ~H <D (Q) 
110 sceM 110CJiep;osaTeJibHOCTHM Q, COCTaSJieHHbIM H3 rpaHeii 
MHororpaHHHRa Mn. 

,Asa pasHoseJIHKHX MHororpaHHHKa s TOM H TOJibKO s 
TOM cJiyqae T-pasHococTasJieHhl, ecJin p;JIH Ramp;oro 
iJ>JiaHrosoro nHsapnaHTa H <D ero aHaqeHHH Ha :JTHX MHo

rorpaHHHRax O)l;HHaKOShl. 
MHororpaHHHK MnclR.n Haa. k-R pa TH o ii: c y MM o ii 

M H H K 0 s c K 0 r o, ecm1 cy!IJ.eCTSYJOT TaKlrn MBoro
rpaHHHKH N 1,. . ., N k (110JIOll\HTeJibHhlX paaMepHOCTeii), 
Hecym;e:e 11JIOCKOCTH K-phlX 11opomp;aJOT pa3JIOll\eHne 11poCT
paHCTBa !Rn s TaRyro 11pHMYJO CYMMy, 'ITO Mn=N1+ ... + + N k (s CMhlcJie seRTopHoii cyMMhl MHomecTs). MHororpaH
HHK Ha3b1BaCTCH npnHap;Jiemaru.nM KJiaccy .8k• eCJIH Mn 
MOil\HO paa6HTh Ha KOJieqiioe qncJio MHororpaHHHKOS, 
Ramp;hlii H3 K-pblX T-pasHococrasJieH c MHOrorpaHHHKOM, 
11pep;cTaSJIHJOIIJ.HMCH s snp;e k-RpaTHOii: cyMMhl MHH-
1\0SCKOro. 

MHororpaHHHK MnE3k s TOM H TOJibKO s TOM CJiyqae, 
ecJin H <I> (Mn)= 0 ,n:JIH scex iJ>JiarosbIX HHsapnaHTOS H <I> 

11opH)l;KOS, MCHbIIIHX k. 
IIyCTb r - rpy1111a, COCTOHIIJ.aH H3 scex roMOTeTHH c 

IIOJIOil\HTCJibHhlMH RoaiJ>iJ>nu.neHTaMH H 11a paJIJieJibHhlX 11e
peHocos. B !Rn JIJ06brn p;sa MHororpaHHHKa r-pasHOCOCTaS
JieHbJ. Pnc. 4 HJIJIJOCTpH
pyeT f-pasHOCOCTaSJieII
HOCTb TpeyroJibHHKa H 11pH
MoyroJibHHKa (op;nHaKOShl
MH u.niJ>paMH o6oaHaqeHhl 
f-KOHrpyaIITHhle MHOfO· 
yroJibHHKH). 

IIycTb npn roMoTeTHH c 
RoaiJ>iJ>nu.neHTOM A, > 0 
o6'heM n-MepHoro MHoro
rpaHHHKa yseJinqnsaeTCH 
s t.,n paa. EcJIH 11pnHHTb PHc. 4. 
3TO yTBepmp;eHHe RaK aR-
CHOMy, TO o6'heM JIJ06oro MHororpaHHHKa MOll\eT 6b1Tb 
Haiip;eH MCTO)l;OM paa6neHHH. 

IIyCTh rpy1111a p;snmeHnii G s n-MepHoM esRJinp;osoM, 
rnnep6oJinqeCKOM HJIH :'JJIJIHl1THq, rrpocTpaHCTSe 11oqTH 
TpaH3HTHSHa (T. e. op6nTa TOqKH scrop;y 11JIOTHa); p;sa 
~mororpaHBHKa s :'JTOM npocTpaHCTSe Torp;a H TOJibKO TOr
p;a G-pasHop;o110JIHHeMhl, Rorp;a OHH G-pasHococTasJieHhl. 

Jlum.: [1] Ilpo5JJeMhl r11JJb5epTa, M., 1969; [2] BO JI T ff H
e K " II B. r., PaBHOBeJJ11K11e 11 paBHOCOCTaBJJeHHhle 1jmrypbl, M., 
1956; [3] er o me, TpeTbff npo5JJeMa rHJJb5epTa, M., 1977; 
[4] X an a 11 rep r., JieKI.{HH oo o5'beMe, nJJOU.{a)'.(H noaepxHOCTl1 
u uaonepHMeTPHH, nep. c HeM., 1966; [5] I es sen B., Tho-
r up A., «Math. Scand.», 1978, v. 43, fasc. 2, p. 211-40. _ 

B. I'. Bo;imaucnuu. 
PABHOBECIUI llOJIO/REHHE cncTeMbl 06hIRHoseH

HhIX AHiJ>iJ>epeHa.naJibHblX ypasHeHHn 

:C=t (t, x), x E !Rn, (*) 

- TOqKa 6 E JRn TaRaH, qTO x= 6 HSJIHeTCH (11ocToHBHblM 110 
speMeHH) perneHneM CHCTCMbl (*); P. 11. Ha3. TaRme H caMo 
no perneHne. ToqRa 6 E !Rn CCTh P. rr. CHCTeMhl (*) TOTAa n 
TOJibRo Torp;a, Rorµ;a 

f (t, s)=O 11pn scex t. 

IIycTb x=cp (t) - 11pon3soJibHoe pemeHne cncTeMhl (*)· 
3aMeHa 11epeMeHHhIX x= cp (t)+Y 11epesoµ;nT no pemeHne s 
P. 11. y=O cncTeMbl 

y=F (t, y), F (t, y) =/ (t, cp (t)+y)-/ (t, cp (t)). 

IIonoMy, Ha11p., s Teopnn ycTofiqnsoCTH 6ea orpaHnqeHHH 
o6IIJ.HOCTH l\IOll\HO cqnTaTb, qTo peqh sceri.ia H)l;CT 06 HCCJie
p;osaHHH ycTofiqnsoCTH P. 11. s HaqaJie Roopp;nHaT IR n. 

P. 11. x=O HeasTOHOMHOH CHCTCMhl (*) qacTO Ha3. 
T p H s H a JI b H bl M, HJIH H y JI e s bl M, p e III e H H
e M, a TepMl'IH p. n. 11pep;11oqnTaJOT HCl10Jib30SaTb s TeOpHH 
asTOHOMHhlX CHCTeM o6blKHOSeHHhlX µ;niJ>iJ>epeHu.naJibHblX 
ypasHeHHH H s TeopHH )l;HHaMnq, CHCTeM. 3p;eCb ynoTpe6-
JIHCTCH MHOro CHHOHHMOS noro TepMHHa: 0 c 0 6 a H 
T 0 q K a, H e 11 0 A s H ii\ H a H T 0 q K a, c T a u. H O
H a p H a H T 0 q K a, T 0 q K a 11 0 K 0 H, c 0 c T 0 H
RH e p a s H 0 s e c H H. H. x. PoaoB. 

PABHOBECJUI COOTHOIDEHJIE - cooTHollleHne, 
Shlpamaron~ee CSH3b Memp;y poCTOM iJ>yHRIJ.HH t (z), Mepo
MopiJ>Hoii: npn I zl < R ...;:: oo, n ee pac11pep;eJieHneM 
3Haqemi:ii: (cM. Pacnpe8e.1teuusi aua1teuuii meopusi). Kamp;aH 
MepoMopiJ>HaH iJ>yHRIJ.HH f (z) o6Jiap;aeT CJiep;yroru.11M cs o fi
e T s 0 M p a s II 0 s e c H H: cyMMa ee cq11Taroru.eii il>YHK
IJ.HH N (r, a, /), xapaRTepH3YJOIIJ.CH 11JIOTHOCTb pac11peµ;e
JieHnH a-ToqeK t (z), H il>YHRIJ.HH 11pn6JIHil\eHHH m (r, a, !), 
xapaRTepnayrom;eii CRopoCTb cpep;Hero rrpn6JIHiKeHHH 
f (z) K p;aHHOMY qncJiy a, OCTaeTCH HHsapnaHTHOtl )l;JIH 
pa3JinqHbJX 3HaqeH11n a. Han6oJiee a<fiiJ>eRTllSHhJM P. c. 
CTaHOSllTCH 11pn HClIOJib30SaJIIJH ciJ>ep11 11. MeTpHKIJ. 
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[ab)- la-bl 
' -V1+1a1•·V1+lbl' 

03HaqaeT cljiepHq. paccTOHHHe Mem,a;y ,a;syMH qHcJiaMH 
a H b II IIYCTh ,[\JlH KalR/.\Oro KOMIIJleKCHoro qncJia a 

0 1 ~ 2:n: f m(r,a,f)=2n 0 In[ .6 1ae-a(a,f), 
f (re• ), a 

rµ;e 
I I z In 

a (a, f) = !i~0 n [! (z), a] 

a n=n (0, a, f) 03HaqaeT KpaTHOCTh a-TOqKH f (z) IIpH z=O. 
1Ip1:1 r - R ljiyHKI~llH ,;,. (r, a, f) OTJll:lqaeTCH OT HeBaHJIIIH
HOBCKOll ljiyHKD;llll IIpH6JlHlReHHH m (r, a, f) Ha orpam1-
qeHHOe CJiaraeMoe. IloaToMy Ha oKpymHOCTH lzl=r < R 
ljiyHKI~l:lH ;,,. (r, a, f) IIO-IIpemHeMy xapaKTepH3yeT cpeµ;HIOIO 
CKOpOCTb IIpH6JrnmeHHH f (z) K q1:1cJiy a. HMeeT MeCTO CJle
µ;y10rn;ee yTBepmi:t;eH1:1e. ,Il,JIH Kamµ;oro 3Haqeu1:1H r, 0 ..e;;: 
.<e;;:r < R, JI106oro KOMIIJieKcHoro q1:1cJia a 1:13 pacm1:1peHHoii 
KOMIIJieKCHO:ii IIJIOCKOCTl:l l:l AJIH IIp01:13BOJibHOll MepoMoplfi
HO:ii IIpH lzl < R .<e;;:oo ljiyHKD;lll:l f (z) BhlIIOJIHHeTCH pa-
eeHCTBO (c 0 0 TH 0 me H II e p a B H 0 B e c l:l H): 

;,,_(r,a, f)+N(r,a, f)=ii(r, oo, f)+N(r, oo, f), 

r r 0 dt N (r, a, f)= J 0 [n (t, a, f)-n ( , a, f)] 1+ 
+n (0, a, f) In r, 

a n (t, a, f) o3HaqaeT qllcJlo a-TO'leK f (z), IIoIIaBmHx B 
Kpyr {z:lzl..e;;:t}. 

IlocJle OCHOBOIIOJiara10rn;Hx pa60T p. HeBaHJlllHHbI [ 1) 
p. c. 6bIJlll IIepeHeCeHbl Ha p-MepHble u;eJlhle KpllBbie (cM. 
[3)) II Ha rOJlOMopljJHhle OT06pameHIIH (CM. [4), [5]). 

Jlttm.: [1] Nev an 1 inn a R., Analytic functions, N. Y.
B., 1970; (2] B H T T H X I'., Hoseit1IIHe HCCJle)IOBaHHfl IIO O)IH03Haq
Hh!M aHaJJHTHqecimM QJYHRLIHflM, rrep. c HeM., M., 1960; f3] we
y 1 H., Meromorphic functions and analytic curves, Princeton, 
19113; i4] III a 6 a T B. B., BBe)leHHe B ROMIIJleRCHhlit aHaJIH3, 2 
H3)1., q. 2, M., 1976; (5] I' pH ljJ ljJ HTC Cl>., K H Hr ,[( lR., TeopHfl 
HesaHJIHHHhI u roJJoMopljJHh!e OTo5pamemrn aJ1reopauqecRHX MHo
rooopaaHlt, [rrep. c aHrJl.1, M., 1976. B. II. Ilempemw. 

P ABHOMEPHAH AJirEBP A - 3aMKHyTaH oTHocn-
TeJibHo paeHoMepHo:ii cxoi:t;HMOCTH noi:t;aJire6pa A aJire6pbI 
c (X) BCex HenpephlBHbIX KoMnJieKCllhIX ljiyHKD;llll Ha KOM
rraKTe X, co,a;epmarn;aH ece ljiyHKu;1:11:1-KoHcTaHThl II pa3,a;e
JIHIOID;aH ToqK1:1 KoMnaKTa X. IlocJie,a;Hee ycJioBHe 03Ha
qaeT, qTo p;JIH Kam,a;o:ii naphl x, y pa3JillqffblX ToqeK 1:13 X 
B aJire6pe A HMeeTCH ljiyHKD;l:lH f, /lJIH K-po:ii f (x) =I= f (y). 
P. a. o6blqHo cHa6ma10T sup-HopMo:ii: 

llfll=suplf(x) I· 
x 

IIpH aTOM 11/211 = 111112• Kamp;aH 6aHaxosa aJire6pa c e,a;H
HHD;e:ii (µ;ame 6e3 npe,[\IIOJIOll\eHIIH KOMMyTaTIIBHOCTH), 
HopMa B K-poii no,a;qHHeHa nocJie,[\HeMy YCJIOBIIIO, ll30Moplfi
Ha HeK-po:il: P. a. 

p. a. COCTaBJIHIOT eamHhlH IIO/J;KJiacc KJiacca 'l(.O.M.My

mamuenb!X 6anaxoewx a.n,ze6p Hap; IIOJieM IC KoMnJleKCHblX 
qHceJI. 

Kam,a;o:ii TOqKe x EX OTBeqaeT roMoMopljJH3M cpx : A -+ 
-+IC, ,a;encTBy10rn;Hn no IIpaBHJIY cpx (!)= f (x). IIonoMy X 
ecTeCTBeHHO TOnOJIOrllqecKH BKJia,[\blBaeTCH B rrpocTpaHCTBO 
MaKCHMaJibllblX ll,[\eaJioB aJire6pbI A II IIPII COOTBeTCTBYIO
rn;eM oTom,a;ecTBJleHHH nor Jiorn;aeT rpaHHI~Y IIIHJIOBa. II pH 
1I3yqellllll p. a. BaIBHYIO poJlb 1:1rpa10T T 0 q K II II II K a 
(T. e. TaKlle ToqK:u ll3 x' B K-pblX /J;OCTl:lraeTCH CTporHii: 
MaKCHMYM MOAYJIH xoTH 6hl ,a;JI.11 o,a;Horo aJieMeHTa 113 A), 
MYJlbTl:lnJI:uKaTHBHble sepoHTHOCTHble Mephr Ha X (T. e. 
npeµ;CTaBJIHIOID;He Mepbl roMoMopljJHaMoB II3 A a IC) 1:1 

opToroHaJibHble K A Mepbl Ha X. MHor1:1e KOHKpeTHble 
pe3yJlbTaThl, OTHOCHID;II0CH K p. a., KacaIOTCfl CBH30H 
MeIB,a;y aTIIMll o6'heKTaMll. 

P. a. Ha3. c II MMe T p l:l q H 0 ii, eCJlll BM0CTe c Ram
,[\OH lfJYHKD;lleH K aJire6pe nplIHa,a;Jleil\llT l:l KOMnJleKCHO 
COIIpHIBeHHaH en ljiyHKD;llH. CorJlaCHO TeopeMe CToyHa -
BeiiepmTpacca, Kam,a;aH CIIMMeTpHqHaH P.a. Ha KoMnaKTe 
x COBna,a;aeT c c (X}. IloJIHpHblH KJiacc COCTaBJlHIOT T. H. 
a H T l:l c II M M e T p II q H bl e p. a., BOBCe He co,a;epma
ru;He ,a;e:iiCTBl:lT0JlbHblX ljiyHKD;llH, KpoMe KOHCTaHT. Tmrnq
HbIH rrp1:1Mep - aJire6pa ecex lfJYHKu;11i\:, aHaJ11IT1:1qecKHX B 
OTKpbITOM 0,[ll:lHllqHoM ,[\llCKe KOMIIJleKCHOH IIJlOCKOCTl:l l:l He
IIpepbIBHblX e ero 3aMblKaHIIII (,a;HCK-aJire6pa). Te o p e
M a III H JI o e a - E 1:1 mo II a: Kam,a;aH P. a. oIIpe,a;e
JleHHblM CIIOCo6oM MOil\eT 6b1Tb «CKJleeHa» 1:13 aHTIICl:lMMeT
pllqHbIX. lfaeeCTHbl l:l 6oJiee TOHKl:le KJlacc1:11ji1:1Kau;110HHble 
TeopeMbI. BMeCTe c TeM np0113BOJlbHble p. a. He CBO,[\HTCH 
K aJire6paM aHaJll:lTllq. ljiyHKrr1:1ii TllIIa ,a;11cR-aJire6pa. 
HaIIp., MOil\HO CKOHCTpy1:1poBaTb TaKyIO p. a. Ha O,[\HO
MepHoM KOMIIaKTe, KOTOpb!H COBIIa,a;aeT c ee IIpOCTpaHCT
BOM MaKCl:lMaJlbHblX 1:1,a;eaJIOB, qTo see TOqKII KoMnaRTa 
HBJlHIOTCH TOqKaMll IIl:lKa II O,[\HOBpeMeHHO cpe,a;11 3Jle
M0HTOB aJire6pb1 TOJlbKO TOlR,[\eCTBeHHhIH HYJib MOlReT 
rrpHHl:lMaTb HyJiesoe 3Ha'leHIIe Ha HenyCTOM OTKpblTOM no,a;
MHOil\0CTBe. 

Jlum.: [1] r a Me JI n H T., PasHoMepHhle aJ1re6pb1, rrep. c 
aHrJI. M. 1973. E. A. I'opun. 

p ABHOMEPHAH HEIIPEPbIBHOCTb - CBOHCTBO 
ljiyHKD;Hl:l (oT06paIBeH1:1.11) f: X-+ Y, r,a;e X II Y-MeTp1:11I. 
rrpocTpaHCTBa, o3Haqa10rn;ee, qTQ ,[\JlH JI106oro e > 0 cy
ru;ecTByeT TaKoe ti > 0, 'ITO ,l\JlH ecex x1 EX, x 2E X, y,a;oe
JieTBOpH10rn;1:1x ycJIOBHIO p (x1, x 2) < ti, BblnoJIHHeTcH 
HepaeeHcTBO p (f (x1), f (x2)) < c. 

EcJIH OTo6pameHHe f : X -+ Y HenpephIBHO Ha X H 

x - KOMIIaKT, TO f paBHOMepHo HenpepbIBHO Ha x. 
K0Mno31:1u;11H paeHoMepHo HenpepblBHhIX OT06pameI111i"1 
paBHOMepHo HenpepblBHa. 

p. H. OTo6paIBeIIHH BCTpeqaeTCH H B TeopHH TOIIOJIOrHq. 
rpynn. Hanp., OTo6pameHHe f: X 0 -+ Y, rµ;e X 0c.X, X 
H y - TOnOJlOrH'l. rpynnbl, Ha3. p a B II 0 M e p II 0 
H e II p e p bl B H bl M, ecJll:l /J;JlH JII06o:il: OKpeCTHOCTll 
u y ep;Hilllilhl rpynIIbl y cyru;ecTByeT TaKaH OKpecTHOCTh 
U x ep;HHHD;hI rpyIInbl X, 'ITO ,[\JIH JII06bix aJieMeIITOB x1 E X o, 
x 2 E X 0, y,a;osJieTBopHIOIIJ;HX ycJIOBHIO x1x21 EU x (co-
OTBeTCTBeIIHo x11x2 E Uy), BblnoJIHHeTCH BRJIIOqeHHe 
f(xi) [f(x2)]- 1E Uy (cooTBeTCTBeHHo [f(x1))- 1f(x2)E Uy). 

IIoHHTl:le P. H. 0606rn;aeTCH Ha oT06pamemrn paen0Mep-
1tbix npocmpancme. 

Jlum.: HJ Ko JIM or op o BA. H., <I> o Mn H C. B., 8J1eMeH
Th1 Teopnu ljJyHRLIHii: u ljJyHRL1HOHaJ1bHoro aHaJIHaa, 5 na)I., M., 
1981; [2] II 0 H T p fl r H H JI. c.' Henpeph!BHh!e rpyrrnhl, 3 H3)1.' 
M., 1973; (3) Ke JI JI H ,[( lR. JI., 061L1afl TOOOJIOrnfl, 2 H3)1., nep. 
c aHrJJ., M., 1981; [4] By p 5 a RH H., 051L1afl TOOOJJOrHfl, rrep. c 
ljJpaH11., M., 1968. JJ. lf.. RyopRB1.feB. 

PABHOMEPHAH OrPAHH11EHHOCTb c Be p x y 
(c II H 3 y) - ceoiicTBo ceMeiicTBa p;eHCTBl:lT0JlbllblX ljiyHK
u;1:1:ii fa : x - IR., rp;e aE2r, m: - HeR-poe MHOil\eCTBO llH
,a;eKCOB, x - rrp0113BOJibIIOe MIIOlReCTBO, 03uaqa10rn;ee, 
qTo cyrn;ecTByeT TaKaH IIOCTOHHilaH c > 0, qTo /J;JIH ecex 
a E Ill II ecex x EX BhIIIOJIIIHeTCH HepaeeHCTBo fa (x) .<e;;:c 
(cOOTBeTCTB0HIIO fa (x) ;;;;. - c). 

CeMencTBO .PYHKD;ll:ii fa: X-+ IR, aE2r, Ha3. pa B-
H 0 M e p H 0 0 r p a II II q e II II bl M, eCJll:l OHO paBHO
MepHo orpaHH'leHo KaK CBepxy, TaK II CHl:l3y. 

IloHHTlle p. o. ceMeHCTBa ljiyHKD;llH o6o6rn;aeTCH Ha CJiy
qan oT06pameHHii e HopMHpoeaHHble II noJiyI1opM11poeaH
Hhle npocTpaIICTBa: ceMeiicTBO oT06pameI11I:ii fa: X-+ Y, 
r,a;e a E Ill, X - npoH3BOJlbHoe MilomecTBo, a Y - noJiy
HopMHpoeaHHoe rrpocTpaHCTBO c JIOJIYHOpMoii (HOpMoi1) 
11 · llv, Ha3. p a B II 0 M e p II 0 0 r p a II II q e II II bl M, 
ecJIH cyrn;ecTByeT T3RaH nOCTOHHIIaH c > 0, 'ITO ,[\JlH ecex 
a E Ill 11 scex x EX BhIIIOJlHHeTcH HepaeeHCTBo Ill a (x} llv.<e;;: 
.<e;;:c. Ecmi B rrpocTpaHCTBe {X-+ Y} orpaI111qeHHblX oT06-
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pameanii: f : X - Y BBecTH IIoJiyaopMy (HopMy) no <jJop
~1yJie 

II I II {X ...... Y} =sup II I (x) II y, 
XE X 

TO P. o. MHOil\eCTBa .il>YHKil,Hii fa: X - Y, aE~, 03Ha-
11aeT orpaHH'leHHOCTb 3Toro MHOil\eCTBa B IIpOCTpaHCTBe 
{X - Y} c IIOJIYftOpMOii: 11· ll{X-+Y}' 

IlOHJITHe p. o. CHHay H CBepxy 0606ll1aeTCJI Ha CJiy11aii: 
OTo6pameHnii: f : x -+ y B yIIop11µ;011eHHhle B TOM HJIH 
HHOM CMhICJie MHOiKeCTBa y. J1. ~. HyapJ161,fe6. 

PABHOMEPHAH IIOArPYIIIIA JI 0 Ka JI b H 0 
K 0 M II a K T H 0 it T 0 II 0 JI 0 r li q e c K 0 it r p y II
II hI G - TaKaH 3aMKHyTaH IIoµ;rpyrrna HcG, 11To <jJaKTop
npocTpaHcTBO G/H KoMnaKTHo. C IIOHHTlleM P. rr. 6JIH3Ko 
CBJ13aHo IlOHJITlle K B a 3 H p a B H 0 Me pH 0 fi rro,a;rpyn
IIhl BG, T. e. TaKoii: aaMKHYToii: no,a;rpymThl H BG, ,!l;JIH K-poii: 
Ha GIH cym;ecTByeT G-HHBapnaHTHaH Mepa µ c µ (G/H) <oo. 
Hanp., IIoi:trpyIIIIa SL 2('11,) rpynIIhI SL 2 (R) KBa311paBHO
MepHa, HO He paBHOMepHa B Heii:. c ,a;pyrofi CTOpOHhI, 
IIo,a;rpynna T Bcex BepxHeTpeyroJihHhlX MaTpn11, H3 
SL 2 (IR) - P. n. B SL 2 (IR), He HBJIHIOll\aHCJI KBa3n:paB
HoMepHoii: (aa <jJaKTopnpocTpaHcTBe SL 2 (IR)/T HeT 
SL 2 (IR)-11HBap11aHTHhIX Mep). 0,a;HaKo BCHKaH CB11aHaJ1 
KBa3npaBHOMepHaH IIop;rpynna B rpynne JllI G HBJIHeTCH 
P. II. (cM. [1)), a BCHKaH p;n:cKpeTHaJI P. II.BG KBaan:paB
HoMepHa [2]. (0 )l;HCKpeTHhIX p. II. B rpynnax JllI CM. /(UC/f,
pemnaa nooepynna.) Ecma G-CBJl3HaJI rpyrrIIa JllI 11 H -
P. n. B G, To HopMaJrn3aTop N 0 (H0) B G CBH3Hofi KOMIIO
HeHT.bl ep;liHllll,.bl n° rpyIIII.bl H co,a;epiKIIT MaKCllMaJibHYIO 
CBH3HYIO TpeyroJihHYIO nop;rpyrrny rpyIIm.1 G (cM. (3)). 
AJire6pan11. IIo,a;rpynna H CBJl3Rofi aJire6pan:11ecKoii 
KOMIIJieKCHOH JIHHeii:noii: rpyrrII.bl Jl1I G Tor,a;a II TOJibKO TOr
,a;a HBJIHeTcH P. II., Kori:ia H - napa6oJIH'l. noi:irpynna B 
G. Onn:caH.bl Bee CBJlaH.ble P. 11. B noJiyIIpoCT.blX rpyrrrrax 
Jln: (cM. [ 4)). He,a;ncKpeTHaH P. II. H CB113Hoii: IIoJiynpocToil: 
rpyrril.bl JI11 G o6Jia):taeT CBOHCTBOM c H JI h H 0 ii ii\ e c T
K 0 c T H (CM. [5))' K-poe COCTOliT B TOM, 'lTO B G llMeeTCJI 
KOHelJHoe 111IcJio TaKn:x noµ;rpyIIII H;, i= 1,. . ., m, 'lTo 
JI106a11 rroi:trpynna H' cG, 11aoMop<jJHa11 H, co11p11meHa 
o,a;Hoil: 113 no,a;rpyHII Hi· BamH.ble rrpe:Mephl paBHOMepHhlX 
II KBa3npaBHOMepH.bIX IIO,a;rpyrrII CTpOllTCJI CJie,a;yIOIIl,HM 
o6pa3oM. IIycTh G - JIHHefiHa11 aJire6pan11. rpynna, 
011pep;eJieHHa11 aa;o; IIoJieM pa11,n:oHaJihl'lhlX 11n:ceJI iQ, GA -
ee rpyIIIIa a,a;eJieii: n: GQcGA - rroi:irpyIIna rJiaBHhlX ai:te
Jieii:. Torp;a GQ - p;n:cKpeTHa11 IIoµ;rpyIIIIa B GA, 11p1I11eM 

GQ 11BJI11eTc11 P. n. B GA Tor,1w e: TOJihKO Torp;a, Kor,a;a 

1) y rpyIIrrhl G HeT HeTpHBIIaJihH.blX pa11,1IoHaJihHhlX xa
paKTepoB, onpep;eJieHHhlX Hap; IIOJieM iQ, ll. 2) BCe YHIInO
TeHTH.ble aJieMeHThl rpyrrII.bl GQ IIp11Hai:tJieJRaT ee pa,a;1IKaJiy 

(cM. (6), [7]). B 11acTHOCTll, ecJin: G - YH1IrroTeHTHa11 
aJire6pan11. rpynIIa, oIIpep;eJieHHaH HaA iQ, To GQ ecTh P. II. 
B GA. YcJIOBIIe 1) JIBJIHeTCJI Heo6xop;IIMhIM II ;o;ocTaTO'lH.blM 
;D;JIH KBa3npaBHoMepHoCTli GQ B GA. 

Jlum.: [1] Most ow G.D., «Ann. Math.», 1962, v. 75, No 1, 
p. 17-37; [2] P a r y H a T a H M., ,ll;nc11peTHhle nop;rpynnhr rpynn 
Jln, nep. c aHrJI., M., 1977; [3] 0 H H II1 HR A. JI., «MaTeM. c6.», 
1966, T. 71, No 4, c. 483-94; [4] er o me, TaM me, 1967, T. 74, 
M 3, c. 398-416; [5] Goto M. Wang H.- C., «Math. Ann.», 
1972, Bd 198, H 4, S. 259-86; C6] B o p e JI h A. ,«MaTeMaTHKa», 
1964, T. 8, .M 2, c. 73-75; [7] Most ow G. D., Tam a g a
w a T., «Ann. Math.», 1962, v. 76, No 3, p. 446-63. 

B. J1. Ilonoe. 
PABHOMEPHAH CXOABMOCTh rr o c JI e Ao Ba-

T e JI h H 0 c T 11 <Py HK II, ll. ii: (o T 0 6 p a ii\ e H H ii) -
CBOiiCTBO nocJieJwBaTeJihHOCTll. /,, : x - Y, rp;e x -
npoll.3BOJihHOe MHOil\eCTBO, y - MeTpH1I. npocTpaBCTBO, 
ll = 1, 2,. . ., K if>YHKil,Hll. (oTo6pameHHIO) f: x -Y, 
oaHa11arorn;ee, 11To AJI.H Jiro6oro e > 0 cym;ecTByeT TaKofr 
HOMep ne ' 'ITO ;ll;JIJI Bcex HOMepoB n > ne H Bcex TO'leK 
x EX BLIIIOJIB.HeTc.H BepaBeBCTBO 

p (I (z), J,, (z)) < e. 

8To ycJioBHe paBHOCHJihHo ToMy, 'lTO 

lim sup p (/n (x), f (x)) =0. 
n-+- oo ."\.EE 

q T06hl nocJiep;oBaTeJibHOCTh {/ n} paBHOMepHo CXO)J;HJI3Cb 
Ha MHOil\eCTBe x K <PYHKlJ,HlI /, Heo6xo,a;HMO ll. p;oCTaTO'lHO, 
1JT00bl Ha lllJI3Cb Ta Ka JI 'lll.CJIOBaJI IIOCJie,a;oBaTeJihBOCTb 
{a,,}, 'lTO lim a,,=0, H cy111,eCTBOBaJI TaKoii: HOMejl no. 1JTO 

n-+oo 
AJJJI acex n > n0 n Bcex x EX BJ.InoJIHJIJIOCb HepaaeHCTBO 

p(/,,(x), l(x))<.r.x,,. 

IIp1IMep. IIocJie,a;oBaTeJihHOCTL/,,(x)=.x", n=1,2, .. ., 
paBHOMepHO cxop;HTCJI Ba mo6oM orpeaHe [0, a]. 0 < 
<a < 1 ll He CXO;ll;ll.TCJI paBBOMepHO Ha OTpeaKe [0, 1). 

Heo6xop;n:Moe 11 µ;ocTaTOlJHoe ycJIOBIIe P. c. nocJie,a;oaa
TeJihHOCTli <PYHKil,Hii 6e3 IICIIOJib30BaBll.JI noHJITll..II rrpe,a;eJib
HOii: <jJyHKil,HH µ;aeT /(ow,u ,,,pumepuu paBHoMepHoii: cxop;H
MOCTH. 

c B 0 :ii: c T B a p a B H 0 M e p H 0 c x 0 A JI m; ll X-
e .II II 0 c JI e A 0 B a T e JI b H 0 c T e ii. 

1. EcJIH Y - JIHHeiiHoe HopMn:poBaHHoe rrpocTpaHCTBO 
ll rrocJieµ;oBaTeJihHOCTII OTo6pameHIIii f n : X - Y ll 
g,,: X - Y, n = 1, 2, ... , paBHOMepHo cxoµ;11TCH Ha 
MHomecTBe X, To nplI mo6h!x A.EC 11 µ E IC rrocJie,a;oea
TeJibHOCTh {A.ln+µgn} TaKiKe paBHOMepHo CXO):\IITCJI Ha x. 

2. ECJIII y - JIIIHeMHOe HOpM1IpOBaHBoe KOJihll,O, 
rrocJie,a;oBaTeJihHOCTh oro6pameHn:ii f n : X - Y, n = 1, 
2, ... , paBHOMepHo CXO)l;IITC.II Ha MHOiKeCTBe x II g : x -+ 
- y - orpaHH'leHHoe OTo6pameHHe, TO rrocJie,a;oBaTeJib
HOCTh {g/ n} TaKme paBHOMepHo CXO)l;HTC.II Ha x. 

3. EcJin: X - TonoJiorn11. npocTpaHCTBO, Y - MeTpH'I. 
rrpocTpaHCTBO ll IIOCJie,a;oBaTeJihHOCTh HerrpephlBHhlX B 
TO'lKe x0 E X oT06pameH1Iii: f n : X - Y paBBOMepBo Ha 
MHomecTBe X cxo,a;HTCH K oTo6pameHmo f : X - Y, TO 
aTO OTo6pameHIIe TaKme HenpephIBHO B TO'lKe Xo, TO eCTb 

lim Jim f n (x) = lim In (xo) = lim lim fn (x). 
x-+-x 0 n-+cci n-+cr:> n-+ooX-+Xo 

y CJIOBll.e paBHOMepHoii CXO)l;ll.MOCTII IIOCJiep;oBaTeJihHOCTll 
{/ n} Ha x JIBJIHeTCJI B aTOM yTBepmp;eHllll cym;eCTBeHHhlM B 
TOM CMhICJie, 'lTO cy111,eCTBYIOT p;ame IIOCJie):tOBaTeJibBOCTll 
qncJIOBhlX BenpephlBHhlX Ha 0Tpe3Ke <jJyHKil,HH, CXO,!l;Jllil,lle
CJI BO BCex ero TOlJKax K if>YHKil,IIH, He JIBJIJIIOID;0HC.II He
npephlBBOH Ha paccMaTpnBaeMoM oTpeaKe. IIpnMepoM 
Ta Ko ii nocJie,a;oBaTeJihROCTll. JIBJIJleTCJI f n (x) = xn' n= 1, 
2, ... , Ba oTpe3Ke [O, 1). P. c. nocJiei:toBareJihBOCTH He
npephlBBhlX lfiyHKil,IIIl He eCTb Heo6XO):tllMOe YCJIOBl!e 
Herrpeph!BHOCTII rrpe,a;eJihHOH lfiyHKl{MII. 0,a;HaKo _eCJill. MHO
il\eCTBO x - KOMrraKT, y - MHOil\eCTBO p;ell.CTBJilT0Jlb
HhIX 11n:ceJI IR, nocJieµ;oBaTeJihHOCTh HenpepMBH.bIX <jJyaR-
11,nii f n : X -+ IR BO Bcex ToqHax x EX o;o;BoBpeMeHBO 
B03pacTaeT IIJIII yohrnaeT II 11MeeT KOHe'lHhlii npep;eJI, 

li:m In (x) =f (x), 
n-+"' 

TO AJIH Toro, qTo6hl <jJyHKil,IIJI I 6hlJia BenpephIBHOH Ha 
MHOil\eCTBe x, Heo6xop;MMO ll. µ;ocTaTO'lHO, 1JT06hl nocJieµ;o
BaTeJibHOCTh {/,,} CXOAHJiaCb paBBOMepHo Ha aTOM MHO· 
mecTBe. Heo6xop;IIMhie H o,a;rrnBpeMeHHO ,a;ocTaTO'lllhie 
ycJIOBll..II ,a;JI.H BenpephIBHOCTH npe,a;eJia IIocJiep;oBaTeJib
HOCTH BeIIpephlBHblX <PYHKil,HH B o6rn;eM CJiy11ae µ;aIOTCJI B 
TepM11Bax ~6aaupa6HOMepnou CXOOUMocmu IIOCJiep;oBaTeJib
HOCTH. 

4. EcJIII nocJiep;oBaTeJihHOCTh IIHTerpnpyeMhIX no Pn
MaHy (no Jle6ery) <jJyHKI1,1Iii: In: [a, b)-+ IR, n=1,2,. .. , 
paBBOMepBo Ha 0Tpe3Ke [a, b), CXO)l;IITCJI K <jJyHKil,IIB 
I : [a, b) - IR, TO aTa <jJyHKil,UH TaIOKe HHTerpnpyeMa no 
Pn:MaHy ( cooTBeTCTBeHHo no Jle6ery), n p;JI.H mo6oro 
xE [a, b) HMeeT lli0CTO paBeHCTBO 

lim 5x1,,(t)dt=Sxt(t)clt=Sx lim 1,,(t)dt, (*) 
n-+-CD a a an_,,..aJ 
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n cxop;HMocTr. rrocJieµ;oaaTeJlbHOCTH {~=In (t)dt} Ha OTpea- YcToi'PurnaH rro JlrrrryHony rrerrop;Bnmnarr TO'!Ka awro-
i HOMHOH CHCTeMb! p;mplfiepeHI_\HaJ1£,Hb!X ypaBHeIIHH x= f (x), 

Ke [a, b] K iJ>yHKil,HH .i: f(t)dt paBHOMepHa. <l>opMyJla (*) xEIRn, paBHOMepHO ycTOM'lHBa, HO YCTOii'l1rnoe ITO Jlm1y-

0606II1,aeTCH Ha cJiy'laM Cmu.1tmbeca unmeipa.1ta. ECJIH me Hoay pe~eHue, aoo6uw roaopH, MomeT He 6bITh ~aeHoMep-
rrocJiep;o~aTeJlhHOCTh HHTerpnpyeMb!X Ha oTpeaRe [a, b] =~H~~TOH'IHBblM. Harrp.' perneHne x (t)=O, t E +' ypaB-

ii>YHRil,HH fn, n=1, 2, ... , rrpOCTO CXO)J;HTCH B KaiK)J;Olf 
TO'IKe aTOrO 0Tpe3Ra K HHTerpnpyeMOH me Ha HeM ii>YHRil,HII 
j, TO iJ>opMyJla (*) MOIBeT He HMeTb MecTa. 

5. EcJin rrocJiep;oaaTeJlhHOCTh Herrpepb!BHO p;niJ>iJ>epeH-
11,npyeMbIX Ha oTpeaRe [a, b] <fiyHR11,ni1 fn : [a, b]-+ IR, 
n = 1, 2, ... , CXO,IJ;HTCH B HeR-poii TO'IRe xoE[a, b), a 

IIOCJle,IJ;OBaTeJlbHOCTb HX rrpon3BOIJ;Hb!X { ~n } paBHOMepHo 

CXOAHTCH Ha [a' b), TO IIOCJiep;oBaTeJlhHOCTh {/ n} TaRme 
paBHOMepHO CXOAHTCH Ha OTpeaRe [a, b], ee npep;eJl HB
JlHeTCH HerrpepbIBHO p;niJ>iJ>epe1111,11pyeMOM Ha aTOM 0Tpe3Ke 
ii>YHRil,Hen H 

d r I ( l r din <xl dx 1m nX= 1m-d--,a.;;;;;x.;;;;;b. 
n-oo n--.oo x 

IlyCTb x - npOH3BOJlbHoe MHOmeCTBO, a y - MeTpH'{. 
rrpocTpaHCTBO. CeMe.iiCTBO iJ>yHRil,Hii (oT06pameHH.ii) fa : 
: x - Y, aEl4, rp;e m: - TOIIOJIOfH'I. rrpocTpaHCTBO, Ha3. 
p a B H o M e p H o c x o A H 111, H M c H rrpn a -+ ao E !l:c 
R ii>YHRil,HH (oTo6pameHHio) j: X-+ Y, ecJIH AJlH mo6oro 
e > 0 cy111,eCTByeT TaRaH ORpeCTHOCTh u (ao) TO'IKH ao, 
'ITO p;JIH acex a E U (a0) n acex x EX Bb!IIOJlIIf!eTCfl Hepa
aeHCTBO 

p (f (x), fa (x)) < e. 

.Il:JIH paB~OMepHo CXO,IJ;HIIl,HXCH ceMeHCTB ii>YHRil,HH HMeIOT 
MeCTO CBOHCTBa, aHaJlOfH'lHb!e yRa3aHIIb!M BhlIIIe CBoii
CTBaM p. c. IIOCJie,IJ;OBaTeJibHOCTen ii>YHKil,Hll. 

IloHHTHe p. c. OTo6pameHHH 0606II1,aeTCH Ha CJly'laii' 
Rorµ;a y - paBHOMepHoe rrpoCTpaHCTBO, B 'laCTHOCTH, 
ROr,IJ;a y - TOIIOJlOfH'l. rpyrrrra. 

Jlum.: [1] A JI e Kc a H 11 p o B II. C., BBe)'.leHI<e B Teopmo 
MHomecTB u oOIIWJO TonoJ1oru10, M., 1977; [2] Ho JIM 0 r o
p o B A. H., <I> o M u H C. B., 3JleMeHThl Teo1mu cPYHKl1H>1 n cPYHH
l1HOHaJ1bHOro aHamrna, 5 H3)'.I., M., 1981; [3] He JI JI H .ll: )!(. JI. 
Ofil!1aH TonoJ1or1rn, nep. c aurJ1., 2 ua11., M., 1981. ' 

JI. /J,. HyiJpMu,ee. 
P ABHOMEPHAH TOIIOJIOrHH - Torr0Jlor11H, rro-

pomµ;eHHarr paaHoMepHOI1: CTPYRTypoii:. Iloµ;po6Hee, rrycTI> 
x - MHomeCTBO,., Hap;eJleHHoe p a B H 0 M e p H 0 ii 
c T PY RT Y po n (T. e. paeno.Mepnoe npocmpancmeo) U, 
n rryCTh ,IJ;JlH Ramp;oro x EX 'lepea B (x) o6oaHa'leHo MHo
mecTao rrop;MHomecTa V (x) MHomecTB X, rµ;e V rrpo6eraeT 
ace oRpymeHnfl U. Torp;a B X cyII.\eCTHyeT n rrpnToM 
TOJlbKO op;Ha TOIIOJlOfHH, ,IJ;Jlfl R-poii B (x) HBJlHeTCH rfiu.1tbm
po.M 0KpecTHOCTei'1 TO'IRH x rrpn mo6oii x EX. TorroJiornf! 
Ha3. p a B H 0 M e p H 3 y e M 0 ii, eCJlH cyll.\eCTByeT paa
HOMepHaf! CTPYRTypa, ee rropomp;aIOII.\af!. He BCHRoe To
rroJiorH'I. rrpocTpaHCTBO paaHoMepnayeMo: TaROBhl, Harrp., 
He peryJrnpHb!e rrpocTpaHCTBa. M. H. Boil.u,exoecxuil. 

P ABHOMEPHAH YCTQO:qJJ:BOCTh - ycmou'lu~ 
eocmb no JI anynoey, paaHoMepHaf! OTHOCHTeJlbHO Ha'laJib
Horo MoMeHTa. PerneH~e x0 (t), tE IR+, CHCTeMM µ;niJ>iJ>epeH
Il,HaJihHhlX ypaaHeHHH 

X=f (t, x), x E 1Rn, 

Ha3. p a B H 0 M e p H 0 y c T 0 ii 'I H B bl M, eCJlH ~JIH 
BCHKOfO e >O Haii:µ;eTCH 6 > 0 TaRoe, 'iTO )J;JIH BCHRoro 
toEIR+ H BCHKOro perneHHH x(t) TOH me CHCTeMbI, yp;oB
JleTBOpHIOIIl,HX HepaaeHCTBY 

Ix (to)-xo (to) I < 6, 

BbIIIOJIHeHO HepaaeHCTBO 

Ix (t)--x0 (t) I< e 
,IJ;JlH ncex t / t0 • 

X=[sinln(1-tt)-a]x (1) 

npn Ram,IJ;OM aE (1/f2, 1) ycTOH'IHBO, HO He paBHOMepHo 
ycTOH'IHBO. 

IlycTh p;aHa mrnei'rnarr cncTe)ia 1111iJ>iJ>epeHil,HaJlbIIhlX 
ypaaHeHnii 

X=A(t)x, x E JRn, (2) 
rp;e A ( ·) - cy:mrnpyeMoe Ha RUiliAOM oTpe3Ke oro6pa
memrn IR+ -+ Hom (IRn, Rn). 

.Il:JIH Toro •r~.o6b! perneHne x= 0 cncrnMhl (2) 6hl.~O pan
HOMepno yCTOH'lHDb!M, Heo6xop;HMO, 'IT06bl aepxrmii oco-
6b!U no1>aaame.1tb ~~o (A) cncTeMb! (2) 6bJJl MeHhllle HJlH paBeH 
Hymo. Harrp., B CJiyqae ypanHeHHH (1) aepxHnil oco6LJii 
rroRaaaTeJlh Q 0 (A)=1-a, a lIRnynoea :rapa1>mepuc:11u•1ec-

1>uu no1>aaame.1tb A.1 (A)= 1/ 2 -a . .IJ:Jirr cy1Il,eCTBonannn (5 >O 

Ta1wro, 'IT06b! pemeHHe x= 0 BCHRoii CHCTeMbl 

;,=A(t)x+g(t, x), x E 1Rn, 

YT\OBJleTaopH!OII.\eii ycJIOBHHM TeopeMbI cy111,ecrnoBJ.HHrr 11 

eAHHCTBeHHOCTH perneHHH aap;a'IH Horrrn H YCJlOBillO 

lg(t,x)l<<'l·lxl, 

6b!Jl0 paBHOMepHo YCTOI\i'lHBO, Heo6XO):\IUIO H ):\OCTaTO'IHO, 
'IT06b1 aepxHnii oco6Mii rroRaaaTeJlh ~~o (A) cncTe~rhl (2) 
6b!Jl MeHbllle HYJlfl. 

Jlum.: [1] II e Jl c H )'.I c K H ii H., «MaTeM. CO.», 1933, T. 40, 
N. 3, c. 284-93; [2] .ll: e M H )'.I 0 B H 'I B. II.. JieKI.J.HH llO MaTe
MaTH'leCKOii Teopuu YCTOM'IHDOCT>I, M., 19G7; [3] .ll: a JI e 11-
K H ti IO. JI., H p e ti H M. r., YCTOll'IHBOCTb perneuutt llHcPcfiepeu
llHaJlbHhlX ypaBHcnuii s 6aHaxoBoM rrpocTpaHcTne, M., 1970. 

B. M. MUJIJIUOliUfU>COB. 

P ABHOMEPHO HAHEOJIEE MOID;HhUI KPHTE
PHO: - CTaTHCTH'leCR!Iii Rpnrnpnii c aaµ;aHHhlM ypoBHeM 
3Ha'lnM~CTH AJlfl rrpoaepRn CJlOiRHoii: rnrroTe3hl H0 rrpoTHB 
CJlOlKHOH aJibTepHaTHBhI Hi, MOII.\HOCTh H .. -poro He MeHhme 
MOIIl;HOCTH Jll06oro p;pyroro CTaTHCTH'I. J\PHTepHH, rrpeA
Ha3Ha'leHHoro p;Jln rrpoaepRH H0 rrpoTHB H 1 n MMero111,ero 
TOT me ypoaeHb 3Ha'!HMOCTH. 

IlyCTb rrpoaepHeTCH CJlOil\HaH rnrroTeaa Ilo : 0 E Eloce 
rrpOTHB CJlOmHoil aJlhTepHaTIIDhl H 1 : 0 Eel= e"" Elo H 

IIYC_!h aap;aHa BepxHHH rpaHb a, 0 <a < 1, BepOHTHO
CTeH OllIH60K 1-ro pop;a, R-pbie MOmHo coaepIIIHTh, OT
KJlOHHH rrpoaepHe~IYIO rnrrornay Ho c IIOMOII~hIO CTaTHCTH'l. 
RpHTepnH, ROrp;a OHa B p;eii:CTRHTeJlbHOCTH BepHa ('IHCJlO a 
Ha3. y p 0 B H e M u 3 II a 'I II M 0 c T H K p H Te p H fl, 
a rrpo caM Rp11Tep1111 roaopHT, 'ITO OH nMeeT ypoBeHh a). 
TaRnM o6paaoM, orpaHH'leHne Ha aepoHTHOCTH ornn6oR 1-ro 
pop;a cymaeT MHOJReCTBO acex CTaTHCTH'I. RpHTepneB, 
rrpeAH83Ha'leHHhIX AJIH npoaepKn H0 rrponrn H1 , p;o RJlac
ca KpHTepneB ypOBHH a. B TepMHHax <f>YHI\Il,HH MOIIl,HOCTH 
B(0), 0E0=El0 U01 , CTaTHCTH'I. RpHTepnH iJ>nRcnpoaa
Hne ypoBHH 3Ha'IHMOCTH a 03Ha'laeT, 'ITO 

sup B(0)=a. 
SE 0 0 

EcJrn n RJlacce acex CTaTHCTM'I. RpnTepneB ypoam1 a, 
11pe,L1Haa11~,"eHHbIX )J;JIH rrpoaepmr /f 0 npoTnB If 1 , cyril,eCT
nyeT TaRon, 'ITO ero cjJynRI.\HH MOII.\HOCTH B* (0) YAOBJieTBO
prreT yCJIOBHIO 

sup B* (0) =a, B* (0) ~ B (0), 0 E 8 1, 
se e0 

r):\e B (0) - ii>YHRI.\HH MOIIl,HOCTH mo6oro Apyroro RprrrnpRH 
113 3Toro me rrnacca, TO TaRoii KpHTepnii: Haa. p a e-
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HOMBpHo Han6onee MOIII;HhlM KpHT~ 
p n e M ypoBHH a AJIH rrpoaepKn H 0 rrpoTHB Hi- P. H. M.K. 
HBJIHBTCH HaHJIY'IIIIHM KpnTepneM, eCJIH cpaBHBHHB KpH

TBpHBB IIPOH3BO,[IHT B TepMHHaX MOIII;HOCTH KpHTepneB. 
Jlum.: 11] JI e Ma H 8., JlpOBep1>a CTaTHCTHqec1mx rHilOTe3, 

nep. c aHrJI., 2 Hall., M., 1979. M. C. HunyJlU><. 
PABHOMEPHO CXO,[J;JllIJ;IUICH PH/::t; - cpyHKilHD-

HaJibHhlii PHA 

(1) 

c (Boo6rn;e roaop11) KOMIIJIBKCBblMH 'IJIBHaMH, CXO/];HIIJ,HllCH 

Ha MHOlKBCTBB x' H TaKo:ii, 'ITO /];JIH mo6oro E > 0 CYIIl,B

CTBYBT HOMep ne' 'ITO ,[IJIH BCBX n > ne H BCBX xE x BbI
IIOJIHHBTCH HepaaeHCTBO 

I Sn (x)-s (x) J < e, 

Sn (x) = ~ n ak (x) 
~k=l 

H 

~ 00 
s (x) = ak (x). 

k =l 

llHblMH CJIOBaMH, IIOCJIB,[IOBaTeJibHOCTb 'laCTH'IHblX CYMM 

Sn (x) HBJIHBTCH paBHOMepHO CXO,[IHIIJ;BHCH IIOCJIB,[IOBaTBJlb

HOCTbIO. Orrpep;eneHHe P. c. p. paBHOCHJibHO BhIIIOJIHBHHID 

yCJIOBHH 

lim sup I rn (x) I =0, 
n-oo x EX 

'ITO 03Ha'laBT paBHOMBpHyro cxop;HMOCTb K HYJIIO Ha MIIO

IBBCTBB x IIOCJIB,!lOBaTBJibHOCTH OCTaTKOB 

rn(x)=~ 00 an(x),n=i,2, .•. , 
~ k=n+i 

pHAa (1). 
II p n M e p. P1111 

~ "' zn --ez 
n=l n! -

paBHOMepHo CXOJlHTCH Ha Kamp;oM KOHB'IHOM Kpyre KOMII

JIBKCHO:ii IIJIOCKOCTH H He cxop;HTCH paBHOMBpHO Ha BCBM 
MHO)KBCTBB IC KOMIJJieKCHblX 'IHCBJI. 

°YCJIOBHe paeHoMepHo:ii cxo,(IHMocrn p11,[1a (1) Ha MHO

mecTee x 6e3 HCIIOJib30BaHHH IIOHHTHH cyMMbI p11p;a 11.aeT 

Kouw 1>pumepuu paeHoMepHo:ii CXOIJ.HMOCTH p1111.a. ,r:i:ocTa

TO'IHoe yCJIOBHe paBHOMBpHOH CXOIJ.HMOCTH pH}la ;a;aeTCH 
Beuepmmpacca npua1w1>o:M. 

P11p; ~00 an (x) Ha3. II pa B H JI b H 0 c x 0 AH rn; HM-
~n=1 

c H Ha MHomeCTBe x' ecJIH cyrn;eCTByeT TaIWH 'IHCJIOBOH 

p11p; ~am O.n~O, 'ITO jl;JIH acex n= 1, 2, ... H BC0X x EX 
BblIIOJIHHeTCH HepaaeHCTBO 

I an (x) J..;;;;; an, 

T. e. ecJIH p11p; ( 1) y11.oaneTeop11eT ycJioBHHM rrpH3Ha1rn 

BeiiepmTpacca paaHoMepHo:ii cxo11.nMoCTH p1111.oa. B CHJIY 
3TOTO IIpH3HaKa rrpaBHJibHO CXOIJ.HlIJ,HHCH Ha MHOIBeCTBB x 
p11p; paBHOMepHo CXOp;HTCH Ha STUM MHOIBBCTBe. 06paTHOe, 

Boo6rn;e TOBOpH, HBBepHo; Op;HaKO BO BCHKOM paBHOMBpHo 
OXOAHIII;BMCH Ha MHOlKBCTBB x p11p;e MOIBHO TaK o6'he,[IH

Hll.Tb CJiep;yrorn;He .qpyr 3a p;pyroM era 'IJIBHbI B KOHB'IHfire 

rpynnbl, 'ITO rrony'IHBIIIHHCH npH aToM pHIJ. 6yp;eT yme npa
BHJibHD cxop;HTbCH Ha MHOIBBCTBB x. 

llMBIOTCH rrpn3Hairn paBHOMepHoii: CXO,[IH1\fOCTH pH,[la, 

aaaJiorH'IHble rrpH3HaKaM .D:HpHxne H A6en11 p;n11 cxo11.nMo

CTH 'IHCJIDBoro pHIJ.a. 3rH rrpn3HaKn paeHoMepHoii: CXDAH

MOCTH PHAa BIIepable BCTpe'IaIOTCH B pa6oTaX r. Xap!l;H 
(G. Hardy). EcJIH e p11p;e 

~an (x) bn (x) (2) 

iJ>YHKll,HH an (x) n bn (x), n= 1, 2, ... , orrpe,[leJICHHble Ha 

MHOIBBCTBB x' TaKOBbl, 'ITO IIOCJIB):IOBaTeJibHOCTb {an(x)} 

MOHOTOHHa rrpn Kamp;oM x EX n paBHOMepHo CTpeMnT

CH K HYJIIO Ha x' a IIOCJIB,[IOBaTeJibHOCTb 'laCTH'IHhlX cyMM 

{B n(x)} p1111.a ~ bn(x) paeHoMepHo orpaHn'leHa Ha MHome

CTBB x' TO PHA (2) paBHOMepHo CXO,[IHTCH Ha ::ITOM MHome
CTBB. 

EcnH rrocJiep;oaaTBJihHOCTh {an(x)} paaHoMepHo orpaHn

'IBHa Ha MHOIBBCTBB x H MOHOTOHHa rrpn KalK,[IOM .il>HKCHpo-

BaHHOM x EX, a PHA ~ bn (x) paBHDMepHo CXOIJ.HTCH 
Ha MHOil\BCTBB x' TO pHp; (2) TaKme paBHOMBpHo CXO,[IHTCH 

Ha X. 
c B 0 ii: c T B a p a B H 0 M e p H 0 c x 0 p; H rn; H X-

e H pH Ao B. EcJin pH,[lbI ~an (x) n ~ bn (x) paBHOMepHO 

CXDAHTCH Ha MBomecTee X, A E IC n µ EiC, To PHA 

~ /..,an (x) + µbn (x) 

TaKil\B paBHOMBpHo CXO,[IHTCH Ha MHomeCTBB x. 
ECJIH pHp; ~ an (x) paBHOMBpHO CXO,[IHTCH Ha MHOil\BCTBB 

x' a b (& - orpaHH'IBHHaH Ha ::ITOM MHOlKBCTBB .il>YHKll,HH, 

TO pHp; i; b (x) an (x) TaKil\B paBHOMepHo CXO):\HTCH Ha x. 
H e rr p e p bl B H o c T h c y M M bl p H p; a. .D:nH 

nay'leHHH caoii:CTB cyMMbl .il>YHKIJ,HOHaJihHoro PHAa HBJIH

BTCH IIOJIB3Hb1M IIOHHTHB «TO'IKH paBHOMBpHOH CXO,[IHMOCTH 

PHAa». IIycTb X - TorroJiorH'l. rrpocTpaHCTBO n PHA (1) 
CXO,[IIITCH Ha x. To'IKa xoEX Ha3. T 0 q K 0 :il: pa B HO

M e pH 0 ii: c x 0 AH M 0 c TH PH/J;a (1), BCJIH AJIH nro6oro 

E >O CYIIl,BCTBYBT TaKaH oKpeCTHOCTb u = u (xo) TO'IKR 

Xo H TaKOH HOMep Xne• 'ITO ,[IJIH BCBX xE u H BCBX n>ne 
BblIIOJIHHBTCH HepaaeHCTBO lrn(x)I <e. 

Ecnn MHOil\BCTBO x - KOMIJaKT, TO, ,[IJIH TOTO 'IT06bl 

PHA (1) paBHOMBpHo CXO,[IHJICH Ha x' Heo6xo,[IHMO H ,[IOCTa

TO'IHO, 'ITo6bl Kam;a;a11 TD'lKa x EX HBJIHJiach TD'IKo:il: ero 
paBHOMepHOH CXO,[IHMOCTH. 

Ecnn X - Torronorn'l. rrpocTpaHCTBD, p11g (1) CXDAHT

CH Ha x' Xo - TO'IKa paBHOMepHoii: CXO,[IHMOCTII pHp;a (1) 
II cyrn;eCTBYIDT KDHB'IHbIB rrpe,[IBJibl 

lim an (x) =Cm n=1, 2, ... , 
X--+ Xo 

TO qncnoaoff PHA~Cn CXDAHTCH, cyMMa s(x) pHga (1) 
UMBBT rrpBABJI npn x - Xo, rrpH'IBM 

lim s (:r) = lim ~an (x) = ~ lim an (x) =~en, (3) 
X~ Xo X--+ Xo X--+ Xo 

T. e. rrpn C,[leJiaHHblX rrpegrroJioIBeHHHX B PHAB ( 1) B03Mo

meH IIO'IJieHHblH rrepeX0,[1 K npe,[leJiy B CMblCJie iJ>opMyJibl 

(3). 0TCIO,[la cne,(lyeT, 'ITO ecnH pHA (1) CXO,[IHTCH Ha X, era 

'IJieHbI HerrpepblBHbl B TO'IKe paBHOMepHoii: CXO,[IHMOCTH 
x 0 EX, TO era cyMMa TaKme HerrpepblBHa B 3Toii TO'IKe: 

lim s (x) = ~ lim an (x) =~an (x0 ) = s (x0). 
X--+Xo X--+ Xo 

IloaToMy eCJIH pHp; HenpepblBHbIX .il>YHKIJ,HH CXO,[IHTCH 
paBHOMepHo Ha TOIIOJIOTH'l. rrpocTpaHCTBe, TO era CYMMa 

HerrpepblBHa Ha 3TOM rrpocTpaHCTBe. B cJiyqae, KDr,[la rrpo

CTpaHCTBO x HBJIHeTCH KOMIIaKTOM H 'IJieHbl PHAa (1) He-
0Tpn11,areJibHbl Ha X, To paBHOMepHaH CXO,[IHMOCTh PHAa 

(1) HBJIHeTCH H Heo6xo,[IHMbIM yCJIOBHeM ;D;JIH HenpephlB
HOCTli Ha X cyMMhl p11,[1a (1) (cM. /(unu meope:Ma). 

B o6rn;eM cJiy'lae Heo6xo,(IHMblM H ADCTaTO'IHblM ycJioaH

eM ,[lJIH HerrpepblBHOCTH CYMMbl CXO,[IHIII;erocH Ha TOIIOJIO

TH'l. rrpocTpaHCTBe X PHAa (1), 'IJieHbl K-poro HerrpepblBHbl 

Ha x' HBJIHeTCH 1>1Jaaupa61tOMepnaa cxo8UMOCmb IIOCJle,!lO
BaTeJibHOCTH era 'laCTH'IHblX CYMM Sn (x) K era CYMMe s (x) 
(Teo p e Ma A p 11, e JI a - A JI e Kc a HA p o B a). 

OTBeT Ha BOIIpoc 0 cyrn;ecTBOBaHHH TO'leK paBHOMepHoii: 

CXO,[IHMOCTH y CXO,[IHIIJ;HXCH PHAOB, HenpepblBHblX Ha 0Tpe3-
Ke iJ>YHK11,nii:, gaeT Teo p e Ma 0 c r y A a - r o 6 co

H a: 0CJIH PHI.\ (1) CXO/J,HTCH B Kam11,oii TO'lKB 0Tp03Ka [a, b] 
M 'lJieHbI an(x) aToro PHAa HenpepblBHbl Ha [a, b], TO 

Ha 0Tp03Ke [a, b] cyIIJ,eCTByeT BCIDAY IIJIOTH00 MHOiKeCTBO 
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ToqeK paBHOMepHoii: cxop;nMoCTH p.11,a;a (1). 0Tcro,a;a cJrn,a;y- BaTh n ,a;mp<J>epemi;npoBaTh p.11,a;hl (cM. tJ>opMyJihI (3) -
eT, qTQ cyMMa BCHKOro p.11,a;a HerrpephIBHhIX <f>yHKu;nii, (6)), a a6coJIIOTHaH CXO,!l;HMOCTb - B03MOmHOCTb rrepe-
cxo,a;flrn;eroCH Ha HeK-pOM 0Tpe3Ke, HerrpepbIBHa Ha BCIOAY CTaBJIHTb qJieHbl p.11,a;a B JII06oM rrop.1111Ke 6e3 H3MeHeRHH ero 
IIJIOTHOM 11U1omeCTBe noro oTpe3Ka. B111ecTe c TeM cyrn;ecT- cyMMhl n rrepeMHomaTh pHAbI rroqJieHHo. 
ByeT H cxop;Hrn;nii:cH BO BCex TOqKax 0Tpe3Ka p.11,a; Herrpe- CBOHCTBa a6COJIIOTHOH H paBHOMepHoii: CXO)l;HMOCTH 
pbIBHblX <f>YHKu;nii: TaKOM, qTo TQqKn, B K-pbIX OH CXO):\HTCH <l>YHK!l;HOHaJihHblX pHp;OB He3aBHCHMbl p;pyr OT ,a;pyra. 
He paBHOMepHo, o6pa3yIOT BCrop;y IIJIOTHOe MHomeCTBO TaK, pHp; 
paccMaTpnBaeMoro oTpe3Ka. 

n 0 q JI e H H 0 e H H T e r p H p 0 B a H H e p a B-
R 0 M e p H O C X 0 A H ID; H X C H p H p; 0 B. Il yCTL 
X =[a, b]. EcJin qJieHhl p.11p;a 

~an (x), x E [a, b], (4) 

IIHTerpnpyeMhl rro PnMaHy (rro Jle6ery) Ha oTpe3Ke [a, b], 
a pHp; (4) paBHOMepHo CXOAHTCH Ha ::JTOM 0Tpe3Ke, TO 
ero cyMMa s (x) TaKme HHTerpnpyeMa rro PnMaHy (rro Jle-
6ery) Ha [a, b] n ):IJIH Jiro6oro xE[a, b] HMeeT MeCTO 
paBeHCTBO 

~ > (t) dt= ~:[~an (t)] dt= ~~:Un (t) dt, (5) 

rrp11qeM PHJ:I, CTOHIIJ;HH B rrpaBOH qacTll paBeHCTBa, cxo
J:IHTCH paBHOMepHo Ha 0Tpe3Ke [a, b]. 

B noii TeopeMe HeJih3H 3aMeHHTh ycJioBne paBHoMepHoft 
cxop;HMOCTH p.11,a;a (4) rrpoCTO ycJIOBlleM ero CXOAHMOCTH Ha 
oTpe3Ke [a, b], TaK KaK cyrn;ecTByIDT cxo,a;.11rn;nec.11 Ha oT
pe3Ke pHp;bl p;ame HerrpephIBHhIX cpyHKIJ;HH c HerrpepbIB
HOH cyMMoft, AJIH K-pblx HeBepHa <J>opMyJia (5). BMecTe 
c TeM cyrn;ecTByIOT pa3JIH11Hble ee o6o6rn;eHnH. Hnme rrpn
eep;eH pe3yJihTaT AJIH HHTerpaJia CTHJl'>'beca. 

EcJIH g (x) - B03pacTarorn;a.11 Ha oTpe3Ke [a, b] cpyHKu;n.11, 
an (x) - HHTerpnpyeMhl !IO CTHJITbecy OTHOCllTeJibHO cpyHK
IJ;HH g (x), p.11p; (4) cxop;HTCH paeHoMepHo Ha oTpe3Ke [a, b), 
To cyMMa s (x) p.11i:1a ( 4) TaKme HHTerpnpyeMa rro CTHJITb0-
cy OTHOCHTeJihHO cpyHKu;HH g (x), 

~ > (t) dg (t)= ~~:Un (t) dg (t), 

n pHJ:I, CTOHIIJ;HH B rrpaBoH qacTH paBeHCTBa, cxop;HTCH paB
HoMepHo Ha oTpe3Ke [a, b]. 

06o6rn;aeTCH cpopMyJia (5) H Ha <f>yHKIJ;HH MHOrHX rrepe
MeHHblX. 

¥cJioBHH noqJieHHoro p;ncp<J>epe~ 
u; H p 0 B a H H H p H A 0 B B T e p M H H a x p a B
H 0 M e p H 0 ii c x 0 p; H M 0 c T H. EcJIH qJieHhl p.11,a;a 
(4) HerrpephIBHO p;ncp<J>epeHu;npyeMbl Ha oTpe3Ke [a, b], 
p.11i:1 (4) cxo,a;HTCH B HeK-poii ToqKe ::JToro oTpe3Ka, a p.11,a;, 
COCTaBJieHHbIH H3 rrpoH3BOAHh!X qJieHOB p.11,a;a ( 4)' paB
HOMepHO cxop;HTCH Ha [a, b), TO caM pHp; (4) TaKme paBHO
MepHo CXOAHTCH Ha 0Tpe3Ke [a, b], a ero cyMMa s (x) He
rrpepbIBHO i:i;n<J><J>epeHu;npyeMa Ha HeM n 

d d ~ ~ d 
dx s (x) = dx ~ an (x) = ~ dx an (x). (6) 

B aToii: TeopeMe ycJioB11e paBHoMepHoft cxo,a;nMoCTn p.11-
i:1a, rroJiyqarorn;eroc.11 H3 ,a;aHHoro IIff'IJieHHhIM ,a;n<J><J>epeHu;n
poBaHneM, HeJib3H 3aMeHHTh npocTo ycJioBHeM ero cxo,a;n
MOCTH Ha 0Tpe3Ke [a, b], TaK KaK cyrn;eCTBYIOT paBHOMepHO 
CXOJ:IHIIJ;HeCH Ha 0Tpe3Ke pHp;bl HerrpepbIBHO ,a;n<J><J>epeHu;n
pyeMblX <J>yHKu;nii:, p;JIH K-phlx pHJ:lhl, noJiyqarorn;nec.11 H3 
HHX rroqJieHHhIM ,a;n<J><J>epeHu;npoBaHlrnM, cxop;HTCH Ha OT
pe3Ke, op;HaKo cyMMa 11cxop;Horo p.11p;a m160 Hep;n<f><J>epeH
u;npyeMa Ha BCeM paccMaTpnBaeMoM oTpe3Ke, Jin6o p;ncp
cfiepeHu;npyeMa, Ho ee rrpoH3BOp;HaH He paBHa cyMMe pHp;a 
H3 rrpoH3BO/];HblX. 

TaKHM o6pa3oM, HaJIH'lne CBOHCTBa paBHOMepHoii cxo,a;n
MOCTH y pHp;OB, TaK me KaK H CBOHCTBa a6COJIIOTHOH cxop;n
MOCTH (CM. A 6co.1t10m1w CXOOS/,UfUUCJ!, pHo)' II03BOJIHeT rrepe
HeCTH Ha ::JTH PHP,hl HeK-pble npaBHJia i:1ell:CTBIIH c KOHe'l
HhIMH CYMMaMn: paBHOMepHaH CXOJ:IHMOCTb - B03MOlKHOCTb 
uoqJieHHo rrepexoAHTh K npep;eJiy, rroqJieHHo HHTerpnpo-

IIOCKOJlbKY ace ero qJieHhl He OTpnu;aTeJibHhl, a6coJIIOTHO 
CXOAHTCH Ha BCeM qncJIOBOH OCH, HO 3aaep;oMo TOqKa x= 0 
He HBJIHeTCH ero ToqKoii paBHOMepHoii cxop;HMOCTH, T. K. 
ero cyMMa 

{ 1+x2, ecJIH x # 0, 
s (x)= 

0, ecJin x =0 

pa3pbIBHa B ::JTOH TOqKe. 
PH):I 

~"' (-I)n +1 
~n=I x•+n 

paBHOMepHo CXOAHTCH Ha BCeH p;eHCTBMTeJihHOCTH OCH, HO 
He cxop;HTCH a6coJIIOTHO HM B KaKOH ee TOqKe. 

Jlum cM. npu CT. PRa. JI. /J.. HyapRB1Je6. 
PABHOMEPHOE IIPHBJIIUKEHHE - TO me, qTO 

11e6biu.teec1we npu6.1tu:m:enue. 
PABHOMEPHOE IIPOCTPAHCTBO - MHOlKeCTBo c 

onpe,a;eJieHHoii: Ha HeM paBHOMepHoii: CTPYKTypoii:. P a B
R 0 M e p H a H c T p y K T y p a (p a B H 0 M e p
H 0 c T b) Ha MHOlKeCTBe x onpe/:{eJIHeTCH aap;aHneM 
HeK-poii: CMCTeMhl ~ IlOAMHomecTB npOH3Be/WHHH x x x. 
Ilpn 3TOM CMCTeMa sir ,a;oJimHa 6b1Tb <f>HJibTpOM (T. e. /:{JIH 
JII06blx V1, v 2 E ~ nepeceqeHne V1 n v 2 TaKme co,a;epmHTCH 
B ~. necJin W::>V, VE~, To WE~) n p;oJIJKHa YAOBJieTBO
pHTh CJie/:{yrorri;HM aKCHOMaM. 

U1) Bc.11Koe MHomeCTBO VE~ cop;epmnT i:1naroHaJih 11= 
={(x, x): xEX}. 

U2) EcJIH VE~. TO v-1= {(y, x): (x, y)E V}E~· 
U3) .I(JIH Jiro6oro VE~ cymecTByeT WE~ TaKoe, qTO 

W o We V, r,a;e W o W= {(x, y): cyrn;ecTByeT TaKoe z EX, 
qTO (x, z) E W n (z, y) E W}. 8JieMeHThl ~ Ha3. o K p ym e
H H H M M paBHOMepHOCTH, orrpep;eJIHeMoii: CMCTeMoii: w. 

PaBHOMepHOCTb Ha MHOlKeCTBe x MomeT 6h!Tb orrpep;eJie
Ha TaKme nyTeM 3ap;aHHH Ha x CHCTeMbl rroKpbITl!!H ~. 
yp;oBJieTBop.11rorn;eii cJiep;yrorn;nM aKcnoMaM. 

C1) EcJin aE~ n a am1caao e rroKphITHe ~. TO ~E~
C2) .I(JIH JII06blx a 1, a 2 E ~ cyrn;ecTByeT rroKphITHe ~ E ~, 

K-poe 3Be3):\HO BllHCaHo Bi'X1HBl'X2(T.e./:{JIHJII0-
6oii ToqKn x EX ace aJieMeHThl ~. co11epmarn;ne x, JiemaT 
B HeK-pbIX ::JJieMeHTaX l'X1 H t'X2). IloKphlTMH, rrpMHap;Jiema
rn;ne ~. Ha3. p a B H 0 M e p H bl M H Il 0 K p bl T H H
M H x (oTHOCHTeJibHO paBHOMepHOCTH, orrpep;eJIHeMoii: CMC
TeMoii ~). 

¥Ka3aHHhle p;aa crroco6a 3ap;aHMH paaHoMepaoil: CTpyK
TYPhl aKBHBaJieHTHhl. Harrp., ecJin paBHoMepHaH CTPYKTypa 
Ha x 3ap;aHa CHCTeMoii: OKpymeHnil: ~. TO CHCTeMa ~ 
paBHOMepHhlX IIOKpbITHM x MomeT 6b1Tb IIOCTpoeHa TaK. 
.I(JIH BCHKOro VE~ ceMeii:cTBo a ( V)= {Y (x) : x EX} (r,a;e 
V (x)= {y: (x, y) EV}) HBJIHeTCH noKphlTHeM X. IloKphITHe 
a rrpnHap;JielKMT ~ Torp;a n TOJibKo Tor,a;a, Korp;a cyrn;e.cTBy
eT arrncaHHoe B a rroKphITMe Bnp;a a (V), VE~- 06paTHo, 
eCJIM ~ - CHCTeMa paBHOMepHblX IlOKphlTHH p. II., CHC
TeMy OKpymeHHtI o6pa3yIOT MHomeCTBa BHp;a u {HX H : 
:HEa},aE~. H BCeB03MOmHhle MHOlKeCTBa, HX cop;epma
rn;ne. 

PaBHoMepHaH CTPYKTypa aa X MomeT 6b1Th 3ap;aHa TaK
me c IIOMOIIJ;bIO CHCTeMhl nceeoo.Mempur;. BCHKaH paBHOMep
HOCTb Ha MHomeCTBe x rropomp;aeT TOIIOJIOrnro: T= {GcX: 
p;JIH Jiro6oil: TO'IKH x E G cyrn;ecTayeT TaKoe VE sir, qTO 
V(x)EG}. 

CBoii:cTBa P. n. HBJIHIOTCH o6o6rn;eaneM paBHOMepHhIX 
CBOHCTB .Mempu11ecr;ux npocmpancme. ECJIM (X, p) - Me-
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Tpuq. IIpOCTpaHCTBO, Ha x B03HHKaeT paBHOMepHOCTb, 
rropomp;eHHaH MeTp1rnoii p. CucTeMy 0KpymeH11ii noii 
paBHOMepHOCTll o6pa3yIOT BCeB03MOJRHble ~IHO/KeCTBa, co
p;epmam;He MIIO/KeCTBa BHp;a {(x, y): p(x, y)<e}, e>O. 
II pH aTOM TOIIOJIOfHH Ha x, HHllYll.HpoBaHHbie MeTpHKOH H 

paBHOMepHOCTbIO, COBrrap;aIOT. PaBHOMepHbie CTpyK'rypbI, 
rropomp;eHHbie MeTp11KaMH, Ha3. Me T pH 3 ye M bl M H. 

P. rr. 6hlJIH BBep;eHhl B 1937 A. BeiiJieM [ 1] (rrocpep;CTBOM 
oKpymeHnii; orrpep;eJieHue P. rr. rrocpep;cTBOM paBHoMep
HhlX IIOKpbITHii 6bIJIO l{aHo B 1940, CM. [ 4]). Op;HaKO Hl{BH 
llCIIOJib30BaHHH MHOfOKpaTHOii aBB3l\HOI1 BIIHC3HHOCTH )l;JIH 
IIOCTpoeHHH cpyHKIIHll IIOHBHJiaCb paHee y JI. c. IloHTpH
rHHa (CM. [5]) (BIIOCJiep;CTBllH na ll)l;eH 6bIJia HCIIOJib30Ba
Ha rrpn p;oKa3aTeJibCTBe IIOJIHoii peryJIHpHOCTH TOIIOJIOrHH 
OT)l;eJIHMOro p. II.). IIepBoHa'IaJibHO paBHOMepHbie CTpyK
'l'YPhl HCIIOJib30BaJIHCb KaK HHCTpyMeHT )l;JIH n3yqeHHH (IIO
pomp;eHHbIX l!Mll} TOIIOJiornil: (rrop;oOHO TOMy, KaK MeTpHKa 
Ha ~reTpHayeMOM IIpOCTpaHCTBe qacTo HCIIOJih3yeTCH )l;JIH 
miyqeHHH TOIIOJioruq. CBOHCTB :3TOro IIpOCTpaHCTRa). 01{
Hal\O TeopHH p. II. HMeeT H CaMOCTOHT0JibHOe 3HaqeHJie, 
XOTH H TeCHO CBH3aHa c Teopneii TOIIOJiornq. rrpoCTpaHCTB. 

0T06pameHue f : X -+- Y P. rr. X B P. rr. Y Haa. p a B
H 0 M e p H 0 He II p e p bl B H hi M, 0CJIH )l;JIH JII06oro 
paBHOMepHoro IIOKpbITHH a IIpOCTpaHCTBa y CHCTeMa/- 1a= 
={ 1-1 U : U Ea} HBJIHeTCH paBHoMepHbIM rroKpbrTneM X. 
BcHKoe pa.aHoMepHo HeIIpepbIBHoe oToopameHne HBJIHeTCH 
HerrpepbfBHbIM OTHOCHTeJibHO TOIIOJIOI'Hll, rropomp;eHHbIX 
paBHoMepHhlMH CTpyKTypaMn Ha X 11 Y. EcJrn paaHoMep

Hbre CTPYKTYPhl Ha X n Y nH11Yrr11poBaHbI MeTpHKaMH, TO 
paBHOMepHO HerrpephlBHOe OTo6pallieHHe f : x -+ y OKa-
3h!BaeTCH paBHOMepHO HeIIpepbIBHbIM B KJiacc11q. CMbICJie 
I\aK OT06pameHirn MeTpuq. rrpocTpaHCTB. 

BoJiee cop;epmaTeJibHOii HBJIHeTCH Teop11H P. rr., K-paH 
Yl{OBJieTaopHeT p;oIIOJIHHTeJihHoii aKc110Me oTp;eJIHMOCTH: 

U4) n v E \>tv=t. 

(B TepMnHax OKpymem1ii) HJIH (B TepMHHax paBHOMepHbIX 
llOKpbITHii): 

C3) )l;JIH moohlx ABYX TOqeK x, yEX, x=l=y, cyIIIeCTByeT 
TaKoe a E ~. qTo H:r.IKaKoii o.JieMeHT a He cop;epmHT ToqKI1 x 
H !J 0,lJ;HOBpeMeHHO. 

)J;aJiee pe'lh oyp;eT H)J;Tll TOJibKO 0 p. II., Bap;eJieHHhlX 
OTJ.J,eJinMoii paBHoMepHoii CTpyKTypoii. TorroJionrn, nopo
lK,I\eHHaH Ha x OTp;eJIHMOH paBHOMepHOCTblO, HBJIHeTCH 
BIIOJIHe peryJl.IIpHOH H OOpaTHO, BCHKaH BIIOJIHe peryJIHp
HaH TOIIOJIOrHH Ha x IIOpomp;ae:rCH HeK-po:il: OTJ.J,eJIHMOH 
paBHOMepHo:il: CTpyKrypoii. KaK rrpalrnJio, cyIIIeCTByeT 
:i,,rnoro paaml°'IHbIX paBHOMepHOCTeii, rropOlK)J;aIOIIJ;HX OJ.J,H
HaKOBYIO TOIIOJIOrHIO Ha x. B qaCTHOCTll, MeTpnayeMaH 
TOIIOJIOrllH MOllieT IIOpomp;aTbCH HeMeTpll3yeMOH OTp;eJIHMOH 
pmrnoMepHOCTbIO. 

p. II. (X, m:) HBJIHeTCH MeTpH3yeM,b!M Tor11a ll TOJlbKO 
TOrp;a, Korp;a & HMeIOT c11eTHyro 6a3y. Ilpu noM 6 a 3 oil 
pa1lHOMepHOCTH Ha3. (B TepMHHax OKpymem1ii) BCHKaH 
IIOACHCTeMa lScm:, YAOBJleTBOpHIOIIIaH ycJIOBlIIO: llJlH mo-
6oro VE& cyrn;ecTByeT TaKoe WElS, 11To WcV, uJin 
(B TepMHHaX paBHOMepHbIX IIOKpbITllii) IIO)l;CllCTeMa &c~ 
Ta:&aH, qTO )J;JIH Jiro6oro a E ~ cyrn;ecTByeT ~ E &, K-poe 
BIIHCaBO B a. B e c 0 M p. II. (X, &) Ha3. HanMeHbIIIaH 
MOIIIHOCTb 6a3bl paBHOMepHOCTH m:. 

IIycTb M-IIop;MHollieCTBO P. rr. (X, &). CucTeMa oKpy
JKeHHH & M= { (M x M) n v : v Em:} orrpe11eJIHeT paBHOMep
HOC'fh Ha M. II ap a (M, WM) Ha3. rro11rrpocTpaHCT
BO M P. rr. (X, m:). 0T06pameHne f: X-+ Y P. rr. (X, m:) 
B p. II. (Y, &') Ha3. p a B H 0 Me p H bl M B JI 0 lK e
H ll e M, ecm1 f B3aHMHO O/IH03Ha1IHO, paBHOMepHo Herrpe-

pbIBHO H oT06pameHne 1- 1 : (IX, &{x)-+ (X, &) TaKllie 
paBHOMepHo HerrpepbIBHO. 

P. rr. X Ha3. rr o JI H bI M, ecm1 Bc.irnuii ifinJTuTP Kornn 
Il x (T. e. !J>nJIL.Tp, co11epmaIIIHii HeK-phlii :3JleMeHT BCHKOro 
paBHOMepliloro mmpbITI.rn) HMeeT TO'lKY rrplIKOCHOBeHirn 

(T. e. TO'lKy, Jiemam;yro B rrepeceqemm 38MhlKaHnii: aJie
MeHTOB 4JtIJihTpa). M eTp11aye~10P P. IL HBJIHeTCH noJIHbI~t 
TOrll,a n TOJILKO Torp;a, Korp;a rromia MeTp111rn, rropomp;a10-
III8H ero paBHOMepHOCTb. JI106oe p. II. (X, &) MOllieT 
6b1Tb paBHOMepHO BJiomeHo B Ka'leCTBe BCIOp;y IIJIOTHOro 
IIOflMHOlK0CTBa B ep;nHCTB0HHOe ( c TO'lROCTbIO Jl;O paBHOMep

HOI'O ll30Mop4JH3Ma) rroJI.noe P. rr. (X, ~f), K-poe Ha3. II O

rr 0 JI H e H H e M (X, &) • TorroJIOrllH IIOIIOJIR0Hl!H (X, 
sft) p. II. (X, &) 6nKOMrraKTHa TOrJ.J,a ll TOJibKO TOrp;a, 
I\OrJ.J,a m: HBJIHeTCH II p e K 0 M II a K 'f H 0 ii p a B H O
M e p H 0 c T b IO (T. e. TaKoii:, lJTO B JII06oe paBHOMepHoe 
noKpbITlle MOlliHO BIIHCaTb KOHe'lHoe paBHOMepHoe IIOKpbI-

ni.e). B aToM cJiy11ae rrpocTpaHCTBo X HBJIHeTCH 6nKoM
rraKTHblM paCIIIHpeHH0M x H Ha3. p a c m ll p e H ll e M 

c a M IO a JI H npoCTpaHCTBa x OTHOCHTeJibHO paBHOMep
HOCTH &. )J;JIH BCHKOI'O 6HKOMIIaKTHOI'O pacIImpeHHH bX 
rrpocTpaHCTBa X cyIIIeCTByeT ep;nHCTBeHHaH rrpeKoMrraKT
HaH paBHOMepHOCTb Ha x, pacrnnpeHne CaMIO:JJIH OTHOCH
TeJihHO K-poii COBIIaJ.J,aeT c bX. TaKHM o6pa30M, Ha H3hlKe 
rrpeKOMIIaKTHbIX paBHOMepHOCTeii OJIHCbIBaIOTCH BCe fo1-
KOMIIaKTHbie pacrnnpeHnH bX. Ha 6nKoMrraKTHOM rrpocT
paucTBe cym;ecTByeT ep;HHCTBeHHaH paBHOMepHOCTb (IIOJI
HaH H npeKOMIIaKTHaH). 

BCHKaH paBHOMepHOCTb & Ha MHOlli0CTBe x llHAYl~ll
pyeT 6JIH30CTb {5 ITO CJl011YIOIII0H 4JopMyJie: 

AoB~ (AXB)nv i= 0 

AJIH mo6oro VE & • II pn 3TOM TorroJiornH, rropomp;eHHhle Ha 
x paBHOMepHOCTblO & H 6JIH30CTbIO {5, COBIIaJ.J,aIOT. JI10-
6oe paBHOMepHO HerrpepbIBHOe OTo6pameHHe HBJIH0TCH 
6JIH30CTHO HenpephlBHbIM OTHOCHT0JibHO 6JIH30CT0H, rropo
iK)l;0HHbIX paBHoMepHoCTHMH. RaK rrpaBnJio, cyrn;ecTByeT 
MHoro pa3JIHqHbJX paBHOMepHoCTeil:, rropomp;a10m;nx Ha X 
op;Hy u TY me 6JIH30CTb. TeM caMhlM MHomeCTBO paBHoMep
HOCTeii: Ha x pacnap;aeTCH Ha KJiaCChI :JKBHBaJieHTHOCTH 
(p;Be paBHoMepHoCTH aKBuBaJieHTHhI, ecJin nep;yiwpoBaH
Hbie HMH 6JI11aocTn coBrraJ.J,aIOT). Kamp;wii KJiacc aHBHBa
JieHTHblX pasHoMepHoCTeii COJ.J,epmnT poBHO OAHY rrpeKoM
rraKTHYIO paBHOMepHOCTh, rrpnqeM pacrnnpeHHH CaMI03JIH 
OTHOCHTeJlbHO :JTOH paBHOMepHOCTH COBJia)l,aIOT c pacrniape
HHHMH CMHpHoBa (CM. B,;r,uaocmu npocmpancmeo) OTHOCH

TeJihHO OJill30CTn, HHAYI.\HpoBaHHoii paBHOMepHOCTHMn aTo
ro KJiacca. B MHomecTBe paBHOMepHoCTeii Ha X aap;aeTCH 
eCTeCTBeHHbIH 118CTH1JHblH rropHJlOK: &>m:', eCJIH m:::im:'. 
CpeJ.J,H Bcex paBHOMepHocTeil:, rropomJ.1,a10m;11:x Ha X !J>HJ(
cupoBaHHYIO TOIIOJIOrllIO, eCTb HallOOJlbIIIaH - 'f. H. y H 11-
B e p c a JI b H a H p a B H 0 M e p H 0 c T h, K-paH HH
!IYIIHPYeT Ha X 6mrnoCTh CTOyHa - qexa. BcHKaH rrpe
KOMIIaKTHaH paBHOMepHOCTb HBJIHeTCH HaHMeHbIIIllM aJie
MeHTOM B KJiacoe :JKBl!BaJieHTHblX eil: paBHOMepHOCTeii. 
EcJin ~ - cncTeMa paBHOMepHhlX rroKphlTHii HeK-poii: pas
HOMepHOCTH Ha x, TO CHCTeMa paBHOMepHbIX rroKpbl'flli°I 
:JKBl!BaJieHTHOH rrpeKoMrraKTHOii paBHOMepHOCTll COCTOHT 
113 TaKHX JIOKpb!THH x, B K-phle MOlliHO BJIHC8Tb KOHe'IHbH' 
IIOKpb!Tl!H 113 ~. 

II po 11 3 B e11eH11eM P. rr. (Xt, &t), tE T, Ha3. P. rr. 
(TIX t• II&t), r11e II&t - paBHOMepHOCTh Ha TIX f, 6a3y 
OKpymeHl!H K-poil o6pa3yIOT ~lHOJReCTBa BHp;a 

{({xt}, {Y1}):(x11 , YtJEV 11 , i=1, ... , n}, 

t;ET, V1 .Elll1 , n=i,2, ... . 
l l 

TorroJiornH, 11e11yiv1poBaHHaH ea TIX t paBHOMepHoCThIO 
IIWt, coBrraJ.J,aeT c TOJioJiorneii THXOHOBCKoro rrpo11aBep;e

HHH npocTpaHCTB X t· IIpoeKrr1rn rrponaBep;eHHH P. rr. 
Ha COMHOiKHTeJIH paBHOMepHO HeIIpephlBHbI. BcHKOe p. rr. 
Beca i: MOJReT 6b!Tb BJlOllieHo B nponaBep;eHHe i: <JK3eMIIJIH

poB MeTpH3yeMhIX P. n. 
CeMeil:CTBO F HerrpepbIBHbIX oT06pameHnil: TOIIOJIOruq. 

rrpocTpaHCTBa x B p. II. (Y, m:) Ha3. p a B H 0 c T e II e H-
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II 0 H e II p e p bl B H hi M (oTHOCHTeJ!hHO paBHOMepnoc
TM ~). ecJIM Jl.JIH mo6oii TO'IKM x EX n mo6oro VE~ cy
~ecTByeT OHpecTHOCTh Ox3x TaHaH, 'ITO (f(x), f(x'))E V 
rrpn x' E 0 x n f E F. MMeeT MecTo CJiep;y10m;ee ol5o6m;eHne 
1rnacCH'I. TeopeMb1 AcxoJin: rryCTh X eCTh k-rrpocTpaHCTBo, 
(Y, ~) - paBHOMepHoe rrpOCTpaHCTBO H yx - rrpoCT
paHCTBO Herrpeph!Bllh!X OT06pame11nii x B y c KOMrraKTHO 
OTRphITOii TOIIOJIOrMeii. ,Il,JIH Toro 'IT06h! aaMKHYT00 nop;
MHOJReCTBO FcYX 6bIJIO 6nROMilaRTHblM, Heo6Xo)l;HMO H 
p;ocTaTo'lHo, qro6b1 F 6h!Jio paeuocTerreHHO Herrpeph!BHO 
OTHOCHTeJibHO paBHOMepHOCTH ~ H BCe MHOll\tlCTBa {/ (x) : 
f E F }, x EX, nMeJin 6nRoMrraRTHhle aaMt.IRaHHH e Y 
(k-rrpoCTpaHCTBa - 3TO xaycp;op«l>oBhl rrpocTpaHCTBa, HB
JIHIOII.\HeCH «l>aRTOpHhIM o6pa30M JIORaJihHO ROMIIaRTHhIX 
rrpocTpaHCTB; RJiacc k-rrpocTpaHCTB cop;epmnT ace xayc
)l.opqioehl rrpOCTpaHCTBa c rrepBoii aRCHOMOH C'leTHOCTH H 
Bee xaycp;op«l>oBhl JIORaJibHO 6nROMIIaRTHhle rrpocTpaHCTBa). 

TorroJiorHH MeTpnayeMoro P. rr. rrapaRoMnaRTHa B CH
JIY TeopeMhl CTOyHa. 0)l;HaRo pernaeTCH OTpHI~aT0JihHO 
npo6JieMa Mc6eJIJia o paBHOMepHo:ii rrapaRoMrraRTHOCTH 
MeTpH3yeMhlx P. n. IlocTpoeH rrpnMep MeTp1rnyeMoro P. rr., 
HMeIOm;ero paBHOMepHoe IIORpbITHe. 

B TeopnH paaMepHoCTH P. rr. ocHOBHhIMH llBJIHIOTCH pae
HoMepHhle paaMepHOCTHhl0 HHBap1rnHThl lld H 8d, orrpep;e
JIHeMhl0 aHaJIOfH'lHO TOIIOJIOfH'l. paaMepHOCTH dim (lld -
rrpn IIOMOIIJ;H ROH0'lHhIX paBHOMepHb!X noRphITHII, a 8d -
rrpn IlOMOIIJ;H ecex paBHOMepHhlX IIORpbITH:ii), H paBHOMep· 
HaH HHAYRTHBHaH paaMepHoCTh lllnd. PaaMepHOCTh lllnd 
onpep;eJIHeTCH no aHaJiornn c 6oJihmoii HHAYRTHBHoii paa
MepHOCTbIO Ind HHAYR~neii no paaMepHOCTH 6Jin30CTHhIX 
neperopop;oR Memp;y p;aJieRHMH (e CMhICJie 6JIH30CTH, rropo
mp;eHHoii paBHOMepHOCTb!O) MHOJReCTBaMH. IlpH 3TOM 
MHOJReCTllO H Haa. 6 JI H 3 0 c TH 0 ii Il e p e r 0 p 0 A
K o ii Memp;y A H B (rp;e A ll B), eCJIH AJIH JI106oii ll-oRpecT
HOCTH u MHOll\0CTBa H TaROii, 'lTO un (A UB)=F0, HMeeT 
MeCTO X"'-.U=A'LJB', rp;e A'°6B', AcA', BcB' (U Haa. 
ll-oRpeCTHOCThIO H, ecJin H B(X"'-.U). TaRHM o6paaoM, 
paaMepHOCTb 6Ind (paBHO RaR H lld) HBJIHeTCH He TOJibRO 
paBHOMepHhlM, Ho H 6JIH30CTHhlM HHBapHaHTOM. Pa3Mep
HOCTh lld p. rr. (X' U) CoBrra.u;aeT c o6bl'lHOH paaMep
HOCTbIO dim pacrnHpeHHH CaMIOaJIH, IIOCTpoeHHOfO no aR
BHBaJieHTHOM sit: rrpeRoMnaRTHoii paeHoMepHoCTH. EcJin 
pa3MepHoCTb 8dX RoHe'lHa, TO 8dX=lldX. Op;HaRo 
MOJR0T 6b1Tb lldX=O, a 8dX=oo. ,Il,JIH MeTpHayeMoro 
P. rr. ecerp;a lldX ..;;:lllnd X=8dX (n eCJIH 8dX <oo, 
TO lldX=lllndX=8dX). PaeeHCTea lldX=O n lllndX=O 
aRBHBaJieHTHhl AJIH JI106oro P. rr. EcJIH P. rr. MeTpHayeMo, 
TO aRBHBaJieHTHbl TaRme paeeHCTBB lldX=O H 8dX=0. 
EcJIH P. rr. X' HBJIHeTCH BCIOAY IIJIOTHhIM nop;MHomecTBOM 
P. 11. X, TO lllnd X';;;,,llind X. Bcerp;a lllnd X..;;;;Ind X. 
,Il,JIH paaMepHOCTH lld HMeeT MeCTO aHaJior TeopeMhl 0 rre
peropop;Rax. 

PaaJIH'lHble o6o6m;eHHH P. rr. rroJiy'laIOTCH nyTeM ocJia6-
JieHHH aRcnoM paeHoMefHoCTH. TaR, e aRcnoMaTHRe RBa-
3npaeHoMepHoCTH (CM. 8]) HCRJIIO'leHa aRCHOMa CHMMeT
pHH. Ilpn onpep;eJieHHH o6o6m;eHHOH paBHOMepHOCTH (cM. 
[ 10]) (/-paBHOMepHOCTH) BMeCTO paBHOM0pHhIX IlORpb!THM 
paccMaTpHBaIOTCH paBHOMepHbJe ceMeiicTBa IIO)l;MHOIBeCTB 
x' R-pb!e, eoo6m;e roeopH, He HBJIHIOTCH IIORpbITHHMH 
(TeJia 3THX ceMeHCTB ORa3blBaIOTCH BCIOAY IIJIOTHhIMH B 
X B TorroJiornn, rropomp;eHHoii f-paeHoMepHoCTbIO). Op;Ho 
H3 o6o6m;eHHH paBHOMepHOCTH - TaR Ha3. 0-p a B HO
M e p H 0 c T b - CBH3aHo c HaJIH'lHeM TOIIOJIOfHH Ha 
P. rr. 0Ha orrpep;eJIHeTCH ceMeiicTeaMH 0-rroRphITHii: xayc
,IJ,op«l>oea rrpOCTpaHCTBa; 0-IIO!{pb!THHMH Ha3. CHCTeMa T] 
RaHOHH'leCRHX OTRph!ThIX MHOffieCTB x' YAOBJI0TBOpHIOIIJ;HX 
cJiep;y10m;eMy ycJioen10: AJIH JI106oii TO'lRH x EX cym;ecTByIOT 

V1, .•. , VnETJ TaRHe, 'lTO xE int U ~= 1 [V;]. 

JI um.: [1] W e I I A., Sur !es es paces a structure uniforme et 
sur le topologie generale, P., 1937; [2] By p 6 a K 11 H., 06111aa 
!rODoJiorua. OcHOBHhle cTPYKTYPbI, oep. c ll;lpae11., 2 11aµ;., M:,, 

1958; [3] er 0 >Re, 06111aa TOIIOJIOrHR. 11CIIOJlb30Bamrn Be111ecT
BeHHbIX q1rneJI B 06111eft TOIIOJ1orm1. cI>ymn~1rneaJibHhie rrpocTpaecT
Ba. CBOJ:u<a peayJihTaToB. CJioBaph, rrep. c cjlpaH11., M, 1975, [4] 
T u k e y J., Ann. of Math. Studies 2, Princeton, 1940; [5] II o H
T p R r H H JI. C., HerrpepbIBHble rpyIIIlbl, 3 H3A., M.j 1973; [6] 
Is be 11 J., Uniform spaces, Providence, 1964; (7 Samu
e l P. «Trans. Amer. Math. Soc.», 1948, v. 64, p. 100-32; [8] 
Csaszar A., Foundations of general topology, Oxford-(etc.l, 
1963; (9] cI> e µ;op q y K B. B., «,UOKJI. AH CCCP», 1970, T. 192, 
No 6 c. 1228-30.i....[10] Ku Ip a W., «Colloq. Math.», 1972, v. 25, 
p. 227-40; u 1] JJ.J, en H HE. B., «.UOKJI. AH CCCP», 1975, T. 222, 
.M 3, c. 541-43. A. B. 1f8anoB, H. C. Cmpeiw.;weciwR. 

PABHOMEPHOE PACIIPE,[J;EJIEHIIE - o6m;ee Ha-
aaaHne RJiacca pacrrpep;eJieHnii eepoHTHOCTeii, Bo3HHRaro
m;ero rrpn pacrrpocTpaH0HHH np;en «paBHOB03MOJRHOCTH 
HCXO)l;OB» Ha HerrpepbIBHhIM CJiyqaii. Ilop;o6Ho HOpMaJibHO
MY pacrrpep;eJieHHIO p. p. IIOHBJIH0TCH B Teop1m BepoHT
HOCTeii RaR TO'lROe pacrrpep;eJieHne B O)l;HHX aap;aqax H RaR 
rrpep;eJibHoe - B p;pyriax. 

P.p. Ha oTpeaRe qncJioeoii rrpHMoii. 
(rr pH Mo yr o JI h Hoe p a c rr p e A e JI e H Iii e). 
P. p. Ha RaROM-Jin6o OTpe3Re [a, b], a<b, - no pacrrpe
p;eJieHHii BepOHTIIOCTeii, llMeIOrn;ee IIJIOTHOCTb 

p (x)=J b~a' xE[a, h], 
l 0, x~[a, b]. 

IloHHTHe p. p. Ha [a, b] COOTBeTCTByeT rrpep;cTaBJieHHIO 0 
CJiyqaiiHOM Bh!6ope TOqRH Ha 3TOM 0Tpe3Re ((Hay.u;aqy». 
MareMaTHq, onmp;aHne H AHCIIepCHH p. p. paBHhl, COOT
BeTCTBeHHO, (b+a)/2 II (b-a)2/12. <l>yHR~HH pacrrpep;eJie
HHJI aai:i;aeTCH cfiopMyJioJ°.i 

x~a, 
[ 

0, 
x- a 

F(x)= b-a' a<x..;;;;b, 

l 1, x > b, 

a xapaRTepHCTH'l. «l>YHR~HH - «l>opMyJioii 

m (t) = __ 1_ (eitb_etfa). 
"' it (b-a) 

CJiyqaii:uyro eeJIH'IHHY c p. p. Ha (0, 1] MOJRHO IIOCTpo
HTb, HCXOAH H3 nocJiep;oBaTeJibHOCTII He3aBllCHMblX CJIY
'laMHbIX eeJIH'lHH X 1, X 2, ••• , rrpHHHMarom;nx aHa'leHHH 0 
Iii 1 c BepOHTHOCTHMH 1/2, IlOJiaraH 

X = ~00 X 2-n 
~n=l n 

(X n HBJIHIOTCH u;ia«l>paMH B )l;BOH'lHOM pa3JiomeHHH X). 
CJiyqaftnoe qncJIO X nMeeT P. p. Ha oTpeaRe [0,1]. 8ToT 
«l>aRT HMeeT Ball\Hbie CTaTHCTH'l. rrp1rnoJReHHH, CM., uarrp., 
C.1tyttaii1uu u nceeooc.ttyttaiinbie ttuc.tta. 

Ecnia HeaaancHMhle cJiyqai'rHhle eeJIH'lHHhl X 1 H X 2 HMe
IOT P. p. Ha [0,1], TO HX CYMMa X1+X2 HMeeT TaR Ha3. 
T p e yr o JI h n o e p a c rr p e A e JI e H n e H a [0,21 
c IIJIOTHOCThIO u 2(x)=1-l1-xlAJIH xE (0,2] n u2(x)=O AJIH 
xf/= (0,2]. CyMMa rpex HeaaBHCHMbIX cJiyqaii.HhIX eeJIH'lHH 
c P. p. Ha [O, 1) nMeeT pacrrpe.!!;eJieHHe Ha [0,3] c rrJioT
HOCThIO 

O,.;;;;;x < 1, 
1,.;;;;;x < 2, 
2,,;;;;x < 3, 
x ~ (0, 3). 

B o6rn;eM CJiy'l:ae cyMMa X 1 + X 2+. . + X n HeaaencnMh!XC 
B0Jlll'IHH c p. p. Ha [ 0, 1) pacrrpe)l,eJieHa c ITJIOTHOCTbIO 

1 ~n 1 k ck ( n-1 
Un (x) = (n-1)! -'.Jk= o (- ) n x-k)+ 

AJill 0-E;:x<e;;:n n unlx)=O p;JIH x$. (0, n]; ap;eCh 

{ z, z > 0, 
z+= O, z,.;;;;;O. 
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PacnpegeJieHne cyMMbl X 1+ .• . +Xn, aopMnpoaaaaoii: 
MaTe~rnTnq. omnp;aHHeM n/2 H cpep;He1rnap;paTnq. OTRJIOHe-

HHeM v n/12, c poCTOM n 6bICT.PO c6JinmaeTCH c HOpMaJib
HblM pacnpep;eJieHHeM c napaMeTpaMH 0 n 1 (yme npn n=3 
rrpn6mi:meHne yp;oaJieTBopnTeJihHO AJIH MHor11x npaRTHq. 
IIeJieii:). 

B CTaTHCTll:q. np1rnomeHHHX rrpoIIep;ypa IIOCTpoeHHH 
CJiyqaii:Hoii: aeJinqHHbl c 3ap;aHHoii: IJ;>YHI\IIHeii: pacnpep;eJie
Hlrn F (x) OCHOBaHa Ha CJiep;y10m;eM iflaRTe. IlyCTb CJiyqaii:
HaH aeJI11qnHa Y pacrrpef!;eJieHa paaHoMepHo Ha [0,1) n 
iflyHRIIHH pacrrpep;eJieHHH F (x) HenpepblBHa H CTporo B03-
pacTaeT. Torp;a cJiyqa:ii:HaH aeJI11qnHa X=F- 1(Y) nMeeT 
cl>YHRIIHIO pacnpep;eJieHHH F (x) (a o6m;eM cJiyqae Hap;o 3a
MeHHTh B orrpep;eJieHHH x cpyHRIIHIO F- 1(y) Ha HeR-pblii: ee 
aHaJior, a nMeHHo f (y)=inf {x: F (x).,,;;;;;.y.,,;;;;;.F (x+O)}). 

x 
P.p. Ha oTpe3Re RaR npep;eJihHOe 

p a c n p e A e JI e H 11 e. Hnme npnaop;HTCH Tnm1qHble 
rrpnMephl B03HHRHoBeHHH P. p. Ha [0,1) B RaqecTBe rrpe
p;eJihHOro. 

1) IlycTh X 1 , X 2 , ••• , X,,, ... - He3a1Jncn11ble cJiy
qaii:Hbre aemi:qHHbl, HMe10m;ne OAHY H TY me HerrpepblBHYJO 
cpymui;n10 pacrrpep;eJieHHH. Torp;a pacnpep;eJ;IeHne nx cyM
Mhl Sn, rrpnaep;eHHoil: no mod 1, T. e., HHblMH cJioaaMn, 
pacrrpep;eJieHe:e p;po6Hoii: qacTH {Sn} cyMMbl Sn> CXO):\HTCH 
R pa.BHOMepHOMY Ha [O, 1) pacrrpep;eJieHHIO. 

2) IlycTb napaMeTpbl a H ~ HMeIOT a6coJIIOTHO HenpepblB
Hoe coaMecTHoe pacrrpep;eJieHne; Torp;a rrpn t -oo pacnpe
p;eJieHne {at+~} CXO)l;HTCH R paBHOMepHOMY Ha [0,1). 

3) P. p. acTpeqaeTCH IrnR npep;eJibHoe pacrrpep;eJieHne 
p;po6HblX AOJieii: HeR-pbIX cpyHRIIHrI g (n) HaTypaJibHOro 
apryMeHTa n. Harrp., npn e:ppaIIlioHaJibHOM a AOJIH Tex 
m, 1 <.m<.n, H3 n AJIH R-pbIX 

O.,,;;;;;.a.,,;;;;;.{na}.,,;;;;;.b.,,;;;;;.1, 
e:MeeT npep;eJioM rrpn n -oo aeJinqnHy b-a. 

P. p. H a n o A M H o m e c T B a x IRk. II pnMep P. p. B 
npHMoyroJibHHRe BCTpeqaeTcH yme B E10(/irfiona aa&a<te (cM. 
TaRme I'eoMempu<teci>ue eepoamnocmu, Cmoxacmu<tecKaR 
zeoMempua). P. p. Ha HeR-poM orpaHnqeHHOM MHomecTBe 
D B eBRJIHAOBOM npocTpaHcTBe IR.k orrpep;eJIHeTcH RaR pac
rrpep;eJieHne, uMe10m;ee rrJioTHOCTh 

( ) f CtO, xED, 
p Xi. . • ., Xn = '\ 0, X ~ D, 

rp;e C o6paTHa k-MepHoMy 06'be11y (nmr Jie6eroao:ii Mepe) 
o6JiacTn D. 

PaccMaTpnaaIOT TaRme u P. p. Ha rroaepxHoCTHX. TaR, 
«cJiyqall:Hoe HarrpaaJieHne» (Harrp., B IR.3 ) orrpep;eJIHIOT aeR
TopoM, HAYIIJ;HM H3 HaqaJia ROOpJ:iHHaT B CJiyqaii:HyIO ToqRy 
IIOBepXROCTli ep;liHliqHOH ciflepbl, paBHOMepHo pacnpep;e
JieHHyIO B TOM CMblCJie, qTo BepoHTHOCTb ee nonap;aHHH B 
RaRy10-Jin60 qacTb noaepxHOCTli nponopIIliOHaJibHa rrJio
m;ap;e: no:ii qacTH. 

PoJib P. p. na ame6panq. rpynnax e:rpaeT HopMnpo
aaHHaH X aapa Mepa. 

Jlum.: [1] <I> e JI JI e p B., Bne11emrn s Teopmo sepOf!THOCTell 11 
ee np11J10>fteHllfl, nep. c attrJI., :! H3/I., T. 2, M., 1967. 

A. B. IIpoxopoB. 
PABHOMEPHOA: CXOAIIMOCTII TOIIOJIOflIH -

TOIIOJIOril:H npocTpaHCTBa tF (X, Y) OTo6pameHnii: MHomecT
Ba X B pae1wMepnoe npocmpancmeo Y, nopomp;eHHaH 
paaHoMepHoii cTpyRTypoii MHomecTBa tF (X, Y), 6a3o:ii 
ORpymeHe:ii R-po:ii HBJIHIOTCH COBORYIIHOCTH acex nap 
(/, g)Etf' (X, Y)XtF(X, Y) TaRnx, qTo (/(x), g(x))Ev 
AJIH mo6oro x EX II v rrpo6eraeT 6a3y oRpymeHnii: npocT
paHcTBa Y. Cxop;HMOCTh HanpaaJieHHH {/a }a E 'ilctf' ( X, Y) 
R f 0 E tF ( X, Y) B TaRoll: TonoJiorIIII Ha3. cxop;HMOCThJO fa 
R fo· paBHOMepHOH Ha MHomeCTBe x. EcJIH y IIOJIHO, TO 
tF (X, Y) - IIOJIHOe rrpocTpaHCTBO B TOIIOJIOrllll paBHO
MepHOH CXOAHMOCTH. EcJIH x - TOIIOJiornq. rrpocTpaHCT
BO H ~ (X' Y) - MHomecTBO acex HerrpepbIBHbIX B TOIIO
Jiornn rrpocTpaHcTBa X oT06pameH11f1 X BY, TO 'ft (X, Y) 

3aMRHYTO B tf'(X, Y) BP. c. T.; B qacTHOCTH, rrpeAeJI / 0 (x) 
paBHOMepHo CXOAHIIIeIICH IIOCJie)l;OBaTeJibHOCTH fn(x) He
rrpepblBHbIX Ha X OTo6pameHHr1: ecTh oT06pamerrne, TaR
me HerrpefhlBHoe Ha X. 

Jlum.: 1] By p 6 a K 11 H., 061I(afl TorroJ1orHfl. HcnoJ1baosa
H11e BelI(eCTBeHHblX 'lliCeJI B 0 61I(eH TOIIOJIOrllll. <I> YHR~llOHaJlbHble 
rrpocTpaHCTBa. Csop;Ra peayJlbTaToB. CJ1osapb, nep. c cjJpam-1., M., 
1975; [2] Ke JI JI" ,[I; m., 061I(aH TorroJ1orHfl, nep. c aHrJI., 2 
11a11., M., 1981. B. H. Co6o.n,eB. 

PABHOCIIJibHOCTh, HJIH a RB 11: B a JI e HT Hoc Th, 
yTBepmAeHim (cpopMyJI) A n B - rroHHTlle, 03Haqa10m;ee, 
qTQ rrpn Ramp;oM AOIIYCTHMOM Ha6ope 3HaqeHHii: rrapaMeT
poB yTBepmAeHHH A H B o6a HCTHHHbl HJIH o6a JiomHhl. 
Harrp., P. ypaaHeHnii., HepaaeHCTB 11 11x cncTeM 03HaqaeT 
COB!IaAeHHe MHomeCTB HX pemeHHii.. p. cpopMyJI 6blCKa
Jb!8llllUU UC'IUC.ltellUR eCTb CoBrra):\eHHe 3a,llaBaeMblX HMll 
6y.1teBblX rfjyllK1fUU. 

Jlum.: HJ Ho B" Ro B II. C., 8J1eMeHTbl MaTeMan1qecRolt JIO-
rHRH, 2 H311., M., 1973. C. H. ApmeMoB. 

PABHOCIIJibHhlE METOAhl CYMMIIPOBAHIIH -
MeTO)l;bI, CYMMHpy10m;ne O):\HH H Te me IIOCJieAOBaTeJibHO
CTH (6b1Tb MomeT, R pa3HblM rrpeAeJiaM); HHaqe, P. M. c.
MeTOAbI CYMMHpoaaHHH, HMe10m;ne O)l;HO H TO me cyMMU
pye.Mocmu no.lie. IIHOrAa P. M. c. Ha3. MeTOAbl, R-pbre HMe
IOT OAHHaROBble IIOJIH cyMMHpyeMOCTll H HBJIHIOTCH COB
MeCTHblMll MeTop;aMH cyMMHpoaaHHH. IlpuMepaMn paBHO
CllJihHbIX ll COBMeCTHblX MeTO)l;OB cyMMHpoaaHHH HBJIHIOTCH 
1/eaapo Memo& cyMMupoeanua (C, k) u Pucca Memo& 
cyMMupoeanua (R, n, k) (rrpu OAHOM u TOM me ~O), qe-
3apo MeTOA cyMMupoaaHHH (C, k) u I'iJ.1tb&epa Memo& 
cy.MMUpoeanua (H, k) (rrpu OAHOM H TOM me IIeJIOM 
k>O). CyIIIeCTBYIOT P. M. c., He HBJIHIOIIIHecH coaMecT
HhlMH. 

IIHorAa paccMaTpirnaIOT He IIOJIHble IIOJIH cyMMHpyeMoC
TH, a HX IIOAMHomecTBa, rrpuHaAJiemam;ue HeR-poMy MHO
mecTBy U. EcJin AJIH AByx MeTOAOB cyMMHpoaaHllH aTll 
IIOAMHomeCTBa COBIIa):\aIOT, TO roBOpHT, qTo MeTOAhl cyM
MlipoaaHHH paaHocHJihHbl Ha MHomecTae U. MeTOAbl cyM
MupoaaHHH p;e:ii:CTBHTeJibHblX IIOCJie)l;oBaTeJibHOCTeii: Ha3. 
B II 0 JI H e p a B H 0 c ll JI b H bl M 11, ecJIH paaeHCTBO 
llX IIOJieii. cyMMupyeMOCTli OCTaeTCH crrpaBeAJIHBblM rrpll 
BKJIIOqeHHH B HUX IIOCJiep;oBaTeJibHOCTeII, cyMMHpyeMblX 
R + oo n - oo . AHaJiore:qao orrpep;eJIHeTcH paaHocHJibHOCTh 
MeTOAOB cyMMHpoBaHHH AJIH CIIeIIHaJibHb!X Bli}"\OB cyMMll
pyeMOCTH (a6coJIIOTHoii:, CllJihHoii: 11 AP·). 

M ampu<tnble Memo&bi cyMMupoeanua, orrpeAeJieHHble rrpe
o6pa3oBaHHHM11 IIOCJieAOBaTeJibHOCTH B IlOCJie.o.oaaTeJib
HOCTb rrocpeACTBOM MaTPHII llankll H llbnkll, Ha3. a 6 co
JI IO THO paBHOC.HJibHblMll (a6coJIIOTHO 
3 R B li B a JI e H T H bl M n) Ha MHomecTBe u rrocJieAO
BaTeJibHOCTeii. {sk }, ecJIH ThA) - Tw) - 0, n -00, jVIH JII0-
6oi! {sk }c U, rµ;e 

(A) X°1 00 (B) ,~ oo 
'tn = ..:..k = 1 anksk> Tn = ..:..k= I bnksk, 

a PHAbI a BbipameHnHx AJIH •hA! n ,W> cxo).(HTCH AJIH acex n. 
Jlum.: [1] Ky K P., BecRoHe'IHbie MaTpH~hI 11 npocTpaHCTBa 

nocJ1e11osaTeJ1hHOCTell, nep. c aHrJI., M., 1960; [2] X a pp;" r., 
PacXO)lfllI(HeCf! PH/lbl, rrep. c aHrJI., M., 1951; [3] K a H r p 0 r. Cl>., 
B c6.: HTor11 HayRH 11 TeXHHKH. MaTeMaTH'leCR11lt aHaJ111a, T. 12, 
M., 1974, c. 5-70. H. H. Bo.n,noe. 

P ABHOCTEIIEHHAH HEIIPEPhlBHOCTb M H o-
m e c T B a cp y H R II H H - IIOHHTHe, TeCHO CBH3aHHOe 
c IIOHHTHeM ROMIIaRTHOCTH MHomecTBa HerrpepblBHblX cpyHR
IIIlll. IlycTb x' y - ROMIIaRTHble MeTpnq. rrpocTpaHCTB8 11 
c ( x, Y) - MHomeCTBO HerrpepbIBHblX OTo6pameHHH x B 
Y. MHomecTao DcC(X, Y) Ha3. pa B Hoc Terre H Ho 
H e II p e p bl B H bl M, eCJIH AJIH JII06oro e >O cym;ecTByeT 
TaRoe 6 >O, qTo H3 Px(x1' x 2) <.6 BbITeRaeT py(f (x1), f (x2))< 
.,,;;;;;.e AJIH acex x1, x 2 EX, f ED. P.H. D 3KBHBaJieHTHa or
HocnTeJibHOii. ROMIIaRTHOCTII D B C (X, Y), Ha.o.eJieHHOM 
MeTpIIROM 

p (/, g)=maxpy (f (x), g (x)), 
xeX 
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qTo COCTaBJIHeT CO/~epmamrn T e 0 p e M bl A p I~ e .JI a -
A c K 0 Jl 11. IfoHH'l'lle p. H. rrepeHOClt'fCH Ha TOHOJlOBl'I. 
rrpocTpancTBa. 

JI.um.: (1] Ro JIM or op o BA. H., <I> o M II'. u C. B., 8.1reMe11-
TbI TeopHH cjJy111u.1Hll II'. cjJyHRJ1HOHaJihHoro a11aJIH3a, 5 ll'.311;., M., 
1981; (2] 8 II; Ba p II; c P., <l>YHRl111'.0HaJihHbIH aHaJill'.3, nep. c a11rJI., 
M., 1969. E. M. CeMe>WB. 

P ABHOCXO,lVIID;MECH PH,ll;bl - Tamrn CXOAHil.llleCH 

HJlH paCXOAHII.1H0CH qHCJlOBbie PHAbl ~~=I an H ~~=I bm 

paaHOCTb K-pb!X HBJlHeTCH CXOAHIIJ;llMCH PHAOM c cyMMOii, 

paBHOH Hymo: ~==1 (an-bn)=O. ECJlH me HX paaHOCTb 

HBJlHeTCH JIHillb CXOAHil.lllMCH PHAOM, TO HCXOAHble PHAbl 
Haa. p a B H 0 c x 0 A H Ill ll M II c H B Ill H p 0 K 0 M 
C M bl C Jl e. 

EcJlll an= a,.(x) ll bn= b,,(x) - «PYHKU,1111, Harrp. an : 
X - IR., bn: X - IR, rAe X - npo11aBOJlbHoe MHomecTBO, 
a 1R - MHomeCTBO AettCTBllTeJlhHhlX q11ceJI, To pHAbl 

~==l an(x) 11 ~==l bn(x) Haa. p a B Ho Me pH o 

p a B H 0 c x 0 A H Ill II M II c H (p a B H 0 M e p H 0 p a B
H 0 c x 0 A H Ill ll M II c H B ill ll p 0 K 0 M c M bl c Jl e) Ha 
MHOJReCTBe x' eCJlll llX paaHOCTb eCTb PHA, K-pbIII paBHO
MepHo CXOAllTCH Ha x Hero cyMMa paBHa nymo (COOTBeTCT
BeHHO rrpoCTO paBHOMepHo CXOAllTCH Ha X). 

II p 11 M e p. EcJI11 ABe HHTerp11pyeMbie Ha OTpe3Ke 
[-it, it] «PYHKU,1111 paBHbl Ha llHTepBaJle lc[-it, it], TO 
11x PHAbl <t>ypbe - paaHoMepHo paaHocxoAHir~11ecH Ha 
Ka IBA OM 11HTepaaJie I*, BHyTpeHHeM K 11HTepaaJiy I, a 
conpHmeHHble PHAhI <t>ypbe - paanoMepHo paaHoCXOAH
Il.llleCH Ha I* B mnpoKoM CMblCJle. JI.. JI,. KyilpRe1Jee. 

P A,ll;EMAXEP A CMCTEMA - opT0HopM11poeaHHaH Ha 
oTpe3Ke [0,1] c11cTeMa {rk(x) }. Baep;eHa X. Pap;eMaxepoM 
[ 1]. <t>yHKI~llll rk(x) M011\HO orrpeAeJlHTb paaeHCTBaMH 

rk(x)=signsin2kitx, xE[O, 1], k=1, 2, ... 

JJ:pyroe orrpep;eJieHne «PYHKu,11ii PaAeMaxepa rk(x) rro
JiyqaeTcH rryTe~I paCCMOTpeHHH ABOll'!Hf,!X pa3JI011\0Hllll 
'lllCeJl OTpea1rn [ 0, 1]: eCJlll B AllOll'IHOM pa3Jl01I\eHllll 'lllCJla 
x Ha k-M MeCTe CTOllT u,11.iPpa 0, TO IIOJlaraIOT rk(x)= 1, ecm1 
me Ha k-M MeCTe CTOllT 1, TO rk(x)= -1; B CJlY'Iae me, Kor
p;a x= 0 llJlll 'l.ll'CJlO x AOIIYCKaeT ABa pa3Jl011\eHllH' IIO
JlaraIOT rk(x)=O. CorJiacHo aToMy onpeAeJieHnro OTpe-
30K [0,1] pacnap;aeTCH Ha 2k paBHblX IIOAllHTepBaJia, B 
Kamp;oM 113 KOTOpbIX «PYHKU,llH rk(x) rrpllHHMaeT rrorre
peMeHHO 3Ha'leHHH +1 II -1, a Ha KOHU,ax IIOAHHTepBa
JIOB rk(.x)=O. 

CnCTeMa {rk(x)} rrpeACTaBJIHeT THIIH'!Hblll rrpnMep CTO
xaCTHqeCKH He3aBHCHMblX tPYHKU,llll .II' HMeeT rrpnMeHeHHH 
KaK B Teopnn BepOHTHOCTeii:, TaK H B TeOp.ll'H OpToroHaJlL
HblX PHAOB. 

0AHO H3 Ba11\Hb!X CBOMCTB p. c. ycTaHaBJl.ll'BaeTCH T e o-

p e M o ii: P a A e M a x e p a: ecJin ~ c~ < + oo, TO PHA 

~Ck rk(x) CXOAllTCH rroqTn BCIOAY Ha [0,1], II Te 0 p e M 0 fl 
X 11 H q H H a - K o JI Mor o po B a: ecJI11 ~ c~= + oo, 

TO PHA ~ck rk(x) pacxo,n;11TCH llO'ITH BCIOAY Ha [0,1]. 
TaK KaK «PYH"U,Hll Pa,n;eMaxepa B ,n;aowrno uppau,uo

HaJibHblX TO'!Kax HHTepBaJia [0,1] rrpIIH.ll'MaIOT JIIUllb 3Ha-

'leHllH ± 1, TO paCCMOTpeHHe pH,n;a ~ Cn rn(x) 03Ha'laeT, 

'!TO y qJieHOB pH,n;a ~ Cn Bbl6HpaeTCH pacrrpeACJlCHll.e 3Ha
KOB ±1, 3aB.ll'CHII.1ee OT TO'IKll x. ECJl.11' x=O, CX.1 CX.2 ... 
an ... - rrpeACTaaJieH11e 'lllCJia x E [ 0, 1] B BllAC 6ecKoHe'l
HOM AB011qHoii Apo611, TO rrp11 an= 0 rrepeA en CTaBllTCH 
3HaK + Ji[ npll an= 1 CTaBllTCH 3HaK - . 

Bhllllerrp11BeACHHbIC TeopeMbl B TepM11Hax Teop1111 Bepo-

HTHOCTCll 03Ha'laIOT' '!TO CCJlH ~ c~ < + 00' TO pHA ~ ± Cn 
CXOAllTCH AJIH IIO'ITll BCex pacrrpeAeJleHHH 3HaKOB (CXOAllT-

CH c aepoHTHOCTblO 1), 11 ecm1~c~=+oo, TO pHJl ~±en 

pacXO/];HTCH /];JlH IIO'ITH BCeX pacnpe,n;eJieHllll 3HaKOB (pac
XO):\l!TCH c sepOHTHOCTbIO 1). 

Hao6opoT, PHA rnopeM Teopttn aepoHTHocTer!. MomHo 
c.iliopMyJinpoaan B TepM11Hax <PYHKU,Hll Pa,n;eMaxepa. 
Harrp., TeopeMa KaHTeJIJIH o TOM, '!TO rrp11 11rpe «B rep6 H 
pemeTKy» co CTaBKOii: 1 CpCAHllll BbIHrpwm c BCpOHTHOCTbIO 
1 CTpeMllTCH K HYJlIO, 03Ha'laeT, '!TO IIO'ITll BCIOAY Ha [0,1] 
BbIIIOJlHHeTCH paBeHCTBO 

lim _.!_ ~n rk (x) = 0. 
n-+oo n ~k=l 

JI.um.: 111 Rademacher H., «Math. Ann.», 1922, Bd 87, 
S. 112-38;[2] Ra q Mam C., III Te ii: u r a¥ 3 r., Teop1rn opTo
ronaJihHhlX pap;os, rrep. c 11eM., M., 1958; t3] A JI e R c ll qr., 
IlpooJieMhl cxo11;HMOCTa opTorouaJibHhlX pap;os, nep. c a11rJI., M., 
1963; 141Ra11 M., CTaTllCTllqecRaa 11e3aBllCllMOCTh B TeopHH sepo
HTHOCTel!, a11aJIH3e II'. TeopHa qHceJI, nep. c a11rJI., M., 1963. 

A. A. Ta.1taAJ1>i. 
P A,lJ;MAJibHOE fP AHMqHQE 3HA qEHME - 3Haqe

H11e «PYHKll,lill f (z), orrpeAeJlCHHOll B 0AllHll'IHOM Kpyre 
D= {zEIC: lzl <1} B rpaH11'!Hoif TO'IKe ~=eie, paBHoe 
rrpe,n;eJiy 

lim f (rei8) = f* (ei8) 
r-+ 1-0 

«PYHKll,llll f (z) no MHOllieCTBY TO'leK paJJ;11yca H = {z= rei8 
O<r<1 }, rrpoBeAeHHoro B TO'll\Y ~- TepMllH «P. r. 3.» 
llHor,n;a yrroTpe6JlHeTCH B 0606111,eHHOM CMblCJle AJlH IJ>yHK
U,Hll /( z)' 3aAaHHblX B rrp0113BOJlbHbIX o6JJaCTHX (BRJlIO'laH 
MHoroMepHbie) D, rrpM'leM B Ka'leCTBe H 6epeTCH MHomecT
BO ToqeK HopMaJ111 (11JI11 ee aHaJiora) K rpaH11u;e D, rrpoBe
p;eHHott B rpaHII'IHOll TO'IKe. Harrp.' B CJlyqae 611Kpyra 

D={(zi, z2)EIC2:lz1I < 1, lz 21<1} 

ITO/]; P. r. 3. B TO'!Ke ~= (ei81 , ei8') IIOH.llMaeTCH rrpegeJl 

lim f (rem', rei 82) = f* (6). 
r-+ 1-0 

JI.um.: Eil Map 11 y me B 11 q A. 11., Teopaa a11aJ1HTl'JqecRHX 
cjJyHR1111'.H, 2 11311;., T. 1 -2, M .• 1967-68; (2] II p 11'. Ba JI 0 B H. H., 
I'pa11Rq11bie csol\cTBa a11aJIHT11qec11Rx cpy11111111ll, 2 ll'.311;., M.- JI., 
1!J50. E. /J.. Coa0Men4ee. 

PA,ll;MAH - yroJI, cooT1ieTCTByro111,nii ,n;yre, AJillHa 
K-poif paaHa ee paA11ycy; co,1eparnT rrp116JI11311TeJlhHO 
57°17' 44"' 80625. p. rrp11H11MaeTCH 3a CAllHllU,Y 113Mepe
HllH yrJlOB rrp11 T. H. KpyroBOM, llJlll paAHaHHOM, ll3Mepe
Hllll yr JI OB. Ecm1 KpyroaaH Mepa Y.rJia paaHa a P., TO yroJI 
COAepm11T 180° aln rpa~ycoB; o6paTHO, yroJI B n° nMeeT 
KpyroByIO Mepy itn°/180° P. BCIJ-3. 

PA,lJ;MKAJI - 1) P.- MaTeMaT11qecK11n 3HaK v- (113-
MeHeHHoe JlaTllHCKoe r), K-pb!M o6o3Ha'laIOT 113BJle'l'eH11e 
KopHH, T. e. pellleH11e ABY'IJleHHoro aJire6pa11'1'. ypaB-

HeHHH Bllp;a xn-a=0. IlOA CllMBOJlOM V-; rro,n;pa3yMeBa
CTCH OAllH ll.3 KOpHeii 3TOfO ypaBHeHllll. 

ITpo6Jie~rn pemeHllH aJire6paH'I. ypaBHCHHM Ha,n; rroJieM 
IC KOMIIJlCKCHblX qnceJl B p.: Bblpa311Tb KOpHll aJire6pa11'1'. 
ypaBHeHllH ( c KOMnJieKCHblMll Koa«P<P111weHTaMH) qepe3 
ero Koa!J>«Pmi;IH'HTM c IIOMOl!J;bIO KOHe'IHOro 'lllCJla A0MCT
B.ll'll CJlOJReHHH, Bbl'l.ll'TaH.ll'H, YMHOlKeHlllJ' p;eJleH.ll'H, B03Bbl
meHllH B CTCUCHL II 113BJle'leHHH KOpHH. YpaBHeHllH Bb!llIC 
4-ii CTerreH.11', B006II.1e fOBOpH, HeJlb3H pellillTb B p. (CM. 
l'aJtya meopu.ii). 

3HaK P. 11cnoJI1>3yeTCH TaK1Ke AJIH 0603eaqee11H paou-
1wJ1a uaeaJta. 

2) p. n HeK-pm1 KJiacce aJire6panqeCKllX C.ll'CTCM - IIOHH
T.ll'C, CBH3aHHOe c IIOHHTlleM paAllKaJlbHOfO CBOii:CTBa. 
Ilepahle rrpnMephl P. B03HHKJIH B TeopH11 accou;naTnBHblX 
KOJieu, (CM. rrogpo6Hee PaoU1'llJlbi KOJieu; II aJire6p), IIOCT
poeHllC 06II.1eii Teopn11 P. 6hIJIO Ha'laTo C. AMnu;ypoM 
(S. Amitsur) II A. r. KypollleM. TeopHH p. MomeT 6b!Tb pa3-
BllTa B nro6oii Karnropn11 aJire6paH'I. cncTeM, 06Jiap;aro
II.1eii: HeR-pblMll Heo6xop;HMb!Mll CBOHCTBaMH (Harrp., B Ka
TeropHH MYJILTHorrepaTOpHbIX rpyrrrr). MHorne aorrpocbl 
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Teopnn P. n3yqa10TCll B paMKax TeopnH KaTeropHil:. CM. 
TaKJKe Paauiw.ll rpyITnhI, PafJu1w.ll B mrncce ITOJiyrpyITIT. 

0. A. Heanoea. 
p A)::VIKAJI B K JI a c c e IT 0 JI yr p y IT IT - <jiyHKil;HH 

p, CTaBlllli;8ll B COOTBeTCTBHe KaJK):\OJ{ IIOJiyrpyrme s eP 
KOHrpy;mii;nro p (S) H 06J1aga1011'all CJJeAYIOID;HMH CBOHCT
B8MH: 1) eCJIH s H30MOp<jJHa TH p(S)=O (qepe3 0 o603Ha
qeHo OTHOmeHHe paBeHCTBa), TO p (T)=O; 2) 0CJIH 
0 - KOHrpy3HIJ;HH Ha S H p (S/0)=0, TO p (S)<0; 3) 
p(S/p (S))=O. IlpH BblITOJIH0HilH 1) H 3) CBOHCTBO 2) paB
HOCHJihHO HepaaeHCTBY 

sup {p (S), 0}/0..;;;; p (S/0) 

):\Jill BCllKOH KOHrpy;ornri;1rn 0 Ha S. IloJiyrpyrrna S Ha3. p
II o JI y rr p o c T o :ii:, ecmi p (S)=O. KJiacc p-rroJiyrrpoc
TblX rroJiyrpyrrrr cogepmHT ogaoaJieMeHTHYIO rroJtyrpyrrrry 
H 3aMKHYT OTHOCHTeJihHO H30MOp<jJH3Ma H rrogrrpllMblX 
rrpou3aegeHHJI. Hao6opoT, RaJKgblii: KJiacc rroJiyrpyrrrr, 06-
Jiagarom;H:ii (lTHMH CBOHCTBaMH, CJIYJKHT KJiaCCOM p-rroJiy
npoCTblX rroJiyrpyrrrr f\Jill HeK-poro pagHKaJia p. EC.Jiil 
p(S)=SXS,To IIOJiyrpyrrrra s Ha3. p-pa):IHKaJib
H 0 ii:. B OTJIHqHe OT KOJieIJ; p. B IIOJiyrpyrrrrax He orrpege
JIHeTCll COOTB0TCTBYIOID;HM pagHKaJibHblM KJiaCCOM. ECJIH 
B orrpegeJieHHH P. orpaHHqHThCH paccMoTpeHHeM KOHrpy-
3HIJ;Hii, orrpegeJill0MblX H):\eaJiaMH, TO B03HHKaeT gpyroe 
IIOHHTH0 p.' rge COOTBeTCTBy101ri;all <jiyHKJi:Hll Bbl):\eJIH0T 
B Kamgo:ii rroJiyrpyrrrre HgeaJI. 

EcJIH .fl'- KJI8CC rroJiyrpyITrr, 38MKHYTblll OTHOCHT0JlbHO 
H30MOprpU3Ma H cogepmam;n:ii 0):\H08JieMeHTHYIO IIOJiyrpyrr
rry, TO ifiYHKii;HH' CT8B.IIID;all B COOTBeTCTBHH Kamgo.ii rroJiy
rpyrrrre S rrepeceqeHHe BCeX ee KOIIrpyaHii;Hll 0 T8KHX, 'ITO 
S/0E.!f, oKa3hrnaeTCH P., Harrp. p.li'. KJiacc .fl' coarragaeT c 

KJiaccoM Pst-IIOJiyrrpoCThlX IIOJiyrpyrrrr Torga H TOJlbKO 

Torga, KOr/:W OH 38MKHYT OTHOCHTeJihHO IIOAIIPHMhlX rrpo
H3Be):\eHHll. B aToM c.rryqae Ha S/p.1i.(S) MOiKHO cMoTpeTh 
RaK Ha Han60Jibmy10 <jiaRToprroJiyrpyrrrry rroJiyrpyrrrrbl S 
cpegn Jiemam;nx B .It (cp. Pen.riur;a). 

II p H M e p. ITycTh Sf - RJiacc rroJiyrpyrrrr, ):lorrycKaro
m;nx Toqaoe HerrpnaognMoe rrpegcTaBJieHHe. Torga 

P,1t(S)={(a, b)la, bES, (a, b)Eµ(as)nµ(bs) 

P,Jill scex s ES U 0}, rge 

µ (a)=,{(x, y) Ix, yES, amx=any 

P,JIH H0KOTOpblx m, n;:? O}. 
PaccMaTp1rnaJIHch P., orrpe;ri,eJieHHble Ha i:1aHHOM KJiac

ce IIOJiyrpyrrrr, 3a~rnHyTOM OTHOCHTeJihHO roMOMOp<jJRblX 
o6pa3oB. 

c Kail\):\blM pagHKaJIOM p CBll3aH KJiacc Jl0BblX no.riuwno~ 
L (p). MMeHHO, ecJIH A - JI0Bblii S-rroJIHroH, TO KOHrpy-
3Hii;Hll 0 Ha IIOJiyrpyrrrre S Ha3. A-aHHYJIHpyrom;eii:, ecJIH 
(A, µ) E 0 BJie'leT 3a co6oli Aa= µa ):\Jill BC0X a EA. To'lHaH 
aepXHHH rpaHb Bcex A -aHHYJIHpyrom;nx KOHrpy;iHJi:Hll 
OKa3blB8eTCH A -aHHYJ1Hpy1ow,eii KOHrpy:mii;Hef1 II o6o3H3-
'Ia0TCH Ann A. KJiacc L (p), rro orrpegeJieHHIO, cocTOHT 
H3 acex TaKHX JI0BblX S-rroJinroHoB A , 'ITO p (SI Ann A)= 
=0, rrpn'leM S npo6eraeT KJiacc acex rroJiyrpynrr. EcJIH 0-
KOHrpyaHii;HH Ha s, TO JieBhllr (S/0)-rroJIHfOH JieiKHT B 
L (p) Torga H TOJihKO TOr/W, Korga oH JI0iKHT BL (p), 6y
):lyqH paccMaTpHaaeMblM KaK Jieawii: S-rroJinroH. Hao6opoT, 
ecJIH gaH KJiacc L JieBhIX rroJI11roHoB, 06Jia1w10m;n:ii :JTHM 
csoii:cTBOM, H L (S) - KJiacc scex JieBblX S-rroJIHroHOB, 
Jie;Ram;nx B L, TO <jiyHKJi:Hll 

( 
p (S) ={ 

~ 
OKa3blBaeTCH p. 

S xs, ecJJH L (S) rrycTo, 

n Ann A B rrpOTHBHOM cJly'lae 
Ae~ (S) 

Jlum.: [1] I\ JI n cjl cjl 0 p l1 A., IT p e CT 0 H I'., AJJre6pawie
Cl<aJI Teop1rn noJ1yrpynn, nep. c aHrJJ., T. 2, M., 1972; [2] C 11 op
H JI K 0 B JI. A.' B 1'H.: lfa6p. BOIIpOCbl aJire6pbl Iii JI0flil1'lil, HOBO-

c116., 1973, c. 283-99;[3] CI if ford A.H., «Semigroup Forum», 
1970, v. 1, .Ne 2, p. 103-27; l4l Roi z E. N., Schein B. M., 
TaM me, 1978, v. 16, .Ni! 3, p. 299-344. JI. A. Ci<opttmwe. 

PA,!J;JIKAJI r p y rr IT hi G - aan6oJibll!all HOpM8Jih
Haa rrogrpyrrrra rpyrrnbl G, rrpHHagJiemamall gaHHOMY pagH
KaJibHOMY KJiaccy rpynrr. KJiacc rpyrrrr H83. p a A H
K a JI b H b{ M, eCJIH OH 3aMKHYT OTHOCHTeJlhHO roMoMop<ji
HblX o6pa30B, a TaKme OTHOCHTeJihHO «6ecKoHe'lHblX pac
IIIHpeHllH», T. e. eCJIH KJiaccy o6ll3aHa rrpHHagJieJKaTb BCll
KaH rpyrrrra, 06Jiaga10m;aa ao3pacTa10m;HM HOpMaJibHhIM 
pa):loM c <jiaKTopaMH ua ):laHHoro 1rnacca (CM. H op;.ia.rib1tbiu 
psifJ). Bo BCHKO:ii rpyrrne HMeeTCH H8H60JibllI8H pagHK8Jlb
H8H HOpM8JlbHaH rrogrpyrrna - p a A Ii! K a JI. <l>aKTOp
rpynrra no P. IIBJIHeTCll rr o JI y rr p o c T o ii: r p y rr
n 0 ii:, T. e. HMeeT egHHHqHblM p81J;HKaJI. 

CTpHMepoM pagHKaJI1>Horo mrncca HBJilleTCll KJlacc rpynn, 
06Jiaga10ru,Hx B03p8CTaIOID;HM cy6HopMaJibHblM pllAOM c 
JIOK8JlbHO Hl'IJlbilOTeHTHblMH <jiaKTOpaMH. 11Horga TepMHH 
~p .» HCIT0Jlb3Y0TCH HMeHHO apHMeHHTeJihHO K HaH60Jihllieil: 
JIOKaJibHO HHJlbIIOT0HTHOH HOpMaJibHOll nogrpyrrrre 
(ll CJlyqae KOHeqHblX rpyrrrr -3TO HllJlbilOTeHTHhlH p.' HJ!ll 
rrogrpyrrna Cf>nTTHHra). Bamael1IIIHM P. B KOHe'lHMX rpyn
rrax HBJIHeTCH pa3pe1IIHMbl:ii P. (CM. Paapemu;,iasi zpynna). 
l\oHe'lHble rpyrurbl, HMerom;He TpHBH8JlbHblH pa3peIJIHMblll 
P., gorrycKalOT HeK-poe omi:caHne B TepMHHax rrpoCThlX 
rpyrrn H HX rpyrrrr aBTOMopcflH3MOB (CM. [1]). 

Jlum.: (1] Ry po ID A. r., TeopUH rpyIIII, 3 H3l\., M., 1967. 
A. JI. illMM•»<Ull. 

B KJiacce rpyrrrr Jin pap;HKaJioM H83. aaH60JihIJIYIO 
cBHaHyIO paaperrrnMyro aopMaJihH}'IO rro):lrpyrrny. B JI10-
6oii: rpyrrne JIH G cyrri;ecTeyeT pa1vrnaJI R, rrpH'leM R -
3aMKHyTaf! rrop;rpynna .ITH B G. EcJIH H - HopMRJlbHall 
rroi:1rpyrrna .ITH B G, TO rpyrrna GI /I noJiyrrpocTa (cM. Jlu 
no.riynpocmasi zpynna) TOrga H TOJil>Ro TOr):la, KOf):la H-::::::J R. 
flo):laJire6pa ame6phl Jln g rpyrrnbl JIH G, cooTBeTcTay10-
11i;aH P., coanap;aeT c P. aJire6ph1 Jln g. 

PagHRaJI aJire6paHqecRoii: rpy~ 
IT bl - HaH60JibIJiaH CBll3H8H pa3pCIIIHMall HOpMaJibHall 
rrogrpyrrrra aJire6panq. rpyrrrr1>1 G, acerga 3aMKHyTaH B G. 
PagHRaJI R (G) JIHHeii:Hoii: aJire6pan<1. rpyrrrrbl G coarragaeT 
co CBH3IIOII KOMIIOHeHTOll eg1rnuii;h1 B nepece'l0HHH BC0X 
Eope.rin nooep ynn rpyrrrrbl G; OH HBJIH0TCH HaHMeHbllI0ll 
H3 TaRnx aaMKHYTblX HOpMaJibHhlX rrogrpyrrrr H, 'ITO rpyrr
rra GI H rroJiyrrpocTa (cM. II o.riynpocmasi a.riee6pau'lecr;asi 
zpynna). MHomecTBo R (G)u acex yHHIIOTeHTHblX aJieMeH
TOB B R (G) eCTb CBll3HaH YHHilOTeHTHaH 3aMKHYTall HOp
MaJihHaH rrogrpyrrrra B G, HBJIHIOrii;aHcH Han6oJibIJieii: cpep;H 
BCCX CBH3Hb!X YHHilOTeHTHblX HOpMaJibilblX IlO):lrpyrrrr. 
8rn rrogrpynna Ha3. y H H TI 0 T e H T H hi M p a AH K a
JI o M r p y rr rr hi G n MOJKeT 6blTh oxapaRTepH3oBaHa 
Kai( HaHMCHhIIIall H3 TaKUX 3aMKHYTblX HOpMaJibHblX 
nogrpyrrrr H B G, qTo G/H pegyKTHBHa. A. JI. onu14un. 

PA}1,JIKA.1I JI}1,EAJIA A a cc o I\ H a T n B Ho - K o M
M y T a T H B H 0 r 0 K 0 JI h I~ a R - MHOJK0CTBO acex 
:JJieMeHTOB b E R, HeK-paH crnITeHh K-pi,1x cogeplKHTCH B 

A. 8TO MHomecTBO o6oaHa'laeTCH YA. 0Ho llBJIHeTcH 

HgeaJioM BR, npnqeM YA :::JA H V YA= YA. 
06o6m;eHHeM 3TOro IlOHHTHH HBJIHeTCll IIOHHTHe p a A H

f( a JI a rr op; Mop; y JI H. CTycTh M - MogyJih Hag R n 
N - ero rrop;MOAYJih. PagHKaJToM rrogMOAYJIH N Ha3. MHo
meCTBo acex :rneMeHTOB a E R TaHnx, qTo an Mc N AJill 
HeK-poro 1wJioro n (aoo6w,e roaopll, 3aBHCHn~ero OT n). 
PagnKaJI nop;MOAYJIH 6ygeT n)l;eaJIOM B R. O. A. Heattoea. 

P A}1,JIKAJlbl K o JI e ii: H a JI r e 6 p - rroHllTHe, 
arrepable B03HHKmee B KJiaccH'lecKo:ii CTPYKTYPHOJI TeopHH 
KOHe'lHOMepI!bIX aJire6p B Haq. 20 B. Ilog p. rrepBOHaqaJib
HO TIOHHMaJICH mrn60JlhllIHii HHJlbITOTeHTHblM ngeaJl KOHeq
HOMepHOJI accou,HaTHBHoii: aJire6ph1. AJire6pbl c HYJ10BblM 
p. (Ha3blBaeMJ,Je II 0 JT y Il p 0 c T bl M n) IIOJlyqHJIII B 
KJiaCCH'l. TeopHH AOCT8TO'IHO IIOJlHOe orrncaHne: JI106aH 
IlOJIYIIPOCT8ll KOH0'lHOMepHaH accoii;HaTHBHaH 8Jlre6pa 
HBJlH0TCll npHMorr cyMMo.ii rrpocTwx MaTpH'IHhlX aJire6p 
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Ha.a; IIO):\XOAHIIlllMll TeJiaMn. BrrocJie):\CTBllll 6h!JIO o6Hapy- lfaBeCTHhl ycJIOBIUI Ha IJO):\Imaccb! a.rrre6p, HeOOXO):\llMhie 
1HeHo, qTo HilHOO.llbIIIHe HH.llbIJOTE'HTHbie ll):\eaJihl cyrn;ecT- n AOCTaToqRble ):\JlH Toro, 'IT06bl 3Tll IJOJ\K.lJacchJ CJIYJHllJlll 
BYIOT B JIIOOhIX aCCOl(i1aTIIBHb!X KO.llbl(ax ll aJire6pax c KJiaccaMll DCCX paJ(Jn;aJibHI.TX Jf.nl! 1rnacca~!H BC.ex IIOJiy-
ycJIOBlleM MnmmaJibHOCTll AJIH JieBhlX (nm1 IIpaBbIX) n~ea- rrpocThlX aJ1re6p wrn KaKnx-m160 P. n U. TaKne IIOAKJiac-
JIOB, T. e. fl JIIOOblX apTllHOBhlX KOJlbll,ax ll aJire6pax, ll Cb! aJire6p npllBHTO Ha3b!BaTh COOTBeTCTBeBHO p a A Jl-
omrcaHJle apTJl!IOBb!X IIOJIYIIPOCTblX KOJiel( JI aJire6p COB- K a JI b H bl M H ll II 0 JI y II p 0 c T 1.1 M H II 0 A-
rra):\aeT c OIJHCaHneM KOHeqHoMepHblX IJOJIYIIPOCThlX aJI- K JI a c c a M ll. 
re6p. B TO me BpeMH OKaaaJIOCb, 'ITO p" KaK Hal!OOJibillllll lfacn1qHaH ynopHAOqeHHOCTb pa)lHKaJibHblX KJiaCCOB 
HllJibIIOTeHTHhiii JIHOO paapeillllMblH Jl):leaJI, MomeT 6h!Tb ITO BKJIIOqemno llHAYl\HpyeT qacTHqHbllI IIOPHAOK Ha KJiac-
OIIpeAeJieH ll BO MHOfl!X KJiaccax KOHe'IHOMepHb!X Heac- ce ncex p. B ~. A HMeHHO, C'!IITaeTCH, qTo r1 ~r2, eCJill 
cou;naTHBHhlX aJire6p (aJibTepHaTllBHhlX, iiopp;aHOBhlX, :')l (r1) cop;epm111• :Yl (r2) (n B 3TOM cJiyqae TaKIBe f? (r1) 
JilleBhlX ll p;p.). Ilpn 3TOM, KaK ll B accou;naTUBHOM CJiy- COABP)l(llT 53 (r2)). 
qae, IJOJiyrrpoCTble aJire6pbI OKa3h!BaIOTCH IIpHMb!MH cyM- )l.JIH Kamp;oro IIO/];KJiacca M KJiacca I!{ H ll 1H H ll M 
MaMn rrpocrhlx aJire6p neK-poro crreu;naJibHoro BIIp;a. p a p; n Ka JI h H bl M K JI a cc o M l (M), IIopomp;eH-

B CBH3II c TeM, 'ITO B 6ecKoHe'IHOMepHOM CJiyqae Han60Jib- Hh!M KJiaccoM M' naa. HallMeHbIIIIIH pap;nKaJibHbIM KJiacc, 
rnero HllJibIJOT0HTBOro Jlp;eaJia MOJReT II He cym:ecTBOBaTb, cop,epmarn;IIii: M' a COOTBeTCTBYIOlll,IIll eMy p. naa. H II )K-

IIOHBIIJIOCb MHOro paaJIH'IHblX 0606I11,eHll:ii KJiaCCIIqecKoro H JI M p a A ll K a JI 0 M, orrpeAeJIHeMhlM KJiaCCOM M. 
P .: pap;nKaJI Eapa, paAJ1KaJI )l.meKo6coHa, pap;HKaJI Jie- B e p x H n M p a A H K a JI h H hl M K JI a c c o M 
BHIJ,Koro, paAHKaJI KeTe u AP· Hau6oaee 11acTo ucrroJihaye- u(M), orrpep;eJieHHhlM miaccoM M, Haa. Han6oJihIIIllii paAH-
Mh1ii H3 HJIX - JI. J1Cel'>o6cona pa8u1>aA. EblJIH BB0):\0Hhl TaK- KaJibHhIH KJiaCC, OTHOCJITeJibHO p. K-poro Bee aJire6pbl Jl3 M 
me p" B HeK-pOM CMhlCJie IIpOTHBOllOJIOmHhle KJHlCCHqe- IIOJiyrrpoCThl (3TOT p. Ha3. B e p x H H M p a A ll K a-
CKOMy. TaK, Harrp., ace K JI a cc H q e c K ll II 0 JI y- JI 0 M, orrpep;eJIReMblM KJiaCCOM JI;!). ll,JIH JIIOOOro KJiacca M 
II p 0 c T bl e K 0 JI bu; a (T. e. rrpllMbie cyMMbl IIOJIHhIX HH;KHHH pa):IIIKaJibHblll KJiacc l (M) cyrn,ecTByeT. EcJIII I!{ -
MaTpH11HblX KOJieu;) pap;IIKaJibHhl B CMblCJie peryJllipHoro KJiacc accou;IIaTIIBHhIX aJire6p, TO BepXHIIII p. ):IJIH JII06oro 
paJ:\IIKaJia HeiiMaHa u HacJieACTBeHHo II):leMIIoTeHTHoro pa- rrop;KJiacca M TBKJRe acerp;a cy1necTayeT. B Heaccol(IIaTIIB-
AIIKaJia EJiapa. IlocrpoeHne o6rn;eil: rnopnu P. OhIJio Ha11aTO HOM cJiy11ae aepxHII:ii P. MoJKeT He cyrn;ecTnoaaTh. llaaecT-
B pa6oTaX c. AMIIIi;ypa (1) HA. r. KypoIIIa (2). Hbl ):IOCTBTOqHble ycJIOBHH Ha KJiacc M, rrpII K-pblX Bepx-

06ru;a11 TeopIIH pa)J.IIKaJioB. Bc1011:y a p;aJibHOiiIIIeM ro- HII:ii pap;uKaJI AJIH M cy1necTByeT. 8TIIM ycJioBIIHM, B 11acT-
BOpIITCH TOJibKO 06 a.rue6pax (IIMeIOTCH B BHAY BJire6phI HOCTII, YAOBJI0TBOpHeT BCHKllli KJiacc, COAep;Karn;IIii TOJibKO 
Hap; rrpoH3BOJibHhIM qmKcIIpOB3HHhIM acCOll,II3TllBHO-KOM- IIpOCThie aJire6pbI. 
MyTaTHBHhIM KOJihll,OM c e):\llHMll,ell); KOJibu;a HBJIHJOTCH )l.JIH mo6oro p. BCHKaH rrpOCTaH aJire6pa JIIIOO paAII-
qacTHblM CJiyqaeM TaKMX aJire6p. Ilo)J. IIp;eaJioM aJire6pbI, KaJibHa, .rrn6o noJiynpocw. TaKIIM o6pa3oM, KaIB):\OMY pa-
ecJIII <JTO He oroaopeHo cneu;IIaJibHO, IIOHllMaeTCH ABYCTO- p;:imaJiy r COOTBeTCTBY0T paa6IIeIIIIe npoCThIX aJire6p Ha 
poHHH:ii IIAeaJI. p;aa HerrepeceKaiorl(IIXCH KJiacca: S1 - KJiacc r-rroJiyrrpoc-

IlycTh I!{ - HeK-pbill KJiacc aJire6p, aaMKHYTblll OTHO- Tb!X rrpocTbIX aJire6p, IIJIII B e p x H II H K JI a c c, II s 2 
CllTeJibHO B3HTHH II):leaJIOB ll roMoMopq.HblX o6paaoB, T. e. KJiacc acex r-pa):\HKaJibHbIX rrpoCThIX aJire6p, HJIII H II )K-

cop;epmaIIJ,II:ii BMeCTe co BCHKOH aJire6po:ii JII06o:ii ee II):\eaJI II II :ii I\ JI a c c. IlpIIIIHTO roaopIITh, 'ITO pap;IIKaJI r 
II JIIOOOll ee roMOMOpq>Hhlll o6pa3. ll IIYCTb r - HeK-poe COOTBeTCTByeT 3TOMY paa6HeHHIO. 06paTIIO, ,[IJIH rrpOII3-
a6cTpaKTIIOP CBOllCTBO, K-pb!M MOIBeT OOJia):\aTb HJill He BOJibHOro paa6IIeHIIH IIpOCTblX aJire6p Ha ABa HeIIepece-
o6Jiap;aTb aJire6pa II3 ~L AJire6pa, o6Jiap;arorn;aH cao:iicT- KaIOrn;IIXCH J(Jlacca, OAIIII II3 K-pblx S1 IIaaaaH aepXHIIM, 
BO'VI r, Ha3. r-a JI re 6 p 0 !l.. llAeaJI I aJire6phl A H33. ee a p;pyroil: s 2 - HllIBHIIM, cyrn;eCTByeT pa):\IIKaJI, COOT-
r-II A e a JI o M, ecJIII I RBJIHeTcR r-aJire6poii. AJire6pa BeTcTByIOrn;IIii: ,11aHHOMY paa6HeHIIIO. TaKIIMII OYAYT aepx-
Haa. r-II o JI y n p o c To :ii, ecJIII oIIa He IIMeeT IIeIIyJie- IIIIH pap;nKaJI r 1, orrpep;eJIHeMbl:ii KJiaccoM S1, a TaKme HIIIB-
BbIX r-IIp;eaJIOB. l'oaopHT, qTo r HBJIReTcH pa A II Ka JI b- HII:ii pap;IIKaJI r 2, onpep;eJIHeMhl:ii KJiaccoM S 2; pap;IIKaJihI 
H bl M c B 0 ll c T B 0 M B KJiacce I!{ llJIH qTo B I!{ 3a):\aH rl II r2 Ha3. COOTBeTCTBeIIHO B e p x H ll M II II II m H ll M 
p a A II K a JI (B CMbICJie Kypoma), eCJIII BhIIIOJIHHIOTCH p a AH K a JI a M II A a II II 0 r 0 p a 3 6 ll e II ll H 
CJI0AYIOII(He YCJIOBllH: IIpOCThIX aJire6p. )l.JIH JII06oro pap;IIKaJia r, COOTBeTCTByIO-

(A) roMoMopq.Hbilr o6paa r-aJire6pb1 eCTh r-aJire6pa; rrwro TOMY me paa6IIeIIHIO IIpoCTblX aJire6p, r1 ::;;.r::;;.~ 2 . 
( 6) Kamp;aH aJire6pa A KJiacca I!{ o6Jia):\aeT HaII6oJib- B KJiacce ncex accou;IIaTIIBHhIX aJire6p AJIH mo6oro paa--

1m1M r-IIp;eaJioM, T. e. IIp;eaJioM, co;i:i;epmarl(HM JI106oil: r- 6HeHIIH IIpOCTbIX aJire6p r 1 >r2. KJiaCCH'leCKH:ii P. B KJiacce 
np;ea.TI 3TOH aJire6pbl, II <!TOT MaKCII~iaJibHbl!l. r-II):leilJI KOHeqHoMepHbIX accou;IIaTllBIIhIX aJire6p Hap; IJOJieM co-
Ha3. Torp;a r-p a A II K a JI 0 M <!TOH aJire6pb1 ll 0003Ha- OTBeTCTBYeT TOMY paa6IIeHllIO IIpOCTblX aJire6p, HHIBHII:ii 
qacTCH r (A); KJiacc KOToporo rrycT' rrpII'leM HBJIHeTCH e):\HHCTBeIIIIblM 

( B) cpaKTopaJire6pa A Ir (A) r-rroJiyrrpocw. HeTpllBllaJibHblM P., cooTBeTCTBYIOl.l\llM noMy paa-
A:ire6pa, comrnAaI01I(aH co CBOIIM P ., Haa. p a A II- 6IIeHIIIO. 

K a JI h H o !l.. B JI1060M KJiacce aJire6p II AJIR JII06oro pa- Hacae):\CTBeHHbie paAHKaJibl. Pap;IIKaJI r Haa. II A e-
AHKaJia {O} HBJIHeTCH e):IIIIICTBeHHO:ii Op;HOBpeMeIIHO pap;II- a JI b H 0 H a c JI e A c T B e H H bl M p a A II K a-
KaJibHO:ii H IIOJiynpOCTO:ii aJire6po:ii. Ilop;IIpHMOe rrpOII3Be- JI 0 M, llJIII K p y q e H II e M, B KJiacce ~. eCJIII ,[IJIH BCH-
A0HIIe mo6oro MHOJKeCTBa IlOJIYIIPOCTbIX aJire6p caMo IIOJiy- Koro II):\eaJia I aJire6pbl A aToro KJiacca: r (I)= r (A) n I. 
rrpOCTO. 11p;eaJibHO IIacJie):ICTBeHHbie p. eCTb B TOqIIOCTll Te p., ):l.TIH 

c Kamp;hlM pap;HKaJIOM r CBH3aHhI ):\Ba IIO):\KJiacca aJire6p K-pbIX KJiaCCbl Yl (r) II:? (r) 33MKHYTbl OTHOCIITeJibHO II):\ea-
ll \l(: KJiacc 5l (r) acex r-pap;1maJibHblX aJire6p n KJiacc JIOB. Pap;IIIrnJI r Haa. H a c JI e Ac TB e H H bl M, ecJIII 
:? (r) BCeX r-rroJiyIIpOCTh!X aJire6p. Ilo JIIOOOMY II3 3TIIX KJiacc :Yl (r) aaMKHYT OTHOCHTeJibHO II):leaJIOB. B KJiaccax 
KJiaCCOB OAH03HaqIIo Haxop;IITCH pa):lllKaJI r (A) ):\JIH Kam- aCCOI(IIaTIIBHhlX, a TaKJKe aJibTepII3TIIBHhIX aJire6p Ka;K-
p;oii aJire6phI A II3 ~. a IIMeHHo: Ablll nacJiep;cTBeHHhIH P. HBJIReTCH KpyqeHHeM. PaAHKaJI 

~ r Haa. c T p 0 r 0 H a c JI e Ac T B e H H bl M, ecJIII 
r (A)=~ {I I /-Hp;eaJI B A, IE 5l (r)}; KJiacc Jl (r) aaMKHYT OTHOCHTCJibilo nop;ame6p. 
r (A)= n {I I I -II,11eaJI B A, A/IE:? (r)}. KJiacc BCCX Kpy11eHHll HBJIHeTCH IIOJIHoii ):IHCTpIIOYTHB-

AJire6pa r-pap;IIK3JihIIa Torp;a II TOJihKO Torp;a, Korp;a oIIa 
ue MmKeT OblTh OTo6pameHa roMoMopifiHo IIll Ha OAHY IIe
nyJieayro r-IIoJiynpocTyIO aJire6py. 

26* 

HOll «peIIIeTKo:ii» (cM. lf.ucmpu6ymueuaR peutemi>a). YrroT
pe6JieIIne KaahlqeK 3):10Ch CBH3aHo c TeM, 'ITO COBOKYllIIOCTb 
aJieMeHTOB aToii «pemeTKll» HBJIHOTCH He MHOJKeCTBOM, a 
KJiaCCOM. 
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B 1macce scex KpyqeHJfM BhIAeJieHbl ABa rrpoTl!IBOIIOJIOIK
HblX IIOAKJiacca: KJiacc H a A H Il JI b II 0 T e H T H bl x 
K p y q e H Ii! M:, T. e. TaKilX Kpyqemi:ii r, qTo Bee aJire6pbI 
c nyJieSblM yMnomenl!IeM r-paA1rnaJJLHb1, Ii! 1macc II o A
H A e M II 0 T e H T H bl x K p y q e H Ii! ii - T3Kli!X Kpy
qeHl!IM r, qTo Bee aJire6pbI c HyJieSblM YMHOil\eHHeM r-IIOJiy
IIpOCTbl (a see r-paAHK3JJhHbie aJire6pb1 HAeMIIOTeHTHbI). 
BamnhIM qacTHbIM cJiyqaeM H3.f1HHJihIIOTeHTHbIX P. HSJIH
IOTCH c II e u, Ii! a JI b H bl e p a A Il K a JI bl - T3Klile 
KpytieHHH r, '!TO Bee r-IIoJJyupocTbre aJire6phl paaJiararoT
CH B IIOArrpmrne IIpoH3BeAemie IIepBuqnb1X r-no.rryIIpoCThlX 
aJire6p. Cyll\eCTBYKJT na/.\HIIJJbIIOTeHTHbie necrreu,1rnJihHbie 
P. (cM. [5], (7]). 

PaAHKaJibJ s KJiacce acc01waTHSHh1x KOJieq. IlycTb 
~ - KJiacc scex accou,HaTIIBHblX KOJieu,. 11 IIYCTb: 

cp - Hlilll\Hlilll p.' orrpe/.(eJIHeMbJil: KJiaCCOM BCex IIpOCTbIX 
KOJieU, c HyJieShIM YMHOlReHl!IeM; 

~ ( H Ii! )R H II ii p a A Il K a JI E a p a) - Hlilil\HIIH 
p.' orrpeAeJIHeMbltt KJiaCCOM Bcex HliIJibIIOTeHTHbIX KOJieu,; 
BepXHIIH p.' OIIpeAeJIHeMhltt KJI3CCOM Bcex nepsnqHblX 
KOJieu,; naHMeHhIIIlilii crreu,HaJibRhlii P.; pa sen rrepeceqe
Hli!IO IIpOCTblX IIAeaJIOS KOJibU,a; 

:£ (p a A Ii! K a JI JI e B Il u, K 0 r 0) - Hlilil\Hli!M p. ' 
OIIpeAeJIHeMhlii KJI3CCOM scex JIOK3JibHO HilJibIIOTeHTHbIX 
KOJieu,; paBeH cyMMe BCex JIOK3JibHO HIIJibIIOTeHTHbIX liIAe
aJIOB KOJibU,a Il COAeplRl!IT JII06oM: OAHOCToponnnii JIOK3JlbHO 
HliIJibIIOTeHTHblii liIAeaJI KOJibqa; 

Qli:" (B e p x n Ii! M: H 11 JI h p a .II II K a JI, IIJIIl p a-
/.\ II K a JI I{ e T e) - Hllil\Hli!M p.' orrpeAeJIHeMblii KJiaC
COM BCex Hli!JibKOJieu,; 

"! (p a A I!, K a JI )], m e K o 6 c o n a) - sepxnHii P., 
orrpeAeJIHeMblII KJiaCCOM BCeX rrpliIMIITl!ISHblX KOJieu,; pa
sen IIepeceqeHl!IJO BCex IIpIIMIITl!IBHbIX IIAe3JIOB KOJibU,a' 
a T3Kll\e rrepeceqeHl'.lJO BCex MOAYJIHpHbIX M3KCl!IM3JibHbIX 
rrpaBbIX (JieBhlX) IlAeaJIOB, HBJIHeTCH KS331i!peryJIHpHhlM 
liIAeaJIOM, COAepman~IIM BCe KB33nperyJIHpHhle npaBble 
(Jieshle) IIAeaJiw; 

g (p a A II K a JI E p a y n a - M a K K o H) - eepx
nnM: P., OIIpeAeJIHeMhltt KJiaccoM Bcex IIpocTbIX KOJieu, 
c eAHHHU,eii:, coBrra11aeT c Bepxm1M P. cBoero paa6nen11H; 
paBeH nepece'lemrro Bcex MaKCl!MaJihHWX MOAYJIHpRhlX 
lll\!l3JIOB KOJihU,a; 

T - BepXHlilll p.' onpe11eJJHeMbIH KJI3CCOM Bcex MaTplil'!
HhIX KOJieU, H3A TeJia~m; 

.A (o 6 0 6 ~ e H H bl ii: H Ii! JI b p a A II K a JI) -
sepxnHii: P., oIIpe71eJIHeMhIM KJiaccoM Bcex KoJieu, 6ea IV'JJll
TeJieii: nyJIH; 

F - Bepxn11ii: P., oIIpeAeJIHeMblii: KJiaccoM Bcex IIOJien. 
B KJiacce Bcex accou,HaTilSHb!X KOJieU, IIMeIOT MeCTO 

CTporne eepaseHCTBa: 

cp < ~ < :£ < ~ < 1- < g < T < F, 
Qli:" <.A< F. 

B KJiacce KOJieu, c ycJiosHeM MHR11MaJibHOCTil IIepsbre 
ceMb p. COSII3A3IOT II COOTSeTCTSYIOT KJiaCCl!I'leCKOMY p. 
EcJIII pa,I1I1KaJ1 r IIHAYU,HpyeT s KJiacce KoJieu, c ycJioBIINI 
MHHIIM3JibHOCTlil KJI3CCilqecKIIH p.' TO cp <r <T . .Il.JJH KOJJeU, 
c ycJiosneM M3KCl!IM3JibHOCTII ~=:£=Q/i:". )l,mI KOMMyTa
TllBHbIX KOJieu, 'J-=g=T=F, ~=Z=Q/i:"=.;l. PaAHK3JibI 
~. :£, Qli:", 'Y-· g, T, .;t, F HBJIHIOTCH crreu,naJibHblMII. Pa
AI1KaJib1 cp, ~. :£ COOTBeTCTSYJOT 01\HOMY II TOMY /Irn pa3-
611errnro IIpOCTbIX KOJieU,, a 'Y-· g, T, .;t, F-APYfIIM no
IIapno paaJIH'!HbIM paa611eRHHM. 

Jlum.: [1] Amit s u r S. A., «Amer. J. Math.», rn:12, v. 74, 
p. 774-86; 1954, v. 76, p. 100-36; [2] ]{ y p 0 llI A. r.,«MaTCM. 
c6.», 1953, T. 33, e. 1, c. 13-26; [3] Divin sky N., Rings and 
radicals, Toronto, 1965;[4] Art in E., Nesbitt C., Tho
r a 11 R., Rings with minimum condition, Ann Arbor, 1944; [5] 
11Torn Hayim. AJire6pa. TonoJiorn1<. reoMeTpm1. 1967j M., 1969, 
C. 28-32; [6] KOJihIIa, T. 2, HOBOCH6., 1973, C. 3-6; (7 AH )'.Ip y
H a "H e e l!I q B. A., P 11 6 y x l!I tt JO. M., Pa)'.ll!IKaJihl aJire6p l!I 
CTPYKTYpHaH Teop1rn, M., 1979; (8] me B JI a K 0 B K. A., 
c JI H H h" o A. M., III e c Ta" o e H. n., III Hp llI o e A. II., 
KoJihua, 6mrnm'le " accouHaTl!IBtthIM, M., 1978. 

B. A. A1i8py1ianueBu'i. 

B 1rnacce aJire6p JI11 06b1'lno paAI1KaJJoM Haa. na1160Jih
urnii pa3pPmHMb1i1 rmeaJI, T. e. paapeIIIIIMhli'f HAeaJI r, co
Aepmaiu,11M: see paapern11Mble 1111eaJih! }l,annoM: aJire6p1>1 
JI11. B KoneqIIoMepIIoii: aJire6pe Jin g cy~ecTByeT rnKme 
Hal!I60JibTIHIH HIIJibIIOTeIITHblll IIAeaJI n (na3bIBaeMbrii nnor
}l,3 II Il .JI b p a A Ii! K a JI 0 M), K-pblM COBIIaAaeT c Hal!I-
6oJibillli!M lill\e3JIOM, COCTOHiu,IIM Il3 IIIIJibIIOTeHTHblX JJie
MeHTOS, a TaKme c MIIomec1soM TaKHX x E g, qTo rrpHco
eAHReRIIblii: OIIepaTop adx COAeplRIITCH B p. aCCOiII13TIISIIOM 
aJire6pb1 mrneliIIbIX IIpeo6pa3oBaHHH IIpocTpancTaa g, 
rropom}l,eHn011 IIpHcoe1111nennoii ame6poii: JIH adg. Pac
CMaTp11aaeTCH T3KlRe H II JI b II 0 T e H T II bl ii: p a A Il
K a JI {l aJire6pb1 JIH g - aTo MIIomecTBo TaKIIX .r E g, 
qTo a (x)=O AJIH mo6oro nenpIIBOl\HMoro KoneqIIoMepIIoro 
JIIIHeii:noro IIpeAcTasJieHHH a aJire6pbr g. HHJihIIOTeHTIIbIM 
p. COSII3}l,3eT TaKme c HaI160JibIIIIIM Il3 n11eaJIOS, IIpe11-
CT3SJIHeMb!X HliIJihIIOTeHTHbTMII OIIepaTopaMl!I IIPII mo6oM 
KOIIeqnoMepHOM JIIIIIeMHOM IIpeACTaSJieIIl!III aJire6pb! g. 

Ilplil JTOM r=n=13. EcJin xapaKTepHCTl!IK3 OCIIOSHOfO 
IIOJIH pasna 0, TO i3 - <!TO H31!IMeHbillllM Il3 liIAeaJIOS f c 
cg, AJIH K-pb1x g/f - pe71yKT11snaH ame6pa JIH. B JTOM 
CJiyqae HIIJibIIOTeHTHbIH p. CBH33H c pal\IIK3JIOM r' COOT
HOIIIeIIIIHMII 

ll=[g, r]=[g, gJnr; 

Jiro6oe Amp(jlepcnu,11p0Ban11e ame6phr JIH g IIepesO}l,IIT 
r s n 11 {l s 13. HHJibpaAHKaJI 11 nHJihIIOTeHTIIbIM P., 
01\HaKO, ne HBJIHJOTCH p. s CMbICJie o6iu,eii: Teopl!III p . .l\O
JieU, 11 aJire6p. 

Jlum.: [q A me" o 6 co H H., AJire6pb1 Jll!I, nep. c aHm., 
M., 1964; (2] Teopl!Ill aJire6p Jill. TOIIOJIOrl!IH rpyIIII Jll!I. CeMl!Ittap 
«ColjJyc JlH», nep. c cjlpaHI.1., M., 1962; [3] III e e a JI JI e K., 
Teopl!IH rpynn JIH, nep. c ljJpaH1.1., T. 3, M., 1958. A. JI. 01m14un. 

PA,!J;llKAJlbHAH OCb - coBoKyrrnocTb TO'leK IIJioc-
1wcTI1, IIMeIOiu,IIX OTIIOCIITeJibIIO ASYX HeKOHueHTpllq. OK· 
pymnocTeii 

x2 +y2 -2a1x-2b1y-2c1 =0, 

x2 + y2 -2a2x-2b 2y·-2c2 =0 

OJl,I1HaK0By10 cmenenb mo'li>U. YpaBnenne P. o.: 

(a2-a1) x+ (b 2-bi) Y+ (c2-c1) =0. 

p. o. l\SYX HeIIepeceKaIO~IIXCH OKpylRIIOCTeii: IIpOXOl\IIT 
sne OKpymnocTeii: II IIepIIeIIl\liIKYJIHpIIa IIpHMOM, rrpoXOl\H
iu,en 'lepe3 HX ueIITpbI (IIIIOf}l,3 IIpli!HIIM3IOT, qTO p. O. 

KOHI(CHTPil'I. OKpylRHOCTeM HBJIHeTCH neco6CTBeHH3H IIpH
MaH). p. o. }l,BYX IIepeceKaIOiu,IIXCH OKpyiKHOCTeii: HBJIHeT
CH IIpHMaH, IIpOXOAHII~aH qepea TOqKII IIX rrepeceqeHuH; 
a p. o. l\BYX KaCaIO~IIXCH OKpyiKHOCTell - li!X o6~aH Ka
caTeJibII3H. )l,JIH JIKJ6b1X Tpex OKpylRIIOCTeM c IIeKOJIJII1IIeap
HbIMII u,eHTpam1 p. o. K3llil\OM II3pb1 OKpyiKHOCTeii: IIpoxo
}l,HT qepea O}l,HY TOqKy (p a A II Ka JI b H bl ii: u, e HT p). 

A. B. HBa1ioB. 
PA}J;IIYC o K p y m Hoc T Ii! - oTpe3oK, coe1111HHro-

~Hii: To•my oKpymnoCTl!I (HJil!I c(jleph1) c u,enTpoM. P. naa. 
T3KlRe /l,JJliIHY 3'f0f0 OTpeaKa. BC8-3. 
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PA,[J;llYC-BEKTOP To q Kn II po c T pa H c TB a
BeKTop, Hl\Yll\Hll B <lTY ToqKy 113 HeK-po:i'r 3apaHee tPHKCH
poBaHHOM TO'!KH, Ha3bIBaeMoii: II 0 JI IO c 0 M. ECJIH B Ka
qeCTBe rromoca 6epeTCH HaqaJio AeKapTOBblX KOOpAHHaT, 
To rrpoemwn P.-B. TOqKn M Ha ocn KoopAnHaT (AeKap
TOBhIX rrpmmyrOJibHblX) COBIIa):laIOT c KOOPAHHaTaMH Toq
KH M. BC&-3. 

PA,[J;O KBA,[l;PATYPHAH cJ>OPMYJIA - KBap;paTyp
HaH tJ>opMyJia HaHBblCIIIeii: aJire6pa11q. CTerreHH TOqHoCTH 
AJIH rrpoMemyTKa [a, bJ~[-1, 1) H BeCa p(x)=1 c OAHHM 
tl>nKcnpoBaHHblM Y3JioM-KOHIJ;OM rrpoMemyTKa, Harrp.-1. 
p. K. tJ>. HMeeT BHA 

11 f (x) dx = Af (-1) + ,.,~ Cjf (xj)· 
J-1 ..,(.j/=l 

Y3Jibl x J - KopHH opToroHaJibHoro s:a [-1, 1) c aecoM 

1+x MHoroqJieHa HKo6n P~·1' (x), A=2/(n+1) 2 • KoatJ>
tJ>nu;11eHTbl CI rroJiomnTeJibHbl. AJire6pa11q. cTerreHb TOq
HOCTH paBHa 2 n. Cyiu;ecTByIOT Ta6JIHIJ;bl y3JIOB H KoatJ>lfin
u;neHTOB l{JIH P. K. <J>., Harrp. AJIH n=1(1) 6 CM. [2). 

<l>opMyJia HaiiAeHa P. Paµ;o [1). 
Jlum.: [1] Rad au R., «J. math. pures et appl.», 1880, v. 6, 

p. 283-336; [2] R phi JI o B B. 11., Ilpl!I5JJl!I>ReHHOe nh!ql!IcJJeHl!IC 
l!IHTerpaJJOB, 2 U3)'.I., M., 1967. H. II. Mwcoecnux. 

PA,[J;OHA llHTErPAJI - HHTerpaJI rro Pa8ona J.tepe. 
IloApo6Hee, rryCTb p;aHbl a-aJire6pa L IIOAMHomeCTB MHO
meCTBa T n KoHeqHaH cqeTHo aAAHTHBHaH <f>yHKIJ;HH <p 
Ha L (Mepa PaAOHa). Torp;a B COBOKYIIIIOCTH BCeX H3Mepn
Mb!X <f>yHKIJ;HH BblAeJIHeTCH KJiacc <f>yHKIJ;Hll, Ha3bIBaeMblX 
C Y M M H p ye M bl M H II 0 <f> y H K IJ; H H q>, K-ph!M 
CO!IOCTaBJIHeTCH HeK-poe KOHequoe qncJIO, K-poe H Ha3. 
n H T e r p a JI o M P a µ; o H a. M. H. Bou4exoecnuu. 

PA,[J;OHA MEPA, u Hy T p e H He per y JI Hp Ha H 
Me pa,- KoHeqHMi: Mepa µ, orrpeAeJieHHaH Ha 6opeJieB
cKoll: a-aJire6pe :fa (X) TOIIOJionn. rrpocTpaHCTBa X, 06-
JiaAaIOiu;aH CJieAYIOiu;HM CBOHCTBOM. ,[J;JIH JII06oro e >O 
HaRAeTCH KOMIIaKT K=Ke <=X TaKOH, qTo µ (X~Ke) <e. 
BBeAeHa H. Pap;oHoM (J. Radon, 1913), ncXOAHhie rro
CTpoeHnH K-poro OTHOCHJIHCb K MepaM Ha a-aJire6pe 
:fa(IRn) - 6opeJieBCKoii: a-aJire6pe rrpocTpaHCTBa 1Rn, n= 
=1,2, .... TorroJiornq. rrpOCTpaHCTBO x Ha3. pal\ 0 HO
B bl M II p 0 c T p a H c T B 0 M, ecJIJl. JII06aH KOHe'!HaH 
Mepa, orrpeAeJieHHaH Ha (J-aJire6pe :fa(X), HBJIHeTCH P. M. 

Jlum.: [1] By p 5 a K l!I H., MHTerpl!IpOBaHl!Ie. MephI, l!IHTer
Pl!IPOBamrn Mep, rrep. c illPam-1., M., 1967; [2] A a Hill op 11 H., 
III B a p u A m., JlHHell:Hh!e orrepaTophl. 05IUaf! TeopHR, nep. c 
aHrJI., T. 1, M., 1962. P. A. Mu11.1toc. 

PA,[J;OHA IIPEOBPA30BAHllE - nHTerpaJibHOe rrpe
o6pa3oBaHne <f>yHKu;nii: OT HeCKOJibKllX rrepeMeHHbIX, pop;
CTBeHHOe l/>ypbe npeo6paaoeanu10. BBep;eHo IL Pap;oHoM 
(CM. (1)). 

IlyCTb /(x1, ... , Xn) - HerrpepblBHaH H AOCTaTOqHo 
6blCTp0 y6bIBaIOiu;aH Ha 6eCKOHeqHOCTH lfiyHKI.~HH OT µ;ell:
CTBHTeJibHblX rrepeMeHHblX x;EIR1 , i=1, 2, ••. , n, n=1, 
2, ... 

Ami JII06oll: rnrreprrJIOCKOCTn B IR n 

f={(x1, .. ., xn):s1x1+ ... +snxn=C}, 
s; E IR 1 , i=1, ... , n, 

~n 2 
..,(.ji=1s;>O, c E IR.I, 

orrpeAe.;uieTCH HHTerpaJI 

F (Sr, .. ·, Sn, C) ( ~~= 
1
\ 7 )1/ 2 ~/(xi, .. ·, Xn) dVr, 

rµ;e Vr - eBKJilll\OBhIH (n-1)-MepHblii: o6'heM Ha nmep
IIJIOCKOCTn f. <l>yHKIJ;HH 

F (£1, · · ·, Sn, C), (Sr. · · ·, Sn, C) E IR_n+l, 

rra3. rr p e o 6 p a 3 o B a H a e M P a A o H a <f>YHK-

u;nn f. 0Ha HBJIHeTCH OAHopoi:iHoii qiynKu;nen cnonx ne
peMeHHhIX CTeneHH -1. 

F (et.s1, .. ., asn; a.C) =Th- F (sr. ... ' s,,; C) 

n CBH3aHa c rrpeo6pa3oBaHneM <l> yphe f (s1 , ••. , Sn), s; E IR.1, l}lyHm~na f lfiopMyJioii: 

F (sr. ... , sn; C) = 

1 ('"" - - iaC = 2:rt j _ 00 / (et.Sr, · · ·, Cl.Sn) e da. 

C P. r1. s:errocpep;cTBeHHhIM o6pa3oM CBH3aHa 3ap;aqa, 
nocxoi:iHiu;rur K H. PaAoHy, o noccTaHonJieHnn <f>yHKIJ;HH f 
rro :rnaqeHHHM ee HHTerpaJioB, BblqncJieHHblX rro nceM rn
rreprrJioCKOCTHM rrpocTpaHCTBa IR.n (T. e. 3a.Q;aqa 06 o6paru;e
HHH P. rr.). 

Jlum.: ril Radon J., «Ber. Verh. Sachs. Acad.», 1917, Bd 
69, s. 262-77; [2] reJihillaH)'.I M.M., rpaeB M. M., B11-
JI e HK u H H. Jl., lIHTerpaJihttaH reoMeTPl!IH .. ., M., 1962. 

P. A. Mun.1toc. 
PA,[J;OHA - HU:KO,[J;llMA TEOPEMA: y 3apHAa '" 

a6COJIIOTHO HerrpepblBHoro OTHOCHTeJibHO HeK-poii: Mepbl µ, 
dv 

cyiu;eCTByeT IIJIOTHOCTb p= dµ OTHOCHTeJihHO µ, CYMMHpye-

MaH rro aToii Mepe. Y CTaHOBJieHa 11. Pa,11ouoM [ 1 l n 0. Hn
Kop;nMoM (2). ToqHee, rryCTb Ha H3MepnMOM rrpocTpaHCTBe 
(X, lB), lB - HeK-paH a-aJire6pa rrop;MHomecTB X, orr
pep;eJierrhr 3apHA v, T. e. cqeTHo ap;AHTHBHaH AeiiCTBnTeJib
HaH HJIH KOMIIJieKCHaH <f>yHKIJ;HH, 3aAaHHaH Ha lB, H Mepa 
µ, npn'leM 3apHp; v a6coJIIOTHO HerrpepbIBeH OTHOCHTeJibHO 
µ. TorAa cyiu;ecTByeT TaKaH cyMMHpyeMaH rro Mepe µ 
lfiyHKIJ;HH p (x), x EX, qTO AJIH JII06oro MHomeCTBa A E lB 
HMeeT MeCTO 

v (A)= ~A p (x) dµ (x). 

<l>yHKIJ;HH p eAHHCTBeHHa (c ToqHoCTbIO p;o H3MeHeHHH Ha 
MHomeCTBe HyJienoii: µ-Mepbl) H Ha3. II JI 0 T H 0 c T b IO 
3 a p H µ; a v OTHOCHTeJibHO Mepbl µ. llMeIOTCH (CM. [3)) 
o6o6ru;eHnH aTon TeopeMhl Ha CJiyqaii, KOrAa 3apHp; rrpn
HHMaeT 3HaqeHHH H3 HeK-poro BeKTOpHoro rrpocTpaHCTBa. 

Jlum.: [1] Radon J., «Acad. Wiss.», Wien, 1919, t. 128, 
S. 1083-1121j· (2] Nico d y m 0., «Fund. math.», 1930, t. 15, 
p. 131-79; [3 A a Hill op 11 H., III Ba p u ,[I;., J111Hell:Hble onepa
TOPhI, q, 1 - Oo~afl TeopHH, nep. c attrJJ., M., 1962, [4] Dies
t e I J., Uh I J., vector measures, Providence, 1977. 

P.A. Mutt.1toc. 
PA3BABJIEHllE PH,[J;A - BKJIIOqeH11e B pHA MemAY 

ero coceAHHMH qJieHa11m JII06oro KOHe'lHOro '!HCJia HyJieiI. 
/];JIH pH,lla ,.,00 

..,(.jk= 0 Uk 

pa36anJieHHblii PHA nMeeT n11µ; 

uo+o+ ... +o+u1 +o+ ... +o+ud-0+ ... 
... +o+u3+···. 

p. p. He OTpamaeTCH Ha ero CXOAHMOCTH, OAHaKO MOiKeT 
HapyrnHTh cyMMHpyeMoCTb pHAa (cyMMHpyeMblH K qncJiy 
s KaKnM-JIH60 MeTOAOM CYMMHpOBaHHH PHA (*) IIOCJie pa3-
6aBJieHHH MOll\eT OKa3aTbCH Boo6m;e He cyMMHpyeMblM <lTHM 
MeTOAOM HJill cyMMHpyeMblM K 'lllCJIY a*s). 

H. lI. BOJtxoe. 
PA3BIIEHIIE - 1) P.- rrpeACTanmmne 3aAaHHoro 

MHomeCTBa B BHAe o6'heAHHeHHH CHCTeMbl MHOiKeCTB, He 
HMeIOiu;HX IIOIIapHO 06ru;11x TQqeK. 

B ,J:IHCKpeTHo:ii reoMeTpnn qacTO paccMaTpHBaIOT P. 
HeK-poro rrpoCTpaHCTBa Ha 3aMKHYTble o6JiaCTH, K-pble 
IIOKpblBaIOT BCe rrpOCTpaHCTBO H rrorrapHO He HMeIOT o6ru;nx 
BHyTpeHHHX ToqeK (rpaHHqHbie TOqKH MOryT 6b!Tb o6m;HMH). 
Harrp., eCJIH 3a<f>nKCHpOBaTb JII06yIO ToqeqHyIO perneTKY 
eBKJIHAOBa IlpOCTpaHCTBa IR.n H COIIOCTaBHTh Kall\AOH Toq
Ke perneTK!l. Te TOql{H rrpOCTpaHCTBa, K-pbre YAaJieHbl OT 
3TOH TOqKH He 6oJiee, qeM OT JII06o:ii p;pyroii: TO'!Kll perneT
KH, TO II OJI yqaeTCH T. H. p a 3 6 H e H II e .u H p H x JI e
B 0 p 0 H 0 r 0. p. rrpocTpaHCTBa Ha3. II p a B H JI b H bl M, 
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ecJin AJIH mo6b1x ero o6nacwii D 1 11 D~ cyu\eCTBY<'T Ta1we 
)l;Blfn\eHJie M, 'ITO D 2 ~,11 (Di) II pc- M (P). C\t. TalOKe 
Boponoco munu peutemo1'. 

B KoM611HaTopHoii reoMeTp1n1 11MeeTCH pHA 3ap;a'1 H 
pe3yJlbTaTOB, OTHOCH:m;HXCH K crrel(HaJlbHblM p. HeK-pbIX 
MHomeCTB. IlpHMepoM TaKOH 3aµ;a1111 HBJlHBTCH Bopcy1'a 
npo6.tte.Ma: MomHO Jlll pa36HTb Jl!06oe MHOlliBCTBO )l;HaMeTpa 
a, Jiema:m;ee B Rn, Ha n+ 1 TaKHX 'laCTeii, 'ITO Kamp;aH H3 
HHX nMeeT p;Ha~reTp <a? B Rn cy:m;ecTByIDT TaKne orpaHH
'leHHhle MHOmeCTBa, pa36rICHHe K-pblX Ha MeHbIIIee 'lllCJlO 
TaKHX 'laCTeii HeB03MOmHo. Jlro6oe p. 011pep;eJIHeT HeK
poe no1'pbimue n H3 Jiro6oro 110KpbITHH MomHo 110Jiy'IHTb 
HeK-poe P. Pa36IIeHHH HMeroT TecHyro CBH3b c oceeutenu.11 
aaoal/.a.Mu n c X aoeuzepa zunomeaou. 

Jlum.: lf] Bo JI TH H c K H i1 B. r., Co JI Ta H II. C., KoM6n
HaTOpHaH reoMeTpHH pa3JJH'IHblX KJJacCOB BbllIYKJlblX MHO>KecTB, 
K1Im., 1978; [21 r p IO H 6 a y M B., 8TIOAhl !IO KOMOHHaTOPHOM 
reoMeTPIIII n Teopnn BhlIIYKJJhlX TeJJ, rrep. c aHr JI., M., 19 71. 

II. C. COJ1ma1l. 
2) p. II p 0 c T p a H c T B a x - CllCTeMa !Dl ero 

p;ua'broHKTHhlx 11op;MH011rncTs, o6'hep;nHeHne K-pbIX ecTb X. 
MeomecTso !Dl 11pespa:m;aeTCH B TOllOJlOTH'I. 11pocTpaHCTBO, 
0CJIH o6'bHBHTb OTKpbITbIMH B HeM MHOJirnCTBaMH BCHKHe 
MHOllieCTBa \Rc!Dl, 11poo6pa3bl K-pbIX llpH eCTeCTBeHHOM 
oTo6pameHHH µ: X --+ !Dl (Kamp;oii TO'IKe x EX CTaBHTCH 
B COOTBeTCTBHe ep;HHCTBeHHoe co11;epma:m;ee ero MHOmecT
BO Mc!Dl) HBJlHIOTCH OTKpbIThlMH MHomeCTBaMH B x. 

3) p .- JlOKaJlbHO KOHe'IHOe llOKpbITHe II p 0 c T p a H
e T B a, aJleMeHTaMH K-poro HBJlHIOTCH 3aMKHYThle KaHo
HB'I. MHOllieCTBa c )l;ll3'blOHKTHhlMH OTKpbITbIMll H)l;paMH. 

M. H. Boiitjexoecxuii. 

PA3BEPTKA - 1) P.- o6JiaCTb Ha llJlOCKOCTH, H30-
MeTpH1IHaH 3ap;aHHon o6JiaCTH ea paasepTh!Baro:m;eiicH 110-
sepxHOCTH. Ilp11Mep: p. 6oKOBOM aosepXHOCTH KOHyca, 
pa3pe3aeeoro 110 o6pa3yro:m;eii., eCTb llJlOCKHii ceKTop. Ilp11-
6JI11meHHoe llOCTpoeHJrn p. MOllieT ocy:m;eCTBJlHTbCH rpaqrn
qecKH, cpep;CTBaMH Ha11epTaTeJlbHOll reoMeTpHH. 

2) p. M H 0 r 0 r p a H H 0 ii II 0 B e p x H 0 c T H -
Ha6op MHoroyroJlbHHKOB (rpaee:il: P.) c yKa3aHHeM 11paBHJla 
c:imensaHH.H HX CTopoe, 11opomp;aro:m;11n .Mno202panny10 
.Mempu-,;y, H30MeTpH1IHYIO BHyTpeHHen reoMeTpHH 3ap;aH
HOH MHororpaeeoM: 11osepxHoCTH. rpaHn P. He 06.113aHbI 
COBIIaj:laTh c HCTHHHbIMH rpaHHMH 11osepXHOCTn: 11pn Ha
JIOlli0HHH Ha llOBepXHOCTb OHH MoryT 11epeJlaMbIBaTbCH. 

B. A. 3a.l!Za.ti.aep. 

PA3BEPTblBAIOID;AHCH IIOBEPXHOCTb, Top c,
JIBRen'laTaH 11osepxRoCTh HyJiesoii rayccosoii KpHBH3HhI. 
Bo BCex TO'IKax O)l;HOM If TOil me o6pa3YIOII\e:ii p. II. lil~leeT 
OAHY n TY me KacaTeJlbHYID 11JlOCKOCTb. IlapaMeTp pacI1pe
j:leJieHn.H P. II. paseH eyJiro. EcJin o6pa3yro:m;He P. II. 
11apaJIJleJlbRhl O)l;HOH H TOll me llpHMOM, TO oea - I\ H
JI 11 H A p. EcJIH 06pa3yro:m;11e P. 11. 11poxop;HT '1epe3 op;Hy 
TO'IKy, TO OHa - K 0 H y c. B OCTaJlbHbIX CJiy'laHX p. II. 
o6pa30BaHa KaCaTeJlhHbJMH K HeK-poii KpHBOll - p e 6-
p y B 0 3 B p a T a p. II. ,!1.JlH TOTO 'IT06bl KpHBa.H Ha 110-
sepXHOCTH 6bIJla ee JlHHHen KpHBH3Hhl, Heo6xop;HMO Ii! p;o
CTaTO'lHO, lJTOOhl HOpMaJIH B)l;OJlb aTo:ii JlHHHH o6pa30Bh1Ba
JIH P. o. 

P. a. - orn6arorrwH op;eo11apaMeTpH'I. ceMeiicTsa aJioc
KOCTe:ii (Hailp., CllpHMJlHIOII\aH IIOBepXHOCTb) Ii! llOTOMY 
JIOKaJlbHO HBJlHeTCH H3rH6arr11eM KYCKa llJlOCKOCTH. 

H. X. Ca6umo6. 
PA3BETBJIEHIIH TOqKA - TO me, lJTO eeme.ttenua 

mol/.J>a aHaJIHTH'l. if>yrrKU,HH. 

PA3)1;E.1IEHIIH IIEPEMEHHblX METO)J; - To me, 
'ITO <f!ypbe .Memoo. 

PA3)1;EJllITEJibHAH )1;1131.IOHK~IIH - op;Ha H3 

Jiorn'I. CBH30K. Ilpep;JiomeH11e A \; B, 110Jiy11aromeecH 

H3 p;syx Ilpep;JiomeHHH A H B c 110Mo:m;h10 P. A· V, C'lHTaeT
CH HCTlfHHbIM B cJiy11ae, ecJIH HCTHHHO A H Jiomrro B' HJIH 
B cJiy11ae, ecJIH JiomHo A 11 ncTHHHo B. B ocTaJihHblX cJiy-
11a.11x oeo C'lHTaeTcH JlOJKHhlM. TaKHM o6pa3oM, P. A· Mo-

meT ObITh Bb1pameHa qepe:i 0G1,1'!HYJO (ne pa3p;eJU1.TeJihHY10) 
AH:J'bJOHKI\lll<> no if>opMy.1ie 

AVB+-t (AVB)&l (A/\B). 
B. H. I'pUUlU1l. 

P A3JI1fq AIOID;AH, p a 3 JI n 11 a ro II\ a H K o-
I\ e 11 h,- npenRmcmeue 11 npo,(OJillieHmo roMOTOllIU:I Mem
ny OT06pameHirnMIL IlyCTb x - HeK-poe KJieTO'!HOe 11po
CTpaHCTBO, y - Oll;HOCBH3HOe TOllOJiornq. rrpoCTpaHCTBO; 
llYCTb, p;aJiee, p;aHbl p;sa OT06pa;KeHHH f, g: x - y H 
fOMOTOIIHH 

F:xxouxn- 1 x1uxx1 
(r11;e I= (0, 1] II xn eCTb n-MepHblii OCTOB rrpoCTpaHCTBa X) 
Mem11;y HI!MH Ha (n-1)-MepHOM OCTOBe. ,!1.JIH Kamnoii opn
eHTHposaHHO:ii n-MepHo:ii KJleTirn en rrpocTpaHCTna X or

paHH'leHHe OTOOpameHHH F Ha a (ii x /) 3ap;aeT OTOQpame
HHe Sn--+ Y (Sn eCTb n-MepHaH cif>epa) H, 3Ha'IHT, aJleMeHT 
rpyrrrrhI n,.(Y). TaKHM o6pa3oM B03HHKaeT KOI(errh 
an(!, g) E cn(x; n,.(Y)) (6oJiee TO'IHblM Oh!JIO 6bl o6o3Ha'le-

HHe a'J,(f, g)), K-paH H Ha3. pa 3 Jl H q a IO II\ e :ii K 0-
I\ e I1 bro; KOU,eIIb an(/, g) RBJilleTCH 11peIIHTCTBHeM K 
rrpO/J;OJlllieHHIO OTOOpameHHH F Ha xx 0 u xn x I u xx 
Xi= (XX/)n- 1 uxx {O, 1}. 

C11pase)l;JlHBhl CJlenyro:m;He yTBepmp;eHHH: 1) anu, g)=O 
Torp;a n TOJlbKO Torp;a, Korna roMoTOIIHH Memp;y f H g 
IIpOll;OJilI\aeTCH Ha Xn; 2) KOI\ellb 

anu, g) ECn(XX/, XX{O, 1}; :n:n(Y)) 

HBJIHeTCH KOIJ;HKJIOM; 3) KJI3CC KOfOMOJlOfliIH 

[an(!, g)] E Hn (XX/, Xx{O, 1}; Jln(Y)) 

Torp;a 11 TOJlbKO Torp;a paseH HyJiro, Kor11;a Memp;y f H g 
HMeeTCH fOMOTOIIHH Ha xn, cosrrap;a10rr1aH c F Ha xn- 2 
Ee3 orpaHH'leHHH 06:m;HoCTJI Momeo C'lHTaTh, 'ITO f H g 
cosrrap;a!OT Ha xn-l H 'ITO F(x, t)=f(x)=g(x) )l;JlH xE 
E xn- 2• TI pH aTHX 11pe11;110JiomeHHHX crrpaBej.\JIHBbl CJie
p;yrorrwe yTBepmp;cHHH: 

1) an(!, g)=-an(g, /), B 'laCTHOCTH an(/, f)=O; 
2) an (f, g)+an (g, h)=dn (/, h); 
3) AJIH JII06oro oTo6pameHnH f : X --+ Y H Jiro6o:ii Kou,e

Illl. aECn(X; nn(Y)) cy:m;ecTByeT TaKoe oTo6pameHHe g, 
'lTO fixn-l~gixn-1 Ii! an(/, g)=a. 

IlyCTh Terrepb 3aAaHhl p;sa oTo6pameHHH /, g: X"--+ Y 
/I xn-1 = gl xn -1 Ii! llYCTb c7+ 1 Ii! c2+ 1 - I1pe11HTCTBHH K 
rrpOAOJlmeHHHM COOTB('TCTBY[(Jil\HX OTo6pameHHii. POJlb p. 
B Teop1rn npeUHTCTBllii onpe11e.11HeTCl-l CJleflYKJII\HM npep;JIO
meHHeM: 

c'f+ 1 -c~+ 1 =0d" (f, g). 

TaKHM o6pa30M, eCJllf g llPOAOJilI\aeTCll Ha xn + 1, TO 
fc7+1]=0, a ecJin lc7+1l=O, TO flxn-l npop;oJimaeTCH ea 
xn+l. IO. B. Pyasm. 

PA3JIJiqAJOID;Mll: 3JIEMEHT B K-T e op H H - aJie
MeHT rpy11rrh1 K (X, A) (rp;e (X, A) - rrapa rrpocTpaHCTB, 
npH aTOM 00bl'IH0 x C'lHTaeTCH KOHe'lHbIM /f,.ftemol/.H,b!.M npo
cmpancmeo.M n A - ero KJieTO'IHh!M 11op;11pocTpaHCTBOM). 
CTpOHII\lill!CH 110 Tp011Ke (\:,, l'), ~), rp;e s II l'j - BeHTOp
Hble paCCJIOeHlfH O)l;HOH H TOii me pa31vrepHOCTH Han x H 
~: slA--+ 11IA- H30MopcpH3M seKTOpHbIX paccJioeHHii (3necb 
ol A - 'laCTb BeKTOpHoro paCCJlOeHHH (J Hap; x' paCIIOJIO
meHHa.H Han rrop;rrpocTpaHCTROM A). IlocTpoeHne P. a. 
ocy:m;eCTBJIHeTC.H CJieAYIOII\HM o6pa30M. IlyCTb CHa'laJia 
paCCJIOeHHe l'j TpHBHaJlbHO If cpHKCHpOBaHa KaK3H-HHOYJlb 
TpHBHaJlH3aU,Hfl paccJioeHHH 11 Han X. Torp;a ~ 3ap;aeT 
TpHBHaJIH3aU,HIO paCCJlOeHHll \; 1.4 H, 3Ha'!HT' 3ap;aeT aJie

MBHT rpyrrm1 J( (XI A)= K (X, A). 8TOT :iJieMeHT ne 3aBHCHT 
OT BhlOopa TpHBHaJJH3aU,HH paccJJOeHirn 11 Hap; BCeM x. 
B o6:m;eM cJiy11ae 11op;611paeTCH TaHoe paccJioeHHe o nap; X, 
'lTO paccJioeHHe riE:Bo TpHBH3JlbHO H TpOHKe (\;, l'), ') co-
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11ocTaBJIHeTcH TOT me :rneMeHT, qTO II Tpofi1rn (~ffia, T]Ef)CJ, ceMe:HcTBa F= {F1, ••. , Fn} n n;eJioqncJieHHoro BeKTopa 
~ffiid a). IO. E. PyaRr;. p~~ (Pi· ... , Pn) CYTb MHOiKeCTBa {:rt(1), .•. , :rt(n)}, 

PA3.JUfqHhIX IIPE)J;CTABIITEJIElI CIICTEMA AJIH rAe :rt (i)SF;, i=1, ... , n,- Ta.Kiie nonapHo pa3JIHqHhie 
3aAaHJioro ceMe1":icTBa IlOAMHoIBecTB F= {F ;, i EI} MIIomecT- nOAMIIoil\eCTBa S, qTO 1.:s;:I :rt (i) I .:s;:p;; 6) k-T p a II c B e p-
Ba S - MIIomecTBO R = {:rt ( i), i E /} npII Jno6oM aaanMHO c a JI n AJIH F = {F;, i EI} II u;eJioro qilcJia k)d CYTb no1.t-
OAII03HaqHoM oT06paIBeIInn :rt : I -+ S, o6JiaAaJO:tn;eM caoM:- MHoIBecTBa R= {:rt (i), i EI} AJIH oT06pameIInli :n; : I -+ S 
CTBOM: :rt(i)EF; AJIH JIJ06oro iEI (a11ecb I - npOI13BOJib- co caofICTBaMII :rt(i)EF; n 1.:s;:I {:n;- 1(:rt(i))}l.:s;:k, iE/. 
Hoe MHO/KeCTBO IlllAeKCOB). ,11,pyroe Ha3BaJIIle P. n. c. Jium.:[1)XOJIJIM.,RoM51rnaTOp1rna,rrep.caHrJI.,M.,1970; 
R - T pa II c Be pc a JI b c e Me M: c TB a F. Pac- [2) Mirsky L., Transversal theory, N. Y.- L., 1971; E3l Ta-

P a Ha H 0 B B. E., B HH.: BorrpOChl mi:5epHEITHHH, B. 16, M., 1975, 
cMaTpnaaJOTCH TaKme q a c T n q II hie T pa H c Be p- c. 110-24. B. E. Tapanauoe. 
c a JI 11 c e M e ii: c T B a F - MIIomecTBa BnAa {n (i), PA3JIOiKEHIIE E)J;IIHII~bl - OAIIonapaMeTpn:qecKoe 
i E / 0}, rAe Io - IlOAMIIoil\eCTBo I, n: Io -+ S - aaanM- ceMelicTBO { E.,. },- oo <"' < oo, npoeKu;I10IIIIhlX orrepaTopoB, 
IIO OAII03Jia qHoe OTo6pameIIlfe. AeHCTBYJOJD;HX B fIIJib6epTOBOM npocTpaIICTBe !7t' Ta.Koe' 

p. rr. c. rrp11MeIIHJOTC.ll KaK B qlfCTO KoM611IIaTOpIIb!X qTo 
MaTeMaTilq. nccJieAoBaIIIIHX, TaK If B nx rrpnJioJKeIIIIHX 1) E").. .:s;E µ, ecJIII A,<µ; 
K JIIIIIeliJioMy nporpaMMI1poaaJII1JO, MaTeMaT:nq. aKOIIoMnKe 2) E.,. CHJibIIO HenpephlBIIO cJieaa, T. e. E")..-o=E").. /\Jill 
n mi:6epHeTnKe. B npeAeJiax KoM6nHaTopIIoft MaTeMaTHKII JIJ06oro A, E (- oo, oo); 
P. n. c. nrpaJOT cyrn;ecTBeHHyJO poJih B Toil ee qacTn, 3) E")..-+0 rrpII A-+ - oo H E.,.-+E npnA-+ oo, a11ecb 0 
J{-pa.11 CBH3aJia c 3aAaqaMn Bhl6opa ll 3KCTpeMaJibllhlMH 3a- H E - IIyJieBOH H eAHJillqHhlll orrepaTophl B npocTpaHCTBe 
11aqaMn. 0JIH HCilOJlb3YJOTCll, B qaCTIIOCTll, rrpn 11:3yqeHnll !7t. YcJIOBHe 2) MOll\HO 3aMeJIIITb Jia ycJIOBHe HenpephlB-
JiaTIIHCHIIX rrp.11MoyroJibHHKOB, B 3aAaqe o Ha3HaqeJin11x, HoCTlf cnpaaa B KaIBAOH ToqKe A, E (- oo, oo). 
npn 11ccJieA0BaHnn MaTpnu; c IIeOTPHIWTeJibIIhlMn aJieMeH- Bc11Knft caMocorrp11IBeHHhIH onepaTop A, 11eil:crnyJOin;:nM: 
TaMll H c cyMMaMn aJieMeHTOB no CTpoKaM II CTOJI6u;aM, Jie- B !7t' rropOIBAaeT COOTBeTCTByJOrn;ee eMy BilOJIHe orrpe1.te-
marn;nMH B 3a11aHHhlX rpaHnu;ax. JieIIIIoe P. e. II pn aToM KpoMe ycJioBnii 1)-3) BhlilOJIHHJOT-

RpnTepnM: cyrn;ecTBoaamrn P. rr. c. AJIH KoHeqHoro I CH ern;e ycJioa1rn: 
1weTc11 Teo p e Mo M: X o JI JI a: nycTb Ha MHomecTBe 4) ecJIII B - orpaHilqeIIHhltt orrepaTop TaKoli, qTo BA= 
S aa11aIIo ceMelicTBO F= {F;, iE/} H3 IIl=n aJieMeHTOB, =AB, TO BE").. =E").. B AJIH JIJ06oro /.,; 
n KoHeqHo; AJIH cyrn;ecTBOBaHnH P. n. c. Heo6xoAHMo n 5) ecJIII A - orpaHilqeIIHhlH onepaTop, m, M - ero 
JIOCTaToqHo, qTo6hl IF ;1 U F;2 U ... U F;kl ;;.k AJIH KamAoro HHll\IIHH n BepxIIHH rpaIIn cooTBeTCTBeIIIIO, TO 

k-noAMHomecTBa {i1 , i 2 , ••• , i1i}=1 II Kall\AOro k, k= E.,_=0, - oo < A,,,;;;;;m, n E.,_=E rrpH M <A< oo. 
=1, 2, ... , n. TeopeMa XoJIJia rrpeACTaBJIHeT co6oM: yTBep
lRAeHne, aKBHBaJieIITIIoe TeopeMe ReHI1ra (cM. Bbi6opa 
meope.Mbi) 0 MaTpnu;ax H3 HyJieii H eAIIIIHIJ;. 9TOT «PYHAa
MeHTaJibllhlH KpHTepnft npIIMeIIIIM TaKme K 6ecKoIIe'IJIOMY 
I, KOrAa BCe F;, i EI, KoHeqHhl. YnoMHHYThlMH CJiyqa11-
MI1, Boo6rn;e roBopH, ncqepnhlBaeTcH, KaK noKa3bIBaJOT 
rrpnMepbr, o6JiacTb rrpIIMeIIeIInll KpnTep1rn XoJIJia, IIO oH 
IIOCJiyll\HJI OTIIpaBHOH ToqKoli AJIH pa3JillqJiblX KpnTepileB 
B PHAe Apyrnx cJiyqaeB (cM. [3]), Harrp.: a) KOrAa cyrn;ecT
ByeT TaKoe IlOAMHOil\eCTBO loci, qTo I-Io KOHeqHO, a 
F; KoHeqHhl npn acex iE/0 ; 6) Korjl,a I -- cqeTHoe MHO
mecTBo. 

BB HAY rmi:poKoro ncnoJ11>30BaHHH P. n. c. rrpeAcTaBJIH
JOT HIITepec aJiropnTMbI, pa3pa6oTaHHhte AJIH nx rrpaKTnq. 
HaXOll\AeHHll (CM. ( 1]). 

0AHOH Il3 OCIIOBHhlX aaAaq 0 p. n. c. llBJilleTC.ff 3aAaqa 
0 qncJie p. n. c. AJIH KOHeqHhlX ceMelICTB, COCTOll.lll;HX ll3 
KOHeqJibJX MHOil\eCTB; Olla CBH3aJia c BhlqI1cJieHI1eM nep.Ma-
1te1tma MaTpHIJ;hl, COCTOHrn;eii: H3 IIyJieH H eAHHnu;. ,II.Jiii 
qncJia P. 11. c. cyrn;ecTBYJOT ou;eHKn cHn3 y. II ycTb ceMeii
CTBO F COCTOHT Il3 n IIOAMHOll\eCTB Fl• . . • • F n ll nyCTb 
OHH ynopHAO'leHhl no MOUJ,HOCTn: m=IF11.:s;:IF2I ..,.;: ... ..,.;: 
,,;;;;IF nl. TorAa ecJIH F y11oaJ1eTaop11eT KpHTepmo XoJIJia, 
TO qIICJIO p. n. c. He MeHbIIIe, qeM 

11:::::(m, n) (I Fk l-k+1). 

Bonpochl, CBH3aIIHhre c cncTeMaMH rrpeAcTaa11TeJ1ef1. 
paapa6aTb!BaJOTC.ll TaKme B pa~rnax Teopnn .MampouiJoe 
(nHaqe - npocTpaHCTB He3aBHCllMOCTH, IW.M6unamopnb!X 
2eo.w,empuu). CBH3b Teop1m npeACTaanTeJ1eM: c MaTpOIIAa
~m 11aeTCll T e 0 p e M 0 M: 9 A M 0 II A c a - <I> a Jl
K e p c 0 II a: AJIH 3ap;aIIIIOro ceMeHCTBa IIOAMHOll\eCTB 
KOJieqJioro MHOll\eCTBa COBOKYIIHOCTb acex qacTnqHh!X 
TpaHcaepcaJlefi eCTb COBOKYIIIIOCTb He3aBHClfMb!X IlOl\MHO
IBeCTB HeH-poro MaTpOHAa. MaTpOHA, IIOJlyqeHHbIH TaKHM 
o6pa30M H3 ceMeHCTBa F' Ha3. T p a H c B e p c a JI b
H hi M Ma T p 0 HA 0 M AJl.ll F. MHorne MaTpOHAbl MoryT 
6bITb rrpep:cTaaJ1eHhl KaK TpaHcaepcaJlbBhle )l;JIH HeK-poro 
ceMelicTaa IIOl\MHOll\eCTB. 

IloHHTHe P. rr. c. 0606rn;aeTc.11 B pa3JIHqHhlx 1IarrpaaJ1e
H11.11x, Harrp.: a) p-T p a H c B e p c a JI H AJIH 3ap;aHIIoro 

P. e., rropomAeHHoe orrepaTopoM A, noJIHOCTbIO orrpeAe
JI.HeT crreKTpaJibHhle CBOHCTBa aToro orrepaTopa, a nMeHIIo: 

(a) ToqKa I. ecTh peryJI.11p1Ia.11 ToqKa orrepaTOpa A Tor11a 
H TOJlbKO TOrAa, KOrAa oJia llBJIHeTCll ToqKoii: IIOCTOHHCT
Ba, T. e. Kor11a cyrn;ecTByeT 6>0 TaKoe, qTo Eµ=E")..AJIH 
µE(A-6, t.,+6); 

(~) ToqKa /.,0 ecTb co6cTBeIIIIoe 3JiaqeHne orrepaTOpa A 
TOrAa H TOJlbKO Tor11a, KOrAa B 3TOH TOqKe E" HMeeT cKa
qoK, T. e. E,.._ 0 +0-E,.._0 >0; 

(y) ecJin E(!::..)=Eµ-E").., To LE(ti.)=E (!::..)/7t ecTb HHBa
pnaIITHoe no11rrpocTpaHCTBO onepaTopa A. 

IIoaToMy P. e., nopomAeHHoe orrepaTopoM A, Ha3. TaK
me c rr e K T p a JI b II o ii «P y H K u; n e M: aToro orrepa
Topa. 

06paTHo, Kam11oe P. e. {E.,_} OAH03JiaqHo onpeAeJI.11eT 
caMoconp11meHHhlM orrepaTOp A, AJI.ll K-poro <JTO P. e. 
.llBJI.lleTC.ll cneKTpaJibIIOll «PYHKI~neft. 06JiaCTb onpeAeJ!e
IIHll D (A) orrepaTOpa A cocTOHT H3 Tex H TOJibKO Tex x E !7t, 
AJill K-pb!X 

X) < 00 

n nMeeT MecTo rrpeACTaaJieHne onepaTopa A B a11.rie orrepa
TOpHoro HHTerpaJia CTHJITbeca 

Jium.: [1) PH cc <I>., Ce He cjJ a JI he H - Han b B., Jlem11m 
no cjJynHQHOHaJibHOMY aHaJIHay, rrep. c cjJpan11., 2 Han., M., 1979; 
(2) Ax He a e pH. H., r JI a a Ma H H. M., TeopHH JIHHellHhlxone
paTopoe e rH.rr&5epTOBOM rrpocTpaHCTBe, 2 H3)'.(., M., 1966; [3) Ra H
T 0 p 0 B H q JI. B.' A H H JI 0 B r. II.' <l>YHHI(HOHaJlbHhill aHaJIH3, 
2 Han., M., 1977. 8. II. Co60.J1eo. 

P A3JIOiKUMAH rPYIIIIA II a A rr o JI e M k, p a c
m; e rr n M a .11 r p y n rr a H a A k, k-p a 3 JI o m H
M a .11 r p y rr rr a,- J1nIIefma.11 aJ1re6panq. rpyrrrra, orr
peAeJ1eIIIIa.11 Hap; k H COAepmarn;a.11 pa3JIOll\HMyJO Haµ; k 
Rope.Mt noiJepynny; rrpn aToM CB.ll3Ha.H paaperrrnMa.11 JinHef1-
IIa.11 aJ1re6panq. rpynrra B Jia3. pa3J1omnMoM: IIap; k, ecJ1n 
oHa orrpep;eJieHa Ha.rt k H 06J1a11aeT TaKHM KOMII03HD;HOH
IIhlM PHAOM B=B0=:;B1=:;B 2=:; . • • =:;Bt= {1 }, qTo ace 
Bi - CBH3Hhle, orrpeAeJieHHble IIa.rt k aJire6panq. noArpyrr-
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IIhI, a KalRp;aH n3 <jia1noprpyrrrr B;IB;+ 1 II30Mopqrna HaA k 
Jm6o o,a;HoMepHoMy Topy Gm=GL1 , Jin6o a,a;,a;IITHBHOI°J o,a;
HOMepHoii: rpyrrrre Ga. B qacTHOCTII, aJtee6pau<tec1wl'i mop 
Tor,a;a n TOJibRO Tor,a;a pa3JIOJRIIM Hap; k, ROrAa OH orrpeAe
JieH Hap; k n H30Mop<jieH Hap; k rrpHMOMY rrpOH3Be,a;eHIIIO 
HeCROJibRHX ::JK3eMIIJIHpOB rpynrrbl Gm. ,AJIH CBH3HblX 
pa3pemnMblX k-pa3JIOJRHMblX rpyrrrr crrpase,a;Jinsa BopeJtH 
meopeMa o nerro,a;sumnoii: TOqRe. OrrpeAeJiennaH HaA k 
pe,a;yRTHBHaH mrneiinaH aJire6panq. rpyrrrra Torp;a n 
fOJibKO Tor,a;a pa3JIOlKHMa HaA k, RDrAa OHa o6Jia,a;aeT 
pa3JIOJRHMblM Hal{ k MaRCHMaJibHbIM TOpoM, T. e. Ror,a;a 
ee k-panr cosrra,a;aeT c ee panroM (cM. Pane aJtee6pau<te
c1wu zpynnM). 06pa3 k-pa3JioJRnMoi"1 rpyrrrrhI rrpn Jiro6oM 
orrpeAeJiennoM: HaA k pau;nonaJibHOM roMoMopctJn3Me HB
JIHeTcll k-pa3JIOJRHMOii: rpyrrrroii:. BcHRaH orrpeAeJiennaH 
na,a; k JIHneii:naH aJire6panq. rpynrra G pa3JIOJRHMa nap; 
aJire6panq. 3aMbIKanneM IIOJIH k; ecJin, RpoMe Toro, 
rpyrrrra G peµyRTIIBHa HJIH pa3penmMa II CBH3Ha, TO ona 
pa3JIOJRHMa nap; HeR-pbIM ROHeqnbfM pacmIIpeHIIeM IIOJIH k. 
EcJin rroJie k cosepmenno, TO CBH3HaH pa3pemn:MaH orr
pep;eJiennaH nap; k Jinneii:naH aJire6panq. rpyrrna TOr,a;a 
n TOJibRO Tor,a;a pa3JIOJRIIMa Hap; k, Ror,a;a OHa IIPIIBO
AHTCH Hap; k R TpeyroJibHOMY BIIAY· EcJin char k=O, 
TO orrpeAeJieHHaH nap; k JIIInei'maH aJire6paIIq. rpyrrrra 
Tor,a;a n TOJibRO Tor,a;a pa3JIOJRHMa na,a; k, Kor,a;a ee aJI
re6pa JIII L HBJIIIeTCH p a 3 JI o m II M o ii (IIJIH p a c
m; e rr JI H e M o ft) H a A k a JI r e 6 p o ii JI n ; rrocJiep;
aee, no orrpe,a;eJieHIIIO, 03HaqaeT, qTo aJire6pa JIII L 06-
Jia,a;aeT p a c m; e rr JI H ro m; e ii: rr o A a JI r e 6 p o ft 
I\ a p Ta Ha, T. e. TaKoii: Kapmana noiJaJtze6pou HcL, 
qTo sce co6CTBeHHble 3Ha'remrn 1.am,a;oro orrepaTopa adrh, 
h EH, rrpIIHa,a;JiemaT rroJiro k. 

EcJIII GR- sem;ecTBeHHaH rpyrrrra JlII, cosrra,a;arom;aH 
c rpyrrrroii: sem;eCTB0HHbIX TQqeK IIOJiyrrpocToii 1R-pa3JIO
lRHMoft aJire6pauq, rpyrrrrhl G, a Ge- KoMrrJieRcII<jJIIKaa;IIH 

rpyrrrrhl JI.11: GR, To GR Ha3. n o p Ma JI b H oft B em; e c T

B e H H 0 ft <Ii 0 p M 0 ft ROMIIJieRCHOll rpyrrrrbl .TIII Ge. 

Cym;eCTBYIDT 1'eaaupaaJto:J1Cu.1,1,bie epr1nnM HaA rroJieM k, 
He HBJIHIOII\IIeCH P. r. ua;i; k; rrpIIMepoM rrpn k= IR MomeT 
CJIYlRHTb rpyrrna SO (3, 1). 

Jlum.: [1] B op e JI h A., JI1rnettHhle aJire6pa11qecmrn rpynnb1, 
nep. c aHrJI 'M., 1972; [2) B 0 p e JI b A., T II Tc lli., «MaTeMaT11-
1m», 1967, T 11, M 1, c. 43-111' [3) Me p 3 .JI" I< 0 B 10. IL, 
PaUHoHaJihHbJe rpynnhl, M., 1980; C4l X a M cjJ p 11 All<., ,'111ttei1-
Hble aJire6panqec1<11e rpynnh1, nep. c aHrJI., M., 1980. B. JI. llonoe. 

P A3MAX B bl 6 o p K 11 - pa3HOCTb 

Wn = Xmax -Xmin 

Mem,a;y HaII60JiblllHM Xmax=Xn n eaIIMeHhIIIIIM Xmin=X1 
3HaqeHHHMII B Bbl6opRe 

(xi, ... , Xn), X1~X2~ ••• ~Xn, 

IIOJiyqarom;eii:CH c IIOMOID;hIO n ee3aBIICIIMbIX II3MepeHIIH 
O)l;HOH II Toil: me CJiyqaii:HOH BeJIIIqIIHhl x. IlyCTb F (.x)= 
=P{X ,;;;;;x} - <jiyHKD;IIH pacrrpe,a;eJieHIIlI CJiyqaii:Hoii: BeJIH
qnHbl X. Tor;o;a pacrrpep;eJieHne sepoHTHOCTeii: µ;m1 3Ha
'l0HIIft p. paBHO 

P {wn,;;;;; t} =n r
00 

(F (x+t)-F (xw-1 dF (x), 

0,,;;;;;; t,,;;;;;; 00. 

Jlum.: [1) Ba H n e p Ba p n e H B. JI. MaTeMaT11'Iec1<aJI 
CTan1cT1rna, nep. c aHrJI., M., 1960; [2) Bo' JI h rn ea JI. H., 
C M 11 p H o e H. B., Ta6mu-1hl MaTeMaT11'Iec1<oi< CTaTHCT111<11, 2 
113)'.(., M., 1968. T. IO. llonoea. 

P A3MEPHOCTElI AHAJIH3 - MeToA ycTaHOBJiemrn 
CBH3II Mem,a;y <jJH3H'l. BeJIIIqIIHa!'.!lf' cyw.ecTB0HHblMlf AJIH 
II3yqae~rnro lIBJieHHH, OCHOBaHHblll Ha paCCMOTpeHIIII 
pa3MepHOCTeii: n11x BeJIIIqIIH. B P. a. paccMaTpIIBaIOTCH 
rrpo6JieMhl ycTaHOBJieHIIH pa3JIIIqHhlX CIICTeM e,a;HHIIII 
H3Mepemrn, BOIIpOCbI 0 Bbl6ope nepsHqHhlX BeJIH'IHH H 
COOTB0TCTBYIOID;IIX HM OIIhlTHhIX e,a;:irnnu; H3MepeHIIH II 
CBH3aHHOe c Bbl6opoM nepsnqHblX 0;1l;HHBI-1 U3Mepemrn 

o6pa3osaHue BTOpHqHh!X ep,HHHU, H3Mepemrn p;m1 BeJIH'IHH, 
orrpeµ;eJI tteMhl x qe pe3 nepBIPIHhle. 

B Ka'Iecrne seJIII'IIIH, ,a;JIH R-pbIX Bhl6npaIOTCH nep
BIIqnhle ep;HHHl\bl H3MepeHIIll, MOJRHO 6paTb pa3JIH'IIIhle. 
B pa3HhlX o6JiaCTHX rrpnJiomeanii Bhlro,a;rro H y,a;o6no 
Bhl6HpaTb B Ra'JeCTBe rrepBH'IIIhlX ep;HHHl\ ll3MepeHHH 
CBOII MeCTHhie BAHHIIll,hl. B CBH3H c ::JTHM H c ycTaHOBHB
IIIHMHCJI o6hJ'lallMll rra rrpaRTHRe 6hlJIH C03AaHhl pa3JIII'l
Hble CHCTeMbl eAIIHHll, H3MepeHHH ll B03HHRJia 3ap;aqa 
o rrepexo,a;e (3ap,aqa rrepecqeTa) OT OAHOft CIICTBMhl e;o;urruu; 
H3MepeHIIH R p,pyroft. PacrrpocTpanenbl MHoroqucJierrrrhle 
CIICTeMhl ep;HHHII H3MepeHHH: B qucJie rJiaBIIhlX - CHCTeMa 
CrC, B K-poii: rrepBH'IHhie CaHTHMeTp, rpaMM-Macca H 
ceKyn;o;a; cucTeMa MKrCC, B R-poi rrepsllquhle MeTp, 
RHJiorpaMM-cnJia 11 ceRynp;a; CIIcTeMa CH, B K-poii: rrep
BIIqIIhle MeTp, RHJiorpaMM-Macca, ceRyrri:1a, aMrrep, KeJib
BHII, Karr;o;eJia. lIHCJIO rrepBB'IHhlX ej:IHHHII ll3MepeHHft B 
yrroTpe6JIHeMhIX HJIH IIOTeHIIHaJibIIO p;orrycTHMhIX CHCTeMax 
eµ;HIIll!J; ll3MepeHHH MOJReT 6h!Tb pa3IIblM: MeIIbIIIBM Tpex, 
paBHhlM TpeM, RaR B CHCTeMaX ere ll Ml\rcc, ll AP· 
BMpameRHe rrpou3BOAIIOii: e}:IHIIHilhl H3MepeHHH qepe3 
OCHOBIIhle eAHHHilhl rra3. <Ii 0 p M y JI 0 ii: p a 3 M e p
H 0 c T H, R-paH 3aIIIIChJBaeTCH qepe3 CHMBOJihl rrepsnqIIhlX 
ep;HHHII H3MepeIIHll H IIMeeT BIIA CTeneIIIIhlX op,noqJieHOB. 
Harrp., B CIICTeMe ere <jiopMyJihl pa3MepIIOCTH COAepmar 
TPII apryMeHTa: e,a;HHHIW AJIHIIhl L, e}:IHrrnu;y speMeIIH T 
H ep,nnnu;y MaCChl M; Ha OCHOBaHHH orrpeAeJIBHIIH CIIJibl 
qepe3 Macey n ycKopeHIIe <jlopMyJia pa3MepHoCTII CIIJihl K 
HMeeT BHA 

K=ML=MLT- 2 
T' . (1) 

B CHCTeMe ere <jiopMyJihl AJIH Jiro6oii: BeJIH'IHHhl N Me
xarrIIqecKoii:, TeIIJIOBOll HJIH ::JJieRTpoMarHllTIIOft rrpnpop;hl 
JfMeIOT BHA 

(2) 

rp,e rroRa3aTeJIH CTerreneii: l, t, m - HeR-phle I\BJihle HJill 
p;po6Hhie ,a;eliCTBHTBJihHhle qIIcJia, R-pbie Ha3. II 0 R a 3 a
T e JI H M H p a 3 M e p H 0 c T H, HJIH p a 3 M e p H o
c T h IO, BeJIH'IIIHbl N. n pnrrm.rnroT, qTo pa3MepHOCTb 
rrepsnqHoi"1 BeJrnqHHhl B OTHOIIIeHHH ce6H paBHa eAHHIIIIB, 
a B OTHOIDBHHH JI106011: ,a;pyroii rrepBII'IHOH BeJIH'JIIHbl -
HYJIIO. 

<DopMyJibl pa3MepHOCTH II03BOJIHIOT orrpep,eJIHTb 'JHC
JieHHhle MaCIUTa6Hbie MH01f\HTBJIII AJIH rrepecqeTa COOT
BBTCTByrom;nx xapaRTepIICnm rrpn H3MBH0HHH B0JJH1JHH 
nepBII'lHhlX ep,HHHll H3MepeHIIH. EcJin BMeCTO 3ap,aHHMX 
ep,HHnu; H3MepeHHH AJIHHhl L, speMeHH T n Macchi M 
rrepeii:TH R HOBblM ep;HHHU,aM II3MepeHIIH, MBHbIIIHM AJIH 
AJIHHhl Ba pa3, AJIH BpeMeHH B ~ pa3 H AJIH MaCChl By pa3, 
To nosaH ep,nHHila H3MepeHIIH AJIH BeJIH'IHHhI N c pa3Mep
HOCThIO no <jlopMyJie (2) 6y;o;eT MBHbIJie rrepBOHa'JaJibHOJI 
B a1 ~fym pa3. 

EcJin l=t=m=O, TO qncJieHrroe 3rraqeHne seJIH'IIIHbl 
He 3aBHCHT OT BhI6opa MaCIIITa6os AJIH nepBH'lHblX 0AH
HH1\ II, CJiep;osaTBJihHO, raRall BeJIH'JHHa 6y,a;eT 6 e 3 p a 3-
M e p H 0 11:, HJIH 0 T B JI e q e H H 0 ii.. IlpnMepaMn 6e3-
paa~epIIbIX BeJinqnrr HBJIHIOTCH: 'IIICJio Peii:lloJib;D;Ca Re= 

v' 
=pvllµ; 'IIICJIO <Dpy,a;a Fr=l1 -, 'IHCJIO Maxa M=vla, 

gl 
'lHCJIO KaBIITall,IIH x=2/':i.P/pv2 l 2 , r,a;e AJIH xapaRTepHbIX 
B HeR-phIX lIBJieHHlIX pa3MepHbIX BeJIH'IHH rrpHHHTbI 
CJiep,yrom;He o6o3Ha1JeHnH: p - IIJIOTHOCTb, v - CROpOCTb, 
l - JIHHeHHblll pa3Mep, µ - AHHa~mq, 1rna<jJ<fiHu;IIeHT Bll3-
KOCTH, l':i.P - xapaRTepHaH pa3HOCTb AaBJIBHnft, g - ye, 
KOpeHne ClfJJbI TlllKeCTH. 

lIHCJIO nepBH'IHhIX ep;HHHI( H3MepeH!fH MOlKHO yBeJIII
'IHRaTb, eCJIII KpOMe yme BbIOpaHHbIX uepBHqHhIX B)'IHHHD; 
H3Mepemrn Bhl6npaTb no corJiaIIIeHHro He3aBHCJIMo eAII
HHU,bI H3MepeHHH AJIII JII06hlx AP· BeJIH'IHH, Hanp. 111omno 
B3lITb He3aBHCHMO ep;nHHilhl H3Mepemrn: AJill T0IIJIOBOH 
:rneprHH - RaJiopHIO H p;JIH MexaHH'l. ::JHeprnH - KHJIO-
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rpaMMoMeTp, np116aBirn coOTHomeHne: I - TemrnaaH aHep

rHH B KaJiop1rnx IIJlH MexaHII'l. 3Hepnrn B KIIJiorpaMMO

MeTpax, flW I - paaMepHaH (((pH311qecKaH>> TIOCTOHHHaH, 
Ha3hIBaeMafl MeXaHnq. ;JKBJrnaJieHTOM TenJia. 

<l>11311q. 3a1WHbl, COJJ;epmam;IIe pa3MepHhle TIOCTOHHHbie, 

MOil\HO IICllOJlb30BaTb JJ;JlJI CORpa11WHIIH lJllCJla nepanqHbIX 

eJJ;IIHirn; II3MepeHIIH. TaK, Harrp.' TIOCTOHHHYIO CKOpOCTII 
CBeTa MOiRHO cqnTaTb a6coJlJOTHOH llOCTOHHHOH, T. e. 
6e3pa3MepHOH BeJIIIqHHoii, II TaKHM ITYTeM Bblpa3IITb 

e,a;nHm~y ll3MepeHIIH II pa3MepHOCTb JJ;JlllHhl qepe3 eJJ;IIHm~y 
II3MepeHIIH II pa3MepHOCTb BpeMeHn; rrpn paccMOTpeHIIII 

rpaBHTall,IIOHHOH llOCTOHHHOH KaK a6COJl!OTHOro 6eapa3-

MepHoro qncJia MOiRHO Bb!pa3IITb pa3MepHOCTb II eJJ;IIHIInY 
II3MepeHIIH JJ;JlH M3CChl qepea pa3MepHOCTb II eJJ;IIHHl~bl 

II3MepeHHH AJIH AJIIIHbI L II apeMeHII T. 
B HeK-phIX Borrpocax HBHO ITpOHB.'lHeTCH TeH,a;eHIJ,IIH 

K CTaHJJ;apTII3aIJ;IIII ITyTeM BBeJJ;eHHH e,a;IIHOH YffIIBepcaJlhHOH 

cncTeMhl eAIIHIIIJ; II3MepeHIIH. OJJ;Ha:Ro 11p11BH3hIBaHne 
YHHBepcaJlbHOH CIICTeMhl eJJ;llHIIIJ; ll3MepeIIIIH K OITpeJJ;e
JleHHhIM qmanqeCKll «PnKcllpOBaHHbIM MaCIIITa6aM HJlll K 

COOTBeTCTBY!Olll,IIM «Pn311q. ITOCTOHHHbIM HBJIHeTCH IICRYC
CTBeHHbIM. Hao6opoT, B03MOil\HOCTb IICIIOJlb30BaHIIH ITpO

ll3BOJlbHhIX eJJ;IIHIIIJ; II3MepeHHH II He3aBIICIIMOCTb pac
CMaTpIIBaeMbIX 3aKOHOMepHOCTeH OT Bbl6opa CIICTeM ep;II

HIIIJ; ll3MepeHHH MoryT CJIYil\llTb llCTOqHHKOM u;eHHh!X 
Bb!BOJJ;OB. 

<l>naHq. 3aKOHOMepHOCTH, Boo6m;e roaopH. He 3aBIICHT 
OT BbI6opa CIICTeMhl e,a;HHIIIJ; ll3MepeHHH. 8To o6CTOH

TeJlbCTBO o6ycJIOBJIHBaeT oco6yro cTpyKTYPY il>YHRu;niii: 
ll il>YHKIJ;HOHaJlOB, BbipaIBal6m;HX co6oii qepe3 nocpeJJ;CTBO 
paaMepHb!X aeJinqnH «Pnanq. 3aROHOMepHOCTII, He3aBHCII
Mble OT CllCTeM eJJ;HHllll, II3MepeHIIH. 8Ta cITeu;naJlbHaH 

CTpyKTypa il>YHK!l,IIOHaJlhHhIX COOTHOIIIeHIIIl YCTaHaBJlII
BaeTCH n-T e 0 p e M 0 iii:: BCHKoe COOTHOIIIeHHe MeiRAY 
pa3MepHb!Mll xapaKTepIICTHI>aMll, llMeJOm;ee !finanq. CMblCJl, 

ITpe,a;cTaBJIHeT co6oiii:, ITO cym;ecTBy, COOTHomeHlle MeIBAY 
OTBJleqeHHb!Mll 6eapa3MepHb1Mll KOM6HHau;IIHMII, K-pble 

MOil\HO COCTaBIITb ll3 paaMepHb!X onpeJJ;eJliieMbIX ll OITpe
µ;eJIH!Olll,HX BeJIHqHH, cpeJJ;II K-phIX AOJlil\Hbl yqHTblBaThCH 

II pa3MepHble qmanq. ITOCTOHHHbie, IIMeJOm;He cym;eCTBeH
HOe 3Ha'leHHe B paccMaTpnaaeMblX HBJleHHHX. 

,ll;oITOJlHIITeJlbHbre JJ;aHHbie 06 OTCYTCTBHII HeK-pbIX il>H3II'l. 
ITOCTOHHHhIX B paccMaTpnaaeMOM COOTHOIIIeHIIH ITpllBOAHT 

K COKpam;eHHIO B 3TIIX COOTHomeHIIHX cym;ecTBeHHblX 

apryMeHTOB. HaITp., ecJIII B paccMaTpnaaeMbIX TerrJIOBbIX 
II MeXaHll'I. HBJleHllHX HeT rrpeo6pa3oBaHHH - ITepeXOJJ;a 

TeITJlOBOH aHeprIIII, II3MepHeMOH B KaJiopm1x' B MeXaHH
qecKyJO, II3MepHeMYIO B aprax, TO llOCTOHHHaH MeXaHIIq. 

;JKBIIBaJleHTa TerrJia 6yJJ;eT OTCYTCTBOBaTh cpe,a;H apry

MeHTOB il>YHK!l,IIII, OITHChIBaJOm;eii COOTBeTCTBYIOID;YIO aa
KOHOMepHOCTb. 

,ll;JIH llOJlyqeHHH ITOJle3HbIX Bb!BOJJ;OB c llOMOil~b!O p. a. 

Reo6xoJJ;IIMo cxeMaTH3npoBaTh rrpo6JieMy n, rrpemµ;e 

acero, il>HKCHpOBaTb o6mee MOJJ;eJmpoBaHIIe HBJleHHH H 
caoii:cTB paccMaTpnaaeMbIX o6'heKTOB. Bo MHornx cJiyqaHx 

TaKaH cxeMaTH3all,IIH MOiReT 6b1Th CBH3aHa c PHAOM pa6o

qnx rIIITOTe3. B paMKax HeK-phrx MoJJ;eJieii: ycTaHaBJIII
aaeTCH CIICTeMa xapaKTepIICTIIK, K-phre CBH3aHhl Memµ;y 

co6o:il: il>H3Hq. COOTHOIIIeHIIeM H K-phle COrJ!aCHO n-TeopeMe 

AOJliKHbl ITpeJJ;CTaBJlHThCll KaK COOTHOIIIeHIIH Memµ;y 6e3-
pa3MepHbIMII ITapaMeTpaMII. TaKHM o6paaoM, HYiKHo 

BBeCTH CIICTeMy orrpeJJ;eJlH!Olll,IIX ITapaMeTpOB ITOCTOHHHhIX 
HJlII ITepeMeHHblX, BbITeKaJOm;yJO ll3 ITOCTaHOBKII BhIJJ;eJIH

eMoro KJiacca aaJJ;aq n xapaKTepHayJOm;yJO, aoo6nw ro

aopH, IIOJlHOCTb!O JJ;JlH p;aHHOH cpeJJ;hl KaIBJJ;Y!O OTJJ;eJlbHO 
B3HTYIO 3aJJ;aqy. 

II pH BbIJJ;eJieHIIH MIIHIIMaJlhHOro qncJia orrpeJJ;eJIHIOID;ll.X 

napaMeTpOB Tpe6yeTCH yqnThIBaTb ycJIOBIIH CIIMMeTpHII 

n Bb16op BhlrOAHhIX cncTeM KoopAnHaT. HeaaBHCIIMbie 

nepeMeHHbie (Koop,a;HHaThl TO'feK ITpOcTpaHCTBa H BpeMeHI1) 

H il>H3II 11. rrapaMeTpbl Tnna l\oaqiqnn~HeHTOB TellJlOHpOBOA
HOCTH, BH3KOCTII, Mo,a;yJieii ynpyrocTII H T. II. Heo6xo-

All.MO BKJIJOqaTh B Ta6mi:u;y orrpe,a;eJIHIOITUIX ITapaMeTpOB. 
TaKne ITOCTOHHHbie, KaK ycKopeHHe CHJlbl THiKeCTII IIJlll 

MexaHnq. 3KBIIBaJleHT TerrJia, TOil\e JJ;OJliKHhl il>HrypnpoBaTh 
B ITepe'IHe orrpe,a;eJIHJOTI~Hx rrapaMeTpoa, Kor,a;a rpaaH

Tau;nH HJlII rrepexo,a; TenJIOBOH aHeprnn, II3MepHeMOH B 
KaJiopIIHX, B MexaHnqecKyJO, II3MepHeMyJO B KIIJiorpaM

MOMeTpax (nm1 B a pr ax), cym;ecTBeHHhl. 
.Il.JIH BhIJJ;eJieHHoro KJlacca 3a,a;aq Heo6xop;11.Mo BKJIJO'faTb 

B qncJio onpe,a;eJIH!Olll,HX napaMeTpoa paaMepHble IIJIII 6e3-
paaMepHhle xapaKTepIICTHKH 3aµ;aHHbIX rpaHllll, paccMaT

pnaaeMb!X TeJl II. 3aJJ;aBaeMblX il>YHKIJ;HH, yqacTBYIOID;He 
B qiopMyJinpoaKe HaqaJlhHhlX, KpaeBh!X Jl!JlH KaKHX-JlH6o 

,a;pyrnx ycJIOBHH. 
EcJIH paccMaTpnaaeMaH aaJJ;aqa c«PopMyJinpoaaHa KaK 

MaTeMaTnqecKaH, TO MOil\HO BbillIICaTh ITOJIHYIO Ta6Jinu;y 

apryMeHTOB jl.JlH COOTHOmeHHH Bll.p;a 

(3) 

rJJ;e a - ncKoMaH aeJIHqnHa, a a 1, ••• , an - orrpeJJ;eJIH

rom;ne ITapaMeTpbr. B aaancnMoCTII OT rrocTaHOBKH 3a,1i,a'm 
qncJIO n MOil\eT 6b1Tb KOHeqHbIM IIJlll 6ecKOHe'!Hh!M. 06bJqHo 

rrpn COOTBeTCTByJOm;eM «PnKcIIpoBaHIIH KJiaCCa paccMaT
pnaaeMb!X 3a,IJ,a'f MOil\HO orpaHII'IHBaTbCH cJiy'lalUIH, Kor11,a 

n KoHe'IHO n, aoo6m;e roaopH, Heaemrno. IIapaMeTphr 

al, ••• , Un COCTaBJIHIOTCH H3 3aJJ;aBaeMhIX BeJlII'IIIH, BXO
AHil~HX B OCHOBHbie ypaBHeH'lrn, rpaHHqHhie ycJIOBll.H II 

rra'laJibHh!e AaHHbre. OITpe,a;eJIHJOm;He rrapaMeTphl -· aTo 
ace ncXOJJ;Hhre JJ,aHHhle, K-pbre Ha,a;o 3HaTh ITpeµ;aapnTeJibHO 
ITO CMbICJlY llOCTaHOBKII MaTeMaTII'I. 3a,a;a'IH )J;JlH Bhl'IIIC

JleHHH HCKOMOH il>YHKIJ;IIH pa3Jlll'!Hb!MH ITYTHMII, B TOM 

qucJie H rrpn pac'leTax Ha cITeu;naJibHhIX MaIIInHax IIJIH 
c llOMOIIl,b!O aHaJlOfOBbIX CIICTeM. 

OITpe,a;eJIHJOm;ne rrapaMeTphl ITPH IToJiyqeHnn Hyma bJX 

OTBeTOB c llOMOID;b!O aKcrrepHMeHTOB - 3TO BeJllPHlllbl' 

xapaKTepnayJOm;He KaIBJJ;hIH OTJJ;eJlbHhIH Ollb!T' BeJinqIIlfb(, 
K-phle Heo6XOAHMhl H AOCTaToqHbJ AJlH llOBTOpeHIIH H 
cpaBHeHIIH pa3JIIIqHbJX ;rncITepnMeHTOB. 

MomHo BhmncaTh cncTeMy orrpeAeJIHJOm;Hx ITapaMeTpou 

H B TeX cJiyqaHX, Kor,a;a AeTaJlbHhle CBOHCTBa MOJJ;eJlII II 
CIICTeMbl ypaBHeHIIH, OITHChIBaJOm;llX paccMaTpIIBaeMhre HB

Jl8HIIH, aoo6m;e roaopH, HenaaecTHbl. µ;ocTaToqHo orre

peThCH Ha ITpeABapnTeJlbHble AaHHble HJlll rIIITOTe3bl 0 

BHAe 3ap;aaaeMbIX il>YHKIJ;Hii II 0 IIOCTOHHHbIX, K-pble 
BXOJJ;HT IIJlll ~rnryT BXOJJ;HTh B orrpe,a;eJieHne MOAeJlII, H Ha 

AP· ycJIOBIIH, BhI/WJIHJOm;ne KoHKpeTHbre pemeHIIH 3a,a;a•m. 
BbIBOJJ;hl p. a. IJOJiyqaJOTCH Ha OCHOBaHllll. n-rnopeMbl 0 

cyuwcTBOBaHIIII COOTHOIIIeHHH BII)J;a (3)' K-poe BhlllOJl

HHeTCH )lJlH OITpep;eJIHeMoH BeJIHqHHhl H orrpe,rr.eJIHIOIIUIX 

BeJinqnH al, ••• ' an B JIJ06o:il: CIICTeMe eJJ;IIHIIIJ; 1!3MepeHIIH. 
CncTeMa apryMeHTOB B COOTHOlleHIIIf (3) AOJlil\Ha B 

CMhICJle TeopIIII pa3MepHOCTeH o6Jiap;aTb ITOJlHOTOH. 8To 

3Haq11T' qTo ecJIII BeJinqnHa a OTJlifqHa OT HYJIH IIJlII 6ec

KOHe'lHOCTII, TO cym;eCTBYIOT qncJia ai, ... , an TaKne, qTo 

pa3MepHOCTif BeJIII'llIHhl a II KOM6HHaUIIll ar• a~' . . . a~" 
OJJ;IIHaKOBhl. Ha OCHOBaHIIIf ;JTOro II. Jt-TeopeMhl COOTHO

IIIeHHe (3) MOil\HO ITepeITHCaTh B BH)J;e 

n= a =g(nr. n2 , ••• , nn-1<), (4) 
a~1 a~2 ... a~n 

rAe n 1, •. , Jt n- ,.- cTerreHHble 6eapaaMepHbre op;Ho

qJieHhl (aaaJiornqahle n=3, 14 ... ) , o6paaoaaHHhle na 

a 1, ••• , an, ITpn'leM k <.n. llncJio k paaHo qncJiy rrapa
MeTpoa cpei:i;n a 1, ••• , a,. c He3aBHCHMhIMll. pa3MepHo
cTHMII. 

IIocJie HBHoii aaITHCII <J>n3II'l. aaKOHOMepHocTen B an,a;e 
( 4) ITO cym;ecTBy 3aKaHqnaaJOTCH B03MOiKHOCTII ITPIIMe

HeHll.H P. a. CooTBeTCTByJOm;ne peayJihTaTbI, rroJiy'leHHhle 

TaKIIM rryTeM, HOCHT orpaHII'leHHhlH xapaKTep. Ecm1 

m1,a;on:J,\leHIITb mo6hrM crroco6oM ypaBHeHIIH ABH»rnHIIH 

6e3 BHeceHHH B HUX KaKnX-Jll!60 HOBhlX rrapaMeTpOB, TO 

i1>1rnnq. 3aKOHouepHOCTII (4) MoryT CIIJlhHO ll3MeHIIThCJI, 
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HO OCHOBHOH BhIBO,[I, cop;epmam;uucH B 
coxpaHHeT CBOIO CHJly. 

ljiopMyJie (4), 'IaCTHhlMH rrpoH3BOWfhIMH R o6hlRHOBeHHhIM, HO :e AJ!H 

Cym;ecTayeT ~eJlhlI':i pHp; npn:MepoB rroJ1y'Iemrn IIJIOAO
TBopHbIX Bh!BO,[IOB H ycTaHOBJleaHH ~eJlecoo6pa3HhlX 
YA06HhlX MeTOAOB o6pa6oTRH aRcrrepHMeHTaJlhHbIX pe-
3YJlhTaTOB c HCIIOJlb30BaHneM p. a. H n-TeopeMh!. Oco6aH 
II0Jlb3a µ:ocni:raeTCH 3a C'IeT CORpam;eHHH 'IHCJla apryMeH
TOB y HCROMhIX ljiyHR~Hil.; no CORpam;eHHe o6ecrre'IH
BaeTCH n-TeopeMOH H BO MHOrHX CJly'IaHX AOCTHraeTCH Ha 
OCHOB3HHH IIOCTaHOBRH aap;a'IH c HCIIOJlb30BaHHeM OIIhlT
HhlX AaHHhlX HJlli HeR-phIX rnrroTe3 0 MeXaHH3MaX cym;ecT
BeHHhlX aljiljieRTOB B n:ay'IaeMb!X eorrpocax. 

0CHOBHaH rrpaRTH'I. Il0Jlb3a COCTOHT B ycTaHOBJ16HHH 
B03MOil\HOCTH rrepeHecemrn pe3yJlbTaTOB OIIh!Ta B OAHIIX 
YCJIOBHHX Ha ,ll;p. YCJIOBHH, B R-ph!X OIIhlT He rrpoBO/,\HJIC.11. 
Harrp., no OIIh!TaM c BO/,\Oll, ABHIBym;e:il:CH B Tpy6e c qnm
cnpoBaHHhlM p;HaMeTpOM, MOil\RO p;aaaTb aBTOMaTH'IeCRH 
Hy;RHbie OTBeTbl 0 ABIUKeHHH BOAbl B Tpy6ax TOH IBe 
ljiopMhl, Ho APYrHX paaMepoa, o ABHIBeHHH B Tpy6ax 
HeljJTH, B03AYXa HT. II. 0p;H3RO AJIH B03MOil\HOCTH rrepeHe-. 
ceHHH peayJ1bTaToB AaHHoro orrh!Ta ea AP· oob!Thl Heo6-
xop;nMo o6ecrre'IIIBaTb B COOTBeTCTBYIOID;HX CJly'IaHX OAH
HaROBhle 3Ha'IeHHH 6eapaaMepHbIX rrapaMeTpOB. 3rra'IeHll.H 
HeR-phlx na aTIIX BeJIH'IHH JlerRo o6ecrreqnaaIOTCH reo
MeTpH'I. YCJIOBHHMll. IIOCTaHOBRil OIIhlTOB. 3eaqeHIIH p;py
rHX rrapaMeTpOB CBH3aHhl c ljin.aHRO-MexaHH'I. yCJIOBHHMH 
rrpoeep;eHll.H OIIb!TOB. 

IlpnMepaMn rrpIIMeHeHHH P.a. HBJIHIOTCH npnMepbl ycTa
HOBJlerrnH H3 IIOCT8HOBKH aap;aq aBTOMOA6JlbHOCTH HCRO
Mh!X peJJIBHIIH. Cao:il:CTBO a B T o M o A e JI b e o c TH 
COCTOHT B CJ1ep;y10m;eM. IlpH rrepnoM rrop;xop;e I( ~taTeM8TH'I. 
paapellieHHIO CTaBHIIJ;ffITCH aap;a•m MOil\HO OTMeTl'ITb He3a
BHCHMhle rrepeMeBHblE' apryMeHThl <i>YHK~HH; o6bl'IHO 8TO 
TPH Koopp;11rraTbI To'IeK B rreR-poM o6'beMe rrpocTparrcTBa 
H apeM.11. KpoMe nnx rrepeMeHHhlX ae.111.•ma cpep;n apry
MeHTOB HCKOMb!X ljiyrrK~HH MoryT ljJRrypHponaTb HeK-phie 
aap;aaaeMbie IIOCTOJIHHblE' oa paMeTpbl, B03Hll.K3IOIIJ;H0 rrpn 
om1caHHH CBOHCTD nayqaeMOH MOAeJlll II. rrpH Bhlp;eJ1emrn 
ROHRpeTHOJ':i cxeMaTnanpoaaHrroil. aap;a'IH. BcHRYIO aap;aqy 

MOil\HO c<!iopMyJI11.poBaTb B 6capaall'IepHhlX rrepeM0HHhlX 
RaK AJlfI UCROMbIX if>YHK~HH, TaR H AJlH HX HeaaBHCHMO 
H3MeHHIOIIJ;ll.XCH apryMeHTOB. ABTOMOp;eJibHOCTb rrpOJIB
JlHeTCH B TOM, 'ITO COKpauweTCll 'IllCJlO rreaaBRCHMblX 6ea
pa3MepHLJX rrepeMeHHblX apryMeHTOB no cpaaHeHHIO c 
'Il!CJ!OM paaMepHbIX. 

3qHpeKTHBHhle peayJlbTaThI, CBH3aHHLie c aBTOMOABJlb
HOCTb!O, IIOJly'IaIOTCH B TeopHH HeR-pblX OAHOM0pHbIX He
ycTaHOBHBIIIHXCH aap:a•J co ClpepwleCKll.Mll, l\HJIHHAPll'Ie
CKHMH H IIJ!OCRHMH BOJ1H0MH, Korp:a HMeIOTCH TOJlbRO ABe 
Heaaa11.cHMhie nepeMeHHhle: KoopAHHaTa r c paaMeprrocTblO 
p;JIHHhl n apeMH t. EcJI11. 11.a orrpeAeJimom;11.x paaMeprrh!X 
IIOCTOHHHb!X, rrplICYTCTSYIOl.llHX 8 IIOCTaHOBKe aap:a'IH, 
HeJJh3H o6pa30BaTb 11ae ROM611.HaJ~HH - OAHY c paaMep
HOCTblO AJlJIHbl, a 11pyry10 c pa3MepHOCTblO apeMeHll, 
TO ep;11.HCTBeHHb!M uepeMeHHhlM 6eapa3MepHbIM apryMeH
TOM B HCKOMbIX 6eapa3MepHb!X qiym\~HHX 6y11eT rrapaMel'p 
an11a 'A= Cr/ta, r,a:e a - rreK-phrii rroKaaaTeJib, a C -· 
paaMeprraH rrocTOHHHaH, Bhlpamaro~aHcn •iepea aap;amrhIC' 
IIOCTOHHHh!e, qrnrypnpymm;11e B IIOCTaHOBKe aa11aqH. 
B qacTHOCTH, ecJm MaTeMaTII'I. aap;aqa ceop;nJiacb K peJJie

rr11.IO HeK-poii CHCTeMbl p;n¢¢eperr~naJILHblX ypaBHeHHH c 
qacTHblMll. npoH3BO/IHhli\lll. no r H t, TO np11. HaJlH'IHH TOJlbRO 
op;rroro rrepeMerrHoro rra paMeTpa 'A ypaarreHHH c qacTHblMH 
rrpo11.3BOp;Hb!MH no r H t rrpeo6pasyIOTCH R o6hlRDOBeHHblM 
p;MljiiflepeH~HaJlbHLIM ypaarreHHHM c 011rroil: He3aBll.CHMOH 
rrepeMeHrroii 'A, BcJieACTBHe qero MaTeMaTH'I. aap;aqa 
CHJlbHO yrrpom;aeTCH. TaRHM rryTeM 6blJ10 IIOJiyqerro pe
merrne ~mornx rrpaKTH'IeCRR aail\Hh!X aap;a11, rranp. aap;aq11. 
0 B03Mym;eHHOM ABHil\eHHH B03p;yxa, Bbl3BaHHOM KOH-

1~eHTp11.pOB3HHhIM 3TOMHbIM B3pb!BOM B arnwc<i>epe. 
Coo6paIBeHHH P. a. /.(JIH aBTOMop:eJihHb!X upo~ecccB 

MoryT CJIYIBHTb rre TOJlbKO llJlH CBep;eHHH ypaBHeHHM c 

IIOJly'lemrn ROHe'IHhlX COOTHOJJieHHH MeIBAY HCROMhIMH 
ljiymn~HHMH (llHTerpaJIOB aTHX ypaBHeHHII), 'ITO II03BO
JIHeT eaXOAHTb pflllieHHH HeR-phlx aBTOMOAeJlbHhlx aaAa'I 
B aaMRHYTOM ljiopMyJlbHOM BHAe. 8n1 MeTOAhl 6hlJIH rrpo
p;eMOHCTpnpoBaHhl rrpn: peJJieHHH aap;a'I 0 CHJlbHOM B3ph!Be 
B aTMOC~epe H B 3aAa'IaX 0 pacopOCTpaHeHHH B3phlBHhlX 
BOJIH B ra30Bh!X cpeAaX, B R-ph!X B HCXOAHOM COCTOHHHH 
IIJlOTHOCTb rrepeMeHHa II H3MeH.ReTCH BAOJlb paAHYCa no 
CTerreHHOMY aaROHy. 8TH 3aAa11H CTaB.llTCH RaR CHJlbHO 
cxeMaTH3HpOBaHHble MOA0Jll'I B3pLIBa 3B03A. 

p. a. HerrocpeACTBeHHO CBH3aH c IIOHHTHeM 0 ljJH3H'I. 
IIOA06n:n, R-poe uayqaeTCH B no8o6uu meopuu. 

Jlum.: [1) B p I'! ;a; lR Me H n. B., AHaJ!H3 paaMepHOCTell, nep. 
c aHrJJ., JI.- M., 1934; [2] Ce ;a; o ll JI. H., Mero;a;hI no;a;o!lmr H 
paaMepHocrn B MexaHHRe, 9 1rn;a;., M., 1981. JI. H. CeOo«. 

P A3MEPHOCTU: A)];)];llTllBHLIE CBOllCTBA 
CBOHCTBa, BhlpaIBaIOm;ne CBH3b paaMepHOCTH TOIIOJIOrH'I. 
rrpocTparrcTBa x, rrpeACTaBJl0HHOIO B BHAe cyMMbl CBOHX 
rrop;rrpoCTpaHCTB x a, c paaMepHOCTHMH rrpocTpaHCTB x a. 
HMeeTCH rrecROJlbRO BHAOB P. a. c. 

T e o p e M a c y M M hi. EcJ1n: xaycp;opljioao n rrop
MaJlbHoe rrpocTpaHCTBO x opeACTaBHMO B BHAe KOHe'IHQH 
HJIH C'IeTHOH cyMMhl CBOHX aaMRHYThlX IIOAMHOil\eCTB x ;, 
TO 

dim X;=sup dim X;. 
i 

Ecm1, p;orroJIHHTeJlbHO, rrpocTpaHCTBO X coaepJJierrHo 
HOpMaJlbHO HJIH rracJlellCTBeHHO rrapaRoMrraKTHO, TO 

Ind X =sup Ind Xi. 
i 

noRaJlhHO KOHe'IHaH T00peM8 CY~ 
M hi. Ecm1 xaycp;opifloao 11 rropMaJihHOe rrpocTpaHCTBo X 
rrpep;CTaBJleHO B BH,[le CYMMbl JIOKaJlbHO 1\0He'IHOH CHCTeMbl 

CROHX aaMKHYThlX IIOAMHOil\eCTB x a, TO 

dim x =sup dim xa. 
a 

EcJ111, p:orroJ1HHTeJ1hrro, rrpocTparrCTBO X cosepJJieHHo 
HOpMaJlbHO HJll'I H8CJiep;CTBeHHO rrapaROMIIaRTHO, TO 

Ind X =sup Ind X a. 
a 

Teo p e Ma c JI o ii\ e H 11 11. EcJIH rrpocTpaHCTBO X 
xaycp;opifloao, HaCJlBllCTBeHHO HOpMaJlbHO n x =Au B, TO 

dim X,,;;;;; dim A+dim B+1 

(qi op M y JI a M e Hr e p a - Y p hi c o H a). EcJJll., 
KpOMe Toro, rrpocTpaHCTBO x coaepllleHHO rropMaJlbHO, TO 

Ind X,,;;;;; Ind A+ Ind B+i. 
MeTp11.q rrpocTpaHCTBO R n:MeeT paaMepHOCTb dim R <.n 

Torp;a 11. TOJlhKO Torp;a, Rorp;a 

n+I 
R= UR;, dimR;,,;;;;;O, i=1, .. .,n+1;n=0, 1, 2, .... 

i=l 

B xaycp;op<!ioaoM HacJiep;CTBeHHO HOpMaJlbHOM rrpo
CTparrcTBe X AJIH mo6oro aa~rnHyTOro rrop;MHOIBeCTBa F 
Bbl!IOJ!HHIOTCH paseBCTBa 

dim X =max (dim F, dim X~F), 
Ind X =max (Ind F, Ind X~F). 

B. A. II acblnno«. 
PA3MEPHOCTH TEOPHH - qacTh TonoJ1ornH, B 

R-poil: AJIH Kam11oro ROMrraKTa, a BIIOCJ10ACTBHH ll AJIH 
60J1ee 06m;11x RJlaCCOB TOilOJIOfH'I. rrpocTpaHCTB TeM HJIH 
HHblM ecTeCTBeHHhIM o6pa30M orrpep;eJIHeTCH 'IHCJ!OBOH TO
IIOJIOfll.'I. 1rnaapnaHT - paaMepnocmb, coerrap;aIOm;n:i'1, ecJIH 
X eCTh rromrnp;p (B •rncTHOCTll, MHoroo6pasne), c ero 'Inc

JIOM H3MepeHnH B CMh!CJle aJleMerrTaprrofr HJ!H AR«liiflepeH
qn:aJibHOH reoMeTpHn. Ilepaoe o6m;ee orrpep;eJierrne paa-
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MepHOCTll 6blJio )J;aHO JI. EpayapoM (L. Brouwer, 1913) TaK: q11cJio dim X ecTh Ha11MeHbmee u;eJioe q11cJio n Ta-
AJIH KOMnaKTOB II game 6oJiee IIIIlpOKOro KJiacca IlOJIHblX Koe, qTo )l;JIH BCHKOro noKpblTllH npocTpaHCTBa x cy-
MeTpn:q, npocTpaHCTB. Onpell,eJieHHe CTpOIITCH no IIHAYK- m;ecTeyeT BIIHCaHHOe B Hero noKpblTile KpaTHOCTll n-+ 1. 
Il,HH CJieAYIDID;llM o6pa30M. TiyCTOMY MHOJReCTBY rrpm1I1- Ho ::ITO onpell,eJiemrn, oqeBilll,HO, MoJReT 6blTb cqiopMym1-
CblBaeTCH pa3MepHOCTb - 1. B npell,IlOJIOJRemrn:, qTo poeaHo He TOJibKO AJIH KOMIIaKTOB, a AJIH mo6b!X TOIIOJIO-
orrpell,eJieHbl rrpocTpaHCTBa, a 3Haq11T H Jiemam;11e B HllX rI1q, npocTpaHCTB, II rro3BOJIHeT orrpe1J,em1TI, p;Jrn a11x paa-
MHomecTea, pa3~iepHOCTII ~n, roeopHT, qTo npocTpaHcT- MepHOCTb. Pa3MepHOCTh dim X, onpe1J,eJreHHa.11 TaKIIM 06-
eo x IIMeeT pa3MepHOCTb ~n+i, ecm1 MeIBAY JIID6blMII pa30M AJIH TOIIOJIOf!lq, rrpocTpaHCTD, Il03BOJIH(JT IIOCTpOllTb 
ABY~rn AI13'hIDHKTHblMII 3aMKHYTblMll MBomecTeaMH A H B Coll,epmaTeJibHYID 11 6oraTyID MaTeMaT11q, <JiaKTa:MH Teo-
apocTpaHCTBa x HMeeTCH rreperopOll,Ka CD pa3MepHOCTII PIIID, OCTaBaHCh, no Kpaiiaeli Mepe, B KJiacce HOpMaJibHbIX 
~n (rrpII ::ITOM II e per 0 p 0 AK 0 ii Memgy ll'IHOJReCT- rrpocTpaHCTB (a 3Ha'll!IT, B qaCTHOCTII, H MeTp1rnyeMhIX 
eaMH A 11 B B npocTpaHCTBe X Ha3. TaKoe 3aMKHyToe rrpocTpaHCTB). 
MHomecTeo CD noro npocTpaHcTea, qTo gonoJIBeHile X"'- CD Op;Hoii 113 rJiaBHblX npo6JieM P. T. HBJIHCTCH BblHCHe-
ecTu cyMMa ABYX )l;Il3'bl()HKTHblX OTKpblTblX MHOJReCTB c Hiie aan:6oJiee IIIIlpOKIIX YCJIOBiliI, B H-pbIX 1rneeT MeCTO 
II D, H3 K-pblX O)l;HO cogepIBIIT MHOIBeCTBO A, a ,l\pyroe - T. H. D c H 0 B H 0 e T 0 JR A e c TB 0 y p bl c 0 a: a, a 
MaomecTBo B). B 1921 TI. C. YpblcoH H H'.. Mearep IIMeHHo: 
(K. Menger) He3ae11c11Mo OT JI. Epayapa 11 gpyr oT p;pyra 
IIpIIIIIJIII K SKBHBaJieHTHOMY B CJiyqae KOMIIaKTOB II p;ame 
JIID6blx cerrapa6eJibHblX MeTp11q, rrpocTpaHCTB orrpep;eJie
HllID, OTJII1qaIDm;eMyc.11 oT 6payapoecKoro TeM, qTo op;Ho 113 
p;eyx 3aMKHYTblX MHomeCTB A, B rrpe1J,noJiaraeTCJ1 co
CTOHID;llM 113 Oll,HOii ToqKH. Orrpell,eJieHllfl pa3MepHOCTll B 
CMblCJie Epayapa 11 e CMblCJie Ypblcoaa 11 Mearepa MO
ryT 6blTh cqiopMyJI11poeaHbl p;JIR JIID6hIX xa ycgopqioeblx 
rrpocTpaHCTB, II onpej],eJIHeMble llMII TOIIOJiornq, llHBapnaH
Thl Ha3. COOTBeTCTBeHHO 6 0 JI b III 0 ii II M a JI 0 ii Il H
A y K T II B H 0 ii p a 3 M e p H 0 c T H M II II o603Haqal()T
Cfl Ind X 11 ind X, np11qeM ecer)l,a ind X .;;;;Ind X. 

CoeepIIIeHHO llHOii IIOAXOA K IIOHJITlll() pa3MepHOCTH 6e
per HaqaJio oT A. Jie6era (H. Lebesgue), BblCKa3aernero 
CJie)l,yIDm;yID TeopeMy: n-MepHblU B CMblCJie aJieMeHTapHOH 
reoMeTpIIII J\y6 Qn npII JIID60M IlOJIOll\IITeJibHOM q11cJie 8 
MOJReT 6blTb IIOKpblT KOHeqHblM qIICJIOM 3aMrmyTblX MHO
meCTB (Aame Ky6oe) Airn~rnTpa <e TarmM o6pa3oM, qTo 
KpaTHOCTb 3TOro rroKpblTIIH paBHa n+1, TOT)l,a rrnK npII 
)l;OCTaToqHo MaJIOM 8 >O He cym;eCTByeT 110KpblTilfl Ky6a Qn, 
K-poe IIMeeT KpaTHOCTb <n+ 1 II COCTOIIT Il3 3aMKHYTblX 
~momecTB gilaMeTpa <e (npII noM KpaTHOCTbID KaKoii-JII160 
(KoHeqHoii:) COBOKYIIHOCTII MHOllieCTB Ha3. HaI160JibIIIee u;e
JIOe qI1CJIO m TaKoe, qTo B gaHHOH COBOKynHOCTII IIMeeTCfl 
m UHomecTB c HerrycTblM rrepeceqeHileM). Terrepb MOJRHo 
TeopeMy Jie6era c<JiopMyJI11poeaTb raK. 1I11cJio I13MepeH11li 
Ky6a Qn eCTb HamieHhmee TaKoe u;eJioe qIICJIO n, AJifl 
K-poro llMeeTCH CKOJib yrogHO MCJIKOe (T. e. COCTOJim;ee Il3 
3JieMeHTOB CKOJib yrO)l,HO MaJioro )l,IlaMeTpa) IIOKpldTile 
KpaTHOCTII n+ 1 3aMKHYTblMII MHOJReCTBa~rn. 8Ta Teope
Ma, errepeLrn AoKa3aHHaH Jillillh JI. EpayapoM, npIIBOAIIT 
K cJiep;yIDrrreMy onpell,eJieHllID. P a 3 Me p H o c Th ID dim X 
Ko M rr a KT a X (onpell,eJieHHoii nocpell,CTHOM n0Kpbl
T11ii) Ha3. HamrnHhmee q11cJio n raKoe, qTo np11 mo6oM 
e >0 KOMUaKT x HMeer noKpblTlle KpaTHOCTH n+ 1, co
CTOHIU,Ce Il3 3aMKHYTblX MHoJReCTB )\llaMeTpa ..,;:e. He Me
HHH COj],epmaHllH aroro onpej],eJieHirn, MOJRHO 3aMeHIITb 
B ero qiopMYJillpOBKe 3aMKHYTble MHOlKeCTBa OTKpblTbIMII. 

TI pI1 orrpell,eJieHilll paaMepHOCTll KoMrraKTa X np11~1eHJ1-
eTcH IIOHHT!Ie AllaMerpa MHOJReCTBa, OTHOCf!IJl,eec.11 K ~IeT

pIIKe, a He K TOllOJIOrllII KOMIJ3KTa x. 0)l,HaKo AOKa3LI
eaeTCH, '!TO orrpeACJl0HHoe TUK lfIICJIO dim x TeM He MeHee 
HBJIHeTCH TOIIOJIOrilq, llHBapI1aHTOM l\OMIIUKTa x, T. e. 
no )l,Ba roMCOMopqiHble MeIBAY co6oID KOMUaKTa llMeIDT 
011HY II TY me pa3MepHoCTh dim X. 8ToT qiaKT ycTaHaBJIIl
eaeTCH Henocpell,CTBeHHO, HO ero JierKO BbIBeCTII II 113 To
ro, qTo qIICJIY dim x MOJRHO )l,aTb H Henocpep;CTBeHHO TO
rroJior11q, onpe1J,eJieH11e, 011I1paIDm;eecH JillIDh Ha TonoJio
rIIID KOMilaKTa x. 

TI o K p bl T 11 e M )l,aHHoro TorroJiorilq, npocTpaHcrna 
Ha3. JIID6a.11 KOHelfHUH COBOKYHHOCTb ero OTKpblTbIX MHO
IBeCTB, 1J,aIDru;11x e ceoeii cyMMe nee no npocTpaHcTno. 
TI0Kpb1rI1e a' MeJinlfe noKpbITllH a, ecJI11 a' BIIIICaHo n a, 
T. e. CCJIII KaJR)l,bllr 3JICMeHT noHpblTHll a' JIBJillCTCll no;i,
~IHO/KeCTBOM XOTJI 6LI O)l,HOl'O ::we~teHTa llOKpblTHH a. 
0Ka3blBaeTCH, pa3MepHOCTb dim x MO/l\HO onpe,qeJIIITb 

ind X =Ind X =dim X. 

0Ka3blBaeTCH, OHO HMeeT MeCTO AJIH Bcex cenapa6eJibHblX 
MeTpI13yeMblX npoCTpaHCTB, T. e. )l,JIH ecex HOpMaJibHblX 
rrpocTpaHcTn co cqeTHoii 6a3oli, a TaKme AJIH npocTpaHCTB 
JIOKaJibHo 6I1KoMrraKTHblX rpyrrn (T e o p e M a TI a c bl H
K o n a). Ee3 npell,IIOJioIBeHHH cena pa6eJihHOCTII AJifl MeT
p1rnyeMblX rrpocrpaHCTB Mmrmo yTeepIB,'.laTb JillIIIb cnpa
ee,[\JillBOCTb qi 0 p M y JI bl H'. a T e T 0 B a 

ind X ,,;;;;; Ind X = dim X, 

a p;JIH 611KoMnaKTOB - qi o p M y JI bl A JI e K c a H A p o

n a 

dim X,,;;;;; ind X,,;;;;; Ind X, 

rrpilqeM 11MeIDTCH 6I1KOMnaKTW X, AJIH K-pblx 

dim X :j: ind X 

(rr p n Me p JI y Hu; a-JI o K y u; II e B c K or o), 
KOMilaKTbl x, )J;JIH K-pblx 

ind X :j: Ind X 

(rr p II M e p CD II JI II II II 0 B a). 
EoJibIIIOe o6merro3HaeaTeJihHOe aHalfeHHe HMeeT cJiep;yID

ru;af! T e o p e M a H e 6 e JI II II r a - TI o H T p .11 r 11-
H a: Heo6xo)l,llMOe II AOCTaTOlfHOe YCJIOBlle AJIH Toro, qTo-
6bl TOIIOJIOrilq, npocTpaHCTBO x 6blJIO roMeoMopqiao IIOA
rrpocTpaHCTBY KaKoro-Jin6o enKJIIl)l,OBa rrpocTpaHCTBa KO
HeqHoro lfIICJia 113MepOHIIH, 3aKJIIOlfaeTCH B TOM, lfT06hJ 
x 6hlJIO HopMUJibHWM rrpoCTpaHCTBOM KOHelfHOH pa3Mep
HOCTll, HMeIDm;llM cqeTHYID 6a3y. 8To II03BOJIH0T rrpII 113y
qea1111 KOHeqHoMepHbIX KOMnaKTOB H noo6m;e KOHeqao
MepHblX HopMaJibHblX npoCTpaHCTB co cqeTHOll 6a30.ii: pac
CMaTpllBaTb llX KaK rro,qnpocTpaHCTBa eBKJIIl,[IOBblX npo

CTpaHCTB. 
B CB.11311 c ::ITIIM IIpI106peTaeT oco6bl.ii: llHTepec T. H. Teo

p e M a 0 6 e-c A B II r a x: AJIH Toro lfT06bl KOMIIaKT x, 
Jiemam;IIH B KaKoM-JI1160 e1rnJIHAOBOM npocTpaHCTBe fR.m, 
IIMeJI pa3M0pHOCTb dim x ...;:n, Heo6xop;IIMO H AOCTaTOlfHO, 
lfT06bl npu JIID6oM e> 0 aToT KoMnaKT Mor 6wTh npeepa
meH B IIOJIIl<lAP pa3MepHOCTII ..,;:n nocpej],CTBOM 8-Cp;Bilra 
e npocTpaHcTBe fR.m (npII aTOM e-C)\BilrOM nogrrpocTpaH
CTBa x B enKJillAOBOM rrpoCTpaHCTBe fR.m Ha3. TaKoe 

HenpepbIBHoe 0To6pameHI1e f aToro noll,npocTpaHcTea X 
n coll,epmaru;ee ero eeKJIIIAOBO npocTpaHCTBo IR m, np11 
K-poM paCCTOHHile p (x, fx) JIID6oli TOqKII xE x OT ee 
o6pa3a fx M0HbIDe qIICJia e). HHTYIITIIBHOe COll,epmaHI1e 
::ITOH TeopeMbl COCTOIIT B TOM, lfTO BCHRIIU KoMnaKT p;aH
HOH KOHeqHoii pa3MepHOCTll n, paccMaTpilnaeMb!H KaK MHO
JR0CTBO, Jiemam;ee B KaKOM-JIH6o eBKJill)J;OBOM rrpocTpaH
CTB0 fR.m, MOIB0T 6LITb CKOJib yrop;HO MaJiblM HerrpepblB
BblM BH)J;Oll3MeHeH11eM (K qeMy II CBO)l,llTCH ero e-CABllT) 

rrpenpanwn s noJIIl::IAP Toil: me, HO He MeHbmeii, pa3Mep
HOCTH. 8Ta TeopeMa TaK me, KaK 11 or1pe1J,eJiea11e pa3Mep
nocni dim x AJIH KOMIJaKTOB, MO/lier 6hJTb rrepeiflopMYJIIl
poeaHa B lfllCTO TOIIOJiornq, TepMIIHax, npillfeM CHOBa 
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«CKOJlb yro,a;Ho MaJlhIBf) 'IHCJia 8 >O aaMeHHIOTCfl ~CKOJlb 
yroAHO MeJlKHMH)) noKphlTHHMll (!), 8To Il03B0.'1HeT aHa
JlOfll'lllYIO TeopeMy c<l>opMyJI11poBaTh ,ll;JlH JlI06hIX HopMaJlb
HhlX rrpocTpaHCTB H rrpll,!ITll K 3aKJlIO'leHHIO, 'ITO B HeK· 
poM (ace me HarJIH,D;HOM) reoMeTpH'leCKOM CMhlCJle BCfl· 
Koe n-MepHoe HOpMaJlbHOe rrpocTpaHCTBO «rroxome» H 
,a;ame «CKOJlh yro,a;Ho MaJlo OTJlll'laeTCH» OT n-MepHoro no· 
Jimi,a;pa. 

0.a,Hoii 113 aamHeiirrmx TeopeM P. T. HBJIHeTcH T. H. 
T e o p e M a o c y m; e c T B e H H hi x o T o 6 p a m e
H 11 H x, JlelKam;aH B OCHOBe 3Ha'IHTeJlhHOii qacTH aceii 
3TOH Teop1111. IlycTb f - HerrpephlBHOe oT06pameHHe (Hop
MaJlbHoro) npocTpaHCTBa X Ha n-MepHhlii rnap Qn c rpa
H11u;eii sn- . IlycTb Cl>CX - rrpoo6paa c<l>epbI sn-l 
rrpH noM 0To6pameHm1, Cl>= 1- 1sn - 1 • 0To6pameHHe 
f: X-+Qn Ha3. c y m; e c TB e H H hi M, eCJlll BCHKOe He
rrpepbIBHOe oTo6pamemrn g : X--+Qn, coarra,a;a10m;ee c f ao 
BCex TO'!Kax xE<D, eCTb OT06palKeHHe Ha BeCb rnap Qn. 
YrroMHHyTaH Teo p e Ma A JI e K ca HA p o B a YTBep
m,a;aeT, 'ITO HOpMaJlbHOe rrpOCTpaHCTBO x Tor.a.a H TOJibKO 
Tor,a;a HMeeT paaMepHoCTb dim X~n, Kor,a;a rrpocTpaHCTBO 
x MOlKHO cym;eCTBeHHO OTo6pa3HTb Ha n-MepHhlH map. 
lfa 3TOH TeopeMhl BhlBO,D;HTCH TeopeMa cyMMhl (AOKa3aH
HaH ,D;JlH KOMIIaKTOB n. c. YphlCOHOM HR. MeHrepoM em;e 
B caMoM Ha'!aJle pa3BHTHH p. T.): eCJlH (aopMaJlbHoe) 
rrpoCTpaHCTBO x paaMepHOCTH dim x = n HBJlHeTCH 06'h
e.a,11HeH11eM KOHe'IHoro HJlH C'!eTHoro 'IHCJla CBORX aaMK
HYThlX MHomeCTB Cl>k, TO no Kpail:Hen Mepe AJIH O,!IHOro 
H3 3THX Cl>k HMeeT MeCTO dimel>k= n. 

TeopeMa o cym;ecTaeHHhlX OTo6pameHHHX JielKHT B oc
Hoae T. H. r o M o JI o r 11 q e c K o ii T e o p 11 11 p a a
M e p H 0 c T H, II03BOJlHIOm;eii rrpnMeHHTb K H3y'leHHIO 
paaMepHOCTH B BeCbMa o6IIJ,JIX rrpe,a;IIOJlOlKeHHHX MeTO,D;hl 
aJire6pa11q, TOIIOJlOfHlil. IloHHTHe 30.MO.i!OZU'leCfiOU paa.Mep
nocmu CBH3aHo c IIOHHTHHMll IJ;HKJla II roMOJlOfHll Ii! rro-
3TOMY rrpe,a;rroJiaraeT, 'ITO HapH,a;y c TOIIOJlOfH'l. rrpoCT
paHCTBOM x ,a;aHa Ii! HeK-paH KOMMyTaTHBHaH rpyrrrra @, 
K-paH Haa. rpynrroii Koa<l><l>m.weHTOB. Tor,a;a MOlKHO ro
aopHTb o IJ;HKJiax KOMIIaKTa X no aToii rpyrrrre Koa<1><1>11-
n;11eHTOB, 06 l'IX HOCHT0JlHX <Dex H, B qaCTHOCTH, 0 
IJ;D.Imax, roMOJlOflil'IHhIX HYJlIO B x no o6JiaCTll Koa<I>· 
ifmu;:neHTOB @, rrpH'leM 3TH IIOHHTllH MOlKl'IO 3KBHBa
JleHTHhlM o6pa30M IIOHHMaTb KaK B CMhlCJle TeopHH ro· 
MoJior11ii AJieKcaH,a;poaa - qexa, TaK H B CMhlCJie ro~10-
Jior11'l. TeopHH BbeTopnca. 

IlocJie 3Toro MOlKHO onpe.a,eml.Th roMoJiorH'l. paaMep
HOCTh KOMIIaKTa x no rpyrrrre Koa<1><1>m.J,HeHTOB @ KaK 
Han60Jlbllee u;eJioe 'IHCJlO n TaKoe, 'ITO B KOMrraKTe x 
HMeeTCH (n-1)-MepHLiii IJ;HKJl zn-l, roMOJlOfll'IHhlll Hy
JlIO B x' HO He roMOJlOflil'IHbIH HYJlIO Ha HeK-pOM CBOeM 
HOCD.TeJle <l>. 0Ka3bIBaeTCH, 'ITO dim x eCTb rOMOJlOflil'l. 
paaMepHOCTh no rpyrrrre x, HBJlHIOm;eiicH <l>aKToprpyrrrroii 
rpyIIIIbI BCex .a,eiiCTBHTeJlbHhlX 'IHCeJl no IIOArpyrrrre u;eJlhlX 
'IHCeJl, H OHa HBJlHeTCH HaH60JlbIIIeii cpeAH BCex Boo6m;e 
roMOJlOrH'l. paaMepHOCTeH. 

ECJlH OT IJ;HKJlOB Ii! roMOJlOflilfl rrepeiiTH K KOIJ;HKJlaM H 
KOrOMOJlOrHHM, TO IIOJlY'IHTCH fiOZOMO.ltOZU'lecr;asi paa.Mep
nocmb, rrpH'leM KOrOMOJlOrH'!. paaMepHOCTb KOMIIaKTa no 
,a;aHHOi'I P,HCKpeTHOii rpyrrrre ~ paaHa roMOJIOrH'l. paa
MepHOCTH no 611KOMIIaKTHoi:'i rpyrrrre lB' ABOllCTBeHHOil 
rpyrrrre ~ B CMhICJle Teopirn xapaKTepoa IloHTpHrirna. 
0TCIO,a;a CJle,a;yeT, 'ITO pa3MepHOCTb dim x coarra,a;aeT c 
KOrOMOJlOfH'leCKoii pa3MepHOCTbIO no rpyrrrre u;eJlbIX 
'IHCeJl. 

Jlum. CM. npu CT. PaaMepnocmb. Tl. C. AAencanapoB. 

PA3MEPHOCTH <l>YHKqHH - u;eJIO'IHCJleHHaH <l>YHK
IJ;HH d Ha perneTKe L (T. e. 0To6pameH11e d : L--+Z), 
yp,oaJleTBOpHIOm;aH yCJlOBHHM: 1) d (x+ y)+d(xy)= d (x)+ 
+a (y) ,D;JlH JlI06bIX x, y EL; 2) ecJIH [x, y]-npocmou unmep
ea.tt BL, TO d(y)=d(x)-+1. /(m1 perneTKH, ace orpaHH'leH· 
Hbie u;crrH K-poii KOHe'IHhl, cym;ecTBOBaHne p. <I>· 3HBH· 
BllJ10HTHO .a,e,a;eKHHAOBOCTH 3TOii perneTKH. 

Cym;ecTByeT u 6oJiee o6m;ee oupe,a;eneHHe P. If!. Ha op
TOMo,a;yJIHpnoi pemeTKe HJIH opTOMOAYJIHpHOM 'laCTH'IHO 
yrropHll;O'leHHOM MHOlKCCTBe, r.a,e 3Ha'!eHHHMH p. <I>· MO· 
ryT 6hITb upoHBBOJlbHhle .a,ei:CTBBTeJihHLie 'IHCJia HJIH ,a;ame 
<l>YHKIJ;HB (CM. [3]). 

Jlum.: 111 c K 0 pH Ii K 0 B JI. A. 8JieMeHTbl TeOpHH CTPYKTYP. 
M., 1970; [2] B i r k ho t f G., Lattice theory, 3 ed., Providence, 
1967; 13] Ka Imbach G., Omolattices, L., 1981. 

T. C. <PotjJatt08a. 
PA3MEPHOCTHLl0: HHBAPHAHT - u;eJioe q11cJio 

d(X), orrpe):leJIHeMoe ,!IJlH Kam.a,oro TOUOJiornq, rrpocTpaH· 
CTBa x AaHHoro KJiacca x H o6JiaAaIOm;ee AOCTaTO'IHhIM 
ROJ'IH'leCTBOM CBOHCTB, c6JIHlKaIOm;Hx ero c o6bI'IHhlM 'lllC
JIOM H3MepeHHH eBKJIH,D;OBbIX MHoroMepHb!X rrpoCTpaHCTB. 
IlpH 3TOM OT KJlacca x Tpe6yeTCH, 'IT06hl OH co,a;epmaJI 
Bee Ky6hl JII06oro 'IBCJia H3MepeHHH H BMecTe c JII06LIM 
,a;aHHhlM rrpOCTpaHCTBOM x' HBJlHIOIIJ;HMCH ero 3JieMeHTOM, 
co,a;epmaJI B Ka'leCTBe 3Jl0M0HTa H BCHKOe rrpocTpaHCTBO, 
roMeoMop<l>Hoe rrpocTpaHCTBY X. OT P. n. d (X) rrpe,a;
rroJiaraeTCH, BO BCHKOM CJiyqae, 'ITO ,D;JIH roMeoMop4JHhIX 
rrpocTpaHcTB X 11 X' acer,a;a d (X)=d (X') H 'ITO ,a;JIH 
n-MepHoro Ky6a Jn BbIIIOJIHHeTCH d (Jn)= n. Cpe,a;n P. 11. 

aamHeiiilIHMH HBJIHIOTCH T. H. K JI a c c Ii! q e c K Ii! e 
p a 3 Me pH o c T n - J/e6eea paa.Mepnocm& dim X H 
(6oJibIIIaH H MaJiaH) unayr>muonasi paa.Mepnocmb Ind x' 
ind X. 

llMeIOT MeCTO CJie,a;y10m;ne rrpeAJlOlKeHHH, Bhl,D;eJIHIOIIJ;He 
pa3MepHOCTb dim x cpe,a;H BCex p. H., orrpeAeJieHHhlX co
OTBeTCTBeHHO B KJiacce acex (MeTp11'10CKHX) KOMnaKTOB, 
BCeX MeTpH3yeMLIX H acex cerrapa6eJibHhlX MeTpH3yeMbIX 
rrpocTpaHCTB H TeM pema10m;He ,D;JIH 3THX rrpoCTpaHCTB 
rrpo6JieMy aKCHOMaTH'l. orrpe,n;eJieHHH paaMepHoCTH. EAHH
CTBeHHhlii' Y,D;OBJieTBOpHIOIIJ;HH HHmerrepe'IHCJieHHbIM YCJIO· 
BHHM 1), 2), 3), orrpeAeJieHHhlii B KJiacce x BCeX (MeTpH
'leCKHX) KOMIIaKTOB x paaMepBOCTHhIH HHBap11aHT d (X) 
eCTh pa3MepHoCTh dim X =Ind X =ind X (T e o p e M a 
A JI e K ca H ,a; p o a a). 

YcJIOBHe 1) (aKCHoMa IlyaHKape). Ec
JIH rrpoCTpaHCTBO rrpHHa,a;JlelRHT K KJiaccy x H d (X) paB
HO HeOTpHu;aTeJihHOMY u;eJlOMY 'IHCJiy n, TO B x co,a;ep
lRHTCH 3aMKHYTOe rro.n;rrpocTpaHCTBO x O• ,D;JlH K-poro 
d (x0) <n H TaKoe, 'ITO MHomecTBO X'°"X0 HeCBH3HO. 

y c JI 0 B H e 2) (a K c H 0 M a K 0 H e q H 0 ii c y M· 
M LI ) . EcJIH rrpHHaAJiemam;ee K RJiaccy X rrpocTpaHCTBO 
X ecTb 06'heAHHeH11e ABYX :iaMKHYThlX rro,a;rrpocTpaHCTB 
x 1 H x 2• ,D;JIH K-pbIX d (X i).;;;;;n, d (X 2) <n, TO Ii! d (X) <n. 

y c Jl 0 B H e 3) (a K c Ii! 0 M a E p a y 3 p a B 

Me T pH q e c K 0 ii <I> 0 p Me). ECJlH x - rrpHHa,n;Jie· 
mam;ee K KJiaccy x rrpoCTpaHCTBO H d (X) eCTb HeoTpnu;a
TeJibHOe u;eJioe 'IHCJlO n, TO cym;eCTByeT TaKoe IIOJIOlRH
TeJlbHOe 'IHCJIO e' 'ITO ,ll;JIH BCHKoro rrpoCTpaHCTBa y' HB· 
JIHIOm;eroCH o6pa3oM rrpocTpaHCTBa x rrpH RaKOM·JIH6o 
e-oTo6pameHHH, HMeeT MeCTO HepaaeHCTBO d (Y)~n. IlpH 
3TOM OTo6pameHHe t KOMIIaRTa x Ha KOMIIaKT y Ha3. 
e-o T 0 6 p a 1R e H Ii! e M, eCJIH OHO Herrpepb!BHO, H IIOJI
Hhlii rrpoo6~a3 1-1 (y) Ram,D;oii TO'lKH YE Y HMeeT B X 
AHaMeTp <S· 

Te ope Ma II( err H H a [2]. Pa3MepHoCTh dim X 
eCTb e,a;HHCTBeHHhlii, orrpe,a;eJieHHhlH COOTBeTCTBeHHO B 
KJiacce x BCex MeTpH'leCKHX, acex cerrapa6eJibHhlX MeT
pH'l. rrpOCTpaHCTB x pa3MepHOCTHblH HHBapHaHT d (X), 
y,a;oBJieTaop.1110m;Hii cJiei:iy10rr~HM ycJIOBHHM (T e o p e M a m: e II H H a). 

y c JI 0 B Ii! e 1) (a K c H 0 M a n y a H K a p e, CM. 
BhIIIIe). 

y c JI 0 B Ii! e 2) (a K c Ii! 0 M a c 'I e T H 0 ii c y M-
M hl). ECJIH rrpHHaAJlemam;ee K RJlaccy x rrpOCTpaHCTP.O 
x eCTb o6'he,D;HH0HHe C'leTHOro 'IHCJia CBOHX aaMKHYTbIX 
no,a;rrpocTpaHCTB X1t, k=1,2, ... , ,D;JlH Kam,D;oro H3 K-phlx 
d(Xk)<n, TOH d(X)<n. 

y c JI 0 B Ii! e 3) (a K c H 0 M a E p a y 3 p a B 0 6-
m; e ii <I> o p M e). EcJI11 AJIH rrp1rnaAJiemam;ero K KJiaccy 
x rrpoc-rpaHCTBa x HMeeTCH d (X) <n, TO cym;eCTByeT Ta-
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!We KOHe'llloe OTKphITOe llOKpbITlle (J) 11pocTpaHCTBa x' 
'ITO ;D;JUI ac.irnoro, 11p11HaJ(.11ema1IIero K KJrnccy OiS:' 11po
CTpaHCTBa y' HBJlHIOID;erOCH o6pa3oM 11pOCTpaHCTBa x 11p11 
r.:aKoM-JI1160 w-oTo6pamemm, 6yAeT d (Y) ;;;;.n. IIp11 aToM 
oT06pamemrn f 11pocTpaHcrna X, Ha K-poM 3a«P11Kc11poaaHo 
HeK-poe OTKpbITOe llOKpbITlle w, Ha 11pocTpaHCTBO y Ha3. 
w-o T o 6 p a m e H 11 e M, ecJm KamAaH To'rna y npo
cTpaHcTBa Y 11MeeT oKpecTHOCTb Oy, 110JIH1>1ii npoo6pa3 
K-poii 1- 1 (Oy) cop;epmHTCH B HeK-poM 3JleMeHTe llOKphI
TllH (J), 

JI um.: [1] A JI e R c a H )'.Ip 0 B II. c., B RH.: Tp. Mem)'.lyHapo)t'
Horo CHMII03HH TIO TOIIOJIOrHH H ee IIpHMeHeHHHX. Xepuer-HOBH· 
1968, Beograd, 1969, c. 38-42; [2) ~ e II H HE .• «,UORJI. AH CCCP», 
1972, T. 206, M 1, c. 31-32; [3] A JI e R ca H llP 0 B II.C ., II a
c bl H Ro a B. A., BBelleHHe B Teopmo paaMepHOCTH, M., 1973. 

A. A. MaJn,'!le•. 
P A3MEPHOCTHbllI MHOroqJIEH p a c III II p e-

H II H A II «P «P e p e H II, II a Jl b H hI x II 0 Jl e ii: - MHO
rO'IJleH, OllllCbIBaIOm;11ii: KOJlll'leCTBO 11po113BOAHhIX KOHCTaHT 
B peIIIemrn: CllCTeMbI ypaBHeHIIH c 'laCTHhIMll 11p0113BOA
HhIMll II HBJlHIOIIIllHCH aHaJlOfOM I'u.ttb6epma .MIWZO'l.ttella. 

IIycTb G - A11.iP«PepeH11,11aJlbHoe pacmupenue Ail«P«PepeH-
11,IlaJlbHoro IIOJIH F. MaKc11MaJlbHoe 11op;MHomecTBO 110JI.11 
G, A11«P«PepeH11,11aJibHO ce11apa6eJibHO He3aa11c11Moe HaA F, 
Ha3. 6 a 3 II c 0 M A II «P «P e p e H II, II a Jl b H 0 ii: c e
ll a p a 6 e JI b H o c T 11. Ba311c A11.iP«Pepea11,11aJibHoii: ce11a
pa6eJlbHOCTH pacnmpeHllH G HaA F, Amfl«PepeH11,11aJihHO aJI
re6pa1111ecK11 He3aBHCHMhIH Hap; F' Ha3. A II «P «P e p e H-
11, 11 a Jl b H hl M 6a3HCOM TpaHc11,eHAeH~ 
H 0 C T II. 

IIycTb G - KoHe'lllo 11opomp;eHHoe p;n«P«PepeH11,11aJibHoe 
pacI1I11peH11e: G=F ('f]1, ... ,'f]n) II ('f]1, ..• ,lJn) - 061II11ii 
HYJlb 11pocToro p;11.iP«PepeH11,11aJlbHoro llJ(eaJia pcF{Y 1, ... , 
y n}· A11.iP«PepeH11,11aJlbHaH CTelleHb TpaHCll,eHJ(eIITHOCTll 110-
JlH G Hap; F Ha3. A n: «P «P e p e H u. 11 a JI h H o ii: p a 3-
~1 e p H o c T h IO 11p;eaJia p ( oHa o6o3Ha11aeTCR d (p)). 
Ecm1 q - APYroii: npocToii: A11.iP«PepeH11,11aJibHbiii: :up;eaJI 
II pCq, TO d (p);;;;.d(q), 11p:1111eM paBeHCTBO MOlKeT llMeTb 
MeCTO Aame AJlH CTpororo BKJlIO'leHllH. IIo 8TOii: 11p111111He 
meJiaTeJlbRO llMeTb 6oJiee TOHKyIO Mepy ,ll;JlH 113MepeHllH 
np;eaJioB. 

<l>llJlbTpau.11.11 KOJlbll,a A11.iP«PepeHll,llllJlbHblX MHOrO'lJleHOB 
F{Y1·· • • ,Yn} 110 CTelleHRM All«P«PepeH11,11poBaH11il: 0E8 
11HAYU.11pyeT «P1rn1>Tpa11,11IO 110Jieii: pacI1Inperr11n G= F <lJ1, 
.. . ,'fJn> llOJlH F: 

F=@o C ®1 c .. · c®s c ... 

Cy1IIeCTByeT (cM. !2)) MHoro'lJleH, 3Ha'leHHe K-poro B 
TO'IKax s E z AJIR acex s;;;,.N 0 paaHo CTe11eH11 TpaHc11,eH
AeIITHOCTll pacmupeH11.11 ® s 110JIH F. OH Ha3. p a 3-
M e p H 0 c T H bl M M H 0 r 0 q Jl e II 0 M p a c Ill II p e
H H H ®IF II HMeeT BHA 

ron/F(x)=~o<i<:mai (xti)' 

rJ(e m - MOIIIHOCTb MHOlKeCTBa AH«P«PepeHll,llpoaaHJIH ~. 
a a; - 11,eJlbie. p. M. RBJlHeTCH 6upa11,noHaJlbHhIM llHBa
p11aHTOM IIOJlH, TO eCTb F(l])=F(~)=:;>wT]/F=ws/F• HO 
He HBJlHeTCH All«P«PepeH11,11aJlbHblM 611pa11,110HaJlbHhIM IIHBa
p11aHTOM, TO ecTb 113 F <'fJ >= F <~ >, aoo61IIe roaop.11, 
He CJleJ(yeT' 'lTO WT] IF= (J)(;/ F. TeM He MeHee <JTOT MIIoro
'IJleII coJ(epm11T B ce6e A11tf>«PepeH11,11aJlbHbie 611pa11,noHaJlb
Hble HHBap11aHTbl, KaKOBbIMll HBJlHIOTCH CTe11eHb MHoro
'IJleIIa i:=deg wn/F (orra Ha3. A 11 «P «Pe p e Hu. n: a JI h
H bl M T II II 0 M p a c III II p e H II H F <'f] > HaA F) II 
CTa pI1I11ii: Km«P<fi1111,11eHT a, (Ha3hIBaeMblll T II II 0 B 0 ii: 
A II <I> «Pe p e H II, II a Jl b H 0 ii: p a 3M e pH 0 c Tb IO). 
CpeAll ;ri;mpifiepeHn;11aJibHhIX P. M., coOTBeTCTBYIOill,llX pa3-
Jlll'lllblM CHCTeMaM p;11.iP«PepeH11,HaJibHblX o6pa3yIOID;llX All«P
«Pepem.1,11aJibHOro pacnmpeH:e:.11, cym;ecTByeT MHHnMaJlbHblii: 
OTHOCllTeJlbHO HeK-poro OTHOilleHllH llOpH/);Ka Ha MHOll\e
CTBe BCeX 11,eJl03Ha'lllblX MIIoro11JieHOB, HBJIHIOill,HHCH, Ta-

KllM o6pa3oM, A11.iP«PepeH11,11aJlbHhIM 611pa11,110HaJlbHhIM llH
na p11aHTOM pacnrnpeH:e:R. 

MHoro11JieH An:«P«PepeH11,1rnJihHoii: pa3MepHoCT11 onpep;e
JlHeTCH TaKme II AJlH All«P«PepeHll,HaJlbHhIX Moµ;yJieii:. 

P. M. BbI'lllCJleH AJlH pacmnpeH11ii:, aa;o;aaaeMhIX cJie
AYI01IIllMll c11cTeMaM11 (cM. [1], rAe P. M. Ha3. Mepoii: mecT
KOCTll CllCT!lMbl ypaBHeH11ii: llOJlH): 1) BOJlROBOe ypaane
Hn:e; 2) ypaaHeH11e MaKcBeJIJla AJlH 11ycToro 11pocTpaHCT
aa; 3) ypaaHeH11.11 aJieKTpoMarHIITHoro 110JI.11, 3aAaBaeMoro 
110TemwaJiaM11; 4) ypaaHeH:e:.11 :3ii:HmTeii:Ha AJlH 11ycToro 
11pocTpaHCTBa. ,ll,pyrne 11pHMepb1 Bbl'lHCJleHllH p. M. CM. 
B [3]. 

Jlum.: [1] 8 it H w Tell H A .• CoopaHHe HaY'!HhIX TPYllOB, T. 2, 
M., 1966; [2] K o 1 chin E. R.t Differential algebra and algeb
raic groups, N. Y.- L., 1973; 3) M H x a JI e B A. B .• II a H
R pa Tb e BE. B., B RH.: AJireopa, M., 1980, c. 57-67. 

E. B. IIaunpamheB. 
P A3MEPHOCTb T o 11 o Jl o r 11 11 e c K o r o 11 p o-

c T p a H c T B a x - 11,eJlO'lllCJleHHhIH llHBap11aHT dim x' 
011pe;ri;eJI.11eMb1ii: cJieµ;yIOIIJ,11M o6pa3oM. Toni:a II TOJlbKO 
TOrp;a dim x = -1, KOfJW x = ¢. 0 He11ycTOM TOllOJlO
r1111. 11pocTpaHcTBe X roaopHT, 'lTO oHo He 6oJiee 11eM n
MepHo, 11 1111I1IyT dim X ~n, ecJI11 B JII06oe KOHe'IHoe OT
KphITOe 110Kpb1Tlle 11pocTpaHCTBa x MO)KHO BIIIICaTb KO
He'lHOe OTKPhITOe 110KphITHe 11pocTpaHCTBa X KpaTHOcTn 
~n+1, n=O, 1, 2, .... EcJI11 dim X ~n AJlH HeK-poro 
n=-1,0,1, .•. , TO 11pocTpaHCTBO x Ha3. K 0 He q HO
M e p H bl M ' 1111I1IeTCH dim x < 00 Il C'lIITaeTCll 

dim X =min {n:dim X ~ n}. 

II pH 3TOM ecJlll dim x = n, TO 11pocTpaHCTBO Ha3. n-Mep
HbIM. IIoHHTl1e p. TOllOJlor1111. 11pocTpaHCTBa 06061IIaeT 
<JJleMeHTapHo-reoMeTp111I. llOHHTlle 'lHCJla H3MepeHllH eBK
Jll1JlOBa 11pocTpaHCTBa (H llOJ1113Jlpa), T. K. pa3MepHOCTb 
n-MepHoro eBKJlllAOBa 11pocTpaHCTBa (II JII06oro n-MepHoro 
11omrnp;pa) paaHa n (T e o p e M a E p a y a p a - JI e-
6 er a). 

BamHOCTh 110HHTllH P. To110Jiorn:11. 11pocTpaHCTBa BbI
HBJlReTcH T e o p e M o il: H e 6 e JI 11 H r a - II o H T
p H r II H a - r y p e B II q a - R y p a T 0 B c K 0 r o: 
n-MepHoe MeTp1rnyeMoe co c11eTHoii: 6a3ol1 11pocTpaHCTBO 
BKJla/l,bIBaeTCH B (2n+ 1 )-MepHoe eBKJlHJ(OBO 11pocTpaHCT
BO. TaK11M o6pa3oM, KJlacc 11pocTpaHcrn, To110Jioru11ecKH 
3KBllBaJleHTHhIX llOAllPOCTpaHCTBaM BCeB03MOlKHblX n-Mep
HhIX eBKJlll/);OBbIX 11pocTpaHCTB, n= 1, 2, ..• ' COBllap;aeT 
c KJlaccoM KOHe'lHOMepHbIX MeTp113yeMblX 11pocTpaHCTB co 
C'IeTHOM 6a30H. 

Pa3MepHocTb dim X HHorp;a Ha3. JI e 6 er o B oil:, 
T .K. ee orrpeAeJleHHe OTTaJlKllBaeTCH OT 'f e 0 p e M bl JI e-
6 e r a ((0 M 0 c T 0 B hI X»: n-MepIIblll Ky6 AJlH JlI06oro 
e> 0 o6Jla/l,aeT KOIIe'lIIbIM 3aMKHYThIM KpaTHOCTll ~n+ 1 
110Kpb1T11eM c µ;uaMeTpoM aJieMeHTOB <e; cylIIeCTByeT Ta
Koe Bo >O, 'lTO KpaTHOCTb JlI06oro KOHe'lHoro 3aMKHyToro 
110KphITllH n-MepHoro Ky6a >n+ 1, ecJI11 p;11aMeTp aJie
MeHTOB 8TOro 110Kpb1Tl1H <eo. 

H 011peJ(eJleH11IO P. To110Jlorn:11. 11pocTparrcTBa B03Mo
meH APYroii: - HHAYKTHBHhlii: - 11oµ;XOA (cM. lfnoynmue
nasi paa.Mepnocmb), ocHoaaHIIhlii: Ha pa3611eH1111 11pocTpaH
CTBa llOAllPOCTpaHCTBaMll MeHbIIIel'O 'lllCJia H3MepeHHH. 
:3TOT llOAXOA K llOHHTHIO p. BOCXOIJ;llT K A. IlyaHKape 
(H. Poincare), JI. Bpayapy (L. Brouwer), IT. C. Ypb1c0Hy 
n: R. Merrrepy (K. Menger). B cJiy11ae MeTpII3yeMhIX npo
cTpaHCTB OH 3KBHBaJleHTeII Jle6eroBCKOMY. 

OcHOBhI Teopn:11 P. 6b1Jlll 3aJiomeIIbI B 1-ii: 110Jl. 20-x 
rr. 20 a. B pa6owx II. C. YphlcoHa n H. MeHrepa. R KOH. 
30-x rr. 6I>rna 110CTpoeHa Teop11.11 P. MeTpn3yeMhIX 11po
CTpaHCTB co C'leTHOll 6a3oii:, a K Ha'l. 60-x rr.- Teop11.11 
p. JII06hIX MeTpH3yeMhIX npOCTpaHCTB. 

H11me ace paccMaTp11aaeMhle To110Jior1111. 11pocTpaHCTBa 
C'IIITaIOTCH HopMaJlbHbIMH II xayq:i;op.PoBbIMH. B 3TOM CJiy-
11ae B 011peAeJieHI1II P. 6e3 YIIIep6a BllllCbIBaeMi,re oTKPhIThle 
llOKphITllH MOlKHO 3aMeHHTb Ha 3aMKHYThle. 
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Jie6eroB IIOJJ;XOA K orrpe]J;eJieHHIO p. (B OTJlH'lHe OT l!H
AYKTHBHOro llO;Il,XOJJ;a) 1103BOJlReT B CJiy'lae mo6hlx pac
CMaTpnsaeMblX rrpocTpaIIC'l'B reoMeTp1130BaTh IIOHHTlle p. 
rrocpep;CTBOM cpanrremrn 11cxop;rroro TOIIOJIOrll'l. rrpocTparr
CTBa c 11pocTei'1!Il11M11 reoMeTptt'I. 06paaosarr11.11Mn - noJtu
aopa:Mu. fpy6o rooopH, npocTparrcrno n-Meprro Torp;a 11 
TOJlbKO Torp;a, Korp;a OHO CKOJlb yrop;rro MaJIO OTJlH'laeTCH 
OT n-Meprroro 110JI11ap;pa. To'lHee, HMeeT MecTo T e o p e M a 
A JI e K c a rr A p o B a 06 w-o T o 6 p a m e rr Iii .11 x: 
Torp;a H TOJlhRO Ton~a dim X <:n, Rorp;a p;JIR mo6oro Ro
He'lHoro OTKphITOfO IIOKpbITHH (!) rrpocTpaIICTBa x cym;e
CTByeT w-0To6pamerr11e rrpocTparrcTBa X rra rre 6oJiee 'leM 
n-MepHhIM, n=0,1,2, .. . , (RoMrraKTHblii:) 110.rrnap;p. Oco-
6yro rrarJIRIJ;IIOCTh cipopMyJI11pooarrHa.11 TeopeMa IIp1rn6pe
TaeT B CJiy'lae ROMIIaKTOB: IJ;JlH KOMIIaKTa x Torp;a 11 TOJlb
KO Torp;a dim X <:n, Rorp;a AJIH mo6oro B> 0 cym;ecrnyeT 
B-oTo6pameHHe ROMnaRTa rra rre 6oJiee 'IeM n-MepHblii: 
IIOJIHap;p. Ecm1 em;e X JiemnT B eBRJinp;osoM HJIH rHJih-
6epToBoM IIpOCTpaIICTBe, TO B-OT06pameHHe MOiKHO aa
MeHHTb B-Cp;BHroM (T e o p e M a A JI e R c a II A p o B a 
06 B-0 T 0 6 pa ii\ e H ll R x ll B -c AB n r a x). 

CJiep;yrom;ee YTBepmJJ;eHHe II03BOJIHeT BhlHCHHTh, RaKoBa 
P. npocTpaHCTBa, nocpeJJ;CTBoM ero cpasrremrn co oce· 
B03MOil\HhIMH n-MepHbIMH Ry6aMia: TOfJJ;a H TOJlbRO Torp;a 
dim X~n, Rorp;a npocTpaIICTBO o6Jiap;aeT cym;ecTBeIIHblM 
oT06pamerrneM Ha n-MepHblH Ry6, n=0,1,2, . .. (Teo
pe Ma AJieRcaHp;pooa o cym;eCTBeHIIhIX 
0 T 0 6 p a ii\ e H H R x). 

8Tm1: TeopeMe MOiKHO IIPHAaTb cJiep;yrom;yro ipopMy. Tor
p;a H TOJlhRO Torp;a dim X <:n, Rorp;a AJIH JII06oro aaMKrry
Toro B X MHomeCTBa A H JII06oro HenpephlBHoro oTo6pa
meHHH f : A-+Sn B n-Meprryro cipepy cym;eCTByeT Henpe
pblBHOe npoJJ;oJimerrHe F: X-+Sn, n=0,1, . .. , oTo6pa
meHHH /. 

CJiep;yrom;a.11 xapaRTepncTn:Ka P. yKaabloaeT Ha poJib 
3TOro IIOHHTI!ll B Bonpocax cym;ecTBOBaHHH pernem1n CH
CTeM ypaBHeHnii:: Torp;a H TOJlbRO TOrp;a dim X~n, n= 
= 1,2, ... ' Rorp;a B x cym;eCTByeT TaRaH ClICTeMa /J;lI3'bIOHKT
HblX nap aaMRHYThIX MHomeCTB A;, B;, i=1, ... , n, 'ITO 
):IJIR JII06blx rrenpephIBIIblX Ha X ipyHRU.HH /;, yp;onJieTBO-
p.11rom;Hx ycJIOBHIO f;IAi>O, f;IB;<O, i=1, .. . , n, 1iaii:-
):leTCH TO'lKa xEX, B R-poii: /;(:r)=O, i=1, .. . , n (Teo-
p e M a 0 T T o - 8 ii: JI e rr 6 e p r a - X e M M 11 H r c e
H a o n e p e r o po AR a x). 

Op,HO H3 samrreii:JIJHX CBOIICTB p. BbipamaeT T e 0 p e M a 
c y M M bl M e H r e p a - Y p bl c o H a - lJ e x a: 
eCJlll IIpOCTpaHCTBO x eCTb ROHe'lHaH I!JlH C'leTHaR CYMMa 
CBOHX aaMRIIYTblX llOJJ;MIIOiKeCTB paa~rnpHOCTlI "'n, TO ll 
dim X .,.;n, n=0,1, . .. B aToii: TeopeMe ~rnnrno ycJioene 
KOIIe'lIIOCTH HJlll C'leTHOCTH cyMMbl aaMeHHTb yCJIOBHeM 
ee JlOKaJlbHOil ROHe'lIIOCTH. AHaJIOfH'IHOe TeopeMe cyMMbl 
yTBepmp;eHne IJ;JlH 6oJib!IlOH II MaJlOH lfH,[IYRTlIBHLIX p. 
He BhIIIOJlHHeTCH ymc B RJiacce 611ROMIIaRTOB. CJJCAYIOlll.IIe 
YTBepmp;emrn np11Ha):IJiemaT K •mcJiy OCHOBHhIX 06nv1x 
ipaRTOB TCOpHI! p. H Il03BOJlHIOT CBOP,HTb paCCMOTpeHHe 
mo6blx IIpOCTpaHCTll K paCCMCJTpCHHIO 61rnoMnaRTOB. Jl.m: 
mo6oro HOpMaJlbHOfO npOCTpaHCTBa 

a) dim ~X =dim X, Ind ~X =Ind X, rp,e ~X -MaR
cnMaJibRoe 61moMIIaRTHoe pacurnpeHHe CToyHa -- l!exa 
npocTpaHCTBa X; B TO me BpeMH HepaBeHCTBO ind ~X> 
>ind X=lnd X soaMomeo; 

6) cym;ecTnyeT 6imoMIIaRTHoe pac!I111pemie b X IIpo
CTpaHCTBa X, nee K-poro w (bX) pasen necy wX, n paa
MepHoCTb dim bX pasna paaMepnocTn dim X; aHaJiorn'l
Hoe YTBepm]:leHne nepHO H /J;JlH 60JlbJIJOII HHP,YKTlI!lHOi'I p. 
Oco6eHHo HHTepeceH cJiy'Iali C'leTHoro seca IIpocTpaIICTBa, 
T. R. B 3TOM CJiy'lae paCmHpeHHe bX MeTpnayeMO. 

Yrnepmp;ea:ne 6) MomeT 6b1Th ycnJieHo CJiep;yrom;HM IIpep;
Jiomelni:eM: JJ;JIH mo6oro n= 0, 1,. . . n mo6oi1 6ecRoHe'l-

Hoii MOIIJ;HOCTH cym;eCTByeT 6imOMII3RT n; BeCa 't H 

paaMepIIOCTH dim II: =n, COp;epmam;Hii: fOMeOMOpcpIIbll! 

o6paa mo6oro aopMaJibIIoro IIpocTparrcTBa X seca ..,;:i; 
11 paaMepHOCTlil dim X <::n (rnopeMa 06 YHHBepcaJihHOM 
6nRoMnaRTe ):laHHoro seca Iii paaMepHoCTH). ArraJIOIH'lHoe 
yrnepmp;errne BepHo Il ):IJlH 6oJlbJIJOM HIIAYRTHBHOlf p. IlpH 

0 
aToM B Ra'leCTBe II MOiKHO B3HTh R3HToposo cooeprneH-

Ho 1 
Hoe MHmKeCTBO, a B Ra'leCTBe II - MeHreposcKyIO 

Ho 
YHHBepcaJlbHYIO KpHByIO. 

KaaaJIOCb 6bi' 'ITO p. P,OJlmHa o6Jiap,aTh CBOMCTBOM MO
HOTOHHOCTH: dim A .,.;dim x, eCJlH AcX. 8To TaK, ecm1 
a) MHOil\eCTBO A aaMRHYTO B x HJ;IH CHJlbHO napaROMII3KT
IIO, HJIH 6) IIpocTparrcTBO X MeTpnayeMo (R p;ame conep
rnerrHo HopMaJihHO). Op,11aRo yme p;JIR nop,MHomecTna A 
rracJieP,CTBeHHO HOpMaJlbHOfO npOCTpaHCTB3 x MOil\eT 6L!Tb 
dim A >dim X n Ind A >Ind X. Ho ocerp;a ind A<:: 
~ind X npn AcX. 

0,[IHHM H3 oamrre:iimHX BOilpOCOB Teopnn p. HBJlH0TCH 
IIOBep;eHHe P. npn HenpepbIBHblX oT06pameHn.11x. B cJiy
qae 33MHIIYTb1X OT06pameIIHM (R HHM IIpHrrap;JiemaT H BCe 
HenpepblBIIbie OTo6pameHHH 6HROMJiaRTOB) OTB0T p;aeTCH 
ipopMyJiaMn B. fypeBH'la (W. Hurewicz), noJiy'leHHhIMH 
HM IIepBoIIa'laJlhHO B KJlacce npocTpaHCTB co C'leTHOM 6a-
30ll. 

<t> 0 p M y Jl a r y p e B H q a ):I Jl H II 0 B bl JIJ a IO-
m; H x p a 3 M e p H 0 c T b 0 T 0 6 p a m e H H Il:: eCJlH 
oTo6pameHHe f: X-+Y HeIIpepblBHO n aaMKIIYTo, TO 

RpaTHOCTh t+dim X-1 ~dim Y, 
rp;e RpaTHOCTb /=sup{ I 1- 1 y I: y E Y}. 

<t> 0 p M y Jl a r y p e B II q a A Jl H II 0 II H ii\ a IO
II~ Il x p a a M e p H 0 c T b 0 T 0 6 p a ii\ e H H ii: p;JIH 
rrenpepLIBHOfO aaMRHyToro OT06pameHHH /:X..+Y Ha IIa
paKOMIIaKT y BblIIOJlHHeTCH rrepaBeHCTBO 

dim X -dim f ~dim Y, (1) 
ri:1e 

dim/=sup{dim/- 1y:y EY}. 
)l.JIH rrpOH3BOJlbHOfO HOpMaJlbHOro npOCTpaHCTBa y 3T3 
ipopMyJia, ooo6m;e ronopH, 11eoeprra. 

B CJiy'lae HeIIpepbIBHbIX OTo6pameHHH KOHe'lHOMepHb!X 
ROMIIaRTOB ycTaHOBJleIIo, 'ITO HeIIpepbIBHOe OT06pamenne 
f paa~iepHoCTH dim /= k HBJIHeTCH cynepII03HU.ne:ii k He
IIpephIBHLIX OTo6pameHHM paa~rnpHOCTl'I 1 (3TO - YTO'l
H8Hlle qiopMyJibl (1) n arraJior Toro cpaRTa, 'ITO k-MepHL1ii: 
1'y6 eCTh rrponanep;eHHe k OTpea1wB). 

B CJly<Iae OTRpb!TblX OT06pamerrnil MOlKHO IIORa3aTb, 
'!TO o6paa HYJlbMepHoro 6HKOMnaRTa IIYJlbMepeH H B TO 
me BpeMH fUJlb6epTOB KIApIIH'l 0CTb o6paa O,[IIIOMeprroro 
ROMIIaKTa, p;ame eCJlH COOTBeTCTByrom;ee OTo6pamerrHe f 
n~rneT paa.'1epHOCTb dim /, paBHYIO aymo. 0,[IIIaKO B CJly
•iae OTRpbITOfO OTo6pameHHH f : X-+Y 6HROMJlaRTOB x 
H y KpaTHOCTH "'Ho BhlIIOJlHHCTCH paneHCTBO dim x = 
=dim Y. 

flo!le,[IPHHe p. np11 B3HTHll TOIIOJlOfH'l. npOH3Bep;eHHH 
01111CLIBaJOT cJ1011ymu1ne yTncpiRAeHHH: 

a) cy~eCTBYIOT TaKHe ROHe'lHOMepHbie ROMIIaRTbl x H 
Y, 'ITO dim XXY<dimX+dim Y; 

6) eCJlll OAHH H3 COMHO)!{HTeJleif IIpOH3Be,!:leHHH xx y 
6nRoMnaRTeH nJin MeTpn3yeM, To dim XXY~dimX+ 
+dim Y; 

B) cym;eCTBYIOT TaKlrn HOpMaJlhHble npOCTpaHcTBa x H 
Y, 'ITO dim XXY>dimX+dimY. 

B cJiy'lae 6HRoMnaRTHblX X H Y sceri:1a Ind XX Y < oo , 
ecJin Ind X<oo n IndY<oo, Ho MomeT 6h!Th lndXXY> 
IndX + IndY. EcJiia me 6nROMIIaKTbl X :n Y cosepmeano 
11opMaJibHhl HJIH o,11aoMepHb1, To Ind XX Y ..;;:IndX + 
+Ind Y. 

Han6oJiee cop;epmaTeJlbHa rnop11.11 P. IIpemAe ncero B 
RJiacce MeTpuq. npocTpaHCTB co C'IeTHoii 6aaoii: H aaTeM 
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B mrncce mo6b1x MeTpnq, rrpocTpaHCTB. B mrncce MeT
pnq, npOCTpaHCTB co cqeTHOH 6a30H Bb!IIOJIH.IUOTCH p a
B e H CT Ba YpMCOHa 

dim X =ind X =Ind X. (2) 

B 1rnacce mo6Mx MeTpnq. rrpocTpaHCTB BhIIIOJIHHeTCH p a
B e H CT Bo KaTeToaa 

dim X =Ind X (3) 

n MomeT 6b!Th ind X=O<IndX=1. 
B CJiyqae MeTpnq, rrpOCTpaHCTB IIOHHTne n-MepHoro rrpo

CTpaHCTBa CJieµ;yIDIIJHMH ABYMH crroco6aMn MOlReT 6hlTb 
CBe)l;eHO K IIOHHTHIO HYJihMepHoro rrpoCTpaHCTBa. ,[{JIH MeT
pnq, rrpocTpaHCTBa X Torµ;a n TOJibKO Tor.a;a dim X <:n, 
n=0,1,. . ., KOr)la 

a) rrpocTpaHCTBO x MO>KeT 6b!Tb rrpeµ;cTaBJieHO B Bnµ;e 
He 6oJiee qeM n+ 1 HYJibMepHb!X CJiaraeMMx; 

6) Cy11JeCTByeT Herrpepb!BHoe 3aMKHyToe oTo6pameHne 
KpaTHOCTH <n+1 HYJibMepHoro MeTpnq, rrpocTpaHCTBa 
Ha rrpocTpaHCTBO x. 

,[{JIH JIID6oro rrop;MHomecTBa A MeTpnq, rrpocTpaHCTBa 
X Haiiµ;eTCH TaKoe rro.a;MHomecTao B-:::JA Tnrra Go a X, 
qTo dim B=dim A. 

B KJiacce MeTpnq. rrpocTpaHCTB aeca <::T n pa3MepHoCTI!. 
<:n cyrn;ecTByeT YHHBepcaJibHOe (B CMb!CJie BJIOlReHnn\ 
rrpoCTpaHCTBO. Ba>KHYID poJib B IIOCTpoeHHll Teopnn p', 
JIID6hlX MeTpnqeCKHX (n 6oJiee 061IJHX) rrpoCTpaHCTB Cblr
paJia T e o p e M a ,[{ a y K e p a: Torµ;a n TOJihKO Tor.a;a 
dim x <:n, Korµ;a B JIID6oe JIOKaJibHO KOHe'lBoe OTKpb!TOe 
rroKpb!THe rrpocTpaHCTBa x MOlRHO BIIHCaTb OTKpb!TOe rro
Kpb!THe KpaTHOCTH <n+ 1. 

0.a;HnM H3 Han6oJiee aamHhlX aorrpocoa Teopnn P. HB
JIHeTcH Borrpoc 0 COOTHOilleHHHX MellIAY Jie6eroao:il: H HH
AYKTHBHb!Mll P. XoTH )lJIH rrpon3BOJihHoro rrpocTpaHcTBa 
X 3HaqeHl!.H pa3MepHocTe:il: dim X, ind X, Ind X, aoo6-
rn;e roaop.11, rrorrapHo pa3Jill'IHhI, op,HaKo )lJIH HeK-pwx 
KJiaCCOB npocTpaHCTB, B TOM HJIH HHOM CMbICJie 6JIH3KHX 
K MeTpnqec1mM, BblIIOJIHeHO, Harrp., CJie)lyroru;ee: 

a) eCJIH rrpocTpaHCTBO x o6Jiap,aeT HerrpepblBHblM 3aMK
HYTb!M OT06pameHIIeM f pa3MepHOCTII dim /=0 Ha MeT
pIIq. rrpocTpaHCTBO, TO BblIIOJIHHeTCH paBeHCTBO (3), OT
croµ;a cJieµ;yIDT paaeHCTBa (2) AJIH JIOKaJibHo OIIKOMIIaKT
HhlX rpyrrrr II nx iJ>aKToprrpocTpaHCTB; 

6) ecJI11 CYIIJeCTByeT Herrpepb!BHoe 3aMKHyToe oT06pa-
11<eH11e MeTpII'l. rrpocTpaHCTBa Ha rrpocTpaHCTBO x' TO 
Bb!IIOJIHHIOTCH paBeHCTBa (2). 

EIIJe op,Ho o6m,ee ycJioa11.e AJIH BhIIIOJIHeHnH paaeHcTBa 
(3) )l;JIH rrapaKOMIIaKTa x BbirJIH)l,l!.T Tall'.: dim x = n 11 
rrpocTpaHCTBO X HBJifleTCH o6pa3oM HYJihMepHoro rrpo
cTpaHCTBa np11 3aMKHYTOM OT06pameHllll KpaTHOCTll <n+ 
+1, n=0,1,. .. 

B cJiy<rne rrpoII3BOJibHoro rrpocTpaHCTBa X ncer;n;a BbI
rroJIHHIOTCH eepaneHCTBa dim x ,,,;:IndX II. indX ,,,;:IndX, 
a paaeecTBa dim X=O 11 IndX=O paHHOCIIJihHbI. ).l,JIH 
cnJibHO rrapaKoMrraKTHoro (B qacTHOCTll., 611KoMrraKTHoro 
llJill qrnHaJibHO KOMIIaKTHOro) rrpocTpaHCTBa x BblIIOJI
HHeTCH HepaaeHCTBO dim x ,,,;:indX. ).l,JIH OHKOMIIaKTOB 
paseHcTBa ind X = 1 II I ndX = 1 paBHOCllJihHbl. Cy11Je
CTBYIDT 611KoM11aKTbl, y.a;onJieTBOpHIDIIIlle rrepaoil: aKCIIOMe 
c'leTHOCTll (n µ;ame conepmeHHO HOpMaJihHble B rrpeµ;rroJio
meHHll KOHTllHYYM-rllIIOTe3bI)' P,JIH KOTOpb!X dim x = 1, 
ind X=n, n=2,3,. .. IlocTpoeH rrpnMep TorroJiorn'l. O!l;
Hopoµ;Horo 611KoMrraKTa c dim X <ind X. ,[{JI.11 coneprneH· 
HO HOpMaJihHhIX 6nKoMrraKTOB ecerµ;a ind X =Ind X. Cy
rnecTBYIDT 6nKoMrraKTbI µ;ame c rrepaoii. aKCHOMOM C'leT
HOCTll, )lJIH K-pbIX ind X <IndX. CyII(eCTByeT Jiii TaKoe 
m, 'ITO .a;JI.11 Kam7J;oro n> m Haii!l;eTCH fornoMrraKT (MeTpn'l. 
rrpocTpaHCTBo) X c ind X=m, Ind X=n,- He113neCTHo 
(1983). 

B cJiytJae HeMeTpII3yeMhlX rrpoC1·paHCTB P. MomeT He 
TOJibKO He Ob!Tb MoHoToHnoii., no n o6Jia7J;aeT !l;pyrIIMn 
naTOJiornq. CBOllCTBaMH. ).l,JIH JII06oro n=2,3,. •• IIOCTpoeH 

IIpHMep TaKoro 6nKoMrraKTa Sn, qTo JIID6oe 3aMKHYTOe 
IlO!l;MHOlReCTBO ero HMeeT P. HJlll 0 HJII!. n=dim en. AHa
JIOrH'lHb!H rrpHMep B CJiy'lae HHAYKTHBHb!X p. HeB03MO
>KeH. IlocTpoeH TaKme )l;JIH JIID6oro n= 1,2,. .. 11p11Mep 
TaKoro 6nKOMIIaKTa CDn, 'ITO JIID6oe pa36naarorn;ee aTOT 
6nKOMIIaKT 3aMKHYTOe MHO>KeCTBO HMeeT pa3MepHOCTb n= 
=dim <I>n. TaKHM o6pa30M, rroµ;xoµ; K orrpeµ;eJieHHIO P. B 
CJiy'lae HeMeTpH3yeMoro IIpOCTpaHCTBa B rrpHHl\HIIe OTJill
qeH OT HHAYKTHBHOro rroµ;xoµ;a A. IlyaHKape, OCHOBaHHoro 
Ha pa36HeHHH rrpoCTpaHCTBa rro.a;rrpocTpaHCTBaMn M0Hb
rnero qncJia naMepeHun. EnKoMrraKThl <I>n HMeIDT Herro
cpeµ;cTBeHHOe oTHomeHne K CJieµ;yIDIIJeMy yTBepmµ;eH11ro: 
B JII060M n-MepHOM 61111'.0MIIaKTe coµ;epll<HTCH n-MepHoe 
KaHTOpOBO MHoroo6pa3ne. 

IIop;MHomecTBO n-MepHoro eBKJin.a;osa rrpocTpaHCTBa En 
Tor,11a n TOJihKO Torµ;a n-MepHo, rwrµ;a OHO coµ;epmnT 
BHyTpeHHHe OTHOCHT0JlbHO En TOqKn. KoMrraKT HMeeT paa
MepHOCTb ,,,;:n Torµ;a ll TOJibKO TOrp;a, Korµ;a OH o6Jiaµ;aeT 
OTo6pameHneM P. HYJih B En, n, TaKllM o6paaoM, c TO'l
HOCThIO IW HYJibMepHb!X OT06pameHnii. n-MepHble KOM
rraKTbl He OTJIH'lllMbl OT orpaH11'leHHblX 3aMKHYThlX, coµ;ep
marnnx BHyTpeHHHe (oTHOCHTeJibHo En) TO'lKII rrop;MHO
mecTB En. 

CM. TaKme PaaMepnocmu meopuR. 
Jlum.: [1] AJieKCBHJJ:POB II.C., IlaCbIHKOB B.A., 

BBeJJ;eH>Ie B TeOpHIO pa3MepHOCTR, M., 1973; (2] r y p e B H q B., 
Bo JIM a H r., TeopnH paaMepeocm, rrep. c aerJJ., M., 19i.s: [3] 
y p bl c 0 H II. c., TpyJJ;bl ITO TOIIOJJOrnn H JJ:PYrlfM OOJIBCTIIM MaTe
MBTRKl!I, T. 1-2, M.- JI., 1951. £. A. llaCbtlt1'06. 

P A3MEm;EHHE c rr o B T o p e H n .11 M n 11 3 m 
aJieMeHTOB ITO n - KOHe'lHaH IIOCJieµ;oaaTeJibHOCTb a = 
=(a;l' a;2,. • .,ain) aJieMeHTOB HeK-poro MHomecTBa A= 

={a1, a2,. . .,am}· EcJin Bee 'lJieHbI a pa3Jill'lHbl, TO a Ha3. 
p. 6 e 3 II 0 B T 0 p e H ll i'r. qHCJIO ncex B03M01RHbIX p. 
c rroBTopeHnmm :tt3 m 110 n panHo mn, a 6e3 rronTopeHnii. -
(m)n~~m (m-1) .•. (m-n-1). 

p. MOlRHO paccMaTp1rnaTb Kall'. il>YHKI\HIO <:p, 3a,[l.aHHYID 
Ha Zn={1, 2, .. ., n} n rrp11H11MaIDI1JYID 3Ha'leHnH 113 A: 
<:p (k= )a;k,k= 1,2,. . ., n. 3JieMeHThl A npnHHTO Haab!BaTb 
H q e :ii: K a M ll (HJIH y pH a Mn), a aJieMeHTbl Zn - q a
c T n u: a Mn (1rnn m a p a M n ); <:p 011pe)leJI.11eT aarroJI
HeHne pa3Jill'lHhlX H'leeK pa3JIH'!Hb!Mll qacTnU:aM11. EcJin 
pe'lb nµ;eT 0 HepaaJIH'lHMbIX 'laCTlll\aX llJIH H'leHKax, TO 
rroµ;pa3yMenaeTcH, qTo pacc~iaTpnnaIDTCH K JI a c c bl P. 
TaK, ecJI11 ace qacTnl\hl oµ;nHaKOBbl, To µ;ea P., orrpeµ;eJIH
eMble COOTBeTCTBeHHO il>YHKl\llHMH <:p H 'ljl, OTHOCHTCH K 
O)l;HOMY KJiaccy' eCJill HaHAeTCH IIOACTaHOBKa CJ MHome
CTBa Zn TaKaH, 'ITO q>(a(k))='ljl(k) AJIH ncex kEZw 
B 3TOM cJiyqae 'lllCJIO TaK11x KJiaccon, HJTH, KaK ronopHT, 
'lHCJIO paaMe11JeHllH n O)lHHaKOBbIX 'laCTHl\ 110 m pa3JIH'l
Hb!M H'lei\:KaM, eCTb 'lllCJIO CO'lemanuii c IlOBTopeHHHMH 
Il3 n rro m. 

EcJin roaopHT, 'ITO ace H'leii.J{H 0µ;11HaK0Bhl, TO HMeIOT 
B BllAY' 'ITO p. pa3611BaIOTCH Ha KJiaccbI Tall'., 'ITO µ;ea p.' 
orrpeµ;eJIHeMbie iJ>yHKl\HHMII <:p II 'ljJ COOTBeTCTBeHHO, OTHO
CHTCH K 0)1,HOMY 1rnaccy, eCJIII CYIIJeCTByeT IIOACTaHOBKa 
't MHomecrna A, np11 K-poii. T (<:p (k))='ljl (k) AJIH acex 
kEZn. B aToM cJiyqae 'lUCJio pa3Me11JeHnH n pa3JIH'lHbIX 
'laCTHl\ ITO m OAllHaKOBblM H'leii:KaM, T. e. 'lllCJIO KJiaCCOB, 

paaHo~:= 1 S(n,k), r,11e S(n,k)-'lHCJia CTnp

JI n H r a II p o µ; a: 

S (n, k) =S (n-1, k-1) +ks (n-1, k), S (0,0) = 1, 

S(n, k)=O rrpn k>n n k=O, n>O. 

EcJin He pa3Jill'laTb Kall'. 'laCTlll\bl, TaK H H'l0HKll, TO 
rroJiy'laIOT pa3Mem;eH11e n 0µ;11HaK0BbIX 'laCTHl\ rro m oµ;n-

HaKOBb!M H'leIIKaM; q11CJIO TaKHX p. paBHO ~n Pn (le)' 
"""k=1 

ri:i:e Ptl (k) - 'll!CJIO pa36IIeHHH n Ha k HaTypaJibHblX CJia
raeMblX. 
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PaccMaTpnaaIDTCH n µ;pyrne paa6neHHH P. Ha KJiaccw, 
Harrp. Korµ;a BhlmeyrroMHHYThle IIOACTaHOBKil (J Il 't 6e
PYTCH 113 rrop;rpyrrrr CHMMeTpnq, rpyrrrr COOTBeTCTReHHO 
cTerreHeii: n nm (cM. 06 aToM n APYrHX o6o6m,eHnHx e (1), 
I 2)). CnHoHnMaMn «P .» HBJIHIDTCH TepMnHhl «n-rrepecTa
HOBKa», «yrropHp;oqeHHaH n-aw6opKa na reHepaJibHoiJ co
BOKYIIHOCTH». 

Jlum.: [1] Ca q Kos B. H., HOMOHHaTOPHhle MeTOJJ;hl JJ;HCKpeT
HOH MaTeMaTHKH, M., 1977; [2] pH 0 p JI; a H .um., BseJJ;eHHe B 
HOMOHHaTopahlH aHaJJHa, nep. c aHrJJ., M., 1963. B. M. MuxuB. 

PA3HOCTHAH BAPU:AI(U:OHHAH CXEMA - paa
HOCTHaH cxeMa, IIOCTpoeHHaH Ha OCHOBe aapnaIJHOHHOH 
3aj);aqn, COOTBeTCTBYIDID,eii: Kpaeaoii aap;aqe j);JIH µ;nqllpepeH
IJHaJibHOro ypaBHeHHH. 0CHOBHaH np;eH IIOCTpoeHHH p. 
B. c. COCTOHT B TOM, qT06bl rrpn crreIJnaJibHOM Bhl6ope KO
opp;nHaTHhlX ii>YHKD;HH B Pum"l{a J.temooe rroJiyqlfTb CHCTe
MY JinHeiiHWx aJire6panq. ypaaHeHnii:, coarrap;aIDIIJYID no 
CTPYKType c CllCTeMoii paanocmnbtX ypannenuii; o6wqHo 
Hell3BeCTHhlMH rrapaMeTpaMll HBJIHIDTCH rrp116Jinlf<eHHbie 
3HaqeHllH B yaJiax ceTKll ToqHoro pemeHHH n, B03MOlf<HO, 
HeK-pwx ero rrpo11aaop;Hwx. B KaqecTBe TaKnx Koopp;11-
HaTHhlX ii>YHKIJHH MOlf<HO llCIIOJib30BaTh KycoqHo JIHHell:
Hhle, rroJI11JI11HeHHble 11 AP· ii>YHKn;1111. 

Pa3HOCTHbie cxeMbl MO)f(HO IIOJiyqaTb T8Klf<e, Bb16npaH 
CIIeIJHaJibHb!M o6pa30M Koopp;IIHaTHble iJ>yHKIJHll B I' a.;iep-
1m11,a J.temooe. MeTOA rroJiyqeH11H pa3HOCTHhlX cxeM c rro
MOIIJhID MeToj);a faJiepmrna Ha3. B a p Il a IJ II 0 H H 0 -
p a 3 H 0 c T H bl M M e T 0 A 0 M (llJill II p 0 e K IJ II 0 H
H o - pa 3 HOC TH bl M MeTop;oM). BapnaIJHOHHo
paaHoCTHhlii MeTOA 1rnorp;a Ha3. M e T 0 A 0 M K 0 H e q
H bl x a JI e M e H T 0 B, XOTH IIOCJiep;Hee Ha3BaH11e yrro
Tpe6JIHeTCH B 6oJiee o6m,eM CMbICJie. 

IlycTh nocTaBJieHa KpaeaaH aap;aqa: 

-(p(x)u'(x))'=f(x), 0<x<1, (1) 

U (0) =U (1) =0, (2) 

rp;e f (x) - nerrpephlBHaH ii>YHKIJHH, p (x) - HerrpepbIBHO 
1tniJ>iJ>epeHIJ11pyeMa n p (x)~p0>0. 

YMHomeHne (1) Ha npo11aaoJibHYIO ii>YHKIJllID cp (x), YAOB
JieTBOpHIDIIJYID ycJioBHHM (2), n: nHTerp11poaamrn no x: 

- ~: (pu')' cp dx= ~ ~ /cp dx 

rrpn:BOAHT K TOlf<p;eCTBY 

L (u, cp) = ~>u' cp' dx= ~~ fcp dx, (3) 

K-poMy YAOBJieTBOpHeT pemeH11e aaµ;aqn (1), (2). Crrpaaep;
JillBO n: o6paTHoe YTBepm1J;eH11e: iJ>ynKIJMH u (x), yp;oB
JieTBOpHIDIIJ;all rpaH11qHbIM YCJIOBHHM (2) II Tomp;eCTBY (3) 
rrpn: rrp0113BOJihHb!X ii>YHKIJHHX cp (x), cp (O)=cp (1)=0, llB
JIHeTCH pememreM aaµ;aqn: (1), (2). Tomp;eCTBo (3) 11crroJih
ayeTCH AJIH IIOCTpoeHllH rrpn:6m1.menHoro pemeHHH MeTOAOM 
faJiepKHHa. IlpoMemyToK (0,1] paa6n:aaeTCH Ha N qa
CTeii: TOqKaMn: x;=ih, i=1,. •. , N-1, h=N- 1 • Mnome
CTBO {x;} Ha3. c e T K 0 ii:, ToqKll. x; - y 3 JI a M II. CeTKll, 
h - mar o M ceTKll. B KaqecTBe Koopp;nHaTIIbIX ii>YHK
J.\HH B MeTOp;e faJiepKHHa 6epyTCH il>YIIKJ.\Hll. 

rp;e 

cp; (x) =\jJ (h-1 x-i), i=1, 2, .. ., N-1, 

')J(t)={ 1~lt1 npn ltl..;;;;1, 

np11 It I > 1. 

Cf>yHKIJllll. cpi(x)=O BHe rrpoMelf<yTKa [x;-i. x;+1l· 8TO 
CBOHCTBO KOOPAHHaTHb!X ii>YHKIJllH rrpHHHTO H83blBaTb 
c B 0 il: c T B 0 M JI 0 K a JI b H 0 c T II. IlyCTb rrp116Jin:
lf<enHoe pemeHne aap;aqn 11meTCH B a11p;e 

~N-1 
v= . v;cp; (x), •= 1 

(4) 

rp;e v; - IICKOMble napaMeTpbl, K-pwe IIBJIIIIDTCll 3Haqe
H11.HMll rrpn6Jin:lf<eHHoro pemeHHH B yaJiaX C0TKH: 

v;=v (x;), i=1, .. ., N-1. 

IlyCTb K - MHOlf<0CTBO iJ>YHKIJHH Bll.)J;a (4). <llYHKIJHll. 
H3 K JIHH0HIIbl Ha rrpoMemyTKax [x;, Xi+1L HerrpepblBHbl 
Ha (0,1] n paBHhI HYJIID rrpn: x=O n x=1. Cn:cTeMa MeTop;a 
faJiepKHHa rroJiyqaeTCH rrpn IIO;ll;CTaHOBK0 B (3) ii>YHKJ.\Illl 
v (x) BMeCTO u (x) Il ii>YHKD;ll.ii cp; (x) BMeCTO cp (x): 

~N-1 \1 , , 
L(v, cp;)="""i=l Vj .lop(x)cp;(x)cp;(x)dx= 

=~~f(x)cp;(x)dx, i=1, .. ., N-1. (5) 

H 

Ilp11 3TOM 

{ 1/h 
cp; (x) = -1/h 

IIpll. X;-1 < X < X;, 

IIpll. X; < X < X;+l 

L (cpj, cp;) = ~: p<pj<pi dx =I= 0 

Jlll.illb j);JIH j=i-1, i, i+1, T. e. B Kalf<j);C!lM ypaBHeHnn: 
11.MeeTCH He 6oJiee Tpex Hen:aaeCTHb!X. 

C11.cTeMa (5) Molf<eT 6hITh aan11.caHa B a11.p;e 

h-2 [-rxi- •/,vi-1 + (ai- 'f• +ai+•1,) v;- ai+•1,V;+1] = f;, 
i=1, ... , N-1, 

ai-'f =h-1rx; p(x)dx, 
s j xi -1 

f;=h- 1 5:•:+ 1 f (x) cp; (x) dx, v0 =VN=0. 
1-l 

3Ta Cll.CTeMa IIO CTPYKType CXOj);Ha c o6blqHoii: pa3HOCT
HOH. C11.cTeMbl ypaaHeH11.ii:, noJJyqeHHble TaK11.M CIIoco6oM, 
II. Ha3. p a 3 H 0 c T H bl M II. B a p H a IJ Il 0 H II bl M H 

c x e M a M II.. B OTJlll.qn:e OT o6blqHblX pa3HOCTHblX cxeM 
KoaiJ>iJ>nIJHeHTbl ai-'f, Il /; HBJIHIDTCH He 3HaqeHll.HMH ii>YHK
IJHH p n f B iJ>n:Kc11poaaHHhlX ToqKax, a 11x ycpep;HeHn:HMn. 
8TO o6CTOHTeJlbCTBO II03BOJIH8T ll.CIIOJlb30BaTb p. B. c. 
AJJH ypaaHeH11.il: c «rrJJoxn:Mm> (Harrp., paapwBHb!Mll.) KoaiJ>
iJ>n:IJnenTaMll.. 

IlycTh Lh={L (cpj, cp;)} - MaTpMIJa c11cTeMbl (5). TaK 
KaK L (cpj, cp;)=L (cp;, cpj), To MaTpHIJa Lh cnMMeTp11.qHa. 
MMeeT MecTo paaeHCTBO 

(Lh wh, wh) = ~ ~ p (w') 2 dx, 

rp;e wh={w;}f;'.:"l - rrpon:3BOJibHblH BeKTOp :03 eBKJlll)l;OBa 
rrpocTpaHCTBa EN-1 paaMepHOCTll. N-1, (.,.) - CKaJIHp
Hoe npo11.aae;o;eH11.e B EN-1, 

Ma HepaaeHCTBa 

~N-1 
W="""i=l W;cp;(x). 

m~x u2 (x) =max ( ~: u' (t) dt ) 2
..;;;; ~: (u') 2 dx, 

crrpaaep;mrnoro )l;JIH rrpo11.3BOJihHOH HerrpephIBnoii 11 All.iJ>
iJ>epeHJ.\HpyeMoii: ii>YHKUHM, YAOBJ1eTBOpHID1IJeil: ycJ10R11.ID 
u (0)= (0)' CJiej);yeT OIJ0HKa 

r 1 p (x) (w' (x)) 2 dx ~Po max (w (x)) 2 ~ 
.lo x 

~N-1 2 
~Poh . w;, 

I L=I 

H3 K-pon Bb!BOjl;HTCH HepaaenCTBO 

(Lhwh, wh) ~ p 0h (wh, wh)· (6) 

MaTpttIJa Lh rroJiolf<11TeJibHO orrpep;eJieaa; CllCTeMa (5) op;
H03Haqao pa3pelll11Ma. 
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Ilpn MaJibIX 3HaqeHIUIX h CilCTeMa (5) COCTOilT H3 6oJib
moro qllCJia ypaBHeHHii. ToqHoCTb pemeHHH CHCTeMbl aJI
re6paHq. ypaaHeHHii Il o6'heM Heo6xo,n;HMoii. ,D;JIH aTOro 
pa6oTbl B 6oJibIDOii. CTeneHil 3aBHCHT OT B0JillqllHbI T. H. 

'l ll c JI a 0 6 y c JI 0 B JI e H H 0 c T Il p = Amax/Amin 
MaTpIHrhI CilCT0MhI, rAe Amax Il Amin - HaH60Jihmee Il 
HaHMeHhmee co6cTneHHhre 3Ha1JeHHH MaTpHIIbl Lh. 113 He
paaeHCTBa (6) CJie,n;yeT, lJTO Amin>p0h. CnpaaeAJIHna TaK
me O!IeHKa 

Amax...;;; 4h- 1 max p (x). 
x 

lJHcJio o6ycJioBJieHHoCTil P= O (h- 2), lJTO coanap;aeT no 
nopHl{KY h c Il3BeCTHblMil OIIeHKaMH AJIH MaTpllII o6bllJHblX 
pa3HOCTHblX cxeM. 

Cxo,n;HMoCTb npH6JIHil\eHHoro pememrn K TOlJHOMY p;o
Ka3bIBaeTCH no o6MlJHon p;JIH MeTop;a faJiepKJrna cxeMe. 

lfa (3) Il (5) AJIH npoH3BOJibHon <jiyHK!IHil cp H3 K cJiep;yeT, 
lJTO 

L (u-v, <p)=O, (7) 
OTKy);la 

L (u-v, u-v)=L(u-v, u-w), (8) 

rAe w - npoH3BOJibHaH <jiyHK!IIlH Il3 K. II paaaH qaCTb 
(8) OII0HilBaeTCH c noMOillbIO HepaBeHCTBa 

(L (cp, 'i')J2..;;;L (<p, cp) L ('!', '!'). 
TaKHM o6pa3oM, 

L (u-v, u-v) = ~: p (x) (u' -v')2 dx-.;;;. 

,,.;;; inf P p (x) (u' -w')2 dx. 
we K J 0 

I u I= ( ~ ~ pu'2 dx) 112 

(1JHCJio I u I Ha3. a H e p r e T 11 q e c K o ft H o p M o li 
<jiyHKIIIlll u) no3BOJIHeT nepermcaTb nocJieAHee HepaBeH
CTBO B BHA0 

lu-vlos;;;;influ-wl. 
weK 

OIIeHKa norpemHoCTH P. B. c. caop;11TCH R OII0HRe HaHJiyq
mero npH6JIIIil\0HHH TOlJHOro pemeHHH <jiyHKIIIlHMH KJiacca 
K. EcJIH B KalJeCTBe w (x) B3HTh KycoqHo JIHHenHyro <jiyHR

IIIlIO - ,,N-1 
w (x) = ~i= 1 u (x;) cp; (x), 

COBnap;aIOIIIYIO c <jiyHK!IIl0H u (x) B Y3Jiax C0TKil, TO cnpa
B0;.\JIHBa O!I0Hiia: 

I u-vl ,,.;;;Ch2 maxp (x) ~: (u") 2 dx, 

rp;e c - IIOCTOHHHaH. 
Ha paccMoTpeHHOM npHMepe Bll,D;Hhl HeK-phle xapaRTep

Hble qepTbI aapHaIIHOHHo-pa3HOCTHOro MeTOi];a: JIOKaJib
HOCTb RoopAl!HaTHhrx <jiyHKIIHii, o6ecnelJHBaronrHx 6m1-
3oCTh P. B. c. no CTPYKType K pa3HOCTHbIM cxeMaM, 11 npH
MeHHMoCTb TeXHllKII npoeKIIHOHHbIX M0TOAOB K llCCJie,n;o
BaHilIO CXO;iJ;HMOCTH p. B. C. 

OcHOBHbIM npH nocTpoeHilll p. B. c. HBJIHeTCH Bbl6op 

JIOKaJibHhIX KoopAHHaTHbIX <jiyHRIIMii, o6Jia,n;aronrHx Tpe-
6yeMblMil armpoRCHMa!IIlOHHbIMH CBOHCTBaMH. 3a;iJ;aqa an
npoKCHMaIIHH CTaBHTCH B pa3JilllJHbIX <jiyHK!IIlOHaJibHbIX 
npocTpaHCTBaX. )J.JIH 3aAaq MaTeMaTHlJ. <jJH3IlKH Bail\Hbl 

npocTpaHCTBa Co6oJieBa w~ (Q), T. e. JIHHeHHble MHome
CTBa <jiyHKIIHH c KOHelJHOH HOpMon 

llullp 1=~ (I 1Dau\Pdx1 ... dx,,) 11P, 
· I a I< 1 jg 

r,n;e Q - o6JiaCTb BE m P> 1, l - HeoTpHIIaTeJibHoe !IeJioe 

qllCJIO, ct= (ct1' ... ,ctn)- B0KT0p c !I0JI01JHCJieHHblMil Koop

l{HHaTaMH, lctl =ct1+ct2+ .. . +ctn, 
Dau= ___ o_I a_lu __ _ 

ox~ •ox~' . .. ox~n 

MHorne 1maccbl JIOKaJibHhlX KoopAHHaTHblX <jiyHKIIIlH 
CTpOHTCH IIO CJiep;yronre:il: cxeMe. IIycTb 3ai];aHbl <jiynKIIIlll 

cp1 (;}, cp2 (6J, ... ,cpr (;}, npnHa;iJ;JielliaIIIIle W~ (En) Il paa
Hble HYJIIO BHe n-MepHoro Ky6a 1611 <R, j=1,2, .. . ,n. 
IIyCTb h= (h1, ... ,hn) - 3ap;aHHbIH B0KTOP c IIOJIOll\Il
TeJibHbIMli Koopi];HHaTaMH, i= (ii,. . ., i,,) - npoH3BOJib
HbIH II0JI01JilCJieHHbIH B0KTOp, 

h-1 (x)={h11x1, hi1x 2 , ••• , h;;1x,,). 

lJepe3 I o6o3Ha1JeHo MHoll\eCTBO BeKTopoa i TaKHX, lJTO 

n-MepHhln napaJIJieJiennneA lh/1x1-i1I <R, j=1,. . ., 
n, nepeceKaeTCH c Q. )J.JIH ,n;aHHOH o6JiaCTH Q B KalJeCTBe 
KOOpj!;HHaTHblX cpyHK!IIlH Bbl6HparoTCH <PYHKIIHil Bnp;a 

<pr (x)=cpµ (h- 1x-1), iEI, µ=1, .. ., r, 

T. e. <jiyHKIIHH, IIOJiylJeHHble 8.3 HCXOAHbIX <jiyHKIIIlH MaC
mTa6HpoBaHHeM apryMeHTOB n c,n;muoM Ha aeKTop i. Ta
Kne KoopAHHaTHbie <jiyHKIIIlll npHHHTO Ha3b!BaTb p e r y
JI H pH bl Mn. IIyCTb KJiaCCOM K Ha3. MHOil\eCTBO <jiyHK

!Illll anp;a 

w (x) = ~. I ~r wrcpr (x). 
~ie ~µ=1 

ECJIH Jiro6o:il: nOJIHHOM Pi-1 CTeJieHH l OT 6 MOll\HO npeA
CTaBHTb KaK JIIlH0HHYIO KOM6HHa!IHIO cp1 (6), ... , <pr (6), 
TO jl;JIH npoH3BOJibHOH <jiyllK!IHH u (x) E w~ (Q) MOil\HO yKa-
3aTb <jiyHK!IllIO w EK TaKyro, lJTo cnpaae,n;JIHBO annpoK
cnMa!IHOHHoe HepaBeHCTBO 

Uu-wl/p, ,...;;;chl-kl/ul/p,t• Oos;;;;k < l, (9) 

rp;e h=max hj, C He 3aBHCHT OT h e: u. 
1<:i<n 

P. B. c. AJIH RpaeBhlX 3a,n;aq AJIH aJIJIHnTilq. ypaaHeHHH 
CTpOHTCH Ha OCHOBe SKBliBaJieHTHbIX 3aAaq Haxom,n;eHHH 

<PYHK!Iliii, y,n;oaJieTaopHronre:x IlHTerpaJibHbIM Tomp;ecTBaM. 
MHor11e Il3 aTliX 3ap;aq COCTOHT B Haxomp;eHHil <jiyHKIIHil 

u E wr (Q), YAOBJI0TBOpHIOill0H npH npoll3BOJibHOH <jiyaK

!IIlll cp E wr (Q) HHTerpaJibHOMY TOil\,D;0CTBY 

L (u, cp) ==~I a 1. I fl I~ m ~ Q aa.llDa.uDllcp dQ + 

+~I Pl. l't I< m ~s bP'tDPuDi;cp dS = ~Q /cp dQ, (10) 

rp;e S - rpaHn!Ia Q, aa.13(x), bp't(x) n /(x) - 3aAaHHhle 
<jiyHKIIHH. II pep;noJiaraeTCH, lJTo 

«a13=apa, bpi;=bi;p 

H L(u, u);:?=yllu~i.m, y=const>O. 

IIp11MeHeHHe K (10) MeTop;a faJiepKHHa c KOOp;iJ;HHaTHb!Mll 

<jiyHKIIIlHMH cpr npliBOl{liT K P. B. c. ,D;JIH 3ai];a1JH (10). 
IIyCTb pemeHHe U (x) 3ap;aqe: (10) npHHa,D;JI0ll\IlT W~ (Q), 
l >m, 11 <jiyHK!IHH cp~ yp;oaJieTaopHroT ycJioBHRM, npH 
K-pbIX cnpaBei];JIIlBO HepaBeHCTBO (9). )J.JIH OII0HKH no
rpemHOCTH p. B. c. IlCIIOJib3YIOT CTaHp;apTHyro Texmrny 
M0TO,n;a faJiepKHHa: 

y~u-vl~2.mos;;;;L(u-v, u-v)os;;;; 

.;;;; inf L(u-w, u-w)os;;;;Ch2 < 1 -m>iiu[l~ 1 , 
weK 

r,n;e v - npH6JIHmeHHoe pemeHHe. 
3ap;aqH Bllp;a (10), AJIH K-pbIX B KalJeCTBe <jiyHKIIHH cp 

MOll\eT 6bITb B3HTa npoH3BOJibHaJI <jiyHK!IHH Il3 W~(Q), 
Ha3. 3 a A a q a M Il c e c Te c TB e H H bl M Il K p a e-
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B bl M H y c JI 0 B H H M H. Cy:m;eCTBY0T ,qpyroii Knacc 
KpaeBblX 3a,qaq, B K-pbIX Ha rpaHHU,e s CTaBHTCH KpaeBhle 
ycnosuH sn:,qa 

(~/a/ <mblDau) Is =0, o~;~v. v~m-1. (11) 

B aToM cnyqae KpaesbIM ycJIOBHHM (11) s Tom,qecTBe (10) 
)l;OJlll\Hhl YAOBJleTBOpHTb H <l>YHKII.HH cp E wqt (Q). ,Il,JIH npH-
6nn:meHHOro pemeHHH TaKllX 3a,qaq MeTOAOM fanepKHHa 
Heo6xoAnMo, qTo6hl Koop,qnHaTHhle <J>YHKU,HH YAOBJJeTBo
pHJIH ycnomnrM (11). BseAeHHble Bhlllie Koop)lHHaTHhle 

<l>YHKU,llll cpt (x), B CHJJY caMoro cnoco6a HX IlOCTpOe
HllH, BOo6ru;e rosopH, He npn:rOAHbI AJlH npe,qcTaBJleHHH 
npn:6nnmeHHoro pemeHn:H, y,qos.;ieTBOpHroru;ero ycnosHHM 
(11). 

0AHH ll3 rrpneMOB UOCTpoeHHH p. B. c. AJlH 3a,ll.aq c 
KpaeBbIMll ycnOBHHMH BH,ll.a ( 11) CBH3aH c HCil0Jlb30BaHHeM 
Me T 0 A a m T pa <I> a. IlyCTb, Hanp., Tpe6yeTCH pe
ffiHTb 3aAaqy ,Il,upnxne ,ll.JIH ypasHeHHH IlyaccoHa. :3Ta 
3a.a;aqa aKsnsanerrTHa orrpe,ll.eJieHHro <J>yHKU,nn u (x), uls= 
=0, YAOBJJeTBopmoru;e:li: rrpu rrponasoJJbHOH <J>yHKU,llll cp (x), 
cpls=O, HHTerpanbHOMY TOll\AeCTBY 

(' (au aqi+au aqi) dQ = (' f dQ. 
.) !..! ax Ox iJy Oy J !..! cp 

B MeTOAe II1Tpa<J>a BBOAHTCH B paccMoTpeHne <l>YHKU,ll.H v, 
y,qosneTBopHroru;aH npn npoH3BOJ!hHbIX <J>YHKIJ.ll.HX cp HH
TerpaJibHoMy TOlli,ll.ecrny 

(' (~ ~+~aqi) dQ+~ (' v dS= 
.) !..! \ ox ax oy ay e .) s cp 

= ~ !..! /cp dQ, e > 0. 

<l>yHmJ;UH v HBJlHeTCH pemeHHeM 3ap;a1m c ecTeCTB0HHhlM 
KpaesbIM ycnosneM. ,Il,oKa3hlBaeTcH, qTo npu MaJlhIX 3Ha
qeHHHX e peII1eHirn u H v 6Jlll3Kll. ,Il,JlH npn:6JlHiK8HHOro 
peII1eHnH IlOCJleAHe:li: 3aAaqn MOll\HO rrpHMeHHTb p. B. c. 
c llCUOJlb30BaHlleM peryJIHpHbIX Koopp,nHaTHblX ljiyemi;nii.. 

06rn.nn cnoco6 nocTpoeHnH KoopAnHaTHblX lf>yHKU.H:li: Ta
KoB. 

rr YCTb AJlH npon3BOJlbHOro IlOJlOll\HTeJlhHOro qncna h 
B Q 3ap,aHo MHOllieCTBO ToqeK z;, i=1, 2, ... , N, Ha3. 
Y3Jla~m ceTKll, TaKoe, qTo Kall\AaH ToqKa o6JlaCTll OTCTOHT 
OT KaKorO-Jll'.!60 Y3Jla He 6onee qeM Ha h. IT ycTb /l,JlH Kall\-

,ll.OrO y3na z; onpeAeJleH Ha6op «PYHKIJ;nii. cpf, cpL ... , 
q:t(i) H3 it!i'(Q), YAOBJleTBopmoru;nx 3aAaHHWM rpaHn•1-
HblM ycnosnHM (11), rrpnqeM v(i)..:;:M, rAe M He 3a
sncnT oT i n h. IT ye Tb npn Kall\AOM i n scex j llHTerpan 

~ !..! cp~cp~ dQ 

OTJlnqea OT HyJlH JlHillb AJlH qucJla HH,qeKCOB k, orpaHnqeH
Horo qucJlOM, He 3aBHCHIIJ.HM OT i H h (ycJloBne JlOKaJlbHO
CTH KOOPAIIHaTHbIX ljiyHKIJ;Ull). IlyCTb K - KJlacc <l>YHK
IJ.HH BIIAa 

""1N ""1v(i) Ai i 
w = "'"i=l "'-ij:l ;cp;, 

r,1J.e /..) - qncnoshre napaMeTphr. 
Ecnn peI11eHne u (x) Kpaesoii 3aAaqn MOllieT 6wTb npn-

6nnmeHo lf>YHKU.IIHMH KJiacca K c ToqHoCTbro, xapaKTepH
aye~10ii: HepaBeHCTBOM 

inf llu-wll2,m~Ch1-mllu~2 , 1 , m< l, 
WEK 

TO ,ll.JlH peI11eHHH, nonyqeHHoro rrpn noMOIIJ.H P. B. c., 
crrpaBe,ll.JlHBa OIJ;SHKa rrorpelIIHOCTlil 

II U-V 112, m,,;;;; Chl-m II U 112, /· 

HeperynHpHwe ceTKlil rrpn~IeHHIDTCH 1rnor,1J.a AJIH 6onee 
nonHoro yqeTa cnoii.crn aaAaqn. Harrp., AJJH 60Jiee Toq-

Horo socrrpon3B0,ll.0HUH «PYHKIJ.HH B OKpeCTHOCTH yrJIOBOll 
Toq1rn rpaHHIJ;bl MOll\HO pacrroJIOll\HTb Y3Jlbl Ha pa]:tHaJlbHO
KOJlbU,esoii ceTKe. 

,Il,JIH qlilcJleHHOH peaJln3aU,Hll MaTpHU,a p. B. c. ,ll.OJl>KHa 
o6JiaAaTb He CJ1IIII1KOM IlJlOXOH o6ycJIOBJleHHOCTbIO. ,Il,JIH 
3UAa'I sn,qa (10) OUTHMaJlbHOH cquTaeTCH o6ycJIOBJleHHOCTb, 
BwpamaeMaH COOTHOID0HH0M P=O (N 2mfn), r,qe p - qncJlO 
o6ycnoeJieHHOCTH MaTpnD,bI P. B. c., N - qucno Y3JlOB 
ceTKH, n - pa3MepHOCTb rrpocTpaHCTBa, co,qepmaru;ero 06-
nacTb Q. ,Il,nH MHornx KOBKpeTHblX aa,1J.aq TaKaH o6ycnos
neHHocTb ,qeii:cTBIITeJlbHO HMeeT MeCTO. 

11cnOJJb30BaHHe p. B. c. coqeTaeT AOCTOHHCTBa MeTOAa 
ceToK H rrpoeKri;uoHHhlX MeTop;on. CTpyKTypa P. n. c. 
Il03BOJ1HeT HCil0Jlb30BaTb aKOHOMBqHhle MeTOAhl pemeHnH 
paaHOCTHhlX cxeM. JlerKo ycTaHaBJlHBaeTCH pa3pemnMOCTb 
P. B. c.: MaTpnu,a P. e. c. rroJIOll\HTeJlbHO orrpeAeJreHa, ecnn 
rronomnTeJibHO orrpeAeJieH AHlf>«PepeHu,naJibHhlH onepaTop. 
Borrpoc 0 CXOAHMOCTll CBOAHTCH K BOrrpocy 06 anrrpoKcn
MaU,mr TOqHoro peII1eHirn KOOPAHHaTHbIMH «PYHKIJ;llHMll p. 
B. c., H, CJleAOBaTeJlbHO, CKOpOCTb CXOAHMOCTH onpe,ll.e
JlHeTCH AII«Plf>epeHU,HaJlbHblMH CBOHCTBaMH TOqHoro p0II10-
HHH. p. B. c. MOil\HO npHMeHHTb rrpH BeCbMa CJla6bIX 
orpaHnqeHHHX Ha AaHHhle 3a,ll.aqn. 

11ccJieAOBaHHH no p. B. c. rrpoBO]tHTCH B CJ10AYIDIIJ.llX 
OCHOBHhlX HarrpasneHHHX: 

1) C03AaHne KoopAnHaTHhlX «l>YHKu.nii., yp;osJreTnopHro
ru;nx KpaeBhlM YCJlOBllHM, HCCJle,ll.OBaHHe HX arrrrpoKCHMa
U,llOHHbIX CBOMCTB; 

2) rroJiy'leHne ou,eHOK TO'IHOCTH B pa3JlH!IHhlX HOpMax; 
3) IIOCTpoeHHe p. B. c. ,ll.JlH 3ap;aq, HMeroru;ux Te HJlll 

llHhle oco6eHHOCTH (JlHHHH paapb!Ba Koa«Pqmri;HeHTOB, yr
JlOBbie TOqKH rpaHHIJ;bl H T. A.); 

4) pa3pa60TKa MeTOAOB pemeHHH p. B. c. H crroco6hl 
O!ITHMII3an.nn MeTOAOB peilleHHH; 

5) peilleHne HeJinHeHHhIX ypanHemrii:; 
6) npnMeHeHne P. B. c. AJIH HecTau,noHapHhlX ypasHe

Hnii.. 
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ceMPIHapoe JIOMII», 1974, T. 48, c. 32-188; [6) Map 'I y K r.H., 
MeTonbl Bbl'IHCJIHTeJI&Hott MaTeMaTHKB, 2 Han., M., 1980; [7) ,[I; h H
K o Ho e E. r., PaaHoCTH&Ie MeTon&1 pemeHHH 1<paee&1x aana'I, 
M., 1971. JI. A. 02a11.ec.1m. 

PA3HOCTHAH CXEMA - cncTeMa paanncmnbix ypae-
11,enuii, arrrrpoKcnMnpyroru;nx AH«P.iliepeHri;naJihHOe ypas
Heene n AOITOJIHnTeJlbHhie (HaqaJibHhle, rpaHn'IHhre n AP·) 
ycnonnH. ArrrrpoKcnMari;nH ncXOAHOH Anlf>lf>epeHri;aaJibHOH 
3aAaqu p. c.- <JTO OAHH II3 crroco6on rrpn6Jlnil\eHHOH AHC
KpeTH3au,nn ncxop;Hoii. 3aAaqn:. OH 3aKJ'IroqaeTCH B TOM, 
qTo 3a/WHHYIO o6JlaCTb ll3MeHeHHH He3aBUCllMhlX rrepeMeH
HhlX G 3aMeHHIOT AMCKpeTHhIM MHo>KeCTBOM ToqeK Gh -
c e T K 0 ii:, a rrpOII3BO,ll.Hhle, BXOAHIIJ.Me B p;n:«Plf>epenu.uaJib
HOe ypanHeHHe, 3aMeHHIDT na ceTKe Gh pa3HOCTHhIMn OT
HOI11eHn11Mn. B pe3yJlbTaTe TaKoii. 3aMeHhl B03HnKaeT 3aM
KHyTaH cncTeMa 60JlbI110ro 'lncna anre6pan'I. ypanneHHH 
( JlllHeHHbIX llJlll HeJlHHeHHblX B 3aBUCUMOCTM OT IICXOAHOH 
Anlf>«PepeHri;HaJlhHoli 3aAa'ln), K-paH n rrpeACTaBJIHeT co6oii. 
p. c. Ilo cyru;ecTBy p. c. - aTO ceMeHCTBO pa3HOCTHhlX 
ypanHeHHH, aasncHru;nx OT I11aron ceTKH. PeI11eHne P. c. 
TaKme 3annCHT rrapaMeTpnqecKH OT I11aros ceTKH. P. c.
MHororrapaMeTpHqecKnii: H CJlOil\HbIM o6'beKT. IloMn:Mo KO
a~«PHII.HeHTOB UCXOAIIOro AH~lf>epeHIJ;HaJlbHOro ypaBHeHHH 
OHa COAepiKHT CBOH co6CTBeHHble rrapaMeTpbi TaKtrn, KaK 
illarn ITO BpeM0HH ll rrpOCTpaHCTBY' BeCOBble MHOil\HTemr 
n AP· BnnHHHe aTHX napaMeTpos MomeT cyrri;ecTseHHO nc
Ka3HTb rrpeACTaBJieHHe o noBeAeRHH ncxoAHoii. AH~«PepeH
U.HaJlbIIOII aaAaqn. 

B CBH3H c pa3HOCTHoii. anrrpoKCHMau,ner"i Anlf>«PepeHu,n
aJibHhIX aaAaq nayqarorca cne]tyroru;ue eonpocw: o cno-
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co6ax IIOCTpoemrn p. c.' 0 CXO)J;HMOCTH rrpH H3M0JibqeHHH 
CeTKH pcruemrn pa3HOCTHOH 3ap;a qlil K peIIIeHHIO HCXO)J;Hoii 
,[\mf>«PepeHIJ;IIaJJbHOii 3ap;aqH, 0 MeTop;ax pemeHHH CHCTeM 
pa3HOCTHbIX ypaaHeHHii. Bee rrepeqncJJeHHble aonpocb1 pac
cMaTpHaaeT paa1wcm1rnx cxe.l>t meopu!t. Pa3pa6oTaHbl a«P
«PeKTHBHbJe qHCJJeHHbie MeTOAbl pemeHHll THllHqHblX p. c. 
)J;JJH o6blKHOBeHHblX 11,11«PtflepeHu,HaJibHbJX ypaBHeHHH 
I1 ypaBHeHHii c qaCTHbIMH np0113BO/J;HblMH, 11pell;IIOJJara10-
Ill,He HCllOJlb30BaHHe 6bICTpop;eiicTBY10IIJ;HX 3BM. 

HHme npHBOAHTCH npocrnii rrpHMep P. c. TiyCTh HMe
eTcH 11,H«PtflepeHu,HaJJbHaH aap;aqa 

u"(.r)-;q(x)u(x)=-f(.r), q(x);:o,O, 0<x<1,} (l) 
u (O)=au(0)-µ1, u(1)=µ 2 , a>O. 

06JJaCTh G{O <x <1} aaMeHHeTCH ceTKo:ii 

Gh={xi=ih, i=O, 1, ... , N, hN=1}. 

P. c. AJJH aa,!laqH (1) HMeeT BHA 

Yi+l-2yi+Yi-I T I 
h• -q;Y;=-f;, i=1, 2, ... , 1\-1, I 

~ (2) 
Yi~Yo = (a+0,5hq0) Yo- (µ1+0,5hfo) ,y N= µ 2 , ) 

ni;e Y;=y (x1), q;=q (x;), x;EGh. MolKHO llOKa3aTb, qTo 
npn: h--..0 peIIIeHHe pa3HOCTHO:ii 3ap;aqH: (2) CXO)J;HTCH K 
pemeHHIO HCXO)J;HOH 3ap;aqH (1) Iii rrpH ,!lOCTaToqHo:ii rJiap;
KOCTH ii>YHKU,HH q (x), f(x). 

P. c. (2) HMeeT BTOpo:ii rropH)J;OK TOqHOCTH, T. e. 

max I Y;-u (xi) j.;;;;; Mh2 , 
O.,;;i~ N 

r11,e M - rrocToHHHaH, He aaBHCHIIJ;aH OT h. PemeHHe P. c. 
(2) HaXO)J;llTCH MeTOAOM rrporOHKH. 

Jlum.: [1] Ca Map c I< u ii A. A., Teop>1a paanocTHhIX cxeM, 
M., 1977; [2) ca Map c I< H ii A. A., H >I I< 0 J1 a e B E. C., Me
TO)lhl pemeHua ceTO'IHhIX ypaenenuii, M., 1978. 

A. B. I'y.wn, A. A. CG.Mapcr;uu. 
PA3HOCTHOE MHOJKECTBO, co Be p III e H Hoe 

pa 3 H 0 c TH 0 e M H 0 JR e c TB o,- MHOJKeCTBO D, co
CTOHill,ee H3 k Bbl'IP-TOB d,, d2 ,. •• , dk 110 MOAYJJIO HeK
poro HaTypaJJbHoro •rncJJa v, rrpH'leM AJJH Kamp;oro a ED, 
a*'O (mod u), rylll,ecTByeT TO'IHO A ynopHp;oqeHHbIX nap 
(d;, d1) aJJeMeHroa H3 D T3KHX, 'ITO 

a= d;-d1 (mod v); 

qHCJJa v, k, A Ha3. 11 a pa Me T pa M H P. M. Hanp., 
MnomecTBO D={1, 3, 4, 5, 9} Bb1qeTOB 110 MOAYJJIO 11 eCTh 
P. M. c A=2. 

p. M. TeCHO CBH3aHbl c fi.ttO/£-CXeMaMU, a HMeHHo: CyIIJ;e
CTBOBaHHe p. M. paBHOCHJlhHO cylll,eCTBOBaHHIO CHMMeT
pHqHOll 6JJoK-CXeMbI c napaMeTpaMH ( v, k, A), 06JJa,a;a10-
Ill,eii IJ;HKJJHq. rpynrroii aBTOMopil>113MOB rropH!l,Ka v (6JJOKI'! 
TaKo:ii cxeMbl cyTh MHOlKeCTBa {d1+i, •• • ,dk+i}, i=0,1, . .. , 
v-1). I111,eH P. M. 0606Ill,aeTCH cJJe11,y10Ill,HM o6pa3oM: MHo
mecTBO D' COCTOHIIJ;ee H3 k pa3JJJ'.!'IHbIX 3JJeMeHT08 d1,. •. ' 
dk rpynnhI G 11opH11,Ka v, Ha3. (v, k, A.)-p a 3 H o c T
H bl M M H 0 JR e c T B 0 M B G, ecm1 p;JJH JJ106oro 
aEG, a*1, cy1u.ecTByeT B TOqHoCTH A ynopH11,oqeHHblX 

nap (d;, d1), d;, di E G, TaK11x, qTO d;dj1=a (11JJH, 'ITO TO 

me, A, nap (d;, dj) c d/1d1=a). Torp;a orrpep;eJJeHHoe BblIIIe 
P. M. Haa. J\HKJJnqecKHM P. M. (T. K. rpyrrna 
KJiaccoe BblqeToB 110 mod v eCTh U.HKJJHq. rpyrrrra). Cy
Ill,eCTeoeaHHe (v, k, A)-pa3HOCTHbJX MnomecTB B rpynne G 
IIOpHp;Irn v paBHOCHJJf,HO cylll,eCTBOBaHHIO CHMMeTplilqHOH 
6JJoK-cxeMbl c napaMeTpaMH v, k, f.., p;onycKaIDIIJ;eii G B 
KaqeCTBe peryJJllpHo:ii (T. e. 6e3 HellO)J,BlllKHblX aJJeMeHTOB) 
rpynrrbl aBTOMopqlH3MOB (na cxeMa JJOJJyqaeTCH OTOJKp;e
CTBJJeHHeM aJJeMeHTOB 6JJoK-CXeMbl c aJJeMeHTaMH rpyrrnbl 
H 6JJOKOB - c MHOlIWCTBa~m {dig, .• . ,dk§I}, rp;e g npo6e
racn G). 

