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Ot penakTopa W MepeBOJuYHKA

HsnareasctBo «MHp» coulio 1eNecoo6pasHbiM B AOIOJTHEHHE
K paHee M3JAHHBIM y uac TpeM ToMaM Hcxyccreéa npozpammupo-
sanun daa 3BM JI. Kuyta ncpeeects wa pycckHil 513HK yueGHHK
MaTemarudeckue MeTolbl aHAAU3A QAZOPUTMO8, HATIHCAHHBIN
Honansaom 3. KHYTOM B CO4BTOPCTBC ¢ CrO MOJOABIM KOJJEroit
Hsunenom X. Tpunom. Manuslii KOMIEHAHYM HHTEPECEH NpexKae
BCErO TeM, YTO OH COCTABJEH M3 KOHCUEKTOB JeKUHH M IK3aMme-
HALHOHHBIX 33/1a4 T0 KYpey MaTeMaTUdecKoro auaausda asro-
PUTMOB, KoTOphIf OBl BBemeH mpodeccopom J. . Kuytom Ha
tdakyiaerere wHhopvarnku CraHdopjAcKOro yHHBepcHIeTa B
1974 r. Tlo-BuaHMOMY, HMEHHO O TAKoM yYeOHHKE N0 AlajH3y
anroputmoB pasMuiumiaa . KHyT B npennciaoBuu K TpeTbeMmy
TOMY cBoero Hckyccersa... .

Knura HandcaHa upc3BobivafiHO CXATO H CONEPIKHT Maccy
$3HKOBLIX 3JIIMNCOB: 3aYacTYXd aBTOPH OrPAHHUHBAIOTCH JIHILB
HabpOCKAMH MAaTeMaTHYECKMX BHIBOJIOB H CONPOBOXAANOT HX
BecbMa JAKOHWUHBIMH KOoMMeHTapusaMmu. Ilpyrofi ocoGeHHOCThIO
KHUI'Y SIBAACTCA HCCTAHJAPTHOCTL H3JOXKEHHA B 0OOLICM-TO Tpa-
AMUHORHOTO MaTteprasa') M 06HIHe BOJLHOCTCH peud, KOTOpLIE
MH B Mepy HAIIHX JHTCPATYPHLIX CMNOCOGHOCTCH CTapaldHch €o-
XPaHuTb B MEPEROIE,

Onno w3 npaBud, KoTopbiM pykoBoacTeyercsi JI. Kyt mpu
HAallHCAHUM CBOHX KHHT, COCTOHT B TOM, UTO «aBTOPY, KOTOPHI
33aUHTCPCCOBAH B JIONOAYHBOCTH H3J1araeMoro WM MaTcpHana,
CleiyeT BCAYECKH H30erath CHOCOK, MOCKOJBKY TOCJEAHIE OTBJE-
KaloT Buumanue untateas» (D. Knuth, The T X book. — Reading:

Addison-Wesley, 1984, p. 117). Bcneactsue 3toro B nepcsone
(u, pasymeercs, B opuruuaie) MaremaTuweckux merodos axa-
AUBA AN20PUTMO8 CHOCOK HeT: OONBLIAst Yacrh NPHMEyaHHH pe-
AAKTOpa H NeperonuuKa (OTMEYEHHHIX B TekcTe HuBpamu) Bbl-
HeceHa B OTAeJbHEIN pasfes, 4 MeHbIUAs pasMellleHa B TEKCTe
camoro uepesoaa, CIIHCOK JIHTEPATYPHl IOMOJHEH CCHUIKAMH HA
HMerouIHecs ¥ HAC NEpeBOjAbl U HEKOTOPLIMH KOMMEHTAPHAMH K
ODHCHHAMBHHIM H3J4aHHSIM, B KOHIC KHHTH [OMEIICHO TaKkKe
HanucaxHoc nepeBolunkoM gouodaende «J. 3. Kuyr u ero «pas-
PHKA KHHI»»,

ABTOp NpHHAI XKUBOE YYACTHE B NOJTOTOBKE PYCCKOro H3Aa-
HUSl ero KHWIH, ¥ MBl [IDHHOCHM €MY 3a 3TO CBOW TIYyHOKYIO
NPH3HATEIHHOCTD.

I0.B. M, u 5. 5. 1L



K pycckomy u3agaHuto

Muc oucHb HpHATHO, uTO 3Ta HeBoJbluag KMHMKKA H3LacTCA
Hd PYCUKOM A3LIKC. [HOCKOIbKY 1 1{2€10Ch, UTO MAaTEMATHRH, Tl
6bl O HH NAXOLAWINCL, PAJLETIT MOH 3HTY3HA3M OTHOCHTENbHO
411a.3u3a a ropi1MoB. e, KHHCY COCTONT B PAacCMOTPEHHH BO3-
MOXIIOCTE N, KOTOPHEe Jldel COCAHHCHYE THCKPETHOH H Henpepes-
HOIl MATeMATHKH, HOU, KaK 110K43aJl olibiT, 3TO OYEeHhL MJIOAOTBOP-
HO BpPH HCCJIEROBAIHH  MallHHHBIX nporpamu. Moxer am 5T
6bITh YHCTO CJAYUAIIHBIM COBOAJEHHCM, YTO [1OLOOHOE COEJHHEHHE
OKA3bIBAETCH BeCbMAa IL10AOTBOPIIbIM caMo fo ceb6e? Mu maxo-
JHUMCS B TakoM O6AarolpHSTHOM MNOJOMKEHHH, KOTJa MOKeM
€03J2BaTbh MATEMAaTHKY, SBJAKLLYIOCH ORHOBPDEMEHHO W KpPACH-

BOH, H NOJIE3HON.
Honarvd 3. Kuyr

Craugopa, Kanudpopana
20 mas 1986 v,



[Tpenucaosue

Hacroamas monorpacdus BO3HHKAA #H3 JcKuHi MO aHanusy
AJFOPUTMOB JAJIS CTYAGHTOB CTAPLIHX KYPCOB (PakyaLTeTa HHPOP-
maTHKH CTaH(OpPACKOro YHUBEPCHTETA. B 3TOM Kypce NMpejacTar-
JIeHBl PUMEpEl OCHOBHEIX IIPHEMOB, HCNOJb3yeMbIX MPH jgeTasb-
HOM aHaJH3e aJTOPUTMOB, C BhIEJIEHHEM HEKOTOPHIX HauboJaee
TPYLHBIX H3 HMX. 3HauuTebHasi HAacTb MaTepHasa B3ATda U3 OT-
MeuYeHHBLIX 3BC3J0MKOH pa3fenon TpeTbero Toma Hexycecrsa npo-
epammuposarus daa IBM 1. Kunyra.

AHanu3z aqrOPATMOR Kak AMCHUILIHHA FO CYTH CBOEH OmH-
paeTci H HAa HH(POPMATHKY, H Ha MaTeMaTuky. JlaHHLIA Kypc —
3TO B3MISJ Ha HX CHHTC3 C MaTCMAaTHUECKON TOUKH 3pCHHS, HO
¢ MOTMBHPOBKAMM H npuMepaMH H3 unbopmaraxi, OH oXBarTh-
BaeT GHHOMHAJIBHEIE TOX)ECTBA, PEKYPPEITHHE COOTHOIIEHHS,
oneparopuble METOAB M ACUMINTOTHYECKHe IpeacraBiIenust. Mo
HajeeMcs, YTO MaTCpHal H3JO0XKCH AOCTATOUHO CKATO, UYTOOL
KHUTOH MOKHO OBIMO NOJAB30BATLCS KAK CIPABOUHHKOM, H BMECTE
¢ TeM J0CTaToulo noApobuo, UroObl KUY CMOMJH YHTATh Te,
KTO He uocellan JeKmuai, TeM He MeHee TMpeiarofaraercs, uTo
guTaTes b 3HAKOM C OCHOBAMH TCOPHH (YHKUHA KOMILIEKCHOro
[epeMeHHOro H KOMOMHATGPHOIO aHalu3d.

3umoit 1980 r, xypc anasusda ajropHTMOB YHTAJACH B 4ETBEp-
THii pa3?), B CBA3H C 4YeM CAEAYET OTAATL AQJAMKHOC MpPCALIAY-
UM JdekTopaM H accucteHTaM — Jleo T'on6e, Cxorry Hpaiicaer-
ay, Cswy Benty, 9nau Jo u Pnanuc YuHkaep —3a uX cymge-
CTBEHHbIA BK/J1aj B KOHCIEKTHPOBAHHE KypCa, HaCThb WX 3amuccH
BOUIIa B HAacToAmMyw Mouorpadun. [lonesusle 3ameuanis u no-
npaexku caetadu taxxe Tappu Msiipcon, Suapsio Bpouep, Ken
Knapxcon u HOxepd Burrep, Tpu noaroToBke pyKONHCH KHUCH
HCIIOJIb30BANOCh 06OpyIOBaHMHe Kophopanuu Xerox u guiranco-
Basi nomowb ®oHpa crumengnf Xepua. HanuonananHbelfi naydnbil
¢oun u OtpeneHne BOEHHO-MOPCKHX HCCAGLOBaHHE LIeApo cy6-
CHAHPOBANH HCCJIEAOBAHUNA, CICJABIUHC BO3MOMNKHLIM JIAHHbIA
Kypc. Cama xuura 6LiMa NOATOTOBACHA K TMEUATH ¢ NOMOIIBIO
Hadopuoii ciucreMnl 7' i X ¢ HCnmonb3oBanueM ceMeHcrsa WIPH(TOB

COMPUTER MODERN, pa3pa60TaHHOrO HETAaBHO 1OCPEACTROM
cucreMur METAFONT 3).

Bo BTOpOM H3MaHHH UACTHTHO YJAYYLICHO W3JOXKEHHe MaTe-
PHaNA ¥ uCOpaBJeH PAIL HE3HAUHTEJLHLIX ownGok. Kpome TOro,
Io6aBaeHs K3aMeHalMOHHEE 3aa4l 3uMuero ceMcerpa 1982 r.

A X Tou A 3 K



Fnaa |
BuHOMHAJbHBIE TOXjeCTBa

[.1. CBOAKA NOAE3HBLIX TOXIECTR

HTobbl TOMKICCTBA 11O FATEPAJICH HA HUYEM HE OpHMEeqaTeNb-
HBIX CTPaHuIIax, cobepey X BMecTe.

1
(x4 "= Z ( b ) x'y"Tk n geace WM

n peulecTBerHoe u |x/y (< 1, (1.1)
r—1 r —1
=( b )—|— (k 1 ) r BemecTBeHHOE, & 1eqoe, (1.2)
( n

k)’ n uweaaoe =0, & neqoe, (1.3)

r—|—k) (r+n+1
k prm—

" ) r BENIECTBeHHOE, 71 nenoe =0,

(1.5)
S ()=(). e
Z m)=\my) mnmeme =0, (1.6)

—r (T R—1
( b =(=1) ( B ). r BemecTBeHHoe, k wenoe, (1.7)

rf{r—1
)=T(k— ) ) r BelcTBEeHHOE, & UeJoe == (), (1.4)

m) (r ) (r —k .
= CTBeHHOEe, M, s
b /Z m— k , r BelUIe c, M LHeJRe

(1.8)
n—s_k)=(r—|;s)‘ n uenoe, (1.9)

(
Z(;)(stk)z(:ii) n uenoe, r nenoe >0, (1.10)
P

(

s+ k 5 ’ s
" )(_.1) = (~1) (n—r)’ n 1eJnoe,
r neaoe >0, (1.11)



1.2. BLIBOJX TOXNECTB 9

' fr—=Rk (s—|—k) (y+s+1 -
Z( m ) n = m+n—|—l)' n, m,r, s neane =0,
- nz=s. (1.12)

Ta nerkocTs, ¢ KOTOPOH 3RaxoMoe GHHOMUAJILHOE TOKJAECTBO
MOXET H3MEHHThCS [0 HEY3HAaBAEMOCTH I0C/]E 1ecKoabKHX Tpe-
06pa3oBaHnil, HeckoaIbko cOuBaer ¢ Toaky. M3-3a nopobaoil mns-
MEHUHBOCTH BHCIIHCH (hOPMbl COOTHOUIEHHH ¢ GKHHOMHAJLHLIMH
KOS(@QHIUHEHTAMH HHYTO i€ MOMKET 3aMEHUThL NPaKTHUECKHX Ha-
BeIKOB obpauleitna ¢ HuMH. OO6DbsCHEHHE [DPHBEJEHHEIX BHIlIe
GopMya H ToJe3HBle YNPAXHEHNA uuTaTesNb HaHhAeT B KHHTE
Kuyra [I, pasa. 1.2.6].

1.2. BbiBON TOXMAECTB

CyulecTByer NpocTol crnocof 3aloMHUTL MHOTHE B3 TOXJECTH,
B KOTOPHIX HET mcpeMcHL 3Haka., Yucao nyrefdl, IPOXOASUIHX

yepe3 HPAMOYTOJBLHYIO PEIIETKY €O CTOPOHAMH M W 11, PaBHO
nm+4n
m ) Paspesasi peuteTsy B pa3dHqublx nanpabBJeduax # IoJ-

CUHTHIBAA ydchao NyTe#t*) B COOTBEICTRUH ¢ TeéM, [je OHM meCpe-

CexaloT JHHHIO pa3pe3a, Mbl OyAeM N0JY4aTh TO WIH HHOE TOXK-

JectBo. Ha npuBeleHHBIX HEMKC PUCVHKAEN [IOKA3AHBI DASTHUHBIE

crocofbl TPYMTIHPOBKIl NYTEH H YKA34H HHAEKC CYMMHPOBAHHA A.
k

Cpynmipyst myTn no MecTy nNonagaHHs Ha

e—>
| L BCPXHIOK CTOPOHY, MNOJYYaeM TOMNAECTBO
(1.5).

[ToacunTLIBas OyTH B COOTBETCTBUM C TEM,
TJi¢ OHH [ePECEeKaT BEPTHKAILHYIO JIHHHIO,
noayuaem ToxpaecTso (1.12).

. .

g

% AnanoryyHo, CPynOUpPYa MYTH [0 MeCTy mne-
' pecedenHs ¢ HAaKJOEHON JHHHEH, MoJyuaem
ToxcaectBo (1.9).

S

[Tocaenoratennyo npumenss roxaccrea (1,1)—(1.12), Mmoxuo
NMONYUHTb Gosee cnoxubie cooThowenys, OAHH U3 TaKUX NpHMe-
poB copepxuTca B crathe Monaccena u Kuyta [78], roe cymma

s (D) oo




10 I. BHHOMHAMNLHBE TOMAECTBA

BBIUIICASETCH ¢ NOMOUIBIO IJHHHON Cepun dJIeMenTapHuK TIpeot-
pazoBaii, Buecro Toro 4robbl NpUBOAMTHE 3/IECH ITOT BHIBOL,
BOCTIOSIb3VEMCS TIOAX0A0M, RoTopui# npeadoxua A. Teccens, npu-
MUCHIBAR COOTBCTCTBVIOMIVED 3JICTAHTHYIK) TEXHIKY — «METOHA KO-
spduuancutons — [ 11 Eroperyesy ®).

JaMeuny nrawsae k wa om — k, noaydas

s;rzj(:)(_wg'hk(QZ::zk). (1.14)

Henmoabava obGosuaucnne (")) {x) nas xod¢pdHUHEHTA TPH £" B
Pa30MCHIH [ (1], MOANRO BLIPA3UTL Y4CTH CYMMLI 4epe3 PpOH3-
BOASILLHE Py KL

(m)( 2) — (M (1 — 2™, (1.15)
ok
(2 )= ha 4, (1.16)

B nesoM cyMMa OpHHHMaeT BHJA

S— [__é)m;(xkﬂl — Qx)m(ym-k>(1 _'_y)Qm—:zk' (1.17)

3ameuas, 410 {y™~*) == {y™) y*, Mbl MOKeM BblHeCTH {y™) 3a 3HaK
CYMMBI:

s= (1) G Y — 2 (1w ) s
k

Hakonen, sty ma mepBsift B3rJsin OeclenbHble TPeobpasoBaHHus
npusoaaT k 6acctanemy dupany. Cymma B nocieaueit dopmy.ie
€CTh NPoCTas NMOACTAHOBKA BMCCTO X, NMOCKOJbKY

Zk: M) e =1 (1.19)

Korna [— amanuaTuueckas dyuxuusi. Pelrenne caenyetr Hemen-
JIEHHO!

S=(=2" M+ (| — 2 )" =

= (=27 M (1 + " (1.20)
TaK 4TO
-m m
S— 2 (m/?)' €CNH A1 YeTHO, (1.21)
0, €CcJaH i HeYeTHO.

Bonee mpoctod noaxon ¥ 3toll 3ajaue 6wi1 ykasan C. K. Pye-
%
cO: 3aMeyag, 4To (,‘ ) ABAseTca KosthdunrenrtoM npu x° B pas-



13. O6paTiMule COOTROIICHHS I

doxenunn (x + x~1)2%, posdyuaem, uto S ects Ko>Pdrument npu
x® B pasnowenumn (1 —(x+ x71)2/2)™

C teopeTuuecKoH TOUKH 3peHIs OBLI0O 6L 3aMaluuBo obberd-
HHTb TIOAOGHBLIC TOXKAECTRA B OAHY COFIACOBAIHVIO CXCMY, MO-
100HO TOMY Kaxk (hU3UKM MBITAIOTCA CO31aTh EAHHYID TEOPHIO
gossi, K coxkanenuo, eIHHCTBEHIION cXeMbl, OXBATLIBAIONEl RCe
TOXKIECTBA, HET, HO WMEETCH [ICCKOJABKO «META»-11ONSTUH, KOTO-
pbiC OOBSCHSIOT CYUICCTBOBAKHE OOWHPHLIX KJIaCCOR GHHOMHAJD-
HBIX ToXAecTB. Manoxum BrpaTIUC TPH u3 HUX: o6paTHMLIE COOT-
HOIIEHHS, ONMEPATOPIIOE UCUHCIECHHE U [HTIEPreOMETPIIYECKHE PSIL.

1.3. O6paTUMBble COOTHOUIEHUS

BoT oaHa napa u3 nNpocTeillliero MI0KecTBa 06PaTHMbIX COOT-
HOLICHHHE:

an=; -1)k( ka, bn=§(—1)k(2)ak, (1.22)

KOTOopast CJIeAYeT M3 OPTOroltajJsnoro COOTHOLICHHA

n

5nk=2(—1)f+"(?)(i]. (1.23)

I=k

A 3TO COOTHOLIEHHE SIBJSIETCS BCCTO JHILIL KOUKPETH3ANHCH pa-
Benctea (1.11) ¢ s, pasunim 0. B obiem cayyae o6patumMoe co-
OTHOWCHHE OviaeT oOBLEeAMHATH ARA pPAJA TAK, UTO OTHETbHBIE
YJeHLl OJANHOrO W3 HHX MOryT ORTh BHIUKCJCHLI 10 4JeHaM JApV-
roro M Bcerjga OyAeT CYLIECTBOBAThL CBA3HBAWIIEE HX OPTOTO-
HAJbHOE CCOTHOLLEIIHE.

B cBoei knure Kombuuaropusie toxcdecrsa xxon Puopnan
[68] mnocealaeT HCCKOMBKO TJaB OOPATHMLIM COOTHOIIEHHSIM,
[Tockoabky oBpaTHMbIe COOTHOHIEHHA HMeIOT eme GOoJbLIYIO
CKJIOHHOCTh K W3MeHenHto BHeNtHeH (opmbl [0 cpaBHEHHI ¢ Gu-
HOMHaAbHBIME TOXKJACCTBAMH (UTO MBI YKC BHAegH), HAJO YMCTh
pacno3naBaTh COOTHOUIEHNA, B CYUWIHOCTH ojaHHakoBue. C 3Toi
uenbio PHOpAAH OMHCHBALT HCCKOMBKO MPeoBpa3oBAHUH H 3aTeM
pacnpenensieT SKBHBAJENTEHE OGPATHMHIE MaPhH Mo OGLWIHPHLIM
kKaaccaM, Huxe npusojsates erc npeofpa3oBaKust H KJaaccudu-
Kanus.

[TockoabKy KaxALIH pa3 MB UMECM neso ¢ napofi paseHcrm,
C NOMOIIBI0 ToAcTanoBKn Thma b, = (—1¥b, mMomno nepemc-

CTUTEL WIEHBl OAHOTO H3 PaBEHCTB B APYFOC H [OOJYYHTh HOBYIO

Rapy:
an=;(:)b;, b;_Z( "*”( ]a,,. (1.24)



12 1. BHHOMHWAJIbHElE TOMAECCTBA

Ob6patiiMoe cooTHOUIENIe COOTBCTCTBYET NAPE HUKHHX TPEYTob-
HUKOB MaTpull, MPOH3BEJEHHEM KOTOPHIX SIBJIACTCH CAHHHYHAR
marpuua. OTpaxKas 3.JeMents MATPHI OTHOCUTENbIO AHATOHAJH,
MOMKLO BLIBECTH Cile O1HV Napy:

k k
ket

a, == Z ( )/)m, b,= Z (—1) +1( )ak, (1.25)

"o n

[ ki=n
3.’]:\IL’IH‘\‘[, HAKOHE, Yo LOCe YacTH OpTOI‘OHa.HhHO[‘O COOTHOEeUd
{1233 Momno vMuoANTL Ha N04TR JA100VIo (BVYHKIHD, KoTopas
PABHA CIHHIMLC IpH 7 =%, e 1I3MEHsIsi OPTOrOHAJLHOrO Xapak-
Tepd pPaBelCTBiL.

[MTocaeanee papencrio (1.25) UMEeT HCKAIOUUTCALHO N0JE3-

HEH KoMBuHaTopHL eMulcd. [TperoaoxnM, atro umeercs 60b-
1rag COBOKVOHOCTL caviafiubix cabnitnit, TTvers b, — Bepontiocts
TOTO, 4TO IPOU3OINTO POSHO N COBLITHH, U MYCTb U, — CyMMa BC-
poATHOCTENl 71 OAHOBPEMEHHULIX COOLITHH, B3ATAst MO BCERD3IMOK-
HLM KoMOunanusM u3 n cobutiil. I'pyGo roBops, a, MOXKeT pac-
CMATPHUBATHCST KaK HeOpeKIbI ¢1ioco0 BBIUHCACHAS BEPOAYIIOCTH
TOrO, UTO NPOH3OULIO POBHO 7 COOKITHH, MOCKOJBLKY NPH 3TGM lie
VUHTHIBACTCA BO3MOZKHOCTh NCVUIECTBJIEHHSI Gojiee UeM #1 coBLI-
it ¢). Jlesaa wacts (1.20) noxasbiBaer, Kak pacTyT 3HAYEHMS O,
On1ako 3a4acTylo O, BBIUHCIMTL JCFUC, W TIPaBas 4acTbh PABCH-
ctoa  (1.25)— «npuUHUANT BKAUENHA W UCKAKYCHIST» — pei-
cTaBasAeT cO00H NPakTHUHKI cnocob BHIYHCTeHNHA b,

PascuerBa (1.22), (1.24) n (1.25) mpnunagaexatr npocrei-
niemy Kaaccy obpatuMbix cootHeilenuil. Puoppan [68| mnepe-
YHCJISeT HCCKOOLKD APYIHX KJaccoB OOPATHMELIX COOTHOUIEHWUH,
B WACTHOCTH COOTHOLUeHNH 1eOLINEBCKOro THIA:

Lni2d n Ln/2l n—k
P n
a, = kz:,] (k ) bn—2k’ bn = kzo (_[)’e m( E )an—2k'

(1.26)

HeyanBuTenbuo, uto o6paTHMLIC COOTHOUIEHHS YaCTO CBSA3aHb! C
OJHOHMEHHEIMH OPTOTOHAJLHEIMHY MHOTOUJEHAMH, KOTOpHe HC-
HOJL3VIOTCH TIPH UHTCPTIONAIHH.

Kiace o6paTuMBIX cooTHoucHui ['yabna

fn=;<»1>"(;f)(““:bk)gk, (1.27)

gn(atbn)=2(-1)’“ ﬂii%(aﬁ)f;kjfk (1.28)

s n

obaataer JQ0OONBITUKM cpoficTBoM. Hegasuo kuTafickwii Mare-
Matuk JI. Cro o6HapyXHJ, UTO AAS CIPABCAJIHBOCTH 06parenus
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3j€ech He 06s3aTeNbubl GUHOMHAJBbHBE KOS(MOHOUWIHEHTH ¢ 4 U b.
IHeitcteuTennro, ecan B KaucctBe f{a;} u {b:} BLOpaTh NOGHE
7B€ TOCNEAOBATCALHOCTH HHCEJ, TAKHE, 4TO

1?

b (x, n):ﬂ(a,- +-byx) =0 npu weanx x, n>=0, (1.29)

=]

TO MOJYYHTCA ofluce npaBuio 06palieHHus:

=Y () ) v ma (1.30)
k

gam Y (=1 ()@t kb ol k£ D7V (13D
&

B nmpyro#i xopolo H3BCCTHOH mape o6paTHMBIX COOTHOIIEHHH
ucnoab3yloresa uucaa CTapauHra:

al,‘=§_0 (—1)"*"[Z]bk, (1.32)

rac [ ] — wicaa Crupaunra meproro pona;

n" n
bn=2{k}ak, (1.33
k=0

e {;’} —ugcaa Crupaunra Broporo pojaa, OGLUHO B KAYCCTBE

@, MCTosmb3vercst X% (o6o3HaueHHe X pasbsclisiercs B uadaje
caedyloulero pasgena. — Ped), a B Kauectse b, HCTIOMBIVETCS
Xn, TAK 4TO 5TH (POPMYJbl o6pawawT $akTopuaabl B CTeNeHH X
W HaoOOpoT.

Mul 11e B COCTOAUHH HCCARAOBATb 3/1eCh BCE 0OPATHMBIC COOT-
HOWenys, OTMCTHM JIHIUS, YTO MHOCHE MPOH3BOAALHE (OYHKIHH
MoryT OuTb npeofpasoBanb B obpartumble cooTHoweHus. [lapa
cTenenHkX psigoB 2(x) n 2*(x), takux, 4to z(x)z*(x)=1, Raer
napy COOTHOUIeHUH

a(x)=z(x)b(x) n b(x)=2"(x)a(x). (1.34)

Hanpumep, MoxHo mnonoxits z{(X)=(l—x)=* u z*(x)=
=(l — x)?; scho, uTo 2(x)2*(x)=1, MO3TOMY MOXKHO BHIHCATH
dopmyabl 15t KO3hPUIHeHTOR B a{x) u b(x):

an=;(—1)’*(“k”)bn_k. bn=;(~1)k(£)an_k. (1.35)

Dannas mapa siBasieTcsa NpPeACTABHTENEM Kjacca ODPATHMBIX Co-
oTHouwlenu#t T'yasna,
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OrpeTeTBCHHOCTL 32 pasHobpasile 6HHOMHAJABHHIX TOXKAECTB
UZCTIMHO A0ALTCH Ha odpaTimble cooTHOWenns. Ecan oaud 4ied
napul oGpaiMBIX COOTHOIIERUH VMoXeT ObITh BLIpasKen B BHJIE
OupoMHATILHOTO TOKICCTBA, TO ILPVIO# 4JcH 3Tofl mapbl, Kak
WpABILTO, OVIeT UpeLerashirs cofoll yme uHoe Toxaecrtso. O6-

POTINMBIC COOTHOUICHHY MOV 11 HEMOCPeCTREHHO UCMO0.1h30BATD-
CsNpn adasirie adropiinang tlanpiMep, NP W3YUuCHWW HOpas-
PEIHOR OOMCUROE COPTIPORRI HCTIOJMB3YETCS MpOCTOe MHOXKE-
CTBO COOTHOINCHHH (1 22). s L HHBIX B H49aJC HaCcTOAUIEro pas-

acaa (nuapodnce oo Kovye [T vip. 5.2.2.-36 u 5.2.2-38] ).

1.4, OnepartopHoe ucunc.ienke

C} RICCTBYCT NOPpasdHicdbHne (XOACTBO MEXIY UHTErpasiom

b r- Xt b
Sx dL:n—_l_—l B (1.36)
Q
H 2yMMOH
v
X— = m 2’ (1.37)
a<x<b

rie x C TOAMEPKHYTHIM RBEPXHHM HHAEKCOM 03Hauaer yGLIBaio-
ki paxtopragn x5 = x(x — 1) ... (x — n 4 1). Tlocneansis cyMm-
Ma apasercest NONPOCTY NPUBCACHHEM paBeucTBa (1.6) K JMerkomy
AT 3amMOMiniaHis BUAY. Ero, HECOMHEHHO, NErue 3a0MHHTb, YeM
dopMyny AJS cyMM cTcneHeft (4.17).

CxoacrBo pasencts (1.36) u (1.37) smnsercd cieactsicM
toTo takta, uro Dx"=nx""' n Ax2=nx"=, rge D u A — qud-
dhepCcHUHANBHBI M PA3HOCTHHY ONEPaTopbl, KOTOPBE 0OOPaTIH

OH&])HTOPBMS H ZZ Dp(x)=p ' (x) nm Ap(x)=px+1)— p(x).
[lonoBuyw  amajsornio  MOMKHO  MPOAONKUTL CLIC AAJblle;

nanpumep, Mwmau-Kapno Porta mpegsaracr eneaywoilee ofobie-
Hie Teopemnul Tciinopa.

Onpenenenna. Tlycr, E?—onepatop casura, L% (x)=
= p(x - a). Oneparop Q sABnsieTcss JeabTa-onepaTopom, eclid oA
HHEApWAHTEH oTnocuTeaLHo cjasura (QE2=E*Q) n ecan Qx —
OTJIHUHAS OT HyJs KOHCTaHTa. Takol onepatop 1IMecT mocaejo-
BATEILHOCTh GA3HCHBIX MHOTOYJIEHOB, ONPEAEAdEMbIX CACLY IOUIHM
obpasom:

D p(0)=1,
2) po(0)=0 npu n=0,
3) Qpn (x)=np,_, (x).
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Tperne cBoKCTBO 0O3HAuaeT, uro BCAKHE pas, Korga Q neiicTByer
114 ¢BON O23HCHBIC MHOrQUJICHLI, Pe3YJbTAT alaJorduyen JIelCTRHIO
oneparopa D Ha nocJaegosaTenbHoctb {, x, x2, ... . Hanpumep,
A sBasiercss  gedbTa-ollepatopoM ¢ G43UCHLIMH MHOTOUJCHAME

xt=x(x—1) ... (x—n+1.

Teopema Tennopa

r=Y-kq, (1.38)
k

ede T — w0601 URBApUAHTHBLL OTHOCUTEALHO rcd8uea oneparop,
Q — arcbol QdeavTa-oneparop ¢ OAIUCHBIMIL MHO20YACHUMU
PJz(X),
a, = [Tps (%)]x=0-

IMpu T=FE* u Q =D 31a QopMyJia CBOAUTCS K XOPOUIO H3IBECT-
Ho#t popmyane Teitnopa. 3ameuns Q Ha pa3HOCTHHI oncpaTop A,
MOJyYaeM HBIOTOHOBO pa3/okeHue

plita) =Y 2 A% (x). (1.39)
k

Pasnoxenne HpooToHa BecbMa ToJe3HO IpU 0KA3aTCALCTBE GH-
HOMHUATbHBIX ToXaecTB. Hampumcp, paBecHerBo (1.9) sBasercs

Pa3N0KeHHeM BeNHURHB p (S + 1) = (s + r)r.

[Tonnoe M3JI0XKCHHEC OLIEPATOPHOrD HMCYHCJIEHAS B Cro CBA3K
¢ 6UHOMMANBLHBIMH TOXKIECTBAMH MOMHO HalTH B KHure Pora
w ap. [75]. TecHviO cBA3b MERIY AHCKPETIBIM H HEHPEPHIBHbIM
CMyuasiMH 4YHTATETb 3aMETHT TaKiKe B IA, 2, TAe Pa3HOCTHHIE
ypaBHEHHs HALOMHHAWT JHDHCPeHUHaNbHBE, H B pa3l. 4.2, no-
CBAUIEHHOM HHTerpupoBanuio no Cruarbecy, TAC € UEALIO BLIYHC-
NEHUA CYMM «MHTCIPHPYIOTCH» PYHKIHH «IOT» U «HOTOJOKS.

1.5. T'unepreoMeTpUuecKuil pas

TFeoMmerpuueckuft pag |1+ z4224- ... =1/(1—2) voxer
6o1Th 00061TeH 10 rUnepreoMCTPHYECKOro paja

a+Dbb+1) 22
c{c+ 1) ot

oF [a, b, c; 2] =1 %b__lz_l'l‘a(

A _n
AL (140)
c

n!

TJe HAAUCPKHYTHIH BepXHUH HMHACKC 0603HaYaeT BO3paCTAKUINH
dakropuaan a*=a(e+1)... (a4+n—1), a HIKHHE MHAEKCH
vy F ykasu/RAlOT Ha TO, YTO CYIULECTBYIOT ABA napamerpa (a, b)
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R ulicaUTesIc M OAMH MapaMerp (¢) B 3Hamenatene. [mmnepreo-
MCTPHYCCKHA PRl MOXHO OOODWHTE HAa CAYY4ad NPOUZBROJBHOTO
MiC.1a NapaMeTpoB B UWCIHTEIE H 3HAMEHaTene,

Muoro cnera na TCopHio GUHOMHANLULIX TOMXKAECTB MPOMHAA
HA CTAILTAPTI3AILISE, OOCCICUCHHAST TUIIEPTEOMETPHURCKUM PSAIOM.
Hanpusep, tomectsa (1.5), (1.10) u (1.11) Bce apaswores cnea-
crBitem Teopemol Banwepvonia:

A
o la, —n; ) 1] = e

- npu nenom #>0. (1.41)
.

Haaunwe orpriitareanioro aprvventa ofpuiBaeT p#j, KOTOPLIA
B I[IPOTHBHOM c.yviaace Gbl]l Gl UCCKOHEYHBIM, NO3B0OJAA BRIPA3HTH
(1.10) kak BuAOU3MCITCIIC YTO HOPMYJBL:

r+s

S El—y —s4n AR G )
— oF | —r, —s+n;, n41; 1] TP (r+n).(l.42)

HanvHefimryw undopMauiio TO THIEPreOMETPHUECKOMY pPAAY
MOXHO Hahth B KHurax bBesimm [35], Cneiitep [66] u XeHpuuH
[74].

1.6. ToxnecTBa ¢ rapMOHHYECKHMH YHCAAMH

le-l aHalB3e anropHTMOB 4acToO BCTPCHAKOTCHA M00ONLITHLIE
TOKI€CTBA, KOTOPLIC BRAKUAWT B ceba KaKk GHHOMHAJbHbIE KOC‘)(b‘
dgMHHE[[‘Tbl, TAK H CAPMOHHYCCKUE YHCIA. Huxe paetcss ceoaka
TAaKHX TOXIECTB.

Hn:i%' (1.43)
k=1
in=(”+1)Hn—n. (1.44)
k=1
n k +1
Z(m)H’“:(fn+1)(Hﬂ+l_m+H)- (1.45)

y (Z)x"f!k=(x+ ) (Hy—tn(14+5)) +e (1.46)

x>0, I<e< /(x(n+ 1),

1 1 . n—{-m) n
(1 —z)m+! ln(t—z)—éow“”‘—‘l{”’)( no )2 4D
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* 2
() = 5 -

n+m

— (C/— 5 (P

(H3,. Hm))( )z". (1.48)
IBa nocsacgHHX TOXKJeCTBA BMCCTe ¢ MX OGOGIIEHHEM HA CJy-

qail foJiee BLICOKHX CTeneHed NPHBEJACHH B craTbe 33itBa {76].

Mx MOXHO paccMaTpHBaTh KaK TOXJASCTBA, CHNPABEANHBLIR

IpH KOMIJIEKCHBIX 3Ha4YeuHaAX m ¢ Hoym — Hm = 1/(m 4 1)

+1/(m+2)+ ... +1/(m+n); cm. pemenne 3apauu 9g.



['naBa 2
PexkyppenTHble COOTHOLIEHHA

2.1. JInHeiHble peKyppeHTHbe COOTHOIEHNS

Ipy kaaccu@uriatnm anciiHbiX peKypPPEHTHBIX COOTHOIUEHH
OVICT HCHOALAQHATLCY  COCIVIONLas TCpMUHOJ0OrHs., PeKyppeHT-
a8 HOCACLOBAICILHOCTD ¢ «4acTHYHON MpellblCTOPHeR» 3aBHCHT
0T HECKOTOPOIL QUALHPOHaHHGIO UHCTd UPEABLIVIIHX 4/IEeHOB:

Xn = }'(/\,Y;_:’ =2y ouey xn—i], n 2 L (21)

Fean x, 3481CHT OF BCeX UPCANIECTBYIOINUX 4/1€HOB, TO TOCJCI0-
BATENBHOCTh HMECT «TONHYIO MPEIBICTOPUHIO?.

[IpocTeHIHM PCKYPpPCHTHBEIM COOTHOIMEHHEM OVIET COOTHOINE-
HHC ¢ YACTHUHOM MNpPeaLIcTOPHCH, UMCIOUIee «MOCTOSHHbIE? KO-
(hHUHEHTL, 31eck NPOBOAHTCH TEPMHHOJOTHUECKAS Mapanjens
¢ Teopuell AudipepentiiaibiblX ypaBHeHHH; MEL 6yNCM pasanyaTh
«OJ(HODOJAHBLIH® U <HEONHOPOJHBIN» CAYydaH B 3aBHCHMOCTH OT
OTCYTCTBHSI HJH HANMYHS JOMOJHHUTEJbHOrO 4ieHa g(n) B cooT-
HOILIEHHH

CoXn+ Crxn— + ... F CiXn—i = g(n). (2.2)

UmcroTes ABe KMaccHUecKHe paboThl MO HCUHCAEHHIO KOIRYHbIX
pasuocreil: oana — kunra HMopaana [60], apyrast-— Muan-Tou-
cona [33]7). Xorst raaBubiMu TeMaMu STHX CTAPHIX paboT SbILIH
NMPUGJMKEHHC H pemeHdUc JHdGMCPCRUMATBHEIX  yYpaBuenui —
TeMBl, JCHaliHe CKOPee B pyc/e YHCIEHHOTOo aHAsil3a, a He aHa-
JH3a aNTOPUTMOB, — H3 3TOH TEOPUH MOMHO TOYEPIIYTh MEOTO
mosesHoro, Mu Tarkke pexomenayem upejasuuil 0o63op Wnureas
[71] u Bsedenue 8 8blHucAUTeAbHYIO KOMOUNATOPUKY, KOTOPOE
Hanucaau ek u Yuacou [79],

B nacrosmem pasgese A4HBl CCHUIKH Ha JMOMOIHHTCIbHEE
IpUMEepR! pelleHHs PCKYPPCHTHLIX cooTHoweHHH w3 knur Kuyra
[I, TII]. Hanaraemblfi B nocleiHell ZacTH pasjena <«perepryap-
HBH» TOAXOM K COOTHOLIEHNAM ¢ Tonauof npeablcTopucit Oblj BBe-
nen B ctathe Kuyra u lliénxare [78].

2.1.1. Yacruunas npedelcTopus
2.1,1.1. IToctonabe KO3 DHIHEHTH

CoOTHONIEHHA C TOCTOSIHHLIMU Ko3(hhHIHEHTAMH NpeacTan-
AT cobofl TPeKpPaCHBIH NPHMEP HCNMOJB30BAHN NMPOM3ROSIIIAX
Gyukugil 19 peilieHlid PEKypPeHTHBIX ypasHeHnd. Bmecto toro
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uyTobbl MBITAThCA HAHTH X, HENOCpeACTBeHHD, obpasyeMm (YHK-
unto G(z) ¢ RO3QUUICHTAMH X, B CC PA3MOXKCHIH B CTeletnol
pAL:
G2 =), x;2". (2.3)
1

PexkyppCcHTHOC COOTHOUICHIHE NMpeafpa3dyeTcsi B YPaBHCHHE OTHOCH-
trerpHo (G (2), KoTopoe pazpeuraercs J0ObM NplHeMJeMbiM CIO-
cobom. Jlyume Bcero o6msichuTh 2TO HA TIPHMEpPE COOTHOUIEHHS

xn+2_3xn+i +2¢,=nyxn=x=1 (2.4

YMuoxum pHauane (2.4) Ha z™? g npocyMMUpyeM 1O BCEM #,
fnonyuas

A 3 ) P

Z X, 022 — 32 Y x,.2mt 422 Y oxzi= Y nzrie, (2.5)
az=0 nzi

n 20 n>=0

[epnas cymma ects G(2) Ges neyx HavaanHbx unenos. [logo6Ho
tepsoii, JABe Apyrue cymMal takske 63k k G(z), a npasas
§4CTL JAAHHOrO PaBEeHCTBA MOKeT OHITh BBIPaskeHa B 3aMKHYTOH
dopve kax 23/(1 —2)% (Irto caeayer u3 «GHHOMHANLHOR Teope-
mbi> — ypaBHenua (1.1), goraa (x4 y)"==(1—2)"2 Cnucox
CTAHJAPTHLIX BHPAXEHHH ANS IPOM3BOIAUINX (DYHKIAH B 2aMK-
HyTOM Bije npuselen B kiaure Kuyra [I, pasa. 1.2.9].)

Cobupas npeabljyilge pe3vibTaTel BMecTe B nAHY dopMmyny
ans G(z), noayyaem, uTo

Giz)—z—1—32(G(2) — 1)+ 22°G (2) :“j—)z (2.6)
A 3TO ypamnenue nerko paspelracTes oTHOCHTEALHO G (z):
4 =2z 41
G =q_grm_mses T T2 (2.7)

Hawm xorenocst 6B BHIACHHTb, YCMY paBeH KodP(QHUHEHT npH 2"
B pasaoxenun G(2). Eciu 6w smamenatenn apobelt B Bhpaxe-
uun ana G(2) 6bap JAuHeHHBIMH (QYHKUUAMM, TO 3ajaua peina-
Jlack OR IPOCTO: KaxABIH uJcH 6L 6b reOMeTPHYECKHM Ds/IOM,
B naunom cnyusac 3To HE Tak, HO INpeACTaBJds nafijennoe pe-
menue Ana G(z) B BHAe 3IneMentapublx apodeil, MOKHO Moay-
YUTbL YIOBHYIO A7 paboThl hopMy;

1 1 1
CE=1T—gm T2~ (1—2)°"

(2.8)

3aMeTbTe, UTO HeJHHEHHble 3[[aMeHATeNH— 3TO BCEYO JHMIIL CTe-
neHn JHHECHHOrO AByd4sena, TakHe dIeHE MOTYT OhITh PadaoiKeHH
B 6WMOMHANLHLIA PSiJ, ¥ X, JEeTKO BRIUHCAARTCS:

2
xy=2"— R (2.9)
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AneMenTapiule Apo6H fIpeacTaBasioT co6ofl 1ocTaToOYHO MOUI-
HBIfl HHCTPYMEHT JIist PELIEHHS UIMPOKOro Kpyra ypaBHeHHH ¢ NO-
CTOSTHHLIMI Kodpuunentamu. 19 npocTorhl Mul BKJIIOUHAH B
nocseyioulee 3J0KCHIE JIPYrOf [10JX0M, KOTOPbIHl MOMXHO HaH-
i 8 obaope lHhreas |71] u 6oabpmoM uuciae 6oJjee CTAPbIX
HCTOUHHKOBR., 3JTOT 110,1X01 OCHORAll H4 NPOOHBIX pPEIIeHUAX U
aHajoriucH peweHinio 1udbdepcHnHaABHBIX ypaBHCcHUH. B Heko-
TOPLIX CIVUaaXx OH alcclHetndBacT O6uleTPoe TNOJMY'ICHHE OTBCTOB,
0ANAKO cmoco0Ll HX HOVUCHHS 3aMacTYI0 MOJ06UK «YEePHOH Ma-
THAY, 1 O3z2149CHHEWA unrate s OyaeT BHIHYKJEH o6PaTuThCA K
JAeXaled B UX OCHOBC TeoPHH 3JEeMEHTapHLIX apobefl gjs Toro,
yrofGul  NMONATH, NodeMY TMN0100Hbe <«OpaBuga OypaBuwkas pa-
60TamT.

