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NMPEAUCIIOBUE
PELAKTOPA MEPEBOJA

MeTon KOHEUHEIX 3/eMEHTOB, KOTOPHIH HAaYa/] HHTEHCHBHO Paa-
pabaTniBaThcsl ¢ cepefiHHbl 60-X TromoB, cTaJa Temepb AOCTATOYHO
90 DeKTHBHLIM cIOCO60M YHCJIEHHOTO pellleHHs LeJIOro psaa 3aaay
IJIS YPaBHEHHH B YACTHBIX NPOH3BOAHHEIX, B OCOGEHHOCTH AJIsl
SJIJINTITHYECKHX HeCTAlHOHApHBIX ypaBHeHHA. OH oueHb ynoGeH
IJISl IPOrpaMMHPOBAHHSI H TMO3BOJSET YUHTHIBATH MOIOJHHTEJb-
Hyl0 HHpOpMAanHIO O pellaeMoH 3amaye B TeX CJayyasX, KOraa
ynaeTcsi MOJNYYHTh TeopeTHYeckoe OGOCHOBaHHE €ro NpPHMEHH-
MOCTH.

MHoroe ente NpeacTOHT cAeNaTh A/ COBEPLICHCTBOBAHHS 3TO«
ro Merola H paclIHpeHHsi cephl ero NpHMeHeHHs] — NpexKae Bee-
r0 K HECTAHOHADHBIM HENHHEHHBHIM 3aJayaM, A/ KOTODHX KO-
HEYHO-DA3HOCTHBIH MeTOX OCTAaeTcsd NOKA OCHOBHBIM CcrIoco6oM
MoJIyYeHHs] YHCJAeHHHX pelleHHH. Ho mocTHrHyThle yxXe ceffyac
YpOBEHb TeOpeTHYeCKOH 0O0CHOBAHHOCTH H LIIHPOTA MPAKTHUECKHX
MpHJIOXKEHHH MEeTONa KOHEYHHIX 3JIEMEHTOB [AejlaloT BecbMa Xe-
JaTeIbHEIM oOyueHune OyAyuiuX CHIEHHAJJHCTOB MO MPHKJIALHOM
MaTeMaTHKE OCHOBAM 3TOTO METOAA.

B nameft cTpane yKe BBIILIO HEMAJIO KHHT, TOCBSIIEHHHX Me-
TOLY KOHEYHBIX 3JIEMEHTOB, B TOM YHCJE H NMepeBOJbl TPYAOB Be-
IyUX 3apyGeHBIX YYEHHX, HO Bce 3TO JHOO MOHOrpadHu njs
CIeIHAaNHCTOB, H60 yyeOGHne MocoGHst AJisi HHIKEHEpPOB. ABTODHI
HacTOsIe! KHHTH NPeANpPHHANH OAHY H3 MEPBHIX H, KAK HAM Ka-
XeTcs, BeCbMa YCHENIHYI0 MOMHITKY CO34aTb YyYyeOHOE DPYKOBOX-
CTBO A/l CTYNEHTOB, OOGYyYaloUHXCS NMPHKIATHOH MaTeMaTHKe, H
NPaKTHYECKHX PaGOTHHKOB BBIYHCJIHTEJBHBIX IEHTPOB, He 3HAKO-
MHX elle ¢ STHM MeTOAOM.

IIpounTtaB Kuury H, B 0COGEHHOCTH, pelIHB XOTsA Obl YacTh
npHBeJeHHbIX B Heil 3a1ay, YHTaTeJb NpHOOGpeTeT OnpeleseHHbE
HaBLIKH MPOBEJEHHsi MOATOTOBHTENbHOH paGoTh, HeoGxomuMoil
NpH pelleHHH KOHKPETHHIX 33a1aY METOAOM KOHEUHBIX 3JIeMEHTOB,



NPEANCAOBUE PEAAKTOPA MEPEBOAA

a TaKXKe NMOJYYHT XOCTATOYHO SICHOe MPEeACTaBJIEHHE O TeopeTHue-
CKHX OCHOBaX Meroxa. HeMano MHTepecHOro HalAyT B KHHMTe H
cnennagucTsel — Gosnpwiofi Habop OasHCHHX (YHKIHH, CpaBHH-
TeNbHHH aHAJNH3 Pas3/MUHBIX BAPHAHTOB METOAA KOHEUHHIX 3Je-
MeHTOB; 60Jibllloe BHHMAaHHE aBTOPHl YAEASIOT IPHMEHEHHIO MEeTO-
Aa IJsi pelleHHsl HECTALIMOHAPHHIX 3ajay.

KHura namucana nmpocTo H iCHO, Ha XOpolleM MaTeMaTHUIeCKOM
ypoBHe. B Heli D0CTAaTOYHO MOJHO OTpaXKeHO To 6OJBINOE BJHS-
HHE, KOTOpOe OKa3aJH Ha OOOCHOBaHHe H Pa3BHTHe MeTONa KO-
HEUHHIX 3JeMeHTOB paloThHl COBETCKHX MaTeMaTHKOB. Ilomoanu-
TeNbHas OuOanorpadust MOMOXKET YHTATENIO MOAYYHTb 06 3TOM
6osiee neTanbHOE MpPEACTABJNEHHE, a TaKXKe Jyulle MOHATH POJb
H MeCTO MeTOAa KOHEYHBbIX 5JIEMEHTOB B NPHK/IAAHON MaTeMaTHKe,

IIpu nepeBofe GBIIM HCIpaBJEHH 3aMeUEHHBIE ONMEYATKH H
MeJikHe TOTpeIlHOCTH, B GHOaHOrpacdHH HeKOTOpHe 3apybexnnle
paboTe CHa6XEeHHl CCHIKAMH HA HX PYCCKHe NepeBOAH], a Nepe-
BOABI COBETCKHX paloT 3aMeHeHbl OpHTHHAJIAMH. '

H. H. fnenko
20 anpeas 1979 r.



3nn u duone

NPEAUCITIOBUE

MoXHO cyHTATh OGIIENPH3HAHHKIM, YTO METOA KOHEUHHIX 3JIe-
MEHTOB sBaAsieTcss 3¢ (eKTHBHEIM cnoco60M YHCAEHHOTO pelleHHs
auddepeHnHANbHBIX YPABHEHHA ¢ YACTHBIMH NPOH3BOAHBIMH. DTO
B 0COGEHHOCTH BepHO AJs 3JIHITHYECKHX ypaBHeHHi, rae cpasy
NPOsIBHJIHCh €r0 NPEeHMYIUeCTBAa MO0 CPABHEHHIO C KOHEYHO-Pa3HO-
CTHBIM MeToAOM. MeToJ KOHEUHBIX 3JIEeMEHTOB CJYXHT XOPOUIHM
NpHMepOM BecbMa TPYZAHOH TeMH, pPa3BHTHe KOTOPOH €Tano BO3-
MOXHBIM TOJbKO 6/1aroapsi TECHOMY COTPYAHHYECTBY MEXIY HH-
JKEeHepaMH, MaTeMaTHKaMH H CIENHAJHCTAMH 1[0 YHCJEHHOMY
anann3y. IIpuHUMasi BO BHHMAaHHE LIMPOTY HHTEPECOB ero NpH-
BEpKEHLEB, HETPYAHO MOHATb, MOYEMy IO MeTOAY KOHEUHHX
9JIeMEHTOB He HAMHCAHO KHHTH, KOTOpAasi OTpPaxana Obl JOJKHLIM
o6pasoM Bce BO3pacTalouil MOTOK NMyGAHKAnHH, eMy TOCBSIIEH-
Heix. Llennio Hameli KHATH GBIJIO 3aMOJHHTH Mpobes MeXAy XO-
pouio u3BecTHHIMH paboraMn 3enkeBHua (1975) m Crpenra u
®ukca (1977), B KOTOPHIX COOTBETCTBEHHO HALINH OTpaXKeHHE
3a0pOCHl HHXXEHEPOB H MATeMAaTHKOB. B crapHHHOM crnope o cpas-
HHUTEbHBIX NPEHMYILECTBAX METONOB KOHEUHBIX PA3HOCTEH H KO-
HEYHBIX 3/IEMEHTOB MHBl HE CTAHOBHMCSI HM HAa OIHY CTOPOHY —
Hac BIIOJIHe YAOBJETBOPSET, YTO €CTh ABAa TAKHX MOUIHBIX MeTOAa
YHC/IEHHOrO pelteHHs AHGdepeHnHaNbHEIX YPaBHEHHH ¢ YACTHHIMH
IPOH3BOXHBIMH.

Bosabiuasi yacTh KHATH NOCTYNHA CTYIEHTAaM COOTBETCTBYIOIUX
MaTeMaTHYECKHX H HHIKEHEPHBIX clelnuajbHocTefl. Jlisi ee MOHH-
MaHHus He TpeGyeTcsi crenHaNbHRIX MATEMATHYECKHX 3HAHHH, BH-
XOAAIIMX 33 PAMKH OOBIYHBIX KYpCOB JHHEHHOH anrebpbl M aHa-
au3a. MckmioyeHnem siBisieTcsl T, 5, KOTOPYIO MpH NMepBOM YTe-
HHH MOXHO ONyCTHTb. [HIB6EPTOBO MPOCTPAHCTBO H TOHATHA H3
(OYHKUHOHAJIBHOTO aHAJH3a HCHOJB3YIOTCS HA IPOTSMKEHHH Bcel
KHHUTH TJIaBHHIM 06pa3oM mJisi yHHPHKALHHE H3JI0XKEHHsI MaTepHa-
Ja. Ho Mu mpeamosiaraeM, 4To y YHTaTe/si e€CTb ONpeleseHHHE
HaBHIKH TpakTHYecko#l paGoTh ¢ auddepeHnHaJbHEIMHE ypaBHe-
HHSIMH B YaCTHHIX NPOH3BOAHBIX —TOJBLKO B ITOM cJyyae Hama
KHura 6ygmer aas Hero meficTBHTENbHO noJe3nofl. Tak Kak oTnpas-
HOH TOYKOH AJIsi HAC yamle SIBASIOTCA HE YPaBHEHHS C YaCTHRIMH
NPOM3BOAHBIMH, 4 TOT MJIH HHOH BapHALMOHHBIA NPHHIHI, TO B
KHHTY BKJIIOYEHa IJ1aBa O BapHANHOHHHIX NPHHIHNAX C HETajb-
HBIMH CCblJIKaMH Ha GoJiee noapo6GHble pYKOBOJCTBA.



Mu HafeeMes, UTO KHHra OKaxeTcs IOJe3HOH H /s cnenHa-
JIUCTOB, IPHMEHSIIONIUX METOX KOHEUHHBIX 3JIEeMEHTOB Ha MpPAaKTHKE,
C yyeTOM HX HHTEPECOB MeTOJ KOHEUHHIX 3JIeMEHTOB H3Jaraercs
B CaMbIX pasJIMUHBIX BapHaHTax (a uMeHHO: B ¢opme Purua, la-
JIEPKHHA, HANMEHBIIHX KBAaAPATOB, KOMJIOKALHH), @ B I'l. 4 NpPH-
BOAHTCA GoJiblloil HA60p BO3MOXKHHIX 6asHcHBIX QYHKIHH, KOTO-
pble MOTYT GHITh HCIOJIb30BAaHBl B KaXKIOM H3 3THX BapHAHTOB.
Yro6u c6anaHCHPOBATH BKJIOYEHHE TaKoro 6osbuioro mo o6meMy
IPAKTHYECKOr0 MaTepHasa, MB HOJHOCTHIO ONYCTHJIH 34KaYH HA
cob6cTBenHble 3HaueHHs. HexkoTopHM ompaBpaHHeM 3TOro Iiara
CJIYKHT TO, YTO 3aa4d Ha coOcTBeHHbIe 3HAUeHHS B 6JIM3KO# HaM
~'l(‘paKTOBKe noapo6HO H3n0XKeHH B Ii1. 6 kuurn Crpenra n Pukca

1977).

BuGauorpadus Gel1a orpaHHyeHa TOJbKO TeMH paboTaMH, Ha
KOTOpble B KHHTe AeJaloTCsi CCHUIKH 1Mo cymecTBy. Bosee mosnas
6u6Horpadus M0 METOAY KOHEUHHIX 3JIeMEHTOB HMEETCs B KHHre
Yaiitmena (1975). YuuThiBasi BOSMOXKHBIH HHTEpPEC YHTATENs, MHI
BKJIIOYHJIH B Halll CIIHCOK JIMTEPATYPH MOC/AEedHHEe MOHOrpadHH H
TPyAbl KOH(epeHuu#, MOCBsILEHHbIE TVIABHERIM 006pasoM MeTomy
KOHeuHbIX 3JeMeHTOB (cM. 3enkeBuyu (1975), Asuz (1972), Onen
(1976), Ctpenur u ®ukc (1977), ['pam (1973), Jlankacrep (1973,
1976), Munaep (1973, 1975), Ya#irmen (1973, 1976), Yorcon

1974, 1976), ne Byp (1974), Ogen, 3enkeBnu, lannarep u
efisiop (1974), Ilpenrep (1975), Xa66apn (1971)).

Bonbmas yacts Marepuasna 3TOH KHHI'H H3Jarajach B BHJE
JIeKUHH 17151 aCTHPAHTOB H CTYJEHTOB MaTeMAaTHUECKHX CIENHAJb-
Hocreil B yHuBepcuterax Jauau u Jlusepnyns. Kpome toro, mep-
BbIH aBTOp MO npHryameHdio MHCTHTYTa aTOMHON 3HepTHH YHTAN
JIEKLIHH 110 MarepHaay ri. 2 u 4 B HCTUTyTe BHCIIHX HCCI€40BA-
unit HATO B Kbenepe (HopBerusi) B 1973 r., a Bropoii — Jekuuu
no marepuaJy ra. 3, 5 u 6 B 1973 r. Bo BpeMs cBoero npe6riBa-
tins B TexuudueckoM yHuHBepcHTeTe [lanum.

Mb! BecbMa NpH3HATe/NIbHB HALIAM KOJIIETaM H GLIBILHM CTy-
JleHTaM 3a Te MOJIe3Hble OGCYXKIEeHHs, KOTOphie NMPOBOAMJIHCHL B
gpouecce NOArOTOBKH 3TOH KHHrH. MH oco6enHo 6GaarogapHhl

06y Bapnxunay, Jlorapy Konnaruy, Hasuny Tpuddurcy, Hup-
Ky Jlaypu, Ixkexy JlamOepry, Ierepy Jlankacrepy, Pobuny Maxk-
geony, Fmny Crpenry, Onxuny Yaucnpeccy, JxuMy Yarty H
ﬁ,nexy 3enkeBHuy. M, nakonen, mMbl 6aarofapunl Pos JlagxoH u
Hopun Msnnu, kotopre ¢ GOMBIOA TLIATEJLHOCTHIO mepeneya-
TaJH PYKOMHCh,



FNABA 1
BBEQEHME

1.1, AnnpoxXcHMAaKHs KyCOYHO-MONHHOMHAJAbHBIME QYHKIHAMU

PaccMoTpuM BHayane 3afayy o6 amnpoOKCHMAUHH BelleCTBeH-
HOH GYHKUMH f(x) HA KOHEYHOM HHTepBane ocu x. OfHH H3 mpo-
CTHIX CMOCOGOB pelleHHsl 3TOH 3aayH COCTOHT B pa3GHEHHH HH-
TEpBaJNa Ha HEKOTOPOE YHCJIO HeMepeKpPHIBAIOIIUXCS MOAbIHTEpPBA-
JIOB M JIHHEHHON HHTePNOJALHH MO 3HaYeHHaM OCyHruuH [(x)
B TPAaHMYHLIX TOYKAaX MOALIHTepBaJoB (cM. pHc. 1(a)). Ecam
HMeeTcs A NOXBIHTEPBAJOB (x4, Xiy1] (1=0,1,2,...,n—1), TO
KyCOUHO-IHHeHHAsl anNpoOKCHMUpYIoUlas (QYHKIHSA 3aBHCHT TOJb-
KO OT 3HaueHH# QyHKUHH fi(=f(xi)) B y3/0BHX TOUKaX x; (i =
=0,1,2,...,n). B Tex 3anauax, rae f(x) 3agaercs HesiBHO ypas-
HerHeM (IHGGepeHUNAaNbHBIM, HHTETPAIbHEIM, QYHKIHOHAJIbHEIM
M T.]1.), 3HaUeHHS [; ABASAIOTCA HEH3BECTHHIMH NapaMeTpaMH 3a-
Iauu. B 3asaue HHTepNOJAMH 3HAYEHHS f; H3BECTHHl 3apaHee.

Ha noabinTepBane [xi, Xit1] COOTBeTCTByIOLlasi YACTh aMIPOK-
cuMHpyonel GyHKUUH onHchiBaercs GopmyJsion

PR®) =0, () +B )y (5, Sx<xyy,) (L)

rie
xH_l -_—X
() =—-"—7
1%
CrnenoBarenbHO, KyCOYHasi aMIPOKCHMHDYIOIAst PYHKIHS HA HH-
TepBane xp << X << X, 3ajaercs Gopmysof

X—Xx
H Bi-!-l(x):';:l_—ixi_(i:()’ 112’ 00‘:”’—1).

n
)= 2 @:(x)fi, (1.2)
rae
X — X
q)o(x)={7r—_x°— (<x<xy)
0 (0 < <),
0 (o <X <Cxy)
T wa<esw)
@ (x) = Xy =% (1.3)
EWCER (6 <x < xp40)

0 i <x K xy),
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{ 0 (oo Sx < xp-1)
X) = — Xn-
% () Tl (G ST

AIBJIIIOTCST TMHPAMHAANBHBIMH QYHKIHAMH, H306pa)KeHHHIMH Ha
puc. 1(b). INupamunanvHbie ¢GyHKuHH, 3afaHHBE (GOPMyNaMH
(1.3), npencraBasioT npocrefimuit THn 6asHcHEX (yHkumi. Ot-
METHM, B YaCTHOCTH, u4t0 6a3ncHule GyHKuuH @;(x) (i=1, 2, ...

£(x)
]
cadl J
Xo X1 "2 xs n2 a1 Xn
a
Puc. 1 (a).
q)‘.(x)
\ / ’
)
o M K N Xy %%
b

Puc. 1 (b) .
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..., n—1) paBHH HyJI0 BHe HHTepBana [xi, Xi1] HAH, K&K
rOBOPST, HMEIOT JIOKAJbHHIH HocHTeab. B 3Tod KHHre 6yayTCcTpO-
utbesi 6a3sHCcHBIe YHKIHH Pa3HYHON CTENEHH CJOXHOCTH, OXHA-
KO BCerAa C JIOKaJAbHHIMH HocHTeasiMH. OCHOBHBIM CBOHCTBOM
GonbuinHCTBA 6a3HCHBIX (QyHKuMH sBAsieTCS TO, YTO OHH PaBHH
eIHMHHIE B HEKOTOPOH y3JIOBOH TOUKE W PAaBHH HYJI0 B 6OJbIIHH-
CTBe NPYTHX Y3JIOBHIX TOUYEK.

Boo6ute roBopsi, mepBHe INPOH3BOAHEIE KYCOYHO-TOJHHOMH-
aJbHOH anmpokcuMupyiome# ¢yHRuuu p;(x), 3amaHHO# GopMy-
noit (1.2), ornuualores or mnepBoil mpou3BOAHOW f(x) Aaxe B
yainax. Tenepb mnomnbitaemcs MOCTPOHTh KYCOUHYIO alIpOKCHMH-
pylomyio (yHKuuio, Koropas coBmajaana Obl BMecte c mepBoi
npou3BogHOH ¢ f(x) B ysnoBHX TOouKax x; (i=0, 1, 2, ..., n).
JIpyruMHu CJI0BaMH, Mbl JOJIXKHB MOCTPOHTb KyCOYHO-KyOmuecKuii
MOJHHOM pP3(X), TaKOH, UTO

D*f () =DFpy(x)) (k=0, 1; i=0,1,2, ..., n),

rae D =d/dx. Ha noawuTepBane [xi, xiy;] cooTBeTcTByIOUmlAS
yacTb KyOHYECKOTO AanmpOKCHMHPYIOIIEro [OJHHOMA 3afaercs
tdopmyJoh

PP () =0, () 4+ B, ) Frpy + ¥, D F 40, () iy (19)

rae .
(%1 = )2 (Fig— %) +2(x — x)]

@y (x) = (xl+l p— x‘)a ’
xR = x) +2(x — 9]
B‘+l (x) (xl+] — x‘)3 ’
- —x)2
v =Ll (1.5)
+ :
(F—x)? (x—xy40)
S =
141(2) (*ip— )
(i=01,2,...,n—1) nwrpux o3navaer audpdepenunpopanne

no x. Kycounas anmpoxkcuMHpyiomas (YyHKIHs Ha HHTepBaje
Xo << X < X, 3ajaetcs dopmyaok

n
Py (1) = X [90 (1) f,+ o> () 7], (1.6)
rne Ky6udeckre monuHoMu ¢ (x), @V (x) (i==0, 1, 2, ..., n)

aerko nodyuaiores u3 (1.5). Basuchue dynkuun @ (x) v ¢{? (x)
(i=12,,,,,n— 1) H306paxkeHHl Ha pHC. 2,
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Pne. 2.

Basucubie dyukuuu B Boipaxenusx (1.2) u (1.6) nossasiorcs
IpH PAaCCMOTPEHHH YaCTHBIX CIYYaeB KYCO4HOU 3PMUTOBOL UH-
Tepnoaayuy (WX anMpOKCHMAalMH) AJs 3aJaHHOTO pa3bueHHA
unTepBana. Ilycte Temepb B obuieM caydae II: a=xo<<x1<<...
... <X,=> ecTb NpoH3BOJbHOe pa3bueHUe HHTepBaja R =
=|[a, b] na ocu x. Ilaa meJoro moJOXKHTENLHOrO m U pa3bHeHUs
uurepBana Il o6o3naunm yepes H = H™ (II, R) MHOXeCTBO Bcex
JLeHCTBUTEJNbHBIX KyCOYHO-TONUHOMHKABHBIX GYHKIMA @ (x), ompe-
JeJeHHbX Ha R, TaK, uto w(x) & C™'(R) u w(X) ecTb MOJHHOM
crenedd 2m—1 Ha KaXAoM MoAbIHTEpBane |[xi, xiy;] HHTEpBa-
aa R. IIns moGoll 3anaHHoON HeHCTBHTeNbHOH GyHKunH f(x) &
e C™-1(R) KycouHast 5pMHTOBA HHTEPMOJSILHA OXHO3HAYHO OIIpe-
JenseTcsl KaK Tako# s/MeMeHT pem—1(X) € H, ana KoToporo

0<kssm—1
Dkf (xi) = ka2m—l (xi){ EO < i <n’;’: ) (l°7)

YacrHble cayuan npy m = 1, 2 yxe ObIJIH PaCCMOTPEHH BHIINE H
npuseau K 6asHCHBIM (QYHKIHSM, BXOAAIINM B Bhpaxenus (1.2)
u (1.6) coorBercTBeHHO. OUEHKH OMIHGOK JJISI KYCOYHBIX 3PMHTO-
BBIX NpHOJHKEHHH npHBOAATCS B paGore Bupkroda, Ulyabna u
Bapru (1968).

B 3apauax, rpe Tpebyercs onpemesHTb TOJbKO f(x), yacro
ObiBaeT HexesnaTeJbHO BBOAHTb B KaueCTBe AOMOJHHUTEJBbHBIX Na-
paMeTpOB MPOH3BOJHLIE f(X) U TeM CaMbIM 3aMETHO yBeJHYHBATb
NOPSAJAOK CHCTeMB ypaBHeHMH, KOTopas HOJIXKHA pemartbes. Ilo-
3TOMY BeCbMa IKeJaTeNbHbIM CBOHCTBOM KYyCOYHHIX (yHKuuH
ABJISIETCS HENMPepPLIBHOCTh MPOU3BOAHKX B TOUKAX CHIHBKH MOJIH-
HOMOB Ge3 BBeJIEHHs 3HaueHHH NPOH3BOJLHBIX B KA4eCTBE JOMOJHHU-
TeNbHbIX HEH3BECTHHIX mapameTpoB. IlpocrefiuiuM npumepom Ta-
KOTO NMOAX0/a NpeAcTaB/seTcs MoAGOP HA KaXKAOM NOALIHTepBaJe
(%, xip] (i=0,1,2, ..., n—1) TaKo#t napa6onsl, yTo6H mep-
Bbl€ NPOH3BOAHbIE OBUIM HEMpPEepHBHB B KaXIOH BHYTpEeHHEH y3-
7oBO# Touke x; (i=1, 2, ..., n—1). Ynobuyw dopmy Takoii
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KYCOUHON amnpOKCHMalWH MpeACTaB/seT KBaJApaTHYHHA cnaadn

SO =1, + é:T:—f;T (k—x)F e, (x—1)(x—%,,) (L8
(i=0,1,2 ..., n—1),

e H3 HeNpepLIBHOCTH MEPBHX MPOH3BOAHKIX CHERYET, UTO
1 R
cteii=5r(fipi—2fi+Fio) (=12 ..., n—1), (L9)

a pa3GHeHHe HHTepBaja MNpeANoNaraeTcss PaBHOMEpPHHIM C Ila-
rom h. Cucrema (1.9) npencrasnser co6oit n — 1 JuHeAHHIX cO-
OTHOLIEHHHA OTHOCHTEJbHO HEH3BeCTHHIX Ko3(¢HuHeHTOB ¢; (i =
=0,1,2,...,n—1), u n09TOMY B Cyyae KBajpaTHYHHIX CILIal-
HOB oOcTaeTCcsi CBOGOAHHM ofuH Ko3dduuuentr. Ilockoabky
SP"(¢)=2c, (i=0,1,2 ..., n—1), snanue BTOpofi mpous-
BOJHOMN B JI060fi TOYKe MOJHOCTBIO pelliaeT 3aaavy.

HanGouabinee npuananue mosyyus kKyGuueckui cniafin '), njas
KOTOpOrO NpH 3afaHHBIX 3Hayenusx f; (i=0,1, 2, ..., n) Ha
KaxJOoM NOJABIHTepBaJje NOAOHPAIOTC KyGHYecKHe MOJIMHOMH, Ta-
KHe, YTOOH NepBas H BTOpas MPOH3BOJHHE OLIIH HEMmpepHBHH
BO BCeX BHYTPeHHHX y3JoBbx Toukax. Ecan 8@ (x) (i=0,1,2...
..., n—1) ecTb HcKOMHH KyOuueckuit cniafiu, To ¢yHKUHA
SP”(x) momxna GuITh MUHEHHOR Ha [Xi, Xiy1), H MOSTOMY

X -_X X—x
0 (x) =, At ST (= -
S (x)=c, e T Er—ry (¢(=0,1,2 ..., n—1),

TAe Ci, Ciy1 SBAAIOTCA 3HAYEHHSIMH BTOPHIX MPOH3BOAHHEIX B TOY-
Kax X;, Xi;; COOTBETCTBEHHO. JT0 oGecneyHBaeT HempepHBHOCTD
BTOPLIX NMPOH3BOJAHHIX BO BHYTPEHHHX Y3JIOBHIX ToYkax. HMcnoss-
3ysl IONOJIHHTEIbHEE YCJIOBHA

SP (x) =1,

S (*141) =i } (=012....n=1

SE-Y (x)=S8¢(x) (=12 ..., n—1),

1) TMpun h—+0 Ky6uueckrA cnaafin paBHOMEPHO CXOAHWTCA K ANNPOKCHMH-
pyeMo#i GyHKUHH ngn YCIOBHH JOCTATOUHO ee raaaxocTH. Ksaapatnynue
cnaafiHe TakHM CBOMCTBOM He o6namalor. Bcin, HanpuMep, Ha JeBOM KOHue
HHTepBaja 3afaTh BTOPYI0 NMPOH3BOAHYIO, TO MO Mepe NPHOGJHXKEHHS K mpa-
BOMY KOHLY 3TH CN/IafiHH HAYHHAIOT OCHHN/IHDOBATH, TeM CHJbHEe, 9eM MeHb-
we h. — [Tpun. nepes.
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nonyyum KyGuuecKufi cnaafin B BuJe
S (x) = % 3 i+1 3

8 (x)__(xt+1 N+ (x—x)+

L T x>+(f‘“— Bt (x—x) (1.10)
(i=0,1,2, ..., n—1),

rie cerka npennonaraeTca paBHOMepHOH, 2 n 4 1 kKoabdunuen-
ToB ¢; [{=0, 1, 2, ..., n) ynoBieTBOpAIOT cucreMe n— 1 JH-

HeAHBIX coomomennﬁ

01+1+401+01-1=7§z‘(f{+1—2f1+fz-|) =12 ..., n—1)
(1.11)

Hpa cBoGoaHHIX mapaMeTpa B ciyuae KyGHuecKoro cmijakna ua-
CTO MCKJIOYAIOT, moJjaras ¢o = ¢, = 0, U MO3TOMYy ApyrHe mapa-
MeTpH OAHO3HAYHO ompepeasiorces H3 (1.11).

Bosiee ecrecTBeHHBIM MpejcTaBaeHHeM KyOHuecKoro cmiafiHa
npH paBHOMepHOM pa3buenun uuTepBasma [ = [0, b] sBaseTcs
BHIpaXKeHHe

() meta(§) +a () +alF)+

n—1
+Y 6 (55, i

Ssm]

Loy Ge
(h )+ l-",{——s (%>s).

Herpyano mokasaTe, uto ¢ynkuus S;(x/h) u Bce ee mpOM3BOA-
HBle, KpOMe TpeTbefl, HEMPePLIBHH BO BCEX BHYTPEHHHX Y3JOBHIX
Toukax x; (i=1, 2, ..., n—1) npH Bcex 3HaUeHHAX n 4 3 Ko-
sbbuuHeHTOB g, O, O, A3, Bs (s=1, 2, .,., n— 1), Ycaosue

s;GD)=t @=0,1,2 ... (1.13)

naet n + 1 jguuefinbix cootHomenuit ais n 4 3 koadduureHnTos,
H MO3TOMY OCTAlOTCA JBa cBOGOAHBIX mapamerpa. Cucrema juHeii-
HBHIX ypaBHeHHH CBOJAMTCA K BHJIY, NPHBEIEHHOMY B yIpakHe-
Huu 4, Eciim ky6nueckufi cnnafin (1.12) Bmecre ¢ aByMs cBoGoz-

TAe.
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HRIMH llapaMeTpaMH Tenepb NMPpelCTaBHTh B BHAE

si(§)= i}:hci (£). (L.14)

rae Ci(xi/h)=1, Ci(x;/h)=0(j*i), (i, j=0, 1, 2, ..., n),
TO NOJyYyaercs, 4YTO OCHOBHHe chiiaiiunl C;(x/h) He uMelwoT JO-
KaJlbHOTO HOCHTENS H He ABJAKTCH YAOGHHIMH AJA NPaKTHKH
6a3ucHEIMH QyHKUHAMH.

Ky6uyeckue cmIafiHE C JIOKaJbHHIM HOCHTEJEeM MAJHHH 4h
6nn npepyoxensl LIén6eprom (1969) kak ynoGuble Gas3uCHBIe
¢ynkuuu. Jaa y3/a0BHX Touek x =ih (i=2,3,..., n—2) OHH
HMEIT BHI

B;(—:—)=-:—[{—‘;——(i—-2)}i~—4{—,’5——(!—1)}1+
+6{——z}1—4{—';——(i+ l)}i+{%-—(i+2)}i]. (1.15)

dtu tbyﬂxmm H JBe HX IlepBbleé NPOH3BOAHLIE PABHH HYJIO NpPH
—oo <l x/h<<i{—2m z+2<x/h << 4o0. Kpome ToOTO,

Bii—)=B,(i+1)=<, B@)=1 (=23,..., n—2).

Ocranbrble dyukuuu Bo(x/h), By (x/h), Bn_y(x/h), Ba(x/h) Tpe-
OyioT cnenHaspHOro paccMorperus. Ilosaras

s(5)= 5, (3) @10

u comocraBisa npasble yactu (1.14) u (1.16), MH mosiyyuM Tpex-
LHaroHaNbHYI0 CHCTeMy JHHEHHBIX YPaBHEHHA NJs OmpejeseHHs
kospduuuentoB y; (i=0, 1, 2, ..., n), Bxogauux B (1.16).
BoabwHACTBO ypaBHeHHit 3TOH CHCTEMBI HMeeT BHA

Vit T Ot vio)=f (=23, ..., n—2).

Heymepras annpoxcumayus

Teneps paccmoTpuM 3anauy 06 annpokCHUManuH AeHCTBHTEb-
HOfl (YHKUHH KyCOYHBIMH HeNpepHBHHIMH (YHKUHAMH Ha Orpa-
HUYeHHOH o6aactu R c¢ rpanune#t R, O6aactb pasbuBaercs Ha
HEKOTOpOe YHC/O 3JeMeHTOB. B aToMm pasmesne paccMarpuBaioTcs
o6nacTH, HMEIOUHe BHA NMPAMOYroNbHHKA HJIH MHOTOYrOJbHHKA.

1) Hpamoyeoreras obracts. CTOpoHsl Tako#t o6aactu mapaJ-
JIe/IbHLL OCAIM X H Y, M OHA pasOHBAETCA HA TaKue XKe NPAMOYrob-
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J

0 ~1 i+ m
Pnc. 3.

Hble 3/IeMEeHTHl MPAMBIMH JHHHAMH, NapajelbHEIMH ocaM. [TycTh
[x0, xm]) X [Yo, Yn] ecTb mpamoyronbHas obaacts H [xi, Xiy1] X
X 1Y), Yi+1] ecTb THONHYHBLIA NPSMOYTOJNbHBIH 3JE€MEHT, I'le Xiy —
—xi=hayn—yY=hi<i<m—1,0<j<n—1) (cm.
puc. 3). Bununefinaa dopma, mpubmuxaromas ¢ynkuno f(x,y)
.Ha MPAMOYroJbHOM JIEMEHTe, HMEeT BHI

p(l" Nx, y)= e (x, y) fg, i + BH.], f (x, v) fi+l'l+
F ¥ pe1 (6 P Foje1F 8041, g1 (65 9) Frpr e (L17)

L6 |
[T (x’ y) = Tk (xl+l - x) (yl+l - y),
1
Birr s (% 9) = 57— (x — %) (441 — 9),
1
Vi, 141 (6 9) = Fo= (K01 — %) (Y — ¥))
"

1
Sivr g1 (6 )= g7k —x) (¥ —y)

Oi<m—1; 0<j<<n—1). Kycousas annpokcuMupyio-
was QyHKuHa B obaacTu [xo, Xm] X [Yo, yn] 32amaeTca Brpaxe-
HHeM

pi(x, y)==i§”§0%. 1 (& ) Fuge (1.18)

Basucuue ¢ynkunn @i (v, y)(I<is<m—1; 1<j<<n—1)
o6paiaoTca B HyJb BCIOLY, 38 HCKIKOYEHHEM NPAMOYroJabHOf 06-
aactu  [xi—y, Xi41) X [¢i-1, Yj41], H MO3TOMY HMEIOT JOKaALHHN
HocHTeNb (CM. ympaxHenne 6 u puc. 3).



1.1, ANNPOKCUMALMA KYCOMHO MONMHOMMANBHLIMU (HYHKLMAMU 17

Puc. 4.

ToJMBKO 49TO pacCMOTpPeHHBIt ciydafl fBJASeTC NPOCTeRIIHM
NpHUMepOM KYCOYHO!H JBYMepHOH 3PMHTOBOH HHTEPHOJNAUMH (HJIH
aNMmpOKCHMAalMH) Ha NMPAMOYroJbHO# o6saacTH, pasbutoll Ha mps-
MOYIOJNIbHEIE 3JIeMeHTH. B ofueM ciyuae mjaa J06Oro Iesaoro
TNIOJIOXKHTEJNbHOr0 yHcaa [ u Jioboro pa3GHeHHS MpAMOYroJbHHKA
R Ha mpaMoyrosibHbe 3jJeMeHTH 0003HauuM uepes H = H®(R)
COBOKYNMHOCTb BCeX JeACTBHTEJNbHHIX KYCOYHHIX [OJHHOMOB

g(x, y), onpenenenHux Ha R, Tak, uro g(x,y)e C-L*-(R) u
g(x, Y) ecTb MOJHHOM cremeHy 2/ — | Mo KaxXXJOMy nmepeMeHHOM
X ¥ Y Ha KaXKIOM NPAMOYTOJIbHOM 3JieMeHTe [xi, Xit1] X (y;, y,.,.,{
O<is<m—1, 0<<j<<n—1) obaactu R. daa mwb6oii 3a-
naHHo# meficTBuTenbHOH (yHKIMU [(x,y)s Ci=1, 11 (R) cyue-
CTByeT  €[UHCTBEHHbI  KYCOUHBI!l SDMHTOB  HMHTEPHOJSHT
pa-1(x, y) = H, onpegensieMulfi YCJIOBHAMH

D® Of (x4, y;) = D® Dpyy_y (x5, y)

mpuBeex 0<p, < I—1,0<< <Km—1,0<j<n—1.Ya-
cTHIft cayuaft /=1 6uI yxKe paccmorpen BHILIe H JaeT GHJIH-
Hefinple 6as3ucHble QYHKUMH, BHJA KOTOPHIX YKa3aH B ympaxHe-
Hun 6. Cnyuait /! =2 pasbupaerca B ynpaxnenuu 7. Uurarens,
HHTepecyIOLIerocsi MHOJyYeHHeM OLEHOK OMHGOK I AByMepHOM
3PMHTOBON HHTEpPNOJAUNH, MB CHOBA OTChlaeM K pabore Bupk-
roda, Hlyabna n Bapru (1968).

2) Mmuozeoyeonrvhan obaracre. Tlox sTuM nonuMaercs au6o 06-
JacTs B (hopMe MHOroyrojbHuka, Jub6o anmpoxcuMamus obaactu
apyrofi ¢opMe. MHOroyroJbHHK NPOH3BOJIbLHEIM 06pasoM pa3bu-
BaeTcs Ha TPeyroJibHuie djeMeHTH. [l THIHYHOrO TPeyroJbHOro
sjeMeHTa ¢ BepminHamu (X;, y¥:) (i=1, 2, 3) (cm. puc. 4) nau-
Hefinas dopma, npubmxkawomwas GyHKuHo f(X, y) Ha Tpeyrob-
HOM 3/leMeHTe, HMeeT BHI

3
pilx, y)= Z o (x, ) fi, (1.19)
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rae fi=f(x,y) (=1, 2, 3). Kospdunnentnt a;(x,y) (i=
== |, 2, 3) sapatorcs popMynamu

a (%, §) = -51',—3 (T3 + Masx — Eaat),
ax(x, §) = 71— (T + Mor¥ — Eaut), (1.20)
a3 (x, )= ‘CIIT (Ti2 + Miox — E12y),

rae |Cizs| ecTb yaBoeHHas Mmioliajb TPeyrofbHHKA, a

Ty =Xy — XY,
Eyj=xi—x),
Ny=Y;i — Y (l,]=l, 2: 3)'

Pasymeercs, dbynkuun (1.20) sSBIAIOTCH TOMBKO YaCTAMH MOJHBIX
6asucHbIX (YHKUHH, CB3AHHEIX C BepLUMHAMH TpeyroJbHOH ceT-
ku. [Tomnass 6a3ucHas (yHKIHA OTHOCHTEJNbHO HEKOTOpOfl Bep-
UIMHB MOJyYaeTcsl MYTeM CYMMHPOBAaHHSA dacTel, CBA3AHHEIX C
TE€MH TPeyroJbHHKaMH, KOTOpPHE IPHMLIKAIOT K 3TOH BeplUHHE,
Hanpumep, Bepiminna 1 Ha puc. 4 UMeeT NATh NPHMBIKAIOUHX Tpe-
YrOJbHHKOB, H NO3TOMY 0as3ncHas (yHKUHA, COOTBETCTBYIOLLAA
9TOH BepUIHHe, 6yNeT COCTOAThL U3 NATH 4acrell. [TosHas 6a3ucHasn
(hyHKUHA OKa3nBaeTcs MHPaMHIAJbHOM.

Ynpaxcnenue 1. Ilokaxure, 4To KyOGHUeCKHi NMOJHHOM ps(X),
KOTOpHIl MPHHHMaeT 3HayeHHus

p3(0)=fov p3(1)=fp p;(0)=f6v p;; (l)=f{»
onpenesnserca dopmyJon

)= =21 +20)f+x(1 —xPfe+ 2@ —20) f, +
+x2(x—1)f],
Ynpascrenue 2. Vicnonb3yfiTe pesyabTaT ynpaxueHus 1, yro-

6nl moayyuTh Ko3dduuuenTn B mpeacraBmennu (1.4) H Tem ca-
MBIM NOAYYHTb 6asucHble GyHKUuH, Bxoaamue B (1.6).

Ynpaxcnenue 3. TIpuMeHsas HaMeUeHHHH B OCHOBHOM TEKCTe
MeTOJi, MOJIYYHTE BHIpa:KeHHe AJa KyOHuueckoro cniaiiHa B popme
(1.10), rae koabdbunneHTH onpenensiorca coornomenusmu (1,11),

Ynpaxcnenue 4. Ipumensas ycaosue (1.13) k cmiafiny Buaa
(1.12), mokaxuTe, 4TO CHCTEMa ypaBHeHHH AN ONPeNeseHHs
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Bxoasuux B (1.12) kosdoduueHTOB HMeeT BHI
ﬂl—l+4ﬂi+ﬁl+l=64fi (i=2’ 3’ seey n—2)’
6a, + 58, + B, = 87 32
20y + 63+ B = 8%,
o+ as+ a3=6f|/2,
o= fo,

rae § ectb OGBIYHBIN onepaTop B3sATHS LEHTPAJIbHOH Pa3HOCTH.

¥npascrenue 5. Pelute cucTeMy ypaBHeHHH ympaKHeHHs 4
npu oy =oz =0 u n=4. [lokaxure ¢ nomompbio (1.14), uro

B 3TOM CJyuae
X x 3 x 3 x 3
e(F)=>G-1) -8(5- 2), +37(5—3),
Hapwucyiite npu6/uKeHHbH rpa@uK ocHoBHOTO cnyaiina Cap(x/h)

npu —oo << x/h < 400 u NMOKaxHTe, 4TO €ro HOCHTeJNb He fB-
JeTCH JOKaJbHBIM.

Ynpacnenue 6. Ilokaxure, 4TO A eTHHUYHOrO KBajapaTa
npu [ =1 6a3ucHbie (yHKIHH, COOTBETCTBYKOLIHE BHYTPEHHHM
y3JaM, HMeIOT BUJI

[~ =]l ~a-1]

[ - = ollo+0—4]
(—i1<g<si<i<i+n)
% =) e+ n—£][£—G—1)]
(i<-%—<i+l; j—l<%<;)
[¢e+v—F][0+Dn—F]
((<F<it+ii<é<i+i)

0 NMpH BCeX APYTrHX 3HAYEHHAX apryMeHTOB,

rmel €, jsm—1umh=1.
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Ynpascnenue 7. Ha enuHHYHOM KBajgpaTe PacCMOTPHTE IOJH<
HOM

3 3
glx, =2 X a2y
r==0 s=0

Brripasute Bce k09 duuueHTH ars(0 << r, § << 3) uepe3 3HayeHHS
byukuuh g, 0g/0x, 0g/0y u 0°g/0x0y B 4yeTHpex yriOBHX TOY-
Kax kBajapata. [TokaxkuTe, 4TO pe3y/JbTaThl 3THX BHIYHCJIEHHH
MOTyT GHITb HCNOJIB30BAHH I HAXOXJAeHHs 6a3uCHBIX yHKUHiA
B cayuae [ =2 obuleii TeopHuH ABYMepHOH 3PMHTOBOH HHTepIO-
JAUMH HA MPAMOYToJbHOR 06macTH, pa36HTOH HAa MPAMOYTOJbHHE
3JIeMEHTH.

1.2. ®dyHKUHOHAAbHBIE MPOCTPAHCTBA

StoT maparpad conepKHT BBefeHHe B MaTeMaTHUeCKHe CTPYK-
TYpbl, HEOOXOAMMEIe JJ5i MOHUMAaHHS TeOPeTHUeCKHX acCIeKTOB
MeTOla KOHeUHHIX 5JIeMeHTOB. ByneT u3joxeH TOJbKO caMHi He-
0GXONUMBIN MaTepHaJ, a8 HHTePeCyOIEeMyCcsl YHTATENI0 MHl peKo-
MeniyeM o6paTtutbcsi K KHuram Cummonca (1963) maun Hocuam
(1967).