OcHOBHhllll B Teop1111 p. M. HBJIHeTCH Boupoc 0 Cylll,eCT
BOBaHHH H HOCTpoemrn: p. M. c aap;aHHblMH napaMeTpaMH. 

27* 

ITplil ero H3yqeHHH OKa3bIBaeTCH llOJJe3HblM IlOHHTHe MHO
lKHTeJJH p. M.: aBTOMop«Pn3M rpyrrnbl G Ha3 M H 0 JR H

T e JI e M (v, k, A)-pa3HOCTHoro MHOJKeCTBa D B G, eCJJH 
oH HBJJHeTCH TaKme aBTOMopcjrnaMoM oJJoK-cxeMhl, onpe
p;eJIHeMm'l p. M. D. ,[{Jiii ll,I1Km1qecKoro p. M MHOlKllTeJJb -
3TO qucJJo t, B3aHMHO IIpOCTOe c v H c TeM CBOMCTBOM, 'ITO 

{td1, ... , tdi.}={d1+i, ... , di.+i} 

AJJH HeK-poro i, O~i~v -1. MHOJKHTeJJJt IJ;IIKJrnqec
Koro P. M. o6pa3yroT rpyrrrry. Crrpaaep;JJHBO yTBep;Kp;eune: 
ecJJH D - IJ;llKJJHqecKoe (v, k, /.,)-paaHOCTHoe MHomecTBO 
II eCJJH p - rrpoCTOe 'IHCJJO, p;eJJHIIJ;ee k-A II TaKoe, qTo 
(p, v)=1 H p >A, TO p-MHOlKllTeJJh D (Te 0 p e Ma 0 
M H 0 JR Iii T e JI e p. M.). TI pH IIOCTpoeHHII p. M. IIOJJe-
3eH cJJep;yroni;nii pe3yJJhTaT: AJJH JJ105oro MHOlKIITeJIH (v, 
k, /.,)-paaHOCTHoro MHOJKeCTBa D B a6eJJeaoif rpyrrne G 
rropHp;Ka v B 6JJoK-cxeMe, orrpep;eJJHeMo:ii D, cylll,eCTByeT 
6JJOK, ii>HKCHpyeMhlH 3THM MHOlKHTeJJeM; nplil (v, k)= 1 
cyni;ecTByeT 6JJOK, ii>HKC11pyeMbIM JJ106blM MHOJKHTeJJeM. 

p. M. o6blqHO CTpOHTCH rrpHMb!Mlil MeTO)J;aMH c HCilOJih-
30BaHI!eM CBOHCTB KOHeqHbIX IIOJJeii, noJJe:ii )J;eJJeHHH Kpyra 
(cM. Hpyzoeoe no.tte), a TaKme KOHeqHhlX reoMeTpn:li:. 
l13BeCTHO HeCKOJJhKO 6eCKOHeqHblX ceMeHCTB p. M.' Harrp. 
CJJ0AY10IIJ;He Tlilllbl S :Iii Q. 

T II II s (p a 3 H 0 c T H bl e M H 0 JR e c T B a 3 Iii H

r e pa): 3TO - rHrreprrJJOCKOCTH B n-MepHoii rrpoeKTHBHOH 
r~oMeTpHH Hap; IlOJJeM H3 q 3Jl0M0HTOB; napaMeTphl: 

v = (qn+ 1 -1)/(q-1), 
k= (qn-1)/(q-1), A= (qn- 1 -1)/(q-1); 

T H 11 Q: Kaap;paT11qHbJe eblqeThl B noJie GF (p') rrpH 
p'=3(mod 4) (p - rrpocTOe qncJio); napaMeTphl: 

V=p'=4t-1, k=2t-1, A=t-1. 

,Upyrne 6ecKoHeqHbJe ceMeHCTBa P. M. CM. B (1)-[3). 
HapHAY c P. M. qacTo paccMaTpHBaroTCH o 6 o 6 IIJ; e R

H bl e P. M., llJIH pa 3 H 0 c TH bl e c e Me ii c TB a,
aTO MHmKeCTBa D 1 • ••• ' D,, COCTOHIIJ;He H3 BhlqeTOB IIO 
mod v 11 TaK11e, '!TO ,D;JJH JJ106oro a*'O (mod v) cylll,eCT
ByeT ToqIIo A yrropHAoqeHHbIX nap (d;, d1), d;, d1EDi., 

c a= d;-d1 (mod v) 

)J,JJH IIeK-poro k, 1~k~r. 
l1Me10TCH TaKJKe p;pyrne o6o6ni;eHHH p. M. 
Jium.: [1) x o JI JIM., l\oM6HHaTOp1rna, nep. canrJI. M., 1970; 

[2) Baumert L. D., Cyclic difference sets, B.- Hdib.-N.Y., 
1971; [3) Ha 11 M., «Math. Centre Tracts», 1974, v. 57, p.1-26. 

B. E. Tapanaiwe. 
PA3HOCTHOE YPABHEHHE - ypaBHeHHe, cop;epma

Ill,ee KOHeqHble pa3HOCTll HCKOMOll ifiYHKU,llH. TiyCTb y (n)= 
=yn - ii>YHKU,IIH U,eJJoqHCJJeHHOfO apryMeHTa n=O, ± 1, 
±2, ... ; 

f1yn=Yn+1-Yn, f1m+lyn=f1 (f1myn), 

!11 Yn=11ym m=i, 2, ... , 

- KOHeqHbJe pa3HOCTH. BblpameHHe 11myn CO):leplKHT 3Ha
qeHHH ii>YHKU,IIII y B (m+1)-H TOqKe n, n+i,. n+m. 
CrrpaeeAJJIIBa qiopMyJJa 

•m ~m ( t)m-kCk u Yn= - mYn+k· 
k=O 

(1) 

p a 3 H 0 c TH bl M y pa B He H He M Ha3. ypaBHeHHe 
Bil):\a 

(2) 

rp;e y - HCKOMaH Iii F - 3ap;aHHaH ii>YHKIJ;IIH. 3aMeHa 
B (2) KOHeqHblX pa3HOCTe:ii HX BblpameHHHMH qepe3 3Ha
'IeHIIH HCKOMOll ii>YHKIJ;HII corJJaCHO (1) IIpIIBOIJ;HT K ypaB
HeHl!IIO BH,!la 

F (n; Yn, Yn+1' · · ·' Yn+m) =0. (3) 
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a F aF 
EcJIH a-+O, -~--+0, T. e. 

Yn uYn+m 
ypaBHeHHe (3) AeHCT- HeHHH (7). B CJiy•rae, KOTAa qfe - RopeIIb RpaTHOCTH r, 

JIHHeirHo He3aBHCHMhlMH HBJIHIOTCH pemeHHH 
BHTeJibHO co.ii;epIBHT RaR Yno TaK H Yn+m• TO ypaBHe
BHe (3) Ha3. p a 3 H 0 c T H bl M y p a B H e H H e M 
m-ro II 0 p H A K a, HJIH A II <Ii <Ii e p e Hu; Iii a JI b II 0-
p a 3 II OCT H hl M ypaBHeHHeM. 

HaH6oJrne pa3BHTa reopMR JIMHeHHhlX P. y., R-paH 
HMeeT MHOTO o6ru;ero c TeopHeii o6h!RHOBeHHbJX JIHHeii:Hh!X 
µ.n<ji<jiepeHu;naJibHhlX ypaBHeHHH (CM. (1] - [3]). JIHHeH
IIbIM p. y. m-I'O rropH,iJ;Ra IIa3. ypaBHeHHe 

am (n) Yn+m+am-1 (n) Yn+m -1+ · · · +ao (n) Yn=fn, (4) 

rµ.e fn=f(n) - 3aµ.aHHaH <jiyHRD;HH, a,.(n), k=O, 1, ... , 
m, - 3a,ii;aHHhle Roa<ji<jJHu;HeHThl, 11p11qeM am (n)+O, 
a0 (n)+O. PemeHHeM ~. y. (4) uaa. BCHRaH <jiyHRD;nH Yn= 
=y (n), yµ.oaJieTBOpHIOll.\aH ypaBHeHnIO (4). KaR n B cJiyqae 
µ.n<ji<jiepeHu;HaJibHhlX ypaBHeHHH, pa3JinqaJOT qaCTHOe Iii 

o6uwe pemeHHH P. y. (4). 0 6 ru; n M p e me H n e MP. y. 
(4) Ha3. ero pemeHHe, 3aBHCRru;ee OT m rrpon3BOJlbHb!X 
rrapaMeTpOB Iii TaRoe, qTo Ramµ.oe •JaCTHOe pemeHHe 
MOJReT 6h!Tb IIOJiyqeHO na 3TOTO o6ru;ero pellleHnR rrpn 
HeR-poM 3HaqeHHn rrapaMeTpOB. 06bJqHo ROHRpeTHhle 
3HaqeHHH rrapaMeTpOB HaXO[I.RTCR na lJ.OIIOJIHHTeJibHbIX 
ycJioanil. TnrrHqHoil HBJIHeTCH 3aµ.a•1a Kornn: 110 aaµ.aH
HbIM y0 , y1, ... , Ym-1• In HaiiTn pemeHne Yn ypaaHeHnH 
(4) rrpH n=m, m+1, ... Cyru;ecTBOBaHne H crroco6 
rrocTpoeHHH pemeHHH P. y. (4) ycTaHaaJinaaIOTCH 110 
CJieµ.yIOru;eil cxeMe. Hap11.ii;y c (4) paccMaTpnaaeTCR oµ.Ho
poµ.Hoe P. y. 

am (n) Yn+m+am-1 (n) Yn+m-1 + · .. +ao (n) Yn=O. (5) 

Crrpaaeµ.JIHBhI CJieµ.yIOru;He yTBepmµ.eHnH. 
1) IlyCTb y~), yh2), ... , yhk) - pemeHnH ypaaHeHnH 

(5) Iii C1, C2, ... , Ck - rrpOH3BOJlbHblH Ha6op IIOCTORHHbIX. 
Torµ.a <jiyHRD;HH c1y~>+c2yh2>+ ... +ckYhk) TaRme RB
JIHeTCH pellleHHeM ypaaHeHHH (5). 

2) EcJIH yhl), ... , Yhm) CYTb m pemeHHH ypaBHeHHH 
(5) H orrpej\eJIHTeJib 

y~l) 

y\ll 

(2) 
Yo 

(2) 
Y1 

"· Yhm) 
(m) 

· · · Y1 ..... 
y~)-1 y~)_l ... yf::'l1 

OTJinqeH OT HYJIH, TO o6ru;ee pemeHHe OlJ.HOpO[I.HOro P. y. 
(5) HMeeT BIIA 

~m (k) (6 Yn=.,.;..ik=lCkYn, ) 

rµ.e Ck - rrpon3BOJlbHbie IIOCTOHHHbie. 
3) 06ru;ee pemeuHe Heoµ.Hopo[I.Horo P. y. (4) rrpeµ.cTaB

JIReTCH B BH[I.e cyMMhl RaRoro-Jin6o qaCTHOTO ero pemeHnH 
n o6ru;ero pemeHHH oµ.HopolJ.Horo P. y. (5). 

qaCTHOe pemeHne HeO[I.HOpO[I.HOTO ypaBHeHnH (5) MOJRHO 
IIOCTpOnTb, ncxoµ.ll H3 o6ru;ero pemeHnH (6) OAHOpO[I.HOTO 
ypaaHeIIHH, rryreM rrpHMeHeHnH MeToµ.a aapnau;nH rrpo
naaoJibHhlX IIOCTOHHHhlX (CM., Harrp., [2]). B CJiyqae 
p. y. c IIOCTOHHHbIMn Roa<ji<jJHu;neJITaMM 

amYm+n+am-lYm+n-1+··· +aoYn=O (7) 

MOJRHO IIerrocpe[I.CTBeHHO Haii:Tn m JinHeHHO HeaaancnMb!X 
qacTHhlX pemeHnil. ~JIH 3Toro paccMaTpnaaeTCH xapaR
TepHCTHq, ypaBHeHne 

amqm+am-lqm- 1+ ... +ao= 0 (8) 

n HID;YTCH ero- ROpHn ql, q2, ... , qm. EcJin ace ROpHH 
rrpoCTbie, TO <jiyHRD;Hn 

Yh1 ) = q~n), Y~) = dn), · • ·, Yhm) = q::i 

o6pa3yIOT JinHeiiHO He3aBHCJHIYIO cnCTeMy pemeHnH ypaB-

q~, nqi, n2q~, ... ' nr-1qi. 

ECJIH Roa<ji<ji11u;HeHTbI a0 , a1 , ••• , am AeHCTBHTeJibHbie 
Iii ypaBHeIIHe (8) HMeeT IWMIIJieKCHbiii RopCHh, Harrp. 
rrpocToii: RopeHh q,.=p(coscp+isin cp), TO BMeCTO ROM
rrJieRCHbIX pemeHHii: q~. qk.n Bhl[I.eJIHIOT /.{Ba JIHHeii:Ho He-
3aBHCHMhlX AeHCTBHTeJibHbIX pemeHHH 

pn cos nq:>, pn sin ncp. 

IlyCTb HMeeTCH P. y. 2-ro rropHµ.Ra c IIOCTOHHHbIMH 
µ.eii:CTBHTeJibHhlMH Roa<ji<jJIIu;HeHTaMH 

a2Yn+2 + a1Yn+1 +aoYn =0. (9) 

XapaRTepnCTHq. ypaaHeHne 

a.2q2 + a1q+a0 =0 
HMOOT ROpHn 

q1,2= (- ai ± Va~-4a0 a2)/(2a2 ). 
06ru;ee pemeHIIe ypaBHeHnH (9) B CJiyqae q2+q1 y,rio6Ho 
3aIIHCh!BaTb B anµ.e 

(10) 

rµ.e C1 n C2 - rrpOH3BOJibHhle IIOCTOHHHbie. EC.!!H ql H q2 -
KOMIIJieRCHO corrpHmeHHhle ROpHn: 

q1,2=p(cosq:> ± isinq:>), 

TO µ.pyroe rrpeJ\CTaBJiemrn o6ru;ero pemeHHH HMeeT Blol:A 

_ nsin(n-i)q>+ n-l sinnQJ (H) 
Yn--C1P sinq> C2P sinq>. 

B CJiyqae RpaTHOTO ROpHH o6ru;ee pemeHne MOIKeT 6hlTh 
rroJiyqeHo rrpeµ.eJibHhlM rrepexoµ.oM H3 (10) nJin (11). 
0Ho nMeeT anµ. 

Yn=- c1 (n-1) q1+ c2nqf- 1 • 

KaR n B cJiyqae ypaaHeHnii: rrpon3BOJihHoro rropHµ.Ra, 
AJIH p. y. 2-ro rropHµ.Ra MOJRHO paccMaTpnaaTb 3aµ.aqy 
Komw nJIH pa3JinqHbie Rpaeahle 3aµ.aqn, Harrp., AJIH 
aaµ.aqn Kornn 

Tn+ 2 (x)-2xTn+dx)+Tn(x)=0, n=O, 1, ... ,) (l 2) 
T 0 (x)=1, Ti(x)=x, J 

rµ.e x - JII06oe µ.eiiCTBHTeJibHOe 'lnCJIO, pemeHneM ('12) 
HBJIHeTCH MHOroqJieH T n (:r) CTerreHH n (M H 0 r 0 q JI e H 
q e 6 hi m.e Ba 1-r o po A a), R-pbIH orrpeµ.eJIHeTCH 
<jiopMyJioii: 

T n (x) =cos (n arccos x) = 

=0,5 [(x+ yx2-1 )n+(x+ yx2-1 )-n]. 
KpaeaaH 3aµ.aqa P. y. 2-ro rropHµ.Ra cocTOHT B Haxom

µ.eIInn <jiyHKu;nn Yn• yµ.oaJieTBOpHIOru;eii npn n= I, 2, 
N-1 ypaHHeHHIO 

Lyn=UnYn-1-CnYn+bnYn+1=-fn (13) 

n ABYM JIHHeilHo He:rnancnMhIM KpaeahIM ycJioBnHM. Ta
RnMH RpaeBbIMn ycJIOHnHMn MOTYT 6hlTh, Harrp.' YCJIOBJIH 

Yo=X1Y1+µ1, YN=X2YN-1+µ2 (14) 

nJIH yCJIOBHH 

Yo=µ1, YN=µ2. (15) 

~JIH p. y. 2-ro rropHµ.Ra crrpaae[I.JinB CJieµ.yIOID;HH 
rrpnHu;Hrr MaRCnMyMa. IlyCTb µ.aHa 3aµ.aqa (13), (15) 
n IIYCTb BhlIIOJIHeHbl yCJIOBnH 

an>O, bn>O, cn~a,,+bno n=1, 2, ... , N-1. 

Torµ.a ecJin Lyn>O (Ly 11 <.0), n=1, 2, ... , N-1, TO 
Yn~Const Ile MO)ReT rrpHHHMaTb HaH60JILlllCl'U IIOJJO}i\11:-
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TeJlbHOTO (HaJIMeHbmero OTp!IrraTeJlbHOTO) 3Hff'leHHH rrplI 
n=1, 2, ... , N-1. Ifa rrpHHrrJirra MaKCJIMyMa cJiep;yeT 
op;Ho3Ha'IHaH paapeUIJIMOCTb Kpaeaoil. aap;a'IJI (13), (15) 
II ycTOH'llIBOCTb ee peUieHIIH OTHOCIITeJlbHO II3MeHeHHH 
rpaHII'IHhJX yCJlOBHH µ1, µ2 H rrpaBblX 'laCTeii: t n· ,AJIH 
pemeHHH pa3HOCTHhJX KpaeBhlX 3ap;aq (13), (14) rrplIMe
HHeTCH npoeon1m .Memoa (cM. (2)). 

IIocTpOHTb B HBHOM BII,IW peUieHHH HeJlJIHeHHhJX 

Yn+r=fn (Yn), n=O, 1, ... 

P. y. 

(16) 

yp;aeTCH JlllIDb B OTp;eJlbHhJX O'leHb qaCTHhlX CJly'laHX. 
,AJIH ypaaHeHHH BIIp;a (16) H3y'laIOTCH B OCHOBHOM Ka'le
CTBeHHbie BOIIpOChl rroaep;eHHH peUieHHH rrpH n -+OO H 

paaa11Ta TeopHH ycTOH'IHBOCTH, aHaJiorH1IHaH TeopHH 
ycToii:'IHBOCTH o6hJKHoaeHHhlX p;niJ>iJ>epeHn;HaJlhHhlx ypaa
HeHJiii: (cM. f4], (5)). 

IIpH pa3HOCTHOH arrrrpoKCHMarrHII ypaBHeHl!H c 'laCT
HhJMll rrpOII3BOp;HbIMII B03HHKaIOT MHOTOMepHhle p. y. 
(cM. (2], [6]). Harrp., ypaaHeHHe IlyaccoHa 

iJ'u + a•u I ( X2,\ -iJ 2 -iJ 2 =- X1, 
XI X2 

MO)KHO arrrrpoKCHMHpoaaTb p. y. 

- f;,j, 

u· · - u (x<i) xU>) x(i) - ih1 x<2i) = 1·h2 , 
r.,/- I ' 2 ' 1 - ' 

i, j=O, ±1, ±2, ... , 
h1 , h2 - IJiarn ceTKH. 

CncTeMa MHOTOMepHb!X p. y. B COBOKYIIHOCTH c p;o
IlOJlHJITeJlbHhJMJI Ha'laJlhHbIMll JI rpaHJI'IHbIMJI ycJIOBJIHMJI 
o6pa3yeT pa3HOCTHYIO cxeMy. B CBH3H c MHOTOMepHhlMJI 
p. y. JI3y'laIOTCH TaKJie BOIIpOChl, KaK KoppeKTHOCTb paa
HOCTHbIX aap;aq, MeTop;hl JIX peUieHJIH, cxop;JIMOCTb rrpJI 
JI3MeJlh'leHJIJI CeTKJI K peUieHJIHM JICXOp;HhIX p;JiiJ>iJ>epeHrrJI
aJlbHbIX ypaaHeHJIH (cM. Pa:mocmnbix cxe.M meopusi). 

XoTH cyIII;eCTBYIOT pa3JlJI'IHh!e MaTeMaTJI'leCKJie JI Tex
HJI'I. Mop;e1m, rrpJIBOAHIII;Jie K P. y. (cM., Harrp., [4), (5)), 
OCHOBHOH o6JlaCTblO JIX rrpJIMeHeHJIH HBJlHIOTCH rrpJI6JlJI·· 
meHHbie MeTOp;bI pemeHJIH p;JiiJ>iJ>epeHrrHaJlbHhIX ypaBHeHJIH 
(CM. (6), (9)). 

Jium.: [1] I' e JI b cjl o H 11 A. 0., HcqHcJiemrn I<DHeqHbix pa3-
HOCTetl, 3 H31l., M., 1967; (2] ca Map c" H ti A. A., H H "O
JI a e B E. C., MeTOllhI perneHHH ceToqHblx ypasHeHHfi, M., 1978; 
[3] ca Map c" H ti A. A .• I\ a pa M 3 H H IO. H., PaaHOCTHble 
ypaBHCHHH, M., 1978; [4] Map T bl H IO" ,[I;. H., Jlem11rn ITO 11a
qecTBeHHOtl TeOpHH pa3HOCTHblX ypaBHem1tl, I\.. 1972; [5] x a JI a
H a II A., B e 11 c JI e p .[(., J\aqecTBeHHaR TeopHH HMIIYJibCHhlx cnc
TeM, rrep. c pyM., M., 1971; [6] Ca Map c 11 H ti A. A., TeopnH 
paaHOCTHhlX cxeM, M., 1977; [7] Be p e 3 H H H. c. m H 11-
1' 0 B H. II., MeTOllbl BbfqHcJieHHtl, 2 H3)l., T. 2, M., 1962; [8 ]Bax
B a JI 0 B H. C., 'IHCJieHHhie MeTO)lhl, 2 H31l., M., 1975; [9] I' 0 p-
6 y Ho a A . .[(., PaaHOCTHbie ypasHeHHH, M., 1972. 

A. B. I'y.llu~. A. A. CaMapcnuu. 
P A3HOCTHLIE METO)l;bl - MeTop;h1 rrpJI6JlJIJReHHoro 

peUieHJIH p;JiiJ>iJ>epeHrrJiaJlbHbIX ypaBHCHIIH, OCHOBaHHh!e 
Ha aaMeHe 3TJIX ypaBHeHIIH ypaaHeHJIJIMJI OTHOCJITeJlbHO 
iJ>yHKII;Jiii: p;JICKpeTHoro apryMeHTa. CM. I'unep60.1tu'lecKo
eo muna ypaenenue, q1IcJleHHhle MeTop;hl peUieHJI11; Ilapa-
60.1tu'lec1weo muna ypaenenue, '!JICJleHHhle MeTop;bI perne
H11H; [}.;r,.;r,unmu'lec1weo muna ypaenenue, 'lJICJleHHhle MeTop;hl 
pemea1rn; l{urflrfiepenlfua.1tbnoe ypaenenue o6brnnoeennoe, 
rrpJI6JlJIJReHHhle MeTop;hl perneHJIH. H. c. BaxBa.llOB. 

PA3HOCTHLIII OIIEPATOP - orrepaTOp, p;eiicTBy10-
III;Jiii: B rrpocTpaHCTBe ceTO'IHbIX iJ>yHim,Jiii. p. o. B03HHKaIOT 
rrpJI arrrrpoKCJIMau,JIJI p;JiiJ>iJ>epeHu,JiaJlbHOH aap;a'lJI pa3HOCT
Hoii JI HBJlHIOTCH rrpep;MeTOM JI3Y'IeHJIH paanocmnbix cxe.M 
meopuu. PaaHoCTHYIO cxeMy MOJRHo paccMaTpJIBaTb KaK 
orrepaTopHoe ypaaHeHJie c onepaTopaMJI, p;eil.cTBYIOIII;JIMJI 
a HeK-poM WYHKU,IIOHaJibHOM npocTpaHcTBe, a JIMeHHo 
B rrpocTpaHCTBe ceTOqHbIX iJ>yHKU,JIH. IIop; rrpocTpaHCTBOM 
CeTO'IHhIX iJ>YHKU,IIH IIOHHMaeTCH MHOJReCTBO <i>YHKrrJilI, 

orrpep;eJieHHhlX B TO'IKax aap;aHHoii: ceTKJI JI 06paay10rn;.11x 
KOHe'IHoMepHoe aeKTopHoe rrpoCTpaHCTBO. II pocTpaHCTBa 
CeTOlJHhJX iJ>yHKrrHH o6hJ1IHO B03HJIKaIOT IIPJI arrrrpoKCH
MarrJIH TOTO JIJlJI HHOTO rrpoCTpaHCTBa il>YHKrrHH Herrpe
phlBHOTO apryMeHTa. 

II p JI M e p 1. IlyCTb C [O, 1) - rrpocTpaHCTBO Herrpe
phlBHhlX iJ>YHKrrJiii:, aap;aHHhlX Ha OTpeaKe O..;;:x..,.;:1 c 
HOpMOH 

II u lie= max I u (x) j. 
xe(O, II 

Baop;JITCH ceTKa 

Wh={x;=ih, i=O, 1, ... , N, hN=1} 

.II paccMaTplrnaeTCH MH0ll\0CTBO Ch (0, 1) iJ>yHKrrHH y= 
= {y;};;', y;=y(x;), aap;aHHhlX Ha ceTKe wh· MHomecTBo 
Ch[O, 1] o6paayeT (N+1)-MepHoe aeKTOpHoe rrpocTpaHCTBD 
OTHOCJITeJlbHO IIOKoopp;HHaTHOTO CJlOJReHJIH JI yMHoJReHHH 
Ha 'llICJlO. HopMa B ch (0, 1] 

~ Y lie = max I Yi I 
h O<;.i<,N 

COTJlaCoBaHa c HOpMOH B c (0, 1] B TOM CMbICJle, 'ITO AJlH 
JI1060B: iJ>yHKrrJIH u EC (0, 1] orrpep;eJieH aeKTop 

uh={u;}c;'ECh[O, 1), u;=u(x;), 

lim ~uhllc =Jlullc-
h-+ 0 h 

JI1060B: JinHeil:Hh!:ii: P. o. Ah KaK orrepaTop, p;eil:cTByIO
III;IIH B KOH01IHOMepHoM rrpocTpaHCTBe, MOJReT 6h!Tb rrpep;
CTamreH MaTpHrreil:. XapaKTepHhlMII caoil:cTBaMH MaTplin;, 
rropomp;aeMbIX pa3HOCTHhJMII orrepaTopaMII, HBJlHIOTCH JIX 
6oJlbIDOH paaMep II OTHOCIITeJlbHO 6oJlbIIIOe 'llICJlO HYJ10Bb!X 
<JJ10MeHTOB. 

B o6rn;eM cJiyqae KoHCTPYKII;IIH rrpocTpaHCTB ceTo'IHhIX 
il>YHKrrlIH H p. o. MOJReT 6h!Tb B0CbMa CJlOJRHOH. Ha1I-
60Jlee H3y'leHhJ CBOHCTBa p. o.' ,o;eii:CTBYIOIII;JIX B rrpo
CTpaHCTBaX c TIIJlb6epTOBOH MeTpHKOH. B 3TOM CJlyqae 
HaJI60JlbIIIHH IIHTepec rrpe,ll;CTaBJlHIOT TaK110 CBO:il.CTBa 
p. o., KaK caMocorrpHiR0HHOCTb II IIOJlOJRIITeJlbHOCTb. 
B OCHOBe MaTeMaTII'I. anrrapaTa, II03BOJlHIOm;ero HCCJle
p;oaaTb CBOHCTBa p. o., JleJRaT pa3HOCTHhl0 aHaJlOTII 
iJ>opMyJI p;mp«J>epeHrrnpoaaHJIH rrpoJiaaep;eHIIH II JIHTerp1I
poaaH1IH IIO 'laCTHM. 

II p JI M e p 2. ITycTb aap;aHo MJ;IomecTBo p;e:ffi:CTBIITeJlh
HDIX iJ>YHKrrHil: Ha ceTKe wh. Bao,o;HTCH 06oaHa'leH1IH: 

Y-x, 
Y;+1-Y; 

Yx. ;= h 

Y;+ 1-2Y;+Y;-f ~ N-I 
Yxx, i h' ' (y, v)= .;;;;.ii=l y;v;h, 

N ~N-l (y,v)=~. y;v;h, (y,v)= . y·v·h. 
""-'1=1 l=O l 1 

Crrpaaep;JIHBhl cJiep;yIOIII;He «J>opMYJihl: 

(yv);, i=Y;,1v;+Yivx. ;-hY;, ivx, i• 

(yv)..,, ;=Yx, ;v;+Y;Vx, ;+hYx, ;vx, i· 

MMeeT MeCTo TaKme iJ>opMyJia cyMMIIpoaaHHH no 'laCTHM 

(Y, v;]=-[Yx 1 v)+YNJN-YoVo. 

Ifa ITOCJlep;Heil: iJ>opMYJlhl CJle,o;yeT, B qacTHOCTII, caMoco
rrpHlR0HHOCTb II IIOJlOJRJIT0JlbHOCTb orrepaTopa BTopoll: 
pa3HOCTHOH rrpo1I3BO,ll;HOR 

(Ay);=-Y; X, i' i=1, 2, ... , N-1 

Ha MHOJReCTBe il>YHKU,JIH, aap;aHHhlX Ha CeTKe (J)h H o6pa
III;aIOIII;IIXCH B HYJih Ha rpaHIIIJ,e i= 0, i= N. 

MHOTO'llICJleHHbie IICCJlep;oBaHIIH rrocaarn;eHbl JI3y'leHJIIO 
CBOl!CTB pa3HOCTHbIX arrrrpoKCHMaII;JIR ,o;JiiJ>«J!epeHu,1IaJlbHbIX 
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onepaTopos aJIJIHilTR'I. THna (cM. [1] - [4]). ~JIH no- c AOTIOJIHHTeJihHhIMH (rpaHH'IHiilMH, Ha'laJibHbIMH) ye-
CTpoeHHH COOTBeTCTByIOm;nx p. o. HCilOJib3YIOTC1I Taime JIOBHHMH 
a«P.il>eKTHBHLie MeTO;rl;hI, KaK MeTOA 6aJiaHca, KOHe'IHhIX 
aJieMeHTOB, BapnaonoHHhle H. rrpoeKD;HOHHLie MeTO;rJ;hI. 
Haii:;ri;eHHLie paaHoCTHLie annpoKCHMan;1rn: xoporno Mop;e
JIHPYIOT OCHOBHhie CBOHCTBa HCXO/];HhIX onepaTopoB, TaKli:e, 
Hanp., KaK 3JIJIHilTII1JHOCTb, BbIIIOJIHeHne npHHD;Hrra MaK
CHMYMa n AP. IlocTpoeHbl TaKme P. o., arrrrpoKCHMH
pyrom;ne aJIJIHIITH'lecKne i:rrr«P.il>epeHn;naJibHhre orrepaTophl 
B o6JiaCT1IX CJIOiKHOH .il>opMb! rrpn pa3JIJil'lHbIX Tnrrax 
RpaeBhIX YCJIOBHH H B CJiy11ae HeperyJIHpHhIX ceTOK 
(cM. [5]). 

CsoncTBa cTaa;noHapHb!X P. o. ncnoJib3YIOTCH AJIH 
nay11eHH1I YCTOH'lHBOCTH HeCTaa;1rnHapHb!X pa3HOCTHb!X 
aa.qa11 n ;D;JIH rrocTpoeHHH HTepan;noHHhlX MeTO;rJ;OB. Ilpn 
3TOM TeOpHH HTepaa;HOHHb!X MeTO/];OB Mo»teT 6bITb H8JIO
meea KaK OAHH na paap;eJIOB o6m;eii Teoplillil ycToii:11nsoCTH 
pa3HOCTHbIX CXeM (CM. [6), [7]). 

B CBH3!il c rrocTpoeHneM arwHoMH'lHhlX paaHoCTBLIX 
cxeM ;D;JIH MHOTOMepHbIX aap;a•r MaTeMaTH'l. «PnaHKH HC
CJieAOBaHhl cliaKTopnaosaHHhle P. o., TO ecTb 
MHoroMepHhle P. o., rrpep;cTaBHMhie B snp;e rrponase;ri;emrn 
op;HoMepHhlX P. o. (cM. [1)) . .l1ay11aJIHCh n HeJinHeii:Hhle 
P. o. (cM. [8)). 

Jlum.: [1] ca Map c RH" A. A., Teopml pa3HOCTHhJX cxeM, 
M., 1977;[2] ca Map c I< H "A. A., AH )'.Ip e e BB. B. Pa3HOC1'
Hhle MeTO)'.lhl )'.IJIH :mJ1nnmqccRHX ypanuennu, M., 1976; bJ Hop
H e e B B. r., CxeMhJ MeTO)'.la i<OHCqHhJX 3JICMeHTOB BhJCOl<HX nop1111-
ROB lj'Qquocm, JI., 1977; (4] 0 fi 3 H lR.-II., IlpHOJllJHleHHOC peme
HHe 3JJJJHilTHqecRnx i<paeBhIX aa11aq, nep. c aurJ1., M., 1977; [5] 
Ca Map c 1< nu A. A., <I> p 11 3 n Ho B II. B., «Ycnexn MaTeM. 
uay1<», 1976, T. 31, B. 6, c. 167-97; [6] ca Map c RH HA. A., 
r y JI nu A. B., YcTOliqnsocTb paauocTHhIX cxeM, M., 1973; [7) 
ca Map c RH HA. A., H HR 0 JI a e B E. c., MeTO)'.lhl pemeHHff 
ceToquhlx ypasueunfi, M., 1978; [8] Hap q e B c Rn it M. M., 
JI JI m R o A. ,r:t:., «lI3B. syaos. MaTeMaTni<a», 1972, M 11, c. 
23-31; 1973, M 3, c. 41.-52. A. B. I'yJiun, A. A. CaJ1<apcnuu. 

PA3HOCTHblX CXEM TEOPIUI - paap;eJI Bhl1IHcJin
TeJibHoii: MaTeManrnn, 1rny11arom;nii: MeTOAhl npn6JinmeH
Horo perneHHH ARclicliepeHa;HaJibHbIX ypaBHeHnii nyreM HX 
aaMeHbl KOHelJHopa3HOCTHblMH ypaBHeHHHMH (p a 3 H 0 c T
H bl M H c x e M a M Iii). 

P. c. T. Ray11aeT crroco6h1 nocTpoeHHH paaHoCTHhIX 
cxeM, HCCJiep;yeT KoppeKTHOCTb pa3IIOCTHb!X aap;aq Iii cxo
AHMOCTb perneHHH paaHOCTHOH aap;a'l!il K perneHHIO HC
XO/];HOH AHcli<fiepeHa;HaJibHOJI aap;a11n, aaHHMaeTCH 06ocHo
BaH1i:eM aJiropHTMOB perneHHH paanocTHhIX aap;a'I. MeTOA 
KOHelJHhlX pa3HOCTeii (Ha3b!BaeMbIH TaKme M e T 0 A 0 M 
c e T 0 K) 1IBJI1IeTC1I YHHBepcaJibHblM Bbl'IHCJIJilTSJibHb!M 
MeTOAOM, Il03BOJIHIOm;HM a<ficlieKTHBHO pernaTb CJIOiKHCHIIllil0 
aap;aqn MaTeMaTH'l. <fi!i13H1\H, BHJIIO'laH HeJIHHeHHble aa
p;a'IH. 0TJIH'IHTCJibHOii 11epToii: COBpeMCHHOH p. c. T. 
1IBJI1IeTC1I opHeHTaD;HH Ha IIOCTpoeHHe H HCCJiep;osaHJile 
MeTOAOB, npHrop;HhlX ;D;JIH SBM. 

OcHOBHbie IIOHHTBH. MeTOA KOHe'IHblX paaHocTen npn
MCHHeTCH B TeOpH!il AHclicliepeHa;naJibHblX ypaBHeHHH KaK 
a.il>clieKTHBHoe cpe;ri;cTBO ;ri;oKaaaTeJibCTBa TeopeM cyID;ecT
BoBaHHH. ~JIH a;eJieii: BhI'lHCJIJilTeJibHOH MaTeMaTHKH aa
p;aqn P. c. T. cym;ecTBeHHO MeHmoTCH. PernaH rrpu6JIHJKCHHo 
TY HJIH HHYIO aaAa11y MaTeMarn11. <fiHaHKH, aapaHee rrpep;
IIoJiaraIOT, 'lTO aTa aal{a11a IIOCTaBJieHa KoppeKTHo; IIpH 
3TOM OCHOBHOH a;eJibIO p. c. T. CTaHOBHTCH Haxomp;eHHe 
H o6ocHoBaHHe HaHJiy'lrnero MeTop;a pernemrn Hcxop;Hoii: 
ARcli<fiepeHa;HaJibHoii: aap;a'IH, <fiopMyJIHpOBKa o6m;Hx rrpHII
llHIIOB IlOCTpoeHHH pa3HOCTHLIX cxeM c aap;aIIHb!MH CBoii
CTBaMH AJl1I IIlHpOKHX HJiaCCOB aap;a'I MaTeMaTH'I. 4'H3HKH. 

H&me HaJiaraIOTCH Ha p;ocTaTO'IHO o6ID;eM npHMepe oc
HOBHLie IIOHHTHH, K-pb!MH onepHpyeT P. c. T.- IIOII1ITH1I 
annpoKCHMaD;HH, YCTOH'IHBOCTH, CXOAHMOCTH; p;eMOHCTpH
pyeTCH OAHB Ha B03MOiKHhIX IIOAXO/WB K TIOCTpoeHHIO 
P. c. T. 

IJyCTb 
perneHHe 

B n-MepHoft o6JiaCTH G c rpamn~eft 
AH4'4JepeHn;naJibHoro ypaBHeHHH 

Lu(x)=f(x), x=(x1 , •.• , xn)EG, 

r lilm;eTCH 

(1) 

lu(x)=µ(x), xEf, (2) 

rp;e L n l - JIHHeii:Hhle gn<Ji<PepeH[\HaJibHLie onepaTopLI, 
f (x) n µ (x) - aap;aHIIhle <JiyHKD;HH. IlycTb B HeK-pOM 
KJiacce <JiyHKD;Hii aap;a11a (1), (2) rrocTaBJieHa KoppeKTHO 
(T. e. ee perneHHe u(x) cym;ecTByeT, ep;nHcTBeHHO n He
IIpephlBHO aaBHCHT OT BXO/];Hb!X p;aHHb!X f (x), µ (x)). 

B MeTO;rl;e KOHe'lHhlX paaHOCTeii: o6JiaCTb G= G+ r IIpH-
6JIHiKeHHO aaMeHlIIOT p;HCKpeTHblM MHOiKeCTBOM TO'leK -

c e T Ko ii G1z=G1z+r,,. IlapaMeTp h= (h1 , .•. , hn), 
mar ceTKH, xapaKTepnayeT.IlJIOTHOCTb CSTKH, H o6bl1IHO 
IIPH lhl - 0 IlOCJiep;oBaTeJibHOCTb ceTOK c,, CTpeMHTCH 
aarroJIHHTh BCIO o6JiaCTh G. Ilponasop;Hhle, sxop;Hm;ne B 

(1), (2), aIIrrpOKCHMHpyIOTCH Ha ceTKe c,, COOTBeTCTBYIO
ll\HMH paaHOCTHb!MH OTHOIIleHHHMH. B peayJihTaTe rroJiy
qaeTClI CHCTeMa JIHHeHHbIX aJire6pan11. ypaBHeHHH 

L1zy1z (x) = rp1z (x), x E G1z; l1zy1z (x) = Xh (x), x Er,,, (3) 

r;a;e Yh (x)-HcKoMaH ceTO'lHaH <l>YHKD;HH, ff!h (x), Xh (x) -
aa;ri;aHHhle ceTO'lHhle <PYHKllHH L1z, l1z - paaHOCTHhle oIIe
paTopbi. CeMeilcTBO ypaeHeHnft (3), aasncHID;ee oT napa
MeTpa h, Ha3. p a 3 H 0 c T H 0 ii c x e M 0 .ii:. XoTH ypaB
HeHHe (3) IIOJiy'leHO nyTeM arrrrpoKCHMaa;nH HCXO}J;HOH 
aa;ri;aqn (1), (2), ero MomHo paccMaTpnBaTb KaK Heaasn
CHMb!H MaTeMaTH'l. o6'heKT. .Ha KoppeKTHOCTH aa;a;a'IH 
(1), (2) He CJie;a;yeT, Boo6ID;e fOBOpH, KOppeKTHOCTb paa
HOCTHOH aa;a;aqn (3). IloaTOMY- OAHOH H3 OCHOBHblX aap;aq 
p. c. T. 1IBJI1IeTC1I HCCJiep;oBaHne KoppeKTHOCTH aa;a;aq11 
(3). KpoMe Toro, P. c. T. 11ay11aeT cxop;nMoCTh IIpn h-+ 0 
perneHHH Yh (x) paaHOCTHoft aap;aqn K perneauro u (x) 
ttcxo;a;Hoft ;a;11<P<Pepeaa;HaJibHOH aap;aqu. KoppeKTHOCTh H 
CXOp;HMOCTb TeCHO CBH3aHbl Mem;a;y co6oil. 

IlyCTb MIIOiKeCTBO ceTO'lHblX <l>YIIKD;HH, aa;a;aHHb!X Ha 

G1z, o6paayeT eeKTopHoe IIpocTpaacTso H h• a OIIepaTopb! 
L1z, l1z ,z:i;eii:cTBYIOT B aToM IIpocTpaHcTse; B npocTpaHcTsax 
perneHHH Yh (x) H IIpaehlx 11acTeft ff!h (x), Xh (h) BBOAllTCH 
HOpMb! II ·11(11z), II ·11(21z), II ·ll(a1z). 

rosopHT, 'ITO paaHOCTHaH aa;a;a11a (3) nocTaBJieHa Kop
peKTHO, eCJIH }J;JIH scex ;a;ocTaTO'IHO MaJib!X lhl H rrpn 
JII06b1X rp1z, Xh EH h ee pemeH11e cym;ecTsyeT, e,z:i;HHCTBeHHO 
Iii ,ll;Jill IIero BbIIIOJIIIlieTCH on;eHKa 

(4) 

c KOHCTaHTOH M' He 3aBHCHID;eii OT h. Ilocaep;Hee CBOH
CTBO, 03Haqarom;ee paBHOMepHyIO no h HerrpepLIBHYIO 
aaBHCHMOCTb perneHHH OT BXO/];Hb!X ;a;aHHb!X, eaa. y c T 0 ii
q H B o c T h IO p a a H o c T H o il c x e M bi. On;eHKH 
mi:;a;a (4) perneIIHH paaHOCTIIoii: aa;a;aq11 'lepea 1rnsecTHhre 
rrpaBble 'laCTH Ha3. a II p II 0 p H bl M li 0 [\ e H K a M 11. 
IloJiy11emi:e aIIpHOpHbIX oa;eHOK COCTaBJIHeT OCHOBY p. c. T. 

,il;JIH ooeHKH IIorpernIIocTn perneHHe aap;aq11 (3) rrpe,[(
cTaBJIHeTcH B BH;a;e cyMMbl 

f/W uh (x) - IIpoeKD;HlI perneHHH u (x) aap;aq11 (1), (2) 
B npocTpaHCTBO H 1z, zh (x) - IIorpernHOCTb npn6JIMiKeH
Horo perneHHH. B c11Jiy Jittee.ii:HocTH aa~a'IM (3) AJIH IIO
rpelilHoCTH Z1z (x) IlOJiy'laIOTCH ypaBHeHHR 

(5) 

rp;e 

\jJ1z (x)=rp1z (x)-L1zu1z (x); V1z (x) =X1z (x)-l1zu1z (x), 

<JiyHKI~HH 'ljlh (x) H V1z (x) Ha3. II 0 r p e Ill H 0 c T 1I M H 
a n II p 0 K c H M a ll H H paaHOCTHOH cxeMOJI (3) ypaB
HeHHlI (1) H ,[(OIIOJIHHTeJibHOTO ycJIOBHlI (2) COOTBeTCTBeH-
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Ho. roaopiIT, 'ITO cxeMa (3) arrrrpoKCHMnpyeT aap;aqy 
(1), (2) c m-M IIOpHAKOM arrrrpoKCHMaD;HH, eCJIH 

~'PJl(2h)=O(lhJm), llvlJ(ah)=O(Jhlm), m>O. 

CxeMa (3) HMeeT m-.ii: rropHAOK TO'IHOCTH HJIH cxop;HTCH 
co CKOpOCTbIO 0 (lhlm), ecJIH 

II Yh-uh ll(lh) =0 (! h Jm). 

)J;JIH CXO)J;HMOCTH pa3HOCTHOft cxeMbl o,o;Hoft TOJibKO arr
IIpOKCHMaD;HH, aoo6m;e roaopH, He,D;OCTaTo'IHo: Hap;o IIO
Tpe6oaaTb em;e, 'ITo6bl paauocTHaH aap;aqa (3) 6hlJia Kop
peKTHa. MMeHHo, crrpaae,o;JIHBO CJiep;y10m;ee yTBepm1wHne: 
eCJIH pa3HOCTHaH cxeMa (3) KoppeKTHa H HMeeT m-ft 
IIOPHAOK arrrrpoKCHMau;1m, TO OHa CXO)J;HTCH co CKOpOCTbIO 
0 (lhlm) (cM. [28)). 

BoaMomHbl H p;pyrne rrop;xop;hl K rrocTpoeHHIO P. c. T. 
TaK, B TeopHH JlaKca (cM. [8]) cxop;HMOCTb paaHOCTHblX 
cxeM nayqaeTCH He B rrpocTpaHCTBaX CeTO'IHhIX ljiyHKu;Hft, 
a B rrpocTpaHCTBe perneHHft HCXO)J;HOH AH«P«liepeeu;naJibHoft 
3aAa'IH; 3A0Cb AOKa3aHa T. H. TeopeMa :JK8HBaJieHTHOCTH: 
eCJIH HCXOAHaH 3a/(a'la (1), (2) KoppeKTHa H cxeMa (3) 
arrrrpoKCHM11pyeT 3aAaqy (1), (2), TO YCTOll'IHBOCTb He
o6xoAHMa H AOCTaTO'IHa AJIH CXOAHMOCTH. Bo3MO)f{Hbl 
H Apyrne IIOCTaHOBKH BOIIpoca 0 CBH311 YCTOft'IHBOCTH H 
CXOAHMOCTH (CM., Harrp., [9]). MccJiep;oBaHHe CXO,D;HMOCTH 
pa3HOCTHb!X cxeM IIpOBOAHJIOCb H B rrpocTpaHCTBax 0606-
m;eHHb!X perneHnii (cM. [10]). 

Tpe6oaaun.11 K paaeoCTHbIM cxeMaM. IlpH pac'leTax Ha 
coapeMeHHb!X SBM He acerAa AOCTaTO'IHO Tpe6oaaTb OT 
pa3HOCTHOft cxeMhI TOJibKO CXOAHMOCTH rrp11 lhl - 0. 
l'lCIIOJib30BaH:ne peaJibHbIX CeTOK IIpH KOH0'IHOM rnare 
ceTKll rrpel'\'hHBJIHeT K CXeMaM PHA AOIIOJIHllTeJibHbIX Tpe-
6oaaHHll. Oa11 CBOAHTCH K TOMy, 'ITO paBHOCTHaH cxeMa 
IIOMHMO o6bl'IHOH annpoKC11Mau;1111 H ycTOft'IllBOCTll AOJiiKHa 
xoporno Mop;eJI11poBaTb xapaJ<Tepmrn ceottcTBa HCXOAHoro 
A111jiljiepeHn;11aJiblloro ypaeHeH11H. KpoMe Toro, paaHOCT
HaH cxeMa AOJimHa y,o;oaJieTaopHTb onpeAeJieHHb!M ycJio
BHHM rrpOCTOThI peaJI11aau;nrr Bbl'IHCJillTeJibHOro aJiro
PllTMa. HHme paccMaTp11aa10TCH rreK-pble 113 aT11x ,o;orroJ1-
HHTeJILHb!X Tpe6oaaHJu1:. 

Tiop; 0 A H 0 p 0 A H 0 ii: p a 3 H 0 c T H 0 ft c x e M 0 iI 
(c~L [1), [11)) IIOHHMaeTCH pa3HOCTHaH cxeMa, Bll,D; K-po.ii: 
He 3aBllCllT Hll OT BbI6opa KOHKpeTHOM 3aAa'Ill H3 )J;aHHoro 
KJiacca, HH OT BLI6opa pa3HOCTHOft ceTKll. Bo acex yaJiax 
ceTKH AJIH JIID6o.ii: aaAa'IH 113 ,11,aHIIOro KJiacca pa3HOCTHble 
ypaaHeHllH llMeIOT OAHH II TOT me BJIA. K op;rropO)J;Hb!M 
pa3HOCTHblM cxeMaM OTHOCHTCH, B 'laCTHOCTH, cxeMbl 
CKB03Horo C'leTa AJIH pernerrHH ypaaHeHHH c CHJibHO 
MeHHIOIIJ,llMHCH HJill paapbIBHhIMH Koaq>ljinu;neHTaMn. CxeMbl 
CKBOlrnoro C'leTa He rrpeAYCMaTpllBaIOT HBHOro Bbl)J;eJieRHH 
TO'leK pa3pb!Ba KOaljiljinu;neHTOB II II03BOJIHIOT BeCTH Bbl
'IHCJieHHH no OAHHM u TeM me ljiopMyJiaM. illHpOKO HC
IIOJib3YIOTCH CX0Mbl CKB03Horo C'leTa IIPH pacqeTax paa
pbIBHbIX perneHHIJ ypaBHeHHil ra30B0ll )J;I!HaMHKH (CM. 
[1], [5], [12)). 

Tpe6oaaane K o B c e p B a T H B H o c T H p a a-
B 0 c T B 0 ii c x e M bl oarra11aeT' 'ITO p;aeBaH pa3HOCT
HaH cxeMa HMeeT Ha ceTKe TRKOll me 3aKOH coxpaHeHHH, 
11To H ncxop;rroe )J;Hljiljiepeuu;naJibHoe ypaaBeBne. B 11acT
uocT11, ecJIH L - caMocorrpHmeHHhIH orrepaTOp H cxeMa (3) 
KoucepaaTHBHa, TO Lh - caMoconpHIBeHHhlft B H h orre
paTop, T. e. KOHcepBaTllBHaH cxeMa coxpaHHeT CBOHCTBO 
ca~rncorrpHmeHHOCTH. 

PeryJIHpHbIM MeTop;oM rroJiyqeu11H 1wucepaaT11Buhlx 
on;uopoAHb!X cxeM HBJIHeTCH T. H. M e T 0 A 6 a JI a H c a' 
HJIH H H T e r p 0 - II H T e p II 0 JI H u; H 0 H H bl H M e
T 0 A· Cym;HOCTb MeTop;a 6aJiaHca COCTOHT B arrrrpOKCH
Ma1vm Ha pa3HOCTHOM ceTKe UHTerpaJibHOro 3aKoHa 
coxpaHeHlU! (ypaHHemrn 6aJlaHca), COOTBeTCTBYIOll\efO 
p;aHHOMY AH«P<iiepeH1~11a:1bHOMY ypaarrrmno. MeTon; 6a
JiaHca HarneJI rnnpoKoe np11MeHerrne npH arrrrpoKcnMau;11n 

ypaBHeHH:ii: c rrepeMeHHblMH, B TOM '!:HCJie H paapLIBHhIMH, 
Koaljiljinu;neHTaMH. ,JJ;pyroft rpyrrrro.ii: MeTOAOB IIOCTpOeHHH 
pa3HOCTHhlX cxeM, coxpaHHIOlll;HX CBOHCTBa caMocorrpH
meHHOCTH H IIOJIOmHTeJibHOCTH HCXOp;Horo orrepaTopa, 
HBJIHIOTCH MeTOAhl, OCHOBaHHhle rra Bapnau;HOHHblX rrpHH
u;nrrax (MeTo)J; P11Tu;a, MeTo,o; KoHe'IHLIX aJieMeHToB) (cM. 
Paanocmnaa eapuaz+uonnaa cxe.Ma). 

Il pn KOHCTpyHpOBaHHH pa3HOCTHhlX CXeM AJI.H ypaBHe
HH:H raaoao.ii: AHHaMHKH HarueJI rrpHMeHeHne IIpHBD;HII 
IIOJIHOft KOHCepBaTHBHOCTH (CM. (5)). )J;JIH ypaBHeHnft 
rnrrep6oJIH'l. THIIa OKaaaJIOCb IlOJie3HhlM HCCJie,o;oeaBHe 
AHCnepCll!:iHHhlX CBOftCTB COOTB0TCTBYI01D;HX paarroCTHhIX 
ypaaaeHnii (cM. [13]). 

ECJIH H3BeCTHO, 'ITO rrpn t - 00 pemeHHe HCXOAHOll 
Am!iljiepeuu;naJI»Hoii aap;aqn cTpeMHTCH K BYJIIO, TO ecTeCT
BeHee Tpe6oaaTh Toro me n OT pemeBHH annpoKCHMHpy-
10m;eft paaHoCTHoii: aap;aqn, CxeMhl, o6Jia,o;arom;ne aTHM 
CBoftCTBOM, Ha3. a c H M II T 0 T H q e c K H y c T 0 ii
q n B hl M H (CM. [4]). 

)J;pyro.ii: IIO)J;XOA K IIOCTpoeHHIO pa3HOCTHbIX cxeM JIY'l
rnero Ka'leCTBa ('OCTOHT 8 IIOJIY'l0HHH CX0M, YAOBJieTBO
pHIOiu;HX TeM me arrpnopHb!M ou;eHKaM, K-pble xapaKTepHbl 
(HeyJiyqrnaeMbl) p;.1JH HCXO,D;HhIX p;nlfiljiepeHu;HaJlbBhIX ypaB
HeHHll (CM. (14)). 

3KOHOMH'IHbIC paaHOCTHhIC CXCMbl A.llll MHOl'OMCPHblX 
38,ll;Q'I MaTCM8TH1JCCKOH «JiuaHKB. Ilpn pemeel!IB CHCTeM 
paaBOCTHhIX ypaBH0HHH, annpoKCHMHPYIOIIIHX BeCT8D;HO
HapHh!e MHOroMepHb!e aaAalJH M6T0M8TH'l. cJ>naHKH (c 
'lHCJIOM rrpOCTpaHCTBeHHhIX nepeMeBHblX ,o;aa HJIH 6oJiee), 
B03HHKaIDT cneu;nljinq, 38TPY)J;BeBHH, CB113QBHble c TeM, 
'ITO 'IHCJIO apnljJMeTH'l. orrepau;nft, ueo6xo,o;HMLIX ,o;JJ11 
0Tb!CK8HHH perneHHH aa HOBOM BP0M0HBOM CJIOe, peaKO 
noapacTaeT rrpn naMeJib'l0BRH ceTKH. B TO me BpeM11 
pemeHHe Oll;HOMepHhIX secTaD;HOBapHblX aap;aq ocym;eCTB
JlHeTCH MeTOp;OM npOI'OHKH, K-phlii: 3KOBOMH'leB B TOM 
CMhICJie, 'ITO OH Tpe6yeT KOHe'IHOI'O (He 3aBllCHII1ero OT 
rnara ceTKH h) 'IHCJia p;eftCTBHB Ha op;Hy TO'IKY ceTKH. 
B o6iu;eM CJiyqae pa3HOCTHYIO CXCMY H63. 3 K 0 B 0 M H 'l
H 0 ft, eCJIH OTHOilleHHe 'IHCJia ,o;e:ii:CTBHH, HeOOXO,D;HMhlX 
AJIH OThlCKaHHH perneeHH Ha HOBOM BpeMeHBOM CJioe K 
qncJiy Y3JIOB rrpOCTp8HCTBeHBOH ceTKH, He aaBHCBT OT 
'IBCJia yaJIOB ceTKH. 06bl'IH&I0 He11BHhle paaHOCTBble 
cxeMbl ae HBJIHIOTCH aKoHOMH'lHblMH. Ha:e6onee acJ>tlJeK
THBHhlM rrpneMOM IIOCTpoeHHH 3ROBOMH'IHblX paaBOCTBblX 
cxeM HBJIHeTCH MeTOA CBe)J;eHHH MHOI'OMepHhIX aap;aq K 
HeCKOJibKHM O)J;HOMepHb!M aap;aqaM (MeTO)J; nepeMeHBblX 
HarrpaBJieHnft, MeTOA pacm;errJieBHJI) (CM. [1], [15], [16]). 

Hoahle aJiropnTMhl CTHMyJinpoBaJIH n HOBb!H rrop;xop; 
K OCHOBHhlM IIOHHTHHM Teopnn paaBOCTBhlX cxeM: arr
npoKCHMau;nn, ycToil11naoCTH, cxo,o;HMOCTH. Hanp., OI\a
aaJioCb IIJIO,l:(OTBOPHhlM IIOHHTBe CYMMapuo:ii: arrrrpoKCH
Mau;11n HJIH arrnpoKCHMau;nH B CJia6oM CMbICJie (CM. [1], 
[ 16)). CljiopMyJinpoaaH npnHu;nn a,o;,D;HTHBHOCTH, rroaao
JIHIOiu;Hii B o6m;eM cJiy11ae CTpOHTb 3KOHOMI!'IHble paaHOCT
Hble cxeMhl, 06Jiap;a10iu;ne CBOHCTBOM cyMMapHOH arr
rrpoKCHMau;un (cM. [ 17]). ,JJ;aJibHeii:mnM o6o6m;ea:eeM paa
HOCTH&IX cxeM rrepeMeBHblX BarrpaaJieHHft HBHJIHCb cxeMhI 
c ypaaueHHHMH Ha rpaljiax H BeKTOpHbie CXeMbl (CM. (18)). 

MeTO,ll;hl HCCJie,D;OBQHHH KoppeKTHOCTH u CXO,D;HMOCTD 
paSHOCTHhIX cxeM. ,Il;JIH JIHBeftuwx 3a)J;a'l HS ycTOftlJHBOCTH 
R arrrrpoKCHMau;1rn CJieAyeT CXOAHMOCTb. TioaTOMY OCHOB
rroe BHHMaHne B P. c. T. yp;eJIHeTCH noJiy11eHn10 arrpnop
HhIX ou;eBOK, H3 K-pbIX CJiep;yeT KoppeKTBOCTb Sa)J;a'l B 
TOii: nJI11 naoft BopMe. MeTop;hl rroJiy11eHHH arrpnopHbIX 
on;eBOK AJIH pa3BOCTBbIX cxeM BO MHoroM aBaJiorH'IHhl 
TeM IBe M0T0AaM B TeopHH AHljiljiepeHI~HaJibBhlX ypaB
HeHHH, Harrp. MomHo yKa3aTb CJiep;y10m;ue MeTOAbl: paa
AeJieHne rrepeMeHBblx, rrpeo6paaoaaane <l>ypb0, rrpnHu;nrr 
MaKCHMyMa, aHepreTH'l. HepaaeHCTBa. 

MeTOAhI pellleHHH ceTO'IHhIX ypaBHeHHH. JII06oii cernl!
Hh1ii MeTOA AJIH ;ri,nljiljiepeau;1rnJibHblX ypaBHeH11ii npHBOIJ;HT 
K 6oJibIDHM CHCTeMaM JIHHeftBblX aJLre6panq, ypaBHeBHll. 
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Harrp., B cJiyqae MHoroMepHhIX 3aAaq qHcJio ypaaHeHHii: 
AOCTHraeT IIOPHARa '104-106 • 0AHOMepHhle pa3IIOCTHhie 
3aAaqH 06hlqHo peIIIaIOT MeTOAOM rrporoHRH (cM. [2]), 
rrpeACTaBJIHIOII~HM co6oii: BapHaHT MeTOAa rrocJieAOBaTeJih
Horo HCRJIIOqeHMH HeM3BeCTHhIX. HaH6oJiee pacrrpocTpa
rreHHhIMH MeTOAaMH pememrn MHoroMepHbIX ceToqHhIX 
ypaBHeHHll HBJIHIOTCH UTepau;:irnIIHhre MeTOAhI. B Bbiqnc
JIMTeJibHoii rrpaRTHRe nmpoRo HCIIOJib3YIOTCH Talme MTe
pau;MOHHhle MeTO,LlhI, Rar\ MeTOA PHqapACoHa c qe6hlmea
cRuM Ha6opoM rrapaMeTpOB, HTepau;HoHHhie MeTOAhI rrepe
MeHHhIX HarrpaBJieH!'lll, ABYXCTyrreHqaThie MTepau;HoHHble 
MeTOAhI, rrpeACTaBJIHIOIIVle co6oii: ROM6irnau;nro MeTOAOB 
rrepeMeHHbIX HarrpaBJieHJJii (BrryTpeHIIHH HTepau;1rn) c 
RaRHM-JII'160 RJiaccnq. MeTOAOM (BHeIIIHHH MTepau;HH). 
llacTO MCIIOJib3YIOTCH Ta1rnrn MeTOA BepxHeII peJiaRcau;HM 
H rrorrepeMeHHO-TpeyroJILHhIH HTepau;norrHLiii MeTOA (cM. 
f2], (6)). TeopHH nrnpau;HoHIIhIX MeTOAOB lllOIBeT 6h!Th 
M3JIOIBeHa RaR OAHH H3 pa3AeJIOB o6~eii Teop:irn ycToii:
qHBOCTM pa3ROCTHbIX cxeM (cM. [2]). 

HaMeTMJiaCb TeHAeHu;HH R MCIIOJib30BaHHIO rrpHMbIX (ne
HTepau;:irnHRbIX) MeTOAOB pememrn MHoroMepHbIX pa3HOCT
HhIX 3aAaq. K TaRUM MeTOAaM OTHOCHTCH MaTpnqHaH 
rrporoHRa, 6111cTpoe AUCRpeTHoe rrpeo6pa3oBaHue <l>yphe 
H ero o6o6~eHUH, MeTOA cyMMapHb!X rrpeACTaBJieHuii:. 

HenHeeii:Hhle aaAaqH. Pa3BnTa Teop:irn OAHOPOAHhIX 
pa3HOCTHhIX cxeM AJIH HeJiuHettHhlX ypaaHeHuii rrapa6o
JIHq. nrna (cM. [ 19)). 06o6~eHa Ha HeJIHHeiiHhni cJiyqaii 
TeopeMa JlaRca 0 CBH3H MeIBAY ycTOllqHBOCTbIO u CXOAU
MOCTbIO (cM. [20), [21)). PaccMaTpHBaJIHCh pa3HocTHhle 
cxeMhl AJIH HeJinHei'IHhIX ::IJIJIUIITl'l'I. ypaBHeHMll (cM. [23), 
[24)) H AJIH HeJiuHettHhlX rrapa6oJiuq. ypaaHeHui'1 (cM. 
[21), [22)). l1MeeTcH PHA o6~ux TeopeM o RoppeRTHOCTH 
pa3HOCTHhIX cxeM AJIH HeJiuHei!Hor1 a6cTpaRTHoii: 3aAa'll'I 
KoIIIU (cM. (25)). l13yqaJ1acb CXOAUMOCTh pa3HOCTHLIX 
cxeM AJIH HeJIHHellHhIX ::IBOJIIO!l;UOHHhIX ypaBHeHuii (CM. 
[26), [27)). 
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M., 1977; {2] ca Map c I{ H l! A. A., H HI{ 0 JI a e B E. c., Me
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HOCTHbie MeTOJ];bl pemeHHH 1<paeBbIX 3aJ];a'I, B. 2 - HecTaljHOHapHbie 
aana'IH, M.' 1972; [23] H a p q e B c I{ H HM. M. JI H III I{ 0 A. ,!l;. 
«liaa. BbICID. yqe5H. aaacnem1li. MaTeMaTHKa», 1912, No 11, c. 23--' 
31; 1973, M 3, c. 44-52; (24] c a n a r 0 B a c M. II.' «lH. Bbl'IHCJI. 
MaTeM. H MaTeM. lfi11a.», 1965, T. 5, No 4, c. 638-47; [25] Hap
q ea c" 11 ll M. M., JI a nHH A. B., JIH I01<0A. ,r:i:. «liaa. ab1cm. 
yqe5H. 3aBeJ];eHHli. MaTeMaTHRa>>, 1972, .No 3, c. 23_'31; [26] JI a
rr H HA. B., JI H III I{ 0 A. ,r:i:., TaM me, 1973, N• 1, c. 71-77; (27] 
Rav 1 art P.A., «J. math. pures et appl.», 1967, t. 46, No 1, 
p.11-107;M2,p. 109-83; [28] PII5ettb1<Hl1B.C.,<l>H
JI 11 n no a A. <I>., 05 ycroli<IHBOCTH paaHOCTHhIX ypanHeHHH, M., 
1956. A. B. I'y.1tuu, A. A. CaJ11apC1'UU. 

P A3HOCTh M H o m e c T B - OAHa 113 orrepau;nii 
HaA MHOIBecTBa~1H. TiycTL uMeeTcH ABa MHOIBecrna A u B 
(U3 R-pblX BTopoe MOIBCT H He COAepIBaTbCH B rrepBoM). 

TorAa MHOIBeCTBO TeX aJieMeHTOB MHOIBeCTBa A' K-pwe 
He HBJIHIOTCH ::IJieMeHTaMM MHOIBeCTBa H, Ha3. p a 3 H o
c T b IO <JTHX MHOIBeCTB. 

P. MH0'1'8CTB A H B 0603naqaeTcH A ~B. 
M. If. Boill{exoernuu. 

PA3PEJKEHHAH MATPI1IJ;A - ~rnTpnu;a c MaJimr 
qncJIOM HeHyJieBhIX ::IJiel\leHTOB. CHCTBMbl JIHHCHHbIX ypaB
HeHnii: c TaRHMH MaTpHLI;al\IH B03HHRaIOT' B qacTHOCTM' rrpn 
arrrrpORCUMau;HM AMiJ>iJ>epeHu;HaJibHbIX ypaHHeHuii ROIIe'l
Hopa3HOCTHhIMU HJIH BapMau;HOHHo-pa3HOCTIIbIMU. 

H. C. Baxea.JtoB. 
PA3PE.iKEHHOCTh MHO.iKECTBA EclR.n B ToqHe 

Yo E 1R.n-J10RaJibHhlll rrpH3HaR Toro, qTo E HBJIHeTCH no
.ttsipnbi.M Jttno:J/Cecm1Jo.M. HerrycToe MHomecTBO EclR.n Ha3. 
p a 3 p e iR e H H hI M B T o q R e y0 E IR.n B ABYX cJiy
qaHx: 1) ecJIII y0 He HBJIHeTcH rrpeAeJibHoii Toq1rnii: E, 
TO ecTh y0 f/=.E', r,o;e E' - rrpoII3BOAHOe MHOIBeCTBO AJIH E; 
2) ecJIH YoEE' H B ORpeCTHOCTH Yo cy~eCTByeT cyrreprap
MOHHq. iJ>yHRu;HH ll (x) (cM. Cy6aapJttonu'tec1wsi rfiyn,,,!fusi) 

lim inf v (x) > v (y0). 
x --+ Yo 

XE E'{Yo} 

MrromecTBO E HBJIHeTCH TIOJIHpHbIM TOrp;a H TOJibRO 
TOrAa, ROrAa OHO - pa3peIBeHHoe MHomecTBO (p. M.) 
B RaIBAOM U3 CBOUX ToqeR. ,AJIH rrpoU3BOJibHOro MHOIBecTBa 
E IIOAMHOIBeCTBO TeX ToqeR, B R-pbIX E eCTb p. M.' HB
JIHeTCH IIOJIHpHhlll!. Jlro6oe Herr ye Toe IIOAMHOIBeCTBO p. M. 
B ToqRe Yo E IR.n HBJrneTCH p. M. B y0 • 06'be).l;UHeHHe RoHeq
Horo qucJia p. M. B TOqRe Yo f= IR.n HBJIHeTCH p. M. B TOqRe Yo. 

0Tpe30R Ha IIJIOCROCTU ii<. 2 He HBJIHeTCH p. M. HH E 

OAHoii M3 caoux ToqeR. EcJiu EclR.2 - p. M. B ToqRe y0 , 

TO cy~eCTBYIOT CROJib YfOAHO MaJILie ORPYIBHOCTH c 
u;eHTpOM y0 , He rrepeceRaro~uecH c E. IloJIHpHoe MHOlHe
CTBO EclR.2 BIIOJIIIe pa3pb!BHO. 0AHaRo RaHTOpOBO MHO
IBeCTBO MepbI HYJIL Ha ocu a6cu;ucc He HBJIHeTCH p. M. 
HU B OAHOII U3 CBOUX TOqeR. BMecTe c TeM B rrpOCTpaHCTBe 
IR.3' Harrp.' MHOIBeCTBO ToqeR 

E={(x, y, z}:F(x, y, z)~k>1}, 

UMeIO~ee OCTpue B TOqRe (0, 0, 0), rj~e 

F(x, y, z)= ~ 1 tdt 

o V(x-t)'+Y'+z• 

- nb10monoe nomemfUll.tt ITJIOTHOCTl'I t Ha OTpe3Re (O..,.:x..,.: 
..,.::1, 0, 0), eCTh p. 111. B ocTpue (0, 0, 0) EE' (rr pH Me p 
Jle6era). 

Jlum.: (1] B p e JI o M., OcHOBbI 1rnacc11<IecKoti Teop1111 mYreH-
11RaJia, nep. c cfipaH11., M., 1964; [2] JI a H n" o !fl H. C., OcHOBhI 
coepeMeHHOH Teop1111 noTeH1111aJra, M., 1966. E. ,ll.. Co.1toJ11e11ttee. 

PA3PE3 o6JiacTU DcC no pa30MRHyToi"1 rrpocToii: 
AYre y= {z (t):O..,.:t ..,.::1} - YAaJieHHe U3 o6JiacTu D ToqeK 
AYrl'I y, T. e. rrepexoA OT o6JiacTU D R o6JiacTu (uJiu 06-
JiaCTHM) D~ y, a TaRIBe caMo MHOIBecTBO y. Ilpu no111 
rrpeµ;rroJiaraeTcH, qTo o6JiaCTU D rrpuHaAJieIBUT JI1160 
BCH p;yra y, JIU6o BCH AYra 3a MCKJIJoqeuueM Ha•IaJibHOii 
UJIH Korre•moii: TO'IeR z (0), z (1), a z (0) MJll'I z (1) upuHaA
JieIBaT rpaHnu;e iJD. KaIBAoii ToqKe z (t) paspe3a y rrpu 
0 <t <1 COOTBeTCTBYIOT ABa apanu'tnbtX 9.lte.J.renma up1rne
ra10uwii "y qacTu o6JiacTu D: JieBMii n npaBLiii. B coBo
RyrrnocTu :nu 3JieMeHThI o6pa3yJOT COOTBeTCTBeHRO JI e
B hI ft u rr p a B hI ii 6 e per a p a 3 p e 3 a y. 

E. ,ll.. Co.1toJ>teuwe. 
PA3PE3A MHOJKECTBO, 111 Home c TB o pa 3-

A e JI a, OT ToqRu 0 - MHOIBeCTBO TeX TO'feR x puMaHOBa 
Muoroo6pa3HH W, R-ph!e JIH6o coe,o;uHHMhI c 0 6oJiee 
qeM OAHOii: RpaTqaihneii: Ox, m160 Ox He npoµ;oJIIBuMa Ra1' 
RpaTqa!rmaH 3a ToqRy x. B ;a;ByMepHoM cJiy•rae P. M. 
HBJIH0TCH OAHOMepHbIM rpaiJ>oM 6e3 ~URJIOB (CM. [ 2)); 
B auaJIHTuqecROM w JII06oi·i pa3MepHOCTH --- H0Jll1:'l/\pm1 
U3 aHaJIUTJJ'I. IIOA~JHoroo6pa3uii ( nr. f 3]). P. ~r. He II pc
pb!BIIO 3aBUCHT OT 0. p. ~l. 011pep,eJJHCTCH He TO.JI hRO OT 
TO'fRU, HO M OT APYfHX IlOAMHOIBeCTB, Hanp. OT KpaH o W, 
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a TaJORe B npocTpaHCTBaX, OTJ[llqHbJX OT pHMaHOBbIX, 
HaIIp. Ha BblllYKJiblX fJOBepXHOCTHX (CM. [ 4]) H B l:\BYMep
HbIX ~rnuroo6pa3HH x orpaH!l'IeHHOH J\pHBH3Hbl. 

JI um.· [1] r p o M o .n JJ.., J{ JI 11 H r e H 5 e p r B., M e ii
e p B , P11MaHona reoMeTpMJI B 11eJIOM, rrep. c HeM., M., 1971; [2) 
M ye rs S. B., «Duke Math. J.», 1935, v. 1, p. 376-91; [3) 
Buchner M.A., «Proc. Amer. Math. Soc.», 1977, v. 64, 
.M 1, p. 118-21; [4] Kunze J., Der Schnittort auf konvexen 
Verheftungsflachen, B., 19ti9. B. A. 3aJ1zaJ1J1ep. 

PA3PEIDAIOID;AH cl>YHKIVIH - TO me, qTO C1wJ1eMa 
rPYll1'1,fUst. 

P A3PEIDEHHE OCOBEHHOCTE9., A e c H H r y JI H

p n 3 a rr n H,- 3aMeHa oco6oro aJire6paH'J. MIIOroo6-
pa3nH Ha 6nparrnoHaJibHO H30Mop.ilmoe Heoco6oe MHoro
o6pa311e. EoJiee TOqHo, P. o. aJire6panq. MHoroo6pa3HH 
x Hap; OCHOBHbIM IIOJieM k Ha3. co6cTBeHHhlll 6nparrno
HaJibHbIH Mopipn3M f : X '-+X Tal\oii:, qTo MHoroo6pa3ne X' 
Heoco6oe (rJiap;J\oe). AHaJiornqHo oIIpep;eJIHeTcH P. o. 
cxeMhl, KOMIIJieKCHO-aHaJIHTHqecKoro IIpOCTpaHCTBa ll 
T. A· Cym;eCTBOBaHlle p. o. II03BOJIHeT CBOAHTb MHorne 
AOIIpOCbl K Heoco6b!M MHOroo6pa3HHM, IIpll H3yqeHHH 
K-pbIX MOIBHO HCIIOJ!b30BaTb Teopnro IIepeceqem1:ii: H 
a nna paT p;nipipepeHrr1rnJibHhIX ipopM. 

06bJqHo P. o. nponcxop;11T IIyTeM IIOCJieAoBaTeJibHoro 
11p11MeHeHHH orreparrnH Monouoa.11&nozo npeo6paaoaanusi. 
H3aecTHo, qTo ecm1 rreHTp D MoH011p;aJibHoro rrpeo6pa-
30BaH1111 X'-+X AOIIYCTHM (To ecTb D Heoco6o, a X -
HopMaJihHOe IIJIOCKOe MHoroo6paane BAOJ!b D), TO q11c
JieHHble xapaKTep!!CTIIKH oco6eHHOCTeH MHoroo6pa3HH 
(KpaTHOCTb, «l>YHKrrHH fHJib6epTa ll T. A·) He xyme, qeM 
y x. Ilpo6JieMa COCTOllT B Bbl6ope rreHTpa pa3AYTllH TaK, 
qTo6w oco6eHHOCTll y X' Aeii:CTBI!TeJibHO yJiyqmnJIHCb. 

B cJiyqae Kp!!BbIX IIpo6JieMa p. o. CBOAIITCH IIO cym;ecTBy 
K HopMamrnarrnn. B ABYMepHoM cJiyqae c11Tyarr11H cJiom
nee. ,[(oKa3aHo cym;ecTBOBaH11e P. o. y Jiro6oro MHoro
o6paann HaA IIoJieM k HyJieaoii: xapaKTepncT11K11. ToqHee, 
AJIH rrpnBeAeHHOro MHOroo6pa3IIH x 0 cyrn;eCTByeT KOHeq
HaH IIOCJiep;oBaTeJibHOCTb p;orrycTI!MbIX MOHO:np;aJibHhlX 
npeo6pa30BaH11ii: Ii: Xi+i-+X;, i=O, 1, ... , r, c rreHT
paMn D;cX; TaKaH, qTo D; COAepmaTCH B MHomecTaax 
oco6wx ToqeK X ;, a X r - Heoco6oe MHoroo6pa311e. 
AHaJiornqHbIH pe3yJibTaT BepeH AJIH KOMIIJieKCHO-aHa
. nHTHqecKHX npocTpaHCTB. B noJiomnTeJibHoii xapaKTe
p!!CTHKe cy1rrecTaoaaH11e P. o. ycTaHOBJieHo (1983) AJIH 
pa3MepHOCTeii ...;:3. 

C 3aAaqeii: P. o. TecHo CBH3aHa 3ap;aqa paapemeH11H 
BJIOll\eHHb!X oco6eHHOCTell, «l>opMyJI11pyeMaH CJJeAYJOID;llM 
o6pa3oM. IlycTb X BJJomeHo B Heoco6oe aJire6pa11q. MHO
roo6pa311e Z; cym;ecTByeT JJH co6crneHHoe oT06pameH11e 
f:Z' -+Z c HeocoobIM Z' TaKoe, qTo a) f I!HAYU.HpyeT 11aoMop
qmaM Z'"·J- 1 (X) Ha Z'...._X, 6) 1- 1 (X) HBJIHeTcH AI1B11aopoM 
c HopMaJJhHhIMII IIepeceqemrnMn? (,n:11a113op Ha Heoco6oM 
~moroo6paan11 11MeeT HopMaJJbHhle IIepeceqeH11H, ecJI11 
JJOKaJibHO OH aap;aeTCH ypaBHeHneM tl . . . tk= 0, rp,e 
ti, ... , tk - qacTb peryJJHpHoii: CllCTeMhl IIapaMeTpOB 
Ha Z.) 

3ap;aqa paapellieHHH BJJOll\eHHblX oco6eHHOCTelI HB
JIHeTCll <IaCTHhIM CJJyqaeM aa11aq11 Tp1rnnamrnau;nn 11y1rna 
np;eaJioB. IlycTb Z - Heoco6oe MHoroo6paa11e, I - Kore
peHTHhiii IIyqoK 11p,eaJioa Ha Z, a Dez - Heoco6oe 3a.,rn
HyTOe nop,MHoroo6pa3ne. CJJa6h1M IIpoo6paaoM np,eaJJa I 
np11 paap,yTim /:Z'-+Z c u;eHTpoM B D Haa. IIyqoK IIAeaJJoB 

!* (/) ®6z 6z· (mD') 

aa Z', rp;e D'=/-1(D), a m-1\paTHOCTh np,eaJJa I B 
o6m;en TO'IKe D. Tpna11aJJl133rr!IH nyqKa np,eaJIOB COCTOIIT 
B Haxomp,eHIIII IJOCJJeAOBa"feJJbHOCTII paap,yTHH c Heoco-
6b!MII rreHTpaMn, npH K-pblx CJJa6h1i1 IIpoo6paa I CTaHo
BIITCH CTPYKTYPHhIM IIY<IKOM. IlycTb Z0 - Heoco6oe MHo
roo6pa311e Hall IIOJJeM HyJieaoii xapaKTep11cnrnn, / 0 -
KorepeHTHbIH IIY'IOK 11p;eaJJoB Ha Z0 11, KpoMe Toro, aap;aH 
HeK-pbiii AHBIIaop E 0 Ha Z0 c HopMaJibHhIMll IIepeceqe
HIIHMII. TorAa cym;ecTByeT IIOCJJep;oBaTeJJbHOCTb pasp;yniii 

/;:Z;+1-+Z;, i=O, 1, ... , r-1, c Heoco6b!MII 11,SHTp~:wn 
D ;CZ;, o6Jiap;arom;aH CJIE'AYIOID;HMll CBOIICTBa~rn: ecJI!I 
oIIpep,eJJUTh Ii+ 1 KaK cJJa6blii IIpoo6paa I; IIpn pa3p;y
TIIH /;,a E;+ 1 -KaK /-:1 (E;)LJ/:-1 (D), TO I,=6z, 

' ' r 
a Er nMeeT JJlllilh HopMaJJbHhle IIepeceqeH11H (T e o p e M a 
x II p 0 Ha Ka). EoJJee Toro, MOIBHO cqnTaTb, 'ITO D; 
Jl0llil!T B MHOll\eCTBe ToqeK MaKCI!MaJibHOll KpaTHOCTll Ii 
11 11MeeT HOpMaJJhHhle IIepeceqeHHH c E ;. B IIOJJOJKIITeJJb
Hoi-i xapaKTepncnme aHaJiornqHblii peayJJhTaT H3BecTeH 
JJHlilh IIpn dim Z ...;:3. 

,Il;pyroii aap;aqeil: aToro nma HBJJHBTCH aaAaqa HCKJJJO
qeHnH ToqeK HeoIIpeAeJJeHHOCTH pau;noHaJibHoro oTo6pa
meHnH. IIycTb /:X-+Y - pau;noHaJJbHOe oT06pameHne 
Heoco6Mx aJJre6panq. MHoroo6pa3:nn. Cym;ecrnyeT Jiii 

IIOCJJep;oBaTeJJbHOCTb paap;yTHH c Heoco6b!Mll u;eHTpaM:n 

X,--+ X,_1--+ .. . --+ Xo=X 

T3KaH, qTo 11HAYilHPOBaHH00 OT06pameH11e x ,-Y HB
JJHeTCH Mopip:naMoM? 8Ta 3ap;aqa CBOP,IITCH K 3ap,aqe cy
m;ecTBOBaHHH Tp!!BI1aJJ11aarr1111 nyqKa II):\eaJJOB, Il OTBeT 
yrnepp;nTeJJeH, ecJIII char k=O 11JJ11 ecJJn dim X ...;:3. 

Jlum.: [1) Ab h yank a r S., Resolution of singularities 
of embedded algebraic surfaces, N. Y.- L., 1966; B KH.: Tp. Mem-
11yHapo11ttoro Konrpecca MaTeMaT1rnoe. 19G6, M., 1968, c. 469-
481; [2) Lipman J ., B KH.: Algebraic geometry, Providence, 
1975, p. 531-46; [3] x Hp 0 Ha Ka X., «MaTeMaTirna», 1965, 
T. 9, M 6, c. 2-70. B. II . .l{a1<UJ!06. 

PA3PEIDEHIIH IIPOBJIEMA - a.11zopum.>.tu<tPrnasi 
npo6.1te.Ma, B K-pon AJJH aap,aHHOl'O MHOll\eCTBa A Tpe6yeTCH 
IIOCTpOHTb aJirop!!TM, pa3pemarom;nn A OTHOCI!TeJJbHO 
p,pyroro MHomecTBa B, BKJJroqarom;ero A (A =B), T. e. 
TaKOH aJJropHTM Ill, K-pbiii IIpHMeHHM KO BCHKOMY 3Jie
MeHTY na B, IIpnqeM 5ll(x)=1, ecJin xEA, n lll(x)=O, 
ecJJH x E B'...._A. BamHhIM KJiaccoM aJirop11TM:nq. IIpo6JieM 
HBJJHJOTCH p. II. AJJH ipopMaJibHbIX Teopnii, TO eCTb p. II. 
MHOll\eCTB3 acex p;oKaayeMbIX B TeOp!!H «l>opMyJJ (MHome
CTBO A) OTHOCHTeJJbHO MHomeCTBa acex <JiopMyJI Teopnn 
(MHomecTBO B). 

TepMI!H «P. II.» CJieAyeT OTJinqaTb OT TepMnHa <mpo6-
JieMa paapeIIIHMOCTH», oaHaqaJOII\ero BOIIpoc o paapem11-
MOCTH TOH UJJII llHOii MaTeMaT11qecKOH (Hanp., aJirOpI!T
MH'IeCKOH) IIpo6JieMbl. B. E. IIJ!ucxo . 

p A3PEIDHMAH rPYIIIIA - rpyIIIIa, o6JJap;arom;aH KO
HeqHblM cy6HopMaJJbHhIM plIAOM c a6eJJeBhIMII «l>aKTopaMn 
(cM. /lo&zpynn psio). 0Ha TaKme o6JJap,aeT nop.>.ta.1tbllbl~t 
psiOOM c a6eJJeBhlMII «l>aKTOpaMII (TaKne pHp,hl Haa. p a 3-
p e rn n M LI M 11). ,n:JJ11Ha KpaTqanmero paapern11Moro 
pHp;a rpyIIIJbI Haa. ee A JI II H 0 iI, IIJJII c T y IT e H b JO 
p a 3 p e IlI 11 M o c T n. BamHeHilIIIM 113 TaKIIX pnp;oa 
HBJJHeTCH PHA JWMMyTaHTOB, IIJJII IIpo11aaop;HhIH pHA (cM. 
Ko.M.Mymanm rpyIIIIhI). TepMHH «P. r.» B03HIIK B Teop1111 
faJJya ll CBH3aH c pa3peIIIHMOCTbJO aJJre6pa111J. ypaBHeHIIH 
B paAHKaJJax. 

HoHeqHble P. r. o6JJaAaJOT cy6HopMaJJbHbIM pHp,oM c 
!JiaKTOpa~rn IIpOCTb!X nopHp,KOB. 8Tn rpyIIIIbl xapaKTe
p11ayJOTCH cIIpaaep,JIHBOCTbJO cJJep,yrom;ero 06pa11\eHn11 
TeopeMhI JlarpaHma: l\JJH JJro6oro pa3JJomeHllH n=n1n 2 
IIOpHp;Ka n rpyIIIIbl Ha AB3 B3aHMHO IIpOCTbJX COMHOll\11-
TeJIH cym;ecTayeT IIOp,rpyIIrra IIopnp,Ka n1, n ace IIOA
rpyIIIIhI nopHp;Ka n1 coIIpHmeHbl Memp;y co6oii:. EcJJn 
nopHp,OK KOHeqHon rpyIIIIbl AeJJllTCH TOJJbKO Ha p;Ba 
IIpoCTbIX 'IIICJJa, TO Ta Kall rpyIIIIa paapem1rna. B K,rncce 
p. r. KOHeqHbie rpyIIIlbl Bbip,eJIHJOTCH Kai{ KOHeqHO IIO
pomAeHHbie IIepIIOAH'I. rpyIIIIhl. 

qacTHbIMII cJJyqaHMH P. r. HBJIHJOTCH nu.1t&nomenmni.ie 
zpynnbi, no.1tuifUK.1tu<tecKue zpynnl>l, Mema6eneBbl zpynnbi. 
BamHhIH IIOAKJJacc o6paayroT KoHeqHo nopom1~eHHhie 
rpyIIIIbI, HBJJHJOID;IIeCH pacmnpeHHHMll CBoeiI a6eJJeBOH 
HopMaJJbHOll nop,rpyIIIIIil c IIOMOIIJ;hJO IIOJIHrrHKJJI!'l. ipaK
ToprpyIIIIbl. 0Hn Yl\OBJieTBOpHJOT ycJIOBIIJO MaKCIIMaJih
HOCTII AJJH HOpMaJJbHblX nop;rpyIIu (CM. 06pbiea 1{eneii 
yc.11oeut) n «l>HHIITHO aIIIIpOKCllMIIpyeMbI (cM. <Punumno 
annpo1'cu.>.tupye.>.tasi zpynna). BCHKaH CBH3HaH paspellIHMaH 
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rpyTITia Jln, a TaHme P. r. Marp1u:1;, CBH3HaH B 3apuc1wzo 
mono/lOZUU, IIMeIOT HITJTT,lfOTPHTHhlll ROMMyTaHT. BcHirnH 
MaTplI'lHUH p. r. na11 a.rr L'PO]J IJPICCRH 3a~nrnyTbIM llOJieM 
HMeeT TIO)l;rpyrrrry KOHe'IIIOTO HH)l;eKca, corrpmKeHHYJO c 
rrop;rpyIIrroll: TpeyrOJibHOH rpyrrIIhl (cM. Jiu - Holl'luna 
meope.Ma). 

Bee P. r. AJIHHhl, He IIpenocxop;m11;eii qncJia l, 06pasy10T 
MHoroo6pa3ne (cM. I'pynn Mnoeoo6paaue). Cao6op;HbJe 
rpyIIIIhl TaKHX MHoroo6pa3HH Ha3. c B 0 6 0 µ; H hi M H 
p a 3 p e m H M hi M H r p y II II a M H. 

Jium.: it] Hypo m A. r., Teopmr rpyrrrr, 3 ua11., M., 1967; 
[2] H a p r a rr o JI o B M. M., M e p a JI ff R o B ID. M., OcHOBhI 
reopuu rpyrrrr, 2 H3)'.I., M., 1977. A. JI. filMe.<1>nun. 

n-PA3PEIDHMAH rPYIIIIA - o6o6meHne IIOHHTHH 
paapemu.1ttoii epynnw. IIycTb :rt - HeK-poe MHolKeCTBO 
11pocThlX qnceJI. I-\oHeqHaH rpyTITia, KalK)l;hlH HH)l;eKc 
KOMTI03HIJ;HOHHOro pHp;a R-poll: Jin6o He ;o;eJIHTCH HH Ha 
o;o;Ho qncJio H3 :rt, Jm6o coaTiap;aeT c HeK-phlM qucJioM na :rt, 
Ha3. :rt-p a 3 p e m n M o Il: r p y TI TI o Il:. OcHOBHhle caoii:
cTaa n-P. r. IIOµ;o6Hhl caoll:cTaaM pa3pemnMh!X rpyTITI. 
:rt-P. r. HBJJHeTCH :rti-P. r. AJIH mo6oro n 1c:rt; Tiop;rpyTITihl, 
<PaKTOprpyTITihl H pacmiapeHHH :rt-P. r. c HOMOmblo Jt-P. r. 
TaKlKe HBJIHJOTCH :rt-P. r. B :rt-P. r. G Kamp;aH :rt-TI o A
r p y TI TI a (T. e. Tiop;rpyTITia, ace TipocTh!e p;eJiiaTeJJn 
TiopHp;Ka K-poll: TipiaHap;Jie>RaT :rt) cop;eplKRTCH B HeK-poii: 
x o JI JI o B c K o i\: :rt-TI o A r p y 11 n e (:rt-Tiop;rpyTIIIa Ha3. 
XOJIJIOBCKOR, eCJJH ee HH)l;eKc B rpyTITie He p;eJJHTCH HH 
Ha op;Ho qucJio H3 :rt), a Kamp;aH :rt'-Tiop;rpyTITia (rp;e :rt' -
MHOlKeCTBO, ;ll;OIIOJIHHJOIIJ;ee :rt B MHOlKeCTBe acex TipOCThlX 
qiaceJI) - a HeK-poii: xoJIJIOBCKoii n'-IIop;rpyTITie; ace 
XOJIJIOBCKlle :rt-Tiop;rpyTITihl' a TaKlKe XOJIJIOBCKHe :rt' -
Tiop;rpyIIIIhl coIIpHmeHhl B G; HHp;eKc MaKcnMaJibHo:ii rrop;
rpyrrTihl rpyTIIIhI G JJH6o He ;o;eJIIITCH HH Ha O)J;HO qncJJo H3 
:rt, JIR6o paaeH cTeTieHH op;Horo H3 qHceJI MHomecTaa 
:rt (cM. [1]). qHcJJo XOJIJJOBCKHX :rt-Tiop;rpyTirr B G paaHo 
a 1a 2 ••• at, r;o;e a;-1 (mod p;) AJIH Kamp;oro P;E:rt, 
;o;eJIHIIJ;ero nopH;D;OK rpyTITihl G, rrpnqeM a; 11;eJJHT 11opHp;oK 
o;n;Horo H3 rJiaBHhIX iJ>aRTopoB rpymihl G (cM. [2]). 

Jlum.: (1] "CI y H 11x11 H C. A., II011rpyrrrrhl RoHequhIX rpyrrrr, 
MHHCR, 1964; [2] Brauer W.,«Arch. Math.», 1968, Bd 19, 
No 3, S. 245-55. C. TI. Cmpyu1<oa. 

PA3PEIDHMAH <l>OPMY JIA (B p;aHHoll: ciacTeMe) -
TaKa.ff iJ>opMyJJa A 11;aHHOH ffiop.Mllllb1toii cucme.Mbi, qTo 
JIH6o OHa AOKa3yeMa B 3TOH CHCTeMe (T. e. HBJJHeTCH Teo
peMoii:), JJH6o onpoaepmnMa (T. e. ;o;oKa3yeMo ee oTpmw
Hiae l A). EcJiia BCHKaH 3aMKHyTaH iJ>opMyJia p;aHHoii. 
iJ>opMaJJbHOH CHCTeMh! pa3pemHMa B Heil, TO TaKaH CH
CTeMa Ha3. II 0 JI H 0 ii:. (CJie;o;yeT 3aMeTHTb, qTo HeJib8H 
Tpe6oaaTb, 'IT06hl B ciacTeMe 6h!JJH pa3pemHMhl ace iJ>op
MYJJhl, a He TOJJbKO 3aMKHYTh!e. TaK, cflopMyJia x=O, 
r;n;e x - 11epeMeHHaH ;ll;JIH HaTypaJibHhIX 'IHCeJJ, He BbI
pamaeT HH HCTllHHoe, HH JIOll\Hoe cym11;eHne, H II03TOMY 
Hll oHa, HH ee OTpHIJ;aHn:e He HBJIHIOTCH TeopeMaMH iJ>op
MaJJbHOH apuiJ>MeTllKH.) 

Ha3BaHiae «P. iJ>.» CBH3aHo c TeM, 'ITO BOIIpoc 06 HC
TllHHOCTll llJIH JIOlKHOCTH cymp;eHHH, Bh!pamaeMoro TaKoii: 
iJ>opMyJJoii:, MomeT 6h1Tb pemeH Ha OCHOBe p;aHHOll CH
CTeMhl aKCHOM. B cnJJy I'eiJel!R meope.Mbt o neno/lnome B 
JIJ06oii: iJ>opMaJibHOil CHCTeMe apniJ>MeTHRH Haii.p;eTCH He
pa3pemHMoe 11pe11;JiomeHne, T. e. saMKHYTaH iJ>opMyJia, 
K-paH He HBJJHeTCH pa3pemnMoii. B 3TOR CHCTeMe. B qacT
HOCTll, Hepa3pemHMOM oKa3h!BaeTCH iJ>opMyJia, Bbipamaro
IIJ;aH YTBepm11;eHne 0 He11poT11.BopeqHBOCTH TaKo:ii CHCTeMhl. 

TepMHH «P. iJ>.» CJie11;yeT OTJIH'laTb OT TepMnHa «pa3pe-
illHMhlll 11pe11;11KaT». B. E. TIJ1uc1<0. 

PA3PEIDHMOE MHOrOOBPA31IE, c 0 JIB M H 0 r o-
0 6 p a 3 H e,- KOMllaKTHOe iJ>aKTOprrpocTpaHCTBO CBH3-
HOH paspemn:MOH rpy1111bl Jln (HHOrp;a, BllpoqeM, KOM
naKTHOCTH He Tpe6y10T). qaCTHhlll cJJyqaii. - l/,U/lb.Mlt020-
o6paaue. Ilo cpaaHeHnm c rrocJie)l;HllM o6mn:ii cJiy'laii 
3HaqnTeJibHO CJIOll\Hee, HO ll;JIH rrero Tome HMeeTCH IIOJJIIaH 
CTPYRTYpHaH TeopiaH. 

Jlum.: [1] A u s I a n d e r L., «Bull. Amer. Math. Soc.». 
1973, v. 7.9, Nv 2, p. 227-GI. /{. B. AnocoB. 

P A3PEIIIIIMOE MHOJl\ECTBO - MHomecTno Koli-
cmpyr;mu1Jnbix 06'"beKmo1J KaRoro-JI1160 iJ>nKcnpoaarraoro 
nma, µ;oIIycRaromee IIpoaepKy IIp:irnap;JielKHOCTH K HeMy 
ero 3JieMeHTOB IIpH IIOMOJIJ;H ll/leopum.11ia. <l>aRTHqecKB 
Mhl MOll\eM orpaHH'IHTbCH IIOHHTHeM p. M. HaTypaJJbllblX 
quceJJ T. K. 6oJiee 06111nii cJiyqaii. MOiKeT 6bITb caep;eH R 
p;aHHO~Y IIpH IIOMOJIJ;H COOTBeTCTBYIOmeii HYMepal.l,JilB 
paccMaTpnaaeMhlX o6'beKTOB. MHomecTBo M HaTypaJib
HhIX qn:ceJI Ha3. p a s p e m n M hi M, ecJJH cymecTayer 
TaKaH 06w,epeKypcu1Jnaa rfiynl'ilfUR f, q~o M= {nlf(n)=O}. 
B aTOM cJiyqae f n IIpep;cTaBJIHeT co6on aJiropHTM, IIpoae
pHJOIIJ;HH IIpHHa11;JiemHOCTb K M HaTypaJibRhlX qn:ceJI. 
B caMoM 11;eJJe, nEM paBHOCHJibHO Tcmy, qTo f(n)=O. 
P. M. HaTypaJJbHhlX qn:ceJI qacTo Ha3. TaKme o 6 III; e p e
K y p c H B H hi M, HJIH p e K y p c H B H hi M, M H 0 lK e
c TB 0 M. 

MHorne H3BeCTHhle MaTeMaTn:q. IIpo6JieMhl (TaKne, RaR 
IIpo6JJeMa Tom;o;ecTBa, IIpo6JJeMa roMeoMopiJ>nn, 10-ll 
IIpo6JieMa rnJib6epTa, IIpo6JJeMa pa3peIIIHMOCTH B MaTe
MaTHq. JIOrHKe) COCTOHT B Tpe6oaaHHH IJ;OKa3aTb HJIB 
OIIpoaeprrryTb yTBepmp;eHHe 0 TOM, qTO HeK-phle ROB
KpeTHhle MHomecTBa cyTb P. M. IIsaecTIIhle (oTpnu;areJib
Hhle) pemeHHH IIepe'IHCJJeHHhIX Bh!ille IIp06JieM COCTOHT B 
ycTaHOBJJeHHH HepaspemHMOCTH COOTBeTCTBYJOJIJ;llX JilM 
MHomecra (cM. TaKme Alleopum.1ttwtec11:aJ1 npo6/le.1tta). 

Jlum.: [1] Y c u e H c R 11 ii B. A., Jiem~uu o Bh1q11cJ111Mhl.x 
l!>YHR~ffX, M., 1960. H. M. HIU!O'PflbtU. 

PA3PEIDIIMLill IIOTOK - IIOTOK Ha paapemu.1ttoA1 
.1ttnoeoo6paauu M=GIH, oIIpep;eJJHeMhlH p;eil:cTaiaeM Ha M 
KaKoii:-n116yp;b op;HoIIa paMeTpH'I. IIop;rpyIIIIhI gt pa3pemn
Moii: rpyIIIIhl Jln G: eCJill M COCTOHT H3 CMell\HhIX KJiaC
COB gH, TO llOA 11;eiiCTBHeM P. II. TaKOH KJiacc 3a apeMH t 
rrepeXOIJ;HT B KJiacc gtgH. qaCTHhlll CJiyqa\1 p. II.- HU/lb• 
nomor;; B o6JIJ;eM cJJyqae caoi\:cTaa P. II. MoryT 6h1Tb 3na
q11TeJJbHO 6oJiee pa3Hoo6pa3Hh!MH. 

Jlum.: [1] A y c JI e H 11 e p JI., r p 11 H JI., X a H <I>., IloTOHHHa 
011Hopo11Hh1X npocTpaHCTBax, rrep. c aHrJI., M., 1966; [2] CTe
rr H H A. M., «Ycuex11 MaTeM. HaYR», 1969, T. 24, B. 5, c. 241-42; 
[3] Aus I an de r L., «Bull. Amer. Math. Soc.», 1973, v. 79, 
M 2, p. 262-85; [4] Ca lj> 0 H 0 B A. B., «<l>YHR~OH3JlbHhlli 
aHaJIH3 11 era rrp11J1omeuHH», 1980, T. 14, N• 4, c. 81-82. 

~. B. Anocos. 

P A3PEIDIIMLHl IIPE)J;IIKAT - TaKoi\: n-MeCTIIblii 
rrpep;HKaT p' 3ap;aHHhlll Ha rreK-pOM MHomecTBe KOH
CTpyRTHBHb!X o6'beKTOB (Harrp.' HaTypaJJbHhIX qnceJI) l\J, 
AJIH K-poro cyrrwcTayeT aJiropHTM, II03BOJJHJOJIJ;H:ii p;Jlll 
JJJ06oro Ha6opa ll1' ... ' an 3JleMeHTOB MHOll\CCTBa M 
HaiiTR 3Ha'!eHne (M nJin J1) rrpe11;nKaTa P Ha 3TOM Ha6ope. 
11HhIMH CJIOBaMH, rrpep;HKaT HBJIHeTCH paspemHMbIM, 
ecJJH OH, paccMaTpnaaeMh!ll RaK n-MeCTHaH iJ>yHKl.l,Hll 
Ha M co 3HaqeHJaHMll BO MHOlKeCTBe {.11, JI}, HBJJHeTCJI 
IJWWC/lU.MOU fPYHl'ilfUeii. 

Kor;o;a B Ka'!eCTBe MaTeMaTH'I. YTO'IHeHHH IIOHHTBJI 
BhJqJaCJIHMOCTH IfCIIOJib3yeTCH IIOHHTHe per;ypcUIJIWii ffiym;
lfUU UJIH l\aKoe-Jin6o 3KBHBaJieHTHOe IIOHHTHe, TO BMeCTO 
<<P. II.» o6hl'IHO YIIOTpe6JJHeTCH TepMHH «peKypCHBIIblll 
IIpep;nKaT». B. E. TI.1tucno. 

PA3PbIBA TOqKA - TOqKa, rrpnHa11;Jiema~aH MBO
mecTBY X orrpep;eJJeHHH <PYHRIJ;nn /: X -+ Y, r11e X n 
y - TOIIOJIOrHq. rrpocTpaHCTBa, B K-poii 3Ta iJ>yHRl.l,Bll 
He HBJIHeTCH Herrpepb!BHOR. 11HOT):(a R P. T. OTHOCHT II 
TO'IKU, K-ph!e XOTH H He rrpnHap;JJelKaT MHOll\eCTBY onpe-
11;eJJeHnH iJ>yHKIJ;HH, HO B 3TOM MHOi!WCTBC cop;epmaTCll 
HeK-ph!e nx rrpoKOJIOTh!e OKpeCTHOCTU. 

Cpep;H P. T. iJ>yHKa;ni\:, orrpep;eJJeHHbIX B rrp0Ko.110Tb!X 
OKpeCTHOCTHX TO'leK q11cJJOBOM OCH, pa3JIH'Ja!OT Toqm1 
pa3ph!Ba 1-ro H 2-ro po11;a. EcJIH ToqKa x0 HBJIHeTcll 
p. T. iJ>yHRl.l,Iflf f' orrpe11;eJieHHOll B IIeK-pOll Ol(pecTHOCTll 
3TOH ToqKH, KpoMe, 6h1Tb MOiKeT, ee caMoii, If B Heii cy
IlWCTBYJOT KoHeqHhJe rrpep;eJJhl cJieaa f (x0-0) H crrpana 
f (xo+O) iJ>yrrKIJ;IfH f (no rrpOKOJIOTOll OKpeCTHOCTll TO'IRI! 
x0 ), TO aTa ToqKa Haa. T o q K o ii. p a 3 p hi B a 1-r o 
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p 0 A a, a 'lHCJlO t (xo+O)-f (xo-0) cl{ a q R 0 M «l>YHRIJ;HH 3RCTpeMaJlb )J;OCTaBmlJla MHHHMYM lfiyHRIJ;HOHaJly (6), 
t B TO'lRe Xo, npH'leM PC.ITH OH paBeH Hymo, TO Xo Ha3. Heo6xop;HMO, 'lT06bI B yrJlOBOH TO'lKe (xo, qi (xo)l BblnOJl-
T 0 q R 0 ii y c T p a H H M 0 r 0 pa 3 p bl Ba. EcJlH HHJlOCb yCJl(JBHe 
P. T. He HBJIHeTcll TO'lKoil pa3pbrna 1-ro poAa, TO oHa Ha3. , , F ] 
TO'lKOii: pa3pbIBa 2-ro poAa.JJ.JI..Ry8pR61fe6. [F1-(qi'-y')F1y•]x=x0 -o=[F2+(qi-y) 2y'x=x0 +o· 

PA3PhIBHAH BAPllALVIOHHAH 3A,11;AqA - 3aAa- (7) 
'la BapHaIJ;HOHHoro HC'lHCJleHHH, B R-poii: 3RCTpeMyM «l>YHR- f(mr CJly'laH, ROrAa F aaBHCHT OT n HeHaBeCTHbIX «l>YHRIJ;HH 
u;110HaJia AOCTHraeTcH Ha JloMaHoii: aRcTpeMaJlH. JI o M a- y= (y1, ... , Yn), a noBepxHOCTh pa3pbIBa F 3a,11aHa B BHAe 

H a H 3 R c T p e M a Jl b - RYCO'IHO rJiaAROe pemeHHe <D ( ) 0 8) 
9ii.;r,epa ypaonenuH, YAOBJleTBopHIOIIJ;ee B yrJIOBhlX TO'lRax x' Y = ' ( 
HeR-phlM ,11onoJIHHTeJlbHhlM Heo6xo,11nMhlM ycJionHHM. 8Tn Heo6xoAHMhle ycJioBHH B yrJioBoii: TO'lRe JlOMaHoii: aRcTpe-
ycJIOBHH npHHHMaIOT ROHRpeTHhlll DBA B 3aDHCHMOCTH OT MaJln, HaXOAHIIi;eil:cH Ha noBepXHOCTH (8), npnHHMaIOT BHA 

Tnna P. B. a. TaR, BP. B. a. 1-ro poAa JlOMaHaH aRcTpe- [Ii' _ ~n aF, ·1 -[F,- ~n aF, J 
MaJlb pa3bJCRHBaeTCH npn o6hl'lHbIX npeAnOJ10ll\0HHHX 1 ""'•=l ay; x,-o - """'=! ·ay£ - Xo+O 
OTHOCHT0JlbHO HenpephlBHOCTH II HerrpepbIBHOI! AH«l>«l>e-

peHu;npyeMOCTH IlO,[IHHTerpaJibHOH <i>YHRIJ;HH. ~Jill rrpo- [~] 
CTeil:rnero «Py1rnu;noHaJia ax x, 

l=\X•F(x, y, y')dx, y(x1)=Y1, y(x2)=Y2, (1) [ aaF:] -r :F:J Jx, Y1 _ x 0 -o I_ Yr x 0 +0 

B yrJIOBOil: TO'lRe Xo JlOMaHoii: 3RCTpeMaJlH Heo6XOAHMO [ a<t> J 
BhIITOJIHeHne y c JI o B n ii B e il: e p III T p a c c a - iiih x, 
8pAMaHa 

Fy.(x0 , y(x0 ), y'(x0 -0))=Fy,(x0 , y(x0 ), y' (x0 +0)), (2) 

F (x0 , y (x0), y' (x0 -0)) -

- y' (x0 -0) F y' (x0 , y (x0 ), y' (x0 -0)) = 

= F (x 0 , y (x0 ), y' (x0 +0)) + 
+ y' (x0 +O)F y' (x0 , y (x0), y' (xo + 0)). (3) 

B cJiyttae, RorAa F 3aBncnT OT n HeH3BeCTRbIX lf>yn:im;nii, 

T. e. y B (1) eCTb n-MepHhlll BeRTOp y= (Yi· ... , Yn), yc
JlOBHH Beil:epmTpacca - 8pAMaHa B yrJioBoii TO'lRe nMeIOT 
BHp;, aHaJlOrll'lHhlll (2), (3): 

[~] = [~] , i=1, ... , n, 
ay; x0 -o 8Y; x,+o 

(4) 

F- y-- = F- y-- . [ n • aF J [ n • aF J ~i=I ; ay; x,-o ~i=l i ay[ x,+o 

(5) 
~JIH 3a,11aq na ycJioBHhli"1 aRcTpeMyM, B R-phlx rroAHHTe
rpaJibHaH <l>YHRIJ;Hll 3aBHCHT OT n HeH3BeCTHb!X <i>YHRIJ;HH 
n n:MeeTCH m An<l>¢epeHu;11aJlbHhlX orpaH11TieH11fr Tnrra 
paBeHCTBa (cM. Eo.ttblfa aaiJa-ta), ycJIOB!!H Beiiepnnpac
ca-8pAMaHa <JiopMyJinpyIOTCH c ITOMOIIJ;b!O cpyHRI\IUI 
JlarpaHma L 11 nMeIOT BHA (4), (5) c aaMeHoii: F Ha L. 

B TepMHHax Teop1111 orrTHMaJlhHoro yrrpanJieHHH Heo6-
XOAHMhle ycJlOBHll B yrJlOBOII TOTIRe JlOMaHOH 3RCTpeMaJllf 
Tpe6y10T nenpeph!BHOCTH corrpHll\0HHbIX rrepeMeHHhlX H 
<JiyHRIJ;HH raMHJlbTOHU B TO'IRUX pa3pb1Ba OITTHMaJlbHOI'O 
ynpaBJleHHH. KaR CJleAyeT na II onmpHzuna npunz+u1w 
.Mai>cu.MyMa, aTH ycJIOBIIH aBTOMaTHTieCRH BblITOJlHHIOTCH, 
eCJlH yrrpaBJleHue BAOJlh JlOMaHOH 3RCTpeMaJlH onpep;e
JlH0TCH H3 YCJlOBHH MaRCHMYMll <JiYHKIVUI raMHJlbTOHa. 

B P. B. a. 2-ro pop;a nOAHHTerpaJihRaH <l>YHRIJ;llH paa
pb!BHa. IlycTh, Harrp., F(x, y, y') nperepnenaeT paapbill 
BAOJlb JJHHHH y=qi (x) TaR, TITO F (x, y, y') COOTBeTCTBeHHO 
panHa F1 (x, y, y') u F2 (x, y, y') no O/WY n Apyry10 
CTOpOHY OT JlHHHH y~qi (.x). Tori:1a ecJlH OIITHMaJlhHOe 
pemeHHe cyiu;ecTByeT, TO OHO AOCTJUaeTCH Ha JlOMaHofr 
3RCTpeMaJlH, UM0IOJJWI1 yrJIOBYIO TOTIRY (xo, qi (xo)) II 
BM0CTO <l>YHRIJ;lfOHaJla ( 1) rroJlyTiaIOT <i>YHRIJ;HOHaJl 

l=('XoF1 (x, y, y')dx+\x2 F 2 (x, y, y')dx=J1+J2. (6) J X1 J Xo 

BapHaIJ;HH <l>YIIKIUIOHaJla (6) CBOAHTCH R Bapuau;rm <i>YHR

[\HOIIaJIOB J 1 II J 2 Ha RpI!BblX cpaarremrn, HMeIOJ[\liX COOT
B0TCTB0HHO rrpaBblll H Jl0Bblll ITOABlfll\Hble ROHIJ;bl, CMern;a-
10rn;iaecH B,[IOJlb JlHHHll y=qi (x). ~Jill Toro 'IT06bl JlOMaHaH 

[aF,J [aF,J a;;: Xo- O - a;;; x 0 + o 
···= L :;:: ]x, 

(9) 

Heo6xo,o.nMhle ycJioBHH (7), (9) 11a10T rre11ocTarouwe 
YCJlOBHH ,lJ.JlH Bbl'lHCJleHHll npoH3BOJlbHblX ITOCTOHIIIIhlX, 
orrpep;eJJHIOIIJ;HX JioMaHyIO 3RCTpeMaJlb - qacTHoe peme
HHe ypanHeHHH 8rl:Jiepa, YAOBJieTBopll10iu;ee rpaRH'lHhlM 
ycJionlrnM. ~eiiCTBJITeJlhRO, paneHCTBa (9) p;aIOT n Heo6-
XOAHMhlX ycJlOBHii, R-pbie B COBOKynHOCTH c 2n rpaIIH'l
HblMH YCJlOBHHMH, n ycJlOBHHMH HenpephlBHOil CThlROBRH 
JlOMaHofr 3RCTpeMaJlH B yrJIOBOll TO'lRe Ii! ypanHeHHeM 
(8) 11a10T 4n+ 1 ycJlOBllll, c noMoIIi;hIO R-pbIX MOll\HO 
onpe11eJIHTh a6c1wccy yrJionoii: TO'IRH x0 H 4n npoiaa
BOJlhHhlX nOCTOHHIIblX - no 2n p;JIR Kamp;oii H3 3RCTpe
MaJlei'r, Jiemauwx rro paaHhle cTopoHhl OT nonepxnocTH (8). 

Jlum.: [1] r ro HT e p H. M., Kypc Bap1rn11HoHHOro ucql!IcJie
mrn, JI.- M.' 1941; [2] c M l!I p H 0 B B. li.' Kypc BblCmell MaTe
MBTirnH, 5 l!I3A., T. 4, M., 1958; l3] II 0 HT p fl r H H JI. c. ~l!I gp.], 
MaTeMaTuqecI!aff TeOpHH OIITHMaJibHblX npo11eccoB, 3 H3A., M., 1976. 

H.B. Ban'l-lRpcr;uu. 
P A3PhlBHAH cl>YHK~llH - <JiyrrRIJ;HH /: X -+ Y, 

r11e x H y - TOilOJlOrH'I. rrpocTpaHCTBa, Re HBJlHIOIIJ;aHCH 

He11pephlnHoi"1 <l>YHRI\Heii: Ha npocTpaHcTBe X. Cpe11u 
paap1rnrrhlx 11eii:cTnHTeJlhHhlX <l>YHRIJ;HII /: X-+ IR namrrhle 
1rnaccbl COCTaBJlHIOT Ea pa K.ttaCCbl, RYCOTIHO Herrpepb!BHble 

¢YHR1\Hll, CTyrreHTiaThle <i>YIIRIJ;lfli. 
P. qi. B03HHRaIOT, rrarrp., rrpH HHTerp11ponaHHH no 

rrapaMeTpy aJieMeHTapRb!X ¢YHRIJ;HI°I (cM. /l.upux.tte paa
pbtonbiu .M,l/,O:JICUme.ttb), npu Bhl'IHCJ101IHH cyMMbl <JiyHRI\110-
RaJibHblX PHAOB, 'lJleHaMH R-pb!X HBJlllIOTCH 3JleMeHTa pRhle 
<i>YHRl_\lfll, B TiaCTHOCTH rrpH Bbl'llICJleHIIH cyMMbl TpHrOHO
MeTpHTI. PllAOB, B 3a,[laTiaX OITTHMaJlbHOfO yrrpanJJeHHH. 

n pn Me pbI. 

f) ~==O (1::2)n 
sin nx 

n 

{ 0, 
1+x2 , 

eCJlH X=0, 

ecJIH x t: 0. 

f 0, ecmt x=O, 

= \ :n:~x ecJJn 0 < x < 2:rt. 

JI. JI.. Ry8pR61{ee. 
PA3PblBHbllI MH0'1\11TE.Jlh - nemrTI1rna, 3anncR

iu;aH OT OjJ;ROro HJllf 6oJiee na paMeTpOB II npHHHMaIOIIJ;aH 

,11na (HJIH 6oJibme) arra'IeHHH. Harrp., 

1 (' 2 +ioo ys+2k ds 

2ni J2-ioo s(s+1) ..• (s+2k) 

=~ (2~)! (y-1) 2k, ecJin y:;?:1, k > 0, 

l 0, eCJlH 0 ,,.;;; y < 1. 
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P. M. npl'IMeHHIOTc.11 AJIH lf>opMaJibHOro pacurn:peIIHH 
o6JiacTH cyMMHpoaaHHH HJIH HIITerpHpoaaHHH, AJIH cBe
/WHHH AaHHOro BLipameHHH K p;pyroMy, K R-poMy MOll\HO 
npHMeHHTb 3aAaHHLie lf>opMyJILI HJIH npeo6pa3oaamrn. 
)J;pyrHe IIpHMepLI - l{upux.tte pa,apblBnblii Mno:HCume.ttb, 
ae.ttbma-ifiynK1fU5t )J;HpaRa Il T. II. H. IO. By.!!oma. 

PAMA KOrOMOJIOrHH, A e Pa Ma Ro r o Mo
JI or H H, aJire6paHqecRoro MHoroo6pa3HH - Teopwi: Ro
roMOJIOrHn aJire6paHq. MHoroo6pa3HH, OCHOBaHHaH Ha 
AH!f>!f>epeHI~HaJihHLix !f>opMax. C RamALIM aJire6paHq. 
MHoroo6pa3HeM x HaA IIOJieM k CBH3hIBaeTCH KOMIIJieRC 
peryJIHpRhIX AH!f>«PepeHa;HaJibHhIX «PopM (CM. JI. uifiifiepen
q,ua.ttbliQ5t ifiop:Ma Ha aJire6paHqecRoM MHoroo6pa3HH); 

ero rpyIIIILI KoroMoJiorH:il: H'bR (Xlk) Ha3. rpyIIIIaMe: P.R. 
MHoroo6pa3liH x. ECJili x rJiaAKO Il IIOJIHO, a char k=O, 
TO P. R. HBJIHIOTCH Beii.tta r;ozoMo.ttomaMu (cM. [2], [3]). 
EcJIH X rJiap;Ko H a«P«PHHHo, a k= IC, TO CIIpaaep;JIHB CJie
AYIOIU;HH aHaJior PaMa meopeMbl: 

Hj',R (X/k) ~HP (X8n, IC), p:;:;o,O, 

rp;e Xan - KOMIIJieKCHOe arraJIHTilq. MHOroo6pa3He, CO
OTBeTCTBYIOIU;ee aJire6paHq. MIIoroo6pa3HIO x (CM. [1]). 
HaIIp., ecJIH X - AOIIOJIHeHHe R aJire6paH'I. rHnepno
BepxHOCTH B pn (IC), TO KOrDMOJIOrHH Hp (X, IC) MoryT 
6LITh BLiqHcJieHLI IIpH noMoru;u paa;HoHaJibHLIX i:te:«P«Pe
peHa;e:aJihHLIX «PopM Ha pn (IC) c IIOJIIOCaMH Ha 8TOH 
rHnepIIoBepxHOCTH. 

)J;JI.11 JII06oro Mop«PH3Ma f : X -+ S Mo»rno onpeAeJIHTh 

OTHOCHTeJibHhIH KOMIIJieKC p;e PaMa ~p'.;JoO f (Qi:-;s) (CM. 
Jl.uifiifiepenq,ua.ttO(J Moay.ttb), IIpHBOAHIIJ;IlH K 0 TH 0 c H

T e JI b H hI M RoroMoJiorHHM Ae PaMa 

H'bR (XIS). B cJiy'Iae, ROrAa X=Spec A H S=Spec B 
a«P«PHHHhI, OTHOCHTeJibHhIH KOMIIJieRC Ae PaMa COBIIaAaeT 

c AQ~/B· KoroMoJiorHH .7t'!',R (XIS) KoMnJieRca IIY'IKOB 

~p:;;.of*Q~/S Ha s Ha3. II y q Ka M li 0 TH 0 c Il Te JI b
H hI x K 0 r 0 M 0 JI 0 r Il fr A e p a M a. 9TH IIY'IKH 
KorepeHTHhI Ha s, eCJIIl t - co6cTBeHHblH Mop«PH3M. 

Jium.: !1] Grothen die ck A., «Pubis math. IHES», 
1966, t. 29, p. 351-59; ti2] Hartshorne R., Ample sub
varieties at algebraic varieties, B., 1970; [3] er o me, «Ma
nuscr. math.», 1972, v. 7, p. 125-40. A. JI. OuuUfun. 

PAMA KPYqEHHE, A e Pa Ma R p y q e H He,
HHBapHaHT, Il03BOJIHIOID;IlH pa3JIHqaTb MHOrHe CTpyR
TYPLI B AH«P«PepeHu;HaJibHOH TOIIOJIOrHH; TO me, qTO Peii
&eMeiicmepa r>py'lenue. 

PAMA TEOPEMA, p;e PaMa TeopeMa,-
TeopeMa, BLipamaIOru;a.11 aeru;eCTBeHHhie KOrOMOJIOrliH Ail«P
«Peperru;HpyeMoro MHoroo6pa3HH M IIpH IIOMOIU;li KOM
IIJieRCa auifiifiepenq,ua.ttbliblX ifiop~i Ha M. ECJili E* (M)= 

= ~;= 0EP (M) - ROMIIJieKc Ile PaMa MHoroo6pa3HH M, 

rAe EP (M) - npocTpaHCTBO acex 6ecKOHe'IHO AH«P«Pe
peHu;HpyeMLIX p-«liopM Ha M, CHa6meHHhIH BHeillHilM AH«P
lf>epeHa;HaJIOM, TO p. T. YCTaHaBJIHBaeT Il30Mop«PH3M Mem
AY rpap;yHpOBaHHLIMil aJire6paMH RoroMoJiorHfr H* (E*(M)) 
KOMIIJieRca E* (M) Il RoroMoJiorHli H* (M, IR) 
~moroo6pa3IlH M co 3rraqeIIHHMil B IR . .Harra.11 IlIITepnpe
Taa;H.11 noro Il30Mop«PI13Ma COCTOilT B TOM, 'ITO Klill\AOM 
3aMRIIYTOH p-«liopMe w COIIOCTaBJIHeTCH JIHIIeiirra.11 «PopMa 
'\' -+ s v w rra IIpOCTpaHCTBe p-MepBhIX CilrrryJIHpIIhIX 
IJ;IlKJIOB y B M. 

P. T. BIIepaLie 6LIJia ycTarroaJierra lf\. Ae PaMoM [1], xo
TH Hp;e.11 CBH3Il Mell\AY KOrOMOJIOrilHMil Il Ail«P«Peperra;HaJib
IIhIMil «PopMaMH aocxop;HT R A. IIyarrRape (H. Poincare). 

Cyru;ecTByeT p.11p; aapHaIITOB P. T. HaIIp., RoroMoJiorHil 
H* (E; (M)) KOMIIJieRca E; (M) c KOMIIaRTIIbIMil HOCil
Te~HMil Il30Mop«PrrLI aJire6pe Beru;ecTBeIIIIh!X KOrOMOJIOrHIT 

He (M, IR) MIIoroo6pa3IlH M c KOMIIaRTIILIMil HOCHTe
JIHMII. KoroMoJiorHe: MHoroo6pa3HH M co aHa'IeBIIHMII B 

JIORaJibHO IIOCTOHHIIOM IlY'IRe BeKTOpIIhlX npocTpaHCTB 
Il30Mop«PIIbl KOrOMOJIOrilHM KOMIIJieRCa AH«P«Peperra;Ham.
HhlX «PopM co 3Ha'IeIIIlHMil B COOTBeTCTBYIOIIWM IIJIOCKOM 
BeRTOpHoM paccJioeIIHil [3]. KoroMoJiorHil CIIMIIJIHI~IlaJih
Horo MHOll\eCTBa s co 3Ha'IeHilHMil B JII06oM IIOJie k xa
paRTepilCTilKil 0 Il30Mop«PRLI KOrOMOJIOrilHM COOTBeTCT
ByIOru;ero IIOJIHHOMilaJibHOro KOMIIJieKCa p;e PaMa HaA k. 
B CJiyqae, Korp;a s - ClIHryJIHpHI>ill KOMIIJieKC IIpOH3-
BOJibHoro TOIIOJIOril'I. IIpOCTpaHCTBa x, IIOJiyqaIOT TaKilM 
o6pa3oM rpaAyHpoaaHHO-KOMMyTaTHBHYIO AH«P«PepeHa;II
aJibHYIO rpaAyHpoBaHHYIO k-aJire6py A DR (X), aJire6pa 
KoroMoJiorHn H* (A DR (X)) K-poii: Il30Mop.iPHa aJire6pe 
cm1ryJI.11pHLIX KoroMoJiomrr H*(X, k) (cM. [4]). EcJIH 
X - rJia/:{Koe a«P«PHHHoe aJire6paH'I. MHoroo6pa3He HaA 
IC, TO KOroMoJiorIIII H* (X, IC) Il30Mop.iPRLI KoroMoJio
rHHM KOMIIJieKCa peryJIHpHLIX AII«P«PepeHa;HaJibHhIX «PopM 
rra M (cM. PaMa r;ozo.Mo.ttozuu). 

Jium.: [1] Rh am J. de, «J. math. pures etappl. 9 ser.», 1931, 
t. 10, p. 115-200; [2] Pa M J:R 11 e, ,[(:mflljlepeHI.\HpyeMhle MHoro
oopaa1rn, nep. c ljlpaHJ.\., M., 1956; [3] Par y Ha Ta H M., ,[(Hc-
11peTHhle nonrpynnhl rpynnJIH, nep. c aHrJJ., M., 1977; [4] I'oMo
TonnqecRaH TeopHH 11nljlljlepeH1-111aJJbHhIX ljlopM, nep. c aHrJJ. 11 
ljlpaH1-1., M., 1981. A. JI. OnuUfun. 

PAMAHYlJ;iKAHA rHIIOTE3A - BhICKa3aHHOe c. Pa
MaHYAll\aHOM [ 1] npeAilOJI01KeIIIle, 'ITO Koa«P«Pila;IleHTbl 
<l>yphe 't (n) «PYIIKIJ;llil ~ (IIapa6oJIIl'I. «PopMLI aeca 12) 
YAOBJieTBOpHIOT rrepaaerrCTBY 

] 't (p) 1.;;;;; 2p 11 / 2 , p-IIpocTOe, 

't (n) Ha3. TaKiKe Pa.Manya:HCana rfiynr;q,ueii. <l>yIIKIJ;HH 
~ eCTb co6CTBeIIHaH «PYIIKIJ;IlH OIIepaTopOB feKRe, 't (n) -
COOTBeTCTBYIOIU;Ile co6cTBeHHbie 3Ha'IeIIIlH. IIeTepCOH (H. 
Petersson) o6o6ru;HJI P. r. Ha CJiy'Ian co6cTBeIIHhlX 3IIa
qeHilH oIIepaTopoB feKKe MOAYJIHpIILIX «PopM aeca k, 
k - a;eJioe ~2 (r Il II o Te 3 a II e Te pc o II a). TI. )J;e
JIIlHb (P. Deligne, CM. [2]) caeJI rHIIOTe3Y IIeTepcoHa K 
rHIIoTe3e Be:il:JI.11, 3aTeM AOKa3aJI IIOCJieAIIIOIO ( 197 4). 
9THM 6b1Jia AOKa3aHa Il P. r. 

Jium.: [1] Ram an u j an S., «Trans. Carob. Phil. Soc.». 
1916, v. 22;[2] ,[( e JI H H b TI., «YcnexH MaTeM. Haym>, 1975, T. 30, 
B. 5, c. 159-90; [3] <I> 0 Me HR 0 o. M., B RH.: HTOl'H HayRH 11 
TeXHHRH. AJJre6pa. TonOJJOrHFI. reoMeTpllfl, T. 15, M., 1977, c. 
5-91. H. IO. By.l!oma. 

PAMAHY)l)KAHA CYMMbl - aaa11c1m~ne OT ABYX 
a;eJIO'IIlCJieIIHhlX IIapaMeTpoB k H n TpilTOHOMeTpH'I. cyMMhI 

~ ( 2:n:nhi ') ~ 2:n:nh ck (n) = ,;;;_,h exp --k- = ,;;;.,h cos -k- , 

rp;e h IIpo6eraeT ace a;eJil,Je rreOTpHa;aTeJibHhie qucJia, 
MeHbIIIIle, qeM k, Il B3aHMHO rrpOCTh!e c k. 0CHOBIIhle 
CBOHCTBa p. c. - MY JibTHIIJIIlKaTM BIIOCTb OTIIOCIITeJibIIO 
IlH)l;0KCa k: 

Ckk' (n)=ck(n)ck' (n), eCJIIl (k, k')=1, 

a TaKme rrpei:i;cTaaJieHHe qepe3 «PYHKIJ;HIO Me6nyca µ: 

Cf?. (n) = ~d\.(k, n) µ (:) d. 

p. c. HBJIHIOTCH orpaHilqeHHbIMil, eCJIIl orpaHilqeHO k 
JIH6o n. B 'IaCTHOCTil, ck (1)= 1. 

MHorHe MYJibTilIIJIHKaTHBHLie «PYHKIJ;IlH OT HaTypaJib
rroro apryMeIITa pa3Jiara10TCH B PHALI no P. c. Il 11ao60-
poT, OCHOBHhie CBOllCTBa p. c. II03BOJIHIOT rrpocyMMilpoBaTb 
cyMMhI BilAa 

~ oo ck (qn) ~ oo ck (qn) 
,;;;.,n=l _n_s-f (n), ,;;;.,k=l --k,- f (k), 

rAe f (n) - MYJihTHTIJIHKaTHBHa.11 «PYHKIJ;IlH, q - 1~eJioe 
'IIlcJio. B qacTIIOCTil, 

~oo ck (n) = cr 1 _ 8 (n) 

,;;;_,k-1 n• Us) ' 

rAe ~ (s) - A3ern-«Py11K1vrn PilMarra, aa (n) - cyMMa a-x 
cTeneueii JWJIHTeJieil: 'IncJia n. TaRHe cyMMLI Tecrro can-
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33Hbi e oeo6b!MH pHp;aMH HeK-pblX ap;p;HTHBHblX IIpo6JieM 
Teop1rn 'IHeeJI, Harrp. rrpep;CTaBJ18HHe HaTypaJibHblX 'IHeeJI 
e BM/:\e 'leTHoro 'IHeJia KeanpaToB. C. PaMaHyp;maHoM [ 1] 
6brJIM rroJ1y'leHhI MHorne iJ>opMyJibI, eop;epmaru;ne P. e. 

JI um.: [1] R a m a n u j a n S., «Trans. Camb. Phil. Soc.>>, 1918, 
v. 22, p. 259-76: [2] Hardy G. H., «Proc. Camb. Phil. Soc.», 
1920/21, v. 20, p. 263-71: [3] Ram an u j an S., Collected 
paprrs, ed. G. H., Hardy, [a. o.J, Camb., 1927, p. 137-41· [4] 
V o I km an n B., «J. reine und angew. Math.», 1974, Bd '211, 
s. 203-13: 1.5] TH T q Map ID E. H., TeopHlI A3eTa-cjlymn~HH 
PHMaHa, nep. c :rnrJJ., M., 1953; (6] JI e e H H B. IL, B HH.: McTo
PHHO-MaTeMaTwrnci;He HCCJJep:oaaHHH, T. 13, M., 1960. 

H. IO. ByAoma. 
PAMAJIY)J;/KAHA cJ>YHK~lrn - iJ>yHKIJ;HH n _.;.. T(n), 

rne T ( n) - KoaiJ>iJ>mi;HeHT rrpH xn ( n)d) pa3Jiomemrn 
IIpOH3Bep;eHHH 

D(x)=x rr:=l (1-xm)24 

B eTeIIeHHoii pHp;: 

D (x) = "'1"° T (n) xn. 
~n=l 

Eem1 IIOJIOmHTh 

8 (z) = D (e2niz), Im z > 0, 

TO p. qi. HBJllieTeH n-1\I K03qllpHIJ;HeHTOM <I>ypbe IIapa6oJIH'I. 
cpopMhr 8 (z), snepebre neeJiep;oeaHHOH C. PaMaHyp;maHoM 
[1]. HeK-pbre aHa'leHHH P. ip.: T(1)=1, T(2)=-24, 
T(3)=252, T(4)=-1472, T(5)=4830, T(6)=-6048, 
T(7)=-16744, T(30)=9458784518400. C. PaMaHyp;maH 
nper1rroJiom11JJ (a J1. ,ll,m. Mopp;eJIJI, L. J. Mordell, p;o
Ka3aJJ) cnpaeep;JJHBOeTb eJiep;y10ru;nx eeoi'IeTB p. ip.: 

T (mn) = T (m) T (n); eeJIIJ (m, n) = 1,. 
T(pn+ 1) = T (pn) T (p) -p 1T(pn- 1), eeJIH p-IIpoeToe, n>-o1. 

CJiep;oeaTeJibHO, Bbl'IHeJieHHe T (n) eBO):\HTeH K Bhl'llfeJieHHIO 
T(p), p - IIpoeToe. lfaeeeTHo, 'ITO IT(p)I ~2p"/, (eM. 

Pa.ManyiJJ1Cana aunomeaa). l13eeeTHhl MHorHe epaeHeHHH, 
K-pbIM yp;oBJieTBOpHeT P. ip. HaIIp., C. PaMaHyp;maHy 
6b1J10 II3BeeTHo epaeHeHue 

T (p) = 1 +P1 (mod691). 

IT pHMephI rroame Haii:p;eHHbIX epaeHeHnii:: 

T (n) = a11 (n) (mod 21), eeJIH n = 1 (mod 8); 

T (p) = P+P10 (mod 25); 
H T. II. 

.!Tum.: [1] Ram an u j an S., «Trans. Camb. Phil. Soc.», 
1916, v. 22, p. 159-84; [2] Ce pp J:R.-II., «MaTeMaT1rna», 1969, 
T. 13, .M 4, c. :l-15; [3] <I> 0 Me H H 0 0. M., B HH.: MTOrH Hayi;u H 
TexHHHU. AJire6pa. TonoJioruH. I'eoMeTpHH, T. 15, M., 1977, c. 5-
91. H. IO. ByAoma. 

P AMC EH TEOPEMA - HaaeaHMe HeeKOJihKIIX TeopeM 
B p;HeKpeTHOII MaTeMaTHKe,. eiJ>opMYJIHpOBaHHhlX Ii! p;o
K333HHbIX <ll. p aMeeeM [ 1]. 

ITepey10 H3 3THX TeopeM <I>. PaMeeii: eiJ>opMyJIHpoeaJI 
eJiep;yIOIU;IIl\1 o6pa30M. IT yeTb r- 6eeKoHe'IHbill KJiaee 
H µ H r - IIOJIOmHTeJibHbie IJ;eJibie 'IHeJia; Ii! II ye Tb Bee 
Te rrop;1rnaeehl f, K-phle HMeJOT r 3JieMeHTOB HJIH, HH3'1e, 
ace r-co'leTaHHH aJieMeHTOB r, pa3{1eJieHbI JII06brM eIIo
eo6oM Ha µ B3al!MHO HeKJIJO'l3IOIU;HX rmaeeoB c ;, i= 1, 2, 
... ' ~l, TaK, 'ITO Kamp;oe r-eo'leTaHHe HBJIHeTeH 3JieMeHTOM 
op;Horo H TOJibKO or1Horo KJiaeea C ;; Torna, IIper1IIoJiaran 
eIIpaee{IJIHBOH aKeHOMY Bb16opa, KJiaee r p;oJimeH eonep
maTb 6eeK0He'IHhl11: IIop;mraee ~ Ta.1wi:i, 'ITO eee r-eoqe
TaHHH 'IJieHOB ~ IIpHHap;JiemaT op;HOMY H TOl\IY me KJiaeey 
C;. I{ o He q H bl ii: a Ha JI or 3Toii P. T., TaKme yeTa
HOBJieHHbIM <I>. PaMeeeM, MomHo eiJ>opMyJIHpoeaTb eJie
p;y10ru;HM o6pa30M. 

ITyeTb S - MHomeeTeo, eonepmaru;ee N aJieMeHTOB, 
H T - eeMeii:eTBO eeex IIOp;MHomeeTB MHomeeTea S, 
eop;epmaru;nx B TO'IHOeTH r 3JieMeHTOB H3 s. ITyeTb ee
Meil:eTBO T pa36HTO IIa t (IIeIIepeceKa10ru;11xcn) nop;ce
Meii:cTB T1 , T 2 , ••• , Tin IIYCTb q1 , q2 , •• • , qf, r - IJ;eJihle 
'IHCJia, q;)':r)d, i=1, 2, ... , t. Torp;a cyru;ecTeyeT TaKoe 

MHHHMaJibIIoe 'IHCJIO n (q1 , q2 , ••• , qf, r), aaencmIIee 
TOJibKO OT ql, q2, ... , qt, r JI IIe 3aBHcttru;ee OT MHomeCTBa 
S, 'ITO ecJIH N)':n(q1, q2, •.• , q1, r), TO p;JIH IIeK-poro i, 
i=1, 2, ••. , t, B S cyru;eeTeyeT rrori:MIIomecTBO A; :113 q; 
3JieMeIITOB, Bee r-IIO,!l;MIIOmeCTBa K-poro Haxop;HTCH B 
ceMeii:cTee T; (p;oKaaaTeJihCTBa aToii: TeopeMh! cop;epmaTcH 
TaKme B (2), [3]). 

ITocJiep;IIIOJO TeopeMy MomIIo IIOHCHHTb IIpHMepoM, B 
K-poM Bhl'IHCJIHeTeH 'IHeJio n (3, 3, 2). PaccMaTpneamTeH 
meeTb TO'leK IIa IIJIOCKOCTH, CBH3aHIIbIX IIOIIapHO p;yral\111., 
1rnmp;aH H3 K-phlx oKparneHa Jrn6o B Kpacublii:, JIH6o e 
roJiy6o:i\: IJ;BeTa. Cyru;ecTBYJOT TPH TO'IKH TaKne, 'ITO p;yrn. 
coep;HHHIOIU;He HX, OKpameHbl B op;HH H TOT me IJ;BeT. 113 
IIHTH p;yr, eoep;HHHIOIU;HX IIeK-pyIO TO'IKY Po c IIHTbJO p;py
fHMH TO'IKaMH, TpH p;yrH Op;Horo IJ;BeTa (HaIIp., Kpaeuoro). 
ITycTb 3TO p;yrn P0 P 1 , P0P 2 , P 0P 3 • EcJIH KaKaH-Hn6yp;b 
H3 p;yr P1P 2 , P 1P 3 , P 2P 3 KpacHaH, To oua H p;ee p;pyrne, 
coep;HHHIOIU;He ee KOIIIJ;hl c TO'IKOII Po, o6pa3yIOT KpaeHhlH 
TpeyroJibHHK, ecJIH me OIIH ace roJiy6hle, TO caMH o6pa-
3YFOT roJiy6oii: TpeyroJibIIHK. i:ITo 03HaqaeT, 'ITO n (3, 3, 2) ~ 
~6. Op;HaKo IIHTb TO'leK IIa IIJIOCKOCTJl Momuo TaK IIO
IIapIIo eoep;HIIHTb KpaCHblMH H roJiy6bIMH p;yraMH, 'ITO 
II pH aTOM IIe IIai'ip;eTCH TpeyroJibIIHKa op;IIoro IJ;BeTa. ,ll,JIH 
aToro IIYCTb p;yrn P 1P 2 , P1P3 , P 2P 4 , P 3 P,, P 4 P 5 6yp;yT 
KpaCHhlMH, a OCTaJibIIbie - roJiy6blMH. 8TO IIOKa3bIB3eT, 
'ITO n (3, 3, 2) >5. TaKHM o6pa3oM, n (3, 3, 2)=6. 

l13 p. T. BhlTeKaeT cJiep;ymru;nii: pe3yJibTaT: ,!l;JIH p;aHHOfO 
HaTypaJibHoro n)':3 eyru;ecTeyeT IJ;eJioe 'IHCJio N=N (n) 
TaKoe, 'ITO JIJ06bre N TO'leK B IIJIOCKOCTH, HHKaKne TpH :113 
K-pbIX He JiemaT IIa op;IIoii: IIpHMoil., cop;epmaT n To'leK, 
o6pa3ymru;nx BbIIIYKJihlH n-yrOJibHHK (CM. (4]). 

Jium.: [1] Ra ms e y F. P., «Proc. London Math. Soc. Ser. 2», 
1930, v. 30, p. 261,-86; (2] Pa ii: a e p I'.- .ll m., HoM6HHaTopHaH 
MaTeMaTHHa, rrep. c aHrJJ., M., 1966; [3] X o JI JIM., HoM6HHaTo-
1nrna, rrep. c aHrJI., M., 1970; [1,] E rd 6 s P., Sze k ere s G., 
«Compositio math.», 1935, v. 2, p. 463-70; [5] Er d 6 s P., 
R ado R., «Bull. Amer. Math. Soc.», 1956, v. 62, p. 427-89. 

M. II. Muneea. 
PAHr - IIOIIHTHe, TeCIIO CBH33HHOe c IIOIIHTHeM 

6aauca. 06bI'IHO p. OIIpep;eJIHeTCH JIH6o K3K MHHHl\13JibII3H 
mi Moru;uocTeii: IIopomp;amru;ero MIIomeeTea (TaK, HaIIp., 
BBO/];HTCH 6 a 3 H c H bl ii p a II r a JI r e 6 p a ll q e
c K 0 11: c ll c Te M bl), Jin:6o K3K MaKeHM3JibHaH MOIU;HOCTb 
He3aBHCHMOH B HeK-pOM CMhlCJie IIO/];CHeTel\lbI 3JieMeIITOB. 

p a II r c H c T e M hl B e K T 0 p 0 B B BeKTOpIIOM 
IIpOCTpaIICTBe Hap; TeJioM - 3TO MaKCHMaJibIIOe 'IHCJIO 
JIHHeHHO He3aBHCHl\lb!X BeKTOpOB B 3TOH CHCTeMe (eM . 
JI unez'inaa neaaeucu.Mocmb). P a II r, HJIH p a 3 M e p
H 0 c T h, B e K T 0 p H 0 r 0 II p 0 c T p a II c T B a, B 
qacTIIOeTH, paeeII 'IHCJIY 3JieMeIITOB 6aanca 3TOrO IIpo
CTp3HCTB3 (P. He 33BHeHT OT Bhl6opa 6a3n:ea. Bee 6a3HCbl 
HMeIOT OAHY ll TY me MOIU;HOCTb). ,ll,JIH Mop;yJieii: CHTyaIJ;HH 
eJJomIIee. Cyru;ecTBYIOT TaKne accor~naTHBHble KOJibIJ;a R, 
'ITO p;ame eeo6op;HhIH Mop;yJih uap; R MomeT o6Jiap;aTb 
p;eyMH 6a3neaMn c pa3JIH'IHbIM 'IHCJIOM aJieMeIITOB (cM. 
Pane .Mooy.1ta, Ceo6oonb!u Mooy.1tb). EcJiu Kamp;hlii ceo6op;
HhlH R-Mop;yJib HMeeT ep;HHCTBeHIIbIH p.' TO roeopHT' 'ITO 
R o6Jiap;aeT ceoii:eTBOM HIIBa pnaIITHOeTu 6a3n:cuoro 'IHCJia. 
TaKHM KOJibIJ;Ol\1 HBJIHeTeH BCHKOe 3CCOIJ;H3THBIIO-KOMMy
T3THBIIOe KOJib!J;O e ep;HHHIJ;eii:, 'ITO II03BOJIHeT OIIpep;eJIHTb, 
IIaIIp., paIIr (ITp10iJ>epa) a6e.1teeou apynnbl (K-py10 MOmHo 
paccMaTpneaTb KaK Mop;yJih IIap; KOJibIJ;OM z). B Hea6e
JieBoM cJiyqae BBOp;HTCH p;Ba IIOHHTHH p. rpyIIIIbI -
o6ru;n:i\: H cIIeIJ;naJibIIhlii: P. (cM. Pane apynnb!). Oeo6bIM 
o6pa3oM OIIpep;eJIHIOTeH pane a.1tae6pau'lec1wu apynnbi 
H pana apynnb! Jiu. 

p a II r a JI r e 6 p hl (IIap; TeJIOM) IIOHHMaeTCH KaK p. 
ee ap;p;HTHBHOI'O BeKTOpIIoro IIpOCTpaHeTBa. 0p;H3KO oco6o 
cyru;ecTByeT eru;e IIOIIHTHe p. B TeOpHH aJire6p J1H (CM. 
Pana a.1tae6pb! Jiu). 

p a H r M a T p H IJ; bl OIIpep;eJIHeTCl! KaK p. CHCTeMhl 
BeKTOpOB ee CTpOK (c T p 0 q II bl ii: p a H r) HJIH CH
CTeMhl ee CTOJI6IJ;OB (e T 0 JI 6 IJ; 0 B hl ii: p a Hr). ,ll,JIH 
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MaTpnu; HaA TeJIOM HJIH KOMMYTaTHBHhlM KOJibD;OM c ep;n
Hnu;ell: o6a 3TII IJOHHTHH p. r,oBIIaAaIOT. )J.JIH MaTpHD;hl 
Hap; rroJieM p. paIH'H TaJGIW MaKClIMaJihHOMY rropHAKY 
OTJIHqHoro OT nym1 MHHopa. P. rrp01I3BeAeHHH MaTpnu; 
He 6oJibille p. Kamp;oro H3 COMHOJRHTeJiell:. p. MaTpHD;hl 
He MeHHeTCH rrpn YMHOil\eHHH ee Ha HeBhlpomp;eHHYIO 
MaTpnu;y. 

PaHr JIHHell:Horo oTo6pameHRH 
aTo pa3MepHOCTh 06pa3a aToro oTo6pameHnH. B KoHeq
HoMepHoM cJiyqae OH COBrrap;aeT c p. MaTpHD;hl 3TOrO 
OT06pameHIIH. 

BBOAHTCH TaKme IIOHHTHH p a H r a 6 II JI H H e ii: H 0 ll: 
qi o p M hl (cM. Eu.riuneunasi rfiop:Ma) n p a H r a K B a p;
p a T n q Ho ii cp o p M hl (cM. HoaopamU'masi ifiop:Ma). 
ORJI TaKme (B KOHeqHoMepHoM cJiyqae) coBrrap;aIOT c P. 
MaTp!IIJ;hl COOTBeTCTBYIOru;eii. ljiopMhl. o. A. H•anoea. 

P AHr JIRHeii:Horo o6hlKHoBeHHoro p;IIljiljiepeHu;JiaJibHOro 
ypaBHemrn B KOMIIJieKCHOH o6JiaCTII 

,..,~ P 1·(z)w<n-j)=0, P 0 (z)=1, 
"'"'1=0 

- 'IJicJio r=k+ 1, rp;e 

k= max n1/j. 
1<.;<.n 

(1) 

IfoacpcpJiu;JieHThl ypaBHeHnH ( 1) -- cXOAHIIJ;JiecH rrp!I 
6oJiblllJIX I z I pH,[lhl 

}:n. 
P1(z)= l Pjmz-m, j=1, ... , n. 

m=-oo 

floHHTIIe p. yrroTpe6JIHeTCH TOJihKO TOrf\a, Korp;a z= 
~~ oo - oco6asi mo<t1w p;1IljiljiepeHI.\1IaJILHoro ypaBHeHJIH (1). 
P. ,[IJiljiljiepeHu;naJibHoro ypaBHemrn aa3. TaKme p a 11 r o M 
o c o 6 o :il: T o q K JI z= oo. EcJIJI :na ToqKa - peey.risip
nasi oco6asi mo'tt>a, TO r=O; ecJIJI uppeey.risipnasi oco6asi 
mo<tt>a, TO r>O. qllCJIO k Ha3. II 0 Apa Hr 0 M. P. ypaB
HeHIIH - u;eJioe HJIH p;po6Hoe qJicJio. EcJin rrop;paHr 
p;po6Hhlii, co 3HaMeHaTeJieM q;;;:,2, TO IIO,[lpaHr ypaBHeHHH, 
110JiyqeH11oro JI3 ( 1) 3aMeHoii: rrepeMeHHoii z= ~ 1 I q, 6yp;eT 
u;eJihlM. p. ypaBHeHIIH IIHBapJiaHTeH OTHOCHTeJibHO 3a
MeHhl rrepeMeHHOM BJI,[la z= ~cp ( ~), rp;e ljiyHKIJ;IIH cp ( ~) 
roJioMopljJHa II OTJIHqHa OT HYJIH B TOqKe ~= 00. 

IIoHHTJie P. ypaBHeHJIH n oco6oii. ToqKJI JICIIOJIL3yeTcH 
rrp!I JICCJieAOBaHJIII CTpyKTyphl pemerrn.ii ypaBHeHJIH (1) 
Ha 6ecKOHe'lHOCTH. IIycTL Q (z) - MHOrO'lJICH CTerreHH p, 

- cpopMaJILHhlII pHp;, s;;;:,1 - u;eJioe qJicJio. PHA 

( 1/s) 
w = eQ z zP'f (z l/s) (2) 

Ha3. H 0 p M a JI L H hl M (COOTBCTCTBCHHO II 0 A H 0 p
M a JI b H hl M) rropH,[IKa pl s, eCJIII s= 1 (coOTBeTCTBeHHO 
s;;;:,2). PerneHne ypaB11e11nH (1), rrpep;cTaBnMoe cxop;Htu;JIM
CH B OKpeCTHOCTII ToqJ{ll z= 00 HOpMaJILHhl;vr (nop;Hop
MaJibHhlM) pH,[IOM, Ha3. H 0 p M a JI ], H hl M (rr 0 ,[\ H 0 p
M a JI b H hl M) pernemrnM Toro me rropH,a;Ka (cM. [2], [3]). 

IIopHp;OK rropMaJibHoro (rrop;HopMaJibHoro) pellleHJIJI 
He npeBOCXO,[llIT p. ypaBHeHJIH; 3TO BepHO II ,[IJIH ljiop
MaJILHhlX pemeHni'1 BJ1)J,a (2). EcJIJI parrr r ypaBHeHJIH (1) 
u;eJihlii:, TO OHO IIMCeT no Kpaii11eii. Mepe 0,(1110 ljiopMaJibHOe 
pemeHne BJI,[la (2) rropHp:Ka r. Hop;cTaHOBKa w (z)=eQ<z>u(z) 
He MeHHeT P. ypaBHeHJIH. EcJIJI rro,a;paHr k=plq, rp;e p, 
q - B3aJIMHO rrpOCThle u;eJihle 'IIICJia II q;;;:,2, TO ypaBHeHJie 
JIMeeT He MeHee q cpopMaJILHhlX pellJeHIIH BII,[la (2) rro
pHp;Ka r. 

Y p a B H e H JI e M r a M 6 y p r e p a Ha3. ypaB
He111Ie ( 1) c pau;JioHaJihHhlMII Koacpqrnu;JieHTaMII, eCJIJI OHO 
JIMeeT pOBHO ABC oco6Lrn TO'IKII: peryJIHpHyIO z= 0 II 
1IpperyJIHpHyIO z= 00. ,Il.JIH ypaBHCHIIH l'aM6yprepa 
IIOJlyqeHhl ,[\OCTaTOWhle YCJIOBIIH, rrp!I K-phlX OHO HMeeT 

HopMaJlbHhle pemeHJIH, a rrpn: n = 2 - Heo6xop;mrhle 
n p:ocTaTO'IHhle ycJioBnH CYll\SCTBOBarrnH HopMaJILHhIX 
II IIO,[\HOpMaJlbHLIX pellleHIIiI (cM. [2]). 

IloHHTlie p. BBO,[IHTCH H B TOM CJlyqae, Korp;a ypaB
HeHJie (1) IIMeeT KOHeqHyIO oco6yIO TO'IKY (cM. (2), [3]). 

B CJlyqae JIHHCITIIOH CHCTt':llLI H3 n o6LJKHOH0HHhIX 
p;nljiljiepeau;naJILHLIX ypaBHeHnii: B KOMIIJieKCHOH o6JiaCTH 

w'=zrA(z) w, (3) 

rp;e r;;;:, -1-u;eJloe qJicJio, MaTpnu;a-ljiyHKu;nH A (z) roJ10-
MopcpHa B TOqKe z= oo JI A ( oo )=;<=O, qncJio r+ 1 Ha3. p a e
r 0 M c H c T e M hl (3), HJIH p a H r 0 M 0 c 0 6 0 ii 
T 0 q K H z= 00' 'llICJIO r - ee II 0 A p a H r 0 M (cM. 
[4)-[6]). EcJIJI r=-1, To ToqKa z=oo - peryJ1HpeaH 
oco6aH TO'lKa; B OTJIHqJie OT CKaJIHpHoro ypaBHCHHH (1), 
ToqKa z= oo MomeT 6hlTh peryJ1HpHoii: oco6oii:, ecJin r>-1 
(cM. [4)). 

Jium.: [1] poi n care H., «Acta math.», 1886, v. 8; [2] 
A li H c 8. JI., 05b!IrnoaeHHh!e 11ucjJcjJepeHnUaJILHh!e ypaaHeHllll, 
nep. c aHrJI., Xapb!WB, 1939; [3] JI a Thim e Ba I\. H., Te
pe m; e H 11 o H. Ii., Ope JI r. c., HopMaJILHo-perymipHhle peme
Imfl U HX IlpHJIOlfteHHfl, I\., 1974; [4] I\ 0 )'.( )'.( H Hr T 0 H 8., JI e
B u H c o H H., Teop1rn o5h!KHoBeHHhIX JJ:HcjJcjJepeHI~HaJihHhIX ypae
HeHHH, nep. c aHrJI., M., 1958; [5] I\ a MK e 8., CrrpaBO'lHll'.K IIO 
o5hIKHOBeHHhlM JJ:HcjJcjJepeHnHaJihHhIM ypaaHeHUflM, nep. c HCM., 
5 ua11., M., 1976; [6l Ba a o BB., AcuMnTOTU'lec11ue paaJioJKCH11a 
pemeJIBH c5hIKHOBeHHhIX )IHcjJcjJepeHnuaJihHhIX ypaaHeHuli, nep. c 
aHrJI., M., 1968. M. B. <Peaopm. 

PAHr o co 6 o ii: To q Kn - CM. Pane JIHHe:ii:Horo 
o6hlKHOB0HHOro ,[lliljiljiepeHu;naJILHOro ypaBHCHIIH. 

PAHr AJirEBPAIPIECKOll rPYIIIIhl G - pa3Mep
HOCTL JII06oli n3 ee Kapmana nooepynn (aTa pa3MepHOCTh 
He 3aDJICIIT OT BLI6opa rro11.rpyrr11hl J'lapTaHa). HapHAY c 
P. a. r. G paccMaTpJIBaIOTCH ee rr o JI y rr p o c T o ii 
p a Hr H p e A y KT II B H hl ii: p a Hr, K-phle, no OII
pep;eJieHHIO, paBHhl cooTBeTcTBeHHO P. a. r. GI R JI P. a. r. 
G!Ru, r,[\e R - pap:nKaJI aJ1re6paJiq. rpyrrrrhl G, a Ru -
ee yHnrroTeHTHhlH pap;nKaJI. Pep:yKTMBHhl:ii: P. a. r. G 
paBeH pasMepHOCTH mo6oro 1[3 ee ~rnKCJIMaJILHhlX TOpOB. 
P e ,a; y K T n B H hl M k-p a 11 r o M J11IHell:11oii: aJire6panq. 
rpyrrrrLI G, orrpe,a;eJieHHo:ii: Ha.a; rroJleM k (a B cJiy'lae, Kor11a 
rpyrrrra G pe,a;yKTHBHa,- npocTo ee k-p a Hr o M), Haa. 
pa3MepHOCTL JII06oro ee MaKcnMaJlhHoro k-pa3JIOJRHMOfO 
Topa (aTa pa3MepHOCTb He 3aBJICIIT OT Bhl6opa Topa; CM. 
Paa.rioJ1Cu:Masi epynna). EcJIJI k-paHr orrpe/l,eJICHHo:ii: Hall k 
pe,a;yKTIIBHo:ii: JIHHe:ii:Hoii aJ1re6pa1I'I. rpyrrrrLI G paeee 
HYJIIO (cooTBeTCTBeHHo paHry G), To rpyrrna G Ha3. arr 11-
3 0 T p 0 II H 0 ll (COOTB0TCTD0HHO p a 3 JI 0 1K II M 0 ii) 
Ha.a; k (cM. TaKme Anuaomponnasi epynna). 

IT p n Me p hl. 1) P. a. r. Tn acex HeBhlpomp;eHHhlX 
BepxHeTpeyroJILHhlX KBap;paTHLIX MaTp!Iu; nopHp;Ka n 
paBeH ee pe,a;yKTIIBHOMY pa11ry II paBeH n; rroJ1yrrpocTOJ1: 
paHr rpyrrrrhl T n paaeH Hymo. 2) P. a. r. Un Bcex Bepxae
TpeyroJlhHhlX KBap;paTHhlX MaTpnu; rropH,[\Ra n c C,[IHHll
u;aMJI Ha rJiaBHOM ,[\JiaroHaJIII paBeH ee pa3MepHOCTll 
n (n-1)/2, a pep;yKTJIBHhlii n noJJynpocT011 paHrn rpynrrhl 
Un paBHhl HYJIIO. 3) P.a. r. O,,(k, /) Hcex aaT0Moplji1IsMon 
orrpep;eJieHHOH Ha.a; rroJieM k KBa,a;paTn<moii ljiopMhl f B n
MepHoM BeKTOpHOM rrpocTpaHCTBe Hap; k paBeH [n/2], a 
k-paHr rpyrrrrhl On (k, /) paaeH JIHp;eKcy BJITTa ljiopMhl f. 

EcJIH xapaKTepHCTIIlia OCHOBHoro IIOJIH paBHa 0, TO 
P. a. r. G coarrap;aeT c paHrOM ee aJ1re6pL1 Jln L (Cl!. 
Pane a.rize6pbl Jlu) H paBeH MHHJIMaJibHOH 1I3 KpaTIIOCTeii 
co6CTB0HHOro 3HaqeHJIH 'A= 1 BCeB03MOJRHLIX npncoe1111-
HeHHhlX orrepaTopoB AdLg (MIIHIIMYM 6epeTCH no HCeM 
gEG). 8J1eMeHT gEG, ,[IJJH K-poro 3Ta KpaTHOCTb paBHa 
P. a. r. G, Ha3. per y JI Hp H hl M. MHoIBeCTBO pery
JIHpHhlX aJ1eMeHTOB rpyrrnw G OTKphlTO B G B TOIIOJiorn11 
3ap1IcKoro. 

Jlum.: [1] III e Ba JI JI e H., TeopHfl rpynn JIH, nep. c cjJpam1., 
T 3, M., 1958; [2] Bop e JI h A., TH Tc J:R., «MaTeMaTHKa», 
1967, T. 11, ,N; 1, c. 43-111; [3] B 0 p e JI b A., JlHHeHHbJe ame-
6paH'leCKHe rpynnh!, nep. caHrn., !YI., 1972; [4] X a M cjJ p u .D: lK., 
JlHHeilHh!e aJireopaH'lec11He rpynnhl, nep. c aHrJJ., M., 1980. 

B. JI. llanos. 
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PAHr AJirEBPbl JIH-MIIHrrnaJihHaa rr3 RpaTHocTeii 
co6CTBBHHOro 3Ha'IeHIIH 'A= 0 ,[(JIH JIIIHeliHbIX orrepilTopoB 
adLx no aceM x II3 aJire6phI .HM [,. IT pep;rroJiaracTcH, 
qTo aJire6pa L KOHeqHoMepHa. 8JieMeHT x, )l;JIH K-poro 
3Ta KpaTHOCTb MIIHIIMaJibHa, Ha3. p e r y JI H p H bl M. 
MHomecTBO peryJiapHbIX aJieMeHTOB aJire6pbI JIM OTKpbITO 
B Heil: (B TOlIOJIOrIIII 3apIICKoro). p. a. JIM paaeH pa3Mep
HOCTII mo6oil: H3 ee Hapmana nof}a,n,ee6p. PaHr rkL HeHy
Jieaoii aJire6phI JIH L yp;oaJieTaopaeT HepaaeHCTBaM 

1 ~ rk L ,;;;;;;; dim L, 

rrpIIqeM paBeHCTBO rkL= dimL HMeeT M0CTO Torp;a H 
TOJibKO Torp;a, KOrp;a L HHJiblIOTeHTHa. )];JIH lIOJiyrrpocTbIX 
aJire6p JIH Hap; rroJieM k paHr coarrap;aeT co cTerreHhKJ 
TpaHCIJ,eHp;eHTHOCTII Hap; k lIO)l;lIOJIH rrOJIH paIJ,HOHaJibHbIX 
cpyHKIJ,Hii Ha L, rropmKp;eHIIoro aceMH KmilfiqrnIJ,HeHTaMn 
xapaKTepIICTHq. MHoroqJieHa aH)l;oMoplfiH3Ma adrx. 

P. a. JIH L/R, rp;e R - pap;nKaJI B L, Ha3. II o JI y
II p 0 c T bl M p a H r 0 M a JI r e 6 p bl L. 

IT p H M e p bl. ITyCTb L - op;Ha H3 CJie)tyrom;IIx 
aJire6p JIM: 1) aJire6pa @In acex 1rnap;paTHhIX MaTpHIJ, 
IIOpHp;Ka n c 3JieMeHTaMH H3 IIOJIH k; 2) aJire6pa @In Bcex 
MaTpHIJ, c HyJieBbIM cnep;oM; 3) aJire6pa Bcex aepxHeTpe
yroJibHhlX Ma'rpm~; 4) aJire6pa acex p;IIaroHaJibHhrx MaT
pnIJ,; 5) aJire6pa acex aepxHeTpeyroJibHhIX MaTpHIJ, c Hy
JIHMH Ha rJiamrnil: p;HaroHaJIH. )];Jia 3THX aJire6p paHr H 
IIOJiynpOCTOii paHr paBHbI COOTBeTCTBeHHO n, n-1, n, n, 
n (n-1)/2 H n-1, n-1, 0, 0, 0. 

Jium.: [1) ,a: rn e Ro tic o H H., AJJrel'ip&1 JII1, nep. c aarJI., M., 
1964; [2] Cc pp JR.-II., Ameopbl JII1 II rpyrrrrbl JIII, rrep. c 
aarJI. II lj!pam-1., M., 1969; [3] Ille a a JI JI e !\., TeopIIH rpyrrrr 
Jiu, nep. c lj!pam:\., T. 3, M., 1958. B. JI. nonoe. 

p AHr rPYIIIIbl ( o6uwii H crreIVIaJibHblll) - IIOHHTHe 
TeopIIH rpyIIII. fpyIIIIa G HMeeT KOHeqHblii 0 6 Ill, H II 
p a H r r' eCJIH r - HaIIMCHhIJiee qHCJIO c TeM CBOHCTBOM, 
qTo acaKaa KoHeqHo IIopomp;eHHaa rrop;rpyIIIIa rpyIIIIhl G 
co;n;epmHTCH B IIOl"\rpyIIIIe, o6Jiap;arom;eii r' 06pa3yrom;HMH 
(r' ..i;;:r). fpyrrIIa G HMeeT ROH01JHhlii c II e II, H a JI b H hi II 
p a H r r' ecJIH r HBJIHeTCH HaHMeHbIIIHM qJilCJIOM c TeM 
CBOHCTBOM, qTo BCHKaH KOHe•rno rropomp;eHHaH IIOp;
rpyIIIIa rpyIIIIhI G o6JiaAaeT CHCTeMoii o6paayrorr~HX, 
cop;epmam;eii He 6oJiee qeM r 3JieMeHTOB. B cJiyqae, ecJIII 
COOTBeTCTBYIOm;ero KOHeqHoro qHcJia He cyrr~eCTByeT' 

o6m;IIii ( CIIeIJ,HaJibHhlii) p. r. cqHTaeTCH 6ecKOHeqHbIM. 
06m;Rii P. r. MeHhIIIe HJIH paaeH ee cIIerwaJibHOMY 

paHry. Cym;ecTBYIOT rpyIIIIhl, o6m;IIii paHr K-pblx KoHeqeH 
(H game paBeH )J;BYM), B TO BpeMH KaK CIIeI~HaJibHhllI 
paHr 6ecKoHeqeH. TaKoaa, Harrp., c'leTHaa CIIMMeTpHq. 
rpyIIrra. )];Jia a6eJieBhIX rpyrrrr o6m;IIii II crreI~HaJibHMTi 
paHrH coarrap;aroT c paHroM Ilprolfiepa (cM. A6e,n,eoa 2pynna). 

Jium.: [1] Ky po m A. I'., TeopIIH rpyrrrr, 3 H3it., M., 1967. 
0. A. Hea11,oea 

p AHr rPYIIIlbl JIU: (Bem;eCTBeHHOII HJIH KOMIIJieKc
HOii) - pasMepHOCTb (COOTBeTCTBeHHO BeIIJ,eCTBeHHaH HJIII 
KOMIIJieKcHaa) Jiro6oil: H3 ee Hapmana nofJapynn. P. r. 
JIM paaeH paHry ee aJire6phl JIH (cM. Pana a,n,ze6pbi Jlu). 
EcJIH rpyrrrra JIM G coarrap;aeT c MHomecTBOM aem;ecT
BeHHhIX HJIH KOMIIJieKCHhIX ToqeK JIHHeiiHOH aJire6pan:q. 

rpyrrrrh! Ci, TO P. r. JIH G paaeH pa nay a,n,ee6pau'lec"Kou 

apynnhi G". B. JI. IIonoe. 
P AHr MO.r.Y JIH - 1) p a H r JI e a o r o M o p; y JI a 

M Hap; KOJibIWM R, BJIOIBIIMblM B TeJio k - pa3MepHOCTh 
TeHsopHoro rrpoH3Bep;eHHH kR@M, paccMaTpHaaeMoro 
KaK aeKTOpHoe rrpocTpaHcTBo Hap; k. Ecm1 R= :;>:; -
KOJibIJ,O IJ,CJihIX qHceJI' TO 3TO orrpe;n;eJieHHe COBIIap;aeT c 
o6h!qHhIM orrpep;eJiemrnM paHra a6eJieaoil: rpyrrrrbI. EcJIH 
TCJIO k HBJIHeTCH IIJIOCKHM R-Mop;yJieM (Harrp., k - TeJio 
lJaCTHhIX KOJibIJ,a R), TO /];JIH TOqHo:il: IIOCJIC/];OBaTeJibHOCTH 

0 --+ M' --+ M --+ M"--+ 0 

BhIIIOJIHHCTCH CJiep;yrom;ee paaeHCTBO M0IBAY paHraMH: 

rk M =rk M' +rk M". 

2) p a H r c B 0 fi 0 A H 0 r 0 M 0 A y JI H ]Jf Hap; 
rrpoH3aom,m.rM JWJihl\OM R ouper1eJineTCH Kalt TfIICJIO ero 
CBOGOJ.lllb!X ofipa;iymu~HX. ,Tl.JUI ROJICU,, BJ!OiKHMloIX B 
TeJio, :no orrpep:eJieHHC coanap;aeT c oupep;eJieHHCM R3 
rryHKTa 1). B o6n~eM cJiyqae paHr cao6op;Horo Mop;yJIH 
onpep;eJiaeTCH Heop;H03HaqHo. Cym;ecTBYJOT rmJilol~a (na-
3hIBaeMbie n-F J-KOJibIJ,aMH)' Hap; K-pb!MH JII06oi"I cao6op;
Hhlll MOAYJih c He 6oJiee, 'leM n cao601J;Hb!MH o6pa3yIOIIJ,HMH, 
HMeeT op;H03HaqIIo onpep;eJieHHhIH paHr, a p;JIH cao6op;HbIX 
MOAYJieil: c qHCJIOM o6pa3YIOIIJ,HX, 6oJibillHM n, 3TO CBOii
CTBO He aepHO. )];ocTaTOqffhIM ycJioBHeM O)l;H03HaqHOCTH 
paIIra caooop;Horo MOAYJIH Hap; RoJihIJ,OM R HBJIHeTCH 
cym;ecTBOBaHHe roMoMopqmaMa cp: R-+ k B TeJio k. B 3TOM 
CJiyqae IIOHHTHe p. M. pacnpocTparraeTCH Ha rrpoeKTHBHhle 
MOAYJIH cm~p;yroIIJ,HM o6pa30M. foMOMop¢H3M cp RHAY-
1\HpyeT roMOMoplfiM3M rpyrrn npoeKTHBHblX KJiaCCOB 
cp*: KoR - Kole""' z H pa Hr 0 M II p 0 e KT H B Ho
r 0 M 0 A y JI H p Has. 06pa3 rrpep;cTaBHTeJIH Mop;yJIJr p B 
z. foMOMoplfiH3M cp cym;ecTByeT )l;JIH HpOH3BOJibHOro KOM
MyTaTHBHoro JWJibIW R. 

JI um.: [1] K o H II., CB06011Hble RO.Tihr\a II ux CBH3H, nep. c 
anrJI., M., 1975; [2] M II JI Hop ,a:rn., BaeiteHue a aJire6pau>Ie-
ci<yro R'-TeOpIIJO, nep. c aHrJJ., M., 1974. B. E. I'oeopoe. 

PAHrOB BEKTOP - aeKTopHaa cTaTHCTHKa R= 
= (R,, ... , Rn), IIOCTpoerrHaH no CJiyqafIHOMY BeKTopy 
Ha6JIIO)l;eHHH X= (X,, ... , Xn), i-H ROMIIOHeHTa K-po:il: 
Ri=Ri (X), i=1, 2, ... , n, orrpe11;eJIHeTCH IIO IIpaBHJIY 

Ri= ~~ l5 (X;-X1-), ..::..i/=1 

rAe {j (x) - xapaKTepHCTHqecKaH cpyHKIJ,HH MHOJReCTBa 
(0, + oo), T. e. 

{j (x = { 1, ecJIH x;;,, 0, 
) 0, ecJIH x < 0. 

CTaTHCTHKa R i Haa. p a H r o M i-:i:i KOMIIOHeHThI Xi, i= 1, 
2, ... , n, cJiyqaiiHoro BeKTopa X. Onpep;eJieHHe P. B. 
6yp;eT KoppeKTHhIM rrpH BhIIIOJIHeHHH CJie11;yrom;ero yc
Jiomi:a: 

K-poe 3aBep;OMO BhIIIOJIHHeTCH, eCJill pacnpep;eJieHHe Bepo
HTHOCTelI CJiyqafrnoro BeKTopa x 3a11;aeTCH HJIOTHOCTbIO 
p (x)=p (x1 , ••. , Xn)· B 3THX ycJIOBHHX H3 orrpep;eJieHHH 
p. B. CJiep;yeT' qTo CTaTHCTHKa R rrpHIIHMaeT 3HaqeHHH B 
npocTpaHCTBe \R= {r} acex nepecTaIIOBOK r= (r1 , r 2 , 

••• , 1"n) qHceJI 1, 2, ... , n, HpH 3TOM peaJIH3aIJ,HH r; 
(r;=1, 2, ... , n) paHra R; qHcJieHHO paaHa KOJIHqecTBy 
KOMIIOHeHT BeKTOpa x' Ha6JIIO]J;CHHble 3IIaqeHHH K-pbIX 
He rrpeBOCXO,!J;HT peaJIH3aIJ,HH i-:ii KOMIIOHeHTbI x ;, i= 1, 2, 
... , n. 

ITyCTb x<·>= (Xcnl) ' ... , Xcnn)) - BeKTOp rropap;Ko
BIJX CTaTHCTHK, IIOCTpoeHHhlH HO BeKTopy rra6JIIO)J;eHHH 
X. Tor11;a napa (R, Xl·l) HBJIHeTca p;ocTaToqHo:il: cTaTH
CTHKoii AJIH pacrrpe]J;eJieHHH BeKTopa x' rrpHqeM caM 
BeKTOP x OIJ;H03HaqHo BOCCTaHaBJIHBaeTCH ITO )l;OCTaTOlJHoii 
CTaTHCTHKe (R, x<·>). RpoMe Toro, rrpH AOHOJIHHTeJibHOM 
rrpep;rrOJIOJReHHH 0 CHMMeTpHqHOCTH IIJIOTHOCTH BepOHT
HOCTH p (x) CJiyqaftHoro BeKTOpa x OTHOCHTeJibHO rrepe
CTaHOBOK apryMeHTOB KOMIIOHeHThl R H XC·) p;OOTaTO'IIIOH 
CTaTHCTHKH (R, XC·>) He3aBHCHMhl ll 

1 
P{R=r}=--nt· rE\R. 

B ·qacTHOCTH, eCJIH 

p(x)=p(xr, x 2, ... , Xnl=Il~ f(x;), 
t=l 

(1) 

T. e. KOMIIOHeHThl X 1, X 2 , ••• , Xn cJiyqaiiHoro BeRTopa 
X CYTb He3aBHCHMhle op;HHaKoBo pacrrpe~eJiaeMhie cJiy-
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qaiiHhle Bem11qHHhI (! (x;) - IIJIOTHOCTb BepOHTIIOCTH CJiy
qaliHOII BeJIHqHHbl x;), TO 

P{R;=k}=!, i=1, 2, ... , n, 
1 

P {R;=k, Rj=m}= n (n- 1) , i 7"= j, k 7"= m, 

i, j, k, m=1, 2, ... , n, 
n+1 n'-1 E{R;}=-2-, D{R;}=----nr-, i=1, 2, ... , 

P,JIH mo6oro k= 1, 2, ... , n. 
IlpH BhIIIOJIHeHHH YCJIOBHH (1) cym;ecTByeT COBMeCTHaH 

IIJIOTHOCTb BepOHTHOCTH q(x;, k), k=1, 2, ... , n, CJiy
qaHHhlX BeJI11q1rn X; H R ;, R-paH BhlpamaeTcH cpopMyJioii 

q(x;, k)= 
(n-1) ! k k 

(k-1) ! (n-k) ! [F (x;)] -1 [1-F (x;)Jn- f (x;), (3) 

rAe F (x;) - qiymn~1rn pacrrpeAeJieHirn cJiy'laiiHoii Be
JllillJHHhl X;. Ma (2) H (3) cJieAyeT, qTo ycJIOBHaH IIJIOTHOCTh 
BepoHTHOCTH q(x;IR;=k) cJiyqaiiIIoii BeJrnqHHhI X; rrpn 
ycJIOBHH, qTo R;=k (k=1, 2, ... , n), BhlpamaeTCH 
qiopMyJioii 

q (.r; IR;= k)-co 
n! 

(k-1) ! (n-k) ! [F (x;)Jk-l (1-F (x;)Jn-k f (x;). (4) 

IlocJieAIIHH qiopMyJia II03BOJIHeT rrpocJieAHTb BIIyTpeHHIOIO 
CBH3b, cym;eCTByIOm;yIO Me1RAY BeRTOpOM Ha6JIIOAeIIHii x, 
P. e. R II eeRTopoM rropHAROBhIX cTaTHCTHR X<-l, TaR 
RaR (4) eCTb He qTo HHoe, RaR IIJIOTHOCTb BepoHTIIOCTH k-ii 
rropHAROBoii CTaTHCTHRH X (nl<)• k= 1, 2, ... , 1i. KpoMe 
Toro, H3 (3) cJieAyeT, qTo ycJIOBIIoe pacrrpeAeJJeHne paIIra 
R; BhlpamaeTcH qiopMyJioii: 

P {R;= k IX;}= 
(n-1)! F k-1 1 F( J -k 

(k-1) ! (n-k) ! [ (X;)] [ - X;) n • 

M, HaRoHeu;, rrpH AOrrym;eHHH o cym;ecTBoeaHHH MoMeHTOB 
E{X;} H D{X;} H BhIIIOJIHeIIHH (1) H3 (2) II (3) CJJeAyeT, 
qTO Rmiqiqinu;neHT RoppeJIHD;HH p ( X;, R;) MeiRAY X; H R; 
paBeH 

P (X;, R;)=-{(n!~)(~fi;} 5: 00 .r; [F(x;)- ~ J dF(x;). 

B qacTHOCTH, ecJIH X; rroAqHHHeTcH paeHoMepHoMy pac
rrpep,eJieHHIO Ha oTpeaRe [0,1], TO 

... /-n=T 
p (X;, R;)= JI n+1 

B cJiyqae, ecJin Xi rro}1qHHHeTCH HopMaJibIIOMY pacrrpep,e
JieHJuo N (a, a2), TO 

f 3 (n-1) 
p (X;, R;\=Y :rt(n+1) ' 

rrpnqeM p (X;, R;) He 3aBHCHT OT rrapaMeTpOB IIOpMaJibIIOro 
:rnRoHa. 

Jlum.: (1] Ho e ff ding W , e RH : Proc. 2 Berk!'ley sympo
sium on mathematical statistics and probability, Berkeley - Los 
Ang., 1951,p. 83-92,[Z]raeR H, III1u;aR 3., Teopm1 paHro
BhIX RP>ITepHeB, nep. c aHrJI.' M.' 1971; [3] T a p a c e H R 0 <1>. 11.' 
HenapaMeTpHqecRaJI cTaTHCTHRa, ToMcR, 1976. M. C. Huny.wu. 

PAHfOBAH CTATU:CTIIKA - cTaTUCTJrna, rrocTpo
eIIHaH rro BeRTopy paHroB. EcJI11 R=(R1 , ••• , Rn) -
panzoe eer;mop, rrocTpoeHHhlH rro cJiy'laiiHOMY Bernopy 
Ha6JIIOAeHHH X =(Xi, ... , X n), TO JII06aH CTaTHCTHRa 
T= T (R), HBJIH10m;a11c11 qiyHRD;Heli oT R, Ha3. p a H r o
B o ii: c Ta TH c T II Roil:. KJiaccnlJ. rrpHMep P. c. 1weT 
R 0 3 cl> qi H u; H e H T T p a H r 0 B 0 :ii: R 0 p p e JI H-
u; n n Ke HA a JI JI a MeiRAY BeRTopaMn R n 1=(1, 
1, ... , 1), R-phlii: orrpeAeJIHeTCH !IO qiopMyJie 

T= n(n1_ 1) ~i * i sign (i-j) sign (R;-Rj)· 

B RJiacce Bcex P. c. oco6oe rroJIOlKeIIHe 3amIMaIOT T. H. 
JIHHeiiHh!e p. c., R-phle orrpe/"(eJIHIOTCH CJieAYIOill;HM o6pa-
30M. IlycTb A= Ila (i, j) II - rrpoH3BOJibHaH RBaApaTHaH 
MaTpnu;a rropHARa n. Torp;a cTaTHCTHRa 

T=""'1~ a(i, R;) 
~t=l 

Ha3. JI H H e ii: H 0 1i p a II r 0 B 0 ii c T a T H c T H R 0 fr. 
Harrp., R 0 3 qi qi II u; He II T p p a Hr 0 B 0 ii. R 0 pp e
JI H u; H II c II H p M e H a Memp,y Bel{TOpa~rn R H 1, 
orrpep,eJIHeMh!ii: rro qiopMyJie 

_ 12 ""'1n (i-~) (R·-~) 
P-n(n-1) ~i=l 2 ' 2 ' 

HBJIHeTCH JIHHeiiHoii p. c. 
JlHHeiiHhle p. c.' RaR rrpaBHJIO, rrpocTo ycTpOeHhl B Bhl

qncJIHTeJibHOM OTHOIIIeHHH H HX pacrrpeAeJieHHH BepOHTHO
CTeii HeTPYAHO HaXOAHTh. MMeHIIo rroaToMy e Teo,pHH P. c. 
HrpaeT 6oJibllIYIO pOJib IIOHHTHe rrpoeRD;HH p. c. B ceMei'I
CTBO JIHHeHIIhlX P. c. EcJIH T - HeR-paH P. c., nocTpoee
HaH !IO cJiyqaiiHOMY BeRTopy x' OTIIOCHTeJibHO pacrrpep;e
JieHHH eepoHTHocTeii R-poro BhICRaaaHa rHrroTeaa H0 , TO 

rr p o e R u; H e ii T= T (R) P. c. T B ceMeiicTBO JIHHeHHhlX 

P. c. Ha3. TaRYIO JIHHeiIIIy10 P. c., qTo E{(T-T)2} MHHH
MaJibHO rrpn crrpaBeAJIHnocTH /!0 • H'.aK rrpaBHJio, rrpoeRD;HH 

T AOCTaToqHo xoporno arrrrpoRCHMnpyeT P. c. T, n pa3-

HOCTh T--T rrp1me6pe1RHM0 MaJia, Ror,n;a n -+<X>. ITp!! 
crrpaBeAJIIIHOCTH rHIIOTe3hI Ho, corJiaCIIO R-poii ROMIIO
IIeHThl x l • ... , x n CJiyqaliHoro BeKTOpa x cyTb He3aBll
CHMhle cJiyqai1m.re BeJlH'IHIIhl, rrpoeRu;WI T P. c. T 011pe
p,eJIHeTcH rro qiopMyJie 

~ n-1 "-,n ~ 
T =-n- ~i=l a (i, R;)-(n-2) E {T}, 

rAe /;(i,j )=E {TIR;=;}, 1..;;:i, j ..;;:n (cM. (1]). 
Cym;ecTByeT BIIyTpeHHHH CBH3b MeiRAY p. c. T H p. 

I\aR rrmrnaaHo B [ 1], rrpn crrpaeeP,JIHBOCTH rnrroTe3hl H0 

rrpoeRa;HH i 1m::iqiqillu;HeHTa 1wppeJIHD;HH I\eHAaJIJia 'I" 

B ceMeIICTBO JIHHei1Hh!X p. c. c ToqHOCTh!O 110 IIOCTOflHHOro 
MIIOiRHTeJIH coBrra,n;aeT c 1waqiqiH1~HeHToM paHroeo:il: KOp
peJIHu;nn CrrnpMeHa p, a HMeHHo: 

T= ! ( 1+ ~ )p. 
lfa 3Toro paeeIICTBa cJieAyeT, qTo Koaqiqinu;neHT KoppeJrn
u;nn corr (f.l, T) MeiRAY p n T paeeH 

corr (p, T) = V ~ = Z(n+i) , 
Di; V2n(2n+5) 

T. e. rrpn 6oJibIIIHX n P. c. pH T acnMIITOTH'JeCRH aRmrna
JieHTHhl (CM. (2]). 

Jlum.: (1] r a e R H., III II'. II a I( 3., Teopll'.II paHrOBhJX I<Pl!Te
pHeB, rrep. c aHrJ1., M., 1971: [2] K en d a I 1 M. G., Rank corre
lation methods, 4 ed., L., 1970. M. c. HunyJ1ua. 

PAHfOBblll KPIITEPU:ll - cTarncTu'iecRnii Rpme
pnii, ocHoBaHIIhlii IIa pa11.20eoii cmamucmur;e. Hanp., 
KpnTepnn BHJIRoRcoHa H MaHHa - YHTIIH HBJiflIOTCH 
paHrOBbIMH. p. R. HHBapHaIITIIbI OTHOCHTeJibHO rpymihl G 
Bcex rrpeo6paaoeaHHii:, 3aAaBaeMh!X HerrpepI.IBHhlMH CTporo 
B03pacTaIOm;HMH cpyHRI\HHMH II, CJieAOBaTeJibHO, HBJifllOTCH 
HHBapHaHTHhlMH OTIIOCHTeJihHO H3MeHeIIHii rrnpaMeTpOB 
CABHra n Macrnw6a. HpoMe Toro, BO MHornx 3aAaqax cra
THCTH'I. rrpoeepKH rnrroTe3 Han6oJiee Mom;Hhle HHeapnam
Hhle KpHTepHH xoporno arrrrpoRCHMHPYIOTCH p. R. 

CM. TaRme HenapaMempu<tecr;uii r;pumepuu .. 
Jlum.: [1] r a e R H.' III II'. II a R 3 ' Teop1rn paHrOBhlX Rpl!Te

pl!IeB, nep. c aHrJJ., M., 1971; [2] JI e M a H 3., IlpoeepRa CTaTl!CTH· 
qecR>IX rHIIoTea, rrep. c aHrJJ., 2 1!!311, M., 1979. M C. HunyJ1u11. 

PAHAOMH3AQHII KPHTEPHll, rr e p e c Ta Ho-
B 0 R R pH Tep H ii,- CTaTHCTH'JeCKHl! KpHTepnii:, rrpe11-
IIa3IIaqeHHhlll P,JIH nponepRli rHIIOTe3hl 0 CliMMeTpnqHOCTH 
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IIJIOTHOCTH BepOHTHOCTH Ha6mop;ae~mro cJiyqaiiHoro BeK
TOpa OTHOCHTeJibHO nepecTaHOBKH ee apryMeHTOB. 

IlycTb no peaJinaau,nu x=(x1, ... , Xn) cJiyqa1l.Horo aeK
TOpa X=(X 1 , ••• , X,,) HaAJiemnT npoaepnTh rnnoTeay /f0 , 

corJiaCHO K-poii HeH3B8CTH8H nJIOTHOCTb BepOHTHOCTH 
p (x) = p (x1, ••• , Xn) CJiyqail:Horo BeKTOpa x CHMMeTpnqHa 
OTHOCIIT8JlhHO nepecTaHOBOK CBOHX apryMeHTOB, T. e. 

p(.r1, ... , Xn)=p(x, 1, ••• , x,11 ), 

rp;e (r1 , ••• , rn) - BeKTop, noJiyqaIDru,nil:cH B pe3yJibTaTe 
rrpomlBOJibHOii nepecTaHOBKH KOOpAHHaT BeKTOpa ( 1, 
2, ••. , n). /];aJiee, nyCTb x<·) Il R - BeKTOp nopH)l;KOBblX 
CTaTHCTHK H BeKTOp paHrOB COOTBeTCTBeHHO, nocTpOeHHbie 
no BeKTopy Ha6JIIO)l;eHHH x, H IIYCTb 1¥= 1¥ (X<· l, R) TaKaH 
CTaTHCTHKa, qTo 

E {'I' (X«>, R) I X«l}=a 

IIO'ITH BCIOAY AJIH HeK-poro a E (O; 1). B TaKOM cJiyqae cTa
THCTnq. KpHTepnii c KpHTH'I. <fiyHKI~Heii q;, CBH33HHOH co 
CTaTHCTHROH 1¥ COOTHOIIleHHeM q; (X)= 1¥ (X" ), R), Ha3. 
K p H T e p H e M p a H /l, 0 M H 3 a Il, H H. B CHJIY TOro 
qTo X<-> HBJIHeTcH noJIHoii oocmamo'lnoii cmamucmurwii, 
TO npn cnpaBeAJIHBOCTH rnnoTe3bl H 0 ceMeftcTBO nooo6nbtx 
npumepuee coanaAaeT c ceMeftcTBOM KpnTepneB nepecTa
HOBOK. 

Jlum.: [1] r a e 11 H., ill II'. A a 11 3., TeopHa paHrOBbIX 11pHTe
pHea, rrep. c aHrJJ., M., 1971; [2] JI e Ma H 3., Ilpoaep1<a cTaTHCTH
qec11Hx nrnoTea, rrep. c aHrJI., 2 H3A., M., 1979. M. C. HunyJ1u>t. 

PAHAOMH3AIJ,IUI - cTamcTnqecKaH npou,eAypa, B 
K-poft pemeHHe npHHHMaeTCH cJiyqail:HbIM o6pa30M. IlyCTb 
no peaJinaau,nn x CJiyqaiiHOH BeJinqHHbI x, npHHHMa!OIIWII 
;maqeHHH B Bbl6opoqHOM npocTpaHCTBe (!, 53, Pe), 8 Ee 
Hap;JiemnT npnHHTh pemeHne £ na naMepnMoro npocTpaHcT
Ba pemeHHH (8, JI,) H IIYCTb Ha aTOM npocTpaHCTBe (8, JI,) 
3ap;aHo ceMerl.cTBO {Ox}, x Ea;'., T. H. nepexop;HbIX aepoHT
HOCTHhlX pacnpeAeJieHnil: Ox(·) TaKnx, qTQ AJIH JII06oro 
<finKcnpoBaHHoro co6bITHH A, AEJ/,, <fiyHKU,HH O.(A) HB
JIHeTCH 53-II3MepHMOI! OT x. B TaKOM CJiyqae CTaTHCTI!q. 
npou,ep;ypa npHHHTHH pemeHHH, B K-poil: no aa6JIIOAeHHOH 
peaJinaau,nn x cJiyqaiiHof1 aeJinqnHhl X pemeHne np1rnn
MaeTcH c noMOIIl,b!O p03birphIIIIa no BepOHTHOCTHOMY aa-
KOHY Ox(·), Haa. paH/l,OMH3allHef1. 

Jlum.: [1] q e H 11 o a H. H., CTa'rHCTnqec1me perna10u1Hc rrpa-
BHJia II'. onTHMaJibHhJe BhIBOAhI, M., 1972. M. C. HunyJ1uH. 

PAO - BJI3KY3JIJIA - KOJIMOfOPOBA TEOPE-
MA - yTBepmp;eHne na Teopm1 CTaTncTnq. OileHirnaHHH, 

Ha OCHOBe K-poro nocTpoeH MeTOA YJIY'IIIleHHH HecMeru,eH
HblX CTaTHCTHq. ou,eHOK. 

IlycTb X - cJiyqa:ifHaH BeJinqnHa, np1mn~ra10ru,aJr 3Ha
qeHHH B Bbr6opoqHoM npocTpaHCTBe (.f, 53, Pe), SES, 
rrpnqeM ceMeiicTBO BepOHTHOCTHbIX pacnpeAeJieHnii {Pe , 
8 Ee} o6JiaAaeT AOCTaTOqHoii CTaTHCTHKOii T= T (X), H 
nyCTb q;=q; (X) - HeK-paH BeKTOpHaH CTaTHCTHKa c KO
HeqHoii MaTpnu,eii BTOpbIX MOMeHTOB. B aTOM cJiyqae Ma
TeMaTnq. omHAaHne Ee {q;} CTaTHCTHKH q; cyru,eCTByeT H, 
KpoMe Toro, ycJIOBHOe MUTe~rnTnq. omnAaHne q;* = 
=Ee {cpl T} HBJIHeTCH HecMenleHHoii ou,eHKoii AJIH Ee {q; }, 
TO ecTb 

Ee {q;*} ='Ee { E8 {q; IT}}= E8 {q;}. 

B 3TllX ycJIOBHHX P.- B.- K. T. yTaepmAaeT, qTo KBaA
paTHqHhrii pncK CTaTHCTHKll q;* He npeBOCXOAHT KBaApa
TH'IHOro pHCKa CTaTllCTllKH q; paBHOMepHo no BCeM 8 Ee, 
T. e. AJIH mo6oro BcKTopa z, nMe10ru,ero TY me paa~1ep
HOCTL, qTo H CTaTHCTJiKa q;, Bhl!IOJIHHeTCH HepaBeHCTBO 

zE 8 {(q;-E8 {q;})T (q;-E8 {q;})}zT~ 

~ .zE 8 { (q;*-Ee {q;*} )T (q;*- Ee {q;*})} zT 

AJifl BCeX 8 Ee. B qacTHOCTH, KOrAa q; HBJifleTCH OAHOMep
Hoii CTaTHCTIIKOii, TO np11 JII060M 8 Ee AHCnepClIH De q;* 
CTaTHCTHKH q;* He npeBOCXO)l;HT AHCnepcnn De q; CTaTHC

THKil lfl· 

1:1. 28 MaTeMaT1P1ec11aa aHQ., T. 4 

B caMoM o6lil,eM cJiyqae P.- E.- K. T. YTBepmAaeT, 
qTo onepau,HH ocpeAHeHHH no AOCTaToqHoii CTaTHCTHKe He 
npHBOAHT K yBeJinqeHHIO pncKa OTHOCHTeJihHO npmrnBOJib
HOil BbIIIYKJIOii <fiYHKU,HH norepb, OTKyp,a CJiep;yeT, qTo xo
pomne CTaTHCTHq. ou,eHKH HymHo HCKaTb TOJlbKO B TepMH
HaX AOCTaTO'IHblX CTaTHCTHK, T. e. B KJiacce Heo6XOAIIMbIX 
CTaTHCTHK. 

B cJiyqae, Korp;a ceMeiicTBo {Pe } HBJIHeTcH noJIHhlM, 
T. e. KOrAa eAHHCTBeHHOM HeCMeru,eHHOM ou,eHKoii HYJIH 
HBJIHeTCH <fiyHKU,HH, noqTH BCIOAY paBHaH HYJIIO, Hec~ie
ru,eHHaH ou,eHKa c paBHOMepHo MHHHMaJibHblM pHCKOM, 
noJiy'laeMaH c noMOIIl,hIO P.- E.- K. T., HBJIHeTcfl eAHH
CTBeHHoii. TaKHM o6paaoM, P .- E.- K. T. Aaer peu,enT 
nocTpoeHHH HanJiyqrnnx HecMelil,eHHhIX ou,eHoK: HymHo 
B3HTb JII06yIO HeCMeru,eHHYIO ou,eHKy, a 3aTeM ocpeAHHTh 
ee no AOCTaToqHoii CTaTHCTHKe. l1MeHHO TaKHM o6pa30M 
B cJieAYIOII~eM npnMepe, npnHaAJiemaru,eM A. H. l\oJIMo
ropony, CTpOHTCH HaHJiyqrnaH HeCMeru,eHHaH O[\eHKa <fiyHK
U,HH pacnpeAeJieHHH rropMaJihHoro aaKoHa. 

TI p 11 Me p. IIycTh no peaJinaau,nn cJiyqaii.Horo aeKTO· 
pa X=(X1 , ... , Xn), KoMnoHeHThl K-poro X;, i=1, 
2, ••• , n, n~3, cyTh He3aBHCHMhre cJiyqaiiHMe BeJinqnrrM, 
noAqHHHIOIIl,HeCH OAHOMY H TOMY me HOpMaJibHOMY 3aKOHY 
N 1(£, a2), cJieAyeT ou,eHHTh <fiyHKI~HIO pacnpeAeJieHHfl 

Cl>(x-s)=c1 sx e-(u-s)'/2a'du, 1£!<00,a>O. 
CT / l 2:rt CJ - <:<> 

IlpeAnoJiaraercH, 'ITO napa~rnTphl £ n a2 rrenaaecTHhl. TaK 
KaK ceMeHCTBO 

HOpMaJibHblX 3aKOHOB HBJIHeTCH IIOJIHbI:VI H cylil,eCTByeT 

p;ocTaTO'lHaH CTarncTHKa T= (X, S2 ), rAe 

II 

1 ~n -8 2=- . (X 1·-X) 2 , 
n t=l 

TO iJ:JIH nocTpoeHHH HanJiyqmeii HeCMelil,eHIIOii ou,eHKH 

<fiyHKllllH pacnpeAeJieHHH <D ( x~~ ) CJieAyeT BOCnOJib30-

BaTbCH P.- E.- I\. T. B KaqecTBe ncxoAHoii cTaTHCTHKH 

q; MOmHo B3HTb, Hanp., <fiyHKU,IlIO 3MIIHpnq. pacnpe).(eJie
HIIH, JIOCTpoeIIIIYIO no KaKoii-TO 0):\HOii KOMJIOHeIITe BeK' 

TO pa x, Hanp. x 1 • TO eCTb 

q>={O, ecm1 x < X1 
1 , ecJIH x ~ X 1, 

K-paH HBJIHeTCH TpHBHaJibHOH HecMeJileHHOll ou,eHKOii AJI.ff 

"'(x-as), w TaK KaK 

E{<p}=P{X 1 .,.;;;;.r}=Cl>(x~~) 
OcpeAHeHHe ou,eHKH q; no AOCTaTo'lHoii cTaTHCTHKe T 
npHBO)l;HT K ou,eHKe 

q;* = E {q; IT}= P { X 1.,.;;;;; x IX, S2} = 

-P {X,-X ,,;:::x-X Ix s2}. - s ~ s , 

B CHJIY Toro qTo CTaTHCTHKa 

( X,-X x,-x 
V= -s-, -s-, Xn-X) ... , --s-, 

(1) 

HBJIHIOIIl,aflCH AOnOJIHHTeJILHOii K AOCTaToqHoii CTaTHCTMKe 
T, HMeeT paBH0'11epHoe pacnpeAeJieHHe Ha (n-2)-MepHoi'i 

c<fiepe paAHyca n H, CJieAOBaTeJihHO, He aaBIICIIT HH OT He
II3BeCTHbIX napaMeTpOB £ H a2 , HJI OT AOCTaToqHOJI CTaTH-
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CTHRI! T, TO (X1-X)/S TOJKe He 3aBHCHT OT £, CJ2 n T, 
npiaqe.\1 

P{X,~X,,;;:u}=Tn_ 2 (u), lul < Vn-1, (2) 

rAe 

r (~) ·u 1-2 
T (u) - 1 2 ( .- (i -.!:._)z- du (3) 

I -Vn(f+I) r(~) J-lf+1 /+1 

- cpyHRU.HH pacnpeAeJieHHH ToMncoHa c f cTeneHHMH 
cao6011.hl. TaRnM o6pa3oM, H3 (1)-(3) cJieAyeT, qTo HaH-

JiyqIIIeii Hec111eru;eHHoil: or~eHRoii: AJIH ©( x-;;~ ) , rrocTpoen

HOii no n He3aBHCHMhDf Ha6JlIOAeHHHM x 1 • ..• ' x n> HB
JlHeTCH 

qi*=Tn-2 (x~X) =Sn-2(x~X 1/ n(x2-x'-')' 
n-1- -) ' s 

rne s 1( • ) - «l>YHR[],HH pacnpe11.eJremrn CTbIOAeHTa c f 
CTeIIeHHMH CB060Abl. 

Jium.: [1] Ho JIM or op on A. H., «Ilan. AH CCCP. Cep. 
~rnTeM.», 1950, T. 14, N2 4, c. 303-26; [2] Pao c. P., JinHeii:HhlC 
CTaTHCmqeCKHe MCTO)'.lbl H HX npnMeHemrn, nep. c aHrJI., M., 1968; 
[3] B a H 11 e p B a p 11 e H B. JI., MaTeMaTnqecKaH cTaTHCTmm, 
nep. c HeM., M., 1960; [4] BI a ck we 11 D., «Ann. Math. Sta
tistics», 1947, v. 18, p. 105-10. M. C. Huny.1tun. 

PAO - KPAMEPA HEPABEHCTBO, Hep a Be H
e T B 0 © p e III e, He p a B e H c T B 0 H H «P 0 p M a
u. Ii! H,- HepaBeHCTBO B MaTeMaTuq. CTaTHCTHRe, ycTaHaB
lIHBaroru;ee HHll\HIOIO rpami:u,y pHCRa B 3a11.aqe CTaTHCTHq. 
ou.eHHBaHHH HeH3BeCTHoro rrapaMeTpa OTHOCHTeJlbHO RBaA
paTH'IHOfr «PYHR!l,HH IIOTepb. 

Il YCTb pacrrpeAeJleHHe BepOHTHOCTeH CJlyqa:i\:Horo BeRTO
pa X=(X1 , ••• , Xn), rrpHHnMaroru;ero 3Haqemrn B n-111ep
HOM eBJ(JIHAOBOM rrpocTpaHCTBe Rn, 3aAaeTCH IIJlOTHOCThIO 
BepOHTHOCTH p (xl8), x=(x1, ... 'x,,)T, 8E8clR1 , n rryCTb 
B Ra'!ecTBe ou,eHRH HeH3BeCTHoro cRaJ1.HpHoro rrapaMeTpa 8 
11cnoJlh3yeTcH cTaTHCTHRa T= T (X) raRaH, qTo 

Es T=8+b (8), 

rAe b (8) - HeR-paH AH«P«PepeHU,HpyeMaH «PYHR!l,HH, Ha3bI
Bae'daH c ~1 e rn. e H H e M craTHCTHRH T. B TaKmI cJ1yqae 
npn onpeAeJieHHhIX ycJioBHHX peryJIHpHOCTII ce111ei'1cTBa 
{p (xi 8) }, OAHO H3 R-pbIX 33RJlIO'laeTCH B OTJ1Hq1m OT HYJlH 
I'! H «P 0 p M a u. Ii! 0 H H 0 r 0 R 0 Jl II q e c T B a © H
m e pa 

I (8) = E [a In pa~X I 8) r' 
11rneeT MeCTO H e p a n e H c T B o P a o - h'. p a ~1 e p a 

Efl I T-8 \2 ;:o, Ct +:iei8)J2 +b2 (8)' (1) 

ycTaHaamrnarorn.ee HnmIIroro rpaHHU.Y AJlH cpe11neRBaApa
rnqnoft 01m161rn Es I T-81 2 Hcex ou,eHOR T HeH3HecTHoro 
aapaMeTpa 8, HMeIOl!J,HX OAHY Ii! TY nm «PYHR!J,HIO CMeru;eHHH 
b (8). 

B qacTHOCTH, ecJIH cTaT11CTHRa T HBJlHeTcH nec111ern.eIIH011: 
ou,eHKoii rrapaMeTpa 8, TO ecTh Es T=8, TO H3 (1) cJie11.yeT, 
'ITO 

D T = E 8 I T - 8 \2 ;:o, I ~O). (2) 

TaRH\! o6pa3oM, n aToM cJiyqae P.- I\. H. rroRa3bIBaeT 
fUDf\moro rprurnu,y AJIH AHcrrepcHi'I HecMelll,eHHbIX ou,eIIOI{ T 
aapa~ieTpa 8, R-paH paBHa 1/I (8), H, RpoMe Toro, P.-
1\. H. Ael'dOHCTpHpyeT, qTo cyrn.ecTBOBaH11e COCTOHTeJlhHbIX 
ou,eHOR CBH3aHo c HeorpaHH'leHHhIM pocTOM 11H.iPopMau,110H
ROro ROJlHqecTBa <l>mrrepa I (8) rrp11 n -+ oo. B cJ1yqae 
ecJIH BP.- K. H. (2) AOCT11raeTcH paaeHCTBo AJ!H RaRoi'1-To 
HecMeu~eHHOH ou.emrn T, TO Olla HBJlHeTCH Haimyqrneii B 
CMbICJle MHHIIMyMa RBaApaTnqJioro pHCRa B RJlacce Bcex 

IIec~reru;eHIII>!.x ou,eHOR II Ha3. a «P «P e R T H B II 0 ii 
o 1~ e HK on. Harrp., ecJill X 1 , X 2 , ••• , Xn - 11eaaa11-
CHMhie CJlY'IaiiHLie BeJIHqllHhl, IIOAqllHHRJl!l,HecH OAHOMY II 

TO.\IY me HOpMaJibHOMY 3aROHY N (8, 1), TO CTaTHCTllRa 

T= _!_ ( X 1 + ... + X nl HBJIHeTc.ff a«P«PeRTHBIIoii ou.eHRo:ii: He-n 
113BeCTHOro MaTeMaT1n. Oll\HAaHHH 8. 

B o6ru;eM cJiyqae paaeHCTBO B (2) AOCTHraeTCH Tor11.a H 

TOJlhRO TOrAa, Ror11.a ceMellCTBO {p(xl8)} HBJIHeTCH aRC
IIOHeHu,11aJibHbIM, T. e. IIJlOTHOCTb BepoHTHOCTH CJiyqail:
Horo aeRTopa X rrpeAcTaBnMa B BHAO 

p (x J 8) = c (x) exp {u (8) qi (x)-v (8)}, 

rrpnqeM ::i«P«PeRTHBHoii ou,eHRoil: AJIH rrapaMeTpa 8 B aroM 
CJiy'lae HBJlHeTCH AOCTaToqgaH CTaTHCTHRa T=qi (X). 
B Tex cJiyqaHx, ROrAa a«P«PeRTHBIIhle ou,eHRH He cyui;ecTay
IOT, HHll\HIOIO rpaHHU.Y AHCrrepcnii HecMel!l,eHHhlX ou,eHOR 
CTieAyeT yToqHH1b B CllJlY Toro, qTo P.- 1\.. H A3eT JIHillb 
Hllil\HIOIO rpaHnu,y, R-paH He o6H3aTeJ1bHO HBJlHCTCH TOq
HOll H11mHeil: rpaHHU,eiL Harrp., ecJI11 X 1 , •.. , X,, - ne-
3aBHCHMhle CJiyqaiiHbie BeJ1Hq11tIJ,I' IIOAqllJIHIOllJ,HeCH OAHO
My II TOMY me HOpl.IaJlbHOMY 3aROHY N (a•/,. 1), TO HHJKHeii 
rpaH11u,eii: AJIH AHCnepcHii HecMeru;eHHIJX ou,eHoR rrapaMeT
pa a HBJ!HeTCH 

9a• + 18a2 + ~ 
n n 2 n 3 ' 

B TO Bp0MH RaR 
1 9a• 

1(8) = n 

Boo6ru;e, ecJIH H P. - R. H. (2) paaeHCTBO He AOCTHraeTCH, 
TO aTo He 03HaqaeT, qTo HaiiAeHHaH ou,eHRa He HBJIHeTCH 
HaHJlyqmeii:, T. R. OHa MomeT ORa3aTbCH 0AHHCTBeHHOH He
CMel!J,eHHOH ou,eHROH. 

Cyrn.ecTBYIOT pa3JIH'!Hble o6o6ru;eHHH P .- R. H. Ha cJiy
qail: aeRTopnoro rrapa~reTpa, a TaRme Ha cJiyqail:, RorAa 
ou,eHHBaeTCH HeH3HeCTHaH «PYHK!l,l1H OT aToro rrapaMeTpa. 
MMeHHo B aT11x cJiyqaHx 6oJihIIIyro poJih HrparoT yTo•rne
HHH HHll\He:ii: rpaHH!J,bl B p .- I\. H. 

HepaaeHCTBO (1) 6bIJIO rroJiyqeno He3aBncnMo 11.pyr OT 
Apyra M. <l>peme (M. Frechet), Pao (C.R. Rao), f. Kpa
MepoM (H. Cramer). 

Jlum.: Lil Hp a Me pr., MaTeMan1qecKHe MeTO)'.lhl CTaTHCTHKH, 
nep. c attrJI., 2 H311., M., 1975; [2] Ba H 11 e p Ba p II e H B. JI., 
MaTeMaTnqecKaH cTaTHCTHKa, rrep. c tteM, M., 1960; [3] Bo JI b
III c n JI. H., «Teo_pnH nepoHTHOCTeii: n ee npHMeHemrn», 1961, T. 6, 
No 3, c. 319-26; Lid B h a t t a c h a r y y a A., «Sankhyli», 191!6, 
v. 8, No 1, p. 1-14; 1947, v. 8, No :l, p. 201-18; 191,8, v. 8, No 4, 
p. 315-28. M. C. Huny.1tun. 

PACKPOH 3A)l;AqA, 3 .a A a q a pa u. 11 o Ha JI h
H or o pa c R po H,- BM6op TaRoro pa3Mern.eIIHH 3a
roTOBOR B RycRax MaTepHaJia, R-poe 11.aeT 3aroTOBRH, RaR 
rrpaBHJlO, B Tpe6yeMoil: ROMIIJleRTHOCTH rrp11 MllHHMaJlbHOM 
pacxo11.e MaTep11aJia. B cooTBeTCTBHH c oco6eHHOCTHMn B 
TeXHOJlOT'l!H Ii! opraHH3a[],HH pacKpOH pa3Jllil'IalOTCH MaTe
MaT11q. MOAeJlll pau,110HaJ1hHOro pacRpOH (p. p.) AJIH Mac
COBOro II HHAHBllAYaJibHOro rrpOH3BOACTBa: AJlH rrpHMblX 
(oTpe3RH, rrpm10yroJibHHRH, rra paJIJieJie1rnrreAhl) H «PH
rypnh!x 3aroTOBOR, AJlH CJlyqaH RYCROB MaTepHaJia rro
CTOHHHbIX pa3MepoB H ¢opMbl Ii! c pa36pocoM «PopMhl li!Jllil 
pa3Meru;eHHH rropoRoB (cM. [ 1]). B 3aa11cnMOCTll OT oTpacJin 
rrpOH3BOACTBa Ii! HCIIOJlb3YeMoro o6opyAOBamrn yqHThIBa
IOTCH orpan11qeJillH Ha AOIIYCTl!Mhle BHIJ.hl pacRpoeB. c p. 3. 
coarraAaeT rrocTaHoBRa HeR-phlX 3aAa'l pa3Mern.eHHH rpy3oB 
B cylllHJlhHhlX rreqax, B aaroHax, Ha rraJiy6ax cyAoB. 

B MaccoaoM rrpoH3BOACTBe rrpH rrocTyrrJI0HllH OAHHaRo
BbIX RYCROB MaTepHaJla, eCJIH MOll\HO rrepeq11cJ1HTb BCe 
i= 1, 2, ... ' N AOCTYIIHhie crroco6bl pacRpOH OAHOrO RYCRa 
MaTepHaJia Ha HeR-phle H3j=1, •.. , m HYll\HblX BHAOB 3a
roTOBOR, p. 3. CBOAHTCH R pemeHHIO 3aAa'lll .n,uneunoeo 
npoapaM.MUpoeanua: HaiiTH llHTeHCHBHOCTh rrp11MeHeHHH 

x1;;;.o RaJKAoro H3 pacRpoea, rrpH R-phIX ~·xi= min n AJIH 
~, ! 

Rail\AOro j co6JIIOAeHO ycJIOBHe ~illijxi;;;.bj, rAe aij- RO-
J!HqecTBO j-x 3aroTOBOR B i-M pacRpoe, a bi - Heo6xoµ;ia-
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Moe Ha o;a;Ho :irn;a;emrn IWJnrqecTBO 3THX 3aroTOBOK. Ha 
rrpaKTHRO o6bJqHo HeJih3fl rrepeqf!CJIHTh llCe ;a;orryCTl!Mhle 
pacKpon. YnmrnHyTyIO 3a;a;aqy mrneiiHoro nporpaMMnpo
sarrm1 pelllaIOT HCXOAJl H3 HeK-poro Ha6opa ;a;orryCTHMh!X 
pacKpOeB ~IeTOAOM IIOCJie;a;osaTeJibHOro yJiyqweHHJl IIJia
Ha. O;a;HoBpeMeHHO Hepemw II3MeHJlIOT CIIHCOK ;a;orryw;eH
Hh!X R paCCMOTpeHHIO pacKpoeB. Ha KaIBAO~I mare COCTaH
JIJlIOT (reHepHpyIOT Ha 8BM) o;a;1rn H3 TeX pacKpOeB, K-pb!e, 
corJiaCHO OIWHKaM ABOiiCTBerrrroii: aa;a;aqH JIHHeii:Horo rrpo
rpaMMHposaHHJl, crroco6rrw yJiyqmnTh JIJiaH pacKpo11 B 
r~eJIOM. B cJiyqae «mrneii:rroro» MaTepnaJia (K-pwii: rra,n;o 
KpOlITb TOJibKO 110 AJilIHe) ynoMHHYTOe reaepHpOBaHHe 
ocyw;ecTBHMO B npHeMJieMoe speM11 cpe,D,CTBaMH &una.1tu<te
c1wzo npoapaMMuponanua (c~I. [1], [2]). ITpH paCKpoe JIH
CTOB Ha rrp11MoyrOJibHHKH 3TOT nyTh rrpHHIJ;HllHaJibHO TOlKe 
ocyiu;ecTBHM, HO B peaJibHbIX 3a;a;aqax MOlKeT CTaHOBHThCJl 
rpOM03AKHM. feHepHpOBaHne yJiyqmaIOIIJ;HX pacKpOeB 
Tor;a;a Be;a;yT 3Bp11CTl!Iq, aJiropHTMaM11: orpaHHqHBaIOTCJl 
u;eJieHarrpaBJieHHhIM cocTaBJI0HHeM pacKpoeH c y•rncT11eM 
He 6oJiee Tpex pa3HOTHIIHh!X 3arOTOBOR (c~I. [2], [3]). 

CXO)'\HO CTaBJlTCJl H pemaIOTCJl p. 3. rrpH B03MOlKHOCTH 
sw6opa o;a;Horo 11JI11 rrecKOJihKHX cTarr;a;apTHhlX pa3MepoB 
MaTepHaJia HJill rrp11 Heo6xo;a;HMOCTH llCIIOJib30BaTb HMeIO
IIJ;HllCJl B Ham1q11H ~raTepHaJI HeCKOJibKHX pa3MepoB (cM. 
[ 1]). B rrporpamrax pemeHn11 P. 3. AJIH. npmibIX 11 np11Mo
yroJibHhlX 3aroToBOK Y'IHTbIBaIOTCJl orpaH11qerrH11, CBH3aH
Hhie co cneu,mjrnKoii ncrroJib3yeMoro 06opy;a;oaaH1111 (cM. 
(2), (3]). B rrporpaMMbI BKJIIOqaroT cocTaBJieHHe no;a;eTam,
HhlX HOpM H rreqaTb KapT pacKpoll. 

B MaccosoM rrpo113BOACTBe qacTo ucrroJI1>3YIOT JIHHeii
Hhlii: MaTepuaJI CMelIIaHHbIX AJIHH. 3;a;ecb p. 3. COCTOHT B 
Bw6ope pacKpOll oqepe;a;Horo KYCKa ROHKpeTHOll AJIHHhl. 
B M.awnuocTpoerrnn u;eJiecoo6pa3HO rrpHMeHHTh crreu;naJib
rro paccqHThlBaeMy10 JIHHeii:Ky, rrpe;a;rrncwsaroiu;yIO pacKpoii 
OCTaTKa, K-pbiii B03HHKaeT llOCJie OTpe3aHllJl HeCKOJihRHX 
3aroroBOK [ 1]. B rn1miiHoM rrpoH3BOACTBe rrpu coCTaBJieHHll 
HacTHJIOB TKaHn 113 pyJioHoB pa3HOJ'I AJillHbI 11cnoJib3YIOT 
TaKme MaJiwe crreu;HaJIH311posaHHhJe 8BM (cM. [ 4]), pemaIO
w;ne TOJihKO :ny P. 3. B MeTaJIJiypr11H Ha rrpoKaTHhIX 
CTaHax aaMepllIOT Ha XOAY AJIHHY npoKaTHoro MeTaJIJia n, 
Ha OCHOBe pemeHlIJl p. 3. Ha 8BM, ocyiu;eCTBJIJlIOT B aBTO
)laTHq. pem11Me yrrpaBJieHHe pacKpoi"IHbnI ycTpOIICTBOM 
(cM. [5]). B 3apy6emHof1 CTeKOJihHOii npoMbIIIIJieHHOCTH 
aBTOMaTII3HPYIOT o6uapymeHHe I!OpOKOB CTeKJia II pemaIOT 
Ha 8BM P. a., rro;a;qHHHH ee o6xo;a;y rropoKoB. B JiecorrH
JieHHll 6peBHa TaKlKe llMeIOT pa36poc pa3MepoB Ii! 4JopMhl, 
HO MaCCOBOCTb 3a;a;aq11 rrpn;a;aeT Koa4J4JHu;11eHTaM a;jk (xa
paRrep113y!OIIJ;HM AJIJl k-fr rpyrrrrbl 6peBeH BbIXOA AOCOR j.-ro 
BHAa rrp11 ycraHOBKe rr11Jr i-M crroco6m1) ycToiiq11nwi"r cra
r11cT11q, xapaKTep. P. 3. B JiecorrHJieH1111 MaTeMar11qecK11 
rrocraBJIOHa ;a;aBHO (cM. [1]) Ii! a4J4JeKTUBHO pemeHa B rrp0113-
BOACTBeHHb!X ycJIOBllHX (CM. [6]). 

,D.JIH 4JnrypHbIX 3arOTOBOK B MaCCOBOM rrpoH3BOACTBe 
eCTb BllOJIHe rrpHMeHllMbJe nporpaMMbl Bbl6opa OflTllMaJib
Horo noJiomeHHJl 3aroTOBOR rrpH o;a;rrop11;a;aoii: H ;a;syxp11;a;
Hoii: IIlTa~IIIOBKe Il3 61icKOHeqHoii: JieHTbl (cM. (7], [8]), a 
TaKme npH IIITaMnOBRe H3 JieHT, Hape3aeMbIX H3 3a;a;aHHoro 
JIHCTa. OcTaeTCR a4JclieKTllBHbIM raKiKe rJiaaoMepHoe cocraB
Jiemie Ha6opos, BKJimqaIOw;nx pa3HbJe 4JnrypHbie 3aro
TOBKH pacKpoee c nocJie;a;yrorn;HM pemeHHeM 3a;a;aq11 JIH
rre1'IHoro nporpaMMHpOBaHHJl TOJlbRO Ha 3TOM MHOlKeCTBe 
pacKpoeB. 

IT pH HHAllBllAYaJibHOM rrpOH3BOACTBe p. 3. rpe6yeT BMe
CTO mrner'IHoro rrporpaM}1HposaH1111 pemeHHJl 6oJiee CJIOm
rrofr 3a;a;aqH z+eAO'lUCJleHHOao npoapaMMUpOBllllUR, CHOBa 
c HellBHO 3a;a;aHHOJ°I MaTp11u;eii Koa4J4J11u;HeHTOB, IIOCKOJihKY 
Bee ;a;onyCTHMble pacKpo11 He nepeqHCJieHbl. ,D.JIH JillHeiiHb!X 
ll rrp11MoyrOJibHh!X 3aroTOBOK 3arrporpa)IM1IpOBaHbI rrpaK
nrqHbJe l!BpllCTlI'I. aJirOpllTMbI rrpH6J111meHHoro pemeHIIJl 
aroii 3a;a;aq11 (cM. [2]). 

,Il,JIJI qrnrypHbIX 3arOTOBOR np11 HHAlIBllAYaJibHOM rrpon:i
OB,ll;CTBe HMe!OTCH pa3JIH'Whle paapa60TK.U, HO llOKa HeT 
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( 1983) ,ll;OCTaToqrro yp;oBJieTBOpIITeJILHbIX IIpneMOB pemeHlIH 
P. :i. rra 8BM. Ha;a;o6ttoCTh !l TaKoM pemeHHH oiu;yiu;a,eT 
11 nepnyro oqepo;~r, cy11ocTponreJihHa11 npoMh!ll!JleHHOCTh. 
.I~oBoJihHO acliclieKTIIBHLr ;a;naJioroswe aJiropHTMhl, rrp11 K-pbIX 
rJia30MepHb!O B03MOlKHOCTll qeJIOBeKa coqeTa!OTCJl c nepe
HOCOM Ha 8BM Tpy;a;a !IO BOCnpoH3Bep;eHIIIO rrorrpaBOK, 
o6cqeTy II ocliopMJieHHIO B03HllKaIOJI~llX sapHaHTOB. 

Jlum.: [1) Ha HT op o B n q JI. B., 3 a JI r a JI JI e p B. A., 
Pa11nouaJihHblH pacI1poil npoMbllllJieHHblX MaTepnaJIOB, 2 nag., 
Hosocn6., 1971; [2) My x a q e ea 3. A., «Hyau.- rnTaMn. npo
na-Bo», 1979, No 6, c. 14-17; [3) MarnMamqeciloe o6ecne'leHne pac
'leToB Jmuelluoro n np/IMOyroJibHoro pacilpOII, Yljla, 1980 (Tp. Bce
coIOaHoro uay'l. ceMnuapa); [i,) r a JI bl H II e p IL II., Ca ljJ po
H o e a M. B., MexauuqecilaH TexuoJiornH nponaeogcTBa ogemghr, 
M., 1977; [5) 3 n rn Te II H B., JI a r y T n H A., «MaTepnaJihHO
Texu. cua6m.» 1976, No 11, c. 77-81; [6) Co 6 o JI e BM. B., Yn
paeJieune rrpoH3BOACTBOM m1.:10MaTepnaJIOB, IleTpoaaBOACII, 1975; 
[7] B e JI /I II 0 B a JI. B., p Fl 6 H H H H a H. 0 .. «HY3H.- IIIT8Mil. 
IIPOH3-BO», 1977, No 11, c. 25-28; [8] c T 0 Fl H IO. r., 11 a Ha
ce u II o A. A., IlepnognqecI1oe paaMemeune reoMeTpn'lecm1x 
o6'beIITOB, H., 1978. B. A. 3aJtza.n,.n,ep, JI. B. HanmopoBU'l. 

PACIIAAA PA3PLIBA METOA - o;a;1m H3 MeTo,n;os 
q11cJieHnoro pernenHH 3a;a;aq M:aTeMaTHq, 4'H311Kll. TepMHH 
«pacrra;a; pa3pbrna» rrpHBHecen H3 ra3oJJoil ,ll;HHaM11K11. OH 
03HaqaeT rrpou;ecc, B03H11Ka10w;11f1 rrpH corrpHKOCHOBeHIIH 
ABYX Mace raaa c pa3JIHqHbIMH COCTOJlHHJlMH ra30AHHaMHq, 
BeJIHqlIH (1rnOTHOCTH, CKOpOCTH, ;a;aBJieHHJl, BHyTpennei1: 
anepr11n). ITpHMeH11TeJihHO K q11cJieHHOMY pemeHIIIO 3a;a;aq 
raaosoii AllHaMHRll MeTOA 3aKJIIOqaeTCJl R CJie;a;ymw;eM. 
B o6JiaCTH, r;a;e 'IIICJieHno pemaeTcJl 3a;a;aqa, CTp011Tc11 pa3-
HOCTHaJl ceTKa (cM. Ilo&nu:J/Cnbix cemor; Memo&). ITplIHII
MaeTcH, qTo B rrpe;a;eJiaX Kam;a;oii: 11qefIKH pa3HOCTHOII CeTKll 
ra30AHHa~mq, BeJIIIqli!Hbl IIOCTOJlHHbl II paBHhl HeK-pb!M 
cpep;HHM 3Haqerr1111M:, IIOJiyqeHHbIM 113 I!MeIOrn;eroc.II llX 
pacrrpe;a;eJieHHJl. 3aTeM Ha Kam;a;oil H3 rpaHHIJ; 11qeeK ceTKH 
pemaeTCJl 3a;a;aqa o pacna;a;e pa3pbIBa rrpnMeHHTeJibHO K co
CTOHHHIO raaos B ;a;syx coce;a;nnx 11qeii:Kax. Ee pemeHne 
AOCTaToqHo rrpocTO aJiropHTM113HpyeTCJl AJIJl ABYX IIOJiy-
6e3rpaHll'IHbIX, corrpHKaca101u;nxc11 !IO IIJIOCKOH IIOBepx
HOCTH ra30B, B KalKAOM U3 K-pb!X pacrrpe;a;eJieHHe raao;a;11-
na~111q, BeJIHqli!H IIOCTOJlHHO. 3HaqeHIIJl raao;a;nrra~mq. Be
JIHqllH 113 pemerr1111 3TOH 3a;a;aqn, OTBeqarow;He 11pocTpancT
BeHno-BpeMeHH0My IIOJIOlKel'llIIO rpaHHIJ;hl, pa3;a;eJIJlIOIIJ;eII 
11qe(m11 ceTKH, rrp11H11Ma!OTCJl 3a 3HaqeHIIJl Ha COOTBeTCT
ByIOrn;eii rpaH11u;e 11qeiiK11. 8To np116JinmeH11e err pase;a;JI11no 
no Kpai1Heii M:epe rra npoMemyTKe BpeMeHH 1'!.t, noKa HII 
o;a;Ho H3 rrorrapHblX B3a11Mo;a;eii:CTBllH Ha rpaHnn,ax coce;a;
HHX 11qeeK He 6y;a;eT BJIHJlTh ;a;pyr Ha ;a;pyra. PaccqnTaB 
IIOTOKll no 3HaqeHllJlM ra30AHHa:vmq, BeJill'IHH Ha rpaHuu;ax 
11qeeK H 3Ha11 11cxo;a;Hoe cTyneHqaToe pacnpe;a;eJieHHe Ha 
MOMeHT to, H3 6aJiaHCOB MaCChl, IIMIIYJibCa, IIOJIHOII 3Hepr11n 
!IO Kam;a;oii: 11qeiiKe pa3HOCTHOii: ceTKll paccqHTh!BaeTCJl cry
neHqaroe pacrrpe;a;eJieHHe Ha MOMeHT t0 -i-l'!.t. CaMa pa3HOCT
Ha11 ceTKa Momer rrepecTpaHBaThCH B xo;a;e pacqeTa. Ee 
ABlliReHHe MOlKeT 3a;a;asaTbCJl He3aBHCIIMO HJilI orrpe;a;e
JIJlTbCJl B COOTBeTCTBHH c oco6errHOCTJlMH pemaeMoii 3a;a;a
qlil, YrroMHHyroe BhIHie orpaHHqeHHO Ha epeMeHHoii: mar 
1'!.t JlBJIHeTCJl no ceoen CYTH ycJIOBHeM ycTOII'IHBOCTH 
orrncaHHoii cxeMhl pacqeTa. 

l13JIOlKeHHbIH IIOAXOA K rrocrpoeHHIO Bblqli!CJIIITeJihHbIX 
aJirOpHTMOB 0606w;aeTCJl rrp!IMeHHTeJibHO R pemeHllIO 3a;a;aq 
r11;a;po;a;11HaMHRH c TeIIJIOilpOBOAHOCTbIO, TeOpHH ynpyroCTII 
u AP· EJiaro11ap11 HarJIHAHOii: qrnsHq. 11HTeprrpeTau;1m, 
a;a;eKBaTHOCTH rpaHIIqHbIX ycJIOBlIH ncxo;a;Hoii ;a;mp4JepeH
u,11aJibHOii rrocTaHOBKe Ii! YHHBepcaJibHOCTH, p. p. M. rroJiy
qHJI !IlllpOKOe pacrrpocTpaHeH11e B rrpaKTIIKe q11cJieHHoro 
peweHIIJl aa;a;a11 Ma Te Ma TH'!. !Jt!I311KII. 

Jlum.: [!) JI a HA a y JI . .JJ:., JI n ljJ rn n 11 E. M., Mexamma 
cnJIOIDHhix cpeA, 2 l'!3A., M., 1954; [2) qncJieuuoe perneul'!e Mnoro
MepHbIX aaga'! raaoeoti Al'!HaMHRI'l, M., 1976. A. B. 3a6po(}un. 

PACIIHCAHIIA: TEOPHH - BeTBh nprrnJia;a;Hoii M:are
MaTHKll (pa3;a;eJI uccJteiJonanua onepaz+uu), nayqarow;a11 Ma
reMar11q, !IOCTaHOBKH II MeTO,ll;hl pernemrn aap;aq OIITHMaJib· 
noro yrrop11;a;oqemrn H corJiacosaH1111 BbIIIOJIHerr1111 neK-phIX 
p;eii:CTB.IIM BO BpeMeH.II. h'. p. T. OTHOC.llTCJl BOrrpocw, CBJl-
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3aHHhle c rrocTpoemrnM OIITHMaJibHhlX pacm1cam1ii. (1rnJieH
IWPHhlX rrJiaHoB, rpaqnmoo) BhlIIOJIHemrn KoHeqHhIX (HJIH 
IIOBTOpHJOIIJ;l'lXCH) KOMIIJieKCOB orrepar(Hii. 06JiaCTh rrpH
JIOlReHHH pe3yJibTaTOB p. T. BKJIJOqaeT B ce6H yrrpaoJieHHe 
rrpOH3BOACTBOM, TpaHcrropTOM, CTpOHTeJibCTBOM, BhlqHCJIH
TeJibHhlMH CHCTeMaMH H AP· 

HccJieAyeMhie B P. T. 3aAaqH qacTo lf>opMyJIHPYJOTCH 
KaK 3aAaqH OIITHMH3alllillil rrpollecca o6cJiylRHBaHHH KO
Heqaoro MHOlReCTBa Tpe6oBaHHfr B CIICTeMe, COAepmallleii. 
orpaHHqeHHhJe pecypcbJ. Koaeqaoe MHomecTBO Tpe6ooa
HHfr OTJIHqaeT, MOAeJIH p. T. OT CXOAHhlX c HHMH MOAeJietI 
Maccoooro o6cJiylRHBaHHH TeOpHH, rAe B OCHOBHOM pac
CMaTpHBaJOTCH 6ecKOHeqHhle IIOTOKH Tpe6ooaHHH. B oc
TaJibHOM 8TH TeopHH HMeJOT 6JIH3KHe OTIIpaBHhle TOqKH. 
B P. T. AJIH KamAoro Tpe6ooarmH 3aAaeTcH MOMeHT ero 
IIOCTYIIJieHHH B CHCTeMy. HaXOAHCb B CHCTeMe, Tpe6ooarrHe 
AOJilRHO rrpoii.TH OAHY HJIH rrecKOJihKO, B 3aBHCHMOCTH OT 
YCJIOBHM 3aAaqH, CTaAHH o6cJiylRHBaHHH. ,Il.JIH KalRAOH 
CTaAHH yKa3hIBaJOTCH AOIIYCTHMhle rra6opbl pecypcoB Ii! 

AJIHTeJihHOCTH o6cJiylRHBaHHH Tpe6ooarrHH rrpH HCIIOJib30-
BaHHH aTHX rra6opoo. OrooapHBaeTcH B03MomrrocTh rrpe
phloarrHii. rrpmwcca 06cJiymHBaHHH OTAeJibHhlX Tpe6ooa
HHii.. OrparrHqerrHH rra oqepeAITOCTh o6cJiymnoaHHH 
3aAaJOTCH, KaK rrpaBHJIO, TpaH3HTHBHhIM, aHTHpelf>JieKCHB
HbIM 6HrrapHbIM OTHOIJierrHeM. AJiropHTMhI pacqeTa xa
paKTepHCTHK 60JiblIIHX qaCTHqHo yrropHAoqerrrrhIX MHO
mecTB Tpe6ooarrHii COCTaBJIHJOT OCHOBHOe COAepmaHHe 
pa3AeJia p. T., K-phlii HOCHT Ha3BaHHe TeopHH ceTeBOro 
rrJiarrHpooarrHH. MrrorAa B MOAeJIHX P. T. yKa3hlBaJOTCH 
AJIHTeJihHOCTH rrepeHaJiaAOK rrpH rrepeXOAe OT o6cJiylRHBa
HHH OAHoro Tpe6ooaHHH K o6cJiylRHBaHHJO CJieAYJOillero 
Tpe6ooarrHH H AP· ycJIOBHH. 

CJieAyeT OTMeTHTh, qTo HCXOAH H3 rrpaKTHq. HarrpaB
JieHHOCTII p. T. rre CTpeMHTCH K yrrHlf>HKalllillil TepMHHOJIO
rHH: HapHAY c TepMHHOM «Tpe6ooarrHe» yrrOTpe6JIHJOTCH, 
Harrp., TepMHHhl «pa6oTa», «OIIepallHH» Ii! T. A· Ilo TOH me 
rrpHqHrre no-pa3HOMy lfiopMaJihrro orrpeAeJIHeTcH pacrrHca
HHe o6cJiylRHBaHHH Tpe6ooarrHii.. B o6IlleM cJiyqae rroA 
pacrrHcarrHeM MOlRHO IIOHHMaTb OAH03Haqrroe OTo6pame
HHe, CTaJJHillee B COOTBeTCTBHe KalRAOMY Tpe6ooaHHJO B 
KaJHAhlM MOMerrT opeMeHH orrpeAeJierrrrhlil rra6op pecypcoo. 
B KaqecTBe KpHTepHeB 06b1qrro BhI6HpaJOTCH KpHTepHH 
cyMMaprroro Ii! MaKCHMaJihHOrO IIITpalj:JoB, HMeJOillHe CJie
AYJOillHil BHA: 

F (s) = ~ fPa (ta (s)) H F (s) =max cpa (ta (s)), 
£.laE N a EN 

3AeCb ta(s) - MOMeHT 3aBepIIIeHHH o6cJiyJl\HBaHHH Tpe6o
BaHHH a B pacm1caHHH s, N - MHOlReCTBO Tpe6ooarrHii, 
a cpa( ·) - rrey6hlBaJOillHe lj:JyrrKllHH, HMerryeMhJe lj:JyrrKllHH
MH IIITpalj:Ja. B rrpaKTHq. IIOCTaHOBKaX lj:JyrrKI(HH IIITpalj:Ja 
HMeJOT 06h1qrro KOHKpeTHhlll 8KOHOMl!Iq. CMhICJI (rrarrp., 
OMepTBJierrne o6opOTHhlX cpeACTB, Ylllep6 OT IIOTepH IIO
Tpe6HTeJieii H T. A.). PaccM<'.ITpHBaJOTCH MrroroKpHTeptt
aJihHhie aaAaqn. 

IT OMHMO AeTepMHHHpOBaHHhlX H3yqaJOTCH Ii! CTOXaCTHq. 
MOAeJrn. B aToM cJiyqae 06h1qrro paccMaTpHBaeTCH JIH6o 
3aAaqa MHllHMH3alllillil MaTeMaTHq. OlRHAaHHH 3rraqerrHH OA
Boro 113 HCIIOJib3yeMhIX B AeTepMHHIIpoBaHHblX TIOCTaHOB
RaX KpHTepHeB, JIH6o 3aAaqa MHHHMH3alllillil BepoHTHOCTH 
ueK-poro co6hITHH. TaKHM co6hITHeM MomeT 6b1Th, rrarrp., 
aarra3AhIBarrne B o6cJiyJl\HBaHHH Tpe6ooarrHii: OTHOCHTeJibHO 
3aAaHHbIX cpOKOB. 

OcrroBHhIM IIOAXOAOM K perneHHJO AeTepMHHHpooarrrrhIX 
3aAaq p. T. HBJIHeTCH o6IllaH aJiropHTMH'I. cxeMa IIOCJieAO
BaTeJibHOro aHaJIHaa oapHaITTOB. MMeHHo na noM rryTH 
YAaJIOCh peIIIHTh HaH6oJiee aAeKBaTIThie rrpaKTHKe aaAa'IH, 
OTpa6oTaTh OIITHMH3allHOHHhie rrpolleAYPhl IIJiarrHpOBaHHH 
pa6oT BO BpeMeHH (K a JI e HA a pH 0 e II JI a H Ii! p 0 B a
H Ii! e), peaJIHayeMhie B aBTOMaTH3HpOBaHHLIX CHCTeMaX 
yrrpaoJieHHH. BMecTe c TeM AJIH pHAa AeTepMHHHpooaH
HhlX 3aAaq rroJiy'leHhl 6hJCTpOAeiicTBYJOillHe peIIIaJOillHe 

rrpaBlma, AOKa3aHhl Heo6XOAl!Mble Ii! AOCTaTO'lHhIP ycJIOBIIH 
HX rrpHMeHHMOCTH, rrpe/(JiomeHhI alfilj:JeKTHBHble rrpHeMhI, 
HMeJOillHe 3HaqeHHe AJIH AHCKpeTHOH OIITHMH3alllflil B lle
JIOM (cM., Harrp., (1)-(4)). IlpH pa3pa60TKe TaKnx OIITH
MH3allHOHHhIX aJirOpHTMOB HaXOAHT rrpnMeHeHHe, B qacT
HOCTH, pe3yJihTaThI 2parfioo meopuu H MaTer.IaTHq. rrporpaM
MHpooamrn. Orry6JIHKOBaHHhle B aaq. 70-x rr. 20 B. pa6o
Thl no TeOpHH N P-IIOJIHOThI rrpHBeJIH K IIOHBJieHHJO MHOro
qHcJieHHhIX HCCJieAOBaHHM CJIOiKHOCTH 3aAaq p. T. (cM., 
Harrp., (5)). PeayJibTaTbJ 3THX HCCJieAOBaHHH IIOBhlCHJIH 
HHTepec K aJirOpHTMaM rrpH6JIHiKeHHoro peIIIeHHH Ii! olleH
Ke TOqHOCTH TaKHX aJiropHTMOB (cM., Harrp., (6)). ,Ll,JIH 
MHOrHX IIOAXO,J:IOB Ii! rrpHeMOB perneHHH 3aAaq AHCKpeT
rroii: OIITHMH3al(HH p. T. rrpeACTaBJIHeT JierKo lfiopMyJIH
pyeMhle rrpaKTHqecKn arraqHMhie <mpo6rrhie KaMITH» -
rrpHMephI. 

Jlum.: [1] Ta Hae B B. c., III I< y p 6 a B. B., BBeAeHHe B 
Teopmo pacnHcaHHH, M., 1975; [2] I\ 0 H Bell P. B., Ma I< C
B e JI JI B. JI., M H JI JI e p JI. B., TeopHH pacnHcaHHll, nep. c 
aHrJI., M., 1975; [3] Computer and job-shop scheduling theory, 
N. Y.-[a. o.], 1976; [4] Go n z a I e z M. J., «ACT Computing 
Surveys», 1977, v. 9, No 3, p. 173-204; l5] Lens tr a J. K., 
Rinn o o y Kan A. H. G., «Operations Research», 1978, v. 26, 
No 1, p. 22-35; [6] Garey M. R., Graham R. L., John
s on D. S., TaM me, p. 3-21. H.B. 3unoep, B. B. illnyp6a. 

PACII03HABAHHE OBPA30B - paaAeJI MaTeMaTnq. 
KH6eprreTHKH, paapa6aThIBaJOillHll rrplillllllilllhl H MeTOAhl 
KJiaccHlj:JHKalllillil, a TaKme HAeHTHlj:JHKaU,HH rrpeAMeTOB, 
HBJieHHil, rrpou,eccos, CHrrraJioB, CHTYallHii: - scex Tex 
o6'heKTOB, K-phle MoryT 6bJTh OIIHCaHbl KorreqHhIM rra6opoM 
rreK-pbIX rrpH3HaKOB HJIH CBoiicTB, xapaKTepH3YJOillHX 
o6'heKT. 

OrrHcarrne o6'heKTa rrpeAcTaBJIHeT co6oii: n-Meprrh!ii: seK
Top, rl{e n - qli!CJIO rrpH3HaKOB, HCIIOJib3YeMhIX ,[IJIH xa
paKTepHCTHKH o6'heKTa, npHqeM i-H KOOPAHITaTa aToro 
BeKTopa pasHa arraqeHHJO i-ro rrpHarraKa, i= 1, ... , 11. 

B OIIHCaHHH o6'heKTa AOIIYCTHMO OTCYTCTBHe HHlj:JopMalllillf 
o arraqeHHH Toro HJIH Hrroro rrpH3HaKa. EcJIH rreo6XOAHMO 
pacKJiaccHlj:JHu,HposaTh rrpeA'hHBJierrrrhle o6'heKThI no rre
CKOJihKHM rpyrrrraM (o 6 p a 3 a M) TOJihKO rra OCHOBe HX 
OIIHCaHHH, rrpHqeM qucJIO rpyrrrr rre o6H3aTeJibHO H3BeCTHO, 
To TaKaH aaAaqa P. o. aaa. a a A a q e ii: T a R c o rr o
M H H (K JI a c Te p a, o 6 y q e H H H 6 e a y q H T e
JI H, caMoo6yqerrHH). Co6cTBerrrro AJIH aaAaq 
P.o.(o6yqeHHH c yqHTeJieM),KpoMeOIIHCaHHH 
o6'heKTOB, rreo6XOAHMhI AOIIOJIHHTeJibHhle CBeAeHI!H 0 npH
rraAJielRHOCTH 3THX o6'heKTOB R TOMY HJIH HHOMY KJiaccy 
(o6paay). KoJIHqecTBO KJiaccoB KoHe'lrro H aaAaHo. KJiacch! 
MoryT nepeceKaThCH. 

CosoKynrrocTb mrncaHHii: o6'heKTOB, AJIH K-phIX HaBeCTHhl 
o6pa3hl, K K-pbIM OHH rrpHHaAJielRaT, o6paayeT T. H. 
o 6 y q a JO Ill y JO n o c JI e A o B a T e JI h rr o c T h (rra-
6op aTaJiorros). 0 c rr o Brr a H a a A a q a P. o. 3aKJIJO
qaeTcH B TOM, qTo6bl HCXOAH H3 o6yqaJOilleM IIOCJieAOBa
TeJibHOCTH orrpeAeJIHTb KJiacc, K K-poMy rrpHHaAJieiKHT 
orrHcaHHe rreK-poro o6'heKTa, IIOABepraeMoro KJiaccHlj:JHKa
llliIH HJIH HAeHTHlj:JHRaU,HH. R TaKoii: cxeMe rrpHBOAHTCH JIJ0-
6aH aaAaqa rrpHHHTHH pernemiii:, ecJIH TOJihKo rrpou,ecc 
rrpHHHTHH perneHHH 6aaHpyeTCH B OCHOBHOM Ha H3Y'Iellllli 
parree rraKorrJierrrroro OIIhITa. 

IlpHKJiaArrhre aaAa'IH, pernaeMh!e MeToAaMM P. o., soa
HHKaJOT rrpH H/\eHTHlj:JHKaa,HH MaIIlHHOIIHCHhIX Ii! pyKOIIHC
HhlX TeKCTOB, HAeHTHlj:JHKaU,HH lj:JoTOH306pameHHii, rrpH 
aBTOMaTHq. pacrroarrasaHHH peqH, B MeAJU\HHCKOH AHarrro
CTHKe, rrpH reOJIOrHq. rrporrroaHpOBaHHH, rrporH03HpOBa
HHH CBOHCTB XHMl!Iq. COeAHHeHHH, ou,errKe 8KOHOMH'leCKHX, 
rroJIHTH'leCKHX, rrpoHaBOACTBenrrhIX CHTYallHii, rrpH KJiac
CHlj:JHKallHH CO[J,HOJIOrH'l. MaTepHaJia Ii! T. 11 . .r~JIH peIIleHHH 
8THX 3aAaq rraKOIIJierro 60JibIJIOe qHCJIO T. rr. 8 B p Ii! c TM
q e c K Ii! x a JI r 0 p Ii! T M 0 B p a c II 0 3 H a B a H Ii! H, 
opHeHTHpyeMblX rra crreu,Hlj:JHKY KalRAOii KOHKpeTHOI'l aa
AaqH. KpoMe Toro, rra OCHOBe HeK-pb!X MHTYMTHBHhlX 
rrpHH[J,HIIOB CTpOHTCH M 0 A e JI Ii! a JI r 0 p Ii! T M 0 B 
p a c II 0 3 Ha B a H Ii! H, T. e. ceMeiiCTBa aJiropHTMOB ,[IJIH 
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pememrn 1rnaccmpHl\a~:irnHHhlX 3aµ;aq, HaHooJiee yrroTpe
OHTeJihIIhI CJiep;yrom;He MO/];eJIH: MO/];eJIH, IIOCTpoeIIIIbie c HC
IIOJlb30BaIIHeM rrpHIII~Hrra pa3p;eJieIIHH, 3aµ;arom;He 1rnacc 
IIOBepXIIOCTeH, pa3p;eJIHIOl!l,HX o6pa3hl; Mop;eJIH, IIOCTpoeII
IIbie Ila rrpHIII~Hrre IIOTeIII~HaJloB; MO/];eJlH BblqHcJleIIHH 
ou,eIIOK (roJIOCOBaIIHH); CTpyKTypIIbie MOp;eJIH; CTaTHCTHq, 
J\10/];eJIH. 

Ha ypoBIIe Mop;eJIH cTaBHTCH 3ap;aqa OThICKaIIHH aKcTpe
J\IaJlbIIoro no KaqecTBY aJiropHTMa pacrro3HaBaIIHH (Mop;eJib 
BhiqHcJieIIHH ou,eIIoK). 0 KaqecTse paooTbI pacrro3IIarom;ero 
aJiropHTMa oobiqJio cyµ;HT no pe3yJihTaTaM paooTbI aJiro
pHTMa Ila IIeK-poM TeCTOBOM IIaoope ofrbeKTOB (KOIITpOJib
HaH IIOCJiep;osaTeJlblIOCTb), AJIH K-poro HCCJlep;oBaTemo 
arrpHOpH H3BeCTIIa AOCTOBepIIaH KJlaccmjrnKa[),HH. II pH 
IIOCTpoeIIHH 001!1,eH TeOpHH paCII03IIaIOl!l,llX aJiropHTMOB 
IIaHOOJiee rroJIIIbie pe3yJihTaThI rroJiyqeIIhI B paMKax aJire6-
paHq, rroµ;xoµ;a. Pacrro3IIarom;HH aJiropHTM rrpep;cTaBJIHeTcH 
B BHAe rrpOH3Bep;eIIHH pacrro3IIarom;ero orrepaTopa H pemaro
m;ero rrpaB:nJia. Bsep;eIIHe IIap; pacrro3IIarom;HMH orrepaTo
paMH orrepa[],HH CJlOil\eIIHH, yMIIOiKeIIHH, yMIIOiKeIIHH Ila 
CKaJIHp II03BOJlHeT p;oKa3aTb cym;ecTBOBaIIHe B paMKax 
IIeK-poro aJire6paH1r. pacmHpeIIHH Hcxoµ;IIoro IIaoopa pac
rro3IIarom;nx orrepaTopos TaKoro pacrro3IIarom;ero aJiropHT
Ma, K-pbril: o6Jiap;aeT aKcTpeMaJihIIbIM KaqecTBOM IIa Jiroooil: 
KOIITpOJlblIOH IIOCJlep;osaTeJlblIOCTH. 

II'. 3aµ;aqaM p. o. OTIIOCHTCH TaKme 3aµ;aqH MHIIHMH3a
!J,HH OIIHCaIIHH HCXOAIIbIX OO'beKTOB, Bhlp;eJieIIHH HmpopMa
THBIIbIX IIPH31IaKOB. 

Jlum.: fl] J:R y p a a JI e a JO. IL, «IlpooJJeMbI 1m6epHeTHHH», 
1978,. B. 33, c. 5-68; [2] AilaepMaH M.A.,Bpaaep
M a H 8. M., Po a o Ho a p JI. IL, MeTon 110TeHI~11aJ1hHbIX QJYHH-
1111il B Teop1111 ooy•IeHHH Mam11H, M., 1970; [3] Barr H H H B. H., 
q e p B 0 He H H H c A. lL, Teop1111 pacrroaHaBaHHff oopaaoa, M., 
197 4; [4] <I> y I\. c.' CTPYHTYPHbie MeTO)'.(bl B pacrroaHaBaHHH 06-
paaoB, rrep. c aHrJJ., M., 1977. IT. II. I\OJib'lOB. 

PACIIPEAEJIEHIIE - TO me, qTO 0606Ufe1rnasi rfjy1m-
1fUst . 

.P-PACIIPEAEJIEHIIE - CM. <l>uuiepa F-pacnpeoe.rie
nue. 

t-PACIIPEAEJIEHIIE - cM. Cff!b10oenma pacnpeoe.rie
nue. 

T 2-PACIIPEAEJIEHIIE - CM. Xome.tt.ttunza T2-pacnpe
oe.ttenue. 

JV-PACIIPEAEJIEHIIE - CM. Yuwapma pacnpeoe.tte-
Hue. 

z-PACIIPEAEJIEHIIE - CM. <l>uuiepa z-pacnpeoe.ttenue. 
B-PACIIPEAEJIEHIIE - CM. Bema-pacnpeoe.rienue. 
I'-PACIIPEAEJIEHIIE - CM. I'aMJtta-pacnpeoe.rienue. 
z2-PACIIPEAEJIEHIIE - CM. «Xu-neaopam» pacnpe-

oe.tteliue. 
002-PACIIPEAEJIEHIIE - cM. «0Jtteza-neaopam» pac

npeoe.ttenue. 
PACIIPEAEJIEHIIE BEPOHTHOCTEll - oµ;IIo 113 

OCIIOBIIbIX IIOIIHTHH eeposimnocmeii meopuu R JttameJttamu'le
c1wii cmamucmunu. IIpH cospellieIIIIOM rroµ;xo}J;e B KaqecTBe 
MaTeMaTHq, Mop;eJIH H3yqaeMoro cJiyqail:IIoro HBJieIIHH 6e
peTcH cooTBeTCTByrom;ee eeposimnocmnoe npocmpancmeo 
{Q, S, P }, rµ;e Q - MIIomecTBO aJieMeIITapIIbIX cooh!Tnii, 
S - Bhlp;eJieIIIIaH B Q a-aJireopa rrop;MIIomecTB, P - orrpe
µ;eJieIIIIaH IIa S Mepa co CBOHCTBOM P (Q)= 1 ( eeposimnocm
nasi Mepa). 

Jlrooyro TaKyro Mepy Jia {Q, S} H IIa3b!BaIOT p a c rr p e
A e JI e II He M Be po HT II o c Te H: (c11-r. [ 1]). Op;IIaKo 
8TO orrpep;eJieIIHe, HBJlHIOm;eecH OCIIOBOH aKCROMaTRKH 
A. H. H'.oJIMoroposa (1933), rrpH rrocJieµ;yrom;e111 pa3BHTRH 
TeopHH oKa3aJIOCb qpe3MepIIo oom;HM H OhIJIO, c u,eJiuIO 
HCKJlroqeJIHH IIeK-pbIX «rraTOJlOrHqecKHX» CJiyqaeB, 3aMe
IIeIIo ooJiee orpaJIHqHTeJibIIhIM, IIarrp. TpeoosaIIHeM «co
BepmeIIIIOCTH» BepOHTIIOCTJIOii Mepbl p (CM. [2), OCOOeIIIIO 
µ;ooasJieIIHe K aIIrJI. rrepesoµ;y [3] aToil: KIIHr:ir). OT P. B. 
B ljlyIIK!J,HOIIaJibIIbIX npocTpaIICTBax Tpe6yroT 06b1qJio BbI
noJIJieIIHH IIeK-poro CBOHCTBa peryJIHpIIOCTH, lflopMyJIH
pyeMoro KaK cenapa6eJibHOCTb, HO ):\OITYCKaIOm;ee q>opMy-

JinpoaKy n B µ;pyrHx TepMHIIax (cM Cenapa6e.ttbnbiu npo-
11ecc, a TaKme [4]). 

p. B., BCTpeqarom;HeCH B OOJlbIIIHIICTBe KOIIKpeTHbIX 3&
p;aq TeOpHH BepOHTIIOCTeH H MaTeMaTnq, CTaTRCTHKH, secb
Ma IIeMJioroqHcJieIIIIbI. Bee OIIR p;aBIIO li3BeCTIIbl R CBH3aIIhI 
c OCIIOBIIbIMH BepOHTIIOCTIIbIMH cxeMaMH [5]. 0IIH OIIHCbl
BaIOTCH RJlH sepoHTIIOCTHMR OTp;eJibllblX 3JiaqeJIRH (cM. 
!f. ucnpemnoe pacnpeoe.ttenue) RJIR IIJIOTIIOCTHMH sepoHTIIO
CTH (cM. HenpepblBMe pacnpeoe.ttenue). B IIeo6xop;nMhIX 
CJiyqaHX AJIH IIRX COCTaBJieIIhl Ta6JlH!l,bI [ 6]. 

JI3 <JTHX OCIIOBIIblX p. B. OAIIH CBH3aIIhl c IIOBTOpeIIHHMH 
IIe3aBHCHMbIX HCIIbITaHHH (cM. BunoJttua.ttbnoe pacnpeoe.rie
nue, I'eoJttempu'lecnoe pacnpeoe.ttenue, II o.ttunoMua.ttbnoe 
pacnpeoe.ttenue), a µ;pyrHe - c coOTBeTcTsyrom;H11111 <JTOH 
BepOHTIIOCTIIOH cxe111e rrpep;eJibllbIMH 3aKOIIOMepIIOCTHMH, 
B031IRKaIOm;HMH rrpH JieorpaJIHqeJIIIOM B03pacTaIIHH qHcJla 
HCIIhITaIIHH (c111. HopJtta.ttbnoe pacnpeoe.ttenue, IIyaccona 
pacnpeoe.ttenue, Apncunyca pacnpeoe.ttenue). Op;IIaKo <JTH 
rrpep;eJibIIble pacrrpep;eJieIIHH MoryT B03IIHKaTb H KaK Toq
Hhre: B Teop:irn cJiyqail:IIbIX rrpou,eccos (c111. Bunepoecnuii 
npo1fecc, IIyacconoecnuii npo1fecc) HJlH KaK pemeIIHH ypas
IIeIIHH, B03IIHKarom;Hx B T. II. xapanmepuaar+uonnbix meo
peJttax (c111. TaKme H opJtta.ttbnoe pacnpeoe.ttenue, II oKaaa
me.ttbnoe pacnpeoe.rienue). PaenoJttepnoe pacnpeoe.ttenue se
pOHTIIOCTeii:, rrpHIIHMae111oe oohlqJio KaK 111aTe111aTHq, Bbipa
meIIHe paBHOB03MOiKIIOCTH COOTBeTCTBYIOl!l,HX HCXOAOB 
OilhITa, TaKme MoJKeT Ob!Th noJiyqeJio KaK npep;eJihIIOe 
(IIanp., rrpH npHBep;eIIHH no KaKoMy-To Mop;yJiro cyMMbl 
60JlbIIIOro qHcJla CJlyqaHIIblX BeJIHqHJI HJlH KaKHX-JlH60 
µ;pyrHX cJiyqaHIIbIX BeJIHqHJI c AOCTaToqJio rJiap;KHMH «pac
IlJlhIBaIOm;HMHCH» pacnpep;eJieIIHHM:n). JI3 yrroMHHYThIX 
BbIIIIe OCIIOBIIblX p. B. noJiyqaroT µ;pyrHe p. B. c ITOMOl!l,bIO 
ljlyIIK!J,HOIIaJihIIhIX rrpeo6pa3oBaIIHH paccMaTpHBaeMhIX cJI y
qaii:JiblX seJIHq1rn. TaK, IIarrp., B MaTeMaTHq, cTaTHCTHKe H3 
IIOpMaJlblIO pacnpep;eJieIIIIbIX CJiyqaii:IIh!X BeJIHqHJI IIOJly
qaroT BeJIHqHJihl, HMerom;He «xu-neaopam» pacnpeoe.tteliue, 
neu,enmpa.ttbnoe «xu-neaopam» pacnpeoe.ttenue, Cmb10oenma 
pacnpeoe.ttenue, <l>uuiepa F-pacnpeoe.rienue H AP· 

BaiKIIble KJiaCCbl pacnpep;eJieIIHll 6hIJIH OTKpbITbl B CBH3H 
c pa3BHTHeM aCHMITTOTHq, MeTOAOB TeopHH BepoHTIIOCTeH 
H MaTeMaTHq, cTaTHCTHKH (cM. IIpeoe.ttbnbie meopeJttbl, Yc
moii'lueoe pacnpeoeAenue, BeazpanU'iH,O oeAUJttOe pacnpeoe
Aenue, «0Jtteza-neaopam» pacnpeoe11enue). 

c TeopeTHqecKOH H rrpHKJiap;IIoii: ToqeK 3peIIHH Bail\HO 
yMeHHe orrpep;eJIHTb ITOIIHTHe 6JIH30CTH pacnpep;eJieHHH. 
CoBOKYITIIOCTh scex P. B. IIa {Q, S} MomeT 6bITh pa3JI:nq
HhIMH cnoco6aMH npespam;eIIa B TOITOJlOfITT. rrpocTpaIICTBO. 
II pH <JTOM OCIIOBIIYIO pOJlb HrpaeT CJia6aH CXOp;HMOCTb p. B. 
(cM. Pacnpeoe.rienuii cxoouJttocmb). B oµ;HoMepHOM n KOJieq
IIOMepIIOM CJlyqaHX OCIIOBIIbIM cpep;CTBOM H3yqeJIHH cxoµ;n
MOCTH P. B. HBJIHeTCH arrrrapaT xapanmepucmu'lecKux 
f/JynK1fUU. 

qaCTO ITOJlHOe OIIHCaIIHe P. B. (Hanp., npn IIOMOl!J,H 
n11omnocmu eeposimnocmu HJlH pacnpeoe.ttenusi rfjynnr+uu) 
3aMeIIHIOT 3ap;aIIHeM IIe60JlbIIIOfO qHcJia xapaKTepHCTRK. 
lfa 8THX xapaKTepHCTHK HaH6oJiee yrroTpe6HTeJlhIIhJ Jttame
Jttamu'lecnoe OJICUOanue (cpep;Hee 3JiaqeJIHe), oucnepcusi, 
Meouana H JttoMenmbl B oµ;HoMepHOM cJiyqae. 0 qHcJIOBhIX 
xapaKTepHCTHKax MIIoroMepHbIX P. B. CM. Roppe/IS/,1fUst, 
Pezpeccusi. 

CTaTHCTHqecKHM aIIaJioroM P. B. HBJIHeTCH aJttnupu'lecnoe 
pacnpeoe.rienue. 8J1nrnpHq, pacrrpep;eJieIIHe H ero xapaKTe
pHCTHKH MoryT 6hITb HCITOJlb30BaIIhl AJlH npH6JlHil\eHHOro 
rrpep;cTaBJieIIHH TeopeTHqecKoro P. B. H ero xa paKTepHCTHK 
(cM. Or+enna cmamucmu'tecnasi). 0 cnoco6ax H3MepeHHH 
CTerreHH corJiaCHH 8MHHpHq, pacnpeµ;eJieHHH c fHITOTeTH
qeCKHM P. B. cM. Cmamucmu'lecnux zunomea npoeepna, 
HenapaJttempu'lecnue Jttemoobi cmamucmunu. 

Jlum.: [1] I\ o JIM or op o B A. H., OcHOBHbie IIOHHTHH Teo
PHH aepOHTHOCTeil, 2 H3)'.(., M., 1974; [3] r He)'.( e HR 0 B B., 
Ho JIM or op o a A. H., TipeneJJhHhie pacrrpeneJJeHHJI JJ:JJH cyMM 
Heaaa11c11Mb1X cJJyqailHhIX aeJJH'lHH, M.- JI., 1949; [3] Bx me, 
Limit distributions for sums of independent random variables, 
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Camb. Mass. 1954; [4] II pox op o e JO. B .• B HH.: Proc. fourth 
Berkeley symposium on mathematical statistics and prohahility, 
v. 2, Berkeley - Los Ang., 1961, p. 403-1D; [5] ct> e JT JI e p B., 
Bee11eHHe B Teopmo eepoHTHOCTeil ff ee npffJiomeHffH, nep. c attrJT., 
2 H3)1.., T. 1-2, M., 1967; [6] B 0 JI b III e B JI. H., CM Hp
H o a H. B., Ta6JiffUhl MaTeMaTHqecttoil cTaTHCTHKH, 2 H3)1.., M., 
1968; [7] r He 11 e HK o B. B., Kypc Teopnn eepoaTHOCTeil, 5 
ff3)1..' M.' 1969; [8) K p a M e p r.' MaTeMaTHqeCKHe MeTO)J.hl CTa
THCTHKH, nep. c aHrJI., 2 H3)1.., M., 1975; [9] He B ii m., MaTeMaTH
qecKne OCHOBhl TeOpffH eepOJITHOCTell, nep. c ljJpaHu .• M., 1969. 

IO. B. IIpoxopoe. 
PACIIPEAEJIEHIIE APOBHblX AOJIEll - pacrrpeAe

JieHI1e B e)J;llHIIqHoM IIHTepaaJie [0,1) )J;po6HhlX AOJieii: {aJ} 
IIOCJie)l,OBaTeJibHOCTH A0HCTBHTeJibHbJX 'III Ce JI a j' j = 
~1,2, ... IlocJie)J;OBaTeJibHocTb )J;po6Hhlx AOJieII {a/}, 
;=1,2, ... , Ha3. paBHOMepuo pacrrpe)J;eJieH-
H 0 II B II HT e p Ba JI e [0,1), eCJIH AJIH l\all\)J;Oro IIHTep
BaJia [a, b)c[0,1) HMeeT MeCTO paaeHCTBO 

lim (jln (a, b)=b-a 
n-+ oo n ' 

r)J;e <rn(a, b) - qncJio rrepBbIX n qJieHOB {aJ}, 1.;;;;j,,;;;;n, 
rrocJie)l,oBaTeJibHOCTn {a/}, j=1,2, ... , rrorraaumx B 
[a, b). flpII aTOM l!OCJie)l;OBaTeJibHOCTb 'IHCeJI a;, j= 
=1,2, ... ' Ha~. pa B H 0 Me pH 0 pa c II p e A e JI e H
H OH no MOAYJIIO 1. 

K p II T e p n rr B e ii JI .H (cM. [ 1]) AJI.H paBHOMepuo 
P. A· 11.: 6ec1wueqHaH IIOCJie)J;oBaTeJihHocTb Apo6HhlX AOJieii 
{a J }, j = 1, 2, ... , paBHOMepHo pacrrpe)J;eJieHa B e)J;11Hll'IHOM 
HHTepBaJie [O, 1) TOr)J;a II TOJibKO Torp;a, KOr)J;a 

lim ~'\...,n f({aj})= Pf(x)dx 
n-+oo" "-'i=l .lo 

AJI.H mo6oii IIHTerpnpyeMorr no PIIMaHy Ha OTpe3Ke O~x..;;: 
..;;:1 (jlyHKrrIIII f (x). 9To yTBepm)J;eHne 3KBHBaJieHTHO CJie
AYIOll.\eMy. ~JIH Toro 'IT06bl IIOCJie)l;OBaTeJibHOCTb a J• j= 
= 1, 2, .. ., 6MJia paauo111epuo pacrrpep;eJieHa no MOAYJIJO 1, 
Heo6xop;m10 II p;ocTaToquo, 'IT06bJ 

I. 1 ~n 2nima. 0 1m - e ; = 
n ~ ex> n i= I 

AJIH Kam)J;oro rreJioro m*O. ],fa KpIITepnH BeiIJI.H II ero 
011,eHOK TpIIrOHOMeTpnq, cyMM 

'\."1 P e21Cif (x) 
"-'x-1 

cJieµ;yeT, qTo ecm1 XOT.H 6b1 OJJ:HH H3 Koa(jlcl>nuneHTOB as, 
1 ..,;.s..;;:k, MHoroqJieHa 

f (x) = a,.xk+ ... +a1x 

nppau,noHaJieH, TO IIOCJie)l;OBaTeJibHOCTb p;po6Hh!X AOJieH 
{/(n)}, n=1, 2, ... , paBHOlllepHo pacrrpep;eJieHa B HIITep
BaJie [0, 1). 

IloHHTHIO paBHOMepHoro P. A.: A· {a J }, j = 1, 2, ... , 
ll!Oll\HO IIPHAaTb KOJIHqecTBBHHhlII xapaKTep, eCJIH BBeCTH 
B paccMOTpeune BeJinqnHy 

D '\ (jln (a' b) (b I n= sup __ n___ -a) , 
o <a< b< 1 

Ha3bIBaeMyJO OTKJIOHOHHelll rrepBbIX n 'IJieHOB IIOCJie)l;OBa
TeJibHOCTII {a.i}, j=1, 2, ... (CM. [2], [3)). 

JTum.: (1) W c v 1 H., «Math. Ann.», 1916, Bd 77, S. 313-52; 
[2) B ff H o r p a 11 "o e IL M., MeTo)J. TpHroHoMeTpwiecKnx cyMM e 
TeopmI qnceJT, M., 1971; [3) x ya Jlo - Ke H, MeTO)J. TpffrOHOMeT
pnqecIHfX cyMM H ero rrpuMeHett1ui B Teop11u quce.rr, rrep. c HeM., 
M., 1964. C. A. Cmenano•. 

PACIIPEJJ:EJIEHME JJ:POBHLIX JJ:OJIElI MHoro
MEPHOE - pacrrpeAl'Jiemrn B n-111epHO.'.I'.! e)lmmqHoM Ky6e 
E, O..;;:x;<1, i=1, 2, ... , n, p;po6HhlX p;oJieii {P·}= 

(") • J 
= ( {xl }, ... ' {xU> }) IIOCJie)l;OBaTeJihHOCTH TOqeK IHiep-

Horo eBKJIIIAOBa rrpoCTpaHCTBa p j= (xii>, ... ' x~\ j= 1, 
2, .... 3p;ecb { } - 3HaK AP06Hoii: AOJIH. 

IlocJieAOBaTeJibHOCTb Apo6HbIX p;oJieii {P j }, j= 1, 2, ... , 
Ha3. p a B H 0 M e p H 0 p a c II p e lI. e JI e H H 0 II B 

eAnHn'llloM n-111epuo111 Ry6e E, ecJIH AJIH Ka;Kp;oro rrpHMO
yroJibHHKa F, co)J;epmall.\erocH B E, 11111eeT MecTo paaeHcTBO 

lim (jlm (V) =I VI 
m-+-oo m ' 

rp;e <Jlm(V)- qncJio TO'IeK cpep;n rrepBbIX m 'IJieHOB rrocJie
p;oaaTeJihHOCTII {P J }, rrorraarnnx B V, n I VI - 111epa rrp.H
MoyroJibHHKa V. 

IlocJie)J;oBaTeJihHOCTh Pi• j= 1, 2, ... , TO'IeK n-MepHoro 
rrpocTpaHcTBa Ha3. p a B H o 111 e p H o p a c II p e A e
JI e H H 0 ii II 0 M 0 A y JI IO 1, eCJIH COOTBeTCTBYIOll.\a.H err 
IIOCJieAOBaTeJihHOCTb Ap06HbIX AOJieii {P j} paBHOMepHO 
pacrrpe)J;eJieHa B ep;nHH'IHOM Ky6e E. 

KpHTepHii BeiiJI.H J:VIH P. A· .n;. M. IlocJie)J;oaaTeJihHOCTh 
{Pi j, j= 1, 2, ... ' paBHOMepHO pacrrpep;eJieHa B e)J;HHHqHoM 
Ky6e E TOr)J;a H TOJibRO TOr)J;a, Korp;a 

r 1 ~,N 2ni (a,xF>+a,x~i>+ ... +anxU>) 0 
N~ooN"-'i=le = 

AJI.H Kam)J;oro Ha6opa ~eJihl:X: "lnceJI (a1 , a2 , ••• , an)*(O, 
0 ... 0). lfacTHhlM cJiyqaeM 3TOH TeopeMbl HBJI.HeTc.H Beil.Mt 
npumepuii AJI.H paaH0111epHoro pacrrpe)J;eJieHHfl no 1110,n;yJIIO 
1 rrocJie)J;OBaTeJibHOCTH p;eHCTBHTeJihHhlX qnceJI. J13 Kpn
Tepnfl BeiiJIH cJiep;yeT T e o p e 111 a K p o H e K e p a: 
IIYCTb 01, 02, ... , 0n> 1 - )J;eHCTBHTeJihHhle 'IHCJia, JIHHeII
HO He3aBHCHMhle Hap; IIOJieM pau,uoHaJibHbIX q11ceJI, al, 
CZ2, ••• ' an - IIpOH3BOJibHbJe )leHCTBHTeJihHhle 'IHCJia II 
N, E - rroJiomnTeJihHhle qncJia; Torp;a cyll.\eCTBYIOT 11,eJihle 
m H p 1 , p 2 , ••• , Pn TaKne, 'ITO 

m > N, I m0;-p;-a; I< E 

)l;JIH acex i=1, 2, ... , n. I1.aaqe roaopR, rrocJiep;oeaTeJih
HocTb m0=(m01, m0 2, ... , m0n), m=1, 2, ... , paBIIOMep
Ho pacrrpe)J;eJieHa no Mop;y.rrIO 1. 

Jlum.: [1) Ka cc enc Am. B. C., Bee11emrn B TeopHIO 11no
ljJaHTOBhlX npn6JinmeHHH, nep. c aHrJT., M., 19fi 1. 

C. A. CmenaHo8. 
PACIIPEAEJIEHIIE IIPOCTLIX lllICEJI - pa3p;eJI 

Teopnn 'IHCeJI, B K-polll JI3y'IaIOTC.H 3aKOHOMepHOCTH pac
rrpe)J;eJieHH.H rrpocTblX qnceJI (rr. 'I.) cpep;H HaTypaJibHhlX 
q11ceJI. 1.1,eHTpaJibHoi'i .HBJI.HeTcH rrpo6Jie111a HanJiyqrnero 
aCHMIITOTH'I. BhlpameHHH rrpn x - 00 (jlyHKU,HH :n: (x), 
o6o3Ha'IaIOru,eiI 'IHCJIO II. q.' He rrpeBOCXOAHll.\HX x, a TaKme 
(jlyHKilHH :n: (x; d, l), o6o3HaqaJOru,eii qHCJIO II. 'I.' He rrpe
BOCXO)l;Hill,HX x B apn(jJMeTH'I. rrporpeCCHII dn+ l IIpH 1..;;: 
..;;:l<.d, n=O, 1, 2, ... ' )l;JI.H paCTyru,nx BMOCTe c x 3Ha'Ie
HHI°I d. 

0 c H 0 B H a .H T e 0 p e M a a p H qi M e T H K 11: 
Kam)l;Oe HaTypaJibHOe qncJIO n >1 .HBJI.HeTCR lfJIH II. 'I. HJIH 
e,n;llHCTBeHHbIM (c TO'IHOCTbIO AO nepecTaHOBKH COMHOll\H
TeJiel!) rrpoH3Be)l;eHHeM II. q. 

n= P7' ... p~k 
(T. H. K a H 0 H H q e c K 0 e II p e Ac Ta B JI e H He 
q n c JI a n), r)le p 1 , ... , Pk - pa3JinqHbJe rr. 'I., n1 , •.• 

•.• , nk - HaTypaJihHhie 'IHCJJa. TaKHM o6pa3oM, rr. q, 
eCTb 6a3HC MyJIJ,THIIJIHKaTHBHOro IIOCTpOeHirn p.Hp;a HaTy
paJibHbIX qffceJI, 3TO, o,n;HaKO, Herrocpe)l;CTBeHHO HII'Iero 
He roaopHT o aeJIH'IHHe :n: (x). 

,L(JIH Haxom.n;emrn II. q. OT 1 .n;o x CJIYll\HT H3BeCTIIbIH c 
3 B. AO H. :i. MeTo,n; fJpamocrjjena pemema. PerneTo 9paTo
c(jleHa .HBJIHCTC.H rrpoCTelIHieii: npou,e.n;ypoii IIOJiyqeHH.H IIO
cJie)l;oBaTeJihHOCTH rr. q. OlI,HaKo aHaJIHTHq, (jlopMyJia pe
Il!eTa 

:n: (x)-:n: (y-;;)+1 = ~d(-1)v (d) [ ~ ], 
rp;e d rrpo6eraeT AeJinTeJIH rrpOH3Bep;eHIIH acex rr. 'I • ..;;:y:;;; 
v (d) - qIICJIO rrpOCTbIX )l;eJIHTeJieII d, [u] - 11,eJia.H '!aCTb 
u, HenpI!rop;na AJIH 113yqeHHH :rt (x) rrpH x-+ oo. 

PaccMOTpenIIe nocJie)loBaTeJJhHOCTH IL q. OT 1 AO x: 
2, 3, 5, 7, 11, 14, ... , p (1) 



877 PACilPE,lVi:JIEHllE IlPOCTbIX qucEJl 878 
IIOI\a3h!BaeT' 'ITO c yaeJIII'leHIIeM x OHa CTaHOBHTC.ff B cpep;
IIeM ace 6oJiee pep;ROii. Cym;ecTByIDT CROJih yrop;IIo p;mm
IIhle 0Tpe3RII pHp;a JiaTypaJibHhIX 'IIICeJI, cpep;II R-pbIX IIeT 
Jiii OAIIOro II. 'I. Harrp.' n-1 HaTypaJibHbIX 1JIICeJI BIIAa 
n!+2, ... 'n!+n AJI.ff Jiro6oro n>2 .IIBJI.IIIDTC.II COCTaBHblMII 
1JIICJiaMII. B TO me BpeM.ff B (1) BCTpe'IaIDTC.II rr. 'I. TaKirn, 
RaR 8004119 II 8004121, pa3JIOCTb Me}R/J:Y R-ph!MII paBHa 2 
(rr. 'I.- 6.!!uanetfu). Ilpo6JieMa rroaep;eIIII.ff ;i: (x) rrpII 
X-+ 00 .ffBJI.ffeTC.II O/J:IIOll II3 1Ia1160J1ee TPYAIIhIX II IIHTepec
HhIX rrpo6JieM TeOpIIII 1JIICeJI. 

IIepBbiiI pe3yJibTaT 0 BeJIII'IHHe :rt (x) - T e 0 p e M a 
EB R JI 11 A a: :rt (x)-+ oo rrpII x-+ oo. JI. 9ii.Jiep (L. Eu
ler, 1737, 1749, CM. [1]) BBeJI iJ>YHRll,IIID 

Us)=~"' n-s 
£.Jn= 1 

II JIORa3aJI' 'ITO rrpII s > 1 

~(sl=llp(1-;sr1, 

(2) 

(3) 

rp;e PHA pacrrpocTpaII.HeTc.H Ha ace HaTypaJibIIhre 'IIICJia, 
a rrpo11aaep;eIIIIe IIa ace rr. '!. Tomp;ecTBo (3) n ero o6o6m;e
HHH nrparoT iJ>yHp;aMeHTaJibHYIO poJib B Teop1m p. rr. q. 
l:lcxop;.H na IIero, JI. 9ii.Jiep p;oRa3aJI, 'ITO PHA ~ 1/p n rrpo-

lIBBep;em1e II ( 1- ~ )- 1 no rrpocTh!M p pacxop;.HTC.II. 9To
aoaoe p;o1rnaaTeJihCTBO 6ecRoIIe'IIIOcTn 'IllCJia n. 'I. EoJiee 
Toro, JI. 9iiJiep ycTaIIOBHJI, 'ITO II. 'I. ((MHOfO», 1160 

:rt (x) >log=-, e 

II, B TO me BpeMH, IIO'ITil ace HaTypaJibHbie 'IllCJia HBJIHIDT
CH COCTaBHbIMJI, T. R. 

:rt (x) x - l ---+ 0 npII x ---+ oo. 

,D;aJiee 3Ha'l11TeJibHOro ycITexa ).(OCTllr II. JI. l:Ie6h!rneB 
(1851-52, CM. [2]). OJI ).(ORa3aJI, 'ITO: 

1) AJIH JIIDObIX m >0, M >O ecTb nocJiep;oeaTeJibIIOCTll 
X-+ 00, y -+ oo, AJIH K-ph!X 

:rt(x)-lix < Mxlog-mx, 

:rt (y)-li y >-My log-my; 

2) ecJin cym;ecTayeT rrpep;eJI qacTHoro :rt (.r) log xix npn 
x -+ oo , TO on paaea 1. 

TeM ca\!hlM BITepebre 6b!JI perneII aorrpoc o cym;ecTeoea
Hll.11 ITpOCTOii iJ>YHIH~llll 

lix= rx ~= J 2 log u 

=1o;x+10:.x+ · · · +(r-1) !-1 xr +o (1 ;:1 )• 
· og x . og x 

R-paH CJIYIBIIT JiaJIJIY'IIIlllM ITp1I6JI11mea11eM AJIH :rt (x). 
3aTe)J II. JI. l:Ie6hlniea ycTaIIoB11JI 11cT11IIHhlII ITOPHIWR 

pocTa :rt (x), T. e. cym;eCTBOBaJin:e IIOCTOHIIIIbIX a>O, A >O 

a _x_ < :rt (x) < A _x_ (4) 
log x log x' 

np1111eM, a=0,92 ... , A=1,05 ... ).(JIH x~x0 • OH me AO
RaaaJI, 'ITO ITpu mo6m1 n>2 B IIIITepaaJie (n, 2n) CO).(ep
lRHTCH ITO RpaiiHeii Mepe Op;HO II. lJ. (n 0 c T y JI a T 
E e p T pa Ha). B ocHoae Bb!Bop;a HepaaeIICTB (4) Jiem11T 
TOmp;eCTBO lJe6hIHieBa 

F(x)=log[x]!="-1 1P(=-), (5) ""-'n< x n 
B R-po'r nne).(eIIHaH II. JI. l:fe6birneahIM iJ>YIIRU,UH 1jJ onpep;e
JIHeTCH cyMMoii no CTeITeHHM prn, m=1, 2, ... ' IT. lJ. p: 

ljJ (.r) = ~ rn log p= ~ A (n). 
~P <x ~n<x 

l!IMeIIHo, 1w,161man,11.1I log [u]! AJIR x>30 B iJ>opMe 

F* (x) = F (x) +F ( 3x0 )- F ( ~ )- F ( ; )- F ( ~), 

BCJl0/J:CTBll0 ( 5)' p;aeT TOffi)l;eCTBO 

F* (x)='ljl (.r)-1jl ( ~ )+1P (; )-1P (;~)+ ... , 
II3 K-poro CJiep;yeT, 'ITO 

1jJ (x)-1jl (:) < F* (x) < 1jJ (x). 

0Tcrop;a, acJiep;cTBn:e acIIMIITOTll'l. iJ>opMyJibl CTnpJIIIIIra 
AJIH n!, BhITeRaeT aaaJior aepal!eIICTB (4) AJIR 1jJ (x), II3 
K-phlX qaCTJl'IIIblM cyMMilpOBaJIIIeM IIOJ.1y11aroTCH IIepaBeII
CTBB (4). <l>yIIRU,llH l:Ie6blrneaa 1jJ (x) oRaaaJiacb 6oJiee yp;o6-
Hoii, 'leM :rt (x), rrpII II3y'leHIIIl P. IT. 'I., IIOCROJibKY HBH
Jiy'lllillM np116JIIImeJI11eM ee HBJIHeTCH caM apryMeHT x. IIo
::ITOMY o6h!'IIIO CIIa'laJia pacc~IaTpIIBaIDT 1jJ (x)' a 3aTeM qac
TII'IHhlM cyMMIIpOBaHHeM ITOJiy'laIDT COOTBeTCTBYIOID;HH pe-
3YJibTaT p;JIH :rt (x). 

IIpnrru,nn PHMaHa. B 1859-60 E. PnMaII (B. Riemann, 
CM. [3]) paCCMOTpeJI BBep;eHIIYIO JI. 9Il:JiepoM ,f\JIR s>i 
il>YHRU,IIID ~ (s) RaR iJ>yHRU,llID ROMITJieRCIIOro nepeMeHHOrO 
s= CJ+ it, rp;e CJ, t - p;eiicTBHTeJibHhre nepeMeIIHhle, orrpe
p;eJIHeMyro pHp;oM (2) rrpII cr>1 (cM. P aema-rjjynntfUH), 
II o6napymIIJI l!CRJIID 1IHT0JibIIYID BaIBHOCTb ::ITOH iJ>YHRU,1!11 
p;JIH Teopnn P. rr. 'I. B qacTIIOCTII, oa: yRa3aJI BhlpameaHe 
paaJiocTH :rt (x)-li x qepea x II IIYJIII iJ>YJIRU,llll ~ (s), Jiema
ID;IIe B ITOJIOCe 0 ..o;:CJ ..;;:1, R-ph!e Jia3. H e T p II B II a JI b• 
H hi M II H y JI .II M ll iJ>YHRll,1111 ~ (s). 

BMecTo iJ>op111yJih! Pn}rnHa o6bI'IHo 11cnoJibBYeTc.1I 6oJiee 
rrpocTOii KOHe'IHh!IT ee aJiaJior ;:\JIH \Ii (.r), p;oRaaaIIIIhitt 
(aapHp;y c iJ>opMyJioii PMMaHa) X. MaHrOJihATOM (H. Man
goldt, 1895). l:l111e1Iao, p;JIH x>1 

'ljl(x)=x- ~Iv I< Tx: +o ( ~ log2xT+log2x ), (6) 

rp;e p= B+ iy npo6eraeT JieTpHnnaJILHhie aym1 ~ (s), T -
JI106oe >2. 

IIocROJibHY 

~/vi< T~ «log2 T, 

iJ>opMyJia (6) IlOR33bIBaeT, 'ITO B0JII!q1ma p33IIOCTH \Ii (x)-x 
B rJiaBHOM orrpep;eJIHeTCH BeJIII'IIIIIOii ~ (p;eiiCTBHTeJibIIOII 
qacTbID caMhIX rrpaBLIX IIyJie:H p). B qacTHOCTH, ecJIH ~ (s)76 
=;60 npaaee Bepnrnam1 CJ= 8, 1 I2 ..;;:8 <1, AJIR iJ>yHRll,Illl 
1jJ (x), :rt (x) crrpaaep;JillBhI cJiep;yrom;ne ac11MITTOTH'l. Bblpa-

1jJ (x) =x+o (x8 log2 x), 

:rt (x) =Ii x+o (x8 log x). 
Hao6opoT' 113 ::ITI!X' COOTHOIIleH11ii CJie11yeT' 'ITO ~ (s)=;i=O 
p;JIH CJ>8. EcJI11 cnpaaep;mrna rnrroTeaa P1nrnIIa, T. e. 
BCe HeTpHBI1aJibllbie HYJIH b (s) JiemaT Ha op;aoii npHMOiI 
CJ= 1/ 2, Torp;a acnMnToTnq. aaRoH pacITpep;eJiemrn IT. 'I. 
p;oJimea n:MeTh BllA 

1jJ (x) =x+o (Yx log2x), 

:rt (x) = u x+o ( Vx log x). 

CTpn'IeM ::ITU COOTIIOllieIIIIH cyw:eCTBeIIHO yCHJIIITb HeJib3H, 
T. e. cym;ecTBYIOT UOCJiep;oBaTeJibIIOCTII x-+ ;xi, y-+ 00 

( ) 1. 1 r- Ior: log log~· 
n X - I .r < - J' X log- log x ' 

JT ( ) - li > + 1 log log Ing y 
y y .1 log log </ • 

TaKnM o6paao~r, cor JJUCIIO ITprmu,1111 y Pn:~rnIIa npo6JieMa 
llCI!MITTOTH'I. Bblpamemrn iJ>yIIRU,Hii p. II. 'I. 1j; (x), JT (.i:) 
CBOIJ:l!TCll R rrpo6.'!e)!e rpaIIH~bl p;eiiCTBl!TeJibIIOii. 'laCTlil He
TpHBII3JILHhIX HyJieii iJ>yHRI~lllI b (s) . .n:o CHX rrop (1983)' 
Op;IIaRO, He yp;aJIOCb HaiiTll RUIWC-JIII60 IIOCTOHHHOe 8, 
1 / 2..-:8<1, c ycJionIIe)I ~;.O. I1cR0}1a.ir rpaanu,a p;JIH ~ 
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OKa3bIBaeTCH CBH3aHIIOJ! c MIIIIMOM 1IaCTbJO I' HyJleM p, ):\JIH x>55 
npIIqeM TaK, ~o npHMaH CJ= 1 HBJIHeTCH ):\JIH IIee aCIIMn
TOTOII. 

MeTOAhl AAaMapa H Bam1e IlycceHa. Ac1rnnT0Tnq. aaKoH 
p. 11. q B npocTeMIIIeM BII):\e 

lim :rt (x) log x = lim 'lj1 (x) = 1 
x-+ 00 

x x x-+ 00 

6bIJ1 noJ1y'leII a 1896 IIeaaBIICIIMO ii\. A11aMapoM (J. Hada
mard) II ill. BaJ1J1e IlycceIIoM (Ch. La Vallee Pouo.sin), 
K-phle /IOKa3aJIH, qTo b (1+it)=;i=O, T. e. 'ITO Ila npHMOM CJ= 1 
HeT IIyJleM iJ>YIIKqIIII b (s). B 1899 ill. BaJ1J1e IlycceII 
noKaaaJI, 'ITO UCJ+it)=;i=O B 06J1aCTII CJ>1-c/log(ltl+2). 
TeM caMhlM 6bIJio AOKa3aIIo, 'ITO 

1jJ (x)=x+O(xexp(-a Ylogx}}, 

n(x)=lix+O(xexp (-b Ylogx)) 

npII noCTOHHIIhJX a >O, b >O. 
BhlJIII noJ1y'leHh1 TaKme ):\aJlhHeiimIIe pacmHpeHIIH 06-

JlaCTII CB06011HOH OT HyJleM iJ>yIIKqIIII b (s) (CM. (4)-(12)). 
MeTOA Beil.JUI - JlHTJIByAa. Cyra;ecTByeT onpeA!lJleIIHaH 

CBH3h Mem11y pocToM MOAYJIH iJ>YHKqIIII 6 (s) ll ee IIYJIHMII 
B6JIH3II npHMoii CJ= 1. MMeHIIO, ecJIII 6 (s)<{exp (<:p (t)) npII 
1-8 (t)...;CJ...;2, r):\e <:p (t), 1/8 (t) - nOJIOJRIITeJibJihle IIey6hl
BaJOra;IIe iJ>YHKqIIII t>O TaKIIe, 'ITO 8 (t) ...;1, <:p (t) - co npn 
t - co II <:p (t)/8 (t)~exp <:p (t), TO cyrn,ecTByeT noCTOHHHaH 
A TaKaH, 'ITO 6 (s)=;i=O B 06J1aCTII 

CJ~1-A (8) (2t+1)/<:p (2t+1). 

IlpII <!TOM ):\JIH oqeHKII b (s) IICnOJlb3yeTCH 'laCTJiaH cyMMa 
ee PHAa (2), K-paH CBO}:l;IIT BOnpoc K oqeHKe TpIIrOHOMeT
pII'l CYMM BII):\a 

~ exp (it log n). 
£..Jv<n<u 

3a c'leT oqeHoK TaKIIX cyMM no Beu.Mi Memooy ,Il.m. JlIITJl
BYA (J. Littlewood, 1921) noKaaaJI, 'ITO AJIH t>A 6 (s)<{ 
~log6t npII CJ>1-log2log t/log t II, cJ1e11oaaTeJihIIO, 6 (s) l=
=;i=O B 06J1aCTII 

0TCIOp;a 
CJ~ 1-A log log t /log t. 

:rt (x) =Ii x + 0 (x exp (-a V log x log log x)). 

MeTOA BHHorpa):\oBa. )J.aJ1hIIe:nmIIl1 nporpecc B oqeII
Kax :rt (x), 1jJ (x) CBH3aII c C03AaIIIIeM M. M. BIIIIorpaAOBhIM 
(cM. Bu11,oepaooea Memoo) IIOBoro, 3Ha'lIITeJlhHO 6mrne 
Mora;IIoro MeTO):\a oqeIIOK TpIIrOIIOMeTpII'l. CYMM. IlpII no
MOI1I;II <JTOro MeTop;a IIM B 1938 6hJJIO ):\OKa3aJIO, 'ITO b (s)i=O 
IIpII 

CJ~ 1-c/ log314 0 t I +2) log314 Iog (It /+2) 

II COOTBeTCTBeHIIO 'ITO 

:n: (x) =lix+o (xexp (-a log 417x log- 3/ 7 1ogx}). 

B 1858 M. M. B1rnorpa11oa II ;ri;pyrIIe (cM. [6]-[11)) 
noKaaaJ1n, 'ITO 6 (s) i=O npII 

CJ~ 1-c/log2f3(1 t /+2) log113Iog (It /+2). 

8To noKa (1983) JIY'IIIIllH pe3yJlbTaT 0 rpaHnqe IIeTpIIBII
aJlbllhJX IIyJ1ei1: iJ>yIIKqllII b (s), K-poMy OTBe'laeT JIY'lilllllI 
peayJlhTaT B P. n. 'l.: 

n(x) =lix+O (x exp (-a log316 x log- 116 Iog x)), 

1jJ (x) =x+o (x exp (-b log316 x log- 116 Iog x)). 

lf3 acnMnTOTIIKII n (x) CJ1e11yeT acnMnTOTllKa n-ro npoCToro 
'lIICJla Pn-n log n. IloKa3aIIo (CM. (21)) TaKIBe, 'ITO Pn > 
>nlogn AJIH acex n>111 'ITO AJIH 17...;x..,;eloo, x>e200 

x ( x 
logx < 3t x) <log x-2; 

3JieMeHTapHb1e MeTOJ:\hl. TaK Jia3hlBaJOT MeTO/lhI nayqe
mrn acIIMnTOTIIq, aaKoIIa P. n. 'l., IIe onIIparoiqIIeCH Ha 
npIIIIqIIn PIIMaIIa (IIYJIII A3eTa-iJ>yIIKqm1) II, aoo6iqe, IIa 
KaKIIe 6hJ TO IIII 6b!JIO nOJIOJReIIIIH TeOpIIII iJ>YIIKqIIM KOMn
JleKCIIoro nepeMeIIIIOro. BnepBbie TaKoM MeTOll OTKphlJIII B 
1948 A. CeJ1b6epr (16) II TI. 8p11em (17). B ocIIoae J1em11T 
aJ1eMeIITa pIIaH ip o p M y JI a C e JI h 6 e p r a 

1jJ (x) logx+ ~n < x 1jJ (:.)A (n) =2x logx+o (x). (7) 

,Il.aJlhIIeil.maH 3a):\a'la COCTOIIT B TOM, 'IT06b1 II3 aCIIMnTOTIIKll 
B cpe11IIeM llJIH 1jJ (u) B BII/le (7) BhIBeCTII aCIIMnTOTIIKY 1jJ (x). 
8TO MOJRIIO C):\eJlaTb no-pa3IIOMY, IIO o6iqIIM BO BCeX CJly
'laHX HBJIHeTCH IICnOJlb30BaIIIIeM iJ>aKTa Me11J1eIIIIoro KOJle-
6aIIIIH iJ>YIIKqIIII\jJ (CM. (18)). B 1962 8. BoM6bepII (E. Bom
bieri) II 8. BIIp3IIIIr (E. Wirsing) AOKaaaJIII, 'ITO npII JIJ0-
6oM iJ>IIKCIIpoaaHIIOM A >O 

1jJ (x) =x+o (x log-Ax). 

B 1970 X. )J.aii:aMoIIA II ,IJ.m. CTeiiIIIIr (cM. [19)) cyra;ecTBeII
IIO ycoaepmeIICTBOBaJIII II):\eJO II TeXIIIIKY oqeIIOK <JJleMeII
TapIIoro MeToAa II AOKa3aJIII, 'ITO llJIH x>exp exp 100 

I tjJ (x)-x I <x exp (-log1 ! 7 x log- 2 log x). 

HaKoIIeq, B 1973 A. Ill. JlaBpIIK 11 A. ill. Co6IIpOB (20) 
noKa3aJIII, 'ITO npII <JJleMeIITapIIOM MeTO):\e ):\OKa3aTeJlbCTBa 
cnpaBe):\JIIIBa TeopeMa: AJIH x>exp exp 103 

I 1Ji (x)-x/ < x exp (-log1 / 6 x log- 3 log x). 

8TOT pe3yJlhTaT npe):\CTaBJIHeT noKa JIY'llIIee ):\OCTIIJReIIIIe 
<JJleMeIITa pIIoro MeTO):\a B II3y'leJIIIII p. n. q., XOTH OJI IIe
CKOJlbKO CJ1a6ee Toro, K-phlii noJly'leII aIIaJIIITII'l. MeTO):\OM, 
B npIIIIqIIne <JTII pe3YJlbT3Tbl 6JIII3KII MeIBAY co6oii:. 

Pa3HOCTb MemAy npoCThIMH qHcJiaMH. Cyra;ecTayeT MIIo
ro BOnpoCOB p. n. 'l., KaCaIOiqIIXCH pa3JIOCTII MeIBAY n. 'l. 
Cpe):\II IIIIX BbI):\eJIHJOTCH aonpoCbl noae11eIIIIH dn= p n + 1-

-p,, - pa3IIOCTII Mem11y coce11IIIIMII n. 'I.; npo6J1eMa Ko
JIII'leCTBa n. 'l. 6mrnIIeqoB, IIJIII, 60J1ee o6ra;o, nap n. 'l. 
pa3IIOCTll 2k II, Boo6ra;e, 'lIICJla CIICTeM p, p+u1, ... 'p+um 
H3 m + 1 n. q., J1emara;IIx Jia oTpe3Ke [ 1, x). 

c ITOMOill;bIO rimoTe3hl PIIMaJia /IOKa3aJIO, 'ITO dn~ 

~ViJ,,Iog Pn• a IIeK-pbie <JBpIICTII'l. paccym):\eIIIIH noKa3hl
BaJOT' 'ITO, BepoHTIIO, cnpaBe):\JIIIBa oqeHKa dn<{log2pn. 

Jlyqmeii K 1983 HBJIHeTCH OI~eJIKa d,,<{p~, r):\e 6= 172+e, 
e>O, noJ1y'leJIJiaH M. H. XaKCJIII (M. N. Huxley, 1973) 
no MeTOAY 6oJiblIIOro pemeTa. 1!To KacaeTCH nap n. 'l. 
pa3JIOCTll, paBJIOM 2 (6JIII3IIeqoB)' IIJIII pa3JIOCTII, paBJIOii 
2k, k=1, 2, ... 'TO AO CIIX nop (1983) Jiell3BeCTIIO, HBJIHeT
CH KOJIII'leCTBO IIX 6eCKOIIe'lIIhJM IIJIII IIeT. Il yCTb n k(x) 
eCTb 'IIICJIO nap IT. 'l.' Ile npeBOCXO):\Hlll;llX x, pa3JIOCTII 2k. 
B 1919 B. BpyII (V. Brun) JiameJI MeTOll pemeTa (cM. 
Bpy11,a pememo), K-pb!ii n03BOJIIIJI noJly'lIITh OIBIIp;aeMyro 
o~eIIKY CBepxy }J;JIH 3tk(x): 

3tk (x) ~lo:' xllp'-k ( 1-+ t 1. 

H'.poMe aToro, 3a C'leT oqeIIOK M. l\L B11IIorpa11oaa Tp11ro
II0MeTp111I. cyMM c n. 'l. (CM. Bu11,oepaiJuea .M.emoiJ) J:\OKa3aJio 
npyeoeu.M Memooo.M (CM. [ 13)), qTo ecJIII noJioJRIITb 

f (.x) = 2 II P > 2 ( 1- (p~ 1)•) ~: 10::' u ' 

TO npn JIJ06hlx qrnKCHpoaaIIIIhlX A >1, M >O 

L1..;2k<xlog-Ax[nk(x)-f(x) IIP'-k.p>2~=~T ~ 
~x3 log-A-Mix. 



881 PACilPE,[l.EJIEHHE IlPOCThIX qIICEJI 882 
0TCIO/W, B'IaCTHOCTH, cJiep;yeT, 'ITO rrpHX=x log-Ax AJIH L(s, X), nMeeT BHJ:t 
ecex 1 <.k <.X, ncKJIIO'IaH He 6oJiee X log-Mx 113 1mx, 
:rtk(x) 11MeeT ac11MrrToT11'I. Bb1pameHne B snp;e 

:rtk (x) - 2 JJP > 2 ( 1-(p-\2) X 

x log~ x IIp,k. p > 2 :=: · 
AHaJiorl!'IHble pe3YJibTaTbJ IIOJIY'IeHbl AJIH Cl!CTeM II. 'I. 
p, p+u1, .. , p+um rrp11 JII06oM m;;?1. 

IlpocT1>1e 'IHCJia apmpMeTH'IeCKOii rrporpeCCHll. IlepBbIH 
crroco6 (EBKJI11p;a) AOKa3aTeJibCTBa 6ecK-OHe'IHOCTll 'Il!CJia 
11. q. MOJRHo rrepeHeCT11 n Ha HeK-phle apmpMeT11'I. rrporpec
c1111. Ho AOKa3aTb TaK11M rryTeM, 'ITO B Kamp;oii apmpMeT11'I. 
rrporpecc1111 dn+ l, rrepehlii 'IJieH K-poii. l 11 pa3HOCTh d 
B3an~rno rrpOCTbl, cop;epIBHTCH 6ecKOH0'IHO MHOro II. 'I., 
IW c11x rrop (1983) He yp;aJIOCb. 3ap;a'ly p;pymM MeTop;oM 
pennm Il . .IJ:11pnxJie (P. Dirichlet, 1837-40), pacrrpo-

cTpaH11B 11/1,eIO JI. 8ii.Jiepa 0 TOM, 'ITO ~1/p" - 00 rrpII 
s-+ 1 +o Ha rr. 'I. p=l (mod d) . .IJ:JI.11 :noro oH BBeJI apmp
MeT11'I «PYHRIJ;IIII = xapaKTepbl x= X (n, d) (cM. /J. upux.tte 
xapanmep) 11 «PYHKIJ;IIII L (s, X) (cM. !f.upux.tte L-ifJyn1>ifU!t), 
KOTOphle rrop;o6Ho «PYHKIVfll ~ (s) AJIH :rt (x), 1jJ (x) CJiymaT 
B Ka'IeCTBe OCHOBHOro arrrrapaTa ll3y'IeHllH «PYHKIJ;llll 
:rt (x; d, l) II ee aHaJiora 

'I' (x; d, l) =~n< x, n = l (mod d) A (n). 
B cJiyqae «PIIKCIIposaHHoro 3Ha'IeH11H d, 1-:s;.l .:s;.d, (l, d) = 1, 
6oJiblilllHCTBO pe3yJihTaToB, yKa3aHHhIX Bhllile AJIH :rt (.r) 
n 1jJ (x), rrepeHeceHhl 11 Ha «PYHKIJ;llll :rt (x; d, l) II 1jJ (x; d, l). 
Op;HaKo oco6blii. IIHTepec 3p;ech rrpep;cTaBJIHIOT pe3yJihTaTbI 
AJIH paCTYl!J;llX BMeCTe c x 3Ha'IeHl!II d, K-pbie BaJRHbl B a1i;
Al!TllBHOH TeopIIH 'IIICeJI II pHp;e p;pyr11x 3ap;a'I. B TaKOM 
cJiy'Iae B03HIIKaIOT 3Ha'IIITeJibHhie p;orroJIHl!TeJibHhie TPY1J;
HocT11, CBH3aHHbie rrpemp;e BCero c OIJ;CHKOii BCJlll'Il!Hbl 
d - Ha1160JILrnero p;eii.cTBHTeJibHoro HYJIH «PYHIHJ;llll L (s,x) 
no mod d. Il p11 noMorri;n II eii8J1Ca meope.1t p;oKa3aHo, 'ITO 
p;JIH 1<.d<.(log x)2-e, O<e<i/ 2 , 

\)' (x; d, l) =,P 7d) + O(x exp (-a logE/ 3 x)), 

a BCJieACTBlle ori;eHKll K. 311reJIH (IC Siegel, 1935) AJIH 
mo6oro .iP11Rc11posaHHoro A >1 rrpII 1 <.d<.logAx 

1jJ (x; d, l) ='P 7d) +o (x exp (-c1 flOg x)), 

rp;e qi (d) = «PYHKIJ;l!H 8ii.Jiepa, a = IIOJIOJRl!TeJibHaH 110-
CTOHHHaH, C1=c1(A) = He::i«P«PeKTl!BHaH IIOCTOHHHaH >O, 
TO eCTb Ci He MOJI\eT 6J,JTb Bbl'Il!CJieHa no 3ap;aHHOMY A . 

EcJI11 crrpasep;JI11Ba pacrn11peHHaH Pu.Mana zunomeaa, TO 
AJIH d<.x 

'ljJ(a·; d, l)='P 7d)+o(Vxlog2x). 

TaK11M o6pa3oM, K 1983 p;oKa3aHo, 'ITO rr. 'I. pasHoMeprro 
pacrrpep;eJieBhI no sceM qi (d) rrporpeccHHM 1<.l<.d, (l, d)= 
=1, pa3HOCT11 d Jilllilb rrp11 d<.logAx. 1ITo me KacaeTcH 
oTpe3KOB rrporpecc11ii. dn+ l .:s;.x pa3HOCT11, Harrp. d= xe c 
KaKl!M 6hI TO Hll 6LIJIO IIOCTOHHHbIM e >O. TO 113 rrpep;hIAY
l!J;ero He cJiep;yeT p;ame, 'ITO TaI\aH rrporpecc11H cop;epm11T 
XOTH 6bl OAHO II. 'I. 

MeTOA perneTa EpyHa, KaK 11 ero MOA11«P11Hari;11.11, rrpeA
JiomeHrraH A. CeJih6eproM B 1947, rroKa3hIBaeT, 'ITO AJIH 
Bcex 1<.d<x, 1-:s;.l.:s;.d, (l, d)=1, l!MeeT MeCTO HepaeeHCTBO 
csepxy 

:rt (x; d, l) ~ x x , 
<p (d) log d 

c a6coJIIOTHOii KOHCTaHToii <':, HO HHI\aKl!X OIJ;eHOK cmrny 
AJIH 1t (x; d, l) ::JTll MeTOAbl p;aTL He MoryT. 

Bb!palHemrn AJIH ljJ (x; d, l) no np11Hri;1111y P11~iaHa 'Iepe3 
HyJI11 p= B+ iy, Jiemaui;ne B noJioce 0 <.a .:s;.1 «PYHKIJ;llii 

• 1jl (x) 
1jJ (x, d, l) = cp (d) -

1 ( ""1' - l ""1 xP i (I) xrL ) 
=<p(d) ""xX()""1vJ<Tp+ rL +R, (8) 

rp;e lilTpl!X y CYMMbl = 3HaK cyMMllpOBaHl!H 110 KOMIIJieKC
HblM x mod d, a - 1J;eilcTB11TeJihHh1ii HYJih «PYHKIJ;llll 
L (s, X), eCJIH OH Cyl!J;eCTByeT 11 60Jiblile 1-Co/log d, 

R~xT-ilog2 dx+x 1 ! 4 logx, 

T - JI106oe :;;.2. 
Ifa (8) Bl!AHO, eCJill He C'Il!TaTb CJiaraeMoro, OTBe'IaJO

IIJ;ero a, 'ITO OCTaTO'IHblll 'IJieH aCl!MllTOTl!Kll 1jJ (x; d, l) 
orrpep;eJIHeTCH BeJill'Il!HOH ABOllHOll cyMMbl, 3aBl!CHl!J;eH 11 OT 
p;eMCTBl!TeJibHOH qacTl! HyJieii. p 11 OT KOJlll'IeCTBa BCeX 
L (s, X) c X mod d, 11MeIOIIJ;l!X HYJIH p c Re p= B. EcJI11 AJIH 
0,5 <.a <.1 'Iepe3 N (a, T, X) o6o3Ha'IHTh 'Il!CJIO HyJieii. 
«PYHKIJ;llll L (s, X) B rrp.11MoyroJibHl!Ke: a.:s;.Re s<.1, ltl <.T, 
TO B011p0Cbl OIJ;eHKll OCTaTO'IHOro 'IJieHa IJ;JIH 1jJ (x; d, l) 
11 ero cpep;Hero 3Ha'IeHl!H CBOAHTCH K BonpocaM OIJ;eHKll 
rrJIOTHOCTll pacrrpe,[teJieHHH HYJieii. L-«PYHKIJ;11ii. B Bll,D;e 

Ni=~~ mod d N (a, T, X), ) 

N = ~ ~· N (a T ) J} 
2 - .,;...id<D""xmodd ' '')( · 

(9) 

TaK11M o6pa30M, rroHHIBeH11e pa3Horo poll;a ori;eHoK IJ;JIH 
II. 'I. CBH3b!BaeTCH He TOJlbKO c OTCYTCTBHeM HyJieM L (s, ')() 
B Kpl!Tll'I. llOJIOCe, HO 11 c cpaBHl!TeJihHO pe!J;KllM l!X pac
rrpep;eJieHlleM 3p;ech. 

PeaJI113ari;11H ::iToil 111J;e11 6L1Jia op;H11M 113 ri;eHTpaJibHhlX 
HarrpaBJieHllM l!CCJieAOBaHllll p. II. 'I. IIOCJiep;Hl!X 40 JieT. 
Ha'IaJio rroJiom11JI 10. B. J111HHl!K OTKpbITlleM B 1941 MeTo
p;a 60.ttbuwzo pemema (cM. (22), a TaKIBe [ 14), [ 15], (24)). 
Oco6o BaIBHb!Mll HBJIHIOTCH TeopeMLI 0 Hal!MeHblileM II. q. 
B ap11.iPMeTH'IeCKOH rrporpecc1111, 0 IIOBep;eHllll 1t (x; d, l) ll 
1jJ (x; d, l) B cpep;HeM no d<.D 11 0 ABOMHOM ycpell;HeHllll 
::JTl!X «PYIIKIJ;l!H no 1-:s;.l.:s;.d, (l, d)=1, 11 d<.D. 

llMeHHO, B 1944 10. B. J111HHl!K (23) IIOKa3aJI, 'ITO rrp11 
d-+ oo cyMMa Ni B (9) 11MeeT ori;eaKy <":da(i - cr>, rp;e a -
IIOCTOHHHaH; OTCIOp;a OH BLIBeJI CY11J;eCTBOBaH11e IIOCTOHH
HOM c TaKoii., 'ITO JI106a.11 ap11.iPMeT11'I. rrporpecc11.11 dn+ l, rp;e 
1.:s;_l.:s;_d, (l, d)=1, COp;epIBl!T II. 'I., MeHblilee d<', IlOCJiell;
HHH K 1983 ori;eHKa IIOCTOHHHOH J111HH11Ka l!MeeT Blip; 
c=17; a ecJI11 sepHa IIJIOTHOCTHaH r11rr0Te3a: Ni< 
<":(dT)2(1-0'+E), TO c=2+e. 

B 1965 A. ll. B11Horpap;oB 11 8. EoM6bep11 He3as11c11Mo 
rroJiy'I11JI11 Cl!JihHhle ori;eHKll cyMM N 2 113 (9). EoJiee cosep
rneHCTBOBaHHhlii. MeTOA ori;emrn ::JTl!X cyMM pa3pa6oTaJI 
r. MoHTroMep11 (H. Montgomery, 1969). Op;Hl!M 113 CJiell;
CTBllll ori;eHOK N 2 HBJIHeTCH CJieAYIOIIJ;llll pe3YJibTaT 0 
P. 11. 'I. B apmpMeTH'I. rrporpecc11Hx B cpep;HeM: 

~ 8 max max / '1' (y; d, 
d< Jlxlog- x u<x (l, d)=i 

I)- <p~d) 1~ 

~ x log-Ax, 

~ _ _ 8 max max / n (y; 
.,;...id< JI x log x Y < x (I, d) = i 

d, l)- ~\~) 1~ 

~xlog-Ax, 

rrp11 JII06oM IIOCTOHHHOM A ll B=A+7!2. 8Tll ori;eHKll cy
ui;ecTBeHHO YCllJil!Tb yme HeJib3H, T. K. 113 pacrn11peHHOH 
r11rr0Te3LI Pu Ma Ha cJiep;yeT, 'ITO B =A+ 2. 

.IJ:pyr11e sonpochl pacrrpep;eJiemrn rrpocThlX q11ceJI. IlycTb 
Jtv(x; d, l) eCTb KOJlll'IeCTBO 'Il!CeJI Bllll;a dn+l<.x, K-phle 
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HBJIHIOTCH rrpOH3BeAeIIHeM IIpOCTblX v 1n:1ceJI x 
(H. Richert, 1953) IJ,OKaaaJI, qTO 

nv(x; d, l) = 

P ACIJPE)lEJIEH HE 884 

PnxepT IlepBhie peayJihTaTbl o pacrrpeAeJiemm cTerreHHblX Bbl
qeroe 6bIJm IIOJiyqeHbl e~e h. rayccoM (C. Gauss, CM. [1]) 
B 1796. C Toro epeMerrn n AO pa6oT 11. M. BnHorpaAOBa 

\ ~,r(.>.) ~iv-1 ('x logh logu 1 

=cp(d) ~m=O~h=OAv(h, m, d) j2 logm+•u du-r-

+o( (- ( )))-j-(J ( 1-1/bdelogV-ldJogV-lJogx) 
x exp r x \ x Cf! (d) log x 

rAe r(x)=cYlogx, c?:20, b=b(c), c>O, A (h, m, d) 
oIIpeAeJIHeTcH PHAa~m, aaeHcH~HMH oT h, m, d H v 

8. JiarrAay (E. Landau, 1903-1918) rreperrec rreK-phle 
peayJibTaTbl p. II. q rra aJire6paH'!eCKl'le '!IICJIOBble IIOJIH. 
II yen, K - aJire6paH'!eCKoe '!IICJioeoe IIOJie n-11 cTeIIerrn, 
n (x; K) - eCTh 'IHCJio rrpocTb1x HAeaJioe c rropMorr ...;x 
B K. TorAa 

n (x, K) =Ii x 1 0 ( x exp ( - Ven Vlog x)) , 

c - a6coJIIOTIIaH IlOJIOiKIITeJibIIaH IIOCTOHIIIIaH, 

n(x)-lix=±Q 1
11-;: logloglogx, 
ogx 

r,1w Q - OTPIIIl,aHHe CIIMBOJia 0 (MaJioe). 
Mrroro Il3y'!aJiacb ljiyIIKIJ,IIH F (x, y), 06osrra1rn10~aH 

qIICJIO HaTypaJibHblX qnceJI ...;x, He COAepma~HX IIpOCTbIX 

AeJIHTeJieii, MeIIhIIIHX y. )J;JIH y=x1is, 1;=1;,(x)~ oo IIpH 
x ~ 00, TaKne qilcJia Ha3 K B a 3 H II p 0 c T bl M II 
q II c JI a M H. MeTO/l,OM peIIIeTa AJIH ::ITHX qI1ceJI rroJiyqerra 
p;ocTaToqrro IIOJIHaH TeopIIH rrx pacrrpeAeJieHIIH, arraJiorHq
HaH OiKIIAaeMoii TeopHH P. rr. q_ PaccMaTpneaJioCb raKIBe 
pacrrpeAeJrerrne qrrceJI c MaJihIMII rrpocTbIMH AeJIIITeJIHMH 
(cM. (25]). 

Jlum.: [1] a ii JI e p JI., BBe)1eHlrn B arramrn 6ec1wrreqHbIX, 
nep. c JiaT1rn., 2 uaµ;., T. 1, M., 1961; [2] q e 5 hi ill e B TI. JI., 
Ha6p. MaTCM. TPYAhl, M.- JI., 191,6; [3] p If Ma H B., Coq., nep. 
c HeM., M.- JI., 191,8;,[t,] H Hr a MA. E., PacITpegeJierrae npoc
Tb!X quceJr, nep. c aarJI., M.- JI., 1936; [5] B H Hor pa
A 0 B M M.' Ma6p. TPYAbl, M., 1952; [6] er 0 m e «H3B. AH 
CCCP. Cep. MaTeM.>>, 1958, T. 22, No 2, c. 161-64; [7l er 0 me, 
MeTOA TpnroH0MeTpnqec1mx CYMM B Teopuu quceJI, M., 1971; [8] 
Tu T q Map ill E., Teopmr 11aeTa-ljiymn-1un PnMaHa, nep. c aHrJI , 
M., 1953; [9] TI pa x a p I\., PacnpegeJierrue ITPOCThIX quceJI, ITep. 
c HeM., M., 1967; [10] Kap au>'. 5 a A. A., OcHOBbI aHaJIHTH
'ICCiwii Teopnn quceJI, M., 1975; [11J X ya JI o-R e H, MeTOATpn
roHOMeTpuqecRux cyMM u ero ITpuMeHeHHJI B Teopuu quceJI, nep. c 
HCM., M., 1964; [12] q y n a R 0 B H. r., BBe)1eHHe B Teopmo L
<i>YHRI(Hl! ,UupuxJie, M.- JI., 1947; [13] JI a a p u R A. <I>. «Tp. 
MaTeM. HH-Ta AH CCCP», 1961, T. 64, c. 90-125; [14] .u a Be H
n 0 p T r .. MyJibTHITJIHRaTHBHaff Teopua qnceJI, ITep. c aHrJI., M., 
1971; [15] Mo HT r o Me p n r., MyJihTHIIJIHRaTuarra11 TeopuR 
'IHCeJI, ITep. c arrm., M., 1974; [16] Se Iberg A., «Ann. Math.», 
1949, v. 50, p. 305-13; [17] Er d 6 s P., «Proc. Nat. Acad. Sci. 
USA», 1949, v. 35, p. 371-84; [18] JI a B pH R A. <1>. (06aopHblll 
AORJiaA MemgyHapOAHOH ROH!jiepeHl{HH ITO Teopuu quceJI, M., 1981); 
[19] Di am on d H. G., Stein i g J., «Invent. Math.», 1970, 
v. 11, p. 199-258; [20] JI a B p H I< A. <I>., c 0 6 If p 0 B A. m., 
«.UORJI AH CCCP», 1973, T. 211, J'.'12 3, c. 534-36; [21] R 0 s s er B., 
«Proc. London math. Soc.», 1ll39, v. 45 (2), p. 21-44; [22] JI 11 H
H u R 10. B, «,UORJI. AH CCCP», 1941, T. 30, N2 4, c. 290-92; 
[23] e ro me, «MaTeM. c6.», 19'14, T. 15, c. 139-78: [24] JI a B
P If RA. <I>., «YCITeXH MaTeM. HayR», 1980, T. 35, B. 2, c. 55-65; 
125] Halberstam H., Richert H.E., Sieve Methods, 
L.- [etc], 197 4. A. <P. Jiaepun. 

PACIIPE)l;EJIEHIIE CTEIIEHHblX BblqETOB II HE
BblqETOB - pacrrpeAeJieHile cpeAH qI1ceJI 1, 2,. •. , 
m-1 Tex aHaqeHIIH x, AJIH K-pbIX cpaaHeHile 

y"=x (mod m), 

n >1 - u,eJioe, pa3peruHMo (rrepa3pcmrrMo). B aonpocax, 
CBiI3aHHblX c p. c. B. II H., HaI160Jiee llOJIHO H3Y'!0H CJiyqaf1 
apocroro MOAYJIH p. IlycTb q=(n, p-1). TorAa cpaarrerrile 

y"=x (mod p) paapeIIIHMO rrpII p - 1 3HaqeHHHX x Il3 MHO-
q 

iKeCTBa 1, 2, ... , p-1 H rrepa3pemnMo rrpn ocTaJibIIhIX 

(q-1) p-l srraqemrnx x (c~1. !{ey'lMHnoe cpae11enue). 
q 

0AHaKo cpaBBHTeJihHO IIeMIIOl'O Il3BeCTIIO 0 TOM, KaK pac
ITOJIOiKeIIbl <JTH arraqeHHH cpeAII qIICeJI 1, 2,. . ., p-1. 

B BOrrpocax 0 P. c. B. H II. 6b!JIH rroJiyqerrw JIHIIIb OTAeJib-
Hbie qacTIIhle peayJihTaThl. B 1915 M. !\(. B1rnorpaAOB 
(cM. [2]) AOKaaaJI PHA o6~nx peayJihTaToB o pacrrpeAeJie
IIHH CTerreIIIIblX BbJqeTOB II IIeBblqeTOB, a TaKJI\e nepeoo6-
paanbix r;opueii rro MOAYJIIO p cpeAM '!HCeJI 1, 2,. .. , p. 
B qacTrrocTH, HM 6MJia rroJiyqerra oIJ,eHirn 

1 

., 2 Ve (1 )2 "min< P np 

AJIH Hail~IeHhIIIero 

ou;errKa 

N~;n..;;;22k Jfp lnp, 

Nmin n 

r;:1e k - qncJio paaJIHqHbIX rrpoCThlX AeJIHTeJieil: p-1, AJIH 

rraIIMeIIhIIIero rrepaoo6paarroro KoprrH N~in rro npocToMy 
MOAYJIIO p. KpoMe Toro, 11. M. BIIHorpaAOBhIM 6b!JI Bbl
cKaaarr PHA rHITOT03 o pacrrpeAeJieHHH KBaAparHqrrblx BhI
'IeTOB II rreahlqeTOB (cM. Bunoapaaoea eunomeab!), CTHMYJUl
poaaenrnx PHA HCCJieAOBarrilii: B aroii o6JiaCTH. TaK, 
IO. B. JlHIIHIIK (3] AOKaaaJI, qTO npH AOCTaToqrro ooJihIIIOM 
N rra orpe3Ke (Ne, N] KOJIIlqecTBO rrpocThlX •mceJI p, AJIH 
K-pblx N min >pe , He rrpeBOCXOAHT HeK-poii KOHCTaHThl 
C (E), aaeIICH~eii JIIIIIIh OT E >O. Tamu1 06paao~1, rrpocTble 
qilcJia p, AJIH K-pbIX N min >pe , ecJIH TOJlhKO orrn cy~ecT
BYIOT, BCTpeqaroTCH oqerrh peAKO. )];pyril~I cy~eCTBeIIIIbIM 
IIIaroM B IICCJieAoBaIIIIII rI1rroTea BrrrrorpaAoBa nanJiacb 
TeopeMa ,LI,. BiipAIBecca [ 4]: AJIH moooro ljJHKCHpOBaIIHOro 
CKOJ!b yrOAIIO MaJJoro t5 >0 Mal\CIIMaJlhIIOe paCCTOHHHe 
d (p) MeiKAY COCeAIIIIMH KBa;o;paTnqHbIMII HeBhlqeTa.l\111 YAOB· 
JieTBOpHeT rrepaBeHCTBY 

2-+o 
d (p),,;;;; A ('5) p 4 

qacTIIOCTH, CJieAyeT Oil,eHKa 
1 

--y=-+6 
Nmin<B(t5)p 4 e 

B <JTl!X HepaaeHCTBax KOHCTaHThI A (ll), B ('5) aaancHT 
TOJlbKO OT t5 H He aaBIICHT OT p. )];mrnaaTeJibCTBO TeopeMh! 
BiipAIBecca, CJJOiKHOe ca~!O no ce6e, OCHOBbIBaJJOCb Ha TeO
peMe Xacce - BeiiJIH o '!HCJie peIIICHilii nmepaJIJIHITTHq, 
cpaBHCHHH 

y2 - f (x) (mod p), 

AOKaaaTeJI:hCTBO K-poii Tpe6oeaJio npHBJieqeHHH arraapaTa 
a6cTpaKTHoii aJire6panq, reoMeTpI111. IlpocToii: BhIBOA Teo
peMhI BiipAIBecca cM. B [5], [6]. 

JI um.: [1] r a y c c K. <I>., Tpy)1bl ITO TCOJJl!ll 'IHCCJI, nep. c 
HeM., M., 1959; [2] B If H 0 r pa A 0 B ll. M., Ha6paHHblC TPYAbI, 
M., 1952' [3] JI H H H H H IO. B., «Ilo1<;1. AH CCCP», 1942, T. 36 
c. 131; [4] B c rd g cs s D., «Mathematilrn», 1957, v. 4, No 8: 
p. 106-12; [5] c Te II a H 0 B c. A., «Tp. MaTCM. HH-Ta AH CCCP», 
1973, T. 132, c. 237-46; [6] Kap a J~ y 6 a A. A., «.UOI<JJ. AH 
CCCP», 1968, T. 180, M 6, c. 1287-89. C. A. CmenattoB. 

PACIIPE)l;EJIEHIIA: IIOJIHOE CEMEllCTBO - ce-
MeiicTao aepoHTIIOCTHhIX Mep {Ps , 8 E E>clRk }, aaAarrrroe 
Ha ll3M0PIIMOM upocTpaHCTBe (!, l!'I), AJIH K-poro eAHHCT
BeHHofr HCCMe~eHHoii Oil,eHKOH HyJIH B KJiacce lS-H3Mepia
MblX ljiyHKU,IIH Ha a: HBJIHeTCH ljiyHKI~HH, TOiKAeCTBeHHO 
paaHaH rryJI10, T. e. AJIH J1106oii iB-Il3MepI1Moii iJiyrrKII;HH 
f ( · ), orrpeAeJieHHoii Ha I II YAOBJieTBopHIO~eii: cooTrro
IIIeHIIIO 

\ f (x) dP 8 (x) = 0 AJIH mo6oro 8 E e, .ix 
CJICAYCT, qTO f (x)=O. Harrp., aKcrroHeHn;IlaJibHoe ceMeiicTBO 
pacrrpeAeJieIIIlii HBJIHeTCH ITOJIIIblM. E CJIII COOTIIOIIIeHHe 
(,;,) Bb!IlOJIIIHeTCH rrpII AOITOJIIIIITeJihHOM rrpeAITOJIOiKeHIIH 
06 orparruqeIIIIOCTH ljiyHKIJ,HH f (x), TO ceMeiiCTBO {Pe ' 
8E8} rra:i. orparrHqerrrro rroJirrblM. Orpami:
qeHHo IlOJIHhle CeMeHCTBa pacrrpeAeJJeIIIIH AOCTaTQqrrb!X 
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CTa1'HCTim HrparoT aamny10 poJib a MaTeMaTH'I. cTaTHCTH- =(oA)E ). EcJIH S=IRk H pacnpep;eJierrHe P a6coJIIOTHo 
Ke, B '!aCTIIOCTII n aap;aqe nocTpoemui nooo6nbix r;pumepuee, Henpephrnrro no Mepe Jle6era, TO Pn-==>P Torp;a H TOJibKO 
06Jiap;a10nv1x HeiiJttana cmpyr;mypoii. Torp:a, 1wrp;a P n(A) -+ P (A) paaHoMeprro no aceM 6ope-

Jlum.: [1) JI ll H H ll l( IO. B., CTaTHCTH'lecm1e 3aj.\aq11 c Merna- JieBCKIUI BhlnYKJibIM MIIOIBeCTBaM A. 
IOUjHMll rrapaMeTpaMH, M., 1906; [2) JI e Ma H 3., Ilponep«a CTa- llyCTb Pn, p - pacnpep;eJieHHH Ha MCTpll'I. npoCTparr-
TllCTJiqecHHX r11rr0Tca, nep. c aHr.JJ., 2 11s1.1., M., 1979. P 

M. c. Huny.llU'/l, CTBe s, p n=>P ll h - HenpepbIBHOe -nO'ITll BCIOAY II3-
PACIIPEAEJIEHU:ll CXOAIIMOCTb - B ocrroarroM MepHMOe 0T06pame1rne S B MeTp11q, npocTparrcTBO S'; 

cJia6aH cxo,i:i;nMoCTh II cxop;11MoCTb no aapnau,IIII, onpep;e- Torp;a P nh-1 ;> Ph- 1, rp;e l'(JIH mo6oro pacnpep;eJieH:lrn Q 
JUieMble CJieAYIOIIl,IIM o6paaoM. IlocJiep;oaaTeJibIIOCTb pac- rra S pacnpep;eJierr11e Qh - 1 ecTb ero h-o6paa rra S': 
npep;eJieIIIIll (BepoHTIIOCTIIblX Mep) {Pn} rra 6opeJieBCKllX Qh-1 (A)= Q (h-1 (A)) 
MIIOllieCTBax MOTpll'I. npocTpaHCTBa s rraa. c JI a 6 0 
c x o A H Ill, e ii: c H K pacnpep;eJierr1110 P, ecJI11 

lim 5 f dP n = \ f dP 
n S .,, S 

AJIH JI106orr p;eiicTBnTeJibHOM orparr11qerrrroil HenpephlBrron 
dJymm,Mll f Ha s. CJia6aH CXO)l;llMOCTb HBJIHeTCH OCIIOBIIbIM 
TllnOM CXO)l;IIMOCTII, paccMaTpHBaeMWM B TeOpHH BepoHT
HOCTeii. 06oarra'IaIOT ee o6hlqrro 3rra1wM ;>. CJiep;yIOIIl,He 
YCJIOBIIH paBIIOCllJibIIbl CJJa6oli CXO)l;IIMOCTII: 

1) COOTIIOilleII11e (*) BblnOJIIIHeTCH )l;JIH JII06oil orparrn
'lerrrroii paBHOMeprro rreupepbIBIIOii p;eiiCTBIIT0JibHOll «PYIIK
Il,IIII f; 

2) COOTIIOllieHIIO (*) BblIIOJIIIHeTCH )l;JIH mo6oii orpaH11qerr
noii rre11pephrnrrm'J P-no'ITH BCIOAY p;eiicTBllTeJihIIoii «PYIIK
Il,HII f; 

3) lim P n (F) ,,.;;;; P (F) 
n 

)'\JIH JJI06oro 3iJ.MRHYTOro 

4) lim P n (G) '?;! P (G) 
n 

~momecTBa FcS; 

)'(JIH JI106oro OTRpbIToro MHomecTBa Ge S; 
5) lim Pn (A)= P (A) 

n 
)l;JIH mo6oro 6opeJieBCKoro MrromecTBa Ac S TaRoro, '!To 
P (oA)=O, rp;e DA - rparrmi;a A; 

6) limp(Pn, P)=O, 
n 

rp;e p OCTb Jleeu - Ilpoxopona .'>!ernpur;a. 
IlycTb u - aaMRHyTr.IiI OTHOC1!TeJJbHO nopeCe'Iem1ii 

KJJaCc IlO)J,MIIOIBeCTB s TaKoii:, qro BCHIWe OTRpbITOe )!HO
meCTBO H3 s eCTb ROIIe'!HOe IIJIH C•IeTHOC 061,ep,nrreH11e 
MrromeCTB na U. Torp;a ecJin lim Pn(A)=P(A) npH acex 

n 
A EU, To P"-)P. EcJJH S=IRk n F,,, F - «PYHKI~n11 pac
npe11eJ1en1rn, OTneqaJOII~He pfl II p COOTBeTCTBeHHO, TO 
P,,~>P TOrp,a H TOJibRO TOrp;a, iwrp;a F,,(x)-+ F (x) 
n Ramp;oi"1 To•rne x rrenpepbIBHOCTn «PYHRU,llH F. 

IlyCTb 11pOCTpaHCTBO s cenapa6eJibIIO H ef - RJiacc 
orpaH11'1eHHbIX 6opeJieBCRllX p;e!JCTBHTCJibIIblX .iliy1mu,nii Ha 

S. J~mr Toro '1To6w ~ 5 /dP n-+ ~ /dP paaHoMepHo 110 f E (jf 
)l;JIH BCHROii nOCJI0iJ;OBaTeJibIIOCTII {P"} TaROii, 'ITO 
P n ';>P, rreo6xop;mrn n p;oCTaTO'IHO, 'IT06h1: 

a) sup w1 (S) < cp, 
f E F 

6) lim sup P ({x:w1 (Sx, 8) > 6}) =0, Vii> 0, 
et 0 t E(jf 

rp;e 

w1 (A)=sup{lf(x)-f(y)\, x, YEA}, 

n rp;e Sx, 8 - OTKpbtTbllJ rnap pap;nyca e c u,eHTpoM Bx. 
ECJill KJJaCC (jf o6pa30BaH HH)l;IIKaTopaMll MHomeCTB H3 
HeK-poro KJJacca E, TO yCJJOBllH a) H 6) CBO)l;HTCH j{ yCJIOBHIO 

rp;e 

lim supp (AE"'A-E)=O, 
ej,OAEE 

AB = U x E ASX, 8 ,A- 8 = S"-,(S"'A) 8 

(Korp;a BCHKHii oTKpb!Thlii rna p a S ca.11aeH, A e ""A -e = 

)J;JI.H JI106oro 6opeJJeBcKoro A ES'. 
CeMeiicTBO pacnpe)J;eJieHHM :!? rra S Haa. c JI a 6 o 

0 T H 0 c H T e JI b H 0 K 0 M II a I{ T H bl M, eCJIH BCHKaH 
nocJiep;oaaTeJibIIOCTh ero aJieMeHTOB cop;epIBHT cJia6o cxo
AHIIl,yIOcH nop;rrocJie1waaTeJibHOCTb. y CJIOBlle CJia6o:ii OTHO
CllTeJibIIOii KOM:naKTHOCTll p;aeT TeopeMa Ilpoxopoaa. Ce
MeiicTBO fP rraa. 11 JI 0 T H bl M, eCJIII Ve >O Cylll,eCTByeT 
KoMnaKT KcS TaKoii:, 'ITO P(k)>1-e VPE::J'. Teo
p e M a II p 0 x 0 p 0 B a: ecJ111 :!? II JI OTHO, TO OHO OTHO
CllTeJibHO KOMllaKTHO, a ecJIH s cerrapa6eJibHO II noJJHO, 
TO CJia6a.H OTHOCIITeJibIIaH KoMrraKTHOCTb :!? BJieqeT ero 
IIJIOTIIOCTh. B cJiyqae, Korp;a S=IR", ceMei'1cTBo pacrrpe
p;eJierr11ii :Y" CJJa6o OTHOCllT0JibHO KOMII3RTIIO Torp;a II TOJ!b
KO TOrp;a, Rorp;a COOTBeTCTBYIO~ee :!? CeMeiiCTBO xapaKTe
p11CT11q. «PYIIRIJ;Hll paBHOCTeneHIIO HenpepbIBHO B HyJJe. 

IlyCTb Teneph P,,, P - pacnpep;eJieHIIH rra 11aMep11MoM 
11pocTparrcrae (X, A), rp;e A eCTb a-aJire6pa. Ilop; c x o
A II l\I 0 c T b IO II 0 B a p II a u. II H p n R p IIOHJ!MaIOT 
paBHOMepHy10 CXO!(HMOCTb no BCeM ~momeCTBaM 113 A mrn, 
qro paBHOCllJibHo, CTpeMJie1111e aap11au,111I 

\ Pn-P \ =(P,,-P)+ + (Pn-P)-

K 11yJI10; 3)J;0Cb (P n-P) + II (P n-P)- - ROMnOHeHThl 
paaJiomeHIIH lliopp;ana - Xana 06061Il,eHnon Mephl Pn-P. 

JI um.: (1) Ij 11 JI JI 11 H r c JI 11 II., Cxol.\HMOCTb BepOHTHOCTHbIX 
Mep, rrep. c aHrJI., M.' 1977; [2) JI 0 s B M.' TeopnH BPPOHTHOCTetl, 
rrep.caHrJI., M .. 1962; [3) BxaTTa'laPHfl P.H., P. Pa H
r a P a o, Anrrpo«CHMallHII HOp!WaJlbHbIM pacnpe11e.rieH>1eM 11 ac11M
TITOT1I'lec«He paaJ1omenn11, rrep. aHrJ1., 1982. B. B. CaamoB. 

PACIIPE,JJ;EJIEHU:ll TIIII - coaoRynnocTh pacnpep;e
JJennii BepOHTHOCTeii CJiyqaJ°IHbIX BeJIH'lllH, IIOJJY'laeMhlX 
op;na u3 p;pyroli KaRn~I-JIH6o JI11nei"mhlM rrpeo6paaoaan1IeM. 
Toqnoe orrpe)J;eJ1eH11e B op;noMepHoM CJJyqae TaRoao: pac
rrpep;eJieHnH BepOHTHOCTeii CJiyqaiiHhlX B0JIH'llIH x 1 H x 2 

Ha3b!BaIOT 0 A II 0 T II II H bl Mn, ecJrn cylll,eCTBYIOT IlOCTO
HlIHble A 11 B >O TaR11e, qro pacnpel(eJ1eH11H ae.TJHq11n X 2 ll 

BX 1 +A coa11ap;amT. CooTBeTcrnyrou~ue iflyHRu;m1 pac11pe
p,eJieH11H CBH3aHbl npn aTOM COOTHOilleHneM 

F 2 (x) =Fi ( x~A) =}\ (bx+a), 

rp;e b=1/B n a=-AIB. 
TaR11M o6pa3mt, MHomecTBo «PYHRU,llii pacrrpep;eJJeRIIJI 

paa6irnaeTCH Ha norrapHo HenepeceRaIOIIl,HeCH THllbl. IlplI 
<JTOM, Hanp., BCe HOpMaJibHMe pacnpep;eJieHllH 06paay10T 
Op;IIH THn, ace paanoMepHbie pacrrpe1wJ1eH1IH TaRa•e 06pa
ay10T 0,[\llH Tlln. 

IlOHHTHe TllIIa IllllpOKO 11CnOJib3yeTC.H B npeiJe.llbll,b!X meo
peJttax Teop1111 aepoHTHOCTeii. Pacrrpep;eJ1err11e cyMM Sn 
He3aBllCHMhlX CJJyqaii:HbIX B0JllI'lllH 'laCTO «Heorparr1IqeH
HO pacnJibIBaIOTCH» npn n - 00 II CXO)l;llMOCTb K rrpe
p;eJJbHOMY pacrrpep;eJieHlllO (HanpHMep, K HOpMaJJbHOMY) 
OKa3hJBaeTCH B03MOJRHOH TOJlbKO IIOCJle JIHHeiiHoii <<HOpMn-

Sn - an 
pOBRll», T. e. )l;Jl.H cyMM--b-,,-, rp;e an ll b,,>O - He1•-pb!e 

HOHCTaHTbl, bn-+ 00 np11 n - 00. IlpH <JTOM eCJIH )J;Jl.H Ka
KIIX-JI1160 cJiy'laiiHwx BeJ111•mH X,, pacnpep;eJJemrn aeJin-

){ u - an X11-a~ 
'lllH --b-- II --,- CXO)l;HTCH K HeBblpomp;eHHbIM npe-

/l un 
p;eJJbHblM pacnpop,eJJeHHHM. TO <JTH IIOCJie)J,HHe o6H3aTeJibHO 
O)l;HOTIIOHhl. IloaTOMY MO/KHO )J;aTb CJie,ityIOIIl,ee orrpe,iteJie-
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H:lrn CXO):\l'IMOCTH THIIOB (A. H. XHH'IHB, 1938). IlyCTb pe~rn, AOIIYCKaIO~aH reollleTpn'I. HBTeprrpeTaD,HIO xapaH-
T (F) - Tnrr, :H-poMy rrpnBaAJieIBIIT qiyHKIJ,HH pacnpeAe- TepI!CTI!KII T (r, /). IlyCTb Fr o6o3HatJaeT 'laCTb pnMaHOBOll 
JieHHH F (n3 iWJibHellinero 113JioJReH1rn HCHJIIO'laeTCR Bbl- rroBepXHOCTH f (z), cooTBeTCTBYIO~ei'1 Kpyry {lzl .,,;;.r }, a 
p.O)l{AeHHblll Tllll - Tim, K-poMy rrp11HaAJieJRaT Bb!pOIBAeH- :n:A (r, /) - cqiep11'l. rrJio~ap;b rroBepXHOCTH F,, TOrAa 
Hb!e pacrrpep;eJieHI!H). fOBOpHT, 'ITO rrOCJieAOBaTeJibHOCTb 
TIIIIOB T n CXOAIITCH K T11rry T, ecm1 cyrn;ecTByeT nocJieAO- T (r, f) = ~ ~ A (s,f) d Ins+ 0 (1) 
BaTeJibHOCTh qiyHKil,llll pacrrpeAeJieHHH F n E Tm CXOAH~aH
CH ( cJia6o) K qiyHK11,1111 pacnpeAeJieHIIH FE T. TorroJior11311-
poBaHHOe TaHIIM o6pa30M MHOJReCTBO THrrOB eCTb xayc
AOP4>0BO HeperyJIHpHoe rrpocTpaHCTBO n, CJieAOBaTeJibHO, 
HeMeTp113yeMo (B. i1];e6JI11H, W. Doeblin, 1939). 

(r--+ oo ). 

IlyCTb, Teneph, s n - cyMMbl He3aBI!CI!MblX OAI!HaKOBO 
pacrrpep;eJieHHblX CJiy'lallHbIX BeJII!'lllH H F n - COOTBeTCT
BYIO~I!e qiyHKD,llH pacnpeAeJieH11H. Tor,[(a :HJiacc T11rroB, 
rrpeAeJibHblX AJIH T (F n), COBrraAaeT c KJiaCCOM BCeX yc
TOll'lllBblX TIIIIOB, T. e. TaK11x TIIIIOB, 'ITO 113 F 1 ET 11 F 2 E T 
BbITerrneT, 'ITO CBepTKa F 1 11 F 2 rrp11HaAJieJR11T T (T. e., 
I!HblMll CJIOBaMI!, cyMMa !\BYX He3aBI!CI!MbIX CJiy'laHHbIX 
BeJI11'l11H c pacnpeAeJieH11HM11 T11rra T CHOBa 11MeeT Tllrr T, 
CM. Ycmou'lueoe pacnpe8e1tenue). 

IloHHTlle p. T. MOJReT 6bITb pacrrpOCTpaHeHO Ha MHOro
MepHblll CJiy'lall. 0AHaKo 3TO pacrrpOCTpaHeHlle HeO,[\H0-
3Ha'lHO. Bbr611paH KaKyIO-JI1160 rroArpynrry G rrOJIHoli rpyrr
rrbl MaTp1111,, MOJRHO rrOJIY'lllTb COOTBeTCTBYIO~ee IIOHHTlle 
P. T. CJiy'laHHble BeKTOpbI X1 11 X 2 co 3Ha'leHIIHMll 113 1Rn 
Ha3blBaIOT G-OAHOT11rrm1M11, ecJI11 cyrr~ecTByeT TaKoe npe
o6pa30BaH11e g E G, 'ITO X 2 11 g X 1 11MeIOT OAHO 11 TO me pac
rrpeAeJieH11e. CooTBeTCTBeHHO MOJRHO BBeCTll IIOHHTI!e 
G-yCTOH'lllBOCTll P. T. Ilo OTHOIIIeHI!IO K IIOJIHOH rpymre 
MaTpllll, YCTOH'lllBbI TOJibKO HOpMaJibHble pacrrpe11eJieHIIH 
(f. CaKOBll'l, 1960). 

Jlum.: [!] r He I\ e HR 0 B. B., K 0 J1 M 0 r 0 p 0 B A. H., 
IIpe11eJ1hHh1e pacrrpe11eJ1eHHH l\JlH cyMM aeaaBHCHMhIX cJiy<taiIHhIX 
BeJ1H<tHH, M.-JI., 1949. IO. B. llpoxopoe. 

P ACIIPE,[J;EJIEHIUI 3AKOH B T e o p n n B e p o
H T H 0 c T e ll - YA06Hbill OIII!CaTeJibHblll TepMI!H, MO
ryrrwn 03Ha'laTb, B 3aBIICI!MOCTll OT KOHTeKCTa, pacrrpeAe
JieH11e BepOHTHOCTeH (Harrp.' KaKOll-JII160 CJiy'laHHOH Be
JIIl'II!Hbl) IIJIII COOTBeTCTBYIO~YIO pacnpeiJeltellU!t rPYllKlfUIO 
IIJIII n.;r,omnocmb eeponmnocmu. IO. B. llpoxopoe. 

P ACIIPE,[J;EJIEHIUI 3HA qEHIIlI TEOPIIH - Teop11H 
pacrrpeAeJieHI!H 3Ha'leHI!ll MepoMopqiHbIX qiyHKIJ,llll, IIO
CTpOeHHaH B 20-x rr. 20 B. P. HeBaHJII!HHOll (R. N evan
linna, Clll. [ 1])' OCHOBHOll 3a,1:i;aqeft K-po:il: HBJIHeTCH 113y'le
Hlle CllCTeM {zn} TO'leK o6JiaCTll G, B K-pbIX qiyHKIJ,llH w (z) 
rrp11H11MaeT 3aAaHHOe 3Ha'leH11e w= a (TaK Ha3. a-T o 'I e K); 
npn ::!TOM paccMaTpI!BaIOTCH BCeB03MOJRHbie 3Ha'leHIIH 
aECLJ{oo}. 

0CHOBBbIC IIOHHTHH. OcHOBHbie IIOJIOJRemrn HeBaHJillH
HOBCKOI1: Teop1111 MOJRHO rrpOI!JIJIIOCTpI!pOBaTb Ha cJiy'lae, 
KOrAa w= f (z) HBJIHeTcH TpaHcIJ,eHAeHTHOn MepoMopijiHoii 
qiyHKil,lleiI BO Been OTKpbITOll KOMIIJieKCHOll IIJIOCHOCTII IC. 
IlycTh n (t, a, /) o6o3Ha'laeT .'lllCJIO a-TO'leK f (z) c y'leTOM 
HX KpaTHOCTeli, rrorraBIIIIIX B Kpyr {lzl .,,;;.t }. H rryCTh AJIH 
rrpO!i13BOJihHOro HOMIIJieKcHoro 'lllCJia a 

N (r, a, /) = \' [n (t, a, f)-n (0, a, /)] d Int+ 
J 0 

+n (0, a, /)In r, 

m(r, a, f)=m (r, oo, f~a), a :j= oo, 

m(r, 
1 (' 2:n: 

oo, /)= :l:n: .lo In+ l/(rei8)1d8, 

T (r, f)=m(r, oo, tJ+N(r, oo, !). 

<DyHHIJ,JilH T (r, /) IIa3. He B a II JI II H H 0 B c K 0 ft 
x a p a K T e p II c T II K 0 ll (11 JI II x a p a K T e p Il-
e T H 'I e c K 0 II qi y H K Il, II e ft) MepoMopqiHoli qiyHKil,1111 
t (z). <DyHKil,llH m (r, a, f) xapaKTep113yeT CKOpOCTb cpeA
Hero rrp116JI11meH11H f (z) K 1111cJiy a rrp11 lzl - oo, a qiyaK
Il,HH N (r, a, !) xapaKTep11ayeT cpeAHIOIO IIJIOTHOCTh pac
npeAeJieH11H a-TO'leK f (z). CrrpaBeAJII!Ba cJieAYIO~aH Teo-

C rroMO~hlO xapaKTep11cT11Kn T (r, /) orrpeAeJIHIOTCH rropH
AOK pOCTa p qiyHKIJ,Hll f (z) n ee HlllRHIIH rropHAOK pocTa /.,: 

-I. In T (r, f) , }" In T (r, f) 
P = lill In r ' "'= ~ In r 

r--> oo 

IlepBaH OCBOBHaH TeopeMa HeBa• 
JI 11 H H br: rrpn r -+ oo 

m(r, a, fl+N(r, a, f)=T(r, !)+0(1), 

T. e. cyMMa m (r, a, t)+N (r, a, f), c TO'lHOCTbIO AO orpa
Hll'leHHoro rrp11 r -+ oo CJiaraeMoro, coxpaHHeT rroCTOHH
Hoe AJIH pa3JII!'lHbIX a 3Ha'leH11e T (r, /). B ::JTOM CMbICJie 
Bee 3Ha'leHIIH w AJIR MepoMopqiHoli qiyHKil,1111 f (z) HBJIHIOTCH 
paBHorrpaBHblM11. Oco6bl11: 11HTepec rrpeACTaBJIHeT rroBeAe
H11e rrpn r -+ oo qiyHKil,1111 N (r, a, !) . B P. 3. T. I!CIIOJih-
3YIOTCH CJieAYIO~lle KOJII!'leCTBeHHble xapaKTepI!CTI!Kll 
pocTa qiyHKu;11li N (r, a,/) 11 m (r, a,!) rro cpaBHeRnIO c poc
TOM xapaKTep11cT11K11 T (r, /): 

" ( f)-l --I-. - N (r, a, f) = I' m (r, a, f) ,,,;;;:: l 
v a, - Im T (r, /) ~ T (r, /) ....., ' 

r-+oo r~r:rJ 

I' N (r, a, /) -I-.- m (r, a, f) ,,,;;;:: f 
~(a, /)=1- ~ T(r, f) - r lilloo T(r,f) ....., · 

r~ oo ~ 

BeJI11'l11Ha {j (a, f) Ha3. A e qi e K T o M f (z) B T o q K e a 
B c M bl c JI e H e B a H JI II H H bl, a BeJill'lI!Ha ~(a,/) -
11eqieKTOM /(z) B TO'lKe a B CMblCJie Ba-
JI II p 0 Ha. IlyCTb 

D(/)={a:6(a, /) >0}, V(f)={a:~(a, /) >0}. 
MHomecTBO D (!) Ha3. MHOJReCTBOM iJerfiei>mnhix ana'lenuii. 
t (z) B CMblCJie HeBaHJIIlllHbl, a MHOJReCTBO v (!) - MHOJRe
CTBOM AeqieKTHbIX 3Ha'leH11n f (z) B CMbICJie BaJI11poHa. 
T e o p e M a H e B a H JI 11 H H bl o BeJI11'l11Hax AeqieKTOB 
11 o MHOmecTBe AeqioKTHbIX 3Ha11eH11li f (z): AJIH rrpo113-
BOJibHoi'1 MepoMopqiHoi'1 qiyHKu;1111 f (z) crrpaBeiIJIHBbI yT
Bepm11eH11H: a) MHOJReCTBO D (!) He 6oJiee 'leM C'leTHO; 
6) p;eqieKTbI f (z) YAOBJieTBOpHIOT coOTIIOIIIeH11IO 

~ {j (a,!).,,;;;;, 2 
(a) 

(1) 

(c 0 0 'f H 0 III e II II e il e qi e KT 0 B). IlOCTOHHHaH 2, 
qi11ryp11pyIO~aH B (1),- 3TO 3iiJiopoBa xapaKTep11cT11Ka 
Been 3aMKIIYTOH IIJIOCKOCTII ((; u { 00 }, K-pyIO HaKpb!BaeT 
p11MaIIOBa rroBepXHOCTh qiyHKIJ,HH f (z). 

CTpyKTypa MHomecTBa D(f). YTBepmAeH11e P. HeBaHJIHH
HbI 0 TOM, 'ITO MHOJROCTBO D (!) He 6oJiee 'leM C'leTHO, yc11-
JII!Tb HeJib3H. CrrpaBeAJII!Ba Teope~rn: KaKOBO 6bl HI! 6bIJIO 
KOHe'lHOe IIJIII C'leTHOe MHOJReCTBO E TO'leK 113 pacrn11peH
HOll· KOMIIJieKCHOJ1: IIJIOCKOCTII II KaKOBO 6bl HI! 6blJIO 'lllCJIO 
p, O<p..;.oo, cy~ecTByeT MepoMopqiHaH qiyHKil,llH /p (z) 
IIOPHAKa p, iIJIH K-po:il: E COBIIalweT c MHOJReCTBOM ee 11e
qieKTHbIX 3Ha11eH11H D (f P). i1];JIH MepoMopqiHblX qiyHKt.i;11li 

HyJieBoro HllIBHero rropH11Ka D (f) MOIBeT cop;epmaTb ca~10e 
6oJibIIIee OAHY TO'lKy. Ta:HnM o6pa3oM, BOrrpoc o cTpyK
Type MHOJReCTBa D (f) IIOJIHOCTbIO perneH. 

h'.poMe Toro, rroKa3aHo, 'ITO iIJIH Kam11oro p>0,5 cy
~ecTByeT u;eJiaH qiyHKIJ,llH gp (z) nopHAKa p, ilJIH K-poii ~IHO
JReCTBO D (gp) HBJIHeTCH C'leTHblM. QeJibie qiyHKIJ,Hll HHJR
Hero rropH11Ka /.,.,,;;.0,5 He MoryT HllleTh KOHe'lHbIX 11eqieKT
Hb!X 3Ha'leHHH. 

CTpyKTypa MHomccTBa V (!). M HOi:Hecrno Bam1 poHOB
CKHX 11e<JieKTHb!X 3HaqeHI!H v (/) HCCJieiIOBaHO ( 1983) He B 
IIOJIHOII Mepo. fl:\. BaJI11poH (G. Vaiiron) rroKa3aJI, 'ITO cy
m.ecTByeT 11eJiaH qiyHHil,HH g (z) 1-ro rropHll,Ka, iIJIH H-po:il: 
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MHOlReCTBO V(g) llMeeT MOII~HOCTb KOHTHyy11rn. c Apyroii. 
CTOpOHhl, crrpaBeAJIHBa TeopeMa AJUI rrpOH3BOJlbHOM Mepo
MOp<jJHoii. <jJyHK~HH f (z) MHomecTBO V (!) scerAa HMeeT 
aynesy10 JiorapH<jJMH'I. e.Mnocmb. 

,Il;JIH KamAoro MHomecTBa E KJiacca Fa HyJiesoli Jiora
pmpMHq, eMKOCTll cym;ecTByeT ~eJlaH <PYHK~llH g (z) 6ec
KOHeqaoro IIOPHAKa, AJlH K-poii. Ee v (g). 

CBoii:CTBa AelfieKTOB MepoMoplfJHblX lfiyHKJ.Vl:H Koaeqaoro 
HlllKHero nopHAKa. )J,JIH MepoMop<jJHhlX <jJyHK~Hii. 6ec1w
aeqaoro a11mHero rropHp,Ka seJIHqHHhI p,e<jJeKTOB, soo6m;e 
rosopa, He yp,osJieTBOpHIOT HHKaKHM p;orroJIHHTeJibHhlM 
COOTHOIIIeHllHM, KpOMe OCHOBHOl'O COOTHOIIIeHHH (1). 0AHa
KO ecJI~ orpaHllqllThCH paccMOTpeHHeM MepOMOp<jJHhlX 
<jJyHK~llll KOHeqHoro HlllRHero rropHP,K8, TO K8pTHH8 pe3KO 
11reHHeTCH. Crrpasep,JIHBa Teope.Ma: ecJIH f (z) HMeeT KOHeq
Hhlii HlllRHHii. rropHAOK /.,, TO rrpH JI1060M a, 1/ 3 ..,;a ..;;:1, 

~(a) {ja (a, !) ,.;;;;; K (/.,, a), (2) 

rp,e IIOCTOHHH8H K (/.,, a) 38BllCllT JlllIIIb OT" ll a. c p,pyroii. 
CTOpOHhI, cym;ecTByIOT MepOMOp<jJHhle <jJyHK~llll KOHeqHOl'O 
HlllRHero rropHp,Ka, )l;JlH K-pb!X rrpll a<113 pHp,, CTOHIII;IIH 
cJiesa B (2), yme MomeT pacxop;HThCH. HaJIHqHe y Mepo
Mop<jJHo:ffi: <jJyHK~Hll f (z) HlllRHero rropHp,Ka /., ..;;:0,5 OAHOro 
p;e<jJeKTHoro 3HaqeHHH a TaKoro, qTo {j (a, f);;;;d-cos :n;I.,, 
BJlllHeT Ha ee acHMIITOTllq, CBOMCTBa: T8K8H <jJyHK~llH He 
MomeT HMeTb APYrHx p;e<jJeKTHhlX 3HaqeHHii. 

OopaTHa.H 38Aaqa P. 3. T. B HecKOJlhKO yrrpom;eHHOM 
BllA0 o6p8THYIO 3aAaqy P. 3. T. B K8KOM-Jlll60 KJlacce ;;ye 
Mepm10p<jJI1bIX <jJy11K~llii. MO)RIIO c<jJopMyJIHposaTb B CJle
p;y10m;eM BHAe. Kamp,oii. TOqKe HeK-poii. IIOCJle)l;OBaTeJlbHO
CTll {ak} 113 pacm11pe1111oii. KOMIIJleKCIIOH IIJlOCKOCTll rro
CTaBJie110 B COOTBeTCTBlle q11cJio {j (ak), 0<6 (ak)<1, TaK, 
qTO ~ klJ(ak) ..;;:2. Tpe6yeTcH yKa3aTb MepoMop<jJ11y10 <PYHK
~1110 /(z)EiiYC TaKyIO, qTo lJ(ak> f)=lJ(a,.), k=1, 2, ... , 11 
lJ(a, f)=O )l;JIH Kamp,oro a=f=ak, k=1, 2, ... , JI1160 p;oKa-
3aTb OTCYTCTBlle TaKllX <jJy11K~llll B ;;ye. 06paTII8H 3ap;aqa 
IIO~IIOCTblO peme11a IIOJlOlRHTeJlbIIO B KJiacce ~eJlb!X <jJy11K
~:im 6ecK011eq~oro 1111m11ero rropHAKa 11 B KJiacce MepoMop<jJ
IlbIX <jJy11K~1111 ~ecK011eq11oro 1111m11ero rropHp,Ka. II p11 pe
IUe111111 06paT11011 3ap,aqn B KJiacce MepoMop<jJIIbIX <PYHK~Hii 
KOHeq11oro 1111m11ero rropHp;Ka B031IHKaIOT orrpeAeJie1111ble 
TPYAIIOCTll, K-phle o6'bHCIIHIOTCH TeM, qTo B ::ITOM CJlyqae 
B0Jlllqllllbl p;e<jJeKTOB, KpoMe OCIIOBIIOl'O COOTIIOIIIeHHH (1), 
rrop,q11HeHhl em;e APYl'HM cooTHOIUeHHHM (cM. (2)). 

PocT Mep0Mopcllnh1x lfiynK~Hii. IIycTb AJIH Mepm10p<jJ110Ii: 
tPYHK~HH f (z) 

L(r, oo,/)= maxln+l/(z)I, 
I z l=r 

L (r, a, /) = L ( r, oo, / ~ J , a f:: oo, 

B (a,/)= lim L (r. a, f) 
__ T(r. f) 
r __,. "" 

Bem11mna B (a, f) 11a3. B e JI H q 11 11 o ii. o T K JI o He 1111 H 
11repm10p<jJ11oi'r <jJy11K~Hll f (z) OT q:ii:cJia a, a MHomecTBO 
Q (/)={a : B (a, !) >0} Ha3. 11;momecTBOM rroJIOll\HTeJibllbIX 
OTKJI011e1111I'1 MepoMop<jJ11oi'1 <jJy11K~HH f (z); D (/)=Q (/). 
)J,0Kaaa110, qTo eCJIH g (z) - ~eJiaH <jJy11K~HH Ko11eq11oro 
rropHp,Ka p, TO 

f np 0 0 
B(oo, g).;;;;;) sinnp, ecm1 <P< ,5, 

l np, ecmr p~0,5. 

CrrpaBeAJlHBa TaKme TeopeMa: ecJIH MepoMop<jJ11aH <jJy11K~HH 
f (z) nMeeT KOHeqabJi'I 1111m11:ii:i-i rropHp,oK /.,, TO a) M11omecTBO 
Q (!) 11e 6oJiee qeM cqeTI10; 6) AJIH K8lRAOl'O a 

f nli. 
B(a,f).;;;;;) sinnli., ecm10</.,<0,5, 

l n/.,, ecm1 /.,~0,5; 

B) rrp:ii: JI1060M a, 0,5<a..,;1. 

~(a) Ba (a, /),.;;;;; K (/.,, a), 

rp,e IIOCTOHHH8H K (/.,, a) 3aBHCHT JllllIIb OT " ll a; 
r) Q (!) <;:; V (!). 

KpoMe ::noro, cym;ecTBYIOT Mepo111op<jJHbre <jJyHK~HH 6ec
KOHeqHoro HlllRHero rropHp,Ka, AJIH K-pb!X MHOlR0CTBO Q (/) 
HMeeT MOIII;HOCTb KOHTHHyyMa. MHomeCTBO Q (!) (rrop,o6Ho 
V (!)) AJIH KalRAOH MepoMop<jJaoii. <jJyHK~HH f (z) :ii:MeeT 
HyJiesy10 Jiorap:ii:<jJ11;mq, eMKOCTb. CJiep,y10m;aH TeopeMa 
xapaKTep:ii:ayeT OTJlllqllH B CBOHCTB8X BeJlllqllH {j (a, /) 
ll B (a,/): )l;JIH JII06oro /.,, O..;;:l.,<oo, cym;ecTByeT MepoMop<jJ
HaH <jJyHK~HH f ').. (z) HHlRHero rropHp,Ka /.,, p,JIH K-pol'r rrp:ii: 

HeK-pOM a BbIIIOJlHHIOTCH COOTHOIII0HllH 

lJ(a, !)=0 H B(a, !)~1. 
llcw11oq11TeJibHble aaaqemrn MepoMoplfiHbIX lfiyHKJ.VW 

B CMbICJie IlHKapa 11 BopeJIH. 3HaqeH:ii:e a Ha3. ucn.n,10'tu
me.n,bnbi.M ana'lenueM MepoMop<jJHoii. <jJyHK~HH f (z) B CMhlCJle 
II11Kapa, ecJIH q:ii:cJIO a-ToqeK f (z) rrp:ii: {lzl < oo } KOHeqao. 
3HaqeHHe a H83. HCKJIJOqHTeJlbHbIM 3HaqeH11eM f (z) B CMhlC
Jie EopeJIH, ecJIH n (r, a, /) rrp:ii: r-+ oo pacTeT B orr:eep;e
JieHHOM CMblcJie Mep,JieHHee T (r, /). Kam/WH MepoMopctmaH 
<jJyHK~HH, OTJlllqHaH OT IIOCTOHHHOM, He MOlReT llMeTb 
6oJiee ABYX 6opeJieBCKllX .,(a 3Haq:ii:T, ll IIHKapOBCKHX) 
llCKJlJOqHTeJlbHbIX 3HaqeHHll. 

y crreIIIHO p83BHBaeTCH TeOpHH pacrrpep,eJieHHH 3Haqe
HHM fOJlOMOp<jJHhlX OT06pameHHII KOMIIJleKCHb!X MHOroo6-
pa3HH - MHoroMepllbIH a11aJior Teop:ii:11 HesaHJIHHHbI (cM. 
[ 6], [7]), a 'f8KlRe TeOpllH pacrrpep;eJieHHH 3IlaqeHHH MllHll
M8JlbllbIX IIOBepXHOCTeM (CM. (9), ( 10]). 

Pacrrpep,eJ1e1111e a11aqe1111ii lfiy11K~11ii, MepoMoplfiHblx B 
Kpyre. BbIIIIe OIIHCa11a TeOpHH pacrrpep;eJieIIHH 3Haqemi:ii 
MepoMop<jJIIbIX BO Buceii OTKpblTOM IIJlOCKOC'fll <jJy11K~Hii.; ::no 
rrapa6oJI:ii:q, cJiyqa11. TeopHH pocTa 11 pacrrpep,eJieHHH 3Ha
qe11:ii:ii rrocTpoe11a TaKme :ii: p,JIH cJiyqaH r:ii:rrep6oJI:ii:qecKoro, 
'f, e. KOrAa /(z) HBJlHeTCH <PYHK~Heii, MepoMop<jJ11oii B ep,ll
Illl'IIIOllI Kpyre {lzl <1} (cM. [1], [8]). 1Ip11 ::noM <jJyHK~Hll 
N(r, a, f), m(r, a,/), L(r, a,/) H T(r, /) orrpeAeJIHIOTCH 
AJIH Kamp,oro r, O..;;:r<1, Toqao TaK me, KaK :ii: B rrapa6oJIH
qecKoM cJiyqae. )J,etlieKT f (z) B ToqKe a B CMblcJie Hesan
Jlllllllhl ll B CMb!CJle BaJI:ii:po11a orrpep;eJIHeTCH COOTB0'fCTBeH
IIO TaK: 

A BeJIITTHHa 

lJ(a /)= lim m(r,a,f) 
' -- T (r, /) ' 

r->- I 

~(a,/)= lim m (r. a, f), 
,__,.I T(r, /) 

B (a,/)= lim L (r, a, f) 
-- T (r, f) 
r->- I 

11a3. seJI:ii:q11Hoii OTKJI011e11HH f (z) OTHoc11TeJlbHO 3Haqe
mrn a. 

IIycTb D (/)= {a : l5 (a, /) >O }, 

V (!)={a:~ (a, /) > O} H Q (!) ={a:B (a, !) > O}. 

Oc11os11ble rroJiome11HH rrapa6oJI:ii:q, cJiyqaH o seJI11q:ii:Hax 
l5 (a, /), ~(a, /) H B (a, /), a TaKme o CTpYKType M11omecTB 
D (/), V (/) H Q (/) coxpaIIHIOTCH H B mrrep6oJI:ii:q, cJiyqae 
110 Ile )];JI.II BCeX <jJy11K~HH, a JllllIIb )l;JlH <PYHK~Hii c 6blCTp~ 
pacTym;eii (B orrpeAeJie11HoM cMb!CJie) rrp:ii: r-+ 1 xapaKTe
pHCTHKoii T (r, /). 

Jlum.: [1] He Ba H JI l!I H Ha P., 011H03Ha'IHhIC aHaJil!ITH'lec1me 
ljlyHRUHH, rrep. c HeM., M.- JI., 1941; [2] Xe ii Ma H Y.- H., 
MepoMopljJHhJe ljlyHKUl!Il!I, rrep. c aHrJI., M., 1966; [3] A p a K e
JI lI H H. Y., «,[(ORJI. AH CCCP», 1966, T. 170, No 5, c. 999-1002; 
[4] I' 0JIb116 e pr A. A., 0 c T p 0 B c K l!I ii II. B., Pac11pe11eJie
Hl!Ie 3Ha'lemi:ii MepoMopljJHblX ljlyHKl{Hll, M., 1970; [5] II e T p e H
J{ 0 B. II., «lI3B. AH CCCP. Cep. MaTeM.>>, 1969, T. 3:J, ;N; 6, c 13:30-
13 48; 1970, T. 3 4, Jiil 1, C. 31-56; [6] I' p Ii ljJ ljJ 1!I TC <lJ., l{ 1!I H r ,[( IB., 
TeopnH HeaaHJil!IHHhI n roJioMopljJHble OT06pameHm1 aJire6panqec
KHX MHOroo-Opaa11ii, rrep. c aHrs1., M., 1976; (7] III a 6 a T B. B., 
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Beenemrn e 110MnJieHCHhIH aHamrn, 2 nan., •t. 2, M., 1976; [8] TI e T- I rn;JIX P. qi. F JI S, rroJiaraR, aarrp., 
p e H H 0 B. TI., PocT Mepo~IOPcPHblX cPYHHlUIB, Xap., 1978; [9] 
er o a; e, «.ll:onJI. AH CCCP», 1981, T. 256, No 1, c. 40-42; [10] p1 (P, Q) =sup IF (x)- S (x) I 
Beckenbach E. F., Hutchison G. A., «Pacific J. 
Math.», 1969, v. 28, N' 1, p. 17-47. B. ll. llempe1mo. 

P ACIIPE)];EJIEHJUI (f>YHKUJUI K a K o ii - JI JI 6 o 
c •°l y 'I a ii II 0 ii B e JI JI q JI H bJ x - qiymrn;JIH p;e:nCTBJI
TeJlbIIOro rrepe~ieHIIoro x, rrpJIIIJIMaIQrn;aH npn Kamp;oM x 
3JiaqeJine, paBJIOe BepOHTHOCT!i IIepaBeJICTBa x <x. 

HaiHp,aH P. qi. F (x) o6Jiap;aeT cJiep;yromJI~rn caor!CTBaMJI: 
1) F(x')<F(x") rrpJI x'<x"; 
2) F (.x) IIerrpephIBIIa cJ1eaa rrpn KalHAOM x; 
3) lim F(x)=O, limF(x)=1 

X-+-00 X-+CXl 

(rmorp;a P. qi. orrpep;eJIHIQT KaK aepoHTIIOCTh HepaaeIICTBa 
X <x, H Torp;a oIIa oKa3bIBaeTCH IIerrpephIBHoi'1 crrpaaa). 

B MaTeMaTJiq, aIIaJIJiae P. qi. IIa3hIBaIOT JI106y10 qiyIIK
u,mo, AJIH K-poii JIMeIOT MecTo caoiicTBa 1)-3). Cyrn;ecTByeT 
B3aJIMHO OP,II03Ha'llloe COOTBeTCTBJie Memp;y pacrrpep;eJie
lIJIHMJI sepoHTIIOCTeii PF IIa o-aJire6pc ctB 6opeJieBCKJIX 
IIOAMII01ReCTB 'IJICJIOBOll rrpm10ii IR. 1 JI p. qi. 9TO COOTBeTCT
BHe orrpep;eJIHeTCH qiopMyJioii:: P,JIH JI106oro HIITepaaJia 
la, b) 

PF([a, b))=F \b)-F (a). 

Hamp;aH qiyHKU,JIH F, 06Jiap;a10n13H csoii:cTBaMJI 1 )-3), 
M01ReT paccMaTpJIBaTbCH KaK p qi. HeK-poi'1 CJiyqarIIIOll Be
JIH'IJIHbI X (IIarrp., cJiy'laiiIIoii seJIJI'IHHhI X (.r)=x, aap;aH
aoH. Ha seponTHOCTIIOM rrpocTpaIIcTBe (IR. 1 , cfil, PF)). 

BcHKaH P. qi. MomeT 6hITh op;HoaJiaqJio npep;cTasJieHa 
B BJIP,e cyMMhI 

rp;e a1 , a 2 , a3 - IIeoTpnu,aTeJibHhie qncJ1a, cyM~Ia K-phIX 
paaHa 1, a F1 , F 2 , F 3 - P. qi. TaKJie, qrn F1 (x) a6coJIIDTHo 
Henpephlaaa: 

F'i (x) = ~~ 00 p (z) dz, 

- «CTyrreH'IaTaH qiyHKIJ;JIH»: 

F 2 (x) = ,_, Pre. ...:...x,. < x 
rp;e x k - ToqKJI cKa qn:on F (.1:), a pk >O nponopu;noIIaJihHhI 
pa3Mepy 3THX CKa1mos; Fa(.x) - «CIIHry.·rnpHaH>> KOMIIO
HeHTa - HerrpephIHHMI qiymtu;1rn, npOI13BOP,HaH K-poii: 
rroqn1 BCIO,'l;Y paBHa HYJIIO. 

II p n )J e p. IIycTb Xre, k=1, 2. 3, ... ·.~ 6ecK0He 1IHMI 
IIOCJlep,osaTeJibHOCTb HeaaBUCHMhIX CJ1y 11a11Hb!X Be.1m11IIH, 
rrpJIHJIMaIOw,JIX 3Haqemrn 1 H () c Bl'pOHTHOCTHMII 0 <pk< 
<1/2 H qk=1-pk, COOTB8TCTBeHHO. Ilycn, 

.\'"---'"" xk 
, - °"'k=l 7' 

TOTiW 
1) ecm1 Pk=qk=112 rrpn scex k, TO X 1u1eeT a6coJIIOTHO 

Rerrpep&rnay10 P. qi. (c p (x)=1 il;J!Jl 0<x<1, T. e. X pas
HOMepao pacrrpep;eJleHa aa (0, 1]); 

2) ('CJIII ''"' pk< 00' TO x 1rneeT ((CTyneaqaTyIO» ..::..k = 1 

p. qi. (oHa IIMeeT crtaqKH BO BCex il;BOH'IHO-paiiJIOHaJibHblX 
rnqKax OTpe3Ka (0, 11); 

3) ('CJIJI """' Pk=oo, Pk-+0 npJI k-+ oo, TO x 
,;;;.ik = 1 

HMeeT «CHHI'YJIHPHYIQ» p. qi. 
8TOT npJIMep HBJIHeTCH JIJIJllOCTpau;ne11: op;Hoii TeopeMbl 

IT. Jlesn ( P. Levy), a cooTBeTcrnnn c K-poii npe;wJ1 6ec
KoJieqaoii csepTKH il;lICKpeTHJ,IX p. ¢. )!OrHeT COAepmaTb 
TOJlbKO O,[\Hy H3 yKaaaHHbIX Bblllle KOMJIOHeHT. 

«PaccTOHHJie» Memp;y pacnpeAcJieHl!HM.11 P n Q na 'IHCJio
aoii: npHMOii qacTo orrpeAeJIHJ()T B TepMHHax COOTB8TCTBy10-

x 

HJIJI 
P2 (P, Q) =Var (F (x)-S (x)) 

(c~r. Pacnpeoe.ttenuil cxoou.1.tocmb, Jleeu .1.1empw(;a, Xapa1i:
mepucmu11,ec1i:asi rfiyn1i:z+usi). 

P. qi. HaH60J1ee ynoTpe6HTeJihIIhlX pacnpep;eJ1em1fr Be
poHTIIOcTen (IIanp.' HOpMa.llbHOro, 6JIHOMHaJihHOI'O, rryac
COHOBCKoro pacnpep;eJ1ennii:) Ta6yJIJipOBaHI>J. 

,Il,JIH rrposepKn rnnoTea o P. qi. F no peayJihTaTaM Heaa
BHCHMhIX ua6JIIQP,eIIJIII HCIIOJib3Y10T TaK JIJII! IIHa'Ie II3Me
peIIHOe OTKJioHeHHe F OT :numpaqecmiii P. qi. (C)I. Ho.ttJJio
zopoea i>pumepuil, Ko.ttMozopoea - C.1.1upnoea i>pumepuil, 
HpaJJtepa - Muaeca i>pumepuii). 

IloHHTJie p. qi. ecTeCTBeHIIblM o6pa30M pacnpoCTpaHHeT
CH na MJIOroMepHblll cJiyqaii:, HO MHOrOMepHble p. qi. 3Ha
qnTeJihHO MeHee ynoTpe6JITeJibllbl' 'IeM OP,HOMepHbie. 

0 rrpJI6JIH1ReHHOM npe,[\CTaBJieHHJI p. qi. CM. I' pa.Ma -
!Dap.ttbe psia, 90J1Ceopma psifJ, llpeoe.tt&nbie meopeMbi. 

Jlum.: (1] K pa Me p I'., CJiy•rnfinhle BeJin'lnHhl n pacnpeneJie
HRH aepoHTHocrntt, nep. c aHrJI., M., 191,7; [2] er o H< e, MaTeMa
Tn'lec11ne MeTOnhl cTaTHcTnHn, nep. c anrJI., 2 nan., M., 1975; [3] 
<l> e JI JI e p B., Bscnenne B Teopmo eepolITHOcTeil nee npnJIO>R0HJll>I, 
nep. c anrJ1., 2 H311., T. 1-2, M., 1967; [4] Bo JI h me B JI H., 
CM n p no e H.B., Ta6JinL1hI MaTeMaTn'lec11ott crnTnCTnHn, 
2 nan., M., 1968. IO. B. llpoxopo•. 

PACCEHBAHHE BblBOPKll - op;Ha 11a cKaJrnpHb!X 
xapaRTepHCTJIK paa6poca BbI6opKJI Ha 11p1u.wii OTIIOCll
TeJibHO KaKOM-JIH6o KOHKpeTHOi'I TO'IKJI, Ha3bIBaeMOll 
u; e H T p 0 M p a c c e JI B a H II H' 'IJICJieHIIO pasaaH 
cyMMe KBap;paTOB OTKJIOHCHJiii :ma'IeIInii cJiy1raiiIIhIX Be
m1qJIH, 06pa3y10rn;ux BbI6opKy, OT u,eHTpa paccensanm1. 
IlycTb X 1 , ... , X,, - aeaaBJICJI.Mhie cJiy•iaiiHhie 11eJ1II1IJIIIbl, 
nop;qI!HRIOIIJ;JieCH OP,HOMY JI Tmly me aammy' lI nyCTb Toq
Ka x, xE IR. 1, BI>I6pana B Ka'IeCTBe u;eHTpa pacceJIBaHHH. 
Torp;a BeJIJiqJIJia 

S,, (x) = °""" (X;-x)2 
,;;;.ii=! 

Jia3. pa cc e II Ba II 1l e M Bbl 6 () p K II X1, .•• ' x,, 
OTHOCl!TeJihHO u,eHTpa pacceJIBamrn x. TaK KaK p;.lIH JIJ()-
6oro x 

-- 1 
rp;e X=-n(X1+ ... +X,,), TOP. B. 6yp;eT MillIJIMaJlbHbIM, 

ecJin B Ka11ecTBe I\eHTpa paccenaamrn BI>16pan, X. MaJ1bie 
3HaqeHHH p. B. rosopHT 0 cocpeAOToqeHHOCTJI 3JieMeHTOB 
Bb160pKJI OKOJIO u;eHTpa pacceJIBaHHH' l! Hao6opoT: 60Jib-
11rne aHaqeHJIH P. s. rosopHT o 6oJibIIIOii paa6pocaHHOCTn 
aJleMeHTOB BhI6opRJI. IloHHTJie P. B. ecrncTBeHHbIM o6pa-
30M pacnpocTpaHHeTCH Ha MHOrOMepHbJe BhI6opKn. 

.Tlum.: [!] Y n JI n c C., MaTeMaTn'ICCI<aH CTaTUCT1rna, nep. 
caHrJI., M., 1967. M. C. IluHyJtun. 