A) Odnopolnsie ypasuenua:

CoXn+ CXpoy 4 «ov FCxp; =0, n=>i. (2.10)

IlonpoGoBaB TOJOXKHTE Xn==r" TNOJYUHM MHOTOUJNeH [-H cTe-
nedy ot nepemenHodt r. [Iyetes #y, o, ..., 7i — KOPHH 3TOrc MHO-
rounena, Toraa «obuuM peureueM» ypapHenust (2.10) Oyper

X, =kt 4+ kgl + ... Ry, 2.11

roe k; — NOCTOSIHHLIE, OTpefefifeMble HAUAJIBHBIMH YCIOBHAMM.

Cnydafdl KpaTHbIX KOPHCH YUHWTHIBAETCH BBCACHWEM B IJICHLI
obmero pemienusi crenexeft n. IlpcanonoxdM, uto ry = ry = rg;
Torjla MOATpPABJEHHOE PelledHe 6yACT TAKHM:

x, =kt 4 kart 4 kn’r™. (2.12)
B) Heodnopodnsie ypasrenus:
CoXn + CiXp1+ -0 o FCiXa_ ;=g (n) (2.13)

Buauane ypaauM g(n) v uaiifgeM obliee perieHHe OJHOPOJUOrO
ypaBHeHus, 3areM K MNOJYUeHHOMY pellendld OpubaruM Jgwoboe
<UACTHOE» PEIleHWe HEOJHOPOIHOTO YPABHEHIIA,

HactHoe pelichHe MoxXer ObTh HafileHO METOJOM <«Heompe-
Aeqaennblx Kosdduuuentory, CyTh 3TOro METONa COCTOMT B HC-
TIOJb30BAHUK TPOOGIIOrO PELICHUS] ¢ HEH3BECTHHIMH KO3 HIMeH-
TAMH C NOCJAEAYIOIIHAM HX onpeacicHHeM. Xapaxtep NpoBHOro
peuICcHHst 3aBUCHT OT Buaa g(n):

Bug g (n) MpoByoe peurenue

o ka™ (YMHOXKEHHOC HA 7, eCAH @ — KOPEHb)

p(n) MHOTOWIEH TOH Ke CTEneHH
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9.1.1.2. MepeMentbie Ko3hHULHEHTH

apanTtupoBannoro crnocoffa PelIeHHs 3alaud ¢ ICPCMCHHBI-
MH KO3 (UIHENTAMH 1€ CYUIECTBYET, OALAKO HMEETCS HECKONLKO
METOJOR, KCTOPHE CJEAYET MOMHITATHCS TIPHUMEHIITD,

A) Cymmupyroujue muoscureau. Ecyu ypaBHcHWe sBaseTcs
YPaABHEHHEM <«TNepBOTO NOPAIKA»:

a(nyx,=bn)x,_,+cn), nx=l, (2.14)

TO OHO MOMKeT GBITh pellleHo CyMMHpOBalKeM ). ¥ MHOKUM BHa-
yane ofe HacTH YPaBHEHHA HA CYMMUPVIOWIHE MHOXKHTENM®

Fn) = 1?[l a(i)/ll;[l b (j). (2.15)

Torna peKYppPeHTHO® COOTHOUIEHHE NPEMeT Bl
Yy =Yn_1+ F(n)c(n), (2.16)

rne Yo =b(n—+ 1} F(n—+ 1) x. Tlociacrsace pekyppenTHOE COOTHO-
IIEeHUC TO3BOJAET BLIPA3HTL X, B BHAC CYMMHUL:

xo+Z I'(t c (i)
b(n+l)F(n—|—l)

Ipyrie wWLIOCTpAanHy 3TOH TeXHHKH cM. B Kuure Kmyta [III,
pasg. 5.2.2] u B o63ape Jlokepa [80].

xn=

(2.17)

B) [lpouszsodauwjue yrkyuu. 3anaun ¢ NePEeMEnHBIME KO3()-
GunuenTaViH WHOTAA MOAAAIOTCS PEIIEHHIO ¢ MOMOIIBIO TPOH3BO-
nauux pyuxunit. Ecan wosdduunentaMu SsJsIOTCS MHOrouJe-
Hbl, TO C LUCJALI0 NOJYYEHHS KETacMOH M3MCHUHBOCTH TMPOR3BO-
asmas pyvakuug aubdepentupyercsa, Yto6Ll moayuuTh TpeRCTaE-
Jende 06 3TOM TMOAXOAE, PACCMOTPHM CPABIMTENBHO MPOCTYIO

sapauy )
G+ Vxpy—E+r)x,=0. (2.18)

YMuoxkeHHMe Ha 2Y 1 CYMMHPOBAHHC II0 BCCM { TMPHBAHNKAET Hac
K Gopumyane, cogepxatueit G(z):

S+ Driod = X i rxg =0 (2.19)

Henonways npowsBognyio ¢yHrRuuM (G(2Z) ¥ yMHOXKEHHe Ha 2
C LeJb0 CABUIA, NOJAYTAdeM NHG(CPCHINAIEHOE YPABHENHE

(1—2)G" (g) —rG(2)=0. (2.20)
Boo6ite noGoe pekyppeHTHOE COOTHOINEHHE ¢ KOIDDHIHEHTaMH,

KOTOpBIE ABJAIOTCT MUOTOWJIEHAMH OT /, MOXeT O6lTb CBEICHO K
nuddepedunasbaoMy yparsenno tana (2.20). B namem cayuae
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royPdiinacaTnl pemenia G(2)y=(1 -——z)~" moryr OuiTb HalileHH
¢ IOMALLIO OIOMI&416H0H TCOPCMDL:

x”:(r_H_”). @2.21)

n

Boaee tpyvanwie 3a.1aun 6vayT XaBaTh HCCACAOBATETIIO 60JIL-
vwe pasuoobpasie vpaspenudl, cogepxawux G(z). Xora no-
caeanne ne  Beer i aastoren g e pCHLHAAbHLIMI, YHTATe/b
oteblIacres K Monorpadint botica w Jdn Ilpuma [69] no norony
Tex IndhepeHILIAILHBN § PIBHCHHH, KOTOpBHE MOTYT MpH 3TOM

BCTPETHTLCA.

C) [lowumenue nopadxuy et HaM HECMHOTO TOBe3eT € paj-
JTOKEHHEM Pa3HOCTHOIO YPAaBHUHHA H3 MHOXKHTENH, MOXKHO MO-
NHTAaTECA HAHTH PCLUCHIA L1 KaXJIOro COMHOKUTENd B OTAC/b-
HocTi, HanpuMcep, pasHocTHOe ypaRneHHe

Ypsr— (B4 2) Yooy + Ry, =k (2.22)
MOMXKeT OHITh 3aMHCAHO B onepatophoi (opMe Kak
(B (k+2E+ Ry, =k (2.23)
A 3TOT onmepaTop LOMYyCKAacT pa3floXKeHHE 11a MHOXKHTeNH:
(E—D(E—Ky,=*r (2.24)
Ecnn Bnauane pemnth ypaBHeHHe
(E—NDz,=¢k, (2.25)

k
KOTOpOE€ HMEeT NPOCTOE pElIeHne 2, = (2 ); TO HCKOMOE ypaBHe-
HHEe CBEICTCA K ypaBHEHHUIO IEPBOro nopsajgka:

(E—k)y,zz(g). (2.26)

[TonyucHHOR ypaBHEHHE MOXKHO PEIUHTh, UCNOAb3VS CYMMHPYIO-
uHid MHOXHTegb F(n)=1/nl:
n—3

— ) 1
pa=LZ LN o (2.27)

Iast mpocToThl MBI ONYCTHIH HAUYaJhHBIE YCIOBHS. IJTOT IKe
TIPUMEP C LaYaJbHRIMHA YeaousMi g =0 # y; = | pewren Ulnn-
rexcm [71, c. 176].

Bee Tpu moaxoaa g 2agaue ¢ IEpCMCHHLIMH KOYDMHLICHTAMHA
HMEIOT Cepbe3HLIC HedocTaTKH. MeTol CyMMUPYIOWIHX MHOMH-
TeJqef MOXeT NPHBECTH K HEMOCTHKHMOH IS HALIero yma CcyM-
Me, a MeToJ MPOH3BOAAWMUX GYHKUUA MOXKET JOCTARHTH CTOJb Ke
TPYAHO NoAJaloleecs pellendio AuddepeHnanibioe ypaBHEHHE,
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1, yBbl, He cylllecTBYET Ha/eKHOrO cllocofa pa3fiokKeHus Ha Mio-
MHUTEJNH ONEpaTOPUOro YPABHEHHS NPH NPUMeHEHWH TeXHHKU [O-
HUXKEHHA NOpAAKa. YpaBHCHHS C INCPSMeHHBIMH Ko3(hdHuHeHTa-
MU —5TO cepbe3Han npobneMa; Mol 6yleM BLIHYXKICHLL BEPHYTbCS
K HHM MO3XC [pM HCCIENOBAHHH ACHMITOTHUECKHX NpUO/IHKe-
Hufi.

2.1.2, [Moanas npedsicropus

2.1.2.1. Buigutauue

ITOT MOAXO0J COKpaulaeT IpPeALICTOPHIO IYTEM BLITHTAHHS
noaxonsmux koMOburauni 6nuzkux dopmyn. Hanpuvep, 8 kuurc
Kuyra [III, pasn. 5.2.2] ypasnenue

n—1
2
o =Fut o ) % (2.28)
k=0
pemaetrcsa nyTeM BBRIYHTAHHA
n—1
nx, = nf, +2 kz X (2.29)
=0
H3
(o D sy =(n 4 Dni1 +2 X s (2.30)

B pE3y.IbTATE MEro MoJyYaercs ypaBHeHHe NepBoro Nopsiaka  le-
peMenHbIMH KO2(punventamu. O6paTuTe BHHMAHHE, KAK AKKY-
PATHO AOMKHBE OLITH NMEPerpyrnupoBaiibl uienbl obeux dopmy.a,
YTO6H OCBOBONHTLCA OT CyMWbl, B 60Jee CJOO0XKHBIX CHTYALHAX
INsl YCTPAHEHUA NPENLICTOPHH MOXKET MOTPCOOBATHES HECKOJBKO
BuHTauHil (B xauccerse npumepa cm, Kuyr [ILI, ynup. 6.2.2-7]).

2.1.2.2. Vs peneptyapa

B 3TOM moaxoae MLl MOJb3yeMCH JTUHEHUOCTHIO peKYPPCHTHOH
3aBHCHMOCTH U COCTABJASiEM TpedyeMoe pellleHHe U3 «pefepTyapay
IPOCTHX pelleHHE. THOHYHAA peKyppPenTHas 3aBHCUMOCTb, BCTpC-
anladaca IPH aHaldu3e aJITOPHTMOB, HMEeT BU]I

Xp=ay 4+ 2 P (et *og) Lopm=1.  (2.31)
o<kgn k

Ecau, kpoMe Toro, W3BeCTHO, 4TO

yn=bn + Z Prk (yk+yn—k)! (2'32)
[E -}
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TO B CIJ1Y JHHEHOCTH ypaBHEHHE ¢ aJIMTHBHBIM WICHOM adn -+
+ fib, OyieT nMeTL peLICHHE &Xs + BYn.

Bor pewaionlas uacs: mHawage ¥, BHIOHpaeTca Tak, 4TOOLI
caeadtk cvMMmy yA00HOH a4 paboTH, a 3a7€# Mbl CMOTPHM, Ka-
KOR A 1M HBHHI Y€l Q, COOTBETCTBYET BBLIOPAHHOMY X, D10
B TOMHOCTH OOpaTnO HCKOIHOH 3ajaudc, KOTAAa Q. 3a4aHO, & Xn
Hueres. OJHAKO, R4K TOJILKO HAMH COCTABJEH NOCTATOYHHIA pe-
HepTyap alINTHBHLA YICHOB, HCKOMAA BEJHUMHA G, MOXKCT OHITh
[IOCTPOCHA B BHIC X Juuciinoi xoMmOunamuu.

B kauecTBe npiMepa pUccuOTPHM PEKYPPEHTHYIO 3aBHCHMOCTD
k—1 n—=~k
¢ ey®)
=n+1+ (Fimt + X (2.33)
T K 3 )

CBSA3aHIYI0 C BApUAHTOM «MEIHAHA-U3-Tpex OBICTPOH COPTH-
pOBKH», OTO BapHaHT H3BECTHOrO anropiutva «OwncTpoii coptH-
POBKU», KOTOPHIE MOZHGMHILLIPORAL TaK, YTO HA CTANHH pasicie-
nus BuGupaercs MeadaHna nu3 Tpex 3Jemeutos, B ofpiuHOM Ba-
puaute «OHICTPOIl COPTHPOBKU» BHOOP KamJAOCO PAa3Heasiolero
sAeveHTa paBHOBcposATeH. PacemarpuraeMas Moaudukauusa je-
JaeT HCCKOMBKO 60JicC BePOATHBIM TO, UTO -pa3jeidiollinll sJe-
MeHT 6yaeT pa3fuBaTL MaccHB MPHMCPHO Ha PABHbIE YACTH, KakK
5TO CNEAYET H3 PACUPeles]eHHs] BCPOATHOCTEH Pur, (Gurypuapyio-
1(CrO B TUPHBENEUHOM Bhille peKyppeHTHOM cooTHowwenuu. (Ilo-
npotrec cM. Kuyr |11, pasn. 5.2.2]. — fepes.)

Buauase sameTnM, uto cymma B (2.33) cumMMeTpHUYHA, M 3a-
MelMM 2AJHTHBHBIA ujeH 74 | HA @, MOATOTOBANA pemepTyap-
HBll TTOAXOA:

Y (k=1 (n— k) x4y (2.34)

"y 2

s
BeiGop x. paBHHM y6uBatowemy thaxropuany (n— 1)~ nenaer
cymMy B ypaBHenud (2.34) Jerkoll IS BBIYHCJIEHHA:

Xp ==

=1 =a,+2 Y (—kk-—1)T=
7 <Lk<n
_ 12 (s + 1)! (”—k)(k—l)
=a, —_ =
+ ED [<kZ<n 1 s+ 1

o 1264+ # )
=a,+ 2EE0 (8+3 ; (2.35)
_ s 12 s

== e 9 (2.36)
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Hrak, MH uMeeM ceMeRCTBO pelIcHHH, TapaMeTpH30BAHHOE WH-
JEKCOM S:

£n an
s=10 i —1
s = n—1 2
8= (=1 (n—2) (2n? 4 6n — 26)/5

Oxnako RanHoe ceMefCTBO He NOCTATOYHO MOJHO — B HEM OT-
CYTCTBYET pellleHHe C JHHEeHHbIM Qn 3HAYEHHS @, CKauyT OT KOH-
crantil 10 ©(n?), Ho, K COXANEHHIO, HAM HYXKHA BEJIHUHHA Qn
nopaaka ©(n) (mo morony oBoanaueHns © cm. pasa. 4.1.1.—
Ped)). Bupouem, 910 u He yausureabHo, OXHpaeTcs, YT pe3yJb-
TaT Nogo6GEOro HTEpUPOBAHHA THIA «pasiensift W BAacTBYH» Oy-
per uMeTh nopagok O(nlogn),  TeM He MeHee Mbl OfpaHHYM-
JUCL BO3MOXKHBIMH 3HAUEHHAMH X,, KOTODHIE SBJASKTCS MHOrO-
unesaMu OT n. YToGE pAaCWHPHTL Haule ceMeHCTRO pelleHud,
BBEJEM CapMOHWUECKHEe uucaa [, KOTOpBle TaKxKe JIETKO CyM-
MHpYIOTCS H BHECYT B peIlenya MuoxuTenu mopsagka O(logn).

Mogcrapasas x,=(n— 1) H, B ypaBHeHHe (2.34) n paspeiras
€r0 OTHOCHTEJbHO &, WAXOAHM HOBOE CEMEHCTBO pellenuil:

(=1 Hy=a,+-% Y (=m0 e— 1" H, =

= < hk<ln
=%+J%(§:n@—n Hoof —
= Ni<k<n
142 £1-1
2, KHA ) (k=)=
1<k<n I<k<n

12 nﬁ

'_an+ T¥+2 (Hn—l'_?lg)_

t+3 1 n l)t+2
_t-[—B(H —t+3)+ F+2 ) (2.37)
(3xech ana BHUHCTEHUS cyMM, cogepxauux H, naMmu 6nuio uc-

DonbaoBano Toxzpectso (1.45).) TloaydyeHnblft pesynbrTar MOXKeT
OuITL ynpoiuen:

t 12 i
4= H, (1= 1" = g (2= 37) +

12 (2¢ + 5)* t
+ T a9

(2.38)
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Ha sror paa, npoepni mavaibnble yJeHbl CeMeHCTBA PeUIeHuH,
Mbl O0HaPVAIBACM YXaYHOE BHIPABHHBAHHE:

Ly ap
b
5
{ =10 ., — Hy+ —
3
! . 7
=1 v = 2H, ++ —(n—3)
| 12
05 PRSIy Loy LIS dp UMEKOT CBOMM  TUTaBHBIM
yrenoM M0 qjwvear o voivo1dmeit JuHcAdoR koMOunamun
MOALO ek oy s A0 i v ey ReSINYURY g, UOPAAOK POCTA
KOTOPOIL pasen
n 4- 19

Xp,=(n4 LW H,<«>a,= (2.39)

12
UTo6B NMOJOCHATL MOCTOSHHEIA YJIEH H TOJVUNTb @, TpebycMoc
B HCXOIHOH 3aaadc, UCNOIL3VCM DELIEHHE 113 TlepROro ccMelicTBa
npi s = 0;

to= (- DH, 4+ 1) a,=n+1. (240)

[Tosyuennoe peuteBue A9 X, MOXKET HE COTJACOBBIBATLCS C Ha-
YaJALUbIMIL 3HAUCHISMH X, ¥ Xz, s Toro urofsl cacaath Boa-
MOXKHEIMII TIDOAZBO.ThIIBIE HAYAbITbIE 3HAUYEHHS, HAJ0 MOJNCKATh
IBC AOTOJHBTCIBHBLIC «CTCIHCHH cBOBOaB» B 310M peweHun. O1Ha
crenedb ¢BoBOAL MOXET OLITL BLIABJACHA M3 MEpPBOro ceMcHcTBA
pewemiii, Odnesnnss pertedus npH s =0 u npu s == [, nonygacm

Xp=n4-1«q,=0. (2.41)

Taxum obpasom, B pewienue (2.40) moxer GbTh KoGaB/SEHA N10-
6an Beanyuna, kpathag n -+ 1.

Bropag creneHs cBo6OAL He cTolb oueBuand. [lockonbry
a, =0, Mbl AMeeM VYIPOIUEHIIVIO PEKYPPCHTHYI) 34aRHCHMOCTh
s Xp:

nix, =12 Y. (n—kV(— Dx,_, (2.42)
<kl

Hcnonbsys npoussonsinyso dpyukiuuw G(z) 4Js NochaeioBaTe/b-
HOCTH X,, CBepTKY B uparoil vaciu (2.42) MOXKHO TpencraBuThb
B BHJIC [POU3BCACHHs Bemuuuuht |/ (1 — 2)2 cooTBeTeTBYIOMIEH
n—k, u npoussoaHoll G'(z), cootBerTcTByIomel (2 — 1)xe—y. Ta-
KuM o6pasoM, nosyuaem auddepeHUHaqbHOe YPABHEHHE

12

G’ (Z) = ~(—1—_'z—);; o (2) (243)
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Xapakrep MOJYUCHHOrO yPAaRHEHWS TOJCKa3biBaeT pelleline BHAA
G(z)=(1 —z)%, 1 npoBepka 3TOTO PCLICHHA RaeT ¢ ==—2 WIn

= 5. Bo3aMoxkHOCTh o == —2 yie oTMeuasnach paliblle; MBbl
3HaeM, 4To Jdoe xkpaTtiuoe -+ 1 ne sanger Ha pewenie. [Ipu
o = 5 ToJaydaev HeoGwhUHOE PELNEH)E, KOTOPoe ectb 0, 3a HCKJo-
YCHHCM [CPBBIX TATH YJIEHOB:

x1=—5, XQ—‘——:IU, Xy =— — 10, X4=5, x5=—l. (2.44)

2710 poCTaBJsCT BTOpYIO CTCIEHb cBODOAB U JLaeT OKOHYATENb-
HO¢ PpCLUCHHE]

$o= (14 D Hy 4 1y (4 1>+c2(—1)“(

rie ¢; U €y ONpeaAeaaIoTea Ha4a/IbELIMI YCTOBH AME.

r

), (2.45)

n

2.2, HennHelinbnie peKyppeHTHbIE COOTHOLEHNUSA

HenuHelhbie pexyppeHTHLIC cooTHOLEHHs GoJee TPYAUL A4
MOHIIMAHHA, Y9eM WX JHLUedHLIEe aHAJ0Id, a HCIOJb3YeMas TeX-
HUKA, KaK TPABUJO, MEHEE cueTeMaTHuHa, uaTo TpebyeT MposR.de-
HAS HHTYHURH I HAaXOJIUKBOCTH BMECTQ LUPUCTOrO OPUMCHCHHA
wabacnubX npHemos. B naHHOM pasziede 113y4aioTcA ABa THMA
HeNUHEAHBIX PEKYPPEHTHLIX COOTHOLIGHUH: COOTHOLIEHHA C DYHK-
UUAMH MAKCHAMYMA 11 MHIHMYMa H COOTHOLICHHS CO CKDPHITO HJIH
OpHOGIHKEHIO JMHHEAHEMHE PUKYPPEHTHBIME 3aBHCHMOCTSIMH.

2.2.1. COOTHOWEHUSA € (PYHKYUAMI MAKCUMYMA UAL MUHUMYMA

[1pu pcuteHnH PeKYpPPEHTHOrO COOTHOLICHHA € max- HJH min-
QYIKUAAMH NPENSTE BCEro BAXKHO 30aTh, IjJe AOCTHIAETCsS MakK-
CHMYM HJIM MHIUMYM. To HE BCErjla OYEBMJHO, MIOCKOALKY Max-
WM Min-OyHKIMY MOCYT 3aBHCCTh OT NPEABAYLIHX YJIEHOB TIO-
CJICNOBATENBHOCTH, BHA KOTOPLIX NEPBOHAYAJABHO HensBecTed. TH-
NHUHLIHA MOAXOM COCTOMT B BBIUNCJAEHHH € MOMOLLBK) PEKYPPEHT-
HOTO COOTHOILIEHHs EPBLIX YIEHOB TOCAELCBATENBHOCTH A0 TCX
MOp, NMOKa ME HE CMOMEM CAEI4ThH NPEANOJOKEHHE O MECTOliO-
JONEHHH MAKCUMyMa (MW MHHMUMyMd) Ha KaXAOH HTEpAaLMH.
Crenannoe upejinooxenue HCMOMbIYETCS ANS PELIEHHA PEKYP-
PEHTHOTO COOTIOWEHNA, a [OJYYEHHOE pelleHHe — A8 UHIYK-
THROOCTH NOKA3aTENbCTBA HPABHILHOCTH 1PEANCIOMKEHHI.

[IpouamocTpupyeM 3TOT 110AX0M CACAVIOIHM MPUMEPUM aHa-
Jqu3a AIrOpUTMa MEepecTaHOBKM Hua Tom e mecre (Kmyr (72];
cM. takxke Kuyr [l, pasn 1.3.3].—Iepes.). Kpatko rosops,
JanHas 3ajava BO3HHKAET MPH aHajhu3e OAHOrD BapHaHTa aJjro-
PUTM&, KOTOPHIH € LEJbIO BBLISABJIGHHS JIH(ePOB UHKJIA OCYLIecT-
BJSET MOUCK ONHOBPEMEHHO B ABYX Hamnpaerendsix. iag Hekoro-
poro / anropuTM BHauaqae paccMmartpaBacr p(f) n p~l(J}, satem
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P2(j) w p~2(j) ®u T. 0. 10 Tex mOp, TIOKa He BeTpeTHTCH AubO 3J7e-
MeHT, MeublHH YeM j (B 3TOM cJydae | He ABASIETCA JHAEPOM
K12 (K oTKJIOHACTCA, — Ped.)), mubo camo j (B 3TOM caydae |
ABIACTCA JWIEPOM LHKJIA, IOCKOJbKY Eech LHKJI Y¥Xe Ipo-
CMOTpEH).

Briuvcansm ctouMocts f(n) anropHTMa B HaHXYAUIEM cayuac,
T. €, CTOHMOCTb OTKJIOHEHHA BCEX 3JCMEHTOB, He FABJIAIONIMXCA
JuacpaMu UHKAA LIHHLE f1. CocTaBieHHe peKyppeHTHOro coot-
HOWCHHSA OCHOBLIBAETUA A TOM OOCTOSITeNBCTBE, 4yTO BTOPOH HAk-
MEHLWHH 3/CMCHT 1IBKA4 pashiBaeT HCXOQHYIO 3aaa4y Ha OT-
Jeashible nosataun. s viobeTBa nomectum awjacpa (HaHMEHL-
MU 201eMeHT) B Havalo UHKITd W OpeANoJoxkKIM, 'UTO BTOPUH
HAUMCHbLIKIE 3JICMCNT HAXOANTCH 112 B-M MccTe:

(muaep) cicacs ...
v Ce—1 (BTOPOIT HAUMEHBUIHH 3JICMCHT) CrtiCiie ... Ca—. (2.46)

Tpanuua moucka npu Nposepke Ha JHACPCTBO 3IJIEMEUTOB €y, ...

., Ce—1 SIBJAIOTCS JHAEP H BTOPOR HAWMMEHBIULHH 3JEMEHT IIHKIA,
TaK uUTO HAMXYILIHHA chydall s 3TOTO cerMeHTa WASHTHUCH Hal-
XVIALICMY Cay4alo AJ5 THKJa LJUHBL R, AHasnOr#uHo, CTOUMOCTD
HANXYAIUETO caydasi JJI51 CETMCHTA Cei1, ..., Cnt PaBua f(n—*k),
a CTOMMOCTb OTKJOHEHHS BTOPOIC HAaHMEHBLUErO 3JeMenTa PaBHA
min(k, n— k). OT0 A4eT PeKyPPEHTHOE COOTHOUIEHHUE

f)=max (k) —F(n—k) +min(0, n— k). (247)

CorylacHO HAMEUYEHHOMY BHIIe TONXOMy, TepBBIH 14T CBo-
JIUTCA K COCTaBleuuio Tabiadinl, B KOTOPOH TpencTaB/eHBl 3Ha-
ycHna f(n) TpH MadBIX n BMEcTe €O CIUCKOM 3HadeHU#l R, mpH
KOTOPHIX JOCTHIaeTCH MAKCHMYM:

n f(n)| 3uavenus k
I 1] —

2 1 1

3 2 1,2

4 4 2

5 5 1,2 3 4
6 7 2,3 4

7 9 3, 4

8 12 4

Ha HekoTopbIX HTepamUax MaKCHMYM HOCTHUTAETCsT IPH MHOTHX
3Hadenusx R, HO IIOXOXe, YTO IpH R=|n/2] oH AOCTHraercs
Beerga. Mexoms w3 aToro MpeanogoXCHHR, PCKYPPEHTHOE COOT-
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poweHHe (2.47) MOMXHO CBECTH K CJeAYIOIUAM COOTHOLIEHHSIM:
f(2m) = 2f (m) 4+ m
F@m 4 1)=F(m) + F(m -+ 1)+ m.

$opMyJIbl IS 9eTHBIX U HeYeTHhIX 4jTeHOB OJH3KH APYT K ApYyry,
4yTO HABOJAHT HA MBIC/Ib IIPOHU3BECTH BbLIUWUTAHHE:

Af@n)y=7Q@n+1)—T@2n)=[(n+1)—](n)=Af(n),
M@+ 1)=Ff@n+2—[@n+ )=
— (a1 — )+ I =Af () + 1. (2.49)
B passocTHOH dopMe cTaHOBHTCH ACHLIM cMbica Af(n) u f(n):

A}(n) HPOCTO NOACHHTLIBACT HHCJIO EOWHHL B JABOHYHOM Iipen-
CTaBJCHAH 11, A

Frn= Y ~vk)=ynlogn40(n), (2.50)

I<hk<n

(2.48)

rie v(k)—uucno egunuy B ABoH4HOM passnomeHnu £, (Cymmbt
nudp, HOLOOBHbIEe NAIUIOH, HIPAOT BAXKHYIO POJb B TEOPHH PEKYP-
PEHTHbLIX COOTHOLUEHHH, KOrJa COOTBETCTBYIOLLUE IOCAen0BaTe ] b-
HOCTH DPA36HBAIOTCA TMPUMEPHO HA PABHBlE WACTH. ACHMNTOTHYE-
CKoe MoBejleHne f(n) UMCET 3aMyTaHHYIO HCTOPHIO €ro HE32aBHCH-
MOTO HAXOXKICHHS HeckouabkHMH aBTopamMu (Cromapcku [77}).
(CM™. Lenaux [75] no moBony neTaJbHOrO aHAJIH3a 3TOH aCUMII-
rorikd, a Takxke Kuyr [III, yop. 5.2.2-15]) mo nosomy cxoauo#
3ajatd, pell¢ilie KOToPOH CRSI3AHO C ABOMYHBIM NPEICTABJIEHHEM
COOTBETCTBYIOUIETD aPrYyMEHTa.)

Ias zaBepiuenus pellends ypaBuenna (2.47) mango moxasaTtk
CNPaBe I THBOCTE CASJAHHOIO BBILIE NPEAMOJIOKEHH O MecTono-
NOXeHUH MAKCHMyMa HMJIH, YTO 3KBHBAJNEHTHO, NOKa3aTh, UTO
GyHKIEs OT ABYX ICPEeMEHHBIX

glm, ny=fm+n—m—Ffm—Ff@rn), n>=m, (2.51)
BCerja HeoTpHUUAaTedblia. 3alucHBas 3Ty OYHKUUIO OTAENbHO 14

qerHEIX H HEYETHLIX IepeMEeHHBIX M HCToNb3ys paBeHcTBa (2.48)
ans f(i), moayyaem:

g(2m, 2ny=2g(m, n),
g@m+1, 2n)=g(m, ny+g(m+1, n),

2.52
gm, 2n4-l)y=g(m, n)+g(m, n+ 1), (2.52)
gm41, 2n+l)=14+gm+1, n)+g(n, n4+1).
Toraa MOMXHO, UCNONB3YA I'DaiHYHbIE YCIOBHSA
s b O)
g(n n) (2.53)

gn—1, n)=0,
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KOTOPLIE BBITEKAIOT T3 OMNDCACJACHUA COOTHOLIEHHS Aas f, A0Ka-
3aTb [0 {IHIVKILMK, 410 g(m, n) = 0.

CICaaHioe B PaccMOTPElIOM NPUMEpe OPEION0KENHe o
MECTOHOJOACHHI MIAKCHMYMA 0Y4eBHAHO: MHTYUTHBHO SICHO, YT
HANNYIHIAS CHTYalWis IIMCCT MECTO, KOTJa BTOPOH HAHMCHBLIHI

31€MEUT OTCTONT Or JL1CPa IHKAA HACTONBKO JAJIeKo, 4TO Oh
A€ Uak. ipudan vireanino nonoaam. [pusegeM npumcep 6oace
CTOANOTO  npelunidokedin.  PaccMOTPUM  PEKYPPEHTHOE COO01-
HOWCHHE

oo -1 min{ <35 f~ D+ -0}, @5

1

KOTOPOE BO3NHKACT OPH AFATA3E HIPBl «OTrajldd 3anyMaHBROe?
YUCJ0®», KOrAa OJHH 113 HiPAIOIKX NHTAeTCad oTrafaTh 3aayMall-
HOe JAPYCHM HTPOKOM ucaoe umnedo Mexay | u o Ilociae toro kax
ONUH HIPOK H43BIBAET 1PelodidraeMoc 1licao, Apyrod coofuiact
eMy — GoJjlbllie, MElblIe 11U PABHO 3aAYMallHOMY Ha3BaHHO:
yucyo. Beawuuna f(n) npencrasnsier coboil cpeaHee YHCaO OTTa-
JBIBAHUE B ¢AYYdC NPUMCHCHIS HAWIYULICH U3 BOIMOMKHHIX CTPa-
Terui,

Huryunust BHOBb MOACKA3bIBAET 118M, 41O Jydlle BCETO BhI-
O6uparb [ TocepelUHe WHTePBAaNa, HO 5TO, KAK HU CTPAHHO, H2
Bcerja BepHo. [IpaBHJILHLIM PELICHHCM € LEGABIO JORaJM3ALlLN
MUHHMyMa fIBJASIE€TCA AeqeHHe HHTepBana 1, ..., 7 Ha 4acTH He-
ueTHOR aaunsl. Hanpumep, B cayuae n =235 caefosano 6L HauaTe
oTrajnBaHue ¢ 4, a He ¢ 3.

Mmeerca HecKONBKO OOUIKX pesyadbTaToB, KOTOPHIE MOryT
NOMO4Ybk B JIOKAJH34dAUHY MHIIHMYMA, Hyuxe IMPHBOANTCA psil
yreepxaendii u3 cratey Ppeamsna w Kuyra [74], koropuie apr.-
MCHEHMBI K PEKYPPEHTHHM COOTHOUIEHWSAM THIIA

fln4+)=gn+ 1+ min (af (k) + Bf (n— k)  (2.53)

¢ TIOJOKHUTEAbELIMHE o H PB. YpaBuenne (2,54), yMiloXenHoe Ha 11,
TagXKe ABNAETCA YIEHOM 3TOTO O6UIHPHONO KJacca COOTHOLUCHA,

Onpenenenue. BenlecrBejiiosnaunaa Gpynkuus g(n) seagercs
goinyxaol, ecan A2g(n) = 0 npu Bcex n. ITO 03HATAET, 4TO

g+ —gh+1)>gn+1)—gn), Yn>0. (2.36)

Jlemma, MTycrts a(n) u b(n)— swvinyxavie pyuxyuu. Toz2da
«MUHNO3UYUS» C(n), onpedeasieman KaK

c(n)= min (a(k)+ b(n—k), (2.57)
o<rgn

Taxxce soinyxia. Kpome rtoco, ecau c¢(n)=a(k)+ b(n—Fk), 10
a

e(n+ )=min(@k)+ b+ 1—4k), a4 1)+ b(n—kK).
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(IpyTHMH CcJTOBaMH, O MEpe VBEJIHUEHHS 71 MeECTONOJOMXKEeHHE
MUHHMYMAa CYILEeCTBEHHO He Mensercs. TepMUH «MUHMO3UTHSS®,
npunymansuit M, @, ITnaccoM, nogyepkuBaer cXoxcTBO hopMy-
Jn (2.57) ¢ dopMysIol KOMNO3UIIMH ABYX NOCNEA0BATEIbHOCTCH. )

Hloka3ulBacTcA 3Ta CHJAbHAd JeMMa oucHb mpocto. Ha mpo-
UeAypy IOCTPOEHHSA IOCAEN0BATEIBHOCTH C(n) MOXHO CMOTPETh
KaK Ha CJHAHHE ABYX TIOC]ejORaTenhHOCTEH

Aa (0), Aa(l), Aa(2), ... (2.58)

Ab(0) Ab(1), AB(2), ... . (2.59)

[To MPCANOJOKEHHIO YJCHLI THX ABYX MOCJEL0BATENbHOCTEH He
y6uiBatoT. Torpa unedn pe3yabTHpYyIONleil Noc/en0BaTEIbHOCTH

Ac(0), Ac(1), Ac(2), ... (2.60)

TaKXe He YOBIBAIOT, OTKyda CJAEIYeT BBILYKJNOCTb C(n).

[Ipn KaxnaoMm 7 3JeMeHT c(n) ABAsercss CyMMoH #-X Hau-
MEHBHIHX 4JEHOB ABYX INocdenoBaTedbHocTell (2.58) u (2.59).
Jlia onpeneneuus caenywollero 3wauedus c(n- 1) tpeGyercs
ellle OfuH YiaeH Ju60 MOCIeA0BATCABHOCTH Aa, 1ub0 Ioche;0Ba-
TeJdbHOCTH Ab, IPH 3TOM BOMOPOC O TOM, CABHTACTCA JIM MCCTO-
NOJA0YXKEeHHe MUHUMYMa U3 & B k4 1, oupejneasercs TeM, B Kakod
Y3 HHX HAXOAHTCA HAHMCHDLLIHA 37€MEeHT,

Teopema. Pyuryus [, onpedeasiemas coorHouienuem (2.55),
ABAAETCA BbINYKAOL npU YCAOBUU, HTO BbINYKAbL §(1) U pedyb-
70T nepsotl utepayuu (2.55), T. e.

f(2)—F(1)= j(1)—F(0). (2.61)
TeopeMa 10Ka3biBAeTCA 10 HHAYKLHWH: NPEANOIATacTcsl, UTO
nocnepoBaredaonocts [(1}, ..., f(n) BBHOYKIA, 4 ¢ NOMOIBIO

Npenulaylleil JeMMbl MOKa3wBaercst, 410 Ao0aBnenue f(n2 -4 1)
6yneT COXpaHAThL BbIIYKIOCTb,

2.2.2. Henpepeisnoie 0pobu u dpyzue ckpeiTole aunelinoie
PeKYyppenTH e COOTHOULEHUS

Fcan pekyppeHTHOC -COOTHOLUGHHC IIOX0XKE Ha HCIPCPLIBHYIO
Ipobb, TO MPOCTHIM Npe06pPaIOBAHHEM HEJNHREHHYI0 3afauy MOX-
HO CBECTH K JIHHEHHOMY PeKYpPEHTHOMY COOTHOLUEHHIO.

PaccMorpuM, Hampumep, 3apauy noacuera uucaa Any ge-
PeBBEB C 7 Y3JaMH H BbICOTON, He npepocxoasiueid n. Ilpu 3a-
JAaHUOU BLICOTE h 1A YCTAHOBJCHHS PEKYPDPEINTHOTG COOTHOLIE-
HHSI MOXKIIO BOCNOJb30BATHCH NPOH3BoAANEH QyuklIuel

Ay ()= 2 A" (2.62)
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Hepeso BricoTH, ne npeBocxoasuied £ -4- 1, uMeeT KOPeHb n (¢
KOTOpPOE YHC/I0 NMOAJEpPEeBLEB BHICOTHI, MeHblled uad pasHOH A,
TaK UTO

A @) =21+ 4, @) + A, P+ A @P + ... )=2/(1 — Ax(2)).
(2.63)

«HenpepuiBio 1pobunit» OTTEHOK NAHHOTO PEKYPPEHTHOrO CO-
OTHOLLCHUA
F4 N
Ah+ | = > (264)
1 — Ah__1 (2)

HaBOIUT Ha MbLIC.Ih BOCNOJIBL30BATHLCH Hp€O6pa30BaHHeM

2P, (2)
Ap(2) = ‘P—h:(z—). (2.65)

YTO TIPHBOJHUT K JIHHEHAHOMY peKyppeHTHOMY COOTHOLIEHHIO
Prii(@)=Pu(2) —2P,_1(2), Po(2)=0, P(2)=1. (2.66)

C moMomBbI CTAaHAAPTHON TEXHUKH PEUICHHs! JHHEAHLIX COOTHO-
UkeHHR 2-TO Mopsiaka noayyaem

Pula) = (1 — a2 P ((1 L 2—42)w)"_ (L= 4z>"’2)”). (2.67)

Jancpefuiil aHanu3 YNOPALAOUEHHBIX IEPEBbLEB, CBA3AHHLIHA ¢
HeenenoBauneM KO3 (UUHEHTOB B BLIpaXKeHWH Ans Pr(z), He
HMEET HEelOCPeNCTBEHHOTO OTHOLIEHHN K HEAWUEHHLIM peryppeint-
HBIM COOTHOLUEHHSIM, II03TOMY 3a HCUEPIHBAIOIIUMH HIOAPO6HO-
CTAMH 3TOTC aHaJu3a YHTATeNb oTchlaaercs K pabore ne Bpéfna,
Kuyta n Paiica [72].