JTunetinoim UM BeKTOPHOIM NPOCTPANCTBOM HA3BIBAETCS He-
mycroe MHOMXecTBO X, B KOTOpPOM JiioOhle [Ba 3JIEMEHTa X U Y
MOTYT OLITh OﬁBeIlHHeHbI omepailHeil, Ha3bIBAeMON cA0XeHUueM,
TaK 4YTO B pPe3yJbTaTe MOJyYaeTc HEKOTODHI sjaeMeHT u3 X, 06o-
3HauaeMbli KakK x -y, nOpHuYeM olepalHs CJOXKeHHS yJOBJeTBO-
pAET CJeAYIOUIMM YCJIOBHAM:

Mx+y

(mx+w+a—u+w+a

(III) cymectsyer HysaeBoft 3jemMeHT @, Takofl, uro @ 4 x=
=x-4 @=x 1J9 BCcexX X,

(IV) mnsa Kaxkmoro x CYyMECTBYeT OTPHUATENbHHA 3JeMeHT
— X, Takoli, 9to x + (—x)=¢

Eme oxna Heo6xomuMas Ayis JHHeAHOTo MPOCTPAHCTBA ome-
pauua COCTOHT B TOM, 4TO JI06OHA 3jieMeHT X & X MoXKeT GHITh
o6benvHeH ¢ JI06HIM neﬁCTBmeanuM YHCTIOM HWJIH CKAASPOM O,
Onepauusa 3Ta Ha3bIBaeTC YMHOMXKEHHEM Ha CKaJap H ee pe3ylib-
TaT 0603HAuaeTcs Yepe3 ax. YMHOXKeHHe Ha CKaJifip JOJIKHO
VIOBJIETBOPATh CJAEAYIOIIHM YCIOBHAM:

(V) a(x+ y)=oax+ay,

(VD) (o + ) x =ax + Bx,
(VII) (aB) x=a (Bx),
(VIID) 1. x=x.



1.2, MyHKUMOHANBHLIE NPOCTPAHCTEA 2

OJHHM M3 NpUMEPOB JHHEHHOrO MPOCTPAHCTBA ABJISAETCS MHO-
#KecTBO Bcex N-MepHBIX HeHCTBHTEJIbHBIX BeKTOPOB 11Jm xorg/p
a4 b =c onpenensiercs Kak a;+ b, =¢; (i = .. H
aa=dKakd;=aa; (j=1,2,...,N).

HopMmupoBanHoe mnuHeliHOe npOCTpaHCTBo (u.1.1.) ecTh JH-
HeliHOe MPOCTPaKCTBO, 1JIsi KOTOPOro ONpejiesiena HOpMa KaxXaoro
ajleMeHTa X, o6o3Hauaemas uepe3 [lx|| u ynoBmerTBOpsOIas cie-
AYIOLUIHM YCJIOBHSIM:

M lxl=

(IT) llxll—Ocrx—

(1I1) le+yll<llx|l+llyll,
(IV) llexll=lalllx].

Takum o6pa3oM, MOSIBJsieTCS MOHATHe NJIHHB 3JeMeHTa B JiHHel-
HoM mpocrpaHncrBe. IToaynopma ymoBnetBopser ycaosusam (I),
(I1II) u (IV), Ho He ynmoBaeTBOpsieT ycaosuio (II).

ITpocTpaHCTBO C BHYTPEHHHM HJIH CKaJSPHBIM NPOH3BEIEHHEM
eCTb JHHeHHOe MPOCTPAHCTBO, HA KOTOPOM MJA KaxXaof mapul
BEKTOPOM ompeliesieHa JAelCTBUTeNbHas GyHKuus (X, y), yIOBJe-
TBOPAIOIIAA YCAOBHAM:

(I) (ax 4By, 2)=0a(x, 2)+B(y, 2),
(IN) (x, y)=(y, x),
(I (x, x)=0; (x, x) =0<=-x=0.

Ynpascrnenue 8. Ilokaxure, 4TO JHHEHHOE MPOCTPAHCTBO CO
CKaJApHbBIM TNPOH3BelleHHEM SBJSETCS JIHHEAHHIM HOPMHpPOBaH-
HBIM TIPOCTPAHCTBOM OTHOCHTEJbHO HOPMH

lxl=(x, »)'".
3artem yGemuTech B CMpaBeJHBOCTH NMpPaBHJa NapaJsJiejorpaMma
le+ylP+lx—ylP=2[xP+ 21y IR
ITokaxuTe Takxe, 4TO
4 p)=lx+yP—lx—ylP

ITycts {x.} ecTb moc/eOBaTeNbHOCTh TOUEK B JHHEHHOM MpoO-
CTPaHCTBe CO CKaJSApHHM Npou3BeneHHeM. Torxa
(2a) {xn} HasbiBaercs nocaedosarensroctsro Kowwu, ecau ans
ao6oro & > 0 Hafigercqa Takoe N = N(e), uro mpH Bcex n,
m=>=N
lXn — xmll < e,

(b) {x»} nasmiBaeTcs cxodaweiics nocaedo8aTesbHOCTSIO, eCIH
B 3TOM NpPOCTPAHCTBe CYINeCTBYeT Takas TOuYKa X, 49TO AJA
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kaxzgoro e > 0 nHafizercs Takoe N == N(e), uro npu Bcex n =N
lx—xnll<e.

¥npascrenue 9. INokaxkure, UTo cxoAsAUlasacs MOCAeAOBaTe/b-
HOCTb OyZdeT mocsaenoBatenbHocTbio Komru.

Yro6H mokasaTb, 4TO OOpaTHOe yTBepKAEHHEe HeBepHO, Mo-
CTYnHM ciefyoomuM obpasom ).

PaccmoTpuM JHHEHHOE NpPOCTPAHCTBO (YHKIHH, HenpephB-
HHX Ha uHTepBate [0, 1], onmpenensieMoe eCTeCTBEHHLIMH Omepa-
HHAMH CJOXeHHd (QYHKIKH U YMHOXKEHHs (PYHKIHMH Ha YHCJIO, H
ONpeJeIUM B HEM CKaJISPHOE NMPOHM3BEJEHHE KAK MHTErpas oT Ipo-
usBenenus Gynkumi Ha unTepsane [0, 1]. Kak n3BecTHO u3 aHa-
JIH3a, NPENEJOM TMOCHENOBATEIbHOCTH TakKUX (YHKUHH MOXKeT
OHTh W pa3pbiBHAsi (GYHKUMsS, YTO M IOKa3bLIBAET -HEBEPHOCTb 06-
PaTHOTO YTBEPK/IEHHS.

- TIpocTpanCcTBO, M KOTOPOrO BCe mocaenoBaTeabHOCTH Kou
AABJSIOTCSA CXOMALUIMMHCS, Ha3blBaeTcs noarsim. IlomHoe auueht-
HOe DNPOCTPAHCTBO CO CKAaJSIPHBIM IPOU3BEJIeHHEM HAa3KBaETCH
2uab6epTossim NPOCTPARCTBOM.

Ho cuxX nop HesIBHO pacCMaTpHBAJHCh NPOCTPAHCTBA, 3JIEMEH-
THl KOTOPHIX fIBJASIIOTCA TOYKAaMH Ha AEHCTBHUTEJNbHOH OCH, BEKTO-
pamu uan Marpuuamu. Uto6H NOJYYHTb FHALGEPTOBO MPOCTPAH-
CTBO, yno6HOE [IJs MeTOoJa KOHEUHBLIX 3JEMEHTOB, HE0OXOaMMO
BBECTH TaKO€ IPOCTPAHCTBO, B KOTOPOM TOUKH TPEACTABISAIOT CO-
6ot ¢ynkumu. HaubGosee ynorpe6Gurenbubie (YHKIHOHAJIbHBIE
NPOCTPAHCTBA MOTYT OHITH ONpejieJieHsl 10 AHAJOTHH ¢ NMpOCTedi-
IIHM THIAL6EPTOBLIM NPOCTPaHCTBOM, 0603HauaeMbIM yepe3 Zo(R).
ITyets ana nmpoctoTh R o6o3HavyaeT uHTepBaa (a,b) Ha pefict-
BATeNbHOMN ocu. Pynkuusa f(x) sBAseTCs TOUKOA STOrO MPOCTpaH-
CTBa TOJBKO TOT[a, KOTJa HHTETpaJ

b

{reax

a

koHedeH. Takas GyHuKiHusa HasbiBaeTcs usmepunmol ?). Masa mobux
IBYX Touek u#(x) u v(x) ckajsipHOe NMPOH3BEAEHHE OMpelenaseres

Kak
b

(u, v)= S u(x)v(x)dx,
-9

') B ophrmnafie I0 STOMY NOBOLY NPHBOLHUTCS APYrod npumep, KOTOpHA
okasaJcst olnbounbiM. — ITpum. nepes.

?) O6uuno Takylo (YHKUHIO HA3LIBAIOT CYMMHUDYeMOA C KBaJPaTOM, w=
Ilpus. nepes, -
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a HOpMa Kak

b
hulp={ w2 () dx.

Cuioxenne onpenensercs kak (4 + v) (x) = u(x) + v(x).

Ynpaxcuenue 10. Tlokaxure, uto ecau |lul| u |lv]] koneuns, TO
CKaJIspHOe NpoH3BeleHHe (u,v) Takke OyneT KOHEUHHIM.

[ToAMHOXECTBO JMHEAHOTO MPOCTPAHCTBA, KOTOPOE CaMO siB-
JsieTcsi JIMHEAHBIM MPOCTPAHCTBOM, HA3bIBAeTCsl NOOMPOCTPAH-
cT8OM.

Ynpascnenue 11. Tlycts Z3(R) — NPOCTPaHCTBO, ONpeeseH-
HOe BHlle. ByayT Jii moanmpocTpaHCTBaMH CJeAYIOIIHE €ro noA-
MHOXeCTBa: :

(I) dyskuni 4, Tagux, uro u(a) = 0.

(I) dynrumit u, Takux, uro (du/dx)x—o =0 1 u(b)=0?

¥npasxcnenue 12. IMycts K ecTb MOANPOCTPAHCTBO JIHHEHHOTO
NPOCTPAHCTBA J6, HE COBNAJAioOLlee C HUM CaMHM, H mycTb X —
MHOKECTBO TOYek BuAa {x -+ h}, rde x — HekoTOpas (HKCHPO-
BaHHas TOYKAa, MPHHaLJIexauas 6, HO He NpuHajilexamas K,
a h — ao6asa Toyka u3 K. [Jokaxute, yro MHOXKecTBO X, 0603HAa-
gyaeMoe uepe3 {x} @ K, He aABisercs JHHEHHHIM NPOCTPAHCTBOM.

MHoxecTBO X Ha3bIBaeTCs AUNEHbIM MHOZ000pa3UeM.

Oro6paxenue T runb6epToBa MPOCTPAHCTBA J6 HA camo cebs
Ha3KBAETCA JHHEHHLIM OIEepaTOPOM, €CTH

M Tx+y9=Tx+T(y) (ana Beex x, y = Hh),
(1) T (ax) =2aT (x) (zns moGoro ckaaspa a).

Jlunefnbifi onepatop T Ha3HIBAaeTCs 02PAHUYEHHGIM, €CIH CY-
1ieCTByeT Takas nocrosinias M > 0, yto
ITxISMlxll (ana Bcex x = 36),

H HanMeHbllee M3 BCceX BO3MOXKHHIX M 3HaueHHe Ha3HBaeTcs
HOpMOi#t onepaTopa ¥ o6o3Hauaercs uepes [|T||; acuo, uto

_ 1Ty __ ITxiy __
"T"—f},‘.f’o{ v ) 1"811’1‘51{ T=l }—..il.‘lE.{"T"“}'
txdl

OrpaHHYeHHHH JHHEHHHA OMEpPaTOp Henpepsigen: TO O3HAUaeT,
9TO eC/IM TOYKAa X sIBJISETCS NpPeJesOM NMOCAeN0BATeNLHOCTH {Xn},
10 Touka Tx GymeT mpemenoM nocienoBaTeabHOCTH {Txa}.
[Myete F — sunefinoe orTobpaxeHHe NPSIMOrO NpPOH3BeAEHHS
npoctpancTB 6, )X 63 B NPOCTPAHCTBO 63, T. €. AJs JIOOHX X|E
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& M\, x; € b, snavenne F(x), x;) 3 v F nunefino no kax-
AOMY M3 apryMeHTOB; Torfa F GymeT orpaHHYeHHHIM, €CJH CYLIg-
creyer Takoe M > 0, uto

| F (x1, %) ””, SMix "”, l| %2 ”,;W

H ||Fll ects maumenbllee u3 Takux M. Bynem oGo3nayaTth gepes
& (#6,; ;) npocTpaHCTBO OrpaHHYEHHHX JHHEAHHX OTOGpaxke-
HHR u3 M, B M. [IpocTpanctso £ (6; R) oepanuuennsix runei-
Holx (pYyHKYUOKAAO8 HaA3HBaeTcs 08olicTéeHHbIM K 76 W 0603Ha-
Yaercs yepes JM’. diementn npoctpancTBa L (M X ; R) ects
6uivHelinble GOpMH (3aJaHHBE HA J6).

Ynpascnenue 13. Ilycts E & L (96, X F62; J63); onpeneaum
F % & (#,; #63), TaK, 4TO NPH HEKOTOPOM (PHKCHPOBAHHOM U &
(=~}
FW)=E(u, v) (nasa Bcex u < 76).

JlokaxHTe, 9TO
NI ENN vy,

OTMmeTHuM, 4TO B JajibHeHIleM A/ KPATKOCTH HHXKHHE HHAEKCH
y HOPM OMEPaTOPOB 4acTO GYAYT ONMyCKAaThCS.

Teopema 1.1. (Teopema Pucca o mpencraBaeHnH ¢yHKIHOHA-
ja) (cm. Hocupa, 1967, c. 132). F = 76’ toeda u Toasko To20a,
ko20a cyujecTeyer eduHCTBeHHbIL seKTOp U & J6, Takoll, 410 014
ecex u s M

E(u)= (4, v)
NF g =M vl

TeopeMa Pucca ycTaHaB/IMBaeT B3aHMHO OJHO3HAYHOE COOT-
BeTCTBHe MeXAy o6 u J6’; Takoe COOTBETCTBHE HA3HIBAETCH H30-
MopbH3MOM, a IBa NPOCTPAHCTBA, CBSI3aHHHE TAKHM COOTBETCT-
BHEM, T. €. HMEIOllHe OJHHAKOBYIO CTPYKTYPY, Ha3HBAalTCA H30-
MopoHEIMH. M3 onpeZleneHHs HODMH onepatopa cjaelyeT, 4TO

| F(u) |
Flp= LFwiy,
1Flbe= sop {iaict}

u

a u3 teopemu 1.1 caelyer, 9TO CyIIeCTBYeT TaKOH 3JIEMEHT v &
& M, 113 KOTOpOro

F (u) = (u, v).

ITockosbKy OKa3aZloch BO3MOXHBIM CONOCTABHTb KaXIAOMY 3Jle-
MEHTY H3 J’ eNMHCTBEHHHIl 3JeMEHT u3 6, He NOJXKHA BAI3H-
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BaTh HeIOYMeHHE H 3aNHCh BHJA
| (4, v)|

lol, = su { }
a0 U Tl

Jlunefinnift omeparop T, korophit orofpaxkaeT Bce Tuiabbep-
TOBO NPOCTPAHCTBO #6 HAa moanpocTpancTBo K, sBasiomeecs
JHIb yacTblo J6, HasmBaeTca npoekuuef,, ecau oH orobpaxaer

Toukn U3 K Ha caMux cebs, T. e. eciu
Ty=y (ana Bcex ye K).

Ynpascrenue 14. Kaxue H3 cleAyollux JAHHEHHHX ofeparo-
poB 6YRYT NPOEKUHAMH?

(I) Onepatop T, orTobpaxawomufi AByMepHHH BeKTOp (;)

a
B BEKTOp (0 )

(II) Omepatop Q, oTo6paxkalomuii npocrpanctso Z,(R),
R = [a, b], Ha npocTpaHCTBO JHHEHAHHX GYHKUHMA NyTeM JHHOH-
HOH MHTEPNOJIAILHA NO 3HAYEHHSIM B KOHLAX HHTepBaJa.

(ITT) Omepartop S, nepeBoAsiIAN MPOCTPAHCTBO MATPHI MO-
psanka 2 X 2 B auaroHaJbHele MaTPHIH MO dopMyJie

s([5 D177 5141

(IV) Oneparop S? rae S onpenenen B (III).
ITpoekiuss P Ha3HIBAaeTC OPTOLOHAABHOU, €clH IJis BCeX %
U3 IPOCTPAHCTBA J6 U Bcex y W3 ero moampocrpancrsa K

(x — Px, yy=0 (o6osnauaercs kak (x— Px) Ll y),
T.€. eCJH PasHOCTb X — Px OpTOroHaJbHAa BceM Yy H3 MOANPOCT-

panctBa K. I'oBOpAT, 9TO 3Ta PasHOCTb MPHHAANEXKHT OPTOrO-
HaJbHOMY JonoJHenHio K, koTopoe o6o3Hauaercs gepes Ki.

Jlemma 1.1. Ecau 78 ecto 2uarvbeproso npocrpancreo, a K —
ar06oe e20 nodnpocrTparcreo, 1o K+ raxsce 6yder eurbbeprosoim
nPOCTPAHCTBOM.

Jlemma 1.2. Ecau P ecre oprozoHarsnan npoexyus eursbep-
T08a NpoOCTpancTeéa 6 Ha Hexkoropoe nodnpocrparcrso K, o
I — P 6yder opToconarstoill npoexyueli 76 Ha KL u Oan ato-

6020 x & ¥ cyuwecrayror u = K u v e K+, raxue, uro x = u+v,
T.e. =K@ K*L.

¥npaxcnenue 18. Joxaxure semmy 1.1 1 demmy 1.2,

Teopema 1.2. Oprozonarenan npoexyus eusvbeprosa npocr-
pancTaa Ha nodnpocTpancTeo eOUHCTEERNA, & sesutuna ||x — Px|
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ABAALTCA MUHUMAABHBIM PACCTORAHUEM OT X 00 nodnpocTpan-
craa. i

Hokasareascrso. JlonycTuMm, 4TO OpTOroHa/dbHasi Npoekuns P
He eIHHCTBeHHA. Torna CyllecTBYeT Apyras OpTOTOHAaJbHas NpO-
eKuas Q, nJas KOTOpPOi

(x—Qx, yy=0 (npu Bcex y = K).
Tak kax Px — Qx < K, 10
0=(x—Qx, Px —Qx)=
= (x — Px, Px — Qx)+ {Px - Qx, Px — Qx)=
=0+ Px—QxI?P >0,

MOCKOJIbKY Px 5= Qx, n nonyyaercs npotaBopeune. CienoBartenb-
HO, HCXOJIHOE NMPEANOJIOKEHHEe HEBEPHO H OPTOrOHAJIbHAS MPOEK-
IHA €INHCTBEHHA.

ITIyctes Temepb v ecth Jio6as Touka B K, OTiHyHas ot Px.
Toraa, Kak H BHIIE,

_ (v — Px) L (x — Px).
CJe10BaTebHO,
| x —olf=|l(x — Px) + (Px — v) |} =
=[x —Px|?+2(x — Px, Px —v)+|Px— v [P=
=|x—Px|P+|Px—v|f>|x—Px|},
4 3TO H ABJSAETCH HYXHBHIM J/Isi HAC Pe3yJbTaTOM.
Caencteue (I). [|Pxl|>= (x,Px) u [x— Px|?=]|x|2—
—(x, Px).
Caeacrere (II). Jasa aw0boz0 x = 36 cyuwecrayror eQuHCTBEH-
note up e K u vo = KL, rakue, 410 x = tug 4+ vo u

min || x —ulP=[x—u P =] vl> (1.21)
ue K
B (1.21) moxuo nomensats ponsmu K u KL, u Toraa mosyunTtes
Apyroe MHHHMHU3UPYIOUICE COOTHOUIEHHE

min |x —v]l=[ul’
vekK

Ix P =1 uolf+ I volP,

fnocyieHAs 3afiaya MHHHMH3AlHH MOXKeET ObITh CBEJleHa K HaXOX-
XEHHIO

[Tockonbky

max {[|x[F— | x — v|}
vekl



HJIH
max {2(x, v) —llv[?}, (1.22)

vekKl

a 3Ta 3ajaya HMeEeT TO XKe caMoe pellieHHe, yTo H 3ajaya (1.21).
Jlunefinu#i omeparop T HasbBaeTCs noA0KUTEAbHO onpede-
ACHHbIM, eCIIH
(Tx, x) >0 (npu Beex x 5= 0)Y),
H Ha3hHIBaeTCs NOAONUTEALHO NOAYONRPEOeseHHbIM, eClH
(Tx, x)=0 (npu Bcex x 5= 0).

a a/2
Hanprmep, oTo6paxenne (13) B (ﬂ//2 ) 6yIeT MOJIOKHUTENbHO

a a
ONpEeNeNeHHEIM, TOTAA KaK OTOoOpaKeHHe ( ﬁ) B (0) 6yner

MOJIOKHTENBHO MOJYONPEACHEHHBIM, TaK Kak
(Tx, x)=nqa?
¥ o6pamaercsi B HyJb NpH o = 0 H NPOH3BOJNBHOM f.
Conpsocennoin x T HasnBaeTcs Takoi onepartop T*, nas Ko-

TOpOTO
(Tx, y)=(x, T*y) (upu Bcex x, y).

Ecan (Tx,y)=(x,Ty), To T HasbIBaeTCsi CAMOCONPANCEHHOIM
OnepaTopoMm.

1.3. ANnpoKCHMHPYIOIHe NOANPOCTPAHCTBA

PaccMOTpHM rHAb6EPTOBO NMPOCTPAHCTBO 6, M ' NycTh S =
= {x, ..., ¥~} €CTb MHOXecTBO N 3sneMeHTOB H3 6. DTH 3Je-
MeHTH HA3HBAIOTCs JIHHEHHO HE3aBHCHMHBIMH, €CJIH PaBEHCTBO

a4+ aoxs+ ... Fayxy=0

HEMeeT MeCTO TOJbKO IpPH HYJEBHIX 3HAUEHHAX K03((HHUHEHTOB
a; (i=1,2, ..., N). Ecn ana Kaxpaoro sjeMeHTa x < 3 cy-

IIeCTBYIOT TakHe KoaduunentH f;, uro
x =% 4 Boxo+ ... + Byxw,

TO TOBOPST, YTO MHOXeCTBO S oGpasyer 6asuc B J6, a 56 ecTb
N-MepHOe MPOCTPAHCTBO.

1) Ipyrue aBTOPH HCHOJb3YIOT B ONpefieneHHH HepameHctBO (Tx, X) =
= viixli2 npu y > 0, .
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. a
Hanpumep, npocTpaHCTBO BeKTOPOB BHAA ( 8 ) siBJIsieTCs ABY-
0
MEepHHIM NMpOCTpaHCTBOM. MHOXecTBO S) = {el =( 1 ) ey =

1
-==( 0) obpasyer B HeM 6a3Hc, TOYHO TaK XK€, KaK H MHOXeCTBO

Sz={f|— ( ) fo= '\/—( 1)} O6a sTux Gasuca

uaoﬁpaxenu Ha puc. 5

¥npascrnernue 16. ﬂoxamm‘e, 4TO B OJIHOM [pPOCTPaHCTBE
IBa pas3auYHHX ©asuca [OMXKHH HMeTb OJHHAKOBOEe YHCJIO
9JIeMeHTOB.

BaxXHOCTb KOHEYHOMEpPHLIX (YHKUHOHAJBHHX IIPOCTPAHCTB
CTAHOBHTCS NMOHATHOH, €CJAH YNOMSIHyTHE B paszgenae 1.1 anmpok-
cuMHupylonide GYHKIHA paccCMaTPHBATL KaK 3JE€MEHTH IPOCTpPaH-
cTBa %2(12). Hanpuwmep, ecau untepan R = [a, b] pasbut TOU-
kamd x; (i=0, 1, ..., n), TO MOXKHO NOCTPOHTH MHOXECTBO
3pMHTOBHX GYyHRUHA, KOTOpHE G6YyIyT KYCOYHO-JHHEHHHIMH Ha
3TOM HHTepBaje. JI060e JHHEHHO He3aBHCHMOEe MHOMKECTBO H3
(n+ 1) Ttagux ¢yHREA o6pasyer 6a3dc B NPOCTPaHCTBE
HO(II, R). Herpyauo nokasath, yTo H gBAseTCA NOJHEIM MOJ-
npoctpaHcTBOM B ZF2(R) (MM npemjaraeM HHTaTeJal0 cAeaaTb
9TO B KauecTBe yNmpakKHeHHs), H nostomy H saBaserca (n+ 1)-
MEepHHIM nmoanpocTpancTBoM B £, (R). [Tupamunansubie GyHKIHER
(1.3) mpencraBaaloTCA ecTecTBeHHBIM Ga3ucom B H nja Haxox-

1
P
/
/
/
/
/
/
/
/
™
\
AN
AN
\\
pY
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ZeHds napameTpoB

fi (E=0,1,..., n).

Ynpascnenue 17. ]'ch'rb pasbuenne Il 3agmano Toukamm x ==

=i/4 (i=0, 1, , 4) 1 ¢oyuruun D;(x) ompeneieHH Kak
4
D,(x)=’;0ag>¢k (=01, ..., 4,
rie ecjad a(‘)=(a3‘), cees @), TO aO(l, 1, 1, 1, 1), ah=

=(1, 1/4/2,0, —1/4/2, —1), a®=(1, 0, —1, 0, 1), a® =
=(1, —1/4/2, 0, 1/4/2, —1), a"=(1, —1, 1, —1, 1).

Ha puc. 6 npusesena ¢yukuus Ds(x) Ha untepBane [0, 1] Bme-
cre ¢ pyHrunei cos (3mx).

(I) Ioctpofite npubanxenunie rpaduru D;(x) (i=0, 1,

" (II) Briuncante ckanspusie npoussenenus (Di(x), Di(x)) u
sateM paccmoTpute D;(x) kak 6asuc B H u Haifinure kosdou-
IIHEHTH g B Pa3JOXEHHH

4
gx)= é) &:iD; (x).

Ynpasxcnenue 18. INMocTpoiiTe 6asucH AJs NMPOCTPAHCTBA KyGH-
9eCKHX CIJIafHOB H NPOCTPAHCTBA KYCOYHO-JIHHEHHHX O(yHKuufl,
3aflaHHBIX Ha TPEYroJbHOH ceTke.

Bce ynomsaHyThe B paszese 1.1 annpokcaMHpyioliHe GYHKUHR
AIBJIAIOTCA YACTHHIMH cJyyasiMH ofOmlefi 3ajauyn npuGIHKeHHS.
dTa 3aaaya COCTOHT B TOM, YTO KaXJIOMY 3JIEMEHTY [ ruib6epTo-
Ba NPOCTPAHCTBA J6 CTAaBHTCH B COOTBETCTBHE €AHHCTBEHHHIH
9JIEMEHT fpannpoxcumnpylomero N-meproro nmoanpocrpancrsa K
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(nanpumep, ecant K = H, 10 N = n + 1). Dnement | nasnBaercs
K-npu6auxennem f. Oto6pakeHHe f.B | o6HYHO fABJIsETCS JH-
HEHHHIM H NPH HAJNHYAH JHHEHHOCTH NMpeacTaBaseT co0OH mpoek-
uuto. Hanpumep, ectn K = H, To f MoXHo moayuuts nyrem Jn-
HeHHOH HMHTEPNOJIALMH MEXAY TOUKaMH pa3bHeHds. DTO eXHHCT-
BeHHOe OTOOpaKeHHe, ABJSIONIeECH TaKXKe H MpoeKIHel.

Ynpascrenue 19. TMoctpolite oro6paxkenne us ZLa2(R) B H,
KOTOpOE He sIBJSieTCs MPOEKIHed.

Ecan annpokcuMmamus mo6oro sjementa f & Z;(R) yxe no-
CTPO€HA, HMEET CMBICH 3aAaTh BONPOC O TOM, HACKOJbLKO OHa XO-
poua. ANNpoKCHMaUusl SIBJAAETCS Hauayduled, €ClId dJeMeHT &
& K oka3biBaeTCsi TAKUM, 9TO HOPMa OIMHOKH f— f MHHHAMAJbHA.
B teopeme 1.2 6uI0 nOkasaHo, uTO ecaH P ecTb OpTOroHajabHas
npoekius Ha K, To ||f — Pfll sBasieTcss MHHEMAaJbHBIM PaccTosi-
HHeM oT f no moanpoctpanctBa K, u mostomy j = Pf npeactas-
JaseT co6ofi Hamayulylo annpokcHmaumio. Tak Kak npeamoJsara-
etTes, yTo K HMeeT KOHEUHYI pa3MEpHOCTb, TO 3TO IPeANoJoNKe-
HHe MOXeT OHTb HCNOJb30BAHO JJIf NOCTPOSHHS HaHJydlled an-
npokcumanud. Ilyers S = {fi, ..., fv} o6pasyer Gasuc B K.

Tak kak
i Beex g = K, 1o

N
(f—f: ;kak)=0
JJI1 BCEX BO3MOXHHX MOCJeHOBaTeNbHOCTEH KoabduineHToB Bg
(=1, ..., N), u nostomy

(f—F, =0 (k=1,..., N). (1.23)
N
Ecau f=zaifb TO

j=]
N
(f’ fk)—glai(fb fk)=0 (k=l’ [EXE} N)-

910 MOXKeT GHTb NePENHCAHO KaK
Ga="h, (1.24)

G=I[gul=I[(: o),

a={aj, ..., ay}7

b={(f- fl): ceey (f’ fN)}T'

rae
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Martpuna G nasmBaercs marpuuei 'pama, a cucrema (1.24) na-
3LIBAETCS HOPMANbHOL.

Ynpascnenue 20. IMoxaxure, uro ana I = L,(R) nauayu-
lasi annpokcHManus ], onpeleiennas ycaosusamu (1.23), sBas-
eTca TaKXe HaWayquled B CMBIC/JIe MeTONa HaHMEHbUIHX KBajpa-
roB. OTMETHM, 9TO HOpMaJbHYIO cucTeMy (1.24) He pekoMeHAy-
eTCs HCMOJIb30BATh ISl BEIUHC/EHHS PEIEHHS 3aJauy 1O METOLY
HaHMEHBIIAX KBAJpaTOB, TaK KaK C POCTOM ee mopsigka ee obyc-
JIOBJIEHHOCTb GLICTPO YXYIIIAETCs.

Ynpascnenue 21. ITokaxure, YT0O MOXKHO ONpPEAESUTH THAbLGED-

TOBO mpocTpaHcTBO Z3 (R) ¢ MOMOIIBIO CKaJApHOTO IPOH3Befe-

Hus
b

1 o= wumomax,

a

rae w(x) = 0 ecTv moaxoasulas BecoBas Gyukuus. [danee no-
JYYHTe HOPMAaJbHYIO CHCTEMY, KOTOpPasi ONnpefessieT HAHIYylIyio
B CMHCJ€ METOJa HAHMEHbUIHX KBAJAPaTOB C BECOM ANNPOKCHMa-

uuo a5 Gynkunn f(x) us Z2 (R). .

Ynpascnenue 22. TlokaxuTe, 4TO A H3IMEPUMBIX (GYHKLHH,
HMEIOIUHX H3MEPUMYIO NEePBYIO MPOU3BOAHYIO, MOXKHO ONpENETUTD
raib6epToBO mpocTpancTBo J6%) (R) ¢ NOMOIUBIO CKANSAPHOTO
NPOH3BEeAEHHS -

b
@ = u@o@+uw®v @) dx

H HOPMBI ‘ , \
Nt = (20 + w2 () d,

a

rae wWTpHX o3HavaeT AuddepenunpoBanue no x. [Nomyunre nop-
MaJIbHYIO CHCTEMY AJsi HamJyyilefi annmpokCHMaiud OGyHKIHA
f(x) u3 sroro mpoctpancrBa. ITpocrpancTBo 5 (R) npencras-
aset co6oit npumep npocrpancrea Coboresa.

MeToabl annpOKCHMAL¥H, BKAIOYAIOIIHE peLIeHHe HOPMaJbHORM
CHCTEMH C I&bI0 MOJYYEHHST OPTOTOHAJBHOR NMPOEKIUH QYHKIHH
Ha KOHEYHOMEpPHOe MOANPOCTPAHCTBO, HA3HBAIOTCH IPOEKIHOH-
HBEIMH,



TNABA 2

BAPUALMOHHBIE
NPUHLMMBI

2.1. Bpenenue

BapuaunoHHble NPHHIHNL BCTPEYAIOTCS BO MHOTHX (H3HYe-
CKHX H APYTHX 331a4ax, H METOAK NPHOJIHIXEHHOTO pelleHHsA Ta-
KHX 3aJlay 4acTO OCHOBAHH HA COOTBETCTBYIOLUHX BapHaLHOHHHIX
npuHHHnax. MaTeMaTHYUecKH BapHamHOHHBIA NMPHHIHN COCTOHT B
TOM, YTO HHTErpaj OT HEKOTOPOH (YHKLHH HMeeT MeHbllee (HJH
Gonbllee) 3HAYEHHE JJIsi PeaJbHOTO COCTOSHHS CHCTEMH, UYeM
JJIse 1060ro BO3MOXXKHOTO COCTOSIHHSA, AOMYCKaeMOro OCHOBHHIMH
ycJaoBHSIMH cHcTeMBl. [ToguinTerpanibias GyHKUHSA 3aBHCHT OT KO-
OpIHHAT, aMIVIUTYA MOJIsi H HX NPOH3BOAHHX, 2 HHTErpHpOBaHHe
ocyllecTBaAseTCs 110 06/1aCTH, TOKPEIBaeMON KOOpAHHATAMH CHCTe-
MEHl, CPeiH KOTOPHX, BO3MOXHO, eCTb H BpeMs. 3ajaya onpene-
JIeHHsi MUHHMyMa HHTerpajla 4yacto CBOJHTCS K pPelleHHIO OJHOro
HWIH HeCKOJNbKHX aHGGdepeHUHANbHHX YpaBHeHH ¢ YacTHBIMH
NPOH3BOAHLIMH IPH COOTBETCTBYIOIIHX TPAaHHYHHIX YCJIOBHSX.
Llesnb Hamef KHATH He B TOM, YTOOR paccMaTpHBATh NPHGJIHKEH-
Hble METOAN pelleHHs1 3THX AHddepeHnHaNbHEIX YpaBHEHHH Kak
cnoco6 pelleHHs HCXOAHHX (PH3HYeCKHX 3aaad, CHOPMYJIHPOBaH-
HHX B BHAE BapHauHOHHHIX NPHHUHIOB, BMecro 3TOro Mnl Hame-
peHH omHcaTh NPHOJHIKEHHbIE ‘METOAL!, KOTOPEIE OCHOBAaHH HeEMNo-
CpelICTBeHHO Ha BapHAaUHOHHHX NPHHOHMNAX.

B kayecTBe npuMepa TaKHX SKCTPEeMAJbHHIX 3ala4 PACCMOT-
PHM ABOHHOH HHTerpa.

I(u)= SSF(x, Y, u, Uy, uy)dxdy, 2.1)
R

rae 4 — HenpepeiBHasi BMeCTe CO BCEMH NPOH3BOAHLHIMH A0 BTO-
poro nopsinka (pyHKuusi, 3HaYeHHsi KOTOpOH Ha rpanuue obaactu
R 3apann. O6aacts R 3mech — orpaHHYeHHasi 06/1acTh Ha MJIO-
ckocTH (X, y). CpaBHUTeNbHO Jerko noka3ath (cM. Kypaur u
T'unpbepr, 1951), yTo Heob6xomuMmoe ycjoBHe 3IKcTpeMyMma [(u)
COCTOHT B TOM, 4TO (YHKHHA u(¥,Yy) HAOJIKHA YAOBJETBOPAThH
ypaBHenuio diinepa — Jlarpauxa

0 0
S Fuy 5 Fuy — Fu=0. 2.2

W3 muorux pemenuii aToro ypaBHeHHs1 BEIGHpaeTCsi TO, KOTopoe
YAOBJETBOPsieT 3alaHHBIM FPaHHYHLIM ycaoBusM. K npumepy, nas



2.1. Beepexue 33

F= -;. (“i + uj) ypaBHenue (2.2) cBoAuTcs K ypaBHenHIo Jlannaca

9% 3%u
oz T3y =0

[MpuunHa TpeGOBaHHS HENMPEPHBHOCTH BTOPHX NPOH3BOAHBIX U
Tenepb SICHA; HENPEPHIBHOCTb obecneyHBaeT cylulecTBOBaHHE ypaB-
HeHus Dinepa. OgHako npHOGJHXKEHHbE METOALI, OCHOBAHHbIE Fa
Muaumusanyd [ (¢) B Buge (2.1), TpeOYIOT TONBLKO HENPEPHIBHO-
CTH 4 M KYCOYHOH HENpepLIBHOCTH €€ MEepPBLIX NPOM3BOJAHBIX.
BepHeMmcsi Tenmepb K OCHOBHOH 3ajaue BAPHAUHOHHOTO IIPHH-
KMa: HAHTH TaKylo QYHKUHIO H3 HONYCTHMOro Kjaacca QYHKUHH,
YTO HEKOTODHIM OmnpeneseHHbIH HHTEerpal no 3aMKHYTOH obJactu
R, 3aBHCAILKA OT GYHKUHH H €€ NPOM3BOJAHBIX, NDHHHMAaeT MakK-
CHMaJIbHOE MJH MHUHHMaJIbHOe 3HaueHue. DTO ecTb 0O0OuIEHHE
3JIEMEHTAapHO! TEODHH BBIYHCJIEHHS MaKCHMYMOB H MHHHMYMOB,
KOTOpasl COCTOHT B HaXOXJAEHHH TOYKH 3aMKHYTOH 06J1acTH, B KO-
TOPOH (GYHKUHS HMEEeT MaKCHMaJbHOE HJIH MHHHMaJbHOe 3Hauye-
HHE B HEKOTOPOH OKpecTHOCTH B 3Toit oGusactu. OmnpeneseHHBIR
HHTErpaJjl B BapHalHOHHOM NMPHHIHIIE ecTb MPHMeED GYHKYUOHAALQ
H 3aBHCHT OT BCEro noBeJieHHs GYHKLUHH B LeJIOM, a HE OT YHCJA
nepeMeHHbIX. O6sacTe onpeae/eHHs ¢GYyHKIHOHAKa ecTb Ipo-
CTPaHCTBO XONMYCTUMBIX ¢yHKuui. ['aBHas TpyaHOCTb Bapuamu-
OHHOTO HOJXO0JAa COCTOMUT B TOM, YTO 3a[a4H, KOTOPHE MOTYT GHITh
€CTECTBEHHO C(HOPMY/NHDOBaHbl KaK BAaPHAUMOHHBIE, MOTYT HE-
HMeTb pellleHHHd. MaTeMaTHYeCKH 3TO BBIPaXKaeTcsi HE3aMKHY-
TOCTBIO NPOCTPAHCTBA AONYCTHUMBIX GyHKuui. [TosTomy 8 sapua-
YUOHHOM NpUHYUNE HeAb3A NPednosazaTs CYULecT808arnue MaKcu-
Myma usu munumyma. B 3TOR KHHre MBI, OAHAKO, HMEEM MAEJO
¢ npHUONHKEHHBIMH DELIEHUSIMH BapHaUMOHHBIX 3agad. Ouu no-
Jy4aloTcs MpPH PacCCMOTPEHHH HEKOTOPOro 3aMKHYTOro MOJAMHOXKE-
CTBa NPOCTPAHCTBA AONYCTHMBIX (DYHKUHH AJs MOJSydYeHHS Bepx-
Hell M HHIKHEH ONEHOK TOYHOro pelIeHHs BapHaUHOHHOH 3agayH.
OzaHo OYeBHAHOE NPEHMYILECTBO BAPHALMOHHOrO MOAX0LA CO-
CTOMT B TOM, YTO HYXHO HaJjlaratb MeHee XeCTKHe TpeGOBaHHSA
Ha HEnpepbIBHOCTb peuleHHs. DTOT MapajoKC pa3zbsiCHAeTcs B
pa3a. 1.3 xuuru Ctpenra U ®ukca (1973) u B ra.2 kuurn Kuaer-
ra (1967). [TonesnniM cienctBHeM GoJiee caabbix TpeGOBaHHUi He-
NPEPLIBHOCTH sIBJISETCS TO, YUTO B BapDHAIMOHHOM MOJXOJE Jerye
CTPOUTH npHOJHKEHHblE penleHHs. Bosabmas yacTs faHHOH KHHUTH
COCTOHT B OMHCAHHH TAKHX NMPUOJIHIKEHHBIX METO/OB.
OueHnBaeMbli B BADHALMOHHOM MNDHHIHNE HHTerpaa Gepercs
0 NpPOCTPAHCTBY, KOTOPOE MOXKET HMEeTb KOOpAHHATYy-BpeMs. Mul
paccMOTpUM CHauaja BapHAlHOHHbLIE 33ajayH, He COAepIKallHe
BpeMsi. DTH BapHAlHOHHBIE 3aayl OGBIYHO BHIPAXKAKOT NPHHIHI
MHHUMYMa MOTEHIYMAJbHOH SHEPTrHH NPH HAXOXAEHHH COCTOSHHA
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YCTOHYHBOrO paBHOBECHSI BO MHOTHX KJACCHYECKHX 3ajayax Ma-
TeMaTHueckoi ¢pusnku. B atoll riase copepKartcs TOJbBKO T€ BO-
NPOCH TEOPHH BaPHAUMOHHBIX MNPHHIMIOB, KOTOPble HMEIOT OTHO-
HIeHHe K riaBHOH Teme KHurd. HUKakKuX 10Ka3aTeJbCTB HJIH MOA-
po6HBIX OGCYXAEHHHA 31ech HeT, U B cayyae ocoGoil 3aHHTepeco-
BaHHOCTH YHTAaTeJIO cJefyeT OOpaTHThC K COOTBETCTBYIOLIHM
pa3nenaM KHur Kypanwrta u T'mnwsbepra (1951), Mopca u ®ew-
6axa (1958), Xuane6panga (1965), Llextepa (1971) u Kaerra
(1967). ‘

2.2. CrauHoHapHbie 3a/auu

JuddepeHunanbHoe ypaBHeHHe, KOTOpPOE CBS3aHO C BapHa-
HUOHHHM HDHHLHIOM, H3BECTHO Kak ypaBHenue Jidaepa — Jla-
epanxca. OHO siBisieTcsi HEOOXOAUMBIM, PeXe — JOCTAaTOYHLIM YcC-
JIOBHEM, KOTOPOMY JOJIKHA YAOBJETBOPATH GYHKLUHSA, MAKCHMH3H-
pylolas Hid MHHHMH3HPYIOLIAs ONpejAeJeHHbli HHTerpaa. B mpo-
cTefiiuefi 3ajavye BapHAILHOHHOTO HCUYHCIEHHs TpeGyercs HalTH
MHHHMYM HHTErpaJa

X1
1w={ Fx, u(), v () dx,

Xo

rfie rpaHHYHBle 3HaueHHs U (Xo) M u(x)) 3ajaHBl, a LWITPHX O3Ha-
gaeT auddepeHuHpoanne no x. HeoOxoaumbM (HO He jmocra-
TOYHBIM) YCJOBHEM CYIIECTBOBAHHS MHHHMYMa sBJseTcs IH}-
depeHnHalbHOE YpaBHEHHE

KOTOPDOMY JOJKHa YIOBJETBOPSITh (GYHKIHMA «, NOCTaBJAAOILAS
MUHHMYM ¢yHnruHoHnanay [(u). Ilpusenem o606uieHne atoro ¢ax-
Ta [Js CJAEeAYIOUIHX CHTYalHi.

(1) Cayuaid dsyx neussecTHbix PyHKyul. MUHHMH3HDYEMBIH

HHTErpasn €CThb
X1

I(u, v)= SF(x, u(x), v(x), v’ (x), v’ (x)) dx,

rae 3HaueHus u(xg), u(x1), v(xe), v(x) 3anans. HeoGxoguMHe
YCJOBHS TaKOBHI: ‘

OF _ 4 oF _ o

ou dx du’ ’

oF d OF
hrae Oa
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(2) Cayuail ynxyuu Osyx nepemetroix. MHHUMH3HPYETCS
HHTErpal

I(w)= SSF (x, 4, ulx, y), ue(x, y), u,(x, y))dxdy,
R

rjie ¥ NpHHHMAaeT 3aJaHHblC 3HAUCHHSI HA FpaHHUe 06J1acTH HHTe-
rpupoBaHus R. Heob6xoaumoe ycjoBre MHHHMyMa:

Ju 0x Ouy dy Ouy

(3) Haauuue soicwux npousgoOnsix. B 3agauax co BTOPbIMH
NPOH3BOAHBIMH MUHHUMH3HPYETCS HHTErpaJl
X1
1w={ Fx u@, v (@), v () ax,

Xo

rae 3HaueHus u(xg), w'(xp), u(x;), ¥ (x,) 3aganel, a COOTBETCT-
Bylollee HEOOXOAHMOE yCIOBHE €CTh

oF _ 4 oF L & or
du dx ou’ dx? ou”

=0.