PACCEHBAHHH 3.JIJIHIICOM)]; - aJimmco11p; 11 npo
cTpaHcTse peaJin3au;nH. cJ1yqa11:Horo BeJl'.Topa, xapaKrnpn
aylQrn;Jilr cocpep;OToqeaHoCTb ero pacrrpep;eJieHnH sepoHT
HOCTeii: B03Jie HeK-poro aap;aHHoro BeKTopa B rnp~mHax 
MOMeHTOB 2-ro nopHp;Ka. IlycTb cJiyqai'IHblll BeKrnp x' 
rrpIIHJIMamrn;Jiii aaaqeHHH :r= (x1' ... ' .r ,,) T B n-MepHOM 
eBKJIJIAOBOM npocTpaHCTBe IR n, nMeeT nesb1pom;waay10 Ko
sapnau;nonny1u MaTpJiu;y B. B TaKO)! CJ1y<iar AJIH mo6oro 
qinRCJipoaaaaoro seKTopa a, aE IR. 11 , B npocTpaHCTBe pea
JIJiaau,nii IR.n M01RHO orrpep;eJIJITb 3JIJIHl1COHA 

(x-a)T B- 1 (x-a)=n+2, xE IR", 

K-pblii Has. 3 JI JI JI II c 0 I! A 0 M p a c c e II B a H H H 
pacnpeAeJieHIIH BepOHTHOCTeI1 CJIY'IaHHOfO Be1nopa x OT
HOCHTeJibHO BeKTOpa a' IIJill 3J!JIHJICOHAO~I pacceJIBaHJIH 
cJiyqaiiHoro BeRTopa X. B qacTHOCTJI, ecJIJI a= EX, TO 
p. 3. HBJIHeTCH remrnTpHq, xapaKTepHCTHKOH KOHll,0HTpa-
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ll;HH pacrrpep;eJieHHH BepOHTHOCTeil: CJiy11ai'moro BBKTopa x 
oKoJio ero MaTeMaTn11. omnµ;aHHH EX. 

B aap;a11e CTaTHCTll'l. oqeHRBaHJIH HenaaecTHOI'O n-Mep
HOl'O napaMeTpa 0 C IIOMOIIl;LIO IIOHHTHH p. 3. MOlRHO 
BBCCTH OTHOilleHne 11aCTH1JHOI'O yrropH)l;O'll!BaHHH Ha !'.IHO
lRCCTBe i:= { T} acex HecMem;eHHhIX oqeHoK T rra paMeTpa 0, 
HMerom;nx HeBblpomp;eHHhle KOBap1rnqllOHHhie MaTpHqhl, 
C'lHTaH, 'lTO na µ;ayx oqeHoK T 1 , T 2 E i: rrpeµ;rro'lTHTeJILHeil: 
HBJIHeTcH oqeHKa T1 , ecJIH P. 3. oqeHKII T1 JIClRRT IWJIR
KOM BHYTPII P. 3. oqeHKH T 2 • MMeHHO B 3TO:>.I CMhICJie He
cMem;eHHhle 3.iP«PeKTHBHhle oqeHKH HeH3BeCTHOI'O BeKTOp
HOI'O rrapaMeTpa HBJIHIOTCH HaHJIY'l!IlHMH, TO eCTb p. 3. 
HecMellI;eHHoil: 3.iP«lieKTHBHoil: oqeHKH JielRHT BHYTPH P. 3. 
J1106oil: µ;pyroii: HecMem;eHHOii: oqeHKH. CM. Pao - Hpa.-..ie
pa nepaeencmeo, 9rfirfie1>muenasi cmamucmu,,,a, JI nrfiop.na
!fUU 1>0.1tu'lecmeo . 

.Jium.: [1) R pa Me p I'., MaTeMaTH11ec1me MeTOllhl cTaTHCTHKH, 
nep. c aHrJJ., 2 H3JI., M., 1975; [2] AH 11 e pc o HT., Bse11e1me B 
MHOroMepHblH CTaTHCTH'lecmlll aHaJIH3, nep. c aHrJJ.' M.' 1 963; 
[3] HoparHMOB H.C., XachMHHCHHfi P.a., AcnM11-
TOTH'lec1<aH TeopHH 011eHHBaHHH, M., 1979. M. C. HunyJZuli. 

PACCEJIA IIAPA)1;0KC - CM. AnmunoMusi. 
PACCEHHlUI MATPHD;A, S-111 a T p n q a,- cosoKyrr

HocTb BeJIH'lHH (MaTpnqa)' OITHCbIBaIOn~aH npoqecc rrepe
xoµ;a KBaHTOBOMexam111. CHCTeM H3 O)l;HHX COCTOHHHH B 
µ;pyrne npH HX B3aHMOi];eHCTBllH (pacceHHHH). 

Ilpn pacceHHHH CHCTeMa rrepeXO)l;HT H3 O)l;HOI'O KBaHTO
BOI'O COCTOHHHH, Ha'laJibHOI'O (ero MOlRHO OTHeCTH K MOMeH
TY BpeMeHH t=-oo), B µ;pyroe, KOHe'lHOe (t=+oo). 
Ecmt o6oaHa1IHTh Ha6op KBaHTOBhIX 'lHceJI, xapaKrnpn
ay10m;nx Ha'laJibHOe COCTOHHHe, 11epe3 i, a KOHelJHOe -
11epe3 j' TO aMIIJlllTYAa pacceHHHH (KBa;iJ;paT MO;il;YJIH K-poii 
orrpep;eJIHeT BepoHTHOCTb p;aHHOI'O pacceHHHH) MOlReT 6b1Tb 
3arrncaHa KaK S if· CoaoKyrrHOCTL aMIIJIHTYA paccenHHH 06-
paayeT Ta6JIHqy c ABYMH BXO)l;aMH, K-paH H Ha3. M a T
p H~eil: pacceHHHH S. 

Haxomp;eHHe P. M.- ocHOBHaH aaµ;a11a KBaHTOBoil: Me
xaHHKH H KBaHTOBOH TeopHH IIOJIH. p. M. coµ;epIBHT BCIO 
HH«PopMaqHIO 0 IIOBe)l;eHHH CHCTeMbl' eCJIH H3BeCTHhl 
He TOJibKO lJHCJieHHhle 3Ha'leHHH, HO H aHaJIHTH'l. CBOHCTBa 
ee 3JieMeHTOB; B lJaCTHOCTH, ee IIOJIIOChl orrpeµ;eJIHIOT CBH-
3aHHhie COCTOHHHJI CHCTeMhl (a CJiep;oBaTeJibHO, )l;HCKpeT
Hhle ypoBHH 3HeprHH). Ma ocHOBHhIX rrpHHqHIIOB KBaHTO
aoil: TeOpHH cJiep;yeT Bail\Heil:mee CBOHCTBO p. M. - ee 
YHHTapHOCTb. 

IIo MamepuaJZaM cm. Mampu1fa pacceJ1nuJ1 e BCa-.1. 

PACCJIOEHHE - HerrpephIBHOe c10p'beKTHBHoe oT06pa
IBeHHe :re : X -+ B rrpocTpaHCTBa X Ha rrpocTpaHCTBo B 
( CJreµ;yeT pa3JIH11aTh P. KaK rrporwcc n P. KaK o6'beKT ( X, 
:re, B)). IlpH 3TOM X Haa. rr po c T pa H c TB o M P., 
B-6aaoi'r P.,:rc-rrpoeK~nefr P.,:rc- 1(b)
c JI 0 e M Hap; b. p. rrpep;cTaBJIJICT co6oil: o6'he)l;HHCH'.He CJIO
eB :rc- 1(b), rrapaMeTpHaoaaHHhIX 6aaoil: B n cKJieeHHhIX 
TorroJiornei'c npocTpaHcTaa X. Hanp., p a c c JI o e H n e -
rr p o H a B e A e H n e :re : BX F -+ B, rµ;e :re - rrpoeK
~HH Ha rrepBhlll COMHOlRHTCJih; p a c c JI 0 e H He - 6 a 3 a 
:re : B -+ B, rµ;e :re= id, X oTomµ;ecTBJIHCTCJI c B; p a c
c JI 0 e H H e H a A T 0 q K 0 i'c* ' I'AC x OTOil\)J;CCTBJIJICT
CH c (ep;HHCTBCHHhIM) rrpocTpaHCTBOM F. 

c e q e H H e M p. Ha3. HerrpephIBHOe OT06paIBeHHe 
s : B -+ X TaKoe, 'lTO :rts= id. 

OrpaHH'lCHHCM paccJioeHHJI :rc:X-+lJ 
Ha no;:(MHomecTBe A cB Haa. paccJioeHHe :re' : X' -+A, 
rµ;e X 1=:rc- 1(A) n :rc'=nlx·· 06o6m;errneM orrepa~HH orpa

HH'leHHJI HBJIHCTCH IIOCTpOCHHC unay!fupoeannoeo pacc.1toe
nusi. 

0To6pameHHe F : X-+ X' Haa. Mop «P n a Mo 111 
p a c c JI o e H H JI :re : X -+ B B paccJioeHne :re' : X' -+ 
- B'' CCJIII OHO rrepeBO)l;HT CJIOH B CJJOH, T. e. CCJIH )l,JIH 
Kamp,olr TO'lKH bcB cym;ecTHyeT TaKaH To1ma b' EB', 
'lTO F(:rc- 1(b))c:rc- 1(b'). 0T06pameHne F orrprp;eJJJieT 
COI'JlaCHO ljiopMyJie /(b)=:rc'F(:rc- 1(b)) HCK-poe OT06pa
il\CHIIe f : B -+ B'; F HBJIHCTCH nanpbl.mUe.M f II HMeeT 

MCCTO paBeHCTBO :rc'oF=fon; orpaHH'lCHHH Fb: :rc- 1 (b)-+ 
-+ (n')- 1 (b') CYTh oTo6pamemrn cJioea. EcJIH B=B' 
n /=id, TO Mop«Pna~r F Haa. B-MopljJH3MOM. P. 
H nx Mop«PH3Mhl 06paay10T KaTeropHIO, coµ;epmarn;y10 B Ka-
11ecTBe rro;iJ;KaTeropHH P. Hap; B II HX B-MopljJH3Mhl. 

Bc11Koe ce11eHHe paccJIOCHHJI :re : X -+ B rrpep;cTaBJIHCT 
co6oi'c B-MopljJH3M s : B -+ X paccJioeHHJI (B, id, B) 
a paccJioeHHe (X, n, B). EcJIH AcB, To KaHOHH'l. BJIO
meHne i : :re - 1 (A) -+ B HBJIJICTCJI MopljJII3MOM paccJioe
HHH :re I A B paccJioeHHe :re. 

I'oMeoMopljJHoe OTo6pameHIIe F Ha3. H 3 0 M 0 p qi H 3-
M 0 M. p.' II30Mop.iPHoe pacCJIOCHHIO-rrpmrnBe)l,eHIIIO, Ha3. 
T p H B II a JI b H bl M p.' a H30Mop«PH3M e : x -+ B x F
T pH B Ha JI n 3 a~Heii :re. 

EcJIH KalR)l;hllI cJioii: :rc- 1 (b) paccJioeHIIll. roMeoMop«PeH 
rrpocTpaHCTBY F, TO paccJioeHIIe :re Haa. p a cc JI o e
H He M co c JI o e M F. Harrp., B JI1060~1 JIOKaJihHO 
TpHBHaJibHOM p. Hap, CBH3HOM 6aaoll: B Bee CJIOH :re - 1( b) 
I'OMCOMop<l>Hhl, H B Ka'leCTBe F MOJRHO B3JITL JII06oe 
Jt - l ( bo); TaKIIM o6pa30M, orrpep;eJICHbI I'OMeoMop«Pn3Mhl 
Cj)b : F-+ :rc- 1 (b). M. H. Bou1fexoecnuii. 

G-PACCJIOEHHE, p a cc JI o e H n e co c T p y K
T y pH 0 i\: I' p y II II 0 f1,- o6o6m;eHHe 110HJITHH rrpJIM0-
1'0 npoH3BC)l;CHHH ABYX TOIIOJIOl'H'l. rrpOCTpaHCTB. 

IIycTb G - TOIIOJIOI'II'l. rpynrra, a X - 3.iPljieKTHBHOe 
rrpaaoe G-rrpocTpaHCTBO, T. e. TorroJiorn11. npocTpaHCTBo 
c aap,aHHhIM rrpaBhIM µ;eiicTBHeM rpyrrrrhI G TaKHM, 11To 
xg=x BJie11eT g=1, xEX, gEG. IlycTb X*cXXX -
IIO)l,MHOJReCTBO TaKIIX nap (x, x'), lJTO x'=:rg )l;JIJI HeK
poro gEG, B=X/a - rrpocTpaHCTBo op6nT II p: X -
- B - OTo6pameHHC, COIIOCTaBJIJIIOiqee c KaJR)l,OlI TO'IKOH 
ee op6IITy. EcJIH oTo6pameHHe X*-+ G: (x, xg)-+ g 
HerrpephIBHO, TO Ha6op £=(X, p, B) Ha3. l'JiaBHhIM 
p a c c JI 0 e H H e M c 0 c T p y K T y p H 0 II I' p y n
il o r"r G. 

IlycTb F - Jieaoe G-rrpocTpaHCTBO. TorroJIOI'H'l. rrpocT
paHCTBO XX F cHa6maeTcJI rrpaah!M µ;eiicTBHeM rpynrrhl G 

rro «PopMyJie (xf)g= (xg, g- 1/), f E F. Il'.oMrroaIIqHJI XX F ~r~ 
pr Pp --! X !, B HHAY~HpyeT oTo6pameHHe X p= (XX F)IG ___,. 

~ B (ap,ecb X p - rrpocTpaHCTBO op61IT p;eiicrBirn G »a 

XXF). Ha6op (Xp, pp, B, F) Haa. pa cc JI o c H H.e.M 
C O C T p y K T y p H 0 H I' p y II II 0 iI, a C C 0 ~ H
H p 0 Ba H H bl M c I' JI a B H hi M p a cc JI 0 0 H He M £, 
a Ha6op (Xp, pp, F, £)-paccJioeHueM co 
c JI o e M F, 6 a a o ii: B n c T p y K T y p H o ii r p y rr
rr o ii G. TaKHM o6paaoM, rJiaBHoe paccJiooH1w co 
cTpyKTypHoii rpyrrrroil: JIBJIJieTcJI '!aCThIO cTpyKrypw JII0-
6oro paCCJIOCHHJI co CTpyKTypHoii rpyrrrroii, H OHO Op;H0-
3Ha1JHO orrpe;iJ;eJIJieT paccJioeHne )l,JIH mo6oro Jieaoro G
rrpocTpaHCTBa F. 

EcJIH £=(X, p, B), £'=(X', p', B') - p,aa rJiaBHhIX 
paccJioeHHH co cTpyKTypHoii rpyrrrroii G, To ~10p«Pn3~rnM 
£-+ £' Ha3. oTo6pamemrn G-npocTpaHCTB h : X -+ X'. 
0To6pameHHe h HHp,yqHpyeT oT06pameHHe f : B-+ B'. 
!'JiaBHoe paccJioeHHe co cTpyKTYPHOH rpyrrrroi'c uaa. 
T p H B H a JI b H hi M, ecJIH OHO H30MopljJHo paccJIOCHHIO 
cJiep;y10m;ero BHp;a: 

(BxG, pr8 , B), (b, g)g'=(b; gg'), bEB, g,g'EG. 

IlycTb (X, p, B) - rJiaBHOe paccJioeHHe H f : B'-+ 
-+ B - HerrpephIBHOO oTo6pameHHe rrpoH3BOJihHOI'O TU
rroJiorn11. rrpocTpaHCTBa B' B B. IlycTb X'cB' XX -
IIO)l,MHomecTBO TaKnx nap (b, x), 11To f (b)=p (x). IIpo
eK~HH pr8 , : B' XX-+ B' HHAY~HpyeT oTo6pameHne 
p' : X' -+ B'. II pocTpaHCTBO X' o6Jiap,aeT ecTeCTBCHHOH 
cTpyKTypoii npaaoro G-rrpocTpaHCTBa, n TpoiiKa (X', 
p'' B') upo;:i;cTaBJIHCT co6oii I'JiaBHOe paccJJoemrn, OHO HH
p;yqIIpOB3HO paccJioeHHeM (X, p, B) c 110MOIIl;hIO OTo6pa
meHHH t H Ha3. H H A y ~ H p 0 B a H H hi M p a c c JI 0 e
H II e 111. EcJIH f : B' -+ B - BKJIIO'leHIIe IIO;iJ;rrpocTpau-
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CTBa, TO (X', p', B') rraa. 0 r pa II H q e II l'I e M (X' p, H 3 Be,[\ e II He M 0 6 'be KT 0 B A H B (Hall; a; H ~), 
B) rr.i,a; rro,a;rrpocTparrcTBOM B'. eCJin cprx='ljl~ H ,[\JUI mo6oi1 rraphl Mop«Pn3MOB y: X -+ A, 

I'Jiaarroe paccJioemre co cTpyKTyprroil: rpyrrrroil: Ha3. t5: X-+ B, ,[\JIH KOTopoil: yrx=t5~, cym;ecTByeT TaKoii 
JIOKaJibIIO T p H B H a JI b H hl M, eCJill ero orpaHnqerrne e,[\HHCTBeHHhlH Mop«PH3M S : X -+ D, qTo S(j) = '\', s'ljl = t5. 
Ha HeK-py10 oKpecTHOCTh JI106of1 ToqKn 6aahl B Tpnan- RoMMyTaTHBHhIH KBa,a;paT 
aJibHo. )J,JIH 1m1p0Koro KJiacca cJiyqaea Tpe6oaaHne JIO
KaJibHoii TpnanaJibIIOCTH H3JIHIIIrre (Harrp., ecJin G -
KOMrraKTHaH rpyrrrra Jln, X - rJia,a;Koe G-MHoroo6pa-
3He). Ilo::noMy qacTo TepMHH «paccJJoerrne» co cTpyKTyp
rroii rpyrrrroii HCIIOJih3yeTCH B CMhlCJJe JJOKaJibIIO TpHBH
aJibIIoro paccJioeHHH (nJJn Kocoro rrponaae,a;eHHH). 

IlyCTb (XF, PF· F, s), (XF, PF, F, s') napa pacCJioe
HHH c o,a;Hoil: cTpyKTyprroil: rpyrrrroil: n o,a;rrnM G-rrpocT
paHCTBOM B KaqecTBe CJIOH. )J,JIH Mop«PH3Ma h : S-+ s' 
rJiaBHhIX paccJioerrnil: oTo6pameHne h X id : XX F-+ X' X F 
HH,a;yu;npyeT HerrpephlBHoe oT06pamerrHe <p : X F-+ X p, 
n rrapa (h, <p) Ha3. Mop«Pn3MOM paccJioeHn:il: co cTpyKTyp-

HOH rpyrrrroil: (XF, PF· F, s)-+ (XF, PF, F, s'). 
JloKaJibIIO TpHBHaJibHOe paCCJJOeHne ri= (X F• p F> 

F, S) ,[\OIIYCKaeT CJie,a;y10m;ee OIIHCaHHe, Jiemam;ee B OCIIOBe 
,a;pyroro, TaKme o6m;enpnHHToro orrpe,a;eJieIIHH paccJJoe
mrn co CTpyKTypHOH rpyrrrroil:. IlyCTb U= {ua} - OTKphl
TOe rroKphlTHe 6a3hIB ,[\JIH K-poro orparrnqerrne ri rra ua 
rrpn BCex a; TpHBHaJibHO. Bhl6op TpHB:UaJJH3au;nn H HX 
cpaBIIeHHe Ha rrepeceqeHHHX Ua n Uf3 IIpHBO,[\HT K Herrpe
pbIBIIhIM «PYIIKIJ;HHM (rraa. «P y H K u; H H M H II e p e
x 0 ,[\ a) {ga13 }, gaf3 : Ua n uv -+ G. B rrepeceqeHHHX Tpex 
OKpeCTIIOCTeH Ua n Uf3 n U'l' HMeeT MeCTO paBeBCTBO 
ga13ogf3'1'ogva= 1 E G, a Bhl6op .u;pyrnx TpnanaJJnaau;nil: rra,a; 
Kam,a;oil: OKpecTBOCTbIO rrpHBO,[\HT K HOBhIM «PYBKIJ;HHM 
g~f3=hagaf3h;i 1 • TaKHM o6paaoM, «PYBKIJ;HH {ga13} o6pa-

3YIOT o,a;rroMepBhIH KOIJ;HKJI B CMhlcJJe AJieKcarr,a;poaa -
qexa c Koa«P«Pnu;nerrTaMn B rryqKe pocTKOB G-auaqrrhlx 
tPYBKIJ;HH (Koa«P«Pnu;neBThl rrea6eJI0Bhl), H JIOKaJibHO TpH
BHaJibHOe paccJioerrne orrpe,a;eJIH0T 3TOT KOIJ;HKJJ c TOq
HOCTbIO ,[\O KOrpaBHIJ;hl. 

Jlum.: [1] x b IO 3M 0 JI JI e p ,r:i:., PacCJIOeHHhlC IIPOCTpaHcTBa, 
nep. c aHrJI., M., 1970; [2] c TH H p 0 ;a; H., TOIIOJiormr ROChlX 
npo11aBe;a;em1il, nep. c aHrJI., M., 1953. A. <P. Xapm1Maoae. 

PACCJIOEHHAH BhIBOPKA - Bhl6opKa, pa36nTaH 
Ha H0CKOJibKO Bhl6opoK M0HbIIIHX o6'beMOB no BeK-phIM 
OTJinqnTeJihBhlM rrpnarraKaM. II ycTb KalR):lhIH aJJeMeHT 
KaKoii:-To ahl6opKII o6'heMa N;;;.2 o6Jia,a;aeT o,a;rrnM II 
TOJibKO o)J.BHM H3 k;;,.2 B03MOlRBhlX rrprrarraKOB. B TaKoM 
cJiyqae HCXO,l\BYIO Bhl6opKy MOlRHO pa36IITb rra k Bhl6opoK 
o6'b0MOB nr, ... , nk COOTB0TCTB0HHO (n1+· . . +nk= 
=N): 

Xu, • ·., Xrn,, 
X21> ... , X2n., 

Xkr, ... , X,n, 
" k 

IICXOAH II3 rrpHHIJ;HIIa: B i-IO BbI6opKy xii> ... , x ini 

OTBeceHhl 'fOJibKO Te 8JJ0M0HTbl IICXO,[\HOH BbI6opKH, K-phle 
o6JJa,a;aIOT i-M rrprrarraKoM. B peayJJhTaTe TaKoro paa6IIe
BHH rrepaouaqaJJbBaH Bhl6opKa OKa3hlBaeTCH KaK 6bl 
paccJioerrrro:il: rra k CJI00B Xii. ... , X;ni' i=1, ... , k, 
rrpnqeM IIM0HHO i-il: CJJOH co,a;epmIIT nrr«PopMaa;nIO 06 i-M 
rrpII3HaKe. R IIOHHTHIO p. B. rrpHXO,[\HT, ua6JJIO,[\aH, rrarrp., 
peaJJnaau;nn KOMrrorreBTbI X ,a;ayMeprroii cJJyqaiirro:il: aeJin
qnrrhl (X, Y), BTOpaH KOMIIOH0HTa K-poil: y rro,a;qIIHH0TCH 
.u;ncKpeTBOMy pacrrpe,a;eJJerrnIO. 

Jlum.: [1] Yu JI R c C., MaTeMaT1necRaJI cTaTHCTHRa, nep. c 
aHrJJ., M., 1967. M. C. HunyJ1u1t. 

PACCJIOEHHOE IIPOII3BE)J,EHIIE o 6 'he KT o B 
K a T e r 0 p H II - qacTBhlii CJiyqaii IIOHHTIIH (o6paT
rroro HJIH IIp00KTHBBOro) rrpe,a;eJia. IJycTb ,\f- rrpOII3-
BOJibBaH KaTeropnH H IIYCTb 3a/:(3Hbl Mop«PnaMhl a: A -
-+ C, ~: B-+ C H3 St 06wKT D, BMecTe c Mop«Pn3MaMn 
cp: D-+ A 'ljl: D-+ B, rraa. pa cc JI o e H H hl M rr po-

qacTo Ha3. y H H B e p c a JI b H bl M, HJJH ,[\ e K a p T O
B hi M, K B a ,[\ p a T 0 M. 06'beKT D BMeCTe c Mop«Pn3-
MRMH <p H 'ljJ eCTb rrpe)J.eJJ ,a;narpaMMhl 

B 

l f3 
A--..C. 

P. rr. o6'beKTOB A n B rra.u; a n ~ o6o3Ha'laIOT o.u;rrnM H3 
cJiep;y10m;nx crroco6oa: 

AXB, 
c 

AXB, 
a, f3 

P. rr., ecJin orro cym;ecTayeT, orrpe,a;eJierro o.u;rroaHa11rro 
c ToqrroCTbIO ,[\O H30Mop«PnaMa. 

B KaTeropnn c KorreqrrhJMH rrpon3ae,a;eHHHMH n H,llpa.Mn 
nap Mop«PnaMoB P. rr. o6'heKTOB A n B rra,a; a n ~ cTponTcH 
cJie,a;y10m;nM o6paaoM. IlycTb P=A XB - rrpon3ae,a;e
rrne A n B c rrpoeKIJ;HHMH rt 1 n rt 2 n rrycTb (D, µ) - H,a;po 
rraphl Mop«PnaMOB rt 1a, rt 2 ~ : P -+ C. Tor,a;a D, BMecTe 
c Mop«PnaMaMn µrt 1 = <p n µrt 2='ljl, ecTb P. rr. A n B rra,a; 
a n ~. Bo Mrrornx KaTeropnHx CTPYKTypn3oaarrrrhlx MHo
mecTB D HBJJHeTCH rro,a;MHomecTBOM rrpon3ae,a;eHHH (A X 
XB), COCTOHIIl;HM H3 acex TaKHX nap (a, b), r,a;e aEA, 
b EB, ,[\JIH K-phlX aa= b~. M. ill. L{aJtenno. 

PACCJIOEHHOE IIPOCTPAHCTBO - TOTaJibrroe rrpo-
CTpaBCTBO paccAOeHUJI,. M. H. Boiitfexoecnuii. 

PACTHrlIBAIOmEE OTOBPAiKEHIIE - .a;rr«P«Peperr-
u;npyeMoe oTo6pamerrne f aaMKByToro MHoroo6pa3HH M 
Ha ce6H, ITO,[\ ,[\0HCTBH0M K-poro ,[\JIHHhl BCeX KacaTeJibHblX 
B0KTOpOB (B CMbICJie KaKoii-Hn6y,a;h, a Tor,a;a H JJI06oii, 
pnMaHOBOH MeTpHKH) paCTYT c 3KCUOH0BIJ;HaJibHOH CKO
pOCTbIO, T. e. cym;eCTBYIOT TaKne KOHCTaHThl C>O H 
A.>1, qTo ,a;JJH acex XE TM n acex n>O 

,I T t<n) (X) II~ CA,n II x !I· 
MMeeTCH TaKme aapnaBT IIOHHTHH p. o. 6e3 YCJIOBHH ,a;n«P
«Peperru;npyeMOCTH, OXBaThlBa10m;nil:, B qacTBOCTH, MBorne 
parree nayqaarnnecH o,a;HoMeprrhle rrpnMephl. CaoiicTaa 
P. o. aHaJJornqHhl CBOHCTBaM Y-cucme.M n oTqacTn 1i:ame 
rrpom;e (TaK, p. O. KJiacca C2 Bcer,a;a HM00T KOH0qHyIO HH
BapHaBTHYIO Mepy, aa,a;aaaeMyIO B TepMHBaX JIOKaJJbHhlX 
KOOp,l\HBaT IIOJIOlRHT0JibHOH IIJJOTHOCTbIO). lJ.. B. AnocoB. 

PACXO)J,HmAHCH IIOCJIE)J,OBATEJihHOCTb - rro
cJie,a;oaaTeJJbHOCTb ToqeK TOIIOJIOrnq, rrpocTpaHCTBa, He 
nMe10m;aH rrpe,a;eJJa. Ma BCHKoil: pacxo,a;Hm;eilcH rrocJie,a;o
aaTeJJbHOCTH MeTpnq, KOMIIaKTa MOlRHO Bhl,[\0JIHTb cxo
,[\HIIl;YIOCH rro,a;rrocJie,a;oaaTeJibHOCTh. B KJiacce P. rr. rrop
MnpoaarrrrhIX rrpocTparrcTB Bhl,[\eJJHIOT 6ecKouequo 6oJib
rnne IIOCJI0,[\0BaT0JibHOCTH, T. e. TaKne IIOCJJ0,[\0BaTeJib
HOCTH {xn} ToqeK 3THX rrpocTpaHCTB, qTo limllxnll= 00. 

n-+oo 

IloHHTHe p. II. o6o6m;aeTCH rra KpaTBhle IIOCJI0,[\0BaTeJJb
HOCTH H Ha HarrpaBJJ0HHhl0 (qacTnquo yrropH,a;oqeHHbie) 
MHOlR0CTBa. JI. lJ.. RyopJ161fe6. 

PACXO)J,Hmun:cH IIHTErPAJI - IIOHHTHe, rrponrno
IIOJJO)RBOe IIOHHTHIO cxop;Hm;erocH HBTerpaJia (CM. He
co6cmeennbiu unmeepaA). Harrp., ecJin «PYBKIJ;HH orrpe,a;e
JieHa Ha KOHeqHoM nJin 6ecKoHeqHoM rrpoMemyTKe [a, b), 
-oo <a<:b.;;;;oo, ecJln ,l\JIH JI106oro riE [a, b] oHa HBTer
pnpyeMa rra oTpeaKe [a, ril n rre cym;ecTByeT KorreqHoro 
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lim \Tl f (x) dx, 
T]-+b Ja 

TO roBUpHT, 'ITOHHTerpaJI~: f(x)dx pacxo;a;IITCH. B cJiy

qae, Rori:i;a 

lim \Tl f (x) dx=+oo HJIII -oo, 
TJ--+bJa 

roBopHT, 'ITO p. II. ~: f (x)dx paBeH COOTBeTCTBeHHO 

+ oo IIJIII - oo . JI. 11,. HyapRB1feB. 
PACXO,[VIID;IHlCH PH,IJ. - pll):I, y R-poro nocJiep;oBa

TeJibHOcTb 'IaCTH'IHblX cyMM He HMeeT KOHe'IHOro rrpep;eJia. 
Harrp., PHAbl 

1+1+1+1+1+ ... , 
1-1+1-1+1- ... , 

1-2+3-4+5- .. ., 

1+x+x2+x3 +x4 + ... (lxl~1), 

pacXO):l;HTCH. 
p. p. CTaJIII IIOHBJIHTbCH B pa6oTaX MaTeManrnoB 

17-18 BB. JI. 8il:Jiep (L. Euler) rrepBbIM rrpnrneJI K Bbl
Bop;y, 'ITO HymHO CTaBHTb BOIIpoc, He 'IeMy paBHa cyMMa, 
a KaK orrpe;a;eJIHTb cyMMy p. p., H HarneJI IIOAXOA K perne
HHIO aToro Borrpoca, 6JIH3KHH K COBpeMeHHOMy. p. p. 
AO KOH. 19 B. He Haxop;IIJIII rrpnMeHeHHH H 6bIJIH IIO'ITH 
3a6b1Tbl. HaRorrJieHne R ROH. 19 B. pa3JIH'IHblX iJ>aRTOB 
MaTeMaTH'I. aHaJIH3a BHOBb rrpo6yp;HJIO HHTepec R p. p. 
CTaJI BhIABHraTbCH Borrpoc o B03MOmHOCTH cyMMnpoBa
HHH PHAOB B HeR-pOM CMblCJie, OTJIH'IHOM OT o6bllJHOro. 

n pH Me p bl. 1) EcJin rrepeMHOmHTb /];Ba pHp;a 

~"" an Ii!~"" bn, 
k.ln= 0 "'-n= 0 

CXOAHID;HXCH COOTBeTCTBeHHO K A H B, TO rroJiy'IeHHblI! 
a pe3yJibTaTe rrepeMHomemrn pH;a; 

~"" 0 cn=~"X> (aobn+a1bn-l+•••+anbu) (1) k.ln= ""'n=O 

Mome-r oRa3aTbCH pacxo;a;mn;HMCH. Op;HaRo ecJIH cyMMY 
pHp;a (1) orrpe;!{eJIHTb He RaK rrpep;eJI 'IaCTH'IHblX cyMM sm 
a RaK 

l' •o+s,+ ... +sn 
n~meo n+1 ' (2) 

TO B <!TOM CMblCJie PHA (1) BCerp;a 6yp;eT CXOAHTbCH (T. e. 
rrpep;eJI B (2) 6yp;eT cyIIJ;eCTBOBaTb) Ii! ero cyMMa B <!TOM 
cMblCJie paBHa C=AB. 

2) PHA <l>ypbe il>YHKD;HH f (x), HerrpepblBHOH B TO'IRe x0 
(HJIH HM0IOIIJ;0H pa3pb1B 1-ro pop;a), MomeT paCXO/];HTbCH 
B noi! TO'IRe. EcJIH me cyMMY pHp;a orrpep;eJIHTb no iJ>op
MyJie (2), TO B <!TOM CMbICJie PHA <l>ypbe TaKOH il>YHRIJ;HH 
acerp;a 6yp;eT CXOAHTbCH Ii! ero cyMMa B <!TOM CMbICJie paaHa 
f(x0 ) (HJIH cooTBeTCTBeHHo [f(x0 + O)+f(x0-0)]/2, eCJIH 
x0 - TO'IRa pa3pblaa 1-ro po.iw). 

3) CTerreHHoil: pH;a; 

(3) 

CXOAHTCH AJIH lzl <1 R CYMMe 1/(1-z) n pacxop;HTCH AJIH 
lzl~1. EcJin cyMMy pHp;a orrpe)l,eJIHTb KaR 

lim e-x ~"' •nxn 
X--+ co ~n=O n! ' 

(4) 

rp;e Sn - '!aCTH'IHble cyMMbl pHp;a (3), TO B <!TOM CMblCJie 
PHA (3) 6yp;eT cxop;HTbCH AJIH Bcex z, YAOBJieTBopHIOIIJ;HX 
ycJIOBHIO Re z<1, rrpn11eM ero cyMMOii 6yp;eT iJ>yHKIJ;HH 
1/(1-z). 

,lJ.JIH o6o6ID;eHHH IIOHHTHH cyMMbI pH;a;a B Teop1rn p. p. 
paccMaTpnaaroT HeR-pyro orrepau;nro HJIH rrpaBHJio, B pe-
3YJibTaTe K-poro p. p. CTaBHTCH B COOTBeTCTBHe orrpe11,e
JieHRoe 'IHCJIO, Ha3. ero cyMMOH (B <!TOM orrpep;eJieHHH). 
TaRoe rrpaanJio Ha3. cy.M.Mupoeanug .Memo&o.M. TaR, rrpa
BHJio, orrncaHHOe B rrpnMepe 1), Ha3. MeTOAOM cyMMHpo
BaHHH cpep;HHX apI1iJ>MeTH'IeCKHX (cM. Tfeaapo .Memo&bt 
cy.M.Mupoeanug). IlpaanJio, orrpep;eJIHeMoe B rrpllllrnpe 2), 
Ha3. Bope.ui .Memo&o.M cy.M.Mupoeanug, 

CM. TaRme Cy.M.Mupoeanue pacxo&R,UfUXCR, pgiJoe. 
Jlum.: [1] Bore I E., Le<;ons sur !es series divergentes, P., 

1928; [2] x a p .n; 11 r., PacxonHm11ecH pHJJ:hI, nep. c aHrJI., M., 
1951; [3] Hy 11 P., BecKoHe'IHhie MaTplluhI 11 npocTpaHCTBa nocJie
.n;oBaTeJibHOcTel!, nep c aHrJI., M., 1960; [4] Peyer i m ho ff 
A., Lectures on summability, B., 1969; [5] Knopp K, Theory 
and applicat10n on mfmite series, N. Y., 1971; [6] Z e 11 er K., 
Beekman n v., Theory der Limitierungsverfahren, B.
Hdlb. - N. Y., 1970. H. H. Boanoe. 

PACIDHPEHIIE a JI re 6 phi JI n S c Hp;poM A -
aJire6pa Jin G c arrnMopiJ>n3MoM q; : G-+ S, Hp;poM R-poro 
cJiymnT np;eaJI Ac G, aTo paaHOCHJibHo 3a11,aHnro TO'IHoil: 
rrocJie;a;oaaTeJibHOCTH ~ 

0 -+ A-+ G -+ S -+ 0. 

P. Ha3. p a c ID; e rr n M bl M, ecJin cyID;ecTayeT rrop;aJI
re6pa S1cS TaRaH, 'ITO G=S1ffiA (rrpHMaH cyMMa MOAY
Jieil:). Torp;a q; nHp;yu;npyeT n3oMopiJ>n3M s1 ~s, n rroToMy 

orrpep;eJieHo p;eil:cTane aJire6pb1 S Ha A gnip°$epeHn;Hpoaa
HHHMn. 06paTHO, no JII060MY roMoMopiJ>n3My a : s -+ 
-+ Der A, rp;e Der A - aJire6pa p;niJ>iJ>epeHu;npoaaHnil: 
aJire6pb1 A, op;H03Ha'IHO cTponTcH pacID;errnMoe pacmnpe
Hne SEBA c 3aRoHoM yMHomeHHH 

[(s, a), (s', a')]= ([s, s'J, a (s) a' -a (s') a+ [a, a']). 

,lJ.JIH KOHe'IHOMepHblX aJire6p Jin Hap; IIOJieM xapaRTepn
CTHRH 0 crrpaaep;JIIIBa T e 0 p e Ma JI e B II: ecJIH s IIOJIY
rrpocTa, TO BCHROe pacrnI1peHI1e aJire6pbI S pacID;errI1Mo. 

lfa HepacID;eIIHMbIX p. HaH6oJiee H3Y'I0Hbl a6eJieBhl p.' 
TO ecTb P. c a6eJieBblM HAPOM A. B 3TOM cJiy'Iae p;eiicTBne 
aJire6pb1 G Ha A HHAYD;HpyeT p;eilcTBHe aJire6pbl GI A ~S 
na A, TO eCTb A ecTb S-MOAYJib. ,lJ.JIH aJire6p Jin Hap; 
IIOJieM BCHROe a6eJieBO p. aJire6pb1 s' HAPOM K-poro 
cJiymHT S-Mop;yJib A, HMeeT BHA SffiA co cJiep;yroIIJ;IIM 
3aKOHOM YMHOmeHHH: 

[(s, a), (s', a')]= ([s, s'], a (s) a' -a (s') a+')J (s, s')), 

rp;e 'ljJ - HeR-poe JIHHeiiHoe orn6pameHHe S /\ S -+ A. 
Tomp;ecTBO HR06I1 paBHOCHJibHO TOMy, 'ITO \jJ - ABYMep
HblH KOIJ;HRJI (cM. Koeo.Mo.1toeuu a.1tee6p Jlu). P., K-pblM 
8RBHBaJieHTHbl RoroMOJIOrH'IHble KOD;HRJibl, 8KBHBaJieHT
Hbl B eCT0CTB0HHOM CMblCJie; B 'IaCTHOCTII' p. paCID;ellHMO 
TOrp;a II TOJibKO Torp;a, Rorp;a \jJ ROrOMOJIOrH'IeH HYJIJO, 
TaRIIM o6pa3oM, a6eJieBbl P. aJire6pbI S c Hp;poM A orrI1-
CblBa10TCH rpyrrrrofi RoroMoJiorI1il: H 2 (S, A). K cJiy11aro 
a6eJieBbIX p. CBOAHTCH Il3Y'I0HH0 p c pa3pernHMbIM HAPOM. 

Jlum.: [1] A m e 11 o 6 c o H H., Anre6pbI JI11, nep. c aHrJI , 
M ' 1964 A [{ To.n.n'btZO 

P ACIDIIPEHIIE a c c o u; H a T II B H o ii a JI r e 6 p bl 
R Hap; ROMMYTaTHBHblM ROJibD;OM K - roMoMopiJ>I13M 
q; : S -+ R K-ame6pb1 S Ha ame6py R. EcJIH Kerq;= 
=I - aJire6pa c HyJieBblM yMHomeHHeM, TO P. Ha3. 
c H H r y JI H p H bl M. B aToM cJiy11ae Ha I ecTeCTBeH
HblM o6pa30M BBOAHTCH CTpYRTypa R-MOAYJIH. Ha MHO
mecTBe Bcex P. accou;HaTHBHoii aJire6pb1 R c HA
poM I BBOAHTCH OTHOJlleHHe 8RBIIBaJieHTHOCTII (TaR me, 
KaK AJIH rpyrrrr, Mop;yJieii Ii! T. p;.), H MHomeCTBO RJiaCCOB 
<JRBHBaJieHTHblX P. o6o3Ha11aeTCH F (R, /). EcJIH aJire6-
pa R HBJIHeTCH K-rrpoeRTIIBHOH, TO aJire6pa S pa3JiomnMa 
B rrpHMyro cyMMy K-Mop;yJieii S=l + R, n aJieMeHThI aJI
re6phI s MOmHO 3aIIHCaTh B BIIAe nap (u, r), uEI, rER, 
R-pble rrepeMHomaIOTCH no rrpaBHJIY 

(ui, r1) (u2, r 2)=(u1r2+r1u2+a(r1, r2), r 1 r 2), 

r.ii;e a : R(i)R-+ I. Accou;HaTIIBHocTb y~rnomeHHH Ha-
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KJia)J;hlBaeT orpaanqeHJrn ua ifiyHKI\llIO a, IIpeBpam,aH eo 
B KoU,HKJI. CoIIocTaBJieH11e P. ero KOI\HKJia ycTaHaBm1-
aaeT n:a0Moplf>11BM K-MOAYJJH F (R, /) co BTopoii rp ynnoi'r 
KoroMoJiorn::i'r H2 (R, /) aJJre6phl R c Ho::ilf>lf>1ui;11eHTa~m B I. 

P. aare6pbI R rraa. TaKlRe aJJre6py, c0Aepmam:y10 R. 
Ta1me p. qacTO CBH3aHhl c KOIIKp0THOII I\OHCTpym1.11eii 
(Maoro'IJieHbl aaA R, JJ0Kamrnau,11H R, KOJibno qacTHhIX 
aJire6phl R ll T. A·)· CM. TaKme Pacmupenue noJIH. 

JJum.: [1] Ma R JI e lt H C., roMoJionrn, nep. c attrJI., M., 1966; 
[2] Hoch sch i Id G., «Ann. Math.», 1945, v. 46, p. 58-67. 

B. E. I'ooopoo. 

PACIDHPEHHE r p y 11 n hi - rpyrma, coAepmamaH 
AaHHYIO rpyn11y B Ka qecTBe HOpMaJibHOro A0JlllTeJIH. 
06hlqao lf>1rnc11pyeTCH 11 lf>aHToprpynna, T. e. p a c III 11-

p e H n: e M r p y rr n w A n p 11 n o M o m: u r p y n
il hi B aaa. rpynna G, coAepmamaH A B KaqecTBe aop
MaJibRoro p;eJIHT0JIH 11 TaKaH, qTo GI A =.B, llJIH To1rnaH 
UOCJI0)J;OBaTeJibHOCTb 

v 
E -+ A -+ G ·-+ B -+ E. (1) 

MrrorAa rpyrmy G Haa. p a c Ill lI p e n 11 c M r p y II n bl 
B up11 II o Mo III, 11 r p y II II hi A (c~r., rranp., (2)) llJill 
::i1111Moplf>11aM y: G- B - P. rpyIIIILI B (cM., [1]). Ha
KOHeu;, TO'IH3H IIOCJieAOB3TeJibHOCTb ( 1) MOil\eT H33hl
BaTbCH KaK P. rpyIIIIhI A IIpll IIOMOIIJ.II rpyIITihl B, TaK 
11 P. rpynnhr B npll noMOIIJ.ll rpynIIhl A. P. rpynnbl A 
IIpll IIOMOIIJ.ll rpynnbl B BcerAa cyru;ecTByeT, OAHaKo rpyn
Tihl A n: B onpeAeJIHIOT ero aeo11;ao3aaqao. Heo6xo,[\HMOCTb 
OIIIICaIIlIH BCex p. rpyTITibl A npn: TIOMOIIJ.ll rpyIIIIhl B 
Bhl3B3Ha KaK TIOTpe6rrocTHMll C3MOH Teop1Ill rpyIIn, T3K 
n: ee IIp11JiomeH11HMll. TaKoe orrn:caano ecTeCTBeHHO IIpo
BOIJ;llTh c TO'IHOCTbIO AO 3KBHBaJieHTHOCTll . .D:Ba p. rpyn
IIbl A npll IIOMOID;ll rpyIITibI B Ha3. 8 K B II B a JI e H T
H bl M II, OCJill KOMMYT3THBIIR AIIarpaMMa 

E-+A-+G-+ B-+E 
II t II 

E-+A-+G' -+B-+E. 

TI poll3BOJihHOe P. ( 1) onpeAeJIHeT nyTeM TpaHciflopM11-
poBaH11.H ::iJieMeHTaMII rpyllnbl G rmro~roplf>ll3M 

a:G-+ Aut A, a (g) a=gag-1, 

,IJ;JIH K-poro a (A) cop;eplRIITCH B rpyIIIIe In A BHyTperr
HIIX aBTOMoplf>1IaMoB rpyIIIIhI A, II, cJie/J;OBJ.TOJihHO, 
OIIpeAeJIHeT roM0Moplf>11aM 

B:B-+ Ant A/In A. 

Tp oii:Ky (A , B, B) rraa. a 6 c T p a K T H bl M fl p; p o M P. 
<l>IIKCIIp YH P. ( 1), Bbl6nparoT AJIH 1rnmAoro b EB 1Ipe11;
CTaB11TeJIH u ( b) E G TaK, qTo6Lr YAOBJieTBOpHJillCh ycJio
BIIH yu (b)= b 11 u (1)= 1. TorAa coIIpHmerrne aJicMeHTOM 
u (b) nopomAaeT aBT0Mop$11aM cp (b) rpynnbl A: 

cp(b)a=u(b)a u(b)-r=ab. 

IlpOII3BeA0IIlle u (br) u (b2) paBIIO u (brb2) c TO'IHOCThIO i'J.O 
MHOil\l!T0JI.fl I (b1, b2) EA: 

u (b1) u (b2) =f (br, b2) u (b1 b2)· 

JierKo IIpOB0pH0TC.fl, 'ITO BB0AeIIIIhl0 lf>yrrHu;11n AOJllRIIbl 
YAOBJieTBOpHTh yCJIOBIIHM 

[cp(bi) f (b2, ba)) f (br, b2 ba) = f (br, b2) f (brb 2 , b3), (2) 

(ab• )b• = (af (b,, b,))b,b2 , (3) 

r,n:e B paBeIICTB0 (3) H0HBIIO IIp1ICYTCTBY0T lf>yIIKIJ.llH 
cp: B - Aut A. 

3aAarr11e rpyrrrr A II B 11 qiyrrKnniI f : BX B - A, 
cp : B - Ant A, YAOBJIBTBopHIOIIJ.llX ycJIOBII.HM (2) 11 (3) 
n ycJIOBIIHM HOpMaJill30BaIIIIOCTII: 

cp(1)=1, f(a,1)=1=/(1,b), 

oapoAeJJHeT P. (1) B CJICAYIOII\eM CMh!CJle. MHomecrBo 

B 0 (A, fl, cp, f) nap(a, b), aEA. bEB, 

HBJIHCTCH rpyrrrroii OTHOCHTCJibHO OIIepanl!H 

(a, b) (a1 , b1) = (aatf (b, b1), bb1). 

foM0Mop$113MhI a~ (a, 1), (a, b) !-->- b 3a11;a10T P. 
EcJIII 3aAaHo a6cTpa:KTHoe HAPO (A, B, B), TO Bcer11;a 

~1011\HO aa1hn HOpMaJil130BaHHYIO <i>YHKIJ.1110 cp, YAOBJI0T
BOpHIOIIJ.YIO ycJioBnro (3). EcTeCTBeaao B03HHKaer lf>yaK
n11H f, op;Ha:Ko ycJIOBl!e (2) He BCerp;a BblIIOJIHH0TCH; B 06-
meM cJiyqae 

f(b 2 • b3) f (bi, b2 b3) = k (br, b2 , b3) f (br, b2 ) f (b1 b 2 , ba), 

ni,o k(br, b2 , b3 )EA. <l>yaKnllH f: BxB-A aaa. 
CHCTeMoi'r lf>aKTOpOB, a <i>YIIKIJ.IIII k:BXBX 
XB-+A Ha3. ITpeII.HTCTBllHMII KP. EcJin 
rpynna A a6eJieBa, TO CHCT0Mbl lf>aKTOpOB COCT3BJIHIOT 
rpyIIny Z2 (B' A) OTIIOCllTeJibIIO IIX ecTeCTB0HHOro CJIO
meHllfl. <l>aKTOpbI, COOTB0TCTBYIOID;lle ITOJIYITPHMblM ITpo
H3BeAeIIUHM, cocTaBJIHIOT IIOArpyIIIIY B 2 (B, A) rpyIIITbl 
Z 2 (B, A). <l>a:KToprpyaaa Z 2 (B, A)/BdB, A) H3oMop$rra 
Bropoii rpyIIITe KoroMoJior11ii rpynnhl B c Ko::iqiqi11n11err
TaM11 B rpyIIne A. ArraJiorlI'IHYIO llHTepnpeTau,llIO nMeIOT 
npeITHTCTBl!H B TpeTbeH rpyIIne KorOMOJIOrllH. 

l1AeH II3Y'l0HllH p. c ITOMOID;hIO CIICTeM lf>aKTopoB ITO
HBIIJiaCh 11;aBrro (0. feJihAep, 0. Holder, 1893). Op;rra1w 
YIIOMllHaH11e CllCTCM lf>aKTOpOB o6hlqHo CBH33IIO c llM0II0M 
0. lllpa.ii:epa (0. Schreier), IIpeAIIPIIHHBillero c 11x no
MOIIl,hIO IIepBoe CHCTeMaTll'I. n3yqerr11e pacll111perr11ii. 
P. E::ip (R. Baer) BIIepBhle rraqaJI llIIBap1IaIITHble IICCJieAO
BaHllH P. rpyIIII 6e3 yqacTIIH CIICTeM lf>aKTopoB. Teop1rn 
p. rpyIIII HBHJiaCb OAIIHM l!3 l!CTOKOB roMOJIOfJlq. aJJre6phI. 

Jlum.: (!] R a p T a H A., 8 lt JI e H 6 e p r C., I'oMoJJOI'HqecKaJI 
aJireopa, nep. c attrJI., M., 1960; (2] R 11 p 11 JI JI o a A. A., 8rre
MeHThI Teop1111 npeacTaBJieH11lt, M. 1978; (3) Ry porn A. r., 
Teop11H rpynn, 3 ll3ll-, M., 1967; [4j M a R JJ e lt H C., I'OMOJIOI'HJI, 
nep. c aHrJJ., M., 1966. B. E. I'ooopoo. 

P ACIIIMPEHI1E A II 4> 4> e p e rr u; 11 a JI h H o r o 
n o JI H F 0 - ;n;111f>lf>eperrn1IaJibHOe IIOJie F-:::JF0 c TaKIIM 
MHomecTBOM A11<l>lf>epeHu;11poBarr11ii A, 'ITO orparr1Iqerrne 
A rra F0 COBII3AaeT c MIIomecTBOM An!J>qieperru,npoBaIIIIii, 
3aAaIIHbIX Ha F0 • B CBOIO oqepe/J;h F0 6yAeT 11. II If> If> e
p e II u. ll a JI b II bl M II 0 ,II II 0 JI e M IlOJl.fl F. 

IlepeccqeH11e JII06oro MHomecTBa AH!J>$eperru,1IaJibIIhlX 
noAnOJieii B F HBJIHeTcH 11;111f>lf>eperrn11aJibIIblM no;n;IToJreM 
noJIH F. )J;JJH JII06oro MIIomecTsa ::iJieMeHTOB "2. cF cy
ru;ecTByeT rrauMeHhlllee A111f>$eperru,naJILHOe ITOAITOJie B F, 
COAepmamee Bee aJieMeHThI II3 "2. II F0 ; oHo 0603rraqaeTcH 
F 0 ("2.) II rraa. p a c m II p e II n e M II 0 JI H F 0' IT o
p 0 JU A e II H lJ M M H 0 JI\ e c T B 0 M L (IIpll 3TOM 
rOBOpHT, 'ITO L HBJIH0TCH MIIOlReCTBOM, HJIII ceMeHCTBOM, 
o6pa3YIOllJ.IIX paclllliperrnH F0("2.) HaA F0). P. Ha3. K o
n e q II 0 II 0 p 0 m A e II II bl M, 0CJill OHO llM00T KOrreq
rroe MHOJl\0CTBO 06pa3y10m:11x, II II33. II p 0 c T 0 IT o
p 0 )R A e II H bl M, eCJil! MHOlR0CTBO 06paay10ru;1IX COCTOIIT 
113 OABoro aJieMeHra. EcJI11 F1 11 F 2 - ABa A1Ilf>$eperr
u,naJILIIwx ITO/J;IIOJI.fl B F, TO ITo,n:noJie 

F 1F 2 = Fr <F2)= Fr (F2) =F 2 (F1) =F 2 <F1), 

HBJIHIOIIl,0CCH All$$eperru;11aJihHbIM IIOAITOJI0M IIOJIH F, 
tta3. :K o M n o 3 11 T o M noJiei'1 Fr H F 2. 

IlyCTh El - CB060AII3H :KOMMyTaTllBHaH IIOJiyrpynIIa 
c MHOlReCTBOM CB060AHbIX 06paay10ru;11x A (ee ::iJieMeHTbl 
Ha3. A H 4> 4> e p e H n ll a JI h H bl M II 0 II e p a T o
p a M 11). CeMeiICTBO (a;); E 1 ::iJJeMeHTOB ;n;nlf>lf>epeHU,llaJib

rroro noJIH F rra3. A 'II <I> 4> e p e rr n II a JI h rr o a JI r e 6-
p a II q e c K ll 3 a B II c II M w M Hall. A II qi <I> e p e H
u. ll a JI b H hi M IIOJI0M FocF, eCJIU ceMeiiCTBO ( tla;)i E I,8 Ee 

aJire6pa1I•iecKn 3aBl!CHMO nar1 F 0, B n poTllBIIoM cJiyqae 
CeMCHCTBO (a;); EI rraa. A II <I> qi e p e II u. II a JI h H 0 a JI
r e 6 p a H q e c 1' II H e 3 a B H c H M bl M rra,1.1; Po' IIJill 
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ceuei!:cTBOM ;o; H iP iP e p e H ll, H a JI b H hI x H e H 3 B e
c TH bl x na;o; F0. foaopHT, 'ITO :rneMeHThI (1X;)ie r ;o; H iP
ifl e p e Hu, n a JI b Ho ceITapa6eJibHO 3ae• 
c n M bl Hap; F0, ecm1 ceMencTao (01X;)ie I,ee 6 ceITapa6eJib
Ho aaancltMO Hap; F0; B ITPOTHBHOM cJiy'lae ceMei"ICTBO 
(IX;); El Ha3. A H iP iP e p e H IJ, n a JI b H o c e IT a p a-

6 e JI h HO He3aBHCHMhlM HQ~· 
PacnmpeHne F Ha3. A n iP iP e p e H u, 11 a JI b H o a JI

r e 6 p a ll 'I 0 c K If M Hap; Fo, ecmi TaKOBhIM HBJifleTCH 
Kamp;L1ii :rneMeHT noJIH F. AHaJiorn'lHO, F Ha3. An iP <Pe
p e H u, n a JI b H o c e IT a p a 6 e JI b H bl M Ha;o; F0 , 

ecJin TaKoBbIM HBJIHeTCH Kamp;&Iii: aJieMeHT n3 F. ,Il;JIH 
p;ncpqiepeHu,naJihHhIX P. CITpaaeµ;JmBa TeopeMa o ITpnMn
THBHOM 3JieMeHTe: ITYCTb MHOiKeCTBO 0 He3aBHCHMO Ha 
F0 , Torp;a BCHKoe KoHe'lHO ITopom;o;eHHoe ;o;niflqiepeHu,n
aJibHO ceITapa6eJibHoe pacmnpeHne F ITOJIH F 0 nopom
;o;aeTCH O;Jl;HHM 3JieMeHTOM. 

IlyCTb J - HeK-poe MHOiKeCTBO H Fo[(Y;e ).ieJ.0eel
aJire6pa MHOfO'IJieHOB Hap; Fo OT ceMeHCTBa HeH3B0CT
HhlX (Yj0ljeJ,0e0 c MHOll\eCTBOM HH)l;eKCOB Jxe. Jlro-
6oe µ;nqiqiepeHa;RpoeaHne 6 EI'.\ ITOJIH F0 e;o;nHCTBeHHblM 
o6pa3oM ITpop;oJimaeTCH ;o;o p;nifliflepeH11,npoaaHnH KOJibIJ,a 
F0[(y i 0); e J,f:l e 6 ], oTo6pamarow;ero y je B y ifiS" 8To p;mp
qiepeHa;naJibHoe KOJibll,O Ha3. K 0 JI b lJ, 0 M ;o; ll qi iP e
p e H ll, ll a JI b H bl x M H 0 r 0 'I JI e H 0 B OT p;uqi(jle
peHIJ,HaJibHblX Hen3eeCTHhIX Yj, j E J, n o6o3Ha'laeTcH 
Fo{(yj);u}· Ero p;n(jliflepeHu,naJibHoe IToJie 
'I a c TH bl x (T. e. ITOJie 'IaCTHbIX c ITpo;o;oJimeHneM ;o;nifl
qiepeHu,npoaaHn:il:) o6o3Ha'IaeTCH F0((y) j E J), a aJieMeHTbl 
3Toro ITOJIH Ha3. ;o; ll qi iP e p e H lJ, ll a JI b H hI M ll iP y H
K lJ, ll H M ll HaA Fo OT p;nqiqiepemi;naJibHblX H0ll3B0CT
HhIX (Y ·)je J• ,Il;JIH o6mrnoBeHHbIX ;o;n(jl(jlepeHu,naJibHhIX 

.. J 
ITOJieII HMeeT MeCTO aHaJIOr T e 0 p e M hI JI IO p 0 T a: 
nycTb F - ITpOH3BOJibHoe ;o;nqiqiepeHu,naJibHoe P. ;o;nqi
iflepenu,naJibHoro ITOJIH F0 , co;o;epmaw;eecH B F0(u), ror;o;a 
F co;o;epmnT aJieMeHT v TaKoii, 'ITO F=F0 (v). 

,Il;JIH JII06oro ;o;nqi(jlepeHu,naJihHoro ITOJIH F cyw;ecTayeT 
ceITapa6eJibHoe ITOJIYYHnBepcaJibHoe 
pa c III ll p e H He, T. e. TaKoe P., B K-poe BKJiap;b!BaeTCH 
BCHKOe KOHe'lHO ITopom;o;eHHOe cena pa6eJibHOe p. ITOJIH F. 
BoJiee Toro, cyw;ecTByeT c e IT a p a 6 e JI 1, H o e y n n
B e p c a JI b H 0 e p a c III H p e H H e u' T. e. TaKoe 
p.' K-poe HBJIHeTCH ITOJiyyHnBepcaJibHhlM Hap; KaiK;JJ;hIM 
KoHe'lHO ITopom;o;enHhIM P. p;mpiflepeHu,uaJibHoro ITOmt F, 
co,nepmaw;uMcH e U. 

B Teopnn ;o;nifl(jlepeHu,naJibHhIX ITOJie:il: HeT 061,eKTa, 
COOTB8TCTBYIOII1ero aJire6pan'leCKil 3aMKHYTOMY ITOJIIO 
B reopnu ITOJieii: . .D:o HeK-pm1 CTeITeHn nx poJib nrparor 
CTecHeHHO 3aMKHYThle ITOJIH. OcHOBHbIM CBOllCTBOM Ta
Koro ITOJIH F HBJIHeTCH TO, 'ITO JII06aH KOHe'IHaH CHCTeMa 
aJire6pau'IeCKHX ;o;uqi!l>epeHIJ,HaJibHhlX ypaBHeHHH II He
paaeHCTB c Koaqi.ilmu,neHTaMn B F, nMerow;aH peIIIeHne, 
pau,noHaJibHOe Ha;o; HeK-pb!M p. ITOJIH F, IlMeeT peIIIeHne, 
pau,noHaJibHOe Ha;o; F. CeMeii:cTBp 11= (l'Jj) j E J 3JieMeHTOB 
:na HeK-poro P. ;o;:n(jl(jlepeHu,:naJibRoro ITOJIH F Ha3. c T e c
H e H H hI M Ha;o; F, ecJI:n cyw;ecrayeT ;o;nqi<l>epeH11,naJibHblii: 
ll!HOrO'lJieH cEF{(yj)je.d TaKoii, 'ITO c(l'j),,=0 H c(l'j')=O 
;JJ;JIH JII06oii: Heo6w;eii Anqi(jlepeHu,IrnJihHOii: cITeu,naJm3au,nn 
11' TO'IKH 11 Hap; F. PacIII:npeHne ~ ITOJIH F Ha3. c Te c
H e H H hl 111 Hap; F' eCJIH mo6aH KOHe'lHaH CilCTeMa 
aJiel\IeHTOB 111, ... , l'Jn E ~ HBJIHeTCH cTecHeHHoii Hap; 
F; aTo paaHocnJibHO ToMy, 11To npo:n3BOJihHhlii: aJieMeHT 
H3 ~ HBJIHeTCH CT0CH0HHhIM Hap; F. ,Il;n(jlqiepeHIJ,HaJibHOe 
IIOJie, He nMeIOw;ee HeTpnB:naJibHhIX CTeCHeHHbIX P., Ha3. 
c Te c He H H 0 3 a MK H y T LIM. IlpnMep TaKoro ITO
JIH - YHHBepcaJibHOe [{n(jl(jlepeHIJ,1!3JlbHOe ITOJie HyJieBoii 
xapaKTepl!CTHKll (YHIIBepcaJibHOe p ITOJIH pau,noHaJih
HhIX 'll!CeJI Q). .Il:JIH JII06oro p;nqi(jlepeHIJ,ll9JlbIIOro ITOJIH 
HyJieBoii xapaKTepl!CTHKH cyw;ecTBY0T c T e c H e H H 0 e 

29* 

3 a M hI K a H lt e, T. e. CTecHeHHO 3aMKHYTOe p. IlOJIH F, 
K-poe aKJiap;b!BaeTcH B Jiro6oe p;pyroe crecnenno 3aMKHY
roe P. ITOJIH F. 

Orrpe;o;eJierme nopMaJILHoro P. JI3 Teopnn ITOJie:il: Momer 
6b!Tb ITepeHeceHo B p;11qiqiepeH11,HaJihHyro aJire6py pa3-
JIH'lHhIMH CIToco6aMn. B ;o;mp(jlepeH11,naJrhnoii: TeopHn fa
Jiya OCHOBHYIO poJib nrpaIOT CHJibHO HOpM3JibHhle p. 
IlyCTb u - qinKCHpOBaHHOe YHHBepcaJibHOe AHqiqiepen
IJ,HaJlbHOe ITOJie xapaKTepnCTHKH 0 c ITOJieM KOHCT3HT K. 
Bee µ;11qiiflepeHll,ll3JihHhle ITOJIH' BCTpe'l3IOIIJ,ll0CH HHiKe' 
rrpe;o;noJiaraIOTCH Jiemaw;nMn B U, a ace yIToMnHaeMLie 
;o;aJiee e:30Mopqi113Mhl npep;IToJiararoTCH ,1wqi¢epeHu,naJib
HhlMH 1130Mop!l>n3MaM11, T. e. KoMMYTHPYIOT c oITepaTo
paMn na MHomecTBa I'.\. IlyCTb F n ~ - ;o;n¢qiepeHll,liaJib
Hhle ITOJIH, Hap; K-phIMH u YHHBepcaJibHO. IlyCTb c -
ITOJie KOHCTaHT ITOJIH ~- Ifao11wp¢n3M (J ITOJIH ~ H33. 
c H JI b H hi M, ecmi CJ OCTaBJIHeT HHBapnaHTHb!M 
K3iK;Jl;hlH aJieMeHT H3 c, <J~C~K H ~ca~K (TO ecrb 
~K=~aK). CnJibHO nopMaJibHhlM P. ;o;niflifle
penu,naJibHoro ITOJIH F Ha3. KOHe'lHO ITopom;o;ennoe pac
mupenue ~ ITOJIH F TaKoe, 'ITO BCHKnH: n30Mop(jln3111 
noJIH ~ Ha;o; F HBJIHeTCH CHJibHhlM. CnJibHo HopMaJibHhle 
P. HBJIHIOTCH CTecHeHHhIMH. MHomecTBO cnJibHhIX n3o
Mop¢n3MOB CltJibHO HOpMaJibHOro pacIIInpeHHH ~ Ha;o; 
F HMeeT ecTeCTBeHHYIO CTpyKTYPY aJire6pan'I. rpyITIThl, 
oITpe;o;eJieHHoii Ha;o; ITOJieM K (o6o3HaqaeMoii 'Iepea 
G(~/F)). 8TO - I'a.n,ya au¢rfiepeH1fUaAblW!t apynna 
pacmnpennH ~/ F. 1.JacTHhlM cJiyqaeM cnJihHO HopMaJIL
HhlX p. HBJIHIOTCH p a c Ill ll p e H ll H n ll I\ a p a -
B e cc no, r. e. pacmnpemrn, coxpaHHJow;ne noJie KoH
CTaHT H IIOJIY'l9IOlll;H0CH ITpncoe;o;nHeHneM K ITOJIIO F 6aanca 
pemeHHH KaKOH-Jin6o CIICT0Mhl JIHHeiiHh!X O;Jl;HOpOAHhJX 
;o;n¢¢epena;naJibHhIX ypaanennii c Koaifl¢nqnenTaMII H3 F. 
~JIH raKnx P. rpyITITa faJiya G (~/ F) HBJIHeTCH aJire6-
pau'leCKOH MaTpH'IHoii rpyITnoii, T. e. aJire6pan•1. no;o;
rpyrrrroil: rpyITIThI GLK (n) AJIH HeK-poro qeJioro n >O. 

.D:n¢¢epeHqnaJibHble rpyITIThI faJiya THITH'lHhIX ;o;uifl
(jlepeHu,naJibHO-aJire6panqecKnx P. nMeIOT cJie;o;yrow;n11 
BH;Jl;. 

1) IlyCTb ~=F(IX), r;o;e IX YAOBJieTBOpHeT CIICTeMe 
ypaaneHnn 6;1X=a;1X, 6;E~, a;EF, i=i, ... , m, II 
ITYCTb ITOJIH KOHCTaHT ITOJieii ~ II F COBIT9A9IOT. Tor;o;a 
~ HBJIHeTCH pacIIInpeHueM IlnKapa - Beccno 110.i.rn F 
n ;o;n¢¢epenu,naJibHaH rpyITIT9 faJiya G (~/ F) HBJIHeTCH 
ITO;o;rpymIOI! MyJibTHITJIHKllTHBHOII rpyITIThI ITOJIH K (TO 
eCTb GLK(i)=K*). EcJin aJie111eHT IX TpaHcqeH;o;eHren 
Ha;o; F, TO G(~/F)""'K*, a ecJin IX aJire6panqen, TO IX 
y.ri;oaJieTBopHeT ypaaHeHnro an;o;a yd-b= 0, r;o;o b E F 11 
G(~/F)=Zd (rpyITITa Kopneii: n3 i CTeITeHn d). PacmIIpemrn 
~ ITOJIH F H93. p. II p ll II 0 M 0 IH ll a K c II 0 H e H T bl. 

2) IlyCTb ~=F(IX), r;o;e IX Y;JJ;OBJI0TBOpHeT CMCTeMe 
ypaaneHliII 6;1X=a;, 6;E ~. a;EF, i=i, ... , m (TaKoii 
3JieMeHT IX H33. IT pH M ll T ll B H bl M Ha;o; F). M rryCTb 
ITOJie KoHcTaHT rroJIH F (IX) coarra;o;aeT c C. EcJIH IX$. F, 
TO IX TpaHCll,0H)l;eHTeH Ha;o; F. IloJiy'lOHHOO p. HBJIHCTCH 
pacIIInpeHneM IlnKapa - Beccno, II rpy1111a faJiya 
G (F (IX)/ F) n3oMop¢Ha a;o;;o;nTHBHoi'1 rpynne noJJH /(. 
TaKne p. H93. p a c m ll p e H H H M ll IT p H IT 0 M 0 Ill, M 
n HT er pa JI a. 

3) IlyCTb g2, g3 - 3JieMeHThI ITOJIH c TllKHe, 'ITO 
g~-27g~,,=O. 8JieMenT 1XEU Haa. aeiiepmTpac
c 0 B bl M Ha;o; F, eCJIH IX YAOBJIOTBOpHCT CHCTO~le ypaauemn1 

(6;1X) 2 -a~(41X3-g21X-g3 ); 6;E ~. a;E F, 1 <i<m. Pac
IIInpeHHe ~=F(IX) HBJIHeTCH CHJibHO HOpMaJibHhlM Ha;o; 
F, o;o;naKo, ecJin IX TpaHcqeH;o;eHTeH Ha;o; F, ono He HB
JIHeTCH pacm11peHueM IluKapa - Beccno. MMeeTCH MOHO
Mop¢n3M 

c:G (F<rx)/F)--+ Wr.:. 

r;o;e W x- rpynna TO'leK Ky6n'l. Rpueoii 

XoX~-(4xr-g2X~X1 -g3X~) =0. 
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ECJIII a TpaHc11eHp;eHTeH Hall F, TO c HBJIHeTCH lil30MOp
tPH3MOM. 

4) IIycTb F - p;HljiljiepeH1IH3JibHoe IIOJie, a1, •• ., anEF 
Ji (111' .. ., 1ln) - tPYHAaMeHTaJibHaH Cli!CTeMa HyJie!i 
ypaBHeHHH yln)+a1y<n-l)+ . .. +any=O, K-paH IIOpomp;aeT 
pacIImpeHne II1rnapa - BeCCl!IO IIOJIH F. rpyrma raJiya 
G(F<111 ,. • ., 1ln>IF) cop;epmHTCH B SLx(n) Torp;a H 

TOJibKo Torp;a, Korp;a ypaBHeHHe y'+a1y=O HMeeT He
TpHBHaJibHhdi HYJih B F. B 'laCTHOCTH, ecJIH F= C (x) -
p;mpljiepem~HaJibHOe IIOJie pa11HoHaJibHbIX tPYHK1IHii op;
HOfO KOMIIJieKCHOfO IIepeMeHHOfO c 11mpljiepeH1IHPOBa
HHeM d/dx Ii! Bv =y"+x- 1y'+(1-v2x- 2)y - p;HljiljiepeH
lllilaJibHhiii MHOfO'IJieH EecceJIH, TO rpyrma I'aJiya COOT
BeTCTBYIOIIIero P. coB1rnp;aeT c Siw(2) IIPH v- 1/ 2$Z· 
Ecm1 v-1/ 2 E :z' TO rpyIIIIa ra;n:ya COBIIap;aeT c K*. 

,AJIH JII06oro HaTypaJibHOfO n MOJRHO IIOCTpOHTb p. IJ;liltP
ljiepeH11HaJibHblX IIOJieii '§-::JP TaKoe, 'ITO G ('§/ F) ~ G Lx (n). 

CyIIIecTByeT COOTBeTCTBHe I'aJiya MeJRp;y MHOJReCTBOM 
p;HljiljiepeH1IHaJibHbJX IIOIJ;IIOJieii CliIJibHO HOpMaJibHOfO p. 
H MHomecTBOM aJire6paH'l. IIOp;rpyIIII ero rpyIIIIbl raJiya. 

KaK ll B o6bl'IHOH TeopHH raJiya, B p;HljiljiepeH11HaJibHOM 
CJiyqae paccMaTpHBaIOTCH ll;Be 06III1rn 3aµ;a'IH. 

a) IlpHMaH 3ap;aqa: 3ap;aHO CHJibHO HopMaJibHOe pac
nmpeHHe '§ p;HljiljiepeH1IHaJibHoro IIOJIH F. OIIpep;eJIHTh 
ero rpyIIIIY raJiya. 

6) 06paTnaH 3aµ;aqa: 3ap;aHbl p;HljiljiepeH11HaJibHOe IIOJie 
F H aJire6paH'l. rpymra G. 0IIHCaTb MHomecTBO CHJibHO 
IIopMaJibIIhIX P. IIOJIH F, rpynIIa raJiya K-pb1x H30MopljJHa 
rpymre G (B '!aCTHOCTH, onpep;eJIHTh, He IIYCTO JIH oHo). 

CyIIIecTByeT p;pyro:il: cIIoco6 o6o6IIIeIIHH HopMaJibIIOCTH 
Ha CJiy'laii p. 11;111jiljiepeII1111aJibHbTX IIOJie:il: II IIOCTpOeIIHH 
p;HljiljiepeH1IlilaJibIIOH TeOpHH I'aJJya, HCIIOJib3YIOIIIHH Me
TOll;bl p;HljiljiepeIIIIHaJihIIOH reoMeTpirn [ 4]. 

Jium.: [1] Ritt J. F., Differential algebra, N. Y., 1950; 
[2] K o 1 c h i n E. R., Differential algebra and algebraic groups, 
N. Y., 1973; [3] Ra II JI a H c K Ji II M., BBeAeHHe B gmjJcjJepeH
J~HaJJhHYIO anrel'ipy, nep. c aHm., M., 1959; [4] Po mm a re t 
J. F., Differential Galois theory, N. Y.-L.-P., 1983. 

A. B. MuxaJZeB, E. B. IIannpambeB. 
P ACIIIHPEHHE M o µ; y JI H - JJI06oii Mop;yJih X, co

,11,epmaIII11ii p;aIIHb!i'I MOIJ;YJJb A B Ka'IeCTBe IIOIJ;MOAYJIH. 
06bI'IHo, roBopH o P. Mop;yJJH A, lji11Kc11pyIOT ljiaKTOpMo
AYJih XIA, T.e. pacnrnpeIIHeM Mop;yJIH A 
c II o Mo III h IO Mo ,11, y JI H B IIa3. mo<tny10 noc.tte&oea-
me.ttbHOcmb 

0--+ A--+ X--+ B--+ 0. 
TaKoii Mop;yJih X Bcerp;a cyIIIecTByeT (HaIIp., IIpHMaH cyM
Ma A n B), IIO IIe OIIpep;eJJHeTcH MOAYJIHMH A 11 B op;IIo
aIIa'lIIO. KaK B Teop1111 Mop;yJie:il:, TaK n B ee IIp11JiomeIIHHX 
Bo3H11KaeT noTpe6IIOCTh B 0603peH1111 Bcex pa3JIH'IIIhIX 
p. MOll;YJIH A c IIOMO!qbIO B. c 3TOH 11eJihIO B KJiacce Bcex 
p. MOAYJIH A c IIOMOIIlbIO B BBOIJ;llTCH OTIIOIIIeH11e 3KBHBa
JieHTHOCTll, a Ha KJiaccax 3KBHBaJieIITIIbIX p .- OIIepa1111H 
YMHOJReIIllH (cM. Bapa YMllOJ1cenue), OTHOCHTeJibIIO K-poii 
MIIOJReCTBO KJiaCCOB 3KBHBaJieIITIIOCTll p. Mop;yJIH A Hap; 

KOJih1IOM R 06pa3yeT a6eJieBy rpynny Ext_R(A, B). 8Ta 
KOIICTPYKIIllH o6o6IIIaeTCH II Ha n-K p a T II bl e p. M 0-
A y JI H A c II 0 M 0 rq b IO B' T. e. Ha TO'IHble IIOCJiep;o-
BaTeJibHOCTll Bnp;a 

0--+A--+Xn-1--+ ... --+X0 ->-B--+0, 

K-pb!M COOTBeTCTByeT rpynIIa Ext 'k(A' B). rpyIIIIbl 

Ext R (A, B), n = 1, 2, .. ., 

HBJIHIOTCH npoH3BOIJ;IIbTMH ¢yHKTopaM11 tPYHKTopa 
HomR(A, B) 11 BhI'IHCJJHIOTCH c IIOMOiqhIO IIpoeKTllBHoii: 
pe30JibBeHTbl Mop;yJIH A HJill llH'heKTllBHon pe30JJhBeIITbl 
Mop;yJIH B. PacmHpeH11e X Mo,!J,yJIH A Ha3. c y rq e c T
B e H H bl M, eCJIH AJIH JII06oro IIOIJ;MOIJ;YJJH s MOAYJIH x 
H3 snA=O CJiep;yeT S=O. Bcmrnii MOAYJ!b o6JJanaeT MaK
CIIMaJihIIbIM cyrr~eCTBf'HIIb!M p.' HBJIHIO!qllMCH Mli!IIll~JaJib
HblM UWbeKmUBllb!.Al Mo8y.!le.1i, CO/.(epmarq11M /(aHHbiiL 

Jium. CM. IIpii CT. Pacuwpeuue rpyrrilhJ. B. E. I'oeopoe. 

PACIDHPEHHE o II e pa To p a - JIHHeHIIhrii: oIIe-
paTOp, rpaljJHK K-poro coµ;epmHT rpalji11K p;aHHoro JIHIIeii:
Horo oIIepaTopa. ToT ljiaKT, 'ITO oIIepaTOp B eCTb P. oIIe
paTopa A, 3aIIHChIBaeTcH B BHp;e AcB. 06bl'IIIble 3ap;aq11 
TeopHH p.: MaKCHMaJibHO paCIIIHpli!Tb OIIepaTop, coxpaHHH 
OIIpep;eJieHIIOe CBOHCTBO, HJIH H3Y'IHTb p. OIIepaTopa' 
o6Jiap;aIOIIIlle IIeK-pblM AOIIOJIHHTeJibIIblM CBOi'ICTBOM. 

IIycTh, IIaIIp., p;aH H3oMeTpH'I. OIIepaTop A B rHJib6ep
TOBOM IIpocTpaHCTBe H c o6JiaCTbIO oIIpep;eJieIIHH D (A )CH 
11 o6JiacTbIO 3Ha'leHHii R (A )cH; Torp;a 1130MeTpH'IecK11e P. 
OIIepaTopa A IIaxop;HTCH BO B3aHMHO OIJ;II03Ha'IIIOM COOT

BeTCTBlllil c H3oMeTpH'I. oTo6pameIIHHMH H3 H + = D (A) J_ 
B H _=R (A)J_. B •rncTHOCTH, A HMeeT yHHTapHbie P., 
Korp;a pa3MepIIOCTH H + H H _ coBIIap;aIOT. 

Pacm11peHHH CHMMeTpH'IeCKHX oIIe
p a T o p o B. Ha1160Jiee pa3BHToii (H BamIIoii AJIH IIpHJIO
meIIHii) HBJIHeTCH TeOpHH caMOCOIIpHJReIIIIblX p. Cli!MMeT
pH'I. oIIepaTOpoB B rHJib6epTOBOM IIpocTpaIIcTBe. OIIepa
Top T HBJIHeTCH CHMMeTpH'IeCKHM Torp;a II TOJibKO Torp;a, 
Korp;a Tc T*, rµ;e T* - coIIpHmeHHhIH K T OIIepaTop. 
Ilo3TOMY o6JiaCTb OIIpe/.(eJieHHH JII06oro CHMMeTpH'IecKoro 
P. OIIepaTOpa T cop;epJRHTCH B D ( T*), H 3TO P. eCTh c y
m e H H e OIIepaTopa T*. TeM caMhIM OIIHCaIIHe CHMMeTpH
'IeCKHX p. CBO/J;li!TCH K Haxomp;eIIHIO li!X o6JiacTeii OIIpep;e
JieIIHH. IIop;IIpocTpaIIcTBO LCD ( T*) HBJIHeTCH o6JiaCTbIO 
oIIpe/.(eJieHHH HeK-poro CHMMeTpH'IecKoro P. OIIepaTopa T 
TOrp;a II TOJibKO Torµ;a, Korp;a (T*x, y)=(xT*y) ,11,JIH JII06hIX 
x, yEL. 0Ka3brnaeTcH, 'ITO 

D (T*)=D (T)-f-N++N_, 

rp;e N ±=Ker ( T* =i= i) - A e qi e K T II bl e II o A II p o c T

p a H c TB a (11x pa3MepHocTH n± =dim N ± IIa3. µ; e

qi e K T H bl M Ii! q ll c JI a M H)' ll Cli!MMeTpH'IeCKHe p. 
OIIepaTopa T Haxop;HTCH BO B3alillV!IIO Oll;H03Ha'IIIOM COOTBeT
CTBlilll c H3oMeTpnq, oTo6pameHHHMH H3 N + B N _: Kamp;o
My TaKoMy OTo6pameHlllO v COOTBeTCTByeT p. OIIepaTopa T 
c o6JiaCTbIO OIIpep;eJieIIllH D (T)-i- rv, rp;e rv - rpaljJHK 
oIIepaTopa V. CaMocoIIpHJReIIHhle P. cooTBeTCTBYIOT yHn
TapIIbIM OIIepaTopaM v II, CJiep;oBaTeJihIIO, cyIIIeCTBYIOT 
Torp;a H TOJibKO Torp;a, Korµ;a µ;eljieKTHbie 'IllCJia paBHbl. 

06JiaCTH OIIpep;eJieIIHH p. Cli!MMeTpH'I. OIIepaTOpOB yp;o6-
IIO OIIli!ChIBaTb c IIOMOIIIhIO T. II. (a6cTpaKTIIblX) rpaHH'IHbIX 
YCJJOBHii:. r p a II H q H bl M 3 H a q e II Ii! e M AJIH CHM
MeTpH'I. oIIepaTOpa T Ha3. BCHKnii JillIIeiiHhlii ljiyHKl(llOIIaJI 
Ha D (T*), HeIIpepbIBHhIH OTHOCHTeJihHO HOpMbl (x)= 

=(llxll2+llT*xll2) 112 H paBIIbii'! IIYJIIO Ha D (T); r pa H II q
H bl M y c JI o B n e M Ha3. ypaBIIeII11e f (x)= 0, rp;e f -
rpaH11qHoe 3Ha'leHlle. I'paIIll'IIIbie 3IIa'le!IHH OIIpep;eJIHIOTCH 

CBOHMll 3IIa'leIIHHMH IIa N + + N _. EcJin p;eljieKTIIhie 'IHCJia 
CHMMeTpll'I. OIIepaTopa T KOIIe'IHbI, TO BCHKOe ero CllMMeT-

pH'I. pacmnpeHne T oIIpep;eJIHeTCH ceMencTBOM rpaa11q

HhIX ycJIOBHii, TO eCTb D (T)= n ~~1Ker /;, rµ;e /; - rpa
Hll'IIIhle 3Ha'!eIIHH. CeMei'ICTBa rpaHH'IHblX 3HaqeHHH, OII
pep;eJIHIOII~He caMocoIIpHmeHIIhie P. oIIepaTOpa T c µ;eljieKT
IIblMH qli!CJiaMll n + = n - = n' OIIllChIBaIOTCH CJiep;yIOrrrHM 
o6pa3oM. IIycTb <p1, ... , IPn - opToIIopM11poBaIIHhli'1 6a3nc 
B N +, a '¢1 , ... , '¢n - B N _ Ii! IIYCTh ll;JIH 1 <i ..;;;:n 

/; (x) = (T*x, <p;}-(x, T*<p;), 

g; (x)=(T*x, ljl;)-(x, T*\jl;). 

Torp;a BCHKoe caMocorrpHmeHIIoe pacm:upeH11e T oIIepaTo
pa T OIIpe,11,eJJHeTcH rpaHH'IHhIMH ycJIOBHHMll 

D (T) = n~= 1 Ker(/;-~;= 1 B;jgj) , 

r,11,e ll8ijll - yH11TapIIaH (n X n}-MaTplll(a. 
B HeK-phlx cJiyqaHx yµ;aeTcH ycTaHOBHTh cy~ecTBoBa

Hlle caMoconpHmeHHh!X p. (u Hai'ITH HeK-pbie 113 HllX)' He 
pemaH Tpyp;Hoii 3ap;aqu Haxom,11,eHHH p;eljieKTHbIX IIOll;IIpocT-
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paHCTB n ,a;ecfieKTHhlX 'lnceJI. HaIIp., ecmr T KoMMyTnpyeT 
c (aHTHYHHTapHoil:) HIIBOJIIOIJ,Heii IIpOCTpaIICTBa H' TO OJI 
,a;oIIycKaeT caMocoIIp.11meIIJioe P. 8To qacTo ncIIOJih3yeTCH 
B Teopnn ,a;mpcfiepeIIIJ,naJibIIhlX orrepaTOpoa, r,a;e B KaqecTBe 
HIIBOJIIOIJ,MM 6epeTCH KOMIIJieKCHOe COIIpHlReJine IIpOCTpaH
CTBa Z 2 • PaaeJICTBO ,a;eiJ>eKTIIhlX qnceJI llMeeT MeCTO M B TOM 
cJiyqae, Kor,a;a Ha ,a;eil:CTBHTeJiblIOH OCH eCTb TOqKn pery
JIHpHoro THIIa oIIepaTOpa T (TOqKa /,, Ha3. T o q K o il 
p e r y JI H p II o r o T 11 II a, ecJIM II Tx-/,,a;Jl~cllxll IIpM 
HeK-pOM c>O 11 ,D;JIH acex xED (T)). 

PacrnMpeIInH IIOJiyorpaIInqeJIIIblX 
o II e p a T o p o B. OIIepaTOp T Jia3. II o JI yo r p a II 11-
11 e II II bl M c II 11 3 y qncJioM a ER, ecJIM ero q M c JI o
B a H o 6 JI a c Th {(Tx, x): llxJ1=1, xED (T)} JielRHT B 
HIITepBaJie (a, CXl ); OIIepaTop, IIOJiyorpaHMqeHIIblH CIIM3Y 
HyJieM, Ha3. II 0 JI 0 )RH Te JI b II hi M. EcJIH T IIOJiy
orpaJIMqeJI CIIM3Y qMcJioM a, TO ace qncJia !.,<a - ero Toq
KH peryJI.11pIIoro THIIa, ,a;eiJ>eKTIIhle qMcJia paBHhl n cym;ecT
BYIOT caMOCOIIpHlReIIHhle p. 0,a;IIO 113 HMX MOlRHO IIOCTpo
MTb cJie,a;yrom;nM o6pa3oM. IloJiyTopaJinIIeilHaH iJ>opMa 
qT(x, y)=(Tx, y), OIIpep;eJieIIHaH Jia D (T)XD (T), ,a;oIIy

cKaeT 3aMhlKamrn <iT· Ho, KaK BCHKOH 3aMKHyToil cnMMeT

pHqJioil 6nJIHIIeHIIOH iJ>opMe, iJ>opMe qT COOTBeTCTByeT e,a;nII

CTBeJIJihlH caMOCOIIpHlReIIHblH OIIepaTop f TaKOH, qTO qyC 

CqT. OIIepaTOp T Ha3. p a c III 11 p e H M e M <I> p 11 ,a;
p M x c a OIIepaTopa T, OH IIoJiyorpaJIMqeH, 11 IIHlRHHH 
rpaHb ero cIIeKTpa paaHa IIMlRIIeil rpaIIn qncJioaoil: o6Jia
CTH OIIepaTopa T. 8To - e,a;nHCTBeIIJioe caMocoIIpHmeIIIIoe 
P ., o6JiaCTh oIIpep;eJieIIn.11 K-poro cop;eplRMTCH B o6JiaCTH 

OIIpe,a;eJieHHH iJ>opMbl qT. c IIOMOIIJ;bKl pacnrnpeIIHH <l>pn,a;
pHXCa MOlRIIO OIIncaTb p;pyrne IIOJiyorpaJinqeJIHhle P. oIIe
paTopa T (ecJIM ,a;eiJ>eKTHhle qncJia oIIepaTopa T KOJieqHhl, 
TO ace ero caMocoIIp.11meIIIIbie P. IIoJiyorpaJIMqeJibI). ,IJ;JI.11 
3T0f0 ,D;OCTaToqHo JiaHTH BCe IIOJIOlRMTeJibHbie p. IIOJIO)Rll
TeJibJiblX OIIepaTOpOB (o6m;nil CJiyqail CBO,D;llTCH K ,a;aJIJIOMY 
,a;o6aaJieHneM OIIepaTopa, KpaTIIoro e,a;MIIMqJioMy). IlycTb 
T - IIOJIOlRMTeJihIIblH oIIepaTop, L= Ker T*, Tor,a;a IIO
JIOlRMTeJihIIbie caMocoIIpHlReIIHhle P. oIIepaTopa T o,a;IIo-
3HaqJio COOTBeTCTBYIOT IIOJIOlRHTeJibHhlM orpaHnqeJIJihlM 
oIIepaTopaM B B £: ,D;JIH Kam,[\oro TaKoro oIIepaTopa B IIOA

IIpocTpaIICTBO D (T)+(f- 1+B)L - o6JiaCTh oIIpe)J,eJie
IIHH COOTBeTCTBYIOm;ero P. (cM. [4)). 

IlocTpoeIIMe pacrnnpeIIMH <l>pHp;pMxca o6o6m;aeTCH Jia 
c e K T o p 11 a JI h II bl e o II e p a T o p bl, T. e. oIIepa
TOpb1, qncJIOBaH o6JiaCTb K-pbIX cop;eplRMTCH B HeK-poM 
yrJie {zEIC : I arg(z-z0)1 ..,;:8<Jt/2}; cym;ecTayeT P., HB
JI.1110m;eec.11 MaKCHMaJibHblM CeKTOpllaJibHblM OIIepaTopoM, 
qncJioBaH o6JiaCTb K-poro HaXO)l;llTCH B TOM me yrJie H K-poe 
o6Jiap;aeT CBOiicTBOM MMHMMaJibHOCTM, aHaJior11qHblM CBOH
CTBY pacrnnpeHMH <l>pnp;pMxca. PaccMoTpeH cJiyqail oIIe
paTopoB, )J,eHCTBYIOIIJ;MX H3 6aHaxoaa IIpOCTpaHCTBa B co
IIpHlReHHOe K HeMy (cM. [5]). 

AM cc 11 II a TM B H hi e pa c III n p e HM H. B HeK-pblX 
3ap;aqax B03HHKaeT He06XO)J,MMOCTb CTpOHTb CMMMeTpnqe
CKHe P. CMMMeTpnq. OIIepaTopoa. TnIIMqHhlH pe3yJihTaT 
COCTOMT B CJiep;yrom;eM. OIIepaTop A Ha3. AM cc H II a
T M B H bl M, eCJIM ero qMCJIOBaH o6JiaCTb JielRMT B JieBOH 
IIOJIYIIJIOCKOCTM, M M a K c M M a JI b H hi M AH c c ll II a
T H B H bl M, eCJIM OH )l;MCCHIIaTMBeH M He MMeeT AMCCHIIa
TMBHblX p. BcHKllll CllMMeTpMq. OIIepaTop M~IeeT p. BH)l;a 
iA, rp;e A - MaKcnMaJibHblH )l;MCCMIIaTMBHblir OIIepaTop; 
ace TaKHe p. OilMCbIBaIOTCH c IIOMOIIJ;bIO ClRHMaIOIIJ;MX OT06-
pameHn:ii N + B N _ (cM. [8]). 

p a c III ll p e H ll H A ll ip ip e p e H II, M a JI b H bl x 0 II e
p a T o p o B. BamHbie IIpnMeHeHnH rnopMH P. oIIepaTo
poa HMeeT IIpn nccJiep;oaaHnn ).l,niJ>iJ>epeHIJ,HaJibHblX OIIepa
Topoa. IlycTb 

l (y) = !~=O (-1)n-i (p; (x) y(n-il)(n-i) 

- iJ>opMaJibHO caMOCOIIpHlReHIIOe AMil>iJ>epeHIJ,HaJibIIOe Bbl
pameIIne Ha nIITepaaJie (a, b); IIYCTh DE Z 2(a, b) - IIOA
IIpocTpaIIcTBO, COCTOHm;ee H3 BCeX iJ>yIIKIJ,Hll c a6coJ1IOTHO 
IIeIIpepbIBHblMH KBa3nIIpOH3BO)l;HbIMH IIOPHAIWB 0, 1, ... , 
2n-1 n 2n-:ii KBa3nIIpon3BO)l;IIOH, npnIIap;Jiemam;e:ii Z 2 (a, 
b), rp;e D 0 - IIO)l;IIpocTpaIIcTBO B D, cocToHm;ee H3 iJ>yIIK
IJ,nn, HOCHTeJin K-phlX Ile cop;epmaT KOIIIl,OB HIITepBaJIOB. 
<l>opMyJia Ty= l (y) npn y ED oIIpep;eJI.lleT OIIepaTOp T; 
IIYCTh T~ - ero cymeIIne Ha D 0 • OIIepaTop T~ - cnMMeT

pnqecKnil, T~* = T n IIYCTh T 0= T~ - ero 3aMbIKaIIne. 
06JiaCTh oIIpep;eJieIInH oIIepaTopa T0 B peryJIHpIIoM cJiy
qae (T. e. Korp;a HHTepBaJI (a, b) KOHeqeJI H iJ>yIIKIJ,HH 
1/p0 cyMMnpyeMa) o6pa3oBaHa ace~m iJ>yIIKIJ,HHMn H3 D, 
IIepBbie 2n-1 KBa3nnpon3BO)l;IIblX K-pblX o6pam;aIOTCH 
B 0 Jia KOJIIJ,aX HIITepBaJia. B CHIIryJIHpHOM cJiyqae D (To) 
OIIHChlBaeTCH 6oJiee CJIO)RHO (cM. [2]). ,IJ;eiJ>eKTIIbie qncJia 
OIIepaTOpa T0 paBIIbl, IIpnqeM B peryJIHpIIoM cJiyqae oIIn 
paBJihl 2n, a B CHIIfYJIHpIIOM - He IIpeBOCXO)l;HT 2n. 
TaKnM o6pa30M, T0 acerp;a o6Jiap;aeT caMoconp.11meIIHblMn 
P.; nx cneKTpbl, cIIeKTpaJibHbie pa3JiomeHnH n pe30JihBeII
Thl HBJIHKJTCH OCIIOBJiblMH o6'beKTaMH Teopnn ).l,niJ>iJ>epeHIJ,H
aJibHblX OIIepaTopoB, IIOCKOJibKY Bbl6op Toro HJIH HIIOfO 
caMoconp.11meIIHOfO p. HBJIHeTCH rjJaKTnqecKn TO'UIO:ii 
IIOCTaJIOBKOH HeK-poil CIIeKTpaJibHOH 3ap;aqn. 8To oco6eJI
HO HarJIH)l;JIO IIpOHBJIHeTCH B peryJIHpIIOM CJiyqae: (a6-
CTpaKTIIhle) rpaHnqJihle ycJIOBHH, 3ap;a10m;ne o6JiacTb OII
pep;eJieIInH caMocoIIpHlReIIIIoro P. onepaTopa T 0, 3aIIn
CbIBaeTCH TOrp;a B BH)l;e o6blqHblX rpaHnqJiblX ycJIOBHii: 

~:: 1 ajkYrk-IJ (a)+.}.:!: 1 B jkYrk-IJ (b) =0, 

j=1, ... , 2n, 

rp;e a;k, Bik - Jia6op qnceJI (TaKOe OIIncaHne cJiep;yeT H3 
BhlIIIeIIpnaep;eIIHoro onncaIInH (a6cTpaKTIIhIX) rpaJinqJiblX 
ycJIOBHH, IIOCKOJibKY B peryJIHpIIOM cJiyqae onpep;eJieJihl 
rpaJinqJihie 3JiaqeJinH cp j(y)= y[il(a), \fl j(y)= yUl(b)). 

Ilpn p0(x) >O oIIepaTop T0 HBJIHeTcH IIoJiyorpaHn1reII
IIhIM cIIn3y, n ero pacmnpeIIne <l>pnp;pnxca cooTBeTCTByeT 
rpaJinqJihlM ycJioBnHM y[!l(a)=y[jl(b)=O, O..;;:j...;;:2n-1. 

B o6m;eM cJiyqae caMocoIIpHlReHIIbie P. OIIepaTopa T0 

MO)RJIO onncaTb CJiep;yIOIIJ;Hll! o6pa30M. IlyCTb 

(y, z) =~:=I (yCk -lJ z[2n-kl_ y[2n-k1 zCk-11) 

,1;JIH mo6blx iJ>yHKIJ,nil y n z H3 D; Torp;a cym;ecTBYKJT IIpe
p;eJihl 

lim (y, z)x=[Y, z)a, lim [y, z](x)=[y, z)b, 
x-+a X-+b 

[y, z)b-[y, z)a= (Ty, z)-(y, Tz) 

(iJ> op My JI a JI a r pa H ma). IloaTOMY AJIH orrncann.11 
caMocoIIpHmeHHblX P. oIIepaTopa T 0 p;ocTaToqHo Bb16paTb 
6a3nChl cp1, ... , cpn n \fl1, ... , \fin B p;eiJ>eKTHhIX IIop;rrpocT
paHCTBax N + n N _ (y1J,06Ho cqnTaTb, qTo \fl1=qJ;) n Kam
p;01'f yHnTapHo:ii MaTpnIJ,e 118,)1 IIOCTaBHTb B COOTBeTCTBHe 
caMocoIIpHmeHHOe pacIIInpeHne Te, o6JiaCTb orrpep;eJieHnH 
K-poro cocTOHT H3 acex iJ>yHKIJ,ni'1 y ED, YAOBJieTBopHKJIIJ,HX 
rpaHH'lHhlM ycJIOBHHM 

[y, 6j]b-[y, 6j]a=0, 1 < f < n, 
rp;e 

6j=cpj-~~=I 8;j{ji;. 

p a c III H p e H H H, 0 T B e q a IO III, He K p a e B bl M 
3 a A a 11 a M. P. rroJiyorpaHnqeHHblX orrepaTOpoB nrpaIOT 
IJ,eHTpaJlbHYIO pOJJb B Teopnn 3JIJIHIITnqecKHX KpaeBhlX 
3ap;aq. IlycTh, HaIIp., l (y) - 3JIJIHIITnqecKoe p;niJ>rjJepeH
IJ,HaJibHOe BhlpameHne 2-ro IIOpH.n;Ka B 06J1aCTH G n-Mep-
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Horo IIpocTpaHCTBa n: IIYCTh A 0 n: A =A; - MHHIHiaJihHhIH 
n MaKcHMaJlbHblii: onepaTOpbl, onpep;eJ1eHHhie aTmt BLipa
IBeHHeM. Torp;a oIIepaTop A 0 IIOJIOIBHTeJlbHO oIIpep;eJ1eH, 
ero p;elfieKTHhle 'lHcJla 6ecKOHeqrrw IA p;e4JeKTHoe IIop;upocT
paHCTBO L 0=Ker A (oHo Ha3. II po c T pa rr c T no M 
l - r a p M 0 H H q e c K H x !Ji y H K ~ IA ii B G) IJ:OIIy
CKaeT ecTeCTBeHHYJO peamrna~HIO B BHAe IIpocTpaHCTBa 
4JyrrK~n:ii: Ha rpaH:e:~e &G o6Jiacm G. TaN:e:M o6pa3oM, 
paamPillble p. OIIepaTopa A 0 COOTBeTCTBYJOT TeM mrn HHblM 
rpaHH'lHhlM ycJ10B11HM IA oIIpe,ri;eJIHIOT paaJ1nqHhie HpaeBhle 

aap;aqn:. B 'laCTHOCTH, pacnrnpeH:e:e Cl>pnp;pn:xca Ao oIIpe
)l;eJleHo Ha Bcex !JiyHH~HHX H3 IIpocTpaHcTBa Co60J1eBa 

W~(G), 06pai!w10mnxcH B HYJlh Ha &G, n ypaBHeHne 

A0u= f cooTBCTCTByeT 3ap;aqo .IJ;n:pn:xJ1e: 

l(u)=f, ulaa=O. 

Teopn:H ypaBHeHHII c qacTHhIMH IIPOH3BOAHblMH AHHTyeT 
IIOCTaHOBHY MHOfHX o6max 3a,u;aq 0 p. CHMMeTpH'l. OIIepa
TOpOB. Cpep;H HHX aa.u;aqn 06 YCJIOBHHX CAHHCTB0HHOCTH 
caMOCOIIpHIBeHHOfO P. (T. H. c y ~ e c TB e H Ha H 
ca M 0 c 0 II pH IB 0 H H 0 c Tb), 0 cymecTBOBaHHH HOM
MyTHpyromHx p. y HOMMYTHpyromnx (B TOM HJIH HHOM CMbl
CJle) c:inrneTpn'l. oIIepaTopoB, o cymecTBOBaHnn IIpoMe
myTO'lHblX p. c 3ap;aHHblMH CBoiicTBa~rn: (HaIIp.' c ycJIOBHH
MH Ha CIIeHTp) H T. A· (cM. [7)-[9]). 

p a c III H p e H H H c B bl x 0 A 0 M H 3 r H JI b 6 e p
T 0 B a II p 0 c T p a H c T B a. BcHHHii CHMMeTpH'l. 
OIIepaTOp, p;eii:CTBY!OIIWii B fl!Jlb6epTOBOM IIpOCTpaHCTBe 
H, MOIBe_T 6b1Tb pacIII11peH AO caMocoIIpHIBeHHoro oIIepa
Topa, p;eHcTByromero B HeK-pmr IIpocTpaHCTBe H 1-:::;H (c~r. 
[ 10)), OTHyp;a CJlep;yeT cymecTBOBaHHe y BCHHOfO CllMMeT
pn'l. OIIepaTopa o6o6meHHoiI CIIeHTpaJ1bHoi'1 4JyHH~HH. 
c 3THM TaHiKe CBH3aHbl paaJIH'lHbie pe3YJlbTaTbl 0 p. c Bbl
xop;OM H3 IIpocTpaHcTBa H p;nJ1aTa~11Hx (cM. (11]). TaH, 
BCHHOe c iK a T n e, T. e. OIIepaTop c HOpMoii ~1, r11J1b-
6epT0Ba npocTpaHCTBa MOiKeT 6blTb pacIIInpeHo AO HOll.30-
MeTpH'leCHOfO (T. e. conpHIBeHHOfO K H30MeTpH'IeCHOMy) 
oIIeparopa; BCHHoe cmaTne, CTeIIeHn H-poro Cl!JII>HO cxo
AHTCH H HYJllO, MOIBeT 6b!Tb paCIIIHpeHO AO o6paTHOf0 op;
HOCTOpOHHero Cl-(Bllra (T. e. COIIpHiKeHHOro K OAHOCTopoH
He~ry cp;B11ry). Pe3yJlhTaTbl o P. c BblXop;oM 113 IIpocTpaa
CTBa o6o6~a!OTCH Ha HOMMyTaTHBHblC ceMeHCTBa, IIOJly
rpyIIIIhl H T. A· 

Jium.: [1] ,[!, a H Qi op 11 H., III n a p I.l ,[J, m.- T., mrnellnh1e 
onepaTOpbl, nep. c aHrJJ., T. 2, M., 19!i6; [2] Ha HM a pH M.A., 
JlnHellH1>ie 11nQiQiepeHQHaJJhHbie oneparop1>1, 2 na11., M., 1969; [3] 
Ha To T., Teopnn D03Mymemrn JJHHellnhIX oneparnpon, nep. c 
aHrJJ., M., 1972; [4] Hp e II HM. r., «MaTe~J. cfi.», 1947, T. 20, 
c. 431-98, T. 21, c. 365-404; [5] B Hp Ma H M. III., TaM me, 
1956, T. 38, c. 431-50; [6] <I> H JI JI H n c P. c. «MaTeMaTHRa» 
1962, T. 6, No 4, c. 11-70; [7] M 0 p e H H., MeTOj.\bl rHJib6epTOD~ 
npocTpaHCTBa, nep. c OOJibCR., M.. 1965; [8] B e p e 3 a H
e R H ll JO. M., Pa3JiomeHne no co5cTBeHHbIM QJYHRQHHM caMoco
npnmeHHhIX oneparnpos, H., 1965-; [9] Mn x JI n H c. r., Upo6Jie
Ma MHIIHM)'l\ra RBa11paTH'lHOro QJYHRQHOHaJia, M.- JI., 1952; [10] 
Hall Map H M. A., «lfaB. AH CCCP. Cep. MaTCM.», 1940, T. 4, c. 
277-318; [11] c e Re Qi a JI b B H - Ha II b B., <I> 0 H III q., rap
MOHH'IeCRHil: aHaJIH3 onepaTOPOB B rHJJb5epTOBOM npocTpattCTBe, 
nep. c lllpattQ., M., 1970; [12] Brown L., Dong 1 as R., Fi 1-
1 more P., B RH.: Proc. Conference operator theory, B.
[a.o.], 1973; [13] Arveson W., «Dnke math. J.», 1977, v. 44, 
No 2, p. 329-55; [14] pH II M., call M 0 H B., MeTOl.\bl COB
peMeHHOll MaTeMaTH'lCCROll lllH3HRH, nep. c attrJI., T. 2 - rapMO
HH'lecm1ll aHaJIH3. CaMoconpnmeHHOCTh, M., 1978. 

.4. II. JiozunoB, B. C. IJiy.!!bMau. 
P ACIIIHPEHHE II o JI y r p y II II bl A - IIOJlyrpyII

rra S, cop;epma~aH A B Ha'lecTBe IIOAIIOJ1yrpyIIIIhl. 06bI'lHO 
pe'ih np;eT o pacIIInpeHHHX IIoJ1yrpyIIIIbI A, CBH3aHHblX c A 
Te11m llJIH HHblMH ycJ10BHHMH. Han60J1ee pa3BHTa TeopnH 
n.u;eaJlbHhlX P. rroJ1yrpyIIII (IIoJ1yrpyIIII, cop;epmam;ux A 
B Ra'ieCTBe np;eaJ1a). Hamp;oMy aJleMeHTY s np;eaJILHoro 
pacmHpeHHH s IIOJlyrpyIIIIbl A COIIOCTaBJIHIOT ee JleBblll H 
rrpaBblH cp;Bnrn: A8 , Ps: A8 x=sx, xp8 =xs(xEA); IIYCThTs= 
=(As, Ps). 0To6paIBeHne T HBJIHeTCH roMoMoplfin3MOM rro
J!yrpyrrIILI S B cp;BnroByro o6oJio'!KY T (A) IIOJiyrpynmr A 
mm 113oMop4Jn3MoM, ecJ1rr A cJ1a60 pep;yHTllBHa (cM. Coeu-

eu no.;r,yepynn). IloJiyrpyIIIIa TS Ha3. TH II o M n: .u; e
a JI h H o r o p a c III rr p e H n H S. C pe.u;n u.u;oaJlbllb!X 
paCIIIHpOHHII s IIOJlyrpyrrnu A Bbl/];eJIHIOT c T p 0 r H 0 
P., AJIH K-pblx TS=TA, n q n c T we P., B H-pblx T-li:A= 
=A . Kamp;oe IIp;eaJlhHoe P. IIOJ1yrpyIInb1 A HBJIHOTCH qn
CTblM P. HeH-poro ee CTpororo P. 

Mp;eaJlhHOe pacIII:e:peHne S rroJ1yrpyIIIIbI A Ha3. II JI o T
H bl M (nHorp;a c y me c T Be H H bl M), OCJIH BCHHnii 
roMoMoplfinaM IIOJlyrpyIIIIbl s' IIH'beHTHBHblH Ha A' HB
JIHOTCH n3oMop4Jn:3MOM. IloJ1yrpyIIIIa A TOflW 11 TOJlbHO 
Torp;a 06J1ap;aeT MaKCIIMaJII>Hbllll IIJIOTHblM H~eaJibHbTM pac
IIIHpeHHeM D, Korp;a A cJ1a60 pep;yHTHBHa; B <JTO!ll cJ1yqae D 
ep;nHCTBeHHa c TO'lHOCTblO ;!10 H30Moplfin:3Ma ll H30MOpqJHa 
T (A), a IIoJ1yrpyIIIIa A aaa. II JI o TH o B JI om e R

H bl M n: A e a JI o 111 B D. Ilop;IIoJ1yrpynIIbl T (A), cop;ep
mamne TA ' H TOJlbHO OHH H30MOPEPHbl IIJIOTHblM H;l\eaJlb
HblM P. cJ1a60 pep;yHTllBHOH IIOJlyrpyIIIIbl A . 

EcJln S - np;eaJlbHoe P. IIOJlyrpyIIIIbl A n lfiaHTOpIIoJiy
rpyrrIIa SI A n3oMop4Jaa Q, TO S Ha3blBaeTCH P. noJ1yrpyII
rrb1 A IIpn IIOMomn: IIOJlyrpyIIIIbl Q. XopoIIIo II3yqeHbl np;e
aJibHble P. BIIOJIHe IIpocTblX IIOJlyrpyIIII, II,u;eaJlbHble P. 
rpyIIIIbl IIpn IIOMomH BIIOJIHC 0-IIpOCTOH IIOJlyrpyIIIIbl, 
KOMMYTaTHBHOH IIOJlyrpyIIIIbl c COHpa~eHHeM npn IIOMOIIIII 
rpyIIIIbl c IIpHcoep;HHeHHblM ayJ1eM 11 T. A· B o6~eM CJlyqae 
aap;aqa OIIHcamrn Bcex IIp;eaJlbHblX P. IIOJlyrpyIIIIbl A 
IIpH IIOMOmH IIOJlyrpyIITibl Q p;aJ1eHa OT peIIIeHHH. 

Cpep;II P. IIOJlyrpyIIIIbl A p;pyrIIx THIIOB Bbll-(eJIHIOTCH 
IIoJ1yrpyIIIIbl S, 06J1ap;a10m;ae HoHrpyaHrrIIeli, o,ri;HIIM Il3 
HJlaCCOB H-poii: HBJIH0TCH A' B qacTHOCTll T. H. III p e .ii e
p o B bl P. IIOJlyrpynIIbI c e.u;1rnII~e.ii: [ 1) - aHaJ1or IIIpeii:e
poBblX pacIIIIIpeHIIii: rpyIIII. TI pn H3Y'IeHIIH paaJIH'lHhIX 
Bll/];OB TaHllX p. IIOJlyrpyIIII (B qacTHOCTll, ;l\JIH HHBepCHhlX 
IIOJlyrpyIIII) IICIIOJlb3Y10TCH HOfOMOJIOfIIII IIOJlyrpynrr. 

.IJ;pyr11M IIIIIpOHHlll HaIIpaBJleHHeM TeopIIII p. IIOJlyrpynII 
HBJIHIOTCH pa3JlllqHble aap;aq11 0 cymeCTBOB8HHH p. IIOJIY
rpymJbl A, IIp11Hap;J1emam11x 4JnHcnpoBaHHOMY HJ1accy IIO
JJyrpynn. TaH, BCHHyro 110J1yrpyIIIIY A 111omHo BJIOiKHTL 
B IIOJIHYIO IIOJlyrpyIIIIY' B IIpOCTYIO OTHOCHT0JlbHO HOH
rpyaH~HH IIOJlyrpyIIIIY, B 6IIIIpocTy10 rroJ1yrpyIIIIY c Hy
Jle!lf II ep;11HIIrrei'1 (cM. flpocmaa no.;r,yepynna); BCHHyro HO
HO'lHYID llJIH C'leTHYIO IIOJlyrpyIIIIY - B IIOJiyrpyIIIIY c ABY
MH 06pa3y10m;mm. lfaBeCTHbl YCJIOBHH, IIpH H-pLix IIOJIY
rpyurry A MOiKHO BJIOli\HTb B IIOJ1yrpy1rny 6ea co6cTBeH
HblX JICBblX II/];eaJIOB, B IIHBepCHYIO IIOJlyrpyIIIIy, B rpyIIIIY 
(cM. B1w:m:enue no.;r,yepynnbi) II T. A· 

Jium [1] H JI n 111111op11 A., II p e c To H r., AJire5yanqec
Ran TeOPHH noJiyrpynrr, nep. c aHrJI., M., 1972, T. 1; [2 p et
r i ch M., Introduction to semigroups, Columbus. 1973. 

JI. M. I' .!!ycnun. 
PACIIIHPEHHE II o JI H - II0J1e, cop;eparnmee p;aHHOe 

IIOJle B Ha'ieCTBe IIOAIIOJIH. 3aIIHCb K lk 03HaqaeT: K -
paCIIIHpeHIIe IIOJIH k. IloJle K B 3TOM CJlyqae Ha3. TaHme 
H a A II 0 JI e M IIOJIH k. 

IlycTr, Klk n Llk - p;Ba P. IIOJIH k. l130Moplfin3MII0J1e.ii: 
qi : K -+ L Ha3. n a o 111 o p !Ji a 3 Ill o M p a c m rr p e
H H iI (mrn k- H 3 0 M 0 p qi H 3 M 0 M II 0 JI e i"1), CCJIH <jJ 
TOIB)J,eCTHeH Ha k. EcJIH H30Mop4JH3M p. cy~ecTByeT, TO 
P. Ha3. H30111op¢HbIMH. B CJIY'Iae K=L qi Ha3. a BT o
M 0 p !Ji H 3 M 0 M p a c III H p e H H H Klk. MHOllteCTBO 
Bcex aBTOMoplfin3MOB P. 06pa3yeT rpyIIIIY G(Klk)= 
=Aut(K/k),Ha3. rpyITIIOH raJiya IIOJIH K 
0 T H 0 c ll T e JI b H 0 k, HJIH r p y II II 0 ii r a JI y a 
p a c III n p e H n: H Klk. PacIIInpemrn HH3. a 6 e JI e
B hi M, ecJIH :na rpynIIa a6eJ1eBa. 

8J1eMeHT IIOJIH a Ha3. a JI r e 6 p a H q e c K H M Hap; k, 
eCJIH OH YAOBJleTBOpHeT HeK-pOMY aJ1re6pan'l. ypaBHeHmo 
c Hoalfilfin~neHTaMH H3 IIOJIH k, H T p a H c ~ e H A e H T
H bI M - B IIpOTHBHOM cJ1yqae. ,Il;JIH Hamp;oro aJ1re6panq. 
<JJleMeHTa a cym;ecTByeT ep;HHCTBeHHblII MHOrO'lJleH fa(x) 
co CTa pIIIIIM Koalfi4Jn~HeHTOM' paBHblM 1, HeIIpIIBO;:\HMbIH 
H KOJJ~~e MHOfO'IJIOHOB k [x) II Tal\OH, 'ITO f a(cx)=O, II 
BCHKHH MHoroqJleH nap; k, NOpHOlll K-poro HBJJHeTCH 3Jle
MOHT a, /l,OJlllTCH Ha !a(x). 9TOT MHOfO'lJleH Ha3. M H H H-
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Ma JI b H hI M M H 0 r 0 q JI e H 0 M 0 JI e M e HT a a. 
PacnmpeHne K/k naa. a JI re 6 pan q e c Kn M, ecJIH 
BCJlKHH aJieMeHT H3 K aJire6panqen nap; k. p.' He HBJl.llIO
Il(eec.11 aJire6paHqecKHM, naa. T p a H c n; e H g e H T H hi M. 
P. naa. H o p M a JI b H hi M, ecJIH ono aJire6pan'lecKoe 
H BCHKHfi HerrpHBOgHMhllf B k [x] MHOfO'IJieH, o6JiagaIOII(JIH 
KopHeM B K, paaJiaraeTCH B K [x] Ha JlnHeHHhle MHOlliHTe
JIH. Ilo1i:r10Jie k Haa. a JI r e 6 p a n q e c K JI a a MK H y
T bl M B K' ecJIH Kamp;hlii: aJire6panqeCKJilll Hag k BJieM0HT 
H3 K Ha caMoM geJie JielliHT B k, T. e. BCllKHB 3JieMeHT H3 
Klk TpaHcn,eHgeHTeH Hag k. IloJie, aJire6panqecKH aaMKHy
roe B JII06oM caoeM P., HBJIHeTCH a,11ae6pauttecnu aa.Mnny
mbi.M no.tte.M. 

PacnmpeHHe Klk Ha3. K 0 He q H 0 II 0 p 0 mg e R
H hi M (HJIH p a c Ill H p e H H e M K 0 H e q H 0 r 0 
TH rr a), ecJin B K cyll(ecTeyeT TaKoe KOHeqHoe rrogMHo
mecTBo aJieMeHT08 S, qTo K coerragaeT c HanMeHLIIIHM rrog
rroJJeM, cop;epmall(nM S H k. B aTOM cJiyqae roaop.11T, 'ITO 
K nopomgaeTcH MHomecTBOM S Ha,o; k. EcJin K Momer 6h1Tb 

,nopomp;eHo Hag k MHOllieCTBOM H3 ogHoro 3JieMeHT8 a, TO 
P. Baa. rr po c Thi M n o6oaHaqaeTCH K=k (a). IlpocToe 
aJire6panq. pacIIInpeHHe k (a) rroJIHOCTLIO orrpep;eJIHeTc.11 
MHHHMaJibHblM MHOfoqJieHOM la. rropomgaIOII(ero 3JieMeH
Ta a. ToqHee, ecJIH k (fl) - gpyroe rrpocToe aJire6pan•rn
CKoe p. H /a.= /fl' TO cyll(eCTByeT naoMopqmaM pacIIInpeHHll 
k (a) - k (~), rrepeaogHII(HII a B ~- ~aJiee, gJIH JII06oro 
lierrpHBO)l;HMoro MHOfO'IJieHa /Ek [x] cyll(eCTByeT rrpocTOe 
aJire6panq. pacIIInpeHne k (a) c MHHHMaJibHbIM MHoroqJie
HoM fa.= f. 0Ho MomeT 6h1Tn rrocTpoeHo KaK qiaKTopKoJib
n;o k [x]lfk [x]. C gpyroi"1 cTopoHhl, gJIH BCHKoro rrpocToro 
TpaHCil,eHgeHTHOfO pacIIInpeHHH k (a) Cyll(eCTByeT H30MOp
clin3M pacIIInpeHnn k (a) - k (x), r,o;e k (x) - rroJie pan;no
HaJILHblX qiyumi;n:ii: OT x Hag k. JII06oe P. KoHequoro Tnrra 
MomeT 6hlTb rroJI yqeuo c IIOMOII(bIO Kouequoft n,erroqKn 
rrpOCThlX p. 

Pacmnpemi:e Klk Haa. K o H e q H hi M, ecJin K RaK 
aJire6pa KOHeqHoMepHa uap; rroJieM k, n 6 c c K o H e q
H bl M, ecJIH ara aJire6pa 6ecKoHequoMepHa. PaaMepnoCTb 
3T0ll aJire6phl Baa. c T e II e H b IO p a c Ill H p e H H H 
Klk n o6oaHaqaeTCH [K: k]. Kamp;oe KOHeqHoe P. HBJIHCT
c.11 aJire6panqecKHM n Kamp;oe aJJre6panqecKoe P. KoHeq
BOro THIJa - KOHeqHb!M. CTe1IeH1> 1IpOCToro aJire6panqe
CKoro p. COB1Iap;aeT co CTCIICHbIO COOTBeTCTBYIOII(ero MH
HHMaJJbllOfO ~rnoroqJieHa. Ha1IpoTHB, 1IpocToe Tpaucn;eH
p;eHTHoe P. 6ecKoHeqHo. 

IlycTb gaHa 1IocJJep;oaaTeJihHOCTb pacmnpeHnfr KcLc 
CM. PacIIInpeHHe MI K HBJIHeTc.11 aJire6panqecKHM rnrga 1 

n TOJibKO Torga, Korga n LI K n MIL - aJire6panqecKne 
P. ~aJiee, MIK KoHeqHo Torp;a n TOJibKO Torga, Korga Ko
H0'1Hhl LI K n MIL, 1Ip11qeM 

[M:K] = [M:L] · [L:K]. 

EcJin Plk n Qlk - gaa aJire6panqecKnx P. n PQ -
KOJ.tnOallm IIOJieii p II Q B HeK-poM HX o6Il(eM HaglIOJie, TO 
PQlk TaKme aJire6paHqecKoe P. 

CM. TaHme Cenapa6e.ttbnoe pacuwpenue, TpaHct{enoenm
noe pacwupenue. 

JI um.: [!] B y p 6 a RH H .• AJlreopa. MHOrO'IJ!eHbl H IIOJIH. 
Yrropm1oqeHHhle rpynrrhI, nep. c dlpam-1., M., 1965; [2] B a H n e ~ 
Ba p n e H B. JI., AJJreopa, 2 11an., rrep. c HeM., M., 1979; [3J 
3 a p 11 c c R 11 ii 0., C a M IO a JI h II., KoMMyTamsHaH aJJreopa 
T. 1, uep. c aHrJJ., M., 1963; [4] JI e Hr C., AJJrel5pa, rrep. c aHrJJ.: 
M .• 1968. 0. A. HBU'HOBU. 

P ACllIHPEHHE T o II o JI o r n q e c H o r o II p o-
c T p a H c T B a x - TOllOJIOfHqecKoe IIpOCTpaHCTBO y' 
B H-poM x HBJIHCTCH BCIOgy IIJIOTHb!M IIOglipOCTpaHCTBOM. 
EcJIH y 6HKOMIIaKTHO, TO OHO Haa. 6 H R 0 M II a K T
H bl M p a c III n p e H n e M, ecJin Y xaycp;opqioao -
x a y cg 0 p qi 0 Bbl M pa c Ill H p e H He M. 

M. 11. Boiittexoaci<uu. 
PACllIHPEHHH OJiJIACTH IIPHHIJ,HII, rr p n B-

Ii, H II K a p JI e M a H a: eap.Monuttecnan .Mepa w (z, a, D) 
p;yr a rpaHHil,hl r o6JiaCTH D Momer TOJlbKO BoapacTaTn 

npn pacmnpem1n o6Jiacrn D qepea 11:orroJIHHTeJihHble gyrn 
~c r' au~= r. Toqaee, IIYCTb rpannn;a r o6JiaCTH D Ha 
IIJIOCROCTH KOMIIJieRCHOfO 1IepeMeHHOfO z COCTOIIT H3 KO
He'IHoro qucJia mopgaHOBb!X HpHBb!X, a - qaCTb r, CO
CTOHII(alI H3 HOHeqnoro 'UICJia gyr r, H IIYCTb o6JiaCTb D' 
eCTb p a c m H p e H H c 0 6 JI a c T H D qcpea golIOJI
HHT0JibHhle AYfH ~= r~a, TO eCTb DCD' II a eCTb 'laCTb 
rpaHHil,bi r' o6JiaCTH D'. Torga AJIH rap~rnHIPJ. Mep c1Ipa
BegJIHBO aepaeeHcTBO w(z,a,D).,;;;;;w(z, a, D'), zED, 
npHqeM aHaK paeeHCTBa 3AeCb HMeeT MeCTO TOJibKO B CJiy11ae 
D'=D. P. o. II. c1IpaaegJIHB n gJilI rapMoHH'I MephI OTHO
CHTeJILHO o6JiaCTeii: eBHJIH)l;OBa rrpocTpaHCTBa IR.n' n;;.:2, 
HJIH Cn, n;;..1. 

p. 0. rr. HaxogHT Balf\Hble rrpnMeHeHHH B paaJIHqHbJX CH
Tyan;n.11x, CBH3aHHb!X c Oil,eHKaMH rapMOHHq. M0pb!. Hanp., 
ell(e T. KapJieMaH [1] gaJI rrpn rroMOII(H P. o. rr. pemeHne 
cJiep;yIOII(en rr po 6 JI e M hi H a p JI e Ma Ha - Mn i'r IO. 
Ilycrn rpaHHIW r ogHOCBH3HOH o6JiaCTH D COCTOilT H3 KO

HeqHOfO qncJia mopAaHOBb!X gyr, TO'!Ka ~ pacno.11omeaa 

Ha r l!Jll! ~ECD, 6={z: lz-~l<R}- Hpyr paAnyca R 
c a;eHTpOM ~. a a - qacTh r' rronaBIIIaH B 6R= 6 n D. 
Tpe6yeTCH HaiiTH on;eHKY CHH3Y gJIR rapMOHHq. Mephl 
ffi (z, a, 6R), 3aBHCHII(YIO TOJibKO OT R n lz-~I, zE 6R· 
PeIIIeane BblpamaeTCH aepaeeHcTBoM 

w (z, a, 6R) ~ ! arctg ( 0 ~R) In I~-~ 1 ) , 

rp;e R8 (R) - cyMMa p;JIHH p;yr rrepeceqemrn 

{z: I z-~ I =R}nD. 

IloCHOJibHY 8 (R)...0:2:rt, TO 

(1) 

w(z, a, !!.R)~ ! arctg (~Irr lz~~ 1 ), zE~R· (2) 

HMeIOTCH 0606w;ean.11 rrpo6JieMbl KapJieMaaa - MniiIO n 
yToqHeHHH qiopMyJI (1), (2) (cM. [3)). P. o. II. II03BOJIH0T 
goKaaaT1> TaKme JI uniJe.tterfia meope.M&i. MHoro'IHCJICHHhle 
1IpHMeH0HHH P. o. rr. n qiopMyJI Tnrra (i), (2) gaJI A. MniIO 
(cM. [2], a raKme (3), [4]). 

Jlum.: [1] Car 1 em an T., «Ark. Mat. Astron. Fys.», 1021, 
v. 15, M 10; [2] Mi I Io u x H., «J. math. pures ct appl.», 9 ser., 
1924, t. 3; [3] He Ba H .11 11 H Ha P., OnHoaHatIHbIC anaJJHTH'lec1111e 
QJYHRI.IHH nep. c HeM., M.- JI., 1941; [4] E B r p a ljJ 0 B M. A., 
AHaJJHTH'Iecmie QJYHRQHH, 2 H3)\ .• M .• 1968. E ff. Co.10.ie1111ee. 

PACllIHPEHHAH KOMIIJIEKCHAH JlJIOCKOCTh -
IIJIOCKOCTb ROMIIJICHCHOfO 1IepeMeHHOro c' I\OMIIaRTHqin
Il,HpoBaHHaH rrocpegcTBOM p;o6aaJieHHH 6ec1waeqno ygaJieH-

:aoii TOqK:JI co n 06oaHaqaeMa.11 C. OKpecTHOCTbIO oo HB

JIHeTcH BHeillHOCTb JII06oro Kpyra B t, T. e. MHOlKCCTBO 
anga {oo}LJ{zEC:jz-z0 1 > R}, R~O. P. 1c n. ecT1> 
A.ttencanopooa 6uno.11rnanmnoe pacwupenue HJIOCKOCTil C, 
roMeoMopqiaoe n KoaqiopMHO aKBHBaJioHTHoe Pu.Mana 
crfiepe. C qi e pH q e c K a .11, HJIH x o p A a JI b Ha .11, 

Me T p n Ka aa C 11aeTc.11 qiopMyJiaMH 

( ) 21z-wf E"' p Z 1 W = r ' Z, W "-'• 
V1+1z1•t !+Ill'!' 

2 
p (z, oo) =v-. 

1 +I z I' 

Jlum.: [!] Map 11 y rn e B 11 q A. II., TeopHH aHaJJHTH'lecmrx 
QJYHRQHil, 2 Han .• T. 1-2, M., 19ti7-ti8; [2] III a 6 a T B. B., 
BseneHHe s ROMn.cie11cHbII1: aHaJJHa, 2 nan .• tI. 1-2, M., 1976. 

E. ff.. CD.!!o.Ment{ee. 

P ACID;EITJIEHHH METOA - ceTO'IHhl:ii: MeTOA peIIIe
HHH HeCT8Il,HOHapHb!X aagaq co MHOfHMH rrpocTpaHCTBeH
HblMH 1IepeMeHHblMH, B K-poM 1Iepexog OT aap;aaaoro epe
MeHHoro CJIOH t,, K HOBOMY CJIOIO tn+1=t,,+-i: ocyll(eCTBJIH
eTCH aa cqeT rrocJie,a;oaaTeJI1>Horo peIIIeHHH ceToqHb!X ana
JioroB pO)l;CTBeHHhlX HeCTaD,HOHapHhlX 3agaq c MeHbIDHM 
'IHCJIOM rrpocTpaHCTBeHHiilX rrepeMeHHhlX (CM. [ 1] - [ 4]). 
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lfacTo B BTOM 1rnacce MeTOJWB MoryT 6b1Tb Hanp;eHbl Ta1me, 
qTo 1) Beeb nepexop; OT ceToqrroro cJioH B MOMeHT speMemr 
tn K HOBOMY ceToqHoMy CJIOIO t= tn+I HBJIHeTCH AOCTaToqrro 
npoCThIM Il MOll\eT 6b1Tb ocym;eCTBJieH npn 3aTpaTe 0 (N) 
apmj>MeTnq. p;encTsn:il:, ri:1e N - qncJio yaJioB npocTpaH
CTBeHHo:ii ceTKn; 2) rapaHTnpyeTCH a6coJIIOTHaH ycTOH
qnBOCTb MeTop;a, 3) rapaHTnpyeTcH HaJinqne npneMJieMoii 
TOqHOCTil MeTop;a (rraJinqne armpoKCHMa11nn B TOM IlJIIl 
IlHOM CMbICJie). p. M. )l;OBOJibHO nrn.poKO npnMeHHIOTCH 
npn npaKTnq. pellleHHil MHoroMepHhIX aap;aq MaTeMaTnq. 
lfin3IlKil' CBH3aHHhIX, Hanp.' c JIHHe:HHhIMil Il HeJIHHeHIIhl
MH cucTeMaMH napa60JI11qecKoro, rnnep6oJinqecKoro HJIH 
CMelllaHHoro Tnna (cM. (1] - [8]). 

06h!qHo }l;JIH aap;aqn c p npocTpaHCTBeIIIIhIMil nepeMeII
HhlMil nepexop; OT tn K tn+ 1 B p. M. npoH3BO}l;IlTCH c IlC
IIOJib30BaHHeM p BCnOMoraTeJibIIhIX (p;po6HbIX) rnaros: 

Ain> un+SJP=B~n) (un, un+I/P, ... , un+(S-Il/P), (1) 

rp;e 

un=u(tn), un+k/p=u(tn+1), A~nl 

- MaTpn11a, COOTBeTCTByIOm;aH pa3HOCTHOH annpoKCil
Ma11nn HeK-poro p;nlfilfiepeH11naJibHoro onepaTopa, co
p;epmaru;ero nponaBOAHbre TOJibKO no x 8 (op;HoMepHoro p;nlfi
lfiepeH11naJibHoro onepaTOpa), a npashle qacTn (1) JierKo 
BhlqllCJIIlMbI. Ilpn COOTBeTCTByIOm;e:ii HyMepa11nn Hell3BeCT
HblX, CBH3aHHOH c Bhl6opoM HanpasJieHilH Xs, MaTPilllbl 

A~n> cTaHOBHTCH o6hlqHo p;naroHaJibHblMil n perneHne 
CilCTeM (1) npn Kamp;oM s CBO}l;IlTCH K MHOfOKpaTHOMY 
perrreHillO O}l;HOMepHblX pa3HOCTHhIX CilCTeM no HanpaBJie
Hil!O Xs· Ilo::iToMy YaCTO p. M. Ha3. TaKme IlJIIl nepe.MeUUb!X 
nanpae.;r,enuu .MemOOO.M IlJIIl opo6Ub!X UWZOB .MemoOO.M. 

Op;rrnM na THnnqHhlX npnMepoB B cJiyqae ypasHeIIHH 

au a'u a'u 
Tt=-a 2+-a 2 +f, (xi, X2)EQ, 

XI X2 

c HaqaJibIIbIM ycJIOBileM ult=o=cp (x1, X2) Il KpaeBblM yc
JIOBHeM ulr='llJ(xi, X2, t), rp;e Q=(O, 1)X(O, 1), r- rpa

H1111a Q' MomeT CJIYll\IlTb CJiep;y10m;n:il: MeTO)l;, nocTpoeHHb!H 
Ha Ksap;paTHoiI ceTKe c rnaroM h: 

u'!+ 1/2 -un 
' 't/2 ' + [A1 (aun+112+ (1-a) un)];=/7+1/2, 

X,-EQn; 
n+1;2 ,hn+1/2 np" -x Er un,. +1 = ,hn,. +I np~· } ui = 'Yi n i ' - 'Y " 

x; Er; J 
u7+1_u7+1;2 

't/2 
+ [A2 (aun+1+ (1-CJ) 11n+l/2)];= 

= 17+ 112 , ~ E Q,., 

(2) 

rp;e i=(i1, i2), x;==(i1h, 

= 'ljJ ((n+1/2) T, x;), - A1 

i2h),u?= u (n T, x;), 'ljJ~+1/2= 
' n A2- 11pocTeiirnne paaHo-

02 ()2 
CTHhle annpOKCHMa11nn }l;JIH --2 Il --.2 ' Qn- COBOKyn-

OX1 OJ.2 

HOCTb BIIYTpeHHilX Y3JIOB x;, CJ~1/2. 
MMelOTCH }l;Ba aJibTeprraTifBIIblX nop;xop;a K Teopnu p. M. 

B op;HoM na rrnx npoMemyTo'IHhle warn rrn B qeM cym;ecT
BeHHOM He OTJinqalOTCH OT 11eJiblX rnaroB, Il caMil paarro
CTIIhle ypaBHeIIHH rra p;po6rrb1x rnarax n rpaHuqrrhle ycJio
BilH }l;JIH HilX, nop;o6rro MeTOAY (2), ycTpoeIIbl op;1maKOBO, 

11 Momrro omnp;aTJ,, qTo u" u u"+ 112 6yp;yT cJiymMTh an
npOKCMMallMHMM AJIH perneHMH HCXO}l;IIOH aap;aqu B MOMeH
Tbl BpeMeIIM tn Il tn+ 1 ;2= tn+·t12. 8TOT nop,xop, OCHOBaII 

Ha ucnOJih30BaHMil IIOHHTilll COCTamroii CX0Mhl 11 cyMMap
HOH annpoKCMMa11un (cM. [2]). CxeMhl TaKoro T1ma qacTo 

Ha3. JI 0 K a JI b H 0 0 A H 0 M e p H hi M 11 c x e M a M Il 
HJIIl a A A Il T Il B H bl M II c x e M a M n; HX MOll\HO TaKme 
TpaKTOBaTb KaK 06b1qIIbie pa3HOCTHbie cxeMhl }l;JIH HeK
poro ypasrreHuH c cuJibHO oc11nJIJiupy10m;11Mn no speMeHH 
Ko::ilfilfin11neHTaMH, pernerrne K-poro p;oJimHo 6bITb 6mrnKo 
K perneHMIO IlCXO}l;HOH aap;aqrr (CM. (1]-(4]). /];OCTOHIICTBa 
noro nop;xop;a B ero npOCTOTe Il o6m;HOCTil, Hanp. 0606-
nwHnH MeTOp;a (2) B03MOmHhl Il }l;JIH CJiyqaH KpHBOJIHHeft
HhlX o6JiacTe:il: Q 11 6oJiee 06ru;11x aap;aq. ToqHoCTb me noJiy
qaeMhlx Ha BTOM nyTH MeTO}l;OB o6blqHo He oqeHb Bbl CO Ka. 
MasecTHbl H rrnorp;a ycnernHo npnMeHHIOTCH sap11aHThl 
P. M., B K-phIX pacm;enJieHne npo113BOAHTCH He no npo
cTpaHCTBeHHblM nepeMeHHhlM, a no 1fi11311q. npo11eccaM 
(cM. (5]). 

BTOpoii nop;xop; B nJiaHe aHaJI11aa ycToftq11socT11 n cxo
AllMOCTH ncKJIIOqaeT KaKne-Jin6o p;po6Hble rnarn 113 pac
cMoTpeHllH. CaMa pa3HOCTHaH cxeMa n annpoKCHMa1111H 
TpaKTYIOTCH Tpap;n11110HHhIM o6paaoM. Heo6hlqHocTb paa
HOCTHoil: cxeMbl npoHBJIHeTCH JIHillb B TOM, qTo Ha Bepx
HeM CJioe cxeMbl noHBJIHeTCH He06blqHblH pa3HOCTHhlll one
paTop. Hanp., BMecTO MeTop;a (2) paccMaTpnsaeTCH MeTO,!{ 

(A ( un+~-un)) i +(A1un);+(A2un);=f7+l/2 , 

x;EQn (3) 

u7 = tJJ7 npn x; Er, 
rp;e A=(E+aTA1) (E+ai:A2), E - Tomp;ecTseHHhln orre
paTOp. TaKirn onepaTOphl A 06b1qHo Haa. p a c m; e n JI H
ID ru; ll M ll c H llJill qi a K T 0 p Il 3 0 B a H H bl M ll 
0 n e p a T 0 p a M ll. /];po6Hble rnarll CBH3h1Ba!OTCH JillIIlb 
c MeTO)l;OM perneIIHH B03HHKa!OID;llX CilCTeM Il }l;JIH O)l;HOH 
n TOH me cxeMbl (3) MoryT 6h1Tb ssep;eHhl paaJI11qHbIMll cno
co6aM11, rpaHnqHbie ycJIOBllH }l;JIH HllX )l;OJimHhl Bh1611paTbCH 
B aaBHCilMOCTll OT BTOro. CaMll cxeMhl Tllna (3) Momrro TpaK
TOBaTb KaK 06b1qHbie cxeMhl c BeCOM }J;JIH e-ypaBHeHHH, 
rranp., s11p;a 

~- a2 u -~+e a•u 
at axi ax~ axiax~at 

t, e > o, 

perrreIIllH K-poro OTJirrqaIOTCH OT perneHHH IlCXO}l;HOll aap;a
q11 Ha O(e) (cM. [4]). B cJiyqa3 o6JiacTn Q, cocTaBJieIIHOH 
H3 npHMoyroJibHllKOB, MaTPllllbl B03HHKaIOm;nx CilCTeM B 
MeTOp;ax Tirna (3) yme He npep;cTaBHMhl B snp;e nponase
p;eHnH wp;HoMepHhlX» MaTpn11,.. Bee me perneHnH nop;o6HblX 
c11cTeM MoryT 6b1Tb Hail:p;eHbl npn aaTpaTe O(N) apnlfiMe
Tllq. p;e:iicTBll:ii ( cM. [ 4]), onepaTopbl nop;o6Horo Tnrra rraa. 
pacrn11perrHo pacm;enJIHIOfllllMHCH one
p a T 0 pa M ll. Ilpn IlCCJiep;osaHilll ycToHqllBOCTll Il cxo
)l;HMOCTll cxeM c pacm;enJIHIOill;IlMilCH H pacrnnpeHHO pac
m;enJIHIOfllllMllCH onepaTopaM11 6oJibIIlYIO poJib 11rfaeT 
MeTOA :mepreTnq. HepaBeHCTB (cM. [2], (4], [6] - 8]). 

Jium.: [1] Map q y 11 I'. IL, MeTOAhI BhI'IHCJIHTeJibHOl! MaTe
MaTHRH, 2 H3A., M., 1980; [2] ca Map c K H l! A. A., TeopHlI paa
HOCTHhIX cxeM, M., 1977; [3] H He HK 0 H. H., MeTOA Ap06Hb!X 
maros pemeHHH MHOroMepHhIX aagaq MaTeMaTH<Iec11ol! cjlHaHRH, Ho
soc116., 1967; [I,],[( b lI K 0 H 0 BE. I'., PaaHOCTHhle MeTOAbI peme
HHlI RpaeBblX aagaq, B. 1-2, M., 1971-72; [5] H 0 Be H lI B. M., 
a He H 11 o H. H., MeTOA_pac~enJieHHH B aagaqax raaosol! AHHa
MHRH, HOBOCH6., 1981; [6J ,[( p bl lI M., B RH.: Banach center pub
lications, v. 3, Warszawa, 1978, p. 59-67; [7] 3 JI o TH HK A. A., 
«lR. Bbl'IHCJIHT. MaTeM. H MaTeM. cjlH3.», 1980, T. 20, No 2, c. 1,22-32; 
[8] Ha yes L. J., «SIAM J. Numer. Analysis», 1981, v. 18, No i., 
p. 627-1,3. E. I'. j{1>J1><011.o•. 

PACmEIIJIHEMAH fPYIIIIA - rpynrra G, nopom
p;errHaH CBOMMM nop;rpynnaMu H n K TaKMMM, qTo H 
HHBapuaIITHa B G Il nepeceqeune H n K = E (TaK qTo lfiaK
Toprpynna G/H uaoMoplfiua K). B 3TOM cJiyqae G rraa. 
TaKme p a c m; e n JI H e M bl M p a c rn n p e H u e M 
rpynnhI H rrpu n0Mom;11 rpynnhI K, MJIM n o JI y n p H
M bl M n p o 11 a B e A e H n e M H rra K. EcJiu nop;rpyn
nw JI u K noaJ1eM.eHTHO nepectanosoqnbI, TO ux noJiynpH
Moe nporrasep;eHue cosnap;aeT c npHMb!M npouasep;err11eM 
H X K. IloJiynpHMoe npouasep;enue G rpynnhl H rra rpynny 
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K cym;ecTByeT TOrAa ll TOJlbKO TOrAa, KOrAa cym:ecTByeT 
roMoMop«Pn3M ljJ rpymihl K B rpynrry Aut H aoToMop<Jin3-
MOB rpyrrrrhl H. B 3TOM cJiyqae AJIJI mo6b1x k EK, h EH 
crrpaoe).l,JIHBa «PopMyJia 

k- 1 hk =h"lP' 

orrpeAeJIHIOrn;aa yMIIOiKeIIne B G. B cJiyqae, KOrAa 
K=Aut H H ljJ - TOiKAeCTBeIIJioe OTo6pameIIne, rpyrrrra 
G Ha3. r o JI o M o p «P o M rpymihl H. 

Jlum.: [1] Goren stein D., Finite groups, N Y.- L., 
1968. H H BUJ!bJIJltc. 

PACIIJ;EIIJIHIOIIJ;AHCH IIOCJIE,!J;OBATEJibHOCTb-
mo11nasi noc.;r,eaoeame.;r,bnocmb 

f g 
0-+ A-+B-+C-+0 

B a6eJieooii KaTeropnn, H30Mop.iPHaJI IIOCJiegoBaTeJibHOCTH 
rrpJIMOll cyMMhl: 

0-+ A-+ AffiC-+C-+0, 

rrpuqeM aTOT H30Mop«Pn3M Tal\oB, qTo A H C OTo6pamaIDTCJI 
B A H c COOTBeTCTBeIIIIO TOiKAeCTBeIIIIblM o6pa30M . .Il.JIH 
pacrn;errJIHeMOCTH IIOCJieAOBaTeJibHOCTH (*) AOCTaToqJio cy
m;eCTBOBaHHJI rrpaBoro o6paTHoro f' AJIH oTo6pameIIHJI f 
nJIH Jieooro o6paTHoro g' AJIJI OTo6pameHHH g. J\Jiacc 
pacrn;errJIJIIOil(HXCH TOqJiblX IIOCJieAOBaTeJiblIOCTeH HBJIH

eTCJI IIyJieM rpyrrrrhl Ext~ (A, C) (cM. Bapa y~rnoJ1Ce
nue). B l\aTeropnn BeKTopIIhIX rrpocTpaIICTB (T. e. MO/W
Jieii IIaA «PnKCHpoBaHHblM IIOJieM) ace TOqJible IIOCJiego
BaTeJibHOCTH HBJIJIIOTCH pacm;errJIHeMblMH. 

)J;JIH omnocume.;r,bnou eo.Mo.1toeu11ecnou a.;r,ee6pbi Tnrrnq
IIa CHTyau,na, KorAa paccMaTpHBaIOTCH TOqJible IIOCJieAO
BaTeJibHOCTH ogIIoii KaTeropnn, JIBJIHIOm;HeCH P. rr. B APY
roil: KaTeropnn. B. E. I'o•opo•. 

P AYCA TEOPEMA - TeopeMa, rro3BOJIJIIOIIJ;aJI AJIJI 
MHoroqJieHa f (x) c Aeii:cTBHTeJibHhlMH Kmi«P«Pnu,neIITaMn 
(B peryJIJipHOM cJiyqae) orrpeAeJIHTb c IIOMOIIl;bIO cxeMhl 
Payca qHCJIO KOMIIJieKCIIblX KOpIIen 3TOro MIIOroqJieIIa c 
IIOJIOlRHTeJiblIOH AeHCTBHTeJihlIOH qacTbIO. 

II ye Tb MIIoroqJieII f (x) AJIJI ygo6cTBa 3arrncaH B BHAe 

f (x) = a0xn+ b0xn- 1 + a1xn- 2+b1xn-3 + ... (a0 i= 0). 

C x e M o ft P a y c a aToro MHoro•meIIa Ha3. cncTeMa qn
ceJI 

aoa1a2 
bob1b2 
CoC1C2 

dod1d2 ... 

B 3TOH cxeMe rrepBhle ABe CTpOKH COCTaBJI61Ibl ll3 Koa<Ji
<Jinu,neIITOB MIIoroqJieHa f (x), a KaiKAaH cTpoKa, JiaqnJiaJI 
c TpeTben, rroJiyqaeTCJI H3 ABYX rrpeAhlAYm:nx cJieAymm;nM 
o6pa3oM: ll3 rrepaon CTpOKH BblqHTaeTCJI BTopaH, YMHO
iKeHIIaH IIa Tal\oe qncJio, qTo6bl rrepBbIH 3JieMeHT o6pa
THJICH B IIYJih. Bhl6pachrnaa aTOT rrepBbIH IIYJih, rroJiy
qamT ncKOMYIO cTpOKy. Harrp., B TpeTben cTpoKe 

b a, 
c;=a;+r- i+lb;"• i=0,1,2, •..• 

B rrepaoll: cTpoKe cxeMhl Payca qncJio aJieMeHTOB paBHo 

" n+i " " u,eJIOII 'IaCTH qncJia -2- ' BO BTOpOH -u,eJIOll qacTH qncJia 

~ ' B k-H CTpOKe rrpn k >2 qncJIO 3JieMeIITOB Jia 1 MeIIhIIIe, 

qeM B (k-2)-n CTpOKe. Bea cxeMa COAepmnT n+1 CTpOKy. 
P er y JI JI p II bl M Jia3. TOT cJiyqaii, KOrAa B cxeMe Pa
yca MIIoroqJieHa ace qncJia rrepaoro cToJI6u,a OT JinqJihl OT 
IIYJIH. 

T e o p e M a P a y c a. ,I(JIH MHoroqJierra c AencTBH
TeJihHhlMII Koa<Ji«Pnu,neIITaMn B peryJIHpIIoM cJiyqae qncJio 
KOpaeiI, Jiemarn;nx B rrpaeoii IIOJIYIIJIOCKOCTH (T. e. HMe-

IOil(HX ITOJIO)l(HTeJihHhie AeiicTBHTeJibJible qacTH), paeJIO 
qncJiy rrepeMeH 3IIaKa B PHAY quceJI rrepaoro cToJI6u;a 
cxeMhI Payca. B peryJIJipHoM cJiyqae MHoroqJieII IIe MomeT 
HMeTb KOpIIeii, JieiKaII~HX Ha MIIHMoil: OCH. J\ p H T e p ll II 
P a y c a: AJIJI Toro qT06h1 ace Koprrn MHoroqJieIIa f (x) c 
AeHCTBHTeJibIIblMH Koa«P«Pnu,HeHTaMH HMeJIH OTpnu,aTeJib
IIhle AeHCTBHTeJibJihle qacTH, aeo6XOAHMO H AOCTaTO'IHO, 
qTo6T,i ace qucJia rrepaoro cToJI6u,a cxeMbl Payca 6blJIH 
OTJIHqJibl OT IIYJIH H HMeJIH OAHIIaKOBble 3IIaKH. 8Tn TeO
peMbl 6blJIH ycTaHOBJieIIhl 8. PaycoM [1]. MeTOA Payca 
rrpHMeHJieTCH AJIH orrpeAeJieJIHJI qncJia KOpHeH MIIOroqJie
Ha B rrpaaoft IIOJIYIIJIOCKOCTH H B HeK-pbIX HeperyJiapHbIX 
cJiyqaHx. 

IIocTpoeJine cxeMbl Payca B03MOiKHO JIHIIIb AJIH MIIoro
'IJieaoa c 3aAaIIIIhlMH 'IHCJIOBhIMH Koa«P<JiMu,HeIITaMH. EoJiee 
IIIHpOKO rrpHMeJIHM MeTOA, B K-pOM poJib cxeMbl Payca 
nrpaeT MaTpnu,a fypanu,a, a poJib rrepaoro cToJI6u,a cxe
Mhl Payca - IIOCJie110BaTeJibJIOCTb rJiaBIIhIX MHIIOpOB 11;, 
i=1, 2, ... , n (cM. Payca - I'ypeuu,,a i>pumepuii). Ilpn 
3TOM aIIaJioroM P. T. 6y11eT T e o p e M a P a y c a -
r y p B H II, a: ecJIH ace MHHOphI 11; OTJIHqJihI OT HYJIJI.) 
TO qucJio KOpHeii MIIoroqJierra f (x), Jiemarn;nx B rrpaaon: 
rroJiyrrJiocKocTH, paBIIO qncJiy rrepeMeH 3IIaKa B PHAY qnceJI 

l1 Li 2 Li, Lin 
ao, i, Ti ' "X;° ' · • ·' l!in -1 

n f (x) He nMeeT KopIIeil:, Jiemarn;nx Ha MIIHMOH ocn. 8ToT 
MeTog rrpnMeJIHM rrpn HeK-pbIX AOIIOJIHHTeJibllhIX ycJIOBHHX 
K CJiy'laJO, KOrAa OTAeJibJible H3 MHIIOpOB 11; paBHbl HYJIIO. 

Jlum.: [1] Routh E. J ., Treatise on the stability of a given 
state of motion ... , L., 1877; [2] e r o m e, The advanced part of 
a treatise on the dynamics of a system of rigid bodies, 6 ed., L., 
1905; [3] JI JI TI y H 0 B A. M., 06~aJI aanaqa 06 YCTOH'IHBOCTH 
)'.(BHlReHHJI, M.- JI., 1950; [I,] r a H TM axe p <I>. P., TeopuJI MaT-
p1u~. 3 uan., M., 1967. H.B. Jipocnypstnoe. 

PAYCA - fYPBHQA KPHTEPHA:, r y pa Hu, a 
K p H T e p H ft, - Heo6xo11nMoe H 11oeTaTOqJioe ycJIOBlle 
Toro, qTo6bl Bee KOpHH MIIOroqJieHa 

f (x) =a0xn+a1xn- 1 + ... +an 

c AeHCTBHTeJibllblMH Koa«P«Pnu,HeIITaMn H ao >O HMeJIH OT
pnil,aTeJibHhle AeHCTBHTeJibIIble qacTH. p .-r. K. COCTOJIT 
B TOM, 'IT06bl 6blJIH UOJIOlRHTeJibllblMH Bee rJiaBIIble MH
HOpbI 11;, i=1,2, ..• , n, MaTpHil,bl fypanu,a 
H, rge H - MaTpnu,a nopHl\Ka n, i-JI eTpoKa K-pof{ HMeeT 
BHA 

n, no onpegeJieIIHIO, ak= 0, ecJin k <0 HJIH k >n (y c JI o
B H JI f y p B H II, a, y e JI 0 B H JI p a y C a - f Y p
B nu, a). 8ToT KpnTepnri aoJiy'leII A. fypanu,eM [1] n 
JIBJIJieTCJI 06061I1,eIIneM pa6oTbl 8. Pa yea (cM. Payca 
meope.Ma). 

MIIoroqJieJI I (x)' YAOBJieTBOpHIOil(HH YCJIOBHJIM ryp
BHil,a, Ha3. M II 0 r 0 q JI e II 0 M f y p B ll II, a, HJill 
y c T 0 ii q H B bl M M II 0 r 0 q JI e II 0 M, qTO CBH3aIIO 
e rrpnMeIIeIIHJIMll p. - f. K. B TeOpHH yeTOHqHBOeTH KO
Jie6aTeJibllb!X cncTeM. ll3aecTHhI H p;pyrHe KPHTepnn ye
ToiiqnaocTn MIIoroqJierroa: KpnTepnil: Payca, Jlbenapa -
Illunapa npumepuu, a TaKme crroeo6bl orrpegeJieIIHH 'IHCJia 
Koprreii MIIoroqJieIIa. 

Jlum.: [1] Hurwitz A., «Math. Ann.», 1895, Bd 1,6, S. 273-
81,; [2] I' a HT Max e p <I>. P., TeopHII MaTPHQ, 3 H3)'.(., M., 1967. 

E. H. KyabJltU>i. 
PAQHOHAJibHAH KPHBAH - OAIIOMepnoe aJire6-

panq. MIIoroo6pa3ne, orrpeAeJieHIIoe IIaA rroJieM k, uoJie 
pau,noHaJibHblX <iiYIIKil,HH K-poro HBJIHeTCH qncTO TpaIIC
Il,01IA01ITHb!M paernHperrneM IIOJIH k CTerreIIH 1. Bee Jieoco-
6hle IIOJIIIhle p. K H30Mop<Ji1Ib! rrpoeKTHBHOH rrpHMOH P1• 
IIoJIHaH IIeoco6aJI KpHBaH X pau;noIIaJihIIa Tor11a H 
TOJibKO Tor11a, KOrAa ee reoMeTpHq. POA g=O, TO eCTh 
KOrAa IIa X neT peryJrnpHbIX An<Ji<Jiepenu,naJibIIhlX <JiopM. 

B cJiyqae, KOfAa k=C - IlOJie KOMilJl0KCHblX 'IT!CeJI, 
IIeoco6aH rroJIIIaH P. K. X - aTo e<Jiepa P1rnana C U { oo }. 

Bun. C. KyJiuno~. 
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PAU.HOHAJihHAH OCOBEHHOCTb - aopMaJI&BaH rroJiynpocTLIX ame6p Jln An, Dn, E 6 , E 1 , ER, o6oaaa'fe-

oco6aa mO'llW p a.rrre6pan'I. MHOroo6pa3IlH llJill IWMUJieH- HllH K-pb!X rrepeHOCHTCH II Ha ocooeHHOCTH. c TO'lHOCThlO 
CHO aHaJUITH'l. rrpocTpaHCTBa x' )l,OITYcKalOtnaH paape- AO 1130M0p<fln3)f8 TaKaH oco6eHHOCTh onpep;eJIHeTCH CBOJIM 
rnenne ?COOeHHOCTil 1t: Y--+X, rrpn K-poM rrpHMhle 06- B3BellleHHhlM rpaljioM r ([3], [11]), CM. Taomrn;y, KOJI. 915. 
paahl R'n*Oy cTpyKTypnoro ITY'ma Oy TPJIBH8JihHhl npn ~BOHHhle P. o. MoryT OhITh oxapaKTepnaosaHhI KaK ABY-
i~1. Torp;a 3TJIM csoiicTBOM 6yp;eT o6Jia,D;aTh 11 mo6oe Mepnhle ropenmTeHHOBhl P. o. 0HJI naa. TaKme Ka Ho-
paapemenne p;aHHOll oco6eHHOCTH. EcJIH OCHOBHOe IIOJie H Il q e c K II M Il 0 c 0 6 e H H 0 c TR M Il, T. K. 3TO 
lIMeeT xapaKTepJICTHKY 0, TO oco6eHHOCTh HBJIHeTCH p. o. B TO'IHOCTJI Te OCOOeHHOCTJI, K-pb!e IIOHBJIHIOTCR Ha Ka-
Torp;a JI TOJ!bKO Torp;a, lWr)l,a x - MHOroo6paane Rmrna - HOHil'I. MOp;eJIHX aJire6paJiq, IIOBepXHOCTeii OCHOBHOfO 
MaKoJieH n BJiomenJie n* : Wy--+wx p;yaJinanpyIDmnx TnIIa. 
IIyqKoB HBJIHeTcH naoMop«jJMaMoM [5]. EcJIJI PEX ropenrnTeiinosa P. o. IIpoJI3BOJibHOH paa-

p. o. HBJIHIOTCH, HaIIpnMep, oco6ble TOqKil ljiaKTOp- MepHOCTll, TO ee o6mee fllIIepIIoBepXHOCTHOe ceqeHJie eCTh 
IIpocTpancTsa <en/G, rp;e G - KoneqnaH rpyIIIIa JIRHeiffihIX JII160 pau,MoHaJihHaH, JIJI6o :rnmmTJiqecKaH ropeHrnTeiinosa 
npeo6pa30BaHni'r; oco6aH TO'lKa 0 rJinepnosepXBOCTil oco6eHHOCTb, qTo II03BOJIHeT, B 'l8CTHOCTJI, OIIHCaTb Tpex-

11, f I k,, 0 ~ n k-1 1 ( [8]) MepHhle P. o. (cM. [8]). 
xo - - · · .- - xn = IIpn ,.::.. i= 1 i > CM. ; Topnqec- B IIponaeoJibHoir paaMepaocTn cIIpasep;JIJIBhI CJiep;ymmne 
1me oco6eHHOCTH. ljiaKThl (cM. [4]). 1) ~eljiopMaIJ,HH P. o. ecTb cnoea P. o. 

EcJin PE X - r o p e H rn T e i'I H o B a naoJinpoeaa- 2) EcJin f : X-+S - IIJIOCKni'r MopljinaM, x EX, IIpn'IeM 
HaH oco6enaocTb (T. e. IIyqoK wx JioKaJibHO ceo6op;en) ToqKa s=f(x) HBJIHeTcH P. o. B S, a x - P. o. cJIOH 
aap; IIOJieM C n w -06paayIOma11 IIY'lKa wx, To P HBJIH- Xs= 1-1(s), TO x HBJIHeTCH P. o. BX. 3) EcJII! AelflopMau,n11 
eTCH P. o. Tor11a n TO.JihKO Torp;a, imrp;a f: X-.+S JIMeeT rJiaAKYIO 6aay S n ,n;onyc1meT op;noepe

~uW/\W<oo 
B AOCTaTO'lHO MBJioi\: OHpeCTHOCTil u TOqKn p (CM. [7]). 

B cJiy'rne, KOr,[\a dim X=2, oco6ennocTb P pau;JioHBJib
Ha TOr,[\a H TO.TILKO TOr)l,a, l\Ofp;a h1(0n)=O )l,JIJI Hamp;oro 
u,nHJia D Ha ncKmoqnTeJihHOH Kpneoii E=n - 1 (P) paa
perncHJIH n. B aToM cJiyqae AJIH P. o. ece KOMIIOHeHThI E; 
Kp1rno:il: E H30Mop«jJHhl npoeKTnenoii IIpHMoif P 1, E -
AllBll.30p c HOpMaJibHhIMH IIepeceqeHJIHMil Il rpalji r paa
perneHHH llBJIHeTCH p;epeBOM. 

Cl>yn,n;aMeHTaJibHhD1 IJ,HKJIOM oco6eHHOCTH H83. MHHH
MaJihHhiii IJ,HKJI Z >O Ha E, AJIH K-poro Z ·E i <.O ,n;mt ecex i. 
B TepMnnax rvnrna Z Momno )l,aTh KpJITepnii pan;JionaJib
HOCTil: lt1 (Oz)=O, a TaKme BhlqllCJ!JITb KpaTHOCTh oco
GenHOCTll n paa~rnpnocTb KacaTeJI&Horo IIpocTpancTea [1]. 

06o3HaYeHMe YpasHeHMe rpadl G 

A11 , n ~ 1 xn+1 + y2 + l. 2 0--0-- ••• --0--0 cn~i 

Dn, n '> 4 xy2 + xn-1 + z2 o-o-... -< Dn-2 

£, :r3 + y4 + z2 

~ 
T 

[7 T3 + xy3 + 1 2 

~ 
0 

Ea .1:3 + y5 + z2 c 0 

~ 
c o--o-<l I 

p. 0. rn11eprroeepXHOCTell x B TpexMepHOM aljiljinHHOM 
rrpocTpaHCTlle A a nJrn, qTo 9KBHBamrnT110, p;eyMepRhJe 
p. o. KpaTHOCTH 2 naa. A B 0 II H hI M Il p. o. ~BOllHhle 
P. o. nMeJOT PHA :JKBHBaJieHTHhlX xapaKTepnaau,nii II 
HeCKOJibKO pa:lJIIl'IHhIX naaeannn: 0 c 0 6 e H H 0 c T II 
h'. JI e fr H a' 0 c 0 6 e H H 0 c T JI .I~ IO B a JI H, II p o
c Thie o co Ge H Hoc T n. YpaeneHJIH p;eoiinwx P. o. 
B03Hl!KHIOT KaK ypaBHCllHH, CBH3WBaromne IlHBapuaHThl 
rpynu cnMMeTp11ii upatJJIJihHhIX ~mororpaHHHKOB (cM. 
[U]). :Cho COOTBeTCTHYPT xapaKTepnaau,11n ABOiiHhlX P. o. 
K3K oco6eHHOCTell qiaKTOpnpocTpaHCTB x = <C 2/GcC3' 
fl\e G - IWHelfHaJI no11rpyrma n SL (2, C); c ToqnoCThIO 
AO coIIpHJReHHOCTJI Tarrne no,[\rpyIInhl Jicqepn&rnaIOTCJI 
CIIHCKm1: C,,- u,mmH•r. rpyHIIa IIOPHl~Ra n, 6nnapHhle 
rpynnhl p;nap;pa D m rpyIIna TeTpa:ip;pa T, rpynna OKTaa;\
pa 0, rpymra nKoca:.i1wa /. EcJin n - MJIHHMaJibHOe 

paapememre p;noiinoii P. o., TO ncP E7- -2 n eaeerneHHhiii 
rpalji l' COB!i:l,[\al'T CO CXl'.l!Oi( 11pOCThIX KOpHeii Oj:IHOU 11.3 

Mennoe paapernemrn oco6ennocTeii, TO TO'lKa x EX HBJIH
eTCH p. o. Torp;a Il TOJ!bKO Torp;a, KOrp;a x RBJIReTCR p. o. B 
csoeM cJioe 1- 1 (f (x)). 

B cJiyqae dim X = 2 JII06a11 11eljiopMau,11H MHoroo6paanH 
Y, paapernaIOmero P. o. PE X, oIIpep;eJIReT p;eljiopMaIJ,IlIO 
oco6eHHOCTil p' K-paH IIOJiyqaeTCR' eCJill CTRHYTh IlCKJIIO
lfllTeJibHhJe KpJIBhle cJioee p;annoii p;eljiopMan,nH. B pe
ayJihTaTe IIoJiyqaeTcH MopljinaM q; : Def Y-.+Def X 6aa 
eepcaJibHhIX p;eljiopMaIJ,llH MHoroo6pa31!R y Il OCOQeHHOCTll 
P. 06paa A=q;(Def Y) eCTb aeoco6aH HeIIpHBOAHMaH 
KOMIIOH0HTa B Def x' na3bIBaeMaH R 0 M II 0 H e H T 0 ll 
A p T n H a, a q; : Def Y--+A - HaRphlTile faJiya, rpyII
IIa W K-poro MomeT 6h1Th Hailp;ena IIpn noMomn rpaljia 
r oco6eHHOCTil p (CM. [2], (10]). B qaCTHOCTil, AJIH ABOHHOH 
P. o. qi cmp'WKTHBHO n W coenap;aeT c rpyIIIIOH Bei'IJIH 
cooTBeTcTBy10mei'1 aJire6phl Jhr, T. e. eepcaJibHaH p;eljiop
Man;nH p. o. OAHOBpeMeHHO paapernaeTCH IIOCJie HaKphlTJIH 
faJiya 6aa&r p;eljiopMan;nJI c rpyIInoi:'r BeiiJIH W (cM. [9]). 

Jium.: [1) Art in M., «Amer. J. Math.», 1966, v. 88, p. 129-
36; [2) er o me, «J. Algebra», 1974, v. 29, M 2, p. 330-48; 
[3] B r i es k o r n E., «Invent. math.», 1968, v. 4, JJ. 336-58; 
[4] Elkik R., TaM me, 1978,v.1,7,p.139-47;[5]Kempf 
G.j B RH.: Toroidal embeddings, v. 1, B.- [u. a.l, 1973, p. 41-52; 
[6 K 1 e in F., Vorlesungen Uber das Ikosaeder und die Auf
liisung der Gleichung von ftinften Grade, Lpz., 1884; [7] L au
f er H.B., «Amer. J. Math.», 1972, v. 94, p. 597-608; [8] Reid 
M.,BRtt.: Geometrie algebrique, Rockvill, 1980, p. 273-311; [9] 
S 1 o do w y P. J., Simple singularities and simple algebraic 
groups, B., 1980; [10] W a h 1 J., «Compos. math.», 1979, v. 38, 
p. 43-54; [11] TIOPHHa r.H.,«lfaB.AHCCCP.Cep. MaTeM.>>, 
1968, T. 32, {). 943--70. Ba.fl. C. Hy.llunoe. 

PAIVIOHAJibHAH IIOBEPXHOCTh - ABYMepnoe aJI
re6panq, !'.!Horoo6paaJie, orrpep;eJieHHoe nap; rroJieM k, 
noJie pau,JIOH8JlbHhIX ljiyirnu,nii K-poro HBJIHeTCH q11CTO 
Tp_aacu,en)J,eHTHhlM pacrnnpenneM rroJIH k CTe1rnnn 2. J1I0-
6aa p. rr. x 6npau,JIOH8JlbHO JI30MOpljina rrpoeKTHBHOMY 
IIpOCTpaH~TBY p2. 

femieTpnq, pop; pg II IlpperyJIHpHOCTb q HOJIHOII fJia)l;
KOII p. II. x paBHhl 0, TO CCTb Ha x HeT peryJIHpHblX AH«li
ljiepenu,naJihHh!X 2-ljiopM u 1-<Pop~I. Bee KpaTHhJe pop;w 
Pn=dim H 0 (X' Ox(nKx)) rJia)l,KOli llOJIHOl! P. n. x 
TaKme paBHhf 0, rp;e Kx- KaHoHH'L AJIBHaop IIOBepxno
CTH x. ::hn 6npau,110HaJJhHhie JIHBap11aHThl Bb!AeJJHIOT 
P. 11. cpep;n Bcex aJire6panq, IIoeepxHocTei'1, a nMenno, 
BCHKaH rJiap;l\aH IIOJIHaH aJire6pall'I. IIOBepXHOCTb c l!H
eapnaHTaMH Pg=q=P 2=0 HBJIHeTCH P. II. (K pH Te
p 11 i'1 pau,nonaJir,nocTn H'.acTeJii.nyo
B o). CorJiaCHO p;pyroMy K pH Te pH IO p a ll, Il 0 Ha JI b
H o c T n rJiaAKaH IIOJIHaH aJire6panq, noeepxnocTb 
x HBJIHeTCH p. IL TOrp;a II TOJibKO TOrp;a, KOf)l,a Ha x 
JiemHT Heoco6aH paI~llOHaJibH8H KpnBaH c' HHA8KC ca
MOnepeceqeffIHI K-poii ( C2)x >O. 

l\am1\aH aJ1re6pal!11. rroeepxnocTh, KpoMe P. n. 11 JIJI
nerl'laThlX noeepxnocTeii, 6npau,noHaJibHO 11am1opqlBa 
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e,[\'HHCTBeHHoii MHHHMUJihHOH MOAeJIH. B KJiacce p. TI. HMe
eTCH C'leTHOe MHomeCTBO OTHOCHTeJihHO l\HiHHM3JlhHh!X 
MOAeJieii:. 8TO - 11poeKTHBHOe llpOCTpaHCTBO P2 H IIOBepx
HOCTH F n'::>.P ( :£ n) (11poeKTHBnaau;nn ABYMepHbIX JIHHeii
HhIX paccJioeunii HUA 11poeKTHBHOH llpHMOil P1), :£ n~ 
:::>.Dp,ffiOp,(-n), fAe n~O H n'i=L )J;pyrHMH CJIOBUMH, 

11osepxHoCTh Fn- aTo paccJioeHne Ha pau,noHaJibHhle 
KpHBhie HUA pau;noHaJibHO.ii: KpHBOii, y K-poro eCTb ce
'leHne Sn- rJiaAKUH pau,noHaJibHaH KpnsaH c HHAeKcoM 

caM011epeceqeHHH (S~)F=-n. IIosepxHoCTh F0 nao
MopiJ>Ha 11p1IMOMY 11pon3B0A0HH!O P1 x pl, a nosepXHOCTH 
F n 110Jiyqa10TCH na F0 c noMOI[],h!O nocJieAOBaTeJihHOCTII 
aJieMeHTapHbIX 11peo6paaosaHn.ii: (cM. [ 1]). 

P. 11. nMeIOT 6oJihrnyro rpy1111y 6npau;noHaJibHhIX 11peo6-
paaosaHnii (T. H. r p y II II y K p e M 0 H 0 Bbl x II p e-
0 6 pa 3 0 B a H H il:). 

EcJIH Ha rJiaAKOH llOJIHo.ii: P. 11. aHTHKaHoHnq. 11yqoK 
Ox(-Kx) o6nJieH, TO x Ha3. II 0 Be p x H 0 c Tb IO 
)]; e JI h II e u; u; o. Han60Jib!Ilee u;eJioe qncJio r>O Ta
Koe, qTo -Kx~rD AJIH HeK-poro AHBH30pa D Ha x, H33. 
1rnAeKcoM 11 o B e p x H o c T n )J; e JI h II e u; u; o. MH
AeKc r MomeT 11pnHnMaTh 3HaqeHHH 1, 2, 3 (cM. [2]). IIo
BepXHOCTh )J;eJib IIeu;u,o HHAeKca 3 naoMopiJ>Ha P2 • ,11.JIH 
11osepXHOCTH ,11.eJib IIeu;1w X HHAeKca 2 pau;noHaJibHoe 
OTo6pameHHe <JJox(D): X-P3 , 011peAeJIHeMoe 11yqKoM 

Ox(D), ;o;aeT 6npau,noHaJihRhlfr naoMopiJ>naM Ha KBUAPHKY 
B P3 • IIosepXHOCTH )J;eJih IIeu;u;o HHAeKca 1 MoryT 6bITh 
llOJiy'leHbI n MOHOHAUJihHhlMH 11peo6pa30B3HHHMH IlJIO
CKOCTli P 2 c u,eHTpaMH B ToqKax o6ru;ero llOJIOlReHHH, r;o;e 
i<:n~8 (CM. [2)}. 

Jlum.: ttl Anre6pa1«iec1111e noBepxHoCTH, M., 1965 [Tp. Ma
TeM, 1rn-Ta AH CCCP, T. 75]; [2] II c 1' 0 B c 1' H x B. A., B co.: 
CoBpeMeHnhle npooneMhI MaTeMaTHHH, T. 12, M., 1979, c. 59-157; 
[3] X a p Tc x op H P., Anreopa11<tec11aa reoMeTpHa, nep. c 
attrJJ., M., 1981. Bun. C. Ky11unoe. 

PAI.J;'UOHAJibHAH ll>YHK~HH - 1) P. iJ>.- iJ>yHK
u;nH w=R (z), rAe R (z) - pau,noHaJihHOe BhlpameHne 
OT z, T. e. BbipameHHe, llOJiyqeHHOe H3 He3aBHCHMoro 
rrepeMeHHoro z n HeK-poro KOHe'lHoro Ha6opa quceJI (Ae.ii:
CTBUTeJihHbIX UJIH KOMllJieKCHbIX) 11ocpeACTBOM KoueqHoro 
'lHCJia apniJ>MeTH'l. AeHCTBHH. p. ip. MOlKHO 3311HC3Tb (He 
ep;HHCTBeHHbIM o6pa3oM) B mr;o;e 

p (z) 
R (z)= Q (z), 

rAe P, Q - MHoroqJieHhl, Q (z)¢"0. l\oaiJ>iJ>uu,ueHThI amx 
MHOroqJieHOB H33. K 0 3 ip ip H [],He HT a M H P. ip. 
,IJ.po6h PIQ Haa. HecoKpaTnMorr, ecJin P, Q ue nMeIOT 06-
IIJ;HX HYJieii (TO eCTb p' Q - B33HMHO llpOCTbie MHoroqJie
Hbl). BCHKYIO p. ip. MOlRHO 3UllHC3Tb B BHAe HecoRpaTHMoii 
Apo6n R (z)= P (z)IQ (z); ecJIH 11pn 3TOM P HMeeT crn11eHL 
m, a Q - cTe11eHh n, TO CTe11eHbIO P. ip. R (z) Haa. 11apy 
(m, n) HJIH qncJio 

N =max {m, n}. 

P. <J>. CTeneHn (m, n) 11pn n=O, T. e . .Mnozo<t.tten, Ha3. 
l~ e JI 0 ii p a [], H 0 H a JI b H 0 i\: ip y H K [], H e II, B 
IlpOTHBHOM CJiyqae - A p 0 6 H 0 - p a [], H 0 H a JI b H 0 ii 
ip y HK u, n e ii. P. ip. R (z)=O He nMeeT CTeneun. IIpn 
m <n Apo6h R Haa. npasnJILHoii:, 11pH m~n - ue11paBHJih
uoii. He11paBHJihHYID Apo6b MomHo e;o;HHCTBeHHbIM o6pa-
30M 3311HC3Th B BHAe 

~=Pd-~', 

rAe P 1- MHoroqJieH, Haa. u,e.Jioi'r qacTblO Apo6u P/Q, 
a P 2/Q - rrpaBHJihHan AP06h. IIpasmn,HaH AP06b c ne
coRpannroii aa1rncL10 R (z)=P (z)/Q (z), rAe 

Q (z)=b(z-bl 1 ••. (z -b/z, 
MomeT 6b1Th eAHHCTBeHHb!M o6paaoM paaJioJ'ReHa B cyMMY 

rrpocreiimnx Apo6eii: c. 

l ci, r;2 'ni 
R (z) = !i=1 z-bi + (t-b1)2+ ... + (z-bi)ni. (1) 

EcJin p (x)IQ (x) - 11paBHJihHUJI P. ip. c Ae.ii:cTBHTeJihHhIMH 
KoaiJ>iJ>m~neHTUMH H 

Q (x) =b0 (x-b1)1' .. . (x-b,) 1' (x2 +p1x+q1)ti. .. 
( 2 ts 

•• X +Psx+qs) , 

r;o;e b0 , b1 , ••• , b,, p 1 , q1 , •• ., Ps• qs - p,eiicTBHTeJih

Hhle 'lHCJia, p'-4qj<O, j=1, ... , s, TO p (x)!Q (x) TUR1R0 

8A:~:~eHHbI:, o6p[a3:,~,[ 11pe:::aBJIHeTCH B ~~~e ] 

Q (x) = ~._ 1 x-b.+-(x-~)2 + ... +--1. + 
t- 1 1 (x-bi) 1 

'\.-,s I, J, • • + ... [ 
D. x+E. D j x+Ej 

+ -'"i=1 x 2 +p;x+qj + (X2 +Pjx+q1)2 

Dh.x+Eit. ] 
J J ... + t. • 

(x2 +pjx+qj) I 
(2) 

rAe see Koa!JliJ>Hu,neHThI p,eficTBHTeJihHhI. 8rn 1rnai1>qnn.1,Hell
Thl, RaK H c;; B (1), MoryT 6bITb Ha.ii:AeHhl neonpeoe.ttennbLX 
1warfi!fiuq,uenmoB .Memooo.M. " 

p. ip. CTe11eHH (m, n) B HeCOKpan_i;1110rr 3311HCH ~!1P8Ae
JI8Ha H aHaJIHTHlJHa B pacrnHpeHHOH KOMllJieKCHOH IIJIO
CKOCTH (T. e. llJIOCROCTH, P,OllOJIH8HHOH TOqKo.ii: z= 00) 
33 HCKJIIO'leHH8M KOHeqHoro qHcJia oco6hIX ToqeK- 110-
JI!OCOB B HYJIHX ee 3HaMeHaTeJIH, a 11pH m >n eru;e H B Toq
Re oo; rrpn 3TOM cyMMa KPUTHOCTeii 110JI10cos iJ>yHKU,HH R 
paBHa ee CTe118HH N. 06paTH~, BCHRUH aml:;11HTHq iJ>yuR
IJ;HH, HMeroru,aH B pacrnHp8HHOH KOMllJieKCHOII llJIOCKOCTH B 
Ka'leCTBe oco6h!X ToqeK TOJibKO llOJI!OCbl, HBJilJ8TCH p. ip. 

B peayJihTaTe apniJ>Memq. AeficTBHii HaA P. ip. 110Jiy
qa10T TaKme p. ip. (A8JI8HHe Ha R (z)=O HCKJiroqaeTCH), 
TaK qTo Bee P. ip. o6paayroT 110Jie; Boo6ru,e, P. ip. c Ko
aiJ>iJ>nu,HeHTaMH H3 HeK-poro llOJIH o6paayroT 110Jie. Ee.JIU 
Ri(z), R 2 (z) cyTh P. ip., TOH Ri(R 2 (z)) HBJilJeTCH P. qi. 
IIpoH3BOAHUH 11op1IAKa p OT P. ip. CTeneHH N eCTh P. tfi. 
crn11eHH ~(p+ 1 )N. Heo11peAeJieHHhlii "HHTerpaJI (uep.~ 
eoo6pa3H31I) OT p. ip. npeACTaBJIHeT co6on cyMMY H8R-pOH 
P. ip. H BbipameHHII BHAa c,ln (z-b,). EcJIH P. qi. R (x) 
Ae.ii:CTBHTeJibHa npn AeII£TBHTeJihHOM x, TO neo11pe;o;eJierr-

HhIH HHTerpaJI ~ R (:r)d:r 11rnmeT fo.rTh aa11ncaH B BH;D;e cyM

MhI HeK-pmr P. ip. R0 (x) c p,e.ii:cTBHTBJihHhlMH KoaiJ>iJ>nu,11-
l'HTall!H, BbipameHnii BHAa 

c;1 lnlx-b;I, Mjln(x2 +pjx+qj), 
2x+pj 

Njarctgv £' i=1, .. ., r; j=1, ... , s, 
4qrpi 

H 11poH3BOJlbHOii IIOCTOHHHOii C (3A8Ch 'IHCJia C ; 1, b;, 

Pi• qj- Te me, 'ITO n B (2), 111;, Ni- HeR-phle ABHCTBH
T8JihHhle qncJia). <DyHKU,HIO R 0 (x) 110 Ocmpozpaucrww 
.Memouy MOlRHO HaiiTn, MHHYH paaJiomeHHe R (x) Ha 11po
CTelinrne p,po6n (2). 

"Y A06Hhle AJIH BbiqncJieHHii' p. ip. HCllOJib3YIOTCH AJifl 
11pn6JinmeHHoro 11peACTaBJieH1rn iJ>yHm~nii. PaccMaTp"rna
IOTCH TaKme p. ip. OT HeCKOJibI{HX p;eiiCTBHTeJibHhlX HJIH 
KOMllJieKCHh!X 11epeMeHHbIX R=P/Q, rAe P, Q - MHoro
qJieHbl OT COOTB8TCTBY!OIIJ;HX nepeMeHHhlX (Q'JEO), a TUKiKe 
a6cTp3HTHbie p. ip. 

R A,ct>,+ ... +Amct>m 
B,ct>, + ... + Bnct>n ' 

rAe <D1' <D2, ... - JIHHeii:HO He3aBHCHMaH CHcTeMa He-
11pt>phlBHb!X iJ>ynRu,Hti Ha HeR-pOM foi!ROMllUKTe x, a 
Au .. ., Am, H1, ... , Bn - qncJia. 
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CM. TaKIBe J( po6no-.1tuneiinaa rfiynK!fU5t, iRynoecnoeo 
rfiynl'ilfW't. 

Jlum.: (1] Il pH Ba JI 0 BU. U., BBe)leHHe B Teopmo cjlymn~Hli 
IWMIIJleKCHOro rrepeMeHHOro, 12 H3/I., M., 1977; [2] K yp 0 ill A. r., 
Kypc BhICIDeli aJJre6pbl, 11 H3/I., M., 1975. E. TI . .l{OJl:J!CeHno. 

2) P.qi. Ha aJire6panqecKOM MHoroo6-
p a 3 ll II - o6o6m;emrn KJiaccnq. IIOHHTIIR pau;IIOHaJibHOii 
qiyHKil,Illl (cM. II. 1). p. qi .. Ha HerrpllBOAllMOM aJire6panq. 
MHOroo6pa3Hll x - 3TO KJiacc 3KBHBaJieHTHOCTll nap 
( u' /)' rAe x - HerrycTOe OTKphlTOe IIOAMHOIBeCTBO B x' 
a f - peryJI.11pHa.11 qiyHKil,llH Ha U. ,IJ,ae rra phi ( U, /) ll 
( V, g) Ha3. 3KBHBaJieHTHbIMll, eCJill f= g Ha Un V. p • qi. 
Ha X o6paayroT rroJie, o6oaHaqaeMoe k (X). 

B cJiyqae, KOrAa X =Spec R - aqiqin1moe HerrpHBOAll
Moe MHorooepaane, rroJie P. qi. Ha X coarraAaeT c rroJieM 
qacTHbIX KOJihu;a R. CTerreHb TpaHcu;eHAeHTHOCTII HaA 
k IIOJIH k (X) Ha3. p a 3 M e p H 0 c T b IO M H 0 r 0 0 6-
p a 3 H H x. 

Jlum.: [1] III a cjl ape e" q U. P., OcHoebJ anre6paH<tecKoli 
reoMeTpHH, M., 1972. Bun. C. fiyJ1unoe. 

PAl(HOHAJihHOE MHOrOOBPA3HE - aJire6paI1qe
cKoe MHoroo6paane X HaA aJire6panqecKH aaMKHYThlM rro
JieM k, noJie pau;noHaJibHhlX qiyHKu;nil: k (X) K-poro II30-
MopqiHo qncTO TpaHCil,eHAeHTHOMY pacmnpeHnro KOHeq
HOfr CTerreHH IIOJIH k. ,Il,pyrnMH CJIOBaMH, p. M.- 3TO 
aJire6panq. MHoroo6paane X, 6npau;noHaJibHO naoMopqi
Hoe rrpoeKTHBHOMY npocTpaHCTBY pn. 

IlOJIHOe rJiaAKOe p. M. x o6JiaAaeT cJieAYIOIIl,llMII 6npa
Il,llOHaJibHhlMll 1rnaapnaHTaMn. PaaMepHocTn acex rrpo-
cTpaHCTB H 0 (X, Qi) peryJIHpHblX AHqiqiepeHu;HaJibHblX 
k-«fiopM Ha X paBHhl 0. KpoMe Toro, KpaTHhlii poA 

Pn= dimk H 0 (X, Ox (nKx)) =0 rrpn n > 0, 

rAe Kx- KaHoHnq. AHBH3op aJire6panq. MHoroo6paan.11 
x' T. e. KOAaHpOBCKaH pa3MepHOCTb p. M. x paaHa 0. 

B MaJiblX pa3MepHOCTHX rrepeqncJieHHhle BhlIIle HHBapn
aHThl OAH03HaqHo BhlAeJIHIOT KJiacc p. M. cpeAH BCeX aJI
re6panq. MHoroo6paaniL TaK, ecJin dimkX = 1 ll poA aJI
re6panq. Kpnaoft X paaeH 0, TO X - pau;noHaJibHaH 
Kpnaa.11. EcJIH dim,. X=2, a apnqiMemq. POA 

Pa=dimkH0 (X, Q\)-dim,,H0 (X, Q})=O 

n KpaTHhlft pop; P 2= 0, TO X - pau;n:oHaJibHa.11 rroaepx
HOCTh. 0AHaKo B CJiyqae dim,, X;;;;,3 HeT xopomero KpHTe
pHH pau;noHaJibHOCTII Il3-3a OTpilu;aTeJibHOro pemeHHH 
Jllopoma npo6.1teMb1. 

Jlum.: [1] III a cjl a p e e" q M. P., OcHOBbJ aJireopaH<tecKolt 
reOMeTP""' M., 1972. Bun. C. fiyJ1u1we. 

PAl(HOHAJihHOE OTOBPAiKEHHE - o6o6m;emrn 
IIOHHTHH pa!fUOna.!tbllOU rfiynK!fUU Ha aJire6paI1q. MHO
roo6pa3HH. A n:MeHHO, p a u; n: o H a JI h H bl M o T o 6-
p a IB e H II e M HeIIpI1BOAI1Moro aJire6pan:q. MHoroo6pa-
3HH X B aJire6pan:q. MHor~o6pa3n:e Y (o6a orrpeAeJieHbl 
Hap; rroJieM k) Ha3. KJiacc 3KBHBaJieHTHOCTH nap (U' cpu), 
rAe u - HerrycToe OTKpbITOe IIOAMHOIBeCTBO B x' a cpu
MopqiI13M n:a U B Y. Ilpn: 3TOM rraphl (U, cpu) n: (V, cpv) 
cqn:TaJOTCH 3KBHBaJieHTHhlMH, eCJIII cpu H cpv COBIIaAaJOT Ha 
u n v. B qacTHOCTll, p. o. MHoroo6pa3IIH x B aqiqin:HHYIO 
rrpHMyIO eCTb pau;n:oHaJibHaH qiyrrKil,HH Ha MHoroo6pa3IIII 
x. ,Il,JIH KaIBAOro p. o. cp : x - - -+Y cym;ecTByeT TaKaH 
rra pa ( fJ, cp u), qTO U= r.J AJIH JIJ06oil: 3KBHBaJieHmo11 e11 
rrapb1 (U, cpu) n: cpu HBJIHeTc.11 orpaHn:qeHn:eM cpiJ Ha U. 

0TKpb1TOe TIOAMHOIKeCTBO r.J Ha3. 0 6 JI a c T b JO p e r y
JI .11 pH o c T II P o. cp, a cp ( U) - o 6 p a a o M M H o
r o o 6 pa 3 n: .11 X (o6oaHaqaeTCH cp(X)) rrpn: P. o. cp. 

EcJin: cp : X - - -+ Y - P. o. aJire6paI1q. MHoroo6-
pa3n:il: II o6pa3 cp (X) IIJIOTeH B Y, TO cp orrpeAeJIHeT BJI0-
1KeHI1e rroJieil: cp*: k (Y)-+k (X). 06pamo, BJIOIBeHn:e IIoJie1! 
pau;n:oHaJibHhIX qiyHKu;n:il: cp* : k (Y)-+k (X) orrpep;eJIHeT 
P. o. MHoroo6paan:.11 X BY. Ecm1 P. o. cp HHAYu;n:pyeT n:ao
MopqinsM IIOJieil: pau;n:oHaJibHhlX qiyHKil,HM k (X) II k (Y), 

TO cp Has. 6 n: p a II, H 0 H a JI b H bl M 0 T 0 6 p a m e
H He M. 

MHomecTBO ToqeK na X, B K-phlx P. o. cp: X - - -+Y 
He peryJIHpHO, HMeeT B 06II1,eM cJiyqae KOpa3MepHOCTb 1. 
Ho ecJin Y - rroJIHoe MHoroo6paane, a X - rJiaAKOe He
rrpnBOAHMoe MHoroo6paane, TO MHOlReCTBO ToqeK H3 x' 
B K-phlx cp He peryJIHpHO, HMeeT KOpa3MepHOCTb He MeHb
me ABYX. EcJin X n Y - rroJIHhle HerrpHBOAHMhle MHO
roo6pa3HH HaA aJire6panqecKn aaMKHYThlM rroJieM xapaK
TepncTHKH 0, TO p. o. cp: x - - -+Y MOlReT 6h!Tb BKJIIO
qeHo B KOMMyTaTHBHYIO AHarpaMMY (cM. [2)): 

rAe T), f - MopqinaMbl aJire6panq. MHoroo6paa1rn Z, 
H TJ HBJIHeTCH KOMII03Hil,Heil: MOHOHAaJibHhlX rrpeo6pa30Ba
HHH. EcJin cp : X- -- -+Y - 6npau;noHaJibHOe oTo6pa
meHne rroJIHbIX Heoco6b1x rroaepxHocTeil:, To cym;ecTayeT 
AHarpaMMa (*), B K-poil: o6a MopqinaMa f H TJ HBJIHIOTCH 
KOMII03Hil,HHMH MOHOHAaJibHhlX rrpeo6pa30BaHnft c Heoco-
6bIMH Il,eHTpaMH (Te 0 p e Ma 3 a pH c K 0 r o), T. e. 
JIJ06oe 6npau;noHaJibHOe oT06pameHne IIOJIHhlX Heoco6Mx 
IIOBepXHOCTeil: pacKJiaAh!BaeTCH B KOMII03Hil,HIO MOHO
HAaJibHbIX rrpeo6paaoaaHHM c Heoco6MMH u;eHTpaMn n 06-
paTHhlX K HHM oT06pameHnft. B cJiyqae dim X;;;;.3 aHa
JiornqHhlft aorrpoc o paaJiomeHHH 6npau,noHaJibHOro oTo6-
pameHmr OTKphlT (1983). 

Jlum.: [1] III a cjl a Q e e" q II. P., OcHOBhI aJ1re6pa11<tecKoli 
reoMeTpHH, M., 1972; [2J H i r o n a k a H., «Ann. Math.», 1964, 
v. 79, M 1-2, p. 109-326. Bun. C. RyJ1unoe. 

PAl(llOHAJihHOE IIPE,Il,CTABJIEHHE a JI re 6-
p a n q e c K o ft r p y rr rr bl G - JIHHeftHoe rrpeACTaBJie
mrn aJire6panq. rpyrrrrhl G HaA aJire6panqecKn aaMKHYThlM 
rroJieM k B KOHeqHoMepHOM BeKTOpHOM rrpocTpaHCTBe v 
HaA k, HBJIHIOIIJ,eeCH pau;noHaJibHhlM (n TeM caMh!M pery
JIHpHblM) roMoMopqinaMoM rpyIIrrhl G B GL (V). foaopHT 
TaKme, qTO V - p a u; n o H a JI h H hl ft G-M o A y JI h. 
Ilp.11Ma.11 cyMMa n TeHaopHoe rrponaBeAeHne KoHeqHoro qnc
Jia p. II. rpyrrIIhl G HBJIHIOTCH p. rr.; IIOAIIPeACTaBJiemie II 
qiaKToprrpeACTaBJieHn:e HeK-poro p. II. HBJIHIOTCH p. rr.; 
CHMMeTpilqecKaH HJIII BHeillHHH CTerreHb JIJ06oro p. II. HB
JIHeTCH p. rr.; rrpe):ICTaBJieHile, KOHTparpe):IIIeHTHOe K p. rr., 
HBJIHeTCH p. II. 

EcJIII G KoHeqHa, TO BCHKoe ee Jin:Heil:Hoe rrpeACTaBJie
mrn 6yAeT P. rr. n: Teop1rn P. rr. cJin:aaeTCH c Teopn:eil: rrpeA
CTaBJieHIIH KOHeqHhlX rpyrrrr. B Han:6oJibIIleil: CTerreHH 
crreu;I1«fin:q. MeTOAhl Teopn:n: Jin:HeHHblX aJire6pan:q. rpyrrrr 
HCIIOJib3YJOTCH rrpn: HCCJieAOBaHHH p. II. B TOM cJiyqae, 
KOrAa paccMaTpIIBaeMaH rpyrrrra CBH3Ha, rrpn:qeM Han:6o
Jiee rJiy6oKo pa3BI1Ta Teopn:.11 P. rr. CBH3HMX rroJiyrrpocTbJX 
aJire6pan:q. rpyrrrr. ,Il,aJiee G - TaKaH rpyrrrra. IlycTb 
T - ee MaKCIIMaJibHblH Top, X (T) - ero rpyrrrra pau;n:o
HaJibHhlX xa paKTepoB (3aIIHCbJBaeMaH aAAHTIIBHO)' ~ -
CIICTeMa KOpHeil: rpyrrrrhl G OTHOCHTeJibHO T' .w - ee rpyrr
IIa BeftJI.11. M rrycTh cp: G-+GL(V) ecTb P. II. OrpaHn:
qeHn:e rrpeAcTaBJieHn:H cp Ha T paaJiaraeTc.11 B rrpnMyIO 
cyMMY O):IHOMepHbJX rrpeACTaBJieHn:H, TOqHee 

V = Ef\eP V (X), 

"' r):le Prp CX (T) - HeK-poe MHOlReCTBO XapaKTepOB TO-
pa T, Ha3brnaeMMX B e c a M n: npep;cTaBJieHHH, a 

V (X) = {v EV I cp (t) v = x (t) v \ft ET} ,c o. 
MHolReCTBO BeCOB p 'fl IIHBapn:aHTHO OTHOCIITeJibHO w. 

EcJin: char k=O, TO BCHKOe p. II. rpyrrrrhl G BIIOJIHe rrpn:
BOAIIMO, HO ecJin: char k>O, TO 3TO yme He TaK (cM. Ma.\t
rfiopoa eunomeaa). Oi:1rraKo rrpu JII06oft xapaKTepn:CTHKe 
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llOJUI k HMeeTCH IIOJIIIOe 01rncaHHe HerrpHBOAHMhlX p. II. 
IlycTb B - 6opeJiesc1rnH IIOArpyrrrra B G, COAepmam;aH 
T, H ~ - orrpeAeJIHeMaH ero CHC'l'e~rn rrpocThlX Koprreii. B 
~. fpynna X (B) pau;HorraJILIIhIX xapaKTepoB rpyrrrrhl B 
oTom.n;ecTBJIHeTCH c X ( T). B rrpocTparrcTse V Jiro6oro rre
rrpHBOJ.\HMoro P. rr. cp :G-GL (V) cym;ecTByeT eAHIICT
serrrroe OAIIOMeprroe BeCOBOe IIOAIIPOCTparrcTBO v (llq>), 
11'1' E Pq>, HrrBapnarrTrroe OTIIOCHTeJibIIO rpyrrrrhl B. XapaK
rnp llcp rra3. c T a p III Ii! M Be c 0 M II e II p Ii! B 0 A Ii! Mo
r 0 P. II. cp; OH AOMHIIaIITeII, T. e. CKaJrnprroe rrpoH3Be
AeHirn (llqi, a)~O AJIH Jiro6oro aE~. a BCHKHII Apyrofi 
sec XE P"' HMeeT su.n; 

X=llcp-~aeiimaa, maEZ, m .... ~o. 

0To6pamerrHe cpr+llq> orrpeAeJIHeT 6HeKu;Hro MemAY mrnc
caMH 3KBHBaJieIITIIbIX rrerrpHBOAHMhlX p. II. H AOMHIIaIIT
IIbIMH 3JleMerrTaMH H3 X (T). HsrraH KOHCTPYKL\HH scex 
rrerrpHBOAHMhlX p. II. MOll\eT 6h!Tb IIOJlyqerra CJleAYIOIIJ;HM 
o6pa30M. II ycTb k[ G] - aJire6pa peryJrnprrhlx ipy1mu;nf1 
na G. ,ll,JIH Jiro6oro x EX( T)= X (B) paccMaTpHBaeTCH 
rro,n;IIpocTpaIICTBO 

k(GJx={/Ek(GJ I f(gb}=x(b)/(g)"VbEB, gEG}. 

Orro KorreqrroMeprro u HBJIHeTCH pau;11orraJibIIhlM G-Mo
AYJieM OTIIOCHTeJlbIID p;eii:cTBHH rpyrrrrbl G JieBblMH cp;BH
raMH. reoMeTpHq. CMbICJl 3TOro rrpocTpaIICTBa TaKoB: 
OHO KaHOIIHqecKH OTOll\)1;0CTBJ1HeTCH c rrpocTpaIICTBOM pe
ryJIHpIIbIX ceqerr11ii. OAIIOMeprroro OAIIOPOAIIOro BeKToprroro 
paccJioeIIHH rraA GIB, orrpeAeJierrHoro xapaKTepoM -x. 
IlyCTb WoE w - 3JleMeIIT, rrepeBOAHID;Hii IIOJ10ll\HT0JlbHble 
!>opHH B OTpHu;aTeJlbIIble. TorAa eCJllil k(GJ_w,(x)+o, TO 
.I( - AOMHHaHTHhlM xapaKTep Ii! MHHHMaJlhHhlM HeHyJleBoii. 
G-rrOAMOAYJlh B k[ G]_ Wo(X) HBJIHeTCH rrerrpHBO)l;HMblM pa
IJ;HOIIaJlbHhlM G-MOAYJieM co cTapIIIHM secoM X· BcHKHH 
HerrpHBOAHMbIIr pau;HoHaJlbIIbIII G-MOAYJih rroJiyqaeTcH npH 
tIOMOIIJ;lil TaKOM KOHCTpyKIJ;HH. EcJIH char k=O, TO yme caM 
G-MOAYJih k (GJ_w,(X.) rrerrpHBOAHM. 

,ll,JIH IIOJiyqeHHH HerrpHBO)l;li!MbIX p. II. qacTO HCIIOJlb3Y
IOTCH YIIOMHIIYTble BhlIIIe OIIepau;HH IIaA p. II. HaIIp.' eCJlH 
cp;- rrerrpHBOAHMOe P. rr. co cTapIIIHM secoM Xi• i=1, 
.. ., d, TO IIeK-poe iJ>aKToprrpeACTaBJ10IIHe cp1® .. . Q9cpd 
HBJIHeTCH rrerrpHBOAHMbIM P. rr. co cTa pIIIHM secoM x1 + 
+ .. . +xd (orro rra3. K a p T a II 0 B c K 0 I! K 0 M II 0-
3 Hu; He ii. P. rr. cp1, ... , cpd)· EcJIH cp - rrerrpHBOAM
Moe p. II. co CTapIIIHM B0COM x. TO rreK-poe iJ>aKToprrpeACTaB

Jl0HH0 S~ HBJ1H0TCH II0IIpHBOAHMhlM p. II. CO CTapIIIHM 
eecoM dX, a cp* - rrerrpHBO):\HMO Ii! ero CTapIIIHM B0COM 
HBJ1H0TCH - Wo (X). 

IlycTb g - anre6pa JIH rpyrrrrbl G. EcJIH cp : G-GL(V) 
eCTb p. II.' TO ero AHiJ>iJ>epeH[\HaJl dcp HBJlHeTCH rrpep;cTaBJie
HHeM aJire6phl JIH g. p. II. cp rra3. Ii! H ip Ii! H Ii! T e 3 H

~! a Jl b II 0 H e II p Ii! B 0 A H M bl M, eCJllil dcp - HerrpH
BOAHMOe IIP0ACTaBJleirne aJire6pbl g. llrriJ>HIIHT03HMaJibIIO 
HerrpHBOAHMOe p. II. rrerrpHBO)l;HMO, a B cJiyqae char k= 0 
Beprro Ii! o6paTIIOe (qTo B 3rraqMT0JlbIIOii. CTerreIIH CBOAHT 
TeopHIO p. II. rpyrrrrbl K TeopHH rrpeACTaBJ10IIHII ee aJire6-
pb1 Jln), OAIIaKo B cJiyqae char k>O 3TO yme He TaK. 
llrriJ>HIIHT03HMaJlbIIO rrerrpHBO).\li!Mbie p. II. B 3TOM CJlyqae -
3TO B ToqrroCTH rrerrpHBOAHMhle p. II. co CTapIIIHMH BecaMH 
x. AJIH K-phlX 

2 (X a) 
0 ~ -(-' -) < p rrpH Jiro6oM a E ~-a, a 

EoJiee Toro, BCe rrerrpHBOAHMhle p. II. MoryT 6h!Tb IIOCTpoe
Hhl rrpH IIOMOl[\lil HIIiJ>HHHTe3HMaJlbIIO rrerrpnBOAHMbIX. 
To'lrree, ecJin G OAIIOCBH3IIa, T. e. ecJin X ( T) cosrraAaeT c 
pemeTKOM BeCOB Koprreeoii: CHCTeMbl ~ ' TO BCHKOe rrenpH
BOAHMOe p. II. OAH03IIaqrro pa3JiaraeTCH B TeII30pHoe rrpo-

:irnsep;emrn BHp;a 

rAe cp0, cp1, ..• , cpd nrriJ>nrrHTe3HMam,rro rreIIpllBO)l;HMbI, 
i 

a cpzr - npeACTaBJierrHe, noJiyqerrrroe rrpHMerrerrHeM K 

MaTpHqIIhlM 3JieMerrTaM npeACTaBJieIIHH cpi aBTOMopiJ>H3-

Ma Cflpo6errnyca ai-+aPi(aEk), P =char k. 
Jlum.: (1] B op e .n b A., JlHHeiiHhJe anre6paH'lec1me rpymibI, 

rrep. c aHrJJ., M., 1972; [2] er o me, B 1rn.: Algebraic geometry, 
Providence, 1975, p. 421-'10 (Proc. Symposia in pure math., 
v. 29, Arkata, 1974); [:l] X a M qi p I'! .O: m., JlHHeiinb!e ame6pau
'!ec1me rpyrrrrhI, rrep. c arrrn., M., 1980; [4] CeMl'!Hap rro aJ1re6pa
u<Jecm1M rpyrrnaM, rrep. c anrn., M., 1973; [5] CT e ii H 6 e pr P., 
.Jlem1l'lu o rpyrrrrax IlleaanJJe, rrep. c aHrJJ., M., 1975; [6] er o me, 
«Nagoya math. J.», 1963, v. 22, p. 33-56; [7] Hoch sch i Id 
G., The structure of Lie groups, S. F., 1965; [8] Hum p h
r e y s J. E., Introduction to Lie algebras and represen ta ti on 
theory, N. Y. - [a. o.l, 1972. B. JI. llonoB. 

PAU:llOHAJihHOE qncJIO - qncJio, Bblpamae~we pa
u;HorraJILrroii: p;po6bIO. CflopMaJlbIIaH TeopHH p. q_ CTpOHTCH 
c IIOMOIIJ;bIO nap u;eJlhlX qli!C0Jl. p a 1\ H 0 II a Jl b II 0 Ir 

A p o 6 b ro ~· rra3. yrropHp;oqerrrraH rrapa (a, b) u;eJihlX 

qHceJI a H b, y K-poii. b+O. ,ll,se pau;11orraJihIIble p;po6H ~ 
Ii! ~ rra3. 3 K B Ii! B a Jl e II T II hi M Ii! (p a B II bl M H) 

TOrp;a H TOJlbKO TOrAa, Korp;a ad= be. 8To COOTIIOIIIeIIHe 
aKBHBaJleIITIIOCTH, 6yp;yqH peiJ>JieKCHBIIO, CHMMeTpIIqrro 
H TpaII3HTIIBIIO, pa;i6rrnaeT ~momeCTBO BCeX pau;HoIIaJlb
IIbIX p;po6ef1 rra KJlaCCbl 3KBHBaJleIITIIOCTH. p a 1\ Ii! O
H a Jl b II LI M q Ii! c Jl 0 M rra3. Kall\Ablii KJlacc 3KBHBa
JleHTIIOCTII pa1worraJihHhlX ,n;po6e1!. Pa3Hbie KJiaccb1 orrpe
p;eJIHIOT pa3nMe P. q_ MrromecTBO P. q_ cqeTrro. P. q_, 

0 
cop;epmam;ee pau;norraJILIIyro p;po6b BH,n;a h' Ha3. II y-

a 
JI e M. EcJIH r ecTL P. q_ H b Er, To P. q_, cop;epmanwe 

-a 
pau;HOIIaJlbIIYIO p;po6b b ' rra3. pau;HOHaJlhllbIM qHCJlOM, 

rrpoTHBorroJioJKHMM P. q_ r, II o6o3rraqaeTcH qepe3 -r. 
P. q. r rra3. rr o JI o m H T e JI h H bl M (o T p H u; a T e JI L-

a 
H bl M), eCJlH OHO cop;eplKHT paU,HOIIaJlLIIYIO AP06L b ' 

y K-poii: a H b op;rroro 3IIaKa (pa3IIblX 3IIaKoB). Ecmr P. q. 
IIOJ10lKHT0JlbIIO ( OTpIII~aTeJlhIIO)' TO rrpoTHBOIIOJlOJKIIDe eMy 
'lliICJJO 0Tp11u;aTeJibIIo (rroJioJKHTeJlhIIo). B MrromecTBe P. q. 
BBO)l;HTCH yrropHp;oqeHIIOCTb: BCHKOe OTpHu;aTeJlLIIOe p. q. 
cqHTaeTCH MeIIhllIHM BCHKOro IIOJlOll\HTeJlhIIOro, IIOJlO)l\11-
TeJlbIIOe p. q_ r' cqHTaeTCH MeIIhIIIHM IIOJlOll\HTeJlbIIOro 
p. q_ r" : r' <r"' 0CJllil cy1u;eCTBYIOT TaKHe pau;HOIIaJlbHble 

p;pofo1 ~Er' H ~ Er", a>O, b>O, e>O, d>O, qTo ad< 

<be; BCHKOe OTpHu;aTeJlbIIOe (IIOJ10ll\HT0JlhIIOe) p. q_ r cqH
TaeTCH MeIIbllle (6oJ1Lllle) IIYJIH: r<O (r>O); OTpHu;aTeJlbIIOe 
p. q_ r' cqHTaeTCH M0IIblllli!M OTpHu;aTeJlLIIOro p. q_ r"' 
eCJllil IIOJlOJKHTeJlLIIOe p. q.- r' 60Jlbllle IIOJlOJKHTeJlbIIOro 
P. '1.-· r": -r' >-r". A6coJiroTrraH eeJIHqHrra lrl P. q. 
orrpep;eJIHeTCH KaK o6bl•mo: lrl=r, ecJIH r~O, H lrl=-r, 
ecJIH r<O. 

CyMMoi"r pau;HorraJihIIblX Apo6eii. ; H ~ rra3. pan,110-
ad + be ac 

rraJibIIaH p;po6b ~ , a rrpoH3Bep;errHeM - 'b<I • C y M -

MOH H rrpOH3Bep;errHeM P. q_ r' Hr" rra3. 
KJlaCCbI 3KBHBaJieIITHhIX pau;11orraJihIIblX AP06eii, COAep
mam;11e COOTBeTCTBeIIIIO cyMMY li!Jllil rrpOH3Bep;errHe pau;H-

6 " a c , ,, 
orraJihIIblX APO en b H d , IIp11rrap;Jiemam;Hx r H r : 

~ Er', ~ Er". Y rropHAoqerrrrocTh, cyMMa H rrpoH3Bep;errHe 

p. q. r 'Ii! r" rre 3aBHCHT OT Bb16opa rrpep;cTaBHTeJleII B COOT-
a E , c E ,, BeTCTBYIOIIJ;HX KJlaccax 3KBHBaJleIITIIOCTll b r H d r ' 

T. e. op;rro3rraqrro orrpep;eJIHIOTCH caMnMH P. q. r' H r". 
P. q. o6pa3yroT ynopHAoqerrrroe rroJie, o6o3rraqaeMoe IQ. 
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i'];JIH o6oaaaqemrn P. q. r rrpHMeHHIOTCH pan;HOHRJihHhie 

a 
,u;poGnb 11a 1rnacca :mmrnaJieHTHOCTH, aaµ;arorn;ero aTo qllcJio: 

~ Er. TaKHM o6paaoM, op;Ho ll TO me P. q. MOiKeT 6hITb 

aarrllCaHO pa3HhlMH, HO 3KBHBaJleHTHhlMH pan;noHaJihHhlMH 
p;po6.HMH. 

Ecm1 Kamp;oMy P. q., co,u;epmarn;eMy pan;noHaJibHYIO 

,u;po6b BHp;a ~ ' IIOCTaBHTb B COOTBeTCTBHe n;eJioe qncJIO a, 
TO IIOJiyqHTCH H30Mop.il>Hoe OTo6paiKeHHe MHOlKeCTBa 
yKaaaHHhlX P. q_ Ha KOJibD;o z n;eJihlX qaceJI. IloaTm1y 

P. q., co,u;epmarn;He par~noHaJibHhle p;po6n en,u;a ~ , o6o-

3Haqa10T qepea a. 
Bc.11KaH tliYHKl~HH a11p;a 

q;(r)=lrl'x, 0 < a.;;;;;1, (1) 

HBJlJieTCJI MeTpllKOH B IIOJle p. q. IQ' TO eCTb yµ;oaJieTBO
pHeT ycJIOBllHM: 

1) q; (r) >O rrpn JII06m1 r =F 0, q; (0) = 0; 
2) q; (r' +r") .;;;;;qJ (r')+q; (r"); 

3) qJ (r', r") = qJ (r') qJ (r") 

rrpn JlIOOhlX r' E IQ 11 r" E IQ. IloJie P. q. He HBJIHeTCH rroJI
HblM B MeTpnKe ( 1). IlorroJIHeHlleM IIOJlH p. q_ no MeTplIKe 
( 1) HBJIJ'!eTCH IIOJie p;elICTBllTeJlbHhlX qnceJI. 

<lJyHKll,llH 

(2) 

rp;e p - rrpocTOe qncJio, r-P. q., rrpe,L1CTaB11Moe B en,[\e 

a 
(v (r) - n;eJioe, -;; - HecoKpaT11Ma.H pan;110HaJibHaH 

,L1po6h, rrpw1eM q11cJia a H b He p;eJIHTCH Hap), a p - «1>1rn
c11poBaHHOe q11cJio, () <p <1, TaKlKe .HBJl.HCTCH MeTpllKOii 
B IIOJie p. 'I. IQ. Ona Ha3. p-a A II q e c K 0 il: M e T p Il
l( o 11. IloJie P. q. IQ c MeTp11Km'f (2) He HBJI.HeTcH rroJIHblM. 
IlOIIOJIHeHlleM IIOJI.H p. q_ IIO MeTpllKe (2) HBJIHeTCJI IIOJie 
p-aiJu'lec1wx 'lUCe.tt. MeTpllKH (1) 11 (2) (p;m1 acex rrpocThIX 
quceJI) 11cqeprrhlBaIOT nee neTp11a11aJihHhle MeTp:imn B rroJie 
p. '!. 

B p;eCHTll 'lHOi! 3an11c11 p. q. II TOJlbKO OHH npe1wTaB11-
Mbl rreplWAH'IeCKHMII p;eCHTllqHh!MH ,[1p06HMll. 

Jlum.: L1] Bopesnq 3. II., IllaljlapeBH'I II. P., Teo
pna 'IHCeJl, 2 ll3/I., M., 1972; [2] n H 3 0 Ill., 3 a Ma H c H H ii M., 
Kypc MaTeMaTHHH. AJJre6pa H aHaJJH3, rrep. c ljlpa1111., M., 1971. 

JI. /J.. ffyfip.M1fB8. 

PAIJ;HOHAJihHOCTH TEOPEMbl A JI .11 a JI re 6-
p a n q e c K 11 x r p y rr rr - YTBepmp;eH11H o pan;no
HaJihHOCTH (yHHpan;HoHaJlbHOCTll) l!Jlll Hepan;noHaJibHOCTll 
Tex 11Jin HHhIX rpyrrrroBhIX aJire6pa11q. MHoroo6paani1. 
TaK KaH a6eJ1eBbl MHoroo6paa11H acer,u;a Hepan;110HaJibHhl, 
TO OCHOBHoii llHTepec rrpep;cTaBJIHIOT p. T. AJIH JlllHeHHh!X 
aJire6paw1. rpyrrrr, 3p;ech rrpo6JieMa pan;110HRJihHOCT11 
HMeeT ,[\Ba cyrn;ecTBeHHo paaJIHqHhIX acrreKTa: reoMeTp11-
•rncK11ii II a p11.il>MeT11qecKllH, OTBeqa10rn;11e COOTBBTCTBBHHO 
aJire6paw1eCKll 33MKHYTOMY II HeaaMKHYTOllIY OCHOBHOMY 
110JI10 K. Ilepahle P. T. Ha,11, rroJJeM IC KOMrrJJeKCHblX q11-
ceJI 6blJIM .il>aKT11qecK11 ,[\OKaaaHbl em;e 8. I111KapoM (E. Pi
card) M B COBpeMeHHOH 1·epMllHOJIOfllll ycTaHaBJIMBaIOT 
YHllpall,HOHUJ!bHOCTb MHoroo6paa111'f CB.H3Hb!X KOMIIJieKc
HbIX I'pyn11. B HBHOll .il>opMe rrpo6J1e11rn pan;110HaJibHOCTll 
rpyIIIIOBb!X MHOroo6paa11ii 6hIJia IIOCTaBJieHa I\. illeaaJIJie 
[1] JIHIIlb B 1954. Ilporpecc B 3TOM HarrpaRJleHHM TeCHO 
CBJI33H c )J;OCTHlK0HllHMll CTpyKTypHOll Teop1111 aJ1re6pa-
11q. rpyurr. TaK, paaJI01HeH11e J1eo11 rroaBoJIHeT coecTll 
rrpo6J1eMy pa.n;110HaJibHOCTll K pep;yKTllBHhIM rpyrrrraM, a 
pasJ1o)l(eH11e Ep10a - p;oKaaaTb pan;110HaJibHOCTh MHoro-
06paa11i'1 pep;yKTllBHhlX rpyrru ea,11, JII06hIM aJire6panqe
CKll aaMKHYThlM rroJie}L TaK11M o6paaoM, B reoMeTpH'!. 
cJiyqae llMeeTCJI OKO:aqaTeJibBblll peayJI.&TaT. 

fopa9p;O 6oJiee CJIOIBHOH OK33b!BaeTCH CllTY3D;HII /J;JIH 
HeaaMKHYThIX IIOJJeii K. IT puMepw Hepa.n;noHaJlhHhIX K
MHOroo6paa11ii p;ocTaBJIHIOT yme aJire6pa11q. TOphl; HaIIp., 

TpexMepHbIH HOpMeHHbll! TOp T=RL~fl (Gm), COOTBeT

CTBy10rn;11n 611KBap;paT11qH0My pacrr111peH11IOL= K( va; Vb) 
noJIH K (c111. [ 1]). 8ToT up11Mep MllHllMaJieH, 1160 TO
phl paaMepHOCTll ...,:2 pan;110HaJibHhl. B o6rn;eM cJiyqae 
aJire6pa11q. TOpbI ocer,11,a yH11pan;110HaJihHbl. Ilpo11aeoJib
Hhle CBJl3Hbie K-rpyrrrrhl He o6naaTeJihHO yH11pan;no
HaJihHbl [3], op;HaKo, eCJill IIOJie K COBepIIIeHHO llJill rpyuua 
G pep;yKTllBHa, yH11pan;110HaJihHOCTh 11MeeT MecTo (cM. 
[ 1] - [ 4]). TeM caMhIM rrpo6JieMa pan;110HaJibHOCT11 rpyu
IIOBhIX MHoroo6paa11n 11MeeT xapaKTep Jllopoma npo6.tte;itbl 
Hap; HeaaMKHYThlM IIOJieM. 

TaK KaK rrpo113BOJibHaH pep;yKTllBHaH rpyrrrra HBJIHeTc.H 
rroqTll rrpHMblM IIp0113Bep;eH11eM TOpa II IIOJiylipOCTOM 
rpyurrbI, TO ecTeCTBeHHO paaJI11qaTb ,11,oa OCHOBHhlX cJiy
·qa.11: 1) G - mp; 2) G - noJiyrrpocTa.H rpyrrrra. B rrep
BOM CJiyqae llCCJiep;oBaHne rrpOBOAllTCH rrp11 IIOMO~ll paa
JillqHhlX KOrOMOJlornq. llHBa p11aHTOB (AJIH noJiyrrpOCTblX 
rpyrrrr 3Tll llHBap11aHTbl OKa3blBaIOTCH Hea«P.il>eKTllBHblMll}. 
)l;ocTaToqHo aaKoHqeHHhie peayJibTaThI 11MeIOTCH AJIH TO
poe, pa3JIOlKllMhIX Hap; a6eJieBblM pacIII11peH11eM IIOJIJI OII
pep;eJieHllH (cM. [5]). Ilepahllr rrp11Mep Hepan;110HaJibHoro 
MHoroo6paa11H a KJiacce uoJiyrrpocTblX rpyurr 6wJI Heowrn
caJJ.aH01'f rpyrruon, KOHCTPYKll,llll K-pon .il>aKT11qecKII co
p;epIBllTCH B [10]. BoaH11KI11aH rrp11 aTOM r11rr0Teaa o 
TOM, qTo MHOroo6pa311.H Op;HOCBH3Hb!X rpyrru Bcerp;a pa
ll,llOHaJibHhl, 6b1J1a peIIIeHa OTp11n;aTeJlbHO B. TI. IlJiaTo
HOBhIM rrpll IIOMOII.l,H pa3BllTOH llM II p II B e A e H H 0 ii 
K - Teo p 11 11 (cM. [6], [7]). 0KaaaJIOCh, qTo up11oep;eHHaJ1 
rpyrrna YanTXep;a SK1(D) KOHe'IHOMepHoiI n;eHTpaJibHOH 
npocrnii K-aJire6ph1 D Tp11011aJibHa, ecJI11 MHoroo6paa11e, 
orrpep;eJIHeMoe SL( 1, D), pan;noHaJihHO Hap; K. 8T11 pe
ayJihTaThl 6b1JI11 rrepeHeceHhI Ha yH11Ta pHhie rpyrrrrhI [ 12]. 
PH~ peayJihT8TOB CBH3aH c 11ccJiep;ooaH11eM pan;110HaJibHO
CTll c1111HopHhIX MHoroo6paa11iI Spin (n, /), rp;e f - HeBhI
pomp;eHHaH KBap;paTllqHaH «PopMa Hap; K OT n nepeMeHHhlX 
(char K=/=2). Crr11HopHhle MHoroo6paa11H pan;HoHaJibHhl, 
ecJI11 JI1160 n ...,:5, JIII6o rroJie K HBJIHeTc.H Hep;11cKpeTHblM JIO
KaJibHO KOMnaKTHb!M llJlll IIOJieM pan;uoHaJibHhlX q11ceJI 
(CM. [8], [9], [11]); p;JIH n~6 cy1.n;ecTByIOT Hepan;110HaJlbHhle 
CIIllHOpHbie MHOroo6pa3HH [8]. IlocJiep;Hllll peayJibTaT 
yp;11a11TeJieH TeM, qTo Spin (n, /) HBJIHeTcH ABYJillCTHblM 
HaKphITlleM pan;110HaJibHoro 11rnoroo6paa11H S 0 ( n, /). 

TepM11H «P. T .» llHOrp;a ynoTpe6JIHeTc.H B Teop1111 aJI
re6pa11q. rpyrrn B HeCKOJihKO llHOJII CMblCJie, np11MeH11-
TeJihHO K YTBeplK,[\eHll.HM 0 CBOIICTBax rpyrru Hap; He o6.H-
3aTeJlbHO aJire6pa11qecK11 aaMKHYTbIM rroJieM. K yToepmp;e
HllHM TaKoro nrna OTHOCllTCH, Harrp.' T e 0 p e M a p o-
3 e H JI ll x T a - r p 0 T e H A II K a 0 TOM, qTo mo6a.H 
CBHaHaH K-rpyrrrra o6Jiap;aeT MaKCllMaJibHblM Topo~r, orrpe
,[\eJieHHhIM Hap; K (cM. [4]). 

Jlum.: [1] Chev a 1 1 e y C., «J. Math. Soc. Japan», 1954, 
v. 6, No 3/4, p 303-24; [2] Dem azure M., Grothen di
e ck A., Schemas en groupes, B.- [u. a.], 1970; [3] Rosen-
1 i ch t M., «Ann. mat. pura appl.», 1957, v. 43, p. 25-50; [4] 
B o p e J1 b A., JlHHeitH&Ie aJJre6pamiecHHe rpynuhI, rrep. c aHI'Jl., 
M., 1972; [5] B 0 c Hp e c e H c H Hit B. J<j,, AJJre6paH'leCHHe 
TOphl, M., 1977; [6] II J1 a T 0 H 0 BB. II., «Tp. MllTeM. llH-Ta AH 
CCCP», 1976, T. 142, c. 198-207~ [7] er o lH e, «)J;OHJJ. AH BCCP», 
1977, T. 21, M 3, c. 197-98; t8] er o me, «)J;OHJI. AH CCCP», 
1979, T. 248, .M 3, c. 524-27; [9] er 0 )I{ e, «Tp. MaTeM. HH-Ta 
AH CCCP», 1981, T. 157, c. 161-69; [10] c e pp IB: - II., KoroMO
JlOrHH raJJya, rrep. c ljlpa1111., M., 1968; [11] q e p 11 o y co B B. n. 
«)J;OHJJ. AH BCCP», 1981, T. 25, .M 4, c. 293-96; [12] ff H q e B: 
c H H ii B. II., «MaTeM. c6.», 1979, T. 110, No 4, c. 579-96. 

A. C. Panun'tyn. 
PEAJIH3YEMOCTb - op;1rn 113 BllAOB HeKJiacc11q. 

unmepnpemauui1 J1or11qecK11x n JIOrIIKo MaTeMan1qecKnx 
H3hlROB. Paamr<mhle 11HTeprrpeTan;1111 Tllna P. orrpep;eJI.H
IOTCH no CJ1ep;y10rn;eiir cxeMe. ,[(JIH lfiopMyJl JIOfllKO-MaTeMa
Tllq. H3h1Ka oupeAeJIHeTCJI OTHOIIIeHlle «o6'heKT e peaJ111ayeT 
aaMKHYTYIO lfiopMyJiy F», K-poe coKparn;eHHo aarr11chlaa
eTCH «erF». OopeAeJieHHe HOCIIT HH,11,YKTllBHhill xapaKTep: 
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CHa'l:aJia OTHO!lleHile erF orrpe,n;emieTCll )l;Jill :rneMeHTapHbIX 
<f>opMyJI F, a 3aTeM )l;Jill CJIOll\HbIX <fiopMyJI B rrpe,n;110JI0-
memm, 'ITO )l;JIH COCTaBJIHIOJ~HX nx 6oJiee npoCTb!X <fiop
MYJI :no oTHoIIIe1me yme 011pe,n;eJieHo 3aMKHyTaH <fiopMyJia 
F Ha3. p e a JI H 3 y e M 0 ii:, HJIH ll:CTHHHOH 11pH ,n;aHHOH 
HHTep11peTaIJ;HII, eCJIH cymeCTByeT TaKoii o6'beKT e, 'fTO 
erF. <l>opMyJia F, co,n;epmama.11 cao6o,n;Hble uepeMeHHbie 
X1, ••• , Xm C'fHTaeTCH peaJIH3yeMOII, ecmi: peaJIH3yeMa 
3aMKHYTaH <fiopMyJia "i/X1 ••• "i/XnF. 

B11epar,ie HHTeprrpeTaIJ;HH TaKoro an,n;a, H3BeCTHaa KaK 
pei>ypcuenaa pea.;iuaye:Mocmb, 6hIJia 11pep;JiomeHa C. 11'.JIH
HH (CM. [ 1], [2]) c IJ;eJiblO YTO'fReHHH HHTYHIJ;HOHHCTCKOH 
(KOHCTPYKTHBHOH) CeMaHTHKH H3b!Ka <fiopMaJibHOH apn<fi
MeTHKH B TepMHHax prnypcuenbix rfiyni>q,uu. ,IJ.pyrne no
HHTHH p. HBJIHIOTCH l\IO,D;H<f>nKaIJ;HHMH peKypCHBHOH p. 

MHTYHTHBHblii CMbICJI OTHOIIIeHHH erF TaKOJI: o6'heKT e 
Kop;npyeT HII<f>opMaIJ;HIO 06 HCTHHHOCTH <f>opMyJibl F. 
Ha11p., B peKypCHBHoii P. HaTypaJibHoe 'fHCJIO 0 peaJIH3YOT 
:JJieMeHTapHyIO <f>opMyJiy BHp;a s= t Tor,n;a H TOJibKO Tor,n;a, 
Kor,n;a 3Ta <f>opMyJia BepHa (T. e. 3Ha'feHHH TepMOB s H t 
coa11a,n;a10T); eCJIH 'l:HCJio e peaJimiyeT ,n;H3'hIOHKIJ;HIO A VB, 
TO 110 HeMy MO)HHO BbIHCHHTb, KaKOH ee 'l:JieH peaJIH3yeM, 
JI HaHTH 'l:HCJIO, ero peaJIH3y10mee; 110 'fHCJiy, peaJIH3YIO
ui;eMy <f>opMyJiy "i/xA (x), MOiKHO 110CTpOHTb aJiropHTM, 
K-pblii: no JII06oMy HaTypaJibHOMY 'fHCJIY n CTpOHT peaJm
:JaIJ;HIO <f>opMyJihl A (n). B Ka'feCTBe peaJrn3aIJ;Hii, T. e. 
o6'heKTOB, peaJin3y10mnx <fiopMyJihl, qame acero BhICTy-
11a10T HaTypaJibHble 'fl'ICJia. 0,n;HaKo 11pH JIHTYHIJ;HOHHCTCKoii 
HHTep11peTaIJ;HH ll3h1Ka MaTeMaTH'l:. aHaJIH3a B Ka'feCTBe pe
aJIH3aIJ;HH MoryT HCIIOJib30BaTbCH H ,n;pyrne o6'beKThI, Ha11p. 
0,D;HOMeCTHhie TeopeTHKO-'l:HCJIOBbie <f>yHKIJ;HH (CM , Haup., 
[3]). 

,II.Jiii <f>opMy.11 JIOrH'l:. 113hIKOB, Harrp. )l;Jill 11p01103H!J;HO
HaJibHhIX HJIH npe,n;nKaTHb!X <f>opMyJI, p. 011pe,n;eJI11eTCll 
o6bJ'fHO qepe3 110HllTHe p. )l;JIH Toro HJIH HHOro JIOrHKO-Ma
TeMaTH'l:. 113bIKa Q. JiorH'l:. <f>opMyJia & C'fHTaeTCH pea
mrnyeMon, eCJIH peaJin3yeMa ac11Ka11 <f>opMyJia H3hma 
Q, 110Jiyqa10ma11CH IIO)l;CTaHOBKOii B & <fiopMyJI H3bIIrn 
Q BMeCTO 11pe,n;nKaTHhIX 11epeMeHHb!X. 

l1HTep11peTaIJ;HH THl1a p. HaIIIJIH mnpoKoe 11pnMeHeHHC 
B HCCJI0,ll;OBaHHH HeKJiaCCH'l:0CKHX, 11pemµ;e BCero HHTYH
I~JIOHJICTCKHX H KOHCTpyKTJIBHbIX, JIOrH'l:eCKHX H JIOrHKO
MaTeMaTil.'f. TeOpHil. l1MeeTCll 011HCaHHe pa3JIH'l:IIhIX IJOIIll
THii p. H HX rrpHMeIIeIIHii B TeopHH p;oKa3aTeJibCTB )l;JIH 
HCCJiep;oBaIIHH HHTYHIJ;HOHHCTCKHX TeOpHII (cM. [3], [4]). 

Jium.: [1] KI e en e S. C., «J. Symbolic Logic», 191,5, v. 10, 
p. 109-24; [2) I\ JI n n n C. I\., Bne11enne B MeTaMaTeMaTHKy, 
rrep. c aHrJI., M., 1957; [3) I\ JI n H n C., Be c JI n P, Ocaoeannrr 
HHTYHQHOHHCTCKoll MaTeMaTnKn ... , rrep. c anrJI., M, 1978; [t,] 
.ll: par a JI n H A. r., MaTeMaTH'IeCKHH HHTYHQHOHH3M. Bee11emie 
B Teopmo )IOKa3aTeJibCTB, M., 1979. B. E. lJAucno. 

PEBPO M II o r o r p a H H H K a - cTopoIIa rpamr 
MHororpaHHHKa. 

PErPECCHH KO:JIJ>ll>HD;HEHT - Ko3<fi<f>HIJ;HeHT 11p11 
He3aancnMoii 11epeMeHHoii B ypaaHeHHH pezpeccuu. TaK, 
Harrp., B ypaBIIeHHH JIHHeil:Hoii perpeccnn E (YIX=.r)= 
= ~o+ ~Ix, CBll3hIBaIOmeii: cJiyqaHHble BeJIH'l:HHbI y H x, 
p. K. ~o H ~1 paBIIhI: 

R CJs R CJ2 po= m2-P a; mi, PI =Per;- , 

rµ;e p - 'KOppe.!!5t1.fUU i>oarfirfiul.fuenm X H Y, m 1=EX, 
m 2=EY, cr~=DX, a~=DY. BhI'fHcJieHne mi;eIIOK P. K. 
(Bbl 6 0 p 0 q II hi x P. K.) - OCHOBHaH sa,n;aqa pezpec
CUOli/WZO ana.;iuaa. A. B IIpoxopoB. 

PErPECCHM MATPHD;A - MaTpnIJ;a B Ko3<fi<f>nIJ;H
eHToa perpeccHH ~j;, j=1, ... m, i=1, ... , r, B Meo
roMepIIoft mrneHHOH Mop;emI pezpeccuu 

3µ;ech X - MaTpHIJ;a c 3JieMeHTaMH X jk> j= 1, . , m, 
k=1, ... , n, Xjk, k=1, ... , n, - Ha6JIIO,D;0HHll Har\ 
j-ii KOMilOH0HTOir HCXO)l;HOH m-MepHoil crry<wfmoii Be
JIIl'fli!Hhl; z - M3TPHIJ;a H3BeCTHb!X perpeCCI!OHHLIX nepe-

MeHHblX Zik, i=1, .. . , r, k=1, ... , n; f. - MaTpHIJ;a 
OIIIH60K Pjk, j=1, .. ., m, n=1, ... , n, c EFjk=O. 
8JieMeHThI ~ ji P. M. B HenaaecTHbI H no,n;JiemaT ori;eHKe. 
Mo,n;eJib (*) HBJill0TCH o6o6ui;eHneM Ha m-MepHhiii CJiyqafx 
o6men JIHHeiiHoft Mo,n;em1 pezpeccuonnozo ana.;iuaa. 

Jium.: [1] I\ e H II a JI JI M . .ll: )R., c Tb IO a p TA., MaoroMepHbIH 
CTaTHCTnqecRnll aHaJIH3 n epeMeHHble PHllbI, rrep. c aarJI., M., 
1976. A. B. IIpoxopoe. 

PErPECCHH IIOBEPXHOCTb (rnuepuoaepxnocTb) -
o6mee reoMeTpH'f. upe,n;cTaBJieHHe ypaaHeHHH perpeccun. 
E CJIH aa,n;anr,1 c JI yqaHHhie BeJIH'l:HHbI X 1 , X 2 , • • • , X n H 

f(x 2 , ... ,xn)=E(X1IX2=X2, ... ,Xn=xn) 

- perpeccnH X 1 no X 2 , ••• , Xn, TO ypaaHeHHe y= 
= f (x2, ... , x,,) aap;aeT B n-MepHOM rrpocTpaRCTBe COOT
BeTCTBYIOIIJ;yIO P. n. Ilpn n=2 P. rr. o6bl'fHO Haa. K pH
B 0 ii p e r p e c c Ii! n. MHorp;a 3TH TepMHHhI HCIIOJlb3YIOT
Cll AJill Toro, 'fT06bI 110,!\'l:epKHYTb, 'fTO COOTBeTCTBYIOIIJ;He 
ypaBHeHHH perpeccnn ne llBJIHIOTCll JIHHeHHbIMH. B JIH
neiiHOM cJiyqae p. n. Ha3. COOTBeTCTBeHHO II JI 0 c K 0-
C Tb IO perpeCCHH HllpllMOII perpeccuu. 
CM. Pezpeccua. A. B. Jipoxopoe. 

PErPECCHH CllEKTP - crreKTp cJiyqaftHoro rrpori;ec
ca, BXO)l;llIJ:(ero B perpeCCHOHHYIO cxeMy ,!\Jiii CTa!J;HOHapHhIX 
BpeMeHHhIX pH,!\OB. llMeHHO, uyCTb cJiy'faHllhlii rrpon,ecc 
y f, Ha6mop;aeMi,Iil npn t= 1, ... , n, u pe,qcTaBJIHeTcH B 
BH,!\e 

(1) 

r,n;e xt- CTaIJ;HOHapnhlfr npoIJ;ecc c Ext=O, a cpeµ;Hee aHa
'leHiie Ey1= mt BhlpameHo B <f>opMe JIHHeil:Ho11. perpeccun 

mt= ~:=l ~1lP~kl, (2) 

r,n;e cp<k> =(cpik>, ..• , cp:,k>), k=1, ... , s,- uaaeCTHhle pe

rpeccHOHHhle BeKTOphI, ~1• ••• , ~s- H0H3BeCTHhle pe
zpeccuu 'Koarfirfiuq,uenmbi. IlyCTb M (/.,) - crreKTpaJibHaH 
<f>yHKIJ;Hll pacnpe,n;eJieHHH perpeCCHOHHhIX BeKTOpOB cp!l l, 
... ,cp<s>. C11eKTpoM perpeccnn )l;JIH M(/.,) 
Has. MHomecTBo acex A, TaKnx, 'l:TO M (/.,2 ) - M (/.,1) >O 
,n;JIH JI106oro HHTepaaJia (/.,1 , A2), co,n;epmamero /.,, /.,1 <A.</.,2 • 

p. c. nrpaeT BRlHHYIO pOJib B aa,n;aqax O[J;0HKH K03<f><f>n
IJ;HeHTOB perpeCCHH B cxeMe (1) - (2). B TepMnHax aJie
MeHTOB P. c. BhlpamaeTcH, IIanp., neo6xoµ;uMoe H ,n;ocTa
TO'fHOe ycJIOBIIe acHMUTOTH'f. 3<f><IJeKTHBHOCTH OIJ;eHOK ~ 
110 MeTop;y HaHMeHLIIIHX KBap;paTOB. 

Jium.: [1) Gren and er U., Rosen b I at t M., Statisti
cal analysis of stationary time series, Stockh., 1956. 

A. B. IIpoxopoe. 
PErPECCHOHHhIA: AHA.JIH3 - pasp;eJ! ~IaTeMaTU'f . 

CTaTHCTJIKH, o6wµ;nIIlllOIIJ;HH rrpaKTH'f. MeTO,!\bl HCCJie):\OBa
HHH perpeCCHOHHOii 3aBHCHMOCTH Memµ;y BeJIU'lHHaMH no 
cTaTHCTH'f. p;aIIHbIM (cM. Pezpeccua). Ilpo6JieMa perpeccnn 
B MaTeMaTH'l:. CTaTHCTHKe xapaKTepHa TeM, 'fTO 0 pacrrpeµ;e
JieHHllX uayqaeMhIX BeJIH'fHH HeT ,n;ocTaTO'l:HOH HH<f>opI>IaIJ;HH. 
IlycTh, narrp., HMeIOTCll OCIIOBaHHll npe,n;rroJiaraTb, 'fTO 
cJiy'faiiHaH aeJIH'fHIIa Y uMeeT neK-poe pacrrpe,n;eneIIne 
nepOllTHOCTeii rrpu <f>HKCHpOBaHHOM 3Ha'feHHH x µ;pyroii 
BeJIH'fHHhI, TaK 'l:TO 

E (YI x)=g (x, ~), 

r,n;e ~ - COBOKYIIIIOCTb Heli3BeCTHbIX rrapaMeTpOB, orrpe
,n;eJillIOmHX <f>yHKIJ;HIO g (x), 11 HyiKHO 110 pe3yJihTaTaM 
na6JI10,n;eHHH orrpe,n;eJIHTh 3H31l:emrn napaMeTpoa. B aaan
CHMOCTH OT npnpO)l;hI sa,n;a'lH Ji[ IJ;eJieii aHaJIH3a pe3yJibTaTbl 
:rncrrepHMeHTa (x1, y1), ••. , (xn, Yn) rro-pa3Hm1y HHTep
rrpeTHpyIOTCH B OTIIOIIIeHHH nepeMeHHOII x. ,II.Jiii yCTaIIOB
JieHHH CBll3H Mem,n;y BeJIH'l:HHaMH B 3KcrrepHMeHTe HCIIOJib-
3yeTCll MO,D;eJih, OCHOBaHIIall IIa yrrpOIIJ;eHIIbIX µ;orrymeIIH
HX: BeJIH'l:HHa :l: HBJilleTCll KOHTpOJIHpyeMoii BeJIH'l:HHOH, 
3Ha'feHirn K-poii aapaHee 3ap;aIOTCH rrpH rrJiaIIHpoaaHHH 
:rncrrepH~!eHTa, a Ha6JII0).\3eMhie 3H31l:0HHH y rrpe,!\CT3BHMbl B 

BH)l;e 
i=i, ... , n, 
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r,a;e BeJU1qHHhl e; xapa1nepH3YKJT OI1Ilil6K11, He3aBHCHMhle 
rrpH pa3JlHqHhIX H3MepeHHHX H O):\HHaKOBO pacrrpe,a;eJieH
Hhle c HyJieBbIM cpe,a;HHM H ITOCTOHHHOH )l;HCITepcHeH. B cJiy
qae HeKOHTpOJIHpyeMOH rrepeMeHHOH pe3yJlhTaThl na6JIKJ
,a;eHHH (xr, Yr,), ... , (xm Yn) rrpe,a;cTaBJIHKJT co6oil: Bhl6op
Ky H3 HeK-poil: ,a;ByMepnoii coBoKyrrnocTH. MeTo,a;hl P.a. 
O)l;HHaKOBbI H B TOM, H B ,a;pyroM CJiyqae, O):\HaKO HHTep
rrpeTaU,HH pe3yJlhTaTOB pa3JlHqaeTCH (B ITOCJie,a;HeM CJiy
qae auaJIH3 cy:m;ecTBeHHO )l;OITOJlHH0TCH MeTO).\aMH TeopHH 
noppe.ttat{Uu). 

MccJie,a;oaaHHe perpeccHH no 3KcrrepnMeHTaJlhHhIM ).\aH
HhIM rrpOH3BO):\HTCH MeTo,a;aMH, OCHOBaHHhIMH Ha rrpHHil,HITaX 
cpe,a;neii: KBa,a;paTHq. perpeccHH. P. a. pernaeT cJie,a;yro
:m;He OCHQBHhle 3ap;aqH: 1) Bpr6op MO).\eJlH perpecCHH, qTQ 
3aKJiroqaeT B ce6e rrpe,a;rroJIOJReHHH 0 3aBHCHMOCTH qiynK
Il,Hll perpecCHH OT x H ~, 2) ou;eHKa rrapaMeTpOB ~ B Bbl6-
paHHoii Mo,a;eJIH MeTO):\OM HaHMeHbIITHX 1rna,a;paTOB, 3) rrpo
Bep1rn CTaTHCTHq. rHITOTe3 0 perpecCHH. 

HaH6oJiee ecTeCTBennoil: c ToqKH 3pemrn e,a;Hnoro 
MeTo,a;a ou;eHKH Hell3BeCTHhIX rrapaMeTpOB HBJIHeTCH MO,a;eJih 
perpecCHH, JlHHeii:HaH OTHOCHTeJlbHO 3THX rrapaMeTpoB: 

g (x, ~) = ~ogo (x) + .. · + ~mgm (x). 

Bhl6op qiyHKil,HH g;(x) HHorga orrpe,a;eJIHeTcH no pacrroJio
meHHIO 3KCrrepHMeHTaJlbHhIX 3HaqeHHll (x,y) Ha ):\HarpaM
Me pacceHHHH, qa:m;e ~ TeopeTHq. coo6pameHHHMH. Ilpe,a;
rroJiaraeTCH TaKJRe, qTo ):\HCrrepCHH a2 pe3yJlhTaTOB Ha-
6Jiro,a;eHHll IlOCTOHHHa (HJIH rrporropu;HoHaJlbHa H3BeCT
lIOII qiyHKil,HH OT x). CTaH,a;apTHhlii: MeTo,a; ou;eHKH perpec
c11n OCHOBaH Ha HCITOJlb30BaHHH MHoroqJieHa HeK-po11: 
cTerreHH m, 1<:m<n: 

g (x, ~) = ~o + ~1x + ... + ~mxm 

mm B rrpocTeii:IlleM cJiyqae - JIHHeii:noil: qiynKil,HH ( .ttuneu
naa pezpeccua) 

g (x, ~)=~o+~rX. 

Cy:m;ecTByroT KpHTepHH JlHHeil:nocTn n peKoMeH,a;au;Hn no 
Bhl6opy cTerreHH arrrrpoKcHMHpyro:m;ero MHoroqJieua. 

B COOTBeTCTBHH c rrpnnu;nrraMn cpe,a;neil: KBa,a;paTHq. 
perpeccHH ou;enKa HeH3BeCTHhIX pezpeccuu noarfjrfiutfuenmoe 
~0• ••• , ~m H µ,ncrrepcHH a2 ocy:m;ecTBJlHeTCH MeTO)l;OM HaH
MeHbIIIHX KBa,a;paToB. CorJiacno aToMy MeTo,a;y B KaqecTBe 
CTaTHCTHq. ou;eHOK rrapaMeTpOB ~o, ••. , ~m Bbl6HpaIOTCH 

TaJme 3Ha'IeHHH 13o, ... , ~m, K-phle o6pa:m;aroT B MHHH
MYM BhlpameHHe 

~=1 (y;-g (x;))2. 

MnoroqJieH g (x)= ~o+ .. . +~mxm, rrocTpoeHHbIM MeTo
,a;oM HaHMeHhIIIHX 1rna,a;paTOB, Ha3. 3 M IT H p H q e c K 0 ii 
Jl H H H e ii p e r p e c c H H H HBJlHeTCH CTaTIICTH'I. 
ou;eHKOll HeH3BeCTHOM HCTHHHOii JlHHHH perpecCHH. IlpH 
rHITOTe3e JlHHeHHOCTH perpeCCHH ypaBHeHHe 3MITHpnq. 
rrpHMOH perpeccnH HMeeT BHA 

g (x) = ~o + ~1x, 
~ _ ~ _ ~ ~i (x;-x) (y;-Y) 
~o=Y-~1x, ~i= "\.-, ( )2 

~i x;-x 

- 1 ~ - 1 ~ X=- _x;, Y=- Yi· 
n i n i 

CJiyqail:Hhle BeJIHqHHhl ~0 , •.• , ~m Ha3. B bl 6 o p o l'.J

H hi M H K 0 a qi qi H II, H e H T a M H p e r p e c c H H. 
HecMe:m;ennaH ou;enKa rrapaMeTpa a2 ,a;aeTCH qiopMyJioii 

s2-= ~~ (Y;-g (x;))2/(n-m). 
~i=1 

Ecm1 ,a;ncrrepCHH 3aBHCHT OT x, TO MeTOA HaHMeHbIIIHX 
KBa}.\paTOB rrpHMeHIIM c HeK-pbIMH BH):\Qll3MeHemrnMH. 

EcJIH H3yqaeTcH 3aBHCHMOCTh cJiyqaftHoil: BeJIHqHHhl Y 
OT HeCKOJlbKHX rrepeMeHHbIX Xr, ••• , xk, TO o6:m;yro JlHHeii
Hyro Mop;eJib perpecCHH y,a;o6nee 3aITHCblBaTh B MaTpH'IHOH 
qiopMe: BeKTOp Ha6Jiro,a;eHHM y c He3aBHCHMblMH KOMITOHeH
TaMH Yr, ... , Yn HMeeT cpe,a;nee 3HaqeHHe H KOBapnau;n
onnyro MaTpHu;y 

E(Ylxr. ... ,xk)=X~, D(Ylxr. ... ,xk)=a21, (*) 

rge ~=(~r, ... , ~k) - BeKTOp Koaqiqinu;HeHTOB perpec-
CHH, X=llxull, i=1, .. . , n, j=1 , ... , k, - MaTpnu;a 
H3BeCTHblX BeJIHqHH, CBH3aHHbIX ,a;pyr c ,a;pyroM, Boo6:m;e 
roaopn, rrpoH3BOJlhHhIM o6pa3oM, I - e,a;HHHqHaH MaT
pnu;a n-ro rropH,a;Ka; npn 3TOM n>k n IXT Xl*O. B 6oJiee 
o6:m;eM cJiyqae ,a;orrycKaeTcH KoppeJIHU,HH Mem,a;y na6Jiro):{e
HHHMH y;: 

E(Ylxr, ... ,xk)=X~, D(Ylxr, ... ,xk)=a2A, 

r,a;e MaTpHu;a A H3B0CTHa, HO 3Ta cxeMa CBOIJ;HTCH K MO
,a;eJin (*). HecMe:m;ennoii ou;enKoil: ~ no MeTOAY aaHMeHb
IIIHX KBa,a;paTOB HBJIHeTCH BeJinqHHa 

~=(XTX)-lXTy, 

a CMe:m;eHHOH ou;eHKOH ):\JlH a2 CJlYlRHT 

1 T RT T 
s2=n-h(y y-p X y). 

Mop;eJib (*) HBJIHeTcH naH6oJiee o6:m;eil: JlHHeil:Hoii: Mo
,a;eJibIO, IlOCKOJlbKY Olia rrpHMeHHMa K pa3JlHqHhIM perpec
CHOHHbIM CHTyau;HHM H BKJlroqaeT B ce6H Bee BH)l;hl napa-
60.ttu'tecnou pezpeccuu Y no xr, ••. , xk (B qacTHOCTH, pac
cMoTpeHHaH BbIIIIe rrapa6om1q. perpeccnH Y no x rropH,a;
Ka m MoJReT 6b!Th cae,a;ena K Mop;eJIH (*), B K-poil: m pe
rpeccHOHHhlX rrepeMeHHbIX qiyHKil,HOHaJlhHO CBH3aHbl). 
IlpH TaKOM JlHHeiiiioM ITOHHMaHIIlil P.a. 3ap;aqa ou;eHKH ~ I<I 

BhlqHcJieHHH KOBapnau;noHHOii: MaTpHil,bl ou;enoK D~ = 
=a2(XT X)-r CBO):\HTCH K 3ap;aqe o6pa:m;eHHH MaTpHil,hl 
XTX. 

YKa3aHHhIH MeTo,a; ITOCTpoeHHH 3Mrrnpnq. perpecCHH 
B rrpe,a;rroJiomennn nopMaJlhHoro pacrrpe,a;eJieHHH pe3yJihTa
TOB Ha6Jlro)"l;eHHM rrpHBO):\HT K ou;eHKaM )l;JlH ~ H a2 , co
Brra,a;aro:m;HM c ou;enKaMH naH6oJihIIIero rrpaa,a;orro,a;o6nH. 
OgnaKo ou;enKH, rroJiyqeHHhle 3THM MeTop;oM, HBJIHroTcH 
B HeK-pOM CMhlCJle HaHJiyqrnHMH H B cJiyqae OTKJlOHeHHH 
OT HopMaJlbHOCTH, eCJlH TOJlbKO o6'heM Bb16opKH IJ;OCTaToq
HO BeJIHK. 

B ,a;annoii: MaTpnqnott qiopMe o6:m;aH JIHHeil:nan Mop;eJih 
perpeccnn (*) ,a;orrycKaeT rrpocToe o6o6:m;enne Ha TOT cJiy
qaft, Kor,a;a na6JIIO):\aeMble BeJIHqHHhl Yi HBJlHIOTCH BeK
TOpHbIMI! CJiyqaii:Hh!MH BeJinqnnaMH. IlpH 3TOM HHKaKoii: 
HOBOM CTaTHCTHq. 3ap;aqn He B03HHKaeT (cM. Pezpeccuu 
i•Wmputfa). 

3a,a;aqn p. a. He orpaHHqHBaIOTCH ITOCTpoeHHeM TO
qe'IHbIX ou;eHOK rra paMeTpOB ~ H a2 o6:m;eil: JlHHeHHOII MO
IWJlH ( *). IT po6JieMa TOqnocTn nocTpoeunoil: 3Mrrnpnq. 
3aBHCIIMOCTH HaH6oJiee aqiqieKTHBHO pa3pernaeTCH !IpH ,a;o
rry:m;eHHH, qTQ BeKTop na6Jiro,a;enm1: y pacrrpe,a;eJieH nop
MaJihHO. EcJIH BeKTOp y pacrrpe,a;eJieH HOpMaJlhHO H JlI0-

6aH ou;eRK& ~ HBJlHeTCH JlHHeHHOH qiynKu;HeiI OT y, MOJRHO 

3aKJIIOqHTh, qTo BeJIHqHHa t\; pacrrpe,a;eJieHa HOpMaJlhHO 

co cpe,a;HHM ~i H ,a;ncrrepcHeii Dt\;=a2b;;, r,a;e b;;- p;Ha
ronaJihHhlH aJieMeHT MaTpHil,hl (X T X)-r. KpoMe Toro, 
ou;emrn s2 p;JIH a2 pacrrpe,a;eJieHa He3aBHCHMo oT Jiro6oil: KOM

rroHeHThI BeKTopa ~~ a BeJIHqHHa (n-k)s21a2 HMeeT «xu
nea8pam» pacnpe8e.ttenue c (n-k) CTerreHHMH cao6op;hl. 
0TCIO).\a CJie,a;yeT, qTo CTaTHCTHKa 

t = ( ~;- ~i)/[s2biiJ 1/2 

rro):l'IHHHeTCH Cmb108enma pacnpe8e.ttenu10 c n-k CTeneHH
MH CBo6op;bI. 8TOT cpaKT HCIIOJlb3YeTCH p;JIH IIOCTpOeHHH )lO-
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BepHTeJJbIIblX HIITepBaJIOB /J;JIH ITapaMeTpOB ~i Ii! AJIH ITpo
BepKH THITOTe3 0 3IIaqeIIHHX, K-pble ITpHIIHMaeT BeJIHqHIIa 

~i· KpoMe TOTO, ITOHBJIHeTCH B03MOJRHOCTb IIaHTH AOBepH

TeJibIIbJe HIITepBaJibl AJIH E (Ylx1, ... , xk) ITPH qrnKcHpo
BaIIIIblX 3IIaqeIIHHX Bcex perpeCCHOIIIIbIX ITepeMeIIIIblX Ii! 

µ;oBepHTeJihIIhle HIITepBaJihI, coµ;epmam;He cJieµ;yrom;ee 
(n+ 1 )-e 3IIaqeIIHe BeJIHqHIIhl y (T. H. HIITepBaJibl IIpeµ;
CKa3amrn). HaKoHeu;, MOJRIIO Ha OCHOBe BeKTopa BbI6opoq-

IIhIX Koaqiqrnu;HeIITOB perpeccHH ~ ITOCTpoHTh p;oBepHTeJih

HhIH 3JIJIHITCOHA AJIH BeKTopa ~ HJIH AJIH JI106o:il: COBOKYII
HOCTH HeH3BeCTHblX KoaqiqiHu;HeIITOB perpeCCHH, a TaKme 
p;oBepHTeJihHyro o6JiaCTh AJIH Been JIHHHH HJIH ITpHMo:il: pe
rpeccHH. 

p. a. HBJIHeTCH op;HHM H3 HaH6oJiee paCITpOcTpaHeIIHblX 

MeTOAOB o6pa6oTKH 3KCITepHMeIITaJihHbIX p;aIIHbIX ITPH 
H3yqeIIHH 3aBHCHMOCTen B qilil3HKe, 6110JIOTHH, 3KOHOMHKe, 

TeXHHKe H AP· o6JiaCTHX. Ha Mop;eJIHX P. a. ocHoBaHhl 

TaKHe pa3p;eJibl MaTeMaTHq, CTaTHCTHKH, KaK AHCIIepCHOII
HblH aIIaJIH3 Ii! ITJiaIIHpOBaHHe 3KCIIepHMeHTa, 3TH Mop;eJIH 

IIIHpOKO HCITOJib3Y10TCH B ,M,/1,030.Mepno.M cmamucmu'leCl>O.M 
ana.riuae. 

Jium.: [1] R e HA a JI JI M. ,[!; m., CT h IO a p T A., CTaTHCTH
qec1rne BbIBOAhl H CBJI3H, nep. c aHrJI., M., 1973; [2] c M Hp
H 0 B H. B., A y H H H - B a p R 0 B c R H n H. B., Rypc TeOpHH 
aepOJITHOCTett H MaTeMaTH'IBCROll CTaTHCTHRH AJIJI TBXHH'IBCRHX 
IIpHJIOlRBHHH, 3 H3A., M., 1969; [3] A n B a 3 JI H c. A., CTaTHCTH
'IBCROe HCCJIBAOBaHHe saBHCHMOcTell, M., 1968; [4] Pao C. P., 
JlHHeilHbie CTaTHCTH'IBCRHe MBTOAhl H HX TIPHMBHBHHJI, nep. c aHrJI .• 
M., 1968; [5] A p e ii: n e p H., c M H T r., IlpHRJlaAHoll perpec
cHoHHhitt aHaJIHS, nep. c aHrJI., M., 1973. A. B. Ilpoxopo•. 

PErPECClUI - 3aBHCHMOCTh cpep;IIero 3IIaqeHHH Ka
Kon-JIH6o CJiyqaftHo:il: BeJIHqHHbl OT HeK-po:il: µ;pyroii BeJIH

qHIIbl HJIH OT HeCKOJibKHX BeJI11qHH. EcJIH, IIaIIpHMep, 

IIpH Kamp;oM 3HaqeHHH x=xi Ha6Jiroµ;aeTcH ni 3HaTJeIIHH 

Yii. ... , Yini cJiyqaftIIoii: BeJIHqHHhl Y, TO 3aBHCHMOCTh 

cpep;IIHX apHqiMeTHqeCKHX 

- 1 
Yi=- (Yi1 + .. ·+Yin-) ni 1 

3TliX 3JiaqeHHH OT xi H HBJIHeTCH p. B CTaTHCTlilq, ITOHHMa

HHH 3Toro T~pMli!Ha. IIpH o6HapymeIIHoii: 3aKoHoMepHoCTH 

H3MeHeIIHH y c H3MeIIeHHeM x ITpep;IIOJiaraeTCH' 'ITO B oc

HOBe IIa6Jirop;aeMoro HBJieIIHH JieJRHT BepOHTIIOCTHaH 3a
BHCHMOCTb: IlpH Kamp;oM qiHKCHpOBaHHOM 3HaqeHHH x 
CJiyqaftHaH BeJIHqHIIa Y HMeeT oITpep;eJieIIHoe pacnpep;eJie
IIHe BepOHTIIOCTeii: c MaTeMaTHq, OJRHp;aHHeM, K-poe HBJIH

eTCH qiyHKti;He:il: x: 
E (YI x) = m (x). 

3aBHCHMOCTb y= m (x), rµ;e x HrpaeT pOJib Uie3aBHCHMOih> 

ITepeMeHIIOir, Ha3. p e r p e c c Ii! e ft (HJIH qi y II K u; H

e ft p e r p e c c Ii! H) B BepoHTHOCTIIOM ITOHHMaHHH aroro 

TepMHIIa. rpaqiHK qiYJIKD;HH m (x) IIa3. JI Ii! II Ii! e ii: p e
r p e c c H H, HJIH K p Ii! B 0 ft p e r p e c c Ii! H, BeJIH
qfiHbl y ITO x. IIepeMeIIHaH x IIa3. p e r p e c c H 0 H H 0 ft 

II e p e M e H H 0 ii, HJIH p e r p e c c 0 p 0 M. ToqHOCTb, 
c K-poii: JIHIIHH perpeCCHH y ITO x ITepeµ;aeT H3MeHeHHe y 
B cpeµ;HeM IIpH H3MeHeIIHH x, H3MepHeTCH AHCIIepcHeii Be
JmqHHbl y' BblqHcJIHeMOH /J;JIH Kamµ;oro 3IIaqeHHH x: 

D (Y I x) = a2 (x). 
rpaqiHqecKH 3aBHCHMOCTb AHCIIepCHH CJ2 (x) OT X Bhlpama

eTCH T. II. c K e A a c T Ii! q e c K 0 ii JI Ii! H Ii! e ii. E CJIH 
(J~ (x)=O IIpH BCeX 3HaqeHHHX x, TO c BepoHTIIOCTb10 1 Be

JIHqli!Hbl CBH3aIIbl CTporo:il: qiyIIKD;HOIIaJibHOH 3aBHCHMO

CTb10. EcJIH a2 (x)*O IIH IIpH KaKOM 3HaqeIIHH x H m (x) He 
3aBHCHT OT x, TO perpeccHH Y IIO x oTCYTCTByeT. 

B TeopHH BepoHTIIOcTeii 3ap;aqa P. pernaeTCH ITpHMBHH
TBJihHO K TaKoii CHTyau;HH, Korµ;a 3IIaqeIIHH perpecCHOH

IIOH IIepeMeIIHoii x COOTBeTCTBYIDT 3HaTJeHHHM HeK-poli 

CJiyqaftIIoii: BBJIHqli!Hbl x Ii! IIPBAIIOJiaraeTCH H3BeCTHbIM COB
MeCTHOe pacIIpep;eJieIIHe BepOHTIIOCTBH BeJIHqHII x Ii! y 
(IIpH 3TOM MaTeMaTnq, om:np;aIIne E (Ylx) H µ;ncrrepcnH 
D (Ylx) 6yµ;yT COOTBeTCTBeIIIIO YCJIOBHblM MaTeMaTHq, 

OJRRp;aIIHeM H YCJIOBIIOH ,J:IHCrrepcHeH cJiyqaiiIIOH BemrqHHbl 

Y rrp11 qiRKCHpoBaHHOM aHaqeHHH X=x). B aroM cJiyqae 

orrpep;eJieIIhl µ;Be p.: y ITO x H x no y' H IIOIIHTHe p. MomeT 
6b1Tb HCIIOJib30BaIIo TaKJRe AJIH TOTO, qTo6bl BBeCTH HeK

phle Mepbl B3aHMOCBH3aIIIIOCTH CJiy'laHIIblX BBJIHqHII x 
H Y, orrpep;eJIHeMble KaK xapaKTepncTHKH cTeIIeIIn KoH
u;eHTpau;nH pacrrpep;eJieIIHH oKoJio JIHIIHii P. (cM. Koppe
.rtJHfU.ii). 

<l>yIIKti;HH p. o6Jiap;a10T TeM CBOHCTBOM, qTo cpep;H Bcex 

µ;eiicTBHTeJibIIblX qiyIIKti;Hll j (x) MHHHMYM MaTeMaTHq, 

omnp;aIIHH E (Y -! (x)) 2 µ;ocTHraeTcH AJIH qiyIIKD;HH j (x)= 
= m (x), TO ecTb perpeccHH Y no x µ;aeT IIaHJiyqrnee (B yKa-
3aIIHOM CMblcJie) rrpep;cTaBJieIIne BeJIHqHIIhl Y. HaH6oJiee 

BaJRIIblM HBJIHeTCH TOT cJiyqaft, Kor,11a perpecCHH y ITO x 
JI H He ft Ha, T. e. 

E (YI x)= ~o+ ~1 (x). 

KoaqiqiHu;neHTbl ~o Ii! ~1, IIa3. K 0 3 qi qi H u; H e II T a M H 
p., JierKO Bblqli!CJIH10TCH: 

ay ay 
~o=my-p-mx, ~l=p-ax ax 

(3p;ecb p - noppe.ri.ii1fUU noaifJifiu1fuenm X n Y, mx=EX, 
my=EY, a~=DX, a 2=DY), H II pH Ma H per p e c
c H Ii! y ITO x HMeeT BHA 

ay 
y=my+p-(x-mx) ax 

(aIIaJIOTHqIIb[M o6pa30M IIaXOAHTCH rrpHMaH perpeCCHH 

X no y). ToqIIaH JIHIIenIIaH P. nMeeT Mee To B cJiyqae, 

Korµ;a AByMepHoe pacIIpeµ;eJieIIHe BeJIH'!HII x Ii! y HBJIHeTCH 

IIOpMaJibIIbIM. 
B ycJIOBHHX CTaTHCTHq, rrpnJioJReIIHn, Korµ;a AJIH Toq

IIoro orrpep;eJieIIHH P. IIeT µ;ocTaToqHhIX cBep;eIInii o qiopMe 

COBMeCTIIOTO pacrrpe,[leJieHHH BepOHTIIOCTen, B03HHKaeT 
3ap;aqa ITpH6JinJReIIIIoro IIaxomp;eIIHH P. PerneIIHID aToii: 

3ap;aqn MomeT cJiyIBHTh Bbl6op H3 Bcex qiYHKti;Hii g (x), 

rrpHIIap;Jiemam;nx 3ap;aHHOMY KJiaccy' TaKOH qiyIIKti;HH' 
K-paH ,11aeT HaHJiyqrnee rrpep;cTaBJieHHe BeJIHqHIIhl Y B 

TOM CMbICJie, qTo MHHHMH3HpyeT MaTeMaTHq, OlRHAaIIHe 

E(Y-g(X))2• Haiip;eIIHaH qiyIIKD;HH IIa3. c p e A II e ii: 
KBap;paTHqecKon P. 

II pocTenIIIRM 6yµ;eT CJiyqaii: JI n II e ft H o ft c p e A H e ii: 
KB a Apa TH q e c K 0 ft P., Korµ;a OTblCKHBa10T IIaH

Jiyqrnyro JIHIIeiiHyro arrrrp0Kc11Mau;1110 BeJIHqHHhl Y rro

cpep;CTBOM BeJIHqHIIbl x' T. e. TaKyro JIHIIe:il:IIyro qiyHKD;H10 

g(x)=~o+~1x, AJIH K-poii BblpameHne E(Y-g(X))2 

IIp!iIIIHMaeT IIaHMeHbIIIee B03MOJRIIoe 3IIaqeIIne. /];aIIIIaH 

aKcTpeMaJibIIaH 3ap;aqa HMeeT ep;HIICTBeIIHOe perneIIHe 

ay 
~o=my-~1mx, ~1 =Pa-. 

x 
T. e. BblqHcJieIIHe rrp116JIHJReIIHOH JIHHHH p. ITpHBOAHT K 

ToMy me pe3yJihTaTy, K-phli'I rroJiyqeII B cJiyqae TO'IHOH 

JIHHeHIIOH P.: 
ay 

y =my+p-(x-mx). ax 
MHHHMaJibHoe 3IIaqeIIHe E (Y -g (X))2 rrpH BhlqncJieHHhU 

3HaqeIIHHX rrapaMeTpoB paBIIO a~(1-p2 ). EcJIH perpeccm1 

m (x) cym;ecTByeT, TO rrpn JIID6hlx ~o H ~1 HMeeT MecTo cooT
IIOIIIeIIHe 

OTKyµ;a cJiep;yer, qTo rrpHMaH cpep;IIe:il: KBap;paTnq, pe

rpeccHH y= ~o+ ~1x µ;aer IIaHJiyqmee rrpn6JIHJReIIne K JIH

IIHH perpeCCHH m (x), eCJIH H3MepHTb paCCTOHIIHe B,[IOJib 
OCH y. II03TOMY ecJIH JIHIIHH m (x) eCTb IIpHMaH, TO Olia 

coBrrap;aeT c IIpHMoii cpeµ;Heii: KBap;paT11qecKoii: P. 

B o6m;eM CJiyqae, 1wrµ;a p. CHJibHO OTJIH'IaeTCH OT JIH

Heii:IIoii, MOJRIIO IIOCTaBHTb 3aµ;aqy Haxomµ;eIIHH MIIoroqJie

IIa g(x)=~o+~1x+ .. . +~mxm HeK-poi\: CTerreHn m, AJIH 
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K-poro cpe.ri;Hee 8Ha%HHe E (Y-g(x))2 nMeeT Bo3MOiKHO 
MeHhUiee :maqeJine. 

TaKoe pemeHHe 3a,ri;aqn COOTB0TCTByeT II a p a 6 0 JI H
q e c K 0 H (nmi: II 0 JI ll H 0 M ll a JI h II 0 ii) cpe,ri;HeH 
KBa,ri;paTnqec1wii P. (cM. llapa60.riuttec1wa peepeccua) IIO
pH,ri;Ka m. HpnBaH y=g(x) ecTh IIapa6oJia m-ro IIOpH,ri;Ka, 
)\aIOII}liH HanJiyqUiyIO annpoKCIIMall,IIIO IICTllHHOii JIIIHIIll 
p. 06o6Iu,eHIIeM IIa pa6oJinqecKoii p. CJIYiKIIT «PYHKU,IIH p.' 
DhlpameHHaH JIIIHeiiHoii KoM611Hau,neii Tex 11JI11 IIHhlX 
3a,ri;aHHhIX ljiyHKU,IIll: 

g (x) =Bo% (x) + Bi{fJ1 (x) +. ·. + Bm{f!m (x). 

Ha1160Jiee BaiKHoe 3HaqeJI11e HMeeT cJiy11a:ii, Kor.ri;a qi0 (x), 
... ' {f!m (x) - OpToroHaJihHhle MHoroqJieHhl COOTBeTCT
BYIDIII;IIX IIOpH,ri;KOB, IIOCTpoeHHhle IIO pacIIpe,ri;eJieHIIIO x. 
)l,pyrIIMH IIpIIMepaMII II e JI ll He ii II 0 II (K p II B 0 JI 11-

H e :ii H 0 ii) p. HBJIHIOTCH CJiy11a11 TpHrOHOMeTpnqecKOll p.' 
IIOKa3aTeJihHOH p.' II T. n. 

IlOHHTIIe p. ecTeCTBeHHhIM o6pa30M 060611~aeTCH Ha 
TOT CJiyqaii, Kor.ri;a BMeCTO O,[\HOH perpeCCIIOHHOll IIepe
MeHHOIJ paccMaTplrnaeTCH HeK-poe MHOiKeCTBO nepeMeHHhIX. 

E CJIH CJI yqaiiHhle BeJIHqIIHhl x l • x 2' • • • ' x n IIMeIOT 
COBMeCTHOe pacIIpe,ri;eJienne BepOHTHOCTeii, TO M H 0 lK e

c T B e II H a H p. OIIpe,ri;eJIHeTCH' Hanp.' KaK perpecCIIH 
X 1 IIO x 2, ••. , Xn: 

E (X1 I X2=X2, ... 'xn =Xn) = m1 (x2, ... 'Xn)· 

CooTBeTCTBYIDIII;ee ypaBHeHne onpe,ri;eJIHeT II o n e p x
H OCT h perpecc1111 X 1 IIox2, •.• ,x,,.JlimeiiHaH 
perpecc11H X1 no x 2, ••• , Xn nMeeT BIIA 

E (X1 / X2, · · ·, Xn) = B2xd- · · · -!- ~nx,., 
r11e ~ 2 , ••• , Bn- Ko::iljiljinu,neHThl P. (IIpn EXk=O). 
Jl11HeiiHaH cpe,[\HHH KBa.ri;paTII'leCKaH p. BeJIII'lllHhl x 1 IIO 

X2, ..• ' Xn OIIpe,ri;eJIHeTCH KaK HaIIJiyqmaH JIIIHeliHaH 
ou,eHKa BeJinqIIJibI x 1 BeJI11q11HaM11 x 2' •.• ' x n B CMhIC
Jie o6paIII;eHIIH B MllHIIMYM BbipaJKeHirn 

E (X1-B2X2- • • · -BnXn) 2• 

CooTBeTcTBYIDIII;aH n JI o c K o c Th P . .ri;aeT na11Jiy11rnyw 
annp0Kc11Mau,nw noBepxHoCTII perpecc11JI x 1 = m(x 2 , 

.•. , xn), ecJIH nocJie,ri;HHH cylll,eCTByeT. EcJIJI noBepx
HOCTh p. eCTb IIJIOCKOCTb, TO Olla Heo6XO,[\llMO COBna.ri;aeT 
c UJIOCKOCThlO cpe,ri;HeH KBa,ri;paT11qecKOH p. (TaK 6y,ri;eT 
B cJiy11ae, Kor.ri;a COBMeCTHoe pacnpe,ri;eJieH11e Bcex n Be
JI11q11H HOpMaJibHO). 

IT pocThl~I np11MepoM perpecc1111 Y no X HBJIHeTCH 3a
BHCIIMOCTh Mem.ri;y y II x' K-paH BhlpamaeTCH COOTHO
llleHIIeM Y=u(x)+ll, r.ri;e u(x)=E(Y/X=x), a cJiy11a:ii
Hhie BeJI11q11JibI x II () He3aBIICllMbI. 8To IIpe,ri;cTaBJieH11e 
IIOJie3HO, Kor.ri;a IIJiaH11pyeTCH 3Kcnep11MeHT ,[\JIH II3Y'l0HllH 
<f>yHKll,llOHaJibHOii CBH311 y= u (x) Mem.ri;y HecJiyqaHHhIMII 
BeJIII'IIIHa~m y ll x. 8Ta me MO,[\eJib p. IICIIOJlb3Y0TCH BO 
MHor11x IIpnJiomeHIIHX np11 113y11eHnn xapaKTepa 3aB11c11-
MOCTII CJiyqaiiHoii BeJI11q11JibI y OT HecJiy11aiiHOll BeJI11qn

HbI x. Ha npaKTIIKe Bb16op ljiyHKll,IIII y= u (x) 11 ou,eHKY 
HeH3B0CTHhIX Ko::iljiljinu,HeHTOB p. IIO ::iKcnep11MeHTaJibHhIM 
,ri;aHHhIM IIpOII3BO,[\HT MeTo,ri;a:MII peepeccuonnoeo ana.riuaa. 

Jlum.: [1] K pa Me p r., MaTeMaT>l'IeCl<He MeTOIJ;hl CTaTHCTH
HH, rrep. c anrJ1., 2 Hall;., M., 1975; [2) Ke u 11; a JI JI M. ,r:t: m., 
C T h ro a p T A., CTaTHCTll'Iec1me BbIBOIJ;hI n cBH3H, rrep. c anrJJ., 
M., 1973. A. B. IlpoxopoB. 

PErY JIHPU3AIJ,UH METO)l, - MeTo,ri; IIocTpoeHna 
npHOJIIIJKeHHhlX peUiemiii HeKoppeKTHbIX 3a,ri;a11, COCTOH
lll,llii B TOM, 'ITO B Ka'leCTBe IIp116JI11iKeHHhIX pe
rnem1ii HeKoppeKTHbIX 3a,ri;a11 [TO'IHee - HeKoppeKTHO 
IIOCTaBJieHHbIX 3a,ri;a'l (H. II. 3.)] 6epyTCH 3JiaqeHIIH 
peryJIHp11311pyIOIIJ;ero onepaTopa c yqeToM IIpn6JmmeH
Horo xapaKTepa ncxo,ri;Hoii 11HljiopMau,1111 (cM. llerwppe'Km-
11b1e aaaa<iu). 

)l,JIH OIIpe,ri;eJieHHOCTII HIIiKe paCCMaTpIIBaeTCH 3a,ri;aqa 
Haxom,ri;eHH.ll perneHn:ii cpyHKll,IIOHaJibHhIX ypaBHeHnii BH,[\a 
Az=u, B K-pbIX z H u - ::lJieMeHTbI MeTpH'I. npocTpaHCTB 

F 11 U c pacc10.11HJieM pp(,) n Pu(,). Ecm1, Harrp, A -
BIIOJIHe HenpephIBHhiii orrepaTop, TO pemeHIIH TaKoro ypaB
HeHII.ll He o6Jia,[\aIOT CBOHCTBOM YCTOH'IHBOCTH K MaJihIM 
H3MeHeHII.llM npasoii 11acT11 u. ITycTh BMecTo TO'IHh!X 3Ha-

11eH11ii HCXOT\HOii IIHljiopMau,1111 (A-, 0 p;aHhl IIX rrp116JI11me

HIIH (A' ii). B ::lTIIX YCJIOBII.IIX peqh MOiKeT lll\TII JIIIlllh 0 

Haxomp;eH11n np116JI11meHIIH K peUieHHID z ypaeHeHH.ll 

A z= i;,'. HeJih3.ll B KaqecTBe np116JI11meHHoro perneHIIH 
H. II. 3. TaKoro Bllp;a c rrp116JI11JKeHHOll IICXO/J;HOII IIH1jiop

Mau,11e:ii (A, ii) 6paTh TO'IHoe perneH11e ypaBHeHHH Az=~. 
T. K. TaKoro perneHII.ll MOJKeT He cylll,eCTBOBaTh, a eCJIII 
OHO II cylll,eCTByeT, TO He 6yp;eT YCTOH'IIIBhIM K MaJihIM 113-
MeHeHII.llM IICXO/J;HO:ii IIHljiopMa11,1111 II, CJiep;oBaTeJibHO, Ta
Koe ~perneH11e» MomeT He p;oIIycKaTh <J>11311q. IIHTepnpew
u,1111. B p;aJihHeiirneM noJiaraeTcH p;JI.11 npoCTOThI, 'ITO rrpu-
6JI11JKeHHOH MomeT OhITh JIIIIIIh npasa.11 qacTh u, a onepaTop 
A 3ap;aH ToqJio. 

IlycTb () - ou,eHKa yKJIOHeHIIH ~ OT ;;, T. e. paccTo.11-

HIIH Pu(~, u), II FocF - 3ap;aHHblll KJiacc B03MOlKHhIX 
pernerrnii (Mop;eJiell: cpaBHeH11.11). EcTeCTBeHHO II CK a Th 

np116JI11meHHhle pernerr11.11 ypaBHeHIIH A z= ~ cpep;11 ~we
MeHTOB zEFo, COIIOCTaBIIMbIX c llCXOl!;HOii IIHljiopMau,11eii, 

T. e. TaK11x, 'ITo Pu(Az, ;:;:)<ll. IlycTh F15 - MHOJKecTBo 
scex TaKIIX ::iJieMeHTOB 113 Fo . EcJI11 B Bhl6paHHOM RJiacce 
F0 B03MOlKHhIX pemeH11ii HeT aJieMeHTOB (Harrp., ljiyHRll,IIII 
z (s)), COIIOCTaBIIMh!X c IICXO,[\HhIMII 1'\UHHhIMH, TO ::!TO 3Ha
q11T, qTo ::iJieMeHThl z 113 F 0 IIMeIOT CJIIIIIIKOM ynpoIII;eHHYID 

(rpy6yw) cTpyRTYPY· B ::!TOM cJiy11ae Hap;o pacrn11p.1ITh 
KJiacc F0, 6ep.11, B03MomHo, rrocJie,1wBaTeJihHOCTh pacrn11-
pHIDIII;JIXCH RJiaccos F 0 c F 1 c ... c F n c ... , rroKa He 
Haii:p;eTC.ll KJiacc Fm co.ri;epmalll,nli ::lJieMeHThl (Harrp., ljiyHK
u,11u)' COIIOCTaBII!llbie c IICXO/J;Hb!MII p;aHHb!MII. 

EcJin F,, He nycTo, TO oHo MoJKeT cop;epmaTh cyIII;ecT
BeHHO OTJIII'laIOIII;IIeC.ll p;pyr OT ,[lpyra aJieMeHTbI(ljiyHKll,1111). 
B TaKIIX CJiyqa.11x Ol!;HO JIIIIIIh Tpe60BaH11e COIIOCTaBIIMOCTII 
B03MOlKHhIX perneHIIii c IICXO/J;HhIMII p;aHHh!MII He MmKeT 
CJIYJKIITb KpHTep11e111 Haxomp;eHII.ll O,[\H03HaqHo orrpep;e

JieHHhIX rrp116JI11JKeHHhIX perneH11f1 ypaBHeH11ii A z= ~, T. R. 
HeT AOCTaTO'IHhIX OCHOBaHIIJi AJIH Bb16opa B Ka'leCTBe rrp11-
6JI11iKeHHoro perneHIIH Toro 11JI11 IIHoro conocTaB11Moro 

::iJieMeHTa 113 F n· 
)l,JIH O/J;H03Ha11Horo orrpep;eJieHIIH ycTOH'IIIBhIX perneH11:ii 

Heo6xop;IIM HeK-pbiii npHHll,IIII OT6opa COIIOCTaBIIlllhIX c -;;, 

perneHIIii. 06brqHo ero ljiopMyJIIIPYIDT, 110Jih3Y.llCb CMbICJIOM 
3ap;aq11. TaKoii oT6op MomeT OhITh rrpo113sep;eH, Harrp., 
rro rrp11Hu,n:rry Bhl6opa ::lJieMeHTa (ljiyHKll,IIII) 113 F n• 11Me
IOIII;ero MIIHIIMaJihHYIO CJIOJKHOCTh. IloH.llTIIe CJIOJKHOCTII 
aJieMeHTa z 111omeT OhITh ljiop111aJI113oBaHo, Harrp., c rro
MOIII;hID ljiyHKll,IIORaJIOB CJIOJKHOCTII Q[z] - HerrpepbIB
HbIX, HeoTp11u,aTeJihHhIX n yp;oBJieTBop.11IOIII;11x HeK-phIM 
crreu,11aJihHhIM ycJioB11.11M (cM. [ 1]). 3a Mepy cJioJKHocT11 
aJieMeHTa z np11H11MaeTC.ll 3HaqeHIIe ljiyHKll,lIOHaJia Q[z]. 
TaR, ecJI11 aJieMeHTaM11 z HBJIHIOTCH HenpephIBHhle Ha OT

pe3Re (a, b] ljiyHKll,1111 Z (s) KJiacca Wt TO ljiyHRll,llOHaJI 
CJIOiKHOCTII Q[z] MOiKHO B3HTh, Harrp., B BII/J;e 

Q [z]= ~: { z2 + (~:)2} ds. 

IKeJI arr11e 11cKaTh np116JinJKeHHhle pemeH11.11 ypaBHerr11ii 

Az= z7 cpcp;11 rrpocTeii:rn11x ::iJieMeHTOB (ljiyHKu,1111), corro
CTaBIIMhIX c IICXO/J;Hb!MII p;aHHb!MII, rrpHBO/J;IIT K 3U,[la'le 
HaXOlK/J;BHII.ll aJieMeHTa 113 F15' MIIHIIMII3IIpyIOlll,ero Q[z] 
Ha F15 • EcJI11 onepaTOp A JIIIHeiiHhiii 11 ljiyHKll,IIOHaJI Q[z] He 
UMeeT JIOKaJihHblX MIIHIIMYMOB Ha o6JiaCTII CBOero orrpe
,[\eJieHII.ll F Q• TO aTa 3a,ri;aqa Moll\eT OhITh cBep;eHa (cM. rrop;-

po6Hee B [ 1J) R 3a,qaqe HaXOJK/WHIIH aJieMeHTa Za. 113 MHO

mecTBa F15 n Pg, MIIHUMJI3Hpy1011wro ljiyHRll,HOHaJI 
- 2 -

Jl!lct. [z, A, u] =Pu (Az, u)+aQ [z]. 
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3aa11emae uapaMeTpa ex (uapaMerpa peryJu1p:eaaa,lUI) p;oJim
Ho 6b!Th corJiacoaaHo c ypoaaeM 11orpemaocn1 11cxop;Hb!X 
p;aHHbIX. Ero MomHo 011pep;eJillTh, Ha11p., 110 aeaHaRe, T. e. 

ll3 ycJIOBirn Pu(Aza, u)=6, 0CJlll 113BeCTHO lfllCJIO 6. Ho 
B03MOIBHbl 11 p;p. cnoco6hI onpep;eJieHllH a (cM. [1]). Ta-

RllM o6pa30M, napaMeTp a p;OJill\eH 3aB11CeTb OT 6 II u, 
ex= a (6, z7'). 9JieMeHT za(l\,u) n np1rnt1:MaeTCH aa 11pn6JI11-

meHHOe pemeH11e ypaaHeII11H A z= u. 9To 11 eCTh op;aa 
na «PopM paapa6oTaHHoro B [2), [3) P. M. AaaJior1111Ho 

CTpOHTCH 11pn6JI11meHHble pemeHHH ypa BHeH11ii. A z = u c 

np116JI11meHHO Bap;aHHbIM 011epaTopoM A H npaaoii. 11aCThIO 

u. Ilpu aToM MHHllMH3HpyeTCH WYIIRD,llOHaJI THl1B Ma[z, A, 
u] (CM., Ha11p., [1]). Bo3MO)l(Hbl H .r1pyrue «PopMbI P. M. 
H npnMeHeHne ero R HHbIM RJiaccaM aap;a11( CM. [ 1]). P. M. 
pa3BHT II f];JIH peIIIeHllH HeJIHH0HHbIX aap;aq (cM. [ 1], [ 4]). 

Jlum.: [1) TH x 0 H 0 B A. H., A pc e H H H B. H., MeTOlU>I 
peIDeHHlI He1wppeRTHblX 3agaq, 2 H3A., M., 1979; [2) TH x 0 -
HOB A. ll., «,!J;OHJI. AH CCCP», 1963, T. 151, No 3, c. 501-04; 
[3) er o rn e, TaM rne, T 153, No 1, c. 49-52; [4) JI a B p e HT h
e B M. M., 0 HeHOTOPblX Hei;oppeHTHhtX 33)'.IB'lax MaTeMaTH'lecHoit 
qm3RRH, HOBOCH6 • 1962 B. H. Apceiwu, A. H. Tuxouoe. 

PErY JIHPH3Al(IIH - ncnoJihaoaaH11e Ton 11JIII 11Hoii: 
«PopMbI OT6opa p;o11ycn1:Mb!X peIIIeHIIH np11 110CTpoeHllll 
ycToii:1111BbIX R 11cxop;Hoil: HH<JlopMaa,1111 11p116JrnmeHHbIX 
peIIIeBIIII HeRoppeRTHO 110CTaBJieHHbIX aap;aq (c~r. TaRme 
Henoppenmnb!e aa&a11,u Iii Peay.1t11puaaz+uu .Memo&). 

B. H. Apcmuu, A. H. Tuxouoe. 
PErY JIHPHAH rPAHH"l:IHAH TO"l:IKA - To'ma 

Yo rpaIIllD,bl r o6JiaCTll D eBRJlllf];OBa 11pOCTpBIICTBa IR n' 
n:;;;,2, B R-poii: p;JIH JII06oii: He11pepbIBHOH JIB r .iliYIIRD,llll 
f (y) 0600II1,eIIIIOe peIIIeIIll0 U (x) Jf.upux.n,e aaoa'lU B CMbICJie 
B11Hepa - IleppoIIa (cM. lleppona .Memo&) 11p11HIIMBeT 
rpBHll'IHOe 3IIB'l0IIll0 f (Yo)' TO eCTb 

lim u(x)=/(Yo)· 
x~ Y0 , XED 

P. r. T. p;JIH 06JiacT11 D 06paay10T MIIomecTBo R, B 
TO'IRax R-poro p;o110JIHeII11e CD= 1Rn"-_D ae HBJIHeTcH 
paapcmeIIHbIM MHOJReCTBOM; MHOll\eCTBO r"-_R uppeay.Mtp-
1/,b!X apamt'll/,b!X mo'len ecTb 110JIHpHoe MHOJReCTBO Tlll18 F CJ. 

EcJI11 ace To111m r cyTh P. r. T., TO ooJiaCTh D aaa. p e
r y JI H p H 0 ii: OTHOCIITeJiblIO aap;a1111 ):l;HpIIXJie. 

):l;JIH Toro 'ITOObl TO'IRB Yo E r ObIJia p. r. T.' Heo6xop;mrn 
"' p;ocTaTO'IHO, 'IT06bl B 11epece11eIIIIll Uo= u n D 06Jiacn1 
D c HeR-poii: oRpccTIIOCThIO U TO'IRII y0 cyrn,ecTBOBaJI 
6apbep, T. e. cy11eprapMOIIH'I. «PYIIRIJ;llH w(x)>O B Uo TB
RaH, 'ITO limw (x)=O (R p n Tep H 1! 6 a p hep a JI e-

x~uo 

6 er a). A. Jle6er (H. Lebesgue, 1912) a11epable 110RaaaJI, 
'ITO 11pn n:;;;,3 BepmnIIa p;OCTBTO'IHO OCTporo BXO,ll;HIIl,ero B 
D ocTp11H MOffieT He 6bITh P. r. T. 

fiycTb 

Ek={xECD:2-k.,;;;;, I x-y0 I.,;;;, 2-k+l}, 

p;ocTaTO'IHO MaJioii: ORpecTHOCTH y0. B cJiylfae o6JiaCTH 

D ROMnaRTII.ilinu;11poaaHHoro 11pocTpaHCTBa Rn, n;;;;,3, 
6eCROH0'1HO yp;aJieHHBH TO'IRa 00 Er Bcerp;a HBJIHeTCH 
p. r. T.; 11pn n= 2 6eCROHe'IHO yp;aJieHHaH TOlfRa 00 E r 
HBJIHeTCH p. r. T., eCJIH cyra,ecTByeT He11pepbIBHblii: 
11YTh x(t), O..;;:t<1, TaROH, '!TO x(t)ECD 11pn O~t<1 
n lim x(t)=oo. 

f->-1-0 
Cl\L TBRJRe lfppeay.ttapnaa apanu'lnan mo'lna. 
Jlum.: [1) He JI A bl ID M. B., «YcrreXH M3TeM. H3YH», 1941, 

B. 8, c. 171-232; [2) JI a H n Ho ljJ H. C., OcHOBhI coepeMeuuofi 
Teopm1 IIOT8HQH3Jia, M., 1966; [3) x en Ma H Y., H e H He
n n II., CyorapMOHH'!ec1me ljlyHRQHH, rrep. c aurn., M., 1980. 

E, 11.. CoJto.ueu!fee. 
PErY JIHPHAH p-fPYIIIIA - p-rpy11na G TaRax, 

'!TO p;JIH JII06hlx ee aJieMeHTOB a, b :a JII06oro lWJIOro n= pa 
crrpaBeAJIHBO paaeHCTBO 

(ab)n=anbns~ •.. s?, 

rp;e s1, ..• , Sf- IIeR-pble aJieMeHTbl :as no.M.11,ymanma ITOA
rpy1111bl, 11opOIBAeHHoii aJieMeHTaM11 a H b. Ilo):\rpyn11bl H 
cpaRroprpymrhl P. p-r. peryJIHpHhl. HoHeqHaH p-rpyrma 
perym1pHa Torp;a n TOJI1>Ro Torp;a, Rorp;a ,D;JIH mo6b1x ee 
aJieMeHTOB a n b c11paaep;mrno paBeHCTDO 

aPbP = (ab)PsP, 

rAe s - HeR-pbIII 3JI0MeHT ROMMyTaIITa rrop;rpyrr11bl, IIO
polR):\0HIIOf.I 3JieMeHTBMH a H b. 

9JieMeIITbl P. p-r. G, nMeIDra,11e BllJl aPa, aEG, o6pa
ayIOT xapaRTep11cT1111. nop;rpy1111y ca (G), a aJieMeHTbl 110-
pHp;Ra, Ile 6oJibIIIero 'IHCJia pa,- Bl10JIIIe xapaRTepHCTJil'I. 
11op;rpy1111y Ca(G). 

Ilp11MepaMn P. p-r. HBJIHKJTCH JI106aa p-rpy1111a, RJiacc 
HHJibl10TeHTHOCTH R-poii. M01IhIII0 p' a TBRll\0 JII06aa p
rpy1111a 110PHARB' He 6oJibIIIero 'IHCJia pP. ):l;JIH JII06oro 
p cyrn,ecTByeT IIeperyJIHpHaH p-rpy1111a 11opHp;Ra pP + 1, a 
HMeIIIIO, CllJIOBCRB.H 11op;rpy1111a s p CHJ\IM0Tpnq. rpy1111IJ 
S (p2) cTeneen p 2 ( oJia naoMop.iPHa c11JieTeIIHIO u,11RJIHlf. 
rpy1111hl 11opap;Ra p c ca Mo ii: co6oii.). 

Jlum.: [1] X o JI JI M., Teopmi rpyrrrr, rrep. c anrJI., M., 1962. 
H. H. BU.ttMMC. 

PErY JIHPHAH MEP A - Mepa, 011pep;eJieHJiaH Ha 60-
peJieacRoii: a-aJire6pe ~ ( T) To110Jiorn11. npocTpaHcTaa T 
TaRaH, '!TO p;JIH JII06oro 6opeJieacRoro MHomecTBa XE ~(T) 
n JI106oro e >O Ha:ii:p;eTcH oTRpbIToe MHomecTBO Ge T, no
Rpb!BaIDra,ee X : XcG n ft (~X)<e. PaBHOCHJihHOe 
onpep;eJieane: p;JIH JIKJ6oro XE~ ( T) n e >O Jiaii.p;eTCH 
3aMRHYT00 MIIOJR0CTBO FcX TBRoe, '!TO µ(X"-_F)<e. 

P. A. Muu.ttoc. 
PErY JIHPHAH OCOBAH TO"l:IKA - 110HHTIIe Teopmi: 

o6bIRHOB0IIHbIX JIHIIe:ii:IIhlX p;11.iP«PepeIID,H8JibllbIX ypaaHeHnii 
c RoMnJieRCBhlM aeaaa11c11MbIM 11epeMeIIIIbIM. To11Ra a EC 
IIa3. p. 0. T. ypaBIIeIIHJI 

y<n>+a1 (t) y<n- 1>+ ... +an (t) y=O (1) 

ck= c (Ek) - e.mwcmb Ek· ):l;JIH Toro 'IT06bl TO'IRa Yo Er llJIH CHCTeMbl 
6hlJia P. r. T., Heo6xop;1rno II p;ocTaTO'IHO, 11ro6hl pacxo- (2) p;uJICJI pap; 

~"" 2k<n-2) ck n >- 3 
"""-k=1 ' :;:....- ' 

IIJIII 11p11 n= 2 pHp; 

(R p 11 Te pH !1 B 11 u e p a). 
II pn n= 2 TO'!Ra Yo Er flBJifleTCH p. r. T.' ecJIH cyrn,e

CTByeT IIe11pephillHhrii rryTh x(t), O~t..;;:1, TBRoii, '!TO 
x(1)=y0, x(t)ECD npn O..;;:t<L llpH n:;;;,3 TOlfRa YoEf 
JIBJIHeTCfl p. r. T., ecJIII ee MOJRHO ROCHyThCJI BepIIIIIHOii: 
11pHMoro RpyroBoro RoIIyca, 11p1map;Jiemaw;ero CD B 

30* 

c aHaJIHTH'I, ROacpcpHa,lleIITaMH, eCJIH a - H30JI11poaaHH8H 
oco6eHHOCTb 1wa«P«P11a.11eIITOB H Bee peIIIeHllfl ypaBHeHHH 
(1) HJIH cncTeMhI (2) pacTyT IIe OhlCTpee, 11eM It-aid 
AJJfl HeR-poro dE IR, Rorp;a t CTpeMIITCH R a, OCTaBaf!Cb 
BJIYTPH 11po113BOJihHOfO OCTporo yrJia c BepIIIHIIOJf a. 
ITocJiep;Hee orpaa11:11eIIHe Bhi3BaHo TeM, '!TO B oRpecTIIO
CTII P. o. T. peIIIeHHH f!BJiflIOTCfl Heop;aoaHa'IHhlMII aHa
JIIITH'I. «PYHKD,Hf!Mll II 11pll t-+a 110 11pOH3BOJlhlIOH RpHBOH 
~roryT pacTn cyra,ecTBeaao 6blcTpee, 11eM npll CTpeMJieIIHH 
t-+a 110 Jiyqy c BepIIIHHOH a. 

):l;JIH Toro 11T06hl oco6afl TO'!Ra Roa«P«Pna.neIITOB ypaB
II0IIHH (1) nJin cHcTeMhl (2) ObIJia P. o. T., Heo6xop;n1110, 
'1To6w oHa 6brJia no.tt1oco.~t, a He cyw,ecmeeirno oco6oi1 mo11,-
1wu R03.iP«Pua.11eHTOB. ):l;Jifl ypaBIIeIInii: (1) 111\IeeT MeCTO 
y c JJ o B 11 e ct> y R ca: oco6aa TO'IRa t=O Roa«P¢11a,11eH-
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TOB a j (t) perym1pHa ,[\Jiii ypaBHi:HMil: (1)_ Tor,a;a M TOJihKO HO M B CMJIY orrpep;eJieHHoil: «YHMBepcaJihHOcTm> MX KJiacca 
Tor,a;a, Kor,a;a Bee <jiyHKIJ,MII (t-a)l a j (t), j = 1, ... , n, ro- AJlll P. r1. A MMeHHo, ,[\Jiii mo6oro 6nyrrop11,a;otJeHHoro MHO-

JIOMop<jJHbl B HyJie. ,Ll,Jill CHCTeM (2) CIIpaBe,[\JIMBO cJie,a;yJO- meCTBa E MOJRHO KaHOHH'I. o6pa30M CKOHCTpy.npoBaTb <jiyH-

rn:ee ,a;ocTaT011Hoe ycJIOBMe: ecJIH :rneMeHThI MaTpMIJ,bl A (t) ,a;aMeHTaJihHyro P. rr. TE• ,a;JI11 K-poii: E 6y,a;eT 6MyIIopHAO-
HMeR>T IIpOCTOl! IIOJIIOC B TO'IKe a, TO ::lTa TO'IKa - P. o. T. 'leHHbIM MHOJReCTBOM Bcex H,[\eMIIOTeHTOB, IIpM'leM AJill 

CMCTeMhl (2). HBHoe ycJIOBHe Ha MaTpMU.Y A (t), Heo6xo,a;n- mo6oii P. rr. S TaKoii, 'ITO E (S)=E, cyrn;ecTByeT pa3,a;eJI11-
Moe II ,[\OCTaTOlJHOe ,[\Jill Toro, lJT06bl TO'IKa a 6blJia p. 0. T. IOIIJ;Ilii M,[\eMIIOTeHThl roMoMop<jJI13M cp : S-+T E• ,[\Jill K-poro 

CIICTeMbl (2), IIOKa (1983) He IIOJiy'leHO. cp (S) 6y,a;eT IIO,[\IIOJiyrpyrrIIoii B TE, co,a;epmarn;eii E (o 
Jlttm.: t1l r o JI y 6 e e B. B., Jie1<11HH no anaJIHTH'leci<oll TeopHH pa3JIIllJHhIX KOHCTPYKU.MHX AJIH TE CM. [3], [5], [ 8], [ 10)). 

11ncjJcjJepeu11ttaJibHhlX ypaeueuttll, 2 H3)'.I., M.- JI., 1950; [2] Ro 11- P. II. S .f.YH"aMeHTaJibHa Torrra II TOJlhKO Torrra, Korrra 
II H H r T o H 3. A., JI e B H H c o H H., TeopHfl o6hlHHOBeHHhix '*' " " " " 
)'.IHcjJcjJepeu11HaJibHblX ypaeHeHHll, nep. c aum.' M.' 1958; [3] L e- roMOMop<jJI13M cp MH'heKTIIBeH. 
v e It A. H. M., «Proc. Koninkl. Nederl. akad. wet. Ser. A», 1961, EcJIM S - P. II., TO rro,a;rroJiyrpyIIIIa <E (S)>, rropom-
v. 64, ;N; 4, p. 362-403; [4] De Ii g n e P., Equations differen- 6 p 
tielles a points singuliers reguiliers, B., 1970 (Leet. Notes in Math., ,a;eHHall BceMM ee Il,[\eMrroTeHTaMM, TaKme YAeT • II. 
No 163): [5]· PI em e I j J., Problems in the sense of Riemann Ilo,a;rroJiyrpyIIIIa <E (S)> OKa3b!BaeT cyrn;ecTBeHHOe BJIMH-
and Klein, Univ. of Adelaide, 1964. IO. C. H.11uwe>rno. Hiie Ha cTpoeHMe S. P. II. M,[\eMIIOTeHTHO rropom,a;eHa Tor,a;a 

PErY JUIPHAH IIOJIYrPYIIIIA - IIoJiyrpyIIrra, Kam- M TOJihKO Tor,a;a, Kor,a;a TaKoB Kam,a;blil: ee rJiaBHblfI <jiaKTop 

l\hIM 3JieMeHT K-poii: peryJI11peH. [ 10). B Il,lleMrroTeHTHO IIopom,a;eHHoii P. II. S ,[\Jiii IIpoI13-

Il pOM3BOJibHall p. II. s co,a;eplRMT Il,[\eMIIOTeHThl (cM. BOJibHoro 3JieMeHTa x cyrn;ecTByeT IIpe,a;cTaBJieHile x= 
Peey.rnpnoiii a.ae.Menm), M CTpoeHile S B 3Ha'IIITeJihHoii =e1e2 . .. en, r,a;e e;EE (S) M e;(ZU~)e;+ 1 rrpn i= 
CTeIIeHn orrpe,a;eJI11eTc11 «cTpoeHtteMf> n «pacIIoJiomeH11eM» =1, ••• , n-1 (3,a;ech Zn~ - OTHOIIIeHMH 3KBHBaJieHT-

B s MHOJRecTBa Bcex ee H,[\eMIIOTeHTOB E (S). p. II. c e,a;MH- HOCTH rpMHa) (CM. [5]). IlocJie,[\OBaTeJihHOCTh M,[\eMIIOTeH-

CTBeHHhIM M,[\eMIIOTeHTOM - 3TO B TOlJHOCTH rpyIIIIhl. Ha TOB el, e2, ... , en c yKa3aHHhlM CBOl!CTBOM Ha3. E - u. e-
E (S) rrpem,a;e Bcero MOJRHO CMOTpeTh KaK Ha lJaCTMlJHO II b IO. B 6MrrpOCTOit M,[\eMIIOTeHTHO rropom,a;eHHOII IIOJiy-

yrrop11,a;o'IeHHOe MHOJReCTBO OTHOCHTeJihHO eCTeCTBeHHOro rpyIIIIe JII06ble ,[\Ba H,[\eMIIOTeHTa CBH3aHbl HeK-poi'1 E-
lJaCTH'IHOro II6p11,a;Ka (CM. JiiJe.Mnomenm); M3BeCTHhT u,eIIhIO, M ecJIH OHH cpaBHMMbl B CMblCJie ecTeCTBeHHoro 

CTPYKTypHble TeopeMbl, OIIMChIBaIOrn;Me p. II. s c HeK-pblMM lJaCTMlJHoro IIOpll,llKa, TO ,[\JIMHa TaKoii u,eIIM ;;;;.4. 
ecTeCTBeHHhIMM orpaHM'IeHIIHMM Ha MHomecTBo E (S). Ee.JIM (E (S)>=E (S), T. e. IIpOM3BeAeHMe JII06h1x ABYX 

0AHO M3 TaKMX orpaHMlJeHMlI (AJill IIOJiyrpyrrrr c HyJ!eM) M,[\eMIIOTeHTOB CHOBa ecTb MAeMIIOTeHT, TO P. II. s Ha3. 
COCTOMT B TOM, 'ITO Bee HeHyJieBhie M,[\eMIIOTeHThI IIpMMII- 0 p T 0 A 0 K c a JI b H 0 fr. 11'.Jiacc opTO,[\OKCaJibHblX IIO-

TMBHhI (cM. Bno.1rne npocmaa no.;r,yepynna); rroJiyrpyrrrra Jiyrpyrrrr co,a;epIBMT, B lJaCTHOCTM, Bee MHBepcHble IIOJiy-

c 3TMM CBOHCTBOM Ha3. II p M MM T M B H 0 ii:. CJie,a;yro- rpyrrIIbl. IloJiyrpyIIIIa opTO,[\OKCaJibHa TO!',[\a M TOJlhKO 

IIJ;Me ycJIOBilll ,ll;Jlll IIOJiyrpyIIIIbl s 3KBMBaJieHTHbl: a) s Tor,a;a, Kor,a;a Kam,a;blii ee rJiaBHhlll <jiaKTOp OpTO,[\OKCaJieH. 

eCTh rrpMMMTMBHa11 P. rr., 6) S ecTh P. II., paBHaH o6'he- MMeIOTCH CTpyKTypHble TeopeMbl 06 opTOAOKCaJihHblX 
,[\MHeHMIO CBOMX 0-MMHMMaJibHblX (cM. Munu.Ma.l!blll>/,U IIOJiyrpyrrIIax (cM. [4], [9)). 
ui!ea.;r,) IIpaBhIX M,a;eaJioB, B) S ecTh 0-npa:Moe o6'bei!unenue 0THOIIIeHMe ecTeCTBeHHoro tJaCTH'IHoro rrop11,a;Ka Ha 

BrroJIHe 0-IIpOCThIX IIoJiyrpyrrII. OrrMcaHo cTpoeHtte P. rr., E (S) MomeT 6bITh rrpo,a;oJimeHo Ha P. rr. S cJie,a;yrorn;MM 

y K-pblx E (S) ecTh u,errh, yrrop11,a;otJeHHa11 rro THIIY OTpH- o6pa3oM: x~y, ecJIM cyrn;ecTByIOT n,a;eMIIOTeHTbl e H f 
u,aTeJihHhIX u,eJihIX 'IttceJI [2]. TaKne, 'ITO x=ey=yf. B cJiytJae, Kor,a;a S HHBepcHa, oT-

EoJiee HH<jiopMaTMBHhlH B3I'Jlll,[\ Ha E (S) COCTOMT B pac- HOIIIeHHe ~ IIpeBparn;aeTCll B OTHOIIIeHHe ecTeCTBeHHOro 

CMOTpeHHH Ha 3TOM MHOJReCTBe 'laCTMlJHOH orrepaU,MH o, lJaCTMlJHOI'O rrop11,a;Ka, ,[\Jill IIpOII3BOJibHOii p. II. OHO TaKme 

3a,a;aHHOii CJie,a;yrorn;MM o6pa30M. Ee.JIM ,[\Jill e, !EE (S) Ha3. OTHOITieHHeM e c Te c TB e H H 0 r 0 lJ a c T II lJ-
XOTll 6bl O,[\HO II3 rrpOM3Be,a;eHMii ef, fe paBHO O,[\HOMY H3 H 0 r 0 II 0 p II AK a. 0THOIIIeHMe ~ Ha P. II. s cor-

3JieMeHTOB e, f, TO e/EE(S); IIOJiaraIOT TOr,a;a eof=ef. JiacoBaHo c YMHOJReHMeM Tor,a;a II TOJlhKO Tor,a;a, KO!',[\a 

Bo3HIIKarorn;a11 tJaCTH'IHa11 aJire6pa MoJReT 6hlTh oxapaK- ,[\Jiii Jiro6oro M,[\eMIIOTeHTa e rro,a;rroJiyrpyrrrra eSe IIHBepcHa 
T8pII30BaHa aKCMOMaMII, MCII0Jlh3YIOIIJ;MMII ,[\Ba OTHOIIIe- [ 6). p. II.' o6Jia,a;arorn;Me TaKMM CBoiicTBOM, Ha3. II c e B-

Hlilll KBa3MIIOpll,[\Ka (J)r Ii! w1, T8CHO CBH3aHHble c 3a,a;aHHOll A 0 II H B e p c H bl M II. EoJiee IIIMpOKMii: KJiacc COCTaB-

lJaCTIIlJHOii orrepau,Hel! (peaJIH3aIJ,H.ll 3THX OTHOIIIeHIIii: B Jl.llIOT II c e B A 0 0 p T 0 A 0 K c a JI b H bl e IIOJ!yrpyIIIIhI 

E (S) TaKoBa: ewrf 03HatJaeT fe=e, ew1f o3HatJaeT ef=e; (,a;J1.11 J1ro6oro II,[\eMrroTeHTa e rro,a;noJ1yrpyrrIIa eSe opTo,a;oK-
Tor,a;a Wr n w1 8CTb OTHOill8HHe 8CT8CTB8HHOrO lJaCTHlJHOI'O CaJ!bHa). ,[l,Jl.11 yKa3aHHbIX KJ!aCCOB IIOJ!yrpyIIII IICIIOJ!b30-

IIOp.11,llKa Ha E (S)); TaKa.11 lJaCTHlJHa.11 aJ1re6pa Ha3. 6 Ii!- BaJIHCb TaKJRe TepMIIHbl ((J!OKaJ!bHO HHBepcHam> Ii! ((JIO-

y rr op .11 ,a; o tJ e H H bl M MHomecTBOM (cM. [5]). KaJ!hHO opTo,a;oKcaJ1bHa.11». P.rr. Ha3. ecTeCTBeH-
IlpoH3BOJ1hHa.11 p. rr. MOJReT 6b1Tb orrpe,a;eJ!eHHhlM o6pa- H 0 ii:, ecJIH MHOJReCTBO BC.ex ee rpyIIIIOBbIX 3JleMeHTOB 

30M CKOHCTpyHpoBaHa H3 ifayIIop.11,a;otJeHHOI'O MHOJReCTBa (cM. Peey.;r,apnoiii ilJte.Menm) eCTb IIO/:\IIOJ!yrpyIIrra. MMeIOTC.11 

H rpyrrII. TaKIIM o6pa3oM, B TepMHHax 6IIyIIop.11AotJeH- CTPYKTYPHhre TeopeMhl o rrceB,a;OIIHBepcHhIX, rrceBAoop-
HhlX MHOJR8CTB MOJRHO rrpOBO,[\HTb KJ!accII<jJHKaIJ,HIO p. II. TO,[\OKCaJ!bHhIX [ 11) Ii! eCT8CTB8HHhlX [ 12) p. II. 

Cpe,a;II IICCJ!eAOBaHHhIX B 3TOM HaIIpaBJ!eHHII THIIOB noJ1y- MHorIIe CTPYKTYPHhle TeopeMhI o pa3J!HlJHhlX THrrax P. rr. 
rpyIIrr - Ko M 6 H Ha Top H bl e P. rr. (cM. [7]), T. e. rrpe,a;cTaBJl.llIOT co6oil: (IIO,[\'Iac BeCbMa ,a;aJ!eKHe) o6o6rn;e-

HMerorn;He JIIIIIIb OAH03Jl8M8HTHhie IIOAI'PYIIIIhl. HII.11 ll MO,[III<jJHKaIJ,HH KOHCTPYKU.IIH pucoec1wii no.;r,yepynnoi 
roMoMop<jJHhlil: o6pa3 P. rr. 6y,a;eT P. rr. Bc.11KIIH HOp- .Mampu'lnoeo muna HJIH cyMMhI rrp.11Moro crreKTpa rpyrrII 

.Mll.l!bllbtii 1w.Mn.;r,er;c P. II., .llBJ1.llIOIIJ;IIf1c.11 rro,a;rroJ1yrpyrrrroii, (cM. JC.;r,urfirfiopi!oea no.;r,yepynna), J1II60 01mpaIOTC.ll Ha Te 

co,a;eplRHT II,[\eMIIOTeHT. IlpoII3BOJ!bHa.ll KOHrpy3HJW.ll Ha IIJIH IIHhie rrpe,a;cTaBJ!eHH.11 IIOJ!yrpyrrII II pa3JIOJR8HII.ll HX 

P. rr. o,a;H03HalJHO oIIpe,a;eJ1.11eTc.11 CBOHMII KJ!accaMH, co,a;ep- B rro,a;IIp.HMhle IIpoH3Be,a;eHH.ll (cM. [1), [13)). CM. TaKme CT. 
JRaIIJ;IIMH H,[\8MIIOTeHTbl. nOHrpy3HU,H.ll Ha p, II. S pa3A8- flu.;r,yepynna. 
Jl.lleT II,[\8MIIOTeHThl TOr,a;a II TOJ!bKO Tor,a;a, KOI',[\a OHa co- Jlum.: [1] R JI H cjJ cjJ 0 p )'.I A., II p e c T 0 H r., AJire6panqec-
,a;epIBHTC.ll B OTHOilleHIIII ge (cM. I'puna omnomenua an- Haff TeopHfl noJiyrpynn, nep. c aur.n., T. 1-2, M., 1972; [2] Munn 

W. D., «Glasgow Math. J.», 1968, v. 9, pt. 1, p. 4tl-6fi; [3] CI if-
euea.;r,enmnocmu); MHomecTBO TaKIIX KOHrpyanu,Hil: cocTaB- ford A., «Semigroup Forum», 1975, v. 10, p. 84-92· [4] er o 
Jl.lleT MOAYJ1.llPHYIO rro,n:pellleTKY c HyJ!eM II e,a;IIHIIu,eii B pe- me, «J. pure and appl. algebra», 1976, v. 8, p. 23-50; [5] Nam-
IIIeTKe Bcex KOHrpy3H"HH Ha s. p. II. Ha3. ,f. y H TT a M e H- b 0 0 r i l! a d K. s. S., «Mem. Amer. Math. Soc.», 1979, v. 22, '"' '*' " No 224: 16] er o me, «Proc. Edinburgh Math. Soc.», 1980, 
T a JI b H 0 II, eCJIII 3Ta rro,a;peIIIeTKa COCTOHT JIIIIllb H3 v. 23, pt 3, p. 249-60: [7] Nam b 0 0 rip ad K. s. s. s., n a j an 
OTHoIIIeHII.11 paBeHcTea. Bc.11Ka.11 KOM6HHaTOpHa.11 P. rr. 6y- A. R., «Quart. J. Math.», 1978, v. 29, .M 116, p. 489-504; [8] 

.f. ., ,..... p Gr i 11 et P.A., «Semig:roup Forum», 1974, v. 8, p. 177-83; 
,[\8T 'i'YH,[\aMeHTaJ!I,HOil wyH,a;aMeHTaJ!bHhle • II. BaJRHhl p. 254-65; p. 368-73; [9J Ha 11 T. E., «Pacif. J. Math.», 1971, 
He TOJihKO KaK OAHH H3 6oJiee o6o3pHMhlX TIIIIOB P. II., v. 39, p. 677-86; [10] er 0 )J{ e, «J. Algebra», 1973, v. 24, 
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p. 1-24; [11] Me a k 1 n J., Nam boor 1 pad K. S.S., 
«.l. Austral. Math. Soc.», 1980/1981, v. 30, p, 73-86; [12] War
n e R. J., B KH.: Algebraic theory of semigroups, Arnst., 1979, 
p. 685-720; [13] La 11 em en t G., «Semigroup Forum», 1972, 
v. 4, p. 95-123. JI. H. IlleBpun. 

PErY JUIPHAH PEIDETKA, c T p y K T y p a p e-
r y JI H pH a H,- YCJIOBHO IIOJIHaH pemeTKa (cTpyKTypa), 
B K-poii BhlIIOJIHHeTCH CJle):(YIOm;ee YCJIOBl'!e (Ha3. TaKme 
a K c li 0 M 0 ii p e r y JI H p H 0 c T H): }:\JIH JII06oii: rro
CJle}:\OBaTeJlbHOCTll {En} orpaH11qeHHhlX MHomeCTB, AJIH 
K-poH 

(o) (o) 
sup En--->- a, inf En--->- b, 

Haiiµ;yTCH KOHeqHhJe IIO}:\MHOmecTBa E~cE n c TeM me 

CBOiiCTBOM (~ 03HaqaeT CXO}:\llMOCTb no yrropHµ;oqaHllIO). 

TaK11e CTPYKTYPhl (B rrepByIO oqepeµ;b peryJ1HpHhle K
rrpocTpaHCTBa 11 6yJ1eBhl aJ1re6phl) qam;e Bcero BCTpeqa
IOTCH B IPYHKIJ,llOHaJlbHOM aHaJ1113e II Teop1111 Mepbr. OHll 
ecTeCTBeHHO B03HllKaIOT B 3aµ;aqe rrpoµ;oJ1meHllH roM0Mop-
1P113MOB 11 JlllHeiiHhlX rroJ1om11TeJ1bHhlX orrepau;11ii. B P. p. 
BhlIIOJIHHIOTCH cJ1eµ;y10m;11e µ;ea rrp11Hrr,11rra: a) rrp11Hu;11rr µ;11a-

. ( (o) (o) (o) ., 
roHaJlll eCJlll Xnm--->-Xn, Xn___,.X, TO Xnmn--->-X }:\JIH HeK-p011 

IIOCJle}:\OBaTeJlbHOCTll llH}:\eKCOB mn) II 6) rrpllHIJ,llII cqeT
HOCTll TllIIa (BCHKoe 6ecKOHeqHoe orpaH11qeHHoe MHomecTBO 
coµ;epm11T cqeTHyIO qaCTb c TeM11 me rpaHHM11). B cBoIO 
oqepeµ;b, a) II 6)BMeCTe 3KBllBaJleHTHhl aKCllOMe peryJ1Hp
HOCTll. IIp11Mephl P. p.: BCHKoe KB-rrpocTpaHCTBo 11, B 

qacTHOCTll, BCHKOe LP, 1 ~p < + 00 ; 6yJ1eBa aJ1re6pa 
mod 0 113Mep11Mh!X MHomeCTB rrpo113BOJlbHOro rrpocTpaHCT
Ba c KOHeqHoii cqeTHO aµ;µ;llTllBHOii Me po ii. )J;pyr11e 113-
BeCTHhle rrp11Mephl peryJ1HpHhlX 6yJ1eBh!X aJ1re6p OCHOBhl
BaIOTCH Ha 0Tp11u;aH1111 CycAuna 2unomeabi. 

Jlum.: [1] I\ a HT 0 p 0 B H q JI. B., By JI H x B. 3., II H H
e K e p A. r., <l>YHKijHOHaJlhHhIH aHaJIH3 B IIOJlyyrropll)'.(O'leHHblX 
rrpocTpaHCTBax, M.- JI., 1950. ;a. A. BAai'luMupoB. 

PErY JJHPHAH CXEMA - cxeMa (X, 6x), JIOKaJlb

HOe KOJlbIJ,0 6x.x JII06oii TOqKll x K-poii peryJ1HpHo. 
)J;JIH cxeM KOHeqHoro T11rra Hag aJ1re6pa11qecK11 3aMKHy
ThlM rroJleM k peryJ1HpHOCTb 3KB11BaJ1eHTHa TOMY, qTo rryqoK 

µ;111P1PepeHu;11aJ10B Q~/k J10KaJ1bHO cBo6o)J;eH. PeryJ1HpHhle 

JIOKaJlbHhle KOJlbIJ,a 1PaKTop11aJ1bHhl, II03TOMY JII06aH 3aM
KHyTaH rrp11BegeHHaH Herrp11Bog11MaH rroµ;cxeMa Kopa3-
MepHOCTll 1 Ha p. c. (X, 6x) JIOKaJlbHO 3aµ;aeTCH O}:\IIllM 
ypaBHeH11eM (cM. [2]). BamHoii 3agaqeJ,\: HBJIHeTcH rrocTpo
eH11e P. c. (X, 6x) c 3a)J;aHHbIM rroJ1eM K pau;110HaJ1bHbIX 
IPYHKIJ,llii:, CHa6meHHOH co6cTBeHHbIM Mop1P113MOM x-s Ha 
HeK-py10 6a311cHy10 cxeMy S. ::ha 3aµ;aqa pemeHa B cJly
'Iae, Korµ;a S - crreKTP rroJIH xapaKTep11cT11K11 0 (cM. 
[3]), a )J;JIH MaJlbIX pa3MepHocTeii cxeMhl 11 B cJly'Iae rrpocToii 
xapaKTep11cT11K11, a TaKme B cJ1yqae, Kor)J;a S - crreKTP 
µ;eµ;eKllHAOBoil: 06J1acm H dim XIS ~1 (cM. I 1]). 

Jlum.: [1] Ab h yank a r Sh.Sh., B KH.: Tp. MemnyHapon
Horo KOHrpecca MaTeMaTHKOB (MOCKBa - 1966), M.' 1968, c. 469-
481; [2] Ma M cjl 0 p )'.( ,U., JieKI.\HH 0 KfHBhIX Ha aJ1re6paH'leCKOtt 
IIOBepXHOCTH, rrep. c aHrJI., M.' 1968; [3 x H p 0 H a K a x., «Ma
TeMaTHKa», 1965, T. 9, No 6, c. 2-70; 1966, T. 10, No 1, c. 3-89; 
No 2, c. 3-58. C. I'. TanneeB. 

PErY JJHPHAH Cl>YHKIJ;JIH, rr p a B n JI h H a H 

IP y H K IJ, II H, B o6JiaCTll - IPYHKil,llH t (z) KOMIIJieKCHO
ro rrepeMeHHoro z, OAH03HaqHaH B 3TOH 06J1aCTli II llMeIO
m;aH B Kamµ;oii: ee ToqKe KOHeqHylO rrpo113BOAHYIO (cM. 
A1wAumu'lec1rnsi rfiynnq,usi). P. IP- B TOqKe a-3TO 
P. IP- B HeK-poil: OKpeCTHOCTll a. IO. ;a. MancuMoB. 

PErY JJHPHAH Cl>YHKD;JIH MHOiKECTBA - aµ;µ;n

TllBHaH IPYHKIJ,llH µ, orrpeµ;eJieHHaH Ha CHCTeMe MHomecTB 
TOIIOJior11'I. rrpocTpaHcTea, rroJIHaH Bap11au;11H K-poii /µI 
yµ;oBJieTBopHeT ycJioB1110 

Iµ I (E) =inf Iµ I (G) =sup Iµ I (FJ, c => E => F, 
rµ;e G - BHYTpeHHOCTb MIIomecTBa G, F - 3aMh!KaH11e 

MHomecTBa F (E, G, F - 113 06JiacT11 orrpeµ;eJ1eH11H µ). 
OrpaH11qeHHaH aµ;µ;uTllBHaH P. IP- M., orrpeµ;eJieHHaH Ha 
IIOJIYKOJlbIJ,e MHomecTB 6:uKOMIIaKTHoro TOIIOJIOrll'I. rrpo-

CTpaHCTBa, HBJIHeTCH C'IeTHO aµ;µ;11THBHOH IPYHKIJ,Heii (T e-

o p e Ma AJ1eKCaHJJ;poBa). 
CBOIIcTBO peryJ1HpHOCTll MOmHO OTHOCHTb II K Mepe 

KaK 'IaCTHOMY CJ1yqa10 IPYHKI~Hll MHO)f{eCTBa H roBOpllTb 
0 p e r y JI H p H 0 ii: M e p e, 3agaHHOM Ha TOIIOJIOrll'I. 
rrpocTpaHcTBe. II p:uMepoM peryJ1HpHoil: Mepbr RBJIHeTcH 

Jie6e2a Mepa. 
Jlum.: [1] ,U a H cjl o p n H., III Ba p u ,Um., JinHeilHhie orre

paTOphI, rrep. c aHr.rr., 'l. 1, M., 1962; [2] A JI e K c a H n p o BA. ,U., 
«MaTeM. c6.», 1941, T. 9, c. 563-628. A. II. Tepexuu. 

PErY JJHPHAH 3KCTPEMAJlh, H e o c o 6 e H H a H 
3 Kc T p e Ma JI b,- 3KCTpeMaJlb y (x), BO Bcex TOqKax 

K-pon BbmoJIHHeTcH ycJ10B:ue 

Fy•y• (x, y (x), y' (x))-/: 0, (1) 

rµ;e F(x, y, y') - IIO)J;HHTerpaJlbHaH IPYHKIJ,HH, BXO)J;HIIJ;aH 

B MHHHMH311pyeMhlll IPYHKIJ,llOHaJI 

J=\x'F(x, y, y')dx. 
,)x, 

KaK BCHKaH 3KCTpeMaJlb, p. 3. eCTb, no orrpeµ;eJ1eH1110, 

rJ1aµ;1we pemeII:ue BilMpa ypaenenusi 

d 
F y - dx FY' = 0. 

To'IKll 3KCTpeMaJl:u, B K-phlx BhlIIOJIHeHo ycJ10B11e ( 1), 
Ha3. p er y JI H pH hi M II T 0 q Ka M II. )J;oKa3aHo, 'ITO 
B Kamµ;on peryJ1HpHOll TO'IKe 3KCTpeMaJlb llMeeT Herrpe
ph!BIIYIO 2-10 rrpo:u3BOAHYIO y" (x). Ha P. 3. 2-H rrpo113BOA
IIaH y" (x) HerrpepbIBHa. )J;JIH P. 3. ypaBHeH11e 8frnepa 

F y-FY'x-FY'yY' -FY'Y'Y"=O 

MOmHo 3arr11caTb B B11µ;e, pa3perneHHOM OTHOCllTeJlbHO 

CTa prnen rrp0113BOAHOll 

y"=f(x, y, y'). 

CBoiicTBO peryJ1HpHOCTH (1) Herrocpeµ;cTBeHHo CBH3aHo 
c Heo6xoµ;11Mh!M JI e:HCanfJpa yc.rioeue.M (B yc11J1eHHoii IPopMe), 
corJlaCHO K-poMy BO Bcex TOqKax 3KCTpeMaJl:u AOJlmHO Bhl

IIOJIHHTbCH HepaBeHCTBO 

Fy•y• (x, y (x), y' (x)) < 0. 

PeryJ1HpHOCTb cym;ecTBeHHo 11crroJ1b3yeTcH rrp11 µ;oKa3a
TeJlbCTBe B03MOmHOCTll BKJIJOqeHllH 3KCTpeMaJl:u y (x) B 
0Kpyma10m;ee ee IIOJle 3KCTpeMaJleii. EcJlll XOTH 6h! B oµ;
Hoii TO'IKe ycJIOBlle (1) HapymaeTCH, TO 3KCTpeMaJlb He 
BCer11.a MomeT 6h!Tb BKJllO'IeHa B IIOJle. y CJIOBlle BKJIIO'IeHHH 
3KCTpeMaJl:u B IIOJle HBJIHeTCH O}:\HHM H3 }:\OCTaTO'IHhlX yc

JIOBllH 3KCTpeMyMa. 
IIp11Be11.eHHoe orrpeAeJ1eH11e P. 3. µ;aHo }J;JIH rrpocTe11:rneii: 

3a11.aq11 Bap11au;110HHoro 11cq11cJ1eH11H, B K-poii paccMaTp:u
BaeTcH IPYHKIJ,llOHaJI, 3aBllCHIIWH OT O}J;HOH HeH3BeCTHOH 
IPYHKIJ,1111. )J;JIH IPYHKIJ,llOHaJIOB, 3aBllCHIIJ;llX OT n He:U3BeCT

HhlX IPYHKIJ,:uii: 

J=\x'F(x,y1,····Yn,Y~, ... ,y~)dx, Jx, 
P. 3. Ha3. TaKaH 3KCTpeMaJlb, BO Bcex TO'!Kax K-poii orrpe

AeJI11TeJ1b n-ro rropHµ;Ka 

I Fy;yj l =!= 0. 
(2) 

)J;JIH 60J1ee 06m;11x 3aµ;aq Bap:uau;110HHoro HC'IllCJieIIHH 
Jia ycJIOBHbiii 3KCTpeMyM (cM. Bo.ribq,a aafJa'la) P. 3. on
peµ;eJ1HeTCH aHaJ1or:u'IHO: TOJlbKO BMecTO F B (2) cJ1eµ;yeT 
rroµ;cTaBHTb JI aepan:HCa rfiynr;q,u10 L. 

8KCTpeMaJlb, y K-poii: Ha HeK-pOM yqacTKe YCJIOBlle pe
ryJ1HpHOCTll ((1) llJlll (2)) HapymaeTCH BO Bcex TO'IKax, 
Ha3. 0 c 0 6 0 ii 3 K c T p e M a JI b IO, a yKa3aHIIhlll yqa
CTOK IIa3. y q a c T K 0 M 0 c 0 6 0 r 0 p e m H M a. 

)J;JIH oco6h!x pem11MOB Bh!Be)l;eHhl Heo6XO)l;11Mhle ycJIOBHH, 
)l;OIIOJIHHIOIIJ;IIe 1rnnecTIIhle KJ1acc11qecK:ue Heo6xoµ;11Mh!e 

ycJIOBHH 3KCTpeMyMa (cM. OnmuJia.rtbnoiu pe:HCUM oco6biil). 
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Jlum.: [1] B JI H cc r. A., JleR):IHH no BapHal\HOHHOMY HC•mc
JleHHJO, rrep. c aHrJI., M., 1950; [2] Jl a B p e HT he B M. A., 
JI JO c T e p H H R JI. A., Hype aapnar.1u0Hnoro ucqucJ1eum1, 2 
H3)'.I., M.- JI., 1950. H. B. Banasipcnuu. 

PErYJUIPHOE KOJIL~O B "o MM y Ta T 11 s Ho ii 
a JI r e 6 p e - HeTeposo KOJihu;o A, see JI0KaJI11aau;1111 
A~ K-poro peryJIHpHbl; 3Aec1, :p - npocToil: 11p;eaJI B A. 
I1 pn noM JJOKaJihHoe HeTeposo KOJihu;o A c MaKcnMaJibHhIM 
H):leaJioM m Haa. p e r y JI H p H bl M, ecmr m nopomga
eTCH n aJieMeHTa~m, rp;e n=dim A, T. e. ecJIH KacaTeJibHOe 
npocTpaHCTBO nt/nt2 (KaK BeKTOpHoe npocTpaHCTBO nap; 
TIOJieM BblqeTOB) HMeeT paaMepHOCTb, paBHYIO dim A. 9TO 
paBHOCHJihHO OTCYTCTBHIO oco6eHHOCTeii y cxeMbl Spec A. 
JloKaJibHOe p. K. A BCerp;a u;eJIOCTHO H HOpMaJibHO, a TaK
me iJ>aKTopnaJibHo (T e o p e M a A y c JI e H A e p a -
E y K c 6 a y ;o.1 a), rJiy611Ha ero paBHa dim A. Acco
u;1rnposaHHoe rpap;y11posaHirne KOJihu;o 

Gm (A) =EBi > o mi/mi +i 

1rnmwpiJ>Ho KOJihu;y MHoroqJieHOB k[X1, .. ., Xnl· Jio
KaJibHoe HeTepOBO KOJibD;O A peryJIHpHO Torp;a H TOJibI\'.O 
Torp;a, KOr):la peryJIHpHo ero nonoJIHeHHe A; soo6:m;e, ecJIH 
A CB - TIJIOCKoe pacnrnpeHHe JIOKaJibHblX KOJieu; H B 
peryJIHpHo, To n A peryJIHpHo. l~JIH noJIHblX JioKaJibHhIX 
p. K. HMeeT l\IeCTO c T p y K T y p H a H T e 0 p e M a 
II'. o s Ha: oHn HMeIOT BHA R[[X1, ... , XnlL rAe R -
TIOJie mm KOJibD;O IJ;HCKpeTHoro HOpMnpoBaHHH. Jlro6oii 
MOAYJib KOHeqHoro THTia Hap; JIOKaJibHblM p. K. 06Jia1weT 
KOHe~oii CB060AHOM peaoJibBeHTOM (cM. Tu.n,b6epma me
opeJ.La 0 CH3HrHHx); BepHo H o6paTHOe (cM. [2]). 

p. K. HBJIJIIOTCJI JII06oe IlOJie H JII06oe i:J;eAeKHHAOBO KOJib-
1w. EcJin A peryJIJipHo, To peryJIJipHo KOJihu;o ~rnoroqJie
HoB A [ Xf·, ••. , X nl H KOJibD;O iJ>opMaJibHblX cTeneHHblX 
PllAOB A [ Xi• •. ., X nil Hap; A. ECJIH a EA - Heo6pam
Mb1ii aJieMeHT JIOKaJibHoro P. K., TO AlaA peryJIJipHo Torp;a 
II TOJibKO TOrAa, KOrAa a$m2. 

Jlum.:[1] 3 a pH cc RH it 0., Ca M JO a JI h II., HoMMyTaTHB
Haf! aJ1re6pa, rrep. c a Hr JI., T. 2, M., i 963; [2] C e p p lR.- II., 
«MaTeMaTuRa», 1963, T. 7, No 5, c. 3-93; [3] Grothen di
e ck A., Dieudonne J. (red.), Elements de geometrie al
gebrique, chap. 4, P., 1964. B. H • .l{an11.lloB. 

PErY JIHPHOE KOJIL~O (n CMblcJie Heil:MaHa) -
accou;11anrnHoe KOJibu;o (06b1qHo c eAHHnu;eii), B K-poM 
ypaBHeHne axa=a paapenmMo AJIH JII06oro a. CJieAyIO:m;ne 
CBOilcTBa accou;naTHBHOro KOJibu;a R c eAHHnu;eii paBHO
CIIJibHbr: a) R ecTb P. K.; 6) KamAblii rJiaBHblM JieBhn1: HAe
aJI KOJihu;a R nopmKAaeTcJI nAeMnoTeHTOM; B) rJiaBHble 
JieBble np;eaJibl KOJihu;a R o6paayIOT nop;perneTKY B perneTKe 
BCex ero JieBblX Hp;eaJIOB' HBJIJIIOiu;yIOCJI p;ep;eKHHIJ;OBOM pe
rneTKOH c AOTIOJIHeHHJIMH; r) Kamp;blil: rJiaBHblH JieBblH 
11,n;eaJI KOJibu;a R HMeeT AOTIOJIHeHne B CTPYKType BCeX ero 
JieBblX n,n;eaJioB; A) see JieBble R-Mop;yJin TIJIOCKne; e) nMe
JOT MeCTO npaBble aHaJiorH CBOIICTB 6) - A) (cM. [3], [4], 
[5], [8], [10]). Bsnp;y A) p. K. HHOrp;a Ha3. a 6 c 0 JI IO TH 0 
TI JI 0 c K H M H. KoMMYTaTHBHOe KOJibD;O peryJIJipHo 
TOrAa H TOJibKO TOrp;a, KOrAa HH'heKTHBHbl Bee npOCTble 
MOAYJIH Hap; HHM (CM. [5]). Jiro6oii KOHeqHo nopomp;eHHblM 
JieBhiii (npaBblil:) np;eaJI p. K. OKa3bIBaeTCH rJiaBHblM H, 
CJie/:(OBaTeJibHo, BblAeJIHeTCJI npHMblM cJiaraeMblM. BcJI-
1rnii HeAeJinTeJib HYJIJI B P. K. o6paTnM. Pap;nKaJI ,I(me
Ko6coaa p. K. paBeH HYJIIO. 11'.oJibLI;O MaTpHu; Hap; p. K. OKa-
3hIBaeTCJI p. K. J\Jiacc p. K. 3aMKHYT OTHOCHTeJibHO nepe
XOAa K npJIMblM nponaBeAeHHHM H iJ>aKTOpKOJibu;aM. llAeaJI 
P. K. JIBJIHeTcJI P. K. (B03M01RHO, 6ea eAHHHD;bI). EcJ1n 
P. K. HeTepOBO HJIH COBeprneHHO (cJieBa HJIH cnpaBa), 
TO OHO OKa3blBaeTCH KJiaccnqecKH TIOJiynpocTblM KOJibD;OM. 
BcJIKoe KJiaccnqecKn noJiynpocToe KOJihu;o peryJIJipHo. 
EoJiee Toro, peryJIJipHblM oKa3blBaeTcH KOJibD;O aHAOMop
iJ>naMoB BeKTOpHoro npocTpaHCTBa HaA TeJioM (Aame 6ec
KoHeqHOMepHoro), a TaKme ¢aKTOpKOJibD;O KOJibu;a 3Hp;O
MopiJ>n3MOB HH'heKTHBHOro JieBoro (npaBoro) MOAYJIJI HaA 
JJI06blM KOJihLI;OM no ero pa):lnKaJiy ,I(meKo6coHa (cM. [3]). 
B qacTHOCTH, BCJIKoe caMOHH'heKTHBHoe CJiesa (cnpasa) 
KOJibIJ,O c HYJI6BblM pa):IHKaJioM l~»WKo6coHa peryJIJipHo, 

fpynnosoe KOJihu;o rpymm G Hap; P. K. peryJIJipHo Torp;a H 
TOJibKO TOrp;a, Rorp;a mo6aH KoueqHo nopomp;enHaJI nop;
rpynna B G KoHeqHa n rropJip;OR Kamp;oii na Tami:x 
nop;rpynn o6paTHM B HCXOIJ;HOM P. K. (cM. [3]). ll'.oJibu;a 
aHp;oMopiJ>H3MOB scex cso6op;HblX JieBblX R-Mop;yJ1eii pe
ryJIHpHbl B TOM H TOJibKO B TOM CJiyqae, Korp;a R KJiaCCH
'IeCKH noJiynpocTo [ 6]. CqeTHO nopomp;eHHble op;HOCTopoH
HHe np;eaJlbl p. K. npoeKTHBHbl [ 8]. 

EcJin R eCTh P. K., TO KOHeqHo nopomp;eHHhre TIOAMOAY
JIH J1esoro R-Mop;yJIJI Rn n-MepHblX CTpOK Hap; R o6paay
IOT p;ep;eKHH/J;OBY perneTKY L c ,!l;OTIOJIHeHHHMH, HBJIJIIO:m;y
IOCJI nop;perneTKoii pemeTKH scex nop;Mop;yJ1eii Mop;yJIJI Rn. 
PerneTKa L cop;epiKHT o A H o p o p; H bl ii: 6 a a n c 
al' •• ., an> TO eCTb 3TH 3JieMeHTbl He3aBHCHMbl (CM. //, e
ae1mn8oea pememna), HX cyMMa paBHa HaH60Jib1IleMy 3Jie
MeHTY H3 L (a HMeHHO, Rn) H JII06ble a; H a i TI e pc TI e K
T n B H bl, qTo oaHaqaeT cy:m;ecTBoBaHne AJIJI HHX o6:m;ero 
p;onoJIHeHHJI. Hao6opoT, BCHKaH p;ep;emrnp;osa perneTKa c 
AOTIOJJH0HHJIMH, 06J1ap;aro:m;aJI op;Hopop;HblM 6a3HCOM, co
p;epma:m;nM He MeHee 'leTblpex aJieMeHToB, H30MopiJ>Ha pe
rneTKe L AJIJI no,n;xop;JI:m;ero P. K. R. PerneTKa L naoMopiJ>
Ha perneTKe rJlaBHblX JieBblX np;eaJioB KOJihu;a scex (nX n)
MaTpnu; Hap; R (cM. [4], [10]). 

BaJirnbil1: qacTHblii cJ1yqail: P. K.- c T p o r o p e r y
JI JI p H o e K o JI h u; o, B K-poM, no onpep;eJ1eHHIO, paa
pernnMo ypasneHne a2x=a. PaBHOCHJibHbl caep;yro:m;ne 
csoiicTBa P. K. R: a) R crporo peryJIHpHo; 6) R He cop;ep
mnT HeHyJleBblX HHJlbTIOTeHTHblX 3JleMeHTOB; B) Bee np;eM
TIOTeHTbI KOJibu;a R u;eHTpaJibHbl; r) Kamp;blil: JleBbIM (HJIH 
Kamp;hrii: npasblii:) np;eaJI KOJlhu;a R HBJIHeTCH p;sycTopoH
HnM; A) perneTRa rJlaBHbIX JleBblX (npaBbIX) Hp;eaJIOB KOJib
u;a R p;HCTpn6yTHBHa; e) MYJlhTHTIJIHKaTHBHaJI noayrpynna 
KOJibu;a R JIBJIJieTCJI HHBepCHOM noJ1yrpynnoii (cM. [7], 
[8]). 

,I(pyroii: TIOAKJiacc KJiacca P. K. o6paayroT u-p er y JI Hp
H bl e Ko JI h u; a, rp;e, no onpep;eJieHHIO, ypaBHeHne 
ax a=a HMeeT B KaqecTBe perneHHJI o6paTHMbIM ;rneMeHT. 
B KJiacce P. K. u-peryJIHpHble KOJlhu;a xapaKTepuayIOTCH 
TpaH3HTHBHOCTbIO nepcneKTHBHOCTH B pemeTKe KOHequo 
nopomp;eHHblX nop;Mop;yJ1eil: cyMMbl p;syx aKaeMTIJIJipoB oc
HOBHoro KOJibu;a, a TaKme B03M01RHOCTbIO COKpa:m;aTb 
npJIMyIO cyMMy Ha KOHeqHo nopomp;elIHblH npoeKTHBHblll 
llIOAYJlb (cM. (4), (8]). 

p. K. Ha3. H e TI p e p bl B H bl M c JI e B a' eCJIH He
npe pbIBHa perneTKa ero rJ1aBHhIX JieBblX 11p;eaJ10B. He
npepbIBHOe p. K. u-peryJIJipHO H paaJiaraeTCH B npllMYIO 
cyMMy cTporo P. K. H caMoHH'heKTHBHoro KOJihu;a. Ha 
P. K. MomeT 6blTb onpep;eJieHa ncesp;opaHr-iJ>yHKD;HH, HB
JIHio:m;aHcJI aHaJioroM Mepbl Ha 6yJiesoii: aJire6pe. 0Ha 
onpep;eJIHeT ncesp;oMeTpHKy. IlonoJIHeHne P. K. no aToli 
MeTpHKe OKa3blBaeTCJI caMOHH'heKTHBHblM p. K. (cM. [8]). 

P. K. JIBJIJIIOTCH qacTHblM cJ1yqaeM ;n;-p er y JI JI pH bl x 
K o JI e u;, B K-pbIX, no onpep;eJ1eHHIO, AJIH Kamp;oro aJie
MeHTa a uafrp;yTcJI aJieMeHT x n HaTypaJlhHoe qncJio n 
TaKHe, qTo anxan= an. 

h'.aK ABYCTOpOHHHII aaaJIOf p. K. MOlRHO paccMaTpnBaTb 
6 n p e r y JI JI p H bl e K o Jl.h u; a, B K-phIX, no onpe
p;eJ1eHHIO, Kamp;blil: rJiaBHblil: p;sycTopoHHHII Hp;eaJI nopom
p;aeTcJI u;empaJibHblM HIJ;eMnoTeHTOM. h'.amp;blil: p;sycTo
poHHHM Hp;eaJr 6nperyJIJipHoro KOJihu;a JIBJIJieTcH nepece
qeHneM ero MaKcnMaJibHhIX .n;sycTopoHHHX np;eaJioB. BcJI
Koe 6nperyJIJipHoe KOJibD;O c ep;nHnu;eii H3oMopiJ>no KOJlbD;Y 
fJ106aJ1bHblX ceqeanii: c 6HKOMnaKTHblMH HOCHTeJIJIMH nyq
Ka npoCTblX KOJleu; c eAHHHu;eii: Hap; 6nKoMnaKTHblM BTIOJl
He HeCBH3HblM xaycp;opiJ>oBbIM TOTIOJIOfHq. npoCTpaHCTBOM, 
II BCHKOe TaKoe KOJlbLI;O fJ106aJ1bHblX ceqeHHM 6nperyJ1JipHO 
(cM. [2]). B KOMMyTaTnBHoM cJiyqae KJiaccbl 6nperyJIHp
Hhlx' CTporo p. K. H p. K. COBnap;aIOT' H npOCTbie I\'.OJihIJ,a 
B TIOCJiep;Heii TCOpeMe 3aMeHHIOTCJI TIOJIHMH. 

EJIH3KH K p K. 6 3 p 0 B c K He K 0 JI b u; a, onpe
p;eJIJieMble TeM ycJIOBHeM, 'ITO Kamp;blil: JleBblii (nJIH, 'ITO 
npn Hamr<mH e/l,UHHl\bl paBHOCHJibHO, KalR/l,blll npaBblll) 
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aIIIIYJUITOp rropomp;aeTCH H/);eMIIOTeHTOM, IlpnMepaMH fo
pOBCRl!X KOJieIJ, CJiyi!\aT Kom,n;o 3II/l,O~ropqrn3~!0B BeKTOp
IIOro rrpOCTpaHCTBa Hap; TeJIOM Ii! KOJihlJ,O orpaIIHqeHHblX 
orrepaTopoB rHJih6epTOBa rrpocTpaHCTBa. EapoBCK00 KOJihll,O 
Haa. a 6 e JI e B bl M, eCJIH Bee ero H/l,eMrroTeIITh! n;eHTpaJih
IIbl, Ii! K 0 II e q II bl M (n 0 ,II, e A e K H HA y), eCJIH xy=1 
BJieqeT aa co6o.ii: yx= 1. llp;eMiroTeHT e 6apoBCJWro KOJiblW 
R IIaa. a 6 e JI e Bbl ~1 (Ko He q rr bl M), ecm1 KOJihll,O 
eRe a6eJieBo (KoIIeqrro no ,IJ,ep:eKHHAy). Paam1qa10TcH cJie
AYI01IJ,He THilbl 6apOBCKHX KOJien;: lfin - KOHeqHh!e KOJib
n;a, co/l,epma1Il,He a6eJieB Hp;eMrroTeHT, He rrpnHa,!IJiema1Il,Hil: 
IIHKaKoMy co6cTBeIIHoMy rrpHMoMy cJiaraeMoMy; Iinf -
6ec1wrreqrrble no ,Il,e/l,eKHHAY (T. e. :ae c0Jlep11m1IJ,He HeHy
JieBblX KOIIeqHblX n;eIITpaJibHblX n/l,eMilOTeHTOB) KOJibIJ,a, 
co,11ep:ma1IJ,He a6eJieB Hp;eMrrOTeHT, IIe npHIIap;Jie:ma1Il,Hil: HH
KaKoMy co6CTBeHIIOMY rrpHMOMY CJiaraeMoMy; Ilfin (HJIH 
Il1) - KOHeqIIble ITO ,Il,eµ;eKHIIAY KOJibIJ,a 6ea HeIIyJieBblX 
a6eJieBblX H/l,eMrrOTeIITOB, coµ;epma1Il,He HOIIeqHblll H/);eM
IlOTeHT' He rrp1IIIa,11Jie:ma1Il,HH IIHHaHoMy co6CTB0HIIOMY 
rrpHMoMy cJiaraeMoMy; Ilinf - 6ecRoHeqIIble rro ,IJ,eµ;eKHH
AY KOJihIJ,a c ycJIOBHeM, yKaaaIIIIblM B Ilfini III - KOJibIJ,a 
6ea HeHyJieBblX 1wrreqHhIX H,[leMrroTeIITOB. Ra:m/);oe 6apoB
cKoe KOJibIJ,O e/);HHCTBeHHiilM crroco6oM pairnaraeTCH B 
rrpHMYIO cyMMY KOJien; rrepe'l'.HCJI0IIHblX THITOB (cM. [9]). 

p. K. 6blJIH BBe/);eIIhI ,[IJIJI'. HOOp,111IHaTH3aIJ,HH IIerrpepb!B
IIblX remreTpHil, OHperyJIHpHble - B CBH3H c HCCJie,[IOBa
HHeM lfiyIIHIJ,HOIIaJibHblX rrpe,!ICTaBJieIIHH KOJien;, 6apOBCKHe 
(H pHKKaTOBbl) - rrpH HCCJiell;OBaHHH KOJieIJ, orrepaTopoB. 

PaccMaTpHBaJIHCh rreaccon;11aTHB1Ih!e P. K. CM. TaK:me 
:i.-pezy,;r,sipnoe 1£0.l!bl.fO, pun1i.apmoBo KO.l!bl.fO. 

JI.um.: [1] By p 5 a RH H., HOMMYTaTll'.BHaJI aJ1reopa, rrep. c 
cjJpaH11., M., 1971; L2l ,[!;a y H c ,[!; m., rocjJMaH H., «MaTeMaTH-
11a», 1968, T. 12, No i., c. 3-24; [3] JI a M (j e R IL, I\OJ1b11a H MO)IYJIH, 
rrep. c aHrJI., M., 1971; [4] c R 0 pH JI R 0 B JI. A., ,[l;e)leKHH)IOBbl 
CT[lYKTYPbI c /IOIIOJIHeHHJIMH H peryJIJIPttble R0Jlb11a, M.' 1961; 
[5] <I> e ii c H., AJ1reopa: ROJlhl!a, MOllYJIH n RaTeropnn, rrep. c 
aHrJI., •r. 1-2, M., 1977-79; l6J u y Ke p Ma H r. M., «CHO. 
MaTeM. H{.», 1966, T. 7, Ne fi, c. 1161-67; [7) Ill a it H B. M., 
«H3B, BY30B. MaTeMaT11Ka», 1966, No 2, c. 111-22; [8) G 0 0 de
a r 1 K. R., Von Neumann regular rings, L.- [a. o.], 1979; [9) 
Kap 1 ans k yl !., Rings of operators, N. Y.- Arnst., 1968; 
[10] Neumann J., Continuous geometry, Princeton, 1960. 

JI.. A. CnopllJllWB. 
*-PErY JUIPHOE ROJib~O - peryJIHpHoe ROJihn;o, 

µ;onycHaI01IJ,ee HHBOJIIOD;HOHHbl.ii: aHTHaBTOMopq,naM a~a* 
TaKoii, qTo aa* = 0 BJieqeT aa co6oli a= O. IIµ;eMrroTeHT e 
H3 *-P.R. Haa. rr po e Rn; n e ii:, ecm1 e*=e. Ka:m,11blII Jie
BblR (rrpaablii) Hp;eaJI *-P. K. rropomlJ;aeTCH op;Ho3HaqHo 
orrpe,11eJieHHOi'l rrpoeHn,neii. Il@TOMY MOiRHO roBOplITb 0 
peIIIeTKe rrpoeKD;HII *-P. R. ECJIII aTa pemeTKa IIOJIHa, 
TO OHa HBJIH0TCH rrerrpepblBHOH reoMeTplie.ii:. ,IJ,eµ;eKHH,[IOBa 
peIIIeTRa c /);OIIOJIH0HIIHMH, o6JialJ;aI01IJ,aH O/);HOPOAHblM 6a-
3HCOM a1, .. ., a,,, r/);e n)>4 (cM. Pezy,;r,sipnoe 1i.O/!bl.fO), HB
JIHeTcH pemeTHOil c opTO,[IOIIOJIHeHHHMII Torµ;a H TOJibKO 
Torµ;a, Ror,11a oHa H30Moplf>Ha pemeTRe IIpoeRn;Hli HeR-poro 
*-P. K. 

JI.um.: [1) c K 0 pH JI R 0 B JI. A., ,[l;e)le!lHH/IOBhl CTPYllTYPhl c 
11onoJ1neHHHMH n peryJIHpHhle ROJ1b11a, M., 1961; [2] B e r b e r i
n an S. K., Baer *-rings, B.- [a. o.l, 1972; [3] Kap\ ans
ky I., Rings of operators, N. Y.- Arnst., 1968. 

JI.. A. Cnop!iJtr<o8. 
PErY JUIPHOE IlPE,!J;CTABJIEHIIE - 1) p. II. (JI e

B o e) a JI r e 6 p bl A - JIHHeliHoe rrpep;cTaBJieHHe L 
aJire6pb1 A B BeKTopHoM rrpocTpaa:eTBe E=A, orrpe/);eJIHe
Moe lfiopMyJioii L (a)b=ab /l,JIH Bcex a, b EA; arraJiornqHo, 
if>opMyJia R (a)b= ba, a, b EA, orrpep;eJIHeT (aHTH)-rrpeA
CTaBJieHHe aJire6pb1 A B rrpocTpaHeTBe E=A, Ha3. (rrpa
BblM) P. II. A. EcJIH A - TorroJiornq. aJire6pa (c yMHo
:meHHeM, HerrpepblBHbIM ITO COBOKYIIHOCTH IIepeMeHHbIX)' 
TO L H R - HerrpepblBHble IIpep;cTaBJieHnH. EcJIII A -
aJire6pa e ep;IIHnn;eil: IIJIH rroJiyrrpocTaH aJire6pa, To Bee 
ee P. rr.- Toqrrble. 

2) P. II. (rr pa B o e) r p y rr rr bl G - JIIIHeHHoe rrpeµ;
CTaBJieHIIe R rpyrrrrbr G B rrpocTpaHcTBe E KOMIIJieKcHo
aHaqIIhlX lfiyHHn,H11: Ha G, orrpep;eJieHHoe if>opMyJioii 

(R (g) /) (g1) =f (gig), g, g1EG, f EE, 

' upnqe~r IIpocTpaHcTBO E paap;eJiaeT TO'IRH rpyrrm>I G H 
o6Jiap;aeT Tr'r cBof1cTR°'r. 'ITO lfiyHKI\ITH g1-+f(g1g), gi EG, 
npnIIap;nemnT rrpocTpaHCTBY E ,D;JIH ncex f EE, g E G. AIIa
nor1IqIIo, lfiop~ryJia 

(L (g) f) (g1) =t (g-1 g1), g, g1EG, fEE, 

oupep;emrnT (JieBoe) P. rr. rpyurrbl G a rrpocTpaHCTBe E, 
ecJin lfiyHKIJ,HH g1-+/(g- 1g1), g1EG, rrpHHa,[IJie»mT E 
,[IJIH Bcex gEG, fEE. EcJIH G - TOIIoJiorHq, rpyrrrra, TO B 
KaqecTBe IIpocTpaHCTBa E qacTo paceMaTpHBaIOTCH IIpo
cTpaHCTBa rrerrpepblBHblX lfiyHKIJ,H.ii: Ha G. Ecm1 G - JIO
KaJihHO KOMIIaKTIIaH rpyrrrra, TO (IIpaBblM) p. II. rpyIIIIhl 
G Haa. (rrpaBoe) P. u. rpyrrIIbl G B rrpocTpaIIcTBe £ 2 (G), 
rroeTpoeHHoM rro rrpaBOHHBapuarrTHO.ii: Mepe Xaapa IIa G; 
p. II. JIOHaJihHO KOMIIaKTIIOH rpyrrubl HBJIHeTeH ee Herrpe
pbIBIIblM yIIHTapw.rM upep;eTaBJieHHeM, rrpH'leM JieBoe H 
IIpaBoe p. II. YIIHTaprro 3KBHBaJieIITHbl. A. H. mmep!i 

PErY JIHPHOE IIPOCTOE qlfCJIO - IIpocToe HeqeT
a:oe queJio p, ,D;JIH K-poro q11cJio KJiaeeoa Hp;eaJioB KpyroBoro 
IIOJIH R (e 2mfp) IIe p;eJIHTCH Ha p. Bee ocTaJihIIble rrpo
CThle rreqeTIIhle q11cJia Haa. H p p e r y JI H p H hi M II 
(cM. Jfppezy,;r,sipnoe npocmoe ituc,;r,o). 0. A. HBa!ioBa. 

PErY JIHPHOE IIPOCTPAHCTBO - ronoJioruqee1we 
IIpOCTpaHCTBO, B K-poM /l,JIH Ha:m,11oii TOq}(II x H Ka:m/);oro 
He eO/);epma1Il,ero ee aaMKIIyToro MHO)l{eeTaa A IIaii:AYTCH 
HerrepeceKaI01IJ,1IecH 11mo:meeTBa U H V TaHIIe, qTo x EU 
H A EV. PeryJIHpHblMII HBJIHIOTCH Bee Bno,;r,ne pezy,;r,sipnb1e 
npocmpancm1Ja n, B qacTIIOeTH, BCe :i.tempuitecrme npo
cmpancmBa. 

EeJin B p. n. Bee O/);HOToqeqIIble ITO,IJ;MHOJKecTBa 3aM
KHYTbl (a aTo BblIIOJIIIHeTeH IIe Beer,11a I), TO oHo Haa. 
Ta-up 0 c T pa He TB 0 III. He BCHKOe P. n. BIIOJIHe 
peryJIHpHo: cy1Il,eCTByeT 6eeKoHeqHoe T 3 -upoeTparrcTao, 
Ha R-poM HaiR/);aH HerrpepblBHaH µ;eliCTBHTeJibHaH «l!YHKD;HH 
IIOCTOHHHa TeM 6oJiee, He Ka:mµ;oe p. II. HBJIHeTCH Hop
MaJibHblM rrpocTpaHcTBOM. Op;HaHo ecJIH rrpocTpaHCTBO 
peryJIHpHo H 113 Ra:mp;oro ero OTKpblTOro rroKphlTHH MOiRHO 
Bbl/l,0JIHTb C'l0THOe IIO/l,IIOHpblTHe, TO OHO HOpMaJibHO. Ilpo
eTpaHCTBO co cqeTHOH 6aaoli MeTpHayeMo B TOM Ii! TOJihKO 
B TOM eJiyqae' ecJin OHO HBJIHeTeH T s-npocTpaHCTBOM. 
PeryJIHpHOCTh HacJiep;yeTcH JII06h1MH rrpocTparrCTBaMH 11 
MY JibTHIIJIHHaTHBHa. 

JI.um.: [1) I\ e JI JI II'. ,[!; m., 051f(aH TOilOJIOrHH, nep. c aHrJT., 
2 H3)1,' M., 1981; [2) A p x a H r e JI b c K II'. it A B., II 0 H 0 M a
p e B B. II., OcttOBbl OOiflell TOITOJIOrHH B aa11a•mx H yrrpamHeHHRX, 
M., 1974. A. B. Apxalize.acnuu. 

PErY JIHPHOE COBbITIIE - MHomecTBo cJioB RoHeq
rroro aJilfiaBHTa, R-poe Ha aJire6paHq, H3bIHe Mo:meT 6blT1' 
aap;aHo c HCIIOJib30BaHHeM Bhlpa:meHnli crren;11aJibHoro BII
Aa - p e r y JI H pH bl x B bl p a m e II H ii:. IIyCTb A -
HOHeqHblll aJilfiaBHT H u' o, * - CHMBOJihl OIIepan;IIH, 
Ha3. 0 6 'b e A Ii! H e H II e M, R 0 H K a T e H a n; H e H Ii! 

Ii! T e p a n; Ii! e H COOTB0TeTB0HHO. p e r y JI H p H hi e 
B bl p a iR e H H H B aJilfiaBHTe A aap;a!OTCH IIHAYKTHBHO: 
1) Ha:mp;aH 6yRBa H3 aJilfiaBHTa A ecTb peryJIHpHoe Bhl
pameHHe, 2) ecJIH R 1, R 2 II R - peryJIHpHble Bhlpa:meHHH, 
TO (R1LJR 2), (R1oR 2) II R* cyThTaK:me peryJIHpHhle Bbl
pameHHH . .H3b1K peryJIHpHbIX BbipameHHH IIHTeprrpeTHpy
eTCH CJiep;yI01IJ,HM o6pa30M. 

n ycTb A* - MHo:mecTBO Bcex cJioB B aJilfiaBHTe A , 
~h=A *, m:2=A 11<. CHMBOJI JI106oli 6yKBbl Ha A rroHH
MaeTcH HaK MIIOiReCTBO, eoeTOH1IJ,00 H3 O/l,HOH 6yHBbI, a 
1!1:1u1!1:2 - KaK o6blqHoe TeopeTHKO-MHo:meeTBeHHOe o6'he
,[IHHeHHe. MHOiR0CTBO m:10~2 coeTOHT H3 BCeX eJIOB, 
R-pble rrpep;eTaBHMbl B BH/l,e a1a 2, rp;e a 1 E m:1, a 2 E m:2, 
rrpHqeM eeJIH 1!1:1 H 1!1:2 co/);epmaT rrycToe cJioBo A, TO 
Aa2=a2, a 1A=a1, AA=A. IlycTb &=A* II /l,JIH JII0-
6oro n)>2 HMeeT MeeTo 06oaHaqea:1Ie ?l(n= ~{o ••• om: 
(npa3). Tor/);a ?lf*eoBIIap;aeT c WU~f2U~PU ... , T.e. 
ecJIH a El!{*, To cy1Il,ecTByeT m)>1 TaKoe, qTo a rrpep;cTa
BHMo B BII/l,e CX1 CZ2 •.. t:Zm, rµ;e a;E& /);JIH JI106oro i= 
= 1, ... , m. TaKnM o6pa3oM, MHo:mecTBo eJioB KoHe'IIIoro 
ampaBIITa .liBJIJl'.eTC.li p e r y JI .Ii p H bl }i c 0 6 bl T II e M 
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Torp;a H TOJibRO Torp;a, Rorp;a OHO MomeT 6b1Tb IIOJiy'leHo 
H3 op;Ho6yRaeHHblX MHomecTa c IIOMOJD;bIO IIpHMeHeHHH 
ROHe'lHOfO 'lHCJia OIIepan.nil o6~ep;HHeHHH, ROHRaTeHaIJ,HH 
H HTepa11,HH. p. c. MOfYT 6b1Tb 3ap;aHbl H c IIOMOJD;bIO p;py
f!IX oIIepa11,Hn, coxpaHHJOID;HX peryJIHpHoCTh (HaIIp., IIe
pece'leHHe, AOIIOJIHeHHe H T. II.), a TaRme IIYTeM aap;aHHH 
MHomecTaa CJIOa, ablaOp;HMbIX a «PopMaJibHbIX CHCTeMaX 
THIIa CHCTeM IIoJiy-Tya (cM. Tya cucme.Ma), rpaMMaTIIR II 
T. A· 

IloHHTHe «P. C.)) ao3HHRJIO IIpH HCCJiep;oaaHHII IIOaep;e
IIHH aemo.Mama 1wne'lnozo, paccMaTpHaaeMoro a Ra'lecTae 
aRIJ,eIITOpa. Op;Holl H3 OCHOaHbIX AJIH ROIIe'lHbJX aaToMaToa 
HaJIHeTCH TeopeMa: co6hJTHe IIpep;cTaaHMO a ROHe'lHOM 
aaToMaTe TQrp;a H TOJibRO Torp;a, Rorp;a OIIO peryJIHpHo. 
B caH3JI c 3THM a TeopHH aaToMaToa paccMaTpHaaroT p;ae 
aap;a'IH: 3 a A a 'I y a H a JI H 3 a - IIO p;aHHoMy aaTo
.\taTy, IIpep;cTaaJIHIOID;eMy HeR-poe co6bJTHe, IIOCTpOHTb pe
ryJIHpHoe ab1pameHHe, aap;arom;ee 3TO co6blTHe; H 3 a A a
q y c H H T e a a - HMeH HeR-poe peryJIHpHoe ablpame
HHe, IIOCTpOHTb aaToMaT, IIpep;cTaaJIHIOID;HH COOTaeTCTayro-
1IIee co6b1THe. 

MHomecTao acex IIOAMHomecTa CJIOa a ROHe'lHOM aJI«Pa
aHTe A (co6blTHll) aMeCTe c aaep;eHHbJMII Ha 3TOM MHome
CTBe oIIepaIJ,HHMH o6paayroT IIeR-pyro a JI r e 6 p y c o-
6 bl T H n; aamHeHIIIHMH cpep;JI TaRHX aJire6p HaJIHJOTCH 
aJire6pb1 P. c. c OIIepa11,HHMH, IIo3aoJIHJOID;HMH ace P. c. 
IIOJiy'lHTb H3 op;Ho6yRaeHHblX MHomecTa. HaH6oJibIIIHIT 
JIHTepec IIpep;cTaaJIHeT aoIIpoc 0 ROHe'lHO-aRCHOMaTH3Hpye
MOCTH aJire6p p. c., TO eCTb aoIIpoc 0 CY1IIeCTaoaaHHH a Ta
RHX aJire6pax ROHe'IHblX IIOJIHbIX CHCTeM TOmp;ecTB. B ca
MOH 061IIeH IIOCTaHoaRe OTaeT Ha 3TOT aoIIpoc OTpHIJ,aTeJieH, 
XOTH cym;ecTayroT aamHhie IIOp;aJire6pb1 aJire6p p. c., a 
R-pbIX ROHe'IHaH IIOJIHaH CHCTeMa TOmp;eCTa cym;ecTayeT. 

CM. TaRme A emo.Mam, A emo.Mamoe cnoco6bl aa&anua, 
Cunmeaa aa&a'lu. 

Jlum.: [1] Ky A p II Bue B B. B., A JI em II'. H c. B., 11 0 A
K o JI a II'. H A. C., 3JieMeHThl TeopHH aBTOMaTDB, M., 1978; [2] 
ca JI 0 Ma a A., «IIpooJieMbl Kll'.OepHeTll'.KH», 1966, B. 17, c. 237-
246; [3] fl H 0 BIO. IL. TaM me, 1964, B. 12, c. 253-58; 1966, B. 17, 
c. 255-58; [4] Y m q y M JI II'. q III., «JJ:OKJI. AH CCCP», 1979, 
T. 247, Ni 3, c. 561-65. B. A. ByeBWl. 

PErY JUIPHOCTII IIPH3HAKH A JI H M e T o A o a 
c y M M H p 0 a a H H H - ycJioaHH peryJIHpHOCTH cy.M.MU
poeanua .Memo&a. 

,ll.JIH .Mampu11nozo .Memo&a cy.M.Mupoeanua, oIIpep;eJieH
Horo IIpeo6pa3oaaHHeM IIocJiep;oaaTeJihHOCTH a IIOCJiep;oaa
TeJibHOCTh IIOCpep;cTaOM MaTpHIJ,bl llankl!, n, k= 1, 2, 
ycJioaHH: 

1) ~:= 1 lankl.;;;;M, 
) 

I 2) lim ank=O, 
~ (1) n-+ oo 

3) lim ~00 ank=1, I 
n -+ oo k= 1 ) 

HaJIHJOTCH Heo6xop;HMblMH H AOCTaTO'IHblMH AJIH peryJIHp
HOCTH MeTop;a cyMMHpoaaHHH. ,ll.JIH MaTpH'IHOfO MeTop;a 
cyMMHpoaaHHH, oIIpep;eJieHHoro IIpeo6paaoaaHHeM pHp;a a 
IIOCJiep;oaaTeJibHOCTb IIOCpep;cTaOM MaTpHIJ,bl Jlgnkll, n, 
k= 1, 2, .. ., Heo6xop;HMblMH H AOCTaTO'lHblMH ycJio
aHHMH peryJIHpHOCTH HaJIHJOTCH: 

1) ~;= 1 1gn,k-gn,k-ll.;;;;M, 1 
2) hm gnk=1. J 

n-+ oo 

(2) 

YcJioaHH (1) IIepaoHa'laJibHO 6blJIH ycTaHoaJieHbl 0. TeII
JIHIJ,eM [ 1] AJIH TpeyrOJibHbIX MeTop;oa CYMMHpoaaHJIH, a 
3aTeM X. IlhenHxay3oM (2] pacIIpocTpaHeHhI Jia IIpo
H3aOJibHble MaTpII'IHble MeTOAbl CYMMHpoaaHHH. B caH-
3H c 3THM MaTpH11,y, yp;oaJieTaopHrom:yro ycJioaHHM (1), 
Ha3. Ma T p II n. e n T e n JI n n. a, HJIII T-M a T pH
n. e ii:. 

,ll.JIH no.ttynenpepb!BllblX .Memo&oe cy:MMupoeanua, OIIpe
p;eJieHHhIX IIpeo6pa3oaaHHeM IIOCJiep;oaaTeJibHOCTH a «PYHR-
11,HJO IIOCpep;cTaOM IIOJiyHeIIpephIBHOii MaTpHIJ,bi llak ((I) )JI 
HJIH IIpeo6pa3oaaHHeM pHp;a a «PYHRI~HJO IIOCpep;cTaOM IIOJiy
HeIIpepblaHOH MaTpHil,hl Jlgk (w)JJ, p. JI. IIOp;o6Hbl COOTaeT
CTaeHHO ycJioaHHM (1) H (2). 

PeryJIHpHblrr MaTpH'IHblH MeTOA cyMMHpoaaHHH HaJIH
eTCH a II 0 JI H e p e r y JI H p H bl M, eCJIJI ace 3JieMeHTbl 
MaTpHIJ,bl IIpeo6pa3oaaHHH HeOTpH11,aTeJihHbl. 8To ycJioaHe 
a o6m:eM CJiy'lae He HaJIHeTCH Heo6xop;HMblM AJIH IIOJIHOIT 
peryJIHpHOCTH. 

Jlum.: [1] T oep Ii t z 0., «Prace mat.-fizyczne», 1911, v. 22, 
p. 113-19; [2] Steinhaus H., TaM me, p. 121-34; [3] X a p
A II'. r., PaCXOAIIllill'.eCII PIIAhl, nep. c aHrJI., M., 1951; [4] Ky KP., 
BecKoHe'lHhJe MaTPHuhI II'. npocTpaHCTBa nocJ1egoBaTeJihHOCTef1, 
nep. c aHrJI .• M., 1960. H. H. BOJl'l'WB. 

PErYJIHPHblE METO)J;bl CYMMHPOBAHHH, II e p
M a H e HT H bl e M e T 0 A bl c y M M H p 0 a a H H H,
MeTOAhl cyMMHpoaaHHH pHp;oa (IIocJiep;oaaTeJihHOCTeii), 
cyMMHPYI01IIHe Ramp;hIH CXOAHil(HHCH PHA (IIOCJiep;oaaTeJib
HOCTb) R TOH me cyMMe, R R-pon 3TOT PHA (IIOCJiep;oaa
TeJibHOCTb) CXOAHTCH. P. M. c. HaJJHJOTCH qacTHhIM cJiy
qaeM R 0 H c e p a a T H a H bl x M e T 0 .n; 0 a c y M M H
p 0 a a H H H - MeTop;oa, R-phie Ramp;blH CXOAHil(HITCH PHA 
(IIOCJiep;oaaTeJibHOCTb) cyMMHpyIOT R ROHe'lHOH cyMMe, 
XOTH 6b1Tb MomeT H OTJIH'IHOH OT TOH, R R-poil OH CXOAHTCH. 
EcJIH P. M. c. oIIpep;eJieH IIpeo6pa3oaaHHeM IIOCJiep;oaa
TeJibHOCTH {sn} a IIOCJiep;oaaTeJibHOCTb {an} IIOcpep;cTaOM 
6ecROHe'lHOll MaTpHil,bl llankll= 

(cM. M ampu1111,&1e :MemoiJ&i cy.M.Mupoeanua), TO IIpeo6pa3o
aaHHe (*) H MaTpHIJ,Y 3Toro IIpeo6paaoaaHHH llankll Ha3. 
p e r y JI H p H bl M H. 

HaH6oJiee pacIIpOCTpaHeHHble MeTOAbl cyMMHpoaaHHH, 
RaR IIpaaHJIO, peryJIHpHbl. HaIIp., peryJIHpHbIMH HaJIH
JOTCH T/eaapo Memo& cy.M.Mupoeanua (C, k) IIpH k>O, 
I'e.ttb&epa .Memo&bl cy.M.Mupoean=, A 6e.tta .Memo& cy,l1 . .Mu
poeanua H AP· CyllieCTBYJOT HeperyJIHpHble MeTOAhI cyM
MHpoaaHHH. HaIIp., MeTOA cyMMHpoaaHHH qe3apo (C, k) 
IIpH k <O, Pu.Mana Memo& cy.M.Mupoeanua He HaJIHJOTCH pe
ryJIHpHblMH. 

MeTop; cyMMHpoaaHHH Haa. a II o JI H e p e r y JI H p
H bl M M e T 0 A 0 M c y M M H p 0 a a H H H, eCJIH OH 
peryJIHpeH H Ramp;bl:il: PHA (IIocJiep;oaaTeJihHOCTb) c p;eii
CTaHTeJihHhIMH 'lJieHaMH, CXOAHJIIHIICH R + 00 (HJIH - CXl), 
CyMMHpyeTCH 3THM MeTOAOM TaRme R + 00 (cooTaeTCTaeHHO 
-00). p. M. c., OIIpep;eJieHHblll IIOJIOmHTeJibHOll MaTpH-
11,eil, HaJIHeTCH aIIOJIHe peryJIHpHmM (cM. TaRme Pezy.ttap
nocmu npuana1m). 

Jlum.: [1] x a p A II'. r .. PaCXOAIIJuHeCII PIIAhl, nep. c a Hr JI .• 
M., 1951; [2] K y K P., BecKoHe'lHhJe MaT.pHuhI H npocTpaHCTBa noc
negoBaTeJlhHOCTell, nep. c aHrn., M., 1960; [3] Ka Hr po r. <J>., 
B co.: liTOrll'. HayKll'. II'. TeXHll'.Kll'.. MaTeMaTH'leCKll'.H aHaJill'.3, 'r. 12, 
M .• 1974, c. 5 -70; [4] B a p 0 H c.. BBeAeHll'.e B Teopmo CYMMll
pyeMOCTll'. PIIAOB, TaJ1J1HH, 1977. H. H. BoJ1r.oB. 

PErY JIHPHblll ABTOMOPll>H3M - aaTOMop«PnaM 
cp rpyIIIIhl G TaRorr, 'ITO gcp4=g HH p;JIH lrnRoro Heep;HHII'l
Horo aJieMeHTa g rpyIIIIbl G (T. e. o6pa3bl acex Heep;HHH'l
HbIX 3JieMeHTOa rpyIIIIbl IIPH p. a. AOJimHbl 6b1Tb OTJIH'lHbl 
OT caoHx IIpoo6pa3oa). EcJIH cp - P. a. ROHe'lHOH rpyIIIIbl 
G, TO AJIH Ramp;oro IIpocToro p, p;eJIHil(ero IIopHp;oR rpyII
rrl,1, OH OCTaaJIHeT HHaapHaHTHOH (T. e. OTo6pamaeT a 
ce6H) ep;HHCTaeHHYJO CHJioacRyJO p-rrop;rpyrrrry s p Il 

JIJ06aH HHaapHaHTHaH OTHOCHTeJibHO cp p-rrop;rpyIIIIa rpyrr
IIbl G cop;epmHTCH a SP" KoHe'lHaH rpyIIIIa, p;oIIycRarom:aH 
P.a. rrpocTOro rropHp;Ra, HHJihIIOTeHTHa [2], op;HaRo cy
JIIeCTBYJOT pa3peIIIHMbJe HeHHJibIIOTeHTHble rpyIIIIhl, IWIIY
CRaJ01IIHe p. a. COCTaaHoro IIOPHAirn. 

Jlum.: [1] Goren stein D., Finite groups, N. Y., 1968; 
[2] Thompson J. G., «Proc. Nae. Res. Acad. Sci.», 1959, 
V. 45, p. 578-81. H. H. BUJIMMC. 

PErY JIHPHhHI H.IJ;EAJI - To me, '!To H Mo&y.ttapnb!u 
u&ea.tt. 
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PErY JUIPHbllI TOP - a,;r,ze6pau'lec1mii mop B CBH3-

Hon aJ1re6paH'l. rpy1me G, cop;epmaIIJ,Hii:cH JIH!Ilh B KoHe'l
HOM 'IHCJle 6opeJ1eBCKHX rrop;rpymr. MaKCHMaJlbHhie ropbr 
B G acerp;a peryJ1HpHhl. B o6IIJ,eM cJ1yqae rop ScG HBJIH
ercH peryJ1HpHhlM rorp;a H TOJlhKO rorp;a, Korp;a ero 11,eH
rpaJ1H3arop Ca (S) - pa3pemHMaH rpyrrna. B reopHH 
aJ1re6paH'l. rpyrrrr aamHyro pOJlh Hrparor op;HoMepHbre 
P. T. s H COOTBeTCTBYIOIIl,He HM Op;HorrapaMeTpH'I. IIOA
rpyIIIIhl /., : Gm-+S (r. H. per y JI H pH hie rr a pa
M e T phi). Top, He HBJIHIOIIl,HHCH peryJ1HpHhlM, Ha3. c H H
r y JI H p H bl M. ,Il.JIH pep;yKTHBHoii: rpyrrrrhl G MomHo 
garb KpHrepHii cHHryJ1HpHocrH ropa ScG B repMHHax 
cHcreMhl KopHeii:. A HMeHHo, ecJIH T - MaKCHMaJlbHblH 
rop a G, cop;epmamHn S, H Cl> (T, G) - cooraercrayroIIJ,aH 
CHCTeMa KOpHeH, TO s CHHryJ1HpeH B TOM .H TOJlbKO B TOM 
cJ1y'lae, ecJIH ScKer a AJIH HeK-poro aECI> (T, G). 

l:IHorp;a IIOA p. T. B G IIOHHMaIOT TOP s' cop;epmaIIJ,HH 
p e r y JI H p H hi ii 3 JI e M e H r (3JleMeHT s ES pery
JIHpeH, ecJIH pa3MepHOCTh 11,eHrpaJ1H3aropa Ca (s) B G MH
HHMaJlbHa), H Ha3bIBaror II 0 JI y per y JI H pH hi M rop, 
HBJIHIOIIl,HHCH peryJ1HpHb!M B CMhlCJle rrepBOHa'laJlbHOro 
orrpep;eJleHHH (CM., Harrp., [1]). ,Il.JIH pep;yKTHBHb!X rpyrrrr 
o6a 3TII orrpep;eJleHIIH 3KBHBaJleHTHhl. 

JI.um.: [1] Bop e JI b A., J11rnellttb!e aJlreopan•rncmrn rpynnb1, 
nep. c aHrJI., M., 1972; [2] X a M cjJ pH A at., JlHHeilHbJe aJ1reopaH
qec1me rpynnbI, nep. c aHrJI., M., 1980. B. n. ll.!!amonoe. 