CTOHT 3aMeTHTh, YTO MOHCK TIpecOpascBaHus, COOTBETCTBYIO-
LIEro «HenpepulBHO ApOGHOH» NPHPOAE PEKVPPEHTHOrO COOTHO-
IWenns, NpPHBCA HAc K npeoOpasoBaruio (2.65), sapasomemycs
OTHOLUGHHEM MHOTOYJEHOB. B paccMoTpenuoM BBINTE NpHMEPE 3a-
KOHOMEPHOCTb, NPHCYLLAS PEKYPPEHTHOMY COOTHOWCHHK (2.64),
[O3BOJINAA OTPAlHUHTLCA TONBKO OJHHM CeMeHCTBOM MHOTOU.IE-
Hon — MHorouneHaMu  Pn(2). B ofImell TeopuH HenpepBIBHKX
apobeil, xoTopasi obecreuuBaeT peINEHHE W B CJIYTae MEHEC 3a-
KOHOMEPHBIX HCIPEPHWRHBIX IpoGeH, HCNMOMB3YIOTCA ABa CceMcii-
cTBa MHOr04YJeHOB. Boobule «n-1 moaxoasmwas apodbs

fn=a0+ d

by
b
ﬂ2+ v +—L

Qn

(2.68)
ay +
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IPpeaACTABAACTCS B BHJAE OTIHOWEHHA
fn=pn/Qn’ (269)

rae Pn H ¢n YAOBJAETBOPSIOT JHUHEHHEIM PeKyppeuTHHM COOTHO-
ten M

Prn=08pPn_ |+ bpPp-9 Ph=a, P =04+ by,

2.70
Gn==0pqpn_1 + bnqn_s 30=1, g =a- ( )

COOTBETCTBYIONAA TEOPHA, KOTOPYH) MOXHO HAHTH, HAIpHMeED,
g kHure Xapau u Paiita [79, ra. 10], rapantupyer, 4to K 3ajnaue
¢ /IBYMR JIAHEHHhIMH pPEeKypPEHTHLIMH COOTHOUIEHUSIMH MOIKHO
¢BecTH GoJiee CJIOKHOE PEKYPPEHTHOE COOTHOUICHHE THIIa

2

fh@=——"—7—. (2.71)

1= l_fh_l(z)

KpoMe HempephHIBHHX jApofed HMeeTcs MHOro ADPYrHX THIOB
HeJMHefIHHX PEeKYPPEHTHHIX COOTHOUIGHHH, KOTOPLIC SIBJSIIOTCH
BCETO JHIIbL CJErka 3aMaCK{POBAHHHEIMY JIHHEHHBIMH COOTHOIIE-
uusMu. BOT mpuMepnl HEKOTOPHIX U3 HHX:

Hexopuoe pekyppeHTHOE COOTHOMIEHHE Jluneitnuft mapnant
| 1
fo=Tpey = fnf = =——1
n n-1 nin=1 fn—l fn
fo=Friffas nj,=3Inf,  —Inf _,
4
fo= Tty — 2l =2 — 2l fn= P
=5
_— in-]
4\ 4 f e
fa =Ty + 1 gk=g/e—l+(7) LTy

Tlocnennsis pasHOBHAHOCTb DEKYPPEHTHOTO COOTHOUIEHHS OCO-
Genno 4acTo BeTPEYAeTCA NPH AHAMM3E aNTOPHTMOB TUMA «Pad-
Lenstit 1 BAACTBYH»,

2.2.3. Haamdes sxcnoHenyuasbrble nociedosaress HOCTL

B npennayumeM pasgene ObIH HCCAEAOBAHL HEMHHEHHBIC pe-
KYPPEHTHblE COOTHOIIEHHUSI, KOTODPHIE CONEpKaJi B cefe CKPHITHE
JTuHefigpie 3aBucHMOCTH. O6paTuMcs Teneps K HECKONBKO UHOM
CHTYaLHH, KOIZa HeJHHefiHoe DEKyppEeHTHOE COOTHOUIeHHEe co-

2 3ak. 259
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IePXIIT O'leHL Xopollee MPUO/IHKEHHEe K JHHEANOR peKyppeHTHON
33RHCHMOCTH.

Yaueutenbno 60JbUI0E YHCAO HEJTHHEHHLIX peKyppeHTHBIX COo-
OTHOLUCHHH MOXKeT GHTb IONOrHAHO {10 COOTHOUICHUE THIA

xn+1 == xi —{— gn’ (2.72)

rie go — MEANCHIO BO3pacTamwilas @yHKUNa 7, BOIMOMXKHO 3aBH-
cAIAs OT HPEILAVILEN 9 1CMEHTOB NOCJenoBaTeNbHOCTH. DBogee
TOuHbIe TpeBoBatns K QyHKIUIN Z, CTAHYT ACHH [0 Mepe HaX0XK-
AeHUs pellleHHs vpasnenus (2,72); npu 310M Mbl Oynem cieno-
Bars, crathe Axo u Caoana |73].

Haudenm ¢ 1oro, uro upolorapudmupyeM ypasuenue (2.72),
0IVUds MOYTH JHICHNOC COOTHOLIEHHE

Yne) = 2Ypn + Gy, (2.73)
rie x, H gn 3aMeéHeHbl Ha
Yp== In Xn (274)

a, =n (1 +g,/x7). (2.75)

Hcnonbays AorapudMbl, MBI TEM CAMBIM JellaeM HAUIE IepBoe
JIONYyIIEHHe, COCTORLIEE B TOM, UTO X, GOJbIIE HYJIs.

Ecan «pasBepHYyTb» PEKYPPEHTHOE COOTHOWEHHE A Yn, TO
NOAYYHM

p=2"(+ 3 +5+ -+ @78

Janee yno6HO PacilI¥PHTL PAL € o 10 GECKOHEUHOro:

Yp=2"%+ X 2" e (2.77)
TAaK 49TO
ta=Y,—y, =2 2"y, (2.78)

[lono6GHoe pacliipeHne I[OJE3HO TOJBKO TOrAa, KOIAad PAL
6nictpo cxoautes. [lo3ToMy Mbl NpHHHMaeM BTOPOe IONYLIEHHE:
(PYHKLUSA Zn TAKOBA, YTO

e, 1Z]an ] upn 22> n,. (2.79)

Bnaropapa BTOpOMY HONMyLEHHIO PAX st Y, CXONHTCHA, 4 OCTa-
TOK |7.| We TpPeBOCXOIMT |&n|; MO3ITOMY, TOTEHUHPYS, MOKHO
MOJYIHTb pellleHHe HCXOAHOrC YPaBHCHHUS:

;)H

Xp= e'n n== B’ . e 'n, (2.80)
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rae

b=rp-orp( 52770, (2.81)

[MockoNbRY o;, KaK MNPABHJO, 3aBHCAT OT X;, paBeHcTso .(2.80)
He WBJSACTCA peLICHHEM B TOJHOCTBIO 3aMKHYToll topme. Tem ue
MeHee NaHHOe PELIEHHE TIOKA3LIBAET, YTO CYIIECTBYCT KOHCTAHTA
k, BO3MOXHO TpYmias [J5 BRITHCJCHHS, KOTOpAs XapaKTeplsyeT
NMOCTEN0BATEIBHOCTD X, B HEKOTOPBHIX CAYYasX MOMXKHO YCTHHO-
BHTb 3HAUCHHE R TOUHO.

Jlio6onerrhoi croponoit paseHcTBa (2.80) saBaseTces 61U30CTh
COMHOXKHUTENS R K TOUHOMY pelleHHI0 (KAaK Mh BCKOPC YBHOHM,

MHOKHTCJIb € % 1aeT IpeHeGpeXHMO Mauni BKaan). Jas Toro
yro6Ll TI0KA3aTh 3T0, HEOOXOAMMO MPHHATH TPETLE AOMYINIECHHC:
1
lgn| <%, u x,221 1pu nz=n,. (2.82)
Mockombky |7, |<<la,|, To HMeeM cieayOmYW OLEHKY 0/H30CTH
n
X,=Fk? K TOYHOMY pelIeHHIO:
xpe 10l L X, K xpel Onl (2.83)
PackpblBast IpaBylo yacTh 3TOTO HEPABCHCTB2 (NCTOAL3yS Hepa-

BeHctBO (1 —u)'<< 1420 npu 0K u << 1/2 B cayyae, Korda
o, < 0, u nocnelHee JONMYLIeHHe), NONYYaeM HOBYIO OIIEHKY:

2| gn
XL (2.84)
Auanornusno
~lon] _lgnl\ ., _ l&nl
KXo 2= x4 = x,(l i) =x, . (2.85)
xn xn

OxoHyaTeAbHO NOMYIUEHHE O TOM, lI’I‘O]g,zl< X, T03BOJISIET
YTBepxXaarth, UTO

Xy — X | < 5 (2.86)

SHH‘JHT, €CNTH HU3BCCTHO, 4YTO X, — LEJ/HhIE UYHCTIA, TO UCKOMOE pe-
WEHHE TAKOBO!

n
xn = Gauxaitliee uessoe K B°  npu n == ng. (2.87)

Bor HekoTOpble pPeKypPeHTHBIE COOTHOIUIEHHS, KOTOPLIE BIIHCHI-
BalOTCs B 0BIILylo cXeMy — ypaBHenue (2.72).

1) Heaunednsie pexyppenrnsie coornowenus Foromba
Ynr1 = Yoy ««+ Ynrn  Ho=1, (2.88)
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HJIH, B IKBHBAJCHTHOH dopme,
Yniy=Wn—"VYa+r, Ho=1 y=r41. (2,89

Ecau ¢ noMomblo MoacTaHoBKH
r \
Xa=Yp— 5 (2.90
BBIJEIHTh KBAApAT,

2 .
X=X+ —T (2.91)

TO CTAHOBHTCH OYEHBHIHBIM, UTO JAHHOE PeKyppeHTHOe COOTHOLLe-
HHC SIBJIAETCA YJIEHOM [0.bKO 4TO PACCMOTPEHHOrO ccMeleTBa
cootHoWweHHH. [TocKOIbKY YJMEH, COOTBETCTBYIOWIHN g, €CTh KOH-
CTanT4, JErKo TPOBCPUTH, YTO MPUHSATHIE BHILIE AONYIIEHHS I1PO-
XOISIT B B 9TOM cJyuae.

I/Iasecm% 4TO B YACTHBHIX cllyuyastx r==2 ¥ r ==4 KOHCTAHTa
k paBHa '\/2 H BEJHUYUHE «30JOTOCO CEYEHHS» COOTBETCTBEHHO.
B gpyrux cayuasx 5Ty KOHCTAHTY MOXKHO OLEHHTB, HTEPHPYS
PEKYPPEHTHOE COOTHOLIEHHE W paspeuias €ro OTHOCHTENBHO £
JIBaxX /bl 3KCIOHEHIHAJBHBIH MOPAJOK POCTA SJEMEHTOB TNOCIHe-
IOBATEJMbHOCTH obecneynBaeT OBICTPYX CXOIHMOCTbL TaKHX OLE-
HOK, HO BMECTEe C TeM JeJacT HeTOUHHIMH OLEHKHM HAaJerKuX 4je
HOB TIOCJI€ IOBATEJbHOCTH.

2) Céaarancuposannbie Oepesss, Clepyiollee peKYPpeHTHOE
COOTHOUIEHHE, NpHBeAcHHoe B Knure Kuyra [III, paap. 6.2.3),
CBSI3aHO € [1OACYETOM uncia c6aJaHCHPOBAHHHIX OHHAPHHX fe-
PEBbER BLICOTH A:

Ynir=Y5+ 28,9, (2.92)

Ecan cpenath mpeobpasoBaHne Xa, == Yn -+ Yn—1, TO PEKYPPEHTHOE
COOTHOLIEHHE CT4HET MCHCC NPOCTHIM, HO 3aTo bojee yIO06HEIM
JUISl pelleHus;

X =X+ 2, Y, (2.93)

B nanHoM cayuae ujieH, COOTBETCTBYIOIUHMA gn, HE SIBIAECTCH KOH-
CTaHTO}, HO BO3pacTaeT [JOCTATOUHO MeAJdeHHO (2Yn—(Yn— &
& yp << Xn), 4UTO YAOBAETROpAET TPeGOBAHHAM, HAJONKEHHHM
BEILIC HA gn. TCIEpb MOXKHO YTBEpPHJATh, UTO CYLUCCTBYET TAKOC
k, UTO

X, =] " | (2.94)

Ya=LE" | — LBV |+ .. =LE|FL (2.95)
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(Mcnonb3oBanne GYHKUMA XION> BMeECTO GJHKAALIETO 11€10r0
ONpABIAHO TeM, 4TO Jn, OYAY4H NOJOMKHTENLHEIM, BCEra jlesaer
£’ HCCKOABLKO GosiblluM, YeM HCTHHHOE 3HAUeHHE.)

3aBepll¥M pasgen ABYMS PeKYpPpPeHTHLIMH COOTHOUIEGHHUSMH,
gurypupytomumy B cratbe Axo u Caoana [73]:

Ypp1 = Y5 — 34, (2.96)
Yns1 = Yn¥noi + 1. (2.97)

CTpOro roBOpsi, 3TH COOTHONIEHHs! He BIIMCBLIBAIOTCS B CXEMY pe-
KYPPEHTHOTO COOTHOLIEHHS, DEUICHHOrO B HayaJje NaHHOro pas-
nena. OqHaxKo H3NOKeHHAs TIPH 3TOM TeXHHKa PELIeHHs B PaBHOM
cTeneny NMPHMEHHMA M K 3THM COOTHOIUEHWAM, NOCKONbKY Ioc/e
norapi@MupoBaHus 0Ga PeKypPEHTHHIX COOTHOUIEHHS CTAHOBATCS
6143kUMH K nuHefiHoMy. B uacTHocTn, ypaBrenne (2.97) umeer
pemreHte pHOOHAYYHEBOTO THIIA!

Yp=Llgn="k[" ), (2.98)
rae FII=FI1-1+'FH—2'



InaBa 3
OnepaTopHble MeTOIB!

[TocacayowWwuil  anaTll3  XeUIWPOBAHHA, TNPHHAAJEKAUIUR
Maiikay 1latepcony, HO Huka He oNyGJIMKOBAHHBIA, OMUPAETCS
HA ABa HOHATHA: COBCTBCHHLIC ONMEpPaTopbl ¥ TO, Y10 OH Ha3hbi-
BACT «HHAVKUHCH ¢ ApyIorn KoHua». [1pHBOIUMBIA HHIKE APHMeED
€ MOHCTPOM — HOXKHPATEIeM 1ledeHbs WINOCTPUPYCT MONb3Y Ha-
XOXK JAeHUsT co6cTBeHHOro oneparopa. «MHAYKuHA ¢ ApPyroro KoH-
ILa» MOSABHTCA [103K¢, KOIjia 3T MeTOaH OyayT NpHMeHATbCH K
PasJH'THLIM CXCMAM XCLIMPOBAaHWst (MO NMOBOAY TOCAEAHHX CM,
rakxe Kuyr [I11, pasn. 6.4]). — [Tepes.).

3.1. MOHCTP — NOXKHpATENb NeveHbs

PacecMoTpHM MoOHCTpa, CNOCOBHOCTBE KOTOPOro MOFJOLIATh Me-
YyeHbLE NMPONOPLUHOHANbBHA ero TekymeMy o6beMy. Korga Mbl UIBH-
pseM eMy TeueHbe, a MOHCTD YyXKe HMeeT 2 NeyeHHH B CBOCM
6pioxe, ¢ BEPOATHOCTBIO pk 006bLEM MOHCTPA YBeJuYMBAETCA 10
£+ 1. (Muo npenmonaraeum, uto pk << 1)

[TyeTh gre 9BJIAETCH BEPOATHOCTBIO TOTO, YTO 06BEM MOHCTPA
paBeH £ Mocne TOTO, KaK HAa ChejeHbe ObLIO OTHAHO 1 [EYEHHH,
O6pasyem IpOM3BOAALLYI0 QYHKIHED

g: ()= 2. gue 3.1)

KOTOPAsi COOTBETCTBYET pacnpeiclieHrlo o6bema MOHCTpa Mocae
7-r0 MBLIPAHUA TNeueHbs. llepRoHauanbHo MOHCTPOM 6BLIO Ka-
KHM-T0 06pa3oM CbeleHO OJHO TeweHbe, TaK 4To Qofx)==x,

Hexuii «onepatop» 6yiaer ofecneyyBaTh BO3IMOXKHOCTL NMOJAYV-
YeHHS Gnpi(X) TO 3amannofl ¢yHkuuu gn(x). CHauana nocMor-
PHM, KaK BO3JCHCTBYET I€UEHbE Ha OTAJbHOE CJaraeMoe:

Jo Tocae

x ph®HU (L — pk) £F
wn xt +px—1 bxk®

Dro uaveHeHue onucbidaercs omepatopoM @ =1+ p(x—1)xD,
rpe D —nupousrognan. MHaorokpatHoe npuMeHenue @ jgaer
gnfx)=D"go(x).
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[Tpexge yeM JBuraThcs jAadplle, [M0se3n0 1aTb 0030p HEKO-
topuiX GakToB 06 onepartopaX. Ipu sTom 6yjleM HCMOJNb30OBATh
cnenyompe o6o3naveHns:

D — niponssonnas,

U — BuluncIeHHe B ToUKe X =1,

7 — BLIUKCJIEHUC B TOUKC ¥ = O

UD — nonyuenne CpelHEro 3H4AYEHHS f’(l)
U, — cokpaulendoe obo3uasenne aaa UD",
X" — YMHOJKeHHe Ha X",

BaXXHo mpencTaBaATh, Kak onepaTopbl KOMMYTHPVIOT Apyr c
apyroM. Hampuwmep,

Dixnj (x) = nx"'f(x) + x*Dj (x); (3.2)
03TOMY MOXKHO TlepeMecTHTh omepatop D 3a x£” Io mpaBkJIy
Dxm == x"D + nxn—1, (3.3)
310 mpaBuso ob6o6imaeTcss Ha TNPOH3BOJMBHLIA MHOTOWIEH r(X)!
Dr(x)=r(x)D + r (x). (3.4)
IpyruM mosie3HhM AKTOM, KacalollluMCcst ONepaTopoR, ABJSETCS
CODTHOLIEHHE
Upx=U,+nU,_, (3.9)
WM
Upx —)=nU,_,. (3.6)

AT0 MOKeT GhITh NOKA34HO TIEPECTAHOBKOM X C KaXKIbIM U3 Olle-
patopor D B Unx.

Bosppamasce k MOHCTDY — NOXKHPATEII0 NEUCHDH, XOTCIOCH
6K yCTaHOBUTDL CPCAHHE 06BEM MOHCTPA MOCJAE £ IUBLIPAHHI ITe-

HEHBS: '
Uig, (x)=U,D"g, (x). (3.7)

BOT Tjle BaXKHAa NEepecTaHOBOYHOCTDb, MOCKOAbKY GhlI0 Obl 3amaH-
YHBD UMETh BO3MOMXKHOCTb noMecTuth U mocne @. IpumeHeHue
t KO paer

UDD=UD(l4+p{(x—1)xD)y=
=UD+px—DxD*4+p2x—1)D) =
= (1 +p)UD. (3.8)
3nagut, UD ssasercss cOGCTBEHHBIM omepaTopoM onepatopa @,

W B cuy Nogo0HOH CaMOBOCIPOM3BOAHMOCTH MOZKIIO BHIYHCIUTH
CpegHee 3HAUYEHUE:

U0"go(x) =14+ p)" Uige(x) = (1 + p)". (3.9)
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INucncpena  ycTaHaBawBaeTcst ¢ NoMOWbWw Us  NOCKOJBKY
var(g)=g" (D + g (D —(g" (1) n Uyg,(x)=g;(l). K coxa
aeuuto, Uy He WMeeT TAKOro NPUBJNEKATENBHOrQ NOCTOSIHHS, Kak
COBCTBCHHLIA oneparop. kotopwM obnagaer U, mockonbKy

U, =UD*+p(x—1)xD*+2p2x — 1) D* 4 2pD) =
=UD*+ 2pUD* + 2pUD =
=({14+2nU,+ 2pU,. (3.10j
TeM He MCHCE, HCHOBIVH NOINOISUIVIO JHHEHHYIO KOMOHHAIUIC
Uy ¢ Uy, Mul Bee we nodyyaeM cOOCTBEHHBIE ofepaTop:
(Up 4 2U) © = (1 4 2p) (U + 20)). @11,

Ha caMom mene cyllecTByeT uenoe ceMefACTBO COBCTBCHHLIX ONC-
pPaTopoB, 3agaBaeMuIX Caejylollefl cxeMol:

V[(D=(1+p) Vl’ V[=U1’
Ve‘Dz( +2p)V, Vo=U,+ 2U,,
Vi@ = (14 3p) Vs, Va——Ua+6U2+6Up

------------

V O=(1+np)V,, V,,-——-Unx"-l.
3To MOXKHO MOKa3aTh ¢ NoMoulblo cooTHouwreHufi (3.6) u (3.3)
VD=V x"'(1+px— 1)} xD)=
=V, 4+ Upp(x— 1) x"D=
=Vn+ prilU,_ (Dx" — nx"=1) =
=V, pn(Uyx —nl,_g) x"! =
=V,+ pnV,. (3.12

Henonssys Vi, B NpHHUMIE MOXHO BHIBECTH BCE MOMEHTH pac:
npenenendst 1 6osee BEICOKHX IOPSAKOB, B wacrHoerH, aucnepcns
BHIYHCJASETCA ¢ MOMOWBIO Vy:

VD%, () = (1 + 2p)" Vo = 2 (1 + 2p)7,
Uy 0"gy (x) = (V, — 2V ) D"go (x) = (3.13
=2(1 4 2p)" — 2(1 4 p)*,
var (g,) =g (1) + g, (1) — (g, (1)) =
=2(1 +2p)" — (1 + p)" — (1 + p)™.

TakK 9TO

3.2, Cpacrawieecs xemupoBanie

MuHYTHO® pasaMbilJieHne TIOACKA3LIBAET, YTO NOBejeHHe MO
CTpa —NOXKUpaTeds nedeHbsl OYEHL TECHO CBH3AHO ¢ ompepench
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P

HHM BHAOM XelUHpoBaHHA. Korpa BO3HHKaeT KOMIH3HA Kioued,
06pasyeTcs AJHHHAS LENoYKa, H BO3MOXKHOCTh TMOMA/aHUA B Hee
poapactaer. IIpeuosoXKM, YTO Mbl Da3pelllaeM KOJJIM3HIO, Ha-
xoif TMeproe ¢BOGOIHOE MecTO Ha JIeBOM KOHUE TabJHULl H CBS-
3pBafA 3TO MECTO ¢ KOHUOM uenouyku. [To Mepe BrimoJHEHHA anro-
puTMa MBL 6yleM HMETb DPacNpefeseHne MOHCTPOR Pa3JIHIHOrO
obbema. Ilycto

gn(x)= Zk: (cpesiHee uMCNO lEMOYEK MJMHH &) - x%, (3.14)

XoTtenock 6Ll CHOBa HAUTH ONEPATOP, KOTOPLIH ONHCHIBAET THPH-
GaBJsieHHe OAHOrO MEUEeHLS, HO Ha 3TOT pa3 MBl AyMaeM O KJIO-
gaX, a4 He O Meyenbe. ’
[ToCKOMBKY MH HMeeM JEN0 CO CPEHHMH 3HAYEHHAMY, 00Ul
gaeq (3.14) 6ynmer Bectn cebn nogobHO OLHOMY MOHCTPY, XOTH
BKJI3J B HETO BHOCAT HECKONbKO MOHCTPOR. B nanHOM ciyuae
p==1/m, rae m—uncao «umeneit> (slots.— Iepes.) B xem-rab-
auue. ITosToMy BepositTHOCTH VBEJTHYEHHA ILCMOYKH AJHHEL R 10
k41 paBua pk-ReposITHOCTH MoONafaHHA B uenouky. Oguako
BBIUHCJICHHE CBOGOAHOTO YJeHa B TPOU3BOAALLEN (DYHKIHM mpe-
MOLHOCHT MNoBbie TPyAHOcTH. CpenHee YHCAO TMYCTHIX 1ENOYEK
MOAPOCTY PABHO m — 11, IO3TOMY ONEPATOP LOJKeH OBITh TaKKM:

V=@ + (Hexuit cBOGOAHBH WieH K m — n). (3.16)
Bmecro TOro 4to6hl CTPOUTH AOr3KH, 3aMeTHM, 4To onepartop P,
ODHMEHEHHBA K cBOOOAHOMY uiIeHY OYHKUMH ga(Xx), ecTb

O(m —ny=m—n. CaeloBaTeNbHO, TNPABHJBHOE H3MEHEHHE
JROJIKHO 6BbITh TAKUM:

Jo [Mocne

m—n (m—n—1+
+ U —np)x

Moxno nommpaesuts ®, HCTONB3Ysl ONEPATOpP BLIUUCHAEHHS B
HyJse Z:
Y=®+px—1)Z—pU, (3.16)

3aMeTuM, yto Z, UpHMEHEHHHH K Za(x), naer m—n, a U faer
n, mostromy ¥ gefictByer Ha cBOGOAHBII WIeH HaNeXaluM o6-
pasom:

Ym-—n=m—n+t+px—1(m-—n)—pn=
=n—m—mp+ (1 —np)x. (3.17)

(Hanomnum, yto mp = 1.) Hcnoanzosasue Z u Uy B 27100 CTpAN-
He BHada/Je MOXKET NMOKasaThes IOMOGHBIM «cTpenble U3 mylex
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o BOPOOGLSIM», HO 371eCh BAXKHO TO, UTO LAHHOE H3MEHEHHC Clie-
JIAHO HCKJIOMUTCILHO ¢ NOMOLIBIO JIHHEHHBIX OEpPATOPOB.
Hrax, g.(x) sajaercs popmynamu

Ba () =g (x), go(x)=m. 3.18

Kak n upekae, nmonnitacses wadtd coOCTBEHHBIA onepatop ofe-
patopa ¥, npumencune Uy x ¥ nacr

UW.=(1+pU + pZ. (3.19)

CHCTCMATHUECKOTO cTTOCOOA HAXOXKIEHHS COOCTBEHHBIX ONEPATO-
POB He CVLICCTBVET, 11O NPHCAVTCTRHE Z TIOACKA3LIBAET MOMBITATHCS
TaK:

ZV¥ = (1l — p)Z — pU,. (3.20)

Teneps BHAHO, YTO CJACAYIOMIAA JHHEHHAR KOMOUHALHUS ABJALTCH
COGCTBEHHLIM OMNEPATOPOM:

Ui+ Dy¥={U+2). (3.2

«CpenHec» B 3TOH 3ajzade He OCOOEHHO HHTEPECHO, MOCKOJbLKY
npuMeHenue onepartopa Uy K g.(x) AaeT NpocTo 7, U CO6CTBEH-
MBI OlepaTop TOJBKO MOATBEPXAeT 3TOT DAaKT:

U4 2) gn(x)=1"m; (3.22)
Zg,(x)=m —n. (3.23)

HanpotuB, cuna co6CcTBEHHOTO olepaTopa NMposBJASeTcs B CIyuae
BHUHCJEHHUS CPefHero 4ucaa Koaawsuft mpe (n 4 1)-# BertaBke,
ITycts

h, (x)= ; (BcposTHOCTL R Konmuauit npH (n-4- 1)-11 BeTapke) x*.
(3.24)

Unen «* B gn(x) 6ymer parath (£* 4 %'+ ... 4+ x)p B ha(x),
MOCKOJBKY TonajaHHe B KaXKALIH 3JeMeHT A-UeMOUKH pAaBHO-
BEPOATHO, HECMOTPS Ha TO YTO OHM HAXOAATCH HA PA3HOM pac-
CTOSIHHH OT KOHLA LENOYKH.

Mpr xotuM BeIUHCAUTh Uik (x), uexonsd H3 ga(x). [lpumenss
Uryy K MHOTOYJEHY W He I[CPCMOHSACH CO CBOGOJHLIM UJICHOM,
nosydaem

Ur (*H)=U, (x*H — 1) =
=U, x—DA+x+ ... +H=
=+ DU, 014+x+ ... + 5=
=4+ DU, (x+ 24+ ... + 1D, (3.25)

(TTono6uble BOJIBHOCTH ONPABAAHHBI, NOCKOABLKY Mbl HIPUMEHAEM
U X MONHHOMHAJbHOMY apryMeHty x*+l a ye nepecranasem U
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¢ oneparopom x*+' kak B ypasuermnu (3.3).) IMonaras r =1, no
AyyaeM 33BHCUMOCTh MeXAY g W A:

Uyhy (¥) = 2-Usxg, (x). (3.26)

[Tockoibky Usx = Uy 4-2U|, a U; Jerko BIUUCAAETCS, MOMBITA-
eMcs Teneps HafTH coberseHunlt onepaTtop oueparopa ¥, koro-
phiii comepxan 6m Uy BoT noaxogsitee ceMeAcTBO COGCTBEHHLIX
ONepPaTopoB:

C¥ = (14 2p)C,, cz=v2—{,-w. —2),

‘Fz{1+3p)cs» C3 3 (U!_QZ)

P .

C¥—=(4np)C, Co=V, -2 @ —(n_12).

910 ceMeHCTBO MO3BOJsieT H2HTH BCe MOMEHTHI pacmpeieseHus
KOJIMH3HHA, HeH30eXHHIX TpH BeTaBke (- 1)-ro saementa. Ha-
NpHMeEp, CPefHee YHCIO KOJMJIM3HA BLIBOAHTCA C TMOMOLILIO OIle-
patopa Ca:

Uih, (x) = 5- Uy + 2U)) g, (x) =

p
7 (
=%(CQ+%——?—)gn(x)z
—_(( + m __7'"_]_,1) (3.27)

2m

Yuraredb, J0MXKHO O6bITh, 3aMETHJN, UTO B NpejlblAylieM aHa-
JIH3e He YUHTLIBAJIOCh BpeMmd, HeobXoAHMoe AJ15 HAX0XKACHHA nep-
BOH ¢BO6OJHOM siucHKH Ha JEBOM KOHIe MaccHBa. llpeanosoxum,
9TO aJIFOPUTM XENIVPOBAHUA HCAOJL3YeT yKasaTesb, KOTOPHIH TO-
3BONSET CJAEAMTHL 33 nocaeiel, OBIBILEH N0 3Toro ¢BoboaHON
suelikoi. [Tpy Kaxaol KoJJH3WH yKasaTedb NepejlBHraeTcst Bipa-
Bo 10 o6Hapyxeluss HOBOH CBOGOAHOH AYEHKH.

3ToT aJAropHTM MOAeNupyeTcsl caeayiolielt urpofl, koTopas
HayuHaeTca ¢ MyCTOro MaccuBa M yKalaTeds Ha Hyqb. Mrpa Tpe-
6yer n «R-WaroB», Moc/e BHIIOJHENHA KOTOPEIX BHIYMCIAETCH
paccrosinne OT YyKasaTtens jgo OGanxaHie#t cBoGogHOR AYeHKw.
Korna umeercs i He3aHATHIX AYeer, «R-1ar» ¢ BEPOATHOCTLIO Pi
3aHUMaeT TNyCTYIO svYedKy W C BepPOATHOCTBIO | — pi— camyio
JeByw cBoGOAHYIO fiueliky. BTopol cnyuaft COOTBETCTBYET KOJ-
JH3HH, TIPY 3TOM YKa3aTeJb YCTAHABJHBAETCS HA TOJIbLKO YTO 3a-
uaryo suciiky. OxonuaTeNbHBIH CUET HIPBl — PACCTOSIHUE MEXAY
yKaszaresaeMm i Oavkahimne# cBoGOIHON AueHKON — faeT CTOUMOCTh
HaxoxaeHHs NycTod siyefiKn NpH OGyayuied KOMJIH3HY,
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BocnoanayeMcn eule pai mpoussoasiled dyaruued. I[lycts
Gmn(Z) CCTh

Zk: (BepOATHOCTh TOTD, UTO CHET PaBeH £ AMsl MAacCHBA

pasMepa m nocac n R-maros) 2%, (3.28)

Bynem wuckare onepatop aas nocrpoeudst Gma, paccMaTpHBas
3aJa4H MeHBINEro pa3Mepa W HCTONB3YS «HHAYKLHIO» APVIOro
tuna. [Tpeanosoxum, 4To HMCETCA NOCEA0BATENBHOCTL R-114aroB;
314C7

Yuena o3nanar 3anatue quedikd, a C CHMBOJNH3UPYET KOJIH-
3HIO, KOT,1a 3aHHMae1cy caMas Jendaa cpobopHas Auefika H Ha
Hee ycTanapIHBacTes vkasareds, Kapgas takasi nocsiegoBaTenb-
HOCTb [I4TOB BCTPEYACTCA ¢ HEKOTOPOH BepOSTHOCTBIO H NPHBO-
JHUT K HEKOTOPOMY CueTy, KdK ONpejeseHo BHIUe,

BwMmecto Toro utoOm 2004BJATL HOBLIH 3JIeMEHT B KOHEU TNO-
clegoBaTeqbHOCTH, 6yleM TIOMelaTh ero B Hawaslo — OTCIJa
BLIPAXCHHE «HHAYKUHSA ¢ APYroro kouua». Tounee, Gypem jo-
6aB/aATH HOBHIA KJIOU H HOBVIO SUCHKY K MaccuBy, Kijiou moxer

OHlTb BCTaBileH B CTaprfl MacCHB rJje VrogHo, MO3TOMY MOIKHO
3

PR LR
N C} B HAUano IMocjJenoBaATEJbHOCTH € €€ MepeHyMe-

paccMAaTPHBATB 3TO KaK A00aBJeHHE 3eMenTa R &

2m 4 |
veo T3
paumeil s TOTO, YTOOH CHOBa CAeNaTh INOCHEN0BATENLHOCTD
LeJION.

Hanpumep, paccMoTpUM yKa3aHHHE Bbllle R-1lard # npeano-
JOXHM, uTO pasMep MaccuBa m = 7. Korga npoHCXOAHT KOJMJIH-
3un C, sauefixa ] 3ausTa, Tak 4TO 3aHuMaeTcy guciika 2, B koune
Hrpol Ginxadiuedl cBo60fHOH fvelikod OKa3wiBaeTCa 5, MOSTOMY
cuer pasen 3. Hike mepeuncsienn Bo3MOXKHbBIE H3MEHEHHA B 3a-
BHCHMOCTH OT TOTO, Kako# HOBbI K-IN4r Mbl mMoOMellaeM B Ha-
yano noclel0BATENLHOCTH.

Moayvatouancs

! &

BepoaTHocTs Hoeui nasaabiu NOCEAOBATENb" Cuer
sneMeHT HOCTE

425C8
415C8
415C8
315C8
314C8
314C8
314C8
314C7
4256C8

[ T R TR I )
Omﬂmm:ﬁwmﬁ“
QWLWLO W WWw

—

8p

Kak s10 Gyaer BnusThL HA OKOHUaTenbHHH cyer? CueT pasen
Inuge ofjacTy Mexay ykasarenem H OauXKailimed croGoaxof
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aueiikofi, Ecau HOBHIA K4 BeraBasieTcs B 3Ty obnactb, cuer
YBEJHUNBAETCS HA JMHHIY; B MPOTHBHOM cJlyuyac CHeT OCTaeTcs
HeH3MeHHBIM. [10CKONBKY BEepOSTHOCTD Ionajgauusa B 3Ty obhacThb
nponopuHoHaNLHA ee pa3Mepy, MOHCTp — NOWHPaTeldb NEYCHDA
MOAHHMAaeT cBOIO 6e300pa3Hyo roJIoBy H ¢ TMOMOILLIO 3HAKOMOI'O
omeparopa @ noryoumaer ocTaToK 3TOro aHANH3a:

Gmn (x) = (I)Gm—l. n—1 (X) (329)

3.3. OTkpbiTag aapecauus: paBHOMEpPHOE XelWHPOBaHHe

Buecem ne6oanbilioe n3MeHeHue B npeasiayliyio urpy. Buecro
R-mara 6yeM HCNO/b30BaTh [-11Ar, KOTOPbIH HAYraf 3anosinsier
nycTylo duelkKy M YCTaHABJAHBACT YKa3aTCldb Ha JeBbill KOHel
vaccuna., OKoOHYATENBHBIW CUeT pPaBeH PACCTOAHUIO OT JIEBOCO
KOMIlA MacCHBa 10 NepBo#l cBOGOANOR AYEHKH.

TToBogOM AJIS 3TOM HOBOH HIpHl ARBNAETCA HECKOJLKO Hepea-
JUCTHUECKOE [PednoIoXKeHUue, YTO KaXAbll kntou obnazaer cuay-
gafinofl TepecTagoBKOH IochefoBaTeNsHOCcTH npod. Kmou cie-
AyeT CcRoell MOCJAef0BaTeNbHOCTH NPO6, MOKA HE HAXOAMT NYCTYIO
fyeriky. 3T0 JoONylueHHe, OOBIYHO Ha3bIBAEMOE «PABHOMEPHBIM
XewypoBaHuem», 6yjeT yTOuUHEHO NO3XKe Mpu OBCYKIeHUMW «BTO-
PHYHOTO CKYUHBAHHAY.

XoTesock 6B YCTAHOBHTL CPeAHee HHCAO 3aHCeH, C KOTOPHMH
Q0dKeH 6bITh cBepeH (1 -+ 1)-ii 31eMeHT B CBOefi MocneioBaTeNb-
HocTH Tpo6. Dea moTepH o6IINOCTH MOMXHO CYHTATb, YTO B Kaue-
CTBe MOCJeL0BATENBHOCTH MPO6 ITOT 3JEMEHT WMeeT NocaesoBa-
treapocTs 1, 2, 3, ..., OepeynopsjouHBasg, ecJu HeOBXOAHUMO,
MaccHB Tak, uTo6h 3To cTaso cnpaBeqaHBaM. Torga and BCTaBKH
(n-+ 1)-ro snemenrta Tpedvercst HATH CaMYIO JIEBYI0 CBOGOLHVIO
fivellKy, B 3TO PABHO CUETY ONMCAHHON Bhinle 7-LIIATOBOH HIpHL.

Henonn3ya «MHAYKUHIO ¢ Apyroro KOHIIA», Ml CHOBa Hartat-
KHBaemcsl Ha moHcTpa. Ha 3Tot pas oM 3auan sayefikm B Hauade
MaccuBa. TeM He MeHee ciaegyeT ObITb BHHMAaTeNbHEIMH 110 OTHO-
IIeHUID K BEpPOSTHOCTH. pP: BEPOATHOCTh TONAJAHHS B JAHHVIO
Aueitky pasra 1/m, nodtoMy onepatop @ ecTs

@, =1+ (x—1)xD. (3.30)

BenoMHEM, 910 «HHAYKIHA € APYroro KoHia» Ao6aBASCT Kak
HOBBI{l K104, TAK H HOBYIO LIeJb B MacCHB, TAK YTO 3Td BEpPOAT-
HOCT MEHReTCs M MB JIONKHBH NapaMerpu3oBaTh omepatop @
HHJEKCOM M.

B ciyuae napaMerpu30BaHHOTO OIfepaTopa MPOH3BOAALLAS
byukilua 115 o6beMa MOHCTpa 3aaaerca dopMyJaol

Grin (X) =0,Ppn_; ... (Dm—n+[x' (3.31)

Omnepatoput V| u V; no-npexueMy ABASIOTCA cOGCTBEHHBIMH Ofle-
PaTOpaMM; OHH 20T NPOH3BEeACHHS, KOTOPLIE 3aMCUATENALHO CBO-
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paunsawtea. lanpuMep, cpenHee uwucno npo6, HCNONb3yeMBIX
ana octasku {n -+ 1)-ro ssemeHdTa, ecTh

ViGa (9 = (14 2) (1 5=5) - (V= =) =
=t (3.32)

A mockoauky Bee Vi cBOpaysB2IOTCA, BOT BaM CHCTEMATHYECKMWI
CNOCOS BLUMNCTCHHA CPEIHErO W JLMCHEPCHH 4HCAd npod, Heob-
NOJTHMDBIX 115 BeTasku {1 -4 1)-ro saemMeHTa.

3.4, O1kppiTas aapecauns: BTOPUUHOE CKYYHBaHHUe

B smojacau BTOpPHYHOrO CKYUMBAaHHA KaXAbll kKawu orobpa-
JREH B CAHHCTBEHNgE XelUl-3HAaYeHHe, # 3TO XCIU-3Ha4eHHE J[0-
CTABJAAET CHYYAHUHYIO 1IE€PECTAHOBKY MOCAeNOBATeNBHOCTH Mpob.
Buecto Toro 4ToOB KaxAbli KAOY HMEN CBOKW COOCTBEHHYIO Cay-
YafHYI TOCAEL0BATEeNEHOCTh NPOO, KIYN pasielsioT Noc/ejo-
BATCJILHOCTH Npo6 ¢ TeMH KJIKYaMH, KOTODHiEe OTOOpaKawTcs B
TO e caMoe Xell-3HaueHue. Xell-3HaueHusa M TOCTEI0OBATENb-
HOCTH [pol mno-npeXHeMy SBJAAIOTCA CAy4YaiHBIMH, HO OfIL-
HOCTH 110CJE0BATENbIOCTH Npob genaeT KOMIH3HH GoJiee BEpOAT-
HBIMH.

Ha 3ToT pa3 "rpa, B KOTOPYI0O MBI HTpaeM, colepxuT S-mpa-
BHJIO: CCJIM caMas JieBasi sueiKa He 3aHATA — HCNOMb3yeTcs Mpa-
a0 SO, B npotusHoM cayuac —npasuno Sl. 1To npasuny SO
nycTas Aueidka 3anumaetcsi Hayrag, [lpasuao S| Bknovaer Bu-
60p: ¢ RepPOSATHOCTLIO P 3aHKHMAeTcs caMas JeBas NycTas auelika
M C BepOATHOCTBIO ¢ = | — p wayraj 3anumaercsl aio0as nycras
fUeHKa.

S-npaBuno OXBAaTHBAET ABJEHHE BTOPHYHOTO CKy4HBanus. Bes
nMoTepH OBILHOCTH MOMKHO APEANnoJNaraTh, UTO KaxAaufl KJaf0Y, no-
majaloIlui B KpadHIonO JEBYIO fAYeilKy, HMeeT TNOocJeN0BATENb-
woctb mpob 1, 2, 3, ... . Torna no mpaBuay S1 ¢ BepoOATHOCTHIO
p MBI XelIHpyeM fo Kpaiuei JeBOM sueHKH, MOBTOPHO HCMNOJh-
3yeM Ty K€ CaMVyl0 Xell-IIOCJeJOBaTeNbHOCTb 1, 2, 3, ... H 3auHu-
MaeM CaMylo JIeBYI0 NIYCTYIO f4uefiky.

CyeroM urpel $BJSETC pPacCTONHHE L0 TEPBOll CBOOGOMHOM
sAYelKd A UMelOTCA [ABe «IPOH3BOAAILHE cueT» DYHKUHH ANS STHX
asyx opasui: Hma(x) ans npasuna SO # Gan(x) mans npasuna
S1. Pacemorpum Brauade OyHRKUMIO (rma(x):

Gy (¥)= (px 4+ qO) Gy, pq (%) (3.33)

OnepaTtap aqaa (G ycTanaBIMBaeTcs ¢ HCMOJbL3OBAHHEM «MHIAYKIHA
¢ apyroro koHuay. C BepOfITHOCTBIO P KJIOY BCTABASETCS B HO-
suyuio | v yBeanuuBaeT o0beM MOHCTDa Ha eqUHMALY, C BeposT-
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HOCTBIO ¢ MBI HFpaeM B TIDPEXHIOK Urpy «MOHCTP -— NOXHPATENh
leueHbs», MPHCOSIHHAS KAI0Y Hayraf.

CylecTByeT TOHKOE pasyuyue MeXy BEPOSATHOCTAMH B 3TOM
DICPATOPE: BEPOSITHOCTE P 3adHKCUPOBaHa B 1 /m g0 HHAYKUHOH-
HOTO wWara W ocraercs (PUKCHPOBAHHON TNPH yMeHbIUEHWUH 7.
Ounaro omepatop @, napamMeTpH3OBAH HHIEKCOM M1, Tak 4TO
3ePOSTHOCTL B 3TOM OIEpaTope YBEJHYHBAETCS C yMEHBLIeHHEeM
m. Jlannoe pasjgHune ABJAETCS HMEHHO TeM, YTO HAM Halo, No-
CKONbKY BEPOATHOCTL PasjiesleHHA HOBHIM KJIOQOM OLHOH U TOH
JKe (T0CJCLOBATENLHOCTH NPo6 ¢ onpeleseHHBIM CTAPLHIM KJKOUOM
sadukcupoBana B | /m Ha MpoTAXKEHHH BCEro Mpomecca,

Bennuuaa Qn = px + ¢@» 8 (3.33) He uMeeT CO6CTREHHOTO
olepaTopa, HO HMEEeT «CKOJb3STIIHES ornepaTop

U= (m+ DU Q= {1 + LYW, —mUy).  (3.39)

Croabaswui onepatop Am = U;— mlU, uaMensier cso#t mapa-
METP Ha EIHNUIly, KOrAd OH nepecTaBisgercs ¢ Qm, a ecan Tpe-
6yerca BeluucauTE U, nogo6Hoe 0GCTOATENLCTBO TAK e LIEHHO,
K4K H HaJuyHe COGCTBEHHOrO OMepaTopa:

AniOnn ()= (1 5) (1 4+ 55

(1 m++l) Apenii® (3.35)

G (0= (1 +-5) (1

.. (1 + n1_72'+1)(/z—rn)+(m—~l). (3.36)

.