(4) Ycaoswoul sxcrpemym. B TaKux BapHalHOHHBIX 3ajayax
(yHKIHsT ©(X) [OJKHA YAOBJETBOPATH DALY [IONOJHHTENbHHIX
YCIOBHH. 31€ch HLLETCS SKCTPEMYM OJHOTO HHTErpaja mpH y&Jo-
BHH, YTO ADPYrHe€ HHTETrpPaJbl COXPAHSAIOT MOCTOSIHHble 3HAUEHHA.
Takue 3agauyn Ha3bLIBAIOT udonepumerpudeckumu. B KauectBe
NpHMepa paccMOTPHM 3ajadyy O HaXOXJAEHHH 3KCTpPEMyMa HHTe-

rpajna
X

I (1) = S'F(x, u(x), v’ (x)) dx

Xo

NIpH YCJIOBHH, YTO 4 (X) YAOBJIETBOPSET ypaBHEHHIO
X

Sl G (x, u(x), & (x) dx=aq, (2.3)

X

roe o — 3ajaHHas KoHcrtaHta. Heo6XxoauMoe YC/IOBHE 3KCTpeMy-
Ma 3akJI04yaeTcs B TOM, 4YTOOH
I(F+AG) _ d 3(F+AG) _
-Ou dx ou’ -
rae 4HcJeHHOe 3HayeHHe napaMeTpa A HaXOJHTCS H3 YCJOBHSA
(2.3). B kauectBe mpoctoro nmpuMmepa H30oNepHMETPHYECKOH 3a-
Jdauyd npuBexeM cuenywomyio. Heo6xonumo HaiTH ¢dopMy npoBH-
caomuell OJHOPOJHON CTPYHB! C 3aKpPENJiEHHBIMH KOHHAMH., 31€eCh
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TpebyeTcsl HAlTH KPUBYIO (X), MPOXOASLIYIO Yepe3 TOUKH (Xo, Uo)
# (X1, 41) ¥ MUHHUMH3HDYIOILYIO HHTErpaJ

Xy
S u(l 4+ ud2dx

fIPH YCJIOBHH, YTO HHTErpaJ
X

1
S (14 u?2dx
Xo
HMeeT (PHKCHPOBAHHOE 3HAYEHHE.
Ynpaxcnenue 1. IlokaxuTte, 4TO NJHHA KPHBOM, COeNHHAIOMEH
ZABe TOUKH (Xo, o) H (x1, 4;), €cThb
P2
I()= S (14 w2 dy,
X
Hcnosbays coOTBEeTCTBYIOLlee ypaBHeHHe Jfinepa — JlarpaHxa,
HafAHWTe OYThb HaMMeHbIUEH NJHHBI MEXIY 3THMH TOYKaMH.

Ynpascuenue 2. Hahigute KpuBywo u(x), mpOXOAsiu(ylo yepes
IIB€ TOYKH (Xg, o) U (X1, 41) H AAOWYI0O MUHHMAJBHYIO MJOLALb
NOBEPXHOCTH BpallleHHsi, NPH BpallEHUH KPHBOH BOKPYr OCH X.

¥Ynpaxnenue 3. I[lokaxkute, 4TO ypaBHEHHE

0%u 9%u 9%u
ozt oz iy =0
SIBJIsieTCsl HeOOXOAHMBIM YCJIOBHEM MHHHMH3auUMH HHTErpaJia

[(w)= SSS%(“H U2+ u2 — 2uf (x, y, 2))dxdyde,
R

KOrja Ha mnoBepxHocTH OR, comepxaumeli o6vem R, dOyHKuHs
u(x,y,z) 3agana.

[lpexne ueM HATH AaJjblie, JaaHM HECKOJbKO MPHMEDOB Ba-
PUAIMOHHKIX NPHHHHUNOB H SKBUBAJIEHTHLIX HM ypaBHeHHH Dilse-
pa — Jlarpanxa. B sTux npHMepax QYHKUIHH ONPENEasIoTcs B 06-
Jaacti R ¢ rpanuuei OR.

(1) 3adaua Qupuxare 0as ypasnenus Janaraca.
1
I ()= SS 5 (1 +ul)dxdy,
R

Uer+ ;=0 (v 3apana ua GR).
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(2) Haepyoennas naactuna ¢ 3adesanneim xpaem. (Burap-
MOHHYECKHH omnepartop)

I(u)= SS - [, +2u2 +u2 —2qu)dxdy

(u=%‘-=0 Ha OR).
Uxxxx + 2uxxyy + Uyyyy =— 4 (x» y)-

3nech q(x, y) — Harpy3ka mo HOpPMaJ/li Ha IJIACTHHY.
(3) Teopus ynpyzoctu npu maasvix degopmayuax. (Ilnockoe
Hanpsi2KeHHOE COCTOSIHHE.)

1, v) = SS [0 =" @+ ) +v (4, + v,y +
o
+5 (1 =) (4, + v,)?] dr dy,
Uypy + VUgy + %(l — ) (uyy+ vx,) =0, (4, v 3anaHH Ha OR),
Uyy + Vibey + —;' (1—w) (uyy + Uex) =0.
(4) Paduayusn (e*) u dugdysus morexys (u2).

1(u)=SS—I2- W2+ u2 4 22‘-’” dxdy,
R 2w

u

e
Upx -+ uyy={ 2 (v 3agana Ha OR).

~

(5) 3adaua I1aaro. (HaiTh noBepXHOCTb MHHHMAJbBHOR MJIO-
laj(H, OrPAaHHYEHHYIO 3aMKHYTOH KDHBOH B TpPEXMEpPHOM MNpOCT-
paHcrBe.)

1w=\{{5(+e2+u)rdray,
R

V(y) V@) =0, vy=(1+ui+ uz)'”2 (v 3apana Ha OR).
(6) HenvroTonoscxue scudxocru.
1
1) =[5 (2 + )+ + cu]dxay
R

V() Vu=c, v, = (2 + 2y, (— 5 <s<0), (c—const),

(v 3agana Ha OR),
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(7) Teuenue cocumaemodi sudxocru.

I(p)= SS p dx © — MJIOTHOCTD,
R p — LaBJieHHe,

V(oVep) =0 @ — NMOTEHHHaJ CKOPOCTH.

W3 atux 3amau nepBbie TPH — JIHHeliHHIE, YeTBepTasd — cjaabo
HeJIMHEHHad, nocyieiHHe TPH — HeJUHHEHHble,

2.3. 'panuyHbIE YCAOBUS

CrapuoHapHbIe 3a1auH, ONMCAaHHbIE B NPEAbLIAYLIEM pasjele,
TaKOBBI, YTO HCKOMasi QYHKIHA 3aJlaHa Ha TPaHHIE H He MOXET
TaM BapbHpoBaThcs !). OJHaKO BO MHOTHX 3amayax QyHKUHs He
3ajlaHa Ha TpaHHIe, H NPHMEHSIOT JPYrHe TpaHHYHbIE YCJOBHS.
Paccmortpum, HanpuMep, (Kypant u manGepr, 1951, ctp. 163—
164) BapMamHOHHYIO 3ajauvy, COCTOSILYI0 B MHHHMH3AUMH HHTE-
rpana

X1

() = S F(x, u, u')dx, (2.4)

Xo

rle u He 3aaHa B TOUKax X = Xg, X;. Heob6xoanmoe ycjoBHe MH-
HUMH3apuH [ (4) COCTOHMT B TOM, 4TO 4 (X) YAOBJETBOPSIET ypaBHE-
HHIO Diinepa — Jlarpanxa

oF 4 oF o
ou dx ou

Y TDAHHYHEIM YCJIOBHSM

%=O (x = xo, x1).

Tlocsennne H3BECTHH KaK eCTeCT8EHHble TPAHHUHEIE YCJIOBHS,
NOCKOJIbKY OHH CJI€AYIOT HENOCPEACTBEHHO H3 MHHHMH3aLHH OC-
HOBHOro uHTerpana. Eciin rpaHnyHble yCJIOBHS 3aJ1aUH He 3aJaHbl
HeNoCpeJCTBEHHO U He ONpe/ie/ieHB eCTeCTBEHHBIE TPaHHYHLIE YC-
JIOBHSI, MUHHHMH3HPYeMHBd (GYHKIHOHAN HEOOXOAHMO AOJKHBIM 00~
pa3oM H3MEHHTb.

Paccmotpum cnenyomuit MogudHuupoBaHHHi BHA (2.4):

1= { Fx, 4, W)dr+1g (5 0),e, — l2olr, W),

Xn

) Yacto TakHe rpaHuyHble YCAOBHS HA3bIBAIOT 24AB8HbIMU, B OTJIWIHE OT
€CTeCTBEHHRX, CM. HMXKe, — [Ipunm. nepes,
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rae go(x, #) u gi(x,u) — npousBoabHble GyHKuHH. Heo6xonuMBIM
VCJIOBHEM MHHHMH3aLHK 3TOro GyHKuHOHaAa siBasiercs (cu. [lex-
Tep 1971, c. 35) ypaBHeHHE

¢ TPAHHYHBIMH YCJOBHAMH
aF c')go _ .
Lrd—0 (r=x.
oF ag. . .
ou’ + ou =0 (x_xl)'

Takum o6pa3oM, ¢ NOMOILBI0 OYHKUHHA Zo(X, &) H g (X, &) MOXKHO
MOJYuHTh MOJAXOASIHE T'PAHHYHBIE YCJOBHs 3ajgauu. Hanpumep,
BapHalMOHHAsi 3ajaua, IJKBHBaJeHTHas AuddepeHUraIbHOMY

yPaBHEHHIO
U+ f(x)=0

‘C TPAaHHYHBIMH YCJIOBHSIMH
— u"+ au=0 (x=x),
Wpu=0 (x=x)
HMeeT QyHKHHOHAJ

I )= § ' [é_ ' —f (%) u] dx + [% ﬂuz]xﬂ — [—;- auz]Fm.

X

Ecau Tenepb Mbl pPacCMOTPHM ABYMEPHYIO BapHAUHOHHYIO 3a--
Jlayy, COCTOSILYI0O B MUHHMH3aUHU HHTErpasa

1@)=\{Fx, g, v u,, u,) deay,
R
rie u He 3ajlaHa Ha TpaHule ob6aacTH R, HeoGXomuMoOe ycloBHe

MHHHMYMa COCTOHT B TOM, UTO # YAOBJeTBOPSeT AuddepeHnHans-
HOMY YpaBHEHHIO
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Puc. 7.

Ha KpuBo#l OR, saBasowefics rpanuueii R. Ecam yronm mexny
HOpMaJbl0o K OR u OCbl0 x paBeH & (CM pHC. 7), TO COS & =
= dy/dc u sin a = —dx/do, rae ¢ o3Hayaet MJIHHY LYrH BLOJb
rpaHuiH. B Gosee obuieM cayuae ABYX HCKOMBIX QYHKUMH u W v
(Xunbpebpang, 1965, crp. 135) mosywaercs HOMOaHNICILHOE
ypaBHeHue Diinepa — Jlarpanxa ans v

Ecau rpaHuuHble yCIOBHSI He OMNpPENeNsiiOT SBHO IpaHHYHBIE
3HaueHKusl u (WJH U) WJIH HE SBJSAIOTCSI €CTECTBEHHBIMH, TO CHOBA
HeoOXOAUMO H3MEHATb (QYyHKIHOHAM. PaccMOTPHM 3TO Ha mNpH-
Mepe ABYMEPHOH 3afaud CO BTOPBIMH NPOHU3BOAHBIMH B MOMbIH-
TerpaJbHOM BbipaxkeHuH. Ilyctb TpefyeTcss wHaliTH GYHKUHIO
u(x,y), DOCTABJAAIOUIYIO CTALHOHADHOE 3HAaueHHe (QYHKIHOHAJTY

I(u)=-SSF(x, Yy U, Uy, Uy, Ugy, Uyy, Uy,)dxdy+
R

+ S G(x, y, u, ug, U, u,)do,
AR

rae 0/0c u 0/0n — onepatopu AubdepeHIPOBAHHUS MO HANPAB-
JICHHSIM KacaTeJbHOH M HOpPMaJu K KpHBO#t OR. MHrerpuposanue
no OR ocyuiecTBasieTcs Tak, yTo 06s1acTh R NpU ABHKEHHH BAOJb
OR oka3piBaeTcs cieBa (JBHXKEHHe MO OR MPOTHB 4acOBOH cTpes-
ku). Heobxonumoe ycioBHe MHHMMYMa [ (u4) — ypaBHenHe Dilje-
pa — JlarpaHxa
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C TPaHHYHBIMH YCAOBHSIMH
P dy F) dx
[Fu. = Pur)ar = [Fu, — 55 Fuyy) 35 —
[4] dx dy
- {E(F“xx - F"yy) } 4o do T

ﬂwud() —(@) 1+

{(Ox F“xy do (Oy “xy) Zg }+

+ G, — '50— Guo + '0—0.2 Guoo =0, (2'5)

et () + o (E) o =0 @8

Oyuguus G BuGHpaeTcs Tak, 4TOGH TpaHHUHbE YCaA0BHA (2.5) H
(2.6) cooTBeTCTBOBAJIM €CTECTBEHHHM TPAaHHYHBIM YCJOBHAM 3a-
LayH.

2.4. CMelaHHble BAPHAUUOHHDBIE NPUHLMIEI !)

PaccMoTpHM Tenepb TEOPHIO yNpYrocTH mpH MaduXx Aedopma-
UHAX ¥ ODPHHUMO MHHHMyMa NOTEHUHAJIbHOA SHEPIrHH, H3JOXKEH-
HbI/ B npuMepe (2) pasd. 2.6. DTOT npHHUMN NpexmoJaraet, YTo
HMEIOT MeCcTO OmpejleIeHHble COOTHOLIEHHS MeXJy HanpsiKeHHeM
u aedpopManueit 1 MexAy nedopManHsMH H nepeMellCHHSMH, a
TaK¥e BBINOJHEHb! KHHEMAaTHYeCKHEe TPAaHUYHBIE YCAOBHS.

Ecau ocnabuth ABa moOc/efAHHX YCJOBHUS M paccMaTpHBaTh HX
KaK MHOXECTBO OrpaHHuYeHHH, TO MOIKHO Hanucarb MoaudHEHpO-
BaHHBIH QYHKIHOHAJ BHAA

I(u,v,w)=1,,—“8(ex gx adx — ...—
R

O

— fw—apdo— [0~0pdo — (@—a)hado, (27

Sa Sa Sa
rae I, — QYHKHUOHAN NOTEHUHAJbHOH 3HEPrHH, o1, ..., g Pi,
B2, Pps — MHOXHuTenn JlarpaHxa. HesaBHCHMBIMH BapbHpYeMBIMH
BEJHUYHHAMH AIBJISIOTCS TPU NepeMellleHus], wecTb gedhopManuil v
nesaTb MHoxHTedel Jlarpanxa. M3 (2.7) M0XHO NMOAYYHTb MHO-
ro cMeumlaHHHIX BapUAUMOHHHX NpHHEHNOB. B uwacTHOCTH, ecim

A =0y, «0., Og=1T,, B1=0, fo=0, =0,

1) Srotr paspen Jyuille 4uTarh fmoche pasgena 2.6. — Mpun. nepes,
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TO nosyyaercs npunHunn Xy — Bacuasy, a npu
A =0y, o, Gg="T,y
Bo3HMKaeT npuHuun Peficnepa — Xennnrepa.
®yHKUHOHAJN, CBA3AaHHHIA ¢ MPUHUUNOM Peiiciepa — Xeaunre-
pa, MOXKHO 3aNHCaTh KakK

Ipy=1q— SRSS ?; + axy +-

0T,

= 4 X)udx—

Oty

iz +2 a v 4 2% +Y)vdx—

61:yz

+= 2+ Z)wdx+

NG
-{5¢

R
+ S (lox+ MmTyy 4N, — X)udcr+
+ S(l""xy'l"mo +nTyz Y;Udc-}—
So

+ { s+ mryet 10, — Zywdo,  (2.8)

Sa

rae I — QyBKUHOHAN NOMOJHHTENBHOH SHEPTHH.

[Npusnunum Xy — Bacuasy n Pefichepa — Xesnnrepa fiBJAsI0T-
¢ CMEIIaHHBIMH TPHHOHNAMH M YTBEPKAAIOT CTAaLHOHAPHOCTD,
a He 3JKCTPEMAaJbHOCTb 3HAYeHHH (QyHKUHMOHANa AN DPeaslbHbiX
cocrosinuii. HecMoTps Ba 3T0, B nmpuOJMXKEHHBIX MeroAax (Ha-
npUMep, B MeToJe KOHEYHHIX 3JEMEHTOB), OCHOBAHHHIX Ha CMe-
IIAaHHBIX BapHAaUMOHHKIX NPHHIUNAX, HROCTUlAaeTCs MNPHMEpHO
OlHHAKOBas TOYHOCTb TAKHX BEJHUYHH, KaK IepeMellleHHs H Ha-
NPFAXKEHHs, TOTAA KaK NPH HCNOJb30BAHHH NPHHUHMIA MHHHMyMa
SHEPrHH XOpollasi TOYHOCTb MOXeT ObiThb moJiyyeHa Jan6o ajs ne-
pemelenuii, Mu60 NJa HAnpsiKeHu#, HO He N O06OHX OXHOBpe-
MEHHO.

Bosee nonHoe o6cyxaeHne cMellaHHbIX BaPHAUHOHHBIX NMPHH-
LHNOB U IOJHOE ONpejeJeHHe BeJHUMH, HCNOJB30BaHHbIX B (2.7)
H (2.8), umeercs B Kuure Bacunsy (1968) u Tabappoka (1973).

2.5. BapnauHOHHbBIe NPHHUMINB B HECTALLHOHAPHLIX 3aJauax

HanGonee BaxKHbIM U (QYHAAMEHTANbHbLIM M3 TaKHX BapHauu-
OHHEIX MPHHLKIOB, HCNIOJb3YIOLIKX 1 BPEMS B KaYeCTBE HE3ABHCH-
MOH NepeMeHHOH, aBjseTcs NpuHUMN [amusbTona, u3 KOTOPOro
MOryT OBITb BHIBEJeHbl OCHOBHBHIE ypaBHeHHsi AJsi GoJbuioro
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uyncna ¢usnyeckux asieHuil. [1punuun amuubTOHA yTBepikaaer,
YTO peasibHOE ABHXKEHHE CHCTEMBEl MaTePHANbHBIX TOYEK 'C MO-
MeHTa BpeMeHH fp 10 MOMeHTa f; TaKOBO, YTO HHTErpas no spe-
MEHH OT Pa3HOCTH KHHETHYECKOH M NOTEHUHAaJNbHOH SHEPTHH CH-
CTeMHl CTalHOHAapeH A/ TPaeKTOPHH 3TOro ABHXKeHHs. MarteMa-
THYECKH 3TO O3HayaeT, YTO HMHTErpasj OT JarpaHxuana L

= § Ldt= §.(T— V)dt,

ty to

rie T u V ecTb COOTBETCTBEHHO KHHETHYECKAs H NMOTEHUHAaAbHasd
9HEPTrHH CHCTEMBI, UMEET CTAllMOHAPHOe 3MaueHHe /I peaJbHON
TPAEKTOPHH MO CPaBHEHHIO ¢ GJH3KUMH BO3MOXHBIMH TPaeKTo-
puamu. [asa cuctemsl ¢ n 06061eHHBIMH KOOPIHHATAMH §1, G2, - . .

.» Qn CBA3AHHBIE C 3THM NPHHIHUNOM ypaBHeHus Dilmepa — Jla-
TpamukKa OKa3BIBAIOTCS TAKUMMU:

dt(aq,) (T‘—V)—O (r=1,2, ..., n).

Ha uux OGBHIYHO CCBLJIAIOTCS KaK Ha ypaBHeHus JlarpaHxka IBH-
JKEHUS CHCTEMBI.

- B kauecTBe mpocToro npuMepa NPHMCHEHHSI 3TOH TEODHH K
CIVIOWIHOH Cpelle PacCMOTPUM caydyail rHGKOH CTpyHH, HA KOTO-
PyIO IEHCTBYET NOCTOSIHHOE HAaTAXKeHHe 1. KOHUB CTPYHH 3aKkpen-
JIEHBl, U OHa COBepllaeT MaJjble KoJe6aHHS OKOJO INOJOKEHHS
ycroiiynBoro paBHoBecHs — HHTepBata 0 << x << 1 ocn x. Ecan
u(x, {) — nepeMelleHHe TOYKH CTPYHH NEPNEHAHUKYJAPHO OCH X,

TO
1 1
T=;—p§(g—?)2dx, V=-%—p§02(%%)2dx,

rae ¢ — IJIOTHOCTb CTPYHH H ¢% = T/p. YpaBHeHue Diiiepa —

Jlarpanxa
Pu o

arf ¢ a2

fIBJIf€TCS BOJHOBLIM ypaBHeHHeM. Takum o6pasom, AJIA CTPYHBI
BOJIHOBOE ypaBHEHHE SKBHBAJEHTHO TPeGOBaHHIO MHHHMAaJbHOCTH
yCpeJHEHHOH Da3sHOCTH NOJHOH KHHEeTHYECKOH H NMOTeHUHaJbHOH
9Hepruil CTPpyHbl B NPEINOJONKEHHH BHINOJHEHH HAYaJbHBIX H
TPaHUYHBIX YCJTOBHi 3amaun. J[pyrHMH npuMepaMH NpPHMeHEHHS
9TOH TEOPHH CJyXKaT KOneOaHHA CTepXKHs, MeMOpaHbl H IJIAcTH-
uel (Kypant u I'nas6epr, 1951, ctp. 215—221).

BapHauHoHHbIE NpPHUHUHOB, BKJAKYAKOUIHE BPEMs KaK nepe-
MEHHY!0, NIOKa €llle PelKO HCNOJb3YIOTCH AJA YHCAEHHOro pelie-
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HHS 3BOJIIOLHOHHKEIX 3a1a4. OHH 06bIYHO peIlalTCH NMOJYAHCKpeT-
HEIMR Metoaamu ["amepkuna (cM. ri. 6).

Tenepb nepefiileM K HECTALHOHADHHIM OUCCUNATUBHBIM CHCTE-
MaM H NOKa)XeM, KaK MOXHO NOCTPOHTb AJi HHX BapHalLMOHHbIE
npuHUMNE. [IpuMeHseMblli MeTON COCTOMT BO BBEJEHHH CONps-
JKEHHOH CHCTEeMBEI C OTPHLATEJbHbIM TpeHHEM. DHeprus, Tepse-
Masi AHCCHNIAaTHBHOH CHCTeMOH, Nepefaercss CONPAXKEHHOH cHCTe-
Me, H NIO3TOMY INOJIHas sHeprus obemx cucreM coxpansercs. Jlpy-
rofl MOAXOMA, OCHOBAHHBIH HA OrPAHHYEHHLIX BAPDHAILMOHHBIX MPHH-
uunax, MoxHno nafitu y Posena (1954). B kauectBe npumepa pac-
CMOTPHM OJHOMEPHBIH OCLHJJIATOP C TPeHHeM. YpaBHEHHE ero

ABHKEHHS eCTb
¥4+ ki+4n’x=0 (k>0).

Tpe6Gyerca HaliTH BapUALHOHHBLIA NMPHHUKN, AJIS KOTOPOro ypaBs-
HeHne Difinepa — Jlarpanxa cosnanano Gbl C 3THM ypaBHEHHEM,
3TO HEBO3MOXKHO CHeNaTh, HO €CJAH Mbl PaCCMOTPHUM TakKxe co-
NPSKEHHBIH OCUMIIATOP (ONMHCHIBAeMBIl KOOpAHHATOH x*) ¢ OT-
\DHLATEJBHEIM TPEHHEM U ¢ YPABHEHHEM JIBHKEHHSH

B — k' 4 %" =0,
TO AJIfl IOCTPOEHHOTO YHCTO (POPMAJILHO JarpaHKuana
. 1 . oy
L=jiz"— 5 k("% — x&) — n’xx’

ypaBHeHHs Diiiepa — JlarpaHxa coBnanyT ¢ NPHBEIEHHLIMH BbI-
le YPaBHEHUMHU ABHXEHUS 000HX OCLHJ/JIATODOB.

JIpyruM BaXKHHM NPHMEPOM NHCCHIIATHBHON CHCTEMBI fBJIsIET-
ca 3anava o auddysun renna. B ogHomepHoM cayuae oBa ompe-
JlesieTcs YpaBHEEHEM

ou_ Ou
at — ox*’
Toraa conpsiXKeHHYIO 3aayy ONpeleNHT YpaBHEHHE
ou* _ oW
ot~ ax?

STu ABa ypaBHEHHSI gBJSAIOTCT ypaBHeHHAMH Dilnepa — JlarpaH-
})a aas GopMaJsbHOrO JarpaHXHaHa

du ou*

L=—% %

_L(-a_u_ o
s \* o — %% )

2.6. IpoficTBeHHble BapHALHOHHbIE NPUHLHNB

Jlo cux nop Hamyu BapHaUHOBHHE NPHBUUIH GbUIH «OLHOCTO-
POBHHMH», T.e. NPHOJHXKEHHOE pellleHHe BCerja NaBaJio OUEHKY
TEOPETHUECKOro pelleHHst 3ajnayu Jubo cBepxy, Au6o cuusy. On-
KaKO 4acTO MOXHO AJsl 3aJayd IOCTPOHTbL ABa BapHALHOHBHIX
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NPHHIHNA TaK, YTO HEKOTOpAs BCAMUHHA d RaeT MHHHMYM A4
OIHOTO U MAaKCHMyM AJIsl IpYroro BapualHoOHHOro npuHuuna. Ecau
d* v d' — npubaHiKeHHble pelieHHs AAS NPHHIHNOB MHHHMAaJb-
HOCTH H MaKCHMaJIbHOCTH COOTBETCTBEHHO, TO

d<d<a’,

H MO3TOMY Mbl HMEEM IPAKTUUECKHH MeTON OIEeHKH BEJHYHHL d.
Yacto okasbiBaeTcs, 4T0 BeJiHYMHA d uMeeT (pU3HUECKHH CMBICJ.
Tenepp MBI galuM HECKOJNbKO TNPHMEPOB 3a1ay, B KOTOPBIX
MOXHO NOCTPOHTb ABOACTBEHHblE BapHAIMOHHbIE MPHHIKITLI.
(1) Kaaccuueckas sadaua Hupuxase. 3aecb MUHUMH3HPYETCS
pyHKUHOHAN

[(u‘)=ggé(ui+u§)dxdy
R

Ha MHOXeCTBe HemnpepHEHBIX GyHkuuil u(x,y), umeoUHx B 06-
JNacTH R KyCOYHO-HeNpephIBHblE NepBhle NMPOH3BOJHbLIE M 3a]aH-
Hble 3HaYeHUs u == [(0) Ha OR, rie 0 — AJauHa no AR, rpaunue R.
JIBoficTBeHHAas 3ajaya COCTOHMT B MAaKCHMH3auHH GyHKUHOHala

I (v) =— SS—;—(vi+ vl)dxdy — Svi’(a)dor
R R

OTHOCHTEILHO HeNpephBHbIX GYHKUHA v (X, Y) ¢ KyCOYHO-Hemnpe-
pPBIBHBIMH B R [€PBHIMH NPOH3BOAHBLIMH, KOTODHIE YAOBJIETBOPAIOT
€CTeCTBEeHHHIM FPAaHHYHBIM yCa0BHAM Ha JR. B atoM npumepe

min I (u) = maxJ (v)=d.
73 v

YucneHnas peanusalHss 3TOr0 ABOACTBEHHOrO MPHHUHMIIA NPHBO-
autcs B pasn. 7.4 (C).

Ynpasxcuenue 4. TIOTOK HecKHMaeMOH HEBA3KOH MKHIKOCTH
napaJJjened ocd x. Bruiyuncante I(u) u J(v) B sroit sapaue, cuu-
tag R kBagpatom 0 <X x, y << 1, U NMOKaXHuTe, YTO HX IKCTpe-
MaJibHble 3HauyeHHs1 cosmnanaioT. (OTmeTuM, 4TO 4 ecTh QYHKIHR
TOKa, 8 U — NOTEHUHAJ TeUeHHS.)

¥npasxcuenue 5. [lokaxuTte, 4TOo HEOGXOAHUMEIMH YCJIOBHAMH
makcumyma J(v) aBasiorca ypaBHenne diinepa — Jlarpanxa

Usx + 0y =0

H eCTE€CTBE€HHbIE€ I'paHHUYHLIE yCJOBHA

dx

dy
Vydg Vs ge =1 ()
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(2) Teopus ynpyeoctu npu mareix Oegopmayusx (Bacuusy
1968). IlycTb H30TPONHOE TEJO B TPEXMEPHOM NPOCTPAHCTBE 3a-
HuMaeT o6jactb R, OrPaHHUYEHHYIO 3aMKHYTOH NMOBEPXHOCTbIO OR.
KoMmrnoHentsl 06beMHBIX CHJI (HA efMHHHY o0bema) 0603HauHM
gyepes X, Y, Z. [ToBepxHocTh Tena pa3bura HA aBe yacTH: Sy, HA
KOTOPOH B KaueCTBe IPAaHHYHBIX YCJIOBHIH 3aJaHbl BHELIHHE CHJIBI
(Ha enununy maomanu) (X, ¥, Z), u Sa, Ha KoTOpofi 3ajanbl ne-
peMeuerus (i, 0, @); npu 3ToM OR = Sg + Ssz Torma o6umas
NoTeHUMaIbHaA 3HEPrusa naercsa Popmyaoh

IP = SRSS W (e, €y €2 Yyz» Yzx» ny) dx —

— SSS (Xu+Yv+ Zw)dx — S()?u—}- Yv+ Zw) do,
R S,
rie
E E
W= 2(l+'v)v(l—2v) (4t v, + 0 )+ sy (W + o)+ ) +

+ Z(TE‘W [(vz + wy)2 + (wx + uz)2 + (uy + 0;)2];

a E — monyab FOnra u v — koadduuuent Ilyaccona nns nanno#
cpenbl. Ecin o6beMHble M NMOBEPXHOCTHbIE CHJIBI HE H3MEHSIOTCH
B mnpouecce Bapuauui, I, NOCTHraeT MHHHMyMa TPH peaybHBIX
nepeMelieHAsIX. B 3TOM COCTOMT NPHHLHN MUHUMYMA nOTEeHYu-
anbHOU 3Hepauu.

JlonoNHNUTeNbHAA SHEPTHA UMEET BHJ

L={{{00, 0, 00 7ps Ty T dx— X2t Y0+ 20 do,
R Sa

rae
Qo= %[("x +o0,+ 0, )+ 2(1 +v) (2t v+, —
— 0,0, — 0,0, —0,0,)].

Ecian noBepxHOCTHblE NepEeMEIeHNsT OCTAIOTCH HEH3MEHHBbIMU
npH Bapuauuax, /. JOCTHraeT MHHHMYM NDH peasibHBIX Hamnps-
MeHHAX. IDTO — NPHHUMI MUHUMYMQA OONONHUTEAbHOU 3sHepeul.
C nomMoublo 3THX JABYX NPHUHUMNOB yNOOHO OLEHHBATb KO3 (H-
LHEHT NPAMOro BJMSHHS HJIH 06006uieHHoe nepememterue ([Tnaw,
1970).

Ynpasnenue 6. IMoxkaxure, uto W = ¢, ecin BHINOJHEHH
clleflyolHe JHHeAHHe COOTHOLICHHS MeXIy HanpsiKeHHeM H Je-
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dopmauneii:
E
Eex=ox—v(oy+oz), 7y2=m'\?yz,

E
Ee,=o0,—v (0,4 0,), T,;x= 20+ v) Yz®

E
Ee,=0,—v(o,+ cry?, Tey = 3Ty Ve

Ynpaxcrnenue 7. Tlokaxurte, yTo HeOGXONHUMEIMH YCJOBHSAMH
MHHUMYMa NMOTEHUHAJNbHOH SHEPrHU

Iy = SRS[ TTFw = T o +

E E
t+oaFw @t o)+ iy + ”x)z] dx dy

ABJSIOTCS ypaBHeHHs Disiepa — Jlarpanxa
@—2v)uy, + (1 —2v) Uyy + Uxy =0,
C—2v) vy, + (1 —2v) v,y + sy =0
U TPaHUYHBIE YCJOBHS
2(1 —=wv)uycosa—+ (1 —2v)u, sina+ (1 —2v) v, sina +
~+ 2vy, cosa =0,
2vu, sina+ (1 —2v)u, cosa+ (1 —2v) v, cosa -
+2(1 —v)v,sina=0
Ha rpanuie OR ob6nacty R (cM. puc. 7).

(3) Teuenue coxumaemotd sudrocru (Cepes, 1969). Coorser-
CcTBYyIOLIHe OGBbeMHblC NOJABLIHTEIPaJIbHblE BbIPAXKEHHS, KOTOpbIe
NOABJASAIOTCS B ABOHCTBEHHBIX BapHallMOHHBIX NPHHIHNAX, CYTh
JaBjeHue p H BeJHUYHHA p + pvd, rae p — MJIOTHOCTb, & U — CKO-
pOCTb XHUAKOCTH. 31€Ch

p =p(vir h, 7)),

rae v; (i=1, 2, 3) — cocrae/sOIIHe CKOPOCTH, I U 1 NOJHAs
SHeprusi M SHTPONHS, NPUXONSLIHECS Ha €IHHHIY MacChl COOT-
BeTCTBeHHO. V3 3THX NPHHUATOB CACAYET, YTO
ap . dp ap
avi=—Qi(‘=l’2r 3), i E=_’9T‘
3necy Qi=pv; (i=1, 2, 3), a T— remneparypa. Bsoaurcs
byHkunS

3
P=P(Q h, "1)=i§lQiUt+P.
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AJIsT KOTOpOH

oP . P __ oP _
-5—Q_‘-=v‘ (t=l, 2, 3), E—p, W— T.

JBoficTBEHHblE BapHaNMOHHbLIE NPHHIIUINbLI, BKAOYawuue p u P
COOTBETCTBEHHO, MOTYT YCHJIHTb NPHHUHILI 5KCTPEMAJIbHOCTH 4a-
CTHBIX CJIyuyaeB TeuyeHHS CKHMaeMOH XHUAKOCTH.

[Be NMONbITKH yHHMGHKAUUH ABOHCTBEHHLIX NPUHUNINOB Ipex-
npursaTtet Cesesiom (1969) u Aptypcom (1970). Tepsuiit U3 Hux
ucnosibdyer mnpeobpasoBanus Jlexanapa (MM MHBOJIOTHBHBIE
npeo6pa3oBaHHus), BTOPOH — KAHOHUHECKYIO TeOPUro ypaBHEHHUH
dfinepa — Jlarpanxa. [lpeBocxonnblii 0630p ABOMCTBEHHBIX Ba-
PHALHOHHBIX NPHHUMNOB BoOOIIe COonep:KHTCH B cTarbe Hobua
u CeBeana (1972).



FNABA 3

METOfibl
ATNMPOKCUMALLMM

Bapuauuonsgas QopMyJqupoBKa BMecTe ¢ NpHCyuuMu ei 6o-
Jee cnabbIMH TpeGOBaHMAMH HENPEpPLIBHOCTH €CTECTBEHHO mepe-
HOCHTCA Ha nNpHOJHIKEeHHble MeTONbl peleHHs, HasblBaeMble
o6bryHO  npamoimu  merodamu (Kypant u TI'masbepr, 1951,
crp. 154; Heuac, 1967). [IpuMeHeHHe 3THX METOLOB CBORMT 3a-
Jayy K HaXOXJEHHIO CTalHOHapPHHX TOYeK (YHKUHH KOHEUHOro
4HCJIa BElleCTBEHHLIX NepeMeHHHIX.

B srtoit raaBe, 0qHAKO, Mbl pacCMaTpHBaeM JIHUIb OJHO CeMel-
CTBO NPAMBIX METOLOB, 4 UMEHHO METOJbl KOHEUHBIX 3JIeMEeHTOB.
Jaercs onucaHue pasjiMYHBIX KJAACCOB METOROB KOHEUYHBIX 3Jle-
MEHTOB COBMECTHO C HEMHOTOUYHCJIEHHbIMH NIpUMepaMu M3 OGUIHD-
HOH 06JIaCTH HUX NMPUMEHEHHS; B IJI. 7 NPHUBOIUTCS NOTOJHUTENb-
HO elle HeckosabKo mpuMepoB. Bompocbl TOUHOCTH H CXOIHMOCTH
MeToJI0B 06CyKnaloTes B I b.

3.1. Metop Putua

CosnarteseM KJIacCHY4eCKOrO NPSAMOro MeToAa 0ObIYHO CUHTAIOT
mBefnapckoro matematuka B. Putua (1878—1909). Ecau Tpe-
6yeTcst pelluTb BapHALHOHHYIO 3aJauy

6l (v) =0 (v(x) = H), (3.1)

raie X =(¥, ..., ¥m) U I — NPOCTPAHCTBO HONYCTHMbIX (YHK-
ou#, NpUGIHKEHHOEe peuleHHe X MoXeT ObiTb NOJY4eHO, €C/IH
OrpaHuuHThC QYHKUUAMH H3 HekoToporo N-MepHOro noanpoct-
panctBa Ky < #4. Cpasy sicHO, 4TO eCJH CTaLHQHApHas TOYKA
B (3.1) naer sKcTpeMyM, TO Mbl HOJIydyaeM OLEHKY 3TOr0 3KCTpes
MaJIbHOTO 3HaueHHsl. [ pyrHMH CJOBaMH, €CJH

67 (00) = 0:
Torpa v TOJIBKO Toraa, Koraa
I (vp) = min I (v) =d,
ve s

TO
1(V)=d

ans Beex V € Ky.
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Ecan ¢ynkuuu @:(x) (i=1, ..., N) obpasyior 6asuc nox-
npoctpanctea Ky, To OyneM HCKaTb NPHOIMKEHHOe peuleHHe
B BHJIE

N
Ux)= 2, aip: (),

npHYeM SHAYEHHs HCKOMHX NapaMeTpoB JOJKHBEI GBITb TaKHMH,
yro /(U) cTauumoHapHO OTHOCHTEJbHO 3THX napamerpoB a; (i==
=1,2 ..., N). Takum o6pasom, nojlyyaercs CHCTeMa ypaBHe-

HH#
N

-0%‘-[(2(1,@,)=0 (i=1,..., N).

f=1
IIpumenuM, HanpuMep, MeTON PuTua K pellenHio clenymomei 3a-
1 1
nayu. B obnactn — 5 n <X, §y < 5 7 PellUTh ypaBHEHHE
*u u _
T + v 2=0 (3.2)
NpH yCJNOBHH, YTO
14
u(v £3)=0 (x1<3),

o(£5 )= (01<3)

[TocTpouM KycouHO-GuIHHeHHOEe NMPUOGIHKEHHOe pellleHHe Mo Me-
TOAY KOHEYHHIX 3JIEMEHTOB, HCHOJIb3ys MeToA PuTua, mpuMeHeH-
HbIfl K COOTBETCTBYIOIEMY 3TOM 3ajlade BAPHALHOHHOMY NPHHIHITY

81 (v) =0,

(3.2a)

npHueM

1@)={{[5 22+ 02)+ 20] axay, (3.3)

R
R=(-3 (-4 3).

B npenblaymeii rnaBe GBJIO yKa3auo, YTO e€CJH HAa CFpPagule
3HaYeHHsl pelleHHs 3ajaHbl (TpaHuuHble ycaoBust dupuxje), to
3TH YCJIOBHA HAJararmTca Ha NPOCTPAHCTBO J¥, TOTAA KakK B CJy-
Yae 3aJlaHHA eCTeCTBCHHLIX IPAHHUYHBIX YCJIOBHH 3TO He SIBJAETCS
00s13aTesbHbIM. B anHOil 3aaue HeOGXORUMO OrpaHHUYHTBCS TPO-
CTPaHCTBOM &% (YHKLMH, YIOBJIETBOPAIOUIMX TPAHHYHOMY YCJIO-
BHIO v = 0.

Annpokcumupyoole QyHKUMH onpenejenn Ha o6aactu R,
pasbutoii Ha (T + 1)2 kBazpaTHbIX 3neMeHTOB nocpenactsoM 2T
PaBHO pacnoJIOXEHHbLIX BHYTPEHHUX JIMHHH CEeTKH, Napasjie/bHLX

rpe
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ocaM (cM. puc. 3). Torpa N(=T?) 6asucHelx GyHKUME @ (X, y)
(6,j=1, ..., T) nomnpocrpancTsa Ky, onpeneienHbix B . 1
(ynpaxnenne 6), NpHHAAJeXaT, OYEBHAHO, NPOCTPAHCTBY JI6,
TaK KaK OHH Bce 06paiaioTcs B HyJlb Ha TPaHuIe.
IIpu6amKeHHoe pelIeHHe HMEeT TOTAAa BHI
T

Ue, )= 2 Uney (5, 9) (3-4)

rae Ui; —3Hauenne npHOG/MIKEHHOrO peuleHHss B TOYKE (X Yj).
YcnosneM craunonapnocm AIBJISIeTCS] CHCTeMa ypaBHEeHHUM

I( Z Uri@ui (x, y))=0 @ ji=1,...,;)T). (3.5)

kylml]
'OTcxop,a 1 u3 (3.3) nosyuaem

£ S+ () e

+2{§oyaray=o.
R

HenocpencTBeHHOe BbIYHC/IEHHE HHTErpaJjioB NPUBOAHT K ypaBHe-
HHSAM

| 41 41
3U;1—‘§' Z Z Ukl+2h2=0 (i:j=1’°°'r T)'
kmi—-11=f-1

rae Uy =0, ecsin k, [==0, T 4 1. DTH ypaBHEHHS MOXKHO 3amnu-
caTb uepe3 Pa3HOCTHbIE ONepaTophbl TakK:

o, + 6,1 U —20"=0 @, j=1,..., T),

rae 62, 8 — LEHTPHPOBAHHBEIE PA3HOCTHHIE ONEPATOPbl BTOPOro
nopaaka, a Ir, I, — oneparopsl «mpabuna CuMICOHa», onpeje-
JICHHBIE PaBEHCTBOM

1
LUy=5Ui_y+4Uy; + Uil

u anajorndno anas I, ITpubamkeHHOe pellleHHe B Y3JOBBIX TOU-
KaX, H306pa’keHHbIX Ha pHc. 8, npuBoAHTea B Taba. 1; BeaencTsne
cUMMeTpHH Heo6XxoauMo u3006paxkaThb TOJNLKO OAHY BOCBMYIO 06-
Jgacty. TouHOe pelleHHe B 3TOH 3ajade eCTb

u(x, y)=
i (=DFL ch@k—1)y
=_(2) Ttz Z OF—T)° ch(@k =Tz oS Gk — D x.
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©%m (3 m3m)
10 9 7
4
8 6
3
s
5
2
0,0) ¥
Puc. 8.

Ecnu ypaBuenne (3.2) cuoBa pewaercs B 06aacTH —-% <x y<l

19
< DR HO 3ajaHbl €CTECTBEHHbBIC I'DAHHUHbBIE YCJIOBHA

kil
a_u(x_‘;yi_ﬁ=o (|x,<%),
E’
.a_u_(_%{_;”l=o (gwgg),

NPOCTPAHCTBO NONYCTHMBIX QYHKUHA F6 CONEPKHT TakkKe (QyHK-
IMH, He PaBHEIE HYJIO HA rpaHMiue. ANNPOKCHMHPYIOLIee NOANPO-
CTPAHCTBO TaKXe AOJKHO COAEPXAaTb TakKHe (QYHKUHH, MOSTOMY
Mbl 6GepeM MAOMNOJIHHTeJbHble 6a3HcHbE QYHKUHH @i (X, Yy), COOT-

Tabauya 1
Pelenune

Touka T=3 T=17 T=15 Tounoe
1 —1.534 —1.473 —1.459 —1.454
2 —1.321 —1.308 —1.304
3 —0.950 —0.907 —0.897 —0.894
4 —0.370 —0.362 —0.359
5 —1.394 —1.381 —1.376
6 —1.089 —1.078 —1.075
7 —0.566 —0.559 —0.556
8 —1.278 —1.146 —1.135 —1.132
9 —0.666 ~0.660 —0.658
10 —0.698 —0.692 —0.690
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yrnoeas
rPaHUUNaA
TOYK3

Heyrnosas.