PErY JlHPHbllI ;:)JJEMEHT II 0 JI y r p y II II hi -
3JleMeHT a raKoH, 'ITO a= axa AJIH HeK-poro 3JleMeHra x 
p;aHHOH IIOJlyrpyIIIIbl; eCJIH rrpH 3TOM ax=xa, TO a Ha3. 
BIIOJIHe peryJ1HpHhlM. Ecm1 a-P.3. noJ1y
rpyrrrrbI s' TO rJlaBHhlH rrpaBhlH (JleBbIH) Hp;eaJI B s' IIO
pomp;eHHhlll a, rropomp;aercH HeK-phlM Hp;eMrroreHToM; 
o6paTHO, Kamp;oe H3 3THX ABYX CIIMMerpH'IHhlX CBOHCTB 
BJle'leT peryJ1HpHOCTh a. EcJ111 aba=a H bab= b, ro 3Jle
MeHThl a H b Ha3. H H B e p c H hi M H p;pyr K p;pyry 
(a TaKiKe 0 6 0 6 Ill, e H H 0 0 6 p a T H bl M H, p e r y
JI H p H 0 c 0 II p H iK e H H bl M H). BcHKHH p. 3. HMeer 
HHBepcHblll K HeMy 3JleMeHT, B006IIJ,e roaopH, He o6H3a
TeJlhHO ep;HHCTBeHHb!H (cp. lfneepcnaa no,;r,yzpynna.) II0J1y
rpyrrrrhl, B K-phlX BCHKHe /];Ba 3JleMeHra HHBepcHhl p;pyr 
K p;pyry,- 3TO B TO'IHOCTH IIpHMoyroJlbHbie IIOJlyrpyrrrrbl 
(cM. JI ae.Mnomenmoe no,;r,yzpynna). BcHKHH BIIOJIHe P. 3. 
a HMeer HHBepCHhlH K HeMy 3JleMeHT' rrepecraHOBO'IHblll 
c a. 8J1eMeHT BIIOJIHe peryJ1HpeH rorp;a H TOJlhKO rorp;a, 
Korp;a OH rpyrrrroaoii:, r. e. rrpHHap;J1eiKHT HeK-poii: rrop;
rpyrrrre rroJ1yrpyrrrrhl (cp. K,;r,urfirfiopaoea no,;r,yzpynna). 
0 peryJ1HpHhlX .Sl>-KJlaccax CM. I'puna omnomenua ar;eu
ea,;r,enmnocmu. 

JI.um.: [1] K JI H cjJ cjJ o p n A., II p e c T o H r., AJ1reopanqec1rna 
TeopHH noJ1yrpynn, nep. cattrJI., T. 1, M., 1972; [2] JI HnHH E. c., 
IloJ1yrpynnb1, M., 1960. JI.. H. Illeepw1,, 

PErY JJHTOP rr o JI H K a JI r e 6 p a H q e c K H x 
q H c e JI - 'IHCJIO RK, K-poe, ITO orrpep;eJleHHIO, paBHO 1, 
ecm1 K ecrh rroJle Q HJIH MHHMoe KBap;parH'IHoe pacmHpe-

v 
HHe ITOJIH Q, a B OCTaJlbHhlX CJly'laHX paBHO v r+ 1 ' n1,e 

r - paHr rpynrrhl E ep;HHHII, ITOJIH K (cM. A.1tze6pau'lecr;oe 
'luc,;r,o, A.1tze6pau'lecr;aa meopua 'luce,;r,), a v-r-MepHbIH 
o6~eM ocHOBHoro napaJ1J1eJ1errHrrep;a r-MepHon pemerKH B 
IR.r + 1, HBJIHIOIIl,eii:cH o6pa3oM rpynnhl E rrpH ee JI o r a
p H qi M H q e c K 0 M H 3 0 6 pa iK e H H H l B 1R_r+1. 
II pH 3TOM roMoMopljJH3M l onpep;eJ1HeTCH cJ1ep;yIOIIJ,HM o6pa-
30M. IlyCTb CJ1, ••. , Us - ace BeIIJ,eCTBeHHhle, a Us+r. ..• , 
Us+t - KOMITJleKCHbie nonapHo HecorrpHiKeHHbie H30Mop
ljJH3Mhl K B C; s+2t=dimQ K (cM. Jf.upux,;r,e meope.Ma o 
ep;HH1111,ax). Torp;a r+1=s+t, a roMoMopljJH3M l: E-+1Rr+1 
onpep;eJ1HeTCH ljiopMyJ1oii 

rp;e 
l(a)=(l1 (a), ... , ls+t(a)), 

. { In\ a; (a) \ rrpn 
l· (a)-
' - ln \a; (a) \2 rrp11 

1~i,.;;;;o, 

s+1,.;;;;i,.;;;;s+t. 

06paaoM roMOMOpcpH3Ma l HBJIHeTCH r-MepHaH pemerKa B 
~,r+l 

1R_r+1, JlemamaH B IIJIOCKOCTH ~i~O x;=O (x;-KaHoHn:q. 
KOopp;n:HaTb!). 

Ep;n:HHIJ,bI e1, ••. , en AJIH K-pbIX l(e1), •.. , l(er) 
HBJIHeTCH 6aaHCOM pe!IleTKH l (E), Ha3. 0 c H 0 B H bl M H 

e A H H H II, a M n: IIOJIH K H 

RK=\ det (l; (ej));, j=I, .. ., r \. 
MMeIOTCH H p;pyrn:e ljiopMyJlhl, CBH3h1BaIOII1,He p. c p;pyrH
MH HHBapHaHraMH ITOJIH K (cM., Hanp.' Jf.ucr;pu.~£Ulllll!,m, 3)). 

EcJ1n: BMecro E paccMarpHBaTb rrepece'leHHe 3roii: rpyn
IIbI c KaKHM-JIH6o IIOPHAKOM 6 IIOJIH K' TO aHaJlorH'IHO 
MoiKHO orrpep;eJJHTh peryJIHTop R 6 nopHp;Ka 6. 

JI.um.: [1] B 0 p e B H q 3. IL, III a cjJ a p e B H q II. P., Teo
PHH 'IHCeJJ, 2 Han., M., 1972; [2] JI e Hr C., AJ1reopaH<Iec1me 'IHCJla, 
rrep. c aHrJI., M., 1966. B. JI.. llonoe. 

PE,lJ.YKTllBHAH rPYIIIIA - JIHHeliHaH aJ1re6paH'l. 
rpynna G, yp;oaJ1eraopHIOII1,aH o;e;HoMy Ha cJ1ep;yroIIJ,n:x 
3KBHBaJleHTHhlX YCJIOBHH: 1) pap;n:KaJI CBH3HOH KOMTIOHeH
Tbl ep;HHHil,hl G0 rpynnhl G ecrh a,;r,ze6pau'lecr;uii mop, 
2) yHHnoreHTHhlH pap;n:KaJI rpynrrhl G0 rpHBHaJleH, 3) rpyn
na G0 pa3JlaraercH B npoHaaep;eHn:e 3aMKHYThlX HopMaJlb
HhlX rrop;rpynn s H T' HBJIHIOIIJ,HXCH COOTBeTCTBeHHO no
,;r,ynpocmoii a,;r,ze6pau'lecr;oii zpynnoii H aJ1re6paH'l. ropoM. 
IIpn: 3TOM S - KoMMyraHr rpynnhl G0, a T coanap;aer c 
pap;HKaJIOM rpynnhl G0' a TaKiKe co CBH3HOH KOMTIOHeHTOH 
ep;HHHil,hl ee 11,eHrpa; s n T KOHe'IHO, JII06aH IlOJlyrrpocraH, 
a raKme J1ro6aH yHHnoreHTHaH nop;rpyrrna rpynrrhl G0 

cop;epiKHTCH B s. 
JlHHeii:HaH aJ1re6paH'l. rpyrrrra G Haa. JI H H e ii: H o 

p e A y K T H B H 0 ii, ecJIH BhlIIOJIHeHo JII06oe H3 CJlep;yro
IIJ,HX p;ayx 3KBHBaJleHTHbIX ycJ1oan:ii:: a) Kamp;oe pa11,Ho
HaJ1bHoe JIHHeii:Hoe npep;craaJleHHe rpyrrrrbl G BTIOJIHe npn:
BOAHMo, 6) AJIH Kamp;oro pa11,n:oHaJ1hHoro Jln:Heii:Horo npep;
craaJ1eHn:H p : G-+GL ( W) n: J1ro6oro p (G)-HHBapHaHT
Horo aeKropa wE ~{O} cyIIJ,ecrayer raKaH p (G)
HHBapn:aHTHaH JIHHeii:HaH ljiyHKil,HH f Ha w, 'ITO f (w)+O. 
BcHKaH JIHHeii:Ho P. r. HBJIHercH P. r. E CJIH xa paKrepH
CTHKa OCHOBHoro ITOJIH K paaHa 0, TO BepHo n: o6paTHOe. 
B CJlyqae char K >O 3TO He TaK - BCHKaH CBH3HaH JIH
HeHHO P. r. HBJIHercH aJ1re6paH'l. ropoM. Op;HaKo 11 B 
o6IIJ,eM cJ1yqae P. r. Moryr 6hlrh oxa paKrepH30BaHhl B rep
MHHax reopn:n: rrpep;craaJleHHii. JlHHeii:HaH aJ1re6paH'l. rpyrr.~ 
rra G Haa. r e 0 M e T p H q e c K H p e A y K T n: B H 0 n: 
(llJIH II 0 JI y p e A y KT n: B H 0 ii:), eCJIH AJIH Kamp;oro pa-
11,HOHaJlbHOro JIHHeii:Horo npep;craaJ1eHHH p: G-+GL (W) 
H JII06oro p(G)-HHBapn:aHTHOro BeKropa wE ~{O} cy
mecrayer raKaH p (G)-HHBapHaHrHaH IlOJIHHOMllaJlbHaH 
ljiyHKil,HH f Ha w, 'ITO f (w)+O. JlHHeilHaH aJ1re6paH'l. 
rpynrra rorp;a H TOJlhKO rorp;a HBJIHercH P. r., Korp;a oHa 
reoMerpn:qecKH pep;yKTHBHa (cM. Ma.Mrfiop&a zunomeaa). 

,l].JIH P. r. cnpaaep;JIHBa o6o6IIJ,eHHaH I'u.1tb6epma meope
.Ma 06 HHBapHaHrax. BepHo H o6parHoe: ecJIH G - JIHHeii
HaH aJ1re6paH'l. rpyrrrra Hap; aJ1re6paH'leCKH 3aMKHYThlM 
noJ1eM K H npH J1ro60M ee J10KaJ1bHO KoHe'IHOMepHoM pa-
11,n:oHaJlhHOM npep;craaJleHn:H aaroMopljin:3MaMH rrpoHa
BOJlhHOH KOHe'IHO rropomp;eHHoii acco11,HaTHBHO-KOMMyra
THBHOH K-aJ1re6phl A c ep;HHHil,eH aJ1re6pa n:HBapHaHTOB 
A a KOHe'IHO nopomp;eHa, ro G ecrh P. r. (cM. [4)). 

Hamp;aH KOHe'IHaH JIHHeliHaH rpynna HBJIHercH P. r., 
a ecJIH ee rropHAOK He p;eJ1n:rcH Ha char K, ro n: JIIIHeiiHo 
P. r. CaH3Hhle P. r. p;onycKaror crpyKrypHyro reop11ro, 
BO MHOroM aHaJlorH'lHYIO crpyKrypHOH reopn:n: pep;yKTllB
HbIX aJ1re6p Jln: (cn:creMa KopHeii:, rpyrrna BeifJIH n: r. rr., 
cM. [2)). 8ra reopn:H pacnpocrpaHHeTCH 11 Ha rpyrrnbl 011p;a 
Gk, rp;e G - CBH3HaH P. r., onpep;eJ1eHHaH Hap; HeK-pb!M 
IIOAIIOJleM kcK, a Gk- rpyrrna ee k-pa11,110HaJ1bHbIX TO
'leK (cM. [3]). Ilp11 3TOM pOJlb 6opeJ1eBCKHX rrop;rpynrr, 
~IaKCllMaJlbHblX ropoB, rpynrr BeHJIH Hrparor COOTBer
CTBeHHO MHHllMaJlbHbI-e orrpep;eJleHHble Hap; k napa6oJIH1J. 
nop;rpynIIbl, MaKCIIMaJlbHhle pa3JI01RllMbie Hap; k TOpbI, 
OTHOCHTeJlhHbie rpynrrbl BeiIJIH (CM. Beu,;r,51, zpynna). Jlro-
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6bie iJ;Be MHHnMaJJbHbie oupe,11eJJeHHble HaA k uapa60JIHq. 
IIOArpyIIIIbl rpyIIIIbI G COIIpHmeHhl HaA k, T. e. IIpH IIO
MOIIJ;H aJieMeHTa rpyIIIIhl Gk; To me aepHo II ,11.1rn mo6hlx p;ayx 
MaKCIIMaJibHb!X k-pa3JiomnMb!X TopoB rpyIIIIbI G. 

EcJin G - CBHBHBH P. r., onpep;eJJeHHBH nap; noJieM 
k, TO G - pa3JIOmHMaH rpyIIIIa Hap; HeK-pblM ceIIapa6eJib
Hb!M pacnmpeHHeM KOHeqHoii CTeIIeHH IIOJIH k; eCJIII, 
KpoMe Toro, rroJJe k 6ecKoHeqHo, To Gk IIJIOTHB B G B 
Clllb!CJie TOIIOJJonm 3a p11cKoro. EcJIII G - P. r. n H -
ee 3BMKHyra11 IIOArpyIIIIB, TO .il>aKTOpIIpocTpBHCTBO GI H 
a«P.il>11HHO Torp;a H TOJJbKO Torp;a, Korp;a H - P. r. JlnHeii
HaH aJire6paIIq. rpyIIIIa HBA IIOJieM xapaKTep11CTHKH 0 pe
AYKTHBHB TOrAa II TOJlbKO TOrAa, KOrAa ee aJire6pa JI11 
HBJIHeTcH Jlu pe&ynmuenou a.1Lze6pou llJIH KorAa oHa HB
JIHeTcH ROMIIJieKcH.il>IIRa~neii HeK-pOM ROMIIaKTHOll rpyII
IIhl Jln (cM. K0Mn.1Ler;curfiunal{UH epynn&i Jlu). 

Jlum.: [1] C n l! 11 Hr e p T., Teopm1 HHBa1maHTOB, rrep. c 
aurn., M., 1981; [2J XaMljJPH )];»<., JIHneliI!hle ame6paH'IeCime 
rpyIIIIbl, rrep. c aHrJI., M., 1980; [3] B 0 p e JI b A., T l'I Tc JR., 
«MaTeMaTHR3», 1967' T. 11, No 1, c. l,3-111; No 2, c. 3-31; [t,] 
II o rr o BB. JI., «)];ORJI. AH CCCP», 1979, T. 21,9, No 3, c. 551-55. 

B. JI. IIonoB. 
PE,!J;YKTIIBHOE IIPOCTPAHCTBO - TaRoe OAHO-

pop;Hoe IIpocTpBHCTBO GI H CBH3Ho11 rpyIIIIbI Jln G, qTo 
B aJire6pe Jln g rpyIIIIhI G cym;ecTByeT Ad9 (H)-HHBa-

p11aHTH09 IIOAIIPOCTpllHCTBO, AOIIOJIHHTeJibHOe K 110ABJire6-
pe f)cg, HBJIHrom;eiicH aJire6poii Jln rpyIIIIhI H. Bhl
IIOJIHeH11e JII06oro II3 CJleAYIOID;lfX ycJIOBllH AOCTBToqHo 
AJIH Toro, qTo6hl op;Hopo,[\Hoe IIpocTpaHCTBO GI H 6b!JIO 
P. II : 1) JIHHeii:HaH rpyIIIIa Ad<J (H) BIIOJIHe IIpllBOAllMa, 
2) Ha g cym;ecTByeT Ad9 (H)-11HaapnaHTHBH 6IIJI11Heii:Ha11 

.il>opMa, cymeHne K-poii Ha fJ HeBb1pomAeHo. B qacTHOCTH, 
BCHKOe OAHOPOAHOe pHMaHOBO IIpOCTpBHCTBO HBJIHeTCH 
P. II. EcJIH M=GIH - P. II. H rpyIIIIa G p;eii:cTayeT a«P
.il>eKTHBHo Ha M, TO JIIIHeHHoe IIpeACTaaJieHne H3oTpOIIHll 
rpyIIIIbl H B RacaTeJihHOM IIpocTpaHCTBe M 0 K MHoroo6pa-
3HIO M B TOqKe o=eH EM ToqHo. C KBmAhlM Ad 9 (H)-
HHBBpHBHTHhlM IIOJJ;IIpOCTpaHCTBOM mcg, AOIIOJIHHTeJib
Hb!M K fJ, CBH3BHbl p;ae BamHble G-HHBapHaHTHble a«P.il>nH
Hbre CBH3HOCTH Ha M: K a H 0 H H q e c R a H c B H 3-
H OCT b H ecTeCTBeHHaH CBH3HOCTb 6e3 
K p y q e H n 11. KaHoHnq. CBH3HOCTb Ha P. II. M=GIH 
c .il>nKcnpoBBHHb!M Ad9 (H)-HHBapnaHTHhlM pa3JiomeHHeM 

q=f)+m - eAHHCTBeIIHBH G-nHaapnaHTHaH a«P.il>nIIHBH 
CBH3HOCTb Ha M, 06Jia,11arom;aH TeM CBOHCTBOM, qTo AJIH 
JII06oro aeKTopa x Em H Jllo6oro peIIepa u B TOqKe 0 

KpnBaH (exp tX)u B rJiaBHOM paccJioeHHH peIIepoB HaA 
M ropH30HTBJibHa. KaHoHHq. CBH3HOCTb IIOJIHa n MIIome
CTBO ee reoAe3HqecKHX, IIpOXOAHID;HX 'Iepe3 TOqKy o, COB
IIBAaeT c MHomeCTBOM RpHBb!X BHAB (exp tX) o, rAe x Em. 
IlocJie ecTeCTBeHHoro OTOmAeCTBJieHHH IIpOCTpaHCTB m 
H M 0 TeH30p KpHBH3Hbl R H TeH30p KpyqeHHH T KBHOHHq. 
CBH3HOCTH oIIpeAeJIHIOTCII .il>opMyJiaMn (R (X, Y) Z) 0 = 
=-[[X, Y]~, Z] 11 T(X, Y) 0=-[X, Y]m, rAe X, Y, 
z Em, a 'Iepe3 wfi II wlll o6o3JiaqeJihI IIpOeKU,HII BeKTOpa 

WE g IIa f) n m 'cooTBeTCTBeIIIIo. TeII3opIIhle IIOJIH R H 

T IIapaJIJieJibllhl OTIIOCllTBJlblIO KBIIOIIII'I. CBH3IIOCTll TBK 
me, KaK H JII06oe Apyroe G-IIIIBap11aJITIIOe TBII30pIIoe IIOJie 
Jia M. AJire6pa JI11 JillIIBHIIOH rpyIIIIhI roJI01IoM1111 (CM. 
I'O.ILOHOJ.!UU epynna) KBIIOJillq. CBH3IIOCTII Ila M c OIIOp
IIOM ToqKoil: o IIOpOmAaBTCH MIIomeCTBOM {A. ([X, Yh ) 

IX, YE m }, rAe 'A - JIHHeiiIIoe IIPBACTBBJieIIIIe 1130Tpo
IIH11 aJire6ph! JlII fJ B IIpOCTpBIICTBe Mo· BCHKOe CBH3JIOe 
OAIIOCBH3IIOe MHoroo6pa3IIe, CJia6meIIIIOe IIOJIJIOii a«P.il>nII
JIOll CBH3IIOCTbIO c ua paJIJI0JlbllhlMH IIOJIHMll KpHBll31Ihl H 

KpyqeHllH, MomeT 6b!Tb IIPBACTBBJIBIIO B BH,110 P. Il., KBHO
IIH'I. CBH3HOCTb K-poro COBIIaABBT c 3aAaJIJIOII a«1>«1>111IJIOII 
CBH3IIOCTbIO. Ha P. u. M =GI H c «PnKcnpoaaJIIIhlM 
Adg (H)-HIIBap11aIITJih!M pa3JIOmeHlleM n=IJ+m cy-
m;ecTByeT ep;HIICTBeIIIIBH G-111Iaap11a1ITIIBH a$qrnHHBH CBH3-
HOCTh c HYJI0Bb!M RpyqeHlleM, llMerom;aJI Te me reop;e311'IB-

CKllB, qTo II KaHoHnq. CBH3HOCTb. 8Ta CBH31IOCTb Ha3. e c
T e CT BB H HO i CBH8HOCTbIO 6ea Kpyq~ 

H Il H Ha M (oTHOCHTBJlbHO paaJiomemrn n=fJ+m). 
Op;HopOAHoe pHMaHOBO HJIH rrceBAOPH~IaHoBo IIpocrpaHCT
BO M=GIH HB3. ecTeCTBBHIIO PBAYRTHB
H bl M, ecJIIl OHO AOIIycKaeT TaKoe Ado (H)-llIIBapnaHT-

HOe paaJiomeH11e g=f}+m, qTo 

B(X, [Z, YJm)+B([Z, XJm, Y)=O (*) 

p;JIH acex X, Y, Z Em, rAe B - HeBb1pomAeHHaH ce:M
MeTpnqecKaH 6HJIHHeii:HaH .il>opMa Ha m, HHAYU,llpOBaHHBH 
p11MaHoaoii (IIceBAOpHMaHoaoil:) CTpyKTypoft Ha M rrpH ec
TecTBeHHOM OTOmABCTBJIBHHH rrpocTpaHCTB m H Mo· EcJIH 
M =GI H - ecTeCTBeHHo peAyRTHBHoe pnMaHoBo HJIH IICeB
AOp11MaH0Bo IIpoCTpaHCTBO c $nKc11po~aHHb!M Ad9 (H)

HHBapnaHTHb!M pa3JiomeHlleM g=f)+m, YAOBJIBTBO
pHIOID;llM ycJIOBllIO (*), TO ecTeCTBBHHaH CBH3HOCTb 6e3 
KpyqeHllH COBIIaAaBT c COOTBBTCTByrom;eft pnMaHOBOM HJIH 
IICeBAOPHMaHoaoft cBH3HOCTbIO Ha M. EcJIH M - OAHO
CBHBHoe BCTBCTBBHHO peAYKTHBHOe OAHOpOAHOe p11MaHOBO 
rrpocTpaHcTBo H M = M 0 X M 1 X .•. X Mr - ero paaJiome
H11e AB PaMa, To M MomeT 6b!Th IIPBACTaaJieHo B BHAe 
M=G/H, IIpnqeM G=G0XG1X •.• XG,, H=HoXH1X 
X ... X H, n M;=G,/ H; (i=O, 1, 2, ... , r). 

BamHblM 0606m;eHHe~1 p. II. HBJIHIOTCH v-peAYKTHBHble 
OAHOpOAHble IIpocTpaHCTBa [ 4). 0AHOPOAHOe IIpOCTpaHCTBO 
G/ H Haa. v-p e A y KT H B H bl M, ecJIH ero cTau,noHap
HaH IIOAaJire6pa fJ AOIIYCKaeT paaJiomeHHe B IIpH

MYIO cyMMy rrop;IIpocTpaHCTB l)= f)I + lh+ ... -i:_ fJv, rAe 

fJv =I= {O }, IIp11qeM B fJ cym;ecTByeT TBKOe AOIIOJIHllTeJib

Hoe K fJ IIOAIIPOCTpaHCTBO m, qTo [[];, m)cfJ;-1' i= 
=1, 2, ... , v, rAe lJo=m. Ilp11 3TOM 1-peAYKTHBHble 
OAIIOPOAHble IIpOCTpaHCTBa - 3TO B TOqHOCTH p. II.; 
rrpHMepaMH 2-pep;yKTHBHb!X O,[IHopop;HhlX IIpocrpaHCTB HB
JIHIOTCH IIpOeKTllBHOe H KOH$opMHoe IIpOCTpaHCTBa, Ha 
K-phlX p;eii:CTBYIOT rpyIIIIB IIpoeKTHBHhlX IIpeo6paaoaaHHH 
H rpyrma KOH$opMHb!X rrpeo6paaoBBHHH COOTBeTCTBeHHO. 
Ecnn M=G/ H ecTb v-peAYRTllBHoe OAHOPOAHOe rrpo
CTpBHCTBO H v >1, TO JIHHeilHoe IIpeACTaBJieHHe 1130Tp01IllH 
aJire6pb! JI11 h He HBJIHeTCH TOqHb!M (TBR KBH [I);, m]clJ 
npH i >1) H, CJieAOBBTeJibHO, Ha .M He cym;ecTByeT G
HHBBpllBHTHOH a.il>.il>HHHOM CBH3HOCTH. 0AHBKO Ha v-pe
AYKTHBHOM OAHOpO,[IHOM IIpOCTpBHCTBe cym;ecTByeT KBHO
HHqecHBH G-mmapHaHTHBH CBH3HOCTb, CJIOeM K-poii HBJIH
eTCJI OAHOpop;Hoe IIpOCTpBHCTBO HeK-poii TpaH3HTHBHO
AH$$epeHU,HBJibHOM rpyIIIIbl IIOPHAKa v (CM. [ 4]). 

Hap11p;y c P. II. paccMaTp11aaroTcH TaKme q a c T n 'I H o 
p e A y KT H B H bl e II p 0 c T p a H c TB a, T. e. 
TBKHe OAHOpOAHble IIpocTpBHCTBa G /JI, qro cynwcTayeT 
paaJiomeHHe aJire6pb1 Jln g B rrpm1yro cyMMY T\BYX HeHy
JieBb!X Ad9 (H)-llHBBpHaHTHhIX IIOAIIpocTpaHCTB, OAHO Ha 

K-ph!X COAepmllT IIOABJire6py f) (CM. [5]). 
Jlum.: [1] H 0 6 a lI c H Ill., H 0 M H )'.I 3 y H., OcHOTihl 1111tflljJe

peH11HaJ1bHOtt reoMeTpHH, rrep. c aHrJI., T. 2, M.' 1!J81; [2] pa III e B
C 11 H ii II. H., «Tp. CeMHHapa no seRT. H Tena. aHa.'111ay», 1952, 
B. 9, c. 1,9-H; [3] Nomi z u K., «Amer. J. Math.», 1954, v. 76, 
No 1, p. 33-65; [t,] Ha HT 0 p II. JI., «Tp. Cel\\HHapa no BeRT. l'I 
TeHa. aHaJIHaY», 1966, s. 13, c. 310-98; L5] B H H 6 e pr 8. B., 
«TP. MocR. MaTeM. 06-Ba», 1960, T. 9, c. 191-210. 

J1.. B. A.AenceeBcnuu. 
PE3H,!J;YAJlbHOE OTOBPAW:EHHE - naoTOIIIIoe 

OT06pameH11e cp qaCTllqHo YIIOPHAOqeHIIOro MHOmeCTBa p 
B 'IaCTllqJio YIIOpHp;oqeHIIOe MIIOmeCTBO P', /\Jill H-poro 
cym;eCTByeT 1130TOHHOe OT06pamemrn cp' Il3 P' B p TBKOe, 
qTo cp' (cp (x));;;,x AJIH acex x E P 11 cp (cp' (x')) ~x' /\JIH acex 
x' E P'. EcJI11 P 11 P' - IIOJIHble perneTKII II cp crop'heKTllB
Ho, TO 3TO paBJIOCHJibHO paBeHCTBY 

cp (sup A)= sup cp (A) 

AJIH acmwro rrop;MHomecTBa A H3 P. ConoKy11IIOCTb P. o. 
qaCTI!qHo ynopHAO'IeHHOro MHOmeCTBa p B ce6H o6paayeT 
IIOJiyrpynny, K-pyro MOlR.HO c~eJIBTb 'IBCTH'IHO yIIop11,110-
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qeHHOH (CM. Ynopa8o'lennaa no.;r,yapynna), 110JiaraH 
<p...;:'ljJ, eCJIH <p(x)...;:'ljJ(x) flJIH scex xEP. Cso:ii:cTsa aTo:ii: 
qaCTJl.qHo yrropH;il;oqeHHOii IIOJiyrpyrrrrhl TeCHO CSH3aHLI co 
csoiicTsaMH qacTnqHo yrropHi];OqeHHoro MHO)ReCTSa p 
(cM. Pemem1w). JI. A. Cnop><JZ'IWB. 

PE3HAH IIOBEPXHOCTb - rrosepxHOCTh, o6paao
saHHaH ll3 OpTOfOHaJibHhlX TpaeKTOpHii OflHOIJapaMeTpll'I. 
CeMeiiCTsa IIJIOCKOCTeii. p. II. HMeeT OflHO ceMeHCTSO IIJIO
CKHX JIHHHH KpHSH3HbI, K-phle OflHOspeMeHHO HSJIHIOTCH 
AJIH P. rr. reo1-1eaHqeCKHMH. ECJIH ceMeHCTBO IIJIOCKOCTBH 
Shlp01Rf1aeTCH s rryqoK, TO p. II. 6y;iJ;eT rrosepXHOCTbIO spa
m;eHHH. CeqeHHH P. rr. IIJIOCKOCTHMH ceMeiicTsa Haa. Me
p Ii! l-1 H a H a M H, a OpToroHaJibHhle TpaeKTOpHH - II a
p a JI JI e JI H M Ii! p. II. Bee MepHf1HaHhl IWHrpyaHTHhl, 
TaK qTo p. rr. MOlRHO o6paaosaTb ;il;SHlReHHeM IIJIOCKOH 
JIHHHH L (MepHflHaHa), 11JiocKOCTh K-poil: KaTHTCH 6ea 
CKOJlb1ReHHH no HeK-po:ii: paasepTbIBaIOm;eiicH rrosepXHO
CTH, Ha3b!SaeMo:ii: H a 11 p a s JI H IO m; e :ii: rrosepXHOCTbIO 
p. II. Ii! HSJIHIOm;eiicH Oi];HOH H3 IIOJIOCTeii ee asOJIIOTb!. 

EcJIH p (s) - pa1-1Hyc-seKTop OflHOii rrapaJIJieJIH, TO pa
}:\Hyc-seKTop p. II. eCTb 

r = p (s) + rJ (v) p (s) + s (v) q (s), 

Tfle p=V COS 0+~ sin 0, q= -V sin 0+~ COS 0, V - rJiaS
HaH HOpMaJib, ~-61rnopMaJib, X - KpyqeHHe KpHSOH f, 

a 0= - ~ xds. Ee JIHHeiiHhlii aJieMeHT: 

ds2 = [1 + k (s sin 0-ri cos 0)] 2 ds 2+ (rj'2 + s'2) dv 2 , 

fi];e 1') (v), S (v) - ypaSHeHHH f, a k - KpHSH3Ha. 
If. X. Ca6umoB. 

PE30JlbBEHT A - 1) P. a JI r e 6 p a H q e c K o r o 
y p a s H e H H H f (x)=O CTerreHH n - aJire6paHqecKoe 
ypasHeHHe g (y)=O c KoaiJ>.ilrnu;neHTaMH, pau;HoHaJibHO 
aasHCHII(HMH OT KoaiJ>iJ>Hu;HeHTos f (x), TaKoe, qTo aHaHHe 
KOpHeii noro ypasHeHHH I103SOJIHeT HaIITH KOpHll. 1-1aHHOro 
ypasHeHHH /(x)=O s peayJibTaTe perneHHH 6oJiee rrpOCTb!X 
ypasHeHHii, CTerreHeii He 60JlbIIIHX n. lfHOrAa p. Ha3b!SaIOT 
ca·Mo pau;HoHaJibHoe shlpameHHe y= y (x1t ... , x n). 

IlycTb f (x) - cerrapa6eJihHLiii ~moroqJieH HaA rroJieM k 
c rpyrrrroil: faJiya G H H - HopMaJibHhiii ;iJ;eJIHTeJih rpyrrrrhl 
G. IlycTh y=y (x1, ••. , xn) - pau;HoHaJibHOe SbipameHHe 
OT X1t .•. , Xm OCTaIOm;eecH HHBapHaHTHb!M rrpH scex 
IlOACTaHOSKax KOpHeH X1, ..• , Xn H3 rpyrrIJhl JI, H y$.k. 
TorAa y HSJIHeTCH KOpHeM HeK-poro ypasHeHHH g (y)= 0 
c KoaiJ>.ilrnu;neHTaMH H3 k, rpy11rra faJiya K-poro HSJIHeTCH 
co6cTseHHOH iJ>aKToprpyrrrroil: rpyrrrrLI G. TaKHM o6paaoM, 
perneHHe ypanueHHH f (x)=O CBOAHTCH K perneuHIO ypas
HeHHH g (y)=O H perneHHIO ypasHeHHH f (x)=O Hal-I rroJieM 
k(y1, • · ., Ys)· 

Harrp., AJIH perneHHH ypasHemrn 4-ii crnrreHH 

x 4 + px2 + qx + r = 0 

(JII06oe ypasHeHHe 4-11: CTerreHH rrpHSOAHTCH K TaKOMY BH
p;y) HCIJOJib3YIOT Ky6Hq. p. 

y3-2py2+ (p2-4r2) y+q2=0, 

KopHH K-poii Y1t Y2, Ya CSH3aHhl c KOpHHMH X1, X2, X3, X4 
COOTHOIIIeHHHMH Y1=(x1+x2) (xa+x4), Y2=(x1+xa)(x2+ 
+x4), y3= (x2+x4) (x2+x3). KopHH y1, y2, y8 orrpeAeJIH
IOTCH c IIOMOtu;bIO iJ>op111yJihl I\'.app;aHO, qTO II03BOJIHeT 
orrpeAeJIHTb Ii! KOpHH X1, X2, X3, X4. 

IlocJie;iJ;OSaTeJibHOe rrpnMeHeHHe MeTop;a p. II03SOJIHeT 
cseCTH perneHHe JII06oro ypaBHeHHH c paapeIIIHMOii rpyrr
rroii faJiya K perneHHIO u;erroqKH ypasHeHHii c Il,HKJIHq. 
rpyrrrroii faJiya. )J.JIH perneHHH IIOCJieAHHX HCIIOJlb3Y
IOTCH pe30JibS0HTbl JiarpaHlRa. 

IlycTb f (x)=O - ypasHeHne Hai]; rroJieM k c Il,HKJinq. 
rpyrrrroil: faJiya G rropHflKa n H rrycTb k coAepmHT rrep
soo6paaHb!II !WpeHb H3 e/l,HHHil,hl ~n CTerreHH n. )J.mr <lJie

MeHTa a, rrpHHai];Jiemam;ero IIOJIIO paaJIO)ReHHH MHOfOqJle
Ha f (x), n xapaKTepa x rpynrrhl G s rpyrrrry KOpHeii H3 

eAHHHil,hl CTeIJeHJJ n p e 3 0 JI b s e H T a JI a r p a H ll\ a 
p (x, a) orrpefleJIHeTCH cliopMyJioii 

p (x, a)=,.., x (0)-1 o (a). 
""1a E G 

IlycTb a=x1- op;HH H3 KopHeii MHoroqJieHa f (x) n X 
rrpo6eraer see xapaKTepLI rpyrrrrhl G. Torp;a cncTeMa 
JIHHeHHb!X ypasReHHH ( *) II03SOJIHeT orrpep;eJIHTb KopHH 
X1, X2, .•. , Xn, eCJIH ll3S0CTHbl pe30JibB0HTbl lfarpaHma 
/l,JIH scex xapaKTeptis X rpyrrrrhl G. 

)J.JIH TE G BhlllOJIHHeTCH cooTlIOIIIeHHe 

"P (x, a)= x (T) p (x, a), 

K-poe rroKa3b!BaeT, qTo aJieMeHThI a= p (X, a)n H b;= 
=p (x, a)-ip (xi, a) rrpH JII060M u;eJIOM i HHsapHaHTHhl OT
HOCHTBJlbHO G H, CJiep;osaTeJlbHO, HSJIJUOTCH Op;H03HaqHo 
orrpeAeJieHHb!MH pau,HoHaJlbHhIMH Sb!pameHHHMH OT KoaiJ>
iJ>Hil,HeHTOS MHoroqJieHa f (x) H RopHH Sn· EcJIH X rropomp;aeT 
rpyrrrry xapaRTepos rpyrrrrhl G, TO HMeIOT MeCTO paseH-

cTBa p (x, a)= fla H p (x', a)= b;p (x, a)i AJIH x' =xi. 
Pe30JlbSeHTOH raaya ypasHeHHH f(x)=O 

Ha3. TaRoe HerrpHSOp;HMOe Hai]; p;aHHhIM IIOJieM aJire6paHq. 
ypasHeHHe y (x)=O (cM. I'a,11,ya meopua), qTo s peayJih
TaTe rrpHcoep;HHeHl'!H Op;Horo H3 ero RopHeii K 8TOMY IIOJlIO 
rroJiylfaeTcH rroJie, coµ;epmam;ee see KopHH ypasHeHIIH 
f(x)=O. 

Jium.: [1] B a H n e p B a p n e H B. JI., Anreopa, rrep. c 
ueM., 2 H3)'.l., M., 1979. JI. B. HyaMtu><. 

2) B Teopnn HHTerpaJihHhIX ypasHeHHii IIOA P. (p a 3-
p e III a IO m; Ii! M H A p 0 M} ypasHeHHH 

<p (s) +A, ~: K (s, t) <p (t) dt = f (s) (**) 

IIOHHMaIOT il>YHKil,HIO r (s, t; A) rrepeMeHHbIX s, t Ii! napa
MeTpa A,, rrpH rroMOIIl,H K-poil: perneHHe ypaBHeHHH (**) 
rrpei];CTaSJIHIOT s snp;e 

t (s)+t., ~: r (s, t, A,) f (t) dt, 

ecm1 A, He ecrh coiicTBeHHOe :rna'l:eHHe ypasHeHHH (* * ), 
Harrp. AJIH Hflpa K (s, t)=s+t pe30JlbSeHTOJ1: HSJIHeTcH 
iJ>yHKil,HH 

BCEJ-J. 
3) P. o rr e pa Top a - orreparop RA., o6paTHbIII K Ti.= 

=A -1.,T, rp;e A - aaMKHYTb!II JIHHeiiHhIII orreparop, orrpe
p;eJieHHhlii Ha IIJIOTHOM MHOlReCTSe DA 6aHaxoaa rrpocT
paHCTSa x co 3HaqeHHHMH s TOM me rrpocrpaHCTSe, rrpH 
ycJIOSHI'!, qro A, TaRoso, qTo T"i.,1 eCTh JIHHeiiHhlii Herrpepb!B-
Hb!II orreparop, orrpeAeJieHHhlii Ha sceM X. ToqKn A, AJIH 
K-pb!X p. cym;ecTsyeT, Ha3. p e r y JI H p H bl M H T 0 'l
K a M Ii! orreparopa A, a COSOKYIIHOCTb scex perymipHblX 
roqeK - p e 3 0 Jl b s e H T H bl M M H 0 )R e c T s 0 M p(A) 
aroro orrepaTOpa. MHomecrso p(A) - OTKpb!Toe H Ha 
RaffiAOH ero CBH3HOH KOMIIOHeHTe orreparopa RA. HSJIHeT
CH aHaJIHTHq. iJ>yHKu;neil: rrapaMeTpa A. 

CsoiicTBa P .: 
1) Ri.-Rµ=(/i,-µ)RA.Rµ p;JIH JII06hlx l:\BYX TO'IeK A, 

µEp(A); 
2) H3 RA,x=O cJiep;yeT x=O; * 
3) ecJIH X - rHJib6epToso rrpocrpaHcTso, TO Rr,= R i.· 
Jium.: [1] H o cu A a R., <l>YHHUHOHaJlhHbill anaJIH3, rrep. c 

aHrJI., M., 1967; [2] Ax He 3 e p H. H., r JI a 3M a H H. M., 
TeopHH mrnellublx onepaTopoB B rHJibOepTOBOM npoCTpaHCTBe, 
2 H3)'.l., M., 1966; [3] Ra HT 0 p 0 B uq JI. B., AH H JI 0 Br. II., 
<I>yHHUHOHaJlbHblll aHaJIH3, 2 na)'.l., M., 1977. B. If. Co6o,ieo. 

4) B roMoJioruqecRoii aJire6pe P. M o l-1 y JI H - 1>0.ltn
M1'c c, orrpe.n;eJieHHb!II AJIH IIOJIOlRHT0JibHblX CTe!IeHeii H 
CHa6meHHhIM 11orroJIHHIOII(HM roMoMopiJ>naMoM A-C (Mo-
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AYJib A paccMaTpHBaeTcH KaK KOMIIJieKc, paBHblii: HyJiro 

B HeHyJieBbIX CTeIIeHHX) TaKHM o6pa3oM, qTo IIOCJlBAOBa

TBJlbHOCTb o-A-c0-c1- ••• ToqHa. p. Ha3. H H 'he K
T H B H 0 ft, ecJIH Bee Ci HH'hBKTHBHhl. )J;BOHCTBBHHhlM o6-

pa30M onpeABJlHeTCH II p 0 e K TH B Ha H p e 3 0 Jl b B e H
T a. p. HBJlHBTCH OCHOBHhlM cpeACTBOM BhJqHCJleHHH npoua
eoonoix rfiyn1>mopoe. B qacTHbIX CJiyqaHX YA06Ho HCIIOJlb-

30BaTb CIIBIIHaJlbHble BHAhl p. HaIIp., AJlH KOJlblla MHoro
qJleHOB R=k[x1 , ••• ,xnl enemnsisi a.ttae6pa ER(u1 , •• • , Un) 
IIpeBpa~aeTCH B P. TpHBHaJibHoro R-MOAYJIH k, ecJin aa

AaTb AH«jJ«jJepeHIIHaJl o(ui)=x; H IIOIIOJlHHIO~HH fOMOMOp

ljJH3M e(u;)=O. 8Ta KOHCTPYKIIHH IIpHMeHHMa K KOJlbllaM 
CTeIIBHHbIX PHAOB (KaK CXOAH~HXCH, TaK H ljJopMaJlbHbIX) 
H HOCHT Ha3BaHne K 0 M II Jl e K c a H 0 3 IO Jl H. 

B. E. I'OBOpOB. 
PE30JlbBEHTHOE MHOiKECTBO - MHOlKeCTBO 

p (T), rAe T - JIHHeHHhIH OIIepaTop B 6aHaXoBoM IIpocT

paHCTBe, TaKoe, AJIH K-poro cy~eCTByeT oIIepaTop Rz= 
=(T-zl)- 1, orpaHnqeHHhIH H H~IBIO~HH o6JiaCTb OIIpe

AeJleHHH, IIJlOTHYIO B x. )J;oIIOJlHHTeJlbHOe K p. M. MHO
iKBCTBO eCTb CIIeKTP OIIepaTopa T. 

Jium.: [1] PHCC <I>., CilKecjlaJJbBH-Ha)lb B., JleKUHH 
no cjlyHKUHOHaJibHOMy aHaJIH3y, rrep. c cjlpaHu., 2 H3JI., M., 1979. 

M. H. Bou11ex0Bc><uil. 
PE30HAHC - HBJleHne yBeJinqeHHH aMIIJlIITYAhI 

eoinyJICOelllll>l,X 1w.1te6anuii IIpII IIpII6JlHiKeHHH qaCTOThI BHellI

Hero B03ABHCTBHH K OAHOH H3 qacTOT co6cmeennoix r;o.tte-
6anuii AHHaMnq. CHCTBMbI. HBJieHHe p. HMeeT Han6oJiee 

IIpOCTOH xapaKTep B JlHHeHHOH AHHaMnq. CHCTeMe. )J;nljJ

ljJepeH1IHaJlbHOe ypaBHeHHe ABHiKeHHH JlHHeHHOII CHCTeMbl 

c OAHOH CTeIIBHbIO CB060AhI B cpeAe c BH3KHM TpeHHeM IIpH 

rapMOHHq. B03AeHCTBHH HMeeT BHA 

aq+bq-f-cq=H sin (pt+6), 

r,a;e q - o6o6~eHHaH KOOPAHHaTa; a, b, c - IIOCTOHHHbie 

IIapaMeTpbI, xapaKTepnayro~ne cncTeMy; H, p, 6 - cooT
BeTCTBBHHO aMIIJlHTYAa, qaCTOTa, HaqaJlbHaH ljJa3a BHellI

Hero B03ABHCTBHH. y CTaHOBHBllIHBCH BhIHYlKAeHHbie KOJle-

6aHHH IIpOHCXOAHT no rapMOHHq. 3aKoHy c qacTOTOH p H 

aMIIJlHTYJJ;Oll 

D 
H 

-{ 
b' , 

a (k'-P')'+- p' 
a' 

fAe k= v c/a-qacTOTa co6CTBBHHbIX KOJie6aHHll IIpH OTCYT

CTBHH paccenBaHHH :rneprirn (b=O). AMIIJlHTYAa D HMeeT 

MaKCHMaJlbHOe 3HaqeHHe II pH.!!_= ~ I 1 _ b' H rrpn MaJIOM 
k JI 2ac 

paccenBaHnn ::rneprnn 6JIH3Ha K ee 3HaqeHHIO IIpn p=k. 
IlpHHHTO Ha3hIBaTb p e 3 0 H a H c 0 M TOT cJiyqaft, KOrAa 

p=k. EcJin b=O, TO IIpn p=k aMrrJIHTYAa BhIHYlKABHHblX 

KOJie6aHm'i B03pacTaeT IIpOIIOPIIHOHaJlbHO BpeMeHH. 
EcJIH JlHHeHHaH CHCTeMa HMeeT n CTerreHen CB060AhI, 

TO p. HacTyIIaeT rrpn COBIIaAeHHH qacTOTbI BHellIHeH CHJlbl 

c OAHOH na co6CTBeHHhIX qacToT cncTeMhL Ilpn HerapMo
m1q. B03AeHCTBHH p. MomeT HMeTb MeCTO Jllllllb rrpn COB

IIaABHHH qacToT ero rapMoHnq. crreKTpa c qacToTaMH co6-

CTBeHHhIX KOJle6aHHll. 
JI um.: [!) C T p e JJ R o a C. II., Bae11eH11e B Teopmo Roneoa-

HHli, M.- JI., 1951. • H. B. Bymeuu1l. 
PE30HAHCHblE 'IJIEHbl -Te qJieHhI fpQXPx 

xexp {i<Q,Y>} PHAa Teil:Jiopa - <Pypbe 

f (X, Y)= ~ fpQXPexp {i <Q, Y)}, (1) 

PEzm, P~O, QEzn, 
XP=xf' ... x~m, 

y K-pb!X IIOKa3aTeJlH p H Q YAOBJlBTBOpHIOT JlHHeITHOMY 

COOTHOllleHHIO BHAa 

<P, A)+i<Q, Q)=c. (2) 

3AeCh f PQ - IIOCTOHHHble KoaljJ«jJH1IHeHTbI, <Q, Y) -

CKaJIHpHOe rrpOH3BeAeHne Q H Y; IIOCTOHHHbie (Ar,• .• , 
Am)=A n (w1, ••• , Wn)=Q - o6hrqHo co6cTBeHHhle 3Ha

qeHHH Iii 6aanc qacTOT HeK-po:il: CHCTBMhl o6bIKHOBeHHbIX 

AH«jJ«jJepeH1IH3JlbHhlX ypaBHeHnii:; KOHCTaHTa c He 3aBHCHT 

OT p H Q, OHa OIIPBABJlHBTCH poJlbIO PHAa (1) B paccMaT
pnBaeMOll 3aAaqe. 

EcJIH B JIHHenHon cncTeMe 

Xj=AjXj> j=1, ... , m, Yk=Wk, k=1, ... , n, (3) 

Bee Aj qncTO MHHMhie n B (2) c=O, TO cyMMa P. q. pH~a (1) 
COBIIaAaeT c ocpeAHBHHeM noro PHAa BAOJlb pellleHHH cn
CTeMhI (3). CncTeMy o6hIKHOBeHHbIX AH«jJ«jJepeH1IHaJlbHbIX 

ypaBHBHHH B OKpecTHOCTlil HeK-pbIX HHBapHaHTHbIX MHOro
o6pa3HH MOiKHO rrpHBBCTH K nop:Ma.ttbllOU rfiop.1te, B K-poH: 

PHAhl COAepmaT TOJlhKO P. q_ (cM. [1]). TaK, AJIH MMU.ttb
monoeoii cucme:Moi B OKpeCTHOCTH HeIIOABlillKHOH TOqKn ra

MliIJlbTOHHaH MOiKeT 6bITb IIpHBBABH K BHAY (1), fAB n=O, 
n BhIIIOJIHeHo (2) c c=O, IIpHqeM A=(A1 , ••. , Ai,-A1 , .•• , 

-Ai) - BeKTOp H3 co6CTBeHHbIX 3HaqeHHH JlHHeapH30BaH
HOH CHCTeMhI (CM. [2]). B ::ITOM CJiyqae HHOrAa qJleHhl c 

P1=P1+z, i=1, .. . , l, Ha3. BeKOBb!Mlil (AJIH HHX 
(2) BbIIIOJlHHeTCH TpHBHaJlbHO), a pe3oHaHCHh!Mlil Ha3. oc

TaJlbHhle qJieHhl PHAa ( 1), AJIH K-pbIX BhlIIOJIHeHo (2). 
BhIAeJieHne P. q., IIpOH3BOAHMoe B 3aAaqax c MaJihlM IIa

paMeTpoM, 3aqacTyIO TaKme MOlKBT 6bITb o6oCHOBaHO c IIO

MO~bIO HOpMaJlbHOH ljJopMbl (cM. [ 1]). )J;JIH ToqeqHoro IIpe

o6pa30BaHHH c MYJlbTHIIJlHRaTOpaMn (µ1, ... , µm)=M IIO
Ra3aTeJllil p. q_ PHAa ( 1) c n= 0 YAOBJleTBOpHIOT COOTHOllle
HHIO Mp= 1; ecJIH IIOJlOlKHTb A= lnM Iii w1 = 1, TO IIO

JiyqHTCH COOTHOllleHHe (2) c c=O. 
Jium.: [1] B p IO Ho A.):(., JloKaJJbHhlil: MeToll Hen11Heil:Horo 

aHaJJH3a 1111cjlcjlepeHu11aJ1hHhIX ypaBHeHHil:, M., 1979; [2] e r o m e, 
«Tp. MOCK. MaTeM. oo-Ba», 1971, T. 25, c. 119-262; 1972, T. 26, 
c. 199-239. A. l.J.. Bp1011,o. 

PE3YJibTAHT MHoroqJieHOB f(x) n g(x}
aJieMeHT IIOJIH Q, oIIpeAeJIHeMhlH ljJopMyJio:il: 

s n nn ITS R R \/, g)=aobo i=I i=I (ai-P/), (1) 

rAe Q - IIOJie paaJiomeHHH MHoroqJieHa jg, a.i, ~I - Rop
HII MHoroqJieHOB 

f (x) = a0xn -f-a1xn-I + •.. +an 
Iii 

g (x) = boXs +brxS-l + ... + bs 

COOTBBTCTBeHHO. EcJIH aobo*O, TO MHOroqJleHbl TOfAa H 

TOJlbRO TOrAa HMeIOT XOTH 6hl OAHH o6~nil: ROpeHb, KOrAa 
nx P. paBeH HYJIIO. MMee'I' MecTo paBeHCTBo 

R(g, f)=(-1)nsR(f,g). 

p. MOiKHO aaIIHCaTb B JlI06oM lil3 CJIBAYIO~HX BHAOB: 

s nn ( R (!, g)=ao i=I g a.;), (2) 

R (/, g)=(-1)nSb~ n;=l I (~j)· (3) 

BbipameHnH (1), (2) Iii (3) HeyAo6Hbl AJIH BblqHcJieHHH P., 
TaR RaR OHH COAepmaT ROpHH MHOroqJieHOB. lJepe3 RO

::iljJ«jJH1IHeHTbI MHoroqJleHOB p. MOiKHO Bhlpa3HTb B BHAB 

CJIBAYIO~ero OIIpep;emITeJlH IIOPHARa n+ s: 

aoa1 ••• an-Ian. 
ao ...... an-1 an 

(4) R(f,g)= a 0 ar···an-lan 
b 0b1 ••• bs-rbs 

b0 bs-I bs 

b0 b1 •• • bs-l bs 

8ToT oIIpeAeJIHTeJih B IIepBbIX s cTpoRax COAeplRHT RoaljJ

ljJH!IHeHThI MHoroqJleHa j (x}, B IIOCJlB,[\HHX n CTpORax -

KoaljJ«jJHIIHeHThI MHoroqJieHa g (x), a Ha CB060AHbIX Me

CTaX - HYJIH. 
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P. MHoroqJieHoB f (x) H g (x} c qIJcJIOBhlMIJ iwa«Pqrn1rneH

Ta~rn MOlRHO rrpe):\CTaBHTb B BH):\e orrpe):\emITeJIH rropH):\Ka 
n (1rnII s). )J.JIH noro HaXO):\HT OCTaTOK OT ):\eJieHIIH 

xk g(x) Ha f(x}, k=O, 1, 2, ... , n-1. IlycTb <JTO 6y,!{eT 

aku+a,.1x+ ... + akn-lxn-1. 
Tor):\a 

R (t, g)= 

!{ ucr;puMunanm D (f) MHoroqJieHa 

llo n-1 
a1 n-1 

f(x)=aoxn+a1xn- 1 ... an, a0 ;60, 

BhlpamaeTCH qepe3 P. MHoroqJieHa f (x} n ero rrpOH3BOA

Hoii: f' (x} cJie):\yIO~HM o6pa3oM: 

n (n-1) 

D (f)=(-1)-2-a01 R (!, f'). 

IlpIIMeHeHIIe K perneHHIO CHCTeM 

y p a B He H H ii:. IlyCTb ):\aHa CHCTeMa ABYX aJire6paHq. 

ypaBHeHHH c Koa~.iPHqHeHTaMH H3 rroJIH P: 

f(x,y)=O,} 

g(x,y)=O. 

MHoroqJieHhl f H g 38IIHChlB8IOT no cTerreHHM x: 

f (x, y) = ao (y) xk + a1 (y) xk-1 + ... +a,. (y)' 
g (x, y) = b0 (y) xl + b1 (y) x t -1 + ... + b1 (y), 

(5) 

II no «PopMyJie ( 4) BbiqIICJ!HIOT p. 8TIIX MHOroqJieHOB KaK 

MHoroqJieHOB OT x. IloJiyqaeTCH MHoroqJieH, 38BIICH~Illl 
TOJ!bKO OT y: 

R (!, g)=F (y). 

foaopHT, qTO MHoroqJieH F (y} rroJiyqeH rryTeM HCKJI!Oqe

HIIH x H3 MHoroqJieHOB f (x ,y) H g (x, y). E CJIII x= a, y= ~
perneHile CIICTeMhI (5), To F(~)=O, II o6paTHO, ecJIII 

F (~)=0, To IIJIII MHoroqJieHhI f(x, ~), g(x, ~) IIMeIOT 06-
~Ilii: KopeHh (K-pbIH H8,[\0 IICK8Tb KaK KOpeHb HX H8I160Jib-

1IIero o6~ero ):\eJIIITeJIH), IIJill a0 (~)=b0 (~)=0. TeM ca
MhlM perneHile CIICTeMhI (5) CBO,[\IITCH K BbiqIICJieHIIIO Kop

HeJ'l: ivrnoroqJieHa F (y} H ofoqIIX KOpHe.ii: MHOroqJieHOB 

f (x, ~), g (x, ~) c op;HHM HeH3BecTHhIM. 

AHaJiorilqHo MOlRHO pernaTh H CIICTeMhI ypaBHeHI1ii: c 

JII06hIM qI1CJIOM HeH3BeCTHhIX' HO <JT8 3ap;aqa rrpIIBO,[\l!T 
K BeCbMa rpOM03):\KIIM BbiqHcJI HHHM (CM. T8K1Re H Cl>.JtlO

'lenusi meopusi). 
Jlum.: [1] Hypo Ill A. I'., Hype BbICIOeii aJire6pbl, 11 H3}1;. 

M., 1975; [2] 0 I< y He B JI. H., BhlCIOaH aJire6pa, 4 H3}1;., M._'. 
JI., 1949; [3) Ba H 11; e 1! Ba p 11 e H B. JI., Ame6pa, nep. c 
HeM., 2 H3)'.I., M., 1979; [4J x 0 )'.I )f{ B., Il H )'.I 0 .u., MeTO)'.lbl aJ1-
re6pa11qec1wli reoMeTpHH, nep. c aHrJI., T. 1-3, M., 1 %4-55. 

H.B. llpocnypJmoe. 
PEll~EMElICTEP A KPYqEHHE, K p y q e H II e 

,[\ e p a Ma, K p y q e H He <D p a H q a,- HHB8pI18HT, 

II03BOJIHIO~Hii: pa3JIIlqaTb MHOrile cTpyKTYPhl B p;mp~epeH
qilaJihHOII TOIIOJIOrIIH, Harrp. Y3JihI, rJia,[\Kile CTPYKTYPhI 
Ha MHOroo6pa3IIHX, B qacTHOCTll H8 JIIIH30BhlX rrpocTpaH

CTB8X. BrrepBhie P. K. BBe):\eHo K. Peii:):\eMeii:cTepoM (cM. 
[ 1]) IIPII Il3yqeHHH TpexMepHbIX JIHH3, o6o6iqeHIIH ,[\Jill 

n-MepHb!X JIHH3 6blJIII He3aBHCHMO IIOJiyqeHhl B [2) II [3]. 
IlyCTb c - CB06op;Hhlll KOMIIJieKC JieBhIX A-Mop;yJieii:, 

r):\e A - accoqilaTHBHoe KOJihqo c e):\HHHqe.ii:. IlycTh, p;a

Jiee, h- MaTpilqHoe rrpe):\CTaBJieHHe KOJihqa A, T. e. ro

M0Mop«P113M KOJihqa A B KOJihqO Rnxn Bcex p;eii:CTBIITeJJb

HhlX (nX n)-MaTpHq. I1 nycTb B MOAYJIHX ck KOMIIJieKca c 
OTMeqeHhl 6a3IIChl c,., a KOMrrJieKc C' = Rnxn @AC Rnxn_ 
Mo,IJ;yJieii aqIIKJIIlqeH; TOrp;a orrpe):\eJieHo Y aiimxeaa r;py
'lenue T (C') EK1 Rnxn = K1 R = R +, r)l,e R + -MYJibTIT

IIJIIIH8THBH8H rpy11na IIOJIH ):\ettCTBIITOJihHbIX qnceJI. 1ln
CJ!O T(C') H83. KpyqeHneM Pe.ii:p;eMeii:cTepa 

KQMIIJ1e1<ca C', a TaKme p;eii:cTBIITeJibHhIM P. K. 

8.iP~eKTHBHOCTh 3aMeHhl KpyqeHHH Ya.ii:TXe)l,a Ha P. K. 
OCHOBh!B8eTCH Ha Te 0 p e Me E a cc a [4]: eCJIH n -

KoHeqHaH rpyrrrra, TO <iJieMeHT w E Wh (n) IIMeeT KoHeq

Hhlii: rropH)l.oK, ecJIII h* (w)= 1 IJ;JIH JII06oro npe)l.CT8BJie

HlIH h, r,11e h*(w)-P. K., HHAYIIlIPOB8HHOe ~JJieMeHTOM (J). 

Jlum.: [1) R e i d e m c i s t e r K., «Abhandl. math. Semin. 
Univ. Hamburg», 1935, Bd 11, S. 102-09; [2) Franz W., 
«J. filrr. und ang. Math.», 1935, Bd 173, S. 176-84; [3) Rh am G. 
de, «MaTeM. co.», 1936, T. 1, No 5, c. 737-43; E4l Bass H., 
«Pub!. math.», 1964, ;N; 22, p. 5-60 [IHES). A.C.Muiw1tno. 

PElIHOJil,~CA qJICJIO - op;nH 1rn KpnTepueB rro

p;o6nH IJ;JIH TeqeHHll BH3KIIX lRil,[\KOCTeii: II ra30B, xapaKTe

pll3YIO~IIH COOTHOilleHHe MelRAY HHepnIIOHHhlMII CIIJJ8MII 

II CHJialllH BH3KOCTII: 

Re=pvl/µ, 

f):\e p - IIJ!OTHOCTh, µ - ,[\IIH8MHq. Koa«P«PilnHeHT BH3KO

CTH lRH,[\KOCTH HJ!H ra3a, v - xapaKTepH8H CKOpOCTb rro

TOK8, l - xapaKTepHhlll JIHHeHHhlll pa3Mep. 
OT P. 'l. 3aBHCIIT TaKJRe pelRHM TeqeH:n:H lRH,J:IKOCTII, 

xapaKTepH3yeMhlll K p H T H q e c K H M p. 'l. Rel<p· 

IlpH Re <Re"P B03M01RHO JIHllih JiaMHHapHoe TeqeHHe 

lRH,llKOCTII, R npH Re> Re"P Te'IeHHe MomeT CT8Th Typ-

6yJieHTHhIM. 
P. q_ H83BaHo no IIMeHH 0. Pel"IHOJibp;ca (0. Reynolds). 

no J1<amepua.1taM oih-touMeimou cmambu ua BCEJ-J. 

PEKYPPEHTHAH TOqKA A H H a M II q e c K o ii 
c H c T e M hi - ToqKa x ,[\HHaJVrnq. CHCTeMbl fl (HJIH, B 

HHhIX o6o3HaqeHHHX, f (t, · ), CM. [2)), 3ap;aHHofr Ha MeT

pHq. rrpocTpaHCTBe S, yp;oBJieTBopH!O~aH ycJIOBHIO: )l.JIH 

BCHKOfO E>O Haii:p;eTCH T>O T8Koe, 'ITO Bee TQqKII Tpa
eKTOpHH fix cop;epmaTCH B E-OKpeCTHOCTH BCHKOl! p;yrH 

BpeMeHHOll ,[\JIIIHhI T non TpaeKTOpHH (HHhIMH CJIOBaMII, 

npH JI1060M TE IR. E-oKpeCTHOCTh MHomecTBa 

{/1x}, tE[T, i:+TJ, 

CO):\eplRHT BCIO TpaeKTOpH!O f1x). B <JTOM CJiyqae f1x H83. 

peKyppeHTHOll TpaeKTOpHelI. 

T e o p e M a E H p K r o «P a: ecJIH rrpocTpaHCTBO S 
noJIHoe (Harrp., S= IR.n), TO 1) p;JIH Toro qT06b1 ToqKa 6b1-

Jia peKyppeHTHOll, Heo6xop;IIMO H p;OCT8TOqHo, qTo6bl 3a
MhIK8HHe ee TpaeKTOpHH 6blJIO .MUliUMll.ltblibM£ .MliOJfCecmeo.ii; 

2) p;JIH TOro qTQ6bl cyiqecTBOB8JI8 p. T.' p;OCTaTOqHo, qTo-

6hI cy~eCTBOBaJia TOqKa, ycTo.ii:qHB8H no JiarpaHmy (cM. 

Y cmoii11ueocmb no JI aipanJtCy). 
P. T. ycTOf1qI1aa no JiarpaHmy H no IlyaccoHy (cM. 

Y cmoii•tueocmb no Jlyaccony). IloqTH rrepHop;HqecKaH (B 

qacTHOCTlf, Herrop;BH1RH8H HJ!H rrepHOAHqecKaH) ToqKa p;Il
H8Mllq. CHCTeMhI peKyppeHTH8. Boo6~e, BCHKaH ToqKa 

CTporo aprop;IlqecKoii: ,[\HH8Mllq. CIICTeMbl peKyppeHTH8, HO 

cymeHHe )l,HHa~rnq. CHCTeMbl Ha 38MhIK8HHe peKyppeHTHOll 

TpaeKTOpHH (MHHIIM8JlbHOe MHOlReCTBO) MOlReT He 6h!Th 

CTporo aprO):\HqecKoii: ,[\HH8Mllq. CIICTeMOII (n p H M e p 

M a p K o a a, CM. [2)). 
Jlum.: [1] B 11 p Kr o cjl ,U. ,U., ,U1rnaM11qec1<ne cncTeMhI, nep. c 

aurJI., M., 1941; [2] He M bl~ K H ii B. B., c Te II a H 0 BB. B., 
HaqecTeenuaH TeOpHH 11ncjlcjlepeH~HaJibHhIX ypaeuen11ii, 2 nail;., 
M.- JI., 1949. B. M. MU.Jt.JtU01i'4U1'iOB. 

PEKYPPEHTHAH 4>0PMY JIA - To me, qTo per;yp
pP11mnoe coomnouienue. 

PEKYPPEHTHAH 4>YHKIJ,HH - IPYHKIIHH, HBJIHIO
iqaHCH per;yppenmnoii mO'll>OU Cp;BHfOB ,[\HH8MHq. CHCTeMhI. 

8KBHBaJieHTHoe orrpep;eJieHHe: «PYHKIIHH qi : IR-+S, rp;e S -
MeTpHq. rrpocTpaHCTBO, Ha3. peKyppeHTHOH, eCJIH OHa 
HMeeT rrpe):\KOMIIaKTHOe l\IHOlReCTBO 3H8'leHHH, paBHOMep

HO uerrpepb1BH8 II ,[\JIH BCHKOll rrocJie,[\OB8TeJibHOCTH qHceJI 

tk E IR. T8Koil:, qTo cy~ecTByeT rrpe11.eJI 

~(t)= lim qi(tk+t) 
k~ 00 

(rr p e A e JI B K 0 M II a K T H 0 0 T K p bl T 0 il: T 0 II O

JI 0 r H H, T. e. paBHOMepHbil! H8 KalR,[IOM 0Tpe3Ke), Hail:-
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cp (t) = lim ~ ('tk + t) 
k ..... "' 

B KOMrraHTIIO OTI>pb!TOII TOIIOJiorm1. 
ECJIH cp.R-+ff\.n - orpa11n'IeII11aH pae110Meptto tterrpe

pbIBIIaH iJ>ynKIJ;HH, ro II8MAYTCH tk E ff\. TaK11e, 'ITO npe,[\eJI 

(B KOMrraHTIIO OTKpbIToii TOIIOJIOrHH) cym;ecTByeT H lIBJIH
eTCH p ip. BCHKaH IIO'ITH rrepHO)J.H'I. il>YIIKIJ;HH M, B qacT
IIOCTH, BCHKaH rrepHO,[\H'!. il>YIIKIJ;HH lIBJIHIOTCH p. ip . 

• 'lum.: [1] llTorH uay1m H TeXHHHH. MaTeMaTH4CCHl'!l1 anaml3, 
T. 12, M., 1974, c. 71-146. B. l\J. MUJlJ!U01iUfU1WB. 

PEKYPPEHTHOE COOTHOIIIEHME, p e K y p p e 11 T
H a lI ip 0 p M y JI a, - COOTIIOilleIIHe BII,[\a 

lln+p=F (n, am an+i. .. . , an+p-i), 

R-poe II03BOJIHeT Bbl'IlICJIHTb ace 'IJieIIbl IIOCJie,[\OBaTeJibHO
CTH ai, a 2 , a3 , ••• , ecJIII aap;alibI ee rrepehle p 'IJieIIoB. ITpII
Mep1>1 P. c.: 1) a,,+ 1=q·an(q,CO) - reoMeTpH'I. rrporpec
CHH, 2) a,,+1=an+d - ap11iJ>MeTU'I. rrporpeCCHH, 3) an+ 2= 
=an+ i +an - IIOCJie,[\OBaTeJiblIOCTb 'IIICeJI CDHOOII81I'III. 

B CJiy'Iae, KOrAa P. c. JIIIIIeii110 (cM. BoaopamHan noc.1te
aoeameJ1b1wcmb), aap,a'Ia orrIICaIIHH MIIomecTea ecex no
CJiep;oeaTeJibIIOCTeli, yP,OBJieTBOplIIOIIJ;llX p;aHHOMY p. c., 
HMeeT a11aJior1rn c pellleIIHeM 06hIKIIOBe1111oro OAIIOpop;
IIOro JIIIIIeil:IIoro AMiJ>iJ>epe1111;11aJibIIOro ypaaIIeIIIIH c rro
CTOH!Illb!MII KoaiJ>iJ>1111;neHTaMH. 

Jlum.: [1] Map Hy me B H q A. II., Bo3spaTHhJe nocJie)loBa-
TeJibHocrn, 2 H311., M., 1975. C. H. ApmeMo•. 

PEKYPPEHTHLIE COBblTMH e rr o c JI e Ao B a-
T e JI b II OCT II IIOBTOpHbIX IICIIblTaIIIIfl CO 
c JI y •1 a 11 11 hi M 11 n c x o A a ;o.1 11 - pHA co6h1T11ii 
A1 , A 2 , ••• , Am . .. TaHnx, 'ITO 11acTyrrJie11IIe coohlTHH 
An orrpep;eJIHeTCH IICXO,[laMII rrepBbIX n IICIIb!TaIIIIii, 
n= 1,2, •.. , a npII ycJioBHII, 'ITO IIaCTYIIIIJIO coohlTIIe An• 
1IacTyrrJie1111e coobITIIH Am, m > n, orrpeAeJIHeTCH IICxo1.1a
MH (n+1)-ro, (n+2)-ro II T. ,[\. ,[\O m-ro IICIIblT811IlfI, npn
'IeM rrpII ycJIOBHll. op;11oapeMe1I11oro IIaCTyrrJICHHH coohlTIIil 
An II Am (rn>n) IICXO):\bI rrepBhlX n H IIOCJIOAY!Oill;HX m-n 
HCllblT8HIIll yCJIOBIIO IIe38BHCHMbl. 

BoJiee TO'IIIO, rrycn, x - COBOKYIIIIOCTb (KoHe'III8lI IIJIH 

C'IBTIIaH) BC8X HCXOll,OB OT):\eJibIIOro HCIIbIT81IIIH, X[I, n]_ 
rrpocTp8IICTBO rrocJieAOB8TeJJhHOCTeii (xi,. . . , x ,,) , x; EX, 
t=1, . . ., n, llCXOAOB rrpII n HCIIblT8HHHX, n=1, 2, 3,. . ., 
H x [ 1 ' "'] _ npOCTp8IICTBO oeCKOIIe'IIIbIX IIOCJie):\OB8TeJibIIO

CTeii (x1,. •• , Xn ... ), x;EX, i=1,2, ..• , n, . •• , IICXOll,OB, 
a K-poM aa,[\8110 IIeK-poe p8crrpe,[leJieHHe aepoHTIIocrnii p. 

IT ye Tb B K8ll\AOM rrpoCTp8IICTBe X [ 1 ' n l, n = 1,2,. .• , Bhl,[\O

JieIIo IIeK-poe IIO,[\MIIOiRecnio E,,<;;X[l, nj T8K, '!TO ,[\JIH 

JIIOObIX nH m, 1.;;;;;n<m<oo, IIOCJie):\OBaTeJihIIOCTh i= 
=(xi·· .. , Xm)EX[!,m) T8KaH, '!TO x1~~""(~1,• . .,x,,)EEm 
rrpHII8,[\JIC'lliHT Em B TOM II TOJihKO B TOM CJIY'Jae, 1\0r):\8 
HOCJI8,[\0B8T8JibHOCTb 

ECJIH IIOCJI01\Hee YCJIOBHe BbIIIOJIIIeHo II xE Em, TO 

p {xEX[I, ~>:x IT=x} =p {xE x[i, oc):x I~= 

= x I~} p {xE x[i, "'>:x 1~+1=X1;;'+1}. 

rAe AJIH rrocJieAOB8TeJihIIOCTII x= (x1,. . .,x11 ,. •• ) EX [ 1 • "'l 
'Iepea x I{ 00031I8'IeII8 IIOCJI8):\0B8TeJibIIOCTb 

xlf=(x;, x;+i, ... ,x1), i,.;;;;j, (i, j)=1, 2, ... 

Co6brTue 

IllHM IIOCJie n HCIIbITamdi. 
IT p H M e p hi. 1) B rrocJie;no»aTeJibIIOCTH 11eaaa11cHMhIX 

6poC811Hll MOIIeTbl - co6bITHH, COCTOlIIlVIe, COOTBeTCTBeH-
110, B TOM, 'ITO upM n I!CilblTaIIHHX rep6 H perrma BblIIa).(yT 
0).1.IIIIaKOBOe 'IIlCJIO paa (TaKoo co6bITIIe B03M01RIIO TOJlbKO 
rrpII 'IeTIIb!X n). 

2) IT pn cJiy'Iaii:110M 6Jiym1.1aHIIII TO'IKII no o;n110Mep11oil: 
peUleTKe v, IIa'IIIIIaKJm;eMCH B 11yJie ( c IIe3aBHCHMbIMH 
rrp11 pa3Hb!X Illarax rrepexo).(aMH B coceAHIIe TO'JKH c ae
poHTIIOCTHMH p II q, p + q= 1), co6b!TlIH, COCTOHIIJ;He, COOT
aeTCTBe11110, B TOM, 'ITO 6Jiym1.1arom;aH TO'IK8 OKail\eTCH B 
11yJie rrocJie n-ro Ulara, n=2,4, ••• , HBJIHKJTCJt peKyppe11T
IIhlMH. 

Jlum.: [1] <I> e JI JI e p B., BBe)leHHe B Teopmo seporrTHOCTeil H 
ce npHJiomenm<, nep. c aur.~., 2 H3JI., T. 1, M., 1967. 

T. IO. llonoea. 
PEKYPCHBHAH llf PA - cmoxacmu•tec/f.an uzpa 

c TepMIIIIaJibllblM Bb!IIrpbIIlleM (CM. TaKme JI, ll HO.H U<1.ec/f.a!t 
uzpa). BBHAY Toro, 'ITO P. 11. MOffieT H:lIIWr1.1a 11e aaK011-
'IIITbCH, 11eo6xo;nIIMO orrpe).(eJIHTb BhlIIrphllllII IIrpoKOB B 
cJiy'Iae 6ecK011e'I11hlx rrapT11ii:. A11aJIII3 JIKJooii nrphl IIIerr
Jin MomeT OhlTb cee;neH K a11aJI11ay IIeK-poii P II , 110 na-aa 
B03M01RIIOCTH 6eCl\OIIe'IIIhlX napTHII HCCJIO).(OBaIIIIe p. II. 
H 0011\eM CJiy'Iae CJIOffiIIee, 'IeM IICCJie).(OBaIIIIe CTOXaCTII'I. 
11rp. JlrooaH a11Taro11nCTH'ICCKaH Ko11eq1raH P. II. 06Jia1.1aeT 
3IIa'IeIIHeM, II o6a 11rp0Ka HMe!OT CT8IJ;HOIIa pIIhle E-OIITH
MaJibllhle CTp8TerIIII. X. 8eepeTT [ 1] yKaaaJI MeTO).( 11a
xom1.1e11IIH Kai\ 3IIa'IeIIIIii Hrpbl, Tai\ II OIITIIMaJibllblX CTpa
TerIIfl. 

Jlum.: [1] E v ere t t H., B KH.: Contributions to the theory 
of games, v. 3, Princeton, 1957, p. 47-78. B. ff . .l{oMa1icKuii. 

PEKYPCHBHAH PEAJlll3YEMOCTb - yTo'I11emrn 
IIIITYHIJ;llOIIIICTCROf.l: ceMaIITHKH apnqJMeTII'I. cym).(eIIIIM Ha 
OCIIOBe IIOIIHTIIH '!aCTII'IIIO peKypCHBIIOii iJ>ynHIJ;HII, rrpe;n
JIOll\e1111oe c. I\JIHIIH (CM. [1], [2]). ,[J;JIH BCHKOf! aaMKIIYTOll 
ap11iJ>MeTII'I. iJ>opMyJihl F orrpe}:\eJIHeTCH OT11ome1111e «II8TY
paJibIIOe 'IHCJ10 e peaJinayeT iJ>opMyJiy F», 06oa11aqaeMoe 
er F. 0TIIOillOIIIIe erF orrpe).(eJIHeTCH IIII).(YKTIIBIIO B COOT
BeTCTBHII c nocTpoe11IIeM iJ>opMyJihl F. 

1) EcJin F - aJieMe11Tap11aH iJ>opMyJia 6ea ceo6o;n11h!x 
rrepeMeIIIIbIX, T. e. iJ>opMyJia BII).(8 s= t, r;ne s Il t - IIO
CTOHHIIble Tep~lbl, TO erF TOr,[\a H TOJlbKO TOr,[\a, Kor,u,a e= 
=0 II 3118'I0IIHH Tep MOB S Il t COBil8).(8IOT. 

ITyCTb A H B - iJ>opMyJihl 6ea cao601.111b1X rrepe~IeIIIIhlX. 
2) er (A&B) Tor,u,a H TOJibKO Tor1.1a, Kor,u,8 e= 2a .3b, 

r1.1e arA, brB. 
3) er (Av B) Tor,u,a H TOJlbKO TOr):\8, KOr):\a e= 2° .3a H 

arA IIJIII e= 2 1 ·3b II brB. 
4) er (A ::lB) TOr,[\8 II TOJibKO TOr;'\8, IWr/\a e - re,u,eJieB 

IIOMep TaKoir OAIIOMeCTIIOfl qacTII'IIIO peKypc11a11oi1 il>YIIK-
1\HH cp, 'ITO AJIH Jitoooro 11aTypaJibHoro 'InCJia a, ecJIH arA, 
TO cp npIIMeIIIIM8 K a H cp (a)rB. 

5) er(lA) TOr11,a II TOJibKO TOr):\a, 1\01}\8 er(A::i1=0). 
ITycTh A (x) - iJ>opMyJia 6ea cao60AIIh1x rrepeMe1111hlx, 

OTJIH'I!IhlX OT x; eCJill n - IIaTypaJILIIOe 'IIICJIO, TO n -
rnpM, II3oop81R8IOIIJ;Hii a iJ>opM8JibIIoii 8]JBcpMenrne '!MC
JIO n. 

6) er(3xA (x)) Torp;8 n TOJibKO Torp;8, KOrAa e=2n .3a 
II arA (n). 

7) er (\f.rA(.:r)) TOr):\8 H TOJibKO TOr,[\8, KOf):\8 e - rep;e
JieB IIOMep T8KOfl 06m;epeKypcna11oii iJ>yIIKIJ;IIH f, 'ITO ,[\Jill 

JIIOOOro 118TYP8JlbllOro n 'IHCJIO I (n) pe8JIH3 yeT A ( n). 
38MKIIYT8H iJ>opMyJI8 F 11aahlB8eTCH p e 8 JI u a y e

M o li, eCJIH cym;ecTayeT •rncJio e, pe8JI11ayrom;cc F. <Pop
MYJI8 A (Yi, . .. . y m), COAepm8IIJ;8H cao6oAIILie rrepeMe11-
IIble Y1 ' .•• , y m, MOll\eT p8CC!\18TpHB8TbCH !{811'. rrpe}:\HK8T 
OT y 1 , .•. , Ym («iJ>opMyJI8 A (Yi·· .. ,ym) pe8JIIIayeMa»). 
EcJIH iJ>opMyJI8 F BhIBOAmm H3 pe8mrnyeMhlX iJ>opMyJI B 
IIIITYMl\IIOIIIICTCKOM apniJ>MeTn'!eCKOM IIC'!HCJieIIIIH, TO F 
pe8JIII3yeM8 (CM. [3]). B 'I8CTIIOCTH, BCRK8H iJ>opMyJI8, lJ,0-
KaayeMaJI B HIITYHl\llOHHCTCKOll apn«l>MeTHKe, peaJIHayeMa. 
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Moamo yKa3aTb TaHyIO ljiopMyJiy A (x), qTo ljiopMyJia K B, ecJI11 cym;ecTByeT BCIOp;y oIIpe.n;eJieHHall BhlqHCJIHMaH 
Vx(A (x)v lA (x)) He peaJrnayeMa. CooTBBTCTBBHHo, B ljiymni;Hll f TaKall, qTo P,Jill scex x H3 N 
aToM CJiyqae ljiopMyJia 1 Vx (A (x) V A (x)) peaJI11ayeMa, x EA ¢o? f (x) EB. 
XOTll llBJillBTCJI KJiaccnqecKir JIOlRHOll. 

BcllKall IIpep,nKaTHall ljiopMyJia ~(, p,oKaayeMall B HH
Tynu,noHnCTCKOM ncq11cJieHHH IIpep,nKaTOB, o6Jiap,aeT TeM 
CBOllCTBOM, qTQ Kamp,all apnljJMeTH'L ljiopMyJia, IIOJiyqaIO
m;allCll na ~r rro,a;cTaHOBKo:iI, peamrnyeMa. II pep,nRaTHble 
ljiopMyJibl, o6Jia,a;aIOnwe 3THM CBOHCTBOM, Ha3. pea JI n-
3 ye M bl Mn. BhIJIO IIOKaaaHo [ 4], qTo IIponoanu,noHaJib
HaJI ljiopMyJia 

((11 D:=>D)::'.:l(Tl Dvl D))=>(Tl DVl D), 

r,a;e D o6oaHaqaeT ljiopMyJiy lP v 1 q, peaJinayeMa, Ho 
He BblBOP,HMa B HHTYH!J,HOHHCTCKOM ncqncJieHHH BhICKa3hl
BaHHH. 

Jlum.: [1] K 1 e en e S. C., «J. Symbolic Logic», 1945, v. 10, 
p. 109-24; [2] R JI H H H c. R .• Bee11;eHHe B MeTaMaTeMaTHRY, 
nep. c aHrJI., M., 1957; [3] Ne 1 son D., «Trans. Amer. Math. 
Soc.», 19471 v. 61, p. 307-68; [4] R 0 s e G. F., TaM me, 1953, v. 75, 
p. 1-19; t5] H 0 B H R 0 B II. c., ROHCTPYRTHBHaH MaTeMaTHqec
Ralt JTOrHRa c TOqRH apemm RJiaccHqec11oll, M., 1977. 

B. E. JI.wcno. 
PEKYPCHBHAH TEOPU:H MHOiKECTB - paB,a;eJI Teo

p11n peKypcUIJIUnX rPYlt"l>lfUU, B K-poM paccMaTpnBaIOTCll 
H KJiaccnljinu,npyIOTCll IIO]l;MHOlReCTBa HaTypaJibllhIX qnceJI 
c aJiropnTMHq, TOqKn 3peHnll, a TaKme HCCJie,a;yIOTCll CTpyK
Typbl, B03HnKaIOm.ne B peayJihTaTe TaKoii: KJiaccnljinRau;nn. 
,ll.JIJI Kamp,oro MHOlReCTBa A, K-poe llBJilleTCll rrop,MHOlRe
CTBOM MHOlReCTBa BCex HaTypaJibHbIX qnceJI N, MO)RIIO 
cljiopMy.rrnpoBaTb cJiep,yIOm;yIO II p o 6 JI e M y p a 3 p e
I.II ll. M 0 () T n: cym;eCTByeT JIH aJiropnTM, II03BOJlllIOID;HH 
.D;Jill JII06oro x EN OTBeTHTh na BoIIpoc o npnHa,[\JiemaocTII 
x K A? 

MaTeMaTnqecKall nocTaHOBKa IIpo6JieM TaKoro po,a;a, 
KaK H pa3BHTHe p. T. M., CTaJia B03MOlRHa JIHIIlb B 40-x rr. 
20 B. IIOCJie ycnernnoil ljiopMaJIH33[],IIII HHTYHTHBHOro rro
HHTHJI (aJirOpHTMHlJ:ecmi:) 6WtuCJ!U,M,OU rPY1iYi!fUU. 06JiaCTH 
3HaqeHHll TaRHX .pynRu;ni1 o6paayIOT ceMellCTBO p e R y p
c H B II 0 II e p e q H c JI II. M bl x M H 0 lR e c T B (p. II. 
M.). MHoJRecTBa, ,[\Jill R-pl>Ix cljiopMymiposanHall BhIIIIe 
IIpo6JieMa paapernnMa, Baa. p e K y p c n B H hI M n. Toq
nee, A peKypcnsno TOr,a;a n TOJibKo TOrp,a, Korp,a An N~A 
o6a JIBJI.ffIOTCll p. n. M. IIepBhIMH npnMepaMn nepeRyp
cnsnMx p. II. M. OKaaaJIHCb T. H. RpeaTHBHhle (TBOpll:eCRHe) 
MHOlReCTBa. MMeHHO, p. II. M. K Ha3. K pea TH B H bl M, 
ecJin cym;ecTByeT BhlqncJinMall ljiyHRU,Hll, R-paa no HOMe
py JII06oro p. II. M. A, He IIepeceKaIOm;erocll c K, Bbl,a;aeT 
qncJio, rrpnHap;Jiemam.ee N~(K U A). 0,a;HoapeMeHHO c 
KpeaTnBHblMH MHomecTBaMn 6b1JIH o6napymeHhI 11. ,a;pyrne 
HepeRypc11BHhle p. II. M.' B qaCTHOCTH npoCThle. p. n. M. 
Ha3. II p 0 c T hI M, ecJin OHO HMeeT 6eCI\OHeqnoe ,[\OIIOJIHe
mi:e, R-poe ne co,n;epJRnT 6ecKoReqnblx p. II. M. TaKHM 06-
paaoM, yJRe ,1\Jlll p. II. 1\1, B03HHKaeT TOHRa.R rrpo6JieMa 
RJiacc11.ljinRau;nn HX IIpo6JieM paapeIIIHMOCTH. 0,a;HHM 113 
HHCTpyM:eHTOB ,[\Jill TaKOll KJiaccnljinRa!l,Hll CJIYlRHT IIOHH
THe c B 0 A H 1\1 0 c T II.. Ha HHTYHTHBHOM ypoBHe MHO
mecTBO A c B o AH M o R MHmReCTBY B, ecJIH cym;ecTByeT 
aJiropnTM, R-phlii: pernaJI 6h! IIpo6JieMy sxomp,eHn.R aJie
MeHTOB p;JI.R MHomecTBa A rrpn ycJioBnn, qTo ecTb aoaMom
HOCTh ITO Mepe na,1106HOCTH IlOJlb30B3TbCll JrnljiopMau,neii: 
0 rrpnHa,a;JielRHOCTll. TeX HJIH HHb!X HaTypaJibHblX q11ceJI 
MHomeCTBY B. B aToM cJiyqae A oKaahlsaeTcll B oIIpe,a;e
JieHHOM CMbICJie «peRypcHllHbIM» OTHOCHTeJibHO B' a 06hllJ:
Ilble peRypCHBHhle MHOlReCTBa - «peKypcnBHhIMH» OTHO
CHTeJibHO JII06oro MHOJReCTBa. TaKall CB0,1\l'IMOCTb B ca
MOM o6m;eM mt.n;e (Toqnaa iJiopMyJinposRa K-poii .n;ocraToq
Ho CJIOmHa) naa. Tb IO p II.Hr 0 B 0 ii:, 11.JIH T-c B 0 AH
M o c T b IO. HaKJia,[\hIBall Te HJIH 11.Hhle orpaIJnqeana Ha 
aJiropHTM, yqacTBYIOID;Hll B IIOHHTHH CBO,[\Hl\IOCTH, npnxo
AHT R onpe,a;eJteHHIO ,a;pyrnx CBO,[\HMOCTeii:, HaIIp. 1-, m-, 
bu- HJIH tt-csop,.11MocTn. B qacTHOCTH, A m-c Bo Au Mo 

EcJIH f MomHo Bhr6paTb paarrnaHaqH01'i, TO rosopJIT, qTo 
A 1-c Bo ,a; u Mo K B. 

06o6m;eHneM m-CBO,[\HMOCTH llBJilleTCll T a 6 JI II q H a H 
(tt-) csop;HMOCTh. MHomecTBo A tt-cso,a;nMo K MHomecrsy 
B, ecJiu cym;ecrsyeT aJiropHTM, K-phlii ,a;Jill Kam,a;oro x 
p,aeT Ha6op qnceJI <ti, t~,. . ., t~cx» n 6yJieBy ljiyHK!J,HIO 
~x (Yi· · ., Yn<xi), IIpnqeM 

xEA ¢o? ~x (x ( tt}, ... , 'X (t~<x>)) =1, 
rAe X(t)=1, ecJIH tEB' H x(t)=O B IIpOTHBHOM CJiyqae. EcJIH 
A MOJKHO Ta6JinqHo CBeCTH RB TaR, qro n (x) 6y,a;eT orpamr
qeHO HeK-poii: KOHCTaHTOll, TO rosop.RT' qro A 0 r p a H n
q e H H 0 T a 6 JI H q H 0 (btt-) c B 0 A H T c JI K B. 

IIycTb r - HeK-pall CBO/.J,HMOCTh. IIurnyT A <-rB, ecJIH 
MHomeCTBO A r-CBOP,HMO K B. 0THomeHHe <-r ,a;oJilRHO 
6blTh IIpe,a;nopir,a;KoM. EcJin IIOJIOlRHTh 

A=rB ~ (A~rB & B~rA), 

TO =r 6y,a;eT OTIIOIIIeHHeM 3RBHBaJieHTHOCTH, OTAeJibHbIH 
KJiaCC K-poil Ha3. r-c T e II e H b IO (H peKypCHBHO IIepe
q11cJill.MOll r-cTeIIeHhIO, ecJin 3TOT KJiacc co,a;epmnT p. II. M.). 
TbIOpHHrOBhl CTeIIeHH H3BeCTilhl B JIHTepaType H HaK 
c T e II e H H H e p a 3 p e III H M 0 c T H. 0THOilleHHe <-r 
IIopom,a;aeT qacTnqHoe yIIopap,oqeIJue scex r-CTeIIeHei'r. 
CBO,[\HMOCTh r' cna6ee, qeM r, eCJIH A <-rB BJieqeT A -<.r·B. 
qaCTHqffO ynop.RAOqeHHble MHOlReCTBa r-cTeIIeHeii ,[\Jill 
m- H 6oJieo CJia6blx CBO/.J,Hl\IOCTeil o6pa3yIOT BepXHH8 IIOJiy
peIIIeTKH (qro HesepHo ,1\JIH 1-cTeIIeHe:ii), HMeIOm;ue Han
MeHhIIIn:ii 3JieMeHT 0-r-CTeIIeHh peKypcHBHhIX MHOlReCTB • 
Ecnu orpaHnqnThCH uayqeHHeM TOJihRO peKypcHBHO IIepe
qucJIHMhIX r-CTeIIeHe:ii, TO OIIH Hl\leIOT TaRme H Hau60Jib
II!Hll 3JieMeHT 1, H-phl:ii Ha3. II 0 JI H 0 II r - c Te II e
ll b IO. p. II. M., cop,epmal!l,necll B IIOJIHOH r-CTerreHn, Ha3. 
r-II 0 JI H bl M H. M n H HM a JI b H hl.M H r-c Te II e H H
M H Haa. TaRHe, R-ph!e HMeIOT JIHIIlb e,a;HHCTBeHHYIO crpo
ro MeHhIIIYIO r-CTeIIeHb, a Hl\leHHO 0. 

IIocJie OIIpe,a;eJieHHH TOil HJIH HIIOll CBO,[\HMOCTH ee nay
qeHHe pa3BHBaeTCH B OCHOBHOM B .n;syx HaIIpBBJieHJrnx. 
IIepsoe CBll3aHo c BorrpocaMH OIIHCaHHll BepxHeii IIOJIY
perneTKH CTeIIeHe:ii OTHOCHTeJihHO BBe/:\BHHOH CBO,[\HMOCTH. 
l13B0CTHhll\I IIpI!MepoM IIpo6JieMbI TaRoro THIIa lIBHJlaCh 
II p o 6 JI e Ma II o c T a [ 1): sepHo JIH, qTO see peRyp
cnBHo IIepequcJIHl\lhle HepeKypcHBHhle MHOJKeCTBa HMeIOT 
OAHY H TY me crerreHh HepaapeIIIHMOCTH? l1JIH, ,a;pyrHMH 
CJIOBaMH, sepHo JIH, qTo rroJiypeIIIeTRa peKypcHBHO IIepe
qncJIHMhlX CTeIIeHeii: HepaBpeIIIHMOCTH COCTOHT JIHII!b H3 
,a;syx aJieMeHTos? IIoJiyqeHo orpnu;aTeJibHoe perneHue aToil: 
rrpo6JieMhl [2]. PerrreHnir 3THX sorrpocos o cTpoeHnn sepx
HHX IIOJiyperneToK peKypcnBHO rrepequcJIHMhIX m-, tt- JI 
T-crerreHeii: .RBJillIOTCll oIIpe,a;eJieHHhIMH sexaMn a nayqe
HHH CBO,[\HMOCTeH. B Haq, 1960-x rr. 6h!JIO ,[\OKaaaHo, qTo 
IIOJiyperneTRa T-cTeIIeHeii: (sea.n;e Hnme IIo,a;paayMeBaIOTCJI 
IIOJiypernerRn peRypc1rnHo nepequcJIHMblX CTerreHeii) He 
llBJIHeTCll perneTKOH H He HMeeT l\IHHHMaJihllbIX 3JieMeHTOBj 
ror,a;a me 6h!JIO OTMelfeHO cym;eCTBOBaHHe MHHJIMaJihHhIX 
m-cTerreHeii: n noRaaaHo, qTo IIOJIHair m-cTerreHh He llB
JI.ReTCH TOqHoH Bepxneii: rpaHhIO ABYX HecpaBH.ll:MhIX m
CTerreHeii. II03,[\Hee BbIHCHHJIOCh, qTo 3TOT <PaKT He HMeeT 
MecTa ,[\Jill btt- H 6oJiee cna6h!x cso,a;nMoCTeii:. IO. JI. Ep
mos [4] ,a;oHaaaJI, qTo sepXHllll rroJiypernerRa m-CTeIIeHeii: 
He llBJilleTCH peIIIeTKOH H qTo IIO/.J, HeK-pbIMH ee 3JieMeHTa
MH HeT MHHHMaJibHhlX. AHaJioruqHhle peayJibTaTbl, a TaR
me cym;ecTBOBaHHe MHHHl\laJihHhIX aJieMeHTOB, 6bIJIH IIO
JiyqeHhI AJI.R IIonyperneToK btt- H tt-cTerreHeii: (5). Ycraaos
JieHo, qTo aJieMeHTapHhre Teop11.11. rroJiyperrreroK m-, btt-, 
tt-, T- JI HeK-phlx ,a;pyrux cTerreHen IIOrrapHo paaJII!qffhl, 

BTopoe HarrpasJieHHe CBll3aHo c BorrpocaMn o TOM, Ra
KHe r-cTeIIeHH, CKOJihKO HX II. KaK OHR pacnoJIOJKeHhI B ere-



959 PEKYPCHBHAR cI>YHKQHR 960 

rreBHX OTHOCHTeJlbBO 6oJiee CJla6oii: CBOAHMOCTH, 'leM r. 
B 'lacTnocTn, rroJIBaH T (tt-, btt-)-cTerrenb coAepm:nT cqeT

noe 'IHCJIO peKypc:nBHO rrepe'lIICJIIIMbIX tt ( COOTB0TCTB0HHO 

btt-, m-)-CTeIIeBeiL c Apyroii: CTOpOHbI, CYII\0CTBYKJT Be
peKypCIIBHbie T ( btt-)-CTeIIeHII, COCTOHII\II0 H3 OAHOH 

tt (m-)-CTeIIem1, Ho KamAaH HepeKypcIIBHaH tt-cTeIIeHb 

COAeplRIIT, no KpaiiHeII Mepe, ABe btt-cTeIIeHII. 

K H3Y'IeHHKJ p. II. M. :nMeKJTCH II APYrMe IIOAXOAhI, He 
CBH3aHHbie c IlOHHTileM CBOAIIMOCTII. 0AIIH Il3 HIIX 3aKJlKJ

qaeTCH B CJleAYKJII\eM. Bee p. rr. M. BMeCTe c OIIepaq:nH-

1\III o6'beAIIH0Hilil II nepece1IeHIIH o6pa3yKJT pemeTKY «J. 
HeK-poe CBOiiCTBO p. II. M. Ha3. Te 0 p e T II K o-p e III e

T 0 q H bl M, eCJlH OHO coxpaHHeTCH rrp:n Bcex aBTOMOp
WI13Max f{}. TaKI1M:n, Harrp., HBJlHKJTCH CBOHCTBa «6b1Tb 
peKypCIIBHbIM», «6hlTb IIpOCTblMf) IIJlII «6b1Tb MaKc:nMaJlb

HblM)) MHOll\eCTBOM. P. II. M. A Ha3. Ma R c :n Ma Jl b

H bl M (r-M a K c II M a Jl b H bl M), ecJlII ero AOIIOJlHeHile 

6eCROHe'lHO II He MOll\eT 6blTb pa36IITO p. II. M. (coOTBeT
CTBeHHO peKypc:nBHblM MHOll\eCTBOM) Ha ABe 6ecKOHe'lHbie 

qacTn:. KJiaccwr. pe3yJlbTaTaMn, CBH3aBHblM:n c Il3y'le

H:neM 11' MoryT CJlYll\HTb TeopeMbl 0 CYII\eCTBOIIBHIIH MaK
CIIMaJlbHblX MHOll\eCTB II 0 B03MOll\HOCTH pa36IleBIIH Jlro6oro 

HepeKypcIIBHoro p. rr. M. Ha ABa HepeKypc:nBHblX p. rr. M. 

(cM. [2]) :n TeopeMa o CYII\eCTBOBaH:nII r-MaKCIIMaJlbHoro 
MHOll\eCTBa 6e3 MaKCIIMaJlbHblX HaAMHOll\eCTB (CM. [3]). 

IlOHHTile MaKCIIMaJlbHoro MHOll\eCTBa B03HHKJ10 B CBH3II 

c HaAell\AOH, 'ITO OHH OKamyTCH He T-IIOJlHblMII. 8TO 6blJlO 
6hl ecTeCTBeHHblM pemeHIIeM rrpo6JieMbl IlocTa. CaM 

8. IlocT, HaKJiaAbIBaH Bee 6oJiee mecTKile orpaHII'leH:nH Ha 

AOIIOJlHeHIIH p. II. M., orrpeAeJlIIJl KJlaCCbl rIIrrepIIpOCTblX H 

nmeprIIrrepIIpOCTblX MHOll\eCTB, IIOKa3aB, 'ITO rm1epIIpOCTbie 
MHOll\eCTBa He MoryT 6blTb tt-IIOJlHblMH. IlpII <!TOM p. rr. Ill. 

A c 6ecKoHe'IHhIM AOIIOJlHeHIIeM Ha3. r :n II e p II p o c

T bl ]\[ (r II II e p r II II e p II p 0 c T bl M)' eCJlII He cy
lllCCTBYeT Bbl'lIICJlIIMOII IIOCJleAOBaTeJlbHOCTII rroIIapHO He

nepeceKaro1q:nXCH KOHe'IHbIX (cooTBeTCTBeHHO peKypcIIBHO 

IIepe'IHCJlHMblX) l\IHOll\eCTB, Kall\AOe H3 K-pblX :nMeeT He

IIYCTOe IIepece'leHIIe c AOIIOJIHeHileM A . OrrpeAeJieHIIe 8TIIX 
KJlaCCOB MHOll\eCTB AaeTCH He B TeopeT:nKo-pe!IIeTO'IHblX 

TepMIIHax, :n B AeHCTBHTeJlbHOcT:n YAaJIOCb IIOKa3aTb, 'ITO 
«6b1Tb rIIrreprrpOCTbil\H) He HBJlHeTCH TeopeTIIKo-pe!IIeTO'l

HblM CBOHCTBOM. 0AHaKo AOKa3aHo, 'lTO p. II. Ill. A c 6ec

ROHe'lHblM AOIIOJlBeHileM HBJlHeTCH rIIIIeprIIIIepIIpOCTblM 
TOrAa II TOJlbKO TOrAa, KOrAa AJlH JlKJ6oro p. II. M. B cy

mecTByeT peKypcIIBHoe MHomecTBO R TaKoe, 'ITO R=B 
n (B""A )=R' T. e. CBOHCTBO «6bITb rIIrreprilrrepIIpOCTblM)) 
oRa3aJIOCb TeopeTI1Ko-pe1IIeTo'IHblM. Bbmo IIOCTpoeHo ril

rrepr:nIIeprrpocTOe MHOll\eCTBO 6e3 MaKCIIMaJlbHbIX HaA

MHOll\eCTB, a TaKme AOKa3aHo, 'ITO AJlH JlKJ6oro HepeKyp

CIIBHOro p. II. M. A CYII\eCTByeT aBTOMopiJ>:n3M l]) pe!IIeTKII 
11 TaKoli, 'ITO l]) (A) HBJlHeTCH T-IIOJlHblM MHOll\eCTBOM 

[ 6]. TaKIIM o6pa3oM, HaAemAa HaiiTII TeopeTI1Ko-pe1IIeTo'l

Hoe CBOHCTBO, K-pbIM He o6JlaAaJlII 6bl peRypCIIBHble II 
T-noJIHble MlrnmecTBa, He OIIpaBAaJiacb. 

Ib1eeTCH TaKme KOHqerrqIIH (a AYXe [7]), corJiacHo 

K-pofr p. T. M. AOJlll\Ha :n3yqaTb CBO!IcTBa IIOl\MHO/KeCTB N' 
coxpaHHKJII\IIecH IIp:n peKypc:nBHhIX IIepecTaHoaKax. B co
OTBeTcTa:n:n c aT:nM roBopHT, 'lTO MHorKeCTBa A :n B HMeKJT 

OAHH :n TOT me T :n II p e R y p c II B H 0 ii: a R B :n B a

JI e H T H 0 c T :n, eCJlII CYII\eCTByeT pa3H03Ha'lHaH Bbl'IHC

JlHMaH il>YHKqHH f TaKaH, 'lTO f(A)=B Il 1- 1(B)=A. 
T:nrrbI peKypcIIBHof1 aKBIIBaJieHTHOCT:n, He COAepmall\ne 

MHOll\eCTB, HMeKJII\HX 6ecKOHe'IHbie peKypc:nBHO IIepeqnc
JlHMbie IIOAMHOll\eCTBa, Ha3. II 3 0 Jl H M :n. IlocJle orrpe

AeJleHHH AJlH H30JlelI IIOAXOAHII\IIM o6pa30M orrepaqIIH CJlO

JKeHHH :n YMHOll\eHIIH CTaJla pa3BHBaTbCH ((a pIIiJ>MeTIIKa» 
n3oJieii:. 

ll3y'leHile CBOHCTB p. II. M. II CBOAHMOCTeii: He TOJlbKO 

B3alIMOCBH3aHo c APYrHMII HaIIpasJieHIIHMII TeOpil:n pe

kypcnBHblX il>YHKqUI!, HO u HaXO/J;lIT rrpnMeHeHile B JlOr:n

Re, TeOpIIH MO;J;eJieii II aJlre6pe. p. T. M. IIMeeT B CBOeM 

a pceHaJle co6CTBeHHbie' rrpIICYII\He IIOKa TOJlbKO eil: MeTO-

Ahl :nccJie;a,oBaH:nn. H a:n6oJiee :n3BecTHhIM JIBJllleTCH T. n. 

npuopumema .Memo{), c rroMOII\bKJ K-poro IIoJiy'laKJTCH oco-

6enno rJiy6oKIIe pe3yJlbTaTbl. 
.Jlum.: [1] Post E. L .• «Bull. Amer. Math. Soc.>>, 1944, v. 50, 
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«AJire6pa 11 Jior111<a», 1969, T. 8, M 5, c. 523-52; [5] ,D, er Te B 
A.H., «Ycrrexu MaTeM. HaYK», 1979, T. 34, B. 3, c. 137-68; [6] 
Soar e R. I., «Bull. Amer. Math. Soc.», 1978, v. 84, .Nb 6, p. 
1149-81; [7] Dekker J.C. E., My hi 11 J., «Univ. Calif. 
pub!. math.», 1960, v. 3, M 3, p. 67-213; [8] Ma JI hue e A. II., 
AJirop11TMhl 11 pe1<ypc11BHh1e ljlyn1<u11u, M., 1965; [9] Po 11 me pc X., 
TeopuJI pe1<ypc11BHhIX QJYHKuun u aljJljJeKTHBHaJI BhI'I11CJI11MoCTh, 
rrep. c aHm., M., 1972. A. H. lJ.ezmeB. 

PEKYPCHBHAH (f>YHKqHH, q a c T 11 'I Ho p e-

K y pc :n B Ha H qi y HK q :n H,- OIJ;HO Il3 MaTeMaTil'l. 

YTO'IHeBIIIl HHTYHTIIBHoro IIOHHTHH Bb!'lUCJ!U.MOU rPYHKlfUU, 
orrpeAeJIHeMoe CJieAYIDII\HM o6pa3oM. PaccMaTp:nBaKJTCH 
qiyHKq:n:n, 3ap;aHHble Ha HaTypaJlbHbIX 'lIICJlaX :n c HaTy
paJlbHblMH 3Ha'leHHHMII. <l>yHKqIIH IIpep;rroJiaraKJTCH q a

c T II q H bl M II, T. e. OIIpep;eJleHHbIMH, B00611\e roBOpH, 

He p;JIH Bcex 3Ha'leH:nfr apryMeHTOB. CJieAYIDII\IIe qiyHK

qII:n Ha3. II p 0 c Te ii: III II M II: s (x)=x+1, 0 (x)=O, 

1;;, (x1,. • • ,x,,)=xm(h;;;;;m,;:;;;:n). Byp;eM roBOpIITb, 'ITO n-Me

CTHaH iJ>ynKqIIH '11' IIOJlY'leHa Il3 m-MeCTHOii: il>YHRqIIII cp :n 

n-MeCTHblX il>YHKqIIII /1,. • • ,fm c IIOMOII\bKJ 0 II e pa To

p a c y II e p II 0 3 II q :n II, eCJlII /l;JlH BCeX X1' ••• ,x,, IIMe
eT MeCTO paBeHCTBO 

'l!J (xi, •.• , x,,) =Cjl (fi(xi, ... , x,,), ••• , f m (x1, ••• , x,,)). 

CKameM, 'ITO ( n+ 1)-MeCTBaH iJ>yHKqIIH f IIOJly'laeTCH :n3 

n-MeCTHOil qiynKqIIII cp :n (n+2)-MeCTHOil qiyHKqIIII '11' c 

IIOMOII\bKJ 0 II e p a T 0 p a II p II M Il T II B H 0 II p e

K y p c II :n ' 0CJ1H IIPH JlKJ6blX 3Ha'leHHHX Xi, . .. ' x,,, y 
BblIIOJlHHIOTCH paBeHCTBa 

f (xi, ••• , x,,, 0) =Cjl (xi, ... , x,,), 

f(x1, ••• ,xm y+1)='1!J(x1, ••• ,xn, y, f(x1 , ••• ,x.,, y)). 

Byp;eM roBopIITb, 'ITO n-MeCTHaH qiyHRqIIH f rroJiy'laeTCH 

Il3 (n+1)-MeCTHOll iJ>YHKqIIII cp c IIOMOII\bKJ 0 II e pa To
p a M II H II M n 3 a q II :n, IIJlH nau.Menbwew 11uc.11a one
pamopa, ecJIII AJlH JIKJ6blX x 1, • •• ,x,,, y BblIIOJIHeHo ycJio

B:ne f (x1,. •• , xn)=y Torp;a :n TOJlbKO Torp;a, Korp;a 3Ha'le

HIIH cp (x1,. • • ,xn,O), . .. , cp (x1,. •• , Xn, y-1) orrpeAeJie

HbI II He paBHbl 0, a cp (x1,. • • ,x,,, y)=O. qaCTI111HaH iJ>yHK
qIIH f Ha3. p e K y p c II B H 0 ii:, eCJlII OH a MOll\eT 6b!Tb 

IIOJly'leHa Il3 IIpOCTelllIIHX il>YHKqIIH c IIOMOII\bKJ KOHe'l

Horo 'IIICJla rrpI1MeHeHI1ii: orrepaTopoB cyIIeprro3:nqIIII, IIpn
MHTIIBHoii: peKypc:nII II MIIHIIMH3aqIIII. 

llHblMII CJlOBaM:n, f HBJlHeTCH p. ip.' eCJlll CYII\eCTBYeT 
TaKaH KOHe'IHaH IIOCJleAOBaTeJlbHOCTb 'laCTil'IHblX qiyHK

q:nn gl,. • • ,g,., 'ITO gk= f II Kamp;aH qiyHKqHH noii: IIOCJle
AOBaTeJlbBOCTil Jln6o HBJlHeTCH rrpocTeii:IIIeii:, JlI160 IIOJly

qaeTCH Il3 rrpep;bIAYII\HX c IIOMOII\bKJ OIIepaTOpOB cyIIep

II03HqHII, rrpIIMIITHBHOH peKypcII:n IIJlII MHHIIMH3aqIIH. 

c IIOMOII\bKJ MeTOAa apuifj.MemuaalfUU MOll\HO IIOJlY'IIITb 
rrepec'leT Bcex TaKIIX OIIncaHIIH P. qi., a IIMeHBo, MOll\Ho 

yKa3aTb aJirOpIITM, K-pblll Rall\AOMY HaTypaJlbHOMY 'IIICJlY 
x corrocTaBJIHeT HeK-poe orr:ncaH:ne P. ip. 3ap;aBaeMyro n:nM 

OIIIIcaH:neM P. qi. o6bl'IHO o6o3Ha'laKJT cpx, ax Ha3. ee re

A e Jl e B bl M H 0 M e p 0 M. 

BcroAY oIIpeAeJieHHble P. ip. Ha3. o 6 II\ e p e K y p
c :n B H bl M :n. Cyll\eCTBYKJT p. ip., K-pble He MoryT 6b!Tb 

IIpO!l;OJlll\eHbl AO 0611\epeKypc:nBHblX. 
,Ll,JlH JlKJ6of1 p. qi. MOll\HO yKa3aTb aJirop:nTM Bbl'IHCJleBIIJI 

ee 3Ha'leBIIH, T. e. ace P. ip. cyTb BbI'IIICJlHMhie qiyaKqnII. 

PacrrpocTpaHeHHaH rIIIIOTe3a, II3BeCTHaH rrop; Ha3BaHneM 
T e 3 :n c a q e p q a, COCTOIIT B TOM, 'lTO BCHKaH Bbl'IIIC

JlIIMaH qiyHKqIIH HBJlHeTCH p. qi. 8Ta fIIIIOTe3a IIOATBepm

AaeTCH pllp;OM iJ>aKTOB. TaK, Bee paccMaTpnBaBIII:necJI B 

MaTeMaTIIKe KOHKpeTHbie qiyHKqIIII, rrpn3BaaaeMbie BbI'IIIC

JlIIMbIMil B lfHTYIITHBHOM CMblCJle aToro CJlOBa, OKa3bJBa
JlIICb peKypcnBBb!MH. IloHHTHe p. ip. OKa3bIBaeTCH COBIIa

i:i;alOII\HM no o6'beMy c APYrHMII MaTeMaTII'l. YTO'IHeHHHMII 
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IIOHHTHH Bhl'l'HCJIHMOH tfiymm;JIJil (Harrp.' c IIOHHTJIHMH il>YHK
u;1m, BbitIJICJIJilMoii Ha ManmHe TbIOpHHra, BhltIHCJIHMoil: 
c IIOMOID;bIO HOpMaJibHOro aJiropHi!>Ma MapKoBa H ,a;p.). 

Bo3MOIBHhI pa3JIHtIHble orrpep;eJieHHH KJiacca BCex P. iP. 
t1epe3 ncxop;Hhle i!>YHKIJ;HH H rropomp;a10m;11e orrepau;1111. 
B tiaCTHOCTH, BCHKaH p .q,. MOIBeT 6hlTb rroJiytieHa H3 il>YHK
u;nii 

a(x, y)=x+y, m(x, y)=x·y, 1::i 

( { 0, eCJIJI x < y, 
k x, y)= 

1 , eCJIJil x ~ y, 

c IIOMOID;bIO KOHetIHOfO qncJia rrpHMeHeHJIH orrepaTopoB 
cyrreprro3JilIJ;HJil JI MJilHHMH3au;nn. 

Jlum.: [1) Ma JI hue B A. IL, AnropHTMbJ H pe11ypcHBHbJe 
lfJYHKUHH, M., 1965; [2) P o ;a; m e p c X., Teopmr pe11ypCHBHbJX 
ljJyHKUHfi H aljJljJe11THBHaH BbI'IHCJJHMOCTh, nep. c aHrJJ., M., 1972. 

B. E. l!J1ucno. 
PEKYPCIIBHOE OIIPEAEJIEHIIE - qacTo rrpnMe

HHeMhlii B MaTeMaTHKe crroco6 3ap;aHHH q,y1rnu;nii:, rrpn 
K-poM 3HatieHne JilCKOMOH q,y1rnu;nn B p;aHHOH TOtIKe orrpe
p;eJIHeTCH qepe3 ee 3HaqeHJilH B rrpeµmeCTBYIOID;JilX TOtIKaX 
(rrpJI IIO):\XO)l;HID;eM OTHOIIIeHJilJil rrpep;meCTBOBaHHH). p. o. 
TeopeTJilKO-tIJilCJIOBhlX il>YHKIJ;Jilll HBJIHIOTCH o6'heKTaMJil Jil3Y
tieHHH B Teopnn aJiropnTMOB (cM. Penypcua). B Teopnn 
MHOJl\eCTB IIOCTOHHHO HCIIOJlb3yeTCH ):\JIH orrpe,a;eJieHHH 
i!>YHKIJ;Jilll Ha opp;nHaJiax mpaHcifJUHUmHaa penypcua. B 
6oJiee o6m;eM rrJiaHe P. o. paccMaTpHBaIOTCH B Teopnn ll,O
rrycTHMbIX MHOJl\eCTB, B OCHOBe K-poii: JieIBHT HeKHll CHH
Te3 H]J,eii: Teopnn MHomeCTB n Teopnn aJiropnTMOB (cM. 
(2)). 

Jlum.: [1) Po ;a; me pc X., TeopHH pe11ypCHBHbIX ljJJHKUHfi H 
aljJljJeHTHBHaH BbJ'IHCJJHMOCTh, nep. c aHrJJ., M., 1972; l2) B a r
w i s e J., Admis1ble sets and structures, B., 197 5. 

H.B. Be.itRXUli. 

PEKYPCIIBHOE OTHOIDEHIIE - TaKoe OTHOIIIeHne 
Rc::Nn, rp;e N - MHOIBeCTBO HaTypaJibHhlX t1nceJI, tITo 
i!>YHKIJ;HH f, orrpep;eJieHHaH Ha Nn ycJioBneM 

( { 1, ecJin <xi. ... , Xn) ER, 
f x1, ... ,xn)= d" 

0, ecm1 <xi. ... , xn)'f..R, 

HBJIHeTCH penypcuoHoii rfiyHxlfueii. B qacTHOCTH, rrpn JII0-
6oM n YHHBepcaJibHoe OTHomeHne Nn n HYJib-OTHorneHne 
0 HBJIHIOTCH P. o. EcJin R H S cyTh n-MeCTHhle P. o., 
To oTHomeHnH RLJS, Rns, R'=Nn"-,R,R"-,S TaKme 6y

AYT p. o. 0THOCJilTeJibHO orrepau;nii: u' n '' CJilCTeMa BCex 
n-MeCTHhlX P. o. 06pa3yeT 6yJieBy aJire6py. B. E. 11.<ucno. 

PEKYPCIIBHOll: aKBIIBAJIEHTHOCTII TIIII-KJiacc 
8KBJilBaJieHTHOCTJil ):\JIH OTHOIIIeHHH pe_KypCHBHOH 81\BJilBa
JieHTHOCTH, T. e. COBOKYIIHOCTb BCeX IIO):\MHOIBeCTB HaTy
paJibHOfO pHp;a, Kamp;hre p;Ba Jil3 K-phlx MoryT 6bITh rrpnBe
p;eHhl BO B3aJilMHO O):\H03HaqHoe COOTBeTCTBJile c IIOMOiIIbIO 
l{acmwmo penypcuoHoii rfiyHxlfUU. TaKHM o6pa3oM, IIOHH
THe P. 8. T. CJIYIBHT B penypcuoHoii meopuu .1orno:m:ecmo 
aHaJioroM IIOHHTJI.II MOiIIHOCTJil B KJiaCCJiltI. Teopnn MHO
meCTB. TaK Kai\ JII06ble ):\Ba KOHetIHhlX MHOJl\eCTBa peKyp
CJilBHO 81\BHBaJieHTHhl TOr,a;a H TOJlbKO TOrp;a, Korp;a OHJI 
cop;epIBaT O):\JilHaKOBOe qncJio <JJieMeHTOB, TO p. <J. T. KO
HetIHOfO MHOJl\eCTBa IIOJIHOCTbIO xapaKTepn3yeTCH Mom;
HOCTbIO aroro MHOJl\eCTBa. )J;JIH 6eCKOHetIHhlX MHOll\eCTB 
HaTypaJibHbIX tIHCeJI, HeCMOTpH Ha HX paBHOMOID;HOCTb, 
8TO He Tai\: COBOKYIIHOCTb BCex Tal\llX MHOll\eCTB pacrra
p;aeTCH Ha MHOll\eCTBO KOHTirnyaJibHOH MOiIIHOCTJil pa3JIHtI
HbIX P. 8. T. Ilpn aroM BCHKHii: P.a. T. (KpoMe P.a. T. 
rrycToro MHOll\eCTBa) CaM HBJIHeTCH CtieTHbIM MHOll\eCTBOM. 
MHoll\eCTBa, rrpnHap;Jiell\aiIIHe O,a;HOMY P. 8. T., CXO,a;Hhl B 
oTHomeHnn HeK-phlx aJiropnTMnq. CBOHCTB. TaK, 6ecKo
HeqHhle peKypCHBHO rrepetIHCJIJilMble MHOll\eCTBa (Kai\ pe
KypCHBHhie, Tai\ H HepeKypCHBHble) o6pa3yIOT O):\HH p. 8. T. 

TaK KaK MHomecTBo, peHypCHBHO 8KBHBaJieHTHoe rrpo

AYKTJIBHoMy' CaMo HBJIHeTCH rrpo,a;yKTHBHhlM, BCHKHH 
P. 8. T., coi:i;eparnm;nii: npo&ynmuonoe .1orno:m:ecmoo, COCTOHT 

fl. 31 MaTeMaTH'leCHal! aHQ., T. 4 

TOJlbKO Jil3 rrpo;a;yKTJilBHbIX MHOll\eCTB; TaK me o6cTOHT ;a;eJIO 
c U.M.MYHHW.MU .MHO:m:ecmoaMu. TeopHH P. a. T. HMMYHHblX 
MHOIBeCTB, Ha3hlBaeMhlX BMeCTe c p. <J. T. KOHeqHhlX MHO
meCTB U30.M/,MU, pa3pa6aTbIBaJiaCb oco6eHHO HHTeHCHBHO. 

Ha;o; P. a. T. orrpe,a;eJIHIOTCH aJire6pantI. orrepau;un, 
Ball\HeHIIIHMH H3 K-pbIX HBJIHIOTCH CJIOll\eHHe Jil YMHOll\eHne: 
ecJIJI An B cyTh P. 8. T., aEA, ~EB, rrpntieM a coCTOHT 
H3 qeTHhlX t1nceJI, a ~ - H3 HetieTHhrx, To A+B ecTb 
P. <J. T. MHOIBeCTBa au~; A ·B eCTb P. 8. T. MHomeCTBa 
j (ax~), r,a;e j- o6m;epeKypCHBHaH il>YHKIJ;HH, B3aJilMHO o,a;
H03HaqHo 0To6pama10m;aH ,n;eKapTOB KBap;paT HaTypaJib
Horo pHp;a Ha HaTypaJihHhlH pHp;. AJire6pa P. a. T. TecHo 
CBH3aHa c aJire6poii: Kapp;nHaJibHhlX qnceJI, pa3BHBaeMoii: 
6e3 aKCHOMhl Bhl6opa. CoBOKYIIHOCTh H30Jieii: 3aMKHyTa 

OTHOCJilTeJihHO yKa3aHHhlX orrepau;nii. 
fl pep;rrpHHHMaJIJilCb IIOI!bITKJil rrepeHeCeHJilH IIOHHTJilR 

p. <J. T. Ha KJiaCChl MHOll\eCTB. 
Jlum.: [1) p 0 ;a; )I{ e pc x .. TeopHlI peHypCHBHbJX tPYHHUHfi H 

aljJljJe11THBHaH BhI'IHCJJHMOCTh, nep. c aHrn., M., 1972; [2] D e k
k er J.C. E., My hi 11 J., Recursive equivalence types, Berk.
LosAng., 1960. - B. A. /J.yw,cnuu. 

PEKYPCllBHblll: OIIEPATOP - BCIOAY orrpe,a;eJieH-
HhlH l{aCmUl{l/,0 penypcUBl/,b/,U onepamop. B. E. lIJIUC'fiO. 

PEKYPCIIBHl>Ill: IIPEAIIKAT - rrpe,a;nKaT P (x1 , 

. • • ,xn), orrpep,eJieHHhlH Ha HaTypaJihHbIX tIHcJiax n Ta
Koii:, qTo il>YHKIJ;HH /, 3a;D;aHHaH Ha HaTypaJibHbIX qJilCJiax 

ycJioBneM 

{ 1, ecJIH p (xi, ... ' Xn) HCTHHHO, 
f (xi, .. ., Xn) = 

0, eCJIJil p (x1, ... ' Xn) JIOiRHO, 

HBJIHeTCH pe,,,ypcUBHOU rfiYHKlfUeii. B. E. lIJIUCno. 
PEKYPCIIII BbICIDIIX CTYIIEHEll: - pe,,,ypcu0Hb1e 

onpe&e.aeHua, B K-phlX B KaqecTBe BCrroMoraTeJibHhlX o6'h
eKTOB aapH,a;y c qnCJIOBhlMH il>YHKIJ;JilHMJil HCIIOJlb3YIOTCH 
HeK-phle i!>YHKIJ;HOHaJihl 6oJiee BhICOKHX THIIOB. Harrp., AJIH 
CJiytiaH peKypcnn BTOpoii: CTyrreHH TaKOBhlMH HBJIHIOTCH 

«IIO/J;CTaHOBOtIHbie>) il>YHKIJ;HOHaJihl BJil):\a 

Vx, ... Xn(a1, .•. ,am f(X1, ••• ,Xn))=/(a1, ... ,an), 

a TaKIBe il>YHKIJ;JilOHaJibl, rroJiyqaeMhle H3 HHX rrocpep;CTBOM 
aToii: peKypcnn. MaTepecaoe CBOHCTBO P. B. c. 3aKJIIO
qaeTCH B TOM, qTo .MHOeonpamHy10 penypcu10 MOll\HO CBeCTH 
K O):IHOKpaTHOH 3a CtieT rrepexo,a;a K 6oJiee BhlCOKOll CTY
rrean. Ha <JTOM OCHOBaH MeTOA rrpnBe,a;eHHH MHOfOKpaTHhlX 

peKypcnii K aopMaJihHOH iPopMe. CJie,a;yeT HMeTb B BRAY, 
'ITO TepMHHOJIOfJilIO B aroii: o6JiaCTH HeJib3R cqnraTb OKOH
qaTeJibHO ycTaHOBHBIIIeiicH. B qaCTHOCTH, no.a; TepMHHOM 
«P. B. C.)) HHor,a;a IIOHHMaIOT HOpMaJibHhle q,opMhl MHoro

KpaTHhlX peKypcn:ii:. 
JJum.: [1] II e Tep P., Pe11ypcHBHbJe tPYHHUHH, nep. c HeM., 

M., 1954. H.B. Be.itR'f<Uli. 

PEKYPCIIH - crroco6 orrpe;r:i;eJieHHH q,yrrHu;Hii, HB

JIH10m;niicH o6'heKTOM Jil3YtieHHH B Teopnn aJiropHTMOB Jil 
,a;pyrnx pa3p;eJiax MaTeMaTHtI. JiornKH. 8TOT crroco6 p;aBHo 
rrpnMeHHeTCH B apni!>MeTHKe ;D;JIH orrpep;eJieHJilH qnCJIOBhlX 
rrocJiep;oBaTeJibHOCTeii: (rrporpeccnn, q11ceJI <Dn6ouaqqn n 
rrp.). C YIIIeCTBeHHYIO poJib nrpaeT P. B BbltIHCJinTeJibHoii: 
MaTeMaTHKe (peHypp9HTHhle MeTop;hl). HaKoHeu;, B Teopnn 
MHoll\eCTB qaCTO JilCIIOJlb3YeTCH TpauciPnHJilTHaH p. 

)J;oJiroe BpeMH TepMHH «P .» ynoTpe6JIHJICH MaTeMaTnKa
MH, He 6yp;yqn ToqHo onpep,eJieHHhlM. Ero np116Jin3HTeJih
Hhlii: ll.HTYll.Tll.BHhlii CMhlCJI MOll\HO orrnCaTb CJiep;yIOIIIIlM o6-
pa30M. 3HatieHHe ll.CKOMOll il>YHKIJ;HH t B npOH3BOJlbHOii 

TOqKe x (rro;r:i; TOtIKoii rro;r:i;pa3yMeBaeTCH ua6op 3Hat1err11ii 
apryMeHTOB) orrpep;eJIHeTCH, Boo6m;e fOBOpR, qepe3 3Ha-

qeHll.H <JTOH IBe il>YHKIJ;JilJil B ,a;pyrnx TOqKaX Y. K-phle B 

KaKoM-TO CMhlCJie «rrpe,a;meCTBYIOT» x. (CaMo CJIOBO «pe
KypCHH» 03HatiaeT ((B03Bpam;eHHe».) l\oHeqHo, B aeK-phlX 
«HCXO}J;HhlX» TOtIKaX 3gaqeHHH t ):\OJiiRHhl 3a)l;aBaTbCH ae

rrocpep;cTBeHHO. Maorp;a npn n0Mom;11 P. onpep;eJIHIOTCH 
O/J;HOBpeMeHHO HeCKOJlbKO il>YHKIJ;HH; Tor,a;a BbIIIIenpHBe
lleHHhle pa3'bHCHeHHH ayIB).\aIOTCH B COOTBeTCTByIOm;eii: MO-
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p;mp1rnau;1m. Ilpirnephl pa0Hoo6paallhix P. 6yp;yT AaHhl 

HHme. OrHorneHHe «x1 npep;mecTByeT ; 2» (rp;e xi, I;; 
rrp1rnap;JiemaT o6JiaCTII orrpep;eJiemrn HCIWMOII <fiymrn;1rn:) 
B pa3Hh!X lmp;ax p. ( «peRypcHBHb!X cxeMaX») MO)t\eT 
HMeTb pa3libIH CMbICJI, O):\HaRO OHO ,11.0Jlll\HO 6b!Tb <HPYHAH
pOBaHHbIM» (T. e. He p;OJI)I(HO cy:ru;ecTBOBaTb 6ecKOHe1IHOII 

rrocJie):\oBaTeJfbHOCTH TO'leR Xm n=O, 1, 2, ... , TaRo~r, 'lTO 

;n+i npeAIIIecTByer xn). 11'.pmrn Toro, HeHBHo rrop;paay
MesaeTcJI, lJTO OHO JIBJIJieTCJI «AOCT3T01IHO eCTeCTB8HHhJM>) 
(Harrp.' meJiaT0JlbHO, 1JT06bI :no OTHOIIIeHHe ycMaTpHBaJIOCh 
H3 caMoro orrncaBHJI peRypcnBHOH cxeMbI, a He na rrpo
u;ecca ee rrpnMeHeHHH). IlocJiep;Hee ycJioBne HMeeT 11ncTo 
:rnpHCTH'l. 3HB118HHe (Harrp.' ):IJIJI orrpe):\eJieHHH RaRHX
HH6YAb crreu;11aJibHhIX, cpaBHHTeJibHO npoCTh!X BHAOB P.). 
YT011HeHHe 3Toro ycJIOBHJI no cy:ru;eCTBY HeoT):\eJIHMO OT 
YTOlJHeHHJI ca Moro HOHJITHJI p.' a AJIJI BToro He06XO):\IlMO 
ycTaHOBHTb, RBRoro po):\a «flopMaJibHbie Bh!pameHHJI llIOryT 
6hJTb IlpH3HBHbl B Ra'leCTBe peRypcHBHhIX orrpe):\eJieHHll. 

B Tex CJiy'laJIX, ROf):\a pe1Ib Il):\8T 0 peKypcHBHh!X OIIH
camrnx 'lilCJIOBblX «flyHKIJ;HH (T. e. «flyHKil,Hii: OT HaTypaJih
Hb!X apryMeHTOB n c HaTypaJibHbIMH 3Ha11eHHHMH), oOhI'l
Ho IIOApaayMenaeTCJI, 'lTO TaRHe OIIHCaHHJI 3a):\BIOT crroco6 

Bhl'lHCJieHIIJI orrpe/WJIJieMblx «flyHKI~Hii:. Hnme acro;i,y (Rpo
Me 3RRJIIO'lHTeJibHblX 3aMe'laHHII) TepMIIH «P ,)) 6yp,eT IIOHl!
M3TbCJI Hl\IeHHO B TaROM CMbICJie. IlpoCTeiimei'I II Han6oJIC'e 
yrroTpe6HT8JlbHOiI peRypC'HBHoii: cxeMoii JIBJIJieTCJI II p H
M HT H B Ha JI P.: 

f (0, Xi, •.. , Xn) =g (xi, ... , Xn), 

f(y+1, Xi, ... ,xn)=h(y, f(y, x 1 , ... ,xn), X 1, ... ,Xn), 

rp,e .iflyHKil,Illl g, h rrpe):\IIOJiaraIOTCJI H3B8CTHh!Mil, t -
orrpeAeJIHeMaJI .iflYHHil,HH, y - rrepeueHHaH, no R-poi!r ae
AeTCJI P., xi, . .. , Xn - napaMeTpM, He y11acTnyro:ru;ne B 
P. BJinmaiimHM o6o6rn;eHHeM aToii: cxeMbl JIBJIJieTCJI T. H. 
B 0 3 B p a T H a JI p.' OXBBTh!Baro:ru;aJI TaRI!e Bil):\bl pe
KypCHBHblX orrpe):\eJieHHH, y R-pbIX, II0):\06Ho rrpHMHTilBHOll 
p.' TOJlhKO O):\Ha rrepeMeHHaJI yqacTJlyeT B p.' a COOTBeT
CTBYIO:ru;ee OTHOIIIeHHe rrpe):\IIIeCTBOBaHUJI COBIIa):\aeT c 
o6b111Hb!M yrropHAO'leHHeM HaTypaJibHbIX 'lHCeJI (1rnor):\a' 
Brrpo11eM, 3TOT TepMHH YIIOTpe6JIJieTCJI Ii! B 6oJiee nrnpoKOM 
CMb!CJie). H aH60Jiee TI!IIll'lHaJI pa3HOBll,[1,HOCTb B 0 3 B p a T
H o ii: P. TaRoaa: 

f (0, Xi, .. ., Xn) =g (x1, .. ., x,,), 

f (y + 1, x1, .. ., x,,) = 

=h(y, /(ai(y), X1, .. ., X11), ... , f(ak(y), X1, .. ., Xn), 
Xi, •.. , Xn), 

r.iw a;(y)<.y, i=i, .. . , k. Ilpep,cTasJJneT HHTepec TOT 
«flaKT' 'lTO H03Bp3THYIO p. MOll\HO 3aMeHIITh KOHe'IIIhIM 'IHC
JIOM npHMlITI!BHhIX p. Il 110):\CTaHOBOK. ,IJ,pyroi1 npnMep 
peKypCIIBHOH cxeMbI, CBOAJiru;eii:cH K ItpHMilTilBHOii p.' 
):\BeT 0 A H 0 B p e M e H H a JI p. Bup;a 

f; (0, xi, ... , x,,) =g; (xi, ... , x,,), 

j;(y+1, IL'i, "•' Xn) = 

=h;(y, fi(y, Xi, ... , Xn), ... , fk(Y,X1, ... , Xn), 

X1, .rn), 

rp;e i='i, . .. , k. MaTe111aT1111. JrornKa 11acTo 11MeeT AeJio c 
II p Il M I! T I! B H 0 p e R y p C Ii! B H hi M H «fl y H R II, H
JI M II, T. e. c TBRI!MII, K-ph!e MOll\HO IIOJIY'lI!Th 33 KOHe'lHOe 
'II!CJIO maroa rrpII IIOJ\IO:ru;I! IIO):\CTBHOBOK I! rrpIIMI!TI!BHhIX 
p.' I!CXOAJI I!3 HeK-poro «flI!KCI!pOBBHHOro 3anaca COBCeM 
upocTh!x «fly1tKu;nil (nanp., f(x)=x+1,f(x, y)=y n T. rr.). 

IlocJie):\OBBTBJlbHOCTh .iflYHRil,I!OHBJlbHbIX paeeHCTB, OltI!
Ch!BBIOitWH TBKOe UOCTpoeltIIe, HB3. II p I! M HT H B H 0 
p e R y p c I! B H hl 111 0 n I! c a H I! e M COOTBeTCTBYIO

nwil: «flyHKil,I!I!. ::!TH ormC!l.HI!JI CyTb CI!HTaKCll'l. o6'beKTbl 

(T. e. u;eno'lKI! CI!MBOJIOB)' o6Jia):\BIOlil,I!e ortpep;eJreHHoii 
a«fl«fleKTIIBHO pacnoaaaaae111oii CTPYKTypo:ii:. IlpaRTH'Iectm 

BCe 'll!CJIOBbie .iflyHRil,HI!, yrrorpe6JIJieMbie B MaTeMBTI!Ke no 
KaKoMy-Jin6o KOHKpeTHOMY IIOBOAY' OKB3h!BBIOTCJI rrpn
MI!TIIBHO peKypCHBHhIMH. 3TI!M B 3HB1IHTeJibHOH Mepe o6'b
JICHJieTCJI IlHTepec K )J;3HHOMY KJiaccy «flyHRil,I!H. 

EoJiee CJIOlHHbte BIIAhl peKypCHBHblX orrpep,eJieHnii: noJiy
'IBIOTCJI, ROr):\a p. I!,[l,eT cpa3y no HeCKOJlbKI!M rrepeMeHHbIM. 
Ta1me orrpep,eJieHIIH, noo6:ru;e ronopJI, Bh!BOAJIT II3 RJiacca 
IIpI!MIITI!BHO peKypCHBHbIX ¢YHKil,Hii, XOTJI COOTBeTCTByro
:ru;ee OTHOilleHIIe rrpe):\IIIeCTBOBaIII!H MOll\eT BbirJIH):\eTb KaK 
BIIOJIIIe eCTeCTBeHHoe. Harrp., B orrpeAeJieH1111 f (x, y) Mo
ryT yqaCTBOBBTb 3Ha'leIIHJI f (u, u), r):\e u <x I!JII! u=x, 
v<y, RaR 3TO I!MeeT MeCTO B CJieAYIOlil,eii cxeMe AB y
R p 3TH0 ll P.: 

f (x, Y)=g (x, y), eCJIII x=O llJIII y=O, 

f (x+1, Y+1) = 
= h (x, y, f (x, a (x, y, f (x+1, y))), f (x-j-1, y)). 

::Ira cxeMa yme He CBO):\I!TCJI R npI!MI!THBHOii p. c Apyroil: 
CTOpOIIhl, K Heii CBO):\I!lllbl l\IHOrI!e 6oJiee CJIOll\Hh!C peKyp
CllBHhle orrpep,eJieHRJI (CM. [ 1]). 

Ilepe'lI!CJieIIHble qaCTIIbie Bll,11.bl p. HllleIOT TO'l!Ible MaTe
MaTI!'l. orrpe):\eJieHI!JI - B OTJIH'lI!e OT paCIIJlb!I!'laTb!X «oKo
JIO MaTeMaTI!'leCKI!X>) rrpe):\CTaBJieHIIii 0 «peKypCI!IJ Boo6-
:ru;e». y TO'llI8HIIe 3TI!X rrpep,CT3BJieIII!ll ecTeCTBeHHO MblC
JII!Tb KaK 0Th!CK3HI!e IIO):\XOAJIJil,ero aJiropI!TMH'l. JI3b1Ra 
(T. e. «flopMaJibHOro JI3h!Ra AJIJI OIII!CaHI!JI Bhl'II!CJJI!TeJib
IIh!X rrpou;eAYP), BRJIIO'Iaroiu;ero nee noo6pa3I!Mble BI!Ahl 
p.' HO Ii! He CJIHilIKOM IIIHpoRoro. II paaoMepIIo Oll\I!):\3Tb, 
'ITO Bh!pa6oTKa TBKOro YTO'l!IeHI!JI 111omeT IIOTpe6oBaTb 
AOIIOJIHHTeJihHh!X corJiaIIIeHI!ll, BHOCJI:ru;Hx H81ITO HOBOe B 
I!HTYI!THBHOe IIOHI!lllaIII!e p. B 3TOH CBJI3Il IIe6e3I!HTepeCHO 
OTMeTI!Tb, 'lTO see paccMoTpeIIIIble Rh!Ille peKypCI!BIIhle 
cxeMhl opneHTI!posaHbi Ha rrop01R):\eHI!e TOTBJlb!IbIX (BCIO
AY orrpe,T\eJieHHbIX) «flyHRil,HH. TaK, ecJIII B cxe111e rrpHMII
THBHo:ii: peKypCI!I! g, h TOTBJlbHbI, TO TBKOBa me Il /. M BO

o6iu;e, peKypCHBHble orrpeAeJieHIIJI, 3aAaro:ru;He 11aCTH'lHbre 
.iflYHKil,I!Il, c I!HTYI!TI!BHOH TO'lKI! 3peHI!JI BbirJIJI):\JIT He
CKOJibRO HCKyCCTBeHHO. 0AHBKO eCTb rrpI!1IHHhl rrpIIBJieqb 
TBKI!e p. K paCCl\IOTpeHI!IO. ::!TO CBJI33IIO c T. II. A I! a r O
H a JI b a bl M M e T 0 A 0 M. l'IMeIIHO, rryCTb A3H aJirOpI!T
MI!'l. JI3h!R L, B ]{-pOM orrpe):\eJII!Mbl JIHillh TOTBJlbIIhle 

.iflyHKil,HI!, II IIYCTh CHIIT3RCil'l. HOIICTpyKil,I!H L He BbIRO
AJIT :la npe):\eJibl I!HTYI!THBHO IIOHHMaeMOH peKypcHBHO
CTI!. H'.oHC'lHO IIO):\paayMenaeTCJI, lJTO Bh!pameHilH H3hIKa 
L (JIBJIJIIOU\IleCJI om1caHIIJIMII «flyHKil,IIH) aJiropnTMII'leCKII 
pacrro3HaaaeMhl n 'lTO HMee:rcJI ep,HH006paaab1il crroco6 
Bhl'lHCJieHIIJI «flyIIRIWII, npeACTBBHMhlX B L, ITO I!X OIIIl
CaHHJIM. EeJin paccMaTpHBBTb Bb1pameHIIJI B L npocTo 
KBR u;erro11Hn CI!MBOJIOB, TO K3ll\AYIO TaKyIO u;errO'IKy ll!O)f(
HO C'II!TBTb H3o6pameIII!eM HaTypaJibHOfO lJI!CJia B II0,11.
XOAJilil,eii: CI!CTeMe C'lI!CJleHI!JI, JIBJIJIIO:ru;erocJI «KO):\OM)) A3II

noro Bb1pameHHJI. IlycTb Terrepb «flynK11,HH G (m, x) orrpe
AeJieHa TaK. EcJIII m eCTb ROA orrIIcaHHJl (B JI3bIKe L) 
HeK-poii: OAHOMeCTHoii: «flyHKil,I!I! fm, TO G(m, x)=fm (x). 
B npoTnBHOM CJ1y11ae G(m, x)=cp(x), rAe cp - HRKaJI
HII6YAb ¢IIKCIIposaHHaJI «flyHKIJ;IIJI, rrpeACTBBIIMBH B L. 
HcHo, 11ro G (m, x) Bhl'lIICJIIIMa H TOTaJibHa II TaKona me 
«flyHRIJ;IIJI F (x)=G (x, x)+1. Ho F Heahlpaa11111a B L, H6o 
HI! npII KBKOM m H8B031110ll\HO paBeHCTBO F(m)=fm (m). 
(B :JTOM paccym):\eHIII! cy:ru;ecTBeHHO IlCUOJlbBOBBH3 TO
TBJlbHOCTh F .) BoannHaeT norrpoc: JIBJIJieTCJI JIII ABHHoe 
oIIncaHIIe F peKypcIIBHhIM? EcJin a Ka11ecTBe L BBJITb JI3h!K 
upI!MI!TI!BHO peKypCHBHh!X orrncaHIIii:, TO OHO OK33hIBaeT
CJI CBO,ll,IIMbIM K ABYKpaTHoil. P. B o6:ru;elll cJiy11ae CIITya
u;nH HeJICHa H3-3B paCIIJlb!B'lBTOCTI! I!HTYI!TI!BHbIX rrpeA
CTBBJleHI!H 0 p.' TBK 'lTO IIOJIOJRI!T8JlbHh!ii: OTBeT Ha IIO
CTBBJieHHhlll norrpoc npe):\CTBBJIJieT co6oii AOIIOJIHI!TeJibHOe 
corJiame1tne. EcJIII upIIHJITb ero (KaR 3To HeJIBHO AeJiaeT 
CoBpeMCHHaH .'!OfRKa), TO JI3bIK L, OIIHCb!Baro:ru;nii B TO'l

HOCTI! ace BII,ll,hl «TOTBJlbHOll)) p.' OKa3hIBaeTCJI HeB03Mom
BblM. 
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ljiynKIJ;HH (H IIX ormcaJIHH rrpnanaIOTCH peKypCHBIIhIMH)' T 0 µ;,- MeTOA HTepaIJ;HOIIJIOro pemeHHJ!I CHCT8Mhl JIHJieH-
TO p;naroHaJIH3aIJ;HH Ile o6H3aTeJihHO BhIBO)l;HT 3a rrpep;eJihl IIhIX aJire6paHq, ypaBJieIIHH Ax=b, aJieMeHTapIIhIH mar 
L, TaK qTo TaKoi'I H3hIR B rrpHIIIJ;HIIe MomeT 6h!Th rrpll.rOA- K-poro COCTOHT B H3MeIIeHHH TOJlhKO O)l;HOH KOMIIOH0HThI 
HhIM )l;Jlll ap;eKBaTHoro YTOqHeIIHH peKypcHBIIOCTH. IlpaB- BeKTopa JieH3BeCTHhIX, rrpnqeM HOMepa M3MeHHeMbIX KOM-
p;a, EITO CBH3aHo c JieK-phIM rrepeOCMhICJleJIHeM caMoro no- IIOHeJIT BbI6HpaIOTCH B IIeK-pOM IJ;HKJJHq, nopHp;Ke. Hau6o-
HHTHH p.' Ii! COBpeMeIIIIOe CTporoe orrpep;eJieHHe aToro no- Jlee qaCTO p. M. HCIIOJlh3yeTCH )l;JlH pemeHHH CHCTeM c no-
HHTHH Ile BTIOJJIIe corJJaCOBaHo c HMeBIIIHMHCH paaee JJOmHTBJihHO onpep;eJJeHJIOH MaTpHil,eH A. 
HHTYHTHBHhIMII rrpep;cTaBJieHHHMH. B HOBOM yToqJieJIHOM EcJIH M3MetteHHe O)l;IIOII KOMTIOHeHThI BCKTOpa H8Il3BBCT-
CMhICJIC p. eCTh IIeK-paH CHHTaKcHq, orrepaIJ;HR: (c ljJHKCII- HhIX xk ocyrneCTBJIJieTCH TaK, '!TO AJIJt Holloro npn6nni«e-
poBaIIJIOH HJITeprrpeTaIJ;He:il:), YIIOTpe6JJHCMaH )l;JIH TIOCTpoe- JIHJI xll+l KBap;paTHqJiaH ljiopMa (A (xk+ 1-x), xk+ 1-x) 
IIHH BhrpameHHii B pa3JJJlqJihIX aJiropnt~mq. JI3h!Kax. EcJJH MHIIHMH3HpyeTCH, TOP. M. Jia3. Me T 0 A 0 M II 0 Jl II 0 il 
L-op;nH II3 TaKHX H3hIROB, TO ecTeCTBeIIBO rrpeArronaraTh, p e JI a R c a IJ; 11 11. Ecnn me aa op;llII aJieMeHTapHhlii mar 
qTo B HeM eCTh Ii! p;pyr11e CllHTaRcHq. onepari;nH, OT K-ph!X 3JiaqeHHe KBap;paTHqJiorl: ljiopMhl JIHIIIh yMeIIhIIIaeTCR:, JIO 
3aBHCHT KOHKpeTIIh!H llll)l; peKypcHBIIhIX OIIHCaHHH B L. Ile MHHHMH3HpyeTCJI, TO p. M. Ha3. Me T 0 A 0 M He II 0 Jl-
Boo6rne roBopH, Bhlpamemrn H3h!Ka L He o6HaaTeJihHo H o ft p e JI a R c a IJ; H H. 
OIIHChIBaIOT TOJlhKO qncJIOBble ljiyHKIJ;HH. HeK-phle H3 IIHX Han6oJiee HOJIHO HCCJie)l;OBaJI Me T 0 A II 0 c JI e A o-
Moryr aap;aBaTh ljiyHKIJ,HOllaJlhHhte orrepaTophr 11 µ;pyrMe B a T e JI h a o li B e p x II e ft p e JJ a K c a IJ; 11 II, Kor-
o6'heKThI. 8TO Hymao, B qacTHOCTH, p;JIH orrpep;eJieHHH P. :r1a MaTpHIJ;a A o6nap;aeT T. H. CBoiicTBOM (A) 11 cornaco-
PeKypcHBIIhrn orrncaHHH B L - aTo cHcTeMhI ljiyIIRIJ;HO- BaHJio yrropHp;oqeJia. MaTpHIJ;a A Ha3. MaTpHIJ;ei'I, o6na-
JiaJJhHhIX ypaBIIeJIHft B11p;a /;= T1(/1 , ... , fn), i= 1, ... , n, p;a10rne:il: c Bo ft c TB o M (A), ecJtll cyrnecTByer MaTpnIJ;a 
rp;e f; - onpep;eJIHeMhle ljiyIIKIJ;HH, a T; - BhlpameHHH B rrepecTaHoBoK p TaKaJI, qTo MaTpnri;a PAPT nMeeT lilopMy 
L, aaAa10rnne B coBo:KyrrHocT11 HeK-pbii'! oneparop. Ho Bee llD H II 
Bhrpa3H.'>lhle B L orrepaTOphI p;oJti«lthl 6hlTh aljiljieKTHBIIhlMI! K' D, ' rp;e D1 H D2 - KBap;paTJihle p;naroHaJJbHh!C MaT-

(nocKoJlhKY L - aJiropliTAIHq. H3b!K) JI TIOTOMY MOIIOTOH- pml,hl. 
HhtMH (T. e. OHH coxpaIIHIOT OTHOIIICIIIIC cp ~ tjl, 03Raqa10- l1TepaIJ;HOHHRH CXCMa P. M. HMeeT CJJep;yIOrnIIII Bllp;: 

rnee, qTOtp µ;oorrpep;eJIHeT cp). B c11ny 3Toro BCHHaJI CHCTeMa (D +wL) xk-+ 1 = ((1-w) D-wU) xk+ wb, k =0, 1, ••. , 
yrta3aHHOro m1p;a o6Jia;r\aeT MHHHMaJihHhIM (B CMhICJle OT
li:ollieHHH ~) pemeHneM H, no orrpep;eJJeHHIO, HBJIHBTCH 
peKypcHBHhIM orrncaHHeM ljiyHRIJ;Hft, COCTaBJIHIOrnHX <!TO 
pemeHHe. McXO)l;H H3 p;aHJIOto OIIIICaHHH, HCKOMOe MHHH
MaJJhJIOe pememre MomIIo rronyqIITh rrocpep;CTBOM cnep;yto

rnero npoIJ;ecca. )l,nH i= 1, ••• , n rrycTb /I,- IIHrp;e He 

orrpep;eJJeHIIaH ljiyHRIJ;IIII II t7+I = T ;(/~, ... , /~), TaK '!TO 

t7~ t1+1. HeTpyp;IIo y6ep;IIThCH, qTO HCKOMhre ljiyHKIJ;HH 

f; rroJiy'laIOTCH «06'hep;11HeIIIIeM» J7 (k=O, 1, 2, ... ). TeM 
caMhIM 3aAaH crroco6 COBMeCTIIOro Bh[qJICJleHHH /;. 8TOT me 
rrpoIJ;eCC aap;aeT 6onee HJlH MeHee eCTBCTBeHJIOe OTHOIIIBHHe 
rrpeµ;mecTBOBRHHH IIa apryMeIITax, K-poe H orrpaB)l;h!BaeT 
(B yp;OBJlBTBOpl!TeJlblIOll Mepe) yrroTpe6JJeIIHe TepMHHa 
«P .)) B p;aHHoii CBH3H. 

)l,nH Toro qTo6h! rrpHBep;eIIIIble paHee peKypcHBHhrn 
cxeMhI rroµ;xoµ;1rnn noµ; TaKoe orrpep;eneIIHe, Heo6xop;m10, 
qTo6hI H3hIK L 6hrn IIe CJJHIIIKOM 6ep;eH. TaK, yme B cnyqae 
IIPIIMHTl!BHOii p. Hy;KJihl IIO,!J;CTaIIOBKa H «KycoqJioe» orrpe
p;eJJeIIHe ('.!'. e. 3ap;aIIHC ljiyHKIJ;l!I! HeCKOJlbRHMH paBeHCT
BaMll). B:r.rncTe c TeM <JTHX ABYX CHIITaKcl!q, orrepau,HII, 
B coqeTaHHH c TOJlhKO qTo orrpep;eJJeIIHoii P., yme µ;ocTa
ToqHo AJJH rronyqeHHH BCex Bblql!CJlIIMhIX ljiyHRIJ;Hft (HCXO)l;H 
U3 rrpocrniiIIIHX). fl pH COOTBBTCTBYIOIIJ;HX IIpeJJ;IIOJlOl«BHl!HX 
06 L MOlKIIO TaKme µ;ocTaToqHo yBepeHIIO yTBepmp;aTb, qTo 
p;aIIJIOe orrpep;eJJeHH0 p. OXBaTb!BaeT Bee HIITYl!THBJIO MhIC
JIHMhie peKypCHBIIhie OIIHCaHHH. B TO me BpeMH BBep;eIIIIOe 
o6rnee orrpe,1wnenHe o6nap;aeT xapaKTepIIb!Mll qepTaMM He
ljiopMaJihHO IIOIIHMaeMoii peKypcHBIIOCTH, K-phre rrpmma
IOTCH cyrneCTBeHHhIMH B cospeMeIIHOft MaTeMaTHKe. 

IlJJO)l;OTBOpIIOCTb p;aJIJioro onpep;eJJeJIHH p. 3aKJJIOqaeTCH 
He TOJlhKO Bero 3JiaqeHHI! )l;JlH TeOpHH anropHTMOB, HO If B 
TOM, qTo OHO II03BOJlHBT B3rJJHHYTb c «aJJrOpHTMIIqecKOM» 
(B o6o6rn;eIIIIOM CMbICJJe) TOqKII apeIIHH TaKme Ii! Ila HeK-pb!e 
KOHCTpyKIJ;HH a6cTpaKTHOft MaTe~rnTHRH, HMeIOrnHe onpe
p;eJJeHIIOe CXO)l;CTBO c ((qIICJlOBh!MH» p. (TpaHC«jJHIIIITJiaH 
p.' HIIAYRTIIBJihle orrpep;eJJeHHH' peKypcIIBIIble Hepa pXIIII 
Ii! T. II.). 

Jium.: [1) II e Tep P., PeKypc11BHbre ljJyHm-11111, rrep. c HeM., 
M., 1954; [2) Ma JI bu e e A. II., Amop11TMhr 11 PeKypcllBHh!e 
ljJyHKullll, M., 1965; [3) y c II e H c K II ii B. A., Jiem-11111 0 ewq11cJ111-
MbIX ljJyH!U\!!ITX, M., 1960; [4) I\ JI II H II c. I\., Beenemie B MeTa
MaTeMaTllKY, rrep. CaHrJI., M., 1957; [5] M 0 sch 0 v a k is Y. N., 
Elementary induction on abstract structures, Arnst.,- [a. o ], 
197 4. . H. B, Be.a.nr;un. 
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rp;e w - rrapaMeTp penaKcari;nH, D - p;IIaronaJJhHaH, L -
HIImlIHH TpeyroJJhHaH II u - B9pXHHH TpeyrOJihHaH MaT
pIIIJ;hl H3 paanomeHHH A =D+L+ U. Ecn11 w >1, To MCTOA 
Ha3. M e T 0 A 0 M B e p x H e fr p e JI R K c a IJ; II H 
(c Be p x p e JI a R can, II ll), ecJJH w..;;:1 - Me To Ao M 
H H 11\ H e ft p e JI a R c a IJ; Ii! Ii!. IlapaMeTp (J) BbI6IIpaeTCJl. 
H3 ycJIOBHH MIIHHMH3RIJ;l!II cneKTpaJJbIIOro pap;nyca MRTpII
IJ;hI S nepexop;a OT HTepaIJ;HII R HTepaIJ;llH: 

S= (D+wL)- 1 ((1-w) D-wU). 

EcJJI! A - CHMMeTpHqJiaH MaTpIIIJ;a c noJIOJKHTCJihIIhIMR 
)l;l!aronaJJhHhIMH aJJeMeHTaMtI n A; - KopIIH p;eTepMl!HaHT
Horo ypaBHeHHJI det(L+/..,D+V)=O, TO OIITIIMBJibHOe 
aJiaqeHHe rra paMeTpa w µ;aeTCH ljiopMynoit 

2 
w '=OJo= V ' 

1 + 1-i.~ 

rp;e /.~=max A,~. )l,nH w= w 0 crreKrpaJibIIblH pap;11yc MRT

PllIJ;hl S paBeH 

1-V~ 
Wo-1= v < 1. 

1 + 1-i.~ 

PaccMoTpeHhl cnyqaII, Kor,[(a HeK-phie A; KOMrrJJeKCHhI. 
Paapa6oTaHhI MeTop;hI 6no•rnoH: peJtaKca[\mL 

Jlum.: [1) Young D. M., «Trans. Amer. Math. Soc.», 1954, 
v. 76, No 1, p. 92-111; (2) er o are, Iterative solution of large 
linear systems, N. Y. -L., 1971; [3) Ba a o e B., <I> op
c a it T ;ri: rn., PaaaoctHbre MCT011;hr peUien11H n111jJljJepeHu11aJthnb1x 
ypaBHeH11lt e qacTHbIX rrpo11aeonHbIX, rrep. c aHr;I., M., 1963; [4) 
<I> a n n e e e ;ri:. I\., <D a n n e e e a B. H., Bb1q11cJ1HTCJ1hHhle MeTo· 
l\hI J111neltnolt aJ1re6pbI, M., 1960. E. C. HunoJtae•. 

PEJIAKCAIJ,U:OHHOE KOJIEBAHU:E - nepnop;llqec-
KHft rrpoIJ;ecc, rrpl! K-pOM Me,a;JJeJIHOe, IIJlaBIIOe H3MeIIeHne 
COCTOHIIHH o6'heKTa B Te'leHne KOJieqJioro rrpoMemyTKa 
epeMeHII qepeµ;yeTCH c 6hICTphIM, cKaqKoo6pa3Jib!M H3Me
HBHHeM ero COCTOHHHH Ba 6eCKOHeqHo MaJJoe BpeMJI. TaK11e 
KOJJe6aTeJlhHhle rrpori;eccbl IIa6JJIO)J;aIOTCR: BO MIIOrHX peaJib
Jih!X MexannqecK11x, pap;IIoTeXJIHqecKIIx, 611onorHqecKHX 
HAP· 06'beKTax (cM., Hanp., (1)-(3)). 

MaTeMaTHq. MO)l;BJlbIO, OIIHCblBRIOrneft p. R., HBJJJIIOTCH 
aomono:Mnbie cucme:Mb! o6blHHOBeHHb!X p;IIljiljiepeIIIJ;IIRJJbIIblX 
ypaBHBIIHll c MaJihIM rrapaMeTpOM rrp11 qactII rrpOH3BO):{IIhIX: 

B;;=f (x, y), y=g (x, y), ·=d/dt, (1) 

xEIRk, yEIR"', O<e...;;;1. 
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Ilepnop;n'lec1rne no apeMeHn t pemeHne Ta1rni'r c11cTeMbJ 11 a Kn v - KoaiJ>!Jmq11eHTb1, aiJ>iJ>eKTHBHO Bbl'IHCJlHeMbie He-
Ha3. p e JI a K c a q 11 o H H bl M K o JI e 6 a H 11 e M. nocpe0p;cTBeHHo no iJ>yHKil,11.HM f (x, y) 11 g (x, y) (cM. [ 10]). 
HJiaccn1r. np11MepoM CllCTeMbl c 0/];HOfl CTerreHbIO CBo6op;b1, .Il:JIH o6III,eii CIICTeMbl (1) np0113BOJlbHOro rrop.Hp;Ka OCTaeTC.H 
llMeIOIII,eii p. K.' CJlyllmT Ban oep II O.Ml ypa6tte1we (1983) He nepeKpblTblM pe3yJlbTaT JI. c. IloHTpHr11Ha II 

d'x , 2 d'< E. <1>. Mm11,eHKO, Bbl'lllCJlllBIIIllX ac11MIITOTllKY P. K. c 
a,,-fl,(1-x)ctt"tx=O (2) TO'lHOCTbIO go O(e) (cM. [11), [12), [9]). 

rrpn 6oJlbIIIllX rroJIOJRHTeJlbHblX 3Ha'leHHHX na paMeTpa A. 
(c 3Toii To1mH 3peHH.H yme 3Ha'IeHHe A.= 10 MOJRHo c 1rnTaTb 
6oJibIIIHM). EcJIH rroJloJRHTb 

_ \ x ( 2 1 dx i: I 
Y-Jo x -1)dx+Tar' t=T, e=11,2 ' 

TO ypaBHeHHe (2) rrp11BO/];li1TC.H K CliICTe~rn THIIa (1): 

y=-X. 

Bonpoc o cyIII,eCTBOBaH1111 11 1rncJie P. K. cHCTeMbl ( 1) 
pemaeTCll B TepMHHax B bl p 0 JR A e H H 0 II c Iii c T e M bl 

I (x, y)=O, y=g (x, y), (3) 

.HBJl.HIOIII,eiic.11 rH6pHp;Hoii CHCTeMoii ypaBHeHHII. TpaeKTO
pnH CliICTeMbl (3) B iJ>a30BOM rrpocTpaHCTBe IR.kx /Rm ec
TeCTBeHHO TpaKTOBaTb KaK npep;eJlbJ iJ>a30BblX TpaeKTOp11ii 
He Bbl p 0 JR A e H H 0 ii c II c Te M bl (1) rrpH e-+ 0. 
B 'laCTHOCTH, TpaeKTopn11 P. K. cncTeMbl (1) rrpn e-+ 0 
CTpeMHTC.H K 3aMKHYTOil TpaeKTOplillil CHCTeMbl (3), COCTO.H
III,eii H3 'lepep;yIOIII,HXC.H y'laCTKoB p;ayx THrroa: y•racTKOB, 
rrpoxop;HMb!X iJ>a30BOii TO'lKOil CllCTeMbl (3) 3a KOHe•moo 
apeMll (KaJRp;blii H3 HHX JleJRHT Ha rroaepxHoCTll f (x, y)= 
= 0)' H Y'IaCTKOB' rrpoXO/];liIMblX iJ>a30BOil TO'lKOii CHC
TeMbl (3) MrHOBeHHO (KaJRp;blii H3 HHX Ha•mHaeTC.H B T 0 'l
K e c p bl Ba, T. e. B TO'lKe, rp;e 

f(x,y)=O, det II of /ox II= 0, 
JleJR11T B IIJlOCKOCTH, rrapaJIJleJlbHOii. IR.k, II KOH'laeTC.H Ha 
rroaepxnocTH f (x, y)= 0). PeIIIeHHe c11cTeMb1 (3), cooTBeTCT
BYIOIII,ee TaKoii. 3aMKHYTOJI TpaeKTopmr, Ha3. p a 3 p bl B
H bl M II e p II 0 A H q e c K II M p e III e H Iii e M, a rro
TOMY p. K. CliICTeMbl (1) 'laCTO Ha3. II e p Iii 0 A Iii 'le c K Iii M 

p e III e H H e M, 6 Jl H 3 K Iii M K p a 3 p bl B H 0 M y, 
HJlH game rrpoCTO p a 3 p bl B H bl M K 0 Jl e 6 a H II e M. 
(C11cTeMa (3) MOJReT HMeTb 3aMKHYTYIO TpaeKTOpHIO, qeJlH
KOM JiemaIII,yIO Ha rroaepxHoCTH f (x, y)= 0 n He rrpoxop;.11-
III,YIO qepe3 TO'!Klil CpbIBa. B TaKOM CJlyqae CliICTeMa (1) 
HMeeT 6JIH3KYIO K Heir 3aMKHYTYIO TpaeKTopmo, OAHaKO co
OTBeTCTBYIOIII,ee err rrepHO/];lil'I. peIIIeH11e CliICTeMbl ( 1) He 
6yp;eT P. K.; CM. [6).) 

BamHoii. 3ap;aqe:il: llBJl.HeTc.H aCHMIITOTll'I. (rrpn e -+ 0) 
Bbl'lllCJleHlle iJ>aaOBOJf TpaeKTOpliIH p. K. CHCTeMbl (1), a TaK
me IIOJlY'IeHHe aCHMIITOTll'l. iJ>opMyJl /];Jlll xapaKTepn
CTliIK 3TOro KOJle6aHHll - ero rrepHop;a, aMIIJlliITYAbl Iii T. A· 
Bb11rncJieHHe TpaeKTop1111 P. K. ypaBHeHHll BaH p;ep IloJill 
(2) rrpoBOAHJl A. A. )].opop;HHqbIH [7), nocTponam11ii. acHM
IITOTll'l. rrpH6JlHJReHHll rrpn A.-+ oo p;Jl.H aMIIJlHTYAbl 

a= 2+ 0,77937/,, - 'la - ~~ 1 ~211, -0,8762/,, - 2 +0 (A. - '/a) 

H /];Jl.H rrepHOAa (cM. TaKJRe [8)) 

T =1 613706A.+7 01432/,, - '/a_l:._ lnA._1 3233A.- 1 + 
' ' 3 ')... '' 

+o(A.-'ls). 

B cJiyqae cncTeMbl (1) 2-ro rrop.Hp;Ka (T. e. npH k=m=1) 
c To•maMn cpblBa o6III,ero rroJiomenH.H rrpo6JieMa acHMII
TOTH'I. Bbl'lHCJleHH.H p. K. pemeHa IIOJlHOCTbIO [9). B 'IaCT
HOCTlil, Bbl.HCHeHa CTPYKTypa aCHMIITOTlil'l. pa3JlOJReHll.H 
rrplil e-+ 0 rrepnoµ;a P. K.: 

T-T+'-._,"' .n/a~X(n-2)K Iv! 
- o °""n= 2 e °""v= o n, v n e ' 

( ) = !':.. + 2 V3 t :n:n xn 3 9 g3' 

lfay'laJlCH TaKme BOrrpoc 0 rrep11op;11'l. pemeHllHX THna 
p. K. HeaBTOHOMHblX CllCTeM o6bIKHOBeHHblX p;11iJ>iJ>epeHq11-
aJlbHblX ypaBHeHllil (CM., Hanp., [13)). 

Jlum.: [1) AH Apo Ho B A. A., B HT T A. A., X a li-
1{ H H c. 8., Teopm:1 J{OJieOaHHit, 2 H3A., M., 1959; [2) JI a H
A a II. C. ABTOJ{o.11eoaHHH e cHCTeMax c J{OHe'!HhlM 'IHCJioM cTeneHetl 
CBOOOIU>I,' M., 1980; [3] p 0 Ma H 0 B c ]{ H II IO. M., c Ten a
H o B a H. B., q e p H a B c ]{ H ti ,[];. C., MaTeMaTH'!ec]{oe MogeJIH
poeaHHe e 5HoljJH3HJ{e, M., 197 5; (t,] V a n d e r P o I B., «Phil. 
Mag. Ser. 7», 1926, v. 2, M 11, p. 978-92; [5) ii\ e JI ea
ll o B H. A., Po )\bl r H H JI. B., «,[l;OJ{JI. AH CCCP», 1951, T. 81, 
M 3, c. 391-94; lfi] AH 0 c 0 B ,[];. B., «MaTeM. CO.», 1960, T. 50, 
No 3, c. 299-334; [7] Ao po AH H 11 bl H A. A., «IIpHJ{JI. MaTeM. 
H MeXaH.», 1947, T. 11, M 3, c. 313-28; [8) ii\ a p 0 BM. II., M H-
11( e H ]{ o E. <t>., Po a o B H. X., «,[l;OJ{JI. AH CCCP», 1981, T. 261, 
M 6, c. 1292-96; [9] M H 11( e H ]{ o E. <I>., Po a o B H. X., ,[1;111jJ
ljJepeHQHaJibHble ypaBHeHHlI c MaJiblM napaMeTpoM H peJia]{Cal(HOHHhle 
J{OJieOaHHlI M. 1975; [10) p 0 3 0 B H. X., «.[l;OJ{JI. AH CCCI»>, 
1962, T. 14°5, N; 1, C. 38-40; [11] II o HT p lI r H H JI. C., «II3B. 
AH CCCP. Cep. MaTeM.», 1957, T. 21, JV, 5, c. 605-26; [12] M H-
11( e H ]{ o E. <t>., <raM me, c. 627-54; [13] Levi M., «Mem. 
Amer. Math. Soc.», 1981, v. 32, M 244. H. X. Poao•. 

PEJIElIHO-KOHTAKTHAH CXEMA - MaTeMaTli'le-
cKall Mop;eJlb 3JleKTpoTeXHH1I. ycTpoiiCTB, COCTOHIIl,llX 113 
KOHTaKTOB Ii rrpoMemyTO'lHblX peJie, iJ>yHKqI'IOHHPYIOIII,liIX 
B AllCKpeTHble MOMeHTbl BpeMeHH. p .-K. c.- OAHH 113 nep
BblX KJlaCCOB ynpa6.1JllOUfUX cucme.M, paccMOTpeHHb!X c Ma
TeMaTH'l. TO'IKH 3peHHH, a TaKme O/];liIH lil3 rrepBblX BapHaH
TOB IIOHHTliIH aemo.Mama 1wne'lnoio. IlepBbie OIIHCaHHH 
P.-K. c. IIOllBliIJlHCb B 1938-44 (CM. [1)-[3]). 

MaTeMaT11'leCKH P .-K. c. npep;cTaBJI.HeT co6oii KoHe'lHblii 
rpaiJ>, BCeM pe6paM H HeK-pblM Bbl/];eJleHHblM aepmHHaM 
K-poro nplilllliICaHbl CliIMBOJlbl 1i13 aJiiJ>aBHTOB 

X= {xi. x1 , •.. , Xm _;;-n}, Y ={Yi. ... , Y rn}, 

y={Yi. Yi. ... , Ym• YmL a={a+, a_, ai, ... ,as} 

cJieAYIOill,HM o6pa3oM. Hamp;oii Bb1p;eJienHoii aepmHHe rpa
ipa (3T11 BepIIIHHbl Ha3. II 0 Jl IO c a M Iii) rrpHIIHCaH CHMBOJl 
lil3 aJiiJ>aBHTa a TaK, 'ITO pa3Jllil'lHblM IIOJlIOCaM rrpHIIliICaHbl 
pa3JlH'lHbie CHMBOJlbI. MHomecTBo pe6ep rpaiJ>a pa36HTO 
Ha TPH HerrepeceKaIOIII,nec.11 rrop;MHomecTBa: R, K 1 , K 2 • 

Pe6paM Kamp;oro 113 3THX rrop;MHomecTB rrpHrrHCaHbl c11M
BOJlbl H3 Y, x, y cJiep;yIOIII,HM o6pa3oM. Kamp;oMy pe6py H3 
R rrpHIIHCaH c11MB0Jl H3 Y, aceM pe6paM H3 R rrpHnHcaHbl 
pa3Jllil'lHbie CliIMBOJlbl' Iii Bee CliIMBOJlbl lil3 y rrpHIIHCaHbl pe6-
paM H3 R. Kamp;oMy pe6py l\IHomecTBa K 1 (cooTBCTCTBeH
HO K2) rrpHIIHCaHbl CHMBOJlbl lil3 x (COOTBeTCTBeHHO y) TaK, 
'ITO KaJRp;blM CllMBOJl 1'IOJReT 6blTb rrpHIIHCaH HIJCKOJlbKllM 
pe6paM, HeK-pbie CHMBOJlbl MoryT 6b!Tb He rrp11rr11caHbl Hlil-
1rnKHM pe6paM. EcJlH MHOJReCTBO y IIYCTO, TO IIYCTO H MHO
meCTBO K 2 • B TaKOM cJiy1rae (ecJIH HerrycTo TOJlbKO K 1) 

P.-K. c . .HBJl.HeTc.H 1wnmai>mnoii cxe.Moii . .IJ:ae P.-K. c. Ha3. 
lil30MopiJ>Hb1Mlil, eCJllil lil30MOpiJ>Hbl liIX rpaiJ>bi Iii COOTBeTCT
BYIOIII,HM pe6paM Iii IIOJlIOCaM rrpHIIHCaHbl O/];HHaKOBble CllM
BOJlbl. 

IlOJllOC a+ Ha3. B x 0 AH bl M, IIOJlIOCbl al, ... ' as Ha3. 
B bl x 0 AH bl M H, IIOJIIOC a_ MOJReT liIHOrp;a TaKme 6b1Tb 
BblXO,IJ;HblM. Pe6pa, K-pblM rrpmrncaHbl CllMBOJlbl lil3 x, 
Ha3. K 0 H T a K T a M Iii 0 c H 0 B H bl x p e Jl e (HJllil 
0 c H 0 B H bl M Iii K 0 HT a KT a M 11); MHOJReCTBO acex 

pe6ep, IIOMe'!eHHblX CllMBOJlaMH y ;, y;, y;, Ha3. i-M II p O
M e a• y T o 'l H bl M p e Jl e, i= 1, ••• , m; pe6pa, IIOl\Ie
•rnHHble CllMBOJlaMll lil3 y, Ha3. K 0 HT a KT a M Iii II p O
M e JR y T 0 q H bl x p e Jl e; pe6pa, IIOMe'leHHbie CllMBO
JlaMH 113 y' Ha3. 0 6 M 0 T K a M Iii. IlocJiep;oBaTeJlbHOCTb 
IWHTaKTOB Iii o6MOTOK Memµ;y neK-pLlMl'I BepIIIl'!Ha~m p .
K. c.' COOTBeTCTBYIOIII,all rrpocToii 11,err11 rpaiJ>a, Ha3. 
11, e II b IO. 
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<l>yHRillrnIInpoaamrn P.-K. c. rrpmrnxoAHT a AHCKpeTJihle 
MOMSIITbl BpeMeJin 1, 2, ... 't, ... H paccMaTpnaaeTCH B Tep
MHIIax rrpoBO/l;HMOCTe:il:, K-phle B KaJK/l;blii MOMeJIT rrpe/l;CTaB
JIHl()T co6oii (B paccMaTpnaaeMoii MO/J;eJIH) «PYIIKUHH aJI-

re6pb1 JiornKn :. II poBOAHMocTb KOIITaKTOB x j, ~, j = 1, 
... ' n, B JIID6on MOMeJIT t paaJia 3Jia'leJIHI() COOTBeTCTByID-

rri;eii rrepeMeJIIIoii (x j HJIH Xj). II p o a o A n M o c T b 
K 0 II Ta KT a y;, i=1, ... ' m, rrpoMeil\yTO'lIIOro peJie B 

MOMeIIT 1 paaJia IIYJIID, rrpoBOAHMOCTh KOIITaKTa Y-i B Mo
MeIIT 1 paBIIa eAHIIll!J;e; II p 0 B 0 A H M 0 c T h 0 6 M 0 T
R H acer/l;a paaJia eAHIIll!J;e. BcHKaH o6MOTKa B MOMeJIT t 
MOil\eT IIaXO/J;HTbCH B pa3JIH'lllb!X COCTOHJIHHX. CocTOHJIHe 
o6MOTKH B MOMeJIT t (a paccMaTpnaaeMoii ]J;BY3IIa'lJIOH MO
/l;eJin - 1 n 0 - <rnoa6ym,11eIIa» n «IIe ao36YIBAeIIa») Moil\eT 
orrpe/l;eJIHThCH rro-pa3IIOMy. Harrp., o6MoTKa Yi JiaXOAHTCH 
B COCTOHIIHH 1 B MOMeJIT apeMeJin t TOr/l;a H TOJibKO TOr/l;a, 
Kor,11a Jin6o a) cyrri;ecTByeT u;errb a Mem,11y IIOJIIDCaMn a+ n 
a_' rrpoXOAHIIJ;aH qepe3 Y; H HMeIDrri;aH B MOMeJIT t rrpoao
AllMOCTh 1; Jin6o 6) BhIIIOJIIIeJio ycJioane a) n Jie cyrri;ecT
ayeT u;errn, COCTOHIIJ;e:ii TOJibKO H3 KOIITaKTOB, HMeIDrri;e:ii 
B MOMeIIT t rrpOBO/J;HMOCTb 1 H COe/J;HIIHIDIIJ;eii JieKOTOpbie 
aepIIIHIIhl u;errn a, pacrroJioil\eIIIIhle rro pa3Jible cTopOIIhl 
OT Yi. 

IIpoBOAHMOCTh rrpoMemyTO'lIIoro KOIITaKTa Yi (yi) B Mo
MeIIT t 3aBHCHT OT COCTOHJIHH o6MOTKH Yi B MOMeJIT t-1, 
a HMeJIIIO: rrpOBO,[IHMOCTb y i c IIHM COBIIa/l;aeT' rrpoBOAH

MOCTb Yi - rrpoTnaorroJIOil\IIa. II poBOAHMOCTh u;errn P .
K. c. MeiH/l;y ABYMH aeprnnIIaMn B MOMeJIT t paaJia KOII'b
l()JIKIJ;HH rrpOBO/J;HMOCTeii B MOMeJIT t o6pa3yIDrri;nx ee KOJI
TaKTOB H o6MOTOK. COCTOHIIHH o6MOTOK, TaKnM o6pa30M, 
B MOMeJIT t, aoo6rri;e roaopH, 3aBHCHT OT IIOCJie/J;OBaTeJibIIO
CTH Jia6opoB 3IIa'leJIHH rrepeMeJIJiblX X1' ••• ' Xn B rrpe,[lbIAY
rri;ne MOMeJITbl apeMeJin. II pn IIO/J;a'le B IIOCJie/l;OBaTeJibJibie 
MoMeIIThl apeMeIIn IIa rrepeMeIIJihie x1 , ••• , Xn rrocJieAOBa
TeJihIIOCTH Jia6opoB 3IIa'leJinii: Meil\AY rrapoii IIOJIIDCOB a+ 
H ak, k=1, ... 's, a B 'laCTJIOM CJiy'lae H Meil\,[ly a+ Ha_, 
peaJinayeTCH oepa1tu'le1tno-8emep.Mu1tupooa1t1taR rfiy H"nlfUR. 
IfaoMop«PIIhie P .-K. c. peaJinayIDT O,J:IIIY n TY me qrpaIIn'leII
IIO-AeTepMnIInpoaaIIIIYID «PYIIKIJ;HID. EcJin P .-K. c. TaKoaa, 
'lTO rrpn IIOAaqe IIa rrepeMeIIIIhie x 1 , ••• , Xn O,J:IIIoro n Toro 
me IIa6opa 3IIa'leIInii (a1, ... , an), IIa'lnIIaH c JieK-poro 
MOMeIITa t, o6MOTKH rrpoMeil\yTO'lllblX peJie Ile MeIIHIDT 
CBOHX COCTOHIIHM (n TaK AJIH Kail\/l;Oro IIa6opa 3IIa'leIInii 
rrepeMeIIIIbIX X1' ••• ' Xn)' TO roaopHT 06 «ycTaJIOBHBIIIHXCH» 
COCTOHIIHHX o6MOTOK, H rrocpe/l;CTBOM p .-K. c. peaJIH3YIDTCH 
«PYIIKu;nn aJire6pb1 JiornKn. EcJin cTa6nJinaau;1rn o6MOTOK 
c MOMeIITa t JiacTyrraeT cpaay AJIH acex Jia6opoa 3IIa'leIIn11: 
rrepeMeIIIIbIX X1, ••• 'Xm TO P.-K. c. IIa3. 0 A II 0 Ta KT
II 0 ii; ecJin CTa6HJIH3aUHH IIaCTyrraeT B MOMeJIT t+T, TO 
p .-K. c. IIa3. T-T a K T II 0 ii. 

C JI o ii\ II o c Th P.-K. c. orrpeAeJIHeTcH KaK cyMMa 
aecoa (nJIH HII/J;eKCOB CJIOil\JIOCTH) acex OCIIOBIIblX KOJITaK
TOB, rrpoMeil\YTO'lllbIX KOJITaKTOB H o6MOTOK p .-K. c. 
AcnMIITOTH'l. BhlpameJine AJIH CJIOil\IIOCTH caMoii: rrpocToii 
P .-K. c., peaJinayIDrri;eii caMyID cJIOil\IIO peaJinayeMyID «PYilK
u;nID aJire6pb1 JIOrHKH, HMeeT BHA p2"/n, r/l;e p - KOJICTaII
Ta' 3aBHCHIIJ;aH OT Bh16paIIIIOro crroco6a «PYIIKIJ;HOIIHpo
BaIIHH' TOIIOJiornn cxeM H CJIOil\JIOCTH KOJITaKTOB H o6MOTOK 
peJie 

Jlum.: 11] me H H 0 H R., PaOOThl no TeOpHH HHcjJopMal(HH H 
1m6epHeTHHe, nep. c aHm., M., 1963, c. 9-45; [2] r a B pH
J! o B M. A., Teopm1 peJJeitHO-HOHTaHTHhIX cxeM, 2 Han., MHHCH, 
1950; [3] m e c Ta H 0 B B. II., «Yq, aan. MrY. MaTeMaTHHa», 
1944, B. 73, HH. 5, c. 45-48; [4] JI y n a H 0 B 0. B.' «IIpo6JJeMbl 
1<116epHeTHHH», 1964, B. 11, c. 25-47. H. A. Hapnoea. 

PEJlbE(f> AHAJIHTIIqECKOll (f>YHKD;llll - TO me, 
'ITO a1ta.11umu<tec1wu .11a1tihuarfim. 

PEJIHTHBHCTCKAH ,11;HHAMHKA - pa3AeJI •rncT
HOH Teopm1 OTHOCHTeJJbHOCTll, IIOCBHIIJ;eHHbIH H3y'IeHIIIO 
,!l;BHil\eHirn ~IaTepHaJibHblX TeJI II0,11 ,[leHCTBHeM rrpHJIOil\eH
HbIX K HHM CHJI. 

B Teop1m OTIIOCHTeJibJIOCTH cao60/l;Hhle, T. e. He IIO,[IBep
lKeIIIIble ,11eiicTBlll() CHJI, MaTepnaJihllbie TO'IKH HMSIDT B Ka
'leCTBe CBOHX MHpOBblX JIHJIHH apeMeIInrrop;o6Jible HJIH H30-
TpOIIJible reo/J;e3n'IeCKHe. 3TOT «PaKT HBJIHeTCH BbipameIIneM 
3aKoIIa HIIepu;nn B Teopnn OTJIOCHTeJibJIOCTH. 

EcJIH Jia 'IRCTHIJ;Y /WHCTBYIDT CHJibl, TO ee MnpoaaH JIH
IIHH Jie coarra,11aeT c reo,11eanqecK0Il:. ,UJIH orrncaIInH p;an
IBeIInH qacTHIJ;bl BBO/J;HTCH IIOIIHTHH 'IeTblpexMepIIoro BeK
TOpa :meprnH-HMIIYJibCa pi H BeKTOpa 'leTblpexMepHOH 
CHJibl gi_ llMeHJIO, 

pi=(E/c; p), (1) 

r,11e E - :meprnH qacn1u;hl, m - Mac9a rroKoH, p - Tpex
MepIIbIH nMrryJihC qacTHIJ;hl. BeKTop g1 orrpei:iem1eTcH cooT
IIorneJineM 

. PJ' JJ' ) g'=( . 
c2 V1-v•1c•' cV1-V2/c 2 ' 

rAe F-TpexMepIIaH cnJia, V - cKopocTb. C HcrrOJibaoaa
IIneM 8THX BeKTOpOB OCIIOBJihle ypaaJieHnH p. A· MoryT 
6h1Th aarrncaJibl a an,11e, aIIaJiorn'lIIOM BHAY ypaBHeHHll 
BToporo 3aKoJia HbIDTOIIa; . 

· dp 1 du1 

gt =dS=mCdS· (2) 

RoIIKpeTJiblll BH,11 CHJibl gi ycTaJiaBJIHBaeTCH B Tex paap;eJiaX 
Teopnn OTJIOCHTeJibIIOCTH, K-pble n3yqal()T KOHKpeTIIbie 
caoiicTBa paaJin'lIIhIX B3aHMOAeiicTBnii. Harrp., cnJia, p;e:iI
CTBYIDIIJ;aH Jia qacTnu;y B aJieKTpoMarIIHTHOM IIOJie -
c H JI a JI 0 p e II u a' nMeeT BHA 

gi =+ pikuk, 

ni;e e - aapHA qacTHIJ;hl, pik - T8II3op aJieKTpoMarm1T
IIoro IIOJIH, Uk - 'leTblpexMepIIaH CKOpOCTb. 

Jlum.: [1] JI a H 11 a y JI . .U., JI H cjJ m H 11 E. M., Teopn11 noJI11, 
6 Hall., M., 1973. 1f.. 1f.. ConoJtoe. 

PEJIHTHBHCTCKAH lIHBAPHAHTHOCTb - CBOH-
CTBO «Pnan'l. aaKOIIOB coxpaIIHTh caoli B:l'IA rrpn rrpeo6paao
aaIInHx Jlopemi;a, OIIHCblBaIDrri;nx rrepeXOA OT O,J:llIOH HIIep
Ul'!aJibHOH CHCTeMbl OTC'l8Ta K APYroii. 3TO CBOiiCTBO «Pn-
3H'l. 3aKOIIOB Jia3. JI 0 p e II u - H II Ba pH a II T II 0 c Tb!(). 
B Tex cJiy'laHx, KOrAa 1Ieo6xo,11nMo rro,11qepKIIYTh, 'ITO P. n. 
BKJIID'laeT H HJIBapnaJITIIOCTb rrpn rrapaJIJieJibllhlX rrepeIIO
cax BO BpeMeIIH H rrpoCTpaIICTBe, roaopHT 0 II y a II I{ a
p e - H II B a p H a II T H 0 c T n. JiopeIIIJ;-HJIBapnaIITIIOCTb 
03IIa'laeT paaIIorrpaane acex nIIepu;naJibIIhIX CHCTeM n OIJ;
IIOPOJ:lIIOCTh rrpocTpaIICTBa-apeMeIIn. 

B o6rri;eii Teopnn OTIIOCHTeJiblIOCTH HJIBapnaIITIIOCTb .PII-
3H'l. 3aKOJIOB upn rrepexoiJ;e OT O,J:IIIOH JI 0 K a JI h H 0 il: 
HIIepu;naJibHOR CHCTeMhl OTC'leTa K iJ;pyroli Ha3. JI 0 K a JI b
II 0 ii JI 0 p e II u - II II B a p I'! a HT II 0 c Tb !(). B IIeK-pbIX 
cJiy'IaHX B o6rri;eii Teopnn OTIIOCHTeJibIIOCTH paccMaTpH
BaIDT TaKme aeJIH'IHHhl, K-phle orrpelJ;eJieIIbl rrpn 3all;aHHH 
KOIIrpyaIIIJ;l'IH JIHIIHH apeMeJIH (T. e. 3a/J;aIIHH CHCTeMbl OT
C'leTa) H HIIBa pnaIITIIbl OTIIOCHTeJibJIO Bb16opa rrpocTpaIICT
B8IIIIblX ce'leJinii. 3Tn BeJIH'lllllbl Ha3. x p 0 II 0 M e T p l'!
q e c K H M H H II B a p H a II T a M II. 

Jlum.: [1] <I> 0 H B. A., TeopHll 3itHmTeitHa H cjJHaHqecHall OT-
HOCHTeJJbHOCTb, M., 1967. 1f.. 1f.. ConoJtoe. 

PEJIHTHBHCTCKOll ACTPO(f>Jl3HKH MATEMATH
qECKHE 3A,11;A 11H - 3aAa'ln, B03IIHKaIDrri;ne rrpn H3Y
'leIInn acTpo«Pnanq. HBJiem1ii, B K-phlx cyrri;ecTBeIIIIhl peJIH
THBHCTCKne a«P«PeKTbl, T. e. a«P«PeKTbl crreu;naJibJIOH HJIH 
o6rri;eii: Teopnn OTJIOCHT8JibJIOCTH. 

IIpnIIHTO pa3AeJIHTh P.a. M. 3. IIa 3a/J;a'ln, OTIIOCHIIJ;IIe
CH K KOCMOJiornn - JiayKe 0 CTpOeJIHH H aBOJIIDIJ;Hl'I Bce
JieJIJIOH, I'! 3a/J;a'lll peJIHTl'IBHCTCKOH acTpo«Pn3HKH OT/l;eJib
IIblX Re6eCJibIX TeJI. IlpnMepoM KOCMOJiornq, perneIIHH, 
OIIHChIBaIDIIJ;ero pacrnnpeIIHe (IIJIH cmaTne) O/l;IIOPOAIIOH II 
naoTporrIIoli BceJieJIJioii, HBJIHeTCH peIIIeIIne A. A. <l>pnA
MaHa. 0/J;HOPOAHhle aJIII30TpOIIHbie KOCMOJIOfII'I. pemeHHH 
1-maccn«PnunpoaaHbl (Bbl/l;eJieHO 9 THIIOB ITO E1rnHKH) ll 
xoporno nay'IeHbl. ,[l.eTaJihHO nay'leHbI amrnoTpo11Hhie n He-
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OAHOPOAHhle pemeHHH, rrpeACTaBJIHIOIIJ,He co6o:ii l\IaJihle OT
KJIOHeHHH OT peIDlilHHH <l>pH,n;MaHa (JIHHeiiHoe npH6JIHJRe

H1Ie), H IIOCTpOeHhl HeKOTOpble npOCTble HeJIHHellHble 
perneHH.H. 

Oco6oe. MecTo 3aHHMaeT rrpo6JieMa, CB.H3aHHa.H c HaJIH'lH
eM oco6on TO'lKH B o6IIJ,eM KOCMOJIOrH'I. perneHHH, B R-po:ii 

/];OCTHraeTC.H 6eCKOHe1JHa.H nJIOTHOCTb BeIIJ,eCTBa H 6ecRo

He'lHall RpHBH3Ha npocTpaHCTBa-apeMeHH. IloRa3aHo, 'lTO 
CHHryJI.HpHOCTb HeH36emaa B rrpoIIIJIOM B ycJIOBH.HX, HMeIO

rn;nx MeCTO B peaJibHOll BceJieHHo:ii, H IIOCTpoeHO o6IIJ,ee 

pemeHHe ypaBHeHH:ii o6IIJ,e:ii TeopHH OTHOCHTeJibHOCTH c 
CHHryJI.HpHOCTblO. AKTHBHO HCCJieAyeTC.H B03MOJRHOCTb rro

CTpOeHH.H KOCMOJIOrH'l. perneHHH 6e3 CHHryJI.HpHOCTH, 
CB.H3aHHa.H c BhlXO/];OM 3a paMRH KJiaCCH'leCKOH o6IIJ,eii Teo

pHH OTHOCHTeJibHOCTH. 
EoJibmo:ii RJiacc P.a. M. 3. CB.H3aa c n3y11eaneM a3aHMO

Aeii:CTBH.H peJIHRToBoro H3Jiy'leHH.H, 3arroJIH.HIOIIJ,ero rrpocT

paacTBO, c BeIIJ,eCTBOM B XOAe pacmnpeHH.H BceJieHHOII H 

«Pn3H'l. npou;eccoa, cnoco6ablx nopop;HTb TaRoe H3Jiy11eHHe. 
p. a. M. 3. /];JI.H OT):leJibHhlX ne6eCHhlX TeJI RacaIOTC.H paB" 

HOBeCH.H H YCTOll'lHBOCTH 3Be3A H 3Be3/];HhlX CKOnJieHH:ii. 

Ha:iip;eHhl paBHOBeCHhle Macchl 6eJihlX KapJIHROB II ae:ii

TPOHHhlX 3Be3):l H H3y'leH peJI.HTHBHCTCKHll KOJIJiarrc 6oJiee 
MaCCHBHhlX 3Be3A, npeapam,aIOIIJ,HXC.H B T. H. ((1IepHhle 

i];hlphl» - o6'beKThl, K-phle MOJRHO o6HapymHTb JIHIIIb no 

npo.HBJieHHIO HX rpaBHTaD;HOHHoro noJI.H. B CB.H3H c 3aAa-
11eii IIOHCKa H H3y'leHH.H peJI.HTHBHCTCKHX o6'b0KTOB (Heii

TpOHHhlX 3Be3A, «11epnhlx AhlP» H AP·) paccMaTpHBaeTc.H 
3aAa'la 06 aRRpeu;1rn na HHX BeIIJ,eCTBa c MarHHTHhlM 

noJieM. 
R p. a. M. 3. OTHOCHTCH TaRme HCCJieAOBaHirn rpaBHTa

D;HOHHOro H3Jiy'leHH.H. B cJia6oM rpaBHTan;HOHHOM noJie B 

rrycToTe B03MyIIJ,eHH.H, Hanp. HHBapHaHTa RpHBH3Hhl, IIOA-

1IHH.HIOTC.H BOJIHOBOMY ypaBHeHHIO, H noJie T.HrOTeHH.H pac

npocTpaH.HeTC.H B npocTpaHCTBe IIOA06Ho 3JleRTpoMarHHT
HhlM BOJIHaM. 

Jlum.: [1] 3 e JI b )I 0 B H q H. B., H 0 B HI< 0 B 11 . .u .. PeJIH
THBHCTCRafl acTpolj>H3HRa, M., 1967; [2] H x lR e, TeopHfl TflroTe
HHfl H aBOJIJ011Hfl asea11, M., 1971; [3] H x me, CTpoeHHe H asoJIJ0-
11Hfl BceJleHHOit, M., 1975; [4) II H 6 JI c II., <l>H3HqecHafl ROCMOJIQ
rHH, nep. c aHrJJ., M., 1975; [5] M H 3 Hep q., T 0 pH H., y H
JI e p .Um., I'paBHTal1Hfl, T. 2-3, ncp. c aHrJI., M., 1977; [6) 
JI H ljJ Ill H 11 E. M., «lR. BHcnepHMeHTaJlbHOfI H TeopeTHq. lj>Haa
HH», 1946, T. 16, C. 587-602; [7) Be JI H H c H H H B. A., JI H lj>
lli H 11 E. M., X a JI a TH" Ho a H. M., «Ycnexn lj>H3. HayH», 
1970, T. 102, c. 463-500; [8) E p a r H H c H li tt B. B., TaM me, 
1965, T. 86, c. 433-46. A. A. P1Ja.Maunuu. 

PEJIHTIIBIICTCKOll rII)l;PO)l;IIHAMIIKII MATE
MATIIllECKIIE 3A)l;A lJII - 3aAa11n AJIH crrcTeMhl ypan

HeHrrii:, onHCh!BaIOm;eii TelJeHH.H JRIAAKOCTH co CKOpOCT.HMH, 

6JIH3KHMH K CKOpOCTH CBeTa c, H ee B3aHMop;e:iiCTBHe c CHJib
Hh!Mll rpaBHTau;HoHHhlMH noJIHMH. B npep;eJibHOM cJiy11ae 

MaJih!X CKOpOCTeII v~c H CJia6h!X rpaBHTaIJ;HOHHblX IIOJICII 

c:p~c2 , rAe c:p - rpaBnTau;noHHhlii rroTeHu;naJI, P. r. M. 3. 
CBO}J;.HTC.H K ZUOpOOUHa.MU'K.U .Mame.Mamu'leC"K.UM aaoa11a~i. 

CrrcTeMa ypaaHeHrrif peJI.HTHBHCTCROH rHAPOAHHaMnRn o6-
pa3yeTc.H rryTeM rrpnpaBHHBaHn.H K HYJIIO KOBapnaHTHhlX 

AllBepreHu;rrii: TeHaopa 3Heprnn-HMIIYJlbCa n BCKTOpa nJIOT

HOCTH JIOTOKa aem;ecTBa: 

T;,.=(e+p) u;u,,,-pg;,.+T;1<, (1) 

n;=nu;+v;, i, k=1, 2, 3, 4, (2) 

r,n;e e, p H n - IIJIOTHOCTb <JHeprnn, IWBJICHHC II I!JIOTHOCTb 
'lllCJia 'laCTHD; B CHCTeMe OTC'leTa, I!OKO.HIIJ,eIIC.H OTHOCHTeJib

HO paccMaTpnaaeMoro 3JieMeHTa mnp;ROCTH, g;k - MeTpn'l. 

TeH30p, u; - 'leTbipeXMepHa.H CROpOCTb, Tik H V; - 'laCTH 

TeHaopa 3HeprHH-HMIIYJlbCa H BeKTOpa IIOTORa aem;eCTBa, 
OIIHCbIBaIOm,ne a«P«PeRTbl, CB.H3aHHbie c B.H3KOCTbIO (CM. [ 1]). 

IlpnMep pemeHnii P. r. M. 3.: pacnpocTpaHeHne 3ByRa 

B aem;ecTBe c YJibTpapeJI.HTHBHCTCKHM ypaBHeHneM COCTO.H

HH.H p= e/3, )l;JI.H B03Myrn;eHU.H AaBJieHl'!.H HJU'l nJIOTHOCTI! 

3HeprHH rroJiy11aeTC.H BOJIHOBOe ypaBHeHne co CKOpOCTbIO 

3ByHa u=c V3. 

P. r. M. 3. Bo3HHRaIOT, Hanp., npll pacc11rorpeHHI1 «Pn

an11. npou;ecCOB, nporeRaIOIIJ,HX B oRpeCTHOCTH 3Be3p;, 06-
JiaAaIOIIJ,HX CHJibHbIMH rpaBHTaa;HOHHbIMH I!OJI.HMH (He:ii

TpOHHhle 3Be3Ahl HT. H. «1IepHhle Ahlphl») H pacrnHp.HIOIIJ,eii

C.H BceJieHHoii, 3anoJIHeHHoiI H3Jiy11eHHeM H Bem,ecTBOM. 
Jlum.: [1) JI a H II a y JI . .u .. JI H ljJ ID H 11 E. M. MexaHHHa 

CIIJIOIDHhIX cpe11, 2 H311., M., 1954; [2) 3 e JI b 11 o a'" q H. E., 
H o a H I< o B H. ,U., TeopHfl THrOTeIIHH H asoJ1IOl1Hfl asea11, M., 
1971; [3) H x me, CTpoeHHe H BBOJll011Hfl BceJ1eHHOH, M., 1975; 
[4] M H 3 Hep q., T 0 p H H., y H JI e p .u m., I'paBHT311Hfl, ncp. 
c aHrJI., T. 2, M., 1977. A. A. Pya.Maunuu. 

PEJIHTIIBIICTCKOll TEPMO)l;IIHAMIIKII MATE
MATIIllECKIIE 3A)l;A lJII - ycTanoBJieHHe cooTnorne

HHH MeIBAY BeJIH'lHHaMH, xapaRTepH3yIOIIJ,HMH MaRpOCKO

nn11. COCTO.HHH.H Te JI (TepMOAHHaMH'l. BeJIH'lHHaMH), npH 

HaJIH'lHH CHJibHhlX rpaBHTau;noHHhlX noJieM H CKOpOCTe:ii, 
cpaBHHMhlX co CKOpOCTblO CBeTa. 

06bl1JH~ paccMaTpHBaeTC.H paBHOBeCHa.H TepMOAHHaMHKa 

Hp;eaJibHOI! IBHAKOCTH c 3aAaHHhlM XHMH'l. COCTaBOM. YcTa
HOBJieHHhle B HepeJI.HTHBHCTCKOH TepMO/];HHaMHKe COOTHO

IIIeHH.H Melf\AY repMOAHHaMH'l. BeJIH'lHHaMH coxpaH.HIOTC.H 

RaK npH peJI.HTHBHCTCKOM MaRpOCKOI!HlJ. ABHJReHHH 11ac

n1u;, COCTaBJI.HIOIIJ,HX TeJio, TaK H peJI.HTHBHCTCKOM /];BHJRe

HHH caMoro TeJia, a TaRme B CHJlbHbIX rpaBHTaIJ;HOHHhlX 
IIOJI.HX, eCJIH 3Ha'leHH.H TepMOAHHaMH'l. BeJIH'lHH B3.HThl B 

CHCTeMe OTC'leTa, IIOKO.HID;0llc.H OTHOCHTeJibHO paccMaTpH

BaeMoro 3JieMeHTa o6'beMa IBHAKOCTH HJIH TeJia, II B 3Hep

rHIO H XHMH'l. IIOTeHu;HaJI BKJllO'IeHbl Bee .iliopMhl 3Heprnn 
(B 11aCTHOCTH, 3HeprH.H I!OKO.H). 

OcHoBHhle ypaBHeHH.H peJIHTHBHCTCKOH TepMO/];HHaMHKH 

«PopMyJIHPYIOTCH B CJiep;y10m;eM BHAe: 
(nui),;=0 - 3aRoH coxpaHeHn.H 6ap110HoB, 

de~µan+nTda - rrepBbIIl 3aIWH TepMOAHHaMHKH, 

(cru~},;=0 - ycJioBne aAna6aTH1IHocrn, 

rAe u1 - 'leTblpexMepHaH CKOpOCTb (BeJIH'lHHhl n - nJIOT

HOCTb 6apHOHOB, e - IIJIOTHOCTb 3Heprnn, T - TeMnepa-
e+v 

rypa, µ= --n- - XHMH'l. IIOTeHu;HaJI, p - p;aBJieHne, (J -

nJIOTHOCTb 3HTpOIIHH OTHOC.HTC.H K CHCTeMe OTC'leTa noROH

m;eii:c.H OTHOCHTeJibHO paccMaTpHBaeMoro 3JleMeH;a 06'be

Ma). IlpH <JTOM AaBJieHHe H nJIOTHOCTb 3HeprHH CBH3aHhl 

COOTHOIIIeHHeM p <.e/3. Il pH rrepeXOAe l\ ABHIBym;eii:CH OT

HOCHTeJibHO 3JieMeHTa o6'b0Ma CHCTeMe OTC'leTa HJIH K JIO

RaJIH30BaHHOMY Ha6JIIOAaTeJIIO (npn HaJIH'lHH rpam!Tan;H

OHHhlX noJieii:) HeR-phle BeJIH'lHHbI (Hanp., IIJIOTHOCTb 6a

pnoHOB n HJIH 3HTponIIH S) He H3MeH.HIOTc.H, T. e • .HBJIHIOT

c.11 cRaJI.HpaMH, p;pyrne npeo6pa3yIOTC.H, Hanp. 

T=Tuo, fi=µuo, 

rAe KOMnOHeHTa 'leTh!pexMepnoii CKOpOCTH u0 6epeTCH 

BAOJib MHpOBOH JIHHHH, onHCblBaeMOH AaHHOH TO'lKOH TeJia. 

CJICACTBHeM <JToro .HBJI.HeTCH, Hanp., TOT «PaRT, 'lTO B rro

CTO.HHHOM rpaBIITaqHOHHOM noJie ycJIOBHe TenJIOBOro paB

HOBeCH.H Tpe6yeT IIOCTOHHCTBa B/];OJlb TeJia He TeMrreparyphI, 

a BeJIH'll!Hhl TY g 00= const, rAe g00 - RoMnoHeHTa 
MeTpn11. TeH3opa, g00= 1-2cp/c2 B cJia6oM rpaBHTaa;HOHHOM 

IIOJie (c:p - rpaBHTaIJ;HOHHblH IIOTeHn;HaJI, c - CKOpOCTb CBe

Ta). A TeMrrepaTypa, U3MeperrHaH Ha6JIIOAaTeJieM, OTHOCH
T0JlbHO R-poro TeJio ABHJReTC.H co CROpOCTbIO v, paBHa 

l' = T/(f-v2/c2)'/2. 

PeJI.HTHBHCTCRa.H HHBapnaHTHOCTb 3HTponHII S rroaao

JIHeT 3anHCaTu BTOpoii: 3aROH TepMOAHHaMHKH B «PopMe, 

npHHHTOH B HepeJIHTHBHCTCKOll TepMOAHHa:l'.)ll.Re: 

dS-.;?: 6Q/T, 

rAe H3MeHCHHe TenJia 6Q H T npeo6pa3yIOTC.H no OAHHaRO
BOMY 3aRoHy. PaBeHCTBO p;ocTnraeTC.H /];JI.H o6paTHMbIX 

rrpou;eccoa. 
Jlum.: [!) JI a H II a y JI . .u .. JI" ljJ ID" 11 E. M., CTaTHCTH

qec11afl lj>H31'!l(a, 2 H311., M., 1964; [2] M H 3 Hep q., T 0 pH H., 
Y" JI e p .Um., I'paBHTal\Hfl, 11ep. c aHrJ1., T. 2-3 M. 1977· 
[3] Me JI JI e pH., TeOpHfl OTHOC11TeJ1bHOCTH, nep. c att0rJI., '2 H311.: 
M., 1975. A. A. Pya.Maiinun. 
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PEJIHTHBHAH rEOMETPHH - reoMeTpirn KOHqm

rypaIJ;HH, COCTOHIIJ;eII 113 µ;ayx IIOBepXHOCTeil: So : n= n (u1, 
u2) n S: r=r(u1, u2), Haxoµ;m1i;11xcH B Jlemepcona coom
eemcmeuu. AHaJJOrlilfl Memµ;y 3THM COOTBeTCTBHeM H crfjepu
'leCl£U.M omo6paJ1CenueM II03BOJJHJJa BBeCTH IIOHHTHH peJJH
THBHOI! IIJJOIIWAH, IIOJJIIOii: H cpep;Heil: KpHB113HbI H T. µ;., 
B 'laCTHOCTH peJIHTHBHO MllHHMaJibHOll IIOBepXHOCTH 
(cM. [1)}. 

PaccMoTpeHne p;ep11aa11;HOHHh1X ypaaHeHuil: AJIH perrepa 
ar ar " p 
au• • au' • n rrpnaeJJo K IIOHHTHID BHyTpeHHen . r. rro-

aepxHOCTll s (cM. [2)}. 8TO eCTb reoMeTpHH alfiqmHHOH CBH3-
HOCTll (TO'lHeo 3KBHalfilfiHHHoil:) 6e3 Kpy11eHHH. Bh1JJO BBe
p;eHo IIOHHTHO reoMeTpHll 2-ro poµ;a, aHaJIOrH'lHOH reoMeT
pHH clfiepn11. OT06pameH11H (cM. [3]). 

p. r. II03BOJIHeT BKJIIO'lli!Tb B 06rri;y10 cxeMy, KpoMe 
reoMeTpHM IIOBepXHOCTeil: eBKJIHAOBa 11 rrceaµ;oeBKJIHAOBa 
rrpocTpaHCTB, TaKme H reoMeTpH10 alfilfiHHHOll AH«filfiepeH
IJ;HaJibHOii: reoMeTpHH. BeKTOp n alfilfiHHHOil: HOpMaJin xa
paKTep113yeTCH TeM, 'ITO aCllMIITOTll'l. ceTh IIOBepXHOCTH 
S - 11e6mneacKaH (cM. [3]). 

~aJibHeHIIIMM o6o6ni;eHneM p. r. HBJIHeTCH TeOpHH 
H 0 p Ma JI Ii! 3 0 B a H H hI x II °' B e p x H 0 c T e II (cM. 
[ 4]). c Kamµ;oil TO'lKOH IIOBepXHOCTH s rrpoeKTHBHOro rrpo
CTpaHCTBa CBH3h1Ba10TCH µ;Be rrpHMh!e: HOpMaJib 1-ro poµ;a, 
IIpOXOp;HIIJ;aH 11epe3 TO'lKY rroaepXIIOCTH A' HO He HMerorri;aH 
c KacaTCJibHOH IIJIOCKOCTblO a µ;pyr11x o6rri;nx TO'leK H IIOp
MaJib 2-ro poµ;a, rrpnHap;Jiemarri;aH a, HO He rrpoxoµ;Hrri;aH 11e
pe3 A. Ha rroaepXHOCTH S orrpeµ;eJIHIDTCH rrp11 3TOM µ;ae 
BHyTpeIIHHe reoMeTpHH, corrpHmeHHhie OTHOCllTeJibHO 
acnMIITOTH'l. ceTM. IIocTpoeH11H P. r. µ;orrycKaroT MHoro
MepHoe 0606rri;eH11e (cM. [4]). 

Jlum.: [1) M ti 11 er E., «Monatsh. Math. und Physik», 1921, 
Bd 31, S. 3-19; [2) Norden A. P. (Hop n e HA. II.), «C. r. 
Acad. sci.», 1931, t. 192, p. 135-37; [3) e r o m e, «li3B. BY3oB. 
MaTeMaT1rna», 1958, No 4, c. 172-83; [4) er o me, IlpocTpaH
CTBa aljJljJHHHoll CBII3HOCTH, 2 H3)'.(., M., 1976. A. II. Hopaen, 

PEHhH KPHTEPHll: - cTaTHCTH11ecKnil: KpnTep11ii:, 
rrpnMeHHeMhIM AJIH rrpoaepKH rrpocTOll HerrapaMeTpH'l. 
r11rr0Te3h1 H 0 , corJiacHo K-poii: He3aBllCHMhre OAHHaKoao 
pacrrpep;eJieHHhle CJiy'laHIIh!e BeJIH'lHIIhl X 1 , ••• , X n HMelOT 
aap;aHHYIO IIerrpephIBIIyro lfiyHKIJ;HID pacrrpeµ;eJieHHH F (x), 
rrpOTllB aJibTepIIaTHB cJieµ;yrorri;ero BHp;a: 

Ht: sup ')J[F(x)](EFn(x)-F(x))>O, 
Ix I< oo 

H"1 : inf \jJ [F (x)] (EF n- (x)F (x)) < 0, 
Ix I< oo 

H1 : sup \jJ [F (x)] I EF,, (x)-F (x) I> 0, 
I xi< oo 

rµ;e F n(x) - lfiyHKIJ;HH 3Mrrnp1111. pacrrpep;eJieHHH, rrocTpo
eHHaH rro BI>16opKe X 1 , ... , X 11 , ')J(F), ')J;;;;,O,- aecoBaH 
¢YHKIJ;11H. B cJiy11ae, ecJin 

\jJ [F (x)]'= {1/F (x) rrpn F (x) ~a, 
0 rrp11 F(x} <a, 

rp;e a - JI106oe lfiHKCI!pOBaHHOe 'lli!CJIO H3 0Tpe3Ka [O, 1], 
TO P. K., rrpep;Ha3IIa11eIIIIb1ii: p;JIH rrpoaepR11 H0 rrpoTnB 

yKa3aHIIhIX aJihTepHanrn Ht, H1, H 1 , ocHoBaH Ha cooT
BeTCTByrorri;ux HM c T a T II c T H K a x p e H b 11: 

m 
Fn (x)-F (x) n-F (Xcm)) R"i; (a, 1) = sup max 

F(x)>a F(x) F(X<mi)>a F(Xcmi) 

f Fn (x)-F (x) 
R;;(a, 1)=-in F(x) 

F(x)>a 
m-1 

F(X ) -max (m) - n 

F(X<m>)>a F(Xcm>) 

I F11 (x)-F (x) I 
R 11 (a, 1) = sup -~F---

F (x) >a (x) 

=max {Rii (a, 1), R;; (a, 1)}, 

rµ;e X Ct!• X c2» ... , X <n> - 'IJ10HbI aapnaIJ;nOJrnoro pHp;a 

X <lJ.;;;;;; Xc 2> .;;;;;;. • • .;;;;;; X <n» 
IlOCTpOeHHOrO ITO Ha6Jirop;eHirnM x l • ... ' x (n). 

CTaTHCTHKH Rii°(a, 1) n R;;(a, 1) rrop;11I1HHIDTCJ1 O,ll;HOMY 
II TOMy me aepOHTHOCTHOMY 3aKOHY, Ii! 0CJIH O<a-<1, TO 

lim P {Ji 1n~a Ri; (a, 1) < x} =2<ll (x)-1, x > 0, (1) 
fl-+-00 

lim P {Ji fn::a R 11 (a, 1) < x} =L (x), x > 0, (2) 
n......i,.oo • 

r,n;e <D (x) - lfiyHKIJ;HH pacrrpe,n;eJieHMH CTaH,n;apTHOro HOp
MaJibHOro 3aKOHa, L (x) - «P y HK IJ; H H pa c n p e II; e
JI e H H H P e H h n, onpe,n;eJIHeMaH lfiopMyJtoii:: 

4 ~00 (-1)k { (2k+1J 2 n2 }· 

L (x) = "i" 4.Jk= o 21i+ 1 exp 8x2 

B cJiy11ae, ecJI11 a= 0, TO 

P{Rii (0, 1)~x}=1- 1:x' x> 0. 

M3 (1) 11 (2) cJie,n;yeT, 'ITO rrp11 6oJibIIIHX 3Ha1IeHHHX n p;JIH 
BhI'lHcJieHHH Q-rrpoIJ;eHTHhlX KPHT1111. 3Ha1IeHHH (0% <Q < 

<50%) p;JIH cTani:cTHK R"):i (a, 1) H R ,,(a, 1) MOJKHO eoc
rroJib30BaTbCH cJie,n;yrorri;nMH rrp116JinmeHHhlMll 3Ha'l0HIIHMH: 

... / t-a <D-1 (1-0,005Q) H ... /i-a L-1 (1-0,01 Q) Jina Vna 
COOTBeTCTBeHHO, r,n;e <D-1(x) II L- 1(x) «PYHKIJ;HH, o6paTHhle 
<ll (x) Ii! L (x) COOTBeTCTBeHHO, rrp11 3TOM HM010T B BH,n;y, 'ITO 
eCJJH 0% <Q<10%, TO <I>-1(1-0,005Q)""L-1(1-0,02Q). 

RpoMe Toro, ecJIH x >2,99, TO rrpII Bhl'IllCJieH:nH 3Ha'le
HHil: «fiyHRIJ;Hll pacrrpeµ;eJieHllH PeHbll L (x) peKoMeHµ;yeTCH 
IIOJib30BaTbCH rrpn6JinmeHHhlM paBeHCTBOM 

L (x) :::::: 4<D (x)-3, 

rrorpeIIIHOCTb K-poro He rrpeBOCXOAHT 5 .10-7 • 

HpoMe paccMoTpeHHhIX P. K., cyrri;ecTBYIDT aHaJiorB1IH1'!0 
KpHTepHH, OTBe1Ia10rri;ne BeCOBOH lfiyHKIJ;llll 

\jJ [F (x)] ={ 1 _~ (x), ec.J'l:11 F (x).;;;;;; a, 
0, ecJin F (x) > a, 

rp;e a - JI106oe lfiHKCllpOBBHHOe 'IllCJIO 113 0Tpe3K8 [O, 1). 
JJum.: [1) R en y I A., «Acta math. Acad. scient. hung.», 

1953, v. 4, p. 191-231; [2J r a e K H., III H n a K 3., TeopHH paH
roeh!x KPllTepHeB, nep. c aHrJJ., M., 1971; [3) Bo JI b we B JI. H., 
c M H p H o B H. B., Ta6JJHJ.lbI MaTeMaTH'IecKoll cTaTHCTl!KR, 2 
H3)'.(., M., 1968. M. C. HU!q/AUH. 

PEIIEP - coaoKyrrnocTh JIHHeiiHo He3aa11cnMhlX aeK
Topoa, B3HThIX B orrpe,n;eJieHHOM rropHp;Re II OTJIOmeHHblX OT 
o6ni;ero Ha 11aJia. ~JIH aeKTopoa B rrpocTpaHcTBe P. MomeT 
CJiymHTb JI106aH TpOnKa Herra paJIJieJibHhIX Op;HOll IIJIOCKO
CTll BeKTopoa. Ecrr11 BeKTOphl, cocTaBJIHIDIIJ;lle P., rrorrapHo 
opToroHaJibHhl, TO P. Ha3. o p T o r o H a JI h H LI M; 
ecJIH rrpH 3TOM BeKTOphl HMelOT AJIHHy, paBHYID ep;11HHIJ;e, 
TOP. Ha3. opTouopM11poaaHHhlM. Bea-a. 

PEIIJIBKA a JI r e 6 p a n 11 e c K o ii c II c T e M h1 
A B aap;aHHOM KJiacce jt aJire6paH1IeCKllX CHCT0M Toil JKe 
CHrHaTypLI - aJire6pail'leCRaH CHCTeMa Ko H3 st, o6Jia
p;arorri;aH CJI0)l;YlOlIJ;HMH CBOHCTBaMn: 1) cyrri;ecTByeT C10p'heK
TllBHhlll roMOMoplfi113M % CHCTeMhl A Ha K 0; 2) eCJIH KE sr 
11 cp - roMoMoplfiH3M CHCTeMhl A B K, TO cp= %'1' p;JIH He
K-poro CIDp'h0KTHBHOro rOMOMopiltH3Ma \jJ CllCTeMhl Ko Ha 
K. P. c11cTeMh1 A B RJiacce .It (ecJI11 oHa cyrri;ecTBYBT) orrpe
p;eJIHeTcH O,!J;H03Ha'lHO c TO'lHOCTblO )l;O H30MOplfin3Ma. 
HJiacc .It Ha3. p e II JI H 'I H 0 II 0 JI H hi M, eCJIH OH co
p;epJKHT p. JI106oii: aJire6paH'l. CHCT0Mhl TOH me CHrHaTypbI. 
Hnacc aJire6pau11. CllCTeM lfiI1KCllpOBRHHOll CHrHaTyphl 
penJIH'lHO llOJIOH TOrp;a li TOJibRO TOr)l;a, KOr)l;a OH CO)l;epmHT 
O)l;HOi:JJieMeHTHYlO CHCT0MY H aaMKHYT OTHOCHT0JlbHO llO)l;-
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eHeTeM H rrpHMbIX rrpoH3Be,[\eBHH. AReHoMaTH3HpyeMblMH 
perrJIH'IHO IIOJIHbIMH KJiaeeaMH HBJIHIOTeH RBa3HMHoroo6-
pa3HH H TOJibRO OHH. 

Jlum.: [!] Ma JI h Q e B A. IL, AJ1re6pa11Piec1rne cl!ICTeMbI, 
M., 1970. JI. A. CnopwrnoB. 

PEIIJIHKA 3 H ,a; o M o p «P n 3 M a X ROHe'IHOMepHoro 
BeRTOpHoro rrpoeTpa11eTBa v Ha,[\ IIOJieM k xapaRTepneTHRH 
0 - 3JieMeIIT HaHMeHhIIIeii, eo,a;epmarrwii X, aJire6pan'l. 
rro,a;aJire6pb1 JIM g( (V) (eM. Jlu a.Me6pau11,ecKaR a.;r,ae6pa). 
8H,a;oMop«Pn3M X' E g l ( V) HBJIHeTeH P. 3H,a;oMop.iPnaMa X 
TOr,a;a H TOJibRO TOrp;a, Kor,a;a BeHRHH Tell30p Ha v, aHHYJIII
pyeMblll 311,[\0MOp«Pn3MOM x' aHHyJinpyeTeH TaKJRe H 3Hp;O
Mop«Pn3MOM X'. 

Kamp;a.11 P. 3H,[IOMop«PnaMa X MomeT 6b!Th rrpe,a;eTaBJieHa 
B BH,[\e MHOfO'IJieHa OT x e R03«P«Pnri;neHTaMH II3 IIOJIH k 
e HyJieBblM eB060,[1HbIM 'IJieHOM. IloJiyrrpoeTaH H HHJibIIO
TeIITBaH ROMIIOHeHTbl 3H,[\OMop.iPH3Ma x (eM. JRop8ana paa
JtOJICenue, 2) HBJIHIOTCH ero P. Ilo,a;aJire6pa aJire6pbI Jln 
gl(V) Tor,a;a H TOJibKO TOr,a;a aJire6paH'IHa, Ror,a;a OHa co
,a;epJRHT Bee P. JI106oro eBoero 3JieMeIITa. 8H,a;oMop«PnaM. 
x rrpoeTpaHeTBa v Tor,a;a H TOJibRO Tor,a;a HHJibIIOTeHTeH, 
Ror,a;a Tr XX'=O ,[\JIH JI106oii perrJIHRH X' 3H,[IOMop«Pn3-
Ma X. 

IlyeTb k aJire6pan'leeRH 3aMRHYTO, q; - aBTOMop«Pn3M 
IIOJIH k, x - IIOJiyrrpoeTOH :'IH,[\OMop.iPH3M rrpocTpaHeTBa v, 
a q; (X) - TaRoii 3HAOMop.iPH3M rrpoeTpaHcTBa V, 'ITO BeH
KHii co6eTBeHHblll BeRTOp 3H,[IOMop.iPH3Ma x' OTBe'laIOII\Hll 
eo6eTBeHHOMY 3Ha'leHHIO A, HBJIHeTeH eo6CTBeHHblM Be.KTO
poM H ,[\JIH q; (X), HO OTBe'la!Om;HM eo6eTBeHHOMY 3Ha'leIIHIO 
q; (A). 8H,a;oMop.iPH3M X' E g( ( V) TOr,a;a H TOJihRO Tor,a;a 
HBJIHeTeH p. 3H,[\OMop«PnaMa x' Kor,a;a x I= q; ( x) ,[\JIH 
HeR-poro aBTOMop«PnaMa q; IIOJIH k. 

Jlum.: [!] Ce pp J:R.-II., AJ1re6p&1 Jil!I l!I rpymihl JIH, rrep. 
c aHrJI. l!I ljJpaHQ., M., 1969; [2] Teopmr aJ1re6p Jil!I. TorroJlorHJI 
rpyrrrr JIH, rrep. c ljJpaHQ., M., 1962; [3J III e B a JI JI e I\., Teopl!IJI 
rpyrrrr JIH, rrep c ljJpaHQ., T. 2, M., 1958. B. JI. llonoB. 

PEIIPE3EHTATHBHOE IIO)l;IIPOCTP AHCTBO 
rro,a;rrpocTpaHCTBO x TOIIOJIOfH'l. rrpOCTpaHOO'Ba y TaRoe, 
'ITO BRJIIO'leHne X CY HBJIHeTCH eJia6oii roMOTOIIH'l. 3RBll-
BaJieHTIIOCThIO. A. <1>. XaptuUJiaaae. 

PETP AKT o 6 'h e K T a K a T e r o p H H - IIOHHTHe, 
0606m;a10Il\ee eooTBeTeTBYIOII\He IIOHllTHH aJire6pb1 H TOIIO
JIOfHH. 06'heRT R KaTerOpHH Si' Ha3. p e T p a RT 0 M 
o6'heKTa A, eemi: eyrrweTBYIOT Tamm Mop.iPnaMbl 

µ:R-+A H v:A-+R, 

'ITO µv= 1R. Mop«PH3M µ rrpH 3TOM oRa3b!BaeTCH 1110H0Mop
«Pl'I3MOM H, 6oJiee Toro, H,a;polll rrapb! Mop«PH3MOB 1A, Vfl. 
)];BOHCTBeHHO, Mop«Pn3M v - 3IIHMop«Pn3M H, 6oJiee Toro, 
Ro.11,a;po rra pbI Mop«PnaMoB 1 A, vµ. 11Horp;a µ Ha3. e e q e
H H e M, a v - p a e e JI 0 e H H e M. 

EeJIH R eeTh P. o6'heRTa A n o6'beRT R' naoMop«PeH R, 
TO R' eCTh peTpaKT A. Ilo3TOMY naoMop.iPHhle P. 06paay10T 
o,a;nH rro,a;o6'heRT o6'heRTa A . Kam,a;oMy peTpaRTY R, orrpe
p;eJIHeMoMy Mop«Pn3MaMH µ : R -+ A n v : A -+ R, cooTBeT
cTByeT H,[\eMrroTeHTHblii Mop.iPHaM q;=vµ : A-+A. )];ea peT
paKTa Rn R' o6'heRTa A rrpHHa,a;JiemaT o,a;HoMy H TOMY me 
rro,a;o6'heRTY TOr,a;a H TOJibRO Tor,a;a, Ror,a;a HM eOOTBeTeTByeT 
o6Il\Hll n,a;eMIIOTeHT. p. JII06oro o6'beRTa rrpOH3BOJibHOH Ra
TeropHH 06paay10T MHOJReeTBO. M. III. L{aJ!emw. 

PETP AKT T o rr o JI o r n q e e R o r o rr p o e T p a H
e T B a X - rro,a;rrpoeTpaHCTBO A 3Toro rrpoeTpaHeTea, 
,[\JIH K-poro eyII\eeTByeT pempaKlfUR X Ha A. EeJin rrpoeT
paHCTBO x xaye,a;op«Poeo, TO BeHRHH p. rrpoeTpaHCTBa x 
3aMKHYT B x. BeHKOe HerryeToe 3aMRHYTOe MHomeeTBO RaH
TOpoea eOBepIIIeHHOfO MHOJReCTBa HBJIHeTeH ero p. Il pH 
rrepexo,a;e OT rrpoeTpaHCTBa R ero P. coxpaHHIOTeH MHorne 
BaJRHble eeoiieTea. B qaeTHOCTH, BeHROe eeoiieTBO, coxpa
HHIOII\eeeH rrpn rrepexo,a;e R HerrpepbIBHoMy o6paay, paBHO 
RaR H JI106oe eBOHCTBO, HaCJie,a;yeMoe 3aMRIIYTbIMH rro,a;
rrpocTpaIIeTBaMH, yeTOII'IHBO OTHOeHTeJihHO rrepexo,a;a R p. 
Ilo3TOMY ROMIIaKTHOeTb. eBH3HOeTb' JIHHei'1HaH CBH3HOeTb. 
cerrapa6eJihHOCTb, orpaHH'leHHe CBGpxy Ha pa3MepHOCTh, 

rrapaKo~maKTHOeTb, HOpMaJibHOeTb, JIORaJibHaH ROMIIRRT
HOeTb, JIOKaJibHaH eBJI3IIOeTb eoxpaHJIIOTCJI rrpn rrepexo,a;e 
R P. B TO me epeMJI P. rrpocTpaHCTBa MomeT 6b1Th ycTpoeH 
ropa3AO rrpoll\e ero eaMoro, 6oJiee o6oapHM, 6oJiee YA06e11 
,[\JIH KOIIRpeTHOfO HeeJie,[\OBaHHH. TaK, O,[\IIOTO'le'IHOe MIIO
meeTBO JIBJIJieTeH p. 0Tpe3Ka, rrpHMOH, IIJIOeROeTH H T. A· 
EeJIH rrpoeTpaIIeTBO x HMeeT c B 0 ii e T B 0 H e II o
A B H JR H 0 :ii T 0 q RH, T. e. ,[\JIH Ram,a;oro Herrpepb!BIIOfO 
oTo6pameHHH f : X -+ X eym;eeTByeT TO'IRa x EX TaRaH, 
'ITO f(x)=x, TOH Ram,a;b1M P. rrpoeTpaHeTBa X o6JiaAaeT 
eeoiieTBOM HeIIO,[\BHJRIIOii TO'IKH. B qacTHOCTH, n-Mep11aH 
c«Pepa He HBJIHeTCH p. (n+ 1)-MepHoro rnapa eBKJIHAOBa 
rrpocTpa11cTBa, r,a;e n= 0, 1, ... , TaK KaK aa~mHyTbIM map 
o6Jia,a;aeT eeoiieTBOM IIeIIO,[\BHJRHOll TO'IKH (T e 0 p e M a 
E pa y 3 pa), a c«Pepa 3TOro eBoiieTBa He HMeeT. IIo,a;
rrpoCTpaHeTBO A rrpoeTpaHCTBa X Ha3. o K p e c T H o e T
H bl M p. 3TOro rrpoeTpaHeTBa, eeJIH eyII\eCTByeT B x OT
Rpb!TOe IIOArrpoeTpaHeTBO, eo,a;epmall\ee A, peTpaKTOM 
K-poro A HBJIHeTCH. IloHHTHe p. HMeeT rrpHMOe OTHOIIIeHHe 
K eorrpoey o rrpo,a;oJimaeMOCTH 11errpepbIBHhlX oTo6pameHHM. 
TaK, rro,a;rrpoeTpaHeTBO A rrpoeTpaHeTila X HBJIHeTeH ero 
p. B TOM H TOJibKO B TOM CJiyqae, eCJIH eeHKOe Herrpepb!BHOe 
oTo6pameHHe rrpoeTpaHCTBa A B rrpon3BOJibHOe TorroJio
rH'l. rrpoeTpaHeTBO y MOJRHO IIPOAOJIJRHTb AO HerrpepbIB
IIOfO oTo6pameHHH eeero rrpoeTpaHeTBa X B Y. 

MeTpHayeMoe rrpoeTpaHeTBO X Ha3. a 6 e o JI 10 T H bl M 
P. (a6eoJIIOTHbIM oKpecTHoeTHblM P.), 
eCJIH OHO HBJIHeTeH p. ( COOTBeTeTBeHHO OKpeeTHOeTHblM 
p.) BeHKOfO MeTpH3yeMoro rrpoeTpaHeTBa. eo,a;epmall\ero x 
B Ka'leeTBe 3aMKHYTOfO rro,a;rrpoeTpaHCTBa. )];JIH Toro 'IT06bl 
MeTpH3yeMoe rrpocT-paHeTBO x 6bIJIO a6coJIIOTHbIM p.' 
Heo6XOAHMO, 'IT06hl OHO 6hlJIO p. HeK-poro BhIIIYKJIOfO 
rro,a;rrpoeTpaHCTBa JIHHeMHOfO HOpMnpoBaHHOfO rrpoeTpaH
eTBa, H ,a;oeTaTO'IHO, 'IT06bl x 6bIJIO p. Bb!IIYKJIOro rro,a;rrpo
eTpaHeTBa JIOKaJibHO BbIIIYKJioro JIHHeMHOfO rrpoeTpaHCTBa. 

TaKnll! o6paaoM, Bee BbIIIYKJible rro,a;rrpocTpaHCTBa JIO
KaJibHO BbIIIYKJibIX JIHHeMHblX rrpoeTpaHeTB HBJIHIOTCll a6-
COJIIOTHblMH p.; B qaeTIIOeTH' TaKOBbl TO'IKa' 0Tpe30K, map' 
rrpHMaH H T. A· 113 rrpnee,a;eHHOll xapaKTepHeTHKH Bhl
TeRaIOT cJie,a;yIDII\He CBoiieTBa a6eoJIIOTHbIX P. BeHKHM P. 
a6eoJI10T11oro P. e110Ba eeTh a6eoJIIOTHblii P. Kam,[\bl:ii a6-
eoJIIOTHbIM p. eTHfHBaeM no ee6e H JIOKaJihHO CTHrneaeM. 
Bee roMoJiorH'leeKne, KoroMoJiorH'lecKne, roMOTOIIH'leemre 
H KOfOMOTOIIH'l. rpyrrrrhl a6eoJIIOTHOfO p. TpHBHaJibHbl. 
MeTpn3yeMoe rrpoeTpa11eTBO Y HBJIHeTeH a6eoJIIOTHblM P. 
B TOM H TOJibKO B TOM eJiyqae, eeJIH, KaKOBbl 6br HH 6bIJIH 
MeTpH3yeMOe rrpoeTpaIICTBO x. ero. 3aMKHYTOe IIOAIIPOeT
paHeTBO A H Herrpepbrn11oe OTo6pameHHe rrpoeTpa11eTBa A 
B Y, ero MOJRHO rrpo,a;oJIJRHTb AO HerrpepbIBHOro OTo6pame
HHH Beero npoeTpaHeTBa X B Y. A6coJIIOTHhle oKpecTHOeT
Hble p. xapaRTep1rny10TeH KaR p. OTKpbITblX IIO,[\MHOJReeTB 
BbIIIYRJibIX no,a;rrpoeTpaHCTB JIMHeMHblX HOpMHpOBaHIIblX 
rrpoeTpaHeTB. K HX 'IHeJiy OTHOeHTeH Bee KOMIIaKTIIbie no
.7IH3,llpb1. Cyni;eCTBeHHblM !IX eeoiieTBOM HBJIHeTeH JIO
KaJibHaH eTHfllBaeMOeTh. 

EeJI11 peTpaKIJ;llH npocTpaHeTea X Ha ero IIOAnpoeTpaH
eTBO A roMOTOIIHa Tom,a;eeTBeHHOMY 0To6pame111110 npocT
paHCTBa x Ha ce6H, TO A Ha3. ,[\ e «P 0 p Ma II; II 0 H H bl M 
P. npoeTpaHeTBa X. )J;e.iPopMari;110HHb1ii P. npoeTpaHCTBa 
rOMOTOIIH'IeeKll 311'.BHBaJieHTeH 3TOMY npocTpaHeTBY' T. e. 
llMeeT e HHM OAHH II TOT me fOMOTOIIH'l. TllII. 06paTHO, ,[\Ba 
fOMOTOIIH'leeRH 311'.BllBaJieHTHbIX rrpoeTpaHeTBa eeer,a;a MOJR
HO BJIOJRllTh B HeK-poe TpeTbe npoeTpaHeTBO TaRHM o6pa-
30M, 'ITO o6a OHH 6YAYT ero ,a;e.iPopMaIJ;HOHHbIMll p. 

Jlum.: [1] Bopcy11 H., Teopl!IJI peTpa11ToB, rrcp. c aHrJI., 
M., 1971. A. B. ApxaH2eJ!1>Cnuu. 

PETP A KU:HH - HerrpepbIBHoe oT06pameHne f Torro
Jior11q. rrpoeTpaHeTBa X Ha ero rrop:rrpoeTpaHeTBO A, TOIB
,a;eeTBeHHoe Ha A' TO eCTb TaRoe, 'ITO f(x)=x npH BCeX 
XE A. M. H. Boii:i;ex0Bc1wu. 

PE<l>AJI, a JI r o p u T 111 11 q e e K 11 11 11 3 bl R p e-
K y p e II B H bl x «Py HR II; H fl,- aJ12opum"ltU'tec1mu !t3blK, 
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opneHTHpOBaHHhlII Ha 3aAaqu IIpeo6pa30BaHHH CHMBOJibHOH 
1rn<ftopMa~Hll; B IIepBOHaqaJibHOM Bap1rnHTe Ha3bIBaJICH 
«MeTaaJiropHTMnqecKHM H3b!KOM» (CM. [ 1)). p. 6hlJI C03AaH 
KaK YHHBepcaJibHhlH MeTaH3hlK AJIH OIIHCaHHH IIpeo6pa30-
BaHHH H3blKOBbIX o6'beKTOB. OH HCIIOJlb3YeTCH AJIH TpaHc
JlH~HH c OAHOro aJiropHTMHq. H3b!Ka Ha ,u;pyro:il:, AJIH Ma
IIIHHHoro BhlIIOJIHeHHH aHaJIHTHq. BhlKJiap;oK, AOKa3aTeJib
CTBa TeopeM, IIepeBOAa c eCTeCTBeHHhlX H3hlKOB H T. II. 

3aIIHCh aJiropnTMa Ha P. IIpe,u;cTaBJIHeT OIIncaHne He
K-poro qucJia peKypCHBHblX ¢tYHK~HH Ha MHOll\eCTBe B hi
p am e H H ii (T. e. IIOCJiep;oBaTeJibHOCTeii: CHMBOJIOB H 
CK060K), IIpaBHJibHO IIOCTpOeHHhlX (B o6hlqHoM CMblCJie) 
OTHOCHTeJihHO CKo6oK. 3HaqeHne <ftyHK~HH cp IIPH apry
MeHTe rfJ n3o6pamaeTCH Ha P. B BHAe Kcprf}...:...., rAe K -
3 Ha K K 0 HK p e TH 3 a~ H H, CJiyma~HH AJIH HBHoro 
yKa3aHHH Ha Heo6XOAHMOCTb BhlqncJieHHH 3HaqeHHH <ftyHK
~HH, a CHMBOJI ...:.... 03HaqaeT 3aKpb!BalO~YIO CK06Ky AJIH K. 
OIIncaHne <ftyHK~HH pacIIaAaeTcH Ha HeCKOJibKo npeAJIO
meHnn (n pa B H JI K 0 HK p e TH 3 a ~ H II), OTHOCH
~HXCH K CJiyqaHM, Kor,u;a apryMeHT HMeeT TOT HJIII HHOll 
qacTHhlH BH,11;. HaIIp., <ftyHK~HH cJiomeHHH B peKypcnBHoii: 
apn<ftMeTHKe OIIHCb!BaeTCH Ha p. ABYMH IIpeAJIOll\eHHHMH: 

1) K+(EA) (0) =EA, 

2) K+(EA)(EB1)= K+(EA) (EBL1. 

IlpeAJIOll\eHHe COCTOHT H3 JleBOH H npaBOH qacrnii:, pa3-

p;eJIHeMhlX 3HaKOM =' H MOll\eT BKJI!OqaTb CB060AHhle nepe
MeHHhle (B npnMepe 3TO - EA n EB). 0Ho cqnTaeTcH npn
MeHHMblM AJIH KOHKpeTH3a~HH BhlpameHHH BHAa Kcp<f} ...:...., 
eCJIH 3TO IIOCJieAHee MOll\eT 6h1Tb OTOll\AeCTBJieHO c JieBoi1 
qacTbIO npeAJIOll\eHHH npn HeK-pb!X 3HaqeHHHX BX0,1J;H~HX 
B Hee CB060AHblX IIepeMeHHhlX. IlpnMeHeHHe IIpeAJIOll\eHHH 
COCTOHT B 3aMeHe KOHKpeTH3HpyeMoro BhlpameHHH Ha 
npaByIO qaCTb npeAJIOll\eHHH, B K-poii: CB060AHbie nepeMeH
Hhle 3aMe~eHhl HX 3HaqeHHHMH. ,Il.JIH BhlqncJieHHH 3Haqe

HHH <ftyHK~HH npeAJIOll\eHHH paccMaTpHBaIOTCH IIOCJieAOBa/ 
TeJibHO, H npnMeHHeTCH nepBOe H3 HHX, OKa3aBIIIeeCH IIOA
XOAH~HM. 9TOT IIpo~ecc IlOBTOpHeTCH, IIOKa B o6'beKT pa-
6oThl BXOAHT 3HaKH K. 

,Il.JIH peaJin3a~nn nporpaMM Ha P. pa3pa6oTaHhl aiJ>iJ>eK
THBHhle TpaHCJlHTOpbl (CM. [ 3], [ 4); npnMep HCIIOJib30BaHHH 
p. AJIH MalIIHHHoro BhlIIOJIHeHHH BhlKJiaAOK B TeopeTil'I. 
iJ>n3HKe CM. B [5)) . 

.Jlum.: [1] Ty p q H H B. <I>., «HHiiepneTHKa», 1968, M i., c. 
l,5-51,; (2] T y p 'I H H B. <t>., C e p )'.( o 5 o JI b CK H It B. IL, 
«HH5epneTHKa», 1969, M 3, c. 58-62; [3] <I> JI 0 p e H 1( e B c. H., 
0 JI IO H H H B. IO.' T y p q H H B. <I>.' «Tp. 1 BceCOI03H. KOHcjJe
peHI(HH no nporpaMMHpoeaHHIO», H., 1968, c. 111,-33; [t,] po
M a He HK 0 o. A., Ty p q H H B. <I>., «TP. 2-lt BcecoI03H. KOH
cjJepeHI(HH no nporpaMMHpoeaHHIO», HoeocHii., 1970, c. 31-1,2; 
(5] B Y )'.( H H K A. 11. [H )'.( p.], «fl)'.(epnan cjJH3HKa», 1971, T. H, 
c. 301,-13. B. <P. Typ'<U'li. 

PECl>JIEKCHBHOE IIPOCTPAHCTBO - 6aHaxoBo npo

cTpaHcTBo x' COBITaAaIO~ee IIpH KaHOHHqecKOM BJIOll\eHHH 
co CBOHM BTOpb!M conpHmeHHhlM X* *. IloAp06Hee, IIYCTb 
X* - npoCTpaHCTBO, coIIpnmeHHOe c X, TO eCTb coBoKyn
HOCTb Bcex HeIIpephlBHbIX JIHHellHhlX iJ>yHK~HOHaJIOB, on
peAeJieHHhlX Ha X. EcJin (x, f> - 3HaqeHne iJ>YHK~HoHaJia 
f EX* Ha 3JieMeHTe x E X, TO IIpn iJ>nKcnpoBaHHOM x n f, 
IIpo6era10~eM X*, BbipameHne (x, f>=tf xU) 6yAeT JIH
HeilHhlM iJ>yHK~HoHaJioM Ha X*, TO eCTh aJieMeHTOM npocT-

paHCTBa X**. IlycTb XcX** - MHomecTBo TaKnx ipyHK
~noHaJioB. CooTBeTCTBHe x-+ tf x ecTb H3oMopiJ>n3M, He 

MeHHIO~HH HopMbI /lxl/=lltf xii· EcJin X=X**, TO IIpOCT
paHCTBO x Ha3. p e ip JI e Kc H B H hi M. IlpocTpaHCTBa 
"lp n Lp(a, b), p >1, peiJ>JieKCHBHhl, npocTpaHCTBO C [a, b) 
He peiJ>JieKCHBHO. 

IlpocTpaHCTBO x peiJ>JieKCHBHO TOfAa H TOJibKO TOfAa, 
KOrAa X* peiJ>JieKCHBHO. ,Il.pyrnM KpnTepneM peiJ>JieKCHB
HOCTH 6aHaXoBa npocTpaHCTBa x HBJIHeTCH CJia6aH KOM

naKTHOCTh e)J;HHH'lHoro rnapa 3Toro npocTpaHCTBa. 
p. II. CJia6o IIOJIHO, H 3aMKHyToe IlOAilpOCTpaHCTBO p. II. 

peiJ>JieKCH BRO. 

IloHHTHe peiJ>JieKCHBHOCTH eCTeCTBeHHhlM o6pa30M pac
npocTpaHHeTCH Ha .tio1W.tib1W Bb/,ny1Mb/,e npocmpancmea. 

JI um.: [1] .n; a H cjJ o p n H., III e a p 11 .D: m., JlHnellnhJe one
paTOphI, 'I. 1 - 0511(aH Teop11n, nep. c aHrJI., M., 1962; [2] Mo
c H n a H., <l>yHKQHOHaJibHhill anaJJH3, nep. c aHrJI., M., 1967; 
[3] Ha HT 0 p 0 B H q JI. B., AK H JI 0 B r. II., <l>yHKI(HOHaJib
Hbill aHaJIH3, 2 Ha)'.(., M., 1977. B. H. Co60J1ee. 

PEcJ>JIEKCHBHOCTh - OIJ;HO H3 CBOHCTB 6unapnb1,X 
omnoutenuu. 0THOIIIeHne R Ha MHomecTBe A Ha3. p e ip
JI e K c H B H hi M, eCJIH aR a AJIH JII06oro a EA. n pnMepa
MH peiJ>JieRCHBHbIX OTHOIIIeHHII HBJIHIOTCH paBeHCTBO, 3K

BHBaJieHTHOCTb, ITOPHAOK. T. C. <Po[fianoea. 

PECl>JIEKTHBHAH IIO,IJ.KATErOPHH - IIOAKarnro

pHn, COAepma~aH «Han6oJibIIIYID» MOAeJib JII06oro o6'beKTa 
KaTeropnn. ToqHee, IIOJIHaH IIOAKaTeropHH ($; KaTeropnn 
.fe Ha3. p e iJ> JI e K TH B H 0 ii:, eCJIH {,£ COAepmHT ($;-peiJ>
JieKTOp (cM. Perfi.tienmop) AJIH JII06oro o6'heKTa Karnropnn. 
IlOJIHaH IlOAKaTeropHH {,£ RaTeropHH .fe peiJ>JieKTHBHa TOf
Aa H TOJibl.\O TOrAa, KOrAa il>YHKTOp BJIOll\eHHH ld(.l;, Sf: (;£-+.fe 
o6JiaAaeT conpHmeHHhlM cJieBa iJ>yHKTopoM S : .\l1 -+ ($;. 
cDyHKTOp s COIIOCTaBJIHeT Kall\AOMY o6'beKTY A H3 

se ero {;s;-peiJ>JieKTOp s (A); MopiJ>n3MbI :JlA : A -+ s (A), 
BXOAH~ne B onpeAeJieHHe 1,£-peiJ>JieKTopa, OIIpep;eJIHIOT 
ecTeCTBeHHOe IIpeo6pa3oBaHHe TOll\AeCTBeHHOro iJ>yHKTopa 
ldst B KOMIT03H~HIO iJ>yHKTOpOB Sid@, Sf. ,lJ.BOHCTBeHHblM 
K IIOHHTHIO p. n. HBJIHeTCH llOHHTHe K 0 p e ip JI e K T H B
R 0 ii: n 0 A K a T e r 0 p H H. 

p. II. (,£ HaCJieAyeT MHorne CBOHCTBa o6'beMJIIO~e:il: Ka

Teropnn .fe. Hanp., Moplf>H3M µEMor~ TOrAa H TOJibKO 
TOrAa HBJIHeTCH MOHOMopiJ>H3MOM B ($;, KOrJ:i;a OH MOHOMOp
iJ>n3M B .fe. Ilo3TOMY BCHKaH p. IT. JIOKaJibHO MaJIOll CJleBa 
RaTeropnn JioKaJibHO MaJia cJieBa. P. n. o6Jiap;aeT npoH3-
BeAeHHHMH TeX ceMei"ICTB o6'beKTOB, AJIH K-phlX IIpOH3Be
AeHne cy~eCTBYeT B caMOII KaTeropnn, npH 3TOM o6a 
IIpoH3BeAeHHH oKa3hlBaIOTCH H3oMopiJ>nhlMH. To me caMoe 
CIIpaBeAJIHBO H )J;JIH JII06hlX npeAeJIOB. c Apyroii: CTOpOHhl, 
iJ>yHKTOp S nepeBOAHT KOIIpeAeJihl H3 .fe B KOIIpeAeJibl B ($;. 
IloaToMy p. n. IIOJIHOll (cJieBa) KaTerOpHH HBJIHeTCH IIOJI
HOH (cJieBa) KaTeropne:il:. 

IIycTh Sf - IIOJIHaH JioKaJibHO MaJiaH KaTeropnH. BcH
KaH IIOJIHaH IlOAKaTeropHH ~ KaTerOpHH Sf, 3aMKHYTaH OT
HOCHTeJibHO IIpOH3BeAeHHll H IlOA06'beKTOB CBOHX o6'beKTOB 
H COAepma~aH npaBhlii: HYJib, HBJIHeTCH P. II. B qacTHOCTH, 
BCHKOe MHoroo6pa3He KaTeropHH .1'11 eCTb p. II. 

{;s;-peiJ>JieKTop IIpOH3BOJihHoro o6'beKTa A CTponTcH cJie
AYID~HM o6pa3oM. Bhl6npa!OTCH IIpe,u;cTaBHTeJIH (v;, A;), 
iEI, TaKnx iJ>aKTopo6'beKTOB o6'beKTa A, qTo AiEOh ($;. 
Il pOH3BeAeHHe 

P=Il;eiA;(n;) 

IIpHHaAJiell\JIT (;S,:, H {;s;-peiJ>JieKTOp s (A) HBJIHeTCH o6pa-
30M OAH03HaqHo OIIpeAeJieHHoro Moplf>H3Ma y : A -+ P, 
AJIH K-poro yn;=v;, iEI. 

n pH Me phi. 1) IlyCTb R - o6JiaCTb ~eJIOCTHOCTH. 
IloJIHaH IIOAKarnropHH HH'beKTHBHhlX MOAYJleH 6e3 Kpyqe
HHH HBJIHeTCH P. n. KaTeropnn R-MOAYJieii: 6e3 KpyqeHnH: 
peiJ>JieKTOpaMH HBJIHIOTCH HH'beKTHBHhle o6oJIO'lKH MOAY
Jieii:. B qacTHOCTH, IIOAKarnropnH noJIHhlX a6eJieBhlX rpynn 
6e3 KpyqeHHH eCTh P. II. KaTeropnn a6eJieBhlX rpyun 6e3 
KpyqeHHH. 

2) IloJIHaH IIOAKaTeropHH HOpMaJibHhlX TOilOJIOrIIq. 
IIpOCTpaHCTB eCTb p. II. KaTerOpHH BIIOJIHe peryJIHpHhlX 
TOIIOJiornq. npocTpaHCTB: peiJ>JieKTOphl CTpOHTCH c no
MOII~b!O KOMIIaKTniJ>nKa~nH l:lexa. 

3) IloJIHaH IlOAKaTeropHH IIyqKoB eCTb p. II. KaTerOpHH 

IIpeAnyqKoB: peiJ>JieKTOpbI onpeAeJIHIOTCH il>YHKTOpOM ac
CO~HHpoBaHHOro nyqKa. M. ill. L{a.tienno. 

PECl>JIEKTOP o 6 'b e K T a K a T e r o p n n - noHH

TIIe, OillfChlBaIO~ee «Han60JibIIIYIO» MOAeJib AaHHoro o6'beK

Ta B HeK-poM KJiacce o6'heKTOB. A HMenno, IIYCTh (£ -
IIOAKaTeropnn Karnropnn .ft'; o6'heKT BE~ Ha3. p e il>
JI e KT op o M o6'beKTa AE.lt B~,IIJinl,£-peiJ>-
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JI e K T o p o M, ecJI11 cym;ecTayeT Ta1rni\: ~ropqm.aM n: : A -
- B. 'lTO ,'.\Jlfl mo6oro 06'be1na X u~ CS: uroupainf'HHe 

Hx(n): H@.(B, X)->-H.11;(A, X) 

6.IIllKTHBHO. ,Il.pyrHMH CJIOBaMH, AJIH mo6oro MopqmaMa 
a : A - x cyrn;eCTBYBT TaKOII BAHHCTBBHHbiti Mop$H3M 
a' : B--+ XE(£, qTo a=na'. CS:-pe!JlJieKTop olheKTa A onpe
ABJieH HBOAHOBHalJHO, HO JIIOObie ABa {£-peqlJieHTOpa ol'i'beK
Ta A H<!OMop$HLI. Cl:-pe!JlJieKTop JieBoro HYJIH (u:HHI]HaJib
Horo o6'heKTa) HaTeropu:u: SI' HBJIHeTCH JieBb!M HyJieM B (1. 

II p u: Me p b!. B KaTeropnu: rpynrr iJ>aKToprpyrrrra GIG' 
IIpOll3BOJibHOH rpynrrhl G no KOMMyTaHTY HBJ!HeTClf p. 
rpyrrrrb! G 11 IIOAKareropu:n: a6eJieBhIX rpyrrrr. ,Il.Jia a6eJie
Boii rpyrrIIh1 A ee iJ>al<TOprpyrrrra A IT (A) no rrepllOAn:q. 
IIOArpyrrrre T (A) HBJIHBTCH P. rpyrrrrhl A B rroJIHOH IIOAKa
Teropn:H a6eJieBb!X rpyrrrr 6es KpyqeHn:H. IlorroJIHeHn:e 
(HH'bBKTHBHaH o6oJioqKa) A rpyrrrrhl A IT (A) HBJIHeTCH P. 
rpyrrrr A n A IT (A) B IIOAKaTeropn:n rroJIHb!X a6eJieBb!X 
rpyrrrr 6ea KpylleHirn. 

06hllJHO p. paccMaTpn:Ba!OTCH B IIOJIHb!X IIOAKaTeropllHX. 
IloJIHaH IIOAKaTeropmr (1 KaTerop11n Sf, B K-poil: cyw;ecT
BYJOT P. AJIH JIJ06hlx OO'beKTOB na Sf, Haa. p e ip JI e K T n B
R 0 If. M. ill. IJ;a.aeHno. 

PEIJIAIOID;AH <l>YHK~IIH, p e III a 10 rn: a H rr p o
l! e A y p a, c T a T u: c T H q e c K o e p e III a 10 w: e e 
II pa B ll JI o,- rrpaBHJIO, corJiaCHO K-poMy Ha OCHOBamm 
IIOJiyqeHHb!X Ha6JIJOA8HHH AeJiaJOT CTaTHCTHlJ. BbIBO/l,hl (rrpu:
HHMaJOT peIIleHHH). 

IlycTb x - CJiyqa.ii:HaH BBJIHlJHHa, rrpHHHMa10m;aH 3Ha
'leHHH B Bh16opo1IHOM rrpocTpaHCTBe (32, lS, Pe), 0E8, n 
IIYCTb D= {d} - MHOll\eCTBO BCSX B03MOll\HhIX peIIleHn:ii: d, 
K-pb!O MOll\HO BhlHeCTll OTHOCHTeJibHO rrapaMeTpa 0 ITO pea
JlH33l]Hll cJiy'la.ii:Ho.ii: BeJIHqllHhI X. CorJiacHo TepMHHoJio
ru:u:, npHHHTOll B MaTeMaTu:q, CTQTHCTHKe ll Teopn:u: nrp, 
JI106oe lB-naMepu:Moe oT06pameHne 6 : I -+ D npocTpaH
CTBa peaJin:aal]mi I cJiy'la.ii:Hoil: BeJIHlfHHhI X B MHomecTBO 
soaMomHhlX peIIleHHii: D uaa. P. ip. Harrp., B aaAR'le cTaTH
CT.Hq, OljeHHBaHHH napaMeTpa 0 JIIOOaH TOlJ:eqHaH OljeHKa 

S= 8 (X) HBJIHeTCH P. ip. OcHoBHoil: aaAaqeil: cTaTHCTHKH 
npll IIOJiyqeHHH CTaTHCTHlJ. BhIBOAOB HBJIHeTCH Bb!6op Ta
KOR p. ip. 6 ( . ) ' K-paH MHHHMH3HpyeT pH CK 

R (0, fl)=Ee [L (6, 6 (X))] 

OTHOCHT0JlbHO HCIIOJIL3yeMOII iJ>yHKI]llH IlOTSpb L ( •, •). 
IloHHTHe p. qi. HBJIHeTCH OCHOBUhlM B Teopu:u: CTaTHCTJf

'IeCKHX P. qi., coaAaHHoii A. BaJibAOM (A. Wald). 
JI.um.: [1) q e H u: o B H. H., CTaTJICTH<Iecmre pe11Ia10n1"e npa

BHJm" OIITHMaJibHhie BhIBOJJ:bI, M., 1972; [2) Ba JI h n A., CTaTHC
TH<Iec1me pe11Ia10II(He cf>YHIH\HH, B c6.: Ilo31ll(HOHHl>Ie HrphI, M., 1967, 
c. 300-522. M. C. Huny.n.uH. 

PEIJIEHIIE B T e o p 11 u: 11 r p - ncxoA (1rnn MHO
meCTBO n:cxoAOB), YAOBJieTsop~!OIIJHH rrpHHHToMy B AaHHoli 
MOAeJiu: rrpn:HI]u:rry orrTu:MaJibHOCTn:. BhIAeJIRJOT cJie/l,y10w:u:e 
OCHOBHbie TllIIhI p.: 1) p e III e H ll e II 0 H 3 III y (CM. 
Becr;oa.n,uq,uonnaa uepa), B 'IaCTHOCTll ceiJ.n,oeaa mo'lna 
il>YHKI]llll BhIHrpbIIIIa B aHTaroHHCTll'l. nrpax; 2) p e III e
H ll e no HeiiMaHy-MopreHIIITepHy 
(H - M - p e III e H ll e) - MHomeCTBO AeJiemeli, HHKaKne 
ABa na K-phlx He AOMHHHpy10T APYr Apyra, rrpH'IeM AJIH 
KaiRAOro AeJiema, He npHHaAJiemaw:ero 3TOMY MHOIBeCTBy, 
Ha.ii:AeTCH AOMllHllPYIOIIJ!IlI ero AeJieIB ll3 3TOro MHomecTBa 
(cM. ,lio.M.unupoeanue); 3) p e III e H He Ha III a B ap6um
pa:HC1tbix cxe.M.ax. 

Jlum.: [1] He ii: Ma H ):J: m., Mop re H III Tep H 0., Teop1rn 
Hrp n s110HOMH<tec1we noBegeHne, nep. c aurJI., M., 1970; [2) 0 y
a Hr., Teopn11 nrp, rrep. c a1IrJI , M., 1971. A.H. JJ.sinyHoB. 

PEIJIETA MET0,11; - OAIIH II3 o6m;IIx MeTOAOB Teopmr 
'IIICeJI, 0606m;a10II]llll rrpllHI]HII Bb!CeHB3HHH COCTaBHb!X 'IH
ceJI H3 HaTypaJibHoro PHAa (cM. 9pamocifiena pememo). 
Il pOOJieMa p. M. COCTOHT B OljeHK8 AJIH KOHSlJHOrO MHO
il\8CTBa A l]eJib!X 'IIIceJI KOJIH'IeCTBa Tex aJieMeHTOB, K-pb!e 
He ABJIHTCH Hll aa KaKoe rrpocroe q:u:cJio p H3 HeK-poro MHO-

IBecTaa P npocrhlx '111ceJI. Ou.emrnaeTca <mpoce11aa10m;aH» 
QJYHKI]HH s (A; p' z)' o603HalJa!OU~aH KOJIH'IBCTBO yKa3aH
Hb!X aJieMeHTOB H3 A rrpu: AOIIOJIHHTeJihHOM ycJioBn:II: p <z. 
,Il.JIH IIOJIYlJBHllH Ol]BHOK rrpoceHBa!O!Il8R qiyHKI]Hll lJaCTO 
ncrroJihayeTcH nmpopMal]HH o lJIICJie N (A q) aJieMeHTOB 
MHOiReCTBa Aq, COCTOHII]ero H3 3JI8M8HTOB A, K-phle A8JIHT
CH Ha CBOOOAHOB OT KBaAp3TOB qHCJIO q. Il pu: q= 1 MHmKe
CTBO A q= A. IloaToMy o6hI'IHo ol]eHHBaeTCH 6oJiee o6m;aa 
rrpoceIIBa10m;aH iJ>yHKI]HH S (Aq; P, z). 

IlpH Bh!6ope OiRHAaOMoro auaqeHIIH AJIH N (Aq) B <iJopMe 
(w (q)/q)X' rAe x - Oll\HAaeMoe 3HR'leHHe AJIH N (A) R 
(J) (q) - MYJibTHIIJIIIKRTlIBHaH <iiYHKI]HH, PYKOBO/l,CTBYIOTCJ!I 
T8M, lJT06bI rrorpeIIIHOCTb 

R (X, q)=N (Aq)-(w (q)/q) X 

6hIJia OTHOCHTeJibHO MaJia. EcJIII rrpu: 3TOM (J) (p )= k (rro 
Kpa.ii:HeH Mepe, «B cpeAHSM»), TO k Ha3. pa 3M e pH 0 c Tb IO 
p e III e T a. 

06w;aa TeOpllH p. M. c ee IIp!IJIO)J\BHHHl\llI rrpO,[i;JlIIHYJiaCI'> 
Ha1160Jiee AaJieKo B cJiy'lae JIIIHeil:Horo peIIIeTa ( rrpn k= 1). 
Cym;ecTByJOT pa3JIJiqHhle crrel]IIaJ1113aD.HII P. M,, Ha:a6oJiee 
samHhle na K-pwx rrp11HaAJiemaT B. EpyHy (V. Brun; CM. 
Bpyna pememo) II A. Cem,6epry (A. Selberg; CM. Ce,;ib-
6epea pememo). 

B rrpnJioIBeHHHX P. M. K 3AAHTHBHb!~1 aa;la'IaM (CM. 
AiJiJumuena.fl meopuR 'luce.n,), KpoMe Ol]eHOK rrpoce11aa10w;eii: 
<iiYHKI]IIH CBepxy, HeOOXOAIIMbI OljeHKH 3TOll iJ>yHKI]IIH 
CHH3y. IloJiy'leHIIe OljeHOK CHH3Y MOllieT i'lhITb OCROBaHo 
Ha JIOrH'leCKOM KOM6HH3TOpHOM Tomp;eCTBe 

S(Aq; P, z)=N(Aq)-~p<z. pePS(Aqp; P, p). 

HaII6oJiee ToqHhle ol]eHKH CHH3Y rroJiy'laJOTCH c Ao6asJie
HHeM KOM6HHJlTOpHhlX coo6pameHIIH, CBH3aHHhIX c llC
IIOJib30BaHHeM aecoBhIX iJ>yHKI]Hil:. Cu:JibHb!i'I peayJibTaT 
B IIpllJIOil\eHHHX p, M. C BeCOBb!Mll qiyHKI]HHMH COCTOHT B 
TOM, 'ITO KamAoe ,o;ocTaTO'IHO 6oJibIIIOe 'leTHoe 'IHCJIO N 
rrpe/l,CTaBIIMo B BHAe N=p+P 2 , rAe p - rrpocToe 'IHCJio, 
P 2 coAepIBIIT He 6oJiee ABYX npoCThIX MHOiRIITeJieil:. 

JI.um.: [1] IT p a x a p K., PacnpeneJieHHe npocT1>1x <tnceJI, 
nep. c HeM., M., 1967; [2) re JI b cf> 0 II)'.( A. o., JI H II H" JI IO. B., 
3Jie~ieHTaPHble MeTO)'.(bl B auaJIHTM'Iec11oll TeopHM 'IMCeJI, M., 1962; 
[3] H a I b e rs t a m H., R i c h e r t H., Sieve methods, 
L.- [a. o.J, 1974. B. M. BpeauxuH. 

PEIJIETKA B r p y II II e JI II - iJucnpenutaR noiJ
epynna r rpyIIIIbI JIH G TaKaH' 'ITO G/r n:MeeT KOHe'lHhlH 
o6'beM OTHOCHTeJihHO G-HHBapIIaHTHOII MepbI. 

p. p a 3 M e p H 0 c T H (HJIH p a H r a) n B BBKTOp
HOM rrpocTpaHCTBe V Ha,o; 1R HJIH IC - cso6o/l,HaH a6eJrnaa 
IIOArpyrrrra B v, rropOIBAeHHaH n BeKTopaMH, JIHHeHHO He-
33BHCHMT>IMH HaA rroJieM IR. Ilo,o;rpynna aAAIITHBHoil: rpyn
IIhI KOHB'JHmiepHoro BeKTOpHoro rrpocTpaHCTBa v Ha/l, IR 
AIICKpeTHa Tor,o;a H TOJibKO Tor,o;a, KOrAa OHa HBJIHeTCH pe
IIleTKO:ii [ 1). 

JI.um.: [1) Mop p" c C., ):J:BoitcTBBHHOCTb llo1ITpllrH1Ia n cTpo
eu11e JIORaJibuo-110Mna11THhlX aoeJieBbIX rpyrrrr, rrep. c anrJI., M., 
1980. A. JI.. OmtUfUIL 

PEIIIETKA, c T p y KT y pa,- 'lacmu'l1to ynopRDo'len
noe .M.1to:J1Cecmeo, B K-poM KamAoe ABYX3JieMeHTHoe IIOA
MHOil\eCTBO HMeeT KaK TO'IHYIO BepXHIOIO, TaK ll TOqHYIO 
Hllil\HIOIO rpaHII. 0TCIOA3 Bb!TeKaeT cym;ecTBOB3HIIe 3THX 
rpaHeii AJIH BCHKoro nerrycToro KOHelJHOro IIO/l,MHOil\eCTBa. 

Il p ll Me p bl. 1) JlHHeiiHO yrropH/l,O'leHHOe MHOJReCTBO 
iVJ (IIJIH l]errh), rAe AJIH a, b EM, ecJin a,,,;:b, To 

sup {a, b}=b, inf {a, b}=a. 

2) Ilo,o;rrpocTpaHcTBa BeKTopHoro rrpocTpaHCTBa, ynopa
AO'leHHhle no BKJIIO'IBHll!O, rp;e 

sup {A, B}={x I x=a+b, a EA, bEB}, 
inf {A, B}=AnA. 

3) IlO/l,MHomecTBa /l,aHHOro MHOH\eCTBa, ynopH)J;O'IeBable 
ITO BHJIIO'I8HllIO' rp;e 

sup {A, B} = A LJ B, 
inf {A, B}=AnB. 
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4) HeoTpm:i;aTeJibHhle n;eJihie qrrcJia, ynopHAoqeHHhle no IloA R o o p lJ. H Ha TH s a n; He ii P. noHHMaIOT Ha-
lJ,eJIHMocni: a<,b, ecJIH b=ac AJIH aeK-poro c, rp;e sup {a, xomp;em1e a,;r,ee6pan'lec1wii cucme.~tl>l (qam;e, YHHBepcaJibHOII 
b} - aa1rnenhmee o6m;ee Kpamoe a H b, a inf {a, b} - aJire6pLI) TaKo:ii, 'ITO p;aaaa11 P. uaoMopqma P. no}J.CIICTeM, 
aaH60Jibffillll o6m;u:il: ;o;eJIHTeJih a H b. p. KOHrpy~JH~H:ii HJIH KaKOH-JIH60 ;o;pyro:ii p.' CBH3aHHOH c 

5) ,ll,eHCTBHTeJihHhle ij>yHKIJ;HH, orrpe;o;eJieHHhle aa OT- 3TOH aJire6pauq. CHCTeMOH HJIU YHHBepcaJibHOH aJire6poll:. 
peaKe [ 0, 1) u yrrop11p;oqeHHhle ycJioBlrnM: f <,g, ecJIH II poH3BOJihHaH P. c 0 H 1 Koopp;nHaTnaupyeTCH qacTuqHo 
(t) <,g (t) lJ,JIH acex t E [O, 1), rp;e yrropHp;oqeHHO:ii noJiyrpyrmoM: ee pe:rn:p;yaJihHLIX oTo6pa

meHHH B ce6Jl, oRa3h!BaHCb H30MOpij>HoH p. rrpaBhlX aaHy-
sup {/' g} = u, JIHTopoa aToll: rroJiyrpyrrrrhl. CaMa noJiyrpyrrrra HBJIHeTCH 

6 3 p 0 B c K 0 ft, T. e. RaR npaBhIH, TaK H JieBblll aH-

a 
u (t) =max {f (t), g(t)}, HYJIHTop Ramp;oro ua ee aJieMeHToB rropomp;aeTCH n}J.eM-

inf {/, g} = v, 

v(t)=min{f(t), g(t)}. 

IIycTh M - pemeTKa. M cTaHoBHTCH ynueepca.1tbnoii 
a,;r,ee6poii c ;o;ayMH 6nHapHMMH oIIepaJJ,IIHMH, ecJin OIIpe;o;e
JIHTh 

a+b=sup{a, b}, 

a·b =inf {a, b} 

(BMeCTO + H • qaCTO YU0Tpe6JIHIOTCH CHMBOJihl LJ ll n HJIH 
v n /\). :3Ta ynnaepcaJibHaH aJire6pa y;o;oaJieTeopHeT cJie
AYIOlll;HM Tomp;ecTBeHHhlM cooTHomeHHHM: 

(1) a+a=a; (1') a·a=a; 
(2) a+b=b+a; (2') a·b=b·a; 
(3) (a+b)+c=a+(b+c); (3') (a·b)·c=a·(IJ.C); 

(4) a (a+b) =a; (4') a+a·b= a. 
Hao6opoT, ecJIH M - MHomecTBO c ABYMH 6nrrapHhIMH 
oIIepau;nHMH, o6Jiap;arom;HMH IIepequcJieHHhlMH Bhlme ceoii
CTBaMH (1)-(4), (1')-(4'), TO Ha M MOiRHO sa;o;aTb IIOpH
}J,OK <;, IIOJiaraH a <,b, ecJin a+ b= b (IIpn 3TOM oRameTCH, 
qTo a <,b Torp;a n TOJibKO Torii;a, Kor;o;a a· b=a). BoaHnKaIO
rri;ee qacTnqrro YIIOPHlJ.oqeHHoe MHomecTBO 6yp;eT P., IIpH
qeM 

sup {a, b}=a+b, a inf {a, b}=a·b. 

TaKHM o6paaoM, P. MOlRHo oIIpep;eJIHTh KaK YHHBepcaJih
ay10 aJire6py, OIIHCbIBaeMyIO TOll\)l;eCTBaMH (1)-(4), (1')
(4'), TO eCTh P. o6pasyeT yuueepca.1tbnbix a,;r,ee6p .Mnoeo
o6paaue. 

EcJIH qacTHqHo yIIop11p;oqeHHOe MHomecTBO paccMaTpH
BaTb KaK .Ma,;r,y10 r;ameeopu10, TO OHO ORa3bIBaeTCH p. B TOM 
H TOJibRO B TOM CJiyqae, Korp;a AJIH JII06blx ABYX o6'beKTOB 
aToii KaTeropuu cyni;ecTBYeT ux npouaaep;eaue H KOIIpous
eep;eHHe. 

EcJIH P H P' - pemeTKH H f - uaoMopij>uaM 3THX qac
THqHo YIIOpHp;oqeHHbIX MHomecTB, TO f HBJIH0TCH TaKme 
H30Mopij>H3MOM COOTB0TCTBY!Olll;HX yHHBepcaJibHbIX aJI
re6p, T. e. 

f (x+y) =f (x)+f (y) H f (xy) =! (x) ·f (y) 

AJIH JII06Mx x, y E P. O;o;HaRo IIpOH3BOJihHOe HBOTOHHoe oTo-
6pameHHe pemeTKH P B pemeTRY P' He 0611aaHo ObITh ro
MOMopij>uaMOM 3THX p.' paccMaTpHBaeMhIX KaK YHHBep
caJibHble aJire6pb!. TaR, AJIH JI106oro a E P oTo6pameHHH 
f (x)=x+a H g (x)=x ·a - H30TOHHble oTo6pameHHH pe
meTKH p B ce611, HBJIHIOIIJH0CH rOMOMopij>HaMaMH JIHffib B 
TOM H TOJlbKO B TOM CJiyqae, ROrp;a p - aucmpu6ymuBnasi 
peuiemna. BIIpoqeM, IIepaoe us 3THX oTo6pameHHii HBJIHeT
CH roMoMopij>uaMoM no,;r,ypew,emnu Pc oIIepau;neii +,a BTO
poe -roMoMopij>uaMoM IIOJiypemeTKH P c oIIepau;ue1'i ·. Co
BOKYIIHOCTh BC0X p. o6paayeT KaTeropHIO, ecJIH Mopqius
MaMH cqnTaTb roMOMOp~H3Mbl. 

A H T H r 0 M 0 M 0 p q, H 3 M p e m e T R H p B pe
meTKY P' eCTh TaKoe oro6pameuue f: P - P', 'ITO 

f(x+y)=f(x)·f(y) H f(x·y)=f(x)+f(y) 

;D;JIH JII06hlx x, y E P. IIocJiep;oaaTeJihHOe BhIIIOJIHeHHe ;o;ayx 
aHTHfOMOMopij>H3MOB HBJIH0TCH fOMOMopij>H3MOM. qaCTllqHo 
YIIOpHJ1;0'l0HHOe MHOll\eCTBO, aHTHII30Mopij>uoe p.' eCTh p. 

rroTeHTOM. 
Hau6oJiee eamHMe peayJihTaTbl rroJiyqeHM AJIH P., noA

'IHHeHHhlX TeM HJIH HHhIM jJ;OIIOJIHHTeJibHhlM orpa&uqeHHHM 
(cM. A,;r,ee6pau'lecnasi pew,emna, A moArnasi pew,emna, Bpay
apa pew,emna, Bet>mopnasi pew,emt>a, ll. eae1wna0Ba peutem
Ka, lf. ucmpu6ymuBnasi pew,emna, My.1tbmun.1tunamuunasi 
pew,emna, Opmo.Moay,;r,sipnasi pew,emroa, II o,;r,nasi pew,emna, 
Coo6oanasi pew,emna, Pew,eml'Ca c aono.1tnenusi.Mu, By,;r,eua 
a,;r,u6pa). Ilo OTAeJihHhIM aorrpocaM Teopmr P, cM. H aea,;r,, 
<Pu.1tbmp' n ono,;r,nenue Ce'lenusi.Mu. Oco6yro poJib nrpaIOT 
aJire6panq. o6pasoaamrn, HBJrnroni;uecH a TO me epeMH P. 
(cM. Cmpynmypno ynopsiao'!ennasi epynna). Hau6oJibIIIee 
qHCJIO npnJiomeHH:ii Teop1rn p. CBH3RHO c 6yJieBblMH aJire6-
paMH. ,ll,pyrne imaccbl p. HCIIOJib30BaJIHCb B KBRHTOBOH 
MexaHHKe H ij>HBHRe. 

IloHBJieHue llOHHTHH «P.» OTHOCHTCH K cep. 19 B. ll CBH
saao c TeM, 'JTO MHOrHe ij>aKTLI, Kaca10ni;nec11 MHOlR0CTBa 
n;o;eaJIOB KOJib~a ll MHOlReCTBa HOpMaJibHhlX IIOP,rpyIIII 
rpyIIIIhI, BhifJIH;D;HT aHaJion1qHo u MoryT 6h!Th ;o;oKaaaHM B 
pa~rnax Teopnn p;elJ,eRHHlJ.OBLIX P. RaK caMOCTOllTeJihHoe 
HaIIpaaJieHne aJire6phl Teop1rn P. cij>opMnpoeaJiaCh a 
30-x rr. 20 a. 

Jium.: [1] B Hp R r o ljJ r., Teopua pemC'rOR, rrep. c aHrJI., 
M., 1983; [2] r p e T 11 e p r., OomaJI TeopnJI pemeTOR, rrep. c 
aHrJ1., M., 1982; [3] Ca JI" it B. H., JleRQHH no TeOPHH pemeTOR, 
CapaTOB, 1970; [4] c R 0 pH ll II 0 ll JI. A., .Uene11uH]l;OBbJ_ CTPYR
TYPbI c norrOJrneHHHMU H peryJJllP!ibl0 ROJJblla, M., 1961; L5] er o 
ate, 3JJeMe!ITbl Teop1111 C'rpyRTYP, 2 ua;o;., M., 1982; [6] lIToru Hay
RH. AJJreOpa. 1964, M., 1966, c. 237-74, [7] lITOrH HllYRH. AJJre6-
pa, TOIIOJ1or1111, reoMeTpHJI. 1968, M., 1970, c. 101-54; [8] Yrro
pJI;o;oqeHHble MHOatecTBa H pemeTRll'., B. 3, CapaTOB, 1975; [9] 
B 1 y th T., Janow it z M., Res1duation theory, N. Y., 1972. 

JI. A. Cnop>tJl'l<We. 
PEIIIETRA rro,n:AJII'EBP y H II B e p c a JI b H 0 II 

a JI r e 6 p hI A - qacTuqHo yIIopRlJ.O'IeHHoe (oTJrnmeHH
eM TeopeTHKO-MHOJR0CTBeHHOro BKJIIoqeHHH) MHOIBeCTBO 
Suh A acex IIop;aJire6p ame6pbI A. ,ll,JIH IIpOH3BOJihHhIX 
X, YE Sub A ux cyIIpeMyMoM 6y;o;eT IIO)l;aJire6pa, IIOpom
p;eHHaH X H Y, a HX HHij>HHyMOM - nepeceqeHH0 X n Y • 
IIepeceqeHHe IIO)l;8Jire6p MOll\0T 6bITb IIYCThIM, II03TOMY 
AJIH HeK-pblX THIIOB aJire6p (HaIIp.' AJIH IIOJiyrpyIIII H pe
IJieTOR) R qucJiy IIop;aJire6p OTHOCHT H IIYCToe MBomecTBO. 
,ll,JIH Jiro6o:il: aJire6pbI A P. II. Sub A HBJIH0TCH ame6pauqe
cKoii: u o6paTHO, ;D;JIH Jiro6oll: aJire6pauqecKon pemeTma L 
cym;ecTayeT aJire6pa A TaKaH, qTo L~Sub A (Teo p e Ma 
Eu p Kr o qi a - <Pp u HR a). JI106a11 pemeTKa BJIO
mnMa a pemeTRY Sub A AJIH HeR-poii: rpyIIIIhI A. 

P. II. Sub A - op;Ha us ocHOBHhIX IIpouaeop;HhlX CTPYK
Typ, conocTaBJIHeMbIX aJire6pe A (Hap11;o;y c TaKHMH cTpyR
TypaMu, KaK rpyIIna aaToMopij>naMoe, IIOJiyrpyrrna aup;o
~mpij>uaMoa, pemeTRa RoHrpyaHn;nll: 11 T. II.). Ilpo6JieMaTH
Ka, IIOCBHITJ;0HHaH m1yqeHHIO CBH30Il Mem;o;y aJire6paMH 
u ux P. II. µ;eJIHTCH Ha Ta1rne acIIeRTbl: pemeToqHhie uao
Mopij>uaMhI, pemeToqHh!e xapaKTepncTHKH Tex HJIH HHhlX 
KJiaccoa aJire6p, uccJiep;oaaHHe aJire6p c paaJinqHhlMH orpa
HHqeHHHMH Ha P. II. AJire6pbI Au B Has. p em e To q Ho 
u a o Mop q, H hl M H, eCJIH Sub A~Sub B; BCHKHH uao
Mopij>uaM Sub A aa Sub B Has. p em e To q H hl M u a o
M 0 p q, H a M 0 M (HJIH II p 0 e K T H p 0 B a H H e M) 
A Ha B. MaoMopij>Hbie aJire6pbI pemeToqao uaoMopij>Hhl, 
o6paTHoe me p;aJieKo He 0611aaTeJibHO. fooopHT, qTo aJI
re6pa A p e m e T o q H o o II p e A e JI 11 e T c H (a ;o;aH
rroM KJiacce 0'%)' eCJIH AJIH JII06oii: OAHOTHIIHOH c HeJ:i: aJire6-
phl B (na 0'%) na Sub B:!SSub A cJiep;yeT Bf2fA. B HeROTO-
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pblX CJiyqa.11x (HaIIp.' AJIH IIOJiyrpyIIII) IIOHHTlJe peIIIeTOq
HOH OIIpeµ;eJIHeMOCTII paCIIIHpHIOT µ;o6aaJieHJieM B 3aKJII0-
'10HHe HMIIJIHKaU,HH ycJIOBIIH «HJIH B aHTHH30MopiJ>Ha A», 
TaK KaK aHTHH30MopiJ>Hbie IIOJiyrpyIIIIbl TaRJRe peIIIeToqHo 
H30MopiJ>rrb!. KJiaccuqecKHH IIpHMep peIIIeToqHo:il: oIIpep;e
JIHeMoCTH AOCTaBJIHeT IIepBaH OCHOBHaH TeopeMa IIpOeK
THBHOH reoMeTpHH (cM. [1)), rµ;e B KaqecTBe A paccMaTpH
BaIOTCH BeKTopHbie IIpocTpaHCTBa Hap; TeJiaMH. PerneToqHo 
OIIpeµ;eJIHIO!Il,HMHCH HBJIHIOTCH TaKme BCHKaH a6eJieBa rpyII
IIa, coµ;epma!Il,aH µ;Ba He3aBHCHMblX :rneMeHTa 6eCKOHeqHo
ro IIOpHp;Ka, BOHKaH CB06oµ;HaH rpyrrna (cao6op;HaH IIOJiy
rpyIIIIa) H rpyIIIIa (IIoJiyrpyIIIIa), HeTpHBHaJibHO pa3JIO
mHMaH B CB060p;Hoe IIpOH3Bep;eHHe, BCHKaH HHJibIIOTeHTHaH 
rpyIIIIa 6e3 KpyqeHHH, BCHKaH KOMMyTaTHBHaH IIOJiyrpyII
IIa c 3aKOHOM COKpa!Il,eHHH H 6e3 Hp;eMIIOTeHTOB, BCHKaH 
cao6op;HaH IIOJiyrpyIIIIa Hp;eMIIOTeHTOB, cao6op;HaH IIOJIY
peIIIeTKa 6oJiee qeM c ABYMH CB06op;Hb1MH o6pa3yIO!Il,HMH. 
IlpH 3TOM Hepeµ;Ko OKa3hIBaeTCH, qTQ Kamµ;oe IIpoeKTHpo

BaHHe aJire6pb1 HHAYU.HpyeTCH ee H30MopiJ>H3MOM (HJIH aH
THH30MopiJ>H3MOM). KJiacc OAHOTHIIHblX aJire6p ~ MOlReT 
coµ;epmaTh perneToqHo He OIIpep;eJIHIO!Il,Hec.11 aJire6pb1, HO 
o6Jiap;aTb TeM cao:ii:cTBOM, qTo H3 A E ~ H Sub B~Sub A 
BblTeKaeT, qTo BE~; B noM cJiyqae roaop.11T, qTo r/C p e
m e T 0 q H 0 0 II p e A e JI H e T c H (HJIH p e III e T 0 q_ 
H 0 3 a M K H y T); eCJIH IIpH 3TOM aJire6pb1 B 6epyTCH 
TOJibKO H3 KJiacca o/f!,, TO K COOTBeTCTBYIO!Il,eMy TepMHHY 
µ;o6aBJIHIOT «B KJiacce o/f!,». Cpeµ;n perneToqHo aaMKHYTblX 
KJiaccoB - KJiacc acex pa3peIIIHMblX rpyIIII. 

MHorne orpaHuqeHHH, HaKJiap;brnaeMbrn Ha nayqaeMbie 
aJire6pb1, iJ>opMyJIHpyIOTCH B TepMHHaX p. II.; KJiaccuqe
CKHH IIpHMep - ycJIOBHH MHHHMaJibHOCTH H MaKCHMaJib
HOCTH AJIH IIop;aJire6p. Sub A yµ;oaJieTaop.11eT ycJIOBHIO MaK
CHMaJibHOCTH Torµ;a H TOJibKO Torµ;a, Korµ;a ace IIop;aJire6pb1 
BA KorreqHo IIOpomp;eHHbie (cM. TaKme I'pynna c yc.ttoeue.M 
none<tnocmu, II o.ttyepynna c yc.ttoeue.M none<tnocmu). B Ka
qecTBe µ;pyrnx HaKJiap;brnaeMblX Ha P. II. orparrnqeHHH pac
cMaTpHBaIOTCH TaKHe TeopeTHKo-peIIIeToqHble CBOHCTBa 
KaK AHCTpH6yTHBHOCTh, MOAYJIHpHOCTb, pa3JIHqHbie BHAbl 
IIOJIYMOAYJIHpHOCTH, ycJIOBHe lliopµ;aHa - ,11.ep;eKHHµ;a, p;o
IIOJIHHeMOCTb, OTHOCHTeJibHRH AOIIOJIHH0MOCTb H T. A· 
HaIIp., }J.JIH rpyIIIIhI A P. II. AHCTpn6yTHBHa TOr}J.a H TOJihKO 
TOrp;a, KOrµ;a A JIOKaJibHO Il,HKJIHqecKaH (T e 0 p e M a 

0 p e); YCJIOBHH AHCTpH6yTHBHOCTH H3yqerrbl H B CJiyqae 
IIOJiyrpyIIII, accou;HaTHBHblX KoJieu;, Mop;yJie:ii:, aJire6p Jin 

HAP· 
Hap.11,n;y c H3oMopiJ>H3MaMH P. II. paccMaTpHBaIOTCH A ya

JI H 3M bl (T. e. aHTHH30MopiJ>H3Mbl), roMoMopiJ>H3Mbl. B 
cJiyqae, Kor.n;a A - TOIIOJiornqecKa.11 aJire6pa, rran6oJiee 
ecTeCTB0HHO COIIOCTaBJIHTb en peIIIeTKY BCeX 3aMKHYTblX 
IIO,O,aJire6p; COOTB0TCTBYIO!Il,aH IIpo6JieMaTHKa TaKme aK
THBHO paapa6aTblBaeTCH. 

Jlum.: [1] B a p P , JI1rnefiHaJI aJireopa H rrpoeRTHBHaJI reoMeT
PHJI, rrep. c aHrJ1., M ' 1955; [2] c y II 3 y R H M., CTpOeHHe rpyrr
IIbI H cTpoemrn CTPYRTYPbI ee rro11rpyrrrr, rrep. c aHrJ1., M., 1960; 
[3] C 11 o p H JI 11 o B JI. A., ,[l;e11eRHHllOBhI CTPYRTYPhI c 11orroJ1He
HHJIMH H peryJIJIPHb!e ROJlhua, M., 1961; [4] Ko H II., YHHBepcaJih
HaJI aJireopa, rrep. c aHrJ1., M., 1968; [5] Ca 11oBc11 H tt JI. E., 
«YcrrexH MaTeM. HayR», 1968, T. 23, B. 3, c. 123-57; [6] A p III H
H on M. H.~ Ca 11oBc11 H tt JI. E., TaM me, 1972, T. 27, B. 6, 
c. 139-80; L7l III e B pH H JI. H., «CHOHPCR. MaTeM. )f(.», 1962, 
T. 3, No 3, c. 446-4 70; [8] lITOrH HayRH AJ1re6pa. 1964, M., 
1966, c. 237-7 4; [9] lITOrH HaYRH Ameopa TOIIOJIOrHJI. reoMeT
PHJI. 1968, M., 1970,c. 101-54; [10] YrropJI11oqeHHb!e MHomecTBa 
H peIIIeTRH, B. 3, CapaToB, 1975, c. 50-74. Jl.H.llieepuu. 

PEIDETKA C /];OIIOJIHEHIUIMH perneTKa L 
c HyJieM 0 H ep;HHHu;eii 1, B K-poii }J.JIH JII06oro 3JieMeHTa a 
CY!Il,0CTByeT TaKOII 3JieMeHT b (Ha3. A 0 II 0 JI H e H H e M 
3 JI e Me H Ta a), qTQ avb=1 H a/\b=O. IIpoH3BOJibHYIO 
peIIIeTKY MO)KHO BJIOlRHTb B pemeTKY, Kamp;hIII 3JieMeHT 
K-po:il: o6Jiap;aeT eµ;HHCTBeHHbIM p;oIIOJIH0HHeM. EcJIH AJIH 
JII06blx a, b EL unmepea.tt [a, b] HBJIHeTCH P. c µ;.,TO L Ha3. 

p e III e T K 0 ii: c 0 T H 0 c H T e JI b H bl M H A 0 II 0 JI
H e H H H M H. Kamµ;a.11 MOAYJIHpHaH p. c A· HBJIH0TCH 
perneTKOii c oTHOCHTeJibHblMH µ;onoJIHeHHHMH. PerneTKa L 

c HyJieM 0 a:a3blBaeTCH: a) p e III e T K 0 ii c q a c T H q
H bl M H A 0 II 0 JI H e H H H M H' eCJIH Kamp;blii: ee IIitTep
BaJI BIIAa [O, a], a EL, HBJIHeTCH P. c µ;.; 6) p e me T Ko rr 
c 0 c JI a 6 bl M H A 0 II 0 JI H e H H H M II' ecJIII AJIH JII0-
6blx a, b EL cy!Il,eCTByeT TaKoii: aJieMeHT c EL, qTo a/\ c=O 
H b/\c;tO; B) p e Ille T K 0 ii c II 0 JI y A 0 II 0 JI He H H
H M H, ecJIII p;JIH JII06oro a EL, a;t1, cy!Il,eCTByeT TaKOll 
3JieMeHT bEL, b;tO, qTQ a/\b=O; r) peIIIeTKOii c 
II c e B A 0 A 0 II 0 JI H e H H H M H' eCJIII AJIH JII06oro 
a EL cy!Il,eCTByeT TaKoi'I 3JieMeHT a*, qTo a/\ x.= 0 Torµ;a II 
TOJibKO Torµ;a, Korµ;a x ..,;a*; A) p e III e T K 0 ft c K B a 3 !I

A 0 II 0 JI He H H HM H, ecJIH AJIH JII06oro xEL cy!Il,eCT
ByeT TaKOH 3JieMeHT YEL, y=/=-x, qTo xvy HBJIHeTCH 
IIJIOTHblM aJieMeHTOM. EoJihIIIYIO poJib nrpaIOT TaKme pemeT
KH c opTOAOIIOJIHeHHHMII (cM. Opmo.Mo&y.ttapnaa peutem
na). 0 CBH3H Memµ;y pa3JIJiqHblMH THIIaMH AOIIOJIHeHHll B 
pemeTKax cM. [ 4]. 

Jlum.: [1] B Hp R r 0 ljJ r., TeopHJI CTPYRTYP. rrep. c aHrJ1., 
M., 1952; [2] c R 0 I! H JI R 0 B JI. A., 3J1eMeHThl TeopHH CTPYRTYP. 
2 H311., M., 1982; [3J e r 0 )f( e, ,!l;e11e11HHllOBbI CTPYRTypbI c )10IIOJ1-
HeHHJIMH H peryJ1JIPHhie ROJ1bua, M., 1961; [4] Gr i 11 et P.A., 
V a r I e t J. C., «Bull. Soc. roy. Sci. Liege», 1967, t. 36, 
No 11-12, p. 628-42. T. C. <Porfiattoea. 

PEIDETOllHO YIIOPH/];OllEHHAH rPYIIIIA - TO 

me, qTo cmpynmypno ynopa&o<tennaa epynna. 
PEIDETllATOE PACIIPE/];EJIEHHE - p;IIcKpeTHoe ae

po.11THOCTHoe pacIIpeµ;eJierrne, cocpep;oToqeHHoe Ha MHO
mecTBe ToqeK BHµ;a a-f-nh, rµ;e h>O, a - µ;errcTBHTeJibHOe 
qncJIO, n=O, ± 1, ± 2, .... qHCJIO h Ha3. III a r 0 M p. p., 

H ecJIH HH IIPH KaKHX a1 H h1 >h pacIIpep;eJieHHe He cocpeµ;o, 
ToqeHo Ha MHomecTBe BHµ;a acf-nh1 , n=O, ±1, ±2, ... , 
TO rnar h Ha3. M a K c H M a JI b H bl M. qaCTHbIM cJiyqaeM 

P. p. HBJIHeTCH apniJ>MeTnq, pacIIpep;eJieHHe. 
,11.JIH Toro qT06b1 aepOHTHOCTHoe pacIIpep;eJierrne c xapaK

TepHCTHq. iJ>yHKU,Hei'1 f ( t) 6brno p e III e T q a T bl M, He
o6xop;HMo H )l;OCTaToqrro, qT06b1 cy!Il,eCTBOBaJIO µ;ei'!CTBH
TeJihHOe qncJio t0 ;t 0 TaKoe, qTo If (t0 ) I= 1; IIpnqeM h HB
JIHeTcH MaKCHMaJibHbIM IIJaroM TOrµ;a H TOJibKO TOrp;a, KOr

µ;a l/(t)I <1 IIpH O<t<2n/h H l/(2n/h)l=1. XapaKTepH
CTHq, il>YHKU,HH p. p. HBJIHeTCH IIepHoµ;nq, il>YHKU,He:il:. 

<PopMyJia o6pa!Il,eHHH AJIH P. p. HMeeT BHA 

P =.!!:_ r -ii (a+nh) f (t) dt 
n 2:n: JI t I < :n:/h e ' 

rµ;e Pn - aepoHTHOCTh, K-pyIO P. p. IIpHIIHChlBaIOT ToqKe 
a-f-nh, f (t) - COOTBeTCTBYIO!Il,aH xapaKTepHCTHq, iJ>yrrK-
11,IIH. CIIpaaep;JIHBO TaKme paaerrcTBO 

,_, 00 2 h I 2 
..;.in= - oo Pn = 2:n: j It I< :n:/h If (t) I dt. 

CaepTKa µ;ayx P. p. c maraMH h1 H h2 HBJIHeTCH P. p. 
TOrµ;a H TOJibKO TOrµ;a, KOrµ;a h1lh2 - pau;HoHaJibHOe qucJio. 

IlpH HCCJiep;oBaHHH IIpep;eJibHoro IIOBep;eHHH cyMM He3a
BHCHMbIX cJiyqaftHbIX BeJIHqHH, HMeIO!Il,HX p. p.' OCHOBHOII 

pe3YJibTaT u;errTpaJibHOll IIpep;eJibHOll TeopeMbI 0 CXOAHMO
CTH K HOpMaJibHOMY pacIIpep;eJieHHIO cy!Il,eCTBeHHO AOIIOJI
HHeTCH JioKaJihHblMH TeopeMaMH AJIH P. p. IIpocTei'1IIJHM 
IIpHMepoM JIOKUJibHOH TeopeMbl AJIH p. p. HBJIHeTCH JI an.tta
ca meope.Ma. Ee o6o61Il,eHHeM cJiylRHT cJieµ;yIO!Il,ee yTBepm

p;eHne: IIYCTb x 1 • x 2' ... - IIOCJiep;oBaTeJibHOCTb He3aBH
CHMblX OAHHaKOBO pacIIpeµ;eJieHHbIX cJiylfaHHblX BeJIJiqHH 
c EX1=m, DX1=a2 H Sk=X1+ ... +xk H X 1 IIpHHHMaeT 
3Haqe.HHH BHµ;a a-f-nh, h>O; Torµ;a eCJIH 

Pk(n)=P {Sk=ka-f-nh}, 
AJIH BblIIOJIHeHHH IIPH k -+ 00 IIpeµ;eJibHOro COOTHomemrn 

I 0 Vi< 1 f 1 (hri+nh-km )2} I 
-h- pk (n)- V2:n: exp l -2 o Vh -----.. 0 

paBHOMeprro OTHOCHTeJibHO n, rreo6xop;HMO H µ;ocTaToqHo, 
qTo6bl mar h 6blJI MaKCHMaJibHbIM. 

Jlum.: [1] r He II e HR 0 B. B., Kypc TeOpHH nepoJITHOCTeii, 
5 H311., M., 1969; [2] II e T p 0 B B. B., CyMMbI HeaaBHCHMblX CJly
qafiHbIX BeJ1H'U:IH, M., 1972; [3] II p 0 x 0 p 0 B IO. B., p 0 3 a
H o B IO. A., TeopHJI nepOJITHOcTefi, 2 Ha11., M., 197 3. 

H. I'. Yiuanae. 
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PIU>OKYPA KOHrPY3HIJ;llH - KoHrpyaHIVIH np-H- cnpaaa. CaMH me KOJlbIJ;a arr,a;oMop.ilinaMoB npn aTnx ycJio-
Mb1X, paaaepTbIBaIOm;HeCH noaepXHOCTH K-poii ceKyT ee BHHX OKa3b!BaIOTCH 6apOBCKHMH (cM. Peey.Mipnoe IWAblfO). 
cpe,a;HIOIO noaepXHOCTb no conp.11merrrroii ceTH JIHHHM. I\oMMYTaTHBHOe KOJlbll,O R HBJIHeTCH p. K. Tor,a;a H TOJlt>KO 

IlyCTb s - cpe,a;mrn noaepXHOCTb p. K. Tor,a;a cym;ecT- Tor,a;a, KOI'/l;a ero noJIHOe KOJlbll,O 'laCTHblX peryJI.11prro B 
ayeT ceMeMCTBO noaepXHOCTeii:, K-pbre COOTBeTCTBYIOT no- CMbICJle HeiiMarra H .D;JlH BCHKOI'O MaKCHMaJlbHOI'O n,a;eaJla 
BepXHOCTH s OpTororraJlbHOCTbIO JIHHeMHblX 3JleMeHTOB H B m KOJlbU,a R KOJlbll,O 'laCTHblX Rm rre HMeeT ,a;eJ1HTeJ1e:il: rry-
KaIB,a;oii nape COOTBeTCTBYIOll\HX TO'leK HMeIOT HOpMaJlb, JIH. l\OJlbll,O MHOI'O'lJleHOB Ha.a; KOMMYTaTHBHblM p. K. HB-
napaJIJleJlbHYIO Jiy11y Korrrpyarru,nn. Hao6opoT, ecJJn aa,a;a- JIHeTCH P. K. 
Ha napa noaepXHOCTeH s H s, COOTBeTCTBYIOll\HX opTOro- ROJlbll,O c HHBOJlIOU,HeH * Ha3. pH K Ka p T 0 Bbl M 
HaJlbHOCTbIO JIHHeHHblX 3JleMeHTOB, TO Korrrpy3Hll,HH, 06- * - K 0 JI b ll, 0 M, eCJIH JleBblll aHHYJIHTOp JII06oro 3JleMeH-
paaoaarrrraH J1y11aMn, npoxop;.11m;HMH 11epea TO'lKH noaepx- Ta nopom,a;aeTCH npoeKu,nell:, T. e. TaKHM aJieMeHTOM e, 
HOCTH s H KOJlJIHHeapHblMH rropMaJlHM noaepXHOCTH s B 'lTO e=e2=e*. ArraJ1orn11rroe CBQHCTBO )l;JlH npaBblX arrrry-
COOTBeTCTBYIOil\HX TO'lKax, HBJlHeTCH P.K. co cpep;rrell: no- JIHTOpOB npn 3TOM BblnOJIHHeTCH aBTOMaTH'leCKH. IlpoeK-

ll,HH pHKKapTOBa *-KOJlbU,a o6pa3yIOT pemeTKy. 8Ta pe-
BepXHOCTbIO s. IloBepXHOCTb s rraa. 0 6 p a 3 y IO II\ e ll nreTKa nOJIHa B TOM H TOJlbKO B TOM cJiy11ae, Kor,a;a npoeK-
n 0 B e p x H 0 c T b IO p. K. JlnHHH KpHBH3Hbl o6paayIO- u,ne1l: nopom,a;aeTCH arrrryJIHTOp JII06oro MHOIBeCTBa. TaKne 
m;erl: noBepXHOCTH s COOTBeTCTBYIOT TeM JIHHeII'laTblM no- KOJlbU,a rraa. 6 3 p 0 B c K H M H * -K 0 Jl b ll, a M H. 
aepxrrocTHM Korrrpyarru,HH, JIHHHH cmaTnH K-pb!X nepece- TepMnrr «P. K.» BBe,a;err B 11eCTb lJ. PnKKapTa, pac-
KaIOT Jlyq B u,eHTpe. PaaaepTbIBaIOm;neCH• noBepXHOCTH CMOTpeamero COOTBeTCTBYIOII~ee CBOIICTBO B KOJlbU,aX one-
P. K. cooTBeTCTBYIOT acnMnTOTH'l. JIHHHHM o6paayIOIIJ;erI paTopoB (cM. [1]). 
noBepXHOCTH s. y HOpMaJlbHOH P. K. o6paayIO"'aH no- Jlum.: [1] Rick art c. E., «Ann. math.», 1946, v. 47, p. 

,..... 528-50· (2] Berberian S. K., Baer *-rings, B- [a. o.], 
aepxrrocTb MHHHMaJlbHaH. TaKaH Korrrpyarru,HH o6paaoaarra 1972; [3j Kap 1 ans k y I., Rings of operators, N. Y.- Arnst., 
HOpMaJlHMH IIOBepXHOCTII c H30TepMII'leCKIIM c.iliepH'l. II3- 1968; [4] lITOrH Hay1m H TeXHHKH. AJJreopa. TOIIOJJOrHH. reoMeT-
o6pamerrneM JIHHIIM KpHBH3Hbl. PHH, T. 15, M., 1981, c. 31-134. JI. A. CnopnRrwe. 

Korrrpyarru,HH mrepab!e paccMoTperra A. Pn6oKypoM PHKKATH YP ABHEHHE - o6b!KHOBerrrroe p;u«Ii«Iie-
( A. Ribaucour, 1881). perru,naJJbrroe ypaarrerrIIe 1-ro nop.11,a;Ka BII/W 

Jlum.: [1] <I> H H HK o B C. II., IIpoeKTHBHo-nmjJljJepett11HaJJh- z' +az2=bta, 
HaH reoMeTpHH, M.- JI., 1937; (2] er o 1R e, Teopm1 KottrpyaH-

(1) 

111111, M.- JI., 1950. B. C. MaAaxoecnuu. rp;e a, b, a - IIOCTOHHHbJe. BnepBble 3TO ypaarrerrne IIC-
PHBOKYPA KPHBAH - IIJIO- cJ1ep;oaaJ1 H. PHKKaTH (1723, cM. (1]); OTp;eJlbHhle 11acTHhle 

CKaH KpHBaH' pa,a;nyc KpIIBII3Hbl cJly'laII paccMaTpIIBaJIIICb paHbllle. n. EeprryJIJlII (D. Ber-
R K-poii: B npOII3BOJlbHOrl TO'lKe noulli, 1724-25) ycTaHOBIIJI, 'lTO ypaarrerrIIe (1) IIHTerpn-
M npoIIopu,IIorraJierr AJlIIHe OTpea- pyeTc.11 B aJ1eMerrTaprrb1X .iliYHKU,IIHX, ecJIII a= -2 IIJlII a= 
Ka rropMaJIµ MP (cM. pile.). YpaB- = -4k(2k-1), rp;e k - u,eJioe 'lIICJlO. m. JIIIyBIIJlJlb 
rrerrIIe P. K. B p;eKapTOBblX np.11- (J. Liouville, 1841) p;oKaaaJJ, 'lTO IIpII p;pyrIIx arra11emrnx a 
1110yroJlbHblX Koop,a;1rnaTax: pemerrIIe ypaarrerrIIH (1) rreJlb3H Bb!pa3HTb B KBap;paTypax 

(' y dy OT 3JleMeHTapHblX «liYHKll,IIII. 06m;ee pemerrIIe ypaBHeHIIH 
x = j o, /( cy )2n _ 1' o :i (1) MOIBeT 6b!Tb aanIIcarro c noMOlll;bIO lfU.ilUH8pu<tec1mx 

JI r{iyHr>lfUU (CM. (1]). 

r,11e n= M: . EcJIII n= 1/h (h - JII06oe u,eJioe 1IIICJ10), TO 

rrapaMeTpII11. ypaarrerrIIH P. K.: 

x= (m+1) C ~~ sinm+i tdt, y=C sinm+l t, 

ri:~e m=-(n+1)n. IlpII m=O P. K. ecTb oKpyIBHOCTb, npII 
m= 1 - lfUl'iAOUiJa, npII m= -2 - Zfennasi AUHU!!, npH 
m= -3 - napa60Aa. 

,[(JIIIrra ,11yrII P. K.: 

l = (m+1J C ~~ sinm t dt; 

pa,a;IIyc KpIIBII3Hbl: 

R=-(m+1)Csinm t. 

8Ty KpIIBYIO IICCJiep;oaaJl A. PII6oKyp (A. Ribaucour, 
1880). 

Jlum.: [1] Ca Be JI o e A. A., IIJJOCHHe 11pHBbJe, M., 1960; 
(2] P a III e B c 11 H II II. H., Hype riHlfJljJepett1111aJJhHOH reoMeTPHH, 
4 Han., M., 1956. /J.. /I.. ConOJ1oe. 

PUKKAPTOBO KOJlbIJ;O JJeaoe, JI e B o e PP-K o JI b
u, o,- KOJlbll,O, B K-poM JleBblH arrrryJIHTOp JlI06oro 3Jle
MeHTa nopomp;aeTCH H)l;eMnoTeHTOM (cIIMMeTpII1IHblM o6pa-
30M onpe,a;eJIHIOTCH II pa Bbl e P. K.). P. K. xapaKTepn
ayIOTCH IIpoeKTIIBHOCTbIO Bcex rJJaBHb!X JleBblX (npaBb!X) 
IIp;eaJIOB. PHKKapTOBblMII HBJIHIOTCH peryJJHpHb!e, fopoB
CKIIe II IIOJlyrracJ1e)l;CTBeHHbJe KOJlbU,a. Jleaoe p. K. He 
06.11aarro 6b!Tb npaBblM P. K. MomeT rre 6b!Tb pIIKKapTOBb!M 
H KOJlbll,O MaTpIIll, Hap; p. K. ll'.OJlbll,a arr,a;oMop.iliII3MOB BCeX 
CB06op;Ilh!X JleBblX R-Mop;yJierI CYTb p. K. Torp;a II TOJlbKO 
Tor,a;a, Korp;a R rracJJep;cTBerrrro cJJeaa. Bee 3TH KOJlbI~a 
6yp;yT IIpaBblMII P. K. B TOM II TOJlbKO B TOM CJlyqae, Korp;a 
R rracJie,a;cTBeHHO cJJeaa, coaepmeHHO cJieaa II KorepeHTHO 

)J,II.ili.ilieperru,IIaJlbHOe ypaarrerrIIe 

z'=2n (t) z+b (t)-c (t) z2 , (2) 

rp;e a (t), b (t), c (t) - HeIIpepb!BHble .iliYHKU,IIII, Haa. o 6-
ll\ II M y p a B H e H II e M p II K K a T II (B OTJlII'lIIe OT 
Hero ypaBHeHIIe (1) Ha3. c II ell, II a Jl b H bl M y pa B He
ll II e M p II K Ka T II). IlpII c(t)=O o6m;ee P. y. HBJlHeTCH 
JIIIHeii:HbIM ,a;II.ili.ilieperru,IIaJlbHblM ypaBHeHIIeM, IIpII b ( t)= 
~o - BepnyAAu ypaBnenueM; pemerrIIH 31'IIX p;ayx ypaa
HeHIIH HaXO)l;HTCH B KBa,a;paTypax. lfay11eHbl TaKIBe p;pyrne 
CJly'laII IIHTerpIIpyeMOCTII o6m;ero p. y. (CM. [2]). 

YpaBHeHIIe (2) Tecrro CBH3aHO c CIICTeMOH AII.ili.iliepeHu,II
aJlbHb!X ypaBHeHIIrI: 

x'=a(t)x+b(t)y,} 
y' =c (t) x-a (t) y. 

(3) 

EcJIII (x (t), y (t)) - pemeHIIe CIICTeMbl (3) npn tEI=(t0 , t1) 

II y (t) He o6pam;aeTCH B HYJlb Ha I, TO z=x (t)y- 1(t) eCTb 
pemerrIIe ypaarreHIIH (2); ecJIII z (t) - pemeHIIe ypaarreHIIH 
(2), a y (t) - peme1me ypaaHeHIIH 

y' = [c (t) z (t)-a (t)] y, 

TO IIapa (x (t)=z (t)y (t), y (t)) HBJlHeTcH pemermeM cIIcTe
Mbl (3). B 11acTHOCTII, pemeHIIH ypaBHeHIIH(2) npII c (t)=1 
CBH3aHbl c pemeHIIHMII ypaBHeHIIH 

y"=2a(t)y'+b(t)y, tEI, 

paaerrcTBOM z(t)=y'(t)y- 1(t), ecm1 y(t) rre o6pam;aeTCH 
B HYJlb rra I. B CIIJlY oTMe11errrroii CBH3II, ypaarreHIIe (2) 
11acTO npIIBJleKaeTCH .D;JlH IICCJle)l;OBaHHH KOJle6J1eMOC1'H, 
rreocu,IIJIJIHU,IIII, IIpIIBO.D;IIMOCTII n MHornx p;pyrIIX aorrpo
coa Ka11eCTBerrrroro IIOBe)l;eHIIH JlIIHeHHblX ypaarreHIIH H 
CIICTeM 2-ro IIOpHp;Ka (c~I. [3], [4]). 
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Ypasuemrn 

Z'=A(t)Z+R(t)-ZC(t)Z-ZD(t), (4) 

f,ll;e Z""'Z (t) - HeH3SeCTHaJI (n X m)-MaTpHIW-lf>ymrn;mI, a 
MaTpHD;bl-lf>yumi;nn A, B, C, D 11MeIOT paaMepbl n X n, 
n x m, m x n, m x m COOTBeTCTBeHHO, Ha3. M a T p H q
H bl M y p a s H e H ll e M pH K Ka T ll. PellleHHJI z (t) 
MaTpHqHoro P. y. (4) cBJI3aHbl c pemeHHJIMH (X (t), Y (t)) 
Marp11qno.ii: JIHHe.ii:Ho.ii: c11cTeMhl: 

X'=A(t)X+B(t)Y,} (5) 
Y' =C (t) X +D (t) Y 

paeeHCTBOM X(t)=Z(t)Y(t). 
MaTp:uqHoe _p. y. HrpaeT samnyro poJib s TeOpllll JIHHeH

HhJX raMH,JlbTOHOSbIX C:UCTeM, 11ap11aIJ;HOHHOM 11cq11cJieHHU, 
aa)l;aqax OIITHMaJihHoro yrrpa11.11emrn, lf>11JibTpaii;1111, CTa-
611JI11saii;1111 yrrpasJI.H0MblX JIHHeiiHblX CHCTeM ll ,ll;p. (CM. [ G], 
[7]). Harrp., OIITHMRJibHOe yrrpasJieHue Uo s Sa)l;aqe l\IllHH
MH3aIJ;Hll q,yHRIJ;HOHaJia 

xT(t1) <Dx (t1)!+ 111 [xT(t) M (t) x (t)+uT(t) N (t) u (t)] dt 
j t, 

Ha pellleHH.HX CHCTeMbl 

x' =A (t) x+B (t) u, x (t0) =x0 , 

((n X n)-MaTpHIJ;bl <D, M (t) CHMMeTp:nqHbl 11 HeoTpnii;aTeJih
HO orrpe)l;eJieHbl, a (m X m)-MaTpnii;a N (t), rroJiomnTeJihHO 
orrpe;wJieHHa.H rrpn t E [t0, ti]), )J;aeTC.H paseHCTBO~l 

u0 (t) =- N- 1 (t) BT (t) Z (t) x, 

r)l;e Z(t) - pellleHne MaTpnqHoro P. y. 

Z' =- ZA (t)-A T (t) z+zs (t) N-1 (t) BT (t) z-M (t) (6) 

c rpaHH'fHblM ycJiosneM z (t1)=<D (CM. [5], [8]). 
B aa)l;aqax yrrpasJieHHJI Ha 6ecRoHeqHoM HHTepsaJie spe

MeHn saJKHblMH JISJI.HIOTC.H sorrpocbl 0 cyru;ecTsosaHHH y 
MaTpH'IHoro P. y. HeoTpnii;aTeJibHO orrpe)l;eJieHHoro orpa
HH'feHHoro Ha [t0, oo) pellleHn.H, o cyru;ecTsosaHHH rrepno)l;H
qecRoro HJIH noqTn rrep110,1J;nqecKoro pemeHnJI (s cJiyqae 
rrep110,qnqeCKHX HJIH noqTn rrepHO)l;HqecKHX Roalf>4>HIJ;He.H
TOS ypasHeHH.H) 11 o cnoco6ax rrpn6JinmeHaoro rrocTpoemrn 
TaRHX pemeH11.ii:. 

B sap:irn[\HOHHhlX sa)J;aqax c ,qncKpeTHhIM speMeHeM n 
sa_qaqax )l;HCKpeTHOH OIITHMH3aii;nn aHaJIOI'Ol\I ypasHeHHJI 
(4) CJIYIBHT M a T pH q H 0 e p e R y p p e H T H 0 e 
ypasHeHne PnRRaTn 

Z1i+1=AkZk+Bk-Zkckzk-ZkD1i. 

YpaBHeHHIO (4) MOIBHO eCTeCTSeHHhIM o6paaoM IIOCTa
SHTb s COOTSCTCTSHe )l;HHaM11q. CHCTeMy Ha MHoroo6pa3HH 
fpaccMaHa Gm, n (CM. [9]), 'ITO rroasoJI.HeT rrpnBJieqh 
R nccJie,qosaHnro ypasHeHn.H (4) Teopnro )l;HHaMnq. cncTeM. 
Harrp., ecJin MaTpHIJ;hI A, B, C, D s ypasHeHHH (4) rrepn
'l,ll;HqHbl c rrepno)l;OM w>O n !f.,11 <IA.21 < ... <1"-n+ml, r)l;e 
A; - MYJihTHIIJinKaTOpbl (cM. <P.1to1>e - .ll anynoea meope
.1ta) CHCTeMbl (5), TO COOTSeTCTByroru;a.11 )l;HHaM11q. CHCTeMa 
rropom.r1aeTc.H )l;nq,q,eoMopq,naMoM Mopca - CMeilJia (cM. 
Mopca - C.1teu,;r,a cucme.111a), n rroToMy oHa cTpyKTypHo 
ycTo.ii:q11sa. 

Jium.: [1) Ricca ti J., Opere, Treviso, 1758 (2 Aufl., Luc
ca, 1761-65); [2) Ra MI< e 8., CnpaBO'IHHK no OOh!KHOBeHHhlM 
1lHcjJcjJepem1aJibHblM ypaBHeHHflM, rrep c HeM., 5 H3)'.{., M., 1976; 
[3) E p y r " H H. II.' I\Hnra )'.{Jifl 'ITeHHfl no oo~eMy KYPCY )'.{HcjJcjJe
peHuHaJibHhlX ypaeHeHHll, 3 H31l., MHHCK, 1979; [t,) e r 0 lR e, 
J1HHellHhle cHcTeM&1 o5hlKHoBeHHhlx m11fiwepeHuHaJibH&1x ypaeHe
nnll, MKHCK, 1963; [5) R e i d W. T., R1ccati differential equati
ons, N. Y.- L., 1972; [6) Ra JIM a II P., II> a JI 6 II., A p 5 H 5 M., 
QqepKH no MaTeMaTH'IeCROll Teopm1 CHCTeM, nep c aHrJI., M., 1971; 
[7) J1 H 0 H c JR.-JJ., OnTHMaJibHOe ynpaBJI0HHe OHCTeMaMH, onH
CbIBaeMhlMU ypaBHeHHHMH c qacTHhlMH npoH3BO/lllhIMH, nep. c 
cjJpaau., M., 1972; [8) 3 ax a p - MT K "a M. X., «Ycnexu MaTeM. 
Hayi<», 1973, T. 28, e. 3, c. 83-120; [9] Schneider c. R., 
«Math. Syst, Theory», 1973, v. 7, No 3, p 281-86. E. JI. Tonno•. 

PHMAHA rEOMETPHH, 3 JI JI H II T Ii q e c K a JI 
r e 0 Me T p ll .H,- O)J;Ha 113 H00BRJIH)l;0BblX reoMeTpn:u, 

T. e. reoMeTpH'I. Teopirn, OCHOB8.HH8JI Ba aRCHOMax, Tpe-
6osamrn K-pbIX OTJIH'IHbl OT Tpe6osaHHH aRCHOM eBKAUOO
eou eeo.J1tempuu. B OTJIH'IHe OT esRJIH,qosoii remrnTpnn s 
p. r. ocyru;ecTSJIJieTC.H OAHO H3 ASYX S03MOlf\HblX OTpia:a;a
HHll aRCHOMhl rrapaJIJieJibHOCTll esRJIHAOSO.ii: reoMeTpHn: 
s IIJIOCKOCTH qepe3 TOqKy, He HHIJ;H)l;eHTHYIO AaHHOII rrpJI
Moii, He rrpOXO)l;HT HII O)l;HOH IIPJIMOH, He rrepeceRaroru;eft 
)l;aHHyro; ,qpyroe oTpHIJ;aHn:e esKJin,qosoii: aKcnOMhl rrapaJI
JieJibHOCTH ocyrn,ecTSJIJieTCJI B .ll o6a'l,eBCIWZO eeo.J1tempuu: 
s IIJIOCROCTH qepea )l;aHHYIO ToqRy, He HHIJ;H)l;eHTHYIO AaHHOH 
rrpHMo.ii:, rrpoxo)l;HT no RpaiiHe11: Mepe )l;Se rrpJIMhle, He rrepe
ceRarorn,ne )l;aHrryro. 

CncTeMa aKcnoM TpexMepHo.ii: P. r. MomeT 6b1Tb rrocTpo
eHa no ocHose Tex me rroHJITIIll, qTo n I'u.1tb6epma cucme.J1ta 
llKCUO.Jlt esKJIH)l;OSOH reoMeTpHH, r)l;e s RaqeCTS0 OCHOSHblX 
IIOHJITHii IIOJiaraIOTCJI «TO'IKa», «IIp.HMa.H>>, (<IIJIOCKOCTb)). 
«IlpHMa.H» H «IIJIOCROCTb» [lOHHMaIOTC.H Kai\ H0R-phre RJiaCCbl 
«TO'leR», a ITO)l; «IIpOCTpaHCTSOM)) IIO)l;paayMesaeTCJI coso
KYIIHOCTb sce.x o6'beR'l'OS: «ToqeRf), «IIpJIMhlX)) H «IIJIOCKO
CTellf). 

C11cTeMa aRCHOM COCTOHT H3 qeTbipex rpyrrrr. 
I rpyurra - a R c H 0 M bl II p II H a A JI e m H 0 C-

T H - CO)l;epIBHT see aRCHOMbl' COCTaSJI.HIOIIJ;He I rpyrrrry 
rHJib6epTOSOH CHCTeMhl aKCHOM, H, RpoMe TOro, )l;OIIOJI
HJICTCJI eru;e O)l;HOH aRCHOMOII: Kalf\)l;h!M ,ll;SYM paaJinqHblM 
IIplIMblM s IIJIOCKOCTH rrpnHa,qJielf\HT O,[IHa H TOJibRO Oll;Ha 
o6ru;aJI nM ToqKa. 

II rpyrrrra - a R c II 0 M bl II 0 p JI A K a, HJIII p a
c II 0 JI 0 me H H JI T 0 q e R H a II p JI !II 0 II. AKCHOMhl 
3TOH rpyIIIIbl OIIHCbIBaIOT IIOH.HTHe «paa,qeJieHHOCTb )l;syx 
nap ToqeR rrpJIMoi"I», c rroMOIIJ;hIO K-poro orrpe,qeJIJieTC.H rro
PJIAOR ToqeK Ha rrpJIMoi"r. II 1. KaRosbl 6b1 Hn OblJIH TPH paa
JinqHhle ToqKH A, B, C rrpouasoJibHOII npJIMoft, cyrn,ecT
syeT Ha 3TOH rrpJIMo.ii: TaRaH ToqKa D, qTo rrapa A, B paa
)l;eJIJieT rrapy C, D (o6oaHaqaeTCJI AB+CD). EcJin AB+ 
+CD, TO see 'leTb1pe ToqRn A, B, C, D pa3JIH'IHhI. 11 2. 
EcJin AB-7-CD, To BA+CD n CD-7-AB. 11 3. 11'.aRoshI 
6hr HH 6i,rnu 'leTblpe paaJIU'IHble ToqRH A , B, C, D rrpJIMof1, 
H3 HHX MoryT 6hITb scer)l;a H e_qnHCTSeHl!hlM o6pa30M 
cocTasJieHhI ,qse paa)l;eJieHHbre rrapbl. 114. Ilycrh ToqRn A, 
B, C, D, E JiemaT Ha O)l;Ho11: rrpJIMoii:, ecJin CD+AB n 
CE+AB, To rrapa DE He paa,qeJIJieT rrapy AB. II5• EcJIH 
napbl CD n CE He paa)l;eJIJIIOT rrapy AB, TO 11 rrapa DE He 
paa)l;eJIJieT rrapy AB (cM. 11 4). 11 6 IIycTb qeTblpe paaJI11q
Hble rrpJIMble HeR-poro nyqRa rrepeceKaIOTCJI ,qsy~rn paa
JIHqHblMH rrpH11IblMH cooTseTCTSeHHO B ToqKax A , B, C, D 
n A1, B1, C1, D1, Tor)l;a eCJIH AB+CD, TOH A1B1+C1D1. 

III rpynna - a K c II 0 M bl K 0 H r p y 3 H T H 0 C-
T H - OIIHChIBaeT OTHOmeHne «KOHrpy3HTHOCTb)) 0Tpe3KOS, 
yrJIOS H T. A Ilo,q 0Tpe3KOM IIO)l;paayMesaeTC/I MHomeCTSO 
ToqeR np.11M011:, orrpe,qeJieHHoe rrapof1 paam1qHblX To'leK A, 
B aro.ii: rrpHMoil: CJie)l;yIOIIJ;HM o6paaoM. BcJie)l;CTBne aRCHOM 
II rpyrrrrbl Ha rrp.HMo.ii: cyru;ecTsyeT TaKaH rrapa ToqeR M, N, 
qTo AB+MN; MHomecTso TO'leR X, R-pbre y)l;osJieTsopHIOT 
COOTHOilleHHIO AB +M x' o6paayroT RJiacc snyTpeHHHX 
To'leK oTpeaKa, orrpe,qeJI.HeMoro TO'IRaM11 A 11 B; o6oaHa
qaeTCJI [A B]M. ToqKH rrplIMOH, SHeIIIHHe OTHOCHTeJibHO 
[AB]M, o6paayIOT B 3 a HM H 0 A 0 II 0 JI H II Te JI b
H bl M: o T pea o R [AB]N, ToqKH A 11 B Haa. Kouii;aMn 
0Tpe3KOS [AB]M H [AB]N. B aKCHOMax, OTHOCHIIJ;HXCJI R 
IIOBJITHIO 0Tpe3Ra, IIO,ll; 0Tpe3KOM IIO)l;paayMesaeTCH srer,qa 
KJiacc SHyTpeHHHX TO'leK HJIH Bcer,qa KJiacc SHeIIIHIIX TO
'IeK. 1111. Kam,qbli"r oTpeaoR RourpyaHTeH caMoMy ce6e. 
1112. EcJIH rrepsblll 0Tpe30R ROHrpyaHTeH STOpoMy, TOSTO
poii: OTpeaoR KoHrpyaHT0H rrepsoMy. III3. EcJin nepsblii 
OTpeaoR RoHrpyaHTeH STopoMy, a sTopoft KoHrpyaHTeB 
TpeTbeMy, TO n 11epsh1ii: KoHrpyaHTeH TPCTheMy. 1114. 
Ha KoHrpyaHTHOCTH )l;syx oTpeaKos cJie,qyeT KoHrpyarrT
HOCTh 11x saanMHo ,qorroJIHHTeJibHWX OT pea Kos. II I 5. l\am
,il;hiii 0Tp030K H0 KOHrpy3HT0II CB00l! qacTH. II 0 JI y 11 pH
M bl M ll Ha3. KOHrpy3HTHble saa11MHO )l;OITOJIHHTeJibHble 
oTpeaKn: O)l;Hoil upHMoiI. KoHIJ;bl TaKHX oTpeaKoB uaa. rrpo-
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THBorroJiomHhlMl'I Toq1rnM11 rrpmrnil. I II 6 • )J;JIH Kam;ri;oil TOq
KH rrpm10ii: eyru;eeTByeT ei1 rrpoTirnoHoJiomnaH. III7. Bee 
IIOJiyrrp.HMhle KOHrpyaHTHhI Me;KAY eo6oil. Ills. Eem1 OT
peaoK [AB] KOHrpyaHTeH 0Tpe3Ky [A1B1l H TOqKa c eeTb 
BHyTpeHHHH TOqKa rrepBoro 0Tpe3Ka, TO BHYTPH BTOporo 
oTpeaKa eyru;eeTByeT TaKa.H ToqKa C1, qTo oTpeaoK [A 1C1] 
KOHrpyaHTBH 0Tpe3KY [A CJ H 0Tpe30K [ C1B1l KOHrpyaH
TBH 0Tpe3KY [CB]. IIyeTb Ha eTopoHaX yr.rra, o6pa3oBaH
Horo IWYM.H rrpHMbIMH, OTMeqeHw rrpoTirnorroJiomHhle Toq
KH OTHOeHTBJibHO BepIIIHHhl yrJia, Tor;ri;a 0Tpe3KOM, eooT
HeeeHHblM yr.rry, Ha3. 0Tpe30K rrp.HMOU, rrpoXO)J;.HIIl;Hll qepe3 
3TH ;ri;Be TOqKH, K-pwii: paerro.rromeH BHYTPH .rtaHHoro yrJia. 
)J;Ba yrJia Ha3. K 0 H r p y 3 H T H hi M H, eeJIH KOHrpy-
3HTHhl eooTHeeeHHhle HM oTpe3KH. 1119. EeJIH B p;Byx Tpe
yroJibHHKax ABC H A 1B 1C1 eTopoHa AB KOHrpyaHTHa 
eTopoHe A 1Bi. a eTopoHa AC - eTopoHe A 1C1, TO yro.rr A 
KOHrpyaHTeH yrJiy Ai Torp;a H TOJibKO Torp;a, eeJIH KOHrpy-
3HTHhl eTOpOHbI BC H B1C1. 

IV rpyrrna - a K e H o M a H e rr p e p hi B H o e T H. 
IIyeTb BHyTpeHHHe TOqKH OTpe3Ka [AB]M pa3p;eJiellhl Ha 
)J;Ba KJiaeea TaKHX, qTo 1) Kam;ri;afl ToqKa oTpeaKa rrorrap;aeT 
B O}J;HH H3 3THX KJiaeeoB, 2) Kall\p;hll!: KJiaee He nyeT, 3) eeJIH 
ToqKa X rrpHHap;Jiell\HT nepBoMy KJiaeey, a ToqKa Y -
BTopoMy, TO X - Beer;ri;a BHyTpeHH.H.H ToqKa oTpeaKa 
[A YlM. Torp;a Ha OTpe3Ke [A B]M eyru;eeTByeT TaKa.H ToqKa 
c, qTo BeflKafl BHyTpeHH.HH TOqKa 0Tpe3Ka [AC]M np11uap;
Jiell\HT nepBOMY :imaeey, a BeflKafl BHyTpeHHH.H TOqKa 
0Tpe3Ka [CB]M - BTopoMy. 

liMeIDTefl H ;ri;pyrae eHeTeMhl aKeHOM p. r.' B oeHOBe 
K-phlX Jiell\aT HHbI8 oeHOBHhle TIOHHTHH H OTHOIIIeHHH (eM., 
Hanp., [3], [5]). 

MeTp11q. eBoiieTBa P. r. «a MaJioM» eoBnap;aIDT e MeTpHq. 
eBoileTBaMH HeK-poii: rHrrepeljiepbI B eooTBeTeTByIDm;eM 
eBKJIHAOBOM npoeTpaHeTBe. Hanp., )J;JI.H .rrID6oii ToqKH 
n.rroeKoeTH P11MaHa eym;eeTByeT eop;epmam;a.11 ny ToqKy 
qaeTb n.rroeKoeTH, H30MeTpHqHafl HeK-pofi qaeTH eljiephl B 
3-MepHOM eBKJIH)J;OBOM npoeTpaHeTBe, pap;11ye r 3TOH eljie
phl - O)J;HH H TOT me )J;JIH Beex TIJIOeKOeTeii p;aHHOfO npoeT
paHeTBa P11MaHa - Ha3. pap;11yeoM KpHBH3Hhl aToro npo
eTpaHeTBa; MeTpHq. CBOHeTBa 3-MepHoro npoeTpaHeTBa 
PHMaHa «B MaJIOM» eoBnap;aIDT e MeTpHq. eBoiieTBaMH fH
nepeljiepbI 4-MepHoro eBKJIHAOBa upoeTpaHeTBa H T. A· 
l:IHeJIO k=1/r2 Ha3. K pH B H 3 H 0 ii. TI p 0 e T pa He T
B a pH Ma Ha. 

H11me np11Bep;eHhl oeHoBHhle ljiaKThl P. r. npRMoii., nJio
eKoeTH H 3-MepHoro npoeTpaHeTBa. 

II p H M a H p H M a H a (a JI JI H TI T H q e e K a H 
n p .H M a fl) - aaMKHyTafl KoHeqHafl JIHHHH 9 1• Mop;eJihID 
npRMOll B eBKJIHAOBOH TIJIOeRoeTH Er MOll\eT eJiyll\HTb OK
pymHoeTb paAHyea r e OTOll\AeeTBJieHHhlMH AHaMeTpaJihHO 
npOTHBOTIOJIOll\HhlMH ToqKaMH. )J;BI) pa3JIHqHhle TOqKH npH
MOH AeJI.HT ee Ha ABe qaeTH. B3aHMHoe paenoJiomeHHe To
qeK Ha np.HMOH onpep;eJI.HeTe.H e TIOMOIII;bID TIOHHTH.H «pa3-
AeJieHHOeTH ABYX nap Toqem>. PaeeTo.HHHe Memp;y ABYMH 
TOqKaMH npflMOii. onpe;ri;eJI.HeTe.H ABY3HaqHo: MBHblllee H3 
HHX He npeBhlIIIaeT nr/2, 6oJiblllee - npeBoexop;HT nr/2. 
)J;JIHHa Beeii np.HMOH paBHa nr. )J;Be TOqKH, paeeTOHHHe 
Memp;y K-pbIMH paBHO nr/2, Ha3. B 3 a H M H 0 TI 0 JI H p
H hi M 11; Kamp;oii: TOqKe npRMOii: eOOTBeTeTByeT BAHHeT
BBHHafl, IlOJIHpHa.H eii. 

II JI 0 e K 0 e T b p H M a H a (a JI JI H TI T H q e e K a H 
TI JI 0 e K 0 e Tb) - 3aMKHyTafl KOHeqHafl O)l;HOeTopoHHH.H 
noBepxHoeTb 9 2, roMeoMopljJHafl JIHeTy Me611yea, rpaHHIJ;a 
K-poro 3aRJieeHa KpyroM. MoABJibID IlJIOeKoeTH p. r. e KpH
BH3HOH 1/r2 B 3-MepHoM eBKJIH)J;OBOM npoeTpaHeTBe MomeT 
eJiyll\HTb eljiepa paAHyea r e OTOll\p;eeTBJieHHhlMH p;HaMeT
paJibHO npoTHBOTIOJIOll\HhlMH ToqKaMH. IIpRMaH He paap;e
JI.HBT TIJIOeKOeTb Ha ABB o6JiaeTH. 

Bemme p;Be np.HMhle Ha nJioeKoeTH o6Jiap;aIDT 06m;11M nep
neHp;HKYJI.HpoM; ero /l;JIHHa paBHa ar, rp;e a - yroJI Memp;y 
npRMbI~IH, r - paAHye KpHBH3Hhl nJioeRoeTH PIIMaHa. 
)J;Be paaJinqHhle np.HMb!0 p;eJI.HT nJioeKoCTb Ha p;Be of5JiaeTH, 

K-pwe Haa. yr JI a Mn. TpexeTopoHHIIK paap;e.rr.HeT BeID 
HJIOCROeTb Ha 4 OUJI[!CTH, R-pble Ha3. T p e yr 0 JI b H n
K a MH. 

MeTpHq. eooTHOIIIBHH.H B TpeyroJibHHKe Ha IIJIOeKoeTH 9 2 
KpHBH3HbI 1/r2 B1>1pamaIDTe.H eoOTBBTeTBYIDIIJ;HMH eOOTHO
IllBHHHMH eljiepnq. TpHroHoMeTpHH Ha eljiepe pap;nyea r 
B BBKJIHAOBOM rrpoeTpaHeTBe E 3. Boo6m;e, ljiopMyJibl TpH
roHoMeTpHH B 9 2 p. r. TOmp;eeTBBHHbI ljiopMyJiaM c(/iepu'te
CT'!,OU mpueono.Mempuu Ha eljiepe eoOTBeTeTByIDm;ero pap;n
yea B BBKJIH)l;OBOM rrpoeTpaHeTBe, op;HaKo eym;eeTBYIDT orr
pep;eJieHHhle yeJIOBH.H errpaBe)l;JIHBOeTH eljiepnq. ljiopMyJI 
Ha IIJIOeKoeTH 9 2. 

MHomeeTBO ToqeK IIJIOeKOeTH, OTeTOHIIJ;HX OT p;aHHOH 
ToqKH (n 0 JI ID e a) Ha paeeTOHHHH nr/2, eeTb rrp.HMaH -
II 0 JI H p a IIOJIIDea. JlID6aH np.HMa.H OAH03HaqHo orrpe
p;eJI.HeTeH eBOHM IIOJIIDeOM H, o6paTHO, orrpep;eJIHeT eaoii 
IIOJIIDe. IIoJIIDehl rrpHMhlX, rrpoxop;HTIJ;HX qepe3 p;aHHYID Toq
Ky, paenoJiaraIDTe.H Ha TIOJIHpe 3TOH ToqKH, a IIOJI.Hphl TO
qeK, Jiemaru;11x Ha HeK-poii. rrp.11Moi'r, rrepeeeKaIDTefl B rro
JIIDee noil rrpHMoi1. B 3 a 11 M H o rr o JI H p H hi e T p e
Y r 0 JI b H H K H HMeIDT BepIIIHHaMH IIOJIIDehl eooTBeTeT
BYIDIII;HX eTopoH. )J;JI.H ABYX B3aHMHO IlOJI.HpHbIX TpeyroJib
HHKOB HMeeT MeeTO T e 0 p e M a III a JI .H 0 rrepeeeqeHHH 
B op;Hoii: ToqRe Tpex rrpHMhlX, eoep;HH.HIDIIJ;HX eOOTBeTeTBYID
m;11e BepmHHhl STHX TpeyroJibHHKOB. EeJIH BepmHHhl Tpe
yroJibHHKa .HBJI.HIDTe.H IIOJIIDeaMH ero eTopoH, TO ero Ha3. 
a B T 0 II 0 JI H p H hi M T p e y r 0 JI b H H K 0 M. 

CyMMa yrJioB TpeyroJibHHKa 6oJibIIIe n; ero 1rnom;ap;h 

S=r2 · /',. rrporropIIHOHaJibHa yrJioBoMy 11a61>1TKy 8=A~+ 

+ B + C-:rt, rp;e r - pap;11ye KpHBH3Hhl rrJioeKoeTH Pn
MaHa. 

0 K p y )I\ H 0 e T b B 9 2 - MHOmeeTBO ToqeK, paerro
JIOll\8HHhlX Ha OAHHaKOBOM paeeTOHHHH OT HeK-poii. ToqKH 
(ee II e HT p a). IIo;ri; pa;ri;11yeoM oKpymHoeTH R MOmHo 
IIOHHMaTb JIID6oii. H3 B3aHMHO )J;OIIOJIHHTeJibHbIX 0Tpe3KOB 
)J;JIHHhl R H nr-R, 06b1qHo Bh1611paeTeH pa;ri;Hye, He 6oJib
IIIHH :rtr/2. 0KpymHoeTb HBJIHeTeH aKBH)J;HCTaHTon HeK-poiiI 
rrpHMOH (6 a 3 hi 0 K p y lli H 0 e TH). IIpH R=:rtr/2 OK
pyma:oeTb HBJIHeTeH rrpHMOii: - II 0 JI H p 0 ii IIeHTpa. 
)J;JIHHa oKpymHoeTH pa,I111yea R paBHa 2nr sin (R/r), a 
IIJiom;a,!lb Kpyra paBHa 4nr2sin2(R/2r). 

Cyru;eeTBYIDT qeThlpe 11 TOJibKO qeThlpe oKpymHoeTH, 
rrpoxo;ri;mIIHe qepea TPH ;ri;aHHhre ToqKH, He Jiemaru;ne Ha 
O,!IHOH rrpHMOH. )J;Be pa3JIHqH1.ie oKpymHoeTH MoryT rrepe
eeKaTbeH He 6oJiee, qeM B qeTh1pex paaJI11qH1.ix ToqKax. 
IIJioru;ap;b Beel! rrJioeKoeTH 9 2 paAHyea KpHBH3Hhl r paBHa 
2nr2. 

B p. r. TIJIOeKOeTH HMeeT MeeTo II p H H II H II A B 0 li
e T B e H H 0 e T 11: BO BeHKml BepHoM YTBepIB,!18HHH 1\10)1\
HO B3aHMHO 3aMeHHTb TepMHHbl «ToqKa» H «rrpHMafl», B pe-
3YJibTaTe noJiyqaeTeH aepHoe YTBepm,!leHHe. 

II p 0 e T p a H e T B 0 p H M a H a TpexMepHOe (a JI
JI H TI T H q e e K 0 e II p 0 e T p a H e T B o) - 3a~IKHY
T08 KOHe~oe ,!layeTopoHH88 (opHeHTHpyeMoe) rrpoeTpaH
eTBO 9 3. Mo,!leJibID rrpoeTpaHeTBa 9 3 B eBKJIH)J;OBOM rrpocT
paHeTBe E 4 MOll\8T eJiylRHTh r11rrepeljiepa pa,!IHyea re OTOJ«
p;eeTBJI8HHhlMH ,!IHaMeTpaJibHO rrpOTRBOIIOJIQ;RHhlMU Toq
KaMH. IIpoeTpaHeTBo P11MaHa e pap;nyeoM KpHBH3Hhl r 
HM88T o6'heM :rt2r3. 

IIJioeKoeTb He pa3p;eJIHeT rrpoeTpaHeTBO Ha p;ae o6JiaeTH. 
)J;Be pa3JIHqHb!8 IIJIOeKoeTH B 9 3 rrepeeeKaIDTeH no np.HMoii. 
IIp.HMaH, He Jiemaru;a.11 B IIJIOeKoeTH, rrepeceKaeT ee B O)J;HDll 
TOqKe. 

MHomeeTBO ToqeK rrpoeTpaHeTBa, OTCTOHIIl;HX OT p;aHHOll 
TOqKH (rr 0 JI ID e a) Ha paeeTO.HHHH :rtr/2, eeTb ITJIOeKoeTb -
II 0 JI H p a IIOJIIDea. JlID6aH IIJIOeKoeTb orrpe;ri;eJI.HeTe.H 
O)J;H03HaqHo eBOHM IlOJIIDeaM H o6paTHO, orrpe;ri;eJI.H8T eBOH 
noJIIDe. EeJIH TPH rrJioeKoeTH rrpoxop;HT qepe3 op;Hy rrpR
MyID, TO HX IIOJIIDehl JiemaT Ha O)J;HOH IIp.HMOH H o6paTHO, 
eCJIII IlOJITOChl Tpex ITJIOeKoeTeH JiemaT Ha O)J;HOH npHMoii, 
TO 3TH IIJIOCKOeTH nepeeeKaIDTeH no O.!{HOH npHMOH. )J;JI.H 
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KalRAOH rrpHMOH cym;ecTByeT TaKaH CKpem;1rna10IIWHCH c 
Hei'r rrpHMaH, qTo IIOJIIOCbJ IIJIOCKOCTefr, rrpoXOAHIIJ;llX qepe3 
OAHY rrpHMyIO, JiemaT Ha Apyro1'i, a IIOJIHpHble IIJIOCKOCTll 
ToqeK, Jiemam;Hx Ha OAHOii rrpHMOH, rrpoXOAHT qepe3 T\PY
ry!O. TaK11e cKpem;11Ba10m;11ecH rrpHMble Ha3. B 3 a n M H o 
II 0 JI H p H bl M II (B3allMHbie IIOJIHpbl). )];Be cKpem;11Ba!O
m;11ecH rrpHMble Ila3. K 0 c bl M II, ecmr OHi! He HBJIHIOTCH 
B3al!MHhlMll IIOJIHpaM11 llJill eCJill KamAaH 113 HllX He rrepe
ceKaeT IIQJIHPY APYroii. )];Be KOCble rrpHMbie HMe!OT ABa 
06m;11x rreprreHAllKYJIHpa, HBJIHIOIIJ;llXCH B3al!MHhlMll rro
JIHpaMI!. EcJill ABa 06m;11x rreprreHAllKYJIHpa KOCbIX rrpH
MblX HepaBHOBeJil!Kll (nMe!OT pa3Hble AJillHbl)' TO 3Tll KOChle 
rrpHMble Ha3. p a c x 0 AH III; Iii M Iii c H, a AJIHHbl o6m;Hx 
rreprreHAHKYJIHpOB Aa!OT HaHMeHhIIIee II Ha1160Jihmee pac
CTOHHHH OAHOH rrpHMOH OT Apyroii. )];Be KOCble rrpHMble, 
HMe!Om;He 6ecKOHeqI1oe MHOJReCTBO o6m;Hx rreprreHAllKYJIH
poB OAHHaKOBOii AJIHHbl, Ila3. II a p a JI JI e JI H M Iii 
K JI Iii «P «P 0 p A a (p a B H 0 0 T c T 0 H m; Iii M Iii, II a
p a Ta KT H q H bl M Iii II pH M bl M Iii). l:lepe3 KaIBAYIO 
TOqKy rrpocTpaHCTBa, Jiemam;yIO BHe AaHHOii rrpHMOII Iii BHe 
rromipHoii eii rrpHMoii, npoXOAHT ABe rrapaJIJieJI11 KJIH«P«Pop
Aa K AaHHOII rrpHMOii. MHomecTBO ToqeK, OTCTOHIIJ;HX OT 
AaHHOii rrpHMOii Ha OAHOM H TOM me paccTOHHHll, MeHhllleM 
nr/2, Ha3. II 0 Be p x H 0 c Tb IO K JI Iii «P «P 0 p A a. 
)];aIIHaH rrpHMaH Ha3. OCb!O, a paccTOHHHe p ToqeK OT OCH -
paAHYCOM IIOBepXHOCTH H'.JIH.iP«PopAil. lha IIOBepxIIOCTh 
HMeeT ABe B3aHMHO IIOJIHpHble OCll II COOTBeTCTBeHHO ABa 
paA11yca, AOIIOJIIIHIOIIJ;llX APYr Apyra ,110 rroJiyrrpHMOii. 
IlJIOCKOCTH, rrpoXOAHIIJ;lle qepe3 OCb IIOBepXHOCTH Il'.JI11.iP
«PopAa, rrepeceKa!OT ee no oKpymHoCTll. l:lepe3 KaIBAYIO 
ToqKy IIOBepXHOCTll H'.JI11.iP«PopAa rrpoXO,[IHT ABe npHMbie, 
paBIIOOTCTOHIIJ;He OT ee oceii II IIeJil!KOM rrp11I1aAJiemam;He 
IIOBepXHOCTlI; 3Tll rrpHMble Ha3. II p H M 0 JI Iii II e ii H bl-
111 Iii 0 6 p a 3 y IO m; Iii M II II 0 B e p x H 0 c T Iii H'. JI Iii «P
«P o p A a. BcHKHe TPH rrpHMble, paBHOOTCTo.11m;11e APYr OT 
APYra, orrpeAeJIHIOT rroBepxHOCTh KJIH.iP«PopAa, ,[IJIH K-poii 
OHH HBJIHIOTCH 06paayIOm;11MH. Kam,11a.11 rrapa rrpHMOJIH
HeHilhlX 06paay10m;11x pa3JI11qI1blX ceMeiicTB nepeceKaeTCH 
HOA IIOCTOHHHblM yrJIOM. IloBepXHOCTb Il'.JI11.iP«PopAa H30-
MeTpHqila eBKJIHAOBY poM6y c OCTpblM yrJIOM, paBilblM yrny 
MeIBAY 06paay10IIJ;HMll pa3m1qI1blX ceMeiiCTB, Iii CTOpOHOH 
AJillilbl Jtr' y K-poro OTOIBAeCTBJieHbl ToqKll npoTHBOIIOJIOJR
HhlX CTopoH, COeAllHHeMhlX rrpHMblMH, rrapaJIJieJibHblMll 
Apyr11M cTopoilaM. l1HblMH cJioBaMH, rroBepxHOCTh KJIH«P
«PopAa HeceT Ila ce6e eBKJIHAOBY reoMeTp1110. IlJiom;aT\b 
rrOBepxHOCTH H'.JI11.iP«Pop,11a pa,11Hyca p paBHa :rc2r2sin (2p/r). 

c «P e p a B 9 3 - MHOJReCTBO ToqeK, pacrroJIOJReHHhlX 
Ha OAHilaKOBOM pacCTOHHllH OT HeK-poii TOqKll (ee II e II T
p a). C«Pepa HBJIHeTCH 3KBHAllCTaHToii HeK-poii IIJIOCKOCTll 
(6 a 3 bl c «Pe p bl). IlJiom;a):lb c«Pepbl paAHyca R paBHa 
4:rcr2sin2(R Ir). 

B p. r. rrpocTpaHCTBa llllleeT MeCTO II p II H II H II AB 0 ii
c T B e H H 0 c T 11: BO BCHKOM BepHOM YTBeplK,[leilllll MOJR
HO B3aHMHO 3aMeHllTb TepMllHbl «ToqKa» Iii ((IIJIOCKOCTb», 
B peayJibTaTe IIOJiyqaeTCH TaKJRe BepHoe YTBepIBAeI111e. 

IIo-BHAHMOMY, rrepBoe coo6m;eH11e o P. r. CAeJiaHo 
E. PHMaHoM (B. Riemann) B ero JieRIJ;llH «0 rHIIOTeaax, 
Jiemam;Hx B OCIIOBaHHH reoMeTp1111>) (1854, orry6JI. 1867' 
cM. [ 11), rAe P. r. paccMaTpHBaJiach KaK pu.11tanoea 
aeo.Mempusi IIOCTOHHIIOii IIOJIOJRl!TeJibHOH rayccoBOII 
Kpl!BII3Ilbl. 

Jlum.: [1] pH Ma H B., B RH.: 06 OCHOBaHHJIX reOMeTpHH, M., 
1956, c. 30!l-25; [2] E cjl HM o s H.B., BbICIIIaH reoMeTpHH, 6 
>1an., M., 1978; [3] Po a e H cjl e JI L n B. A., HeesRJIHJJ:OBLI upocT
paHCTBa, !YI., 19ti9; [4] HaraH B. <I>., Oc11oea11nH rcoMeTpHH, 
'L 2, M., 1956; l5] Bo r o Mo JI o B C. A., BBeitCHHe B 11ees1<.m1no
sy reoMeTpHro PHMaHa, JI.- M., 1934 JI. A. Cuaopo•. 

PllMAHA rHIIOTE3bl B a H a JI H T H q e c K o ii 
T e o p H n q H c e JI - IIHTh r11rr0Te3, BbicKaaaI1m,1x 
E. PHMaHoM (B. Riemann, 1876) OTHOCllTeJihHO pacrrpeAe
JieHllH HeTpHBHaJibHhlX HyJieII ):13eTa-«PyHKD;I1H ~ (s) II OT
HOCllTeJihHO BblpameHHH qepe3 3Tll IIYJIJI qncJia rrpoCThlX 
qHCeJI' He npe BOCXO):lHIIJ;HX x (CM. /( ae ma-¢ y lll'tlf UR) • He 

AOKaaaHa 11 He orrpoBeprHyTa OAHa P. r.: Bee HeTpllBH
aJibHble HYJill A3eTa-«PyHKIIHII ~ (s) JiemaT Ha rrpHMOH 
Re s= 1/ 2 • A. <P. Jla•pun. 

PllMAHA )];3ET A-IJ>YHKIJ:JIH - CM. J(aema-(/iynr;lf.UR. 
PllMAHA ,JJ;llll>ll>EPEHU.l1AJlhHOE YPABHEHllE -

JillHeiiHoe OAIIOPOAHOe o6LrnHoBeHHOe AH«P«PepeHI\HaJibHOe 
ypaBI1eH11e 2-ro IIOPHAKa B KOMIIJieKCIIOii IIJIOCKOCTH, l!Me
IOIIJ;ee TPH 3aT\aHHble pezy.;isipnbie oco6b1e mo11r;u a, b, c 
c COOTBeTCTBYIOIIJ;llMll xa paKTep11cT11q. IIOKaaaTeJIHMll a, 
a', ~. ~,, y, y' B 3TllX ToqKax. 06m;11iI BllA TaKoro ypaBile
HllH BrrepBble Bhlrr11caJI 8. Ilarrrrep111i; (E. Papperitz), 11a-3a 
qero OHO TaKme I1aa. Ilannepuq,a ypaenenue.M. PeIIIeIIHH 
P. ,11. y. aarrHchlBaIOTCH B BH,[le TaK Ha3. P-«P y HK II n n 
PH Ma Ha 

(a b c I 

l~' ~, ~, z}. 
) 

P. ,11. y. rrpHHaAJieJRHT <Pynca n.;iaccy ypaenenuii c TpeMH 
oco6b1MH ToqKaMn. l:lacTHblM cJiyqaeM P. A· y. HBJIHeTcn 
zunepzeo.11tempu11ecr;oe ypaenenue (oco6bre Toqm1: 0, 1, oo); 
1103TOMY cal\!O P. A· y. HHOr,[la Ha3. 0 6 0 6 m; e H H bl M 
r H II e p r e 0 M e T p Iii q e c K H M y p a B H e H II e M. 
P. A· y. rrpHBO,J:lllTCH K Iloxza.11t.11tepa ypaene1w10, a IIOTOMY 
peIIIeH11e P. A· y. MOJRHO aam1caTb B BHAe llHTerpaJia no 
cneIIHaJihIIOMY KOHTYPY B KOMIIJieKcilm'i rrJiocKocT11. 

Jlum. CM. npH CT. llannepm;a ypa•nenue. H. X. Poaoe. 
PllMAHA HHTErPAJI - o6o6ni;eHHe noIIHTHH Houtu 

unmezpa.;ia Ha HeK-phnI KJiacc pa3pblBHhlX «PYHKnnfr, 
BBe/J;eHHoe E. P11MaHoM (B. Riemann, 1853). IIycTb «PYHK
IIHH f (x) aaAaHa Ha OTpe3Ke [a, b] 11 a=x0 <x1 <· .. <x;-1 < 
<x;< ... <xn=b, i=1, 2, ... , n, x;·-x;_ 1=1ix;. CyMMY 
BHAa 

a= f (61) (x1 -xo)+. · · + f (6;) (x;-x;-1)+ · · · 
... +f(sn)(xn-xn-1), (1) 

r,11e xi-1...;:6;..;;:x;, Ha3. II HT er pa JI b H 0 ft c y M MOH, 
OTBeqarorri;efI AaHHOMy paa6HeHlllO 0Tpe3Ka [a, bl ToqKaMB 
x; u Bhl6opy ToqeK 6;. q11cJio I Ha3. rrpe):leJioM HHTerpaJib
HhlX cyMM (1) rrpH max t1x;<l5, ecJI11 Jl,JIH JII06oro e>O Haii-

i 
,11eTCH l5 >O TaKoe, qTo rrp11 max !ix;-+ 0 crrpaBeJJ,JillBO Ile

i 
paBeHCTBO la-II <e. EcJI11 cym;ecTByeT KOHeqHblH rrpeJJ,eJI 
I llHTerpaJibHhIX cyMM rrpH max !ix; -+ 0, TO «PYHKIIllIO 

i 
f (x) rra3. 11 H T e r p 11 p y e M o ii B c M bl c JI e P 11 Ma
H a Ha oTpe3Ke [a, b] rrp11 a<b, a yKa3aHHhlii rrpeJJ,eJI -
orrpeAeJieHHhlM llHTerpaJioM P11MaHa 
OT «PYHKIIHH f (x) no oTpe3KY [a, b] Iii o6o3HaqaroT 

~: f (x) dx. (2) 

II p11 a= b, no orrpeJJ,eJieH1110, noJiarawT 

~:/ (x) dx=O, 

a rrp11 a >b orrpe,I!eJIHIOT 11I1TerpaJI (2) c rroMOIIJ;bIO paBeH-
CT Ba 

~:/ (x) dx=- ~: f (x) dx. 

Heo6XOT\HMblM H p;ocTaToqHblM ycJioB11eM HHTerpHpye
MOCTH f (x) rra [a, b] B c~lblCJie Pn~rnila HBJIHIOTCH orpauu
qerrrrocTh f (.c) Ha 3TOM oTpeaKe 11 paBeHCTBO HYJIIO Jle6ew 
.11tep1>t MHomecTBa Bcex ToqeK pa3pb1Ba f (x), coJJ,epmaui;nxcJI 
Ha [a, b]. 

C B o ii c T B a P. 11. 1) BcHKaH 11HTerp11pyeMaH no Pu
Marry Ha oTpeaKe [a, b] «PYHKIIllH f(x) orpaHHqeHa Ha 9TOM 
OTpe:rne (o6paTHOe HeBeprro: rrpmiepoM orpaHHqeHHoii B 
HeHHTerpnpyeMoi!: Ha [a, b] «PYHKIIIlH CJIYJRilT J(upuxllll 
rfiyHl'ilfUR). 
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2) JI H H e H H 0 e c B 0 :ii: c T B o: AJUI JIIOOb!X ITOCTO.IIH

Hb!X a H ~ H3 HHTerpiiipyeMOCTH Ha [a, b) Ramp;oii H3 ii>YHR
IWII f (x) H g (x) CJJeAYIOT HHTerpnpyeMOCTb Ha 3TOM 0Tpe3-
Re iJ>ymo~nn [a/ (:r)+ ~g (x)) n paaeHCTBO 

~:[a/ (x)+~g (x)) dx=a ): f (x) dx+~ ):g (x) dx. 

3) Ifo HHTerpnpyeMOCTH Ha 0Tpe3Re [a, b] Ramp;oli H3 
ii>YHRJJ,HH f (x) H g (x) cJiep;yeT HHTerpnpyeMOCTb Ha 3TOM 
0Tpe3Re ITpOH3Be)J;eHH.II f(x)g(x). 

4) A A A n T n B H o c T b: n3 HHTerpnpyeMOCTH ii>YHR-
11,nn f (x) Ha Rall\)J;OM H3 0Tpe3ROB [a, c) H [c, b) CJiep;yIOT HH
TerpnpyeMOCTb f(x) Ha OTpe3He [a, b) B paBeHCTBO 

): f (x) dx= s: f (x) dx+ ): f (x) dx. 

5) EcJin ii>YHRJJ,HH f(x) n g(x) HHTerpiapyeMhl Ha (a, b) 
H ecJin f (x);;;?g (x) BCIOJ.lY Ha 3TOM OTpe3Re, TO 

s: f (x) dx ~ ): g (x) dx. 

6) Ifa nHTerp11pyeMocT11 Ha [a, b) ii>YHRJJ,llH f(x) cJiep;yroT 
llHTerp11pyeMOCTb Ha aToM OTpe3Re iJ>yHR11,11n If (x) I n crrpa
BeJ,tJIHBOCTb 011,eHHH 

I): f (x) dx I~~: If (x) I dx. 

7) <fl o p M y JI a c p e A H e T o 3 H a q e H 11 .11: ecJI11 
ii>YHRJJ,llH f(x) II g(:r) llHTerpnpyeMbl Ha fa, b), ii>YHRII,H.II 
g (x) HeOTp1111,aTeJibHa llJIH HeIIOJIOJRllTeJibHa BCIOAY Ha 3TOM 
0Tpe3He, a M II m - TOqHhle aepXH.II.II II HHJRH.II.II rpam1 
f(x) Ha [a, b), TO Haiip;eTC.II q11CJIO µ H3 0Tpe3Ra m..;;:µ..;;:M 
TaHoe, qTo cITpaae,qJinaa iJ>opMyJia 

s: f (x) g (x) dx = µ s: g (x) dx. (3) 

EcJIH, RpoMe Toro, ii>YHRJJ,H.II /(x) HeITpephlBHa Ha [a, b), 
TO Ha aTOM 0Tpe3Re Haii:J.teTC.II Toq1rn s TaRa.II, qTo B iJ>opMy
Jie (3) 

µ=t (s). 

8) B T o p a .11 qi o p M y JI a c p e A H e r o 3 H a q e
H II .II (ii> 0 p M y JI a B 0 H H e): eCJill ii>YHHJJ,H.II f (x) HH
Terp11pyeMa Ha [a, b), a iJ>ynmw.11 g(x) MOHOTOHHa Ha aTOM 
oTpe3Re, TO Haii:p;eTC.II ToqRa s Ha [a, b) TaRa.11, qTo cITpaaep;
JillBa iJ>opMyJia 

):t(x)g(x)dx=g(a) ~!t(x)dx+g(b) ):f(x)dx. 

Jium.: [1) R i em an n B., «Gi:ittinger Akad. Abhandl.», 
i8fi8, Bd 13; [2] H JI b l'I H B. A., II o 3 H lI I< 8. I'., OeHOBhl MaTe
MaTl'!'!Ce1<oro aHaJll'I3a, 3 l'I3A., '!. 1, M., 1971, 2 M3A., '!. 2, M, 1980; 
[3] H y A p H B 11 e B JI. )];., Hype MaTeMaTH'!eei<oro aHaJ1l'I3a, 
T. 1-2, M., 1981; [4] H l'I I< 0 JI be I< l'I ll c. M .• Hype MaTeMaTl'!
qeei<oro aHaJll'!3a, 2 l'I3A., T. 1-2, M., 1975. B. A. HJ11>un. 

PHMAHA METO/];, P 11 M a H a - B o JI b T e p p a 
Me T 0 µ,,- MeTOA peIIIeHHH I'ypca aaoa'lu II Komu aaoa'tu 
p;JIH JI11HeHHhlX r11rrep60JI11q. Tnrra ypaBHeH11ii 2-ro ITopHµ,Ra 
c ABYMH He3aanc11MbIM11 ITepeMeHHhlMll 

Lu=uxy+a(x, y)ux+b(x, y)uy+c(x, y)u= 
=f(x,y). (1) 

B P. M. iJ>yHµ,aMeHTaJihHYIO poJib 11rpaeT qi y H H 11, 11 H 
P 11 Ma Ha R=R (x, y; £, 11), K-pan 11p11 onpeµ,eJieHHb!X 
npep;rroJioJReHllHX OTHOCHTeJibHO 3aµ,aHHhlX iJ>yHHJJ,nii a, b, 
c 11 f oµ,Ho3Ha'IHo orrpep;eJI.11eTc.11 RaH perneHHe cne11,11aJib
uoii 3aJ.taqn fypca: 

R (s, y; £, 11) =exp s~ a (s, t) dt; 

R (x, 11; s, 11) =exp \ x b (t, 11) dt 
~6 

p;n.11 corrpHJl\eHHoro ypaaHewrn 

L*R = Rxy-:x (a, R)-~ (bR)+cR =0. 

lflyHK11,1111 R ITO rrepeMeHHhlM £, 11 .IIBJI.IIeTCH pemeHHeM 
op;Hopoµ,Horo ypaaHeHH.II 

RslJ +a (s, 11) n-6 + b (s, 11) Rl] +c (s, 11) R = o. 
Ilpn a=b=O, c=const <l>YHRJJ,H.II R=J0(Y 4c(x-£)(y-11)), 
rp;e J 0 (z) - cpyHRJJ,HH BecceJI.11 ITopH;o;Ka HYJib. 

lflyHH11,1110 PHMaHa MOiRHO oITpep;eJIHTb RaR pemeHne 
HarpymeHHoro HHTerpaJibHOro ypaaHeH11.11 BoJibTeppa: 

R (x, y; s, 11)-)~ a (x, T) R (x, T; £, 11) d-r:

-s; b (t, y) R (t, y; £, 11) dt+ 

+ s; dt )~ c (t, T) R (t, T; £, 11) dT=i. (2) 

P. M. perneHHH 3aµ,aqia fypca peaJIH3yeTcH cJie;a;yro~nM 
o6pa3oM: AJIH JIIOOOH µ,niJ>iJ>epeH11,npyeMo.ii: AO COOTBeTCTBY
IO~ero ITOP.IIJ.lHa iJ>yHRII,HH u=u (x, y) 11MeeT MeCTO TOJR
µ;eCTBO 

a• 
ax ay [uR (x, y; s, 11)]-R (x, y; £, 11) Lu= 

=a~ [ u ( ~:-aR)] +a~ [ u ( aa~ -bR) J, 
H3 R-poro HHTerpnpoBaHneM ITO qacTHM IIOJiyqaeTC.II, qTo 
JI106oe perneHHe u ypaaHeH11H (1) 11pep;cTaan.11eT co6oii pe
rneHne HarpymeHHOfO llHTerpaJibHOfO ypaBHeHHH: 

u (x, y) =R (x, y0 ; x, y) u (x, Yo)+ 

+R (x0 , y; £, y) u (x0 , y)-R (x0 , y0; x, y)+ 

+):.[b(t, Yo)R(t, Yo; x, y)-aR(t,~~; x,y>]x 

Xu (t, y0) dt+ ):. [a (x 0 , T) R (xo, T; x, y)

oR (x0 , 'L; x, y) J 
- O'L u (xo, T) dT+ 

+\x dt('Y R (t, T; x, y) f (x, T) dT, x > xo, y >Yo· (3) 
Jxo J Yo 

Jfa (3) HeITocpep;cTBeHHO BbITeHaeT HoppeHTHOCTb 3ap;aqu 
fypca 

u (x, Yo) =<p (x), u (xo, Yo) ='ljl (y), qi (xo) ='ljl (Yo) 

AJIH ypaBHeHHH (1). 
P. M. ITpHBOJtHT perneHne 3aµ;aq11 I\ornn AJIH ypaBHeHH.II 

(1) c HaqaJibHhIMH p;aHHhlMll Ha JIIOOOH rJiap;Hoii: HexapaHTe
p11CTllq. Kp11aoii: H Haxomp;eHHIO iJ>yHH11,n11 P11MaHa H p;aeT 
B03MOJRHOCTb B HBaJ.lpaTypax BhlITllCaTb perneHHe ~no.ii: 
3a;D;a'IH. 

p. M. 0606!11,eH Ha IIIHpOHH:ii HJiacc JillHe:HHhIX fHITep6o
JJH'I. ypaBHeHllll H CHCTeM. 

)];JI.II cJiyqa.11 rnITep6oJill'I. THIIa CHCTeMhI JillHeHHhlX 
ypaBHCHll:ii c qacTHhIMH ITp0113BOJ.lHblMH 2-ro rropHJ.lRa 

Uxx-Uyy+a (x, y) ux+b (x, y) uy+c (x, y) u=f (x, y), 

f/W a, b, c - 3ap;aHHhle µ,e:iiCTBllTeJibHhle HBa)lpaTHble CllM
MeTpll'I. MaTp1111,hl ITOPHAHa m, t=U1, ... '/,,.) -· 3ap;aHHblii, 
a u = (u1' •.• ' u,,.) - HCKOMhIH BeRTOpbl, M a T p II II, a 
p H M a H a OTJ,H03HaqHo OITpeµ,eJIHeTCH KaH peUieHHe 
CllCTeMhl HarpymeHHhlX llHTerpaJibHhlX ypaBHeHllH BoJib
Teppa a11p;a (2), B ITpaaoii: qacTH R-poii CTOllT ep;11HnqHa.11 
MaTp1111,a I ITop.11µ,Ra m. 

B. BoJibTeppa (V. Volterra) BITepahle 0606~1IJI P, M. Ha 
BOJIHOBOe ypaBHeHne 

Uxx+uyy-Utt=f (x, y, t). (4) 
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PoJib iJ>yHini;nn PnMaHa, rrosBoJiaroru;eii BhIIIHCaTb B 1rna,a;
paTypax pemeHne 3ap;a•rn Kornn c Ha'IaJibHhIMH ,a;aHHhIMll' 
rra 11JiocKocT11 t= const n 3ap;a1111 rypca c p;aHHbIMll' rra xa
paKTepncTn11. KOHyce )l;JIH ypaBIIeHHH (4), nrpaeT il>YHKIJ;Il.H 

R=log [ f <t;;tl' -1 + i:;t]' 
rp;e r2=(x-s)2+(Y-ri)2. 

MeTop; rrpe,a;Jio)fleH E. PnMarroM (B. Riemann, 1860). 
Jlum.: [1] B 11 ~ a ll 3 e A. B., YpaBHeHHlI CMelllaHHoro THIIa, 

M., 1959; [2] H y pa HT P., YpasHeHHH c qaCTHhIMH npo113so11-
Hh!M11, IIep. c aHrn., M., 1964; (3) c M II pH 0 BB. H., KYPC Bb1C-
111el! MaTeMaTllKH, 5 11'.3)1;., T. 4, M., 1958. A. M. HaxyiueB. 

PHMAHA MET0,11; CYMMHPOBAHHH - o,a;nrr 113 

MeTO,a;oB cyMMHpoaaHHH 111l'CJIOBhIX pap;oe. Pa,a; 

cyMM11pyeTcH MeToJ:loM P1rnaHa K lJHcJiy S, ecJin 

b~~ [ao+ !:=l an (si:~h )2] = S. 

BIIepBhIB 3TOT MeTOA BBBJI H )l;OKa3aJI ero peryJIHPHOCTb 
E. PnMaH (B. Riemann, cM. [1]) B 1854. P. M. c. rrpe:Me
HHeTci:i: B Teopnu Tp1uoH0MeTpn11. pap;oa, rp;e ero ,o6bllJHO 
iJ>opMyJI11py10T CJIBAYIDID;HM o6pa3oM: TpnroH0MeTpn11. PHA 

~· + ~==l ancosnx+bnsinnx 

c orpaBHlJeHHbIMH KoaiJ>iJ>nIJ;HeHTaMH a,,,, bn cyMMHpyeTCH 
MeTOJ:IOM PnMaHa B TOlJKe Xo K 'lHCJIY s' eCJIH iJ>yHKIJ;HH 

F (x),,,. a.x' _ °"""' ancosnx+bn sinnx 
4 ~n=l ~ 

HMeeT B T011Ke x0 Pu.Mana npouaooony10, paeHyro S. 
Jlum.: [ 1) p H M a H B., Coq., IIep. c HeM., M. - JI., 1948: 

[2] Ba pH H. H., Tp11rOHOMeTp11qecm1e Plillbl, M., 1961; (3) 3 Hr
M y H ll A., TpnronoMeTpnqec1111e plI)'.lhl, IIep. c aHrJI., T. 1, M., 
1965; [4) x a p ll H r., PaCXO)'.llIII(HeClI Plillhl, IIep. c aHrJJ., M., 
1951. T. II. Jlynaiuenno. 

PHMAHA OBOBm;EHHAH rHIIOTE3A - BbICKa3hl
eaune o HeTpnanaJibHhIX HYJIHX ,4 upux.Jte L-rfiyni>lfuii, 
oaema-rfiynKlfUU ~ep;eKnHp;a n HeK-phIX p;pyrnx nop;o6Hh!X 
iJ>YHKIJ;Hii, BIIOJIHe aHaJiorn11Hoe Pu.Mana eunomeae OTHOCH
TeJibHO HeTpnanaJibHhIX HyJieii: p;3eTa-iJ>yHKIJ;HH PnMaHa 
~(s). P. o. r. B cJiy11ae ~npnxJie L-iJ>yHKIJ;Hii: Ha3. TaKlRe 
pa cm H p e H H 0 ii: r li II 0 Te 3 0 H p HM a Ha. 

A. <P. Jlaepun. 
PHMAHA IIPOH3B0,11;HAH, n p o n 3 a o A H a H 

ffi Ba p ll a, BT 0 p a H C II MMe T pH 11 e CK a H 
n p on 3 B o AH a H, cpyHKIJ;HII f (x) B T011Ke x0 - npegeJI 

D 2/ ( ) - l' f (xo+h)-2! (xo)+/ (xo-h) 
x0 - Im h' • 

h-+ 0 

BBeAeHa E. P1IMaHoM (B. Riemann, 1854); OH IWKaaaJI, 
lJTO 0CJIH B T011K0 Xo cyIIJ;eCTByeT 2-H 11pOH3BO)l;HaH f"(xo), 
TO cyru;ecTByeT P. 11. II D2f(x0)=j"(x0). BepxHnii: H HHmHHii 
npe;g;eJibl 

f (x 0 +h)-2/ (x0)+/ (x0 +h) 

IIpH h - 0 Ha3. COOTBBTCTB0HHO aepXH0H D2f(xo) H HHli\
HeH D 2f(x0 ) P. 11. 

p. IT. lJOJIYlJHJia IIIHpOKOe 11pnMeHeHHe B TeOpHH 11pep;
CTaBJieHHH cl>YHKIJ;HH TpHrOHOMeTpH11. pHp;aMn; B lJaCTHO
CTH, B CBH3H c Pu.Mana .Memaoo.M cy.M.MupooanuH. 

T. II. Jlynaiuenno. 
PHMAHA COOTHOillEHHE, 6 n JI n H e ii: H hi e c o-

o TH 0 me H H H pH Ma Ha,- CM. A6e.Jte(J ourfirfiepen-
lfUa,/I,, 

PHMAHA C<l>EPA - ccpepa B eBKJIH)l;OBOM npocTpaH
CTBe IR.3 (s, 1J, t), Ha K-pyro pacmnpeHHaH KOMl1JI0KCHaH 

lJJIOCKOCTb iC OTo6pamaeTCH B3aHMHO 0,ll;H03Ha11HO H KOH
cpopMHO rrpn llOMOIIJ;H cmepeoepaifju'lecnoii npoeKlfUU. 
Hanp., B Ka11ecTBe P. c. MOlRHO B3HTh ep;nHH'lHYIO ciJ>epy 

S2={(6, 1J, t)EIR.3 ; 62 +112 +t2=1}, 

a llJIOCKOCTb iC COBMeCTHTb c lJJIOCKOCTb!O t=O T3K, 1IT06hl 
p;eii:cTBHTeJlbH3H OCb COB!IaJia c OCblO ri=O, t=O, a MHllM3H 
OCb - c OCbIO s=O, t=O (CM. p11c.). J\amp;oli T011Ke z= 
= x+ iy=/=- oo rrpn cTepeo
rpaipn11. 11poeKIJ;HH COOT
BeTCTByeT T011Ka ciJ>epw 
M (s, 1], t)=!=-P (0, 0, 1), c 
rroJiylJaIOru;aHCH KaK TOlJ- 'fj.Y 
Ka 11epece11eHHH JJyqa co 
ciJ>epoM: S 2 , rrpoae,a;eHHo
ro na ceaepHoro 110J110ca 
c.il>epbl p (0, 0, 1) B TOlJKY 
z; 6ecKoHe11HO yp;aJieHHOH ~~~~~~~~~~ 
T011Ke z= 00 COOTBeTCTByeT ceaepHhIH IIOJllOC p (0, 0, 1). 
AHaJIHTn11ecKH aTo cooTBeTCTBHe Bh!pamaerca iJ>opMy
JJaMn 

i:+· 2z t =~ s+iri (*) 
':> !1J =T"Z'i'+T, lz 1'+1 ' Z= 1-t' 

HHa11e roBopH, COOTBeTCTBHe (*) 011peµ;eJI.H0T p;niJ>iJ>epeHIJ;H
pyeMoe BJIOlReHne O)l;HOMepHoro KOMllJleKCHOro 11poeKTHB
Horo 11pocrpaHcTBa CP1 B rrpocrpaHCTBo IR.3 B enp;e ciJ>ephl 
S 2 • Bo MHornx ao11pocax Teopnn iJ>yHKIJ;Hii: pacmnpeHHYIO 
KOMrrJieKCHYIO llJIOCKOCTb OTOlR)l;eCTBJIHIOT c p. c. OT HC
KJI!OlJIITeJibHOH poJJH 6ec1\0He1JHO yp;aJJeHHOH TOlJKH IlJIOC-

KOCTH iC MO)RHO H36aBHTbCH, ecJIH 3a pacCTOHHHe MelRAY 

ABYMH T011KaMn z, w EC rrpnHHTh x o p p; a JI h H o e, 
HJIH c ip e p n 11 e c H o e, p a c c T o H a n e x (z, w) 
Memp;y nx o6paaaMn M, NE S 2 : 

2jz-wl 2 x(z,w)= ,x(z,oo)=-~= 
V 1zI'+1VIwI'+1 VI z\•+ 1 

BJiomeHne MHoroMepHoro KOMrrJJeKcaoro rrpoeKTHBHoro 
IIpOCTpaHCTBa C pn, n >1, B 11pocTpaHCTBO /R.n(n + 2 ) MOlR
HO ocyIIJ;eCTBHTb npn IIOMOIIJ;H iJ>opMyJI KOMlJJleKCHO n-Mep
HOH crepeorpaipn11. rrpoeKIJ;HH, 0606IIJ;aIOIIJ;11X iJ>opMyJihl (*) 
(cM. [2)). 

Jlum.: [1) m a 6 a T B. B., Bse11eHHe e 110MnJJeKcHhlll aHaJJH3, 
2 11311., q, 1-2, M., 1976; [2] <I> y 11 c B. A., Bse11eH11e a Teopmo 
aHaJJllTHqecKHX c!>YHK~lll! MHOr11x KOMIIJJeKCHhIX IIepeMeHf!hIX, 
(2 H3ll.l, M., 1962. E. ){. CMOM.e1l1Je8. 

PHMAHA TEH30P - 11eTh!pexaaJJeHTHhIH TeH3op, 
paccMaTpHBaeMh!H B Teopnn KpHBH3Hhl 11pocTpaHCTB. 

IIyCTb Ln - rrpocTpaHCTBO aiJ>iJ>nHHOll CBH3HOCTH, r~i -
o6'beKT CBH3HOCTH rrpocTpaHCTBa Lm KOMllOIIeHThl (KoOp
)l;HHaTbI) P. T., op;HH pa3 KOHTpaaapnaHTHOro n Tpnm,a;hl 
KOBapnaHTHOTO, HMeIOT BRA 

q q 
q aru arki q P q P 

Rzk i=--k --i--r1prki+rkprfi, 
· ax ax 

l, k, i, q=1, 2, ... , n, 
a 

rp;e axk - CIIMBOJI p;niJ>iJ>epBHIJ;HpoBaHHH no rrpocTpaHCT-

B0HHOH Koopp;naare xk, k= 1, ... , n. B pnMaHOBOM rrpocr
paHcTBe V n C OCHOBHh!M MerpH11. TeH30pOM gij. Kp0M0 

reHaopa Rrk. i, paccMaTpneaerci:i: 11erhlpemp;hl Koeapn
anrHhIH P. T., 110Jiy11aeMhlil: 011ycxanneM eepxHero nap;eK
ca q c 110MOIIJ;bIO Merpn11. TeH3opa gu: 

1 ( a'gzj 
Rrk i gq1· = Rtk .. = -2 -,.--. -

• • <] ax ax' 

a'gu a'gkj a'gki ) p q p q 
---.---. +---. +gpq(rlirki-rkiriil· 

ax" ax 1 ax1 ax' ax l axl 

k k v 6 " 3p;eCb rij= rji, TaK KaK n CHa meHO pHMaHOBOU CBH3~ 
HOCTbIO (6e3 Kpy11eHHH). B 11poH3BOJlhHOM rrpocTpaHCTBe 
c aiJ>iJ>nHHoH CBH3HOCThIO 6e3 KPY'IeHHH Koopp;nHaThl P. T. 
yp;oBJieTBOpHIOT T 0 )R A e c T B y p H 11 11 H 

R7k;+Rki, 1+Rr1. k=O, 

Rzk, ij+Rk;, tj+Ru, kj=O, 
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T. e. n;mrnnpoaaHHe no TpeM nepBhtM (HHiKHHM) HHAeKcaM 
AaeT HYJih. 

p. T. o6Jiap;aeT CJiep;yIOID;HMH CBOHCTBaMH: 

f) Rui.u=Rij,lk; 2) R?, tk=-R1,kt; 

3) R1k.if=-Rk1,if• R1k.if=-R1k.fi; 

4) Raa, ij=O, Rik, bb=O, 

eCJIH o6a HHp;eKCa OAHOH napht O)l;HHaKOBhl, TO COOTBeTCT

BYIOID;afl Koopp;HHaTa paaHa RYJIIO: RZa, 1=0; 
5) )l;Jlfl a6coJIIOTHhlX npOH3BO)l;HhlX p. T. HMeeT MeCTO 

romAeCTBO Ee.anKH 

VmRZt. ;+VkR7m, 1+v1R:hk, 1=0, 

rp;e v m - CHMBOJI KOBapHaHTHOTO p;niJ>iJ>epean;npoBaHHfl 
no KOOp)l;HHaTe xm. AHaJiorHquoe TOiRAeCTBO HMeeT MeCTO 
H p;Jifl TeH3opa Rik, if· 

P. T. HMeeT acero n4 Koopp;nHaT, ni;e n - pa3MepHOCTh 
npocTpaHCTBa, H3 HHX n2(n2-1)112 cym;eCTBeHHhlX, Memp;y 
K-ph1MH HeT TOiR)l;eCTBeHHhlX 3aBHCHMOCTe:il:, Bh1TeKa10m;ux 
H3 yKa3aHHh1X CBOHCTB. 