Teneps MokKHO 06paTHTL CBOE BHUManue Ha QYHKUHIO F pp(x)
g mpasuno SO. [Toka neppas suelika He 3aHATA, CHTYALHA CXOXA
¢ moBefeHdeM MoHcTpa. Kak TONIbKO NOCTHrHYTAa TepBad dAueika,
Mbl TepekaouacMcsi Ha Gma(x). Mcnonssys «unaykuumo ¢ apy-
roro KOHL@», MOJydaeM PeKypPeHTHOE COOTHOlIEeHHE

Hpn (8) = OnH oy, 1 (0) — 2 Hou g (0) +

oy Gt net (). (3.37)

Cpensnii 4jieR COOTBETCTBYET OLIHGOYHOMY HCIONB3OBaHHIW H
onepatopom @ B cayyae 3aHATON TepBOH AYSHKH.

[Tockoabky wurpa nayumaetca ¢ npaBuna SO, dyHkuas Ho.,
fABngerca Tpebyemol npousBoasiieit PyukuUUER LA Beel urpsi, H
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xoTeloch Gbt HafiTH cpepHee 3nadeHue UyHma(x):

1 U
Ulﬁmn(x): (l +“"“1') Ule-l.n—l - n;x Hm—l.n-—l +

+ U,x

mn

\ U
Grynar = UIHm—l.n—l + ",ﬁ"an—l,n—l' (3'38)

AHAA0THYHOE PCKYPPENTHOC cOOTHOWEeHUe AN Gmn MOMeT OBITH
BLIBEEHO H3 ypaBHenus (3.34):

U\Gna (6= (1 +F ) UiGonet, et 4 - (3.39)

CaoXuBiuasicss cHryauus TpebyeT HOBOrO ONEPATOPHOrO TPHOKa.
3ameTuM, uto Jaudednan koMGuHauMsg H w G BoCHpOM3BOAMT
cebs:

1 1
Ul (Hmn— TGmn) =U, (Hm—l. n-1"_" 7 Gm~l. n—l) - % (340)
K Tomy e usnen p/g ue 3asucur ot m. [lostomy

1 1 n \
Ul (Hmn__q_Gmn)zUl (Hm—n.O_TGm—n.O _'_qp— (341)
[Tpu 3afa@HHLIX TPAHHUYHBIX YCAOBUAX Hm o= Gm o= x n paHce
BuiuncaenoMm UjGmn, MoxHO onpenents UiHma:

1 1 ‘
UiHpn = Uy (Hm—n.u_~Gm_n.0+'q-'Gmn) —iqliz

q
=1+%—(m—-np+(n—-m) ﬁ (1+%)). (3.42)
k=m—n+]

(Murepecio cpaBHHTb NOJY4€HHOE pelleHHe ¢ TpagHIHOHHBIM
NOAX0J0M K xewwupoBaHuto u3 kHuru Kuyra [III, yup. 6.4-44].)

[Tocaepnu#t onepaTopHHH TPHOK HMEET CUJBHOE CXOACTBO ¢
COOCTBEHHBLIMH H CKONB3AIIMME ONEepaTOpaMH, KOTOPHIE HCIOJb-
30BaNHCh panee. Bo Bcex 3THX CaAyyasX Mbl IBHLAJHCE (10 PERYp-
PEHTHON TIOCJENOBATENBHOCTH C TOMOILBID CaMOBOCIPOH3BOIS-
werocsa npouecca., Cuna olepaToOpHBIX METOLOB 34KJIIOYAETCR B
HX CHOCOGHOCTH CKpDAaRLIBATh HECYINeCTBEHHBHIC HeTasH, TaK uTo
COOTBETCTBYMLIAS CaMOBOCIIPOH3BOAHMOCTb CTAHOBHTCA SIBHOI;
DOSTOMY BEJWUHHBI THNA CPEAHUX B LUCHEpPCUH CTAHOBATCS Cpas-
HUTEAbHO JIETKHMH ANA BHUYHCJIEHHUS,



I'nasa 4
ACHUMIITOTHYECKHUH aHaU3

4.1, OcHOBRHBIE NOHATHA

Henb3st pyuarhes, 94TO BO3HMKAKIUHE TIPH HCCACAOBAHNHH AJIr0-
PUTMOB CYMME! M DEKYPPEHTHEIE COOTHOLIEKHs GYAYT HMETh Ipo-
cTHIE pelleHHs B 3aMKHYTOM dopme. [a camom sene asapr ana-
433 aJrOPHTMOB BO MHOIOM BHI3blBaeTcsl pasHoobpasnem Mare-
MaTHUECKHX METOA0B, K KOTOpbIM (mopofl pwlaas W cTeHas) NpH-
6eratoT HCCJAELoBaTe/]H B CBOMX NMONbITKAX pa3obpaTLes B adro-
PHTMaX. 3ayacTylo HCCJAeNOBATeNH BLIHYXAeHH ofpauiartbed K
4CHMIITOTHUECKOMY aHaJH3y.

Henb acHMUTOTHUYCCKOrO 4HAJIK3a COCTOHT B HAXOMXASHWUH XO-
pomero NMpHONHAKCHHA K TounoMy pemennto, Yacro npu Gomb-
WHX 3HAUEHHAX BXO/ASANlH%X B HETO TapaMeTPoB OTHOCHTEJNbHAA
olIN6K4 TAKOro nNpulTHXEeHns CTaHOBUTCH Majol. Mbl 6yaem
ILITATbCH HCKATh KAak MOIKHO 6GOJIEC TOYHOE ACHMNTOTHUCCKOE
npH6MUNKEHHe;, HaMpuMep, Tropasfo CylIeCTBeHHee 3HaTb, YTO
BpeMs BEITOJIHEHAS! HCKOTOPOTO anroputMa ects 3n2+47n+4+0(1),
a ne mpocto O(n?).

BuuMaTcabHOC OTHOUICHHE K ACHMIITOTHYECKHM YJeHaM Io-
Ne3HO 110 HECKOJbKHM MpUYBHAM, 3a49acTyK NPHOMHKEHUA CcXo-
AATCA HACTONLKO OHICTPO, YTO AAS TOATBEPXKACHHS TIPaBUJb-
HOCTH CBOETO pElIeHHs HCCJIeLOBATCIR AOCTATOUYRO TPOBEPUTh
AMWb [1€CKOJbKO MEepBHIX NMPHOBAKXKEHHHA. B npakTtuueckux saja-
YaxX BaXXHO 3HATH HE TOJBKO MOBEeAcHHE IMIABHOTO 4YJeHa pelle-
nus; x upumepy, 1.8Inn+420 6yger Menbue, uem 2.0lnmrn 4 10,
mwp npy 7 > e, Kpome Toro, moroust 3a AONONHHTENBHBIMH
ACHMITOTHYECKHMH YJleuaMi 06LIUYHO NPHBOLHT K GoJlee o6LIHM H
MOL{HBEIM MaTEMATHUECKHM MEeTofaM,

Llear nactoduied raBul — O3HAKOMHTDL YHTATEIA ¢ OCHOBHREIM
anmapaToM ACHMITOTHUECKOrO dHanu3a, B yacTHOCTH ¢ O-ouesu-
BaHHEM U METOAAMH pPACKPYTKH ¥ pacyjeHenus. IT1d TEXHHKA
Oyner Gerjio M3JoXeHa B GaMxKaiux pasgcaax. B nocnegnewm
pasgcsie BLIBOZUICH OAMH ACHMIOTOTHYECKHI DPe3yabTaT;, KaxKABLIH
3Tam 3TOro B 1eJOM TPYAHOTO BRIBOAA ACMOHCTPUPYET OCHOBHLIC
IpyeMbl ACHMIITOTHUYECKOrO anajnpsa,

4.1.1. Obo3nauenusn

Onpenenenne cumBoia O (wanm <): rosopar, uto f(n)=
=0(g(n)) (mm [<<g(n)), ecnu cymecrsyior ueasie N u K,
Takue, uto |f(n)|<< Kg(n) npu Beex n =N,
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CumBoa @ (uam 2Z) onpeaensierca B TOM ke ayxe: [(n)=
=Q(g(n)) (unu f(n)==g(n)), ccan cyuectsyior uenne N 1
K, takue, uto [(n) = Kg(n) npn scex n = N¥),

B cayuae, korza BuilionHEHN 06a yCJAOBHS, COOTBETCTBYIOLEE
oTHowWCcHUe o0osHavderes xak [(n)=O(g(n)) wnu f(n)<Xg(n)
(em. Kuyt [76a]).

Lot cuMBOUIY €0 va0€» HMEITCS SHAJNOTHUHLIE Oolnpeje.e-
aua. Tax, nanpuvep, rosapar, uto f(n)=o0(g(n)) (uau f(n)<
<L g(n)), ecan lima.xf(n)/g(n)=0. Vimeetca Tarxe obosua-

YeHHe I8 OTHONIClNst  skBuBaJeHTHocTH: [(n) ~ g(n), ecar
limaaof(n)/g(n) = 1. Tcv ne veHee mbl 6yaem cTaparthes nabe-
raTe 3THX 0OO3HAYCHI, ILOCKOJBKY B HHX He COMEPIKHTCA WH-

GhOpPMALMY O CKOPOCTH CXDAUMOCTH K COOTBETCTBYIOIIMM Npeje-
aaMm. K npumepy, wmw GyiaemM OTZ2BATH APEAMNOUTECHHE OLEHKC
tana O(n-172) pmecTo 6oaee caaboil ouenku o(l).

4.1.2, Packpyrra '°)

Merton packpyTku mnoJsedeH B TeX cayvyasx, KOrjJa aHAJIH3H-
pyeMass (YHKLHA YyAOBJIETBOPHET HEKOTOPOMY HCABHOMY ypaB-
nennio. IlocaenopatelbHO NOACTABAAA B 3TO ypaBHEHUE ACHMII-
TOTHUECKOe NMpHOJHIKEeHHE K (YHKUMH, [IONYUYEHHOE HA NpPEeAblay-
HmeM 1Iare, Mbl TeM CamBIM Bce BpeMsl OyaeM yaydlllaTe HCKOMOC
npubauxenne, Bor npumep u3 xuuru e Bpéfina [70]:

f(t)el ® =t (4.0

3To ypaBHEHHE MOXeT OhTh MepelHCcaHo B BHAE
fy=Int—1Inj(1). (4.2)
JOns «3atpaBku» (prime the pump — Ilepes.) samerum, 9TO
f(£)> 1 npu { > e. YunThiBag 370 B ypaBHenun (4.2), nonyqaem,
e f(6)="0(In¢). (4.3)

[ToacranoBka 3TOro nNpu6GARXKeHHsa o6paTHo B (4.2) maer Gonec
TOUHHIH pe3yNbTar:

f(y=In{+ O(Inln¢). (4.4)

Jlnsa pancHeHIero yAyulleHHH TOJYYEHHOrO pPe3yJabTaTa CHoBa
MOACTABAM ero B ypaeHcHue (4.2):

ﬂn=hn—4nmz—m(1+o(3%¥))=

nint
Int

=mp4mm+o( (4.5)

[pononxast nopoblioe «pacKpyuUHBaHHE>, MOXKIHO [HOJYUHTb HCKO-
Moe pHOJAHKEHHe ¢ J000! CTENEHbIO TOYHOCTH.
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e

4.1.3. Pacusenenue

Meton pacusneHeHus NPHMEHSETCS [J1aBHHIM 0o6pa3oM K Cym-
MaM H HHTerpajam. B Tumayno#l cHTyanuu o6aacTb cymMMHPOBa-
U SBJSETCH GoJbllof, a Bbipa)eHne MNoJ 3HAKOM CyMMBb
COCTOHT W3 HECKOJbKHX KoMNoHeHT. Hukaxas W3 KOMIOHEHT cia-
raeMoro He HBJAETCA MaJoil Ha Beell 06JacCTH cyMMHpoOBaHus,
po eci 06JacTb «PAacufMeHHThL® Ha YACTH, TO KakKjads 4acrb
CYMMH cTaHeT (1O pasHbIM MPHYHHAM) MaJlofl H Tak#M 00pazom
AOKA3bIBAGTCHA, UTO B IEJ0OM CYMMa TAKXe Mana.

[IpogemoncTpupyeM  TeXunky pacuJeHEHHs Ha TpUMepe
CYyMMDb!

fn) = Z _r (4.6)

P d
3Ld<<nn d (n/d)

PazobbeM o6nacTe CyMMHPOBAaHHS Ha TPH HHTepBana. CyMMa IO
mepeoMy MHTepBaay, 3 << d < 8, MeHblle, yem

Y amEr— 00 (“.7)

3I<d L8

O6parnTe BHUMAHHC, 4TO G6YKBH d B HcxopHo# dopMyne 3aMe-
HAOTC HAa 3 ¥ 8 B 3aBHCHMOCTU OT TOFO, KakKOe U3 ITHX 3Hade-
HUE TIPUBOIHT K 6OJblICH BeJAMYMHE CAAraeMoro, Tak kak 4ucio
eyaracMeEX (GHKCHPOBAHO, TO CyMMa OIpaHHY€Ha BeJHYHHOf Io-
panka O(n-3%), _

Ha stopom unteppane, 8 <d<<4/n, nepcvcrnas d Takme
3aMeisieTcs] ee JKCTPEMANbHBIMHA 3HAUCHHAMH, TaK 4YTO B 3TOM
clyyae cyMMa MeHbIUe, JeM

1 _ —q /-
> SOIVEF =0 (n~* \/n). (4.8)
s<d<vn
3necs0(n“’ *\/H) €CTh PEe3yJahTaT CYMMUPOBAHHSA O(\/n) une-
HOB, NOPAAOK K4XAOTO H3 KOTOpPHIX He mpeBwmuaeT O (n—*).
CyMMa, BHIUHCJEGHHAs II0 TIOCAedHEeMY WHTepBany, A/n<
< d << n/2, coBceM Mana, MOCKOMBKY OHA MeHBILE, uem

=0 (‘/—j_) (4.9)
vi<aap Ve 2

O6veaunsas peayabTaThl s KaXoro H3 TPEX HNTEPBANOB, NO-
Tygaem, 4To B 1eaoM f(n) ects O(n=3).

U3 paccmoTpenHoro mpuMepa BHAHO, 4TO CAMOE TPYAHOE B
MeToze pacuJeHeHHs ——3TO BHOGOP HuTepBaNoB. B yacrtHOCTH,
BLIGpaHHbIe HAMH IPaHUIbL BTOPOro HHTEepBaja 8 H A/n ne sm

3,
AAIOTCA «HElNPHKOCHOBEHHBIMH»— Bribop 10 H '\/n CTOJb Xe XOo-
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poul. Tem ne mcaee BhiGop 8 # \/n-_a—po CBOEro poja HCKyC-
CTHO, T;)L‘('))'}(JII[L‘G ITPOHHKHOBCHIIA B XapaKTep IIOBCAEH U cjaarae-
MBIX 112 Bccil 00:8CTH CYMMHPOBaHUS.

4.14. Mpede.ao npedeina

Cavuacres, 4TO 4CHMNTOTHUECKHH anaju3 UPUBOAAT K ABYM
u 6o.ce apegeabHbld nepexoaaM. ITpH stom uwacTo Baken nhopsi-

AOK 1IPpCAC.TOR, H NGAEC3HO 3HATL, KOTJa BO3IMOXHA HX flepecTtd-
nouka. B HPOCTOM Caviae, THiLa

o oo

2 X Qp, (4.10)

n=hH M=|
a0COJIOTHAS CXOIHMOCTh MOCAE€10BATRN LHOCTH Amn TMO3BOJFET KAK
VTOAHO LIEPECTABISITH ee dileHbl; HarnpHMep, MOXKHO BHauale CyM-
MHPOBATh TO 1, a 3aTeM 10 m.

MMosKe B RaHHON r1aBe HAM NPHAETCH MCHAThL MOPSAOK Npeae-

JOB B 00jce ARNHKATHLIX CHTYAlMAX. B 4acTHOCTH. 1aMm MOTpe-
OyeTcst o6palleHHe CJAELyIOUCH TeOPeMy,

AbGeaesa Teopema. Ecau

lim Y, a, =4,

n-»co k=0
T0

lim lim Z a2t =— A.

z2»|l n—>rw k=0

(3nech B ganvHefilleM NPeANOJNIAraeTcs, yTo 2 CTPEMHTCH K ean-
HHLE CHH3YV.)
OILHaKO 06paTHO€ YTREDXKIACHHE CIPDABenTUBO HE BCer/la.

He-teopema, Ecau

lim lim Q) a,2*== A4,

2> n-po k=0
TO

"m Z ak=;4-\

n->o &={

He Bpéitn [70] B cBoelt xuure Acumnrorusecxue merodst 8
axaause TPHBOIAUT c.nelly}omuﬁ KOHTPIPMmep. [TycTs

f@@)= *1—2z+2z— 22+ ..., (4.11)

H 0003HAYUM uepes a KO3(OPHUHEHT pasnoxkeHds (QyHKIUH
f(2) B crenenHO# paa. DTOT PRI cXOAMTCA aBCOMIOTHO BHYTDH
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Kpyra CAHHHYHOro pajppyca ¢ [EeHTPOM B Haua. € KOOpIBHAT, H
lim f () = 0. (4.12)
z—>1

TCM Heé MeéHee JAaCTHUHBEC CYMMb]
aAa 4 .. +a,=(—1)" (4.13)

K HYJIO 1€ CXOAATCA.

Tay6Gep npeanoxua JONOJHHTENbLHOE TPebOBaHUE, TAPAHTH-
pywutee obpaiienuc TeopeMi AGexst. Ero ycnoBue coctodano B
TOM, 4TO KO3GhPHIHEHTW «» AOMKHB OBTh mopsaka o(k~!).
[Mosxe Xapan u JIuTaByn ocaabu/u 370 yeaoBke 10 ar > —Ck™!
npH Hekotopom C >0, HO TeopeMa [O-TPEXKHEMY HMeHyeTCR
Tay6epoBoll B cHay ee ofliero xapakrepa: Tay6epoBbl TEODEMM
AA0T VCJOBUA o6paleHus abeqeBblX TEOPEM.

TayGepoBa Teopema. Ecau

lim lim ) a*=A

z2»| n>oo k=0

-1

4 ecau a, >—Ck™ npu nexoropom C >0, To

n
lim Y, a,=

nyro k=(

Co6panne Gonee rayGOKHX TavOepoOBHIX TEOPEM COMEPHKHUTCA
8 xuure Xapau [49].
4.1.5. Ceolxa noae3nbLx ACUMNTOTULECKUX PASAOJCEH 1L

B rnpubeseHnblx nuxXe acHMOTOTHYeCKHX (dopMynax n cTpe-
MHTCA K GECKONEYHOCTH, 8 & — K HYJIO.

0 (a7, (4.14)

Hn=lnn+v—-2——
(HaHOMHHM, uro H,= Z % — Ped.)

(R 2y ]
nl=\/‘2}7n“(%)n(1+112—n+wlw+0(n‘3)), (4.15)
(l4+e=e— St 54 ..+ (=) 4 0@, (4.16)

B,  (n)—B,
—rl L gpy peawx i, n >0,

- i1
YE=t (4.17)

n

k=1 li+1+2+ 5 +O(n“9) npu > 1.
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{3aeck B,(x) v B, — cOOTBETCTBEHHO MHOTOUJeHbH H uHcaa bBep-
HYVJLIH, M. pa3d. 4.2.2)
n

t
,; klnkinink ... (In'0g)'"* =0 e>0 @19

(ITocsreance cootuomende VETAHABIUBACT «TOYKY NOBOPOTa»
A cyMM: coau € ==0, TO COOIBCICIBVIOILHX CYMM M€ CVIIe-
crsver, Hanpnmep, paan

| ! |
Z7€ ' Zik & H Z Kliknink

pacxoxsTes.)

HMeeTess HECKOJLKO  ¢Rocohol  NOIVUCHIS TPYBRIX OLEHOK.
OjiMH M3 HHX COCTOMT B 3avene CyMM I1X HHTCLPaJbHBIMU aHa-
poravu. B pasa. 4.2.2, mocsalleHHOM (opMysie CyMMHPOBaHHSA
Diinepa, Mbl BHIACHHM, KOFla BO3MOXHA noaobuas 3aMCHa H Kak
MOXHO YTOUHHTL TOJAYUACMBII TPH 3TOM MPUBMUKEHHbIA pe3y.ik-
Tat. JApyroft cnoco6 mnojyueHHsl rpy6HIX OUEHOK TPHMEHHM K
cnyuahinot mesimuune X co CpelHHM 3HAUCHMEM [ U AUCIepcuel
02; HepaBeHCTBO YUe6LIEBA YTBEPHKIAAET, UTO

Bep(| X —p =< oY (4.19)

B pasn. 4.3.3 Oyaer noxpo6HO paccMOTpeH cayuai, korga X ds-
JsleTcsl CyMMOH He3aBHCUMbIX CJIYMafHBIX BCAHYHH.

4.1.6. Hpumep

ObfparuMcs Teneps K 3ajade EBIYUCIEHHS BEPONTHOCTH TOTO,
YTO MHOIOYJIEH CTENEHH M1 PA3/JIOXHM HA HENPHBOAMMHE MUOMXH-
Tenl MOTAapHO PA3JHUHBIX CTENeHell, pacCMaTpPpHBAEMHIX MO MO-
Iyaw GoJbIIOTO TPOCTOro 4Hc/aa p, — 3ajate, KOTOpas BCTpe-
yaercs MNpH AaKAJH3e HEKOTOPHIX aNrOPUTMOB Pas3loXeHHs Ha
muoxutens (Kayr [1I, pasn. 4.6.2]). BeposrHocts ToOrO, uTO
MHOTOUJIeH n-H CTemeHU caM HENPHBOLHM II0 MOAYJIO p, PaBHA

— 4 O(p="m). (4.20)

(droT pesyawTaT GHrypupyer B kauectse ynp. 4.6.2-4 ro BTOPOM
tome Hckyccrsa npoepammuposanus ors IBM 1. Kuyra.) Be-
JHYHHA MONYJS p HE MpPeAcTaBAseT UHTepeca, NO3TOMY YCTPEeMHM
K GecxoHeuHoCTH W mpumeM 1/n u3 npeiwnayimeil GopMmyas B
KayccTBe OCHOBH AJS paccMoTpeHHa Gojce Tpyawol 3anaun
Pa3JIOKEHHA MHOrOWIEHOB Ha MHOMHTEIH DA3JHUYHBIX CTENeHEH.

Peurenue sTofi 3agayd OCHOBAHO Ha WCIOJbL30BAUM OJHOM
npou3BoaAued GyHKUMH AnA pasbucHuil. FekoMem pemenuem
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(1. e. BEpOSITHOCTBIO PAa3NoXMEHHSA HAa COMHOXHTENH) SBJAAETCH
KO3(GdHUKHEHT MPH 2" B NPOU3BOAALIEH QYHKUNH

n@ =[] (1 +2Tk) (4.21)

k=1

Ilnst Toro 4rofb MOKa3aTh 3TO, 3aMETHM, UTO eCiIH A, — K03DDHU-
WHEHT TpH 27, TO Au2" 6yer CyMMOid YJeHOB BUIA
zll ziz zim

- — e T,
[ ‘m

(4.22)

roe Bce £, iz, ..., im PA3THUHE McXAY cobofi. Kaxaui#l unen
supa (4.22) coorsercrByeT pazGUeHI 4YHCJIA 7 Ha DA3JIUYHBIE
cnaraeMmule Iy, fo, ..., im. [IPEATIOJNOKHM, UTO MH coOHpaemca
MpeICTABHTL MHOMOUIEH CTENEHN A B BHAC TPOH3BCAECHHS MHOTO-
UJIEHOB, HMEIOIUX CTENeHH iy, iz, ..., im. (Cuuracres, 4TO Kax
3TH «MAaJjbie» MHOFQUJIEHB, TaK U «BOJBLIOH® MHOTOUIEH HOPMH-
pOBaHbl; BOpOUeM, 3HAUEHHR CTAplIMX KO3(POHUUHEHTOB He
BJINAIOT Ha NOCJefylolne peayabrathl.) Beero umeerca p* mHuo-
rOUJIEHOB CTeleny fj, M3 KoTopux p’fi; ueupusoxumul. [logcuu-
TBIBAS aHAJOTHYNBIM CNOCOGOM 4UCNO HENPHBOAUMBIX MHOrouJe-
HOB APYTHX CTeneHnefl, moJgyvyaem ofllee YUCIO

14

LKA S— (4.23)

Iy 12} i lllig RN lm

MHOTO4JIEHOB C HEOPHBOAHMBIMU MHOKHTEAAMH COOTBETCTBYIO-
wHx creneneil, [TockoabKy BCeTo HMeeTcss p” MHOTOUJIEHOB CTe-
[IeHH 1, 3TO 03HAYAaeT, YTO BeJUUYHHA

1
i]l’f) e lm (4.24)
u3 BHIpaeHHa (4.22) siBasercs BEPOATHOCTHIO PA3JIOKEHHS MHO-
rouJeHa Ha HENPHBOIMMEIE COCTABJAMIOUIHE COOTBETCTBEHHO CTe-
neuen i}, iz, eay im.

B uenom h, COCTOHT 43 BCeX BO3MOMHBIX Pa3GHeHHH, KaxK-
JIOE H3 KOTOPHIX BHOCHT BxkJan BuAa (4.22), © NMOCKONBLKY 3TH
coBuiTHA MeXay co60l He TepecekalTcs, TO HX BEePOSTHOCTH
CYMMUpPYIOTCS, TakuM o6pasom, Koahouuueut A, B HPOH3BOAA-
we# ysHrund A(2) HEHCTBHTENBHO SHBJASAETCS BEPOATHOCTLIO
TOr0O, YTO MHOTOUJEH CTENeHH 7 DA3JOXUM HAa HEeNpUBOLHMELE
MHOMHTENN PAa3JHUHBIX CTeNneHef.

Oanaxo npouspoadumas Gpynkuus (4.21) we nossonser suipa-
3UTL A, B 3aMKHYTOM BM/I€, H, CKOpDEE BCEro, 5TO H NEBO3MOXHO,
[TostoMy mompoByeM HaliTH acCHMITOTHYECKOE BLIDAMKEHME IS
hn upu n— oo, Jloraputdmupys A(2) u pasnaras Kamauit Jora-
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pudM B paa, noayyaem

z)—exp(Z(%—%—}——;;;—-...)). (4.25)

L=

ITpu 2 << I 310T psil cXoanTes a6coaOTHO, UTO TO3BOJAET TPO-
H3BOANTE HEOGXOAHMYIO Nepeciauopky ero unexos. Hama crpa-
Ter#d 6YACT COCTOATh B BELACICHUH OOILLWINX Yjel0B W3 nauana
psiiia ¢ MOCJEAYIIWHM Pa3lelbHIM CYMMHPOBAHHEM TTOJNYyYEHHBIX
pansos. Hauuewm ¢ Bbl;Le'lemm uiaeHoB 2¥/k:

pe=ew( ¥ 5 + Y (- 2k1+q;f—...))=l+zg<z),

B>l k>
(4.26)
rae
i‘)k
g(z)—exp( Z ( 5iF + T )) 4.27)
B>

B 3tix o603HaveHHsIX A, ABAfeTcs YACTHUHOH CYMMOH Ko3dhdu-
LUEHTOB g; B pasnomeunn g(z):

> g {4.28)

0<l<fl

Kak Mul YBHIMM MO3Xe, K A, MpuMEHHMa Tay6epoBa TeopeMa;
cJle[0BATeNLHO,

Jmre=lme@=exp( Y (~gm =)=

k>
—ea( T (0145 -1))=
=eXp(l_1}n;(ln(n+l)-— H))=e™", (4.29)

TauncTBEHHO TIOSABUBIIAACA 30eCl, KOHCTAHTA Y — 3TO NOCTOSIHHAA
Sfmepa H3 ACHMNTOTHKYU ANA rd|pMOHAYECKHX YHCEJ

Hy=Inn+y+ 5-+0 (). (4.30)

BnpoueM, peficrBuTesbHass Talilya KPOGTCS B TOM, HACKOJBKO
GHCTPO An CXOAATCA K «CTPaHH(OI» NocTosiMHOH e~Y. Ilns ycra-
HOBJIEINHSI CKOPOCTH CXOAHMMOCTH TayGepoBa lpejenbHas TeopeMa
ne ocobenno MNonesana. CrenosarenbHo, HeOOXOAHMO BHIAENHTH
elte OAMH UJeH paga u3 pabeuctsa (4.25) H npomoskHThL 60.Jee
IeTAJNLHBIE aHaNH3!

gR) =p@)q@)H (4.31)
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rae 1 v
p(2)=exp(—-2- Y %)
k
e (4.32)
‘7(z)=exp(z G-+ ))
k1
Bradane Bo3bmeMcH 3d8 QYHRUHID p(2),
, 1 L1
P ER)=p (—3 Y = ) (4.33)
k=1
H BHIBEJEM PEKYPPEHTHOE COOTHOWEHHC AN eec KO3DHUIHEHTOB:
—onpy= ) b (4.34)
0gk<n

Hwmes 310 nesiBHOe ypaBHEHHE, MOXHO BOCIOJb30BATHCSH METOLOM
PACKPYTKH W MOJYUHTH XOPOLIYIO OLEHKY aM1a p.. B rayectBe
«3aTpaBkU» BHOepeM pr==0(1l) (cnpaBeanHBoCTb 3TOH OLEHKH
JIETKO TIPOBepHTh To HHAykuuH). [lomcraBiassa ato rpyGoe mpu-
6nHKenHe B ypaBHenue (4.34), umeem

o1
—2np,= y 20 (4.95)
0LE<Ln

#, 3aMensis TpaByw 4acTh pasencrBa (4.35) ua O(log n)—
ACHMITOTHKY TapPMOHHYECKHX YHces, — [oJydaeM YJIYULIEHHYIO
OLLEHKY IS Pnt

1
p,=0 (°—§"-) . (4.36)
Eme o1HO MOBTOpeHHE «PACKPYTKH» NAET OLEHKY
pa=0 (1ELY, (4.37)

Ha ceit pas monyvennas oleHka p, QOCTATOYHO XOpoINa Jf
TOro, YTOOWI TPHCTYNHTh K PACYIEHEHHIO CyMMbl B YDPABHEHUH
(4.34). Xotenoch 6bl BMETh B ACHMIITOTHYECKOM BBIPAMKEHHH ANA
pr e Tonbko O-ulieH;, MO3TOMY BBIAENHM JOMHHHPYIOMYIO YAcTh
psaAa B Buje, YAOGHOM NI CYMMHPOBAaHUS:

R L T S

0§k<n NgLh<n
Zpk—~zpk+— Pk(n__k =
k>0 0L k<n

=P <>——ZO(‘°%’Z)+; Y, o (eth) =
k 0<i<ln

>=n

= _r]T e~m1z 4 O ((_]‘%’l_)i) i (4.38)
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Ha nocaeaneM ware mu pwludcinay p(l), cyMmupys pag

1, 2
Y =) =2 (4.39)
21
BTOPOH 4JleH, kz O (log k//&)*, oucniuay NOCPEACTHOM €ro HHTe-
=2n

rpaJgbHoro anaJora

§° (Iofx)””dx-:o (M)' (49

n

, HAKOHELl, MOCAeTHIO ¢y MIMY Wil BLIMHC/IM ¢ TOMOLLBIO 3Je-
MentapHelx apobeit:

Y, 0 (5piy) =0 (g ¥ o) =

O<k<n '
=0 (MY (i) =
=0 (LB, (4.41)

BosBpauwasice K pasenctBy (4.38), uMeeMm yTOYHeHHYIO OleH-

Ky Ppa -

po =g +0 (1LY, (4.42)

Onyckasa neTajid, OTMETHM, YTO elle OfHO MOBTOPEHHE «PACKPYT-
KW» TPUBOJHT MMOJYUYeHHOe BBIPaXenue 1Jasi pn K BUAY
o Wi12

pa= "+ 0 (1B2). (4.43)

Hockonrky ¢ Gyrkuuedr £(2) M 61aronoNyYHO TOKOHUHIH,
O6paTH\d Teepk BHHMAaNHE Ha OCTaBUIYIOCA 4YdACTh pPABEHCTBA
(4.31)— dyakunio g(z). Ha 2Tor pas mul BEgeauM B pasioxe-
nun g g(z) unens upx k=1, nonyuan

g(2)=s@)r(2), (4.44)
rne )

s@)=exp (& —~T+353—...).
r (z) =exp (kéa 55— 4k4 + )) (4.45)

Bripakenue nas s(2) MoxXeT GuITb MepemHcaHo B BuAe
s@@) =exp(In(l + 2) — 2+ 22) = (1 4+ 2) e==+=m,  (4.46)
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OTKyJAa Mbl 3aKJ104aeM, 410 Ko3PPHUUenTh S, ITOH NPOHIBOASA-
el QYHKIHH 5KCIOHEHI[HAJIBHO MaJbl,

B Boipaxenuu mas r(z) cobepeM BMeCTe YJIEHH ¢ OAHHAKO-
BHIMH MOKA3aTENAMH CTENEeHekl:

+1
r{2) —exp( —d). (4.47)
£E>3 s<d<zk/2:d|k d (k/d)

3nech BuyTpenuss cymma ects O(k=3) (sro caepver M3 upu-
Mepa, KOTOPHIM B pa3z. 4.1.3 OuA NpOHAMIOCTPUPOBAH METOJ pac-
unenends cymm). Jlubdepernuupys supaxeune (4.47),

r’'(2)==r(2) kéa k2710 (79), (4.48)

U NPUPABHHBAA KOIPOHIUUEHTH TIPU 2%, N0Jyd4aeM PEeKyppeHTHOe
COOTHOIICHHE AJIA In:

1 2
nr,= Z fko (m) . (4.49)
0L hk<n
A 3T0 pexkyppenTHOe COOTHOMUIEHHE MOMKHO <<paCKpYTPlTb» noay-
yag aasn r. nocacnosatensuo ouexkd O(1), O(n-'), O(n=2) u
O(n).

[MTocne Toro Kak ucXoaHas 3axada Obla pa3npoGJeHa Ha
MHOFOUHCJIEHHLIE II0)324aYH, Mbl HAKOHOU YCNEUIHO pachpaBu-
JIHCh C KaXIOH H3 HUX, H TeNepb MOXeM IPHCTYIHTL K cGOpKe
OKOHUATENBHOrO Pe3yahTaTa.

Buauane u3 ¢yHRUHE r(2) H s$(2) cocTaBuM GYHKUHIO ¢(2)
¢ Ko3pPulHeHTaMH

Gu= 2. TiSn_s- (4.50)

o< k<

310 cBCPTKA ABYX PAIOB, 4JeHbH KOTOPHIX HMEIOT TOPSIOK
O (n~?%), tak uyto pe3yabTaT Takxe paBed O(n=®). (daa Toro
yTo6H YBHAETh 3TO, HAJ0 pa36}{1h o06JacTL CYMMHPOBAHHS HA
aee uactH: 0T A<Cn/2 n 0Cn—4& << n/2 Yurarear Moxer
HOMBITATLCS BRIACHMTE YCAORMSL, KOTOPbIe ueonommo HATOMHUTD
ga f(n), oad Toro uTo6mL CBEPTKA ABYX PAZOB, WIEHbl KOTOPHIX
umeror nopagok O(f(n)), uMena Tako# e NOPANOK.)

3areM u3 dyHKuUH q(z} u p(2) cocraBuM PyHRUHIO g(2):

g@)=pq(2 (4.51)
¢ xosbhduureHTamMu
gn =M+le_ _Pads (4.52)

K MPOCYMMHPYEM Zn, TIONVHASA

hy, = g= Prdr- (4.53)

ixn 2kt



60 4, ACUMNTOTHYECKHH aHaNU3

Mbl_ YK€ 3JyaeM, 4TO cymMMa paja B IPaBOil 4acTH paBeHCTBA
(453), ecoy pANl paciuputh Ao 6eckoHeyHoro, paBHa e~¥. [lo-
STOMY COCRen0TOYMM HALIC BHUMAHHE HA «XBOCTE» CyMMhl psaja

h,: e_\' —
Tkt l>n

e (Tt F) 6

d =

Bayrpentn: CYMMBLI  MOKNHO  OlleHHTh, HCNOMB3YS PE3VABTATH
UPCALIAYIIN pLivHcaenHil Yop.. [lepsas cymma:

Yom= oy Tyt Y o(SEh)=

h>n k>n Zk>n

=20 4 g (g, (4.55)

312ch MM ge 3amensiem dyukumo p(l) ee 3Havenmem e /%

TG OKAXKeleq noneannM Aiaa oGregunenust p(l) u g(1) ¢ uensw
NO.Iy4eHnst e-v. Ha nmocaeanenm mware K o6CHM cyvMMam 6bija MpH-
Menena $Pohpmyaa cymMupoBanus dficpa.

Hpyryw cyMMy B paBeHcTBe (4.54) MOXHO OueHHTh, pa3bu-
Bax 06/MacIs cymMupoBaHHs HA JBE YACTH:

l>qql n—l<z‘.“k<npk=0<lz<",2ql 'L—l<22k.§n o) —}—I>Zn/2 n_tgz%gnpkz
=0 (, 5,0 el + 2 0 1p()]) =
= 0. (4.56)

Tenepn, ollegup mee wacTw paseHcTBa (4.54), MONHO HAKOHeL
BBIUCTHTE 4,,:

h,—=e 4 p(l)nq M 1o ( ‘052_" ) =

=4 2240 (151, (4.57)

n

C JIOMOIpl0 MOXOXHUX, HO 6oNee MPOCTHIX METOLOR MOXHO
lI0kasaTsp, 4r¢ g, = 0(n~'), Tak UTO HCIOAL3OBAHUE BHIIE Tay-
Gepopoi TCopeMbl OBIJIO ACHCTBHTENLHU OMPAaBUaHHO.

4.2, HuTerpuporanne no CrHarbecy H aCHMNITOTHKH

Hurerpa iy CJAy2KaT TOJE3HbIM HHCTPYMEHTOM aCHMIITOTHYe-
CKAro aHampsg, nockoJbKY HX MOXKHO HCHOJb30BATh AJ4 IpHEIH-
HKEHHOTO BLiyyc,JeHusl CYMM; TIPH 3TOM TMOJIE3HO UMETh NMpPEiCTaB-
JIEHWE O TOM, KaK HHTEeTpaJ B3aHModelcTByer ¢ cuMBogoMm O. Ilo
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STOfi m0pHuuHe MBl K OyAeM wu3y4atb unterpan CruiTbeca.
B kuurc Anocrona [57] mpuBejeHH! chefyiolllee onpefelieHHe H
€ro HeMeAJIeHHbIC CJAeACTBHA.

Onpepeaenne, [1ycTh [ 0 g — BellecTBEHHO3HaYHbie DYHKIIHH,
ompejieseHHLIe Ha HHTepBane [a, b], u nycrs P — nekoTopoe pas-
Guenve HHTEpBaJa [a@, b] TOUKAMH @ =Xp << X1 << ... < X,=b,
Onpegenuv cymmy

S(PY= Y [l (g (tes) — &), (&[4 2p41]. (4.58)
o<e<n
b
Beauunna A naswiBaerea umrezparom Cruareeca Sf(t) dg(t)

a
TOrAA ¥ TONBKO TOTAad, KOrAa npu Jjwobom e > 0 cyuiectByer pas-
Guenne P., Tawkoe, 4To Kaxjaoc u3Menabuenuc (refinement, —
ITepes.) P pazGuenust P, maer cymmy, OH3KYW K A, a HMEHHO
|S(P)—A| < ..

CaepncrBus.
1) Hnureepaa Cruatveca umeer He Goaree 00H020 3HAUEHUA.
2) Hureepaar Cruatseca auneen no [ u g.

3) (AddurusHocts.) Sb + § —_ § .
a b a

b
4) (Hurezpuposanue no wacram.) Ecau Sf(t) dg () cywe-

b
CT8YeT, TO Sg(t)df () rakae cywiecTsyer w cymMma 3Tux UH-

rezparos pasna [ () g (1) |Z.

5) (3amena nepemennol.) Ecau h— nenpepuisran Heybol-
saowan PpyHryua, To

b h(b)
{frwaeew= | rodeo. (4.59)
a h (a)
b
6) Ecau Sf(t) dg (t) cyuwecreyer, a npoussoonan g’ (f) uenpe-
polara Ha [z: 0], ro
b b

Vtwagw={10gwa. (4.60)
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7) Ecay a u b— ueavle wucaa, a pynaxyus [ nenpepsisua
cnpasa OT yeabix Todex unrepsaasa |a, b), 10
b

Viwdgrin="3Y iwag (4.61)
a aug kb
ede Ag(k)=g(k+1)—g(k).
7)Y Ecair o u b—yeane wucaa, o $ynkyus | senpepoisia

caedu OT Keamx ToweK wwrepsaid |a, b], To

b
(Fodgiin=Y ivavge, (4.62)
a a<k<h
ede Vg(k)=g(k)—g(k—1).
8) Ecay a u b— yeasle uucaa, o (PYHKyua g Henpepblena
caesa OT Yeawix TO4ex unmtepsasa |a, b], ro
b

\iLhde= Y T®Rag®. (4.63)
a agk<h
9) ({1poussodnasn o1 uureepa/za)
b 1
{fod{ewdnw= S P (e () dh). (4.64)

10) Ecau Sf(t) dg () cywecrsyer na uunrepsare [a, b], 10

Sf(t)dg(l‘) cyuiectsyer Ha A060M NOObIMTEpsase UHTEPBaAQ
[a, b].

b
11) HHrezpan Sf(t) dg (f) cywecrsyer, ecau [ — Henpepeis-

a

HAR PYHKYuR, a g — pYyHKYUL oepanuseHnod éapuayuu Ha (a, b|.

[lojl OTpaHHuCHHOCTBLIO BapWalHH (YHKIHU & [OHHMAETCS
b
CYIIeCTBOBAHHE HWHTErpani Sldg (). HuryutusHo 310 O03HA-

a
4aer, UTO BapualMs | @ (xe41) — g (x2) | yMenbuiaetcst mo mepe
U3McenbueHUst pazduenuss P. OZHOH HENPepHIBHOCTH 3]eCh HEAO-
CTATOUHO, HampuMmep, Ajs Qyuxuuit [(H=g @)= '\,/_cos(l/t)
nuTerpana CTHITBEC2 HE CYLIECTBYCT.