Vo v

S

ST
/

TOYKa ~

/ obnactu

Puc. 9.

n
BETCTBYIOUIHE TPAHAYHBIM TOuKaM (xi, y;) ¢ x; y;==x 5. Ta-

KHe (DYHKUHH He PaBHBI HYJIO caMoe 6ojibllee HA ABYX 3J€MeEH-
Tax, Kak NoKa3aHO Ha puc. 9(a), octanbHble Xe Ga3ucHble PYHK-
UMM OTJIMYHBI OT HYJIS Ha 4YeThipex ajieMeHTtax (cM. puc. 9(b)).

Ynpaxrnenue 1. Wenmonnsys meron Purtma u Kycouno-6uau-
HeliHble 6a3ucHble (YHKIHH, BBIUHCANTE KO3(P(HUHEHTH YypaB-

HeHud
a

oUy; '

npepmoJyiarasi, 4to TOYKa (Xi, y;) ecth (a) yraoBas ToYKa H
(b) Touka Ha cTOpOHe. 3nech GEPYTCs €CTECTBEHHHIE MPAHUYHBIE
ycnosus, I (v) 3apan B (3.3).

Cucremsl ypasrerull

Meton PuTua MOXHO NPHMEHATb H ¥ pelleHHio cucreM aud-
(depeHUHANbHBIX ypaBHEHMH C YaCTHBIMH IIPOM3BOJHBLIMH B TeO-
PHH ynpyrocts npu MaJabix pedopMmauusx. Boobie, ecnn mMbl Ge-
peM npuOGAMKeHHs BHAA

N N:
U=San, V=3 (3.6
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M HIIEeM CTaLMOHApHYIO TOUKy ¢yHruuonana I (U, V) orocurenp-
Ho U u V, to nonyyaem N; 4+ N, ypaBHeHHH

N, N,
7] .
'a_ai'l(zalq)], Z Bk‘q’k)':o (i=1,..., N,

=1 k=l
5 M N2 (3'7)
ﬁ;l(za/%, Z 5k\l’k)=0 (I=1, ..., Ny.
=1 k=l .

3.2. TpaHHYHBIE yCAOBHSA

Mu noxkasanu, Kak METOAOM KOHEUHBIX 3JeMeHTOB MOTYT
ObiTh pelleHB 3afauyd ABYX pas3jMuHLIX THnoB. BHauane Mbl pac-
CMOTpPE/IH ONHOPOAHBIe TpaHuyHble YycdoBusi Jlnpuxnae u=0.
B sTOoM cayuae Bce pomycTHMBie QYHKIIHH HOJIXKHBI YLOBJETBO-
psiTb 3THM YCJOBHAM. 3aTeM MB PacCMOTPEJH OLHODOJHbIE I'pa-
Huynbie ycioBusd Hefimana du/dn = 0. 3mech Ha LONMyCTHMBIE
GOYHKUMM HMKAaKHX OrpaHHYEHHA He HAKJIajblBaeTcCs, NMOCKOJbKY
r(pan)uqnble yCJIOBHSA SIBJISIIOTCS €CTECTBEHHEIMH 1JIsl QYHKIHMOHANA

3.3).

T'panuuneie ycrosus Qupuxae

B ofwem cayyae rpanuuHble ycnoBHsi Jnpuxjie Heo6X0auMo
BBOJHTb Kak HOMOJHHTE/NbHbIE YCJHOBHS Ha ANMNPOKCHMHUpYIOIHE
dyHKuuU, JTO Jerko CAeNaTbh €CJIH HaM HYXHO pellnTb B HEKO-
Topoii o6nactn R = R™ nuneiinoe nuddepennnanbHoe ypaBHenne

Au=f (3.8)
TIPH YCJOBHH, 4TO
u=g
Ha rpaHuue OR, nmpuueM g siBJsieTcs raagkoll GyHKuue#H, pomy-

cKawuell fBHOe aHaJHTHUECKOE MPOJOJXKeHHe BHYTpb R, T.e.
3ajaHa Takas rJaakas QyHKUHs @, 4To

w=g

na dR, a Aw onpenenena sciogy B R. B atoMm ciyuae moxno pac-
CMaTpuBaTh NPHOJIHKEHHOC pellleHHe BHAA

N
U=w+ i; @.9;, (3.9)
rae Bce @; paBHH Hyaio Ha OR (Cumx, 1957). ITockoabky ¢yHK-

unu Buaa (3.9) obpasywoT auneiinoe mnoroobpazue, a He JHHEH-
HO€ NPOCTPAHCTBO, YacTO AJs MaTeMaTHYeCKOro aHaimsa yno6-
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Hee cJerka M3MeHHTb 3anauy. Ilocne Takoro M3MeHeHHS 3anaua
anmnpoKCHMAaUHuH NpHOGpeTaeT CTPYKTYPY KJAAacCHYeCKHX NpHGJH-
JKeHHi, onncaHnbiX B pasa. 1.3 u 1.5. Cienyer noguepkHyTh, YTO
YHCJEHHBIX PacyeToB 3TO Npeobpa3oBaHHE ‘He 3aTparuBaer; Me-
HsieTcs Julllb MaTeMaTHueckas ¢opmyaupoBka 3anaun. Crepyio-
lilee ynpaxHeHHe HJJIIOCTPHPYeT 3TO.

Ynpaxcnenue 2. Tyets f =0, g = — —;—(x2+ ), A= —% —
2
—-T;Z—, u ypasHenue (3.8) paccmaTpuBaetcsi B 06/1aCTH —% <x,
y< % . Hyctp
1
w(x, Y=g, y)=— 5+ ). (3.10)

Pewite ypaBHeHHe
1
Afo s, )~ 5 (24 1] =0,

d%v
dx?

T. €. a2
+,5yi,—2=o (3.11)

¢ ycaosueM v = 0 Ha rpanuue. Mcnonnsysi pelenne atoro ypas-
HeHHUd, 3ajaHHoe Ta6a. | uian JA06BIM KPYIHM CIHOCOG0M, BHIUHC-
JIUTE pellieHHe B Y3JIOBBIX TOYKAX, H306pa’KeHHHX HA pHC. §, H
CpPaBHHTE 3TO NMPUGJIHKEHHE ¢ TOUHLIM pelleHHeM

e, p=—(3) -3 -+

O (L 1\k+! _
+%Z (1) ch(2—1)y cos (28 — 1) x.
k=1

(2 — 1)3 ch (2 — 1) n/2

Jlpyeoii nodxod Kk anAPOKCUMAYUL 2PAHUYHbIX SHAYEHUL

K coxajeHH!o, BO MHOTHX NMP2XTHYECKHX 3ajayaxX rpaHHYHHE-
yenosus Jlupuxjie HeJOCTaTOYHO rJajKH, 4TOOBl rapaHTHPOBATh
BO3MOJXXHOCTb SIBHOrO aHAaJIMTHYECKOr0 Npojo/xeHHsi. B Ttakux
3agayax MOXKeET 0Ka3aTbCsd YHOGHHM KakK-TO allPOKCHMHPOBATS.
rpaHuYHbIE JaHHbIE, HCNOAL3Yysd (13uCHble QYHKUHH ¢;, He o6pa-
marmHuecs B HyJb Ha rpaHuume. TakaM o6pa3oM, Ml MOJyyaeMm
NpUGIHIKEHHOE PellleHHe BHAA

N
U= ;l Py,

rIe HeKOTOphie H3 o; (PUKCHPYIOTCH HAYaJbHHIMH AaHHEMH., Mx
MOXHO nopo6partb, HapUMep, TaK, YTO NPHOJHKEHHOE pelleHHe
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HHTEPNOJHNPYeT IpaHHuHble yca0BHA. OcTalbHbie NapaMeTpH, co-
OTBETCTBYIOIUHE BHYTPEHHMM y3J1aM, BBIYHCAAKTCA IO METOLY
Purua. IIpu6ankenns Takoro TMNa He YKJaAbIBAIOTCA B paMKax
KJ14CCHUCCKOH (POPMYJMPOBKM METONA KOHEYHLIX 3JIEMEHTOB IMO-
CPeACTBOM BBLIYMCIEHHS Bapualui, OfHAKO HHXKe, B INI. 5 NoKa-
3aHO, 4TO, €C/IH BCE CAEJAaHO NPaBHJbHO, TOYHOCTb aNlpOKCHMa-
uun He yMenbaercs. lllupokoe npusHanue nonyuusn apyro#l noa-
xon (Bpam6n n llartu, 1970; BaGywka, 1973; Hutwe, 1971), B
KOTODOM HEOJHOPOAHBIE TPaHHYHble ycaOBHS Hupuxiae BBOAATCSA
¢ MOMOINbIO TaK HadwiBaeMoro ¢yHkUHOHaja WTpada. Bkaouas
rpPaHHYHBble yCJIOBUSI B (DYHKIIMOHAJ, MOXHO YaaJIHThb BCe OrpaHH-
YeHWs Ha annpoKcHMupylomee noanpocrpanctso Ky. Hanpumep,
ecan gaHbl gud@epenunanbHoe ypaBHeHHe (3.2) W rpaHHUYHOe
yCJI0BHE U = g, MOXHO HCII0JIb30BaTh (PYHKUHOHA

= ([ {3 12) + (2] 2 farao+
R

+ 32 S (v — g)do. (3.12)
R

$IcHO, 4TO, ecnm orpaHHueHuii Ha annpokcUMHpYIHe GYHKUHH
HeT, cranuoHapHas Touka ¢yHkuuoHana (3.12) coorBercTBYeT
pelleHnio ypaBHeHus (3.2), yJOBJNETBOPAIOLIEMY ETECTBEHHOMY
rPaHUYHOMY YCJIOBHIO

-1\ Ou
u+ (A =8

Ha OR. HeonHoponHble rpannuHLie ycjaoBHs I[upuxie elle BCTpe-
TATCSl NO3JHEe B STOH rjaBe, Korja GyneT ONHCHIBATLCA METON
HAaHUMEeHbIIHX KBaJpaTOB.

Heonnoponnsie rpanuynnie yciaosus Hefimana uau cMeman-
Hble TPAHHYHBIE YCJOBHSI MOTYT GbiThb BK/IOYEHbl B (DYHKIHOHAJ
aHajnoruyHo (3.12) 6e3 BHeceHHS] OrpaHHYEHHH HA ANNPOKCHMH-
pyloilee IIOANPOCTPAHCTBO.

3.3. Meroa KaHTopoBuya (MM NONYAMCKDPETHBI MeTOA)

JpyruM NOAXOAOM K MPHMEHEHHIO MPSAMBIX METONOB amnMpoK-
‘CHMaU{H sBJSeTCS TNOJyueHHe NPHGAHKEHHOTO peLIeHHs BHaa

N
U= ;Z-l Py,

rie HensBecTHble Ko3dduuuentn o; (i =1, ..., N) yXe He cka-
JI8pbl, @ QYHKUHH ONHOH M3 He3aBHCHMBIX NMEpeMEeHHbIX, HamnpH-
Mep, Xxj; TOrAa @; PacCMaTpHBAIOTCA KAaK (PyHKUHH OCTaBLUHXCS
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m — | nepeMeHHBIX, T. €.
N

U(xl’ X9y < vy xm)=lzlai (xl)q)i(xZ: X3 o0es Xm).

StoT Meron uacTo cBA3niBaKT ¢ uMeHeM JI. B. Kanroposunua
(Kanroposuu, 1933); oH JeXHUT B OCHOBE GOJIbIUMHCTBA KOHEYHO-
3JIEMEHTHBIX METONOB pelUeHHs] HECTAUHMOHAPHHIX 3a1alY, PacCMOT-
peHHbIX B V1. 6. B npuMeHennn Kk kpaeBwiM 3agauaM Meton Kau-
TOPOBHYA BecbMa MOXOX HA XOPOIIO H3BECTHHIH METOoA MpPSIMBIX
(bepesnn u JKunkos, 1962).

Paccmorpum meron KantopoBuua Ha mpocToM NpuMepe Io-
JIyueHHs] NpUOJIHIKEHHOr0 pellleHnsl ypaBHeHHus (3.2) ¢ rpaHHYHBI-
MHu ycaosusaMu (3.2a). Bepercs annmpokcuMupyiomiee NOANpocCT-
paunctBo Ky, conepxaiiee QyHKIHH TOJAbKO ORHOrO apryMeHra y;
no (3.2a) rakne GyHKuHH OYAyT YAOBJETBOPSTb YCAOBHSIM

o(—5)=w(5)=0 (=12 ..., N).

IIpn6anxkeHHoe pellleHHe BHaA

N
Vie ) =2 a0 o) (3.19)
BLIYHCJISIETCS NyTeM MuHMUMH3auuM ¢yHKunoHana /(v) n3 (3.3)
OTHOCHTEJIbHO HeomnpeneieHHnx ¢GyHkmui o; (i=1,2, ..., N).

Yrtobul caenaTh 3TO, HEOGXOAHMO CHayaja nepenucatb QyHKIHO-
nan [ cnenyiomnM o6pasoM:

N

5
I(Z ai‘Pi)=-’(0‘1, Ugy « oy Oy) = S F(ay, ..., ay)dx,
7

i=1

rae
S l% % do, do
P =33 o § e
i=] f=1 [ —i
2
z ] £l
da; da : ! d 2
i ]/ .
T Vowdri+ o | mdy @10
T =
-z =
9T0 MOXKHO cxenaTh, TaK Kak ¢yHkunu ¢ (i=1,2, ..., N) us-

BECTHBI, a HHTerpaibl B (3.14) MOXHO BBIYHCINTL TOUHO. UTOGH
MONYYHTb CTALMOHAPYYI TOUKYy ¢yHkuuonama J(ay, ..., an),
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Mbl TIOCTYIIHM COIJIaCHO MPOLEAYpPe, ONHCAHHOH B MpenblaylieH
rjiaBe, H TNOJYYHM ypaBHeHHs Jfinepa — Jlarpanxa, COOTBETCT-
BylOIHe BapuauuaM kaxaoi a:(x) (i=1, ..., N). 910 Heo6xo-
JHMO JeJaTh C YUETOM TOrO, YTO KO3((HIHEHTH o; YK€ He Mpo-
cT0 ckaispbl. [109TOMy OHH omnpenensiorcs u3 cucreMwnl N ypas-
HEHHUH

OF 4 (dF\N_o (i=1,..., N),

da; d da;
THe WTPHX O3HAuaeT andepennuposanue mo x, a F(ay, ..., oy)
onpenensiercss B (3.14). [TostoMy nenssecTHble QyHKUHH oy ([ =
=1, ..., N), sxoasmue B npubauxenHoe pemenne (3.13), no-

JIy4aloTCsl M3 CHCTEMBl OGBLIKHOBEHHBIX AH((depeHuralbHblX ypas-
HEeHHH

N
Iz_:l(alc”—a;'d”)=bi (=1, ..., N), (3.15)
rae
It
¢ do, do
— t 49
Ciy= SW iy Y
T
7
Z
2
dyy= S‘Pt@/ dy,
-z
2
L
2
bi=— {2045,
2
2

"NpH YCJIOBHH, UTO (— —;—) =q, (—g—)=0 i=1,..., N).

Ynpaxnenue 3. Pemnre cucremy ypasuennit (3.15), ucionb-
3ys KyCOYHO-JHWHelHble 6asucHble ¢yHkuuu 9; (i=1, ..., N),

n T
onpeje/ieHHBIe HA HHTEepBaJe [———2—. 7] C PaBHOMEpPHHIM pas-

6uennem mo ¢opmynam (1.3). CpaBuuTe pe3ynbTaThl, NOJYYeH-
Hble NI Pa3/MYHBIX 3HaueHH® N, ¢ mMpHBeAeHHBIMH B Ta6a. 1.

[TonyauckpeTHHH MeTOL MOXXHO NPHMEHATb K 3ajadaM Kak
¢ HEOJHOPOAHBIMH TIPAHHYHHIMH YycaoBHaAMH Ilupuxie, Tak M C
€CTECTBEHHBIMH YPaHHUHBIMH YycsoBHsAMH. Ilpouenypa ycioxmus-
ercsi, Korjga (QYHKUHOHAJA HYXXHO JONOJIHHTH HHTErpajaMu IO
rpanuue,
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Ynpannenue 4. Hatinure pynxkuuonan J(oy, ..., ony), KOTO-
poii MOXHO O6blI0O OBl HMCNOJbL30BaTbh M8 MOJdYYEHHS DeLUEHHS

E] 114
ypaBuenus (3.2) B obnactn — 5 <%, y < 5 TPH YCHOBUH U =
== g Ha rpaHule.

Boo6ie roBops, npu pellleHHH KpaeBhIX 3ajaay NOJYIHCKpeT-
Hblfl MeTOon 3(p¢deKTHBEH TOJNLKO NPH YCJOBHH, YTO MOJy4Halounias-
Csl OJlHOMEpHas 3ajaya MOXeT ObTb pelleHa HeNOCPEACTBEHHO H
TouHo. Hecko/nbKO Takux npumepoB ecTb y Duabcroabua (1958),

c. 152, IlpuMeHenus K 3ajmadaM ¢ HayajJbHbIMH JAHHBIMH HMEIOT
6osbllee 3naueHue, 1 Mbl 6yJeM UMeTb ¢ HHMH JAejio B 1. 6.

3.4. Meton, lanepkuHa

[Toka uto B 3TO# ry1aBe Mbl PacCMOTPENH PsiJi METOJAOB anNpo-
KCHMaUHH pelleHnsi u(X) aunefHOoro anddepeHunalbHOro ypas-

HEHHSA
Au=Ff (3.16)

s x € R™, ynoBneTBopsiOmero onpeneieHHbIM IPAHHYHBIM YC-
JnoBUAM. [ BceX 3THX METOAOB. IPEANoJarajaoch, 4ro audde-
pPeHUHabHbIH onepaTop A yaoBleTBOPSET TAKUM YCJAOBHSM, UTO
bynkuns u(x) sBasercs pelleHHEM BapHALMOHHOA 3anauu

81 () =0 (3.17)

/s Hekotoporo ¢yHkunonana I(u). B aToM cayuae MoOXHO 10O-
Kkasatp (Muxaun, 1976), uro pyHkuuoHan MoXeT ObITH 3amHucaH
B BHJIE

1 () = 5 (Au, u) — (, ), (3.18)
rae

(u,0) = S S u (x) v (x) dx.
R

OG6o6iuieHne 9TOr0 pesyabTata Ha cjlydyafl HeJIMHEHHBIX OmNepaTo-
poB moxpo6Ho paccmorpeno BaiinGeprom (1956). B nHeckoabkux
npuMepax, NPUBEICHHBIX B npeubmyug;ax paszenax 3TOH IJIaBHI,

6bu1 MCTIONB30BAH omepatop A= ——5— — 3,7 BMecte ¢ ¢byHK-

LUHOHAIOM
1@ ={{3 @ +u)daray— ((ufaeay.  (.19)
R R

Ucnonb3ysi TeopeMy Ipuna (Kypant u I'mab6epr, 1951, c. 241),
3TO BHIPAYKEHHE MOXKHO NOJYYHTb (MPH ONMpeneseHHBIX IPaHHY-
HBIX YCJOBHAX) M3 cTaHpapTHo# ¢opmul (3.18).

Ynpaxnenue 5. YKaxure rpaHuuHwle ycJaoBHs aas u(x,y),
npu KOTOpHIX cnpasefJuB nepexox ot (3.18) k (3.19),
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Hcnonb3oBaHHe HHTErpPHPOBAHHS [0 YaCTAM — T. €. TEOPEMH
puna — gns npeoGpasoBannsi (GYHKUHOHAjJa H3 CTAHAAPTHOMH
¢opmbt (3.18) kK TakoMy BHAY, NPH KOTOPOM Tpebyercs MeHbIuasi
I1aaKOCTb AOMYCTHMbIX GYHKUHH 4 (X), ABASETCH OLHOH H3 OCHOB
yclexa MeTona KOHEUHBIX 3JIeMEHTOB Agl'lpemep, 1975, c. 229).

Annpokcumauus Purtua U(1'()=Zl a,9; (X) pewenus Bapua-

HHOHHOH 3ajayn (3.17) MOXKeT cuMTaThCs pelleHHEeM YpaBHEHHS
7‘3—;1(U)=(AU, )= (@, )=0 (i=1,..., N) (3.20)

TONBLKO TOrga, Korjpa Mbl umeeM onepatop A tpeGyeMoro BHAa.
Ho paxe ecin 310 He Tak M (3.20) He cnpaBemyinBO, CHCTEMa
ypaBHECHHH

(AU,CPI)—(CPD f)=(AU_fch1)=0 (l=]v ) N) (3~21)

BCe emle onpexnensier npubamxennoe pewenne U(x) mna (3.16).
B pefictButensHocTH cucteMy (3.21) MOXHO HCIIONIB30BATh, AaXKe
ecay onepatop HeauneeH. Takum o6pasoM, MeTOJ KOHEUHBIX 3Je-
MEHTOB MOJKHO HCIOJb30BAaTh [JIs pelleHHsi 3HAuuTeabHO Gojee
WHPOKOro KJacca 3ajaay, 4eM KJiacc 3ajhad, AONYyCKaloIuX BapHa-
OHOHHYIO (opMyanpoBKy. OQHAKO BCe Ke XKeJaTeabHO, YTOGhI
(3.21) MoxHO 6b1J10 GBI HHTETPHPOBAHHEM IO YACTAM Mpeobpaso-
BaThb TakK, 4TOOH YMEHbIWHTH TPeGyeMYIO I1aJKOCTh (DYHKUHI @;.
Takne annpokcuManuu pellleHHss OOBLIYHO CBA3LIBAIOT C MMEHEM
pycckoro marematnka b. I'. Tanepkuna (1871—1945). Bo MHo-
IHX COBETCKHX YYeOHHKAX O HHX rOBOPST Kak O MeToAe ByGHo-
Ba — lanepkuna (Muxaun w Cmoanuxuit, 1965, Byaux, 1967).

Carabole pewenus
Yacto ¢yHKuMO u4(X), KOTOpas yAOBJETBOPSET JHHEHAHOMY
AngpdepeHnaNbHOMY YpaBHEHHIO
Au=f (x=R),

HAa3bIBAOT KIAACCHYCCKHM DelUCHHeM, B OTJIHUHE OT canaboro peure-
HHUfl, KOTOPOE YIAOBJIETBODACT YPABHEHHUIO

(Au, v)=(f, v) (mas Bcex v H) (3.22a)
(u, Av)=(f, v) (s BCcex v J6,). (3.22b)

[TpoctpaHcTBO 8 COMEPKUT BCe H3MEpHMble NONYCTHMbIE (byHK-
MK, KOTOpble OOpaIaloTes B HyJb Ha rpanuue OR; mpo Takue
(YyHKIMH MHOrAA TOBOPAT, YTO OHH HMEIOT KOMARQKTHbIL HOCU-
reab. TIpocTpaHcTBO J6) C 6 COAEPIKHT TOJNLKO TE€ JOMYCTHMbie
¢GyHKUMH, 115 KOoTopex A*v naMepuma,

H/1i
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Orciofa clcayer, 4To ecau onepatop A umeer Nopsnok 2k, TO
cinabaa ¢opma (3.22a) tpebyer, uToOHl pellicHHe 4 HMeJO H3Me-
pHMEle NPOU3BOJAHLIE MOpsifKa 2k, 4TO B TEPMHHAX HpOCTpaHCTBa
CoGosieBa (cM. 1. 5) MOXKHO 3anHcaTh Kak U 25 (R). Onna-
Ko BTOpas cnabas popma 3amaun (3.22b) Tpebyer TONBLKO, YTOOHI
usZ:(R); nasa npobueix ¢yuxyuti v — Hao60poT. JLonoJHNTEND-
HOoe Tpe6oBaHHe 06panlecHHS B HyJb U HA rpaHuie 006bI4HO — KaK

B 5— yKashiBaeTcs Kak U & %‘Zk’ (R).

C BbIUMCAUTENLHON TOUKH 3peHHsT HanOojee nojesnas cnabas
¢dopma 3anauu, HaspBaeMas Jajiee 2anepKunckol gopmoil),
BO3HHKAeT H3 (3. 22a) HJH U3 (3 22b) mocne k wHTerpHpOBaHHIl
no yactaM. B 3Tofi ranepkuuckoil popme TpeboBaHHsA TIaAKOCTH

13 (k)
MHHHMaJAbHE B TOM CMbICIe, 4TO U & S5 "(R), v e (R).
O6L19g0 B 9TOM CJAyyae 3ajaya 3aNUCHIBAETCH TaK:

alu, v)=(f, v) (aaa Bcex v & H,), (3.23)
rje HOBOE MPOCTPAHCTBO NPOGHLIX GyHKuU# B9, O4EBHIHO, yNOB-
JIeTBOPSAET BJIOXKCHHAM

b, = H, = 8.
Hanpumep.2 rajepkuHckasi ¢opMa audgepeHIHaNbLHOrO omnepa-
o 2

TOpa HMEEeT BHJ

Tt o

ota 9= [§[(2) (32) + () (5 )acan

rie B 3TOM cayvae k& = 1. CIzopma- Fanepkuna puddepeHunanbHo-
4

a9t 7]
ro onepaTopa .z +2 320, 4+ a5 (cM. 1. 2) BHITISIAUT TaK:

a(u, v)=SRS dxl+jzju)(0y _|_0y )axﬁy

MoxHO 1nokasaTh, YTO NPH AOCTATOUYHO BHHMATEJNbHOM OTHO-
IIEHHH K TPAHHYHBIM YCJOBHSIM cJaboe pelleHHEe €UHCTBEHHO H
COBMAafaeT ¢ KJAACCHYECKHM: OAHH M3 TAKHX PE3yJbTaTOB NPHBO-
auTes B teopeMe 5.2 . 5. CyulecTBOBaHHE M eIHHCTBEHHOCTH
cinabuiX pelleHHil H3yyalTca TakxKe B KHHrax Depca, JIkona u
[lextepa (1966), c. 206, Heuaca (1967), c. 23 u Jlnonca u Mag-
xKeneca (1971), § 2.9. B sroéf KHure npeanonaraercsi, 4To Npo-
cTpaHcTBa #y, #62, /6 BbiGpaHBl NPaBHIbHO, a TOrga pelUeHHS
3ajau (3.22a), (3.22b) u (3.23) coBmapmaior ¢ TpeGyeMbiM KJiac-
cHYeCKHM pelueHueM. Boo6me enuHCTBeHHOW paccMaTpHBaeMoi

) IMon ¢dopmoft I'anepkuHa 34ech NOHHMAIOTCS M cjabas MOCTAHOBKA 3a
naud, u cjaabas ¢opMa ypasHeHUS K HEKOTOPbifi OWJIAHEHHBIA (YHKIUHOHAM,
Hawm kaxercs, 4To B KOHTEKCTe 3TO He BHI30BeT HeRopasymeHus.—IIpum. nepeg,
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3fech cnaboit popmoii sBasieTcs ¢opma ["asepkuna. Anmpoxcu-
Manus [anepkuna U ynoBseTBOpsieT cucTeMe

aU,9)=(,9) (i=1,..., N). (3.24)

[TockonbKy GYHKIMH @; IOPOKIAAIOT KOHEYHOMEPHOE IOAIPOCT-
paHcTBO Ky, yTBepKIeHHe, SKBHBAJEHTHOE CHCTEMEe ypaBHEHHM
(3.24), ecrb

aU, Vy=(f, V) (ana Bcex Ve Ky). (3.24a)

3amerum, uro 4 (uau U) He 065A3aTeNIbHO U3 IHEPTETHUECKOTO
IpPOCTPAaHCTBAa, 3TO TpeGOBaHHE HAKJAABIBAETCA TOJBKO Ha U
(unm V). Tak, ecnu 3amaHnl HEOAHOPOZHBIE FPAHMYHBIE YCJOBHUS
JlupuxJye, T0 MoXeT ObiTh YHOGHBIM HCIONB30BATh aNIpPOKCHMA~
UHIO BHAA

N
: UG =W (9 + 2 ae (o),

rae ¢yukuus W yJ1oBJeTBOPSE€T FPaHHYHHM YCJIOBHSM.

B ypaBuenusx I'anepkuHa ecTecTBeHHO NpexnoJjarath, 4YTO
npubauxenne U u npobuple GyHKnMH V ompenenslorcs OXHUM
MHOXKecTBOM 6asucHHX ¢yHkuui @; (i=1, ..., -N). B arom
clyyae B 3aJayaX, B KOTOPHX BO3MOXHBl KaK allpPOKCHMaUUH
no Purny, Tak u annpokcumanuu no 'anepkuny, o6a Metona npu-
BOXAT K OZHOMY H TOMY Ke pemenuio. Jlpyras annpokcuManus
NOJy4aeTCsi ¢ HCNOJb30BAHHEM TeX XKe 6GasucHHX QYHKHUBR ¢; &
& Ky, HO mpH npoOHBIX GYHKIMsX, BHIPaXKEHHBIX depe3 HEKOTO-
pue Y, Ly (i=1, ..., N), tae Ky u Ly — pa3uple nmoampo-
CTPaHCTBA NPOCTpPaHCTBA J6.

Meros HaHMEHbIIHX KBaJPaTOB MOXHO PAacCMaTpPUBATh Kax
meton 3toro tvna ¢ P; = Ag; (i=1, ..., N). Hcnoar3zosanue
nByx MHOXecTB, {@;} u {}:}, HecoBnagawmux Ga3uCHBIX (yHK~
UMA [Jf OmpejesIeHHsl anNpPOKCHMANUMHM YKAa3aHHOTO BHILIE BHAa

U3 yCJOBHH
alU, v)=(, %) (@(=1,..., N) (3.25)

NpUBOAUT PA3JNHYHBIX ABTOPOB K PAa3BHTHIO TAK HA3BIBAEMHIX CO-
npsoennoix annpoxcumayuil (cm. Open, 1976, u npuBeneHHyio
taM 6ubauorpaduio) H K Tak Ha3bIBAEMOMY METOOY 838EUIEHHbLLX
nessn3ox (cM. Puunelicon u CkpuseH, 1967, u uMeomuecs tam
ccoligu). B pasp. 7.4(E) na npumepe nokasano, 4ro B HEKOTO-
pBIX NPAaKTHYECKHX 3aKaYaX €CTb OUPEACJCHHBIE BBIYUCIUTENb-
HBle NPEHMyLIEeCTBa, CBA3aHHbIE € BHIGOPOM NPOOGHBIX (GyHKIHUH
Lpyroro BHAA, HexeJH npubaukeHHoe pewenve. OnHAKO HH
37eCb, HH B IVl. 5 HET BO3MOXKHOCTH AJsi OOCyaeHus TeopeTHue-
CKHX BHIFOX TaKMX METOAOB; HJfi 3TOT0 YUTATeNIO ciaeLyer obpa-
THTbCSl K YKa3aHHOH JHTepaType.
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Meton lanepkusa MOXHO NPHUMEHHTb K PELIEHHIO HEJHHEH-
HBIX 3234, HO TOJbKO B CIEHHAJbHBIX CJAyd4asx ymaercs IHOJy-
yuTh cyabylo GopMy ¢ MeHbIIMMH Tpe6oBaHUaMH raaakoctd. Oauu
H3 IPUMEPOB TAaKOro poja — nuddepeHnualbHOE ypaBHEHHE

a a a3 a
5 (r@5) + 5 (s 57) +1(x, =0
Ono npuBoaut Kk dopme anepkuna

aW, 0 ={{[r@ (55) (B&)+ 9 ) (5]) (5%)]axay =
i =(f,e) (=12, ..., N)

Conpsaxcennote popmyruposru

BapuanyuoHHOe HCUHCJIEHHE MOXHO PaclpOCTPAHUTh HA IIHUPO-
KMl Kjacc 3amady, JONyCKAOUIUX NpuMeHeHue Meroxa [anepku-
Ha. B npexmipymesi raaBe O6bl1 moayuen GopMaJsibHBIE Jarpal-
KUAH OQUCCUNATUBHOL CUCTEMb. TIYTEM PACCMOTDPEHHS COIPSIKEH-
Hoft 3agaun. Ecan umyrcsi npuGanKeHHBE peLleHHsl KaK OCHOS-
HOti, Tak U conpaserHol 3adaw, To annpokcumanus [anepkuna
HAaXOQUTCS M3 YCJOBHsi CTANMMOHAPHOCTH 3TOr0 JarpaHXKHaHa.
®akruuecku (3.24) Bo3HHKAaeT Kak Heo6XoOUMOE YCJIOBHE CTa-
IIHOHAPHOCTH JIarpaHXKHaHA.

B kayecTBe mpocroro mpuMepa paccCMOTPHM YypaBHEHHE

9?2 92 ¢}
G+ 25, =0 (3.26)

B HekoTopoit ob6aacth R — R2 npu ycaoBun u=0 Ha rpasune
OR. Bynem HaspiBaTh 3Ty 3agayvy ocHoBHOH. ConpsKeHHOH 3ana-
yeit GyeT pelleHUe CONPSKEHHOTO YPaBHEHHS

0u* %t du

S+ ey — 25, =0 (3.27)

B R npu aHAaJOFHYHOM IPaHHYHOM ycJoBUH u* = (.

Hetpynuo y6eautbcst B ToM, yrto (3.26) u (3.27) okasuiBaloT-
csi ypaBHenusMu JDfnepa — Jlarpanxa, cOOTBETCTBYIOIMMH Ba-
puanvu QyHKIHOHAJNA

Ly (([2wow | owdw 0wt . 0w
L )= ([ Qe+ 220t u G0 —u G)drdy.  (3.28)
R
CJeflyeT, OHAKO, TIOMHHUTb, YTO OCHOBHOe ypaBHeHHe (3.26) mo-

Jyqaercsi U3 yCJIOBHS
8,1 (u, u) =0, (3.29a)
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a HE U3 YCJOBHUA
8l (u, u), (3.29b)

TaK Kak (3.29b) BemeT kK conpsKeHHOMY YPaBHEHHIO.
Ecay Mbl umeMm npubiuKeHHOe pelleHHe OCHOBHOH 3amaud
N

B Buge U= ), 0;;, TO NPHOJHKEHHOE PeIIeHHE CONPSKEHHOH
i=1
N
3amaud Heo6XOAMMO INOJYYHUTh B TOH Ke QopMe, U*=Z B:9:s
i=1
JIPYrofi BUA CONPsKEHHON amnmnpokcumamuu pgact ckopee (3.25),
yeMm (3.24). DT npubIHKEHUS MOXKHO HAHTH KaK CTAalHOHAPHYIO

TOYKY (yHKiHOHana (3.28) OTHOCHTENBHO HEU3BECTHBIX K03 du-
nuentoB o; U PB. Takum o6pasom Mmul or (3.29a) mpuxomum K

a—g‘—I(U, U)y=0 (i=1,..., N), (3.30a)
a ot (3.29b) —«k

)=0 (i=1,..., N). (3.30b)

Ecan mMbl paccmaTtpuBaeM dyukuuonan I (U, U*) u3 (3.28), npu-
6/MKeHHOE pelleHHe OCHOBHOTO YPaBHEHHS NOJydaeTcsi H3 CH-
CTEeMBI ypaBHeHuﬁ

0 0 0Q; oU
15{(5) (5)+ (57) (55)+0 (55) - (57) o dxay =0
(3.31)
(i=1,..., N).
Bosee mpsMoil crnoco6 noaydenuss annpokcumanuu [asepkuna
caenyeT u3 caaboit GopMu ypasHenus (3.26). Jlerko nmpoBepuTh,
uyto cnaboit ¢popmoit I'anepkuna ypasuenus (3.26) sBasercs

a(u,v)=0 (naa Bcex v E H),
rue

R CIGHOICR
1 (55) - () o} e

a OTCIOAA cpasy noJjydaeM, 4YTo annpokcumanusi ['asepkuHa, Bo3-
HHMKAIOIas U3 CHCTEMBl YPaBHEHHUH

aU,9)=0 (@=1,..., N), (3.32)
ynosaersopsier ypaBuenusm (3.31). Takum ob6pasom, Ha mpume-

pe naHHOH 3a1a4yM NOKa3aHo, KakK OfHA U Ta XKe CUCTEMA YpaBHe-
HUH MOXKeT GbiTh NMOJyYeHa ABYMsl MAaTEMaTHYECKH PA3HEIMH CIIO-
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cobamu: kKak caabas ¢opma HCXOAHOTO AH(GeEepeHIHaNTbHOrO
yYpaBHEHHsl, HJIH KaK YCJIOBHe CTAallHOHAPHOCTH HEKOTOPOro (yHK-
uuoHasa, ConpsixKeHHas 3ajava, Hy>KHas [JJis ONpefeseHus NOox-
xoAsiero GyHKUHOHAJA, BooGIne roBops, ABJAAETCA BCEro JIHLIb
MaTeMaTHYECKUM IpHEMOM H He HMeeT (H3HYeCKOro CMBHIC/A.
[TosroMy B nanbueifimiemM meton [asepkuHa uccjexyerTcss Ha OCHO-
Be cnaboii GopMbl ypaBHEHUs, HA APYrylo XXe ¢GOpMYJHPOBKY Ae-
JIAIOTCAl TOJMIBKO CCHIJIKH,

B kauectBe npuMepa Bo3bMeM ypaBHeHHe (3.26) B ofnactu

1 1
— 5<% y <5 % CTIPaHUYHHIMH yCJIOBHAMH
7).

u(:t%n,y)=0 (lyl<
u(x,—ln)=o (1x1< 5#). (3.33)
7).

(o bm)=(3) e (a1t

[Ipumenum Kk 3TOH 3agaye MeTOX KOHEUHHIX 3JeMeHTOB [asepKuna
OJIsl MOJyYeHUss NPUGJIHKEHHOTO PEUIEeHHs Ha KJacce KyCOYHO-
6unvHeAHBIX QYHKIMHA, HCIIOJb30BAHHOM panee. BBexeM QynKuuio

n\2 n 1
wix, )=[(5) —#](£+v)%
KOTOPAasi YHOBJETBOPSIET TPAHUUHBLIM YCJAOBHSM, NOCJTE dero Hafi-

neMm annpokcumanuio ['anepkuna Buna
T

Ulx, y)= . ;,1 Guq;u (x, ) +w(x y)

u3 cucreMbl ypaBHeHuii (3.31). PesysnbTaThl BHIYHCJIEHHH mpH
PasJIMYHBIX CeTKaX, ONHCAHHBIX PaHee, NPUBOAsATCS B Taba. 2. Ha
puc. 10 n306paxkeHO NOJIOKEHHE TOYEK, BKJIOYEHHBIX B Tab.uiy.
Xors 3mech HeT Toil CHMMeTPHH, KoTtopas Gblia paHee, HeoGXo-

Tasauya 2
Pewenne
Touka T=3 T=7 T=15 Toutioe
1 1.826 1.822 1.821 1.821
2 1.324 1.314 1.311 1.310
3 0.934 0.870 0.859 0.855
4 1.301 1.309 1.310 1.311
5 0.940 0.933 0.931 0.931
6 0.665 0.617 0.608 0.605

3 3ax, 672
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(5mim)
i 4
©0) [F—12
3 6
(3m:3m)
Puc. 10,

JYMO paccMaTpPHBATb BCe ellle TOJAbKO NMoJoBHHY o6aacti. Tounoe
peuleHue ypaBHeHHs (3.26), y@oBJETBOpPSIONIEE TPAHMYHBIM yC-
goBusim (3.33), BHIAARUT TAK:

4 Zoye ( sin(2—12+ D"y
ulx, yy=—e?
n Z’l { sin ([2k — 1]2 + 1)1’2—;1

ch(l2k— 1P+ 1)y cos (2k — 1) x
ch ([2k — 1]2+1)1/2_’21 } (—DF e —1)® "

3mech clenyeT NOAYEPKHYTh, UYTO BO Bcex BapuaHTax Mertoxa [a-
JEPKHHA cHucTeMa ypaBHEHHMA mnoJsydaercss 6e3 ocoOHIX 3aTpyn-
HEHMH.

Hoayduckpernoii merod I'arepruna

Ecan Meron lamepkuna ciaenyeT W3 BapHANHOHHOTO NPUHIH-
na, NoJy4aeMoro C INOMOIIbIO BBeLEHUS CONPSXKEHHON 3ajxauy,
IOJIKHO GHITB fICHO, YTO, TPUMEHSIsI METOM, ONUCaHHBIH B pasz. 3.3,
MOKHO CBECTH AMCCHUIIATHBHOE ypaBHEHHe C JAaCTHBIMH TPOU3BOJ-~
HBIMH K CHCTeéMe OOBIKHOBeHHBIX AHddepernHaNbHBIX yPaBHEHHI,
Tako# noaxon umeer HeGOJbIIYIO [EHHOCTb AJsi PELIEHUsi Kpae-
BHIX 3aJ1aY, H TaK KakK /s 3aJay C HaYaJIbHBIMY JAHHBIMH HET Ba-
pranuoHHO# (OPMYJHMPOBKH, MBI HE paccMaTpHBaeM noapobHO
stror Merod. Crenyiouiee HuXKe yIpaxkKHeHHe NPEJHA3HAYEHO YH-
TaTeNsIM, HHTEPECYIOIUMCSE JaHHBIM METO/IOM,

Ynpascrnenue 6. Monoxum

2
w (%, y) = 2. a; (x) 9, (), (3.34a)

im]

2
w'(x, y)= ‘Zl B1 () 9 (9), (3.34b)
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rae @) H Q2 — KycoyHo-TuHefiHHe ¢yHKuuu. [Tocrpofite GdyHKIHO-
Han [(w, w*), cooTBETCTByIOUMA ypaBHeHHio (3.26) ¢ rpaHHYHbI-
Mu ycaosusamu (3.33), a 3aTem, ucnoaw3ys w(x,y) H w*(x,Y),
ykasauuue B (3.34a) u (3.34b), HafiiuTe pelleHHe YPaBHEHHH

65;‘, (al, a2, ﬂl’ Bz) =0 (i= 1, 2)1

T. €. ONPENENHTE NMOJYLHCKpeTHOe peileHHe ['ajlepkuHa ypaBHe-
uusa (3.26), ynosaersopsiomiee (3.33). CpaBHHTE Bamle pelIeHHE
¢ pe3yJbTaTaMy, NpPUBEJEHHEHIMH B TabJa. 2.

Merod nepemenneix nanpasaenud Farepkuna (ITHI') das caywan
npamoyzorsneix obracreti (Ayeaac u Hronon, 1971)

Korza meTox KOHEUHBIX 3J1€eMEHTOB NPHUMEHAETCS K OJHOMEP-
HBHIM JIMHEHHHIM 3axaiyaM, MaTpHua nojydamooilefics CUCTEMHI JIH-
HeHHHX aJre6panyecKUX ypaBHEHHH MMeeT IPOCTOH AeHTOUHbil
BHJ, TOTAA KaK 3aJaud GoJblieli Pa3MEPHOCTH RAIOT 06.404HO-AEH-
TO%Hble MATPHIH, ¥ KOTOPHX KaxKAbll 60K caM SIBJAs€TCS JIEH-
ToyHOH Matpuueli. Hanpumep, B gxByMepHOM caydae GHIMHEHRHas
annpoKCHManHs YacTO NPHBOAUT K CHCTEMe C MaTpHueH BHIA

- DE -
CDE

G= « o o N

e o o

CDE
cD

rae C, D u E — tpexaunaronajbHble MAaTPHIHL.

Fmeercss HECKOJNIBKO AJITOPHTMOB pELIEHHs] CHCTEM ypPaBHEHHH
C JIEHTOYHBIMH MAaTpuuaMy, 3¢ QekTHBHBIX U gelleBHX (T.e. galo-
IIMX MaKCHMaJbHYIO TOYHOCTb IIPH MHHHMYyM€ BPEMEHH W NaMs-
TH), OZHAKO Takue MeroAbl MeHee 3(GGEKTUBHBI U 3HAUHTETbHO
JOPOXXe B IPUMEHEHHH K 3ajadaM C OJIOYHO-JIEHTOYHRIMH MaTpH-
naMu. Llenr Merona INHI B Meroxe KOHEUHBIX 3JIEMEHTOB Ta ¥Ke,
YTO H B METOJi€ NleDEeMeHHbIX HalpaBJeHUH B Pa3HOCTHHIX CXeMax,
a HMEHHO CBECTH CHCTEMY ypaBHeHH#l MHOTOMepHOH 3ajauu K NO-
CJIEAOBATEJIbHOCTH CHCTEM, N0 (popMe aHAJIOTHYHBIX CHCTEMaM
yPaBHEHHH, BO3HHKAIOIIMX B OZHOMEpHHIX 3ajxauax (Muruen,
1967).