B cJiyqae n= 2 P. T. HMeeT op;Hy cym;ecrneHHYIO Koopp;u
HaTy R12, 12• K-paH BXOAHT B onpep;eJieHHe BHYTpeHHeii, 

.,.. R .. , " ( HJIH PHMaHOBOn, KpHBH3Hbl IIOBepXHOCTH K = det [J.. CM. 
I} 

I'ayccoea Kpueuana). 
P. T. 6h1JI onpep;eJieH E. PnMaHoM (B. Riemann) B 1861 

(orry6JI. B 1876). 
Jlum.: [1] p a III e B c K H A II. H., PHMauoBa reOMBTPHH H Teu-

30PHhlli: aHa.rnrn, 3 H3)1., M., 1967; [2] a ii: 3 e H x a p T JI. II.. 
PuMaHona reoMeTpHH, nep. o aurn., M., 1948; [3] r p o M o JI p:., 
i; JI 11 H r e H 6 e p r B., M e A e p B., PHMaHOBa reoMeTpHH 11 11e
JI0M, nep. c HeM., M., 1971. JI. A. CuOopo•. 

PH MAHA TEO PE MA - 1) p. T. 0 K 0 H ip 0 p M H 0 M 
0 T 0 6 p a iK e H H n: KaKOBbl 6ht HR 6h1JIH )];Be OAHOCB113-
Hhte o6JiaCTll G1 H G2 pacrrm:peHHOH KOMIIJieKCHOH IIJIOCKO
CTH t' OTJIHqHhle OT c, a T8Kll\0 OT iC c K8KOH-JIH6o HC
KJIIOqeHHOH H3 Hee TOqKoil:, HaiiAeTCH 6eCKOHequoe qncJIO 
aHaJIHTHqecKHX H OAHOJIHCTHhlX B o6JiaCTH G1 !flyami;aft, 
Kamp;aH H3 K-phIX ocym;eCTBJIH0T B3aHMIIO O)l;H03HaqHoe H 

KouiJ>opMHoe oTo6pamenne G1 ua G2 • II pn :noM AJI.II JIIo6oii 
na phi ToqeK a E G1, a=!= oo , II b E G2 II JII06oro AeiicTBIITBJihHO

ro qIIcJia r:x, 0 <e;:r:x <e;:2:rt, naii:)l;6TCfl, H npHTOM ep;HHCTB6HHafl, 
<iJyHKIJ.Hfl f :noro KJiacca, )l;JIH H-po:ii f (a)= b, arg j'(a)=r:x. 
YcJioBHe arg j'(a)=r:x reoMeTpiaqecKn oauaqaeT, qTo Kam
AhIH 6ec1rnHequo MaJihIH B6KTOp, BhlXOAHJ:«HH H3 Toq1rn a, 
npu OTo6pameHIIII w= f (z) nepeXO)l;IIT B 6ecKoHeqHQ MRJlhlH 
BBKTOp, HanpaBJl6HHe K-poro o6pa3yeT c HarrpaBJieHli0M 
HCXOAHOTO BeKTopa yroJI r:x. 

p. T. flBJUieTCfl OCHOBHOH B TeopHH KOHiJ>opMHhlX OT0-
6pam em1ft II aoo6m;e B reoMeTpnq. reopHn lj>yHKD;IIH 
KOMnJieKCHOTO rrepeM6HBOro. BMeCTe co CBOIIMII 0606-
m;eHIIHMII Ha MHOTOCBH3Hhle 06J1aCTII Olla IIMBeT o6nrnp
Hhle npIIMeHeHIIfl B TeopIIII il>YHKD;IIH KOMnJleKCHoro 
nepeMeHHOro, MaTeMaTHq. iJ>II3IIKe, TeopIIH ynpyroCTII, 
aapo- II rIIp;poMexaHHKe, 3JleKTp0- H MarHIITOCTaTHKe 
II T. A· :ha TeopeMa AJlfl 60J1ee o6m;ero CJlyqafl O)l;HOCBH3-
max II, Boo6m;e roaopfl, HeOAHOJIHCTHhlX 06J1aCTeii: Hap; KOM
IlJleKCHOH nJ1ocKocTbIO 6hIJ1a c<iJopMYJIIIpoaaua B. PIIMa
HoM (B. Riemann, 1851). IT pu 3TOM BMeCTO ycJIOBHii 
HOpMIIpOBKII «f (a)= b, arg j'(a)=m> KoHiJ>opMHOTO OT06pa
meHIIH w=f(z), o6ecneqIIBaIOm;ux ero e)l;IIHCTBeHHOCTb, B 
iJ>opMyJIIIpOBKe B. Pe.Malla AJIH Toii: me n;eJIII IICnOJlb30Ba
JIIICh ycJIOBIIH «f (a)= b, f (~)= w», rAe a E G1, b E G2, a ~ II 
w - uanepeA 3aAaHHhle ToqKII rpaumi; 06J1acTeii: G1 II G2 
coOTBeTcTBeHHO. IIocJleAHIIe ycJIOBIIH npII coapeMeHHOM 
onpeAeJleHIIII noHHTIIH OAHOCBH3HOH 06J1aCTII He BcerAa 
KoppeKTHhl. E. PnMaH AOKa3hIBaJI CBOIO TeopeMy B 3HaqII
reJihHOH CTeneHII HCXO)l;fl H3 lPH3Hq. rrpe,ll;CTaBJ1e1rnii, K-phle 
ero TaKme y6e)l;HJill B BaiKHOCTII 3TOH TeopeMhl AJlfl npIIJIO
JReHuii. B coapeMeHHOM noHuMaHIIII MaTeMaTHq. cTporocTb 

32* 

)l;OKa3aTeJibCTBY B PuMaHa npH,11;aJI ,n:. ruJib6epT (D. Hil
bert), o6ocHoaaamHfr HCITOJib30BaHHhlH B. PHMaHoM B ero 
p;oKaaaTeJihCTBe T. H. JI. upux.tte npunlfun. 

CM. TaKme Konrjiop.Mnoe omo6pa:J1Cenue. 
Jlum.: [1) pH Ma H B., Co'!., rrep c HeM., M.- JI., 1948, 

c. 49-87; [2] II pH Ba JI 0 B IL H., BBe110HH0 ll Teopmo ljJyHJH~Hi'i 
ROMIIJieKCHO!'O rrepeMeHHOl'O, 12 H311., M., 1977; [3] I' 0 JI y-
3 H H r. M., reoMeTp11qeCI18f! TeopHH ljJyHKI~Htt ROMIIJieRCHOl'O nepe
M0HHOl'O, 2 H3)1., M., 1966. E. n. Tf.OJIJ/ce'llnO. 

2) p. T. 0 n e p e c T a H 0 B K e q JI e H 0 B p H A a: 
0CJIH pH):I, qJieHhl K-poro HBJIHIOTCfl A0HCTBHT0JlbHhIMH quc
JiaMn, CXO):IHTCH, HO He a6coJIIOTHO, TO l{aKOBO 6hl HH 6b1JIO 
qn:cJio A, Momuo TBK rrepecTaBHTh qJieHhl 0Toro pflp;a, qTo 
CYMMa noJiyqHamerocH pHAa 6yAeT paBHa A. l\poMe Toro, 
qJieHhl PHA8 Monrno TaK nepecTaBHTh, qTo ero cyMMa 6yp;eT 
pasua OAHOH na uarrepeA aaAaHHhlX 6ecKoHeT.JHOcTei1: co 
3H8ROM + 00 HJIH - 00' a TaKIBe TaK' qTo ero cyMMa He 
6yAeT paBHa HH + 00. HH -oo' HO IIOCJl0)l;OBaTeJibHOCTb ero 
qaCTHqHhlX CYMM 6YA0T 6ecKouequo 60JibillOI°l, H, HaKOHeu,, 
TBR, qTo JlOCJiep;oBaTeJibHOCTb ero qacTn:qm,ix cyMM He 
6yAeT HMeTh un Konequoro, HM 6ecRouequoro npep;eJia 
(cM. Psia). JI. 1f.. HyBpil•1feB 

PHMAHA TET A-cJ>YHKIJ;IUI - cyrrepnoann;HH 
mema-rjjynn:q,uu 1-ro nopHp;Ka 0H(u), u=(u1, ... , up), 
c noJiyii;eJihIMH xapaKTepHCTHKaMH H H a6e.tteBblX unme2pa
.1toe 1-ro po,a;a, npHMeHeHHafl B. PuMaHOM (B. Riemann, 
1857) ,11;Jlfl pemeHHH Hn:o6u npo6.tte.Mbl o6paw,enusi. 

llycTh F (u, w)=O - ame6paHq. ypaaueuue, onpeAe
JIHIOm;ee KoMnaKTHYIO pnMaHoay noaepxHOCTb F pop;a p; 
qil' ... ' qi p - 6a3HC a6e.tte6blX aurjjrfiepenlfUa.ttOB 1-ro POAa 
Ha F c MaTpun;eft nepHOAOB paaMepa p X 2p: 

:rti 0 0 au a12 a1p 

W=ll:rtiE, All= 
0 :rti 0 a21 a22 a2p 

0 0 :rti apI ap2 llpp 

IJyCTb 

u (w) = ( u1 (w1) = ~:.· Cjli. Up(Wp) = s~:{j)p) 
- BeKTOp 6a3HCHhIX a6eJieBhIX IIHTerpaJIOB 1-ro pop;a, TA0 
(c1, ••. , cp) - iPuKcnpoaauuaH CIICTeMa ToqeK Ha F, aw= 
=(w1, ... ' Wp) - TeKym;afl CHCTeMa ToqeK Ha F. )J;Jifl 
JII06oii. TeTa-xa paKTepIICTHKH 

H =II~' 11 = II h~ ... hi;'~ ' I hr · · · hp II 
rp;e n;eJible qucJia h;, hi npIIHIIMaIOT TOJibKO 3HaqeHIIH 0 
llJlll 1, MOiKHO IlOCTpOHTb TeTa-¢>yHKIJ;IIIO 0 H(u) c MaTpIIn;eii: 
nepIIOAOB w, npIIqeM 0H(u) YAOBJieTBOpfleT OCHOBHhIM co
OTHOilleHHHM: 

hµ ) 
0H(u+:rtieµ)=(-f) 0H (u), 

h' )} (1) 
8H(u+eµA)=(-f) µexp (-aµµ-2uµ)·6H(u), 

rp;e eµ eCTb µ-fl BeKTOp-cTpoKa eAHHnquofr MaTpHIJ;hl E, 
µ=1, •.. ' p. 

EcJIII z= (z1, .•. , z p) - HeK-phlii. iJ>IIKCHpoaaHHhlii aeK-

Top B KOMnJieKCHOM npocTpaHCTBe l[;P, TO T e T a - cp y H K
IJ; II fl P H M a H a <D H(w) npeAcTaBJifleT H3 ce6n cynep
IT03IIIJ;HIO 

<DH (w) =6H (u (w)-z). (2) 

B o6JiaCTII F* , noJiyqa10m;eiicfl II3 F nocJie YAaJieHIIH pa3-
pe30B B,11;0Jlb D;HKJIOB al bl .•. a pbp 6a3IICa TOMOJIOTHH F' 
P. T.-ip. (2) ac10,a;y onpep;eJieHhl II aHaJIHTIIqHhl IlpII nepe
XOAe qepe3 paape3bl p. T.-ip.' aoo6m;e TOBOpH, YMHOJRaIOTCfl 
ua MYJihTIIITJIIIKaTopbI, 3HaqeHIIH K-phlx onpeAeJiflIOTCH 113 
OCHOBHhlX COOTHOilleHHH (1). Oco6yJO pOJib rrpu 3TOM urpa
eT TeTa-iPyHKD;IIfl 1-ro nopHp;Ka 0 (u)= 8o(u) C HyJieBOH 
xapaKTepIICTHKoil: H=O. MMeuuo HYJIH T]1, ••• , TJp cooT-
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BeTCTBy10m;e:H P. T.-<J>. <ll (w)=<ll0(w) orrpep;eJIHIOT peme
mrn npo6JieMLI o6pam,emrn H1w6H. 

,Il.JIH <PaKTHq. IIOCTpOeHHH aHaJIHTHq. BhlpameHHH, pe
maIOIIJ;HX rrpo6JieMy o6pam;eHHH, HCITOJih3YIOTCH OTHOille
HHH P. T.-<J>. BHp;a 1I'n(w)=0n(u(w)) c o6m;HM auaMeHaTe
JieM 1I' (w)=0 (u (w))=00(u (w)). Ma (1) BH)J;Ho, qTo TaKHe 
OTHOilleHHH 1I' n(w)/1¥ (w) MoryT HMeTh B KaqecTBe HeTpH
BHaJibBhIX MYJibTHIIJIHKaTopoB TOJibKO -1, a KBap;paThl 
3THX OTHOilleHHii HBJIHIOTCH OWJ03HaqfibIMH MepoMop<J>HbI
MH Ha F <PYHKIJ;HHMH, T. e. paIJ;HOHaJihHhIMH <l>YHKIJ;HHMH 
ToqKu rrosepxHoCTH F. McnoJihayeMhle npH 3TOM Kaa;o;paThl 
H p;pyrHe paI:i;HOHaJibHhle <J>yHKIJ;HH OT OTHomeHnii: TeTa
<l>YHKIJ;Hii npep;cTaBJIHIOT co6o:H cneIJ;naJibHhle a6e.aee1ii 
ifiynKq,uu c ~P nepnop;aMn. CrreIJ;naJinaaIJ;HH BhlpamaeTcH 
B TOM, qTO p (p+1)/2 pa3JIHqfibIX 3JI0M0HTOB aµv CHMMeT
pnq. MaTpHll;hI A rrpn p >3 CBH3aBhI orrpep;eJieHHhlMH COOT
H0ill0HHHMH, HaJiaraeMhlMH KoH<J>opMHOH cTpyKTypo:H rro
BepxHocTn F, TaK qTo He3aBHCHMhIX cpep;n HHX OCTaeTCH 
3 (p-1). 

p. T .-<J>.' IIOCTpoeHHhle ,ll;JIH cJiyqaH rnrrepaJIJIHIITHq. 
rroaepxHocm F, Kor.n;a F(u, w)=w2-P(u), r.n;e P(u)
MHoroqJieH cTerreHn n;;;;,5 6ea KpaTHhlX KopHeii, nHor;o;a Bhl
p;eJIHIOTCH rrop; HaaaaflneM r n n e p a JI JI n rr T n q e
c K H x T e T a - <P y H K IJ; H ii. 

Jlum.: [1] q e 6 o Tape B H. r., Teopua aJJre6pan'lecKnx 
cjlYHKl(Hli, M.- JI., 1948, rJJ. 9; E2l Map Kym e B H '1 A. Ii., 
BBe)leHue B KJJaccn'lecKy10 Teopmo a6eJJeBh!X cjlyHKl\Hll, M., 1979; 
[3] Kr a z er A., Lehrbuch der Thetafunktionen, Lpz., 1903; 
E4l Con f o rt o F., Abelsche Funktionen und algebraische Geo
metrie, B., 1956. E. lJ.. Co.110Me>t1feB. 

PU:MAHA (f>YHKIJ;IUI - 1) P. <J>. B Teo p n n T p n
r 0 H 0 Me T pH q e c K H x pH A 0 B - <J>yHKIJ;HH, BBe
p;eHHaH B. PnMaHoM (B. Riemann, 1851) (cM. [1)) AJIH Hay
qeHHH Borrpoca 0 rrpep;CTaBHMOCTH <J>yHKIJ;HH TpnroHOMeT
pnq. pnp;oM. IIycTb p;aH pnp; 

~ + ~ 00 (ancosnx+bnsinnx) (*) 
2 -'"n= 1 

c orpaHnqeHHhlMH IIOCJI0)"\0BaTeJibHOCTHMH {an}, {bn}. 
<D y H K ri; H e ii p H M a H a AJIH 3TOro pnp;a Ha3. <J>yHK
IJ;HH F (x), rroJiyqeHHaH rroqJieHHhlM p;syKpaTHhIM HHTerpn
posaHneM p;aHHoro pnp;a: 

F (x) = a.x' - ~. 00 __!..._(an cos nx+bn sin nx)+Cx+D, 4 -'"n=l n• 
C, D = const. 

Teo p e M hl P n Ma Ha. 1) IIycTh pnp; (*) cxop;HTCH 
B ToqKe x0 K qncJiy S. Torp;a rrpoH3BOp;HaH IIIsapIJ;a 
D 2F (x0)= S. 2) IIycTb am bn-+ 0 rrpn n-+ oo. Torp;a B 
JII06o:H To~e x 

lim F (x+h)+F (x-h)-2F (x) -O 
h - ' 

rrpnqeM CXO)"\HMOCTb Ha JII06oM rrpoMemyTKe paBHOMepHaH, 
To ecTh F (x) - paaHoMepHo rJiaµ;KaH <J>yHKIJ;HH. 

EcJin pnp; (*) cxop;nTCH Ha [O, 2n] K f(x) n 
f(x)EL [0, 2n], TO D 2F(x)=f(x) Ha [0, 2n] n 

F (x) = ~~ dt ~~ f (u) du+cx+D. 

IIycTb am bn-+ 0 rrpn n-+ oo n rrycTb 

~ (x) = lim Sn (x) BS (x)= lim Sn (x) 
n-+ oo n-+ oo 

KOH0qfihl B ToqKe x, a 

1 - 1 
S (x) = 2 (S (x)+S (x)), {) (x) = 2 (S (x)-~ (x)). 

Torp;a HHlRHHH n sepxHHH rrponaaop;Hhle IIIaapIJ;a I!_2F (x) 

H D2F(x) npnHap;Jieil\aT [S-µf>, s+µc'IJ, rp;e µ - HeR-paH 
a6coJIIOTHaH IIOCTOHHHaH (JI e M M a )]. IO 6 y a - p e H
MO Ha). 

Jlum.: [1] P" Ma H B., Co'!., nep. c HeM., M.- JI., 1948; 
[2] Ba p" H. I\., TpHroHoMeTpH<Iecmrn PRJ:lhI, M., 1961. 

A. A. Hott10w1<0B. 
2)P.<J>. B TeOpHH p;n<J><J>epeHri;HaJihHhlX 

y p a B H e H n ii: - cM. Pu.Mana .Memoo. 
PHMAHA - fllJihBEPTA 3A,Il.AllA- CM. I'panu't

nbie aaoa'tu meopuu ana.ttumu'teCKUX ifiynKz+UU. 
PHMAHA - fYPBHD;A (f>QPMY JIA, <Ji o p M y JI a 

f y p B H IJ; a, C 0 0 TH 0 ill e H He f y p B H L\ a,
<J>opll!yJia, CBH3hlBarom;aH pop; aall!KHyToii: pu.Manoeou no
eepxnocmu c qncJIOM ee JIHCTOB H KpaTHOCThIO ToqeK 
BeTBJieHnH. IIycTh R - aaMKHyTaH pHMaHosa noaepxHoCTh 
pop;a g, R - HaKphlsa10m;an R pnMaHosa rrosepxHoCTh, 
HMe10m;aH m JIHCTOB Hap; R' KOHeqHoe qncJio ToqeK BeTBJie
HHH c KpaTHOCTHMH kl, ... 'ks H pop; g. Torp;a HMeeT MeCTO 
P.- r. <J>.: 

2g-2=m (2g-2) + ~:=l (kv-1). 

B qacTHOCTH, ecJin pnMaHosa rrosepxHOCTh R paccMaTpH
saeTCH KaK HaKpbIBa10m;aH IIOBepxHOCTb Hap; Pu.itana 
cifiepou, TO g=O H P.- f. <J>. p;aeT COOTHOilleHHe 

_g = ~s kv-1 _ m+1. 
~v=l 2 

p .- f. <J>. II03BOJIH0T IIOJ:(CqHTaTb pop; aJire6panq. <J>yHK
lJ;IIH (T. e. poA cooTBeTCTBy10m,e:H pnMaHoaoll: rroaepxHo
CTH), orrpep;eJIHeMoH aJire6panq. ypaaHeHneM F (z, w)=O. 
B 6oJiee o6m;eM IlOHHMaHHH P.- r. <J>. CBH3bIBaeT POA g 

rroJIH aJire6panq. «ltYHKIJ;HII c pop;oM g ero KoHeqHoro (ce
rrapa6eJibHoro) pacmnpeHHH cTerreHn m n HH)l;eKcaMn seTB
JieHHH kv (cM., Harrp., [4), [5)). 

p. - r. <P. 6bIJia BhlCKa3aHa B. PnMaHOl\I [ 1 J H ,[IOKa3aHa 
A. fypsnri;eM [2]. . 

Jlum.: [1] R i em an n B., Gesammelte mathemat1sche 
Werke, Lpz., 1876, S. 129; [2] H u r w i t z A., Mathematische 
Werke, Bd 1, Basel, 1932, S. 321-83; [3] r y p B H 11 A., R y
p a HT P., TeopHR cjlymn~Hfi, nep. c HeM., M., 1968; [ii] H e Ba H
J!" H Ha P., YHHcjlopmrnal(HR, nep. cHeM., M., 1955; [5] JI e II r c., 
BBe)lemrn B aJJre6paH<IecKHe H a6eJJeBh! cjlyHRllHH, nep. c aHrJJ., 
M., 1976. E. 1f.. Co.110.J1te>t1feB. 

PIIMAHA - KPHCTQ(f>(f>EJIH TEH30P - qeTblpex-
BaJieHTHhlH TeH30p, Koop)l;Il:HaThl (KOMIIOHeHThl) K-poro orr
pep;eJIHIOTCH o6'beKTaMH f/jk CBH3HOCTH rrpOCTpaHCTBa, 
Ha3hlsaeMhIMH Kpucmoifiifie.tta cu.Meo.tta.Mu 2-ro po)l;a. P.
R. T. Haa. TaKme Pu.Mana menaopo.M. JI. A. Cuoopoe. 

PllMAHA - POXA TEOPEMA - TeopeMa, rroasoJIH-
10m;aH Bhlpa3HTh 3HJiepony xapaKTepHCTHKY x (E) JIOKaJib
HO cao6op;Horo rryqKa E Ha aJire6panqecKoM HJIH aHaJIHTHq. 
MHoroo6paan11 X B TepJ>IHHax xapaKTepncT11q. KJiaccon 
llmaHH nyqKa E n MHoroo6paanH X. 0Ha MomeT 6bITh 
rrpnMeHeHa )l;JIH BhrqncJieHHH paaMepHOCTH rrpocTpaHCTBa 
ceqeHn:ii rryqKa E (n po 6 JI e M a P n Ma Ha - P ox a). 

RJiaccnqecKaH P. - P. T. OTHOCHTCH K cJiyqaro Heoco6hlx 
aJire6pauq. KpHBhIX X n yTBepmµ;aeT, qTo )l;JIH JIJ<J6oro 
p;11suaopa D Ha X 

l(D)-l(Kx-D)=degD-g+1, (*) 

r)l;e l (D)=dim H0(X, Ox(D)) - paaMepHoCTb rrpocTpaH
CTBa «ltYHKIJ;Hii !Ek (X), )l;JIH K-phIX (f)+D;;;;,O, Kx - KaHO
Hnq, AHBnaop, a g - poA Kpnsoii: X. B cep. 19 B. B. P11-
MaH (B. Riemann) aHaJIHTnq. MeTO)J;aMH rroJiyqnJI Hepaaerr-
CTBO 

l (D);:,,,, deg D-g+1. 

PaseHCTBo (*) 6hIJ10 p;oKaaaHo 8. PoxoM (E. Roch). 
p .- p. T. )l;JIH KpHBhIX rrpe)l;CTaBJIHeT co6oii: O)l;HOMep

HhlH cJiyqa:H 6oJiee o6m;e:H TeopeMhI PuMaHa - Poxa -
XnpIJ;e6pyxa - fpoTeHAHKa. IIycTh X - Heoco6oe npo
eKTHBHoe MHoroo6paane paaMepHoCTH n, a H" X - rrop;xo
AHIIJ;aH TeopHH KoroMoJiorn:H: JIH6o H"X=H"(X, IQ) -
CHHryJIHpHhl0 KoroMOJIOrHH B CJiyqae, KOr)l;a OCHOBHOe 
rroJie k=C, Jin6o H"X=A (X)@Q, r)l;e A (X) - fJ:HCoy 
KO.!tbz+O, JIH6o H"X - KOJib!J;O, rrpHC00):\HH0HHOe K KOJibIJ;Y 



1001 PUMAHA - IIIBAPl(A IlPUHl(Uil 1002 

fpoTeHAHKa K0(X) (cM. K-rfiyn~mop B aJire6panqecKoil: 
reoMeTpHH) OTHOCHTeJibHO HeK-poil: crreu;HaJibHOH y-~HJib
Tpau;HH (cM. [2], (7]). IlycTb E - JioKaJibHO cao6op;HhlH 
nyqoK paHra r Ha X. )J,JIH nyqKa E cJiep;y1011~HM o6pa3oM 
onpep;eJIHIOTCH YHHBepcaJibHhle MHOfO'IJieHbI c pau;HoHaJib
HhlMH K03~~HIJ;HeHTaMH ch (-) H td ( -) OT KJiaCCOB qlli3HH 
c;(E) EH"X nyqKa E. )J,JIH MHoro'IJieHa qIB3HH paccMaT
pnaaeTCH pa3JIOIBeHHe Ha MHOIBHTeJIH 

Ct(E)=co(E)+ ... +cr(E)tr= rr=i (1+ait), 

rµ;e a; - ~opMaJibHhle CHMBOJihl. 3KCITOHeHu;HaJibHhIH xa
paKTep qlli3HH onpe;qeJIHeTCH ~OPMYJIOH 

ch (E)= ~;=i eai ( eX=1+x + i, x 2+ ... ), 
H, COOTB0TCTBeHHO, KJiacc Tom:ta 

td (E) = II~ _a_; - ; 
<=i 1-e-ai 

ch (E) H td (E) - CHMMeTpnq. ~YHKIJ;HH OT a;, H HX MOIBHO 
3a1rncarh B BH;qe MHoroqJieHOB OT c;(E). 

T e o p e M a P H M a H a - P o x a - X H p 11, e 6 p y
x a: eCJIH X - Heoco6oe npoeKTHBHoe MHoroo6pa3He HJIH 
KOMnaKTHOe KOMITJieKCHoe MHoroo6pa3He pa3MepHOCTH n, 
E - aeKTopHoe paccJioeHHe paHra r Ha X, TO 

X (E)=deg (ch (E) td (Tx))m 

rp;e Tx - KacaTeJibHhlii nyqoK Ha X, a deg ( )n o6o3Ha
qaeT KOMITOHeHTY CTeneHH n B H" x. 3Ta TeopeMa 6hlJia p;o
Ka3aHa CD. Xnpu;e6pyxoM (F. Hirzebruch) a cJiyqae oc
HOBHoro IIOJIH C. B cJiyqae n=2 H o6paTHMoro nyqKa E= 
=6x(D) OHa IIpHBO).l;HT K paBeHCTBY 

X (6x(D)) = ~ D (D-Kx) + 112 (K~+c2), 
f).l;e c2=c2 (X) - 2-ii KJiaCC qlli3HH noaepXHOCTH x' a 
Kx - ee KaHoHHq. KJiacc. B qacTHOCTH, IIpH D=O IIoJiy-
qaeTCH ~ o p M y JI a H e T e p a 

6 1 2 
X( x)=i+Pa=12(Kx+c2)· 

)J,JIH TpexMepHhlX MHoroo6pa3Hii (n=3) reopeMa npnaop;nr 
K paaeHCTBY 

x (6x(D)) = {-D3 -1 D2Kx+ / 2 D (K~+c2)-
1 

- 24 Kxc2. 

B qacTHOCTH, IIpn D=O 
1 

X(6x)=- 24 Kxc2. 

B 1957 A. fpoTeHAHK (A. Grothendieck) 0606I11,HJI 
TeopeMy PnMaHa - Poxa - Xnpu;e6pyxa Ha cJiyqaft Mop
~H3MOB Heoco6hlx MHoroo6pa3Hll Hap; IIpOH3BOJibHhlM 
aJire6pan:qecmr 3aMKHYThlM IIOJieM (cM. [ 1]). IlyCTb K0 X 
H K0X - rpyIInhl fpoTeHp;n:Ka cooTBeTCTBeHHo KorepeHT
HhlX H JIOKaJibHhlX CB06op;HhlX IIY'IKOB Ha x. CllyHKTop 
KoX HBJIHeTCH KOBap11aHTHhlM ~yHKTOpoM H3 KaTeropHH 
cxeM H co6CTBeHHhlX Mop~H3MOB B KaTeropHIO a6eJieBhlX 
rpynn, IIpn: 3TOM AJIH co6CTBeHHOro MOp~H3Ma f : x - y 
roMoMop~n:3M / 1 : K 0 X -+ K 0Y onpeµ;eJIHeTCH ~OpMyJioii 

f1(iir°)=~(-1)i Rif* (3(), 

n~e iir - npOH3BOJibH.hIH ~ KorepeHTHhlH nyqoK Ha x; 
K 0 x - KOHTpaBapn:aHTHhlH ~YHKTOp B KaTeropmo KOJieu;. 
)J,JIH peryJIHpHhlX cxeM c o6HJihHhlM IIyqKoM rpynnhl 
K0 X n: K0 X coanap;aIOT H o6o3Ha'!aIOTCH K(X). XapaKTep 
qIB3HH ch : K ( X) -+ n· X HBJIHeTcH roMoMop~H3MOM Ko
Jieu;; H"X TaKIBe HBJIHeTCH KOBapHaHTHhlM ~YHKTOpoM: 
onpeµ;eJieH rOMOMop~ll3M fH3HHa t. : n·x - H"Y. 

B CJiyqae, .1wr11a n·x=H"(X, IQ), roMoMop~H3M f* no
JiyqaeTCH H3 f * AJIH fOMOJIOfHll c IlOMOill,bIO ,[IBOllCTBeHHO
CTH IlyaHKape. 06o6m;eHHaH A. fpoTeHp;HKoM TeopeMa 
BhlpamaeT Mepy OTKJIOHeHHH OT KOMMyTaTHBHOCTH roMo
Mop~H3MOB t, H ch. 

T e o p e M a P n M a H a - P o x a - X n: p u; e 6 p y
x a - r p 0 T e H A H K a: nyCTb f : x - y - rJiap;KHii: 
npoeKTHBHhlll Mop~H3M Heoco6hlX npoeKTHBHhlX MHoro
o6pa3nii; Torp;a /lJIH JII06Gro x EK (X) B n· x cnpaaep;JIHBO 
paBeHCTBO 

ch (11 (x))=/* (ch (x) td (T 1)), 

rp;e T1= Tx-f*(Tv)EKx (o TH o c HT e JI h H hi ii Ka
c a T e JI b H hi H II y q 0 K M 0 p ~ H 3 M a !). 

B CJiyqae, Korp;a y - ToqKa, 3Ta TeopeMa CBOAHTCH K 
TeopeMe PnMaHa - Poxa - Xnpu;e6pyxa. MMeIOTCH o6-
o6m;eHHH (cM. (5]-(7]) Ha cJiyqaH, Korµ;a Y - HeTepoaa 
cxeMa, 06Jiap;a10m;aH o6HJihHhlM o6paTHMhlM nyqKoM, Korp;a 
f - npoeKTHBHhlll Mop~H3M, CJIOH K-poro - JIOKaJibHO 
IIOJLHhle nepeceqeHHH, a TaKIBe Ha oco6hle KBa3HIIpoeK
THBHhle MHoroo6pa3HH. 

HeK-pbie BapHaHThl p .- p. T. TeCHO CBH3aHhl c npo6Jie
Mo:il: HHAeKca aJIJIHITTHq. onepaTopoa (cM. JfniJe~ca rfiop:My
J!bl). Hanp., reopeMa PnMaHa - Poxa - Xnpu;e6pyxa 
AJIH KOMIIaKTHhlX KOMITJieKCHhlX MHoroo6pa3Hll HBJIHeTCH 
qaCTHhlM CJiyqaeM TeopeMhl AThH - 3HHrepa 06 HHp;eKce. 

Jlum.: [1] B 0 p e JI b A., c e pp m.-II.. «MaTeMaTHKa», 
1961, T. 5, M 5, c. 17-54; [2] Ma H H H IO. l'L, «YcrrexH MaTeM. 
aayK», 1969, T. 24, B. 5, c. 3-86; [3] x a p Tc x 0 pH P., AJJ
reopa11•1ecKaH reoMeTpHH, rrep. c aarJJ., M., 1981; [4] X 11 p u; e 6-
P y x <I>., TorroJJor11'leCKHe MeTOJU>I B aJJreopa11'lecKoll reoMe'l'PHH, 
rrep. c aarJI., M., 1973; [5] Baum P., Fu 1 ton w., Mac, 
Pherson R., «Publ. Math. IHES», 1975, M 45, p. 101-45; 
[6] H x me, «Acta math.», 1979, v. 143, M 3-4, p. 155-92; 
[7] Thliorie des intersections et theor~me de Riemann - Roch 
(SGA, A6), B.- [e. a], 1971. Ba.a. c. HyJ!U1W6. 

PHMAHA - CTHJITbECA HHTEfPAJI - CM. Cmu.!!-
mbeca unmeepa.!!. 

PHMAHA - IDBAPI(A TIOBEPXHOCTb - .Munu-
.MaJ!bnaa no6epxnocmb, HaTHHyTaH Ha IIOJIHroHaJibHhlH 
KOHTyp, MHoroyroJibHHK. 0Ha IIpep;CTaBJIHeT co6oil: OIJ;HO 
H3 nepBhlX AOCTaToqHo 06I11,HX pemeHHH llJ!amo aaiJa>tU. 
AHaJIHTHqeCKH BhlpamaeTCH c noMOill,bIO KpucmorfirfieJ!a -
III 6llplfa rfiopMyJ!&i. PaccMoTpeHa Bnepahle E. PnMaHoM 
(B. Riemann, 1872) H r. IDaapu;eM (H. Schwarz, 1874). 

M. H. BoutfexoBcnuu. 
PHMAHA - IDBAPI(A TIPIIHI(IHI, II p H H u; H n 

c HMM e T pH H pH Ma Ha - III B a p u; a,- MeTOA npo
AOJIIBeHHH KOH~OpMHhlX OTo6paIBeHHii: H aHaJIHTHq. ~YHK
u;uii: KOMITJieKCHOfO IIepeMeHHoro, c~opMyJIHpOBaHHhlH 
E. PnMaHOM (B. Riemann) H o6oCHOBaHHhlH r. IIIaapu;eM 
(H. Schwarz) B 19 B. 

P.-ID.n. AJIH KOH~opMHhIX OTo6pame
H H ii COCTOHT B CJiep;yIOI11,eM. IlyCTb o6JiaCTH Di, D2 Ha 
KOMITJieKCHOll IIJIOCKOCTH C CHMMeTpHqHhl OTHOCHTeJibHO 
µ;eli:CTBHTeJibHOH OCH IR H He IIepeceKaIOTCH, a HX rpaHHIJ;bI 
coµ;epmaT 06I11,Hii HHTepaaJI yclR, IIpnqeM D=DiUYU 
U D 2 - Tome o6JlaCTb. IlycTb aHaJiornqHo onpeµ;eJieHhl 

D:' D;' y* H D*. ECJIH ~yHKIJ;HH ti. HeIIpephlBHaH Ha 
DiLJy, KOH~OpMHO OT06pamaeT Di Ha D: H eCJIH /1(y)= 

=y*, TO ~YHKIJ;HH f(z), paaHaH/i(z) IIPH zEDiLJY H / 1(z) 
IIpn z ED 2, ocyI11,eCTBJIHeT KOH~opMHoe oTo6pameHne 06-
JiaCTH D Ha o6JiaCTb D *. 

EoJiee 06I11,aH ~opMyJIHpoaKa P .- III. II. noJiy'laeTcH, 
Korp;a Di, D2 HD:,, D; - o6JiaCTll Ha Pu.Mana crfiepe c, 
CHMMeTpHqHhle OTHOCHTeJibHO OKpyIBHOCTeH c, C*cC 
COOTB0TCTB0HHO, H ycC, ycC* - OTKphlThle p;yrn (CM. 
Cu.M.Mempuu npun1fun). 

p .- III. II. IJ;JIH r 0 JI 0 M O p ~ H hi X ~ y H K u; H Ii:. 
IlyCTb rpaHHu;a o6JiacTH DcC coµ;epmnT OTKphlThlH yqa
CTOK y, K-phlil: HBJIHeTCH rJiap;ROH B0Ill,eCTBeHHO aHaJIHTH
'!eCKoii p;yroil:. EcJIH ~YHKIJ;HH f roJioMop~Ha B D, Henpe
phlBHa B D Uy H ee 3HaqeHnH Ha y IIpHHap;JiemaT HeK-poii 
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.a;pyroii: rJia,D;I\OH Bem;ecTBeHHO aHaJIHTH'leCROH .a;yre '\'*, TO Rp:irnoil: c (t) : [O, 1] - kln orrpe.a;emrnTCH <J>opMyJioii: 
f aHaJinTn11ecRn rrpo,a;oJIIBaeTCH a HeR-pyro oRpecTIIOCTh 
.a;ym '\'· 

('l . 
l = j 0 I c I at, 

p .- III. II. HCIIOJib3yeTCH AJIH IIOCTpoeHHH ROH!fiOpMHblX 
OT06paIBeHHH IIJIOCRHX o6JiacTeii, a TaRil\e B TeopHH aIIa- r.a;e c - RacaTeJibHbllI BeRTOp R c ( t). ,Il;JIHJia RyCO'IHO 
JIHTH'I. rrpo.a;oJiil\eHHH lfiyHRIJ,HH O,!l;HOro H MHOrHX ROMII- rJia,a;Roii Rpl!BOH paBHa cyMMe AJIHH ee rJia,D;RHX 3BeHbeB. 
JieRCHhlX rrepeMeHHhlX. EcJIH xi=xi(t) - ypaaHeHHH c(t) B JIORaJibHhlX Roop.a;u-

Jlum.: [1] JI a B p e HT be B M. A., III a 6 a T B. B., Me- HaTax, TO 
TO)'.(b! TeOpHH tPYHRUHll ROMIIJleRCHoro rrepeMeHHoro, 4 H3)'.(., M., 
1973. E M. <Iupna. 

PHMAHOBA rEOMETPIUI - TeopHH pHMaHOBa npo
CTpaHCTBa. p HM a B 0 Bbl M II p 0 c T p a H c TB 0 M 
Ha3. n-MepHoe CBH3Hoe .a;nlfilfiepeH11,npyeMoe MHoroo6pa3He 
kln, Ha R-poM 3a.a;aHo .a;ulfilfiepeHu;HpyeMoe noJie ROBapn
aHTHoro, CHM11'10TpH'10CROro H IIOJIOil\HT0JibHO orrpe.a;eJieH-
Horo T0H3opa g paHra 2. TeH3op g Ha3. M e T p H q e
c R H M T e H 3 o p o M. P. r. eCTh MHoroMepHoe o6o6m;e
HHe Bllympe1meu eeo.Mempuu ABYXM0pHb1X IIOBepxHOCT0ll 
B aBRJIH,ll;OBOM npocTpaIICTBe E3. MeTp1rna pnMaHoBa rrpo
cTpaHCTBa c TO'IHOCTbIO AO rrepaoro IIOPHARa MaJIOCTH, 
no cpaBH0HllIO c pa3MepaMll paCCMaTp11aaeMOR o6JiaCTll, 
COBrranaeT c 0BRJIH,!l;OBOH M0TpHROH. 0TJIH'IH0 3THX M0Tp11R 
OIJ,0HHBa0TCH (JioRaJihHO) pHMaHOBOH RpHBJI3HOH ~ MHO
roMepHb!M 0606m;eH1I6M IIOHHTllH rayccoBOH RpHB113Hbl 
rroaepxHoCTll B E3. 

B ocHoBaHHH P. r. Jieil\aT Tpu HJ:\011.. IlepaaH 11.a;eH -
OC03HaHll0 lfiaRTa cyrr:(eCTBOBaHllH H00BRJIH,!l;OBOH reoMeT
PHH - reoMeTpH11 H. IL Jio6aqeacRoro. BTopaH 11neH -
IIOHHT11e BHyTpeHHefi reoMeTp11H uoaepxHOCTeil, coanaH
Hoii K. fayccoM (C. Gauss). TpeTbH n.a;eH - IJOHHTlle n
MepHoro IIpOCTpaHCTBa, paapa6oTaHH00 B 1-ii IIOJI. 19 B. 
B. PnMaH (B. Riemann) coennHHJI 11 o6o6m;HJI am HABll a 
JI0RIJ,llll «0 rHIIOTtJoax, JI0il\am;11x B OCHOBaHllH reoMeTpllll». 
IloHHTHH P. r. CblrpaJIH BaIBHyro poJib B C03AaHHH A. 8ilH
rnTeii:HOM (A. Einstein) o6m;efi TeopHR OTHOCHT0JihHOCTll, 
AaJibH0Hlliee ee pa3BHTH0 CBH3aHO c C03]:\aHll0M armapaTa 
T0H30pHoro llC'lHCJI0HHH. p. r. H ee MHOfO'IHCJI0HHbl0 o6-
o6m;eHHH ycnernHo pasB11BaIDTCH, oco6eHHO B TOH ee qacTH, 
R-paH Has. pu.ManoBou eeo.Mempueu e 1Je.1io.M, II HaXOAHT 
o6rnnpHb10 H rJiy60RH0 M0XaHH'l0CRII0 II lfin3H'I. rrpHM0H0-
HllH. 

0CHOBHbl0 IlOHHTHH p. r. CJienyrom;1rn. 
c R a JI H p H 0 e J] p 0 H 3 B e A e H H e. B Ralf(]:\OM 

RacaTeJibHOM npocTpaHCTBe ( T kln) P' p E kln, T0H30p g on
peneJIHeT CRaJIHpHoe (aHyTp0HHee) npOH3B0A6HH0 <.,. > 
no lfiopMyJie 

(X, Y)=g (X, Y), X, YE(Tkln)p 

BepHo H o6paTHoe: ecJIH AJIH Jiro6oro p E kln B ( T kln) P on
peneJieHo cRaJIHpHoe npoH3BeneHne, 11;111filfiepeHu;npyeMo sa
ancHm;ee OT p, TO OHO onpeneJIH0T T0H30pHoe IlOJie g c yRa
aaHHblMll Bblrne caoii:cTBaM11. CTeneH11 rJiap:ROCTll kln n g 
BapbHpy;EOTCH B 3aBHCHMOCTH OT IIOCTaBJI6HHOH aana'IH. 
B 6oJihlllHJICTBe cJiyqaeB 11;ocTaTO'IHO noTpe6oBaTh, 'IT06bl 
kln 6blJIO TpH1RAhl HenpepblBHo ):(111fJIJ>epeHu;npyeMo, a noJie 
T0H3opa g - .a;BaiHAbl HenpepblBHo .a;nlfi<J>epeHu;npyeMo (.a;a
Jiee H600XO]:\HM!IH CT6Il6Hb rJia]:\IWCTH yRa3blBaTbCH He 
6y.a;eT). B JioRaJihlJl>lX RoopmrnaTax {xi} c JioRaJibHblM 6a
sncoM {oil, i= 1, • " • n, lWMIJOH0HTbl T6H30pa g HM6IOT 
BHA 

rne 

Y ~ n . 
= . Ylo1·. /=l 

p H M a H 0 B 0 II p 0 c T p a H c T B 0 R a R M e T p H-
q e c R 0 e II p 0 c T p a H c T B o. ,II; JI H H a l rJia]:\ROH 

. "'n dx,. z -_ r i .. I "1n .. dx,. dx' at. 
c = ..:..i=l di a,., Jo V ~i. i=l g,1 dt dt 

l1MeH B BUAY 3TY <J>opMyJiy, M6Tp1rny Ha kln sarruCblBaIOT 
B Tpa.a;IIIJ,HOHHOH <J>opMe 

ds2 = ""1n g· ·dxi dxi 
""1..Ji, i= 1 l] ' 

H ds Ha3. 3JI0M6HTOM AJIHHbl, a <f>yHRIJ,HH gil(x) - Roa<J>
qrnu;1rnHTaMH M0TpH'10CROH (OCHOBHOH, rrepBOH RBa):(paTll'l
HOii:) <J>opMbl. y r 0 JI M6iRAY ):\BYMH RplIBblMll B TO'IR0 HX 
rrepeceqeHuH orrpe.a;eJIHeTCH RaR yroJI MeIB.a;y RacaTeJihHbl
Mu R HHM. 06'biiM v ( U) o6JiaCTU u, rrpuHa.a;JieIBam;eii l\0-
op.a;HHaTHOii 0Rp0CTHOCTH, orrpe.a;eJIH0TCH <J>opMyJioii: 

V(U)=~ulg\ 1 1 2 dx1 ••• dxn, 

r.a;e g=det ligull· OtheM rrpomrnoJibHoil. o6JiaCTH paBeH 
cyMMe o6'beMoB ee qacTeii, npn11eM RaIB):(aH H3 qacTeil: Jie
IBHT B H6R-poii ROOpAHHaTHOH 0Rp0CTHOCTH. 

pa cc T 0 H Hue p(p, q) M0iHAY TO'IRaMH p, qEkln 
orrpe.1:(6JIH6TCH K!IR TO'IH!IH HHIRHHH rpal!h AJIHH Bcex RY• 
CO'IHO rJia,!l;RHX RpRBblX, C00AHHHlOm;HX p c q. AHRJIOrH'IHO 
orrpe.a;eJIH6TCH MeTpnRa Pu B npommoJihHOH CBH3Hoii: o6Jia

CTH u. ,Il;Ba pHMaa:OBblX rrpOCTpaHCTBa kl~ H kl~ Ha3. 
H 3 0 M e T p H q H bl M 11, 0CJIH cym;ecTByeT OTo6paiH0HH0 

cp : kl~ - kl~, IlpH R-poM 

PMn(P, q)=PMn(cp(p), cp(q)), 
2 

HJill, 'ITO TO IBe, Z(c)=Z(cp(c)), rne c - npoH3BOJibHaH RpH

BaH B kl~. EcJIH cp - 11aoMeTpHH, TO AJIH mo6oii: TO'IRH 

p E kl~ cym;ecTayeT ROOpAHHaTHaH oRpeCTHOCTh U 13 p H 

Roop.a;nHaTHaH oRpeCTHOCTb u 2 3 cp (p) TaRll0, 'ITO g~j(x)= 
=g7j(cp(x)), xE U1, i, j=1, ... , n. MsoMeTpH'I. OToopaIBe
HHe kln Ha ce6H Ha3. A B H )Re H He M. 

KpHBaH c ROHll,aMH B TO'IRax p 11 q Has. R p a T q a il
rn e il:, ecJIH ee AJIHHa paBHa p(p, q). CTau;uoHapHaH RpH
BaH <f>yHRIJ,HOHaJia ):\JIHHbl l H!l.3. r e 0 A e 3 H q e c R 0 ii 
JI11Hneii. KaIBAaH RpaT'failmaH B kln eCTh reo):(e3H'lecRaH, 
H RaiH]:\aH AOCTaTO'IHO MaJiaH .a;yra reo]:\03H'l0CROH 6CTb 
RpaT'laiimaH. 06JiaCTh Uc Mn a:aa. r e o A e s 11 q e c R 11 
B bl n y R JI o ii:, ecJIH RpaT'laii:rn11e, onpe.a;eJieHHhrn no 
MeTp1rne Pu. ecTh reo.a;e3H'leCR11e kln. EcJIH xi=xi(t), 
i= 1, ••• ' n,- ypaBH0HHll reo.a;e:mqeCROlr B JIORaJibHOii: 
CHCTeMe KOOPAIIHaT {.ri }, TO <f>yHKll,HH xi(t) YAOBJI0TBOpH!OT 
CHCTeMe ypaBH0HHH, R-paH B CJiy•iae, Ror.a;a t - napaMeTp, 
nponopu;uoHaJibHblH AJIHHe AYrH, HM00T BHA 

rp;e 

- CHMBOJibl KpHCTo<J><f>eJIH, gab - ~JI0M0HTbl MaTpHIJ,bl, 
o6paTHoii R llgiJ II, i, j, k, a, b= 1, ..• , n. 

P11MaH0Bo rrpocTpaHCTBO Ha3. n o JI H bl M (r e o A e
a II: q e c R II J] 0 JI H bl M), 0CJIII OHO IlOJIHO RaK MeTplil'I. 
npOCTpaHCTBO (eCJIH mo6yro ):(yry re0):\031I'l0CRO:ii MOil\HO 
HeorpaHH'l0HHO npOAOJiiRHTb B o6e CTOpOHbl). PHMRHOBO 
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npocTp8HCTBO IlOJIHO TOrga H TOnhKO TOFAa, KOrga OHO 
reoge3Hqecm1. nonHo. B nonHoM pnMaHOBOM npocTpaHCTBe 
mo6ble ABe TOqKH MOll\HO coegHHHTb KpaTqaii.meli (ue o6H-
3aTenhHO egnacTaeuaoii.). Ha mo6oM AH<Pi!iepe:irn;HpyeMOM 
MHoroo6pa3HH MOll\HO BBeCTH CTPYKTYPY nonHoro pHMaHo
Ba npocTpaacTBa. 

p H M a H 0 B 0 n p 0 c T p a H c T B 0 K a K M H 0 r 0-
0 6 p a 3 11 e c o c B H 3 H o c T b ro. Koeapuanmnasi 
npouaeo&nasi V Ha3. c H M M e T p H q e c H o ii. n c o B
M e c T H 0 ii: c M e T p H K 0 ii: g npocTp8HCTBa Mn, ecnn 
BblITOnHHIDTCH ycnom;rn CHMMeTpl{qHOCTII 

VxY-vyX=[X, Y] 
H COBMeCTHOCTH 

Z<X, Y>=<vzx, Y>+<x, VzY>• 

rge X, Y, Z - gmpiJ>epeHii;HpyeMble BOHTOPHble non.11, a 
[ X, YI - HX KOMMYTaTop. 8THMH ycnoBrrnMH npoH3BOA
HaH V onpegemrnTCH OAH03HaqHo qepe3 none MeTpHq. 
TeH3opa g. B noKanhBblX KoopgnHaTax {xi} KOMITOJieHTbl 
CBH3HOCTH v HMeIOT Bl!A rkj,;=<vk&J, &;) H conrragaIOT 
c CHMBonoM RpncTo«PiJ>en.11 1-ro poga, a 

v xY = ~;=1 (~~=1 :~:· Xk+ ~7. k=l r}kXiYk) a;. 

AHanorHqaoii. iJ>opMynoli onpegen.11eTCH KonapHaHTHaH 
npOH3BOll;HaH n106oro TeH30pa. 

BeKTOpHoe none y (t) Bgonb Kprrnoii: c (t) Ha3. IT a p a n
n en h H bl M, ecnH v.Y=O. AHanHTHqecKH rrapanneJib

c 
aoe none Y (t) orrpegen.11eTcH pemeHHeM CHCTeMbl 

dYi "'"1n i · dxk . 
dT+ki;,k=lf;kYJdt' i=1, ... , n, 

rge xi=xi(t) - ypaBHeHHH Kpnaoii: c (t). PerneHHH aToii: 
CHCTeMbl rrpH pa3JIHqHblX HaqaJibHblX ycnOBHHX A8IOT OTo6-
pameHHe (T Mn)cco> B ( T Mn)cCI>; OHO oKa3b1BaeTCH H30-
MeTpHqHblM Ji[ aaa. IT a p a n n e n b H bl M II e p e H e
c e H n e M JI e B H - l:.J H B H T a. Pe3ynhTaT rrepeaece
HHH 3aBHCHT, B006rne roaopn, ae TOnbKO OT 1waeqHf:dX TO
qeK c (0) H c (1), ao n OT caMoro IIYTH c (t). Rp1rnan, p,n.11 
K-poii v c~O, HBnHeTCH reoge3nqecKoii., H 9TO CBOHCTBO 

c 
reoge311.qec1rnii: 111omao B3HTI, aa ee orrpegeneane. 
IlogMHoroo6paannpnMaHoaaupoc~ 

p a H c TB a. ECJin M", k<.n,- gniJ>cjJepea:u,npye~rne rro1-1-
MHoroo6pa3He pH~rnaooa npocTpaHcTBa Mn, TO B Kall\AOM 
HacaTenhHOM IIpocTpaHCTBe H Mk(( T Mk) pC( T Mn) p) HHAY
IJ;HpyeTCH cKannpHoe npou3Begeaue u TeM caMblM aa M" 
B03Hl!KaeT CTpyKTypa pI1M8HOBa npocTpBHCTBa c MeTpll'I. 
TeH30pOM a, KOMlIOHeHTbl K-poro BblqHCJIJIIOTCH no cpOpMy
naM 

n ax; axi 
aaf3 = ~- ._ 1 g;;--,;:-13-, a, ~=1, ... , k, 

'· ]- au au 
r1-1e xi=xi(u1, ... , uk) - ypaaaeHHH Mk B noRanhHblX 
KoopAHHaTax. BHernH.RII reoMBTPlllI Mk, k;;,.2, orrncblaaeT
CJI BTOpbIMH KBagpaTllqHblMH iJ>opMBMH B (vp), K-pble onpe
genHI?TCH gnH Kamgofi egnHnqaofi aop111ann "PK Mk iJ>op-
111ynon 

B(vp)(X, Y)=-(vxv, Y), 

rge X H Y - oeKTopable rronn Ha Mk, av - rrpon3BOnb
eoe none egnanqab1x aopManeii, cogepmarnee "r ,[l,n.11 
JII06ofi iJ>opMbl B (v [,) onpe1-1enRIOTCH aopManhable KpHBH3-
HhI, rnaBHble HarrpaBJieHHH H KpHBH3HhI, cpegHHH H nonHaJI 
KpHBH3Hbl n T. 1-1. n BblBOAHTCR ypaoaeHHR faycca - Ro-
1-1au;u,n - PHqqn, CBH3blBaIOrnne Kmi¢iJ>mi;neHTLI nepaoii: 
H BTOpblX KBagpaTHqHblX iJ>opM. CooficTBaMH BTOpblX ¢opM 
xapaKTepH3YIOTCH Ball\Hble KJiaccbl IIOA~fHoroo6pa3HH, 
aarrp. MHHHMaJihHble, BIIOJIHe reoge3nqecKne, BblnyKnble 
H T. II. ,Ll,na M 1=c (t) (rna1-1KaH KpHBaH) CTpOHTCH TeopnH, 

aaanorHqHaa Teopnn KpHBhIX B En, orrpe)J;emnoTCH rrep
oaa, BTopaH H T. A· KpHBH3Hbl H BhlBOl-\HTCH ypaBHeHHH, 
aHanorHqnhle ¢opMynaM Cl>peae. Ilepoa.11 KpHBH3Ha Kpn
aofi k1 o6blqHo :e:aa. r e o A e 3 n q e c H o ii: K p n B n 3-
H 0 ii. H BblqHCJIH0TCH no iJ>opMyJie 

ki= J v,;c I, 
ecJIH t - AJIHHa gyrn; B JIOKBJlbHblX KOOPAHHaTax 

ki = v ~zi=l gij µi µi, 

• d'xi "'"1 n i dxi dx k 
µz = df2 + 4'"j,k=I fjkdt dt' 

a xi=xi(t) - ypaoaeHHH c(t). 
BoJihrnoli: Kpyr 3agaq P. r. CBH38H c uaoJttempw-1ec1mJ1tu 

noepyJ1CenusiJttu 01-1aoro pHMaHoBa rrpocTpaHCTBa B 1-1pyroe 
H H3yqeHHeM cooficTB 3THX rrorpymeHHH. 8TH 3agaqH TPYA
Hbl H HCCne1-10BaHbl MaJio (6onee rro1-1po6Ho - B AByMepHOM 
cJiyqae). 

8KClIOHeHri;Han&HOe OTOopameHne 
expq : ( T Mn)q-+ Mn orrpe1-1en.11eTCH ycJIOBHeM: expqX = 
=r, r1-1e r - KOHeu, gyrH reoge3HqecKoii: c HaqaJioM B q, c 
uanpaoneaneM XE ( T Mn)q n p:nHHhl IX I. Ecmi: B oKpecT
uocTH TQqKn p BBeCTH CHCTeMy KOOPAHHaT, COIIOCTaBnHH 

TOqKe p geKapTOBhl KoopgnHaTbl TOqKH expq-1p E ( T Mn)q, 
TO OKameTCH 

f Jn )xcq = f /k, i lx=q = 0, TO eCTb 

Oglk / =0, i, j, k=i, ... , n; 
(!xi X= Q 

3TO - T. H. (pHMaHOBbI) H 0 p M a n b H bl e K 0 0 p A H
H a T bl. 

K p H 11 u a a a. Ecnn B oKpecTHOCTH TOqKH q BBeCTll 
HOpManhHbl0 KOopp:nHaTbl, TO KOMilOH0HThl MeTpHq. Te.a-
30pa 3aJIHCbIB8IOTCH B BH)J;0 

g ··=6·;- _!_ ~,n R·k ·ixkxl+ ~,n e·k jtxllxl 
I} I 3 kJk,l=l I ,j kJk, l=l l' ' 

r)J;e eik, it-+ 0 rrpn xi -: 0, i, j, k, l= 1:. ••. , n. 0Tc101-1a 
BblBOAHTCH Bamaoe CBOHCTBO pHMaHOBOH MeTpHKH: 1-1nn 
n106oli: ToqKH g E Mn aKcrroueuu,nan&HOe oTo6pameaHe cp=: 
=expq : ( T Mn)q -+ Mn 06na1-1aeT cooii:cTBOM 

P(rMn)q (X, Y)=IX-Yl=PMn(cp(X), cp(Y))X 

X(1 +e (X, Y)), 

rp:e e(X, Y)-+ 0 rrpn: IX!, IYI-+ 0. )J;o6nThCH 6onee Bhl
coKoro ITO rropnp,Ky ManOCTH COBnageHHH MeTpHK Mn H 
( T Mn)q 3a cqeT yp:aqnoro Bbl6opa oTo6pameHJrn <p B o6rneM 
cnyqae aeooaMomao. IloaToMy Koa¢1f>nu,neHThl Rik il xa
paKTepn3yIDT OTJinqne MeTpHKH Mn OT eBKnHAOBOii 'MeTpH
KH (T Mn)q• 8TH Komplfinu,neHTbl HBnJIIOTCH KOMIIOHeBTaMH 
T. H. T e H 3 0 p a K p II B H 3 H hi, nnn T e H 3 () p a 
P n M a H a - R p n c To if> <Pen a (o ToqKe q). B no
KaJihHhIX KOOpl-\HHaTaX {xi} OHH BLipamaIOTCH qepe3 Ko3¢
¢nu,neHTbl MeTpnq. TeH3opa H HX nepBble H BTOpbie npOH3-
BOl-\Hhle IIO ¢opMyJie 

1 ( a'gu 8'gki a•gii a'gkt ) 
R·k ·z=- --+-------- + 

I '} 2 f)xk axf axi axl axk ax 1 axi axi 

+ 1::. b=l gab (fkj. a f;i, b-rkl, a• rij, b), 

i, j, k, l, a, b=i, ... , n. 

C T0H3opo111 KpHBH3Hhl CBJI3aH IJ;0nhlii: pa1-1 gpyrnx rrOHHTHH, 
TaKme (c pa3UbJX CTOpoa) xapaKT0pH3YIOIITRX Mepy OTJIH-
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qn.11 MeTpHRH Mn OT eBRJIHJWBoii. TaR, 11epea TeHaop RpH
BH3Hhl onpep;eJIHIOTCH T e H 3 0 p bl p H q q H 

R·. = ~n gkl R·k ·1 
IJ ,;;;..ik, l=l I ,j 

H 8:ii:H1I!TeiiHa 

r,lle 

R 
Gij=Rij-ngU, 

R= ~n gijR·· 
J{.fi, j=l I} 

- T. H c R a JI H pH a H R pH B H 3 Ha Mn. 
TpHJIHH0HHOe OTo6pameHHe, COIIOCTaBJIHIOillee TpeM 

BeRTOpHh!M IIOJIHM x' y' z IIOJie 

R (X, Y) Z = Vy ( V xZ) - V x ( V yZ)- V [X YJ Z, 

Ha3. II p e 0 6 p a 3 0 B a H H e M R p H B H 3 H hi. Ero 
CBOHCTBa: 

1) R (X, Y) z+R (Y, X) Z=O; 
2) R(X, Y)Z+R(Y,Z)X+R(Z, X)Y=O (Tomp;e

c TB 0 pH q q H), 
3) (R(X, Y)Z, W)=(R(X, Y)W, Z); 
4) (R (X, Y) Z, W)=(R (Z, W) X, Y). 

RpoMe Toro, HMeeT MecTo Tom A e c TB o B H a HRH 

V x (R (Y, Z) W)+Vy (R (Z, X) W)+v z (R (X, Y) W)=O. 

IIpeo6pa30BaHirn RpHBH3Hhl MOiRHO CBH3aTb HeR-poll: ROH
CTpyRn;HeH c rrapaJIJieJibHhlM rrepeHeceuneM. AJire6pan11. 
CBOHCTBa TeH3opa RpHBII3Hhl BhlBOAHTCH H3 CBOHCTB rrpeo6-
pa3oBaHHH RpHBH3Hhl, T. R. 11epea Hero, a HMeHHO qepea 
«6HRBap;paTuqHyIO <PopMy» k(X, Y)=(R(X, Y)Y, X), 
TeH3op RpHBH3Hhl (TO'lHee, ero 3HaqeHHH Ha BeRTopax x' 
Y, Z, W) OAH03Ha11Ho (aJire6panqecRH) BhlpamaeTCH 
(cM. Kpueu.ma). 

c e R ll H 0 H H a H R p H B H 3 H a. IIycTb F 2 - ABY
MepHaH rroaepxHOCTb B Mn, rrpoxop;m:n;a.11 qepea p, a= 
= ( T F 2 ) P• r - rrpocTaH 3aMRHyTaH RpHBaH Ha r 2 ' rrpo
xop;mn;a.11 11epea p, S - rrJiora;ap;b 06JiacT11 Ha F 2 , orpaHH-

11eHHOH RpHBOH r' z E ( T F 2) P• z - BeRTOp, IIOJiyqeHHhlH H3 
Z rra paJIJieJibHhlM rrepeHeCeHHeM B/];OJib f, Cf! - yroJI Melli_:: 

AY BeRTOpOM z H RaCaTeJibHOH COCTaBJIHIOm;e:i\: BeRTopa z. 
Torp;a rrpH CTHrHBaHHH f R TOlJRe p cym;ecTByeT rrpep;eJI 

K (p, a)= lim ~ ' R-phlii: Ha3. pHMaHOBOH c e R ll H 0 H

R o :ii: R p H B H 3 H o Il: rrpocTpaHCTBa Mn B p;aHHOH To11-
Re p H B p;aHHOM AByMepHOM HarrpaBJieHHH a (K (p, a) He 
3aBHCHT OT IIOBepXHOCTH F 2 ' a 3aBHCHT TOJibRO OT a). CeR
!lHOHHaH RpHBH3Ha IIORa3hlBaeT Mepy «HCRpHBJieHHH» Mn 
B p;aHHOH TOlJRe H B p;aHHOM AByMepHOM HarrpaBJieHHH. 
Boo6m;e roaop.11, B pa3Hhlx ABYMepHhlX HarrpaaJieHHHX aTo 
HCRpHBJieHHe pa3JIH1IHO; HO ecJIH B RaiR/];OH ToqRe RpHBH3-
Ha K (p, a) He 3aBHCHT OT Bhl6opa a, TO OIIa He MeHHeTCH 
HOT ToqRH R ToqRe (T e o p e Ma III y pa). Tomp;ecTBeH
Hoe o6pameHHe ceRn;HOHHOH RpHBII3Hhl B HYJib - Heo6xo
AHMOe H AOCTBToquoe ycJIOBHe Toro, 1JT06hl Mn 6hJJIO JIO
RaJibHO H30MeTpH1IHO En (B n;eJIOM OHO MOiReT OTJiuqaTbCH 
OT En). CeRn;HOHHYIO RpHBH3HY Mn MOiRHO CBH3aTb H c 
p;pyrHMH o6'beRTaMH P. r., Harrp. c p;e<PeRTOM (na6hlTROM) 
reop;eanq, TpeyroJibHHRa (cM. I'aycca - Bonne meopeMa). 
CaM B. PnMaH orrpep;eJIHJI cem.~HOHHYIO RpIIBH3HY RaR 
rayccoay RpHBH3HY ABYMepHOH IIQBepxHOCTH exppa, Bhl
qe:cJieHHYIO ITO ipopMyJie faycca B TOqRe p. B CBOIO 011e
pep;b, IIO ceRn;HOHHOH RpHBH3He MeTpHRa Mn OIIpep;eJIHeT
CH OAH03Ha1JHO B cJiep;yIOm;eM CMbICJie: eCJIH y ABYX MHOro-

o6pa3HH M7 H M~ ceRn;HOHHhle RpHBH3Hhl IIOCTOHHHhl H 

paBHhl op;HOMY H TOMy me qncJiy a, TO M7 H M~ JIORaJibHO 
H30MeTpHqHhl, eCJIII OHII R TOMY me o6a OAHOCBH3Hhl, TO -
IIpOCTO H30MeTpH1IHhl. 0p;HOCBH3HOe pHMaHOBO IIpocrpaH
CTBO IIOCTOHHHOH ceRn;HOHHoii KpHBH8Hlil a H30MeTplil1IHO: 

n-MepHoMy rrpocTpaHCTBY JI06a11eacRoro Ln IIpH a <O, n
MepHoMy eBRJIHAOBY IIpocrpaHCTBY En rrpH a= O; n-Mep
HOH cipepe sn B En+l pap;nyca 1/Ya IIpH a>O. B o6meM 

cJiy11ae naaecTeH cJieAYJOm;Hii peayJibTaT. ECJIH M~ -
aHaJIHTH'leCROe pHMaHOBO IIpOCTpaHCTBO HeIIOCTOHHHOH 
cem.~HOHHOH RpHBH3Hhl H cym;ecTByeT AH<P<PeoMopipnaM 

q;: M7- M~. IIpH R-poM K(p, a)=K(q;(p), dq;(a)), TO 
IIplil n~4 OT06palReHJile q; - lil30MeTpHH; B CJiy11ae n=3 
aTo YTBepmp;eHe:e AORaaaHo nplil HeR-phlx AOIIOJIHHTeJibHh!X 
rrpep;IIoJiomeHHHX, a B cJiy11ae n=2 TeopeMa He aepHa. 
Op;HaRo HenaaeCTHO (1983), RpoMe p;ayMepHoro cJiyqa.11, Ra
Roaa p;oJimHa 6h!Tb tPYHR!lHH K (p, a), qTo6hl AJIH Hee cyme
CTBOBaJia MeTpHRa g, AJIH R-poii K (p, a) 6hIJia 6h! cem.~HOH
HOH RpHBH3Hoii. B aTOM HarrpaaJieHHH naaeCTHhl TOJibRo 
HeR-phle oTpnn;aTeJihHhle peayJibTaThl. 

CeRn;HOHHaH RpHBH3Ha CBH3aHa c rrpeo6paaoBaHHeM 
RpHBH3HbI tPOPMYJIOH 

(R (Xp, Yp) Xp, Yp) 

K (p, a)= Ix P 121YP12-<x P• Y p)2' 
a 11epea KOMIIOH0HThl TeHaopa RpHBH3Hbl BhlpamaeTCH TaR: 

K(p, a)= 

~in R· . (xiY"-xkyi) (xjyl_xlyj) 
""-ii, j, k, l= 1 Lk, Jl 

~n. 1gijgi1 l(xiyj_xjyi)(xkyl_xlyk)' 
L,],k,f=l gkjgkl 

rp;e a oIIpep;eJieHo BeRropaMn 

X = ,.,n Xi&. Y = ~~ Yj&1·• 
""-ii=l " °"'"1=1 

3Ha11eHne reHaopa Pn11qn R;J Ha aeRrope X CBH3aHo c ceR
n;noHHoii: RpHBH3HOH cJiep;yIOm;nM o6pa30M: IIYCTb BeRTOpbI 
x' y l • ... ' y n -1 o6paayIOT opTOHOpMHpoBaHHhlH 6aanc 
B ( T Mn) P• Torp;a 

~~ i=l R;JXiXJ = ~:= 1 K (p, ak), 

rp;e ak - AByMepHoe HarrpaBJieHHe BeRTOpOB x n y k· 
R JI a c c hi p n M a H 0 B hi x II p 0 c T p a H c T B. 

IIoMHMO o6m;nx (rrpoH3BOJibHhlX) pi!MaHOBbIX rrpocrpaHCTB 
cymecTByIOT pHMaHOBhl IIpocrpaHCTBa, Ha R-phIX MoryT 
6h1Tb BBep;eHhl AOIIOJIHH1'eJibHh!e crpyRryphl. 8n1 crpyRTy
pbI B03HHRaIOT Torp;a, Ror11:a Herrocpep;CTBeHHO Ha MeTpnRy 
HJIH Ha RpHBH3HY HBRJia/];h!BaIOTCH Te HJIH HHh!e ycJIOBHH 
reoMeTpn:qecRoro HJIH aJire6pa1111. xapaRrepa. TaRnM 
crroco6oM OIIpep;eJIHIOTCH BaiKHhle 1macCbI pnMaHOBhlX 
rrpocrpaHCTB: MHOroo6paanH IIOCTOHHHOH ceRn;HOHHOH Rpn
BH3Hhl (cM. Jlpocmpancmeennbie if>opMbi), o&nopo&noe npo
cmpancmeo, CUMMemputtec1we npocmpancmeo, apMHTOBhl H 
RaJiepoBhl MHoroo6pa3HH, IIpocrpaHCTBa 8HH1IITeiiHa HT. A· 

0 6 o 6 Ille H n .11. Paaanrne np;eii. P. r. n reoMerpnn 
B IWJIOM rrpnaeJio R PHAY o6o6m;eHnii IIOHHTHH P. r. 

II c e B A 0 p H M a H 0 B a r e 0 M e T p H H - Teopn.11 
rrceap;opnMaHoBa rrpocrpaHCTBa. IIceap;opHMaHOBhlM rrpo
crpaHCTBOM aaa. 11:i1<P<PepeHn;npyeMoe ~rnoroo6paane, Ha 
R-poM aap;aHO IIOJie 3HBROrrepeMeHHOfO CHMMeTpH'lHOro 
HeBbipomp;eHHOro TeH30pa. 

<I> n H c JI e p o B a r e o M e T p n .11 - reopn.11 AH<P<Pe
peHn;npyeMoro MHoroo6paan.11, Ha KacaTeJibHOM paccJioe
Hnn H-poro aap;aHa tPYHH!lHH F(x, A.), op;aopop;HaH rrepaoii 
CTerreHH no A. ,11.Jin:Ha l Hpnao:i\: c (t) BhlqncJIHeTc.11: 

l= ~~ F (c, ~) dt. 

II p 0 c T p a H c T B a 0 r p a H n q e H H 0 ii !{ p H

B H 3 H hI - reopn.11 p;ByMepHhlX Merpnq, MHoroo6pa3HH c 
enympenneii Mempuiwii (6ea BCHHHX rrpep;rroJioiKeHHii rJiap;
ROCTH), B R-phlX orrpep;eJieHa HHTerpaJibHaH RpHBH3Ha JII0-
6oro orpaHH11eHHoro 6opeJieacRoro MHomecraa. CIOp;a, B 
qacTHOCTH, OTHOCHTCH BHyTpeHHHH reoMeTpHH BhlIIYRJihIX 
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IIOBepxHOCTeii:. 8TOT 1macc MeTpnq. rrpocTpaHCTBa MOiKHO 
IIOJiyqHTb, rrpn:coep;HHHH K AByMepHblM pn:MaHOBblM rrpocT
paHCTBaM AByMepHble MeTpH30BaHHble MHOroo6pa3HH, MeT
pn:Ka K-pblx B oKpecTHOCTH Kamp;oii: ToqKH AorrycKaeT paB
HOMepHoe rrpn:6JIHil\eHHe pHMaHOBblMH MeTpHKaMH c orpa
HHqeHHblMH B COBOKYIIHOCTH HHTerpaJiaMH OT a6coJIIOTHOH 
rayccoBoii: KpHBH3Hbl. 

IIpocTpaHCTBa KpHBH3Hbl He 6oJibme 
K - TeopHH IIOJIHblX MeTpn:q. MHoroo6pa3HH c BHyTpeH
Heii: MeTpHKOH, B K-pblX cyMMa BepxHHX yrJioB TpeyroJib
HHKOB, COCTaBJieHHblX H3 KpaTqaii:mn:x, He rrpeBOCXOAHT 
cyMMbl yrJIOB TpeyroJibHHKa Ha IIJIOCKOCTH IIOCTOHHHOH 
KpHBH3Hbl K c TaKHMH me )l;JIHHaMH CTOpOH (KpoMe Toro, 
rrpep;rroJiaraeTCH, qTo JII06ble ABe TOqKH MOil\HO coep;HHHTb 
ep;HHCTBeHHOH KpaTqaii:meii:). 

CM. TaKme I'eooeauJtec1wx eeo.Mempua, Ko11,ifiopMHaa eeo
.Mempua, Pu.MaHooo npocmpa11,cmoo o6o6UfeHHoe. 

J]um .. [1] pH Ma H B., Co'I., rrep. c HeM., M.-JI., 1948; [2] 
P a m e B c R H tt II. H., PnMaHoea reoMeTpHH H TeHaopHbifi aHa
JIHa, 3 11a11., M., 1967; [3] a tt a e H x a p T JI. II., PnMaHoea reo
MeTpnH, rrep. c aHrJI., M., 1948; [4] r po Mo JI )];., I\ JI H Hr e H-
6 e pr B., Mette {J B., PnMaHoBa reoMeTpnH B 11eJioM, rrep. c 
HeM., M., 1971; [5J A JI e R ca H II p 0 B A. )];., BHYTPeHHlilI 
reoMeTPHH BhinYRJihIX rroeepxuocTefi, M.-JI., 1948; [6] By pa
r o IO. )];., 3 a JI r a JI JI e p B. A., «YcrrexH MaTeM. uaym>, 
1977, T. 32, B. 3, c. 3-55j· [7J M H JI Hop ,Um., TeopnH Mopca, 
rrep. c aHrJI., M., 1965; [8 I\ a p Ta H a., reoMeTpHlI PHM3HOBblX 
npocTpaHcTB, rrep. c ljlpam~ .. M.-JI., 1936; [9] Ku I k a r n i R. S., 
«Ann. Math.», 1970, v. 91, .M 2, p. 311-31; [10] Wo If J. A., 
Spaces of constant curvature, N. Y., 1967. B. A. Tono1wzoB. 

PIIMAHOBA rEOMETPIIH B l(EJIOM - pa:iAeJI pn:Ma
HoBoii: reoMeTpHH, n:3yqa10m;n:ii: CBH3H MeiKAY JIOKaJibHhlMH 
Ii! rJio6aJibHblMH xapaKTepHCTI!RaMH pn:MaHOBblX MHoroo6-
pa3HH (p. M.). TepMHH P. r. Bu;. o6blqHo OTHOCHT K orrpe
AeJieHHOMy Kpyry rrpo6JieM H MeTOAOB, xapaKTepHblX AJIH 
eeo.Mempuu o tfe.ltO.lt. OcHoBHoe Mee To B P. r. B u;. 3aHI!MaeT 
H3yqeIIHe CBH3H Memp;y KpHBH3HOH H TOIIOJIOrn:eii: p. M. 
IIpn: 3TOM HCC.Tiep;yIOTCH Borrpoc 0 TOIIOJiorn:qecKOM H MeT
pn:q, CTpoeHHH p. M. c AaHHblMH ycJIOBHHMH Ha KpHBH3HY 
H Borrpoc 0 cyru,eCTBOBaIIHH Ha 3aAaHHOM rJia)l;KOM MHoro
o6pa3HH pHMaHOBOil MeTpHKH c rrpeAIIHCaHHblMH CBOHCT
BaMH KpHBH3Hbl (ceKlfUOHnou Kpuoua11,w, K 0 , Pu'l'lU Kpu
ouaHU Ric, cKa.!tapnou Kpuouanu KCK)· EoJibIIJaH qacTb rro
JJyqeJIHblX pe3yJibTaTOB OTHOCHTCH K rrpocTpaHCTBaM c 
KpHBH3HaMH IIOCTOHHHOro 3HaKa. p. r. B u;. TeCJIO corrpH
KacaeTCH c Teopn:eii: 0011,opooHbix npocmpancmo H Bapn:a
u;n:oIIHoii: Teopn:efi zeooeau'lecKUX 1tunuu. 0 IIOAMHoroo6-
pa3HHX P. M. CM. B CTaTbHX JI ao.Mempu'lecKoe noepyJ1ce11,ue 
H IJozpyJ1CeHHUX MHoeoo6paauu zeoMempua. 

MeTOAbl P. r. B u;. HOCHT cHHTeTnq. xapaKTep. HapHAY 
c JIOKaJibHOH AmpljiepeHu;HaJibHOH reoMeTpneii: rrrnpoKo HC
IIOJib3YIOTCH TeopHH AHljiljiepeHu;HaJibHblX ypaBJieHHH H 
Mopca meopua. Ho OCHOBHble )l;OCTHil\eIIHH CBH3aHbl c Ha
XOil\AeHHeM YAaqHblX KOHCTpyK!~Hii:, Harrp. IIOCTpoeHHeM 
3aMKHyTblX reoAe3n:qecKHX, MHHHMaJibHblX IIJieHOK HJIH 
IIJieHoK H3 reoAe3n:qecKHX, opn:cljiep, BblIIYKJiblX MHOil\eCTB. 
IIccJieAOBaJIHIO TOIIOJIOrHH p. M. o6blqHo rrpeAIIIeCTByeT 
n:3yqeHne n:x MeTpIIq. cBoii:cTB. IIocJieAHee qacTo ocym;ecTB
JIHeTcH rryTeM cpaBHeHHH p. M. c IIOAXO)l;HIIJ,HM 3TaJIOHHbIM 
rrpOCTpaHCTBOM (CM. HHiKe TeopeMbl cpaBHeHIIH). 

T 0 II 0 JI 0 r H q e c K 0 e c T p 0 e H H e. ,11.JIH 3aMK
HYTblX IIOBepXHOCTeii: CBH3b MeiKAY KpHBH3HOH H TOIIOJIO
rn:eii: ITO CyIII,eCTBy HCqepIIblBaeTCH ljiopMyJIOH faycca -
EoHHe. CpeAH 3aMKHyTblX rroBepxHocTerr MeTpIIKy rroJIOiKH
TeJibIIOH KpHBII31Ibl MoryT IIeCTH TOJibKO cljiepa S2 H rrpo
eKTHBHaH IIJIOCKOCTb P 2 , a HyJieBoii: KpIIBH3Hbl - Top H 
6yTblJIKa KJieii:Ha. CTpoeHn:e p. M. pa3MepHOCTII n>2 H3-
BecTHO xyme (1983). BoT rrpn:Mephl H3BecTHblX TeopeM. 

IIoJIHOe OAHOCBH3Hoe p. M. Mn c Ko ..;;O AHljiljieoMopljJHO 
!Rn (T e o p e M a A A a M a p a - K a p T a H a), rrpn:
qeM AJIH JII06orr TO'IKH x E Mn aKcrroHeIIu;HaJibHoe oTo6pa
meHHe expx ecTb AHljiljieoMopljJH3M KacaTeJibHoro rrpocTpaH
CTBa T xMn Ha Mn. 

,ll,JIH 3aMKIIYTblX p. M. c Ko >O HMeeT MecTo cJiep;yrom;aH 
TeopeMa o cljiepe: IIOJIHoep.M.Mnc O<c'I...;: 

..,;:Ko ..,;:1 Ha3. c'l-3 am; e M JI e H H bl M; eCJIH OHO O)l;HO
CBH3HO H c'l>l/4 , TO Mn roMeOMopljJHO sn. ,ll,JIH qeTHblX n 
rpaHnu;a 3AeCb ToqHaH: rrpn: c'I= I 4 cym;ecTByIOT Mn, He
roMeoMopljJHble Sn, 3TO - CUMMempU'lecnue npocmpaHcmoa 
paHra 1 H TOJibKO OHH. ,11.JIH HeqeTHblX n TeopeMa 0 roMeo
MopljJHOCTH Mn H sn BepHa H rrpII c5= 1/4. IIpH n<7, n;t:4, 
roMeoMopljJHOCTb cljiepe sn BJieqeT p;n:ljiljieoMopljJHOCTb. IIpH 
n)';;7 p;n:ljiljieoMopljJHoCTb cljiepe ycTaHoBJieHa rrpn: 6oJiee 
meCTKOM, qeM B TeopeMe 0 cljiepe, 3aru,eMJieHHH (AOCTa
ToqHo B3HTb c'l>0,87, a rrpn: n - co B3HTb c'l>0,66). 113-
BeCTHO TaKm:e, qTo rrpn: em;e 6oJiee il\0CTKOM 3am;eMJI0HHII 
(AOCTaTOqHO c5 >0,98 II c5 >0,66 rrpn: n - 00) Heop;HOCBH3H00 
Mn p;IIljiljieoMopljJHo rrpocTpaHCTBy rrocTOHHHorr KpHBH3Hbl 
(ljiaKTOprrpocTpaHCTBY Sn ITO AHCKpeTHOH IIOArpyrrrre H30-
MeTpn:ii:). EcTb PHA pe3yJibTaToB 06 ycJioBHHX Ha Ko, 06e
crreqn:Ba10m;n:x roMeoMopljJH3M CHMMeTpIIq. rrpocTpaHcTBy 
paHra 1 (cM. [14], [15]). 

0TKpblToe, T. e. IIOJIHOe IIeKOMIIaKTHOe, p. M. c Ko >O 
Bcerp;a AHljiljieoMopljJHo !Rn. MHomecTBO XcM" Ha3. 
a 6 c 0 JI IO T H 0 B bl II y K JI bl M, ecJIII Kamp;aH reop;e3H
qecKaH c KOHD;aMII B x BCH Jieil\IIT B x. IIycTb Mn - OT
KpblTOe p. M. c K 0 ?;;O, Torp;a B Mn cym;ecTByeT BIIOJIHe 
reoAe3n:qecKoe a6coJIIOTHO BblIIYKJioe 3aMKHyToe IIOAMHO
roo6pa3He N TaKoe, qTo Mn p;IIljiljieoMopljJHo rrpocTpaHCTBy 
v (N) 11,op.Ma.!tbHOZO pacc1toe11,ua N B Mn (ecJIII Ko >O, To 
dim N=O). B cJiyqaHx dim N=1 HJIH n-1, a AJIH OAHO
poAHblX rrpocTpaHCTB - BcerAa, Mn Aame II3oMeTpIIqHo 
v (N) co CTaHAapTHOH MeTpIIKOH HOpMaJibHOro paCCJIOeHIIH. 
II pII n ..,;:3 aTo AaeT rroJIHyIO KJiaccII«jJIIKau;n:ro OTKpblTblX 
p. M. c Ko?;;O. 

II p H M 0 ft Ha3. IIOJIHaH reoAe3n:qecKaH, KpaTqaii:maH 
Ha JII06oM CBOeM yqacTKe. T e 0 p e M a 0 u; II JI H H A p e: 
OTKpblToe Mn c K 0 ?;;0 H3oMeTpn:qHo rrpHMoMy MeTpn:q. 
rrpoII3BeAeHHIO Mn-kx IR.k, O..,;:k..,;:n, rAe Mn-k He coAep
iKHT rrpHMblX. YcJioBn:e K 0 ?;;0 3p;ecb MOiKHO 3aMeHIITb Ha 
Ric?;:O. 

<I> y H A a M e HT a JI b H a H r p y rr rr a. Ilpn: K0 >O 
H qeTHOM n 3aMKHyToe Mn Jin:6o opHeHTHpyeMo H OAHOCBH3-
HO, JIH6o HeopIIeHTHpyeMO H «liYHAaMeHTaJibHaH rpyrrrra 
:rt1(Mn)= z 2; rrpn: HeqeTHOM n OHO Bcerp;a opIIeHTHpyeMO, 
Ho o :rt1(Mn) 3a rrpeAeJiaMH TeopeMbl o cljiepe MaJio qTo H3-
BeCTHo. ,ll,ame AJIH Mn rrocToHHHon KpHBH3Hbl Ko= 1 rroJI
Hoe_ OIIHCaHIIe B03MOil\HblX CTpoeHHH :rt1 (Mn) AJIH Heqerr
HblX n oKa3aJIOCb TPYAHOH 3aAaqeft (cM. [9]). 

EcJIII K 0 =0, To yHIIBepcaJibHoe HaKpblBarom;ee Mn 
rrpocTpaHcTBa Mn H30MeTpn:qHo IR.n H ljiyHp;aMeHTaJibHaH 
rpyrrrra :rt1(Mn) H30MOpljJHa AHCKpeTHOH rpyrrrre H30MeTpHii 
IR_n 6e3 HeIIOABHil\HblX ToqeK; OHa COAepiKIIT rrop;rpyrrrry 
CABHrOB KOHeqHoro HH)l;eKca. (TeM caMblM M" AorrycKaeT 
KOHeqHoe H30MeTpn:q. HaKpblTHe IIJIOCKHM TOpOM.) 

EcJIH B ifn Bee Ko ..,;:O, TO kin AHljiljieoMopljJHo IR.n. IIo
aToMy Bee roMOTOIIIIq. rpyrrrrbl :rti (Mn) )l;JIH i>1 TpIIBHaJib
Hbl, n roMoTorrnq. TIIII orrpeAeJIHeTCH :rt1(M"). EcJIH K0 <O, 
TO :rt1(Mn) IIOJIHOCTbIO HeKOMMyTaTIIBHa B TOM CMblCJie, qTo 
JII06aH a6eJieBa (n: Aame JII06aH pa3pemn:MaH) ee rroArpyrr
rra HBJIHeTCH 6ecKoHeqHon u;n:KJin:qecKoii:. B cJiyqae K 0 ..,;:O 
H3BeCTHO CJiep;yrom;ee. IIycTb r - pa3peillIIMaH IIOArpyrrrra 
:rt1(Mn). TorAa r H30Mop.ilma AHCKpeTHOH rpyrrrre II30MeT
pn:ii: IR.n (6e3 IIeIIOABHil\HblX ToqeK) H Mn COAepmHT KOM
rraKTHOe BIIOJIHe re0Ae3n:q. IIOAMHoroo6pa3He, H30MeTpn:q
HOe IR.n/r. BMecTo K0 ..,;:O AOCTaToqHo rrpII aToM rroTpe6o
BaTb OTCYTCTBHH Ha reoAe3n:qeCKHX corrpHiKeHHblX ToqeK. 

,Il,JIH ABYX MHoroo6pa3HH OAHHaKOBOH IIOCTOHHHOH OTpH
u;aTeJibHOH KpIIBH3Hbl H OAHHaKOBOil pa3MepHOCTH n)';; 3 
H30MopljJH3M :rt1 BJieqeT H3oMeTpHIO (T e o p e M a M o c
T 0 B a). 

PHMaHOBbl MHoroo6pa3HH, AJIH K-pblx max I Ko IX 
Xdiam Mn<e, Ha3. e-rr JI o c K HM :rr. TaKne MHoroo6pa-
3HH MoryT rrpn IIpOH3BOJlbHOM e>O TOIIOJIOrnqecKH OTJlll
qaTbCH OT JIOKaJibHO IIJIOCKHX. ,ll,JIH HHX rrpn JII060M n?;;2 
cyIII,eCTByeT TaKoe e,., qTo AJIH en-IIJIOCKoro Mn B :rt1 (Mn) 
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eeTb HHJibIIOT0HTHa.II rrop;rpyrrrra RoHeqHoro n:np;eRca. Ilpn 
aToM Mn p;orrycRaeT KoHeqHoe (c RpaTHOCTbIO, 3aan:c.11meii 
JIHIIIb OT n) HaRpblTHe, AHcpcpeoMopqmoe cfiaRTOprrpocTpaH
CTBy HllJlbIIOTeHTHOM rpyrrnbl JIM: IIO ee AllCRpeTHOM IIOA
rpyrrrre (cM. [8]). 

IloJrnoe p. M. c Rp11BH3Ho:ii: Ric;;;:.a>O n:MeeT RoHeqHbJii 

diam Mn..,;n/Ya 11 noToMy RoJieqHyro rpynrry n 1(Mn). 
Ecnn: AJIJI 3aMRIIyToro Mn Ric;;;:.O, To cymecTayeT TaRa.11 
ROHeqHaJI HOpMaJihHaH IIOArpynna rc::n:1(Mn), qTO 1t1/r -
AllCRpeTHaH rpyrrrra 11aoMeTp11il: IRk, 0...;:k..;;:n, rrpn:qeM M11 

pa3JiaraeTCH B rrpHMoe MeTpn:q, npo113BeAeHn:e M* X IRk, 
rp;e M* 3aMKHyTo, pa3JiomeH11e HHBapn:aHTHO OTHOCll
TeJibHO 1t1(Mn), a r - TpllBHaJibJia Ha IRk, 

HapHAY c ·11ayqeHHeM n1(Mn) IIOJiyqeHbl c IIOMOII(bIO 
Teop1111 rapMOH11qecR11x p;mpcpepeHu;11aJ1bHbIX cf>opM HeK-pble 
OIWHRll AJIH q11ceJI EeTTH bk AJIH ll-3all(eMJI0HHblX Mn. TaR, 
b2=0 rrp11 ll>(n-3)(4n-9)-1 II HeqeTHOM n;;;;.5. 

T e o p e M bl c p a B H e H Iii H. MHor11e rno6aJibHhle 
CBOHCTBa p. M. AORa3blBaIOTCH rryTeM cpaBHeHllH ROHCT
pyRIJ;lilll B 11ayqaeMOM p. M. c auaJiorn:qHbJMll ROHCTpyRIJ;HH
MH B aTaJioRHoM rrpocTpaIICTBe. B RaqecTBe rrocJiep;Hero 
6epyT MHOroo6paa11e IIOCTOHHHOH Kp11Bll3Hbl, peme -
p;pyroe CllMM0Tp11q, npoCTpaHCTBO. H11me c - II JI 0 C-

K o c Tb IO Ha3hlBaeM IR2 np11 c=O, ccpepy S~ pap;11yca 
c-•1. rrp11 c>O, IIJIOCROCTb JiooaqeBCRoro Rp11BII3Hbl c rrpu 
c<O. 

MHoroqucJieHHble rrp11MeHeH11H uMeeT cJiep;y10ma.11 T e o
p e M a T 0 II 0 H 0 r 0 B a c p a B H e H II H y r JI 0 B. 
IlyCTb B p. M. Mn ace Ka;;;;.c 11 a 1, a 2, a 3 - yrJihl Tpe

yroJibH11Ka 113 KpaTqanmnx, a a~. a;, a~ - COOTB0TCTBYIO
II(He yrJibl TpeyrOJibHtrna c TeM11 ;Re ):(JII!IHaMH CTOpOH Ha 

c-nnoCROCTH; Torp;a ai;;;;.ai. EcJI11 Ka ..;;:c 11 nro6hle p;se Toq
KH cTopoII paccMaTpHBaeMoro B Mn TpeyroJlbBlIKa coet1u

IIHMhl ep;HIICTB01IIIOM RpaTqanIIIe:ii:, TO ai<ai. ::ha TeopeMa 
3RBHBaJieIITIIa CJiep;yromeMy y c JI 0 B Il IO B bl rr y R JI 0-
c T n:: ecJin: B Mn RpaTqail:IIIn:e ab, ac o6pa3yIOT TOT me 
yroJI, qTo RpaTqa:ll:IIIn:e a' b', a' c' Tex me ]lJilIH Ha c-rrnocRo
CTH, TO PMn(b, c) ..;;:pc(b'' c'). 3):1eCb no cyru;ecTBY cpaBHil
BaeTCH 6hlCTpOTa paCXOAHMOCTU KpaTqaiirrrn:x. 

B T e 0 p e M e c p a B H e H II H p a y x a cpaBHll
BaIOTCH CKOpOCTll /:IBHmemrn ROIIIJ;OB b ll b' KpaTqa:ii:IIIHX 
ab, a'b' B p;ayx p. M. Mn H M'n np.11 ycJIOBH.11, qTo ab n: a'b' 
llOBopaq1rnaIOTCH BORpyr CBOHX HaqaJI a, a' c O/:IHIIaROBOM 
CROpOCTbIO B yCJIOBllHX, ROr):la (rrp.11 HeR-pOM eCTeCTBeHHOM 
COIIOCTaBJieH.11u) CeRu;HOHHble KpUB.llBHbl B Mn He MeHhIIIe, 
qeM B M'n. TorAa cRopoCTb ):IBn:meB11.H b ne 6oJibIIIe, qeM 
CROpOCTb b'. B OCIIOBIIOM cJiyqae (rrp.11 cpaBH0Hllll c C-IIJIO
CROCTbIO) TeopeMa Payxa paBIIOCHJibHa HHqJHBHTe3HMaJib
IIOMY Bapn:aHTY TeopeMbl cpaBHeIIuH yrJIOB. 

MMeIOTC.H aRaJiorn TeopeMbl Payxa, B K-phlx Toqm1 a, a' 
CMeru;aIOTCH no re:rrepnoBepxHOCT.HM, K K-pb!M ab, a' b' 
oCTaIOTCJI opToroHaJibHblMH. EcTh TaR;Re TeopeMbl cpaaee
Rn:H AJIH o6~eMoB Tpy6qaThlX ORpeCTHOCTei IIO.IIMHoroo6-
p8311M (CM. [13], (16)). 

8 R c T p e M a JI b H bl e T e o p e M bl. TeopeMhl cpaa
Hemrn npn:BOAHT R OIJ;0JIRaM TaRHX xapaRTepHCTHR Mn, 
RaR AHaMeTp, paAHYC llH~eRTilBHOCTH, AJIHHR 3aMRIIYTOll 
reoJJ;e3nqecRo:ii:, o6~eM rnapa JJ;aHHoro paJJ;Hyca n: T. 11. OT
BeTbl Jia BOI!pOCbl 0 CJiyqa.11x AOCTn:meIIHH paBeJICTBa B Ta
RllX ou;eJIRax )J;aIOT aRCTpeMaJibHble TeopeMbl. 

,Ll,JIH Mn c Ka ;;;;.1 acer,a;a diam Mn ..;;:n. PaoeHCTBO ,a;o
CTn:raeTCH TOJibRo ,a;JIH e)J;11Jin:qJio:ii: ccpepbl. Ecnn: Mn 3aMR
HyTo Il 0< Ka ..,;1 rrp11 qeTIIOM n HJIH 1/4<Ka ..,;:1 npn: He
qeTIIOM n, TO pa)J;n:yc IlII~eRTilBJIOCTil rin(Mn);;;;.n II AJillJia 
3aMRHyTO:ii: reo,a;ean:qecRo:ii: ;;;:.2n. EcJin: rrpn: aroM B Mn ecTb 
3aMRHyTaH reo,a;e3n:qecRa.H '\' AJIHHIJ 2n, TO rrpn: qeTIIOM n B 
Mn cyu~eCTByeT BIIOJIHe reoAe311q, IIOBepXIIOCTb, CO)J;epma-

ma.11 '\' Il ll30MeTpllqHaH S7, a I!pll 1/4<Ka ..,;:1, Jie3aBllCllMO 

OT qeTHOCTil n, Mn ll30MeTp11qHO s1 (CM. [6)). 06~eM IIIapa 

D paJJ;11yca r<rin(Mn) B Mn c Ka <c(Ka?>c) He MeRbIIIe 
(He 6oJiblile), qeM o6~eM rnapa D c Toro me paAn:yca B npo
cTpaHCTBe IIOCTOHHHOM Rp11Bll3Hbl c, c paeeHCTBOM, JillIIlb 
ecJin: D H3oMeTpn:qno D c. 

8RcTpeMaJihHbie TeopeMbl He RcerAa CBH3aHbl c ou,eH:KaMH 
RpllBHBHbl. IlycTb, Harrp., Ha 3aMKHYTOH IIOBepxHOCTH F 
AJIH JII06oii ToqRn: MHOllieCTBO ToqeK, eii. corrp.11meHHbIX, 
COCTOHT Il3 e,a;n:HCTBeHHOM ToqRH. TorAa F 1130MeTpuqHo 
ccpepe. 

R 0 He q H 0 c Tb T 0 II 0 JI 0 r ll q e c R Il x T Il Il 0 B. 
Cpe)J;H aaMRHyThlX p. M. c paBHoMepHo orpaH11qeHHhlMH 
Rpn:Bn:3HaMn: n: orpaHn:qeHHhlMH cHn:ay paAn:ycaMu HH~eR
TllBHOCTn: Vol Mn<C1, rin>C 2 >0, Ka <C3 , eCTh JIHIIIh 
ROHeqHoe qncJio IIOIIapIIO roMOTOlln:qecRH HeaRBHBaJleHT
HblX, a npn: 3aMeIIe Ka <C 3 Ha I Ka I <C3 - JIHIIIh RoHeq
Hoe qn:cJio rronapHo HeroMeoMopcpHbtX. B aToM yToepmAe
HllH ycJioBn:e rin>C 2 >0 MQ;RHO 38MeHHTb o6ecneqn:oaro
II!HMH ero, HO nerqe I1poaep.11eMbIMH ycJioBUHMH Vol Mn;;:. 
;;;:.C4>0, diam Mn<C 5 (CM. [14]). 

,[l,mr p. M. co 3IIaHorrocTOHHHblMH Ka ycJIOBHH, o6ecne
qn:aaroru;n:e ROHeqHOCTh IlX TOIIOJIOfHq. THIIOB, YIIPOII!aIOT
CJt. Harrp., ,a;Jt.11 qeTIIblX n Iii Ka >0 AOCTaToqtm ycJioan:H 
max Ka <C min Ko. 

Ilpn: n>3 ,a;JI.H Mn c -1 <.Ka <O cnpaoeAJin:Ra ou;eHRa 
Vol M 11 >C(1+diam Mn). IloaToMy npn: n;i.:3 RoHeqHo 
ql!CJIO TOIIOJIOr11q_ THIIOB 3aMRHYTblX p. M., YAOBJieTBOpHIO
II!llX ycJioBHHM Vol Mn<C1, C 2 <Ka <O. Ho np11 n=3 cy
mecTayeT 6ecRoueqnaH cepn:.11 rronapuo eeroMeoMopcpIIblX 
M3, YAOBJieTROplIIOII!HX ycJioan:11M (cM. [ 12]). 

M e T p ll R Il c 3 a A a H II 0 ii R p ll B Il a H 0 :ii:. 
IlycTb x - a:ii:Jiepoaa xapaRTepncTmrn 3aMRHyTO:ii: no
aepxHOCTH M 2 • qT06bl tJiaARaH cpyHRll,HH f Ha Mn OhlJia 
KpHRHaHoii HeR-poi pnMaHoBoii. Merpmm Jia M 2, 1Ieo6xo
)J;11Mo: max f>O npn: X>O, min f<O np11 JG<O II f MeJIHeT 
3H8R HJlll f=O IIpll x=O. 8Tn ycJtOBHH Il AOCTaToqJihl. Yc-

JIOBHe ~ M' w= 2nx IIeo6xo,a;nMo n: AOCTaToqHo, qT06bl 2-

cpopMa (() 6IJJia cpopMoii. Rpn:RH3Hbl w= ~ K dS pn:MaHoBo:ii 

MeTpHRH Ha M 2. EcJin: M 2 - OTKpbIToe IIQ/:\MIIoroo6pa3n:e 
aaMRHyToro MIIoroo6paan:H N 2, TO JII06a.11 rJiap;Raa f Ha M 2 
eCTb Rp1rnaaHa H0R-poii (6hlTh MomeT, H0IIOJIJIOii.) pnMaJIO
BOM MeTpn:Kn: IIa M 2. Heo6xOAHMble n: ,a;ocTaToqJibJe ycJio
BllH, np11 R-pbIX f eCTb RpHBU3Ha IlOJIHOH pHMaJioBoii. MeT
pHKil Ha HeROMI!aKTHO:ii. IIOB0pXHOCTH, BblHCR0llbl (1983) 
JlllIIlb AJIH ROHeqaoCB.H31IhIX nosepxHOCTeil. 

c pOCTOM pa3MepHOCTH qmmo HeaaBHCHMblX ROMIIOIIeIIT 
TeH3opa RpHBH3IIbl pacTeT OblcTpee qn:cna ROMIIOH0HT 
MeTpllq, T0JI3opa. y CJIOBHH' np:n: R-pblX ARHIIoe IIOJie TeJI-
30pa CJIYlf\.l'iT' XOTH 6bl JIORaJihHO, IIOJI0M TeHaopa KpllBH3-
Hbl HeK-poi MeTpn:Rn:, He11anecTHhl (1983). Ho AJIH CKaJIHp
Jioil: RpHBH31Ibl np11 n>2 RamAall rJia,a;RaH cpyHRll,llH f Ha 
3aMKHyTOM Mn, AJIH R-poil: min I <O, .HBJIHeTCH cKaJIHpIIoii 
HpHBllBHOH aeR-po:ii: p11Manoaoii MeTpHRH Jia Mn (cM. [ 4]). 
CyII1eCTBYIOT MIIoroo6pa3HSI, He ,a;orrycRaror:u;n:e MeTpHRn: c 
IIOJIOlf\IlT0JlbJIO:ii: CRaJI11pHoii RpHB.ll(lHOM, HaIIp. TpeXMep
HblH Top (CM. [5]). 

Bbl n y R JI bl e cp y, H R u, n: H. CymecTBoBaJin:e Jia p. M. 
Mn CRaJIHpHoli cpyIIRll,HH f, BblIIYRJioii RAOJib JII06o:ii: reo
,a;ea11qecRoii, HaJiaraeT mecTRHe orpaJin:qeJI11.11 Ha CTpoeJI11e 
TaRoro Mn. Hanp., eCJIH Ha Mn ecTb BblIIYRJiaH cpyIIRIJ,HH 
f, TO Vol Mn= oo. EcJ111 f CTporo BhlIIYRJia H npn: JIIOOOM 
c ROMIIaRTIIbl MHo;ReCTBa 1-1(c), TO Mn AllcpcpeoMopcfiIIo 1Rn. 

B PHAe cJiyqaeo BhlIIYKJihle cpyHRu,1111 YAaeTCH nocTpo
HTb. Hanp., rrpH Ka ..,;O BblIIYRJibl cpyIIRIJ;HH / 1(x)=p(:r, p), 
/ 2(x)=p(x, p)2, pEMn. ECJ111 Ka...::O a y: Mn-+-Mn-
1130MeTpn:.11, TO BblIIYRJia cpyIIRIJ;IlH lly (x)=p (x, yx). Ilpn: 
Ka ;;;;.o cymecTByroT BhlIIyRJible f c ROMrraRTHbIMn: 1-1(c); 
aTo CBH3aIIo c a6coJIIOTJio:ii: BblnyRJIOCTbIO (rrpn Ka ;;;;.O) 
AOIIOJIHeJIHM K opn:rnapaM n c TeM o6CTOJITeJihCTBOM, '!TO 
npn: Ka :;;;.o BhlIIYRJIOCTb MJiomecTBa U cMn BJieqeT BbIIIyR
JIOCTb MHOmeCTBa {xE u: p(x, &U);;;;.t}. 
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TeJibIIbIMH CTpyKTypaMH, rrarrp. ,D;JIH K<lJlepoBbIX Mrroroo6-
pa3HM (CM. (10)). 
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IO. Jl.. Bypazo, B. A. Tononoaoe. 
PHMAHOBA KPHBH3HA - Mepa OTJinqnH MeTpMK 

p11MaH0Ba 11 eBKJIHAOBa npocTpaHCTB. IIycTb M - ToqKa 
pnMaHoBa rrpo9rpa~cTBa, F - AByMepHaH perym1pHaH 
rroaepxHOCTb x1=x1(u, v), rrpoXOAHIIl,aH qepe3 M, L -
npocTOii 3aMKHYThlil: KOHTYP Ha F, rrpoxo,a;HIIl,Mil: qepe3 M, 
a - IIJIOIIJ;aAb yqaCTKa IIOB0pXHOCTJI, orpaH11qeHHoro KOH
TypoM L. IIycTb rrpoM3BOJibHblll BeKTop ai, KacaTeJibHbIM K 
noaepxHOCTII F . (T. e. JIMHeiino BhlpamaroII1,11Il:cH qepe3 

ax' ax' ) BeKTOpbI au ' av ' rrepeHeCeH rrapaJIJieJibHO no L. TorAa 

cocraBJIHIOIIl,a.JI rrepeHeceHHoro aeKTopa, KacaTeJibHaH K F, 
OKail\eTCH IIOBepHyTOii no OTHOIIIeHIIID K ai Ha yroJI <p 
(IIOJIOil\MTeJibHOe HarrpaBJieHIIe OTcqeTa yrJIOB AOJiil\HO COB
rraAaTb c HarrpaaJieHMeM o6xoAa L). EcJIM rrp11 CTHrHBaHHM 
L B ToqKy M cyrn;ecrayeT npeAeJI 

K=lim.1'..., 
<1 

TO OH Ha3. p II Ma H 0 B 0 ii K pH B H 3 H 0 :ii (KpUBUiJHOU 
p:e:MaHOBa rrpocrpaHCTBa) B ,a;aBHOII TOqKe B HarrpaBJieHmi: 
,IJ;ByMepHoil: IIOBepXHOCTH; p. K. 3aBHCIIT He OT llOBepxHo
CTII, a JIHIIIb OT ee HanpaBJI0HHH B TOqKe M' T. e. OT Ha
npaBJI0HlUI ,IJ;ByMepHOH IIJIOCKOCTH KaCaTeJibHOro eBil'.Jll'IAO-

. l 
aa rrpocTpaHCTBa, coµ;epmalll,ero BeKTopbI ax' , ~ . au av 

p. K. K CBH3aHa c TeH3opoM KpHBH3Ilbl '1JopMyJio:il: 

K= ~ R lk ·xmlxki ~m. l, k, j m l ' 
rp;e 

xml = _l;_ (axm ax 1 _ ax 1 axm) 
2 au av au av 

rrpIIqeM rrapaMeTpbI u, v Bb16paHbl TaK, qTo IIJIOII~aAb 

rrapaJIJieJiorpaMMa, rrocrpoeHHoro Ha B0KTopax axi , axi , 
au av 

paaHa 1. 
no .M.amepUaJla.M. CT. PU.M.anoea zeo.M.empwi 8 BC8-ii. 

PHMAHOBA METPHKA - MeTp11Ka rrpocTparrcraa, 
3aAaBaeMaH IIOJIOil\MT0JibHO orrpeµ;eJieIIHOM KBaApaTMqrroli 
'1JopMOH. EcJIJI B rrpocTpaIICTBe v n BBeAeHa JIOKaJibHaH CM-
CTeMa KOOPAllHaT (x1' ••. ' xn) H B Kail\AOll TOqKe x (xl' ... ' 
... , xn)E Vn orrpeAeJieHhl iJ>YHKlJ,1111 g;j(X), i, j=1, 2, ... , 
n, det (g;j) >O, gij(X)= gj;(X), HBJIHIDllJ,lleCH KOMIIOH0HTa
MH KOBapnaIITHoro CllMMeTpMqHoro TeI130pa BTOpoii Ba
JieHTIIOCTM, TO 3TOT T0Il3op Ha3. 0 c IT 0 B H bl M M e T
p H q e c K II M T e H 3 0 p 0 M rrpOCTpaHCTBa v n· c IIOMO
llJ,blO OCIIOBIIOro T0H30pa BbipamaeTCH AJillIIa ds KOHTpaaa
p11aHTHOro B0KTOpa (dx1 , ••• ' dxn): 

ds2 =g;1 (X) dxi dxi; 

lf>opMa g;jdxidxf HBJUieTCH IIOJIO)RHT0JlbHO orrpeAeJieHHOH 
Kaa,a;paTIIqHoi'1 !J>op11rnii. MeTp1rna rrpocTpaHCTBa V n• orrpe
µ;eJieHHaH c IIOMOllJ,bID iJ>opMbI ds2' Ha3. pnMaHOBOH, a rrpo-

crpaHCTBO c BB0,D;eHHOH B HeM p. M. Ha3. pu.M.aHOIJbiJlt npo
cmpancmeo.M.. 3a,a;aHMe P. M. Ha rrnK-poM ;i;11iJ>'1JepeH11,npye
MOM Mnoroo6paa1111 03Haqaer 3aµ;aH11e rra aTOM MHoroo6pa
ann eBKJIM,IJ;OBOH crpyKTyphl, ,a;mp!J>epen11,11pyeMhIM o6pa30M 
3aBHCHIIl,e:il: OT TOqKH. 

P. M. HBJIHercH 0606II1,errHeM rrepaoil: 1rna,a;par11qno:ii cpop
Mbl IIOBepXHOCTll B TpexMepHoM eBKJIMAOBOM rrpocrpaHCT
Be - BHyTpeHlieM MeTpllKll IIOBepXHOCTII. feoMeTpllH rrpo
CTpaHCTBa v m OCHOBaHHaH Ha orrpe,IJ;eJieHHOH p. M.' Haa. 
pu.M.anoeoii aeo.M.empueu. 

CyII1,ecTByIOT 0606II1,eH11H rroHHTHH P. M. TaK, rrceBAo
pnMaHoBa MeTpHKa orrpeAeJIHeTCH c IIOMOlll,bID HeorrpeAe
JieHHOH KBaApaTnqHo:il: iJ>opMbI (cM. JlceeiJopu.M.anoeo npocm
pancmeo M Omnocume.n,b1wcmu meopwi). BbipOIBAeHHaH 
p. M.' TO eCTb MeTpnq iJ>opMa' orrpe1-1eJieHIIaH c IIOMOIIl,bID 
iJ>yHKil,llM g;j(X), AJIH K-pbIX det (gl/)=0, orrpe,IJ;eJIHeT He
K-poe noo1tyf u.M.anooo npocmpancmeo. 

Jlum.: [1 3 l! 3 e H x a p T JI. II., PHMaH011a reoM0TpHtr, rrep. 
c aHrJI., M., 1948; [2] pa III e B c H H l! II. H., PHMaHoBa reo
MeTpHfl H Teaaopahlll aHaJIH3, 3 nan., M., 1967; (3] P n Ma H B., 
0 rHTIOTeaax, JIBlllalllHX B OCHOBaHHH reoMeTpHH, nep. c HCM., II '.RH.: 
06 ocHoBaHHHX reOM0TPHH, M., 1956. JI. A. Cuflopoe. 

PIIMAHOBA OBJIACTh, K o M rr JI e K c H o e (a H a
JI n T 11 q e c Koe) M Hor o o 6 pa an e Ha A l[;n,
aHaJior pu.M.anoooii noeepxnocmu aHaJ1HT11q. iJ>yHiill,HH w= 
= f (z) OAllOro KOMIIJieKCHoro rrepeMeHHOro z AJIH CJiyqaH 
aHaJIMTllq, iJ>yHKil,IIH w=f(z), z=(z1, ... , Zn), MHOrHX KOM
IIJieitCHbIX rrepeMeHHbIX Z1, ... , Zn, n;;;,2. 

ToqHee, JillHeMHO CBH3HOe XaYCAOPWOBO TOIIOJIOfHq, 
rrpocrpaHCTBO R Ha3. (a 6 c T p a K TH 0 :ii) p II M a H O
B 0 ii 0 6 JI a c T b IO, ecJIH cyrn;ecTByeT JIOKaJlbHbIH roMe
oMopiJ>n3M (n p 0 e K II, II H) 1t : R - en TaKo:ii, qTO ,IJ;JI.ff 
Kam;i;oft ToqKM p0 ER cyII1,ecTByer oKpeCTIIOCTb U (p 0 ; e), 
roMeOMopiJ>no OT06pamaroII1,aHCH Ha BeK-pbIH IIOJillKpyr 

D(zO; e)={z=(zi. ... , z,.)EICn: 

lz1-z~I < e, j=1, ... , n} 

B KOMITJieKCHOM npOCTpaHCTBe Cn. P. o. Cerrapa6eJibHa. 
KoMrrJieKcHaH '1JyHKil,HH g na3. r o JI o M o p qi H o ft 

Ha R, ecJin AJIH mo6o:ii TOqKn Po ER iJ>YHKil,HH g [n - 1(z)] 
OT n KOMITJieKCHbIX rrepeMeHHbIX Z1, ... , Zn roJioMoplf>Ha B 
coorBeTCTBYIOIIl,eM noJIHKpyre D (z0 ; e). 1IpoeK11,nH :rt 3aAa
eTCH na6opoM n roJioMopiJ>HbIX cpyHKil,HM n=(:rt1, ... , :rtn), 
COOTBeTCTBYIOIIl,HX KOopp;nHaTaM Z1, ... , Zn B Cn. l:ICXO,ll;H 
:e:a AaHHoro peryJIHpHoro aJieMe1na auaJIHT11q, ipynKii;m1 
w= f (z)' ee p. o. CTpOHTCH auaJior:e:qHo TOMY' KaK CTpOHTCH 
p11MaH0Ba IIOBepXHOCTb AaHHOM aHaJillTHq, iJ>yHKil,Hl'I O,IJ;
Horo KOMIIJieKcnoro rrepeMeHHoro, T. e. cHa'!aJia rrocpeA
CTBoM aH8JIHTHq, rrpo,a;oJiil\eHl'!H CTpOMTCH noo1tna.11 anao1tumu
'lecna.1£ ifJYH1'lfUJI w= f (z)' a 3aTeM c IIOMOlll,bIO OKpeCTHO
CTeii BBO,IJ;MTCH TOIIOJIOfHH Ha MHOil\eCTBe aJieMeHTOB IIOJI
HOM anaJI11T11q, '1JYHKil,HM. TaK me, KaK 11 p11MaHOBhl rro
aepxHoCT11, p. o. H0M36eil\HO B03HllKaIOT rrpn aHaJillTllq. 
rrpoAOJIIBeHMM AaHHoro aJieMeHTa aHaJI11T11q, ¢YHK11,1111, Kor
µ;a llOJIHYIO aHaJIHTllq, li>YHK~HIO w= f (z) crpeMHTCH rrpeµ;
CTaBIITb, cJie,a;yH 11,a;eHM E. P11MaHa (B. Riemann), KaK oµ;
B03HaqHyro cpyHKil,MID roqKH COOTBeTCTBYIDlll,eii p. o. 

B qacTHOCTH, p. o. B03HHKaIDT KaK MHOrOJlllCTHble ZOoltO

.!ttOpifmocmu 06.1tacmu aHaJillTllq, ipymt11,11ii: MHOfllX KOMII
JJeKCHbIX rrepeMeHITbIX. T e o p e M a 0 K a YTBepm,a;aeT, 
qTo p. o. HBJIH0TCH o6JiaCTbIO fOJIOMopiJ>HoCTH TOfAa H 

TOJibKO TOfAa, IWfAa OHa rOJJOMop'1JHO BbIIIYKJia (cM. I'Oolto
.!ttOprfino BbtnyK.;r,oe KO.Mn.1teKcnoe npocmpancmeo). 

CoapeMeHHoe ;rnyqeHMe P. o. rrpoBOAllTCH B pa~rnax 06-
II1,eii TeopMH arraJIMTHq, rrpocTpaHCTB. 0606II1,eH11e IIOHH
TllH 06JiaCTH fOJIOMOp'1JHOCTH IIpllBO,IJ;MT K m meuna npo
cmpancmea.M.. 

Jlum.: [1) ma 6 a T B. B., Bae11eHHe B HOMTIJIBHCHbll! aHaJIH3, 
2 H3/I., "· 2, M., 1976; [2) r a H H H Hr P., p 0 cc H x., AHaJIH
TH''!BCHl!e cjlyHHllHH MHOrHX !\OMTIJIBHCHhlX nepeMeHHhIX, nep. c aHrJI .• 
M., 1969; L3) X e p M a H A e p JI., Bee11eH1<e a Teopmo cjlyHHllHH 
HeCKOJibRUX KoMnJieRCHbIX nepeMeHHbIX, rrep. c aHrJI., M., 1968. 

E. Jl.. CoJ10.'l<eH1feB. 
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PllMAHORA IIOBEPXHOCTb a H a JI H T H 'I e c K o ii: K-phlx cJiy'laHx B oIIpei:teJieHHH A 6oJiee y.a;o6Ho i:i;oIIycRaTb 
«P y H K II, H H w= f (z) K 0 M II JI e K c H 0 r 0 II e p e- KoH«J>opMHoe OT06pameHHe He TOJibKO I po.a;a, HO H II po;o;a. 
Me H H o r o z - rroaepxHoCTb R TaKaH, 'lTO .a;aHHaH IloJiy11aIDm;aHCH IIpH TaKoM IIo;o;xo;o;e P. II. c KpaeM ii (HJIH 
no.ti1taH ana.n,umu'lecnaH rfiynnlfUH w=f(z), aoo6m;e roaopH 6ea Hero) He HBJIHeTcH yme, aoo6m,e roaopH, opHeHTHpye-
MHoroaHa'lHaH, MomeT paccMaTpHBaTbCH Kai\ OAH03Ha1JHaH MOH, HO B IIpe;o;IIoJiomeHHH ee KOHe'lHOCTll OHa MomeT 
aHaJIHTH'l. «J>yHKil,llH w= F (p) TO'lKll p IIoaepxHoCTll R · 6LITb aJiomeHa KoH«J>opMHo B opl!IeHTllpyeMyID aaMKHYTYID 

IloHHTHe P. II. B03Hl!IKJIO B CBH3ll c l!Iay11eHl!IeM aJire6pa- p. II.- ay6.tib pu:Manoooii nooepxnocmu .R (cM. (8)). 
H'l. «J>yHKil,llH w= f (z), OIIpe;o;eJIHeMLIX aJire6pal!I'l. ypaaHe- IlycTb aHaJIHTll'l. «J>yHKil,HH w= f (z) aa.a;aHa OAHllM ll3 
HHeM CBOl!IX peryJIHpHhIX aJieMeHTOB (a, P)=(a, p (z-a)), T. e. 

a0 (z)wm+adz)wm- 1+ ... +am(z)=O, (1) rrapoll:, cocToHm;e:ii: H3 TO'lKll aEC ll CTeIIeHHoro pH;o;a 

r;o;e aj(z), j=O, ... , m,- MHoro11JieHhI c IIOCTOHHHbIMH 
Koa«J>«J>H11,HeHTaMH, a0(z):;i:O, am(z):;i=O. B pa6oTax B. IlIDll
ae (V. Puiseaux, 1850-51) 6hIJIO )'l;OCTl!IrHyTo HCHOe IIO
Hl!IMaHlle MHoroaHa'lHOCTll, IIpHcym;e:ii: 3THM «J>yHKil,llHM 
w= f (z), Kor;ii;a Ka:m.itoMy aHa11eHl!IID IIepeMeHHoro z CTa
BHTCH B COOTBeTCTBl!Ie m aHa'leHl!IH IIepeMeHHoro w. B. Pll
MaH (B. Riemann, 1851-57, CM. [1]) BIIepBhle IIOKaaaJI, KaK 
AJIH JIID60H aJire6pall'l. «J>yHKil,HH IIOCTpOHTb IIOBepXHOCTb, 
Ha K-poll: ee MOll\HO paccMaTpl!IBaTb KaK OAH03Ha'lHYID pa-
11,llOHaJibHYID «J>yHKil,llID TO'lKH. IloJiy11eHHYID p. II. MOll\HO 
OTOll\AeCTBllTb c aJire6pall'l. KpHBOH, OIIpe.a;eJIHeMOH ypaB
HeHHeM (1). Boo6m;e, AJIH acero .a;aJibHell:mero paaBllTl!IH 
TeopHH p. II.' CBH3aHHoro c HMeHaMl!I <I>. R'.JieHHa (F. Klein), 
A. IlyaHKape (H. Poincare), II. Re6e (P. Koebe) 
ll .a;p., xapaKTepHo (To ycllJil!IBaIDm,eecH, TO HeCKOJibKO oc
Jia6eaaIDm;ee) aaal!IMoIIpoHl!IKHoaeHHe, c OAHOH CTopoHhI, 
H;o;ell: H MeTOAOB TeOpllll «J>yHKlJ,HH KOMIIJieKCHoro IIepeMeH
Horo, c .itpyroll: - aJire6phI H aJire6paH11. reoMeTpHll. 
BamHOH aexoll: B 3TOM pa3BHTl!IH HBHJIOCb IIepaoe ll3AaHl!Ie 
KHHfH f. Be:ii:JIH [ 18), B K-poH 6bIJIO c«J>opMyJillpoaano 06-
IIJ,ee IIOHHTHe a6cTpaKTHOH p. II. 

0 II p e A e JI e H H e A: CBH3Hoe xaycp;op«J>oao TOIIO
JiorH11. IIpocTpaHCTBO R Haa. a 6 c T p a KT H 0 i\: p H
M a H 0 B 0 :ii: II 0 B e p x H 0 c T b ID, HJIH IIpOCTO p H
M a H 0 B 0 ii II 0 B e p x H 0 c T b ID, ecJIH OHO AOIIYCKa
eT IIOKpLITHe OTKphIThIMH MHomeCTBaMH u c COOTBeTCTByID
IIl;HM Kamp;oMy MHOiKeCTBY u roMeoMop«jJHhIM oT06pameHH
eM a: U-+ D, rp;e D= {zEC : lzl <1} ecTb ei:i;HHH'lHLIH 
Kpyr Ha IIJIOCKOCTH c KOMIIJieKCHoro IIepeMeHHoro z, 
IIpH11eM ecJIH TO'lKa p ER IIpHHap;JieiKHT UH U', TO aaaHMHo 
o.a;HoaHa'lHOe COOTBeTCTBHe z' =a' a - 1(z) eCTb KoH«J>opMHoe 
oT06pameHHe I po.a;a B oKpecTHOCTH TO'lKH a (p) ED, TO 
eCTb z'=a'a-1(z) eCTb OJJ;HOJIHCTHaH anamJTH'l. «J>yHKil,llH B 
oKpecTHOCTH TO'lKH a (p) ED. MHa11e roaopH, a6cTpaKTHaH 
p. II. eCTb .o;ByMepHoe KOMIIJieKcnoe anaJIHTll'l. MHoroo6-
paaHe. 

OIIpe.o;eJienne p H M a H 0 B 0 ii II 0 B e p x H 0 c T H c 
K p a e M ii OTJIH'laeTCH OT OIIpe.a;eJieHHH A TeM, 'lTO HapH
AY c roMeoMop«J>HaMaMH a : U-+ D AOIIycKaIDTCH roMeoMop

«J>naMhI a: U-+Dt, r,n;e D;i={zEC: lzl<1, Imz:;;;a,O} 
- eAHHH'lHhIH IIOJIYKpyr Ha IIJiocKoCTH C, IIpH'leM 

06hl11Ho IIpe;o;IIoJiaraeTcH, 11ro R He HBJIHeTCH P. II. a CMhIC

Jie oIIpe.a;eJieHllH A. To11KH P. II. c KpaeM ii, l!IMeIDm,lle 
oKpecTHOCTH, roMeoMop«J>Hhle D, Haa. aHyTpeHHHMH, a 
OCTaJibHhle TO'lKH, OT06pamaIDIIJ,HeCH B TO'lKll OTpeaKa 

{ z = x + iy Et: -1 < x < 1, y = O}, 

o6paayIDT Kpaii aR. CoBOKYIIHOCTb BHYTpeHHl!IX TO'leK R 
(a H y T p e H H o c T b R) ecTb P. II. B cMhlcJie oIIpeAe
JieHllH A. TaKl!IM o6paaoM, B cJiy11ae P. II. c KpaeM 06hl11Ho 
Kpaii IIpe.a;IIoJiaraeTCH HeIIyCThIM MHomeCTBOM. 

p. II. (llJIH p. II. c KpaeM) eCTb TpHaHryJillpyeMoe ll opll-
0HTHpyeMoe MHoroo6paaHe co c11eTHOH 6aao:ii:, K-poe, cJie
AOBaTeJibHo, ceIIapa6eJibHO H MeTpllayeMo. RoMIIaKTHaH 
p. II. (6ea KpaH) Haa. 3 a M K H y T 0 ii p. II.; 6oJiee IlIH
poKllH KJiacc K 0 H e q H hI x p. II. BKJIID'laeT aaMKHYThle 
p. II. ll KOMIJaKTHbie p. II. c KpaeM, COCTOH!IlllM lil3 KOHe'l
HOro 'lllCJia CBH3HidX KOMIIOHeHT. HeKOMIIaKTHbre p. II. c 
KpaeM HJIH 6e3 Hero Ha3. 0 T K p Id T hI M JI p. II. B He-

P (z-a)= ~co av (z-a)v 
.i:.Jv=D 

c 11,eHTpoM a liI pap;HycoM CXOAHMOCTH r(a), O<r(a)<co. 
Ana.tiumu'lecnoe npoao.ti:ncenue aJieMeHTa (a, P) B,IJ;OJib ace-

aoaMomHhIX IIyTeH B pacmHpeHHO:ii: IIJIOCKOCTH t II03BO
JIHeT IIOJIY'IHTb ace peryJIHpHhle aJieMeHThI TaKoro me rn:IIa 
(b, Q), COCTaBJIHIDm;He B COBOKYIIHOCTH IIOJIHYID aHaJil!ITH'l. 
«J>yHKil,HID, K-pyID Mhl 6y,a:eM IIpo.a;oJimaTb o6oaHa'laTb w= 
= f (z). RpoMe Toro, IIpH aHaJIHTH'l. IIPOAOJilKeHl!IH IIOHB
JIHIDTCH aJieMeHThI 6oJiee o6m;ell: IIpnpo.a;hI 

(b, S)=(b, S ( {Yz-b)), 

T. e. IIa phl, cocToHm;ne na TO'IKH b E C H o6o6IIJ,eHHoro 
CTeIIeHHoro PHAa (p H A a n ID H 3 e): 

s( {Yz-b)= ~:=m bv (z-b)v/n 

l!IJill (a cJiy'lae, Kor.ita b= oo - 6ecKoHe'IHO YAaJieHHaH 
TO'lKa): 

S(z-1/n)=~ao b z-v/n 
~'V=m 'V ' 

r.a;e m - 11,eJioe, a n - HaTypaJibHoe 'IHCJia, IIpn'leM 3TH 
PHAhI CXOJJ;HTCH coOTBeTCTBeHHo IIpn lz-bJ <r (b) HJIH IIplil 
lzl>r(oo)>O. 06o6m;eHHhle aJieMeHThI (b, S), a TO'lHee 
HX KJiaCChI 3KBHBaJieHTHOCTH, COCTaBJIHIDT B COBOKYIIHOCTH 
ana.tiumu'lecnuii o6paa A I• cooTBeTCTBYIDIItHH .a;aHHOH 
aHaJinTH'l. «J>yHKil,HH w= f (z). Cpe.a;H cocTaBJIHIDIItHX aHa
JIHTH'l. o6paa KJiaccoa aKanaaJieHTHOCTH aJieMeHTOB (b, S) 
paaJin'laIDTCH peryJIHpHhle c n= 1 H paaaeTBJieHHhle c n >1. 
Baep;eHne IIO,O:XO,O:HIIteii TOIIOJiornn Ha aHaJIHTH'l. o6paae 
A I IIpeapam;aeT ero B P. II. R 1 aHaJIHTH'l. «J>yHK11,nn w= 
= f (z). :Cho IIoJiy'laeTCH, HaIIp., ecJin aa,n;aaaTb oRpecT
HOCTb aJieMeHTa (b, S), b=faco' KaK MHomeCTBO, COCTOH!Ilee 
Ha caMoro aJieMeHTa (b, S) H ac.ex Tex peryJIHpHhIX aJieMeH
TOB (a, P) na At, ):lJIH K-phIX lb-al<pn, p<r(b) H pH.a; 
p (z-a) CXOAHTCH K OJ:lHOMY H3 n OIIpe/WJieHHH pH.a;a 

S ('i/ z-b) B nx o6m,eii o6JiacTn oIIpe.iteJieHnH, T. e. 

P (z-a)=S(e{Yz-b), 

r.a;e 8 - OAHH H3 KopHeii H3 e.a;nHHil,hI CTeneHn n, en= 1. 
OKpeCTHOCTb aJieMeHTa (co' S) COCTOHT H3 caMoro 3JieMen
Ta ( oo, S) H acex Tex peryJIHpHbIX aJieMeHTOB (a, P) na A 1, 
,O:JIH K-phIX lal >p-n, p<r(b) II PHA P (z-a) CXOAl!ITCH Ko.a;
HOMY na n OIIpe,n;eJieHl!IH pH.a;a S (z-1/n). IlpocTpaHcTBO R 1 
y.a;oBJieTBopHeT aceM ycJIOBl!IHM oIIpe,a:eJieHl!IH A. 

TaKnM o6paaoM, Kam,a:oll: aHaJil!ITll'l. «J>yHKlJ,llH w=f(z) 
COOTBeTCTByeT p. II. R ,, Ha K-poii 3Ta «J>yHKlJ,HH IIpe,a:cTaB
JIHeTCH KaK 0,IJ;H03Ha'lHaH aHaJil!ITH'l. «PYHKlJ,HH TO'IKH w= 
=F(p), p=(b, S)ER1. 8To oaHa11aeT, 'lTO B oKpecTHocm 
JIID6oii TO'lKll p0 = (b, S) cyrrtecTByeT .tiona.tibHMii ynurfiopMu-
aupy10UfUU napaMemp t= 'i/ z-b, qepea K-phlii w Bhlpa

maeTcH KaK OJtH03Ha1JHaH aHaJil!ITlil'l. «PYHKlJ,HH w=P (t)= 
=F(p). MHa11e roaopH, P. II. R1 aHaJIHTlil'I. «J>yHKil,llll ecTb 
reoMeTpn11. KOHCTPYKil,llH ,O:JIH rJio6aJibHo:ii: ynurfiop:Muaa-
1fUU MHoroaHa11noro, aoo6rrw roaopH, cooTHoUieHl!IH w= 
=/(z). B oKpecTHOCTII KamAo.ii: TO'lKII p0=(b, S)ER1 ono 
ynmpopMH3IIpyeTCH rrocpeACTBOM ,a:ayx OAH03Ha'IHbIX ana
JIIITII'I. «PYHKil,Hii z=b+tn H w=S (t). c ;ri;pyroil: CTOpOHhI, 
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0To6pamenne rrpoeKTHpoBaHHJI n : (b, S)-+ b, CTaBHru;ee OCTaIOTCH CBOi5o,a;HLIMil, ne OTOm,[\eCTBJIHIOTCJI. IloHHTlle 
B COOTBeTCTBHe KaiK,[\oMy aJieMeHTY p0=(b, S)ER1 ero po,a;a o6o6ru;aeTCH n ,a;JIH oTKpLITLlx P. rr. R, Harrp. rrpH 

~eHTp b, IIOKa3hlBaeT, 'ITO P. II. Rt aHaJIHTil'I. qiynK~Illl IIOMOIIl;Il IlC'IeprraHHH R IIOCJie,a;oBaTeJibHOCTbIO {Rv};'=l 
eCTb (paaBeTBJieHHaH) HaKphlBaroru;aH rroBepxHOCTb Ha,[\ 
pacurnpeHHofi KoMrrJieKCHofi IIJiocKoCTbIO C HJIH, 'ITO TO rrpnHa,a;Jiemaru;nx R KoMrraKTHhlx p. rr. c KpaeM Rv Ta-

me, Ha.a; Pu.711,ana crfiepou. IlpoeK~nn paaBeTBJieHHhlX Knx, 'ITO Rv cop;epmnTCH BHYTPH Rv+i, U ~=1Rv=R. 
aJieMeHTOB (b, S) c n>1 cyTb TO'IKH BeTBJieHHH aToro Ha- Po.a; g P. rr. R rroJiaraIOT paBHhlM g=lim gv, rp;e gv - po;i:t 
KpbITilH. V->"" 

B To me BpeMH Kamp;oil: arrpnopn 3a,a;aHHoil: p. rr. R Rv. 8ToT rrpep;eJI cyru;ecTByeT n He 3aBHCHT OT Bhl6opa Hc

cooTBeTCTByeT 6ecKoHe'IHO MHoro aHaJIHTH'I. qiyHK~nil: w= 'IepIIaHHJI {Rv }, O..;;;:g..;;;:+ oo. Op;HaKo po.a; He IIOJIHOCTbIO 
=/(z), ,[\JIH K-pLix nMeHHO R HBJIHeTCJI nx P. II., Ri=R. oIIpep;eJIJleT TOIIOJIOI'Il'I. THII OTKpLIToil: P. II.; TOIIOJIOl'H'I. 
8To yTBepm,a;eHne AJIH CJiy'IaH 3alliKHYTLIX p. II. 6LIJIO Bbl- TilIIhl OTKphlTLIX p. II. MOI'YT 6b1Tb BeCbMa pa3Hoo6pa3HLI-
CKa3aHo n o6ocHoBaHo eru;e B. PnMaHOM B 1851. IJ;empaJib- Mn. TaK, Ha pnc. 2 nao6pameHhl ,a;Be Mop;eJin c g=O H 
HhlM IIYHKTOM COOTBeTCTByroru;ero .D;OKa3aTeJibCTBa JIBJIHeT- g= 2. 
CH KOHCTpyK~HH rapMOHH'I. qiymt~nil: Ha R c aa;i:taHHhlMH BamHoii: TOIIOJIOI'H'I. xapaKTepncTHKo.ii: P. II. R J1BJIJ1eT-
oco6eHHOCTHMH. )];aHHoe B. PnMaHoM o6ocHoBaHne oIIn- CJI rropH,a;oK CBJl3HoCTn: R Haa. o ,a; H o c B JI a H o ii:, 
paJIOCb Ha HeKpHTil'I. IIpHMeHeHHe T. H. !{upUX.lte npun- eCJIIl JII06yro IIpOCTYIO 3aMKHYTYIO KpHBYIO Ha R MomHo 
lfUna; CTporoe AOKa3aTeJibCTBO BIIepBLie 6blJIO ,a;aHo Il. J\e- HeIIpephlBHO p;eqiopMnpoBaTb B TO'IKY, He BhlXOAJI 3a IIpe-
6e ( 1909); IIo3,a;Hee 6bIJIH p;aHLI 6oJiee IIpocTLie p;oKaaaTeJib- p;eJILI R, T. e., nHa'Ie r0Bop11, ecJin rfiy noa.Menma.n,&nasi 
CTBa 3TOI'O qiyHp;aMeHTaJibHOI'O IIOJIOmeHHH, B TOM 'IIlCJie zpynna IIOBepXHOCTil R TpHBHaJibHa. B IIpOTilBHOM CJiy-
Il orrnparoru;necH Ha Ha,a;Jiemaru;nM o6paaoM IIpnMeHHeMhlii: 'Iae P. rr. R Haa. M H o r o c B H a H o ii:. BamHLiii: KJiacc 
upnH~IlII )];npnxJie (CM., Harrp., [3], [4], [17], [18]). COCTaBJIHIOT P. rr., II 0 ,[\ 0 6 H bl e 0 AH 0 JI Il c TH LIM: 

H'.aKoBa 6bl Hll 6LIJia opneHTnpyeMaH TOIIOJIOl'II'I. ITO- TaK Ha3. p. II. (c KpaeM IlJIIl 6e3 KpaH), K-phle paa;i:teJIHIOTCH 
BepXHOCTb s' MOIKHO IIOCTpOHTb p. II. R, I'OMeoMopqiHyIO JII06oii: rrpOCTOH aaMKHYTOH KpHBOH Ha p;Be HerrepeceKaIO-
s' T. e. IIOCTpOHTb p. II. R TOI'O me TOIIOJIOI'Il'I. THIIa, 'ITO ru;necll 'IaCTil. Harrp., Ha pnc. 2, a rrpe,a;cTaBJieHa TOIIOJIO-
Il s. 3aMKHyTLie P. II. TOIIOJIOI'Il'IeCKil BIIOJIHe xapaKTe- I'll'!. Mop;eJib MHOI'OCBH3HOH P. II., rrop;o6Hoii: O):tHOJIIlCTHOH. 
pnayIOTCH op;HHM 'IHCJIOM - pop;oM g, O..;;;:g<+co. Torro- P. rr., rro;i:to6HaH op;HoJIHCTHOH, Heo6xo,a;n:Mo IIMeeT po.a; 
JIOI'II'I. TIIII TaKoii: P. rr. R rrpII g= O eCTb cqiepa, rrpn g= HYJib. P. rr. R, rro.o;o6HaH O,Il;HOJIHCTHoii:, Ha3. n-c B JI 3-
= 1 - Top, rrpn g>1 - o6o6ru;eHHhlii: Top, IIJIH cqiepa c g 
py'IKaMII. PaapeaaB P. rr. R po,a;a g=O BAOJib HeK-poii: p;y
rII, rroJiy'IaIOT B Ka'IeCTBe ee TOIIOJIOI'II'I. M0,[\0JIII, IlJIII H 0 p
M a JI b H o ii: qi o p M hi, AByyroJibHIIK c CIIMBOJIOM s= aa - 1, 
yKa3hlBaIOru;IIM, 'ITO TO'IKII CTopoH a II a- 1 OTomp;eCTBJIHIOT
CH; rrpn g)>1 Heo6xo,a;IIMO cp;eJiaTb 2g r;,anonu'tecr;,ux paape
aoe al, b1, •. ., ag. bg, IIOCJie '!01'0 IIOJiy'IaeTCJI HOpMaJibHaH 
qiopMa aaMKHyToii: P. rr. R - MHoroyroJibHIIK c 4g cTopo
HaMII, rrorrapHo OTOmp;eCTBJIH0MhlMII, CIIMBOJI s=a1 ... ,Il;OJI
meH yKa3hlBaTb rropH.D;OK CJiep;oBaRIIH CTopoH. Harrp., Ha 
pIIc. 1 II3o6pameHhl HopMaJibHhle qiopMhl cqiephl rrpII g=O n 
Topa rrpII g= 1 c IIX CIIMBOJiaMII. c aHaJIHTII'I. TO'IKII apeHIIH 
aaMKHyTaH P. rr. R xapaKTepnayeTCH TeM, 'ITO oHa ecTb 
P. rr. HeK-poii: aJire6paII'I. qiyHK~IIH w= f (z), orrpe;o;ea11e
Moii: aare6paII'I. ypaBHeHneM (1) CTerreHn m. 8Ty P. rr. R 
MOIKHO rrpep;CTaBJIHTb ce6e TaKme B BII,[\e m JlllCTOB, rrpo-

Pnc. 1. 

CTn:paroru;IIXCH Hap; cqiepoii: Pn:MaHa II orrpe,a;eJieHHhlM 06-
paaoM coe,a;IIHHIOIIl;IIXCH Mem,a;y co6oii: B TO'IKax BeTBJieHIIH 
II B,[\.OJib HeK-phlX JIIIHIIH, coep;HHHIOIIl;IlX 3TII TO'IKII (crroco6 
coe,a;IIHeHHH orrpe,a;eJIHeTCH KOHKpeTHLIM Bll,[\OM ypaBHe
HIIH (1)). Ilpn aToM po.a; g P. 1i. R BhlpamaeTCH 'Iepea 'IIICJIO 
JIIICTOB m II rropHp;Kil k1' •• ., ks TO'IeK BeTBJieHIIH Pu.Ma
na - I'ypeulfa rfiop.My.n,oii 

s kv-f 
g= ~ --m+1. ,(..iv== 1 2 

RoHe'IHbie p. II. if TOIIOJlOl'H'IeCKII BIIOJIHe xapaKTepn-
3YIOTCH pop;oM g' 0 ..,;g <co' Il 'IIICJIOM l CBH3HLIX KOMIIO
HeHT KpaH, 0..;;;:l<oo; IIX TOIIOJIOI'Il'I. TIIIIOM HBJIHeTCH cqie
pa c g py'IKaMII II l OTBepcTIIHMII. B HopMaJibHoii: qiopMe 
KOHe'IHOH p. II. 'IIICJIO CTopoH He o6H3aTeJibHO 'IeTHOe, 
HeK-pLie CTOpOHhl, COOTBeTCTByroru;ne KOMIIOHeHTaM KpaH, 

a) a·O 

Pnc. 2. 

H 0 il:, ecJIH MIIHIIMaJibHOe 'IIICJIO paape30B, rrpeBparu;aIO
ru;HX R B o;i:tHOCBJl3HYIO P. rr., paBHO n-1, n;;:,,1 (cM. 
pnc. 2, 6). 

TorroJiorII'I. CBoii:cTBa P. rr. R OTHIO,ll;b He onpeµ;eJIHIOT 
IIOJIHOCTbIO aHaJIIITII'I. CBOHCTBa R, T. e. TOIIOJIOl'B'I. CBOH
CTBa R He orrpep;eJIHIOT IIOJIHOCTbIO IIOBep;eHIIe qiyHK~IIii: 
pa3JIH'IHLIX KJiaccoB Ha R. B '!aCTHOCTII, rryCTb f : R 1 -+ 
-+ R 2 - qiyHK~IIH Ha P. rr. R 1 co aHa'IeHHHMII Ha p;pYf'oil: 
P. rr. R 2 • <l>yHK~nH f Ha3. aHaJIIITH'IecKoii: Ha R 1, ecJIII AJIJI 
JII06oii: TO'IKII PoER1, /(Po)=qo, MOmHo HaHTII JIOKaJibHhle 
YHIIqiopMII3IIpyroru;IIe rra paMeTphl COOTBeTCTBeHHO t= cp (p) 
B oKpeCTHOCTII p 0 Ha R 1 II 't'='¢ (q) B oKpecTHOCTII q8 Ha R 2 
TaKne, 'ITO CJIOmHaH qiynKIJ;IIH 

't'='¢ {/ [cp- 1 (t)]}=g (t) 

HBJIHeTCH aHaJIIITII'I. qiyHK~Heii: KOMIIJieKCHOI'O JiepeMeH
HOI'O t B oKpecTHOCTII 3Ha'IeHHH t0=cp(p0). )];Be P. rr. R 1 II 
R2 Ha3. K 0 H qi 0 p M H 0 3 K B II B a JI e H TH LI M II, 
IIJIII rrpIIHa,a;Jiemaru;nMH op;HOMY II TOMY me KOHqiopMHoMy 
KJiaccy, ecJIII cyru;ecTByeT aHaJIIITII'I. qiyHK~HH f : R 1 -+ 
-+ R 2 , B3aIIMHo op;Ho3Ha'IHO oTo6pamaroru;aH R 1 Ha R 2 • 

c TO'IKII apeHIIH IIOBep;eHHJI aHaJIIITII'I. qiynK~IIii:: Ha p. II.' 
KoHqiopMHO 3KBIIBaJieHTHLie p. II. CJiep;yeT paccMaTpIIBaTb 
KaK o,u;Hy II TY me p. II.' HO TOIIOJIOI'II'IeCKII 3KBIIBaJieHTHHe 
p. II. He BCer,a;a HBJIHIOTCH KOHqiopMHo 3KBIIBaJieHTHLIMII. 

IlpnMeHIITeJibHO K p. II. MOIKHO CJiep;yIOIIl;IIM o6paaoM 
cqiopMyJIIIpOBaTb T e 0 p e M y p II M a H a 0 K 0 H
qi 0 p M H 0 M 0 T 0 6 p a m e H II n: BCHKaH op;HOCBH3-
HaH p. II. R KoHqiopMHO 3KBIIBaJieHTHa O,[\HOH II3 Tpex 06-

JiacTeii:: 1) pacrrrnpeHHOH KOMIIJieKCHOH IIJIOCKOCTII iC = 
= (; u { 00 }, IIJIII cqiepe PIIMaHa (3 JI JI II II T II 'I e c K H :ii: 
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c JI y q a ii:); 2) KoHe'llloii: KOMIIJieKCHoii: IIJiocKoCTH IC, 
HJIH cifiepe PHMaHa c op;Hoii: BhlKOJIOToii: ToqKoii: (II a p a 6 o
JI H q e c K H ii: c JI y q a ii:); 3) ep;HHH'lHOMY Kpyry D= 
= {zEIC : lzl <1} Ha IIJIOCKOCTH IC, HJIH ccflepe PHMaHa c 
paape30M IIOJIOil\HTeJibHOH AJIHHhl (r H II e p 6 0 JI H q e
c K H ii: c JI y q a ii:). Bail\HhlH peayJibTaT COCTOHT B TOM, 
qro mo6aH p. II.' IIOA06HaH O)J;HOJIHCTHOH, KOHcPOpMHO 3K
BHBaJieHTHa HeK-poii: KaHOHHq. o6JiaCTH pacrrrnpeHHOH KOM
IIJieKcHoil: IIJIOCKOCT!il. B KaqecTBe TaKo:ii: KaHOHHq. o6JiaCTH 
MOil\HO B3HTb BCIO pacnuapeHHYIO IIJIOCKOCTb c KOHeqHhlM 
HJIH 6ecKoHeqHhlM qHcJioM paapeaoa, IIapaJIJieJibHhlX p;eii:cT
BHTeJibHOii OCH, IIpHqeM HeK-phle H3 3THX pa3pe30B MoryT 
BhlpOIBAaTbCH B ToqKH. RaK y1\'.a3aHo Bhlme, B cJiyqae op;
HOCBH3IIoii. p. II. KaJIOJIHq. o6JiaCTb JIH6o He HMeeT Hlil op;
Horo pa3pe3a (a JI JI H II TH q e c K H ii. TH rr), JIH6o pa3-
pe3 BhlpOIB)J;aeTCH B TOqKy (rr a p a 6 0 JI II q e c K Iii ii: 
T H II), JIH6o pa3pe3 HMeeT IIOJIOil\HTeJibHYIO AJIHHY (r H
IT e p 6 o JI H q e c K H :ii. TH rr). Bee TPH THrra op;HOCBH3-
IIMX p. II. KOH<flopMHO pa3JIJilqHhl, XOTH rrocJie)J;HHe ABa 113 
HHX TOIIOJIOrHqecKH 3KBHBaJI0HTHhl. II p 0 6 JI e M a TH
IT a, rroKa (1983) He IIOJiyqHBIIIaH IIOJIHoro peIIIeHHH, 
COCTOHT B pa3hlCKaHHH AOIIOJIHHTeJibHhlX YCJIOBHH Ha O)J;HO
CBH3HYIO p. II.' rrpH K-phlX OHa IIpHHa)J;Jieil\HT r11rrep60JIH
qecK0My HJIH rrapa60JI11q. THIIY (CM. [6], [7], [10], [11]). 

B o6rn.eM cJiyqae rrpoH3BOJibHOH P. rr. R o)J;HOCBH8Ho:ii. 
P. rr. 6yp;eT acerp;a ee yHHBepcaJibHaH HaKpLiaarorn.aH rro

BepxHoCTb R, K-paH, cJiep;oBaTeJibHO, rrpHHap;JIE•IBHT op;Ho
My 113 rpex yKa3aHHLIX THIIOB. CaMa P. II. R cqHTaeTCH 
p. II. 3 JI JI H II T H q e c K 0 r o, II a p a 6 0 JI H q e c Ko
r 0 HJIH r H II e p 6 0 JI H q e c K 0 r 0 THIIa B COOTBeTCTBHH 
c TeM, KaKoro THrra 6yp;eT ee yHliBepcaJihHaH HaKpbrnaro

IllaH R. 8ra KJiaccmfmKa!IlilH P. rr. orrpaB)J;LIBaeTCH cJiep;yro
IllHMH coo6paiHeHHHMH. IIycTb D - op;Ha H3 Tpex o6Jia
cTe:ii.: pacIIIHpeHHaH KOMIIJieKcHaH IIJIOCKOCTb, KOHeqHaH 
KOMIIJieKCHaH IIJIOCKOCTb JilJIH ep;HHHqHhIH Kpyr, a A -
HeK-paH rpyIIrra p;po6HO-JIHHeHHhlX oro6paIBeHHH o6JiaCTH 
D Ha ce6H (aBTOMOPcPH3MOB), He HMeIOIIIaH HeIIOABHil\HhIX 
ToqeK B D. RoH<flopMHoe OTo6paIBeHHe w= W (q) yHHBep-

caJibHOI':i HaKpLIBaro111e:ii. R Ha D rrepeaop;HT rpyrrIIy A IIpe

o6pa3oBaHHH HaKpLITHH R, H30MopcflHYIO cPYHAaMeHTaJih
Hoii. rpyrrIIe :rt1(R), B HeK-pyro rpyrrrry A aaToMopiJ>H3MOB 
o6JiaCTH D. IIpH aTOM w= W(q) MOIBHO paccMaTpHBaTb KaK 

KoH<flopMHoe oTo6paIBeHHe iJ>aKToprrpocTpaHCTBa RI A Ha 

iJ>aKTOprrpocTpaHCTBO DI A, a RI A Moil\Ho OTOil\AeCTBHTh 
c R. TaKHM o6pa30M, w= W(q) MOIBHO paccMaTpHBaTb KaK 
KOHiJ>opMHOe OT06paIBeHHe p. II. R Ha iJ>aKTOpIIpOCTpaHCT
BO DI A c HeK-poii: rpyIIrroii aaToMopcflH3MOB A, H30MopiJ>
Hoii cPYH)J;aMeHTaJibHOH rpyrrIIe :rt1(R). 

TaK KaK P. II. R aJIJIHIITHq. THIIa o6H3aTeJibHO op;IIOCBH3" 
Ha, To rpyrrIIa A TPHBHaJibHa, a 3HaqHT, TaKaH P. II. ecTb 
o6H3aT0JibHO p. II. cPYHK!IHH, o6paTHOH pa11110HaJibHOH. 
0p;HOCBH3HaH p. II. rrapa60JIHq. THrra o6HaaTeJibHO HB
JIHeTCH p. II. il>YHK!IHH, o6paTHOM MepoMopiJ>Hoii B KOHeq
IIOH IIJIOCKOCTH. RoMIIaKTHaH P. II. pop;a g=O, g=1 H g>1 
HBJIHeTCH COOTB0TCTBeHHO p. II. 3JIJIHIITHqecKoro, IIapa6o
JIHqecKoro H rHrrep6oJIHq. THIIa. 

B CBH3H c KOH<flopMHOii 3KBHBaJieIITHOCTb!O p. II. B03-
HHKaeT TaKil\e BOIIpoc 0 CTpoeHHH rpyIIIIbl z KoHiJ>opMHhIX 
asToMopiJ>H3MOB P. 11. R. 3a HeK-pbIMH rrpoCThIMH HCKJIKJ
qeHHHMH 3Ta rpyIIIIa z AHCKpeTHa, a AJIH KOMIIaKTHhlX 
P. II. pop;a g>1 oua KOHeqHa (Teo p e Ma III Ba p II a). 
McKmoqHT0JihHLIX CJiyqaea, Korp;a rpynrra Z uerrpepLIBHa, 
BCero C0Mb, a HM0HHO (yKa3aHhl IIpep;cTaBHT0JIH COOTB0TCT
BYRJillHX KouiJ>opMHhIX KJiaccoa): ciJ>epa B 3JIJIHIITHq. cJiy
qae; c.il>epa c op;ao:ii. HJIH ABYMH BhIKOJIOThlMH ToqKaMH n Top 
B IIapa6oJIHq. CJiyqae; Rpyr, Kpyr c BhlKOJIOTOM TOqKoii: H 
KOJihiIO B rmrep6oJinq. cJiyqae. 

BaIBHoe 3Haqeune HMeeT TaKIBe rr p o 6 JI e M a M o A y
JI e ii p. II. B pa3JIHqHhlX IIOCTaHOBKax. 8To Borrpoc 0 B03-
J40il\HOM OIIHCaHHH parurno6pa3HH KoHiJ>opMHO He3KBHBa-

JieHTHh!X p. II. Toro HJIH HHOro BHAa. H arrp.' JierKo ycTa
HaBJIHBaIOTCH CJieAYIOIIIHe rroJioil\emrn. MHoil\eCTBO BH,O:OB 
KoHiJ>opMHO He3KBHBaJieHTHhlX ABYCBH3HhIX p. IL' IIO)J;06-
HhIX O,O:HOJIHCTHhIM (KoJie11), 3aBHCHT OT o,a:Horo p;eHCTBH
TeJihHoro IIapaMeTpa (Mo A y JI H) k, O<k<1; T. e. p;aa 
KOJiblla 0 <rv <lzl <Rv, V= 1, 2, KOHiJ>opMHO 3KBIIBaJieHT
Hhl TOr,a:a H TOJibKO Torp;a, I\Orp;a COBIIap;aroT OTROIIIeIIHH HX 
pap;nycoa: k=(r1IR1)=(r2IR2)· MHoil\eCTBO BHAOB KoH<flop
MHO He3KBHBaJieHTIIhIX n-CBH3HhIX p. II.' IIOA06HhlX OAHO
JIHCTHhlM, IIPH n >2 3aBHCHT OT 3n - 6 p;eii.CTBHTeJibHhlX 
IIapaMeTpoa. MHoil\ecTBo BH/WB KoHiJ>opMHo HeaKBHBaJieHT
HhlX 3aMKHythlX p. II. po,a:a g;;;;d IIpH g= 1 3aBHCHT OT 
,a:ayx ,a:eiiCTBllTeJibHhIX IIapaMeTpOB, a rrpn g>1 - OT 
6g - 6 p;eiicTBHTeJibHLIX IIapaMeTpoa (cM. Pu.Ma1wobix 
nooepxnocmeu 1wnrfjop.Mn1n.e n.1taccbL, a TaKIBe [3], [ 12], [ 13], 
[15], [16]; OTHOCHTeJibHO IIOBep;eHBH ¢YHKI1Hll ,a:pyrnx 
KJiaccoa Ha P. II. cM. Pu.Manoob!x nooepxnocmeu K.1taccu
rfjuKalfu:t). 

Bail\HhlM acrreKTOM TeopHH p. II. HBJIH0TCH CBH3b c rro

HHTHeM YHH¢opMHaa111rn:. ,Il,JIH MHOroaHaqHoii:, B006IIIe ro
BOpH, aHaJIHTHq. cPYHK!IHll 

w=f (z) (2) 

ee P. rr. R 1 ,a:aeT reoMeTpnq. cpe,a:cTBo yHn.il>opMn3a!IHH: 
MHOr03HaqHoe COOTHOIIl0HHe (2) 3aMeHHeTCH ABYMH Op;H0-
3HaqHhlMH rrpep;cTaBJieHJilHMJil: 

w=F (p), z= g (p), pER1, (3) 

BLipaIBaIOru;HMH rrepeMeHHhle z H w O,O:H03HaqHo BO Bceii. 
o6JiaCTH cyru;ecTBOBaHHH ¢YHK!IHH (2) KaK IIOJIHOH aHaJIH
THq. c.{lyHK!IHH. C p;pyroii cTopoHhl, rrop;xop; K. BeiiepIIITpac
ca (K. Weierstrass) K IIOCTpoeHHIO rroHHTIIH IIOJIHo:ii. aHa
JIHTHq. lf>yHK!IllH (2) COCTOHT B HCIIOJib30BaHHH JIOKaJibHOro 
yIIncflopMH3HPYIOIIIero rrapaMeTpa t, II03BOJIHIOII~ero Bhlpa-
3HTb nepeMeHHLie z H w aHaJIHTll'IeCKH B BH)J;e O,O:H03Ha'lllhlX 
aHaJIHTHq. ¢YHK!IHM z=z (t) II w= w (t) JIOKaJibHO B OKpecT
HOCTH HeK-poii ToqKn (z0, w0), w0= f (z0). 3ap;aqa yHncflop
Mnaa11nn B ee npocTe:ii.me:ii. KJiacc11q. rrocTaHOBKe ecTb 3a,a:a
qa CHHTe3a 3THX ,a:ayx n,a:e:ii.. Tpe6yeTcH 3aMeHHTb cooT
HOIIIeHne (2) BO Bceii o6JiaCTH ero orrpe,a:eJieHHH ABYMH 
aHaJinTnq. rrpep;cTaBJieHHHMH z=z(t), w=w(t), rp;e t -
YHHiJ>opMH3Hpyroru;ee KOMIIJieKCHOe rrepeMeHHOe, H3MeHHI0-
111eecH B HeK-poii: o6JiaCTH Ha IIJIOCKOCTH. 

Bo3MOiHHOCTh yHn¢opMn3a!IHH B yKa3aHHoii rrocTaHOBKe 
ycTaHoBJieHa II. Re6e H HeaaancnMo A. IIyaHKape rroqTn 
o,a:HoapeMeHHo B 1907. EcJin.P. rr. R 1 cPYHK!IHH (2) o,a:Ho
CBH3Ha HJIH rrop;o6Ha O)J;HOJIHCTHOH, TO aap;aqa YHHcPOPMH
aa11HH CBO,O:HTCH K IIOCTpoeHHIO KOH¢opMHoro OTo6paIBe

HHH cp : RI - D P. rr. R 1 Ha IIJIOCKYIO o6JiaCTb D. II pe,a:
CTaBJieHnH (3) TOr,a:a ,a:aIOT HCKOMYIO yH11¢opMH3a11nro: 

Z=g [cp-1 (t)], W=F [cp-1 (t)], tED. 

Roa¢opMHoe OTo6paIBeHne f Ha IIJIOCKYIO o6JiaCTb cyrn.e
CTByeT AJIH p. II. R !• rrop;o6HMX OAHOJIHCTHhIM, H TOJib
KO ,O:JIH HHX (o 6 III a H T e 0 p e M a y H H <P 0 p M H-
3a11 n n). 

B 06IIIeM CJiyqae rrpoH3BOJibHOro aHaJIHTHq. COOTHO

rneHHH (2) P. rr. R 1 He HBJIHeTcH rro,a:o6Hoii OAHOJIHCTIIon, 

HO ee yHHBepcaJibHaH HaKphlaaro111aH R 1 op;HoCBH3Ha, n 
CJI0,0:0BaT0JibHO, cyru;ecTByeT KoH¢opMHOe OTo6paiH0HH0 

'\j): RI----+ D, 

r,a:e D - op;Ha H3 yrrmrnHaBmnxcH o6JiacTeii: C, IC HJIH 
ep;HHHqHhlH Kpyr. <PyHK!IHH w=f(z) Mepm10piJ>Ha Ha P. n. 

R 1, a cJie,a:oBaTeJibHO H Ha R 1, rrpuqeM oHa 3aBHCHT TOJihKO 

OT rrpoeK!IHH p= p (q), p ER 1, TO"<iKn qE ft 1. TaKHM o6pa-

30M, rroJiyqaeTCH reoMeTpHq. YHHcPOPMH3a!IHH B Bllp;e 

Z=g [p (q)), w=F [p (q)), 
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a 0Tc10p;a 11 aHaJinTnq. yumpopM:irnau;n.11: 

z=g {p [')J- 1 (t)]}='l' (t), 
W=F {p [')J- 1 (t)]}=c:D (t), tED, 

rp;e z II w BblpamaIOTCH RaR MepoMop.il>Hhl0 «l>YHRIVIH <D (t) 
II 'l'(t) rrepeMeHHOTO tED. 9TH «l>YHRJJ;llll <D(t) II 'l'(t) CYTb 
aemo.1r1oprfjni,ie rfjyHr>lfUU B o6JiaCTll D OTHOCllTeJibHO rpyrrllhl 
aaToMop«Pn3MOB A, 1130Mop.il>Holi .il>ynp;aMeHTaJibHOn rpyrr
ne :rt1 (R 1) P. rr. R 1 ya11.il>opM11311pyeMOH lfiyaRu;1111 (cM. [3], 
[7), [15], [16]). 

Jlum.: [1] pH Ma H B., Coq., nep. c HeM., M.-JI., 1948; 
[2] M a p Ry me B H q A. IL, TeopmI aHaJIHTKqecRHX cjlyHRUHH, 
2 H3)1., T. 1-2, M., 1967-68; [3] r y p B Hu A., Hy pa BT P., 
TeopHfl cjlyHRUHH, nep. c HeM., M., 1968; [4] c T 0 H JI 0 B c., 
TeOpHH cjlyHRUHH ROMnJleRcHoro nepeMeHHOro, nep. c pyM., T. 1-2, 
M., 1962; [5] er 0 lR e, JieRuHH 0 TOilOJIOrH'leCRHX IlpHHuHnax 
Teop11u aHaJ1HT11qecR11x cjlyHRuHit, nep. c cjlpaHu., M., 1964; [6] 
C n p H H r e p .JJ: lR., Bae11eHHe a Teopmo puMaHOBbIX nmrnpx
HOcTeit, nep. c aHrJI., M., 1960; [7] He Ba H JI H H Ha P., YHH
cjlopMH3auHfl, nep. c HeM., M., 1955; [8] III u cjl cjl e p M., C n e H
eep .JJ:. H., ct>yHRuHOHaJlbI Ha ROHeqHbIX pHMaHOBbIX noaepxnoc
THX, nep. c aHrJI., M., 1957; [9] q e 6 o Tape B H. r., TeOpHH 
aJire6pa11qecRHX cjlyHRUHll, M.-JI., 1948; LIO] Bo JI Ro Bbl c
R H II JI. II., «Tp. MaTeM. HH-Ta AH CCCP», 1950, T. 34, c. 3-171; 
[111 er o lR e, «YcnexH MaTeM. HaYR>>, 1956, T. 11, B. 5, c. 77-84; 
[12] H p y m R a JI B c. JI.' HB83HROHcjl0pMHb!e OT06palReHHfl H 
PHMaHOBbI IIOBepXHOCTH,_ HOBOCHO., 1975; [13] Hp y m Ra JI b 
c. JI., An a II a c 0 B b. H., r y c e B c RH lt H. A., HJiellHO
Bbl rpynIIbI B npHMepax H aa11aqax, HOBOCH!5., 1978; [14] HTOrH 
H8YRH H TeXHHRH. AJ1re6pa. TOilOJIOrHfl. reoMeTpHH, T. 16, M., 
1978, c. 191-245; [15] A JI b cjl 0 pc JI., Be pc JI., IlpOCTpaH
CTBa PHMaHOBbIX IlOBepxHOCTelt H RBa3HROHcjlOpMHbJe OT06palReHHfl, 
nep. c aHrJI., M., 1961; [16]_ Be pc JI., «YcnexH MaTeM. ~a¥R», 
1973, T. 28, B. 4, C. 153-98, 1974, T. 29, B. 2, c. 86-102.1. l17] 
KI e In F., Riemannsche FHichen ... Vorlesung von F. Klein, 
Gott., 1894; [18] Wey I H., Die !dee der Riemannschen 
FHi.che, 3 Aufl., Stuttg., 1955; [19] Ah Ito rs L., Sario L., 
Riemann surfaces, Princeton, 1960(· [20] Pt I u g er A., Theorie 
der Riemannschen Flil.chen, B.- u. a.], 1957; l21] Sario L., 
Nakai M., Classification theory of Riemann surfaces, B.
[u. a.l, 1970(· [22] Heins M., Hardy classes on Riemann sur
faces, B.- u. a.], 1969; [23] Gunning R. C., Lectures on 
Riemann surfaces, Princeton, 1966; [24] e r o lR e, Lectures on 
Riemann surfaces, Jacobi varieties, Princeton, 1972; [25] <I> o p c
T e p 0., PHMaHOBbI noaepxHOCTH, nep. c HeM., M., 1980. 

E. 11.. Co.ao11tett1Je8. 
PIIMAHOBA CBH3HOCTh - arfjrfjunnaa, cea,anocmb Ha 

p;irMaHOBOM rrpocTpaHCTBe M' OTHOCllTeJibHO R-po:il: MeT
pll'l. TeH30p rrpocTpaHCTBa g;j HBJIHeTCH ROBap11aHTHO rro
CTOHHHblM. EcJill alfi.il>11HHa.11 CBH3HOCTb Ha M 3ap;aHa c rro
MOIJJ;blO MaTpllJJ;bl JIORaJibHblX cliopM CBH3HOCTll 

ui.=f~dxk, detlrkl=,t=o,} (1) 

w/=r/kdxk 

II M0Tp11q. lfiopMOH Ha M HBJIHeTCH ds2= gijwi wl, TO rro
CJI0)l;Hee ycJIOBlle BblpamaeTCH B Bll)l;e 

dg;1=gk1w1 +g;kwr. (2) 

OHO MOil\eT 6blTh BhlpaIBeHO eru;e CJiep;yIOIJJ;llM o6pa3oM: 
rrp11 napa.tt.Jte.ttbHO.lrl nepenecenuu B)l;OJib JII06o:il: Rp11ao:il: MHO
roo6pa311H M cRaJIHpHoe rrpo1rnaep;eH11e (X, Y>= 
=gijwi(X)wi(Y) rrpo113BOJibHhJX ABYX BeRTOpOB coxpa
HHeT CBOe 3HaqeH11e, T. e. )l;JIH JIIOOhJX BeRTOpHhlX IIOJie:il: 
X, Y, Z Ha M crrpaaep;JI11ao paaeHcTBo 

Z(X, Y>=<vzX, Y>+<X, VzY), 

rp;e v zX - BeRTOpHoe IIOJie, Ha3hJBaeMoe ROBap11aHTHOH 
rrpo113BO)l;HOH IIOJIH x OTHOCllTeJibHO IIOJIH z II orrpep;eJIHe
Moe lfiopMyJio:il: 

wi (v2 X) =Zwi (X)+w~ (Z) wk (X). 

EcJI11 Ha M rrepe:il:T11 R JioRaJihHoMy rroJIIO opT0HopM11po
aaHHhlX perrepoa, TO giJ=6iJ (ecJI11 orpaH11q11Tbc.11 cJiyqaeM 
IIOJIOil\llTeJihHO orrpep;eJieHHOll ds2) II ycJIOBlle (2) rrp11u11-
MaeT BllA 

i . 
Wi+w}=O, 

T. e. MaTp11u;a w, COCTaBJieHHa.11 113 lfiopM (1), rrpHHllMaeT 
auaqeH11H B aJire6pe Jln rpyrrrrhl p;a11meH11:i:i eBRJIHAOBa 

rrpocTpaucTBa En paaMepHOCTH n=dim M. Ilo::noMy P. c. 
MOil\eT OblTb HHTeprrpeTnpoBaHa KaR CBH3HOCTb B pac
CJIOeHHOM rrpocTpaHCTBe opTOHOpM11poBaHHhlX perrepoB B 
RacaTeJibHhlX R M eBKJIH)l;OBhlX rrpocTpaHcTBax. I'o.1tono
.1r1uu epynna P. c. eCTb HeK-pa.11 rrop;rpyrrrra rpyrrrrhl p;a11-
IBeH11:il: rrpoCTpaHCTBa En; p11MaHOBO:i:i CBH3HOCTblO )l;JIH 
HeR-po:il: p11MaHOBOll MeTpllRll Ha M HBJIHeTCH Rail\p;a.11 
aciilfi11HHa.11 CBH3HOCTb, rpyrrrra TOJIOHOMllll R-po:il: - rpyrr
ua p;a11meH11.ii: 11JI11 HeK-pa.11 ee rrop;rp yrrrra. 

EcJIH B (1) wi=dxi (To eCTb M OTHeceHo R rroJ110 HaTy
paJibHhlX perrepoB JIORaJibHOH ROop,rvrnaTHOll CllCTeMhl), 
TO 

H 

rp;e 

f ~-} = _.!._ gkl (agzi + ag1J _ ag;j) 
l tJ 2 axf axi (Jxl 

k k k 
- T. H. c11MBOJI RpncTolfilfieJI.11 11 S1j=f1j-fjk - T0Haop 
RpyqeH11.11 P. c. Cyru;ecTByeT op;Ha ia TOJihKO owia P. c. 

k 
6e3 KpyqeHHH (T: e. TaKa.11, qTo S1j=O), R-pa.11 orrpep;eJIBeT-

c.11 lfiopMaMn w}={i~}iidxk 11 Ha3. Jleeu_r/ueuma cea,a
nocmb10. 

Jlum.: [1] r po Mo JI .JJ:., H JI H Hr e Hoe pr B. Me it e p 
B., PHMaHOB8 reoMeTPHfl B ueJIOM, nep. c HeM., M., 1971; [2] JI H
x H e p 0 B H q A.' TeopHII CBfl3HOCTeil: B ueJIOM " rpynnb! roJIO
HOMHH, nep. c cjlpaHu., M., 1960. IO. I'. Jly11tucme. 

PHMAHOBO MHOrOOBPA31IE - p;nlfilfiepeHu;11pyeMoe 
MHoroo6pa3ne, Hap;eJieHHoe pu.1r1anoeou .1r1empunou. Ilo 
cyru;ecTBY P. M.- TO me, qTo H puManoeo npocmpancmeo. 

M. H. Boii1fexoecnuu. 
PIIMAHOBO IIPOCTPAHCTBO - rrpocTpaHCTBo, B Ma

Jihlx o6JiaCTHX K-poro HMeeT MeCTO rrpH6JlmReHHO (c Toq
HOCTblO AO MaJihJX BblCIIIero rrop.11p;Ra cpaBHHTeJibHO c pa3-
MepaMH o6JiacTeli) eaRJIHAOBa reoMeTpn.11, xoT.11 B u;eJioM 
TaRoe rrpocTpaHCTBO MOil\eT He 6hJTb eBRJIH)l;OBhJM. p. II. 
Ha3aaHo no nMean E. PnMaHa (B. Riemann), HaMeTnarrrero 
B 1854 OCHOBhl Teoprrn TaRHX rrpocTpaHCTB (cM. PuManoea 
eeoMempua,). IlpocTeHIIIHMH p. II. HBJIHIOTCH eBRJIII)l;OBO 
rrpocTpaHCTBO n rrpnMhlRaIOlllHe R HeMy p;aa p;pyrnx rrpo
cTpaHcTaa IIOCTOHHHOH RPHB113Hhl, B K-phlX HMeeT MeCTO 
JI o6a'leecnoeo eeoMempua, H Pu.1r1ana eeo.1r1empua, (He cMerrrn
BaTb rrocJiep;HIOIO c o6llleii pnMaHoao:il: reoMerpnen, R-pa.11 
n3yqaeT P. rr. aoo6llle). 

II o 11tamepua.Jta.M oanoUJ1tennou cmamt>u • BC 8-3. 

PIIMAHOBO IIPOCTPAHCTBO OBOBru;EHHOE -
rrpocTpaHcTBO c enympenneu .1r1empu1>ou, rrop;q11aeHHoe He
K-pbIM orpaHHqeHHHM Ha KpHBH3Hy. R HHM OTHOCHTCH 
rrpocTpaHCTBa c «RpHBH3HOH, orpaHnqeHHOH caepxy», 
HAP· (cM. [3]). P. rr. o. OTJI11qa10Tc.11 oT puManoebix npocm
pancme He TOJibRO 6oJibIIIen o6IJJ;HOCTbIO, HOH TeM, qTo OHll 
orrpep;eJIHIOTCH H HCCJiep;yIOTCH, HCXO)l;H H3 MeTpHRH, 6e3 
Koopp;HHaT. Ilpn HeK-pOM coep;11HeHHH YCJIOBHH Ha KpH
BH3HY H noaep;eHHH KpaTqafiIIIHX (T. e. RpHBhlX, )l;JIHHbl 
K-pbIX paBIIhl paCCTOHHHHM MeIBp;y ROHJJ;aMH). p. II. o. 
oKa3blBaeTc.11 pHMaHOBhlM, qTo p;aeT qncTo MeTpnq. orrpep;e
Jierr11e pnMarroaa rrpocTpaHCTBa. 

Orrpep;eJieHHH p. rr. o. HCXO)l;HT 113 KJiaccnq. CB.11311 RpH
BH3Hbl c na6blTROM eeo&eau'lecr;oeo mpeyeo.ttbnuna (1136hJ
TOK= cyMMa yrJIOB MHHYC :rt). 9TH IIOHHTHH rrepeIIOCHTCJ!! 
Ha.rrpoCTpaHCTBO c BHyTpeHHe:il: MeTpHROH TaRoe, qTo y 
Kail\)l;OH ToqRn ero eCTb ORpecTHOCTb, JII06ble gee ToqKH 
K-poli coep;nHeHhl RpaTqaftrrre:il:. 9To ycJioaHe p;aJree rrop;pa
ayMeaaeTc.11 6e3 oroaopoR. T p e yr o JI h H n R o M T= 
=ABC ua3. TpoliRa RpaTqaftrrrnx AB,BC, CA - cTopoH 
TpeyroJibHHRa, coep;HHHIOlllHX rrorrapHo TPH pa3JIHqHbIX 
ToqR11 A, B, C - aeprrrn:Hhl TpeyroJJhHHRa. YroJI orrpep;e
mceTc.11 Mem~y KPHBhlMH B JI1060M MeTp11q. rrpocTpaHcTae. 
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IlyCTb L, M - HCXOIJ;.llID;He B8 O,!IHOR TO'IKH 0 KpBBiile B 
rrpocTpaHcTae c MeTpnKoii p. Bhl6npa10Tc.11 TO'IKH XE L, 
YEM (X, Y'i=O), cTponTc.11 eaKJIH}l;OB TpeyroJibHHK co 
cropoHaMn x=p(O, X), y=p(O, Y), z=p(X, Y) n yrJioM 
y (x, y), rrpoTHBOJie;1rnm;nM cTopoHe z. Orrpe):{eJI.11eTc.11 
Be p x H n ii: yr o JI Mem):{y L n M: 

a= lim y (x, Y). (1) 
xy-+O 

BepxHne yrJihI TpeyroJibHHKa - 3TO aepXHHe YI'Jihl a, ~. 
y Mem):{y ero CTopoHaMn rrpn aepmnHax A , B, C, a B36hl

TOK TpeyroJibHHKa CS(T)=a+~+~-:n. 
p. II. o. c orpaHH'leHHOH KpliBH3HOH ( <.K H >K') orrpe

):{eJI.11eTC.ll ycJiouneM: 
(A) }J;JI.11 Kamp;oii: IIOCJiep;oBaTeJibHOCTH TpeyroJibHHKOB 

Tm CT.llI'HBaIOm;nxc.11 K TO'IKe, 

K >- lim O (T,.) >- lim O (Tn) >-K' (2) 
~ ( 0) ~ ( 0) ~ ' a Tn a Tn 

rp;e a ( T~) - IIJiom;ap;b emwnp;oaa TpeyroJibHHKa c TaKnMn 

me cTopoHaMn, 'ITO Tn (ecJin a(T~)=O, TO 6°(Tn)=O). 
TaRoe rrpocTpaHCTBO oKaablaaeTc.11 pnMaHOBhlM rrpn ):{ayx 
ecTeCTBeHHLix p;orroJIHHTeJibHhlx ycJioan.11x: 

(1) JI 0 R a JI b H a .II R 0 M II a R T H 0 c T b II p 0 c T,;
p a H c T B a (a rrpocTpaHCTBe c BHyTpeHHeii: MeTpnRon 
~no yme 06ecrre11naaeT ycJioane JioRaJibHoro cym;ecTao
aaHn.11 RpaT11aii:mnx); 

(2) JI 0 R a JI b H a .II II p 0 A 0 JI m a e M 0 c T b K p a T
q a ii: m H x - y Ramp;oii: TO'IKH cym;ecTayeT oKpeCTHOCTb 
U TaRa.11, 'ITO JI106y10 RpaT11aii:my10 XY, rp;e X, YE U, 
MomHo rrpop;oJimHTb aa ee KOHJ.V>I. Ilpn acex 3THX YCJIOBH
.llX rrpocTpaHCTBO .llBJI.lleTC.11 pnMaHOBhIM (CM. [ 4])' rrpn11eM 
B oRpecTHOCTH Ramp;oii: TO'IRH MomHo BBeCTH Koopp;nHaTbl 
xi TaK, 'ITO MeTpHKa 6yp;eT aap;aBaTbC.11 JIHHeHHbIM aJieMeH-

TOM ds2= g ijdxi dxi c Roaipipn~neHTaMH g ij E w~ n ci. a' 
O<a<1. TeM caMhIM nMeeTc.11 rrapaJIJieJibHhlH rrepeHoc (c 

HerrpephIBHhIMH fj k) H IIO'ITH Be3/J;0 - TeH30p RpHBH3Hbl. 
KpoMe TOI'O, ;!lOKa3aHO [7], 'ITO Koopp;nHaThI xi MOmHO 

B3HTb I',:fMOHH'lecRnMn, T. e. yp;oaJieTaop.1110m;nMn paaeH

CTBaM 2;i; .giiff;=O. fapMOHH'I. CHCTeMhI KOOp)l;HHaT CO
i/ 

cTaBJIHIOT aTJiac RJiacca cs. a rrpn JI1060M a, 0<a<1. 
P. rr. o. c orpaHn'leHHoii: RpHBH3HOH rrpn K = K', 

yp;oaJieTaop.1110m;ee ycJIOBHHM (1) n (2), .11aJI.11eTc.11 pnMa
HOBhIM rrpocTpaHCTBOM IIOCTO.llHHOH pnMaHOBOH KpHBH3Hhl 
K (cM. [3]). 

Bc.11Koe pnMaHoBo rrpocTpaHCTBO c pnMaHoaoii: Kpnana
Hoii:, aaKJIIO'leHHoii: Mem11;y K n K'(K' <.K), HBJIHeTc.11 
p. II. o. RpHBH3Hhl <.K H >K' H YAOBJieTBOp.lleT ycJIOBH
.llM (1) H (2). 

«IlpocTpaHCTBO c RpnanaHoii: <.K» orrpe11;eJI.11eTc.11 JieBbIM 
HepaaeHCTBOM (2), T. e. ycJIOBHeM: 

(A -) }J;JI.11 JII06oii: IIOCJie,n:oBaTeJibHOCTH TpeyroJibHHKOB 
Tm CT.llI'HBaIOm;nxc.11 B TO'IKY, 

lim 6 (Tn) .;;;;:.K 
a (T~) .....,, . (3) 

)];pyroe paBHocHJibHoe orrpe11;eJieHne n Ha11aJio &ccJiep;o
BaHn.11 p. II. o. HCXO)l;.llT H3 cpaaHeHH.11 rrpoH3BOJibHOI'O 
TpeyroJibHHKa T=ABC c TpeyroJibHHKOM Tk co cTopoHaMn 
TOH me }J;JIHHhl B rrpocTpaHCTBe IIOCTO.llHHOH KpHBH3Hhl K. 
IlycTb ak, ~k• Yk - yrJihl TaKoro TpeyroJibHHKa; oT
HocnTeJibHhli\: aepxHni\: na6h!TOK TpeyroJibHnKa T orrpep;e-

JIHeTc.11 KaK Bk(T)=(a+~+y)-(ak+~k+Yk)· YcJioane 
(A-) B orrpe,n:eJieHHH rrpocTpaHCTBa c KpHBH3HOH <.K Mom
HO aaMeHHTb Ha ycJIOBHe: 

(A.1) y Kamp;oii: TO'IKH eCTb oKpecTHOCTb Rk, B K-poi'I 

lfk( T) <.O p;JI.11 BCHKoro TpeyroJibHHKa T. BhlnoJIH.11eTc.11 n 
6oJiee CHJibHOe CBOHCTBO BOI'HYTOCTH MeTpHKH. HMeHHO, 

rrycTb L, M - KpaT11aiimne, ncxop;mwzm na op;Hoii TO'IKH 
0, n Yk(x, y) - yroJI B TpeyroJibHHKe Tk co cTopoHaMn 
x=p(O, X), y=p(O, X), z=p(X, Y), XEL, YEM, B 
rrpocTpaHCTBe IIOCTO.llHHOH KpHBH3HhI K' rrpoTHBOJiemam;nii: 
cTopoHe z. B R k (JioKaJibHO) yroJI Yk(x, y) oKa3h!BaeTCH 
Hey6blaa10m;eii: il>YHK~neii: (yk(x1 , y1)<-yk(x2, y 2) rrpn x1<
<.x2, Yi<-Y2)· 0Tc10.n:a CJie,n:y10T JIOKaJibHhle CBOHCTBa: 

(I) Mem11;y JII06hIMH .O:BYMH KpaT11aii:mnMH, HCXOIJ;HID;HMH 
ll3 O)l;HOH TO'IKH, cym;ecTByeT yroJI H p;ame «yroJI B CHJibHOM 
cMb1cJie» ac= lim Yk(x, y) (TaK 'ITO, B 11acTHOCTH, ecJin 

XY-+0 
y-z 

y=const, TO lim-,; =cos ac); 
X-+0 

(II) )l;JI.11 YI'JIOB a, ~. y TpeyroJibHHKa B Rk H COOTBeTCT
ay10m;ero TpeyroJibHnKa Tk 

a,..;; ak, ~,..;;; ~k• y,..;;; '\'k; 

(III) B Rk, ecJin An-+A, Bn-'>-B, KpaT11aii:mne 
AnBn-+ AB (TeM caMbIM KpaT11aii:ma.11 B Rk c 11aHHbIMH 
KOH~aMn ep;nHCTBeHHa). 

)J;aoiiCTBeHHbIMH rrpocTpaHCTBaMn c KpHBll3HOH <.K 6y
AYT rrpocTpaHcTBa c KpnanaHon >K, orrpep;eJI.11eMhle aHa
JIOI'H'IHo qepea HHmHne na6hITKH, K-phle Bbl'IHCJI.llIOTC.11 ITO 
HHmHHM yrJiaM B CHJibHOM CMbICJie. )];JI.II KpaT'laii:mnx L, 
M aToT yroJI ecTb 

a= lim y (x, y). 
Xy-+O 

HnmHnii: na6bITOK TpeyroJibHHKa ecTb ~=~+~+y_-:n:. 
IlpocTpaHCTBO c KpnanaHoii: >K - aTo TaKoe rrpocTpaH
CTBo, B K-poM BMeCTO (A -) BhIIIOJIHHeTC.11 ycJioane: 

(A+) p;JI.11 JI106oii: rrocJiep;oBaTeJibHOCTH T n TpeyroJibHH
KOB, CT.llI'HBaIOm;nxc.11 K TO'IKe, 

. 6 (Tn) 
llm ..=.--( 0 ) ':;;?:. K. (4) 
-a Tn 

HepaaeHcTBO c aepxHHM na6h!TKOM 6, rrpoTnaorroJiomHoe 
HepaaeHcTBY (3), He p;aeT cop;epmaTeJibHhIX peayJibTaToB, 
HX He 11;aeT H HepaaeHCTBO c H36bITKOM, Bhl'IHCJIHeMhIM rrpo
CTO c HHmHHMH yrJiaMH 

lim y (x, y). 
Xy-+O 

YcJioane (A+) MomHo aaMeHHTb Ha ycJioane: 

(Ai) y Kamp;oii: TO'IKH ecTb oKpeCTHOCTb Rt' B K-poii: 
c'lk(T)>O )];JI.II ac.11Koro TpeyroJibHHKa T. B R,i (JioKaJibHo) 

yroJI Yk(x, y) )];JI.II p;ayx KpaT11aii:rnnx L, M oKaahlaaeTCH 
HeaoapacTa10m;eii: iJ>yHK~neii: ( Blilny1>.n,aH Mempu1>a). 

AHaJiorn11Ho rrpocTpaHcTBaM c KpnanaHoii: <.K )];JI.II 
npocTpaHCTB c KpHBH3HOii >K Bb!IIOJIH.llIOTC.11 (JioKaJibHbie) 
CBOHCTBa, nop;o6Hhle (I) H (II): Memp;y KpaTqailIIIHMli 
cym;ecTByeT yroJI B CHJibHOM CMbICJie; a>ak, ~>~k• Y> 
>Yk /\JI.II BC.llKOI'O TpeyroJibHHKa B Rt. BMeCTO (III) Bbl
IIOJIH.lleTC.11 YCJIOBHe HeHaJieraHH.11 KpaT'lffllIIIHX HJIH, 'ITO 
TO me, ep;HHCTBeHHOCTb nx rrpo110JimeHn.11: ecJin A C-::::;AB 
n AC1 -::::;AB B Rt, TO Jin6o AC-::::;AC1 , Jin6o AC1 -::::;AC. 

TaKnM o6paaoM, rrpocTpaHcTao c orpaHn'leHHon Kpn
BH3HOH IIOJiyqaeTC.11 coep;nHeHneM ycJIOBHH, orrpep;eJI.1110-
m;nx o6a KJiacca rrpocTpaHCTB - c KPHBH3Hoii:, orpaHn
qeHHoi\: caepxy HJIH CHH3Y (rrpn11eM B JieBOll 11aCTH Hepa
aeHCTBa (3) ueT Hymp;hl 6paTb c'I). YcJioane (A) Momuo aa-

MeHHTb, rrop;o6Ho (At) n (Ai~ Ha ycJioane: 
(A1) y Kamp;oii: TO'IKH ecTb oKpecTHOCTb Rkk•, rp;e 

c'lk(T)<.O, c'lk·(T)>O p;JI.11 BCHKoro TpeyroJibHHKa T. 9ro 
oKa3bIBaeTC.ll TaKme paBHOCHJibHblM cJiep;y10m;eMy: 

(A2) )];JI.II BC.llKOH 11eTaepKH TO'leK B Rkk• cym;ecTByeT 
'leTBepKa TO'leK c TeMn me rrorrapHbIMH paCCTO.llHH.llMH B 
rrpocTpaHCTBe IIOCTO.llHHOM Kplrnll3Hhl k' rp;e K' <.k <.K H 
k 3aBHCHT, Boo6m;e I'OBOp)l, OT Bb16paHHOH 11eTBepKH ToqeK 
B Rkk•· 
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IIpHMepoM p. II. o. c KpHBH3HOH .,,;;;.K (';;;;:K') HBJIHeTCH 
o6JiaCTb pHMaHoBa rrpocTpaHCTBa, B K-poii: pHMaHOBbl KpH
BH3Hbl Bcex ABYMepHbIX IIJIOIIWJJ;OK BO BCex TOqKax orpa
HHqeHbl CBepxy (cHH3Y) qncJioM K (K'). 

MHomecTBO V B rrpocTpaHCTBe c BHYTpeHHeii: MeTpHKoii: 
Haa. B bl rr y K JI bl M, ecJIJI mo6ble ABe ToqKH X, YE V 
MOiKHO coe;o;HHHTb KpaTqa:iimeii: x' y H BCHKall TaKaH 
KpaTqaii:ma11 cop;ep;1mTCH B V. 

YcTaHOBJieH [8] cJieµ;yIOm;Hii: peayJibTaT: ecJIH rrpocTpaH
CTBo R c BHyTpeHHeii: MeTpHKOH rroJiyqeHo CKJieHBaHHeM 
ABYX rrpocTpaHCTB R', R" KPHBH3Hbl .,,;;;.K rro BblIIYKJiblM 
MHomecTBaM V'cR" H V"cR", To R caMo ecTb rrpocTpaH
CTBO KpHBH3Hbl .,,;;;.K. y CJIOBHe CKJieHBaHHH 3aKJIIOqaeTCH 
B TOM, qTo R=R' UR", V'= V"=R' nR" H B R', R" 
HHAYI.WpyeTCH MeTpHKa rrpocTpaHCTBa R. 

,Il;Be BblXOJJ;Hm;ne na TOqKH 0 KpHBble L, M (rro orrpep;e
JieHHIO) JIMeIOT B 0 0 A H H a K 0 B 0 e H a II p a B JI e
H H e, eCJIH BepXHHH yroJI MeiKAY HJIMH paBeH HYJIIO 
( ecJIJI L= M, TO roBopHT, qTo L HMeeT B 0 orrpep;eJieHHoe 
HarrpaBJieHne). H arr pa B JI e H JI e B TOqKe 0 orrpep;e
JIHeTcH KaK KJiacc KpHBblX, HMeIOIIJ;HX B 0 OAJIHaKOBOe 
HarrpaBJieHne. HarrpaBJieHHH B ToqKe 0 o6paayIOT MeTpnq, 
rrpocTpaHCTBO, B K-pOM paccTOHHHe MeiKAY rrarrpaeJieHJIH
MJil orrpep;eJIHeTCH BepXHJilM yrJIOM MeiKAY JII06blMJil JilX rrpeA
CTaBHTeJIHMJil. 8TO rrpocTpaHCTBO Ha3. II p 0 c T p a H
e T B 0 M H a II p a B JI e H H ii: B TOqKe 0. 

,Il;oKa3aHO [5]: ecJIH TOqKa 0 coi:iepiKHTCH B OKpeCTHOCTH 
rrpocTpaHCTBa KpHBJil3Hbl <.K' roMeOMOpcpHOH En' TO 
rrpocTpaHCTBO HarrpaBJieHJilH B TOqKe 0 HBJIHeTCH rrpOCT
paHCTBOM KPHBH3Hbl .,,;;;.1. HenaBeCTHO (1983), roMeoMopcp
HO JIH OHO (n-1)-MepHoii: ccpepe. 

B p;ByMepHOM CJiyqae TeOpHH MHOroo6pa3HH orpaHnqeH
HOH KPHBH3Hbl (cM. ,4 6y.Mepnoe Mnoeoo6paaue oepanu11en
nou KpU6U3Hb!) BKJIJoqaeT B ce6H KaK qacTHblH CJiyqaii: TeO
pHIO MHoroo6paanii: c KpHBH3HOii: .,,;;;.K. IIpnMepoM p;eyMep-

, HOfO MHoroo6pa3HH c KpHBH3HOH .,,;;;.K HBJIHeTCH JIJilHeftqa
TaH IIOBepxHOCTb B Rk, CHa6meHHaH BHyTpeHHeii: MeTpH
KOH, T. e. rroBepxHOCTb, o6pa3oBaHHaH BHyTpeHHHMH 
qacTHMH KpaTqaii:mnx, KOHIJ;bl K-pblX 3aqepKHBaIOT )];Be 
crrpHMJIHeMbie KpIIBble L 1 , L 2 • EcJIH KpneaH L 2 Bblpom
AaeTCH B TOqKy 0' IIOBepXHOCTb rraa. K 0 H y c 0 M K p a T
q a ii: m H x, HaTHHYTbIM H3 TO'IKH 0 Ha KPHBYIO L1 • EcJIH 
L 1 ecTb TpeyroJibIIHK OAB, TO TaKoli KOHYC Ha3. rr o
B e p x H 0 c TH bl M T p e yr 0 JI b H H K 0 M (cM. [3]). 

0To6pameHJie cp: M 1 -+ M 2 MeTpnq. rrpocTpaHcTBa Ha3. 
Hep a c TH r H Ba IO m; Jil M, ecJIJil PM,(X' Y)';;;;:PM,(cp (X), 
cp ( Y)) AJIH JII06blX x' y E M 1 • 0To6pameHHe cp : r 1 - r 2 
3aMRHYTOM KpHBOH rl B M1 Ha aaMKHYTYIO KPHBYIO r2 B 
M 2 Ha3. 3 K B H JI 0 H r a JI b H bl M, ecJIH AJIHHbl COOT
BeTCTBYIOIIJ;HX rrpH OT06pameHJilH cp p;yr KpHBblX f 1 H f 2 

COBIIaAaIOT. IIyCTb v - BblIIYKJiaH o6JiaCTb B rrpocTpaH
CTBe rrocTOHHHOii: KPHBH3Hbl K n L - KpaeBoii: KOHTYP V. 
06JiaCTb V M a iK 0 p Jil p y e T 3aMKHYTYIO KpHBYIO f B 
MeTpnq, rrpocTpaHCTBe M, ecJin cym;ecTeyeT HapacTaIOm;ee 
OT06pameHHe o6JiaCTJil v B M' 3KBHJIOHraJibHO OTo6pamaIO
m;ee L Ha r. CaMO OT06pameHne Ha3. M a iK 0 p H p y IO
m; HM. 

IIycTh Rk - BbIIIYKJIOe rrpocTpaHCTBO c BHyTpeHHeii: 
ll!eTpHKOii; c - KOHYC KpaTqaiimnx, HaTHHYTb!H Ha 3aMK
HYTYIO crrpHMJIHeMyIO KpHBYIO r B R k H3 TOqKH 0 E r' 
rrpnqeM B cJiyqae K >O AJIHHa l KpHBOH r MeHbille 2n/ J/7{. 
TorAa B rrpocTpaHCTBe rrocTOHHHoii: KpHBH3Hbl K cym;ecT
ByeT BbIIIYKJiaH o6JiaCTb V, MamopnpyIOm;aH f, TaKaH, qTO 
cp ( V)= c AJIH COOTBeTCTByIOm;ero Mamopnpyrom;ero 0T0-
6pamerrHH cp. 8TO CBOHCTBO xapaKTepH3yeT rrpocTpaHCTBa 
KpHBll3Hbl .,,;;;.K • .IJ;ocTaToqHbJM HBJIHeTCH yme cym;eCTBO
BaHHe 3KBJilJIOHfaJibIIOfO HepaCTHfHBaIOm;ero 0T06pame
HHH KOHTypa L o6JiaCTJil V Ha f. 

II o B e p x rr o c T h IO B MeTpnq, rrpocTpaHCTBe M 
Ha3. rrerrpepbrnrroe oTo6pamemrn f Kpyra B B M. II YCTh 
p - TpHaHrymi:pyeMblll MIIOroyroJibHJIK, T. e. KOMIIJieKC 

H3 TpeyroJibHHKOB Ti, BIIHCaHHblH BB. TpeyroJibHHKY Ti 
c BepmHHaMH x' y' z COIIOCTaBJIHeTCH eBKJIHAOB TpeyroJib

HHK T2 co CTOpoHaMH, paBHblMH pacCTOHHHIO Mem;n;y 
ToqKaMH f (X), f (Y), f (Z). IIycTb S0(P) o6oaHaqaeT cyMMY 

nJiom;a;o;eii: S ( T~) Bcex TpeyroJibHHKOB T2; Torna rr JI o
m; a Ab S (/) no Be p x Hoc TH f orrpeAeJIHeTcH (cM. 
[3]) KaK HHiRHHH rrpe;o;eJI BeJIHqHH So(P) rrpH ycJIOBHH, 
qTo aepmHHbl KOMIIJieKca p HeorpaHHqeHHO crym;aIOTCH B 
B : S (/)= lim S0(P). 8To orrpep;eJieHHe Mo;n;ncpnu;npoaaHo 
TaK (cM. [6]). BMecTo ToqeK /(X), /(Y), /(Z) BepmnHaM 
x' y' z TpeyroJibHHKa Ti KOMIIJieKca p COIIOCTaBJIHIOTCH 
HeK-pble TOqKH XP, yP, zP B Af, npuqeM BepmHHaM KOM
IIJieKca p COIIOCTaBJIHIOTCH O;D;HHaKOBble ToqKH B TOM H 

TOJibKO B TOM CJiyqae, Korp;a o6pa3bl aepmHH npn OT06pa
meHHH f coena;n;aIOT. 3a 1mom;a}:{b L (!) noBepxHOCTH f 
rrpHHHMaeTCH HHiRHHH rrpeJ{eJI CYMM IIJiom;a;n;eft eBKJIHA0-

0 Bblx TpeyroJibHHKOB Tl co CTOPOHaMH, paBHblMH paccToH-
HHHM MeiRAY TOqKaMH XP, yP, zP IIpH J{OIIOJIHHTeJibHOM 

p 
rrpeAIIOJIOil\eHHH, qTo p (! (X k), x k) no BCeM BepmnHaM x k 
KOMrrJieKca P cTpeMHTCH K HYJIIO. Bceri:ia L (!) .,,;;;.S (/). 

1) EcJIH rrocJieAOBaTeJibHOCTb rroBepxHOCTeii In B Rk 
paaHoMepHo cxo;n;nTcH K rroaepxHOCTH f, TO 

L (!).;:;:;; lim L (! n) (rroJiynerrpepblBHOCTb). 

2) EcJIH p - HepacTHrnearom;ee oT06pameHHe H3 R k 
B Rk H f - rroeepxHOCTb B Rk, TO 

L (p o /) .;:;:;; L (!) (rrpHHI~Hrr RoJIMoropoea). 

3) IIJiom;aAb S (/) rroBepxHOCTHoro TpeyroJibHHKa T B 

R k He 60Jibme IIJIOIIJ;aAH COOTBeTCTByIOm;ero TpeyrOJibHHKa 
Tk H paBHa eMy TOfJ{a H TOJibKO TOr}:{a, KOrJ{a TpeyrOJibHHK 
T naoMeTpnqeH Tk (JioKaJibHOe CBOHCTBO). 

4) B ycJIOBHHX TeopeMhl o cym;ecTBoeaHHH MamopnpyIO
m;ero oT06pameHHH (cM. Bhlme) rrJiom;aAb S (G) He 6oJibme 
IIJiom;ap;n Kpyra B rrpocTpaHCTBe IIOCTOHHHOH KpHBH3Hbl K 
c rrepnMeTpoM l (naorrepnMeTpnqecKoe HepaBeHCTBO) (cM. 
[3], [6]). 

PemaeTCH [6] aaAaqa IIJiaTO B Rk o cym;ecTBOBaHHH rro
eepxHOCTH MHHHMaJibHOH IIJIOm;aAH, HaTHHYTOH Ha aaMKIIy
TYIO KpHBYIO r. ,Il;oKa3aHO CJiep;yIOm;ee. IIyCTb Rk - llieT
pnqecKH rroJIHoe rrpocTpaHCTBO KpHBH3Hbl <.K (rrpn K >O 
AHaMeTp d ( R k) <nl2 YK)' r - 3aMKHyTaH mopp;aHOBa 
KpHBaH e R k· TorAa cym;ecTByeT rroeepxHOCTb f MHHH
MaJibHOii: IIJIOJll;aAH L (!)' HaTHHyTaH Ha KpHBYIO r. II YCTb 
r, r n> n=1, 2, ... ,- aaMKHYThle mopp;aHOBbl KpHBble 
B TaKOM rrpOCTpaHCTBe H a ( f), a ( f n) - MHHHMaJibHble IIJIO
m;a};IH IIOBepXHOCTeii:, HaTHHYTblX COOTBeTCTBeHHO Ha f H 

f n• ECJIH f n paBHOMepHO CXOJ{HTCH B HeK-pb!X rrapaMeT
pH3aIJ;HHX K f, TO a ( f) <.Jim a ( f n) • 

PaccMaTpnBaJIHCb JlBYMepHble MHoroo6paanH c HHAe
cpHHHTHOii MeTpHKoii orpaHuqeHHOii: KpHBH3Hhl. He pe
meHa ( 1983) 3aAaqa 6ecKOOPAHHaTHOfO orrpei:ieJieHHH MHO
roMepHblX rrpocTpaHCTB c HHAecpHHHTHOH MeTpHKOH orpa
HHqeHHOH KpHBH3Hbl, B qacTHOCTH rrpocTpaHCTB o6m;eii: TeO
pHH OTHOCHTeJibHOCTH. 

Jlunn.: [1] A JI e Kc a H ;a; p 0 B A. ,[( .• BHYTpeHHHH reoMeT
p1rn BbIIIyKJibIX noBepxHOCTell, M.-JI., 1948; [2] er o me, «Tpy
;a;hl MaTeM. HH-Ta AH CCCP», 1951, T. 38, c. 5-23; [3] er 0 lR e, 
«Schrift. Inst. Math. Deutsch. Acad. WISS.>>, 1957, H. 1, S. 33-
84· [4] Be p e c T 0 B c K H ii B. H., «CJ'16. MaTeM. )R.>>, 1975, 
T. '16, No 4, c. 651-62; [5] H HK 0 JI a e B H. r., TaM me, 1978, 
T. 19, No 6, c. 1341-48; [6] er o me, TaM me, 1979, T. 20, No 2,. 
c 345-53• [7] p em e TH HK IO r., «MaTeM. c6.», 1960, T. 52, 
No 3, c. 789-98; [8] er 0 lR e, «CH6. MaTeM. )fl,)), 1968, T. 9, No ~. 
c. 918-27. A. JI,. A.ae><ca><apoB, B. H. BepecmoBc><uu. 

PHMAHOBO IIPOCTPAHCTBO OAHOPOAHOE 
pnMaHOBO rrpOCTpaHCTBO (M' '\') BMecTe c TpaH3HTHBHOH 
::icpcpeKTHBHOii: rpyrrrroii: Gero ABHiKeHnii. IlycTb K - cTa
u;noHa pHaH IIOArpyrrrra cpnKcnpoBaHHOii: TOqKH o EM. 
TorAa MHoroo6paane M OTOiRAeCTBJIHeTCH c cpaKToprrpocT
paHCTBOM GI K c rroMom;hIO 6neKu;nn GI K 3l g K ~go EM, 
a pnMaHoaa MeTpHKa '\' paccMaTpnBaeTCH KaK G-HHBapnarrT
Ha11 MeTpnKa Ha GI K. 06blqeo rrpeJ{rroJiaraeTcH p;orroJIHH-
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TeJibH~, 'ITO rpynna G aaMRHyTa s no:JIHOH rpynne ,a;sn
meHnn. B aToM cJiy'lae cTa~noHapHaH IIo,a;rpyrma K ROM
naRTHa. 

IlycTb K - ROMnaRTHaH no,a;rpyIIIIa rpyIIIIhl JIM G, He 
co,a;epmarn;aH HopMaJibHhlX ,a;eJinTeJieii rpyIIIIhl G. Tor,a;a 
01wopo,a;Hoe IIpocTpaHcTso M =GI K ,a;oIIycRaeT nus a pHaHT
Hy10 pnMaHosy MeTpHRY y, K-paH OIIpe,a;eJIHeTCH CJie,a;y10-
IIJllM o6pa30M. IlyCTb @=.lt+ffil - pe,a;yKTHSHaH CTpyK
Typa s M, T. e. paaJJomeHne aJII'e6phl JlH@ rpyIIIIbl Jln G 
s rrpHMYIO cyMMy aJire6pb! Jln SI'. rpyrrnbl K n no,a;IIpo
cTpaHCTsa ffi}, HHsapHaHTHOI'O OTHOCHT0JlbHO npncoe,a;n
H0HHOI'O rrpe,a;cTasJJeHHH Ad K rpyrrIIhl K s rrpocTpaHcTse 
@. IlpocTpaHCTSO m1 ecTeCTS0HHbJM o6pa3oM OTOJR)l;eCTS
JlH0TCH c KacaTeJibHbIM rrpocTpaHCTSOM ToM""" ®I re TO'IKH 
o=eK, a rrpe,a;cTasJieHHe H30Tpomrn rpyrrrrhl K B T0M -
c IIpep;cTasJieHneM Ad Klffil. JI106aH G-HHsapHaHTHaH pn
Manosa MeTpnKa y Ha M IIOJiyqaeTCH H3 HeK-poro Ad K
nHsapnaHTHoro cKaJI.11pHoro IIponasep;eHHH y0 s ~ paa
HeCeHneM c IIOMOIIJhIO IIpeo6paaosaHnft na G: 

'\'go (X, Y)=Yo (g- 1X, g-1Y), X, YETg 0 M, gEG. 

Cyrn;ecTBosaHne TaKoro cKaJJ.11pHoro IIponase,a;eHHH cJiep;y
eT na KoMIIaKTHOCTH rpyrrIIbl naoTporrnn Ad Kfffil. 

JI106oe p. II. o., JIOKaJJbHO ll30MeTpl:I1IHOe O,[\HOCSH3HOMY 
P. II. o. M, IIoJiyqaeTcH na M lfiaKTOpHaa~neii rro IIpona
BOJJhBoii: AHCKpeTHOH rpyrrrre H30MeTpHii Knnclilfiop,a;a -
BoJibclia (T. e. ,[\Snmeunii MBoroo6paanH M, rrepeMern;a10-
II1HX see TO'IKH Ha O,[\HHaKosbJe paccTOHHHH [2)). 

HaH6oJtee nay'leHHbIMH KJiaccaMH P. n. o. HSJJHIOTCH 
pHMaHOShl CHMMeTpH'l. IIpocTpaHcTsa, O,[\HOpO,[IHhle KaJJe
poshl IIpOCTpaHCTBa lI O,[\HOpO,[\HbJe KSaTepHHOHHble IIpO
CTpaHCTSa, H30TpOIIHO HenpHSO)l;HMble p. II. o. (KJiaCCH!fin
~HposaHhl s [9), [10]), HOpMaJibHble P. II. o., B K-phlx 
cKaJJHpHoe IIponasep;eHne Yo s m1 IIpop;oJJmaeTCH ,a;o Heshl
pom,[\eHHOII cnMMeTpn11ec1wii: Ad G-nHsapHaH'rHoii: 6mrn
Heii:Hoi!: cliopMbI Ha @, ecTeCTSeHHO pe,[lyKTHSHble p. II. o., 
xapaKTepnayeMwe TeM, 'ITO s HHX JJ106aa reop;ean'leCKaH 
HSJJHeTCH TpaeKTOp1rni'1 O,[IHOIIapaMeTpH'l. rpyIIIIhl ,[\SHli\e
HHH. 

Ifay'leHa CTpyKrypa P. rr. o. c paaJJH'lHhIMH ycJtosHHMH 
Ha TeHaop RpHSH3Hb!. Harrp., naseCTHa KJ1acc111fiHKa~HH 
P. rr. o. rroJIOlRHTeJJbHoil: ceK~HOHHoii KpHSH3Hb! [5]. OrrH
caHa CTPYKTypa rrpocTo TpaHaHTHSHb!X rpyIIrr ,[\SHJReHHH 
p. II. o. HCIIOJIOJRHTeJlbHOH KpHSH3HbJ [8], HeOTpHII;aTeJJb
HOH KpHsH3Hhl H HeoTpH~aTeJibHOH KpHSH3Hb! PH'l'IH [4). 
P. II. o. c paapeIIIHMOH rpyrrrroii ,[\SHJReHHii G scer,[\a HMeeT 
HeIIOJJOJRHTeJlbHYIO CKaJJHPHYIO KpHSH3HY sk, H CJJy'laii 
sk= 0 S03MOJReH TOJibKO ,[\JIH JlOKaJibHO eSKJIH,[\OSa rrpo
CTpaHCTSa. JI106a.11 HHsapnaHTHaH pHMaHosa MeTpHKa Ha 
O,[IHOCSH3HOM P. 11. o. GI K HMeeT HeIIOJJOJRHTCJibHYIO 
CKaJIHPHYIO !{pHSH3HY TOI',[\a Iii TOJibKO TOI',[\a, KOI',[\a K 
eCTb MaKCHMaJJbHaH KoMrraKTHaH rrop;rpyrrrra rpyrrIIhl G 
(CM. [4]). 

P. rr. o. (M, '\') Haa. ail: H III Te ii Hos hi M, ecJJH ero 
TeHaop PH'l'IH p rrporrop~noHaJJeH MeTpmrn: p=A'\', /i,= 
= const. II po6JJeMa OIIHCaHHH 3HHIIITeiiHOShIX p. II. o. He 
pemeHa (1983). l1asecTeH pap; qacTHb!X peayJJbTaTos. IlycTb 
(M=GIK, y) - si!:HmTeii:uoso P. rr. o. co cKaJJHpHoi!: 
KpHSH3HOH sk. 1) EcJIH sk>O, TO MHOI'006pa3He M KOM
IIaKTHO. OnHCaHbl see T8KHe rrpOCTpaHCTsa: a) eCJIH (M, 
'\') - KsaTepHHOHHoe rrpocTpaHCTso, 6) ecJtn M AHclilfieo
MopcliHo CHMMeTpH'l. IIpOCTpaHCTsy paHra O)l;HH, s) AJIH 
HeK-poro KJJacca eCTeCTSeHHO pep;yKTHSHhIX p. rr. 0. (CM. 
[7]) H ,[IJIH H30Tpo1rno Herrpnsop;HMhlX P. rr. o. (cM. [10)). 
2) EcJrn sk=O, TO M eCTb JJOKaJJbHO esKJJHp;oso rrpocTpau
CTso. 3) EcJIH sk <O H rpyrrrra G YffHMop;yJJHpHa (T. e. orr
pe,[leJJnTeJib orrepaTopos ee rrpHcoe,[\HHeHHoro IIpep;cTasJJe
HHH paseH 1), TO rpyrrrra G rroJiyIIpocTa. 

.!Jum.: [1] I\ o 6 a ff c" III., Ho M" it a y H., OcHOBbl )l;H1)l
!jJepeu1.urn.11bHOH reoMeTpm1, nep. c aurn., T. 2, M., 1981; L2l 
Bo J1 b ljJ )J,lH., IlpocTpaucTBa nocToHuuott RpHBHaHhI, nep. c 
anrJJ., M., 1982; [3J Xe J1 r a co H C., ,[1;111jJljJepen1111aJ1hHaH reo
MEITPHH " cuMMeTpH'lecRue npocTpaHCTBa, rrep. c aurJJ., M., 

1964; [4) Ber a rd Berger 'i L., «Ann. sci .IJ:c. norm. sup.», 
1978,t.11,M4, p. 543-76; [5J ero lHe, «J. Math. pures et 
appl.», 1976, t. 55, p. 47-67; [6) Jensen G. R., «J. Dif. 
Geom.»,1973,v. 8,p. 599-614;[7)D'Atri J.E., Zi lier w., 
«Mero. Amer. Math. Soc.», 1979, v. 18, p. 1-72; [8) Azen cot t 
R., W i Ison E. N., TaM me, 1976, v. 8, p. 1-102; [9] 
M a HT y p o B O. B. «Tp. ceM. no seRT. n Tena. aHamrny», 
1966, T. 13, 68-145; [101 W o It J., «Acta math.», 1968, v. 120, 
p. 59-148. 11.. B. A.n,enceeBcnuii. 

PIIMAHOBhI KOOP,[J;HHATbl - CM. I'eooeau11,ecnue 
noopounam1>1. 

PllMAHOBblX IIOBEPXHOCTEll KJIACCH<l>HKA
qlIH - nay'leHne prrnaHOShIX IIoaepxHocTell: (p. II.), CBH
aaBHoe c paccMoTpeHneM IIose,[leHHH cliYHK~nii paaJIH'lHhlX 
KJiaCCOB Ha 3THX IIOsepXHOCTHX. 

RoMIIJieKCHaH cliYHK~HH f : R - iC Ha p. II. R Haa. 
a H a JI H T H q e c K 0 ll rra R' eCJIH ,Il;JIH mo6oi!: TO'IKH 
Po ER CYIIl0CTsyIOT OKpeCTHOCTb U li ,n,ona,n,bnbul ynu(/iop
.;iiuaupylOUfUU napaMemp z=<p (p), <p (p0)=0, 0To6pama10-
m;Hii: roMeoMopcliHo U Ha e,[IHHH'lHhlii Kpyr D= 
={zEC: lzl<1} n TaKoi!:, 'ITO CJIOli\HaH cliYHKI~HH F(z)= 
=/ [<p- 1(z)) HBJIHeTCH o,[lrroaHa'lHoll: aHaJJHTH'l. IPYHK~Heii 
B D. AHaJIOI'H'lHo oIIpe,[leJIHIOTCH Ha p. II. ,a;eiicTsHTeJibHble 
Iii KOMI,IJieKCHb!e rapMOHH'l. lfiyHKI~HH, cy6rapMOHH'l. cliYHK
Il,HH H AP· IlycTb w - HeK-phIH KOHcliopMHO HHBapHaHT
IIbIH KJiacc cliYHK~Hll rra p. II. R' co,a;epli\aIIJHll KOHCTaBTbI. 
3ap;a'la p. II. K. s IIpOCTelirneii IIOCTaHOBKe COCTOHT B OII
pe,[\eJieIIHH ycJioanii, IIpH K-pb!x ,a;aHHa.11 p. rr. R IIpHHa,a;
JieJRHT HJIH rre IIpnrra,a;Jieli\HT KJiaccy Ow TaKnx p. II., 'ITO 
KJiacc w rra IIHX COCTOHT TOJibKO H3 KOHCTaHT. TeopHH 
p. II. K. BblpOCJJa s 20 B. H3 KJiaCCH'l. TeopeMhl PHMaHa 
0 KoHcliopMHOM OTo6pameHHl1 O)l;HOCBH3HbIX p. II., rrpo6Jie
Mhl Tmra, IIpo6JieMhl cyII1eCTsosaHHH I'puna (/iynnlfUU 
p. II. Iii IIOHHTHH e:p;eaJibHOH rpaHH~bl p. II. 

T e o p e M a P H M a H a YTBepmp;aeT, 'ITO J1106a11 o,a;Ho
CSH3HaH p. II. R OT06pamaeTCH KOHlf>opMIIO (H, CJiep;osa
TeJ!bHO, roMeoMopqiHo) Ha IIJIOCKYIO o6JJaCTb D O,J:IHOI'o na 

Tpex SH,[\OS: D=C=CU {oo} - pacrrrnpeHHaH KOMII
JieKCHaH IIJJOCKOCTb (cJJyqafi p. II. R a JI JI 11 II T n q e
c K 0 I' 0 T H II a); D=C - KOHelJHaH KOMIIJieKCHaH IIJIO
CKOCTb (R - II a p a 6 0 JI H q e c K 0 I' 0 T ll II a); D= 
={zEC : lzl <1} - e,[\HHH'lHhlH Kpyr (R - r n II e p-
6 0 JI H q e c K 0 I' 0 T Iii II a). IloCKOJlbKY 3JIJ1HIITH'l. 
CJiy'laH OTJlH'laeTCH OT OCTaJJbHhIX yme TOIIOJIOI'H'leCKll, 
ocTaeTCH Tpyp;aa.11 aap;aqa pacIIoaHasaHHH, Korp;a p;anaa.11 
p. II. R IIpHHap;JJeJRHT I'HIIep6oJIH'l0CKOMY HJJH IIapa6oJIH'l. 
THIIy. STo Ii! eCTb KJiaCCH'l. II p 0 6 J1 e M a T ll II a, IIOJI
HOCTblO IIOKa He perneHHaH (1983). llaseCTHO, 'ITO 3aMKHY
TaH p. II pop;a g IIpH g=O 3J1JIHIITH'l. THIIa, IIpH g=1 IIapa-
6oJIH'l. THIIa, IIpH g >1 I'HIIep6oJIH'l. THIIa, IIO::ITOMY IIpo-
6JJeMa THIIa BaJRHa s OCHOSHOM ,[\JIH OTKpbIThIX p. II. B CJJY
qae rrpoH3BOJ!bHOii p. II. R, He o6HaaTeJJbHO op;HoCsHaHo:ii:, 
ee THIIOM HSJIHCTCH THII ee yHnsepcaJibHOH HaKpblsa10rn;eii 
IIOBepxHOCTH (CM. J'nueepca,n,bnoe na1>p1>1mue) R, K-paH 
scerp;a 0,[\HOCBH3Ha. 

)l.JJH O,[\HOCsHaHblX KOHe'lHb!x p. II. R aap;a'la OThlCKaHHH 
KoHcliopMHoro OTo6pameHHH R Ha ep;HHH'lIIhIH Kpyr D 
aKsHsaJierrTrra aa,[\a'le OThlCKaHHH cliYHKIJ,HH fpHHa G (p, p 0 ) 

AJJH R, T. e. IIOJJOJRHTeJJbHoii rapMoHH'l. lf>YHKIJ,HH c JJora
pHcliMH'l. oco6eHHOCTbIO sHp;a In (1/lz-z01) s IIOJIIOCe p0 ER 
(z=<p (p) - IIapaMeTp s OKpeCTHOCTH Po· Zo=<p (Po), 
06parn;a10m;HHCH s HYJ!b BO BCeX TO'lKaX Kpa.11 oR). ((>YHK
~HH fpHHa CTpOHTCH Iii ,[\JJH MHOI'OCSH3HblX KOHe'lHhIX p. II. 
I'llIIep6oJJH'l. THIIa. B cJiyqae IIpOH3SOJlbHOH OTKphITOH 

p. II. R MOJRHO IIOCTpOHTb HC'lepIIaIIHe {Rv };'=1 IIOBepx

HOCTll R c IIOMOlll;hIO KOIIelJHhlX p. II. Rv c KpaeM, HMeIO
rn;11x lf>YHK~HH fpHHa 

Gv (p, Po)= Jn _I _1_! +Yv +o (I z-zol), z--+ zo 
Z-Z 0 

(HJJH Gv(p, p0)=+ oo, Ha'lHrran c HeK-poro uoMepa v), 

H TaKnx, 'ITO RvCRv+1 1 LJ;'=1Rv=R. IlocTOHHHaH 
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Yv,-oo <yv...: + oo, Ha3. Po6ena nocmoannoii p. 11. Rv, 
-Y -

Cv=e v ecTb e.11iiwcmb KpaH aRv (OTHOCIITeJibHO «PnKCH-
poaaHHOro IIoJIIoca Po ER). TI pn CTpeMJiemrn v K oo 3Ha

'IeHHH Gv(p, p 0 ) n Yv MoryT TOJihKO Bo3pacTaTh. <l>yHK
II;HH fpnHa OTKpbITOH p. II. R OIIpe,a;eJIHeTCll KaK IIpe,a;eJI 

G (p, p0 ) aoapacTa10rrr;ei\: IIOCJie,a;oaaTeJibHOCTll {Gv(p, p 0) }, 

ecmi: OH cyrrr;ecTayeT; B IIpOTHBHOM cJiy'l:ae, Kor,a;a 

lim Gv (p, p0) =+ oo, 
V-+oo 

roaopHT, qTo p. II. R He nMeeT «PYHKII;llH fp11Ha, IIpnqeM 
cyrrr;ecTBOBaHne HJIH Hecyrrr;ecTBoaaHne «PYHKrr;nn fpnHa He 
aaancHT OT Bbl6opa IIOJIIOCa p0 ER. RJiacc p. II., )l;JIH 
K-pblX «PYHKII;HH fpHHa He CYIIWCTByeT, o6o3HaqaeTCH 60-
llHbIMll CJIOBaMll, KJiacc 60 xapaKTep11ayeTCH TeM, qTQ 

lim Yv=+oo HJIH lim cv=O, 
\'~OD V-+r.s; 

:epn:qeM 3Tll COOTHOIDeHHH TaKJ·Ke He 3aBllCHT OT Bbl6opa 
IIOJIIOCa. 

IIycTh R - oTKpbITaH p. II. n {6.v};=l - T. H. o II p e

A e JI H IO rrr; a ll JI 0 c JI e A 0 B a T e JI b H 0 c T b 3aMK

HYThlX Ha R o6JiaCTeii: 6.v, T. e. TaKaH JIOCJie,a;oeaTeJihHOCTh, 

qTo 1) rpaH11rr;a 6.v ecTh IIpocTaH aaMKHyTaH Kp11BaH Ha R; 
2) 6.v+1C6.v, V=f, 2, ... ; 3) n;=16.v= 0, TO eCTb 6.v 
He KOMIIaKTHbl Ha R. )];Be OIIpe,a;eJIHIOIII;lle IIOCJie,a;oaaTeJib-

HOCTH {6.v} II {8~} 3KBllBaJieHTHbl, ecJIH KalK):\OMY v COOT

BeTCTBYIOT TaKlle n II m, qTo 6.~C6.v H 6.mC8~. l{JiaCCbl 
3KBHBaJieHTHOCTH OIIpe,a;eJIHIOIII;HX IIOCJie,a;oaateJihHOCTeil 
Ha3. r pa H II q H bl M H 3 JI e Me HT a M H p. II. R, 
a COBOKYIIHOCTb BCeX rpaHnqHbIX 3JieMeHTOB o6paayeT 
11,a;eaJibHYIO rpaHllII;Y r p.II. R, paCcMatpll
BaeMOH KaK TOIIOJiornq, IIOBepXHOCTb. HaIIp.' 11,a;eaJibHaH 
rpaHnrr;a e,a;nHnqHoro Kpyra D coctollT 113 o,a;Horo rpaHnq
Horo aJieMeHTa. 0TMeTHM, 'ITO «PYHKII;llH fpllHa OTKpblTOH 
p. II. R ' B OT Jinqne OT cJiyqaH rmre p6oJinq. KOHeqHOH p. II. ' 
He o6H3aTeJihHO o6parr~aetcH B HYJih Ha acex aJieMeHtax 
11,a;eaJibHOH rpaHHII;hl r. RJiacc 60 xapaKTepnayeTCH TaK
me KaK KJiacc p. n. c n,a;eaJihHOII rpaHnrr;ei\: HyJieaoii 
eMKOCTll, HJIH, KOpoqe, KaK KJiacc p. II. c HyJieBOH rpaHn-

rr;eil:; ecJin R$.6a, TO lim cv=c>O Ha3. eMKOCThIO n,a;e-
v-+oo 

aJibHOH rpaH11II;hl. Cyrrr;ecTBOBaHne HJill Hecyu~ecTaoaaHne 
«PYHKII;HH fpnHa p. II. R, a TaKme o6'heM ,a;pyrnx «PYHKrr;no
HaJibHhIX KJiaccoa Ha R oIIpe,a;eJIHIOTCH Jipem,a;e acero aToii: 
II ,a;pyrnMH 6oJiee TOHKHMll xapaKTepnCTHKaMn n,a;eaJihHOH 
rpaHHil,hI, CBH3aHHblMH c caMHMH «PYHKII;llOHaJihHhIMH KJiac
caMn. 

0 c H 0 B H hI M H «P y H K II, II 0 H a JI h H hI M II K JI a c
c a M H w Ha p. II. R HBJIHIOTCH CJie,a;y10rrr;ne: 

AB - KJiacc orpaHnqeHHhIX o,a;HoaHaqHhIX aHaJillTnq. 
«PYHKII;llH Ha R; 

AD - KJiacc O,J:IH03HaqHblX aHaJinTnq. «PYHKil,nii /(z) 
Ha R c KOHeqHblM J(upux.ae unmezpa.n,0.11£ 

DR(/)=~~ R j :: j2 dx dy, z =x+iy; 

HP, HB 11 HD-KJiaccbl o,a;H03HaqHhIX rapMoHnq, «PYHK
rr;nii Ha R COOTBeTCTBeHHO IIOJIOll\HTeJihHhlX, orpaHnqeHHhlX 
H c KOHeqHblM HHTerpaJIOM )];npnxJie. 8TH KJiaCChI MoryT 
KoM6nHnpoaaThCH, Harrp. ABD - KJiacc orpaH11qeHHhIX 
o,a;H03HaqHhIX aHaJinTnq, «PYHKII;HH Ha R c KoHe'l:HhIM 
llHTerpaJioM )];npnxJie. )];JIH COOTBeTCTBYIOll~HX KJiaCCOB 
6w p. II. R ycTaHOBJieHbl CJie,a;y10rrr;ne CTporne BKJIJOqeHHH 
II paBeHCTBa: 

33* 

6oc6HPC6HBc6ABC 6Aan=6AD• 

6HsC6HnC6AD• 6Hsn=6HD· 

.D:JIH IIJIOCKHX o6JiaCTeH R 3TH COOTHOIII0HHH yJiporrr;aIOTCH: 

6a=@Hp=6HB=6HD• 
6AB c 6Asn=6AD· 

BamHoe aHaqeHne llMeIOT TaKme K JI a c c bl X a p ,a; H 
AH 1,, 0 <p ...:+ oo, o,a;Ho3HaqHhIX aHammaq, «PYHKII;llH w= 
=/tz) Ha p. II. R. Ilpn O<p<+oo «PYHKII;HH fEAHP' 
ecJI11 cy6rapMoHnq, «PYHKII;HH I/IP nMeeT Ha seen p. rr. R 
rapMOHllq, MamopaHTy, a AH oo=AB (CM. I'paHUl/.llbie 
CBOUCmBa ana.n,umul/.eCKUX ifiyn"KlfUU). 

P. II. napa6oJinq. tnrra IIp11Ha,a;Jiell\llT KJiaccy 60, 
IIO<JTOMY 11Hor,a;a BOIIpoc o xapaKTep110arr;1111 p. n. KJiacca 
60 Ha3. 0 6 0 6 rrr; e H H 0 ii: II p 0 6 JI e M 0 ii: T n II a. 
llMeeTCH MHoro pe3yJihTaTOB, B K-pbIX B pa3JIHqHblX TepMll
HaX ycTaHaBJIHBaIOTCH ycJioBHll npnHa,a;Jiell\HOCTll p. II. 
yKa3aHHhIM BblIJie KJiaccaM. fJiy6oKne 11ccJie,a;oaaHllH 6hlJill 
IIOCBHIII;eHhI BbIHCHeHlllO BHYTpeHHllX CBOHCTB p. JI. OIIpe
,a;eJieHHhlX 1rnaccoa. B 'IaCTHOCTll, oKa3aJiocb, qTo p. rr. c 
HyJieaoi\: rpaHnrr;ei\: BO MHOrnx OTHOIJieHllllX aHaJiornqHbJ 
BaMKHYThIM p. II. Ha HHX CTpOllTCll aHaJiorn a6eAe6b!X 
8uifiifiepelllfUllA08 H COOTBeTCTBYIOIIl,He HHTerpaJihI. 

BoJiee Tomme caoi\:ctea n,a;eaJibHoii: rpaHHII;hI p. n. R 
y,a;aeTCH llCCJie,a;oBaTb TaKme c IIOMOIII;h!O paBJillqHblX KOM
rraKtn«PnRarr;11ii R. Raup., IIYCTb N (R) - BHHepoacKaH 
aJire6pa «PYHKrr;nii u Ha p. rr. R, orpaH11qeHHhIX, HeIIpe
phIBHbIX n rapMoH11ByeMwx Ha R; rrocJie,a;Hee oaHaqaeT, 
qTo AJIH JII06oii peryJIHpHoil: o6JiacTn GcR cyIII;ectayeT 
o6o6rrr;eHHoe peUieHne aa,a;aqn )];npnxJie B CMbICJie BnHe
pa - IleppoHa (cM. Jleppona .Memoo) c rpaHnqHhIMH p;aH
HhIMH u Ha rpaHnrr;e oG. I\ O M Il a KT 11 IP 11 K a II; H e ii 
B n H e p a p. rr. R Ha3. ROMIIaKTHoe xayc,a;op.ilioao IIpo
ctpaHCTBO R* TaKoe, '!:TO R eCTh OTKpbrToe rrJIOTHOe IIo,a;
rrpoctpaHCTBO R*, Kam,a;aa «PYHKII;llH u EN (R) HeIIpepbIB
HO IIpo,a;oJimaetcH Ha R* n N (R) paa,a;eJIHeT ToqK11 R*. 
RmmaKTn«PnKarr;nH BnHepa cyrrr;ecTeyeT )l;JIH JII06oii: p. rr. 
R. MHOll\eCTBO r (R)=R*'"R Ha3. B H Hep 0 B c K 0 ii 
11 A e a JI b H o ii r p a H n rr; e ii: p. rr. R, a IIO)l;MHomecT
BO 8 (R)cf (R), COCTOHIIl,ee 113 TeX ToqeK R*' B K-phIX Bee 
IIOTeHrr;naJibl 113 N (R) 06parrr;a10TCH B HYJih,- B n He
p 0 B c K 0 ii r a p M 0 H H q e c K 0 ii r p a H II rr; e ii. 
B aTnx TepMnHax, Harrp., BKJIJOqeHHe RE 6a paaHoCHJih
HO paBeHCTBY 8 (R)= 0; OTCIO,[la IIOJiyqaeTCH TaKme CTpO
roe BKJI10qeHne 6HPC6HB· 

C P. II. K. CBH3aH TaKme aorrpoc 06 ycmpanu.Mbix Mno:m:e
cmoax Ha p. II. TaK, IWMIIaKT K Ha p. rr. R Ha3. AB
y c T p a H H M bl M, ecJIH ):\JIH HeK-poi\: OKpeCTHOCTH U=i 
=iK Ha R ace AB-«PYHKrr;nn Ha U'--..__K nMeIOT aHaJinTll'L 
Jipo,a;oameHne Ha BCIO oKpeCTHOCTb u. 

BHnMamrn MHornx nccae,a;oaaTeJieii: rrpnaaeqeHo TaKme 
K BOIIpocaM KJiaccn«PnKarr;nn pnMaHOBblX MHoroo6paanii 
IIpon3BOJibHhIX pa3MepHocTeii: N~2, CBH3aHHoii c paccMoT
peHneM OIIHCaHHhIX BblIJie KJiaCCOB «PYHKil,Hil. 

Jlum. CM. npH CT. PWKmwea noeepx1wcmi.. 
E. 11,. CoAoMe><1JeB. 

PMMAHOBblX IIOBEPXHOCT.Ell KOHll>OPMHblE 
KJIACCbl - KJiaCChI, COCTOHIIl,He H3 KoH.iliopMHO 3KBII
BaJieHTHhIX pHMaHOBblX JIOBepXHOCTeii:. 3aMKHYThle pnMa
HOBhI IIOBepXHOCTll (p. II.) HMeIOT IIpOCTOH TOIIOJiornq, 
HHBapnaHT - po.a; g; rrpH 3TOM JII06ble ):\Be IIOBepXHOCTH 
o,a;Horo po,a;a roMeoMop.iliHhI. B rrpocTeiiIJinx cJiyqaax TO
rroJiornq, 3KBHBaJieHTHOCTb ABYX p. JI. o6ecIIeqnaaeT H HX 
IIpnHa,a;JieJRHOCTh K O):\HOMY H TOMY me p. II. K. K.' TO 
eCTb KOH.iliopMHYIO aKBHBaJieHTHOCTh, HJIH, roaopa HHaqe, 
coarra,a;eHne nx KoH.iliopMHhIX cTpyKTYP· 8To BhIIIOJIHHeT
CH, HaIIp.' ):\JIH IIOBepXHOCTeii po,a;a 0, TO eCTb roMeoMop«P
HblX c«Pepe. B o6rrr;eM cJiyqae ,a;eJio o6cTOnT He TaK. Errr;e 
B. PnMaH (B. Riemann) 3aMeTlm, qTo KJiaccbl KoH.iliopMHOii 
aKBHBaJieHTHOCTH p. JI. po,a;a g>1 aaBHCHT OT 3g-3 KOMII
JieKCHblX JiapaMeTpoa, Ha3hIBaeMblX Mo8y.n,a.Mu pu.Manoebix 
noeepxnocmeu; ,a;Jrn KoH.iliopMrrn 3KeneaJieHTHblX IIoeepx
HOCTeii: aTn Mop;yJin coaIIap;aIOT. CJiyqai\: g= 1 orrncaH Hnme. 
EcJIH me paccMaTpnaaTh KOMJiaRTRhie p. rr. po,11a g c n 
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!IHaJIBTH11. KOMIIOHeHTaMH RpaH, TO AJIH HX RoH«PopMHOH 
aRBHBaJieHTHOCTH Tpe6yeTCH COBIIap;eHne 6g-6+3n )J;eHCT
BHTeJibfilIX IIapaMeTpOB-MOAYJien (g~O, n;;,,O, 6g-6+ 
+3n>O). B 11acTHOCTH, ;I{JIH n-CBH3HhIX IIJIOCRHX o6JiaCTen 
(n;;,,3) TaRHX Mo,u;yJie:il: 3n-6; BCHRaH ABYCBH3HaH IIJIOCRaH 
o6JiaCTb RoH«PopMHO <IRBHBaJieHTHa ROJibD;Y c OIIpe,u;eJieH
HhIM OTHomeHHeM pa,a;HyCoB. 

YRa3aHHoe Bhlme aaMe'laHne E. P11MaHa IIocJiym11Jio 11c
ToRoM KJiaCCH'I. II p 0 6 JI e M bl M 0 A y JI e ft p. II., 
R-paH 3aRJII01JReTCH B TOM, 1JT06bl H3Y1JHTb IIpnpo,a;y aTHX 
IIapaMeTpOB H, eCJIH B03MQ;RHO, BBeCTH HX TaR, 1JT06bl OHH 
OIIpep;eJIHJIH Ha MHOiKeCTBe p. II. p;aHHoro pop;a g ROMIIJieRC
HO-aHaJIHTH'I. CTPYRTYPY. llMeIOTCH p;Ba IIop;xop;a R IIpo6-
JieMe Mo;I{yJien: aJire6pan11ecR11n 11 aHaJIHT1111ecR11n. AJire6-
pa1111. IIOµ;xoµ; CBH3aH c nay11emreM IIoJie:il: K (S) MepoMop«P
HhIX «PYHHIJ;HH Ha p. II. S. B cJiy11ae aaMRHYTOH IIoBepx
HOCTH K (S) eCTb IIOJie aJire6pa1111. «PYHHI~HH (AJIH g=O -
aTO IIOJie pau;HoHaJibHhIX, a AJIH g= 1 - IIOJie aJIJIHIITHlJ. 
«PYHRn;n:il:). Kamp;aH aaMRHyTaH p. II. S RoH«jJopMHo aRBH
BaJieHTHa p. II. HeR-po:il: aJire6pa1111. «PYHRIJ;HH, oIIpep;eJIHe
Mo:il: ypaBHeHHeM p (z, w)=O, rp;e p - HeIIpHBOAHMhIH 
MHoro11JieH Hap; I(). 8To ypaBHeHHe aa,a;aeT IIJIOCKYIO aJire6-
pan11. RpHBYIO x' H IIOJie pau;HoHaJibHhIX «PYHRD;HH Ha x 
OTOll\;I{eCTBJIHeTCH c IIOJieM MepoMopljJHhIX «jJyHRIJ;HH Ha s. 
KoH«PopMHon aRBHBaJieHTHOCTH p. II. cooTBeTcTByeT 6npa
u;noHaJibHaH <IRBHBaJieHTHOCTb (COBIIaµ;eHne) IIOJieii: HX aJI
re6pan11. «PYHRIJ;HH HJIH, lJTO paBHOCHJibHO, 6npau;noHaJib
HaH <IRBHBaJieHTHOCTb OIIpe,a;eJIHeMbIX <ITHMH IIOBepXHO
CTHMH aJire6pan11. RpHBbIX. 

AHaJIHTH'I. IIoµ;xoi:i; OIIHpaeTCH Ha reoMeTp1111ecR11e H aHa
JIHTH'I. CBOHCTBa p. II. 0Ka3hIBaeTCH yp;o6Hb1M OCJia6HTb 
KoH«PopMHYIO aRBHBaJieHTHOCTb p. II.' HaJIOll\HB TOIIOJiorn11. 
orpamr11eHHH. BMecTO p. II. S /J;aHHoro pop;a g;;,,1 6epyTCH 
IIapbI (S, /), rµ;e f - roMeoMop.iP11aM .iP11Rcn:poBaHHOH IIO
BepxHoCTH S0 pop;a g Ha S; µ;Be IIaphI (S, /), (S', /') c1111Ta
IOTCH <IRBHBaJieHTfilIMH, ecJIH cy:m;eCTBYeT TaROM KOH
«PopMHhIH roMeoMop«PnaM h : S - S', 'ITO OTo6pameHne 

(t')- 1 oho/: S0 -+S0 

roMOTOIIHO. Tomp;ecTBeHHoMy. MHoi:ReCTBO RJiaccoB aHBHBa
JieHTHOCTH {(S' /)} Ha3. II p 0 c T p a II c T B 0 M T a ii: x
M IO JI JI e pa T (S0) rroBepxHoCTH S0 • B T (S0) BBOAHTCH 
MeTpHRa c IIOMo:m;bIO RBa3HRoH«PopM11I>IX roMeoMopljJ:n3MOB 
S - S'. AHaJiorn'lfilIM o6paaoM oIIpe,u;eJIHeTCH rrpocTpaH
CTBO TanXMIOJIJiepa H AJIH HeRoMrraRTHOH p. II.' HO Torp;a 
6epyTCH TOJibRO RBa3HROH«jJopMHhle roMeoMopljJH3Mbl /. 
,UJIH aaMRHYThIX rroBepxHocTeii: S0 p;aHHoro pop;a g rrpocT
paHCTBa T (S0 ) naoMeTp1111ecRn H3oMop.iPHhI, n MomHo 
roBopHTb o IIpocTpaHcTBe Ta:il:xMIOJIJiepa T g rroBepxHo
CTen po,u;a g. IIpocTpaHCTBo Rg P. rr. R.R. pop;a g rroJiy-
11aeTcH «jJaRTopnaau;11e:il: T g ITO HeR-po:il: C'leTHOH rpyIIrre r g 
ero aBToMop«PnaMoB, Ha3hIBaeMoil: .Mooy.risip11,ou epynnou. 

Han6oJiee rrpocThIM HBJIHeTcH cJiy11a:il: rroBepxHocTe:il: 
po,u;a 1 - TOpOB. Kamp;hl:il: Top s IIOCJie RoH«PopMHoro OT0-
6pameHHH ero YHHBepcaJibHOH HaRpbIBaIO:m;e:il: Ha ROM
IIJieRCHYIO IIJIOCROCTb IC rrpep;CTaBJIHeTcH B BH,IJ;e IC/G, 
rp;e G - rpyIIrra cp;BnroB c ,IJ;BYMH 06pa3y10:m;HMH 001 , 00 2 
TaRHMH, 'ITO Im ( 00 2/ 001) >O; rrpH aToM IJ;Ba Topa S n S' 
ROH«jJopMHO aRBHBaJieHTHbl Tor,u;a H TOJibRO Tor,a;a, Rorp;a 

OTHOIIIeHHH T= 002/ 001 ll T' = 00;100~ COOTBeTCTByIO:m;nx 06-
paayIO:m;Hx CBH3aHbl MO;I{YJIHpHbIM rrpeo6pa30B!IHHeM 

T'=(aT+b)/(cT+d), ad-bc=1; 
a, b, c, dEz. 

B Ra11ecTBe (RoMrrJieKcHoro) MOAYJIH p;aHaoro P. II. R.R. 
{S} MOll\HO B3HTb 3Ha'leHHe (IJIJIHIITH'leCROM Mop;yJrnpHOH 
«PYHRIJ;HH J (T). IIpocTpaHCTBO Ta:il:xMIOJlJlepa T1 coBIIap;aeT 
c rroJiyIIJIOCROCTbIO H= {TEC: Im T>O}, f 1 eCTb aJIJIHn
Tir<reCRa.!I MOAYJIHpHaH rpyrrrra SL(2,;z)/{±1}, a R1 = 
= T1/f1 - pHMaHoBa noBepxHOCTh, RoH«PopMHO 3RBHBa
JieHTHaH IO""- {O, 1 }. Bee aJIJIHIITH'I. RpHBhle (11 IIOBepx-

HOCTH pop;a 1) ,a;ouycRaIOT op;HOBpeMeHHYIO yHmpopMH3a
D;lllO c IIOMO:m;bIO «PYHRD;llll Beil:epmTpacca ff'(z; 1, T) Hee 
IIpOH3BO,IJ;HOH ff'' (zj 1, 't). 

II pn g >1 CHTYan;HH 3Ha'ln:TeJibHO cJiomHee. Y CTaHoB
JieHhI, B 'laCTHOCTH, CJle;I{yIO:m;He OCHOBHhle CBOHCTBa upo
CTpaHCTBa T g: 1) T g roMeoMopljJHo R 6g- 6 ; 2)_ T g 611roJio
MopljJHo BRJ13AhIBReTCH B BHIJ;e orpaHH'leHHOH o6JiaCTH B 
cag- 3, R-paH roJioMop.iPHo BhIIIYRJiaj 3) MOAYJIHpHaH 
rpyuIIa f g p;HCRpeTHa (11;ame co6cTBeHHO pa3phIBHa) H IIpH 
g>2 HBJIHeTCH IIOJlHOH rpyu11o:il: 6HrOJIOMOp«liHhIX aBTOMop
ljJH3MOB T gi 4) HaRpwT11e T g - T glf g HBJIHeTcH pa3BeT
BJieHHhIM, a T glr g=Rg eCTb HopMaJibHOe ROMIIJieRCHoe 
upocTpaHCTBO c HeyHmpopMH3HpyeMbIMH oco6eHHOCTHMH. 
TaRHe me CBOHCTBa, 33 oTp;eJibHhIMH HCRJIIO'leHHHMH B 3), 
HMeIOT MeCTO ll AJlH 6oJiee o6rr~ero CJIY'laH 33MRHYThIX p. II. 
c ROHelJHhIM lJHCJlOM IIpOROJIOB, R-pbIM COOTBeTCTBYIOT KO
HelJHOMepHhle IIpocTpaHCTBa Ta:il:xMIOJIJiepa. Y Ra3aHHoe 
6nroJIOMop.iPHoe BJlOll\eHHe T g; B cag- 3 IIOJiy11aeTCH c IIO
MO:m;bIO y11,urfjop.Muaaz+uu H CBOHCTB neaauno11,rfjop.M11,bix omo-
6pa3!Ce11,uu. IIoBepxHoCTb S0 IIpep;cTaBJIHeTcH B Bn:p;e 
S0=H/f0 , rp;e f 0 - rfjyncoea epynna, p;e:il:CTBYIOIIWH pa3-
phIBHO B BepxHeii IIOJIYIIJIOCROCTH H ( oIIpep;eJIHeMaH c 
TOlJHOCTblO AO COIIpHmeHHH B rpyIIIIe BCex RoH«PopMHbIX 
aBTOMop«Pn3MOB H), 11 paccMaTpHBaIOTCH RBa3HRoH«PopM-

Hhle RBTOMop.iP11aMhl w= fµ(z) IIJIOCROCTH iC =IC U { oo }, 

T. e. pemeHHH ypaBHeHHH EeJibTpaMH w-z= µ (z)wz, r11;e 

µ(z)dZJdz - HHBapnaHTfille OTHOCHTeJibHO fo «PopMbI c HO
CHTeJIHMH B H, llµllLoo <L IlycTb e:m;e /µ OCTaBJlHIOT He

IIOABllll\HhIMH TO'IRH 0, 1, oo. Torp;a T g MOiRHO oTom;a;ecT
BHTb c IIpocTpaHCTBOM cymeHHH fµIR HJIH, lJTO paBHOCHJib-

HO, cymeHHH /µIL, L={zEIC: Imz<O}, n Tg 611roJio

Mop.iPHo aRBHBaJieHTHO o6JiaCTH, 3aIIOJ1HHeMOH IIpOH3BO,IJ;
HhIMll IIIBa pu;a 

!'" (z) 3 [/" (z)J2 {/µ, z}=T(z)- 2 !' (z) , /=/µ, zEL, 

B ROMIIJieRCHOM IIpocTpaHCTBe B (L, f 0) roJioMopljJHhIX B L 
pemeHHH ypaBHeHHH 

cp (y (z)) y' 2 (z)=cp (z), yEfo. 
C HOpMOO 

llcp ll=sup I Im z 12 I cp (z) j; 
L 

npH aToM dim B (L, f 0)=3g-3. 11cIIoJib3YH aTo BJI-O~e

HHe, MOJRHO IIOCTpoHTb paccJioeHHOe IIpOcTpaHCTBO T g 
c 6aaoii: T g• TRRll\e AOIIYCRaIO:m;ee BBep;emre KOMIIJieRCHOH 
C:.TPYRTyphI, H roJIOMop«PHhle «PYHRIJ;HH '¢1, ... ' 'lilog-6 Ha 

T g• rro3BOJIHIOIIJ;He p;aTb rrapaMeTpn11. rrpep;cTaBJieHHe ncex 
aJire6pa1111. RpHBhlX pop;a g B ROMIIJieRCHOM IIpoeRTHBHOM 
npocTpaHCTBe pn, n;;,,2. YRaaaHHaH ROHCTPYRD;HH, CBH
aaHHaH c BJiomeHHeM T g B B (L, f 0), 0606rrweTCH Ha rrpo
H3BOJibHhle p. II. n ljJyRCOBhI rpyrrIIhI. B 11acTHOCTH, ,a;JIH 
ltoMIIaRTHhlX p. II. c aHaJIHTHlJ. rpaHHD;aMH IIOJiy11a10:m;eeCH 
npocTpaHCTBo TaiixMIOJIJiepa p;oIIycRaeT BBep;eHne B HeM 
rJio6aJibHoii: Be:m;ecTBeHHo aHaJIHTH'I. CTPYRTYPhI cooTBeT
CTBymni;eii paaMepHOCTH. 

,Upyroc on11caHne P. II. R. R. pop;a g>1 rroJiy11aeTCH c 
l!OMOIIJ;blO T. H. Ma T pH u; II e pH 0 A 0 B aTHX IIOBepx
HOCTeii. 8TO - CHMMeTplPieCRHe (gX g)-MaTpHD;hI c IIO
JlOlRHTeJibHO orrpep;eJieHHo:ii: MHHMOH 11acTbIO. II pocTpaHcT
BO T g roJIOMop.iPHo BRJIR;rJ;hIBaeTCH BO MHOJReCTBO Bcex Ta
RHX MaTpnu; (BepXHIOIO IIOJIYIIJIOCROCTb 3nreJIH) Hg (cM. 
[4], [5]). 

llMelOTCH 3!1MRHYTLie p. JI. c OIIpep;eJieHHOll CHMMeTp11eii:, 
ROH«jJopMllI>Ie RJiaCCbl R-pbIX 3aBHCHT OT MeHbIIIero lJHCJia 
napaMeTpOB. aTO - r H II e pa Jl Jl H II TH 'le c RH e II O
B e p x H o c T 11, aRBHBaJreHTHbie ABYJIHCTHbIM p. rr. 

<jiyHRIJ;Hii w= V p (z), rp;e p (z) -- MHoro11JieHhl BHp;a 
(z-z1) ... (z-Z2g+2)· 0HH ,a;onycRaIOT ROH.iPopMHYIO HHBO-
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JIIOD;HIO H 3aBHeHT OT 2g-1 KOMIIJieReHhIX rrapaMeTpOB. Bee ITO «PopMyJie 
rrosepxHoeTn pop;a 2 nmepaJIJIHIITHqHhl; rrpn g>2 TaRne 
rroBepxHoeTn 06paay10T B T g aHaJinTnq, rro)J;MHoroo6pa3HH R (0, 6) = S a:S D L (0, d) dQ x (d) dP 0 (x), 
pa3MepHOeTH 2g-1. 

c P. II. R.R. eBH3aH Borrpoe 0 RoH.iPOpMHhIX aBTOMOp
«Pn3MaX p;aHHOH pnMaHOBOH rrosepxHoeTn s. 3a neRJIIOqe
HHeM HeeRoJibRHx qaeTHhIX eJiyqaes rpyrrrra Aut S TaRnx 
asToMop«PnaMoB p;neRpeTHa. B eJiyqae 3aMRHYThIX rrosepx
HoeTe:il: poµ;a g>1 oHa ROHeqHa, rrpH110M Tor,qa rropHll;OR 
Aut S He rrpesoexo)l;HT 84(g-1). 

MMe10m;aHeH RJiaeen«PnRau;nH HeRoMrraRTHhIX p. II. 6ee
RoHeqHoro poµ;a OCHOBaHa Ha Bhl):leJieHHH OT)l;eJibHhIX KOH
«PopMHhIX HHBapnaHTOB H He orrpep;eJIHeT p. II. R. R. IIOJI
HOeTbIO; o6hlqHo 3TO p;eJiaeTeH B TepMHHaX eym;eeTBOBaHHH 
aHaJinTnqeeRHX HJIH rapMOHHq, «PYHRD;HH e orrpe,qeJieHHhIMH 
eso:il:eTBaMH. 

Jlum.: [1] He Ba H JJ 11 H Ha P., Yampopmrnar:11rn, nep. c 
aeM., M., 1955; [2] C n p 11 II rep )l;m., Bse;a;eaue B :reopmo p11-
MaHOBhlX rrosepxaoc:rell, rrep. c aarJJ., M., 1960; [3] K p y w Ka JJ h 
C. JI., Ksaa11KoacjJopMHhle o:roopameauH 11 puMaHOBLI rrosepxao
c:r11, HOBOCllO., 1975; [4] Be pc JI., «Ycrrexu MaTeM. HayK», 1973, 
:r. 28, a. 4, c. 153-98; [5] III 11 cjJ lj> e p M., c rr ea c e p A· K., 
<t>yHKn11oaaJJhI Ha HOHe'!HLIX p11MaHOBhlX nosepxaoc:rHx, rrep. c 
aarJJ., M., 1957; [6] Ab i k off W., The real analytic theory ot 
Teichmiiller space, B.- [u. a.], 1980. C. JI. HpymnaJtb. 

PHMCKHE l(ll<l>Pbl - u;H«liphl p;pesHnx pnMJIHH. 
CneTeMa P. u;. ocnosana rra yrroTpe6JieHnn oco6hlx 3HaROB 
p;JIH µ;ecHTH~hlx paapHµ;os l=I, X=10, C=100, M=1000 
n nx rroJIOBHH V=5, L=50, D=500. HaTypaJibHhle 'lHCJia 
aarrnehIBaIOTCH rrpn IIOMOIIJ;H IIOBTOpeHHH 3THX u;n«Pp. 
IIpn 3TOM eCJIH 6oJibillaH u;n«Ppa CTOHT rrepe)l; MeHbille:il:, TO 
OHH CRJia)J;hIBaIOTCH (rrpnHu;nrr eJiomeHHH), ecJIH me MeHb
maH - rrepeµ; 6oJihmeii:, TO MeHbmaH Bhl'lHTaeTCH na 6oJib
me:il: (rrpHHu;nrr Bhl'lHTaHnH). IIocJiep;Hee rrpasnJio rrpnMe
HHeTcH TOJibKO BO na6emaHne 'leThlpexRpaTHOro IIOBTOpe
HHH op;Hoii: n TO:il: me u;n«Pphl. BhlrroJIHeHne apn.iPMeTnlJ. 
AeHCTBH:il: Hap; MHOr03HalJHblMH lJHCJiaMH B 3TOll aarrncn 
secbMa Heyµ;o6Ho. CncTeMa P. u;. B HacToHm;ee speMH He 
rrpnMeHHeTCH, 3a HCKJIIO'leHHeM, B OT)l;eJibHbIX cJiyqaHx, 
o6oaHa'leHHH BeROB, rop;OB H. 3. II MeCHu;eB rrpn yRa3aHnn 
p;aT, rropH)J;KOBhIX 'lHCJIHTeJibHblX, a TaRme HHorµ;a rrpona
BO)J;HhIX He60JibillHX rropH)l;KOB, 6oJibillHX Tpex: y1v, yv 
H T. A· BC8-3. 

PllCK c T a T H c T H q e c K 0 ii: II p 0 u; e A y p hi -

xapaRTepneTnKa, Bhlpama10m;aH epep;nne rroTepn aKcrrepn
MeHTaTopa B aap;a'le rrpHHHTHH CTaTHCTH'l. pemeHHH H 3THM 
caMhIM orrpep;eJIHIOID;aH Ka'IeeTBO HCI10Jib3YeMOH CTaTHeTH'l. 
rrpou;ep;yphl. 

IIyeTb rro peaJIH3au;1m cJiyqaii:Holi seJIH'lHHhl X, rrpnnn
Ma10m;eli 3Ha'leHirn B Bhl6opo~oM rrpocTpaHcTBe (it, lB, 
p e), 0 E 0, Hap;JiemnT rrpHHHTb pemerrne d H3 H3MepnMoro 
rrpOCTpaHCTBa peIIIeHHH (D, u{) OTHOeHTeJibHO rrapaMeTpa 
0. )];aJiee, IIYCTb IIOTepn eTaTHCTHKa OT rrpnHHTHH pemeHHH 
d, ecJIH eJiyqa:il:HaH BeJIH'lHHa x IIO)l;qHHHeTCH 3aKoHy p e. 
paBHhl L (0, d), rp;e L - HeK-paH «PYHKD;HH rroTepb, aaµ;aH
naH Ha 0 X D. B TaKoM cJiy'lae, eeJin cTaTHCTHK B aaµ;aqe 
rrpHHHTHH pemeHHH d IIOJib3yeTeH HepaHp;OMH3npoBaHHOH 
pema10Ufeu rfiyn1>r.fueu 6 : I - D, TO B Ka'leeTBe xapaK
TepncTnKn 3TOH pema10m;e:il: «PYHKD;HH 6 HCIIOJib3YIOT «PYHK
u;n10 

.lt(0, 6)=E0L(0, 6(X))=I £(0, 6(X))dP6 (x), 
h 

Ha3bIBaeMyIO «P y H K n; H e H pH e K a, HJIH rrpOCTO p H
e K 0 M, eTaTHeTH'l. rrpou;eµ;yphl, oeHOBaHHOH Ha pema10-
m;e:il: «PYHKD;HH 6 OTHOeHTeJihHO «PYHKD;llll IIOTepb L. 

IIoHHTHe p. II03BOJIHeT BBeCTH OTHOIIIeHI;rn qaeTn~oro 
yrropHAO'lHBaHHH Ha MHomeeTBe i\= {6} seex nepaHp;OMH-
3HpOBaHHhIX pema10m;nx «PYHKu;n:il:, rrpn 3TOM C'lHTaIOT, 'ITO 
H3 ABYX pa3JIH'lHhIX pema10m;nx «PYHKu;nfi 61 H 62 rrpeµ;rro'l
THTeJibHee HBJIHeTeH 61, eem1 R (0, 61) _.,,;.R (0, 62) pasno
Meprro ITO BCeM 0. 

B cJiy'lae, ecJin pema10m;aH «PYHKu;nH 6 HBJIHeTCH parr
AOMnanposaHHoii:, P. CTaTHCTH'I. rrpou;ep;yphl orrpe)l;eJIHeTCH 

r)l;e {Qx(d)} - ceMeHCTBO MapROBCKHX IIepexo)l;HhIX pae
rrpe,qeJieHHH sepoHTHOCTeH, orrpe)l;eJIHiom;nx rrpol\e,o;ypy 
paH)J;OMH3aD;HH. 

Jlum.: [1] JI e Ma H a., IIposepKa CTaTHCTH'!ec1rnx rmro:rea, 
nep. c aH!'JJ., 2 113;!1;., M., 1979; [2] 'I e H ll 0 B H. H., CTaTllCTll
'!ecK11e pewaronurn npas11JJa 11 onmMaJJhHhle BhlBO;a;hl, M., 1972; 
[3] B a JJ h ~ A., C:ra:rucm'leCKue pemaroDUie ll>YHKlllfH, a co : 
IloaHlllfOHHhle urphl, M., 1967. M. C HunyJtun. 

PU:COBCKAH IIOJIYrPYIIIlA MATPlfqHoro TU:
IIA-TeopeTHKO-IIOJiyrpynrroBaH ROHCTpyKII;HH, orrpeµ;e
JIHeMaH eJie,o;yrom;nM o6paaoM. IIycTb S - rrponasoJibHaH 
rroJiyrpynIIa, In A-(nH,qeReHMe) MHomeeTDa, P=(pJ..i)
(AXJ)-MaTpnu;a Hap; S, T. e. oT06pameHne p;eKapTosa rrpo
nase,qeHHH AX/BS. Ha MHomecTse M=IXSXA orrpe
;n;eJIHeTCH orrepau;nH rrocpe,qcTBoM «PopMyJIM 

(i, s, A.) (j, t, µ) =(i, sp,.,.t, µ). 
I 

Tori:ia M rrpespam;aeTCH B IIOJiyrpyIIrry, K-paH Haa. P. II. 
M. T. Hall; IIoJiyrpyIIIIoii Sn o6oaHa'laeTcH ~(S; I, A; P); 
MaTpnu;a p Ha3. c 3 H A B H q - M a T p H u; e ft IIOJIY
rpyrrrrhl ~(S; I, A; P). EeJin S eeTb rroJiyrpyIIrra e HyJieM 
0, TO Z= {(i, 0, A.)liEJ, A.EA} eCTh H)l;eaJI B M=~(S; 
I, A; P) n «PaKToprroJiyrpyrrrra Pnca MIZ (cM. llMyzpynna) 
o6oaHa'laeTeH ~0(S; I, A; P); B eJiy'lae, Kori:ta S=G0 eeTb 
rpyrrrra G0 e IIpneoei:inHeHHhIMHyJieM, BMeeTo ~0 (G0 ; I, A; 
P) rrnmyT ~0(G; I, A; P) n Ha3hIBaIOT 3TY IIOJiyrpyIIrry 
P. 11. M. T. Hall; rpyrrIIo:il: c rrpncoeµ;1rneHHhlM HyJieM G0 • 

)];JIH IIOJiyrpyrrrr ~(G; I, A; P) n ~0(G; I, A; P) rpyrrrra G 
Ha3. c T p y KT y pH 0 H r p y II II 0 H. 

)];pyroe rrpeµ;eTasJieHne P. rr. M. T. Hai:t rroJiyrpyIIIIoii: S 
c HyJieM H (Ax J)-C3H):lBH1J-MaTpnu;e:il: p ocym;ecTBJIHeTCH 
eJieJ{yIOIII;HM o6pa30M. (JXA)-MaTpnu;a HaJ{ s Ha3. Ma T
p n u; e :il: P n e a, ecJin oHa eo,qepmnT He 6oJiee o;riHoro 
HeHyJiesoro aJieMeHTa. qepe3 llalliJ.. o6oaHa'laeTCH MaTpnu;a 
Pnca Ha;ri s' y K-po:il: B i-ii CTpoKe H A-M CTOJI6u;e CTOHT a, 
a Ha OCTaJibHhIX MeeTaX - HYJIH. Ha MHOmecTBe seex 
(IX A)-MaTpnu; Pnea HaA S 3a,qaeTCH orrepan;nH: 

Ao B=APB, 

rµ;e B IIpaso:il: 'laCTH - «06hl~Oe» MaTpH'IHOe YMHOmeHHe. 
0THOCHTeJibHO 3TOH orrepau;nn yKa3aHHOe MHomeeTBO 06-
pa3yeT IIoJiyrpyrrrry. 0To6pameHne Ilalio. I-+ (i, a, A.) HB

JIHeTCH ll30Mop«Pn3MOM 3TOH IIOJiyrpyIIIIhl Ha IIOJiyrpyIIrry 
~0(S; I, L\; P); o6oaHa'leHne ~0(S; I, A; P) rrpnMeHHeTeH 
)l;JIH o6enx 3THX rroJiyrpyIIrr. <l>opMyJia (*) o6'hHCHHeT Tep
MHH «eaHp;sn'l-MaTpnu;a» p;JIH P. EcJin G - rpyrma, TO 
rroJiyrpyrrrra ~0(G; I, A; P) 6y.o:eT peryJIHpHofi Tor,IJ;a n 
TOJibKO TOr,IJ;a, Korµ;a Kamp;aH eTpoKa H Kamp;hIH CTOJI6eu; 
MaTpnu;hl p co.u:epmnT HeHyJieBoii 3JieMeHT; BeHKaH IIOJiy
rpyrrrra ~(G; I, A; P) BIIOJIHe rrpocTa, BCHKaH peryJIHpHaH 
IIOJiyrpyrrIIa ~0(G; I, A; P) BIIOJIHe 0-rrpocTa. 06pam;eHne 
IIOCJie,IJ;HHX ABYX YTBepmp;eHnii: coeTaBJilleT OCHOBHOe eo
,IJ;epmaHne Te 0 p e M bl pH ca [1]: BeHKaH BIIOJIHe rrpo
eTaH (srroJIHe 0-rrpocTaH) rroJiyrpyrrrra naoMop.iPHo rrpeµ;
eTaBHMa p. II. M. T. Hap; rpyrrrrofi (peryJIHpHoii p. II. M. T. 
Ha,IJ; rpyIIIIoii e rrpneoep;nHeHHbIM HyJieM). EeJin ~0(G; I, 
A; P) n ~0(G'; I', A'; P') naoMop«PHhl, TO rpyrrrrhl G n G' 
n3oMop«PHhl, I n I' paBHOMOID;Hhl, A n A' pasHoMOID;Hhl; 
Heo6xo,IJ;HMhle H .o:oeTaTO~ble YCJIOBHH H30Mop«Pn3Ma IIOJiy
rpyrrrr ~0(G; I, A; P) n ~0(G'; I', A'; P') xopomo H3BeeT
Hhl H HapHAY e TOJibKO 'ITO IIpHBep;eHHhIMH YCJIOBHHMH 
BKJIIO'laIOT BIIOJIHe orrpep;eJieHHYIO eBH3b Mem.u:y e3H)J;BH'l
MaTpnu;aMH P n P' (cM. [1]-[3]). B 'laemoeTn, JII06aH 
srroJIHe 0-rrpocTaH rroJiyrpyrrrra naoMop«Pno rrpe.o:cTaBHMa 
P. II. M. T., y C3H.O:BHq-MaTpllu;hl p K-po!I Kam.o:hlfi 3JieMeHT 
B .u:annoii eTpOKe n ,IJ;8HHOM CTOJI6u;e paBeH JI1160 0, JIH6o 
e)l;HHnu;e eTpyKTypHoii rpyrrIIhl; TaKaH caH,IJ;BH'l-MaTpmw 
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Ha3 H o p M a JI H 3 o B a H H o ii. AHaJiorIPIHhle cBoii:- 6) ,ll;JIH mo6oii: 11ocJie,11;0BaTeJihHOCTH {c,,} c II {en }llp< oo, 
CTBa BhlIIOJIHHIOTCH AJIH BIIOJIHe 11pocThlX rroJiyrpym1. 1 <P <.2, cyru;ecTByeT iJ>yHim,HH f E Lq[a, b], n:MeIOIIWH c,, 

Jium .. [1] R e e 8 D., lcProc. Camb. Phil. Soc».' 191,0, v. 36, CBOHMH KoaiJ>iJ>n:qHeHTaMH <Dypbe ll YAOBJieTBOpHIOI.qaH 
p. 387-1,00; [2] H JI H cjl cjl 0 pp; A., II p e c T 0 H r., AJire6pa- He p a B e H c T B y p H c c a 
uqecRaH Teop1111 noJiyrpynn, nep. c aHrJI., T. 1, M., 1972; [3] 
JI 11 n H H E. C., IloJiyrpynnbI, M., 1960. JI. H. illeepu1<. II f llq,.;;,;; M2/p-l II {en} llp, 1Jp+1Jq = 1. 

PIICCA BA31IC - CM. Pucca cucmeMa. 
PIICCA IIHTEPilOJl.HIJ;IIOHHAH cl>OPMY JIA - iJ>op

Myaa, p;aIOIIJ,aH BhlpameHHe AJIH rrpoli3BOAHOH TpHroHOMeT
PH'I. rroJin:HoMa B HeK-poii: roqKe qepea aaaqemrn caMoro 
IIOJIHHOMa B ROHeq&oM 'BICJie ToqeR. 0CJIH T n(x) -
TpHrOHOMeTpH'I. IIOJIHHOM c p;eii:CTBHTeJihHhlMH Koaii>iJ>n:
~H0HTaMH CTeneHH n, To AJIH mo6oro p;eii:CTBUTeJibHoro x 
liMeeT MeCTO paBeHCTBO 

T' (x)=_!_ ~2" (-f)k+l 1 T (x+x(n)) 
n Zn "-lk=l sin' (x~n) /2) n k ' 

rp;e x<V=(2k-1)n/2n, k=1, 2, ... , 2n. 
p. H. qi. o6o6m;aeTCH Ha u;em,ie iJ>yHRIJ;Hll aRCIIOHeHD;H

aJibHOro Tima: eCJIH f - qeJiaH ii>YHKa;HH, orpaHn:qeHHaJI 
Ha p;eii:CTBHTeJihHOH OCH IR n HMeIOru;aH CTeneHb a, TO 

, a ~co (-1ik ( 2k+1 ) EIR 
f (x) =iii "-ik= - co (k+ 1/2)' f x+2a n , :t ' 

npn:tteM PHA, CTOHlil;HH B rrpaBoii: qacTH paB0HCTBa, CXO):\HT
CH paBHOMepHo Ha BCeii: p;eii:CTBHTBJlhHOH OCH. 

Y CTaHOBJieHa M. PnccoM [ 1]. 
Jium.: [1] R i es z M., «C. r. Acad. sci.», 1914, t. 158, p. 1152-

51,; [2] B e p H III T e ll H c. H., 8KCTpeMaJibHble CBOllCTBa IIOJIH
HOMOB " HaHJ1yq111cc npH6J1HlRCHHe HenpepbiBHbIX cjlyHRUHll Ol!;Holl 
BeJUCCTBeHHOl'i nepCMCHHOll, q, 1, JI.-M., 1937; [3] H HK 0 JI b
e R H ll C. M., IlpHOJJHlReHHC cjlyn11uHll MHorux nepeMeHHhIX " 
TeopeMbI BJIOlReHmr, 2 Hap;., M., 1977. JI. /J.. HyopR•tfe•. 

PIICCA METO,IJ; CYMMIIPOBAHIUI - MeTOA cyM
Mn:poBaHHJI 'IHCJIOBhlX II tJiy1rnu;noHaJihHhIX pHp;oB; o6oaHa-

qaeTCH (R, !.,, k). PHA ~;=o an cyMMHpyeM Me To Ao M 

cyMMllpOBaHHH 
ecm1 

PH cc a (R, 'A, k) K cyMMe s, 

rp;e k >O, 0 ...;/..0 <l.,1 < ... <!.,,, - oo, w - HerrpephlBHhlii: 
napaMeTp. MeTOA 6hlJI BBep;eH M. Pn:ccoM [ 1] AJIH cyMMHpo
BaHHH PHAOB ,IJ;n:pn:xJie. MeTOA (R, A, k) perymipeH; rrpn: 
An=n paBHOCHJieH l/eaapo MemoiJy cyMMupoeanusi (C, k) 
li COBMeCTeH c HUM. 

M. Pn:cc paccMaTpneaJI raRme MeToA, B K-poM cyMMH-

pyeMOCTh pHp;a ~.. a,, orrpep;eJIHeTCH qepea npep;eJI no
"-ln=o 

CJiep;oeaTeJihHOCTli {am}, rp;e 
1 ~m 

Om= Pm ""'k= opksk, 

Pm= ~m Pk :j:: 0, sk= ~k an. 
"-lk=o ..:.in=o 

8ror MeTOA o6oaHa'IaercJI (R, p,,). MeTOA (R, !.,, k) HB
JIHeTcH MOAHii>HRaa;n:eii: MeTOp;a (R, Pn) (rrpH k=1) H 0606-
IIJ,eHHeM ero Ha npoH3BOJihHhle k >0. 

Jlum.: [1] R i es z M., «C. r. Acad. sci.», 1911, t. 152, p. 1651-
51,; [2] er o lR e, TaM lRe, 1909,· t. H9, p. 18-21; [3] Ha rd y 
G. H., Ries z M., The general theory of Dirichlet's series, 
Camb., 1915; [t,] X a pp;" r., Pacxo11HIUHec11 PHl\hI, nep. c aHrJJ., 
M., 1951. 11. 11. Bomwe. 

PUCCA HEPABEHCTBO - 1) IlycTh {qi,,} - opTO
HopMnponaHHaH CHCTeMa ii>YHRqnii Ha 0Tpe3Ke [a, b], 
lcpnl <.M IIO'ITH BCIOAY Ha [a, bJ AJIH mo6oro n. 

a) ECJIH f E If[a, b], 1 <p <.2, TO ee Roa¢iJ>nu;:irnHThl 
<l>yphe 

\b -
Cn=.) a fqi,,dx 

yp;oBJieTBOpHIOT H e p a B e H c T B y P n c c a 

11 {c,,} llq..;;;; M 21P- 1 II t llp, 1;p+ 1/q = 1. 

2) Ecan /ELP[O, 2n], 1 <p <oo, To conpHmeHHaH ii>YHK-
IJ;HH f E LP[O, 2n] H CIIpaBep;an:eo H e p a B e u c T B o 
pH CC a 

rp;e A p - nocTOHHHaH, aaBHcHm;aH TOJihKo oT p. 
YTBepmp;eHne 1) BIIepBhle AOKaaaHo <I>. Pn:ccoM [1], 

qacTHhle cnyqan noro yTeepmp;eHHH pauee paccMaTpnea
JIH Y. IOHr (W. Young) n <I>. Xaycp;opiJ> (F. Hausdorf). 
YTBepmp;eHHe 2) BnepBhle p;oKaaaHo M. Pn:ccoM [2]. 

Jium.: [1] Ries z ii'., «Math. Z.»~ 1923, Bd 18, S. 117-21,; 
[2] RI es z M., TaM lRC, 1027, Bd 21, S. 218-41,; [3] Ba pH 
H. H., TpnroHoMeTpuqecRHe pHW>t, M., 1961, c. 211, 566; [t,] 
3 " r M y H 11 A., TpHroHoMeTpHqecRne p1111;hl, nep. c anrJI., 2 nap;., 
T. 1-2, M., 1965, c. 404 (T. 1), o. 154 (T. 2) T. rr. Jiyname1<no. 

PIICCA IIOTEHD.IIAJI, a-II o T e H II lI a JI,- JIOTeH
IIHRJI BRAR 

Va (x) = V (x; a,µ)= \ dµ (Y) , a > 0, 
j 1x-y 1a 

rp;e µ - IIOJIOlRHTeJibHRH 6opeJieBCKaH Mepa c RoMnaKT
HhlM HocnTeJieM Ha eBKJIHAOBOM npocTpaHcTBe IR.n, n;;;..2, 
lx-yl - paccTOHHHe Memp;y TOqKaMH x, y E /R.n. Ilpn n>3 
II a= n-2 P. n. COBIIap;aeT c KJiaccnqecKHM nb10monot1bl,M 
nomen!fua.aoMj npn: n= 2 H a - 0 npep;eJihHhlM cJiyqaeM 
p. n. B HeK-pOM CMb!CJie HBJIH0TCH .n,ozapu{fJMU'lecnuii no
menlfua.n,. Ilpn: n>3 H O<a...;:n-2 P. II. eCTh cyJieprap
MOHH'I. tJiyHKIJ;HH BO BCeM npocTpaHCTBe !Rn; IIpH aTOM B 
KJiaCCH'I. CJiyqae a=n-2 BHe HOCHTeJIH S'(µ) Mephl µ 
noTeH1IHaJI V(x)= Vn_ 2(x) eCTh rapMoHH'I. iJ>yHKD;IIH. IIpn 
a >n-2 p. II. v a(x) eCTh cy6rapMOHnq. ii>YHKa;HH BH0 
S(µ). Ilpn acex a>O P. JI. Va(x) - noJiyHeJipephlBHaH 
CHH3y iJ>yHRqHH B IR. n' HenpephlBHaH BH0 s (µ). 

Ma 06ru;11:x CBOHCTB p. JI. Baameii:mHMH HBJIHIOTCH CJie
p;yroru;ne. Il p H H q H II H e II p 0 p hi B H 0 C T n: ecJIH 
x0 ES(µ) H cymeHne V a(x) IS(µ) HeJipephlBHO B ToqKe x0 , 

TO Vix(x) HerrpephlBeH B Xo KaK ii>YHKil,HH Ha BCeM IR.n. 
0 r p a H Iii q e H H hi ii II pH H q H II Ma K c 11 M y M a: 
eCJIH Va(x)IS(µ)<.M, TO Va(x)..,.;:2aM Bcrop;y B !Rn. Ilpn: 
n-2 <.a <n cnpaBeAJIHB 6oJiee TO'IHhlH II p H H q H II 
MaKCHMyMa: ecJIH Va(x)IS(µ)<.M, TO Va(x) <.M 
BCIOAY B !Rn (aTO YTBepmp;eHHe OCTaeTCH BepHhlM Iii IIpH 
n=2 H et-+0, TO eCTb AJIH JIOrapniJ>MH'I. IIOTeH1IHaJia). 

TeopnH e.turncmu AJIH P. n. CTponTcH, Hanp., HCXOAH 
H3 noHHTHH a-aHeprnn Mephl µ: 

Eet (µ) = ~ ~ dµl~~:~dy), a> 0. 

,!J;JIH KOMIIaRTa K MOJRHO noJIOlRHTh 

Vix (K)=inf {Ea(µ)}, 

rp;e HIIlRHHH rpaHb 6epeTCH no BCeM MepaM µ, cocpep;OTO
'IelllfblM Ha K H TaKHM, 'ITOµ (K)= 1; TOrp;a a-e MK 0 c Th 
paBHa 

Ca (K) =[Va (K)j-ltix. 

EcJIII Va(K) < + oo, TO HIIlRHHH rpaHb p;ocTnraeTcH Ha co
cpe,a;oTo'leHHoii: Ha K e M K o c T H o 11 M e p e /.,, 
" ( K)= 1, rropom/],aIOru;eii: COOTBeTCTBYIOIIUIII e M K 0 c T
H hi iI a-rr o T e H q II a JI V (x; a, /.,). )J,aJihHeiimee IIO
cTpoeHHe a-eMROCTef1 npOH3BOJll>HhlX MHOmeCTB npOII3BO
AIITCH Tall'. me, Rall'. If l~JIH RJiaccnq. eMKOCTeii. 

P. n. Ha3BaH no HMeHII M. Pncca (cM. (2)), noJiy'IHBmero 
PHA B31RHhlX CBOiICTB p. rr.; BnepBbie TaKIIe TIOTeHqIIaJibl 
6bIJIII IICCJieAOBaHbl 0. <D_pocTMaHOM (CM. J 1_]). 

Jium.: [1] Fro st m an n 0., «Medd. Lunds Univ. Mat. 
Sem.», 1935, v. 3; [2] R i e s z M., «Acta sci. math. Szeged», 
1938, v. 9, p. 1-42; [3] JI a Hp; R 0 cjl H. c .. OCHOBbI cospeMeH-
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Holt TeopHH IIOTeHJ'.IHaJia, M., 1966; [4] x e it Ma H Y., I\ e H
H e JJ: H II., Cy6rapMOHH<Iec1me <!Jymn.1H11, rrep. c aHrJI., T. 1, M., 
1980. E. lJ.. Co.<o~ten'{eB. 

PHCCA IIPOH3BE,l),EHHE - 6ec1wHe'IHoe rrpoM3Re-
;o;emrn BH:):(a 

II OO nk+l 
k-I (1+akcosnkx), -n-~q > 1, lakl~1, (1) 

- k 

p;Jur Bcex kEN, xE [O, :re]. 
c IIOMOlll,blO Tami.x rrpOH3Bep;eHHii (ak=1, nk=3Tl rrpM 

ncex kEN) <P. PHcc (F. Riesz) yKaaaJI rrepshlii rrpttMep 
HerrpepbIBHOii «PYHKIJ,MH c orpaHM'IeHHbIM IlaMeHeHHeM, 

Koa«P«Pnu,tteHThl <Pyphe K-poii: He paBHhl o( ! ) . EcJIM q>3, 
TO TOiKp;eCTBO 

nm P 
k=i (1+akcos nkx)=1 + ~k;\ -ykcos kx, 

Pm=n1+ ... +nm, mEN, xE[O, n], 

orrpe;o;emieT p11µ; 

(2) 

o K-poM rosop11T, 'ITO OH rrpe;o;cTaBJilleT P. rr. ( 1). B cJiy'Iae, 
Kor;o;a q>3, -1.,.:ak.;;:1 AJill scex kEN, p11;o; (2) eCTh p1111 
<Pypbe - CTMJITbeca Hey6hrnaromeii uerrpepbIBHoii «PYHK
Il,HH F. ECJIM q>3, 

,.,ao 
~k=la~=+oo, -1~ak~1 

rrpH sccx kE N, TO F' (x)=O rro'ITH RCIOAY· ECJIH p;onoJIHM
Te.llhHo ak - 0, TO Pllll (2) CXOAHTCll K HYJIIO IIO'ITH BCIOAY· 

P11;o; rrpo6JieM, OTHOClllIJ,HXCll B OCHOBHOM K TeopHH TpHro
ltOMeTpH'I. PllAOB, yp;aJIOCh peIIIHTh, MCIIOJlb3Yll OCTeCTBeH
HOe o6o6lll,eHMe P. II., Kor;o;a B (1) BMeCTO akcos nkx aami:
caHhl crren;HaJiblIO Bb16pa1IHhle TpMrOHOllieTpH'I. IIOJIHHOMbl 
Tk(x). 

Jlum.: [1) Ba pH H. H., TpuroH0MeTpn<tec1me paJJ;hI, M., 
1961; [2) 3 H r M y H JI: A.' TpHrOHOMeTpH<tec1me PlIJJ:bl, rrep. c 
aHrn., T. 1-2, M., 1965. B. <P. EM.eJ1M1wo. 

PHCCA IlPOCTP AHCTBO, B e K T o p lI a 11 p e rn e T
K a,- Belil,eCTReHHOe 'IaCTM'IHO yrrop11p;o'IeHltoe BeKTOpHoe 
rrpocTpaltCTBO x, B K-poM 

1) CTpyKTyphl BeKTOpHoro rrpocTpaHCTBa M yrrop.llJW'IeH
Horo MHomeCTBa cor JiacosaHbI, T. e. Ha x, y, z EX H 

x < y CJiep;yeT x+z < y + z H na xEX, x > 0, f..EIR, 
A > 0 cJiep;yeT 'Ax > O; 

2) llJlll JII06blx ;o;syx 3JieMeHTOB x. y cyu~eCTByeT sup (x, 
y) EX. B 'IaCTHOCTH, cyll(eCTRYIOT sup H inf JII06oro KoHe'I
Horo MHOiR8CTRa. 

B OTe'IeCTReHHoii JIHTepaType P. rr. 06h1'IH0 uaa. K-JI H
H e a JI a M H. BrrepRble TaKHe rrpoCTpaHCTBa 6hIJIM RRe
p;eHbI <P. PttccoM (F. Riesz, 1928). 

IIpttMepoM P. rr. MOiKeT CJIYll\HTh rrpocTpaHCTBO C [a, b] 
;o;eiiCTRHT8JihllbIX HerrpepbIRHbIX Ha c [a, b] «PYHKIJ,HM c 
IIOTO'Ie'IHhIM yrrop11p;o'IeHMeM. ,II.Jiii mo6oro aJieMeHTa 
x P. rr. onpep;eJillIOTc11 x+=sup(x, 0), x_=sup(-x, 0) 
M /x/=x++x_. IIpM 3TOM OKa3hIBaeTc.ll, 'ITO x=x+- x_. 
B p. II. BBO/lllTCll p;Ba BMp;a cxop;liMOCTM IIOCJie;o;onaTeJib
HOCTM {x,, }. II 0 p II A K 0 B a II c x 0 A M M 0 c T h, 

0 

o-c x 0 AM M 0 c T b: Xn - Xo, ecJIM cyll(eCTBYIOT MOHO
TOHHO R03pacTaIOlll,all IIOCJiep;oBaTeJihHOCTb {y n} M MOHO
TOHHO y6bIBaIOlll,all IIOCJiep;oBaTeJlhHOCTb {zn} TaKMe, '!TO 
Yn.,..;: Xn..,;: z" H sup Yn=inf Zn=x0 • 0 TH o c HT e JI b
H 0 p a B H 0 M e p H a II c x 0 AH M 0 c T h, r-c x o-

r 
A II M 0 c T h: Xn - Xo, eCJIM cylll,eCTByeT 3JieMeHT u > 0 
TaKoii:, 'ITO AJill mo6oro e > 0 cyi:n;ecTayeT n0 TaKoe, 'ITO 
/ Xn - x0/ < eu rrpH n > n0 (r-cxop;MMOCTh uaa. TaKme 
c x 0 AH M 0 c T b IO c p e r y JI JI T 0 p 0 M). Ilom!TIIH 
o- H r-cxop;HMOCTH o6Jiap;aIOT MHOrHMH o6bl'IHbIMH CRoii
CTBaMH cxo;o;mrncTH 'IHCJIOBbIX IIOCJiep;oaaTeJibHOCTeil: Ji[ 

8CT8CTR8HHhIM o6paaoM pacrrpocTpaH.lllOTCH Ha HarrpaBJie
HHll {xcdae~1cX. 

P.rr. Haa. apxttMep;OBhIM, ecJIH H3 x, yEX H 
nx .,..;: y p;JI.11 n= 1,2,. .. cJie;o;yeT x ..,;: 0. B apxnMep;onoM 
P. II. H3 An-+- Ao H Xn-+- x0 CJie;o;yeT AnXn-+- A0Xo (Ani 
AEIR, Xm x 0 EX) H H3 r-cxop;HMOCTH cJiep;yeT o-cxo
AHMOCTb. 

Jlum.: [1) R i es z F., B 1m.: Attl de! Congr. Int. dei Math., 
v. 3, Bologna, 1930, p. 143-48; [2) Luxemburg W., Z a a
n en A., Rieszspaces, v. 1, Amst.-L., 1971; [3] ByJIHX 
B. 3., BBeJJ:eHHe B Teopmo rroJiyy1ropHJJ:O'leHHhIX rrpocTpaHCTB, M., 
1961. B. H. Co60JleB. 

PHCCA CHCTEMA - rroH11Tirn TeopHII opTOrOHaJihHhIX 
CHCTeM. IIyCTb «PnKcHpOBaHa B rrpocTparrcTBe L2=L2 (a,b) 
IIOJIHaH CHCTeMa «PYHKIJ,HM {'i'n }. Ee C'IHTalOT rropMHpoBaH
HOii: HJIH, 6oJiee o6lll,O, IIO'ITH HOpMttpoRaHHOM, T. e. ;o;o
rrycKalOT HaJIH'IHe 'IHCeJI m > 0 H M > 0, rrpH K-phIX 
m ..,;: ll'i'n II ..,;: M )l;JIH ncex n E N. 0cJia6JI.llH Tpe6osaHHH 
opToroHaJlbHOCTH CHCTeMhl {'i'n }, rrpe;o;rroJiaraIOT, 'ITO cy
rr~eCTByeT IIOJIIIall R £ 2 CHCTeMa «PYHKD;ll.H {gn} II TaKall, 
'ITO ('i'm gn)=1, ('i'n• gm)=O )l;Jlll acex n =!= rn. B 'IaCTHOM 
cJiy'Iae, Korp;a CHCTeMa {'¢,,} opTOHopMHpoaarra, gn='i'n 
p;Jill acex n EN. EcJIH p.11µ; 

~== 1an'¢n 
cxop;MTC.11 B £ 2 K «PYHKqHH f, TO an= (!, g n) rrptt Bcex n E N. 
IIoaToMy HMeeT CMbICJI Ha3bIBaTb 'IHCJIO an= (1, gn) n
Koci«Pcprrn;ne-rrTOM <Pyphe cpyHKIJ,IlH f no cncTeMe {'i'n }. B p;o
KaaaTeJihCTBe pHp;a TeopeM TeOpHH opToroHaJlbllbIX pH,D,OB 
urparoT namuyIO poJib rrepaBeHCTBO EecceJI.11 H TeopeMa 
Pttcca-<Dttrnepa. B o6lll,eM CJiy'Iae 3TH TeopeMhI rre sepHb!, 
H II03TOMY rrpHXO)l;HTCH Bhl/18JlllTb crren;naJibHhlii KJiacc 
P. c. c IIOMOII\blO CJiep;yIOIIJ;HX Tpe6oaaanii: K CHCT0M0 {'¢"}. 

1) ,Il,JIH JII06oii «PYHKIJ,HH f cxop;HTCJI p.11µ; ua Ksap,paToB 
Koa«P«Pttu,HeHTOR <Pypbe, T. e. 

~==l(f, gn)2<+00. 

2) ,II.Jiii JII06oii: rrocJiep;oaaTeJihHOCTH 'IHCeJI {an} E l2 

cym;eCTByeT «PYHKIJ,HH /, HM010lll,811 'IHCJia an CROHMH n
Koa«P«Pnn;tteHTaMH <Pyphe no CHCT0Me {'¢11 }, TO 0CTb an= 
= (f, gn) AJill BCex nEN. 

Ilepaoe Tpe6osaHHe K CHCTeMe {'¢n} 3aMeHHeT aepaaea
CTBO EecceJIH, RTopoe - rnopeMy Pttcca - <!Jnmepa. 
H. K. EapH p;oKaaaJia (CM. [2]), 'ITO CIICTeMa {'¢n} eCTh 
p. c. Tor;o;a H TOJlhKO TOrp;a, Kor;o;a Cylll,eCTByeT JlHHeMHbIH 
HerrpepbIBHblll o6paTHMbIH B £ 2 orrepaTop A TaKoil:, 'ITO 
CHCTeMa «PYIIKIJ,Hil {A '¢n} HRJI.lleTCH IIOJIHOH H OpTOHOpMH
poBaHHOii. IIo<iTOMY P. c. uaa. TaKiKe 6 a 3 H co M P n c
c a, aKRHBaJieHTHhIM opTOHopMI1poBaHH0My. H. K. Eapu 
yKaaaJia yp;o6rrhiii: KpHrnpHii: p;JIH P. c. IIoJIHa.11 B £ 2 CH
CTeMa «PYHKIJ,Hii {'¢n} HBJIH8TCH p. c. Tor;o;a H TOJlbKO Torp;a, 
Kor;o;a MaTpttu,a fpaMa II ('i'ni '¢m) II orrpep;eJI.lleT JIHHeiiHhIH 
HerrpepbIBHhIM o6paTHMblM orrepaTop B l 2 • EcJIH B P. c. 
rrepecTaBHTb rrpOH3BOJibHO 'IJieHbl, TO IIOJIY'IHTCH p. c. 
06paTrro, ecJIH 6aanc a £ 2 ocTaeTCH 6aancoM rrocJie JII06oil: 
rrepecTaHOBKH ero qJieHOB, TO, HOpMHpy.11 ero, IIOJiy'IalOT 
P. c. EcTeCTBeHHoe o6o6m;eHne P. c. rroJiy'IaIOT, ecJin aa
MeHHTh £2 Ha 3aMbIKaHHe JIHHeiiHoii o6oJIO'IKH CHCT8Mbl 
{'i'n} rro rropMe Toro rHJih6epTOsa npocTpaHCTBa, na R-poro 
B3HThl 3JleMeHTbl '¢n (cM. [ 4)). 

Jlum.: [1) Ba pH H. H., «;!J;ORJI. AH CCCP», 1946, T. 54, 
c. 383-86; [2] e e me, «Yq. aarr. MrY», 1951, B. 148, No 4, 
c. 69-107; [3) r o x 6 e p r M. U., Hp e it H M. r., BseneHHe 
B Teopmo JIHHeitHb!X HecaM0Corrp11meHHhIX orrepaTopoB B rHJib6ep
TOBOM IIPOCTpaHCTBe, M., 1965; [4] I' a II 0 Ill RH 11 B. <l>., «YC
IIeXH MaTeM. HaYR», 1966, T. 21, B. 6, c. 3-82. B. <P. E.Me.<bJ11<0B. 

PHCCA TEOPEMA - 1) P. T. o rr p e A c T a a JI e
H H H c y 6 r a p M 0 H H q e c K 0 ii «P y H K q H n: ecJIH 
u (x) - cyorapMOHH'I. «PYHKIJ,HH a o6JiaCTH D eBKJIHp;oaa 
npocTpaHCTBa /Rn, n > 2, TO cylll,eCTByeT e11rrncTBeHHaH 
rroJIOiKHTeJibHaH 6opeJieRcKa.11 Me pa µ rra D TaKaH, 'ITO µ;JI.II 
JII06oro OTHOCHTeJihHO KOMIIaKTHOro MHOiReCTBa KcD 
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crrpaeep;JIHBO II p e ,!I; c T a B Jl e H H e p H c c a qiyHK- qiyHirn;neii: OT rrapaMeTpOB a H ~ B o6JlaCTH a > 0, ~ > 0, 
11,HH u (x) B BHp;e cyMMhI IIOTeHil,HaJla H rapMoHnq. qiyHim;nn eCJlH qiopMa p;eii:CTBHT0JlhHa (au, x;, y;E IR+), H B o6JlaCTH 
h(x): O~a, ~<:1, a+~;;;,,1, ecJin qiopMa KOMIIJleKcHa 

~1) 

n ;;;;,, 3, lx-yl - paccToHHHe Memp;y ToqKaMn x, y E fRn 
(cM. [1]). Mepa µ Ha3. accou;nnpoeaHHon Me
p 0 ii: AJlH qiyHKil,HH u (x) HJlH M e p 0 ft p H c c a. 

EcJin K =ii eCTh 3aMb!KaHne o6JiaCTH H, rrpuqeM cy-
111,ecTByeT 0606II1,eHHaH qiyHKil,HH rpnHa g (x, y; H), TO 
qiopMyJly (1) MO)RHO 3arrncaTb B BMp;e 

u (x)=- ~Hg (x, y; H) dµ (y)+h* (x), (2) 

rp;e h* (x) - HanMeHhmaH rapMoHnq. MamopaHTa u (x) B 
o6JiacTn H. 

<l>opMyJlhl (1), (2) MOlRHO pacrrpocTpaHHTb rrpn HeK-pbIX 
p;orroJIHMTeJlhHhlX ycJioBHHX Ha BCID o6JiaCTh D (cM. Cy6-
eap.Monu<tec1.aa ifiyHK1fU5t, a TaKlRe [3], [5]). 

2) P.T. o cpep;HeM 3HaqeHHH cy6rapMo
H H q e c K 0 ii qi y HK Il, H n: eCJlM u (x)-cy6rapMOHMq. 
qiyHKil,HH B KOJlbil,eeoii: o6JiacTH {x E fRn : 0 ~ r ~ lx
-x01 ~ R }, TO ee cpep;Hee 3HaqeHMe rro rrJI0111,ap;n cqiephl 
Sn (x0, p) c 11,eHTpoM x0 If pap;:irycoM p, r ~ p ~ R, pae
HO 

J(p)=l(p; xo, u)=__!_() (' u(y)dan(Y), 
OnP .lSn(x 0 ,p) 

r,u;e an (p) - rrJI0111,ap;b Sn (x0, p), If HBJlHeTCH BhlIIYKJloft 
qiy1rnu;ueft OTHOCHTeJlhHO 1/pn- 2 rrpH n;;;,,3 H OTHOCHTeJlb
HO lnp rrpn n= 2. EcJIM me u (x) - cy6rapMoHnq. qiynK-
11,MH BO BCeM mape {xE fRn: lx-xol ~R }, TO J (p), KpoMe 
TOro,- Hey6h!BaIDII1,aH HerrpepbIBHaH qiyHKil,HH OTHOCH
TeJlbHO p rrpH ycJlOBHH, qTo J(O)=u(xo) (cM. [1)). 

3) P.T. 06 aHaJIMTnqecKnx qiyHKil,MHX 
KJlaccon Xapp;H H6, 11>0: ecJinf(z)-pery

JlHpHaH aHaJIHTnq. qiynKil,HH B ep;HHHlfHOM Kpyre D= 
= {z=reiflEIC: lzl < 1} KJlacca Xap,u;H H6, II > 0 (cM. 

I'panu'lnb!e ceoiicmea ana.ttumu<tecnux ifiynnz+uii), TO J:{JlH 
Hee HMeIDT MeCTO COOTHomeIIMH 

lim (' If (reiB) 16 d8= (' If (ei8) 16 d8, 
r-+I JE .)E 

lim \ 2n If (rei0)- f (eiB) /6 d8 = O, 
r-+1 eJ o 

rp;e E - JlID6oe MHOlReCTBO IIOJlOlRHTeJlbHOI! Mepb! Ha OK
PYlRHOCTM r= {z=ei0: lzl=1}, f(ei0) - rpaHHlfHbie 
3HaqeHMH f(z) Ha f. KpoMe TOro, f(z)EH1 TOrp;a H TOJlbKO 
Torp;a, Korp;a ee rrepeoo6paaHaH HerrpephleHa B 3aMKHYTOM 
Rpyre Dur If a6coJll()THO HerrpepbIBHa Ha r (CM. [2]). 

TeopeMbI 1) - 3) p;oKa3aHbl <I>. PnccoM (cM. [1], [2]). 
Jium.: [1] Ries z F. «Acta math.», 1926, v. 48, p. 329--43; 

1930, v. 54, :p. 321-60; [2] er o me, «Math. Z.», 1923, Bd 18, 
S. 87-95; L3] II pH a a JI o a II. II., CyorapMom!'iec1me lfJYHR
:qim, M.-JI., 1937; [4) e r 0 lf{ e, rpaHH'IHh!e CBOHCTBa aHaJIHTH
qecHHX QJYHKrrHil:, 2 H3)'.(., M.-JI., 1950; [5) x e tt Ma H Y. l{., 
R e H H e n H II. B., CyorapMOHH'IeCHHe ljJym<um1, rrep. c a Hr JI., 
T. 1, M., 1980. E. JI,. COJ!OJ1te1<1fe6. 

PHCCA TEOPEMA BLIIIYKJIOCTU:: JiorapnqiM 
In M (a, ~) ToqHoii eepxHeft rpaHn Mop;yJIH M (a, ~) 6u
JIHHeii:uoft qiopMbI 

~m ~n a· ·x· · i=l i=l LJ zY; 

Ha MHO)ReCTBe 

~~= 1 \x; 11/a,..;;;1, ~;: 1 1Yjl 1113 ...;;;1 

(eCJlM a= 0 HJlM ~=0, TO COOTBeTCTBeHHO lx;I ~1, i= 1, 
... , m HJlH J y j I ~ 1, j = 1, ... , n) HBJllleTcH BhIIIYKJlOH 

(aij, x;, YjEC). cha TeopeMa 6b!Jla AOKa3aHa M. Pnc
COM [1]. 

0606II1,errne P. T. B. Ha JlHHeiiHhle orrepaTopbI (CM. [3]): 
IIYCTb Lp' 1 ~ p ~ co' - COBOKYIIHOCTb BCeX KOMIIJleK
C03HaqHbIX cyMMHpyeMhIX B p-ii CTerrerrn rrpn 1 ...;;;; p < co 
If cyII1,eCTBeHHO orpaHnqeIIHblX rrpn p= co qiyHKil,Hll Ha 
HeK-poM rrpocTpaHCTBe c Mepofi:; rrycTh, p;aJiee, T : Lp.-

' - Lq_, 1 ~ p;, q; ~co, i = 0, 1,- JlHHeftHhlii Herrpe-

' pbIBHblft orrepaTOp; Tor,u;a T HBJlHeTCH uerrpephIBHhIM orre-
paTopoM na LPt B Lqt' rp;e 

1/Pt= (1-t)f Po+tfpi, i/qt = (1-t)/qo+tfqi. t E [O, 1] 

n Hop Ma kt orrepaTOpa T (KaK orrepaTopa na LP B L q ) 
t t t t 

YAOBJleTBOpHeT HepaeeHCTBY kt ~k~- k1 (T. e. HBJlHeTCH 
JlorapmpMnqec1m BbIIIYKJlOH qiyHKil,Heft). :=hy TeopeMy 
Ha3. T e 0 p e M 0 ft pH cc a - T 0 pH H a 0 6 H H
T e p 11 0 Jl H Il, H H, HO HHorp;a T e 0 p e M 0 ft B hl
II Y K Jl OCT H Pncca [4]. 

p. T. B. HBHJiaCb OTrrpaBHbIM IIYHKTOM p;.1rn I~eJloro Ha
rrpaBJleHHH B aHaJlH3e, rp;e n3yqal()TCH HHTepnoJIHil,HOHHf>Ie 
ceoftcTBa mrneii:Hb!X orrepaTopoe. Cpep;n nepBbIX 113 0606-
IIl,eHnii p. T. B.- T e 0 p e M a M a p II, H HI( e B 11 q a 
06 HHTeprrOJlHI~MH [5], K-paH rapaHTHpyeT npn 1 ~Pi~ 
~q; ~ co, i= 0, 1, HenpephIBHOCTh onepaTOpa T : LPt -

- Lqt' tE(O, 1), rrpn 6oJiee cJia6Mx npep;rroJiomeHnHX, 

qeM B TeopeMe Pncca - TopnHa. CM. TaKme Jfnmepno.ttu
poeanue onepamopoe. 

Jium.: [1] Ries z M., «Acta math.», 1926, v. 49, p. 465-97; 
[2) x a p )'.( H r., JI" TT JI b By)'.( )];., II 0 JI Ha r., HepaBeH
CTBa, rrep. c aHrJI., M., 1948; [3] Thorin G., «Comm. Sem. 
Math. Univ. Lund.», 1939, v. 4, p. 1-5; [4] CT e tt H II., Be tt c 
r., BaeneHHe B rapMOHH'!eCimfI aHaJIH3 Ha eBHJIH)'.(OBblX rrpocTpaH
CTBaX, rrep. c aHm., M., 1974; [5] Marcinkiewicz J., 
«C. r. Acad. Sci.», 1939, t. 208, p. 1272-73; [6] R p e tt H c. r., 
II e Ty H H H IO. II., Ce ni e Ho B E. M., IIHTeprroJUirrHH JIH
Heil:Hb!X orrepaTOpoa, M., 1978; [7) Tri e b e I H., Interpola
tion theory, B., 1978. B. M. Tuxo.MupoB. 

PHCCA - <l>HIDEP A TEOPEMA - Teope~ra, ycTarrae
JlHBaIDII1,aH CBH3b Memp;y rrpocTpaHCTBaMH l2 H £ 2 [a, bl: 
8CJ1H CHCTeMa qiyHKil,MII {crn (t) };;'=1 opTOHOpMnpoBaHa Ha 

0Tpe3Ke [a, b], a IIOCJleJ:{oBaTeJlbHOCTb qnceJl {cn};=l 
TaKOBa, qTo 

,,.., c2 <co 
..::.Jn= 1 n 

(TO eCTb cnEl2), TO cyIIl,eCTByeT qiyHKil,HH /(t)E£2 [a, b], 
/];JlH K-poii 

\blf(t) l2 dt=xi"' c2 , Cn=('bf(t)ipn(t)dt. 
~a ~n=l n .) a 

Ilpn 3TOM qiyIIKil,HH f(t) ep;HHCTBeHHa RaK :rne!vieHT rrpo
CTpaIICTBa £ 2 [a, b), T. e. c TOqHOCTbi() p;o ee 3HaqeHHH 
Ha MHoIBeCTBe HyJiesoii Mephl Jle6era. B qacTHOCTH, ecJIH 
opTOHOpMHpoBaHHaH CHCTeMa {crn (t)} 3aMRHYTa (rroJlHa) B 
L 2 [a, b], TO c rroMOIIl,hID P.- {D. T. ycTarrae.1meaeTcH, qTo 
npocTparrcTBa l2 n £ 2 [a, b) H301v10pqiHbI H H3oMeTpnqrrhl. 

P. - <I>. T. p;oKa3aHa He3aBHCMMO ct>. PnccoM [ 1 I H 8. <t>n
mepoM l2]. 

Jium.: [1] Ries z F., «C. r. Acad. sci.», 1907, t. 144, p. 615-
19; [2] Fischer E., TaM me, 1907, t. 144, p. 1022-24, 1148-
50; [3] H a T a H c 0 H II. II.. TeopHH QJYHRrrHH Bell(eCTBeHHOH 
rrepeMeHHolt, 3 H3)'.(., M., 1974, c. 168. B. H. I'oJty6oe. 

PllCCOB TEOPEMA - 1) P. T. e p; n H c TB e H Ho
c T H p; Jl H 0 r p a H If q e H H bl x a H a Jl H T H q e C
K n x qi y H K 11, n ft: ecJIH f (z) - orparrnqeHIIaJI peryJIHp
HaH aHaJlMTMq. qiyrrKil,HH B ep;MHifqHoM Kpyre D= {zEIC : 
I zl < 1 }, HMe10111,a.11 paiJua.ttbllbU epanu<tnbie Bllal{enusi 
HYJlb Ha lvlIIOlR0CTBe E ToqeK oKpyiKIIOCTH r= {z : I zl = 1 } 
rroJIOIBHTeJlhHoft Mephl, mes E > 0, TO f (z) = 0. TeopeMa 
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c«PopMym1poBaHa H AORa3aHa 6paTbHMlil <I>. P11:ccoM H M. orrpegeJIHIOTCH 11:3 JIHHeil:Hoil: CHCTeMbI ypaaHeHHH 
P11ccoM (F. Riesz, M. Riesz, Hl16, CM. (1)). 

8To - Op;Ha 113 rrepBbIX rpamPIHbIX TeopeM" ep;l!HCTBeH
HOCTll AJIH aHaJI11T1PI. «PYHKn;11ii. He3aa11c11Mo oT 6paTbeB 
P11ccoa Ha1160Jiee 06iu;11e rpaHHqHhle TeopeMhl ep;11HCTBeH
aocT11 6MJIII rroJiyqeabI H. H. Jly3HHMM II H. H. IlpH
aaJiollbIM (cM. (2), (3)). 

2) P. T. 06 II a T e r p a JI e R o m n: ecJIII f (z) ecTh 
IIHTerpaJI Rom11 

I (z) = _1__ (' t <C> dt; 
2m Jr ~-z 

B ep;1IH1IqHoM Kpyre D II ero rpaHIIqHhle 3HaqeHIIH f (6)= 
= f (eiS) 06pa3y10T 4JYHKIJ;II10 orpaHIIqeHHOH aap1Ian;111I 
Ha r' TO I ( 6) eCTb a6cOJI10THO HerrpepbIBHaH «PYHKIJ;IIH Ha r 
(CM. (1)). 

8Ta TeopeMa i:torrycKaeT 0606ru;eu1Ie AJIH IIHTerpaJioB 
RomlI no JI1060My crrpHMJIHeMoMy KOHTYPY r (cM. [3]). 

Jlum.: [1] Ries z F., CEuvres completes, t. 1, P.- Bdpst, 
1960, p. 537-54: [2] II pH Ba JI 0 B II. II., IIHTerpaJI Cauchy, 
CapaTOB, 1918; [3] er 0 )I{ e, rpaHH'IHble CBOliCTBa aHaJIHTH'le
CKHX ilJYHKUHll, 2 H3)1., M.-JI., 1950. E. JI.. COJ10Mett4e•. 

PHTI(A METOl); - MeTOA pemeHllH 3ap;aq aap11au;1IoH
Horo 1IcqncJieHIIH II aoo6ru;e 6ecRoHeqHoMepHbIX 3agaq ua 
3RCTpeMyM, OCHOBaHHhlll Ha MIIHIIMII3aIJ;IIII «PYHKD;IIO
HaJia Ha KOHeqHoMepHbIX IIO)J;IIpocTpaHCTBaX IIJIII MHoro
o6pa31I.HX. 

IlyCTb IIOCTaBJieHa 3aJ{aqa Haxomp;eHII.H TOqRII MIIHIIMy
Ma orpaHIIqeHHoro CHll3Y «PYHKD;IIOHaJia J : u -+ IR. Ha 
cerrapa6eJibHOM 6aHaxoaoM rrpocTpaHCTBe U. 3ap;aeTc.H 

HeK-pa.H (T. H. ROOPAIIHaTHa.H) CIICTeMa 3JieMeHTOB {cpn };"' c 
cu' IIOJIHa.H B u. Ilo p. M. MllHIIMII31Ipy10ru;1Iii 3JieMeHT B 
n-M rrp116JIHJReHlllI pa3bICKIIBaeTC.H B JillHeHHOH o6oJioqKe 
rrepBbIX n Koopp;IIHaTHbIX 3JieMeHTOB cpl, .. ., cpn, T. e. 

R031f>«P1Iu;IIeHTbI cin)' ... ' Chm rrp1I6JIIIJReHII.H 

Un=~~ c(n)<p J 
~J=I I 

orrpe,D.eJI.HIOTC.H ll3 ycJIOBII.H MIIHIIMaJibHOCTII J (Un) cpep;II 
3JieMeHTOB yKa3aHHoro Bll/J;a. BMeCTO Roopp;IIHaTHOH CIICTe
Mbl MOJRHO 3ap;aTb IIOCJiep;oaaTeJibHOCTh rroµ:rrpocTpaHCTB 
u nC u' He o6.H3aTeJibHO BJIOJReHHhIX p;pyr B J{pyra. 

IlycTh H - rlIJib6epToao rrpocTpaHCTBO co cKaJI.HpHhIM 
rrpo1I3Begerr1IeM (u, v), A - caMocorrp.11meHHhlH, rroJIOJRII
TeJibHO orrpep;eJieHHblii, aoo6ru;e roaop.11, HeorpaHIIqeHHhIH 
orrepaTop B H, a HA - r1IJih6epTOBO rrpocTpaHCTBO, 
rroJiyqaeMoe IIOIIOJIHeHIIeM o6JiaCTII orrpep;eJieHII.H D (A) c:.H 
orrepaTopa A ITO HOpMe llullA. rropomµ:eHHOii CKaJI.HpHbIM 
rrp01I3Beµ:eHIIeM (u, v)A=(Au, v), u, vED (A). IlyCTb 
HYlR1IO pemnTh 3aJ{a'ly 

Au=/. (1) 

0Ha paBHOCIIJibHa 3ap;aqe OThICKaHirn TO'IRII MIIIIIIMyMa 
RBa.qpaTIIqHoro «PYHRIJ;llOHaJia 

<I> (u) =(Au, u)-(u, /)-(/, u), 

R-pbiii MOJRHO 3arr1ICaTb B BII,[l.e 

<ll (u)=[[u-uoll~-l[uoll~, uEHA, 

rp;e u0=A - 11 - pemeHIIe ypaaHeHII.H (1). IlycTh H nCH A• 
n=1, 2, .... - 3aMKHYThle (o6hl'IHO KOHe'IHOMepHbie) 
rrop;rrpocTpaHCTBa TaKIIe, qTo llu-PnullA-+ 0 rrplI n-+oo 
AJI.H Kamp;oro uEHA, rp;e Pn - opTorrpoeKTop B HA, 
rrpoeRT1Ipy10ru;1Iil: ua H n· MIIHIIMII31Ipy.11 cD B H n• rroJiy
qaroT p1ITIJ;OBcKoe rrp1I6JI1ImeH1Ie un= P nUo K pemeHIIIO 
ypaBHeHll.H (1); rrplI 3TOM llun-uollA = lluo - PnuollA-+ 0 

E d . H - (n) (n) 6 rrplI n-+ oo. CJIII lll n- n II cp 1 , . . , cp n - a311C 

H m To Ko3!fl!flm~neHThl 3JieMeHTa 

u = ~n c(n)cp(!J) 
n ~j=l I I 

(2) 

,.,~ (cp(n), cp<!l))Ac(n)=(f, cp<.nl), i=1, .. ., n. 
~J=l I t I t 

(3) 

R plITIJ;OBCKoMy rrp1I6JI1IJReH1I10 MOJRHo rrp11il:T1I II MIIHY.H 
Bap1IaIJ;1IOHHY10 «PopMyJIIIpOBKY 3aµ:aq11 (1). A IIMeIIHO, 
orrpe.qeJIIIB rrp1I6JI1IJReH1Ie (2) II3 ycJIOBIIii 

(Au -f m<n>) 0 · 1 n ' -r i = , i= , ... , n 

(M e T o A r a JI e p K II H a), rrp1Ixop;.HT K Toil: me c11cTeMe 
ypaBHeHIIH (3). Ilo3TOMY P. M. p;JI.H ypaBHeHII.H (1) IIHorµ:a 
Ha3. M e T 0 A 0 M p II T u; a - r a JI e p K II II a. 

P. M. m1Ip0Ko rrplIMeH.HeTc.H II rrplI pemeHIIII 3ap;a11 Ha 
co6cTBeHHhle 3HaqeHII.H, KpaeBhIX 3ap;a11 II Boo6ru;e orrepa
TopHbIX ypaBHelil!ii. IlycTb A II B - caMocorrp.11meHHhle 
orrepaTopbI B H, rrp1I11eM A rroJIOJRIITeJihHO orryep;eJieH, B 
rroJIOJRIITeJieH, D (A )c:.D (B) II orrepaTop A - B BITOJIHe 
HerrpepbIBeH B rrpocTpaHCTBe HA. B CIIJIY uaJioJReHHhlX 
ycJIOBIIH A - 1B caMocorrp.11meH II rroJiom:e:TeJieH B HA 
II crreKTp 3ap;aq1I 

Au=ABu (4) 
COCTOIIT II3 IIOJIOJRIITeJibHhIX co6CTBeHHbIX 3Ha'IeHnii: 

Au1t=AkBuk, 0 < A1,.;;;;;A2,.;;;;; ... ; Alt---+ oo rrplI k·-+oo. 

p. M. OCHOBaH Ha Bap1Iau;110HHOH xapaKTepH3aIJ;IIII co6-
CTBeHHhIX 3Ha'leHIIii. Harrp., 

Ar= inf~. 
ueH A (Bu, u) 

II, rrpoBeA.H MIIHllMll3aIJ;ll10 JillIIIb no rrop;rrpocTpaHCTBY 
H nCH A• rroJiy11a10T p11TIJ;OBCKIIe rrp1I6JI1IJReII1I.H Arm Urn K 
A1, u1. EcJIII cpin>, .. ., cphn\ KaK II BhlIIIe, 6a31Ic H m TO 
p1ITIJ;OBCKIIe rrp1I6JI1IJReH1I.H Akn K Ak, k= 1,. . ., n, orrpe
p;eJI.HIOTC.H II3 ypaBHeHII.H 

det ( An-ABn )=0, 
A ={(Am(n) IT\(n))}'! .=1 B ={(Bm(!l) m(!ll)}'! . n 'f'J'"t'i i,J 'n 'f'J''t't t,/=1' 

a BeKTop Ko3«P«PIIu;IIeHTOB ck, n= (ci1>, .. ., ch'!i) rrp1I6JI1I
meH1I.H 

Uk = ~n c(n)cp(!l) 
n ~j=I ]k I 

R Uk orrpep;eJIIITC.H KaK HeTplIBIIaJibHOe pemerr1Ie JIIIHeHHOH 
OIJ;HOpop;HOH CIICTeMhl (A n-AknB n)Ckn= 0. p. M. rrp1I6JIII
maeT co6cTBeHHhle 3HaqeHII.H caepxy, TO ecTh Akn ~ l..k, 
k=1, .. ., n. EcJIII k-e co6cTBeHHOe 3HaqeHIIe 3ap;a'l1I 
(4) rrpocToe (Ak-I < Ak < Ak+ 1), TO 6hlcTpoTa cxop;IIMOCTII 
p. M. xapaRTep1I3yeTC.H COOTHOIIIeHII.HMII 

Akn-Ak=Ak (1+e.1tn) 11Uk-Pnuk11~, 
II uk~A =1, II Ukn-ukllA =(1+e./in) [J U1t-Pnuk [JA, 

ll Ukn [IA=[[ U JIA =1, 
rp;e ekn, e~n -+ 0 rrplI n -+ oo. Ilop;o6Hhle cooTHomeHII.H 
pacrrpocTpaH.HIOTC.H ll Ha cJiyqaii RpaTHOrO Ak, HO Tpe6y10T 
HeK-phlx yTO'IHeHIIii (cM. (2)). B. PIITD; [4] rrpep;JiomnJI 
caoil MeTop; B 1908, HO paHee P3Jieii (Rayleigh) rrplIMeH.HJI 
3TOT MeTOA rrplI pemeHIIII HeR-pbIX 3ap;aq Ha co6CTB0HHble 
3Ha'leHII.H. B CB.H31I c 3TIIM p. M. qacTO Ha3. M e T 0 A 0 M 
P 3 JI e .H - P II T u; a, oco6eHHO, ecJIII pe'lh IIp;eT o peme
HIIII rrpo6JieMhl co6CTBeHHbIX 3Ha'leHIIH. 

Jlum.: [1] B a ii H 6 e pr M. M., BapHanHOHHhlll MeTO)I H 
MeTO)I MOHOTOHHhlX onepaTopoB B TeOpHH HeJIHHellHbIX ypaBHeHHH, 
M., 1972; [2] Hp a c B 0 c e JI b c K H II M. A. [H )Ip.] IIp110-
JIHIBeHHOe pemeHHe onepaTopHhlX ypanHeHHll, M., 1969; [3j M H x
JI H H C. r., BapHal\HOHHble MeTO)lbl B MaTeMaTH'IeCKOH ilJH3HKe, 
2 na11., M., 1970; [4] Ritz W., «J. reine und angew. Math.», 
1908, Bd 135, S. 1-61. I'. M. Baiitturmo. 

PHqAPl!;COHA 8KCTPAIIOJIHI(HH - MeTOA ycKo
peHII.H CXOIJ;IIMOCTII pemeHIIH pa3HOCTHbIX 3aµ:a11 (cM. 
A nnponcu.MalfUst i3urfirfiepe1tlfUa.1tb1tou npae1Jou aaoattu 
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paanocmnoii). OcHOBHaH H)l;eH MeTO)l;a COCTOHT B nccJiep;o
BaHHH pememrn uh (x) cxo1-1Hru;eifoH paarrocTirnfr aa1-1aqH 
rrpH qrnKCHpoaaHHbTX x KaK ii>YHKIJ;HH ITapaMeTpa h pa3HO
CTHOii ceTKH, CTpeMHlJ\erOCH K Hymo. H rrop;6ope IIO)l;XO)l;H
ru;eii HHTeprroJIHIJ;HOHHOH ii>YHKIJ,HH x (h), IIOCTpOeHHOii no 
HeCKOJlbKHM 3HaqeHHHM peIIIeHHH uh (x) ITPH pa3JIHqHhJX 
h, H BbiqncJieHHH BeJinqHHbI x (0), HBJIHIOIIJ;eHCH ITpn6JIH
meHHLIM arraqeHneM llCKOMoro peIIIeHHH u (x) - npe1-1eJia 
ITOCJie1-1oaaTeJibHOCTll uh (x) npn h - 0. qarri;e acero iJ>yHK-
11,llH x (h) nru;eTCH B Bll,!le HHTepITOJIHIJ,llOHHOro MHoroqJieHa 
OT h. 

MeTOp; HOCHT HMH JI. Pnqapp;corra [ 1), K-pblii: anepahle 
llCIIOJib30BaJI ero KaK cpe,!ICTBO )l;JIH yJiyqIIIeHHH ToqHOCTll 
peIIIerrnii: paaHOCTHhIX aa)J;aq n Ha3hIBaJI n o c T e n e H
H hi M n e p ex 0 A 0 M K II p e A e JI y. 

TeopeTnq. ocrroaoil rrpnMeHHMOCTH MeTop;a cJiyiKnT cy
ni;ecTaoaarrne paaJiomerrnH BH,!la 

~m-1 fl· 
u,h (x) =U (x)+ ~i=I h 'v; (x)+hBTJh (x), 

r,!le B > ~m-l > ... >~i > 0 n ii>YHKIJ,HH P; He aaanc11T 
OT h, a lJh (x) - 3Ha'IeHHH ceToqrroii iJ>yHJOJ;HH, orpaHH
qeHHhle rrpH h - 0. MMeeTcH rrecKoJibKO TeopeTlPL ITpne
MOB )l;JIH BhlHCHeHHH cyru;eCTBOBaHHH TaKHX pa3JimKe· 
HlIII [4]. 

lfaru;e acero HCITOJib3yeTCH JIHHe:il:HaH 3KCTparrOJIHIJ,Hll: 
c ITOMOllJ;bIO m 3HaqeHHH uh (x) B O)l;HO:ii: TOqKe x )l;JIH paa
JIHqHhJX ITapaMeTpOB h=h1, . .. , hm BbiqHCJIHeTCH <JKCTpa
ITOJIHpOBaHHOe 3HaqerrHe uH(x) no rrpaBHJIY 

uH(x) = ~:= 1 'Vl?.Uhk (x), 

rp;e Beca 'Vk OITpe,!leJIHIOTCH H3 CHCTeMhl ypaBHeHHii: 

~;= 1 'Vk=1; ~;= 1 -Vkh~i=O, i=1, ... , m-1. 

ECJIH cpe,!IH hk HeT CJIHillKOM 6mrnKHX arraqeHHii, TO 

I uH (x)-u (.r) I =0 (fiB), 

rp;e fi= max hk, TO ecTb BeJIHqHHa UH (.r) CXO)l;HTCH K u (x) 
i<k<m 

ITpn h - 0 c ITOPHAKOM B, qTo 6oJibIIIe ~1 - uopH)l;Ka 
CXO,!IHMOCTH uh (x) K u (x). B p;ayx qacTHhlX cJJyqaHx cy
ni;ecTBYIOT aJiropnTMhl BblqncJieHHH BeJinqHHhl uH(x), MH
HYH oITpep;eJierr11:e rwaiJ>iJ>11:11,11:eHTOB y k: 

a) B CJiyqae ~ .. = ip, p > 0, i = 1, ... , m - 1, MeTO,!I 
npHBO,!lliT K HHTepIIOJIHIJ,HH MHoroqJieHa OT hP li H3 CBOIICTB 
JI azpanJ1Ca unmepno.fl,siq,uonnoii rfiop.My./f,bi cJie,!lyeT, qTo 

UH (x) =a~m-1), 

a<9)=uh. (x), j=1, 2, ... , m; 
I 1 

a(i-1)_ 0 (i-l) 
a<.i>=a<.i-1)+ i+l i (*) 

I I+ 1 (h -/h. ·)P - I 
1 l + 1 

j=1, ... , m-i, i=1, ... , m-1; 

6) B cJiyqae h;=h0 bi, 0<b<1, i=1, ., m-1, 
iJ>opMyJia (*) aaMeHHeTCH CJiep;yroru;ei'i: 

a(i-l)_a\i-1) 
(i) _ (i - 1) + I + 1 I 

ai -ai+l bfli-1 

3TOT aJiropHTM, Ha3h!BaeMbIH n p a B H JI 0 M p 0 M-
6 e pr a (W. Romberg, 1955), HaIIIeJI pacnpocTparreHHe 
npII KOHCTpynpoBaIIHH KBap;paTypHbIX iJ>opMyJI (CM. [5]). 
.11.JIH Toro qT06hl rrpH paaJrnqHhlX h; ceTirn Dh.U (cM. An-

' npoi>cu.Maq,usi iJurfirfiepenq,ua./f,bllOZO onepamopa paanocm-
nbl.M) HMeJin B03MOJKHO 6oJibIIIe 06ru;11:x yaJioB )l;JIH ocyIIJ,e
CTaJieHHll p. a., rrapaMeTphl h; Bhl6HpaIOT KaK qaCTb 011,HOji: 
H3 IIOCJie)l;OBaTeJibHOCTei'r: h;=holi, i=1, 2, ... ; h;=ho21- 1 , 

i=1, 2, ... ; h0 , h0/2, h0/3, h0/4, h0/6, h018, h0/12, .... 

JI1rneii:HaH 3KCTpaJIOJIH!Wll He HBJilleTCll e,[IHHCTB0HHO 
B03MOiKHOii. H aup.' B CJiy<Jae ~;= ip. p > 0, B KaqecTBe 
HHTeprrOJillll,HOHHoii ii>YHKIJ;HH x (h) IICITOJ!b3YIOT paI\HO-

HaJibHble ii>YHKIJ,HH Bll,!13 cp(kP)/'ljl(hP), r,!le cp(t), 'ljl(t)-MHOro
qJieHhl OT t CTeITeHH [(m-1)/2] H [m/2] COOTBeTCTBeHHO. 
Tor,!la peayJihTaT pa11,norraJihHoii: aKcTparroJIHIJ,HH uH(x)= 
= x (0) MOiKeT 6bITh Bhl'IHCJieH c IIOMOIIJ,hIO peRyppeHTHOii 
ITpo11,e1J;yph1: 

d(-l) 0 . 2 . i = ' J = ' ... , m, 

dj0>=uhj (x), j=1, 2, ... , m; 

d(i) = d<.i -1) + (d\i - 1) - d<.i- 1 l) x 
I 1+1 1+1 I 

f h· [ d(i-l)_d\i-1)] 'l-1 
X (-1-)P 1- 1+1 I -1 

\ h; + j d(i - 1) -d<.i - 1) J ' 
1+1 1+1 

j=1, .. ., m-i, i=1, ... , m-1; 
uH(.r)=dr-1). 

p. a. yp;o6rra ,!IJIH peaJin3aIJ,HH Ha 8BM, IIOCKOJlhKY 
1-\JIH ,!IOCTHiKeHHH Bh!COKOM TOqHOCTH HCIIOJib3YeT MHOro
KpaTHoe peIIIerrne npocTh!X paarrocTHhIX 3a,!laq (nrror1-1a 
c He6oJihIIIHMH MOAHii>HKaIJ,HHMH) HeBLICOKOro rropH,!IKa an
npOKCHMaIJ,HH, AJIH K-phlx o6blqHo xopomo paapa6oTaHhl 
cTaHp;apTrrhle npneMhl pernerrnH n rrporpaMMhl )l;JIH 9BM. 

Jlum.: [1] Richardson L. F., «Philos. Trans. Roy. Soc. 
Ser. A», 1910, v. 210, p. 307-57; [2] Bu Ii rs ch R., St o er .J., 
«Numer. Math.», 1964, Bd 6, H. 5, S. 413-27; [3] Joice D. C., 
«SIAM Review», 1971, v. 13, N' 4, p. 435-90; [4] Map q y H 
r. H., Ill a H ;:I y p 0 B B. B., IlOBbIIllem<e TO'fHOCTH pellleffl'!H 
paaHOCTHhlX cxeM, M., 1979; [5] Bax a a JI o B H. C., qncJien
HLie MeTOIU>I, 2 H3)!;., M., 1975. B. B. Illauf!ypo6. 

PMlJllM KPHBM3HA p n M a H o B a M H o r o o 6-
p a a H H M B T o q K e p EM - qncJio, corrocTaBJIHe-
1v1oe KaiKll,OMY O)l;HOMepHOMy IlO,!IITpOcTpaHCTBY H3 Kaca
TeJihHOro npocTpaHCTBa MP ITO iJ>opMyJie 

r (!!) = (cR) (1" v) 
· g (v, v) ' 

rp;e cR - Pu'l'lU menaop, I! - BeKTop, ITopomp;aroIIJ,HH 
01-1Hm1epuoe rrop;npocTpaHC'fBO, g - MeTpnq. TeHaop pnMa
uoaa MHoroo6paanH 111. P. K. BhlpamaeTcH qepea ceKIJ,nou
Hhle KpnBH3Hhl MHoroo6paa:1rn M. IIycTh KP (a, ~) -
cem~noHHaH KpHBH3Ha B ToqRe p E AI B HarrpaaJieHHlf 
IIJIOIIJ,a)l;KH' onpe,!leJIHeMoii BeKTopaMH a H ~, 11, ••• , 
ln-1 - HOpMHpoeaHHLie eeKTOphl, opToroHaJibHbJe ,!lpyr 
p;pyry e: aeKTopy P, n - pa3MepHOCTh M, Torp;a 

~n-1 
r(v)=...:;;.,ii=l Kp(P,l;). 

,I(JJH mrnroo6pa:n1fr M pa3MepHoCTH 6oJihIIIe p;ayx HMeeT 
Mec'.l'o CJie,!ly10u1ee npep;JJomeune: ecJin P. K. B ToqKe p EM 
HMeeT O,!IHO Ji[ TO me 3Ha<reHne r ITO BCeM HanpaBJieHIIHM 
!!, TOP. K. JilMeeT O)l;HO H TO me 3Ha<reHHe r BO Bcex TOqKaX 
Mrroroo6pa3HH. MHoroo6pa3HH c nocToHHHoii: P. K. Has. 
n p o c T p a H c T B a M H 9 1'i: H III T e i'1 H a. TeH3op 
Pnqqn npocTpaHCTBa 9ii:HIIITeiiHa HMeeT BRA cR = rg, r.r1e 
r - p. K. ,I(JIH ITpOcTpaHCTBa 9iiHIIITeii:Ha BhlfIOJIHlleTCll 
paaeHCTBO 

nR;JRij-s2 =0, 

r)J;e Rij, Rij - KOBapHaHTHhle H KOHTpaaapnaHTHhle KOop
)l;HHaThl TeH3opa P11:<rq11:, n - paaMepHoCTb ITpocTpaHcTBa, 
s - cKaJIHpHaH KpHBH3Ha ITpocTparrcrna. 

P. K. MOJKeT 6h!Th oITpe,!leJieua H Ha rrceap;opnMaHoawx 
MHoroo6pa3HHX c IlOMOIIJ,bIO aHaJIOrH'IHbIX iJ>opMyJI, B :3TOM 
cJiyqae BeKTOp ITpe,!IIIOJiaraeTCH HeU30TpOITHLIM. 

IIo P. K. O,!IH03uaqrro aoccTarraBJIHBaeTcH TeH3op P11:qq11:: 
1 (cR)(u, v) = T [r (u+P) g (u+v, u+!!)-r (u) g (u, u)-

-r (!!) g (!!, v)J. 
Jlum.: [1] rpoMOJI .ri;., KJIHHreHl'iepr B., MeJ!-

e ti B., PHMaHosa reoMeTpi.rn B 11eJIOM, nep c tteM., M., 1971; 
[2J II e T p o B A. 3 , IIpocTpaHcrna 9i!HI11Tefitta, M., 1961. 

JI. A: C11f!opoB. 
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p11qq11 TEH30P - p;Bamp;LI ROBapirnHTHhlii: TeHaop, 

rroJiy11aeMhlf1 na Pu."1.ana menaopa Rjkl rryTeM cBepTLIBa
HllH BepXHero llH/WRCa c HlllRHHM: 

Rk;=R':.k, ;· 

B p11MaHOBOM rrpOCTpaHCTBe v n p. T. HBJIHeTCH CMMMeTpH
'leCRHM: Rk;= Rik· B peayJibTaTe CBepTh!BaHHH P. T. c 
KOHTpaBap11aHTHbIM MeTpll'I. TeH30pOM gU rrpocTpaHCTBa 
Vn IIOJIY'TaeTCH cRaJIHpHaH BeJIH'lHHa R=gijRij• Ha3hl
eaeMaH H H n a p H a H T 0 M R p H B H 3 H LI, HJIH c R a
JI H p H 0 i1 R p H B H 3 H 0 II v n- H'.oMIIOHeHThI p. T. 
BhlpamaIOTCH 'Iepe3 OCHOBHOii: MeTpH'l. Temiop gu rrpo
CTpaHCTBa V,,: 

R··=a 2 1nl'g a r~.+r'."rk .-r'!l:aJnl'g 
I J i)xiaxi axk I] tk mj IJ iJxlll ' 

rp;e g=det gu, r7i - CHMBOJihI Kp:rrcTo«P«PeJIH 2-ro pop;a, 
Bhl'lHCJieHHhie OTHOCHTeJibHO TeH30pa g ij. 

TeH30p BBep;eH r. PH'l'IH [1]. 
Jium.: [1] Ricci G., «Atti Reale Inst. Veneto», 1903-04, 

t. 53, No 2, p. 1233-39; [2] 8 H 3 e H x a p T JI. II., P11MaHOBa 
reoMeTpHfl, nep. c aHrJJ., M., 1948. JI. A. CuaopoB. 

p11qq11 TEOPEMA: p;JIH Toro 'IT06LI rroBepxHoCTh 
S c MeTpHROH ds2 H rayccoBon RpHBH3HOH K ..;;:: 0 6LIJia 
JIORaJibHO H30MeTpH1IHa HeR-po:il: MHHHMaJihHOII IIOBepx

HOCTH F, Heo6xop;HMO H ,!l;OCTaTO'lHO, 'IT06hl MeTpHRa d;2 = 

= Y -Kds2 HMeJia (iio Bcex TO'lRax, rp;e K < 0) rayccoBy 

RpHBH3Hy K=O. If. X. Ca6umoB. 
p11qq11 TOiK;r:(ECTBO - 1) Tom/WCTBO, Bhlpama10m;ee 

O,[lHO H3 CBOHCTB PuMana menaopa R~j,k, (HJill R;, j, k1): 

R!. k+R~k ·+Rkl. ·=0. 
LJ, f, L i, J 

AJIH ROBapnaHTHoro TeH3opa Ru. kl Tomp;ecTBO HMeeT BHA 

R;j, k1+Rjk, il+R,,_;, j1=0, 

T. e. 11,HRJIHpoBaHHe no TpeM nepBLIM 1rnp;eRCaM p;aeT 
HyJib. 

2) Tom,a;ecTBo, R-poMy p;oJilRHLI y,a;oBJieTBopHTh ROBa
pnaHTHbie rrpOH3BO,!l;Hhie 2-ro rropHp;Ra OTHOCHTeJibHO MeT
pH'l. TeH3opa gij pHMaHOBa rrpocTpaHCTBa v n• OTJIH'laIO
II.\HeCH JIHIJib rrop.Hp;ROM ,a;n«P«PepeHivi:poBaHHH. EcJIH /,.,; -
reH3op 1-li BaJieHTHOCTH, /,.,; jk - ROBapnaHTHaH rrpoH3-
BOp;HaH 2-ro rropHp;Ra no xj n' no xk OTHOCHTeJibHO TeH30pa 
gfi• TO P. T. HMeeT BRA 

/,.,;, jk-Ai, kj=AzR~i. k• 

rp;e Rfj, k - TeH3op P11MaHa, orrpep;eJIHeMLIH MeTpH'l. 
TeH30pOM gu' TO eCTb B MeTpHRe rrpocTpaHCTBa v n (HHhIMH 
CJIOBaMH, aJibTepHHpoBaHHaH 2-H a6coJIIOTHaH rrpOH3BOp;
HaH TeH3opHoro rroJIH /,.,; B MeTpHRe g;j BLipamaeTcH 11epe3 
TeH30p PJ:IMaHa H ROMIIOHeHThI /,.,;). 

,11.JIH RO Ba pHaHTHOfO TeH30pa 2-ft BaJieHTHOCTH au p. T. 
BMeeT Blip; 

aij, k1-aij, lk=a1hRJk, 1+ahjR7k, z· 
Boo6m;e, p;JIH ROBapHaHTHOfO TeH30pa m-H BaJieHTHOCTH 

a,, .. .rm TOlRp;eCTBO HMeeT BHA 

AHaJIOfH'lHhie Tomp;ecTBa o6pa3yIOTCH H p;JI.H ROBapHaHT
HhlX H CMeIJiaHHhIX TeH30pOB B v n- p. T. rrp11MeHHeTCH' 
aarrp., rrp11 rrocTpoemrn reoMeTpHH rrop;rrpocTpaHCTB B V n 

B Ra'leCTBe yCJIOBHH HHTerp11pyeMOCTH OCHOBHhIX ,a;epHBa
pHaIJ,HOHHbIX ypaBHeHnil:, 113 R-poro BhIBO,!l;HTCH ypaBHe
HHH faycca 11 IleTepCoHa - Ko,a;a11,11,n p;JIH rrop;rrpoCTpaHCTB 
B Vn-

Tom,a;eCTBO ycTaHOBJieHo r. PH'l'IH (cM. [1]). 
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Jium.: [1] Ricci G., Levi-Ci vita T., «Math. Ann.», 

1901, Bd 54, s. 125-201; [2] pa Ille B c I{ H H II. H. PnMaHOBa 
reoMeTpnfl n TeHaopHhiil aHaJJua, 3 na11., M., 1967; [3j 8 il a e H
x a p T JI. ll., PHMaHoBa reoMeTpnfl, nep. c aHrJJ., M., 1948. 

JI. A. CuiJopoB. 
PHIIIAPA IIAPA;r:(OKC - CM. AnmunMua. 
POBEHA 3A;r:(A qA, 3 a p; a 11 a p a B H o B e c 11 H, 

3 JI e R T p o c T a T 11 q e c R a H 3 a p; a 11 a, - 3ap;a 11a o 
TaROM pacrrpep;eJICHHH IIOJIOlRMTeJihHOii 6opeJIE'BCROH 
Mepht /,.,Ha rpamuw S 1>0~1mrnTa K n 11-MepHOM eBRJJII!J,OBOM 
rrpOCTpaHCTBe JRn' n ;;;;:. 2, R-poe C03iW8T IIOCTOHHHhlH 
ttb10monoe nomenqua.n, 11p11 n > 2 HJIM .n,oeapurfi.Mu'iecnuii 
nomenqua.n, rrp11 n= 2 Ha 'frnlR;r\Oii 113 CBH3HhIX ROMIIOHeHT 
BHyTpeHHOCTII K, T. e. 3ap;a1la o pamrooecHoM pacrrpep;eJie
HMII JJieRTPH'T. :iap11p;a /,., (K) Ha rrooepXHOCTII s rrpooop;
HHRa K. 

B rrpocTeii:IJieM RJiacc11q. cJiy'rne, Ror,n;a K ecTh roMeo
Mop.iPHan urnpy aaMRHyTan ooJiaCTh B !Rn, orpaHH'leHHaH 
rJiap;1rnii rrpocTOii: 3aMRHYTOii IIOBepXHOCTbIO UJIH (rrp11 
n= 2) !{pl!BOii s RJiacca c1, a' 0 < a < 1, 0 EK' peUieHMe 
p. 3. CBO,!l;HTCH R OThICKaHHIO HeTpHBHaJibHOfO peUieHHH 
v (x), x ES, op;Hopop;Horo HHTerpaJibHoro ypaBHeHHH l'.l>pe,a;
roJibMa 2-ro pop;a 

1 1 (' a 
2v(x)+-k;;" JSv(y)an,,En(x, y)dS (y)=O, xES, (1) 

c ycJIOBHeM HopMHpOBRM 

/,., (S)= ~ 5v (y) dS (y)=1. (2) 

lx-Yln- 2 

rrp11 n ;;;;:. 3, lx-yl - paccTOHHHe Memp;y TO'lRaMH 
x, yEIRn, nx - narrpaBJieHMe BHelIIHen HopMaJIH R s B TO
'lRe x ES, v (x) - rrpon3oop;HaH, HJIH TIJIOTHOCTh, a6co
JIIOTHO HerrpepLIBHon MepLI /,., no Mepe Jle6era Ha S, 

2 (n-2) nn/ 2 

k2 = 2n, kn= r (n/2) 

rrpH n > 3, dS (y) - 3JieMeHT TIJiom;ap;H IlOBepXHOCTH s. 
YpaoHeHHe (1) rroJiy'laeTCH rrp11 paccMoTpeHHH BHyTpen
Heil: 3ap;aq11 Heil:MaHa p;JIH o6JiaCTM c rpaHHIJ,eil: S rrpn HyJie
BhIX rpaHH°'IHhlX p;aHHhlX, T. R. IIOTeHIJ,HaJI rrpocToro CJIOH 

u (x) = u (x; K) = ~ 5 v ( y) En (x, y) dS (y), 

Ha3h!BaeMhill II 0 T e H II, II a JI 0 M p 0 6 e H a, HJIH p a B
H 0 B e c H bl M TI 0 T e H II, II a JI 0 M, ,TJ;OJilReH, no YCJIO
BHIO P. 3., HMeTb IIOCTOHHHOe 3Ha'leHne Ha K (cM. Ilomen
ztua.n,a meopua, a TaRme [2]). PeUieH11e v(x) 3ap;aqn (1), 
(2) rrp11 yRa3aHHLIX ycJIOBHHX ocerp;a cym;ecTByeT B KJiac
ce HerrpepLIBHhlX «PYHR11,1111: C (S). Mepa 

/,., (E) = \ v (y) dS (y), E c S, 
,,E 

p;a10m;aH peUieHHe P. 3., Ha3 pa B H 0 Be c H 0 ii: Me
p 0 ii:. AHaJior11qHo peUiaeTCH p. 3. H B 6oJiee CJIO)RHOM 
CJiy'lae, Rorp;a rpaHHIW KOMITaRTa K COCTOHT 113 ROHe'llloro 
q11cJia Herrepece1rn10m;11xc11 rrpocTh!X 3aMRHYThIX rrooepx
HocTei'r MJIM (npn n= 2) KpHBb!X 1rnacca Cl, a, 0 < a, < 1 
(CM. [2]). Ilp11 3TOM Ha orpaa11qeHHhIX CBH3HhIX ROMIIO
HeHTax OTRpb1Toro MHomecTBa G= CK= IR.n"'-K rroTeH-
11,11aJI Po6eHa II (.r) TaRlRe coxpaHHeT IIOCTOHHHOe 3Ha
qeHHe, T. e. Ha rpaH11u,ax 3THX KOMIIOHeHT IIJIOTHOCTb 
v(x)=O. 

IlyCTb ROMIIaRT K eCTb CBH3Hoe MHOlReCTBO. IloCTOHHHOe 
3Ha'leH11e rroTeHIJ,HaJia Po6eaa u (x) Ha K 

y= ~ 5v (y) En(x, y) dS (y), xEK, 

Ha3. TIOCTOHHHOH Po6eHa ROMIIaRTa K. IlpH 
n ;;;;:. 3 OHa CBH3alla c rapMOHMqecRoii:, HJIH HhIOTOHOBOii, 
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e.Mr;,ocmblO KOMIJaKTa K rrpoCThlM COOTHorrreHHeM c (K)= 
=1/y, rrpnqeM 0 < y < -f--oo, 0 <C(K)<+oo. Tlpn n=2 
rrocToHHHaH Po6eaa MomeT rrpnHnMaTh ace 3Ha'IeHHH 
- 00 < y < +- 00' rapMOHHq. eMKOCTb BhipamaeTCH iJ>op
MyJioii C(K)=e-Y. 

l1Haqe, paBHoaecHaH Mepa A. orrpeJWJIHeTCH KaK Mepa, 
µ;arorrr;aH MHHHMYM HHTerpaJiy aHeprnn 

~ ~ KXKE n (x, y) dµ (x) dµ (y) 

B KJiacce acex Mep µ, cocpe,[loToqeHHhIX Ha K n Tami:x, 
qTO µ ;;;;. 0, µ (K) = 1. TaKaH Mepa A. a cJiyqae KoMrraKTa 
K c rJia,[lKOH rpamuwtt COBrrap;aeT c Hafip;eHHOH BhIITie, HO 
oHa cyrrr;eCTByeT H B o6rrr;eM cJiyqae rrpoH3BOJihHOfO KOM
rraKTa KclRn, n;;;;. 2, ecJin TOJihKO C(K) > 0. CooTBeT
cTByrorrr;n:ii: p a B H 0 B e c H hi ft II 0 T e H ~ H a JI 

u (x) =U (x; K) =~En (x, y) dA. (y), 

HBJIHIOIIJ;HHCH o6o6rrr;eHHeM IIOTBH~HaJia Po6eHa, coxpaHHeT 
IIOCTOHHHOe 3HaqeHney= 1/C(K) rrpn n;;;;.3nJIH y= -lnC(K) 
rrpn n= 2 acroµ;y Ha K, 3a B03MOlRHhlM HCKJiroqeHHeM ToqeK 
HeK-poro MHomecTBa BMKOCTH HYJih. 

Ha3BaHne P. 3. CBH3aHo c HCCJie,[lOBaHHHMH r. Po6eHa 
(CM. (1]). _ 

Jlum.: [1] Robin G., «Ann. sci. Ee. norm. super.», 
1886, v. 3; [2] r JOH Tep H. M., Teopmr noTeHI1HaJia H ee npH
MeHeHHe R OCHOBHbIM aa11a•1aM MaTeMaTH'leCROll cjJH3lIRH, M .• 1953; 
[3) JI a H II R 0 <I> H. c .. OCHOBbI COBpeMeHHOli TeopHH ITOTeHijHa
Jia, M., 1966; [t,] x e li Ma H Y., Ke H He II H TI., Cy6rapMOHH
'leCRHe <!>YHRUHH, nep. c aHrJI., T. 1, M., 1980. E. /I.. Co.110.Me1<1feB. 

POBEHA IIOCTOHHHAH - qncJieHHaH xapaKTepnc
THKa MHOlReCTBa TO'IeK eBKJillAOBa rrpocTpaHCTBa !Rn, 
n;;;;. 2, TeCHO CBH3aHHaH c e.MKOCmblO MHOlReCTBa. 

n YCTb K - KOMIIaKT B IR n' µ - IIOJIOlRllTeJihHaH 6ope
JieBCKaH Mepa, cocpep;oToqeHHaH Ha K H HOpMHpoaaHHaH 
yCJIOBHeM µ (K)= 1. l1HTerpaJI 

V (µ) = ~ ~KxKEn (x, y) dµ (x) dµ (y), 

rµ;e 
1 1 

E 2 (x, y)=ln-1--1 , E,, (x, y) = 2 rrpn n~ 3, 
x-y I x-y ln-

lx-yl - paCCTOHHirn Memµ;y ToqKaMH x, y E Rn, ecTh 
imepeusi .Mepb! µ. fl 0 CT 0 H H H 0 H p 0 6 e H a K 0 M
IT a K T a K Ha3. HHlRHHH rpaHb y (K) =inf v (µ) no 
BCeM MepaM µ yKa3aHHoro a11µ;a. Ecm1 y(K) < -f--oo, 
TO 3Ta rpaHb KOHe'IHa II ,[lOCT11raeTCH Ha HeK-poii (ep;11H
CTBeHHO:ii:) p a B H 0 B e c H 0 ii (llJill e M K 0 c TH 0 ii:) 
Me p e A. > 0, y (K)= V (A.), A. (K)= 1, cocpeµ;oToqeHHOH 
Ha K; ecJI11 y(K)=+oo, TO V(µ)=+oo ,[lJIH acex ~rnp µ 
yKa3aHHoro Bll,[la. p. II. KOMIIaKTa K CBH3aHa c ero eM
KOCTbIO COOTHOITieHHHMH 

y (K)=1/C (K) rrpn n~3, 

y(K)=-lrrC(K) rrpn n=2. 

EcJin rpaHn~a S KoMrraKTa K .riocTaTo'lHO rJiaµ;KaH, Harrp. 
COCTOHT H3 KOHe'lHOro 'lHCJia rrorrapHO Herrepecell'.aIOIIJ;llXCH 
rrpOCThlX 3aMKHYThlX rroaepXHOCTeii (rrp11 n ;;;;. 3) HJIH KpH
BhlX (rrpH n=2) KJiacca Cl, a, 0< a< 1, TO paBHOBeCHaH 
Mepa A. cocpe.rioT011eHa Ha 11acTn ScS, K-paH cocTaBJIHeT 
rpaHH~y TOH CBH3HOH KOMITOHBHThl AOITOJIHeHllH CK= 
=IRn""K, K-paH CO):\eplRllT 6ecKOHe'lHO yp;aJieHHYIO TO'lKy. 
p a B H 0 B e c H hi ii II 0 T e H ~II a JI, T. e. IIOTeH~llaJI 
paBHOBeCHOH Mephl 

u (x)= ~En (x, y) dA. (y), 

B 3TOM CJiy11ae rrpHHHMaeT Ha s IIOCTOHHHOe 3Ha11eH11e, paB
HOe y ( K), 'lTO II II03BOJIHeT Bhl'lllCJIHTb p. II. KOMIIaKTa B 
rrpocTeiimnx cJiy'laHx (cM. Po6ena aaoarta). Harrp., P. rr. 
Kpyra pa):{Hyca r > 0 B IR.2 paaHa - ln r, a P. II. wapa 

paµ;nyca r > 0 B !Rn, n ;;;;. 3, paaHa 1/rn- 2 • B cJiyqae 
rrpOII3BOJibHOro KOMIHIKTa K IIOJIOlRIITBJibHOH eMROCTH 
BCIOAY u(x)...;:: y(K) H u(x)=y(K) BCIOAY Ha HOCHTeJie 
S (A.) paaHoaecHoii Mephr 'A, KpoMe, 6h1Th MolReT, TOqeK 
HeK-poro IIOJIHpHoro MHOlRBCTBa, rrpn11eM BCerµ;a s (A.)cK. 

IlyCTb D - o6JiaCTb pacrrrnpeHHOH KOMIIJieKCHOH IIJIOC-
KOCTH C, coµ;epmarrr;aH BHYTPH 6ecKoHequo yµ;aJieHHYIO 
TO'IKY H µ;orrycKaIOJI:(aH ii>YHK~HIO fpnHa g (z, 00) c ITOJIIO
COM B 6ecK0HeqHoCTH. Tori:ia HMeeT MeCTO npep;CTaBJieHne 

g(z, oo)=lnlzl+y(D)+e(z,oo), (1) 

rµ;e z=x+iy - KOMIIJieKCHoe rrepeMeHHoe, y(D) - rro
C TOH H Ha H Po6eHa o6JiaCTH D, e(z, oo)
rapMoHnq. iJ>yrrK~HH B D, rrpnqeM 

lim e (z, oo)=O. 
121 .... ,,, 

Orrpe,[leJIHeMaH iJ>opMyJioil: ( 1) P. rr. o6Jiacni: D coarraµ;aer 
C p. II. KOMIIaKTa i!D, y (D)=y (&D). EcJIH iJ>yHK~HH fpnea 
p;JIH o6JiacTn D Hecyrrr;ecTayeT,To rroJiaraIOT y(D)=+oo. 

06o6rrr;aH rrpep;CTaBJieHHe (1), AJIH pnMaHOBOH IIOBepx
HOCTH R' µ;orrycKaIOJI:(eH ii>YHK~HIO fpnHa' MOlReT 6h1Th 
noJiy'IeHo JIOKaJibHoe rrpe/\CTaBJieHn:e iJ>yHK~nn l'pnea 
g(p, Po) c IIOJIIOCOM PoER: 

1 
g (p, Po)= In rz=z;i-+Y (R; Po)+e (p, Po), (2) 

rµ;e z= z (p) - JioKaJihHhlH ym1iJ>opMH3Hpy10rrr;nil: rrapa
MeTp B OKpeCTHOCTH IIOJIIOCa Po· z (Po)=zo, y (R; Po) -
IIOCTOHHHaH Po6eHa pnMaHOBOii IIOBepXHOCTH R OTHOCII
TeJihHO rromoca p 0 , e (p, p 0 ) - rapMOHH'l. ii>YHK~HH B 
0KpeCTHOCT11 p 0 , rrpnqeM lime (p, p 0}=0. )];JIH p11MaHOBhIX 

p .... p. 
rroaepxHocTe:ii: R, He µ;orrycKa10rrr;nx iJ>yHK~HIO fpnHa, rro
JiaraIOT y(R; p 0)=+oo. B BhlpameHHH (2) 3Ha'IeHne P. rr. 
y ( R; p 0 ) 3aBHCHT yme OT Bb16opa rroJiroca p 0 E P, Ho coor
HorrreH11H y (R; Po)< +- 00 H y (R; Po)=+- 00 He 3aBllCllT 
OT Bhl6opa IlOJIIOCa, 'ITO H Il03BOJIHeT HCIIOJib30BaTb rro
HHTHe p. II. ,[lJIH K.JiaccniJ>nKa~HH pnMaHOBhlX IlOBepXHO
CTeil:. 

Jlum.: [1) He Ba H JI n H Ha P., 011Ho3Ha'lHbJe aHaJIHTH'le
CRHe <jJyHRUHH, nep. c HeM., M.-JI., 1941; [2] c T 0 H JI 0 BC., 
Teopmr <l>YHRUHli HOMITJieKcHoro nepeMeHHoro, nep. c pyM., 'f. 2, 
M., 1962; [3) Sario L., Nakai M., Classification theory o! 
Riemann surfaces, B.-N. Y., 1970. E. /J.. Co.110.Mentfe«. 

L-PO,l1; - xapaKTep11CTll'IeCKoe 'IHCJIO, COOTBeTCTByIO
rrr;ee L-KJiaccy X11p~e6pyxa (cM. II onmpsieuna K.!!acc). 

A. <P. XapmU.11aaae. 
PO,l1; AJirEBPAHqEcIWll <l>YHKIJ,IIII - cM. A.!!ee6-

paurtecr;,asi rfiynr;,lJ:usi. 
PO,l1; KPIIBOII - 11ncJieHHhl:ii: 11Haap11aHT op;HOMepHoro 

aJire6pan11. MHoroo6pa311H, orrpeµ;eJieHHoro HaA rroJieM 
k. Po.rt g rJiaµ;Koii: rroJIHoii aJire6pan11. Kp11aoii X paaeH 
pa3MepHOCTll npocTpaHCTBa peryJIHpHhlX µ;niJ>iJ>epemw
aJibHhIX 1-iJ>opM Ha X. Poµ; aJire6pan11. Kp11aoii X, no orrpe
p;eJieH11ro, paaeH poµ;y IIOJIHoii rJiaµ;Koii aJire6pan11. KpII
aoii, 611pa1~110HaJibHO 1130MopiJ>Hoii KpHBOll x. )];JIH JII06oro 
~eJioro g ;;;;. 0 cyrrr;ecTByeT aJire6pan11. KpnaaH po.ria g. 
AJire6pan11. Kp1rnaH Hap; aJire6pan11ecKH 3aMKHYThIM rro
JieM poAa g=O HBJIHeTCH patfuona.!!bnou r;,puoou, T. e. 
611pa~110HaJibHO H30MopiJ>Ha npoeKTllBHOii rrpHMOH pl. 
H'.pHBhle poµ;a g= 1 (aJIJIHrrT11q. KpllBhJe) 6npau;noHaJibBO 
1130Mopqim,1 rJiap;K11M Ky611q. KpnBhlM a P2 • AJire6pa11q. 
KpHBhle poµ;a g > 1 pacnaµ;aroTCH Ha µ;aa KJiacca: nrnep
;JJIJIHIIT1111. Kp11Bhle II Her11rrepaJIJillIITH'l. KpHBhle. )];Jiii 
HernrrepaJIJillIITHq. KpHBhlX x pa~llOHaJibHOe OT06pame
HHe <p'K xi : x - pg-1, orrpep;eJIHeMoe KaHOHH'l. KJiaCCOM 

Kx IIOJIHOM rJiap;Koii: KpllBOH, HBJIHeTCH H30MopiJ>HhlM BJIO
meHHeM. l~JIH rnuepaJIJIHIITH'l. KpHBOH x OT06pameHIIe 
<plK xi : X -+ pg-I HBJIHeTcH ABYJIHCTHhlM HaKphlTlleM 

pa~noHaJihHOii Kp11aoli cp IK xi ( X), paaBeTBJieHHhlM e 

2g+ 2 TO'lKax. 
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Ecmr X - rrpoeKTliIBHaH nJiocKaH KpHBaH CTeneHH m, TO 

(m-1) (m-2) -d 
g 2 ' 

r/W d - HeOTplillWTeJibHOe neJioe qli!CJIO, lil3MepHI01Ilee 
OTKJIOHeHHe OT rJia,[\KOCTlil Kp1rno.ii: x. Ecmr x li!MeeT TOJib
KO o6bIKHOBeHHbie ,[\BOHHhle oco6ble Toqmr, TO d paBHO qHc
JIY oco6blx ToqeK aJire6palilq. Kp1rno.ii: X. /];JIH npocTpaH
CTBeHHOH Kp1rno.ii: x li!MeeT MeCTO OIWHKa 

{ 
(m- 2)2 

--4- , ecJIH m- qeTHO, 

g.,;;;;;, l (m-1) (m-3) 
4 , ecJIH m - HeqeTHO, 

rp;e m - CTeneHh Kp1rno:ii X B pa. 
EcJil!I k=C - IIOJie KOMTIJieKCHbIX qnceJI, TO aJire6panq. 

Kp1rnaH x MOlReT 6b!Tb paccMOTpeHa KaK pnMaHOBa rro
BepXHOCTb. B noM cJiyqae rJia,a;KaH noJIHaH KpHBaH X po
,a;a g roMeOMopwHa cwepe C g pyqKaMl!I. 

Jlum.: [1] ill a ljJ ape B H q JI. P., OcHOBbI ame6paH'Iec1wil 
reoMeTpHH, M., 1972;_ L2] X a p Tc x op H P., Ame6paH'Iec1mH 
reoMeTpHH, rrep. c aHrJI., M., 1981. Bun. C. Ry.1tuno•. 

PO/]; IIOBEPXHOCTll - qlilcJieHHhlil: 6npanHoHaJibHhIH 
HHBapHaHT ,a;ByMepHoro aJire6paHq, MHoroo6pa3HH, onpe
,a;eJieHHoro Ha.a; aJire6paHqecKH 3aMKHYThIM rroJieM k. 
Pa3JIHqaroT ABa po,o;a - apHwMeTHqecKH:ii H reoMeTpnqe
CKHH. f e 0 M e T p li q e C K H :ii p 0 p; pg UOJIHOH rJiap;Koii 
aJire6pal!Iq. IlOBepXHOCTl!I x paBeH 

Pg=dimkH0 (X, Q~) 
pa3MepHOCTH npOCTpaHCTBa peryJIHpHbIX ,a;nwwepeHnH
aJibHbIX 2-wopM Ha x. A p li w M e T H q e c K li :ii p 0 ,[\ 
Pa rroJIHoii: rJia,[\Ko:ii aJire6paHq, noaepXHOCTH X paaeH 

Pa=x (X, Ox)-1 = dimk H 2 (X, Ox)-dimk H 1 (X, Ox)· 

feoMeTpnqecKnii: u apnwMeTnq, poAhl noJIHoil: rJia,o;Ko:ii 
aJire6pauq. IIOBepXHOCTli x CBH3aHbI COOTHOTIIeHll:eM pg
-pa= q, r,[\e q - upperyJIHpHOCTb noaepXHOCTH x' paB
HaH pa3MepHOCTli IIpOCTpaIICTBa peryJIHpIIbIX µ;nwwepeII
u.naJibllbIX 1-wopM 1rn x. 

Jlum.: [!] AJire6paH'Jec1me rroaepXHOCTH, M., 1965 (TPYJU>I 
MHAH CCCP, T. 75). Bun. C. Ry.1tunoo. 

PO)]; 11,EJIOll <l>YHKIJ,1111 - neJioe qHcJio, paaHoe HaH-
6oJibITieMy ll3 quceJI p H q B npep;cTaBJieHHli neJioii: WYHKl\lilli 
f (z) B WOpMe 

z z' zP 

f (z)=z"'eQ<z> II°" (1--z-) e ~+ 2a~+ .. .+ pag, (*) 
k=l ak 

r,[\e q - cwrreHb MHoroqJieHa Q (z), a p - HaHMeHbITiee 
neJioe, YAOBJieTBOpmor.nee ycJIOBHIO 

~ ao __ 1 __ < 00 
"""'k=llakiP+l . 

qliCJIO p Ha3. p 0 ,[\ 0 M II p 0 H 3 B e A e H H H, yqacT
ayror.nero B WOpMyJie (*)· 

Jlum.: Lil JI e B H H B. H., Pacrrpe11eJieHHe KOpHeil 11eJibIX 
tflYHKI\HH, M., 1956. A. <P. Jleo1imbe8. 

PO)]; 3JIEMEHTA apnw111eTHqecKo:ii rpynTihl
COBOKYTIHOCTh :rneMeHTOB rpyIIITbI e,[\HIIHI~ G z CBH3HO.ii: aJI-

re6pauqecKo:i!i Q-rpyrrrrhl G, corrpHmemihIX c ,a;aIIHbIM :me
MeHTOM a B rpynrrax GQ n GZ ,[\JIH acex rrpocTbIX p, r,a;e 

p 
Q' z p - COOTBeTCTBeHHO noJJe pau.noJiaJihHbIX qnceJI H 
KOJibIW neJibIX p-ap;uqecKux qnceJI; K JI a cc aJJeMeIITa a 
onpe,[leJIHeTCH KaK ero KJracc corrpHmeHIIOCTH B G'll,. qncJio 

HerrepeceKaror.nuxcH KJiaccoa, Ha K-phle pacna,[laeTCH po,[1 
:rneMeHTa a, KoHeqHo [ 1], o6o3HaqaeTcH fa (a) n Ha3. q u c
JI 0 M K JI a c c 0 B B p 0 ,[\ e 3 JI e Me HT a a. Bo3JIH
KaIOr.naH 3,n;ecb WYHKnHH fa Ha G Z HBJIHeTcH aamHofi: 

apn¢MeTnq, xapaKTepHCTHKOH, Bbipamarom;eii: OTKJIOIIe
HHe OT JIOKaJibHO-rJio6aJibHOro npHIIIJ,HTia B BOIIpocax co-
11pnmeHHOCTH. Boo6rrw roaopH, fa (a) > 1. EoJiee Toro, 
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ecJIH rpyrrrra G rroJiynpocTa, a rpyrrrra G Z 6ecKOHeqHa, TO 

sup fa (a)= oo ,[\JIH Jiro6oli apHw~rnTHq, no,[lrpynIIhI He 
a EH 
cGZ (cM. [1], [3]). PaccMOTpeHHhle TIOHHTl!IH npep;cTaBJIH-

lOT ecTeCTBeHHYlO MO,[lliIWl!IKanmo COOTBeTCTByror.nnx KJiac
cnq. TIOHHTl!IH H3 TeOplillil KBa,a;paTl!IqHbIX WOPM H npnMe
HHlOTCH npH HCCJie,[loBaHHH ¢HHHTHOii annpoKcnMnpye
MOcTH apl!I¢MeTnq. rpynn OTHOCl!ITeJibHO conpHlReHHOCTH 
(CM. [2]). 

Jlum.: [1] II JI a To Ho B B. II., «ADKJI. AH CCCP», 1971, 
T. 200, M 4, c. 793-96; [2] II JI a T 0 H 0 B B. II., Ma TB e e B 
r. B., «AoKJI. AH BCCP», 1970, T. 14, M 9, c. 777-79; [3] 
Pa II H H q y K A. C., «AoKJI. AH BCCP», 1981, T. 25, M 2, 
c. 101-04. A. C. Panu><'lyn. 

PO)l;PllrA <l>OPMYJIA - 1) P. ¢. - ¢opMyJia, caH-
3blaaror.naH AH¢¢epeHnnaJI HopMaJin n K noaepxHOCTH c 
p;nwwepeHnHaJioM pa,[lnyc-aeKTopa r rroaepxHocTn a rJiaB
HOM HanpaBJieHnn: 

dn=- k 1dr HJIH dn=- k 2dr, 

rp;e k1 H k2 - rJiaBHble KpllBH3HbI. 
<Pop111yJia noJiyqeHa 0. Po,a;pHroM (0. Rodrigues, 1815). 

A. B. H•a><o•. 
2) P. w.- npe,[ICTaBJieHne opToroHaJibHhlX MHoroqJie

HOB qepe3 aecoayro WYHKnHro c rroM01IlhID p;uwwepeHnn
poaaHHH. EcJIH aecoaaH WYHKIJ,HH h (x) y,a;oaJieTBopHeT 
,l\H¢¢epeHIJ,HaJibHOMY y p a B H e H H lO II H p c 0 H a 

h' (x) p0 +p,x _ A (x) E ( b) 
h (x) = q0 +q 1x+q 2x 2 = B (x) ' x a, • 

npuqeM Ha KOHnax HHTepBaJia opToroHaJibHOCTH Bhl!IOJIHH
lOTCH yCJIOBl!IH 

lim h (x) B (x) = lim h (x) B (x) =0, 
x->a+ 0 x-..b- 0 

TO opToroHaJibHhlH MHoroqJieH Pn (x) rrpeJ{CTaB-Jrn:eTcH B 
BHJ{e ¢op111yJihl Po,n;pura 

Pn (x) =Cn [h (x) Bn (x)]<n>/h (x), 

rp;e c n - IIOCTOHHHaH. p. ¢. HMeeT MeCTO TOJlbKO ,[\JIH 
KJiacce:qec1rnx opToroHaJibHhIX MHoroqJieHoB n ,[IJIH MHo
roqJieHoB, noJiyqeHHhIX H3 rrocJie/];HHX JIHHeHHbIMH rrpeo6-
pa3oBaHHHMH apryMeHTa. IIepBoHaqaJibHO 3Ta wopMyJia 
6bIJia ycTaHOBJieHa 0. Pop;pnroM [1] /];JIH Jie:m:anopa M1wao
't.1tenoe. 

Jlum.: [1] Rodrigues O., «Correspondance sur l'llicole 
polytechnique», 1816, t. 3, p, 361-85. II. R. Cyemuu. 

POJK)l;EHllH H rllBEJIH IIPOIJ,ECC - MapKoBCKHH 
rrpou.ecc c COCTOHHHHMH 0, 1, 2, ... , B K-poM 3a BpeMH 
(t, t+h) B03MOlRHhl rrepeXO,[\hl H3 COCTOHHHH n B COCTOH
HHH n+1 n n-1 c aepoHTHOCTHMH An (t)h+o (h) n µn (t)h+ 
+o (h) COOTBeTCTBeHHO, a BepoHTHOCTb OCTaJibHbIX rrepe
XO,[\OB paaHa o (k). II pu crrenuaJibH0111 Bhr6ope Koawwuu.n
eHToB pa3MHomeHHH An (t) n rn6eJin µn (t) noJiyqaroTCH 
qacTHble CJiyqau, K-pble ,a;aroT YAOBJieTBOpHTeJibHOe OTIB
caHne pa3JIHqB:hJX peaJibHhIX npou.eccoa: pa,[lnoaKTHBHhlX 
rrpeapam;eHHH, pa6oThl TeJiewoHHhlX CTaHIJ,HH, 3BOJllOll,llll 
6uoJioruq. nonyJIHnnii: n T. ,a;. HcnoJib30BaHHID P. Hr. n. 
B rrpHJIO)ReHHHX cnoco6cTBYeT rrpoCTOTa ypaBHeHHH /];JIH 
nepexo/];HhIX BepOHTHOCTeH, K-pble qacTO yp;aeTCH HaHTB B 
HBHOM an,a;e. Harrp., B cJiyqae nyaccoHOBCKoro rrpou.ecca 
An(t)=A, µn(t)=O, aepoHTHOCTH Pn(t) (Pn(t) - Bepo
HTHOCTb HaXOlR,[\eHHH B MOMeHT BpeMeHH t B COCTOHHHH 
n, ecJIH nponecc HaqaJICH 113 COCTOHHllH 0) YAOBJieTBOpHlOT 
CHCTeMe ypaBHeHnil:: 

P~ (t) = -AP0 (t) 

P~ (t)=-APn (t)+APn-1 (t), n>-':1. 

PerneHne 3TOH CHCTeMhl: 

P (t) = ('J..t)n e-M 0 1 2 
n n! ' n= ' ' ' ... 
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BoJiee o6m;nM HBJIHeTCH npou,ecc, p;JIH R-poro An (t)= nA, 
µ,, ( t) = 0. 8ToT THII rrpou,ecca 6bIJI arrepahle :irnyqen 
,Il,m. IOJIOM (G. Jule, 1924) B CBH3l! c ~rnTeMaTnq. TeopHeH 
aaoJIIOU,HH. II p o 1i; e c c IO JI a HBJIHeTCH qacTHhlM cJiy
qaeM n po u. e cc a q H c T or o p a 3M no me H H H, 
R-phlil: noJiyqaeTCH Ha o6m;ero P. n r. n., ecJin noJiolRHTb 
An (t)=An, µn (t)=O. EcJin An pacTyT oqeHb 6blcTpo, TO 3a 
Roneqnoe BpeMH MOlRHO c IlOJIOlRHTeJibHOH BepOHTHOCTb!O 
rrpOHTH no BCeM COCTOHHHHM H Torp;a 

~==D Pn (t) < 1 
"YcJIOBHe 

~"" Pn (t)=1 
4'.ln=O 

p;JIH rrpon;ecca qHCToro pa3MHOlReHHH BhlllOJIHHeTCH TOrp;a 

H TOJibRO Torp;a, Rorp;a pacxop;HTCH pHp; ~ 11An· EcJip: 

An(t)=nA+v, µn(t)=nµ, TO P. H r. rr. rrpep;cTaBJIH0T 
COOOH eemBstUfUUCK npOift!CC C HMMHrpaU,H0ll, B R-pOM CO
CTOHHH0 n 03HaqaeT qllCJ!O qaCTHU,, rrpHqeM Ramp;aH qa
CTHIW 3a BpeMH (t, t+h) c BepOHTHOCTb!O µh+o (h) rrom-
6aeT, c BepOHTHOCTb!O Ah+o (h) p;eJIHTCH Ha p;Be H, KpOMe 
Toro, H3BH0 HMMHrpHpyeT op;na qaCTHU,a c BepOHTHOCTb!O 
vh+o (h), EcJin v= 0, TO rroJiyq11TcH rrpocTeii.111nil: B e T
B H m; H il: c H rr p 0 u. e c c 6 e 3 H M M II r p a u. H H. 
E cmi: A= 0, a v > 0, To STOT BHp; rrpon;ecca c HMM11rpau,neii. 
MOlRHO rrpHMeHHTb K OllHCaHHIO pa60Thl TeJiecponnoii. CH
CTeMhl c 6ecKoneqHbJM qHCJIOM JIHHH:ii:. COCTOHHHeM TOrp;a 
HBJIHeTCH qHcJio 3aHHThlX JIHHlill'I. I\'.oacpcpHU,HeHT pa3MHO
meHHH A11 ( t) = v xa paKTep113yeT rrocTyrraIOm;nil. rroTOK 
Bhl30BOB, a µ - p;JinTeJibHOCTb pa3roaopa. 

Jium.: [1] <l> e J1 JI e p B., BBeAeH1i:e B Teopmo Be{loflTHOCTeft 
II'. ee npHJJomeHHfl, nep. c aHrJJ., T. 1-2, M., 1964-67; L2) Ce Ba
c Tb fl Ho B B. A., TeopHfl BeTBflll\HXCfl npo11eccoe, e HH.: IITorH 
HaYHH. CepHfl MaTeMaTHHa, T. 14- TeopHfl BepoflTHOCTeft. MaTe
MaTH'lec11afl CTaTHCTHHa. TeopeTH'lecHafl HHOepHeTHHa. 1967, M., 
1968, c. 5-46; [3) ca a T II'. T. JI., 8JleMeHThl TeOpll'.H MRCCOBoro 
oocJJytt<HBaHHfl H ee IIPHJJO»leHHfl, nep. c aHrJJ., M., 1965. 

B. II. qucmJmoe. 
POJK)l;EHIIH OIIEPATOPbl - ceMelicTBO 3aMKHYThlX 

JI11neiiHbIX orrepaTopoa {a*(/), /EH}, rp;e H - neK-poe 
rnJib6epTOBo rrpocTpancTao, /WHCTByIOm;nx B <JJ010a npo
cmpancmee, nocTpoeHHOM nap; H, n HBJIHIOm;nxc.11 conpH
meHHhlMJJ K ynu11,moJ1Cenusi onepamopa.M {a(/), /EH}. 

P. A. MUliJIOC. 

P03bl - IlJIOCKHe KpIIBhle, ypaanemrn K-pbIX B IIOJIHp
HhlX KOOPAHHaTaX HMeIOT BH)l; 

p=asin kqJ, 

rp;e a n k - IIOCTOHHHble. EcJIH k=mln - 'IHCJIO pau,no
HaJibHoe, TO P.- aJire6pan'I. Kp:trnaH 'IeTnoro rropHp;Ka. 

k=3 

1Iop.11p;oK P. paaen 
m+n, ecJin m n n -
He'IeTHhle 'IHCJia, H pa
BeH 2(m+n), ecJin 
op;uo H3 'IHCeJI m HJIH 
n - He'IeTnoe. Bc.11 
RpRBaH pacrroJiomena 
BHYTPH Kpyra pap;ny
ca a, COCTOHT H3 KOH
rpyaHTHbIX JierreCTKOB 
(cM. pnc) EcJin k -
u,eJioe, TO P. COCTOHT 
H3 k JierreCTKOB rrpn 
k He'IeTHOM H H3 2k 
JierrecTKOB rrpH k 'IeT
HOM. EcJIH k= min H 
m, n - B3aHMHO rrpo
CThle, TO P. COCTOHT 
H3 m JierreCTKOB, KOr
p;a m H n He'IeTHbie, 

H H3 2m JieIIeCTROB, eCJIH op;HO H3 'IHCeJI m HJIH n HBJIH
eTCH 'I0THhlM. 

IIpn nppau,uonaJibHOM k JierrecTKOB 6ecRoneqnoe Mno
mecTBO. p. OTHOCHTCH R ceMei°JCTBY ifUl>J!OUOaJ!bHb/,X 
1>pUBb/,X. p. HBJIHIOTCH r1mou,nRJIOUp;a~m. eCJIH k> 1, II 

3IJHU,HKJIOHp;oii.' ecmr le< 1. 
c ceMellCTBOM ll,HKJIOHp;aJibHblX KpHBhlX p. CBH3aHhl H 

TeM, 'ITO OHH HBJIHIOTCH rrop;apaMH <JIIH- H rHIJOU,HKJIOH)l; 
OTHOCnTeJibHO u,enTpa HX neuop;BHlRHoro Kpyra. 

)];mrna p;yrn P. BhlpamaeTcJt <iJIJIHIITHq. HHTerpaJioM 
2-ro pop;a. IIJiorri;ap;b op;noro JierreCTKa: S=rta2/4k. 

p. Ha3. TaKllie K p H B hi M H f y H p; 0 f p a H p; H 
(G. Grandi), arrepahle orrncaa111ero nx B 1728. 

Jlum.: [1) ca Be JI 0 B A. A., IIJJocHHe HPHBhle, M., 1960. 
lJ.. lJ.. ConoJ1oe. 

POJIJIH TEOPEMA: ecJ)"n p;eiicTBnTeJibHa.11 cpyHKIJ;HH 
f nerrpephlBHa na neK-poM oTpe3Ke [a, b], 1IMeeT B Kamp;oii 
ero BHyTpeHHeii TOqKe KOHe'IHYIO IIJIH orrpep;eJieHHOro 3HaKa 
6ecKOHe'IHYIO rrpOII3BO)l;HYIO, a Ha ero KOHu,ax rrpHHIIMaeT 
paBHhle 3Ha'IeHnH, TO Ha IIHTepBaJie (a, b) cylll;eCTByeT IIO 
Kpaiineii. Mepe op;na TOqKa, B K-poii rrpOH3BOIJ;HaH cpyHKll,IIH 
f paana nyJIIO. 

reoMeTpn'I. CMhlCJI p. T. COCTOIIT B TOM, qTo Ha rpacpnKe 
cpyHKIJ;IIII f, yp;OBJieTBopHIOm;eii. ycJIOBIIHM P. T., cym;ecT
ayeT TaKaH ToqKa (£, /(£)), a< s < b, qTo B nen Kaca
TeJibHaH K rpacpnKy napaJIJieJibHa oc11 x. 

Mexan1Iq. 1IHTeprrperari;n.11 P. T. o3naqaeT, qTo IJ;JIH Ma
Tep1IaJibHOM ToqKII, nerrpephlBHO ABHraIOm;eiicH IIO rrpH
MOM II Bepnya111eii.c.11 qepe3 HeK-phlM rrpoMemyTOK BpeMeHn 
B IICXOAHYIO TOqKy, cym;eCTBYeT MOM0HT BpeMeHII, B K-pb!ii. 
ee MrHOBeHHaH CKOpOCTb paBHHJiaCb HYJIIO. 

Brrepahle TeopeMa 6h!Jia rroJiyqeHa p;JIH aJire6panq. MHO
roqJienoa M. PoJIJieM [ 1). 