12) (Cymmuposanue no wacranm.) Conocrasarenue caedcraud
4,7 uT npu yeavix a b 0aeT odens nore3Hy0 Popmyry:

— b_.
D ANICEHOR (U OTEp OV /()
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4.2.1. Cumgor O u unrezpasst

[TpuBenenuvle Bhille OCHOBHHIE cBofcTBa HHTerpana Crua-
Theca MN03BOJAIT AOKA3aTh ABC TEOPEMbl, KOTOPhIE 00YCIOBJH-
BalOT BO3MOHOCTH BHIHeCeHHR cuMBogda O 3a 3HAK WHTErpana.

Teopema 1. Ecau -g — MOHOTOHHO B803pACTAOWAA PYHKYUR,
a QPYHKYUR | noaosicuTeasua, 10

b b
Joumasn=o({i0d0) (4.65)

a a
npu ycrosul, 4T0 060 UHTE2pard CYWecT8yor,

Horazareascrso. Hanomsum, uto 3amuch a(f)=O(f(f))'!)
03HayaeT cyllecTBoBanMe noctosHHoil M, rtakoil, uro |a(f)|<<
< Mj(?). HockonbKy no mpeanojoxendto f(t) n dg(f) HeoTpH-
. b b
[laTeNbHH, TO Sla(t)]dg(t)< ng(t) dg(l), n, BuHOCA M 32

a a

3HAaK HHTerpana, fnojydyaeM YTBEPHKACHUE TEOPEMHI.

Teopema 2. Ecau | u g — MOHOTOHHO BO3pacTaroujie HOAO-
WUTEAbHbIE PYHKLuL, TO
b b

{0400 =0G@a@+oi®ae)+o({i0d0)
(4.66)

npu YCAOGUU, 4TO BCe UHTE2paAbl CHULECTBYIOT,

Hokasaresscrso. OGo3naunM depes b (f) dyHKUMIO, KOTOpAA
ects O(g(f)). Muterpupys mo gacTsM, NMojydaeM, yro

[ b
froaw=ros0L—{ow0aio. (4.67)

TIpuMensia K NOCNeIHEMY HHTErpanay TeopeMy l, mmecem
b b

{fndo =0t @e@+0G®gEN+0 (Sg(t) daf (z)).

(4.68)

IlosTopnoe Hcmonb3oBaume (GOPMYJbB HHTEPUPOBAHHA MO Ya-
CTIM C [eJbI0 NMePecTaHOBKH [ M g 3aBepLIAeT A0KAa3aTejJbCTBO
TeOPEMEL.
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4.2.2. dopuyaa cysnmuposanusa Iirepa

Hurerpuposanne no Cruarsecy ofecnednBaeT TeOpPeHUecKyo
OCHOBY 115 ANMPOKCHMAINN CYMM #iHTerpanamd. JlonyeruM, 4TO
rpedvetes HPUbAIKCHHO NPOCYMMHPOBATL 3HaueHAA (k). Hau-

Hem co cBofictsa 7 nuterpada Criatbeca:
b
Y iw={fwdrn (4.69)
ngh<h a
Henoasava enoiterso auueiinocri sinterpaia Cruatbeca, mpasylo
yacth papeHcrBa (4.69) MOKNO pacnicatns B Bote
b b b
I
{Far={roa(i=rn+3)+ S d(+5). “70)
a Q

[lepBuiit HHTerpan npexncraeiaseT coboll rpy6oe npubIwxeHHe K
HCKOMOH CyMME, KOTOPOEe ML YTOUHHM, BLIYHCNHB BTO[OH HHTE-
rpaj, 4 TPeTUH HUTETpaJd paBeH HYJIO.

BHiBog ApYTHX 4leHOB DOPMYJIH CYMMUPOBaHHA JliJepa Hax-
HEM C HHTErPHPOBAHHS MO YacTAM BTOPOTO UJeHA B BHpPamKeHHH
(4.70):

b b N
Yiw={fod—1o(t—r0+3)| +
a

a

b b
+{(t=r+5)dio={ir0a-

b
—sfOL+{(t=rn+3)ar0. @

Ha wunrepsaie {n, n4 1] mnocnegHnit uuTerpan Moxer OLITb
HpHBE)IEH K BHAY
n+l 41

S (t—n—5)diy= S f'(z)cz(““")”“‘*")*"“) (4.72)

n

A 31y npoueaypy MOXHO NOBTOPHThb, CHOBA WHTErpUPYS MO ya-
CTAM M MEHHS POJSMH [ H g BO BHOBL IOJIYYEHHOM HHTerpase

Sgdf.

Onnaxo Ajas 32KOHHOCTH NpUMENeHHs nopo6Holl UTepaTurHOR
npoueAypH HCOGXOAUMO BLINONHEHHE HECKONBKHX TpebGoBanuil, #
€CJIH MBI BLIICHHM, YTO 3TO 3a TpefoBaHHA, TO 3a0JHO PACKPOCM
cekper nosisnenusa B (4.72) xonctanr 1/2 u 1/6. [Ipexae pcero
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NpeANOaaracTCsi, UTo CYLIeCTBYET npouasugaas [/ (f) (B gedcTBH-
TEJILHOCTH HA Kaw 0¥ Wrepaluu TpeGyeTcs CylecTBOBAHNE MPO-
H3BOZHLIX [({) Bee Gosce BuICOKMX nopsaxkor). Bropoe tpebosa-
HHE BO3HHK4eT, KOTAa MR <«uHHTerpupycem» (f—n—1/2), noay-
uas (({—n?)—(t—n)+ 1/6)/2 (nogpobuag saMcHa OesaeTcs Ha
Kax/iI0M HHTepsaJje [n, n-- 1], U3 KOTOPLIX «KMOHTHpVETCH» Bech
uuaTtepsan [a, 6]). K cuacteio, ((f —n)?2—(t—n)4-1/6)/2 upu-
HUMAaeT OZMHAKORBLIE 3HAUCHHA MPH f=b nut=n-41; crcaona-

TeaLHO, HA MecTe g(f) B HHTerpane gf’(!) dg (f) cTouT Hemlpe-

a
ponas dvekuas. Jlobue pasprse Gyukynu g gaBasd 6 cy-
LeCTBEHHBIE H HEXejgaTenbHble BKAagw B uuterpan CTuaTnCCA,
Takuu obpasoM, koucraHta «!/2» B JeBofl wacTH paBeHCTBa
(4.72) weceT OTBEeTCTBEHHOCTh 33 HCNPEPLIBHOCTH NOIBIHTErPAJh-
HOfl ¢yHKIUH TaK e, KaK W KOHCTaHTa «1/6» B mpaBofi uacth
(4.72), kotopas obecmeviiBaeT aHAJOTHUHYI0 HEHPEpPLIBHOCLTD,
KOorja Mbl BHOBb MHTETPHPYEM MHOrO4JeH HA NocTIeayiomeH Hre-
paluH.

Wraxk, uMeercs cemeidicTeo MHorouneHos B(i— L), coxpa-
HSIOLMX HENPEPHIBHOCTE MPH UCJOTHCIEHHEIX 3HAYEHHAX £, TO-
ckoabky B;(0)= B.(1 ) npu [ >> 1, H CBI3aHHBIX nnd)q)epemmanb-
HuM cooTHoulennem B (x)=1IB,_ l(x) DTHM 1BYM TpeGOBaHMAM

VAOBJICTROPAIOT MHOTOWIEHH BepHynmI.

By (xy=x—1/2,
By(x)=x%*— x 4-1/B,
B; (x) = x° — (3/2)x + (1/2)x, (4.73)

v 6

B, (x)= zk: ( Z ) Bpxn—k,

[Toctosuuble By B mocieanel cyMMe Ha3LIBAWTCA uHeaaMu Dep.
HYJLIH,

Bazl, B]=““§", BQ= Bg=0, B4="‘—. “o (474)

1 1
(B apyrux o6osHauennax By=1, B|=€, Bg=—-§(—)~,

—Pe&.). H UMEHHO OHH ABASIOTCAKOIDHIHEHTAME OKOHUATEb-
HOH hopMyaH CyMMHpOBaHHﬂ:
> f(k)—Sf(t)dt+ BIOL+2FOL+3FOL+
e<E<H
(4.75)

1/,3 3ak. 259
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4.2.8. Teoperuxo-uucrogod npumep

[MpeanosoxuM, 410 Uenoe n BLGpano xcayuafino» H3 HHTED-
pana (I, x]. Torga cpeatee 4ucao PasJHYHLIX NPOCTHK COMHO-
XuTtenedl n 3apgaetcn GopMyaoi

YT D R

ngx pin P Y

(3necs u pagee p obo3HaqaeT npoctoe 4ucao.) B npuseaennofl
hopMye HHTepeCYIOLIas HAC BeJHUUHA siBIsdeTcd (ecaH UrHOPH-
POBATh HEKOTOPOE OTKJOHEHUe, BLI3BAHHOe OYHKUHEHd <«mon»)
cyMMoil uncen, o6paTHuX npocrteiMm. Ha npumepe pemtennst aToft
yOpollennofi 3aa4n Mbl NIPOAEMOHCTPHPYEM HECKOJBKO TpHME-
HeHuil unterpana CrulTbeca.

ChayaJjia BWpa3HM CYMMY B BHAC HHTerpaJaa:

x

—={+ L da (o), 4.77)

p(x .5

rie a()= ;:l — cryneHyatas GyHKOHA, HIMEHAOMAA CBOe
p

3HauYeHHE TOJABKO HA NpocTHX {. XOpoWHM npubAHKeHHeM K n{X)
eayxut ¢pyuxuns L(x), onpegensemas dopmyaon

L(x)= S—;‘:’—t (4.78)
1.5
HOCKOJILKY L
a(x) =L (x) + O (xe—cVIEX), (4.79)

(310 ycunenuu#i BapHAHT «TEOPEMH O MPOCTHX uUHcdax» '2), no-
ayuennnfi Banne-Ilyccenom B XIX 8.; cp. Kuyr, Tpa6 [lapao
176]1.) Tloacramass B (4.77) BMecto =n(!) dynkumio L(f)+
-+ O(!e‘“/IOEZ ?) u BHHOCA TO TeopeMe 2 cumBoa O 3a 3HAK HE-
Terpasa, mojyYaeM ACHMITOTHYECKYIO OLEHKY:

X

Y, 2= { i+ (a0 vy =
5

1.5

=Ininx- O (). (4.80)

Xota ananor ¢oOpMyJaH cyMMHpOBanus Jijepa Ajas cyMMm [0
MPOCTEIM UKHCJIdM HEM3BECTEH, CYIIECTBYeT OKOJBHBIA NMyTh yco-
BEPINEHCTBOBAKHA 3TOM ollenkH, Paccyxnas o aHaloOruu ¢ npe-
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OBIAYIHM, MOXKHO BBIYHC/JTHTb CYMMY oO6llero ThRa:

Coty= Y L% Lo, m>1 @s)

m
DL x

Toraa, Hcmoneaya 9-e cmofcTBo uHTerpana CrHaTbeca, Cymmy
Co(x) MOXHO NpPEeACTABHTb B BHAE

° X ¢ £
_fdny 1 (In u ’"dn(u) dCpy (1)
Co(x)= S T S (In O™ d S S (nfym - (4.82)
L5 15 1.5 1.5

A nocneauufi MHTErpas BLIYMC/IAETCH HHTErPHPOBAHHEM MO 4a-

CTsAM:
x

_Cwit) Cn(hydt _
Colx) = pym L,s'*'m 185 £ (In ™t

L
m

5 5

ATy ATy =
=Inlnf-+ M+ O((logx)™™). (4.83)

[TockosbKY 3TOT BHIBOA CMpaBeAjHB HpH Bcex m > (0, HaMH o0~
Ka3aH AOBOJBHO CHJIBHLIA pe3yabTaT 06 ACHMITOTHYECKOM MOBe-
IeHHH CYMMH Uuces, o6paTHHX npocthiM, OaHako cuna nogayued-
HOro pe3yibTara Aenaer 3ajady BHIICHEHHS TOYHOTO 3HAYenusw
KOHCTaWTH M CpOjgHHM TaHTAJOBBIM MYKAaM.

Jasa sBoluuciaenus M npuHAeTCd BOCMONB30OBATHCA A38Ta-PyHK-
nneii PuMana u dopmynoi obpamenus Mé6uyca. J3era-pyux-
IIHSl CBfI3aHA ¢ NPOCTHIMH YHCJAAMEH TOXJIECTBOM

L) = Z———H(,_p) H1+p5+p-ﬂ+ ),

nz=l1
s> 1. (4.84)

Benen 3a DitnepoM Ham 6yjeT ynofHee MMeTb Jeso ¢ JorapHo-
MOM JA3eTa-pyHKUHH:

g =Y (= +
=72

=3(s)+ 5 2(29) + 269 + ..., (4.85)

rie 2(s)=2D.p~5. B 5Tux 0603HAUEHHAX HaC HHTEpeCyloT ua-
p

CTHUHLIE CYMMH pacxofsulerocs psiaa 2 (1), HHdpopManHio O KO-
TOpPLIX MOXHO [OJYUHTb, PacCMaTpHBas cXogsmuiica pag & (s)
mpu s > 1,

123"
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das obpawtenus psijos THna (4.85) MOXET HCIONB30OBATHCA
Ppynxmst MéGnyca, onpeteagemas Kax

1, econ n=1,
0, ecant n jgemuTca HAa KBAaApaT LEJOTO vyHCaa,
B(n)= OTJHUHOIO OT efHHHILDI,
(=1, ecan n ecTs npoussBefeHHe & pA3THUHBIX

[TPOCTLIX 'IMCE.T.
: (4.86)

Haubonee ynorpeburtcavna caeaywinas dopMyna obpaileHus
Mébuyca:

gm=Y f@—im=3 n@e(5). 80
din dln

Ozxuaro gas HawHX nenedl norpeGyercs «GeCKOHCURLIA® BapHaHT
sT0ol popMyant

gW=X fm) =2 nmgry), (489
KOTOpasi NO3BOJSET BHIPA3HTH X (S} uepes dyHRuMw §(3):
S =Y p(n) RElS) (4.89)

Ilockonbky L(s)y=1+4 O(2-%), 10 nocneaHuds paj CXOAHTCA K
Z(s) poBoavHo GuicTpo. TakuM o6pa3oM, Vbl pacnonaraeMm 3ad-
(reXTHBHBIM cOOcofOM BHIUHCNEHHs X (S), KOTOPHIH OKaxercs Io-
JIC3HBIM, KOrjia Mbl BHPA3dM KOHcTaHTY M uepe3 cyMmy psapnoB
Z(s) npu s > 1. (OrmeueHHble BHILIE CBOHCTBA A3eTa-pYyHKUHH
u ¢vHEuHH MEGuyca MOXKHO HalTH, HanpuMmep, B KHHIe Xap/u
v Paiita [79].)

Hasalite reneps OCTAHOBHMCS HA MHUHVTKY, 4TOOH HaMETHTD
nian ganonedumnx gefiersuil. Kak yxe oTMeuanoch, Hac HHTEpE-
cyver Z(1), oanako dopmyna (4.89) cnpasBernupa TOJEKO TPH
¢ > 1. Buecro 2 (1) Mul Morau 6n B3aTh 2 (1 4+ &) u ycTpeMuTh
€ K HVJIIO B PAaBeHCTBe

I(14e)=1nZ(l +e) — > 5@+ 26) — 3 234 3e) + ... . (4.90)

CraugapTHHe PYKOBOACTBA THM2a Baelenun a8 Teopuso ducea
Xapan u Paiira [79] mawot aas L(1 +&) B6nu3M eqHHMLB
acuMnToTHuecKylo onerky e~ 4 O(1), uro ynpomaer npeguay-
Wy GopMyny:

B(l4e=—Ine—y ZEED L o@). @

n=2
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K coxanennio, stor psaa «pa3fyxaeT» ¢ poOCTOM Apyroro mnapa-
METPa, OTJINUHOLO OT MApAaMETPa HALICTO HCXOLHOTO BLIPaXKCHHS,

Co)=Yy % =Inlnx+ M+0((logx)™).  (4.92)
PEx

3namnuT, ANA MOAYYCHHA HHOOPMALKU O KOHCTaHTe M Mbl He Mo-
KeM TIPOCTO COKpaTHTb rNaBuble 4NeHbl B NpPeAbaymux hopmy-
Jlax — BMECTO 3TOFO0 Haj0 c/eaTh Bhlpaxehue agas Cp 3aBucs-
UM OT e,

C 5710l menblo BBegeM B BhipaxeHue AAs Cp BEJHYHHY € TakK,
4TO6bl ¥ MOMHO OLIIO YCTPEMHTh K GECKOHEUHOCTH:

1 (dait) .o dC(t)
Z PEC S (e _,!l_l,ll S i (4.93)

p 1.5 L5

(npu savene dn(f) na tdCy(f) amecs cHOBa HcHoNb3OBano 9-e
cpofictBo uuterpana Crunteeca). HuTerpupys mo uwactam, mo-

Jyyaem R
S4e= lim (‘30 (x) Sco (t)d(t“)). (4.94)
1

5

Tenepb 3amenum BennunHy Co(f) B HHTerpanie ee acHMITOTHYE-
CKUM BhIpaxehueM (4.92). B coOTBeTCTBHH ¢ 3TOH  ACHMNTOTH-
kol Cp(x)/x% CTPEMHTCS K HYJ0;, NIO3TOMY OCTAETCH BbipazKeHHe

\ ) (4.95)

501 +6)=8(g (it (+ M4 0 (log ™) -2

15

3aTeM, moicTaBaAg e%/® pMecTo f, MOJVUHM

oo

Z (1+e)= S e—t(Inu—ne+M+0 (elu) (4.96)
elnts '
[/IHTerpHDOBaHHe GONBIIHHCTBA NOJIYYEHHBIX YIEHOB HE BbI3bI-

BaeT 3aTPyJHEHHH, 3a HCKIOUCHHEM uJeHa e~ Inu, Hurerpan ot
KOTOPOro MOXHO BLIPA3HTh Jepe3 HHTerpaJibHYI0 NMOKa3aTedbHYIO

PYHKIHIO!

S e~¢lnudu=e%lna + S e—;u du. (4.97)

a

Upﬂ MAaJbiX 3HAUYEHHAX 4@ ACHMIOTOTHYECKOE TIOBefEHHE HHTe-
TpaJjbHOH NOKa3aTeJbHOH YHKIUHH XOPOIIO H3YYEHO:
Py u
o
El(a)==g f—du=—Ina—y+0/a) (4.98)

a
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Hcnonbaosanue stoit uudopmanuu B pasencree (4.96) maer
E(l4+e=(1.5" (Ine+Inln1.5)4 E (eln1.5) —
— (1.5 % ne4+ (1.5 ° M+ O (e£,(eIln 1.B)) =

= —lie—y+M+0(elng). (4.99)

Tenepn octaercs cpaBuuTh nepepaboTaHHylo GOPMyay ¢ NEepBO-
HayaJbubiM Brpaxendem (4.91) aas (1 + e) u noayuurs dop-
myny pas M:

M=y—$2@Q—72@)— .... (4.100)

[Mockoabky Z(s)=0(2-%), stor psa CXOAUTCA BecbMa OLICTPO;
TO4HOE 3HaueHHe Kouctantet M pasno 0.26149 72128 47643 ..,
(Kuyt, Tpa6 ITapno [76]).

Bosespauiasich ¥ NOCTAaBNEHHOMY B Hayasle HACTOSILETO pas-
Jles1a BOTIPOCY, MBl MPHXONMM K 3aKJIOUEHHIO, UTO CPejHee YHCaO
Pa3JHIHEIX TIPOCTHIX COMHOXHTenel 7 paBHO

FE151-1E Gron)-
P P<X
=2 5+ (k) -

p<x
=Inlnx+ M+ O (l/log x). (4.101)

4.3. ACHMNTOTHKH H3 NPOU3BOAAIHX DyHKIHI

JOBONBHO wacTO pe3yabTaTOM KOMOHHATOPHBIX PacCyIKaeluit
ABAfeTCA Npou3BOAAmas $ynkuus G(z), HHTCpeCyOIUHE Hac
KO3 MhHUHEHTL KOTOPOH He BHPAaMXaloTcst B MPOCTOH 3aMKHYTOH
¢dopme, Hacrosimufi paszen nocssmed ABYM UIHPOKO HCHQJL3ye-
MbIM croco6aM YCTAHOBJIEHUS ACUMITOTHK AJIS NMOJOOHBIX KO3d-
dunuenToB g, Npu GoapwioM n no 3agaHHol ¢ynkuun G(2)=
= Zgn2". Buéop TOro WIH Apyroro cnoco6a 3aBHCHT OT Xapax-
Tepa G(2). Ecin G(2) HMceeT 0cOGEHHOCTH, TO HCNOJB3YETCA Me-
ton Jdap6y ans yCTaHOBNEHHS, HCXOASl H3 3THX OCOOCHHOCTEH,
ACHMNTOTHYECKOTO MoBefeHHusl gn. G Apyroll CTOPOHH, ecI# pAX
nag G(z) Bcloay cxomures B), To npuMeHsercs MeTOA mepepana
IJ19 HaXOMJIeHUs KOHTYpPA H BBHIYHCNEHHS COOTBETCTBYIONIENO KOH-
TYPHOTO MHTErpaJa.

4.3.1. Merod HapGy

Korza paa mas G(2) cxomuTes B Kpyre paauvea R, pdan
| g.r" | cxoautes a6ecomoTao Mpu r << R, a 3TO BOIMOKHO, eCaH
TOsIbKO g, = O(r~"). 3r10oT PpyHIaMeHTAALHbIH ¢akT (cM.



4.3. ACHMNTOTHXH M3 NPOHSBOASAMHX (YHKUHA 71

pa3n. 4.1.4 —flepes.) u3 TEOPHH PALOB HABOAHT HA MHICAbL O
chefyomem (HECKOJNBRO HAEATU3IHPOBAHHOM) NOAXOAe K ACHMII-
TOTHYECKOMY OLCHHBARMIO g.. Ecan G (2) umeer ocobeHHnocTh Ha
rpaHuue Kpyra pajuyca R, TO OTHicKHBaeTcs (yHRuusa H (2)
C H3BECTHBIMH KO)PHIUHEHTAMH, KOTOPaA HUMEET TY XKe 0cobeH-
Hocts, Toraa paa ans G(2)— H(2) Oyger nMeTsh GOJbIIHH pa-
AHYC CXOAHMOCTH S, a g, GYyAyT AOCTATOYHO GaU3KK K KO3I(du-
uHenTaM ha:

gn=h,+0(™"), s<8S. (4.102)

SToT mpouecc MOBTOPSETCA A0 TeX IOP, MOKA S He YBEJHYHTCA
HACTOJIEKO, YTO OIIHOKA NPUOIHMEHHA CTAHET Maiol,

Jauaplit MeTox CYUIECTBEHHO 3aBHCHT OT Bul6opa dhyHKuHH
cpaBhennsn f1(2), umeome#t wu3BectHue kosdduuuentu. Ins
ycTpaHeHuss OOWKHOBeHHoro mnonioca Oyukuun G(z) B TOUKE
2=a byuxuuio H(2) nerko mocTpouTh, MocKoakky G (2) 6yper
HMeTb pa3yioxenne JlopaHa BuAa

G@==20 4 o h = + G+ Cie—a) + i
10

B xauectBe dyukuuu H(2) H3 9TOr0 paszioKeHHS WCHONL3YIOTCH
UJIeHH € OTPHIATEAbHLIMH CTEMEHAMH (2—a):

C_ C_ =+ 1 C_
m e G ==

(z—a

Kosddunuwentr H(2) MoXRHO MOAYYHTH C NOMOMIBIO GHHOMHANb-
HOTO Pa3JloXeHHs:

(z—a)_‘=(—a)_’z(_;)(:az-)k. (4.105)
k

(B kauecTRe HAMIOCTPALHH NpuMeHenus Merola Hapby K OyHk-
UMK, oCoOBIMH TOYKAMH KOTOPOH SIBASIOTCH NOJIOCH, cM. Kuyw
M1, pasa. 5.1.3]))

3HauuTeNIbHO TPYAHEE YCTPAHHUTH aarebpauveckHe 0COGEHHO-
CTH; B ACHCTBHTEJNBHOCTH TaKyl 0COGEHROCTh MOKHO TOJILKO
YJNYYUIUTE® B HEKOTOPOM CMEIC/E, KOTOPHIE BCKOpE CTAHET 5ICEH.
Anre6panunocts ocoGeHHOCTH 03Hauaet, uTo G(z) MOXKHO Tpeg-
CTaBHTh KOHEYHOH CYMMOH UJICHOB BH/a

(z—a) " g(2), (4.106)

Ple @ — KOMIUVIeKCHOEe wHenoe, a GyHKkuus g(2) aHaNuTHYHA B
TOuke 2z = ¢, Hampumep, dyHKuHA

VI—z:Z(liz)(—z)" (4.107)

H(@2)= -+

(z—a)™ (z~

(4.104)
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HMeeT adareOpanucckyrd OCOGCHHOCTL mMpH 2 = |, OAMAKO B jaH-

HOM CJYylac OHa pa3sJaraercsi B OuHoMHaJdbHBIA PAA, TAaK 4910 B

apuMenetiy Meroaa [lapGy HeT HEOGXOXHMOCTH.
[Mpouraoctpupyem meton lap6y Ha npuMepe GyHKuHH

Giz)=+(1—2)(1 —az), o< 1. (4.108)
HaM HyKna $VHKIINA cpaBHCHHA, KoTopasa Oyfer «GopoTbea» ¢
ocOBCHINOCTHIO B TOYKE 2 = |, MOITOMY CHAYana PasiioXHUM B PAL
By HKILRIO

Wi—wz=AT=a+C(l —2)+ C(1l —2P+ .... (4.109)
[Teprufl UwICH Pa3IOAKEHIA 110ICKA3BIBAET HAM BBHIGOD
H(z) =+1—24/1—a (4.110)

B KauyecTBe (hWHKIHH CPABHCHHA, a AaNLHEHOIHE YNeHHl Pa3JoKe-
Hus (4.109) MoxHO 6yZeT HCHOJML30OBATbL JIA YAyYLIEHHS HOJY-
yaevol OueHkH. IlocMoTpuM, HacKoabko xopoma dyakuus G(z)
cama no cebe 0e3 fONOJHHTENBHEX 4Y4JIEHOB:

G —H@=AT —z(/T—az—+1—a)=
32 1

) ViZaez++vT—a
= A(2) B (2), (4.111)

=a(l —z

rjge
A@) =a(l —2)*,

B(2)=1/(v/1 =0z 4+ A/T —a). (4.112)

3ameTeTe, 4TO MLl HE YCTpaHHAH ocoberHocts npy z==1, a
TONBKO «YJAYYIIHAH» ee, noayyus (1 —z)32 mmecto (1—2)'/2
TTogo6uoe yayiilenue LOCTATOUHO YOENHTENLHO MOKASHIBAET, YTO
H(z) Moxer ¢JIy»XHTh XoporuuM npubarkenneM K dyvuxuun G (2).

Oumnbxoft sToro mpHOAMIKEHHA ABAAETCH KO3MOHUIMCHT npu
2" B pasnoxenun A(2)B(z). Paaryc cXOAMMOCTR CTeMeHHOro
paga s ¢yukuur B(2) Gombuie 1, ®, caeposatensHO, by =
= O(r~") npu Hekoropom r > 1. Janee, dyuxunio A(2) MOKHO
PA3N0KHTE B PR

A@)=a ), (3/:)(—.2)”=a ) (n_nsﬂ)z", (4.113)
e

nz0

n - 5/2

" )= O (n~52), Uro6ut oleHHTs OWHOKY

4TO Jaer an=a(
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npubauxenus, pasobnrem, Kak B paix. 4.1.3, cBCpTKY PSAOB s
A(z) u B(z) Ha gBe yacTu:

Qyba_p = O (r-n), (4.114)
i b2

abpp = O (n~57).
nR<kE<n

Cre0BaTe1LHO, MOXKHO YTBEPIKAATh, 4TO

=Vl—a(—l)”(l/:)—i—O(n—f’f‘?). (4.115)

Orasianieasice HA3aj, Mbl 0014DYXKHBAEM, 4TO BHIBOJ OLEHKH
ANS gn CBEJCS TIPOCTO K paznoxeHHto G(2) B OKPECTHOCTH TOYKH
z=1. OneHga XC OCTATOUHOTO UJIEHA — 3TO MOPOCTO JOBKUH
TPIOK, HCTIONBL3YIOMKR BO3pacTaHue TOKasartessa creneHn (1 — 2)
¢ 1/2 no 3/2. Y pefictBuTenbHO, nogo6HAs 3aBHCHMOCTh OT I0-
Ka3aTeNs CTeMNeHH OPHCYTCTBYET B YCJIGBHU UPHBOAUMON HUIKe
rcopeMul [lap6y, B KOTOpOH BBOAHTCSA TIOHATHE «Beca» ocobeH-
HOCTH, YMeHbIUds KOTOPbiil, MBI «yJaydiaeMs ocoGEHHOCTb.

Teopema. [Ipednosoacun, 4ro pynkyua G (2) = Y, g.2" ana-
nz=0
AUTUHHG 8 OKPECTHOCTU HYAR i UMEeT TOA6KO aazebpauyeckue
0COOEHHOCTU HA 2paruye Kpyza cxooumocTu aroeo pada. Becamu
ocobennocTed

(1 — z/a) " h(z2) (4.116)

6y0em HA3LLBATL 8ewjecTserKble yacTu yucear . Hycre W — max-
cumaabroili gec raxux ocoferrocred. Ob6o3anauum 4epes oy, Wg
u hy(2) sravenus o, © u h(z) Tex wrenos suda (4.116), ocoben-
HoCcTu KoTopelx umeror sec W. Toeda

‘Z BT ey, @)

wk) n

ede s =|ay|— paduyc cxodumocru psda drn G(z), a T'(2)y—
2anmMa-Ppynxyus.

dTor BapuaHT Tcopemu Jlaply, mpuseneHutll B pabote Den-
pepa [74], nosBoJsieT MOJAYUATL MEPBLIA aCHMMTOTHYECKHH TJeH,
ocnabmasisi Bce 0COOEHHOCTH-TS2KEJ0BECH.

Haunyio nmponegypy MOXKHO HOBTOPHTb, NOAVIAA B pPe3Vib-
TaTe uyTh GoOJEe IPOMO3/KOe YTBEPKAEHHE TEOpEeMH, KOoTopoe
npusejcHo B kuure Koute [74]. [lockonbky o6BLIKHOBEHHOMY MO-
JIOCY COOTBETCTBYET I1eJ0UHCACHHEI BeCc @ B HOPMYJIHPORKE TeO-
PeMLI, MOBTOPHOE NMPHMEHEHHWe IPOUEaypPH CBefleT B KOHIE KOH-
OB @ K HYJW0, YCTpaHsas oCcOOCHHOCTh TOJHOCTBIO, W60 Beca
W =0, —1, —2, ... HE COOTBETCTBYIOT OCOGEHHOCTSIM.

4 3ax, 259
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4.3.2. Merod ebiweros

TeopeMa 0O BBIHETAX YTBEPAKRIAACT, UTO HHTCIpasa 00 3aMKHY-
TOMY KOHTYpPV B KOMONEKCHOIl MNJOCKOCTH MOMeEeT OLiTh BHEIMHC-
JIeH 110 BhYeTaM B OXBAYUCHHbLIX KOHTYDOM HGJKHCAX:

T @f(z) dz = Z(BquTu B oXpauedHLIX mo.nocax). (4.118)

Mpu 3tom BeineT oyHKI [(z) B Touke 2 = a pasen koahdu-
puenty C—y B pasJjioxeHid Jlopana

Co,

—_— C—m C—m+1
f(z)_(z—-a)"‘ + o 4+ ... _;_—(Z_a) +
+C+CEz—a)t+ ... (4.119)

BLlYHCAsATE BHIYCTH CPABHHTENLHO Jerko. Ecan m =1, 1o Touka
2 == @ eCcTh IOJIIOC TIePBOrO NOPSIAKA H BHYET OTHOCHTENHUIO 3TOH
TOYKH AAETCH PABCHCTBOM

C_,=lim (z —a) ] (2). (4.120)

zZ>a

O6LIYHO TIpesen NOAMAETCH BLIMHCIEHMIO ¢ IOMOLILID MHOrOKpAT-
HOro npHMenenus npasuiaa Jlonmurans:

8@ s g(2)
il_r)na e = ll_)ma Y {4.121)

CyuTaetcd, YTo MOJIOC HMEEeT TOPANOK M, ecny liMz,q{z—a)™f (2)
eCTh KOHCTaHTa, HO 3TO ONpejeJyeHHe He COMUTCs A BEYHCHE-
HEA Bbideta mpu m > 1, [lostoMy Aas Beaenesua tpebyemoro
KO3QpHIHEHTA HAJIO HCMOAb30BATh npouaBom{ym-

Cj=-— (@—a™[ ().  (4.122)

(m— 1) z—)a d2m"!

[Ha mnpakruke, 01HakKO, 3a4yacTylo OHICTpee pPAa3JNOXKUTh COCTaB-
asoume f(z) BHpaXeHHn B PALH B OKPECTHOCTH TOUKH 2==4 U
3aTeM co6path KoabPUIUEHTH NPH (2—~ @)~

Teopema o BHUeTax TPAAHLHOHHO PACCMATPUBARTCH KaK Mpo-
cTofi cmocol BLIYHCIEHHS HHTCTPana 10 3aMKHYTOMY KOHTYDY.
ITpy HAXOK/AEHHN ACUMITOTHUECKHX OllEllOK MHB 4Yacto 6yjem
TIPUMCHATh 3Ty TEOPCMY «33/0M Hancpely, NOMeLLAss HHTEpCCyio-
myto HAC KOMOMHATOPHYIO BEJUMHHY HA MECTO BHIUETA M DBLITHC-
NS5 3aTCM HHTETPAJ,

[Ipeano10XKHM, HaUpPHUMEp, YTO HMEEeTICA ABOHHAH NPOUA3BOAA-
was PyHRuHS

F(w, )= 2, a,,0m2" (4.123)
m, n



4.3. ACHMNITOTHRH K3 NpPOH3BOASINHX GYyHKUHA 75

H Mbl XOTHM BLIUHCJIHTL MPOH3BOAALLYIO q)yHKILH!O ona avaro-
H4JIbHBIX 3JIEMCHTOB

Gz)= ) a,,z". (4.124)

Cofepem witeHs ¢ n = m B ko3dduuuente npu £, rie owu cra-
HYT BBIUETAMMU:

o §F U 2= § (Z P (;)”) LU
e Gan
= 442" = G(2). (4.125)

Eciii pAl CXORMTCS PABHOMEPHO, TO CYMMY H HHTErpajd MOXKHO
NIOMEHATb MEeCTaMy, O3TOMY MYTh MHTErPHPOBAHHA BLIGHpaeTCs
Tak, 4Todw cpenarth Kak |f|, Tak w |2/f] mocraTouHo ManbIMH.

Knaccuueckult mpHMep AMATOHAIH3AUHM CTETIEHHBIX PHJOB Ha-
UHHAETCA ¢ PaA3JIOXKEHHA

m-n
F(w, z)= Z ( n )wmz"=l—_—;_—z~; (4126)
mnz0
TpebyeTcs HANTH BLIPAXKCHHE JJa4 NpON3BOAAINEH DYHKIHH
2ny\ ,
= . (4.12
o0=3(" ) 7

Hcnonb3ysa suseaennylo Buine $hopMmyny, HMeeM

1 dt
G(z)=§{[§?ﬁt——27f (4.128)

B kauvectse C BunifepeM KOHTYp, OXBATHIBAIOIIHHA HAYAJO0 KOODIH-
HaT ¥ TIOJIOC MEPBOro NOPANKA B TOUKE

PR el 2 Bl (4.129)

- 2
¢ Boiverom (1 —42)=1/2; nostoMy uHTErpan pasel

G(z)=Wl_—_4—z.

B KauecTEe BTOpPOH HIMIOCTPANHM NPOLEAYPLl AHATOHANH3A-
LYK pPacCMOTPHM 3ajady NOUWIEHHOTO TNePeMHOMXEHHA ABYX CTC-
NMEHHHIX ps/0B

Alz) =2 a,z" u B(z)= ), b2" (4.131)

(4.130)

4?
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Henmonbsya yeranosaennyvio seinte popmyay (4.125), noaysaem
npousselenue Azamapa:

G =Y ab,e" == §408(2) % @139

4.3.3. Metod nepesaaa

B wawcewm CAaeIVIomeM  [ppMepe HCMONL3YCTCH HECKOAbKO
CTANAAPTHLIX TIPHCMOB, KOTOPLIM  CJCAVeT YAEJHTL BHHMAHHe,
NPCKIC UCM MPUCTYINTh K PEICHHI koukpetnold 3anaun. Cha-
1a.Ta Mhl 6_\'£LC‘M TPHMCHATL TCOPCMY O BbIUCTAX «3370M Hane-
pens:

g =& T2 (4.133)

25 !

[peanoaaraercst, 9T0 npousrojnmlas (YHKINMA H3BeCTHA W He
uMeeT 0coOeHHOCTCH (B TIPOTHBHOM clydyae aCHMMOTOTHYECKOE
NOBejIeHHe gy MOXKHO OLLI0 6bl YCTAHOBHTBE C TIOMOILBIO METOJa
Hap6y). Ilosromy e1HHCTBEHHOC OrpaHWUCHIe, HAKJIA1BBAEMOE
HA KOHTYD HHTErDHPOBAHMS, COCTOWT B TOM, UTO OH OXBATHIBAeT
HaYaNo KOOpPAIWHAT. ¥Yjauanlfi BHOOpP TOr0 KOHTypa ofJcruaer
OLEHUBAHHE UHTCTpana, a xopollell 3B CTHKOH AJA era Bulbopa
CAYKUT MeTol nepesBana. Macsa MeToaa 1epeBasia coCcTOMT B Npo-
BeASHHH MYTH HUTEIPHPOBAHHKA UEpe3 CEINOBYIO TOUKY, B KOTOPOH
(IPOU3BOAHASA IOJABIHTCIPaNbHON (DYHKUHH o0palllaercd B Hy.lb,
B TO BpeMf KaK B COCeJHHX TOYKax QyHKIMst xpyTo namgaet. [lo-
A06HO JJEHHMBOMY NYTCUICCTBEHHHKY, MBI BHIOWpaeM TyTb, NpoXo-
JAIMA 4epe3 HU3KYIO TOUYKY [epesana, HO B OTJUYHE OT 3TOro
NyTelleCTREHHUKA MBI BHOHpaeM naubojee KpyToll myTh Ha me-
peBaJs — nJf HAIluX Hedefl KPYTH3HA TOPa3jo BaKHee, UeM lepe-
CCUECHHE MCpeBafia B caMoli HU3KOH TOUKe.

[Mocne Toro KaK KOHTYpP HHTErpUpPOBAHHA BHIGpAH, 3a4acCTYIO
OK43blBAeTCH INOJCIHBIM Apyrofi rpueM — Metod Jlamnaca ans
OlLEHKH HHTerpanoB, JLofycTHM, 110 MOALIHTErpadbyas GyHKiHs
NMOUTH IeTHKOM COCPEAOTOYEHAd 1A CPaBHHTEJBHO MAaJjlOM HHTCP-
BaJjie, uMea He3HAuYHUTelbHRle XBOCTH, pPACTSIHyTHE Mo Bcell 06-
nacTH HHTerpupoBauus, Merop Jlannaca saMeHsteT 3TH XBOCTH
JAPYFHMH ManblMH (QYHKUHAMH, HHLETPAJN OT KOTOPHX NErKo Bbl-
uyucasierca, Ilpy 3ToM foaKHO OuiTh NOKA3aHO, TG KaK CTaphe,
TaK H HOBHIE XBOCThl HE3HAYNTEJBHO BJHAIOT HA OKOHUATEJBHHI
pe3yJysTar.

B BeIOpaHHOR HaMH I8 HJJIOCTPAlMH 3THX NMPHEMOB 3ajaue
6YACT BLIBCLACH YCHJIEHHBIH BAPHAHT ULeHTPanbHON mpefefwHOH
TEOPEMB!, KOTOPAas YTBEPKJAaerT, 4YTO cyMMa OGOJblIOro 4YHCIa
peanu3aunid cay4yaliHOH BeJHYMHB ¢ NPOH3BOMLHEIM paclipeee-
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HHEM paclpenenca aCHMIITOTAUCCKH HOPMAJhHO!
Bep(“— 00'_<Xl+}(2+ e +Xn<u’+ ﬂo'_ —
’vfl n 1/n

i
g e~#2dz(1 4+ 0(n-"). (4.134)

—-a

_
A/2n
3aech X; — MpoOHIBOALHBE, 10 OJUHAKOBO PACNpEACIeHIlke Cay-
YalHble BeJIMUHHLI CO CPEIHHM L H CTAZHAAPTHBIM OTKJOHEHHEM
o, Broas HeckonbKO HE3HAUUTEJBHBIX OTpaHHUeHH, MOXKHO MNO-
JAVUHTL clle 6osee CHALHBA Pe3ynbTaT, KOTOPLIH MOJHOCTHIO TIPO-
ACHAET BONPOC O TOM, HACKOJBLKO GBICTPO CXOAMTCH K HOPMAJb-
HOMY pacmpCciesJeHnio CyMMa ICJOYHCAeHHRX CAyuYafiHWX BCJH-
UUH ¢ TIPOU3BOJILHBIM PACIPERENEHHEM,

ITpeanonoxenne 1. X, aBAqIOTCA IEROUYHCJEHHBIMH CAydaf-
HHIMH BEJHYHHAMH, pacnpeieleHHe BeposTnocTedl KOTOpWX pr =
= Bep (X; = k) uMeer npousBogsmyo HyHKIHIO

gR@) =2 p2" (4.135)
k>0

Byvnrem cuntath, 4To (yHKUuus £(2) awmanutHIHA B Kpyre |z| <<
< 14 8, u, nockonbky g(1)=1 nna awboro pacnpeneneHus Be-
poaTHocTed, dyHkuusa Ing(e') ananutuuna npu f{==0. dto mo-
3BoasieT BHIpasnTh g(#) uepes pasnoxenue Tune:

o?f? nat3 nqt?

g(e!)=exp(u—]- TR TR MY —l—) (4.136)

rae ®; ABASETCA i-M CEMHMHBADHAHTOM paclpejgesleHHA BepOATHO-
cTell pe.

Iipennonoxenne 2. g (0) noMXHO 6LITL OTAHYHO OT HYJS, T. €,
po 7= 0. 3T0 mpeANONOXKeHe He SIBASETCH 06PEMEHUTETbHBM, TI0-
CKOJBKY BMCCTO g(2Z) MOXHO B3ATh z~™g(z2), rge m —ioMmep
IePpBOTO HeHyNeBoro KosapouluucHTa pm.

Mpeanonoxenne 3. Haulboapwui obWHA fenuTens Beex &,
rakux, yto pr # 0, nodxen GuTs paBed 1. 3To gonyuleHde Tak-
e HeOGPEMEHHTEJbHO, MOCKOJBKY BMecTo g(2) MDIKHD B34Th
g(zV™), rme m— HauGonbnii OGUHE XeJNTENL TakuX £, 4ro
pk=/=0.