Has toro yro6u npumensTs Merox ITHI, meo6xoxumo mnpen-
nojarath, 4To 6a3ucHble ¢YHKIMHM UMEIOT opMy TEH30PHO20
npoussedenus, T. e.

Quyx, Y= (0)@;(y) (=1, ..., Ny j=1,..., N).
3‘
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Martpuuy G = {a(@ij, Prs)} MOKHO TOTA PA3JIOKHUTH TaK, YTO

a(@upy Prt) = a4 (@i, P&) by (91 @) + b (01, Pe) ay (@1, P1)
(G k=1, ..., Ny j, =1, ..., Np.
Eciu A — (N X N)-marpuna u B — (M X M)-matpuua, to
MaTPUYHOE TEH30PHOE NpPOH3BexeHHEe, o6o3HadaeMoe A & B, ecTb
(NM X NM)-maTpuua i

T auB [N awB T

_aNlB EIRIR) aNNB_
Tenepbp MaTpuny G MOXKHO 3allUcaTh Kak
G=A,®B,+B,® A,

€CJ/IH Y3/ yHopsizoueHH 1o cronbuam. CucreMa ypaBHeHHH npH-
HUMaeT BUL '

{A,®B,+ B, ®A,}a=b
W pellaeTcsi IOCPEACTBOM HTepauuil
MuBy + A) ® (MB, + A,) o =
= (}"nB.x —A)® (knBy - Ay) an=b 4 2A,b = w(n—l)

B Ba drana:
(ABx + A2) ® Iy @7 = =", (3.352)

In, ® (AaBy+ Ay) 0™ = al®), (3.35b)
MoOXHO pacumenuTb 3TH YPaBHEHHS TakK, 4YTO €CJHH O, ==
=(@p1, .y apN”)T (p=1, ..., Nx) — cronben 3uaueHuil Ha ceTKe,

aap r=(01p, ..., an ) (p=1, ..., Ny) — cTpoka 3HaveHuil Ha
cetke, 10 (3.35a) mepexoaut B

By + A) =07 (p=1 ..., Ny,
a (3.35b) — B
(AB, + A) &P =al% (p=1, ..., N,).
Hyrnac u J{10N0H moKa3aJju, 4T0 NPH MOAXOAAlLEeM BLGOpe Noce-

NOBaTEJbHOCTH mapaMeTrpoB urepauuit {A,} meroa ITHI okasu-
BaeTcst OHICTPO CXOAsIMMCA,



3.5. NpoeKkuuoHHkIe meToabl 69

Meto0 roaroxayuu

Merox KOMJIOKANUH BO MHOTHX OTHOLIEHHSIX MOXOGEH METOLy
Fanepkuna. OH npepycMaTpHBaeT Takoil BHGOP KO3 GdHUHEHTOB

a; (i=1, ..., N) B npencraBieHuu
N
U= ‘Zl %P,

qyro guddepenunaNbHOe ypaBHeHHe YAOBJETBOPSIETCS TOYHO B He-
KOTODHIX OINpejeNeHHBIX TOYKax. Dwo nokasano (me Byp wu
HIBapu, 1973; Jlykac u Peaun, 1972; 3a6epr u Hro, 1975), uro
AJsi OObIKHOBeHHBIX AuddepeHNUaNbHBIX ypaBHEHUH InpH mpa-
BHJIBHOM BHIGODE TOUEK KOJIJOKalH# METOA NOoXOOEH IO TOYHOCTH
merony lasepkvna ¢ TeM XXe caMbiM Hab6opoM 6a3uCHBIX (yHK-
uuit @; (i=1, ..., N). Ecau, nanpumep, 6a3ucublie QyHKuHH
SIBJSIIOTCA 3PMHTOBBIMH KYCOYHO-TIOJTMHOMUAJbHBIMH DYHKIHUAMHU
CTeNleHH 2r — 1, TOUKM KOJJIOKAIMM Ha KaXoM NOAKHTepBale
[xi, x,+1] 6epyrca B HYJIX NOJINHOM A Jlexkanapa
P ( Y=g
*it1 -
[TpeumyuiecTBa MeTO2 KOJJIOKALUMH COCTOSIT B CJERYOLIEM:
(I) Her ckansipHbIX NpoH3BeNeHUH, a 3HAYUT, HE HYXKHO HH-
TerpHpoOBaTh, Kak B Meronax [anepknHa u Purma,
(II) OxonuaTenbHble ajre6paHyeckHe ypaBHEHHS HMeEIOT
MeHbIIE YJIEHOB, YeM COOTBETCTBYIOIIME YPaBHEHHS AJIsl
annpokcHmauuit I'ajepkuua.

['J1aBHBIH HEZOCTATOK METOXa KOJIIOKANUH 3aKJIo4aeTcs B He-
06X01MMOCTH HCIOJIb30BaTh GasHcHble (YHKIMH cTemneHd (MHo
MeHblIeH Mepe) 2k pus AuQepernHaNbHOr0 ypaBHEHUst NIOPsi-
Ka 2 k.

Metozsl, HCHOJbL3YIOIIME KOJJIOKAUMIO, OBIIM pa3paboTanbl
Takxke U AJs BOJIONMOHHBIX 3axau (Jyrnac u HronoH, 1973).
[Tpumep, BKIIOYAIOIIME KOJJIOKAIIHIO, NPUBOAUTCS B pa3f. 7.4(B).

3.5. MpoexynoHHbIe METO b
Panee B 370l riaBe 3KBHBAJIEHTHOCTb BapHAaIlHOHHOTO ypaB-

HEHUusd
8,1 (V) =0 (3.36)

H nuddepeHHaIbHOrO YpaBHEHHUS
Au=F (3.37)
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HCIIOJIb30BaJlaCch AJisf MNMOJYYCHHSA HpﬂﬁJ[H)KCHHO[‘O pelueHus Pur-
1a Bpaa

N
U= LZ:I aQ;.

[Mapamerpn a; (i=1, ..., N) onpegensiorcs H3 BapHAIHOH=
HHX ypaBHEHHH

N
6“‘1(;; a,cp,)=o (=1, ..., N),

KOTOphle MOXKHO 3anucath B 6osee aBHOl dopme

N
;Z:x a@s, 9)ay=(p;, ) @(=1,..., N). (3.38)

B paspa. 1.3 nokasano, 4T0 ecH 6 — ruab6epTOBO NPOCTPAH-
CTBO €O CKaJsApHHIM NpousBeieHneM [,] u Ky — mo6oe N-mep-
HOe HOANPOCTPAHCTBO J6, TO His J1060ro g & J6 ero OpTOro-
HallbHasi npoekius Ha Ky,

=,
1]

o (3.39)

TakKoBa, 49TO

N.
Zlowely=lona (=1, ..., N), (3.40)

rae ¢y (i=1, ..., N) ob6pasyor 6a3uc Ky. OTcioga caenyer,
4TO § ABNsiETCS €IMHCTBEHHON HAWJydmlell annpokcHManuel, Kak
H B pasa. 1.2. Tenepr mokaxeM, uro He Toabko (3.38) u (3.40)
KaxyTcs NMOXOXHMH, HO H aNNpPoKcHManuy o6JaZaloT aHaJOrHY-
HBIMH CBOHCTBaMH.

[TycTs 56 — npocTpaHCTBO HONYCTHMBIX (YHKIHH, COOTBET-
cTByollee auddepeHnuasbHoMy ypaBHeHUI0o Au = f ¢ 3agaHHbI-
MH TDaHHYHBIMH ycJoBHAMH. Torma suepeeruuecxkoe npocTpaHcrt-
60 64 onepatopa A maHHON 3ajauu e€cTb NMOANPOCTPAHCTBO I,
cofepxkaiiee Bce gonycTuMbie ¢yHKuuu u(x) u v(X), Takue, 4TO
dyHRuUMOHAN a(u, v), ompenejeHHBH B pa3n. 3.4, orpaHHdUeH.
CxansipHoe npou3BeleHHEe B HEPreTHYECKOM IIPOCTPaHCTBE HBa
onpefensieTcs Kak )

(u, V)a=2a(u, v),

a HopMa, KOTOPYIO Ha3bIBAIOT JHepeeTuueckol Hopmol, — Kak
el =(u, u) ,.

B 3ToM omnpeznesenuH npejnosaraercsi, YTo €CJH MOXHO IIpe-
o6pasoBaTh CKaJisipHOe NpoOH3BeJeHHE (,)a, HCNOJbL3Ys HHTErpH-
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pOBaHHe IO YacTsAM, TO HMEHHO npeobpa3oBanHas GoOpPMa HCNOJb-
3yeTcsl B ONpeleseHHH dHepreTHueckoro npoctpancrea. Ecau arto
CIeNaHO, JHEpreTHYeCKOe NPOCTPAHCTBO OKAa3bIBAETCS IIOJHHIM,
a 3HAYHT, THIb6EPTOBHIM.

Teopema 3.1. Ecau aunetinoiti oneparop A noaosxcuresexn u
camoconpascer, npubauscennoe peutenue Purya dugpgepernyuans-
Hoeo ypasHenus Au=={f asaserca oprozonaavHol npoexyuel
TOYHO20 PEeUeHU HA ANNPOKCUMUpyoujee noOnpoCTPaHCcT8o IHep-
eetuneckozo npocrpancrea. Taxum o06pazom, annpokcumayus
Purya ecte Hauayuuias annpokcumayus 8 CMoiCae 3IHepeeTuye-
CK020 NPOCTPAHCTSA.

Hoxasarenscrso. JJokasaTeqbCTBO NPSMO CJAERYET M3 ONpene-
JeHus annpokcuMauuu Purua, mansoro B pasf. 3.1. Haunyumas
annpokcHuMauus

N
U=i2_:l“i%

TOYHOIO peLIeHHS Ug.B CMBICJE 3HEPreTHUECKOH HOPMH ecThb U €
< Ky, Takoe, 4T0

(U—uo, (PI)A=0 (i=l, ceey N),
T. €.
a(U—uo 9)=0 (i=1,..., N). (3.41)

Ecnu pemenve enuHcTBeHHo, TO (3.41) MOXHO mepemucaTh Kak
(3.38). Otcrona caenyer tpe6yeMblil pe3ynbTaT, €CJIH TOJBKO a4 —
JAeHCTBUTENbHO HopMa. Moxuo nokasate (Muxaun, 1976, c. 86),
uyTo GuauHefiHas dopMa a siBAsieTcss HOPMOH TOrZa H TOJBKO TOT-
na, korna (3.36) skeuBasnentHo (3.37), a 3To 3aBeplIaer JoKasa-
TEJBCTBO.
[Tpubnnxkennoe pemenne Putua ypaBHenus (3.2), Hampumep,
*€CTb HAUJMYYUIasl ANNPOKCHMANHf TOYHOTO peEIleHUs B CMBICJe
noayHopMbl JIupuxJe

b= (158 (52 e an) ™

¥npasrnenue 7. (1) Ilokaxkute, 4ro LIS TOro, 4TO6H (,)a
6blJIO0 €KaJAPHBIM Npou3BeneHHeM, a [|.[la — HopMoii, omepaTop A
JOJXKeH OBIThb INOJIOXKHTEJbHO ONpeNeNEHHHM H CaMOCONpSiXKEH-
HBIM.

(IT) I'lokaxure, uto a(u, v) orpaHudeHa TOraa H TOJbKO TOT-
na, koraa u llulla v llvlla orpannuenn. Otciona mokaxKuTe, 4TO
U — 3JIeMEHT 3HepPreTHYECKOro NPOCTPAHCTBA TOrAA M TOJBKO
Toraa, korxa |ulla orpanuuena.
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Ynpaxcnenue 8. Tokaxute, uto ¢dynkuuonaa /(v), cooTBeTCT-
BYIOIIHA AHGGdepeHnaabHOMY ypaBHeHHI0 Au=f B obmactu R
C IPaHHYHBIM ycaoBHeM u = (), MOXHO Nepenncarth Kak

[(©)=llv—uol’, —lluolf: (3.42)
HJIH
I(v)=]|v ": —2(o, uO)A’

TAe Uo— TOYHOE pelieHHe AHGP(PEPEHUHAJBHOrO ypaBHEHHS.

Ynpascnenue 9. Ykaxure Kaacc au¢depeHnuaabHbX ypaBHe-
HU#, AJS KOTOPHIX annpokcuMamus Purtia okaseiBaeTcss HauJjyuy-
mie#t B cMbicae HopMu CoboJieBa:

luh. z = SRS [(Z2) +(S) +ut]ax dy}m.

Merto0 nHaumenswux xeadparos

Meton PuTua paer HauJyulllyi0 annpoOKCHMAUHMIO pelleHHs
JuHeiiHoro auddepeHnuanbuoro ypasHenus Au=/f B cMmbicie
SHEPreTHYeCKOH HOPMBI TOrZa M TOJbLKO TOrAa, KOrja Oneparop
A — NOJIOXHUTEJIbHO ONpejiesIeHHBI U caMoconpsikeHHu#d. XoTs
MeToa [ajilepkHHA MOXKHO HCHOJB30BAaTh AJ151 MPHOJHKEHHOrO pe-
weHus GoJiee MIHPOKOro Kaacca 3afay, Mbl yXKe He NMOJYYdM Hau-
Jydiiefl annpoKCHMamMu Toro ke THma., UTo6ul NMoayyuTbh «HaH-
Jy4lllylo aNNpOKCHMAauuio» B HECAMOCONPSXKEHHbIX 3ajayax, He-
06xonuMo nepedopMyJHpOBaTh NPONEAYPY AaNNPOKCHMAUMH H
BBECTH TaK Ha3biBaeMblii METOJ HAaHMEHbIINX KBAaJAPaTOB.

HanomHuM, uto annpokcumanus Putua ecth pellieHue Bapua-
LLUOHHOH 3anauu

min U — uol,
Ue Ky

rle 4o — HEH3BeCTHOe pellleHHe. TeopeTHUECKH MOXKHO 3aMEeHHTb
3HepreTHuecKylo HopMy ||.ll4 Ha J06yio Apyryio NpH yCJA0OBHH, U4TO
HaM Tpebyercs Auo, a He pelueHne Uy caMo 1o cebe. Takum o6pa-
30M, MH MOXEM ONpeleJHTb annpokcuMmauuio U Kak pelleHue
3ajauH

min || AU — Aug |?

Ue Ky

min || AU —f 5
UeKy

HJIH

3T0O M €CThb OCHOBa MeTOAAa HaHMeHbWIHX kBaapaToB (BpaM6a u
Mlaru, 1970; 1971). Eciv npuMeHHTb BapHALHOHHOE HCYHCJIEHHE
K BHIYHCJIEHHIO HEOOXOAHMBIX YCJOBHH CTalHOHAapHOCTH TaKOro
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dyHKuHOHAMa, TosayuaeTcss YypaBHeHHe Diiepa — Jlarpanxa,
BKJIOualollee onepatop A*A, T.e. mosyuaerca ypaBHeHue GoJee
BBICOKOI'O MOPsifka, yeM ucxoaHoe. ITo aTofi npuunHe HEO6XOAUMO
6GHITb OCTOPOXKHBIMH C YTBEpXKJEHHEM, YTO DEIleHHs 3a]ay COBIa-
naiot, ocob6eHHO KOrja 3ajaHbl HeOJHOPOAHhie ycJaoBust Jupux-
Je; TakuM 06pa3oM, ecjH TOJNbKO He HaJaraioTcs AOMNOJHUTENb-
Hble YCJOBHS Ha aNMPOKCHMHDYIOIUHE GYHKUHH, MBl JOJXKHbBI BH-
aousMeHuTb GyHkuuonana (cM. pasza. 3.2). Ecam Mb nosaraem
u = g Ha JR, anmpokKcuMaunHsi Mo MeTOAy HauMeHbIIUX KBajapa-
TOB MOIJIa 65l MUHHMH3HPOBaTh, HapuMep,

SS (AU — frdx+4 § (U —grdo
R OR

npH noaxonsiueM Boibope A.

XoTs noapo6HOe pacCMOTpPEeHHe MeTOJa HauMeHbIINX KBajapa-
TOB OCTAaeTCsl BHE PaMOK 5TOH KHHIH, OH CHOBa YMOMHHAeTCsl B
pasa. 5.4(D). UucneHHble 3KCIEPUMEHTH C METOAOM HAHMEHDb-
IIHX KBAaAPaTOB MOXHO HAaWTH B IV, 7.



FNABA 4

BA3UCHDIE
DYHKUMA

B pasa. 1.1. 6uM nocTpOeHH 3JeMeHTapHLIe 6a3HCHHE QYHK-
HHH JJsi TIPSIMOYTOJbHRIX H MHOrOyroJbHHX o6Jsacrefi, npuiyeM
nepebie pasbuBajuch Ha NPSIMOYTOJIbHbIE SJIEMEHTH, a BTOphle —
Ha TpeyroJbHble. B nanHOii riaaBe 6a3HcHble QYHKUHH CTpOSATCA
g5t p33H006p33HbIX no ¢gopMe 3JeMEHTOB B Cayyasix ABYX H Tpex
H3MepeHHH.

4.1. TpeyroabHuk
(A) JIATPAH)KEBA MHTEPIIOJISILIUS

TpeyronbHHK, HJIH IBYMEpHbI CHMIJIEKC, SIBJISETCS, BEPOsT-
HO, HauGoJsiee IINPOKO MKCIOJb3YEeMbIM KOHEUHHIM 3JIEMEHTOM.
Ozana ¥3 NPUYHH 3TOr0 B TOM, YTO JI0OYI0 06/1aCTh B ABYMEPHOM
MPOCTPAHCTBE MOXHO aNNPOKCHMHPOBATb MHOTOYFOJIBHHKaMH, KO-
TOpHe BCErja MOXHO Pa36UTh Ha KOHEYHOE YHCJO TPeyroJibHH=
KoB. KpoMme Toro, noJHbI#i MOJHHOM HOPsiiKa m

m
Oy (x, )= X ouxty' @1
k+Tm=0
MOeT OHTb HCNOJb30BAH AJsl HHTEPNOAAUMH (DYHKUUH, CKaXKeM
U(x,y), no snauenusm B —;-(m+ 1)(m+ 2) cummerpuuno pac-

MOJIOXKEHHHIX y3Jax B TpeyroabHuke. [lepBroie Tpu cayuyast atoro
obuiero npeiacTaBleHdss AJNs TpeyroabHuka P P.P; ¢ Koopauua-
TaMH BepIIHH COOTBETCTBEHHO (X1, Y1), (X2, ¥2), (X3, Y3) TAKOBHI:

(1) Junednoul cayuat (m=1). 3xecb HHTEPNOJUPYIOUHUHA
MOJIMHOM HMeeT BHJI

I, (x, y) =aq, +a2x+a3y—ZUp“’ (x, ),
rae U; (j = 1,2,3)—3nauenus U(x, y) B BepuIHRax p;, a

1
(1) = — 4‘.2
P; (x, 9) Cﬂcl (thl + NeiX — E»kzy) C kl (4.2)
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rae
Tot =Xpl1 — YrXt, G =Xp— X1, MNuu=Yr— Yy,
1 x Y 1 Xy Yi
Dk,=det 1 xg Ye |» Cm=det 1 Xp yk],
L i oy 1 x y
npuueM (j, k, [) — npoussosnbHas mepecranoska M3 (1, 2, 3), a
| Ciri| — ynBoennas miowanb TpeyronbHHKa P1PyPgs; HeTpyaHo

3aMeTHTDb, UTO .
" L =R _.
p] (xk» yk)= 0 (]'—}ék) ( </, k<3)'

(2) Ksadparuuneui cayuaii (m = 2). Tenepb NOJHHOM HMEET
BHJ

6
I, (x, y) = g U,p? (x, ), (4.3)
rne U; (j=1, ..., 6) —3nauenus U(x, y) B BepwuuHax P; (j =

=1, 2, 3) u B cpeauux toukax P; (j=4, 5, 6) cropon PP,
PyP3, P3P, cootsetctsenno. dynkumu p? (x, y) (j=1,2, ..., 6)
3ajalpTcs popmyaamu
PR (x, ) =p (200 — 1)
(P (x, y) u pP (x, y) — aHanOrAUHO) H
PR (5, ) = 491"
(Péz) (x, y) u pQ (x, y) — ananoruuno). CHoBa BHAEHO, UTO

1 (j=F) ,
PR (%, y,,).—_{0 Ger USh RSO

Oco6o otmeTum, uto 6asucubie dynkuuu p{? (x, y) (j=1, ..., 6)

MOXKHO BbLIPa3uTDb yepes Gasucunie pynkuuu pi (v, y) (j =1,2,3).
3T0 BepHO MNOUTH 1Js BceX 6a3UCHHX (YHKIHHA, KOTOpHE MH 6y-*
JIeM paccMaTpHBaTb, H MOSTOMY /sl YNpPOWIEHHS (OPMYJT MH

6yaem nucatb npocto p; BMecto piP) (i=1, 2,

(8) Kybuuecxuil cayqa (m = 3). Unrepnoaupyromuf nonau-
HOM ecTb

10

10, (¥, ) =,Z:, U (x, 9), (4.4)

rae U; (j=1,2,3) — 3nauenus U(x, y) B Bepmunax Py, P;, P,
U; (j=4,5,...,9) — B Toukax TPHCEKUHH cTOpOH, a U;p — 3Ha-

yenue U(x, y) B EHTpe TAXKECTH TpPeyrojbHHKA. BasucHbie QyHk~
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IIHH TAKOBLI:

1
PP (x, ) =7 P, (30, — 1) (3p, — 2),
aHaJIOrHYHO p(‘” (x, y) u pP (x, y),
P (x, y) = plp2(3pl =1, P y= 2 plp2(3p2—— 1),

ananoruuno p (x, y), ..., pP(x, y), a
P (x, y)=27p,p,p,.

HecaTult mapamMerp MoxeT ObITh HCKJNOYEH C MOMOLIbIO JIHHEH-
HOr'0 COOTHOLIEHHS

U,o———ZU,——ZU,
je=4

H noJayvampomascs Qyrkuus OyaeT eme TOYHO HHTEPNONHPOBATH
KBajapaTuyHbie GyHKuHH (Cbspae u PaBbap, 1972 a); aTo npumep
TaK HAa3bIBAEMOrO UCKAIOHEHUA BHYTpeHHux napamerpos. Tpe-
YTOJIbHUKH AJ1s1 m = 1, 2, 3 noka3annl Ha puc. 1.

Ynpascrenue 1. [IpoBepbTe, 4TO

Ux, y)= Z U5 (x, y)

MHTEPNONHPYeT KBAaJPATHYHbIE TOJMHOMEL TOYHO, eCliH  pf) =
=P‘,‘°’)+alp?o (i=1,...,9), rne
1 .
!—g (i=1,23)
Gl = 1 .
l T (] = 4, ceny 9)
Ynpascrnenue 2. Iloraxure, uto
1 (B=))
5(3) = f
p[ (xlu yk) { 0 (k*i) (l<l; k<10)

Ynpasxnenue 3. Bupasure piP) (x, y) (j=25, 6, 7, 8, 9) uepes
pk(x’ y) (k = l’ 2: 3)-

BepreMcsi Teneps K 06ueMy cayyaio NMOJHOrO MOJHHOMA M-TO
nopsaaka (cm. (4.1)). DTor nosHHOM HMeeT —;-(m+l)(m+2)
KoappHuHeHTOB, KOTOpHE MOryT GHTb BHOGpaHbl TaK, 4ToGnl 1O-
JAuHOMOM uHTepnosuposan U(x, y) mo 3HauyenHsM B -;— (m+1)X
X (m+2) cHMMeTpHYHO DPAaCMONOMEHHHX TOYKAX TPEyrOJbHHKA
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P PyP3, KOOpAHHATH KOTOprX

Z ﬁt"t Z 511/1 (4.5)

l=1 l=1

rae Bi, Bs, Ps — uearie uncaa, ynoBJaeTBopsiiouine ycaoBusiM 0 <<
<B.<m (k=12 3) up+ B+ Bs = m. DTu TouKH BKJIIO-
4aloT TPH BePUIHHBE! TpeyroJabHuka P;PyPs. OcranbHble TOYKH MO-
JyyaloTcss pa3bHeHHeM KaXXAOH CTOPOHBI TpPEyrojbHHKa Ha m
PaBHLIX-YacTell Kak TOYKH NepecedyeHHs NPAMBIX, MapaJliebHbIX
CTOPOHAM TPEYroJbHUKA W NMPOXOASUIHX yepe3 TOYKH pa3GueHHs.
B pesyabrate nonyuaercs pa36ueHHe TpeyroJbHHKa Ha m? pap-

1
HEIX TPEYrOJbHHKOB, UbM BEPLIHHBL CYTh 5-(m+ 1)(m—+2) Touek,

onncauubix B (4.5). Ecau o603naunth yepes' U; sHauenue U (x, y)
B TaKoil TOYKe, HHTEPNOJHPYIOIIUHA NOJUHOM CTENEHH #1 MOXHO
BBIPa3uTh QOPMYJI0i

-;—(m+l) (m+2)

Uw, )= ). pim (x, ), (4.6)

i=1

rie CyMMHPOBaHHe OCYLIeCTBJAETCS 10 BCEM ToukaM, a
py™ (x, y) — noauHOMHaNbHAS G6a3uCHAs OYHKUHS CTeneHn m,
npuHHMalonias 3HayeHue | B TOYKe, CBSA3aHHOH ¢ Tpoiikoit (P,
B2, Bs), n 3nayenne 0 Bo Bcex ocTanabHbIX y3nax. Gopmyna (4.6)—
MHTEpIONSHHOHHas QopMysa sazpaniesa Tuna.

P €1
N I
5
p
6
Fb
2
4 A
1
a
m={ m=2
/g R
7
] 4
g 4
5
/:; 4
m=3

..

Pne. 11
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CrandapTrell TpeyzorbHuK
U3 popMyan (4.2) Aerko BLIBECTH, 4TO
3

1) ,_le/(x, y)=1,

(II) nuneitnbie ypaBHenus pj(x,y)=0 (j=1, 2, 3) npea-
CTaBJSAIOT CTOPOHH TpeyroJibhuka PyP;, P3P, PP,
COOTBETCTBEHHO H

(IT1) pi(x,y)=1 (j=1, 2, 3) B Bepmunax Py, Pe, P; coot-
BETCTBEHHO.

Hnaue rosops, TpeyroasHuk P;P,P; B miaockoctd (x,y) mpe-
obpasyercss B cranaaprtauoifi tpeyronbuuk ILIIII; B maockoctw
(p1, p2) mo dopmynam (4.2), npuuem II; =(1,0), .= (0, 1),
IIs = (0,0) (cm. puc. 12). O6paTHOe npeo6pa3oBaHHe MIOCKOCTH
{p1, p2) B MJIOCKOCTD (X, Y) BHpaxaercs GpopMynamu

x=x34 Eiap1 + ExsPos

Y=Yzt Nzp1+ Nxapa. (*.7)
IMockonbKy BCe TPEYrOMbHUKH TPEYrOJbHOH CETKH B MIOCKOCTH
{x, y) MoryT GHITb Npeo6pPa30BaHHl B 3TOT CTAHAAPTHBIN TPEYroJb-
HUK, OYeHb yJ06HO pPaboTaTbh CO CTAHAAPTHHIM TPEYrOJbLHUKOM U
B HYXHHIfI MOMEHT BLIPa)aTb Pe3yJbTaT B TEPMHHAX KOHKpeT-
HOrQ TPEYroJibHHKa IJIOCKOCTH (X, Y) C TNOMONIBIO JIHHEHHOro
npeobpasoBanus (4.7). DT1a npoueaypa OyneT HCNOJAb30BAaTLCS
HEOZHOKPATHO B 3TOH IJaBe U B cJeayiolllelf, korga 6yayT BcTpe-
4aTbCsl TPEYroJibHbIE 3JEMEHTH.

2
[

Puc. 12,
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Teomerpuneckutl meTo0 nocTpoenusn 6a3ucublx pynryul

OnuuieM Tenepb AJs TPEYroJbHHKA B KBaJpPaTHYHOM H KyOH-
YeCKOM CJIyYasix NPOCTYI0 IeOMETPHUYECKYIO NpOUEeRAypy HOCTpoe-
HUst 6a3UCHHIX (QYHKIHH, MOJYYEHHHX H3 JlarpaHXKeBOH HHTepIo-
asuuu. K npumepy, B nepsom cayyae 6asucuas oynkuus pi?(x, y)
noJxHa GpiTh paBHOM HyJIo B y3anax p; (j=2,3,..., 6) u eqH-
Huue B yane Py, [Ipsmas p; = 0 npoXoAauT uepes Touku P, Pz U

P;, a npsmas JuRusA Pr= 5 NPOXOAHT Yepe3 TOUKH Py, P¢, H Ta-

KM o06pasoM moJyyaetcsi Gasuchas oyukuus pP(x, y) =
=p,(2p,—1). Oynkuwun pP(x, y), pP(x, y) mnoayvaorcs
aHasoruyHo. BasucHas GyHKuHs B y3Jie, DACIOJOXEHHOM Iocpe-
AHHE CTOPOHBI, CKaxeMm B P, nosyuaeTcss u3 npsaMbix p; =0 n
p2 = 0, KoTophie mpoXoasaT uepe3 TOYKH Py, P3, Ps u Pi, P3, P
cooTBeTcTBeHHO. Tpebyemast 6asucHas QyHKUHS, HODMHPOBAHHASA
B Touke Py, ecthp (x, y) = 4p,p, dynxuun pf (x, y) 4 p (¥, y)
NOJIyyaloTCsl aHaJOruyHo. B Ky6GuueckOM cJyyae IOCT POEHHs
OCYILECTBJSAIOTCS aHAJOTHYHEIM 06pa3oM.

CO-annpoxcumupyroujue dynxyuu ')

B ofumeM ciayyae QyHKuus MHTEPNOJHPYeTCA MO 3HAYEHHAM
1

B 5 (m+ 1) (m+2) toukax B Tpeyroanhuke. Ha cropone Tpe-
YrOJbHHKA HHTEPNOJHpYIOILast (GYHKUHSA CBOAHUTCH K IOJHHOMY
CTelleHH M OT NepeMeHHOH S, KOTOpasi u3MepsieTcst BAOJb CTOPO-
Hbl TpeyroJbHHKa. DTOT NOJMHOM HHTepnosupyer U(x,y) mo
3HaueHHUsiM B (m -+ 1) TOYKax Ha CTOPOHE TPEyrOJbHHKA H, 3HA-
YHT, ONpeAeseH 0JHO3HayHO. KpoMe Toro, npu n060ii TpuaHryJs-
IIMH Ka)Jasi CTOPOHa (BHYTPH 06/1aCTH) NPUHAAJNEXKUT ABYM Tpe-
yronbHukaM. Ecin QyHKuHA HHTEPNONUPYET B KaXKAOM TPEYroJib-

1
nuke Mo 3 (m—+ 1) (m+ 2) cuMMeTpuuHO PaCHOJIOKEHHHM TOY-

KaM, OHa NMPEACTABJSETCS €AHHCTBEHHBLIM TOJHHOMOM OT S CTelle-
HH m Ha ofle# cTopoHe, DTO O3HAyaeT, YTO HHTEPNOJHPYIOILA%
$yHKuHUsS Ha NOJHOI TPEYroJibHOH ceTKe HelpepbiBHA HAa BHYTpEH-
HHX CTODOHAaX CeTKH M, TaKHM 006pa3oM, uMeeT Ha MHOrOyroJib-
HOl1 o6s1acTd TyagkocTh CO.

(B) DPMUTOBA HMHTEPNOJALUS

Kak anprepratuBy unrtepnoasiund ¢dyuknuu U(x, y) Ha 6oab-
LIOM 4HCJIe TOYeK, CHMMETPHYHO PACMOJIOXKEHHLIX B TPEYyroJbHH-~

!} C*-annpokcumupyomumu (uan C*-rnagxumu) Ha3bIBAalOTCA TaKHe ai-
NPOKCHMALIMH, Y KOTOPLIX BCe NMPOM3BOAHbIE N0 MOpAAKa £ == 0 BKJIOYHTE/ILHO
HenpeprIBHb BO BCell o6aactu. — I1pum. nepes.
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K€, MOXHO paccMaTpuBaTh WHTepnoasuuio U(x, y) ¥ HEKOTOPHIX
ee NMPOU3BOAHBIX N0 MEHbIIEMY YHCJY TOUEK. _

KJsacc mosinHOMOB, COOTBETCTBYIOIIMI 3TOH 3ajaue, CONEPKHUT
nosHue noauHoMul Gy (X, y) HeueTHOR cTenmenu 2v 4 1 (v=1, 2,
3, ...,), KOTOpble ONMpPeAeNsOTCS 3HAYCHUSAMH

DlGV(P[) (Iil<V; j=l’ 2) 3)’
D'G,(Py) (liI<v—1).
3pecy Py, P;, P3— BepuIMHE TpeyroJbHHKa, a P, — ero ueHTp
TsXeCTH; [ = (i1, iz), TAe i1, is — HEOTpUIATEJbHbIE IeJble YHuC-

lilg

. . . i a

aa, il =i+ ipn D'G=——.

’ l l 1+ i2 axhaylz

ATo npuMep MysbTUUHOEKCHbIX 0603Havenuli npoussoanbix. [Tep-
Bbie J1Ba CJyuasi 3TOro OGIIero npeacTaBJeHnsl TaKOBHI:

(4.8)

(1) Kybuueckuii cayuai (v=1). 3nech nonnmiii Ky6uueckuni
IOJHHOM HUMeeT AeCsTb KO3GhG&HIHUEHTOB, KOTOPbIE OMpeaesioTCs
N0 3HayeHHAM OYHKUHM M ee MepBbIX YaCTHLIX NPOMU3BOJHLIX B
BepIIMHAX H N0 3HAYEHHIO QYHKUHH B LEHTPE TAXKECTH TPEyroJb-
HHKa, NpUYEM OJAHO3HAYHO. [103TOMY B 5TOM cllyyae Mbl MOXeEM
3anucartb nonunoM Ils(x, y), nanuniit B (4.4), B Buge

4
G,(x, y)=,U;q® (x, )+
J=1

3
+2[(5), P 0+ (57), 5 = 0] @)
i=1

rape
g (x, 9)=p; (3p; — 2P} — Trup)),

g (x, y) =27p,p,p,,
,-;3) (x, y)= p; [gikpk (p, - p,) + glzpl (pk - pi)]’

a s® (x, y) nonyuaercs us r®(x, y) samenoit £ nHa n. B artux
tdopmyaax (j, k,.[)— nwobas nukanyeckas nepecrasonka (1, 2, 3).
ITOT 57€MEeHT UIHPOKO HCINOJb3YeTCsi B METOJAE KOHEUHBIX 3Jie-
MEHTOB.

(2) Cayuaii noaunoma naroi crenenu (v =2). [loauwiil mo-
JIMHOM nsiTofi cTeneHu uMeeT 21 koaPPuuHEHT; OHH OJHO3HAYHO
ONpeaessoTCs 3HAYCHHSIMH QYHKIMH U ee NEePBBIX H BTOPHIX Ya-
CTHBHIX NMPOW3BOJAHBLIX B BEPUIMHAX M 3HaUeHUAMH OQYHKIHH H ee
NepBHIX YaCTHHIX NPOM3BOAHBIX B LEHTPE THIKECTH. DTOT 3JEMEHT
PelKO HCHOJb3yeTcs Ha NMPaKTHKe H NO3TOMY He PacCMaTPHBaeT-
sl 3aechb MOAPOGHO.
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¥npaxcnenue 4. TlokaxknuTe, YTO Ha CTOPOHE TPEYroJbHHKA
dyHKuusa, 3aganHasn B (4.9), CBOgHTCS K TNOJUHOMY CTENeHH 3 IO
nepeMeHHOH s, KOTOpasi onpeaensieTcss BAOJAb CTOPOHBI TPeyroJb-
nuka. [TokaxuTe TaKXe, YTo 3TOT NMQJIHHOM OJHO3HAYHO ONpese-
JfeTcs 3HaYeHHSIMH (pyﬂxuuu W ee NMepPBbHIX YACTHHIX IPOH3BO-
HbHIX B BepUIHHAX, SBJAIIINXCH KOHpamu ctopoHun. Orciona no-
Ka)XXHTe, YTO HHTEPNOJHpYoLlast GYHKIHS 3TOro 3JeMeHTa HMeeT
raaakoctb CO.

B cayuae Ky6uueckoil 3pMHTOBON HHTEPNOJSIHH MOXHO HC-
KJI10YHTb 3HaueHHe U(x, y) B UEHTpPE THXKKECTH H elle TOYHO HH-
TePrNOJHPOBAaTh KBaApPaTHYHLIE NOJHHOMBH. B aTtoM cayuae nena-
eTcsl 3aMeHa

—_ZUH- 5 Zm[( ) §k1+§u)+( )(ﬂk1+'ﬂu)]

j=1

rae 2. o6o3Hauaer cyMMHpOBanue 10 (j, &, I) IJast BCeX LHKJH-
yeckHux nepecraHoBok (1, 2, 3).
HHurepnoaupyomuii NoJHHOM Tenepb UMeeT BUA

3
G (v, =Y [U;g® (e )+ (55), 79 (e, )+

j=1
+(57),5" e ], (#10

rae
q(Ia)‘ (x, y) = p; (3;‘,;, — 2p';‘ +2p,p,), (4.10a)

"(13). (x, )= P? (ngu + Pk’:‘.k,) + ;;— p]pkpz (gu + gkl) (4. 10b)

a (j, k, |) — mobas nepecranoBka (1, 2, 3). Pynkuuu s‘f" noJy-
yalorcs u3 (4.10b) 3amenoii § na n.

Ynpasxcnenue 5. [1poBepbTe, 4TO0 KBaApaTHUHbIe QYHKUHH TOY-
HO HHTEPINOJHPYIOTCS COKPAlleHHHIM KyOHYeCKHM HHTEpIOJIsiH-
TOM.

Ynpascnenue 6. Hcnonbsyss JuHeHROe npeo6pasoBaHHe 110

dopmyaam (4.7), nokaxure, uro (4.10) B nepeMeHHHX CTaHaapT-
HOTO TPeyroJbHHKA HMeeT BHJ

G| (pl’ Pz) Z[ ’q(a). ( api (3). + (apz ) 53).] !
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rae oU ou
_é;,_—gﬁ % +"l]3 dy (j=l’ 2)
u bynkumn ¢, r® n sP¥ (j=1, 2, 3) sapawtca Gopmyramu

¢ = p} (3 — 2p,) + 2p,P.P;,

pi(p,—1)—ppopy (i=1)
r(3). = 9 1 .
! PP + 5 P1P2P3 (i=2,3),
pi(pe— 1) —ppopy (1=2)
s@* ) 1 .
pip; + 5 P.P2P; (i=1, 3).

I[JIH JoKasaTeJbCTBa MOXKHO BOCNOJIB30BAaThCSl COOTHOIICHHEM

Eeenyy — Byt = Cna,
rae (j, k, ) — mo6as nepecranoska (1, 2, 3).

.anaolcnenue 7. B uactaoM cayuae P; = (1,0), P.= (0, 1),
P; = (0, 0) naigure Gi(x, y) us (4.10), a 3aTteM NOKaXKHTe, 4YTO
npoussoanuie ot Gi (¥, y) N0 HOpMAJAM K CTOPOHAM ONHCHLIBAIOTCH
¢opmynamu

(4),, =10 o0, (22) + 3(2), a0

L)~ (), - 0= 3 (R 3 ()]

+y(%2),+0—9 (%

(aGI)P,P. x(l—x)[2U1 311)1__2—(_@-)1+2U2+

+3(50),— (F).— 0 =2 (5, — = (57 +

+o(%),+0-0(%

(F)m=g0—12[oi= 5 (5 A1 (ar) -
~ HER) - (), ()

+3 U= (%), +30+n (3%
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rape
X=x+y, Y=y—x, gg 0x+0y)
2( ax+0y)

Tpukybuueckas UKTepPROAAYUS

Bupkrogp (1971) npeanoxun TpeyroNbHHIA 3JE€MEHT, BKJIO-
Yall{il ABEHAAUATHIIapPAMETPUYECKOe CEeMeHCTBO BCeX MOJHHO-
MOB YeTBepTOH CTeneHH, KOTOPbIE KyGHUUHEI BAOJb 060H mpsaMoi,
napannensHoft n1060#i cTopoHe TpeyronbHUKA. OTHOCHTENLHO
CTaHIapTHOTO TPEYroJbHHKa Takoe ceMeHCcTBO BmIpaxkaercs (op-
MyJ0#

U(p, q)= I pk, 4.11
(p, 9) I+;< ,SiePiP2 (4.11)
npuyeM

a3y - a3 = O,

IMonnuom (4.11) wnaswBaercs Tpukybuueckum. DTOT NOJUHOM
OLHO3HAYHO ompenensieTcsi no 3uavenuam U, dU/dp,, oU/dp, n
2

a o oU
Bros B KaXJ0H BE€pUIHHE. 3nech Bros cMelIaHHas IpOU3BOA-

Hasi, BEIUUC/AEMass B KaXKAOH BepIIMHE MO HampaBJeHHUAM r H S,
napajjebHbIM CMEXHbIM CTOPOHaM. DTy €IUHCTBEHHYIO HHTED-
noJUpyouyio GYHKUHIO MOXHO NPeACTaBHTh B BH/E

2

Z[{ Y DU (p, pz)}+(0ras) & (P P 412)

i=l1 1111

rae KospduuueHramMu npu cp; B §; CIyXar 3HayeHHs COOTBET-

CTByIOUNX npousBoAHEX oT U B Bepmuue II; cranpaptHoro tpe-
yroapHuka (puc. 12). OyHkuun cp} M §; UMEIOT BHA

o 0 = p? (3 — 2p,+ 6p,p)),

[} (P, — 1 — 4p,p;) (=1

o =] gip, (1 + 2p;) (1=2)
pip, (1+ 2p,) (j=3),
(Pn(1+2%) (=D

o= pipa (P, — 1 —4pipy) (1=2)
Pipy(1+2p) (i=3),

q’] = 2p?pkpp
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rae (j, kB, 1) — mobas nepecranoBgka (1, 2, 3). 3amerun, drTo
3gecb D! mpeacraBnflOT TPOH3BOAHBIE B IJIOCKOCTH (pi, P2).
Cmemaﬂmzﬂe npoggsonnmez(mU/aras), (i=1, 2, 3) cyrb npo-
CT0 — 350" s gQ apa 3p; COOTBETCTBEHHO, Tl Q=p, — p1
EauncTBeHHas WHTEpnonupylomas Tpukybuueckas GyHKUHA M5
KOHKPETHOrO TPEyroJbHAKA Ha MJIOCKOCTH (x,y) nonyuaercs u3

(4.12) ¢ noMompblo JuHeiiHOro mpeo6pasoBanua (4.2), T.e. mon-
CTaHOBKO# BMECTO Py, P2, Ps UX BblpaxkeHui us (4.2).

¥npascnenue 8. Tlokaxkure, 4yto TpHUKyOuUeckHe NOJUHOMBL
JAI0T annpokcumupyoomylo dysruuio raaaxkoctd CO (T.e. mpocTo
HENPEepLIBHYIO) HA CETKE TPEYTOJNbHBIX 3J1EMEHTOB.