Jlum.: [1] Ro 11 e M., Traite d'algebre, P., 1690; [2) H H-
11 o J1 h c 11 u ft C. M., Hype MaTeMaTH'!ec11oro aHaJIH3a, 2 l!I3JJ:., 
T. 1, M., 1975. JI. l1. l{yopR61.fe6. 

POMB - ITJIOCKIIii 'IeThlpexyroJibHHK c paBHhlMII CTO
poHaMII. p. MOiRHO paccMaTplIBaTb RaK qacTHhlll CJiyqali 
rrapaJIJieJiorpaMMa, y K-poro HJI11 p;Be cMelKHhle CToponhl 
paBHbl, HJIII p;1IarOHBJIH B3a11MHO rreprreHp;IIKYJIHpHhl, IIJIH 
p;1IaronaJib p;eJIIIT yroJI rrorroJiaM. P. c rrpHMhlMH yrJiaMn 
Ha3. KBap;paTOM. BC[)-3. 

POMBEPfA METO)l;, rr pa an JI o Po M 6 e pr a,
MeTop; BhlqHcJieHnH 011pe1J;eJiennoro HHTerpaJia, ocHoaan
Hhlii na Pu11,apocona ancmpanoAstifUU. IIycTb Bhl'lHCJIHeTcH 
3Haqenne I neK-poro cpyHKIJ;IIOHaJia, rrpn <JTOM BbJqlICJIHe
Moe rrpn6Jinmeunoe 3naqen1Ie T (h) 3aBIICIIT OT rrapaMeTpa 
h, TaK ~o B pe3yJibTaTe Bhl'lllCJieHIIH IlOJiyqaeTCH rrpn6Jrn
JRennoe paaeHCTBO I ~ T (h\. IIycTb n3BecTna IIHcpopMa
IJ;IIH 0 IIOBell;eHIIH pa3HOCTU 1 -T (h) KaK ljiyHKll,HH OT h, 
a IIMeHHO: 

I-T(h\=ah"', (1) 

rp;e m - HaTypaJibHOe 'IHCJIO H a 3aBIICHT OT llpHfommae
MOfO cpynKIJ;HOHaJia II TOM cpyHKIJ;HH, Ha K-por'I OH Bbl'IHCJIH
eTCH, OT cuoco6a upH6JinJReHJrn H (cJia6o) OT h. EcJIH na
PHAY c T (h) BhiqHcJieno T (2h), TO crroco6 P1I'Iapp;c0Ha 
p;aeT p;JIH I rrp1I6m1menHe 

I""" 2rnr (h)-T (2h) 
- 2m-1 · (2) 

8To 11pn6JI1IllieHHe TeM JIY'Ille, 'IeM CJia6ee a H3 paBeHCTBa 
(1) 3aBHCIIT OT h. B qacTHOCTII, ecJIH a OT h He 3aBIICHT, TO 
H (2) HMeeT MeCTO TO'IHOe paBeHCTBO. 

p. ~I. rrplIMeHHeTCH R Bbl'IHCJieHIIIO HHTerpaJia 

I=~~ f (x) dx. 

IIpouemyTOK [O, 1] B3HT llJIH rrpOCTOThl 33T!HCH, OH MOJReT 
6hITb JII06b!M Kone'lHhIM. IIycTb 

def [ 2k I 
Tk0 =2-k-i /(0)+2~i=~ /(j2-kJ+f(1)J. (3) 

k=O, 1, 2, ... 
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Bhl'IIfCJieHlrn B p. M. CBOIJ;HTCH K COCTaBJieHHIO CJiep;yIOm.eii: 
Ta6mru;hl: 

Too T 01 T 02 

1'10 1'11 T12 

T n-2. o 
T n-1, o 
Tno, 

Tn-2,1 
Tn-1,1 

T n-2, 2 

To,n-1 

T1, n-1 

Ton 

rp;e rrepBhIH CTOJI6eu; COCTOUT 1'13 Kaap;paTypHhIX cyMM (3) 
lf>opMyJihl Tparrewrii. 8JieMeHThl (l+ 2)-ro cToJI6u;a noJiyqa
IOTCH 1'13 3JieMeJITOB (l+1)-ro CTOJI6u;a JIO lf>opMyJie 

22l+2T -T 
k+l,( kt 

---------", k=0,1,2, ... ,n-l-1. (4) 
221+2_, 

II pH COCTaBJI0HHH TaOJIHIJ;hl fJiaBHaH qacTb BhlqHCJIHTeJih
HOfO Tpyp;a aaTpaqn:saeTCH Ha Bh!qn:cJieH:e:e 3JieMeHTOB 
rrepsoro CTOJI6u;a. 8JieMeHThl CJiep;yrom.:e:x CTOJIOIJ;OB Bhlq:nc
JIHIOTCH 'IYTb CJIOlRHee KOHeqHhlX paaHOCTen. 

RamAblii: aJieMeHT T kt Ta6JIHIJ;hl ecTb Keap;paTypHaH 
cy111Ma, rrpn6mrmaIOIIJ.aH HHTerpaJI 

l~Tkt· (5) 

YaJiaM:e: RBap;paTypIIoft cyMMhl Tkt HBJIHIOTCH ToqRH 
j2-k-t, j=O, 1, 2, ... , 211+1, a ee Roalf>lf>nu;neHThl -
rroJIOJRHTeJihIIhie qncJia. Rsap;paTypHRH lf>opMyJia (5) Toq
Ha AJIH Bcex MHoroqJieIIOB CTerreIIH Ile BhIIIIe 2l+ 1. 

B rrpep;rroJiomeIIHH, qTo rrop;HHTerpaJibIIaH qiyIIRIJ;HH 
I (x) HMeeT Herrpeph!BHYIO rrpmrnsop;IIyIO rropHp;Ra 2z+2 
Ha [O, 1], paaJIOCTh I-Tkt JIMeeT rrpep;cTaBJieIIJle BJlp;a 
(1), B R-poM m=2l+2. 0TCIOp;a CJiep;yeT, 'ITO aJieMeJIThl 
(l+2)-ro CTOJI6u;a, BhlqJICJIHeMhle ITO lf>opMyJie (4), HBJIH
IOTCH yJiyqrneIIJIHMH no PJ1qapp;coHy aJieMeIITOB (l+ 1)-ro 
cToJI6u;a. B 'IacTHOCTH, /J;JIH rrorpeIIIIIOCTJI RBap;paTypIIoi'1 
qiopMyJihI Tparreu;J1ft crrpasep;JIJIBO rrpep;cTaBJieHJle 

rm I-Tk0=-"12h2, h=2-k, ~E[O, 1], 

JI crroco6 PJ1'Ia pp;coJia p;aeT 6oJiee TO'IIIoe rrpJ16JIJ1JReHJ1e 
K /; 

t, T k + 1, o - T ko 
T kl = 3 , k = 0, 1 , 2, ... , n -1. 

T kl oRaabIBaeTcH RBap;paTypuoii: cyMMoft 4>op111yJihl CJ1MII
co1Ia, H T. R. /J;JIH rrorpeIIIHOCTH 3TOH lf>opMyJihI crrpasep;
JIJIBO rrpep;cTaBJieHJle 

_ __ /(JV> (Tl) 4 _ -k-1 
I Tk1- 180 h, h-2 , TJE[O, 1], 

TO CIIOBa MOJRIIO BOCIIOJib30BaTbCH crroco6oM PJ1'Iapp;co1Ia 
H T. A· 

BP. M. B Ra'IeCTBe rrpJ16JIJ1JReIIJ1H KI 6epeTcH T0n, npn: 
aToM rrpep;rroJiaraeTcH, qTo cyru;ecTsyeT IIerrpepbIBIIaH 
rrpoJ1asop;JiaH pn> (x) Ha [O, 1]. OpJ1eHTJ1posoqJioe rrpep;
cTaBJieJin:e 0 TO'IIIOCTJI rrpJ16JimKeJIHH T On lllOJRIIO IIOJiy
qn:Tb, cpaBHHBaH To 11 H T1, 11 -1· 

BrrepBhie MeTop; n:aJiomeH B. PoM6eproM [ 1]. 
Jlum.: [1] Romberg W., «Kg!. norske vid. sclskabs for

handl.», 1955, Bd 28, .NO 7, s. 30-36; [2] Bauer F. L., Ru
t i s h a u s e r H., S t i c f e I E., «Proc. Symp. Appl. Math.», 
1963, v. 15, p. 199-218. H. n. M•icooc,,ux. 

POMBJiqECKAH CETh, R o H If> o p M H o-q e 6 hl-
rn e B c K a H c e Tb ,- ceTh, B Ramp;oM qeThipexyroJib
HJIRe R-poii:, o6paaoBaHHOM ABYMH rrapa111n: JIHHHH paaJin:q
HhIX ceMeMCTB, CTOpOHhl paBHhl c TOqHOCTb!O AO 6eCROHeqHo 
MaJihIX 1-ro rropHp;Ra. Ha rrosepxHOCTJI spam.eIIHH ee acuM
nmomutteci:aH cemb ecTb P. c. Harrp., Ha rrmep6oJiol!Ip;e 
Bparu;eHl!IH ero rrpHMOJIHHeHHhle o6paayIOIIJ;He COCTaBJIHIOT 
p, c. A. B. Hoanoe. 

POCTA llH,lJ;IIKATPHCA, H HA n: R a To p u; e JI oft 
q, y HK u; H H,- BeJIH'IHHa 

h ( ) _ 1-. - Jn I I ( re1"') I 
ep ·- ,~a.! rP ' 

xapaRT0plil3YIOIIJ.aH pocT u;eJiofi qiyHRIJ;HH f (z) ROHe'IHOfO 
rropHp;Ra p > 0 n: RoueqHoro TJlrra a BAOJih Jiyqa arg z=ep 
rrplil 6oJihIIIHX r (z= rei'Jl). Harrp., p;JIH qiyHRIJ;HH 

f (z) =e<a-ib) zP 

rropHp;oK paseH p JI P. n:. paBHa h (ep) =a cos pep+b sin pep; 
AJIH qiyHRJ~Hll sin z rropHp;OK p=1 H h(rp)=lsinepl. <PyHR
IJ;l!IH h (ep) BCIOp;y KOHe'JHa, Herrpep&IBHa, 11:111eeT B Ramp;oft 
TO'IRe rrponasop;HyIO CJieBa H crrpaea, HMeeT rrpOH3BOAHYIO 
BCIOp;y, RpoMe, 6h1Th MOJReT, cqeTHOro MHOJReCTBa ToqeR; 
Bcerp;a h (ep) ..;;:: a liI HMeeTCH, ITO RpRHHeii: Mepe, OIJ;HO ep, 
Rorp;a h (ep)= a; o6Jiaµ;aeT xapaRTepHhIM c B o ft c T B o- M 
TpnroHOM0TpJl'I. BhIIIYRJIOCTH, T.e. ecmi: 

h (ep1)..;;; H (ep1), h (<P2)..;;; H (ep2), 

H (ep) =a cos pep+b sin pep, 

(jl1 < (jl2, epa-(jl1 < min ( 1t/p, 2n)' 

TO h(cp)oi;;;;;H(cp), cp1,;;;;;;ip,.;;;cp2. 
BhmoJIIIHeTcH IIepaBeIICTBO 

If (rei'Jl) I .so;;; e[h(rp)+e]rP, r > r 0 (e), Ve > 0, 

rp;e r0 (e) He aaBJICJIT OT qi. 
p. H. BBO/J;HTCH TRKll\0 IJ;JIH qiyHRI~HH, RHaJIHTH'I0CKOH B 

yrJie liI l!IM0IOIIJ;eil: B 9TOM yrJie KOH0'1Hblft llOp.HJ:iOK HJIH YTO'l
HeHHhlft rropH/J;OK H ROHeqJihlH THII. 

Jlum.: [ 1) JI e a 11 H B. H., Pacrrpep;eJieH11e Kopnell u;eJI1>1x 
IPYHKU:Hll, M., 1956; [2] Map K y III ea 11 q A. H., Teop1111 aHa
JillTl!qecK11x lfiyHHu;11ll, 2 11ap;., T. 2, M., 1968. A. <P. Jleonm-.ee. 

POCTOK - TepMHH, oaHa'!aIOru;niI ToqeqJiyro JIOKaJin:aa
u;nro paaJinqJihIX MaTeMaTH'I. o6'beRTOB (P. !f>YHKIJ;Hii, P. 
OT06pamemdi, P. aJIBJIHTHqecRHX MIIOJReCTB H T. II.). 
IlyCTb, HRIIp.' x eCTb TO'!Ra TOIIOJiornq, rrpocTpaHCTBa H 

F - II0R-poe ceMeiiCTBO lf>YIIKIJ;Jlll, orrpep;eJieIIIIhlX B OR
pecTJIOCTH x (Kamp;aH B CBoei'r). <PyIIKIJ;HJI /, g cqnTaIOTCH 
3RBHBaJieIITIIhIMH (B TO'IRe x), eCJIH OIIH COBIIBIJ;BIOT B II0R
poll: oRpecTIIOCTH x. RJiacc aRBHBaJieHTIIOCTH no aToMy 
OTHOIII0HHIO HR3. p 0 c T K 0 M qi y II K u; liI ii RJiacca F 
B ToqRe x. TaR orrpep;eJIHIOTCH P. IIerrpephIBHhIX qiyHRIJ;Hft, 
p;uqilf>epeIIu;npyeMhIX lf>yIIRI~nft B TOqRax p;n!f>qiepeIIu;n:pye
Moro MIIoroo6pa3HH, fOJIOMoplf>IIhIX qiyIIRIJ;Jlft B TOqRaX 
RoMrrJieRcIIoro MHoroo6paal!IH H T. rr. EcJIH ceMeii:cTBO F 
o6Jiap;aeT IIeR-poi'I aJire6panq, CTPYRTypoft, TO MIIOJR0CTBO 
P. qiyIIRIJ;Hii ceMei'ICTBa F HacJiep;yeT aTy cTpyRTYPY (orre
pau;nJ1 rrpJI rroMOIIJ.JI rrpep;CTBBHTeJiell: mrnccos). B 'laCTHo
CTH, p. fOJIOMopqiHhIX lf>yHRIJ;HH B ToqRe z o6paayIOT KOJib
u;o. 8JieMeIIThl IIOJIH qacTIIhiX 3TOro KOJibIJ;a Ha3. p 0 c T -
K a M JI M e p 0 M 0 p «I> II hi x qi y II K u; H ft B TO'!Re z. 

AIIaJiornqno orrpep;eJI.HeTCH P. ceMefi:cTBa rrop;MIIomecTB 
TOIIOJIOfH'I. rrpocTpBHCTBa. Harrp.' B TOqRax aJiaJIJITII'I. 
MHoroo6pa3H.II eCTb p. aaaJIHTH'10CRHX MIIOJR0CTB (RJiacc 
3RBHBaJI01ITIIOCTJI orrpep;eJIH0TCH no COBrrap;eIIJIIO B ORpecT
IIOCTH p;aHHOft TO'IRH). Ha p. ceMe:ii:CTB I101J;MIIOJR0CTB ecTe
CTB0HHO orrpep;eJIHIOTCH TeopeTJIRO-MHOJR0CTB0HHble orre
pau;nn: H OTHomeHHH. I10HHTH0 p. HMeeT CM&!CJI H AJIH 
p;pyriax o6'beRTOB, orrpep;eJieHHhIX Ha OTRpbIThIX IIOIJ;MHO
JR0CTBaX l'OIIOJIOfH'I. rrpocTpaHcTBa. 

CM. TaRme A na.ttumuttecnasi rfiy1mqusi, Mepo.Moprfinan 
rfiynnqusi, llytton. 

Jlum.: [1] r a H H II Hr P., p 0 cc H X., AHaJIHTHqecKHe 
$YHRIJ;HH MHOrHX KOMIIJICKCHbIX rrepeMeHHbIX, rrep c aHrJI., M ' 
1969. E. M. IJ:up1'a. 

POTOP - TO me, qTo euxpb. 
PY JIETTA - JiaaeaJine rrJiocRoi'r Kprrnoii, paccMaTpH

aaeMo:ii RRR TpaeKTOpHH TO'IRH, mecTKO CBH3RHHOft c H0R
po:ii KpHBOH, RaTHIIJ;0IICH no p;pyroii: H0IIO/J;BHJRHOH KpH
BOft. B CJiyqae, Rorp;a oKpyiRHOCTb KaTJITCH ITO rrpHMOll, 
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p. eCTb lfUK.ttouaa; ecmr oKpymHOCTb KaTHTCH IlO OKpym
HOCTll - lfUK.1touaa.1tb1wsi npuoasi; ecJI11 rro rrpHMoii lrnTllTCH 
r11rrep60Jia, BJIJI11rrc llJIH rrapa6oJia - I/I myp.Ma npueasi. 
TpaeKTopnH ToqK11 sJIJI11rrca, KaTHIIJ;erocH rro AP· BJIJinrrcy, 
Ha3. B II ll B JI JI ll II c 0 M. KamAaR IIJIOCKaH Kp11BaH 
MHOrHMll crroco6aMH MOJReT 6hITb paccMoTpeHa KaK p.; 
Harrp., BCIIKaH KpHBaH MOJReT 6hITb o6pa3oBaHa Ka'IeHHeM 
rrpHMoii rro aoo.1t10me. 

Hum.: [1] ca Be JI 0 B A. A., IIJIOCKHe KPllBhle, M., 1960. 
fl.. fl. Cono.io6. 

PYHrE OBJIACTL, o 6 JI a c T h P y H r e rr e p a o
r 0 p 0 A a, - o6JiaCTb GB rrpocTpaHCTBe en KOMIIJieKCHhIX 
rrepeMeHHhIX (z1, ... , Zn), o6JiaAarom;aH TeM CBOHCTBOM, 
'ITO AJIH mo6oii roJioMopiJ>Hoii B G iJ>YHKIJ;HH f (z1, Zn) 
cym;eCTByeT imcJie)l;OBaTeJibHOCTb MHoroqJieHOB 

CXOAHIIJ;aHcH B G K f (z1, ••• , Zn) paaHoMepHo Ha Kamp;oM 
aaMKHyToM orpaHnqeHHOM MHomecTBe EcG. OrrpeAeJieHne 
p. o. B T 0 p 0 I' 0 p 0 A a IIOJiyqaeTCH OTCIOAa aaMeHOH 
IIOCJieAOBaTeJibHOCTll (*) IIOCJieAOBaTeJibHOCTbIO pari;no

HaJibHhlx iJ>yHKIJ;llll {Rk(Zi, .. . , Zn)}k=l· IIpnn=1 BCHKaH 
OAHOCBH3HaH o6JiaCTb HBJIHeTCH p. o. rrepaoro poAa, BCH-
1'3,H o6JiaCTb - P. o. BToporo pop;a (cM. Pynee meope.11ta). 
IIpn n;;;;;, 2 He BCHKaH o;itHOCBH3HaH o6JiaCTb ecTb P. o. 
ll He BCHKaH p. o. OAHOCBH3Ha. 

Hum.: [1] <I> y 11 c B. A , Crie111mJibHhle rJiaBhl Teopnn aHaJUr
TH'lec11nx QJYHKJ.IHH MHOrHX KOMTIJieKCHhIX nepeMeHHhIX, M., 1963; 
(2] B JI a )'.I H M H p 0 B B. c • MeTO)'.lhl Teop1m QJYHKJ.IHH MHOrHX 
KOMnJieKCHhIX nepeMeHHhIX, M., 1964. E. II. lf.0.t;JH;enno. 

PYHrE IIP ABU:JIO - OAHH 113 MeTOAOB ori;eHKll rro
rpemHocTn iJ>opMyJI qucJieHHoro HHTerpnpoaaHHH. IIycTb 
R=hkM - ocTaTOqHhIH qJieH iJ>opMyJihI qucJieHHoro HH
TerpnpoaaHHH, r;ri;e h - P,JIHHa oTpeaKa HHTerpnpoaaHHH 
HJIH RaRoii-To ero qacTn, k - iJ>nRcnpoBaHHoe qncJio n M -
rrpOH3BeJi;eHHe IIOCTOHHHOH Ha rrpoH3BOJ:tHYIO IIO):tHHTer
paJibHOH il>YHKIJ;llll rropHAKa k-1 B KaKOH-TO TQqKe rrpo
MeJRyTKa HHTerpnpoaaHHH. EcJiu J - TO'IHOe aHaqeHne 
HHTerpaJia, a I - ero rrp116JI11meHHoe aHa'!eHHe, TO J = 
=I+hkM. 

CorJiaCHO p. rr. BhI'IllCJIHeTCR TOT me caMhIH HHTerpaJI 
rro TOH me iJ>opMyJie qucJieHHOro HHTerpupoBaHHH, HO 
BMeCTO h 6epeTCH BeJinq11Ha h/2. II pn BTOM, qTQ6hI rroJiyqnTb 
aHaqeHHe HHTerpaJia rro aceMy oTpeaRy, iJ>opMyJia nHTer
pnpoaaHHH rrpnMeHHeTcH ABaJRp;hI. EcJIH rrponaaop;HaH, 
BXOAHmaH B M, MeHHeTcH He CHJibHo Ha paccMaTpnaaeMoM 
rrpoMemyTKe, TO 

R =hkM = I,-I 
1--1-' 

2k-l 

rp;e 11 - 3HaqeHne HHTerpaJia, BhI'IHcJieHHoe rro h/2. 
p. II. llCIIOJib3yeTCH H rrpn qncJieHHOM pemeHHll p;niJ>iJ>e

peHri;HaJibHhIX ypaaHeHnii. 
II paBirno rrpep,JiomeHo K. PyHre (C. Runge, Haq. 20 B.). 
Hum.: [1] Bepeann If. c., iRH)'.IK(JB H. II., MeTO)'.lhl 

Bhl'IHCJleHHH, 3 H3)'.I., T. 1, M., 1966; 2 H3)'.I., T. 2, M., 1962; (2] 
CoBpeMeHHhJe 'llfCJieHHhle MeTO)'.lhl pernenmr OOhIKHOBeHHhIX 11nQiljJe
pem~uaJI&HhIX ypaBHeHHli, rrep. c aHrJI., M., 1979. 

A. B. HeanoB. 
PYHrE TEOPEMA - TeopeMa o aoaMOIBHOCTH rroJI11-

HOMHaJibHhIX rrp116JIHJReHHH roJIOMopiJ>Hhlx il>YHKIJ;HH, Brrep
Bhle AOKaaaHHaH K. PyHre (C. Runge, 1885). 

IIyCTb D - OAHOCBH3HaH o6JiaCTb Ha IIJIOCKOCTH KOMII
JieRCHOro rrepeMeHHoro z. Tor;o;a BCHRaH iJ>yHRIJ;HH /, 
roJioMopiJ>HaH B D, rrpn6JinmaeTcH paBHoMepHo BHYTPH D 
MHoro'IJieHaMH OT z. ToqHee, AJIH JII06oro RoMrraRTa KcD 
Ii JII06oro e > 0 Ha.ii:1i;eTCH MHoro'IJieH p (z) c KOMIIJieKCHhI
Mll Ko::iiJ>iJ>nri;neHTaMH TaKOH, 'ITO l/(z) - p (z)'I < e ):\JIH 
acex zEK. 

B HHoii iJ>opMyJinpoBRe: JII06aH iJ>yHRIJ;HH /, roJIOMopiJ>
HaH B op;HocBH3Hoil: o6JiacTn DclC, npeACTaamrnTca a 
Bn;o;e pH;o;a ll3 MHoroqJieHOB OT z, a6coJIIOTHO ll paBHOMepHo 
cxo;o;mri;erocH K f BHYTPH D. 

8KBHBaJieHTHaH iJ>opMyJI11poBKa P. T.: rrycTh K -
KOMrraKT Ha KOMrlJleKCHOH ITJIOCKOCrll IC co CBH3HhIM AO
IIOJIHeHlleM IC".K; TOrAa BCHKaH iJ>yHRI\HH, roJioMopiJ>HalI 
B oRpecTHOCTll K, paBHOMepHo Ha K rrp116JI11;KaeTcH MHoro
'IJieHaMJI oT z. B TaKoil: iJ>opMe P. T. ecTb qacTHhIH cJiyqan 
Mepee.ttsina meope.Mw. 

P. T. Haa. TaKme cJie;o;yrom;aR Teo p e Ma o pa ri; no
n a JI b H hI x IT p ll 6 JI II JR e H ll H x: BCHKaH il>YHKI\HH 
f, roJioMopiJ>HaH B 06JiacT11 DcC, paaHoMepHo BHYTPll D 
rrpn6JinmaeTCH pari;HoHaJibHhIMll iJ>yHKI\llHMll c ITOJIIOCaMH 
BHe D. 

P. T. HMeeT MHoroqncJieHHhle rrpuMeHeHHH B Teo pun 
il>YHKIJ;HH KOMrrJieKCHOro rrepeMeHHOro ll B iJ>yHKI\llOHaJib
HOM aHaJinae. AHaJior P. T. crrpaae;itJIHB Ha HeKoMrraKTHhIX 
puMaHOBhIX rroaepXHOCTHX. 06o6meHHeM p. T. ):tJIH il>YHK
IJ;llll MHorux KOMIIJieKCHhIX rrepeMeHHhIX HBJIHeTCH TeopeMa 
0Ka - Beil:JIH (cM. Ona meope.1o1,w). 

Hum.: (1] Map Ky III e B H 'I A. M., R.(laTKHH KYPC TeOpHH 
aHaJIHTH'lec11nx ljJyH1111nll, 4 na11., M., 1978; [2] ill a o a T B. B., 
Bse11eHne B 110MrrJieKCHhIH aHaJina, 2 na11., '!. 1, M., 1976. 

E. M. TJ:upna. 
PYHfE - KYTTA METOl); - op;n:omaroBhIH MeTOA q11-

cJieHHoro pemeH11H aap;aqn H'.omn ;D;JIH cncTeMhI o6hIKHo
BeHHhIX ;o;niJ>iJ>epeHri;11aJibHhIX ypaBHeHHH BH):la 

u'=f(t,u). (1) 

OcHOBHaH 11;o;eR P.- K. M. 6hIJia rrpe;o;JiomeHa K. PyHre 
[1] 11 paaa11Ta aaTeM B. RyTTa [2] 11 ;o;p. IIepaoHaqaJibHO 
BTa HAeH llCIIOJib30BaJiaCb Jillillb AJIII IIOCTpoeHllH HBHb!X 
cxeM p. - I\. M., K-phle pa3hICKHBaJIHCb B BH):\e 

(2) 

Yj+a.~u(tj+a•), k1=f(tj, Yj), 

kn=f (tj+<XnT, Yj+•~:-:'i ~nmkm), n=2, 3, ... , q, 

rrpn BTOM SHa'IeHHH IIOCTOHHHhIX Ai, an> ~nm> i= 1, 2, .• " q; 
n=2, 3, ... , q; m=1, 2, •.. , n-1, orrpe):leJIHJIHCh us 
Tpe6oaaHHH, 'IT06hl rrorpeillHOCTb paaeHCTBa (2) Ha Toq
HOM pemeHHll ypaBHeHHH (1) HMeJia B03MOJRHO BhICOKHH 
rropH;D;OK MaJIOCTll B cpaBHeHHll c maroM T ;D;JIH JII06hlx ypaB
HeHHH BHAa ( 1) . 

B OTJinqne OT A aa.11tca .Memoaa ll AP· MHOromarOBhIX Me
TOAOB, P.- K. M., KaK n BCHKHH OAHOmaroahlil: MeTOA, He 
Tpe6yeT rrpeABapnTeJihHoro rrocTpoeHHH Ha'IaJia Ta6JIHIJ;hl 
3HaqeHHH rrp116JIHJReHHOro pemeHHH ll ;o;aeT BOSMOJRHOCTb 
BeCTll Bhl'IHCJIHTeJibHhIH rrpori;ecc rrpn ecTeCTBeHHhIX ;ll;JIH 
ypaBHeHHH (1) Ha'IaJibHhIX ycJIOBllHX, 'ITO II03BOJIHeT HC
ITOJib30BaTb ero HerrocpeACTBeHHO ll B CJiy'Iae HepaBHO
MepHhIX ceTOK. O;o;HaKo ITOCKOJibKY B BTOM MeTo;o;e He HC
IIOJib3yeTCH HHiJ>opMari;HH 0 pemeHHll B rrpeAhIAYmHX yaJiax 
ceTKll, TO OH, Boo6m;e roaopH, oKa3bIBaeTCH JIOKaJibHO 
MeHee BKOHOMll'IHhIM, qeM, Harrp., MeTOA AAaMca. 

Ha1160Jiee mnpoKo uaaecTHbIM (c~r., Harrp., [3]) cpei:iu 
P.- R. M. HBJIReTCH MeTOA 

f 
Yj+l = Yj+u T (k1 +2k2+2ka+k4), 

k1=f(tj, Yj), k2=f (tj+ ~ T, Yj++•k1). 

ka=f (tj+{•, Yj+{•k2), k4=f(tj+•, Yj+•ka), 

rrp11HaAJiemarri;m"1 aaBHCHiri;eMy OT ABYX cao60AHh1x rrapa
MeTpoB ceMeiiCTBY MeTO;ll;OB '!eTBepToro ITOPHAKa TO'IHOCTH 
Bllf~a (2) c q=4. IlorryJIRpeH n rrpocTeiimnil: HBHhIH P.
R. M. rrepaoro rropHARa ToqHoCTH, rroJiyqa10iri;niicH H3 
(2) rrpH q= 1. 8TOT MeTOA ll3BeCTeH IIOA Ha3BaHHeM M e T 0-
A a 8 il: JI e p a. IIpn ana'IeHHHX q, paBHhIX 2 n 3, na (2) 
MoryT 6hITb HaiiAeHhI ceMeIIcTBa P. - H. M. BToporo n 
TpeTbero rroplI,\lKa TO'IHOCTll, aaBHCHll\He OT op,Horo ll p,ayx 
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cao6o,a;HhlX rrapaMeTpOB COOTBeTCTBeHHO. B CJiy11ae q > 4 
HMeBillee MeCTO paHee COOTBeTCTBHe Mem,a;y 3Ha11eHHNI q 
H rrop.11,l\KOM TOlJIIOCTH MeTO,[\a yme HapylllaeTC.11. p .- I\. M. 
BH,[\a (2) II.llToro rrop.11,a;Ka TOlJHOCTH y,a;aeTC.11 IIOCTpOHTb 
JIHillb rrpn: q= 6, IllecToro - rrpn: q= 7, cep;bMoro - rrpn: 
q=9 n: T. ,a;. B 3TOM cJiy11ae c yaeJin:11eHn:eM 3Ha11eHn.11 q 
Ha e,[\HHHIJ,y pacllln:peHHe MHOlReCTBa IIO,[\Jiema111,n:x Bhl-
6opy B (2) IIOCTO.llHHbIX A;, am ~nm 11aCTO oKa3hlBaeTC.ll 
yme He,a;ocTaTolJHhlM, 11T06hl YJ:IOBJieTaopHTh ycJIOBHHM, 
B03HHKaIOIIJ,HM H3 Tpe6oBaHH.11 IIOBhlilleHH.11 Ha e)l;HHHIJ,Y 
rrop.11,a;Ka T011HOCTH HBHoro P. - It. M. C 11,eJihIO yaeJin:11e
HH.1111n:cJia Bhl6n:paeMhlX B (2) rrapaMeTpOB MOlRHO paccMOT
peTb, Harrp., cJiep;yro111,ee 0606111,eHne KOHcTpyKIJ,HH op;Ho
IllaroBbIX MeTOJ{OB, OCHOBaHHhlX Ha HJ:tee H'.. PyHre: 

kn=f ( tj+an't", Yj+'t" ~:= 1 ~nmkm) , 

n=1, 2, ... , q. 
(3) 

MeTOAhl mi:,a;a (2), (3) B o6IIJ,eM cJiy11ae HBJIHIOTc.11 yme 
HeHBHbIMH, lJTO 3HalJHTeJibHO OCJIOlRHHeT HX lJHCJieHHYIO 
peaJin:aa11,n:ro: aeJIHlJHHhl kn, n=1, 2, ..• , q, Ha Kam,a;oM 
mare rrpHXO,[\HTC.11 HaXO,[\HTb H3 CHCTeMhl, B006IIJ,e roaop.11, 
IIeJIHHe:BHhlX ypaBHeHHii (3). 0,a;HaKo 3a clJeT ,[\OCTHrHyToro 
3,[\eCb 3HalJHTeJibHOro yaeJIHlJeHH.11 lJHCJia IIO,[\JiemaIIJ,HX Bbl-
6opy KOHCTaHT TaKn:e MeTO,[\bI rrpn:o6peTaIOT cJiep;yro111,ee 
CBOHCTBO (cM. [4]): ,[\JI.II Ram,a;oro 3HalJeHHH q cyIIJ,ecTByeT 
HeHBHhlii: P.- I\. M. rropH,a;Ka To11HoCTI1 2q. H'.poMe Toro, 
rrpn: TaKOM pacllln:peHHH KJiacca p. - l\'.. M. IIOHBJlHIOTCH 
MeTop;b1, xopolllo opneHTHpoaaHHhle Ha cJiyqafi :11Cecm1mx 
ourfirfiepenz+UaJtbH,b!X CUCme.M. 

llMeeTCH e111,e O,[\HO BH):(OH3MeHeHHe (CM., Harrp., [5]) 
ll,[leH K. PyHre KOHCTpyn:poaaHHH o,a;HolllaroBb!X MeTo,a;oa 
lJHCJieHHOro pemeHHH ypaBHeHHH BH)l;a (1). llMeHHO, HC
XOAH H3 (1) 3aIIHCbIBaeTC.ll paaeHCTBO 

u (t j+-r)-u (t j) = T ~ ~ f (t j+a-r, u (t j+a-r)) da. 

II pn:6JIH1ReHHoe rrpe)l;CTaBJieHHe IIOCJie,[\Hero HHTerpaJia 
KBa,a;paTypHoii: «PopMyJioii: c q yaJiaMH p;aeT 

u (t j+'t") ~ u (t j)+-r ~~=I A;f (tj+a;T, u (tj+a;-r)). (4) 

EcJIH Bhl6op yaJioB a; n: Koa«P«Pnu;neHTOB A;, i= 1, 2, ..• , 
q, paccMaTpHBaeMoii KBa,a;paTypHOH «PopMyJibl II011;11HHHTb 
ycJIOBH.llM 

"'1q A ·-1 "'1q A-a'!- - 1-
'""'i=l ,- '4'.Ji=l ' 1 -n+l' 

n=1, 2, ... , p-1, 
(5) 

TO rrorpelllHOCTb rrpn:6JIH1ReHHOro paaeHCTBa ( 4) 6y,a;eT 
aeJIH'lHHOH rropHAKa -rP + 1• II pn: p .,,.:: 2q cn:cTeMa ypaaHe
HHH (5) paapemn:Ma H rrpn:6JIH1ReHHoe paaeHCTBO (4) MomeT 
6hlTb rrocTpoeHo. AHaJiorn:11Ho MomHo aarrn:caTh rrpn:6Jin:
meHHhle paBeHCTBa ,[\JI.II HeH3BeCTHhlX BeJIH'lHH u(tj+a;i:), 
BXO,[\HIIJ,HX B rrpaayro 11aCTb ( 4)' rrpn: 3TOM Tpe6oaaHH.ll K HX 
TO'lHOCTH MoryT 6hlTb IIOHHlReHhl Ha rropHAOK, H T. A· 

B Ka11eCTBe rrpn:Mepa TaK rrocTpoeHHoro o,a;Holllaroaoro 
MeTOp;a HHil\e rrpHBO,[\HTC.11 (cM. [6]) MeTOA TpeThero rrop.llp;Ka 
T01IHOCTH rrpep;cKa3hlBaro111,e-n:crrpaBJIHIOlll,ero xapaRTepa: 

1 
Yj+ 1; 4 =Yj+T i:f (tj, Yj), 

Yj+1;2=Yj+{-rf(tj+{--r, Yj+1/4)• 

Yi+1=Yj+-rf (tj+{-r, Yj+112)• 

YJ+r=Yj+{--r(f(tj, Yj)+4f(ti+ ~ T, Yj+r12)+ 

+f(tj+T, yj+il) · 

EcJIH rroJIOiRHTb B (4) o,a;Ho n:a aHa11eHHH a; paBIIhlM 
e)J.IIHHIJ,e, Ha ;)TOM IIYTH MOlRIIO CTpOHTb TaKme Ji[ He.llBHhle 
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MeTOl1;hl, Jiarrp. MeTOA 

Yi+r=Yj+ ~ T (t (tj, Yj+1-Tf (tj+'t", Yj+1))+ 

+f(tj+-r, Yj+i)) 

BTOporo rropHp;Ka TOlJHOCTH. 
PaccMOTpeHIIhle Bhlllle Ha rrpn:Mepe ypaaJieJin:ii: an:,a;a (1) 

IIO)l;XOAhl K IIOCTpoeJIHIO lJHCJieHIIhlX MeTO,[\OB MoryT 6hlTb 
pacrrpocTpaIIelihl Ha o6hlKIIoBeHJihle ,a;mpcliepeH11,HaJihIIhie 
ypaBIIeHH.11 BhlCillHX rropH11;KOB (cM. [6], [7]), a TaKme 
HCIIOJlb30BaJibI rrpH KOHCTpyn:poBaHHH pa3HOCTJibIX cxeM B 
cJiy11ae ;ri;n«P«PepeHIJ,HaJibHhlX ypaBHeIIHH c lJaCTJihlMH rrpo
H3B011;HbIMl!. 

Jlum .. [1] Runge C., «Math. Ann», 1895, Bd 46, S. 167-
178; [2] Kutt a W., «Z. Math und Phys.», 1901, Bd 46, S. 
435-53; [3] B a x B a JI 0 B H. c .. qHCJieHHble MeTO):lbI, 2 Han., 
M. 1975,, [4] Butcher J. C., «Math. Comp.>>, 1964, v. 18, p. 
50-'-64; L5] B 0 6 R 0 B B. B .• «BecQi AH BCCP. Cep. ljJia.-MaT. 
uanym>, 1967, No 4, c. 27-35; [6] R p bl JI o B B. H., BO 6-
R o B B. B., Mo Ha c T bl pH bl ll II. H., BwmcJIHTeJii.Hble Me
ronbl, T. 2, M • 1977; [7] R 0 JI JI a T Q JI.. qHCJieHHble MeTon1o1 
pemenuH nuQiljJepeuQHaJI1ou1o1x ypaBueuull, rrep. c HeM., M., 1953. 

B. B. Bo6xoe. 
pyqEK TEOPHH-o,a;HII H3 MeTo,a;oB n:3y11e1IHH TorroJio

rn:11. MIIoroo6pa3HH, OCHOBaHJihlH Ha rrpe,a;cTaBJieIIHH MHO
roo6pa3HH B BH,[\e o6'bep;n:HeHHH TOIIOJIOrHlJ. IllapoB c 1Ie
rrepeceKaI0111,HMHCH BIIyTpeHHOCT.llMH H crre11,HaJibHhlM o6pa-
30M rrepeceKaIOIIJ,HMHCH KpaHMH. 

IIycTb Mn ecTb n-MepIIoe MHoroo6paan:e, k - TaKoe 
IJ,eJioe lJHCJIO, lJTO 0 < k < n, H IIYCTb TOIIOJIOrHlJ. Ulap H 
HBJIHeTc.11 o6paaoM roMeoMopcliIIoro oTo6pameHHH 
h: Bk x Bn-11 - Mn, r,a;e Bm o6o3Jia11aeT CTaJI,a;apTHhlH 
m-MepIIhlll Illap c u;eHTpoM B TO'lKe 0. Tor,a;a rrapa (H, h) 
(HJIH rrpocTO H) Jia3. p y 11 K 0 ii: H HA e Kc a k B MHoroo6-
pa3HH Mn. foMeoMop«PH3M h Ha3. x a p a KT e pH C
T H 11 e c K H M 0 T 0 6 p a 1R e H H e M p y q K H H, 
AHCK h (BR x 0) - c p e ,[\ H H II hl M, a ,[\HCK h (0 x 
xBn-11) - c e Ky lIJ, HM. C«Pepa h(iJBRXO) Ha3. II pH
R JI e H B a IO Ill, e ii: (HJIH II 0 ,[\ 0 Ill B e II H 0 ii:) c«Pepoii:, 
a c«Pepa h(OXoBn-11) -ceKylll,eii:. IIpocTpaIICTBo 
h(iJBkxBn-11) Ha3. II 0 ,[\ 0 Ill B 0 ii: p y 11 K H H. 

EcJIH MHoroo6paan:e Mn n:yco111Io JIHIIeii:IIo, TO HMeeT 
CMhlCJI roaopHTb 0 KYCOlJIIO JIHHeHHb!X py11Kax, MMe.II B 
BHAY Kyco11Hyro JIHHeii:HoCTh xapaKTepn:cTH'l. oTo6pame
IIHH. To11IIO TaKme B CJiy11ae rJia)l;Koro MHOroo6pa3HH 
Mn MomHo roaopHTb o rJia)l;KHX py11Kax. 

IIyCTb (H, h) - py11Ka HH,[\eKca k B MHOroo6pa3HH 

Mn, P - ee rro,a;olllaa H M1 - TaKoe rrop;MHoroo6paan:e 

Mn' lJTO H n M7 = p. OrrepaIJ,HH rrepexo,a;a OT MHoroo6pa-

3H.ll M1 K MIIoroo6paan:ro M~=M1UH Haa. o rr e pa
u; H e ii II p H K JI e H B a H H H p y 11 K H HH/WKCa k. 
BJiomeJin:e f=h 11 n 11 Ha3. rrpHKJieHBaIOIIJ,HM 

I aB XB -
0 T 0 6 p a iR e H H e M. c TOlJHOCTbIO AO Herrop;BHiRIIOro 

Ha M7 roMeoMop«Pn:aMa MHoroo6paan:e M~ rroJIHOCTbIO 
orrpep;eJIHeTc.11 rrpHKJien:aaro111,n:M oTo6pameJin:eM f n: He aa
BHCHT OT 06'beMJII0111,ero MHoroo6paan:.11 M. EcJIH f -
rrpOH3BOJlbJIOe BJIOil\eHHe iJBR X Bn-11 B oM1, TO peayJih
TaT rrpn:KJien:aaHHH py11Kn: no BJiomeHHIO f MomHo orrn:caTb 

TaK: M~=(M7U(BkxBn-k))I(/), rp;e oTJiomeHHe aKBH
aaJieIITHOCTH (/) rropomp;eIIO OTOlRp;eCTBJieHHeM TOlJeK 

iJBR x Bn- fl H aM7 ITO BJIOiReHHIO I. Orrepa11,n:.11 rrepexop;a 

OT a M7 K a M~ Ha3. c «P e p H 11 e c K 0 ii: II e p e
c T p 0 ii: K 0 ii. Ilo aHaJIOrHH c 3THM rrpHKJieHBaHHe py
'leK Ha3. HHor,a;a II pH c T p 0 ii: Ka M H. MHoroo6pa3HH, 
rroJiy11aro111,n:ecH rrpHKJien:aa&n:eM py11KH no H30TOIIHhlM BJIO
meHHHM, roMeoMop.iPHhl. Ha pn:c. 1 H3o6pameHo rrpHKJieH
BaHHe TpexMepIIb!X py11eK HH,[\eKCOB 1 H 2. IlpHKJieHBaHHe 

K M1 py11KH HIIp;eKca 0 cocTOHT B p;o6aaJieHHH K M7 
OT,[\0JlbHO B3HToro mapa pa3MepHOCTH n. )1.o6aBJieHHe 
py11KH HH)l;eKca n aaKJiro11aeTc.11 B aaKJieHBaHHH n-MepHhlM 

mapoM Oi:{HOH H3 ROMIIOHeJIT oM7. 



1059 PY'IEK TEOPHlI 1060 

EcJin MIIoroo6pa3ne M1 n rrpnKJiensarom;ee BJiomeHHe 

I: aBkxsn-k - aM1 KycoqHo JIHHeHIIhI, TO MHoroo6pa-

3He M~, rroJiyqarom;eecH rrpmmensaHneM pyqKn no BJIO
meHHIO f, TamRe KycoqHo JIHHeHHo. B cJiyqae rJiaAKHX 

M1 n f MHoroo6pa3ne M~ o6Jia/:(aeT ecTecT_BeHHOH rJiaAKOH 
cTpyKTypon BO scex Toq
Kax, KpoMe «yrJIOBhIX» 
ToqeK, 06'1:.eAHHeHHe K-pbIX 
COBIIaAaeT c KpaeM IIOAOIIJ
Bhl pyqKn. ihy CTPYKTYPY 
MOiRHO eAHHCTBeHHhIM o6-
pa30M rrpoAOJiiRHTh AO 
rJiaAKOii CTPYKTYPLI Ha 

Pnc. 1. 

sceM M~. TaKoe rrpoAoJI
meHne Ha3. c r JI am n Ba
H H e M y r JI 0 B. B rJiaA
KOM cJiyqae orrepau,nro 
crJiaiRHBaHHH yrJIOB BKJIIO
qaroT B onepau,nro rrpnKJie
nsaHnH pyqKn. IlpnKJie

nsaHne rJiaAKOii pyqKn IIOJIHOCTbIO orrpeAeJIHeTCH rrpn
KJie:irnarom;ell: c.il>epoii: BMecTe c Tp:irnnaJin3au,neii: ee Hop
MaJihHoro paCCJIOeHHH. 

Il peACTaBJieHne KOMTiaKTHOro MHOroo6pa3HH Mn B 
BHAe o6'heAHHeHHH KOHeqJioro yrropHAoqeHHoro ceMeHCTBa 
pyqeK B Mn Ha3. p a 3 JI 0 iR e H H e M Mn H a p y q K H, 
ecJin KamAaH CJieAyrom;aH pyqKa nepeceKaeTCH c 06'heAHHe
H11eM rrpeALIAYlll;HX B ToqHOCTll no CBOeH IIOAOIIJBe. .IJ.py
r11M11 CJI0BaM11, Mn AorrycKaeT pa3JiomeH11e Ha pyqKn, 
ecJin ero MomHo rroJiyqnTh 113 mapa (11Jin 113 rrycToro 
MHOiReCTBa) IIOCJI0AOBaTeJibHhIM rrpnKJie11saH11eM pyqeK. 

AHaJior11qHo, IIOA pa3JI011rnH11eM rrapLI (Mn, M~), rAe M~ -
IIO,l{MHoroo6pa311e MHOroo6pa311H Mn' IIOHllMaeTCH rrpeA
CTaBJI0HHe Mn B BHAe pe3yJibTaTa IIOCJieAOBaTeJibHhIX 
npuKJie11saHiaii. pyqeK K M~. B qacTHOCTll, p a 3 JI o me
H He M 6 0 p A II 3M a (W, Mo, Mr) Ha p y q K II Ha3. 
paaJiomeHHe rrapLI (W, M 0 X/), rAe M 0 X/ - sopoTHllK 
M 0 • Pa3JiolReHHe Ha pyqKia HeKoMrraKTHoro MHoroo6pa311H 
Mn COCTOHT 1'13 6ecKoHeqHoro q11cJia pyqeK. Ilpn 3TOM 
06L1qno Tpe6yeTCH, qTo6LI pa3JIOiReHHe 6LIJIO JioKaJibHO 
KOJI0qJihIM, T. e. 1IT06hl KaiRAhIH KOMIIaKT B Mn rrepece
KaJICH TOJibKO c KOHeqJILIM q11cJIOM pyqeK. 

IlpiaMeHHH npnBeAeHHe B o6Ufee no.1w:m:enue ceKym;Hx 
cipep yme rrpHKJieeHHbIX py'leK Ii! IlOAOIIJBeHHOM c.il>ephl rrp11-

Pnc. 2. 

KJieHBaeMoii. pyqKn H 3aMe
HHH np11KJieHBaIOm;He OT0r 
6pameIIllH Ha H30TOTIHhle, 
MOlRHO A06HThCH, qTo6LI 
pyqKll OAHOro llHAeKca He 
nepeceKaJIHCh H qTo6hl HH
AeKcLI IIOCJieAOBaTeJibHO 
rrpHKJieHBaeMhIX pyqeK Ile 
y6L1saJI11. TaKoe pa3JIOlRe
H11e Ha pyqKH Ha3. TI pa
B Ii! JI b H hi M. 

KamAoe KycoqHo JIHHeii:
Hoe MHoroo6pa3He pacKJia
ALIBaeTcH Ha KycoqHo JIH
Heii.HLie pyqKH. EcJIH T -
Tp11aHryJIHU,HH Mn H T" -
ee BTOpoe 6ap11u,eHTpHqe-
CKoe Il0Apa3AeJieHHe' TO B 

KR'leCTBe pyqeK HHAeKca k MOlRHO B3HTb 3aMKHYTLie 
3Be3Ahl B T" 6ap11u,eHTpos k-MepHLIX cHMrrJieKcos T (cM. 
pnc. 2; orrpeAeJieHHe 3Be3Ahl AaHo B CT. Ko.Mn.rienc). 

Cym;ecTByeT TecHaH CBH3b MelRAY pa3JIOlRCHHHMH rJiaA
Koro MHoroo6pa3HH Mn Ha rJiaAKHe pyqKH H rJiaAKHMH 
IPYRKU,HHMH Ha Mn c HeBhlpOmAeHHhlMH KpHTHq. ToqKa
Mll - M opca rf>ynr>lfU!t.MU. cha CBH3b 3aKJiroqaeTCH B CJie
AYIO!ll,CM. IlycTb x0 - TaKaH KpHTJaq. TOqKa llHp;eKca k 

.il>YHKU,HH Mopca f : Mn - R, qTo AJIH HeK-poro e > 0 B 
rrpoo6pa3e oTpe3Ka [/ (x0)-e, f (xo)+el HeT u;pyrnx Kpn
mq. ToqeK, Ii! rrycTb Mc= {x E Mn : f (x) ~c }. TorAa 
MHoroo6pa3ne M f(x,) + e rroJiyqaeTcH H3 MHoroo6pa3HH 

Mt(x,)-e rrpHKJieHBaHHeM rJiaAKOH pyqKn HHACKCa k. 
TaKnM o6pa3oM, 1rnmAaH .il>YHKU,HH Mopca Ha KoMrraKTHOM 
MHoroo6pa3HH Mn rropomAaeT pa3JiomeHHe Mn Ha rJiaA
KHe pyqKn, rrpnqeM qlilcJio pyqeK HHAeKca k B 3TOM pa3JIO
meHHH COBIIaAaeT c qli!CJIOM KpHTl!Iq. ToqeK HHAeKCa k. 
8THM p;oKa3h!BaeTCH cym;eCTBOBaHne pa3JIO)ReHHH JII06oro 
rJiaAKOro MHoroo6pa3HH Ha rJiaAKHe pyqKn. 06paTHO, 
KalKAoe pa3JiomeHne Mn Ha rJiaAKHe py'IKH rropomp;eHo 
HeK-poii: .il>YHKU,nell: Mopca Ha Mn. 

CJiomHee o6cToHT AeJio c pa3JiomeHneM Ha pyqKn Torro
Jiornq. MHoroo6pa3HH. lfoBeCTHO, qTo JII06oe 3aMKHYTOe 
TOIIOJiornq. MHOroo6pa3He pa3MepHOCTlil n ;;;;;, 5 paCKJiaAhl
saeTCH Ha TOIIOJiornq. pyqKn. MHoroo6pa3HH pa3MepHoC
TH n ~ 3 KoM6HHaTOpHo TpnaHryJinpyeMhl H II03TOMY 
paCKJiaAbIBaIOTCH Ha pyqKH. .IJ.oKa3aHo, qTO cym:eCTByeT 
MHOroo6pa3He pa3MepHOCTH 4, Ile A<JIIYCKaIOm;ee pa3JIO
meHHH Ha pyqKH. 

Ecm1 B rrpaBHJihHOM pa3JiomeHHH Ha pyqKn MHoroo6pa-
3HH Mn IIOCJI0AOBaTeJibHO CTHHYTb see pyqKn Ha nx cpe
AHHHhle AHCKH, TO noJiyqnTCH n.1temottnoe npocmpaucm6o 
K. KamAoil: pyqKe HHAeKca k B pa3JiomeHHH Mn oTseqaeT 
k-MepHaH KJieTKa B n.1temo'lno.M paa6uenuu rrpocTpaHCTBa 
K. n pocTpaHCTBO K HMeeT TOT me ZO.Momonuttecnuii mun, 
qTo n Mn. B cJiyqae 33MKHyToro Mn rrpocTpaHCTBO K 
COBII3AaeT c Mn. 

H3 orrpeAeJieH11H PY'IKll cJieAyeT, qTo KamAaH n-MepHaH 
pyqKa H HHAeKca k HBJIHeTCH OAHOBpeMeHHO pyq1wll: HH
AeKca n-k. EcJIH Pk - IIOAOII1Ba H Kai' pyqKH llHAeKca 
k, a p n- k - IIOAOIIJBa H KaK py<IKH HHAeKca n-k, TO 
PkUPn-k=aH 11 PknPn-k=aPk=aPn-k· KalRAOe 
pa3JIOlR0Hlle 3aMKHYToro MHoroo6pa311H Mrt Ba pyqKH 
rropomAaeT T. H. A B o ii c T B e H H o e p a 3 JI o m e
H Ii! e Mn Ha pyqKll . .IJ.soHCTBeHHOe pa3JIOlReHHe COCTOHT 
113 B3HTblX B o6paTHOM IIOPHAKe pyqeK li!CXOAHOro pa3JIO
memrn, rrpnqeM KamAaH pyq1rn HHAeKca k cqHTaeTcH yme 
pyqKoii. HHAeKca n-k. 8TOT .il>aKT CJIYiRHT reoMeTp11q. oc
HOBOH II yam.ape aeoiicmeennocmu. EcJIH MHoroo6pa311e 
Mn HMeeT Kpaii., TO ABOHCTBeHHOe pa3JIOlReH11e MOlRHO 
paccMaTpnaaTb KaK pa3JiomeH11e rraphl (MnU (aMnxJ), 
aMnxJ). 

IlycTb H1 , H.2 - HenepeceKarouwecH pyqK11 HHAeKca k, 
rrpHKJieeHHbie K MHoroo6paa11ro JV[n c OAHOCBH3Hb!M KpaeM 
ITO BJIOlR0HllHM / 1 / 2 : aBkXBn-k - aMn. IlyCTb k;;;;;, 2 
11 n-k ~ 2, a[/] o6o3HaqaeT aJieMeHT rpyrrIILI :rtk-l (aMn), 
orrpeAeJIHeMhlii. OTo6pameHHeM /. TorAa BJiomeHHe / 2 

1130TOIIHO B a(MnLJH1) TaKoMy BJIOlReHHIO /;: aBkX 
XBn-k - aMn, qTo (/;)=(/1J+(f2J. 8TO 03HaqaeT, qTo 

MHoroo6pa311H MnUH1 LJH2 Ii! MnLJH1 LJH~, rAe H~ -
pyqKa, rrp11KJieeHHaH no BJIOlR0Hli!IO /~' roMeoMopljJHbI. 
Orrepaa,HH rrepexoAa OT MHoroo6pa3HH M" UH 1 UH 2 K 
MHoroo6pa311IO MnUH1LJH~ Ha3. c JI 0 lR e H II e M 
p y q e K. 

IlycTb MHoroo6paa11e M~ rroJiyqeHo H3 MHoroo6pa3HH 

M1 rrocJieAOBaTeJibHhlM rrpHKJie11samrnM pyqKH H 1 11H
AeKca k Ii! pyqK11 H2 llHAeKca k-1-1 TaK, qTo IIOAOillBeHHaH 
cljiepa pyqK11 H 2 TpaHcsepcaJibHO rrepeceKaeT ceKym:ym 
cljiepy pyqKH H 1 posHo B OAHoil ToqKe. TorAa aTy rrapy 
pyqeK MOlRHO ycTpaHHTb. 8To oaHaqaeT, qTo cym;ecTByeT 

roMeoMopqm3M M~ Ha M7, HeIIOABHlRHhlH BHe oKpecTHO
CTH H1LJH2. Orrepaa,HH ycTpaHeHHH HHor11a Ha3. co K
P a ill; e H II e M A 0 II 0 JI H Ii! T e JI b H hi x p y q e 11:. 
CJiomeHHe pyqeR H coKpam;eHHe pyqeK MOlRHO rrpo11aso
AHTh, OCTaBa.!ICb B paMKax KyCO'lHO JIHHeMHOM HJIH rJiaAKOH 
KaTerop1111. c IIOMOlll;bIO COKpam:emrn pyqeK 11HA0KCOB 0 
H 1 MO)RHO, Harrp., mo6oe pa3JIOlReHHe Ha pyqKn CBH3Horo 
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KoMrra:KTHoro MHoroo6paa1rn Mn aaMeHHTh Ha paimomeHHe 
c posHo op;Horr pyqKorr HHp;eKca 0. EcJIH Mn op;HOCBH3HO H 
n > 5, TO, CKJia)l;bIBaH liI COKpam;aH pyqKn, MOlKHO mo6oe 
pa3JI01ReHHe Ha pyqKlil CBeCTlil K paaJiomeHHIO c MHHHMaJib
HhlM qliICJIOM py11eK, COBMeCTHMbIM c roMOJIOrHq, CTPYKTy
poil: Mn. 

IlyCTb (H, h) - TOIIOJIOrHq. pyqKa HHp;eKca k B Kycoq
HO mrneH:HoM MHoroo6pa3HH Mn, rrpnqeM xapaKTepncTHq. 
OT06palKeHHe h KYCO'IHO JIHH0HHO B 0Kp0CTHOCTH aBkX 
xBn-k. Cym;ecTsyeT Jill H0IIO)J;BlliRHaH Ha OKpeCTHOCTH 
aBkXBn-k H30TOIIHH OTo6pameHHH h, BbIIIpHMJIHIOll\afl 
pyqKy H, T. e. nepeso,u;Hm;aH ee B Kyco'IHO JIHHeftHyIO pyq
Ky? EcJin 6bl OTBeT Ha 3TOT Borrpoc 6blJI scer.n;a IIOJIOlKH
TeJibHhlM, TO Ha Kamp;oM TOIIOJIOrnq. MHOroo6paann MOlRHO 
6bIJI06hl BBecTnKycoqHo JIHHeHHYIO CTPYKTypy, corJiacoBhl
BaH CTPYKTYPhl Ha Koopp;nHaTHhlX oKpecTHOCTRX c rroMo-
11\bIO BhlllpHMJieHHfl KycoqHo Jll'!HeHHhlX pyqeK 0,1J;HOH OK
pecTHOCTH BHyTpn .n;pyrofi. Ha caMoM ,u;ene oTBeT aasncnT 
OT nHp;eKca k n paaMepHOCTH n pyqKn H. EcJin n ..,,.;: 3 
HJIH n ;;::;: 5 H k =I= 3, TO JII06aH py11Ka BhlllpHMJIHeMa. lla
BeCTHO, qTo rrpn n ~ 5 cym;ecTBYIOT HeBhIIIpHMJifleMble 
pyqKn HH)l;eKca 3, rrpnqeM rrpeIIHTCTBHe K BhlllpHMJieHHIO 
JiemnT B rpyrrrre Z 2 • B paaMepliocTn 4 py11Kn 1rnp;eKcoB 0 
H 1 BhlllpRMJifleMhl, a HH)l;eKCOB 2 H 3, Boo6rrw rosopH, 
HeT. IlperrHTCTBHeM K crJialKnBaHHIO Kycoqeo JIHHeHHhlX 
pyqeK cJiymaT T. H. rpyrrrrhl MnJIHopa rk· 

Jium.: [1] CM e ii JI C., «MareMaTHKa», 1962, T. 6, No 3, 
c. 138-55; [2] er o me, TaM me, 1964, T. 8, No 4, c. 95-108; 
[3] er o me, «YcnexH MaTeM. Haym>, 1964, T. 19, B. 1, c. 125-38; 
(4] K i r b y R. C., S i e b e n m a n n L. C., «Ann. Math. 
Stud.», 1977, No 88; [5] P y p K R., Ca H 11 e pc o II B., Bee11emrn 
B KycoqHo JIHHellHyIO TOIIOJJOrHHJJ rrep. c aHrJJ., M., 1974; [6] p 0 x
JI H H B. A., <I> y K c ;u. B., naqaJJbHblil KYPC TOilOJJOrHH. reo-
MeTpHqecKHe I'JJaBbI, M., 1977. C. B. Mameeee. 

pyqHQE BJIOil\EHllE - BJIOlKeHne TOIIOJIOrWI. 
no.riu;,apa p B rrpoCTpaHCTBO !Rn TaKoe, qTO cym;eCTByeT 
roMeOMOpqllI3M 1Rn Ha ce6R, npn K-poM p rrepeXO)l;HT B 
rrpHMOJIHHerrHhlH rroJina.n;p. Torp;a P Haa. p y q H hi M. 
B rrpoTHBHOM cJiyqae P Ha3. An Kn M, a BJIOiKeHne -
awm.M e.rioJ1Ce1tue.M. M. H. Boiiitexoec"uii. 

PYIDE TEOPEMA: rrycTb f (z) n g (z) - peryJIRpHhle 
aHaJIHTnq. ~YHK~HH KOMIIJieKCHoro rrepeMeHHOro z B 06-
JiaCTH D, rrpocTaH 3aMKHyTaH uycoqHo rJiap;Kafl KpHBafl r 
BMecTe c orpaHn'lnBaeMoll: e10 o6JiaCThIO G rrpnHap;JiemnT 
D liI BCIO.D;Y Ha r BhlllOJIHfleTCH HepaBeHCTBO If (z) I > I g (z) I; 
Torp;a B o6JiacTn G cyMMa f (z)+ g (z) nMeeT CTOJibKO me 
HyJieH:, cKOJihKO n f (z). 

:'ha TeopeMa 6bIJia noJiyqeHa 8. Pyrne [ 1 I. 0Ha RBJIHeTcH 
CJie)J;CTBlil0M apzy.MeHma npUH1fUna, H 113 Hee B CBOIO oqe
pep;b IIOJiyqaeTCfl OCHOBHaH TeopeMa aJire6pbI MHOroqJie
IIOB. 

CIIpaBe)l;JIHBO TaKme 0 6 0 6 II\ e H liI e p. T. )l;Jlfl MHoro
MepIIbIX roJIOMOp~IIhlX OT06pameIIHH, rraIIp. B CJiep;y10m;eM 
BHp;e. IlycTh /(z)=(/i(z), ... , /n(z}) H g(z)=(g1 (z), ... , 
gn (z)) - roJioMop~rrhle oTo6pamerrHR 06JiacT11 D KOMII
JieKcrroro IIpocTparrcTsa l[;n B l[;n, n ;;::;: 1, c H30JIHposarr
IIhlMH HYJIRMH, IIYCTb roMeoMop~HaR c~epe rnap;KaR 
IIOBepXIIOCTh r BMeCTe c orparrHqHsaeMOM eIO o6JiaCTbIO G 
rrpnHa)J;JielRHT D H BCIOAY Ha r BhlIIOJIHHeTCfl rrepaBeHCTBO 

If (z) I= y I Ii (z) 12+ ... +I In (z) 12 > I g (z) I· 
Torp;a oT06pamerrHe f (z) + g (z) nMeer B G CTOJihKo me 
HyJieii, CKOJlbKO H f (z). 

Jium.: (1] R ouch e E., «J. Ecole poJyt.», 1858, t. 21; 
[2] M a p K y me e If q A. H., TeopmI aH3JJlfT1fqecKlfX ljJyHKI~Hi!, 
2 H3)'.(., T. 1, M.' 1967; [3] III a 6 a T B. B.' BBe)'.(eHHe B KOMIIJJeK
CHbli! aHaJJH8'p2 H311., q, 1-2, M., 1976. E. lf.. CoJtoJ1<e1<JteB. 

P3JIEH ACIIPE)l;EJIEHME - HerrpephIBHoe pacrrpe-
.n;eJierrne BepoRTHOCTeH c IIJIOTIIOCTbIO 

f x -x•/20• 
p(x)=·a•e ,x>O, 

lo , x,,;;;;;O, 

aaBHCRll\eM OT .Macmma6nozo napa,iiempa a > 0. P. p. 

34* 

HMeeT IIOJIOlKHTeJihHYIO acHMMeTpHIO, ero e)l;HHCTBeHHafl 
Moga HaXO)l;HTCfl B ToqKe x= a. Bee MOMeHThl p. p. KOHe'l
Hhl, MaTeMaTHq, oamp;aHHe liI A·HCrrepClilfl paBHhl COOTBeT-

CTBeHHO i ~ a liI 2a2 ( 1- ~ ) . <1> YHK~Hfl pacnpep;e

JieHHH p. p. nMeeT Blil,11; 

Ji -e-x'/2a• 0 
F (x) = ' x > ' ,0 , x.;;;;;0. 

p. p. HBJifleTCfl qacTHhlM CJiyqaeM pacrrpep;eJieHHH c IIJIOT
HOCTbIO 

2 xn-1e-x'/2a', 
2nf 2 anr ( ~) 

rrpH n=2 H, cJie.n;osaTeJibHO, rrpn a=1 P. p. coarrap;aeT c 
pacrrpep;eJieHHeM apH~MeTHqecKoro Ksa.n;paTHoro KopHR Ha 
cnyqaH:noil: aeJIHqHHhl, 11Me10m;eH: «xu-neaapam» pacnpeae
.rienue c ABYMH CTerreHRMH cao6op;hl. l1.Haqe, p. p. MOiKeT 
6bITb HHTeprrpeTnpOBRHO KaK pacrrpep;eJieHHe )l;JIHHhl BeK
TOpa B rrpRMoyroJibIIOH CHCTeMe Koopp;nHaT Ha IIJIOCKOCTH, 
KOOpp;HHaThl K-poro He3aBHCHMhl H HMeIOT HOp.Ma.ribnoe 
pacnpeae.rienue c rrapaMeTpaMH 0 H a2. AHaJioroM P. p. B 
3-MepHOM rrpocTpaHcrse cJiylKHT M ancee.ri.ria pacnpeae.rie
nue. 

p. p. HaXO)l;HT OCHOBHOe rrpHMeHeHHe B TeOpHH CTpeJib6hl 
H CTaTHCTHq, TeopnH CBH3H. p. p. BrrepBhle paccMOTpeHO 
PaJieeM (Rayleigh, 1880), KaK pacrrpep;eJieHne peayJihTH
PYIOll\eM aMrrJIHTYAhl rrpH cnomeHHH rapMoHHq. KoJie6aHHrr. 

Jium.: [1] CT p e TT Am. B. (JI op 11 Pa JI e ii), BoJJHOBaH 
TeopHH ceeTa, nep. c aHrJJ., M.- JI., 1940. A. B. IIpoxopoB. 

P3JIEH YP ABHEHME - aeJIHHeii:Hoe o6bIKHoseHHOe 
p;H~~epeH~naJihHOe ypasHeHne 2-ro rropR.n;Ka 

x+F (x)+x=O, X=dx/dt, 

r.n;e ~YHKJ:J;HR F (u) y,u;osneTBopHeT rrpep;rroJiomeHHIO: 

uF (u) < 0 rrpH MaJihlX I u I, 
uF (u) > 0 rrpH 6oJibllIHX I u j. 

p. y. OIIHChlBaeT THIIIIqHyIO HeJIHHeHHYIO CHCTeMy c O)l;
HOii: CTerreHbIO CBo6op;hl, B K-poil: B03MOlKHhl aemor;o.rie6a
HUJI,, HaasaHo no nMeHH PaJiefl (Rayleigh), 113yqaBrnero 
ypaBHeHHe TaKoro THIIa B CBH3H c aap;aqaMH aKyCTHKH [ 1]. 

EcJin ypasHeHne (*) rrpop;n~~epeH~HposaTh, a aaTeM 

IIOJIOJ«HTb y=:X:, TO rroJiyqHTCfl Jlbenapa ypaene11;ue 

ii+f(yly+y=O; f(u)=F' (u). 

lfacTHbIM CJiyqaeM p. y. IIpH 

F (u) =-!.. ( u- ~·) , A.=const, 

HBJlfl0TCfl Ban aep Ilo.riH ypaenenue. llHor,u;a P. y. Ha3. 
'laCTIIhlM cnyqafi ypaBH0HHH (*): 

;;·-(a-b;2) x+x=O, a> 0, b > 0. 

lIMeeTCfl 60JibillOe qliICJIO pa6oT' B K-pbIX BhlflCHHIOTCH 
ycJioBHR cym;ecTBOBaHHH H ep;HHCTBerrrrocTH ycTOM'IHBoro 
npeae.ribHOBO 1fUr>.ria y p. y.' TO 0CTb ycJIOBHH B03HHKHOBe
IIlilfl asT0KoJie6arr11Il:. Borrpoc o rrepHop;11q. pemerrnRx 
H3y'laJICH liI )J;Jlfl pa3JililqHhlX o6o6m;errHH p. y.' HaIIp. 
)J;JIH 

rAe e (t) - rrepHO)l;lil'I. ~YHKqHH. 
c liI c T e M 0 ii T liI II a p a JI e R 'laCTO 1Ia3. ypaB-

H0Hlil0 

_;;+F (;;)+G (x)=H (t, x, ;;), 

xEIRn, F:IRn--+ 1Rn, G·IRn--+ 1Rn, 
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rrpH'IeM o6hlqHo rrpe,a;rroJiaraeTCH, qTo 

F =grad f, f: 'Rn--+ 'R, f E C1 , 

G =grad g' g: 'Rn_,. 'R' g E C2 ' 

a H - orpamrqeHHaH H rrep110,a;11qecKaH no t BeKTop

«PYHK~HH. Ilpe,a;cTaBJIHeT HHTepec IIOJiyqeHHe ,[\OCTaToq

HhlX ycJIOBHH cyII(eCTBOBaHHH rrep110,a;11q. perneHHH TaKHX 

CHCTeM. 
Jlum.: [1] CT p e TT ,Um. B. (JI o p ;a; P a JI e ii:), TeopHll 

3BYl<a, nep. c aHrJJ., 2 H3;!1;., T. 1, M.- JI., 1955, [2] "lJ e 3 a p" JI., 
AcHMIITOTH'Iec1me rrone;a;emi:e " ycToil:<IHBOCTh peweHHH o5hrnHoBeH
Hhlx ;a;mjJQiepeH11HaJibHhIX ypaaHeHHil:, rrep. c aHrJJ., M., 1961,. CM. 
Tai<me JJHT. rrpH CT. JJ-.euapa ypaBuenue. H. X. Poaoe. 

PH,[I;, 6 e c Ko He q Ha H c y MM a,- rrocJie,a;oaa-

TeJibHOCTb :'lJleMeHTOB (Ha3. q JI e H a M H ,[\ a H H 0 r 0 

p H ,[\ a) HeK-poro JIHHeHHOro TOIIOJiornq. rrpocTpaHCTBa H 
orrpe,a;eJieHHOe 6ecKoHeqHoe MHomeCTBO HX KOHeqHbJX cyMM 

(Ha3. q a c TH q H hi M H c y MM a M H pH,[\ a), ,[\JlH 

K-phlX orrpe,a;eJieHO IIOHHTHe rrpe,a;eJia. IlpoCTeHIIIHMH rrpn

MepaMH p. HBJlHIOTCH cJie,a;yIOII(He. 
O,a;uoKpaTuble qncJIOBbie p.H,llbI. Ilapa rrocJie,a;oaaTeJib

HOcTeii KOMIIJieKCHhlX q11ceJI {an} H {sn} TaKHX, qTo 

Sn=a1+a2 + ... +am n=1, 2, ... , (1) 

Ha3. q H c JI 0 B bl M (o AH 0 K p a T H bl M) p H A 0 M H 

o6o3HaqaeTCH TaK: 

HJlH 

(2) 

8JieMeHThl IIOCJie,a;oaaTeJlbHOCTH {an} Ha3. q Jl e H a M H 

p H A a, a aJieMeHThl rrocJie,a;oaaTeJibHOCTH {sn} - ero 
q a c T H q H hi M H c y MM a M H, rrpnqeM an Ha3. n-M 
qJieHoM P. (2), a sn - ero qacTnqHoii: cyMMoii: rropH,a;Ka n. 
p. (2) O,[\H03HaqHo orrpep;eJIHeTCH Kam,a;oii: H3 ABYX IIOCJie

AOBaTeJlbHOCTeii: {an} H {sn}: qJieHhl IIOCJle,[\OBaTeJibHOCTH 

{sn} IIOJiyqaIOTCH H3 qJieHOB IIOCJiep;oBaTeJlbHOCTH {an} no 

qiopMyJie (1), a IIOCJie,a;oaaTeJibHOCTb {an} BOCCTaHaBJIH

BaeTCH no IIOCJle,[\OBaTeJlbHOCTll {sn} corJiaCHO qiopMyJiaM 

a1 =si. an+i=Sn+i-sn, n=1, 2, ... 
B aToM CMhlCJie H3yqeHne P. paBHOClIJlbHO n3yqeHHIO rroc

Jiep;oaaTeJlbHOCTeii: ,a;JIH Kam,a;oro yTBepm,a;eHHH o P. Mom

HO cqiopMyJinpoBaTb paBHOCHJibHOe eMy yTBepm,a;eHne 0 

IIOCJie,[\OBaTeJlbHOCTHX. 
p. (2) Ha3. c x 0 AH 11~ HM c H, ecJIH rrocJie,a;oaaTeJlbHOCTb 

ero qacTH'IHhlX cyMM {sn} HMeeT KoHe'l.HhlH rrpeiJ,eJI 

s= lim sn, 
n~oo 

K-phlH Ha3. C y M M 0 ii: P. (2), H IIHIIIYT 

S= ~an. 

TamrM o6pa3oM, o6o3Ha'IeHne (2) rrpnMeHHeTcH KaK ,l\JIH 

caMoro p.' TaK H ,[\JlH ero cyMMhl. EcJIH IIOCJie,a;oBaTeJib
HOCTb qacTnqHhlX cyMM p. (2) He HMeeT KOHe'llloro rrpep;eJia, 

TO OH Ha3. p a c x 0 AH m; H M c H. 
IlpnMepoM cxop;Hm;erocH P. HBJIHeTCH cyMMa 'IJieHOB 

6ecKoHe'l.Hoii: reoMeTpnq. rrporpeccnn 

(3) 

upn ycJioBnn, qTO I qi < 1. B aToM cJiyqae ee cyMMa paBHa 

1 ~"" 1 
1_q , TO ecTb °""n=l qn= i-q . EcJIH me I q I ;;;;:. 1, TO P. 

(3) p;aeT rrpnMep pacxop;Hm;erocH P. 
EcJIH p (2) CXO,[\HTCH, TO rrocJie,[\oBaTeJibHOCTb ero qJie

HOB CTpeMHTCH K HYJIIO: 

lim an=O. 
n~"' 

06paTHOe yTBepmp;eHH-0 Heoopuo: rrocJie,[\OBaTeJibHOCTb 

qJieHOB { ! } iap.Monu<tecnozo pitiJa 

cTpeMHTCH K HYJIIO, op;HaKo 3TOT P. pacxo,a;HTCH. PHA 

~:=1an+k Ha3. o c Ta T Ko M rropHi'.\Ka n P. (2). Ecmr 

p. CXO,[\HTCH' TO Kam,[\b!H ero OCT a TOK CXO,[\HTCH. EcJIH 

HeK-phlH ocTaToK P. cXOi'.\HTCH, TOH caM P. cxo,a;HTCH. EcJIH 

OCTaTOK rropHJJ,Ka n p. (2) CXO,[\HTCH H ero cyMMa paBHa 

~00 
r n• TO eCTb r n= 4'.Jk=l an+ Ii. TO 

EcJIH P. (2) H pHµ; 

(4) 

CXO,[\HTCH, TO CXOJl,HTCH H PHA 

Ha3. c y MM o ii: pHi'.\OB (2) 11: (3), rrp11qeM ero cyMMa panu:a 

cyMMe 3THX p. 
EcJIH P. (2) cxop;HTCH H A.-KoMrrJieKcHoe q11cJio, TO pHJJ. 

~A.an, Ha3. II p 0 H 3 B e A e H H e M p. (2) Ha qHCJlO A,, 

TaKme CXO,[\HTC.H H .:EA.a,,=A. .:Ean. 
y CJIOBHe CXO,[\HMOCTH p.' He HCIIOJlb3YIOm;ee IIOHHTHe 

ero cyMMhl, p;aeT Koutu npumepuii cxop;HMOCTH P. 
EcJin ace qJieHhl P. (2) HBJIHIOTCH ,[\eHCTBHTeJibHblMH 

qncJiaMn: anE'R, TOP. (2) Ha3. p;eii:cTBHTeJibHhIM. Bam

HYIO pOJib B TeopHH p. nrpaIOT ,a;eii:CTBHTeJibHhle p. c He

OTpn~aTeJibHblMH qJieHaMn: 

~an, a .. ~o, n=1, 2, •. . . (5) 

)];JIH Toro qTo6hl p. (5) CXO/];HJICH, Heo6xo,a;HMO H ,l\OC

TaTO'IHO, qTo6bl IIOCJiep;oBaTeJibHOCTb ero qacTH'IHblX cyMM 

6bIJia orpaHnqeHa cnepxy. EcJin me oH pacxo,a;HTCH, TO ero 

qacTH'lllhle cyMMbI CTpeMHTCH K 6ecKoHe'lllOCTH: 

lim sn=+oo, 
n~"' 

II03TOMY B 3TOM CJiyqae IIHIIIYT 

~an= +oo. 
)];JIH p. c HeoTpH~aTeJibHbIMH 'IJieHaMH cyII(eCTByeT MHoro 

pa3JIHqHbIX rrpH3HaKOB CXO,[\HMOCTH. 0CHOBHhlMH .HBJIHIOTCH 

CJie,a;yIOII(He. 
n p H 3 H a K c p a B H e H H H. EcJIH ,[\JIH p. (5) H 

(6) 

c HeoTpn~aTeJibHhlMH qJieHaMH cym;ecTByeT TaKaH IIOCTO

HHHaH c > 0, qTo 0 ..,;: an ..,;: cbn, TO H3 CXOAHMOCTH P. 

(6) cJie,a;yeT cxo,a;nMoCTb P. (5), a H3 pacxop;nMocTn P. 
(5) - pacxop;HMOCTb p. (6). 

Ilpn rrpnMeHeHHH rrpH3HaKa cpaBHeHHH ,[\JIH HCCJiep;oBa

HHH cxop;HMOCTH 3ap;aHHOro p. c HeOTpmi,aTeJibHb!MH 'IJie

HaMH 'IaCTO OKa3hlBaeTCH ~eJiecoo6pa3HbIM Bbip;eJIHTb rJiaB-
1 

HYIO 'IaCTb ero n-ro 'IJieHa OTHOCHTeJibHO n IIpH n-+ 00 B 

BHp;e !:_ (a - HeK-paH IIOCTOHHHaH), a B RaqecTBe P., 
nCX. 

c K-pbIM cpaBHHBaeTCH ,[\aHHhlH p.' B3HTb pH,l\ 

1::=1 :a , ct ER, (7) 

CXO/WII(HHC.H rrpn a: > 1 II: pacXOi'.\HII(HHC.H rrpn ct ..,;: 1. 
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KaR cJiep;CTBHe rrpH3HaRa cpaBHeHHH B CJIY1Jae, Rorp;a B p. Ha3. y c JI 0 B H 0 c x 0 AH m; H M H c H. IlpHMepoM 
RaqecTBe p. cpaaHeHHH B3HT p (7)' rroJiyqaeTCH CJieAYIO- ycJIOBHO CXOp;Hm;erocH p. HBJIHeTCH PHI\ 

rrwe rrpamrno: ecJrn. ~"' < _ 1 )n- •• 

lim naan=b, ""-'n=I n 

TO rrpH a > 1 H 0..;;: b < +ooP. (5) CXOAHTCH, a rrpH 
a..;;: 1 H 0 < b..;;: +oo P. (5) pacxoAHTCH. 

CJiep;cTBHHMH rrpH3HaRa cpaaHeHHH HBJIHIOTCH TaRme 
)('A.n,a.ii6epa npuanar> H Kouw npuanar> CXOAHMOCTH qnc
JIOBhlX pHp;oa c rroJioJRHTeJibHhlMH qJieHaMH. /];JIH TaRnx 
P. HMeIOTCH em;e Bepmpana npuanar>, I'aycca npuanar>, 
Ep.iiar>oea npuanar>, Ky.M.Mepa npuanar>, Paa6e npu
anar>. 

MHTerpaJibHbIH IIpH3HaR CXOl:\HMOC-
T H 11;aeT i:i;ocTaToqHhle ycJioBHH cxop;HMOCTH P. (5) c He
oTpna;aTeJihHhlMH qJieHaMH, o6pa3YJOm;HMH y6hlBaIOm;yIO 
IIOCJie,!lOBaTeJihHOCTb: an> an+l;::;, 0, n = 1, 2, ... 
IlyCTb p. (5) TaROB, qTO IJ;JIH Hero cym;ecTByeT if>yHRil,HH f 
011peµ;eJieHHaH H y6hlBaIOm;aH rrpn x > 1, y R-poft ee 3Ha
qeHHH B a;eJioqncJieHHhlX ToqRax coarrap;aIOT c qJieHaMH 

µ;aHHoro pHp;a: f(n)=an, n=1, 2, .... Tor11;a ecJIH sn
qacTHqHhle cyMMbl, a rn - OCTaTRH pHi:i;a (5), TO AJIH HHX 
UMeIOT MeCTO CJiei:i;yIOm;He oa;eHRH: 

r+«> f(x)dx<:.rnos;;;;r+""t(x)dx 
Jn+! Jn 

II 

ri:i;e c - HeR-paH IIOCTOHHHaH, a 

lim 8n=0. 
n-+<:<> 

n=1, 2, ... , 

Ilo3TOMY p. (5) CXO/];HTCH TOrAa H TOJibRO Tori:i;a, Rorp;a 
CXOJJ;UTCH HHTerpaJI 

r+ao Jt f(x)dx. 

EcJI.e: me P. (5) pacxop;HTCH, TO ero qacTHqffh!e cyMMhl sn 
pacTyT TaR me, KaR HHTerpaJibl 

rn+I Jt f(x)dx, 

T. e. Sn acHMJITOTHqecRH paBHbl yRa3aHHhIM HHTerpaJiaM: 

rn+I 
Sn~ J 1 f (~) dx, n-+-+oo. 

/];JIH p. (5), qJieHhl R-poro o6pa3yIOT y6blBaIOm;yIO JIOC
Jiep;oaaTeJibHOCTb, HMeeT MecTo T e o p e M a K o JJI n: 
ecJIH qJieHhl p. (5) y6hIBaIOT' TO OH CXOJJ;HTCH HJIH pacxop;HT
CH op;HoapeMeHHo c PHAOM 

~:=I 2ka2k· 

Heo6xop;HMhIM ycJioaneM cxop;nMOCTH P. (5) c y6blaaIO
m;ell: nocJieµ;oaaTeJibHocThIO qJieHo.B HBJIHeTC.fi ycJioBne 

(8) 

11 p1rnep pacxo11;Hm;erocH pHp;a 

~"" 1 
""-'n=2nlnn 

JIORa3bIBaeT' qTo ycJIOBHe (8) He HBJIHeTCH AOCTaToqHh!M 
AJIH cxop;HMOCTH p. (5) c y6hIBaIOm;eii: IIOCJiep;oBaTeJihHOCTb!O 
'JJieHOB. 

BaIBHbd1 RJiacc qMCJIOBhIX P. cocTaBJIHIOT a6co.n,10mno 
cxo8au+ueca pa8bi, T. e. TaKne P. (2), p;JIH R-ph!X CXOAHTCH 

pHp;hl ~Ian!. EcJIH P. a6coJIIOTHO CXOJJ;HTCH, TO OH npocTO 

CXO):\l!TCH H ero cyMMa He 3aBHCHT OT rropH):\Ra CJieAOBaJIHH 
CJiaraeMh!X. Cxop;Hm;n:ecH, HO He a6coJIIOTHO CXO):IHm;n:eca 

CyMMa ycJioBHO cxop;Hm;erocH P. 3aBHCHT OT 11opHp;Ra ero 
qJieHOB (CM. Pu.Mana meope.Ma o 11epecTaHOBRe qJieHOB 
PHAa): RaROBhl 6hl HH 6hIJIH a H ~. rrpHHa):\Jiemam;ne 
MHOJReCTBY i:i;eiiCTBHTeJibHbIX qnceJI, p;OJIOJIHeHHOMY 6ec
ROHeqHOCTHMH +oo H -oo, a ..;;: ~. MOJRHO TaR rrepecTa
BHTb qJieHhl JII06oro ycJIOBHO cxop;Hm;erocH P., qJieHaMH 
R-poro HBJIHIOTCH AeHCTBHTeJihHhle qncJia, qTo p;JIH qac
THqHblX cyMM Sn JIOJiyqeHHoro p. 6yp;yT HMeTh MeCTO pa

BeHCTBa 

lim Sn=a, lim Sn=~. 

TaRHM o6pa3oM, p;JIH ycJIOBHo cxop;Hm;HxcH P. He HMeeT 
MecTa RoMMyTaTHBHhlH 3aRoH CJiomeHHH. He p;JIH acex 
p. ORa3bIBaeTCH cnpaaep;JIHB H accou,HaTHBHblH 3aROH CJIO
meHHH: eCJIH p. pacxop;HTCH, TO p.' rroJiyqeHHblH H3 p;aH
Horo IIOCJie,[IOBaTOJibHOH rpyrrnHpOBROH ero qJieHOB, MOJReT 
CXO,!IHThCH, rrpnqeM ero cyMMa 3aBHCHT oT c11oco6a rpyrr

nnpoBRH qJieHoB ncxo,11Horo P. Hanp., PHA 

1-1 +1-1+ ... +(-1)n-1+ ... 

pacxop;HTCH, a pHp;bl (1-1)+(1-1)+ ... H 1-(1-1)
(1-1) - ... , noJiyqeHHhle H3 Hero rronapHo:il rpyrrrrnpoa
Ron ero qJieHOB, CXO/J;HTCH H HMeIOT pa3JIHqHhle cyMMbI. 

0AHaRo eCJIH p. cxop;HTCH' TO, ROHeqHo, BCHRHR p.' 
JIOJiyqaIOm;HHCH IIOCJiep;oaaTeJibHOH rpyrrrrHpOBROH ero 
qJieHOB, CXOl:\HTCH, H ero CYMMOH HBJIHeTCH cyMMa ,11aH
Horo p.' u6o rrocJie,[IOBaTeJibHOCTb qacTHqHblX c YMM HO
Boro P. ecTb rroi:i;rrocJie11;oaaTeJihHOCTb qacTHqHhlX c YMM 
HCXO)J;HOro p. 

Cpe,11n P. c qJieHaMH pa3HhIX 3HaRoB Bhlp;eJIHIOT 3HaRo
qepep;yIOm;necH P., AJIH R-pblx HMeeTCH Jieii6nuq,a npuanar> 
cxop;HMOCTH. Pa3JIHqHhle 11pH3HaRH cxop;HMOCTH p;JIH 11po
H3BOJihHhIX qucJIOBbIX p. MoryT 6h1Tb JIOJiyqeHhl c JIOMOlIJ;b!O 
A 6e.n,a npeo6paaoeanua cyMM 11orrapHbIX rrpOH3Be,[leHHH, 
Harrp. A 6e.n,.ii npuanar>, )( eiJer>unaa npuanar>, )(upux.n,e 
np uanar>, )( 106ya-Peii.Mona npuanar> cxop;HMOCTH P. 

y M H 0 JR e H H e p H A 0 B. /];JIH YMHOJReHHH p. cy
m;ecTByIOT pa3JIHqHhle 11paBHJia. Han6oJiee H3BecTHO rrpa
BHJio Kornn, corJiaCHO R-poMy rrpH rrepeMHomeHHH pHp;oB 
(2) H ( 4) CHaqaJia cyMMHPYIOTCH 110 ROHeqffbIM «AHaroHa
JIHM)) norrapHhle npOH3Bep;eHHH ambm T. e. TaRHe, y R-phlX 
CYMMa HH,[leRCOB m+n HMeeT 0/];HO H TO me 3HaqeHHe: 

Cp= ~ ambn, 
""-'m+n=p 

~9) 

H pHp;~c P• qJieHaMH R-poro HBJIHIOTCH rroJiyqeHHhle cyMMhl, 

Ha3. 11 p 0 H 3 B e A e H H e M p;aHHhIX p. ::ho npaBHJIO 
YMHOJReHHH p. IIOACRa3LIBaeTCH if>opMyJioii: yMHOJReHHH 
CTeIIeHHhIX pH/.tOB: 

llycTh P. (2), (4), (9) cxoi:i;HTCH H 

~am=a, ~bn=b, ~cp=c. 

EcJIH p. (2) H ( 4) a6coJIIOTHO CXO,[IHTCH, TO p. (9) TaRme 
a6coJIIOTHO cxop;HTCH H ab=c. EcJIH P. (2) a6coJIIOTHO 
cxop;HTCH, a P. (4) cxop;HTCH, TO cxo,[IHTCH P. (9) H ab=c 
(Teo p e Ma M e p Te H ca). EcJIH me PHALI (2) u (4) 
YCJIOBHO cxop;HTCH, TO p. (9) MOJReT He CXOj:(HTbCH; Harrp., 

pH]:( 
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ycnoBHO CXOAHTCH, a PHA 

( ~CIO (- 1~-1) 2 = 
"""n= I V n 

=~==I (-f)n-lL;=I V1<V~-k+1 
pacxoAHTCH. Ecnn ace Tpn P.-(2), (4), (9)- CXOAHTCH, 
TO ab=c. 

IT pnMepoM ;o;pyroro rrpaemrn yMHomeHHH P. H~JIHeTCH 
cyMMHpOBaHne CHa'!aJia rrorrapHhlX rrponaBeAeHHH ambn, 
y K-phlx rrpomrneneHiae HH;D;eKcoa mn nMeeT «PnKcnpoaaH
HOe aHa'IeHne 

::E cp= ambm 
mn=p 

n orrpeAeJieHne rrpomrneµ;eHHH pHAOB (2) n ( 4) KaK PHAa 

~c P' 9TO rrpaBHJIO yMHOiKeHHH p. IIOACKa3hlBaeTCH «Pop
MyJioii YMHOiKeHHH l(upux.n,e pROO(J: 

~am~ bn ~ cp 
~ ma:~na:= ~pa;• 

BcTpe'IaIOTC.ff TaKme P., 'IJieHhl K-phlX an aaHyMepoBaHhl 
eceMn u;eJihlMH 'IHCJiaMn n=O, ± 1, ± 2, ••.• 0Hn o6oaHa
'IaIOTCH: 

(10) 

P. (10) Haa. c x o AH II( n Mc H, ecJIH cxoAHTCH PHAhl 

~==l an-1 H ~==I a_m 

H CYMMa 3THX p. Ha3. cyMMOH p. (10). 
qHCJIOBhlMH P. 6oJiee CJIOiKHOH CTPYKTYPhl .HBJIHIOTCH 

npamnbie paow, 'IJieHhl an, ... nm K-phlX cHa6meHM 

MYJibTHHH;D;eKcaMH, rAe n11. - HaTypaJibHhle 'IHCJia, k= 
=1, 2, ... , m, m=2, 3, .... B Teopnn KpaTHhlX P. 
paCCMaTpHBaIOTCH pa3JIH'IHhle THIIhl 'IaCTH'IHhlX cyMM: Tpe
yrOJibHhle 

Sn= ~k,+ ... +km<nak, km• 

rrpHMOyrOJibHhle 

s = ~n, ... ~am a ' 
n, ... nm """k,=I """k,,.=1 k,.km 

c«Pepia<J:ecKne 

s=~ ak k r>O 
r """k~+ ... +k~<r• ' m' ' 

n AP· B aaaiaciaMOCTn OT Bhl6opa Tnrra 'IaCTH'IHhIX cyMM 
orrpeAeJIHeTCH IIOHHTHe cyMMhl KpaTHoro p. KaK COOTBeT
CTBYIOII(ero nx rrpe;o;eJia. B cJiy'Iae m=2 KpaTHhlH P. Haa. 
O(JOUl/,bt.ltt pROO.ltt. ,Il.JIH KpaTHhlX p.' B OTJIH'IHe OT OAHOKpaT
HhlX, 'IJieHhl p. yme MoryT He orrpeAeJIHTbCH 3aAaHneM 
MHOiKeCTBa 'IaCTH'IHhlX cyMM, T. e., Boo6rrw roBOpH, AJIH 
Toro 'IT06hl KpaTHbIH p. 6blJI orrpeAeJieH, Heo6XOAHMO aa
AaTb KaK KpaTHYIO IIOCJieAOBaTeJibHOCTb 'IJieHOB p.' TaK H 
MHOiKeCTBO ero '!aCTH'IHhlX cyMM. 

B MaTeMaTn'I. aHaJinae HaxoAHT rrpnMeHeHne He TOJibKO 
CXOAHII(HeCH p., HO H paCXOAHII(HeCH. )J.JIH IIOCJieAHHX 
paapa6oTaHhl paaHoo6pa3Hbie MeTOAhl cyMMnpoeaHnH. 

B BHAe cyMM 'IHCJIOBhlX P. aarrnchlBaIOTCH MHorne eam
Hhle nppau;noHaJibHhle IIOCTOHHHhle, Harrp.: 

e= ~CIO 1-, :rt2=6 ~CIO .+, 
~n=on! ~n=I n 

a TaKme aHa'IeHHH orrpeAeJieHHhlX HHTerpaJioB, rrepaoo6-
pa3Hhle IIOAHHTerpaJibHblX «PYHKD;HH K-phlX He BblpamaIOTCH 
qepea 3JieMeHTapHhle «PYHKD;HH: 

r' arctgx dx= ~ .. (-1)n-1 
j o x """n= I (2n-1) 2 ' 

r I x-X dx = ~CIO 1n. 
Jo """n=ln 

-r>y1rn:u;noHaJibHhie PHAbl· <I> y H K u; H 0 H a JI b H bl M 
(o AH 0 K pa TH bl M) pH A 0 M 

(11) 

naa. rrapa «PYHKD;HOHaJibHhIX IIOCJieAOBBTeJlbH?CTe:il: {an (x)} 
H {sn (x) }, COCTOHID;HX H3 'I:HCJIOBbIX «PYHKIJ;HII, orrpeAeJieH
HblX Ha neK-pOM MHOiKeCTBe x H TaKHX, 'I:TO 

sn(x)=a1 (x)+a2 (x)-r···+an(x), n=1, 2, .... 

KaK H B CJiyqae 'IHCJlOBblX p.' aJieMeHTbl IIOCJieAOBaTeJib
HOCTH {an (x)} naa. 'I Jl e H a M H p. (11), a rrocJieAoBa
TeJihHOCTH {sn (x)} - ero 'I a c T H 'I H hi M H c y MM a
M n. P. (11) Haa. c x 0 AH II( HM c H Ha M H 0 iK e
c T B e X, ecnn rrpn JI1060M «PnKcnpoeaHHOM x0 EX cxo
AHTCH 'IHCJIOBOH pHµ; 

IT p n M e p. PH;o; 

~ex> zn =ez 
"""n=O n! 

CXOAHTCH Ha ace:il: KOMIIJieKCHOii IIJIOCKOCTH, a PHA 

~"" n!zn, zEIC, 
"""n= o 

TOJlbKO rrpn z=O. 
CyMMa CXOAHII(eroc.H P. HerrpepblBHblX, narrp. Ha HeK

poM OTpeaKe, «PYHKIJ;HH He 06.HaaTeJibHO HBJIHeTCH nerrpe
pbIBHOii «PYHKu;ne:il:, Harrp. PHA 

1+ ~,"' xn- 1 (x-1) 
"""n= I 

CXOAHTCH Ha OTpeaKe [O, 1), ero 'IJieHbl nerrpepblBHhl Ha 
::!TOM OTpeaKe, a cyMMa 

{ 0 ecJIH 0 ~ x < 1 , 
s (x) = 1: ecJIH x = 1 

paapbIBHa B TO'I:Ke x= 1. PHA ycJIOB~:il:, IIpH K-pblx Ha 
«PYHKIJ;HOHaJibHble p. rrepeHOCHTCH CBOHCTBa nerrpepblBHOC
TH, AH«P«PepeHu;npyeMoCTH H HHTerpnpyeMOCTH KOHe'IHblX 
cyMM COOTBeTCTBeHHO nerrpepb!BHblX, AH«P.iliepeHu;npyeMhIX 
HJlH HHTerpnpyeMhIX «PYHKIJ;Hll, «PopMyJinpyerCH B TepMH
HaX paBHOMepHOH CXOAHMOCTH PHAOB (cM. Pa61lOMepno 
CXOORUfUUCR pao). 

p H A hi H a M e p H M bl X, qi y H K u; H :ii:. IT YCTb x -
H3MepnMoe no Jle6ery IIOAMHOiKeCTBO n-MepHoro eBKJIHAOBa 
rrpocTpaHCTBa 1Rn, µ - Mepa Jle6era n 'IJieHbl ak (x) pH;o;a 

(12) 

HBJIHIOTCH H3MepHMbIMH IIO'I:TH BCIOAY KOHe'I:HblMH Ha x 
«PYHKIJ;HHMH, rrpHHHMaIOII(HMH 3Ha'IeHHH H3 pacrnnpeH
HOH 'IHCJioao:il: rrpHMo!r (T. e. HapHAY c AeiicTBHTeJibHhIMH 
'IHCJiaMn OHH MoryT rrpnnnMaTb 3Ha'IeHHH + 00 H -00 ). 

EcJIH p. (12) CXOAHTCH IIO'I:TH BCIOAY Ha MHOiKeCTBe x' 
TO ero cyMMa s (x) TaKme HBJI.ffeTCH H3MepHMOII cpyHKu;ne:il: 
H, B CHJIY Ezopo6a meopeMbi, AJlH JIIOOOI'O E > 0 cyru;ecT
ByeT TaKOH KOMIIaKT EcX' 'I:TO µ (X"-.E) < E, a p ., 
'I:JieHaMH K-poro HBJIHIOTCH cymeHHlt ak (x)I E «PYHKIJ;HH 
ak (x) Ha KOMIIaKTe E' CXOAHTCH Ha HeM paBHOMepHo H 
ero cyMMo:il: HBJIHeTcH s(x)IE - cymeHne cyMMhl P. (12) 
Ha paccMaTp1rnaeMOM KOMIIaKTe. 

IT ycTb LP ( X), 1 ..;;:: p ..;;:: + oo, - rrpocTpaHCTBO «PYHK
u;n:il: f : x -+ IR COOTBeTCTBeHHO c HOpMOH 

\l f /Ip= (~XI f (x) JP dx )1/P 
rrpn 1 ..;;:: p < + 00 H c HOpMOH 

II f lloo =sup vrai If (x) I 
xeX 
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npnp=oo. P. (12) Ha3. cxoAHm;HMCH B npocTpaH
CTBe Lp (X), eCJIH nocJieJwBaTeJibHOCTb ero 11aCTH'IHhIX 
cyMM {sn (x)} CXO,[\HTCH B Lp (X) H ee npe,a;eJI s(x) Ha3. 
cyMMOH p. (12) B <JTOM npocTpaHCTBe: 

s (x)= ~ ak (x) B LP (X). 

EcJIH P. (12) cxo,a;HTCH B LP (X) H s (x) - ero cyMMa, 
TO cyrri;ecTByeT nop;nocJiep;oBaTeJibHOCTb nocJie,[\OBaTeJib
HOCTH ero 11acTH'IHhIX cyMM, K-paH CXOAHTCH K s (x) IIO'ITH 
Bcro,a;y Ha X. 

II 0 q JI e H H 0 e n H T e r p n p 0 B a H He p H A 0 B. 
06o6m;eHHeM TeopeMhl 0 IIO'IJieHHOM HHTerpnpoBaHHH paB
HOMepHO CXOAHm;HXCH p. HBJIHIOTCH CJiep;yrom;ne TeopeMhl. 

T e o p e M a 1. EcJIH cym;ecTByeT TaKaH cyMMHpyeMaH 
Ha MHomecTBe x «PYHKJ.J;HH f, 'ITO AJIH BCeX m=1, 2, ... 
H Bcex x EX 11aCTH'IHhle cyMMhl Sn (x) P. (12) YAOBJieTBO
pHIOT HepaBeHCTBY 

Ism (x) I <:.f (x), 

p. (12) CXOAHTCH nO'ITH BCIOJ1Y Ha x H ero cyMMa paBHa 
s(x), TO 

~x s (x) dx= ~x [~ak(x)] dx=~ ~X ak (x) dx. (13) 

TeopeMa 2. EcJIH a,.(x)ELp(X), s(x)ELp(X), 
1 < p < +co' µX < + 00' H IIOCJiep;oBaTeJibHOCTb qa
CTH'IHbIX cyMM {sm(x)} P. (12) cJia6o CXO,[\HTCH Ha MHO
mecTBe X K «PYHKIJ;HH s(x) (T.e. AJIH JII06oii: «PYHKIJ;HH 
b=b(x)ELq(x), 1/p+1/q=1, BhIIIOJIHHeTCH ycJIOBHe 

Jim (s-sm, b)=lim 5 [s (x)-sm (x)] b(x) dx=O), 
m~CSJ m-+oo X 

TO HMeeT MeCTO «PopMyJia (13). 
MomHO no11JieHHO HHTerpnpoBaTb H p. (12), BC0 'IJieHbI 

K-phIX HeOTpHIJ;aTeJibHbI Ha MHOll\eCTBe x. y TaKHX p. 
rrocJieAOBaTeJibHOCTb HX qacTH'IHbIX cyMM B Kam,a;oii: TO'IKe 
x EX B03pacTaeT H rroToMy HMeeT KoHe'IHhIH HJIH 6ecKo
He'IHhIH npe,a;eJI, K-pbiii: Ha3. aHa11eHHeM cyMMbI s (x) pac
cMaTpHBaeMoro p. B <JTOM TO'IKe. 

Teo p e Ma 3. EcJIH 11JieHbI P. (12) HeoTpmi;aTeJibHhI, 
TO HMeeT MeCTO «PopMyJia (13). 

B npe,a;rroJiomeHHHX TeopeMhI 3 o6e 11acTH «PopMyJibI (13) 
MOrYT o6paTHTbCH B + 00. )J.ocTaTo'IHbie YCJIOBHH HX KO
HeTIHOCTH ,a;aIOTCH CJie,a;yrom;eil: TeopeMOl!. 

Teo p e Ma 4. EcJIH 11JieHhI P. (12) HeOTpmi;aTeJibHhl 
H HHTerpaJibI OT ero 11aCTH'IHbIX cyMM Sm (x) orpaHH'leHhI B 
COBOKynHOCTH: 

~ x Sm (x) dx.;;;;; c, r,a;e C-IIOCTOHHHaH, 

m=i, 2, ... , 

TO cyMMa s (x) p. (12) HBJIHeTCH cyMMHpyeMoii: «PYHKIJ;Heii:. 
II011JieHHoe AH«P«PepeHu;HpoBaHne 

pH A 0 B. IIycTb 1Rn eCTb n-MepHoe apn.iPMeTH'leCKoe 
eBKJIH,[\OBO rrpocTpaHcTBO TO'leK x= (x1, x2 , ••• , Xn), x;E IR, 
G - oTKpbITOe B 1Rn MHomecTBo, f : G-+ IR. ll IIYCTb 
D x .f - o6o6rri;eHHaH rrpoH3Bop;HaH «PYHKIJ;HH f no nepe-

' MeHHOH x;, i=1, 2, ••. , n. Ecm1 a,.(x)ELp(G), 

D x- a,. (x) E LP (G) (i0 - «PnKcnpoBaHo), 1 ..;;: p ..;;: + oo, 
'• 

H pH,llhI ~ ak (x), ~ Dxi, ak (x), xEG, CXOAHTCH B 

LP (G): s(x)=~a,.(x), a(x)=~Dx. a,.(x),To «PYHK-
'• 

IJ;IIH s (x) HMeeT B G o6o6m;eHHYIO rrpoH3BOAHYIO no nepe
MeHHo:il: x. H D x- s (x) =a (x), TO ecTb 

1.o lo 
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Cpe,a;n «PYHKIJ;HOHaJibHhIX P. oco6o BamHyro poJib HrparoT 
cmenennlile pa&bl, <!Jypbe pa&bl, !{ upux.n,e pa&bl H Boo6m;e 
p.' rroJiyqarom;HeCH rrpH pa3JiomeHHH «PYHKIJ;HH no co6cT
BeHHb!M «PYHKIJ;HHM Toro HJIH HHOro orrepaTopa. MHorHe H3 
rrepe'IHCJieHHbIX CBOiiCTB «PYHRIJ;HOHaJibHhIX p. 060611i;aIOTCH 
Ha 6oJiee o6m;ne p.' Kor,a;a HX TIJieHaMH HBJIHIOTCH «PYHK
IJ;HH co 3HaTieHHHMH B JIHHeHHbIX HOpMHpoBaHHbIX rrpocT
paHCTBax HJIH, 6oJiee o6m;o, B JIHHeHHbIX TOIIOJIOrHTI. 
rrpocTpaHCTBax, a TaKme Ha KpaTHbie «PYHKIJ;HOHaJibHhle 
p.' TO eCTb p.' TIJieHbI K-pbIX cHa6meHbI MYJibTIIHHAeKcaMn: 

~an, ... nm (x). 

TeopHH «PYHKIJ;HOHaJibHhIX pH,a;oB ,a;aeT y,a;o6Hhle H BecbMa 
o6m;ne MeTO,[\bI ,[\JIH H3yTieHHH «PYHKIJ;HM, nocKOJibKY «PYHK
IJ;HH BeCbMa nrnpoKoro KJiacca MoryT 6blTb rrpep;cTaBJieHhl B 
orrpe,[\eJieHHOM CMbICJie B BH,[\e cyMMbI HeK-poro pH}J;a aJie
MeHTapHbIX «PYHKIJ;HH. Harrp., o,a;Ho3Ha11HaH aHaJIHTHTI. 
«PYHKIJ;HH HBJIHeTCH B OKpeCTHOCTH Kam,a;oii: BHyTpeHHeH 
TOTIHH H3 MHomeCTBa CBOero orrpe,a;eJieHHH CYMMOH CBoero 
Teu.;iopa pa&a; BCHKaH HerrpepbIBHaa Ha oTpe3Ke 4Jy1m
IJ;HH HBJIHeTCH cyMMOH paBHOMepHo CXO,l\Hm;erocH Ha <JTOM 
0Tpe3He pH}J;a, TIJieHaMH K-poro HBJIHIOTCH aJire6paHTI. 
MHoroTIJieHbI; HaKoHeu;, ,[\JIH BCHKOH H3MepHMOll H KOHeTIHOH 
IIOTITH BCIOAY Ha 0Tpe3Ke [ -n, n] «PYHKIJ;HH cym;ecTByeT 
TpnroHoMeTpHTJ. PHA. 

~+~"" ancosnx+bnsinnx, 
2 ~n=i 

cyMMa K-poro IIO'ITH BCIO,[\Y COBrra,a;aeT c 3a)J;aHHOH «PYHH
u;neii:. 

Pa3JiomeHHe «PYHKIJ;HH B P. rrpHMeHHeTcH B pa3JIHTIHhIX 
pa3)J;eJiax MaTeMaTHKII: B aHaJIH3e AJIH HCCJie}J;oBaHHH «PYHH
u;nil:, rrpH OTbICKaHHH pellieHHH B BH,[\e p. TeX HJIH HHbIX 
ypaBHeHHH, co1i;epmam;HX HeH3BeCTHbie «PYHHIJ;HH, Harrp. 
neonpe&e.;iennblx noarfirfiulfuenmoB .Memooo.M, B TIHcJieHHbIX 
MeTo)J;ax AJIH rrpn6m1meHHoro BhITIHCJieHHH 3HaTieHHH 
IPYHHIJ;HH H T. II. 

HcTopu11ecKa11 crrpaBHa. K rroHHTHIO 6ecKoHeTIHhIX cyMM 
IIO}J;OllIJIH em;e y11eHhie ,IJ.p. fpeu;rrn, y HIIX yme BCTpeTiaJiaCb 
cyMMa 'IJieHOB 6ecHOHeTIHOH reoMeTpIITI. nporpeCCHH c 
rroJiomnTeJibHhIM 3HaMeHaTeJieM, MeHbllIIIM eAHHIIIJ;hl. KaK 
caMOCTOHTeJibHOe IIOHHTHe p. BOIIIeJI B MaTeMaTHHY B 
17 B. 11. HbIOTOH (J. Newton) II r. Jlei'!6HIIIJ; (G. Leibniz) 
CHCTeMaTH'leCKH HCIIOJlb30BaJIH P. ,[\JIH pe11IeHIIH KaK aJI
re6pan11eCKHX, TaK H ,a;n«P«PepeHu;naJibHhIX ypaBHeHHH. 
Cl>opMaJibHaH TeOpHH p. ycHJieHHO pa3BHBaJiacb B 18-
19 BB. B pa6oTax H. H 11. EepHyJIJIII (Jakob und Johann 
Bernoulli), E. Teil:Jiopa (B. Taylor), K. MarmopeHa 
(C. Maclaurin), JI. 8nJiepa (L. Euler), JI\. ,Il.'AJiaM6epa 
(J. D'Alembert), JI\. JlarpaHma (J. Lagrange) H AP· 
B 3TOT rrepHOA HCIIOJib30BaJIHCb HaK CXO)J;11IIJ;HeCH, TaH II 
pacxo,[\HilJ;HeCH p.' XOTH He 6hIJIO IIOJIHOH HCHOCTII B Borrpo
ce o 3aKoHHOCTH ,a;elicTBHH HaA HHMII. To•rnaH TeopHH P. 
6bIJia C03p;aHa B 19 B. Ha OCHOBe IIOHHTilH rrpeJJ;eJia B 
Tpy)J;ax K. raycca (C. Gauss), E. EoJibIJ;atrn (B. Bolzano), 
O. KollIIl (A. Cauchy), II. )J.npIIXJie (P. Dirichlet), 
H. A6eJIH (N. Abel), K. Beil:epIIITpacca (K. Weierstrass), 
E. PnMaHa (B. Riemann) n AP· 

Jlum.: [1] H 0 JIM 0 r 0 p 0 B A. H., qi 0 M II'. H c. B., 8Jle
MeHThl Teop1m ljJyHIU.{11'.H II'. ljJyHill.{11'.0HaJlhHOrO aHaJIH~a. 5 ll'.3)l.,M., 
1981, [2] JI y 3 H u H. H., TeopHH lj!yum.1Hfi aeneTBHTeJlbHOro 
rrepeMeuuoro, 2 H3ll., M., 1948; [3] H II'. Ho JI he H II'. ft C. M., 
IlpH6JlmlleHHe ljJyHHI.{11'.H MHOrHX rrepeMeHHblX H TeopeMbl BJIOll<eHHH, 
2 H3ll., M., 1977; [4] X a p ll n r., Paexo)'.IHII.{HeeH pH)'.lhI, rrep. e 
aurJ1., M., 1951; [5] B a x Ba JI o B H. C., "llHeJ1eHuhle MeTOllhl, 
2 H3ll., M., 1975; !6] M JI b H H B. A., II 0 3 H ll H 8. r., OeHO
Bhl MaTeMaTn'lee11oro anaJIH3a, 3 H3ll., 'I. 1, M., 1971, 2 H3ll., •r. 2, 
M., 1980; [7] H y ll p H BI.{ e B JI. )];., Hype MaTeMaTn'lee11oro aua
J1naa, T. 1-2, M., 1981; [8] H II'. fl 0 JI be H H H c. M., Hype Ma
TeMaTH'!eeHOrO aHaJln3a, 2 H3ll., T. 1-2, M., 1975; [9] He M bl I.{
H n ft B., c JI y ll e H a rr M., q e p H a e o B A., Hype MaTeMa
Tn'leei;oro auaJ1naa, 2 H3ll., T. 1-2, M.- JI., 1944. 

JI. /I.. RyapR6V,e6. 
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CAKKEPII qETblPEXYrOJibHIIK - 11eThlpex-

yroJibHHK AB CD, HMerom;n:il: IIpH aeprrrnrrax A H B 
IIpHMhle yrJihl _H paBHhle CTopOHhI AD H BC. PaccMaTpH
BaJicH ,IJ.m. CaKKepn ( G. Saccheri, 1733) IIpH IIOIIhlTKax 
JWKa3aTb IIOcTyJiaT EBKJIH/J;a o IIapaJIJieJibHhlX. Ma Tpex 
IIpeAIIOJIOiReHH:il: 0 BeJIH'IHHaX yrJIQB IIpH BepmHHaX c H 
D: JIH6o yrJihl IIpHMhle, JIH6o yrJihl TYIIhle, JIH6o ocTphle, 
IIepaaH rHIIOTe3a HBJIHeTCH yTBepmp;eHHeM, 3KBHBaJieHT
HhlM IIOCTyJiaTy EBKJIHJW 0 IIapaJIJieJibHhlX; BTOpaH IIpH
BOAHT K IIpOTHBope'IHIO c AP· aKCHOMaMH H IIOCTyJiaTaMH 
EaKJIHAa. 0THOCHTeJibHO TpeTbe:il: rHIIOTe3hl ,IJ.m. CaKKepn 
IIpHmeJI K omn6o'IHOMY BbJBOAY. 'ITO OHa IIpOTHBOpe'IHT 
AP· aKcHoMaM H IIocTyJiaTaM EBKJIHAa. 

Jlum.: [1] Har a H B. Cl>., OcnoBamrn reOMeTp>m, '!. 1, 
M.- JI., 19'19; [2] II 0 r 0 p e JI 0 B A. B., OCHOBamrn reoMeT
pll'.11'., 3 11'.3)1., M., 1968. A. B. HBa'/ioB. 

CAJIOHHAH IIrPA - Hrpa c HecKoJihKHMII y11acTHH
KaMn, B K-po:il: HCXOA OIIpeAeJIHeTCH He TOJibKO HCKYCCTBOM 
Hrparom;nx, HO H CJiy'IaHHbJlllH «ltaKTOpaMH (pacKJiaAaMH 
KapT, BhlIIaAeHHHMH HrpaJibHbJX KOCTe:il: H T. II.) MccJie
AOBaHHe c. H. (IIpeHMyrrr;eCTBeHHO KapTO'IHbIX) 3aHHMaeT 
3Ha'IHTeJibHOe MeCTO B uep meopuu. c. H., c OAHOH CTopo
Hhl, HBJIHIOTCH HeHC'IepIIaeMhlM HCTO'IHHKOM HHTepeCHhlX 
c MaTeMaTH'I. TO'IKH 3peHHH nrpoBhTX MoAeJieii:; a c APY
ro:il: - caMH HBJIHIOTCH MOAeJIHMH 6oJiee cepbe3HbIX KOH«P
JIHKTOB - BOeHHbJX, 3KOHOMH'IeCKHX H T. II. IloKep, IIep
BaH Mop;eJib K-poro HCCJieAOBaJiaCb ,Il.m. He:il:MaIIOM B 
1928 (cM. [1)), ChlrpaJI IIpH B03HHKIIOBeHHH TeopHH nrp 
poJib, aHaJiorH'IHYIO poJIH nrpbl B KOCTH B B03HHKIIOBeHHH 
Teopim: BepoHTHOCTe:il:. I1o3AHee 6hTJIH IIOCTpOeHhl H pe
meHhl MHOrHe 'IaCTHbJe MOAeJIH Hrp THIIa IIOKepa, a B cep. 
50-x rr. C. RapJIHHOM (S. Karlin) HP. PecTpeIIo (R. Rest
repo) 6hlJIH 3aJiomerrhT oCHOBhI o6m;e:il: TeopHH anmaeonucmu
<tec1wx uep THIIa <moKep». B HX MOAeJIH nrpoK I (II) 3HaeT 
CBOIO KapTy 6 (cOOTBeTCTBeHHO 'f]) - peaJIH3au;nro cJiy11ail:
HOH aeJIH'IHHhl, HMerom;eii: pacIIpeAeJieHHe F (6) [cooTBeT
CTBeHHo G(l])]. Cmpameeuu nrpoKOB I H II IIpeACTaBJIHIOT 
co6oii: COOTBeTCTBeHHO BeKTOphl cp (6) H 'i' ('f])' a «PYHKIWH 
BhlHrphlma HMeeT BHA 

K (cp, 'ljJ) = ~ ~ P [6, 'fJ, cp (6), 'ljJ ('fJ)] dF (6) dG (lJ). 

C. RapJIHH H P. PecTpeIIo HaIIIJIH AOCTaTO'IHO 3.iP«PeKTHB
Hhle MeTOAhl pemeHHH IIOp;o6HbIX Hrp (cM. [2)). 

,Il.oBOJlbHO MHoro HCCJieAOBaHHH 6bIJIO IIOCBHm;eHO 6pH
AiRY · BBHAY Toro 'ITO B 6pHAiRe p;aa IIapTHepa npeACTaB
JIHIOT co6oii: «PaKTH'IeCKH op;rroro nrpoKa, OH HBJIHeTCH 
IIpHMepoM nrphl 6e3 IIOJIHOH IIaMHTH. 

Jlum.: [1] He it Ma H .n: m., B c6. MaTpHqH:&Ie HrpDI, M., 
1961, c. 173-204; [2] H a p JI H u c., MaTeMaTH'!ecRHe MeTOllDI 
B TeOpHH urp, rrporpaMMHPOBaHHH H SROHOMHRe, rrep. c aurJJ., M., 
1964; [3] Thompson G. L., B RH.: Contributions to the the
ory of games, v. 2, Princeton, 1953, p 267-77. 

B. R. ~oMa'licmLii. 
CAMOIIH'bEKTIIBHOE KOJib~O JI e B o e - KOJib

u;o, HH'beKTHBHOe KaK JieBbIH MOAYJib HaA co6on. CHMMeT
pH'IHbIM o6pa3oM oIIpep;eJIHeTcH II p a B o e C. K. RJiac
cnqecKH IIOJIYIIPOCThle KOJibu;a H BCe KOJibu;a Bhl'IeTOB 
cyTh C. K. EcJIH R - C. K. c paAHKaJioM ,Il.meKo6coJia 
J, TO «PaKTOpKoJihu;o RIJ peryJIHpIIo B CMbJCJie Heil:MaHa 
(cM. Peey.Mipnoe IW/l.blfO). PeryJIHpHoe C. K. rrerrpephlBHO. 
BcHKOe C'IeTHoe C. K. KBa3n«Ppo6eHHycoao. Jleaoe C. K. 
MOiReT He 6h1Th IIpaBblM c. K. ROJibD;O MaTpIIu; Haµ; c. K. 

H IIOJIHOe KOJibIJ;O JIHIIeii:HhlX IIpeo6pa30BaHHH BeKTOpHoro 
IIpocTpaHCTBa HaA TeJioM caMoHH'heKTHBHhl. RoJibD;a 
3HAOMop«PH3MOB acex cao6oAHhlX JieBhlX R-Mop;yJieii HBJIH
IOTCH c. K. Torµ;a H TOJlbKO TOrJW, Korp;a R KBa3H«Ppo6e
HHYCOBO. Ecmr M - Koo6pasyrom;nD: KaTeropnn JieBbIX 
R-MoAyJieD:, To EndRM eCTh C. K. EcJin cnHryJIHpIIhl:il: 
HAeaJI KOJibIJ;a R paBeH rryJiro, TO ero HH'beKTHBHaH 060-
JiolJKa ecTeCTBeHHhlM 06pa30M IIpeapam;aeTcH B C. K. 
rpyIIIIOBOe KOJibll;O RG caMOHH'beKTHBHO cJieBa TOI'Aa H 
TOJibKO TOrAa, KOrAa R eCTb c. K., a rpyIIIIa G KOHe'IHa. 
IlpHMoe IIpOH3BeAeHHe caMOIIH'beKTHBHbIX KOJieu; caMOHH'b
eKTHBHO. lfoJibll;O R H3oMop.iPHo IIpHMOMY IIpoH3BeAeHHIO 
IIOJIHhlX KOJieu; JIHHeHHhlX IIpeo6pa3oBaHHH HaA TeJiaMH B 
TOM H TOJibKO B TOM cJiyqae, Korp;a R - JieBoe c. K. 6e3 
HHJlbIIOTeHTHhlX HAeaJIOB, KalRAbJH BeHyJieBOH JieBhlH HAeaJI 
K-poro COAepiRHT MHHHMaJibHhlB JieBhlH HAeaJI. 

Jlum.: [1] lITOrH HaYRH H TeXHmm. AJJre6pa. TorroJJOrHf!. I'eo
MeTpHH, T. 14, M., 1976, c. 57-190; [2] cI> e it c H., AJJreopa: 
KOJJ:&ua, MOllYJJH II'. KaTeropHH, rrep c aurJJ 'T. 1-2, M., 1977-79; 
[3] Lawrence J., «Proc. Ame1 Math. Soc.», 1977, v. 65, 
No 2, p. 217-20. JI. A. Cnop'liJl'l<OB. 

CAMOIIEPECEqEHIIH TOqKA - OAHa H3 oco6b1x 
mo<teK Kpnao:il: HJIH IIOBepXHOCTH. CM., HaIIp., Jl. eoiinan 
mo<t1>a. 

CAMOIIEPIIMETP - AJIHHa 2:rts u;eHTpaJibHo-cmr
MeTpH'IHoii 3aMKHYTOH BbIIIYKJioii KpHBOii s Ha IIJIOCKOCTH, 
H3MepeHHaH B TOH MeTpHKe MHHKOBCKoro, AJIH K-poii ca
Ma S nrpaeT poJib eAHHH'IHo:il: oKpymHoCTH. BcerAa 3..;;: 
..;;::rts ..;;:4 (cM. [1]). Ilpn o6o6m;eHHH Ha HeCHMMeTpH'IHhlii 
cJiyqaft c. IIpHIIHChlBaeTCH HaIIpaBJieHHOH KpHBOH s n 3a
BHCHT OT Bhl6opa Ha'IaJia BHYTPH S (cM. [2], [3)). PaccMoT
peH cJiyqa:il: 3Be3p;Ho:il: S (cM. [4]). Cym;ecTBYIOT pa3JIH'IHhle 
o6o6m;eHHH c. AJIH eAHHH'IHOH c«Pephl s B HOpMnpoBaHHOM 
IIpocTpaHCTBe pa3MepHOCTH, 60Jibme:t"1 p;ayx (cM. [5], [6]). 

Jlum.: [1] p e IIl e TH H II IO. I'., «Ycnexll'. MaTe~t. HayR», 
1953, T. 8, B. 6, c. 125-26; [2] c 0 p 0 II H H B. A.\ «Y'I. sarr. 
Moc11. roe. ne11. HH-Ta», 1965, M 243, c. 160-85; [3J Ch a k e
r i an G. D., Ta 11 e y W. K., «Arch. math.», 1969, v. 20, 
M 4, p. 431-43; [4] Go I ab S., «Colloq. math.», 1966, v. 15, 
M1, p.141-H; [5] Sch_afferJ. J.,«Math. Ann.», 1971, 
Bd 190, M 3, S. 242-47; [6] Petty C. M., «Geom. dedic.», 
1974, v. 3, M 1, p. 77-97. B. A. 3a.aeauep. 

CAMOIIPIIKOCHOBEHIIH ToqKA - OAHa H3 oco-
61iix mO'leK KpHBOH HJIH IIOBepXHOCTH. CM.' HaIIp.' Jl. eoiinan 
mo<t-na. 

CAMOCOIIPHmEHHOE )1,II<IHl>EPEH~HAJibHOE 
YP ABHEHHE - JIHHe:il:Hoe 06hIKH0BeHHoe AH«P«PepeH-
u;naJibHoe ypaaHeHne l (y)= 0, coaIIaAarom;ee c conpn:m:en
Mb!JU 8uifiifiepeUlfUa/l.bUb!JU ypaenenue.JU l* (y)=O. 3AeCb 

l (y) = a0 (t) y<n> + ... +ak (t) y<n-k) + ... +an (t) y, 
l* (y) = (-1)n (lloY)<n>+ .. • +(-1)n-k (aky)<n-k>+ 

+ ... +~Y, 
rp;e 

yM=dvy/dtv, y(·)ECn(J), ak(·)ECn-k(f), 
a0 (t) i= 0, t EI; 

Cm(/)-IIpOCTpaHCTBO m pa3 HeIIpepbIBHO AH«P«PepeHa;Hpye
Mb!X KOMIIJieKCH03Ha'IHb!X «PYliKD;Hii Ha [=(a, ~); qepTa 
03Ha'IaeT OIIepau;nro KOMIIJieKcrroro coIIpHmeIIHH. 

JieaaH qacTb BCHKOro c. A· y. l (y)=O eCTb cyMMa Bbl-
pameHHH BHp;a 

l2m (y) = (pmy<m>)<m>, 

Z2m-1 (Y) =+ [(iqmy<m-l>)<m>+(iqmy<m>)<m-1>], 
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rp;e pm (t)' qm (t) - p;e:iiCTBHTeJibH03Ha'1IBhle AOCTaTOqHo 
rJiap;KHe <PYHKIJ;HH, t"2= -1. c. ;rt. y. c p;eHCTBHTeJibHbIMH 
Koa<P<Pnu;neHTaMH - 06.irnaTeJibHO qeTHoro IlOPHAlrn H 
HMeeT BHIJ; 

(poy<m>) <m>+ ... +(pi.y<m-kl) <m-k>+ ... +PmY=O 

(cM. [1) - [3)). 
JI1rne:iiHaJ'I CHCTeMa Alil<P<Pepeuu;n:aJibHhIX ypaBHeHHH 

L (x)=O, L (x)=x+A (t)x, tEI, 

c HerrpephIBHOH KOMI1JieKCH03HaqHOH ( n x n )-MaTpnu;e:il: 
A (t) Haa. c a M o c o u p H m e H H o ft, ecJIH A (t)= 
= -A* (t), rp;e A* (t)-apMHToao conpRmeHHaH MaTpH
u;a K MaTpn:u;e A (t) (cM. [1], [4)). :ho oupe11;eJieHne He 
coraacoaaHo c oupe@aeuiaeM C. A· y. Harrp., cHcTeMa 

X1-X2=0, x2+P (t)xi=O, 

aKBiaaaaeHTHaH C. A· y. 

ii+P (t) y=O, 

- caMOCOilpl'lmeHHaH TOJibKO B TOM CJiyqae, ecm1 p (t)=1. 
HpaeaaH 3a)l;aqa 

l (y)=O. tEL\.= !to, tr), 

Ui.(Y)=O, k=1, ... , n, 

(1) 

(2) 

rp;e Uk : c<n) (L\.) -+- IR.l - JIHHeHHhle H JIHHeHHO He3a
BHC!i1Mhl0 <PYHKIJ;HOHaJihl, OI1HChIBa101u;n:e Kpaeahle YCJIOBHH, 
Ha3. c a M 0 c 0 I1 p H 11\ e H H 0 ii, eCJIH OHa COBilap;aeT co 
caoeii: corrpHmeHHoii Kpaeao:il: aai:1aqeii, TO eCTb (1) -
C. A· y., a Uk(y)=Ui;(y) /];JIH Bcex y(-)ECn(L\.) H acex 
k=1, ... , n (cM. [1] - [3], [5)). EcJIH (1), (2) - cai.mco
Dpl'lr.l\eHHaH KpaeBaH 3a):laqa, TO crrpaBejl,JIHBO paBeHCTBO 
(cM. I'puna rfiop.My.n,bi) 

rt, ~l (y) at= rt, rm ydt 
J t. J t. 

AJIH mo6oii: uaphl <PYHKu;n::il: y(-), ~(-)ECn(L\.), YAOBJieT
aopmom.en KpaeBhIM ycJioBHHM (2). 

Bee co6cTBeHHhle aHaqeHHH caMocoup.11meHHoii 3ap;aqn: 

l(y)=/..,y, Uk(y)=O, k=1, ... , n, 

;a;eiiCTBHTeJibHhl, a co6CTBeHHhle <PYHKIJ;HH <pl, <r2, OTBeqa10-
1IJ;He pa3JIHqHhIM co6CTBeHHhIM 3HaqeHHHM /..,1 , /.., 2 , opToro
HaJibHhl 

r t, cr1 (t) l'.p2 (t) at= o. J t. 
JI:irneii:Hal'I KpaeaaJ'I aajl,aqa 

L(x)=_;;+A(t)x=O, U(x)=O, tEL\., (3) 

rp;e A (t) - HerrpephIBHaH KOMI1JieKCH03HaqHaJ'I n X n MaT
pnu;a, u eCTb n-BeKTOP-<PYHKIJ;HOHaJI Ha IlpOCTpaHCTBe 

C~ (L\.) HeilpephIBHhIX KOMI1JieKCH03HaqnbJX <PYHKIJ;HH X : 

L\. - IR.n, Ha3. ca M 0 c 0 I1 pH me H H 0 ii:, eCJIH OHa 
coarrai:1aeT co caoeii: conpHmeHHo:il: Kpaeaoii: aap;aqeft, 

L*(x)=O, U*(x)=O, tEL\., 
T. e. 

L (x) = -L* (x), U (x) = U* (x) 

AJIH BCeX x (.) E c~ (L\.). Ca~wcoup.11meHHaH KpaeBaJ'I aap;aqa 
o6Jiap;aeT CBOHCTBaMH, aHaJiorn:qHhIMH CBOHCTBaM 3ap;aqn: 
(1), (2) (CM. [4)). 

IIoHHTHH C. p;. y. H caMocorrpHmeHHo:ii Kpaeaoii: 3ap;aqn: 
TeCHO CBH3aHhl c IlOHHTHeM caMocoupHmeHHOro ouepaTopa 
[6). C. A· y. H caMocoup.11meHHaH KpaeaaH aap;aqa oupe
p;eJIHIOTCH TaKme AJIH JIHHeii:Horo ypaBHeHHH c qacTHhIMH 
I1pOH3BO/];HhIMH (cM. [5), [7)}. 

JI um.: [1] Ha M K e S., CrrpaBO'IHHK no oo&rnHoBeHHhIM m11fl
lfiepem-1HaJihHhlM ypaBHeHHHM, nep. c HeM., 5 ua)l., M., 1976; [2] 
H a ll M a p K M. A.' JlHHeilHhJe ilH!filfiepeHI.{HaJibHble orrepaTOPbl, 
2HaA.,M.,1969;[3)Ho!lAHHrToH S. A., JieBHHCOHH., 

Teop1rn OOhlRHOBeHHhlX MlfilfiepeHI.{HaJJbHhJX ypaBHeHm'il, nep. c 
aHrJJ., M., 1958,[4) BJiaAHMHpOB B. C., YpaeHeHHHMaTe
MaTH'!eCROit lfiHaHRH, 4 Ha)l., M., 1981; [5] x a p TM a H <t>., 06bl
RHOBeHHhle AHlfilfiepeHI.{HaJibHhle ypaeHeHHH, rrep. c aHrJJ., M., 1970; 
[6] ,U a H lfi op A H., m Ba p u ,Um. T., JIHHeitHhle orrepaTophl. 
CrreKTpaJibHaR Teopua. CaMocorrpameHHhle orrepaTOPhI B rHJJbfiep
TOBOM npocTpaHCTBe, rrep. c aHrJI., '!. 2, M., 1966; [7] M H x alt
JI o e B II , ,llHlfilfiepeHuHaJibHhle ypaeHeHHR e '!aCTHhlX npoHaBO!l
HhIX, M., 1976. E. JI. Tonnoo. 

CAMOCOIIPHjKEHHOE JIHHEA:HOE IIPEOBPA30-
BAHHE - JIHHeiiHoe upeo6pa3oBaHn:e eBKJIHp;oaa HJIH 
YHHTapHoro upocTpaHCTBa, COBI1a)l;a10m.ee co CBOHM 
conpn:HCennbt.M .n,uneiinbt.M npeo6paaoeanue.M. B eBKJIHAOBOM 
IlpOCTpaHCTBe c. JI. Il. Ha3. TaKme c H M M e T p H q e c -
K HM, a B YHHTapHOM IlpOCTpaHCTBe - 3 p M HT 0 B hI M. 
Heo6xop;n:Moe n: p;ocTaToqHoe ycJioan:e caMocoupHmeH
uocTia JIHHeiiHoro upeo6paaoaaHHH KOHeqHoMepHoro upo
CTpaHCTBa COCTOHT B TOM, qTo ero MaTpnu;a A B I1pOH3BOJib
HOM OpTOHOpMn:poaaHHOM 6aan:ce coarrap;aeT c COilpHll\eH
HOH MaTpn:u;eii A*, T. e. HBJIHeTCH CHMMeTpn:q. MaTpnu;e:il: 
(a eBKJIHAOBOM cJiyqae) HJIH apMHTOBoii MaTpnu;e:il: (B YHH
TapHoM cJiyqae). Co6cTBeHHhle aHaqeHHH C. JI. u. p;eii:CTBH
TeJibHhl (p;ame B yun:TapHoM cJiyqae), a co6cTBeHHbie 
BeKTOpbl, OTBeqa10m.n:e paaJin:qm,rM co6CTBeHHblM 3Haqe
HHHM, opToroHaJibHbl. Jln:Heii:Hoe upeo6paaoaaHHe KoHeq
HoMepHoro upocTpaHcTBa L HBJIHeTCH caMocoup.11meHHblM 
Tor11;a H TOJibKO Torp;a, Korp;a B L cym.eCTByeT OpTOHOpMH
poaaHHblH 6aan:c, COCTOHm.Hii: H3 co6CTBeHHblX BeKTOpOB, 
H B 3TOM 6a3HCe 3aI1HCb1BaeTCH /];OHCTBHTeJibHOH p;n:a
roHaJibHOH MaTpHu;eii. 

c. JI. Il. A Ha3. He 0 T pH u; a Te JI b H bl M (HJIH I1 O
JI 0 11\ HT e JI b H 0 I1 0 JI y 0 I1 p e A e JI e H H bl M), 
ecJIH (Ax, x) ;;;;:. 0 AJIH JI106oro BeKTopa x, H u o JI o m n: -
T e JI b H o o u p e A e JI e H H bl M, ecJIH (Ax, x) > 0 
/];JIH JI106oro BeKTopa x =I= 0. ,11.JIH HeoTpnu;aTeJibHOCTH 
(IlOJIOll\HTeJibHOH oupep;eJieHHOCTH) HeK-poro c. JI. Il. B 
KOHeqHoMepHOM IlpOCTpaHCTBe Heo6XO/];HMO H /];OCTaTOq}JO, 
qT06b1 ace ero co6CTBeHHble 3HaqeHHH 6blJIH HeoTpnu;arnJib
Hbl (COOTBeTCTBeHHO IlOJIOll\HTeJibHbl) HJIH qTo6bl COOTBeT
CTBYIOm.a.11 eMy MaTpnu;a 6blJia IlOJIOll\HTeJibHO IlOJiyoupe
/];eJieHHoii: ( COOTBeTCTBeHHO IlOJIOll\HTeJibHO oupep;eJieH
Hoii:). B aToM cJiyqae cym.ecTByeT ep;HHCTBeHHoe HeoTpn:u;a
TeJibHoe C. JI. u. B, YAOBJieTBop.1110m.ee ycJIOBHIO B2= 
=A - KB a Apa TH bl fi Ko p e H b H3 C. JI. u. A. 

A. JI. Ouuiq,un. 
CAMOCOIIPHjKEHHblR OIIEPATOP, 3 p M H T 0 B 

o u e p a To p,- JIHHeHHblH ouepaTop A, oupep;eJieHHbiii 
Ha JI1rneiiHoM BCIOAY DJIOTHOM MHomecTBe D (A) rn:Jib6epTO
aa IlpOCTpaHCTBa H H COBI1ap;a10m.nii co CBOHM conpn:HCeH-
1/,hl.M onepamopo.M A, T. e. TaKoii:, qTo D (A)=D (A*) n: 

<Ax, y>=<x, Ay) 

/];JIH JII06blx x, yED(A). BcHKHH C. o. aaMKHYT H He p;o
uycKaeT pacrrrnpeHHH c coxpaHeHneM paaeHCTBa ( *) Ha 
6oJiee rrrnpoKoe, qeM D (A), JIHHeiiHoe MHoroo6pa3He, B 
cn:Jiy qero C. o. Ha3. TaKme r Hue p Ma Kc n: Ma JI b -
H bl M. 1Io3TOMY eCJIH A orpam1qeHHblll c. o., TO OH orrpe
p;eJieH Ha aceM upocTpaHCTBe H. 

Ramp;blll c. o. O/];H03HaqHo oupep;eJIHeT paa.!!O:HCenue eau-
1/,Ulfhl F'}..' -00 < '}.,,< 00; HMeeT MeCTO HHTerpaJibHOe upep;
CTaBJieHHe 

Ax=~:.., /..,dFJ.,x, 

rl{e HHTerpaJI IlOHHMaeTCH KaK CHJibHhIH upep;eJI HHTerpa
JibHhIX cyMM, AJIH Kamp;oro x ED (A) H 

D (A)= {xi~:.., /.., 2d<EJ..x, x> < oo}. 
CueKTp C. o. A He uycT n: JiemnT Ha p;eliCTBHTeJibHOii: 

ocn:. Kaa)l;paTn:qHaH <PopMa H (A)=(Ax, x), nopom,ri,err
Ha.11 c. o. A' p;eiiCTBHTeJibHa, qTo I103BOJIHeT BB8CTH IIOHH
THe no.n,oJ1Cume.!!bHOW onepamopa. 
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c IIOMOIIl,hIO c. o. OIIHehIBaIOTeH MHorne KpaeBhle 3aµ;aq11 TO B IIp0AIIOJIOil\0Hl1H, qTo f (x)cL (-oo' 00 ), np11MeHHH K 
MaTeMaT11q. «P113HKH. ypaBH0Hli!IO ( *) npeo6pa30BaHHe <l>yphe, noJiyqaIOT 

Jlum.: [1] JIJOcTepHHK JI. A., Co60J1eB B. H., 
F [fl=F [gJ+ Y2nF [fl F [K], 8J1eMeHTbl l!>YHKuHoHaJlbHOro aHaJ111aa, 2 11a11., M., 1965; [2] Ax H

e a e p H. H., r JI a a Ma lI H. M., Teopmi JIHHefiHhIX orrepaTo-
poa a rHJ1h6epT0BoM rrpocTpaHCTBe, M., 1966; [3] P 11 cc ct>., OTKY/J;a 
C e K e I!> a JI h a 11-H a 11 h B., JieKuHH no lj>yHKuH0HaJ1bH0My 
aHaJIH3Y, rrep. c lj>paHu., 2 11311., M., 1979. B. H. Co60Jle6. 

CAP)J;A TEOPEMA: nyeTh f : Af-'>- N - oTo6pameHHe 
KJiaeea er MHoroo6pa3HH M Ii! N pa3MepuoeTl1 m 11 n 
eooTBeTeTBeHHo; eeJI11 r >max (0, m-n), TO npumuitecr;ue 
ana'!enua f o6pa3yIOT MHomeeTBO Mephl HYJih. MHoil\eeTBO 
il\0 peryJIJipHhIX 3HaqeHHH oKa3hIBaeTeH MaeeHBHhIM 11 
Beroµ;y IIJIOTHhIM. YeTaHOBJieHa A. Capp;oM [ 1]. 

Jlum.: fl] SI! rd A., «Bull. Amer. Math. Soc.», 1942, v. 48, 
p. 883-90. M. H. Bou11exo•cnuii.. 

CBAJIAHCHPOBAHHOE KOJibD;O JI e B o e (n p a
B 0 e) - KOJlhll,O, Hap; K-phIM Bee Jl0Bhl0 (npaBhle) MOAYJll1 
c6aJiaHeHpoBaHhI. l\oJihll,O e6aJiaHe11poBaHo cJieBa Torp;a 
Ii! TOJlbKO TOrp;a, Korµ;a Bee ero «PaKTOpKOJlbll,a eyTh QF-1-
K 0 JI h II, a, T. e. Bee TOqHhI0 JieBhI0 MOAYJIH Hap; Hli!MH 
e6aJiaHe11poBaHhI. B qaeTHOeTH, IWJihll,O e6aJiaHeHpoBaHo, 
eeJIH Bee aTn «PaKTopKOJib'Il,a KBa311.ilipo6eHHycoBhI. BeHKoe 
c. K. pa3JiaraeTeH B IIpHMYIO cyMMY OAHOpHµ;Horo KOJlbll,a 
Ii! KOJiell, MaTplilll, Hap; JIOKaJibHhIMH KOJlbll,aMH ene11,HaJibHoro 
THIIa. Jlro6oe c. K. IIoJiyeoBepmeHHO. HeTepOBO c. K. 
OKa3hIBaeTeH apTHHOBhIM. 

Jlum.: ill HTorH HayKH 11 TeXHHKH. AJ1re6pa. TorroJ1orHJI. 
reoMeTPHff, T. 19, M., 1981, c. 31-134; [2] <I> e tt c H., Ameopa: 
KOJlbua, MOllYJIH H KaTeropHH, rrep. c aHrJI., T. 1-2, M., 1977-79. 

JI. A. Cnopwmo•. 
CBAJIAHCIIPOBAHHblll MO)J;Y Jib - MOAYJib 

M Ta1wii:, qTo eeTeeTBeHHhIH KOJihll,eBoii: roMoMop.iPH3M 
cp : R--'>- EndEnd MM, B eJiyqae ITpaBoro MOAYJIH OIT-

R 
pep;eJIHeMhIH paBeHeTBOM cp (r) (m)=mr AJIH JII06hIX rER 
Ii! mEM, eIOp'heKTHBeH. Moµ;yJih p Hap; KOJibll,OM R OKa-
3hIBaeTeH o6pa3yIOIIl,HM KaTeropHH R-Mop;yJieii: Torµ;a H 
TOJlbKO Torµ;a, Korµ;a p eeTb c. M. KaK R-MOAYJih, ITpoeK
THB0H Ii! KO!IeqHo ITOpomp;e!I KaK EndRP-MOAYJih. 

Jlum.: !I] ct> e ii c JC, AJ1re6pa: KOJlbua, MOllYJIH 11 KaTeropHH, 
nep. c aHrJI., T. 1-2, M., 1977-79. JI. A. Cnop1i.llno•. 

CBEPTKA «PYHKil,HH f(x) H g(x), ITpHIIap;Jie
m a 111, H x L (-oo, oo ),- «PYHKil,HH h (x), oITpep;eJIHeMaH 
paBeHeTBOM 

h (x) = ~ : 00 f (x- y) g (y) dy = ~: ") ( y) g (x-y) dy 

II o6o3HaqaeMaH el!IMBOJIOM (/*g) (x). <l>yHKil,liIH f*g OITpe
µ;eJieHa IToqTH Beroµ;y H TamRe ITpHIIap;Jieil\HT L (- oo, oo). 
CBepTKa o6Jiap;aeT oeHOBHhIMH eBoii:eTBaM11 oITepall,HH yM
l;!OlReHHH, a li!M0HHO: f*g= g*f, 

(aif1+a2/2)*g=a1 U1*g)-j--a2 U2*g), a1, a2EIR, 
(f*g)*h = f*(g*h) 

)l;JIH JII06hlx Tpex «PYHKil,HH H3 L (- oo, oo). IlmnoMy 
L ( - oo, oo) e o6hlqIIhIM eJiomeHneM H yMHomeHHeM Ha 
qlileJio, e OITepa11,11eii: c. B KaqeeTBe YMHOate!IHH 3JieM0HTOB 
II3 L (- oo, oo) H e HOpMoii: 

11 I II= ~: 00 I I (x) I dx, 

ITpeBpam;aeTeH B 6anaxoey a.riee6py (ITpH TaKoiI HopMe 
llf* gll ...: 11/11 · llgll). EeJIH F [/] - ITpeo6pa30BaH11e l'.l>yphe 
«PYHKil,Hlil I' TO 

F lf*g] = Y2n F [fl F (g) 
H 3TO HeITOJlh3Y0TeH IIpH peIIIeHHH pHµ;a IIpHKJiap;!IhIX 3ap;aq. 

TaK, ecJIH 3ap;aqa eBep;eHa K HHTerpaJibIIOMY ypaBHeHHIO 
BHp.a 

f (x)=g (x)+ ~:.,, K (x-y) f (y) dy, 

g(x)EL2(-oc,oo), K(x)EL(-00,00), 
1 

sup IF [K] (x)] ~v-, 
x 2n 

F - F [g] 
[fl - 1 - V 2n F [K] 

II o6paTHOe ripeo6pa3oBaHHe l'.l>yphe npHBO)l;HT K pemeHIIIO 

f (x\=_!__ I°" F [g] m e-i1;x d\; 
V2nJ-oo 1-V2nF[KJ((;) 

ypaBH0HliIH ( *). 
CBolieTBa C. «PYHKil,HH Haxop;HT BalRHhle npnJiomeHHH B 

TeopHII BepOHTHoeTeii:. EeJIII f (x) II g (x) HBJIHIOTeH IIJIOT
HoeTHMH BepOHTHOeTH He3aBHeli!MhIX eJiyqafiHhIX B0JIIIqli!H 
X Ii! Y, TO C. (f>1<g)x eeTh IIJIOTHOCTh BepoHTHOeTII eJiy
qafiHoH B0Jllilqli!Hhl x + y. 

OITepa11,1IH C. paeITpoeTpaHHeTeH Ha o6o6utenn&ie rfjynn
lfUU. EeJIII f Ii! g - 0606111,eHHhle «PYHKil,HH, H3 K-phlx no 
Kpaii:Heii: Mepe op;Ha liIM0eT KOMITaKTHhIH HOeHTeJih, H cp (x) 
ITpHHa)l;JI0)KHT npoeTpaHeTBy oeHOBHhIX «PYHKil,HH, TO f*g 
onpep;eJIH0TeH paBeHeTBOM 

<f*g, cp)=<f(x)Xg(y), cp(x+y)), 

rµ;e f (x) x g (y) - npHMoe npOH3B0A0HHe 0606111,eHHhIX 
«PYHKil,lilll f Ii! g, T. e. «PYHKil,lilOHaJI B npoeTpaHeTB0 oeHOB
HhIX «PYHKil,li!H ABYX He3aBHeHMhIX rrepeMeHHhIX TaKoii:; qTQ 

def 
<f(x)Xg(x), u(.r, y))=<f(x), <g(y), u(x, y))) 

p;JIH JII06oiI «P11HHTHofi 6eeKoHeqHo AH«P«PepeHil,HpyeMoiI 
.iliYIIKil,liIII U (x, y). 

c. 0606II1,eHHhIX «PYHKil,li!H TaKlRe o6Jiaµ;aeT eBoHeTBOM 
KOMMyTaTHBHOeTH, JIHH0llHOeTH ITO Kamp;oMy apryMeIITy, 
a eeJIH ITO KpaiIHeii: Mepe AB0 lil3 Tpex 0606111,eHHhIX cpyHKil,liIH 
HMeIOT KOMIIaKTHhI0 HOeHT0JIH, TO Ii! eBoii:eTBOM aeeo11,11aTHB
HOeTH. CnpaBep;JIHBhI paBeHeTBa: 

Da (f*g) = Daf*g = f*Dag' 

rµ;e D oITepaTop µ;mp«PepeH11,HpoBaH11H 11 a - Jiro6oii 
MYJihTHHIIAeKe, (Da{j)*f=Daf, B 'laeTHoeTH {j*f=f, rµ;e 
{j - µ;eJibTa-ljiyHKil,HH, H eeJIH fn, n=1, 2, ... ,- 0606meH-
1Ihle ljiyHKil,lillil TaKne, 'ITO f n - fo Ii! eym;ecTByeT KOMIIaKT 

K:::::isupp/n, n=1, 2, ... , 
TO 

f n*g ~ fo*g. 

HaK0He11,, eeJIH g - ljJHIIHTHaJI o6o6m;eHHaH «PYHKil,HH H 
f - o6o6m;eHHaH «PYHKil,HH Mep;JieIIIIoro poeTa, TO K f*g 
npHMeIIHMO npeo6pa3oBaIIHe l'.l>ypbe Ii! e!IOBa 

F it*gJ = Vzn F in F [gJ. 

c. 0606II1,eHHhIX «PYIIKil,HH IIIHpOKO HeITOJlh3yeTeH ITPH pe
IIl0HHl!I KpaeBhix 3aµ;aq p;JIH ypaB1IeH11i'1 e 'lacTHhIMH ITpOH3-
BOAIIhIMH. TaK, HHTerpaJI IlyaeeoIIa, Han11eaIIHhIH B Blilil,0 

1 
U (x t)=µ (x)*~e-x2;4t 

' 2 Vnt ' 

µ;aeT peIIIeHHe ypaeIIeHHH TenJionpoBOAIIOeTII p;JIH 6eeKo
IIe1IHOro eTepmHH, Korp;a HaqaJILHaH TernrnpaTypa µ (x) 
MomeT 6hITh IIe TOJihKO o6bl1IHoii., HO H 0606111,eHIIo.!1 «PYHK-
11,H0H. 

IloHHTHe c. KaK o6hI1IIIhIX, TaK H 0606111,eIIHhIX ljiyIIKil,HlI 
eeT0eTBeHHhlM o6pa30M ITepeHoeHTeH Ha eJiyqafi «PYHKil,lilll 
MHOrHX H03aBHeli!Mh!X ITepeMeIIHhIX: Hap;o B npeAhIAYIIl,eM 
e1IHTaTb x, y He p;eii:eTBIITeJibHblMII q11eJiaMH, a B0KTopaMH 
lil3 !Rn. 

Jlum.: [1] B JI a 1111 M J11 po B B. C., YpaatteHHff MaTeMaT11qec
Kofi lj>11:aJ11KH, 4H~)( .. M., 1981; [2) re JI h cjJ a H ll I1. M., Ill H JI 0 B 
r. E., 0606ll\eHHbie WYHKuHH H 11efiCTBHH Hall HllIMH, M., 1958; 
[3] T 11 T q Map m E., BaeneHHe B Teop11ro HHTerpaJ10B <I>yphe, 
rrep. c aHI'JI., M.- JI., 1948. B. H. Co60J1e•. 
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CBEPTRA TEH30P A - oneparvrn TeH3opHoii: aJire6phl, 2) ecmr 

cTaBHrrra.11 B cooTBeTCTBHe Teuaopy ai: ··· i.P, p;;;;, 1, Anv+i-Anv > 0vA.nv• lim0v =+oo, 
q;;;;, 1, TeH30p It··· lq V-+oo 

; ,· l i· 1· o 1• 1• • • TO TIOCJierroBaTeJihHOCTb {Snv (z)} CXOTTHTCH paBHOMepHO B 
b .. ··· P =a. '···. P +a~'···. P +· +a~'···: 1P " " 

j 1 ... j q - I I 1 ••• I q -11 It ... I q- I 2 • . / 1 ••• I q - In mo6oii: 3aMKHYTOH orpaHnqeHHOH qacrn: o6JiaCTH cyrrre-
CTBOBaHHH lf>YHKI~HH f (z). 

=a ai, ... ip 
;, ... iq-la 

(ap;eCb CBepTKa npOH3BOAHTCH no nape HH"{J,eKCOB ii, iq). 
AuaJiorn~o oTipe"{J,eJIHeTCH C. T. no Jiro6oii: nape sepxHe.ro 
H HHiKHero HH"{J,eKCOB. p-KpaTHaH C. T., p pa3 KOBapnaHT
rroro Hp pa3/IWHTpasapHaHTHoro, HBJIHeTCH HHBapHaHTOM. 

TaK, C. T. aj eCTh "!fHBapnaHT .aL Ha3hlBaeMhlii: c JI e Ao M 

T e H 3 o p a Sp(aj), HJIH tr aj. CsepTKOii: nponasep;ellHH 
ABYX TeH30pOB Ha3. CBepTKa HX npoH3Be"{J,eHHH !IO Bepx
HeMy HH"{J,eKCY OJJ;HOro COMHOll\HTeJIH H HHll\HeMy HHp;eKcy 
"P,pyroro. A. B. Heanoe. 

CBEPTRII IIPEOBP A30BAHHE - llHTerpaJihHoe Tipe
o6pa3oBaHHe BH"{J,a 

F (x) = ~: 00 G (x-t) f (t) dt. 

Cl>yHK~HH G(x) Ha3. HA po M C. TI. ,AJIH oTipe"P,eJieHHhlX 
THTIOB H"P,ep G TIOCJie COOTBeTCTBYIOIIIIIX 3aMeH TiepeMeH
HblX C. TI. Tiepexop;HT B O/J;HOCTopoHHee JI an.1iaca npeo6pa
aoeanue, Cmu.ttmbeca npeo6paaoeanue, Meuepa npeo6pa
aoeanue. 06parrreHHe C. TI. ocyrrreCTBJIHeTCH JIHHeii:HhlMH 
p;nlf>lf>epeH~HaJibHhlMll oTiepaTOpaMH 6ecKoHeqrroro TIOPH"P.
Ka, HHBapHaHTHhlMH OTHOCHTeJihHO CABHra. 

c. TI. BBe"{J,eHo TaK;Ke AJIH HeK-pbIX KJiaCCOB o6o6rrreHHblX 
lf>yHK~Hii: (CM. [2]). 

Jlum.; [1] XHPIIIMaH H. H., YHnnep )];. B., Ilpeo6-
pa30BaHHfl THIIa ceepTRH, rrep. c aHrJJ.' M.' 1958; [2] B p hi q
R 0 B IO. A.' II p y n H H R 0 B A. II.' HHTerpaJJhHble rrpeo6pa-
30BaHHfl o6o6rueHHhlX ll>YHRI1HH, M., 1977. 

10. A. Bp•<'lnoe, A. II. IIpyanunoe. 
CBEPXPA3PEIDIIMAH rPYIIIIA - rpyTITia G, 06-

Jia"{J,arorrraH KOHe~hIM HllBapHallTllbIM PHAOM TIOp;rpyTITI 

G=Ao = A1 = ... = Ar=1, 

B K-poM Kamp;aH lf>aKToprpyTITia A i-rl A; ~llKJillqrra. 
BcHKaH C. r. HBJIHeTCH n0.ttuz+un.1tu'lec1wu zpynnou. IIop;
rpyTirrhl H lf>aKToprpyrrrrhI C. r. TaKme csepxpaapelllHMhl, 
KOMMYTaHT c. r. HHJibTIOTeHTeH. I\oHeqHaH rpyrma HBJIH
eTCH c. r. TOr"{J,a H TOJibKO TOr"{J,a, KOr"{J,a BCe ee MaKCHMaJib
Hhle Tiop;rpyTITihl HMeroT TipoCThle HH"{J,eKChl ( T e o p e M a 
x y TI TI e p Ta). H. H. BU.ttMMC. 

CBEPXPEJIAKCAIJ;IHI METO)];, rr o c JI e A o B a-
T e JI h H o ii: B e p x rr e ii: p e JI a K c a ~ H H M e
T 0 "[I,,- MeTOA pellleHHH CHCTeM aJire6panq. ypaBHeHHii:. 
CM. Pe.ttancaz+uu Memoo. 

CBEPXCXO)];IIMOCTb - cxOAJIMOCTh HeK-poii: TIOATIOC
Jie"{J,osareJihHOCTH qacTHhlX cyMM pHp;a B o6JiaCTH, 6oJib
llle:f'r, qeM o6JiaCTb CXOAHMOCTH pHp;a. l1MeIOT MeCTO CJie
AYIOIIIlle T e 0 p e M bl 0 c B e p x c x 0 A H M 0 c T n: 

1) eCJIH B CTeTieHHOM pH"P,e 

f (z) = ,,oo a z7'.n 
£.Jn=l n 

c pa"{J,nycoM cxo"{J,HMoCTH R, 0 < R < oo, TIOKa3aTeJIII 
'An TaKOBhl, qTo IJ;JIH 6ecKoHeqHoro MHomecTBa 3HaqeHHii: 
nv nrr"{J,eKca n 

Anv+r -'Anv > 0'Anv• 

rp;e 0 - qmKCHpOBaHHOe IIOJIOll\JilTeJibHOe qJilCJIO, TO IIO
CJie/J;OBaTeJibHOCTb qacTHblX cyMM rropH"{J,KOB nv 

Sn (z)= '\.,nv amz7'.m, V=1, 2, .. ., 
v £.Jm=l · 

CXOT\HTCH pasno:1rnprro B "[J,OCTaTO'IHO MaJIOH OKpecTHOCTH 
Kamp;oii TOqKJiI Zo OKpymHOCTH lzl=R, B K-poii: cyMMa 
pH)J.a f (z) peryJIHprra; 

MMeeT MecTo H CJie"{J,yrorrraH TeopeMa (o6paTHaH nepsoii: 
TeopeMe): eCJIH y CTeneHHoro pHJJ;a 

f (z) = ~:= 0 anzn 

c pa"P,nycoM cxop;HMOCTH R, 0 < R < co, HMeeTCH TIO"P,
TiocJiep;osaTeJihHOCTh qacTHblX cyMM, K-paH paBHOMepHO 
CXOIJ;JilTCH B HeK-poii: OKpeCTHOCTH TOqKH Zo, lzol ;;;;, R' 
TO p;aHHblii: CTeTieHHoii: pHi:i; MomeT 6b!Th Tipep;cTaBJieH 
cyMMoii: pHp;a c pap;nycoM cxop;HMOCTH, 66JibIDHM R , H 

.ttanynapnozo cmenennoao paoa 

1;:=t dnz7'.n, Ank+ 1 -'Ank > 0'Ank• k=1, 2, ... ; 0 > 0. 

IlepBhle TeopeMbl BepHbI H AJIH MHOrHX "P,pyrnx pHIJ;OB, 
B qacTHOCTH AJIH pHp;os ,AnpnxJie. 

Jlum.: [1] B H 6 e p 6 ax JI., AHaJIHTH'leCROe rrpO)IOJJlReHHe, 
rrep. c HeM., M., 1967; [2] r 0 JI y 3 H H r. M., reoMeTPH'IBCRaf! 
TeopHfl l!>YHRI1Hil: ROMIIJJeRcHoro nepeMeHHoro, 2 Han., M., 1966; 
[3] JI e 0 HT be B A. <I>., Pflnhl 8RCIIOHeHT, M., 1976. 

A. <P. JleoHmM•. 
CBEPX3<1><1>ERTHBHAH OD;EHRA, c y TI e p a lfi-

lfi e K T H B H a H 0 ~ e H K a, - o6rrreTipHHHTOe COKpa
rrreHHe TepMHHa «CBepxalf>lf>eKTHBHaH (cyTiepalf>lfieKTHBHaH) 
fiOCJiep;oBaTeJibHOCTb o~eHoK», YTIOTpe6JIH0Moro IIO OTHO
meHHIO K COCTOHTeJihHOH IIOCJiep;oBaTeJihHOCTH aCHMTITO
TJilqeCKJil HOpMaJihHhlX o~eHOK H0H3B0CTHOro napaMeTpa, K
paH HBJIHeTCH 6oJiee alf>lf>eKTllBHOH, qeM COCTOHT0JibHaH TIO
CJI0/J;OBaT0JibHOCTb 0~0HOK MaKCHMaJibHOro TipaB)l;OTIOA06HH. 

II YCTb X 1 , X 2,. • ., X n - H03aBHCHMhle OIJ;HHaKOBO 
pacTipep;eJieHHhle CJiyqaftHhle BeJIJilqHHhl, TipHHHMarorrrne 
3HaqeHHH B Bhl6opoqHoM rrpocTpaHCTBe (l', :fa, Pe), 
0 E 0, H TIYCTb ceMeii:CTBO paCTipep;eJieHJilll {Pe} TaKOBO, 
qTo cyrrreCTBY0T COCTOHT0JihHaH TIOCJie"[J,OBaTeJihHOCTb 

{Sn} o~eHoK Sn=Sn(X1, .. ., Xn) MaKCHMaJibHoro rrpas
p;oTiop;o6HH TiapaMeTpa 0. ,AaJiee, TIYCTb {T n} - TIOCJI01J;O
BaTeJihHOCTb aCHMTITOTHqecKH HopMaJihHhlX o~eHoK T n= 
= T,,(X1 ... , Xn) TiapaMeTpa 0. ECJIH TIPH BCeX 0E0 

lim Ee [n (Tn-0)2)..;;;; 1 ~SJ, 
n->-ao 

rii;e I (0) - HH!fiopMa~noHHoe KoJinqecTBo Cl>nmepa, 
11, KpoMe Toro, XOTH 6bl B op;Hoii: ToqKe 0*, 0* E 0, Bhl
TIOJIHHeTCH CTporoe HepaBeHCTBO 

lim Ee• [n (T n-0•)] < 1 /e•), 
n->-OD 

TO TaKaH IIOCJI0/J;OBaTeJihHOCTb o~eHOK {T} Ha3. c B e p x -
3 «I> qi e K T Jil B H 0 ii: (c y TI e p 3 «I> «I> e K T II B H 0 ii:) 
OTHOCJilT0JibHO KBap;paTHqHo:ii: lf!YHK~HH IIOTepb, a TOqKJil 
0*' B K-pb!X BbITIOJIHHeTCH (*), Ha3. TOqKaMll c y TI e p 3 qi -
qi e K T Jil B H 0 CT H. 

Jlum.: [1] H 6 par HM 0 B n:. A., x a c b M H H c RH ii: 
P. 3., ACHMIITOTH'lecRafl TeOpHfl 011emrnaHHfl, M., 1979; [2] 
III Me TT e pep JI., BeeneHHe e MaTeMaTH'!ecHy10 cTaTHCTHHy, rrep. 
c HeM., M., 1976; [3] Le Cam L., «Univ. California . Pub!. 
Stat.», 1953, v. 1, p. 277-330. M. C. HunyAun. 

CBOBO)];HAH ABEJIEBA rPYIIIIA - rpymra, CB0-
6op;HaH B MHoroo6paa1111 acex a6eJieBhlX rpyrrTI (CM. Ceo-
60011,aa a.ttae6pa). IlpJIMhle cyMMbl (B KOHe'IHOM HJIH 6ec
KOHeqHoM qHCJie) 6eCKOHeqHblX ~llKJIHq. rpyrrTI II TOJibKO 
OHll HBJIHIOTCH CBo6op;HbIMll rpynrraMH B KJiacce a6eJieBhlX 
rpyJITI. IlpH 3TOM COBOKYTIHOCTb o6paayrorrrHX 3JieMellTOB 
acex ~HKJIHq. TIPHMblX CJiaraeMhlX CJIYiKHT CllCT0MOII 
cso6op;HhlX o6paayrorrrHx (Ha3blBaeMo:ii: TaKIBe 6 a a o ii:) 
c. a. r. He BCHKaH MaKCHMaJibHaH JIHHeHHO He3aBHCHMaH 
CHCTeMa 3JieMeHTOB c. a. r. CJIYll\HT AJIH Hee 6aao:ii:. c. a. I'. 
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H30Mop«J>Hhl TOrp;a H TOJlbKO TOrµ;a, KOI')'l;a FIX 6a3bI paBHO
MO~hl. MoII1HOCTb 6a3bl c. a. I'. COBrraµ;aeT c paHI'OM 
Ilp!O«J>epa 3TOH rpyrrrrhl. BCHKaH rrop;rpyrrrra C. a. r., OT
JrnqHaJI OT HYJ1eaoil:, caMa cao6o,wrn. A6eJ1eaa rpyrrna 
cao6op;Ha Torµ;a n TOJlhKO Torp;a, Korp;a OHa 06J1ap;aeT 
Bo3pacTaIOII111M pHp;oM rroµ;rpyrrrr (cM. lloazpynn paa), 
Kamp;hll'i: «J>aKTop K-poro 1130Mop«J>eH 6ecKoHeqHoil: 11,11KJ111q, 
rpyrme. 

Jlum.: 111 Hypo m A. r., TeopnH rpyrrrr, 3 nan., M., 1967; 
i2] H a p r a II 0 JI 0 B M. H., M e p 3 JI lI K 0 B IO. II.' Ocrro
BDI Teop1rn: rpyrrrr, 3 nan., M., 1982. 0. A. Heauoea. 
CBOBO~HAH AJirEBPA K JI a cc a sr YHllBepcaJlb

HhlX aJ1re6p - aJ1re6pa F 113 KJ1acca Sf, 06J1ap;a10ll1aH 
cao6op;Hoil: nopomp;a10II1,eil: c11cTeMoii 
(llJlll 6 a 3 0 ii:) x, T. e. TaKllM MHOil\eCTBOM rropomp;a!O
II111X x' qTO BCJIKoe OT06pamea:11e MHOil\eCTBa x B JII06yIO 
aJ1re6py A H3 sr npop;OJlil\aeTCJI AO I'OMOMop«J>113Ma aJ1re6-
phl F B A (cp. C1Jo6oauaa a.rize6pau'iecnaa cucme.Ma). C. a. 
06J1ap;aeT J1106oii: HerrycToii: KJlacc aJ1re6p, 3aMKHYThlii: 
OTHOCHTeJlbHO nop;aJ1re6p II rrpHMbIX npoH3Bep;eHllH II 

cop;epmall111ii: Heop;HoaJ1eMeHTHhle aJ1re6phl. B qacTHOCTll, 
C. a. acerp;a cyIIl,ecTByeT B HeTp11a11aJ1bHhlX MHoroo6pa311Hx 
H KBa3HMHoroo6pa311JIX YHHBepcaJlbHhlX aJ1re6p (cM. 
YnuBepca.ribnwx a.rize6p .Mnozoo6paaue, A.rize6pau'iecnux 
cucme.M n1Jaau.Mnozoo6paaue). C. a. KJ1acca, cocTOHII1ero H3 
acex aJ1re6p p;aHHoii: cnrHaTyphl Q, Ha3. a 6 co JI IO TH o 
c B o 6 o ,o; H o ii:. AJ1re6pa A cnl'HaTyphl Q JIBJIJieTCJI C. a. 
HeK-poro KJlacca y1rnaepcaJ1bHhlX aJ1re6p cnrHaTyphl Q 
Torp;a H TOJlbKO TOrp;a, Korp;a A B H y T p e H H e c B 0 -
6 0 p; H a, T. e. 06J1ap;aeT TaKllM nopomp;a!OII1HM MHOil\eCT
BOM x, qTQ BCJIKOe OTo6pameHne x B A npop;OJIIBaeTCJI 
p;o 3Hp;oMop«J>n3Ma aJ1re6phl A. EcJ1n C. a. 06J1ap;aeT 
6ecKoHeqHoil: 6a3oil:, To ace ee 6a3bI nMeIOT op;Hy n TY· me 
MO~OCTh (cM. C1Jo6oauaa a6e.rie1Ja · zpynna, C1Jo6oauaa 
a.rize6pa Hap; aCCOil,l<IaTlIBHO-KOMMYTaTllBHhlM KOJlbUOM, 
C1Jo6oauaa acco1fuamu1Jnaa a.rize6pa, C1Jo6oanaa 6y.rie1Ja 
a.rize6pa, C1Jo6oauaa zpynna, C1Jo6oauaa no.riyzpynna, C1Jo-
6oauaa pememna, C1Jo6oaublu zpynnoua, C1Jo6oaublu .Moay.rib, 
a TaKme C1Jo6oauoe npoua1Jeaeuue). HcHo, qTo Kamp;i,1ii: aJ1e
MeHT C. a. c 6a3oii: X aarrnchlBaeTCJI KaK cJ10Bo B aJ1«J>aanTe 
X B cnrHaType paccMaTpnaaeMoro KJlacca. EcTeCTBeH aorr
poc: Korp;a pa3Jlllqffhle CJIOBa paBHhl KaK aJ1eMeHThl C. a.? 
B HeK-phlx cJ1yqaJIX oTBeT noqT11 TpnanaJieH (rroJ1yrpyrrnhl, 
KOJlbII,a, rpyrrrri,1, acco11,naT11BHhle aJ1re6phl), B p;pyrnx -
,!l;OCTaTOqHo CJIOil\eH (aJ1re6ph1 Jl11, perneTKll, 6yJ1eBh1 aJl
re6phl), a HHorp;a II He no.r:1p;aeTcJI perneHn!O (aJlbTepHaTnB
Hhle KOJlbII,a). JI. A. Cnop'li.fl>WB. 
CBOBO~HAH AJirEBPA Hap; accou,11aTnBHo-KoMMy

TaT11BHhlM KOJlbII,OM <I> - CBo6op;HaJI aJ1re6pa MHoroo6pa-
3HJI aJ1re6p Hap; <I> (cM. Ho.rtblfa u a.rize6pbl). :3J1eMeHTaMn 
TaKOH c. a. co CBo6op;HOH rropomp;a!OIIl,eil: CllCTeMOH x 
cJlyil\aT JIHHeHHbie KOM611Hau,nn 3JleMeHTOB C606oauozo 
zpynnouaa co cao6op;Hon rropomp;a10II1,eii: cncTeMoil: X c 
Koa«J>«J>nu,neHTaMn na <D. /];pyrnM11 CJloaaMn, 3Ta C. a. JIB
JIHeTcJI c1Jo6oauw.M Moay.rie.M Hap; <D c ah!rneynoMJIHYThlM 
rpyrrrro11p;oM B KaqecTBe 6aahl. EcJ1n <D - KOJlbII,O n,eJlhlX 
qnceJI, TO c. a. Hap; <D Ha3. c B 0 6 0 AH hi MK 0 JI b II, 0 M 
(cp. C1Jo6oauaa acco1fuamu1Jnaa a.rize6pa). HeHyJ1eaaJI 
nop;aJ1re6pa C. a. Hap; noJ1eM <D caMa JIBJIJieTCJI C. a. 

JI. A. Cnop'li.flnoe. 
CBOBO~HAH AJirEBPAJlqEcKAH CIICTEMA 

cao6op;HhlH o6'beKT B HeK-poM KJiacce aJ1re6pa11q. c11cTeM. 
IIycTb sr - HerrycToii: KJlacc aJ1re6pa11q, CllCTeM (cM. 

A.rize6pau'iecnux cucme.M n.riacc). CncTeMa F Ha3. c Bo 6 op;
H O H B K JI a C C e Sf, llJlll Sf-c B 0 6 0 A H 0 H, eCJIH OH a 
np11Hap;J1eIBHT KJ1accy Sr n o6Jiap;aeT TaK11M MHomecTaoM 
X rropomp;aIOII111X, qTo BCHKoe oT06pameH11e cp0: X ._,.A 
MHOil\eCTBa X B J1106y10 CllCTeMy A 113 .\l' rrpop;OJiil\aeMo p;o 
roMoMop«J>n3Ma cp : F-+ A. B 3TOM cJiyqae roaopHT TaKarn, 
qTO F c B o 6 o A H a H a µ; X B K JI a c c e .It. MuomecTBO 
rropomp;alOIIl,IIX X c Tamm cHoiicTHm1 11a3 . .\T-e n o 6 o /( -
H hi M 6 a 3 H c 0 M c ll e T e M bl F, a ero ~IOll~HOCTb -
p a H I' 0 M C H C T e M bl F. Sf-CB060jJ.Hhle CHCT0Mbl Oj!.HOI'O 

11 Toro me paHra II30Mopifini,1. Ecmi KJ1acc .R' 06J1ap;aeT 
CB060p;HOM CllCTeMOM paHra r, 'fO BCJIK3JI CllCTeMa H3 Sf, 
p;orrycKaIOII1aH rropomp;a10II1ee MHomecTBO Mo~oCTll _ <.r, 
JIBJIJieTCJI ee roMoMopljJHblM o6paaoM. Sf-cao6oµ;Hblii: 6aa11c · 
x Sf-cao6owrnii CHCTeMbl JIBJIJieTCJI II ee MHHllMaJlbHblM 
rropomp;a!OII111M MHOil\eCTBOM, II03TOMY eCJIH KJlacc Sf 06J1a
p;aeT na0Mop«J>Hb1M11 cao6op;Hb1MH c11cTeMaMn F n F' paa
JlllqffblX paHI'OB r II r'' TO o6a Kapp;HHaJla r II r' KOHeqffbl. 

RJ1acc aJ1re6pa11q, CHCTeM Ha3. T p H B H a JI b H bl M, 

HJIH B bl p 0 ii\ A e H H bl M, eCJIH B Kail\p;OH ero CHCTeMe 
HCTHHHO TOil\p;eCTBO x=y, T. e. ace ero CllCTeMbl op;HmlJle
MeHTHbl. B rrpoTHBHOM CJlyqae KJlacc Ha3. H e T p H B II -

a JI b H bl M, llJlll H e B bl p 0 ii\ A e H H bl M. B9 BCJIKOM 
Heablpomp;eHHOM KaaanMHoroo6paa1111 (MHoroo6prann) aJ1-
re6pa11q, cncTeM (cM. A.rize6pau'iecnux cucme.M n1Jaau.Mno
zoo6paaue, A.rize6pau'iecnux cu.cme.M .MUozoo6paaue) cy
IIIecTByeT C. a. c. J1106oro paHra. BcJIKllH Bblpomp;eHHblH 
KJlacc aJ1re6panq, cncTeM 06J1ap;aeT TOJlbKO cao6op;Hoii: 
CllCTeMOH paHra 1. 

II YCTb KJlacc sr 06J1ap;aeT cao6oµ;HblMH CllCTeMaMll 
Fi II Fk KOHeqHhlX paHI'OB l II k COOTBeTCTBeHHO H k < l. 
ll30Mop«J>naM F,,;~Fi HMeeT MeCTO Torp;a H TOJlbKO TOI'iJ.a, 
Korµ;a cyll1eCTBYIOT TaKne TepMbl 

Si(Xi, ... , Xk), i=1, ... , l, 

ti (xi, .•. , xi), j=1, ••• , k, 

B CllI'HaType KJlaCca Sf, qTo B KJlacce Sf HCTllHHhl TOiK,IJ;e-
CTBa 

s; (ti (x1 , ••• , x 1), ••• , tk (xi. ... , x1)) =X;, 

t1(si(x1, ... , xk), ... , s1(x1, ... , xk))=x1, 

rµ;e i=1, .. . , l, j=1, ... , k. EcJ1n me KJ1acc Sf co/:{epm11T 
KoHeqffyJO c11cTeMy A M01I~HOCTH ;;;,.2, TO Sl'-cao6op;Hble 
cHCTeMhl paaJ1nqHblX paHroa He H30Mop«J>Hbl. B qacTHOCTn, 
ao acex MHoroo'6paanJIX rpyrrrr, rroJ1yrpyrrrr, perneToK, 
accou,naTHBHhlX KOJleII, cao6op;Hble CHCTeMbl pa3JlllqHhlX 
paHl'OB He H30Mop«J>Hb1. c µ;pyroii: CTOpOHbl, B HeK-phlX 
MHoroo6pa3nJix Moµ;yJ1ei'1 (cM. C1Jo6oauuu .Moay.rib) ace cao-
6oµ;Hhle MOAYJIH KOHeqHoro paHra H30MopljJHbl. 

Cyll1eCTBYIOT TaKme MHoroo6paa11JI aJire6pawI. cncTeM 
KoHeqHoro Tnrra (cM. A.rize6pau'iecnaa cucme.Ma), B K-pblx 
ace c. a. c. KoHeqHhlX Jl3HI'OB 11301\IOpljJHhl MeJRAY. co6oii; 
Harrp., ~rnoroo6pa3ne ~1 • 2 aJ1re6p <A, cp1, cp2, w> T11rra 
< 1, 1, 2>, orrpeµ;eJ1JieMoe TOIB/:{eCTBaM11 

cp; (w (xi, x2 ))=,=xi, i=1, 2, 
W (cpi (x), cp2 (x)) =X. 

/];oKaaaHo (cM. [3]), qTo B MHoroo6paanJIX silm, n (1 <. 
<.m < n) aJ1re6p <A, cpi, ... , cpm w1, ... , wm> c 
m-apHblMH orrepan,nJIMn cp1,. .. , cpn 11 n-apHhlMll orrepa
II,llHMll W1, ... , (J) m' orrpeµ;eJIJieMblX TOJRp;eCTB3Mll 

cp;(w1 (x1, ... , Xn), ... , Wm(x1, ... , Xn))=x;, 
Wj(cpi(x1, ... , xm), ... , cpn (xi, ... , Xm))=x1, 

i=1, ... , n, j=1, ... , m, 

rrpn lji11Kc11poaaHHhlX m n n cao6op;Hble aJ1re6pbl KoHe'!l1blX 
paHI'OB k =I= l 1130MopljJHbl TOI'iJ.a H TOJlbKO Torp;a, Korp;a 

k=l(mod(n-m)), k~m, l~m. 

Cyll1eCTBYIOT yH11aepcaJ1I>Hbie KJ1accbl, He HMeIDII111e cao-
6op;HhlX CHCTeM. IIp11MepoM TaKoro KJlacca MOil\eT CJIYJRllTb 
KJiacc rpynrr, orrpeiJ,eJIJieMhlii y11naepcaJ1bHI>IMn ljiopMyJiaM11 

(x2 =1) V (x3 =1), xy=yx 

(KBaHTOpbl OIIYII1eHbl). YH11BepcaJ1bHblll KJiacc n, 06J1a
p;a!OII1Hll CB06op;HOH CllCTeMoii JII06oro KOHeqHoro paHra, 
HMeeT cao6op;Hble CHCTeMhl JII06blx paHI'OB. 

IIycTb L - coaMecTHoe MHomecTBO yHnHepcaJibHI>IX 
ljiopMyJI G(.x1, ... , Xn) BH/~a 

-]G1 V, •• V ']Gp V Gp+1 V ... V Gq, 
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rAe Gr, . •. , Gq - aTOMHhle tPOPMYJIIil cn:rHaTyphl Q. IIycTb 

ngG =Gr& ... & GP' 

foBOpHT' 'ITO ~ o6Jia}laeT r-n 0 A c T a H 0 B 0 q H bl M 
CBOHCTBOM (r;;;;. 1), ecJIH )J;JIH mo6o:il: «PopMYJihl G(x1 ,. •• , 

xn) H3 L H mo6hlx TepMoB 

ti (xi, ... , Xr), ... , tn (xr, ... , Xr) 

OT r nepeMeHHbIX x1 , ..• , x r aepHo yTaepm;rwmie: 

~ f- (Vx1) .•. (Vxr) ngG (t1, ... , tn) =;> 

;> (3i > P) L f- (Vx1) ..• (Vxr) Gi (t;, ... , tn)· 

B HeahlpoIBAeHHoM YHHBepcaJibHoM KJiacce [~], onpe)J;e
JIHeMoM MHoil\eCTBOM YHHBepcaJibHhlX «PopMyJI ~ ' CBo6o)J;
HaH cHCTeMa KOHe'lHoro paHra r ;;;;. 1 cym;ecTayeT TOrAa n 
TOJibKO Torp;a, Korp;a L o6JiaAaeT r-noACTaHOBO'lHhlM cao:ii:
CTBOM [ 4]. B lJaCTHOCTH, eCJIH BCe «PopMyJihl H3 ~ HecoKpa
THMhl H ~ COAepiHHT Il03HTHBHYIO «PopMyJiy 

(Vx1) ... (Vxr) Gi V ... V Gq 

c lJHCJIOM ,!IH3'hIOHKTHhlX lJJieHOB q ;;;;. 2, TO YHHBepcaJibHhlH 
KJiacc [ L l He HMeeT CB060,!1HhlX CHCTeM paHra n ;;;;. r. 
Iiarrp., KJiacc JIHHe:il:Ho ynopH,!IO'leHHhlX rpynn B cn:rHaType 
<.;;;;;, ·, - 1> He HMeeT C. a. c. paHra r;;;;. 2. 

Jlum.: [1] Ma JI hue B A. IL, AJ1re6pa11qec1rne cHcTeMbl 
M., 1970; [2] J,6 n s son B., Tarski A., «Math. Scand.>>° 
1961, v.9, p.95-101; E3J Swierczkowski S., «Fund'. 
Math.», 1961, v. 50, No 1, p. 35-44; [4] Gratz er G., «Math. 
Nachr.>>, 1968, Bd 36, H. 3/4, s. 135-1,0. P.. M. CMUpH08. 

CBOBO,D;HAH ACCOD;HATHBHAH AJirEBPA - aJI
re6pa k < X > MHoroqJieHoB (co cao6o}lHhlMH 'lJieHaMn:) 
Ha}l IIOJieM k OT HeKOMMYTHpyrom;n:x rrepeMeHHhlX x. c B 0 H
e T B o y H n: B e p c a JI h H o c T n: onpeAeJIHeT aJire6py 
k < x > eAHHCTBeHHhlM c TO'lHOCTbIO 11;0 H30Mop«PH3Ma 
o6pa3oM: cym;ecTayeT OTo6pameHn:e i : X -+ k ( X > 
TaKoe, 'ITO Jiro6oe OTo6pameHn:e X B HeK-pyro accou;naTHB
Hyro aJire6py A c e)l;HHHD;eii HaA k MOil\HO e)l;HHCTBeHHhlM 
o6pa3oM rrpoIIyCTHTh qepe3 oTo6pameHHe i. OcHOBHhle 
CBOHCTBa aJire6phl k < x > : 

1) aJire6pa k ( X > BJIOil\HMa B TeJio (T e o p e M a 
M a JI h u; e B a - He :ii: Ma Ha); 

2) aJire6pa k ( X > o6Jiap;aeT CJia6hlM aJiropHTMOM 
p;eJieHHH, T. e. H3 COOTHOilleHHH 

d (~;=l aib;) <max; {d (a;)+d (b;)}, 

rp;e a;, b; Ek <X>, ace a;, 1.;;;;; i.;;;;; n, He paBHhl HYJIID, 
d (a1) ..,,;: ... ..,;:d (an), acer.a;a CJieAyeT, 'ITO cym;eCTBYIDT 
u;eJioe 'lHCJio r, 1 < r <; n, n aJieMeHThl c1,. •. , Cr-i TaKn:e, 
'ITO 

d ( ar-~;~: a;c;) < d (a,) 

H d(a;)+d(c;).;;;;;d(ar), 1.;;;;;i.;;;;;r-1 

(3p;ech d (a) - o6hllJHaH CTerreHh MHoroqJieHa a Ek< X ), 
d(O)=-oo); 

3) aJire6pa k < x > HBJIHeTCH JieBhlM (IIpaBhlM) KOJibIWM 
cao6op;HhlX n:p;eaJioB (T. e. mo6o:ii: JieBhl:ii: (IIpaahln) n:p;eaJI 
aJire6piiI k < x > HBJIHeTCH CB060}lHhlM MO,!\YJieM O)l;H03-
Ha1IHO orrpep;eJieHHoro paHra); 

4) u;eHTpaJIH3aTop Jiro6oro HeCKaJIHpHoro aJieMeHTa aJI
re6phl k < x > (T. e. MHOil\BCTBO aJieMeHTOB, IIepecTaHOBO'l
HhlX c p;aHHhlM) H30Mop«PeH aJire6pe MHOfOlJJieHOB Hap; k 
OT o,11Horo rrepeMeHHoro (Teo p e Ma E e pr Ma Ha). 

Jlum.: [1 J R o H II., YHHBepcaJlbHaJI aJ1re6pa, nep. c aHrJI., 
M., 1968; [2] er 0 lR e, Ceo60)1Hhle ROJlbUa H HX CBJI3H nep c 
aHrJI., M., 1975. JI. A. Bony;.b, 

CBOBO,D;HAH BYJIEBA AJirEBPA - 6yJieaa aJire6-
pa, o6Jia)l;arom;aH TaKOll CHCTeMoii o6pa3yrom;n:x, 'ITO BCH
KOe OTo6pameHHe <ITOH CHCT0Mhl B KaKyIO-JIH6o 6yJieBy 
aJ1re6py AOIIYCKaeT IIpop;oJ1meHne p;o roMoMop«Pn:3Ma. 
Jiro6aH 6yJ1eaa aJire6pa H30Mop.iPHa «PaKTopaJ1re6pe HeK
po:ii: C. 6. a. 

.11,JIH Jiro6oro Kapp;HHaJibHoro 'lHcJla a cym;ecTByeT ep;HH
CTBeHHaH c TO'lHOCTbIO AO H30MOp.iliH3Ma c. 6. a. c a o6pa-
3YIOID;HMH. Ee CTOYHOBCKHH 6HKOMIIaKT 0CTb TOIIOJIOfH'l. 
IIpoH3aep;eHne a IIpocThlX p;aoeTo'lm1: - ooouirnb!ii oucnon
munyy.11t. 

RoHe'lHaH 6yJ1eaa aJ1re6pa cao6op;Ha Torp;a H TOJlbKo 

Tor,11a, Korp;a 'lHCJio ee aJ1eMeHTOB HMeeT BHA 2 2n; 3p;ecb 
n - 1IHCJ10 06pa3yrom;n:x. TaKaH C. 6. a. peaJIH3yeTCH B 
an:p;e aJire6pb1 6y.tteob!x ifiynKlfuii oT n IIepeMeHHhlx. C'leT
HaH C. 6. a. H3oMop.iPHa aJ1re6pe oTKPiiIT0-3aMKHYTiiIX rrop;
MHoil\eCTB nanmopooa MUOJICecmoa. BcHKoe MHoil\eCTBO 
IIOIIapHo ,!IH3'hIOHKTHhlX aJleMeHTOB c. 6. a. l\OHelJHo HJIH 
C'leTHO. 

EecKoHe'lHaH C. 6. a. He MomeT 6h1Th rroJIHo:il:. B To me 
BpeM.H MOIIJ;HOCTb JII06oii 6eCKOHe'lHO:ii: IIOJIHOH 6yJ1eBOH aJ1-
re6ph1 eCTb BepXH.II.II rpaHb MOIIJ;HOCTe:ii: ee CB06op;HhlX rro,11-
aJ1re6p (cM. [5]). 

Jlum.: [!] C 11 Ro pc RH JI P., ByJleBhI aJ1re6pb1, nep. c aHrJI., 
M., 1969; [2] B JI a )IHM Hp 0 B ,[(. A., ByJleBbl aJ1re6pbl, M .• 
1969; [3] Ha 1 mo s P. R., Lectures on Boolean algebras Pri
nceton - [a.o.J, 1963; [t,J B Hp R r 0 cjJ cjJ r., TeopHJI CTPY.RTYP. 
rrep. c aHrJI., M., 1952; [5] RH c JI JI R 0 B c. B., «CHO. MaTeM. 
lR.>>, 1973, T. 11,, No 3, c. 569-81. JT.. A. B .. aaUJ1<upo8. 

CBOBO,D;HAH f PYIIIIA - rpyIIIIa F c CHCTeMo:ii: X 
rropomp;arom;n:x aJieMeHToB TaKa.11, 'ITO J1ro6oe OTo6pameHn:e 
MHoil\eCTBa X B Jiro6yro rpyIIrry G rrpop;oJ1maeTc.11 p;o roMo
Mop«Pn:3Ma F B G. TaKaH cncTeMa X Ha3. c H c Te Mo :il: 
c B 0 6 0 AH hi x II 0 p 0 ii\ A a IO m; H x; ee MOIIJ;HOCTb 
Ha3. paHroM cao6op;Ho:ii: rpyIIIIhl F. MHo-
mecTBO x Ha3. TaKil\e a JI «P a B H T 0 M. 8J1eMeHTiil H3 F 
IIpe,n;cTaBJl.HIOT co6oii cJ1oaa B aJI.iliaBHTe X, T. e. Bhlpame
HHH BH,!la 

ei 82 en 
v=xi1xi1 •.. xin' 

rp;e x;iEX, Bj= ±1 rrpn: acex j, a TaKme IIyc:oe cJio~o. 
CJIOBO v Ha3. He c 0 K pa TH M hi M, eCJIH x~J. * x-;-_ 81+• ., ., +• 
rrpn: Jiro6oM j=1, 2, ... , n-1. HecoKpaTHMhle cJ1oaa .HB
Jl.IIIOTC.II pa3HhlMH aJieMeHTaMH C. r. F, n: Kam,11oe cJioBo 
paBHO ep;HHCTBeHHOMY HecoKpaTHMOMY CJIOBy. 1.JHCJIO n 
Ha3. A JI H H 0 ii c JI 0 B a v, eCJIH OHO HecoKpaTHMO. 
II p e o 6 p a 3 o B a H n: .11 M n: H n: JI h c e H a KoHe'lHo
ro yrrop.11p;o1IeHHOfO MHOil\eCTBa aJieMeHTOB al, ... ' ak 
rpyrrIIhl Ha3hlBaIDTCH: 1) IIepecTaHOBKa p;ayx aJ1eMeHTOB B 

aToM MHoil\eCTBe, 2) 3aMeHa o,11Horo H3 a; Ha ai1, 3) 3a
MeHa op;Horo H3 a; Ha a;a j• rp;e j f= i. EcJIH C. r. F n:MeeT 
KOHe'lHiiIH paHr' TO rrpeo6pa30BaHH.II HHJibCeHa Hap; CHCTe
MOH cao6o)l;HhlX rropomp;arom;n:x rrpHBO)l;.IIT K HOBhlM CHCTe
MaM cao6o)J;HhlX rropomp;arom;n:x, IIpH'leM J1ro6aH cncTeMa 
cao6op;HhlX IIopom}larom;nx Moil\eT 6h1Th rroJiy'leHa H3 J1ro6o:ii: 
.n;pyroii rrocJ1e,!10BaTeJihHOCTH IIpHMeHeHHeM aTnx IIpeo6pa-
30BaHnii (Teo p e Ma H H JI h c e Ha, CM. [2]). 3Ha
'leHne C. r. oIIpep;eJIHeTC.II TeM, 'ITO BC.HKaH rpyrrrra H3o
Mop.iPHa HeK-poii «PaKToprpyIIIIe rrop;xop;.11m;e:il: C. r. BcHKa.11 
rro,11rpyrrrra C. r. raKme cao6op;Ha (Teo p e Ma H n: JI h -
c e Ha -III pail: e pa, cM. [1], [2]). 

C. f, zpynn J.tn020o6paausi fil orrpep;eJI.HeTC.II aHaJIOflllJHO 
c. r., HOB IIpep;eJ1ax m. Ee Ha3. TaKil\e m-c B 0 6 0 AH 0 ii 
r p y II II 0 il:, HJIH 0 T H 0 c H T e JI b H 0 c B 0 6 0 A B 0 ii 
(a TaKil\e II pH Be A e H H 0 c B 0 6 0 AH 0 ii). EcJIH m 
orrpep;eJIHeTCH cncTeMoli TOil\)l;eCTB v= 1, rp;e v E V, TO 
C. r. MHoroo6pa3H.II \!) C CHCTeMOH X CB060)l;HhlX rropom
p;arom;nx H30Mop.iPHa «PaKToprpyrrrre F/V(F) C. r. F c 
CHCTeMo:ii: X cao6op;HhlX IIopom,11arom;nx no aep6aJ1bHO:ii: 
rro)J;rpyIIrre V (F) - rrop;rpyrrIIe, IIopom,11eHHoii aceMH 
3Ha'leHH.IIMH CJIOB vE v BF. c. r. HeK-phlx MHOroo6pa3HH 
HMeroT crreu;n:aJibHhie Ha3aaHn:.11, Harrp.: cao6op;HaH a6eJieaa, 
cao6op;HaH HHJlbIIOTeHTHa.11, cao6op;Ha.11 pa3peIIIHMa.11, 
cao6op;Ha.11 6epHca:ii:p;oaa - C. r. MHoroo6pa3H:ii: ~. \Re, 
~l, ~n COOTBeTCTBeHHO. 

Jlum.: [1] Ry po III A. r., TeOpHJI rpyrrrr, 3 H3)1., M., 1967; 
[2] Mar H y c B., Rap pa c A., c 0 JI HT a p ,[(., ROMOHHa
TOPHaH TeopHJI rpynn, rrep. c aHrJI., M., 19H; [3] He JIM a H X., 
MHoroo6paaHJI rpynrr, rrep. c aHrJI., M., 1969. 

A. JI. lIIMMt>nuu. 
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CBOBOAHAJI IIEPEMEHHAJI, ca o 6 o AH o e ax o
m A e H He II e p e Me H H 0 il:,- BXOJRAeHHe rrepeMeH
HOM B H3blKOBOe BblpameHHe, HBJIHIOm;eecH rrapaMeTpOM 
3TOTO BblpameHHH. CTporoe orrpeAeJieHHe 3TOTO IIOHHTHH 
MOlReT 6blTb AaHo TOJibKO AJIH rfiopMa.1tuaoeannozo aabl1>a. 
AJIH 1rnmAoro H3b!Ka AaeTCH caoe orrpeAeJieHn:e C. rr., 3aBH
CHm;ee OT rrpaBHJI u6pa30BaHHH BblpameHHM AaHHOTO H3b!Ka. 
CeMaHTHq. Kp1nepn:eM 3AeCb CJIYlRHT cJieAyrom;ee Tpe6o
BaHn:e: IIOACTaHOBKa KaKOTO-JIH6o o6'beKTa H3 IIOApa3yMe
aaeMoii: HHTeprrpeTaU,IIH Ha MeCTO AaHHOTO BXOJRAeHHH rre
peMeHHOM He AOJI;KHa rrpHBOAHTb K 6eCCMbICJieHHOMY 
BhlpameHHIO. Harrp., B BbipameHHH {(x, y)lx2+y2=z2}, 
o6o3Haqarom;eM lliHOJReCTBO ToqeK OI\PYlRHOCTH paAHyca z, 
rrepeMeHHaH z BXOAHT CB060AHO, a rrepeMeHHhle x H y 
HeT (cM. Coaaannaa nepeMennaa). EcJIH f o6o3HaqaeT 
OTo6pameHirn BHAa XX Y-+ Z H rrepeMeHHhle x, y rrpo-
6eraroT MHOJReCTBa x' y COOTBeTCTBeHHO, TO B BblpaIBe
HHH f (x, y) rrepeMeHHbre x H y cao6oAHhl (TaK me, KaK H f, 
eCJIH f paccMaTpHBaTb KaK rrepeMeHnyro no qiyHKU,HHM). 
Ilpn: qin:KCHpOBaHHH x H aapbHpOBaHHH y rroJiyqaeTCH 
cpyHKil,HH BHAa y - z. 0Ha o603Ha'IaeTCH qepe3 'Ayf(x, y). 
B noM BbipameHHH x cao6oAHO, a y HeT. B BbrpameHHH 
('Ayf (x, y)) (y), o6o3Haqarom;eM 3HaqeHHe qiynKU,HH 'Ayf (x, y) 
B rrpoH3BOJibHOM ToqKe y, IIOCJieAHee BXOJRAeHHe rrepe
MeHHOH y 6yAeT cao6oAHhlM. Aaa APYTHX BXOJRAeHHH ne 
HBJIHIOTCH CB060AHblMH. Ilepaoe Ha3. 0 II e p a T 0 p H bl M 
(HaXOAHIIJ;HMCH IIOA 3HaKOM orrepaTopa), BTOpoe - c B H-
3 a H H bl M. 

AJIH HeqiopMaJIH30BaHHbIX H3bIKOB, T. e. B peaJibHbIX 
MaTeMaTHq. TeKCTax, y OTAeJibHO B3HTOTO BbipameHHH He 
BCerp;a MOlRHO orrpeAeJieHHO BbIHCHHTb Ka1me rrepeMeH
Hhle y Hero CB060AHbI, a KaKHe CBH3aHHbI. Harrp., B Bbl-

pameHHH ~i<k aik B 3aBHCHMOCTH OT KOHTeKCTa rrepeMeH

HaH i MOlReT 6b!Tb CB060AHOH, a k CBH3aHHOH HJIH Hao6o
poT, HO o6e CB060)l;Hb!MH 6blTb He MoryT. YKa3aHHe Ha TO, 
KaKaH rrepeMeHHaH cqI'!TaeTCH CB060AHOM, AaeTCH c rro
MOIIJ;bIO AOIIOJIHHTeJibHhlX cpeACTB. Harrp., ecJIH 3TO 
BhlpameHue BCTpeqaeTCH B KOHTeKcTe an:p;a «rrycTb f (k)= 

= ~i<kaik», TO k cao6oAHa. 11Horp;a rrpHHHMaIOT corJia
rneHn:e, qTQ no k cyMMHpoBaHn:e npoH3BO,ll;HTbCH He 6yAeTj 
Torp;a k - 3TO napaMeTp. Bhlpamenn:e {a;}, qacTO HCIIOJih
aye11<roe B MaTeMBTHKe, o6o3HaqaeT HHorp;a OAH03JieMeHT
Hoe MHOlReCTBO, H TOrp;a rrepeMeHHaH i BXO,ll;IlT CBo6op;HOj 
a HHOTAa OHO o6oaHaqaeT MHOJReCTBO BCex a;, Korp;a 
i rrpo6eraeT OTBep;eHHYIO eMy o6JiaCTb rrpep;MeTOB, II TOTAa 
rrepeMeHHaH i BXOAHT CBH3aHHO. B. H. I'puUlllli. 

CBOBOAHAH IIOJIYrPYIIIIA H a A a JI qi a a H T o M 
A - IIOJiyrpyrrrra, 3JieMeHTaMH R-poil: HBJIHIOTCH BCeB03-
MOlRHbie KOHeqHble IIOCJie)l;OBaTeJibHOCTH 3JieMeHTOB H3 A 
(6y1rn), a orrepau,HH COCTOHT B rrpHITHCb!BaHHH O,ll;HOH IIOCJie
AOBaTeJibHOCTH R Apyroii:. 8JieMeHThl C. rr. rrpHHHTO Ha3bl
BaTb CJ!OBllMU, a OITepau,n:ro qacTo Ha3bIBaIOT R 0 H R a T e -
H a u; H e ii:. PaAH YA06cTBa Hepep;Ro paccMaTpn:aaroT 
TaKJRe H rrycTOe CJIOBO 1 (AJIHHa R-poro ITO orrpe)l;eJieHHIO 
paBHa HYJIIO), rroJiaraH w1=1 w= w AJIH Jiro6oro CJIOBa w; 
B03HHKarom;aH TaRHM o6pa3oM ITOJiyrpyITITa c el(HHHIJ,ell ua3. 
c B 0 6 0 AH bl M !\{ 0 H 0 H A 0 M Hap; A. c. II. (cao6op;
HbIM MoHonp;) Hap; A qacTO o6oaHa'IaIOT A+ (cooTBeTCTBeH
Ho A*). ,Il,JIH C. rr. A+ aJiqiaan:T A HBJIHeTCH eAHHCTBeH
HhlM HeITpnBO,ll;HMblM rropOJRAaIOHJ,HM MHOlReCTBOMj OH 
COCTOlIT B TOqHOCTH H3 3JieMeHTOB, Hepa3JIOlRli!MblX B 
rrpoH3BeAeHn:e. ByKBhI ~3 A Ha3. c Bo 6 o AH bl Mn: o 6-
p a 3 y IO m; H M H. c. IT. orrpep;eJIHeTCH O,!J;H03HaqHo c 
ToqHoCTbIO AO Il30Mopqin:aMa MOIIl,HOCTbIO CBoero aJiqiaBHTa; 
3Ta MOIIl,HOCTb Ha3. p a H r 0 M c B 0 6 0 A H 0 ii: II 0 JI y
r p y II II bl. c. II. paHra 2 HMeeT IIOAIIOJiyrpyITIThl, HB
JIHIOIIl,IleCH c. II. C'IeTHOTO paHra. 

C. rr. HBJIHIOTCH c1106oiJnbl,uu a.1tie6pa,uu B RJiacce acex 
rroJiyrpyrrrr. CJieAyrom;n:e ycJIOBHH AJIH rroJiyrpyrrrrhl F 
3RBHBaJieHTHhl: 1) F ecTh C. rr.; 2) F HMeeT rropom)l;aro-

m;ee MHomecTBO A TaRoe, qTo Jiro6oil: 3JieMeHT n:a F e)l;n:H
CTBeHHhlM o6pa30M rrpe)l;CTaBHM B BH)l;e rrpOH3Be)l;eHHH 3Jie
MeHTOB n:a A, 3) F YAOBJieTBopHeT aaKony coRpam;eHn:H, 
He COAeplRHT n:;i;eMIIOTeHTOB, !>alRAhlll 3JieMeHT H3 F HMeeT 
KoHeqHoe qn:cJio )l;eJIHTeJieii, H AJIH JII06hlx u, v, u', v' EF 
paaeHCTBO uv= u' v' BJieqeT, qTo u= u' HJill OAIIH II3 3Jie
MeHTOB u, u' eCTb JieBhlH p;eJIHTeJib p;pyroro. 

BcHRaH rrop;rroJiyrpyrrrra H B C. rr. HMeeT eAIIHCTBeHHoe 
HerrpHBOAHMOe rropOlR)l;alOHJ,ee MHOll\eCTBO, COCTOHIIl,ee H3 
3JieMeHTOB, Hepa3JIOiRHMhlX B H B rrpoH3Be)l;eHn:e; O)l;HaRo 
He BCHKaH IIOAIIOJiyrpyrrrra 0. rr. caMa cao6op;Ha. CJie
AYIOHJ,He ycJIOBHH AJIH IIOAIIOJiyrpyrrrrhl H B C. rr. F 3RBII
aaJieHTHhl: 1) H eCTb c. rr.; 2) AJIH JII06oro wEF H3 TOTO, 
qTO wHnH =I= <f> n: HwnH =I= <f>, cJieAyeT, qTo wEH; 
3) AJIH JII06oro w E F H3 TOTO, qTo wH n H w n H =I=</>' CJie
AYeT, qTo w EH. AJIH rrpoH3BOJibHhlX paaJin:qHbIX CJIOB u, 
v B C. rr. F JIH6o u n v HBJIHIOTCH cao6o)l;HhlMH 06pa3yro
II1,IIMH rropOiR)l;eHHOH HMH rrop;rroJiyrp yrrrrhl' JIH6o cyHJ,eCT
ayeT wEF TaKoe, qTo u=wk, v=w1 AJIH HeR-phlx HaTy
paJibHhlX k, l; BTOpaH aJibTepHaTHBa BhlIIOJIHHeTCH TOrp;a 
H TOJibRO TOTAa, KOTAa uv= vu. BcHKafi IIOAIIOJiyrpyrrrra c 
TpeMH o6paayrom;HMH B c. II. 6yAeT KOHeqHo orrpep;eJieH
HOM IIOJiyrpyrrrroii:, HO cyHJ,eCTBYIOT IIO,ll;IIOJiyrpyrrrrhl c 
qeTblpbMH o6pa3yIOHJ,HMH, He HBJIHIOHJ,HeCH KOHeqHo orrpe
l{eJieHHblMH. 

c. II. eCTeCTBeHHO B03HHKaIOT B aomoMamoB a.1tze6pau
'lecnau meopuu (CM. TaKJRe [5], [6]), TeopHII Rop;n:poaa
HHH (cM. Hoaupooanue a.1trfiaoumnoe, [4] - [6]), TeOpHH 
ifiopMaJibHblX H3b!KOB H qiopMaJibHblX zpaMMamun (CM. [3], 
[5], [6)). c yKaaaHHblMH o6JiaCTHMH CBH3aHa rrpo6JieMaTHKa 
perneHHH ypaBHeHHH B C. rr. (CM. [7] - [9)). CyHJ,ecTByeT 
aJiropHTM, paCII03HaIOHJ,llH pa3peI1IHMOCTb rrpOH3BOJibHhlX 
ypaBHeHHH B c. II. 

Jlum.: [1] I\ JI H cjJ cjJ 0 p 11 A., II p e c To H r., AmeopaHqe
CHafl TeOpHHIIOJlyrpyrrn, nep. caurJI., T. 1-2, M., 1972; [2]JI fi
n H u E. c., II0J1yrpynnhl, M., 1960; [3] r p o c c M., JI a u
T e H A . ., TeopHH cjJopMaJlbHblX rpaMMaTHH, nep. c cjJpauu., M., 
1971; [4J M a p 11 o B A. A., BBe11enHe B TeopHID HOllHPOBaHHfl, 
M., 1982; [5] E i I en berg S., Automata, languages and ma
chines, v. A-B, N. Y.-L., 1974-76; [6] La 11 em en t G., 
Semigroufs and combinatorial applications, N. Y.- [a. o.J, 
1979; [7 L en ti n A., Equations dans !es monoldes libres, 
P., 1972; [8] x Me JI e B c 1' H ll IO. rr., YpaBHeHHfl B CBOOO)IHOH 
IlOJlyrpynne, M., 1971 (Tp. MaTeM. HH-Ta AH CCCP, T. 107); 
[9] Ma 1' a H II Hr. C., «MareM. CO.», 1977, T. 103, No 2, c. 147-
236. JI. H. illeepuu. 

CBOBOAHAJI PE30JihBEHT A - qaCTHhlH CJiyqaft rrpo
eKTHBHoil: peaoJibBeHTbI. Bcmrnil: MOAYJih M Hap; accou;n:a
THBHhlM ROJibil,OM R HBJIHeTCH qiaKTopMOAYJieM F0/ N 0 

cao6o)l;Horo R-MO/WJIH F 0 no HeR-poMy ero IIOAMOAYJIIO 
N 0 • ,Il,JIH rrop;MOAYJIH N 0 cym;ecTByeT anaJiorinHoe rrpeA
CTaBJienn:e F1/N1 n: T. A· B peayJihTaTe rroJiyqaeTca ToqHaH 
IIOCJie/wBaTeJibHOCTb cao6op;HblX MOAYJieII 

Fo<-F\<---F2<--- ... <---Fn<---, 

naahrnaeMaH C. p. MOAYJIH M. RanoHn:q. roMoMopqiII3M 
Fo - M naa. II 0 II 0 JI H H IO III, H M r 0 M 0 M 0 p qi II 3-
M o M. B. E. I'oeopoe. 

CBOBOAHAJI PEillETKA - coo6oonaa a.1tze6pa MHo
roo6paaHH acex perneTOK. Pernenhl [ 1) rrpo6JieMbl TOiRAe
CTBa CJIOB H KaHOHIIq. rrpeACTaBJieHHH CJIOBa B c. p. 

Jlum.: [1] Whitman P. M., «Annals Math.», 1941, v. 42, 
p. 325-30; 19112, v. 43, p. 104-15. T. C. <PorfjaHoea. 

CBOBOAHO CTAHOBHllJ;AJICJI IIOCJIEAOBATEJlh
HOCTb - CM. Hnmyuz+uonuaM. 

CBOBOAHOE r APMOHllqECKOE KOJIEBAHHE -
CIIHYCOHJJ;UJibHOe KoJie6aHn:e. ECJIH MexanIIqecKaH HJIII qiII-
3n:q. aeJrnqIIna x (t), TAe t - apeMH, MeHHeTcH no aaKony 

x (t) =A cob (wt+qi), (1) 

TO TOBOpHT, qTQ x (t) coaepmaeT c. r. K. 3/J,eCb A' (J), <jl -
AeiicTBHTeJihHbie rrocToHHHbie, A > 0, w > 0. BeJin:qn:Hhl 
A' w, <jl Ha3. COOTBeTCTBeHHO a M II JI II T y A 0 il:, q a C
T o T on, qi a 3 o ii C. r. R. II e p II o A C. r. K. pasen 
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T= 2n/ w. B «PH3HKe H Texmrne 'lacTo y110Tpe6JIHeTcH 
TaKaH TepMHHOJIOrHH: c. r. K. Ha3. r a p M 0 H H q e
c K H M K 0 JI e 6 a H H e M, HJIH II p 0 c T bl M r a p M O
H H q e c K H M K 0 JI e 6 a H H e M, «PYHKII;HH BH/J;a (1) 
tla3. zap.MOHUl£Oii, 11epeMeHHaH BeJIH'lHHa wt+cp Ha3. 
M r H 0 B e H H 0 ii: «P a 3 0 ii:, a IlOCTOHHHaH <p - H a
q a JI b H o ii: «P a 3 o :ii. BeJIH'lHHa w Haa. TaKIBe K p y
r 0 B 0 ii:, HJIH a; HK JI ll q e c K 0 ii:, lJaCTOTOH, a /= w/2n
q a c T 0 T 0 ii:. c. r. K. (1) MOil\HO aami:caTb B Bllp;e 

x ( t) = a cos wt+ b sin rot, 

rp;e a, b ll A, <p CBH3aHbl COOTHomeHHHMH 

A= Va2+b2 , cos qi= a , sin<p = - b , 
Va•+b• Va•+b• 

HJIH B Bnp;e 
x (t)=Re (Ae i <rot+qi>). 

11 acTo «Pa3oii: Ha3. He qi, a -<p. 
MaJible KoJie6aHHH MexaHH'leCKHX HJIH «PH3H'l. c11cTeM 

c op;Hoii: CTerreHblO CB06op;bl B6JIH3H ycTOH'lHBOro HeBbl
poiHp;eHHoro IlOJIOil\eHHH paBHOBeCHH rrpeµ;cTaBJIHIOT co6oii: 
c. r. K. c 6oJibll10H CTerreHbIO TO'IHOCTH. TaKOBbl, Harrp., 
MaJible KOJie6aHHH MaHTHHKa; KOJie6aHHH rpy3a, rrop;BeilleH
Horo Ha IIPYIBHHKe; KOJie6aHHH KaMepTOHa; H3MeHeHn:e 
HaIIpHiHeHHH H CHJibI TOKa B 3JieKTpH1IeCKOM KOJie6aTeJib
HOM KOHType; Ka'lKa Kopa6JIH H T. µ;. CHcTeMa, COBepillaIO
rn;aH c. r. K., IIa3. JIHHeHHblM r a p M 0 H H q e c K HM 
0 c a; Iii JI JI H T 0 p 0 M, H ee KOJie6aHHH OilHCblBaIOTCH 
ypaBHeHReM 

:Z:+w2x=0. 

)J;JIH MaTeMaTH'l. MaHTHHKa AJIHHbl l H MaCCbl m : w2= 
= gll, /];JIH rpy3a MaCCbl m Ha IIPYIBHHKe c Koa«P«Pna;lileHTOM 
yrrpyroCTJil k : w2= klm; AJIH 3JieKTpH1IeCKOro KOJie6aTeJib
Horo KOHTypa, COCTOH!a;ero H3 eMKOCTH c H HHAYKTHBHOCTH 

L: w2=11CL. Ha «Pa3oao:ii IIJIOCKOCTH (x, ;) rroJioIBeHne 

paBHOBeCHJI x=O, ;i;=o AJIH c. r. K. eCTb n;eHTp, a «Paaoable 
TpaeKTopnn - oKpyiHHOCTH. 

CyMMa µ;ayx C. r. K. xi (t)+x 2 (t), 

rp;e xj(t)=Ajcos(wjt+cpj), j=1, 2, 

c COH3MepRMblMH qacroTaMH Wi, W2 eCTb c. r. K. ECJIH il\e 
'laCTOTbl Wi, W2 HeCOH3MepHMbl, TO Xi (t)+x2 (t) eCTb no11mu 
nepuoau11ec1£an rfiyn1£q,un H 

sup (xi (t)+x2 (t))=Ad-A2= - inf (xi (t)+x2 (t)). 
te!R te!R 

CyMMa n C. r. K. c qacToTaMn: Wi,. .. , Wn, K-pb!e pau;110-
HaJibHO He3aBHCHMbl, TaKil\e eCTb IIO'ITH IIeplilop;lil'l. «PYHK
a;HH. )J;JIH cyMMbl p;ayx C. r. K. aeJIR'lRHa Q=lwi-w2J 
Ha3. p a c c T p o :ii K o :ii. EcJIR paccTpoii:Ka MaJia: 
Q/wi ~ 1, a Wi, w2 - op;Horo rropHp;Ka, To 

xi (t)+x2 (t) =A (t) cos (wit+~ (t)), 

A2 (t) = Ai+A~+2AiA2 cos (')J (t)-q:i), 

')J(t)=Qt+<r2· 

«A~mmITyp;a» A (t) - Mep;JieHHO MeHHIOil}aHCH «PYHKa;HH, 
HMeIOta;aH IIepn:oµ; 2n/Q, H A 2 (t) MeHHeTCH B IIpep;eJiax OT 
(A 1-A 2)2 p;o (Ai+A 2)2. RoJ1e6aHne xi (t)+x2 (t) Ha3. 
6 H e H H e M: «aMIIJIHTy,LJ;a» A (t) IIOO'lepep;HO yaeJIHlJH
BaeTCH R yMeHhmaerci:i. 8Tor cJiyqaii: aail\eH p;JIH aHaJIH3a 
IIpHeMHbIX ycrpo:iiCTB. 

Ilycrb n:MeercH ClilCTeMa R3 n ypaBHeHn.ii:: 

Mx+Kx=O, xEIRn, 

rµ;e JY!' K - µ;eiicTBHTeJlbHbie CHMMeTpH'leCKHe IIOJIOiHH
TeJlbHO orrpep;eJleHHble MaTpHa;bl c IIOCTOHHHblMH 3JieMeH
TaMH. C rroMOIIJ;bIO oproroHaJlbHoro IIpeo6pa3oBaHRH 

x= Ty 3Ta CHCTeMa rrpHBOp;HTCH R pacrrap;a!OIIJ;eii:cH CH
CTeMe: 

•• 2 
Yj+w;yj=O, j=1, ... , n. 

Roopp;RHaTbl Yi· ... , Yn Ha3. Ho p Ma JI b H bl M H. 
B HopMaJlbHblX Roopp;n:HaTax x (t) eCTb aeRTopHaH cyMMa 
c. r. K. Bp;OJlb Koopp;n:HaTHblX oceii. 

JI.um.: [1] AH p; p 0 H 0 B A. A., B "TT A. A., x a ii: R "H 
C. :3., TeopmI ROJTe5aHHil:, 2 H31!;., ~ . ., 1981; [2] I' 0 p e JI H R I'. C., 
HoJTe5aHHII H BOJTHhl, M., 1959; [3J JI a Hp; a y JI . .n;., JI H 111-
m" n; E. M., MexaHHRa, 3 11sp;., T 1, M., 1973. 

M. B. <PeiJopion. 
CBOBO,[J;HOE MHOiKECTBO B B e K T o p H o M 

II p 0 c T p a H c T B e x H a A II 0 JI e M K - TO IBe, 
'ITO JIHHeii:Ho HeSaBHCHMaH CHCTeMa BeRTopoB H3 x' T. e. 
MHoIBeCTBo aJieMeHToB A= {at}cX, tE T, TaKoe, 'lTo cooT
HomeHne ~Stat= 0, rp;e St= 0 AJIH BCeX KpoMe KOHe'lHOrO 
'lHCJla HHp;eRCoB t, BJle'leT 6t=O p;JIH acex t. Hecao6op;Hoe 
MHOil\eCTBO Ha3. TaRil\e 3 a B 11 c H M bl M. 

c B 0 6 0 A H 0 e M H 0 ii\ e c T B 0 B TOIIOJIOrH'leCROM 
BeRTOpHOM IIpocTpaHCTBe x Hap; IIOJleM K (r 0 II 0 JI 0 r H
q e c R H c B 0 6 0 A H 0 e M H 0 ii\ e c T B 0) - MHOil\e
CTBO A= {a1 }cX TaKoe, 'lTo AJIH J1106oro s ET 3aMKHyTOe 
11oµ;rrpocTpaHCTBO, IIopoIBp;eHHOe TO'lRaMH ai. ti: s, He co
µ;epiHllT a3 • TorroJ1orn:'leCKH C. M. JIBJIHeTCH C. M. ae1\rop
Horo rrpocTpaHCTaa; o6paTHoe HeaepHo. Harrp., B. HopMH
poaaHHOM rrpocTpaHCTBe c HerrpepblBHblX «PYHKD;HH Ha (0, 
1] «PYHKIJ;HH e2knix, k E Z, o6pa3y!OT TorroJlorn:qecKR 
c. M. B OTJIH'lHe OT «PYHKIJ;HH xk (IIOCKOJibKY x co,a;epil\HTCH B 
3aMRHYTOM rrop;rrpocTpaHCTBe, rropoIBµ;eHHOM {x2k }) • 

CoaoKyIIHOCTb acex (TorroJ1orn'leCKH) C. M. B X, aoo6ru;e 
roaopH, He HHAYRTHBHa OTHOCHTeJlbHO BRJIIO'leHHH; KpoMe 
Toro, OHa He o6JI3aTeJlbHO cop;epiHHT MaKCHMaJlbHOe TO
IlOJIOrH'leCKH C. M. Harrp., rrycTb X - rrpocTpaHCTBo 
Hap; IR, o6pa3oBaHHoe HeIIpepblBHblMH ljiyHKIJ;HHMH 11 Ha
µ;eJ1eHHoe OT/];eJIHMOH TOilOJIOrHeii:: COOTBeTCTBYIOil}aH ljiyH
p;aMeHTaJlbHaH CHCTeMa ORpecTHOCTe.0: HYJIII B x COCTOHT 
113 ypaaHoaemeHHblX rrorJ1orn;a10rn;nx MHoil\eCTB Vs, e= 
= {x: l/(x) I ...;: II BCIDAY BHe (3aBHCHin;ero OT/) oTKpblToro 
MHOIBeCTBa Mepbl ...;:e, O<e<1, II> 0}. Tor,a;a Kail\p;blii 
He11pepblBHblll JIHHeHHblH «PYHKD;HOHaJI paBeH HYJllO Iii B x 
He cyrn;ecTayeT MaKc11MaJibHoro C. M. 

)];Jill TOro 'IT06bl A 6blJIO (TOIIOJ1or11'leCKH) c. M. B OCJia6-
JleH~oii: TOIIOJ10r1111 CJ (X' X*) B x, Heo6xop;HMO H p;ocTa
TO'IHO, 1IT06bl p;JIH KaIBµ;oro t cyrn;ecTBOBaJI aJ1eMeHT bt E X * 
TaRoii:, 'ITO <ai. bt> =I= 0 11 <as, bt>=O AJIH BCex s=/=t. 
)];Jill JIOKaJibHO BblilYRJIOro IIpocTpaHCTBa c. M. B OCJ1a6-
J1eHHOH TOIIOJIOrllll JIBJISleTC.fl c. M. 11 B llCXOAHOH TOIIOJIOrllH. 

M. H. Boii'l{eXoBcnuii. 
CBOBO,[J;HOE OB'bE,[J;HHEHHE - orrepaa;n:H B HeK-poM 

KJlacce YHllBepcaJlbHblX aJ1re6p, COIIOCTaBJIHIOID;aJI 3ap;aH
HOH COBOKYIIHOCTH aJ1re6p 113 3Toro RJlacca B HeK-poM CMblC
Jle «caMyID cao6op;HyID» aJ1re6py noro IBe KJ1acca, coµ;ep
IBarn;yID IIop;aJ1re6pbl, ll30Mop.iliHbl0 aap;aHHblM, H rropoIB
p;aeMyIO HMll. TepMHH B HaCToHrn;ee BpeMH BblTecHeH Tep
MHHOM c1Jo6oanoe npoua1Jeaenue. o. A. HBmwBa. 

CBOBO,[J;HOE IIPOH3BE,[J;EHHE B KJ1acce Sl' YHH
aepcaJibHbIX aJire6p Aa., aEQ, H3 RJ1acca Sl' - aJ1re6pa A 
H3 KJlacca SI', cop;epIBarn;aH ace A a. B Ka'lecTBe IIop;aJire6p H 
raKa.H, 'ITO JIID6oii: aa6op roM0Moplji113MOB aJ1re6p A a. B 
JIID6yID ame6py B H3 Sl' IIpop;oJIIBaeTcJI µ;o roMoMop«Pn:3Ma 
aJ1re6pbI A B B. C. II. 3aaep;oMo cyrn;ecTayer, ecJ111 SI' -
MHoroo6pa3He yHRBepcaJlbHblX aJire6p. RaIB,a;aH cao6oµ;
HaH aJire6pa HBJIHeTCH c. II. op;HoIIopoIBp;eHHblX CBo6op;HbIX 
aJ1re6p. B KJ1acce acex a6eJ1eBblX rpyIIII C. II. coaIIap;aeT 
c IIpHMoii: cyMMoii:. B HeK-pblX cJ1y'laHx IIop;p;aIOTCH oIInca
HHIO IIop;aJ1re6pbl C. II.; HaIIp., B rpyIIIIax (cM. C1Jo6oanoe 
npoua1Jeaenue rpyIIII), aeaccou;n:arHBHblX aJ1re6pax, aJ1-
re6pax JIH. 

C. II. B 1rnreropn:Hx yHn:aepcaJlbHblX aJ1re6p coaIIap;aer 
c 1£onpoua1Jeaenue.M B 3THX KaTeropHHX. JI.. A. Cnopm<>wB. 

CBOBO,[J;HOE IIPOH3BE,[J;EHIIE r p y rr rr G;, 
iEI,- rpyrrrra G, rropoIBp;eHHaH rpy1111aMn: Gi, rrp11'leM 
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mo6hle roMoMop.ilinaMhl cp; : G; - H rpyrrn G; B mo6yro 
rpyrrrry H rrpoµ;omRaIOTCH µ;o roMoMop.ilinaMa qi : G -> H. 
)];JIH o6o3HaqeHHH c. rr. HCIIOJlb3YeTCH 3HaK *, Harrp.: 

G= n;E/ G; H G=G1*G2*·. ·*ck 
B CJiyqae KOHeqeoro MHOJReCTBa I. Ramp;hlH He paBHhlH 
ep;nHmi;e aJieMeHr C. rr. G ep;nHcTBeHHhlM o6paaoM Bhlpa
maercH B Bnp;e HecoKparnMoro cJioBa v= g;,gia . . . g;n, 
rµ;e g;-EG;., g;·=I= 1, n rrpn JII06oM j=1,2, ... , n-1, 

I I I .. 
ip=l=ij+I· RoHcrpymi;nH C. rr. HBJIHercH BaJRHOH B nay-
qeHnn rpyrrrr, aap;aHHhlX MHomecrBoM uopomµ;arom;nx 
aJieMeHTOB H orrpep;eJIHIOID;HX COOTHOilleHHH. B arnx rep
MHHax OHO Momer 6hlrh orrpeµ;eJieHo cJiep;yrom;nM o6paaoM. 
IlycTh Kamµ;aH rpyurra G; aaµ;aHa MHomecrBaMn X; rropom
µ;arom;Hx H <D; orrpep;eJIHIOID;HX COOTHOmeHHH, rrpHqeM 
xi n x j= cf>, eCJIH i =I= j. Torµ;a rpyrrrra G, aaµ;aHHaH MHO
meCTBOM x ;= u i E 1X i uopomµ;arom;nx H MHOJReCTBOM <D= 
= U;e lD; orrpep;eJIHIOrunx coorHomeHHii, 6yµ;er C. rr. 
rpyurr G;, iEI. 

BcHKaH rrop;rpyrrua C. u. G caMa paaJiaraercH B C. rr. 
CBOHX rroµ;rpyrrrr, H3 K-pbIX HeK-phle HBJIHIOTCH 6ecKoHeq
HhlMH D;HKJIHqecKHMH, a Kamp;aH H3 µ;pyrHX corrpHIBeHa c 
HeK-poil: rrop;rpyrrrroil: KaKoH-JIH6o rpyrrrrhl G;, BXoµ;Hm;eil: B 
CBo6op;Hoe paaJiomeHHe rpyrrrrhr G (r e o p e M a R y
p om a). 

JI.um.: [1] Ry po m A. I'., Teopm1 rpynn, 3 Han., M., 1967; 
[2] Mar Hy c B., Rapp a c A., c 0 JI II'. T 0 p ,!l., l\OMOll'.
HaTOpHalI Teop1rn rpynn, nep. c aHrJI., M., 1974. 

A. JI.. lli.MeJ!1>ll:UH. 

CBOBO)];Hblll BEKTOP - CM. Benmop. 
CBOBO)];Hblll rPYIIIIOII,11; - CBo6op;HaH aJire6pa 

MHoroo6pa3HH BCex rpyurrOHAOB. c. r. c MHOJReCTBOM x 
CBo6op;HhIX o6paayroruHX coBrraµ;aer c rpyrrrroHp;oM c.rioe, 
eCJIH HOA CJIOBOM IIOHHMaTb JII06yro yuopHp;oqeHHYIO CHCTe
My aJieMeHTOB H3 x c JII06bIMH IIOBTOpeHHHMH, rrpHqeM B 
aroii CHcTeMe aap;aHo pacupeµ;eJieHHe cKo6oK (KaJRp;hlii 
CHMBOJI cqnraeTCH B3HTbIM B CKo6KH, a aareM CKo6KH 
paccraBJieHhl raK, qro Kamµ;hlii paa rrepeMHoma10rcH JIHillh 
ABe CK06KH). IlpoH3Bep;eHHeM CJIOB (a) H (b) cqnraeTCH CJIO
BO ((a) (b)). 0. A. Jieanoea. 

CBOBO)];Hblll MO)];Y Jlb - CBo6oAHhlH o6'beKr (cB0-
6oµ;HaH aJire6pa) B MHoroo6pa3HH Mop;yJieil: Hap; .iliHKCHpo
BaHHhlM KOJibD;OM R. EcJIH R - accou;HaTHBHOe KOJibIJ;O c 
e):\HHHu;eil:, TO c. M.- aro MOAYJib, o6Jia):laIOm;Hii 6a3HCOM, 
T. e. JIHHeHHO He3aBHCHMOH CHCTeMOH rropomµ;a10m;HX. 
Mom;HoCTb 6aaHca C. M. Haa. ero pa Hr o M. PaHr He Bcerµ;a 
orrpep;eJieH O):IH03Haqeo, r. e. cym;ecrByror KOJihu;a, Hap; 
K-phlMII c. M. Momer o6Jiap;aTb ABYMH 6a3HCaMH, COCTOH
m;HMH H3 paami:qeoro qHcJia aJieMeHTOB. 9ro paBHOCHJlbHO 
cym;ecrBoBaHHIO HaA KOJihIJ;OM R ABYX rrpHMoyroJihHhIX 
MarpHu; A H B, AJIH K-phlx 

AB=lm, BA=ln, m :/= n, 

rp;e Im H In - ep;HHHqffbie MarpHu;hl uopH):IKOB m H n 
COOTBeTCTBeHHO. Heop;H03HaqHOCTb, op;HaKo, HMeer Mecro 
Jlllillb AJIH KoHeqffhlX 6a3HCOB, eCJIH me paHr c. M. 6ecKo
HeqeH, ro Bee 6aaHChI C. M. paBHOMom;HhI. KpoMe roro, 
Ha):\ KOJihu;aMH, ):louycKaIOm;HMH roMOMop<fJH3M B TeJio (B 
qacTHOCTH, Ha):\ KOMMyraTHBHbIMH KOJibD;aMH), paHr c. M. 
oupe):leJieH Bceri:1a O):IH03Haqeo. 

KoJibD;O R, paccMarpnBaeMoe KaK JieBhIH MOAYJih Hap; 
caMHM co6oil:, HBJIHeTcH C. M. paHra op;HH. BcHKHil: JieBhlii 
c. M. HBJIHeTCH rrpHMOH cyMMOH c. M. paHra OAHH. JI10-
6oil: Mop;yJih M rrpeµ;craBHM KaK <fiaKropMOAYJih F0/ H0 
HeK-poro c. M. Fo. Ilop;MOAYJib Ho B CBOIO oqepep;b rrpeµ;
CTaBHM KaK .iliaKropMop;yJih F1/H1 C. M. F1. Ilpop;oJimaH 
aror rrpou;ecc, rroJiyqa10r roqHyIO rrocJiep;oBaTeJihHOCTh: 

... -.F2 -.F1 ->F0 ->M-->O, 

K-paH Haa. c B 0 6 0 A H 0 ii p e 3 0 JI b B e H T 0 ii Mop;y
JIH M. TeJia Moryr 6h1Th oxapaKrepH3oBaHhl KaK KOJihu;a, 

Ha)]; K-phlMH Bee MO/J;YJIH CBo6op;Hhl. Hap; o6JiaCTblO rJiaB
HhlX np;eaJIOB IIO):IMOAYJib c. M. ceo6op;eH. EJIH3KIIMH K 
C. M. HBJIHIOTCH npoenmu1Jnbie .Mooy.riu H n.riocnue .Mooy.riu. 

JI.um.: [1) Ro H II., CsooonH&ie 1mJihl~a II'. HX CBH3H, nep. c 
aHrJI., M., 1975; [2) Ma 11 JI ell: H C., l'OMOJIDrHH, nep. c aHrJI., 
M., 1966. B. E. I'oeopoe. 

CBO)];IIMOCTII AKCIIOMA - aKcHoMa, µ;o6aeJieHHaH 
E. PacceJioM (B. Russell) Kero paaBeTBJieHHof'r reopHn rn
rroB c u;eJibIO na6emarh paccJioeHHH rroHHTHH (cM. Henpe
ounamuenoe onpeoe.rienue). B paaBereJieHHOH reopnH rnuoe 
MHOJReCTBa p;aHHoro THrra paaµ;eJIHIOTCH Ha uopHp;KH. 
TaK, BMecro IIOHHTHH MHOJReCTBa HarypaJibHbIX qHceJI uo
HBJIHeTCH IIOHHTHe MHOJReCTBa HarypaJibHhlX qHceJI p;aH
Horo uopHµ;Ka. IlpH aroM MHomecreo HarypaJibHhlX qnceJI, 
oupeµ;eJIHeMoe .iliopMyJiaMH 6ea HCIIOJlb30BaHHH KaKHX-JIH6o 
MHomecrB, upHHap;Jiemnr uepBoMy uopHAKY. E cJin B oupe
µ;eJieHnn HCIIOJlb3yeTCH COBOKYIIHOCTb MHOJReCTB rrepBoro 
rropH)J;Ka, a COBOKYIIHOCTH MHOJReCTB BhlCillero uopHµ;Ka 
He HCUOJlb3YIOTCH, TO oupep;eJIHeMoe MHOJReCTBO rrpHHaA
JieJRHT BropoMy rropHAKY, H r. A· Raup., ecJIH S - ce
Meiicreo MHOJReCTB, COCTOHm;ee .H3 MHOJReCTB op;Horo H 
Toro me rropH)J;Ka, TO MHOJReCTBO 

M ={x I 3Y (yES /\ xEy)} 

µ;oJIJRHo rrpHHap;Jiemarh cJie)J;y10m;eMy uopHAKY, r. K. B ero 
oupeµ;eJieHHH CO)l;eplRHTCH KBaHrop no MHOJReCTBaM p;aH
Horo rropH)J;Ka. C. a. yrBepm):laer, qro AJIH Kam)J;oro MHO
mecrBa cym;ecreyer paeHoo6'beMHoe eMy (r. e. cocroHm;ee 
H3 rex me caMhlX aJieMeHTOB) MHomecrBo uepeoro uopHJ:iKa. 
TaKnM o6paaoM, C. a. ljiaKrHqecKn CBOAHT paaBeTBJieHHYIO 
reopHIO THIIOB K upocroil: reopHH THUOB. 

JI.um.: [1] l'HJib6ep·T ,!l., A1111epMaH B., OcHOBhI 
TeopeTH'lec11oll: Jiormm, nep. c HeM., M., 1947. 

B. H. I'pUU!UH. 
CBH3AHHAH IIEPEMEHHAH, c B H a a H H o e 

B x 0 JR A e H He II e p e Me H H 0 il:,- THII BXOJRp;eHHH 
uepeMeHHoil: B H3hlKOBOe BhlpameHHe. ToqHoe oupeµ;eJie
Hne AJIH KaJR)J;oro .iliopMaJin3oBaHHoro H3bIKa - ceoe H 
aaeHCHT or upaenJI o6paaoBaHHH aroro H3h1Ka. BMecro 
C. u. HeJib3H rro)J;CTaBJIHTb o6'heKThl. TaKaH uoµ;craHoeKa 
rrpHBOAHT K 6eccMhlCJieHHhIM BhrpameHHHM. Ho aaMeHa 
c. II. BCIOAY, rµ;e OHa BCTpeqaeTCH, Ha HOBYIO AJIH p;aHHOro 
BbipameHHH uepeMeHHYIO rrpHBO)l;HT K BbipameHHIO c TeM 
me caMhlM CMbICJioM. Hanp., B BhrpameHHHX 

~f(x, y)dx, {xlf(x, y)=O} 

rrepeMeHHaH .r HBJIHeTCH CBH3aHHOH. IlO)J;CTaHOBKa BMecro 
x KaKoro-Hn6yp;b qHcJia npHBO/WT K 6eccMbICJieHHhlM Bhl
pameHHHM B ro me epeMH, HarrHcae ecroµ;y BMecro x, 
HarrpnMep z, rroJiyqa10T BhrpameHHH, o6oaHaqarom;He re 
me caMble CYIUHOCTH. 

c. II. ecer)J;a B03HHKaIOT rrpH rrpHMeHeHHH K HeK-poMy 
BhlpameHHIO e co CBo6op;HbIMH BXOJR)l;eHHHMH rrepeMeHHoii 
x KaKoro-Hn6yAh orreparopa c orreparopHoii nepeMeHHoii 
x (cM. Ceo6oonaa nepe.Me1t1taa). B rroJiyqHemeMCH Bbipa
meHHII Bee BXOJRAeHHH rrepeMeHHOH x Be, 6hlBIDHe ceo6oµ;
HhlMH, CTaHOBHTCH CBH3aHHbIMH. HHme yKa3aHbI HeK-phle 
HaH6oJiee ynorpe6HreJibHhle orreparopbI (rroMnMo yme HC-

rroJib30BaHHhIX orreparopoe ~ •. . dx H {xi ... }), B K-phlx 

x HBJIHeTCH orreparopHoii rrepeMeHHoii: 
Vx( .. . ), 3x( ... ) - KBaHrophl o6rri;HoCTH H cym;ecreo-

BaHnH; 

~ ::· .... dx - orrpep;eJieHHhlH nHrerpaJI no x; 

~x· .. - cyMMa no x; 
Ax( ... ) - .iliYHKIJ;HH or x, aHaqeHHe K-poii B roqKe :x 

paBHO ... · 
BMecro MHororoqnft MOJRHO rroµ;craBJIRTb oupeµ;eJieHHhie 
H3hIKOBhle BhlpameHHH . 

B peaJibHhlX (He ljiopMamrnonaHnhlx) MaTeMarn 11. TL'Kcrax 
B03MOJRHO Heop;H03Ha'IHOe yuorpe6JieHHe O).\HUX II Tex me 
Bhlpa>KeHnii, B CBH3H c 'leM Bblp;eJieHne c. rr. B )J;aHHOM 
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Bhlpamemrn: 3aBIICHT OT KOHTeKcTa H CMhlCJia BhlpameHHH. 
B iJ>opMaJIH3oBaHHhIX H3h1Kax HMeeTcH iJ>opMaJibHaH IIpo
u;e1wpa Bhl,[\eJieHHH CB060,[\HhlX H CBH3aHHhlX BXOJR,[\eHHll 
rrepeMeHHhlX. B. H. I'puiuuu. 

CBH3AHHblft BEKTOP - CM. Benmop. 
CBH3KA - ,a;Byrrapa~rnTpii'IeCKoe ceMeil:cTBO JIHHIIH Ha 

ITJIOCKOCTH HJIH IIOBepXHOCTeil: B rrpocTpaHCTBe, JIHHeHHO 
aaBHCHII1ee OT rrapaMeTpoB. IlycTh F1, F 2, F 3 - ii>YHRil,HH 
ABYX rrepeMeHHhlX, H3 K-pbIX HH 0,[\Ha He HBJIHeTCJI mrneil:
HOH KoM6HHau;neil: ,a;ayx ,a;pyrnx. CeMeil:cTBo JIHHHH Ha 
IIJIOCKOCTH, OIIpe,a;eJIHeMbIX ypaBHeHHeM 

A1F1+1.,2F 2 +/.,8F 3 = 0 

IIPH aceB03MOJRHhlX 3HaqeHHHx IIapaMeTpoB /.,1, /.,2, /.,3 
(KpoMe A1=0, A2=0, A3=0), IIpe,a;cTaBJIHeT co6oil: C. (iJ>aK
THqecKH aaancHT OT ,a;ayx OTHomeHHH /.,1 : /., 2 : /.,3). AHa
JiorHqHo 3aIIHChIBaeTCH ypaBHeHHe c. noaepXHOCTeii B 

Pnc. 1. 

rrpocTpaHcTBe. Tpn ypaBHeHHH F1=0, F2=0, F3=0 
,a;aroT TPH aJieMeHTa C. (TpH JIHHHII HJIH TPH IIoBepxHocTH), 
K-phle OIIpe,a;eJIHIOT BCIO c. 

c B H 3 K a II p H M bl x - MHOJReCTBO Bcex JipHMhlX, 
Kam,a;aH rrapa H3 K-phlX JieJRHT B O,[\HOH IIJIOCKOCTII. B 
eBKJIH,[\OBOH reoMeTpHH c. JipHMhlX-MHOJReCTBO BCex rrpH
MhIX, IIpoxo,a;HIIIHX qepea OAHY ToqKy. EcJIH aTa ToqKa Ko
HeqHaH, TO c. IIpHMhlX Ha3. 3 JI JI H JI T H q e c K 0 il:, ec
JIH 6ecKoHeqHo y,a;aJieHHaH, - II a p a 6 o JI H q e c K o f"r. 

c B H 3 K a JI JI 0 c K 0 c T e il: - MHOJReCTBO Bcex 
JIJIOCKOCTeil:, IIPOXO,[IHIIIHX qepe3 O,[\Hy ToqKy (c 0 6 c T
B e H Ha H C.) HJIH JiapaJIJieJihHhIX HeK-poil: rrpHMOH 
(He co 6 c TB e H Ha H C.). 

c B H 3 K a 0 K p y JR H 0 c T e :ii - ,[\ByJiapaMeTpJiq. 
ceMeHCTBO OKpyIBHOCTeil:, JIHHeHHO 3aBHCHIIIee OT IIapaMeT
poB. c 0 6 c TB e H H 0 il: c. OKPYIBHOCTeil: HBJIHeTCH 
MHOJReCTBO TeX OKPYlRHOCTeii, OTHOCHTeJibHO K-pbIX ,[\aHHaH 

Puc. 2. Puc. 3. 

ToqKa (u; e HT p C.) HMeeT ,a;aHHYIO CTeJieHh ToqKH. He
c 0 6 c TB e H H 0 :ii c. OKpymrrocTe:ii Ha3. MHOJReCTBO 
acex OKPYIBHOCTeii., Il,eHTphl K-phIX IIPHHa,a;JiemaT HeK-po:ii 
¢1rncnpoBaHHo:ii IIPHMOM (T. H. qi y H ,[\ a Me HT a JI b -
Ho :ii n pH Mo ii.) (cM. pnc. 1). EcJin (0,0) - u;eHTp 
co6CTBeHHOM CBH3KH, TO ee ypaBHeHne 

x 2+y2 -2ax-2by+p=0, a2 +b2 > p, 
r,a;e a n b - rrapaMeTphI, onpe,a;eJrn10II\He oRpymuocTb, 

p - CTeneHb D,eHTpa c. OTHOCHTeJibHO OKpyiKHOCTe:ii c. 
(cTerreHh Heco6cTBeHHOH C. cqnTaeTcH 6ecKoHeqHo:ii). 

llMeIOTCH TPH THrra co6CTBeHHbIX c. ORpyIBHOCTeil:: 
1) r H ll e p 6 0 JI H 1f e c K a H c. (p > 0), COCTOHIIIaJI 

H3 Bcex OKPYIBHOCTe:ii, oproroHaJibHhlX HeK-po:ii ,a;aHHOR 
oKpymHOCTH (ii> y H ,a; a M e H
r a JI b Ho f°1 OKpylKHO
C TH) (cM. pHC. 2); 

2) n a p a 6 o JI H 11 e c K a H 
c. (p=O), COCTOHIIIaH H3 acex 
oKpymHocre:ri:, npoxo,[\HII\HX 
qepea HeK-pyro ,a;aHHYIO ToqKy 
(u; e Hr p C.) (cM. pnc. 3); 

3) 3 JI JI H II T H q e c K a H 
C. (p < 0), COCTOHIIl;aH H3 
oKpymHocre:ii, nepeceKaIOIIl,HX 

HeK-pyro ;riaHHYIO OKpymHOCTb Puc. 4. 
B ,a;Byx ,a;naMeTpaJibHO IIpOTH-
BOIIOJIOlKHhlX ToqKax rrocJie,a;Heil: (cM. pHC. 4). 

IlepeceqeHHe ,l\BYX c. OKpyIBHOCTeil: HBJIHeTCH ny'LKOM 

OKpyiKHOCTe:ii. 8JIJIHIITHqecKaH c. co,a;epmHT TOJibKO 3JIJIH!l
Tliq. nyqKH, rrapa6oJIHqecKaJI C.- TOJibKO 3JIJIHIITnq. H 
rrapa6oJinq. IIyqKH, rnrrep6oJinqecKaH C.- TPH THrra co6-
CTBeHHhlX IIyqKoB. Heco6cTBeHHaH C. co,a;epmHT KaK He
co6cTBeHHhle IIyqKH, TaK H co6CTBeHHhle IIyqKH Bcex Tpex 
THIIOB. 

IlepeceqeHHe ,a;Byx C., H3 K-phlx o,a;Ha 3JIJIHllTHqecKaH, 
MOlKeT 6hlTb TOJibKO 3JIJIHIITHq. IIyqKoM. IlepeceqeHHH 
ABYX c., H3 K-phlX o,a;Ha napa6oJIHq., MomeT 6hlTb TOJibKO 
3JIJIHIITnqecKHM HJIH napa6oJIHq. IIyqKoM. IlepeceqeHHe 
ABYX c., H3 K-phlX O,a;Ha co6cTBeHHaH, MOJReT 6hlTb TOJihKO 
co6CTBeHHhlM IIyqKoM. 

C B H a K a c qi e p - ,a;aynapaMerpnq. ceMeHCTBO ciJ>ep, 
JIHHe:iiHO 3aBHCHIIl,ee OT rrapaMeTpOB. c. ciJ>ep COCTOHT H3 
MHomecTBa ciJ>ep, OTHOCHTeJihHO K-phlX TOqKH HeK-po:ii IIpH
MOll (p a ,[\ H K a JI b H 0 il: 0 c H) HMeIOT O,[\HHaKOBYIO 
cTeIIeHh (pa3JIHqHyro. ):IJIH pa3HhlX Toqe:K). Pa,a;nKaJibHaH 
ocb IIepeceKaeT Bee ciJ>ephl C. B ,a;Byx Toq:Kax. B aaancHMo
CTH OT Toro, HBJIHIOTCH JIH 3TH ToqKH ,a;eil:CTBHTeJibHhIMH 
(pa3JIHqHhIMH)' KOM!lJieKCHO COIIpHIBeHHhIMH HJIH coana,a;aro
IIIHMH, c. ciJ>ep Ha3. 3 JI JI H II TH q e c K 0 il: c., K-paH 
COCTOHT H3 Bcex ciJ>ep, IIpOXO,[\HIIl,HX qepe3 ,[\Be 06II1He 
ToqKn; r H II e p 6 0 JI H q e c K 0 il: c., K-paH COCTOHT H3 
Bcex ciJ>ep, opToroHaJihHhlX ABYM HeK-phlM nepeceKaIO
IIIHMCH ciJ>epaM; ll a p a 6 0 JI H q e c K 0 il: c., K-paH 
COCTOHT U3 BCeX ciJ>ep, KaCaIOIIIHXCH HeK-po:ii p;aHHOH IIpH
MOll B ,a;aHHOll ToqKe. l(eHTphl Bcex ciJ>ep c. JiemaT B O,[\HOH 
IIJIOCKOCTH, rrepIIeH,[\HKYJIHpHOH K pa,a;uKaJibHOH OCH. 

C. HBJIHeTcH IIepeceqeHueM acex 061D,HX ciJ>ep JIBYX cemeu 
ciJ>ep. 

B IIpoeKTHBHoii reoMeTpHH C.- MHomecTBO acex IIpH
MhlX H IIJIOCKOCTe:ii, rrpoXO,[\HIIl,HX qepe3 ,a;aHHYIO ToqKy. 

Jlum.: [1] II o c !r Hu Ro B M. M., AHaJIHTuqecRaH reoMeT
p1rn, M., 1973; [2] Mop; e H o B II. C., AHaJiuTHqecRaH reoMeT
puH, M., 1969. A. B. Heauoe. 

CBH3KA IIOJIYrPYIIII ,a; a H H o r o c e M e il: c T a a 
{Sa} - IIOJiyrpyrrrra S, 06Jia,a;aroII1,a.11 paa6HeHneM Ha IIo,a;
IIOJiyrpyIIIIhl, KJiaCChl K-poro CYTb B TOqHQCTH IIOJiyrpyIIIIhl 
Sa, n ,a;JIH JII06hlx Sa, S13 cyII1,eCTByeT S v TaKa.11, qTo Sa Sf, c:::. 
c:::.Sv . B 3TOM CJiyqae TOBOpHT TaKme, qTo s p a 3 JI 0 m H
M a B c B H 3 K y IIOJiyrpyIIII Sa. ,11.pyrnMH CJlOBaMn, s 
eCThC. II. Sa, ecJin ace Sa- IIo,a;IIoJiyrpyrrIIhl B Sn cy
mecTByeT KOHrpyaHI~HH p Ha s TaKaH, qTo p-KJiaCChl CYTb B 
TOqHoCTH Sa. IloJiyrpyIIIIhl Sa Ha3. K 0 M II 0 He HT a M H 
,a;aHHOM CBH3KH. TepMHH «C. II.)) corJiacyeTCH c HCIIOJlh30-
BaHneM Hepe,a;Ko CJIOBa ((CBH3Ka» KaK CHHOHHMa TepMnHa 
«IIoJiyrpyIIIIa n,a;eMIIoHeHTOB», TaK KaK KOHrpy3Hil,HH p 
Ha IIoJiyrpyIIIIe S oIIpe,a;eJIHeT paaJiomeHne S B CBH3KY 
Tor,a;a n TOJihKO Tor,a;a, Kor,a;a iJ>aKTOpIIoJiyrpyrrIIa S/p -
rroJiyrpyIIrra H,[\eMITOTeHTOB. 

MHorne IIOJiyrpyIIIIhl pa3JI01KHMhl B CBH3KY IIOJiyrpyrrrr 
c TeMH HJIII HHbIMH «6oJiee xopOIIIHMH» CBOMCTBaMn; TaKHM 
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o6pa30M, 113yqeH11e llX CTpoeHllH B H3B0CTHOil Mepe CBO
AllTCH K paCCMOTpeHllIO TllIIOB, K K-pblM rrp11Hap;JiemaT KOM
IIOH0HTbl CBH3Kll' II K paCCMOTpeHllIO rroJiyrpyrrrr H/];0MIIOT0H
TOB (cM., Harrp., Apxu.Meaoea no.ttyepynna, Bno.ttne npocmaa 
no.ttyepynna, K.ttuifiifiopaoea no.ttyepynna, Jlepuoau<tecnaa 
no.ttyepynna, Cenapamuenaa no.ttyepynna). 

C. II. Sa,Ha3. K 0 MM y T a T 11 B H 0 Il, 0CJill /];JIH COOT
B0TCTBYIOW:0H KoHrpyaHu;1111 p qiaKToprroJiyrpyrrrra Sip 
KOMMYTaTllBHa; TOrp;a Sip - rroJiypeIIIeTKa (B 3TOM CJiyqae 
qacTo roaopHT, qTo S eCTb rroJiyperneTKa rroJiyrpyrrrr 
Sa, B qacTHOCTll, ecJI11 Sip - u;errb, TO roaopHT, qTo S 
ecTb u;errh rroJiyrpyrrrr Sa). C. rr. Ha3. rr p H M o y r o JI h -
H 0 ii (11Horp;a - M a T p II q H 0 ii), 0CJill Sip - rrpHMO
yroJibHaH rroJiyrpyrrrra (CM. lfae.Mnomenmoe no.ttyepynna). 
(ho 3KBllBaJieHTHO TOMy, qTo KOMIIOH0HTbl CBH3KH MoryT 
6blTh 111Ip;eKc11poBaHbl rrapaM11 11Hp;eKCoB Si'J,, rp;e i 11 A, 
rrpo6eraIOT HeK-phle MHomecTBa I 11 A cooTBeTCTBeIIIIo, 
rrp11qeM AJIH JII06blx s (},, s jµ BblIIOJIIIH0TCH BKJIIOqeJI11e 
S;t.SjµcS;µ. JI106aH C. rr. eCTb rroJiyperneTKa rrpflMO
yroJibHhlX CBH30K, T. e. ee KOMIIOH0HTbl MoryT 6blTb pac
rrpep;eJieHbl IIa rrop;ceMeilcTBa TaK, qTo 06'hep;nIIeH11e 1rnM

rroHeHT Kamp;oro rrop;ceMell:cTaa ecTb rrpHMoyroJibHaH 
CBH3Ka 3TllX KOMIIOII0IIT' a llCXO/];HaH rroJiyrpyrrrra pa3JI0-
1RllMa B rroJiyperneTKY yKa3aJIHblX o6'b0/];lllI01IllH (T e 0 p e
l\( a R JI 11 qi qi op A a [1]). IlocKOJihKY CBOHCTBa 6blTh 
IIOJiyrpyrrrroii 11A0MIIOT0HTOB, IIOJiypeIIIeTKOH, rrpHMoyroJib
HOH rroJiyrpyrrrroii xapaKTep113YIOTCH T01RA0CTBaMll, Ha JII0-
6oll: rroJiyrpyrrrre S AJIH Kamp;oro 113 rrepeq11cJieHHhlX CBOHCTB 
0 CYW:0CTBY0T HallM0HhIIIaH KOHrpy3Hll;llH, /];JIH K-pOH 
COOTB0TCTBYIOW:aH qiaKToprroJiyrpyrrrra o6Jiap;aeT CBOHCT
BOM 0, T. e. cyrn;eCTBYIOT Ha II 6 0 JI b III II e (llJill Ha II -

6 0 JI e e A p 0 6 H bl e) pa 3 JI 0 1R e H H H s B c. II., 
B KOMMyTaTllBHYIO c. II., B rrpHMoyroJibHYIO c. II. 

R crreu;11aJibHblM TllIIaM c. II. OTHOCllTCH c II JI b H a H 
c B H 3 K a [ 4]: AJIH JII06hlx aJieMeHTOB a II b 113 pa3HhlX 
KOMIIOH0HT rrpo113Bep;eHne ab paBHO CTerreHll op;Horo 113 
aT11x aJieMeHTOB. BamHhlM qacTHblM cJiyqaeM c11JibHoii 
CBH3Kll II O/];HOBpeMeHHO qaCTHblM CJiyqaeM u;errn IIOJiy
rpyrrrr HBJIH0TCH 0 p A H H a JI b H a H c y M M a (HJIH II o
c JI e A 0 Ba Te JI b H 0 a H H y JI Ii! p y IO w: a H c B H 3 Ka): 
MHOlReCTBO ee KOMIIOHeHT {Sa} JIHH0HHO yrropHp;oqeHO 
11 AJIH JII06blx Sa,, S13 TaKHX, qTo Sa< S13, H JII06blx aE Sa, 
b ES r:i HMeeT MeCTo paBeHCTBO ab= ba= a. 3ap;aHHeM 
KOMIIOHeHT II crroco6a HX yrropHp;oqeHHH opp;HHaJibHaH 
cyMMa orrpe):leJIHeTCfl OAH03HaqHo c TOqHOCTbIO AO H30-
~rnpqiH3Ma. 

Jlum.: Lil CI if ford A., «Proc. Amer. Math Soc•, 1954, 
v. 5, p. 499-504; [2) l{ JI H ljJ ljJ 0 p A A., II p e c T 0 H r., 
AJire!ipan<Iec1rnH TeopnH rro.nyrpyrm, rrep. c aurJI., T. 1, M., 1972; 
[3) JI ff II II H E. c., IIOJiyrpyIIIIhI, M., 1960; [4) lll e B pH H JI. H., 
«lfaB. BY30B. MaTeM.», 19G5, No 6, c. 156-65. JI. H. Uleepuu 

CBH3HAH KOMIIOHEHTA E)J;HHJH~bl r p y rr rr i,i 
G - HaH60JibIIIee CBH3IIOe IIOAMIIOlReCTBO G' TOIIOJIOrH
qecKoii (HJIH aJire6panqecKoii:) rpyrrrrhl G, cop;epmarn;ee 
ep;HHH!l;Y 3TOH rpyrrrrhl. c. K. e. G0 HBJIH0TCH 3aMKHYTOH 
HopMaJibHOH rrop;rpyrrnoii B G; CM01RHhle KJiaCCbl no 3TOH 
rrop;rpyrrrre COBrrap;aIOT co CBH3HblMH KOMIIOHeHTaMH rpyrr
Ilbl G. <l>aKToprpyrrrra GIG0 arroJIHC HeCBH3Ha n xaycp;opqio
aa, rrpnqeM G0 - HaHMBHhIIIaH H3 TaKHX IIOpMaJibHblX 
rrop;rpyrrrr H c G, qTo GI H BIIOJIHe IIBCBH3Ha. EcJIH G 
JIOKaJibHO CBH3Ha (Harrp., G - rpyrrrra Jln), TO G0 OTKPhlTa 
B G n GIG0 p;ncKpeTHa. 

B rrpoH3BOJibIIOH aJire6panq. rpyrrrre G C K. e. G0 

TaKme OTKPblTa H HMeeT KOHeqHblH HHABKC, rrpnqeM G0 

HBJIHBTCH MHHHMaJibHOH 3aMKHYTOH rrop;rpyrrrroii KOJieq
Horo HIIABKCa B G. CBH31IbIC KOMITOIIBIITbI aJrre6panq. rpyrr
Ilbf G coarrap;aIOT c IIenpMBOAHMblMH KOMIIOHBHTaMH. )J;JIH 
JII06oro peryJIHpIIoro roMoMopqin3Ma cp : G - G' aJire6-
panq. rpyrrn crrpaBep;JIHBo paBeHCTBO cp (G0 )=cp (G) 0 • EcJIH 
G onpe/\eJieHa IIa;L\ IIeK-pbIM noJICM k, TO n G0 onpep;eJieIIa 
Hap; k. 

EcJin G - aJire6panq. rpyrrrra Hap; rroJieM IC, TO ee C. K.e. 
G0 coBrrap;aeT co C. R. e. rpyrrrrhl G, paccMaTpHBaeMoii KaK 

KoMrrJieKcHaH rpyrrrra Jln. EcJin G orrpe11eJieHa Hap; IR, 
TO rpyrrrra G0 (IR) Beiu;ecTBBHHblX ToqeK B G0 He o6H3aTeJihHO 
CBH3Ha B TOIIOJIOrHH rpyrrrrbl Jln G (IR), HO qli!CJIO ee CBH3-
HblX KOMIIOH0HT KOHeqHo II HMeeT BHA 2l, rp;e l;;;;. 0. Harrp., 
rpyrrrra GLn (IC) pacrrap;aeTCH Ha p;Be KOMIIOHeHTbl, XOTH 
GLn (IR) CBH3Ha. Ilceap;oopToroHaJibHaH YHHMop;yJIHpHaH 
rpyrrna so (p, q), K-paH MOiKeT paccMaTpHBaTbCH KaK 
rpyrrrra Bern;ecTB0HHblX ToqeK CBH3HOH KOMIIJI0KCHOll aJI
re6paHq. rpyrrrrhl SOp+q (IC), CBH3Ha rrpn p=O llJIH q=O 
H pacnai:1aeTCH Ha p;Be KOMIIOH0HTbl rrp11 p, q > 0. 

Jlum.: [1] B ope JI b A. JI11uellHble aJire6pan<Iec1me rpyn
IIbl, nep. c aHrJI., M., 1972; t2J II o H T p ff r n u JI. C., Henpe
PhlBHble rpynnhl, 3 H3/I:., M., 1973; [3) Xe JI r a co H C., D:m!i
ljJepeu11naJibHaH reoMeTpHH n CHMMeTp11<tec1rne npocTpaHCTBa, nep. 
c aurn., M., 1964; [4) III a ljJ ape B n q H. P., OcHoBhl aJire6pa
H<Iec11oll reoMeTpnn, M., 1972. A. JI. Ouu14un. 

CBH3HAH CYMMA c e M e Il: c T B a M H o m e c T B -
o6'be;rJ;HIIeHne 3TllX MH01R0CTB B e):IHHOe CBH3HOe MH01R0CTBO. 
CaMo IIOHHTHe c. c. B03HHKJIO H3 Heo6xo;ri;11MOCTH OTJillqli!Tb 
TaKOro po;ri;a o6'b0/];llH0HHe OT IIOHHTHH HeCBH3HOii HJIH 
OTKpbIT0-3aMRHyToii cyMMbl, T. e. TaKoro o6'hep;llH0HllH 
MIIOiReCTB, KOrp;a OHH He rrepeceKaIOTCH H CBH3HhlMH rrop;
MHOlReCTBaMH B 3TOM o6'bep;HH0HHH MoryT 6blTb TOJ!bKO IIO):l
MHOlReCTBa-CJiaraeMhle. B. H. Ma.iiuxuu. 

CBH3HOE MHOiKECTBO - rrop;MHomecTBo o6'beMJIIO
w:ero MHOlReCTBa, B K-poM orrpep;eJieHo IIOHHTHe C!JR3HOcmu 
Ii! B CMblCJJe K-poro caMo rrop;MHOlReCTBO CBH3HO. Harrp. 
c. M. rrpocTpaHCTBa p;ell:CTBHT0JlbHblX qnceJI HBJIHIOTCH 
BbIIIYKJible MHOlReCTBa II TOJibKO OHH; c. M. rpaqia HBJJH
eTCH TaKoe MH01R0CTBO, B K-poM JII06ble p;Be TOqKH coep;:e
HeHhl rryTeM, u;eJIHKOM Jiemarn;11M B 3TOM MHOiKeCTBe. 

B. H. Ma.itbLXun. 
CBH3HOE IIPOCTPAHCTBO - TorroJiomqec1we rrpo

CTpaHCTBo, K-poe H0Jlb3H rrpe):ICTaBllTb B Biige cyMMbl ABYX 
oTp;eJieHHblX p;pyr OT p;pyra qacTeii 11JI11, 6oJJee CTporo, 
HerryCTblX uerrepeceRaIOW:HXCH OTKpbIT0-3aMKHYTbIX IIOA
MH01R0CTB. IIpocTpaHCTBO CBH3HO Torp;a II TOJibKO Torp;a, 
Rorp;a Kamp;aH uerrpepblBHaH q11cJI0BaH qiyHK!l;llH rrp11H:e
MaeT ua HeM Bee rrpoMemyToquble aHaqeHHH. HerrpepblBHhlii 
o6pa3 c. II., rrpoH3Bep;eHHe c. rr., rrpoCTpaHCTBO 3aMI{Hy
TblX IIO):IMHOiKeCTB B TOIIOJIOflllil BbeTop11ca c. II. CYTb c. II. 
Ramp;oe CBH3Hoe BIIOJIHe peryJIHpHoe rrpoCTpaHCTBO llMeeT 
MOiu;HOCTb He MeHee KOHTHHyyMa, XOTH cyrn;eCTBYIOT Ii! 

cqeTHhle CBH3Hhle xayc)J;opqioebl rrpocTpaHCTBa. 
B. H. Ma.iiuxuu. 

CBH3HOCTH HA MHOrOOBPA31UI - autjjtjjepen-
1.fua.ttbno-eeo.Mempwtecnue cmpynmyplit Ha rJJap;KoM .Mnoeo
o6paauu M, HBJJHIOiu;HeCH c1Jaa1wcma.Mu B rrp11KJJeeHHblX K 
M rJJap;KHx paccJioeHHblX rrpocTpaHCTBax E c op;Hopop;
Hh!MH THIIOBhlMH CJIOHMH GI H pa3MepHocTn dim M. B aa
BHCHMOCTH OT Bbl6opa op;Hopop;Horo rrpocTpaHCTBa GI H 
rroJJyqaIOTCfl, Harrp., atjiifiunnbie c1Jaanocmu, npoenmueHble 
cgaanocmu, nontjjop.MHble cgaanocmu n AP· Jia MHoroo6pa3nu 
M. 06ru;ee IIOHHTHe c. Ha M. BBeJJ 3. IfapTaH [1]; OH Ha3BaJJ 
MHoroo6pa3He M c 3ap;aHHOH Ha HeM CBH3HOCTbIO «HeroJJo
HOMHblM rrpocTpaIICTBOM c qiyap;aMeHTaJiblIOH rpyrrrroli». 

CoapeMeHHoe orrpep;eJJeHne C. Ha M. orrnpaeTCH Ha rro
HHTlle rJiap;Koro paccJioeHIIoro rrpocTpaucTBa, rrpnKJieeH
IIoro K MHoroo6paan10 M. II ycTb F= GI H HBJIHeTCH 
oanopoanb!.M npocmpancm!JO.M pa3MepHOCTH dim M (Harrp., 
aqiqinHHhlM rrpocTpaIICTBOM, rrpoeKTHBHbIM rrpocTpaIICTBOM 
n T. rr.). IlycTb p : E - M HBJIHeTcH rJiap;KHM JioKaJibHO 
TpHBHaJibHblM paccJJoeHHeM c THIIOBbIM CJJOeM F H rryCTb B 
aToM paccJJoeHHH cyrn;ecTByeT n qinRcnpoaaHo rJJaµ;Koe 
ceqeHne s, T. e. TaRoe rJiap;Koe oTo6pameHne s: M - E, 
qTQ p (s(x))=x p;JJH JII06oro xEM. ITocJiep;Hee ycJIOBHe 
rapaHT11pyeT, qTo s HBJIHeTCH p;nqiqieoMopqinaMoM M IIa 
s (M)' H II03TOMY M H s (M) MOiKIIO rrpH lf\eJJaHHH OTO)R
p;eCTBJIHTb, )J;pyrnMH CJJoBaMn, K Ramp;oll: ToqRe x EM 
rrpncoep;nHeH aKaeMrrJJHP F x op;Hopop;Horo rrpocTpaHCTBa F 
paaMepIIOCTH dimM - CJIOII paccnoeIIHH p : E - M IIap; 
x-c qinKcnpoaaHHoii B Heii TOqKoil s(x), OTOlR,[\BCTBJJHe
MOH c x. 
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c. Ha M. HBJIHeTCH qacTHblM CJiyqaeM o6m;ero IIOHHTHH 

CBH3HOCTII; caMOCTOHTBJibHO Olla MOJRBT 6b1Tb orrpep;eJieHa 
CJIBAYIOlll.HM o6pa30M. IlycTb AJIH KaiRAOH Kycoquo rJiap;
Ro:ii Kpnaoi"r L (x0 , x1) MHoroo6pa3n.11 M orrpeµ;eJieH H3o
Moplfin3M r L : F X1 - F Xo KaCaTeJibHblX OAHOPOAHhIX npo
CTpaHCTB B KOHJJ;aX KpHBOH (Harrp.' eCJIH F HBJIHBTCH alfi
iJ>nHHhIM, npOBKTHBHhIM HT. A· rrpocTpaHCTBOM, TO fL -
COOTBBTCTBBHHO aiJ>iJ>nHHOe, rrpoeKTHBHOe H T. A· OTo6pa
lRBHHe). IlyCTb, KpoMe Toro: 

1) rrpn L (x0 , x 1), L' (x1, x 2), L-1 (x1, x 0) n LL' (x0 , x 2) 
crrpaaep;JIHBhl fL- 1= (fL)-1, f(LL')= (fL) (fL'); 

2) AJIH Kamµ;o:ii ToqKn x EM n KacaTeJihHoro BeKTopa 
xx E T x (M) H30Moplfin3M r Lt: F Xt - F X• rµ;e Lt - o6pa3 
oTpe3Ka [0, ti rrpn rrapaMeTpn3an;nn A, : (0, 11- L (x, x1) 
Kpnao:ii L c KacaTeJibHblM BBKTOpoM x' CTpeMHTCH rrpn 
t - 0 K TOlRABCTBBHHOMY H30Moplfin3My, H ero OTKJIOHe
HHe OT IIOCJIBAHero 3aBHCHT B CBoe:ii rJiaBHOII qacTn TOJibKO 
OT x H x' rrpnqeM r Jiap;KO. 

B aToM cJiyqae roaopHT, qTo Ha MHoroo6pa3nn M µ;aua 
CBH3HOCTb f THIIa F; H30MopcpH3M fL Ha3. napa.n,.n,e.R,bllliL.M 
nepenecenue.M BAOJih L. )J;JIH Kamµ;o:ii Kpnao:ii L (x, x1) EM 
orrpeµ;eJIHBTCH ee pa 3 Be p T Ka: KpnBaH BF X• COCTOHII(aH 
H3 o6pa3oB ToqeK xt Kpnaoii: L rrpn rrapaJIJieJihHOM rrepeue
ceunn BAOJih Lt. lfa 2) cJieµ;yeT, qTO KpHBhle c o6m;nM 
KacaTBJlbHblM x B ToqKe x p;aIOT pa3BBPTKH c o6m;nM Ra
caTBJlbHbIM BBKTopoM y' rJiap;Ko 3aBHCHI!~HM OT x H x' 
BCJIBACTBHB qero AJIH Kamµ;oii: Toq1m x B03HHKaeT OTo6pa
lRBHHe 

fx:Tx(M)-+Ts(x) (Fx)· 

HaH6oJiee n3yqeuhl JIHHBHHhre C. ua M., K-phle o6Jiap;a
IOT CJIBAYIOII(HM AOIIOJIHHTBJlbHblM CBOHCTBOM: 

3) 3JIBMBHT w (X) B aJire6pe Jln g cTpyKTypuoii: rpyrrrrbl 
G, K-pblii: orrpeµ;eJIHBT rJiaBHYIO qaCTb OTKJIOHBHHH H30-
MopcpH3Ma f Lt OT TOlRABCTBBHHOfO H30Moplfin3Ma rrpn t -o 
OTHOCHTBJibHO HBK-poro IIOJIH perrepoB, 3aBHCHT OT x JIH
HBHHO. 

B 3TOM cJiyqae oTo6pameune f x HBJIHBTCH JIHHBHHhIM. 
EcJin f x oKa3hIBaeTCH H30Moplfin3MOM ,!l;JIH JII06oii ToqKn 
.x, TO fOBOPHT 0 HBBhlpomp;eHHOH c. Ha M. HJIH 0 c B H 3-
H o c T n R a p T a H a; B aToM cJiyqae naoMopcp1!3M /";;1 

TpaKTYBTCH TaKme KaK IIPHKJIBHBaHne paCCJIOBHl!H p: 
E-+ M K 6a3e M (a,o;oJib 3ap;aHHoro ceqemrn S). Cam:1-
HOCTh RaprnHa Ha M Ha3. rr o JI H o ii:, ecJin AJIH Kam
,o;oii: TOqKn x BCHKaH rJia,o;KaH Kp1rnaH B F" c HaqaJIOM Bx 
HBJIHBTCH pa3BepTKOH HeK-po:ii KpHBOH B M. 

c TOqKH 3peHHH o6m.eii: Teopnn CBH3HOCTeii:, r,o;e JIHHeii:HaH 
CBH3HOCTb B paCCJIOBHHH p : E-M 3ap;aeTCH c IIOMOII~bIO 
aopuaoH,ma.n,bnoeo pacnpe{Je.n,eH,ua A Ha E, oTo6pameHne 
f x HBJIHBTCH KOMII03HJJ;He:ii H30MopiJ>n3Ma s*' OT06pamaIO
m;ero x B COOTBBTCTBYIOII(HH KaCaTeJibHblfI K s (M) BBKTOp, 
n nocJie,o;y10m;eii: rrpoeKn;nn rrpocTpaHCTBa T s(xi (E)= 
= As<x1EBT S(X) (Fx) Ha BTOpoe rrpHMOe CJiaraeMoe. 0TCIO
,o;a CJiep;yeT, qTo CBH3HOCTb H0Bblpomp;eHa TOrp;a H TOJibKO 
TOrp;a, Kor,o;a As(X) n T S{X) (s (M))= {O} ,!l;JIH JII06oii: TOqKn 
x EM. Ha M rrpnMeHHMhI ace rrorrHTHH n pe3yJibTaThl 
0611wii: Teopnn CBH3HOCTeii, rrarrp. TaKne, KaK aQJ1,QH,O.MUU 
apynna, KpueU31/,liL ¢op.Ma, TeopeMa o roJioHOMHU n AP· 
)];orroJIHHTeJILHaa CTPYKTypa paccJioeHHH, rrpHKJieerraoro 
K MHOroo6pa3HIO M' II03BOJIHBT, op;HaKo, BBBCTH HeK-phle 
6oJiee crren;naJihHhle rrOHHTHH. RpoMe pa3BepTKH aan6oJiee 
BaiRHbIM H3 HHX HBJIHBTCH IIOHHTHe Kpy'lellUJt rfiop.MliL CBH3-
HOCTH Ha M B TOqKe x. 

Oco6oe MeCTO B TeopnH c. Ha M. 3aHHMaIOT CBH3HOCTH 
RaprnHa B cJiyqae, Korp;a F=GIH HBJIHBTCH op;aopop;HhIM 
pe{JyKmuenliL.M npocmpaH,cmeo.M, T. e. Korp;a cym;ecTByeT 
rrpHMoe pa3JIOiR8HHe g=h+m co CBOHCTBOM [hm]cm. 
B aTOM cJiyqae rrponcxop;HT pacmenJieHHe lfiopMbI KpHBH3Hhl 
Q Ha p;Ba caMOCTOHTeJlbHbIX ofrb0KTa: ee KOMIIOH8HTa B m 
rropomp;aeT cpopMy KpyqeHHH, a KOMrroHeHTa B h rropomp;aeT 
lfiop~IY KpHBH3Hbl. 3µ;ecb HaH6oJiee H3B0CTHblM rrpHMepoM 

35* 

HBJIHeTcH acpcpHHHaH CBH3HOCTh Ha M, y K-poii F HBJIHBTCH 
alf!lf!HHHbIM rrpocTpaHCTBoM pa3MepuocTH dim M. 

Peµ;yKTHBHoe rrpocTpaucTBO F o6Jiaµ;aeT nuaapnaHTHOH 
alfilfinHHoii CBH3HOCTbIO. Boo6m;e, ecJin Ha F cym;ecTByeT 
HHBapnaHTHaH alfiiJ>HHHaH HJIH rrpoeKTHBHaH CBH3HOCTb, TO 
orrpeµ;eJIHIOTCH aeo{Jeau'lecKUe ./1,Ul/,UU CBH3HOCTH THIIa F 
Ha M KaK TaKne JIHHHH BM, pa3aepTKH K-pblx HBJIHIOTCH 
reoµ;e3nq. JIHHHHMH yKa3aHHOH HHBapnaHTHOH CBH3HOCTH. 

Jium.: [1] C art an E., «Acta math.», 1926, t. i.8, p. 1-1,2 
(e pyc. rrep. - K a p T a H 8., rpynnb! roJJOHOMHH oooo~eHHbIX 
IIPOCTPaHCTB, nep. c lfipam-1.. KaaaHh, 1933); [2] JI a n
T e B r. ct>., «Tp. MocR. MaTeM. 06-Ba>), 1953, T. 2, c. 275-382; 
[3] E hr es m an n C., Coll. de Topologie (Bruxells, 1950), 
P., 1951, p. 29-55; [I,] Koba~ashi S., «Canad. J. Math.», 
1956, v. 8, N 2. p. ii.5-156; [5J C 11 ft on Y. H., «J. Math. 
and Mech.», 1966, v. 16, No 6, p. 569-76. IO. r. JlyMucme. 

CBH3HOCTII OB'bEKT - µ;nlfilfiepeHI~HaJibHO-reoMe
TpnqecKHH o6'heKT Ha rJiap;KOM rJiaBHOM paccJioeHHOM 
rrpocTpaHCTBe P, c rrOMOllJ;hIO K-poro 3ap;aeTCH aopuaonma.n,b
noe pacnpe&e.n,eH,ue A CBH3HOCTH B P. IlycTb R 0 (P) HBJIH
eTCH paccJioeHHBM BCBX TaKHX perrepoB B KacaTeJibHblX K 
P rrpocTpaHCTBax, qTo rrepBbie r BeKTopoB e1, .•. , e, Ka
caTeJibHhl K CJIOIO H rropomp;aIOTCH orrpeµ;eJieHHblMH r 
6a3HCHhIMH aJieMeHTaMH B aJire6pe JlH CTPYKTypuon 
rpyrrrrhl G rrpocTpaucTBa P, r=dim G. C. o. cocTaBJIHIOT 

Torµ;a cpyHKJJ;HH rf Ha Ro (P) TaKHe, qTo rroµ;rrpocTpaHCTBO 

pacrrpeµ;eJieHnH A rraTHHYTO Ha BeKTopbI e;+rfep (p, 
a=1, .. . , r; i, j, .• . =r+1, ... , r+n). YcJIOBHH, K-pbIM 

AOJlll\Hbl YAOBJI8TBOPHTb WYHK!J;HH rf Ha Ro (P), qTo6hI OHH 
COCTaBHJIH c. o.' CJieµ;y10m;ne: 

·rP rP i+I'(J p+ p rP . d i - j Wi ;wa Wi = ;jW}. (1) 

0Hn BblpameHhI c IlOMOII~bIO 1-cpopM Ha. Ro (P), BXOAHII(He 
B cTpyKTYPHhle ypaaHeHHH p;JIH cpopM w', wP, cocTaBJIHIO
IJJ;HX µ;yaJibHblH Ko6a3HC K {e;, ep }: 

. j i } dW 1 =W /\ Wj. 

dwP = -+ Cg'twa /\wt +wi /\ wf, 

wg=-cg'twt. 

(2) 

C. O. onpep;eJIHBT TaKll\8 C65t31lOCmU. rfiop.My 0 COfJiaCHO cpop

MYJI8 eP= wP -rf wi n KpU6UiJl/,liJ, rfjop.My Q corJiaCHO 
iJ>opMyJiaM 

p 1 p . . 
Q = _ 2 Riiwz /\ wJ, 

Harrp., rrycTb P HBJIHeTCH rrpocTpaHCTBOM alfilfinHHhIX 
penepoB B KacaTeJibHhIX rrpocTpaHCTBax n-Mepaoro rJiap;
Koro MHoroo6pa3HH M. Torp;a BTOphle H3 ypaBHeHnii: (2) 
HMBIOT BHA 

H (f) CBO)J;HTCH K 
· . I · I l . i . 

arf,.-r~kwi-r1i1wt.>+rikw}+w;k= r}k1w1. 

Ilpn. napa.n,.n,e.n,b/W.M nepeneceH,UU p;oJimHo 6b!Th w} -
- rfkwk=O. ECJIH Ha M Bb16paHa JIOKaJibHaH KapTa H Bee 
o6JiaCTH cp;eJiaH rrepexop; K HaTypaJibHOMY perrepy KapTbI, 
TO wk= dxk n rrapaJIJieJihHOe rrepeaeceH:ne orrpep;eJIHeTCH c 

rroMOII(hIO w}= r}kdxk. RJiaccnq. orrpep;eJieane C. o. a.!J>

lfinaaoii CBH3HOCTH Ha M KaH COBOKYIIHOCTH WYHHllllll rik· 
3ap;aHHhlx Ha o6JiacTn Kamp;on KapThI n npeo6pa3y10m;Hx
c.11 rrpn rrepexo,o;e K Koopp;nHaTaM p;pyroii KapThl no lfiopuy
JiaM 

i' axi' axi ax11 i a•xi axi' 
ri·k· =--. -.-, --, r;k+ ., --. , 

ax' ax' ax 11 ax' cx 11 ' iJx' 
CJie,a;yeT H3 YCJIOBHH HHBapnaHTHOCTH rrepeHeceHHH. 

IO. r. JiyMucme, 



1095 CBR3HOCTH 1096 

CBH3HOCTII Cl>OPMA - JIHHeiiua.a p;mf>cpepeeo;naJih- CBH3HOCTII qIICJIO - MOII(HOCTh ceMe:iicTaa ROM-
HaJI cpopMa 0 Ha rJiaaHOM paCCJIOeHHOM rrpOCTpaHCTae p, IIOHeHT CaJISHOCTH TOIIOJIOrH'l. rrpoCTpaHCTaa. Harrp., 
R-paJI rrpHHHMaeT SHa'leHHJI a aJire6pe g CTpyRTypHoii: eCJIH HS 'lHCJIOaoii rrpJIMOH ab16poCHTb n TO'leR au ... , 
rpymIN G rrpoCTpaHCTaa p' orrpe,a;eJIJieTCJI HeK-poii JIU- an, TO ROMIIOHeHTaMH OCTaTKa JiaJIJIIOTCJI MHomecTaa 
neiinoii conanocm&10 r a P H caMa orrpep;eJIJieT ;ny caJis- l ] 

II r C .l- 0 (Y) -oo, ai[, a1 , a2 [, ••• ,Jan, oo[ 
HOCTb O]J;HOSHa'lHO. 0 caJISHOCTH SHa'leHHe • '!'· y ' 
rp;e YEP, YETy(P), orrpe,a;eJIJieTCJI KaK TOT aJieMeHT a g, H, raKn:M o6pasoM, C. 11. ocraTKa paaHo n+i. 
K-pblii: a ,a;eiiCTaHH G Ha p rropomj{aeT aTopyIO ROMITO- TepMHH «C. 11.)) HCIIOJihSyeTCJI H a CJie,l{yIOII(eM CMblCJie: 
HeHTY aeKTOpa y OTHOCHTeJibHO rrpJIMoro paccJioeHHJI o6JiaCTb eaKJIH,D;Oaa rrpoCTpaHCTaa Has. n-c a JI s H 0 :ii, 
Ty (P)= 1:!.yffiT y (Gy)' r,l{e Gy - CJIOH, co,a;epmall(HH y, ecm1 ee rpaHm:i;a COCTOHT HS n HerrepeceKaIOII(HXCJI CaJIS-
a /::,. - ropnsoHraJihHoe pacrrpe11;eJieHHe caHSHOCTH r. HblX rrop;MHomecTa. Harrp., aHyTpeHHOCTh Kpyra - op;Ho-
IIo c. cp. e ropHSOHTaJibHOe pacrrpe11;eJieHHe I:!., a TeM ca- CaJISHaJI o6JiaCTh, aHyTpeHHOCTb KOJibIJ;a - p;aycaJISHaJI. 
MbIM H CaJISHOCTb f, aOCCTaHaaJIHaaeTCJI CJiej{yIOII(HM 06- B. H. Ma.itbtXU>i. 
pasoM. CBH3HOCTL - caoii:cTBo TOIIOJionrn. rrpocTpaHCTBa, 

Te 0 p e Ma R a p Ta Ha - JI a II Te a a. qT06bl COCTOJIII(ee a TOM, 'lTO rrpocTpaHCTao HeJibSJI rrpep;craaHTb 
HeK-paJI cpopMa 0 Ha p CO SHa'leHHJIMH a g 6blJia C. cp., a aHp;e CYMMbl p;ayx OT,D;eJieHHblX p;pyr OT p;pyra 'laCTeiI, 
Heo6xop;HMo H JJ;OCTaTO'lHo cJie)J;yIOII(ee: 1) rrpn y ET Y (Gy) HJIH, 6oJiee cTporo, HerryCTblX HerrepeceKaIOII(HXCJI oTKphl-
sHa'leHHeM 0y (Y) JiaJIJieTCJI TOT aJieMeHT a g, K-pblii: a TO-SaMKHYTblX IIO,l{MHOiKeCTa. IIpocTpaHCTaO, He JiaJIJIIO-
p;eii:cTaHH G Ha p rropomi:taeT Y, 2) g-sHalJHaJI 2-cpopMa II(eecn caJISHblM, Has. He ca JI 3 H hI M. Harrp., 06bl11HaJI 

1 eaKJIHJ{Oaa IIJIOCKOCTb - CaJI3HOe rrpOCTpaHCTao; eCJIH 
Q=d8+2 [0, 8], yp;aJIHTb HS Hee TO'lKy, TO OCTaTOK caJI3eH; ecJIH yp;aJIHTb 

cocraaJieHHaJI HS 0, JiaJIJieTCJI rroJiy6asoaoii:, HJIH ropHSOH
raJibHOH, T. e. Qy (Y, Y')=O, ecJIH XOTJI 6bl O,ll;HH HS 
aeKropoa Y H Y' rrpHHap;JieiKHT Ty (Gy)· 2-cpopMa Q 
Has. 1>pUBU81/,bl, tjjopJttOU caJISHOCTH. ECJIH a g sap;aH 6aSHC 
{eu ... , e, }, TO YCJIOaHe 2) ablpamaeTCJI JIOKaJibHO a 
anp;e paaeHCTa: 

P 1 cP 0a 0t 1 RP · 1 d0 +- CJ't /\ =- iJ"W 1 /\ W 2 2 

(p, a, 't=1, ... , r; i, j =r+1, ... , r+n=dim P), 

rp;e w1 , •.. , wn - HeK-pble JIHHeiiHo HesaaHCHMble rroJiy-
6asoable 1-cpopMbI. B raKoii: cpopMe Heo6xop;HMOCTh ycJioaHJI 
2) ycraHoaHJI 8. RapTaH [1]; ero p;ocTaTo'lHOCTh rrpn abl
rroJIHeHHH YCJIOaHJI 1) ,ll;OKaSaJI r. <l>. JlaITTea [ 2]. °Y paa
HeHHJI (*) Ha KOMIIOHeHTbl c. cp. Has. c T p y K T y p H hI-

M H y p a a H e H H JI M H CaJISHOCTH a p' a HHX R~; 
COCTaaJIJIIOT 0 6 'b e K T K p H a H s H bl. 

IIycrh P, a Ka11ecrae rrpHMepa, JiaJIJieTCJI rrpocTpaHCT
aoM acpcpHHHblX perrepoa a KacaTeJibHblX rrpocrpaHcraax 
n-MepHoro rJiap;Koro MHoroo6pasnJI M. Tori:i;a G H g Jia
JIJIIOTCJI COOTaeTCTaeHHO rpyrrITOH H aJire6poii JIB MaTpHu; 
aH)J;a 

det I A} I t= 0, 

H 

~~=;11(i,j=1, ... ,n). 

B cHJiy TeopeMbl R'.apTaHa - JlaITTeea g-sHalJHaJI 1-cpopMa 

S=~~ :;11 
Ha P JiaJIJieTCJI C. cp. HeK-poii: atjjtjjunnoii conanocmu Ha M 
Torp;a H TOJibRO TOrp;a, KOrjla 

. i . f i . 
dw 1+w; /\ w1= 2 T;kwJ /\wk, 

i+ i k 1 i k l dw; Wk/\ W;= 2 R;ktW /\ W. 

i i 
3,a;ecb T jk H R jkl COCTaaJIJIIOT COOTaeTCTaeHHO TeHSOp 
Kpy11eHHJI H TeHsop KpHaHSHbl acpcpHHHOH CaJISHOCTH Ha M. 
IIocJiep;HHe p;aa ypaaHeHHJI Ha KOMIIOHeHTbl c. cp. Has. 
CTpyKTYPHbIMH ypaaHeHHJIMH ITOJiy'leHHOH Ha M acpcpHHHOH 
CaJISHOCTH. 

Jium [1] Cart an E., «Acta math.», 1926, v. 48, p.1-42; 
[2] JI a TIT e Br. <I>., «Tp. MOC!C MaTeM. 06-Ba», 1953, T. 2, c. 
27 5-382; [3] H 0 6 a ff c H III., H 0 M H ll 3 y H., OcHOBbl gmp
IJJe.PeHL!HaJihHOM re0Me·rp1rn, T. 2, nep. c aarJI., M., 1981. 

IO. I'. JiyMucme. 

KaKyIO-HH6yp;b OKpyiKHOCTb, He caop;JIJ.D;YIOCJI K TO'IKe, TO 
OCTaTOK yme HeCaJI3eH. 

A6cTpaKTHOe caoii:CTaO c. ablpamaeT HHTYHTHaHoe 
npep;craaJieHHe 0 c. rrpOCTpaHCTBa a ep;HHOe u;eJioe, 06 
OTCYTCTaHH a HeM KaKHX-JIH6o HSOJIHpoaaHHblX «OCTpoa
KOa». c. TOIIOJIOrH'l. rrpocTpaHCTaa coxpaHJieTCJI rrpH ro
MeoMopcpHSMaX H JiaJIJieTCJI OAHHM HS aamHeHillHX caoHCTa 
TOIIOJIOrH'l. rrpocrpaHCTaa. 

IIo,l{MHOiKeCrao TOIIOJIOrH'l. rrpocrpaHcraa Has. ca JI
s H bl M, ecJIH OHO - caJISHOe rrop;rrpOCTpaHCTaO. IIocJie 
aaep;eHHJI aToro IIOHJITHJI MOiKHO yraepm,a;aTh, lJTO rrpocr
paHCTaO CaJISHO, eCJIH JII06ble ero p;ae TO'lKH JiemaT a HeK
poM caJISHOM ITOAMHOiKeCrae, T. e. HX MOll\HO coep;HHHTb 
HeK-pblM CaJISHblM MHOiKeCTaOM. c aroii TO'lKH speHHJI a6-
CTpaKTHOe cao:iicTao c. MOiKHO paccMarpnaaTb KaK 0606-
II(eHHe JI II He ii: H 0 ii ca JI s H 0 c TH, T. e. caoiiCTaa 
ITpOCTpaHCTaa, saKJIIO'laIOII(eroCJI a aoSMOll\HOCTH caJI
saTb JII06ble ero ,a;ae ro'lKH rreK-pblM ITYTeM - HeITpepbla
HblM o6pasoM OTpesKa. 0TKphlTOe CaJISHOe ITQp;MHOil\ecrao 
Has. 0 6 JI a c T b IO. 06JiaCTH H ahlllYKJible IIOAMHOll\eCTaa 
a eaKJIH,D;OahIX npocrpaHcraax JiaJIJIIOTCJI JIHHeIIHO CaJIS
HblMH H, TeM 6oJiee, caJISHblMH. 

ECJIH CeMeHCTao caJISHhIX ITO,ll;MHOil\ecra HMeer rreITycroe 
ITepece11eHHe, ro o6'hep;nrremrn aToro ceMeii:cTaa - caJis
Hoe MHOiKeCTaO. ,1.1,JIH aCHKOii TO'lKH TOITOJIOrH'l. ITPOCT
paHCTaa o6'he,D;MHeHHe acex caJISHblX ITO,ll;MHQ;KCCTa, ee 
cop;epmall(MX, eCTb HaH60Jibillee CaJISHOe ITO,ll;MHOiKeCrao, 
ee cop;epmall(ee, orro Has. K o MIT o He HT o ii aToii 
TO'lKH. RoMITorreHThI - saMKrryrble MHomecraa, paSJIH'l
Hhie KOMITOHeHTbl He ITepeceKaIOTCJI. 

R a a s HK 0 MIT 0 H e HT 0 fr TO'lKH rras. ITepece11e
HHe acex cop;epmaID;HX ee OTKpblro-saMKHYTblX ITO,ll;MHO
mecra. RoMITOHeHra TO'lKH cop;epmnrcJI a ee Kaa3HKOM
ITOHeHTe. B 6HKOMITaKTHhIX ITpocrpaHCTaax KOMITOHeHTbl 
H KaaSHKOMITOHeHTbl coaITap;aIOT. 

IIpocrpaHCTao Has. H a c JI e A c T a e H H 0 H e c a H 3-
H hI M (p;HCITepCHhIM)' eCJIH ace ero KOMITOHeHThl O,ll;HOTO
lJelJHbl' T. e. ace ero caJISHble IIO,ll;MHOiKeCTaa TOJibKO O,ll;HO
TO'le'lHbl. II pocrpaHcrao Has. a IT 0 JI H e IT e c a JI S
H bl M (HHrp;e He CaJISHbIM), eCJIH ace ero KaaSHKOMITOHeHThI 
Oj{HOTO'le'lHhI. IIpocTpaHCTaO Has. a Kc T p e Ma JI b H 0 
H e c a JI s H hI M, eCJIH saMblKaHHe mo6oro OTKpblTOro 
MHOiKeCTaa OTKpblTO. Xaycp;opcpoao aKCTpeMaJibllO rre
caJISHoe ITpOCTpaHCTaO aITOJIHe HeCaJISHO, a aCJIKoe aITOJIHe 
HecaJISHoe ITpocTpaHcrao HacJiep;cTaeHHo HecaJISHo. Cy
ID;eCTayeT CaJISHOe ITpocTpaHCTao, cop;epmaID;ee TO'lKY 
,ll;HCITepCHH, ITO yp;aJieHHH I•-poii: OCTaToK eCTb aITOJIHe He
caJISHoe ITPOCTparrcrao. IIpnMep - Hypamoec1>0~0 -
Hnacmepa eeep. 

CaJisrroe 6nKoMITaKrHoe ITpocTpaHCTao Has. H o rr r 11-
H y y M o M. Ilepece11eHne y6h!aaIOID;ero ceMeiicraa He-
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IIYCThIX KOHTHBYYMOB eCTb HerryCTOR KOHTHHyyM. Op;HaKo 
mrnaKOR KOHTHHYYM H0Jih3H pa3JIOif(HTb B o6'hep;:imeHne 
cqeTHoro ceMeHCTBa HerryCThlX HerrepeceKarom;nxcH saMK
HYThlX IIOAMHOiK0CTB (T e 0 p e M a c e p II H H h C
K or o). 

IlpocTpaHCTBO Ha3. He II pH B 0 AH M hi M Memp;y 
HeK-phlMH CBOHMH ABY~rn ToqKaMH, ecJIH OHO CBH3HO H 
3TH ):lBe ToqKH H0Jib3H C0011;HHHTb HHKaKHM CBH3HhlM MHO
iK0CTBOM, OTJinqHLIM OT Bcero rrpocTpaHCTBa. BcHKHii 
KOHTHHYYM AJIH Jiro6T,rx CBOHX ABYX ToqeK cop;epiKHT 
nerrpHBO)l;HMhlH Mem;u;y HHMH IIO):lKOHTHHYYM (Te 0 p e Ma 
Ma 3 y p Ke B n q a - H H nm e B c Kor o). 

IlpocTpaHCTBO Ha3. JI 0 K a JI h H 0 c B H 3 H hi M B 
TOqKe, eCJIH BCHKaH OKpeCTHOCTb BTOH ToqKn co;u;epiKHT 
HeK-pyro CBH3HYIO ee OKpeCTHOCTb. 

IlpocTpaHCTBO Ha3. c B H 3 H hi M B paaMepHOCTH n, 
ecJin Kamp;oe HerrpephlBHoe oTo6pameHne n-MepHoli ciJ>ephl 
B Hero rrpop;oJimaeTCH 11;0 HerrpephlBHoro oTo6pameHnH 
n-MepHoro mapa. c. B pa3MepHOCTH 1 BKBHBaJieHTHa 
TpHBHaJibHOCTH rfiy11,aa.Me11,ma.rtblWU epynnb! rrpocTpaHCTBa. 

HerrpephlBHoe oTo6pameHne op;Horo TOrroJiornq. rrpocT
paHCTBa B p;pyroe Ha3. M 0 H 0 T 0 H H hi M, ecJIH rrpoo6-
pa3 KaiK)l;OH ToqKn - CBH3HOe IIO)l;MHOiK0CTBO. )];JIH aaMK
HYTb!X OT06pameHHH MOHOTOHHOCTb 3KBHBaJieHTHa CBH3-
HOCTH npoo6paaa Kam.rioro CBH3HOro IIOAMHOiK0CTBa. 

JI um.: [1] A JI e K c a H )Ip 0 B II. c.. BBe)lemrn B TOOPIIIO 
MHOlHeCTB II o6myJO TOIIOJIOrIIIO, M.. 1977; [2] R y p a T 0 B
C K II l! R., TorroJiormr, rrep. c aHrJI., T. 2, M., 1969. 

B. H. MaJlbtxun. 
CBH3HOCTL H a p a c c JI o e H H o M rr p o c T p a

H CT B e aurf>rf>epemfUa.rtbl/,O-eeo.Mempu'tec1>a.J1, cmpy1>
mypa Ha rJia)l;KOM paccJioeHHOM rrpocTpaHCTBe co CTpyK
TYPHOH rpyrrrroli Jln, o6o6m;arom;aH cog311,ocmu 11,a .M11,oeo-
06pa3uu, B qacTHOCTH, Harrp., JieouJ/uouma cog311,ocmb 
B pnMaHOBOH reoMeTpnn. IlyCTh p : E - B HBJIHeTCH 
rJiaAKHM JIOKaJihHO TpnmrnJihHhlM paccJioeHneM, Ha Tnrro
BOM CJIOe F K-poro aiJ>iJ>eKTHBHO H rJiaAKO p;e:il:CTByeT 
rpyrrrra Jln G. C. B BTOM paccJioemrn - BTO oTo6pameHne 
KaTeropHH KycoqHo rJiaAKHX KpHBhlX 6a3hl B B KaTero
pHIO p;niJ>iJ>eoMopiJ>naMOB CJIOH Ha CJIOH, K-poe KpHBOH 
L= L (xo, X1) c HaqaJIOM Xo H KOHU,OM X1 COIIOCTaBJIHeT 
p;niJ>iJ>eoMopiJ>n3M rL: p-I (x1) - p-I (xo) H YAOBJI0TBO
pReT CJI0).\YI0111,HM aKCHOMaM: 

1) rrpH L (x0 , x1), L' (x1, x 2), L-1 (x1, x0) H LL' (x0 , x1) 
crrpaBe/J;JIHBhl 

rL-1= (rL)-1, 

r (LL')=(rL) (rL'); 

2) rrpn rrpOH3BOJibHOM TpHBHaJIH3YI0111,eM AHii>iJ>eoMop
iJ>nsMe cp : UX F - p-1 ( U) n npn L (x0 , x1) EU p;niJ>iJ>eo

MopiJ>HaM cp;, 1 (rL)cpx,: (x1, F)- (x0 , F), rp;e cpx=cpl(x, r,, 
onpe;a;eJIReTcH !J;eiicTBHeM HeK-poro BJieMeHTa g~ E G; 

3) AJIH HeK-poli KycoqHo rJiap;Koii rrapaMeTpnaau;HH 

A,:[0,1]-L(x0, x1)CU OTo6pameHne t~g~t, rp;e 
Lt - o6paa oTpeaKa [O, t] rrpn A, orrpep;eJIReT KycoqHo 
rJiaAKYID KpHBYID B G, HaqHHaro111,yrocR B ep;nHnu;e e= 

=g~•, rrpnqeM A n A,' : [O, 11- L' (x0 , x1) EU c o6m;HM 
HeHyJieBhlM KacaTeJihHhIM BeKTopoM XE T x 0B orrpep;e
JIHIOT rryTii: B G c o6m;HM KaCaT0JibHhlM BeKTopoM e<p (xo, 
X) ET e (G)= g, rJia}J;KO 3aBHCHID;HM OT x0 H X. 

,I~HiJ>iJ>eoMopiJ>H3M r L Ha3. napa.ri.rie.rtbl/,b!.M nepe11,ece11,ue.M 
BAOJih L. IlapaJIJieJibHhle rrepeHeceHHH BAOJib BCeBoa
MOiKHhlX 3aMKHYThIX KpHBhIX L (xo, Xo) COCTaBJIHIOT 
80.rtOH,O.MUU epynny CBH3HOCTH r B ToqKe Xo, H30MopiJ>HylO 
HeK-poli rrop;rpyrrrre JIH B G, He aaBHCRm;e:ii OT x0 • KpHBaH 
A (Yo. Yr) B E Ha3. ropH30HTaJibHOH AJIH CBH3HOCTH r' 
ecnH r(pAt)Yt=y0 AJIH JIID6oro tE[O, 1] IIpH HeK-poli ee 
1>ycoqHo rJial(KOH rrapaMeTpn3aU,HH. EcJIH saJWHhl L (.r0, 
X1) II YoEP-l (xo), TO Bcerp;a cyu~eCTByeT ep;HHCTBeHHall 
ropH30HTaJibHaR A (y0 , y1), Has. r op H 3 o HT a JI b-

H !,[ M II 0 ;a; H H T H e M K p H B 0 H L, TaKaH, qTo 

pA=L; oHa COCTOHT H3 rL/1Yo· MHOiKeCTBO ropH30HTaJib
HhlX IIO)l;HHTHH BCeX L B B orrpe,lleJIReT CBH3HOCTh r O.D;
H03HaqHo: r L OT06pamaeT KOHU,hl BC0X IIOlJ;HHTHH KpH
BOH L B nx HaqaJia. 

c. Ha3. JIHHeHHO:ii, ecJIH e<p (x, X) rrpn rrpoH3BOJibHhlX 
cp H x 3aBHCHT OT x JIHHeHHO HJIH, qTO paBHOCHJibHO, ecmi: 
AJIH JIID6oii y EE KacaTeJibHhle BeKTOphl ropnsoHTaJihHhlX 
KpHBhlX c HaqaJIOM y o6paayroT B Ty (E) BeKTopHoe rro.o;
rrpocTpaHCTBO l'iy, Has. ropnsoHTaJihHhlM rro;o;rrpocTpaH
CTBOM. Ilpn BTOM Ty (E)= l'iyffiT y (F y), r.o;e F y - CJioii, 
rrpoXOAHID;HH qepes y, TO eCTb F y=p- 1 (p (y)). rJia;o;Koe 
pacrrpe11;eJieHHe !'!: y ~ l'iy Ha3. eopu3011,ma.rib11,b!.M pac
npeae.rie11,ue.M JIHHeHHOH CBH3HOCTH r. OHO orrpe.o;eJIHeT r 
O}J;H03Haqeo: ropH30HTaJibHhlMH IIO;Q;HllTHllMH llBJilllOTCH 
ero HHTerpaJibHhle KpHBhle. 

PaccJioeHHoe rrpocTpaHCTBO E Haa. rJiaBHhlM (cooTBeT
CTBeHHO rrpocTpaHCTBOM O}J;Hopo.o;Horo THIIa) H o6osHaqaeT
CH P (cooTBeTCTBeHHO Q), eCJIH G .o;eliCTByeT Ha F rrpocTo 
TpaH3HTHBHO (cooTBeTCTBeHHO TpaH3HTHBHO), T. e. eCJIH 
AJIH rrponsBOJihHhlX z, z' E F cy:m;ecTByeT ToqHo op;HH 
(COOTBeTCTBeHHO cy:m;ecTByeT) BJieMeHT gEG, K-phlH rrepe
BOAHT z B z'. IlyCTh G i:iencTByeT Ha F cJieBa; Torl{a Ha P 
orrpe.o;eJIHeTCH ee ecTeCTBeHHOe rrpaBOCTOpOHHee .o;elicT
BHe, B K-poM g orrpe.rieJIHeT Rg : z ~zag. Ilpn BTOM Q 
oTomp;eCTBHMO c iJ>aKTopMHoroo6paaneM PIH, cocTaB
JieHHOM ns op6nT yoH, rl{e H - CTaU,HOHapHaH rro;a;
rpyrrrra HeK-poli ToqKn H3 F=GIH. 06:m;ee E oTom;o;ecT
BHMO c iJ>aKTOpMHoroo6pasneM (PX F)/G op6nT (y, z)oG 
OTHOCHTeJibHO p;eHCTBHll, orrpe;o;eJIHeMoro iJ>opMyJIOH 
(y, z)og=(yog, g-Ioz). 

rJiap;Koe pacrrpe.o;eJieHHe f'1 Ha p HBJIHeTCll ropH30H
TaJibHhlM pacrrpep;eJieHHeM HeK-poii JIHHeHHOH c. (K-pyro 
OHO orrpe):leJIHeT O}J;H03Haqeo) TOr,I~a H TOJihKO TOr.qa, Kor;o;a 

Ty (P) =l'iy ffi Ty (F y), R;l'iy=l'iy o g 

AJIH rrponaBOJihHhlX y E P n g E G. Bee ropnaoHTaJihHhle 
pacrrpep;eJieHHH Ha Q (cooTBeTCTBeHHO E) HBJIHIDTCH 06-
paaaMn TaKHX !'! rrpn KaHOHHq. rrpoeKU,HH p - Q=PIH 
(coOTBeTCTBeHHO ecTeCTBeHHhlX IIO):lHllTHH TaKHX !'! Ha 
PXF rrpn KaHOHHq. rrpoeKU,HH PXF- E=(PXF)/G). 
1.JacTo JIHHeliHa11 C. orrpep;eJI11eTcH rrpHMo KaK pacrrpep;e
JieHne c yKaaaHHhlMH Bhlille CBOHCTBaMH. MaBeCTHO, qTo 
B Kamp;oM p' a BMeCTe c TeM H B Kamp;OM Q H E' cy:m;ecT
ByeT HeK-paH JIHHeiiHall c. 

MccJiep;oBaHne JIHHeiiHoii C. B P rrpoBOAHTCH o6hlqHo 
c IIOMOI11,hl0 C8!l31/,0CmU rf>op.Mbl, K-paH orrpe;a;eJIHeT c. 
OAH03HaqHo Ii! MOiKeT 6h1Th IIOJIOiKeHa B OCHOBY e:m;e OA
Horo ee orrpep;eJieHHH. BamHoii ee xapaKTepncTRKoli HB
JIHeTCH KpUBU31/,bl rf>op.Ma, c IIOMOI11,hl0 K-poli MOiKHO Bhl
qncJIHTh aJire6py Jln rpyIIIIhl rOJIOHOMHH. 

BrrepBhle rroHHTHe C. B03HHKJIO B 1917 B pa6oTe T. Jle
BH-1.JHBHTa [ 1] 0 rrapaJIJieJibHOM rrepeHeCeHHH BeKTopa 
B pHMaHOBOH reoMeTpHH. "Yme B 1918 r. BeHJih [2] p;aJI 
IIOHHTHe arf>rf>u11,11,oii cog311,ocmu. B 20-e rr. 9. KapTaH 
(cM. [3] - [5]) rrepemeJI K HCCJie)l;oBaHHIO npoe1>muo11,oii 
CB!/,31/,0CmU H 1>011,rf>op.M11,oii CB.i/,31/,0Cmu, B 1926 p;aJI o6:m;yro 
KOHU,eIIU,HIO «HeroJIOHOMHoro rrpocTpaHCTBa c iJ>yH;o;aMeH
TaJibHOH rpyrrrroli» (cM. Cog311,ocmu 11,a .M11,oeoo6pa3uu), rp;e 
BTH rrpocTpaHCTBa OCBe:m;eHhl c ToqKH apeHHH o6m.eli Teo
pnn C. B 40-e rr. B. B. Bamep pa3BHBaJI e:m;e 6oJiee 06-
ru;yro KOHU,eIIU,HIO, 6JIH3KYIO ITO ;a;yxy (Ho He ITO MeTOAY) 
K COBpeMeHHOMY IIOHHTHIO c. Pemaro:m;HM 6blJI 1950, 
Kor;a;a rroRBHJIHCb CBOAHOe H3JiomeHHe B. B. BarHepa [6], 
rrepBhle 3aMeTKH r. ((l. JlarrTeBa, OTKphlBal0111,He HOBhle 
rro;a;xop;hl, oco6eHHo B qacTH aHaJIHTHq. arrrrapaTa, H pa-
6oTa III. 9pecMaHa [7], IIOJIOiKHBlliaH HaqaJio COBpeMeH
HOH rJio6aJihHoil: TeopHH C. CM. TaKme Beii.ria coa311,ocmb, 
Jinneii11,aa coa311,ocmb, Pu.Ma11,ooa coa311,ocmb, Cu.Mn.rie1>mu
'l,ec1>aa coa311,ocmb, 9p.Mumooa coa311,ocmb. 

Jium.: [1] L e v i-C iv i ta T., «Rend. circ. mat. Palermo», 
1917, t. 2, p. 173-205; [2] Wey I H., Raum, Zeit, Materie, 
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5 Aufl., B., 1923; [3] Cart an E., «Ann. Soc. pol. math.», (rr p a B hl M) CA B Ii! r O M. MHolf<eCTBO A 0 (S) (coOT-
1923, t. 2. p. 171-221; [t,) er o me, «Bull. Soc. math. de Fran- p (S)) ( ) 
ce», 1921, t. 52? p. 205-H; (5) er 0 )I{ e, «Acta math.», 1926, BeTCTB0HHO 0 acex BHyTpeHHl!IX JI0BhlX rrpaBhlX 
t. 1,8, p. 1-1,2, L6] Bar Hep B. B., «Tp. CeMHH. !IO BeRT. H c. II. s eCTb JI0Bhlll Hp;eaJI BA (S) (rrpaBhlll lilp;eaJI B p (S)). 
TeHa. aHaJIH3Y», 1950, a. 8, c 11-72; [7J Ehresman n C., Jleahlii: CABHr A. Ii! rrpaablii CABlilf p rroJiyrpyrrrrhl S Ha3. 
B RH.: Coll. de Topologie. Bruxelles, 1950, P., 1951, p. 29-55; c B H 3 a H H hl M Ii!, eCJIH x(A.y)=(xp)y TTJIH JII06h!X x, 
(8) JI a II Te B I'. <I>., «Tp. MOCH MaTeM 06-Ba», 1953, T. 2, c. " 
275-382;[9] Ho M H 11 a y H., l'py11nw JIH H llHlfJljJepeH11HaJihHa11 YES; B 3TOM cJiyqae rrapy (A., p) Ha3. 6 Ii! c A B Ii! r o M S. 
reoMeTpHll, 11ep. c aHrJI., M.; 1960; (10] JI H x Hep o a H q A., ,ll;JIH mo6oro a ES rrapa (A.a, Pa) ecTb 6HCABHr; OH Ha3. 
TeopHJI CBll3HOCTett B 11eJIOM H rpynnw rOJIOHOMHil, 11ep. c ljJpaH11.. B H y T p e H H Ii! M 6 Ii! c A B H r 0 M, COOTB0TCTBYIOIIIliIM 
M., 1960; (11) JI y M H c Te IO. I'., a RH.: HTOrH Hayi<H. Cep. B " 
MaTeMaTHRa, B. 21 - AJire6pa. T0110JIOrHJI. l'eOMeTPHll. 1969, 3JI0M0HTY a. rroJiyrpyrrrrax c 0/];li!Hlilll,0ll Ii! TOJibKO B HHX 
M., 1971, c. 123-68. IO. r. Jiy.M.ucme. BCHK:llH 6HCABl!Ir BHYTpeHHl!IH. MHomeCTBO T (S) acex 

CrYmEHIIH TQqKA, Ha KO II JI e H Ii! H T O q K a,- 6HCABlilfOB rroJiyrpyIIIIhl S eCTb rrop;rroJiyrpyrrrra p;eKap-
TO me, qTQ npe&e.ribnaa mO'tKa. M. H. Boii!feXOBCnuii TOBa IIp01iI3B0/];0Hli!H A (S) x p (S); OHa Ha3. c AB Hr o-

C):~BHr - a«PqmHHoe rrpeo6paaoaamrn rrJiocKocTH, rrpH a o Il: o 6 o JI o q K o Il: rroJiyrpyrrrrbl S. MHomecTBO 
K-poM Kamp;aa ToqKa cMem;aeTcH no HarrpaaJieHHIO OCH Ox T 0 (S) acex BHYTpeHHl!IX 6ncp;aHroa ecTb Hp;eaJI B T (S); 
Ha paccToHHHe, rrporropu;HoHaJihHoe ee opp;HHaTe. B p;e- OH Haa. B Hy T p e H He Il: q a c Th IO T(S). 0To6pa-
KapToaoii CHCTeMe KOOpAHHaT c. aap;aeTCH COOTHOII10HHHMl!I lf(0Hlil0 T : s-+ To (S), aap;aHHoe «PopMyJioii T (a)= (A.a, 

x'=x+ky, y'=y, k:f.O. Pa), ecTb roMoMop.iPHaM S Ha T 0 (S), HaaMaaeMhlii Ka
H o H n q e c K Ii! M. IloJiyrpyrrrra S Haa. c JI a 6 o p e
A y K T Ii! B H o Il:, ecJIH AJIH JII06Mx a, b ES H3 Toro, qTo 
ax= bx Ii! xa=xb AJIH acex xES, cJiep;yeT a=b; T. e. Ka
HOHJiq. fOMOMop.iPH3M IIOJiyrpyrrrrhl s 0CTb lil30MOp«lill3M. 
EcJIH S cJia6o pep;yKTl!IBHa, TO T (S) coarrap;aeT c Hp;eaJIH
aaTopoM T 0 (S) B A(S)XP(S), T. e. c HaH6oJibmeli rrop;
rroJiyrpyrrrroli ua A(S)XP(S), cop;epmam;eli T 0 (S) B Ka
qecTae Hp;eaJia. 

II pH C. coxpaHHIOTCH rrJI01IIaAH · Ii! opHeHTaa;HH. 
c. rrpocTpaHcTBa ITO HarrpaBJI0HliIIO OCH Ox aap;aeTCH 

COOTHomeHHHMH 
x'=x+kz, y'=y, z'=z, k :f.O. 

II pH C. rrpocTpaHCTBa coxpaHHIOTCH o6'heMbl Ii! opHeHTa-
11,HH. A. B. Heauos. 

C)l;BHrA OIIEPATOP - orrepaTop Tt, aaaHcHm;Hii oT 
rrapaMeTpa t Ii! p;eiiCTBYIOJIWii Ha HeK-pOM MHOlf(CCTBe <D 
oTo6pameHHH qi : A -+ E (rp;e A - a6eJieaa rroJiyrpyrrrra, 
E - MHOlf<eCTBO) ITO «PopMyJie 

T tqi ( • ) = qi ( • + t) 
(roaopHT TaKme, qTo Tt-orrepaTop cp;aHra 
Ha t). B KaqecTBe A qacTo «PHrypn:pyIOT lR, IR.+ (Tor1i;a 
T t - CABHf B TOM li!Jil!I li!HOM rrpocTpaHCTBC «PYHKIJ,lilll 
p;ei'ICTBHTeJibHoro rrepeMeHHoro), :z HJIH N (Torp;a Tt -
C/];Blilf B TOM li!Jil!I li!HOM rrpocTpaHCTBe IIOCJiep;oBaTCJibHOC
Teli). MHO)f(CCTBO E' a COOTB0TCTB0HHO 3TOMY Ii! MHO
lf<0CTBO <D, o6bJqHo Hap;eJieHo HeK-poli CTPYKTypo:i'r (aeK
Topuoro, BCKTOpHoro TOIIOJIOflilqecKoro, HOpMHpOBaHHOfO, 
MeTpHqecKoro, aepOHTHOCTHOfO rrpocTpaHCTBa). 

c. o. liICIIOJib3YCTCH, B qacTHOCTlil, B TeopHlil Ali!Ha~mq. 
CHCTeM (cM. C&oueoo &una:Mu<tec1>aa cucme:Ma, Bepny,11,,11,u 
aomo:Moprfiua:M). YrroTpe6JIHCTCH TaKme TepMHH «C. o. no 
TpaeKTOpHHM AH«P«PepeHu;HaJibHhlX ypaaHeHHH» (cM. Komu 
onepamop). B. M. MUJW1uo1<Ufunos. 

C,ll;BHrA IIAPAMETP - rrapaMeTp 0, 8E8cRk, 
ceMelicTaa «PYHKIJ,HH {qi0 (.) }, aap;aHHhlX Ha Rk 110 cJie
.n;yrom;eMy rrpaBHJiy: 

{jlf.l (·)=qi(· -8) p;JIH JII06oro OEEl, 

r.[];e qi ( ·) - HeK-paH aap;aHHaH «PYHKIJ,li!H Ha Rk. 
Jlum.: [1] M6parHMOB H A., XachMHHCRllfi 

P. 3., AcHMl1TOTHqec1<aJI TeopHJI 011eHHBaHHll, M., 1979. 
M. C. Huny.wtt. 

C)l;Bl'.IrH IIOJIYrPYIIII -rrpeo6paaoaaHHH rroJiyrpyrrrr, 
yp;oaJieTaopHIOm;He crreu;HaJibHhlM ycJioBHHM: rr p a B bl M 
c AB n r o M rroJiyrpyrrrrw S Haa. npeo6paaoaamrn p 
TaKoe, qTo p;JIH JII06Mx x, yES HMeeT MecTo (xy)p=x(yp); 
JieBhlH C/];Blilr orrpep;eJIHeTCH Cli!MMeTPH'IHhlM o6pa3oM, rrplil 
3TOM pap;H yp;o6CTaa JI0Bbie C/];Blilflil qam;e 3aIIHCbJBaIOT KaK 
JieBMe orrepaTOphl. TaKHM o6paaoM, JI e B hl Il: c A B Ii! r 
rroJiyrpyrrrrhI S - TaKoe ee rrpeo6paaoaaHne A., 11To /\JIH 
mo6hlx x, y ES HMeeT MeCTo A. (xy)=(A.x)y. CooTBeTCTBeHHO 
IIOCJiep;oaaTeJibHOCTb BhlIIOJIH0Hli!H ABYX JieBhIX C/];BlilfOB 
B npoH3Bep;eHHII (cM. Jlpeo6paaooanuu nMyepynna) ocy-
111,ecTBJIHeTCH cupaaa HaJieBo. IIpoH3Bep;eHHe p;ayx Jie
BhlX (rrpaBhlX) c. n. ca Mo 6yp;eT JieBhlM (npaBhlM) c. II., 
TaK qTo MHomeCTBo A ( S) ( cooTBeTCTBeHHo P ( S)) acex Jie
BhIX (rrpaBhlX) c. II. s 6yp;eT rrop;rroJiyrpyrrrroiI Cli!MMeTpHq. 
rroJiyrpyrrnhI g S· ,Il,JIH npmrnaoJibHoro aJieMeHTa a ES rrpe
o6paaoaaHHe Aa (pa), :Ja/J;aHHOe «PopMyJioii Aax=ax (xpa= 
=.ca) HBJIHCTCH JJeBbIM (upaBhlM) C/];BllfOM, COOTBeTCTBYIO
IIIHM 3JieMeHTY a. OH Haa. B Hy T p e H H Ii! M JI e B hl M 

c. II. Ii!, B qacTHOCTlil, CABHf0Bbl0 o6oJioqKlil HrpaIOT 
CYIIICCTBCHHYIO pOJib IIplil HayqeHl!Ilil lil/];CaJibHbIX pacuwpe
HUU rroJiyrpyrrrr. PoJib CABHroaoii: o6oJioqKlil rrpn 3TOM 
B lil3BCCTHOH eTerreHlil 8HaJiornqHa pOJilil 80.J!OMOprfia epyn
nbl B Teoynlil rpynrr. 

Jlum.: 1) H JI H ljJ ljJ 0 p )'.I A., II p e c T 0 H I'., AJire6paH
qec1<aJI TeOpHJI 110Jiyrpy1111, nep. c aHrJI., T. 1, M., 1972; [2] Pet
r i ch M., Introduction to semigroups. Columbus, Ohio, 1973; 
[3] er o me, «Semigroup Forum», 1970, v. 1, p. 283-360. 

JI. H. illespu1<. 
C)l;BHrOB )l;HHAMHqECKAH CHCTEMA - AHirn-

MHqecKaH CliICTeMa ft (liIJIH, B li!HblX o6oaHaqeHl!IHX, f (t, • )) 
Ha IIpOCTpaHCTBe HerrpepblBHhlX «PYHKll,lilll qi : IR. -+ s (S -
MeTplilq. rrpocTpaHCTBO), Hap;eJieHHOM K 0 M II a K T H 0 
o T K p bl To Il: Torr o JI or JI e Il: (T. e. TorroJiorHeli 
paBHOMepHoii: CXO/];li!MOCTH Ha OTpeaKax), aap;aHHaH .pop
MYJIOH 

f 1qi=Ttqi, 

rp;e Tt - c&ouea onepamop Ha t, TO eCTb 

T tqi (·)=qi ( • + t). 

TaKHM o6paaoM, TpaeKTOJl'liIH To'lKH qi B C. il:· c. eCTb 
MHOlf<eCTBO BCeX C/];BlilfOB «PYHKIJ,lillil qi, T. e. acex «PYHKll,lilll 
BHp;a qi (t+T) rrepeMeHHoro TE IR, a 38MblKaHHe 3TOH 
TpaeKTOplillil - MHO)f(0CTBO BCeX «PYHKIJ,li!H BJip;a 

~ (T) = lim qi (tk+T), 
k-+oo 

rp;e rrpep;eJI paaHoMepeH Ha Kamp;oM OTpeaKe. C. A· c. 
Hap;eJIIIeTCH HopMHpoBaHHbJMlil unoapuanmnb!MU :Mepa:Mu, 
cyl.11,eCTBYIOIIIl!Mlil B CHJIY TOopeMhl BoroJI106oaa - Kphl
Jioaa (HHBapHaHTHble Mephl BoroJI106oaa - Rphrnoaa co
cpep;oToqeHbl Ha KoMIJaJ{Tax). 

c. A· c. HCIIOJib3Y0TCH B TeOpli!H AHHaMH'I. Cli!CTeM, rJiaB
HhlM o6paaoM - AJIH rrocTpoeHHH rrpnMepoB (rrpH 3TOM 
B KaqecTBe S 06b111Ho 6epyT IR.; rr p Ii! M e p M a p K o B a 
He CTporo aprOAl!I'I. CHCTeMbl Ha KOMrraKTe, 1rnrnp;aH Tpa
eKTOpli!H K-poii BCIOAY IIJIOTHa, H p;p.), a TaKlf(e B TeOpli!H 
HeaBTOHOMHbIX CJICTeM o6bIKHOBCHHbIX p;u<fi«PepeHll,l!IaJibHhlX 
ypaBH0HliIH, n\e B Ka'ICCTBe S 6epeTCII 06b111HO IR_n li!Jil!I 
HeK-poe rrpOCTpaHCTBO OT06paJKCHHii: IR_n ~ IR.ri (B TeOplillil 
Jili!HeHHbIX OAHOpOAHhlX HeaBTOHOMHbIX CHCTeM OOhlqHo 
oepeTCH S=Hom (IR.n, IR.n)). 

CM. TaKlf<e Oco6bie no1>aaame,11,u, ll,enrnpaAbHbie nu1>a-
aame,11,u. B. f.J. MuJ1J1uOliUfU1iOB. 

CErMEHT - 1) C. Ha rr JI o c Koc T n - rrJiocKaH 
«PHrypa, 3aKJIIOqeHHaH Melf<AY KpHBOll JI ee xopp;oi:'J. IlJio-
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m;aAh C. Kpyra (Kpyroaoro cerMeHTa) S= xo) cyTb a«J>«J>n:HHhle o6paahl mrrep6oJI BH)l;a x2=clx1IA.2/t.,, 
=2Y2hr-h2 , n1e r - paAHYC Kpyra, h - BblCOTa c. cEIR"-{O} (pn:c. 2). 

2) c. B II p 0 c T p a H c T B e - 1IaCTb TeJia, orpaHH- TepMHH ((C,)) rrpn:MeHHIOT H AJIH Han:MeHOBaHHH JII06oro 
1JeHHaH IIJIOCHOCTblO H OTCeKaeMoii eIO 1IaCTblO IIOBepx- pacrrOJIOil\eHHH TpaeKTopm:I CHCTeMbl (*) B OKpeCTHOCTH 
HOCTH. 06'beM C. rnapa (m a p 0 B 0 r 0 c e r M e H T a): u H30JIHpoBaHHOH 
V= 113nh2 (3R-h), rp;e R - paAHYC rnapa, h - BblCOTa TOqKH IIOKOH Xo, rrpn: ~ 
c. ma pa. IlJiom;aAb KpHBOH IIOBepXHOCTII c. ma pa: S= K-pOM H3 u"' {xo} K 
= 2nRh. A. B. Lf6att06. TOqKe Xo IIPHMblKaeT 0 

CEfMEHT - CM. Hnmepea.tt u cea.Menm. JIHIIIb KOHelJHoe qn:c- , 
CEI'PE BJIOJKEHJIE - BJIOIBemi:e q; : pn X pm - Jio m (~2) TpaeKTO-

-pN rrpOH3Bep;eHHH rrpoeKTHBHblX rrpocTpaHCTB pn x pm pn:il:, H KaIBAaH H3 P11c. 2. 
B rrpoeKTHBHOe rrpocTpaHCTBO pN, r.r1e N=nm+n+m. Hn:x, 6yAyqn: p;orroJIHe-
EcJin: x=(u0 ••• un)EPn, y=(v0 ••• vm)EPm, a w;,j, Ha ToqKoil: x0 , KacaeTcH B Heil: orrpe,[leJieHHOro HarrpaaJie-
i=O, ... , n, j=O, ... , m, - O,[IHOPOAHbJe KOOp,[IHHaTbl HHH (m-c e II a pa T pH c H 0 e C.). c. Ha3. H HeK-phle 
B pN, TO OTo6pameHHe orrpep;eJIHeTCH «J>opMyJiaMH TH!Ihl ToqeK IIOKOH aBTOHOMHhlX CHCTeM o6blKHOBeHHhIX 

( N p;n:«J>«J>epeH11HaJibHhIX ypaBHeHHH IIOPHAKa n~3. 
q; x X Y) = (w;, j) E p ' Jlum. CM. rrp11 CT. Oco6aJ1 mo'Lna p;111pljJepem:i11aJihHOro ypaBHe-

rAe Wij=U;Vj• 0To6paiKeHHe q> KoppeKTHO orrpe,[leJieHO H 
HBJIHeTCH aaMKHYTblM BJIOll\eHn:eM. 06pa3 c. B. cp (Pn x pm) 
Haa. MHoroo6paan:eM Cerpe. CJiyqaii:n=m=i 
HMeeT IIpOCTOH reoMeTpn:q, CMblCJI: cp (P1 x P1 )-aTo HeBhl
pOiKABHHaH KBap;pn:Ka B P 3 c ypaBHeHHeM Wu Woo= Wo1 W10· 
06paabl q; (x X P 1) n: q; (P1 X y) p;a10T .r1sa ceMeiicTBa 
rrpHMOJIHHeHHblX 06paay10m;nx Ha KBa,[lpHKe. 

HaaaaHo B qecrb E. Cerpe (B. Segre). 
Jlum.: [1] III a ljJ ape B H 'l II. P., OcHOBhI aJire6pa11qec1wll 

reoMeTpHH, M., 1972. BaJ1. C. RyJ1unoe. 
CE/];JIO - THII pacnoJiomeHirn TpaeKTopn:Il: aBTOHOMHOii 

CHCTeMbl o6bIKHOBCHHblX p;n:«J>«J>epeH11n:aJibHblX ypaBHeHHH 
2-ro IIOPHAKa: 

;=! (x), xEIR 2, /: GclR2 ..... 1R2, 

f E C ( G), G - o6JiaCTh eAHHCTBeHHOCTH, B oKpecTHOCTH 
oco6oii ToqKn: (paenoeecun 1w.1to:J1Cenun) x0. 8TOT THII xa
paRTepn:ayeTCH cJiep;y10m;n:M o6paaoM. Cym;ecTByeT OK
pecTHOCTh u ToqKH Xo TaRaH, qTo AJIH acex TpaeKTOpHH 
CHCT8Mbl, Haqn:HaIOm;HXCH B U"-{xo }, KaK IIOJIOiKHTeJibHble, 
TaR H OTPHI\aTeJibHhie IIOJiyrpaeKTOpHH HBJIHIOTCH yxop;H
ID;HMH (c TeqeHHeM BpeMeHH IIOKHAaIOT JII06oil: ROMIIaKT 
V c U). l1cRJII01IeHHe cocraBJIHIOT JIHmb qeTb1pe TpaeRTo
pn:n: (c e II a pa T pH c bl c e A JI a). ,Il.JIH ABYX H3 HHX 
OTpn:u;aTeJihHble IIOJiyTpael{TOpHH HBJIHIOTCH yxop;Hm;HMH, 
a IIOJIOiKHTeJlbHhie IIOJiyTpaeKTOpHH IIpHMblKaIOT R ToqRe 
x0 , AJIH p;ayx APYrHx - Hao6opoT. IIepahle ABe cerrapaT
pn:chl Ha3. y c T 0 ii q H Bbl M H, ABB BTOpble - Hey C
T 0 ii q H Bbl M H. YcT01'IqHBhle cerrapaTpHCbl, 6yp;y11n: 
AOIIOJIHeHbl ToqKoH Xo, 06paay10T rrpOXOAHIIWIO qepe3 Xo 
rJiaAKYIO RpHBYIO - y c T 0 ii 1 { H B 0 e M H 0 r 0 0 6-
p a a n: e c e A JI a. HeycToiiqn:ahle cerraparpn:cbl BMecTe 
c TOqKoii Xo o6pa3yIOT rJiaAROe H e y c T 0 il: q H B 0 e 

PHC. 1. 

M H o r o o 6 p a 3 n: e c e A JI a. 
C. npn: aToM Haa. 11 caMa Toq
Ka x0 • 

Cep;Jio x0 HeycToilqn:ao rro 
JlHrryHoay. Ero HHAeRc IIyaH
Rape paBeH -1. ,I~JIH CHCT8Mbl 

x1 (*) KJiacca C1 UE C1 (G)) c HeHy-
Jieaoll: MaTpn:11eil: A=!' (x0 ) ToqRa 
IIOROH Xo HBJilleTCH c. B CJiyqae, 
ROrAa co6cTBeHHbrn aHaqeHHll A1, 
/i,2 MaTpn:11b1 A YAOBJieTBOpHIOT yc
JIOBHIO /i,1/i,2 <O (rrpocTOe C., pn:c. 1, 

r.r1e Xo = 0), HO MOil\eT 6b!Tb c. H B TeX cJiyqa11x, RO
rAa A1=0;i:A2 HJIH A1=A2=0. B JIIOOOM H3 aTHX cJiyqaea 
cerrapaTpHChl C. KacaIOTCH B T011Re x0 rranpaaJierrn:il:, 
onpep;eJIHeMhlX co6CTBeHHblMH BeRTopaMH MaTpHIIbJ A. 

EcJIH cn:cTeMa (*) Jin:rreii:rra (f (x)=A (x-x0), A -
IIOCTOHHHaH MaTpH11a c co6CTB8HHbIMH 3HaqerrHHMH A1,A2), 
TO AJill Hee roqRa Xo HBJIHeTCH c. JIHlllh rrpn: ycJIOBHH 
A1A2<0. CerrapaTpHChl cep;Jia x0 B aToM cJiyqae rrpHMOJIH
Beiirrbl, a ace OCTaJlbHble TpaeRTOpHH (oTJIHqHble OT TOlJRH 

HHJI. A. <P. Au0pee8, 

CE/];JIO B BECKOHEqHOCTJI, H e c o 6 c T B e H H a H 
c e A JI 0 B a H T 0 1J Ka,- THII paCIIOJIOJReHHH TpaeKTO
pn:il: AHHaMn:q, CHCT8Mbl. fOBOpHT, qro AHHaMHq, CHCTeMa 
tt (HJIH, HHaqe, !( 'p), CM. [1]), 3aAaHHaH Ha 1Rn, HMeeT 
C. B 6., ecJIH Hai'1p;yTCH ToqKn: Xk H qHcJia •k<O, Sk>O, 
k EN, TaKn:e, qTo rrocJiep;oaaTeJibHOCTH 

{f'tkxk}kEl\I' {fekxk}kEl\J 
- CXOAHll\HeCH, a lxk I - co rrpn: k - co. 8To orrpeAeJie
HHe B. B. HeMbll\Koro 6hlJIO o6o6m;eHo M. B. Ee6yTOBhIM 
Ha AHHaMn:q, CHCTeMhl, 3aAaHHble Ha rrpoH3BOJibHOM MeT
pH1I. rrpocTpaHCTBe; rrpn: aToM Tpe6oaaHn:e <(lxkl - co rrpH 
k - co)) aaMeHHeTCH Tpe6oaaHHeM: <mocJie)l;OBaTeJibHOCTb 
{xk} He CO,[lepiRHT RH O)l;HOH CXOAH!rreHCH IIOAIIOCJie-

k EN 
AOBaTeJibHOCTH>). 

0TCYTCTBHe c. B 6.- Heo6xop;HMOe ycJIOBHe rJio6aJib
HOll BbIIIpHMJIHeMOCTH AHHaMn:q, CHCTeMbl (cM. Ilo.ttnan ne
ycmoii'lU60Cmb). )J.JIH Toro qTo6bl BIIOJIHe HeycToiiqn:aaH 
AHHaMn:q, CHCTeMa, aa.r1aHHaH Ha MeTpn:q, rrpocTpaHCTBe, 
He HMeJia c. B 6.' Heo6XOAHMO H ,[IOCTaToqHo, qTo6bl «J>aK
TOprrpocTpaHCTBO /:(HHaMn:q, CHCTeMbl 6hlJIO xaycp;op«J>oBbJM, 

Jlum.: [1] H e M hi 11 H H II B. B.. c Te n a H 0 B B. B .• 
I\aqecTBeHHaJI TeopHJI Mi!Ji!JepeH1111aJibHhlX ypaeHeHHll, 2 H31!;., 
M., 1949. B. M. MUJ!JtUO'lltqUXOB. 

CE/];JIOBAH IIOBEPXHOCTb - o6o6m;eHn:e rroaepx
HOCTH OTPHI\aTeJibHOll KpHBH3Hhl. IlyCTb M - IIOBepx
HOCTb B TpeXMepHOM eBKJIH,[IOBOM rrpocTpaHCTBe, orrpep;e
JIHeMaH rrorpymeHn:eM f : W - E 3 p;ByMepHoro MHoroo6-
paan:H w B E 3 • IlJioCKOCTb a OTCeKaeT OT M rop6ymKy' 
eCJIH cpep;H KOMIIOHeHT rrpoo6paaa MHOiKBCTBa ~a B w 
HMeeTCH KOMIIOHeHTa c KOMIIaKTHbIM 3aMb!KaHHeM. 1.JaCTb 
IIOBepXHOCTH M' COOTBeTCTBYIOID;aH aTOH KOMIIOHeHTe, 
Haa. r o p 6 y rn Ko ii: (cM. pn:c.). IloaepxHoCTb M Haa. 

c. n., eCJIH OT Hee HeJih3H OTceqh rop6yrnRH HHRaRoii: 
IIJIOCROCTblO. IIpn:MepaMH c. II. HBJIHIOTCH O)l;HOIIOJIOCT
HhlH rn:rrep6oJIOHA, rn:rrep6oJin:q, rrapa6oJIOHA, JIHHeiiqa
Tble IIOBepXHOCTH. ,Il.JIH Toro qTo6bl ABail\/:(bl HerrpepbIBHO 
AH«J>«J!eperru;n:pyeMaH IIOBepXHOCTh 6bIJia c. II.' rreo6xo
,[IHMO 11 AOCTaToqHo, qTo6hl B Rail\)l;OH TOqRe IIOBepXHOCTH 
ee rayccoaa Rpn:an:arra 6hlJia HerrOJIOIBHTeJibHa. IIoaepx
HOCTb, ace T01IKH R-poii ce8.tt06ble mo'llW, llBJIHeTCH c. II. 

c. II.' orpam1qerrHaH crrpHMJIHeMhlM ROHTypoM, ITO caoei'I 
BHyrpeHHeH MeTpHKe, HHAYU.HPOBaHHOH MeTpHROH rrpocT
paHCTBa, HBJIHeTCH ABYMepHbIM MHOroo6pa3HeM BeIIOJIO
iKHTeJibHOH Rpn:an:3Hhl. Ha RJiacc C. rr. MOiKBO o6o6m;n:rb 
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pHp; caoii:cTB noaepXHOCT!lii: oTpmwTeJibHoft KpHBH3Hhl, 
OAJiaKO 3TH IIOBepXHOCTH He o6paayroT' JIO-BHp;HMOMy, 
CTOJib me eCTeCTBeHHOro KJiacca IIOBepXHOCTeii:, KaK Bhl
nyKJihle IIOBepXHOCTH. 

Jlum.: [1] B a R e JI b M a H M. JI.. B e p H e p A. JI., 
H a H T 0 p B. E.. Bse11emrn B )IRqHjJepeHJ.\HaJihHYIO reoMeTpRIO 
«B ueJIOM», M., 1973; [2] III e ljJ e JI h c. 3., MccJie110BaHH1I no reo
MeTp11n ce)IJIOBbIX IIOBepXHOCTefi, HoBOCHO., 1963. 

lI,. lI,. ConoJ106. 
CE)J;JIOBAH roqKA - TOqKa rJiap;Koii: IIOBepXHOCTII, 

a6mrn11 K-poii: IIOBepXHOCTb Jie)f{HT ITO pa3Hhle CTOpOHhl OT 
CBOeii: KacaTeJibHOii: IIJIOCKOCTll. ECJIH c. T. HBJIHeTCH 
ToqKoii: ABYKpaTHo HerrpephlBIIO p;mpcpepem~11pyeMoii: rro
BepxIIocTH, TO ee rayccoaa KpHBH3Ha B 3TOH TOqKe He
IIOJIO)f{HTeJibHa. c. T. HBJIHeTCH o6o6w;eHHeM rmrnp60-
JI11q. ToqK11. ll,. ll,. ConOJ1oe. 

CE)J;JIOBAH roqKA (B TeOpHH Hrp) cpyHKIJ;HH 
F, aa11;aHHo:ii: Ha 11;eKapT0BoM rrpo11aae11;eHHH p;ayx MBomecTB 
XXY,- ToqKa (x*, y*)EXXY, J{JIH K-poii: 

F(x*, y*)=maxF(x, y*)=minF(x*, y). 
xeX yeY 

HaJIHqHe C. T. y cpyHKn;11n: F paBIIOCllJibHO cym;ecTBOBaHllIO 
orrT11MaJibHhlX CTpaTernfi y 11rpoKOB B anmaaonucmu'lecr;ou 
uape f=(X, Y, F). B.Jl.Rpenc. 

CE)J;JIO-Y3EJI - THII pacrroJiomeHIIH TpaeKTop11ii: aa
TOHOMHoii: CHCTeMhl o6hlKHOBeHHhlX IJ;HqllpepeHIJ;llaJibHhlX 
ypaaHeHHH 2-ro rropHJ{Ka: 

f EC (G), G - o6JiaCTb ep;11HCTBeHHOCT11, a oKpecTHOCTll 
oco6oft TOqKH Xo. 8TOT THII xapaKTepnayeTCH CJiep;yIOIIJ;llM 
o6pa30M: HeK-paH OKpeCTHOCTb u TO~H Xo paa6naaeTCH 
IIpllMhlKaIOIIJ;HMll K Xo IIOJiyTpaeKTOpHHMH (c e II a p a T
p II ca M H C.-y.) Ha m KpHBOJillIIeHIIhlX cer:mopoe 
(3..;;:m<+oo), H3 K-pbIX h, 2..;;:h<m, HBJIHIOTCH cell;JIOBhl
MH, a OCTaJibHhle - OTKphlThIMH Y3JIOBhlMH; KaIBJWH 
rrpHMbIKarom;aH K Xo IIOJiyTpaeKTOpHH, 6y11;yqn JWIIOJIIIe
Ha ToqKofi x0 , KacaeTCH B Heft orrpep;eJieHB:oro Jiyqa. 
C.-y. Haa. rrp11 3TOM 11 ca~rn TOqKa x0 • 

C.-y. HeycTofiqns no JlHrryIIoay. Ero HIIp;eKc IlyaHKape 
paaeII 1-(h/2). EcJIH /EC1 (G), a MaTpnu;a A=j' (x0)i:O, 
TO oco6aH TOqKa Xo MOil\eT 6bITb p;JIH CHCTeMhl (*) C.-y. 
JIHmb B cJiyqaHx, Korp;a co6cTBCHHhle aHaqeHHH A1 , /., 2 
MaTpHD;bI A yp;oaJieTaopHIOT op;HoMy Ha cJiep;yrom;nx ycJio
snii:: 

a) A1=0 i= t.,2 ; 6) Ai=A2 =0. 

B mo6oM H3 8THX CJiyqaeB TOqKa Xo MomeT 6bITb p;JIH CHC
Tel\lhl ( *) TaKme ceiJ.n,oM HJIH ya.n,oM, a B cJiyqae 6) H Toq
KOH mrnro THrra. EcJIH me oHa HBJIHeTCH C.-y., TO p;JIH 

X2 

P11c. 1. PRC. 2. 

Hee m=3, h=2, a Bee rrpHJ\lhlKarow;ne K x 0 rroJiyTpaeKTo
p1m CHCTCMbI KacaIOTCH B 3Toii: TO~e HarrpaBJICJIHii:, OII
pe11,eJIHeMhlX co6CTBeHHhlMH BCKTopaMH MaTpHD;bI A (CM. 
pnc. 1 H 2, r11,e mnpHhlMH JIIIHHHMH nao6pameHhl cerrapaT
pnchI C.-y. x0 =0, a cTpeJIKH yKa3b!BaIOT aanpasJieane 
p;Bllil\0HIIH no TpaeKTOpHHM CllCT0Mhl c B03pacTaIIHe.M t; 
OHO MOil\eT 6bITb H rrpOTHBOIIOJIOil\HbIM). 

1104 
Jlum.: [1] B a y TH H H. H., JI e 0 H T 0 B H 'I E. A., Me

TO)U,I H npReMhl Ra'leCTBeHHoro HCCJie)loBaHHff )IHHaMH'leCRHX cnc
TeM aa nJIOCIWCTH, M., 1976. A. <P. Auopeee. 

CEKAHC - OJ:lHa H3 mpuaonoMempu'tecr:ux fliynr:!fuu: 
1 

y=secx=cosx' 

p;pyroe o6oaHaqeHHe sc x. 06JiaCTb orrpep;eJieHirn - BCH 
qucJioBaH IIpHMaH 3a HCKJIIOqeHneM roqeK, a6cn;HCChl 
K-phlX 

:rt x= 2 (2n+1), n=O, ± 1, ±2, •.• 

C.- HeorpaH11qeHHaH qeTHaH rrepno11;nqecKaH (c rrep110AOM 
2n) cpyilKI~HH. Ilpo11aso11;HaH C.: 

(sec x)' = sin, x = tg x sec x. 
cos x 

MHTerpaJI OT C.: 

~ secx dx =In I tg ( ~ + ~ ) I + C · 

C. paaJiaraeTCH B PHA 

:rt 3:rt 
(3z:rt)2-x• + 

5:rt 
secx 

( 5:rt)2 2 -x• ( ~ )2-x• 
IO. A. I'opbnoe. 

CEKBEHIJ;U:AJibHO KOMIIAKTHOE IIPOCTPAHCT-
BO - TOIIOJIOrIIqecKoe npocTpaIICTBO (y c JI o B n e 
E o JI bu; a Ho - B e ft e pm T p a cc a), Jiro6aH 6ec-
KOHeqHaH IIOCJie,1\0BaTeJibHOCTb ToqeK K-poro cop;epIBllT 
cxop;Hw;yrocH rro11,rrocJie11;osaTeJibHOCTb. B KJiacce T1-

rrpocTpaIIcTB c. K. II. HBJIHeTCH cqeTIIO KOMIIaKTIIbIM 
rrpocTpaIIcTBOM. EcJIH K TOMY me rrpocTpaHCTBO yp;oa
JieTaopHeT rrepaoii. aKCHOMe cqeTHOCTll, TO H3 ero cqeT
HOH KOMIIaKTHOCTH CJie)l;yeT ceKBeIIu;HaJibIIaH KO?.IIIaKT
IIOCTb. c. K. II. He o6H3aTeJibIIO HBJIHeTCH 6HKOMIIaKTBhlM 
rrpocTpaHCTBOM: TaKOBO, Harrp., MHOil\eCTBO BCeX IIOpHp;
KOBhlX q11ceJI, MeIIbIIIllX rrepaoro IIecqeTHoro q11cJia, Jia
p;eJieIIHoe TOIIOJIOr.l'!eH, 6aaa K-pofi - BCeB03MOJKJihle HII
TepaaJihl. M. H. Boii.1texoecnuii.. 

CEKBEHIJ;U:AJibHOE IIPOCTPAHCTBO - TOIIOJIOrM
qecKoe rrpocTpaHCTBO X TaKoe, 'ITO H3 Ac X II A i= [A) 
(T. e. MHomecTBO A HeaaMKHyTo) cJiep;yeT cyw;ecTBosaane 
nocJiep;osaTeJibHOCTH xk, k=1, 2, .. ., TO'leK 113 A, cxo
JJ;Hm;HxCH K HeK-pofi TO'IKe [A )"'A. EcJin na x E [A JcX 
scerp;a cJiep;yeT, qTo cyw;ecTByeT nocJiep;oBaTeJibHOCTb Xk 
TO'leK H3 A, CXOAHIIJ;aHCH K x, TO x Ha3. II p 0 c T pa H
e T B 0 M <I> ·p e ill e - Y p hI C O H a. M. H. Boii1texoecnuii.. 

CEKBEHl.l;IIR 11cqu:c.i:1EHIIE - op;Ha u3 cpopMyJiu
poBoK npeiJur:amoe uc'luc.n,enusi. EJrnroAapH YA06Hoi1 cpop
Me BhlBop;a c. H. Haxop;HT mHpOKOe npnMeHeHHe B iJo
r:aaameAbCmB meopuu, OCHOBaHHHX MaTeMaTHKH, rrpH aB
TOMaTH'I. IIOHCKe BhlBOp;a. C. H. 6hlJIO rrpep;JIOiKeHO f. 
rean;eHOM B 1934 (CM. [1)). Hume rrpHBOp;HTCH op;m1 H3 
aapnaHTOB KJiaCCH'l. HC'IHCJieHHH npep;HKaTOB B cpopMe< 
C.H. 

H a 6 o po M «I> o p M y JI Ha3. KoHeqaoe MHOliteCTBO 
cpopMyJI HeK-poro JIOfHKO-MaTeMaTHqecKoro H3h1Ka Q, 
rrpnqeM B 3TOM ~rnomecTBe p;orrycKaIOTCH IIOBTopeHHH cpop
MyJI. IlopH,1\0K «f>opMyJI B Ha6ope f Hecym;ecTBeH, HO p;JIH 
Kam):IOH «f>opMyJihl yKa3aHo, B CKOJibKHX 3K3eMUJIHpax 
oHa rrpncyTcTByeT B r. Ha6op «f>opMyJI MomeT 6h1Tb H 
IIYCThlM. Ha6op cpr rroJiyqaeTCH H3 r rrpncoep;HHeHHeM 
op;Horo 3K3eMIIJIHpa «f>opMyJihI cp. c e KB e Hu; He ii: Ha3. 
«f>Hrypa BHp;a f - 8, rp;e f H 8 - Ha60phl «f>opMyJI, 
r Ha3. a HT e u; e p; e HT o M ceKBeHD;HH, a 8-ee 
c y K u; e A e H T 0 M. 

AKCHOMbI C.H. IIMeIOT BRA cpf- 8cp, rp;e f, 8 - npo
H3BOJibHhle Ha6ophl «f>opMyJI, a cp - rrpOI13BOJibHaH aTO
MapHaH (aJieMeHTapHaH) tlJopMyJia. Il paB11Jia BhlBOp;a HC
'IHCJieHHH ycTpoeHhl O'leHb CHMllieTpH'lHO H BBO):IHT JIO-
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n1q CBH3KH B aHTeI1,ep;eHT HJIH cyKI1,ep;eHT ce1rneHI1,HH: 

( QJljlr _.... A r _.... AQl, r _.... A'¢ 
/\ -+) (Ql A '¢l r _.... A ; (-+ /\) r _.... A (QJ A '¢> 

( Qlr _....A; '¢r ...... A r _.... AQl'IJl 
v ->) (QJVljl)r-->-A ; (-+ V)r-->-A(QJV'¢); 

( r-->- Alj); ljlr-->- A QJP-->- Aljl 
:::::l->) (Ql::> '¢Jr->- A ; (-+:::J) r-+A(Ql::> '¢) 

(-1 ) r -->- AQJ QJr _.... A 
-+ IQJr-->-A; (-+ 1) r-+AIQJ 

(V -+-) 'fX(/! lj) (x I t) r -->- A r -->- AQJ 
vxQJr _.... A ; (-+- V) r _.... AvxQJ (ylx> ; 

(3 -+) QJr-->- A • (-+ 3) r ...... AQJ (x I t) 3XQJ 
3xQJ (Y I x) r -->- A ' r ...... A3XQJ • 

3p;ecb B IIpaanJrnx (-+ V) n (3 -+) IIpep;IIoJiaraeTCH, qTo 
IIepeMeHHaH y He ecTb IIapaMeTp r n 8, a x He ecTb IIa
paMeTp cp. 

C. n. aKanaaJieHTHO o6blqeoii: iJ>opMe ncqncJieHnH IIpep;n
KaTOB B TOM CMblCJie, qTo iJ>opMyJia cp BhIBOAHMa B ncqnc
JieHHH IIpep;nKaTOB TOrp;a H TOJibKO TOrp;a, KOrp;a ceKBeH
Il,HH - cp BblBOAHMa B c. n. ,Il,JIH AOKa3aTeJibCTBa aTOro 
yTBepm11;eHHH cym;eCTBeHHa 0 c H 0 B H a H T e 0 p e
M a r e H II, e H a (1rnn T e o p e M a o H o p M a JI n-
3 a II, n n), K-paH AJIH C. n. MOIBeT 6blTb ciJ>opMyJinpoaaHa 
CJiep;yrom;nM o6pa30M: ecJIH B c. n. BblBOAHMbl ceKBeHil,HH 
I'-+ ~cp H cpI'-+ 8, TO BhIBOAHMa H ceKBeHil,HH I'-+ 8. 

r-->-AQJ; Qlr-->-A 
IlpaBHJIO BhIBO,IJ;a r-->- A Has. II p a B H JI 0 M 
c e q e H H H, H TeopeMa 0 HOpMaJin3ail,HH YTBepmp;aeT, 
TaKHM o6pa30M, qTo IIpaBHJIO ceqeHHH AOIIYCTHMO B 
C. n. nJin qTo p;o6aaJieHne IIpaanJia ceqeHnH He naMe
HHeT o6'beMa BhIBOAHMhlx ceRaeHil,Hii:. Bani:iy aToro Teope
MY I'eHI1,eHa Ha3. TaRIBe T e 0 p e M 0 ii 0 6 y c T p a
H e H H H c e q e H H H. 

CnMMeTpnqHoe ycTpoiicTBO C. n. B aHaqnTeJibHon Mepe 
o6JierqaeT nayqeHne ero caoii:cTB, II03TOMY a Teopnn p;o
RaaaTeJihCTB Bail\HOe MeCTO 3aHnMaeT IIOHCR ceRBeHil,HaJib
HhIX aapnaHTOB IIpHRJia,IJ;HblX ncqncJieHnii:: apniJ>MeTHRH, 
aHaJIH3a, TeOpnn THIIOB H AORa3aTeJibCTBO AJIH TaRHX nc
qncJieHnii TeopeMbl 06 ycTpaHeHnn ceqennH a TOH mm 
nHoii iJ>opMe (cM. [2], [3]). Haii:p;eHbl ceRBeHI1,naJibHble 
aapnaHTbl H AJIH MHOrnx ncqncJieHnii, OCHOBaHHhIX Ha 
HeRJiaccnq. JiornRax - HHTYHil,HOHHCTCROH, MOAaJibHblX 
n peJieaaHTHhIX JIOrnRax n AP· (cM. (3], [ 4]). 

Jlum.: [1] MaTeMaTH'!eCRaH Teop1rn JJoruqecRoro BhlBO/la. C6. 
rrepeao11oa, M., 1967; [2] Ta Rey Tu r., TeopuH 110RaaaTeJJbCTB, 
rrep. c aHrJJ., M., 1978; [3] JJ: par a JI u H A. r., MaTeMaTU'!eCRUH 
UHTYUJ.IUOHU3M. Bae11eaue B TOOPU10 )IORa3aTeJ!bCTB, M., 1979; 
[4] <I> e ii c P., MOMJJhHaH JJoruRa, nep. [c aHrJJ ], M., 1974. 

CEKBEHD;HH - BblpameHne anp;a 
A. I' ~pa•aJ1u1<. 

Ai, ... ,An-+ Bi, ... , Bm, 

rp;e Ai. ... , An. Bi. ... , B m- iJ>opMyJibl. qnTaeTcH: 
<mpn p;oIIym;eHnHx Ai, ... , An nMeeT MeCTO Bi nJin B 2 , 

HJIH ... ' HJIH B m»· qaCTb c.' CTOHIIl,aH CJieBa OT CTpeJIRH, 
Ha3. a H T e II, e A e H T 0 M; qaCTb c., CTOHIIl,aH CIIpaaa 
OT CTpeJIRH, Ha3. c y R II, e A e H T 0 M (R 0 H c e R B e H
T OM). CllopMyJia (Ai& ... &An):::i(Bi V .•. VBm) 
(IIYCTaH ROH'bIOHRil,HH o603HaqaeT JIOIBb, IIYCTaH AH3'bIOH-
Ril,HH - HCTHHy) Ha3. ip 0 p M y JI b H bl M 0 6 p a-
3 0 M C. I'. E. MUl<1.f. 

CEKTOP - 1) C. H a II JI o c Ro c T n - IIJIOCKaH 
iJ>nrypa, orpaHnqeHHaH ABYMH IIOJIYIIPHMhIMH, HCXO,IJ;H
IIl,HMH H3 BHyTpeHHeii Toq1m iJ>nrypbi, II µ;yroii: ROHTypa. 
C. Kpyra (R p yr o B o ii c e KT op) - ipnrypa, or
paHnqeHHaH ABYMH paµ;nycaMn H 11;yroii:, Ha R-pyro OHH 
oIInparoTCH. IlJIOIIW,IJ;b C. Rpyra: S= lr/2, rp;e r - pa
AHYC Rpyra, l - AJIHHa AYrH. 

2) c. B II p 0 c T p a H c T B e - qacTb TeJia, orpaHH
qeHHaH ROHnq. IIOBepXHOCTbIO, BepmnHa R-poii: Haxo-

AHTC.II BHYTPH TeJia, H BbipeaaeMOH qacTbIO IIOBepXHOCTH 
TeJia. III a p o B o ii: c e R T o p - TeJio, B03HHRarom;ee 
IIpia apam;eHnll ceRTopa 6oJibmoro Rpyra BORpyr op;Horo 
H3 pa;ri;nycoa (mapoaoii: C. 1-ro poµ;a) HJIH BORpyr ;ri;na
MeTpa, ne IIepeceRaroruero ero p;yrn (mapoaoii: C. 2-ro 
pop;a). 06'beM mapoaoro ceRTopa: V= 113nR2h, rp;e R -
paµ;nyc ciJ>ephl, h - IIpoeRil,HH xopp;bl, cTHrnaarom;eii: p;yry 
c. Ha OCb apam;eHHH. BC&-3. 

CEKTOP a T e o p n n o 6 bl R H o :e e H H bl x A n ip
ip e p e H II, 111 a JI b H bl x y p a B H e H H ii. 1) C.- OT
RpblTblH Rp111BOJIHHeii:HblH ceKTOp s c aepmnHoii: B 11130-
JIHpoaaHHoii oco6oii: ToqRe 0 aemonoMnou cucmeMbi o6hIK
HOBeHHblX ;ri;niJ>iJ>epeH11,naJibHhIX ypaaHeHnii: 2-ro IIOpH;D;Ka: 

;=f (x), xEIR2 , (*) 

f EC (G), G - o6JiaCTb e;ri;nHcTBeHHOCTH, yµ;oaJieTBopHro
m;aH cJiep;yrom;nM qeTblpeM ycJIOBHHM. 1) Ramµ;aH ns 60-
ROBblX CTeHOR s HBJIHeTCH TO-K p H B 0 ii: CHCTeMbl (*) 
(IIoJiyTpaeKTopneii:, IIpHMhIRarom;eii: IIpn I t I-++ ooK TOqKe 
0, KacaHcb B Heii: oIIpe;ri;eJieHHoro HaIIpaaJieHnH). 2) 3ap;
Heii: CTeHROH s .IIBJI.HeTCH IIpocTaH IIapaMeTpnq. µ;yra 
(roMeoMopiJ>HbI:ii: o6paa oTpeaKa). 3) B S"-, {O} HeT oco6blx 
ToqeK CHCTeMhl (*). qeTBepTblM ycJIOBHeM HBJIHeTCH 

0 0 0 
Puc. 1. Puc. 2. Puc. 3. 

op;Ho na Tpex cnep;yrom;l11X. 4a) Bee TpaeRTopnn cncTeMhl 
(*), HaqnHarom;necH B s' IIORH,IJ;aIOT 3TOT ceRTOP RaR 
c B03pacTaHHeM, TaR ll c y6blBaHHeM t; TaRoii: c. Ha3. 
rnIIep6oJinqecRHM, HJIH ce;ri;JIOBhIM (pHc.1). 
46) Bee TpaeRTOpllH CHCTeMbl (*), HaqnHarom;necH B s 
B ;rl;OCTaToquoii: 6Jill30CTH OT 0' c B03pacTaHneM t, He Bhl
XO;rl;H H3 s' IIpHMhIRaIOT R ToqRe 0' a c y6hIBaHneM t 
IIOKll;rJ;aIOT s (llJill Hao6opoT); TaRoii: c. Ha3. II a p a 6 O
JI H q e C R 111 M, llJIH 0 T R p bl T bl M y 3 JI 0 B bl M 
(pnc. 2). 4a) Bee TpaeRTopian cncTeMhl (*), Haq:irnaro
m;necH B s B ):lOCTaToquoii 6JIH30CTH OT 0' RaR c B03pac
TaHneM, TaR ll c y6blBaHHeM t, He BblXOAH H3 s' IIpHMhl
RaIOT R TOqRe 0' o6paayH BMeCTe c 0 3aMRHYThle RpHBble 
(II e T JI n), IIpnqeM H3 JII06blX ABYX IIeTeJib o;ri;Ha OXBa
TblBaeT ;ri;pyryro; TaRoii: c. Ha3. a JI JI H II T H q e c K ll M, 
HJill 3 a MR H y T hi M y 3 JI 0 Bbl M (pnc. 3). 

,Il,JIH aHaJinTnq. cncTeMhl (*), nMerom;eii: TO-Rpnahle, 
Rpyr Q ;ri;ocTaToqHo MaJioro paµ;nyca c 11,eHTpoM B Toq
Re O acerp;a MoIBeT 6hITb paa6nT Ha KOHeqHoe qncJio C. 
oIIncaHHoro Biap;a: h rnIIep6oJinqecRnx, p IIapa6oJinqe
cRnx n e aJIJIHIITnqecKnx (cM. (1), [2]). BblHBHTb ace 
3Tll c.' oIIpe;ri;eJIHTb THII Ram;o;oro H3 HHX H ycTaHOBHTb 
,IJ;JIH Hnx aaRoH cJie;ri;oaaHHH ;ri;pyr aa µ;pyroM IIpn o6xo;ri;e 
ToqRn 0 IIO rpaHHil,e Rpyra Q (n TeM caMblM BhIHCHHTb 
TOIIOJiornq. CTpyKTypy pacIIOJIOil\eHHH TpaeRTopnii CllC
TeMhl (*) B oRpecTHOCTH ToqRn 0) MOil\HO, HaIIp., c IIO
MOIIl,bIO <l>poMMepa Memoaa. )];JIH qnceJI h, p n e nMeIOTCH 
aIIpiaopHhle Oil,eHRH caepxy qepe3 IIOpH;rl;OR MaJIOCTH HOp
Mbl 11/(x)ll IIpn x-+ 0 (cM. [1], [4], [5]). 

MHorp;a (CM., HaIIp., [3]) IIOHHTHe «C.» orrpe;ri;eJIHeTCH 
cao6oµ;Ree: B rHIIep6oJinq. n IIapa6oJinq. C. ,o;oIIycRaeTCH 
HaJI:11qne IIeTeJib, noRphlaarom;nx MHomecTBo, He nMerom;ee 
IIpe;ri;eJibHhIX ToqeR Ha aa;ri;Heii CTeHKe C., a B aJIJIHIITnq. 
c. - RaJill'JHe IIeTeJib, He OXBaTbIBaIOIIl,HX ;ri;pyr i:ipyra. 
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Ilpn aTOM rrepaa.11 «Ppa3a rrpep;hl):lym;ero a6atu~a coxpaH.11-
eT CIIJIY II AJIH CIICTeM (*) o6m;ero mrp;a, a HHIJ,eRC 
IIyaHRape oco6oii: ToqKII 0 CilCTeMbJ (•) BblpamaeTCH 
cl> o p M y JI o ii: E e H A n K c o H a: 

i= 1+(e-h)/2. 
Jlum.: [1] Bendixson I., «Acta math.», 1901, v. 24, 

p. 1-88; [2] A H ;ii; p 0 H 0 B A. A., JI e 0 HT 0 B H 'I E. A., 
r op ;ii; o H IL IL, Ma Iii e p A. r., l\a<IeCTBeHHaH TeopnH ;ri;nHa
MH'lecirnx CHCTeM BTOporo nopH;ri;Ka, M., 1966;[3] x a p TM a H <I>., 
06blKHOBeHHhie ;ri;nljJljJepem1naJihHhle ypasHeHHH, nep. c aHrJI., 
M., 1970; [4] Be p JI H H c K H Jt A. H., «,ri:OKJI. AH CCCP», 
1969, T. 187, M 3, c. 502-05; [5] car a JI 0 B H q M. E., «.ri:l!(:t>
ljJepeHn. ypasHeHHR», 1979, T. 15, M 2, c. 360-62. 

2) c e K T 0 p If> p 0 M M e p a, H 0 p M a JI b H a H 
o 6 JI a c Tb If> po MMe p a,- Kpyroaoii: C. 

N={(r, cp)IO<r,;;;;,6, lcp-cpoi,;;;;,e} 

c BepIIIHHOH B H30JIMpoBaHHOH oco6oil: ToqRe 0 (x= Xo) 
CMCTeMhl (*) (cM. rr. 1), 6oRoBhlMH cTeHRaMM OA M OB, 
cpA=cro-e, cpB=cro+e, M 3ap;Hei cTeHRoi AB (3/J,eCb 
r, cp - IIOJIJipHhle Koop):lIIHaTbl Ha x-IIJIOCROCTH c rro
JIIOCOM B ToqKe 0, 6, e, croEIR), YJ.IOBJieTBOpHIOID;Hll CJie
AYIOID;HM YCJIOBHHM: 

(1) cp=cro - H c K JI IO q H T e JI b H 0 e H a II p a B-
JI e H II e CIICTeMhl (*) B TOqKe 0, T.e. CYil\eCT
ayeT IIOCJieAOBaTeJibHOCTb Xk=xo+(r,, cos cpk, rk sin cp,,), 
k=1, 2, ... , rk-+0, cpk-+cp0 rrpM k-++oo, TaKaR, 
qTO ecJin a.(x)=(f(x) ~ x-x0), TO tga.(xk)-+0 HpM 
k -+ + oo, M Ta Koe HarrpaaJieHne ep;MHCTBeHHO B N, 

(2) tga(x)"60 p;JIR JII06oro xEOALJOB, 
(3) a (x)"6:ri/2 p;JIR mo6oro x EN. 
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Pnc. 4. Pnc. 5. 

IIycTb yroJI a (x) OTCqHTh!BaeTCH OT BeKTOpa X-Xo H 
MMeeT 3HaK HarrpaaJiemrn oTcqeTa. CeKTop N Ha3hIBaeTcrr: 
HopMaJibHOi o6JiaCTbIO lf>poMMepa 
1-r o T n rr a (o6o3HaqeHMe Ni), ecm1 tg a.(x)<O npM 
xEOA, tga.(x)>O rrpM xEOB; 

HOpMaJibHOi o6JiaCTbIO 2-ro TMrra 
(N 2), ecJIM tga.(x)>O Ha OA, tga.(x)<O Ha OB; 

HOpMaJibHOH o6JiaCTbIO 3-ro Tnrra 
(N3). ecJIM tg a. (x) Ha OA M Ha OB MMeeT OAIIH If TOT me 

'3HaK. 8TM o6JiaCTH 6hIJIH BBe
):leHhl M. Cl>poMMepoM [1]. 

B 

TpaeKTOpMn cncTeMb1 (*) 
B HOpMaJibHb!X o6JiaCTHX 
Cl>poMMepa aep;yT ce6.11 
CJiep;yIOIIJ;IIM o6pa30M. 06-
JiaCTb Ni rroKph!Ta 0-KpM
BhIMM CIICTeMbl (pnc. 4). 
OHM o6pa3yIOT OTRphIThIH 
rryqoK - ceMeicTBO op;Ho-

o1::.;....,,,....=--::?"..::;;_-::?'""""--'.A MMeHHbIX 0-KpMBbIX, He-
rrpeph!BHO 3aBMCHIIWe OT Pnc. 6. 
rrapaMeTpa, rrpo6era10m;ero 

OTKph!ThIH rrpoMeIBYTOR. B o6JiacTM N 2 cym;eCTByeT 
JIM6o (a) eAMHCTBeHHaH 0-RpnBaH (pwc. 5), JIM6o (6) 
6ecKoHeqHo MHoro 0-RpMBhIX (aaMKHYThifr ny'loR, pMc. 6). 
B o6JiaCTM N 3 JIM6o (a) cym;eCTayeT 6ec1toHe1mo MHoro 
0-RpHBhIX (rroJiyoTRph!ThllI rry110R, pnc. 7), JIH6o (6) He 
cymecTByeT 0-RpHBhlX (pnc. 8). B HopMam,uoiI o6JiacTn 
N JII06oro Tnrra 0-RpHBble rrpn t -+ + oo (nJin t -+ - oo) 

IIpliMblKaIOT K T0'1Ke 0 no HarrpaaJieHHIO cp=cpo. a c y6bl
BaHneM (so3pacTamreu) t rroKirAaJOT o6JiaCTb N; ace oc
TaJibHhJe TpaeKTOprrn IIOI\IIAaIOT o6JiaCTh N IrnR c B03-
paCTamreM, TaK M c y6IrnaHneM t. 3aAa'1IJ pa3JII1'1eHI1H 
cJiy11aea (a) II (6) AJIH o6JiaCTei N 2 II N 3 Haa. cooTBeTCT
BeHHO 1-i H 2-i II p 0 6 JI e M a M II p a 3 JI II q e-
H II H cD p 0 M M e p a. 

EcJIH CIICTeMa (*) IIMeeT B TO'!Ke 0 KOHe'IHoe 'IHCJIO 
( >O) IICRJII0'1IITeJibHhIX HarrpaaJieHMi, Ramp;oe Il3 HIIX 
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Pnc. 7. Pnc. 8. 

MOIBHO 3aKJII0'1IITb B HOpMaJibHYIO o6JiaCTb N. II AJIH Bcex 
o6JiacTeii: N 2 II N 3 6YAYT penreHbl rrpo6JieMhl pasJin'1eHIIH 
<DpoMMepa, TO TOIIOJIOrII'1. CTpyKTypa pacrroJIOIBeHIIH 
TpaeKTOpIIH CilC'feMbl B oKpeCTHOCTII ToqKII 0 6yAeT Bbl
HCHeHa IIOJIHOCTb!O, I160 ceKTOpbI c BepIIIIIHOH B 0, pac
IIOJIOIBeHHhie Memp;y HOpMaJJbHhIMII o6JiaCTHMII, B AOCTa
TOqHoil: 6JIM30CTil OT ToqKII 0 IIOJIHOCTbIO rrepeceKaIOTCH 
TpaeKTOpIIHMII CIICTeMbl (KaK Ha pIIC. 8). TaKaH CIITyaqIIH 
HMeeT MecTo, Harrp., B cJiy11ae, Korp;a 

f(x)=P(x)+p(x), P=(P1 , P 2), 

Pi, P2 - «PopMbl CTerreHII n)d OT KOMIIOHeHT X1, .r2 
BeKTOpa x, 

p(x)=o(l/xlln) rrpII llx[l-+0, 

rrpnqeM BhlIIOJJHHIOTCR CJJep;y10m;IIe ycJioam1: «PopMa 
X1P2 (x)-x2Pi (.r) IIMeeT p;eHCTBIITeJJhHbJe JIHHeHHble MHO
;irnTeJIII; lflopMbI pl• p 2 He IIMeIOT o6IqIIX p;eiCTBIITeJihHbIX 
JIMHeiIHbIX MHOIBIITe.JJeli; p E en+ 1. II pH 3TOM B Kam
AOH II3 06JJacTe1'I N 2 , N 3 6yAeT nMeTb MecTo pacrroJJo
meHile (a). 

AHaJJOrII HOp•IaJJbllbIX o6JiaCTei Cl>poMMepa BBeAeHbl II 
AJJH CIICTeM BIIJJ,a (*) rropHAKa ;;,3. 

Jlum.: [1] Frommer M., «Math. Ann.», 1928, Bd 99, S. 
222-72; [2] He M hi I~ H HM B. B., c Te I1 a H 0 B B. B., 
Ra<IeCTBeHHaH Tenp1rn m11jJljJepen11naJ1n11h1x ypaBHemti'i, 2 H3A., 
M.-JI., 1949; [:Jl AH Ape e B A. <V., B cu.: Tp. qeTBepToro 
BcecoI03Horo MwreM. C'hesna, T. 2, JI., 19611, c. 394-402. 

A. <JJ. AHopeee. 
CEKYH.!J;A - eAJIHm:~a l!3Mepemrn IIJJOCKnx yrnoB, 

paBHaR 1/ 3600 qacTn rpaAyca IIJJil 1 I60 11aCTII MIIHYTh!; 
o6osHaqaeTCH BHaKoM ". Me T p II q e c Ka a C.-1/106 

qacTb rrpHMoro yrJJa; o6o3HaqaeTCH 3HaKOM cc. 
CEKYIIJ;HX METO.!J; - MeTOA ar,1qncJJeHHH HyJieil: He

rrpephlBHblX «PYHKqIIH. []ycTb B [a, b] COAepIBIITCH uym, a. 
HerrpephIBHOH «PYHKqMII f (x); x0 , xi - pa3JJM'1Hhie ToqKn 
aToro oTpesKa. 11.TepaqnoHHaH «PopMyJJa C. M.: 

f (Xk) 
Xk+i=X1i-(/( )-/( ))/( _ ) , k=1, 2, ... (1) Xf<-1 Xk Xk-1 Xk 

ECJJII IIOCJJeAOBaTeJlbHOCTb {x,,} CXOAIITCH, TO o6asaTeJlb
HO K HYJJIO «PYHRI~IIH f (x). IlpII HaJJnqIIn y f Henpepb!BHoii 
rrpOll3BOAHOI! Ha [a, b] JlORaJJbHaH CXOAIIMOCTb c. M. 
K rrpocToMy KOpHIO 6yAeT cneplWMHeiiHoil. EcJJII ycMJJIITb 
Tpe6oaaHIIH K rJJaAKOCTII f' MOIBHO yKalJaTb TOqHhIJI rro
PHAOR (JJoKaJJbHoii:) CXOAIIMOCTH [1]. HMeHHO, AJJH fE 
E C2 [a, b] M a. TaRoro, qTo f (a.)= 0, !' (a.)"60, !" (a.)"60, 

Jim lxk+1-al_k. 
k->-oo lxk-aJP 

3Aecr, p=( Jf5+1)/2"" 1,618, k= If" (a.)/2f' (a.)I. 
Caepxmmei"rnaa cxop;IIMOCTb C. M. AJIH rJiaARHX «PYHK

~IIH - O'IeHb aamHoe o6CTOHTeJibCTBO, IIOCROJibRY Bbl-
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qucJieHuH npoH3BOlJ.HhIX He Tpe6yeTcH H Ha Kamp;oM mare B KoM6n&an;un c p;pyrHMH MeTOlJ.aMn pemeTa C. p. 
BhlqJICJIHeTCH Jlllmh OlJ.HO HOBOe 3HaqeHue lf>yHKD;Hll. TaK, n03BOJIHeT noJiyqaTb on;eHKH CHH3y, oco6eHHO CHJibm.Ie 
p;JIH cpaBHeHHH, B MeTolJ,e HhIDTOHa, nopHp;oK (JioKaJib- npR ucnoJib30BaHuu BecoBhlX lf>yHKn;u:ii:. 
Ho:ii:) CXOTJ.HMOCTH K-poro paBeH 2, Ha Ka>KlJ,OM mare Tpe- JJum.: [1] Se Iberg A. «Norske Vid. Selsk. Forh.», 1947, 
6yeTCJI BblqHcJieHHe 3HaqeHH.11 lf>yHKD;HH H ee npoH3BOp;- Bd 19, No 18, p. 64-67; L2] ii' pa x a I! R., Pacnpeµ;eneBBe npo

CThIX <1BceJJ nep. c HeM., M., 1967; L3] Ha I be rs tam H., 
Ho:ii:, ~o, KaK npaBHJio, He MeHee TPYTJ.OeMKo, qeM Bhlqnc- Richer i H., Sieve methods, L.- Ca. o.], 1974. 
JieHue lJ.BYX 3HaqeHu:ii:: lf>YHKD;llH. B. M. BpeBuxuH.. 