CyMmMme 7 peand3zaunil cayyainoll BeJHUHHB, aMelonlell pac-
npejeneHne ¢ NpousBoAsel qiyHknuell g(2), cOOTRETCTBYET Mpo-
H3Boasimas GyHruusa g (2)". MBI HaMepeHB H3YUWTH TGBEACHHE
3TOR cyMMbl BOJIH3H ee CPeNHSTO A, ISl UCTO ONPEACAHM

Ay, . = K03DQumnuent npy 2%t B pasaokenun g(2)", (4.137)
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ri1e r BLI6p4aHo Tak, 4ToOn un 4 r 6uLio unenwiM. [lo reopeme
0 BLIUETAX
1 2 dz
y Jp—— S (4.138)

T o M

[lockoabky TOuka mepeRana JemHT B OKPRCTHOCTH TOUKH 2 =1,
BEIBEPEM B KauccTBe KOHTYPA HRTCTPHPOBAUMUS OKPYKHOCTH BAH-
HIIYHOTO PajHyca € LCHTPOM B Hauydle kOOPAHHAT H TOACTABHM
z=¢'" g (4.138):

n
R
Anr =\ ErE (4.139)

L’” (Wt +r)
bti

B cuay mpeanogoxenun 3 see ujieHn QyHkuuau gle) 6yayr Ha-
X0AuThes «B (asde» sguulb Npu f ==0; caeioBatcanHo, |g(e) | <<
< 1, 3a uckmouennem cayuasy { =0, xoraa g(1)=1. Boageie-
nuc g(e") B n-10 CTeleHb fgesaeT XBOCTbl HHTETpaja SKCIOHEH-
LLH4ALHO MAalLIMH, TAK YTO OCHOBHOM BKJAah B WHTErpaa BHOCHT
ukpectHocTb ToYkK £ = 0. B wacTHocTH, mpu JioGom suGope § >0
naiiercs rtakoe a [0, 1], uro |g(ef)|<<a mpm 8 K|t < 7,
a 3TO 03HAYaeT, 4To

<o

‘——] n
Anr =32 S 1tum+rj + 0 (a"). (4.140)
-8

Meropn Jlannaca npeanonaraeT 3aMeHY XBOCTOB foJjiee npHEM-
JeMHMH DyHxunamu. [Ipexe ueM NpPHCOEAUHATH HOBBIE XBOCTLI,
ApojefideM HECKONbKO MaluNyJsSUdH ¢ HCXOAHEIMH XBOCTAMH,
cyxkada (refining. — flepes.) xaxawll pas NMpPOMeRYTOK HHTErpH-
poBaunsa. Buauane BuiBepcM 8y HACTOJABKO MAJHM, 4TOOLI che-
JaTh 3aKOHHHM pasnoxende Tuac paf dyHKuswH g(e’), m pas-
JIOXKHM B psij MOABIHTErpaJbHYIO ¢yHKILHIO

G o inad?

, n witin
W=EXP(—W— o T a T4 +...).(4.I41)

3atem Buifepem §; MeHbllee deM §;, Tak, 49To6H MepBrle ABA
QJeHa 3TOr0 Pa3jiokeHHs mpeobiagatd Haj OCTATEHBIMH:

%3t uuf‘n o?|t¥|n

iy rdn < SR <8, (4142)

DTH ABa CYXEHHS IPOMEXKYTKa HHTCTPHPOBAHHA JIeNAOT BO3-
MOJXHBIM TPETLE, COCTOANee B 3aMeHe HHTepBajda |[— O, O] Ha
[— n—t2te, ‘”“E] (Ponb TauwHCTBeHHOTO € BCKOpPE CTaHeT
oquH,u,Ha.) Omn6xa, BHOCMMAs IOCAEfHUM Cy2KEHHEM TIpoMe-
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XKyTKa, eCTb CYMMAa ABYX BBLIPAXKEHHH BUIA

( exp (—irt — 02;" ) | ‘exp (—-— m;t!an + ”"Zn + ) 'dt.

S
(4.143)

n—1/2+e

Benuunna —irt B mepBOM COMHOXHTENe UpegcTandseT coboil He-
CYIIeCTBEHHYI0 AN Hac $aady, a BTOPOH COMHOXKHICAL B CHJIY
HepaBeHcTBa (4.142) orpaHuueH; c/AefOBare/lbHO, 3Ta CLIHOKA
SKCMOHEHNUHANBLHO MAanNa:
& oﬂth 0'23271 2 %e/3
S exp (— T+ T ) dt oo (1.144)
n—1/2+¢

Teneps foakKHa 6HITE SIcHa NpHYWRA Bhbopa == n~'2+t p gaye-
CTRe NpefesoB HHTCrpHposauwsi, Ha nmocnegnem ware Mol one-
IIMJIK MHTErpaJ ero HauboIbIIUM 3HAYEHHEM, TOACT4BUB B MOALIH-
TerpaJbHoe BeIpaxeude #7'7T puecto {. B peayasrate yHuyrto-
KAETCA N1, CTOALLee B TOAKHTErPAJILHOM BHIPAZKENHH PSAOM C 12,
T4K 4YTO € OKAa3LIBAGTCH <«UOCJCAHEH CONOMHHKOM, cioMapuieiH
cryHy BepOaiona» M yCTpeMIBLICH 3TOT MHTErpand K HYJIO,

[ToaBOAS HTOT MPOAENAHHOMY, MOXHO YTBEPXKAATh, YTO Cy-
mecTByer Takoe o >0, uro upu Jobom £ >0

n—l/2+¢8
'. ii\n dt
Ar=— | EEF 0™, @145)
_p—lp2+e e

B npegenax takoro Majoro HHTEpBajla CYIECTBEHHB! TOJBLKO JBa
NMepBLIX YJeHa B pasnoxenun Tuie:

neli2+e

An. r = o S EXP ("" iri — i t n + O(nse—'l/?)) dt _I_ O a,,?e)-

T _p—l2te

(4.146)

Temneps Mbl TOTOBBI MPHCOETHHHTh K HHTErpajy HOBHIE XBO-
CTH, UCONB3YSl B KAUCCTBE TIOCTEAHHX ABA NepPBHIX ujeHa pas-
Joxedus: Tune. HoBuie XBOCTH 3KCHOHEHUHAJRHO MAJHL!

exp(—ir!—ctn)dtg S exp(%%)dt=

n—li2te n—l/2+e

=0 (cxp (-——Gi’l)\ .

/

o
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JlonoaHHB 110Ka34TCAL IKCHOHEHTH A0 MOJHOIO KBajapara, Jderko
BHIUHCAHTD HHTErpds Ha [—oo, oo]:
oo

A, =% S exp (—ir/ —

- 00

(] + O (n3£‘,—112)) di _|_ O (an26)=__'

— -1
0‘*\/2:1.1'1 p(? In )+ O, (4.147)
3aMeThre, UTO KOHCTALTA, CBASAHHAs ¢ noalvdaenHol O-onenxof,
3aBncut ot g(4) u e, HO He OT n wnl r.
[ToayucHHLUT peay/bTaT MOAINO yIVIUINTL, HCMONB3YA 60JL-
wee, yem B paseHeTBe (4.146), uueao unenun pasaoxenns Tuae.
3t1o norpelyeT HHTErPUPOBAHAS UJICHOB TiNA

[+°]
S elat=blpk gy, (4.148)
HOHOJIHHB IoeKa3laTteab 3KCHNOHEHTH A0 IIOJIHOTO KBajapaTra H pa3s-

NOXHB {* B GHHOMHAJBHBIH PIA, MOJYUHM HECKOJIRKO UJEHOB
BHAA

S e~¥y! du. (4.149)

[Tpn HeueTHOM j 3TOT HATCIpa’d ofpalllaeTcq B HY/ADb, 4 TIPH YCT-
HOM j CTO MOKHO CBCCTH K TaMM4-QYHKIMH C NOMOIIBIO M0OACTA-
HOBKH v == 42, Hcnons3ys nogobHylo nponeaypy, Hallly npexbl-
AVINYIO OUEHKY MOXHO YCOBEPUIEHCTBOBATE H MOJAYUHTH, K NpH-
Mmepy,

= e (G~ 2 E (E o
(4.150)

Kospoduunent mpu obueM uiene r%/n¥ storo pasnoxeHus 3a-
JAACTCH BHIPpA2KEHHCM

Z (=% (R4 252 %
o? (R+S)5 g

S$=0
X Z Pal ( )p‘ Pﬂ ( ) e (4151)
N+3§

Ps+pitpst o0 =R—
394+ 4Pt 3pst + oo =RH25

3
TOAOGHLIC YJEHB OTNHYHLI OT HYAS NPH 0<R<5N.
OT0 BecbMa CHJBHHIA pe3ynLbTar, H3 KOTOPOrD CYMMHPOBA-
Huem (4.150) mo r MOXKHO IEMEINEHHO MoJYUHTh LEHTPAAbHYIO
npeaenLHyIo TeopeMy; Gojee ToOro, ccin morpebyercsa, To Y Hac
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€CFh HCUEPNLIBAIOLIee ONHCAHHE ACHMNTOTHYECKOTO MNOBEIEHHS
OT/AeJBHEX UYJICHOBR HOCJENOBATEIbIUOCTH pacnpenenenufi. K co-
HAJEHUID, NOJYUCHHAS BHIUE POPMYJIa CTPALAET HCAOCTATKOM,
KOTOPHI XapakKTepen AMAA L2HTDPAJBHBIX NpPeaedbHEX TEopPeM, a
HMEHHO OTpalH4yeHHOCThy HHTepBana 3HaucHufi r. O6parure
BHHMAHHC, YTO TOCKOJBKY ocTatounblit uaed B (4.150) asasiercs
MHOCOYJCHOM OT #1, TO OLeHKa An , NMONe3Na TOJAbKO IPH r =

=O('\/n), DT0 H Ille YAUBHTEJILHO, MOCKOJBKY MBI JOBOJLHO
11e6pCKHO RHIGPAJAN KOHTYD uHTErpupoBaHus. Ham myte npoxo-
JUT BOJIH3W caMOW HH3KOH TOYKM IlepeBana ToAbKo Npu r =70,
Bce Oodec u GoJiee YAAJAAACH OT Hee IO Mepe yBeauuenus r. Ouge-
BUAHBIM CPEACTBOM OT HOI00HOr0 HeAyra Mol Obl CAYKHTh BLIOOP
HHOTO KOHTYpa HHTErPUPOBAHHA B CJyuvac, KOTAAa r NMpPeBbIIAET

n. OaAaKO MOXHO CABHHYTh M CaMO DAacCHpeiesiCHHE, 4TO 3a-
HACTYIO CAeNaTh IIPOIIe, HEXENHd MOBTOPSTH NMPEAbLAYIIHA BRIBOX
JJIA APYroro KOHTYpa WHTerpHpOBauus, XoTd ofa cnocofa B cyl-
HOCTH OJHHAKOBEL,

Kosdpdunuenr npu 2" B npoH3IBojsAllell OYHKUHE g(2)" no-
ayuaetcs no dopmyae

m ny_ 8@ m ( gla2)\"
@M (g @M =" (2 >(g(a) . (4.152)

TlpaBast yacTb 3TOF0 PABEHCTBA MOMKET JIOKA3aTLCA HEHYKHBIM
VCJIOXKHCHHCM Cro JIeBOH YacTH, MOCKOJbKY B O6EHX YacTaX Tpe-
Gyercs BbIIEJHTH KOI(DOHIUHEHT MpH 2™; TeM He MeHee IpaBas
yacTh o6aajgaer JONOJHUTENLHON <«CTCIEHBIO CBoGoan», Npef-
CTaBJEHHON BETHUHHONA &, YTO N03BOJAET CABHHYTL Cpeflee pac-
fipelesIeHHsI, COOTBETCTBYONEero g(az), nobanxe g m/n. ITo
MOXKHO CACNATh, BHIGHPAS O TaK, YTOOH

__gfg%a =2, (4.153)

YeranoBHM B KayecTBe TPOCTOro NpuMmepa KodpdUIIHEHT NpH
271/3’

@ (132)", (4.154)

B Mpon3BOMASIIUEH QYHKUHH AJA OHHOMMAJBHOTO PacHpeac/CHHS.
Hutepecyomuit uac KO3 QUIHEHT HAXOAUTCA Ha DPACCTOAHHH
MHOro foJbllieM, YeM \/n OT cpepuero 3maigeHus #7/2; mosToMy
paserctso (4.150) Gecrmoneszwo A uamledl NedH, €cad Mbl He
CIBHHEM cpeaHee K /3 mocpeACTBOM HaAJeXKallero smbopa o

g'{a)e __ a 1 _
4 (@) = T+a 3 (4105)

OTKYLa
a=1/2. (4.156)
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PacnpcacacHue, cooTBeTCTBYMUlee HOBOH Npou3BoAsllel (YyHK-
uuH

2 1
(3+§z), (4.157)
HMeeT cpelHce (= [/2, craniapTHoe OTKJOHEHHE G='\/§/3
H NOCJACAYWIHE CeMHHIBApHAHTBl %3 == 2/27 u %q = —2/27. Te-

neph MOKHG BOCHOILIOBATLCA pasedeToamn (4.160) u (4.151)
npu r =10, no.1vuas

n «

(z"-‘a)(—g— + L z) = A= (1 L)+ O (n=52). (4.158)
3 3 24 an \ 24n

YMHO®as 3TOT pe3yabTaT Ha OpPHC)TCTBYIOWHE B PaBCHCTBE

(4.152) MHomuTesn g{@)"/a’". B KauecTRe PEUICHHS HCXOAHOH

333d4YH NOJAYyUACM OUCHRY BCPURATHOCTH BbIMAXEHHS «OpJIa» POBHO

n/3 pas npu n GPOCAHHAX MOHCTHI:

2“’3(%)" #(l — 274—n +0 (rr?))_ (4.159)

Urofel y UHTATENsI HE CO3Z4J0Ch BIEUATJCHHSA, YTO CABHI
pacmpeac/aeHHs MO CpCAHeMY SIBJsSieTcs MapaneeH OT BCEX HHTEp-
BaJbHLIX 6ena'!), OTMCTHM HEKOTODBIE TPY/HOCTH, CBs3anlble C
ero npumenennev, B ypasrcHan (4.155) HaM NOBe3JNO B TOM, YTO
o OKazanacb KOHcTautoH, B ofueM xe cayuac o 6yAeT HEKoTo-
phiM 06pasoM 3aBHCETh OT 7, YTO B CBOIO OYEPEAb IOCTABHUT B
3aBHCUMOCTL OT A CPCAHCE, CTAHAAPTHOE OTKJIOHEHHEe H NPOuyHe
CEMHHHBAPUHANTH paclpefeleHns. YCTAaHOBJACHHHKH BBILe ycii-
JeHHW W BapHAHT UEHTPAJbHOH HPEAENLHOH TCOPCMBI HE TOMY-
cKaer NMofo6GHON 32aBUCUMOCTH H A0JxKeH ObITh BHIOH3IMEHCH A4
NPHBCACHHA CIO B COOTBCTCTBHE ¢ KOHKPETHBIMH YCJIOBUAMI.
B uyacTHOCTH, BeCbMa BEDOSITHO, UTO NMPHMCHCHHe Mmeroma Jlam-
jgaca (OTCeKawmero craphie H INPHCOETHHSIOIETO HOBLIE XBOCTHI
K HHTerpaay) 6yIer €031aBaTh HHBIE TPYOHOCTH. TeM He McHee
CABHI CpPEIHEro BCe xe ToJe3eH KaK OPUeHTHD NpPH BLIBoje
ACUMITOTHK, U UHTATENI0, BO3MOXKHO, OYmeT HHTEPECHO BHBECTH
Ha 5TOM IIYTH aCUMITOTHUECKYIO (popMyay ans uuced CTupauHra.
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1. [3anande na goMm.] TIOKaXKHTe, ATO <«NEPECTAHOBKA, NOJYYaeMasr C I10-
MOLILIO CTeKa» (3@ HMeHHO TepecTaloBKa 4ds...d, MHoxecTBa {1, 2, ..., n},
TaKas, 4TO HET TAXHX HHAEKCOB i < j <C £, L% KOTOPLIX 4 << 4y < dy; CM.
Knyr [I, ynp, 2.2.{-5]), Moxer ObiTb OXapaKTepH3OBAHA B TepMHNWax TabauIL
HHBepcrd. HafiiuTe ¥ LOKAXKHTC NpocToc croiicTBo tabauu unsepeni £,Cs. ..
...Cn, KOTOpOE HMeeT MeCTO TTOTAA !0}, Koria mepecTaHORKa 1OJYYaeTcs C 1o-
MOILBIO CTEKA.

2. (a) [10 ouroB] Cxonbko mepecraHoBOX MuoxecTsa {1, 2, ..., n} mox-
HO OTCOPTHPORATH «METOAOM Dy3HPBKA», HCIOJL3YH NPH TOM He Govee ABYX
NpocMOTPOB NepecTaHoBKH?Y Hanpumep:

HcKOMHaA mepecTaHoska 3

- O
[k S N Y
(o239 BN
N0 en
o N o
Q@ © =

1 2
nepBLi mpocMorp 1 2 3
sropofi mpoemorp 1 2 3

(ITpm nyanipbKOBOK COPTHUPOBKE Ha KakioM mpocMortpe K; nepecTamiseres ¢
Kiy; Trorna, xorpga Ki > Kipyupn is%= 1,2, ..,. n—1))

(b) [40 ouxor] Crkosinko nepccTaHoBoX Muoxkectsa {1, 2, ..., n} MOXHO
OTCOPTHPOBATH ¢ NOMOWDLIO «IICHKCP-COPTHPOBKH» 33 OAHH ABOHHOH Mpoxoi®
Hanpuuep:

1

IICXOAHAA lepectakoBka 2 7 3
npoxol caema npanpaso 2 3 1 4
2 3

[S]1 o BN
P N o

9
8
7

oo Ot o
O © ¢

npoxoj cnpasa Haneso |

(Ilpn meffRep-cOPTHPOBKE NCPCCTAHOBKA COPTHPYCTCH METOAOM [Y3HpbKa MO~
nepeMerio B 06OMX 1ApaBAEHHAX.)

3. Cxema [Isiia Qepriocona Aas MOpeacTaBjeHns OUHADHHX HEPEBbeB
(Ksyt [I, yop. 23.1-37} ")) noTpe6GoBana Gbl XpaHeHHs H306DAKEHBOro HHiKe
OMHAPHOI'O JlepeBa ITONCKA B IISITH sUeHKax NaMATH, HalPHMED, CAeAYIOMUM 00-
pazoM:

LoC INFO  LINK

1 a 2
2 A
3 [ 4
4

5 d A

CranapTnylo npolleXypy NOHCKa co BCTaBKoft no aepesy (Kuyr [IlI, aaro-
put 6.2.2T]) MOXINO OYEBHIHLIM 06pa3oN MPHCIOCOSHTL ANA HCNOJL3OBAHHS
H 3TOTO NPenCTAB/IEHHS.

Iycts pry — BEPOATHOCTL TOTO, YTO REPEBO GHHAPROLO NOUCKA, TOCTPOGH-
HOE IyTeM BCTABKH B [€DBOHAYAJBIIO IYCTOC ACPEBO 7 KaKouelt B CayuaiiHOM
nopanke, Gyner sauuMath 2n 4 1 — 2£ A4eek UPH NPENCTABAEHHH €ro Ho CXe-
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Me Qepriocona. Oboanaunsuepes P, (2) = Z k> opnkz’f COOTBETCTBYIOILYIO NPO-
2
“3301311!11}10 dynkumo; o vacinoetn, Py @)=Py(z2)=2z u P3(z)= 32t
—_ 52
e
(2) T10 oukon] Haiizute anddepentanennfi onepatop @, Taxoft, 4To

Poir(2) = ©,P,(2) upn peex fozz I
(b) 115 oukon] [Lvern 12— yiepatap dilz, a U — onepatop, KOTOPHI

,
TORATaeT 2 pasuwM |, 1an v, L P, (2) == " (1} cCTb cPEAHCC SHAUEHHE Be-
AMYHON £ TlokamuTe, w10 »00 L acinel  radelh€ MOXKIID BHIPA3HTD 8 HHIC
HPOCTOR dyikiiun aT n

(e) [25 ouros] B oupoaosacnwe wacn (b) o iasaud salAuTe ZHCIEPCHIO
B&IAYHGEL k Kuk By ki o n

4. [IND wukon] Paccwmorjite wienIphrieckylo ¢ HiIyIYI0 MALIHIKY, KOTOpas
AMCET pouo 40 xaasuw whe 12 09 1auna’ ipoBea) (oGpaTunit xon)

(BO3RpyT KapeTkuy M Oeckoneuno LTnHHVIO KapeTky ObGeshbana ricdatacT Ha-
OGYM ¢ Hayaaa CLpokH 40 10X FOp. UOKA BAPAT NC yLapser M0 Kiaeuwe (Baa-
BPAT KaperTky) ; manyrajuias, ona yIHpaer 10elaTb cBON OGamaiL

(a) Hainnre npoussogsamy ¢pyHsnnw G (2) = Zn>0 ga2", Tie gn—

>

HHCJI0 j1ocKe10BATCALHOCTER M3 R VAAPOB TO KaaBHNIAM, OTNE4aTHBAWIMLHX
CJIOBO «apes (oBespsna. — [lepes.) v Hawafe CTPOKH (H HHKAKHX APYrAX CHM-
BO.IOB, kpoMe npoGesa W obpatnoro xopa). Bor, k npaMepy, 0IHa H3 TaKHX
nocteronatenbiocTel, cocrosimas u3 12 ymapon ({oX) o3hlauaer {oBpaTHHI
x01)):

{upo6en) p (ox) (ox) (ox) a {npoben) e¢oxy{0X)P{BOIRPAT KADETKH) ,
{3aMetum, uro waxarue Ha KJIaBumy <OGpaTHHIT XOX) B HAyaje CTPOKH e
TIPUBOAMT HA K Xx4KOMY PeayabTATy H UTO 3HAKM MOTYT MHOTOKDPATHO mneda-
TaThCq ga ognom M ToM e Mmecre.) He oOsisatenwuo yctawasauBaTe G(2) B
ABHOM pune — NOCTATOYHO YKa3aTh ypaBHeHHS, KOTOpLle OAIO3NAuHO Onlpeje-
JAAIOT STy (hyHKUR(O.

) Kakosa BeposiTHOCTb TOro, 4To ofe3psilla namedaer n0g0BHHM 06-
Pa3oM ciopo «apes? (Ecam viacrcs, nafiTe Bail OTBET B BHEE SIBIIOTO BeILECT-
BEHHOro yuena W OGBACHHTE, Kak B ero noayuwau,) [Cenn Bac ue yerpawu-
BaCT monobHas ¢GOPMYJMHPODKA 337Ja4H, MOXKCTC PACCMOTPETH BEPOATHOCTH
TOTO, 910 ofesbsiHa HameualaeT Heikoe JeThIpeXOyKBenHoe cloBo.]

9. [50 oukos] HajiauTe ACHMNTOTHYECKOE 3HAuEHWe — NLPOH3BENLHUSA

n o
<hegn ( k) ¢ oTtnockTenbHON owubkolt mopsiaka O(l/n) npy n— co,

[dpyravy CJI0OBAMH, Ball OTBET AoJKen HMeTb mHA [(n) (1 4+ O(l/n)) ¢ «sp-
HO> 3anannoit dyuknuei f.]
6. [100 oukor| DyJeM Ha3LIDATh MOMDMKHTENBNOE EJAOC MHCAO 17 Heobbiu-
Hot (unusual. — [Tepes.), ecan ero HasGONBLINAIL DPOCTOR LENMHTENL HEe MEHbUIE
n. Takum oBpasom, Bce NPOCTHE HHCAA HCOOBIYHEL, TaK JKe KAK B IpOH3BEAC-
HH Neyx mpoctuix. (Uucio 1 B Bolcured cTemeHH HeOOBIYHO, MOCKOTHKY 3TO —
TOJIOKUTRABHOE 1ICNI0E YHCNO, AJMH KOTOPOrD Lalfioe ONpedeseHHC NHIIEHO BCS-
KOTO CMEIca.)

CTAHOBHTE ACHMUTOTHKY KO/HYECTBA HEOOWYHbIX {leJbiX YHCEA 7 O Hu-
TépBane | <<n<<N upn N-—>oo ¢ abeconoTroil ownOKOH nopsika
QIN/(log N)?).

kasauue. TTocunmTafite pa3fesbHO KOJHYECTBO (eOOBUHHX UEJRX dHcel
B YKa3auioM unTepBase, HAHOOILIUMA NPOCTOH LETHTEIb KOTO[HX HE NpeBoc-
XOHT A/N [3a peruenue 2TOil uacTh 3ajaull Tpucyraertes 35 oukon] U mpe-
‘Bocxonur 4/N [3a pelmenwe SToff «acT 3ajawd npucywnaercs B5 owkos].

a npaBuJBHOE pelueHHe 3ajaun ¢ omnbkol nopaika O(N/(log N)?) npu-
CYXARDTCH NONOJHETEAbIILIE OUKH; OLINAKO, MPEXKIE YeM MLITATLCA HX 3apalo-
"TaTb, CopelyeM aHauame PelmTh 3ajavy 7.
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7. [150 oukoB] Cacaytonlyii anropuTd IPOXO¥IAEHHH OHHAPIOTO OepCRa
B NpaMOM nopaaxe (B opyrusane «preorder». — Jlepes.) HACHTHIEH aArOPRTMY
2317 (Kuyr [1]) a1a npoxomxiaenns AepcBa BO BHYTPeHHeM nopsfxe (inor-
der. — Ilepes.) c TeM JadIIL OTAHYHEM, Y4TO B JAHHOM CJyuae B CTEK noOMe-
LAETCH MENBLIEC YHCJIO 3JeMEeHTOB.

Pl1. [Haqanb]’}aﬂ yeranoska.] OuucTaTb cT€K A H YCTAHOBHTL NEPCMEHHYIO CBS-
an P«T,

P2. [P = A?] Ecta P = A, 1o nepciith K mary P5.

P3. [[I6nagarue 8 P.] (Cefivac P yvkashiBaer Ha Benycroe OHHapHOe IepeBo,
KOoTOpoe HyHO npofiTh.) «[lTomacts» 8 NODE(P).

P4. [Crek& RLINK(P).] 'Ecam RLINK(P) = A, To noaoxute A &
& RLINK(P), 7. e. momecturh meamunny RLINK(P) B crek A, 3arev
yeranwoeuts P & LLINK(P) u BepuyTees k mwary P2.

P5. [P<&ctex.] Ecou crex A mycr, 7o BHIOAHEHHe aATOPHTMA 34KAHUHBAETCS,;
B NPOTHBHOM CNyqae YeTanoBHTh PE=A W BepnyThea K mary P3.

3apaua axasorwuda ynp. 2.3.1-11 u3 wkuurw Kuyra [1]: kakoso cpennee
3uAJeHHE 1aHbOoJbUICTO pa3Mepa CTEKa, KOTOPLIH MOMET BCTPETHTLCHA NPH BhI-
NONHEHHH NpPHBEIEHHOrQ BLIUC aanrphrma P, cuyras, yTo Bee Ouuapibe je-
PCRLS C 1 y3aaMH paBHoBeposTHH? [laliTe oTeeT B Bule DYHKIMA OT £ C TOY-
HocThio o O(n—'2log n).

8. [50 oukon] Tlpomoskan aHaniM3 BTOPHYHOrO CKYUKWBAHHS M3 pa3f. 3.4,
HAHAKTE «CKOMNBAAWKE ouepaTop» A48 .., KOTOPEII NO3BOJMT BHYHCIHTE
U2Gmn(x). KpoMe TOrD, HaljuTe auajaor (bop.vr;wu (3.40), KoTopas HO3BOJMT

BoUHCIHTD Usllpn(x). Buipasure G,,:m (1) » H:,m (1) B Bume «mpocThIX» (YHK-
uuit ot m, n, Py u P, rie

o= (4 50) () - (45 2i):

9. [Beero 150 ouroB, pacnpeiicsieRHBX HEQARNAKOBO MO OTAENbHHM MOX-
3ajayaM '¢).] O@Ha XAl YTPOM CTYACHT 1o umeny CMBIJICHLIH TIpOCHYJCH
¢ MBICABID O HOBOH P&3HOBILANOCTH GHHAapHOro nepeBa noHcka. M3 sanartuit
no MHGOPMATHKE OH 3IHAJT O MPEHMYILRCTBAX «CBs3hiBaHHs B Kouue» (late bin-
ding. — Ilepea.), B cBsizan ¢ ueM moayman: «llouemy, cobcTBenno, s AOJMKEH
MCTIONb30BAThL NCPBLIA KI0Y AAS Pellelis BONPOCa O TOM, KaK CHelyeT pas-
GuBaTh ocTanbliule Kiawdu? lle nyunre JH OTJIOMHTL HA BPEMA pelleHHe 3TOrO
BONPOC2 M MOCMOTPETh BHaua/de, KaKOBH OVAYT Apyric Kaoun?» Tlopbexas
K CBOEMY TepMHIialy, CTyAeHT GbICTPEHBKO MOATOTCBHA ¢iaill ¢ onAcaHueM HO-
BOM CTPYKTYPH AanlblX, KOTOPYI OH PEIUHN HA3BATh CORIQHHBLMU B KOHUE Oe-
peseany (CK-nepeBbsaMy), H OTIpaBWIICS 3aBTPAKATh.

K coxanenuio, 3jgech Me MeCTC ONHCHBATL  AafdbHelilllde TNOXOXKIENHA
CMHIINEHOTo, B TOM YHCe HCTOPHIO (KOTOopasi, BEpPOSTIOD, YKE HHKorga we 6y-
LET paccKaslaHa) O €ro POKOROH BCTpeue B 3aKYCOWHON ¢ JIOOOMHTHLIMH ce-
CTpaMH, KOTOpHE MNOKJAJIHCh HC OCTAHABJINBATLCA HH Mepej yeM A0 TeX MOp,
N0Ka He y3ualoT ero cexper. [amaliTe BMecTO 3TOr0 COCPCROTOYHM Ijalle BHHU-
MmanRe a2 ocobennocTsx CK-nepeBbeB, onyckas noApoGHOCTH TORO, KaK HAMH
Oblyla MOJAYuEna 9Ta HHGpOopMALS.

B CK-mepesc nMeercst ABA THDA V3J0B: Y3/bl Pa3BETBJCHHUS H JIHCTHA,
Yaes passersachus coAcpKHT ABA KAoua 2 W b, mpuueMm a << b, a Taxxe 1Ba
ykasatenst [ B r Ha nojfepeBbs. Bce KJIOYHA B Zep2Be ! MeHbIUe MJHM PaBHM @,
a BCC KMOYH B JepeBe r Gosblte WIH paBubl b. Takoft ysenm MoxHO 0B03HAYHTD
yepes (a:b) W NOAPHEOBATLH K HEMY INOANEPeBLA. JJUCT COCTOMT W3 NONHOMN
3aMHCH, cojepXKallell K104 2; TaKoi yaen MOXHO o603HauuTbL uYepes [a].

CK-nepesbs HuKOrza He OLIBAIOT MYyCTHIMH — OHH «BHIDACTAIOT» H3 OJH-
rounoro yaya (poctka). Jlesoe nonmepeso yazna passeTienus (a:b) conep-
HHUT qHCT [2], a npasoe noamepeso — et [b]. Ecoyw HeoGXOXHMO BCTAaRHTH
B umewmeecas CK-mepeso HOBYI0 zanMck ¢ KjioyoM x (Tpeinonaras, 9To KJoy
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X OTJIHYelN OT KJIYEH, yXe BCTABNEHHHX B HEPeBO), TO HALO0 HeHCTBOBATh no
clIeayueMy npasiay.

(1) Ecan CK-aepeso cocronT #3 micta [a] # ecan a << %, TO aaMEnHTSh

[a] na ysen (a:x) ¢ JeBHM noiaepeBoM [a] M npankm MoALepeBOM

x]. B cayuae x < @ ocvulecTBHTh ANAJOCHYHOR MEPECTPOCHHE, MEHAS
MECTAMH @ H X.

(2) Ecan CK-aepeso nMeet wopnesoil yiea (a:6) n cemm £ < a, To BeTa-
BRTD HOBYIO 3AITHCh B ACHOC 11D11€PeBO, HCNOJbAYA PCKYPCHBIO LAH-
HOE 11paBH.Io.

(3) Ecnn CK-zepeno umecer kopueson ysen {a:b) w e x>b, To
BCTABHTh HOBVIO 3alldub B lpaBOe NOILCPCBO, HCIOMB3YS PEKYPCHBHO
DAIHOE TPABII0.

(4) Ecan CK-iepeBo HMeeT kopiencit yien (@:b) n ecean a << x << b,
TO 1310 NOABPOCHTbL «lpaBHILHVIO» MoneTKy, Ecin Buimazer «opess,
TO 338MeHHTb KOpeHb Ha \.aea (¥ £) W BCTaBUTb HOBYIO 32THCh B Je-
BOE 1IDJIAEPERD, B INPOTHENNM ¢ayude  3AMEUHTh KOPEHL Ha y3en
(@:x) W BCTABHTI, HOBVK) 3A1HCEL B [1)PaBOE NOIEPEBO.

Takum o6pazoM, ocHornan Hies CK-Iepens cocTOMI B CAeXESHMM 34 1Hanalo-
HOM KJjloue, 10 KOTOPLIM BO3IMOMKIIQ pajllegeHHe B KOPHE, BMECTG TOro, YTOGH
[PHHEMATL 1OCHELIHBIE DEWCHHA [0 KAKAOMY OTICABHOMY KJIOUY.

Lleab nacrostnell 3a1a4d — HAYYHTH KOe-YeMV H3 AHAJIH3A AJCODHTMOR HA
OpHMepe aWaJH3a cpeiHeil cyMMapeofl jumen Bnemnnx nyteid CK-gepenbes;
npH 570M npexnoaaractes, 410 CK-aepeBbs «RHIPACTAIOT» NYTEM BCTABKY B {HX
3apcell B cayyaliioM nopsake. CyMMapuas AJHHA BRELIIUX TyTel — 2TO B3s-
Tas 110 BCEM JIMCTbAM CyMMa PacCTOSHHH OT KOPHA Jepea A0 Jucra. IlyeTb
YHCNO MUCTLEB DABIIO A; TOrJAA NpH n = | CyMMapHas [JiMHd BHEIUHHX MyTcH
pasna Bceraa 0, npr #n = 2 —ncerna 2, npy n = 3—ncerda 5, a npu n = 4
ona pamna sin6o 8, qubo 9.

(2) [15 ouxon] [lpeanoJiosxHM, YTO TNOCAE BCTABKH 7 KNOUEH Xy...Xn,
KoTopwe 06pa3yioT CHyuaiiHylo NEpecTaHOBKY MBOXecTBa {1, ..., n}, kopHem
CK-pepesa sipometen yaen (k:k -+ 1). (Opyramu cnosamu, siiavane CK-je-
pPeBO COCTOHT H3 yana [x;], MotoM BeTaBafleTcst KAKY Xy W T, O., DOKa nocae
BCTZBKW KJOY4 ¥, JEPeBO He «obpacrters n NHCTBAMH,) Jlesoe noanepeso Kop-
na npencrasasier cobofi CK-zepero, koTopoe 06pazoBaHe  nepecTaionKol
Y1... Yr Muoxectsa {J, ..., £}, coctosiuei w3 Kmovelt £, << B, a npasoe nox-
zepeso 06pa3oBaHO NEPecTAHOBKON Zi...Zn—e MHOXecTBA {£ 41, ..., n}, co-
CTOSINER H3 OCTAJBHBLIX KMIOTEeR £

JLoKaXKHTE, UTO Yy ... Yx HE ABAAKTCT PABHOMCDHO PACIPCABTEHHLIMR CAY-
yafiHLIMH TePECTAHOBKaMM MHOkccTsd {1, ..., &) ccam uepacTavoBka ¢ ... Y
COLEPKNT ! TeBOCTOPOHHHX MAKCHMYMOB, TO ¢ BepOSsiTHOCTb DaBHA BEPOWTHO-
CTH TOXJIECTBeHHOH nNepecTarcBKY ...k, ymuoxeunoit wa 2%~! Ananoruuno
MePECTAHOBKE 21 ...Zn—x TAKIKE HC ABJAIOTCH PABIOMCDHO PACMPElEelIHBIMU:
MX pacnpeneeHHe 3aBHCHT OT JCBOCTOPOHHHX MHHHMYMOB.

(b) [15 ouxkes] Ilyers pasr — BCPOWTHOCTH TOTO, UTO NOCJHE BCTABKH 1
KJIOUell B TIOpRJKE, COOTBETCTBYIOILEM DABHOMEPHOMY pachpeleNeHnio, Kop-
weM CK-pepera 6yner vaen (k:k 4+ 1), Haiiaute ¢dopMyay aas pee.

(c) [20 onkos] Byameu ropbopuTL, 49TO MepectaHonku MHOMKCceTBa {l, ...
..., B} ABasoTcs [J-pacnpefedennbMil, CCilf BCe NePECTAHOBKN PABHOBEPOAT
HH; YTO STH NMEPeCTAHORKH sIBJASHOTCA L-pacnpefefeHHbiMH, €CIH HX BEPONTHO-
CTU (IPONOPLHOIIABIL 277, rie f— YHCIO JEROCTOPONIIHX MAaRCHMYMOR, dTO
STH UEPECTAHOBKH fIBAMOTCH R-pacipeiesieHHbiMH, ecl¥ UX BEPOATIIOCTH TNpPO-
MOPUMOHAJBHE 275 Fe § — UMCNO JEBOCTOPOHHMX MHHUMYMOB: HAKOHEW, 4TO
oM ABAKIOTCA B-paclupefleneHHEIMH, CCA¥ KX BEPOSTIIOCTH NPOTIOPUHOHANBLHE
2—s—!,

[lopzamaua (a) noxa3wmBaeT, 4To JieBhle B Opasuie nogiepesns CK-ne-
PEBLEB, NOCTPOCHENC Mo U-pacnpeieNenHnM nepecTaHoBKaM KJodel, ARJIAOTCA
cooTBeTCTBEHHO L- W R-pacnpenenennbiMy. JIoKaxKuTe, YTO €CH MEl HauyuHaeM
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¢ L-, R- nan B-pacnpejeseniibix nepecTaHoBok Kiaiodell, To noanepesbs 6vayT
coormerctBoBaTh (L, B)-, (B, R)- wau (B,.B)-pacnpeie/ieHHHM lepecTaHOR-
KaM KJ0Yef.

(d) [5 oukoB] Tlyers Un, Lo, R n B, —cpennde CyMMapHbe INWRE!
srewnnx nyten CK-acpeswes, HocTpoenusx no U- L- R- u B-pacnpeacsen-
HEIM TIEPeCTAHOBKAM Kaloued. JlOKamute, uTO 1pH B == 2

Un =n+ Z Puk (le + Rn—lz)’ ‘
1< <n

Ln =n+ Z an (Lk + Bn-—k)'
gkgn

Rn =n+ Z Tnr (Bk + Rn—k)’
1g€k<gn

Bn =n+ Z Tnk (Bk+ Brz—~k)'
I<hk<n

T8 Gne U Inp — COOTBETCTBENHO BEPOATHOCTH Toro, 4to L- w B-pacnpeneseH-
uue CK-zepenbss MMEIOT CBOMM KopHewm ysen (k: k- 1).

{e) [20 ouxoBs] MlokawkHTe, uTO0 § , = ( k=172 ( "= 1/2) W=

k—1 n—2
= l/(n—1) npn 1 <<LLk < n,
(f) [5 ouxos] Hokamure, uto B, = 2nH, — 2n.
(g) [20 oukoB] Hokamnre, 4T0

4 1
Z InpBror =7 (’H‘ E) (2 — Ha).
I€k<n

{Y«azanue, Tloxaxure, uto paeenctBo (1.47) cmpaBeanuso u npu gele-
JaNX m.]

(h) [25 ouxoB] HafiaaTe pellerue peKyppeHTHOCO COOTHOWIEHHH AnA Ly,
KoTopoe §urypupyer B nom3agaue (d), HCIOAb3Ysl «penepTyapuslfi» MeTORA pe-

wenns PEKYPPeHTHHX ypaBHeHui BHiax, =a + L < bn Tnrte

1 13 5

(i) [25 oukos] Hoxaxure, urto U, = (2n+3) H, +-G_n_ﬁ‘

10. [75 ouko] Haliaute acumnroTHueckoe 3HaueHHe CcyMMul S, =
= Za<k<nHﬂ/(2” — R) € TOMHOCTBIO IO 9NeHOB nepagka O (/1'3/2).

11. [Beero 100 ouxon] Ilycts a, —uncno myted w3 toukn (0, 0) 8 Touxy
(n, n) peWeTKH, NPHYEM HA KaXIOM llare AONYCKaeTcsl MEePeXOL M3 TOYKH
(i, j) B omay us touex (i, i+ 1), (i4+1,)) nam (i+ 1, j+ 1). Takum obpa-
soM, (ae, ), 4, @3, ...) = {1, 3, 13,63, ...).

(a) [50 oukon] ITlyets A(2) =Z,,a,,z“. Henomwsys dopmyny (4.125), mo-

xaxute, yto A (2) = 1/4/T — 6z + 22,

{b) [50 ouxoB] Hahaute acuMntoTHueckoe BblpaXkenHe s kKoadipuiuen-
TOB @, NPH 71— 00 C ABHHM YKA3alHeM KOHCTAHT ¢, p H 0, Takux, 110 a, =
= ¢,.p0" 4+ O (np='0").

12. [Beero 125 oukoB] Hexuit npodeccop npyHEMaeT 3K3aMEH, COCTOSUIHE
H3 Geckorcuroro yucaa sazay. [lpesac wem npucTynuTh K pellendlo oyepel-
HOll 3aJauH, CTYMCHT A0JXel MOTUOCTLK pPelIHTb BCE NpelllecTByloulye 3a-
Zaul, H6o mpodeccop UPEKpallaeT SK3IAMCHOBATb, KAK TOMBKO OOHApyXKIHBaeT
omm6ry. Kamanil CTYASHT HE3ABHCHMO OT APYIHX CTYAEHTOB H nOMEpa 3alavH
MOXXET C BEepPOATHOCTHIO p UPABHJBNO pEWHTh mOGYI OTAEJBNYI0 aafauy.
Hanpumep, nps p = 1/2 BepOATHOCTb NPABHALHOTO peluenHd posno n =0
3ajay pasua 2-7-1
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PewnptieMy nanboaslpec wHCAO 3ajad npodeccop crasur A+ B TOM Cay-
Yae, ec.Td TOJRKO OHH CTY:ACHT nalspacT MaKCHMaJbHOE YHCJIO OYKOB; B TDO-
THBLOM CIVIAC HHKTO M3 CLIKGNLMX dK3aMeH 1le nosnyqaer A+,

{a) [25 oukos] Bunmumure suipaxeide 018 BEPORTHOCTH uotydenns A+
KeM-TO Mi 7 CTVICNIGH, ¢lamiins 3Kk3aMenn. (Batle penicune MOXeT 6BITh
NPCeACTARTENO B BHIv CAMMLIL 12k KAk, NO-BHAKMOMY, Tpe6yeMas BepOsATHOCTB
HE BLIPAXKARTCA 1§ «davhuVTof dopmes.)