(C) C!-AnnPOKCUMUPYIOIWME SYHKLIMU

PaccmaTpuBaeMHufi 31€Cch TPEYrOJNbHBIH 3JIEMEHT HCHONb3YyeT
NOJIHOE CceMeHACTBO TOJMMHOMOB nsaToft crenmenn. Ha mockocrtu
CTAaHAAPTHOrO TPEYrOJNbHHKA INOJHBI MMONHHOM MNSTOH CTeneHH

uMeeT BH] >
Ul(p,, = a,, plpk. 4.13

(pi» P2) (2 GePlPs (4.13)

Kosdpduuuentsl ajr MOXHO BbIpasutb gepes DIU(P;) (|i|<< 2;
j=1223) nu aU/on(P;) (j=4,5,6), rne P; (j=1,2,3)—
BepuuHe, a P; (j=4, 5, 6) — cepennHbl cTOpOH. DPyHKUHUA
U(pi, p2), 3anannas B (4.13), cBoouTcss K MOJHHOMY NATOH CTe-
TMeHH 110 S BAOJb KaX/J0# CTOPOHBI TPEYroJIbHUKA, ONpeJeIEHHOMY
OJIHO3HAYHO 6 rpaHMUHBIMHM YCIOBHSIMH, @ HMEHHO 3HAYEHHUAMH

0° “
U, oU/as, T? » Ha KOHUAX Kax1o# cropoHsl. HopManbuas npo-

o U
W3BOJHAR HA KaXIOH CTOPOHE, Z--, TA€ N CYTb P2, P1 + P2, P
COOTBETCTBEHHO, €CTh MOJHHOM qe'rBegroﬁ CTEMeHH 110 §; OH Ompe-
a 0
LenseTcs OJHO3HAUHO 3HAYCHHAMH 7 - H 35— Ha KOHIAX Kaxk-

o U
JOU CTOPOHEI U 3HAYCHHUEM on B CepeaAHHE CTOPOHHI. Orcrona

BHUHO, 4TO TOJIHBIE MOJMHOMEl NSATON CTENEHH HAIOT aNMMPOKCHMHU-
pylomylo GyHKUHIO HAa CETKE TPEYTOJIbHLIX 3JIEMEHTOB, HENPEPHIB-
HyI0O BMECT€ CO CBOMMH MNEPBBIMH NMPOHU3BOAHBIMH Ha BceH obna-
ctd. Ilpo Takyilo QyHKUHIO TOBOPAT, YTO OHA MMeeT Ha 06aacTu
raaakocts Cl.

Ha camom nene napamerphl, COOTBETCTBYIOILME HOPMAaJbHHEM
TPOH3BOJHLIM B CePEeIHHAX CTOPOH, MOXHO HCK/IOUHTb Ge3 mo-
Tepn Cl-rajkocTH Ha TPeyroabHO# ceTke. DTO MOXKHO caenars,
€ClH TMPeANoNoXHTh KyOHYecKoe MoBeNeHHe HOPMAaJbHOH mpous-
BOJHOH BJOJNb KaXJOH CTOPOHH, 2 3TO 3KBHBaJEHTHO TpeboBa-
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HHIO, uTO B (4.13)
Oy = Qyy,

5050 + G+ Gz + Sags = 0.

Takum nyrem ot (4.13) MBl IPHXOAMM K ceMeHCTBY MOJHHOMOB,.
3aBucsuleMy ot 18 mapaMerpoB, W OJHO3HAYHO ONpeAeseHHAas
HHTEprnoNupylomas GyHruus nonydaerca no dopmyne

3
Uoe p)= 2, 2, DV (P ) (4.14)

rae
Q00 = { p; (10p, — 15p7+ 6p7 + 15p3p,) (i=1, 2)
i p? (10p, — 15p2+ 6p3+ 30p,p,(p,+ 1)) (i=3)
u (j, k, ) — uuknuueckue nepecranoBku (1, 2, 3),
15
of- 0= p? (— 4p,+ 70} — 3p} — 5 13, ) -
3 3 3 -
o4 9= p p; (3 —2p,— 5P — 5P+ ?PxF’?)'
(PS:,I' 0 — plpg (3 — 2p3 - 3pf + ﬁplpz),
3 3 3
o V=i, (3—2p,— 5 P — g A+ 5 Pip2).
15
of- v = p3 (— 4p,+ 7p — 303 — 3 P, ).
o) = pap3 (3 — 2p, — 33+ 6pypy)
1 1 1
oV =pip, (— 14+ p, + 5 oo+ 5 PE— 3 iy

(=

o0 =pt (= L+ 50+ pot 3 PE— 5 P1pr).
o= pp,p},

o0 =pt (5 P (1—p) + 7 Pip,)

o =1 Pipip, + 3 Pio}.

o0 = i (1 — p,+ 2p,),

o2 = pirkpy + 5 PP},

o2 =n3 (5 P (1 — ) + 5 Pis).

99 =g pipi (1 +20, — py).
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Koppexrupyrowue pynrxyuu

B apyrom Merone nonyuenus Cl-anmpoxcuMupylomeit ¢yuk-
Iu¥ Ha TPeyroabHOH ceTke Gepercs CO-anmpokcumupymomas QyHk-
uus u3 (4.10) u K He#l n06aBNAIOTCH KOPPEKTHPYIOUIHE HJEHHI,
KOTOpHE NMOBHIIAIT IaaKocTh GyHRUHH A0 Cl. DTH KOppeKTH-
pyouue QYHKIUH NOJNKHB O6pamaThCs B HYJb Ha NEpPUMETpe
TPEYFrOJbHHKA ¥ CBOAUTb HOPMaJNbHYIO TNMPOU3BOXHYI0 (PyHKUHUH
BJOJIb CTOPOH TPEYrOJbHHKA OT KBaJPaTHYHOH K JHHEAHOH QyHK-
uuH, pasymeercsi, 63 nmoTepu HeNPEpHIBHOCTH QYHKUHH U ee mep-
BbIX NMPOH3BOJHHEIX BHYTPH TPEYroJIbHOro 3JE€MEHTa.

OnHO ceMeACTBO KOPPEKTUPYIOUIHX (DYHKUMHA, HIHPOKO HCHOJb-
.3yeMbIx Ha npakTuke (3enkesuu, 1967, c. 113), uMeer BHL

2 2
PP
AP po PO =TT 5 (1= (4.15)

rae (j, k, !) —nepecranoska (1, 2, 3). Parruuecku Hiomion u

I'énp (1970) nokasaam, uto C'-rnafkoCcTh MOJMyYaeTcs, €CAH K
npaBuIM yactaM (4.10a) u (4.10b) no6aeuts

L L

6q,,=2[—- A,+(2—3—E'— cose,) A, + (2—3 L—"cosB,) A;].
& !

(4.15a)

dry= [ @+ 8 4y + (3t + Bt 6my 72 sin 0;) A+
1= 5| Gpe T 8511) 4y 1/ 1k T Ny L, Sin Yy ) Ag
L
+ (38 + 5611+ on Z-sin 0)4]. @ish)

rae (j, k, ) — mo6Gas uuknnyeckas nepecranoska (1, 2, 3), 6; —
yron TpeyrolbHHKAa y BepliuHbl Pj, a L; — pjiuHa CTOPOHHI, Je-
Xaue#t npoTus BepwuHbl Pj; 8s; nonyuaercs u3 (4.15b) samenoit
€ un Ha M 1 E COOTBETCTBEHHO.

Ynpascrenue 9. Tlokaxure, uto B caydyae P, = (1,0), P, =
= (0,1) u P3= (0,0) nononuuTteJbHHE YJeHH HUMEIOT BHJI

8g3 = —28g, = —28q, =4 6r; = 4 8s,=4A+ 4B — 2C,
6r2=—-6s,=%;l-—%§.

o= (A+3B—0),

8sy= 5 (34+ B—0),
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rae
A=2f0—x—yy p_ xy(1—x—y)?
(I—=y)(x+y) "’ (I—x)(x+y)’
A X l—x—y)
T 0=x0-=y
Orciona, HCMOJB3ys pe3yJabTaT YNpaxKHEHHs 7, MOKaXHuTe, 4TO
HODMAaJIbHbI€ POH3BOLHBIC JIHHEHHB BAOMb KAaXA0H CTOPOHHI Tpe-
yrOJIbHHKA.

Hpyrue roppektHpylomne (GyHruuu, ykasanuwe Kaadom u
Touepom (1965), monywalorcss Tak. Kaxpapili TpeyroJbHHK pas-
6uBaeTcss Ha TPH TPeyroJbHHKa ¢ oOIieHd BEpUIMHOR B WEHTPE
TskecTd. Koppektupylomue GyHKuHU BhipakaloTcs GopMyIoH

1
p\PoP;— 5 i (3 —5p;) ma T,

1

A (py, p2, ) ={ 5 Pi (30, — P) Ha T, (4.16)
1
ACT ) Ha T,

rae T; — TpeyroJnHHK HANPOTHB BepWIHHL P; H T. &.,a (j, &k, {) —
aio6asn nepecranoBka (1, 2, 3). Ilo6aBku 8g;, 6r; u 6s; mony-
galorcsa u3 (4.15a) u (4.15b) ¢ A; us (4.16).

Ynpascnenue 10. lns TpeyronbHuKa ynpaxKHenus 9 Hafinute
koppektupyomue ¢pynkunu A, B, C u3 (4.16) u nokaxure, uTo-
Ha CTOpOHE, ONUChIBaeMoii ypaBHenneM x =0,

34 B _oC

o =6yl —y), S =757=0
Ha cTopoHe c y ==0

B dA _ aC

—a'y"——ﬁx(l—x)’ '@'_—’5;_—0'

H Ha CTOPOHE, TOYKH KOTOPOH YJOBJETBOPAIOT YPaBHEHHIO X -
ty=1 C ox _ oC

oC _ 3 _yy 94 __0C

x=20=1)h =75z =0

rie X=x+y u Y=y —x Ilokaxure, 4To oTCIOJa ClIexyeD

AHHeHHOe H3MEHEHHE HODMaNbHBIX TNPOHSBOLHHX OT ¢ - 6q,
ri+0r; u s; + 8s; Broab cropoH. (¥Ykxasanue. Hcrnonbayhite pes

3yJabTaT ynpaxXHeHHs 7.)
Ynpancnenue 11. ITycts Gyrxunn A;(x, y) EMEOT BHA,

b=, 2 _ Binapipfot

Ba Maabx TpeyroabHukax T.. [IpoBepbre, 4TQ
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(I) B Bepumnnax DIA; =0 (|i| <1) u
(II) =Ha croponax
04, _{ 0 (p*0)
on pipr (py=0)
TOrAa ¥ TOJBLKO TOTAA, Koraa
(I A” == p,PyP;3+ P? ((l”p! + @ pPr + ajlp[) u
(I) Ay, = pj (@ p; + Py + OiPy)
aas Mo6KX KOHCTaHT ajj, ajr H T. A, rae (j, k, [)— mo6Gaa ne-
pecranoBka (1, 2, 3). )
IMocne sToro pokaxure, yto GyHKuuu A;, 3anaHuse B (4.16),
umetor Cl-rmagkocts Ha TpeyronsHHke PPyP;, eciy nNpupaBHATDH

Ajj ¥ T. . 1 X TPOM3BOAHbBIE BJOJb BHYTPEHHHUX JUHHH pasgena.
[Tocnenunii HabOp KOPPEKTHUPYOLIUX (PYHKUHH TaAKOB:

Pips,
1—p;’

A] (pl’ P2, p3) =

tae (j, k, I)— unknuueckas nepecranoBka (1,2,3). Bupkrod u
Menchunn (1974) ucnons3oBanu ero ans nobaBieHHs K TPHKY-
6HUCCKOMY TNIOJIHHOMY C LEJbI0 noJyuuTh C!-riafkocTh HA Tpe-
yrospHO#H cetke. dto Cl-rnankoe ceMeicTBO, 3aBucamee or 15 na-
paMeTpoB, JIeTKO BhIpasuTb depe3 3HaueHus U, oU/dp,, oU/dp,
B BeplunHax u dU/on, 0°U/0sdn B cepennHax CTOpoH, rae 4/0s
# 0/0n 0603HaYalOT YacCTHHE NMPOW3BOAHBIE MO HANPaBJIEHUAM
CTOPOH H HOpMaJie#l cooTBeTcTBeHHO. AHpone (1969) ucnons3osan
HeKOTOpble KoppekTupylomue GyHKNMH A Ao6aBieHHss K TOJ-
HOMY TNOJMHOMY 4Y€TBEPTOH CTEMEeHH H TaKMUM 06pasoM MONYydHJ
ceMeHcTBO, 3aBHucsaIIee OT 18 napaMerpoB, KOTOpPOEe TaKXKe HMEET
C'-rnafKoCcTh HA TPEYrONBHOH CEeTKe.

4.2, NpamoyroabHuk

O6nacTu THNa NpsSMOYroJbHUKA, T. €. 06/MacTH CO CTOPOHAMY,
napajyieIbHBIMH OCAM X H Yy, BOSHHKAIOT BO MHOTHX 3ajauax ¢u-
3UKH U TexHHKU. Clle0BaTebHO, IPAMOYTOJLHEIH 3J€MEHT UMeeT
6osblIoe 3HAUCHHE H B 3TOM maparpage AJs Hero cTposTca Ga-
3HCHBIE QYHKIHH.

Bukxybuueckue spmurosst dynxyuu

B naparpacde 1.1 Mbl ucnonbsoBany G6uinneiinsle QYHKUHA OT
x 4 y pas nocrpoeHus 6asucHux ¢bynkuuit (1.17), kaxngas us
KOTOpHIX PaBHa HyJI0 BHe 06J1aCTH, COCTABJEHHOH H3 4YeThpex



4.2. NpamoyronbHuk 89

NpAMOYroJbHbIX 3JeMeHToB. Ha Bce#t mpsMoyroabHO# o6JaacTu
KyCOUHO-Ou/InHeAHble annpokcHuMupyloune GyHkuuH HmeloT CO-
rnaakoctb. B 3TOM myHKTe Mbl paccMOTpuUM OHKyGHuyecKue mo-

JIMHOMBI
3 3

H(x, )= 2 X apd'y! (4.17)

Ha eauHuyHoM kBazpate O0<<x, y<<1. Kosadpdpuunentu
air (0 << j, k<< 3) MOXHO OJHO3HAYHO HaH#TH 1O 3HAyeHUAM Ha,

Hg 0H; 0%H ;
Ox ' 0Oy ’ Odxoy

B YETHLIPDEX BEpPLIMHAX, TAK YTO

H3(x, y) = (DE™U) ¥ () B (9),  (4.18)

0/, kz;. m<1
rae

() =1 — 12 (1 + 20,
W0 (1) = (1 — 121,

PO (1) =12 (3 — 20),

PO )= —1).

Huxuuii ungekc jk yka3blBaeT 3HaueHHe B BeplIMHE C X = j,
y==k.

HerpyaHno yBuaetsb, kak MOXHO u3MeHuTh (4.18) ansa nonyue-
Hus TpebyemMoH SpMHTOBOH OHKyOHuecKOH wuHTepnoaupyouei
GyHKUMHM HA NPAMOYTrOJILHOM 3JIEMEeHTe HCXOAHOH obnacTu Tuma
npsMoyroJbHiKa. AnnpokcuMupyiomas QyHKuus Ha Bceit obia-
CTH NoJydaeTcss 3aTeM aHaJjoruyso BbiBoay (1.6). Ha sror pas
Ka)XJ0My y3Jy NpsAMOYTOJbHOH 06JIacTH COOTBETCTBYIOT 4eTsipe
6asucHble Qyukuuu. [las BHyTpeHHero ysJaa, T. €. y3ja He Ha
rpaHule NPAMOYroJbHOH o6JsacTu, Kaxpnas 6GasucHas GYHKUHS
uMeeT CBOMM HOCHTEJIEM UeThipe NPAMYrONbHBIX 3jiemenra. s
y3Jla Ha rpaHuue, HO He B yray, 6a3ucHas ¢YHKIHS HMeeT HOCH-
TeJeM [Ba 3JeMeHTa, a JJA y3ia B YIJy — OQuH IPSAMOYroJib-
ubli aneMent. Kycouno-6uKybuueckas annpokcumupymouias GyHk-
uMs Ha Bcell mpsiMoyrosbHON obJsactu okaswiBaercs Chl-rnan-

Koit 1),

Ynpascrenue 12. Ucnonbsys (4.18), nokaxuTte, 4to 6asuCHbIE
byukuun gas DE™MU (0K, m < 1) B yane (0,0) edunuunod
A4eliKy NONyYaloTCs B popme TeH30pRO2O npoussederus

o m (x, y) =" (x) o (y),

") C) *-rnagkocTb u(x,y) O3HauyaeT HENPEPLIBHOCTb BCEX NPOH3BOAHBIX
Dhm g (0KI<),0<m< k).
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rpe
(I—t(1+2) Ot

A+ —2) (—1<t<0),
(1 — 1t 0<I<1)
""”")={(1+r)2t (—1<1<0).

HurepecHH mpsiMOyroJbHHHA 3JeMeHT OnlT omucaH [layasa-
Jom (1973). IIpsamoyronbHUK pasbuBaeTcd AHAaroHaJsIMH Ha YEThl-
pe TpeyroJbHHKa, M TPEANOJaraercs, YTO Ha KaXAOM TPeyroJb-
HHKE aMNpOKCHMHpYlomas GYHKIUHSA 3a4aeTcs MOJHONA KBaapaTud-
Hol mo x u y ¢yHkuuel. KosdpduunueHTH 3THX KBaapaTHYHBIX
(QYHKUHA MOXKHO BeIOpaTh Tak, 4ro moayyurcs C!-raagkocTb HA
NPAMOYTOJBHOH CETKE.

90 () =

bukybuueckue cnaainet

B pasa. 1.1 60 mMOKasaHO, 4TO OJHOMEPHHA KyOuueckuil
cniafiH ¢ JIOKaJbHBIM HOCHTENeM AJMHHH 4h umeer Bua (1.15).
DakTHYeCKH 3TOT CMyafiH, BnepBule npeanoxeHunii Ién6eprom
(1969), yacTo 3anucCHBAETCA KakK

M) =8 (£ —j)“:, (4.19)

rae 6 — OGLIYHHI OmepaTop LUEHTPaNbHON PA3HOCTH, @ KOHCTAHTA

1
YT Bu6paHa Tak, 4TO

400
SM(x)dx=l.

Koncranra 7::- B (1.15) 6bina BHIGpaHa Cc TeM, 4TOGH
B;(j)=1.

B o6nacTsx THma npsiMOyroAbHUKa, pa3GUTHIX Ha MPAMOYroJb-
HblE€ 3JIEMEHTH], paccMoTpuM cnaaiinnl [Lénbepra M(x) us (4.19)
H

M) =58 (5 =),

Teusopuoe npousseaenne M(x) u M(y) naer ¢pyHKuHIO ¢ HOCH-
Tesem M3 16 npaMoyrolbHHX 3sneMmeHToB. OHa oka3niBaeTcsi Ga-
3ucHOH QyHKuueRl B y3ne x = jh, y = kh naa xKy6uueckux cmnai-
HOB, €CJIM TOJIBKO y3€J He JIEXHT HA IpaHuune o6JacTH M HE NpH-
MEIKaeT K Heidl. s rpaHHYHBIX H NPUMBIKAIOUIMX K IPaHUIE Y3-



4.3. YerbipexyronbHuk 91

JIOB HYXHO CTPOMTh CrelHajbHhe 6asucHbie GYHKUHAH, €CJIH, KO-
HEYHO, pellaeMas 3anaya HE HMeeT €CTECTBEHHBIX rPaHHUYHBIX
ycaosuil (ra. 3, crp. 54). INonHas annpokcHMHUpyOllas QyHKUUs
B 3TOM caydae spasercs C% 2-raankofl.

B03MOXHO, 32C/AyKHBAET YNIOMHHAHHUA TO, YTO B MaJOBEPOAT-
HOM cayyae C*4-rJajgkocTH annpokcuMHpylouwed ¢yHKUHH Ha
OpsaMOyroabHoft 06J1acTH, ecau TOJNbKO OHa norpebyeTcs, MOFYT
6HITL HCMONb30BaHH, NMOJOOHO KyOMUEeCKHMM CIJaliHaM, ClJaidHBl
Illéu6epra naroit creneHu

M(x)=%66(%—j)5

+

Hx TeH3opHOEe mpoHU3BEAEHHE HMeeT HOCHTEJb H3 36 MpAMOyrofb-
HEIX 3JIEMEHTOB, YTO JENaeT 3TH CIJIafHHE NOBOJBHO HEYNOOHBIMU
a5 paborThL.

B 3akJ10ueHHe 3TOro KOpOTKOro naparpada o npsiMoyroJbHOM
9JeMeHTe cJe]yeT yKa3aTh Ha TO, UTO pa3Mep HOCHUTENs crjafiHa
yBeIHYHUBAETCs C POCTOM NMOPsAKa clJaiHa, TOraa Kak HOCHTENb
SpMHTOBOH (YHKIUHH OCTAeTCH BCErja COCTOSIIAM H3 4YeThIpex
9JE€MEHTOB, HE3aBUCHMO OT ee NMOpsJKa, B TO e BpeMs CIJIafiHb
HMeIOT rnajakoctb C2v—1).20-1) mporup C¥-'v-1 it 3pMHTOBHIX
QyHKUME IpU CTENMEHH MOJHHOMOB 2v — 1,

4.3. YeTpipexyroabHuk

MoxHO noayMmaTb, YTO YETHIPEXYrOJBHHK sBJISIETCS Jydiued
¢opMoO#i suefikH, YeM TpPEYroJbHHK, IOCKOJBLKY CETKa B LEJIOM
ynpouiaetrcsi. Hanpumep, TpeyroibHasi ceTka Bcerna Moxet OHITh
ynpomeHa oGbefHHEHHEM TPEYroJbHUKOB INONapHO B YEThIpex-
yroabHuku. K coxkaneHuo, olHaKo, HEBO3MOXKHO HaHWTH MOJHHOM
OT X H Yy, KOTOPHIH OB CBOAHJCS K MPOU3BOJBHOH JHHEHHOH (dop-
Me BIOJb YeThIPpeX CTOPOH OOIEro YyeThlpeXyrosbHUKa, U MO3TOMY
HE SICHO, KaK MOXHO NMOCTPOUTh KYCOYHO-TIIOJTHHOMHAbHYIO (DyHK-
U0 OT X u Y, KoTopas umena G6bl CO-rajKocTh Ha 4YeThpex-
YTrOJbHOH CEeTKE.

Jlemma 4.1. ITycre P, P2, P3 U Ps— TOUKU 8 TPEXMEPHOM
npocrpancree, Takue, «to Pi = (x;, Y5, 2;) (j=1,2, 8, 4). Tozda
NAOCKOCT®, npoxodauasn ueped Tpu Touku P, Pr u P (j5=k+*1),
ORUCHIBAETCA YPasHeRUeM

ijl = 0,

20e Wjpy= —2Cjri + 2iDpt — 2¢Dji + 21Dje, a Cipt, Dri u 1. 0.
onpedeaenst 8 pa3d. 4.1. Kpome Tozo, nosepxrocro

oIt ppm — Bl 1m0l g0 = O, (4.20)
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)]

N9

)

Puc. 13.

20e (j, k, |, m) — awbas yukauveckas nepecranoska (1,2,3,4)
npoxodur uepes yervipe To4Ku Py, Po, P u Py u codepicur nps-
mote aunuy PPy, PoPs, P3Py, PuPy npu a1066ix 3Haqerusx o u .

M3 aTofi 1eMMBI sICHO, UTO TakHe NoBepxHocTH Kak (4.20), Ko-
TOphie MPOXOAsAT uepe3 Touku P = (x;, 4, f;)) (j=1, 2, 3, 4),
MOXHO HCIOJIb30BaTh A5 onpenenenust ¢byHkuuil f(x, y) Ha ue-
ThHipexyrojisiuke P(PoP3Ps, roe P;= (xj,y;), Tarkux, uTO
(N f(x5,95) =fi m (I1) [(x,y) u3Mensiercs JMHeHHO BAOJAb CTO-
pou PPy, PoPs, P3Py, P4P| deTHpexyroJibHUKA.

Takum o6GpasoM, MOXHO B3ATb P;= (x;,Y;,1) u Pr=
= (X#, Y», 0) (R j) u onpenenutsb 6a3ucHyo QyHKIHIO @;(X,Y),
TaKylo, 4To

1 (=¢k) .
(Pj (Xk, yk) = 0 (]";1__. k) (l < B k <4)' (4-21)

Ynpasrenue 13. Tlyctb Ps— TOukKa mepeceyeHHst NPSIMBIX
P1Py n P3Py, a P¢— Touka nepeceuenuss npamueix PyPs; u PP,
(puc. 13). Hokaxure, uto npsmaa jaunus PsPg (Dse =0) ra-
KOBa, UTO

Dy, Dy Dyy _ Dse

O Gt o T T = Cuss (4.222)
H YTO CYILIECTBYeT TakKasl KOHcTaHTa A 7 0, nasa KoTopo#
(I1)  C13Co34D12 +C123C 124Dy =
= C123Co34D14+ C134C124Dg3 == ADsg. (4.22b)

Orciona mokaxute, 4t0 €cil oCrimCirm = BCiimCjr1, TO Oasuc-
Hble GYHKUUH, onpefeneHHble B (4.21), moryr OHTb 3anyucaHbi
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KakK

Dy Dyp ( Dss )‘l
Cret Ciim \ Cyss

rae PrP; v PP, — CTOPOHH YeTHIPEXYFOJIbHHKA, He copepxkaulye
yroa Pj, u rne (j, k, I, m) — nekotopas nepecraHoBka (1,2, 3,4).
{Ucnonbayiite Gpopmysl
M Cii —Crim =+ Ciim — Cipm =0, (4.23a)
() Cit — Dpy+ Dy — Dy =0, (4.23b)

rae (j, k, I, m) — no6asa nepecranoska (1,2, 3,4).)

M 301APAMETPHYECKHUE KOOPUHATHI

Buaunelinas annpoxcumayus

Haubonee o6uuii MeTox HCNOJNB30BAHHUSA YETHIPEXYTOJbHBIX
9JIEMEHTOB COCTOHT B NPHMEHEHHH TOYEUHOro npeobpasoBaHus
YeTHIPEXYrOJbHHKA B €XUHUYHBIH KBaApaT M B HCHOJb30BaHHH
Tak Ha3blBaeMoli H30lapaMeTpuueckoli anmpokcumanuu (Afiponc,
1966; 3enkeBuu, 1975). Ipyrumu caoBamu, yriioBble TOUKH Pj; =
= (x5, 4;) (j=1,2,3,4) uernpexyrojbHHkKa npeobpasyiorcs B
gersipe Toukn (1,1), (0,1), (0,0) u (1,0) (B naockoctd (p, q)).
CrangapTHoe npeo6pasoBaHHe ecTh

t=pgh+(1—pga+(1—p)1 —gts+p(1 —q)¢,

t=x y), (4.24)
KOTOpPO€ MO2XKHO 3allUCaTh Kak
4
(=200, Ot (=x ). (4.25)

Hsonapamerpuueckas annpokcumayus TOJNYYaeTcsi, €CJu OIpe-
JeJUTh annpokcuMauuio Buaa (4.25), a uMeHHo

4
Up, )= Z o (0, DU, (4.26)

Ynpasnenue 14. Tlokaxure, uto npeob6pasoBaHue, ob6paTHOe
(4.25), moxeT OBITh 3aNIHCAHO KaK

(Coss+ Cizg) P> + (D3g+ D1z — Cio3 — Co34) p+ Doz =0 (4.27a.)

(Cogs + C123) §* 4 (D3 + Dyg — Ci34 — Co3y) q + D3, =0. (4.27b)

Hanee, ucnoansysn (4.23a) u (4.23b), nokanure, uro GyHKIUHS
p, onpeleneHHas B (4.27a), 5KBHBa/JeHTHa [OBEPXHOCTH BHAA
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14
g=1
_ l'lz l'l5 l'l‘
‘7'% —]

ns ng Hs
¢=0

8} m iy

x 3 7 4 p

Puc. 14

(4.20), npoxoasime# uyepes Touru P;= (X, yY;,fi) ¢ fo=fa=0
Hfi=fs=1, ecnu o =@, a q, onpenenennas B (4.27b), skBHBa-
JeHTHa TaKoi ke moBepxHoctH ¢ fs=f, =0, fi=fo=1 n
o =f.

Ynpaxcnenue 15. Ecanm tpebGyercs npeoGpa3oBaTb YeThipex-
yroioHuK P1PyP3P, B eauHHuHbI KBajgpar, TO BHGOp a = f§ He
SIBJISETCS eMHCTBEHHO BO3MOXHEIM,. [TokaxkuTe, uto ecau P (j=
=1, 2, 3, 4) B3satel Kak B ynpaxHeuud 14, 0 oCpmCirm =
= BCjimCjr;, TO HOBblE KOOPAHHATHL P H ¢ MOKHO ONPEJEHTH
TaK:

— Dy D3y ( Dss )-]+ Do Dyy ( Dss )—l
Cizs Cias \ Ciss C23s Ci24 \ Cuse

— Dos D3y ( Dss )_1_ D3y Dy ( Dsg )_l
9= Tz Cuss Ciss Cass Ciza \ Coss

Ynpascnenue 16. Ilokaxure, uto ako6uan J npeoGpasoBaHus
(4.25) mMoxHO 3anHcaTh Kak

J=(1—=p)Cizs+ (1 —¢q)Cias+ (p+ g — 1) Crzs,
u goraxure, yto J >0 qa 0 << p, ¢ < .

Ecnu OGunnHefinble NMOJHHOMBI, HCIOJb30BaHHbIE B Npeobpa«
30Banuu (4.25), 3aMeHUTb Ha MOJHHOMB 00Jiee BHICOKOH CTENEHH,
MOXHO BBeCTH AOMOJIHHTEJbHbIE TOUKH, ONpenensiiomme npeobpa-
30BaHHe, H OJHOBPEMEHHO PaclIpPOCTPaHHUTb H30NapaMeTpHUYECKHE
aninpoKcHManuu Ha KPUBOJIHHEHHblE YETHpeXyroJbHUKH,

Buxsadparuunasn annpokcumayus

Tenepp no6aBuM K ueThipeM Toukam P; = (x;,y;) (j=1,2,
3, 4), KOTOpHlEe COOTBETCTBYIOT yIiaM €IMHHYHOTO KBaapara B
(p, g)-nnockoctu, Toukd P; (j=25, ..., 9), KOTOpHle COOTBET-
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1 1 1 1
CTBYIOT cepeaMHaM CTOPOH (5, l), (0, —2—), (-—2-, 0) H (l, -2-)
1
H UEHTPY (-;— -é-) cooTBeTcTBeHHO (puc. 14). BukBagparuu-
Hoe npeo0pa3oBaHue oNpenesseTcs Kak

9
= ,Z,:, o2 (p, )ty (t=x, y), (4.28)

rie ¢P=p(@2p—1)g(2g—1) ¥ aHaJIOrHYHO ONpERENAIOTCS
PP n ¢, P =4(1 —p)pq (29 —1) u ananoruyHo ompese-
asores oPeP u @@, a P =16p(1 —p)g (1 —q).
Hsonapamerpuueckas alnpokCHMauus TOTAa Onpejensercs ¢pop-
MyJioft

9
U(p, q) =;§1 P (p, Q) U;. (4.29)

C npyrofi cTopoHHl, ecsiu npeoGpa3oBanue onpepneneHo no (4.25),
a annpokcumauus — no (4.29), To aTo — npuMep cybnapamerpu-
YecKkoil annpoxcumayun.

CTOpOHBI YeTHIPEXYTOJNIbHUKA MOXKHO CHeNaTbh NPAMBIMH MOJ-
xXonsmel paccTaHOBKOK y3noB Ps, Pg, P7 n Py Ha cTopoHnax. B ya-
CTHOCTH, €CJAH OHU SIBJSIOTCA CEPEAHHAMH , COOTBETCTBYIOMIUX
CTOpOH, 8 Pg— HEHTPOM THAKECTH YETHIPEXYTOJNbHUKA, (POPMYJIHI
(4.28) cBoasitcs K (4.25).

BuyTpenHu#i y3en Py MOMXHO HCKJIOYHUTbL aHAJOTHYHO TOMY,
KaK HMCKJIOYAJUChb BHYTPEHHHE y3Jbl M3 annpoKcHMauH#, OCHO-
BaHHEIX HAa TPEYroJbHBIX 3JEMeHTaxX, HCHoJb3yst JuHefiHOoe cO-

OTHOLUEHUE
1 : 1 -
Up=3 2 Ui—5 U

i=s j=1

dto paeT QYHKIHIO, KOTOpas BCe emle MHTEPNOJUPYET KBaipa-
THYHbIE TIO p U q QYHKIHH TOYHO, HO He umeeT 4iena ¢ p?q?. Ee
MOXHO 3amucaTh Kak

8
U(p, q) =,; 2" (p, U, (4.30)

rae o9 = pq (2p+ 2q — 3) ¥ ananorudro ¢P* (j=2, 3, 4), " =
=4pqg (1 — p) u aHanoruvHO qJ}Z)" (j=6, 7, 8). Ina usonapamer-
pHYECKOH aNMpOKCUMAalHH C BOCEMbIO y3iaMu Npeo6pa3oBaHHe

(x,y) B (p, q) Oyner Takxe onpeaenarbcs no (4.30) samenoi U
NOOYEPEHO HA X H Y. DTOT YETHIPEXYTOJIbHHK ¢ BOCEMbIO Y3JaMH
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q
=1
7 , ]'l2 l'I6 l'I5 l'[1
73
117 HM Hts le
™~ :.1
773 HB nls HIG nll
70
11 0 II n
ex 3 9 10 ‘p
Puc. 15.

6b1 Hcnoab3oBal J{xopraHoM (1970) B kauecTBe 3JMeMeHTa NMPH
pelleHHH 3aJay, BKJIIOYAIOUIHX NJIOCKOe HampsikeHHe uiau Aedop-
Mamuio.

Bukybuyeckas annpoxcumayun

ITonnass OHKyGHUecKass AaNMpPOKCHUMAalUHs BKJIOYAeT ueThbipe
BHYTPEHHHX y3sa (cM. puc. 15) B gonoJiHeHue K 4eThlpeM YrJo-
BbIM H BOCbMH OOKOBHIM y3JaM (IO ABa Ha KaxXaOH CTOpOHe).
BHyTpeHHHe y3/1bl MOTYT GbiTh UCKJIIOYeHbl AJIS non%'qeﬂua annpo-
KCHMalui, B KOTOPOil HET uJeHOB ¢ p2qg?, p3q? pq® u p3¢®. Ee
MOXKHO 3anucaTh B BHJE

12
U(p, q)= ,Z. " (0, U,

* 9 ; 2 "
rae @ = 5 (p2 +¢3Z—p—qg+ 3) pq H &HAJIOTHYHO q>(,3’
(i=2, 3,4, ¢ = % pg(l—p)(Bp—1) u ananoruuHo q>‘,3"
(i=6,...,12).

4.4. Terpasanp')
Jaepansicesa unrepnossyus
TlonHpi MONIMHOM CTeNeHH

l'l,,,(x, Y, 2)= Z QpiX !lk

J4+EFi=0

) Cpasunrte ¢ pasg. 4.1.
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MOXXHO HCIOJIb30BaTh s HATepnoasuun $pynkuur U(x,y, 2) no

1 2 3
(m + )(m: ) (m +3) CHAMMETPHYHO pacnoJIOXXeHHbHM B TE€Tpasn-

pe yanawm. [leépBue Tpu ciyuas 3Toro o6liero npeacTasJeHHs AJs
terpasapa P PyP3P, TakoBH:

(1) Jlunedinoui cayyatr (m =1). INonuHom sanaerca dopmy-
Joi

4
I, (x, g, z)"_"!;lulp(;”(x» Y, 2),

rae U; (j=1, 2, 3, 4) — 3snauennn U(x,y,2) B Bepmnnax P; u

P (x, y, 2) = l‘m (Ertn — ArtnX + Betny — Chin2),
rmae
1 % 4y % Iz
I % Yo 2 ks
Fipin=det | | o w ozl Aptn = det : ur ooz
1 % Yn 2, In 2

U TN, a (jk, I, n) —nwob6as nepecranoBka (1, 2, 3, 4). 3ame-
THM, 4TO %I Tjgin | — 06beM TeTpasapa PiPyP3P,.

(2) Ksadparuunowii cayuali (m =2). Tenepp moJHHOM Ta-
KOB!

10
Mo (x, 4, 2)= ZUpP (x4, 2),

rae U; (1—1 2, 3, 4)—3nauennn U(x,y,2) B BepuwuHax pj,
a Uy (j= lO)—suaqemm B cepenuHax pebep. Bupa-
WeHue p‘z)(qepes p) uMeer TOT Xe BHJ, UTO H LA TPEYrO/b-

HuKa (cM. maparpa¢ 4 1).

(3) Kybuuecxuid caywaii (m = 3). 3pnecb NONHHOM HMeeT
BHJT

20
Iy (x, 4, 2)= X U;p (5, 9, 2),

rae U; (j=1,2,3,4) —kak u Bume, U; (j=5, ..., 15)—
anavenus U(x, y, 2) B TOUKax TpHCeKUHH pebep,a U; (] = 16

, 20) — 3HaUeHHs B LEHTPax TSXKECTH rpaHed. PopMyabl n.ns
p‘a) (uepes p‘”) HMEIOT TOT e BHA, YTO H I/ TPEyroJbHHKa

(CM pasn. 4.1).

4 3ax. 672
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Apmurosa unrepnorayus

Ky6nueckyio annpokcumanuio U(x,y,2) Ha TeTpasape Moxs
HO BRIMHcaTh mogo6Ho (4.9)—(4.10b) Kak

G (x, 9y, )=
4
I au aUu
=,Z, [U,q}a’-l-(j; 1,-;3).'_( ) ( ) t‘3)+Uq‘3)] (4.31)
rie U; (j=1, ..., 4)—3nauenus U(x,y,2) B uUEGHTpax TsaXe-

CTH rpaHefi, NIPOTHBOJIEXKALHX BeplIHHaM P, H rie

qP(x, y, 2)=p,(3p; — 2p} — T (PP, + PP, + P,P;)), (4.322)

7P (x, y, 2)=27p,p;p,,
H
P (%, 4, 2) = p; [(§upe (P + P — Py) +
+ gilplu(pk + Py — P;)+ §aPu(Py -t P —p))]; (4.32D)

s (x, y, 2) nonyyaercs u3 r (x, y, 2) samenolt E Ha m, a
t(3) (x, ¥y, 2) — 3ameHoll E Ha §, roe  Gir=2z; — 2x. Kak u ansa
'rpeyronbx-mxa, MB NHCaNH p; BMECTO p}" (j=1, 2, 3, 4) aaa
yOpolleHus GopMyd.

Ynpaxcrenue 17. TlpoBepbTe, YTO MOXKHO HCKJIOUHTb 3Haue-
Hua U(x, y, z) B 1leHTpPax THXKeCTH rpaHedl W BCe ellle TOYHO WH-
TepNoJIUpOBaTh KBanpaquue GYHKIHH, eclH Ccoe1aTh 3aMeHy

/—gzUk+ 1 Zm[( ) (Ene+510) +
+(55), Onet ) + (55), Cur + 2)]

by () Z”osaaqael‘ cymmHpoBaHHe (mpH (HKCHPOBaHHOM j) o
(j, k,1,n) pas Bcex BO3MOXHBIX YETHHIX MepecTaHoBOK (1,2, 3,4).
I'ona)xu're. YTO WHTEPNOJHMPYIOUHA MOJHHOM CTAaHOBHTCS TAKHM:

4
vy, 2= [Ugf" + aU) 3)""( ); i +( ) £
fm1

rae
q?)‘ (x» Y, Z) i P, (3p[ - 2Pi+ 2 (Pkpl + PkP,,+ P,P,,)).

ri (x, 9, 2) =pj (&P +¥,p, +E,p0) % pi{pep (B +8,) +

+ P,.P,. (5” + En[) + P;P,. (gll + g"l’)}
unT.A
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4.5. WecTurpannux 1)

Boo6me roeopsi, B cilyyae TPeXMepHOro IpPOCTPaHCTBa 3Je-
MEHT C INeCThIO YeTHPEeXYroJibHHMH TPaHfMH Jyylle TeTpasipa.
JlokasnbHblE H30MapaMeTpHYECKHE KOOPAHHATH (p, ¢,7) MOXHO
BBECTH KaK M 1/ YETHPEXYroJbHHX 3/eMEHTOB B IBYMEpPHOM
caydae. [Ipeo6pasoBaHue KOOPAHHAT HMEET BHJ,

8
t= ;Zn o (p, g, 1), (t=1x, y, 2), (4.33)
rae @) =pgqr, @’ = (1 — p)gr u T. A, NpHYEM BePIIHHH INpO-
HyMepoBaHBl Kak Ha puc. 16. [lpu TakoM npeo6pasoBaHHH Hpo-
H3BOJIbHBI HIECTHrPAHHHK NEPEeXOJHT B eAHHHYHHIHA Ky6 B
(p, g, r)-npoctpancTBe. 3ateM o dbopMmysne

8
Up, )= X o (P, 4, N U, (4.34)

onmpejensieTcss HM3omapaMeTpHyYecKas amnpokcHMauus. MoxHo
MONYy4YUTb H TPHKBAAPATHYHYIO M TPUKYGHYECKYIO aNNpPOKCHMa-
IIMH, €CJIH BBEeCTH JONOJIHHTEJIbHEle TOUYKH Ha pebpax H rpansx,
a TakXe P BHyTPeHHHX Touyek. TOuKM Ha rpaHfix H BHYTpeH-
HHe TOYKH MOXKHO HCKJIOYHTBb MOAOGHO TOMY, KakK 310 6HJO che-
JIaHO B [ByMEDHOM cJlydae IPH HCKJ/IOUEHHH BHYTPEHHHX TOYEK
YeTHIPEXYro/lbHUKA.

Ynpascnenue 18. Buiuucaute 6azucHble GOYHKIHH qa(,“" (, q, 1)
(j=1,..., 27) pan TPHKBaApaTHUHOH H30NApaMeTPHUYECKOH
aNmpoKCHUMAUMH HAa IWIeCTHrPaHHHKe. 3aTeM MpoOBepbTe, YTO
HeHTPH THAXeCTH IpaHed H caMOro WeCTHrPaHHHKA MOXHO HC-
KJIOUHTb H TIOJYYHTb annpOKCHMauuIio BHAA

20
Ulp, 4. V=X " (p, 9. DU}, (4.35)

KOTOpasi TOYHO HHTEPIOJHMPYET KBaApaTHUHbE (YHKUHH, HO He
UMeeT WIeHOB ¢ p%q?, ¢*?, r’p% p2%g%, pqr?, pqgir?, p’q*r* u pas
xotopoi @@ = pgr(2p +- 29+ 2r —5) u anajsoruuHO Q" (j=
=2, ..., 8), " = 4pqr (1—p) u ananoruuro @@ (j=10, ..., 20).

Ynpaxcnenue 19. INpoBepbTe, uTO TPHKYOHUECKash ANMPOKCH-
MalHs Ha LIeCTHrpaHHHKe TpebyeT 64 y3noB: BOoceMb BepILHH,
No ABe TOYKH Ha KaXaoM pe6pe, MO YeTHpe — HA KaxJo# rpaHu
H BOCEMb TOYEK BHYTDH LIECTHrPaHHMKA. 3aTeM NpPOBEpbHTE, UTO
Y3/l Ha TFPaHAX H BHYTPEHHHE Y3Jhl MOTYT ObITh HCKJIOUEHB!
A5 TOJYYEeHHs AaNNpoOKCHMAalHMH, KOTOpPas BK/IOYaeT YJeHH

') CpaBHuTe C 4YeTHpeXyroabHHKOM B naparpade 4.3.
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o, I,
m, m,
z n 1'16 ”
Y I'I‘ l'ls
P
X
Puec. 16.

c plg*ri(j4-k+ 1< 4), a Takxke ujeHH nATOM cTemeHH piqr,
Pqg°r 4 pgrd, Tak 4TO

32
Ulp, 9, = 121 o (p, g, 1)U, (4.36)

rae q,‘a)* —_ % par [,,2 +@E+rrP—-(p+qg+n+ %] H AaHAJIOrHYHO

oM (j=2,...,8),a q>g3)‘=% pgr (1 — p) Bp — 1) u ananoruuHo
o (=10, ..., 32).

4.6. KpuBoauneiinbie rpaHuubl

Jo cux nop 6asucHble QYHKUMH CTPOMJIHCH B OCHOBHOM aJisi
CeTOK C MPAMBIMH CTOPOHAaMHU fueeK. B peasibHBIX NBYMEpHBIX H
TPeXMepHHX 3ajadax, OfHAKO, IPAHHIbLI H NMOBEPXHOCTH pa3jena
yacrto kKpuBosuHeidHn. Lleab aroro naparpada sakaiouaercs s
noJy4eHHH 6a3sHCHBIX (YHKUHH [IJ5 CETOK, COCTABJEHHBIX U3 3Jies
MEHTOB C KPHBOJIMHEHHBLIMH CTOpPOHaMH (ABYMepHHI cJjyuait).
HJIM ¢ KPHMBOJIMHEAHBbIMH ITOBEPXHOCTAMH (TPeXMepHHH cJhayuaii).
KpHBO/MHHElHBIH 3/JeMeHT IOSABHJICS IIPH PacyeTe COOPYXEHHH y
Spraroauca, Aliponca u 3enkeBuua (1968), m GubaHorpadpuue-
CKHe pa3bsiCHEHHsi MO STOMY BONPOCY MOXKHO HafiTH y 3eHKe-
Buua (1975). B nBymMepHOM cJaydyae, ecJH TrpaHHma o6JacTd
SIBJISETCH JIOMAHOW JIMHHEH, 3JIeMEeHTOB C NPSAMBIMH CTOPOHAMH,
06HYHO TPEYTOJBLHHKOB HJIH YETHIPeXYrOJbHHKOB, BIOJIHE H0CTd-
To4HO. OHAKO ec/lH HeKOTOpas YacTh FPaHHUH (HJIH JIHHHH pas3-
Iejla MaTepHaJIOB) H30THYTa, XKeJaTesbHH 3JeMeHThl 1o Kpaii-
Heit Mepe ¢ OAHOH KpHBOJIHHEHHOH CTOPOHOH.