IlocKoJibKY CXOlJ.HMOCTh C. M. aaBHCHT OT rJialJ,KOCTH CEMAHT:UKA B Ma Te Ma TH q e c Ko ii: JI o r H-
lf>YHKD;HH ll Bbl6opa HaqaJibHhIX np116JIHlReH11ii:, B CTaH- Ke - llCCJJe;a;oBaHue llHTepnpeTan;nii: JtOWl/,ecnozo UCl/,UCJte-
ll,apTHbIX MamuHHwx nolJ,nporpaMMax BhlqncJieHHH HyJieii nua, lf>opMaJibHO:ii: aKcuoMaTnq, Teopuu; uayqeHue cMhICJia 
HenpepblBHbIX lf>YHKD;llH 3TOT MeTop; KoM611HHpyeTCH c ll 3HaqeHH.11 KOHCTpyKn;uii: lf>opMaJIU30BaHHOro H3h1Ka 
KaKuM-JIH6o MeTop;oM, o6JialJ,atom;HM rapaHTHpoBaHHOii TeOpHH, cnoco6a noHHMaHHH ero Jiornq. CBH30K H lf>op-
CXOp;HMOCTbID, Hanp. MeTO;D;OM p;eJieHHll OTpeaKa nonoJiaM. MyJI. c. yp;eJIHeT BHHMaHHe B03MO>KHOCTH TOqHoro onH-
Ha KalRlJ.OM mare TaKoro ttoM6HllHpOBa&Horo MeTop;a Ko- caHHH n onpep;emmirn TaKnx noHHTHii:, KaK «HCTHHa», «on-
peHb a: JioKaJinaoBaH B oTpeaKe [ak, bk], Ha KoHn;ax pelJ,eJIHMOCTh», «o6oaHaqeHne», no Kpaii:Heii: Mepe npnMe-
K-poro lf>y&KJ\HH MeHJier 3HaK (npep;noJiaraeTCH, qTo aro HHTeJihHO K roqHo onncaHHhIM H3hIKaM. B HeCKOJibKo 
ycm;rnne BhlnOJIHeHo lJ,JIH l'ICXOlJ.HOrO OTpeaKa [a, b]). 6oJiee yaKoM CMbICJie nolJ, c. lf>opMaJIH30BaHHoro H3bIKa 
B COOTBeTCTBl'IH c HeK-pbIM TeCTOM oqepep;HOe npH6JIH>Ke- noHHMaIDT Cl'ICTeMy corJiameHH:ii:, onpell,eJIH!Om;HX noHH-
HHe BhI6HpaeTCH JIH6o no lf>opMyJie (1), JIH6o no lf>opMyJie MaHHe lf>opMyJI H3hIKa, 3al{a!Om;Hx ycJIOBl'IH l'ICTl'IHHOCTH 
p;eJieHHH nonoJiaM. IlpH aroM ecJIH f (x) - tJialJ,KaH lf>yHK- aTHX lf>opMyJI. 
D;l'IH, TO HTepan;Hl'I, Haqn&aH c HeK-poro HOMepa ko, c. Jiornq. CBH30K B KJiaccnqecKoii: H HHTYHD;HOHHCTCKOii: 
aBTOMaTnqecKH HlJ.YT no c. M. BoaMomHa em;e 6oJiee JiorHKe HOCHT 3 K c Te H c H 0 H a JI b H bl ii: x a p a K-
CJIOlRHaH KoM6nHan;nH MeTOlJ.OB, Hanp. anropH'l'M ZEROIN Te p, T. e. HCTHHHOCTh cJio>KHoro BhlcKaahIBaHHH onpe-
(cM. [2]), B K-poM, KpoMe ynoM.llHYThIX Bhlme, l'ICilOJib- lJ,eJIHeTCH TOJibKO xapaKrepoM HCTl'IHHOCTl'I COCTaBJIHIOm;HX 
ayerc.11 em;e MeTOlJ. o6paTHOii: KBalJ,paTHqHOii HHTepnOJIH- ero BhICKa3bIBaHH:ii::. B l'IHhIX KJiaccnq, JIOrHKax, Hanp. 
D;HH. MHorp;a c. M. Ha3hIBa!OT MeTOlJ. c HTepan;HOHHOH peJieBaHTHbIX, MomeT yqHThlBaTbC.11 H CMhICJIOBOe co;a;ep-
lf>opMyJioii I (Xk) >KaHHe noHHTl'IH (TaKHe JIOrHKH Ha3. H H T e H c H o-

Xk+1 = Xk k=1, 2, ... (2) HaJibHhIMH). B Tattoro poll,a Jiornxax, &anp., He 
(/ (Xfe) -/ (xo)) I (Xk-Xo) ' o6H3aTeJibHO, qro6hl Bee HCTHHllbie BhICKa3bIBaHH.ll 6hIJIH 

,Il;pyroe HaaBaHne MeTOp;a (2) - M e T o ;a; JI o m H o r o aKBHBaJieHTHhI. 
II o JI o m e a n .11, HJIH regula falsi. TaKo:ii: MeTop; cxo- IlocTpoeane qerKoii: c. ;a;ocTaToqao cJio>KHhIX lf>opMa-
p;nrc.11 JIHIDh JIHBe:ii:Ho. JIH30BaHBhIX H3hIKOB THIIa H3hIKOB ancu0Mamu1£ecnou meo-

ITpH o6o6m;eHHH C. M. Ha cJiyqaii c:HcTeMhI ypaBB0BHii: puu Mno:m:ecme HBJI.HeTcH rpyll,Hoii npo6JieMoii. Bro 
noaMo>KeH p;Bo.11Knii B3tJif!;a; Ha nrepaqno1rny10 lf>opMyJiy cB.11aaHo no cym;ecrBy c TeM, qTO npon;ecc a6crparnpoBa-
(1). MolRHO cqnTaTb, qro oHa IIOJiyqeHa l'I3 lf>opMyJihI Me- HHH B MaTeMaTmte .JIBJI.HeTC.11 BeCbMa CJIOlRBhIM H MHoro-
Top;a Hh!OTOHa p;ncKperHoii: anr1poKcHMa1\Heii: nponaBOTJ.- cryneHqarhIM c npHBJieqeHHeM Tattnx rJiy6oKHX. l'I Heoqe-
Hoii:. ,lJ;pyraH B03MOIBHOCTh - cqHTRTh, qro lJ,JI.11 I (x) Bl'Ill.HhIX a6crpaKqHii, KaK a6cmpanrtua anmya.1tbnou 6ec-
nponanep;eHa JIHHe:ii:HaH HHTepnoJI.JID;HH no roqKaM none1£nocmu HJIH a6cmpa'IClfUS nomenrtua.1tbnou ocy14ecm-
(xk-i. I (xk-1)) H (xk, I (xk)) H aa x11+1 BaHT BYJih JIHHe:ii:Hoii euMocmu. B peayJihTaTe o6'heM o6'heKTOB nccJielJ,oBaHH.11 
HHTepIIOJI.JIHThI. 06e l'IHTepnpeTaD;l'Il'I no3BOJIHIOT noJiyqJITb B MaTeMaTHKe, cnoco6bl o6pam;eHl'I.ll c 3THMl'I o6'heKTaMH 
6oJibmoe KOJil'IqecTBO MHoroMepHbIX aHaJioroB c. M.; l'I cnoco6w p;oKaaaTeJibCTBa YTBep>KlJ,eHl'Ill OTHOCl'ITeJihHO 
HeK-phle l'I3 Hl'IX (Ho p;aJieKo He Bee) HMe!OT TOT >Ke nopH- TaKHX o6'beKTOB, KaK MHO>KeCTBa IIpOH3BOJibHOii: npn:-
;a;oK (JioKaJibHOii:) CXO/l:l'IMOCTH p=(1+ y5)/2 (cM. [3]). po;a;hl, CTaHOBIITC.11 BeChM,a Heonpell,eJleHHhIMl'I. IlpH He-

Jlum.: (1] Brent R. P., Algorithms tor minimization wit- 6 rr, K a JibCTBa 
hout derivatives, Englewood cliffs (N. J .), 1973; [2] <I> 0 p- ocTopo>KHOM o pain;eHHl'I c npHHD;HnaMH ,...,o aa re 
ca it T .n: m., M a JI b R 0 JI b M M., M 0 y JI e p I\., MaWHHHhle B paMKaX reopHn: B03HHKa!OT anm.unoMUU, ~anp. napa-
MeTO)lhl MareMaTH'leCRHX Bhl'IHcJ1em.,:A, nep. c aHrJ1., M., 1980; ;a;oKc Paccena B reopHH MBomecTB. B TaKoH CHTyan;HH 
(3] 0 p Tera .n: m., pell: H (j 0 JIµ; TB., Hrepa~IIOHHhle MeTOµ;bl H fl ncqepIIbIBa!O 
pemeHHH HeJIHHellHhIX CHCTeM ypatmeHBA co MHOrBMB HeHsBeC'!"' npnxop;HTC.11 OTKa3hIBaThC.ll OT nocTpoe l'I -
HhIMll, nep. c aHrJI., M., 1975. x. ;n,. Hnpa.JKOB. l[\eii: l'I l'IHTYHTHBHO y6elJ,HTeJihHOii: c . .113bIKa H orpaHHql'I-
CEK~:UOHHAH KP:UB:U3HA puManoea npu- BaTbCH lf>opMyJIHpOBKOii: HeK-phlx ceMaHTHq. corJiamennii. 

euana ;a;mplf>epeHn;HpyeMoro pnMaHoBa MHoroo6paan.11 M IlpH lf>opMaJinaarwn Teopnn npn 3TOM CTpeM.11rc.11, qTo6bl 
B roqKe p B HanpaBJieHHl'I lJ,ByMepHoii: nJIOCKOCTl'I a: (B Ha- npaBHJia BhIBOlJ.ft IIOJiyqe&Horo l'ICqHCJieHH.11 6bIJil'I KOp-
npaBJieHl'Il'I 6nBeKropa, onpell,eJIHIOm;ero nJIOCKOCTb a: peKTHhI IIO OTHOmeHHIO K 3TH}[ corJiameHH.llM, T. e. IlpH 
B roqKe p MHoroo6paan.11 M). JI. A. CuiJopoB. npHMeHeHHl'I K BepHhIM lf>opMyJiaM BHOBb lJ,aBaJIH BepHbie 

CEJibBEPrA PEIDETO, Ce JI h 6 e pr a Me To TJ.,- lf>opMyJihI. IloJiy'IeHHa.11 lf>opMaJibHa.11 cncreMa Mo>KeT 
cnel\HaJihHhIH H B TO me npeMH 11ocraToqHo YHHBepcaJib- yme nayqaThC.11 e paMKax HeK-poii: Memameopuu c 6oJiee 
Hhiii: peuiema Memoa, coa;a;aHHhlii A. CeJib6eproM [ 1]. .11cHoii: C. 
C. p. noaBOJIHeT xopomo on;eHHBaTh CBepxy npoceHBaIO- qacro ceMaHTHq, noHHTl'I.11 ;a;n.11 HeK-poro H3hIKa MoryT 
rn;yIO lf>yHKD;HID S (A; P, z), o6o3eaqaIOIL\YIO KOJinqecrBo 6hITh ToqHo clf>opMyJinpoBaHhI B paMKax 6oJiee 6oraroro 
aJieMeHTOB Koeeqeoro MHomecTBa A l\eJihIX qHceJI, K-phle HahIKa, nrpa!Orn;ero TJ.JIH nepBoro pOJih .Memaaawna. Hanp., 
He lJ,eJIHTC.11 Ha npOCThle qncJia p <z l'I npHHalJ,Jiemar HeK- cpell,CTBaMH TeOpHH MHOlReCTB MOlRHO p;aTb crporoe MaTe-
poMy MHOlK0CTBY p npOCThIX qnceJI. Marnq. onpell,eJieHHe (KJiaCCHqecKoii:) l'ICTl'IHHOCTl'I lf>op-

IlycTh P (z)= II p. Mero;a; CeJih6epra oc&oBaH MYJihI lJ,aHHoro H3hIKa 1-ro nopHlJ.Ka Ha aJire6panq, cn-
p<z; p E p CTeMe. 8ro nOH.llTHe .llBJIHeTC.11 OCHOBHhIM B M08e.1teii meopuu. 

Ha oqeBHlJ.HOM HepaBeHCTBe c ll,pyroii: cropoHhI, KaK noKaaaJI A. TapcKHH (A. Tarski, 
S (A· P z) - '-..., (~ Ad)2 (*) 1936), rrJI.11 rrocTaTo~o 6oraThIX reopnii: HX nctHHHOCTh 

' ' - ""'ae A ""'d(a·, d(P (z) ' " " He Mo>KeT 6b!Tb Bbipa>KeHa Ha H3bIKe caMoii TeopHH. 
11-poe BepHo npn A1=1 AJIH npouaBOJihHhIX ;a;eii:cTBHTeJib
llhIX quceJI Ad (d>2). MJ:i;eH CeJib6epra cocTOHT B TOM, 
~o6hl, noJIOlRHB Ad=O ;D;JIH d>z, MHHHMH3HpoBaTb npa
BYID qaCTb HepaBeHCTBa (';,) nyTeM Ha;a;Jiemam;ero Bhl-
6opa ocTaBmnxcH qnceJI Ad (2 <.d <z). 

ffinpoKo nayqa10rc.11 C. HeKJiaccnq. reopnfr, Hanp. Ma
TeMaTnq. Teopnii, pa3BHBaeMhIX B pa}lKax unmyUlfUOllUB
Ma. Ponb MOlJ,0Jieii: B TaRHX HCCJI0l{OBaHH.llX urpaIDT an
re6panq. CTPYKTyphI, yqHThIBa10m;ne HeKJiaccHq. xapaKTep 
noHHMaHH.11 JiorHq. CBH3oK. TaKoBhl, Banp., Kpunne MO-
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ae,!/,u, pea,!/,uayeMocmb no RJIHHH, cmynen'tamaa ceManmu
'tecnaii cucmeMa A. A. MapKoBa. 

Jlum.: [1) Hap Ha rr P., 3Ha'!emrn H ueooxo1111MocTb nep. 
c aHrJI., M., 1959; [2) q e p 'I A.l Bse11eu11e B MaTeMaTll'leCHYIO 
JIOrllHY, rrep. c aHrJI., M., 1960; [3 H JI H H H c. H., Bse11eune B 
MeTaMaTeMaTHHY, rrep. c aurJ1., M., 1957; [4) ,D; par a JI n: HA. r., 
MaTeMaTH'lec1<11il HHT~IJHOBH3M. Bse11eun:e B Teopn:ro 1101<a
aaTeJ1hCTB, M., 1979; [5J ct> e ii c P., Mo11aJ1bBaH J1or11:1<a, rrep. c 
aurJ1., M., 1974. A. I'. ,l{pazaAu><. 

CEMIUIHBAPHAHT - 1) C.- TO me, qTo n011yun
oapuanm. 2) C.- op;Ha H3 qncJIOBhlX xapaKTepHCTHK 
CJlyqaftHhlX BeJinqnH, pop;CTBeHHaJI nOHJITHIO Jtf,OMenma 
CTaprnero rropHp;Ka. EcJin s=(s1, ... , Sit) - cJiyqanHhlH 
BeKTop, cps (t)=Eei<f, s> - ero xapaKTepHCTHq • .il>YHK
~HJI, t=(t1 , ••• , tk), tiER, ,. 

(t, s)=~i=1tisi 
n p;JIJI HeK-poro n;;;;,1 MoMeHThl Efsdn<co, i=1, ... , k, 
TO cy:m;ecTBYIOT (cMelliaHHhle) MOMeHThl 

m(v,, ... ,Vk) _ EtV1 tVk s - "1 .. •bk 

p;JIJI acex HeoTpn~aTeJibHhlX ~eJioqncJieHHLIX v1 , ••• , Vft 
TaKnx, qTo v1+ .. . +v1t..;;:n. Torp;a 

( _ ~ iv,+ •.. +Vk (v,, ... ,Vk) 
cpS t)-"""v,+ .•. +Vk.,;n v1! ... Vkl mS X 

X t~• ... t}?+o (I tin), 

rp;e I ti =I t11 + ... +! t1tl n p;JIJI p;ocTaToqHo MaJibIX I ti 
rnaaHoe 3HaqeHne In cps (t) npep;cTaBnMo no «PopMyJie 
Teil:Jiopa B anp;e 

~ .v,+ ... +Vk 
lnm (t)-~ i s<v,, ... ,vk) X 

-Y§ - v,+ ... +vk<n v,1 ... vk! s 
X t~• •.. tkk+o (It In), 

rp;e Ko<i«P«Pn~neHThl s~v,, ···· Vk) Ha3. (c Me ma H H hi Mn) 
c e M H H ff, B a p H a H T a M n, HJIH K y M y JI JI H T a
M n, nopHll;Ka v=(v1, ... , vk) aeKTopa s=(s1, ... ,sft). 
,ll,JIJI He3aBHCHMhlX CJly'IaHHblX BeKTOpoB s = (s1, ... 
•.. , Sit) H '1']=('111, ••• , 'l'Jk) 

8(v., ... , Vk) = 8(v,, ... , Vk) +s<v., ... , Vk) 
s+'ll s '11 , 

TO eCTb c. CYMMhl HeaaBHCllMhlX CJIY'IaHHhlX BeKTOpOB 
eCTb cyMMa c. IIMeHHO 3TO H nOCJIYll\HJIO rrpH'Dmoi\: Tep
MHHa «ceMHHHBapnaHT», OTpamaIO:m;ero CBOHCTBO a11;p;n
THBHOCTH p;JIJI CJiyqaJI He3aBHCHMhlX BeJIH'IHH (Ho 3TO 
CBOHCTBO yme, BOo6:m;e fOBOplI, He BepHo p;JIJI 3aBHCHMbIX 
BeJlll'IHH). 

Memp;y MoMeHTaMn n C. crrpaBep;JIHBhl cJiep;y10m;ne «Pop
MYJihl CBJI3H: 

(V) _ ~* ...!._ vi liq ('J..(P» 
ms - """ q! ')..(l)! ••. ')..(Q)! p= 1 SS ' 

(v) _ ~*(-1)Q-• v! Ilq ('i.(p» 
SS - """ q ')..(')! •.. ')..(Q)! p=ims , 

rp;e ~* oaHaqaeT cyMMnpoaaHne no BCeM yrropHp;oqerr
HhlM Ha6opaM ~eJihlX HeoTpn~aTeJihHLix BeKTopoB 'A tpJ, 

l'A <pl I >O, i:ta10m;nx B cyMMe BeKTop v. B qacTHOCTH, ecJIH 

s - cJiyqaii:HaJI BeJIH'IHHa (k=1), mn=m~m=Esn, sn= 
=sf>, TO 

H 

mi=S1, 
m2=s2+si• 
ma=s3 +3s1s2 +s~. 
m4 = s4 +3s;+4s1s3 +6sis2+s~. 
s1=m1(=Es), 
s2 =m2-m~(=D s), 
sa= ma-3m1m2+2m~, 
s4 =m,-3m;-4m1m8+12mim2 -6mf. 

Jlum.: [1) JI e 0 H 0 B B. II., III II p ff e B A. H., «Teop1rn 
sepOllTH. II ee np11MeH.», 1959, T. 4, B. 3, c. 31,2-55. 

A. H. illupsie6. 
CEMHMAPTHHr AJI - CToxacTH'IecKnii npo~ecc, npep;

CTaBHMhln B Bnp;e cyMMhl JlOKaJlhHOro MapTHHraJia H 
npo~ecca JioKaJibHO orpannqenno:il: Bapna~nn. Ilpn .il>op
MaJibHOM onpell;eJieHHII c. HCXOp;JIT H3 p;onym;eHHJI, qTo 
BCe pacCMOTpeHHJI Bep;yTCJI Ha CTOXaCTnq, 6aance (Q' 
(ff, IF, P), r11;e IF=((fftlt:;;..o· CToxacTnq. npo~ecc X= 
=(Xt, (fft)i:;;..o naa. c e Mn Map T n Hr a JI o M, ecJill 
ero TpaeKTopnn nerrpephlBHhl cnpaBa n nMeIOT npe11;eJihl 
cJieaa n OH rrpell;cTaBHM B Bnp;e X t= Mt+ Vt. rp;e M = 
=(Mt, (fft) - JioKaJibHhln MapTHHraJI, a V=(Vt, (fft) 
rrpo~ecc JIOKaJibHO orpannqenno:il: Bapna~nn, T. e. 

~~ldVs(w)I< co, t>O, wEQ. 

TaKoe npeJ{cTaBJieHne, Boo6:m;e roBopH, neop;H03Haqno. 
Op;naKo B KJiacce paaJiomeHn:il: c rrpep;cKa3yeMhlMll npo
~eccaMn V paccMaTpnBaeMoe npep;cTaBJieHne ep;nncTBeHHO 
(c TOqHOCTb!O 11;0 CTOXaCTHq. 3KBHBaJieHTHOCTH). R KJiaccy 
c. OTIIOCJITCJI (nOMHMO JlOKaJlbHhIX MapTHHraJIOB H npo
~eCCOB c JIOKaJibHO orpaHnqeHHhlMH Bapna~HJIMH) JlO
KaJibHble cynepMapTnHraJihl n cy6MapTHHraJihl, npo~ecchl 
x c He3aBHCHMhlMH npnpa:m;eHHJIMH, ll;JlJI K-phlX .il>YHK
~HJI f (t)=Eei'i.Xt JIBJIJieTCJI .il>YHK~ne:il: JlOKaJibHO orpa
HH'IeHHOH Bapna~nn J{JIJI JII06oro 'A E IR (n 3HaqnT - Bee 
npo~eCCbI co CTa~noHapHhlMH He3aBHCHMhlMH npnpa:m;e
HHJIMH), npo~ecchl IITo, npo~ecchl 11;n«P«PY3HOHHoro TH
na n AP· RJiacc C. HHBapnaHTeH o~HOCHTeJihHO 3KBHBa
JieHTHoii: aaMeHh1 Mephl. EcJin X ecTb C., a f=f(x) - ll;Bam
p;w HenpepbIBHO 11;n«P«PepeH~HpyeMaJI .il>YIIK~HJI, TO t (X)= 
=(f(Xt). (ff1) TaKme C. Ilpn 3TOM (.il> op My JI a II To) 

f (Xt)=f (Xo)+ S>'(Xs_)dXs+ ~ s:r (Xs-) d [X, XJ~+ 
+ ~o [/ (Xs)-f (Xs-)-/' (Xs-) ~Xs] """<s.;;t 

HJIH, 'ITO 3KBHBaJieHTHO, 

f (Xt) = f (XoH S>' (X s-) dX s+ ; s:r (X s-) d [X' X]s+ 

+ ~ [t(Xs)-f(Xs-)-f'(Xs-)~Xs-"""o < s <: t 

-+j"(Xs-) (~Xs)2], 

rp;e [X, X]=([X, Xlt, lft) - KBap;paT1:1'I. aapna~nJI 
ceMHMapTHHraJia x' TO eCTb 

[X, X]t= X~+z~~Xs-dXs, 
[X, xn=[X, X]t-~ (~X )2 """o < s..:: t s 

- HenpephlBHaJI qacTb KBap;paTH'I. aapna~nn [X, X), 
~Xs=Xs-Xs-• a paccMaTpnaaeMhie HHTerpaJihl no
HnMaIOTCJI KaK CTOXaCTH'I. HHTerpaJihl no c. 

ECJIH x eCTb c., TO rrpo~ecc x<<:l)=(x~<l), lft) c 

x<t<'. i)=Xt- ,., t ~Xsl (I ~XS I> 1) """o < s < 
nMeeT orpaHn'IeHHhle CKa'IKH, I ~x~< 1 >1..;;:1, n a cnJiy 
aToro OH 11;orrycKaeT e11;nHCTBeHrroe npep;CTaBJleHne anp;a 

x~" i)=Xo+Bt+Mt, 

rp;e B=(Bt. (ff t) - npep;cKaayeMhlIT npo~ecc JIOKaJibHo 
orparrnqeHHorr aapHau,1m, a M =(Mt, lft)-JioKaJib
Hblii: MapTHHraJI. 3T01' MapTnrrraJI O/J;H03Ha'IHhlM o6pa30M 
npe11;cTaBHM KaK M =Mc+ Md, r11;e Mc= ( M~(ff t) -
HenpepbIBHhlM JlOKaJlbHhlH MapTHHraJI (rrenpepbIBHaJI Map
TIIHraJibHaJI COCTaBJIJIIO:m;aH ceMHMapTI:lHraJia X), a 
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Md=(Mf, tft) - qHCTO pa-3phlBHhlll JIOKaJibHhlii Map
THHraJI' K-phlii MOll\eT 6h1Tb 3 arrncaH B BH)J;e 

M~= \t (' xd (µ-v), 
JoJ1xJ~i 

rp;e dµ=µ (w, dt, dx) - cJiyqaftHaH Mepa cKaqKoB ceMn
MapTnuraJia X, To eCTh 

µ(w, (0, t], f)=~o<s<tl(~XsEf), fE5a(IR"'-{O}), 

a dv=v (w, dt, dx) - ee KOMrreHcaTop. IlocKOJibKY 

~o < s < t ~x sl (I ~x s I > 1) = ~ ~ ~Ix I > 1 x dµ, 

TO BCHKHii: ceMHMapTHHraJI x p;orrycKaeT rrpep;cTaBJieHne 

Xt=Xo+Bt+Mt+\t I xd(µ-v)+lt I xdµ, 
J 0 J I xi~ 1 J 0 J jx I > 1 

K-poe Haa. K a H 0 H H q e c K H M II p e A c T a B JI e-
H H e M (p a 3 JI 0 lK e H H e M). 

Ha6op (rrpep;cKaayeMhlx) xapaKTepncTHK (B, <Mc), v), 
rp;e (Mc> - KBap;paTnq. xapaKTepncTHKa Mc, T. e. 
TaKoii rrpep;cKaayeMhlii soapacTaIOm;nii: rrpo11,ecc, qTO 
(MC)2 -<MC> HBJIHeTCH JIOKaJibHhlM MapTHHraJioM, Haa. 
T p H II JI e T 0 M JIOKaJibHhlX (rrpep;cKaayeMhIX) xapaKTe
pHCTHK X. 

Jlum.: [1 J J a c o d J., Calcul stochastique et problemes de 
mar-tingales, B., 1979 (Lecture notes in mathematics, No 714). 

A.H. mupM•. 
CEIIAP ABEJihHAH AJifEBP A - KoHeqHoMepHaH rro

JiyrrpocTaH acco11,naTHBHaH aJire6pa A Hap; rroJieM k, 
ocTaIOm;aHcH rroJiyrrpocTOii: rrpn JII06oM pacmnpeHnn K 
rroJIH k (T. e. aJire6pa A@kK rroJiyrrpocTa p;JIH JII06oro 
rroJIH K==>k). AJire6pa A cerrapa6eJibHa Torp;a n TOJibKO 
TOrp;a, Korp;a 11,eHTphl rrpOCThlX KOMIIOHeHT ~)TOH aJire6phl 
(cM. A CCOlfUllmUlmble 1£0,/l,blfll u a,n,ee6pbl) HBJIHIOTCH cerra
pa6eJibHhlMH pacmHpeHHHMH IIOJIH k. 

Jlum.: [1] B a H 11 e p B a p 11 e H B. JI., AJJre6pa, nep. c 
HeM., 2 H311., M., 1979; [2] Rap TH c q,, pa tt Hep H., Teopmr 
npe11cTaBJJeHHfi ROHe'lHhIX rpynn H acCOI_\HaTHBHhIX aJJre6p, nep. 
c aHrJJ., M., 1969. JI. A. Bonym'b. 

CEIIAPABEJihHOE OTOBPAJKEHIIE - p;oMHHaHTHhlH 
MopiJ>HaM t HerrpHBO)l;HMhlX aJire6paHq. MHoroo6paaHft x 
n Y, f: X-+ Y, )J;JIH K-poro rroJie K (X) HBJIHeTCH cerra
pa6eJibHhlM pacmnpeHneM rrop;rroJIH f* K (Y) (naoMopiJ>
Horo K (Y) BBnp;y p;oMnHaHTHOCTH). Hecerrapa6eJibHhle 
OT06pameHHH cym;ecTBYIOT TOJibKO Torp;a, Korp;a xapaKTe
pHCTHKa p OCHOBHoro IIOJIH 6oJibme HyJIH. EcJIH t - KO
HeqHhlH MopiJ>naM H ero CTerreHb He p;eJIHTCH Ha p, TO OH 
cerrapa6eJieH. Ilpn c. o. )J;JIH ToqeK B HeK-pOM OTKphlTOM 
IlO)J;MHOil\eCTBe UCX p;niJ>iJ>epeHil,HaJI (df)x OTo6pameHHH f 
CIOp'I>eKTHBHO OTo6pamaeT KacaTeJibHOe rrpocTpaHCTBO 
T x, x B Ty, t<x> n Hao6opoT: ecJIH TOqKn x n f (x) Heoco-
6hle H (df)x - CIOp'I.eKTHBeH, TO f eCTb c. o. 

TepMHH «cerrapa6eJibHOCTh» yrrOTpe6JIHeTCH p;JIH Mop
iJ>naMoB H B HHOM CMhICJie. MopiJ>naM t : x-+ y CXeM x 
n Y Haa. c e rr a p a 6 e JI b H hi M, HJIH (qame) o T A e
JI n M hi M, ecJin ,u;naroHaJib B XX yX aaMKHyTa. KoMrro-
3Hil,HH OT)l;eJIHMhlX MopiJ>naMOB OT)J;eJIHMa; f : x -+ y 
OT)l;eJIHM Tor,u;a H TOJibKO Torp;a, Korp;a )l;JIH JII06o:il: ToqKH 
y E Y cyrri;ecTsyeT TaKa.11 oKpecTHOCTh V 3 y, qTO MopiJ>naM 
f: 1-1 (V)-+ V OTp;eJinM. MopiJ>naM aiJ>iJ>nHHhlx cxeM 
ecerp;a oTp;eJIHM. Cym;ecTsyeT KpnTepnii: oTp;eJIHMoCTH 
p;JIH HeTepoBhlX cxeM. A. H. Pyaano•. 

CEIIAPABEJihHOE IIPOCTPAHCTBO - TOiloJiornqe
cKoe npocTpaHCTBo, o6Jiap;aIOm;ee cqeTHo:il: 6aao:il:. Ilpo 
TaKHe rrpocTpaHCTBa HHorp;a rosopHT, qTo OHH YAOBJieT
BOpHIOT BTOpoft aKCHOMe cqeTHOCTH. M. H. Boil.wxo•cnuii. 

CEIIAPABEJihHOE PACillIIPEHIIE no JI a - pac
mnpeHne Klk TaKoe, qTo )J;JIH HeK-poro HaTypaJihHoro n 

-n 
IIOJIH K H kp JIHHe:il:Ho paap;eJieHhl Hap; k (cM. Jluneiino 
paaae,n,ennble pacwupenusi). PacmnpeHne, He HBJIHIOm;eec.11 
cenapa6eJihHhIM, Haa. H e c e n a p a 6 e JI b H hi M. 

B p;aJibHenmeM paccMaTpnsaIOTCH TOJibKO aJire6panq. 
pacmnpeHHH (o TpaHc11,eHp;eHTHhlX cerrapa6eJibHhIX pac
mnpeHHHX CM. Tpanc!fenaenmnoe pacwupenue). KoHeq
Hoe pacmnpeHne cerrapa6eJihHO Torp;a n TOJibKO Torp;a, 
Korp;a oTo6pameHne c,n,eaa Sp : K-+ k HBJIHeTCH HeHyJie
so:il: il>YHKil,Hen. AJire6panq. pacurnpeHne cerrapa6eJibHo, 
ecJin JII06oe KoHeqHoe ero rrop;pacurnpeHne cerrapa6eJibHO. 
B xapaKTepncTHKe 0 see pacmnpeuna cerrapa6eJibHhl. 

C. p. o6paayIOT o T Me q e H H hi ft K JI a c c p a c
m n p e H n ft, T. e. B 6anme rroJie:il: L=iK=ik pacmnpe
HHe Llk cerrapa6eJibHo Torp;a n TOJibKO Torp;a, Korp;a 
cerra pa6eJibm>l n LI K n K /k. EcJin K 1/k n K 2/k cyTh 
C. p., TO n K 1K 2/k cerrapa6eJibHo; p;JIH C. p. K/k n rrpo
nasoJibHoro pacmnpeHHH Llk pacmnpeHne KL/L cHosa 
cerrapa6eJibHO. Pacmnpeune K!k cerrapa6eJibHo Torp;a n 
TOJibKo Torp;a, Korp;a oHo p;orrycKaeT rrorpymeHne B HeK
poe pacmnpeHne faJiya L/k. Ilpn 3TOM p;JIH KoHeqHoro 
pacmnpeHHH Klk qncJio paaJin~x k-naoMopiJ>naMoB 
IIOJIH K B L cosrrap;aeT co CTerreHbIO [K : k]. JII06oe KO
Heqeoe c. p. HBJIHeTCH rrpoCThlM. 

MHorolJJieH f (x) E k[X] Haa. c e rr a p a 6 e JI b H hi M 
Hap; k, ecJIH ero HerrpHBO)l;HMhle MHOiRHTeJIH He HMeIOT 
KpaTHhlX KopHeii. AJire6panq. aJieMeHT a Haa. c e rr a
p a 6 e JI b H hi M (Hap; k), ecJIH OH HBJIHeTCH KOpHeM 
cerrapa6eJibHoro Hap; k MHoroqJieHa. B rrpoTHBHOM cJiy
qae a Haa. H e c e rr a p a 6 e JI b H hi M. (beMeHT a 
Haa. q H c T 0 H e c e II a p a 6 e JI b H hi M Hap; k, eCJIH 
aPnE k )J;JIH HeK-poro n. Herrpnsop;nMhI:il: MHoroqJieH f (x) 
Hecerrapa6eJieH Torp;a n TOJibKo Torp;a, Korp;a rrponasop;
HaH f' (x) TOlKp;ecTBeHHO pasHa 0 (3TO B03MOiKHO TOJibKO 
B CJiyqae, Korp;a k HMeeT xapaKTepHCTHKY p H t (x)= 
=fi(xP). IlponaBOJibHhlft MHoroqJieH f (x) op;HoaHaqeo 
rrpep;cTaBHM B snp;e f (x)=g(xPe), rp;e g(x) - cerrapa6eJih
Hhln MHoroqJieH. CTerreHh MHoro'IJieHa g (x) n qncJio e 
Haa. COOTBeTCTBeHHO p e A y II, Hp 0 B a H H 0 ft c Te
rr e H b IO H HH;i:teKCOM MHoroqJieHa f(x). 

IlycTb L/k - rrponasoJibHoe aJire6panq. pacmnpeHne. 
Bee aJieMeHThl rroJia L, cerrapa6eJibHhle Hap; k, o6paayIOT 
IIOJie K' K-poe HBJIHeTCH MaKCHMaJibHhlM c. p. IIOJIH k, 
cop;epmam;nMCH B L. IloJie K Haa. c e rr a p a 6 e JI b
H hi M 3 a M bl K a H H e M IIOJIH k B L. CTerreHb [K : k] 
Haa. c e rr a p a 6 e JI b H o ft c T e rr e H b IO pacmnpe
HH.H L/k, a CTerreHh [L : K] - H e c e rr a p a 6 e JI b
H 0 ft c T e II e H b IO, HJIH c T e II e H b IO H e c e II a
p a 6 e JI b H o c T n. Hecerrapa6eJibHaH cTerreHb pasHa 
HeK-poft cTerreHn qncJia p=char k. EcJin K=k, To rroJie k 
Haa. c e II a p a 6 e JI b H 0 3 a M K H y Thi M B L. 
B aToM cJiyqae pacmnpeHne Llk Haa. q n c T o H e c e
rr a p a 6 e JI b H bl M. PacmnpeHne Klk qncTO Hecerrapa-
6eJibHO Torp;a H TOJibKO TOrp;a, Korp;a 

-CID -n 
KckP = UnkP 

T. e. Korp;a JII06o:il: aJieMeHT rroJIH K qncTO Hecerrapa6eJieH 
Ha;i:t k. qncTo Hecerrapa6eJibHhle pacmnpeH:irn rroJIH k 
o6paayIOT OTMeqeHHhlii KJiacc pacmnpeHn:il:. EcJin pac
mnpeHne Klk op;HospeMeHHo cerrapa6eJihHo n qncTO He
cerrapa6eJibHO, To K=k. 

Jlum. CM. npn CT. Pacuiupeuue noJJJI. JI. B. Rya'bMu1<. 
CEIIAP ABEJihHhlll IIPOIJ;ECC - cJiy'laii:HLin rrpo-

11,ecc, rrosep;eHne TpaeKTopn:ii: K-poro no CYII(ecTBy orrpe
,u;eJiaeTCH HX IIOBep;eHneM Ha HeK-pOM cqeTHOM rrpocT
paHCTBe. MMeHHo, orrpep;eJieHHhl:ii: Ha rroJIHoM sepoHTHOCT
HOM rrpocTpaHCTBe {Q' tr' p } p;eii:CTBHTeJibHhlH CJiyqaft
HhlH rrpo11,ecc {Xt, tt'.- T}, rp;e T - rrop;MHomecTBo p;eftcT
BnTeJibHoft rrpHMoft lR, c e II a p a 6 e JI e H 0 T H 0 c H
T e JI h H o K JI a c c a .A rrop;MHomecTB IR, ecJin cy
m;ecTsyeT cqeTHoe MHOil\eCTBO T1CT (c e II a pa HT a) 
H MHomeCTBO Net[, p (N)=O, TaKoe, qTO )J;JIH JII06oro 
A cell. H JII06oro OTKpbIToro HHTepsaJia I c IR 

nte IT, {XtEA}"'-nte IT {XtEA}cN. 
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Han:6onee Ba:ll\Hhl IlOHHTlirH CeIIapa6eJibHOCTH OTHOCH
TeJiblIO KJiacca aaMKHYTbIX ~momeCTB H OTHOCHTeJibHO 
KJiacca 3aMKHYTbIX HHTepsaJIOB (B IIOCJie,[\HeM CJ1yqae 
IIpmwcc Ha3hlBaeTCH IIpocTo c e II a p a 6 e JI h a bl M). 
EcJIH IIpon;ecc {Xt, tE T} cenapa6eJieH, To i');JIH mo6oro 
wrf:;N H mo6oro OTKphITOTO HHTepBaJia JclR 

inf Xt(w)= inf Xt(w), sup Xt(w)= sup Xt(w),(1) 
t E lT 1 t E IT IE IT 1 I E 11' 

inf Xt(w).;;;;;; Xt(w).;;;;;; sup Xt(w), t EIT, (2) 
IE IT 1 IE 11', 

lim inf Xu (w) = lim inf Xu (w), 
U-+I, uET 1 U-+t, uET 

lim sup Xu (w) = lim sup Xu (w), 
U-+l,uET, U-+l,uET 

-1 tET, J (3) 

liminf Xu(w).;;;;;;Xt(w)o;;;;;; limsup Xu(w), tET. (4) 
u-+t, ue T, u-+I, ue 1' 

Kam,a;oe H3 csoncTB (1) - (4) pasHoCHJihHO ceIIapa6eJih
HocTn:. EcJIH t - JieBaH IIpe,a;eJihHaH ToqKa MHOmecTBa T, 
TO cym,ecTsyeT IIocJie,a;osaTeJibHOCTh tn-1 t ToqeK H3 T 
TaKaH, qTo 

lim infXt = lim inf Xu, lim sup X 1 = lim sup Xu 
n n u-+t+O n n u-+t+O 

c sepoHTHOCThID 1 (aHaJioriaqIJo ,[\JIH IIpe,[\eJIOB cIIpasa). 
Ecmr Xt - cenapa6eJihHbrii: cJiyqaftHbln npon;ecc, HeIIpe
pbIBHblil: no aepOHTHOCTH, TO mo6oe BCIO,[\y IIJIOTHoe B T 
cqeTH00 MHomecTBO T1CT HBJIHeTCH ceIIapaHTOH; KpoMe 
Toro, ,[\JIH JII06oro OTKphITOTO HHTepBaJia I' In T=J= r:/> 
H JII06o:il: IIOCJie,[\OBaT0JlbHOCTH s,,= {snk• k <.kn} ROHeq
HhIX 110,a;MHomecTB IT, y,a;oBJieTBopH!OIIJ,e:il: ycJIOBHIO 
sup inf lt-snkl-->0, 
te IT k 

inf X 8 -+ inf Xt, sup x. -+ sup Xt (5) 
k nk t E IT k nk IE IT 

110 sepo.aTHOCTH. Cxo,a;nMocTb B (5) MomHo aaMeHHTb cxo
,[\HMoCTh!O c sepoHTHOCThIO 1, ecJIH Xt HeIIpephIBeH c se
po.aTHOCThIO 1. 

,il,JIH BCHKoro cJiyqaftHoro ITpon;ecca X f, t E T, cym,e
CTByeT Ha TOM me sepOHTHOCTHOM IIpocTpaHCTBe ceIIapa-
6eJibHhIH OTHOCHT0JlbHO KJiacca 3aMKHYThIX MHomecTB 

ITpon;ecc X f, t ET, ITpHHHMarom,n:il: aaaqeHHH na pacmn:

peHnoi'r qncJIOBOll ITPHMOH, H TaKo:ii, qTo P{Xt=Xt}= 
= 1, t E T. IT OHHTHe cena pa6eJibHocTn n: ero csofi:cTBa 
o6o6m,aroTcH Ha ITpon;eccbI, y K-phlx T n o6JiaCTb anaqeHHI1 
cyTh paaJIHqHbie o6m;n:e TOIIOJIOrnq. IIpocTpaHcTBa. Ilepe
xo,a; K c. II. II03BOJIH0T yTBepm,a;aTb ITplirMeHJIMOCTb pH,a;a 
samHhIX ljlyHKlWOHaJIOB JI MttomeCTB, CBH3aHHhIX c ITpo
n;eccoM. AJihTepHaTJIBHblll IIO,[\XO,[\ COCTOJIT He B Jl3MeHe
HJIJI cJiyqaftHhlx semrq11H, 06paayrom,11x IIpon;ecc, a B pac-
1II11peH1111 a-aJire6pbI, Ha K-po:il: oH oITpe,a;eJieH (HaIIp., 
B CJiyqae ljlyHKU,JIOHaJibHOTO ITpOCTpaHcTBa - IIp0113Be
,[\eHJIH xayc,a;opljloBhIX KOMIIaKTOB Mepy c 06biqH011: a-aJI
re6pbI, ITOpom,a;eHHOH U,JIJIJIH,[\pllq. MHomeCTBaMJI, Mom
HO O,[\H03Haqao IIpO,l\OJimJITb Ha BeCbMa 6oraTyIO a-aJI
re6py 6opeJieBCK'll:X MHomeCTB). 

Jlum.: Til .U y 6 .Um. JI., BepoJITHOCTHh!e npouecch!, rrep. 
c aHrJI., M., 1956; [2] JI o a B M., TeopHJI BepoJITHOCTett, rrep. c 
aHrJI .• M .• 1962; [3] r" x M a H II. II • c K 0 p 0 x 0 II A. B .• 
TeopHJI CJIY11Ri!:Hh!X rrpoueccOB, T. 1, M .• 1971; [4] D 0 0 b T. L .• 
«Bull. Amer. Math. Soc.», 1947, v. 53, M 1, p. 15-30; [5] Ne l
s on E., «Ann. Math.», 1959, v. 69, No 3, p. 630-113. 

B. B. Caao1wB. 
CEIIAP ATIIBHAH IIOJIYrPYIIIIA - IIoJiyrpyITIIa, n 

K-poil: ,[\JIH JII06blx 3JieMeHTOB x, y H3 x 2 = xy= y 2 CJie,a;yeT 
x= y. EcJIH IIoJiyrpyIIIIa S o6Jia,a;aeT paa6n:eHHeM Ha 
IIO,[\IIOJiyrpyIIIIbl, y,a;oBJieTBOpHIOIIJ,He 3aKoHy COKpaIIJ,e
HHH, TO s 6y,a;eT c. II. ,AJIH IWMMYTaTHBHbIX IIOJiyrpyIIII 
BepHo H o6paTHoe; 6oJiee TOTO, BCHKaH KOMMyTaTHBHaH 
c. II. paaJiomn:Ma B C85t3YIY no.1ty2pynn (aBTOMa·r11qec1m 
B IIoJiype1IIeTKY) c aatwHoM coKpam;eHH.ff. KoMMYTaTBB-

HaH IIOJiyrpyIIIIa 6yp;eT C. II. Tor,a;a H TOJibKO TOr,a;a, 
Korp;a oHa BJiomn:Ma B KJin:ljlljlop,a;osy IIOJiyrpyITIIy. Ile
pno,a;nq. ITOJiyrpyIIIIa 6y,a;eT C. II. Torp:a H TOJibKO Tor,a;a, 
Korp;a oHa KJinljlljlop,a;osa. KoMMyTaTHBHaH IToJiyrpyITrra S 
6y,a;eT C. IT. Tor,a;a H TOJihKO Tor,a;a, Korp;a ee xapaKTephI 
OT,[\eJIHIOT (IJieMeHThI S. 

Jlum.: [1] R JI H cjl cjl op ii A., II p e c To H r., AJire6pan•rnc
Kall TeOpHlI IIOJiyrpyrrrr, rrep. C aHrJI., T.1,M.,1972. JI. H ille8pU1l. 

CEIIAP ATPIICA - TepMHH KaqecTBeHHon Teopn:u ,a;n:¢
¢epeHn;11aJihHhlX ypaBHeHnn. 

1) c. B ITepsoHaqaJibHOM CMbICJI0 CJIOBa - TpaeKTOpHH 
{Stp} nomor:a {St} Ha IIJIOCKOCTH, CTpeMHIIJ,aHCH (IIpH 
t ~ + oo HJIH ITpn t --"" -CIO) K HeK-poMy paBnoBecua no
.1to:J1Cenu10 Po· IIpnqeM CKOJib yro,a;Ho 6JIH3KO K Heil ltM0IOTCH 
TpaeKTOPHH, K-pble BHaqaJie IIpn:6JIHma!OTCH K Po· KaK 6hl 
«H,[IH B,[\OJlb TpaeKTOpHH {Stp }», a 3aTeM OTXO,[\HT OT aero 
Ha HeK-poe KoHeqHoe paccTOHHHe. Cl>opMaJihHO ITocJie,a;
Hee oaHaqaeT cym,ecTsosamrn TaKJIX oKpecTHOCTH U 
ToqKia p 0, ITOCJie,a;oBaTeJihHOCTH TO'leK Pn ~ p H ITOCJiep;o
BaTeJibHocTeii: qnceJI Sn, t,,, qTo Sn - 00 (cooTBeTCTBeHHO 
sn - -oo), 

SsnPn--+Po, StnPnrf:: U, tn >Sn (tn <Sn)· 

OcHOBHon IIpnMep - C. HeBblpom,a;eHHoro (HJIH IIpoc
TOro) ceo.1ta. ,AJIH llOCJie,[\HerO IIO,[\ C. MOm0T ITOHHMaTbCH 
TaKme ero ycTOH'IHBoe (cooTB0TCTBeHHo HeycToii:q1rnoe) 
MHoroo6paane, T. e. (B ,a;aHHOM cJiyqae) JIHHHH, BKJiroqaro
m,aH Ce,[\JIO H OOe TpaeKTOpHH, CTpeMHII.\H0CH K HeMy IIpH 
t ~ + 00 ( COOTBeTCTBeHHO 11p11 t - - 00). 

Ha3sann:e «C.» CBH3aHo c Ha6Jiro,a;eHneM, qTo C. HapH,a;y 
c 3aMKHYTbIMH TpaeKTOpHHMH ,[\0JIHT ljla30BYIO IIJIOCKOCTb 
Ha o6JiaCTH c O,[\JIHaKOBhIM ITOB0,[\0HJl0M TpaeKTopn:ii. 8To 
Ha6JIIO,[\eHHe MomeT 6b1Tb CTporo il>opMaJIH30BaHo (CM. [ 1], 
[3)). c. MoryT BXO,[\HTb B COCTaB npeOe.!tblib!X .M,H,O:JICecme 
TpaeKTopn:il:. TaK, Tpae1'TopnH MomeT HaBHBaTbCH Ha 
<meTJIIO C.» - aaMKHYTYIO Rpn:syro, o6paaosaaayro Tpa
eKTop11e:il:, CTpeMHIIJ,eHCH K O,[\HOMY H TOMY me ce,[IJIY KaK 
ITPH t ~ - 00' TaK H IIpH t ~ 00, HJIH Ha «CeIIapaTpHCHbIH 
KOHTYP (n;mm)» - aaMKHYTYIO Kpnsyro, COCTOHIIJ,YIO H3 
HecKOJibKHX c., coe,a;HHHIOIIJ,JIX ce,a;Jia. IlpH MaJIOM B03-
Myrn;eHHH H3 ITeTJIH c. MomeT B03HHKHYTb npeoe.1tbnbiii 
lfUIM (3TO O/J;HH M3 OCHOBHbIX THITOB 6urfiypnaztuii AJIH ITO
TOKOB Ha IIJIOCKOCTM; CM. [2], [3]). 

2) B MHOTOMepHOM CJiy'lae ITO,[\ c. (HJIH c e II a p a T
p M c H bl M H M H 0 r 0 0 6 p a 3 H H M n) qaIT~e BCero 
IIOHMMa!OT ycToiiqJIBOe H HeycToii:qn:soe MHoroo6pa3HH 
rnrrep6oJin:q. ITOJIOffieHHH paBHOBeCHH HJIH nepn:op;Jiq. 
TpaeKTopnn. 

IIMelOTCH ITOITb!TKH BbI,[\0JIIl.Tb ITO,[\ Ha3BaHHeM «C.» KJiacc 
TpaeKTOpllii:, BXO,[\llIIJ,Il.X B MHOJReCTBa, KOTOpb!e a HeKO
TopoM CMbICJie «pa3,[\eJIHIOT)) TpaeKTOpHH c pa3JIHqHb!M IIO
Be,[\eHil.eM. Herrocpe,a;CTBetrnoe o6o6in;enne cJiyqaH IIJioc
KOCTH JIMeJIO 6bl orpaHJiqeHHYIO ITpHMeHHMOCTb, IIO
CKOJibKY B MHOTOMepHOM CJiy'lae ljlaaoaoe IIpocTpaHCTBO, 
soo6m,e rosopH, He paa6nsaeTCH Ha o6JiacTH, aaIToJI
HeHHhle TpaeKTOpHHMH c O,[\HH8KOBbl:MH ITpe,a;eJibHbIMJI MHO
mecTBaMH (Torp;a KaK Ha ITJIOCKOCTH TaKaH CHTyan;nH ((TJl
IIJlqHa»). Ilpe,a;JiomeHHhle ljlopMyJIHpOBKJI HBJIHIOTCH ,a;o
BOJibHO CJIOmHbIMJI (CM. [4]), H He IIpHXO,[\HTCH omn,a;aTb 
ITOJIHOTO OIIHCaHHH paam1qHbIX TJIITOB c. H COCTaBJieHHbIX 
H3 HHX MHomeCTB. 

Jlum.: [1] AH )Ip 0 H 0 B A. A., JI e 0 HT 0 B H q E. A .• 
r 0 p )I 0 H II. H., M a i'i e p A. r., I\aqecTBeHHall TeopHJI mrna
MH'IeCKHX cncTeM BTOporo rropa11Ka, M., J 966; [2] H x m e, TeopHll 
6HcjlypKal{HH mmaMJl'JeCKHX CHCTeM Ha lIJIOC]{OCTH, M., 1967; [3] 
Bay TH n H. H., JI e o HT o B 11 q E. A., MeTOllbI H rrpHeMbI 
:KaqecTBeHuoro HCCJIC,Il;OBaHHH )lJIHaMHlfeCHHX CHCTeM Ha IIJIOCKOCTH, 
M., 1976; [4J Hartz man C. S., «Aequationes math.», 1980, 
v. 20, No 1, p. 5g_72_ Jf.. B. A>toCOB. 

CEPBAHTHAH IlO,ArPYIIIIA, 'Inc Ta H IT o ,a; r p y IT
II a,- TaKaH nop:rpyIIIIa C a6eJresoii: rpyIIITbi G, qTo 
,[\JIH mo6oro aJieMeHTa c E C na paape1IIJIMOCTJI B G ypaB
HeHHH nx=c cJie11,yeT ero paape1IIHMOCTb B IIo,a;rpyIIIIe C. 
IlpnMepaMn C. n. CJiymaT HyJieBaH ITo,a;rpyIIIIa, ca111a 
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rpyrrrra G, IIepnoµ;n11. 11aCTh )'.l;aHHo:il: rpyrrIIhl n IIp.HMhle 
cJiaraeMhle. ll,ame p;JI.H IIpnMapHoii. rpyIIIIhl He BCHKaH 
C. II. p;oJIJRHa 6h1Th ee IIpHM J:JM cJiaraeMhIM Op;HaKo ecJin 
C - IIepno11;n11ec1rnH C. II. a6eJieaoii: rpyIInhl G, IIpn11eM 
nopHAKll ee aJieMeHTOB orpaHn'leHhl B COBOKYIIHOCTll, TO 
C - IIpHMoe cJiaraeMoe B G. MMeeTcH (cM. [1]) IIOJIHoe 
oIIncaHne a6eJieBhIX rpyIIII, B K-phlx Kamp;aH C. II. cJiy
JRHT npHMhIM cJiaraeMhIM. IIoJIHOCThIO nccJiep;oaaH TaKme 
BOIIpoc 0 MOIIIHOCTll MHOJRecTBa c. II. a6eJieBOH rpynIIhl. 

Jium.: [1] Hypo m A. r., Teop1rn rpynn, 3 Hall., M., 1967. 
0. A. Heaiwea. 

CEPMAJlhHbllI K03(f>(f>JI~MEHT KOPPEJUl~IIII -
CTaTllCTHKa, K-paH CJIYIBHT O!WHKOH aemonoppe.!t!llfUU 
(aBTOKoppeJIHI~llOHHOH lfJYHK~nn) apeMeHHOrO pHp;a. 
HMeHHo, nycTh x1 , x 2 , ••• , xN - apeM:eitnoii. pHp;. C. K. K. 
rrop.HflKa k Ha3. cTaTHCTnKa rk, 3aflaBaeM:a.H lflopMyJioii 

CEPHR CXEMA, II o c JI e A o B a T e JI b H o c T b 
c e p ll ii. - ABOHHa.H IIOCJiep;oBaTeJibHOCTb CJiy11aii.HhIX Be
Jill'lllH S~kt 1 ~k ~kn, kn -+ oo, n:;:?:1, B K-poii cJiy11aii:Hhle 
BeJIH'lllHhl Snt. 6n2, .•• , Snk,,• o6paayIOIIIHe n-ro cepmo, 
B3a:IIMHO He3aBHCHMhl IIpll JIIOOOM n. IIpocTeii:rna.H C. c. 
COOTBeTCTByeT CJiy'laIO kn= n. KJiacc cJiy11aii.Hh1X BeJIH
'lllH, o6pa3YIOIIIHX C. c., nrpaeT B IIpep;eJihHhlX TeopeMax 
Teopnn aepo.HTHOCTeii: oco6yIO poJib, K-pa.H oIIpep;eJIHeTCH 
IIpep;eJibHhlM IIoaep;enneM IIPH n -+ oo pacnpe)'.l;eJieHnft 
cyMM cJiy'laHHhlX BeJill'lllH: 

'l'Jn= ~kn Snk· 
""'"k=1 

(1) 

II pn oIIpep;eJieHHhlX ycnonnHx Kn ace IIpep;eJihHhIX pac
IIpep;eneHnil: IJ;Jl.II TaKHX nocJiep;oBaTeJibHOCTefi COBII8)'.1;80T 
c KJiaccoM 6e3rpaHH'IHO )'.l;eJIHMhIX pacIIpe)'.l;eJieHnii:. MMeH

_1_-xiN-k{(xi--1-~N-kx·)(xi+k--1 ,.,N-kxi+k)ll ·l* 
N-k ""'"i=1 N-k""'"i=1 ' N-k""'"i=1 -----------

[ _1_~N-k{x·--1_,.,N-k x·}'-1_~N-k{xi+1<--1-~N-k x·+k l ']'/• ) 

Ho, IIYCTh C. c. Snk YAOB
JI0TBOp.HeT ycJIOBllIO 6ecKO
He'IHOH MaJIOCTll (ycJIOBHIO 
8CllMIITOTll'10CKOii IIpeHe6pe
raeMOCTll), TO eCTh npn 

N-k""'"i=1 ' N-k""'"i=1 ' N-k""-ii=1 N-k..::..ii=1 ' I n-+ co 

B Ka'leCTBe C. K. K. HCIIOJib3YIOTC.H cTaTHCTHKn, 6JIH3Klle 
K (*) HecKoJihKO ynpo1IIeHHoro BH)'.l;a. CoaoKyIIHOCTh 
c. K. K. H83. KoppenorpaMMoii; 3TOT TepMHH ynOTpe6-
JI.HeTCJt TaKJR0 flJl.II 0003Ha'leHll.II rpalflnKa rk KaK cpyHK
~llll k. 

fl pH pa3Jill'IHhlX IIp0)'.l;IlOJIOlKeHHHX OTHOCHTeJlbHO pac
npep;eJieHllll x; nMeIOTCH TO'IHble n npn6nnmeHHble Bhlpa
lKeHH.H AJIH pacIIpep;eJieHllH c. K. K. ll llX MOM0HTOB. c. K. K. 
HCIIOJlb3YIOTCH B CT8TllCTll'I. 3ap;a11ax p;JIH o6HapymeHll.II 
38BllCllMOCTll qJieHOB BpeMeHHoro p.Hp;a. 

Hap.HAY c TepMnHoM «C. K. K.» ncnoJih3yeTc.H TepMnH 
«B hi 6 0 p 0 q H a H a B T 0 K 0 p p e JI .II ~ ll .II)). 

JI um.: [1] A H II e p c o H T., CTaTHCTH•iecKHH aHaJIH3 BpeMeH
HblX PHllOB, nep. c aHrJI., M., 1976; [2] He H II a JI JI M., c Tb JO
a p T A., MHoroMepHblll CTaTHCTH•iecKHll aHaJIHa H BpeMeHHble PHllbl, 
rrep. c aHrJI., M., 197~i. [3] x e H Ha H 8., AHaJIH3 BPCMeHHblX p11-
jl;OB, nep. c aHrJI., lVl., 1961,. B. r. Ywa><OB. 

CEPHII IIPEll,CTABJIEHIIlI - ceMeiicTBa (Henpe-
phIBHhIX HenpHBOIJ;llMhIX ymrTapHbIX) npep;CT8BJieHn:il: JIO
KaJibHO KOMII8KTHOH rpymihl (TO'IHee, HeIIpllBOIJ;llMhle 
MHOJReCTBa KJiaCCOB YHHTapHoii: 3KBllBaJieHTHOCTll TaKllX 
rrpep;cTaBJieHnii:), o6nap;aIOIIIHe OOIIIllMH caoii:CTBaMn no 
OTHOIDeHHIO K peryJillpHoMy IIpep;cTaBJieHnIO aTOH rpyIIIIhl. 
TaK, ceMeii:crao HeIIpnaop;HMhIX yHnTapHbIX npep;cTaBJie
Hllfi rpyrrIIhl, MaTpll'IHhle aJieMeRThl K-pblx .IIBJI.IIIOTCH paB
HOMepHhIMll Ha KOMII8KT8X IIpep;eJiaMll MaTpll'IHbIX aJie-
MCHTOB perym!pHoro 11pe)'.l;CT8BJICHll.H, o6pa3yIOT 0 C-
H 0 B H y IO c e p ll IO II p e A c T a B JI e H ll ii:; oc-
TaJibHhle He11pnBOIJ;HMhJe yHnTapHhie 11pep;craaJieHH.II (ecnn 
OHll Cy1IIeCTBYIOT) o6pa3yIOT A 0 II 0 JI H ll T e JI b H y IO 
c e p ll IO II p e A c T a B JI e H ll :ii:; ceMeii.CTBO (KJiaCCOB 
3KBllB8JICHTHOCTll) He11pnBOAllMhIX rrpHMhlX cnaraeMhlX 
peryn.HpHoro 11pep;cTaBJieHn.1I 06pa3yer A n c K p e T
H y IO c e p ll IO II p e A c T a B JI e H ll ii p;aRHOII 
rpy1111bl. ll,JI.H pep;yKTllBHhlX rpy11rr Jin nnn rpy11II Ille
aaJIJie llOH.IITlle c. II. llMeeT CMhlCJI TaKme AJI.II IIOAMHO
meCTB MHOJReCTBa KJiaCCOB 3KBnBaJieHTHOCTll 11pep;CT8B
JieHnii 3TOII rpy1111M, aJieMeHTbl K-phlx o6nap;aIOT TeMn 
llJlll llHb!Mll CBOHCTBaMn 110 OTHOIIICHHIO K peryJillpHOMY 
11pep;CTaBJICHHIO pep;yKTllBHhIX iJ>aKTOprpy11n 11apa60Jill'l. 
nop;rpy11II aTo:il: rpyII11hl. TaK, ceMeiiCTBO IIpep;cTaBJieHnii. 
pep;yKTllBHOH rpy11IIbl, llHAY~llpOB8HHhIX KOHe'IHOMep
Hb!Mll IIpep;cTaBJieHH.HMII ee 1rnpa6onn•r. IIop;rpyIIIIhl, 06pa-
3yeT CBH38HHYIO c 3TOH IIapa6oJIH'I. nop;rpyIIllOH '18CTb 
IIpOCTpaHCTBa npep;CTaBJiem1ii, Ha3hIBaeMyIO COOTBCTCT
BYIOIIICH OCHOBHOH (OCHOBHOH BblpOIBACHHOH, BCJill IIapa-
60Jill'I. IIOp;rpyIIIIa He HBJI.IIBTCH 6opeJieBCKOH) c. II. 

Jium.: [1) H H pH JI JI o R A. A., 8J1eMeHThI TeopHH npe11cTaB
J1CHHH, 2 Hall., M., 1978; [2] Nguen Hu u Anh., «Ann. Inst. 
Fourier», 1980, v. 30, fasc. 1, p. 152-92, [3] C a I I e z J., Les 
sous-groups paraboliques de SU (p, q) et Sp (n, R) et applications, 
P., 1979. A. H. mmepH. 

max P {I Snk I:::?: e} -+0. (2) 
1..;; h.;; hn 

roaop.HT, 'ITO Snk o6pa3yroT H y JI e By IO c x e M y 
c e p n ii:. Torp;a MHomecTBO pacIIpep;eneHnii, IIpe,lleJIL
Hhlx B CMbICJie CJia6oii CXOIJ;HMOCTll p;JI.II pacIIpep;eJieHHH 
(1), rp;e Snk - HyJieBaH C. c., yp;oBJieTaopHIOIII8H ycno
BHIO 6ecKOHe'IHOH MaJIOCTll, COBII8)'.1;8eT c MHomecTBOM 
6e3rpaHn11Ho p;eJIHMhlX pacIIpep;eneHnii. 

lfaBeCTHhl ycJIOBllH CXOIJ;IIMOCTH pacrrpep;eJieHllH 'l'Jn 
K aap;aHHOMY 6e3rpaHll'IHO p;eJIHMOMY pacIIpep;eJieHnIO 
(cM. [1]). B 11acTHOCTll, ycJioane cxop;HMOCTH K nop.Ma.ttb
no.My pacnpefJe.1tenu10 nMeeT cnep;yIOIIIHH BHIJ;. 

IlyCTh Snk eCTh C. c., F nk - iJ>yHK!Jll.II pacIIpe)'.l;eJieHIIH 
Snli· ll,JIH Toro 'IT06hl Snk YAOBJIBTBop11Jia YCJIOBHIO (2) 
ll pacIIpep;eJieHne cyMM (1) CJI800 CXO)'.l;HJIOCb K HopMaJib
HOMY pacIIpep;eJieHnIO c IIapaMeTpaMn a n b, Heo6xop;nMo 
ll )'.l;OCT8TO'lHO, 'IT06hl p;JI.H JII06oro iJ>nKcHpOBaHHoro e >O 
BbIIIOJIHHJillCb YCJIOBHH: 

1) ~:~ 1 P{lsn1<l:::?:e}-+O, 

2) ,-.,kn {\ x 2dFnk(x)-((' xdFnk(x)) 2
\1-+b2 , 

..::...ik=1 ,,,JxJ<e J1xJ<e 

3) ~lin (' xdF nli (x)-+ a. 
""'k=i J JxJ<e 

M3y'leHne IIpep;eJibHblX pac11pep;eneHnii: )];JI.II HOpMnpo
BaHHhIX 'laCTll'lHhIX cyMM llOCJl0/J;OB8TCJibHOCTll HC3aBll
CHMhlX CJIY'l8HHhlX BBJlll'lHH CBO/J;HTC.II K C. C. 

Ilo llOBO)'.l;Y C. c. CM. TaKme Beaepanwmo fJe.n,u.Moe pac
npefJe.n,enue, Bo.ttbmUx 'lUce.n, aanon, IlpefJe.ttbnbie meo
pe.Mb!. TaK, Ha11p., B KJiaccn11. aapnaHTax ~eHTpaJibHOH 
IIpep;eJibHOH TeopeMhl H 38KOHa 6oJibillllX 'lllCCJI pacCM8T
pHB8IOTCH '18CTHhle CJIY'l8ll c. c.' o6pa30BallHble cny11aii
Hh1Mll BCJill'lllH8Mll 

i:: =-- sk-es,, 
"'nk I 

"JI ~~=1Dsk 
Snk =~"~es,, , 

r)'.l;e Sk - HeaaancnMhle cny11aiiHble aeJIH'lllHbI. 
Jlum.: [1] r He A e HK 0 B. B., H 0 JIM 0 r 0 p 0 B A. H., 

Tipe11eJ1bHhJe pacnpe,n;eJIC1;1Hll ]\JI fl cyMM He3aBllCHMhIX_ CJly'IaHHbl~ 
ReJIH'IHH, M.- JI., 1949, [2J TI pox op o B IO. B., Po a a 
H 0 B IO. A., TeopHH BepOHTHOCTell, 2 H3jl;., M., 1973; [3] TI e T
~ o B B. B., CyMMbl HeaaBHCHMblX cJ1y'IallHbIX BeJIH'IHH, M., 1972; 
L4] ct> e JI JI e p B., Baep;eHHe B TeOpHJO sepolITHOcTeii H ee npHJIO
meHHH, rrep. c aHrJ1., 2 H311., T. 2, M., 1967. H. I'. Ywa><OB. 

CEPilHHhCKoro KPMBAH, K 0 Be p c e p II ll H b
e Kor o,- IIpnMep nanmopoeoii npueoii, cop;epmarrwii 
IIO)'.l;MHOJReCTBO, roMeOMopiJ>Hoe JII06oii: Ha11epep; 3ap;aHHOH 
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KaHTopoBoii Kp1rnoii. IIocTpoeHa B. CeprrHHhCKHM [1), JieHHH - Ta6JI11qHy10, n;11iJ>poBy10 H T. rr. Bee t}JopMbI 
KOHCTpYKD;HIO CM. B CT. Jlunua. :3Ta KpHBaH B Kail\p;oii rrpep;CTaBJieHHH c M. paBHOCHJibHhI. 
TOqKe HMeeT KOHTHHyaJibHhIH HHp;eKC BeTBJieHHH. OcHOBOH c. M. HBJIHeTCH ee CTPYKTypa, T. e. rpaiJ> 

Jlum.: [1) Sierpinski w., «Compt. Rend. Acad. sci.», KOMIIJieKca pa6oT, K-pLiii, KaK rrpaBHJIO, orrpep;eJIHeTCH 
1915, v. 160, p. 302; 1916, v. 162, p. 629; [2) A JI e R ca H n p 0 B CJiep;yIOm;HM o6pa30M. ITyCTb Vi, V2, ••• , Vn - KOMIIJieKC 
II. C., Baenemrn B Teopmo MHOmecTB H oouiyro TOIIOJIOrHJO, M., ) 
1977; [3] H y p a T 0 B c R H ll: l{.' TOIIOJIOr1rn, rrep. c aHrJI.' pa6oT (Harrp.' B03Bep;eHHe MHoronaIBHOro 3p;aHHH ' p;JIH 
T. 2, M., 1969. M. H. Boi11feX06C7<UU. K-poro orrpep;eJieHhI CTap;HH Xi, X2, ••. , Xm: HaqaJIO Xi, 

CEPPA IIO,!J;KATErOPIUI - HeHyJieBaH IIOJIHaH JIO- KOHen; xm n:, B 3aBn:cn:MoCTH OT Jiorn:Kn: qacTn:qHoro rropHp;Ka, 
KaJibHO MaJiaH rrop;RaTeropHH @3 a6eJieBOii KaTeropmI Ill: o6ycJIOBJieHHOH B3aHMOCBH3bIO pa6oT' KaIBp;aH rrpoMe-
TaKaH, qTo p;JIH Kail\p;Oii TOqHoii IIOCJiep;oBaTeJibHOCTH IByToqHaH CTaAHH x; (Harrp.' HeJib3H 3aKoHqHTb MOHTail\ 

o __,.A-+ B--+ c-+ o KapKaca p;ecHToro inama, He BLIIIOJIHHB cooTBeTCTByIO-
m;n:e pa60Tbl ITO p;eBHTOMY 3TaIBy). ITpoMeIBYTOqffble CTa-

B 5ll: BepHo, qTo BE 15 3KBn:BaJieHTHO A E 0 n: CE 0· p;n:n:, paBHO KaK n: n:x qn:cJio, HBJIHIOTCH B p;oCTaTOqHoii 
JI 0 K a JI b H a H M a JI 0 c T b KaTeropHH eCTb yCJIOBn:e: Mepe YCJIOBHhIMH H BO MHOrOM orrpep;eJIHIOTCH OTBeTCT-
COBOKYIIHOCTb rrpep;CTaBHTeJieii KJiaCCOB 3KBHBaJieHTHhIX BeHHblMH 3a peaJIH3aD;HIO KOMIIJieKca. ITyCTb V= {v;} -
rrop;o6'heKTOB JI106oro o6'heKTa COCTaBJIHeT MHOil\eCTBO. KOMIIJieKC pa6oT, a X= {x;} - MHOil\eCTBO CTap;n:ii. 
c. II. MOIBHO oxapaKTepH30BaTb KaK Hp;po TOqHoro il>YHK- ECJIH Terrepb orrpep;eJIHTb rpaip G, AJIH K-poro x HBJIHeTCH 
Topa B KaTeropn:n: Ill:. MHOIBeCTBOMBepmHH, a pa6oTa Vj, j=1, 2, ... , n, HMeIO-

c. II. II03BOJIHeT orrpep;eJIHTb iJ>aKTOpKaTeropHIO l!{/@3, m;aH rraqaJIOM CTa)J;HIO Xr H KOHD;OM CTap;n:IO Xs, HBJIHeTCH 
o6'beKTaMH K-poii HBJIHIOTCH o6'beKTbl KaTeropn:H Ill:, a ero p;yroii, TO IIOJiyqeHHhIH opn:eHTHpOBaHIIhlII rpaiJ> G= 
MopiJ>n:3Mbl orrpep;eJIHlOTCH paBeHCTBOM = (X' V) 6e3 KOHTYPOB H eCTb HCKOMaH CTpyKTypa c. M. 

Mor~!/® (X, Y) =limy, XJX' e® Mor (X', Y/Y'). paccMaTpnBaeMoro IWMIIJieKca pa6oT. Ha H3b1Ke C. M. 
__,. ' & pa60Tbl Vi, V2, ••• , Vn, Ha3. 0 II e pa n; H HM H, a CTap;n:H 

<l>aKTOpKaTeropIIH l[(:/@3 HBJIHeTCH a6eJieBOH. 
c. rr. Ha3. JI 0 K a JI H 3 y IO m; e ii, eCJill K8HOHnq. 

iJ>yHKTop T : Ill: -+ I[(:/~ :uMeeT rrpaBLin corrpHIBeHHhln 
il>YHKTOP s : 1!1/@3 - m:, Ha3. ip y HK T 0 p 0 M c e
q e H :u ii. ECJIII 5ll: - I'pomenauna nameeopua, 06Jiap;a10-
m;aH KOI1p01I3Bep;eHHHMH, TO JIOKaJIH3y10m;:uii iJ>yHKTOp 
cym;ecTByeT. TaKHM o6paaoM rroJiyqaeTCH o6o6m;eH:ue 
KJiacc:uq. TeOpHH JIOKaJIH3aD;HII MOp;yJieii Hap; KOMMyTa
THBHblM KOJibD;OM. :3TOT MeTOp; OXBaTLIBaeT MHOroq:ucJieH
Hhle KOHCTPYKD;HH KOJien; qacTHblX H TeOpHH KpyqeHHil 
(pap;:uKaJIOB) MOAYJieil: Hap; accou;:uaTHBHhIMH KOJibD;aMH. 

IloHHTHe «C. II.)) 6LIJIO BBep;eHO m. IT. CeppoM [1] H 
Ha3BaHO HM KJiaCCOM. McrrOJib3YH 3TO IIOHHTHe, OH IIOJiy
q:UJI ):laJieKo :up;ym;ee o6o6m;eH:ue TeopeMhI fypeBn:qa (cM. 
I'o.Momonu'lecnaa epynna). 

Jlum.: [1) Serre J.-P., «Ann. Math.», 1953, v. 58, M 2, 
p. 258-94 (pyc. rrep., B co.: PaccJIOeHHble rrpocTpaHcTaa H HX rrpH
JIOIBeHHJI, M., 1958, c. 124-59); [2) ([Jell: c H., AJire6pbl: ROJib-
11a, MOJJ;YJIH H RaTeropHH, rrep. c aHrJI., T. 1, M., 1977; [3) po
pes co N., Gabri e IP., «C. r. Acad. sci.», 1964, t. 258, 
M 17, p. 4188-90. B. E. I'oeopoe. 

CEPPA PACCJIOEHHE TpoiiKa (X, p, Y), rp;e 
x' y - TOIIOJIOrn:q. rrpocTpaHCTBa, p : x - y - Herrpe
pbIBHOe OT06paIBeHHe, o6Jiap;aIOm;ee CJieJJ;YIOlll;HM CBOiiCT
BOM (Ha3. CBOHCTBOM cym;ecTBOBaHHH HaRphIBaIOm;eii 
rOMOTOIIHH )l;JIH IIOJIH3)l;p0B). )J;JIH JII06hlx KOHeqHoro IIOJIH
ap;pa K :u oT06pameH:u:i!i 

f:Kx[O, 1]-+ Y, F 0 :K=KX{0}-+ Y 

c f I (KX{O})=poF0 

cym;ecTByeT OTo6pameHne 

F:(KX[O, 1))-+ X 

TaKoe, qTO Fl(KX {O})=F0 , poF=f. C. p. 6hIJIO orrpe
p;eJJeHo m. IT. CeppoM (J .-P. Serre) B 1951 (cM. [1]). 

Jlum.: [1) PaccJIOeHHble rrpocTpaHCTBa H 11x rrpHJiomeHHJI. C6. 
rrep., M., 1958, c. 9-114. A. <P. Xapw:u.11afiae. 

CETEBAH MO,!J;EJlb - nHTeprrpewwrn rrporpaMMLI 
(rrJiaHa) peaJIH3aD;HH HeK-poro KOMITJieKca B3aHMOCBH-
3aHHhIX pa6oT B BHp;e eparfia opuenmupoBannoeo 6e3 KOII
TypoB, OTpamaIOm;ero eCTeCTBeHHblll IIOpHp;OK BhIIIOJI
HeHHH pa6oT BO BpeMeH:u c HeK-pbIMH p;OIIOJIIIHTeJibHh!MH 
p;aIIHhIMH KOMIIJieKca (cTOHMOCTb, pecypCbl, rrpop;OJIJRH
TeJibHOCTb H T. p;.). 06LiqHo c. M. H306pamaJOT rpaiJ>n:
qecKH Ha IIJIOCKOCTH H B 3TOM CJiyqae ee Ha3. c e T e B bl M 
r p a ip H K o M. C. M. JielRHT B OCHOBe MeTop;a cemeeoeo 
n.n,anupoeanua 11 yrrpaeJieHllH 11 KaJieHp;apHoro rrJ1arr11po
BaH:11H. B aaBIICllMOCTll OT ycJIOBnn rrpll o6pa6oTKe nH
iJ>opMan;:u:u c. M. MOll\eT llMeTb H p;pyrne iJ>opMLI rrpep;cTaB-

Xi, X2, .•• , Xm-C06hITHHMH. 
c. M. CTpOHTCH Ha OCHOBe CBOeii CTpyKTYPhl B 3aBHCH

MOCTH OT n;eJJeii, K-phle CTaBHTCH rrpn: 3TOM OTHOCHTeJibHO 
KOMIIJieKca pa6oT. Harrp., B CJiyqae, KOrp;a OTHOCHTeJibIIO 
KOMIIJieKca CTaBHTCH 3ap;aqa BblIIOJIHHTb ero B MHHHMaJih
Hhlii cpoK rrpH 3ap;aHHhIX pecypcax, TO C. M. BKJIIOqaeT 
B ce6H H p;aHIIbie 0 BpeMeHH, rreo6xop;HMOM )J;JIH BbIIIOJI
HeHHH Kamp;oii pa60Tbl Vj, H B 3TOM CJlyqae roBOpHT' 
qTQ c. M. IIOCTpOeHa ITO K p H T e p H IO B p e M e H H. 
c. M. MOil\eT 6h!Tb IIOCTpOeHa H ITO p;pyroMy KpHTepHIO 
HJIH Op;HOBpeMeHHO ITO HeCKOJibKHM KpHTepHHM. B 38BH
CHMOCTH OT 3TOro c. M. Ha3. 0 A H 0 M e pH 0 ii HJIH 
M H o r o M e p H o ii. Pa3Jin:qaIOT C. M. K a H o H n: q e
C K He H aJibTepHaTHBHhle (cM. [1], [3]). 
IIepBLie 0rrpep;eJIHIOTCH rrpn: rroMom;n: iJ>n:Kcn:poBaHHOii 
CTpyKTYPhI H ycJIOBHH, qTo JII06aH orrepan;n:H Vj=(x,, Xs) 
He MOil\eT 6b!Tb HaqaTa, IIOKa He BhIIIOJIHeHhl Bee orrepan;nn 
c KOHD;OM B x,. BTOphle HMeIOT rrepeMeHHYIO cTpyKTYPY n 
p;orrycKaIOT HaqaJio HeK-poii orrepau;n:n: vj= (x,, xs) rrocJie 
BblIIOJIHeHHH KaKoii-Jin:6o O)J;HOH orrepau;n:n c KOIID;OM B 
Xr· c. M. 6hIBaIOT TaKil\e A e Te p Mn H H p 0 Ba H H LI
M H H B e p 0 H T H 0 c T H bl M H B 3aBHCHMOCTil OT 
Toro, TOqHbl KpHTepHH HJIH rrporH03HpOBaHhI c KaKoii
Jin6o BepOHTHOCTbIO. 

Jlum.: [1) 0CHOBHble IIOJIOIBeHHJI ITO paapaOOTRe H IIpHMeHeHHIO 
CHCTeM ceTeaoro IIJiaH.HpOBaHHJI H yrrpaBJieHHJI, 3 H3)J;., M.' 197 4; 
[2] 3HQHRJIOrrewrn RHfiepHeTHRH, H., 197/.; [3) JI 0 II a T H H R 0 B 
JI. 11., HpaTRHfi 3ROHOMHRO-MaTeMaTH'leCRHfi CJIOaapb, M., 1979. 

II. C. CoJtma><. 

CETEBOE IIJIAHHPOBAHHE, c e T e B o ii M e T o p; 
II JI a H H p 0 B a H n H H y II pa B JI e H H H,- MeTOp; 
yrrpaBJieHHH rrpn: peaJin:3an;n:n: HeK-poro KOMIIJieKca pa6oT 
(rrpoeKTa, rrporpaMMhI, TeMhI H T. rr.) Ha OCHOBe cemeeoii 
.Moae.n,u KOMrrJJeKca, H3BeCTHoii TaKme rrop; HaaBarrn:eM 
ITEPT (cM. [2]). C. rr. II03BOJIHeT cym;ecTBeHHO rrop;HHTh 
KaqeCTBO IIJiaHHpOBaHHH H ynpaBJieHHH rrpn: peaJIH3aD;HH 
KOMrrJieKca pa60T' B qacTHOCTH OHO p;ae'J' B03MOil\HOCTb 
qeTKO KOOpp;HHHpOBaTb p;eHTeJibHOCTb BCeX CTOpOH (opra
HH3an;n:ii), yqaCTBYIOlll;HX B peaJin3aD;HH KOMITJieKca, Bbl
p;eJIHTb Han:6oJiee BaIBrrble aap;aqn:, cyp;HTh o Han6oJiee 
n;eJiecoo6paarrblx cpoKax peaJin:3an;n:n: rrpoeKTa, CBOOBpe
MeHHO KOppeKTHpOBaTb rrJiaIIbl peaJJH3aD;HH H T. p;. 

c. II. MOil\eT 6b1Tb ycJIOBHO pa36HTO Ha p;Ba 3Tarra: 1) rro
CTpOeHHe ceTeBOii MOp;eJIH (c. M.) KOMIIJieKca pa6oT, 
2) HCI10Jlb30BaIIHe c. M. p;JIH IIJiaIIn:poBaHHH H ynpaBJieIIHH 
rrpn: peaJIHaau;n:n: KOllIIIJieKca pa6oT (cM. [1] -[3]). ITocT
poerrn:e c. M. KOllmJieKca CBO)J;HTCH K OT06paIBeHHIO B BH).\e 
crren;HaJibHO opn:eIITllpOBaHHOro rpa4Ja MHOmecTBa CTa
p;:uii (co6h1rnii:) :u ecTecTBeHHoro rropHp;Ka (Boo6m;e roBo
pH, qacTHqHoro) caMnx pa6oT (ouepan;Hii) :KoMrrJieKca, a 
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TaRil\e H HeK-poii 'IHCJIOBOH liH$opMan,nn, Heo6xo;qnMOH r p a «I> c B bl A e JI e H H bl M li II 0 JI IO c a M H. qac-
rrpn 3TOM (BpeMH BbIIIOJIH0HHH KalRAOH orrepall,HH, pecyp- TO IIDA c. IIOHHMaeTCH rpa«I> (c rromocaMH HJIH 6e3 HHX), 
Cb! H ;qp.). B 3aBHCHMOCTH OT c.iPopMyJIHpOBaHHbIX 11,eJieii:, 3JieMeHTaM K-poro rrpnrrncaHbl CHMBOJibl H3 HeR-poro 
IIOCJie COCTaBJieHHH e. M. rrpHcTyrraIDT K ee arraJIH3Y AJIH MHOJReCTBa. Harrp., rpa«I> c IIOJIIDCaMH, pe6paM K-poro 
Jiyqrneft rro;o;roTOBRH rrJiana nx ;o;ocTe:mennH. Harrp., ecJin rrpnrrncaHw HeoTpn11,aTeJibHble qncJia, Ha3hIBaeMhle rrpo-
c. M. IIOCTpOeHa ITO KpHTepHID BpeMeHH, T. e. ROr;o;a He- rrycKHbIMH crroco6HOCTHMH, rrpe;o;cTaBJIHeT co6oii: T p a H c-
o6xo;o;HMO ;qo6HTbCH MHHHMaJibHOH IIPOAOJIJRHTeJibHOCTH II 0 p T H y ID c e T h. 
BCero IWMIIJieRca pa6oT rrpn 3a;qaHHbIX pecypcax, TO 3TOT IloHHTHe c. HCIIOJih3yeTCH B orrpe;qeJieHHH H orrncaHHH 
aHaJIH3 CBOAHTCH K Haxom;o;eHHIO KPHTH'I. rryTH H BbIHC- ynpaM!£10UfeU cucme.Mb/, H crre11,naJibHbIX RJiaCCOB yrrpaB-
HeHHIO Toro BpeMeHH, MeHbIIIe R-poro ;o;eJiaeT 3a.!{aqy JIHIOllJ,HX CHCTeM (ROHTaKTHble cxeMbl, cxeMbl H3 «l>YHKil,HO-
peaJIH3all,HH KOMIIJieKca Hepa3pemHMOH. 3TO 03HaqaeT HaJibHbIX aJieMeHTOB), AHarpaMM rrepexo;o;oB aBTOMaTOB, 
cJie;n;yrolll,ee. IlycTb G=(X, V) - cTpyRTypa c. M. KOM- ROMMYHHKa11,nOHHbIX ceTeii n AP· 
rrJieRca, rl,!e Jlum.: [1] H 5 JI 0 H c RH A c. B., «IIpo5JieMh! RHOepHeTHRH», 

1959, s. 2, c. 7-38; [2] ([Jo p n JI., ([J a JI Rep co H ,a:., IIo
~ORH B ceTJIX, nep. c aHrJI., M., 1966; [3] Kuntzman n J., 
Theorie des reseaux Graphes, P.i 1972. A. A. Cano'J/Cenno. 

X={x1, x2 , ••• , xm} H V={vi, v2 , ••• , v,,} 

- COOTBeTCTBeHHO MHOiKeCTBa co6hITHii H orrepa11,nil:; a 
t (v;) - apeMH BhIIIOJIHeHHH orrepa11,nH vjE V. PaccMaT
pnaaeTCH MHOiKeCTBO P acex rryTeii rpa.il>a G, MaKcnMaJIL
HhlX no BKJIID'leHHID. TaKHX rryTeii B G, aoo6m;e roaopH, 
Mrroro, H AJIH 6onee ITpocToii cnTya11,Hn, Kor;o;a n:MeeTCH 
OAHO HaqaJJLHOe co6hITHe X1 H OAHO KOHe'IHOe co6hlTHe Xm, 
Bee 3TH ITYTli HU'lliHaIDTCH B X1 H KOH'lalOTCH B Xm· Cpe;a;H 
BCeX rrywii MHOiKeCTBa p HllJ,eTCH TOT, K-pb!:il: o6Jiap;aeT 
rran60JibIIIe:il: jlJIHHOH (ITOA A JI H H 0 ft IT y TH p= 
= {vj11 Vj21 •• ., Vjk} ITOHHMaeTCH 'IHCJIO t (p)=t (vj1)+ 
+t(vj2)+ .. . +t(v;k)). IlyTb pEP, 06JiaAaIDII1,Hii 3THM 
CBOIICTBOM, Ha3. K pH T H q e c K H M IT y Te M c. M., 
H ero AJIHHa Bb!pamaeT, 'ITO peaJIH3all,HH KOMIIJieKca pa-
6oT 3a MeHbIIIee BpeMH, 'leM t (p), HeB03MOlKHa. IloaTOMY 
MeTO;ll; c. IT. Ha3. TaRme M e T 0 A 0 M K p H TH q e
c Kor o ITYTH (CM. [1)-[4)). 

c. II. Ha rrepHOA caMo:il: peaJIH3all,HH KOMITJieRca pa6oT 
nrpaeT poJIL MexaHH3Ma B yITpaaJieHHH, ITOMoraro1I1,ero o6-
pa6aThlBaTL HH.il>opMall,HIO 0 .il>aKTH'I. COCTOHHHH pa6oT 
;D;JIH AaHHoro MOMeHTa BpeMeHH H 0 .rrporH03HpyeMhlX H3-
MeHeHHHX H Heo6xop;HMOH KoppeKTHPOBKe ITJiaHOB ):IJIH 
Bb!IIOJIHeHHH OCTaBIIIHXC.II pa6oT. 

Jlum.: [1] Ocaosah!e rroJiomeHHJI no paapa50TRe 11 rrpu:Meaeamo 
CHCTeM ceTesoro TIJJaau:posaa11JI 11 yrrpasJieHHJI, 3 11an., M., 1971.; 
[2] K 0 Ill Ma H A., .a: e 5 a 3 en r., CeTeBh!e MeTO)'.(h! IIJiaHHpO
BaHBJI. IIp11MeHea11e cHcTeMh! IIEPT u: ee paaHOBBJJ:HOcTeil rrp11 yrr
pasJieH1111 llpOB3BO)'.(cTBeHHh!MH H aayqao-11ccJie)'.(OBaTeJibCRBMB rrpo
eRTaMH, nep. c llJpam1., M., 1968; [3] CeTesoe rrJiaa11posaa11e 11 
yrrpaBJieHHe, M., 1967; [4] A 5 pa M 0 B c. A., Map H H H q en 
M. IL, II o JI JI R o s II. JI,., CeTeB1.>1e MeTO)'.(hl 1maau:poeaa11JI 
:11 yrrpasJieH11JI, M., 1965; [5] 8au11RJionen11JI RH5epHeTHRB, K., 
197 4; [6] JI 0 II a T H H K 0 B JI. II.. KpaTRBH 8ROHOMHRO-MaTe
MaT11qecRHtt cJIOBapb, M., 1979. II. C. Co.11,man. 

CETEBOO: rPA<l>llK - cemeean .MoiJe.tib, H3o6pamerr-
HaH rpa.il>n'leCKH Ha IIJIOCKOCTH. II. c. CMma'I<. 

CETOK METO,lJ; - co6npaTeJibHOe Ha3BaHne rpyITrrbI 
ITpH6JIHlKeHHb!X MeTOAOB pemeHHH ;qn.il>.il>eperr11,naJibHhlX, 
HHTerpaJibHhlX n HHTerpo-AH.il>.il>eperr11,naJibHhlX ypaarre
rrnii. IlpnMeHHTeJibHO R ;qn.il>«PepeH11,HaJibHhlM ypaarreHHHM 
c qaCTHblMH IIPOH3BOAHhlMH TepMHH «C. M.)) HCITOJib3yeTCH 
n Ra'leCTBe CHHOHHMa TepMHHOB ((M0TOA KOHe'IHhlX pa3-
HOCTeH)) H «pa3HOCTHhlii MeTO/:{». c. M.- O.!{HH lI3 nan6onee 
pacITpocTpaHeHHhIX ITpH6JIHiKeHHhIX MeTOAOB pemeHHH 
3a;qaq, CBH3aHHhIX c ;qn.il>.il>epeH11,HaJibHhIMH ypaBHeHHHMH. 
IllnpoKoe npnMeHeHHe c. M. o6'bHCHHeTCH ero 6oJibIIIOH 
yHnBepcaJibHOCTbID n cpaannTeJibHoii ITpocToTO:i!i peaJin
sau,nn na 3BM. 

CM. Paanocmnbtx cxe.M meopun. 
IIo Mamepua.11,aM oanouMennoii cmamt.u e BC9-3. 

CETL - 06061I1,eHne rroHHTHH epa(/ia. C. 3aAaeTCH 
rrapo:il: BHjla (V, I), B K-poii v - HeK-poe MHOlK0CTBO, 
C=(E0 ; E1, E 2 , ••• ) - ceMeiicTBo Ha6opoa aJieMeHTOB 
H3 V. B na6opax E;EC :rneMeHThl MoryT, Boo6II1,e roao
pH, ITOBTOPHTbCH. 3JieMeHTbl MHolKeCTBa v Ha3. B e p
m H H a M H c.' 3JieMeHTbl Ha6opa Eo - IT 0 JI IO c a
M n C., Ha6ophl E;, i=1, 2, ... ,- p e 6 pa M :e: C. 
B cJiy'lae, KOrp;a MHOll\0CTBO ITOJIIOCOB IIYCTO II KalKAhlii 
H3 Ha6opoB E; HBJIHeTCll MHOlK0CTBOM, c. rrpe;o;cTaBJIHeT 
co6oil: rnrreprpa.il>. EcJIH Kamp;hlft II3 Ha6opoa E;, i= 
=1, 2, •.. , C0/:\0PlKIIT poBHO jlBa sJieMeHTa, c. BCTb 

CETL - cncTeMa ~ n= {a , a2 , ••• , an} n ceMeiiCTB 
(n~2) AOCTaTO'IHO rJiaAKHX JIHHHii, orrpe)leJieHHbIX B 06-
JiaCTH G n-MepHoro AH.il>.il>epeH11,npyeMoro MHoroo6pa3HH M 
TaR, 'ITO 1) '1epe3 KalKAYID TO'IRY x E q rrpoxoAHT TO'IHo 
ITO O;ll;Hoii JIHHHH RalKAOro ceMeiicTBa a' j 2) B0KTOpbI, Ra
caTeJibHble K 3THM KPHBhIM B TO'IKe x, o6paayIDT 6a3liC 
rrpocTpaHCTBa T x - RacaTeJibHOro rrpOcTpaHCTBa K MHO
roo6pa3HIO M B TO'IRe x. BeRTOphl, RacaTeJibHhle R JIH
HHHM O;ll;HOro ceMe:HCTBa ai' rrpnHa;D;JielKaT O;ll;HOMepHOMY 
pacrrpe;n;eJieHHID 8f, orrpe;qeJieHHOMY B o6JiaCTli G. "Yc
JIOBHH Toro, 'ITO ceMeiiCTBa JIHHHii COCTaBJIHIOT c. B HeK
poii ORpeCTHOCTH TO'IKH, MoryT He BbIIIOJIHHTbCH rrpn 
rrpO;ll;OJilK0HHH JIHHHH. JlHHHH ceM:eiicTBa ai HBJIHIOTCH 
nmerpaJibHhlMH RpHBhIMH pacrrpeAeJieHHH 8f_ CeTb 
~ nCG orrpeAeJIHeTCH 3aAaHHeM n OAHOMepHbIX pacrrpe;o;e
JI0HHH 8~ TaRnx, 'ITO B RamAoii TO'IKe x E G KacaTeJibHoe 
rrpocTpancTBo T x HBJIHeTcH rrpHMoli cyMMoft rro;qrrpocT-
paHCTB 8f, i=1, 2, ... , n. CeTb ~nCG orrpe;n;eJIHeT 
B o6JiacTn G (n-1)-MepHhle pacrrpeAeJieHHH 8L1 TaRne, 
'ITO B Il'.alKAOH TO'IKe x E G rroArrpocTpaHCTBo A~-1 (x)C T x 
HBJIHeTCH rrpHMOH cyMMOH n-1 O;ll;HOMepHbIX rro;o;rrpocT-
paHCTB 8~ (x), f=/=i. Pa3JIH'laIDT CJie;qyroII1,ne THIIhl C.: 
r o JI o H o M H hi e C., AJIH R-phlx Ram;o;oe H3 pacrrpe;o;e
JieHnii 8L1 HHTerpnpyeMo (rrpn n=2 BCHKaH c. rOJIO
HOMHa); 'laCTH'IHO rOJIOHOMHhle c., AJIH 
R-pb!X rreR-phle e:3 pacrrpe;o;eJierrnil: 8A-1 HHTerpnpyeJ1.1hl, 
a OCTaJibHhle HeHHTerpnpyeMbl (TaRHe c. IIOApaaµ;eJIHIOTCH 
no •mcJiy rreHHTerpnpyeMhlx pacrrpe;qeJierrnft); Her .o-
JI 0 H 0 M H hi e c.' ;D;JIH R-pb!X ace pa.crrpeAeJieHHH 8~-1 
H0HHTerpnpyeMbl. . 

EcJin pacrrpe;qeJieHne 8~-i. n >2, nrrTerpnpyeMo n 
yi - HHTerpaJibHaH RpHBaH pacrrpe;qeJieHHH 8{, TO '1epe3 
Ram;o;ym TO'IRY x E yi IIPC?XOAHT HHTerpaJibHOe MHoroo6-
pa3e:e pacrrpe;o;eJieHHH 8~-1, necym;ee ceTb ~ n-l (x) na 
HpHBbIX, rrpe:Ha;qJiemaIIl,HX ceMeiiCTBaM aj' j=j=i. 

CeTb ~ nCG MOlKHO 3aAaTb TaRlKe O.IJ;HHM H3 CJieAYIDIIl,HX 
crroco6oa: a) CHCTeMoii BeKTOpHb!X IIl_>Jieii x ic8L. 6) CH
CTe~oii .n;n.iP.il>epeHn,naJibHhlX 1-.il>opM w' Ta1rnx, 'ITow' (X j)= 

=ll}, a) rroJieM a«P«PnHopa <I> TaKoro, 'ITO <I>n=E (E -
ep;nHH'IHhlii a«P«Pnrrop). 

Ilpn H3Y'IeHHH c. paccMaTpnaaIDTCH TPII OCHOBHhle 
rrpo6JieMbl: BHyTpeHHHe caolicTaa C., arremrrne cao:i!icTBa 
c. H HCCJiep;oaarrne AH.il>.il>eoMop.il>H3MOB c. 

BrryTperrHne caoiiCTBa C. HHAYil,HPYIDTCH CTPYKTypoii 
Mfrnroo6pa3HH, rrecyII1,ero C. Harrp., ceTb ~ n B rrpocT
parrcTBe M a«P.il>nHHOH CBH3HOCTH v Ha3. re 0 A e 3 H
q e c R o ii c e T b ro, ecJIH ace ee JIHHHH reop;e3H'lecKHe. 
ECJIH pnMaHoBo MHoroo6pa3He M co CBH3HOCTbID 6e3 
Rpy'leBHH, B R-po:il: MeTpH'I. TeH30p KOBapnaHTHO IIOCTOH
HeH, neceT opToroHaJibHYID tte6b/,uteecny10 cemb 1-ro po,u;a, 
To M - JIOKaJibHo eaKJIH,u;oao. CeH3h TaRnx C. c napan
JieJibHhIM rreperrecerrHeM B0KTOPOB Ha rroaepxHOCTH 6LIJia 
ycTaHOBJierra JI. BLHHKH (L. Bianchi, 1922). 3Ta CBH3b 
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OhIJia IIOJiomeHa A. II. Hopµ;erroM B ocHoay onpe11eJieH11H CETb To II o JI or n 'I e c Kor o II po c T pa H c T-
•1e6bllIIeac1wi'1 c. t-ro f!Oi\a B npOCTjl<lllCTlll' ncjHj)JJilHOii R a x - CeMeiiCTBO fP 110/(~llIOil\CCTB ::rroro ll]JOCTpaHCTBa 
c B H3HOCT11. -raKoe, qTo l\JIJI Ka:iK11oii To•mn .'.r EX u 1rnm11oii ee 0Kpecr-

BHenm11:e CBOHCTBa c. HHl\Yl\HPYIOTCH crpyKTypoii HOCTH Ox Haiil(eTCll aJieMeHT JI!/ ceMeiicTBa ::P TaKoii, qTo 
o6'.b0MJIIOII\ero IIpocTpaHCTBa E. TaK, HaIIp., IIYCTb ceTb xEMcOx. 
L m 3al(aHiiaJI B HeK-poii o6JiaCTH G Ha rJiaµ;Koii IIOBepx- CeMeiiC'fBO acex Ol\HOTO'leqHhlX nol(MHOJKecrn npocT-
uocTH V n IIpoeKTHBHoro (n+k)-MepHoro rrpocTpaHCTBa paHCTBa H KaJRl(aJI ero 6aaa acer11a HBJIJieTCH ero C. Or-
(lc~1), - c 0 II p JI JR e H Ha JI c., TO eCTb B KaJRl(OH JIH'IHe c. OT 6a3hl B TOM, 'ITO aJieMeHThl c. rre ofornaHbl 
TO'IKe x E G coIIpmReHhl HanpaBJieHHJI ~i (x), ~l (x) Ka- 6blTb OTKpblTblM.H MHoJReCTBaMH. C. IIOJIBJIJIIOTCJI IIPH rre-
caTeJILHhIX K JII06blM l\BYM JIHHllJIM c., rrpoxol(llll\llM IIpephlBHhlX OTo6paJReHHJIX: eCJIH f - HeIIpepblBIIOe OT-
1rnpe3 TO'IKY x (ABa HaIIpaBJI0HllJI corrpJIIKeHhl, eCJIH Ka/K- o6paiK0Hlle TOIIOJIOrH'I. IIpOCTpaHCTBa x Ha TOIIOJIOfH'I. 
i\Oe H3 HllX IIpHHal(Jie/KHT xapaKT0pllCTHKe KacaTeJibHOH IIpocTpaHCTBO y H 33 - 6a3a IIpOCTpaHCTBa x, TO 06-
IIJIOCKOCTll T x IIpll ee CMell\eHHH B 11pyroM HanpaaJiemm). pa3bl aJieMeHTOB 6a3bl 33 IIpH f COCTaBJIJIIOT C0Tb :?= 
EoJIH Vn He BMell\aeTcJI B IIpoeKTHBHoe IIpocTpaHcTBo = {/U: UE33} IIpocTpaHCTBa Y. i'J.aJiee, ecJIH IIpOCT· 
pa3MepHOC'fll, MeHbllleii n+k, TO IIpH k=1 IIOBepXHOCTb paHCTBO x IIOKphlTO KaKHM-JIH6o ceMeHCTBOM {Xa:aE 
V n HeceT 6ecKoHe'IHoe MHOJReCTBO coIIpJIJReHHhlX C.; EA } CBOHX IIOAIIPOCTpaHCTB, TO, <J>nKCHPYJI IIPH KaiKAOM 
npH k= 2 IIoaepxHoCTb HeceT B 0611\eM cJiyqae el(HHCT- a EA KaKyIO-JIH6o :Ba IIpocTpaHCTBa X a H coel(HIIHH ace 
BeHHyIO coIIpJIJReHHYIO C., Ho cyll\eCTBYIOT 11: TaKHe n- aTH 6a3hl BMecTe, IIoJiy'laIOT ceTh f?= U{:Ba : a EA} 
~IeP,Hhle IIOBepXHOCTH, Ha K-pbIX HST HH Ol(HOH CoIIpJiiKeH- IIpOCTpaHCTBa x. IIpocTpaHCTBa co C'leTHOH c. xapaKTe-
HOII C.; IIpH k>2 TOJlbKO n-MepHhle IIOBepXHOCTH CIIel\H- pH3YIOTCJI KaK o6pa3bl cerrapa6eJibHhlX MeTpl!'I. IIpOCT-
ilJibHOro CTpoeHHJI HecyT corrpJIIKeHHYIO c. II pH n >2 co- paHCTB rrpH H0IIpephlBHhlX OTo6paJReHHllX. 
npJIJReHHaJI c. MOJReT H He 6blTb roJIOHOMHOH (cM. [3]). MHHHMYM MOII\HOCTeH BCeB03MOJRHhlX c. npocTpaHCTBa 
1[aCTHblM cJiyqaeM roJIOHOMHOH COIIPJIJReHHOll c. JIBJIJI- x Ha3. c e T e B bl M B e c 0 M aToro rrpocTpaHCTBa H 
BTCJI n-c 0 II p JI JR e H Ha JI c H c Te Ma: CeTb Ln, o6o3Ha'laeTCJI nw(X). CeTeBOH Bee IIpOCTpaHCTBa Bcer11a 
o6Jial(aIOII\aJI T0M CBOHCTBOM, 'ITO KacaTeJihHhle K JIHIIHJIM He IIpeBOCXOl(HT ero eeca, HO, KaK IIOKa3blBaIOT rrpHMepb! 
l\aJRl(oro ceMeHCTBa, B3JITbl0 BIJ;OJib mo6oil: JIHHHH mo6oro C'10THhlX IIpocTpaHCTB 6e3 C'leTHOll 6a3bl, CeTeBOll sec 
gpyroro ·ceMeHCTBa, o6pa3yIOT pa3BepTblBaIOII\YIOCJI no- MO/K0T OTJill'laTbCJI OT Beca. ,D;JIJI acex 6HKOMIIaKTHhIX 
BepXHOCTb. CorrpJIJReHHble CHCTeMbl CYII\eCTBYIOT B rrpo- xayc11op<J>oBhlX rrpocTpaHCTB ceTeBo:ii Bee COBIIal(aeT c Be-
('l{THBHOM rrpocTpaHCTBe JII06oi1: pa3MepHOCTH n+ k rrpH COM. lho YTBepJRl(eH11e pacrrpocTpaHJieTCJI Ha JIOKaJibHO 
n)!:2, k)!:O. IIoaepxHoCTll V m rreCYII\He n-corrp11JReHHYIO 611KoMnaKTHble IIpocTpa.IICTBa, IIpocTpaHCTBa, IIOJIIIble no 
CHCTeMy B IIpoeKTHBHOM (n+k)-MepHoM rrpocTpaHCTBe, lfexy, H Ha nepucmble npocmpancmea. 0TCIOl(a, B qacr-
Kor11a k)!:n, u B KaJRl(Oll TO'IKe xE Vn conpHKaCaIOU(eecJI HOCTH, CJiel(yeT, 'ITO Bee He yaeJIH'IHBaeTCJI IIpH oT06pa-
K V,, IIpocTpaHCTBo (IIpocTpaHCTBO BTophlx 1111<J><J>epeHI\Ha- JReHHJIX Ha TaKne npocTpaHcTBa. )J.pyroe cJieACTBne: 
JIOB TO'IKll x) pa3MepHOCTH 2n, BIIepBhle pacc~rnTpHBaJI eCJill nepllCTOe IIpOCTpaHCTBO x (B qacTHOCTH, 6HKOM-
8. H'.apwH [ 4] IIOA Ha3aamrnM «MHoroo6pa311JI oco6oro rraKT) rrpe11cTaBJieHo B BHl(e o6'begnHeHHJI ceMei1:crna Mom;-
npoeKTHBHoro TllIIa» (rr 0 Be p x H 0 c TH K a p Ta H a). HOCTH ..,;:-r CBOHX IIOAHPOCTpaHCTB, sec KaJRp;oro 113 K-pb!X 
Ha TaK11e C. 6blJIO pacrrpocTpaHeHo IIOHJITHe JI an.;iaca He IIpe11ocxo1111:T Kap1111:HaJia T, rrpegIIoJiaraeMoro 6ecKo-
npeo6paaoeanusi (cM. [5], [6]). H0'1HblM, TO H sec acero npocTpaHCTBa X He 6oJibme, 

IlpH 113Y'l0HHH 1111:<J><J>e0Mop<J>H3MOB c. IIO H3BeCTHhlM '10M T. 
cnoii.CTBaM ceTH L nCM OIIllChlBaIOTCJI CBOHCTBa ceTH Jlum.: [1) A p x a Hr e JI b c K ll li A. B. II 0 H 0 Ma· 

("' ) N ~ P e B B. II.( OcHOBhI 0611,er't TOIIoJiornn e aa11a'lax' n y11paarnemrnx 
(p L.,n C rrpll 3al(aHHOM 1111<J><J>e0Mop'i'H3Me q;: M - N M., 1974; 2) A p x a Hr e JI h c Kn li A., «.r:i:oior. AH cccp,,; 
(HaIIp., IIpH H3rH6aHHH H.7111 rrp11 KOH<J>opMHOM OTo6paJRe- 1959, T. 126, No 2, c. 239-41. A. B. Apxauae.<bCmLU. 
HHH rroaepxHocrn, HeCyll\eil: C.) HJill Hll\eTCJI AH<J><J>eoMop- CEqEHHE, c e K y II\ a JI rr o B e p x Hoc T h, pac-
<J>11:3M q;, coxpaHJIIOII\Hii HeK-phle H3 CBOHCTB C0TH L n· CJioeIIllJI p : x - y - Herrpepb!BHOe OTo6pameirne 
TaK, Harrp., ceTb .L 2 Ha rroaepxHoCTll eBKJilll(OBa rrpocT- s: Y - X TaKoe, 'ITO pos= idy. EcJIH (X, p, Y) - pac-
paHCTBa Ha3. poM6U'lecr.ou cemb10 (KompopMHo-qe6hlrnea- CJrnerr11e Ceppa, o6Jial(aIOII\ee C., TO 
CKo:ii)' eCJIH OHa l(OnycKaeT KoH.PopMHOe OT06paJReHl!e :rln ( X) = Jtn (p- 1 (pt)) ffi Jtn (Y). 
Ha qe6blrneacKyIO C. Ha BCJIKoii noaepxHoCTH apall\eHllJI IL 
acuMnmomu'lecr.asi cemb JIBJIJieTCJI poM611'lecKoii. 

Jlum.: [1) H 0 p II e H A. II.' IlpocTpaHCTBa acjJcjJHHHOli CBH3-
!!0CTH, 2 H3)1., M., 1976; [2) .r:i: y 6 H 0 B H. c., <I> y Kc c. A., 
«)l;OKJI. AH CCCP», 1940, T. 28, No 2, c. 'i.02-04; [3) Ba 3 bl JI e B 
B. T., B KH.: lITOrH HayRll. reoMeTPllH, 1963, M., 1965; [4) car· 
tan E., «Bull. Soc. math. de France>>, 1919, t. 47, p. 125-60; [5) 
c_h er n S. S., «Proc. Nat. Acad. Sci. USA», 1944, v. 30, p. 95-
91; [6) CM ll pH o B P. B., «,r:i:oKJI. AH CCCP», 1950, T. 71, No 3, 
c. 437-439. B. T. Baabl.!!eR. 

CETb - oT06paJReH11e nanpaB.!!enno20 MHO:HCecmea B 
(TonoJ10r11qecKoe) rrpocTpaHCTBO. M. H. Bouwxoecnuii. 

CETb c qi e p - coaoKynHoCTh acex c<J>ep, OTHocnTeJihHO 
R-]JhlX l(aHHaJI TO'IKa (~ e H T p c., HJIH p a A II R a JI J,

II bl il: ~ e H T p) HMeeT l(aHHYIO CTeneIIb p - c T e
ll e H b C. CyII(eCTBYIOT TPll Tnrra C. c<J>ep: 

1) r II n e p 6 0 JI II q e c K a JI c. (p >O), COCTOJIII(aJI 
H3 acex c<J>ep, opToroHaJibHblX HeK-poil: p;aHHoi1: c<J>epe; 

2) a JI JI H II T II q e c K a JI c. (p <O)' COCTOJIII\aJI H3 
acex c<J>ep, nepece1>aIOII\llX HeK-pyIO l(aHHYIO c<J>epy no 
KaKoMy-.7111:60 60JibllIOMY Kpyry IIOCJie,1l;Heii; 

3) II a p a 6 0 JI H q e c K a JI c. (p = 0), COCTOJIII\aJI 
113 Bcex c<J>ep, npOXOAJIII\HX qepe3 HeK-PYIO gaHHYIO 
TO'IKy. CoaoKynHocTh Bcex 0611\HX c<J>ep ,u;ayx C. Ha3. 
rBsiar.ou c<J>ep. CoaoKyrrHacTh acex o6II(nx c4Jep, ~eHTpb! 
1'-pblX He JieJRaT Ha Ol(Hoii rrp11Moii, Ha3. ny'lr.o.M c<J>ep. 

A. B. Heauoe. 

)J.JIJI rJiaaHoro paccJioerrHJI H3 cyll\eCTBonarr11JI C. cJie-
11,yeT ero TpmmaJibHOCTb. BeKTopHoe paccJioeane acer11a 
o6JiagaeT T. H. II y JI e Bbl M c e q e H II e M. 

A. <P. Xapwu.;iaaae. 
CEqEHHE OTO BP AJKEHllH p : x - y - OT06· 

pameHHe s: Y - X, l(JIJI K-poro pos=idy. B 6oJiee 
IIIHpOKOM CMblCJie c. o. mo6oro Mop<J>113Ma B npOH3BOJih· 
Hoii KaTerop11:11: - 06paTH1>1ii cupaaa Mop<J>11::rn. 

A. <J;. Xapuw.tLaaae. 
CJKATU:E - a<J><J>nHHoe rrpeo6pa3oaarrue wwc1wcru, 

rrp11 K-pmr KaJRl(aJI TO'!Ka CMeII1aeTCJI I\ OCH Ox ITO na
rrpaBJieHHIO oc11 Oy Ha paccToJirr11e, 11pouop1wom1n1>noe 
ee opll,HIH!Te. B geKapTOBOlI CHCTeMe KOOp,T\HIIa'I' c. 3a· 
;weTCJI ('()OTHOIIIeHHJIMll 

x'=x, y'=ku, k>O. 

C. rrpocTpaHCTBa K rrJiocKocT11 Oxy no HarrpaaJiemno 
OCH Oz 3ap,aeTCJI COOTIIOilleHHJIMH 

x'=x, y'=y, z'=kz, le> 0. 
H.B. Peeepy~. 

CJKATHE, c JR HM a IO I~ II ii 0 II e p a T 0 p,- OJ'-
paHH'l0IIHOe mrneiirroe oT06pait\emrn T rm11>6epTOBa 
rrpocTpaHCTBa /[ B rl!Jib6epTOBO rrpocTpaUCTBO If' c 
llTl1~1. IIpuH=ll' CJRaT!le T Ha3. B n OJI II e Hey H H-
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T a p H bl M, eCJIII OHO He HBJIHeTCH YHHTapHbIM orrepaTo
poM HH nptt KaI\OM OTJIH'IHOM OT {O} np1rnO)l,lUl~Nl T 
uo)l,npocTpaHcTBe. TaKOBbI, Hanp., O)l,HOCTOpoHHHe C)l,BHrH 
(B OTJIH'llle OT ABYCTopoHHHX C)l,BIHOB, HBJIHIOID;HXCH 
YHHTapHhlMH C.). BcHKoMy C. B H OTBe11aeT e)l,HHCTBeH
Hoe opTOroHaJibHoe pa3JiomeHHe H=H0ffiH1 Ha np11ao
)l,Hm;11e T no)l,npocTpaHCTBa Ta Koe, 'ITO T 0= TI Ho YHH
TapeH, a T1= TIH, BIIOJJHe HeyH11TapeH. T= T 0ffiT1 Ha3. 
K a H 0 H ll q e c K Ii M p a 3 JI 0 JR e H H e M cmaTHH T. 
~ ll JI a T a Il ll e ii, HJIH p a c T H JR e H ll e M, )l,aH

HOro cmanrn T, )l,e:ncTeyrom;ero e H, Haa. orpaHH'leHHhlii: 
onepaTop B, p;eii:cTByrom;mi B HeK-poM o6'beMJIIOIIWM 
rHJib6epTOBOM rrpocTpaHCTBe K:::JH II TaRoii:, 11To Tn= 
=PBn, n=1, 2, ... , rp;e P - opT011poeRTop 11a K Ha 
H. BcHKoe C. B r11JJb6epT0BoM npocTpaHCTBe H o6JJap;aeT 
yH11TapHoii: ,1111JJaTau;11eii: U B npocTpaHCTBe K:::JH H np11-
TOM MHHHMaJibHOH B TOM CMhlCJie, 'lTO K =a. JI. o. 
{unn};i,:_"" (Teo p e Ma C ii Re ip a JI b B 11 - Ha AH). 
MHHHMaJibHhle YHHTapHhle /:{HJiaTaD;HH ll orrpe,11eJieHHhle Ha 
OCHOBe CIIeKTpaJibHOH TeopHH iJ>yHKil;HH OT HHX II03BO
JIHIOT IIOCTpOHTb iJ>yHKll;HOHaJibHOe llC'lHCJieHHe ,[IJIH C., 
paaBHTOe B OCHOBHOM /:{JIH orpaHH'leHHbIX aHaJIHTH'l. 
il>YHKll;HiI B oTKPhlTOM ep;HHH'IBOM Rpyre D (KJiacc Xapp;11 
H 00

). BrroJIHe HeyHHTapHoe cmaTiae T rrpHHa)l;JieJRHT, no 
orrpep;eJieHHIO, KJiaccy C0 , ecJIH cym;ecTayeT iJ>YllKll;HH 
uEH 00

, u(J.)';EO, TaKaH, 11To u(T)=O. KJiacc C0 co,11ep
IBHTCH B KJiacce Coo cmaTHH T, AJIH K-phlX rn - 0, T*n -
- 0 rrp11 n - oo. ~JIH BCHRoro cmaTHH T RJiacca C0 
cy~CTByeT T. H. M ll H ll Ma JI b H a H ip y HK u; ll H 
mr(A) (~. e. BHyTpeHHHH il>YHKll;IIH uEH"", [u(J.)1<1 B 
D, I u (e't),I = 1 rro11Tn BCIOAY Ha rpaanu.e D) TaKaH, 'ITO 
u (T)=O ll u (A) HBJIHeTCH ,11eJI11TeJieM acex npo1IHX BHYT
peHHHX il>YHKll;HH, 06Jia,11a10m;11x TeM me CBOHCTBOM. MHo
iReCTBO HyJieii: MHHHMaJibaoii: iJ>yHKll;Hll mr (I.) cmaTHH T 
B D BMeCTe c /:{OIIOJIHeHHeM ,1:\0 e,[IHHH'lHOH oKpymHOCTll 
K o6'bep;HHeHHIO Tex ,11yr, 11epea R-phle mr('A) ,11orrycRaeT 
aHamnn11. rrpop;oJimeHHe, coerrap;aeT co crreRTpoM a (T). 
IloHHTHe MHHHMaJibHoii: iJ>yHRD;HH cmaTIIH T KJJacca C0 
rroaaoJIHeT pacnpocTpaHHTb AJIH noro KJiacca C. ip YHKU.HO
HaJibHoe HC'IHCJieHne Ha HeK-phle MepoMopiJ>Hhle B D 
ip yH K u;nn. 

TeopeMhl 06 YHHTapHhlX p;nJiaTau;nHX rroJiy'IeHhl He 
TOJlbKO ,[IJIH HH,[IHBH,[lyaJibHhlX C., HO H ,[IJIH )l;HCKpeTHhIX 
{Tn}, n=O, 1, .. ., II HerrpephlBHhlX {T(s)}, O..,;:s..,;:oo, 
noJJyrpynrr C. 

KaK n p;Jill ouccunamuonbix onepamopoo, )];Jiii C. rrocT
poeHa T00pllH HX xa paKTepHCTH'l. orrepaTop-iJ>yHK[\Hll 
H Ha ee OCHOBe - il>YHKll;HOHaJibHaH Mop;eJib, II03BOJIHIO
m;aH 1rny11aTb CTPYKTYPY C. II cooTHomeanH Memp;y crreKT
poM, MllHHMaJibHOH iJ>yHKu;Heii II xapaKTepIICTil'l. iJ>yHK
u;neii (cM. [ 1 )). II peo6paaoaaHI1eM KaJIH 

A=(l+T) (/-T)-1, 1 ft ap (T), 
cmaTne T caHaaHo c MaKCHMaJibHhlM aKKpeTHBHhlM one
paTopoM A, T. e. TaKllM, 'lTO iA - MaRcnMaJibHhlH AHC
CHII3THBHhlH orrepaTop. Ha aTOH OCHOBe CTPOHTCH Teo
pllH p;nccnrraTHBHhlX pacm11peH11ii B 0 c11MMeTpn11. one
paTopoa A 0 ( COOTBeTCTBeHHO AHCCHIIaTHBHhlX no Cl>HJIJIHII
cy pacmnpeHnii iB0 KOHcepaaTHBHhlX orrepaTopoa iA 0 ). 

~JIH c. pa3pa6oTaHa TeopnH rro,1106nH, RBa3HIIO,[I06HH 
ll O,ll;HOKJieTO'lHOCTH. TeopHH c. TeCHO CBH3aHa c Teopneii 
rrpOrII03HpOBaHHH CTaa.noHapHbIX CJiy11a:ii:HhlX rrpou;eccoB 
11 Teop11e:ii: pacceHHHH. B 11acTHOCTH, cxeMy JiaKca - Cl>nJI
Jmrrca [2] MOJRHO paccMaTp1rnaTb KaK ROHTimyaJibHhlH 
aHaJior Teopnn CiiKeiJ>aJibBH-HaAH-<l>oHma C. RJiacca C00• 

Jium.: [1] Ce K e ljJ a JI b Bu-Hap; b B., ([J o JI III 'L, rap
MOHH'!ecKult aHaJIH3 orrefaTOPOB B rHJibOepTOBOM rrpocTpaHCTBe, 
rrep. c ljlpaHih M., 1970; 2] JI a Kc II . .r:i: .. ([J H JI JI H II c P. c., 
Teopufl pacceflHHfl, rrep. c aHrJI., M., 1971. H. C. HoxBU()oe. 

CiKATHE a JI r e 6 p hi JI n, c T H r H B a H He 
a JI re 6 phi JI H,- orrepau;nH, rrpoTHBOIIoJiomHaH oe
rfiopMaq,uu ame6phl JIH. IlycTb g - RoHe'IBoMepHan: 

aem;ecTBeHHaH aJire6pa Jiu, {c~I} - Ha6op ee CTPYKTyp-
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Hb!X KOHCTaHT B iJ>1rncnpoaaHHOM 6a3nce el, ... ' e Ii If 

A (t), 0 <t ..,;:1,- Kp1rnaH B rpyrrrre HeBhipon-;geHHh!X 
JJHHe1iHhIX rrpeo6pa3oBaHHH npocTpaHCTBa g TaKaH, 'ITO 

A (1)=E. IlyCTh e;(t)=A (t)e; H c1;(t) - CTPYKTYPHhle 
KOHCTaHThl aJire6pbl g B 6aa11ce {e; (t) }.k Ecm1 c1; (t) rrpH 
t - 0 CTpeMHTCH K HeK-poMy rrpep;eJiy Cij (0), TO aJire6pa 
g, 011pep;eJIHeMaH aTHMH ROHCTaHTaMH B llCXO)l;HOM 6a-
3IICe, Ha3. c JR a TH e M HCXO)l;HOH aJire6pb1 g. CmaTHe 
g TaKJRe HBJIHeTCH aJJre6po:ii: JI11, np1111eM g MO>KHO 

rroJiy1111Tb rryTeM ,n;eif>opMau;I111 aJire6phl g. EcJin g -
aJire6pa Jin rpyrrnbl JI11 G, TO rpyrrrry J111 G, cooTBeTCT
ay10m;y10 g, TaKme H33. c JR a T H e M r p y II II bl G. 

Xorn dim g= dim g, aTH aJire6pbI, aoo6m;e roeopH, 
k k 

He ll30MopiJ>Hhl: Hanp., eCJIII A (t)=tE, TO Cij(t)=tc;;-+0, 
TaR lJTO rrpH TBROM c. rrpe,11eJibHBH aJire6pa BCer,11a 
KOMMyTaTIIBHa. EcTeCTBeHHoe 0606m;eH11e aToro rrpIIMepa 
COCTOHT B CJiep;yiomeM: IIYCTb a - no,n;aJire6pa B g, 6 -
p;orroJIHHTeJibHoe R a rrop;rrpocTpaHCTBo, rrp1111eM [a, Ii]= 
=b, n A(t)v=v ,ll;JIH vEa, A (t)v=tv )l;JIH vEB. Torp;a 
B rrpep;eJie (J CTaHOBHTCH ROMMyTaTJIBHhIM H,[leaJIOM aJI-
re6phl g, B TO BpeMH RaK YMHOlKeHHe B a H rrp11coe,n;n
HeH1Ioe p;e:ii:CTBHe aJire6pbI a Ha (J OCTalOTCH HeH3MeH
HhlMH. 

B 11acTHoCTI1, nyCTb G - rpyrrrra JiopeHu;a, g - ee 
aJire6pa JII1, a - rro,11aJire6pa, COOTBeTCTBYIOID;aH IIOA
rpyrrrre epameHnii 3-MepHoro rrpocTpaHCTBa. Tor,11a orrn
CaHIIoe C. aJ1re6phl g ,11aeT aJire6py JI11 rpyrrnhl faJin
JieH G (cM. I'aJtuJteg npeo6paaooanue, Jlopenq,a npeo6pa
aooanue). CooTBeTCTBeHHo aJire6pa JiopeHii;a HBJIHeTCH 
,11eif>opMau;11e:ii: aJire6pbI faJIHJieH H MOJRHO rrmta3aTb, 'ITO 
KoMrrJieKcI1iJ>11Kau;I1H aJire6phl faJinJieH ,11pyrHx ,n;eiJ>op
Mau;11:ii: He HMeeT; B BeID;eCTBeHHOM CJiy'lae aJire6py fa
JIHJieH MOJRHO IIOJJY'lllTb TaKJRe c. opToroHaJibHOH aJI
re6phl Jin so (4). 8KBHBaJieHTHbIH CIIoco6 IIOJiy'leHlllI aJI
re6pbI faJJHJieH H3 aJire6phl JlopeIIu;a COCTOHT B TOM, 
'1To6bl orrpep;eJIHTb aJire6py JiopeHu;a RaR aJire6py, co
xpaHHIOm;y10 iJ>opMy MnHKOBCKoro x2+y2+z2-c2t2, 11 
3aTeM ycTpeMHTb CKOpOCTb CBeTa c K 00. IloKa c < 00, B03-
HIIKaIDm;He aJire6phl H3oMopiJ>Hhl g. AHaJiorn11Ho, p;eiJ>op
MnpyH aJire6py IlyaHKape (Heo,n;Hopop;Hy10 aJire6py Jio
peH[\a), MomHo rroJJy'lHTb aJire6phl ,11e CnTTepa so (4,1) n 
so (3,2) ;D;BIDReHH:ii: rrpocTpaHCTBa IIOCTOHHHOH RpHBll3Hbl. 
CooTBeTCTBeHHo, ycTpeMJIHH KpI1BH3HY K 0, rroJiy'lalOT 
rpyrrrry IIyaHRape RaK C. rpyrrrr ,11e C11TTepa. 

CaH3b MeIBAY aTHMH aJJre6paMn rrpop;oJimaeTCH Ha 
rrpe)l;CTaBJieHH11. ECJIH, KaK B OIIHCaHHhlX rrpnMepax, 
cym;ecTByeT MaTpn~a A (0)= lim A (t), To Kam,11oe rrpep;

t-+-0 
CTaBJieHne S aJJre6phl g nopomp;aeT rrpe,11cTaBJieHne S 
cmaToii aJire6phl no iJ>opMyJie 

S (x) = S (A (0) x) 

)l;JIH JI106oro x E g. 06paTHaH orrepau;nH (p;eiJ>opMa~nH 
rrpep;cTaBJieIIH:ii:), aoo6me roaopH, neao3MOIBIIa. 

Jlum.: [1] Ba p y T A., p 0 H 'I K a P., TeopHfl rrpel!;CTaBJie
HHll: rpyrrrr H ee IIpHJIOlKeHHlI, rrep. c aHrJI., T. 1, M., 1980; [2] 
In ii n ii E., W i g n er E. P., «Proc. Nat. Acad. Sci. USA», 
1953, v. 39, p. 510-24; [3] Sa I et an E. J., «J. Math. Phys.», 
1961, v. 2, p. 1-22. A. H. TOJ1n~1eo. 

CiKATHll IIOJIYrPYIIIIA - op;IIonapaMeTpn11ecRn 
CHJibHO HerrpepbIBHaH rroJiyrpyrrrra T (t), 0 ..,;:t < oo, 
T (O)=l, JIHHe:ii:IIhl:X: orrepaTopoa B 6aHaxoeoM rrpocT
paIIcTBe E, p;JIH R-phlx II T (t)ll ..,;:1. IlJioTHO orrpep;eJieHHbli"r 
B E orrepaTOp A 6yp;eT rr p o n 3 B o A H m; n M o rr e p a
T op o M (reHepaTopoM) C.rr. TOr)l,a n TOJibRO 
Torp;a, Kor.i:i;a BhlIIOJIHeHo ycJJOBHe XnJIJie - lloc11p;hl 
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IIpH acex A.>O. B npyrnx TepMHnax: IIJIOTHO oIIpef\eJien- y oTo6pamemrn f IIOJinoro MeTpIIq, npocTpancTBa (X, p) 
HblH oIIepaTop A - renepaTop C. II. TOr/W H TOJibIW (llJIH 3aM1myToro IIOAMHon;ecTBa Ta1rnro npocTpancTBa) 
Torna, KOr)J,a OH HBJl.IIeTCH MaKCHMaJibHblM iJuccunamuB- B ce6H, eCJIII ).l,JIH JIID6bIX x'' x" BblIIOJIHlieTCJJ nepaBeHCTBO 
HbiM onepamopoM. 

,Il;eTaJibHO H3yqenbl c. II. B rHJib6epTOBOM IIpocTpaHCTBe 
H. qaCTHblMH BH).l,aMH c. II. HBJIHIDTCH II 0 JI yr p y II II bI 
H30MeTpnn (llTxll=llxll), ynnTapnbie rro
JiyrpyIIIIhI (T*(t)=T-1 (t)), caMocoIIpHmen
n bl e II 0 JI yr p y II II bl (T* (t)= T (t)), H 0 p Ma JI b-
H bl e II o JI yr p y II II bl (T* (t)T (t) = T (t)T* (t)). 
BMecTO renepaTopa A nnor).l,a y).l,o6no paccMaTpnaaTb ero 
IIpeo6pa3oaanne RaJin: B=(A+l)(A-1)- 1 

(Kore n e pa Top). 0Ka3blBaeTCH, qTo IIOJiyrpyIIIIa 6y
).l,eT noJiyrpyIIrron Il30MeTpHH, ynHTapnoli, caMocoIIpH
mennoii, nopMaJibHOH IIOJiyrpyIIrroli Tor11;a H TOJibKO 
TOr,[(a, KOrp;a KOrenepaTop COOTBeTCTBeHHO 6yp;eT II30-
M8TPH'IeCKHM, YHHTapHbIM, caMOCOIIpHmenHbIM, nopMaJIL
HbIM oIIepaTopoM. 

c. II. Ha3. B II 0 JI He Hey H HT a pH 0 ii, ecJIH ee 
cymenne na JIID6oe nnaaprrnnTHoe IIOAIIpocTpancTBO ue 
HBJIHeTCH ynnTapnbIM. .IJ:JIH BIIOJine neynnTapnoli noJiy
rpyIIIIbI (T (t)x, y)--+ 0 IIpH t--+ oo H mo6Mx x, y EH. 
)J,JIH Toro qT06b1 C. II. 6MJia BIIOJine neynnTapnon, ).l,O
cTaToqno, 'IT06b1 ona 6bIJia ycTOH'lHBoli, T. e. qro6M 
llT(t)xll-+0 IIPH t-+ oo H xEH. 

.IJ:JIH BCHKOH <!:. II. T (t) cy:m;ecTayeT TaKoe opToronaJI1>
noe pa3JIOmeHHe H=H1ffiH2 Ha HHBapnaHTHbie OTHOCII
TeJiblfO T (t) IIO).l,IIpocTpancTBa, 'ITO na H 1 IIoJiyrpyIIIIa 
YHHTapna, a na H 2 BIIOJine neynHTapna. 

EcJIH T (t) ecTb C. n. B rHJib6epToBoM IIpocTpancTBe H, 
ro cY!!WCTByeT 6oJiee rnnpoKoe rII'Jib6epToBo IIpocTpan

CTBo H, co).l,epma:m;ee H KaK IIOll;IIpocTpancTBo, H B neM 
TaKaH ynIITapnaH rpyIIIIa U (t), -co <t< oo, 'ITO T (t)= 
=PU (t) IIPII t;;;;.O, r).l,e P - opToronaJibHbIH IIpoeKTOp 

us if na H. fpyIIIIa U (t) na3. y n HT a p n o ii AH JI a
T a :u; H e ii IIoJiyrpyIIIIbI T (t). .IJ:nJiaTaa;HH oIIpe).l,eJIH
eTC:II 0/J;H03Ha'IHO c TO'lHOCTbID ).1,0 H30MoplfiH3Ma, eCJIH 

JIOTpe6oaaTb, 'IT06bl ii COBIIa).l,aJIO c 3UMKHYTOll JIHHeHHOH 
o6oJIO'lKOH MHOlReCTBa LJU(t)H (-oo<t<oo) (MHHH
MaJibHaH ).l,HJiaTau;nH). 

IlycTb N - rHJib6epTOBO IIpocTpancTao H L2 (IR, N) 
rIIJib6epToBo IIpocTpaHCTBO acex H3MepHMhlX N-3Ha'lnbIX 
cpynKu;nii /(s), sE IR, c HHTerpnpyeMhlM KBa).l,paTOM nop
Mhl. B 3TOM IIpocTpaHCTBe oIIpe).l,eJieHa ynIITapnaH rpyIIIIa 
ABYCToponnero c).l,BHra ( U ( t)f)(s)= f(s-t). AnaJIOrH'lHO, 
B IIpocTpancTBe L2 (1R+, N), IR+=(O, oo) OIIpe).l,eJiena 
IIoJiyrpyIIIIa onnocToponnero C).l,BHra 

(U (t) f) (s) = f (s-t) IIpH 0.;;;;;; t < s H 0 IIpH t > s. 

BcHKaH BIIOJIHe neyHHTapnaH IIOJiyrpyIIIIa H30MeTpIIH 
H30Moplfina O).l,HOcToponneMy C).l,BHry B L2 (IR+, N), IIpH 
HeK-pOM BCIIOMoraTeJibHOM IIpOcTpaHCTBe N. 

EcJIH T (t) - BIIOJine neynnTapnaH C. II. H U (t) -
ee MHHHMaJibna.a ynnTapnaH ).l,HJiaTaa;HH, TO na neK-pOM 

nnaapnan1·noM IIO).l,IIpOcTpancTBe if (a ecJIH T (t) ycToH

'lHBa, TO H Ha aceM H) rpyIIIIa H30Moplfina ABYCTopoff
neMy C):{BHry. 0 IIOJiyrpyIIIIax cmaTHH c neJinneii:nbIMH 
OIIepaTopaMH CM. IloJtyepynna HeJtuneunblX onepamopoe. 

Jlum.: [1] Davies E., One-parameter semigroups, L.
[a.o.], 1980; [2] c e 1< e ljJ a JI ha H-H a 11 h B., <I> o JI m 'I., rap
MOHH'leci<Hfi aBaJ!lil3 orrepa:ropOB B rHJJbOepTOBOM rrpocTpaBCTBe, 
rrep; c (jlpaHI{., M., 1970. c. r. Hpeuu. 

CiKATLIX OTOBPAiKEHIHl IIPHHIJ.llll - 0).1,HO H3 
OCHOBHbIX IIOJIOlf\eHHH TeopHH MeTpH'l. IIpOCTpaHCTB 0 
cy:m;ecTBOBaHHH H eiJ;HHCTBeHHOCTH HeIIO).l,BHlRHOH TO'lKll 
MHOll\eCTBa IIPH neK-pOM CIIeu;HaJibHOM («ClRHMaro:m;eM») 
OTo6pameHHH ero B ce6H. CM. C:J1CuMa10UfUX omo6pa:J1Cenuii 
npuni+un. 

CiKHMAIOill;HX OTOBPAiKEHllll IIPHHIJ.IHI, cma
rMx oTo6pamennii: IIpHHII;HII,- TeopeMa, YTBepm).l,aID:m;aH 
cy:m;eca-BOBaHH() Il 0jl;IlHCTB0HHOCTL nenoiJBU:J/CHOU mO'l.KU 

p (f (x'), f (x")).;;;;;; qp (x', x"), (1) 

r,ri;e O<q<1. 8ToT IIpHHIJ;HII nmpoKo HCIIOJib3yeTcH lJ,JIH 
/J;OKa3aTeJibCTBa cynwcTBOBaHHH H e)J,HHCTBennocrn pe
rnennH He TOJihKO ypaBHeHHH BH).l,a f (x)=x, HO H ypaB
nenn:il: f (x)= y IIyTeM 3aMenhl TaKoro ypaBnennH na 3K-

BHBaJienTnoe: f (x)=x, r11;e f(x)=x ± (f (x)-y). 
CxeMa IIPHMenenHH C. o. II. o6M'IHO TaKoBa: HCXOAJJ 

Ha CBOHCTB oTo6pamenneM f naXO/J;HT cna'laJia 3a~rnnyToe 
MnomecTBO McX, o6bl'lHO aaMKHYTblrr rnap, TaKoe, 'ITO 
f (M)CM' a 3aTeM ).l,OKa3b1BaIOT' 'ITO na 3TOM MHOll\eCTBe f 
HBJIHeTcH OTo6pamenneM cmaTHH. IlocJie aToro, OTIIpaB
JIHHCb OT IIpOH3BOJibnoro aJieMenTa x0 EM, CTpOHT IIO
cJiell;oBaTeJibHOCTb {sn}, x,,=f(xn-1), n=1, 2, ... , 
IIpnnall;Jiema:m;yro M' K-paH CXOll;HTCH K neK-pOMY 3Jie
MenTy "XE M. 8To H 6y11;eT e/l;HHCTBeHnoe pernenne ypaB
rrennH f (x)=x, a Xn 6y):\YT IIOCJie).l,OBaTeJibHblMil IIpH6JIH
meHHHMH perneHIIH. 

B o6:m;eM cJiy'lae ycJIOBHe (1) neJib3H aaMeHHTb ycJIOBHeM 

p (! (x'), f (x")) < p (x', x"), (2) 

0).1,HaKO eCJIII 3TO ycJIOBIIe BblIIOJIHHeTCH Ha KOMrraKTHOM 
MHomecTBe K, K-poe f OTo6pamaeT B ce6H, TO ycJIOBHe (2) 
o6ecIIe'lHBaeT y f cy:m;ecTBOBanne e):IHHCTBeHHon neIIOA
BHiRnon TO'IKH ; EK. 

llMeeT MeCTO cJie11;yro:m;ee o6o6:m;enne C. o. II. IlyCTb 
cnoBa f OTo6pamaeT IIOJinoe MeTpH'I. IIpocTpancTBO X 
B ce6H H 

p (! (x'), f (x")).;;;;;; q (a, ~) p (x', x") 

IIPH a..,;;:p(x', x")..,;;:~, r11;e O<q(a, ~)<1 ll;JIH O<a-<~<oo. 
Tor11;a oTo6pamenne f HMeeT na X e11;nncTBenHyID neno11;
BHmnyro TO'lKy. 

Jlum.: [1) H 0 JIM 0 r 0 p 0 B A. H., <I> 0 M H H c. B., 3Jle
MeHTbl TCopHH tflYHRQHfi H (jlyH1<QHOHaJ1hHOro aHaJIH3a, 5 H31\., M., 
1981; [2) Hp a c H 0 c e JI b c I< H fi M. A. [H p;p.], IlpHOJIHlReH
HOe pemeHHe orrepaTOPHhIX ypaBHeHHfi, M., 1969; [3) JI IO c Tep
H H I< JI. A., C o 6 o JI e a B. H., 3JICMeHThI ljJyHJ{I(HOHaJlhHOro 
aHaJIH3a, 2 H31\., M., 1965; [4] T p e H 0 r H H B. A., <l>YHRI(HO
HaJlbHbiil: aHaJIHa, M., 1980. B. H. Co6011eB. 

CllfHATYPA - 1) C. a JI re 6 pa II 'I e c Ko ii: c H

e T e M bl - COBOKYIIHOCTb OTHOIIIeHHll H orrepau;nii:, 11;er1-
CTBYIDIIJ;HX Ha OCHOBHOM MHO)ReCTBe .i:i;annoii: aJire6paH'l. 
cncTeM1>1, BMecTe c yKaaanHeM nx apnocTen. AJire6paH'l. 
cncTeMa (ynnBepcaJibHaH aJire6pa) c cnrnaTypon Q Ha3. 
TaKme Q-c H c T e 111 o ii: (cooTBeTcTBeHno Q-a JI r e 6-
p 0 ft). 

2) c. K B a A p a T H q H 0 ii: HJIH c H M M e T p H q e
c K 0 ii: 6 II JI 11 H e :IT H 0 H «P 0 p M bl nap; YIIOpHll;O
'l!'HHbIM IIO.IICM - IIa pa l\eJlblX neoTpHu;aTeJihHbIX 'IIIC!'JI 
(p, q), r11;e p - IIOJIOJKH1'l'JibHhIH, a q - oTpnu;aTeJibHblH 
rmp;eKc HHepu;1m p;annoi'r «PopMbI (cM. J:fnep!fuu aanon, 
HeaiJpamu<maa rfiop;w,a). llnor11;a C. «PopMbl ua3. 'IIICJIO 
p-q. 0. A .. HsauoBa. 

3) C. Mn o r o o 6 p a a H H Mn- cnrnaTypa KBap;
paTnqnoii qiopMbI 

QM (x)=(xLJ.x, 0), 

rp;e U - BHYTpennee KoroMoJiornqec1we yMnomeHne, 
OEHn (M; Z) - «Pyn).l,aMenTaJibHhlii: 1rnacc. Mnoroo6pa
s11e rrpe).l,IIOJiaraeTcJJ KOMIIaKTHhlM H opnenTnpyeMblM. 
C. o6oana'laeTCH cr (M). 

EcJIH n:i:O mod 4, TO IIOJiaraIDT cr (M)= 0. C. o6JiaAaeT 
CBOHCTBa11in: 

1) cr(M+M')=cr(M)+cr(M'); 
2) cr(MXM')=cr(M)cr(M'); 
3) cr (aN) = 0. 

C. ~ruoroo6pa3nH MomeT 6nITh IIpe).l,cTaBJiena KaJ' mrnei'1-
HaH qiymui;nn OT ero llorimpazuna nJtaccoB (cM. [2]). 
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0 rrpep;cTaBJieHHH C. KaK HHAeKca BeK-poro ,n;mp!}JepeH- rropnp;Ka pm, TO mo6a.a ee co6cTBeHBa.H noµ;rpynna co-
~HaJihHoro orrepaTopa cM. H n8enca rfjopMyJtw,. p;epHmTcn B HeK-poii MaKc1rn:aJibBOii rroµ;rpyrrrre rropnp;Ka 

JJum.: [11 Ao J1 h >1 A., Jiem:vrn: TIO aJJreopa11qec1mll: TOTioJJo- pm-1 11 Bee MaKCliMaJibBhle rrop;rpynrrhl rpym:r1i1 P Bop-
rHH, Tiep. c aHrJJ., M., 1976; [2] M H J1 Hop ,r:i: m., CT awe If! M 
Am., XapaKTepHcTeqecKee KJiacch!, Tiep. c aHrJJ., M., 1979. aJibBbl. 

M. H. BOU'41'XOBC1<uU. B T 0 p a .H T e 0 p e M a c H JI 0 B a: Bee CliJIOB-
c:urHYM - !}JyBK~Irn p;eiiCTBliTeJibBOfO rrepeMeBBOfO CKHe p-rro,n;rpyrrrrhl KOHeqHoiil rpyrrrrhl corrpHH<eBLI Memp;y 

x, paBHall 1, ecJI11 x rroJiom11TeJibBO, paBBan 0, ecJI11 x co6oii. ):\JI.a 6ecKoHeqBLix rpyrrrr asaJiorH'lBoe YTnepm,n;e-
paBHo BYJIR>, li paBBa.H -1, eCJIH x OTpli~aTeJibBO. 060- HHe, Boo6m;e roBopn, BeBepHo. 
3BaqeB11e: sgn x HJIH sign x. TaKHM o6paaoM, T p e T h H T e o p e M a C 11 JI o B a: 'IHCJIO CliIJIOB-

{ 
1, ecJIB X > 0, 

sgnx= 0, ecJIH x=O, 
-1, ecJIH x < O. 

IO. A. I'op'b1<0•. 
C:U3:Ur:UH - acTpOBOMH'leCKHH TepMllH, 03Baqarom;11ii 

pacrroJIOH<eHHe Tpex Be6ecHbIX TeJI Ha 01\BOH rrpHMOii. 
B aJire6pe yrroTpe6JI.aeTcn B aBaqeBHH coOTBomeBHll. 
IIycTb M - JieBhlii A-MOAYJih, (mi)ie 1 - ceMeiicTBO aJie
MeBTOB H3 M; COOTBomeBHeM, HJIH CI!l3HrHeii, Memp;y 
(mi) Baa. Ha6op (ai)i EI aJieMeBTOB KOJibn;a A TaKoii, 
'ITO ~iaimi=O. TaK B03BHKaeT Mop;yJih cnanrHii, u;err.r, 
Cll3HfHii H T. ,n;. CM. I'UJtb6epma meopeJ1£a 0 CB3lifHllX. 

B. H. ,l{attUJ10•. 

C:UJIOBA 110,n:rPYIIIlA, c 11 JI o B cu a H rr o Ar p y rr
rr a,- MaKcHMaJibHa.a :rt-rroµ;rpyrrrra rpyrrrrhl, r)J,e :rt -
BeK-poe MBOJKeCTBO rrpOCTbIX 1111ceJI, T. e. rrep11op;H'I. 
rrop;rpyrrrra, rropnµ;KH aJieMeBTOB K-poii µ;eJIHTCH TOJibKO 
Ha rrpocThle qncJia 11a :rt, H Be cop;epmam;aHc.a BH B KaKoii 
6oJibIIIeii rrop;rpyrrrre c TaKliM CBoiicTBOM ( c H JI 0 B c K a .H 
n- rr o A r p y rr rr a). OcBoBHOe aBaqeBHe µ;JI.a TeopHH 
rpyrrrr HMeIOT c 11 JI o B c K H e p-rrop;rpyrrrrhl, To ecTh 
c. rr., MBOlRBCTBO 1t y K-pbIX COCTOliT 113 ep;liBCTBeBBoro 
HpocTOro qncna p. HaaBaB11e i:taBo B 'leCTh JI. CHJioBa 
(L. Sylow), p;oKaaaBmero p.ap; TeopeM o TaKHX rroµ;rpyrr
rrax B KOBe'lBoii rpyrrrre (cM. CuJtoaa meopeMbt). 

c. II. 11rparoT BamByro pOJib B TeOpHH KOBeqBhIX rpyrrrr. 
TaK, BOIIpoc 0 AOIIOJIB.HeMOCTli BOpMaJibliOH a6eJieBOH 
rrop;rpyrrrrhl CBOAHTCH K TaKoMy me Borrpocy AJIH CHJIOB
CKHX no1trpyrrrr; cym;ecTBOBaBHe BeTpHBHaJibBOH p-!}!aK
Toprpyrrrrhl CB.H3aHo c cym;ecTBoBaBHeM BeTpliBHaJibBOH 
p-!}!aKToprpyrrrrhI y BOpMaJIH3aTOpa CHJIOBCKOii: p-rroi:trpyrr
IIhI; CTpoeBHe KOHeqBoii rrpocTOH rpyrrrrhl BO MBOfOM OII
pep;eJIHeTCH cTpoeHBeM ee CHJIOBCKoii 2-rro,n;rpyrrrrbl. B Teo
pHH 6eclWBe'lHbIX rpyrrrr, HCKJiro'lall TeopBIO JioKaJibBO 
KOBe'IBhIX rpyrrrr, pOJib c. II. MeBhlle, IIOCKOJibKY yme 
OCHOBBOH Borrpoc 0 corrpHmeHHOCTH CHJIOBCKHX p-rrop;
rpyrrrr pewaeTC.H IIOJIOJRHTeJihHO TOJibKO B OT}:teJibHhIX 
KJiaccax 6ecKoBe'lBhlX rpyrrrr. 

Jlum.: [1] Rap r a TI 0 J1 0 BM. H., M e p 8 JI II K 0 B IO. H., 
OcHOBhl TOOpHH rpyTITI, 3 HS>I., M., 1982; [2] me Me T K 0 B JI. A., 
«YcTieXH MaTeM. HaYK», 1975, T. 30, M 2, c. 179-98; [3] HTOI'H 
HayKH. AJ1re15pa. TOTIOJ10l'HlI. reoMeTpHII. 1965, M . ., 1967. c. 45-
61; [4] Huppert B., Endliche Gruppen, [BdJ 1, B., 1974. 

B. /I,. MasypoB. 
C:UJIOBA TEOPEMLI - Tpn TeopeMhI o MaKCHMaJibHhIX 

p-rroµ;rpyrrrrax KoHeqHoii rpyrrrrhl, µ;oKaaaHBhle JI. Cn
JIOBhIM [ 1] H Hrparom;e:e 60JibillYIO poJib B TeopHH KOHeq
HbIX rpyrrrr. l'IHorAa o6'1>0AHHeHHe Bcex Tpex TeopeM Haa. 
Te 0 p e M 0 ii c H JI 0 B a. 

IIycTh G - KOHe'lHa.a rpyrrrra nopnp;Ka pms, r,n;e p -
rrpocToe 'IHCJio, He ,n;en.am;ee 'lHCJio s. Tori:ta HMeIOT MeCTO 
cJiep;yrom;ne TeopeMhI. 

II e p B a H T e o p e .M a C H JI o B a: rpyrrrra G 
COJtepJRHT rroi:trpyrrrrhl rrop.HJtKOB ·pi p;JI.H BCeX io;= 1, 2, 
... , m, rrpe:'leM Kamµ;a.a rro,n;rpyrrna rropni:tKa p' - 1 HB
JIHeTCH HopMaJibHoii rrop;rpyrrrroii no KpaiiHeii: Mepe B op;
Hoii rroJ:(rpyrrrre rropni:tKa pi. Ma aTOii TeopeMhI, B qacT
HOCTH, CJiep;yIOT TaKIIe BalRHhle YTBepm,n;eHHH: B rpyrrrre G 
cyiu;ecTByeT CuJtona noaepynna rropH,n;Ka pm; JII06aH 
p-rroi:trpyrrrra rpyrrrrhl G Coi:tepJRHTC.H B HeK-poii CHJIOB
CKoii p-rro,n;rpyrrrre rropHp;Ka pm' HHAeKC CHJIOBCKOH p
rroµ;rpyrrrrhl He µ;eJIHTCH aa p; ecJIH G= P eCTb rpyrrrra 

CKHX p-rroµ;rpyrrrr KOBe'lBOH rpynrrhl ;i:teJIHT nopHl:{OK 
rpyrrilbI B cpaBBHMO c ep;liHHu;eii no MOl:{YJIIO P· 

):\JIH rrp0113BOJibHhlX MHOH<eCTB 1t rrpocTLtX q11ceJI aBa
JIOfH'lBble TeopeMLt 0 CHJIOBCKliX n-noµ;rpynnax IIOJiyqeHhI 
JIHIDb B KJiacce KoBeqBLtx paapemHMLIX rpyrrrr (cM. XoJtJta 
no8epynna). B HepaapemHMLIX rpyrrrrax CHTyaD;H.H HBaH. 
HarrE., B aHaKorrepeMeBBOii rpyrrrre A 5 cTerreHH 5 µ;nn 
:rt= {2, 3} eCTb CHJIOBCKa.H 1t-IIOl:{rpyrrrra s rropH1Qta 6, 
HHp;eKc K-poii ,qeJIHTCH Ba 1111cJio 11a n. KpoMe Toro, B A 0 

eCTb CliJIOBCKa.a :rt-rro1trpynrra, H30Mop!}!Ha.H A, H Becorr
p.ameHBa.H c s. qliCJIO CHJIOBCKHX n-no;i:trpynrr B A 6 He 
}:teJIHT rrop.ap;oK rpyrrrrhl A 6 • 

Jlum.: [1] Sy Io w L., «Math. Ann.», 1872~.Bd 5, S. 584-94; 
[2] X o JI JI M., TeopeK rpym:r, Tiep. c aarJI., m.., 1962. 

B. /I,. MaaypoB. 
C:UJILHAH rOMOJIOrHH - CM. CJta6aJ£ eOJttOAOewi. 
C:UJibHAH IIPO:U3BO.IJ;HAH - To me, 'ITO tlJpeme 

npouano8naJ£. 
C:UJibHO HEilPEPLIBHA.R IIOJIYrPYIIIlA - ce

MeiiCTBO _JIHHeiiHhIX orpaB11qeBHLtx onepaTopoB T (t), 
t >O, B 6aHaXOBOM rrpocTpaHCTBe x' 06Jia11a10m;ee CBOii
CTBaMH: 

1) T(t+-r)x=T(t)T(-r)x, t, •>0, xEX; 
2) !}JyHKD;HH T (t)x BerrpepLIBBLI Ba (0, oo) nplil JIIOOOM 

xEX. 
II pH BhIIIOJIHeHHH 1) 11a HaMep11MOCTH Bcex !}Jy&KD;:e:ii 

T (t)x, x EX, H, B qacTHOCTH, Ha op;uocTopoHBeii (cnpaBa 
HJili CJieBa) cna6oii BerrpephIBBOCTH cnep;yeT CHJibHa.H He
rrpepbIBBOCTb T (t). ,Il;JI.a C. B. n. KoHeqHoe q:e:cJio 

w= inf t-11n!IT(t)ll= lim t-1ln.~T(t)[I 
t > 0 I-+«> 

Haa. TH II 0 M II 0 JI yr p y II II hi. TaKHM o6pa80M, 
HopMhl Bcex !}JyHK~Bii T (t)x pacTyT Ha oo He 6hlcTpee 
aKCIIOHeHThl e'Jli. RJiaCCH!}!HKan;HH c. H. II. OCBOBaHa Ha 
:e:x rroBep;eHHH rrpH t-+ 0. EcJIH cym;ecTByeT TaKoii orpa
HBqeHHhlii orrepaTop J' qTE) llT (t)-Jll-+ 0 rrpH t - 0, 
To J - rrpoeKD;HOHHhlii orrepaTOp H T (t)=JetA, rp;e 
A - orpaRB'leHHhIH JiliBeiiBhlii orrepaTop, KOMMYTB
pyrom;e:ii: c J. B :noM cJiyqae T (t) BerrpepLtBHa no BOpMe 
orrepaTopoB. EcJIH J=I, TO T(t)=etA, -oo<t<oo,
paBHoMepHo HerrpephIBHaH rpyrrrra onepaTopoa. 

EcJIH T (t)x -+ J x rrpH KaJKAOM x EX, TO J - TaKme 
npoeKD;HOHHhIH orrepaTOp, rrpoeKTHpy10m;:11ii: X Ba noµ;
npocTpaHCTBO X 0 - aaMLIKaHHe 06'hep;:11aeHHH Bcex aaa
'l0HHii: T(t)x, t>O, xEX. 

,lJ;JIH Toro qT06bI J cym;ecTBoBaJI H paBHHJICH I, Heo6-
xop;e:Mo :11 l:{OCTaTOqHo, qT06hl llT (t) II 6bIJia orpaHH'leBa 
Ha (0,1) H qTo6bI X 0=X. B 3TOM cnyqae rroJiyrpynna 
T ( t), p;oorrpep;eJieHHan paBeHCTBOM T (0)= I, CHJibBO 
HerrpepbIBHa rrpH t;;:=O (YAOBJieTBOp.HeT Co-Y c JI 0 B H IO). 
,Il;JIH 6oJiee me:pOKHX KJiaCCOB IIOJiyrpyrrrr rrpe,n;eJibHOe co
OTHOIIIeH:e:e T (t) -+ I BhIIIOJIHHeTCH B o6o6m;eBHOM CMlJC
Jie: 

lim.!.51 T(-r)xd't=X, xEX 
t -+0 t 0 

(cyMMnpyeMOCTb no lleaapo, Ci-Y c JI o B He), HJIH 

lim/.. \"' e-'J..:q (-r)xd-r=x, xEX 
A-+"' J 0 

( cyMMHpyeMOCTh no A6emo, A - y c JI o B H e). II p:e: aToM 
rrpel{nOJiaraeTcn, 'ITO !}!yHKD;HH llT(t)xll, x EX, :uHTerp:u-
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pyeMhl Ha r.o, 1 l (a 3Ha'IHT, H Ha mo6m1 TrnIIe'!HOM O'f
pe3Ke). 

Ilonep,em1e c. H. II. rrpH t - 0 MOIKeT 6h!Tb COBCeM 
HeperyJrnpHbIM. Harrp., tPYHKI.1,nn llT (t)xll MoryT nMeTb 
rrpn t=O CTerreHHYIO oco6eHHOC'fb. 

,Il;JIH IIJIOTHOfO B x 0 MHOIKeCTBa 3JieMeHTOB x ipymnvrn 
T (t)x p,n<P<Jiepem.1,npyeMhl Ha [O, oo ). BaIBHYIO pOJib nr
paIOT C. H. rr., p;JIH K-phlx tPYHKu,nn T (t)x p,n<P<JiepeHu,n
pyeMhl rrpn Bcex x p;JIH t>O. B aToM cJiy11ae orrepaTop 
T' (t) orpaHn'leH rrpn KaIBµ;oM t n ero rroBeµ;emre rrpn 
t - 0 p;aeT HOBhle B03MOIKHOCTH AJIH KJiaccn<PnKaIJ,HH 
rroJiyrpyrrrr. Bhl/:J,eJieHhl KJiacch! C. H. rr., AJIH K-ph!X T (t) 
µ;orrycKaeT fOJIOMop<JlHoe rrpop;OJiiKeHne B ceKTOp KOMII
JieKCHOll IIJIOCKOCTH' coµ;epma:m;nii IIOJIYOCb (0, 00). 

CM. llo,11,yzpynna onepamopoe, llpouaeoihtUfUU onepamop 
noJiyrpyrrrrhl. 

Jlum.: [1] x H JI JI e 3., <I> H JI JI H n c P., <l>yHRl.IHOHaJihHhlli 
aHaJIH3 H IIOJiyrpyIIIIhI, nep. c aHrJI., M., 1962. c. r. Kpei'm. 

CU:JlbHOE ,[l;IIll>IJ>EPEHIJ;IIPOBAHIIE rreorrpep;eJieH
rroro nrrTerpaJia - Haxomµ;errne CHJibIIoii rrpon3BO.r\HOii 
ueonpep,eJieurroro HHTerpaJia 

F (I)= L f (x) dx 

p;eHCTBHTeJibH03IIa'lIIOll tPYHKIJ,HH f' cyMMHpyeMOII Ha 
OTKphlTOM rrop;MrromeCTBe G n-Meprroro eBKJinp;oBa rrpocT
paHCTBa, paccMaTpHBaeMoro KaK tPYIIKIJ,HH cerMerrTa.ECJIIl 

lfl(ln(1+111>r- 1 

cyMMnpyeMa rra G (B 11acmocT11, ecJin /ELP(G), p>1), 
TO HIITerpaJI F OT f CHJibIIO µ;nip<Jieperru;npyeT IIO'ITH BCIOAY 
Ha G. /];JIH Jiro6oil: cp (u), u;;;;,O, rroJiomnTeJibrroii:, rrey6h!
Baro:m;eli H TaKoH, 'ITO 

cp (u) =O (u Inn- 1u) 

npn u - oo, cy:m;ecTByeT TaKaH cyMMnpyeMaH rra G 
tPYHKIJ,liH f~O, 'ITO cp (f(t)) TaKiKe cyMMHpyeMa H OTHOillerrne 
F(J)/111 HeorpaHH'leHHo B Kamµ;oii: TO'lKe xEG rrpn I, 
CTpeMHIIJ,eMCH K x, TO eCTb F rre HBJIHeTCH c. A· 

Jlum.: [1] Jessen B., Marcinkiewicz J., Z y g
m u n d A. «Fund. Math.», 1935, v. 25, p. 217-34; [2] Saks S., 
«Fund. Math.», 1935, v. 25, p. 235-52; L3] Ca R c C., Teopmr HH
TerpaJ1a, nep. c aHrJI., M., 1949; [4] 3 Hr My H II A., TpHrOHOMe
TPH'IeCRHe pH)lhI, nep. c aHrJI., [2 11s11.l, T. 2, M., 1965. 

T. II. Jlynauie>mo. 
CU:JlbHOE PEIDEHIIE AH<i><i>eperru;uaJibIIoro ypaBrre

rrnH 

Lu= ~I aa (x) Dau=/ 
~ al"m 

B o6JiaCTH D - aTo JIOKaJibIIO nrrTerpnpyeMaH tPYHKU:HH u, 
J{-paH nMeeT JioKaJibIIo HHTerpnpyeMhle o6og:m;eHrrhle rrpo
naBop;Hhle Bcex rropH.r\KOB .-;;;:.m n yp,oBJieTBOpHeT ypaB
Herrn10 ( *) IIO'ITH BCIOAY B o6JiaCTH D. 

IloIIHTHe «C. p.» MOJReT 6h!Tb BBe/:J,eIIO Il TaKHM 06-
paaoM. ((lyHKIJ,HH u Ha3. C.· p. ypaBrrerrnH (*), ecJin cy
IIWCTBYIOT TaKne IIOCJie;D;oBaTeJibIIOCTH rJiap;KHX (rranp.' 
KJiacca C 00

) tPYHKIJ,IlH {un}, {/n}, 'lTO Un - u, fn - f Il 
Lun= f n rrpn KaiKP,OM n, rp,e CXOAHMOCTb norrnMaeTCH 
B Li (K) ;ll;JIH JII06oro KOMIIaKTa KcD. B aTnx orrpe;o;e
JierrnHx Li Momrro aaMeIIHTb KJiaccoM LP JIOKaJibIIO nrr
TerpnpyeMbIX co CTenerrbIO p;;;;,1 ipyrrKu,nli. Han6oJiee 
yrroTpe6nTeJibIIhlM HBJIHeTCH KJiacc L 2. 

B CJiyqae 3JIJIHnTH'l. ypaBIIeIIHH ( *) o6a IIOIIHTHH 
c. p. COBnap,aIOT. A. II. Co,11,aamoB. 

CU:JlbHblll IIHTErP AJI - nrrTerpaJI Jie6eroBCKoro 
THna OT tPYHKIJ,Hll co 3Ha'leHHHMH B JIHHeHHOM TOIJOJIOfll'l. 
rrpocTpaHCTBe no CKaJIHpHOH Mepe IlJIIl OT CKaJIHpHOH 
il>YHKIJ,HH no Mepe co 3Ha'leHHHMH B BeKTopHOM rrpocT
paHCTBe. II pn aTOM npe,n;eJibHhle rrpou;eccbl, c noMOIIl,bIO 
K-pbIX onpeµ;eJIHeTCH HHTerpaJI, IJOHHMaIOTCH B CMhICJie 
CHJibHOH TOIJOJiornn. IlpnMepaMH c. n. HBJIHIOTCH: 

1) B oxnepa unmeapa,11, OT BeKTOpHoaHa'lHOH qiymtu;nn; 
2) ,4 anueA!t unmeapa,11,, ecJin aHa11emu1 IIO,I!HHTerpaJib-

Holl: il>YHKIJ,nn rrpum1µ;Jie.iuaT a-rroJIHOI! B0RTopnoi'1 pe-
IlleTKe; 

3) nrrTerpaJI ~ ~00 f..dFJ,,, p;aro:m;nli cner;mpaAbnoe paa,11,0-

:HCenue caMocorrpHmerrrroro orrepaTopa, µ;eHCTByro:m;ero 
B fllJib6epTOBOM rrpocTpaIICTBe. 

B c. Il. OT CKaJrnpHbIX il>YIIKIJ,HM ITO BeKToprroli Mepe 
3IIa'leIIHH Mephl BO MIIOfllX cJiy'laHx rrpe.n;rroJiaraIOTCH 
rrpnrrap;JieJRa:m;nMn BeKTOpHoMy no,11,yynopR.iJo<tennoMy npo
cmpancmey. 

Jlum.: [1] J.( a H ljJ o p 11 H., Ill B a p I.I J.( >R.-T., Jl11HeliHbie 
orrepaTopbT, rrep. c anrJI., T. 1-2, M., 1962-66; [2] Hi Ide b
ra n d t T. H., «Bull. Amer. Math. Soc.», 1953, v. 59, p. 111-
139. B. H. Co6o.oee. 

CU:JlbHblll OTHOCIITEJibHblll MIIHIIMYM - Mn-

HnMaJibHoe 3Ha'lerrne J (y), AOCTHraeMoe tPYIIKil,IlOIIaJIOM 
J (y) rra Kp1rnoii y-(x), xi .-;;;:.x.-;;;:.x 2 , Ta1we, 'lTO 

J (y) ~ J (y) (1) 

AJIH Bcex KpHBhlX cpaBrrerrnH y (x), y;o;oBJieTBOpH10:m;nx 
yeJioBHIO e-6JinaocTn HyJieBoro nopH}:{Ka: 

ly(x)-y(x)l~e (2) 

Ha BCeM rrpoMelf<yTKe [x1, x 2]. IIpep,rroJiaraeTCH, 'lTO Kpn

Bhle y (x), y (x) yµ;oBJieTBopHIOT 3ap,aHHhlM rparrn'lIIhlM 
YCJIOBHHM. 

EcJIH, IIOMHMO YCJIOBHH (2), Tpe6yro:m;ero e-6JIH30CTH 
no opµ;nrraTe, p,o6aBHTb ycJioBne e-6JIH30CTH no rrpona
Bo;o;rroli: 

J y' (x)-y' (x) I~ e (3) 

rra BCeM npoMemyTKe [xi, x 2], TO roBopHT 06 ycJioBHH e-
6Jin3oCTH nepBoro nopHp;Ka. 

3rraqerrne, p,ocTnraeMoe <JiyrrKu,norra.rroM J (y) Ha Kpn

Boii y-(x), AJIH K-poro HepaBeIICTBO (1) BhlllOJlIIHeTCH )J;JIH 
Bcex RpHBhlX cpaBHeIIHH y (x), y;o;oBJieTBopH10:m;nx ycJio
BHIO e-6JinaocTn rrepBoro rropHp;Ka, Haa. c JI a 6 bl M 
0 T II 0 CH T e JI b H hi M M Il H Il M y M 0 M. 

IloCKOJibKY ycJioBne e-6JinaocTn rryJieBoro rropH;D;Ka 
(2) BhlAeJIHeT 6oJiee mnpoKnil KJiacc KpHBhlX no cpaB
rrerrnro c ycJioBneM e-6JinaocTn nepBoro rropHp;Ka (2), 
(3)' TO BCHKHH CHJibIIhlll MHIIHMYM HBJIHeTCH OIJ;IIOBpe
MeHIIO CJia6h!M MHIIHMYMOM, HO rre BCHKilll CJia6bill MHIIH
MYM HBJIHeTCH CHJibIIhlM. B CBH3H c yKa3arrrrh!M pa3JIH
qneM rreo6xop;HMhle, a TaKlf<e P,OCTaTO'lIIbie yCJIOBilH OflTil
MaJibIIOCTil P,JIH CHJibIIOfO Il CJia6oro OTHOCHTeJibIIoro MH
IIHMyMa HMeIOT rreo.n;nrraKOBhlii Blip;. 

HapHAY c IIOIIHTileM c. o. M. MOiKIIO BBeCTH IIOIIHTile 
a 6 c 0 JI IO T II 0 r 0 M H II Il M y M a. A6coJIIOTIIhlH MH-

IIHlllYM - 3TO MHIIHMaJibHOe arra11errne J (y), P,OCTnraeMoe 
<JiyrrRIJ,HOHaJIOM J (y) Ha BCeM MHOiK0CTBe KpHBhlX, rra 
K-ph!X ipyrrKu,norraJI J (y) n111eeT CMhlCJI. A6coJIIOTHhlii 
MllIIIIMYM HBJIH0TCH rJio6aJibIIhlM, a CilJibIIhlll Il CJia6h!ii 
OTHOCHTeJibHhle MHHHMYMhl - JIOKaJibHbIMil MHHHMyMaMH. 

A6coJIIOTIIhlll MHIIHMYM HBJIHeTCH OAIIOBpeMerrrro Il 
c. o. M.' HO He BCHKllii c. o. Ill. HBJIHeTCH a6coJIIOTIIhlM 
MHIIHMYMOM. 

Bapnau;norrrryro aa;o;aqy, HMero:m;y10 6oJiee op,rroro C. o. 
M., rraa. ;iinozoar;cmpe:M.aAbnoii aaiJa<teii. Ilpn pelllerrnn 
rrpaKTH'leCKHX BapnaIJ,HOIIIIbIX aap,aq c. o. M. rraxop;HT 
npH6Jinmerrrro, ncnoJib3YH 'lHCJieIIIIhle MeTOAhl Bapnau;norr
rroro HC'lHCJieIIHH (cM. Bapua1fuonnoe uc<tucAenue; 11nc
JieIIrrhle MeTop,hl). 

/];JIH aa;o;a11, B R-phIX c. o. M. e;D;HHCTBeHHhlll, Heo6xo
AHMhle YCJIOBHH OIITHMaJibHOCTil c. o. M. HBJIHIOTCH O;ll;HO
BpeMeHHO AOCTaTO'lHbIMil YCJIOBHHMH a6coJIIOTHOf0 MH
HHMyMa. TaKaH CHTyau,nH HMeeT MeCTO, Harrp., B Teopnn 
OIITHMUJibHOro yrrpaBJieIIHH AJIH JIHHeHHbIX aaµ;aq OIITil
MaJibHOfO 6h!cTpop;e:il:cTBHH (cM. Onmu:MaAbHoao 6b!cmpo
iJeucmeuR. aaiJa'la), a Tamue )J;JIH HeK-phlx ;o;pyrnx KJiaecoB 
3ai];a'l Bapnau,noHHOfO IlC'lllCJieHHH. 
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Jlum.: [1]JiaspeHTbeB M.A., JiroeTepHl'!K JI. A., 

Hype BDPl'IaI(l'IOHHOro l'Ie'll'IeJieHl'!ff, 2 l'I31(., M.-Jl., 1950; [2.] 
CM n p 11 o B B. H., Hype Bbiemel\ MaTeMaTl1Kl'I, 3 l'I31\., T. 4, M., 
1957. H.B. BanH,Jtpcnuii. 

CUJlhHbllI 3KCTPEMYM - MMHirnaJibHOe HJIH MaK-

cnMaJibHoe aaaqe&He J fy). µ;ocTnraeMoe cpyaK11,no&aJioM 

J (y) Ha KpHBoii y (x)' X1 ..;;x ..;;x2, p;JUI K-poro BblnOJIHH
eTCH OT\HO Ha HepaaeHCTB 

J (y).;;;;; J (y) HJIH J (y) ~ J (y) 

AJIH BCeX KpHBblX cpaBHeHHH y (x), Haxop;m:a;nxcn B e
OKpeCTHOCTH Kpnaoii: y (x). KpnBhle y (x), y (x) p;oJimHbI 
yµ;oBJieTaopnTb aaµ;aHHbIM rpaHHqHbIM ycJIOBHHM. 

IloCKOJibKY MaKCHMH3all,HH cpyHKil,HOHaJia J(y) 3K
BHBaJieHTHa MHHHMHaa11,HH cpyHKil,HOHaJia - J (y), TO 
qaCTO BMeCTO CHJibHoro 3KCTpeMyMa roBOpHT 0 CHJibHOM 
MHHHMyMe. TepMHH «CHJibHbIH» nop;qepKHBaeT, qTo Ha 
KpHBhle cpaBHeHHH y (x) HaJiomeHo ycJIOBHe e-6JIH30CTM 
TOJibKO no y (x): 

I y (x)-y (x) I..;; e 

Ha BCeM npoMemyTKe [x1, X2], TOr):\a KaK ITO rrponaBOp;Hoii 
KpMBbie y (x) H y (x) MoryT OTJIHqaTbCH KaK yrop;HO «CMJib
HO». 

Ilo caMoMy CBOeMy orrpeµ;eJieHMJO c. 3. HBJIHeTCH CHJib
HhIM OTHOCHTeJibHbIM 3KCTpeMyMoM, noCKOJlbKY p;aeT 
3KCTpeMyM He a6coJIJOTHbIH, T. e. He Ha BCeM KJiacce 
µ;onyCTHMbIX KpMBbIX cpaBHeHHH y (x), Ha K-pb!X cpyHKil,HO
HaJI J (y) MMeeT CMbICJI, a JIOKaJibHhIH, OTHOCMTeJibHhIH, 
COOTBeTCTBYIOIIl,HH II0,11;MH011\0CTBY BCeX p;orryCTHMbIX Kpn
BbIX cpaBHeHHH, HUXO):\HIIl,HXCH B e-oKpeCTHOCTM KpMBOH 

y (x). Oµ;HaKo AJIH KpaTKOCTM TepMHH «oTHOCHTeJibHbIH» 
qaCTO onycKaIOT H fOBOpHT 0 c. a., HMeH B BHAY CHJibHhIH 
OTHOCHTeJibHbIH 3KCTpeMyM (CM. Cu.ioHWU omnocume.n,b
HblU JltUHU.MyJU). 

Jlum.: [1] JI a B p e HT be B M. A., JI R) e Tep H H K JI. A. 
Hype BapHa):\HOHHOrO He'llleJleHHII, 2. H3)1., M.-JI., 1950; [2.j 
CM Hp Ho B B. IL, Hype Bhlemel\ MaTeMaTHKH, 3 us11., T. 4, 
M., 1957. H.B. BanH,Jtpcnuii. 

CUMBOJI OIIEPATOPA - cKaJinpHan HJIM MaTpnqHan 
cpyHKil,MH, acco11,11npoaaHHan c onepaTopoM n 06Jia):\aIOII1,an 
caoil:cTBaMn, B Toil nJin MHoil: cpopMe 0Tpama10II1,HMM ceoil:
CTBa aToro onepaTopa. 06blqao cqnTaeTcn, qTo C. o. aa
,n;aHhl ):\JIH orrepaTopoB, npnHap;JiemaII1,nx HeK-poil: aJI
re6pe. Tor,n;a, KaK npaanJio, npn CJiomeann onepaTopoa 
MX CHMBOJibl CKJiap;bIBaIOTCH, a npn YMH011\0HMM - nepe
MHOll\aIOTCH c ToqHOCTbIO ,n;o qJieHOB, B H0K-poM CMbICJI0 
HBJIHIOIIl,HXCH MJia,n;IIIHMM, HO ll:Horµ;a H TOqHo. Eb!BaeT, 
qTo c. 0.- 3TO cpyHKil,HH co 3HaqeHMHMH B HeK-pofi aJI
re6pe (a qacTHOCTH, onepaTOpHoil: aJire6pe), 6oJiee npo
CTOH, qeM 1rnxo,n;Han. 

06blqHo CllMBOJibl aCCOil,HHpyroTCH c onepaTopaMH, ):\eH
CTBYIDIIl,HMH B cpyaK11,noHaJibHhIX npocTpaHcTBax. Torµ;a 
Op;Ha H3 TnnnqHblX CMTya11,nii: COCTOMT B TOM, qTo eCJIM 
onepaTop ,n;eil:cTayeT Ha cpyHKil,HH OT n nepeMeHHhIX (nmr, 
6oJiee o6m.o, Ha cpy&K11,nn Ha n-MepHOM MHoroo6paann), 
TO ero CMMBOJI - cpyHKil,MH OT 2n nepeMeHHbIX (HJIM Ha 
2n-MepHOM MHoroo6pa:mn). Ha OCHOBe HCnOJib30BaHHH 
TaKMX c. o. CTpOHTCH Teopnn nceeiJoiJurfufiepeHlfUaAbHblX 
onepamopoB. CooTBeTCTBne Memp,y CHMBOJiaMH n onepaTo
paMM HBJIH0TCH OCHOBOH KBaHTOBaHmI, npH K-poM CMMBOJI 
HBJIH0TCH KJiaccnq. BeJ111qHHOH, a caM onepaTop - COOT
B0TCTBYIDIIl,0H KBaHTOBOH BeJinqnHOH. 

CHMBOJibI onepaTopOB B IR.n. IlycTb l{aH 
nOJIMHOM 

a(p, q)=~1a.+1l\<maa.Ma.pf3, 
rp,e q, pEJR.n, q=(q1, .. ., q,,), p=(p1, · ·., Pn) - MYJib
THHH,[\0KCbl (T. e., Hanp., a=(a1' ... , an). af;;:.O, aj -
u;eJihle, lal=a1+ .• . +an, aaflEC). Tor,a;a no HeMy 
HeCKOJibKHMH paBJIMqHhIMM crroco6aMM MOll\HO IIOCT-

poHTb onepaTop A, µ;eil:cTBymIIl,m"f~ Ha cpyHKil,lilflX na IR"• 
IIO,[\CTaBJIHH BM0CTO qj onepa1·op qj y~rnomemrn Ha ?ARY 
H3 KOopp,HHaT x j B IR. n. a BMeCTO p j - orrepaTop p j = 

h il .r-= i ax:- ' rp,e i= " -1, h- nponaBOJibHaH IIOCTOHHHaf! 

(urparokan poJib rrocToHHHoil: IlJiaHKa). Ecmr rrpn aTOM 
MeHHTb nopn,a;oK 6yKB q H p, TO IIOJiy<IaTCH pa:rnhre orre
paTopbI. EcJIH noJioll\HTb 

A=aU, D =~la.+fll <maaflq°'pll' 

TO a(q, p) Haa. qp-CMMBOJIOM, HJIH JieBbIM CHM
B o JI o M onepaTopa A. IloJiyqaeMoe TaKHM o6paaoM co
OTBeTCTBMe Mem,a;y JieBbIMH CHMBOJiaMH H orrepaTopaMH HB
JIHeTCH B3aHMHO O,[\H03Ha'ffibIM COOTBeTCTBHeM Mem,a;y 
IIOJIHHOMUMII H ):\HcpcpepeHil,HaJibHbIMH onepaTopaMH c no
JIHHOMH3JibHblMM Koacpcpn11,neHTUMll H MOll\eT 6b!Tb pac
npocTpaHeHo Ha arraqnTeJihHO 6oJiee mnpoKne KJiacchl 
onepaTopoB H CHMBOJIOB, eCJIH BOCnOJib30BaTbCH cpopMy
JIOir 

2_ (x-Y) 6 
(Au) (x)=(2nh)-nse h a (x, £) u (y) dy d£, 

rp;e zs=z1s1+· . . +ZnSn ,[\JIH n-MepHbIX Il0KTOpOB Z = 
=(z1, •.. , z,,) n 6=(£1, ••• , 6,,), dy=dy1 , ••• , dyn, 
as=d61 .•• as,,. 

OnepaTop A c pq-c II M B o JI o M, HJIH rr p a B bI M 
c H M B 0 JI 0 M a (q, p) onpe,a;eJineTCH ¢opMyJIOH 

A=aU, ~) =~Ja.+ll I< maa.llPll q°' 

MJIH AJIH 6oJiee 06II1,HX CHMBOJIOB 

2. (x-y) 6 
(Au) (x)=(2:rth)-"5eh a (y, s) u (y) dy d£. 

EoJiee CHMMeTpHqHblH crroco6 IIOCTpoeHHH orrepaTOpa 
ITO noJIMHOMY a(q, p) noJiyqaeTCH, ecJiu BBeCTM AJIH He
KOMMyTnpyIOIIl,HX onepaTopoB B' c CUMMeTpll30BUHHOe 
nponaBel{eHne (Bk Cl) cpopMyJioil: 

(sB+tC)" = ~ ..!!...-, ! , sktl (BkCl), 
~k+l=n k. I. 

a aaTeM noJIOll\MTb 

~ ( ~a,~f3,) (~°'n~fln) 
A = aa13 q 1 P 1 · • • q n P n Ja+flJ<m 

Tor,a;a a(q, p) Haa. CHMBoJioM BefiJin onepa
Topa A . OnepaTop A MomeT 6b1Tb aanncaH qepea cnMBOJI 
Beil:Jin no ¢opMyJie 

2_ (x-y) 6 
(Au)(x)=(2nh)-nseh a(;y ,£)u(y)dyd£. 

BTopnqaoe KBaHTOBaHMe npMBO/J,MT K nOHBJieHMID em.e 
,l\BYX BH)l,OB CHMBOJIOB onepaTopoB Ha IR.n - BHKOBCKoro 
n aHTMBHKOBCKoro. A nMeHHo, ecJin aaecTn onepaTophl 

pomp;eHnn aj = qj-iP i n onepaTOpbl yHnqTOmeHnn aj = 
=qj+iPi n aanncaTb µ;ncpcpepea11,naJibHhIH onepaTop c no
JIMHoMnaJibHhIMH KOacpcpn11,neHTaMH B BHP,0 

A=~ ca.13(a+yza/3 
a., fl 

MJIM B BH)l,0 
A=~ c0pall (a+)a., 

~a..fl " 
Toero BMKOBCKHH CMMBOJI c(q, p) ll aHTH
B HK 0 B c K ll ii: c MM B 0 JI a (q, p) aaµ;aroTCH COOT
B0TCTB0HHO ¢opMyJiaMM 

c (q, p) = ~a.,flCa.fl (q-ip)a. (q + ip)/3, 

a (q, p) = ~a.,fl C~/3 (q-ip)°' (q+ip)fl. 
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0 iJ>opMyJiax, CBH3hlBaIOIIJ;IIX pa3Hble BU)J;bl CHMBOJIOB op;
HOro n Toro n1:e orrepaTopa, cM. B [1]-[4]. 

c H M B 0 JI bl 0 II e p a T 0 p 0 B H a M H 0 r 0 0 6-
p a 3 H II. EcJill CllMBOJihl OIII!CaHHhlX BhllIIe TllITOB Ha [Rn 
BSaIIMHO OIJ;H03HR'l1IO COOTBeTCTBYIOT orrepaTOpaM HeK
pb!X ,[\OCTaTo'lHO mIIpOKI!X KJiaCCOB, TO Ha MHoroo6pa3llII, 
KaK rrpaBI!Jio, HeT ecTeCTBeHHhlX CllMBoJioB, p;JIH K-phlx 
cyIIJ;eCTBOBaJIO 6bl TaKoe B3aHMHO Op;H03Ha'lHOe COOTBeT
CTBne. Ha MHoroo6pa3HH BamHyIO pOJib HrpaeT T. H. 
r JI a B H bl ii: c II MB 0 JI, K-phlii: orrpep;eJIHeTCH AJIH 
HeK-pblx rrceap;op;niJ>iJ>epemi;IIaJibHhlX orrepaTOpoa u HB
JIHeTcH op;Hopop;Hoii: iJ>yHm.i;IIeii: Ha T* X~O- KoKacaTeJib
HOM paccJioeHnn MHoroo6paanH X 6es uyJieaoro ce'le
HHH. Ero o6paTnMoCTh oaHa'laeT, 'ITO paccMaTpIIaaeMhr1r 
orrepaTop A HBJIHeTcH aJIJIIIIITII'leCKIIM II raparrTnpyeT 
BblIIOJIHeHne TeopeMbl peryJIHpHOCTH, T. e. rJiap;KOCTH 
pemeHIIii: ypaaHeHIIH Au=f c rJia,[IKon rrpaaoii: 'laCThIO f, 
a TaKll\e iJ>pep;rOJibMOBOCTb orrepaTOpa A (B CJiy'lae KOM
naKTHOro X) B rrop;xop;HIIJ;HX rrpocTpaHCTBax Co6oJieaa. 
II pII cJiomeHnn n YMHomeHIIII orrepaTopoa IIX rJiaBHhle 
CIIMBOJihl. COOTBeTCTBeHHO c1rnap;h1BaIOTCH H nepeMHO
maIOTCH. rJiaBHblll CIIMBOJI He MeHHeTCH npII p;o6aBJie
HIIII K onepaTopy 'lJieHoB MeHbmero nopHp;Ka. 

c H M B 0 JI bl 0 n e p a T 0 p 0 B H a M H 0 r 0 0 6-
p a 3 H II c K p a e M. Ha MHoroo6pa3IIII c KpaeM x 
IICeBp;O).(HiJ>iJ>epemi;IIaJihHhlH onepaTop IIl\leeT BH).( MaT
pIIIJ;hl (CM. [5]): 

5lf= : EB -+EB , II 
A+B K~ r (Er) r (£2) 

T Q r (Gr) r (G2) 

rp;e E1, E 2 - BeKTopHhle paccJioeHnH Ha X, Gr, G2 -
BeKTOpHhle paccJioeHIIH Ha Y, A - nceap;op;niJ>iJ>epeHIJ;H
aJibHhlH onepaTop Ha X, yp;oBJieTaopHIOlllIIii mpanc.1iuccuu 
yc.n,01Ju10, T - rpaHH'lHhlH onepaTop, T. e. onepaTop 
B3HTHH KaKIIX-TO rpaHII'lHhlX YCJIOBIIH (aoo6llle roBOpH, 
nceap;op;IIiJ>iJ>epeHii;IIaJibHhlX), K - 1wrpaHII'lHhlii orre
paTop, IIJIII onepaTop TIIIIa IlOTeHri;IIaJia, B - CIIHryJIHp
Hhlil: orrepaTop rpIIHa (TaK Ha3hlBaIOTCH KOMIT03IIIJ;HII rpa
HII'IHblX II KorpaHII'IHhlX onepaTOpOB II HeK-phle 6oJiee 

o6IIJ;IIe onepaTOphl aHaJiorII'lHoii: CTPYKTYPhl), Q- nceap;o
p;11:iJ>iJ>epeHri;IIaJihHhlH orrepaTOp Ha Y. OrrepaTOp m: IIMeeT 
CIIMBOJihl ABYX TIIIIOB: BHyTpeHHIIH II rpaHII'lHhlH. B H y
T p e H H II i!: c H M B 0 JI a 0 (m:) - 3TO o6bI'lHhlH CIIMBOJI 

orrepaTOpa A' HBJIHIOIIJ;IIHCH iJ>YHKIJ;IIeii: Ha T* x~ 0' 
To•urne, ce'leHIIeM paccJioeHIIH Hom (:rt* Er, :rt* E 2), rp;e 
:rt : T* x~o - x - KaHOHII'l. rrpoeKIJ;IIH. r p a H H 'l
H hi ii: c II MB 0 JI ay(5lf) - 3TO iJ>YHKIJ;IIH Ha T*Y~O. 
3Ha'leHIIH K-poii: - orrepaTopbI Ha IlOJIYOCII [O, 00)' 
IIOJly'laIOIIJ;IIeCH II3 5l( 3aMopamIIBaHIIeM KoaiJ>iJ>IIri;IIeHTOB 
rJlaBHOH 'laCTII B TO'lKe rpaHIIIJ;hl (B KOopp;IIHaTaX, B K-pbIX 
rpaHIIIJ;a HBJIHeTCH rIIrrepIIJIOCKOCTbIO) II IIOCJle,[\yIOlllIIM 
rrpeo6pasoaaHIIeM <l>ypbe no KacaTeJibHhlM rrepeMeHHhlM. 
06paTIIMOCTb a 0( &) - 3TO o6bl'lHaH 3JIJIIIIlTII'IHOCTh one
paTopa A. EcJIII npep;rroJ101RHTh aTy aJIJIIIITTII'IHOCTh, TO 
o6paTIIMCJCTh ay (&) B KJiaccax y6hlBaIOlllIIX iJ>YHKIJ;IIH Ha 
noJ1yocII - aTo iJ>aKTII'leCKII ycJIOBIIe aJIJIIIITTII'lHOCTII rpa
HII'IHOH sap;a'III, orrpep;eJIHeMOH onepaTOpOM &, IIJIII 
T. H. y c JI 0 B II e III a II II p o-JI 0 n a T II H c K 0 r o. 
Ta.KIIM o6pa30M, CIIMBOJIOM 5l( / ecTeCTBeHHO Ha3hlBaTb 
rrapy {a0 (~). ay (~) }. ECJIII o6paTIIl\lhl o6a CIIMBOJla 
<J0 (lll) II ay (5lf)' TO ~rl Ha3. a JI JI II n T II 'l e c K II M, II 
B noM cJiy'lae ).(JIH Hero aepHbI o6hl'lHhle TeopeMhl o pe
ryJ1HpHOCTII H iJ>pe}:\rOJlhMOBOCTII (rrOCJie,[\HHH - KOrga x 
KOMIIaKTHO). 

Jlum.: [1] B e p ea 11 H <I>. A., MeToA BTop1Prnoro 1rnaHTosa
H11H, M. 1965; [2] Mac JI 0 B B IL, OnepaTOpHbie MeTOIU>I, M., 
1973; [3) Illy 6 H H M. A., IIcesgogmfHpepeHuHaJlhHhle onepaTOphI 
11 cneRTpaJ1bHaH Teop1rn, M., 1978; [4] Be pea H H <I>. A., «Ma
TeM. CO.>>, 1971, T. 86, M 4, c. 578-610; [5] B 0 u t et de M 0 n
v e I L., «Acta math.», 1971 v. 126, p. 11-51. M. A. illy6un. 

CIIMBOJUlqECKAH /];IIHAMIIKA - 1) C. A· a y3-
KOM CMhlCJie CJIOBa - HCCJiep;OBaHue onpep;eJIHeMOI'O Hllll\e 

TOIIOJIOril'I. aBTOMOpiJ>H3Ma Eeprrymrn (J - ero HHBa
pnaHTHblX 3aMKHYThlX HO~\~IHOJReCTB, IIHBapnaHTHbIX Mep 
II T. p;. T 0 II 0 JI 0 r lI 'le c K 11 ii a BT 0 M 0 pip H 3M 
E e p H y JI JI II a p;eilcTsyeT B npocTpaHCTBe Q 6ecKo
He'lHblX /.\BYCTOpOHHIIX IIOCJiep;oBaTeJlbHOCTeii CIIMBOJIOB 
II3 HeK-poro ampaBIITa A (o6bl'lHO KOHe'IHoro), CHa6meHHOM 
TOHOJIOrneii rrpHMoro rrpoII3Bep;eHIIH 6ecKOHe'IHOro 'lIICJla 
3K3eMIIJIHpOB A (B KaJR).(OM II3 K-pbIX o6bl'lHO 6epeTCH 
AIICKpeTHaH TOITOJIOrIIH). A IIMeHHO, (J rrepeBOp;IIT IlOCJle

p;oBaTeJlbHOCTh w={w;} B w'={wi}, rp;e wi=w;+r 
( «Cp;BIIr IlOCJiep;oBaTeJihHOCTII Ha OAIIH mar HaJieBO»). 
0'leBIIIJ;HOe o6o6IIJ;eHIIe - ).(eiicTBIIe rpynnhl (IIJIII IIOJJY
rpyrrnhl) G B npocTpaHCTBe A a. 

IlyCTb HeK-pble naphl (a, b) CUMBOJIOB II3 A o6'hHBJleHhI 
«AorrycTIIMhlMII». BceBoaMomHhle nocJiep;oBaTeJihHOCTII 
{w; }, p;JIH K-phlX npII BCeX i naphl (w;, W;+r) ).(OIIYCTIIMbI, 
06paay10T HeK-poe aaMKHyToe IIHBapIIaHTHOe (oTHOCII
TeJibHO a) IlO/];MHOll\eCTBO QrcQ. 8To - BamHei'l:mIIfI 
npIIMep IIHBapIIaHTHoro 110,IJ;MHOll\eCTBa TOIIOJIOrII'l. aB

TOMopiJ>IIaMa EepHyJIJIII. ,AIIHaMII'l. CIICTCMa B Qr, nopom
,n;eHHaH CIJ;BIIrOM al QI' Ha3. T 0 II 0 JI 0 r H q e c K 0 ll 
ri; en h 10 M a p K o B a. 

2) c. p;. B llIIIpOKOM CMhlCJie CJIOBa - npIIMeHeHIIC c. p;. 
B Y3KOM CMbICJIC CJIOBa K IICCJiep;oBaHIIIO p;IIHal\III'l. CIICTeM, 
I{-phle caMH no ce6e onpegeJIHIOTCH coBepmerrno He3aBII
CHl\IO OT Q II CJ. 

Jlum.: [1) A JI e R c e e B B. M., C11MBOJ1H'leCRaJI mrnaMlrna, 
K., 1976 (Og1rnHaAuaTaJI [JleTHJIHj MaTeMaTH'lecRaJI nmoJ1a, 'I. 1); 
[2] Boy a HP., MeTOAhl CHMBOJIH'lec1wil AHHaMHRII, nep. c aHrJI., 
M., 1979 (Hosoe B aapyoemHoil Hay1<e. MaTeMaTHRa, B. 13). 

JI.. B. Anocoe. 
CHMMETPil3Au;:mI METOIJ: (B TeopIIII iJ>YHKri;IIii:) -

0/J;IIH II3 MCTO).(OB perneHIIH 3KCTpeMaJibHblX aap;a'l reoMeT
pII'l. TeopIIII iJ>YHKIJ;IIll. B OCHOBC MeTO).(a Jlell\IIT ITOHHTHe 
CUMMempU3ll1.fUU aaMKHYThlX II OTKPhlThlX MHOll\eCTB n
MepHoro eBKJIIIAOBa npocTpaHCTBa. Bnepahle C. M. B 
TeopIIII iJ>YHKIJ;HH 6hIJI npIIMeHeH K II3y'leHIIIO CBOHCTB 
TpaHCiJ>IIHIITHOro gnaMeTpa (CM. [1]), HCCKOJlbKO rrosp;
Hee - K pemeHIIIO npo6JieMhI KapJ1eMaHa - MnJIJIY (CM. 
[2]), a 3aTeM IICITOJib30BaJICH p;ocTaTO'lHO nrnpoKO (CM. 
[3] - [6], [9J). 

IICIIOJih30BaHIIe c. M. B TeopIIII iJ>YHKIJ;IIH OCHOBaHO Ha 
MOHOTOHHOM xapaKTepe II3MCHeHIIH eMKOCTII KOHp;eaca
Topa II BHyTpeHHero pa).(nyca o6JiaCTII npII pa3JIII'IHhIX 
BII).(aX CIIMMeTpIIsari;HH. Bo3M01RHOCTb npIIMeHeHIIH c. M. 
rrpII perneHIIII 3KCTpeMaJibHhlX 3ap;a'l reoMeTpII'l. TeopIIII 
iJ>YHKIJ;IIH o6yCJIOBJIIIBaeTCH onpep;eJieHHOH CIIMMeTpIIeii 
3KCTpeMaJibHblX OTo6pameHHii. OrrIIpaHCh Ha CBOIICTBO 
Hey6hlBaHIIH BHyTpeHHero pa).(IIyca o6HaCTII rrpII ee CIIM
MeTpII3aIJ;IIlf OTHOCIITeJihHO rrpHMOll IIJIII Jiy'la, c ITOMOlllhlO 
TeopeMbl 06 II3MCHeHIIII BHyTpeHHero pagIIyca o6JiaCTH 

rrpII OTo6pameHIIII ee nocpe).(CTBOM peryJIHpHoii: iJ>YHKIJ;IIII 
6bIJI noJiy'leH CJieAYIOI1lIIH Il p II H ri; II n c II M M e T
p II 3 a ri; II II (CM. [4]): eCJIII iJ>YHKIJ;IIH w=f(z), /(O)=wo, 
f' (O)=ar, peryJ1HpHa B Kpyre E: lzl <1, E 1 - MHomeCTBO 

3Ha'leHIIH ijiyHKIJ;IIII w= f (z) B E, Ey- pesyJlhTaT CIIM
MeTpII3aIJ;HII EI OTHOCIITCJibHO Jiy'la IIJIII npHMOH, npoxo-

1.(HIIJ;IIX qepe3 w= Wo, a r (Et' Wo) - BHyTpeHHIIi.i: pap;nyc 

o6JiaCTII Ey OTHOCIITeJlbHO TOqKII w= Wo, TO 

r (E i, wo) ;;? I a1 j. 

PaaeHCTBO B (;) IIMeeT MeCTO TOrga II TOJibKO 1'orµ,a, Korµ,a 

ipym1:ri;nH w= f (z) op;HOJJIICTHa B E, a o6JiaCTb Et COBrra
).(aeT c E 1 (rrpII CIIMMeTpIIaari;IIII IIITeHHepa) HJIH rroJ1y
'laeTCH II3 EI B pe3yJihTaTe IIOBOpoTa BOKpyr w= Wo 

(npII CIIMMeTpII3aIJ;IIII Ilona). AHaJiorII'lHhlll peayJihTaT 
IIMeeT l\IeCTO II ).(JIH p;pyrIIX BH)J,OB CIIMMeTpII3aIJ;IIH, ,[\JIH 
K-phlX cnpaee,[\JIIIBO CBOHCTBO Hey6blBaHIIll BHyTperIHero 

pap;IIyca. ,AonoJIHHTeJibHoe IICCJie,[loaarrIIe o6hl'lHO rre

o6xoµ,nMo ~\Jlll BhlHCHOHIIll YCJIOBI!ii: ):{OCTHJRIIMOCTII B (*) 
paBeHCTBa. 
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MMeIOTCH o6o6m;emrn IIp1rnu,1rna CHMMeTp1rnau,HH Ha 

CJiyqaii KOJibIJ,a H o6JiaCTeii IIpOH3BOJibHOII CBH3IIOCTH 
(CM. [6]). IlJiop;oTBOpIIb!M OKa3b!BaeTCH CO'IeTaIIHe c. M. 

c p;pyrHMn MeTop;aMH pemeIIHH aKCTpeMaJibIIhlX 3ap;aq 

reoMeTpH'I. TeopHH «PYHKIJ,HH (ar:cmpe.Ma.1tb1wu .Mempur:u 
.MemOOO.M, TeOpHeH YiBaopamU'utblX ourfirfiepenz+Ua.!tOB II 
p;p.). TaKHM IIYTeM 6b!JI noJiy'IeII pHA TeopeM IIOKpb!THH 

11 HCKameIIHH )l;JUI pa3JIH'IIIb!X KJiaCCOB perymipIIb!X B 
p;aIIJIOii o6JiaCTH ¢YIIKI~Hi'i ( O)l;IIOJIHCTIIbIX, O)l;IIOJIHCTIIbIX 

B cpep;IIeM, CJia6o p-JIHCTIIb!X B Kpyre HJIH B KOJibIJ,O H 
p;p., CM. (4) - [6]). 

c. M. IIPHMeIIHOTCH TaHme IIPH H3Y'IelIHH CBOHCTB IIpO
CTpaHCTBeJIJib!X KBa3HHOII.iliopMIIb!X OTo6pameIIHii. 8TO 
o6CTOHTeJibCTBO oco6eIIIIO cyIIJ,eCTBeIIIIO B CBH3H c orpa
IIH'IeIIIIb!MH B03MOiKIIOCTHMH HCCJiep;oaaJIHH TaKHX OT0-

6pameIIHH. c. M. II03BOJIHeT IIaxop;HTb cpeAH ABYCBH31Ib!X 
IIpocTpaIICTBeIIIIhlx o6JiacTeii:, 06Jiap;a10m;nx oIIpeµ;eJieII
IIhlMH reoMeTpH'I. CBoiiCTBaMH, o6JiaCTb c IIaH60JibmHM 

KoII.iliopMIIbIM Mop;yJieM. OIIpep;eJieIIHe TaKon o6JiaCTH B 
CBOIO oqepep;b II03BOJIHeT ycTaJIOBHTb IIeK-poe 3KCTpeMaJib

Jioe caoncTao KBa3HKoII.iliopMIIoro oT06pameIIHH. B 'IaCT
IIoCTH, c IIOMOIIl,b!O c. M. YCTaIIOBJieIIbI JieK-pb!e TeopeMbl 

HCKameIIHH AJIH KBa3HKOII.iliOPMIIbIX oT06pameIIHH B Tpex
MepIIOM eBKJIH)l;OBOM IIpOCTpaIICTBe (CM. [7], [8]). 

Jlum.: [1] Faber G., «Sitzungsber. Bayer. Akad. Wiss. 
Math.-naturwiss. KL», 1920, Bd 20, S. 49-64; [2] Beu r Ii n g 
A., Etudes sur un probleme de majoration, Uppsala, 1933;[3] II o
JI >I a r.. c e re r., Maorrep>1MeTp>1qec1rne HepaBeHCTBa B MaTe
MaTHqecRoll qma1rne, rrep. [c aHrJI.], M., 1962; [4] X e ii M q_ H 
B. K., MHoroJIHCTHble ljJyHRl\HH, rrep. c aHrJI., M., 1960; L5] 
.11: lR e H R >I H c .r:i: m.. 0)'.(HOJI>ICTHble ljJ}'HRI(HH >I ROHljJOpMHble 
0T05pamemrn, nep. c aHrJI .• M .• 1962; ml r 0 JI y 3 >I H r. M., 
reoMeTp>IqecRaJI Teop>IJI ljJyHRl\Hl! ROMIIJieKCHOrO nepeMeHHOrO, 
2 113)'.(., M., 1966; [7] Ill a 5 a T B. B., «,[l;OKJI. AH CCCP», 
1960, T. 132, No 5, c. 1045-48; [8] Gehring F. W., «Trans. 
Amer. Math. Soc.», 1961, v. 101, No 3, p. 499-519; [9] 
Baer n stein A., «Acta math.», 1974, v. 133, p. 139-69. 

H. II. Mum10n. 

CHMMETPH3AD;HH - coIIoCTaBJieJIHe Kamµ;oMy o6'b

eKTY F o6'heKTa F* (Toro me KJiacca), 06Jiaµ;a1011wro 
IIeH-po:il: CHMMeTpHen. 06bl'IIIO c. rroµ;aepraIOT 3aMKIIYThle 

MHomecTBa F B eBKJIHAOBOM IIpocTpaIICTBe En (HJIH B 

IIpocTpaHCTBe IIOCTOHIIIIOii KpHBH31Ib!), a TaKme OT06pa
meIIHH, IIPH'IeM c. CTpOHTCH TaK, 'ITO F* IIerrpepb!BIIO 
3aBHCHT OT F. c. coxpaIIHIOT OAIIH H MOIIOTOIIIIO H3Me

IIHIOT p;pyrHe xapaKTepHCTHKH o6'heKTa. c. HCIIOJib3Y

IOTCH B reoMeTpHH, MaTeMaTH'I. «PH3HKe, TeopHH «PYIIKIJ,Hii 

IIPH pemeIIHH aKcTpeMaJibIIhlX 3aµ;a'I. BIIepBb!e C. aae
p;eIIa H. llhe:il:IIepoM (J. Steiner) B 1836 µ;JIH p;oKa3aTeJib

CTBa uaonepu.Mempu-tec1rnao nepa6encmea. 
c. 0 T II 0 c HT e JI b II 0 II JI 0 c K 0 c TH En-k B 

En: p;JIH Kamp;oro IIeIIycToro ce'IeIIHH MII<imecTBa F IIJIO
cKoCTbIO Ek J_En-k a Ek cTpoHT map c u,eIITpoM EknEn-k 
n TeM me k-MepIIb!M o6'beMoM, 'ITO F n Ek; aaIIOJIIIHeMoe 

mapaMH MIIOmeCTBO F* eCTb peayJibTaT CHMMeTpHaau,nH. 
c. OTHOCHTeJibHO IIJIOCKOCTH coxpaHHeT o6'beM, BhlIIYK

JIOCTb, He yaeJIH'IHBaeT IIJIOIIJ,ap;b rpaHHil,bl H HIITerpaJibl 

IIOIIepe'IHb!X Mep (CM. [2]). IlpH k=1 :na c. eCTb c HM

M 0 T p n a au, n H lllTeii:Hepa, IIpn k=n-1-
c HMM e T pH a a II, Ii! H Ill Ba p II, a. 

C. 0 T H 0 C H T e JI b II 0 II 0 JI y II JI 0 C K 0 C T H 
Jin - k B En: p;JIH Kamp;oro HenycToro ceqeJIHH F c¢epoii. 

Sk, HMeIOIIJ,e:ii IJ,0HTP Ha rpaIIHil,C aHn-k H JiemaIIJ,ei:i B 
Ek+l J_oHn-k, cTpOHT cqiepu'I. ruaIIO'IKY SknDn (Dn -
map C u,eIITpOM Hn-knSk) TOfO me k-MepIIOfO o6'beMa, 

'ITO F n Sk; aaIIOJIHHeMoe mano'IKaMH ~rnomeCTBO F* 
ecTb peayJibTaT C. Ilpn k= n-1 3TO - c «Pe p n 'I e c Ha H 
C., ecJin n=2 .- K p yr o Ba H C. 

c. c M e m e H Ii! e M: AJIH Bb!IIYKJIOfO MIIOmeCTBa 
FcEn CTPOHT CHMMeTpH'IHOe eMy OTHOCHTCJibIIO IIJIO

CHOCTH E°k MIIomeCTBO F'; pe3yJibT3TOM c. HBJIHeTCH 
MIIomecTBO F*= (F-t- F')/2, rp;e cJiomeIIHc ~momecTB 
IIOHHMaeTCH KaK BeK'ropIIaJI cyMMa. 

c. 0 K a T bl B a H II e M : ;\JIH BbIIIYKJJOI'O TeJra FcE" 
cro onopna;i rfiynr:z+u;i ycpeµ;HHOTCH Ha uapaJIJICJihIIhlX 

ceqemrnx ep;HHH'IHOii c¢ephl; pe3yJibTaTOM c. C'IHTaOTCH 

TeJio F*, BOCCTaJIOBJieHIIoe ITO IIOJIY'IHBmeiiCH orropHOH 

.iliYHKil,HH. 
B E3 cnMMeTpH3aIJ,HH IllTenHepa He yaeJIH'IHaaeT eM

KOCTb; CHMMeTpH3all,lrn Illaapu,a coxpaHHeT IIenpepbIBIIOCTb 
rayccoao:il: KpHBH3Hhl rpaIIHIJ,hl H He yMeIIbmaeT ee Mn
IIHMyM; c. OTIIOCHTeJibIIO IIOJIYIIJIOCKOCTH Jie yaeJIH'IHBaeT 

OCIIOBHYIO 'IaCTOTY o6JiaCTH Ii! llJIOIIJ,ap;b rpaIIHIJ,bI; c¢epH
'IeCKaH c. He yaeJIH'IHBaeT eMKOCTb; c. CMemeHHeM co

xpaHHeT HHTerpaJI cpeµ;Heii: KpHBH3Hbl rpaIIHIJ,bl II He 
yMeIIbmaeT rmom;ap;b rrocJieµ;Jieii:; C. oKaTbrnami:eM co

xpaHHeT mHpHIIY (cM. [1], [3]). 
B E 2 cnMMeTpn3au,nH IllTeiiHepa He yaeJIH'IHBaeT rro

JIHpIIhlii MoMeJIT HIIepu,Hn, BIIeillHHii paµ;Hyc, eMKOCTb, 

OCIIOBIIYIO 'IaCTOTy; Ile yMeIIbmaeT meCTKOCTb Kpy'IeIIHH, 

MaKCHMaJibJiblH BIIyTpeIIIIHH KoII.iliopM:HbIH pa,[!HYC (CM. 
[3]). 

B CBH3H c MIIOfOKpaTJib!M rrpHMeIIeIIHeM c. paccMaTpH

BaIOTCH aorrpocbl cxoµ;HMOCTH C. Orrpeµ;eJieIIHH aJiaJioroe 

c. AJIH IIe3aMKIIYTb1X MHomeCTB µ;orrycKaIOT BeTBJieIIHH. 

0 rrpHMeIIeIIHH c. B TeopHH «PYIIKIJ,Hii CM. Cu.M.Mempu-
3ll1fUU .Memoo. 

Jlum.: [1] B JI JI III Re B., Kpyr l'I IIIap, rrep. c HeM., M., 1967; 
[2] x a )'.( B H r e p r .• JleRl\HH 00 OO'beMe, IIJIOII(a)'.(H IIOBePXHOCTH 
11 11aorrep>1MeTp1111, nep. c HeM., M., 1966; [3] II o JI >I a r., c e
r e r .• MaorrepnMeTp>1qecRHe HefaBeHCTBa B MaTeMaT>1qecRoll ljJ>1311-
Re, rrep. c aHrn., M., 1962; [4 L e i ch t w e i s s K., Konvexe 
Mengen, B., 1980. C. JI. Jieq,epcnuu. 

CHMMETPHH KPHTEPHll - cTaTHCTlPieCKHn KPH_:-

TepHD: )l;JIH rrpoaepKH rnrroTe3bl H 0 , corJiacIIo K-pon 
O)l;IIOMepIIaH IIJIOTIIOCTb aepoHTIIOCTH CHMMeTpH'IIIa OT

IIOCHTeJibIIO IIYJIH. 
IlyCTb rrpoBepHeTCH rHIIOTe3a CHMMeTpHH Ho, corJiaCJIO 

K-po:il: IIJIOTIIOCTb aepoHTIIOCTH p(x) BepoHTHOCTIIOfO 

3aKoIIa, K-poMy IIO,IJ;'IHIIHIOTCJ'l IIe3aBHCHMble cJiy'IaHRhle 

BeJIH'IHIIbI Xi, ... , Xn, CHMMeTpH'IJia OTIIOCHTeJibIIO 
IIYJIH, To ecTb p (x)=p (-x) AJIH JI106oro x H3 o6JiaCTB 

orrpep;eJieIIHH IIJIOTIIOCTH p (x). Jlro6oii CTaTHCTH'I. KpHTe

pHii, rrpe,a;IIa3IIa'IeIIIIhlH ,IJ;JIH rrpoaepKH H 0 , IIa3. K pH Te-
p. He M c HMM e T p H n. 

Han6oJiee qacTo B Ka'IeCTBe aJibTepIIaTHBhl K H 0 pac

CMaTpHBaeTCH rHIIOTe3a H 1, corJiacJio K-poii ace pac
cMaTprrnaeMhle cJiy'IaiiIIhle aeJIH'IHIIhl X 1 , ••. , X n HMeIOT 

rrJioTIIOCTb aepoHTIIOCTH p (x-A), A*O. MIIa'Ie roaopH, 
corJiaCIIO rHIIOTe3e H 1 rrJioTIIOCTb aepoHTIIOCTH cJiyqaftJioii: 

BeJIH'IHIIbl xi IIOJiyqaeTCH B pe3yJibTaTe C,IJ;BHra IIJIOTIIOCTH 

p (x) B,IJ;OJib ocH Ox IIa paccToHIIHe I A I arrpaao HJIH BJieBO, 
a 3aBHCHMOCTH OT 3IIaKa A. EcJIH 3IIaK cMeIIJ,eIIHH A H3-

aecTeII, TO KOIIKypHpYJOIIJ,aH fHIIOTe3a H1 Ra3. 0 A II o
c T 0 p 0 II II e ii, B rrpoTHBIIOM CJiy'Iae - A B y c T 0 p 0 B
Ii e ii. IlpocTon rrpHMep C. K • .a;aeT ana1rne r:pumepuu. 

c. K. HBJIHeTCH 'IaCTIIb!M CJiyqaeM panoO.MU3lllfUU 
r:pumepusi 

JJum [1] r a e R JI., Ill >In a R 3., TeopnJI paHroBhlX Rp11-
Tcp11es, nep. c aHrJI., M., 1971; [2] Ke H n a JI JI M., CT h 10 a p T 
A., CTaTHCT11qecR11e BblBO,IJ;bl 11 cBJI3H, nep. c aHrJI., M., 1973. 

M. C. HunyJ1un. 

CHMMETPHH IIPHHD;HII, II p H II u, n II c H M M e T

P H Ii! Ill B a p II, a, II pH H II, H rr c HMM e T p lI H p H

M a II a - Ill B a p ~ a )J;JIH aHaJIHTH'IeCKHX «PYIIKIJ,HH: 

nyCTb o6JiaCTb G pacmHpeIIIIOii KOMIIJieKCIIoii IIJIOCKOCTH t 
orpaHH'IeIIa aaMKHYTOH mopp;aHOBOH HpHBOH r, B co
CTaB K-poii BXO)l;HT µ;yra l OKpymIIOCTH L pacmHpeHHOH 

KOMIIJieHCHOH llJIOCKOCTH t. IlycTb, p;aJiee, «PYHKIJ,HH 
f (z) onpe,a;eJieIIa H IIenpephlBHa Ha GU l, aJiaJIHTR'IHa B G, 
a Jia l npHHHMaeT aHa'IeHHH, IIpnHaµ;JiemaIIJ,ne JieK-po:il: 

OKpymHOCTH c pacmnpeHIIOH KOMIIJieHCIIOH llJIOCKOCTH c. 
Ton~a f (z) npoll,oJimaeTCH 'Iepea p;yry l B o6JiaCTb G*, 
CHMMeTpH'IIIYIO c G OTHOCHTBJibIIO L, AO «PYHKIJ,HH, aJiaJIH

TU'IOCKoii B o6JiaCTH GU l U G*. TaKoe IIpo,a;oJimeHne 

(<iepe3 l) Cll,IUICTBeIIno 11 orrpep;eJIHeTCH CJiep;y10rn;nM cao:il:

cTaou npop;oJimeIIIIoii: «PYHKil,MH f (z): ecJIH TO'IKH z E G 
H z* E G* CHMMeTpH'IHhl (HHBepCIIbI) OTIIocnTeJibHO L, TO 
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TOqKn w= f (z) H w*= f (z*) CHMMeTpHlJHhl OTHOCHTeJibHO c. 
B 'IaCTHOCTH, ecJin L n C coarrap;aIOT c 11;eil:cTBHTeJibHoii: 

ocbro rrJiocKocTn C, To f (z)= f (z) rrpn z E GU l U G*. IIop; 
OKpYlKHOCTHMH pacmnpeHHOH KOMIIJieKCHOH IIJIOCKOCTH 
IIOHHMaIOTCH KaK co6CTBeHHO OKPYlKHOCTH, TaK H rrpH-
11>1ble. HerrpepLIBHOCTb TaKme MOJKeT IIOHHMaTbCH KaK B 
o6blquoM, TaK n B o6o6m;eHHOM CMbICJie, T. e. Korp;a f (z) 
Ha3. HeupepLIBHOH B TO'IKe z0 , ecJin f (z) - f (z0) rrpn z -z0 , 
He3aBHCHMO OT KOHeqffOCTH HJIH 6eCKOHe1JHOCTH BeJIH'IHHhl 
f (zo)· KpnBaH r, paBHO KaK H l, MOJKeT rrpOXO)l;HTb 'Iepe3 
TO'fKY oo. Ilo YCJIOBHIO, f(l)cC, HO He 06.11aaTeJihHO 
f (l)= C. KpoMe Toro, eCJIH G n G* HMeIOT o6m;ne BHyTpeH
Hne ToqKn, TO rrpop;omlrnHHaH ljiyHKIJ;HH B aTHX TO'IKax 
~IOJKeT 6LITb HeO,!IH03Haquoi\:. 

c. II. A JI H r a p M 0 H H 'f e c K H x qi y H K II H ii rrpn 
Tex me G, L, l n G* ljiopMyJin:pyeTCH TaK: ecJin: «PYHKIIHH 
u (x, y) rapMOHHqHa B G, HeITpephlBHa Ha GU l H paaHa 
Hymo Ha l, To u rrpoµ;oJimaeTCH 'Iepea l B G* p;o «PYHKIIHH, 
rapMoHnqecKoil: B GU lU G*. Ilpn aToMeCJIH ToqKn (x, y) E G 
][ (x*, y*)EG* CHMMeTpH'lHbl OTHOCHTeJibHO L, TO 
u (x*, y*)= -u (x, y). 

06o6m;emrnM C. rr. Ha cJiy'Iail: aHam1THq, 11;yr l (n: C) 
HBJIHeTCH ITPHHIIHII illaapIIa aHaJIHTH'I. ITPOAOJIJKeHHH 
aHaJIHTnqecKHX H rapMOHH'f. «PYHKIIHH (CM. [ 1), [2)). 
06o6m;eHne C. n. AJIH rapMOHH'I. «PYHKIIHH Ha cJiyqaii: 
«PYHKIIHH JII06oro qn:cJla nepeMeHHLIX Haa. ompa:HCenua 
npunquno.M. c. IT. IIlHpOKO HCITOJib3yeTCH B npHJIOJKeIIHHX 
TeopnII aHamnn:qecKnx H rapMorrn:q, «PYHKIIHH (npn RoH
ljiopMHhIX OTo6pameHHHX o6JiaCTeil: c O)l;HOH HJIH HeCROJlb
KHMH OCHMH CHMMeTpHH, B TeopIIII YITpyroCTII, rn:p;poMe
xamrne, :meKTpocTaTn:Ke n T. p;.). 

Jlum.: [!] S ch war z H., Gesammelte mathematische Ab
handlungen, Bd 2, B., 1890; [2] II pH Ba JI 0 B IL IL, BBe)'.(eHHe 
B Teopmo QJYHRl.\Hl! ROMIIJieRCHOro rrepeMeHHOro, 12 H3)'.(., M., 1977, 
c. 350-60; [3] JI a B p e H !I' be B M. A., ma 6 a T B. B., Me
TO)l;bl [l'eOPHH QJYHRuul! ROMIIJieRCHOro nepeMeHHoro, q H3)'.(., M., 
1973, c. 158-97, 211,-15. E. II. ,[{0J1,;J1Cettno. 

CIIMMETPIIKA rr a M rr om e c TB e X - HeoTpn
IIaT.eJibHaH p;eil:cTBHTeJibHa.11 ljiyHRIIIIH d, oITpe;o;eJierrHaH 
rra MHOJKeCTBe nap Bcex 3JieMeHTOB MHOJKeCTBa x H yp;oB
JieTBop.1110m;a.11 CJiep;y10m;n:M aKCHOMaM: 

1) d(x, y)=O B TOM H TOJlbKO B TOM CJiy'fae, eCJIH x=y; 
2) d(x, y)=d(y, x) rrpn mo6blx x, yEX. 
B OTJin:q:irn OT .Mempunu H nceoao.Mempunu C. MoJKeT 

rre Y/WBJieTBOPHTb aKCHOMe TpeyroJibIIHKa. Ilo CHMMeT
pn:Ke d rra MHOJKeCTBe x OITpep;eJIHeTCH TOIIOJIOrHH Ha X: 
MHOJKeCTBO AcX aaMKHYTO (OTHOCHTeJibHO CHMMeTpHKH 
d) B TOM II TOJibKO B TOM CJiyqae, eCJIH d (x, A) >O JJ;JIH 
Kamp;oro x E X'-.,A . n pn 3TOM 

d(x, A)=inf{d(x, y):yEA}. 

3aMhlirnHne MIIOJKeCTBa A B TaK orrpep;eJieIIIIOM TOilOJIOrn:q, 
npocTpaHCTBe cop;epmn:T MHQmecTBo acex Tex ToqeK x EX, 
/IJIH K-pbIX d (x, A )=0, HO MOJKeT 3THM MHOJKeCTBOM He 
1rnqeprrhIBaTbCH. CooTBeTCTBenuo, e-maphl aoKpyr TO'IeK 
MHomecTaa X MoryT n:MeTb ITYCTYIO BHyTperraoCTb. To
noJiorn:'I. rrpocTpaHCTBO Ha3. c H M M e T p H 3 ye M bl M, 
ecJIH TOIIOJIOrHH ero ITOpomp;aeTCH ITO yKa3aHIIOMY rrpa
BIIJIY HeK-poil: C. KJiacc cnMMeTpn3yeMb1x ITpocTpaHCTB 
ropa3/IO mn:pe KJiacca Mempuaye.Mblx npocmpancmo: CllM
~rnTpI13yeMoe rrpocTpaHCTBO MOJKeT He 6b1Tb HII rrapaKoM
naKTHbIM, HII HOpMaJibHblM, HII xayc;o;opljioBb!M. KpoMe 
Toro, CIIMMeTpH3yeMoe npocTpaHCTBO MOJKeT He Y/lOBJle
TBOpHTb nepaoil: aKCIIOMe C'IeTHOCTH. 

Ho Kamp;oe CIIMMeTpH3yeMoe rrpocTpaHCTBO x c e K
B e H II II a JI b Ho, T. e. ero TOilOJIOrHH orrpep;eJIHeTCH 
CXOAHIIJ;IIMHCH IlOCJiep;oBaTeJibHOCTHMII ITO npaBHJiy: MHO
mecTBO A 3aMKnyTo B TOM H TOJlbKO B TOM cJiy'fae, eCJIH 
rrpep;eJI Kamp;oil: cxop;.11m;e.ii:c.11 B X rrocJiep;oaaTeJibHOCTH 
TO'IeK MHomecTaa A rrpnrra,n;Jiemn:T A . ,I(m1 6n:KoM1rnKTHblX 
xayc,n;opljioBbIX rrpoCTpaHCTB CHMMeTpH3yeMOCTb paBHO
CHJibHa MeTpn:3yeMOCTH. 

Jlum.: [1] A p x a Hr e JI b c R l1 l! A. B., II 0 H 0 Ma-
p e B B. 11., OcHOBbl 061I1el! TOIIOJioru11 B aana•mx H ynpaarneHu-
HX, M., 1971,; [2] He)'.( e B C. :£l:., «Tp. MOCK. MaTeM. 06-Ba», 
1971, T. 2i., c. 201-36. A. B. Apxanee.a~cnuu. 

CIIMMETPIIPOBAHHE, c HMM e T p n 3 a II n .11,-
op;na H3 orrepaIIHH TeH30pHOll aJire6phl, rrpH IIOMOIIJ;H K-poil: 
ITO p;aHHOMY TeH3opy CTpOHTCH CHMMeTpH'IHbIH (no rpyrrrre 
HHp;eKCOB) TeH30p. c. aceri:~a rrpoH3BO)l;HTCH Hap; HeCKOJlb
KHMH BepXHHMH HJIH HHlKHHMH HH)l;eKCaMH. TeH30p s 
c KOOp,!\HIIaTaMH {s~" .. i.P, 1 <.iv' jµ <.n} HBJIHeTCH pe-

31· .• Jq . . 

3J'JlbTaToM C. TeH3opa T c Koopp;n:HaTaMH {t~" .. '.P, 
31 ... 3q 

1 <.iv, j 11 <.n} no m aepxrrn:M nrrp;eKcaM, rrarrp. no rpyrrrre 
HHAeKCOB I= (i1 , i 2 , ••• , im), ecJin: 

i 1 •• • ip_ 1 ,.., tq., .... amim+1 ... ip (*) 
8 j 1 ••• jq-11i!°"""1~a Ji .•. Jq • 

3p;eCb CJ'MMHpoBaHHe rrpoH3BOJJ;HTCH no BCeM m! rrepecTa
HOBKaM a= (a1, a2, ... , am) rpyrrrrhl HH)l;eKCOB I. c. 
no rpyITrre HHlKIIHX HH)l;eKCOB orrpep;eJIHeTCH aHaJiorH'IHO. 
c. no rpyrrrre HH)l;eKCOB o6o3Ha'faeTCH B3HTHeM 3THX 
HHJJ;e:l\COB B KpyrJihle CIW6KH ( ). IlocToporrnne HII)l;eKCbI 
(ne yqacTBYIOIIJHe a C.) oTp;eJIHIOTCH aepTHKaJibHhIMH 
'IepTo'fKaMn:. Harrp., 

t(l,!5117)= 3\ [t4517+tl574+t754l+t457l+t7;]4+ tl547]. 

IlocJiep;oaaTeJibIIOe C. no rpyrrrraM :irnp;eRcoa I 1 H I 2 , 

l1Cl2, COBrrap;aeT cc. no rpyrrrre HH)l;eKCOB 12. ,IJ;pyrHMH 

CJIOBaMH, eCJIHSj .... iq =tu,. ··<ik-· .jz) .. . jq)' TO sj, ... jq = t(j, ... jq) 
(anyTpeHnne CRo6KH CHHMaIDTCH). 

TeH3op, ne H3Men.1110~nil:c.11 ITPH C. no HeR-poii rpyrrrre 
n:np;eKCOB, rra3. cU.M.Mempu11,ecnu.M menaopo.M. 

c. ITO HeR-poil: rpyrrrre HHp;eKCOB TeH3opa, aJibTepHn:po
BUHHOro (cM. A.//,bmepnupooanue) no aT01!: rpyrrrre, p;aeT 
HyJieBOH TeH30p. 

YMHolKenne p;ayx JI 6oJiee TeH3opoa c rrocJiep;yrorr~HM C. 
HX rrpoH3Beµ;errHH no BCeM HII)l;eRcaM Ha3. c H M M e T p H
'f e c I\ HM y M H 0 ll\ e H H e M. c. TeH30poB, HapHAY c 
orrepaIIne:ii: aJibTeprrnpoaarrnH, rrpn:MenHeTCH p;JIH pa3JIO
menn:H TeH3opa na T0II3opb1 6oJiee rrpocToro cTpoeHHH. 
c. rrpn:MeHHeTCH TaKJKe )l;JIH o6pa30BaHHH CYMM BH)l;a (*) 
c MHoroHHAeRCIIbIMH cJiaraeMblMH. Harrp., eCJIH aJie
MeHThl MaTpHli;bl 

n n n 
a1 a2 ••. an 

KoMMYTHPYIDT rrpn y~momennn, To Bhlpamemrn 

I ( 1 2 n) 1 ( 1 2 n ) I ( 1 2 n) n. a 1 a 2 .. . an =n. a(! a2 ... an) =n. a( 1 a2 ... an) 

rra3. II e p M a II e II T 0 M M a T p H II bl. 
JI um.: [1] Ill u p o R o B II. A., TeH30PHOe HC'IHCJiemie, 2 uan., 

HasaHb, 1961; [2) Be R JI e M JI Ille B ,r:i:. B., Hype aHaJIUTH'IeC
KOl! reoMeTpuu u JIHHellHol! aJire6pb1, M., 1971; L3] C x o y Te u 
.II. A., TeH30PHblll aHaJina )'.(Jill ljJH3HROB, rrep. c aHrJI., M., 1965. 

JI. II. HynlfOB. 
CIIMMETPII'IECKAH AJirEBP A - o6o6m;emre aJI

re6pb1 MHoro'IJieHoB. EcJIH M - yrrn:TapHbI:ii: MOAYJib Hap; 
RoMMYTaTHBHo-accoIIHaTHBHhIM ROJibIIOM A c ep;HHHIIeii, 
To C. a. Moµ;yJI.11 M Ha3. aJire6pa S (M)= T (M)II, rp;e 
T (M) - menaopnaa aMe6pa MOAYJIH M, I - ee HAeaJI, 
rropomp;ennhl:ii: aJieMeHTaMH BH/la xfl)y - yfl)x (x, y EM). 
c. a.- KOMMyTaTHBHO-aCCOIIHaTHBHaH A-aJire6pa c ep;n
HHIIeil:; ona rpaµ;yn:poaana: 

S (M)=~p:;;,.OSP (M), 

rp;e SP (M)= rP (M)!In TP (M), rrpnqe:.1 s 0 (M)=A, 
S1 (M)=M. Mop;yJih SP (M) Ha3. p-ii c H ~1 Me T p II 'Io
C Ko ii CTerreHbIO MOAYJIH M. Ecmi: M-
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CBo6op;HhIH MO,U:YJib c KOHff'IHbIM 6aaHCOM Xi, ••• , Xm paaJiolKeHHH n=m1m2) H TOJibKO OHH. IlpHMllTHBHLie MaK-
TO COOTBeTCTlllle xi - xi ( i= 1, ..• ' n) rrpop;oJimaeTCH CHMaJibHhle rrop;rpyrrrrhl B s n He OIIHCaHhl ( 1983)' HO H3-
,a:o naoMop.il>uaMa aJire6phl S (M) Ha aJire6py MHoro'IJieHoB BecTHhl HeK-phle ux 6ecKoHe'IHhle cep1m. Harrp., rpyrrrra 
A [X1, · • ., Xnl (cM. MnoeO'lMnoo no.iiblfO). Sn ecTeCTBeHHbIM o6paaoM ,a:eii:cTByeT Ha MHomecTae B~ 

,l.J;JIH mo6oro roMoMop«PuaMa A-Mo,a:yJieft /: M -+ N Bcex rro,a:MHomecTB MOID;HOCTH m MHomecTBa KoHe'IHoii: 
p-H TeHaopHaH CTerreHh TP (/): TP (M)-+ TP (N) HHAY~H- MOID;HOCTH n; rrpn w;62m TeM caMbIM orrpe,a:eJIHeTcH rrpn-
pyeT roMoMop.il>n3M SP(/): SP(M)-+ SP(N) (p-H c HM- MHTHBHaH rpyrrrra IIO,O:CTaHOBOK MHomeCTBa B~. 0Ha 
MeTpH'leCKaH CTerreHb roMOMop.il>n• 
Ma/). IIoJiy'laeTCH roMoMop.il>naM A-aJire6p s (!): s (M)-+ MaKcnMaJibHa BS (B'/(), ecJIH (m, n)+ (2,6), (2,8), (3,10), 
-+ S (N). CooTBeTCTBHH f-+ SP(/) n f-+ s (!) HBJIHIOTCH (4,12), (m, 2m), (m, 2m+1) (cM. [1]). ,l.J;pyraH cepnH (cM. 
COOTBeTCTBeHHO KOBapHaHTHhIMH .il>YHKTOpaMH H3 KaTe- [6]) IIOJiy'laeTCH IlpH paCCMOTpeHHH rpyIIIIhl f Ln (GF (q)) 
ropnn A-Mo,11yJieii: B ce6H n B KaTeropnro A-aJire6p. ,l.J;Jrn rroJiyJI:nHeHHbIX rrpeo6paaoBaHnii: rrpocTpaHCTB G (F (q)) 
Jiro6blx ABYX A -Mo,a:yJieii: M n N nMeeT MecTo ecTeCTBeH- Ha,[I KOHe'IHhIM rroJieM na q ~meMeHTOB. 8Ta rpyrrrra orrpe-
Hhlii H30Mop.il>naM s (MEfJN)~S (M)@S (N). ,a:eJIHeT rrpHMHTHBHYIO rpyrrrry IIO,[ICTaHOBOK I'paccJttana 

EcJin M - BeKTopHoe rrpocTpaHCTBO Ha,a: rroJieM xapaK- Jtrnoeoo6paausi Gn, in (GF (q)), 1..;;m....;n-1, K-paH MaK-
TepncTHKH 0, TO cuJttMempupooanue a: T (M)-+ T (M) CHMaJibHa B S (Gn, m (GF (q)) rrpn n;;,3. 
oIIpep;eJIHeT naoMop.il>naM c. a. s (M) Ha aJire6py s (M)c IIycTb X - 6ecKoHe'IHoe MHomecTBO. rpyrrrra Bcex 

(M) IIO,[ICTaHOBOK MHOlKeCTBa x' rrepeMern;arom;nx JIHillb KO-
C T CHMMeTpH'leCKHX KOHTpaBapnaHTHbIX TeH30pOB He'IHoe 'IHCJIO aJieMeHTOB H3 x' Ha3. «I> H H HT H 0 ft, HJIH 
Ha M OTHOCHTeJibHO CHMMeTpH'I. yMHOlKeHHH: 0 r p a H H 'I e H H 0 ii: c H MMe T pH 'I e c K 0 ft, r p y IT-

U vv=a(u@v), uESP(M), vESq(M). rroll: MHomeCTBa X n o6oaHa'laeTCH SF(X), a ee rro,a:
rpyIIrra, COCTOHIIJ;aH H3 BCeX 'leTHhIX IIO,O:CTaHOBOK, Ha3. 
«I> H H H T H 0 ii:, HJIH 0 r p a H H 'I e H H 0 ft 3 H a K O
rr e p e M e H H o ii, r p y rr rr o ii MHomecTBa X :u o6o-
3Ha'laeTcH AF (X). IIop;rpyrrIIbl SF (X) n AF (X) - Hop
MaJibHhle ,[leJinTeJin B S (X). BoJiee o6m;o, rryCTb a - 111om;
HOCTh MHOlKeCTBa x ll ~...;a - HeK-poe 6ecKoHe'IHoe Kap
,[IHHaJibHOe 'IHCJio; COBOKYIIHOCTb Bcex IIO)l;CTaHOBOK MHO
meCTBa X, nepeMem;arom,nx He 6oJiee 'leM ~ aJieMeHTOB 
MHOJf-\eCTBa x' HBJIHeTCH rrop;rpyrrrroft B s (X), o6oaHa'la
eMoii S13 (X). HapHAY c SF(X) 11 AF (X) rpyrrrrhl S13 (X) -
HOpMaJibHble p;eJIHTeJIH B s (X) )l;JIH Bcex ~...;a, H ,a:pyrnx 
HeTpHBHaJibHblX HOpMaJibHhIX ,[leJIHTeJieft y s (X) HeT (T e o
pe Ma III p e ii e p a - Y JI a Ma - B a p a, CM. [3)). 

Jium.: [1] B y p 6 a K H H., AJ1re6pa. MHoroqJleHhI u rromr. 
YrropH/:tO'leHHhle rpyrrrrhl, rrep. c ljlpam-1., M., 1965; [2] Ro c T
Pu Ku H A. H., Ma Hu H IO. H., JIHHellHaJI aJ1re6pa u reo
MeTpHH, M., 1980. A. JI. Ottuuwn. 

CHMMETPlfqECKAH rPYIIIIA - rpyrrrra Bcex IIO)l;
CTaHOBOK (6neK~nll:) HeK-poro MHolKeCTBa X c orrepa~nen 
cyrreprroan~nn (cM. lloiJcmanooon epynna). C. r. rrop;cTa
HOBOK MHOlKeCTBa x o6oaHa'laeTCH s (X). ,l.J;JIH paBHOMorn;
HblX X n X' rpyrrIIbl S (X) n S (X') rrop;o6HbI. B cJiy'lae 
KoHe'IHoro MHomecTBa X= {1, 2, ... , n} C. r. o6oaHa
qaeTCH Sn· BcHKaH a6cTpaKTHaH rpyrrIIa naoMop«i>Ha II0,[1-
xo,a:nrn;en IIop;rpyIIrre cnMMeTpn'I. rpyrrrrhl S (X) HeK-poro 
MHomecTBa X (Teo p e Ma Ra JI n). 

IlyCTb MHOJKeCTBO x KoHe'IHO. BCHKaH IIO,O:CTaHOJ!Ka Jt 
Ha x O):{H03Ha'IHO aarrHChIBaeTCH B BH,a:e rrponaBe,[leHHJI 
He3aBHCHMhIX HJIH B3aHMHO rrpOCTbIX ~HKJIOB (~ H K JI O
B a H 3 a II H c b II 0 .II c T a H 0 B K n); 'IIICJIOBoft BeK
TOp 

r,a:e a; - 'IHCJIO ~HKJIOB ,[IJIHHbl i B ~HKJIOBOH aaIIHCH 
IIO,[ICTaHOBKH Jt, Ha3. ~ H K JI 0 B bl M TH II 0 M IIO,[ICTa
HOBKH Jt. ,l.J;Be IIO):{CTaHOBKH Jt H n' conpHJKeHhl B rpyIIIIe 
Sn TOr,[la H TOJibKO Tor,a:a, Kor,a:a OHH HM0IOT O,[IHH H TOT 
me ~HKJIOBOft THII. IIo,a:cTaHOBKH c ~HKJIOBblM THIIOM 

{n-2, 2, 0, ••. , O} 
Haa. T pa H c II 0 3 H ~ H HM n; HX COBOKYIIHOCTb HB
JIH0TCH cncTeMoii o6paayrorn;nx rpyIIIIhl Sn. MHolKeCTBO 
TpaHCII03H~Hll ~={ (i, i+1)li=1, •.. , n-1} HBJIHeTCH 
MHHHMaJibHOH CHCT0MOH o6paayIOID;HX (6aaoft) ,O:JIH Sn· 
Boo6rn;e, MHomecTBO i\= { (ik, j k)I ik+ik} o6paayeT 6aay 
,[IJIH Sn, eCJIH rpa«P c x B Ka'leCTBe MHOlKeCTBa BeplIIHH H c 
IIapaMH (ik, j k) B Ka'leCTBe pe6ep HBJIJieTCH iJepe60Jtt [2]. 
lJHCJIO TaKHX 6aa paBHO nn- 2 • 

3HaKoIIepeMeHHaJI rpyIIIIa An - HopMaJibHbIH p;eJIH
T8Jih B rpyIIIIe Sn, IIpH'leM eCJIH n+4, TO An - e,a:nH
CTBeHHbift HeTpHBHaJibHblft co6CTB0HHblft HopMaJibHblft 
p;eJIHTeJih, a S4 co,11epm11T em;e O)l;HH HeTpHBHaJibHblll 
HOpMaJibHbIH ,[leJIHT0Jib - q e T B e p H y IO r p y II II y 
R JI e ft Ha: K 4 = {1, (1 2), (3 4), (1 3), (2 4), (1 4), (2 3) }. 
Ilpn n ..;;:4 rpyIIIIa Sn paapeIIIHMa, a IIpH n;;.5 Hepaape
lIIHMa n An - IIpocTaH Hea6eJieBa rpyIIIIa. T e o p e M a 
r e JI b ,a; e p a : IIPH n+2,6 rpyIIIIa Sn COBepIIIeHHa 
(cM. Cooeputennasi epynna). rpyIIIIa S2 KOMMYTaTHBHa, a 
rpyIIIIa S6 06Jia)W0T BH01IIHHM aBTOMop«PH3MOM IIOpH,[IKa 2. 

lfaBeCTHhl Bee MaKCHMaJibHhle HHTpaH3HTHBHhle H HM
IIpHMHTHBHhle IIO,O:rpyIIIIbl B Sn. ,l.J;JIH BCHKoro paa6neHHH 
n=m1+m2, m1=/=m2, MaKCHMaJibHbIMH HHTpaH3HTHBHhlMH 
B Sn 6y):(yT Bee IIO,a;rpyIIIIhl Sm,+Srn, 11 TOJihKO OHH. 
TpaH3HT11BH&IMH HMIIpHMHTHBHhlMH MaKc11111aJibHbIMH IIo,a:
rpynuaMH B Sn 6y,a:yT CIIJieTeHHH s Int c s ma (AJIJI BCHKOro 

Jium.: [1] Ra JI y m H H H JI. A., R JI H H M. X., «MaTeM. 
co», 1972, :r. 87, M 1, c. 91-121j [2] 0 p e 0., TeopmI rpmjJos, 
rrep. c aHrJI., 2 H3/:t., M., 1980; [3 II JI 0 :r K H H B. H., I'pyIIIIhl 
8BTOMOPQJH3MOB aJ1re6panqeCKHX CHc:reM, M., 1966; [4] y c TH
M e HK o-B a Ky M 0 B c K H ii B. A., «,[(ORJI. AH CCCP», 1978, 
T. 240, M 6, c. 1305-08. CM. TaKme JIHT. IIPH CT. 1Io8cmanoeon 
epynna. JI. A. Ha.n,y:J1Cnu>1.. 

CHMMETPIPIECKAH MATPHIJ;A - KBap;paTHaH Ma
Tpm.w, B K-poii JII06ble ,a:Ba aJieMeHTa, pacnoJiomeHHhle 
CHMMeTpH'IHO OTHOCHTeJibHO rJiaBHoft ,a:naroHaJIH, paBHhl 

Mem,11y co6oft, T. e. MaTpm.w A= lla;k II~, coBnai:iarorn;aH 
CO CBOell TpaHCIIOHHpOBaHHOll MaTpH~eft 

,l.J;enCTBHT0JibHaH c. M. IIOpH,a:Ka n HMeeT pOBHO n i:ien
CTBHTeJibHbIX co6CTBeHHhIX 3Ha'leHHll (c Y'leTOM KpaTHO
CTH). EcJin A ecTh C. M., TO A -1 n AP cyTh C. M., ecJin 
A n B cyTh C. M. o.n;Horo IIopH,a:Ka, TO A+B ecTh C. M., 
a IIponaBe.n;eHne AB ecTb C. M. Tor,a:a n TOJibKo Tor,11a, 
Kor,11a AB=BA. T. C. 1IueOJ1nutta. 

CHMMETPlfqECKAH OBJIACTh - KOMIIJieKcHoe MH0-
roo6paa11e D, naoMop4JHoe orpaHH'leHHOH o6JiaCTH B 
((;n' ,O:JIH Kamp;on TO'IKH p K-poro cym;eCTByeT HHBOJIIOTHB
Hoe roJioMop.iPHoe IIpeo6paaoBaHne ap: D -+D, HMerorn;ee p 
e,a:HHCTBeHHOft H0IIO)l;Bllll\HOH TO'IKOft. c. o. HBJIHeTCH 
apMHTOBbIM CHMMeTpH'I. IIpOCTpaHCTBOM OTpn~aTeJibHOii 
KpHBH3HbI OTHOCHTeJibHO MeTpHKH BeprMaHa. fpyIIIIa ee 
aBTOMop«PnaMOB KaK KOMIIJieKCHoro MHOroo6paanH co
,11epmHTCJI B rpyIIue ABHmeHHH H HMeeT TY me CBH3HYIO 
KOMIIOHeHTY G (D), K-pa.11 HBJIH0TCH H0KOMIIaKTHOH Be
I~eCTBeHHOft IIoJiyIIpocToft rpyrrrroft Jln: 6ea ~eHTpa. CTa
~110HapHa.11 IIo,11rpyIIIIa H (D) TO'IKH p ED B rpyIIIIe G (D) 
eCTb CBJI3HaH KOMIIaKTHaJI rpyIIIIa Jln c O,O:HOMepHbIM 
~eHTpoM. RaK Bern;ecTBeHHoe MHoroo6paane C. o. ,a:mpiJ>eo
MopiJ>Ha R2n. 

BcnKa.11 C. o. e,a:nHCTBeHHbIM o6paaoM paaJiaraeTcH B 
IIpHMOe IIJJOH3Bep;eHne HeIIpHBO/J;HMbIX c. 0.' IIepe'IHCJieH
HbIX B cJrnp;yrorn;eft Ta6Jin~e (r,11e Mp, q o6oaHa'laeT IIpo
CTpaHCTBO KOMIIJI0KCHbIX MaTpH~ paaMepa p x q). 
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e C. 
"'"' Tun 
o::i::~ G (D) 

= . "' i;..ro,.. 

l I 
IAp+<-• 

II 

!I I 

Dp/2+1 
IV 

B(p+ 1)/2 

v I Es I 
VI I E, I 

THU 
dim D H (D) 

Ap-1+ pq 

+Aq-1 
(p';p. q) 

I
p (p2- 1) I Ap-1 

Ap-1 I
p (p2+ i) I 

Dp/2-1 l 
B (p- 1)/2 J 

p 

n. I 16 

Es I 27 

MOl\CJlb D 

{ZEM p, q: VZ < E) 

{ZEM :Zf=-Z, p.p 
Z*Z<E} 

{ZEMp,p:zl=z. 

Z*Z<E) 

{ zEiCP:~/ Zif 2< 
< -}(1+1l:z7J2)<1} 

C. o. THIIa III Mo/KeT 6b1Tb IIpeµ;cTaBJierra KaK BepxrrHH 
IIOJIYIIJIOCKOCTb 311reJIH: 

{ZEMp.p:zt=z, ImZ > O}. 

Ee ToqKn IIapaMeTpH3YIOT rJiaBHo IIOJIHpH30BaHHhle a6e
JieBbI MIIoroo6pa3HH. OcTaJibHhle C. o. TaKme MoryT 6bITh 
IIpeµ;cTaBJieHhl KaK 3uaeAn o6Aacmu IIepBoro nJin BToporo 
poµ;a (cM. [2]). 

Jlum.: [1] 3 II'. I' e J1 b H., ABTOMOplfiHhle lfiy1rn11uu HeCKOJlbKHX 
KoMnJleKCHhIX nepeMeHHhIX, nep. c aHrJJ., M., 1954; (2] II JI Tew 
K H ll-m a n II'. p 0 II. H., reoMeTpHJI KJlaCCH'leCKHX OOJlacrell 
H TeopHJI aBTOMoplfiuh!x ifiYHKJ.lllll, M., 1961; [3] Cartan E., 
«Abh. Math. Sem. Univ. Hamburg», 1935, Bd 1, S. 116-62; 
[4] D r u c k e r D., Exceptional Lie algebras and the structure 
of hermitian symmetric spaces, Providence, 1978 (Mem. Amer. 
Math. Soc., v. 16, M 208). 8. B. Buu6ep2. 

CHMMETPllqECKAH IIPOII3B0)1;HAH - 0606iI(e-
H1rn IIOHHTHH IIPOH3BOIJ:HOll rra CJiyqaft cj>yrrmi;n:lI ~mome
CTBa <I> B n-MepHOM eBKJIHIJ;OBOM IIpocTpaHCTBe. c. II. B 
ToqKe x eCTb IIpeµ;eJI 

• <l> (S (x; r)) 
hm I S (x· r) I = Dsym<D (x)' 
, ..... + 0 ' 

r.n;e s (x; r) - 3aMKHYThlll map c ii;eHTpoM B TOqKe x II 

pap;nycoM r. c. II. II 0 pH AK a n B TQqKe x cj>yIIKI(HH 
µ;eii:cTBHTeJibIIOro IIepeMerrrroro f (x) rra3. IIpep;eJI 

. il~f (x, h) 
hm hn 

h ... 0 

~n ck (-1)11 t (x+ n-Zk h) 
;(.Jk= O n 2 

=lim hn =Dnf(x). 
h ... 0 

<DyHKI(HH µ;eilCTBHTeJibHOro IIepcMerrrroro t (x) HMeeT 
C. II. B ToqKe x rropHp;Ka 2r: 

DZrf (x) =~Zr• 
eCJIH 

1 ~,r h'k or 
2 (f(x+h)+f(x-h))- ~k= 0 B2 , (Zk) ! =o(h• ); 

IIOpHµ;Ka 2r+1: 
n2r+11 (x) = B2r+1. 

eCJill 
l ~' h•k+1 

2 (/ (x+h)-f (x-h))- k-'k= 0B21<+1(2k+1)! = o (h2r+1). 

EcmI B TO'IKe x CYIIWCTByeT n-H upOH3BO,n:HaH rn) (x), 
TO B :non ToqKe cyui;ecTByeT (s o6onx CMhlCJiax) C. IL n 
OHa paBHa jln> (x). ECJIH t (x) HMC8T B TOqKe x rrpOH3BOp;-

Hyro D 21 f(x) HJIH D2'+ 1f(x), TO oHa HMeeT IIpOH3BOp;Hyto 
D"f (x). 06paTHoe yTBepmp;emrn cIIpaBep;JIHBo IIpH yc
JIOBHH cym;ecTBOBaHHH BCeX IIpm13BOIJ;HhlX Dnt (x) MeHb
rnero IIOpHµ;Ka TOH me qeTHOCTH. 

Jlum.: [1] Ca Kc C., Teop1rn uuTerpaJJa, nep. c aurJJ., M., 
!D49; [2] James R. D., «Trans. Amer. Math. Soc.», 19!\4, 
v. 76, M 1, p. 149-76. T. II. Jlynaweuno. 

CHMMETPlfqECKAH P A3HOCTb M H o m e c T B -
O):{Ha H3 OIIepaI(Hll Hap; MHomeCTBaMH. IlyCTb HMeIOTCH µ;Ba 
MHomecTBa A H B. Tor,n:a HX c n M M e T p 11 '' e c K a H 
p a 3 H o c T h 0603HaqaeTCH A l'lB H onpep;eJIHeTCH pa
BeHCTBaMH 

Al'lB = (A"'-.B) u (B"'-.A) = (AnB') u (B' n A), 

rµ;e CHMBOJ!hl LJ , n ,""-., ' 03IIaqaIOT COOTBeTCTBeHIIO OIIe
paii;nn o6'heµ;nrrerrnH, IIepeceqerrnH, pa3IIOCTH n p;OIIOJI
rrerrnH Hap;Jiemaui;nx MHOIBeCTB. M. II. Boii1Jexoecnuii. 

CIIMMETPllqECKAH P A3HOCTb IIopHp;Ka n B 
TO'!Ke x cj>yIIKI(HH p;ellCTBHTeJibIIOro IIepeMerrrroro t (x) 
Bhlpamerrne 

l'l~f (x, h) = ~:= 0 c~ (-1)" t ( x+ n~Zk h). 

1IacTO TaKme CHMMeTpH'I. pa3IIOCTbIO rra3hlBaIOT Bhlpame-
HHe 

,..,n ck (-i)k/ (x+(n-2k) h), 
;(.Jk= o n 

IIoJJyqaroui;eecH H3 BhlllleIIpnBep;errHoro 3aMerron h Ha 2h. 
EcJIH cj>yIIKI(HR t (x) HMeeT B TO'!Ke x IIpOH3BOAHYIO tn (x) 
IIopHp;Ka n, TO 

l'l~f(x, h)=f<n>(x)hn+o(hn). 

T. ll. Jly1mweuno. 
CIIMMETPlllJECKAH <l>YHRqlIH - cj>yrrKlJ;HR, rre n3-

MerrHroIIJ;aHCH IIpn Jiro6oli: IIepecTaHOBKe cBonx apryMerr
TOB. c. cj>. HBJIHIOTCH, Harrp., x1+x2+· .. +xn, X1X2· .. Xn, 

~ . . xixi, max (x1 , x 2, ... , xn), 
l<i<1<n 

X1 + ... +xn (mod m), 

ii;mpphl B p;eCHTnqrro:lI 3aIIncn cyMMhl IIPOH3BOJibrroro 
KOJIH'leCTBa op;rropa3pHp;IIbIX 'IHCeJI' «cj>yIIKI(HH roJioco
BaIIHH», K-paH xapaKTepn3yeTCH TeM, qTo ee apryMeIITbI 
IIpHIIHMaIOT JIH11Ib p;Ba 3IIaqerrnH: 1 ( <<3a») H 0 ( «IIPOTHB»)' 
a caMa cj>yIIKlJ;HH paBIIa 1, ecJIH 60Jib11Ie IIOJIOBHIIbl ee 
apryMeIITOB paBIIhl 1, n 0 B IIPOTHBHOM cJiyqae. TpnBn
aJibIIhlMH IIPHMepaMH c. cj>. HBJIHIOTCH KOIICTaHThl H cj>yrrK
lJ;HH op;rroii IIepeMerrrroil:. 

Jiro6aH c. cj>., OTJl!nIIaH OT KOIICTaIIThl, cyui;eCTBeIIIIO 
3aBHCHT OT BCeX CBOHX IIepeMeIIIIhlX. IloaTOMY rrpn p;o-
6aBJieIIHH rrecyui;ecTBeIIIIbIX IIepeMeIIIIhlX OTJIH'IIIaH OT 
KOIICTaIITbl cj>yIIKI(HH CTaIIOBHTCH IIeCHMMeTpnqecKOll, a 
IIPH HX H3'bHTHH MOIBeT CTaTb c. cj>. TaKHM o6pa3oM, 
IIOHHTHe c. cj>. CBH3aHo c TO'IIIhlM yKa3aIIHCM Bcex ee 
IIepeMeIIIIb!X. Il pOCTOll KpHTepHH CHMMeTpHqIIOCTH cj>yHK
ll;HH t (x1' .. ., Xn) COCTOHT B op;rroBpeMeIIIIOM BhlIIOJIIIeIIHll 
p;Byx paBerrcTB: 

f (x1, X2, X3, .. ., Xn)=f (x2, X1, X3, .. ., Xn), 

t (xi, X2, X3, ... 'Xn)=f (xn, Xi, X2, ... ' Xn-1) 

HJIH n paBCIICTB Bnp;a 

f(xi, .. ., Xi, Xi+1' .. .,xn)=f(x1, .. .,Xi+l,xi, .. .,xn)· 

K C. cj>. OTIIOCHTCH cu.11t.11temputtecnue M1toaottMn1>i. BcH
KaH paii;noHaJibHaH c. cj>. (Hap; IIOJieM xapaKTepHCTHKH 0) 
HBJIHeTCH OTH011IeHneM ABYX CHMMeTpnq. MHoroqJieHOB. 
Jlro6aH 6yJiesa C. cj>. Ha Ha6opax 3Haqennii apryMeHTOB, 
cop;epmaui;nx op;nHaKOBOe 'IHCJIO ep;nHnii;, rrpnHnMaeT op;n
HaKOBhle 3HaqeHHH. 8TH cj>yHKI(HH nrparoT BamHy10 pOJib 
B MaTeMaTH'I. Kn6epHeTnKe H ee upHJIOif(eHHHX, B qacT
HOCTU OHH BCTpeqaroTCH npn cxe~rnoii peaJin3aii;nn apncj>
MeTnqecKnx n HeK-pbIX p;pyr:ux orrepaii;Hii:. 



1145 CHMMETPH'IECKOE IlPOCTPAHCTBO 1146 
Jium.: [1] Ba H p; e p Ba pp; e H B. JI., AJireopa, nep. c 

HeM., 2 H3A., M., 1979; [2] .II 6 JI 0 H c H H ll c. B., Baep;enHe H 
)J;HCHpeTHYIO MaTeMaTHHY, M., 1979. B. M. Xpan'teuno. 

CHMMETPlfllECKIIll MHOfOlJJIEH - MHoroqJieH f 
c K08cpcpHIV1eHTaMH H3 HeK-poro IIOJIH HJIH acco~HaTHBHO
KOMMyTaTlrBHOro KOJib~a K c ep;HHH~ell:, HBJIHIOIIWHCH 
CU.MMempu'leC~OU rfiy1mt{ueu OT CBOHX rrepeMeHHblX, T. e. 
HHBapnaHTHbIH rrpH JII06b!X IIO)J;CTaHOBKaX 11epeMeHHbIX: 

f (xi, ... , xn) = f (:it (x1), ... , :it (xn)). (*) 

C. M. 06pa3y10T aJire6py S (x1, •• ., Xn) Hap; K. 
BaJirneii1mrn 11pnMepb1 C. M. - a JI e M e H T a p H hr e 

CHMMeTpn'leCKHe MHOrO'lJieHbl 

sk (xi, .. ., Xn) = ~ . . . Xix; .. . xi 
1<(<1<<2<· · · <tk<n I 2 k 

H c T e II e H H bl e c y MM bl, T. e. MHOrO'lJieHbI 

Pk (xi, .. ., Xn) =x~+x:+ ... +x~. 

,Ll,JIH BbipameHHH CTeIIeHHblX CYMM Pk (x1, .. ., Xn) B 
BH)J;e MHOrO'IJieHOB OT aJieMeHTapHblX CHMMeTpH'I. MHoro
'lJieHOB HMeIOTCH peKyppeHTHble cpopMyJibl, Ha3blBaeMbie 
cp 0 p M y JI a M H H b IO T 0 H a: 

Pk-Pk-1s1+Pk-2s2+ · · • 
... +(-1)k-1p 1sk-i+(-1)kks,.=0 npn 1~k~n; 

Pk-Pk-1s1 +Pk-2s2+ · · · 
· • ·+(-1)n-IPk-n+iSn-1+(-1)n Pk-nSn=O IIpli k > n. 

3JieMeHTapHble c. M. OT KopHeH IIp0li3BOJibHOro MHOro
lJJieHa O)J;HO:ii: rrepeMeHHOH co CTapillliM KOacpcpli~HeHTOM 
1 c TO'lHOCTblO AO 3HaKa COBIIagaIOT c OCTaJibHblMH KOacp
cpli~HeHTaMli aToro MHoro'IJieHa (cM. Buema meopeMa). 

OcHOBHa.11 TeopeMa o CHMMeTpH1I~ 
c K H x M H 0 r 0 q JI e H a x: Kall\/.{bIH c. M. HBJIHeTCH 
MHOrO'lJieHOM OT 8JieMeHTapHb1X c. M., 11pH1IeM rrpeJ{CTaBHM 
B <!TOM BH)l;e ep;HHCTBeHHblM o6pa30M. ,Ll,pyrHMH CJIOBaMH, 
aJieMeHTapHble c. M. HBJIHIOTCH cso6op;HOH CHCTeMOH 
06pa3y10m;nx aJire6pb1 S (x1 , ••• , xn). EcJIH IIOJie HMeeT 
xapaKTepHCTHKY 0, TO MHOrO'IJieHbl Pi· .. ., Pn TaRme 
HBJIHIOTCH CHCTeMOH cao6oi'.{Hb1X 06pa3y10m;nx aJire6pb1 
S (x1 , •• ., Xn)· 

R 0 c 0 c H M M e T p H q e c K H M, HJIH 3 H a K 0 II e
p e Me H H bl M, M H 0 r 0 q JI e H 0 M Ha3. MHoroqJieH 
f (x1 , •• ., Xn), YAOBJieTBop.1110m;nll: COOTHOIIIeHHIO ( *), 
eCJIH IIO)l;CTaHOBKa Jt 'leTHa.H, H COOTHOIIIeHHID 

/(xi, ... , Xn)=-/(:it(x1), .. ., :it(xn)), 

CCJIH Jt He'leTHa.H. JI106oll: KOCOCHMMeTpH'I. ~rnorolJJieH 
npep;CTaBHM B BH)l;e l'lng, rp;e g eCTb c. M., a 

l'ln= Jl<i (xi-Xj)· 

3TO npep;CTaBJieHHe He O)l;H03Ha'IHO, IIOCKOJibKY HMeeTCH 

COOTHOIIIeHHe f'l~=Dis(s1, .. ., Sn)· 
Jium.: [1] Hypo m A. r., Hype ahlcmelt aJireopb!, 11 11a11., 

M., 1975; [2) H 0 c T pH H H H A. H., Bae11eune B aJireopy, M., 
1977; [3] M11m11aa A. Il., Ilpoci;ypHHOB H.B., 
BhlcmaH aJireopa, 2 H3JI., M., 1965. 0. A. Heauoea. 

CHMMETPHlJECKHll OIIEPATOP - oTo6pamemrn 
A MHomecTaa DA rHJib6epToBa rrpocTpaHCTBa H (a o6m;eM 
CJiy'lae KOMIIJieKCHoro) B ce6H TaKoe, 'ITO <Ax, y>=<x, Ay) 
µ,JI.a JII06blx x, y ED A. EcJIH DA - JIHHell:Hoe MHoroo6-
paane, ac10p;y 11JioTHoe B H ('ITO 11pep;rroJiaraeTc.a B p;aJib
Hell:IIIeM), To A - JIHHeHHblH orrepaTop. EcJIH DA=H, 
To A orpaHH'leH n, cJie)l;oBaTeJibHO, HerrpepblBeH Ha H. 
C. o. A rropomp;aeT Ha DA 6nJIHHell:Hy10 apMliTOBY cpopMy 

B (x, y)=(Ax, y>, T. e. TaKy10, 'ITO B (x, y)=B (y, x). 
CooTBeTCTBy10m;a.11 KBap;paTH'!HaH cpopMa (Ax, x> p;ell:
crrBHTeJibHa. 06paTHo, p;eiiCTBHTeJibHaH Ha DA cpopMa 
<Ax, x> BJie'!eT CHMMeTpII'lHOCTb A. CyMMa A+ B C. o. 
A n B c o6uwii o6JiaCTbIO onpep;eJICHHH DA =DR eCTh 
CHOBa c. o., H OCJIH f... p;eiicTBHT9JlbHO, TO f...A TaKme CHM-

MeTpH1IeH. ,lJ.JIH BCHKOro c. o. A cym;ecTByeT O.t(H03Ha1IHO 

orrpep;eJieHuoe aaMblKamrn A II corrpHlf\eHHblH orrepaTop 
A*:::::iA. B o6m;eM cJiyqae A* He HBJIHeTcH C. o. n A*7"'A· 
EcJin A *=A, TO C. o. Ha3. ca Moc o rr pH me H
H bl M 0 II e pa T 0 p 0 M. TaKHM 6y;IleT, B 'laCTHOCTH, 
c. o., orrpep;eJieHHblH Ha BCeM H. c. o., orpaHH'leHHblii Ha 
DA, ;a;orrycKaeT rrpop;oJimeHne Ha ace H c coxpaneHneM 
CIIMMeTpH'IHOCTH H orpaHII'leHHOCTH. 

II p n Me p bl. 1) IlyCTb 6ecK0He~Ha.11 MaTpn~a llaull, 
i, j=1, 2, .• ., TaKOBa, 'ITO a;j=aji' II 

~"" I a·· 12 < oo. ..i:..i;, i= I tJ 

Torp;a cIIcTeMa paaeHCTB 

Tli =~;=I a;/§j, i=1, 2, .•. , 

CTaa.1111w.11 B cooTseTCTBHe aJieMeHTY x= {£; } E 12 aJieMeHT 
y= {1'Ji }, orrpep;eJIHeT orpaHII'leHHblii C. • o., rrpn'IeM OH 
OKa3blBaeTCH caMocorrpHll\eHHbIM B KOMIIJieKCHOM rrpo
CTpaHCTBe 12. 

2) B KOMIIJieKCHOM rrpocTpaucTBe L 2 (0, 1) orrepaTOp 

A = id~ , orrpep;eJieHHblH Ha MHomeCTBe DA a6comoTHO 

HerrpepblBHhIX Ha [O, 1] cpyHKWlii, IIMeIOm;nx CYMMHpyeMyIO 
c KBap;paToM rrpon3BOAHYIO n yp;osJieTBop.1110m;nx ycJioBHIO 
x (O)=x (1)=0, ecTb c. o., He HBJIHIOID;HllCH CaMOCOIIpH
meHHbIM. 

Jium.: [1] JIIDcTepHnH JI. A., CoooJiea B. H., 
3JieMeHTbI cjJyum1noaaJibHOro anaJinaa, 2 na11., M., 1965; [2] P n cc 
<I>., C e H e cjJ a JI b B 11- Ha A h B., Jlem111n no cjJynm1110HaJibHDMY 
anaJinay, nep. c cjJpaH11., M., 1954. B. H. Co60J1ee. 

CHMMETPHlJECKHll TEH30P, c HMM e T p n 'l-
H bl ii T e H 3 0 p, ITO rrape llH,!l;eKCOB - TeH30p, K-pblll 
He MeHHeTCH rrpH rrepecTaHOBKe p;aHHOll rrapbl HH)l;eKCOB. 
PeayJibTaT llJ!bmepnup06llHU!/, c. T. ITO <!TOH rrape HH/WK
COB paaeHHYJIIO. TeH30pC HMM e T pH q e H TI 0 r p yrr
II e H HA e K c 0 B, eCJIH OH CllMMeTpH'leH ITO JII06b!M 
ABYM HH,!l;eKCaM H3 :JTOH rpyrrrrbl. A. B. Heauoe. 

CHMMETPHllECKOE IIPOH3BO,n:HOE lJHCJIO B T o q
K e x - o6o6m;eHHe IIOHHTHH rrpOH3BO,[\HOro 'lHCJia Ha 
CJiyqaft cpyHK~Hll MHOll\eCTBa <D B n-MepHOM 0BKJIH,ll;OBOM 
rrpocTpaHCTBe. c. II. 'l. B TO'lKe x eCTb rrpep;eJI 

ct> (S (x; rk)) 

lim IS ( · ) I' k -+ oo x, rk 

r,[\e s (x, rk) - IIeK-paH IIOCJiep;oBaTeJibIIOCTb 3aMKHYTb1X 
mapoa c ~eHTpaMH B TO'lKe x H pap;nycaMn rk, rk-+ 0. 

k-'>a:> 

c. II. TI. II 0 p H ,[\ K a n B TO'lKe x cpyIIKU,HH p;ellCTBHTeJib
HOro rrcpe11reHHoro f (x) Haa. rrpep;eJI 

. t.~f (x, hk) 
hm n 
k .... 00 hk 

~n c:;i (-i)mt (x+n-2m hk \ 
= lim m=O 2 ) 

k .... "" 1iz 
rp;e hk -+ 0 rrpn k-+ oo, f'l~f (x, hk) - CUM.Mempu'lecnan 
paanocmb f. 

Jium.: (1] Ca H c C., TeopHH HHTerpaJia, nep. c aHrJI.; M., 
1949. T. II. Jiyr;ameur;.o. 

CHMMETPHllECKOE IIPOCTPAHCTBO - o6m;ee Ha-
3BaIIne HeCKOJlbKHX BH,!l;OB rrpoCTpaIICTB, BCTpeqa10m;HXCH 
B ,!l;Hcpcpepem~HaJibHOH reoMeTpHH. 

1) MHoroo6pa3He c acpcpHHHoli CBH3HOCTbIO Ha3. a cp
cp H H H bl M JIOKaJibHO CHMMeTpH'leCKHM 
II p 0 c T p a II c T B 0 M, eCJIH TOll\,[J;eCTBeIIIIO paBHbI IIYJIIO 
T0H30p KpyqeHHH H KOBapHaHTIIaH rrpoH3BO)l;IIaH TeH3opa 
KpHBH3IIhI. 

2) (IlceB,[\O) p1rnaII0Bo MIIoroo6pa3He IIa3. (n c e B A o) 
p H M a H 0 B bl M JI 0 K a JI b II 0 c H M M e T p li q e-
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c H H M n p 0 c T p a B c T B 0 M, 0CJIH RoeapnaHTJiaH 
IIpOH3BO,i:\IIaH T0H3opa ero KpHBH3Hbl TOlKIJ;0CTB0HHO paima 
HYJIJO. 

3) 11 ceep,opn~rnnoeo 111noroo6paane ( cooTeeTCTeeano 
Mnoroo6paane c aqiqin:HHOll CBH3HOCTbIO) M Ha3. II c e B
A 0 p n M a H 0 B bl M (a qi qi n H H bl M) r JI 0 6 a JI b H 0 
c H M M e T p H 'I e c K n M II p 0 c T p a H c T B 0 M, ec
JIH c Kam;no:il: TO'IKon x E M ce.11aana naoMeTpn.11 ( aqiqi:nnaoe 

11peo6paaonaune) Sx MHoroo6paaHH M TaKaH, 'ITO s!=id 
H x eCTb H30JI:npoeanHaH H0Il0,i:\BlllKHaH TO'IKa 11peo6pa
aoeann.11 Sx. 

4) IlycTb G - ce.11ana.11 rpymrn Jin, <D - ee nueoJIIO
THBHbln aeT0111opqi11a111 (<D2= id), Gcp - aa111KnyTa.11 11op,

rpymrn ecex <D-nenop,enmnblx TO'leK, ~ - KOMnonenTa 

e,q:nn11JJ,bl rpym1bl ~ n H - aaMKHyTa.11 IIop,rpynIIa e G, 
yi:ioeJieTeop.11IOIIJ,aH ycJioe11IO 

G'f: c H c G<I>. 

Tor,a;a op,aopo,a;noe IIpocTpaHCTBO GI If naa. c n 111 111 e T
p n 11ecK11 M op,nopop,HblM IIpocTpanc~ 

B 0 M. 
5) c II MMe T p n 'I e c K II M II p 0 c T p a H c TB 0 M 

e · c 111 bl c JI e JI o ca naa. 111noroo6paane M, na K-poM 
aaµ;ano y111nomenne 

MXM---+ M, (x, y) ~x·y, 

YAOBJieTeop.11IOIIJ,ee CJiep;yIOm;11111 11eTblpe111 ycJioBHHM: 
a) X·X=x; 
6) X•(X·y)=y; 
e) X·(y·z)=(x·y)·(x·z); 
r) AJIH Kamµ;o:il: TO'IKH x EM cyIIJ,ecTByeT TaKaH oKpecT

HOCTh u, 'ITO x·y=y~y=x l{JIH 'VyE u. 
Ramp;oe aqiqi:nanoe (11cee,qopn111aaoeo) rJio6aJihHO c:nM

MeTpn11. npocTpaHCTBO HBJIHeTCH aqiqi:nnHblM (11cee;nopn
MaHOBb1M) JIOKaJibBO CllMMeTpH'I. npocTpaHCTBOM H 0/];HO
pop;HlilM C. 11. JII06oe Ol{Hopoµ;noe C. n. eCTh aqiqi:nnnoe 
rJio6aJibHO CllMMeTp:n'I. IIpOCTpaHCTBO n CHMMeTpll'I. 
IIpocTpancTBo e cMblcJie Jioca. Bc.11Koe ce.11aaoe C. 11. 
Jioca ecTb oi:inopop;noe C. 11. 

IIycTb M - ce.11anoe C. 11. Jioca, a aaa'lll:T n oµ;nopop,
aoe npocTpancTBo: M =GI If. II pocTpaHCTBO GI H Momno 
cna6p;llTb llHBapnaHTHOH aqiqi:nHHOH CBH3HOCTbIO 6ea Kpy
'10HllH, o6JiaJ];aIOIIJ,e:il: CJiep;yIOID;llMH CBOHCTBaM11: 1) KO
eapnaHTHaH nponaeoµ;na.11 Tenaopa Kp11enanLI paena 
aymo, 2) Kamµ;a.11 reop,ean11ecKaH '\' ecTb TpaeKTop11H 
neK-po:il: oµ;no11apa1110Tp:n11. noµ;rpyIIIIbl 'ljJ rpyIIIlbI G, n 
uapaJIJieJibHiiln 11epenoc eeKTopoe eµ;oJih '\' coenaµ;aeT c 
nx TpaHCJIHD;lien c IIOMOIIl,bIO 'ljl; 3) reop;e3H'l0CK11e aaMK
HYThI OTHOCliT0JibHO yMBomeHHH II Ha3. OP,HOM0pBb1Mli 
nop,npocTpaHCTBaMn. AnaJiorli'IBO BBOIJ;llTCH IIOHHTHe IIp0-
113BOJibHOro 110,qnpocTpancTea M KaK TaKoro nop;Mnoro
o6paanH N B M' K-poe aaMKHYTO OTHOCHT0JibHO YMHO
meHHH H c HHl{yn;npoeaHHblM yMHomen:neM HBJIH0TCH 
C. 11. 3aMKHyTOe 11op;MnomecTBo N e M, ycTon11neoe 
OTHOCHT0JibHO YMHOll\0HHH, HBJIH0TCH 110µ;11poCTpaHCTBOM. 
AuaJior aJire6pb1 Jin f};JIH c. JI. GIH BBOAHTCH CJiep,yIOIIJ,liM 
06paao111. IlycTb g n h - aJire6pb1 Jin rpynII G n H, a 
rp=d<De (p,n:qiqiepenn;naJI e eµ;HHnn;e), rµ;e <D - nneoJIIO
·rnenblil: aBTOMopqinaM, OIIpep;eJIHIOIIJ,Hll CliMM0TpH'leCKOe 
oµ;nopop;noe IIpocTpancTBo GI H. Co6CTB0HHble eeKTopLI 
3HAOMopqi:naMa IIpOCTpaBCTBa rp, COOTB0TCTByIOm;:ne co6-
CTB0HHOMy 3Ha'leHHIO -1, o6paayIOT 110µ;11pocTpaHCTBO m 
TaKoe, 'ITO g 0CTb IIpHMaH cyMMa noµ;11pocTpaHCTB m H h, 
a m MOll\HO OTOll\P,eCTBHTb c KacaT0JibHblM IIpocTpaHCTBOM 
K 11pocTpancTBy GI H e TO'IKe o= H. EcJin eeeCTH B eeK
TopnoM 11pocTpaBCTBe m TPHJIHH0HHYIO KOMJI03HD;HJO 

mxmxm-+m, (X, Y, Z)i---?R (X, Y)Z, 

rp,e R - T0H30p KpHBH3Hhl, TO rn CTaHeT JJu mpot'lnoii 
cucme.M.oii. Ecan N - IIOp;IIpocTpaacreo IIpocTpaHCTBa M, 

IIpoxoµ;.11m;ee Tiepea TOTIKY o, TO KacareJihHOo IIpocrpancTBO 
K N B TO'IK0 0 eCTb IIOIJ;CHCTeMa B m II o6paTHO. 

ECJIH M eCTh C. II. Jioca, ro IIponaeep;eHne MXJII 
TaK<Ke HBJIHeTCH C. 11. Jioca. IIycTb R eCTh nop;IIpocTpau
CTBO B M x 111 H OTHOIII0HH0 <lKBHBaJieHTHOCTll B M. 
Torp,a R Ha3. K 0 H r p y 3 H n; H e ft. 8TO 110HHTH0 HC-
110Jih3Y0TCH P,JIH 110CTpOeHHH Teopnn HaKpblBaIOID;HX AJIH 
C. 11. ,I(ee TO'IK:n x, y E-M naa. KOMMYTHPYIOID;HMH, ecJin 

X·(a·(y·b))=Y·(a·(x·b)), va, bEM. 

u; e H T p 0 M z (M) 11pocTpaHCTBa M OTHOCHT0JibHO 
TO'IKH oE M Has. MHOll\0CTBO ecex T0'10K H3 M, R-pble 
KOMMyTHpyIOT c TO'IKOH o. I.l;eHTp z (M) 0CTb 3aMKHYTOe 
110µ;11pocTpancTeo e M, K-poe 111omno cna6p,11Tb cTpyK
Typoil: a6eJieeoil: rpymm. IIycTb M - op,Hoce.11anoe C. 11. 
Torp,a paablCKanne C. 11., p;JI.11 K-pL1x M HBJIHeTCll aaKpLI
eaIOIIJ,llM IIpOCTpaHCTBOM, CBOAHTCH K KJiacc11qiHKan;m1 
p,ncKpeTHblX 11oµ;rpym1 rpy1111bl Z (M). 

EoJibIIIOe BHHMaH:ne IIpH IIOCTpoeHHH Teop11n c. II. 
y,1:i;eJI.11eTc11 eo11poca111 KJiacc11qin:Kan;1111 (cM. [2]). IIycTb 
M - JIOKaJibHO cn111111eTpn11ecKoe pnManoeo IIpocTpancTBo; 
OHO Ha3. II p li B 0 AH M bl M, eCJIH B HeK-po:il: CHCTeMe 
KOOpp,nnaT ero OCHOBHall Keaµ;paTll'IHaH qiopMa MomeT 
6LITb 11peµ;CTaBJI0Ha B BHµ;e 
ds2=gij (xl, ... , xfl) dxi dxi +ga.13 (xk+l, ... , xn) dxa.dx/3, 

i, j=1, ... , k; a, ~=k+1, ... , n. 

B IIpOTliBHOM CJiy11ae 11pocTpaHCTBO Ha3. H e II p H B D
A n 111LI111. 3. RapTan (E. Cartan) IIOimaaJI, 'ITO paabl
cKanue ecex BeIIpHBOf};HMblX JIOKaJibHO CHMM0Tp11'10CKHX 
pHMaHOBblX IIpOCTpaHCTB CBOl{HTCll K KJiaccnqi:nKan;nn: 
liHBOJIIOTHBBblX aBTOMopqi:n3MOB eem;eCTB0HHblX KOMJiaKT
HbIX aJire6p Jiu, 11 11pop;eJiaJI 3TY KJiacc11qin:Kan;nro. B111ecrn 
c TeM 6bIJia pemeaa aaµ;a11a JioKaJibHoii: KJiaccuqi:nKan;un 
CliMM0Tpll'10CKHX op;nopop;HblX IlpOCTpaHCTB c IIpOCTblMH 
ROMilaKTHblMH OCHOBHblMH rpynIIaMH. IloJiy'lena KJiac
caqiuKaD;HH CHMM0TpH'10CKliX OP,HOpop,HblX npOCTpaHCTB c 
11pOCTblMH HeKOMilaKTHblMH OCHOBHblMH rpynnaMH (CM. 
[2], [3], [5]). 

Jlum.: [tJ III Hp o Ko B II. A., Ha6paHHb1e pa60Tbl no reo
MeTpHH, HaaaHb, 1966; [2] Hap Ta H 3., I'eoMeTpHH rpynn JIH 
H CHMMeTpH'lec1rne npOcTpaHCTBa, nep. c lfipaHQ., M., 1949; [3] 
B e.r g er M., «Ann. Sci. :f:cole norm. super.», 1957, v. 74, p. 85-
177, L4l Loos 0., Symmetnc spaces, t. 1-2, N. Y.- Arnst., 
1969; [5] Xe JI r a co H C., ,!J;HlfilfiepeH11aaJibHaf! reoMeTPHH 11 
CHMMeTpe:11ecKHe rrpOCTPaHCTBa, rrep. c aHrJI., M., 1964. 

A. C. <I>ef!eurw. 
CHMMETPIPIHAH AJirEBP A - aJire6pa E nap; 

110Jie111 KoM11JieKCHhlX 1111ceJI, cna6menna.11 uneo.n.10queii 
x-+x*, xEE. IIp:nMepaMH C. a. HBJIHIOTc.11: aJire6pa 
ne11pepblBHblX qiyHKD;HH Ha KOMITaKTe, B K-poii: HHBOJIIOD;liH 
onpe;neJIH0TCH KaK nepexoµ; K KOMIIJieKCHO-COIIpHiKeHHOH 
qiyuKD;HH; aJire6pa orpaHll'l0HHiilX JIHH0HHbIX 011epaTopoe 
B rHJib6epTOBOM npocTpaHCTBe, B K-poii: HHBOJIIOD;HH 
orrpei:ieJIHeTCH KaK nepexoµ; K co11p.11menao111y orrepaTopy; 
rpyrr11oea.11 aJire6pa JIOKaJibHO KOMIIaKTHOH rpynIIbl; 
aJire6pa Mep Ha JIOKaJibHO KOMJiaKTHOH rpyrrne. 8JieMeHT 
x* aJire6pb1 E Ha3. c 0 II p H lK e H H bl M K 3JI0M0HTY x; 
3JI0M0HT xEE Ha3. ca111oconp.11meHHbIM, HJIH 
3pMHTOBblM, ecJIH x*=x, li HOpMaJibBblM, 
ecJin x*x=xx*; ecJIH aJire6pa E cop,eplKHT ep;HHHTIHblfr 
3JI0M0HT 1, TO 3JI0M0HT x EE' YAOBJI0TBOpHIOIIJ,Hii YCJIOBHIO 
x*x=xx*= 1, Has. y H n Tap H bl M. MHomecTeo Eh 
3pMHTOBblX 3JI0M0HTOB aJire6pb1 0CTb µ;eiiCTBHT0JibHOO 
eeKTopHoe 110µ;11pocTpaHCTeo e E, n JII06011 aJieMeHT x EE 
OIJ;H03Ha'IHO rrpep;cTaBJIH0TCH B BHP,0 x=x1+ix2, rµ;e x1' 
x 2 E Eh; aJieMeHT x EE nopMaJieH Tor,n;a n TOJibKO TOr,n;a, 
Korp,a aJieMeHTbl x1, x 2 rrepecTanoeo'!HhI. Bc.11Knii aJieMeHT 
enp,a x*x apMnToe; ep;HHH'IHblH aJieMeHT apMHTOB. EcJIH .r 
o6paTHM, TO x* TaKme o6paTHM n (x*)- 1~ (x-1)*. CrreKTp 
Kamp,oro 3pMHTOBa 3JI0M0HTa CHMM0Tp11'10H OTHOCHTilJihHO 
,n;eiiCTBHTC'.TlhHOi[ OCH. C. a. E nas. B n 0 JI He c HMM e T
p H 'l II 0 ~I a JI l' e 6 p 0 j,j, OCJIH C!lOKTp JII06oro 3Jl0-
M0HTa e11µ;a x*x, xEE, cop,epmHTCH e MHomecTee neoTpH-
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IWTeJibHhIX µ;eil:cTBl'!TeJibHhIX 11nceJI. IIpuMepaMH arroJIHe 
CHMMeTpH'IHhIX aJire6p HBJIHIOTCH: c. a. HerrpephIBHhIX 
WYlIKllHH Ha KOMrraKTe; C. a. orpaHH'leHHhIX JIHHeHHhlx 
onepaTOpOB B rHJib6epTOBOM rrpocTpaHCTBe; rpyrrnOBhle 
aJire6phI KOMIIaKTHhIX H KOMMyTaTHBHhIX JIOKaJibHO KOM
naKTHhIX rpynn. rpyrrIIOBhle aJire6phI HeKOMIIaKTHhIX IIO
JiynpocTbIX rpyrrrr JIH He HBJIHIOTCH BIIOJIHe CHMMeTpH'l
HhIMH. l\oMMYTaTHBHaH c. a. E Torµ;a H TOJlbKO Torµ;a 
BIIOJIHe CHMMeTpH'IHa, Korµ;a ace MaKCHMaJibHhle nµ;eaJihI 
B E CHMMeTpH'IHhI, HJIH TOrµ;a H TOJibKO TOrµ;a, Korµ;a 
BCHKHll xapaKTep KOMMYTaTHBHOII aJire6phI E apMHTOB. 
JI106a.11 C*-aJire6pa arroJIHe Cl'!MMeTpH'IHa. 

IIop;MHomecTBo MC. a. E Haa. c n MMe T pH q H hi M, 
ecJin x* EM )l;JIH acex x EM. 0To6pameHHe cp C. a. E B 
c. a. F Ha3. CHMMeTpH'IHhIM, eCJIH cp(x)*=cp(x*) 
AJIH acex x EE. Hµ;po cnMMeTpH'IHoro roMoMopiPnaMa C. a. 
E a C. a. F ecTb cHMMeTpH'IHhlii: µ;aycTopoHHHii: nµ;eaJI; 
BCHKHH CHMMeTpH'IHhIH O)l;HOCTOpOHHHH nµ;eaJI HBJIHeTCH 
/l:BYCTOpOHHHM, H ljiaKTopaJire6pa c. a. !IO CHMMeTpH'IHOMY 
nµ;eaJiy ecTeCTBeHHO cHa6maeTCH CTPYKTypoii: C. a. Pa
µ;nKaJI C. a. cHMMeTpH'leH. CHMMeTpH'IHaH rrop;aJire6pa F 
BC. a. E HB.1IHeTCH C. a. IlycTb E - rrpHMaH cyMMa 
C. a. E H rroJIH IC, B K-poii: JIHHeii:Hhle onepallHH H HHBo
JIIOllllH orrpeµ;eJIHIOTCH IIOKOMIIOHeHTHO' a YMHOil\eHHe 
orrpep;eJIHeTCH ljiopMyJioii: 

{x, I.} {y, µ}={xy+J.y+µx, I.µ} 

)l;JIH acex A, µEiC, x, yEE; TOrp;a E ecTb C. a. c eAHHH'l
HhIM SJieMeHTOM. 

JinHeIIBhIH ljiyHKllllOHaJI f Ha c. a. Ha3. 3 p M H T O
B bl M, ecJin f (x*)= f (x) AJIH acex x EE, n rr o JI o ii\ n
T e JibHblM, ecJin f(x*, x);;;.O )l;JIH acex xEE. MHoIBeCTBO 
Ei, apMHTOBblX JinHeHHhIX ljiyHKllHOHaJioB Ha E ecTb µ;eil:
CTBHTeJibHoe BeKTOpHoe 110,[l!IpOCTpaHCTBO rrpocTpaHCTBa 
E', corrpHIBeHHoro E, n E' ecTb rrpHMaJI cyMMa rrop;rrpo-
cTpaHCTB Ei, n iEi,. EcJin E coµ;epIBHT e]:{HHHllY 1, TO 
BCHKnil: rroJioIBHTeJibHhIH ljiyHKllHOHaJI f Ha E apMHTOB 
n l/(x)i2~/(1)/(x*x) )l;JIH acex xEE. EcJIH /- rroJioIBn
TeJibHblH «liYBKllllOHaJI Ha c. a. E, TO f(y*x)=f(x*y) H 
lf(y*x)l 2 ~f(y*y)f(x*x) )l;JIH acex x, yEE. 

IlyCTb C. a. E cua6meHa HopMoil:, rrpeaparrr.a1011leil: E 
B HopMnpoaaHHYIO aJire6py n yµ;oaJieTBOpllIOll1eil: ycJioBHIO 
llx* 11= llxll )l;JIH acex x EE; Torµ;a E Ha3. Hop Mn po B a H
H 0 il: c. a. ECJIH E IIOJIHa OTHOCHTeJibHO paccMaTpnaaeMOH 
HopMhI, TO E Haa. 6 a Ha x o Boil: C. a. BcHKaH Hop
MHpoBaHHaH c. a. E Moil\eT 6b1Tb BJiomeHa B HeK-py10 
6aHaxoay C. a. E, coµ;epmarrr.y10 E KaK IIJIOTHYIO CHM
MeTpn11Hy10 rrop;aJire6py; E orrpep;eJieHa OAH03Ha'IHo c 
TO'IHOCTblO µ;o H30MeTpn11ecKoro CHMMeTpH'IHOro H30MOp
ljinaMa: E Haa. rr o rr o JI He H n e M E. EcJIH E - 6aHa
xoaa c. a., rrpn11eM E HMeeT arrrrpoKCHMaTHBHYIO e):\IDlllllY, 
TO BCHKHH llOJIOlKHTeJibHhIH ljiyHKllllOHaJI f Ha E HerrpepbI
BeH n µ;orrycKaeT rrpo,a;oJimeHne ,a;o rroJiomnTeJibHoro JIH-
Heil:Horo ljiyHKllHOHaJia Ha if. EcJIH E co,a;epmHT ep;HHH'l
Hhlii: SJieMeHT 1 H 11111= 1, TO )l;Jlll JII06oro llOJIOlKHTeJibHOro 
JIHHeHHoro ljiyHKllllOHaJia f Ha E Bhl!IOJIHHIOTCJI COOTHO
IIIeHHJI 11/11=/(1) H f(x*x)~f(1)r(x*x), rµ;e r(x*x) -
crreKTpaJibHhlH paµ;nyc aJieMeHTa x*r (cM. Banaxo1Ja a.n,
ee6pa). 

8pM121TOB SJieMeHT BllOJIHe c. a. HMeeT ,a;eii:CTBHTeJibHhIII 
crre:inp, )J;JIJI JI106oro MaKCHMaJibHoro 3aMKHyToro Jieaoro 
nµ;eaJia I ao BIIOJIHe C. a. E c ep;nHH'IHbIM SJieMeHTOM cy
lllecTByeT TaKOH IIOJIOlKHTeJibHhIH JIHHeHHhIH ljiyHKllHOHaJI 
f Ha E, 'ITO/= {xEE: f (x*x)=O }, n aJieMeHT xEE o6pamM 
CJieBa B E TOr,a;a H TOJlbKO Torµ;a, Korµ;a f (x*x) >O )l;JIH 
acex HeHyJieBhIX rroJio.mnTeJibHhIX ljiyHKllHOHaJioB f Ha E. 
Paµ;1rnaJI BITOJIHe c. a. E COBrrap;acT c MHOil\CCTBOM Tal\HX 
3JieMeHTOB x EE, 'ITO f (x*x)=cO ~~Jill acex flOJI01I\HTeJibHbIX 
mrnciiHhIX ljiyHKllHOHaJioB f Ha E. Bauaxoaa C. a. E 

c ep;HHH'IHLIM 3JfflMeBTOM 1 TOI'p;a II TOJibKO TOf):\a BllOJIHe 
CHMMeTpH'IHa, Kor,11a r (x*x)=sup f (x*x), r,a;e aepxHHH 
rpaHb 6epeTCJI ITO MHomeCTBY TaKHX llOJIOlKHTeJibHLIX 
JIHHeii:HbIX <jiyHKllHoHaJioB f Ha E, 'ITO f (1)= 1. 

Jlum.: [1] Ha ii Map K M. A., HopMHpOBaHHble KOJlbl\a, 
2 H3)1.' M.' 1968; [2] A H K c M b e m.' c *-aJire6pbl H HX rrpe11c:as
JieHHJI, rrep. c cjlpaH11., M., 19711; [3] P ta k v., «Manuscnpta 
Math.», 1972, V. 6, J\ll 3, p. 245-90; [4] X b IO HT T 3., 
P o c c R., A6cTpaKTHhlll rapMOHH'lecKHil auaJIHa, rrep. c aHrJI., 
T. 2, M., 1975. A. H. illmep1<. 

CHMMETPIPIHOE IIPE,[l;CTABJIEHllE - rrpe,a;cTaa
JieHne Jt cu.MJttempu'tnoii a.n,2e6pb1 A HerrpephIBHhIMH JIH
Heii:HblMH orrepaTopaMH H rHJib6epTOBOM rrpocTpaHCTBe 
TaKoe, 'ITO n(x)*=n(x*) )J;JIH acex xEA (aµ;ecb x* - 06-
paa x rrpn HHBOJIIOllHH A). A.H. mmepn. 

CllMMETPlfqHoCTh - op;Ho na caoii:cTB 6unapnbix 
omnomenuii. 0THomeHne R Ha MHomecTBe A Haa. c HM
M e T p H q H bl M, eCJIH ):\Jill JII06oii: rra pbl SJieMeHTOB a' 
bEA na aRbcJieµ;yeT, 'ITO bRa, T. e. ecJIH R- 1c:.R. Ilpn
MepoM CHMMeTpH1IHOro OTHOIIIeHHH HBJIJieTCH 9KBUBa.ttenm-
HOCmb. T. C. <Porfiano6a. 

CllMMETPll1IHhlll OIIEPATOP - CM. Cu.M.Mempu
<tecKuii onepamop. 

CHMMETPllH - 1) C.- HHBOJIIOTHBHoe opToroHaJib
Hoe rrpeo6pa3oBaHHe, ll3MeHJIIOll1ee opneHTallHIO; HHBO
JIIOTHBHOCTb rrpeo6paaoaaHHfI 03Ha'laeT, 'ITO ABYKPaTHoe 
rrpnMeHeHne ero µ;aeT Tomµ;ecTBeHHoe rrpeo6paaoaaHne. 
Harrp.' 0 T p a )I\ e H H e OTHOCHTeJib
HO IIJIOCKOCTH a B rrpocTpaHCTBe (oT
HOCBTeJibHO rrpllMOH a Ha llJIOCKOCTH) 
eCTb C., rrpn K-poii: Kam,a;aJI TO'IKa M 
rrepexo]:{HT B TO'IKY M' TaKyIO, 'ITO OT
peaoK MM' rreprreH,[IHKYJillpeH rrJio
cKoCTB a (rrpHMOH a) H p;eJIHTCJI eIO IIO
IIOJiaM. IIJioCKOCTb a (rrpJIMaJI a) Ha3. 
II JI 0 c K 0 c Tb IO (o c b IO) c. (pnc. 1). 
Jiro6oe opToroHaJibHoe rrpeo6paaoaaHne 

Puc. 1. 

MOll\HO ocyrrr.ecTBHTb llOCJI0,IJ;OBaTeJibHhIM BLIIIOJIHeHHeM 
KOH0'1Horo 'IHCJia oTpameHHH. 

2) C.- caoHcTBO reoMeTp1111. ljinryphl <P coaMelllaTbCJI 
c co6oft rrpn µ;eii:cTBHH BeK-poil: rpyrrrrLI G opTOroHaJibHblX 
rrpeo6pa30BaHHH, Ha3. r p y II ll 0 ii c HMM e T pH H <P; 
TaKHM o6pa30M, c. oTpamaeT H0K-py10 
rrpaBHJlbHOCTb ljiopMbI cpnrypbl, BHBapn
aHTHOCTb ee rrpn µ;eil:cTBHH rrpeo6paaoaa
HHH na G. Harrp., ecJIH Ha rrJioCKOCTH cpn
rypa <P TaKoBa, 'ITO IIOBOpOTLI OTHOCHTeJib
HO KaKOH-JIH6o TO'IKH 0 Ha yroJI 360°/n, 
n - lleJioe, nepeBO)l;llT ee B ce6H, TO CD 
o6Jiap;aeT C. n-ro rrop.11µ;Ka, a 0 Haa. 
11 e HT po M C. n-ro rropHp;Ka (pnc. 2); PHc. 2. 
aµ;ecb G - llHKJIH'lecKaJI rpynna n-ro no-
pllp;Ka. OKpymHoCTb o6naµ;aeT C. 6ecK0He11Horo rropH,11-
Ka (rrocKOJibKY COBMerrr.aeTCH c co6oil: IIOBOpOTOM Ha JII0-
6oii yroJI). 

IIpocTeHIIIHMH anp;aMH npocTpaHCTBeHHoil: C., noMHMO 
c.' rropomp;eBHOll OTpameHHHMH, HBJIHIOTCH: 

a) c. 0 TH 0 c HT e JI b H 0 II pH M 0 Il: n-ro nopHµ;Ka; 
B STOM cny11ae ljinrypa HaKJiap;hlaaeTCH Ha ce6H aparrr.eHneM 
BOKpyr HeK-poii: rrpHMoil: (ocn C.) Ha yroJI 360°/n. Harrp., 
llJIOCKaH cpnrypa, CHMMeTpH'IHaH OTHOCHTeJibHO npHMOH 
AB, HMeeT B rrpocTpaHCTBe aTy rrpfIMYIO OCbIO C. 2-ro 

A 
c 

Pnc. 3. 
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IIOPHAKa (pnc. 3). Hy6 nMeeT rrpHMYIO AB OCbIO C. 3-ro YAOBJieTBopHIOID;ne ycJIOBHIO ~ <p (a)= 1. TorroJiornH 
nopHJi;Ka, a rrpHMYIO CD - ocbIO C. 4-ro rropH)i;Ka (pnc. 4); aEA A 
aoo6m;e, rrpamwbHbie H noJiynpaanJibHhle MHororpaHHHKH B IA I rroJiaraeTCH HHJl:yn;n:poBaHHoii H3 1R - npocTpaH-
CHMMeTpn:qHhl OTHOCHTeJibHO pH,a;a rrpHMhlX. PacnoJio- CTBa acex «PYHKI~ml: H3 A B IR. )l.eiiCTBHTem,noe qn:cJio 
menn:e, KOJIHqecTBO H rropHp;OK oceii c. n:rpaIOT OCHOBHYIO q; (a) na3. a-II 6 a pH II, e HT pH q e c K 0 II K 0 0 p AH-
poJib B KpHCTaJIJiorpa«Pnn:. H a T 0 ii: TOqKH q;, p a 3 Me pH 0 c T b IO CHMnJieKca 

6) c. rr e p e H 0 ca; B :noM CJIY'Iae «Pnrypa naKJia,a;hl- IAI naa. qn:cJio car dA-1. B cJiyqae, Kor)i;a A HBJIHeTCH 
aaeTCH na ce6H nepenocoM a,a;oJib neK-po:il: npHMoii (o c H Jin:ne:il:Ho ne3aancHMhIM no,a;~momecTBOM eBKJIH,[loaa rrpo-

n e p e n 0 c a) na Ka- CTpancTBa, CHMIIJieKC I A I roMeoMop4Jen BhIIIYKJioii: 060-
Koil:-Jin:6o oTpeaoK. JioqKe ~rnomecTBa A (roMeoMop«Pn:aM aa,a;aeTcH cooT-
Hanp., «Pnrypa c e,a;n:n- BeTCTBHeM cp-+ ~a EA q; (a) ·a). B CBH3H c aTHM BbIIIYKJiaH 
CTBennoii OCbIO rrepe- o6oJioqKa JIHHBHHO He3aBHCHMoro IIO)l;MHOIBeCTBa eBKJIH-
noca o6Jia,a;aeT 6ecKo- ,a;oaa IIpocTpaHCTBa na3. eaKJIHAOBhIM C. 
neqnbIM MnomecTBOM )l.JIH JII06oro OTo6pamenHH /: A -+ B KOHeqnhIX MHO-
IIJIOCKOCTeii c. (no- mecTB «PopMyJia (l/lq;) (b)= ~, bq; (a), bEB, orrpe)i;BJIHeT 
CKOJibKY JII06oil: rrepe- ,;;;.i (a)= 
noc MoJimo ocym;ecT- nerrpepbrnnoe oTo6pamenn:e If I: I A I -+ I BI , HBJIHI011IeecH 
BHTb ABYMH nocJie,a;o- ):\JIH eBKJIIIAOBhIX c. a4J«PnnHhIM (neo,a;nopo,a;nhIM JIHHBHHhIM) 
aaTeJibHbIMH oTpame- OTo6pamenn:eM, rrpo,a;oJimaI011IHM oTo6pamenn:e f. lhn:M 

PHC. 6. HHHMH), nepneH,J:IHKy- aa,a;aeTCH 4JynKTOp H3 KaTeropHH KOneqHhIX MH01RBCTB B 
JIHpHhIX OCH nepeno- KaTeropHIO TOIIOJIOrHq. npocTpaHCTB. EcJIH BcA H 

ca (pn:c. 5). <l>n:ryphl, n:MeIOru;n:e necKOJibKO oceil: ne- i: B-+ A - cooTBBTCTBYIOIIlee BJiomenn:e, TO I ii - roMeo-

PHC. 5. 

penoca, HrpaIOT Bamnyro poJib rrpH HCCJie,[IOBaHHH KpH- Mop«PH3M na 3aMKHYTOe IIO)l;MHOIBeCTBO, na3. r p a H b IO 
cTaJIJIJ1q. perrreToK. cn:MrrJieKca IA I n: o6hlqno oTom,a;ecTBJIHeMoe c IBI. HyJib-

KoM6HHa11,n:n: C., rropom,a;ennbre OTpameHHHMH n: a pa me- Mepnhle rpann: naa. B e p m n: H a Mn: (KaK rrpaan:Jio, 
HHHMH (n:cqepnhIBaIOm;n:e rrpocrnil:mn:e BHAhI c. KOHeqHbIX aep!IIHHhI OT01R)i;BCTBJIHIOTCH c 3JieMeHTaMH MnomecTBa A). 
«Pnryp), aTaKmenepeHocaMH, T 0 II 0 JI 0 r H q e c K HM y II 0 pH A 0 q e H HhIM c. 
rrpe,11cTaBJIHIOT HHTepec H Ha3. TOIIOJiorn:q. npocTpaHCTBO x' )l;JIH K-poro aa,a;an 
HBJIHIOTCH npe,a;MeTOM n:ccJie- roMeoMop«PH3M h: /).n-+ X, r,a;e /).n - cman&apmnbiu cu.11i-
;11oaaHHH B pa3Jin:qnhlx 06- n.tter>c. 06paa rpaneH: l'l" rrpn: roMeoMop«Pn:aMe h Ha3. 

PHC. 7. PHC. 8. 

JiaCTHX eCT0CTB03HaHHH, HCKYCCTBa H T. ,a;. Harrp., BHH
TOBaH C., ocym;eCTBJIHellfaH IIOBOpOTOM Ha H0K-pb!ii yroJI 
BOKpyr OCH, AOIIOJIHeHHhIM uepenocoM B,[IOJlb TOH me OCH, 
Ha6JIIO,[la0TCH B pacrrOJI01R0HHH JIHCTb0B y pacTeHHH 
(pHC. 6). c. illHpOKO pacrrpocTpaneHa KaK OAHH H3 rrpn:
eMOB IIOCTpoeHn:H 6opµ:IOpoB H opHaMeHTOB (IIJIOCKHX 
«PHryp, o6Jia)i;aIOm;Hx OAHOH HJIH HecKoJibKHMH C. uepe
Hoca B coqeTaHHH c OTpameHHHMH) (pnc. 7' 8). 

Jium.: (!] ill Y 0 H HR 0 B A. B., CHMMeTpHH. (3aROHbI CHM
MeTpHH H BX IlPHMeHeHHe B HayRe, TeXHHRe H npHRJiaAHOM HCRYCCT
Be), M.- JI., 1940,(2] R 0 R c Tep r. c. M., BsegeHHe B reoMeT
pmo, nep. c aHrJI., M., 1966; [3] Be it JI h r., CuMMeTpHH, nep. 
c aHrJI., M., 1968. M. H. Bou'l{exoecnuu. 
CHMIIJIE~C - n-MepHblil: MHororpaHHHK, HBJIHIOID;HH

CH BhIJIYKJion: 060JI01IKoii n+1 ToqeK (a e pm n: H C.), 
K-phle He JiemaT B (n-1)-MepHoii JIJIOCKOCTH. IIpn n=O, 
1, 2, 3 C.- ToqKa, oTpeaoK, TpeyroJibHHK, TeTpaaµ:p. 
fpaHH ~· CYTb C. MeHbmeil: pa3M0pHOCTH. ,lJ;Ba C. O)l;H
HaKOBOH pa3MepHOCTH a«P«PHHHo aKBHBaJieHTHhI. Ram,a;oil: 
TOqKe c. COOTBeTCTByeT e,a;HHCTBeHHhIH crroco6 pacrrpe
,a;eJieHHH e,11HHnquoft Maccbl Mem,a;y aepmHHaMn C. TaK, 
qTo6hI ll,0HTP TH1ReCTH 6b!JI B p;aHHOH TOqKe c. 8TO HC
IIOJib3Y0TCH upn BB0AeHHH B c. 6apHIJ,eHTpHq. KOOp,!l;HHaT, 
a TaKme CJIY1RHT ll:CToqHHKOM o6o6m;eHHH IIOHHTHH c. 
):\JIH 6eCKOHequoMepnoro CJiyqaH (CM. mor>e CUMn.tter>c). 
C. MomeT upnrrnChIBaTbCH o,a;Ha H3 ,a;ayx opneHTa11,n:il:, 
'ITO Hn,a;y11,HpyeT orrpe11eJienHyIO opn:eHTaIJ,HIO ero (n-1)-
MepHhIX rpaHeil:. B. A. 3a.1t2a.t1.1tep. 

CHMIIJIEKC - TOIIOJiornqecKoe rrpocTpaHCTBO IA I, 
ToqKaMH K-poro CJiymaT HeOTpUIJ,aTeJibHhle tPYHKIJ,HH 
cp:A -+ IR, orrpe11;eJieHHhle Ha KoneqHoM MHomecTBe A n 

r p a n b IO TonoJiorn:qecrwro yrropH,a;oqennoro cn:MrrJieK
ca X. 0To6pamenn:e X -+ Y TonoJiorn:qecKnx yrropH,a;o
qennhIX CHMIIJIBKCOB x H y Ha3. JI H H e il: H bl M, BCJIH 
OHO HMeeT BRA koFoh- 1 , r11e k H h - 3ap;aHHbie roMeo
Mop«PH3MhI, F - rrpoH3BOJibnoe oTo6pamenn:e f).n-+ f).n 

an:11a I/I. 
T 0 II 0 JI 0 r H q e c K H M c. (pa3M8pHOCTH n) na3. 

TOIIOJiornq. rrpocTpanCTBo X, Ha,11eJieHHoe (n+ 1) ! roMeo
Mop.iPHaMaMH f).n-+ X (To eCTh (n+1)! CTPYKTypaMn 
TOIIOJiorn:qecKoro yrropH,a;oqeHHoro C.), OTJinqaIOJIWMHCH 
Ha roMeoMop«PH3MhI f).n-+ f).n BHp;a I/I, r,11e f - upOH3-
BOJibHaH uepecTaHOBKa BepmHH. AHaJIOrHqHo, OTo6pa
)R0HHe TOIIOJIOrn:qecKoro c. na3. JI H H e il: H bl M, ecJIH 
OHO HBJIH0TCH JIHH0HHhIM OTo6pameHHeM COOTBeTCTBYIOIII'HX 
TOJIOJIOrnqecKHX yuopH,a;oqeHHblX c. 

C. naa. TaKme aJieMeHTbl cu.itn.ttuz+ua.ttbnbix .11inoJ1Cecm1J 
H OTMeqeHHhle IIOAMHOJI\eC'llBa CUMn.!tUlfUll.!tblibix cxeM. 

A. B. Xox.1we. 
CHMIIJIEKCHLIU: METO)l., c n M rr JI e Kc - Me To ,a;, 

MeTOA IIOCJie):\OBaTeJihHOro yJiyqme
H H H II JI a H a,- M0TO)l; pemeHHH 0611Iell aa,a;aqn: .!tU
neunoeo npoepa.11i.11iupo1Janua: 

r,a;e A j= (a1j, ••. , llmj) T, j=O, .•. , n. 
C. M.- nan6oJiee pacrrpocTpaHeHHhIH MeTOA JIHneii

Horo rrporpaMMHpOBaHHH (JI. II.). On COCTOHT B ABH)R0HHH 
no cocep;HHM aepmHHaM MnororpaHHoro MHomeCTBa aa
AR'IH JI. rr., orrpe,a;eJIHeMoro ee orpaHHqennHMH, H peaJIH3Y
eTCH B BH)l;e KOHeqHoil: IIOCJie,a;oBaT0JlbHOCTH HTepa11,Hii. 
Ea3HCOM aepmHHhI x=(x1, ••• , xn) MHoro
rpanHoro MHOJI\0CTBa 3ap;aqn Ha3. TaKaH CHCTeMa m JIH
HeHHO H03aBHCHMhlX BeKTopoB A 81 , ••• , A 8m(sa)d, a=1, 
. .. , m), ~o Xj=O, eCJIH j~{s1 , ... , sm}. llcxop;HaH 
nH«PopMaIJ,HH ):\JIH Kam,a;oil: HTepaIJ,H'H c. M. CKJia/lbIBaeTCH 
H3 6a3HCa Ax= (A 81 , ••• , A 8 m) BepmnHhI x, rrapaMeTpoB 
Xij, orrpe,a;eJIHeMbIX H3 COOTHOIII0HHH 

i=D,1, ... ,n 
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(B qaCTHOCTH, x;o=Xsi- 6a3HCHhle ROMIIOHeHThl sep
lllllln.I x), II rrapaMeTpOB 

!:lj= ~~! c5 .x;j-cj, j=1, ... , n. 
,_ l 

ECJIH !:l/:;;;.O, 'i/j (1), TO x - HCKOMOe peIIIeHHe 3a,L1aq11 
JI. rr. B npoTHBHOM cJiyqae shl611paeTCH OTpm~aTeJihHhlH 
napaMeTp !:!,.. 0TCYTCTBHe cpe,LIH Xik• i=1, ... , m, 
IIOJIOll\HTeJibHhlX BeJIHqHH (2) yRa3hlBaeT Ha HepaapemH
~IOCTb aap;aq11 JI. n.' o6ycJIOBJieHHYIO HeorpaH11qeHHO
CTbIO u,eJieBOH ii>YHRIJ,HH aap;aqn Ha ee MHOrorpaHHOM 
~rnomecTse. B cJiyqae noJiomHTeJibHocTn HeR-phlx x;k (3) 
sepmHHa x aaMeHHeTCH sepmHHOH x'=x+Sxk, r11e 

xk=(x:, ... , x~), x~ =-x;k, 'i=1, ... , m, x~=i, 
i 

OCTaJibHhle ROMTIOHeHThl xk - HYJIH, 

0= min x;o x,o 
i:x;k>O X;k xrk 

Bepmmrn x' HMeeT 6aa11c Av, OTJIHqaroIIJ,HHCH OT Ax 
TeM, qTo As, aaMeHeH Ha A k· IlapaMeTphl x;i H !:! f' CBH-
3aHIIhle c Av, orrpep;eJIHIOTCH rro rrpocThlM peRyppeHT
HhIM iJ>opMyJiaM, HCXOAH H3 Xij H /), j· 

CJiyqaii (1) oaHaqaeT, qTo sp;oJib Kamp;oro pe6pa MHO
rorpaHHoro MHomecTBa aap;aqn, BhIXO,LIHIIJ,ero H3 sepm11m.1 
x, u,eJiesaH ii>YHRU.nH aaµ;aq11 He BoapacTaeT. CJiyqa11 (2) 
JI (3) COOTBeTCTBYIOT HaJI11q11IO pe6pa, BgOJib K-poro u,eJie
BaH iJ>yHKIJ,llH B03pa,cTaeT, rrp11qeM B cJiyqae (2) 3TO pe6-
po - Jiyq, a B cJiyqae (3) - OTpe3oK, µ;pyroli RoHeu, 
R-poro - Bepm11Ha x'. IITepau,1111 rrpoBOAHTCH p;o rroJiy
qeHnH OIITHMaJibHOH BepmHHhl JIH6o AO BhlHCHeHHH He
pa3pemHMOCTH aaµ;aqH JI. II. 

IlporpaMMHaH peaJIH3aIJ,HH C.M., paccq11TaHHaH Ha aap;a
q11 p;ocTaToqHo 6oJibIIIoro paaMepa, o6brqHo ocHOBhlBaeTcH 
Jia HHoii ero aJiropHTMHq, peaJI113au,1111, B R-poii ocHoBoii 
HCXO){Hoii 11HiJ>opMaIJ,HH gJIH Ramp;oli HTepau,1111 CJIYll\HT 
o6paTHaH MaTpHU,a A xl 6aa11ca Ax (Me T 0 p; 0 6 pa T
H o Il: M a T p 11 u. hr). 0Ha rrpep;Ha3HaqeHa p;JIH 3ap;aq 
JI. rr., MaTp11u,a ycJIOBHH A= (A 1A 2 •• • An) K-phlx o6Jia
p;MT CBOHCTBOM CJia6oll: 3aIIOJIHeHH~ 
c T H (qHCJIO HeHyJieBhlX au MaJio no cpaBHeHHIO c mn). 
CJia6o 3arroJIHeHHhle MaTpHU,hl xpaHHTCH B 3arroMHHaIOIIJ,HX 
ycTpOHCTBaX 9BM B ROMIIaRTHOM BHge, Korp;a iJ>11Kc11po
BaHhl JIHIIIb HeHyJieBhle 3JieMeHThl H HX II03HIJ,HH. Pa3pa-
6oTaHhl crreu,11aJibHhle rrp11eMhl xpaHeHHH o6paTHoro 6a
a11ca, HarrpaBJieHHhle Ha coKpaII1,eH11e 11HiJ>opMau,1111, He-
06xop;11Moii gJIH BOCCTaHOBJieHHH A ~l, 0HH OCIIOBaHhl Ha 

rrpep;cTaBJieHHH A ~1 B BH,D;e rrpo113Bep;eHHH MaTp11qmrx 
MHOll\HTeJieH (MYJibTHIIJIHKaTopoB), OTJIHqaIOIIJ,HXCH OT 
ep;HHHqHoH MaTpHil,hl JIHillb op;HHM CTOJI6IJ,OM. 3arroJIHeH
HOCTb HeTpHBHaJibHhlX CTOJI6IJ,OB MYJibTHIIJIHKaTopoB aa
BHCHT OT rropHp;Ra BBe,LleHllH BeKTopoB B 6a3HC. IloaToMy 
IIOCJie HaKorrJieHHH HeR-poro q11cJia MYJibTHIIJIHRaTopoB 
opraHH3yeTCH T. H. IIOBTopeHn:e, B peayJibTaTe R-poro 
o6paayeTcH 6oJiee aKoHoMHoe MYJihTHIIJIHKaTllBHoe rrpep;
cTaBJieH11e A xl' 

BamHaH qacTb aJiropHTMa C. M.- cTparnrHH Bhl6opa 
BeKTopa A k p;JIH BKJiroqeHHH B 6a3HC. c op;HOH CTOpOHhl, 
oHa p;oJill\Ha crroco6cTBOBaTb coRpaIIJ,eHHIO 11HiJ>opMau,11n:, 
Heo6xo,L111Moll: p;JIH xpaHeHHH A ~1; c p;pyroii cTopoHhl -
rrperrHTCTBOBaTb rrorrap;aHHIO B IIJIOXO o6ycJIOBJieHHhlH 
6a3Il:C. 

CyIIJ,eCTBYIOT rrporpaMMHhle peaJI11aau,11n: C. M., rroaBo
JIHIOIIJ,He pemaTb Ha 9BM 3ap;aqH JI. II. c MaJIO 3arroJIHeHHOH 
MaTp11u,eii YCJIOBHH rrpH m rropHp;Ka TbICHq H .n rropHp;Ka 
p;eCHTKoB ThlcHq. Paapa6oTaHhl MHoroq11cJieHHhle Bap11-
aHThl c. M., yqHThlBaIOIIJ,He oco6eHHOCTH pa3JIHqHhIX 
crreu,11aJibIIhlX KJiaccoB 3ap;aq JI. rr. (6JioqHhle 3a,Llaqn:, aa
p;aqn TpaHcrropTHoro THrra H µ;p.). 

HecMoTpH Ha TO, qTo c. M. TeopeTn:qecRH He )J;OCTaTO'lHO 
aiJ>iJ>eKTHBeH (OH HMeeT 3KCTIOHeHIJ,HaJibHYIO ou,eHRY Tpy
p;oeMKOCTH Ha BCeM KJiacce aap;aq JI. II.' XOTH aJiropn:TMHq, 
CJIOll\HOCTb 3Toro KJiacca BCero JIHllib HOJIHHOMHaJibHa)' 
OHhlT ero rrpHMeHeHil:H H cpaBHeHHH c p;pyrHMII MeTop;aMII 
II03BOJIHeT cp;eJiaTb BhlBOp;, qTo gJIH Hero IIOKa (1983) 
HeT cepbe3Horo KoHKypeHTa. 

Jlum.: [1] ID 11 n H ,r:i:. B., r o JI h m Tel! H E. r., JlnHefi
Hoe rrporpaMMnpoBaHHe, M., 1963; [2] ,r:i: a H 11 n r ;n: m., JlnHel!
Hoe rrporpaMMnpoaaHne, era rrpnMeHeHHJI n o6o6meHHJI, rrep. c 
aHrJJ., M., 1966; [3] Am Ma Ho a C. A., JlnHeilHoe rrporpaM
MHpoaaHne, M., 1981. E. r. I'o.1<~mmeil.u. 

CHMIIJIEKCHbIII IIOMCK - op;n:H II3 MeTop;oB MaR
CIIMII3aIJ,IIII H MIIHIIMII3aIJ,IIH ii>YHKU.HH MHOrIIX rrepeMeH
HbIX, rrpII K-poM Bhl6op HarrpasJieHHH crrycKa (rrop;'heMa) 
rrpoII3Bop;nTCH yrropHp;oqeHHhlM rrepe6opoM aepmn:H p;o
rryCTIIMoro MHororpaHHoro MHomecTBa (cM. Cu.Mn.ae1£c-
1tbi11 .Memoa). A. B. Heanoe. 

CHMIIJIEKTMqEcKAH rPYIIIIA - 0)1,Ha II3 1£.aac
CU'leC1£UX zpynn, orrpe11,eJIHeMaH KaR rpyrrrra aBToMopiJ>II3-
MOB aHa.1<orrepeMeHHOH 6IIJIIIHeHHOH iJ>opMhl CD Ha JieBoM 
K-Mo11,yJie E, r11,e K - KOMMYTaTIIBHoe KOJibIJ,o. B cJiy
qae, Kor11,a E=K2m II MaTp111:i;a iJ>opMbI CD B KaHoIIIPI. 
6a3HCe {e;} MO)l,YJIH E HMeeT BII)I, 

r11,e Im- ep;IIHll'lHaH MaTpmi;a rropHll,Ka m' COOTBOTCT
BYIOIIJ,aH c. r. Ha3bIBaeTCH c. r. OT 2m rrepeMeHHhIX Ha,n; 
KOJibIJ,OM K II o6o3HaqaeTCH Sp (m, K) IIJIH Sp2m (K). 
MaTpnu,a JII06oro aBTOMopiJ>II3Ma H3 Sp 2m (K) B 6a3IICe 
{e;} Ha3. c II: M II JI e K T II q e c K 0 ii Ma T p 11 II, e H. 

IlycTb K - rroJie II <I> - H0Bhlpom1wHHaH 3HaKorrepe
MeHHaH 611JIIIHeHHaH iJ>opMa B n-MepHOM BeKTOpHOM rrpo
CTpaHCTBe E Ha11, K. Toni;a n qeTHo, accou,IIIIposaBHa.H c 
iJ>opMoH <I> C. r., II30MopiJ>HaH rpyrrrre Spn (K), rropom-
11,aeTCH BCeB03MOll\HhIMII JIHHeHHbIMII npeo6pa3oBaBHHMII 
rrpocTpaHCTBa E BII)l,a CJe, a, 

x~ae,a(x)=x+aCD(e, x)e, 

r11,e e EE, a EK. JhrneiiHhle rrpeo6pa3oBaHIIH BD:JJ;a CJe, a 
Ha3. c II M II JI e K T II q e c K II M H T p a H c B e K II, II H
M II, IIJIII c II. B H r a M II, B HarrpaBJieHIIII rrpHMOH Ke. 
ll;eHTP Z rpynrrhl Spn (K) coCTOIIT H3 MaTpHII, In 11 -/ m 
ecJIH charK=/=2; ecJIIIme charK=2,To Z={In}. CDaKTop
rpyrrrra Spn(K)/Z Ha3. II p 0 e KT 11 B H 0 ii c II: M rr
JI e K T II: q e c K 0 il: r p y II II 0 ii II o6o3HaqaeTCH 
PSpn (K). Bee rrpoeKTIIBHhle C. r. rrpocThl aa IICKJiroqemi;eM 

PSp2 (F2)=Sp2 (F2), PSp4 (F2) =Sp4 (F2) H PSp 2 (F3), 

K-phle II30MopiJ>HbI COOTBeTCTBeHHO CIIMMeTpIIq, rpyrrrraM 
S3 II S 6 II 3HaKorrepeMeHHoii rpyrrrre A 4 (qepe3 Fq o6o-
3HaqeHo rroJie H3 q aJieMeHTOB). IlopHp;OK C. r. Sp 2 m (Fq) 
paseH 

(q2m_1) q2m-l (q2m-2_1) q2m-3, . . (q2-1) q. 

C. r. Sp2 (K) coBrrap;aeT co crreu,IIaJibHOH JIIIHeiiHoi! rpyrr
rroil: SL2 (K); ecJIII char K=/=2, TO rpyrrrra PSp4 (K) 113oMopiJ>
Ha iJ>aKTOprpyrrrre rpyrrrrhl Qs(K, !) no ee u,eHTPY (r11,e 
Q 5 ( K' /) - KOMMyTaHT opTOrOHaJihHOH rpyrrrrhl CIIMMeT
pIIqecKOH 6HJIIIHeHHOH iJ>opMhl f OT IIHTII rrepeMeHHhIX 
IIH11,eKca 2). 

3a IICKJiroqeHIIeM cJiyqaH m=2, char K=2, BCHKHH 
aBTOMopiJ>II3M <:p rpyrrrrhl Sp21n (K) MomeT 6hlTh rrpe11;cTaB
JieH B an:p;e 

<:p (g) =h1h2g'h2lhll' 

r11,e i; - aBT0MopiJ>113M uoJIH K, h1 E Sp 2m (K) H h2 - JIIl-
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HeHHoe rrpeo6paaoaamrn rrpocTpaHCTBa E, rrpep;cTaam1-
rom;eecJI B 6aance {e;} MaTpH~ell: Bnp;a 

(~ - HeHyJieaoll: aJieMeHT rroJIH K). 
C. r. Sp2m (K) coarrap;aeT c rpyrrrro:ii K-To'leR JIHHeil:Hoil: 

aJire6pan'I. rpyrrrrhl Sp 2m, aaAaBaeMoil: ypaaHeH:lrnM 
A .L J mA = J m. <ha aJire6paH'I. rpyrrrra, Tome Ha3hIBa
eMaH c. r.' HBJIHeTCH rrpoCTOH OAHOCBH3HOH Jil!IHeHHOH 
aJire6pan'I. rpyrrrro:ii THrra Cm, ee paaMepaoCTb paaHa 
2m2+m. 

B cJiy'lae, RorAa K=C HJIH IR, C. r. Sp 2m (K) eCTb 
CBH3HaH 0/J;HOCBH3HaH rrpocTaH KOMIIJieKCHaH (cOOTBeT
CTBeHHO aem;eCTBeHHaH) rpyrrrra Jln. rpyrma SP2m (IR) 
HBJIHeTCH OAHOH H3 aem;ecTBeHHblX ipopM KOMIIJieKCHOil 
C. r. Sp2m (C). OcTaJihHhle aem;ecTBeHHble iJ>opMhl aToil 
rpyrrrrhl Tome nHorp;a Ha3hIBaroT C. r. :3To - rrop;rpyrrrrhl 
Sp(p, q), p, q~O, p+q=m, BhIAeJIHeMble na rpyrrrrn 
Sp2m (C) ycJIOBlileM coxpaHeHnH apMHToaoi\: iJ>opMhl Bll:Aa 

~2m -
..;;.ii= 1 E;z;z;, 

rp;e e;=1 rrpn 1.;;:i.;;:p Ii! m+1..;;;:i..;;;:m+p n E;=-1 
rrplil OCTaJibHblX i. I'pyrrna Sp (0, m) - KOMIIaRTHaH 
aem;ecTBeHHaH iJ>opMa ROMIIJieKcHoil C. r. S p2m (C). C. r. 
Sp (p, q) HaoMopqma rpyrrrre acex JIHHe:iiHblX rrpeo6-
paaoaaHnH rrpaaoro aeRTopHoro rrpocTpaHcTBa Hm 
Hap; TeJioM RBaTepHHOHOB H paaMepHOCTH m=p+q, 
K-phle coxpaHHIOT RBaTepHHOHHYIO apMHTOBY iJ>opMy 
HHp;eKca min (p, q), TO eCTb iJ>opMy Bll:p;a 

~P - ,..,m -
(x, Y) = 4'.Ji= 1 x;y;-"""i=p+ I x;y;, 

ri:i;e 
x= (x1, X2, • • ., Xm), y= (Y1, Y2, · · ., Ym) EHm, 

a 'lepTa oaHa'laeT rrepexop; K corrpm1>eHHOMY KBaTep
HHoHy. 

Jium.: [1] A p T n H :3., reoMeTpn•rncRan aJireopa, nep. c aHrJI., 
M., 1969; [2] B y p 5 a RH H., AJireopa. Mo;a;yJIH, ROJiblja, llJop
Mbl, nep. cllJpaHJ.1., M., 1966; [3] ,r:t: he ;a;o H He m., reoMeTpHH RJiac
cn'IecRnx rpynn, nep. c llJpaHJ.1., M., 1974; [4] Xe JI r a co H C., 
,IJ;nllJ11JepeHJ.1HaJibHalI reoMeTpHJI H CHMMeTpH'leCRHe IIpOCTPaHCTBa, 
nep. c aHrJI., M., 1964; [5] ill e Ba JI JI e K., Teornrn rpyrm Jin, 
nep. c aHrJI., T. 1, M., 1948. B. JI. IIonoe. 

CMMIIJIERTMlJECRAH CBH3HOCTb - arfirfiu1t1taH 
C6Ha1tocmb Ha rJiap;KOM MHoroo6paa:e:u M paaMepHoCTH 2n, 
o6JiaAarom;aH KOBapnaHTHO IIOCTOHHHO:ii OTHOCli!TeJihHO Hee 
HeBhlpomp;eHHOH 2-iJ>opllrn:ii <D. EcJIH aiJ>iJ>HHHaH CBH3HOCTh 
ua M aap;aHa c IIOMOm;bro JIOKaJihHblX iJ>opM CBH3HOCTH 

Ii! 

wi=I'~dkk, deqru :j:. o. 
(J)i-ri wk i- jk 

<D=aifui/\wl, aif=-a1;, 
TO ycJIOBHe KOBapnaHTHOro IIOCTOHHCTBa <D BbipamaeTCH 
B Blil)l;e 

dau = ak1wr+a;kw7. 

2-iJ>opMa <D orrpeAeJIHeT ua M cnMrrJieKTH'I. CTPYRTYPY 
(HJIH rro'ITn raMnJihTOHOBY cTpyKTYPY), rrpeapam;aH Kam
,n;oe KacaTeJihHOe rrpocTpaHCTBO T x (M) B CHMIIJieKTll:'I. 
rrpocTpaHCTBO c KOCOCHMMeTpH'I. CRaJIHPHhIM rrpOlI3Be
AeHHeM <D (X, Y). C. c. MOIBHO orrpe,n;eJIHTh TaK me, 
KaK aiJ>iJ>nHHYIO CBH3HOCTh Ha M' coxpaHHrom;yro rrpn 
rrapaJIJieJihHOM rrepeHeceHnH BeKTopoa no rrponaaep;eHue. 
Perrep e Ramp;oM T x (M) MomeT 6b1Th ahl6pau TaR, 'ITO 

<D=2 ~n wet /I. wn+a. 
"'"a= 1 

Bee TaKne perrephI o6paayIOT rJiaBHoe paccJioeaHoe rrpo
CTpaHCTBO ira;q M, CTPYRTypHofi rpyrrno:ii R-poro HBJIHeTCH 

CHMIIJieRTH'I. rpynrra. c. c.-aTO CBJI3HOCTb B 3TOM rJiaB
HOM paccJioeHHOM npocTpaHCTBe. Cym;ecTBYJOT MHoroo6pa-
3li!H M 'leTHo:ii paaMepHoCTH, Ha R-phlx HeT HeehlpOIBAeH
Hoii: rJio6aJibHO orrpep;eJieHHoil: 2-iJ>opMhl <I> H, CJiep;oaaTem,
Ho, HeT C. c. 0AHaRo ecJIH <D cym;ecTeyeT, To C. c., 
OTHOCl!ITeJibBO R-poil: <D Roeap:HaHTHO IlOCTOHHHO, orrpe
AeJIHeTCH seop;Ho3HR'IHO. 

Jium.: [1] C T e p H 5 e p r C., JleRJ.IHII no ;a;1111JllJepeHJ.1HaJibHOl'I 
reoMeTpHB, nep. c aHrJI., M., 1970. IO. r. JlyMucme. 

CMMIIJIERTMlJECRAH CTPYRTYPA - unrfiunu-
meauMa.abnaH cmpyl'lmypa 1-ro rropH,n;Ra Ha 'leTHOMepHoM 
rJiagROM op:e:eHTHpyeMoM MHoroo6pa3HH M 2n, R-paH OII
pe,n;eJIHeTCH aap;aHHeM Ha M 2 n HeBhlpOlRAeHHOH 2-iJ>op
Mbl <D. B Ram,n;oM RacaTeJihHOM rrpocTpaHCTBe T x (M2n) 
B03HHKaeT CTPYKTypa CHMIIJieKTH'I. rrpocTpaHCTBa c KO
COCHMMeTpn'leCKHM CKaJIHpHbIM rrpolil3B0A0HlileM <D (X' Y). 
Bee KacaTeJibHhle K M 2n perrepbl, aAarrTnpoaaHHhle H 

c. c. (T. e. perrephl, OTHOCHTeJihHO K-phlx <D HMeeT KaHo
HH'I. Blil):\ 

<D= 2 ~ n wet /I. wn+a) 
..;;.i a= 1 ' 

o6paayroT rJiaBHOe paccJioeHHOe rrpocTpaHCTBO HaA M 2n, 
cTpyKTypHon rpyrrrron K-poro HBJIHeTcH cnMrrJieKTl!I'I. 
rpyrrrra Sp (n). Boo6m;e, aap;aHne C. c. Ha M 2n paBHO
CHJibHO aagaHl!IIO Sp (n)-CTPYKTYPhl Ha M 2n, KaK HeK-poil: 
G-cmpyl'lmypbi. 

Ha M 2n co C. c. cym;ecTayeT HaoMopiJ>naM Memp;y Mo
AYJIHMH B0KTOpHbIX IIOJieil: Ii! 1-iJ>opM Ha M 2n, K-pbl:ii 
BeKTOpHOMY IIOJIIO x CTaBHT B COOTBeTCTBHe 1-iJ>opMy 
w x: Y-+ <D (X, Y). 06paa cKo6Kn Jln [X, Y) Haa. rrpn 
aTOM CK06KOH IlyaccoHa [wx, Wy); B 'laCTHOCTlil, KOrAa 
(!) x H (!) y IIOJIHhle AniJ>iJ>epeH~lilaJibl' rroJiy'laeTCH IIOHHTl!Ie 
CK06Kn IlyaccoHa ABYX il>YHR~HH Ha M 2n, K-poe o6o6m;aeT 
COOTBeTCTByrom;ee KJiaCCH'I. IIOHHTne. 

c. c. Haa. II 0 'IT H r a M H JI b T 0 H 0 B 0 :i\: c T p y K
T y p 0 :ii, a eCJIH <D aaMKHyTa, T. e. d<D=O, TO r a M H JI b
T 0 H 0 B 0 H c T p y KT y p 0 :ii; Bnpo'leM, HHOrAa yc
JIOBl!Ie d<D=O BKJIIO'laroT B onpeµ;eJieHne C. c. :3TH CTPYK
Typhl, Haxop;Hm;ne rrpnMeHeHHH B rJio6aJihHOH aHaJIHTH'I. 
MexaHli!Ke, OCHOBaHbl Ha TOM iJ>aKTe, 'ITO Ha KacaTeJibHOM 
paccJioeHHOM rrpocTpaHcTBe T* (M) Jiro6oro rnap;Koro 
MHoroo6paanH M cym;ecTayeT KaHOHH'lecKaH raMHJihTO
Hoaa CTPYRTypa. 0Ha orrpegeJIHeTcH iJ>opMo:ii <D=d0, 
rp;e 1-iJ>opMa e Ha T* (M), Haa. ip 0 p M 0 H JI Hy
B n JI JI H, aap;aeTcH cJie,n;yrom;nM o6paaoM: Su (Xu)= 
= u (n*X u) ,D;JIH Jiro6oro KacaTeJihHoro eeKTopa Xu B 
TO'!Ke uE T* (M), rµ;e n - rrpoeK~HH T* (M)-+M. EcJIH 
Ha M Bb16paHbl JIOKaJihHhle KOOPAHHaTbl x1 , •.• , xn Iii 

u= Yi (u)dx~<u» TO 0= y;dx1", BCJieACTBHe 'lero <D= dy; /I. dxi. 
B KJiaccn'I. MexaHnKe M HHTeprrpeTnpyeTcH KaK KoHiJ>n
rypa~noHHoe rrpocTpaHCTBO, a T* (M) KaK iJ>aaoaoe rrpo
cTpaHCTBO. 

BeKTOpHoe rroJie X Ha M 2n c raMl!IJihTOHOBOH cTpyKTypoii 
Haa. r a M H JI b T 0 H 0 Bbl M (HJIH r a M H JI b T 0 H O
B 0 :ii c H c Te M 0 :ii), eCJIH 1-iJ>opMa wx aaMKHYTa. 
ECJil!I OHa, Kpmrn Toro, TO'IHa, T. e. wx= -dH, TO il>YHK
~HH H Ha M 2n Haa. r a M H JI b T 0 H Ha H 0 M H HBJIH
eTCH o6o6m;eHl!IeM COOTBeTCTByrom;ero KJiaCCH'l0CKOrO 
IIOHHTHH. 

Jium.: [1] CT e pH 6 e pr C., JleR11nn no ;a;nllJ11JepeH11HaJihHott 
reoMeTpHH, nep. c aHrJI., M., 1970; [2] I' o ;a; 5 H tt o HK., LJ:nlll
llJepeH11HaJibHaJI reoMeTpHII H aHaJIHTH'IeCilaJI MeXaHHRa, nep. c 
llJpaHQ., M., 1973. IO. I'. JlyMucme. 

CHMIIJIERTHlJECROE MHOI'OOBPA3ME - MHO-
roo6paane, cHa6meHHoe cu.11tn.ael'lmu'lecl'loii cmpyl'lmypoii. 

CMMIIJIERTMlJECROE IIPOCTPAHCTBO - He'leT-
HoMepHoe rrpoeKTHBHoe rrpocTpaHCTBo P2n+1 Haµ; rroJINI le 
c Bap;aHHOil B HeM li!HBOJIIOll;HOHHOH RoppeJIHll;He:i\: - HYJib
CHCTeMo:ii; o6oaHa'laeTCH Sp2n+1· 

IlycTh xapaKTep:e:cTHRa rroJIH k He paaHa 2. A6coJIIOT
HaH HYJih-CHCTeMa B Sp2n+1 acerAa 11rnmeT 6bITh aarrli!CaHa 
B BHAe ui=a;pl, rAe llaijll - ROCOCHMMeTpH'I. MaTplilll;a 
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(aij=-a;;). B BeRTOpHoii: .il>opMe a6coJIIOTHa.11 nym,-cn:
cTeMa MO)K0T 6h!Tb 3aIIHCaHa B BHAe U=A x, r,u;e A - RO
COCHMMeTpEPI. OIIepaTop, MaTpn:11,a R-poro Ha);IJiemam;nM 
Bhl6opoM 6a3nca IIpnBOAHTCH R BHAY 

I/All= 

0 +1 
-1 0 

0 +1 
-1 0 +1 

-1 0 

B aToM cJiy'1ae a6coJIIOTHa.11 HYJih-CHCTeMa rrpnHHMaeT 
RaHOHH'1. BHA: 

u2;=x2i+1, u2;+1=-x2i. 

A6coJIIOTHa.11 HYJih-CHCTeMa 11opomAaeT 6n:Jin:neii:ny10 «Pop
My, R-pa.11 3aIIHChlBaeTC.ll B RaHOHH'1. BHµ;e: 

xAy= ~i (x2iy2i+1_x2i+1y2i). 

.KoJIJIHHeaJ~HH IIpocTpaHCTBa Sp2n+1, IIepecTaHOB0'1Hhle 
c ero HYJib-CHCTeMoii, Ha3. c H M 11 JI e RT ll q e c R ll M H 
II p e o 6 pa a o B a H n .11 Mn:; oIIepaTophl, oIIpep;eJI.11-
10m;ne 3TH ROJIJIHHeaIJ,HH,- c ll M 11 JI e RT ll q e c K H
M H. ,Il;JI.11 yKa3aHHOH Bhlille KaHOHH'l. .il>opMhl MaTpHll,hI 
lfA II oIIpeAeJI.11eTc.11 (2n+2)-MaTpn:11,a CHMIIJieKTH'1. OIIe
paTopa U, aJieMeHThl K-poii: yµ;osJieTBop.1110T ycJIOBHHM 

"\:1 ( 2· 2i+1 2·+1 2") 
.r:..J; 'U/Uk -U;' Uk' =bj,k-1-bj,k+i• 

rµ;e ba, fl - cHMBOJI RpoHeRepa, a MaTpn11,a_ TaKoro one
paTopa U Ha3. c n M II JI e K T H q e c R o n:; ee oIIpe
p;eJIHTeJib paseH ep;HHHIJ,e. CnMIIJieKTH'1. IIpeo6paaosaHn:.11 
06paay10T rpyIIIIY, HBJI.1110m;y10c.11 rpyIIIIoil: JI:e. 

Bc.11Ka.11 TO'lKa IIpocTpaHcTBa Sp2n+i JiemHT B (2n-1) 
IIJIOCKOCTH, COOTBeTCTBYIOIIJ;eH en B a6COJIIOTHOH HYJib
CHCTeMe. MomHo oIIpep;eJIHTh TaRme H HyJieBhle m-IIJio
CKOCTH B Sp2n+i· MHoroo6paane HyJieBhlX IIpHMhlX IIpo
CTpaHCTBa Sp2n+1 Ha3. ero a 6 c 0 JI IO TH hl M JI H He ii
H hl M R 0 M II JI e K C 0 M. B CB.113H C aTHM CHM11JieKTH'1. 
rpyIIIIa Haa. TaKme r p y II II o Ir JI H H e ii H _or o 
K 0 M II JI e R c a' IIJIH R 0 M II JI e K c - r p y II II 0 II. 

Bc.11Ka.11 IIapa rrpHMhlX 11 cooTBeTCTBYIOIIJ,HX B HYJih
CIICTeMe p;syx (2n-1)-IIJIOCKOCTeii orrpep;eJIHIOT e,u;IIHCT
BeHHhlll B rrpocTpaHCTBe Sp2n+i CHMIIJieRTII'l. HHBapnaHT 
OTHOCIITeJibHO rpyIIII.bI CllMIIJieKTH'1. rrpeo6paaoBaH1!H 3Toro 
rrpocTpaHCTBa. qepe3 Ram,u;y10 T01IKY o6en:x IIpHMhlX 
rrpOXOAHT TpaHCBepcaJib 3TIIX rrpHMhlX II (2n-1)-IIJIOCRO
CTeii: TaK, '1TO orrpep;eJIHeT rrpoeRTIIBHhle '10TBepKH T0'1eK. 
::ho COCTaBJIHeT reoMeTpH'1eCKHH CMhlCJI c ll M II JI e K T H
q e c K 0 r 0 II H B a p ll a H T a, KOTOphlii yTBepmp;aeT 
paBeHCTBO p;soiiHhlX OTHomeHIIii: 110JiyqaeMhlx '1eTsepoR 
T0'1eK. 

Cn:MIIJieKTH'1. 3-IIpocTpaHCTBO p;orrycKaeT HH'.PeprrpeTa
IJ;IIIO B rIIrrep6oJIM'1. IIpocTpaHCTBe, '1TO yKa3bIBaeT, B 
qacTJIOCTH, Ha CB.113b CllMIIJieKTll'1. rrpocTpaHCTB c rnIIep-
6oJIM'1eCKHMH. TaK, rpyIIrra cnMrrJieKTH'l. 11peo6paaosaHni\: 
rrpocTpaHCTBa Sp3 H3oMopqrna rpyIIIIe p;sn:meHHH rn:IIep-
6oJIH'1. rrpocTpaHCTBa 2S 4. B aToii HHTeprrpeTau;n:n: cnM
IIJieRTII'I. mrnapnaHT CBH3aH c paCCTO.llHHeM Memp;y TO'l
KaMH rnrrep6oJIH'1. rrpocTpaHCTBa. 

JI.um.: [1] p 0 3 e H ljJ e JI b )'.( B. A., HeeBRJIH)'.(O'llbI IIPOCTJ)aH-
CTBa, M., 1969. JI.. A. Cuaopo6, 

CllMIIJIEKTIIqECKOE IIPOCTPAHCTBO O)l;HOPO,!J;
HOE - CIIMIIJieKTH'1ecRoe MHoroo6pa3rre (M, w) BMe
CTe c TpaH3HTHBHOH rpyrrIIoi\: Jln: G ero aBToMop«Pn3-
MOB. 8JieMeHThl aJire6phl Jln: g rpyIIIIhl G MOlKHO pac
c~mtprrnatr, Irnlt CH~rnJieKTH'leCKIIe BCl\TOpHbJe ITOJIH Ha M' 
T. e.UOJIH x' coxpamuom;ne CHMIIJleRTll'1eCKYIO 2-lfiopMy w: 

X ·W=dixW=0, 

37* 

rp;e TO'lKoii: o6oaHa'leHa IIponasop;Ha.11 Jln, ix- onepaTop 
BHyTpeHHero YMHomeHHll Ha x' d - BHeillHHH p;nlj>cl>e
peHIJ;HBJI. c. II. o. Haa. c T p 0 r 0 c ll M II JI e KT H q e
c K 11 M, ecJin see 110JIH XE g raMHJihTOHOBhI, TO ecTh 
ixw=dHx, rp;e Hx lfiyHKD;HH Ha M (raMHJihTOHHaH IIOJIH 
X), 11pH1IeM raMHJibTOHnaH H x MomHo BhI6paTb TaK, 
1IT06hl oT06pameHHe X i-;o. H x 6hIJio roMoMoplfin:aMOM aJI
re6pH Jle: g B aJire6py Jln lfiYHKD;Hii Ha M OTHOCBTeJlbHO 
CK06KB IlyaccoHa. IIpn:MepoM CTporo c. 11. o. HBJIHeTCll 
op6:e:Ta Ma= (Ad*G)a rpynIIhI Jln G OTHOCHTeJibHO KO
IIpncoep;nHeHHOro IIpep;cTaBJieHn.11 Ad *G rpynrrhI G B 
npocTpaHCTBe g* JIHHeiiHhlx cl>opM Ha g, 11poxop;.11m;a.11 
qepea 11ponBBOJihHy10 TO'IKY a E g*. llHBa pnaHTHaH CHM
IIJieRTH'lecRaH 2-cl>opMa w Ha Ma aap;aeTc.11 cl>opMyJioii 

w(X11 , Y11)=d~ (X, Y)= ~ ([X, Y]), 

r);le XII , Y 11 - BHa'leHn.11 B0KTOpHhlx IIoJieii: X, YE g B 
TO'lKe ~EMa. IloJie XEg HMeeT raMHJihTOHHaH Hx(~)= 
=~ (X) • 

.JJ;JI.fI 11po1i1BBOJibHOro cTporo C. n. o. (M, co, G) onpe
p;eJieHo G-aKBl!l'Bape:aHTHOe OTo6pameHHe MOMeHTa 

µ: M-+ g*, x l-7!J.x• llx (X) =Hx (x), 

K-poe oTo6pamaeT M Ha op6nTy µ (M) rpynnhl G B g* 
ll .llBJIHeTCll JIOKaJihH:bIM ll30MOPcPH3MOM CllMIIJl0KTH'1. 
MHoroo6paani\:. TaKHM o6paaoM, JI106oe cTporo C. n. o. 
rpyIIIIhI G HBJIHeTc.11 HaKpbITBeM Ha;o; op6nToil: rpyIIIIhI G 
B Ronpn:coe];IHHeHHOM IIpe];ICTaBJieHHH. 

0AUOCBH8Hhle c. 11. o. c O~OCB.113HOH, HO Be o6H3aTeJib
BO alfilfieKTHBHO ;o;eii:cTsy10m;eil: rpyIIIIOH aBToMopcl>naMos G 
HaXO;ll;HTC.11 BO B3aHMHO O;ll;H03HalJBoM COOTBeTCTBHll c 
op6nTaMn ecTeCTBeBHoro ;o;eiicTBHJI rpyII11hI G B npo
cTpaHCTBe Z2 (g) BaMKHYThlX 2-.il>opM Ha ee aJire6pe Jln g. 
CooTBeTCTBne orrpe;o;eJIHeTc.11 cJiep;YJOIIJ;HM o6paaoM: .11;o;po 
sra JII06oE: 2-.il>OpMbI a E Z2 (g) JIBJIHeTCll IIO);laJire6poii 
aJire6pbI Jln g. CooTB0TCTBYIOIIJ;aH sra CBJl3HaJI rro;o;
rpynrra Ka rpyIIIIhI Jln G 3aMKHyTa n oIIpep;eJI.11eT op;Ho
CBH3HOe op;Hopo,u;noe IIpocTpaHCTBo M 0 =GI Ka. <flopMa a 
aa,ttaeT HeBhlpom;o;eHHYIO 2-cl>opMy B KacaTeJibHOM rrpo
CTpaHCTBe ToMO'~gma TO'lKll o=eK0 MH~roo6paan.11 
Ma, K-pa.11 rrpo,u;oJimaeTc.11 ,tto G-nHsapnaHTHOII cnMrrJieK
TH'l. lfiopMbI coo Ha M 0 • TaRHM o6paaoM, cl>opMe a OTBe
qaeT O,!lHOCBH3HOe c. II. o. (M0 ' coO' ). EcJin sra He co
;o;epmnT n;o;eaJIOB aJire6phl Jln g, To p;eii:cTsne G Ha M 0 

JioKaJibHO acl>cl>eKTMBHO. C. II. o. M 0 e: M 0 ' n3oMop!fiHhl 
Tor;o;a n TOJihKO Tor;o;a, Kor;o;a cl>opMbI a, a' IIpnHap;Jieil\aT 
Oll;HOH op6nTe rpyrrIIhI G B Z2 (g). )];JI.fl TO'lHOii 2-cl>opM~ 
a=da C. u. o. M 0 oTom;o;ecTBJIHeTC.11 c YHHBepcaJibHOH 
HaKpbIBa10m;eii: C. II. o. Ma, HBJIHIOIIJ;erocH op6HTOH 
TO'lKll a B Ko11pncoep;nHeBHOM IIpe;D;CTaBJieBllll. ECJIH 
(g, g)=g, To op6HTa Ga JI106oii: _TO'IKH aEZ2 (g) Ra
HOHH'lecKH CHa6maeTCH CTpyKTypon: c. II. o. ll JII06oe 
C. II. o. o;D;HOCBH3HOH rpyrrIIhI G n:aoMopcl>Ho HaKphlTHIO 
Hap; o.ttHoii: na TaKnx op6nT. B qacTHOCTH, M 0 ecTb y1m
BepcaJibHa.11 HaKpbIBa10m;aH op6nThI Ga. 

IlycTb (M, w) - KOM11aRTHOe c. II. o. OAHOCB.113-
HOH cs.11aHoH rpyrrIIhI G, ,u;encTBYIQIIJ,eil JioKaJibHO alficl>eK
THBHo. Tor,u;a G eCTh IIpHMoe IIpOH3Be;o;enne IIOJIYIIpo
CTOH KoMIIaKTHOH rpyIIIIhI S n pa3pemnMOH rpyIIIIhl R, 
pa3Jiararom;eil:c.11 B IIOJiyrrpHMoe rrponase;o;enne a6eJie
soii: IIop;rpyIIIIhI n a6eJiesa uopMaJibHoro ;o;eJinTeJIH, a 
C. II. o. (M, co) paaJiaraeTc.11 B rrpHMOe rrpoe:aae;o;eHHe 
C. II. o. c rpyIIIIaMn asToMopcl>naMoB S n R cooTBeTCT
BeHHo. 

qaCTHhlM CJlyqaeM c. II. o . .llBJIHeTC.11 CHMIIJieKTll'leCil'.Oe 
rpymrnsoe rrpocTpaHCTBO - rpyIIrra Jln BMecTe o Jieso
HHBapnaHTHOH CllM11Jl0RTll'1. lf>op:i.roi\: co. ll3BeCTHO, 'ITO 
ll3 pep;yKTHBHOCTll rpy11II:bl Jln, ,1l;OIIYCKa10m;eii JieBOHH
sapnaHTHYIO CHMMeTpnq. cpop~ry, CJiep;yeT ee HOMMyTaTHB
HOCTb, a n:a yHnMOAYJIHpuocTn - paapeIIIHMOCTb. Bee 
TaKne rpyIIrrhI paaMepHOCTH ..,;4 paapemn:Mhl, HO Ha'lnHa.11 
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e pa3MepHoeTH 6 ey~eeTBYJOT Hepa3pemHMhle eHMIIJICK
THqeeKHe rpyrrrroBbie rrpoeTpaHeTBa [3]. 

Jlum.: [1] R II p II J1 J1 0 B A. A., 3J1eMeHTbI TeOPIIH npe)'.(CTaB
Jlemi:lt, 2 113)'.( •• M .• 1978; [2) r H it e M H H B • c T e p H 6 e f r c .. 
reoMeTpnqecirne acnMIITOTHKII, rrep. c aHrJ1., M., 1981; [3 C h u 
B.-Y., «Trans. Amer. Math. Soc.», 19711, v. 197, p. 145-59; 
(4] Z w a r t P h. B., B o o th b y W. M., «Ann. Inst. Fouri
er», 1980, t. 30, M 1, p. 129-57. lf.. B. AMKceeecKuil. 

CIIMIIJlllIJ;lIAJibHAH CXEMA (rrpearnne Ha3Bamrn -
e H M II JI H u. H a JI b H bl ii K 0 M II JI e K e, a 6 e T p a KT
H hl ii eHMIIJIHII;HaJlhHhlll KOMIIJIBK~ -
MHomeeTBO, aJieMeHThl K-poro Ha3. BepmnHaMH H B K-poM 
BhlAeJleHhI TaKne KOHeqHhle HerryeTbie IIOAMHOil\eeTBa, Ha3. 
e H M II JI e K e a M H, ~o Kamp;oe HerryeToe IIOAMHOil\e
eTBO eHMIIJleKea s HBJl.IIeTeH enMIIJleKeoM, Ha3. r p a H h IO 
eHMIIJleKea s, H KailtAOe O,[IHO<lJleMeHTHOe IIOAMHOil\eeTBO 
HBJIHeTeH eHMIIJleKeoM. 

CnMIIJleKe Ha3. q-M e p H hl M, eeJIH OH eoeTOHT H3 q+1 
BepmnH. pa 3M e pH 0 e Th IO dimK enMITJIHI.WaJlhHOH 
exeMhI K Ha3. MaKenMaJlhHaH pa3MepHoeTh ee enMrrJleKeoB 
(oHa MOil\eT 6bITh H 6eeKoHe'lHoii). c. e. Ha3. JI 0 Ka JI h
H o K o H e q H o ii, eemi: Kamp;aH ee BepmiaHa rrpnrrap;
J1emiaT JIHfilh KOHeqHoMy qiaeJly enMIIJleKeOB. c. e. rra3. 
y rr o p H A o q e H H o ii, eeJ1ia Ha He.ii: 3ap;aHo qaeTnqHoe 
yrropHAoqeHHe, JIHHeiiHoe Ha Kail\AOM eHMITJleKee. 

IT p n Me p C. e. ITyeTh X - MnomeeTBo 11: U= 
= {Ua'faEA} - HeK-poe eeMe:neTBO ero HerryeTbIX IIOA
MHOil\eeTB. HerryeToe KoHe'llloe rroAMHomeeTBO a EA Ha3. 
eHMIIJleKeOM, eeJIH MHOilteeTBO n a EAU a HerryeTO. IToJly
qaIOI(\aHeH C. e. A Ha3. Hep Bo M eeMeneTBa U. 

CRMIIJIRII;RaJlhHhlM oTo6pameHHBM 
c. e. Ki B enMIIJIMII;HaJlhHYIO exeMy K 2 Ha3. TaKoe OT0-
6pameHHe f: Ki-+ K 2, qTo AJIH Ka>KAoro enMrrJleKea s 
B C. e. K 1 ero o6pa3 f (s) HBJIHeTeH eRMIIJleKeoM B C. e. 
K2. c. e. H HX enMIIJIHII;HaJlhHhle OTo6pameHHH eoeTaB
JIHIOT KaTerop:aIO. 

EeJIH e11:MrrJ1nrr;11:aJ1hHoe oTo6pameHHe f : L -+ K HB
JIHeTeH BJIOil\eHHeM, TO c. e. L Ha3. e Ii M n JI H u. Ii a JI h
H o ii II o A ex e Mo ii C. e. K. Bee e11:MrrJ1eKehl C. e. 
K pa3MepHoeTH, MeHhIIIeii: HJIH paBHOH n, eoeTaBJIHIOT 
enMIIJIHII;HaJlhHYIO IIOAeXeMy c. e. K, K-paH o6o3Ha•rneTeH 
Kn H Ha3. n-M e pH hl M (HJIH n-M) 0 e T 0 B 0 M c. e. 
K. C11:MI1J1BU.MaJ1hHaH rroAexeMa L C. e. K Ha3. rr o JI H o ii, 
eeJIH Ka:iK):thiii enMrrJleKe B K, Bee BepmHHhl K-poro npn
Hap;Jleil\aT L, eaM J1emnT B L. 

Raml{oii C. e. K KaHoH11qeeKn eorroeTaBJIHeTeH cuJ.t
n.iu!fua.ibnoe J.tHoJ1CecmBo 0 (K), enMIIJleKeaMH pa3MepHo
eTH n K-poro HBJIHIOTeH (n+1)-qJ1eHHhle rroeJleAOBaTeJlh
HOeTH (x0 , ••• , xn) BepmnH C. e. K, 06J1aAaIOrrr;ne TeM 
eBoHeTBOM, qTo B K eyrrr;eeTByeT TaKoH enMIIJleKe s, qTo 
x;Es AJIH JII06oro i=O, 1, ... , n. OrrepaTophI rparreii d; 
H BhlpO>KAeHBH s; noro eHMIIJIHII;HaJlhHOro ~1HomeeTBa 

orrpeAeJIHIOTeH 4>opMyJ1aMH 

d;(x0 , ... ,xn)=(x0 , ... ,-:r;, ... ,xn), 
Si(xo, ... , Xn)=(x0, ... ,~;,xi, Xi+1' ... , Xn), 

rAe 3HaK /\ 03HaqaeT, qTO eHMBOJI, eTOHIII;Hii IIOA HHM, 
orryeKaeTeH. ,I(JIH yrropHAO'leHHoil: C. e. K orrpep;eJ1eHo 
eHMIIJIHII;HaJlhHOe IlOAMHO>KeeTBO O+ (K)CO (K), eoeTOH
rrr;ee H3 TeX enMIIJleKeoB (xo, ••• , Xn), AJIH K-phlX Xo..;;'.Xi..;;: 
..;;: •.. ..;;'.Xn· fpyIIIIhI (Ko)roMOJlornft enMIIJIHII;HaJlhHOro 
MHO>KeeTBa 0 (K) H30Mop4>Hbl rpyrrrraM (Ko)roMOJIOrHH 
eHMIIJIHII;HaJlhHOrO MHOil\eeTBa 0+ (K) H Ha3. rpyrrrraMH 
(Ko)roMoJlornii c. e. 

Kaml{oMy enMrrJ1nrr;naJ1hHOMY pa36neHHIO (enMrrJ1nrr;n
aJ1bH0My rrpoeTpaHeTBY) x OTBeqaeT c. e. eHMIIJIHII;HaJlb
HOro paa6neHHH, BepmnHaMH K-poii HBJIHIOTeH BepmHHbl 
pa36HeHHH x, a enMIIJleKeaMH - Te HenyeThle KOHeqHhle 
MHomeeTBa BepmnH, Ha K-phle B x HaTHHYT enMrrJleKe. 
,I(JIH KalRAOii C. c. K cymeeTByeT o)l;H03HaqHo orrpe)l;e
JleHHoe e TO'lllOCTbIO 110 H30Mop4>H3Ma CHMIIJIHU,HaJlhHOC 
pa36neHne, C. c. K-poro HBJIHeTCH K. 0Ho Ha3. re o-

M c T p H q e e K 0 ii p e a JI H 3 a u. H e ii (HJIH T e JI 0 M) 
C. e. K n o6o3HaqaeTeH I Kl. MM HBJIHeTeH reoMeTpnq, 
peaJIH3aU,HH B eMbICJle ,lJ,mnBepa - Xy (eM. CuJ.tnAu1fu
a.ibnoe MHOJ1CecmBo) 110 (K) II enMIIJIHU,HaJlhHoro MHome
eTBa 0 (K), a eeJ1n C. e. K yrropHp;oqeHa - reoMeTpnq, 
peaJ1n3au,1rn B eMb1eJ1e MnJ1Hopa I 0 + ( K) I enMrrJ1m~naJ1h
Horo MHOil\eCTBa o+ (K). CooTBeTeTBHe K - 110 (K)ll 
HBJIHCTeH KOBapMaHTHbIM 4>YHKTopoM H3 KaTeropnn c. e. 
B KaTeropHIO KJleToqHbJX pa36neHHII (KJleTO'IHbIX npo
CTpaHeTB). TonoJ1ornq, npoeTpaHeTBO X, roMeoMop4>Hoe 
TeJ1y IKI HeK-poii C. e. K, Ha3. rroJIHap;poM (a 
TU!{il\e T p H a H r y JI H p y c M bl M II p 0 e T p a H e T
B o M), a napa (K, f), rp;e f: IKI-+ X - roMeoMop4>nsM, 
Ha3. T p n a H r y JI H u. n e ii: rrpoeTparreTBa X. 

ToqKn TorroJ1ornq, rrpoeTpaHeTBa I KI MOil\HO OTO>K)l;e
eTBHTh c 4>YHKIJ,HHMH a: K-+ [0, 1], AJIH K-pb1x MHome
eTBo {x EK/a (x)=l=O} HBJIHeTeH enMrrJleKeoM B K H 

~xeKa(x)=1. 
1-IlleJJO a (x) Ha3. x-ii 6 a p H u. e H T p II 'I e c K 0 ii 

K 0 0 p A H H a T 0 ii ToqKn a. ct>opMyJJa 

d (a, ~)=V~xEK (a (x)-~ (x))2 

onpep;emrnT Ha MHomeeTBe I Kl MeTpHKY, Ho eooTBeTeT
BYIOIII;aH MeTpnq, TOIIOJIOrHH, Boo6rrr;e roBopH, eHJlhHee 
TorroJ1ornn rrpoeTpaHeTBa '/Kl. MHomeeTBo I Kl, eHa6-
meHHoe MeTpnq, TonoJ1orneil:, o6o3HaqaeTeH I Kl d· 

C. e. K H3oMop4>Ha HepBy eeMeneTBa 3Be3p; Bepnnrn 
upoeTpaHeTBa IK/, T. e. OTKphlThlX nop;~rnomeeTB Stx= 
={aEIKlla(x)=l=O}, rAe xEK. 

CJ1e)l;yIOrrr;ne YTBepmp;eHHH paBHOeHJlhHhl: 1) C. e. K 
J10KaJ1hHo KoHeqHa; 2) rrpoeTpaHeTBO I Kl J10KaJ1hHO KoM
naKTHo; 3) I Kl= I Kid; 4) rrpoeTpaHeTBo I Kl MeTpn3ye!'.10; 
5) npoeTpaHeTBo I KI YAOBJleTBopHeT nepBon aKenoMe 
eqeTHoeTn. IT poeTpaHeTBo I Kl eerrapa6eJ1bHO (KoMnaKTHo) 
TOrAa H TOJlhKO Torp;a, KOrAa c. e. K He 60J1ee qeM eqeTHa 
(:iwHeqHa). 

I\'.J1eTKH KJleToqHoro pa36neHHH I Kl HaXoAHTeH B 6:a
eKTHBHOM eooTBeTeTBHH e enMuJleKcaMII C. e. I Kl, n 3a
MbIKaHne Isl KJleTKH, eooTBeTeTBYIOrrr;eii e:e:MnJleKey s, 
orrpep;eJ1HeTeJI 4>opMyJ1oii 

/sl={a E IKl/a(x) ;;i:O=:;>x Es}. 

Oao roMeoMop4>Ho q-MepHoMy (q=dims) 3aMKHYTOMY 
mapy (TaK qTo KJleToqHoe pa36HeHne I Kl peryJ1HpHo). 
EoJ1ee Toro, Ha Kamp;oM MHomeeTBe Isl HMeeTeH KaHoH:aq, 
JIHHeiiHaH (a4>4>nHHaH) eTpyKTypa, rro OTHomeHHIO K 
I{-poii OHO H30Mop4>Ho cman8apmnoJ.ty cuJ.tn.iency /!,.q. 
0TeIOp;a :a H3 Toro, qTO lsns'l=lslnls'/ AJIH J1I06brx 
eHMIIJleKeOB s, s'cK, BhlTeKaeT, qTo npoeTpaHeTBO /Kl 
MOil\eT 6hlTb roMeoMop4>Ho OTo6pameHO (BJIOil\eHo) B 
npoeTpaHeTBO IR.n (B03MOil\HO, e TpaHe4>HHHTHhIM n) TaK, 
qTo6hl Bee 3aMKHYThle KJleTKII isl oKa3aJIHeb (rrpHMOJIH
HeiiHhlMH) enMrrJ1eKeaMn. 8To 03HaqaeT, qTo o6pa3 I Kl 
B IR.n HBJIHeTeH CUJ.tnAUlfUaAbHb!J.t npocmpancmBOJ.t (rro
JIH<JAPOM), T. e. o6'heAMHeIIHeM 3aM1rnyThlX eHMIIJleKeon, 
rrepeeeKaIOIII;HXeJI TOJlhKO no rr;eJlbIM rpaHHM. 8To enM
IIJIHII;HaJlhHOe rrpoeTpaHeTBO Ha3. p e a JI H 3 a u. H e ii 
C. e. K B IR.n. 

c. e. K Torp;a H TOJlhKO Torp;a peaJIH3yeTeH B rrpoeT
paHeTBe IR.n e KorreqHhIM n, Kor1w C. e. K JIOKUJlbIIO 
KOHeqHa, He 60J1ee qeM eqeTHa H ee pa3MepHoeTh KOHeq
Ha. ITpn noM, eeJIH dim K ..;;n, TOK peamrnyeTeH B 1R.2n+i. 
c. e., eoeTOHIII;aH H3 2n+3 BepmHH, Kail\AOe (n+1)-
0JleMeHTHoe IIOAMHOil\eeTBO K-poil HBJIHeTeH eHMIIJleKeOM, 
B 1R.2n He peaJIH3yeTeH. 

ITo J1I06oi1: C. c. K MOil\HO rroeTpOHTh HoByIO C. e. BdK, 
sepmHIIaMH K-poil: HBJIHIOTeH CHMIIJleKebI c. e. K, a CHM
IIJieKeal\'JH - TaKHe eeMeiieTBa (so, .•. ' Sq) CHMITJleKCOB 
rm K, qTo s0cs1c .. . Csq. C. e. BdK Ha3. 6 a pH rr; e HT
p H 'I c c l{ 11 M 11 3 M 0 JI b q 0 H H 0 M (mm II 0 A p a 3-
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A e JI e H H e M) C. c. K. RJieToqHhie rrpocTpaHCTBa I BdK/ 
H I K/ ecTeCTBeHHO roMeoMopiJ>Hhl (Ho He H3oMopiJ>Hhl). 
Tipn 3TOM roMe.OMopiJ>H3Me Kall\):(aH sepmHHa /sf H3 /BdK/ 
(T. e. HYJihMepHaH KJieTKa, OTBeqa10m;aH sepmnHe sE BdK) 
nepeXOIJ:HT B u;eHTp THll\eCTH (6apnu;eHTp) 3aMKHyToro 
CHMilJieKCa /sic/Kl. 

C. c. BdK ecTeCTBeHHhIM o6pa3oM yrropH,a;oqeHa. EcJIH 
c. c. K yrropHp;oqeHa, TO COOTBeTCTBHe s-+ (nepBaH 
sepmnHa s) onpe,a;eJIHeT CHMrrJIHu;HaJibHoe oTo6pameHHe 
BdK-+ K, coxpaHHIOm;ee yrropHp;oqeHHOCTh. 0Ho Ha3. 
)\a H 0 H H q e c K HM c AB Hr 0 M. Ero reoMeTpHq. 
pcaJIH3aqHH (HBJIHIOIIJ;aHCH Herrpepb!BHhIM oT06pameHHeM 
I BdKI -+/Ki) roMoTorrHa ecTeCTBeHHOMY roMeoMopiJ>n3MY 
/BdK/-+ IK/. 

CnMIIJIHD;HaJibHoe oTo6pameHHe cp : K -+ L (HJIH ero 
reoMeTpnq. peaJIH3all;HH /cpl: IKI-+ IL/) Ha3. c HM n JI H
u; H a JI b H 0 ft a II II p 0 K c H M a u; H e ii: HeIIpepblBHO
ro oT06pameHHH f: /Kl-+ IL/, ecJIH p;JIH Kam.u;oft ToqKH 
a EI K/ TOqKa lcp/ (a) IIpHHa,a;Jiem11T MHHHMaJibHOMY 3aMK
HYToMy CHMIIJieKcy, co.a;epmam;eMy ToqKy f (a), T. e., 
qTo pasHoCHJibHO, ecJIH AJIH Kam.u;oft sepmHHbl x EK HMeeT 
MeCTO BJIOll\eHHe /(Stx)cStcp(x). TipH 3TOM OTo6pameHHH 
f H /cpl roMOTOIIHhL 

T e 0 p e M a 0 c H M II JI H II H a JI b H 0 ii: a II II p 0 K
c HM au; H H YTBepm.a;aeT, qTo eCJIH c. c. K KOHewa, 
TO AJIJI Kam.u;oro HeIIpepblBHoro oTo6pameHHH f: I K/ -+ IL/ 
Haft,a;eTCH TaKoe qncJio N, qTo AJIH scex n~N cym;ecTByeT 
CHMIIJIHD;HaJibHaH aIIIIpoKCHMall;HH BdnK-+ L OT06pa
meHHH f (paccMaTpnsaeMoro KaK oT06pameHHe I Bdn Kl -+ 
-+/LI). 

Jlum.; (1] C II e H b e p 8., AJ1re6paH'leCl<alI TOIIOJIOrHII, nep. 
c aHrJI., M., 1971; [2] x H JI T 0 H II . .11: m., ya ii: JI H c., TeopHlI 
roMoJ1or11ll:. Bse11ea11e B aJ1re6pa11'!eC1<Y10 TonoJ1or1110, nep. c aHrJI., 
M., 1966; [3] Whitehead J. H. C., «Proc. London Math. 
Soc.», 1939, v. t,5, p. 21,3-327. 

C. H. Ma.1t~tzutt, M. M. IIocmttUJWB. 

CIIMIIJIIIIJ;IIAJibHOE MHOiKECTBO (rrpemHHe Ha3-
saHHH - rr 0 JI y c H M II JI H u; H a JI b H bl ft K 0 M rr
JI e K c, rr 0 JI H bl ft rr 0 JI y c H M rr JI H u; H a JI b H bl ft 
K 0 M II JI e K c) - CU.Mn.ltUlfUll.ftb/l,btU o6'beKm KaTeropHH 
MHOll\0CTB Ens, T. e. CHCTeMa MHOll\0CTB (n-x c JI 0 e B) 
Kn, n~O, CBH3aHHblX oTo6pameHHHMH d; : K,,-+ Kn-1' 
O..,;i..,;n (orrepaTopaMH rpaHeft), H s;:Kn-+ 
-+ K n+i. O..,;i ..,;n (o rr e p a T o p a M H Bbl p o m .u; e
H H H), yp;oBJI0TBOpHIOIIJ;HX COOTHOill0HHHM 

d;dj=di_ 1d;, ecJIH i < ;, 
SjSj=Sj+1Sj, ecJIH i.,;;;,j; 

f si_ 1d;, ecJIH i < j, 
d;Sj='t id, ecJIH i=j. HJ!~ i=i+1, 

1. sid;_ 1, ecJIH i > 1+1. 

} 
ToqKH CJIOH Kn Ha3. n-M e pH bl M H c HM rr JI e Kc a M H 

C. M. K. EcJIH 3ap;aHhl TOJibKO orrepaTopbI d;, y.u;osJie
TBopmom;ne COOTHOllleHHHM d;d 1= d j-1 di' i <j' TO CHCTeMa 
{Kn, dn} Ha3. rr 0 JI y c H M rr JI H u; H a JI b H bl M M H o
m e c TB 0 M. 

CnMrrJI11u;naJibHblM OTo6pameHHeM 
f: K-+ K' C. M. K B C. M. K' Ha3. MopiJ>H3M iJ>yHRTopoB, 
T. e. IlOCJie)J;oBaTeJibHOCTb OT06pameHHft In : Kn-+ K~, 
n~O, YAOBJI0TBOpHIOIIJ;HX COOTHOill0HHHM 

c. M. H HX CHMilJIHD;HaJibHble OTo6pameHHH o6pa3yIOT Ka
TeropHIO 8°Ens. EcJIH sce oTo6pameHHH f n HBJIHIOTCH 
BJ!Oll\0HHHMH, TO c. M. K Ha3. c H M II JI H II H a JI b H bl M 
rr o .u; M H o m e c T B o M C. M. K'. Ilpn aToM oIIepa
TOphl rpaHeil: H Bbipom,a;eHHH B c. M. K IIpe,a;cTaBJJH
IOT co6oil orpaH11qeHHH COOTBCTCTBYIOIIJ;HX orrepaTopoe B 
c. M. K'. 

.JJ;JIH mo6oro TorroJiorHq. rrpocTpaHCTBa X OIIpe,a;eJieHo 
C. M. s (X), Ha3. c H Hr y JI Hp H bl Mc. M. rrpocTpaHCTBa 
x' CHMilJI0KCaMH K-poro HBJIHIOTCH CHHl'YJIHpHbie CHM
IlJieKCbl rrpocTpaHCTBa X (cM. eunay.ttapnbte ao.Mo.ttoauu), 
T. e. HenpepblBHble oTo6pameHHH a: 8n-+ X, r.u;e 8n -
n-MepHblII reoMeTpnqecKH:ii cman8apmn1>tu cu.Mn.ttei>c 

8n={(to, •. ., tn)/0.,;;;,t;.,;;;,1, ~;=0t;=1} cfR.n+l. 

OrrepaTOpbl rpaHeil d; H Bbipom,a;eHHH s; aToro C. M. 
onpe,a;eJIHIOTCH iJ>opMyJiaMH 

(d;a) (t 0, ... , tn-l) =CT (t0, .• ., t;-1, 0, t;, •.. , tn-1), 

(s;a) (to, ... , tn+1)= 

=a (t0 , ••• , t;-i. t;+t;+i. t;+ 2 , ••• , tn+ 1). 

CooTBeTCTBHe X ~ S (X) HBJIHeTCH iJ>yHKTopoM (Ha3. 
c H H r y JI H p H hi M ip y H K T 0 p 0 M) H3 KaTeropHH 
TorroJiornq. rrpocTpaHCTB Top B KaTeropn10 C. M. 8°Ens. 

II poH3BOJibHaH cu.Mn.ttUlfUll.ttbnaa cxe.Ma K orrpe)J;eJIHeT 
c. M. 0 (K), CHM11JI0KCaMH pa3MepHOCTH n K-poro HBJIH
IOTCH (n+ 1 )-qJieHHble rrocJiep;oBaTeJibHOCTH (xo, ... ' Xn) 
sepmHH cxeMhl K, 06JiaJw10m;ne TeM csoil:CTBOM, qTo B K 
cym;ecTeyeT TaKo.ii: cnMrrJieKc s, qTo: x; Es AJIH mo6oro i=O, 
1, •.. , n. OrrepaTOpbl rpaHe.ii: d; n Bhipom)J;eHHH s; noro 
c. M. orrpe,a;eJIHIOTCH iJ>opMyJiaMH 

ddx0 , ••• , Xn) = (x0 , ... , ;;,., ••• , Xn), 

s;(x0 , ••• ,xn)=(x0 , ••• ,Xi,Xf,Xi+l' •.• ,xn), 

r.u;e 3HaK /\ 03HaqaeT, qTo CHMBOJI, CTOHID;HH 110)1; HHM, 
oIIycKaeTCH. Ecmi: CHMIIJIHil;HaJibHaH cxeMa K yrropH)J;o
qeHa, TO CHMIIJ10KCbl (xo, ... ' Xn)' AJIH K-pblX Xo..,; . .. ..,;xn, 
o6pa3yIOT CHMilJIHD;HaJibH00 IIO)J;MHOll\0CTBO O+ (K) C. M. 
0 (K). CooTB0TCTBHe K ~ 0 (K) (HK~ o+ (K)) HBJIHeT
CH il>YHKTopoM H3 KaTeropHH CHMilJIHD;HaJibHblX cxeM (yrro
pH)J;oqeHHhIX CHMilJlHIIHaJibHblX cxeM) B KaTeropHIO 8°Ens . 
.D;JIH rrpoH3BOJibHo:ii rpyrrm1 :n: orrpe)J;eJieHo C. M. K (:n:), 
CHMilJ10KCaMH pa3MepHOCTH n K-poro HBJIHIOTCH KJiaCChl 
rrporropu;HoHaJibHblX (n+ 1 )-qJieHHblX IlOCJI0)J;OBaTeJibHO
CTe.ii: (x0 , ••• , xn}, x;E:rt (IIo oIIpe)J;eJieHHIO (x0 , ••• , Xn) 
~ (x;, ... , x~), eCJIH cym;ecTeyeT Ta Kon aJieMeHT y E :n:, 
qTO x;=yx; )J;JIH scex i=O, ... , n). OIIepaTopbl rpa
Heil: d; H Bblpom)J;CHHH Sj c. M. K (:n:) orrpe,a;eJIHIOTCH iJ>op
MyJiaMH 

d; (x0 : ••• :xn) = (x0 : ••• :x; -1 :x; +1: ... :xn), 

s; (x0 : ••• :xn) = (x0 : ••• :x;-1 :x; :x; :x; +1: ... :xn)· 

c. M. K (:n:) HBJIH0TCH Ha caMoM ;a;eJie CHMIIJ!HIIHaJibHOH 
rpyrrrroil: . 

.JJ;JIH IIPOH3BOJihHOH a6eJieeo.ii:: rpyrrIIhl :n: H mo6oro 
II0Jl01'0 n~1 orrpe)J;eJieHO c. M. (Ha CaMOM JJ;eJie, CHMilJIH
u;naJibHaH a6eJiesa rpyrrrra) E (:n:, n), CHMIIJieKcaMH pa3-
MepHOCTH q K-poro HBJIHIOTCH n-MepHhle Kou;err11 q-Mep
HOI'O reoMeTpHqecKoro CTaH)J;apTHOl'O CHMITJieRca 8q c 
RoaiJ>iJ>nu;neHTaMH B rpynrre :n: (TaKHM o6pa3oM, E (:n:, n)q= 
=en (8q; :rt)). 06o3HaqaH B0pillHHbl CHMIIJI0KCa 8q 
CHMBOJiaMH e/, j=O, ... , q, onpe,a;eJIHl()T CHMUJIHIIHaJib
Hhle oT06pameHHH O;: 8q- 1-+8q n a;: 8q-+ 8q- 1 iJ>op
MyJiaMH 

f eq, ecJIH j < i, 
6; (eq1·-1) =1 ~ 

l ei+l' ecJIH j ~ i; 

f eq-l ecJIH j.;;;;;, i, 

a; (ej) =1 e!-1' 
l /-1 , ecJIH j > i. 