(b) [100 ouxom] VNcrananuse npu ¢ukenpopamom 0 << p << ! n n— oo
ACHMITOTHYCCKOE ODCISTHY BepOsTHOCTH Nodyuends AT KeMv-To u3 7 CTyACH-
TOB, C12I0UIMX 3KIauen,

Bawnoe szameranue Tas tora uro6n BAM 6bUTO 3aUTEHO Kakoe-nU6BYyIb
pewtenne yacty (h) a1adin. neofxo1Mvo IpaBdIbHO peluntbh wacte (a). Ipe-
MIle UCM BLl BOILMUTCCL, 14 ACHMNTOTINECROE pCLIEHHE, YROCTOBEPbLTECH, 1TO
np 7= 2 sama Gopymryaa 1zer snaavude 2p(1 4= p)=', a npu n = 3 — 3navye-
wie 3p(1 +p3) (L4 p)-'(1+p+p2) -

13. Kax mokazan pe3vieTaT pelienus O1HOH A3 3alay HeJaBHEro cpeaHe-
CEMECTPOBOTO 3K3aMeHa, cpeauns Luiwa nytd CK-oepeBveB npuMcpHO Takas
He, KaK H Y obpaHuix 6HHapHLIX Jepesbed {IOHCKA.

Onnaxo BCKOpe [OCHE 3K3aMeHa H3 HAIIHX HCTOUHHKOB CTAJO H3BECTHO,
910 cTyaenTa CMulilacHOro He pa3oyapoBaan pe3yawTatsl amaansa CK-pe-
peBbep, CoraacHo 3acyXHBAIOIHM JOBepHs COOOIIEHHSM, OH Ppelds TIOMb-
T4ThCS COACTH CBOC JETHILE TYTEM BKJIWUEHHH B KaXKAbIH Y36/ NONONRUTENb-
HOH nHGOpMAaNUH.

VYaab HOBOM CTPYKTYPHl AaHHWX CMBIILIEHOTO, KOTOPYI©O OH Ha3zsan YCK-
Jdepegbasmu (VCOBEDLUGHCTROBAHALIC CRA3ZAHHBIE B KOHUE HNEpeBhs), COMEPKAT
mojie «paiMepa», UHGOPMUPYIOILCE O YHeJe .THCTBEB TMOjJdepeRa ¢ KOpHeM B
nasroM yane. B cayuae pa3iBoeHHst lepeBa B KOPHE KJIOY BCTaBAseTCS B
Mehbulee Ha AdnHufl moMent mogzepeso. {Ecny pasmepbl NMoAfepeBbeB ONHHA-
KOBH, TO, Kak W Ha mare 4 nocrpoenus CK-feperbeB, TpHHHMAETCH CAYyaHHOC
pelueuye).

Llenb racroslied 3afayd — OPOBECTY 4HAJAMI 1I0BOr0 aaroputva CMuolmme-
HOrO «Ha CAMOM BbICOXOM YypoBHe». [TycTh pger €CTh BEpOSTHOCTH TOTO, YTO MO-
Cne BCTABKH KJIOYEH, SIBAAIOIINXCH NepecTanoBKof MuoxecTsa {1, ..., n}, Kop-
HeM fepeBa Gyner y3ea (k:k+ 1). (Tlpegnosnaraercs, 4To BCe NMePecTailOBKH
AHAYEHHH X PaBHOB2POATHH: BHauane YCK-mepepo cOCTOMT M3 OLNOTO KaK0ua
X1, B XKOTOpOE 3aTeM ONMN 34 APYTHM BCTABJIBIOTCA KIAOYH Xz, ..., Xn). T1yCTh
Pux = n!pax; TOrAA HETPYANO yGennthes, uto Npn 1 <h<<nu I<n<6b
quena Ppy NPHHUMANOT CHENYIONIHE 3HAYEHHS;

n=2: 2

n=3 3

n=4 6 12 6

n=5 18 42 42 18
n=6: 72 162 52 162 72

{2) YcranoBHTe pexyppeHTHOE COOTHOWEHHE, KOTOPOMY VIOBJIETBOPSIOT
qHca Pre,

(b} Iycte Qny = 2Pnxmax (R, n— k)/(k(n — k)!), Tak 4TO HMeeM cCie-
LYWOIIYIO TPEYTroNBHYIO TaGuHy 3HaueHH# Qpqx:

n=2: 4

n=3 6 6

n=4 6 12 6

n=5 6 21 2l 6
n=6: 6 27 42 27 6
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[Tokasxinte, 4to A GOALWHICTBA suadenuii 7 n & uucha Qg YA0BJAETBOPSIOT
TOMY e pPCKYPPCHTHOMY COOTHOLIEHMHO, YTQ M UHCJE, COCTABAAMINHE Tpe-
vroapimig ackans, 1. €. Que = Qinnys + Qa-yyx-1y. Haflanre pee nexarone-
HHA H3 5TOTO NMPaBNda M YCTAHOBHTE DEKYPPEHTHOE COOTIOLIENHE, cripabeiH-
BOE NPH HCKIIOYEHHHIX 31AYeHUAX,

(c) Mycrb ar = Qgeyr. [ToKamure, uto npu & > 1

2i 4+ 1
o= 3 FFla.
k i k=1
1<i<k
rIe Cp — YHCJO OHIAPHHIX JACPCHLCE € A BHELINHMH Y3MaMH,

d) Tyers B(z)=%(l + AT —142) n C(z)=%(1—f\/l—4z). TAK uTo

B(z) +C(z)=1, B(2)—C{z)=+/1—14z, B()C(a)=2 n C(2)?=
=C (2) — 2, wanoMnuM, uro C(2) =2 + 2% 4 ¢32° + ... apaserca npo-
H3BOARUIEH QYHKUHEH Ay umcna Gunapubix  HepesbeB. [IyeTs [ = ax/k, &
BBEAEM B DACCMOTPEHMe TPOH3BOAsuYo ¢ynkumio F(2) = flz 4+ far2 4+ ... .
TMpeoBpasyiiTe peryppentioe coOTIOUIeHHe W3 4acTH (¢) 3aaayd B auddepen-
LHaIbHOE YpaBHEHME Aast F U PelIHTe NOCAefHee C NOJYUCHHEM Gy B «3aMK-
HyTo# dopMe». [[lodckaske: NOKaXKHTE, UTO NPOH3BOAHAR B(2)F(z) uMeer
npocToi BHL.]

(e) TlpmrMenuTe pexkyppeHTHOE COOTHOMeHHe W3 uwacTH (b) sajmaan K Apo-
uaponnmedi ¢yukuun Q (@, 2) == Zk nanwkzn—k H DocmofL3yftech 3HaYe-

HHAMH @y, Haftgeminiva B vacTd (d) 3agaun, wToGH BHIBECTH (OPMYyaR LIS
Q(w, 2) B BHEe ARHGH QYUKLHA OT W H 2.
([) Haiinute «npocrocy peIpaKenue A5 KosdibnuHeHTa OpH w"z"t¢ Berte-
LEHHOM Da3NOXCHHH QYHKUHH AT—= fuzf(l —w —2) npa r = 0.
[Vkazanue, PaccMoTpuTE STY 3aauy IpH PHKCHPOBAHHOM 7 M TIepeMeH-
HOM n. MoXIO MO KeqaHHI0 BOCNOAb3oBaThes ToxaccrnoM C (2)5/4/1 — 4z =

2
=Z ( njs) 27y ¢aktamMu o ¢yukunsx B(z) n C(z), ycrasoejeu-
n

HbMH B dacTH (d) 3apaun.]
(g) Hcxons u3 pewenHs NpeibiAyl(HX dYacTefl 3aJdadH, TOKaXHTe, 4TO

1 (k1 k 1 2% 1
”nk"?(n—k"n-k+t)_2 ta—n "l <k<ge

7} n(n—1)

Jameuwanue. HENOCTaTOYHO 1OKA3ATH 3TY HJH SKBHBAJEHTHYI eff dopmyay
npoeto no Huayxkunu. HALO nosenuth, Kak BEI MOTIM OB CAMOCTOATENLHO
HafiTH 310 PelCHHe HRKOTOPHIM CHCTEMATHYECKHM MyTeM 6e3 CYacTJHBLHX 03a-
penHi.

5 30K, 259
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Jdamiyio 3aiaty npeonaranock noMectdTs B knury Kuyra [I11] B
kauecige ynp. 5 1L1-21; pa cavoMm Ae lene B 5TOH KHIre BMECTO YIpaKileftus
COAepHKHTCA ee peuicHHe!

(a) B cOOTBeTCTBHY ¢ ana.ii0M «METOA2 OYILIPEKA®, TPHBEIEHHbIM B
pazi 522 xiwmrn Kuyra [111]. nallo noacyutath, CKOABKO HMECTCs TalsiHil

HHBEPCH by ... b, TaKUX, 4To nee b <77 2 Scun. 4TO NpH KaxiaoM # = 2 cy-
neetsyer 3572.2 takux ra6auil
{b) Hajsosem tabouny nisepewia b . b woduinod (easy. — flepes.). ecin

COOTBETCTRYIIUVIO  HEPCCTIHOBKY  MOAIIG OTCOPTIPOBAT 33 OIHN ABofioi
wefikep-npoxoa. OKazuBacivu, o 1IMeeTes BECbMa TMPHBIEKATENBHHH CROCO0
onucaHua nolobunx rabame TaGauna wupepeuit by, .. b, asnsercs yio6uoh
TTOIa, KOra BHTOIMARTCH 000 B3 CACN UIHY YCT0BHE:

by=20 W by ... b, vi06Ha,

b, = n by... b, yiroBua,

by=2 H b, <l wby... b, yro6ua,

b, =3 H o<1l ¥ by by ... by yloGHa,

L T R T T S S S S Y

biy=n—1n byl W ... Hubp_ K1l H b, yro6ua,

[Habpocok dokasareascrsa, Ionycrum, uto b, = k > 0. [ocae mepsoro
npoXOxa MepecTaHOBKA CleBa Hanpaso umeercs k& — | uupepcuit smeventa 1,
H Ha STOM 3Tale MepecTaHOBKa JOJXKHa HAauMHAThEA € 2... k1, 4TOGH ee MOX-
HO SBUID OTCOPTHPOBATE 33 OXHH OOpaTHLIA Npoxon.]

Urak, mm nojsydaem, 4To npd 73> 2 4ucao YROGHBIX MCPECTAHOBOK yIO-
BJIETBOPACT PEKYPPEHTHOMY COOTHGILCHHIO

== X1 + Xn-) + 2%n_g 4+ 4xp—3 + ...,

1
rae Xy = Inx, = 0npu j < 0. Orciona caeayer, uTO 5 Xpt1—¥n=Xn—Xq_y,

T. € Xpt;=4xy — 2%, _,. Pemenuem 310Oro JHne#10r0 PeKYPPEHTHOrO COOT-
{ | —~ =1
HOLLIEHUS SBAAETCA Xp -_——2'((24-’\/2) + (2 —v/2) )‘

Jlpyroe petreHHe LaHHOM 3alaid COACPKATCA B ynpaxkneuuax 5.4.8-8 9
u3 xunrn Kayta [I11].

3. Ecnu fepeBo COAEPIKHT & €y3I0B-MOUCK®, T. €. Y3JI0B, KaXKAH H3 KOTO-
pHX WMEel 10 LBA BHEUIHHX Y3ajna-jiHCTa, TO ANA NpPEACTABRMEHHs IepeBa [0
cxeme epriocona tpebyeren 2n 4 1 — 2k sueex: OHE — AAST XPaHEHHA KODHSA
2 n—)f) — s ysnos-auctees. [lpu nepexoge ot P, k Pny, 33avemnne £ ue
U3VeRAETCA, €CIM HOBHF y3ea 3aMeHAET OAMK H3 2k JucTbeB £ y3;10B-NOYEK;
B ITPOTHBHOM C/lyyae k yBeauunBaeTcst Ha exnsmuy. ClieapBaTeIsHO,

P,,H<z>=;nu 2 ((1=2) ),

CoorpeteTByOmUM AHdidepeHINa blIEIM ONEPATOPOM ABJSETCH ONepaTop

O, =z4 z (1 —~2) D, rax uro

2
n41
Pll (2) = mn_] v oopo (Z), rae Py (2) =1,
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ﬂ.}'{ﬂ YCTANODBIEHIIH CPe1Hero 3HaYeHHs X, ,JOCTATOUHO 3dMCTHTb, 4TO

DOp =1+ 2D +——((1 ~22) D +z (1 — 2) D?),

— 1

UDp=U+UD+ ——— (- UD) = ”+[

UD,

Orciota tpt1 = U DPpy (z)—(U—I— - UD) Polz)=1+ "_;'1

2 3T0 PeKyPPEHTHOE COOTHOIMEHNHE MMeeT pemtentie x, = (n 4 1)/3 npy > 2,
AHa0THYHO /1 YCTAHOBJENHS AHCHEPCHH Mbl HaXOJHM, YTO

n~1 3 2

n-l--[U +n+1UD'

Xny

UD*®, =2

4
[Moaoxum y, = P, (1), Tak uro

3 2
!/n+x—2n+l n+n+'!/n—§ l)+ +|yn

ﬂp}menﬂﬁ Kax Ha c. 21, yvvumpyromm‘{ MHOXHTE/Bb, MNOAyYAeM Zpi4| =

4 2 5 4
=(n+ 1) J,m— {n + 1) (n—1) +n"yp=7(+ 1)_+§(/1+1)i+2n
1 2y, = 0, [Toatomy 2, = ﬁ (n + 1)E + % (n + I)E' n y“=l_28 (n+1) (n—4)+

—1—% (n+ 1) npn n > 4. Hrax. aucnepcus paswa y, 4+ x, — x;‘: =(n+1)X

2 4 1 1 2
n— 44 =—=n+1))=——(@m+1) 0pp n >4
X(g—+s+g—gh+D)=rz @+ mpun>
[Bameqdanue. Cpemnee B AHCNEPCHIO MOXHO GhNO Obl TaKXe YCTaHOBHTb
C MOMOUILKY COBEPLUENI0 HHOTO IOAX044, HCLUOAb3Ys TO, uTO Moxer OWTb Ha-
aBAHO «HNLYKUHER C JAPYroro KOHWHa». PaccMaTpuBas pasHuMBC BapHAHTM
BHO6OpA KOPHEBHX VY3J10B, NMOAYLACM PEKYDPCHTHOE CAOTHOIICHHE

Py (@) = (Po (2) Pay (2) 4+ P\ (2) Pas () + ..+ Py (2) Py (2))

npu n>=2. [yers P (w) = Z >0 w"P, (2); TOrAa RaHU0e pPeKyppeHTHOe COo-

OTIIOLIEHHE CBD,‘lHTCﬂ K muri)cbepenuuauﬂomy ypaBHennio P' = P24 P (2} —
— Py (2)2 = P2 4 z — |, KOTOPOE HMeeT pelueHHe
1—(z—1)T({(w)

P(w)=»\/z—ltg(w'\/z_—-l+arctg m): ,

1—T (@)

rae T () = (tg = »\/z — 1)/»\/3 — 1. TlepenuceiBas 9TO pellenue Tak, 4TOOH
H36aBHTBCS OT pPalHKANOB, MONYYaeM

R ok
L+ Y tpq (2= D Y]
k>0

L= ) gy (2 —1)FwHt
k>0 .

P(w)=

2k+1 .
rpe Zk9012k+1x == tg x. [lonyucHHOE PELIEHHE MOXKHO PA3NOKHTB B DAL

no cTenensM z — 1; aHaa gHaqenuafy =1, fy== 3 t5=—i—5-, noJydaem

a’l



92 Pentenun 3amgaq

L 1 w—1
Po)= =5+ (ga=ar o) -0+

1 1 { (1 ~ )
+(9(l —w) 51— +6'T) =1+

) L -
Urax, an(nw":tgu — ), Z{’”(])w”=?(l—-w) 2+—;(w-—1),

1
a Z Q—PZ([)W" AaganeTcd Rosdibnientor np¥  (2-—1)2, u, crenas ente

HECKOLKO HAaror, MW HALAeM AU PUHW Q11280 3TDT MDAXOL HE HCIO.b-
yer ONEePRTOPOR. Kikh Tula 1P Oaada TuC ok 33,’131{}1,]

4, YAaobuee nvcTh oo o oo LIBen o gyunadell G, X, X3), Koropas
JONYCKACT [o4ATIL B OHGHHINN [ {9800 U idkai 1OMUMO 3HAKOB OﬁpaTHOI‘O
¥0da H BO3BPATA RAPCr&d. oy la. vor1a0 o ppietigy BKAIOYSHUS H UCKJIOYe-

HHs, IIpOH3B('I,‘lﬂ[L[i]H C!))'IIKUIIH
G=G(222) —G(22.1) — G12.12) — G(12,2) + G(121.1) + G(1,2,1) +
+G(L1,2) =G0

MepeylCIsieT NOCNELOBATENBHOCTH 3HAKOB, KOTOPHE BKJWYAKT B ce6a Bee TPH
GYKBBL — «d», «p¥, €€,

Yrobe #abexars GCCKOHCUHOID MicAa YpaBHelHil, paceMOTPHM BliadaJje
MHOKECTBO BCCX TOCACI0BATCIBHOCTER 3HAKOB npobfena ¥ o6paTHOTO XOAa,
KOTOpble HAYHHAITCA B NEKOTOPOH TO3HUMH [ > 3 H 3aKaHUKBAKTCH B 103U-
nuy i — 1 ¢ nepexoXoM Jepee -l TO3HIMH TOJBKO HAa CaMOM IIOCJEAHCM Yiape,
[Mozo6ure no0caAeaOBATEIbHOCTH  OAHOSHATHO OUHCHIBAIOTCS OECKOHTCKCTHOR
rpaMMaTHKOH

L + (o6parnbiél xoa) | {npoGex) LL.

Caenosateabno, iyHKuHs
L{2) = z+ zL(2)?
ABjIgeTCA NpOH3BoAsimed ¢yHKuuei {z!‘” jo=Lin
Liz)=( —4T—42)@22) =24+ 28122 L8+ ... .
Ananornuso 0yeTs npoHanoAsman ywkuus Q(z) mnepeyncaAser MOCARIO-
BATCALHOCTH 3Na¥OR NPodela H o6paTLoro XGAa, KCTOpHE HAYHHATCA B He-

KOTOPCHA no3BuMM § >> 3, HO HNWKOTJa H& ICPCXONMT Jledee i-if NMosHmHH. Pac-
CMOTPEHHE OAHO3HAYNIOH TPaMMaTHKH

Q <+ (nycro} | {npoben) Q| (npobea) LQ
NOKA3HBAET, 4TC

Q) =1+2Q(2) +2L(2)Q(2),
Q@ =1/1—2z—~2L(2) =14 2+222482° L 62 % ....

[Mexay npouns, ¢ NOMOWLIO NPOCTHIX aare6panyeckux Npeo6padoBaHHil
MOJKIIO VETAHOBUTBH GOPMYAY

Qz) = (1 —L(2))/(1—22),

KOTOpast SKBMBAACHTHA pabencTBy Q(z) 4+ L(2) = | + 22Q(z). [Tocaeanee pa-
BEHCTBO HENOCPCACTBEHIIO CA€AYET H3 TOro G aKTa, uTo Karkaas TOCJef0BaTesb-
Hocth B3 Q wam L qubo nyctd, Ju60 AMecat BHA O (Npobea) wax o {oGpaTHslit
xon), rne 60 = Q]

Hycre Temeps G;(2) — mponsponsmiasn ¢Gyukuus, CcooTBETCTBYOUIA® CAY-
yajo, KOrAa Ha DHIYNEH MalluHKe HAYHWAIOT Ue4aTaTh ¢ (-} (O03HNWH OT Je-
BOro Kpas, Tak 4ro HcKoMas $ynkuHs GF(z) = Gy(z). Paccwartprpas mnocne-
J\OBATE/LHOCTH 3HAKOB, KQTOpBIE HAUMNALOTCA €O 3HAKA (BO3BpAT KapeTkH) ,
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(o6paTHBfl XOX) WM ¢ KaKOoro-HUGYAb APYTOro, HMeeM
Go (2) = 2+ 260 (2) 4 x12G, (2),
Gi(2) =z + 26, (2) + x22G2 (2),

Gy (2) = 2+ 2G, (2) + x32G5 (2).
Kpome taro,
Gi(z) = L(2)Gy(2) + Q ()2,

MOCKOJbLKY KaX/a% [10CAC/OBATE IEHOCTh 3HAKOB, HAYHHAIOMIAACA B 4-H MO3H-
UMM, au6o so3spaiacTes B 3-10 hosunuw, 460 ner. Pellenuem 3Toit Tpex-
IHArOIA bHOM CHCTCMLI JMHCIHLIX VYpABHEHWH B apasercss TpeGyeMas MpOH3BO-
afwan pyuruxa G(x,, X, X3).

BepoaTHocTh 1060 3amakHON TOCKCIORATCABHOCTH, COCTOAMEH H3 # yaa-
DOB 11O KJABHIIAM H 3aKa|lyupBalolleilcs MepBHM yIapoM 1O KAaBHIe (BO3BpaT
KapeTkH), pasea 1/40" § Takde [OCAIOBATRABHOCTH SBAAIOTCA B3AUMHO HC-
kaouarniuMn, [losToMy  BeposATIIOCTE  OTNeYaTHIBAMHA CJOBA «apc® paBHa
G (1/40).

Temepp ML MONYuHAN BCE, 410 HEOOXOIHMO AJSI OTBETOB Ma MOCTARNEH-
HEIE BONPOCH, ONHAKO TNPEICTABAAETCA NOJE3HHM MPOABUHYTHCA JaJblle H
YOPOCTHTh NOJNYYeHHHC dopMyanl, o6patuBwnce K chcTeme MACSYMA (owm,
npuIaraeMuil NUCTHHT),

[Cucreva MACSYMA paspaGorana rpynno#i Mathlab 8 MTH no koHrpax-
Ty ¢ arentersamn U, S. Energy Research and Development (xontpakr E (11-
1)}-3070) u National Aeronautic and Space Administration (cy6cuans NSG
1323) 1))

OkasuBpacTcs, 4T0

1 29%32°0Q (2) — (32 4 D xa2?L (2) + (e — 1) 292° + x22 4 2

O = ATl @t —(mtmei—zt 1

H nocne YCTpPaHeHHA X, METOAOM BDR/JIYEHA H HCKIIOYEHAs MPOU3BOISLas
Q)yHKIl_HH AN KapC»—TJOCJIe}lOBaTEIIbHOCTGﬁ 11a4YHI1aeTCA TaK:

28 4 325 4+ 15620 4 4427 4 1632% + 4722% + 15502"0 - .., .
TD'-H{OE 3ayelHe HCKOMOR BepOﬂTHOCTH
209950985906 | 39337267285 1275099904646499040221 4/399

— 598775887 1353029041 1 629940237569556287667865416
933550825494645209801876631153684038950405453547 10

4To npubruauTeasno pasuo 0000004238793706620676.

Kar ykazan JXKopx Croadu, MoxHO 6O OW MPefycMOTPeTh BOIMOXK-
HOCTL MeYaTH BO BTOPON MOIHINM OYKBRI €0%, NOCKOJBKY 12 MIOTHX MAINHHKAX
OHa BXOANT B HavepTanke GVKBH «ps». B 3ToM cayuae oTBeT Ob 6 TAKHUM:

G=G(232—G(231)—G(222—G(],3 2+
+G22D+G(,31D+6(1,22)—G(1,2 )=
= 2% 4 325 + 1720 1- 5227 + 2152° + 66425 4 240621 4 ...

H BCPOATHOCTb OTNEYATLIBAHHA CJI0BA «ape» YBENHUHJIach O, CTAB NPHGAKIH-
Tensno pasuoft 0000004244,

n
5. = | — | — —_ —
Urak, m”ogkgn(k) Eongn“nn' Ink! —In(n — k&)

c2£1<k<r‘k Ink—(n+ I)Zlngrgm k. llo ¢opuyne cymmupomanua
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‘maceyma
This is MACSYMA 292

FIX292 {4 DSK MACSYM being loaded
Loading done

{C1) eolva{l=g+zsles2 L);

SOLVE FASL DSK MACSYX being loadad
Losding done

Solution.
2
SQRT(1 - 4 2 ) - &
{(E1) . L = - cmmemmmmme e -
22
2
SQRT{(1 -~ 42 ) + 1
{E2) L = meememcmumn s
22
(02) (E1, E2]
(C3) solve(Q=1+z+Q+2+L4Q,Q);
Solution:
i
(EB) Q= - ~~==-=== cvenmaw
@+ 1) 2=}
(D3) [ES)
(C4) algebraic:true;
(D4) TRUE

(CB) gO=z+2+g0+xiszegl;
{D6) [e]o]

)

Gi X1 Z+G02Z+ 2

(CB) gl=z+zegO+x2rzeg2;
(D8) Gl

G2%X22+602Z+2Z

{C7) g2=z+z*gl+x3424g3;
(61 62=63X32+G1Z+2

(C8) g3=Leg2+z+Q;
(D8) G3=QzZ+G2L

(C9) solve([d5,qa6,47,48], [g0,g1,42,¢3]"
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Solution
4 3 2
QX2Z + ((-Q~L)X1 QX2 ~Qz ~@Q+L)2
(E8) 63 = mmrimecmmcummamemo e L L e e PYRNS
3 2 .
(L X1 X8+X2)Z « (LX3-X%¥2=-X1)2Z + (-LX3-1)2Z+1
4 3 2
QX2X32Z +X2 (1 -QX3) Z +(LX3-X2zZ -2
(E10) Gl = = mommomm oo oo ceemm e -
3 2
(LXL X3 +X%2) 2 + (LX3-X2-X1)2 + (-LX3-1)2+1
4 3 2
QXi X32 + (QX3+X) 2 -QXxX3z -2
(Ei1) G2 = = ~-~-mmmcmmmmmcmieeae - - B e L L LR -
3 2
(LYY X3 +X2) 2 +(LX3-X2-X1)2 + (-LX3-1)Z+1
4 3 2
QXL X2¥3Z + (X1 (X2 -LX3) -X%X2) Z + {X1 -LX3) 2 +2
(E12) GO0 = ~r——mr— oo s N - o~
3 2
(LX1 X3 +#X2) 2 +(LX3-X2-X1)2 #(¢LY¥3-1)Z+1
(p12) [{E9, E10, Eii, Ei12]] .

(C13) g(x1,x2,%3):=([t], tiratsimp(ev(gD,e12,03,eval)), rateimp(av(t,el)));
(D13) G{x1, Xz, x;) := (IT), T : RATSIMP(EV(GO, E12, E3, EVAL)),
RATSIMP (EV(T, E1))?
(C14) g(1,1,1);
z
(D14) - m————

2Z=1

(C16) Bnswer:g(2,2,2)-g(2.2,1)-g(2,1,2)~g(1,2,2)
'8(2,1,1)*5(1,2,1)43(1,1.2)-3(1,1,1);

(p15)

7 . 2 6 4 8 [ 4 3 2
8Z +SBQRT(1 -42Z) (82 =4Z)~-12Z ~42Z -4Z +62Z +2 -2
7 & 5 4 3 2
402 =42 =327 ~12272 +26Z »32Z ~42+1
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7 2 [ 5 4 6 . 5 4 3
+ (182 +SQRT(1 - 42) (22 +22 -22)Y+52 -192 -617 +812

2 7 ] 5 ‘ 3 2
2 ~D/(342 + 112 -447 -92Z +2682 -3Z -412+1)

+

2 £ 4 6 5 4 3 2
8 > (1 -42) M2 -2Z) 0 +42Z -9Z +42Z +22 -2
+ —- P T e el L T
7 6 5 ‘ 3 2
162 -82 ~22 ~192 »202 -2 -4Z+1
? 2 6 5 4 5 5 4 3 2

t

(62 »SQRT(1 ~42) (2 +#2 -2)+52Z ~-42 -10Z +85Z +22Z

7 5 ] 3 2
2)/¢102 +7 ~342Z -182 4202 -2 -47Z+ 1

5 2 4 3 4 3 2
4Z +58QRT(1 -42) (Z -2)-82 +32Z2 +22 -1
4 3 2
10Z » 212 +34Z ¢#2Z =42+ 1

3 2. 4 3 2 2 2 3
2Z SQRT(L -4 2) +42Z ~42 =2 +2 Z SQRT(A ~42) -42Z +2
LA CLELY LT LLLEL LY MARN R s AR " § R —— R ———- oy — — e e e e v
5 4 3 2 a 2
162 -242 +142 +Z ~42+1 102 =52 -22+1
Z
4+ Mrmeme-
22-1

(C16) taylor(answer,z,0,10):
HAYAT FASL DSK MACSYN being loadsd
Loading done
4 5 6 7 8 9 16

(DIB)/T/ 2 +8Z +152Z + 44 Z + 163 Z + 472 Z + 15502 + , 4 «
(C17) rateimp(ev(enswer,z=1/40));

{D17) (2999809859061393872672851275099904646499040221 SQRT(399)

= 59877688713530200411620940237569556267667865416)
J93355082549464520980187683115368403895040545354710

{C18) 2actor (denea(¥));
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(p1eé) 2 3 5 11 17 19 23 29 53 59 79 167 211 457 6673 7019. 9199 20773 28559

129435714:
(C19) bfloat(d17);
FLOAT FASL DSK MACSYM being loaded

Loading done
(019) 4.2368793708620878B-7

(C20) time(d14,d15,d17);
TIME or [TOTALTIME, GCTIME] in msecs.:

(D20) [[1813, 914], (13204, 6i8i), (1598, 53711
Sepa (cp. Kayr [I], ynp, 1.2.11.2-7 n pasenctso [,2,11,2-18) sto pasHo

1, | ! 1, 1
2(Enlnn+?n1nn+-ﬁlnn 4n+[nA+O(;—2—))-—
1 — 1 1
—-(n—l—1)(n1nn+§lnn—n+ln1/2n+m+0(—ng-))=
b, 1 _ ___1 __L _
=gn —-—é—nlnn—l-(l In4/27) a glnn 12+2lnA_
— In /27 + 0 (n—Y),

rie A — nocrosunasa Trefimepa, [lockoasky In A= —% -5 2C®+

+ In 27m)) — pHpaxKense, KOTOpoe MOXKET OWMTb YCTAHOBJIEHO € NOMOWbIO
«popMyia Adenst — [Inana», npupeaenHot B kuure Onpepa [74, § 8.3.3] —, 10
OTBeT TAKOR!

exp(—é—n“—é—n[nnﬂ-(l——é—ln?n) n—%lnn—%—[—

+%y - (2)/n? —%m 2n) (1+0Q/n).

6. (a) Heof6niunue vuyucaa o << N ¢ HauGONBIIHM NPOCTHM LEJHTEJNEM

P '\/N cyte p uncen p, 2p, ..., p?. ClefoBaTeNBHO, HMeeTCH Z
HEeO6HYHEX yucea THoa (a), DTo PaBHO p<VN

N v VT
S fda (f) = S tdL (1) + S t 40 (/(log 1)1%),
JF VT N

t
rae L ()= S du/ln u, Bropo# sHTerpad ecTsb
2

N1/3
0 (VN V¥ [(log VN )'™) 4 0 g (t(10g 1)) at | +

V7
' N172

+0 S(t/(]ogt)“mo)di|,
N3 J
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yto coctanaser O (N/(log N)lmo). llepswfi nnTerpaa pamen

VN N
S {dt/in f = S dufinu= L (N)
1/? 2

TAK YTO MHMeeT MeCTo J'IK)GOI'IHTHOE CoOTHOlLleHHe Z ~Z

BuiyncaenueM no uacTaM 3TOT WiTerpas CBOAHTCA K XOPOIUO H3BECTHON aCHM-
NTOTHYeCKON dopMy.e

Nin N +NAIn NP2 422N (In NP+,
.+ 998! N/(In N )* + O (N/(log N )1000),
(b) HeoBuunpe yucaa n L N ¢ HAMOOIbIWHYM NPOCTHM AeJHTENEM p > W
cyts {N/p| unces p, 2p, ... [\’._nl p. CaeaoBaredsto, HMeerca Zp>1/:V \N/p)

HeOoOGHYHLIX uuCea Tuia (b), uTo pasuo S [N/ dn(t) = S
- N VN
-+ S LN/t dO (¢/log {)'9%, Bropoii uuterpan ecTb

N

|/t dL (1) +

-]

0 (V/(log VN )'*®) + 0

S at
t(Tog )0 |’

VN
uto coctamaser O (N/(log N)999) Mepsufl HuTerpaa pasen
N
|7l S (F-{F)we=
Int 3 [ Int
N —
/N

{u} du

— N - Wi n (N/u)
=Ninlnt[f NS ¥ ln (Njuy*
1

rre {x} =x — || v u = N/{, Mockoasky IniIn N — Inln 1/'1\7= In 2, moayuaem
BHIpaKeHHe

Mg — 5 W1+ 2+ 0 (1))

InN

(-]
Inuy\2
Hurerpan - du cywectsyet, nostomy O-uied MOMXHO OTGDPOCHTD,

Bruncaum
VN R+t
e B feste()-
i 1SkgAN #
=1<’év—(]n(k+l-lnk—k+])+0( )

= ln /N — H¢A7+1+0(1/1/N)=1—v+0(N‘”2).
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AHaJ0rHUHO BHAHCASETCS (32 [ellexHe 3TOM WacTH 3afayd MB obewain «io-
MOMHHTCMBLIYIO TATy», KOTOPYIO HHKTO HE HOJYYH/I)

N
S {ufInudu
u? -

1

1, - _ In(e4+1) , (log¥
=50 VE VT —H 1 > +O(VF)'

ko1
1SRN
ITyctn

1 v282
td+e)=—+vot+ve+—75+ ..
B cooTBeTeTBHM ¢ opMmynolt w3 otBera kK ynp. 6.1-8 (Kuyr [IlI])

1 m~*¢ —l—g
Z ?+—e=§(l+€)+:+0(nt ).
1Kk m

Pasnaras ofe YacTH 3TOro DPABEHCTBA B AL MO CTENeHAM & ¥ NPHPABHUBAA
KO3 (ULHENTH P OAWHAKOBEIX CTENEHNX, MOJyYaeM

(lnk) _ (Inmy’t!
£ r41

{In m)’)
m )

+ =1y, +of
Ik m

/N
Takam oBpasom, S {WYlnuduju? =1+ Y, — ¥+ oy log N), 1 cae-
1

popatesbno, uMeeres Nin2—(y—DAN/InN 4+ (y—1—y)N/(InN)%+
+ O (N/(log N)?) neoBriunpx Uensx 4uces Tuma (b); Temepp MH BHAMM, uTO
1eOOHYIBE YHCAA HE CTOMb Y HeoOblulru!

7. HazoneM MaxkcHManbHBI{I pa3Mep cTeKa, WeOOHXOAHMBIA I MPOXOMie-
Husi OMHapHOrD JepeBa C TIOMOLLLI0 anropHTMa P, «phuwmunofts (hite. — fTe-
pes.), a @HA/I0THUHYIO BEJAWUYMHY ANH anropHTMa T — «BulcoTOH» (B OPHrHHAE
hieight. — f1epes.). O6o3nauuy uepea dn, 4YHCI0 OHHADHBIX JepeBbeB € 2 y3-
NaMy, BLIHIA KOTOPHX He npcBocXogHT & Ecnd  gr (2) = Znﬁnkz“, T0
GR=1/(1—=2) n ge@)=1+428r_.(2) 8x(2) + 281 (2) — 2§r~1 (2).
(MepBoik yen B 3TOM BHIPAMEHHH COOTBETCTBYCT NYCTOMY OHHAPHOMY HEPCBY,
CAEAYIOmMA uJeH COOTBCTCTBYCT OWHADHOMY JepeBy, Je€Boe MOALEPEBO KOTA-
poro HMeeT BLIUHHY <Ck, a NpaBoe NOAIEPERD HMCCT RHIIMHY < R, W, HAKOIIell,
IBY MOCAC/HHX UJE€HA COOTBETCTBYIOT GHIIADHOMY HepeBy, .eBoe TNOAACPEBO
KOTOPOro HMEeT BLIUHHY == R, a npaBoe MOJJepeBo mycro.) Takum obpasoM,

i __l1—2pa(r)  _ !
gk(z)_ l_zék_‘(z)_z"" 2z 3
[
| —2gx_1(2)

OTKYJA2 HEMCIJCHHO chaegyeT, 4To Z(Z) = gz + (2). Hcxoms 3 3Toro yAMBH-
TCJLHOIO COOTHOIIEHHS, MOXHO CIeMaTh BHIDOJ, YTO YHCIO GHHAPHHIX JIEDPEBbes
BLIIHHIL B TAKOE e, KaK H 4HCI0 OHHAPHHIX NepeBbeB BbiCOTH 2k MM 22-+1
[Mirrepecho mafiTh B3aWMHO OJHO3H2HHOE COOTBETCTBME MEXJIY STHAMII ABYMA
MIIOKECTRAMH JEPEBLEB; CM. 3aMeUaHHe B Konlue peulemds 3ajaun, Ham me
XoTejoth OH JHWATL Bac yAOBOJNLLTBHA HAHTH AaHHOE COOTBETCTBHE CaMo-
CTOATENBHD, UTO TpPCACTaBARET cOGOH BeChMa HAfWHY HeGOMbUY 32AAUKY.]

bBHHapHO® HepeBo BHICOTH A COOTBETCTBYCT GHIIAPHOMY AEPEBY BBIILIHHE 2—h
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1 1 .
W 5 h_j' [TostoMy cneayer oiaaTe, 4TO cpeiulss BHLHNA GyIeT co-

CTAaBAATb NPHONHIHTEBHO NOJORHIY cpe/uicit BbcOTH, Minye 1/4. Ha cavowm
AcAe TAK OHO H ECTb, OJHAKO UEALK HauleH 3alauH sBJAeTCA CTPOrOe aHaJjH-
THUECKOC JOKA3IATENBCTBO 3TOrO GaKTa,

Coraaco ynp. 2.3 [-11 uy wuurw Kuyta [I] v crarbe me Bpéiina. Knyta
n Pafica [72]. d.x == u..ovv . oot ko xDGIIHERT DPH »A B PASTICKERIH

gkt

e -

(1— ) 4 ¥ == —,
I

a bay = Qun — dux €cTL ROAPDUNMEHT NPU 47T B PAIOKCHAN
“.‘h v

— n)? R 7) L —
(1= (o ) .

Takum obpa3om, §, = Zk SR (A, =2 -1) = Zk >0 b, ecTb KOs dipH-
uuent mpu u"t! B

u?k—l—ﬂ
| — g2kt3

=02 ™y
k>0

Ilna yno6erea moBabuM KodhGHUHEHT Ba—1) = @an, TAK UTO §n 4 Qnn e€CTH
KO3 ALMEHT NPH k! B paifoXKeHHH

U=+ Y

%k HeYeTHo

3
l—u
IMocneansn cyMMa coBMaRaeT C CyMMOH B ypaBHenun (23) H3 UHTHPOBAIHOA

BRIIC CTAaTbH, 32 HCKAlouenHeM rtoro, uto J(%) rtenepb 3aMeHeno na d(k) —
UHCIO HedeTHoLX Zemdreneit k. MMeeM

- z z - .
3 k) =t DRV )mtRe@=2 @)
k=21 k neuerno

CACOBATENLHO, Sn+ 2nn MOXKHO MOJYYHTH METONOM H3 YKA32HHOA BHINe
CTaTbH, 3a HCKJKOTEHHEM TOTO, YTO TaM B HHTerpate (29) mprCyTCTBYeT no-

NOMHHTENbREY MBOXUTEAL (1 — 2°-2%), [losToMy BBIgET B TOUKE MBOAHOTO fO-
JII0Ca CTAHOBHTCH PABHEIM

nto+hizp (%(H— 1) (-13— lnu+—:3-\p (%(b+ 1))+%v+%ln2)).

a B TOUKe 2 = —Fk OH paBeH 3dauenuwo dopMysn (31) CTATBH, YMHOKEHHOMY
ua | — 2%+? VicKoMH OTBET TaKGB:

— U (n+ 1) ((=2/n) &0 (1) + (4/n%) g2 (1) + O (v 10g n)) =
= .;_ A/an — 14+ 0(n~"2log n).