Brayase MBE paccMOTPHM TpPeyroJbHHIH 3JE€MEHT C JABYMs
OpSMHIMH M OAHOH KpuBoMHHeAHOHK cropoHaMu., C noMoUIbIO
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3TOr0 3/1€MEeHTa H TPEYroJbHHKOB C MPSMBIMH CTOPOHAMH MOMXHO
aJleKBaTHO pPelluTb GONBbIIMHCTBO MAOCKHX 3a7ay C KPHBOAHHEH-
HbIMH FDAHHUAMH H JHHUSMH pasjeJa.

(A) TPEYronbHMKH C OOHOP KPHBOJIMHEAHOM CTOPOHON

Paccmorpum TpeyronbHuk PiPoP; B (X, y)-NJOCKOCTH C Npsi-
MbIMH cTOpOHaMH P2P; u P3P, KoTopble ONMHCHIBAIOTCS YypaBHe-
uusaMu [(x,y)= 0 u m(x, y)=0 coorBercrBeHHo. KpHBOJHHEf-
Hasl CTOpPOHA, npoxoasiuias uepes ToYKH P; u Py, onuchiBaercs
ypaBHeHueM F(x,y)=0. ®ynkunu I[(x,y), m(x,y) n F(x,y)
HOPMHPOBaHbl TakK, YTO

L(xi, y))=m(xs yo) =F (x3, y3) = 1.

ITIpeo6pasoBanue MJIOCKOCTH (X, y) B maockocTb (I, m) BHITASAHT
TaK:

1
= &= (va + Mosx — Eaat), (4.37a)

=T (Ta1 + Ta1x — Eary). (4.37Db)

B nnockoctu (/, m) MOJIY4AeTCH TPEYroAbHHK PiPiP;, rue Pi=
(1,0),P5=(0, 1) u P;=(0, 0), a kpuBonuueiinas cropoua PiP3
BbIPaXKaeTCsi ypaBHEHHEM

Fx(l, m), y(, m))=F(, m)=0.

My ucnonbsyem sgecs [ u m Bmecto p{’ u piV (cp. ¢ (4.2)),no-
ToMy 4TO TpeyronsHuk Pi{P3P§c oxHON KpHBOJHMHEHHOH CTOPOHOM
He SIBNSIETCHA CTAHNAPTHBEIM TPEYrOJbHHKOM.

Tenepp Mbl onuilleM OfHH THI narpaHxkesod annpoKCHMauHH
Ha KpHBOJIHHeHHOM TpeyronbHuke PiP3Pj, KoTtopas ynoBJIeTBO-
pSieT CNeAYIOLIHM YCJAOBHSIM:

(I) JluHei#iHble MONHHOMBI HHTEPNOJHPYIOTCS TOUHO, T. €.
Yo=1 Yhoi=b Xme=m, (4.38)

rie @:;(l/, m)— 6asucnas (yHKUHs, cBsidaHHas ¢ i-y3noM. Tak
Kak npeobpasoBanne (x,y) B (l,m) . HHel{HO, COOTHOIUEeHHUS
(4.38) o3HauaoT, YTO JHHeiHble NOJHHOMBI B MJOCKOCTH (X, Y)
Ha TpeyroibHuke P,P;P3; Tak)Xe HHTEpPNOJHPYIOTCS TOYHO.

(I1) Basucnas ¢yukuus @s(/, m), coorsercrsyomas P3,
paBHA TOXJECTBEHHO HYyJII0 Ha KPHBOJIHHeAHOH cropoHe P3Pi,

(IIT) Tlomyuaromasics KycouHo-raaikasi (QyHKUHs, onpene-
JieHHasi Ha CeTKe TPEYroJbHHKOB, KaXAbIi H3 KOTOpbIX HMeeT
caMoe GoJbllee OAHY KPHBOJHHEHHYIO CTOPOHY, HelipepbiBHa.
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Herpyauno yBuaets, uro ans BuimosiHenust (I) u (II) na rpe-
yronbuuke P{PiP; neo6xoquMo HMeTb MO KpaiiHeli Mepe 4eThipe
yana. B mpocrefimiem cayuae GepyTcs TpH BeplUHHH H JOHOJI-
HHTeJbHast Touka Pi==(ls, ms) Ha KpHUBOJHMHEHHOH CTODOHE.

BHayase Mbl nocTpouM G6Ga3HCHYI0O (YHKUHIO @3, KoTOpas
ynosaerBopsier (II), a 3areM ucrnoabsyem (4.38) aas nocrpoe-
HHS @1, @2 H Q4. [IpHMEHHM reoMeTpHYECKHe PacCMOTPeHHs, MO«
ZoGHbIE TeM, KOTOpble GbliH NpHBJeYeHbl K NOJydeHHIO OasHc-
HbIX GYHKUHA AJS1 4eTbIpeXyroJibHHKa, H MO3TOMY PacCMOTPHM
cemeficrBo nosepxHocreit 2(l, m)==0, Koropoe nepecekaer NJjo-
exoctb (I, m) no kpusoft f(l,m)= 0 u 3anaercs ypaBHeHHeM

z(oz+4 Bl +ym -}-6) +f{, my=0. (4.39)
Eciu MB HaJlOXHM HA 2 yCJIOBHS
(1) z=1 (l=m=0),
@2 z=1—1l (m=0)
B) z=1—m (=0,
TO MOXHO OnpeleJHTb P, 9, 6 ¢ MOMOWbIO OAHOH NPOH3BOJBHOK
KOHCTaHTH o, Tak uTo (4.39) nepeiizer B

0z’ + [a (1+m—1)+1 — L&D 1O m) Je+7 m=o. (.40

l—m

Tenepr Mul nosaraem @3 = 2, nocje 4ero OcCTajbHbe 6asHc-
Hble QyHKUHH onpenesioTcs 3 (4.38) kak

(l—m4)1+l4m—l4 + 14
1—14—-m4 l-—h—m.

Q= P3,

mit(—l)m—m | m (4.41)

1—14—”14 1—14-—ﬂl4 Ps»

%=

1—=I1l—m 1
Py = P3.

- 1—14—”1'4 - l—l;—”u

¥npaxcnenue 20. IposepsbTe, uto ecan B (4.40) o =0, 6azuc-
Hast QyHKILUA Q3 HMeeT BHJ

= [, m
P =F0 mA—m + [0 O/ =) —1° (4.42)

a ec/il KPHBOJIHHEHHAsl CTOPOHA SIBJASieTCS KOHHUECKHM CedeHHeM
fl, my=alP+bim+cm?*—(14a)l—(1+c)m+1=0,

TO
2 2 —(l4c)ym-
s al*> + blm < cm 1 (:ﬂ+ ac) I—(1+4¢) 1 , (4.43)

H MBl MPHXOAHM K PallHOHAJbHBIM Ga3HCHBIM QYHKIHSAM Yaucns
pecca (1971, 1973, 1974 u 1975).
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Ynpaxuenue 21. Ecnn KpHBosiHHEMiHass CTOpPOHA — OTPe30K
runep6oant
f, y=blm—1—m+1=0,

nmoKaxure, 4to 6asucHbie Qynkuun ¢; (i=1,2,3,4) cyts no-
JIHHOMBI, ecan o = 0.

3ameuanue. KycouHo-runep6osnyecKue AYTH MOXKHO HCMOJb-
30BaTh [J5 ANNPOKCHMalUHH KPHBOJHHEHAHBIX T'PaHHLl HJH MO-
BEepPXHOCTell pa3fieia H MOJYYHTb BCe elle NOJHHOMHaJbHHEe Oa-
3HCHble QYHKILHH. '

{B) H30rAPAMETPUYECKHE KOOPIAMHATDI ')
Keadparuunas annpoxcumayus Ha cTanGapTHOM Tpey20abHUKE

Yacro TpeyrosibHble 3JIeMEHTBHI C KDHBOJIMHEHAHLIMH TI'paHH-
1aMH npeo6pa3yloT B CTaHZApPTHLIA TPeyroJbHHK, a MOTOM HC-
TOJIL3YIOT H30oMapaMeTpHyecKHe annpokcumanus. [Ipouanocrpu-
pPyeM 3TOT MOAXOoJ BHadaje Ha TNpHMepe OO6IEro KpHBOJHHeH-
HOro TpeyroJbHHKa, u3obpaxkeHHoro Ha pHc. 17. IIpeo6pasoBa-
HHe (X, Y)-nJjockocTH B (p, g)-nAocKoCcTb 3ajaercs ¢opmysoil

t=,z. pP (o, 91, (t=ux, y), (4.44)
Tlle KBajJpaTHuHble GasucHble ynkunuu p® (j=1, ..., 6) onpe-
NeNAI0TCA Kak B pash. 4.1, TOAbKO py H p, 3aMeHeHbl HA p H §
COOTBETCTBEHHO. Torga H3omapaMeTpHuecKasl "annpoKCHMaIlHs
AoJIyu4aeTcsi aHAJOTHYHO, T. €.
6

Ulp, )= 2 P, (4.45)

Ecan Mbl paccMOTPHM 4YacTHHIH cjayuafi TpeyroJjbHHKAa C ABYMSA
OpSIMBIMH CTODOHAMH H OJHOH KPHBOJHHeHHOH, TaK uTo [l5==

fs

— tz-;-ts . te=——_2t-t—' (t=x, y),T0 npeo6pasoBanue (4.44) cBo-

AHTCHA K
=qapq -+ p, (4.46a)

. m==PBpq + q, (4.46b)
rae o =2(2l,—1) u p==2(2ms—1). O6paTHOe npeobpa3oBa-
HHe BBIIJISLIUT TaK:

pp?+ (@m—pl+1)p—1=0, (4.47a)
e’ 4+ @ —am+1)g—m=0 (4.4Zb)
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Pnc. 17.

Ynpasxcnenue 22. Tlokaxure, uro ecau ly=m4=R, TO U3
(4.47a) u (4.47b) caenyer, uto r(=1—p —¢q) ymoBaerBOpsieT
ypaBHEHHIO

Pt rH [BrTE ——mp]=0  (.479)

H, CJeloBaTeJbHO, KPHBOJHHeHasi cTopoHa f(l, m)=0 3ame-
HsieTcs KpuBofi r = 0, onuchiBaeMoil ypaBHeHHEM

! 2 —l
1— ;*R"' - R (l—mpy= (4.48)
KOTOpas OKasmiBaeTcs napaGoJoft. ITokaxure manee, uTo ecau
a = 2R2R u f(I, m) onpenenesa no (4.48), To (4.40) nepexo-

aut B (4.47c) c 3amenoit z Ha r. OGbsICHATe 5Ty CBSA3b MEXIY
H3onapaMeTpHUYeCKOH anmnpoKcHMaluedl H NOpPSIMBIMH MeTOAaMH
paGoThl ¢ KPHBOJIHHEAHHIMH TpaHHIAMH.

Ynpaxcnerue ' 23. Tlokaxure, u4To BOOGUIE KPHBOJHHEHHAs
cropoHa r =0 3ajaerca ypaBHeHHeM

(Bl — am) + (@ + B+ af— B [+ (6 + B+ af — a?) m —
— (@ +B+af) =0,

rjie o H f 3aj4aHH Bhlle,

3anpeuwjernoie 3aemenToL

OfHHUM M3 HeNnpUATHHX MOMEHTOB HCMOJIb30BAaHHA H30mapa+
METpHUYECKHX KOOpAHHAT AJS paboThl ¢ KPHBOJIHHEHHBLIMH 3Jje-
MEHTaMH sBjsercst cayuyali obpalieHHss B HyJb sIKoOHaHa
J(=1+4pp+ ag) npeoGpazoBanus, 3asanHoro B (4.46a) &
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(4.46b). IroT sAKOGHAH MOJNOXKHTEJEH AJA BCEX P, ¢, TAKHX, 9TO
0<<p, g, p+ g <1, ecru ToibKo TOuKa (l4, M) N1€KHT B 06+

1
Jacth I, m> -+, kak nokasawo Ha puc. 18. [lpu apyrux nouo-
KeHHSIX TOYKH (ly, m4) B nNONOKHTeNbHOM KBajapaute (I, m)e
1
MJIOCKOCTH, BKJIOYasi H JIHHHH I=T H m=-, saxKo6uaH 16O

paBeH HyJI0, 160 OTPHLATENEH AJS HEKOTOpHX 3HaueHHH (p, q).
(dxopnan, 1970), 1 nMo3TOMy B 3THX <«3anpelleHHBIX» CHydasXx
H3onapaMeTpHYecKHe KOOpAHHATH, BooOlie roBops, HeJib3fl HCs
noJb30BaTh A/ paGoThl ¢ KPHBOJHHEHHHIMH 3JeMEeHTaMH (Hc-
KJIOUEeHHS M3 5TOro npaBHjia npuBoasatcs B pasaene 7.4(F)).
ITpuunHa 3TOro 3aK/aI04aeTcs B TOM, YTO Pe3yJbTaThi, BHUHCJAEH-
Hble C [IOMOIbI0 H30MapaMeTPHYECKHX KOOpAHHAT (p, ¢), Helb3f
nepeHectH o6paTHo Ha ([, m)-NAOCKOCTb, NOCKOJbKY BCJEICTBHE
obpaiieHnss B HyJb siKoGHaHa rje-TO Ha dJeMeHTe 06paTHOro
npeo6pa3oBaHHs HeT.

BMecro ucnosb3oBaHHS H3omapaMeTPHYECKHX KOOpPAHHAT MM
MoxeM paGoratb npsiMo ¢ [ u m, npumenss (4.40) u (4.41).
Ecan, kak B ynpaXHeHHH 22, HCKpPHBJIEHHasi CTOpOHa ofpeje-
asiercst u3 (4.48) u a =(2R — 1) /2R, ypaBHenne (4.40) Gyuner
HMeTb BellleCTBEHHBIe KODHH, eCJIH TOJbKO

2
F(, m; Ry=(1+m+ 5(7,;+—1)) —4m>0. (4.49)

HerpyaHo 3aMerutb, 4TO mnpH ¢QHKCHpoBaHHOM R dyHkuus
F(l,m; R) He HMeeT MaKCHMyMa HJH MHHHMyMa BHYTDH 3Je«
MeHTa HAH rae-au6o Ha ([, m)-naockocru. CrenoBareibHO, HaH-
meHblllee 3HayeHHe F(l,m; R) pocruraercsi Ha TrpaHHIe 3Je-
MeHTa npH Bcex 3HaueHHsix R. B camom gnene, u3 (4.48) cae-

mn
m J

e

(RR)

Puc. 18. Puc. 19,
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AYeT, 4TO
F(,m Ry=(4r=5) =0

Ajsi Bcex R Ha KpHBOJHHeHHOH cTopoHe, W, KOHeuHo, F Bceraa
NOJOXKHTENbHO Ha CTOpPOHax [=0 u m=0 B cuay (4.49). Ta-
KHM o6Gpa3oM, ycaoBue (4.49) BbinosiHsieTcs Aasi Bcex R u 1as
Bcex Touek ([, m) syneMeHra.

[Ipn Hcnonb3oBaHUM B 3TOM NpHMepe H30MapaMeTpPHYECKHX

KoopAuHAT 3HaueHus R B obaactn 0 <R < ucnoapsosaTh

sanpemiaercs. MoxeT roKas3aTbCsi, 4YTO NPH  HCHOJb30BaHHH
(4.40) rtakux orpaHuuennit Her. OJHAKO C MOMOMIbLIO MPOCTHX
reoMeTpHYeCKHX pPacCMOTPEHHH MOXKHO MNOKasaTh, 4YTO [NPH

0<R <% KPHBOJIHHE#HAas TpaHHUa NepecekaeT ocH [ U m B ToO-
9YKax- MeXJAy HadaJoM KOODAHHAT W eNIHHHYHBIMH TOYKaMH ocelt
(cm. puc. 19).

Ynpascrenue 24. Oas 0 < R < —1- HalljluTe TOYKH nepeceue~
HHSl KPUBOJIHHEHHOH CTOPOHBI ¢ OCSIMH [ H m MeXJy HauajioM
KOOPAHHAT H €IUHHYHBIMH TOUKAMH K MOKAXKHUTE, YTO NPH R—*-};

3TH TOYKH CTPeMATCS K €AHHHYHbBIM TOYKAaM Ha COOTBETCTBYIO-
IHX OCSX.

¥Ynpascnenue 25. Tlokaxure, 4TO KBaapaTHOe ypaBHEeHHE
(4.40) umeer BenlecTBeHHble KOPHH NpPH JIOOBIX 3HAYEHHAX «,
Korja Todka ([, m) JeXHT Ha rpaHuue TPeyrojbHHKa ¢ ABYMS
NPSAMBIMH CTOPOHAMH H OJHOH KPHBOJIHHEHHOH CTOPOHOM.

Kybuueckasa annpoxcumayus Ha CTAHOAPTHOM TpeyzoabHUKE

OnHO3HAUHO oOnpejeseHHbll KyOHuecKHH HHTEPNOAsiHOHHKIN
NOJIMHOM Ha MJOCKOCTH (p, §) MoXeT ObITb 3anucaH Kak

10
u (P, q)= lz_:l p(la)Up (4‘50)

rae 6asucuvle ¢ynkunu pP (j=1, ..., 10) onucansi B pasn. 4.1.
Mb nosy4YHM H3OMapaMeTPHYECKYl0 aNNnpOKCHMAaUHIO, €CJH HC-
nonbdyeM (4.50) mns onpemeseHHs TouedHOro npeo6GpasoBaHHs
(x,y) (anmn (I, m)) B (p,q) 3amenoit U na x u y (uau [ u m)
(cM. puc. 20). B uacTHOM csyvyae TpeyroJibHHKa c ABYMS Npsi-
MBIMH CTOpOHaMH, y Kotoporo Ps, P; u Pg, Py — TOUKH TPHCEK»



1,
NE
1
5
Tl
!
- n, 10 ¢
X 14
I, ns 1'19 I,
Puc. 20.

UHH cTOpOH PyP3 u P3P, cooTBeTCTBEHHO, MM MoJyiaeM ¢op-
MYJIbl

L=p+ 5 pq (6l —Li—Is — 1) + 5 g (L — 2ho) +
+ 5 g (=20 +5). (450

9
m=q-+ '@‘PQ(Gmlo—"H —ms— 1)+
27 1 27
+5 pq (m4 —2m+ 3) +5 pg? (ms — 2myg),

rie P;=(l,, m,) (/==4,5) — TOYKH Ha KDHUBOJHHEHHOH . CTO-
poHe, a (lio, mio)— BHYTPH TpeyrosabHHka. M3 (4.51) caenyer,
uTo npeaGpa3oBaHHas KpHBas, Npoxojsias yepe3 Touku Pi, Pi,
P; u P}, okasniBaercsl Ky6u4eckoil.

Ynpaxnenue 26. ITokaxkure, 4TO ecJH l4=15+—;— H my=

1
=ms — 3, TO KyOuuecKas KpHBas BEIPOXKJaercs B eJuHcTeeH-

Hyro mapa6Goay, npoxoasmylo depes todkn (1,0), (l4, m4),
(Is,ms) u (0,1). Ecan k ToMy xe ly=2lp u ms = 2myo, TO
JokaxHure, 4ytro ¢opmynn npeobpasosaHus (4.51) cBoasites X

l=P+9(lw—%) pq,
m=q+9 (mo—3) pq

H uTO ypaBHeHHe KPHBOH H3 ynpaxHeHHs 23 npH 4ly==9l,— 1
B 4my=9m;o— 1 3sajaer napabosy HaHHOrO ynpaKHEHHs.
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B cratbe Makaeona u Mutuenna (1975) noctpoeHsl npH-
Mepbl Pa3HOOOPa3HBHIX KPHBOJIHHEHHBIX CTOPOH H MOJYHYeHH CO-
OTBeTCTBYlomHe Ayru mapa6oa. Bo Bcex npuMepax Gwijio o6Ha-
pyXeHo, 4To mapaboab OJH3KH K MEePBOHAYAJNbLHBIM KDHBBIM.
BaxHo noauepkHyTb TO, YTO H30MapaMeTpHYeCKHe 3JIEMeHTHl
BooO1Ie upe3Bbl4aiiHO YYBCTBHTEJNbHH K JedOPMallUH OCHOBHOH
TPeyrojbHOH GHOpPMBL.

(C) YETHPEXYTrONMBbHHK C OIHOM KPUBOJIMHEAHOM CTOPOHOR

B pasa. 4.3 ans O6uxkBaApaTHYHOH anNnpoKCHMalUHH Ha yYeThl-
pexyrojbHuKe Oblia paHa dopmyna (4.30). B uacrHom cayuae
4eThIPeXYroJbHUKa C TpeMsl NPAMbIMH H OJHOH KPHBOJIHHefiHOH
croponamu (puc. 21), B xoropoM Ps, P; 1 Pg— cepefuHn nps-
MBIX cTopoH P3P;, P3P, u P4P, coorBercTBeHHO, {opMyJanl To-
uyedyHoro npeo6pasosaHusi, coorBercrBylomue (4.30), cBomsTcs K

l=p+(—1— L+ 4l5) pg + (2!, — 4L5) pg, (4.52)
m=q-+(—3 —mi -+ 4ms) pg + 2+ 2m, — 4mg) p’q

Ana nsonapameTpﬂqecxoﬁ anmnpoKCHManuy, rjae

B
= m(fm + Nosx — Easy),

1
m=g— (T34 -+ N3ax — Eaay).

KoopauHaTy ¢ MOXHO HCKJIIOUHTb H3 {4.52) W noayuurs
TP+ [Z—TI+Ym]p?*+[1+Xm—Zllp—1=0.

Kpusas g = 1 3ajaerca ypaBHeHHeM

[Tl—Y( —m)2+ (T + XT —YZ)[Zl 4+ (1 4 X) (1 — m)] =0.
(4.53)

3pech X=—1—0L +4ls, Y=21,—4ls, Z=—83 —m; +4msu
T =2+ 2m,—4ms. dra xpuBas, KoHeuHo,— napabosa. Cue-
JOBATEeJIbHO, €CJIH. HCMOJb3YIOTCS H30MapaMeTpHYecKHe KOOpAH-
HaTbl, KaK onpejeseHo (GOPMyJaMH TOYeuHOro npeobpa3oBaHHs,
coorBercTByloutumu (4.30), kpusosunelinas cropona samenserca
dyeoti napaboabi, ypasHenuem koropoii ssisercs (4.53).

Ynpasnenue 27. Ons caydyas d4eTbipexXyrojbHHKa ¢ OJfHON
KPHBOJIHHEIHOH CTOPOHOH M C JONMOJIHHUTENbHBIMH Y3J1aMH B ToY-
Kax TPHCEKIHH BceX NMpPSMBIX CTOPOH (pHC. 22) mokaXuTe, 4TO



b4
4
P
e A
R R
3 P
A [}
A
X ey
Puc. 21. Puc. 22.

(opMyJIHl TOYEYHOro npeobpa3oBaHHsi CBOASATCA K
l=p+2[(Z1 — 15+ 20— 2
—-P+§[(’9‘ 1 — s+ 2 — 'g‘)Pq—
— (I, — 415+ 5l) p*q + (1, — 315+ 3le) p°q)s
9 2 11
m=q+- [('g my — ms -+ 2ms — ‘Q—)Pq—
— (my — 4mg + 5ms — 2) p’q -+ (my — 3ms + 3ms — 1) pq].

3aTeM MNOKaXKHTe, YTO H3omapaMeTpHuecKas KOOpAMHATAa ¢ MoO-
KeT ObLITb HCKJIOYeHa, YTOObl MOJNYYHTb ypaBHeHHe 4eTBepTofl
CTeNeHH Mo p, YTO KpHBas ¢ = | —ueTBepToro mopsiaka no [
H M, a KPHBble NOCTOSHHBIX P — NpAMble JHHHH.

(D) TETPASAP C KPHBOJIMHEPMHBIMUM TPAHSIMHU

PaccMoTpuM TeTpasiap ¢ ueTHIpbMSl KpUBOJIHHEHHHIMH rpa-
HAIMH, Y KOTODOrOo Ha KaXX/JOM H3 IIeCTH HCKDHBJIEHHBIX pebep
B3AT OJHH NPOMEXYTO4YHBIH y3en (cM. puc. 23(a)). CrangapT-
Holi Terpasap B (p, ¢, r)-NIPOCTPAHCTBE ,MOXHO OTOOGpa3uThb
B (x, Y, 2)-NPOCTPAHCTBO TaK, YTO €ro BepIIHHbBI H NPOMEXYTOY-
Hbl€ y3Jibl MepeifyT B COOTBETCTBYIOI(HEe BepUIHHbI H Y3Jbl IPO-
H3BOJIbHOrO Hamepes 3afaHHOTO HCKPHBJIEHHOro Terpasapa. 3to
OCyUIeCTBJISIETCS C MOMOILbIO TOYeYHOro npeobpasoBaHus

t=p@2p—Dti+q2¢—Dto+r@2r—Dts+s(2s—1)t,+
+ 4pst; + 4pgts + 4gsts + 4rgty + 4prtio + 4rst;,  (4.54).

rne p+qg+r+s=1, t=x, y, 2. lna usonapamerpuyeckoro
sJieMeHTa HHTepnoJupyoiias GyHKUHs TaKXKe 3ajlaerca B BHIe
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/

Puc. 23.

(4.54) c 3ameHoit ¢ Ha U. Tak KaK GOJBLIHHCTBO OrpaHHYeH-
HBIX o6JiacTell B TPeXMEpPHOM MPOCTPAHCTBE MOXKHO NpPHGJHKeH-
HO pa36uth!) Ha TeTpasapajbHbe 3JIEMEHTH JAHO0 C YeTHIPbMS
NJIOCKHMH TpaHsMH, JAu60 ¢ OJHOH HCKDHBJIEHHOH M TpeMs mJo-
CKHMH TIpaHAMH, MBI OCTAaHOBHMCA Ha MOCJeJHeM TeTpasjpe.
‘Ecnu nnockue rpann PiPiPi, PiPi{P; m P{P3P; nexat B IJIOCKO-
ctaix =0, m=0 u n=0 COOTBETCTBEHHO, a BepIUHHHI
Pi{, P4, P§imna ocax coorserctByoT =1, m=1, n=1, To MH
npuxonuM K puc. 23(b), rae P, P¢ u P7 — cepeiHHbl COOTBET-
CTBYIOIIMX NpAMBIX peGep, a P§==(Ri, R, 0), P5=(0, Rs, R»)
H Plo=(R3, 0, Rs). Tenepr u3 (4.54) nonyiaeM ¢popMyan TO-
deqHOro npeo6pa3oBaHHs

I=p+22R —1)pg+2(2P;—1)pr,
m=q+2(2R — 1) pg + 2 (2R, — 1) gr, (4.55)
n=r+22R;— 1) pr+2(2R, — 1) gr.

C noMompbio IpoMO3AKHX BHIKJAJOK MOXHO MOKa3aTb, YTO No-
8epxtocte | —p—q—r =0 oxa3sigaercs MHOZOYAECHOM H4eT-
seprod creneru no I, m u n.

(E) LLHECTUIPAHHHMK C KPUBOJIMHEAHHIMH IPAHAMHU

OrpannvyeHHast 06acTb B TPEXMEDPHOM MPOCTPAHCTBE, HMeEIO-
1asi KpUBOJIHHEHHYIO rPAHHIY, MOXeT GHTL pas3bura Ha KOHey-
HOe YHMCJO LIECTHIPAHHHIX 3JEeMeHTOB ¢ KPHBOJHHEHHBIMH Tpa-
Hamu. ToueuHnle npeo6Gpa3oBaHHs, OCHOBAHHBE Ha H30MapaMer-

) Ilpn TakoM pa3GueMHH KYycKH TpaHHUK 06JacTH AYGJHPYIOTCA NDPHMBI-
KaloWHMH K FPaHule TPaHAMM 9JeMEeHTOB Hamofobde TOro, Kak 3TO MPOHCXO=
AHT B aneJbCHHe.
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pHUYeCKHX annpokcumauusx rtHna (4.35) u (4.36), MoXHO Hc-
N0/1b30BaTh ANl NMEpexofa OT NMPOHM3BOJBHOIO INECTHIPAHHHKA K
elMHHYHOMY KYy6y B (p, ¢, r)-npoctpanctBe. B npeo6pasoBannom
NPOCTPAHCTBE BHIUHC/IEHHS TOrJa BLINOJAHAIOTCA OGLIYHLIM o6Gpa-
soM. K coxanenuio, popmyan npeo6pasoBaHHs, COOTBETCTBYIO-
mue (4.35) u (4.36), CTONBb CJOKHH, YTO H3 HHX HEBO3MOXKHO
NOJYYHTh XOTh KaKHe-TO NMpeACTaBJeHHA O (opMe KPHBOJNHHEH-
HOMl NMOBEPXHOCTH, NOPOXKAaeMOi TOUYEUHHIMH NMpeo6pa30BaHHAMH.
EHHCTBeHHLIM yTeLleHHeM CJYXHT TO, YTO 3TO MOXHO CAeJaTh,
eCJIH MPOBECTH MOBEPXHOCTb Yepe3 60JbIIOE YHCJIO TOUEK, Jexa-
LUIHX Ha NepBOHAyaJbHOH KpPHBOJHHEAHON NOBEPXHOCTH.
3ameuanue. Vmeerca Goabmias norpe6HOCTD B Ga3sHCHBIX
(hyHKUHAX, KOTOPHE TOYHO BOCIIPOH3BORAT KOHKpETHble KPHBOJH-
HeflHBle CTOPOHH H MOBEPXHOCTH B JBYMEPHOM H TpeXMepHOM
NPOCTPAHCTBAX COOTBETCTBEHHO. DTO 0COGEHHO BaXKHO B 3afayax
JHHAMHKH HeBfI3KOfi XHIKOCTH, I'le <«IOJNAeJKa» FpaHHiUbl NOoJ-
HOCTBIO H3MeHsieT MOBeJeHHe CKOpOCTH BOAH3M rpaHHUb. XoTd
H30TapaMeTPHUYECKHH MOAXOJ SBJSETCS yJyullleHHeM MO CpaBHe-
HHIO C 3aMeHOH KPHBBIX JHHHA H HoBepXHOCTel NPAMBIMH JIH-
HHSIMH H TJIOCKOCTSIMH COOTBETCTBEHHO, OH Bce JKe OCHOBaH Ha
TOYeYHLIX NpeobpasoBaHHAX M [O3TOMY AAeT TOJbKO aNMNpOKCH-
MalMI0 HCXOAHBIX KPHBHIX M moBepxHocrell. [IpexBapHuTesnsHbIe
pe3ysnbTaThl, OCHOBAHHble Ha TeOMEeTPHYECKHX PpacCMOTPEHHAX
VIS HAaXOXJeHHs1 TOYHHX 6a3HCHHX (QYHKUHA KpPHBOJHHeHRHHX
9JIeMEHTOB, MOXHo HafiTu y ¥Yaucmpecca (1975), Makneona
(1977), Makneona u Muruenna (1972) u Bapuxunna u I'peropu

(1976a) u (1976b).



FNABA 5

CXOAUMOCTDb
ANMPOKCHUMALMHA

5.1. Bsenenue

B ra. 3 6bl10 naHo onpenenenue annpokcuMaunu I'anepkuna.
Buino mokasano, uto Takas annpokcuMmauus U ynosaersopser
ypaBHEHHIO

a(U,V)=(, V) (ans Bcex V=Ky), (5.1)

rae Ky ectb N-MepHOe NOANPOCTPAaHCTBO NpPOCTPAaHCTBA A0MYy-
CTHMBIX GyHKuuid . Ecau NpeAnosoXHTb, YTO HHTErpajn Bh-
YHCASAIOTCS TOYHO, TO aHAJH3 OIHGOK A KyCOYHO-TJIajKHX aml-
NMpOKCHMalHi BHAA

N
U= a0 (x)

CBOJHTCA K JBYM OCHOBHBIM MOMEHTaM:

(1) HokasaTenbCTBY TOTO, YTO aNNpPOKCHMAUHA sBJsSeTcCS
HaHJyullei HJIH MOYTH Hauayuweii. B pasa. 3.5 6b0 nokasaso,
yTo annpokcHMmauHua Purua Gyjer Hanayuilefi B 3HepreTHYeCKOR
HOpMe, T. €.

lu —Ulla=_inf [l&—dla. (5.2)
d=Ky

B o6ueM Xxe cayuae ypaercs MOKa3aTh JHIIL TO, YTO aNNpPOKCH-
maunua [anepknHa ABIseTcs nouTu Kauaywwed B HEKOTOPOi co-
6oaesckoll Hopme!'): 3TO 0O3HAUaeT, YTO

Ne—=Uly p<<C inf [u-—~il,. g (5.3)
dieKy

npH HeKotopbix r, C > 02).

(2) Onenke BepxHeii rpaHHns npaBoft 4actH (5.3) B ToM
CMelHasbHOM cJlydyae, Koraa sjieMeHT & & Ky uHTepnoaupyer pe-
meHue. Ecan Ky ecTb mpocTpaHCTBO KOHEUHO3JEMEHTHHX afl-
NpOKCHMaNui, To 06bYHO cyulecTByIOT lenoe B = k(Ky) H mo-
crosiiHaa C = C(Ky), Takue, 4TO OIIHGKAa HHTEPNOJSIHH Orpa-

1) Onpenenenne mpoctpancts H HopM ColoseBa Jaetcs Ha cTp. 114
2) B sroil rnase uepe3 C 0603HAYaeTCA MOJOXKHTEIbHAA MOCTOAHHAS, CBOS
AN KaXAOTO KOHKPETHOro CJydasl.
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HHYEeHA KakK
lae—al, g SCh* ' ""lullesr,g (r==0,1,..., &) (5.4

IpH YCJOBHH, YTO us BEYV(R). Ecan npeamosoxHTh, 4TO pe-
LUIeHHe 4 YAOBJIETBOPSET COOTHOLUEHHIO

a(u, v)=(f, v) (mana scex v M)

k1)
W ABJAETCA 3/MeMeHTOM coGoneBckoro mpoctpanctsa 6% ' (R),
HepaBeHcTBa (5.3) u (5.4) Moryt 6bITb 06befHHEeHH AJS MOJY-
YeHHS] OLEHKH MOPAAKA CXOLHMOCTH annpokcumauun ['anepkuna
U npu crpeMJiennH k K RyJ1IO.

Ecnn, Kak 3T0 06bIYHO HMEeT MeCTO, HHTerpajbl nojyyaircs
YHCJIEHHO MO HeKOTOpOH KBaaparypHoii ¢opmyne, To npubJH-
KeHHOe pellleHHe He ompesensercs Gojee cootHowenuem (5.1),
a onpejensercs ero NPHOIHKEHHBIM aHAJIOrOM

a,Up V)=, V), (w1a Bcex Ve Ky). (5.5)

IMpu sTOM OKa3biBaeTCs BO3MOXKHBIM IOJYYHTb OLEHKY HOpsAaKa
cxoauMmocTH ¢ noMoubio (5.3) u (5.4), ecnn cnpaBeANHBO Hepa-

BEHCTBO
U — Uyl n <CK

npH HeKoTopoM § > 0. AnmpokcHMaluus TpaHHUL TaKXe NPHBO-
OHT K HEKOTODOMY H3MeHeHHIO ypaBHeHu# cucreMn (5.1), Kak
H HCNOJIb30BaHHe HecorjacoBaHHbIX 3JIEMEHTOB, T. €. HEJONYCTH-
Mbix GyHkunii Up ¢ 6. TlosTomy sicHO, 4TO aHaJH3 BONPOCOB,
NOpOXJaeMblX NPHOJHKEHHBIM XxapakrepoM cHcremb (5.5),
uMeeT 60JbLIOE 3HAUEHHE NMPH NPAKTUYECKOM HCIOJb30BaHUH Me-
ToJa KOHEYHBIX 3JIeMEeHTOB.

Ob6o3nauenus u 86o0nble 3amedanus

Bununneitnas ¢opma a HaswBaercs asauntuunod') e 8,
@CJIH CYLIeCTBYeT TaKas nocrosiiHas y = 0, uto 15 Beex u & 4

a(u, W)y=vlull.

IMo anamoruu c ra. 1 Ha3zoBeM ee OrpaHHYEHHOH, ecJaH cyule-
CTBYeT TaKasi NocTosiHHas a > 0, uTo aJa Bcex u, v € B

la(u, v)ISalullivll.

BosbLIMHCTBO OLEHOK mNOrpeilHocTedl B 3TOf riaBe BLipa-
¥KaeTcs B TepMHHaXx co6ojeBckHX HopM. Takas HopMa ompeje-

JAETCA KaK
" u " = l Diu "
k. R | i;: kl 2 (R)

!} Hnoraa roBopAT, 4TO OHA KOIPUHTHBHA HJH MONONKHTEJbHO OMpele/ieHa.



114 Fn. 5. CxopumocTs annpoKcumaum

rie B npanoﬁlqacm HCMOJIb30BAHB BBe/JEeHHbie paHee MYJbTH~
HHAeKcHHe 0603HaueHus. [lose3aHbiM OKasbBaeTcsi Takke MOHS-
TA€ NOJNIYHOPMHEI, onpenenﬂeMoﬁ MNPOH3BOAHLIMH TOJIBKO OAHOro

nopsiaKa:
_ 1
lu ﬁ.k‘—“%:_k"D“"?mm-

[pocrpancreo Co6oneba 65 (R) coCTOMT H3 BCeX Tex GyHKUH#,
LJIf KOTOPHIX COOTBETCTBylowlass coGoJieBckasi HOpMa KOHeYHa.
Uepe3 (u,v) Gymer o603HayaTbCsi (€CJIM He OrOBOPEHO HHYEro
ApYroro) ckajaspHoe npouaseseHHe OGyHKUHA u(Xx) H v(X) B
cMbicsie npocTpaHcTBa Zo(R):

(u, )= SS u (X) v (X) @x,
R

,ZIaoszcraennoe Kk 6% (R) npocTpaHcTBO o6o3HayYaeTcs uyepes
5P (R), a COOTBETCTBYIOIAS €My HOpMa HMeeT BHA

| F(u)l
VPl e= sup {yt}
R v s 3P R htle,

B pasgene 5.4 (B), rze snemenr F = 5" (R) Gyner onpe-
HeJeH Ana Hekortoporo v < 5 (R) kak

F(w)=(u,v) (npu Bcex ue 5 (R)),

MO2KHO MOOJIOKHTh, H€ BHOCA ABYCMbICJEHHOCTH B 0603HaueHHs,

|, )|
lolpe=sup {yit}.
R w36 (g Hall, o

(k
Ynpaxcuenue 1. [lokaxure, uto aas ao6oro u & 3" (R)
4

el o <ltly, g

B caexyiomux HepaBeHCTBaXx oGozHauaeMbie uyepes C mo-
CTOSIHHBIE MOTYT 3aBHceTb OT 06JacTH R M OT NpOCTpaHcTBa
#6 nomycTUMbIX GYHKUMHA, HO He OyayT 3aBHCETb OT CaMHX pacs
cmaTpuBaeMmuix ¢yHkuuii. [Ipeamosnaraercs, yto R sBiagercs OT-
KpHITOl OrpaHHyeHHOA 06J1aCThIO € r1aAKOR (HJH KyCOYHO-rJIafs
ko#) rpanuueli OR, uro R = R U OR u, ecii He OroBOPEHO MpO+
THBHOe, R < R2. JIna 10CTaTo4yHO rIaAKHX (yHKLUHH, NMpHHAAJe-
KallkX, cKaxeM, npocrpaHctBy C*(R), HHorna GymeT HCHONb3O-
BAThC MAKCUMYM-HOPMA

i
ul,, = max {|Dul, =
el % |”<k{' e“(m}
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BMecCTe C COOTBETCTBYIOLIEH NoayHOPMON

{
ul,w=max {||D'ull, =zl
lulyz ltl-k{l xm(m}

Has no6oro £ > 0 onpexesHM NpoCTPaHCTBO 9%5’” (R):

Sk gy 8 (%) _ou
565 (R)—{u.ue%g (R), u= s =T —OﬂaOR}

H aHaJOrHYHO [Js JI060ro KOHeYHOMEpPHOro MOAMPOCTPaHCTBA
Ky = 8% (R) onpenenum -

léu =K~ 9‘%’” (R);

uepes Ry o6o3nauaercs ponosnenne Kk Ky B Ky. Hanpumep, aas
awboro moampoctpancTBa Ky KoHeyHblX 3jeMmeHToB Ky 6ymer
NOANpPOCTPAHCTBOM, O6pPa30BaHHBIM TOJbLKO TeMH OGa3HCHBIMH
(YHKUHAMH, KOTOpPHE COOTBETCTBYIOT TPAHHYHHIM y3JaM, T. e.
o6palanTcs B HyJb BO BCeX BHYTPEHHHX y3Jax.

Inst KpaTKOCTH H3JIOXKEHHs pa3jiHYHble NOMOJHHTeNbHble Or-
paHHuYeHHs Ha o6jacTb R npH GOpMyJIHPOBKE CJHEAYIOIUHX JEeMM
GynyT onyuieHH. DTH OrpaHHYeHHs He ABJASIOTCA 0coGeHHO 06-
pPEeMEHHTeJNbHEIMH H OGHLIYHO BLIMOJIHEHH, ecJH rpaHHua O6yner
JIOCTAaTOYHO IJlagKo# MeXmy yrjoBuiMH Todykamu. HMHrtepecyto-
WIHACH YHTaTeNb MOXKeT 06paTHTbCA K JIHTEpaType, Ha KOTOPYIO
B KaXJ0M cJydae HMeKOTCS AeTajbHble cchlKH. [Ipeanmonaraer-
csl, B YacTHOCTH, yTo JeMma CoGoseBa (cM., HanpuMep, Armos,
1965, crp. 32 wau Hocupa, 1965, crp. 242) npuMenuma kK obJia-
ctu R R™, 1. e.uro npu k >r+m/2

" u "(r) (R) < c " u "k. Re

Temma 5.1. [pu ecex u <= 75 (R)
" u "g, (R) <CI u '1, R+

Ecau A (>0) ecTb MHHUMAJNbHOEe cOGCTBEHHOE 3HAaYEHHe A
3agaud, onpepensemoii auddepeHuHaNbHLIM oneparopom Jlan-
Jaca H OIHOPOAHBIMH TpPaHHYHBIMH YCJOBHAMH JIHpHXJe, TO
C =1/r (Kypaur u I'mabbepr, 1953, crp. 386—392). M3 nem-

o
1
Mot 5.1 caenyer, uro aas 965 (R) seamunnwi .l & 1 [.]1, » 6y-
AyT 5KBHBaJEHTHHIMH HopMmawm#. JleMMa 5.1 ABJsercs uacTHbHIM
caygaeM 6ojee o6IHX pe3yJbTaTOB:

Jlemma 5.2 (0631, 1972, ctp. 173).
lully, @ SClul, , (042 scex ue9‘%§k’ (R)).
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Jlemma 5.3 (Heuac, 1967, crp. 18).
Ilulﬁ,,k<0{l ull =+ Z I SS D'udx I2} (zns Beex u =B (R)).

111<k

Teopema 5.1 (aemma bBpambna — I'mapbepra; Bpamba u
Funbbepr, 1970; Copapae u Pasbsap, 1972a). [Tycre saemenr

F =365 """ (R) rakos, uto F(p)=10 das scex p < P.. Toz0a
cywecrsyet taxaa nocroannas C = C(R), uro

| F ) [SCIFl_yoy gl sz (022 a106020 ue 5" (R)).