IilHJJ:YIIHpoeaHHble roMoMopiJ>H3MhI rpyIIII Rou;eIIeii 
d;=O';: en (M; :n:)-->- en (M-1; :n:), 

s;=a;: en (M- 1; :rt)-->- e11 (M; :n:) 

HBJ!HIOTCH, IIO orrpe)J;eJieHHIO, OIIepaTOpaMH rpaHe.ii: l! 
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Bhlpomp;eHHH C. M. E (:n:, n). CHMIIJieRchl, HBJIHIOIIJ,HecH JIHpHoMy ljiyuRTopy S: Top - 8°Ens. CooTBeTCTBYIOIIJ,He 
ROil,HRJiaMH, o6pa3yIOT CHMIIJIHil,HaJibHOe IIO)J;MHOJKeCTBO H30MopljJH3Mhl ljiyuRTOpOB 
C. M. E(:n:, n), R-poe Ha3. C. M. 3iiJieH6epra - cp:80Ens(K, S(X))----->-Top(RK, X), 
M a R JI e ii H a H o6o3HaqaeTCH K (:n:, n). KorpaHHqffhlH 
orrepaTOp Ha rpyrrrrax C* (8q; :n:) orrpep;eJIHeT RaHoHHqe- 'ljJ : Top (RK, X)----->- 8° Ens (K, S (X)) 
CROe CHMIIJIH11,HaJibHOe OTo6pameHHe E (:n:, n) - orrpe,IJ;eJIHIOTCH ljiopMyJiaMH 
~K(:n:, n+1), R-poe o603HaqaeTCH 6. IloCROJibRY IIOHH- <p(/)[x, u]=f(x)(u), 
THe OAHOMepHOI'O ROil,HRJia HMeeT CMhICJI H AJIH Hea6eJie-
BOll rpyrrrrhl :n; (CM. Hea6e.ie1m 1wzo.Mo.tiowu), C. M. K (:n:, 1) ('ljJ (g) (x)) (u) = g [x, u], 
orrpep;eJieHo H 6e3 rrpep;rroJiomeHHH, qTo rpyrrrra :n; a6eJieBa. r p;e 
3To C. M.H3oMopljJHo C. M. K (:n:) (cJie)l;yeT Ramp;oMy CHM- x E Kn, u E 8n, f E 80 Ens (K, S (X)), g E Top (RK, X). 
rrJieRcy z EK (:n:, 1)q=Z1 (8q, :n:) couocTaBHTb 3HaqeHHH 
HYJibMepHoil: Ro11,errH, RorpaHH11,eii R-poil: HBJIHeTcH MopljJH3M corrpHmeHHH <D (X) : RS (X) - X HBJIHPTCH 

q )J;JIH JII06oro TOIIOJIOI'Hq. rrpocTpaHCTBa x CJia6oil: I'OMOTO-
ROil,HRJI z, Ha BepIIIHHaX el). IIHq. 3RBHBaJieHTHOCTbIO (3TO, B qacTHOCTH, p;oRaBhlBaeT, 

CorrocTaBHB Ramp;oMy cJioIO Kn C. M. K cao60,1wy10 qTo rrpoHBBOJibHoe TorroJiorHq. rrpocTpaHCTBo cJia6o ro-
a6eJieay rpyIIIIY, HM rropomp;eHHyIO, rroJiyqaIOT CHMIIJIH- MOTOIIHqecRH 3RBHBaJieHTHO RJieTOqffOMY pa36HeHHIO). 
11,naJibHYIO a6eJieBy rpyilrry n, CJiep;oaaTeJibHO, 11, e II Ho ii KoHcTpyR11,nH reoMeTpnq. peaJin3a11,nn IKI o6o6m;aeTcH 
R 0 M II JI e R c. 3TOT ROMIIJieRc o603HaqaeTCH c (K) H Ha3. Ha CHMIJJIHI1,HaJibHhle TOIJOJIOI'Hq. IlpOCTpaHCTBa K. MomHO 
R o M II JI e R c o M 11, e II e il: C. M. K. fpyrrilhl (Ro)ro- TaRme oI1pep;eJIHTb r e o M e T p n q e c R y IO p e a JI n-
MoJiorniI ROMIIJieRca C(K) (c Roaljiljinn;neHTaMn B rpyrrrre 3 a 11, n 10 B c M hi c JI e )]; m n Be pa - X y llKll, 
G) Ha3. r p y II II a M n (R o)r o M o JI o r n ii H * (K; G) yqnThlBarom;y10 TOJibRO orrepaTOphl rpaHeii d; (B 3Toil: 
n H* (K; G) C. M. K. fpyIIIlhl (Ro)roMoJiornil: CHHI'YJIHp- peaJin3a11,nn nMeIOTCH RJieTRn AJIH Bcex cnMIIJieRcoB H3 K, 
HOI'O c. M. s (X) HBJIHIOTCH CHHI'YJIHpHhlMH rpyI1I1aMn a He TOJibRO HeBhlpomp;eHHhlX). EcJIH RaJK):\hlll OIIepaTOp 
(Ro)l'OMOJIOI'HH TOIIOJIOI'Hq. IIpOCTpaHCTBa X · fpyrrrrhl Bhlpomp;eHHH s; HBJIHeTCH 3aMRHYThlM RopaCCJIOeHHeM 
(RO)I'OMOJIOI'HH C. M. 0 (K) ll O+ (K) ll30MopljJHhl ll Ha3. (yCJIOBHe, aBTOMaTnqecRn BhlIIOJIHeHHOe )J;JIH C. M.), 
I' p y II II a M H (R o)r 0 M 0 JI 0 I' H il: c HM II JI H II, n- TO ecTeCTBeHHoe OT06pameHne p : llKll - IKI HBJIHeTCH 
a JI b H 0 H c x e M hi K. rpyIIIIhl (Ro)I'OMOJIOI'HH c. M. l'OMOTOIIHq. 3RBHBaJieHTHOCTbIO. 
K (:n:) cyTb r p y II II hi (R o)r o Mo JI or n ii r P Y n- KaTeropnH 8oEns p;orrycRaeT Ilpon3Bep;eHnH, npH aTOM 

n ~n~"rrJieRc xEK., C. M. K Ha3. B hip om lI. e H H hi M, AJIH JII06hlX C. M. K= {Kn, df' sf} n L= {Ln, df, sf} 
ecJin cym;ecTByeT TaRoil: cnMrrJieRc yEKn-1 n TaRoil: one- nx npon3Bep;eHneM 6y;rieT C. M. KXL, ):{JIH R-poro 
paTop Bhlpomp;eHHH s;, qTO x=s;y. JI e MM a 3 li JI e H- (KXL)n=KnXLm 
6 e pr a - 3 n JI b 6 e p a YTBepmp;aeT, qTo JI106oli cnM- K L 
rrJieRc x E Kn C. M. K ep;nHCTBeHHhlM o6pa3oM npep;cTaB- dfXL =di X dl ' 
JIHeTCH B BHAe x=K (s)y, rp;e s - HeR-phlH annMopljJH3M 
s;: [n] - [m], m<.n, a yEKm- HeBhlpomp;eHHhlH cnMII
JieRc. HanMeHbmee cnMnJin11,naJibHoe nop;MHomecTBO C. M. 
K, cop;epmam;ee Bee ero HeBhlpomp;eHHhle CHMnJieRchl 
pa3MepHOCTH, MeHbme:ii: HJIH paBHo:ii: n, o6o3HaqaeTCH Kn 
HJIH SknK H Ha3. n-M e pH hi M 0 c T 0 B 0 M c. M. K. 

feoMeTpnqecRne CTaHp;apTHhle CHMnJieRChl 

8n={(t0 , ••• , tn)IO.;;;;;t;,;;;;;1, ~;= 0 t;=1}cfRn+i 
COCTaBJIHIOT ROCHMnJIHil,HaJibHOe TonoJiornq. npocTpaHCTBO 
OTHOCHTeJibHO onepaTopoB RorpaHeH 6; H ROBhlpomp;eHHH 
a;, orrpep;eJieHHhlX ljiopMyJiaMn 

6; (t 0 , ••• , tn-1)=(to, ... , ti.-r. 0, t;, ... , tn-1), 
a;(to •. .. , tn+1)=(to, ... , t;-1, t;+t;+1. t;+2• ... , tn+1)· 

B p;H3'bIOHRTHOM o6'bep;nHeHnn U'::=oKn X 8n, rp;e Bee 
Kn paccMaTpnBaIOTCH RaR p;ncRpeTHhle MHomecTBa, ljiop
MYJihl 

(d;x, u) ~ (x, 6;u), x E Km u E 8n-1; 

(s;x, u) ~ (x, a;u), x E Kn, u E 8n+1, 

onpep;eJIHIOT OTHOilleHne 3RBHBaJieHTHOCTH, ljiaRTopnpo
CTpaHCTBO ITO R-poMy HBJIHeTCH RJieToqHhIM pa36HeHneM 
(HJieToqHhlM npocTpaHCTBOM), RJieTRH R-poro HaXOAHTCH 
B 6neRTHBHOM COOTBeTCTBHH c HeBhlpomp;eHHbIMH CHMnJieR
caMn C. M. K. 3To RJieToqeoe pa36neHne o6o3HaqaeTcH 
iKI HJIH RK n Ha3. re o Me T p n q e c Ro :ii: p e a JI n-
3 an; n e li B CMhICJie MnJIHopa C. M. K. Kam
p;oe CHMnJin11,naJibHOe oTo6pameHne f : K - L HHAYil,H
pyeT no ljiopMyJie 

Rf [x, u] = [f (x), u] 

HenpepLIBHoe oT06pameHne Rf: RK - RL, n cooTBeTcT
BnH K ~ RK, f ~Rf rrpep;cTaBJilIIOT co6oli ljiyHRTop R: 
A0Ens - Top. 3ToT ljiyHKTop corrpmReH cJieBa R c:irnry-

sfXL= sf xsf. 
B qacTHOCTH, AJilI Ramp;oro C. M. K orrpep;eJieHo ero 
rrpoH3Bep;eHne Ha cnMrrJin11,naJibHhlH oTpe3oR 8 1. II po
eRn;nn :n:1: K XL - K n :n: 2 : K XL - L orrpep;eJIHIOT 6n
eRTHBHoe oTo6pamemrn 

R:n:1XR:n:2 : R (KXL)----->- RKXRL, 

1\-poe HBJIHeTCH I'OMeOMopljin3MOM, Rorp;a rrpoH3Bep;eHne 
R K x R L npep;cTaBJIHeT co6o:ii: RJieToqeoe pa36neHne 
(Hanp., ecJin o6a C. M. K n L cqeTHhl HJIH me ecJin op;Ho 
n3 RJieToqHhlX pa36neHnil: R K HJIH RL JioRaJibHo Ro
HeqHo). 0TCIO)J;a, B qaC.THOCTH, CJiep;yeT, ~o reoMeTpnq. 
peaJIH3a11,n11 JII06oro cqeTHOI'O CHMIIJIHil,HaJibHOI'O MOHOHp;a 
(rpynrrhl, a6eJieBOH rpynnhl) HBJIHeTClI TOIIOJiornq. MO
HOHAOM (rpyrrnoil:, a6eJieBon rpynnoil:). 

CnMnJin11,naJibHhle oT06pameHnH f, g : K - L Ha3. 
r 0 M 0 T 0 II H bl M n, eCJIH cym;ecTayeT TaRoe CHMil
JllIIII'.laJibHOe oT06pameHne (r o M o T o n n a) F: K x 8 1 -
-L, qTo 

F (x, sd0 t 1 ) =/ (x), 
F(x, sd1 t 1)=g(x) 

p;JIH JI106oro cnMnJieRca x EK n n AJIH JII06oii: RoMno3Hil,HH s 
(AJIHHhl n) onepaTopoa Bhlpomp;eHHH. 3To orrpep;eJieHne 
(Mop;eJinpy10111,ee o6hlqeoe orrpep;eJieHne roMoTorrnn ne
rrpephIBHhIX OTo6pameHHH) paBHOCHJ!bHO (AJIH CJiyqaH 
c. M.) o6m;eMy orrpep;eJieHHIO l'OMOTOnHOCTH CHMIIJIHil,H
aJibHhlX OTo6pameHHH JII06hlX CHMnJIHil,HaJibHhlX o6'beR
TOB. 

MMeH noHHTne roMoTonnn, M;omHo pa3BHBaTb Teopn10 
l'OMOTOIIHH c. M. aHaJiornqeo Teopnn I'OMOTOIIJiii noJIH3A
poB. 0Ra3hlBaeTCH, qTo 3TH ABe Teopnn IIOJIHOCTbIO rra
paJIJieJibHhl; 3TO Haxop;HT CBOe BhlpameHne B TOM, qTO 
COOTBeTCTBYIOIIJ,He KaTcrop1111 3KBJIBaJieHTHhl (3KBJIBaJieHT
HOCTb OCYITieCTBJIHeTCH ljiyHRTopoM reoMeTpnq, peaJIH-
3ail,HH). B qacTIIOCTH, reoMeTpnq. peaJinaa11,nn roMoTorr-
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HbIX CHMIIJIHIJ,HaJibHhlX OTo6pameHHH roMOTOIIHhl, H, 
HaIIp., reoMeTpnq, peaJIH3aIJHH C. M. K (n, n) 6yp;eT 9u
.n,en6epza - Mar>.n,euna npocmpancm6o:M K (n, n). Op;
HaKo ipaKTHq, IIOCTpoeHue TeopHH roMOTOIIHR AJIH c. M. 
B p;eTaJIHX HeCKOJibKO OTJIHqaeTCH OT IIOCTpoeHHH TeopHH 
roMOTOIIHM p;JIH TOIIOJiornq, IIpocTpaHCTB. OcHOBHOe OT
JIHqHe COCTOlfT B TOM, qTo OTHOIIIeHHe roMOTOIIHOCTH CHM
IIJIHIJHaJibIIhlX OTo6pameHHH He HBJIHeTCH, B006IIJe roaopH, 
oTHornenneM 3KBHBaJieHTHOCTH. (ha Tpyp;nocTb IIpeoµ;o
JieaaeTCH CJieAYIOIIJHM o6pa30M. 

C11MIIJI11u,11aJibHoe oTo6pamenne A~-+ K cTaHµ;apTirnro 
tliYIITHKa (cM. Cman8apmnb!u cu.M1i.n,er>c) B C. M. K IIa3. 
ip y H T H K o M B K. Ifami:thl:il: iJ>YHTHK oJ{H03IIaqHo 3a
µ;aeTCH (n+1)-qJieHHOM IIOCJiep;oaaTeJibHOCTbIO n-MepHhlX 
CHMIIJieKCOB x 0, x 1, ..• , Xf<-1' Xk+i. ... , Xn+i. )l;JIH 
K-phlx d;xj=dj-1 x; IIPH JII06hlx i<j, i=/=k. foaopHT, qTo 
il>YIITHK 3 a II 0 JI H H e T c H, eCJIH OH pacIIpocTpanHeTCH 
Ha ace c. M. L\,n+l, T. e. IIaii:p;eTCH TaKoH (n+1)-MepHhlH 
CHMIIJieKc x, qTo d;x=x; AJIH Kamp;oro i=fok. C. M. K na3. 
II O JI H bl M ( lfJilf y A O B JI e T B O p H IO IlJ H M y C JI O
B 11 10 K a H a), ecJI11 Kamp;hl:il: ero iJ>ynTlffi 3aIIoJIHHeTCH. 

CnnryJIHpnoe C. M. S(X) IIpOH3BOJibHoro TOIIoJiornq, 
IIpOCTpaHCTBa x Bcerµ;a IIOJIHO. JI106aH CHMIIJIHIJHaJibHaH 
rpyIIIIa IIOJIHa, B 'IaCTHOCTH IIOJIHhl c. M. :3ii:JieH6epra -
MaKJie:ima K (n) H K (n, n). 3naqenne rroJIHhlX C. M. co
CTOHT B TOM, qTo OTHOIIIeHHe roMOTOIIHOCTH CHMIIJIHIJHaJib
HblX OTo6pamenuii IIpOH3BOJibHOro c. M. B IIOJIHOe c. M. 
HBJIHeTCH OTHoIIIeHHeM 3KBHBaJieHTHOCTH. IloaToMy na 
IIO)l;KaTeropHH IIOJIHblX c. M. IIOCTpoenne TeopHH roMo
TOIIHH IIpHHIJHIIHaJibHblX Tpyµ;nocTe:il: ne BhI3hIBaeT. BMe
crn c TeM cyI1JeCTayeT [4] iJ>yHKTop Ex"":L\.0Ens-.+ L\.0Ens, 
coIIoCTaBJIHIOIIJHH Kamp;oMy C. M. K IIOJIHoe C. M. Ex"" K, 
reoMeTpuq, peaJIH3aIJ!fH K-poro roM0ToII11qecKH aKBHBa
JieHTHa reoMeTpnq, peaJIH3aIJHH C. M. K H K-poe II03TOMY 
BIIOJIHe 3aMeHHeT c. M. K BO Bcex roMOTOIIHqeCKHX BO
IIpocax. 

,l],ea n-MepIIblX CHMIIJieKca x H x' c. M. K II33. c pa B

H HM bl M H, eCJIH d;x=d;x', U<i<n. CpaBHHMhre ClfM
IIJieKChl Ha3. r 0 M 0 T 0 II H hl M H, BCJIH CYIIJBCTByeT 
TaIWH (n+i)-MepHhlH ClfMIIJieKc y, qTo dny=x, dn+1Y=x' 
H d;y=sn-1d;x=sn-1d;x', O<i ..;;:n. )J;JIH IIOJIHhlX C, M. 
3TO OTHOIIIBIIHe HBJIHeTCH OTHOIIIeHHeM 3KBHBaJieHTHOCTH, 
IIpHqeM CHMIIJIBKCbl Torµ;a H TOJibKO Torga roMOTOIIHhl, 
Korµ;a HX xapaKTepHCTHqecKHe CHMIIJIHIJHaJibHhle OT0-
6pameHHH roMOTOIIHbl re IS kn -1 L\. n. 

c. M. K Ha3. II y HK TH p 0 Ba II H hI M, ecJIH B HeM 
OTMeqeH HeK-pblH HYJibMepHblH CHMIIJieKC 8 (TeM me CHM
BOJIOM fl 0603IIaqaIOTCH BCe BhlpOlK,[\eIIHH 3TOro CHMIIJieK
ca, a TaKme rropomp;eHHoe HM CHMIIJIHIJHaJibHOe IIO)l;MHO
meCTBO, K-poe 06b1qno IIa3. o TM e q e H Ho li To q Ko H. 
B K). ,l],JIH IIOJIHoro IIYHKTHpoaannoro C. M. K MHomecTBo 
Jtn (K) KJIBCCOB roMOTOIIIIhlX n-MepHblX ClfMIIJIBKCOB, cpaB
IIHMblX C CHMHJIBKCOM 0, HBJI!IeTCH IIpH n)d rpyIIIIOH. 
:3Ta rpyIIIIa Has. n-M e pH o li r o Mo To II H q e c Ko :ii 
r p y n II o fr lIYHKTHpoaannoro IIOJIHoro C. M. K; 3Ta 
TOpMHHOJIOrHH O!Ipanp,&rnaeTCH TeM, qTo Jtn(K)=nn(IKI), 
H B qacTHOCTH Jtn (K (;i, n))=n H n;(K (n, n)) =0 IIPH i=fon. 
C. M. K, AJIHK-poro n;(K)=O IIPH acex i<n, Ha3. n-CBH3-
H hl Mj IIpH 3TOM 0-CBH3HOe c. M. Ha3. c B H 3 H hl M, a 
1-cBH3Hoe C. M.- o AH o c B H 3 H hI M. CJiomenne a 

rpyIIIIe :rtn (K), n~ 1, HHAYIJHpyeTCH oIIepaIJneli, coIIo
craBJIHIOIIJeH CHMJIJI8KCBM x H y (cpaBHHMhlM c 8) CHMII
JieKc dnz, rp;e z - ClIMJIJieKc pa3MepHOCTH n+i, 3arroJI

HHIOIIJHII iJ>yHTHK x;=8, i<n-2, Xn-1=x, Xn+1=y. 
EcJ!H c. M. K HBJIHOTCH CHMIIJIHIJHaJibHhlM MOHOHAOM c 
ep;HHHIJeii 8, TO cJiomenno IIHAYIJHpyeTcH raKme yMHome
HHeM B 3TOM MOHOHp;e (npOH3Bep;eHHe p;ayx CHMIIJieKCOB, 
cpaBHHMblX c 8, cpaBHHMO c 8). 

IlOCKOJIT,J(Y mo6ofi cmmJieI;C :r, cpaEHHMhllr c 8, HB

JIHllTCH u,111rnoM (11,e1rnoro KOMllJIOKCa c (K), O!Ipep;eJIH
(J)[QT() c. M. K), TO B03HHitaeT ecrecTBeIIIIhIH r 0 M 0 M 0 p-

iJ>ia3M fypea:a'Ia h:nn(K)-+Hn(K), IIpH n=i 
HHAYIJHPYIOIIJHH H30Mopipn3M 

n1 (K)/[n1 (K), n1 (K)] ~ H1 (K) 

(Te ope Ma IT ya II Kap e), a rrpn n>1 HBJIHIOIIJHITCH 
H3oMopiJ>H3MoM, Korp;a C. M. K (n-1)-cBH3Ho (Te ope M a 
f y p e B H q a). )J,JIH IIOJIIIhlX C. M. CIIpaBe):l;JIHBa TaKJRe 
H TeopeMa YaliTxei:ia B o6onx ee aap:aaHTax, T. e. CHMII
JIHIJHaJibHoe oTo6pameHHe f: K-+ L IIOJIHhlX C. M. Tor}J;a 
H TOJibKO Torp;a HBJIHeTCH roMOTOilJaq, 3KBHBaJieHTHOCTbIO, 
KOrJW OHO HHp;YIJHpyeT H30MopiJ>H3M rOMOTOIIJi!q, rpyIIII, 
IIpHqeM p;JIH op;HOCBH3HhlX c. M. 3TO YCJIOBHe paBHOCJIJibHO 

TOMY' qTo HHp;YIJHpoBaHHhle roMoMopiJ>H3Mhl rpyIIn ro
MOJiorui HBJIHIOTCH H30Mopip:a3MaMH. 

B cJiyqae, Korp;a K HBJIHeTcH CHMIIJIHIJ;HaJibBo:ii rpyII
IIoii, roMoTOIIHq, rpyIIIIa nn (K) H3oMopipna rpyIIIIe 

roMoJioriali H n (K) n;eIIHoro (He o6H3aTeJihHO a6eJieaa) 

KOMIIJieKca K, p;JIH K-poro 

Kn=KnnKerdon ••• nKerdn-f, 

a rpannqHhlft oIIepaTop HBJIHeTCH orpaniaqenneM Ha Kn 
oIIepaTOpa (-1 )ndn. Ecm1 CHMIIJIHIJHaJibHaH rpyIIIIa K 
a6eJie11a, To KoMIIJieKc K .ll:BJIHeTcH IIOJ:lKOMIIJieKcOM aToii 
rpyIIIIhl, paccMaTpuaaeMoii KaK IJ0IIHOH KOMIIJieKc, H, 

6oJiee Toro, ee IJeIIHhlM i:teiI>opMaIJHOHHhlM peTpaKTOM, :a, 
B qacTHOCTH, ee IIpHMhlM CJiaraeMLIM. 0Ka3hlBaeTCH, qTo 
;rJ;OIIOJIHHTeJibHhlM IIpHMhlM CJiaraeMhIM CJIYJRHT IIOj:lKOM
IIJieKc, IIopomp;eHHhlH Bhlpomp;eHHhlMH CHMIIJieKcaMH. Ilo-
3TOMY COOTBeTCTBYIOIIJHH iJ>aKTOpKOMIIJieKC KOMIIJieKca K 
eMy n;eIIHo aKBHBaJienTen. HaIIp., AJIH rpyrm KoroMoJio
riail: IIpOH3BOJibHOro c. M. K OTCIO)l;a CJie;ri;yeT (T e 0 p e M a 
0 H 0 p M a JI H 3 a IJ H H), qro l'lHH H30MopiI>Hhl HOpMaJIH-
30BaHHhlM rpyIIIIaM KOrOMOJIOrHH, T. e. rpyIIIIaM, IIOJiy
qaIOIIJHMCH, ecJIH orpannqHTbCH KOIJeIIHMH, paBHhlMH 
HYJIIO na acex Bhlpom,a;eHHhlx CHMTIJieKcax. KpoMe Toro, 

nn(C(K))=Hn(K). 
((lynKTop K ~ K ocyruecTBJIHeT 3KBHBaJieHTHOCTh 

TeopHH roMOTOIIHH CHMIIJIHIJHaJibHhlX a6eJieBhlX rpynll 
c Teopiae:ii: roMoJiorH:ii n;eIIHhlX KoMIIJieKcoa. OTcIOµ;a, 
B qacTHOCTH, CJiej:lyeT, qro JII06aH CBH3HaH CHMIIJIH
IJHaJibHaH a6eneaa rpymra K roMoToIIiaqecKH aKBH
eaJieHTHa IIpoH3Bep;eHHIO C. M. :3il:Jien6epra - MaKJielina 
K(nn(K), n). 

IloJIHoe c. M. K Ha3. M H H H M a JI b H hl M, eCJIH cpaB
HHMhle CHMIIJieKChl Torµ;a H TOJibKO Torp;a roMOTOIIHhl, 
Korp;a OHH coarrai:i;a10T. c. M. K (n, n) MHHHMaJibHO. BcH
KaH rOMOTOIIHq, SKBHBaJieHTHOCTb MHHHMaJibHhlX c. M. 
HBJIHeTcH H30MopiJ>n3MOM. Kamµ;oe IIOJIHoe C. M. K 06-
Jiap;aeT MHHHMaJihHhlM CHMIIJIHIJHaJibHhlM IIO)l;MHOJReCTBOM. 
Ono HBJIHeTCH ero µ;eiJ>opMaIJHOHHhlM peTpaKTOM, H II0-
3ToMy c ToqnoCTbIO AO H30MopiJ>H3Ma oIIpep;eJieHO O;rl;H0-
3Haqno, 

CHMIIJIHIJHaJibHoe oTo6pameHne p : E-+ B na3. p a c
c JI o e II H e M B c M hI c JI e K a H a, ecJIH a E 3aIIoJI-

HHeTCH JI106oil: ipynTHK f : A~-+ E, AJIH K-poro ipynTHK 

pof:A~-+ B 3aIIOJIHeH, IIpnqeM p;JIH JI106oro 3aIIOJIHeHHH 
g: [\.n+1-+ B iJ>yHTHKa po/ CYIIJ0CTByeT TaKoe 3aIIOJIHe

HHe f:L\.n+i-+ E ipynTHKa /, qTo pof=g. PaccJIOeHHe B 

CMhlCJie Kana HBJIH0TCH CHMIIJIHIJHaJibHhIM aHaJioroM 
pacCJIOeHHH B CMhICJie Ceppa H AJIH Hero HMeeT MeCTO 
TeopeMa 0 HaKphlBaIOIIJ0H rOMOTOIIHH 
B CJiep;y10me11 iJ>opMe: eCJIH ;D;JIH CHMIIJIHIJHaJibHhlX OT06-

pameHHH f:K-+ E H <D:KX L\.1 -+ B HMeeT MecTo paaeH

CTBO cDo (id x 61)= p 0 f~ TO cymecTByeT TaKoe CHMIIJIHIJH

aJibHOe oTo6pamenne d5:KX L\.1 -+ E, qTO $o(idXc'l1)=/ 

H pocD=<D. EcJIH paCCJIOeHHe p HBJIHeTCH CIOp'beKTHBHhlM 
OT06pameHHeM, TO c. M. E IIOJIHO TOrµ;a H TOJibKO TOrp;a, 

1<orp;a rroJIHo C. M. B. C JI o e M paccJioeHHH p :E-+ B 
Ha3. (aBTOMaTnqecKH IIOJIHoe) C. M. F=p-1 (8), rp;e 8 -
OTMeqeHHaH TO'!Ka B B. ,l],JIJ1 JII06oro paccJioeHHH B CMhlCJie 
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Ceppa p : E-+ B CHMnmrn;1rnJlhHOe oTo6pameHHe S (p ): ,lJ;JIH TaK orrpeAeJieHHbIX C. M. X" llMeIOT MecTo BJlmKeHHH 

S(E)-+ S(B) HBJ1H0TCH paccJloeHlileM B CMb!CJie KaHa, SXnCXn+1' t):\C s - Ha):\CTpoii1rn. no IIOCJlep;oBaTeJlb-
lil ):\JlH JlI06oro paccJioeHl!IH B CMhICJle KaHa p : E-+ B HOCTl!I C. M. X n H BJlOll\eHnii SX nCX n+l CliIMIIJllilll,lilaJlb-

oTo6pameHHe RP : RE -+RB HBJlHeTCH paccJioeHHeM B Hblii cneKTP X, B caoro oqepe,n:L, aoccTaHaBJlHBaeTcH 
CMbICJle Ceppa (cM. [5)). 0):\H03Ha'IHO. ECJllil BCe c. M. x IIOJlHhl, TO x n=QX n+1' 

IIycTb K - IIOJlHOe IIYHKTHpoBaHHOC c. M. Ii! n~O. t):\e Q - «PYHKTOp IICTeJlb. f[)yHKTOP reoMeTplilq. pcaJll!I-

IloJIOll\li!M X'.!'. y, t):\e x, yEKq, eCJllil d;x=d;!J ):\JIH BCeX 3all,l!Ilil ocyrr~eCTBJlHeT 3KBl!IBaJleHTHOCTb KaTetOplillil Cl!M-

i..;;;n, T. e. eCJlH I!Jlli!IJ,l!IaJlbHbIX cneKTpOB c KaTetOpl!Ieii TOIIOJIOtlilq. cneKT

(cM. Cmanoapmnuii. cuJUn.ttenc). :Cho OTHOIIIeH11e HBJlHeTCH 

3HBHBaJleHTHOCTbIO, ll «PaKTOpMHOiK0CTBa (CosknK)q= 
= Kql n COCTaBJlHIOT (no OTHomeHHIO K llHAYU.HpoBaHHbIM 
orrepaTopaM rpaHeii 11 BhlpOiKAeHIIH) C. M. CosknK, R-poe 
Ha3. n-M K 0 0 c T 0 B 0 M c. M. K. Ilo orrpe):\eJleHllIO, 
rroJiaraeTCH CosknK=K. ,lJ;JlH mo6oro n~O C. M. CosknK 
IIOJlHO H rtq (CosknK)=O nplil q>n. l{poMe TOtO, ):\JIH 

JlI06oro m <.n ecTCCTBCHHOe CIOpbeKTHBHOe CllMIIJlH[\ll
aJlbHOe OTo6pameHIIe 

p;:, : Coskn K --+ Coskm K 

HBJlHeTCH paCCJlOeHIIeM, liIHAYL\llPYIO~llM B pa3MepHOCTHX, 

MeHbIIlIIX HJlll paBHhlX m, H30Mop4JII3M tOMOTOIIll'I. rpyrrrr. 

B qacTHOCTH, cJioii paccJioeH11.11 p~-1 roMOTOnHqecKH 

3KBllBaJleHTeH C. M. 8ii:JieH6epra-Ma1meii:Ha K (nn (K), n). 
IlocJiep;oBaTeJlbHOCTb paCCJlOeH11ii 

K --+ .•• --+ Cos kn+ 1 K -+ Cos kn K ->- Cosk" - 1 K __,. .•. 

Ha3. llocmnunoea cucmeJUoii IIOJlHoro C. M. K. EcJin 

c. M. K Mli!HIIMaJlbHO, TO <JTa IIOCJle):\OBaTeJlbHOCTb HB

JlHeTCH ero pe30JlbBCHToii (cM. I'oJUomonu'lecnuii. mun). 
KoHCTpYKU.IIH c11cTeMhl IIocTHllKOBa HenocpeACTBemto 

o6o6~aeTCH Ha rrpoII3BOJlbHoe paccJioeH11e p:E-+ B 
nOJlHoro C. M. E HaA IIOJlHhlM C. M. B. IlyCTb Cosknp 
eCTb c. M., CJlOHMlil (Cosknp)q K-poro HBJlHIOTCH «PaKTOP.-

n 
MHOlKeCTBa CJlOCB Eq 00 OTHOIIIeHllIO x-y, K-poe li!MCCT 

MCCTO TOt):\a ll TOJlbKO TOtAa, Korp;a p (x)=p (y) ll d;x=di!J 
rrp11 BCex i<.n. Ilo orrpeAeJleHIIIO, noJiaraeTcH Cosk00p=E. 
Ilpn: 3TOM Cosk0p=B. IlpII m <.n .;;.oo ecTeCTBeHHoe crop'h
eKTHBHoe CllMIIJlIIll,lilaJlbHoe OTo6pameHne 

P~i : Coskn p --> Coskm p 

HBJlHCTCH paccJioeHlleM, IIHAYU.llPYIO~llM B pa3MepHu
CTHX, MeHbIIlllX IIJlll paBHhlX m ll 6oJlbIIIIIX n+ ~. lil30-

Mop«Plil3M roM0Torr11q. rpyrrrr. B qacTHOCTH, cJioll pac

cJioeHIIH p~-1 roM0Torr11qecKII <iKBHBaJleHTeH C. M. 8iiJieH-

6epra - MaKJieiiHa K (nn (F), n). CJioeM paccJioeHHH 

p~:Cosknp-+ B HBJlHeTcH C. M. CosknF, t):\e F - CJioii 

paccJioeHIIH p :E -+ B. IIocJieAOBaTeJlhHocTb paccJioeH11ii 

E--+ .• . --+Coskn+l p--->-Coskn p --+Coskn-l p--+ •.• --+B 

Ha3. c II c T e M o i'1 M y p a - II o c T H H I\ o B a pac
cJioeHllH p :E -+ B. 

Ha H3bIKe C. M. YA06Ho orrpep;eJIHTL crrc1\Tpb1. C 11 M

u Jl II u; ll a Jl b H bl M c II e KT p 0 M Ha3. IIOCJIC):\OBa

TCJlbHOCTb {X (qi} rryHKTIIpOBaHHhIX MHOiKeCTB (ero 3Jle
MeHThl Ha3. CllMIIJlCKCaMll, OTMe'!eHHblii CIIMIIJieKC o6o-

3HaqaeTCH 8), orrpeAeJleHHhlX AJlH npo1rnaom,Horo u;eJioro 

qIIcJia q, cHa6meHHaH OT06pameH11HMll d;:X <ql-+ X <q-ll> 

i>O (o rr e p a T o p a M 11 r p a H e ii), Ii! s;:X <ql-+ 
-+ x (q-l)t i~O (o II e pa T 0 p a M II Bbl p 0 iK A e H ll H), 
K-phle YAOBJlCTBOpHIOT COOTHOIIIeHIIHM ( *) ll CJlep;yro~eMy 
ycJIOBllIO: AJIH KaiKAOto CHMnJleKca x EX cy~ecTByeT 
TaKoe u;eJioe n, qTo d;x= 8 rrp11 i >n. KamAoMy cneKTPY X 
M npOII3BOJlbHOMY u;eJlOMY n MOiKHO COIIOCTaBllTb c. .'>!. 

X,,, orrpep;eJillB ero «PopMyJioii 

(Xn)q={x E Xcq-nll d;x =8 
rrpn i>q, d0, ... , clqx=8}. 

poB. Cli!MIIJililll,lilaJlbHhle cneKTpbI MoryT 6hrTh onpe):\eJICHhl 

):\JlH npOl!I3BOJlbHOii I\aTerop1m. lfaTCropl!IH a6eJleBbIX 

rpyrrnoBhlX cneKTpOB H30Mop«Paa KaTeropHH (a6eJieBbIX) 
u;enHhlX KOMIIJleKCOB. 

Jlum.: [1] r a 6 pH e J1 b II., UH c Ma H M., HaTerop1m 
'JaCTHhIX H TeopnH roMOTOIIHfi, rrep. c anm., M., 1971; [2] May 
.r. P., Simplicial objects in algebraic topology, Princeton, 1967; 
[3] Lam o t k e K., Semisimpliziale algebraische Topologie, 
B.- [u. a.], 1968; [t,] Kan D., «Amer. J. Math.», 1957, v. 79, 
p. t,1,9-76; [5] Qui 11 en D., «Proc. Amer. Math. Soc.», 1968, 
v. 19, p. 11,99-500; [6] B pay H 3. x., «MaTeMaTHKa», 1958, 
T. 2, No 2t c. 3-21,; [7] Ka H ,o:.' TaM me, 1962, T. 6, No 1, 
c. 3-32; 8] er o m c, TaM me, 1966, T. 10, N; 3, c. 12-28. 

C. H. MaAbl2U1i, M. M. Ilocmuu1W6. 
CHMIIJIJU(HAJibHOE OTOBPAiKEHHE - Mop.iPnsM 

JIH6o KaTeropn:n: cu.1Un.1tu1.fua.1tbnbix npocmpancme, mi:6o 
KaTeropHlil CUJUn.ltU1.fUa.ttbllb!X cxe.JU. A. B. XoxA06. 

CHMIIJIHD;HAJibHOE IIPOCTPAHCTBO - TOIIOJlO-

rn:qecKoe rrpocTpaHCTBO x' CHa6meHHOe TaKl!IM IIOKphl
Tl!IeM TOIIOJlOtl!IqecKl!IMH CHMIIJleI\caMH (Ha3. T p Ii! a H r y

Jl H u; n: e ii), qTo rpaan: JII06oro CliIMIIJleKca Tpnaary

JIHIJ,HH rrpn:Hap;JiemaT Tpn:aHryJI.1111,n:n:, rrepeceqeHHe mo6brx 

~~BYX CliIMIIJleKCOB TplilaHtYJlHIJ,li!H HBJlHeTCH rpaHbIO KalK

;wro H3 Hli!X (B03MOiKHO, rrycTOii); MHOiKeCTBO FcX TOt):\a 
II TOJlbKO TOt):\a 3aMKHYTO, KOt):\a 3aMKHYTO ero rrepece

'IeHHe c JII06hlM cHMrrJieKcoM TpHaHryJIHIJ,HH. Kam):\oe 

C. IL HBJlHeTCH K.ttemo'lnbi.~i npocmpancmeo.JU. 3ap;aHn:e 

TpnaHtyJlHIV!H paBHOCli!JlbHO 3a):\aHl!IIO tOMeOMop«Plil3Ma 

I SI -+ X, tAe I SI - reoMeTpHq. peaJIH3au;n:H HeK-poii 
cu.11in.ltU1.fUa.1tbnoii. CXeJ.lb!. c. II. Ha3. TaKme c Ii! M II Jl Ii! u; H
a Jl b H bl M Ii! K 0 M II Jl e K c a M H, c H M II Jl H u; ll a Jl b

H bl M Ii! pa 3 6 Ii! e H ll HM Ii!. c. II. HBJlHIOTCH o6'heK

TaMll KaTerop1111, Mopqrn3MaMl!I K-poii x -+ y CJlYiKaT OT0-

6pameHl!IH Tail'.lle, qTo KaiK):\hlH Cli!MIIJleKC Tpl!IaHryJIH[\Hll 
npocTpaHCTBa x JIHHCiiHo OTo6pamaeTCH Ha HeK-phlii Cl!IM

IIJleKC TpnaHryJIH[\li!H rrpocTpaHCTBa Y. Mop«Pn3Mbl Ha3. 
TaKme c II M II Jl Ii! u; ll a Jl b H bl M ll 0 T 0 6 p a lK e H II
.II M ll. A. B. XOXA06. 

CHMIIJIHD;HAJibHbUI . KOMIIJIEKC - To me, qTO 

cuJUn.1tU1.fUa.1t&noe npocmpancmeo. 
CHMIIJIHD;HAJibHblll OB'DEKT .. K a T e r o p n u 

cg - rrpo113BOJlbHhlii KOHTpa:1;iapIIaHTHbIII qiym,Top X: 
L'1 -+ cg (llJllil, qTO TO me caMoe, KoBapnaHTHbiii «PYHKTOp 
x : £'10P-+ cg) 113 KaTeroplilll £'1, o6'beKTaMlil H-poii HBJlH

IOTCH yrropHAOqeHHble MHOiKeCTBa [n]= {O, 1, ... , n }, 
n~O, a Mop«P113MaMH - Hey6hlaaro~ne oTo6pamemrn µ: 
fn]-+[m]. KoBapIIaHTHblii «PYHKTOp X:L'1-+cg (HJill, 
'ITO TO iKe caMoe, KOHTpaaap11aHTHblii 4JyHKTOp x: L'1 op -+ 

-+ cg) Ha3. K 0 c ll M II Jl ll I~ II a Jl b H bl M 0 6 'b e K

T o M KaTerop1111 cg. 
Mop«PH3MbI 

fJ;=fl?:[n-1]-+[n), O,,;;;;i,,;;;;n, 

a i ~~ a7 : [ n + 1] --> [ n], 0 ,,;;;:; i ,,;;;:; n, 

Karnrop1111 £'1, onpep;eJieHHble «PopMyJia~m 

{ j CCJlH j < i, 
87 (j) =) ·+' 1 . . l J , ecJin 7~i, 

. { j, ecJin i< i, 
07 (1) = . 1 . > . J - , ecJIH J ___ i, 

rropOJK):\aIOT JlI06oii M:op«Pll3M KaTCrOpIIH £'1, TaK qTO c. o. 

x IIOJlHOCTbIO orrpe):\eJlCH, CCJlll AJlH JlI06oro n~O 3a):\aH 
o6'heKT X ([n])=Xn (Ha3. n-M c Jl o e M, llJllil n-ii Ko M

n o H e H T o ii, C. o. X) n Mop«PII3MI,J 

cl;=X(fJ;):Xn--+Xn-1 H s;=X(cr;):Xn--+X 11 -1 
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(Ha3. COOTBE'TCTBeHHO 0 TI e p a T 0 p a l\I n r p a II e ii: H 

0 II e pa T 0 pa M H B hi p 0 IK i:\ e H n JI). B CJiyqae, 
Imrp;a 'ti HBJIJieTCJI Kwreropnen CTPYKTypn3oBaHHhIX 
MHOIKeCTB, TO'lKH MHOIKeCTBa x n Ha3. o6hI1IHO n-M e p
H hi M H c n M II JI e K c a Mn c. o. x. OT06pa1KeH1rn 
15; H a; yp;oBJieTBOpJIIOT COOTHOIIIeHnJIM 

l5jB;=l5;l5j_ 1 , ecmr i < j, ) 
O/J;=a;aj+l• ecJin i<j; l 

J l5;aj-i. ecJin i < j, J 
ajfi;= 1 id, ecJin '.=inJin i=i+1. 

\ l5;_ 1aj, ecJin z > 1+1; 

rrpn'leM JII06oe COOTHOIIIeHne MeIBp;y BTHMII OTo6pmKe
HHJIMH JIBJIJieTCJI cJiep;CTBHeM COOTHOllieHIIH ( *). ::ho 03-
Ha'laeT, lJTO c. o. x MOIKHO OTolI\p;ecTBnTb c CIICTeMoii 
{X m d;, s; }, COCTOJIII~ell: H3 o6'beKTOB x n• n~O, KaTe
ropnn '(if H Moplfin3MOB d;: Xn-+ Xn-i. 0<.i<.n, n 
s;: X n-+ X n+b O<.i <.n, yp;oBJieTBOpJIIOIIWX cooTHO
IIIeHHJIM 

d;dj=dj_ 1d;, ecmr i < j; 
s;sj=Sj+ 1s;, ecJIH i<}; 

( sj_ 1d;, ecJin i < j, 
d;sj=~ id, ecmr~=firnni=i-1-1, 

l s jd i _ 1, ecJIII z > 7 + 1. 

AHaJiorn11Ho, KOCHMIIJIH11,naJibHhiii o6'heKT x MOlI\HO 
paccMaTpHBaTh Kai\ CHCTeMy {X "' di, si }, COCTOJIIIJ;YIO H3 
o6'beKTOB Xn, n~O (n - X K 0 C JI 0 e B), H llI0plfi1rnMOB di: 
xn-.l-+ X", 0<.i<.n (o II e pa T 0 p 0 B K 0 r pa He ii:), 
H s': xn+l-+ xn, O<.i<.n (o II e pa T 0 p 0 B KO
B hi p 0 )I\ p; e H H JI)' yp;oBJieTBOpJIIOIIJ;HX COOTHOIIIeHHJIM 
(*) (B K-phlX IIOJIOIKeHo l5;=di, a;=s'°). 

CnMIIJinu;naJihHhlM 0To6pa1KeHneMt 
X -+ Y C. o. X B C. o. Y (op;Hoii n Toi1 me l\aTeropnn 'eff) 
Ha3. rrpoH3BOJihHoe rrpeo6pa3oBaHne (Moplfin3M) lfiyHK
Topa X: 8-+ 'ti B lfJYHKTOp Y: 8-+ 'ti, T. e. TaKaH 
cncTeMa Moplfin3MOB fn: X,,-+ Y,,, n~O, Kpwrep1rn 'tf, 
lJTO 

ddn+1=fnd;, O,,;;;;;; i<n+1, 
sjfn=ln+1s;, O,,;;;;;;i,,;;;;;;n. 

CnMIIJinu;naJibHhle o6'beKThl l\aTeropnn 'ti II nx cuMnJI11-
1waJI1>Hhle oT06pa1KeHnH 06pa3y10T KaTeropn10 8 ° 'ti. 

c H M II JI H 11, H a JI b H 0 If r 0 M 0 T 0 II H e ii h: t~g' 
CBH3h1Ba10iu;eii CHM!lJIH11,HaJibHbie OTo6pamennrr /, g: x -+Y 
CHMIIJIHIJ,HaJihHhlX o6'beKTOB KaTeropnn c, Has. TaKOl' 
ceMeii:cTBO MopcpH30B h;: X,,-+ Yn+l• 0<.i<.n, KaTero
pnn 'ti, 'lTO 

dnhn=gn; 
( hj_ 1d;, ecm1 

d;hj = ~ djhj-1• eCJIH 
~ hjd;_ 1 , ecJIH 

i < j, 
i=i > 0, 
i > i+1; 

{ 
hj+ 1s;, ecm1 i <i, 

s;hj= . . 
hjs;-i. ecm1 z > J. 

Ha ocHoBe sToro orrpep;eJieHHJI B 1rnTeropnn 8°'eff Hap; 
npoH3BOJibHOii 1rnTeropneii: 'ti MOIKHO BOCHpOH3BeCTH ITO 
cyiu;ecTBY Bero 06h111Hyro Teopnro roMoTorrni1:. B cJiy11ae 
KaTeropnn lliHOlI\eCTB HJIH TOIIOJIOril'I. rrpocTpaHCTB qiyHK
TOp reoMeTpn11. peaJIH3aIJ,IIH (cM. Cu.MnAurtua.ttbnoe .!f!.1w

J1Cecmeo) rrepeBO)l;HT BTY ((CilMIIJIHIJ,H3JiblIYIO» Teopnm B 
06h111Hy10. 

l1 pH Me p bl c. o.: CHMIIJIH11,naJibHOe MHOJKeCTBO, 
CJIMIIJIH11,HaJibHOe TOIIOJiorn11. npocTpaHCTBO, CHMIIJinu;n
aJibHOe aJire6pan11. MHoroo6pa3ne, cnMIIJIH11,1IaJibHaH rpyrr
na, CHMIIJIH11,ll3JibHaH a6eJieBa rpynrra, CIIMIIJIII11,UaJibHaH 
;rnre6pa JllI, CIIMHJIII11,HaJibHOe rJiap;11oe MHoroo6pa31Ie 
II T. p;. 

Kamp;an cnMnJinu;naJibHaJI a6eJieBa rpyrrrra HBJIHeTcJI 11,err
HhlM l\OMIIJieKCOM c rpaHH'lHhlM orrepaTOpoM d="Z (-1)id;. 

Jlum.: [1] r a 6 p" e JI r, IT., U" c Ma H M., KaTerop1111 qac
THh1x " Teop1111 roM0Ton11il, nep. c anrJI., M., 1971; [2] M a y J. P., 
Simplicial objects in algebraic topology, Princeton, 1967; [3] La
m o t k e K., Semisimpliziale algebraische Topologie, B.
!u. a.], 1968. C. H. Ma..blzun, M. M. llocmnunoe. 

CHMIICOHA <l>OPMY JIA - 11acTHhlii: cJiy11aii: H b10mo
na - Komeca nea&pamypnoii rfiopMy.ttbl, B K-poii: 6epyTCH 
Tpn Y3Jia: 

rb b-a[ 4 (a+b) J ja f (x) clx ~ - 6- f (a)+ f - 2- +f(b) . (1) 

11ycn rrpoMemyToK [a, b] pa36HT Ha n 1IaCTH'lHhlX rrpo
~iemyTKOB [x;, x;+ 1 ), i=O, 1, 2, ... , n-1, )l;JIHHhl h= 
= (b-a)ln, rrpn BTOM n ClJHTaeTCH 'IeTHhlM 'lHCJIOM, H 
p;JIH BhllJHCJieHHH HHTerpaJia no rrpoMemyTKY [x2k• X2k+2l' 
llCITOJib30BaHa KBap;paTypHaJI lfiopMyJia ( 1 ): 

~ : 2k + 2 f (x) dx ~ T [/ (x2k) +4/ (x2k + 1) + f (x2k + 2)]. 
2k 

CyMMnpoBaHne no k OT 0 p;o n/2-1 JieBoii: n rrpaBorl. 
'IaCTeii: BToro paBeHCTBa rrpHBOp;HT K COCTaBHOH c. qi.: 

~:f(x)dx~ ~ {f(a)+f(b)+2[/(x2)+f(x4)+ ... 

... +! (xn-2)]-t-4 [/ (x1)+/ (xaJ+ ... +! (xn-1)]}, (2) 

rp;e Xj=a+;h, j=O, 1, 2, ... , n. 1-\Bap;paTypHyIO lfiopMyJiy 
(2) TaKme Ha3h!BaIOT c. qi. (6e3 p;o6aBJieHHH CJIOBa co
CTaBHM!). AJire6pan11. CTeneHb TOlJHOCTll KBap;paTypHoii 
qiopMyJihl (2), KaK H lfiopMyJihl (1), paBHa 3. 

EcJin IIO)l;HHTerpaJibHaH lfJYHK11,HH t (x) HMeeT Herrpe
pbIBHYIO rrpoH3BOp;HyJO 4-ro rropHp;Ka Ha [a, b]' TO rro
rpemHOCTb R (!) KBap;paTypHoii: qiopMyJihl (2) - pa3HOCTh 
Me1Kp;y JieBm1 n rrpaBoii 11acTHMH rrpn6JinJKeHHoro pa
BencTBa (2) - nMeeT rrpep;cTaBJieHne 

R (!) = - bl~~ h4j<IVJ (£)' 

rp,e £ - HeK-paH TO'll\a H3 rrpoMeJKyTKa [a, b]. 
C. qi. Ha3BaHa no nMeHII T. CnMrrcoHa (Th. Simpson), 

IIOJIY'lHBIIIero ee B 17 43, XOTH BTa lfiopMyJia 6h!Jia H3-
BeCTHa paHee, Harrp . .IJ:llc rperopn (J. Gregory, 1668). 

H. II. M•icoecnux. 
CHMCOHA IIPHMAH - npHMaH, Ha K-poii: JiemaT oc

HoBarrnJI rreprreHP,HKYJIJipOB, orry~eHHbIX H3 rrpon3BOJib
Hoii TO'!Irn p ORpylKHOCTII, orrncaHHoii BOKpyr TpeyroJib
HHKa, Ha ero CTOpOHhl. c. II. p;eJIHT Ha p;Be paBHhle 11aCTII 
0Tpe30K, coep;nHJIIOIIWll TO'lKY p c TO'lKoii rrepece11eHHH 
Bh!COT TpeyroJihHHl\a. C. rr. rra3BaHa no nMeHn P. CnMco
Ha (R. Simson), xoTH orra BrrepBhle 6h!Jia yl\a3aHa paHee. 

A. B. Heanoe. 
CHMY JIA (oT aHrJI. «SIMUiation LAnguage», T. e. 

«H3hlK ~mp;eJinpoBaHHH») - Ha3BaHne p;Byx aJiropnTMH'l. 
H3hlKOB, pa3pa6oTaHHhlX Ha OCHOBe a.ttao.tta B HopBelKCKOM 
Bhl'IHCJIHTeJibHOM 11,eHTpe H Heoqinu;naJibHO pa3JIH'laeMhlX 
Kai\ CHMyJia 1 H CirMyJia-67. 

C n M y JI a 1 - npo6.tte.Mno-opuenmupoeannbzii szabzn p;JIH 
~rop;eJinpoBaHHJI CHCTeM c p;HCKpeTHhlMH co6h!THHMH 
(Harrp., cncTeM MaccoBoro o6cJiymnBamrn), pa3pa60TaH 
B 1964. Crreu;nlfinl\a11,HJI Mop;eJIH COIIOCTaBJIHeT KOMIIO
HeHTaM CHCTeMhl (KJIHeHTaM, CTaHKaM, MaTepnaJiaM HT. rr.) 
II p 0 11, e cc hi. 11pou;ecc IIMeeT aTp1I6yThI (CTPYKTYPY 
ri;aHHhlX) n rrporpaMMY p;eiicTBIIii (aJiroplITM). Mop;eJib 
pa6oTaeT ITO rrplIHll,HIIY K B a 3 H II a p a JI JI e JI H 3 M a : 
B KalKAhJM MoMeHT al\TIIBeH TOJihKO O)l;IIH npou;ecc; IIC
IIOJIHHH CBOIO rrporpaMMy, OH MOJKeT IICIIOJib30BaTb CBOII 
II 11yarne aTp1I6yThI, rropomp;aTb HOBhle upou;eccbl, rrJia
HIIpoBaTb ce6e II p;pyrlIM rrpou;eccaM c o 6 hi T II H - HO
BLie lfia3hl aKTHBHOCTH (rrp1IM{)HHH BCTpoeHHOe B JI3hlK 
UOHJITIIe AIICKpeTHoro BpeMemr)' rrpHOCTaHOBHTb ce6H. 
Peamrnan;nJI C.1 npnBeJia K pa3pa6oTKe aJrroplIT~rn'l. 
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cpeACTB 6oJibmoii: o6IqHocTn, IIoaBoJUIIOIIJ,HX Bhlpaal!Th CIIHfYJUIPHOE IIHTErPAJihHOE YPABHEIIHE -
TaKme IIHhie IIOAXOAhl K MOAeJn1poBaHJfIO (n He TOJibKO ypaBHeHne, COAepmarn.ep JICJ;mryIO (J1yHJil\IIJO IIO/\ 3HaJ;OM 
AHCKpeTHoMy). BKJIIOqeHlle HX B H3b!K IIpl!BeJio K co- Heco6CTBeHHOro llHTerpaJia B CMblCJie rJiaBHoro 3HaqeHl!H 
sp;aHJIIO C.-67. no Romn. B saBl!CHMOCTll OT pasMepHoCTll MHoroo6-

C H M y JI a - 6 7 orrpeAeJieHa KaK 6asa p;JIH IIOCTpoe- pa3HH, IIO K-pOMY pacIIpOCTpaHeHbl llHTerpaJibl, pa3JIH-
Hl!H IIpo6JieMHo-opneHTHpOBaHHhlX H3hlKOB. Ee 3JieMeH- 'IalOT OAHOMepHhle ll MHoroMepHbie c. ll. y. Ilo cpaBHeHHIO 
TapHhle cpeACTBa BKJIIOqaIOT Beeb aJirOJI-60 (c He6oJibIDHMll c Teopne:ii: ypaBHeHllH Cf>peAroJibMa Teop11H c. H. y. HB-
ll3MeHeHHHMH), a MeXaHH3M pacmnpeHHH OCHOBaH Ha JIHeTCH 6oJiee CJIOIBHOH. TaK, Harrp., Teopn:H OAHOMepHhlX 
KOHIWlllt;HH K JI a cc a 0 6 'he KT 0 B. H MHoroMepHbIX c. IL y. KaK B CMblCJie cPOPMYJIHpOBOK 

IloHJITHe o6'beKTa B03HHKJIO H3 IIOHHTHH rrpou,ecca C.1 oKoHqaTeJibHhlX peayJibTaTOB, TaK H IIpn:MeHHeMh!X AJIH 
IIYTeM a6cTparnpoBaHn:H OT cpaBHHTeJihHO qaCTHOH opra- HX ycTaHOBJieHHH MeTOAOB 3Haqn:TeJibHO OTJin:qaIOTCH 
Hn:aau,n:n KBaamiapaJIJieJibHoro llCIIOJIHeHn:H B TepMn:Hax APYr OT Apyra. TeopnH OAHOMepHhlX C. n:. y. paapa6oTaHa 
AHCKpeTHoro BpeMeHH. Opn:rnHaJihHhle cpeACTBa aap;aHHH 6oJiee rroJIHo, rrpnqeM ee peayJibTaThl cliopMyJin:pyIOTCH 
rrporpaMMbl n aTpn6yToB o6'heKTOB qepea oIIncaHHH KJiac- rrporrt;e, qeM aHaJiornqflh!e peayJihTaThl B MHoroMepHoM 
COB COCTaBJIHIOT rJiaBIIOe ,!l;OCTllIBeHHe C.-67. Oco6eHHO cJiyqae. Hnme B OCHOBHOM 6y/:(eT paccMoTpeH OAHOMepHhlH 
BameH IIpllHJ.t;llII II p e cP H K c a It; ll ll K JI a c c 0 M, no- CJiyqaii. 
3BOJIHIOIIJ,l!H BKJIIOqHTh B orrn:caHne HOB Oro KJiacca o6'b- BaIBHhlM KJiaCCOM OAHOMepHbIX c. H. y. HBJIHIQTCH 
eKTOB (HaIIp., KJiacca «CTYAeHT») aTpn6yThl n AeiicTBHH ypaBHeHn:H c Hp;poM Rorrrn: 
6oJiee o6rrt;ero KJiacca (Harrp., «qeJioBeK»). IlpeclinKcau,nH 
upn:MeHl!Ma ll K 6JioKaM B CMblCJie aJiroJia; TaKon 6 JI 0 K a (t) <p (t) + b ~!)~I'~~~) dT + ~I' k (t' •) <p (•) dT:= f (t), 
c II p e cP n .K c o M rroJiyqaeT «IIpoJior» n «aIIHJior» na 
IIporpaMMhl CBoero IIpeclinKca, a TaKme BCe ero aTpn:6yThl t E r, (1) 
(rrepeMeHHhle n npo1.1e8ypbi). 8To II03BOJIHeT ocliopMHTh r11.e a, b, k, f - n:aBeCTHh!e cPYHK1.t;n:n:, na K-ph!X k - HAPO 
paapa6oTKY rrpo6JieMI10-opneHTHpoBaHHoro H3h1Ka KaK Cf>pe11.roJibMa (cM. Jfnmezpa.rtbHbiii onepamop), <p - ncKo-
orrncaHne KJiacca. B qacTHOCTH, IIOCTaBHB rrpeclinKCOM MaH cPYHKJ.t;IIH, r - IIJIOCKaH JillHHH, a Heco6CTBeHHhlii 
CTaHAapTHhlii KJiacc SIMULATION, IIOJih30BaTeJih IIOJiy- HHTerpaJI rroHn:MaeTCH B c M hi c JI e r JI a Bu or o 
qaeT AOCTYII K cpeJ{CTBaM, aKBHBaJieHTHh!M cpeACTBaM C. 1 3 Haq e H n H II 0 It 0 m n, T. e. 
(ll OllHCaHHhlM 'lepea 6aay). 

ll11.e:a C.-67 oKaaaJin 6oJibillOe BJIIIHHne Ha rroa.riHe:ii:rnne 
H3b1KH 11porpaMMHpoBaHHH. IloHHTlle o6'beKTa KaK coqe
TaHHH ,n;eiiCTBllH H ,[\aHHh!X IIpHBeJio K KOHlt;eIIJ.t;IIll a K
T 0 p a BO MHornx H3h!Kax 11porpaMMllpoBaH1IH aa11.aq 
llCKYCCTBeHHOro HHTeJIJieKTa ll llOBJIHHJIO Ha pa3BHTIIe 
KOHIWIIlt;n:n a6cTpaKTHhlX Tn:IIoB AaHHh!X. HeIIocpep;cT
BeHHO cpe,[\CTBaMl! C.-67' IIOMl!MO H3hlKOB MO):{eJinpoBaHHH, 
OIIl!CaHbl H3hlKH pa6oThl c 6aaaMH AaHHhlX, Mallll!HHOH 
rpaclinKn n T. ;n;. 

C.-67 peaJinaoBaHa Ha BSCM-6 n EC SBM. 
Jlum.: [1] A a JI 0. H., H 11 rap 11 R., CHMYJIA - Hahm 

llJIJI rrporpaMM11poBaH11JI 11 orr11caH11JI c11cTeM c 1111cKPeTHbIMll co6&1-
TIUIMH, nep. c aHrJI. ! «A.rrropHTMbI H aJJropHTMUqecKHe ff3hlHH1>, 
1967, a. 2, c. 3-72; [2] A a JI Y. II., M rop x a y rB., Hrorop 11 
H., CHMYJIA-67 YHHBepcaJI&Hblll f!3bIK nporpaM1.t11poaamrn, rrep. 
c aHrJI., M., 1969. B. B. OnoJ1tmumnu1tos, C. B. IIoitposcw:uii. 

t Er, 

rAe re =r"-le, le o6oaHaqaeT AYrY t'tt" JillHHll r TaKyIO, 
qTo ,[\Jil!Hhl AYr tt' n tt" paBHhl e. 

One pa Top K, orrpeAeJIHeMhlii: JieBoii qaCThIO paBeIICTBa 
(1), H83. c JI Hr y JI H pH LIM 0 II e pa T 0 p 0 M (nuor-
1\a ero Haa. o 6 lit; n M c n Hr y JI H pH bl M o II e pa
T 0 p 0 M): 

(2) 

rAe l - TOIBAeCTBeHHhlH OIIepaTop, s - c H H r y JI H p-
H LI ii: JI H T e r p a JI h H hi 11: 0 II e p a T 0 p ( llHOr):\U 
ero Ha3. c ll H r y JI H p H bl M JI H T e r p a JI b H bl III 

o II e pa Top o M c Hp; p o M R o rn n), T. e. 

1 ~ <p ("t) (S<p) (t)=-:- r--1 a,, twr, .ni 't-

CHHrY JIHPHAH <l>YHKl(IIH - oTJinqHaJI oT 11oc
ToHHHon HellpepbIBHaH ozpaHU'leHHOU eapualfUU ifiyHY>lfU5t, 
11ponaBop;HaH K-pon 11oqn1 BCIOAY Ha paccMaTpnBaeMoM 
OTpeaKe paBHa HYJIIO. C. cP· BXO,!J;HT B Ka'leCTBe cJiaraeMhlx V - llHTerpaJibHhlH oIIepaTop c HAPOM k (t, •). 
B J/e6eaa paa.rio:m:enue cPYHKlt;llH orpaanqeHHOH Bapnau,nn. OrrepaTop K0= al+ bS Haa. x a p a K T e p ll c Tu-
HaIIp., BCHKaH HeIIpephIBHaH cPYHKlt;llH orpa.HnqeHHOH q e c K 0 ft q a c Th IO c ll Hr y JI H pH 0 r 0 0 II e-
Bapnau,nn f(x) Ha oTpeaKe [a, b] e;n;nHCTBeHHbl.M o6paaoM pa Top a K, llJIH x a pa KT e p n: c T 11 q e c I\ n: M 

IIpep;cTaBnMa B BHAe cyMMbl. f (x)=<p (x)+r (x), r;n;e <p (x) - c n Hr y JI H pH hi M o II e pa To p o M, a y pa B He-
a6coJIIOTHO HeIIpephlBHaH cPYHKit;llH, y.ri;oBJieTBOpHIOIIJ,aJI H n e 
ycJioBHIO <p (a)= f (a), a r (x) ecTh C. cP· llJill Tom;n;ecTBeHHhIH 
HYJih. 

II p n Me p. IlycTh X=[O, 1]. JIID6oe x EX MomeT 6bl.Th 
IIpe,D;CT8BJieHo B Bllp;e 

~ a:> a.i 
x= . - 1·=0, a1, a 2, ... , 

i=l a 
rp;e ai=O, 1 llJill 2, i=i, 2, ... IlpJ1 aTOM ecJill xEC, 
r,n;e C - nanmopoeo .1ttno:m:ecmeo, TO a;=O llJill 2, i=i, 2, 
•... IlycTh n= n (x)-IIepBhlii :irnp;eKc, IIpn K-poM an= 1; 
eCJIJI TaKl!X llHJ{eKCOB HeT, TO IIOJiaraIOT n (x)= 00. <l>yHK
It;lllI 

,, a.i 1 
1Jl (x) =~I ~. 2t+1+2n 

~i<n 

HBJIHeTCH MOHOTOHHOH C. cP· 
.llum.: (1] JI e 6 er A., HHTerp11poaaa11e n OTbICKaH11e rrpuMH

THBHbIX ipymu~Hll rrep. c ljlpaH11 .• M.-JI., 1934; [2] Ha Ta H c 0 H 
H. II., TeopHlI ~YHKI1Hll BemecTBeHHOll rrepeMeHHOH, a 11311 .• M .• 
1974; [3] X a JIM om II., Teop11JI Mepi.:r, rrep. c aHrJl.J_M., 1953. 

B. .ta.. I'OJ1y 6os. 

a(t)<p(t)+ b~:> ~r ~~ti d•=f(t), tEr, (3) 

- xapaKTepllCTll'IeCKllM c. H. y., <Jiymn.1,nH a, b - Ko;i¢
cPJ1lt;lleHTaMJ1 COOTBeTCTBYIDIIJ.ero onepaTopa HJIH y paB·· 
HeHlrn. 

YpaBHeHne 

a (t) •I• (t)-~\ b (i;) tlJ (T) di:+ 
"' m.lr -r-t 

+~rk(T, t)'ljl(•)dT=g(t), tEr, 

Haa. c o IO a H LIM c y p a B H e H n e M (1), a oIIepaTop 
K'=aI+SbI+ V' (V' - llHTerpaJihHbIH OIIepaTOp c HA
poM k(i:, t)) - c 0 JO 3 H hi M c 0 II e pa T 0 p 0 M K. 
B qacTHOCTll, K~=aI+SbI HBJIHeTCH coI03HhlM c K0 • 

OIIepaTophl K, K0 , K', K~ llJill cooTBeTCTBYIOIIJ,Irn HM 
ypaBHeHllH Ha3. H 0 p M a JI b H 0 r 0 T ll II a, eCJIJI 
cPYHKit;JIH 
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He oupan\aJOTCH B HYJib HIH/J;e Ha r. B aTOM CJiy•rae ro
BOpHT T3IORe, qTo Koaif>qrn:u,HeHTL! onepaTopa HJIH ypaB
HeHHH YAOBJieTBOpH10T y c JI 0 B II 10 H 0 p M a JI b H o
c TH. 

IIycTb Ha(r), O<a..;;;:1,- KJiacc if>YHIH.\HH {/}, orr
pep;eJieHHhlX Ha r H YAOBJieTBOpH10II\HX yCJIOBH10 

'r/ (t1, t2Er) If (ti)-/ (t2) /..;;;; const I t1-t2 /a. 
Ror1w npeµ;noJiaraeTCH, qTo qiyHKl.\HH f npnHap;JiemHT 
RJiaccy Ha (r) npn HeK-poM µ;orrycTnMoM aHaqeHHH a 
H He Tpe6yeTCH BHaHHH qncJieHHOro 3HaqeHHH a, TO 6yp;eT 
yrroTpe6JIHTbCH o6oaHaqeHHe fEH(r) HJIH !EH, eCJIH H3 
ROHTeKCTa HCHO, 0 KaKOH JIHHHH r HJJ;eT peqh. 

MHomeCTBO H Ha3. qi y H R I.\ H 0 H a JI b H LI M R JI a c
c 0 M re JI b A e pa; ecJIH !EH, TO roaopHT, qTO t 
YAOBJieTBOpHeT ycJIOBH10 reJibJJ;epa HJIH qTo f HBJIHeTCH 
H-qi y HK I\ n e ft. 

IIycTb G - KOMIIJieKCH03Ha1IHaH HerrpepLIBHaH if>yuK-
1\HH, He o6paII\a10II\aHcH B HYJih Ha opneHTnpoeaHHOii 
aaMKHYTOii npOCTOH rJia};lKOii JIHHHH r' II 

1 
x = 23t [arg G (t)]r, (4) 

rµ;e [ lr o6oaHaqaeT npnpaII\eHne qiyHKl.\HH, aaKJI10'1eH
HOH B CK06KaX, IIPH OJJ;HOKpaTHOM o6xop;e JIHHHH r B 
IlOJIOmHTeJibHOM Ha.rrpaaJieHnH. u;eJioe qHCJIO x Ha3. 
H HA e K c 0 M qi y H R I.\ H H G: x=indG. 

PemeHne xapaKTepHCTH11ecKoro n coroauoro c HHM 
c. ll. y. IIycTb r - npocTaH aaMRHyTaH, opneHTllpOBaH
HaH rJiap;KaH JIHHHH, Ha K-poil: IIOJIOmnTeJibHOe HarrpaB
JieHne Bb16paHO TaK, 'ITO OHO OCTaBJIHeT KOHe1IHy10 o6JiaCTb 
C rpaHHil,eii r CJieBa, Ha'laJIO KOOpl{HHaT JiemHT B 3TOH 
o6JiaCTH H a, b, tEH(r), npn11eM a, b YAOBJieTBOpH10T 
ycJioen10 HOpMaJibHOCTH. II ycTh, l{aJiee x orrpe,n;eJieHo 
paeeHCTBOM (4), B K-pOM 

G=~. (5) 
a+b 

Torga cnpaaep;JIUBhl cJieµ;y10II1ne yTeepmp;eHHH. 
1) ECJIH x;;;;,O, TO ypaeHeHHe (3) paapemHMO B KJiacce 

H (r) rrpn JI106oft npaaoii 11acTH fEH (r) n ece ero H
pemeHHH npep;cTaBJIH10TCH (CM. [1), [2)) if>opMyJioii 

m (/)=a (t) t (t) - b,. (t) (I) (t) (' f ('t) a-r+ "' * :rti .) r oo (i-) (i- - t> 
+b* (t) co (t) Px-t (t), (6) 

rp;e 
a b 

a,,.= a•-b2 ' b* = a'-b'' 
x 

co (t) =t-2 Y a2 (t)-b2 (t) exp [ 2~i ~r ln[i-~~~ (i-))d't' J, 
Px-1- rrpo1rnBOJibHblH MHOrO'IJieH CTeneHH x-1 (p-1= 
=0). EcJIH x<O, TO ypaeHeHne (3) paapemHMO B KJiacce 
[/ (r) TOrp;a H TOJibKO Torp;a, KOrp;a npaaaH 'laCTb f YAOB
JieTaOpHeT ycJIOBHHM 

(' 1k 
Jr oo(t) f(t)dt=O, k=O, 1, ... , -x-1. 

II pn co6JI10p;eHHH aTnx ycJioanil: ypaeHeHne (3) HMeeT 
e,[IHHCTBeHHOe l/-perneHne, onpep;eJJHeMoe qiopMyJioii (6), 
B K-poii Px-1=0. 

2) Co10aHoe c (3) C. n. y. 

a (t)'IJl (t) - ~i ~r b <~>-~ <i-> d-r=g (t), t Er, \7) 

paapemnMo B KJiacce H npH JI106ofr npaaoii qacTn gE I/ (r), 
eCJIH x ..;;;:O, II ece ero l/-pemeHHH npep;CTaBJIH10TCH 
qiopMyJioii 

'ljl (t) =a* (t) g (t)+ 

+--1- (' oo (i;) b• (1') g ('t) d + P-x-1 (t) 
:rtioo (t) .lr i--t 't' oo (t) · 

(8) 

Ecm1 me x >O, To ypaeHemie (7) paapemaMo Torp;a II 
TOJibKO TOrJJ;a, 1.;orp;a npaBaH qacTb g YAOBJI8TBOpHeT x 
YCJIOBHHM: 

~r tkb,,.(t)co (t) g (t)dt=O, k=O, 1, ... , x-1, 

npII co6JI10,[leHHII R-pb1x pemeHne µ;aeTCH qiopMyJioil: (8), 
rJJ;e HymHo noJiomHTh P-x-1=0. 

TeopeMhl Herepa. IIycTb v II v' - 'IIICJia JIHHeii.Ho 
HeaaBIICHMblX pemeHnii op;HopoJJ;HhlX ypaaHeHIIii K~<p=O 
a K~'ljl=O cooTBeTCTBeHHO. Tor,n;a paaHOCTh v-v' Haa. 
II H ,!I; e K c 0 M 0 II e p a T 0 p a Ko IIJIH y p a B H e H H H 
K 0<p=O: 

indK0 =v-v'. 

Teo p e Ma 1. 0,n;HopoJJ;Hhle C. n. y. K 0<p=O II K~'ljl=O 
nMeIOT KOHe'lHoe qIIcJio mrnefrno HeaaBIICIIMhIX pemeHIIii. 

T e o p e M a 2. Heo6xo,(IHMLie lI JJ;OcTaToqHble ycJIOBHH 
paapeillIIMOCTII HeOIJ;HOpOJJ;HOro ypaBHeHHH (3) aaKJI10-
'la10TCH B TOM, qTO 

~r f(t)'ljlj(t)dt=O, j=1, 2, ... , v', 

rµ;e 1Jl1' •.. ' 1Jlv· - IIOJIHaH CIICTeMa JIHHeHHO HeaaBHCII
Mb!X pemeHnii co10aHoro OJJ;HOpOJJ;Horo ypaaHeHHH K~'ljl=O. 

Teo p e Ma 3. llH,[leRc orrepaTopa K 0 paaeH HH,[leKcy 
qiyHKl.\IIII G, orrpeµ;eJIHeMoii: paaeHCTBOM (5), T. e. 

. d K 1 [ a-b J m 0 = 23t arg a+b r. (9) 

chH TeOpeMhl OCTalOTCH B CHJie ll B CJiy'lae 06II\ero 
c. II. y. (1), TO ecTb B cqiopMyJIHpoaaHHblX T00peMaX 
orrepaTopLI K 0 , K~ MomHo aaMeHHTb orrepaTopaMn K, K'. 
HaJJ;o TOJibKO nMeTb B BHAY, 'ITO B cJiy11ae o6II\HX C. n. y. 
'IHCJia v H v'' B006II\e rOBOpH, o6a OTJIII'IHbl OT HYJJH, B 
OTJIR'llle OT xapaKTepHCTH'leCKIIX c. H. y., Korp;a OJJ;HO 
na aTHX qnceJI o6HaaTeJibHO paBHO HyJI10. 

TeopeMhl 1-3 Haa. Teo p e Ma M II H e T e p a, B 
qecTb <t>. HeTepa (F. Noether), arrepab!e JJ;OKaaaamero nx 
(9) B cJiyqae op;HoMepHoro C. n. y. c I'u.1tb6epma n&po.M: 

b(s) (':rt t-s 
a (s) <p (s) +""'Zn.) -:rt IP (t) ctg 2 dt + 

+~::rt k(s, t)<p(t)dt=f(s), - n..;;;;s..;;;;n. (10) 

chll TeopeMhl aHaJIOrH'IHbl TeopeMaM <f>pep;rOJibMa (CM. 
<l>pe&eo.t£b.Ma ypaonenue) H OTJIII'la10TCH OT HIIX TOJibKO TeM, 
'ITO 'lllCJia JIHHeHHO He3aBHCHMblX pemeHHH Oll;HOpO,a;Horo 
ypaaHel!HH ll C0103Horo c HIIM ypaaHeHHH, B006II\e ro
BOpH, pa3JIH'IHbl, T. e. TOrp;a KaK llHJJ;eKC ypaBHelIHH 
<t>peµ;roJibMa acer,[la paaeH HyJI10, C. n. y. MomeT nMeTh 
OTJIII'lHbIH OT HYJIH HHJJ;eKC. 

<t>opMyJihl (6), (8) TaK me, KaK TeopeMhl HeTepa, oc
Ta10TcH B CHJJe ll B CJiy'lae, KOrp;a r= LJ r k COCTOHT ll3 
KOHe'IHOrO qncJia rJiap;KllX B3aHMOHenepeceKa10II\IIXCH 
aaMKHYThlX JIHHIIH. B aTOM cJiyqae B paaeHcTBe (4) CHMBOJI 
[ Ir 06oaHa11aeT cyMMY rrpnpaII\eIInii: BhlpameHHH, aa
KJI1011e1IHoro B CK06KaX rrpn o6xop;e OT):\eJibHblX JIHHHH rk• 
CJ1y11aii me, Kor,a;a r- KOHe'IHaH COBOKYIIHOCTb rJia,!IKHX 
paaOMKHYTbIX B3aHMOHerrepeceKa10II\llXCH JIHHHH (r= 
= LJ rk), Tpe6yeT CIIeil,HaJibHOro paCCMOTpeHHH. 

EcJIII qiyHRl.\HH <p HBJIHeTCH H-qiyHKI\Heii BHYTPH Kam
JJ;Oii ll3 aaKpb!TOll 'laCTH JIHHIIH rk, He cop;epiKaII\ell KOHl\OB 
3TOii JIHHHH, B6JIII3ll me JI106oro KOHil,a c rrpeJJ;CTaBHMa B 
BH,[\e <p (t)=<p* (t) it-cl-a, O<:a=const<1, rµ;e <p* HB
JIHeTCH ll-qiyHKil,Heii B OKpeCTHOCTll c, BKJI10'1aH c, TO 
roaopHT, 'ITO <p n p 11 H a A JI em n T R JI a c c y H*. 
ECJIII a, bEH, f, gEH* 11 pemeHHH ypaaHeHIIH (3), (7) 
paab!CKIIBaIOTCH B KJiacce H* ' TO MOiKHO TaK 011peµ;eJIHTb 
'lllCJIO x H qiyHKil,1110 co, qTO II B 3TOM CJ1y11ae OCTalOTCH 
B CHJie qiopMyJihl (6), (8). )J.aJiee, eCJIII COOTBeTCTBYlOII\HM 
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o6pa3oM orrpe):teJiliTh rro):tKJiacchl KJiacca H*, B I{-ph!X 
pa3blCKliBaIOTCH pemeHliH p,aHHoro II COI03Horo c HUM 
c. II. y., TO OCTaIOTCH B CIIJie II TeopeMhl HeTepa (cM. [1]). 

YKa3aHHhie Bhlme pe3yJihTaTbI o6o6m,eHhl B pa3JIII'lHhlX 
HarrpaBJieHIIHX. IloKa3aHo (cM. [1]), 'ITO rrpH HeK-phlx 
ycJIOBIIHX OHll OCTaIOTCH crrpaaep,JIIIBhlMll II B CJiy'lae 
KYCO'IHO r Jia):tKOH JIIIHllll f (T. e. KOrp,a f -o6'be):tuHeHIIe 
KOHe'lHoro 'lllCJia r Jia):tKIIX pa30MKHYThlX p,yr, K-phle 
MoryT rrorrapHO nepeceKaTbCH TOJibKO no CBOIIM KOHIJ;aM). 
c. ll. y. IICCJieAOBaHhl TaKil\e B ii>YHKIJ;IIOHaJibHhlX rrpo
CTpaHCTBaX Jle6era LP (f) II LP (f, p), rp,e p >1, a p -
HeK-phlil: aec (cM. [4] - [7]). B pa6oTax [4] - [6] rrpII
ae;a;eHhl pe3yJihTaThl, K-pbie Herrocpe):tCTBeHHO o6o6m,aIOT 
Bhnne ciJ>opMyJIIIpoaaHHhle yTBepm1:teHIIH. 

II yCTb ypaBHeHIIe npocTo.ii: crrpHMJIHeMo:ii JIIIHIIII r 
ecn t=t (s), O...;:s...;:y, rp,e s - p,yra ::!TOH JIIIHIIII, OTC'lII
TLIBaeMaH OT HeK-po:il: iJ>l!KCIIpoBaHHOH TO'IKII Ha Hen, 
y - /l,JIIIHa f. fOBOpHT, 'ITO iJ>yHKIJ;IIH f, orrpep;eJieHHaH 
Ha f, IIO'ITII BGIOp;y KOHe'lHU, II3MepIIMa, IIHTerpIIpyeMa 
II T. i;t., eCJIII ii>YHRIJ;IIH f (t (s)) Ha cerMeHTe [O, y] o6Jia).\aeT 
cooTaercTByIOIIJ,IIM caoiiCTBOM. llHTerpaJI Jle6era or f 
Ha f OUpe).\eJIHIOT paBeHCTBOM 

~I' f (t) dt = ~~ f (t (s)) t' (s) ds. 

1-Iepe3 LP (f) o6o3Ha'laercH MHOil\eCTBO II3Mep11MhlX 
Ha f iJ>yHKIJ;IIH TaKIIX, 'ITO /f/P llHTerpIIpyeMa Ha f. <l>yHK
IJ;IIOHaJibHhlll KJiacc LP (f), p~1, npeaparnaeTCH B 6aHa
xoBo rrpocTpaHcrao, ecmr rropMy aJieMeHTa f orrpe,l{eJIIITb 
paaeHCTBOM 

11 t II = 0 r It IP ds )11 P. 

EcJIII B ypaBHeHIIHX (3), (7), B K-phlx paBeHCTBa co-
6J1IOp;aIOTCH IIO'ITII BCIOAY, RoaiJ>iJ>IIu;IIeHrhl a, b HenpephlBHbl 
n: yp,oaJieTBopmor ycJIOBIIIO HopMaJihHOCTII, f, g E LP (f), 
p >1, TO OCTaIOTCH B CIIJie yraepm).\eHIIH 1) II 2), ecJIII B 
HIIX RJiacc H 3aMeHIITb KJiaccoM LP (f), p >1. ,UaJiee, 
ecJIII perneHIIH ypaBHeHllH KCf!=f, r):te orrepaTop K IIMeeT 
BII/.J, (2), pa3b!CRIIBaIOTCH B 6aHaXOBOM rrpocTpaHCTBe 
L p (f), p >1, a pemeHIIH COI03Horo op;Hopop,Horo c HIIM 
ypaaHeHIIH K''ljl=O - B rrpocTpaHcrae Lp' (f), rp;e p'= 
=pl (p-1), TO OCTaIOTCH B CIIJie II TeopeMbl HeTepa, rrpu
'leM v 1\Wil\0T 6h1Tb JII06hlM BIIOJIHe Herrpepb!BHhlM orre
paTopoM B Lp(f). 

I\orp,a f HBJIH0TCH KOHe'lHOH COBOKYIIIIOCTbIO pa30MK
HYThlX JIIIHIIiI IIJIII f 3aMRHyTa, HO KoaiJ>iJ>IIa;IIeHThl C. II. y. 
TeprrHT pa3ph1Bhl, TO pewemrn ypaaHerrn:ii 'lac To pa3hlCRII
BaIOTCH B BeCOBhlX iJ>yrrKIJ;IIOIIaJibHhlX rrpocTpaHCTBaX 
Lp(r, p), p>1 UELp(r, p)¢::::>p/ELp(f)). IlpII orrpe
p,eJieHHhlX ycJIOBIIHX OTHOCllTeJibHO BeCOBOll iJ>yHKIJ;IIII p 
OCTaIOTCH cnpaaep,JillBhlMII pe3yJibTaTbI, aHaJIOrII'lIIbie Bhl
rne rrpIIBep;eHHhlM. 

3ap,a'la peryJIHpnaau;11n. Op;Hon II3 ocrroBHhlX 3aP,a'l, 
B03HllKaIOIIJ,IIX rrpII IIOCTpoeHIIII TeOpllII c. II. y., HBJIH
eTCH aap;a'la peryJIHp113aa;IIII, T. e. 3ap;a'la rrpIIBe).\eHIIH 
C. 11. y. K ypaBHeHllIO <l>pep;roJibMa. 

IlycTh E 11 E1 - 6aHaXoBhl rrpocTpaHCTBa, K-pble MoryT 
II coarrap;aTb, A - JIIIHe:iiHhlii orpaHII'leHHhIH orrepaTop 
A: E -+ E 1. OrpaHll'l0HHbiil: orrepaTOp B Ha3. JI e B bl M 
p e r y JI H p II 3 a T 0 p 0 M 0 II e p a T 0 p a A , eCJIII 
BA= I+ V, r1:te I, V - Toil\P,eCTBeHHblii 11 BIIOJIHe Herrpe
pblBHhlll orrepaTOphl B E. EcJI11 ypaaHeHIIH A Cf!= f H BA Cf!= 
=Bf 3KBHBaJieHTIIhl, KaKoB 6bl Hll 6hlJI ::iJieMeHT f EE 1, 
TO B Ha3. JI e B bl M 3 K B ll B a JI e HT H bl M p e r y
JI H p n 3 a T o p o M o rr e p a T o p a A . OrpaHII'leH
IIhiil: orrepaTop B Ha3. rr p a B hi M p e r y JI H p II 3 a
T op o M orrepaTopa A, ecJin AB=I1+VI> rp,e 
II> V1 - TOll\P,eCTBeHHhlH II BIIOJIHe HerrpephlBIIhlH orre
paTOpbl B E1 cooTBeTcTne1rno. EcJIII rrpn JII06oM f E E1 
ypaBHeHHH A Cf!= f II A B'ljl= f op,rroapeMeHHO pa3pemIIMh1 
IIJill HepaapernnMhl, rrpII'IeM B cJiy'lae paapemHMOCTll 

Memp;y llX pemeHHHMll cym;ecTayeT CBH3b Cf!=B'ljl, TO B 
Ha3. l1 p a B hi M 3 K B ll B a JI e H T H hi M p e r y JI H
p n 3 a T o p o M o rr e p a T o p a A. EcJIII B HBJIHeTcH 
O/.J,HOBpeMeHHO JieBhlM ll npaBbIM peryJIHpII3aTCJpoM orre
paTOpa A, TO ero Ha3. AB y c T 0 p 0 H H II M p e r y
JI H p II 3 a T 0 p 0 M, llJill npocTO p e r y JI H p II 3 a
T o p o M, o rr e p a T o p a A. roaopHT, 'ITO onepaTop A 
A 0 II y c K a e T p e r y JI H p ll 3 a II ll IO JI e B y IO, 
II p a B y IO, ,o; B y c T 0 p 0 H H IO IO, 3 R B ll B a JI e H T
H y IO, ecJin cym;ecTByeT ero peryJIHpn3aTop (cooT
BeTCTBeHHo JieBhln, rrpaabl:il:, ABYCTopoHHIIH, 3RBIIBaJierrT
Hbiil), 

IlycTb K - onepaTop, orrpep,eJIHeMhlH paaeHCTBOM (2), 
rp,e r- 3aMKHyTaH npocTaH rJiap;KaH JIHHHH, a, b cyTh 
H-iJ>yHKIJ;llII (nJin Herrpe pblBHhle iJ>yHKIJ;HII), yp,oaJieTBo
pHIOIIJ,IIe ycJIOBllIO HopMaJibHOCTll, v - BllOJIIIe Henpepb!B
Hblll orrepaTop B rrpocTpaHCTBe Lp (f), p >1. Tonia B 
3TOM rrocJiep,HeM rrpocTpaHcTBe orrepaTop K IIMeeT 6ec
'lllCJieHHoe MHOll\eCTBO peryJIHpH3aTopoB, cpep,II K-pb!X 
Haxop,IITCH, Harrp., orrepaTop 

a I b 
M = U2=b2 - a•-b• S. 

,UJIH Toro 'lTo6hl orrepaTop K p,orrycKaJI JieayIO 3RBJIBa
JieHTHYIO peryJIHpn3aIJ;IIIO, Heo6xop,llMO II AOCTaTO'lHO, 
'lTo6hl HHP,eKc x orrepaTopa K 6bIJI HeoTpnu;aTeJihHhlM [7]. 
B Ra'leCTBe 3KBHBaJieHTHoro Jieaoro peryJIHpII3aTopa 
MOil\HO E3HTb orrepaTop M. EcJill x <O, TO orrepaTOp K ;a;o
rrycKaeT rrpaayIO 3KBllBaJieHTHYIO peryJIHpII3aIIHIO, K-pyIO 
MOil\HO ocyIIJ,eCTBllTb c IIOMOIIJ,bIO orrepaTOpa M (cM. [1]). 

CHcTeMbI C. ll. y. EcJill B (1) a, b, k - KBap,paTHbie 
MaTpHilhl n-ro rropHp,Ka, paccMaTpnaaeMble KUK MaTpllIJ;hI 
JillHeHHhlX rrpeo6paaoBaHHH IICKOMOl'O BeKTOpa Cf!= (Cf!1, 
· · ·, cp n), a /= (/1, ... , f nl - ll3BeCTHblll BeKTop, TO ( 1) 
HU3. CllCTeMOIT c. n. y. CIICTeMa (1) Ha3. HOpMaJibHoro 
Tuna, ecJill MaTpHIJ;bI A=a+b II B=a-b Heoco6eHHbie 
Har, TO eCTb 'V(tEf) detA=;t=O, detB=;t=O. 

TeopeMbl HeTepa ocTaIOTCH a cnJie p,JIH CllCTeMhI C. ll. y. 
B KJiacce H (cM. [1], [3]) n o6o6IIJ,aIOTCH Ha cJiy'laiiiJ>yHK
u;noHaJibHhlX rrpocTpaHCTB Jle6era (cM. [ 4], [5]). B OTJIH
'llle OT OP,HOl'O ypaBHeHIIH xapaKTepHCTll'l. CIICTeMhl c. 
II. y. B o6IIJ,eM CJiy'lae He pemaIOTCH B RBap,paTypax, HO 
AJIH Bhl'lllCJieHIIH HHp;eKca II B 3TOM CJiyqaeH aii:p,eHa (cM. 
[ 1]) iJ>opMyJia, aHaJiorn'lHaH iJ>opMyJie (9): 

ind K = -,J-- [ arg det A - 1 B Jr . 
dt 

B cJJytJae CIICTeMhl C. n. y. aap;aqn peryJIHpII3alWH (cM. 
[3]) aHaJiorn'lHbI 3a):ta'laM peryJIHpII3au;nII p;JIH op;Horo 
c. ll. y. 

B pa3JIII'lIIblX rrocTaHoBKax nccJie).\oBaHhl RaK op,Ho 
c. II. y., TaK II llX CllCT0Mhl, Kor;a;a HapymaIOTCH ycJIOBllH 
HopMaJibIIOCTII (cM. [ 11] ll y1rn3aIIHYIO TaM 6H6JIIIorpa
iJ>nIO). 

MHoroMeprrb1e C. ll. y. TaK Ha3hlBaIOTCH ypaBHemrn an;a;a 

a(t)cp(t)+ ~r g(!~.~lcp(T)dT+(Vcp) (t)=/(t), tEf, 

(11) 

r;a;e r - o6JiaCTb eBKJill)l,OBa rrpocTpaHCTBa Em, m >1; 
f MOll\0T 6blTb KOH0'IHOH llJ!ll 6eCKOHe'lHOH, B 'laCTHOCTll 
MOll\eT COBIIaCTb c Em; t, T - TO'IKII rrpocTpaHCTBa E fll> 

r=lt-T1, tt= (T-t)lr, dT - aJieMeHT o6'heMa B rrpo
CTpaHCTBe Em. v - BIIOJIIIe Herrpepb!BHblH orrepaTop B 
6aHaXOBOM '1JYHKIJ;IIOI!aJibHOM npocTpaHCTBe, B K-po111 
nm;eTcH pemeHIIe cp; a, g - aap,aHHhle iJ>yHKIJ;IIH; Heco6-
CTBeHHblH CIIHryJIHpHhlii IIHTerpaJI IIOHHMaeTCH B CMhlcJie 
rJiaBHOfO 3Ha'leHllH, T. e. 

\ cp (T) g (t, ~) dT = lim l Cf! (T) g(t, ~) dT' (12) Jr rm e-;. 0 .lr"{r < e} rm ' 

TO'lHa t HU3. II 0 JI IO c 0 M, q>yHKIJ;IIH g (t, tt) - x a pa K
T e p II c T ll K 0 :ii, qi ymtIJ;llH cp - ll JI 0 T H 0 c T h 10 Cl!H -
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ryrrnpuoro IIHTerpaJia ( 12). II pep;eJI B paaeHCTBe ( 11), HHTerpaJioB II rrpn:MeHIIJI ee R pemeHmo op;Horo RJiacca 
RaR npaBi!JIO, He cyn~CCTBYeT, erJin He Bbl!TOJIHHeTCH c. H. y. B <lTOM HarrpaBJieHIIH «PYHAaMeHTaJibHoe HCCJiep;o-
yCJIOBIIe aaHn:e rrpn:uap;JiemHT JR. llin:po (G. Giraud, 1934), p;oRa

(13) 

rp;e a - ep;n:Hn:qHaH c«Pepa c qeHTpoM 
AIIHaT. IloaToMy yCJIOBHe (13) BCerp;a 
llb!IIOJIHeHHhIM. 

aaameMy crrpaaep;JIHBocTb TeopeM <l>pep;roJihMa AJIH HeR
phlx RJiaCCOB MHoroMepHbIX c. H. y. Ha JIHIIYHOBCRHX 
~rnoroo6paam1x. 

B HaqaJie Roop- Jlum.: [1] My c x e JI H m B H JI H H. H., CnHrymrpHble HH-
rrpep;noJiaraeTCH TerpaJibHble ypasHeHHff, 3 nsn., M.~ 1968; [2] r a x o s <I>. ,U., 

B TeopHH MHoroMepHbIX c. H. y. BamHyIO pOJib HrpaeT 
JIOHHTHe CHMBOJia CHHryJIHpHoro orrepaTopa A, R-pb!ii: 
CTpOHTCH c IIOMOID;blO «PYHRq:uii a, g, rrpn:qeM 110 p;aHHO
My CHMBOJIY CHHrymrpHhlii orrepaTop BOCCTaHaBJIHBaeT
CH c ToqHOCTbIO AO BIIOJIHe HerrpepbIBHoro CJiaraeMo
ro. KoMII03HqHH CHHryJIHpHhIX orrepaTopoB COOTBeTCTBy
eT rrpo11aaep;eHn:e n:x CIIMBOJIOB. ,l],oRaaaHo [7), qTo npu 
HeR-pbIX orpaHn:qeHHHX ypaBHeHIIC ( 11) p;orrycRaeT pe
ryJIHpHaaqHIO B rrpOCTpaHCTBe LP' p >1, TOrp;a H TOJib
RO Torp;a, Rorp;a MOAYJib ero CHMBOJia HMeeT IIOJIOJRH
TeJibHYIO HHJRHIOIO rpaHb H B <JTOM CJiyqae crrpaaep;
JIHBhl rnopeMhl <l>pep;roJibMa. 

HcTopnqec1m.11 crrpaBI(a. HccJiep;oaaHn:e o,[IHOMepHbIX 
c. H. y. fo,mo HaqaTo rroqTH O,[IHOBpeMeHHO c IIOCTpoeHHeM 
Teopn:n: <J>peoio.abMa ypa1Jnenun B pa6owx ,l],. fHJih6epTa 
(D. Hilbert) n A. IlyaHRape (A. Poincare). B op;HoM 
qacTHoM cJiy11ae C. n:. y. c Hp;poM Kornn 6h1JI0 paccMo
TpeHo ropaap;o paHbIDe B )l;ORTOpCROH p;n:ccepTaqHH 
IO. B. CoxoqRoro, orry6Jin:KoaaHHoii: B IleTep6ypre B 
1873; op;HaRo aTO HCCJiep;oBaHHe OCTaJIOCb HeaaMeqeHHbIM. 

OcHOBOIIOJiaraIOrn;n:e peayJihTaTbI ITO IIOCTpoeHHIO 06-
iqeii: TeopHH ypaBHeHHH (1), (10) 6b!JIH IIOJiyqeHhl B Haq, 
20-x rr. 20 B. <I>. HiiTepoM [9) n: T. KapJieMaHoM [10). 
<I>. HiiTep BrrepBhle BBeJI IIOHHTHe HHp;eRca H p;oRa3aJI 
c.iPopMyJIHpOBaHHhle BhIIDe TeopeMhl 1-3 c IIOMOID;blO 
rrpnMeHeHHH crroco6a Jieaoii: peryJiapn:aaqn:n:. 8ToT crro
co6 BIIepBbJe 6bIJI yRaaaH (B pa3JIH11HbIX qacTHbIX CJiyqaHx) 
A. IlyaHRape H ,l],. fHJih6epTOM, HO B o6iqeM BH,!le OH 
IIOHBJIHeTCH HMeHHO y <I>. HiiTepa. OcHOBHbIM MOMeHTOM B 
peaJin:aaqn:n: yrroMHHyToro crroco6a HBJIHeTCH rrpnMeHeHn:e 
qmpMyJibI nepecTaHOBRH (ROMII03HqHH) B IIOBTOpHbIX 
c1rnryJIHpHbIX HHTepBaJiax B CMbICJie rJiaBHoro 3Ha'leHHH 
no H'.orrm (IIyan1£ape - Bepmpana rfjopMy.aa). T. Kap
JieMaH p;JIH HeR-phIX 11aCTHbIX rrnaccoB ypaaHeHHH (3) 
p;aJI OCHOBHYIO up;eIO MeTop;a pep;yRqHH aToro ypaBHe
IIHH R CJie,!\YIOI.IJ,e11: zpanu'!nou aa{}a•te meopuu ana.aumu
'lec1£ux rfiynnz+uu (3 a A a q a JI n H e ii H o r o c o rr p a
il{ e H H H, CM. (1)): 

<D+ (t)=G (t)<D- (t)+g(t), tEI', 

H YKaaaJI IIYTh rrocTpoeHHH HBHoro pemeHHH. T. Kap
JieMaHy n H. H. BeRya rrpn:Hap;Jiemn:T crroco6 peryJIHp11-
:iaqHI1 ypaBHeHHH ( 1) c rrpn:aJie11errn:eM pemeHHH xa paRTe
pHCTn:q, ypaBHeHHH (3). 

EoJir,moe TeopeTn11ecRoe n: rrpHRJiap;Hoe aHa11eHn:e C. n:. y. 
oco6eHHO rrpoHBHJIOCb c ROH. 30-x rr. B CBH3H c pemeHHeM 
HeR-pbIX BCCbMa BaJRHbIX aap;aq MexaHHRH CIIJIOIDHoii 
cpep;hl (TeopHH yrrpyroCTH, rH,[lpO- H aapoMexaHHRH H 
p;p.) n TeopeTnq. «Pnan:Rn. Teopn:H op;HoMepHhlx C. n:. y. 
6bIJia 3Ha'IHTeJibHO IIPOABHHyTa B 40-x rr. H IIOJiy'IHJia B 
orrpep;eJieHHOM CMbICJie aaRouqeHHbIH BHA B Tpyp;ax co
BeTCRHX MaTeMaTHROB. 11.aJiomeHHe TaKoii Teopnn OAHO
MepHbIX C. H. y. B reJibp;epoBhIX RJiaCCaX «PYHKqHH p;aHO 
a MOHorpa«Pnn op;Horo Il3 coa,[laTeJieii non Teopn:n: 
H. M. MycxeJIH!IIBHJIII (cM. [1)). 8Ta MoHorpa«Pn.11 CTHMy
JIHpoaaJia Hay'IHble HCCJiep;oBaIIHH II B HeR-pbIX Apyrn:x 
HarrpaaJieHHHX, Harrp. B TeopHH c. H. y., He YAOBJieTBOpH
IO!qHX ycJIOBHIO HOpMaJibHOCTH ITO Xaycp;op«Py, c. H. y. c 
Hep;naroHaJibHhIMH oco6eHHOCTHMH (co CMeiqeHHHMH), ypaB
HeHHH BnHepa - Xorr«Pa, MHoroMepHhIX C. n. y. n T. p;. 

IlepBhle HCCJie,[loBaHHH ITO MHoroMepHbIM c. H. y. rrpn
Ha,[IJiemaT <I>. TpHROMH (F. Tricomi, 1928), R-puii yCTa
HOBIIJI «PopMyJiy nepecTaHOBKH ABYMepHbIX CHHryJIHpHb!X 

Hpaesble sanaqn, 3 H3)'.(., M., 1977; L3] B e R y a H. II., CHCT0Mbl 
CHHryJiffpHbIX HHTerpaJibHbIX }'paBHeHHll H HeROTOpble rpaHHqHbie 
3anaq111, 2 H3)'.(., M., 1970; [l.J x B e )'.( e JI H )'.( 3 e B. B., «Tp. 
T5HJIHCCR. MaTeM. HH-Ta AH rpys. CCP», 1956, T. 23, C. 3-158; 
[5) .U a H n JI IO R H. H., HeperyJiffPHble rpaHHqHble aanaqn Ha 
IIJIOCROCTlll, M., 1975; [6] I' 0 x 5 e pr H. u .. Hp y TI H HR H., 
BBe)'.(eHHe B TeOpHIO O)l;HOMepHbIX CHHryJiffPHbIX HHTerpaJibHbIX one
paTopoB, Hnm., 1973; (7) M Ill X JI Ill H C. r., MHoroMepHble CHH
ryJiffPHble HHTerpaJibl H HHTerpaJibHble ypaBHeHHff, M., 1962; [8) 
B n 11 a n s e A. B., Hpaesble sanaqn )'.(Jiff aJIJIHTITnqecRHX ypasHe
nnl! BTOporo noplIJJ:Ra, M , 1966j· [9) No ether F., «Math. Ann.», 
1921, Bd 82, S. 42-63; [10 Car I em an T., «Arkiv mat., 
astron. och fys.», 1922, Bd 16, No 26, S. 1-19; [11] II p e c no p ljJ 
3.. HeKOTOpbie RJiaccbl CHHrYJiffPHbIX ypasnennl!, nep. c HeM .• 
M., 1979. A. B. Bu1fa0ae, B. B. XaeOeJ1uOae. 

CHHrY JUIPHOE PACIIPE)l;EJIEHHE - pacrrpep;eJie
Hn:e aepm1THOCTeii: B Rn, cocpep;OToqeHHoe Ha MHomecTae 
HyJieaoil Mephl Jle6era n: rrpn:rrn:chlaa10rn;ee Ramp;oMy 
op;HoToqeqHoMy MHomeCTBY HyJieByIO BepOHTHOCTb. 

Ha rrpHMoii: R1 orrpe,!leJieHn:e C. p. aRBHBaJieHTHo cJie
AYIOID;eMy: pacrrpep;eJieHHe c H H r y JI H p H o, eCJIH co
OTBeTCTBYIOIIWH «PYHRqHH pacrrpep;eJieHHH HerrpepbIBHa, 
a ee MHomeCTllO ToqeR poCTa HMeeT HyJieByIO Mepy Jle-
6era. 

IlpHMepoM c. p. Ha rrpHMOII MomeT CJIYJRHTb pacrrpep;e
JieHHe, cocpep;oToqeHHoe Ha RaHTOpOBOM MHomeCTBe, 
T. H. K a HT 0 p 0 B 0 p a c II p e A e JI e H He, R-poe 
MOJRHO OIIHCaTb CJiep;yIOID;HM o6pa30M. IlyCTb X1, x 2• ... 

•.. - IIOCJiep;oaaTeJibHOCTb He3aBHCHMbIX CJryqaftHbIX Be
JIHqn:H, Ramp;aH H3 R-pbIX rrpHHHMaeT 3HaqeHHH 0 H 1 c 
aepoHTHOCTHMII 1/ 2 • Torp;a cJiyqaii:Ha.11 aeJin:qn:Ha 

~QO 1 
Y=2~i= 1 7JXj 

nMeeT RaHTopoao pacrrpep;eneHne, n ero xapaRTepnCTH'I. 
cpyHRqHH paaHa 

f (t)=eii/ 2 II~ cos 
/=I 3j 

Ilpmiep C. p. B fRn (n;;;;,2) - paaHoMepHoe pacrrpep;e
JieHn:e Ha c«Pepe rroJiomnTeJihHoro pa,a;nyca. 

CaepTRa ABYX C. p. MomeT 6hITh JIH6o CHHryJI.11pH011:, 
JIH6o a6COJIIOTHO HerrpepbIBHOH, nn6o rrpep;CTaBJIHTb co-
6oii CMeCb CHHryJIHpHoro H a6coJIIOTHO HerrpepbIBHOro 
pacrrpep;eJieHn:ii. 

JII06oe aepoHTHOCTHoe pacrrpep;eJieHne P MomeT 6bITh 
e)l;HHCTBCHHbIM o6pa30M rrpe,a;CTaBJieHo B BHp;e 

P = a1P d+a2P a+a3P s• 

r,a;e Pd - p;ncRpeTHoe, Pa - a6coJIIOTHo HerrpephIBHoe, 
a P 5 - C. p., a;;;;;,O, a1+a2+a3=1 (pa 3 JI om e H n e 
Jle6era). 

MHorp;a CHHryJIHpHOCTb IIOHHMaeTCH B 6oJiee IIIHpOROM 
CMbICJie: BepoHTHOCTHOe pacrrpe,a;eJieHHe F HBJIHeTCH c. p. 
ITO OTHOIIICHHIO R Mepe p, eCJIH OHO cocpep;oTo'leHo Ha 
MHomecTBe N TaRoM, 'ITO P {N}=O. Ilpn TaRoM orrpep;e
neHHH Ramp;oe AHCRpeTHOe pacrrpep;eJieHHe HBJIHeTCH c. p. 
ITO OTHOIIICHHIO R Mepe Jle6era. 

Ilo UOBOAY Cl!HryJIHpHbIX cpyHKqHH MHomeCTB CM. 
TaRme A6co.a1omnan nenpepbi1Jnocmb «PYHRqHH MHomeCTBa. 

Jlum.: [1) II p 0 x 0 p 0 B JO. B.. p 0 3 a H 0 B JO. A., Teo
PHJI BepoJITHOCTeH, 2 H3)'.(., M., 1973; [2) <I> e JI JI e p B., BBe)'.(eHHe 
s Teop111IO sepoffTHOCTBH 111 ee np111JiomeHnJI, nep. c aHrJI., 2 H31l., 
T. 2, M., 1967. B. I'. Ymanoe. 

CHHrY JIHPHLIE fOMOJIOrHH - roMoJiorn:n, orrpe
AeJiaeMbie HCXOAH Ha CHHrynapHbIX CHMIIJieRCOB TOllOJIO
rH'I. npocTpaHCTBa X TaKHM me o6paaoM, KaK ofo.iqHhle 
(CHMllJIHqHaJihHhle) roMOJIOrHH (H RoroMOJIOrHH) rromrnp;
pa - HCXOAH H3 JIHHeHHhlX CHMIIJieKCOB. Ilop; c H H r y-
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JI H p H bl M c H M II JI e K c 0 M an llOHHMaeTCH Herrpe
pbIBHOe oTo6pameHne n-MepHoro cmanoapmnMo cu.1rn-
1ter;ca fl.n B X, npnqeM o6paa a" o6hlqHo Haa. H o c 11 T e
JI e M an ll OOo:rnaqaeTCH lanj. C ll Hr y JI H pH bl e 
.a; e rr H - aTo ¢opMaJibHhle mrneii:Hhle KoM6nHa.a;nn cnH
ryJIHpHhIX CllMIIJieKCOB Koa¢¢n.a;neHTaMH B a6eJieBOH 
rpyrrrre G. 0Hn 06paay10T rpyrrrry Sn (X; G), naoMoplf>Hyro 
rrpHMoii cyMMe rpynrr G0 n=G (no aceM an). fpyrrrrhl 
.a;erreii: o6~ep;HHHIOTCH B CHHrynHpHbIH .a;errHOH KOMIIJieKc 
S*(X; G) c rpaHnqHbIM roMoMop¢:uaMoM o: Sn(X; G)-+ 
-+ s n-1 ( x; G)' orrpep;eJIHeMblM COOTHOIIIeHneM 

()an= ~i (-1)i a7-1, 

rp;e cr?-1- KOMII03Hll;llH c an CTaHp;apTHOro HaJioJReHHH 
fl.n-l Ha i-IO rpaHb fl.n. RaK o6blqHo, .a;nKJiaMn cqnTaIOTCH 
.a;errn, rrpnHap;Jiemam;ne HAPY, a rpaHHIJ;aMH - .a;errn, 
Cop;epiKaIIJ;H0CH B o6paae on. fpyrrrra n-MepHbIX CHHry-
JIHpHbIX rOMoJiornii: H~ (X; G) orrpep;eJIHeTCH KaK ¢ax
Toprpyrrrra rpyrrrrhl n-MepHbIX .a;nKJIOB no rroµ;rpyrrrre 
rpaHn.a;. 

EcJIH A ex' TO rpyrrrrhl H~ (A; G) orrpep;eJIHIOTC~ 
rrop;KOMITJieKCOM B s * ( x; G)' COCTOHIIJ;lIM ll3 acex .a;erre11 
c Hoc11TeJIHM11 B A, a rpyrrrrhl 11aphl H~ (X, A; G) - co
OTBeTCTBYIOIIJ;HM ¢aKTOpKoMUJieKCOM. HMeeT MeCTO TO~aH 
rOMOJIOrnq. ITOCJiep;oBaTeJibHOCTb 

.. . -+H~ (A; G)--->- H~ (X; G)->- H~ (X, A; G) ~ 
-+ H~-1 (A; G) -->- ..• , 

HBJIHIOlll;aHCH KoaapnaHTHbIM ¢yHKTopoM Ha KaTerop1111 
nap (X' A) TOIIOJiornq. npocTpaHCTB 11 llX HerrpephIBHhlX 
oT06pameH11ii:. 

foMoMop¢naM 6 orrpep;eJIHeTcH rpaH11.a;eii: B X .a;nKJia 
rraphl (X' A)' rrpep;cTaBJIHIOITJ;ero COOTBeTCTBYIOIIJ;llH aJie
MeHT e:a H~ (X, A; G). C. r.- roMoJiornn c KoMrraKT
HhlMH HOCHTeJIHMH B TOM CMhlCJie, qTo rpyrrrrhl x paBHhl 
rrpHMOMY rrpep;eJiy roMoJiorn.ii: KoMrraKTHhIX CcX. 

C n H r y JI H p H hI e K o r o Mo JI o r n n orrpeJWJIH
IOTCH p;yaJihHhIM o6paaoM. RoMrrJieKc Kori;erreii: S* (X; G) 
orrpep;eJIHeTCH KaK KOMITJieKc roMoMop¢naMOB B G KOMII
JieKca .a;eJioqncJieHHblX CHHryJIHpHbIX 11;erreii: S* (X; Z). 
MeHee ¢opMaJibHo, K o .a; e rr n - aTo 4>YHK.a;nn 6, orrpe
p;eJieHHhle Ha CHHryJIHpHbIX CllMIIJieKcax ll rrpHHHMarom;ne 
aHaqeHHH B G, a KorpaHnqHhIH roMoMopqmaM d orrpep;em1-
0TCH !J>opMyJioii: 

(d6) (an+I) = ~i (-1)i 6 (a7). 

CnHryJIHp1rne KoroMoJiornn H~ (X; G) - aTo lf>aKTop
rpyrr11hl rpyrrrr n-MepHhIX K o 11; n K JI o B (Hµ;ep d) 110 
rrop;rpyrmaM Kor p a H n .a; (o6paaoa d). RoroMoJiornn 
nop;npocTpaHCTBa A coarrap;aIOT c KoroMoJiornHMH orpa
HH'l:eHH.H S* (X; G) Ha A, B 'TO apeMH KaK KoroMoJiornn 
rraphl H~ (X, A; G) - c rrop;KoMnJieKcoM B S* (X; G), 
cocTOHITJ;HM na Bcex Ko.a;eneii:, o6pam;arom;nxcH B IIYJih IIa 
CHHryJIHpHbIX CllMTIJieKcax ll3 A. l1MeeT MeCTO ToqHaH 
110CJiep;OBaTeJibHOCTh 

... --->- H~ (X, A; G)--->- H~ (X; G) -+ 

-+ H~(A; G) ~ H~+l (X, A; G)->- ... , 
HBJIHIOIIJ;aHCH KOHTpaaapnaHTHhIM lj>yHKTopoM (X' A). 
0To6pameHne 6 011pep;eJIHeTC.H KorpaHn11;eil: B X Ko.a;nKJia 
na A , 11pep;CTaBJIHIOm;ero HYiKHhlii aJieMeHT H~ (A ; G). 

foMoJiornn n KoroMoJiornn c Koa¢1f>n11;neHTaMn B rrpo
H3BOJibHo.ii: rpynrre G MoryT 6b!Th BhlpameIIhI qepea .a;eJio
qncJieHHhle roMoJiornn c noMorr~hIO lf>opMyJI YHHBepcaJih
HhlX Koalf>lf>n.a;HeHTOB. RoroMoJiornn c Koalf><Jin11;neHTaMn B 
rpy1111e G cmrnaHhl c .a;eJioqe:cJieHHhlMH KoroMoJIOnrnMH 
<JiopMyJiaMH YHHBepcaJibHhlX Koa<Ji<Jin.a;neHTOB TOJibKO AJIH 
KoHeqHo rropomp;eHHhlX rpynrr G. 

B KaTeropnn 110Jrnaµ;pon cnHryJIHpHaH Teop1m a1rnn
naJieHTHa CHMJIJIHIJ;HaJibHoii (a TaKJRC KJTeTO'lHOi1). 8nm 
o6blqHo ycTaHaBJillaaeTCH TOTJOJIOrII'I. liHBapnaHTIIOCTb 
11ocJiep;HHX. Olt;HaKo aHaqeHne rpyrr11 C. r. aTnM He e:c
qeprrhlBaeTCH. l1MeH rrpocToe 011ncaHne, oHn rrpnMeHHMhl 
B p;ocTaToqHo rnnpoKnx KaTeropHHX TOIIOJiornq. rrpocT
paHCTB, roM0Torr11qecKn HHBa pnaHTHhl. E CTeCTBeHHhle 
CBH3H c Teopneii: roMoT011nii µ;eJiaIOT cnrIIyJrnpHyro Teopnro 
He3aMeHHMOH B roMOTOITll'I. TOIIOJiornn . 

Op;HaKo, XOTH rpyrrrrhl C. r. orrpeµ;eJieHhl p;JIH JII06h!X 
To110Jiore:'I. 11pocTpaRcTB 6ea KaKnx-Jin6o orparrnqeIIn.ii:, 
nx rrp:aMeHeHne orrpaBp;aHo JIHllih rrpn cym;ecTBeHHhlX 
orpaHn'leHHHX Tnrra JIOKaJibHOH CTHrnaaeMOCTll HJill 
roMoJiorn'lecKoii: JioKaJibHOii: CBH3HocTn. CnHryJIHpHh!e 
.a;e11n, 6yp;y'ln 110 caoeii: 11pnpop;e «CJIHIIIKOM» JIHHe:ii:Ho 
CBH3Hh1Mll, He HecyT B ce6e nHlf>opMaIJ;HIO 0 «Herrpeph!BHhln 
IJ;llKJiaX, eCJill OHH He HBJIHIOTCH «AOCTaToqHo» JIHHeHHO 
CBH3HhIMH. BoaMoiKHhl n µ;pyrne «aHoMaJinn» (Ha11p., 
roMOJiornn KoMrraKTHhlX rroµ;rrpocTpaHCTB eaKJinp;oaa rrpo
cTpaHCTBa MoryT OTJIH'laTbCH OT HYJIH B CKOJib yroµ;Ho 
Bh!CoKnx paaMepHOCTHX, roMoJiornn n KoroMoJiornn rraphl 
(X' A) MoryT HenaoMop<flHo OTo6pamaTbCH rrpn OT06pa
meHBH X Ha lf>aKToprrpocTpaHCTBO XI A , OTBeqarom;ee aaMK
HYTOMY rrop;MHomecTBy ACX, n T. rr.). IIoaToMy B o6m;nx 
KaTeropHHX TOITOJIOrH'I. rrpocTpaHCTB BMeCTO CHHryJIHp
HbIX o6blqHo ncrroJih3YIOTCH KoroMoJiornn AJieKcaHµ;po
aa - qexa n acco.a;nnpoaaHHh!e c HHMH roMoJiornn. ::hn 
TeOpnn cao6op;HbI OT yKaaaHHblX Hep;OCTaTKOB ll COBITa
p;aIOT c cnHryJIHpHo:il: acmmii: paa, Korµ;a ee rrpnMeHeHne 
He Bhl3hTBaeT COMH0HllH. 

Jium.: [1] ,r:t: o JI hp; A., Jiem.{IIII no anre6paII<IecKoii: Tonono
rIIII, nep. c aHrJJ., M., 1976; [21 Mac c II Y., Teopmr roMoJJorIIii: 
II KoroMoJiorHii:, rrep. c aHrJJ., M., 1981, rn. 8-9; [3] CK JI fl p e H
H o E. I'., «YcrrexII MaTeM. HaYH>>, 1979, T. 34, B. 6, C. 90-118; 
[4] Massey w., Singular homology theory, N. Y., 1980. 

E. I'. Cn.n.R pen no. 
CllHrY •1UIPHLIII llHTErP AJI - lIHTerpaJI 

In (f, x) = ~: f (t) <Dn (t, x) dt 

c oco6eHHOCThIO B ToqKe x, onpeµ;eJieHHhIH p;JIH IrnTerpu
pyeMOH Ha [a, b] lf>YHKIJ;HH f (x), Hp;po K-poro <Dn (t, x) 
yµ;oaJieTBopHeT ycJioBHHM: AJIH JII06oro b > 0 n rrpmrn
BOJihHOro nHTepaaJia [a, ~]c[a, b] 

lim I cDn(t, x) dt=i, (1) 
n-+"' .l [a, b] n [x-6, x+6] 

lim (' cDn (t, x) dt =0 (2) 
n-+ 00 .l [a:, (3]-[x-6., x+6] 

II 

vrai max I <Dn (t, x) I~ <Dx (o), (3) 
IE [a, x-6] U [x+6, b] 

11pnqeM <Dx (6) aaBHCllT TOJibKO OT 6 n x ll He aaBHCMT OT n. 
EcJIH ycJioBHH (1), (2) n (3) BhlITOJIHHIOTCH paBIIOMepHo 
Ha x-MHomecTBe Ec[a, b], TO HIITerpaJI In(/, x) naa. 
p a B H 0 M e p II () c ll H r y JI H p II hI M Ha E. Hau-
6oJiee nayqeHbI CBOHCTBa T. II. lIOJIO)!{HTeJibHhlX Hp;ep 
(<Dn (t, x)~O), ,Il;npnXJie Hp;ep 

HAep <De:il:epa 

. 2n+ 1 
em --2- (t-x) 

Dn (t, x) = ----t:---x-· -
2 sin-2-

sin• n+ 1 (t-x) 
2 

F n ( t' x) = -----t:---x- ' 
2(n+1) sin' 2 

Hp;ep IIyaccoHa - A6eJIH 

P (t x) = 1-r' O,,;:::. < 1 
r ' 2[1-2cos(t-x)+r']' ~r ' 
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H,[\ep, nopOlKAeHHbIX pa3JlHqBblMH 
B3HHH OpToroHaJlbHb!X pa3JlOlf\eHHlr 
Hb!M IIOJlHHOMRM. 

MeToAaMn cyMMnpo- «PopMyJI n T. r1. C Apyrof1 CTOpOHhl, AJIH «PopMaJILHhIX 
no opTOHOpMIIpOBaH- H3blKOB c orpaHnqeHHbIMU BhipaanTeJibHh!Mll B03MOlKHO

IloHHTne «C. n.» aaep;eHo A. Jle6eroM [1], yKaaanm:nM 
Ha ero BalKHOCTb rrpn HCCJiell;OBaHHH BOIIpOCOB CXOAH
MOCTH. TaK, K HCCJieAOBaHHIO CXOIJ;HMOCTH c. H. rrpHBOAHT 
BOIIpOCb! CXOAHMOCTH H cyMM:npyeMOCTH TpnrOHOMeTpnq. 
PHAOB <Pyphe, PHAOB no opToroHaJILHhTM MHoroqJieBaM, 
a TaKme pa:rnomeHnil: no 0611J,HM opTOroHaJILHhlM cncTe
MaM. 

A. Jie6eroM 6bIJI ycTaHOBJieH Kp:nTepnB: cxop;:nMoCTH 
C. n. AJIH HerrpepLIBHhlx «PYHKIJ,HH f (x) c orpaH:nqeHHOil: 
aapHau;neil:. ,r.i;. R. <PaAii;eea [2) ycwHOBHJI Heo6xop;HMh!e 
H AOCTaTO'IHbie YCJIOBHH AJIH CXOAHMOCTH c. 11 B TO'IKaX 
Jle6era cyMM:u:pyeMoB: «PYHKIJ,HH f (x). TaK KaK p;aHHhie 
A Jle6eroM :n )]; . R. <Pap;p;eeBhlM ycJioBHH cxop;HMOCTH 
c. H. TPYAHO rrpoaep.11eMhI ll;JIH KOHKpeTHbIX c. H., TO 
11,eJlh!H PHA pa6oT 6bIJl IIOCBHIIJ,eH OThlCKaHHIO a«Pcf>eKTHB
HhlX AOCTaTOqHhlX YCJIOBHH CXOAHMOCTH C. H. KaK B OT
,[\eJlbHhlX TOqKax, TaK H AJIH paBHOMepHOH CXOIJ;HMOCTH. 
,!],JIH CXOIJ;HMOCTH c. H. B TO'IKaX nerrpepbIBHOCTH p;o
CT3T011Ha orpaHH'leHROCTh HOpMhI orrepaTopa In(/, x), 
T. e. orpaH11qeHHOCTh nnTerpaJia 

~~I <I>n (t, x) I dt, 

a AJIH CXOIJ;HMOCTH B TO'IKax Jle6era Heo6XOAHMO cyIIJ,eCT
BOBaHHe T. H. «rop6aTOH MamopaHThl» AJlH HApa <I>n (t, x), 
T. e. TaKOH HHTerpnpyeMOH «PYHKIJ,HH 'I' n (t, x);;;,:O, K-paa 
MOHOTOHHO noapacTaeT Ra [a, x), MOHOTOHHO y6blaaeT 
Ha (x, b] n AJIH rro'ITH ncex t E [a, b] 

I <I>n (t, x) / o;;;;; 'I' n (t, x), 

Jlum.: [1) Le bes q u e H., «Ann. Fae. sci. Univ. Toulou
se», 1909, v. 1, p. 25-117; [2]<t>a1111eea ,!l;. R.,«MaTeM.c6.», 
1936, T. 1, c. 351-68; [3) R 0 p 0 BR H H II. II., JiuueitHhle one
paTOPhl H TeOpHH rrpuomm>eHHH, M., 1959; [4] Ha Ta H c 0 H 
11 II. t Teopua !IJynRrrHil aelI(ecTBenuoit nepeMennoit, 3 11:a11., M., 
1974; 5) A JI e R c H q r., IIpo6JJeMhl CXO)IHMOCTH oproronaJibHLIX 
pH)IOB, nep. c aHl'JI .• M., 1963j [6] E ill HM 0 B A. B., «li3B. AH 
CCCP. Cep. MaTeM.>>, 1960, T. 2'>, B. 5, c. 743-56;[7] Te JI ff RO
B c RH ii c. A., TaM me, 1964, T. 28, B. 6, c. 1209-36. 

A. B. ErfiUMo•. 
CllHTAKCllC B M a Te M a T n q e c Ko ii JI or n-

K e - orrncaune n nayqeune «PopMaJI:i.uoil: aKcnoMaTnq. 
Teopnn KaK 'IHCTO aHaKOBOH CHCTeMhI (B OTJlH'IHe OT 
ceManmunu, nccJiep;yIOIIJ,eii: CMhlCJI n cop;epmaHue o6'beK
TOB «PopMaJibHOH TeOpnn). PaaJIH'IHe M0lKAY c. H ceMaH
THKOH oco6eHHO cyIIJ,eCTBeHHO B OCHOBaHHHX MaTeMaTHKH, 
Korii;a uayqaIOTCH «PopMaJILHhle Teopian, ceMaHTHKa K-phlx 
MHTYHTHBHO H0AOCTaTOqHo HCHa. B 3TOM CJIY'Jae OIIHCaHne 
H HCCJiell;OBaHne c. «PopMaJibHOH TeOpHH qacTo MO:lKeT 
6bTTb OCYllJ,0CTBJI0HO ropaap;o 6oJiee uap;e:JKHhlMH H HRTy
HTHBHO y6ep;HT0JibHhlMH cpeACTBaMH B paMKax H0K-poil: 
.iiemameopuu n, TaKHM o6paaoM, MOJKeT CJIYlKHTh 060-
cuoaaHHeM H KOCB0HHblM paa'bHCHeHHeM cym,eCTB0HHhlX 
'IePT cJiomHoil: ceMaHTHKn nayqaeMoi Teopnn. Harrp., a 
ancuoMamuttecnor~ meopuu MUOJ1Cecmo H3B0CTHbTH peayJib
TaT R. reii;em1 (K. Godel) 0 COBM0CTHOCTH aKCHOMhl Bhl-
6opa MOlKHO Tp3KTOBaTb K3K CHHTaKCHqeCR00 H «PnHHTHO 
,'\OKa3hlBaeMoe YTBepmp;eHne 0 TOM, qTO ecJIH «PopMaJibHaII 
reopm1 ~epMeJIO - <PpeHKeJIH HerrpOTHBOpeqnaa, TO OHa 
OCT3eTCH T3KOBOH H rrocJie rrpncoep;nHeHHH aKCHOMbI 
B1>16opa. 

BHe paMOK OCHOBaHHH MaTeMaTHKH B aonaaame.1tbCmB 
meopuu paaJinqne Memp;y c. H CeMaHTHKOH He CTOJib 
cyw.ecTBeHrro. YrroTpe6JIHIOTCH T. H. rr o JI y «P o p Ma JI L
H bl e c H c T e M bl, IIOHHTHe BblBOp;a B K-pbIX 33BHCHT 
OT Tex nmi: !IHhlX ceMa11Tn11. corJiame11nft. <PopMaJI:i.Hhle 
ll3bIKU MoryT orrpep;eJIHTbCH CyIIJ,eCTBeHHO TeopeTHKO
MHOil\eCTBeHHO, c rrpHBJie'leHH0M 6ecKorreqHo J];JIHHHbIX 

CTHMll THna H3blKOB IWM6unamopnoii .lt08UKU llJlll a.1teopum
MUtteCKUX Sl8btK08 ceMaHTHKa MOlKeT 6bTTb TOqffO c«PopMy
JIHpoBaHa B qnCTO CHHTaKCnqecKHX TepMUHaX caMoro 
H3b!Ka. 

Jlum.: [1) Carnap R., Logische Syntax der Sprache, Wien, 
1934; [2) q e p q A., Bne11eune a MaTeMaTnqecRyro nornRY, rrep. 
c aurJJ., M., 1960; [3) R JI H u H C. R., Bae11euue n MeTaMaTeMa
THRy, rrep. c aHl'JI., M., 1957. A. r. Jl.pa2a.t!U><. 

CHHTAKCIIqECKAH CTPYKTYPA - MaTeMaTWiec-
Ka.11 KOHCTpyKIJ,HH, UCTIOJib3yeMaH B MameMamutteCKOU 
.ltUli88UCmune AJlH onncaHHH CTpOeHUH rrpeAJlOJKeHHii 
ecTecTBeHHoro H3b!Ka. Han6oJiee mnpoKo yrroTpe6JIHIOTCH 
ABa THrra c. c.- c H c T e M hI c 0 c T a B Jl H IO llJ, H x 
H 0 T H 0 m e H H H c H H T a K c H q e c K 0 r 0 II 0 A
q H H e H H H. IloHHTHe CHCTeMhl COCTaBJIHIOllJ,HX MOlKHO 
orrpeAeJIHTh cJieAYIOllJ,HM o6paaoM. IlyCTh x - HerrycTa.11 
11, e rr o 11 K a (c.1tooo) B a.1ttjjaoume V; oxo:HCaenun CHMBOJIOB 
(6yno) n 11,erroqKy n AaJILHeil:meM Haa. ee T o q K a M n; 
MHOJKeCTBO TO'leK 11,erro'IKH, HMeIOIIJ,ee BHA {xla..,;x..s;;:b }, 
fAe a, b - «PnKCHpOBaHHhie TO'IKH, Haa. 0 T p e a K 0 M 
11,errO'IKH. MHOlKeCTBO c OTpeaKOB 11,erroqKH x Haa. CH
CTeMOH COCTaBJlHIOllJ,HX 3TOH 11,errO'IKH, eCJIH 1) c COAeplKHT 
OTpeaoK, COCTOHllJ,HH na Bcex TO'leK x, H ace OAHOTO'leqHhfe 
oTpeaKn x; 2) JII06hle ABa oTpeaKa na C Jin6o He rrepece
KaIOTCH, Jin6o op;HB na HHx cop;epmnTCH B APYrOM. 8Jie
MeHThl c Haa. c 0 c T a B Jl 11 IO llJ, H M H. EcJIH aJI.iliaBHT 
v HHTeprrpeTnpyeTCH KaK MHOJKeCTBO CJIOB eCTeCTBeHHOfO 
H3h1Ka H x - KaK rrpep;JlOlKeHne, TO rrpH IIOll;XOAHllJ,eM 
Bbl6ope CHCTeMhI COCTaBJlHIOllJ,HX AJIH x HeTpHBHaJibHhle 
COCTaBJlHIOllJ,He (T. e. OTJlH'IHbie OT BXO;il;HllJ,HX B c ITO rr. 1) 
rrpeACTaBJIHIOT co6oil: c JI 0 B 0 c 0 q e Ta H H H, T. e. 
rpyrrrrhl CJIOB, K-phle HHTYHTHBHO OllJ,yIIJ,aIOTCH HOCHTeJieM 
H3bIKa KaK «CHHTaKcnqecKH CBH3Hble» KYCKH rrpeAJI-OJKe
HHH. Harrp., rrpep;JiomeHne 

,,06oeAMHeHH8 ABYlC 3aMKHYTblX MHOJKecra em. 3aMKHyroe MHOJKeCJBQ" 

AOIIYCKaeT CJieAYIOllJ,YIO «eCT0CTBeHHYIO» CHCTeMy COCTaB
JIHIOllJ,HX (rpaHHll,bl HeTpnenaJibHhIX COCTaBJIHIOllJ,HX OTMe-

110Hhl CK06KaMn): 

(061>9J!HHeHH8 (11ayx (3aMKHytlilX MHDJKecra))) (eCTb ( 3a1myroe MHOJKICTBO)). 

ECJIH Ha CHCTeMe COCTaBJIHIOllJ,HX c BBeAeHO OTHOilleHne 
rrerrocpeACTBeHHOfO BKJIIOqeHHH' TO c rrpep;cTaBJIH0T 
co6oil: no 3TOMY OTHOilleHHIO p;epeno c KOpHeM (KopueM 
CJIYlKHT COCTaBJIHIOllJ,aH, COCTOH!IIaH na BCeX ToqeK x) -
A e p e B 0 c 0 c T a B JI H IO llJ, H x, K-poe ll;JIH rrpHBe
AeHHOfO rrp11Mepa HMeeT CJiep;yIOllJ,HH BHJJ; 

IJ6•eAKHeHKe AB)IX 3aMKHYTblJ( MHOlKeCTB 

/ 
eCTb 3aMKHyroe MHO>Kecraa 

\ 
o6•eAKHeHKe AB)IX 3aMKHYTblJ( MHOlKeCTB 

/ i 
0 6oeAKHeHKe l\BYX 3aM KllYTblX MHOll<eCTB 

/ \ 

BCTb 3aMKHyroe MHOlKBCTBO 

/ \ 
BCTb 3aMKHyroe MHO~CTBO 

/ \ 
AB)ll( 3aMKHyTblX MHOlK0ClB 3aMKHyTOe MHO>KeCTBD 

/ "\. 
3aMKH)ITblX MHOlKBCTB 

06blqff0 COCT3BJIHIOllJ,He cua6maIOTCH M e T K a M n, 
K-phle rrpeµ;cTaBJIHIOT co6oft «CHHTaKcnqec1me xapaKTe
pnCTHKH~ CJIOBOCoqeTaHHH (COCT3BJIHIOllJ,aH MO)ReT HM0Tb 
6oJiee OAHOH MeTKH). B rrpnnep;en110M rrpnMepe cocTan
Jimom,yro, COBrrap;aIOllJ,YIO co BCeM rrpep;JiomerrIIeM, ec
TeCTB0HHO 110MeTHTL CHMBOJIOM IIPE)J;JI, oauaqaIOllJ,HM 
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<mpe.i:vrnmeime», cocTaBJUIIOID;YIO «06'I>e111rnemrn llBYX aaMK
HYThlX MHOil\eCTB)) - CIIMBOJIOM Scp,e11,HM• 03HaqaIOm;l1M 
«rpyrrrra cym;ecTBHTeJibHoro cpe11Hero po11a B e11nHCTBeH
HoM qncJie B HMeHHTeJibHOM rra11eIBe», H T. A, IIoJiyqaeMhlll 
rrpn !ITOM o6'JJeKT - AepeBo c rroMeqeHHhlMH BeprrrnHa
Mn - Ha3. p a 3 Me q e H H hi M II e p e B 0 M c o
c T a B JI H IO III H X. 

)J.pyroil: crroco6 orrncaHnH cTpoeHnH rrpe11JioIBeHHH 
IlOJiyqaeTCH, ecJIH orrpe,1J;eJIHTb Ha MHOiKeCTBe x ToqeK 
11,erro'!Kn x 6nHapHoe OTHOIIIeHne-+ TaKnM o6paaoM, qTo6hl 
rpaip (X; -+) 6hlJI (opneHTnpoBaHHhlM) ,D;epeBOM c ROpHeM. 
BcHROe TaROO OTHOIIIeHne Ha3. 0 T H 0 III e H H e M (c H H
T a R c H q e c R 0 r 0) Il 0 II q H H e H H H, a COOTBeT
CTBYIO lllee .qepeBO - A e p e B 0 M (c H H T a R c H q e
c R 0 r o) Il 0 A q H He H H H. IIoHHTHe OTHOIIIeHHH rro11-
q11HeHHiI HBJIHeTCH <PopMamrna11,1rnil: o6hlqHoro B «IIIKOJib
HOH» rpaMMaTnKe, B qacTHOCTH pyccRoro n3h1Ra, rrpe11-
CTaBJieHnH 0 IlO):{qnHeHlUl: O):{HHX CJIOB B rrpeAJIOiKeHHH 
APYrHM. IIpH rpaipHq. nao6paIBeHnH .qepeBa rro):{qnHeHHH 
o6hlqHo pacrroJiaraIOT Toq1rn: 11,erroqKn Ha ropHaoHTaJihHOH 
IIpHMOH H IIPOBO):{HT CTpeJIKH CBepxy OT Hee. IIpnBe,D;eHHOe 
Bhlme rrpe.qJIOiKeHHe ,IJ;OITYCKaeT CJie,D;yIOm;ee «eCTeCTBeHHOe» 
,D;epeBo rro.qqHHeHnH: 

(KOpHeM ):{epeBa IIO):{qHHeHHH IIPHHHTO cqnTaTb CKaay
eMoe, T. R. oHo rrpe11cTaBJIHeT co6oil: opraHnayIOm;nil: ~)Jle
MeHT IIp0,D;JIOiK0HHH). 

,IJ;yrn .qepeBa IIOAqHH0HHH qaCTO CHa6maIOTCH MeTKaMH, 
yKa3hlBRIOID;HMH Tllllhl IIpe):{CTaBJIH0MhlX 3THMH ):{yraMH 
CHHTaKcnq. CBH3eil:. B paCCMOTpeHHOM rrpnMepe CBH3h 
M0iKAY ((0CTh» H «06'I>ellHHeHHe» ecTeCTBeHHhlM o6paaoM 
IlOJiyqaeT «rrpe.l{HKaTHBHhlH)) THil, CBH3b MeiKAY «MHOiKeCTB» 
H «3aMKHYThlX)) - <mrrpe11eJIHTeJibHhlll)) Tllll H T. A· 

,IJ;epeBhH II011q11HeHnH rrpeAJIOIBeHnil, BCTpeqaIOm;nxcH 
B ,D;0JIOBhlX n HayqHhlX TeKCTax, YAOBJieTBOpHIOT, KaR 
IIpaBHJIO, T. H. y c JI 0 B H IO Il p 0 e RT H B H 0 c TH, 
R-poe IIPH yKaaaHHOM BhIIIIe crroco6e rpaipnq. nao6pa
IBeHHH <PopMyJinpyeTCH TaK: BO BCHKYIO TOqRy, Jiemam;yIO 
IlOA HeK-poil: CTpeJIROH, n11eT IIYTh H3 HaqaJia 3TOH CTpeJI
RH; OTCIOp;a CJie11yeT, B qaCTHOCTH, qTo HHRaKne ):{Be 
CTpeJIRH He rrepeceKaIOTCH (rrocJie1IHee ycJioBne nHor):{a 
Ha3hIBaIOT y c JI 0 B H e M c JI a 6 0 il: II p 0 e R T H B
H o c T n). B xy):{oIBeCTBeHHoii JIHTepaType aTo ycJioBne 
qacTO HapymaeTCH, HO TaKne HapymeHHH o6hl'!HO 3Ha
qnMhl, T. e. cJiyIBaT 11,eJin coa.qaHHH orrpe.l{eJieHHoro xy):{o
mecTBeHHoro a<P<PeRTa. 

0,D;HO rrpe11JioiKeHHe MOiKeT AOIIYCKaTb HeCROJibRO paa
JIH'!HhIX ((eCTeCTBeHHhIX)) CHCTeM COCTaBJIHIOID;HX (i:tepeBh
eB IIO,IJ;qHHeHHH). qam;e BCero 3TO 6blBaeT B Tex CJiyqaHX, 
Ror11a CMblCJI rrpe,IJ;JIOiKeHHH MOIBHO IIOHHMaTb IIO-paa
HOMY, H pa3Hhle CHCTeMhl COCTaBJIHIOID;HX (,qepeBbH rro11-
qnHeHHH) OTBeqaIOT pa3HhIM TOJIKOBaHHHM CMhICJia (c H H
T a R c H q e c R a H 0 M 0 H HM H H). Harrp., rrpe)"lJIO
iKeHHe «focTH na MocRBhl yexaJin» MoiKeT oaHaqaTh, qTo 
JIH6o «MOCROBCRHe rocTH yexaJIH (OTKy.qa-To)», Jin6o 
«(KaRne-To) rocTH yexaJin na MocRBhl»; rrepBOMY CMhlCJIY 
OTBeqaroT CHCTeMa COCTaBJIHIOID;HX «(fOCTH (na MoCKBbI)) 
yexaJIH)) H ~epeBO ITOA'IBH0HHH 

BTOpOMY - COOTBeTCTBeHHO «fOCTH ((:irn MocRBhl) ye
xaJIH)» n 

~ ,.rocn1 u MocKabl ye~anM". 

EcJIH Ha 11,erroqKe aa,D;aHo .qepeBo IIOllqnHeHHH 11 a ~ 
TOqKa 11,erroqKn, TO MHOiKeCTBO ToqeK 11,erroqKH, B R-phle 
HllYT IIYTH H3 r:x (BKJIIOqaH CaMy TOqKy a), Haa. r p y rr
II 0 :ii: 3 a B H c HM 0 c TH ToqKn a. Bcimoe MHOiKeCTBO, 
IIOJiyqaIOm;eeCH H3 rpyrrrrhl 3aBHCHMOCTH TOqKH r:x Bhl6pa
CbIBaHneM rpyrrrr aaBHCHMOCTH HeK-pbIX (HJIH Bcex) ToqeR, 
IIOllqHHeHHhlX r:x (T. e. TaKHX, B K-phle H3 r:x HllYT 11yrn), 
Haa. y c e q e H H 0 il: r p y II Il 0 il: 3 a B H c H M 0 c TH 
ToqKn a. 

CHCTeMa COCTaBJIHIOID;HX c 11,eIIoqKn x H aa11aHHOe Ha x 
,D;epeBo rro,D;qnHeHHH Haa. c or JI a c o B a H H hi Mn, ecJia 
rpyrrrrhl 3RBHCHMOCTH BCex ToqeR x HBJIHIOTCH COCTRB
JIHIOID;IIMH H KaIB,D;aH COCTaBJIHIOID;aH 0CTb rpyrrna aami:
CHMOCTH HJIH yceqeHHaH rpyIIIIa aaBHCHMOCTH HeR-poii 
ToqKn 11,erroqKn x. «EcTeCTBeHHhle» CHCTeMa COCTaBJIHIOIIIHX 
H 11epeBo rro,D;qnHeHHH, IIOCTpoeHHhle llJIH OllHOro H Toro 
iKe rrpe11JIOiK0HHH H OTBeqaIOIIJ,He OiIHOMY H TOMy IBe ero 
cMblcJiy, o6blqHo corJiacoBaHhl (cM. rrp1rne11eHHhle Bhlme 
rrpnMephl). ,IJ;epeBo rro11qnHeHnH, corJiacoBaHHoe c cn
CTeMoil: COCTaBJIHIOIIJ,HX, rrpoeRTHBHO. ,Il;JIH 11aHHOH CH
CTeMbI COCTaBJIHIOIIJ,HX MOiKeT cym;eCTBOBaTb 6oJibIIIe 011-
Horo corJiacoBaHHoro c HHM .n;epeBa rro.qqnHeHnH; op;HaKo, 
0CJIH AOilOJIHHT0JlbHO aa.n;aTb HeK-poe OTHOIIIeHlrn «rJia
BeHCTBOBaHHH)) MeIB.n;y COCTaBJIHIOID;HMH, MOiKHO i;to6HThCH, 
qTo6hl «ecTeCTBeHHoe» p;epeBo IIop;qnHeHnH oIIpe11eJIHJIOCh 
O):{H03Ha'!HO. llMeHHO, eCJIH B CHCTeMe COCTaBJIHIOIIIHX c 
11,erroqKH x AJIH RaiKp;oil: H0ToqeqHoil: COCTaBJIHIOII1eH 
Bhl,IJ;eJIHTh B MHOiKeCTB0 BCeX HeIIocpe1:icTB0HHO BJIOiKeH
HhIX B Hee COCTaBJIHIOIIIHX O,l{Hy, Ha3hIBaeMyIO r JI a B
H 0 ii:, TO YIIOPHAOqeHHaH IIapa (C, C'), riw C' - MHOIBe
CTBO BCeX rJiaBHhIX COCTaBJIHIOIIJ,HX, Ha3. H e p a p x H-
30 Ba H HOH CHCTeMOH COCTaBJIHIOillHX; 
nepapXH30BaHHaH CHCTeMa COCTaBJIHIOIIIHX c B H 3 a Ha 
c ):{epeBOM rro):{qnHeHHH, ecJin cncTeMa C corJiacoBaHa c 
3THM 11epeBOM H iIJIH RaIBp;oil: HeToqeqHoil: COCTaBJIHIOIIJ,ef1 
A RopeHh OTBeqaIOm;ero eil: rroi;t):{epeBa 11epeBa II011qnHeHHH 
COBIIa.qaeT c RopHeM rrop;p;epeBa, OTBeqaIOm;ero rJiaBHOH 
H3 Herrocpep;CTB0HHO BJIOiKeHHhlX B A COCTaBJIHIOIIIHX. 
((ECTeCTBeHHaH» CHCTeMa COCTaBJIHIOIIIHX IIpe11J10JReHHH 
IIPH «0CTeCTBeHHOH» nepapxnaa11,HH, KaK IIpaBHJIO, CBH
aaHa c <(eCTeCTBeHHhIM» 11epeBoM rrop;qnHeHHH. TaK, ecJin 
B paCCMOTpeHHOM BhIIIIe IIPHMepe nepapxnaoBaTb CHCTeMy 
cocTaBJIHIOm;nx cJieAYIOIIJ,HM o6paaoM: ([ 06'I>e):{nHeHne) 
(ABYX [3aMKHYThIX [MHOiKeCTB)])) [[eCTb) (aaMKHYTOe 
[MHOiKeCTBO))] (rJiaBHhle COCTaBJIHIOID;He BhlAeJieHhl KBa11-
paTHhIMH CK06KaMH), TO IIOJiyqeHHaH nepapxnaoBaHHaH 
CHCTeMa COCTaBJIHIOIIIHX 6y11eT CBH3aHa c yKaaaHHhIM 
BhIIIIe AJIH ,D;aHHoro IIpe)J;JIOiKeHHH 11epeBOM IIO.qqnHeHHH. 

He Bee THIIhl IIpep;JIOIBeHnil: i:i;orrycKaIOT p;ocTaTO'IHO 
a.qeRBaTHOe orrncaHne c IIOMOlll,bIO CHCTeM COCTaBJIHIOID;HX 
n ,D;epeBheB IIOllqHHeHHH. B qacTHOCTH, aaTpy.qHeHHH B03-
HHRaIOT IIPH OIIHcaHHH rrpeAJIOiKeHnil:, co11epIBam;nx cJio
BocoqeTRHHH c «oco6o TeCHhIMH» BHyTpeHHHMH CBH3HMH 
(HaIIp., cJioiKHhle <PopMhl rJiaroJia), a TRKIBe coqnHeHHhle 
ROHCTPYKIJ,HH. KpoMe Toro, rrpn orrncaHnn cTpoeHHH 
rrpe,D;JIOiKeHHH H HHbIX 0Tpe3KOB peqn Ha 6oJiee ((rJiy6o
KHX» ypoBHHX B03HHKaeT Heo6xo11nMOCTb HCIIOJlb30BaTb 
rpa<Phl 6oJiee cJIOIBHoro BHlla, qeM 11epeBhH. )J;JIH 6oJib
meil: a,D;eKBRTHOCTH OIIHCaHHH H3bIKa HYiKHO yqHTbIBaTb 
HapH.D;Y c CHHTaKcnqeCKHMH e111,e T. H. a H a qi 0 pH q e
c K H e c B H 3 H - CBH3H MeiKllY BXOiK,IJ;eHHHMH CJIOB, 
<ma3hIBaIOillHMH OllHO H TO IBe»; Harrp.: 

,,EcnM f ecrb no6palkeHMe £ Ha F 

11 cyU1ecrsyeT o6paTHoe oro6pa>KeHMe 

f ~l ;~r;;-;Oc:iieAHee ecrb oro6paJKeHMe F Ha .E Q• 

IIoaToMy paapa6aThlBaIOTCH n p;pyr:irn, 6oJiee cJioIBHhle 
KOHIJ,eII~HH C, C. 

JJum.: [1] T es n i e re L., Elements de syntaxe structurale, 2 
nan., P., 1965; l2] IT a J1 y 'I e Ba E. B., (<Bonpocbl H3hlIWaHaHHH», 
1964, M 2, c. 99-113; [3] r JI a J1 Ku ii: A. B., «Hay'IHO-TeXHll-
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qecRaH HacjlopMaqirn. Cep. 2», 1971, No 9, c. 35-38, [4] er o Tpe6yeTC.ll nocTpOKTh iI>opMyJiy, R-paH ee peamrnyer; 
Ill e, ll>opMaJlbHble rpaMM&THKll II lillblRll M. 1973; [5] er 0 2 6 "' 
Ille, «Slavica», 1981, v. XVII, XVIII • • A. B. I'11alh:uu. ) aaAaBa Cli!CTeMa yJieBhIX oPYBKD;llH - Tpe6yeTCH no-

CHHTAKCH11ECKAH TEOPEMA - TeopeMa cunman- CTpollTh MHoronomocayro nonmanmny10 cxeJ1£y, peam1-
cuttecnoeo aablna, T. e. TeopeMa o iI>opMaJIIrnouaBBoii: Teo- ayrom;yro :ny cHcTeMy; 3) HMeeTCH Toqaoe onucaaue 
PHH. IlpHMepLI c. T.: TeopeMa .a;e.a;yKu;HH µ;JIH HCqffCJieBHH noue.a;eBHH a6moJ1£ama - Tpe6yeTCH nocTpOHTb TaKoii: au-
npeµ;HKaTOB, TeopeMa fe.a;eJIH 0 BeTIOJIHOTe apHii>MeTHKH. TOMaT; 4) aa.a;aBa 6bl'IUCJIUJl£asi rfiynxrrusi - Tpe6yeTC.ll 
3TH TeopeMhl OTBOCHTCH K aJieMeBTapBOMY CHHTaKCHCy. Baii:TH aJiropHTM, K-phlii: ee BhlqHCJIHeT, JIH6o COCTaBIITb 
IlpIIMepoM BeaJieMeBTapBoii: c. T., TO eCTb TeopeMhl, .a;oKa- COOTBeTCTByrom;yro nporpaMMy. 
aaTeJihCTBO K-poii: cym;eCTBeBHO HCTIOJibayeT 6ecKoBeqBhle Ilpuue.a;eBHhle npIIMepbl OTBOCHTCH K ,D;HCKpeTBOH BeTBII 
COBOKYTIBOCTH, MOJKeT CJIYlKIITb TeopeMa 0 BenpoTIIBope- MaTeMaTHKH. 0.a;BaKO aHaJiorH'lBbie npHMepbl xapaK-
qHBOCTH 8JieMeBTapaoii apilii>MeTHRH. B. H. I'puiuun. TepBhI H AJIH HenpepbIBBOH BeTBH MaTeMaTHKH: 1) aa.a;aBa 

CBHTAKCH11ECKH:O: H3LIK - HahIK, npe,a;Baaaa- JiorapHii>MHqecKaH aMTIJIIITy.a;ao-qacTOTBaH xapaKTepHcTH-
qeuBbiii: µ;JIH HayqelIHH il>opMaJIHaoBaBBOro HabIKa B OT- Ka CHCTeMbI aBTOMaTilq. peryJIHpoBaBIIH (IIJIH, B 6oJiee 
BJieqeBHH OT ero rJiaBBOH IIBTepnpeTaD;IIH. IloBHTHe 0 o6m;eM cJiyqae, YCJIOBHH ee pa6oTbI, T. e. B03Mym;arom;He 
c. H. B03BHKJIO B MaTeMaTHq. JIOrHKe B CBH3II c BonpocaMH H ynpauJIHIOII(He uoaJJ;eii:CTBIIH, TIOMeXH, orpaBil'leBHH no 
il>opMaJIHaau;HII H HCCJie.a;ouaBIIH co.a;epJKaTeJibBLIX MaTe- upeMeBH pa60Thl H T. .a;.) - Tpe6yeTCH CHHTeailpouaTb 
MaTH'l. Teopuii:. PeayJihTaToM il>opMaJIHaau;IIH KaKoii- CIICTeMy auToMaTHq. peryJIHpouaBIIH, o6Jia.a;arom;yro aa-
JIH6o co.a;epJKaTeJibBOii TeopHH HBJIHeTCH (fiopJ1£a.1tbnasi .a;aHBOH xapaRTepIICTHKoii; 2) aa.a;aBa CHCTeMa JIHHeiiBhIX 
cucmeJ1£a, K-pyro MOJKBO paccMaTpIIBaTh KaK caMOCTOH- ypauHeBHH H HepaueBCTB, a TaKJKe HeK-paH JIHBefrBaH 
TeJihBhiii o6'heKT HCCJie.a;ouaa1rn, aa6bIB 0 ee npoIICXOJK- ii>YHKD;HH - Tpe6yeTCH TIOCTpOHTb cxeMy BbI'lHCJieBHH, 
.a;eBHH. ,11,JIH IICCJie.a;ouaBIIH il>opMaJibBbIX CHCTeM B TaHOM K-paH MaKCHMilaHpyeT aa.a;aHByro mrneiiByro ii>YBKD;HIO 
TIJiaBe CJIYJKHT c. H. Ha MBOJKeCTBe pemeBHii aa.a;aBBOH CHCTeMbl; 3) aa.a;aaa 

B c. H • .a;aeTCH OTIHCaBHe HabIKa ii>opMaJihBOii CHCTeMbl, CIICTeMa AHii>il>epeBu;H~JibBblX ypauBeHilii II YKa3aBa He-
T. e. ero HCXO,D;BbIX CIIMBOJIOB, TepMOB, il>opMyJI II np., 06xo,a;I1MaH TO'lBOCTb ee pemeBHH - Tpe6yeTCH Baii:TH 
onpe.a;eJIHeTCH TIOBHTHe BbIBO,a;a B ii>opMaJibBOii CHCTeMe, aJiropHTM qHcJieBBoro peIDeBHH 8TOii CHCT8Mbl c yKaaaH-
iI>opMYJIIIPYIOTCH H .a;oKaahIBaIOTCH TeopeMhl 0 il>opMaJibBOii noii TO'lBOCTbIO. 
CHCTeMe. TaKHM o6paaoM, c il>opMaJtbHOii CHCTeMoii CBH- HMeeTCH onpe.a;eJteHBaH YCJIOBBOCTb B TOM, qTo TIOCJteA-
3bIBaIOTCH .a;ua Hahrna: O,D;HB - IICCJte.a;yeMblii HablK caMo:il: BHe TPH npIIMepa OTBeceBhI K BenpepblBBoii MaTeMaTHKe, 
il>opMaJthBOH CIICTeMbI (o 6 'be KT Bbl ii, HJIH TI p e .a;- H6o TIOHCK npI16JtHJKeBBOro 'lIICJieBBOro pemeBHH yJKe 
Me TB bl :ii:, H 3 hi K), .a;pyroii - HabIK, Ba K-poM Beµ;eTCH npe.a;nonaraeT annpoKCHMau;IIIO BenpepblBHhIX ii>YBKD;Hii 
liCCJteµ;oBaBHe il>opMaJibBOii CHCTeMbI (C. H.). AHCKpeTBblMH, a aHa'lIIT, B 8THX saµ;aqax HenpepbIBBaH 

c. H. ,D;OJIJKeB co1:iepJKaTb HMeBa µ;JIH CHMBOJIOB H ii>opMyJt BeTBh MaTeMaTHKH TeCBO nepenJteTaeTCH c ,D;IICKpeTBOII. 
Hab1Ra-o6'heKTa, a TaKJKe nepeMeBBhle, aHa'leBHHMH K-pblX MaTeMaTHqecKaH TIOCTaBOBKa c. a. npe.a;nonaraeT TO'l-
HBJlHIOTCH ca~IH CIIMBOJibl H il>opMyJihI. IlpR 8TOM CHMBOJibl Boe yKa3aBile HabIKa, Ba K-poM aa.a;aeTCH ii>YBRD;IIH. OT 
H iI>opMyJthI HabIKa-o6'heKTa BblCTynaIOT B c. H. B Kaqe- :noro HabIRa aaBIICHT, RaKRe TPYAHOCTH MoryT uoaHHK-
CTBe CBOHX co6CTBelIHblX HMeH (T. e. B Ka'leCTBe HMeB, HY'fb npH pemeBIIH c. a. B 6oJibIDHHCTBe CJiyqaeu cym;ecT-
06oaHa11aIOII(HX caMH 8TH CHMBOJibI H il>opMyJibI). c. H., uyeT cpaBBHTeJibHO npocToii: MeTO.a; IIOCTpoeHIIH y, c. 
KaK npaBHJlO, Be AOJIJKeB co.a;epJKaTb HabIKOBbIX cpeµ;CTB KaBOHil'l. BH.a;a. 
AJIH paccyJKµ;eBHH 0 6eCKOBeqBhIX COBOKYTIBOCTHX KaK 0.a;BaKO (ecJIH TOJihKO KJiacc y. c. Be CJIIIIDKOM 6e.a;eB) 
caMOCTOHTeJibHhIX o6'beKTax. qT06bI no.a;qepKBYTh 8TO aaµ;aqa HMeeT H MBOro .a;pyrHX pemeBHii:; ecTeCTB8HBO 
o6cTOHTeJibCTBO, rouopHT 06 a JI e M e B T a p B 0 M c H B- BOaBHKaeT aaµ;aqa BhI6opa cpe.a;II BHX B KaKOM-TO CMbICJie 
T a K c H c e ,D;JIH .a;aHBOH ii>opMaJihBOii CHCTeMbl, B npo- BaHJiyqmero. IlpH TaKOM no.a;xo.a;e BBO,D;HTCH napaMeTp, 
THBOIIOJIOJKBOCTb c H B T a K c H c y T e 0 p e TH q e- xapaKTepHayrom;Hii: Ka'leCTBO y. c. 3To MOJKeT 6LITh 'IHCJIO 
c K 0 My, B K-poM .a;onycKaeTCH paccMoTpeHile npoH3BOJib- 8JieMeHTOB y. c., ee CTOIIMOCTb, aaBHMaeMhiii ero o6'b0M, 
BblX o6paaouaHHii. HablK TeopeTHq. CIIBTaKCHCa Baa. TaKJKe MaKCIIMaJihBOe qHCJIO ee aJieMeHTOB, BaXO,D;HII(HXCH B 
J1£emaaablKOJI£. ,IJ,ocTaToqBo 'leTKO 011epqeHBblii: c. H. MOJKeT aKTIIBBOM COCTOHBHH (T. e. MOII(BOCTb), BpeMH ee pa6oThI, 
6hITh il>opMaJIHaouaB H cTaTh o6'heKTBhIM HabIKOM. MBorHe uepoHTBOCTh BLixo.a;a ee Ha cTpoH H T . .a;. BaJKBo, •1To6hI 
.a;ocTaTO'lBO CHJihHble il>opMaJibHhle CHCTeMhI Moryr CJIYJKHTb 8TOT napaMeTp, o6hlqBo Baa. c JI 0 Ji( H 0 c T h IO, npa-
il>opMaJIB3aD;IIHMH cuoero co6CTBeBBoro 8JieMeBTapBoro BHJibBO OTpaJKaJI Tpe6yrom;eecH CBOHCTBO y. c. II no uoa-
c. H. Ha 8TOM iI>aKTe OCBOBaBO AOKaaaTeJibCTBO I'eile.1tsi MOJKHOCTH npocTO no Beii BbI'lHCJIHJICH. B yroqBeBBOH 
meopeJ1£bl 0 neno.1tnome ii>opMaJibBblX CHCTeM. TIOCTaBOBKe c. a. COCTOHT B TOM, 'lT06bI TIO aa.a;aBBoii 

B HabIKaX TeopeTH'l. CillITaKCHCa MOJKBO paccMaTpIIBaTb ii>YBKD;IIH TIOCTpOHTb TaKyro peaJII1ayrom;yro ee y. c., Ba 
Moµ;eJIH .a;aHBoii il>opMaJibBOH CIICTeMbI H rouopHTb 06 K-poii: p;OCTilraeTCH MIIBHMYM CJIOJKBOCTH. 
HCTHBBOCTH il>opMyJI ii>opMaJibHOH CIICTeMhI B Moµ;eJIHX. Ha caMoM .a;eJie CTOJib onpe.a;eJieBBaH IIOCTaBOBKa aa-
B KaqecTue npHMepa ii>opMaJlHaouaBHoro H3h1Ka TeopeTH'l. .a;a11I1 uoaMoJKBa JIHIDb µ;JIH KOHe'lBhix Moµ;eJie:il: y. c. KaK 
CHBTaKCIICa 8JieMeBTapBoii apHii>MeTHKH MOJKBO yKa3aTb CJie,D;CTBHe, AJIH BHX H BCH CHBTeaBaH npo6JieMaTHKa 
Ba HahIK apmbMeTHKH 2-ro nopHµ;Ka. OKaabluaeTCH 011ep'leBHOii Jiyqme. IloaTOMY IIHJKe OCHOB-

Jlum.: [1] iJ e P 'I A., BBe;a;ea11e B MaTeMaT111JeCRYIO JIOrRRY Boe BBHMaBHe yp;eJieBO KOBe'lliblM MO,D;0JIHM. 
nep. c aHrJI., M., 1960. B. H. I'puiuuu: ,11,JIH KOHe'lBhIX Moµ;eJieii: y. c. THIIH'lBa CHTyau;HH, Kor;o;a 

CHHTE3A 3A,IJ,A 1111 - couoKynaocTh aa.a;aq, Koau;eHT- cym;ecTuyeT TPIIBHaJibBOe pemeBile nocTauJieHBO:ii aa-
papyrom;HXCH BOKpyr npo6JieMbI IIOCTpoeBIIH ynpa6.1tsi- .a;a11H. Hanp., eCJIH MIDIHMil3HpyeTCH qHCJIO aJieMeBTOB B 
IOUfeU cucmeJ1£bl (y. c.), IIMerom;eii: npe.a;nHcaBBOe ii>YBKD;HO- cxe111e, TO TPHBHaJiblibIH MeTOA pemeBHH COCTOHT B nepe-
HlipOBaBiie. y. c. CTpOHTCH Ha aJieMeBTOB, K-pble 06h1qno 6ope CHaqaJia ucex cxeM, co.a;epJKam;11x oµ;HB aJieMeBT, c 
caMH HBJIHIOTCH npocThIMH y. c. IlpH cHBTeae aapaaee npouepKoft Toro, ecTb JIH cpe.a;H BHX cxeMa, peaJI11ayrom;aH 
aa.a;a!hl COCTaB 8JieMeBTOB, npaBHJia HX coeµ;HHeBHH MeJKAY aa.a;aHByro ii>YBKD;HIO, aaTeM B nepe6ope ucex cxeM, co.a;ep-
co60I1 H cnoco6 onpe.a;eJieBHH no cTpyKType y. c. ii>YBK- mam;Hx .a;ua aJieMeBTa, 11 T . .a; • .a;o Tex nop, noKa Be ucTpe-
u;1111, R-pyro oBa peaJ111ayeT. THTCH cxeMa, pean11ayrom;aH aaJJ;aBByro ii>YBKu;HIO. Ha 

c KalR,D;hIM KJiaccoM y. c. ecTeCTBeBBbIM o6paaoM CBH- 8TOH cxeMe Ii AOCTHraeTCH MHBHMYM qffCJia 8JieMeBTOB. 
aaB onpe.a;eJieBBhlii KJiacc ii>YBKD;HH. 3 a A a q a c H H- 0.a;BaKO Ha-aa 6oJibIDOro 'lHCJia Tpe6yrom;HXCH maroB 
Te 3 a B ee IICXO,[];HOH TIOCTaBOBKe COCTOHT B TOM 'lT06bl TpirnHaJihliblH M0TOJJ; MaJioail>$eKTHBeB. BoJiee Toro, 0CJIH 
no aa.a;aBIIOH ii>YBKD;HH Ha 8Toro KJiacca TIOCTpOH~b pea- CJIOJKHOCTb peaJIHayeMOH ii>YBKD;HH npeublmaeT BeK-pbIH 
m1ayroiu;yro ee y. c. Hanp.: 1) aa,qaaa 6y.11e11a rfiynnrrusi - cpaun11TeJibHO HeBLICOKl!!ii nopor, TO Tp11u11aJI&IIbI:ii MeTo.a; 

-t:i' 38 llilaTeMaTll'leCR&ll SH~ •• T. 4 
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CTaHOBHTC.H rrpaKTH'leCKH BeOCYJ:QeCTBHMLIM, ITPH'leM HC
IIOJib30BaHHe caMhIX 6blcTphIX BhI'lHCJIHTeJihHhIX 111amHB 
JIHIIIh HPcym;ecTBeHHo pacmHpneT rpaHHWJ ero rrpHMe
HJIMOCTH. oTo o3Ha'laeT, 'ITO Tpe6yeTc.H AaJibBeiimee YTO'l
HeHHe nocTaBOBKH c. 3. 

CJiol«HBIDHecn 3)l;eCh TeH)l;eBn;HH npo)l;eMoBcTpHponaHLI 
HHa;e- Ha rrpHMepe O)l;Horo H3 KJiaccon y. c.- cxe.M ua 

rPYUl>!fUOIWJtbHb!X iMe.Menmo6 )];JI.II O}l;Boro 'laCTBoro CJIY
'la.H, KOr)l;a CJIOl«HOCTb noHHMaeTC.H KaK 'IHCJIO aJleMeBTOB 

B cxeMe. <l>YHKII;HH, peaJIH3YeMhle ::JTHM KJlaCCOM y. c.,
aTo 4>YBKil;HH aJ1re6phI JIOrHKH (6yJ1eBL1 4>YBKil;HH). 

IIpei«Ae ncero cJ1e}l;yeT OTMeTHTh, 'ITO BenpHeMJ1eMocTh 
pellleHHH, K-poe }l;aeT TPHBHaJlhHhlii MeTo}l;,- aTo JIHIIlh 
O}l;Ba H3 npH'IHB, BeAYIIl;HX K nepecMOTPY IIOCTaBOBKH c. 3. 
Cym;ecTByeT rHnoTe3a, 'ITO mo6oii aJ1ropHTM, K-phlii )l;JIH 
Kai«}l;oii 6yJ1eBOH 4>YHKII;HH CTpOHT cxe111y c MHBHMaJlhBhIM 
'IHCJIOM aJleMeHTOB, HeH36ei«BO CO)l;epi«HT B ce6e B Ka
KOM-TO CMhICJle nepe6op ncex 6yJ1eBbIX 4>YBKil;HH. B nOJlb3Y 
aTOH rHnoTe3hI ronopHT TeopeMa 0 TOM, 'ITO ecJIH pac
CMOTpeTh 6ecKOHe'lHoe MHOl«eCTBO 6yJ1eBL1X 4>YBKII;HH, 
CO)l;epmam;ee rrpH Kal«)l;OM 'lHCJle nepeMeBBLIX no O}l;BOH 
caMoii: CJIOiRBOH «iiYBKil;HH, H aaMKBYTb aTO MBOl«eCTBO 
OTHOCHTeJlhBO onepan;Hii: rrepeHMeBoBaBH.H nepeMeBHLIX 
(6e3 OTOl«}l;eCTBJleHHH) H no}l;CTaBOBKH KOBCTaBT, TO noJ1y
'lHTC.H MHOl«eCTBO, COCTOHm;ee H3 ncex Boo6m;e 6yJ1eBLIX 
«fiyHKil;HH (c TO'lHOCTbIO AO Hecym;ecTBeHBhIX nepeMeHHhIX 
«fiyHKil;HH) oTa mnoTe3a noJ1y'lHJ1a MHoro APYrHX KOC
BeHHhIX nO}l;TBepm)l;eHHii, IlpH'leM HeK-phle H3 BHX CBH}l;e
TeJlbCTBYIOT 0 TOM, 'ITO eCJIH }l;ame OCJla6HTb Tpe6onaHHe 
no 'IHCJIY aJleMeHTOB, }l;onycKa.H nocTpoeHHe cxeM, 6JIH3-
KHX K onTHMaJlbHhIM, HO coxpaHHTb Tpe6onaHHe npHMe
HHMOCTH aJlropHTMa K Kal«)l;Oii 6yJ1eBOH «fiyHKil;llH, TO 
nepe6op He )l;OJll«eH cym;ecTBeHHO yMeHhlDHTbCH. ll)l;e.H 
0 npHHil;Hffll:aJlbBOH BeH36emHOCTH nepe6opa H .HBJIHCTC.H 
OCBOBHoii npH'IHHOH BHAOH3MeHeHH.H nocTaHOBKH c. 3. 
3}l;eCb HMeeTC.H BeCKOJlbKO B03MOl«HOCTeii:. 

IlleHBOHOBCKHii: no}l;XOA (no HMeHH R. o. IlleHHoHa, 
K-pblii BnepBhle npe)l;JIO;f(HJI ero }];Jiii KOHTaKTHbIX cxeM) 
CBH3aH c paccMOTpeHHeM «fiyBKil;HH 

L (n)=maxL (/), 

r}l;e L (f) - MHBHMaJibHO B03MOi«Hoe 'IHCJIO aJ1eMeHTOB 

B cxeMe, peaJIH3y10m;eii: cliYHKII;HIO f, a MaKCHMYM 6epeTC.H 
no nceM 6yJ1eBhlM «fJYHKD;HHM f OT n nepeMeHBhIX. IlpH 
aTOM L (!) H L (n) 3aBHCHT OT 6a3Hca, T. e. oT MHomecTBa 
cpyHKII;HOHaJlbHhIX aJleMeHTOB, K-phle MO;f(HO HCnOJlb30-
BaTb npH nocTpoeHHH cxeM. c. 3. COCTOHT B TOM, 'IT06bl 
Haii:TH a«ficpeKTHBHhIH MeTOA ITOCTpoeHH.H )];JI.II Ka;f(}l;oii 
6yJ1eBoii: «iiYHKII;HH OT n nepeMeHHbIX cxeM c 'IHCJIOM aJle
MeHTOB, cym;ecTBeHHo He npenocxo}l;HID;HM L (n). 

TI pH 60J1ee o6m;eii: nocTaHOBKe 3a}l;a'IH Kaa<}l;OMY cpyHK
II;HOBaJILBOMY aJieMeHTY E COITOCTaBJI.HeTC.H ITOJIOl«HTeJib
HOe 'IHCJIO L (E) - CJIOl«HOCTb aToro aJieMeHTa, K-pa.H 
3aBHCHT TOJihKO OT «fiyHKII;HH, peaJIH3ye111oii: aJieMeBTOM E, 
a Kaa<}l;OH cxeMe s npHnHCbIBaeTC.H CJIO;f(HOCTb 

L (S) = ~L (E), 

r}l;e cyMMHponaHHe npOH3BO)l;HTC.H no BCeM aJieMeHTaM cxe

Mbl s. )::\JI.II Kal«)l;OH 6yJieBOH «fiyHKIJ;HH t onpe}l;eJIHeTCll 
CJIOl«BOCTb ee peaJIH3an;HH (B 3a)l;aHBOM 6a3HCe): 

L (f) =min L (S), 

r1i:e MHHHMYM 6epeTC.H ITO BCeM cxeMaM s' peaJIH3YIOID;HM 
cpyBKII;lUO /. 3aTeM, KaK H paHbllle, BBO}l;HTC.H L (n)= 
=maxL (/) ll Tpe6yeTCH )];JI.II rrpOH3BOJibHOii 6yJieBoii 
cpyHKII;llH OT n ITepeMeHHhIX nocTpOHTb cxeMy, HMe10m;y10 
CJIOjf(HOCTb Be BhIIJie (HJIH He Ha MHoro Bhlme), 'leM L (n). 

Ilp11 TaKoM no}l;XO~e HYl«HO yMeTb BhI'lHCJI.HTb HJIH 
xopomo on;eHHBaTb XOT.H 6bl CHH3Y BeJIH'lHHY L (n). 0Ka-
3hIBaeTCH, 'ITO HenJioxy10 HHl«HIOIO on;eHKY )l;JIH L (n) 
}l;aeT yme M 0 m; H 0 c T H 0 ii: M e T 0 A· OCHOBaHHhiii Ha 
CJJe}l;y10m;e111 coo6pameHHH: 'IHCJIO BCeB03MOl«HblX cxeM, 
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peaJIH3YIOIIJ;HX 6yJieBhI «fJYHKII;HH OT n nepeMeHHhIX ll 
n111e10m;nx cJioi«HOCTh He 60J1ee L ( n), AOJIJRHO 6bITh He 
MeBbllle 'lHCJia ncex 6yJieBhIX cliYHKn;Hii: OT n IIC'peMeHHhIX. 
B MOIIJ;BOCTHOM MeTO}l;e Tpe6yeTC.H TOJlbKO IIOJJY'IHTb YAOB
JieTBOPHTeJihBYIO nepXHIOIO on,eHKY )];JI.II 'lHCJia paccMaT
pHnaeMhIX cxe111. 

IlocJie aToro o Ka'lecTBe mo6oro YHHBepcaJ1bHoro 
MeTo)l;a cHHTe3a (T. e. MeTo)l;a, ITpnro)l;Horo )l;JIH upoH3-
BOJibBoii 6yJ1enoii: «fiyHKII;HH) MOl«HO B 3Ha'IHTeJlbBOii Mepe 
CYAHTb ITO TOMY, BO CKOJibKO pa3 CJIOl«BOCTb ITOCTpoeBHbIX 
HM cxeM ITPH COOTBeTCTBYIQm;eM n OTJIH'laeTC.H OT HHl«Bei'I 
on;eHKH )l;JIH L (n). 0}l;BonpeMeHBo cJJoi«BocTb aTHX cxeM 
cJiyi«HT KoBcTpyKTHBHoii nepxBeii on;eBKo:ii: )l;JIH L (n). 
OcBoBBLIM )l;OCTHi«eHHeM B aToM BanpanJieHHH HBJ1HeTc11 
C03)l;aBHe a«ficpeKTHBBoro YBHBepcaJlbHOro MeTo)l;a CHHTe3a, 
K-pbiii: }l;aeT cxeMhI co CJIOl«BOCTbIO, MaJJo OTJIH'la10m;eii:c11 
OT HHl«Be:ii: on;eBKH )l;JIH L (n), a npH n---+- oo acHMITTOTH
qecKH c0Bna}l;a10m;et1 c Beii. TaKHM o6pa3oM, aTo acHMIT
TOTH'leCKH BaHJIY'J:IDHH MeTOA CHHTeaa, no3BOJIHIOID;Hlf K 
TOMY me ycTaHOBHTb aCHMnTOTH'l. ITOBe}l;eHHe cpyBKII;HH 

L (n). IlycTb 
p=minL (E)/(i-1), 

r}l;e i - 'lHCJlo BXOAOB aJ1eMeBTa E, a MUHHMYM 6epeTc11 

ITO BCeM aJleMeBTaM, HMeKlm;HM He MeHee ABYX BXO,!J;OB. 
Tor}l;a zn 

L(n)-Pn-· 

}::\JI.II }l;pyrnx KJlaCCOB y. c. CJIOli<HOCTb L (S). a c Beii 
H CJIOJRHOCTH L (!) H L (n) BBOAHTCll aHaJiorH'lHhIM o6pa-
30M. 06bl'IHO L (S) AJIH KOHTaKTHOH cxeMhI S eCTb 'IHCJIO 
KOHTaKTOB B Heii:, a AJIH «fiopMyJihI s - :no 'IHCJIO CHM
BOJIOB nepeMeHHhIX B Heft. )::\JI.a aBToMaToB H 111amnH TbIO
pHHra L (S) HHOI'}l;a BBO}l;HTC.H KaK 'IHCJIO COCTO.HHHH aB

TOMaTa S HJIH MalDHHhI TbIDpHHra S. CooTBeTCTBYIDm;ee 
aCHMIITOTH'lecKoe noBe}l;eHHe BeJIH'lHHbl L (n) )];JI.II ::JTHX 
KJiaCCOB noKa3aHO B Ta6JIHn;e 1. 

Knacch! ynpaeJJIIIOillHX 
L (n) CHCTeM 

CxeMhl BB cj>ymn1HoHaJJb- 2n 
Hh!X aJJeMeHTOB -vn-

HOHTaKTHh!e cxeMhl 
211 - --,;--

<l>opMYJJhl 
2n 

- log2 n 

2n 
ABTOMaThl -a.(n) n 

ManmHhl ThlOPHHra 2" 
- n(k-1) 

I 
I 
I 
I 
I 
I 

. L(E) 
p=mm-.-1-•-

1.;; a. (n).;; 2 

k - 'IHCJJO fiyKB BO 
BHemHeM aJJcj>aBHTe 
MamHHhl TblOPHHra 

ECJIH noH.HTHe CJJOli<HOCTH BBOAHTC.H HHa'le, HaITp. KaK 
BepoHTHOCTb OIJIH6KH, HJIH eCJIH paccMaTpHBaeTC.H }l;pyroii: 
KJiacc y. c., HaITp. aBTOMaThI, TO COOTBeTCTByIOmee aCHMn
TOTH'l. COOTHOIIleHHe MOJReT CO}l;epmaTb He OAHH, a }];Ba 
H 6oJiee ITapaMeTpon, rrpH'leM B o6m;eM cJiy'lae 3a}l;a'la 
0 IIOJiyqeHHH aCHMnTOTHKH, Harrp. }l;JJ.H aBTOMaTOB, aJirO
pnTMH'leCKll Hepa3pe1DHMa. 

AHaJIH3 HHiKHeii: on;eHKH )l;JIH L (n) noKa3hIBaeT, 'ITO 
Ha caMOM }l;eJie )];JI.II IlO'ITH Bcex 6yJieBhIX «fJYHKII;Hii OT n 
nepeMeHHhIX CJIOJRHOCTb peaJIH3an;HH acHMilTOTH'lCCKH 
He 111eH1>me L (n). oTO 03Ha'laeT, 'ITO )l;aHHhiii 111eTOA CHH
Teaa /WH IlO'ITH BCeX uyJIE'BhlX «fiyHKII;Hll }l;aeT IIO'ITH CaMble 

rrpocThle cxe~rbl. 
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Op;HaKo, Bo-rrepaLix, rrpn p;ocTaToqHo 6oJibJJIOM n HH 
op;Hy H3 ljiyHKIJ;ni'r noro KJiacca, Hec1110TpH Ha TO, qTo 
OH cop;epllHIT noqTH R('f' 6yJieBbl ljiyHKIJ;HH, He yp;aeTCH 
HBHO ymrnaTb, a BO-BTOphIX, STOT KJiacc COCTOHT U3 Han-
6oJiee CJIOJKHO peaJIH3yeMblX ljiyHKIJ;HH, K-phle, IIO-BHp;H
MOMy, He acTpeqaroTcH B 3ap;aqax rrpHKJiap;Horo xapaK
Tepa. IloaTOMY TaKne ljiyHKIJ;HH He rrpep;CTaBJIHIOT 6oJib
JJIOro HHTepeca. 11 CHOBa IIOHBJIHeTCH Heo6xop;HMOCTb B 
BH)l;OH3MeHel!HH lIOCTaHOBKH c. 3. 

IlpH aTOM CJiep;yeT :W:MeTb B Bnp;y, qTo ljiyHKIJ;HH, p;JIH 
K-pb!X c. 3. aKTyaJibHa, COCTaBJIHIOT HHqTOlKHYIO p;OJIIO 
Bcex 6yJieBb!X ljiyHKIJ;HH, H qTo JII06oii aljiljieKTHBHhlll 
yHnaepcaJibHblH MeTop; CHHTe3a (ecJin rnnoTe3a o Heo6xo
p;HMOCTH nepe6opa aepHa B !IOJIHOM o6'heMe) p;JIH HeK-pblX 
H3 HHX 3aBep;oMo p;acT p;aJJeKo He call!hle npoCTble cxeMbl. 
OrrncaTb MHOJKeCTBO TaKHX ljiyHKIJ;HH !JeB03MOlKHO, HO 
npo6JieMa KJiaCCH«jJHKaqHH 6yJieBblX ljiyrrKIJ;HH p;JIH qeJieii 
CHHTe3a B03HHKaeT. TaKoii nop;xop; K nocTaHOBKe C. 3. 

CBH3aH c Bblp;eJieHHeM BalKHblX KJiaCCOB ljiyHKIJ;HH' co-
3J\aHHeM p;JIH HHX cneri;naJibHblX MeTO,[\OB CHHTe3a' KalKp;blll 
H3 K-pb!X opHeHTHpOBaH Ha ljiyrrKIJ;HH onpep;eJieHHoro 
KJiacca, a TaKJKtl c oqeHKOH KaqecTBa noJiyqarom;HXCH npH 
aToM cxeM. 

81jiljieKTHBHO pemaTb TaKne 3ap;aqn II03BOJIHeT II p H H
ri; H II JI 0 K a JI b H 0 r 0 K 0 p; H p 0 B a H H H. 8TOT 
rrpHHIJ;IIII rrpep;rroJiaraeT TaKoe KOp;HpOBaHHe ljiyHKIJ;HH H3 
paccMaTpnaaeMoro KJiacca, npH K-poM 3HaqeHne ljiyHKIJ;HH 
MOJKHO BblqncJIHTb IIO cpaBHHTeJibHO He60JibillOH qaCTH 
Kop;a. EcJin rrpn noM yp;aeTcH p;ocrnToqHo npocTo pea
JIH30BaTb HeK-pble BCITOMoraTeJibHhle orrepaTopbl, TO 
rrpHHIJ;Hll JIOKaJibHOrO KOp;HpOBaHHH p;aeT acHMIITOTH
qecKH HaHJIY'lIIIHii MeTOJ]; CHHTe3a p;JIH paccMaTpHBaeMoro 

qHCJJO TO'l!e:K, 
B 11-pb!X 
ljlyH1'l(HlI 
paeHa 1 

(log, n) c, c > 1 

2cn 0 <c < 1 

2" 
nc'c>O 

Ta6JJHI(a 2 

1-n (log2 n)c-1 

(c+1)log2 n 

KJiacca, rrpnqeM B p;oBOJib
Ho IIIHpOKHX rrpep;eJiax 
crrpaBep;JIHBO COOTHOUie
HHe 

L (N ) log, I N n I , 
n - p log, log, I N n I 

rp;e N n - rrop;MHOJKeCTBO 
Tex ljiyHKIJ;HH H3 paccMaT
pHBae~roro KJiacca, K-pbie 
3aBHCHT OT 3ap;aHHblX n 
rrepeMeIIHhlX, a 

L (N nl =max L (!), 

rp;e MaKCHMYM 6epeTCH no 
BCeM 6yJieBblM ljiyHKIJ;HHM 

f H3 Nn· (3p;ecb p=1). 
KorrKpeTrrbli'I an.a;, Ro

Tophlii MOJKeT HMeTb STO 
acnMIITOTHqec1we COOTHO
JJieHne, yp;o6Hee Bcero 

rrpoHJIJIIOCTpHpOBaTh Ha KJiaccax 6yJieBblX ljiyHKIJ;HH, rrpn
HHMaIOm;HX 3Ha'leHHe 1 B 3ap;aHHOM 'lHCJie ToqeK. HaH6o
Jiee xa paKTepHhle rrpHMephl rrpHBep;errhl B rn6Jinqe 2. 

Ha ocHoBe npHHIJ;HIIa JIOKaJibHoro KOp;HpoBaHHH 6blJIH 
IIOJiyqeHbl xopOIIIHe MeTO,[\hl CHHTe3a H ,[\JIH BeCbMa Y3KHX 

KJiaCCOB ljiyrrKqHii (Hanp., ,[\JIH CHMMeTpH'l. ljiyrrKri;n:il:)' 
T. e. ,[\JlH Tex ljiyHRIJ;IIH, R-pble c rrpaKTH'leCKOH TO'lRH 
3peHHH HaH6oJiee HHTepeCHhl. Op;HaKo B p;aHHOM CJiyqae 
HHJKHHH ori;eHKa, IIOJiyqarom;aHCH MOII\HOCTHhlM MeTop;oM, 
oRa3hIBaeTCH CJIHJJIKOM cJia6oii:, p;JIH Toro qTo6h! no Heii 
cyp;HTh o Ka'lecTBe cxeM. Ilo Mepe cyJKeHHH KJiacca pac
cMaTpHBaeMbIX ljiyHKIJ;Hll B KaKOH-TO MOMeHT aTO HeH3-
6eJKHO ,[\OJilKHO 6b1JIO rrpoH30HTH, IIOCKOJibKY rrpep;eJibHb!M 
cJiyqaeM y3Koro KJiacca HBJIHeTcH KJiacc, cop;epJKam;Hii 
He 6oJiee qeM no op;Hoil «l>YHKIJ;HH OT KaJKp;oro 'lHCJia rrepe
MeHHhlX. ((laKTnqecKH aTO 03HaqaeT' qTo paccMaTpHBa
IOTCH omeJibHble KOHKpeTHble «liYHKIJ;HH. 

3;i;ech B03HHKaIOT p;Be rrpo6JieMhl: 1) IIOCTpOHTb ,[\JIH 
3a,r1aHHOH KOHKpeTHOII ljiyrrKIJ;HH f CXeMy c B03MOJKHO 
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~IeHbIJIHlll qucJIOM aJieMeHTOB H Tell! caMblM rroJiyqHTb 
BepxHroro oqeHKY p;JIR L (!); 2) rroJiyqHTh B03MOJKHo Jiyq
mym HHJKHJOJO ori;em~y p;JIR L (!). Cpep;u :Hux 3ap;aq rrepaaH 
06b1qHo 6brnaeT Jierqe, TaK KaK p;JIH ee pemeHHR p;ocTa
TO'lHO, B KOHe'IHOM cqeTe, IIOCTpOHTb Op;Hy cxeMy, a BTOpaH 
Tpe6yeT B KaROM-TO CMb!CJie rrpoCMOTpa BCeX cxeM, pea
JIH3YIOII\IIX ljiyHRIJ;HIO f. Ilo aToti rrpnqnHe B03HHKJIO qeJioe 
HarrpaBJieHHe, CBf13aHHOe c IIOHCKOM MeTO)l;OB IIOJiyqeHI!H 
HHlKHHX oqeHOK p;JIH KOHKpeTHhlX ljiyHKIJ;Hii. 

IloJiyqeHHe HHlKHHX oqeHoK, mrneiiHhlX OTHOCIITeJibHO 
n - qHcJia apryMeHTOB ljiyHRIJ;HH (HJIH B o6m;eM cJiyqae 
OTHOCHTeJibHO o6'beMa BXOp;Hoii HHljiopMaIJ;HH)' o6blqHo 
Bce-TaK11 He Bb!3bIBaeT 6oJibJJIHX TPYAHOCTeii:. IloJiyqeHHe 
6oJiee CHJibHbIX HHlKHIIX mi;eHOK - 3Ha•nnem,Ho 6oJiee 
CJIOJKHaH sa,ri;a•ia. IlepBhlMU rrpH~repaMH B <JTOM HarrpaB
JieHIIH 6hrnH HHJKHHH oqeHRa rropHARa nl,5 AJIH ljiopMyJI 
B 6asuce {&, V, - }, peaJIH3YIOII\HX mmei'myro ljiyHK
IJ;HIO (cyMMY no MOAYJIIO 2) n apryMeHTOB, H HHlKHHH 

oqeHKa rropHAKa n2/log~n AJIH nop.Ma.n,bnblx a.n,aopurfj.Moe 
MapKOBa, K-pbie o6pallJ;aroT cJioaa AJIHHbI n. Han6oJiee 
Bb!COKile HHlKHile ori;eHKH, K-pble K HaCTOHIIJ;eMy Bpe~teHH 
(1984) YAaJIOCb IIOJiyqIITb, HMeIOT rrop1IAOR n2 , eCJIH He cqil
TaTb ori;eHoK, rroJiyqarom;HXCH rrpn oqeHb CHJihHblX orpaHH
qeHHHX Ha KJiacc y. c. (Harrp., HeIIOJlHOTa CHCTeMhl aJie
~teHTOB) JIH6o IIpH HCII0Jlb30Bamm CTO.l!h MOlll;HblX cpeACTB 
AJIH 3aAaHHH ljiyHKIJ;HII, 'ITO OHII ljiaKTH'leCKH COABplKaT B 
ce6e rrepe6op Bcex ljiyHKIJ;Hii. 

0 HeTpHBIIaJibHOCTH HCCJieAOBaHHH CJIOlKHOCTH peaJIH-
3aIJ;IIH KOHKpeTHblX ljiyHKIJ;HH TOBOpHT II TO, qTo ~morne 
3aAa'lH, TaKI1e, KaK YMHOJKeHHe qeJib!X qHceJI, YMHOJKe
Hile MarpHq, pacrrosHaBaHne CIIMMeTpHII cJioBa Ha MHO
roJieHroqHbJX MamnHax TbIOpHHra, AJIH K-ph!X OlKHAaJIHCb 
cpaBHHTeJibHO BhlCOKHe HHlKHHe oqeHKH, OKa3aJIIICb Ha 
CUMOM AeJie rrpom;e' qeM rrpeAITOJiaraJIOCh paHbIIIe. 

IlpH MIIHIIMH3aIJ;HII APYTHX rrapaMeTpOB cxeM - 3a
AepJKeK, aepoHTHOCTII c6oH II T. A·- B03HHRaIOT npH
MepHO TaKHe JKe saAaqII, IlpH aTOM YAaercH ycraHOBHTh 
orrpeAeJieHHYIO CBH3h MeJKAY pa3mi.qHbIMII rrapaMerpaMH, 
rrpnqeM 6JiaTOAapH MOAeJIIlpOBaHHIO OAHHX o6'heKTOB Ha 
APYTHX raKyIO CBH3h qacro YAaeTCH ycTaHOBHTh MelKAY 
pa3JIHqHJ,[MH rrapaMeTpaMH y. c. Il3 pa3Hb!X KJiaCCOB. 
TaKHM o6pa3oM, rroJiyqeHHbie B C. 3. pesyJibTaTbl ae HB

JIHIOTCH H30JIHpoBaHHhlMH, a TecHo rrepe1rneTarorcH APYT 
c ApyroM H qacro nepeHOCHTCH H3 OAHOH o6JiacTH B Apyryro. 

MHoroe Il3 CKa3aHHOTO Bhlllle OTHOCHTCH II K 6ecKOHe'l
Hb!M MOAeJIHM y. c. 0AHaKo c nocraHOBKOH 3aAaqH CIIH
T83a, a TeM 6oJiee c ee pemeHHeM AeJio o6croHT sHa'lH
reJibHO CJIOJKHee. 

Jium.: [1] JI y rr a Ho B 0. B., «llpo6JJeMbI 11niiepneTHHH», 
1965, B.14, c.31-110; [2] H6JIOHC1'HilC.B., TaM me, 
1959, B. 2, c. 75-121. B. M. Xpan'le><1<o. 

CHHYC - OAHa H3 rpHrOHOMeTpwr. ljiyHKqnii: 

y = sinx. 

06JiaCTb orrpeAeJieHHH - BCH qucJioBaH rrpHMaR' o6JiaCTb 
3Ha'lerrni'1 - oTpesoK [-1; 1]; C.- ljiyHKIJ;IIH He'!eTHaH, 
rrepnOAH'leCKaH c nepHOAOM 2n. c. H KOCIIHYC CBH3aHhl 

ljiopMyJIOlI 

c. H KoceKaHC 

sin2 x+cos2 x=1, 

CBH3aHbl ljiopMyJioii 

. 1 
SIIlX= --- . cosec.r 

IlpoI13BOAHaH C.: 
(sin .r)' =cos .r. 

ilHTerpaJI OT C.: 

~ sinxdx=-cosx+C. 

C. pa3JiaraeTCH B crerrerrHoii PRA: 

. x3 xn 
S!Il X = X - 3! + 5J - ... , - 00 < X < 00 • 
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<DyIIKJ\HH, o6paTIIaH c., IIa3. a p Kc H II y c 0 M. 
c. H KOCHIIYC KOMIIJieKCHOro apryMeHTa z CBH33IIhl c 

IIOKa3aTeJibIIOH «PYIIKll,Heii «P 0 p M y JI a M Ii! 8 ii JI e p a 

eiz =cos z+ i sin z, 
iz _ e-iz 

sin z = Zi 

eCJIH z= Lr ('IHCTO MIIHMOe 'IHCJIO), TO 

sin ix= - sh :r, 
r.n;e shx - nmep6oJIH'I. CHIIyc. 

IO. A. I'op'b1WB. 
CIIHYC AMIIJllITY,llbl, a JI JI n II T u q e c K n il: c n

II y c,- Op;IIa H3 Tpex OCIIOBIIhJX H no6u iJJ!/lUll m U'leCRUX 
rfi y ni>z+uii, o6oaIIaqaeMaH 

sn u=sn (u, k) =sin am u. 

c Ii! II y c a M II JI H T y A hi OIIpe11eJIHeTCH qepe3 TeTa
«PYIIKJ\HH HJIH npH IIOMOIIl,H p.11.n;os cJiep;yrorr~HM o6paaoM: 

sn u =Sn (u, k) = 'l'}; (O) 1't, (v) = 
1't 2 (0) '!'} 0 (v) 

=u-(1+k2) ~~ + (1+14k2 +k4) ~; - ... , . 

r.n;e k - Mop;yJih C. a. ('lalll,e scero O..;;:k..;;:1), v=ul2w, 
2w=nl't~(O). Ilpn k=O, 1 COOTBeTCTBeIIHO sn(u, 0)= 
=sin u, sn (u, 1)=th u. 

JI.um.: [1) r y p B H 1{ A., I\ y pa HT P., TeopHJI QJYHKI.{HM, 
rrep. c HeM., M., 1968, q, 2, rJI. 3. E. /(. CoJ10.>1ei-11;eo. 

CIIHYC flIIIEPB0.1IIIqECKIIll - CM. I'unep6oJiu
'lecr.ue rPYllRlfUU. 

CIIHYC fOP,l:J;OHA YPABHEHIIE, Sine-Gordon 
y p a B II e II Ii! e,- peJIHTHBHCTCKH HIIBapHaIITIIOe ypaB
IIeIIHe, B IIpOCTpaIICTBeIIIIO-BpeMeIIIIbIX IIepeMeIIIIhIX IIMe
rom;ee BHA 

iJ2u ii'u + 2 • O· iJt2 - fiXi" m S!Il U = , 

-oo < x, t < oo, uElR1 , m>O. (A) 

HaasaIIHe npe.n;JiomeIIo M. KpycRaJioM IIO aIIaJior1111 c 
JIHIIeHIIhlM HJieiina - I'op8ona ypae1u:HueM (r.n;e BMeCTO 
sin u CTOHT u). B xapaKTepHCTHqecKHX (cseTOIIOA06IIhIX) 
IIepeMeIIHbIX C. f. y. BbirJIH)l;IIT TaK: 

ii'u + 2 • 0 E IR.1 0 (B) iJo iii: m sin u = , a, T, u , m > . 
KaK B CJiyqae (A), TaK Ii! B CJiyqae (B) C. f. y. )l;OIIYCKaeT 
IIpep;cTaBJieHHe JiaRca 

iiL 
Tt=[L, M] 

c JIHHeHHhlMH oIIepaTopaMH L H M, qTo II03BOJIHeT IIpII
MeHHTh R HeMy MeTOA o6paTHOii. aap;aq11 pacceHIIHH ([£, 
M)=LM-ML). 

3ap;aqa KoIIIH AJIH c. r. y. «PopMyJIHpyeTCH CJiep;yIOIIl,HM 
o6paaoM. 
CJiyqaii. (A): 

CJiyqail: (B): 

u1 (x)=o (mod 2n). 

· u /i:~o=110; ~:· ES (IR.1); 

lim u0 (a)= 0 (mod 2n). 
Io I -+ oo 

3.n;ecb S (IR.1) - IIpocTpaHCTBO lllsapu.a 6blCTpoy6hrna
IOJll,HX «PYIIRJ\HI'.i:. 3ap;aq11 KoIIIH (A) II (B) IIpH HeR-phlx 
AOIIOJIIIHTeJibHhlX orpaIIHqeHHHX Ha HaqaJibIIhle .n;aHHhle 
Op;H03HaqHo paapeIIIHMbl B yRa3aHHhIX RJiaccax, II MIIO
meCTBa HX perneHHll COBIIap;aIOT. 8BOJIJOU,HH p;aHHhIX 
pacceHHHH COOTBeTCTBYJOil~HX L-orrepaTOpOB ,[(aeTCH HB
Hb!MH «PopMyJiaMH, a peIIIeHHH u (.i:, t) H u (a' T) Haxop;HTCH 

c IIOMOIIl,bIO HHTerpaJibHhlX ypaBHeHHH TJma feJih.iliaHp;a -
JleBHTaIIa - Map'IeIIKo. 

IJepHOAH'I. 3ap;aqa ,D;JIH C. r. y. ~mJReT 6b1Tb HCCJiep;O
BaIIa c rroMOIIl,hIO aJire6po-reoMeTpH'I. MeTop;a (IIo,ri,o6IIo 
TOMY, KaK :no p;eJiaeTCH p;JIH Hopmeeeea - ae <l>puca ypae
nenwi); B qacTIIOCTil' IIOJiyqeIIhl HBHhle BbipameIIIIH ,[(JIH 
KOIIeqII030IIIIhIX peIIIeIIHM C. f. y. qepe3 8-«PYIIKJ\Hll Ha 
COOTBeTCTBYIOIIl,HX a6eJieBhIX MIIoroo6pa3HlU. 

faMHJibTOIIOBa .iliopMyJIHpOBKa C. f. y. 3aKJIJO'JaeTCH B 
TOM, qTo, IIaIIp.' B CJiyqae (A) OIIO IIpeACTaBJilieT co6oii. 
raMHJibTOIIOBY CHCTeMy c raMHJibTOIIHaIIOM 

p 0 = ~ ~:: ( {- n 2 (x) + {- ( ~~) 2 + m2 (1-cos u)) dx, 

'\' > 0, 
Ji[ CHMIIJieKTHq. «PopMOH 

Q = ~ ~:: dn (x) /\ du (.i:) d.r, n = ~~ . 

8Ta CHCTeMa HBJIHeTCH BIIOJIIIe HIITerpHpyeMoii, Ii! rrepe
xop; OT IIepeMeIIIIhlX u Ii! 1t K lWIIIIbIM pacceHIIIIH COOT
BeTCTBYIO!ll,ero orrepaTopa L JJBJIHeTCH KaIIOIIII'J. IIpeo6-
paaosaIIHeM K IIepeMeIIIIhlM THIIa 1.1eii.CTBHe-yroJI. <llaaosoe 
IIpOCTpaIICTBO IIapaMeTpHayeTCH KaIIOIIH'IeCRH COIIpHIBCII
IIhlMil IIepeMeIIHbIMH Tpex Tll:llOB: 

1) O,.;;;p(p) < oo', O,.;;;qi(p) < 2n, pEIR1 ; 

2) Pa. qaEIR.1 , a=1, ... ,Ni. N1~0, N1EZ; 

3) l'Jb, £bEIR1 , O.;;;;ab<~ ,O,.;;;~b <2n, b=1, ... , N 2 , 
"\' 

N2 ~0, N2EZ· 

IloJIIIaH rmeprHH P 0 H noJIIIbJH mmyJibC 

1 ('+ 00 iiu 
P1 =-:;;- .l - 00 rt (x) a;: dx 

IIOJIH u B IIOBhlX rrepeMeIIIIbIX BhlfJJH,D;HT cJiep;yJOIT~HM 

o6paaoM: 

P 0 = ~=: fp 2+m2p(p)dp+ ~~~ 1 VP~+M2 + 
+ ""N 2 V 11t + (2M sin 81i) 2 ; 

..:....b= 1 

('+oo ""N, ~,N, 
P2= J-oo pp(p) dp+ ~a=I Pa-1-..:....b=I r]b, 

M = 8:; , e = 1~; a. 

B CJJyqae (B) TaRme IIOJIY'IaeTCH BllOJJHe HHTerpnpy
eMaH raMHJlbTOHOBa CHCTeMa. 

0AHO H3 IIPHJJOJReHHll ]{ RBaHTOBOII 
Te 0 pH Ji[ II 0 JI H. IlycTb u (x, t) - CJiaJJHpHoe ITOJie 
c JJarpam1rnaHoM 

1 ('+oo (({)")2 ( ii1l \2 2 ) . 
L='Fi J-oo at -\fiX) -2m (1-cosu) d:r 

(~AeCb '\' - ROIICTaHTa CBH3H). C. f. y. HBJIHeTCH ypaB
HCHHeM 8ii:Jiepa - JiarpaHma AJIH noro JiarpaIIm11aIIa. 
npn: RBa3HRJiaCCilq. RBaHTOBaHHII IIOJIH U OCHOBHYJO 
poJib urpaIOT rrpHBe):\eHHhie BhlITie Bhlpame.HnH AJIH P 0 

n P 1 • Ilepshle qJJeIIhl B rrpaBbIX qacTHX yRa3aIIIIhlX «PopMyJI 
OTBeqaJOT qacTHll,aM c MaCCOII Ill - qacTm~aM OCIIOBIIOfO 
110JIH. IlepeMeIIIIbJM BToporo H TpeTr,ero THllOB COOT
BeTCTBYJOT JIORaJIH30BaIIIIhle peIIIeIIHH C. r. y. - COJ!lWWllb! 
H ABOiiIIhle COJIHTOIIhl c MaccaMH M Ji[ 2M sin e. CncTeMa 
o6JJap;aeT aaKOIIOM coxpaHeIIHH (TOIIOJIOrHq. aapHA): 

1 
Q=2it(u(+oo, t)-u(-oo, t)), QEZ· 

lfaCTHJ\bT 
HbIM 0, a 
CTHJ\hl C 
pa3IIhlMH 

rrepsoro n TpeThero THllOB HMeJOT aapHA, pas
y qacmu. BToporo THna aapHA paBeH ± 1. lJa
Ol\HHaRoBbIMII aapH}:\aMH OTTaJIRHBaJOTCH, a c 
aa pHAaMn - npHTHrIIBaJOTCH. HaJJnque 6ec-
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KOHe'IHOrO •nrcJia 3aKOHOB coxpaHeHIUI 03Ha'IaeT, 'ITO IIpll 
pacceHIIIlll coxpaIIHIOTCH KOJIIl'IeCTBa qacTJrn; Ka;«p;oro 
Tllrra; n-•raCTil'IIIaH S-MaTpm~a CBO,IIIlTCH K rrapIIhlM 
S-MaTprrn;aM. C rroMO~hIO unmeepa,11,a no mpael'lmopunM 
MOIBIIO BbI'IIlCJIHTb 1rnaHTOBhie rrorrpaBKil K MaccaM Il K 
KBa3IlKJiaccu•rec1wfr S-MaTpm~e coJIIlTOHOB. Op;IIIlM Il3 
HeTpIIBilaJibHhIX CBOIICTB y1rn3aHHOH Mop;eJIIl HBJIHeTCH 
IIOHBJieHile lWJIOro crreKTpa '!aCTil~ ( COJIIITOHOB)' B TO 
BpeMH Hal( JiarpaIIIBIIaH TeOpllll cop;epIBilT TOJibHO O)l;HO 
rroJie. HpoMe Toro, B rrpll6JIIlIBeHIIIl cJia6oro B3allMop;eii:
CTBilH (T e HOrp;a 'l' MaJio) COJ!IlTOHbI - THil\eJihle 'Ia
CTII~bl Il CIIJibHO B3allMOp;eii:CTBYIOT. 

Jlum.: [1] Ab Io w i t z M. [11 11p.], «Phys. Rev. Lett.», 
1973, v. 30, p. 1262-61,; [2] Tax Ta II )I{ ff H JI. A., Cl> a 1111 e
e B JI. f" «TeopeTH'I. H MaTeM. ljJH3HRa», 19H, T. 21, ;N; 2, c. 160-
171,; [3 H x )I{ e, «Tp. MaTeM. HH-Ta AH CCCP», 1976, T. H2, 
c. 251,-66; [I,] Ko 3 e JI B. A., Ko T JI ff p o B B. II., «,n:ORJI. 
AH YCCP, cep. A.», 1976, ;N; 10, c. 878-81; [5] Ko p e
n H H B. E., Cl> a 11 .n; e e B JI. ,n:., «Teopem'I. H MaTeM. ljlnaHRa» 
1975, T. 25, No 2, c. ti.7-63; [6] Bi an chi L., Lezioni di geo~ 
metria differenziale, v. 2, pt 1-2, Pisa, 1923-24; [7] Cl> 11 H H
R 0 B c. II., Harn5aHHe Ha rJJaBHOM OCHOBaHHH .. ., M.- JI., 1937. 
[9] II e J1 H H 0 B c RH ll: E. H., «H3B. By30B. Pa)IHOljJH3HRa», 1976: 
T. 19, N2 5-6, c. 883-901. JI. A. Taxma8:11CJm, 

CHHYCOB TEOPEMA: AJJH rrpoll3BOJibHOro TpeyroJib
Hlrna co CTopoHaMH a, b, c Il rrpoTHBOJ!eil\a~HMH HM yr
Jia~m A ' B' c HMeIOT MeCTO COOTHOIII0HilH 

-.a-=-.b-=-.c-=ZR 
sm A stn B sin C ' 

rp;e R - pap;n:yc orrn:caHHoro Kpyra. IO. A. I'opb1<o•. 
CIIHYCOII,!J;A - rpa«Pn:K «PYHK~HH y=sin x (cM. pn:c.). 

C.- HerrpephlBHaH Kpn:aaH c rrepn:op;oM T=2:rt. IIepece-

'I 

x 

'IeHilH c oCbIO Ox - TO'IKl(. (k :rt, O); OHM IBe - TO'IKH rrepe
rn:6a c yr JI OM ±:rt/ 4 Hal\JJOHa K OCH Ox; 3KCTpeMyMbI 
((k+1/2) :n:, (-i)k). 

rpa«PHK «PYHK~Hll y=cos x=sin (x+:rt/2) - K 0 C Il H y
e 0 II A a - rrpep;cTaBJ!HeT co6oii: c., C)l;BHHYTYIO BJieBo 
Ha :rt/2. Ilepece'IeHHH KOCHHYCOH/l;hl c OCbIO Ox - TO'IKH 
((k+ 1/ 2):rt, O); aKcTpeMyMhl (k:rt, (-1)k). 

MHorn:e KOJie6aTeJ!hHhie rrpo~eCChl OIIHChlBaIOTCH rrepn:o
)l;Il'I. «PYHK~n:eii: an:p;a y=a sin (bx+c), r,n:e a, b n: c -
IIOCTOHHHhle. rpa«PHK 3TOH «PYHK~Illl (T. H. O 6 ~a H 
c Il H y c 0 Il A a, no cpaBHeHHIO c rpa«Pn:KOM «PYHK
~Illl y=sin x (o 6 hi K H 0 B e H Ha H c Il Hy c 0 Il A a) 
BhITHHYT BAOJib ocn: Oy B I al pa3, CIBaT B)l;OJih ocn: Ox 
B b paa, C)l;BHHYT BJieBO Ha 0Tpe30K c/b Il rrpn: a <O 3ep
KaJibHO OTpaIBeH OTHOCHT0JlbHO OCH Ox; rrepn:op; T= 2:rt/b, 

k:rt- c 
rrepece'IeHHH c OCbIO Ox - TO'IKH ( --b- , 0); 3KCT-

peMYMhI ((k+'/,b):rt-C , (-t)k a). IO. A. I'opbno•. 

CHHYCOH,!J;AJihHAH CIIIIP AJih - rrJiocKaH KpHBaH, 
ypaBH0HHe K-poii: B IIOJIHpHhlX KOOp)l;HHaTaX HMeeT BHA 

pm= am cos mcp. 

IlpH pa~oHaJibHOM m c. c. HBJIHeTCH aJire6pan:'I. Kp:irnoii:. 
B qacTHOCTH, rrpn: m=1 - oKpyIBHOCTh, rrpn: m=-1-
paBHOCTopoHHHH rn:rrep6oJia, rrpn: m= 1/ 2 - l'lapououoa, 
rrprr m= - 1/ 2 -rrapa6oJia. 

B o6~eM cJiy'Iae ,n:JIH m > 0 C. c. rrpoxo,n:nT qepe3 rroJIIOC 
Il IIOJIHOCTbIO IIOMe~aeTCH BHYTPH Kpyra pagnyca a. 
n Pll OTpn:~aTeJibHOM m pa,o;nyc-BeKTOP KPH BO ii: MOil\0T 

rrpHHHMaTb CKOJ!b yrop;Ho 6oJihllIHe 3Ha'IeHHH Il He rrpo
XO/l;HT qepe3 IIOJIIOC. c. c. CilMMeTpH•ma OTHOCHTeJibHO 
IIOJIHpliOH ocu, rrpu pa~HoHaJibHOM rn= pl q (rp;e p Il q 
B3allMHO rrpoCThle 'IIlCJia) HMe
eT p oceii: crrMMeTpllH, rrpo
XOAH~HX qepe3 rroJIIOC. II pll 
~eJIOM IIOJIOil\HTeJibHOM m 
pap;11yc-BeKTOp c. c. HBJIHeT
CH rrepllO)l;Il'I. «PYHK~Ileii: c 

nepllO,ll;OM 2:rt/m. IlpH Il3MeHe- ==--b=~~=:-t-_..;;=;::; 
HHil tp OT 0 AO 2:rt KpUBaH -------, 
COCTOilT H3 In JierrecTKOB, Kail\
,ll;hlii H3 KOTOphlX pacrroJia
raeTCH BHYTPil yrJia, paaaoro 
:rt!m. IloJIIOC B 3TOM CJiyqae -
KpaTHaH TO'!Ka (CM. pllc.). 
Il pH p;po6HOM IIOJIOil\IlTeJibHOM 
m= pl q KpllBaH COCTOHT H3 p rrepeceKaIO~HXCH JierrecT
KOB. Ilpll ~eJIOM OTpll~aTeJibHOM m c. c. COCTOilT H3 lml 
6ecKoHe'IHhlX BeTBeii:, K-phle MoryT 6h!Tb rroJiy'Ielihl IIH
Bepcn:eii: crrn:paJIII c m'=-m. 

Jlum [1] ca Be J1 0 B A. A., IIJJocmie K]HIBble, M., 1960. 
,[(. ,[(. Cono.<o•. 

CHHYC-IIPEOBPA30BAHHE <l>YPLE - CM. <Pypbe 
npeo6paaooanue. 

A-CHCTEMA - C'I0THO BeTBH~aHCH CIICTeMa MHOil\0CTB, 
T. e. ceMeii:CTBO {An, ... nk} IIO)l;MHOil\eCTB MHOil\eCTBa x' 
3aHyMepoBaHHhlX BCeMH KOHe'IHhlMil IIOCJiep;oBaTeJibHO
CTHMH HaTypaJibHhlX 'IIICeJI. A-C. {An, ... nk} Ha3. p e-

r y JI Hp Ho ii, ecJIH An, ... nk nk+IcAn, ... nk' IlocJie-

p;oaaTeJihHOCTh An,• ... , An, ... nk' ... 3JieMeHTOB A-C., 

3aHyMepoaaHHhlX aceMII oTpeaKaMH op;Hoii: II TOH IBe 6ec
KoHe'IHoii: IIOCJiep;oBaTeJibHOCTH HaTypaJibHhlX 'IIICeJI, Ha3. 
~err h IO aToii: A-C. Ilepece'IeHn:e acex 3JieMeHTOB ~errn: 
Ha3. ee HA po M, a o6'hep;IIHeHIIe Hp;ep acex ~erreii: A-C.
Hp;poM aToii: A-C., HJIII p e 3 y JI h T a To M A-o rr e p a
~ n: n:, rrpn:MeHeHHoii: K 3Toii: A-C., HJJH A-M li o ii\ e c T
B o M, rropoIBp;eHHhlM 3Toii: A -C. BcHKaH A -C. Moll\eT 
6h!Tb peryJIHpH30BaHa 6e3 Il3MeHeHIIH Rp;pa (p;ocTaTO'IHO 

IIOJIOIBHTb A ~1 ... nk =An, n ... n An, . .. nk). E CJIII a!lt -
HeK-paH CIICTeMa MHOil\eCTB, TO Hp;pa A-C., COCTaBJl0HHhlX 
II3 3JieMeHTOB CIICT0Mhl alt. Ha3. A-M H 0 ii\ e c T B a M II, 
rropmKp;eHHhlMII cIICTeMoii: a/t. A-MHOIBeCTBa, rropoIBp;eH
Hhle aaMKHYThlMH MHOil\eCTBaMH TOIIOJIOfH'I. rrpocTpaHCTBa, 
Ra3. A-MHoIBecTBaMII 3Toro rrpocTpaHCTBa. 

Jlum.: [1] A JI e R ca H 11 po B II. C., Bae11eHHe B Teopmo 
MHOmecTB H OOiflYIO TOIIOJ10rHIO, M., 1977; [2] Ky pa T 0 B c RH H 
K., TOIIOJ10rHff, nep. c ljlpan11., T. 1, M., 1966. A. r. EJ1bnU1<. 

K-CHCTEMA {Ti} - TaKoii: ua:MepuMbirl, nomal'I (K
uo T o K) IIJIH KacKaA (K-K a c K a A) B JJe6eea npocm
pancmoe, 'ITO cy~ecTByeT ua.Mepu.Moe paa6uenue 6 «Paaoaoro 
rrpocTpaHCTBa co cJiep;yIO~HMII CBOHCTBaMn:: a) OHO B 0 3-
p a c T a IO ~ e e (B 6oJiee CTapoii: TejlMHHOJIOrHH - II H
B a p Ila HT H 0 e) OTHOCIIT0JlbHO {T1}, TO eCTb T1£ 
MeJib'Ie 6 mod 0 rrpII t>O; 6) OHO HBJIHeTCH AB y c To
p o H H II M o6paayIO~IIM p;JIH {rt}, T. e. ep;IlH
CTBeHHhlM mod 0 Il3MepIIMbIM pa36IIeHIIeM, K-poe MeJ!b'Ie 
mod 0 BCeX Tf£, HBJIH0TCH paa6n:eHHe Ha TO'IKH; B) ep;HH
CTBeHHhlM mod 0 H3MepHMhlM pa36IIeHHeM, K-poe KpyrrHee 
mod 0 acex Tl£, HBJIHeTCH TPHBHaJibHOe paa6IIeHne, 
ep;HHCTBeHHhlii: 3JieMeHT K-poro - ace «Paaoaoe rrpocT
paHCTBO. 

AaToMoplfinaM rrpocTpaHCTBa c Mepo:ii:, HTepaqIIII K-poro 
o6paayIOT K-Kac1rn;ri;, Ha3. K-a BT o Mo p «P n: a Mo M. 
EcJin: {Tf} - K-C., To see rt c t7"=0 HBJJHIOTCH K-aaTO
Mop.iPIIaMaMn:; o6paTHO, eCJIH AJJH II3Mepn:Moro IIOTOKa 
HJIH KaCKap;a {T1} XOTb O)l;HO rt HBJIHeTCH K-aBTOMop«Pna
MOM, To {T1} - K-C. K-cIICTeMa o6Jiap;aeT cIIJihHhlMR 
aprop;H'I. CBOHCTBaMII: IIOJIOil\HTeJibHaH 3~Tp0IIHH, apro
AH'IHOCTb, .aepeMeillIIBaHIIe BCeX CTerreHell, C'IeTHOKpaT-
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HbIH Jie6erosc1mli crreKTp (cM. Cner;mp &una.Mu'lecr>oii 
cucme.Mbi, a TaKme [2]). 

9Hp;OMop«PH3M rrpocTpaHCTBa Jle6era HMeeT B II 0 JI H e 
II e JI 0 1R ll T e JI b H y IO 3 H T p 0 II ll IO' eCJIH JII06oli 
ero HeTpHBHaJibHhlII «PaKTOp3H)l;OMOp«Pn:3M n:MeeT IIOJIOJRH
TeJibHYIO 3HTporrn:IO. Cpe,a;n: TaKHX 3Hp;oMop«Pn:3MOB co
,a;epmaTc.11 KaK K-aBTOMop«Pn:3MhI (n:MeHHO rrocJie,a;HHe 
CYTb B TOqHOCTH aBTOMop«PH3Mhl c BIIOJIHe IIOJI01RHTeJlb
HOii 3HTporrn:e:H)' TaK ll ,a;pyrn:e HHTepeCHhle o6'beKTbI (mo'l
lible an&o.Mopf/Jua.Mbt). l1MeroTc.11 o6o6rn;eHHH K-C. B ,a;pyrn:x 
HarrpaBJieHHHX: Ha cJiyqail: 6ecKoHeqHoii llHBapn:aHTHOH 
Mephl (cM. [6], [7], [ 11]) ll ):\JI.II ,a;eii.CTBH.11 rpyIIIIhI, OTJlllqHoii 
OT IR ll z (CM. [8] - [10], [12]). 

K-C. Ha3. TaKme c ll c T e M a M ll (rr 0 T 0 K a M H 
ll T. ,a;.) I\ 0 JI M 0 r 0 p 0 Ba, K-phlii BrrepBhle BBeJI HX 
(cM. [1]) no.a; H33BaHHeM «KBa3n:peryJI.11pHhlX». IIocJie,a;Hee 
rro,a;qepKn:saeT aHaJiornro c peryJIHpHbIMH cJiyqaii.HhIMH 
rrpou.eccaMH (CM. r 4]). EcJIH cJiy'IaHHhlll rrpou.ecc {X t }, 
CTaIJ,HOHapHhlII B Y3KOM CMhlCJie CJIOlla, HHTeprrpeTHpo
BaTb KaK ):\HHaMH'I. CHCTeMy, TO 3Haqemrn rrpou.ecca ((B 
rrpoIIIJIOM» orrpe,a;eJIHIOT HeK-poe H3Mep:ri:Moe sospacTaroru,ee 
pa36HeHn:e £ - HaHMeHbIJiee, OTHOCHTeJibHO K-poro H3-
MepHMhI see X t c t <O. EcJin: £ o6Jia,a;aeT csoiicTBaMH 6) 
H B) (3aKoH «Bee HJIH HH'Iero»), TO rrpou.ecc Ha3. p e r y
JI .11 p H hl M. B '!aCTHOCTH, sepoHTHOCTHoe rrpon:cxom
,a;eHn:e HMeeT rrpocrniirnn:ii rrpn:Mep K-aBT0Mop«Pn:3Ma -
Bepny.!l.ttu aemo.Mopifiua.M. 

EcJIH y H3MepnMoro IIOTOKa HJIH KaCKa,a;a B rrpocTpaH
CTBe Jle6era 01"\HO H3 rrpeo6pa3oBaIIHH rt H30Mop.iPHo 
aBTOMop.iPH3MY BepHyJIJIH, TO H see OHH (rrpn t*O) H30-
Mop«PllhI aBTOMop.iPH3MaM BepHyJIJIH; B 3TOM cJiy'Iae AH
Ha~rn'I. CHCTeMa Ha3. 6 e pH y JI JI He B c K 0 II (CM. [5]). 
C yru,ecTByroT K-C., He .11sJI.11rorn:nec.11 6epHyJIJin:escKHMH. 
K-C. (,a;ame 6epHyJIJin:escKne) ecTeCTBeHHo B03HHKaroT He 
TOJlhlW B TeopHH sepOHTHOCTeii, HO ll B ,a;pyrn:x Borrpocax 
(aJire6pan'IecKoii, reoMeTpn'IeCKOII n: ,a;ame «Pnan'I. rrpn:
po,a;hl; CM. (2], (3], (5]). 

Jlum.: (1) Ko J1 Moro po B A.H., «,[J:OI<Jl. AH CCCP», 1958, 
T. 119, No 5, C. 861-64; 1959, T. 124, M 4, C. 75/i-55; (2) 
K 0 pH ljJ e J1 b I\ II. II., c H H a H ff. r., <I> 0 M H H c. B., 
8pro)\H'IeCI<aH TeopHH, M., 1980; [3) lITOrH HaYI<H H TCXHHI<H. 
MaTeMamqecI<Hfi aHaJIHs, T. 13, M., 1975, c. 129-262; [4) 
Posa Ho a IO. A., CTauHOHapHhre cJiyqafiHhie npouecchI, M., 
1963; [5) 0 pH c Te H H ,a:., 8prO)\H'IeCI<aH TeOpHH, CJly'Iatt
HOCTh H )IHHaMH'IeCI<He CHCTeMhl, ncp. c aHrJ1., M., 1978; [6) 
Parry w., «Proc. Amer. Math. Soc.», 1965, v. 16, M 5, 
p. 960-66; L7) Dug d a I e J. K., «Pub!. math.», (Debrecen), 
1967, t. 14, M 1/4, p. 79-81; [8) Conze J.P., «Z. Wahrs
cheinlichkeitstheorle und verw. Gebiete», 1972, Bd 25, H. 1, 
S. 11-30; [9] Burton R. M., TaM me, 1979, Bd 47, H.2, 
S. 207-12; (10] Dani S., «Amer. J. Math», 1976, v. 98, No 1, 
p. 119-63; (11] Krengel U., Sucheston L., «Ann. 
Math. Statistics», 1969, v. 40, .N'o 2, p. 694-96; [12] Kami tis k i 
B., «Bull. Acad. polon. sci. Ser. sci. math., astron. et phys.», 
1978, v. 26, No 2, p. 95-97. ,[(. B. Auocoe. 

Y-CHCTEMA - rJia,a;Ka.11 ,a;nHaMH'I. cncTeMa (nomor> 
HJIH r;acr>a&) c KOMJiaKTHhIM «Pa30Bh!M MHoroo6pa3HeM, 
K-poe see HBJIHeTC.11 aunep60.11u'lecr>u.M .lt 1w:J1Cecmeo.M. ,IJ.n«P
«PeoMop«Pn3M, rropo)f(,a;aromnii. Y-1rncKa;i,, Ha3. Y-,a; n: «P
«P e o Mop «PH 3M o M. Y-C. 6hIJIH BBeAeHhI ,II.. B. AHo
COBhlM (CM. [ 1 J, [ 2])' II03TOMY HHor,a;a HX Ha3. c H c T e
M a M n: A H o c o B a. 

Y-C. HBJIHIOTC.11 zpy6bi.MU cucme.Ma.Mu, rrpn:'IeM npn 
MaJIOM (B CMbICJie C1) B03Mym:eHHH Y-C. CHOBa IIOJIY'Ia
eTC.11 Y-C.; 'IHCJIO nepnop;n'I. TpaeKTopn:ii Y-C. rrepn:o,a;a 
He 6oJihme T aKcrroHemi;n:aJihHO pacTeT c pocTOM T. Y-C. 
o6Jia,a;aroT CHJihHh!Mll aprop;ll'I. CBOHCTBaMH ITO OTHOIIIeHHIO 
K mnpoKOMY KJiac·cy T. H. «rn:66coBCRHX)) HHBapn:aHTHhlX 
Mep (CM. [4]-[6]). [B 'IaCTHOCTH, eCJIH Y-C. HMeeT KO
He'IHYIO HHBapnaHTHyro Mepy, «COBMeCTHMYIO c rJia,a;Ko
CThIO», T. e. 3ap;asaeMyro B TepMHHax JIOKaJihHbIX Koop,a;n:
HaT IIOJIO)f(HTeJibHOH IIJIOTHOCTbIO (B rrepBbIX pa6oTaX 
TOJibKO TaKne Mephl ll paccMaTpHBaJIHCh, CM. [1] - [3]), 
TO 3Ta Mepa - rn66coscKa.11.] TaR, CCJIH y Y-:1n«P«Peo
Mopcpn:3Ma HeT 6.!1y:J1CiJa10UfUX mo'ler>, TO Oil MeTpll'IeCirn 
HBOMop.iPeH Bepny.!1.iU aemo.MopifiuaJ.ty; CXO/,\HMOCTb Bpe
MeHHI.IX cpe,a;HHX R rrpocTpaHCTBeHHOMY cpe;i;HeMy B 

nrnpmrnx npe,a;rroJIOll\eHH.llX IIO):\'IHH.lleTC.11 IJ,eHTpaJihHOH 
rrpe,a;eJibHOii rnopeMe, a cKopoCTh rrepeue1mrnann.11 -
3!\CITOHeHIJ,HaJlbHa.11 (<(3KCIIOHeHIJ,HaJibHOe y6hrnamrn ROp
peJIHIJ,HH»). 

Ilpn HCCJie,a;oBaHHH Y-C. Hepe,a;KO HCIIOJih3yeTC.ll CU.M
BOJIU'lecr>aJi iJuna.Mur>a, qTo cTaJ10 B03MOll\HhIM 6Jiaro;i,ap.11 
BBep;eHHhlM B [7], [8] (oKoHqaTeJibHhIH BapnaHT B [5]) 
MapIWBCKHM pa36neHHHM. P.11,a; pe3yJihTaTOB 06 J'-C. 
ORa3aJIC.ll crrpaBe)l;JIHBhlM H ):\JI.II HeK-phIX ,a;pyrn:x THIIOB 
nmep6oJIH'I. ~IHomecTB; n:MeroTc.11 n: MeHee Herrocpe,a;cTBeH
mrn o6o6m;eHHH, rrpn: K-phIX HeCROJibRO ocJia6JimOTC.ll yc
JIOBH.11 rn:rrep60JIH'IHOCTH (CM. [6], [14]). 

Y-C. HBJIHIOTC.11 rn:rrep6oJIH'I. aBTOMop«Pn:3MhI TOpOB n: 
uo&eau'tecr;ue nomor;u Ha 3aMRHYThlX MHoroo6pa3HHX 
OTpHIJ,aTeJihHOH KpHBH3RhI; HMeIOTC.11 H ,a;pyrn:e rrpnMephl 
po,a;CTBeHHoii aJire6po-reoMeTpH'I. rrpn:po;i,hl. B 3THX rrpH
Mepax Y-C. HMeeT HHBapn:aHTHYIO Mepy, COBMeCTHMyro 
c rJia,a;KOCTbIO. Ilpn: MaJIOM B03Mym:eHHH TaKa.11 Mepa MO
)f(eT HC'Ie3HYTh, HO BBHAY rpy6ocTH Bee ToqKH OCTaIOTC.11 
He6Jiy)f(,a;aro1IJ,HMH. IlpHHIJ,HIIHaJibHO HHOH xapaKTcp HMeIOT 
rrpnMephl Y-C. c 6Jiym,a;aromHMH TO'IKaMn (cM. [9]). 

Cym:ecTBosaHn:e Y-C. Ha MHoroo6paann: HaJiaraeT or
paHn:'IeHHH Ha ero TorroJiorn:'I. csoiicTBa. B 06u~e~1 cJiyqae 
06 3TOM H3BeCTHO He~IHoroe (cM. [10], [11]); xopomo n:3y
'IeH TOT CJiy'Iaii, Kor,a;a ycTOH'IHBOC HJIH HeyCTOilqllBOe 
rro,a;rrpocTpaHCTBO (cM. I'unep6o.ttu'lecr>oe MIWJ/cecmeo) OA
HoMepHo (CM. [9], [12], [13]). 

Jlum.: (1] AH o co B ,[J:. B., «,[J:OHJ1. AH CCCP», 1962, T. 145, "'° 4, c. 707-09; 1963, T. 151, .N'o 6,c. 1250-52; (2) er o me, 
reo)le3H'IeC!{IIe ilOTOJ{H Ha 3aMI<HyThlX pHMaHOBblX MHOro
o6p83HHX oTpnuaTeJibHOH I<pHBHSHhI, M., 1967; (3) AH o cos 
,[J:. B., C ll H a fi ff. r., «YcnexH MaTeM. HaYI<>>, 1967, T. 22, B. 5, 
c. 107-72; [4) c H Ha H ff. r., TaM me, 1972, T. 27, B. 4, c. 21-
64; [5] Boy a H P., MeTOl\hI CHMBOJ1H'Iec1wli AHHaMHHH, nep. c 
aHrJI., M., 1979; [6] lITOrn Haym1 H TeXHHI<H. MaTeMaTH'IeCI<Hfi 
aHaJ1H3, T. 13, M., 1975, c. 129-262; (7) Ad I er R. L., we is s 
B., «Proc. Nat. Acad. Sci. USA», 1967, v. 57, No 6, p. 1573-76; 
(8) c 11 s a f1 H. r., «<l>YHHuHoHaJihHhifi aHaJ1H3 H ero npHJiome
HHH», 1968, T. 2, No 1 c. 64-89; (9) Franks J. M., w i I
I i ams B., B 1rn.: Global theory of dynamical systems, B.
[u. a.l, 1980, p. 158-74 (Lecture notes in math., .N\ 819); [!OJ 
Hirsch M. W.,«Topology», 1971, v. 10, ,N; 3, p. 177-83; [11) 
sh i r a i w a K., «Nagoya Math. J.», 1973, v. rn, p. 111-15; 
[12) rJla)II<lle llHHaMH'IeCI<He CHCTeMbl, nep. c aHrJ1., M., 1977; 
[13] Yer j o vs k y A., «Bolet. Soc. Matem. Mexicana», 1974, 
v. 19, ,N', 2, p. 49-77; [14) Fat hi A., Laudenbach F., 
po e na r u v., «Asterisque», 1979, t. 66-67, p. 71-79, 139-
58, 225-112. JI.. B. Auocoe. 

CUCTEMHOE IIPOrPAMMIIPOBAHHE - 1) I1Hme-
HepHa.11 )l,HCIWIIJIHHa, paapa6aTh1Barom:a.11 MeTO)l;hl IIOCT
poeHH.11 c H c T e M H hi x II p 0 r p a M M, T. e. nporpaMM, 
BXO)l;HlllHX B COCTaB 6oJibIIIJ!:X rrporpaMMHhIX KOMIIJieKCOB 
(rrporpaMMHhlX CHCTeM)' npn:p;arom:n:x Bhl'Il!CJIHTeJibHhIM 
cpe,a;cTBaM IIOCTOJlHHhle ifJYHKil,UH HeR-poii crreu.n:aJibHOii 
CHCTeMhl -06pa60TKH HH«PopMaIJ,l!H. 

2) Ilpou.ecc COCTaBJieHH.11 Cl!CTeMHhIX nporpaMM - B 
3TOM l\a'ICCTBe BCC 6oJILill8 CTaHOBHTC.11 CHHOHHMOM npo
«PecCHOHaJihHOro rrporpaMMHpoBaHH.11, T. e. COCTaBJleHI!R 
rrporpaMM (nHa'Ie Ha3hIBaeMhlX rrporpa MMHhIM rrpo,a;yK
TOM)' oTqy)f(,a;aeMhfX OT nx aBTopa H rrpnMeHHeMhlX 
BIIOCJie,a;CTBHH MrroroKpaTHO. 

B HaqaJibHhiii rrepnop; rrpIIMeHeHirn 3BM, rJiaBHhlM 
o6pa30M ):\Jill MaTe~rnTHq. pac'IeTOB, OCHOBHOH c«Pepoii. 
rrpli!JIO)f(eHirn C. rr. 6hlJia paapa6oTKa 6a3osoro MaTeMa
TH'I. o6ecm''IPHHH: orrepaIJ,HOHHhlX ClilCTeM, CHCTeM npo
rpaMMHpOBaHirn, 6H6JIHOTeK CTaHp;apTHhIX rro,a;nporpaMM. 
B CBH3H c pacnrnpeHn:eM H ycJioiRHeHHeM npnMeHeHHH 
3BM B MeTop;ax C. rr. see 6oJibllie Ha'In:HaeT Hymp;aThCH 
pa3pa6oTKa rrpHKJia,a;Horo MaTeMaTn:q. o6ecrre'leHHH -
rraKeTOB rrpHKJia)l,HhIX rrporpaMM, aBTOMaTH3HpOBaHHhlX 
CHCTeM yrrpaBJieHH.11 H 6aHKOB ;:i;aHHhIX. 

C. rr. B csoeM pa3BHTHH BCTpe<rneTc.11 c p.11,a;oM Tpy,a;Ho
C'l'ei'I. fJiaBHhlMH UCTO'IHHR3MH HX .llBJI.llIOTC.11 6oJiblllOii 
o6'beM rrporpaMMHhIX CHCTC;\I (AO 1 ;\IJIH. ;\IallilJHIIhlX IW
MaH,a;)' cyry6o HeJIHHeiina.11 aaBIICH~IOCTh CJJO)!\lfOC'l'll OT 
o6'be~rn, cna6a.11 ycToil1msocTh cn:cTeMHhIX nporpa~m K 
omn:6RaM nporpaMMHCTa H OTKa3aM o6opygoBaHHJL 
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B MeTO/);ax C. rr. paam11rneTcR nporpaMMHpoaaHHe «B 

MaJioM», T. e. MeTO/);bl pa3pa6onrn CHCT0MHOH nporpaMMbI 
OAHHM qeJIOBeKOM, H «B 6oJiblliOM», T. e. M0TO/);hl 06'be/);H
HeHHH HHAHBHAyaJibHOro nporpaMMHOro npOAYKTa H 
6oJihmyro CHCTeMy. 

B c. II. «B MaJIOM» Ha nepBbIH IIJlaH BbICTynaIOT MaTe
MaTH'I. MeTOAhI nporpa~ampo11anna. onncamrn n caoii
CTBa MaTeMaTHq. MOAeJIH nporpaMMHpyeMOH aaAaqu, Me
TOAbI CHCTeMaTHq. npeo6paaoaamrn HCXOAHOR qiopMyJIH
pOBKH 3aAaqn B rrporpaMMHbIH T0KCT' MeTOAbl AOKaaa
T0JlbCTBa npaBHJibHOCTH (aepnqimrn~HH) nporpaMMbI. c. II. 
«B 6oJibIIIOM)) C6JIHJRaeTC.H c Teopneii 6oJihIIIHX CHCTeM, 
061J1,e:il: CHCT0MOTeXHHKoii, M0TO/);aMH opraHH3a~HH KOJI
JieKTHBHOH pa6oTbI Ii.I f!:BlKe c aonpoCaMH 3BOJIIOI\ll:H AH
rtaMJilq. CliICTeM . 

• 1Jum.: [1] E p y 11 c cl>., Ra11 npoe11T11:py10TCH R coanaroTcH 
nporpaMMHble KOMIIJieKCbI. Mmjmqecm1il: qeJJoae110-MecH11, nep. c 
aHrJJ., M., 1979; [2] CoanaHne 11aqecTBeHHOro nporpaMMHoro 
ooecneqeHHll. Tp. Pafioqell: 11ompepem1nn MemnyHap. «1>enepa11nn no 
06pa60T11e nH«!>OpMa11nn, nep. c aHrJJ., T. 1-2, Hoaocn6., 1978. 

A. n. EpmoB. 
CKAJIHP - aeJrn•mHa, KaIBAoe aHaqeHHe K-poii MomeT 

6bITb BbipalKeHo O)'.IHHM (A0HCTBHT0JlbHbIM) qncJIOM (cM. 
Be.n,u'tuna). B 061J1,eMcJiyqae G.- 3JI0M0HT HeH-poro noJI.H. 

CKAJIH PHAH KPIIBII3HA p HM a H o B a M H o-
r o o 6 p a 3 H H B T o q K e p - CJieA Pu't'tU tnenaopa 
no OTHOIJ1eHHIO H MeTpHq. T0H30py g. CKamipHa.H KpHBl'13Ha 
s (p) CBH3aHa c PU't'tU l'ipU8U3/lOU r H ce/'ilfUO/lH,OU n:pueua1wu 
k qiopMyJiaMH 

s (p)= ~~=Ir (e;)= ~~. i=l k (e;, ej), 

rAe er, ... ' en - OpTOHOpMIIpOBaHHhlll 6a3IIC KacaTeJib
HOfO npoctpaHCTBa. B aKBHBaJieHTHon HHAeKcHon IJiopM:e 
CITH paBeHCTBa HM0IOT BHA 

s (p)=giiRu=gifgklRkifl• 

rAe Ru H Rkifl - KoopAHHaT_hI TeHaopa PHqqu H Teaaopa 
KpHBH3Hbl COOTBeTCTBeHHO, glJ - KOHTpaBapHaHTHhl0 KO
OPAHHaTbI MBTpnq. TBH3opa. 

Jlum.: [!Jr p OMO JI ,I.1,.,RJJnHr en 6 e pr B., Me iiep B., 
PnMaHoaa reoMeTpnH a Qe.noM, nep. c HeM., M., 1971; [2] P a m e B
e 11 H II Il. H., PHMaHoea reoMeTpnH H TeHaoptthlil aHaJlllta, 3 nan;., 
11'!., 1967. JI. A. CuiJopoB. 

CKAJIHPHOE IIOJIE - CKaJIHpHa.H qiyrrn1'HH ToqKH 06-
JiaCTH H0K-poro IIpOCTpaHCTBa. IlpnMepbl c. II.: IIOJie TeM
nepaTyphl BHYTPH TeJia, IIOJie IIJIOTHOCTH. 

CKAJIHPHOE IIPOII3BE}J;EHIIE, H H y T p e H He e 
II p 0 H 3 B e A e H H e (a, b) HeHyJieBbIX BeKTOpOB a H 
b, - IIpOH3B0AeH11e HX MOAyJieii Ha KOCIIHyC yrJia cp M0lRAY 
HHMII: 

(a, b)=I a 11 b J coscp. 

3a cp IIpIIH1i1Mae1cH yroJI MeIBAY BeKTopaMn, He IIpeaocxo
ARIJ1,HH 31:. ECJIH a=O II b=O, TO c. II. IIOJiaraIOT paBHbIM 
HYJIIO. C.r1. (a,a)=a 2=\a\2 Ha3. cKaJIHpHhlM 
KB a Apa To M BeKTopa a. CM. Bei>mopnasi a.ttze6pa. 

c. II. ABYX n-MepHbIX B0KTOpOB U=(a1, a2,_· .. an) 11 
b = (b1, b2' ... bn) B CJiyqae ABHCTBIIT0JlbHhlX KOOpl{IIHaT 
Haa. qncJio 

(a, b)=a1b1+a2b2 + ... +anbno 

B CJiyqae KOMIIJIBKCHbIX KOOPAHHaT - qIICJIO 

(a, b)=a1b1+a2b"2 + ... +anbn. 

EecKoHeqHoMepHoe BeKTOpHoe IIpoc1paHCTBo, B K-poM 
OIIpeAeJieHO c. II. II BbIIIOJIHerra aKCHOMa IIOJIHOThl, Ha3. 
ZU.1b6epmoebl.M npocmpa1tcmeo.1t. A. B. Jfflanoe. 

CKAHIIPOBAHIIH METOA - MBTOA MaKCHMII3a~nII H 
MHHIIMH3a~HII qiyHK~HH IIYTBM IIOCJI0AOBaTeJibHOro IIepe-
6opa H cpaBH0HHH 3HaqerrHH qiyHK~HH BO BCex TOqKax 
rreK-poro ITO):\MHOlKBCTBa ):\OIIYCTIIMOrO MHOlKBCTBa. B OTJIH
qne OT IIepe6opa MeTOAOM Morrrn-KapJio yKa3aHHhle ToqKII 
BC. M. nemaT rra aaparree neTepM:irnnpoaammil: TpaeI{TOp1m. 

HaaaarrHe «C. M.» npnmJio II3 TeXHHKH, rne qacTb aaAaq 
o63opa H o6HapyllieHHH u;eJieii 8KBHBaJieHTHa MaKCHMH3a-

~HH IIJIII MHHHMH3a~HII qiyrrK~HII HpKOCTH H pemaeTCH c 
IIOMOIJ1,b!O arraJioroBbIX IIJIII ~nqipoBbIX pa3HOBHAHOCTeii 
c. M. B AaJibHeiimeM c. M. IIpHBJieK BHHMaHIIe H HaqecTBe 
YA06Horo cpep;CTBa OIITHMH3a~IIH Ha 8BM B p;uaJioroBOM 
pemnMe. 

TpaeKTOpIIH cKarrIIpoaaHHH, B qacTHOCTH, MomeT o6pa-
30BhlBaTb BCIOAY IIJIOTHOe MHOJR0CTBO B AOIIYCTHMOM MHO
mecTBe apryMerrTa. 

}l;oCTOIIHCTBaMH c. M. HBJIHIOTCH OTCYTCTBtie orpannqe
HHH Ha cIIoco6 aaAaHltH qiyrrK~HH II lfiyHK~HoHaJihHhle KJiaC
Chl, K K-pbIM orra MomeT IIpnHaAJielKaTh. IIocJieAHee (HapH
AY c 6oJI:&moll: TPYAOeMKoCThIO nepe6opa) HBJIHeTcH B To 
me BpeMH H rJiaBHbIM H0AOCTaTKOM c. M.: He IICIIOJlh3yeTCH 
AJIH COKpam;errHH BhlqHCJI0HHH AOITOJIIHIT0JlbHaH HHqiopMa
~HH, HMeIOm;aHCH y BhlqHCJIIIT0JIH. IloaToMy B BbfqHCJIHT0Jib
Hoii rrpaKTHKe c. M. pep;Ko npMM0HH0TCH 6e3 KOM6HHa1'HH 
c npyrIIMH M0'tOAaMH OIITIIM1I3a~IIII. HarrpHMep, AJIR 
qiyHK~IIH, YAOBJI0TBOpH!Olll;HX yCJIOBIIIO JIIIIIIIIIH\a, IIOIICK 
rJio6aJibHOro 3KCTpeMyMa aqiqieKTHBrree rrpoH3BO)J;HTb BMe
CTO c. M M0TOAOM «rrepe6opa Ha HepaBHOMeprroli ceTKe» 
(CM. (2), (3]). 

Jlum.: [1] pa c T pH r H H JI. A., CHCTeMbl 8KCTpeMaJlt>HOrO 
ynpaBJieHnlI, M., 1974: [2] EBTymeHKO IO. r., MeTO)'.(bl 
pemeHHlI 8KCTpeMaJJhHbIX aanaq n HX IIpHMeHeHne B CHCTeMaX 
Oll1'HMnaamm, M.J. 1982; [3] Towards Global Optimisation, 
v. 1-2, Arnst.- N. Y., 1975-78. 

IO.ll. HBanu.tWB, B. B. OxpuMettno. 

CKA qKoB ct>YHKQIIH - OAHa n.3 Tpex KoMnoHeHT 
B Jle6eea paa.tto:HCenuu qiyHK~HH orpaHIIqenHoii aapIIa~IIII. 
IlyCTb f (x) - ozpanu'tennou eapualfUU if:iynr;r+usi Ha OT
peaKe [a, b]. IlycTb dJI(x)=f(x)-f(x-0) npn. a<x~b 
Il dn(x)=/(x+O)-/(x) rrpH a~x<b. qHCJio dJI(x) Haa. 
c K a q K o M qi y H K u; H II f B T o q K e x c JI e a a, 
a qIIcJio dn (x) - c K a q K o M qi y H K u; H H f B T o q
K e x c II p a B a. EcJin a <x<b, TO qucJio 

d (x)=f (x+O)-f (x-O)=dJI (x)+dn (x) 

Hae. c H a q K o M qi y It K ~ Iii n f B T o q K e x. IlyCTb 
{xd - IIOCJI0AOBaTBJlbHOC'tb BCex ToqeK pa3pbIBa qiyHK
~HH f rra oTpeaKe [a, b] n 

s (x) = ~ dn (xi)+~ dJI (x;) (s (a) =0). 
a<xi<x a<x;<x 

<l>yHK~HH s (x) Ha3. qi y H K ~ H e ii c K a q K 0 B A JI H 
qi y HK~ II H /(x). IlpH 3TOM paarroCTb /(x)-s(x)=cp(x) 
HBJIH0TC.H HBIIpepbIBHOH qiyrrK~Heii orraHHqeHHOif Ba~na
D;IIH Ha oTpe3Ke [a, bl, IIpHqeM Va(!)= V~(cp)+ Va(s), 

rp;e V~(F) - eapuar+usi rfiyn,,,r+uu F Ha OTpeaKe [a, b]. 
IlpH 3TOM 

Jlum.: [1] JI e 6 er A., HHTerpHpoaaHHe H OTh1c11aHHe npHMHTnB
HbIX «!>YHKI1Hll, nep. c«!>paHQ.,M.-JI., 193'•; [2] Ha Ta H COHH. n .• 
TeopnH «l>YHll11Hlt ae~ecTBeHHOli rrepeMeuHolt, 3 nan., M., 1974. 

B. H. I'oAy6oB. 

CKA qKQOBP A3Hhlfl IIPOQECC - cJiyqafiHbiii IIpo
~ecc, K-phlii H3MBHH0T CBoe COCTOHHHB TOJihKO B CJiyqaiirrhle 
MOMeHTbl BpeM0HH, 06paay10m;ne B03pBCTaIOIJ1,yIO IIOCJie/);o
BaTeJibHOCTb. IIrrorAa TepMHH «C. II.» OTHOCHT !{ JII06oMy 
IIpou;eccy c KycoqHo IIOCTOHHHbIMH TpaeKTOpHHMH. 

BamHhlH KJiacc C. II. 06paay10T MapKOBCKHe C. II. Map
KOBCKII:il: IIpo~ecc HBJIHBTCH c. II., eCJIH ero IIepeXOAHaH 
qiyHK~HH P (s, x, t, B) TaKOBa, qTO 

lim[P(s, x, t, B)-18 (x)]/(t-s)=q(s, x, B), (1) 
t .j, s 

rAe I b (x) - IIH)J;HKa1op MHomec1aa B B iJ>aaoaoM rrpocT
parrcTBe (E,<f}), H BbIIIOJIHBHhI ycJioBnH peryJIHpHOCTII, 
3aKJIIOIJaIOm;HeCH B TOM, lJTO CXO]:\IIMOCTb B (1) paBHOMepHa 
n Hp;po q (s, x, B) YAOBJieTBopaeT rreK-phlM Tpe6oBaHIIHM 
orparrnqeHHOCTII H rrerrpepbIBHOCTH. 
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IIyCTb 

a(t, s)=-q(t, x, {x}), a(t, x, B)=q(t, x, B'".{x}), 

II(t, x, B)=a(t, x, B)/a(t, x), ecirn a(t, x) > 0, 

IT(t, x, B)=O 

- B rrpoTnBHOM cJiyqae. BBeAeHHble BeJinqnHhI AOIIycKaIOT 
CJieAYIOW:YIO HHTepnpeTaIJ;nIO: c TOqHOCTbIO AO 0 ( M) (rrpn 
M-0) a(t, x)M eCTh sepOHTHOCTh Toro, 'ITO B rrpoMemyTOK 
BpeMeHn ( t' t + M) rrpou;ecc IIOKHHeT COC'lOHHne x; II ( t' 
x, B), KOrAa a (t, x) >O, eCTh ycJIOBHaH sepoHTHOCTh rrorra
AaHnH rrpou;ecca BO MHOlKeCTBO B rrpn ycJIOB!l!l, qTQ B MO
MeHT t OH IIOKHAaeT COCTOHHI!e x. 

II pn BhIIIOJIHeHnn ycJiosnft peryJIHpHOCTU rrepexoAHaH 
iJ>yHKIJ;HH C. rr. AniJ>iJ>epeHu;npyeMa rro t rrpn t >s, no s 
rrpn s<t Il yp;oiiJieTBOpHeT rrpHMOMY Il o6paTHOMy y p a B
R e H H H M K 0 JI M 0 r 0 p 0 B a c COOTBeTCTByIOIIJ;HMH 
rpaHnqHbIMH ycJIOBHHMn: 

!JP (s, x, t, B) = _ r (t ) p ( 
at j Ba , y s, x, t, 

+\ a(t,y,B)P(s,x,t,dy), 
•E 

limP(s, x, t, B)=IB(x); 
f,j.s 

dy)+ 

!JP (s, x, t, BJ ( ) [ p ( t B) as =a s, x _ s, x, , -

-~E P(s, y, t, B)II(s, x, dy)], 

IimP(s, x, t, B)=l8 (x). 
stt 

IIycTb X=(X1)1:;;,0- HenpepbIBHblft cnpasa CTporo Map

KOBCKnft C. n., T n - MOMeHT n-ro cKaq1rn npou;ecca, 
To=O, Yn=Xrn' Sn - speMH npe6hJBaHnH B n-M COCTOH

Hnn, T 00 =limT n - MOM0HT o6pb1Ba, X T ='5, l'Ae t5 -
ToqKa srre E. TorAa rrocJieAoBaTeJihHOCTh 00

( T "' Y ,,) o6pa-
3yeT OAHOPOAHYIO u;errh MapKoBa. IIp11 <JTOM ecJin X -
OAIIOpOAHhlft MapKoBCKnft npou;ecc, TO pacrrpeµ;eJierrue Sn 
rrpu aaAaIIHOM Y n=x-rroKa3aTeJibIIOe c rrapaMeTpOM A, (.r). 

EcTeCTBeIIIIhIM o6o6w:errneM MapKOBCKnx C. rr. HBJIHIOT
CH IIOJiyMapKOBCK!le c. rr., ,D;JIH K-pbIX rrocJieAOBaTeJibHOCTb 
(Y ") HBJIHeTCH u;errhIO MapKosa, OAIIaKo speMH rrpe6blBa
II!lH B n-M COCTOHHU!l 3aB!lC!lT OT y n Il y n + 1 Il !lMeeT rrpo
!l3BOJibIIOe pacrrpeAeJieHne. 

IIpn nccJieAOBaHnn o6iu;nx C. IL oKaaaJicH IIJIOAOTBop
HhIM T. rr. MapTnrrraJibIIhlii IIOAXOA. B paMKax <iToro IIOA
XOAa yAaeTCH rroJiyqnTh coAepmaTeJibIIble peayJihTaTbl 6ea 
AOIIOJIH!lTeJibIIblX rrpeAIIOJiomerrnii 0 BepOHTHOCTHOH CTpyK
Type C. rr. Ilpn MapTnrrraJibHOM IIOAxo,a;e npeAIIOJiaraeTcH, 
qTo Ha sepoHTIIOCTIIOM rrpocTp~IICTBe (Q, tf, P), rp;e aa
AaII C. rr. X, iJ>nKcnposarro Hey6blsarow;ee rrenpepbIBrroe 
cnpasa ceMeftcTBO a-aJire6p IF= (tf tlt:;;, 0, gr tCtf, rrpnqeM 
AJIH KamAoro t cJiyqaftHaH seJinqnrra X t HBJIHeTCH tf 1-
naMepnMo:ii Il, 3IIaqnT, MOMeIITbl T n- MapKOBCKHMII. 

IlyCTh ~ - rrpeACKaayeMaH a-aJire6pa Ha Qx IR+, fii= 
= f?X cf}. CJiyqaftrraH Mepa I'] rra (IR+ X E,jj(IR +)@cf}) aa3. 
rr p e A c K a 3 y e M o ft, ecJin AJIH JII06oft rreoTpnu;aTeJih-

rroii: ~-naMepnMo:ii iJ>yHKu;nn f rrpou;ecc (/*l'Jt) 1 ~ rAe 
-70' 

f*l'Jt=\ f(t, x)ri(dt, dx), 
j(O, l]XE 

HBJIHeTCH npeACKa3yeMblM. 
IlyCTh µ=µ(dt, dx) -Mepa cKaq1rns npou;ecca X, T. e. 

u;eJioqe:cJierrrraH cJiyqaii:rraH Mepa rra (IR+ x E, jj(IR+)@c{}), 
orrpeAeJieHrraH paserrCTBOM 

µ ([O,t]XB) = ~n:;;,. 1 /[0, l]XB (T n• Yn), t E IR+, BEc{}. 

II pn seChMa mnpmrn:x rrpep;rroJiomeHnHx Ha (E, cf}) 
(BbIIIOJIHeHHhlx, B qacTHOCTH, 1rnrAa E - rroJrnoe cenapa-
6eJibHOe MeTpnq. IIpOCTpaHCTBO c 6opeJieBCKOii a-aJire6poil 
cf}) cyw;ecTsyeT rrpeACKaaye~rnH cJiyqaiiHaH Me pa v= v (dt, 
dx) TaKaH, qTo nMeeT MeCTO mo6oe H3 CJieAyIOrn;nx ABYX 
3KBHBaJieHTHblX ycJIOBnii: 

1) E/*µ 00 =E1';v 00 AJIH JII06oii: HeoTpm.1,aTeJibHO:ii ,'f'-n3-
MepnMofI iJ>yHKIJ;Hll /; 

2) rrpn mo6hlx n> 1 n BE cf} rrp01.1,ecc 

(µ([O, t !\ T,.]XB)-v([O, t !\ T,.]XB))1 :;;,.o 

HBJIHeTCH MapTHHfaJIOM, BblXOAHW:HM H3 HYJIH. 
II peACKaayeMaH cJiyqaftHaH Me pa v orrpeAeJieHa op;Ho-

3HaqHo c TOqHOCTblO AO MHOlKeCTBa P-Mepbl HYJih H Ha3. 
K 0 M II e H c a T 0 p 0 M (nJIH A y a JI b H 0 ii: II p e A
c K a 3 y e M 0 ft II p 0 e K u; H e ft) µ. MomHO Bb16paTb 
TaKoii: sapnaHT v, qTo 

v ((T 00 , oo)XE) =0, v ({t})XE),,;;;;;; 1, yt. (2) 

IIyCTb Q - rrpocTpaIICTBO TpaeKTopnft c. II. x' npn
HHMaIOrn;nx arraqeHHH B (E ,cf}), tf t= a(X s• s<.t), gr= Utf t. 

t > 0 
P 0 - sepoHTHOCTIIaH Me pa, AJIH K-poft BhIIIOJIIIeHo (2). 
Tor)l.a rra (Q, tf) rraft)l,eTCH n rrpnTOM eAHHCTBearraH sepo
HTHOCTHaH Mepa p TaKaH, qTo v HBJIHeTCH KOMIIeHCaTopoM 
µ OTHOCnTeJibHO P n cymeHne P rra tf 0 cosrraAaeT c P0 • 

/J:oKa3aTeJihCTBO aToro yTsepmAemrn orrnpaeTCH rra HBIIYIO 
iJ>opMyJiy, CBH3b1Barow:yro ycJIOBIIhie pacrrpeAeJierrnH semr
qnH (Tn, Yn) Il KOMIIeIICaTop, K-pblft B PHAe CJiyqaes OKa-
3blBaeTCH 6oJiee YA06IIhlM cpeACTBOM AJIH orrncaH!lH c. II. 

C. rr. HBJIHeTCH rrpou;eccoM c rre3aBnCHMhIMH rrpnpaw;e
IIHHMn TOrAa Il TOJibKO TOrAa, KOI'Aa eMy OTBeqaeT ,a;eTepMH
rrnpoBaHIIblll KOMIIeHCaTop. 

Jlum.: [1] Ro JIM or op o B A.H., «YcrrexH MaTeM. HaYK>>, 
1938, T. 5, c. 5-H, [2] I' H x Ma H II. II., C 1' op ox o 11 A. B., 
TeopHlI CJiyqafiHhIX IIPOueCCOB, T. 2, M., 1973; [3) J a c 0 d J., 
Calcul stochastique et problemes de martingales, B.- [a.o.), 
1979. IO. M. Ha6a1loe. 

CKEJIET KATErOPIUI - MHIIHMaJibIIaH nO.JtlWR noo-

1.ameeopua KaTeropnn, <JKBnBaJierrTHaH caMoii KaTeropnn. 
B npon3BOJihHOft KaTeropnn Sf cyw;ecTsyeT, soo6w;e roso
pH, MHOI'O CKeJieTOB. JI106oft CKeJreT MOlKIIO IIOCTpOHTb 
CJieAyrorn;nM o6paaoM. B KaiKAOM KJiacce naoMopiJ>rrhlx o6'b
eKTOB KaTeropHH .If Bhl6npaeTCH rro OAIIm1y rrpeACTaBnTe
mo. TorAa noJiaaH noAKaTerop1rn KaTeropun .\i', rropom
AerrrraH Bb16paHHbIM IIOAKJiaCCOM o6'beKTOB, HBJIHeTCH 
C. IC Sf. 

Ase KaTeropnn aKBl!BaJieIITHhl Tor,i:i;a H TOJihKo TOrAa, 
Kor)l.a nx CKeJieTbl !l30MopiJ>rrhl. C. K. aacJieAyeT MHorne 
CBOHCTBa caMOH KaTeropnn: JIOKaJIJ,HYIO MaJIOCTb, rraJinqne 
fornaTeropHbIX CTpyKTYP' pa3JIHqHb[e BllAhI IIOJIIIOTbl II 
T. A· M. ill. ll,a.l!C1l'YW. 

CKJIEHBAHIUI METO,rt; B T e o p u n rr o B e p x
H 0 c T e ft - MeTOA IIOCTpoerrnH IIOBepxrrocTeii, !l30MeT
pnqHbIX AaIIHOft. c. M. nMeeT IIpllJIOiKeIIHH K AOKa3aTeJibCT
BaM peaJIH3yeMOCT!l a6cTpaKTHO 3aAaIIIIhIX BhIIIYKJiblX 
MeTpnK, K BOIIpocaM Il3l'!l6aH!lH BhIIIyKJibIX IIOBepXIIOCTeH 
Il K KOJinqecTBeIIIIbIM OIJ;eIIKaM Il3rn6aeMOCTH; CHJia ero 
B TOM, qTo OH pa6oTaeT TaM, rAe AniJ>iJ>epeHu;naJihIIble ypas
rreHnH 6eccnJihIIbl. 

T e o p e Ma A JI e Kc a HA po B a: rrycTb G1, .•. , 
Gn - 3aMKHYThre o6JiaCT!l B MIIOroo6pa3!lHX c BIIyTperrrreii: 
MeTpHKOft Il IIOJIO)KHTeJihIIOft KpllBR3HOii:, orparrnqerrHble 
KorreqrrhIM qncJIOM KpHBhIX c orparrnqerrrroii: sapnau;neii: 
IIOBOpOTa. IlyCTb G - Mrroroo6pa3ne, COCTaBJieIIHOe Il3 
o6JiaCTeH G; rryTeM OTOlKAeCTBJieIIHH ToqeK HX rpaIIBu; Ta
K!lM o6pa3oM, qTO 1) OTOlKAeCTBJieHIIble 0Tpe3K!l rparrm:i. 
o6JiacTeii: Gi n G i nMeIOT pasrrhle ,D;JI!lHhl; 2) cyMMa rrosopo
TOB OTOmAeCTBJieIIHhIX oTpe3KOB rparrnu; o6JiacTeii G; n 
G; co CToporrhl 3THX o6JiacTeii: rreoTpHIJ;aTeJihrra; 3) cyMMa 
yrJJOB ceKTopoB B OTOlf\AeCTBJieHIIhIX TOqKax o6JiacTe:ii Gk 
co cToporrhl aTnx o6JiaCTeii He rrpesocxoAnT 2n. Torp;a 
MHOroo6pa3ne G HMee'f BHyTpeIIHIOIO MeTplIKy IIOJIOlKH-
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TeJibHOM Kp:irnnaHhI, conna1w101uy10 c MeTpHKaMn o6Jiacrnii 
R OKpeCTHOCTHX COOTBeTCTRyIOIUl!X TOqeK. 

Jlum.: [1] AJienCHHAPOB A . .[],., 3aJ1raJ1Jiep B. A., 
):(BYMCpHhle MHoroo6pa3HR orpaHH'!eHHOH RpHBH3Hbl, M.-JI., 
19H2: [2] II o rope JI o H A. B., If3r116aH11e BblllYHJiblX noaepx
HOCTPi!, M.~ .rr., mot. M. H. BoihteX08C'l'lUU. 

CK.,'IEIIBAHIUI TEOPEMbl - TeopeMhl, K-phle ycTa
HaRmrnaIOT cyn\eCTR<>Bamie aHaJIHTHq. IPYHKUHH, no):\qu
HeHHhlX oupe}:\eJieHHbIM COOTHOIIIeHHHM rra rpami:ue 06-
JiaCTH. 

TeopeMa CKJieunaHHH JianpeHTbena 
11]: KaKoRa Ubl IIH UhlJJa arraJl!lTH'I. 1PyrrK1vrn .r1=<p(x), 
onpegeJJerrrraH Ha cenrerrTe [ -1, 1], cp ( ± 1)= ± 1, <p' (x) >O, 
MOll\HO I!OCTpOllTb ARe arraJHITHq. IPYIIKUHH fr (z, h) H 
/ 2 (z, h), z=x+iy, h=const, OT06pama10rn;He Ol\IIOJJHCTIIO 
11 KorrlPop~mo npirnoyroJibHllK lxl<1, -h<y<O u rrpHMO
yroJibIIllK I x I< 1, 0 < y < h cooTReTCTBeHrro rra 06Jiacn1 Dr 
11 D2 6ea 06ru11x ToqeK TaK, qrn fr (x, h)=/2 (<p (:r), h). 

cha C. T. 6blJia l!ClIOJJb30RaIIa (CM. [6)) l\JIH ):\OKa3aTeJibCT
Ra TeopeMbl 0 cyIIWCTRORamrn IPYIIKUIIII we"" I (z), I (0)=0, 
I ( 1) = 1, ocyII~ecTBJIHIOrn;eii KRa3ri:KorrlPopMrroe OTo6pame
HHe Kpyra lz/...:1 Ha Hpyr lwl...:1 n 06JJaga10rn;eii no•rTn 
BCIOAY ;rnAaHrroii xapaHTepncTnHoli h (z), rAe 

h (z)=w2/wz, /h(z)/s;;;;;ho < 1, 

h (z) - naMepnMaH IPYHKUIIH, onpe):leJienHaH uoqTu AJIH 
Rcex z=x+iy, lz/...;:1. c. T., HRJJHIOIII;aHCH Bill\Oll3Merremi:
eM C. T. JlanpeHTheRa, 6hlJia TaKme ucrroJJb30Rarra rrpn 
pememm sorrpoca o KoHIPopMHOM OTo6pamerrun OAHOCRHa
rroii pnMaIIOBOH lIOBepXHOCTII rra 01\HOJJHCTHhlM Kpyr [5]. 

BhrJin rroJiy•rerrhl u 11pyrirn C. T. (cM. [2]), Chlrpanmne 
namHyIO poJib R Teoprrn puMaHORhlx rrosepxrrocTeii (rrpu 
aTOM 6paJJI1Cb 6oJJee cJia6hre orpaHuqerruH rra IPyrrKuuro 
THIIa X1=<p(x)). MMeeT MeCTO CJJe):lyIOrn;aH c. T. (CM. [3], 
I 5]): nycTb rra oKpymrrocTu lzi= 1 Aarra 11yra y1 c Korrua
Mll a M b, a=F b, H Ha y1 aaAaHa IPYIIKUMH g (z), o6Jiagaro
IIWH CROMCTBa~rn: 1) ona peryJIHprra RO Rcex RHyTpeHHIIX 
T()qKax gyrn Yr u B HUX g' (z)=FO; 2) IPYIIKUHH Z1 = g (z) 
ycTaHaBJJri:RaeT naauMHo OAH03Haqrroe OTo6pamerrue AYI'H 
y1 rra AOITOJIHnTem.uyro µ;yry y 2 rra lzi= 1 c coxpauemrnM 
KOHI.\OR a II b; TOI'p;a cyruecTRyeT IPYIIHU,IIH 

1 
w=F (z)=-z+a1z+ ... , 

perymJpHaH B lzl...:1, aa ri:cKJIIOqeHneM roqeK 0, a a b, 
II so RHyTpeuunx TOqKax AYI'H y1 YJJ.ORJieTsop.1110111a.11 cooT
HomeHuIO F(z)=F(g(z)). 

f].oKaaaHo Ta1rnrn cyrn;eCTROBaHue IPYHKU,MH F (z), ogHo
JIMCTrroii B /zl<1 (CM. [4], rJI. 2). 

Jlum.: [1] JI a B !l e HT be BM. A.' «MaTeM. CO.», 19:35 T. 42 
.M "· c. 407-24; [2] B 0 J1 R 0 Bbl c RH II JI. IL, TaM me' 1946° 
·r. 18, .Nl! 2, c. 185-212; [3] Schaeffer A. C., Spencer D. c.' 
«Duke Math. J.», 19117,v. 14,M 4,p. 949-66; [.\] HX me,«Amer'. 
Math. Soc. Colloq. Pub!.», 1950, v. 35: [5] r o J1 y a H H r. M., 
reoMeTpH'!eCilaH TeOpHH cjlyHHl\HH ROMilJleRCHOrO nepeMeHttOrO, 
2 H3)'.I., M., 1966, rJI. 11, § 1-2; [6] Be J1 H H c RH ii II. II. 06-
IIIHe csoficTsa nBa3HROHcjlOpMHbIX oTo6pameHHll, Hoaoc116. i 97 4 
rJJ. 2, § 1. E. I'. I'o;.yauna'. 

CKOJIEMA IIAPA}J;OKC - cJieACTBHe TeopeMw JleseH
xeliMa-CKoJieMa (CM. I'iHJe.Mt meopeM.a o no.1tnome), co
CToHiuee R TOM, qTo RCHKaH nerrpOTI1BOpeq:11RaH IPopMaJib
HaH aKCUOMaTuq. reopHH, 3a):\aHHaH cqeTHhlM ceMeiiCTROM 
aKcnoM, RhlHOJIHHMa B cqeTnoii o6JiaCTH. B qaCTHOCTu, 
ecJiu npegrroJIOll\IITb HeIIpOTHROpequBOCTb aKCHOMaTnq. 
Ci1CTeMbl TeOpl!H MrromeCTB QepMeJIO - <l>peHKeJIH HJIII 
llpOCTOi°I Teopri:n THIIOR (CM. A KCUOM.amurtecKaJi meopu.ii 
~ino:J1Cecmg), TO cyruecTsyeT unmepnpema!fu.ii <JTIIX Teop:11ii 
Ha cqeTnoii o6JiaCTH. M no HeCMOTpH Ha To, qTo caMu nn 
Teopn:H rrpeAnaanaqeHhl AJIH orrucanu.11 secbMa o6nmpHbIX 
IPparMeHTOB HaHRHOii Teopnn MHOll\eCTR ll B paMKax <JTHX 
reopuii MOlI\HO l\OKa3aTb cyrn;eCTBOBaHne MHOiKeCTR ReChMa 
OOJibIIJOii HecqeTHOii MOll\HOCTH' TaR 'ITO B JII06oii HHTepn
peTal(Illl aroii TeOpHH IJ;OJliKHhl cymecTBoBaTh HecqeTHble 
MHOiK0CTBa. 

CJie):lyeT no1:tqepKHyTh, qTo C. rr. He Jrnmrnrc.11 rrapaAoK
coM R CTporoM CMbICJie <!TO!'O CJJOBa, T. e. OTBIO):\b He CRH
ACTCJibCTByeT 0 npOTHROpeqnBOCTH Teopn:n, B paMKax R-poii 
orr ycTaHoBJieH (cM. TaKme A nmuno.Mu.ii). Kamyrn;a.11c.11 
uapajJ;OHCaJibIIOCTb c. II. MomeT 6bITb rrpOHCHeHa TeM, qro 
C1JeTHo-6ecKoHeqHaH UHTeprrpeTaU,HH TeOpHII MHOiKeCTB 
HBJIHeTCH R HeK-pOM poAe BeCTaH):lapTHOH. 8JieMeHT HHTep
nperau,nH MOllieT OKa3aTbCH cqeTHhlM B nmpoKOM lfHTYHTHB
HOM CMhlCJie II HecqeTIIhlM BHYTPH cauoii TeOpHH. IlocJieA
nee 03HaqaeT, qTo cpeAll <JJieMeHTOB mITeprrpeTal(HH OTCyT
CTBYCT IPYHKU,IIH' 3a):\aIDrn;aH R3aIIMIIO 0):\B03Haquoe COOT
BeTCTBHe Memgy aJieMeHTaMII gaBBOI'O MHOll\eCTRa ll <JJie
MeIITaMH MHOmecrBa IIaTypaJibBhlX quceJJ, B TO RpeMH KaR 
c rnopeTIIKO-MHOll\eCTBeBBOM TOqJUI 3pCIIIIH cyiuecTBORa
IIHe TaKOii IPYHKU,Illl MOll\BO l\OKa3aTb. 

Jium.: [1] HJJHHH C.H., Bae11eHHC a MeTaMaTeMaTHRy, nep. 
c aur.a., M., 1957. A. r . .l{pa2a.Jtu><. 

CKOJIEMA <I>YHK.QIIH, IP y rr H u ri: H C K y JI e-
~1 a' c K 0 JI e M 0 B c K a H IP y H K II ll H' - IIOBHTlle 
JJOfHKH rrpe):l1maToR. EcJI11 A (x1 , •.. , xn, y) - npeAH
KaTBalI IPopMyJJa OT unfJuguiJnb!x nepe.liennb!x x1, ... , 
.r,,, y' o6JiaCTlf ll3MeneIIIIH K-pbIX cyTI, MHOll\eCTBa x 1' 

... , X n• Y COOTReTC'fReIIHO, TO IPYBKU,IIH f ; X 1 X ... X 
XX n-+Y naa. IP y II K u n e il: C K o JI e M a, HJJH p a 3-
p e Ill a IO 11\ e il: IP y II K u ll e ii, ):\JJH IPopMyJihl 3Y 
A (xr. ... , Xn, y), ecmr AJIH ncex x1EXr,.. x,.EXn 
HMCeT MeCTO HMlIJIHKaU,HH 

3yA (:r1, ... , .rn, y) =;>A (:er, ... , Xn, f (x1, ... , .rn)). 

C. IP· 6wJJn RReAeIIhl T. CKoJieMOM (T. Skolem) R 20-x rr. 
20 R. IlOHHTlle c. IP· IllllpOKO rrpuMeHHeTCH R pa6ornx 110 
MaTeMaTnq. JJOl'IIKe. 06'bHCHHeTCH <!TO TeM, qTo c lIOMOIUhIO 
c. IP· MOll\HO IICKJIIOqIITb qepeAOBaHHe KBaIITOpOR v If 3· 
TaR, naup., AJIH RCHKoii IPopMyJihl A H3b!Ka y3Koro uc
qucJiemrn rrpe}:\11HaTOR MOll\HO IIOCTpOIITb IPopMyJiy Bill\a 
3 Xi. ... ' x,. v YI • .•• ' y m c' Ha3hlRaeMyIO c K 0 JI e M 0 R
C KO ii HopMaJibBOH IPopMOH IPopMyJihl 
A' rgc c He cogepmnT KRaHTOpOB, HO co}:\epmHT BOBhle 
(T. e. He RCTpeqaIOrn;uecH B A) npemIKaTHhle CllMBOJihl, H 
TaKym, •ITO R ncqncJJerrrrn npe111maTon IPopMyJia A RhlBOAn
Ma TOl'):\a 11 TOJJbKO TOr):\a, KOrga BhlRO):\HMa ee CKOJJCMOB
CKaH IIOpMaJJhHaH IPopMa. 

MIJ;eH C. IP· :11crroJ1bayeTCH B TaKHX IPyrrµ;aMeHTaJihIIbIX 
TeopeMax MaTeMaT1i:q. JIOrHHn, I\aK TeopeMa 3p6parra, cso
AHIII;aH Rorrpoc 0 BhlROl\HMOCTH B ncqucJieHIIH npeguKaTOB 
rrpel\HKaTHOM IPopMyJihl K UCCJie):\ORaHUIO ROrrpoca 0 Bh!
BO):\llMOCTll R HCqHCJieHllll RbICKa3bIRaHHH 6eCKOHeqHOM 
IIOCJie):\ORaTeJibHOCTH upOII03HU,IIOHaJibHbIX IPopMyJI, Teope
Ma JleneHxeliMa - CKoJieMa H AP· 

B Tex cJiyqa.11x, Korga npegMeTHaH o6JiaCTh, Ha K-poii 
paCCMaTpuRaIOTCH IPopMyJihl, o6JiagaeT ):\OlIOJIHUTeJibHOH 
CTPYKTypoii, MOIBHO ITOTpe6oBaTb OT c. IP· orrpe):leJieHHOH 
CBH3H c aToii CTpyKTypoii. Hanp., ecJiu paccMaTpHBaeMaH 
rrpeAMeTHaH o6JiaCTb rrpuHaAJieIBUT uepapxnn KoncmpyK
muenbl,.r no J'e&e.1t10 M.no:J1Cecme, TO MOll\HO rroTpe6osaTb, 
qT06hr C. qi. TaKme npHHagJiemaJiu orrpeAeJieHHOMY ypos
HIO R KOHCTpyKTMBHOM :11epapxmr. Cyrn;ecTBOBaHHe C. IP-, 
Yl\OBJieTBop.1110rn;IIx gonoJIHHTeJihHhlM csoiicTBaM, He ncerAa 
rapaHTllpOBarro, HO alPIPeKT OT IIX lfCIIOJib;lORaHHH R CJiy
qae, Korga OHII cyrn;eCTBYIOT, OHa3hIRaeTCH 6oJiee 3Haqu
TeJibHbIM. 

B KaqeCTRe rrpHMepa MOIBHO yKaaaTb Ha pe3yJihTaT 
flencena 0 Rb!ROl\IIMOCTH r II II 0 T e 3 hl y: a II a 0 
AB y x K a p An Ha JI a x (CM. [6]) II OTp1111aHHH Cyc
.1tuna zunomeab! ( C~L f 5]) u;l aKCIIOMbI KOHCTpyKTHBHOCTH 
fiiAeJI.11. TeopeMa HosuKosa - Kongo 06 ynH1PopMHaa-

1~u11 II ~-OTBomeHuii ua 11ecKpnrrT1IRHoii TeopHn MHomecrs 
yTRepm):laeT cyrn;eCTROBaHne onpegeJieHHoro poga C. IP· 
(CM. [2], C. 280). 

Jlum.: [ 1] H 0 R H II 0 R IT. c.' 8.:ICMCHTbl MaTeMaTll'lCCfiOH 
J10rni;11, 2 Han., M., 107:l; [2] Ille H !fl M JI A ):(m. P., Marn~mTM'lC
cnaR Jrnrmrn, nep. c aHrJ1., M., IU75; [3] He ii c J1 e pr., q ~ H q_ q., 
TeopHR MDAeJieii, nep. c aHrJI., M., 1977; [41 E pm o a IO. JI .. 
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II a JI IO TH H E. A., MaTCMa'fl1qec1mH .Tiormrn M .. 1979; [5] neCCOB, lIMeJO~IIX crreKTpaJihHYJO IIJIOTHOCTb /("A) TaKyJO, 
Handbook of mathematical logic, Arnst., 1977; [6) Devlin K .• T., 
Aspecls of constructibility, B.- [a. o.), 1973. B. H. I'puw,wi. 

CKOJIMKEHHR rPYIIIIA p e r y JI H pH 0 r 0 Ha- r::rt log t (A) di.,.> - 00 

K p bl T II H p: X-Y - rpyIIIIa r(p) TaKIIX l'OMeOMop- .) 
«PH3MOB '\' IIpOCTpaHCTBa X Ha ce6H, qTO yp= p (X H Y - (CM. (2), f 1), [3)). 
CBH8Hb!e JIOl\aJibHO JIHHeHHO CB.113Hb!e xaycp;op.iliOBbl TOIIO- 0AHOCTOpOHHIIM HJIII COOTBeTCTBeHHO ABYCTOpOHHH~f 
JIOI'Hq. npocTpaHCTBa). TaK, c. r. HaKpblTHH OKpymHOCTH c. c. II. c HenpepblBJibIM BpeMeHeM Ha3. CTanHOHapHbUI 
p;eii:CTBnTeJihHoii: np.11Moii: IR, oIIpep;eJI.11eMoro «PopMyJioii: IIponecc X (t),- oo < t < oo, npep;CTaBIIMblii: B anp;e 

t 1-->-(cos t, sin t), 6yp;eT rpyn11a C)J;BIHOB t ~ t+2:rtn, n E z. x (t) = (' <fJ b (s) dY (t-s), r <fJ I b (s) 12 ds < 00' 
rpynIIa r (p) HBJIHeTCH iJucr;pemnoii zpynnoii npeo6pa- .) 0 J 0 

80BaHJn1: npocTpaHCTBa x' p;eiiCTBYJOineii cao6op;HO (T. e. HJIH COOTBeTCTBeHHO B BllAe 
y (x)=.r ;> y= 1), II 11pocTpaHCTBO y ecTeCTBeHHO H30Mop«P
HO «PaKTopnpocTpaHCTBY x Ir (p). c. r. r (p) H30MOp.iliHa 
«PaKToprpynne ljjyniJaMenma.;ib11oii apynmi :rt1 (Y, y0), rp;e 
Yo E Y, 110 o6pasy rpynIIbl :rt1 (X, x 0), rp;e p (x0) =Yo, npu 
TOMOMop«PnsMe, HHAYnHpOBaHHOM OTo6pameHn:eM p. 
B qacTHOCTH, p;JIH yHlrnepcaJibHOro uaKpblTHH p C. r. 
1130Mop.iPHa «PYHAaMeHTaJibHOH rpyrrne npocTpaHcTBa y. 

Jlum.: X y C hI-11 ~fl H, TeopHR roMOTonHli, nep. c aHrJI., M., 
1964. &. B. Buttvepa. 

CI\OJ1h3Hll~ErO CPE)J,HEro IIPOD;ECC - cTarrn:ouap
Hblii: B llIHpOKOM C~lb!CJIC cJiyqaiiHhlll nponecc, K-pbIH MOiRCT 
6hlTh IIOJiyqeH C 110,\IO~b!O rrpn:MeHCHHH HcK-poro JllfHeR
HOfO npeo6pa3oaann.11 i; 11poneccy c HeKoppeJmpoaaHHblMII 
3Ha 11emrnMn: (T. e. I\ IIpm~eccy 6eJioro uryMa). qacTo C. 
c. 11. Haa. rnm1w 6oJiee qacTHbln nponecc X (t) c p;HCKpeT
HblM Bpe~!PIICM t ~c- 0, ± 1, ... ' npep;cTaBIIMblH B BHp;e 

X (t) = Y (t) + h1Y (t -1) + ... + bqY (t - q), (1) 

rp;e EY (t) = 0, EY (l) Y (s) = a2&ts• Bts-CHMBOJI RpoHeKe
pa (rnK qTo Y (t) -nponecc 6eJioro uryMa co crreKTpaJib
Hoii: IIJIOTJIOCTblO a 2/2:rt)' q-JieK-pOe neJioe llOJIO)f(HTeJih
JIOe qncJio, a b1, ... 'bq-IIOCTOHHHble Kmi«P«P:in~neHTbl. 
CIIeKTpaJibHa.11 nJIOTIIOCTh f (/.,) TaKoro C. c. n. onpep;eJI.11-
eTc.11 «PopMyJioii: 

f (/.,) = (a2 /2:rt) I \jJ (e0·) 12 , 

\jJ (z) = t 0 -t-b1z+ ... +bqzq, b0 =1, 

a ero 1wppeJrnn110IIHaH «PYIIKU,UH r(k)=EX (t)X (t-k) 
HMceT BHA 

~q-/k I 
r(k)=a2~i=0 b}b}+lk tIIPH lkl<q, 

r(k)=O npn /kl> q. 
06paTHO, ecJIH KOppeJIHnJIOHHaJI «PYHKnHH r (k) CTanno
HapHoro rrponecca X (t) c p;ncKpeTHhIM apeMeJieM t o6Jiana
eT TCM CBOHCTBOM, qTo r(k)=O rrpH lkl>q )!;JI.II KaKO!'O-TO 
neJIOl'O IIOJIOlliHTeJihJIOl'O q, TO X (t) - 3TO C. C. II. IIOp.11)1;
Ka q, T. e. OJI p;orrycKaeT rrpep;cTaBJieuue anp;a (1), rp;e 
Y(t) - 6eJiblH myM (cM., HaIIp., [1), § 5.7). 

HapHAY co C. c. 11. KoueqJioro rropHp;Ka q, IIpel(cTaBnMbl
MH B BllAC (1), cyru,ecTBYJOT TaKme )!;Ba THIIa c. c. rr. c 
AHCKpeTJibIM BpeMeHeM 6ecKoJieqJioro rropap;Ka, a HMeJIHO: 
O)l;HOCTOpOIIHHe c. c. rr., AOIIyCI\aJOJnHe rrpep;cTaBJieHne 
BRA a 

~00 

X(t)= . b1.Y(t-j), 
I =0 

(2) 

rp;e Y (t) - 6eJiblii myM, a pHA B npanoi'r 'JaCTH (2) cxo

AHTCH B cpep;HeM KBap;pan1qJioM (n, 3Haq11T, ~j:O \b jl2 < 
< 00)' H 6oJiee 06m:11e ABYCTOpOIIHHe c. c. II.' rrpep;cTaBH
MbJe B Bll)l;C 

(3) 

rne Y(t) - 6eJiblii myM, a ~7=-"' jbJl2 <oo. RJiacc nny

CTopoumi:x C. c. rr. coarraµ;aeT c KJiaccoM cTau,noIIapHblX 
IIponeCCOB x (t), l!MeJO~HX CIICKTpaJihIIYIO IlJIOTIIOCTh 
/(/.,), a KJiacc OAHOCTOpOHHIIX c. c. n.- c KJiaCCOM rrpo-

(" 00 (' 00 
X(t)= .l-oob(s)dY(t-s), .)_ 00 /b(s)j 2 ds< oo, 

rp;e E[dY (t))2=a 2dt, T. e. Y' (t)-o6o6m;eHHblii nponecc 
6eJioro uryMa. RJiacc p;aycTopoHHHX C. c. rr. c HenpepblB
HblM apeMeHeM COBnap;aeT c KJiaCCOM CTanHOHapHblX npo
u,ecCOB X ( t), HMeJO~nx cneKTpaJibHYJO TIJIOTHOCT.r, f (/.,), 
a !\Jlacc O)l;HOCTopoHHHX c. c. n. c HenpepblBHblM BpeMe
HCM - c KJiaCCOM nponecCOB' HMeJO~HX TaKYJO cneKTpaJib
IIYJO IIJIOTHOCTh I (/.,)' qTO 

\<f) log f (/.,) (1+1.,2)-1 di., >-oo 
" - 00 

(CM. f4), f3), (5)}. 
Jlum.: [1) AH p; e pc o H T., CTaTHCTJ.1qec1rnlt attaJIHa BPCMCH

HbIX PHl!;OB, nep. c attrJI., M., 1976; [2J H 0 JIM 0 r 0 f 0 BA. H., 
«BIOJIJI. Moci<. roe. yn-Ta», 1941, T. 2, e. 6, c. 1-40; [3 ,n y O .Um., 
BepOHTHOCTHble npoueccbl, uep. c aHrJI., M., 1956; [4] Kar h u
n en K., «Ann. Acad. Sci. Fennicae. Ser. A. Math.-Phys.», 1947, 
No 37, p. 3-79; [5) p 0 3 a H 0 B Kl. A., CTanHOHapHb!e CJiyqaJt
Hbl0 npoueccbl, M., 1963. A. M. HMOM. 

CKOJib3HJ.IJJIR BEKTOP - CM. Ber;mop. 
CKPEW:EHHOE IIPOH3BE)J,EHHE r p y rr II bl G n 

K o JI b n a K - acconHaTnBHoe KOJihno, 011pep;eJI.11eMoe 
cJiep;yJOm:eii KOHCTpyKU,IJeH. IlyCTb 3ap;aHbl O)l;II03HaqJioe 
oTo6pameIIne a rpyIInhl G B rpyIIrry aBT0Mop.iP1rnMoB acco
n:irnTHBHOro KOJihna K c ep;nH11neii: u ce111.eiicTBo 

p={Pg,h \g, hEG} 
o6paTHMblX aJieMeHTOB KOJihna K, YAOBJieTaop.1110~ee 
ycJIOBllHM 

Pg., g,, g, ·Pg,. g, = Pg, g,, g 3 Pf:~ g,; 
a:g,a·g2a = p-1 a;(g,g,) a p 

g,, g, g, ,g, 

AJIH acex a:E K 11 g1 , g2 , g3 E G. CeMeiicTBO p Ha3. c H c Te
M o ii «P a K T o p o B. 8JieMeHTaMn C. rr. rpynrrhl G n 
KOJihna K npn CIICTeMe q,aKTOpOB p ll OTo6pameHHH a 6yp;yT 
BCCB03MOiRJible «PopMaJibHble KOHeqHble cyMMbI BHAa 

~geG a:gtg, gEG, a:gEK 

(t g - CllMBOJI, O)l;JI03Haquo COIIOCTaBJIHeMbllI Kamp;oMy 
aJieMeHTY g E G), a onepannn onpe,leJIHJOTCH «PopMyJiaMH 

~gE G a:gtg+ ~g eG ~gfg= ~ge G (ag+~g) fg; 

(~gEG a:gtg) (~gEG ~gtg )= 
= ~hea(~xy=h. x, yeG (ax~ZaPx. Y)) th. 

;_ho KoJihu,o o6oaHaqaeTcH K (G, p, a); aJieMenThl tg 06pa-
3y10T K-6aanc C. rr. K (G, p, a). 

EcJin a OTo6pamaeT G B ep;11H11qJiblii: aBTOMop«PnaM KOJih
u,a K, TO C. II. K (G, p) aaa. c K p e ~ e II H bl M r p y n-
11 0 Bbl M K 0 JI b TI 0 M, a eCJill, I<poMe Toro, Pg, h=1 
AJIHBcexg,hE G,ToK(G,p, a) - rpynnoaoe Ku JI b

rr 0 rpyrrnbl G Hap; KOJihnOM K (cM. I'pynnoeaa a.1tze6pa). 
IlycTh K - noJie u a - MoH0Mop.iP11aM. Torna C. n. 

K (G, p, a) - npocToe KOJibll;O, HBJIHJOI.[J,eec.11 c. II. IIOJIH 

c ero rpyIIIIOH raJiya. 
Jlum.: [1) Se h g a I s. K., Topics in group rings, N. Y., 

1978; [2] B 0 B II H A. A.' «CH6. MaTeM. a<.>>, 1963, T. 1,, c. 481-
500; [3) lITOrH Hay1rn H TCXHHRH. CoepeMCHHble npo6JICMbl nmTeMa
THRH, T. 2, M., 1973, c. 5-118. A. A. Bosau. 
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CKPEIIlEHHLIE. MO}:(YJUI - IIoHHTHe, po1:i;cTBeHHoe 

IIOHHTHIO G-Mol(yJie:ir (CM. Mo8y.ttb). fpyrma M (He o6H-
3aTeJihHO ROMMyTRTHBHaH) c rpyIIIIoii OIIepaTopoB G, CHa6-
il\eHHaH roMoMop«P:ir3MOM f : M -+G TaRHM, 'ITO ivrn JII06o
ro g E G H JII06hlx x, y EM HMeIOT MecTo cooTHOIIIeHHH 

f(gx)=g(fx)g- 1 , (fx)y=xyx-1, 

Ha3. c R p e rn; e H H hi M (G, /)-M 0 A y JI e M. TorAa H 
TOJihRo TorAa M HBJIHeTCH G-MoAyJieM (To eCTh M - a6eJie
Ba rpyIIIIa), RorAa /=Const (=eEG). M. H. BoiitfexoBc>tUii. 

CKPEIIlEHHLill rOMOMOP<l>H3M rpyIIIIhl G B OIIe
paTOpIIyIO rpyrrIIy r HaA G - OT06pameu:ire cp : c-r, 
YAOB~ernopHIOrn;ee ycJioBHIO cp (ab)= cp (a) (acp (b)). EcJIH 
G Ae:ircTByeT Ha r TOIBAeCTBeHuo, To C. r. ~ aTo o6hI'IHhlii 
fOMOMopqll13M. c. r. Ha3. TaRil\e 1-R 0 Il, IA R JI a M IA 

rpyrm&I G co 3Ha'leHJAHMII B r (CM. H ea6e.tte6b! 1£020MOAOeuu). 
HaIB,[lhlH aJieMeHT 1' Er OIIpeAeJIH0T c. r. cp (a)= y-1 (a'\') 
(aE G), Ha3. r JI a B II hi M c. r., HJill ROil,llRJIOM, ROro
MOJIOfll'lHhlM e. 0To6paIBeHHe cp : G-r HBJIHeTCH C. f, TOf
Aa II TOJihRO TOfAa, ROfAa OTo6paIBeHHe p rpyIIIIhl G B eo.tto
MOprfj epynnlil f, 3aAaHHOe <f>opMyJioii p(a)=(cp(a), a(a)), 
rl(e CT: f -Aut r - rOMOMop«P113M, oIIpeAemnorn;nii: 
Ha r CTpyRTYPY OIIepaTOpHOii rpyIIIIhl, HBJIHeTCH f0MOMOp
«Pn3MOM. HaIIp., ecmr a - JI11HeiiHoe rrpeACTaBJieHne rpyn" 
IIhl G B BeRTOpHOM IIpOCTpaHCTBe v, TO c. r. cp : c_r 
oIIpeAeJIHeT IIpeACTaBJieH11e p rpyIIIThl G a«P«P11HHhlMH npe
o6paaoBaHllHMH IIpocTpaHCTBa V. fl Apo M C. r. cp aaa. 
MHOil\0CTBO cp- 1 (e)cG; OHO BcerAa HBJIH0TCH ITOArpyIInoii 
B G. A. JI. Ou.u14un. 

CKPEIIlHBAIOIIlHECH IIPHMLIE - rrpHMhle B npo" 
CTpaHCTBe, He Jiemarn;ne B OAHo:il: nJiocRocTn. 

yr JI 0 M M0IBAY c. II. aaa. JII06oiI H3 yrJIOB M0IBAY 
ABYMH IIapaJIJieJihHh1M11 11M IIpHMhlMH, IIpoxoAHID;HMn qepea 
npon3BOJihIIYIO TO'IRY rrpocTparrcTBa. EcJIH a n b - Ha
IIpaBJIHIOm;11e B0KTOphl c. II., TO KOCHHYC yrJia MeiKAY 
C. n. BhlpamaeTCH cpopMyJioii: 

(a, b) 
coscp1,2=± ~· 

0 6 m; HM II e p II e HA II Ky JI H p 0 M ABYX c. II. 
H83. IIpHMafl, IIepecet\aI01IWH K8IBAYIO 113 IIpHMhlX H HM 
rrepII0HAllRYJIHpHaH. /"t;JIH JII06hlx ABYX c. n. cyrn;ecTByeT 
e,a;11HCTBeHHhlH 06rn;11ii neprreHA11RyJinp. YpaBH0HHH (RaR 
JIHHllll IIepece'leHHH AByx HeK-phrx rrJIOCROCTeii) o6rn;ero 
rrepIIeH,a;nKyJIHpa K ABYM C. n. r=r1+at1 n r=r2+bt2 
llM0IOT BllA 

((r-ri), a, [a, b]) =0, 

((r -r2), b, [a, b]) =0. 

pa cc T 0 fl H II e M M0IBAY c. n. Ha3. AJIHHa 0Tp03Ka 
o6rn;ero rrepIICHAllRYJIHpa K 3TllM ABYM IIpHMblM, ROHil,bl 
K-poro JieIBaT Ha 3TllX IIpHMblX (HJIH pacCTOHH110 M0IBAY 
napaJIJieJihHblMll IIJIOCROCTHMll, B R-pblX JieIBaT c. n.). 
PaccTOHH11e d MeIBAY C. II. BblpamaeTCH «PopMyJioll: 

d = I ((1'1 -r,). a, b)I • 
I[ a, b ]I 

A. B. H6a>to6. 
CJIABAH roMOJIOfHH - OTHOIII0HH0 a1rn1rnaJieHTHO

CTII M0IBAY Il,IlRJiaMn, npHBOAHrn;ee K OIIpeAeJieHHIO rpynII 
cne,;,mpa.ttbltb!X eo:Mo.ttoeuii HP ( C; G). ll3B0CTHO, 'ITO ro
MoJiornn CTnrrpoAa - CnTIIHROBa ROMIIaRTHoro IIpocT-
paHCTBa HP ( C; G) oTo6pamatoTCH Ha iI P ( C; G) aIInMop«P
Ho, IIpH'l0M HAPO K 3Toro oTo6pameHHH H30Mop.iPHo IIep
BoMy IIpOH3BOAHOMY «PYHRTopy lim1 OT o6paTHoro IIpell;eJia 

+--

fOMOJiornii HP (a; G) HepBoB OTRpblTblX IIoRpblTnii a IIpo
cTpaHCTBa C. IIepBoHa'laJihHO rpyIInbl HP oIIpeAeJIHJIHCh 
B TepMHHax I~HRJIOB BheTopnca, IIpH'leM n,nRJihl, BaAarorn;ne 
aJieMeHThI IIOArpyIIII&I Kcllp(C; G), Ha3. c JI a 6 o r o
M o JI or n q H hi M n rr y JI 10. Hao6opoT, n,uRJI&I Bhc'!'o
pnca, roMOJTOrH'lIIhie IIyJIIO B yKa3aIIIIOM Bblllie onpeAeJie
HHH rpyIIn HP' HHOrAa IIa3. c H JI h H 0 r 0 M 0 JI 0 r If 'I-

H hi M II H y JI IO (a COOTB01'CTByIOrn;ee OTHomea:ne 3RB:U
BaJieHTHOCTll MeIBAY HHMH - c H JI h H 0 ii r 0 M 0 JI o
r :n e ii). B cnyqae, KorAa G - KoMrraRTHaH rpyIIIIa 11JI11 
IIOJie, HAPO K paBHO HyJIIO, II IIOHHTllH CllJihHOll II CJia6o.ii: 
fOMOJior11ii OKa3hlBaIDTCH 3RBHBaJieHTHhlMll. 

Jlum.: [1] A JI e Kc a H llll 0 B II. c., «Tp. MaTeM. 11'.H-Ta AH 
CCCP», 1959, T. 54, c. 3-136; [2] Mac c II'. Y., Teopll'.ll roMOJIOrIDi 
II'. KOrOMOJIOrHtt, nep. c aHrJI., M.' 1981. E. r. CwiJ<pl!'lino. 

CJIABAH OCOBEHHOCTL, n o JI H p H a H o c o-
6 e H II 0 c T h,- HeorpaH11'JeHHOCTh HApa HHTerpaJihHO
ro oIIepaTopa K (x, s) np:n orpaH111JeHHoM rrpon3BeAeHHH 
lx-slaK (:r, s), (x, s) EQ X Q, rAe Q - MHOJReCTBO rrpocT
paHCTBa 1Rn, lx-sl - pacCTOHHlle MeIBAY TO'lKaMH x, s H 
0 <a=const < n. llHTerpaJihHhlii onepaTop, K-pblii nopOiK" 
ri;aeTCH TaRHM HAPOM 

S M (x, s) 
Kcp (t) = --a cp (s) ds, 

g 1x-s I 
(1) 

Ha3. II H T e r p a JI h R hi M 0 II e p a T 0 p 0 M c 0 

c JI a 6 0 Ir 0 c 0 6 e H H 0 c T h IO (llJIH c 11 0 JI H p H 0 ii: 
0 c 0 6 e H H 0 c Th IO). IlyCTb Q - ROMIIaRTHOe IlOA
MHOIBeCTBO npocTpaHCTBa 1Rn. TorAa ecJin M (x, s) Herrpe
phlBHa Ha Q X Q, To OIIepaTop ( 1) BrroJiae uenpephlBeB B 
npocTpaacTBe HerrpephlBHhlX <f>yHR~nii IC (Q), a ecJin M -
orpaBII'JeHHalt «PYHR~:na, TO - B rrpocTpancTBe L 2 (Q). 

Hp;po 

(K1 * K2) (x, s) = ~ gK1 (x, t) K2 (t, s) dt (2) 

Has. cBepTRoii HAep K 1 :n K 2 • IlyCTh 3TH Hp;pa 
HMeIOT c. 0. , IIpH'leM 

const I Ki (x, s) I .s;:;;; a., rx;=const < n, t=1, 2, 
/ x-s / 1 

TOtAa :nx CBepTKa (2) orpaHnqeHa :UJIH 6yp;eT HApOM co 
c. o., a HMeHHo: 

{ 
C 0CJill l'.X1 +ct2 < n, 

l(K1 *K2)(x, s)l.s;:;;; clh1lx-sll, ecJI11 ct1+a2 =n, 
l c lx-sln-a,-a., ecJIH ct1+ct2 > n, 

fA0 c - ueK-paH IIOCTOHHHaH. 
EcJI:n HAPO HMeeT C. o., TO nee ero HTepnpoBaHHbre HApa, 

Ha•mHaH c HeK-poro, orpaH:irqemr. 
Jlum.: [1] CM!tpHo BB. M., RypCBhICIOettMaTeMaTHKH, T. 5, M., 

1959; [2] B JI an HM Hp o B B. C., YpaBHeHHfl MaTeMaTHqecKott 
cjmamrn, 3 11'.3)'.(., M., 1976; [3] RpacHoceJihCKHil: M.A. 
[H JJ:P.], llHTerpaJibHhie orrepaTOpbl B IlpOCTpaHCTBax cyMMHpye
MblX ljJyHKQll'.il:, M., 1966. B. B. X6eae.auaae. 

CJIABAH IIPOH3B0l!;HAH - TO me, 'ITO I'amo npo
uaeoiJnaJ£. 

CJIABAH TOIIOJIOfllH - .tto1£a.1tb1to ebinyr>.ttasi mono
.ttoeusi Ha B0KTOpHOM IIpocTpaHCTBe x, IIopOIBl(eHHaH ce
MeiicTBOM no.ttynopM p(x)=lf(x)I, rAe f npo6eraeT HeR-poe 
ITOAMHomecTBO F conpsi:m:ennoeo npocmpancmea X'. 

Jlum.: [1] JI 10 c Tep H II'. K JI. A. c 0 6 0 JI e B B. M., RpaT
mdt Kypc ljJyHKi111'.0HaJibHOro aHaJIHaa, k, 1982; [2] me ljJ e p X., 
TonoJiorll'.'rncm1e BeKTopHhle npocTpaHcTBa, rrep. c aHrJI., M., 1971. 

M. H. Boiit{exoBcnuii. 
CJIABO BECKOHEqHOMEPHOE IIPOCTPAHCTBO -

TOITOJIOfH'leCKOe IIpOCTpaHCTBO x, AJIH JII06oii 6ecKOHeqHoii 
CHCT0Mbl nap MHOJKeCTB K-poro 

(Ai, B;), AinBi=0, i=1, 2, ... , 

HaiiAYTCH nepezopo81£u Ci (Memp;y Ai n Bi) TaRne, qTo 
n c ;= 0. II pocTpaHCTBO, He HBJIH!orn;eecH cJia6o 6ecRO
H0'lHOMepHbtM, Ha3 c H JI h H 0 6 e c R 0 H e 'I H 0 M e p
H bl M. c. 6. II. Ha3 TaRIBe A-c JI a 6 0 6 e c R 0 He 'I
R o Me p II bl M. EcJIH B onpeAeJieHnn C. 6. rr. ern;e no
Tpe6onaTh, 'IT06hl IIaphl MHOIBeCTB 6h1JIH Ail3'bIOHRTHhl, TO 
IIOJIY'l:UTCH IIOHHTHe s -c JI a 6 0 6 e c R 0 H e 'I H 0 M e p
H 0 r 0 II p 0 c T p a H c T B a. 

Jium.: [1] AJieKcaHnpoB II. C., IIacbIHKOB B. A~, 
BBeneimcn.Tcopll'.10 paaMepHOCTH, M., 1973. M. H. Boiiitexoecnuu. 

CJIABO BJIYJl\)1.AIOIIlEE MHOJKECTBO AJIH o6paTn
Moro nsMepnMoro upeo6pa3oBaIIHH T ua:Mepu.1ttoeo npocm
pancmea (X' lB) - lf3MepHM00 IIOAMHOIB0C'l'BO A c:X' AJIH 
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R-poro cym;ecTByeT TaRaJI 6ecRoHe'lHaJI nocJiep;osaTeJib

HocTb n;eJih!X 'lllCeJI n;, 'ITO MHOlReCTBa TniA nonapHO He 
nepeceRaIDTCJI (aAecb o6paTnMocTb T noApaayMeaaeT naMe
p:e:MocTb r- 1). EcJIIl T IlMeeT CJ-ROHe'lHYIO K1Jaauu1UJapu
aHmny10 .Mepy µ (onpeAeJieHHYIO Ha lB), TO Heo6XOAilMOe Il 
AOCTaTo'lHoe ycJioane cyi:n;ecTBoBaHnJI y T ROHe'lHOii un1Ja
puanmno u .Mepb!, 3RBHBaJieHTHOH µ, COCTOilT B TOM, 'IT06h! 
AJill Jiro6oro C. 6. M. A 6h!JIO µA=O. 

Jlum.: [ 1] H a j i a n A. B., K a k u t a n i Sh., «Trans Amer· 
Math. Soc.», 1964, v. 110, x, 1, p. 136-51; (2] Ha Ji an A .• 
Ito Y., «J. math. and mech.», 1969, v. 18 • .M 12, p. 1203-16· 

l.J.. B. A>iOC06· 

CJIABOE PEfilEHHE An «P «P e p e Hu; n a JI b H o r o 
ypaBHeHilll 

Lu= ~I aa (x) Da U=f (*) 
"'- a/<m 

B o 6 JI a c T n D - JIORaJibHO IlHTerp:e:pyeMaH cl>yumi;1u1 
u, YAOBJieTaopHIDTIJ;aH paaeHCTBY 

~ D u L*cpdx = ~ D fcpdx 

AJIJI JII06oii rJiaAROH (Hanp.' RJiacca C"") «PYHRIJ;Illl cp c 
ROMilaRTHhlM HOCilTeJieM B D. 3AeCb Ro3«P«Pnn;neHTbI aa (x) 
y~aBHeHilJI ( *) npeAIIOJiaralOTCll AOCTaTO'lHO r JiaAKll:Mil Il 
L oaHa11aeT «PopMaJibHO conpHmeHHhlH no JiarpaHmy 
c L AH«P«PepeHu;HaJibHh!H onepaTop 

L*cp=~ (-1)fa1Da(aacp). 
"'-If a I < m 

Hanp., o6o6ni;eHHYIO npoH3BOAHYIO /=Dau MOlRHO orrpe
AeJIHTb RaR TaRylO JIORaJibHO IlHTerpnpyeMylO cPYHRIJ;IllO /, 
'ITO u ecTb C. p. ypaBHeHHJI Dau=/. 

Ilpn pacCMOTpeHilll c. p. ypaBHeHilH (*) B03HilRaeT 3a
Aa'la: npn RaRilX YCJIOBilJIX OHil JIBJIHIOTCH CU.ftbl/,b!.MU pe
uteHU!!.MU. Hanp., AJIH 3JIJIIlnTH'I. ypaaHeHnil: BCHRoe C. p. 
llBJIHeTCJI CilJibHh!M. 

Jlum.: [ 1] B H I.I a II 3 e A. B.. HeKOTOpbie KJJacChl ypasHeHHll 
B qacT!IhlX Il_llOH3BOllHhlX,_ M., 1981. A. II Co.aaamo•. 

CJIABhUI OTHOCHTEJihHhllI MHHHMYM - MilHil-

MaJibHoe 3Ha'leHile J (y), AOCTilraeMoe cPYHRIJ;IlOHaJIOM 

J (y) Ha RpFIBOH ii (x), x1<x<x2, TaRoe, 'ITO J (y)e;;;;;J (y) 
AJIH acex RpHBh!X cpaBHeHHJI y (x), YAOBJieTBopHroni;nx 
ycJioanro e-6Jin3ocTn 1-ro nopHARa 

I y (x)-y(x) je;;;;;e, I y' (x)-y' (x)le;;;;; e (1) 

Ha BCeM npoMemyTRe lx1, X2l· IlpeAnOJiaraeTCJI, 'ITO Rpll

Bh!e y (x), y (x) yµ;oaJieTaopHIOT 3aAaHHbIM rpaHil'IHh!M yc
JIOBHHM. 

EcJIH B (1) oT6pocHTb ycJioane e-6Jinaocrn no npoH3BOA
HOH, TO 3TO npnBeAeT R ycJioanro e-6JIH3oCTil HyJieaoro 

nopJIARa. MnHnMaJibHoe 3Ha'leHne «PYHRu;HoHaJia J (y) B 
8-0RpeCTHOCTil HyJieBoro nopHARa Ha3. CU.ltbl/,b!.M omnocu
me.ttbrtb!.M JllUl/,UJllY.MO.M. 

IlocRoJibRY ycJioane e-6JIH30CTH HyJieaoro nopHARa Bh!
AeJIJieT 6oJice nrnpoRHH RJiacc RpllBh!X no cpaBHeHHIO c 
ycJIOBileM 8-6JIIl30CTil 1-ro nopHARa, BCJIRilll CilJibHh!ll OT
HOCilTeJibHhiii MilHilMYM HBJIJieTCH OAHOBpeMeHHO c. o. M., 
HO He BCJIRilii c. o. M. HBJIHeTCJI CilJibHh!M OTHOCilTeJibHh!M 
Milll:IlMYMOM. 

,Il.JIJI Toro 'IT06h! 3RCTpeMaJib y-(x) AOCTaBJIJIJia c. o. M., 
Heo6XOAHllW, 'IT06h! Ha Heil: Bh!llOJIHJIJIOCb JI e:J1Can&pa yc
JWIJUe. ,Il.JIJI CilJibHOro OTHOCilTeJibHoro MilHHMyMa BMeCTO 
ycJIOBilJI JlemaHApa Heo6xoAill'<IO Bh!ITOJIHe1rne 6oJiee 06-
rri;ero Beueputmpacca yc.1to1Jusi. B TepMHHax Teopnn orrTn
MaJibHoro ynpaaJieHHJI 3TO pa3JIIl'IIle B cl>opMymrpoaRax 
Heo6xoAHMbIX ycJIOBHH 03Ha'laeT CJieAyroni;ee: AJIH c. 0. M. 
Heo6xOAHlllO, 'IT06h1 I'a.ltU.ttbmona rPYUKlfU!! B TO'IRax 3RCT
peMaJIH AOCTHraJia JIOllaJibHOro MaRCHMyMa, a AJIJI CHJib
Horo MHHnMyMa - a6comoTHoro ~raRcnMyMa no ynpaaJie
HHIO (B COOTBeTCTBilll c npnuu;11noM MaRCHMyMa IlOHTpH
rnHa). 

,IJ.ocTaTO'IHhle ycJIOBHH C. o. M. HaJiararoT HeR-pbre Tpe-

6oaaHHH TOJibRO Ha 3RCTpeMaJib y(x), TOrAa RaR B CJIY
'lae CHJibHOro MHHHMyMa Tpe6yeTCJI Bh!nOJIHBHHe CX0,1J;HbIX 

no CMhICJIY ycJIOBilH He TOJibRO Ha 3RCTpeMam1 ii ( r), HO :n 
B HeR-pOH ee e-oRpeCTHOCTH HyJieBoro nopJIARa. 8RcTpe
MaJib AOCTaBJIJieT c. o. M., eCJIH BAOJib Hee Bhll10JIHJieTCJI 
ycnJieHHoe ycJioane JiemaHApa n ycnJieHHoe ycJIOBile HRo-
6n. 8RCTpeMaJib AOCTaBJIJieT CHJibHh!ll OTHOCilTeJibHblll MH
HHMyM, eCJIM OHa MOJReT 6h1Tb ORpymeHa noJieM <lRCTpeMa
JICH n p;JIH acex To'leR aToro rroJIH «PYHKIJ;HH BeilepITIT
pacca HeoTpnu;aTeJibHa. 

Jlum.: (1) JiaspeHTbesM. A., JI10cTC]JHHKJI. A., 
Kypc BaPlfal\HOHHoro HC'IHCJJeHHf!, 2 H3)1 .• M.-JI.. 1950; [2] 
CM Hp Ho B B. 11., Kypc Bhlcmell MaTeMaTHKH, 3 H3)1., T. 4, 
M., 1957. H. B. Banuapcnuu. 

CJIABhIH aKCTPEMYM-MilHilMaJibHOe HJIIl MaRCH

MaJibHOe 3Ha'leHne J (y)' AOCTHraeMoe «PYHRIJ;IlOHaJIOM J (y) 
Ha RpllBOH ii (x), Xi ~X~X2, )J;JIJI R-poro BbIIIOJIHHeTCJI OAHO 
Il3 HepaBeHCTB 

1 (Y) < 1 (y) nJin 1 (y) ~ 1 (Y) 
AJIH BCex RpllBhIX cpaBHeHilJI y (x), HaXOAHIIJ;lIXCJI B E-

6JIH30CTil OT RpllBOH y (x) RaR no OPAHHare, TaR Il no npo
Il3BOAHOH: 

I y (x}-y (x)).;;;; e, I y' (x)-y' (x)),,;;;;; e. 

RpHBh!e y(x), y(x) AOJilRHh! YAOBJieTBopHTb aaAaHHh!M 
rpaHil'IHh!M ycJIOBilJIM. 

IIocROJibRY MaRCHMnaau;nH «PYHRIJ;IlOHaJia J (y) 3RBnBa
JieHTHa MilHlIMil3aIJ;Illl «PYHRIJ;IlOHaJia-J (y), 1'0 'laCTO BMe
CTO C. 3. roaop.11T o cJiaooM MHHHMyMe. TepMHH «cJia6h!il:» 
no,u;11epRnsaeT, 'ITO Ha RpnBh!e cpaBHeHHH y (x) HaJiome
HO ycJIOBlle e-6JIIl30CTil He TOJibRO no OPAHHaTe, HO Il no 
npOil3BOAHOH (B OTJIIllJile OT CilJibHOro 3RCTpeMyMa, l'Ae OT 

y (x) Tpe6yeTCH e-6JIIl30CTb R y (x) TOJibRO ITO OPAilHaTe). 
Ilo onpeAeJieHillO, c. 3. HBJIJieTCJI CJia6h!M OTHOCHTeJib

Hh!M 3RCTpeMyMoM, noCROJibRY AaeT 3RCTpeMyM He a6co
JIIOTHh!H, T. e. He Ha BCeM RJiacce AOilYCTilMh!X RpllBbIX 
cpaBHeHilJI y (x)' Ha R-ph!X cPYHRIJ;IlOHaJI J (y) IlMeeT CMbICJI, 
a JIORaJibHhlll, OTHOCHTeJibHh!H, COOTBeTCTBYIOID;.Illl HeR
pOMY IlOAMHO)ReCTBY BCeX AOITyCTilMh!X RpllBh!X cpaBHe
HHH. 0AHaRO AJIH RpaTROCTil ynoTpe6JIHIOT TepM.HH «C.3.». 

Jlum.: [1] JiaspeHTbes M.A., JI10cTePHHK JI. A., 
Kypc sapHal\HOHHoro Hc•mcJJeHHH, 2 H3/I., M.-JI., 1950; [2] CM Hp
H o e B. M., Kypc Bhlcmell MaTeMaTHKH, 3 H3/I., T. 4, M., 1957. 

H. B. Banuapcnuu. 
CJIABHHCKHE IJ;H(f>Phl - u;n«Pph! ApeBHepyccRoro 

C'leTa, B R-poM Ramp;oe 113 n;eJibIX 'IIlCeJI OT 1 AO 9, a TaRme 
AeCHTRH Il COTHil o603Ha'laJIHCb 6yRBaMil CJiaBJIHCRoro aJI
«PaBHTa c HaAHHCaHHh!M HaA HilMll 3HaROM (TilTJIO). IJ;eJih!e 
'IIlCJia AO 999 COCTaBJIJIJIIlCb c IlOMOIIJ;bIO PHAOM CTOJIID;llX 
c. u;. Th!CJI'lll o603Ha'laJIHCb c IIOMOID;bIO npncTaBRil HeR
poro aHaRa R u;n«Ppe, Bh!pamaroni;eil: 11ncJio Th!CH'I. 

CJIE,[( - OTo6pameHne SpKf k noJIJI K B noJie k (rAe 
K - pacITinpeHne k), JIBJIHIOIIJ;eecJI roMoMop«PnaMoM aAAH
THBHhIX rpyrrn n cTaBJirri;ee B cooTBeTCTBile 3JieMeHTy a EK 
cJieA MaTpHu;h! k-JIHHeHHoro oTo6pameHHH K-.+K, nepe
BOAHrri;ero 6 Il3 K B a~. 

EcJin K/k - cenapa6eJibHOe pacITinpeHHe, TO 

SpK/k (a)=~ ai (a), 
ri:ie a; rrpo6eraroT ace k-naoMopcl>naMh! rroJIH K B aJire6pan11. 

aaMh!RaHne k noJIH k. 0To6pameHne cJieAa o6JiaAaeT caoll
CTBOM TpaH3IlTHBHOCTn: ecJin LI K n K/k - RoHe'IHble 
pacITinpeHHH, TO AJIH Jiro6oro a EL 

Sp L/ k (a)= Sp K/k (SPL!K (a)). 
JI. B. RyabJ>tUM. 

CJIE,[( R B a A p a T H o il: M a T p n u; h1 - cyMMa 3Jie
~rnHTOB 3Toii MaTpnu;hl, CTOHllJ;HX Ha rJiaBHOH AHaroHaJI!f. 
C. MaTpnu;h! A= Uaijll 06oaHa11aeTc.11 tr A nJin Sp A: 

tr A= ~.n a··. 
~i=I 11 
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IIycTb A - KBap;paTirnH MaTpuu;a nopHp;Ka n Hap; noJieM 
K. C. MaTpMIJ;hl A coHnap;aeT c cyMMoii: KOpIIeii: xapaKTe
pHCTHq. MHoroqJieHa MaTpHu;hl A. EcJIH K - rroJie xapaK
repHCTHKH 0, TO n cJiep;oa: tr A, ... , tr An op;II03IIaqIIo 
onpep;eJIHIOT xapaKTepHCTHq. MIIoroqJieH MaTpHIJ;hl A; B 
qacTIIOCTn, MaTpnu;a A HHJiblIOTeIITHa Torp;a H TOJihKO 
TDrp;a, Korp;a tr A"=O AJIH acex k=1, •.. , n. 

Ecmr A H B-KBap;paTHhie MaTpHiihl op;noro nopHAKa 
IIaA rroJieM K, a a, ~EK, To 

tr (aA+~B) =a tr A+~ tr B, 

tr AB=tr BA 
n rrpn det B=i=-0 

tr (BAB- 1 ) =tr A. 

C. TeII3opnoro npo1rnaep;enn.11 KBap;paTHhIX MaTpnu; HaA no
JieM paBeH npOlrnBep;eHHIO CJie,ll;OB COMHOmHTeJieii:. 

JI.. A. Cynpyi<m11.0. 
CJIE)J; H a e*-a JI r e 6 p e A - iJ>yHKIJ;HH f na MIIO

mecTBe A + noJiomuTeJihHhlx aJieMeHTOB aJire6pb1 A, npu
IIHMaroru;aH 3IIaqeIIHH B [O, + ool, aAAHTHBIIaH, Op;Hopop;HaH 
OTHOCHTeJibIIO YMHmKeIIHH Ha IIOJIQ;KHTeJibIIhle qucJia ll 
yp;oaJieTBop.11ro1u;a.11 ycJIOBHIO f (xx*)= f (x* x) AJIH acex 
xEA. CJiep; f Ha3. KoIIeqnhIM, ecJIH /(x)<+oo 
AJIH Bcex xEA+; IlOJIYKOHeqHblM, eCJill f(x)= 
=sup{/(y): YEA, y~x, f(y)<+oo }AJIH Bcex xEA +.Ko
neqIIhle cJiep;bl na A cyTh orpaIIuqemrn IIa A + TaKHX 
noJiomuTeJihHhlX ;JJHHeii:nhlx iJ>YIIKIJ;HOHaJioB cp na A , qTO 
cp(xy)=cp(yx)AJIH acex x, yEA. IIycTb/-cJieA IIa A, 
\JI 1- MHomecTBO TaKux aJieMeIITOB x EA, qTo f (xx*)< 
< + 00' ffi11- MHmKeCTBO JIHHeHHblX KOM6HHau;uil: norra p
HhIX npOH3BeAeHHll 3JieMeHTOB H3 m ,; TOr)J;a \Jl I ll ffi11_- ca
MOCOilpHmeIIHble ABYCTOpOHIIHe H,ll;eaJibl B A Iii IIa ~m, cy
iu;ecTByeT OAH03HaqHo onpe)J;eJieIIHblH JIHIIeHIIblll iJ>yIIKIJ;HO
HaJI cp, coarrap;arom;uii: cf Ha ffi11n A+. IIycTh f - noJiyIIe
rrpephIBIIhltI CHH3Y noJiyKoHeqHhlii cJiep; IIa e*-aJire6pe 
A; iJ>opMyJia s (x, y)= cp (y* x) onpe)J;eJIHeT IIa m, 3pMHTOBy 
iJ>opMy, H AJIH Jiro6oro x EA oT06pameIIHe Aj (x) : Y-+XY 
npocTpaHCTBa ffi1 B ce6H HenpepbIBHO OTIIOCHTeJibHO 3TOll 
iJ>opMbI. IlycTb fft= {xE\nt, s(x, x)=O}, H 1-nonoJIHeIIHe 

iJ>aKTOpnpocTpaIICTBa 'ff/ ti NI OTHOCHTeJibIIO CKaJIHpHoro 
npoH3Bep;eHHH, orrpe,ll;eJieiiHoro iJ>opMoil: s. OrrepaTOphl 
A.1 (x) orrpep;eJIHIOT npu nepexop;e K iJ>aKTopnpocTpaHCTBY 
ll IIOIJOJIIIeIIHIO HeK-pble orrepaTOpbI 3t f (x) B rHJib6epTOBOM 

npocTpaIIcTBe H !• H oTo6pameHHe X-+3t1 (x) ecTh npep;
CTaBJieIIHe e*-aJire6pb1 A B H 1. CooTBeTCTBHe /-+31: / ecTh 
B3aHMHOOAII03IIaqIIoe COOTBeTCTBHe Memp;y MHomeCTBOM 
rroJiyHenpepbIBIIhIX CIIH3Y noJiyKoIIeqIIhIX cJie,ll;OB IIa e*
aJire6pe A H MHomecTBOM rrpep;cTaBJieHHH e*-aJire6phl 
A co cJiep;oM, orrpep;eJieHHhIX c ToqIIOCThIO p;o 1rna3H3KBH
aaJieIITHOCTH. 

Jlum.: [1) A 11 Kc M hem., C*-anre6pb! H ux npe11cTaBJJeH11F1. 
nep. c ljJpaHu., M., 1974. A.H. filmepi<· 

CJIOBO - ropH30IITaJihHhIH pHA 6y,;e IIeK-poro a,11,rfia
eu ma. H anp., PHA 3HaKOB «CJIOBOBaJiiJ>aBHTe» HBJIHeTcH 
c. B aJiiJ>aBnTe, COCTOHilleM H3 6yKB e, T, n, B, a, ip, JI, o, c. 
)J;JIH yp;o6CTBa K paCCMOTpeIIHIO p;onycRaeTCH H IJ y c T 0 e 
CJIOBO, T. e. c., He cop;epmamee IIH O)l;HO:ii: 6yKBbl. Ono 
HBJIHeTCH c. B JII060M aJiiJ>aBHTe. 

Bo3MOmIIo, HeCKOJibKO 6oJiee TOqIIoii HBJIHeTCH Iii H
ll y K TH B Ha H x a pa KT e p II 3 a u; II H c., corJiac
IIO K-poii: C. B aJiiJ>aBHTe A orrpeJJ.eJIHIOTCH KaK o6'heKThl, 
IJOJiyqaroiu;neCH B pe3yJibTaTe pa3BepTb1BaIIHH rropmKAaIO
iu;ero rrpou;ecca, orrpep;eJIHeMoro cJieAyIOIIJ;HMH rrpaB11JiaMH: 
a) nycToe C. cqnTaeTCH C. B aJiiJ>aa11Te A; 6) ecJin o6'heKT P 
OKa3aJICH c. B aJiiJ>aBHTe A, a £ HBJIHeTCH 6yKBOH 3Toro 
aJiiJ>aBHTa, TO o6'heKT Ps TaKme cqHTaeTcH C. a aJiiJ>aBHTe 
A. llHAYKTHBIIa.11 xapaRTepnaau;n.11 C. AeJiaeT orrpaanaII
IIhIM rrpnMeIIeIIne rrpaBHJI3 HIIAYKIJ;llll AJIH AOKa3aTeJihCTBa 
YTBepiK,ll;BIIHH THIJ3 BCeo6i:u;HOCTH 0 c. B ,ll;3IIIIOM a.n:iJ>aBnTe. 

C. npeACTaBJIHeT co6oii: p;ocTaToqno o6mn:il: TllII ,;on
cmpy,;muenozo o6'beKma, n B CHJIY 3Toro o6cTOHTeJihCTBa 

IlOIIHTHe c. nrpaeT aamIIyIO poJib B KOIICTPYKTllBHOii Ma
TeMan;rne. IloIIHTHe c. IIIHpOKO llCilOJib3YeTCH TaKme B 
aJire6panq. nccJiep;oaaIIHHX, pa6oTax no MaTeMaT11q. JIHHr
BHCT11Ke Iii T. n. 

Jlum.: [1) Map K 0 B A. A., TeopHF! aJJropnljJMOB, M.-JI., 1954 
(«Tp. MaTeM. HH-Ta AH CCCP», T. 42, c. 12-25). H. M. Haeopi<'blU. 

CJIOEHBE H a n - M e p II o M M II o r o o 6 p a-
3 n n Mn - TaKOe pa36neIIne Mn IIa JinIIeiino CBH3IIble 
IlO,ll;MHOmecTBa, HMeHyeMble c JI 0 H M H, qTo Mn MOmIIo 
IJOKpbITb KOOp,lJ;HHaTIIblMH OKpeCTIIOCTHMH u a c JIOKaJib
HblMH KOOp,ll;HHaTaMH x~, ... ' x~, B TepMHII3X K-phlX 
JI () K a JI b H bl e c JI () H - KOMIIOHeHTbl CBH3HOCTH rrepe
ceqeHHH CJIOeB c u a' 3ap;aIOTCH ypaBIIeIIHHMH xg + l= 

= const, ... , x~=const. C. B 3TOM cMblcJie IIa3. Ton o -
JI Or Iii q e CK HM C.; Tpe6y.11 me, qT06hl Mn HMeJIO 
KycoqHo JIHIIeiiIIyro, AIIiJ>iJ>epemwpyeMyro mrn anaJIHTH'I. 
CTpyKTYPY II qTo6bl JIOKaJihHhle 11'.00p)J;IIHaTbl 6blJIII Kycoqno 
JIHIIeHIIhIMH, AIIiJ>iJ>epeIIIJ;HpyeMbIMH (KJiacca er) JIJill aHa
JillTIJqecKllMII, noJiyqaIOT onpep;eJieIIIIe K y c o q H o JI n
H e ii II o r o, A II ip ip e p e II u; H p y e M o r o (KJiac
ca er) IIJIII a H a JI II T II q e c K o r o C. Onpep;eJieH1Ie 
AlliJ>iJ>epeHIJ;llpyeMoro C. KJiacca er iJ>opMaJihHO 1'0,ll;HTCH 
ll npll r= 0, coanap;aH B 3TOM cJiyqae c onpep;eJieHIIeM Tono
JIOrllq. C. 06hlqHo, roaop.11 o AIIiJ>iJ>epeIIu;HpyeMoM C., nop;
pa3yMeBaIOT, qTQ r;;;,,1. CJIOll ecTeCTBeRIIO cna6maIOTCH 
CTpyKTypoil: n-MepHbIX MIIOroo6pa3llH (TOIIOJIOrHqeCKllX, 
KycoqIIo JIHHeHHblX, AlliJ>iJ>epeHu;npyeMh!X IIJIH aHaJIHTHqe
CKllX) H TeM caMhIM OK33hIBaIOTCH rrop;MHoroo6pa31IHMH 
(B IIIllpOKOM CMbICJie CJIOBa) MHoroo6pa31IH Mn. 1.JncJIO 
p (pa3MepIIOCTb CJIOeB) Ha3. p a 3 M e p H 0 c T b IO c .. 
a q = n-p - ero Ko p a 3M e pH o c Thro. PaccMaT
p1IBaH C. IIa MHoroo6pa31lll c KpaeM, o6hlqIIo Tpe6yroT 
JI1I60 TpaHCBepcaJihIIOCTII CJIOeB K Kparo, JII160 me Toro, 
qTo6hl CJIOH, nepeceKaIOillHHCH c KpaeM, u;eJIIIKOM B IIeM 
cop;epmaJICH. QqeBII)J;HblM o6pa30M onpep;eJIHIOTCH K 0 M II
JI e K c H 0 - a H a JI Iii T ll q e c K II e c. 0CHOBHhlM B Teo
Pllll c. HBJIHeTCH AHiJ>iJ>epemwpyeMhIH CJiyqaft (HHme c. H 
0To6pameII1IH, KaK npaBIIJIO, rrop;pa3yMeeaIOTCH AH¢il>e
peIIu;MpyeMbIMH). 

0T06pameIIlle 

cpa;: Ua-+ IR_q, U-+ (x~+l (u), ... , 

HBJIHeTCH cy6Jttepcueii. JloKaJibIIble CJIOII cyTh cp;:1 (c)' 

c E IR.q. CllcTeMa JioKaJibHhIX cy6MepcHii {( U a, cpa;)} HBJIH
eTCH corJiacoBaIIIIOH B TOM CMblCJie, qTo ecJIH u Eu an u 13, 
TO B03Jie u MOmIIO nepeHTII OT cpa; ( v) K cp13 ( 0 c IlOMOIIJ;bIO 
H0R-poro JIOKaJibIIoro AlliJ>iJ>eoMopiJ>n3Ma <D13a;, u (KJiac
ca er) ITpOCTpaIICTBa IR_q, T. e. ,ll;JIH BCeX V, JJ:OCTaToqIIO 
6JIH3KIIX Ku, 1rneeT MeCTO cp13 (v)=<D13a, u cpa;(v). 06paTIIO, 
ecJin Mn noKpbITO o6JiaCTHMH U a H aaAaHhl cy6Mepcmi: 
cpa;: U a-+IR.q, corJiacoBaHHhle B TOM me CMhICJie, qTo H 
BblIIIe, TO nyTeM IlO,lJ;XO,ll;HIIJ;ero (<CKJieHBaIIllH» cp;:1 (c) Memp;y 

co6oil: noJiyqaeTCH TaKoe C., qTO Ka;Kp;oe cp;:1 (c) cop;epmwrc.11 

B HeK-poM CJioe. 
ConocTaBJieIIne Kamp;oil: TOqKe u E Mn KacaTeJibHoro 

rrpocTpaIIcTBa K rrpoxop;mu;eMy qepea 3TY ToqKy CJIOIO, 
IIpHBO,lJ;IIT K HeK-poMy IlOJIIO p-MepHbIX KaCaTeJibHblX nop;
npocTpaIICTB (no p;pyroil: TepMIIIIOJIOl'HH, p-MepHoMy p a c
c JI 0 e H H ro), K-poe Ha3. K a c a T e JI b II hi M IJ O
JI e M C. II pn p= 1 JII06oe noJie p-MepIIbIX KacaTeJihIIhIX 
IIOAnpOcTpaHCTB, rrpll caMhIX MIIHHMaJibHblX Tpe6oBaHllHX 
AlliJ>iJ>epeIIIJ;HpyeMOCTII, HBJIHBTCH KacaTeJibHblM IJOJieM IIeK
poro op;noanaqHo onpep;eJienIIoro C. Ilpll p>1 3TO IIe 
TaK . .n:aHHblll Bonpoc llMBeT JIOKaJibHblll xapaKTep (CM. 
<P po6enuyca meopeJtta). Henocpe,ll;CTBeIIHoe npn~rnnemre 
TeopeMbl <llpo6ennyca K HHBOJIIOTHBIIOMY pacrrpeAeJieHHIO 
IlOKa3blBaeT, qTo npn BblITOJIHeHHII COOTBeTCTBYIOIJJ;HX yc
JIOBIIH IIMeeTCH CHCTeMa corJiacoBaHHhIX JIOKaJibHhIX cy6-
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Mepcnll, AJIH K-pbIX 3aAaHJIOe IIOJie KacaeTCH, rrepeXOA K 
c. 0CyII1eCTBJIHeTCH rryTeM HaAJie;Kam;1i:x ((CKJie1rnam1fa> 
(1l Apyr11x TepM1max aTo orrncaHo B [3]). 

<DopMllpOBamrn IIOHllTllH c. rrp01I30111JIO B 40-x rr. 20 B. 
B IWKJie pa6oT JR. P116a (G. Reeb) ll Ill. 8pec~iaHa (Ch. 
Ehresmann)' aaseplllllBIIIeMCH KHllroii: [1 J (B CBH3ll c llCTO
pIIeii: CM. [2]), ll 6hlJIO CBH3aHO c IIepeXOAOM K rJio6aJibHOll 
Toq1rn 3peHIIH. 8TOMY oTqaCTll crroco6cTBOBaJia TeopllH 
rJiaAKIIX 8una.Mu'iecrmx cucme.M, rAe pa36lleHlle «Pa3osoro 
MHoroo6pa3llH (c BhlKIIHYThlMll paenoeecua noAOJICenua.Mu) 
Ha TpaeKTOpIIII IIOTOKa HBJIHeTCH OAHOMepHbIM c. Oco6oe 
IIOJiomeHIIe, K-poe B 3TOH Teopllll 3aHllMaIOT IIOTOKII Ha 
rrosepXHOCTHX (llyanr;ape - Ben8ur;co1;a meopua, Jl.urfirfie
pem+uaAbnbie ypaenenua na mope, Kneaepa meope.Ma). 
Oco6oe rroJioilrnHIIe, r;o;e TpaeKTOpIIII JioKaJibHO pa36llBaIOT 
rrpocTpaHCTBO, crroco6CTBOBaJIO HpHBJieqeHllIO BHllMaHllH 
K C. Kopa3MepHOCTll 1. )J.pyroii: rrpIIMep C., rrpoaHaJill3ll
poBaHHhlii: B 40-x rr.,- pa36llelllle rpyrrrrhl JlII Ha CMem
Hhle KJiaCChl IIO aHaJillTIIq, no;o;rpyrrrre (He o6H33TeJibHO 
3aMKHyToii:) (cM. [3]). HaKoHeu,, B KOMIIJieKcHoii o6JiaCTll 
pemeHIIH AII«P«PepeHu,llaJibHOro ypaBHeHIIH dw/dz= f (z, w) 
c aHaJIIITIIqecKOU rrpasoii: qaCTbIO o6pa3yIOT (c BeII1eCTBeH
HOll TOqKII 3peHHH) ABYMepHoe c. 

IloCJie rrepBbIX pa6oT HaCTYIIIIJI rrepepbIB B pa3BIITHH 
TeOpIIII c., K-paH Tor;o;a 6bIJia e1u,e 6eAHa 3HaqIITeJibHhlMII 
pe3yJibTaTaMH. l:IHTeHCHBHOe pa3Bl1Tlle HaqaJIOCb c pa6oT 
A. Xe.iPJillrepa [ 4] ll C. TI. HosnKoBa [7], HaII6oJiee II3BeCT
Hhle pe3yJibTaThl K-pbIX TaKOBbI (cM. [ 17]): c. KOpa3Mep
HOCTII 1 Ha TpexMepHOil c«Pepe llMeeT KOMIIaKTHhlll CJIOll 
[ 7] ll He MOmeT 6bITb aHaJillTllqecKIIM [ 4], XOTH e1I1e JR. Pll6 
IIOCTpOHJI c. KJiacca C00 • TorAa me rrpll ll3yqeHllll HeK-pbIX 
AllHaMllq, CllCTeM (.V-cucme.Mbi ll POACTBeHHble HM) B03HllK
JlII HeK-phle BCilOMOraTeJibHhle c. (yme He OAHOMepHbie, 
qTo Tome CTllMYJIIIpOBaJIO llCCJieAOBaHlle c. (cM. [7], [8]). 
Bee 3Tll pa6oTbl H PHA IIOCJieAYIOIIl,llX MOmHo OTHeCTll K 
«reoMeTpnqecKOMY» llJlll «KaqeCTBeHHOMy» HarrpaBJieHllIO 
[ 16 I. B HeM 6oJiblIIOe BHllMaHlle YAeJIHeTCH C. Kopa3Mep
HOCTll 1, CyIIl,eCTBOBaHHIO KOMIIaKTHhlX CJIOeB, TeopeMaM 
ycTollqIIBOCTll (ycTaHaBJillBaIOIIl,llM, qTo IIpll orrpeAeJieHHhlX 
ycJIOBllHX c. c KOMIIaKTHbIM CJIOeM ycTpOeHO B ero OKpeCT
HOCTll ll rJio6aJihHO KaK paccJioeHIIe; nepBhle TaKlle rnope
MbI AOKa3aJI e1I1e JR. Pll6, CM. [ 17]), xapaKTepllCTllKe «poc
Ta» CJIOeB (T. e. 3aBllCHMOCTll p-MepHoro o6'beMa reoAe3llq, 
111apa paAIIyca r na CJIOe OT r) llJIH IIX «PYHAaMeHTaJibHhlX 
rpynrr. 0TMeTIIM TaKme HeAaBHee pemeHlle Borrpoca: ecJill 
Ha 3aMKHYTOM Mn IIMeeTCH p-MepHoe c., BCe CJIOII K-poro 
KOMIIaKTHhl, TO o6H3aTeJibHO Jlll orpaHIIqeH p-MepHhlll o6'h
eM cJioeB? .U· 8rrcTeiiH (D. Epstein),)].. CyJIJIIIBaH (D. Sul-
1 iv an) ll ;o;p. BhlHCHIIJill, qTo OTBeT rroJiomllTeJihHhlii: TOJib
Ko rrpII q~2 (cM. [9]). 

Il03AHee B03HllKJIO «rOMOTOIIIIqecKOe» HarrpaBJiemre, 
rrpoo6pa30M K-poro IIOCJiymllJia rOMOTOJJllq, TeOpllH pac
CAOenuu. 0TJIIIqllH, B03HllKaIOIIIlle AJIH c.' oTqaCTll CBH-
3aHbl c TeM, qTo AJIH C., iloo61I1e roBopH, HeT aHaJiora 
un8yq,upoeanno.My paCCAOenUIO. 8TO BhlHymAaeT rrepeHTH 
OTC. K 6oJiee 061I1IIM o6'beKTaM - XerfiAueepa cmpyr;mypa.M 
(HeqTO BpOAe c. c oco6eHHOCTHMII), AJIH K-pbIX TaKo:ii aHa
JIOr IIM00TCH. 

CJioeHIIH F0 II F1 Ha M Ha3. Ko HK o p A a HT H hl
M ll, ecJIII Ha «IJ,llJIIIHApe» MX [O, 1) cyII1eCTByeT TaKoe C. 
(TOH me Kopa3MepHOCTll), CJIOll K-poro TpaHCBepcaJibHhl 
KO «AHY» ll «KpbIIIIKe» IJ,llJlllHApa II (<BhlCeKaIOT» Ha HllX CJioe
HHH F0 ll F1. CxoAHhlM o6pa3oM orrpeAeJIHeTcH KOHKOp
AaHTHOCTh CTpyKTYP Xe.iPJillrepa. BcmrnH CTpyKTypa Xe«P
JIIIrepa KOHKOpAaHTHa TaKoii:, K-paH BHe MHomecTBa (<OC0-
6bIX ToqeK» Ha M COOTBeTCTByeT HeK-poMy c., rrpllqeM 
BbIIIOJIHHIOTCH orrpeAeJieHHhle ycJIOBllH 0 IIOBeA0Rllll CJIOeB 
IIOCJl0AHero B03Jie 3TllX ToqeK. B 3TOM CMbICJie CTpyKTYPY 
Xe.iPJillrepa MOmHo rrpeACTaBllTb ce6e KaK c. c oco6eHHOC
THMll. l:IM00TCH ecTeCTBeHHOe 6lleKTllBHOe COOTBeTCTBHe 
MemAy KJiaccaMll KOHKOpAaHTHhlX CTpyKTYP Xe.iPJinrepa 
n roMoTorrnq, 1maccaMll HerrpepbIBHhlX oTo6pameHnii: M 

B T. H. K JI a cc II «P H II, H p y IO III e e II p 0 c T p a H
e T B o Br~ (q yKa3bIBaeT 1wpa3MepHoCTb, r - KJiacc 

rJiaAKOCTII CTPYRTYPhl Xr«Pm!l'epa). 
roMOTOIIllq, TeOpllH ycTaHaBJIJJBaeT, KaRH0 l'OMOTOIII!q, 

o6'beKTbI onpeAeJIHIOT KOHKOpll;aHTHOCTb c.: ABa c . .KOHKOp
AaHTHhl TOrAa JI TOJibKO TOr}:~a. Kor;o;a OHH KOHKOpAaHTHhl 
KaK CTPYKTYPM Xe.iPJillrepa, aux KacaTeJibHhle IIOJIH rmw
TOIIHhl (cM. [6), [10), [11]). POACTBeHHbIH pe3yJihTaT -
IJ;OKa3aTeJibCTBO cyII1,eCTBOBamu1 p-MepHbIX c. Ha JII06hlx 
orKphlThlX M (cM. [6]) H Ha TaKllX 3aMKHYThlX M, Ha K-phlx 
CyII1eCTByeT HenpepbIBHOe IIOJie p-MepHbIX KacaTeJibHblX 
IlOAIIPOCTpaHCTB (qTo HBJIHeTCH oqeBllAHbIM Heo6XOAllMhlM 
YCJIOBlleM cym;eCTBOBaHllH c., CM. [10], [11)), paHee pa3-
JillqHbIMH yqeHbIMH 6hlJIO AOKa3aHo cyII1eCTB0BaHlle C. 
Ha PHAe MHoroo6pa3lll'l: rryTeM HerrocpeACTBeHHbIX IIO
crpoeHnii: [12]. MAeH (CM. [10], [11]) COCTOllT B TOM, qT06w, 
Haqas co c. c oco6eHHOCTHMll, JlllKBllAIIPOBaTb IIX rryreM 
HeK-phlX MOAH«PllKau,IIii: C. CJiyqa1l: q >1 oKa3bIBaeTCH 60-
Jiee rrpOCThlM (CM. [ 10], [ 13]) ll JIIIKBllAaIJ,llH oco6eHHOCTe:ii 
MomeT 6hlTb rrpoBeAeHa B Ayxe «reoMeTpIIqecKoii:» TeopllII 
[14]; CJiyqaii: q=1 CJIOmHee [11]. 

0T06pameHIIe f : Mn-""srr rropoi'KAaeT OTo6pameHIIe 
~ q 

KOrOMOJIOfllII, qTo rrpHBOAllT K xapar;,mepucmu'iecl'iU.M IMac-
ca.M C. B B03HllKaIOIIIYIO 3AeCb «rOMOJIOrIIqecKym» llJill «Ko
JillqecTBeIIHyro» TeOpIIIO c. (cM. [ 13], [ 15], [ 16]) BKJIIOqaroT
CH II HeK-phle pe3yJibTaThl, rroJiyqeHHhle paHee 6e3 06pa
II1,eHllH K Br~, Harrp. IIHBapllaHT roA6llHOHa-BeH; AJJH 
n=3 (cM. [17]) IIJill yKa3aHHbre P. BOTTOM (R. Bott( 
ycJIOBIIH, Heo6XOAllMhle AJIH Toro, qT06bI HenpephlBHO e 
IIOJie KaCaTeJibHbIX IIOAIIPOCTpaHCTB 6bIJIO fOMOTO'IIHO Kaca
TeJibHOMy IIOJIIO C, 

JI.um.: [1] Reeb G., B KH.:ActualitesSci. Ind.,M1183, P., 
1952; [2] Reeb G., Schweitzer P. A., e KH.: Differential 
topology .. ., B., 1978; [3] III e Ba JI JI e K, TeopHH rpyrrrr JI11, rrep. 
c aum., T. 1, M., 1948; [4] Hae f 1 i g er A., «Ann. Scuola norm. 
Sup. Pisa», ser. 3, 1962, t. 16, p. 367-97; [5] er o me, B KH.: Ma
nifolds, Arnst., 1970, B., 1971; [6] ero me, «Topology», 1970, 
v. 9, M 2, p. 183-91,; [7] H 0 B HK 0 B c. II., «Tp. MOCK. MaTeM. 
06-Ba», 1965, T. 14, C. 248-78; (8] rJlaAKHe AHHaMH'lec1rne CHCTe
Mhl, [rrep.], M., 1977; [9] Be cc e A., MHoroo6paam1 c aaMKHYThI
MH reogeaH'leCKHMH, rrep. c aHrJI., M., 1981; [10] Thurston w., 
«Comm. math. Helv.>>, 1974, v. 49, p. 214-31; [11] er o me, 
«Ann. Math.>>, 1976, v. 104, M 2, p. 249-68; [12] Lawson H., 
«Bull. Amer. Math. Soc.», 1974, v. 80, p. 369-418; [13] er o me 
The quantitative theory of foliations, Providence, 1977; [11.J M 11: 
ma q ea H. M., a JI 11 am 6 e pr H. M. «<llYHKJ~. aHaJJHa 11 ero 
npHJI.>>, 1977, T. 11, No 3, C. 43-53; [15f <ll Y KC ,0:. B., B KH.: 
HTor11 uayKH 11 Texu. Cep. Coap. rrpo6J1. MaTeM., M., 1978, T. 10, c. 
179-285; [16] ero me, e Hu.: HTOrH nayKH H Texu. Cep. AJ1re6pa. 
TOIIOJIOrHJL reoMeTPHH, M., 1981, T. 18, c. 151-213; [J7] Ta My
p a II., TorroJ1or11H cJ1oeu11li, rrep. c Hrrou., 1\1., 1979. l(. B. A1wcoe. 

CJIOiKEHHE - OAHa II3 OCHOBHhlX apll«PMerllq. orre
pau,llii. Pe3yJihTaT C. Ha3. c y MM o H:. CyMMa qllceJI 
all b o6o3·Ha<JaercH a+b, rrpll ::lTOM an b Ha3. c JI a r a e
M hl M ll. c. qllCeJI KOMMyTaTIIBHO: a+b=b+a, ll acco
IJ,llaTllBHO: (a+b)+c=a+ (b+c). Orrepau,llH, o6paTHaH C., 
Ha3. B bl q ll T a H II e M. 

06hlqHo C. Ha3hlBaIOT Ta1mrn orrepau,nro B a6e.rieeoii 
zpynne (aMIITllBHaH aanIIcb) ll TY 6llHapHyIO orrepaIJ,llIO 
B /'i,OJ/,b1fe, OTHOCllTeJibHO K-poii: 3JleMeHTbI KOJlbIJ,a 06pa3y
IOT a6eJieBy rpynny. :1AeCh ramue C. accou,IIaTHBHo H 
KOMMYTaTllBHO. lIHOrAa CJiomeHIIeM Ha3. II HeKOMMyTaTllB
HaH orrepau,IIH B rpynne, Harrp. orrepau,IIH B .MYAbmuonepa
mopnou zpynne. 0. A. 11ea11oea. 

CJIOiKEHHE M H o m e c T B - BeKTOpHoe cJiomeHne 
ll HeK-phle Apyrlle (accou,IIaTllBHhle ll KOMMyraTHBHhle) 
AellCTBHH HaA MHomecTBaMII Ai· C. paccMaTpllBaeTCH qa1u,e 
Bcero AJIH BbIIIYKJihlX MHomecTB A i B eBKJlllAOBOM rrpocT
paHCTBe fRn. 

B e KT 0 pH a H c y MM a (c Koa«P«PllIJ,lleHTaMll 'A;) 
onpeAeJIHeTCH B JlllHeii:HOM IIpOCTpaHCTBe rrpaBllJIOM 

S = ~i 'A;A;= U x;E A; { ~i'A;x;}' 
rAe /,i - p;eii:CTBIITeJihHhle 'IHCJia (cM. [1]). B rrpocTpaHCTBe 
fRn BeKTOpHaH cyMMa Ha3. TaKme c y M M 0 ii l\I 1I H-
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K 0 B c K 0 r o. c 3aBIICIIMOCTblO o6'beMa s OT 'A; CB.II3aHa 

cMewaHHblX 06-oeMoe meop1H!. ,AJI.11 BhIIIyKJiblX Ai C. co

xpaHReT BhIIIyKJIOCTb II CBO,[\lITCH Kc. onopnbLX ifiyn1>z+uii, 
a ,[\JI.II C2-rJia,a;mu CTporo BhlrryKJihIX A iCIR" xapaKTepH
ayeTc.11 c. cpe,a;HHX 3HaqeHHH pa,a;HyCOB KpHBH3Hbl B Toq
Kax c o6m:eii HopMaJihIO. 

PaccMaTpirnaIOTCH TaRiHe: C. MHomecTB c ToqHOCThIO 

,a;o c,a;BHra; C. 3aMKHYThIX ~rnomecTB, corrpoBom,a;aeMoe 
3aMhIKamrnM peayJihTaTa (cM. BNnyn.ttNx MIWJICecme npo
cmpancmeo); HHTerp11poBaHHe KOHTHHyaJibHOfO ceMeHCTBa 
MHOil\0CTB; c. B KOMMyTaTHBHblX rroJiyrpyrrrrax (cM. [4]). 

p-c y M M hi ((> a ii: p H orrpe,a;eJieHbI B KJiacce BhrnyK

JiblX TeJI A iCIR", co,a;epmam:11x HYJib. ITpII p~1 orropHaH 

qiyHKU,HH p-cyMMbl orrpe,a;eJIHeTCH KaK ( ~ iHf) I /p' r,a;e 

Hi - orropHble qiyHKU,HH cJiaraeMblX. IT pH p <:-1 BhIIIOJI
HHIOT ( -p )-CJIOJKeHHe IIOJIHpHbIX ,[\JI.II Ai TeJI I1 6epyT 

IIOJIHPY pe3yJihTaTa (CM. [2]). p-cyMMa ((laiipH HerrpepbIBHa 
no A i H p. IT poeKU,HH p-cyMMhl Ha rro,a;rrpocTpaHCTBO eCTb 
p-cyMMa rrpoeKu,nii. ITpH p=1 cyMMa COBrra,a;aeT c BeKTOp

HOH, rrpn p= -1 Ha3. H H B e p c H 0 ii: c y M M 0 ii: 
(CM. [1], c. 38), IIpH p=+oo ,a;aeT BhIIIYKJIYIO o6oJioqKy 
cJiaraeMblX, rrpH p= - Cl) - nx rrepeceqeHHe. IT pH 3THX 

qeThlpex 3HaqeHHHX p-cyMMa MHOrorpaHHHKOB eCTb MHO

rorpaHHHK; rrpn p= ±2 cyMMa 3JIJIHIICOH,[\OB eCTb 3JIJIHII
COHA (CM. (2)). 

C y M M a E JI .11 m K e orrpe,a;eJieHa ,a;JI.11 BhIIIYKJihIX 

TeJI A iCIR", paccMaTpHBaeMblx c ToqHoCThIO ,a;o c,a;BHra. 
Orrpe,a;eJIHeTc.11 cJiomeHHeM rrouepxHOCTHhIX qiyHKU,HH [ 3]. 

c y M M a B A 0 JI b II 0 A II p 0 c T p a H c T B a OII
pe,a;eJieHa B BeKTOpHOM IIpOCTpaHCTBe x, pa3JIOil\eHHOM B 

rrp.11Myro cyMMy no,a;rrpocTpaHCTB Y H Z. CyMMa A i B,l\OJih 
y orrpe,a;eJIHeTCH KRK 

Uzcz{~,(YznA;)}, 
r,a;e Yz - TaK c,a;BHHyToe Y, qTO YznZ={z} (cM. {1]). 

Jlum.: [!) Po Ra ljJ e JI JI a p P., Bb!IIYRJlh!ll aHaJIH3, nep. c 
aHrJI., M., 1973; !2] Fire y W. J., «Pacit. J. Math.», 1964, v. 14, 
p. 53-60; [3] er om e, «Proc. Colloq. on Conv.», Copenhagen, 
1965, Kbh., 1967, p. 94-101; [4)D in g ha sA., Minkowskische 
Summen und Integrale. Superadditive mengen-tunktionale. Isope
rimetrische Ungleichungen, P., 1961. B. II. <PeOomoB. 

CJIOJKHAH fllITOTEBA - yTBepm,a;eHHe (rrpe,a;rroJio
meHHe) 0 IIpHHa,[\Jieil\HOCTH qiyHKU,HH pacrrpe,a;eJieHHH (IIJIOT
HOCTH BepOHTHOCTH) CJiyqaii:HOH BeJIHqHHbl HeK-poMy MHO

mecTBY qiyHKU,Hii: pacrrpe,a;eJieHn.11, co,a;epmam:eMY 6oJiee 
o,a;Horo aJieMeHTa. CM. Cmamucmu'lec1>ux zunomea npoeep1>a, 
Jlpocmaa eunomeaa. 

Jium.: [1) K pa Me p I'., MaTeMamqecmi:e MeTO.IU>I cTaTHcTHRII, 
nep. c aHrJI., 2 H3JI., M., 1975. M. c. HuiqptUH. 

CJIOJKHAH CIICTEMA - co611paTeJibHoe Ha3BaHHe c11-
CTeM, COCTOHIIJ;HX H3 6oJibIJIOI'O qHCJia B3aHMOCBH3aHHblX 

aJieMeHTOB. CJie,a;yeT rro,a;qepKHYTh HeqiopMaJibHOCTh 3Toro 
IIOHHTHH, IIOCKOJibKY Ha COBpeMeHHOM 3Tarre pa3BHTHH 

HayKH HeT CTpororo MaTeMaT11q. orrpe,a;eJieHHH c. c., OXBa

ThIBaIOm:ero Bee HHTYHTHBHhle rrpe,a;cTaBJieHHH 0 peaJibHblX 
C. c. Tnrr11qnhIMH rrpHMepaMH C. c. HBJIHIOTc.11: HepBHa.11 
CHCTeMa, M03r, 8BM, CHCTeMa yrrpaBJieHHH B qeJioBeqeCKOM 
o6m:ecTBe H T. 11:. 

B 20 B. B CBH3H c Heo6XOAHMOCTblO 113yqen11.11 Bee 6oJiee 
CJIOil\HblX o6'heKTOB K IIOHHTHIO c. c. 110):\0IJIJIH MHOrHe 

nayKH: 6HOJIOfHH, TeXHHKa, <JKOHOMHKa, COU,HOJIOI'HH H 

ll:P· Oco6o cJienyeT OTMeTHTh pom11:enHe 1>u6eptternu1>u RaR 
caMOCTOHT0J(bHOH nayKH, OCHOBHblM npe,a;MeTOM K-poii: 

HBJIHIOTCH CJIOil\Hble ynpa6.ttR10UfUe cucmeMN. B pe3yJihTaTe 

3Toro rrpou,ecca rroHBHJICH TaKme p.11A crreu,HaJibHhIX AHC
u,nrrJIHH, 1!MeIOlll,HX B CBOeM Ha3BaHHH CJIOBO (<CHCTeMa»: 

CHCTeMHbIII anaJIH3, CHCTeMo'reXHHKa, 0611~a.11 TeOpHH CH
CTeM H AP· 

Cym:ecTBYIOT pa3JI.11qHble rro11:xo11:hl K MaTeMaT11q. 01rnca
HHIO H H3yqeHHID c. c. B 3aBHCHMOCTH OT HClIOJib3yeMoro 

MaTeMaTHq. arrrrapaTa. Moarno BhIAeJIHTh )lBa nrna MaTe

Man1q. Mo,a;eJieii: C. c.: ,a;ncKpeTHhle n nenpepbIBHble. flep

Bble H3yqal()TCH rrpenMym;ecTBeHHO B MaTe~IaTHq. KHtleprrn-

THKe (TeOpHH yrrpaBJIHIOIIJ;HX C.HCTeM) H OIIHp3IDTCH Ha arr
rrapaT AHCKpeTHOH MaTeM3THKH, a BTOpbre ·- B TeopHH 
OUHaMU'leC/'iUX cucmeM H TeopIIH aBTOM3TH'I. yrrpaBJieHIIH, 

MaTeMaTnq. OCHOBOH K-pbIX HBJIHeTCH TeopIIH ,[\HqiqiepeH

U,IIaJibHblX ypaBHeHHH. IliHpoKo IIpIIMeHHIDTCH TaKil\e rrpH 
H3yqeHHH c. c. BepOHTHOCTHO-CTaTIICTHqecKIIe MeTO,[\bl -
TeopHH MaCCOBOfO o6cJiyil\IIB3HHH, MeTO,[\bl CTOXaCT.Hq. 

rrporpaMMHpoBaHHH n CToxacT11q. Mo,a;eJinpoBamrn. He
CMoTp.11 Ha pa3JIHqIIe qiopM H M3TeM3THq. arrrrapaTa, BCe 
3TH IIO,[\XO,[\bl K OIIHCaHHI() c. c. o6'he,[\HHHeT 06m:a.11 MeTo

,[\OJIOI'HH H o6m:ma rrpe,a;MeT 113yqeHHH. 
0,a;HHM H3 HaH60Jiee TPYAHbIX MOMeHTOB IIpH BCex rro

IlbITKaX MaTeMaTHq. OIIHCaHIIH c. c. HBJIHeTCH qiopMaJllrna

U,HH IIOHHTHH c JI 0 JR H 0 c TH. PeaJibHbIM c. c. IIpHcy
IIJ;H MHorne xapaKTepHble qepTbI «CJIOJKHOCTH»: 60JibIJIOe 

q11CJIO 3JieMeHTOB, II3 K-pbIX COCTOHT CHCTeMa; MHoroo6pa-
3He B03MOil\HblX qiopM CBH3H 3JieMeHTOB CHCTeMbl Mem,a;y 

co6o:il:; CJIOIBHOe qiyHKU,HOHHpoBaHHe; HepapxnqHOCTb 
CTpyKTYPhl H T. ,[\. Heo6xo,a;HMO OTM0TIITb, qTo IIOHHTHH 
c. c. H «60JiblliaH CHCTeMa» He HBJIHl()TCH CHHOHHMaMH, T. K. 

IIOCJie,[\HHH TepMHH oxBaTblBaeT CHCT0Mbl, o6Jia,a;aIDm;He 
JIIIIJib 0,[\HOH qepToii CJIOlKHOCTH - 6oJiblllHM q11cJIOM 3Jie
MeHTOB. 

R H3CTOHIIJ;eMy BpeMeHII (1983) OCHOBHble rrpO,llBHil\eHHH 
B qiopMaJIH33U,HH IIOHHTHH CJIOJKHOCTH B MaTeMaTnq. H3yqe

HHH c. c. IIOJiyqeHbl ,[\JIH ,[\OCTaTOqHo rrpOCTblX (MO,[\eJibHbIX) 
KliaCCOB yrrpaBJIHl()IIJ;HX CHCTeM - TblOpUHZa MaWUH, cxeM 
ua ifiytt1HfU6Ha.1tbUb!X ;1.1eMenrnoe, aernoMamoe 1>0ne'IHWX 
H T. II. ,AaJihHeii:IJiee H3yqeHHe c. c. H):\eT no IIYTH paCCMOT
peHHH BCe 6oJiee CJIOil\HblX MaTeMaTHq. MO,[\eJieii:, Il03BOJIHl()

m:nx rroJIHee oTpa3HTh CTPYKTYPY n qiyHKU,HOHHpoBaHHe 
peaJibHbIX c. c. ITp.11 3TOM MHOrHe 33KOHOMepHOCTH, ycTa

HOBJieHHble ,[{JI.II 6oJiee npoCTbIX MOJ1:0Jieii:, qaCTO rrepeHo
CHTCH Ha 6oJiee CJIOil\Hble. 

Jlum.: Ill JI JI rr y Ho BA. A., H 6 JI o H c RH ii C. B., «Ilpo6-
JieMh! RH6epHennm», 1963, B. 9, c. 5-22; [2) By c JI e HR 0 H. II., 
K a JI a ID H H R o a B. B., K o B a JI e H R o II. H., JieRQHH no 
TeOpHH CJIOlRHhlX CHCTeM, M., 1973; [3) 8HQHRJlOIIe)'.(HJI RH6epHeTH
RH, T. 2, K., 1975, c. 373-75. H. H. Rya10puH. 

CJIOJKHAH Cl> YHKilJfH - qiynKU,HH, rrpe11:cTaBJieHHa.11 
KaK KOMII03U:U,lrn HeCKOJibKHX qiyHKu,n:ii:. ECJIH MIIOIBeCTBO 

3HaqeHHii: Y; qiyHKU,IIH f; co11:epIBHTCH Bo MHOiKeCTBe orrpe

,a;eJieHHH Xi+l qiyHKU,n:n: /;+i. T. e. 

/;:X;-->- Y;cXi+i. i=1, 2, .. ., n-1, 

TO qiyHKIJ,HH 
f 11 of 11 _ 1o . .. o/i, n:;::,,2, 

orrpe,a;eJIHeMaH paBeHCTBOM 

(f;,o fn-1° · .. 0 /1) (x)=fnUn-1 (. ·. (/1 (x)). · .)), xEXi, 

H33. c JI 0 ii\ H 0 ii: qi y HK u, He ii. 11.Jl!I (n-1)-KpaT

HOH K 0 M II 0 3 H u, H e ii: ( c y lI e p II 0 3 ll u, H e ii:) 

qiyHKU,Hii: f 1, f 2, •• ., f n- Hanp., BCHKa.11 pau,n:oHaJihHaH 
qiyHKU,U:H JIID6oro qn:cJia rrepe~rnHHblX HBJIHeTCH KOMII03U:

U,Heii qeTblpex apn:qiMeTHq. neii:CTBHI!, T. e. KOMII03HU,Hen 
qiyHKU,HH x+y, x-y, xy, x/y. 

c. qi. coxpaHHeT MHOI'He CBOHCTBa qiyHKU,HH, KOMII03H

U,Hen K-pbIX OHa HBJIHeTCH. TaK, KOMlI03HU,HH HenpepbIBHbIX 
qiyHKU,HH HerrpepbIBHa. i:ho 03HaqaeT, qTo eCJIH qiyHKU,U:H 

/ 1 : X-+Y HerrpephIBHa B TOqKe x 0 EX, a qiyHKU,HH / 2 : Y-+ 
-+Z HenpephIBHa B TOqKe /r(x0) E Y, TO C. qi. f 2 af1 TaKme 

HerrpepbIBHa B ToqKe Xo ( 3A0Cb x' y II z HBJIHIDTCH' Hanp.' 
TOlIOJIOr11q. npOCTpaHCTBaMn:). Ilo11:06HhlM o6pa30M, KOM

Il0311.U,HH n pa3 (nerrpepbIBHO) 11:nqiqiepeHU,HpyeMblX qiyHK

u,n:ii npe,a;cTaBJIHeT co601I. TaKme n pa3 (HerrpephIBHO) ,a;nqi
qiepeHu,HpyeMyID qiyHKU,HID, n= 1, 2, RoMII03HU,HH 

B03pacTaIDm:n:x (y6blBaIDm:11.x) qiyHKU,HH eCTb B03pacTaID
~aH (COOTBeTCTBeHHO y6hIBaIDm;aH) qiyHKU,llH. Ilpn: KOM

Il03HU,HH qiyHKU,HH n:Horna MeHHIDTCH KOJIHqeCTBeHHhle 

xapaKTepHCTHKU: CBOHCTB qiyHKU,HH: KOMil03HU,U:H qiyHK

u,n:ii: fr n f 2, YAOBJieTBopHIDm;n:x ycJioB11ID feJib,a;epa HeK

phlx CTerreHeii:, eCTb qiyHKU,HH, YAOBJieTBOpHIDII~a.11 ycJIO

BIII() feJih/\epa CTerreHJ!, paBHOii np01!3BC'l\PHllIO CTPlI!'HPII 
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ycJioenil: feJihp:epa, K-phrM y):loeJieTeopmoT «PYHKIJ;HII 
fi II / 2 • HeK-phrn xapa1nepHCTHKII «PYHKIJ;Hii He coxpa
HHIOTCH npn KOMII03IIIJ;HII. TaK, KOMJJ03HIJ;IIH «PYHKIJ;llii, 
IIHTerpnpyeMhrx no PrrMaHy UJIH no Jle6ery, Ht HBJIHeTcH, 
eoo6rri;e roeopH, «PYHKIJ;rreil:, HHTerpHpyeMoii no PrrMally 
HJIII, COOTBeTCTBeHHO, no Jle6ery; KOMII03HIJ;lrn a6coJIIOTHO 
HerrpepbIBHhIX <PYHKIJ;Hll MOll\eT OKa3aThCH He a6coJIIOTHO 
HenpepbIBHOii «PYHKIJ;Ueii. BMeCTe c TeM, corJiaCHO pe3yJih
TaTaM H. K. Gapn H A· E. MeHhrnoea (1), KOMII03IIIJ;HH 
Tpex a6coJIIOTHO HenpephIBHhIX Ha 0Tpe3Ke «PYHKIJ;IIH He 
npUBO/lllT K HOBOMY KJiaccy «PYHKIJ;Hll no cpaBHeHHIO c 
KOMII03HIJ;IIeI1 ABYX a6coJIIOTHO HenpepbIBHb!X «PYHKIJ;IJH. 
H. K. Eaprr [2] noKa3aJia, qTo Jiro6aH HenpephrnHaH Ha 
0Tpe3Ke «PYHKIJ;HH MOll\eT 6b1Th rrpe)lCTaBJieHa B Bll)le cyM
Mhl Tpex KOMII03IIIJ;Hll a6COJIIOTHO Henpeph!BHbIX <jlymnvrii, 
H eCTb TaKne Henpepb!BHble «PYHKIJ;HH, K-pble He MoryT 
6h!Tb rrpe)lCTaBJieHhl B errµ:e cyMMbI ABYX TaKHX KOMITO
aHIJ;Hii. B~rncTe c TeM, BCHKaH nenpepbIBHaH Ha 0Tpe31rn 
«PYHKIJ;HH HBJl.IIeTCH cyMMOH µ:Byx KOMII03HIJ;Hli «PYHRIJ;IIlI 
c orpam1qeHHhIM II3MeHeHHeM; OlJ;HaKO n-I\paTHh!C' KOMll0-
3IlIJ;Ill1 «PYHKIJ;Hii c orpaH11qeHHbIM Il3MeHeHHeM AJIH Kam
noro n=1, 2, ... npHBO/lHT K cyrri;ecTBeHHO HOBb!M KJiac
caM «PYHKIJ;IIll Ii! cyrr~eCTBYIOT O/lHOKpaTHb!C KOMI103HIJ;HH 
«PYHKIJ;HH c orpam1qenHhIM H3MeHeHrreM, ne HTIJIHIO!I~IICCH 
HenpepbIBHh!Mil «PYHKIJ;HHMII [ 3). 

floHHTIIC KOMrro:mri;mr «PYHR1\Illl npeµ:cTaBJIHPT co6oii 
Han6oJiee rnHpoKoe noHHManne TepMnHa «npe11cTaBJieHHe 
«PYHKIJ;Illl «PopMyJioii». 3aµ:aqa 0 npeµ:cTaBJieHHH «PYHRIVIii 
B BH)le KOMI!03HIJ;Hll B03HllKJia B CBH3H c OTb!CKaH11eM «Pop
MYJI AJIH peIIleHrril: aJire6panq. ypaeneHHii. BcHKniI Ko
peHh ypaBHeHHH CTeneHH He Bhl!Ile qeTBepTofr MOll\eT 6h1Tb 
rrpeµ:cweJieH «PopMyJioii, Bhlpamaroni;eii ero •repe3 'koa«P
«Prrri;nenThl ypaBHeHHH Ii! rrpeµ:CTaBJIHIOIIJ;elr co6olr KOMI10-
3IIIJ;HIO <IeThlpex a pH.iliMeTnq. r1enCTBHii II paµ:nKaJIOB. 
BcHKoe ypaeHemre cTenemr 11~5 MomeT Ol>!Th c noMorri;r,ro 
nop:cTaHoBKH (Haa. rrpeo6pa3oeamieM 1J npHray:ieHa) npn
eeµ:eno K BHAY 

:i:n+a1.xn- 4 + ... +a,,_ 4x+1 =0. 

Tamrn ofipa3oM, Kamr1hrl1 KopeHh ypaenemrn CTenenH 
11~5 npeµ:cTaBJIHCT co6oii «PYHKIJ;IlIO n-4 napaMeTpOB. 
3ar1a<Ia COCTOHT B TihillCHeHHH: MOll\HO JIH 3TH «PYHKIJ;HH 
nper1cTaBHTJ, B BJJAe KOMI103HIJ;Hll aJire6panq. «PYHKIJ;Hll 
MCHLIIlero <Irrc.lla nepeMeHHbIX. Oµ:Ha H3 23 npo6JieM 
A· fuJib6epTa (D. Hilbert), nocTaBJieHHhIX HM na Mem
µ:yHapoAHOM KOHrpecce MaTeMaTHKOB B IIapHme B 1900, 
OTHOCHJiacr. I' JToii 3ar1aqe. l1MeHHO, 13-H npo6JieMa co
CTOHJia B CJICJlyIOII(t'M (CM. [ 4]): npeACTaBJIHCTCH JIH KO
peHb f ypaBHemrn 

/ 7 +xf3+Yf2+zf+i =0 (*) 
qepe3 Koa«P«PHri;rreHThl :r, y II z 3TOro ypaBHeHHH rrocpeJlCT
BOM KOMI!03HIJ;Hll KaKIIX-JIH6o HenpepbIBHbIX «PYHKIJ;IIH 
ABYX nepeMeHHbIX (cJier1yeT OTMeTHTb, qTo BCHKaH «PYHK
IJ;IIH KOHe'!HOro qncJia nepeMeHHhIX HBJIHeTCH KOMI!03H
IJ;Heii pa3pbIBHhIX «PYHKIJ;rrlr r1eyx nepeMeHHhIX). ,[I,. fHJih-
6epTOM 6h!Jia IlOKa3aHa HeB03MOil>HOCTb noJiyqeHHH ecex 
aHaJIHTHq. «PYHKIJ;Hii Tpex rrepe~!eHHhIX B BHµ:e KOMII03H
IVIH aHaJirrTrrq. «PYHKIJ;Hii r1eyx nepe MPHHi.rx. OH me AJIH 
ypaeHeHrrH 9-ii CTeneHH r10Ka3aJI [5], qTO pemeHHe 
ypaBHeHHH 9-ii CTeneHH MOll\HO npeµ:cTaBHTb B nnr1e KOM
II03HIJ;HH aJire6parrq. «PYHKIJ;HH qeTb!pex rrepeMeHHl>IX (BMe
CTO IIHTH, KaK 3TO cpa3y CJier1yeT II3 nprrMeHeHHH npeofi
pa3oBaHIIH 1IHpHray3eHa). 3nr nccJier1oeamrn 6hIJIH npo
r10JimeH1>I MHOrHMII MaTeMaTHKalhH (c~I. (6] - [19]). 

A. r. BHTYIIIIU!H B 1954 AOKa:iaJI [10], qTQ eCJIH HaTy
paJibHbie qHcJia m, n, m1 n n1 yr1onJieTBOpHIOT HepaBeH-

m m 
CTBy n >n',, TO MOll\HO yKa3aTJ, /1 pa3 p:n.iP«PepeHIJ;Hpye-

MYIO «PYHKIJ;llIO m nepe~reHHl>IX, Henper1cTaB11Myro B BHµ:e 
KOMII03HIJ;HH 111 pa3 AH«lt«PepeH!J;HpyeMbIX «PYHIH\Hii OT 

Tll1 rrepeMeHHhIX. B qacTHOCTI:I, npn BCHKOM n MOmHO 

yKa3aTh «PYHKIJ;llIO n rrepeMeHHhIX Hanepep; 3ap:aHHOll 
rJiaAKOCTll, Henper1cTaB11Myro KOMII03III~Uefr «PYHKIJ;HH 
~rnHhmero qncJia nepPMeHHhlx Toii me rJiap:KOCTH. B :JTOM 
CMhicJie cpel(H rnar1Krrx «PYHKI~rrii JII06oro qncJra rrt>pe
MeHHhIX cyrri;eCTBYIOT «PYHKIJ;HH, cyrri;eCTBeHHO 3aBHCHIIJ;He 
OT BCPX CBOIIX apryMeHTOB. 

B 1956 A. H. KomwropoB rroKa3aJI [ 11], '!TO BCHI\aH 
orrper1eJieHHaH Ha 11-MepHOM (n~4) Ky6e HerrpephIBHaH 
«PYHKIJ;IIH HBJIHeTCH KOMII03HIJ;Heii HenpepbIBHhlX «PYHKIJ;Hll 
Tpex nepeMeHHhlx. 3aTeM B. 11. ApHOJihA yMeHbillIIJI 
qHCJIO rrepeMeHHhIX c Tpex AO µ:eyx. l1MeHHO, OH µ:oKa3aJI 
[ 12], qTo JII06yro HenpepbIBHyIO Ha Ky6e «PYHKIJ;IIIO Tpex 
nepeMeHHbIX MOll\HO npep:cTaBHTh B BH)"le KOMII03HIJ;HH 
neupephIBHhIX «PYHKIJ;Hi"l r1oyx nepeMeHHhlx (n r1ame, 6oJiee 
TO'IHO, B BHAe cyMMbI 9 «PYHKIJ;Hll, Ka;KAaH H3 K-phIX HB
JIHCTCH OJlHOKpaTHOH KOMII03IIIJ;IIeii HenpepbIBHbIX «PYHK
IJ;Hii AByx rrepeMeHHhlx). TeM caMhIM 6bIJIO rroKa3aHo, qTO 
Kam;n;an HerrpepbIBHaH Ha 11-MepHOM (n~3) Ky6e «PYHKIJ;HH 
upeJlCTaBnMa B BHAe KOMII03IIIJ;11H HerrpepbIBHbIX «PYHKIJ;IIH 
ABYX nepeMeHHhIX. :-ho HBHJIOCb IIOCJieAHHM CJIOl!OM no 
orrpoBepmeHHIO J'HIIOTeabl fnJih6epTa () HeB03MOll\HOCTH 
nper1cTaBJieH1IJI KOpHeir ypaBHeHHH (*) B BHµ:e KOMI103H
IJ;JUI HerrpepbIBHhIX «PYHKri;nl1 r1eyx nepeMeHHhIX. Pa6oTbI 
A.H. KoJIMoropoea 11 B. M. ApHOJILJla r1aJirr, B <IaCTHOCTH, 
IJOJIOll\HTeJibHhlii OTBeT Ha Bonpoc 0 npeµ:craBHMOCTH KOp
Heii aJirefipaHq. ypaBHeHIIH JII06oiI CTerreHH B BlIJlC KOM
Il03HIJ;H11 HenpephIBHhIX «PYHKIJ;HH He 6oJiee qeM r1eyx 
uepeMeHHhIX. ,Il;JIH KOMII03HIWH aHaJIIIT!f'I. II aJire6parrq. 
«PYHKIJ;Hii aHaJiorHqHhrii Bonpoc He perneH. ,[J,o CHX rrop 
(1983) HeII3BeCTHO, HBJIHIOTCH JIU KOpHu ypaBHeHHH (o~) 
KOMII03111~Hen aHaJIHTHq. «PYHKl\IIl! HJIII HeT. 

8ToT I\HKJI pa6oT RaBepmaeT CJie11yrorri;aH T e o p e M a 
I{ o JI M o r o p o B a [ 13]: Jirofiaf! Henpepr.reHaf! «Pym1-
I\Ilfl n ncpeMeHHbIX MomeT 6h!Th IIOJiyqeHa c IIOMO!ll;bIO 
KOMII0311J(llii HenpepbIBHbIX «PYHKI\HH OAHOro nepeMeH
HOJ'O II eµ:nHCTBeHHOII «PYHKIJ;HH ABYX rrepemrnHhIX 
g(.r, y)=x+y; HMeHHO, OH AOKa3aJI, qTO JIIOOaH «PYHKIJ;HH 
/, Henpepl>!BHaH Ha n-MepHOM Hy6e, MOlIWT 6h!Tb rrpeµ:
CTaBJieHa B BHAC 

j (.ri, ... , x 11 ) =~:~;I h; c~;= I Cjl;j (x j)), 

rr1e «PYHHIJ;Hll h; 11 cp;j- Henpepl>IBHl>I, a «PYHKI\IIH Cf!ijt 
KpoMe Toro, CTaHr1apTHM, T. e. He 3aBHCHT OT Bbl6opa 
«PYHKIJ;HH /. 

A. r. B1nymmrn I!OKa3aJI [14], '11'0 AJIH JIJ06bIX KO
HCqHb!X Ha6opoB HenpepbIBHblX «PYHKl(llii fl k H HeupepbIB
HO r111.iP«PepeHri;rrpyeMbIX «PYHKLJ;IIH qk, aaBHCHIIJ;.11X OT n 
rrepeMeHHbIX, k= 1, 2, ... , m, n·= 1, 2, ... ' cyni;eCTByIDT 
Jla/Ke aHaJIHTIIq. «PYHKl\llll n nepeMeHHl>IX, He npeµ:cTaBH
Mbie KOMI10311l~Hen BHAa 

~m 
~k=lpko(fkoqk), 

rµ:e f k - nporr3BOJihHl>!e HenpephIBHhle «PYHKI~un or1-
Horo nepeMeHHoro. 

Jfom.: [1] Ba pH H. H., Me H b m 0 B )];. E., «Ann. di Mat.», 
1927, v. 5, p. 19-54; [2] Ba pH H. H., «Math. Ann.». 1930, Bd !O:l, 
s. 185-248, pt 2' s. 598-653; [3] e e »< c, «M!lTeM. CO.», rn:l3, T. 40, 
c. 326-72; [4J Ilpo6JJeMbl I'HJJb6epTa, M., 1969; [5] Hi l h c rt D., 
«Math. Ann.», 1927, Bd 97, S. 243-51; [6] Bieber b a ch L., 
«J. reine u. angew. Math.», 19:l1, Bd 1ti5, S. 89-ll2; [7] q e 6 o
T a pc B H. r., Coop. CO'!., T. 1, M.-'1 '1949, c. 2f)j-:JI10; [8]'I e
li 0 Tape Br. H., «Y'I. 3an. HaaaHCJI. )'H-Ta»,1951., T. 1 JI., HH. 2, 
c. 189-93; [9]Mopo30J3 B. B., TaMme, 1954, T. 1!1., HH. 2, 
C. 173~87; (10] B HT)' lli JI H HA. I'., 0 MHOfOMepHb!X llapHaljH
lIX, M., 19o5; [111 HOJIMOropoB A. II., «,IJ;o1rn. AH CCCP», 
1956, T. 108, N• 2, c. 179-82; [121ApH0 JI b AB. H., TaM me, 
1957, T. 111i, No 4, c. 679-81; [13] Ho JIM or op o BA. H., TaM 
me, 1957, T. 114, No 5, c. 953-56; [14] B HT y m JI H HA. r., TaM 
me, 1964, T. 156, .M 6, c. 1258-61; [15] Lorentz G. G., Appro
ximation of functions, N. Y.,-[a.o.], 1966; [16] Sprecher D. A., 
«J. Approxim. Theory», 1972, v. 6, No 2, p. 123-34; [17] Kah a
n e J. P .. TaM me, 1975, v. 13, p. 229-31,; [18] JI H H B. fl.' «<1>)'Hlll<
aHaJJH3 Hero rrp1mom.», 1976, T. 10, .M 1, c. 37-45; [19] B HT y m
JI H HA. r., «Enseign. math.», 1977, t. 23, p. 25;,_320. 

JI. )1,. Ry8p.11BJ.Jee. 