OGemaanoe BHIIE COOTBETCTBHE OMHCHIBAETCA CJELYIOWIER peKYPCHBHON
npouenypod:
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ref{node) procedure transform(ref (node) value p);
begin ref(node) ¢, m
§f p = null then return(null);
v« left(p); left(p) « transform(right (p)); right (p) + null;
if v = null then return(p);
g « r: while true do
begin left(q) « transform(left(g));
if right |g) = null then done;
g « right(q);
end;
right(q) + p; return(r);
end
MoxHo nokasaTh, 4TO [Pe0Gp430BAHHOE JAEpeBO O0Jajder CJjeAYIoUIHM
CHALHLIM CBOHCTBOM HYCTB § — BHICOTA CTE€Ka B TOT MOMEHT, KOrja alnTOpHTM
T NOMELAeT B CBOW CTEK yKasarels HAa HCKOTOPHE yaen nepena B, u nyctb
s’ —- BEICOTA CTEKa nocsae Mara P4 BhITIDJHACMOTO Cpady nocjae Toro, Kak aJg-
TOpHTM P monan B TOT e caMulii ysen B npeoGpasoBamion gepese B Torna
§" = [5/27, Taxum o6pasoM, pazvep cTeéKa NPH NPOXOXAeHMM Jepera B B
TpAMOM TNOPALKE IIOYTH B TOUHOCTHW [dBCH [TOJOBHHE Da3dMepa CTeKa NpH Tpo-
XONCIEHHH AepeBa B Bo BHYTPCHHEM NOpAAKEe, H HAMH yCTAHOBJCHO COOTHOIIE-

HHE KAK MEXKAY CDEAHHMH, TAK K MEKAYy MaKCHMAJLHBMH pasMepaMH cTeka,
8. Coraacro dopmyae (3.9), Ux =U, + Uy u Uyx = U, 4+ 2U,; caego-

marensio, Uoly = U, Uit = (1 4+ LY U\ 4 pUy, U8 = (1 4+ 2 )0t
+2 (P + 1(7]_2) U,. O6o3naunv uepea By, oneparop U» — 2mU+(m+1) mUyg;

2
OKA3LIBAGTCS, UTO Byt Qpm = (1 4+ -n—?) Bm. TloatoMy Bm4Gmp (x) =

=PBy _py1x=(m—n+1)(m—~n) P, Kpome toro, coriacuo (3.36),
Bt 1Gmn (£) = UgGenpy () —2(m + 1) (m+1 — (m — n) Py)+(m+2) (m+1).
OTKyNA CIELYeT, uTo

UsGpn(x)={m—n—1)Yym—=n)Py;—2(m+ ) (m—n)P +m(m-+ ).
A xax nacuer dyukunn H? A por xax:

1 i 2
UpHinp = (1 +?1‘) UHm_y, ne1 -+ (W U, +“rg Ul) Gty net

X OKBSbIBﬂeTCH uTo

2p
=G )— Uyl =
m+ mn p—q _1imn
1 I 2p
- P UQ (Hm—l, n—1 + m(}m—-ll ﬂ.—]) - p — q Ul'Hm"‘l, R«
Takum obpasowm,
1 1 2p
— U, (Hn —G )—— Hypp =
m+} ? 7'1+p_q mn p_qU[ mn
I i
=m___n+lU2(Hm—n.D+ qu—n.o)—'
2 2
= Ui 0= — 5,

p- p—gq
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¥, Tozkmonan ciofa Hauty dopmyay ana UsGua, moiayuaes

UsH min ="mq—+l(m—np—2(m—n)P,)+
{m+1)(m—n) L_m—n+]
+ Pp—q (q m+1 P*)‘

3amerny, uTo HpH p = ¢ == |/2 noclealtnii wieH upHaHMaer Bug 0/0, Tak uTto
B 3TOM cJydae iyxia oraeibnas dopmyaa. nddepenumupys Pz no g, Haxo-
s, w0 £ — LS Py = (1= 20) (s — Hn e #2940 (1 — 29)°
npu g —> 1/2; crenopateabHo, nupu ¢ = 1/2 meawunna UpH,, peipaxaercs
yepes rapMOHHYECKHE 4HCila,

9. BMecTo TEPMHHOR &JICBOCTOPOHHHI MAKCHMyM» W <NEBOCTOPONHHE MH-
HUMYM» 6y11eM HCIIOMB30BATb COOTBETCTBEHHO COKPATUGHHS «1. MAKCHMYM» H
«J1. MHEHMYM>,

(a) das Toro wrnln DOJAYHUHTE ). .. Ye ¥ 2y ...2n—k, HAAO, YTGBLI XX, =
== {|Z) KW XXp == 21y, 4 OCTAIbHbIe X; JOMKHbH COACPXKATb Ya...Yx H
2)...2Z4—%, CJOUTRIC BMECTC R KaKOM-HHOVAL nopsjike, Ecaw upu BeTarke £
3TOT KMOY eCTh y;, TO ¢ BEPOSTHOCTHIO 1/2 MBI moMellaem ero B .J1eBoe NOi-
JIepeBo, HPH YCAOBHH yTO Y; SRJSETCS J. MAKCHMYMOM. €CaH e 3TOT KJIOoY
CCTh 2,, TO ¢ RCPOATHOCTBIO 1/2 MBI MoMelldeM ero B TIPaBOe MOAZEPEBO, IPH
YCJIOBHH 4TO 2; ABJSIETCH I, MHHHMYMOM, B NpOTHBHOM c/yuae COOTBETCTBYIO-
Ulas BEPOSTHOCTL PABHA 1) eC/M JKe MOHETa yMafeT HeyAauHo, TO Mbl He MoJy-
YAM B Kavecthe KopHA ysen (k:k -+ 1). Takum ob6pasom, BepoATHOCTb nepe-
CTAHOBKH Y| . .. Y& NPONOPUHOHAMbHA 277,

(b) Jdns Kaxcaofi mapH NepecTaHOBOK Yy...He H 2y...2y—p, HMEOWNX
COOTBETCTBCHHO J, MBKCHMyMOB H § J, MMHHMYMOB, H JAAA KaXJaoro n3

-2
2(;_1) CNOCOGOB CAHSHUS 3THX NEPECTAHOBOK B MEPECTAHOBKY Xi...X; Be-
POSTHOCTh NEPECLUIKH Yf; ... Y BAEBO, 3 2y...Zs—p BNPaBo paBHa 22—~ [lo-
n—2
9TOMY Pnx €CTh 2(k_l )» YMHOXKEHHOE Ha Iy, 221 —s(2) y genennoe Ha Al

PaccMaTpuBasi TabJWIld HHBEPCHH, MEI BHAHM, 4To MNPOH3BOZauled dynk-
HUeH 1. MAKCHMYMOB fiBAsieTcs GYHKNUS

Y, P=z(42 ... (k=142

k—1
- 1222
CNEROBATRNBHO, E ol -1 = (k ——5) . Otcwna 2aKnouaem, yro
Yy

n—2 1yt [ \n—k=1
== —— — —_—— | ==
Pnk Q(k—l)(k 2) (rz k 2) /n.
k—1/2 n—-k-—-l/2) (n)
=(k-—1 )(n——k—l / 2 )
Ken Kuapkcos Hallen Lpyryio moGORHTHYW dopmyny:

=8 (* 7Y (G TT) =

(c) Bce s MHHAMYMbI NCPECTAHOBOK Xj... X, BCTPEYRIOTCA B NepecTaHOBKe
Yi... Y& 4 BCE . MAKCHMYyMBl — B MCPECTAHOBKE 2| .., Zn—g, 38 MCKMNIOUEHHCM,
BO3MOXKHO, CaMblX MEPBEIX H3 HHX. TakuM ofpaaoM, REPOATHOCTE NOJIyYelHs OT

n-—2 —1 (y)—
AeALHOH y-TIePecTalloBKA paBna npomneneuu}o?(k_l) Ha 2222 t& S(z)x

X p(x), rie p{x) — BepoSTHOCTD HCXOAHON MEePECTANOBKH Xj,.. X, Ecan
NpPeANOJOXKUTE (YTO MBI MOXKEM CARNATH), HTO Xj << X, TO p(X¥) NpoOnoOpuMO-



Pewenns 3ana4 103

HalbHa BEPOATHOCIAM 2712 2-sWl  2~#&)-stw) pacnpepenenudi L, R, B. B pe-
3yJbTaTe BCPOATHOCTH NPONOPUHOAANbHa 2-H¥) 2—s()—tw) @~swI—i) no3TO-
My JE€BHE NokAepeBbs HMelT pacnpepenedus L, R, B. Ilpamne nopjepesbs
pacupegenens aHAAOT HYHO.,

(d) CymMapuas nanHa nyTed paBHA n IJIOC CyMMAapHaA AJAHHA IyTell ne-
BOTO NOUAEpCcRa NIJIOC CyMMapHas XJIHHA NyTell npasoro NMoAAepeBa, 3HAUHT,
C BEPONTHOCTBIO par ME NOJYYAEM BKnad B BEJHYRHY cpefnell cymMMapuoi
LMK nyTed, paBabift 7 J- Lg 4+ Ru-z. B cHAY ABOfiCTBEHHOCTH 11€BOTO H npa-
BOTO Gxr(n—k) €CTb BEPOSTHOCTb TOTO, 4TO R-pacnpejenennoe CK-gepero umeer
CBOMM Kopuem y3zen (k:k- 1), OTcx)Jxa cnenyer papesictBo L, = R, (4TO
GbINO OUEBHAHO) .

(e) Cornacno oTeery K noasanave (c), BepOATHOCTD §nz MPONOPLHOHANh-

—t () =5 (2)= n—2
Ha Zy. ,27 -5 @ HZ)(k—j)’ rfle KOHCTAHTH HOPMHUDOBKHM (PH (DHKCH-
poBaHIOM £ He aapHcar oT k. [Iponasoaswas ¢yHKOAA Zyzs-“”“‘y’ pan.

a (22) (22) (1 4+ 22) ... (k— 2+ 22), caenoBaTesbro, Z 9-s—H
Y

| -
=7 (£ — ). Taxum 06pasoM, §.x TPOMOPUUOHAIbBHA (:_:/3), a BEpOATHOCTH

rux K€ 3aBHCHT 01 k. OcTasjtoch TOJIGKO HAHTH HOPMHDYIOWIHC KOUCTAIITH, Ta-
KHe, YTO Z 9ok = Z rpg = 1. Cum. umke pamencreo (1).

() B,,—C,M‘ rie C, onpemenennt dopMmyaamp 52.2-18 u  5.22-24
(Kunyt [II1]) npy M =0,

(g) Mo 6unomuanbroll reopeme (1 — )~ = Zn >0 (n + m)

BCEX KOMIMIEKCHHX SHauendsax m. AuddepeHunpys 310 paBeHcTBO NO M (npe,u.-
a0xkero dmonod Xo66u), nonyuzaeM Toxupecrse (1.47):

R - nt+m _
(=2~ n (1 — 2) w"éo( ' ](11,”,,, ) 2%

Cobepem Tenepb BMecTe (BOPMVAL, KOTOpHE HENOCPEACTBEHHO BhiTEKAKT
#3 LaMHOTO TOXIECTBA, TNOCKONBKY OHM TPHTOAATCA HaMm B AaJbHeliem.
B 3Tux opMyJIax CyMMHPOBANHC OCYIMECTBISETCS IO Mnox(ecmy l<hk<n

R HCOOMB3YIOTCA Te (haKThI, YTO (k ln)(/’e - 1) = 3 (k"”‘2 , (k:;/z)
ecTs KoahbuunenT npn ¢! B pusnoxenud (1 —2)—*2 u 1. 1,

2(2)=02"), M
Yoy e=-n=3(220"), (@)
)y (z: :/2 ) (p—ip—Hp)= (,,::;/2) (Hp12— Hap), (3)
Z(:::/Q)(n—k)([{n _H) (ﬂ+l/2)(ﬂnl-liz_H5fZ) (4)
Z (: 1/2) (b = 1) (Hy_ypp= Hyp) = (’;:;/2)([1"——1/2‘-”5}2)' (5)
NI GIRT ) e-n=3(,0), ©
Z(2:1/2)(;;:2:;/2)(Hk-1/2—111/2)=( 2)(” ) (T}
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Z (::}/2) (2:2:1/2) (o= 1) (Hyoypp— Hyp) =
=2 (1) Wamr)  ®

Kaxoe #3 5THX TOMKZECTB NOJYYCHO H3 PACCMOTPCHHA KOSQUpHUEEHTOS B Npo-
H3BEJEINH ABYX DPOHIBOISIIHX GYHKIHIL
Pemense moasazauyn (g) CBORMTICS K YMHOXKeHHI TokaecTsa (4) Ha

2y’ ):

(h) Heo6xoxuMo HafiTy pemenue cOOTHOWeHus Ly =n + % (n 4- Qi) e
Xy gy — Hap) + Z Gnkly upn 1> 2 Tlonctanoska £, =n — 1 8 ypas-

2 1
HCHWe X, = dp + gnk¥e B CHTY TOXJCCTRa (2) LaeT ap= —n -+ 5 npu
[}

3 rn—1/2 n— 12
n>=2, MOCKONbKY n—l=an+§'(n__3 ‘)/(n—-Q/ )=au—+
3

+ 5 {rn —2). Asanoruupo MOJICTAHOBKA X = Hn__”2 — H,; B cH1y TOXAC:

2
ctea (5) jgaer a = -, a NOACTanOBKa ¥, = (n — 1} (H, _ym — Hyp0) B cuay

no 3
2 i 2
ToxaecTea (B) faeT a, = 5 (n + ?) (Hn—1jp— Hys) + 5 (n — 1). Cocran-
NSA  HAANEKAUIYIO JNRUEHNVI KOMOHHALLHIO, MOJNyYaeM HCKOMOZ  pellenHe
1 5
Ly= (204 ) (fooyp—Hip) =5 (= 1)

(i) Umeem Up=n+2 2 Prily. 3anucupan Ly Beuje Ly =2(k — 1) X
9 1
pd {Hk-l/z — Halz) + T (Hk—l,’Q — Hl/2) + ?(lz — 1) ¥ Hcnoam3ys TONIe-

ctBa (8), (7) u (6), monynaem
Un=rnt2t—2) (Hs = 9) + 5 (Ho=5) +5 =2

Takum o6pasoM, MoXKio caenaTs BuaoR, uto CK-mepesbst He sacayxHBaIOT
peanH3ANMH; OHH AAIOT HAM MOYUHTENbHbie MPCACTABNEHHS O METOAAX ANCKPET-
HON MATEMATHKM H aHAJHA3a aJrOpATMOB, HO HHKOTJa He OYAYT Ha3Banml «fe-
peBbAMH MOHCKa CMBILIEHOro® %), Heckoabko ieoxunanno, wre U, << L, <<
< B, TOCKORBKY OTK/2/LBAHHC BCTABKH «IKCTPEMaJIbHAIX» KAKOUeHd MOTJI0 61l
CO34Th BIEYATNEHHE, YTO 3HAKIl HEPaBEHCTD JOMNKbBL GulTh OGpATHHEIMH.

10. CyMMHpPY# 110 4acTHM, MO.AyYacM PaBeHCTBO

95, = 3. H[(2n—Fk) —H,
o<k <L2n

fpapas wacTh Kotopors, cordacto ymp. 12.7-21 (Knyr [II) wan toxpectsy
(1.48), parua H%n—H(f,; — H}. Nanee

b = ‘ L 40 ()’
HQn—anz(]nn+lnz+»\,+_:ﬁ;+ n )__

- (1nn+y + 2—1“—+0(n")]2.
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- 1
¥, cornacho vap. 6,1-8 (KnyT [III]),Hff,3=—E]5—n2——-W+O(n'Q). Packpui-
Baf CKOBKH B NPUBOAS TONOGHBIE WIEHH, [0.1ydaeM OTBET:

A 2 2 1 -
(In2)(lnrz)+yln2+2(ln2) TR Inn +

+%rz’l (n24+1—-y)+ O(n‘Qlog IR

[31a 3amauka 6mya cawikom TPOCTOH. Jlyde 6Wa0 Obl MOCTABHT: BOTIPOC
6 acuMD WKEM, CYMMLI n— k), K

06 acHMDTOTHKE, CKa , CyMM 1<k<n—«/€”k/(2 ), KoTopyio 6HlI0
6l JICMYe BCETrO YCTAHOBUTb, HENOMB3YS TOXKAECTBO

Zlgks; ATEDEDY <t mlinnlk = HoHoemers]

11, Monoxuum F (w, 2) = 2 a,,,@"2", rig a,, — 4acao mytel w3 TOUKM
(0, 0) B TouRy (m, n). Toraa F=14 wF + zF + wzF, tax uto F (w, 2) =
=(l—-w-~2z— wz)_l. [Tponspoasaniefi dyHxkuHedl ana ANAroHaNbibIX Kadd-
GHUHEHTOB CAYXHUT DyHKUUA

[ di 1 dt
A@) =55 @F(" 2 =5 @ f—12—z—2t"

3uaMmenatent ApOGH B MOLBIHTCIPAALHOM BEIPANKEHHH MOMKIO MPELCTABUTH
]  —
B Bule — (¢ —r(2)({t —s(z)), rae r(z)=——2~(1 —24+4/l—6z-F2%) u

H s(z)=—}b;(l-z-'\/l—6z+22).

Iycts 2 mo Moaymo Majo, tTak 910 GydruHa r(2) 6nuaka x |, a s{z)—
k 0. Byzem uHTerpuponath BEOJb KONTYpa ¢ MasdblM ||, KOTOPHH OKpykKaeT
Touky s(z); aareM Bubepem |z| crons MaawM, utob |2/t| cramo Mamso

obecneynnano alCcoOTHYI0  CXOAMMOCTL  psia Z Q™ (2/)", (ﬂcuo,
910 8, <3™t", Tak 9T0 MONOBHMA KOHTYP HHTErpHPOBAHHA CYWIECTBYET.)
Oxkoimarensio, A{z) ecTb Bemer B Touke $(2), pasuui 1/(r(z) —s(2)).
Urak, A(z)= [V T —02)(1 —g2), tie 8=3+4/8 u ¢=3—+/8
Myers w =0z n a =g/, Tax uto A(2)= B(w)= /A0 —w) (1 —aw) =
= Z(an/e”) ", CaegosaTernbHO, {lalla 3amgana CBOLHTCA X HaXOXHEHHIO
ACHMNTOTHKE KO3 (DOHUNEHTOB NPoM3BONSIIER DBYHKIMKN, 0OpaTiOf K byHRUHA
(4.108). Mmeem YNVT —ww =1/y/i—a—alw—1)=(1~-a)"*+
+ (@ ~ 1) R {(w), cae gysxnua R adaJuTHIHA OpiL [w]| < a™!, nostoMy kasd-
QUUHERTE fq B Ce PASIOMEHHH HMEKT MOPRIOK q (B~") npm HEKOTOPOM B> 1.
Takum ofpasom, B (w) = (1 — a;)_”l (1 — o) 2 4 (1 —w)* R (@), rae no-
12
cJepHee cJgaraeMoe paBHO Z( A )(— w)k z rmw’"; oTci0a, Kaxk H B (4.114),

-3
ciegyer, wto n-i kosduupenT 3TOrO Pa3’noXenusn hveer NOPRA0K O(n Y )
B pa3l0oMCHMHH JKe MNepBoro c.JgaraeMoro  f-i koadpbduuueuT  pased

(1 _a)—!ﬁ(_;ﬂ)(._ D= (1~ a)—lﬁ(”_,'b”g)l HTO  nMeeT  NOPAJOK

i _ —172
O (n™Y3), nostomy ¢, =0" (1 — a)F I/Q(n n )+ O (@nfn)-
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-1
Mmeem ( nu)(—l)“=2‘2"(2:), uro no topmyae CTHpIuHra ecTsb
Va/an + 0 (n~%?). Taxnam o6pazom, TpeGyeMuli OTReT TaKoD:

= ?l# (34 VE) + 0@ ++/8)" a5,

Mexay TPOUHM, HHCNA Omn, BO3HMKRIOT B CAMBIX PA3JIHYHEIX CHTYaLHAX.
Hanpnwmep,

amn=Z('Z) (n'j’-k)=z (m E-mk;(fittkk))!!/el =
-2 =Z0) )

Kpome TOro, awmn, €CTL 4HCJO PA3AHYHEIX A-0K LeAWX anced (¥, ..., %), Ta-
KX, uto [x,] +... 4 |%z| << m; oT0 pasHo obBeMy cdepw pajuyca m B n-
MepHOH «Merpuke JIn»,

12. BeposiTHOCTE TOTO, 4TO HEKOTOPEIl CTYAenT noayynt A+, pewss npm
3TOM NPARKWILHO M 3a7a4y, paBlla BEepOATIOCTH POBKO M YAay (a UMeuno
pm(l — p)), yMuOmeHHON 1A BEPOSTHOCTL TOro, uto JMwo6oH Apyroft cTyzent
ONAQIIAET MPH pelueHHH OXHOH M3 uepBHX /m 3ajad (4 HMenHo (I — p™) -1,
YMHOXAsT 3Ty BEPOATHOCTb 11a 11, UOCKO,IbKY Y KaXXIOr0 CTY/EHTa €CTb LIanC

nosyuaem, uto A7 =n(l — p) Zm>0pm (1— pm)"—]. (ITo-

nobupie opMyan npu p = 1/2 BOIHHKAKT NpH awaguse obMelliod nopaapsai-
no#t copthpasku (Kryt [IIl, pasa. 5.2.2]) A o 6onee ofiuuell nmoctaHoBKe B
yop. 6.3-19.)

= + L L B
[lyers Q,=nd;  (r+ D7 U —p)" = Zm;o
#UM & = np™: Torna caaraemoe npuuuMaer sun ¥ (1 — x/n)" uTo ecTe xeTF X

m
X (1 + 0 (x*n)) npr x < n®, Myers T, = Z np™e™ . Torna Q, — T,=
= Xpn + Y, rae senuuuna

sapaborats A+

’

np™ (1 — p™)". Tono-

h

m=0

S S
m >0, np™ > ne
= Z np™0 (e_"pm) =0 (n log s - e_”a)

m>=0, np™ > nt

e
SKCTMOHCMIHAABHO Mald, MTOCKOJLKY 1 —p™"<Le™P R CYMMAa COCTOHT H3
O(log m) unenoB. Ilpyras seanyuna

o= Y (0= =) =
m 30, np™ < nk

= 3 ol )
m>=0, np<n

BMeeT NMOpANOK O(n38-1)> [OCKOJBKY ONa OULEeHHBAeTCa CBEPXY CYMMOR regMe-

TPHUECKON TIPOTPECCHM C YUETOM OUYEBHIIOrO HepaBeHcTBa e~ ™ < 1, [pu-
MEHS(ST «METON raMMa-tyiIKUHK», TOAyuaeM

[ 1/24ica 1/2+1s0 I(2) n=
= b ’ m thy—2 __n 2n
Ty Z S np™ T (2) (np™)~* dz Ern S Pt pt-—z dz

mz0 12~ ico 1/2=ioo
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(cp. Kuyt {111, paperctro 5.2.2-45]). Tlocneannil uHTerpa; 1 moct GuTh BHpa-
MEH B RBIJIE B35ITOH CO 3HAKOM MHIYC CYMMBl BEIYCTOB I[QALINTETPAJBHON
GYHKUHH OTHOCHTEABIIO € TiOJIOCOR B [1panod NOJOBHHE NOCKOCTH. TakuM 06-
pazoM,
1 2
T = Ty Z R (T (1 + 2mik/In p)) X
k>

X exp (— 2xik In a/ln p) + O (n=Y)

NTPH TNIPOH3BO.ILIIOM M. Beanuuna NoJ 311aKOM CYyMMEl OrpaHHYCHA, MOCKOJBKY
Oila TEepHOAHYNa Mo # (SHMETBTG, YTO 3Ta BEJHUHHA NPHAHUMALT TO Ke 3Hane-

HHe, ecau n 3avexdth Ha np).[1o3TOMY MOMHO yTBepKZaTh, 4to A) = (1 —
— p)/In {1/p) + f(n) + O (1/n), rze j(n) — uexoropas nepnoauueckasn HYyHK-

gua. [lockonexy T (1 1) = O(t”ze_"”g). To a6cooTHadA BeaHunHa f(fn)
OYEHb MaJa, €CJIH TOJNBKO P He CJMIUKOM MaJjo, R cpeasee 3pauenue f(n) pas-
HO HYMO, Tak Kak CPCAHee 3naveHue Kamjoro cjaaraemoro ecte 0. OpHaxo
f(n) % o(l), u [(n) ne mower GwTs oTBpoweno. OXHAAOCh, UTO A:’ 6yner
cTpeMuThesl K O Han |, Tax ¥TO MOMYICHHAI PE3YIbTaT HECKONbKO HEOXKHRHH,

B ymp. 5.2.2-54 (Kuyt [IHI]) comepxnrcs npyrofi moaxold K DEUIEHEW
JNAHHOA 3alla4H, C NOMOUIBLIO KOTOPOFO MLI NOJYYaeM CXOAAMuicH pAA

e i (e S (e o 52)))

AcammToTHecKOe 3HAuCHHE (GUTYpHPYOUIEl B 3TOH cyMMe 6eta-hyHKUMH pas-
HO

n—l—tbkr(l + ibk) (1 —%(H)k#- b2%2) ! +0 (n-2)),

rae b = 2n/in p; TakuM o0pazoM, Mbl IOJyYAeM BCTPEYABWIYKCS Bhiwe e
PHOAHYECKYIO (yHKUHIO, a Takxe Kosdhouunent npu n—'. (B cBsisy ¢ 3THM
HaM NPEACT2BIALTCS, YTO B NMOCAEAYIOWEM u3jlavny kuurn Kuyra [I11] ynpax-
Henlio 5,2.2-54 credyer yeAATb 3HAYUTE/BHO GOablUe MecTa.)

13. (a) Eeny xp...x,— nepecranoska MHOxecTBa {1, ..,, n}, TO MyCTb
¥(...Xa_1 — NepecranoBKa MHOXccTBa {1, ..., n— 1}, aBnapmasncs pe3yin-
TATOM YMEHBIIEHHA (12 €XHHHLY TEX INCMEHTOB X| ..., Xn-1, KOTOPhIE TIpE€BOCXO-
IAT X, BcraBKa kaouefi Xy... X, TPHROJAHT K MOAYUCHHIO AcPeBa U KOPHEM
(k:k+ 1) Trorpa, karna: 1) x, < & 4 Bcrarka Kmoued £y .., E.—i JIPHBOIHAT
K nosydednio KopHs (R — 1 k); 2) x, = k u pCTABKA KmO4e X)...K.—) NpH-
BOAMT K HONyueHHIo xopnst (R—1:k) u aubo k—1 < n—4&k aubo £—1 =
==n—*Fk (4 UpPH cayuaiHoM MONGpPACHIBAHIIA MOHETH BHITALAET <Opes»);
3) x, = k-4 1 H BcTABKa XJIKOUeR Xy...X, | NPHBOAHT K TOJYYEHHI KODHA
(k:k4+1) m mbo k>nrn—1—Fk aubo k=n—1—*F (1 npu caysafiiom
noA6pacelBaNNIL MOUeTH BHNAJaeT «pellerkas): 4) x, > k-+ | u BCcTaBKa
wmouel Xj... ¥,y DPHBOAHT K MOJYYeHHIO kopua (k:k-}1). [TosTomy npu
I<kr<nun>2

Pt =Ppu_py -1 (k—l+(n+1>2k)+“;—(ﬂ+l=2k))+
l 2!)
+P1p,_,)k(n—k—1-]—(n—-1<2k)+—2—(n--l=2k))

(b) Jlerxo BHAETS, ut0 Py =P, 4y, 3T Qup = Q, ,_py TaKHM
ofpasoM, AOCTATOUHO pACCMOTputh cayyash R<Cn—k Feaw kb <<n—k—1,
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¥O NpEOLIAYIIEE DEKYDPPEITHOC COOTIOINENAS MOKA3LIBAET, YTO
Qupk! (n — k) _ Quu—ryip—py B — N (n— &)

Th—F 5 (n—F) (k—1+1+
Qo yy gl (2 — L — B)!
si—k=Dn kD

T. & Qup = Qu—1) k=1 T Quu—1y o Ecm Xe k==n—~1, 10
Qup! &1 Qpu_yy g—yy (B — 1)1 &!

o% 2k (k=1+D+
Qaeyp B (B — 1)
+ ""Qk( (k—141)

W CHOBa uMeeT MecTo «cootHowenue [Tackana», Oauakoeciu k=n—%k 41, 10
Qupkl (6 + DI
XCE

Quu—ni_p f— DI {41 Q1) &®! &! {
_ Pi-ne 2”(k+1) (h— | 4 1) 4 —tn gkk (k+§):

1
crenonatesio,  Que = Quu_iy k-1 T Yn-ne + =7 Qu-ns- B cu1y

cummerpun Q,p = Q,_;, k-1t Qn—pet =T Qa—1)(k—p) TPH ke=pn—

— k 4+ 1. «CoorHowtenne ITackans®» BHOONHACTCH CHOBA, 33 HCKJOUEHUEM
cayvaen, xoraa (n, &) ={2, 1) nan |n —2k| =1L

(c}) YnoGHee MOADNWTL TPCYTOABHHK «Aa BOK» K CBR3aTh Qpe C TOUKOM
pewetkd (B, n— k). BeayurHy Q.r MOXKHO HHTEPNPETHPOBATL KdX B3ATYIO HO
BCeM MyTAM 03 Toukn (1, 1) B Touky (K, n—k) yueTBEpeHHyK CYMMy MPOH3Be-
ACHHI BECOB BCCX OTPR3IKOB NYTH; U3 TOMKW (f, f) NyTb Haer B Touky (i + 1,
j) wan (i, j+ 1), 1 8ec KaxA0r0 TaKOro OTPeaKa MYTH pasen 1, 3a HCKmOUe-
HHeM chyvwas § == J, Koraa ou pased |- 1/(2j). Torza a, ccTo ydeTepennas
CyMMa, B3ATas Mo BceM nyTsv w3 Touke (1, 1) no Tourw (%, k); mostomy
c/jaraeMele 3TOH CYMMBl MOX!0 CTPYNMHPOBATE B NOACYMML B COOTBETCTBHW
¢ HanBosbiiel DeHAHNOR AHaroHaJbHOH TOUKH (), j) DyTH, Takoil, uTo j < A.
Ilpn 3ToM j-8 mopcyMma papHa menuddie a@; ymHoxkeunod Ha | -+1/(2)) n
YMHOXEHHOA Ha uncao myTeft H3 Toukd (f, j) B Toury (&, k), KOTOpPHE He co-
NPHKACAIOTCS C JMHATOHAABID, NOCKONLKY Beca OTPE3KOB BCEX TaKUX MyTefl, 3a
HCKJIOUEHUEM [EpPBOTO Orpeska, pasndl 1. Beero umeercsi 2cx—; Takux nyTted.

(d) Tockosrky kf, = Z! 2/ 1) f,ck_, + 4(2=1), nMeem ypaBHeHHuE
2F’ (2) = 42~ 'C (2) (22F" (2) + F (2)), woropoe ynpomlaetest e ypaBHEHHA

24/l —42F (2 =42 + C(2) F (2).

Crnenya wauledl MOJACKA3KE, B COOTBETCBHH C OOIIMM 1IPABHJIOM OTEICKAHHA HH-
TErPHPYIOUIETO MHOXMHTEnss aas AAddepeyunanbEHX ypaBHellHd Mepmroro Mo-
psaxa, monyuyaem, YTO
(B{2) F(2)) = B(2) F' (2) = F (2)//T— 42 =
B
= —'\/1(;)4(2 AVl — A2F (Z) -~C (Z} F(Z)) =
- — 4z

=48 (2)/A/T =4z =2/A/T =4z + 2
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Taxum o6pasoM, B(2) F(2)=2C(2) + 22 W eme Yepe3 ieCKONALKO WWIAroB
on t 2
Mbl HAXOLHM pellcHRe a, =21 (c, -+ ¢y ) = n( . ) ST n_—i-—l)
npu n> 1.
(e) [Tockonbry
k -k
lmw—2)Q@ =Y "2 (0 — Qu_iyk = Quon b)) =

= twz 5 (@ +2) (w2 + fe + ot 4 L),
HMeeM

Qw,2)=(1—w—2""X
)((4wz+——;~(w" -w+z"—z——(w"+w+z“‘+z)'\/i_——4_55)).

(f) Eean A, (x) = Zau{m,)x" " h(w, 2)= Zamnw"‘z”, T0 Ko3(pdH-

<+
uent npx @"2"7" B pasnoxennu g (@2) k (w, 2) cosnagaer ¢ xoadPuunen-
Tom npu x” 8 pasioxeHun g (X) hy (2), MOCKOJABKY NPH YMIDXEHHH Ha g (wz)
TPYNNAPYIOTCS BMECTE TOALKO WIEHHl, HMEIOWHE OIHY H TY e pasiocTh

crenenedi 2z W @. CienosaTesHo, Kosbduuuent npr w2t B pa3noxkenun
—_— n
1,/1 - 4wz/(l —w —2) paseR Kos(PpHUMEHTY TnpH X B pPA3NOKEHEH

VIZa (P )8 = (¢ (0)fx) =C (£) (B(x) =€ (x)) s~/ [—dx =
= (C) )T ax = 2 (C () ) VT = T (7)) =

n+r—1 n
- nl X nn+4r

(g) B caynae r > 0 xosdduunenr npu w'z B npoHspoafmeli QyHk-
oA Q (w, 2) MOXeT ObITh RHYHCAEH M3 PacCMOTPEHHS pPa3JHUHMX UIeHOB

B Bopaxemnr as Q (w, 2) ua yactw (e) sapaun. ITycts b, = (2"”""), Torga

1 on4r41
Q(2n+r}n= 4(br-—] - br—z) + ?(( —-b + br—] + by — b,_l -

n4}
29+r
“\n+l )+ bp— by F byt b =26, by —~b+ b —b —
i
— by, — by — b'_2) =b.., +3b,_, —4b,_,. YmuOKEn Ha ?(n+

Fr— D1nl/(2n + r)l, mony4acm BeIpaKEHAC A5 Pontryw M3-3a gamnuns
yneso w~! w z—! npu r =0 "cnonsayercs apvras Gpopmy.ia.
Saratouuresvroe 3umedanue (Anf crylenta CupiurieHoro), «Ilpy x =

= k/n < 1/2 umeeM p,, =~ ;— (1 —=x)"2—=1) + 2x: cnegoBatensno, ¥YCK-ge-

PEBbA IOCTATOYHO XOPOIIO BHMOAHSIOT cBOM QyuxuuHd. Pacnpenenende nepe-
CTAHOBOK KJIOYEA B NEBHIX M MpaBLIX NOAKRPEDbSX HE HBJSCTCH paBHOMEp-
HEIM, M MO2KHO OLLIO 64 RPOIOJAHTL Halll aNajn3 C LeNbl0 HAXOMKABHHHA Cpei-
pell paunm nytn YCK-nepeswen. Tem He Menee, r-n Cuuimaenwi, Baw anro-
PHTM BCE e He TOAUTCH ANS TPAKTHYECKOrO HMCNOJIB3OBARHS: CPEAHAA ANHNA
nyty gepesa Oyaer rae-to Mexay 2nlnsn w (1/In2)nlnn, oxHako nononuH-
TeAbHOEe BpeMA, Kortopoe Tpebyer Baw meron Aas o6paborku KaKAOro ysaa,
HACTOMBKO 34MEAJIAET BHIIOJHEHHe MPOCPAMMBL, YTO CBOJXMT Ha HET HE3HAYH-
TeJbHMH BHIMCPHIN B Aanue nyTd. C camoro Hadana 6uio scno, 4To Y CK-pe-
peebsi G6YIyT ycTynaTh ADYTHM MeETOJAAaM [I0 BCeM XapaKTepUCTHRAM (o6bemy
MaMSITH, ObICTPOAEHCTBHIO, NPOCTOTE peaNH3aund ¥ T, M), EanHCTRenHwM mo-
JNOMHUTENBHEIM KAaYyecTBOM DBauimx afropHTMOB SBASETCH TG, 49TO UX AaHAJH3
MPUBOAKT K DOYYHTEIbHOH MaTeMaTHKe, KOTOPYI KOraa-HuGyio MoXHa Gyaer
ApUMENHT:E K aHaJn3y ReHCTDHTEIbHO HOJNE3HHX METONOB. BhI, HECOMHEWHO,
TaKXe 3TO IOHAMAaeTe, N03TOMY cnackbo Baym 3a uiem»,
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J. 3. Kuyt u ero «dpabpuxa Kaurs
(Jonosnenne nepesoquuka)

Mapectunii aMepukanckuit MaTtevaTuk Honanexn 3poun Knyt (poad n
1938 r.) oxonyrs B 1960 r. oTmenense marematxkn Kedcomckoro texmonoru-
YecKoTo MHCTHTYTa B B 1963 r, nmonyunn poktopckyw crenenb 8 Kanuopuuii-
ckoM TexHosorHueckom uucTdtyTe. C 1968 r. ow npodeccop, a B Hacrosulee
speMs — nouethuil npodeccop (Flelcher Jones Professor of Computer Scicnce)
Crandopackoro yuuBepcHtera, OcHoBHele 06NACTH €ro HaydHelX HHTEPECOB:
TEOPETHUECKO® TNPOIPAMMHPOBAHNE, MaTEMATHUECKHH aHAaNU3  AJTOPHTMOB,
HCTOPHA H METOAOJOTHR HH(pPOPMATHKH.

JI. Kuyt siBAseTCs rA2BHBIM pPefakTopoMm suixoasuiero ¢ 1980 r. xkypHasa
Journal of Algorithms w BXoauT B cocTas pcAakunil GoJsINOro amcaa APYTHX
MEXAYHAPOAHBX KypuanoB, Ou cocTout uaeHoM HannomasbHoW akanemuH
nayk CIIIA, AmepnKauckoro MaTematHueckoro obtifecTsa, Accolmaunuy no Bt
QHCOHTENIbHON Texuuke, MHCTHTYTA HHIKEHCDOB MO SJCKTPOTEXHHKE W palHo-
anekTpornke, O6uiccTBa NPoOMLULLIRIUNOR A OPHKIALAON MATeMaTHKM H MHO-
FHX APYrHX HayuyHu¥ oO6wWecTB H opraHusaumnit (B YacTHOCTH, AMepHKaHCKOH
THJIBIUH OPranHCTOB),

B 1971 r. emy 6wia npucyXpena npeMus AccollMalliM NO BLIYHCAHTEJb-
potr rexwuke (ACM Grace Murray Hopper Award), s 1974 r.— apemus HMe-
nu Toiopukra (ACM Alan M. Turing Award), B 1984 r, — npemus Matematn-
yecko#t acconmauny CUIA (MAA Lester R, Ford Award), a 8 1982 r.— npe-
mus MHDP (IEEE Computer Pioneer Award). B 1979 r. J. KuyT 6nn ua-
rpaxacs Haumomanouoit Menansio nayka (National Medal of Science).

B TOM e roay OH NpPHE3XAJ B Hally CTPAHY B KauecTBE CONPCACEAATENS
MeXIYHAPOAHOTO CHMHOANYMa «ATOPHTMBI B CORPEMEHHON MaTeMaTHKEe R ee
NpHNOKEHHAX», KOTOpH# npoxoaun B I, Yprenye Yabekckofi CCP Ha pogzune
ane-Xopeamu. [lepeoa ero Joksafa Ha 9STOM  CHMIO3MYME oONyBIHKOBAH
B o,unoggf)eﬁﬂom c6opunke (Hosocubupex: BIL CO AH CCCP, 1982, q. I,
c. 64—98).

Hanboapmyvio #asectnocts J. Kuyry apmitecna MounyMentannHas cepis
ero Mouorpadull The Art of Computer Programming, sriyckaemas H3igatenbs
CTBOM <«IAINCOH-Y3CAH», M3 3aN/1AHKPOBAHHLIX CEMH TOMOB KOTOPON W3NaHH
nepenie TpH (Vol. 1: Fundamental Algorithms, lst ed. 1968, 2nd ed. 1973;
Vo!l. 2: Seminumerical Algorithms, lst ed. 1969, 2nd ed. 1981; Vol. 3: Sorting
and Searching, 1973) u roToBuTtcA X H3faHHw0 gersepTafl ToM. B muge ort-
geavnoft Gpowwpw MIX (Reading: Addison—Wesley, 1970) wuagmau ofwo-
HMEHTIHA Pasaes U3 [epBOrO TOMAa 3TOH CepHH KIHT,

B cBA3H ¢ Heo6XORHMOCTHIO TpoBedelHs GoablIoN paGoTH MO nepersna-
HHIO BHIIYIIGHULIX X H3ZAHHIO HOBBIX TOMOB cepuyu HcekyceTsa npozpammupo-
sanus OGas IBM J1. KuyToMm 6uuta €O3laHAa «KOMIIBIOTEPHAS THUTIOrpadHS»,
cocrosimas ua cuctem TeX u METAFONT, npuyem ¢ nomoubio mocaened
Knyr pazpaGoran ans cmeoux KHAT Howoe cemeficTho mpudtos COMPUTER
MODERN. Pa6ora nan ofMo# cepwelt guur mnopoauwsta apyryw — Computers
and Typesetting (Vol. A; The TeXbook, Vol. B: TeX. The Program, Vol. C:
The METAFONTbook, Vol. D: METAFONT. The Program. Vol, E: COM-
PUTER MODERN Typefaces. — Reading: Addison-Wesley, 1986). B suzxe or-
HEeNblILIX KHHP Melbliero o6beMa sunymenst The TeXbook u The METAFONT-
book (Reading: Addison-Wesley, 1984 u 1986). Jlawuofi cepun Kuur Tmpeg-
IIeCTROBANO HECKoabKO 6Gpowtop, B uwactHoet TeX and METAFONT, New
Directions in Typesetting (Bedford: Digital Press, 1979).

N waxonen, Tpertvio cepmio kuur. npod. KHyra cocrarnsior Kypcw Jek-
UMl N0 MATEMATHYCCKOMY AHANW3Y aJATOPHTMOB, NPOUHTAHHBIE WM B Moupeann-
cxoM yuupepcutere (Knulh D. E. Marrjages stables et leurs relalions avec
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d'autres problemes combinatoires. — Montréal: Les Presses de ['Université
de Montréal, 1976), Crandopackom ynupepeutere (Greene D. H., Knuth D. E,
Mathemalics Tor the Analysis of Algorithms. — Boston: Birkhiuser, 1st ed.
1981, 2nd ed. 1982) u ynmeepcutere r. Oco (K COKANERUIO, TOYHOH CCBINI-
KON Ha 3T0 H3JaHHe MH He pacnogaraeM). K yueGHoft CepHH KHur npume-
KaeT ero «MaTcMaTHueckas mnosectbs Surreal Numbers (Reading: Addison-
Wesley, 1974).

B macrosmee mpemn J. Kunyt pabortaer Han.noBem yueGHHKOM (Gra-
ham R,, Knuth D, Patashnik O. Concrete Mathematics. — Reading: Addison-
Wesley, in preparalion) u poampattlaercsl k pafoTe Haj CACAYIOMHMH TOMaMH.
The Art of Computer Pragramming (Vols 4A, 4B, 4C: Combinalorial Algo-
rithms. —~ Reading: Addison — Wesley, in preparation).

O sBhicokOM MemnyHapoaHewm aproputere I, Kuyra crupereascTeymor
NepeBoAH erc TPYAOB Ha MHoTHE S3EIKH mupa. Ha pyccKoM f3LIKe HMETCs
caenyone nepepoas kuur K ctateii [l KHyTa, BuOymemine H3gaTtenbeTooM
«Mup»:

— Knyr I. Hckycetro nporpamMuposanun ais DBM. Tom 1: Ocnosume
aaroputrmpl, Tom 2: Tloayuucnenmre anroputMn, Tom 3: CopTHpoBKa H mo-
nek. — M. Mup, 1976, 1977, 1978,

— Tpun 1., Kuyr [A. Maremaruueckue MeToXmH aHalW3za ajJropuTMORB. —
M.: Mup, 1987.

— Kuyr JI. O TpanciAUuH A3LHIKOB cieBa Hanpano. B c6.: $SIamxu u anro-
marh, ¢. 9—42, — M.: Mup, 1975,

— Kuyr J. Hucxopamuii cHHTaxcHueckn#i anaan3. Kubepn. c6., uoB. cep,,
BHM. 15, ¢, 101—142, — M.: Mup, 1978.

— Kayr I, flo 3. ClIOXHOCTE MONEJIHPORAHHA [IepABHOMEPHEIX paclpe-
Renenuit  Kubepw, c6., wom. cep., Bmm 19, c. 97—I158. — M.: Mup, 1983.

— Knyr H. Hcuesnopenus. CBepxbeCTCCTHCHHHE uHCIa. B kH.. Marema-
THYeCKHH LRCTHHK, ¢. 329, 388—408. — M.: Mup, 1983.

~ Kuyr J. Aaroputv XapdmsHa: anrebpauyecknii noaxoa. Kn6epn.
¢6., HoB. cep., Bum. 22, c. 159—169. — M.: Mup, 1983.

C yeaexarensuofl wctopuefi cozgauns JI. KiyToM cBOHX KHHr # MaHamH
na Gyaymiee (1o 06pasHOMY BbIpaXEHHIO CaAMOCO aBTOpa) ero «habprKH KHuT»
MOXNO TNo3HaKoMHThes B crathe Albers D. J., Steen L., A. A conversation
with Don Knuth, ony6ankoBannoi B xyprnaie Annals of the History of Com-
puting, 1982, v. 4, Ne 3, p. 257—274 w nepemevaranqofi B cGopHuke Mathe-
matical People. Profiles and Interviews. —Boston: Birkh4user, 1985.
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