Hoxasareascrso. MoxHo Nokasath (ynpaXHeHue 2), uTO
1 o
aas moboro u < YV (R) cywecrsyer Takofi moauHOM p =
= p(u) Py, uto

(§ 0w+ pax=0 wii<n.
R

[TpuMenss tenepb JeMMy 5.3, Hoaydynm
Tt PRy a SClutplyy p=Clul, .
Toraa B cuny AuHeHHOCTH QyHKUHOHaaa F
F(u)=F (u+p)
H nocje o6belHHEHHs BCeX 3THX pe3ynabraToB 6yleM HMeTb

|F@ISIFI_ gy e+ plyyy x SCHFI 4y ol 81y 2.

Ynpaxnenue 2. [lokaxure HHAYKUHeH N0 R, 4yTo Ana Jawo6oro
ue ¥ (R) CYLIECTBYET TaKOH MOJHHOM p = p(u) & P, ut0

({0t w+pax=o0ii<e.
R

Yame Bcero semMma bpambna — 'unbbepra ncnogabayercs ags
noJlyyeH sl OUEHOK anis GuanHefinblx dopm. Hanpumep, nmycrs 56
ecTb TFHAL6EPTOBO NMPOCTPAaHCTBO H F — orpaHHueHHas GHAUHei-

nas popma ¢ aprymenramu us By *V(R) u M, 1. e. Fe=
e 2 (8" (R) X #; R). Toraa ecan

F(u,v)=0

ps BeeX veE 6 npu ues P, u dyskuuonan Fye i * " (R)
onmpenesieH LJs HEKOTOPOro v & 74 B BHIE

Fi(w)=F(u,v) (ans Bcex us 5" (R)),
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ro nemMa Bpam6ina — I'nib6epTa npHBOAHT K OleHKe
, Fl (u) '<C" Fl "—k—l. R' u |k+l'-R‘
B pa3a. 1.2 (ynpaxnenue 13) nokasano, YTO LJsi TAKOro ¢QyHk-
ILHOHaJa
IFI<IF il o llgg,

" o6beHHEHHEe ABYX 3THX Pe3yJbTATOB MNPHBOJHT K HepaBeHCTBY
[F(u, 0) ISCIFN0llggl ]y, (5.6)
Ynpascnenue 3. Vicnoanays nemMmy 5.3, mokasarb, YTO ecCJH

Fe2(#%" (R) X 85" (R); R) Tako#, uro
k+1)
F(u,v)=0 { nas Beex u < 5 (R), ecnn ve Py

aas Beex v < HBY Y (R), ecan u s Py,
TO
JFu, 0) ISCIFlllttlesr, rI U lrsr, g

Peeyanprote npeobpasosarus

A

O6biyHo 6a3HcHble QYHKLUHH ONpeAessioTCs Ha CTAHAAPTHOM
sneMenTe Ty, KOTOpHI MOXeT 6biTb eXHHHYHBIM KBagpaTeM HJH
NPSMOYrOJIbHBIM TPEYroJbHHKOM ¢ €JHHHYHBIMH KATeTaMH, a
3aTeM BBOLHTCS TOueuHOe npeobpa3oBaHHe AJis NMOCTPoeHHs Ga-
3HCHBIX QYHKUMH Ha NpPOH3BOJbLHOM 3jgeMeHTe T (cp. ¢ i1 4).
ITosToMy ecrecTBeHHO MOJIy4aTb OLEHKH MOTrpeLIHOCTEH Ha CTaH-
JapTHOM 3JIeMeHTe, eCJH TOJbKO OHH JAomycKaloT oboblieHHe Ha
NPOU3BOJIbHEIE 3JIEMEHTHI.

B ciyuae KpHBOJHHEHHBIX 3JIeMEHTOB TaKoe TOUEUHOEe Mpe-
o6pa3oBaHHe 00blyHO pa3buBaeTcsi Ha fABa 3Tama IyTeM BBeJle-
HHSl MPOMEXYTOYHOro aJjeMeHTa T’. DTOT NMPOMEXKYTOUHBIH 3Jie-
MEHT HMeeT Te JKe BeplUHHBI, YTO U KPHBOJHHeHHL saeMeHT T,
HO CTOpPOHBI ero yxKe npsMoJuHneiinnl. [Tostomy Ty oTo6paxaercs
Ha T’ aunefineiM npeo6pasoBanueM | = Fy(p), TakuM, uto

t=t+{—t)p+(ta—1t)g (=1, m),

rie p=(p,9)=To u 1= (,m)eT'. Torna orobGpaxenne T’
Ha KpHBOJHHEHHLI 37eMeHT T MOXKHO paccMaTpHBATh KaK HeJH-
HeilHOoe Be3MylleHHe JHHeiliHoro npeo6pasoBanud. Eciaun x =
= (x,y)e T, To nosHoe npeobpa3oBaHue 3aMHLIETCS B BHIE

x = F (p) = Fo (p) + F, (p),

rae Fy ectb anHediHoe npeoGpasoBaHnue, a F;— HeanHefiHni no-
npaBouHLHl useH. Bce paccMoTpeHHble B s, 4 KpHBOJIHHeAHBIE
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9JIeMEeHTH MOryT OHThb MNpejcTaBJjieHn TakHM o6Gpa3oM. 3ames
THM, YTO NOCTpOeHue HEeKOTOPLIX 3JeMeHToB B pasn. 4.6 mposo-
JH0Ch ¢ TOMOILBIO APYrofi MOc/HefOBaTeJbHOCTH Npeobpa3oBa-
HHHA, B KOTOPOii NPOMEXYyTOUHLIA 3jeMeHT T’ HMes KpuHBOJHHeM-
Hble CTOPOHH H T€ e BepIUHHBI, YTO H CTAHIAAPTHHIH TpPeyroJb-
HHK T,

Yro6n HepaBeHcTBa BHAA (5.6) MOXHO GblJIO HCHOJIB30BATH
AJ15 MOJlyYeHHs OLIeHOK NMOpsAAKAa CXOOMHMOCTH KOHKPETHBIX KOHed-
HO3JIEMEHTHBIX anlpoKCHMalHH, yacTo 6biBaeT HEOG6XOMHMO OTO-
6pasurs #5 ' (To) Ha 965 (T) u o6patuts 510 OTOGpaxenue. [lo-
3TOMY MBl OyjeM cuuTaTh oTOOpaxeHHe F HACTOJNbKO rlajkuM,
yTo6bl H3 v & 965" (T), cnepoBano 6, uto voFey (To), rae
ca0oxHbLd (HIK cocTasnod) omnepatop v o F onpenelied Kak

(voF)(p)=v (F(p)) (mnsa Bcex p & Ty).

Jns ynpomenus o6o3uayeHnii Mbl 4acTo 6yaeM NHCAThb U BMECTO
voF H B cayuae HeoO6XOOZHMOCTH v(p) HJIH, HampuMep, v(X),
yTOGbl HCKJIOUHTh BO3MOXHYIO ABycMbicaeHHocTb. [Ipeamoao-
XKHM -TaKXe, 4to ofpaTHoe npeobpasosanue F-! nacrosmbko
rJajKo, 4YTO npH v(p) = Y (To) BHNONHSETCS BKJIOYEHHE
v (x) & 565” (T). ‘

Ycaosue 5.1 (ycnosme peryaspHoctH). Ecau ve#5(T) u
Ouamerp ') aaemenra T ecto h, TO cyuiecTeyrOT TaAKUE NOCTOAH-
#Hote Cy, Cy 1 Cy, uTO

lol, 7, <Ci{ inf J ey e ol . (5.72)
lol,.7,=>Cof sup/ @} "ol , (5.7b)
)1
1 sup / (p)
o< s { it/ (p) } < Co (5.7¢c)

.20e ] o6o3nauaer axobuan npeobpasosanus x = F (p).

3aMeTHM, YTO 3TO YCJOBHE NpeAnoJaraeT MOJOXHTEJbHOCTh
aKo6uana nas Bcex pe To. B ri. 4 6Bl10 MOKa3aHo, 4YTo SIKO-
.6uaH Bcerga MOJIOXKHTEJIEH, €CJH OTCYTCTBYIOT TaK HasniBaeMhHe
3anpellleHHble 3JeMeHTh,

1) JlnaMeTpoM TPEYroJNbHOr0 3N€MEHTa sBAsfeTcA ANHHA ero Hanbosblied
‘CTOPOHBI, NHaMETPOM HUeTHIPEXYroJbHOTO 3JIeMEHTa ABJAETCA MJHHA €0 Haue
Goablueli AnaroHaaH.
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Ecnu Bce cBomuTCS K JUHeiiHOMY Mpeo6pasoBaHHI0 X =
= Fo(p), TO0 AKO6HaH GyneT KOHCTaHTOH H

9x  0x I x o
_ dp dq | _ .
Jo—det oy dy =det] 1 x Y |
9 g I x5 ys

¥ MI03TOMY OLEeHKa (5.7¢c) CTaHOBHTCS TPHBHAJbHO.
YcaoBHe peryasipHOCTH BbINOJHAETCS AJIA onpeleeHHLIX He-
JIHHeHHBIX npeo6pa3oBaHuiil BHIA

x="Fo(p) + Fi(p),

rae Fy ectb «manoe» BoamyuieHue (cM. ynpaxueHus 9 u 10).
Ecnu BO3MyHIAIOMIHA YJIeH YAOBJETBOPSET HEKOTOPHIM YCJIOBHSM,.
TO MOXHO MOKa3aTb, YTO AKOGHAH HUMeeT BUJ

I(p)=Jo+ 1:(p),

rje BeJHYHHA J; TakXKe «MaJa», H MO3TOMY BHIMOJHSETCS yCJO-
Bue 5.1 (Cbsapae u Pasbap, 1972; 3naman, 1974).

¥npasxcnenue 4. Jlokaxure, uto u3 (5.7b) ciaexyer, 4TO eciH
h<<l, 10

lol,. 7, =Cllvl, o " {sup / ()

Ynpaxcnenue 5. okaxure, uto a4as Jjoboro v & L1 (T)
" "0 "37 (To) < {ps;] IT:') " (p)} vz " v ”37 Ty

Coueranue jgemMbl Bpambsna — 'manbepra ¢ yciaoBueMm pery-
JSIPHOCTH [pPHMEHsIeTCA TIJaBHbIM 06pa3oM (HO. He HCKJIOUH-
TeJbHO) AJI OUEHKH NOrpellHOCTH HHTepnoasuud. Crojp Xe
yCnelHo 3T0 COYeTaHHEe MOXKHO HCHOJb30BaTh AJS OLEHKH OILH-
60K, BO3HUKAIOIIMX B pe3ysbTaTe NPUMEHEHHA YHCJIEHHbIX KBaA-
paTyp, OCHOBAHHBIX Ha KOHEYHO3JEMEHTHbIX pa3bHeHusix ob6.ja-
CTH MHTEerpHUpoBaHHS.

Ynpaxcnenue 6. (1) Ilycte Eo(v) ectb OWIHGKA YHCJEHHOrO-
HHTErPHPOBAHHS HA CTaHAAPTHOM sneMeHTe I8  (QyHKUUH
ve 68" (To), n nycTs KBagpaTypHas (opMysa TOYHA AJs MO-
JIMHOMOB cTeneHu He Boe k. ITokaxure ¢ nomoumpio JeMMb
Bpam6aa — I'nan6epra, yto

[ Eo(0) ISCI Uy 1.
“(II) Iycrs Tenepp Takas ¢opMmyna npeoGpasoBaHa st HH-"

TErpUPOBAHHS .HA IPOM3BOJLHOM 3JIEMEHTe, IOJYYeHHOM JHHeH-
HbiM npeo6pa3opaHHeM M3 CTaHAapTHoro 3ajemenra. Hcnosabays
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yCJIOBHE perznﬁpnocm [OKaXHTe, YTO OMHOKA HHTErPHPOBAHUS
1
s v = 365V (T) moxer 6HThL npeacrasiesa B Bume Eo(Jov)

4 4TO
| Eo(Jou) ISCh* 1 vy 44, 1

Ynpascnenue 7. (1) Tycrs u = 36F"(Ty), w & P, u Eo(uw)
o6o3Hauaer omubGKYy YHCJIEGHHOrO HHTErpHPOBAaHHA HA CTaHAapT-
HOM 3JleMeHTe Nnpou3BeseHuss uw. Beeaem eue GHaHHedHYIO

dopmy ErE 2 (565" (To) X Z2(To); R) kak
El (uv w) = EO (uw)

d NpeANoJIOKHM, YTO KBaapaTypHas (QopMyJa TOYHA HJs NOJH-
HOMOB CTEMEHH He Bhuime r -+ k. J[OKaxXuTe, YTO TOrja Hahgercs
TaKad nocrosHHasa C, 4To

[ Eo(uw) 1< Cllwlly, gy ey 7.0

(Ykasanue. L0Ka3aTeNbcTBO aHAJOCHYHO BHBOAY HEPaBEHCTBa
(56).)

(IT) Mlycts Tenepb Takas KBagpaTypHas dopmyna npeobpa-
30BaHa AJi1 HHTErPHPOBAHHS HA MPOU3BOJILHOM 3JIEMEHTe C MOo-
MOlIbIO JHHefiHoro mnpeoGpasosaHus. [lokaxure, uro Torma
omubKa YUCJEHHOr0 HHTErPHPOBAHUSA NMPOH3BeNeHHA ABYX (yHK-

. B+
nnit ues #Y" (T) 1 w = P, MoxeT GHTh NpeJCTaBAeHa B BHJe
. Eo(Jouw) H utO

[Eo(Jouw) |I<Ch** ul,,, rllwll

£:(T)*

B ynpaxuenusx 6 u 7 npeanosaranach JHHeAHOCTb npeobpa-
3sopanui, 1 mostomy Jow(p)= P,, xorna w(x)e P,. [lpu wuc-
M0JIb30BAHHH HeJHHeHHbLIX npeo6pa3oBaHHil, Kak 370 'OymeT B
pasnene 5.4(A), Heo6xomuMO paccMaTpHBaTh TaKHe OQyHKUHH
w(x), ana Koropeix w(p)J(p) sBasercs noauHoMoM. JlaibHed-
1IKe feTaJju [0 NOBOAY BHAOH3MeHeHHs KBaapaTypHux dopmyan
AJIS HHTErpHPOBAaHHS HA INPOU3BOJILHLIX 3JieMeHTaxX H3JIOXKeHbl
B pasgene 5.4(A).

Ynpaxcnenue 8. Jlokaxure, uto eciad X = Fo(p), T0 HadayT~
<1 TakHe nocrosiiHue C; H Co, uTO

STS (%) do<cw STS () + (3—3)2 Yhodx  t=p, )

o

(535 oz (§{(32) + (3 prax 6=p.on

T,
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Puc. 24.

Jlokaxure najee MO MHAYKUHMH, YTO HepaBeHcma (5.7a) u
(5.7b) ocranyrcs BepHHIMM mpH r==1, 2, ..., eC/lH B HHX 3a-
menurs ||lvll,, r na |v},, 7.

Ynpaxcnenue 9. (a) Ilokaxure, uto ecau ToukH Ps u Ps siB-
JIIOTC CepefAHHaMH CTOpOH P2P3 u P,P3 COOTBETCTBEHHO, TO
KBaJpaTHYHble H3OMapaMeTpHYeCKHe 3JieMeHTH C OJHOH KpPHBO-
JuEe#HO cTropoHO#t (cM. puc. 24(a)) 3anaiorca npeobpa3oBa-
HHEeM

f=1‘3-|‘(f1""fa)P'|-(1'2—'1‘::.)¢l"|‘(14'—""—;-2

) 4pg (t=x,y)

(cp- c pa3n. 4.6).
(b) IMoxaxwuTte, 4To AJ% TaKOro npeo6pasoBaHus

J(p)=Jo+ 1, (p),
rie.

L) =4(x— —’ﬂ{?—”i) {2~ v3)9— (11— ) P} +
+4 (50— L3 ) (01— x0) p — (2 — x5) g}
Haiinure nocrarounbie yc;fl;)BHﬂ,‘ npu K;)Topu'x
0<tp—Cr<<I< 1+ CH,

1. e. ] = 0(h?). CpaBnure pamu pgay.nb'raTu c (5.19).

3naman (1973) npeasoXua AJs TPEYTOJbHHIX 3J€MEHTOB
C ONHOH KPHBOJIHHEHHOH CTOPOHOH Apyroi. MOAXOR, KOTOPHIf
NPHUBOJMT K aHAJOTHYHLIM OLlEHKaM.

Ynpaxcrenue 10. [Tokaxure, uto ecau Touku Ps ut Py, Pg u Py
IeNAT Ha TPH paBHble 4acTH croponnl P3P3 u PyP; coorser-
cTBeHHO (cM. piic. 24(b)), To npeobpasoBaHue, 3amaiouiee Ky-
6uyecKkHe H3oNMapaMeTpHuecCKHe IJIEMEHTH, COAEPKHT HeJHHeR-
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Hble€ YJIeHh!
27pq (1 — p—q) (o — 2EE8) 4
+3pa[p— b (= 2+ 39— 1) (15— 2 )]
' (t=x, y)~

IToansie annpoxcumayuu

YcnoBue perynsipHOCTH COIAEPXKHT TNPENONOKEHHS O CBOH-
cTBax npeo6pa3oBaHis, NEepeBOASALLETO NPOU3BOJIbHBIA 3J1eMEHT
B CTaHAapTHH 3snement. [lpu o6benuHeHHH 3THX NpeANOJONKe-
HHil ¢ JeMMoll Bpambsa — ['napbepra MOXKHO MONYYHTH OLEHKH
tHna (5.4), T. e. onpejesuTh MNOPSAOK CXOAMMOCTH KOHEUHO-
3JleMeHTHOH amnnpokcuMauuu. [1o3TOMy OCHOBHOe 3HaueHHe JieM-
mMb Bpam6aa — ['unbbepra COCTOMT B MOJyYeHHH OIEHOK AAs
OIIHGOK HMHTEpnoJAALHH. JleMMa OAMHAKOBO XOPOLIO MOXET HC-
NOJIb30BaThCA NMPH OlieHKe OLIHOOK ANs N1000# (GOPMBI aNMpoOKCH-
MalHM, TpPeACTaBUMOA KaK NPOEKUHs Ha MNPOCTPAaHCTBO KyCOU-
HbIX NoNHHOMOB. UT0o6H NpHMEHWTL JEMMy, cHadaja HeoGXo-
JHMO cieslaTbh HEKOTOpbie MNpeanoJoXeHHs OTHOCHTENbHO THIOB
¢yHKUH#A, JeKallHX B OCHOBE KOHEYHO3JEeMEeHTHOM annpoKcuma-
IMH. ..
HOna nwoboro snementra T o6o3HauuM uepe3 K[r] mpocTpaH-
CTBO, OnpefessieMoe TeMH NPOGHBIMH (YyHKIHAMH, KOTOpHE OT-
JuuHbl OoT Hynas ua T. Jpyrumu cjaosamu, Kir] ecTb CyXenue
npocTpaHcTBa NPoGHBIX (GYHKUHA OTHOCHTEALHO 3JjeMeHTa 1.
O603uaunm yepe3 Kig mpocTpaHCTBO TaKux QyHKuu# v(p), ans
Kotopbix v(x)e Kir]. 3to npocrpanHcTBo Kjo) HMeeT ocobo BaX-
Hoe 3HaueHHe NPH aHaJU3e MeTOHAOB KOHeYHBIX 3jeMmeHTOB. [lo-
PANOK MeETOAa ONpefesifieTci MAaKCHMaJbHO#H CTeNneHbi0 MOJH-
HOMa (mo p), aJAs KOToporo ownbKa anmpoKcHMauuu ¢QyHKiuued
u3 Ko} paBra Hyso. B o6GuieM cayuyae 3Ta creneHb coBnajaer
.C TAKHM MaKCHUMaJbHBIM &, 15 Kotoporo P, < K.

Hanpumep, ecam paccMaTpHBaeTCs amiIpOKCHMaHHUA Kycod-
HLIMM KyGuuyeckuMH noauHoMamu (Jlarpanka uam dpmura) Ha
TpeyronbHO# ceTke (pasi. 4.1), To npeob6pasoBanue F Gyaer
JuteltHeM # Kio), Kir} = P3. Ina annpoxcumauuu (4.14) (ompe-
nensieMue 18 napaMerpaMHi NMOJNIHHOMBI MATOH CTeNeHH CO CLIHB-
ko# B C') npeobpa3oBaHHe TaKkxe Gyjer JuHefiHbM, HO Py < Kjo),
Kiry = Ps (cTporoe BjiOXeHue), a AJA OMKBaApaTHYHON H3oma-
pamerpuieckoit anmnpokcumauuu (4.29) P, < Ko< P, (cHoBa
CTporoe BJIOXKeHHe), HO mpeo6Gpa3oBaHHe yxe He Oyner JHHefi-
HBiM, T. e. K[r] He OyZeT MOJHHOMHAJbHLIM NMOANPOCTPAHCTBOM.

Ias xaxnoro sneMenta I BBefem mpoekuuio Ilr na Kirj, tak
410 AN J06oft ROCTAaTOYHO raagkol ynkuuu © QYHKUHA
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Iru(x) Gyner uHrepnosupoBath u(x) Ha T. HHrepnoasuus
B 3TOM KOHTEKCTe 03HayaeT COIJIaCOBaHHe BCeX Y3JOBHX Mapa-
METPOB, KOTOPHIMH ofpejensieTcs . KOHeYHO3JieMeHTHas ammnpok-
cumanus. Ilas ¢yHKUMA, 3afaHHBIX Ha CTaHAapTHOM 3JeMeHTe,
MOXHO onpeneauts oro6paxenue I1 na Kioj Kak

[l (voF) = (Il;v)oF.

Ycaosue 5.2 (ycnosue nosHortwl). Jas awboeo ssemenra T
duametpa h cywecreyer rakoe k =0, uro P, < Kioj u daa npo-
exyuu I1 nopmet || — 11l pasunomepro ocparuuenvr npu scex h.

[pumep toro, uro Hopmsl ||/ — II|l He Gyayr paBHOMepHO or-
paHHYeHbl, AOCTABJSIOT TPEYroJibHBIE 3JEMEHThl, Koraa HopMalb-
Hasi NPOH3BOJHAf B TOYKE CTOPOHLI fIBAsieTCs MapaMerpoM, a
3HayeHHe QYHKUHH ¥ TaHreHIHaJbHAas MPOU3BOAHAN — HET, H He-
KOTOpble TPEYroJbHHKH: CTPEMSTCS K BHIPOXKAEHHBIM NMPH H3MeJb-
YeHHH CeTKH, T. €. eCTb TaKHe 3JIEMeHThl, ¥ KOTOpHX HaHMeHb-
wui yron crpemutcs k Hymo (Bpam6a u 3naman, 1970). Mut
CHOBA BepHeMCsl K 3TOMy MpUMepy B KOHIe pa3a. 5.3.

B naparpade 5.3 npeamonaraercs, 4ToO MOXHO ONpeaesHTh
npocTpaHcTBO 65° (R) AAs Heuedblx k Tak e, KAK W AJIA, Ie-
abix. JeranbHoe o6cykpedue CBOACTB TaKOrO MPOCTPAHCTBA H
CMBIC/Ia TeOopeMbl O cjefe BHIXOAHT 33 PaMKH 3TOA KHHTH, H Mbl
OTChlJIaeM  uHTepecyiollerocss yurtateass Kk paGoraMm O6sHa
(1972), JIlunonca u Mapxeneca (1972) wnnu Heuaca (1967).
Kpatkne cBenenuss o HaunGoJiee BaXKHBIX CBOACTBax 3THX MpO-
CTPaHCTB H 00 HX MPHJIOXKEHHSIX MOXHO HafiTH B NepBOH rjase
Kuurd Bapru (1971).

5.2. Cxopumoctb annpokcumauuii Iansepkuna

[ponosxennem pe3ysbTaToB pasj. 3.5 sBJseTcs 10Ka3aTelb-
CTBO TOr0, 4TO annpoKcumauHs [ajsepKuHa nJ1s JHHeHHBIX 3a-
Aay B o0leM ciaydae SIBASETCS NOYTU Hauayuiuiell B CMBIC]E TOTO
onpejeseHHs, KOTopoe OuJIO JaHO B npeanaylieM naparpade.
OcHoBOM TaKoro M0OKa3aTeJbCTBAa CJAYXHT 000GIIeHHe JieMMbl
Jlakca — Muabrpama (Mocuaa, 1965, ctp. 134):

Teopema 5.2 (O63H, 1972, crp. 40). Ecau 78 ecrv 2uasvbep-
T080 npocrpancreo, | ' u a— saruntuunas 8 I oepanu-
ueHHan Guaunelinas gopma, TO CywecTsyer eOUHCTBEHHbII BeK-
Top u 76, raxoil, 4To

a(u, v)=I1() (912 scex v ).

Hasn dannozo N-meproeo nodnpocrpancrea Ky cywecrayer edus-
creennsil sexrop U & Ky, Taxod, 4to

aU, V)y=1(V) (0an scex VEKy).
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Boaee Tozo,
‘ lu—Ul,<C inf Jju—i|,.
teKy

AHanorvuHHIfi pe3ysbTaT MOKeT GbITh MOJyYeH I/ HEKOTOphIX
HeJHHeHHHX 3ajay, AOMyCKAaIOLIHX [pHMeHeHHe TEeOPHH MOHO-
TOHHBIX onepaTtopoB (Bapra, 1971, ra. 4).

B kauectBe npuMepa pe3yJbTaToOB, KOTOphie MOryT OHITb no-
JIyuyeHHl C TOMOIUBIO TeopeMH 5.2, pacCMOTPHM anmpoKCHMaLHIo
Purtna pemenns ypaBHenus

w7 (41 9 55) + 5 (dex )50 ) +F 5 =0 (%, 9) =R
€ TPaHHYHBIM YCJNOBHEM ‘

u(x,y)=0 ((x, y) =0R), (5.9)
Ta€e npennonarae'rcn CyIHECTBOBaHHe TaKHX NOCTOSIHHBIX 6 41 A,

4yTo
0<3<<d (x, y), dal(x, ) <A ((x, y) ER).

Has atoro npumepa

L(v)=(f, v)
H
a(u, v)=SRS{d.%%-+d2g—;g—Z}dxdy.
Taxk Kak
la s, v)r<A§R§{ S o5 e |} axau

Ounnunednas popma Gyaer orpaHHYeHHOM, a NOCKOJbKY
a (u. ll) > 6] u ll.R’

o
o Al
TO 3 neMmbl 5.1 caegyer, 4To oHa GyaeT JaHNTHYHON BB (R).

Caedcrsue reopemot 5.2. Ecau u ectb peuenue 3ada4u (5.8) —
(5.9), To annpoxcumayus Puryja U = Ky < #5 (R) raxoea, uto
lu—=Ull, p <XC int [fu — i, &
ﬂE?(N
Ynpasncnenue 11. Jlokaxure, uto ecan (I) u ectb peienue
ypaBHeHus (5.8) ¢ rpaHHuYHbBIM ycJOBHEM u=g Ha OR
(I w = #BY (R) — a06an Takasn yHKLHs, yTo w = g Ha IR, To
o
annpokcuMauuss Putna U+ w mpu Ve K, < 906.‘2" (R) rakoBa,

4TO
e~ U+ w)lh g <C inf u—(@+ @)l
Beky
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Ynpaxcnernue 12. JJokaxure, uTo ecbnn u eCTb pellleHHe ypaB-
/ u
nenus (5.8) c rpaHHuHBIM yclloBHEM - =g Ha OR, To cyme-

cTByeT Takas annpokcumauus Purua U & K364 (R), uto
lu—Ul, e <C inf [lu— il .

ae Ky

OTMeTHM, YTO Al CyLIeCTBOBAHMS pellleHusi HeoGXOAMMO mpen-
noJoXeune o cosMecrumoctd [ u g. Hampumep, ecan B (5.8)
dy = ds =1, TO MBI NPEATNOJNIOXKHM, YTO

SSfdxdy=—- Sgdc,
R R

M TaK KaK pellleHHe ompejessieTcs OAHO3HAYHO C TOYHOCTbIO KO
NOCTOSIHHOrO CJIaraeMoro, TO 3TO MOCJefHee MOXHO BbIOpaTH
Tak, 4yToOhi

Sgudxdy'=0
R

(Heuac, 1967, crp. 256). CnegoBarenbHo, AN MOJyYeHHs pe-
3yJbTaTa MOXHO NPUMEHHTH JeMMy 5.3 npu k = 1.

Ecnau HeoO6XoaHMO annpoKCHMHPOBaTb rpaHHYHbBlE YCJOBHSA
6a3uCHHMH (YHKUHAMH, NPHHHMAIOIIMMH Ha TIpaHHUE HeHyJe-
Bble 3HAaueHHs, TO yKasaTb IpaHHly OWHOKH elie BO3MOIKHO,
Ecau

U=U0+Uv

o o —_
rie Uy Ky < 3" (R), To U copepXutr ToibKO Takue Ga3uc-

Hble (QYHKLUHH, KOTOpble MOTYT NPHHHUMAaTh HEeHyJeBble 3HAUEHHSA
Ha rpaHuue, H MOJHOCTHIO ONpenensieTcs rpaHHYHbIMH JaHHBIMH.
U3 onpenenennit naparpada 5.1 caeayer, uto U = Ky.

Jlemma 5.4. Ecau u ecrv pewenue ypasnernus (5.8) ¢ epanuy-
Hoim ycaosuem u =g Ha OR u U < Ky sbibpano Ttak, 4ro
O(x,y) ((x,y)=O0R) ecTv ukcuposannas annpoxcumayusn
dynkyuu g, TO KONEYHO3NEMENTHAS ANNPOKCUMALUR U=Uy+0

npu UyeK, < 9@’ (R) raxosa, uro
lu—Ul, o <Clu—(i+ D), (322 scex i =K,).
Hoxasareasvcreo. Tak Kak
u— @G+ 0)=u—U+Uy—a

# Uy— i & Kn, To pe3y/ibTaT HeMOCPEACTBEHHO CJIENyeT H3 JieM-
Mul 5.3 u onpenenenuit u u U.-
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Ec/in MBl NPENONIOKHM, 4TO CYILECTBYeT IJafikoe MPOLOJIKe-
Hue ¢ B R, To neMMy 5.4 MOXKHO HCHOJB30BaTh TaKXe AJs MO-
JydeHHsi OLEHOK B TepMuUHax mpocrpanctBa 6 (R). CymecrByer
no kpafiHell Mepe OAHO TaKOe MPOJOJIKEHHEe — HMEHHO CaMO pe-
eHne u.

Teopema 5.3 (Daiiepsesep, 1972, crp. 45). ITycro u ecTo pe-
wenue ypasrnenun (5.8) ¢ epanuunoim ycaosuem u=g Ha OR
u we Y (R)— aoboe eradkoe npodoaxenue g B R. Tocda

KOKeuHoaseMenTHas annpokcumayus suda U =U,+ W, 20e
o
W e Ky ecre annpoxcumayus w, a U, = Ky, 6yder rakxod, 4ro

lu—=U+Wh e <CUlu— @+ W),z +llw—Wl, g} (5.10)

o
0as aroboeo il = Ky.

OtMeTHM, 4TO ec/d, HampuMep, rpaHUyHOEe YCJIOBHE MOJY-
YyaeTcs ¢ MOMOLIbIO HHTEPMOJSIMH, TO mpaBas yacts (5.10) co-
o

CTOHT M3 OWHGKH anmnpoxcumaunu ¢Gyakuun u —w < HBP(R) n
OMIHOKH WMHTepHoJAUHM (QYHKUHMH @, KOTOpas OTJAMYHA OT HyJs.-
Ha rpaHuue. ’

Annpoxcumayus zpanuybl 1 4UCAEHHOe UHTeZpuposanue

INocTpoenne koHeuHOZEMEHTHOR aNNpOKCHMAauWH AJs 3afad
C MHTEepMNOJIMPOBAHHBIMH [PAHHYHBIMH  YCJIOBHSIMH — KaK 3TO
TOJIbKO YTO OBbLJIO — 3TO OAHO W3 OCHOBHBIX Hapyuleruil sapua-
yuonnotx npunyunos (Ctpenr, 1972), Ha KoTOopble MPHXOLHTCS:
MOCTOSIHHO MATH TNpH pelleHUH NMpaKTHYeCKHux 3apnay. [ pyrue Ha-
pyweHdss TakoBo: (I) mnckaxenne nonoxenns rpanunsy; (II)
HCHOJIb30BAHHE YHCJEHHOrO WHTErpHPOBaHUS [JS BbIYHCJIEHHS
ckaaspHbix npoussefenust u (IIl) npumenenne HecorsmacoBan-
HHX 3JeMmeHTOB. HecornacosanHble 3jeMeHTH OyayT peTajbHO
paccMmoTpenn B pasf. 7.2. Ecau npumensiercs Jio6of M3 3THX
NpHEMOB, TO NPHOGJIMKEHHOe pelleHHe He JexuT Gojee B Ky o
He yJOBJIETBOPSIET YCJIOBHIO

alU, V)=(, V) (ans Bcex V = Ky). (5.11)
BMmecto atoro pemenne Up & Kn n yRoBJeTBOpSieT YCJOBHIO
a, (Uh’ V,,) == (f, Vh)h (nJIﬂ BCeEX Vh = Kh)’ (5. 1 2)’

rae o6e vactd (5.12) u Bunm nHoBoro M-mepHoro mpocrpaHcTBa
Ku, KOTOpOE MOXeT cofepaTb (YHKUHM, He sSBJAAOIHECT HO-
NyCTUMBIMH A/ M3JI0XKEeHHBIX B NJI. 3 KJaCCHYeCKHX BapHalHOH~
HbIX METOJ0B, 3aBHCAT OT XapaKrepa HapyllleHHHd BapHallHOHHBIX
npunnunos. OO6nuHo GwiBaer, 4to M =N u Kn=2Ky. Ecan
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Kn = Ky, KaK B TOM clyyae, KOria eJHHCTBEHHbIM OTJIHYHEM OT
KaaccHyecKo#t popMB BapHaUHOHHOTO MeTONA SABJAETCSs NpHMe-
HeHHe YHCJIEHHOrO HHTerpHpOBaHHs, TO pellleHHst ofeHX cHCTeM
(5.11) u (5.12) Oyayr nuHeAHBIMH KOMOMHAUHAMH (QYHKLHA

@i(x) (i=1, ..., N). Koapduunentsl takofi KOMOHHALHH IAS
sanayn (5.11) ompenensitoTcs U3 CHCTEMBI
Ga=h, (5.13)
rae matpuya wecrkoctu G ={a(9:; ¢;)} u b={(f, @)} (i,j=
=1, ..., N). Ina npubnuxenno#t sanayun (5.12
Gyt =by, (5.14)

rae Gn={an(9i, @;)} u br ={(f, p:)n}. MoXHO CpaBHHTH KOHK-
peTHble saeMentsl Gr u by ¢ cooTBeTcTBylOIHMHU 3neMentamMn G
H b u moayunts ouenky HopMH [|U — Unll n3BecTHHIM M3 JHHel-
HO/l anre6pH CTaHAApTHHIM METONOM MaJjbix Bo3MyeHnuit. K co-
JKaJIeHHIO, 9TOT MeTox B GOJBLUIHHCTBE CJyyaeB MO3BOJSET MOJYy-
YUTbL JULIb rPy6yi0 OLUEHKY cBepxy must HOpMH || U — Uxll (Pukce,
1972). Ecau npeanosoXurtb, 4To npuGAHXKeHHas OuauHefinas
«<dopma saaunTHyHAa B 6 M orpaHuueHa, TO TOoraa Teopema 5.2
He TOJIbKO ofecleydBaeT CylileCTBOBaHHE €JHHCTBEHHOro pelile-
HHS, HO H [T03BOJISIET OLEHUTD CTeneHb NPUGIMKEeHHsI.

Ynpaxnenue 13. TNlokaxkure, 4To eCAH ar €CTh SJJIHITHY-
Has B J6 GuauHeliHas dopMa, To
ay(U—=Up, Wp)=(ay—a)(U, W)+ (f, Wp) —(F, Wph
aas moboro W, & K. Tem caMbiM JI0KaXKuTe, 4TO

| an — @) (U. W o + 1 (. Wa) = (F, Waln)
1=Ual<¢ f,ue,(,,,{ 21 }-

(6.15)
H TIOJIyuHTE anaJorHuHyio oueHky mis [[u —Uyll,,.
Ynpasnenue 14. [TokaxkuTe, UTO €Clin A €CTh orpaHuyenHas
6unnunefinas gopma, To
tan(Up— Vi, W I<allu — VyIliWaIl4-1(f, Wiy — ax(u, Wp)|

aas abbix Vi, Wi = Kin. JlokaxnTe pasee, YTO eCJH an K TOMY
Ke 3JIMNTHYHA B 76, TO

_ i _ L I(f» Wa)n — ap (4, lVll)l
1Up = VAl S hu—Vall+ sup {5 et }

agas awoboro Vi< Kn, 1 cywecrByer Takoe C > 0, uro

_ . _ 1H Wy — an (u, W) |
le— U<y, nf lu—Val+ B e T a1
(5.16)
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OrmeruM, 9T0 oueHKOM (5.15) MOXHO MOJb30OBATHCH TOJBKO
Torfa, korga U, B HeKoTOpoM cMuicie 6/M3KO K KJaCCHYECKO
annpokcumauun [anepkuHa. dro 6yzer Taxk, ecau Kp = Ky uau
Kin = Ky ®{@n+1, ..., ou}, The HOMoJHUTeNbHBlE @i(X) (i =
=N-+1, ..., M) o6aamalor TaKHMH CHeUMaJbHLIMH CBO#-
CTBaMH, KOTOpble HCKJIOYaloT HX M3 YHCAa AONYCTHMBX AJA
KJIaCCHYeCKOR anmpoKCHMauuu QyHKHMA: HAanpHMep, OHH MOryT
6niTh HecorslacoBaHHbiMH. Onenka (5.16), HaoGopoT, mpuMeHnMa
TOrga, Korfa Hallle npuGJHXKeHHe CyLleCTBEHHO OTJHYaercs OT
A060# KJIacCHYECKO#H ammpoKCUMalud, KaK, HanpuMep, B CJy-
yae HECOrJIaCOBAHHOCTH BCeX 3jieMeHToB (pas3n. 5.4 (E)).

Anajorn4yHbiM 06pa3oM MeTOH MaJblX BO3MYLIEHHA MOXKeT
6bITh MpHMEHeH H Torna, Korxa (5.5) ABasierca cucremod sapua-
YUOKHbIX DA3HOCTHbIX YypasHeruil (cM., HamnpuMep, paboty
HeMbsiHOBHYa, 1964).

Ynpaxcrenue 15. Jlokaxure, 4To eClA¥ ar M a Takue OUJIH-
Hefiible GOPMH, YTO @x sanunTHuHa B Ku, a a orpaHdyena, To

—U, i - [(an—10) (Vp Wp)l
bu— U< int [lu=Val+ sup {Hoa=pie=al}] +

, UL W — (. Wh) |
+Wj‘2’,<h{ Wl }} (5.17)

5.3. OmH6KH annpoKCHMauMn

Kak nokasano B npeibiyimeM pasiene, annpokcHMaunu [a-
JIepKHHA BCerfa no4Tu ONTUMAAbHbLL B HEKOTOPOH HopMe. B ua-
CTHOCTH, NMPHOJMKeHHble pelleHHs AJs 3ajay BTOpPOro nopsijaka
TaKOBHI, UTO ’

hu— Ul g <C inf llu— il g
UEKN

Ouenku owWMOKH TaKXKe MOryT GBITb MOJyYeHH B TepMHHAX Apy-
rHX HOpM, B 4aCTHOCTH HOpM npocTtpaHcTB ZL3(R) v Zw«(R).
OueHku B P« (R) mo3BOJAIOT TaKKe [0Ka3aTh TaK Ha3biBaeMoe
CBOUCTBO c8epxcxo0umocTu HeKOTOpHX MeTonoB ['anepkuHa, T.e.
pajJiyHe B y3jax OoJsiee BBHICQKOro MOPSiKa anmnpoKCHMaLHH no
CpaBHeHHIO C Hey3joBbiMH ToukaMu (Hyraac, Hlonon u Yuaep,
1974). Bosee noapo6HO € 3THM BOMPOCOM MOXHO MO3HAKOMHTHCSH
B pabore ne Bypa (1974).

IMycrs Ty ectp crannapTHHit sneMeHT. Toraa GoJBLIMHCTBO
pe3yJbTaTOB O CXOAHMOCTH MOXeT ObiTb MOJYYEeHO C MOMOLLbIO
clefyiomel JeMMbl O MOJHHOMHAJbHOH anmpoKcuMauuu Ha To:
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Jlemma 5.5. [Iycre NNe L (D (T,); #Y(T,)) (k=r)
ecto npoekyun na K, 20e 367 (T,) > K > P,. Tozda

lo =l 7. <CIL =TIV lg41, 7
0aa scex v e Y+ (T).

ST0 3HAYMT, YTO €CJHH HHTEPMOJALHS TOYHA AJA MOJHHOMOB
CTeneHH He Bbillle £, TO OWIH6KA MHTEPNOJNALHH MOXKeT 6hTh BH-
paxena depe3 (k4 1)-e npousBoxHble HHTepnoONHpyeMoORt PYHK-
uun. Oneparopnl IT u / —1II nepeBoRAT 3JeMeHTH MpOCTpaHCTBa
#§+0 (T,) B anementn npoctpancrsa Y (T,), mockombKy npn

KOHKPeTHOM INpHMeHeHHH JIeMMBl 7 3aBHCHT OT nopsiika Andde-
pPeHIHANbHOrO yYPaBHeHHs, a £ 3aBHCHT OT CBOACTB MNpOGHHX
¢yukunfi. 3navenne ||/ —II|| 3aBucur or 3HaueHu#t r u k, HO
npeAnojaraercd, YT0 3TH HOPMBl pPaBHOMEPHO OrpaHHYeHH H,
BooO1e roopsi, HeoOs3aTeJbHO 3HATHL TOYHOE 3HAUYEHHE HOPMBL

Hoxasaresscreo semmor 5.5. Ilna awboro G e H#L " (T,)
onpeneaum F & 6=V (T ) raK, uto mpu mobom v & HEFY (T,)

F(v)=0G (I — I} v).

Torna, npumenss K F nemmy DBpam6aa — I'manGepra, Gynem
HMeTh
1G (U =T 0) [CHFI_ gy 21 ¢ lopr. 2
rae
T

16U =Tw)|
w:2k+')(To){ Tely, 7 }

U3 neoiicreennoctn npocrpaucts 85 (To) u 65~" (To) caenyer,

yro aas Jwboro u < 8 (To)

1G(u)]
Nulp, o= su ,
T OE,,;_',’,(TO){ IG1 }

T.aK 4TO, B YaCTHOCTH,
— |G/ =1]v)]
" (1 H) v "r. T — Sgp { " G "

O6bennnss Tenepb 3TH Pe3yJbTaTHi, MOJYYHM

1Fl
N —=Moll, 7, <Clvly, g, sup {'II—G_II' <

[G(/—Mw)|)_1

§ 3ak. 672




130 Fa. 5. CxogumocTb annpoOKcHmaumui

HO .
1G( — M) I<IGIIT =Tl @,y 5

OTKyZa Cpa3y CJefyeT yTBePXKAeHHE JeMMbl.

SrtoT pe3yabTaT MOXeT ObTh 00beilHEH C yCIOBHEM peryJssp-
HOCTH [Jisi TOJyYeHHs OLEeHKH OLIMGKH HHTepnoJasuu#d B obja-
ctu R.

Teopema 5.4. [Tpednosoxcum, 4T0 ycaosue noaRoTs. cnpaseod-
auso 0aa Hexoropozo k >0 u ycaosue peeyasprocTu cnpased-
Au8o 0aa ecex r < k. Tozda ecau u s HFY(R), i unrepnoau-
pyer u, TO

e —a@l, , <CH*' 7 uly p

20e h oepanuuusaer uameTpel 3MeMeHTO8, COCTABARIOWUX PA3-
6uenue obaracru R.

Hoxkasareascreo. Ecnn Mbl npeANosioxuM, 4yTo ob6aactb R pas-
6uta Ha aneMents T; (j=1,...,8), T0

S
lfu— ﬁ'E.R=,§"“— HT}”'E.T,'

PaccmartpuBas TMNHYHMHI 3jeMeRT T, MONyuHuM M3 JeMMH 5.5, uro
lu—Tull, o <CIT—Tlulyy g,

TMpuMensia 3aTeM ycsoBue 5.1 ¥ pesyabTar ynpaxnenus 4, 6yaem
HMeEThb

lu—Tgull, ,<CA*'"™II—Tllul,,, o

BBuAy paBHOMePHOH OrpaHHYeHHOCTH BCEeX ONEPATOPHHIX HOPM
[I7 — Il cymmMHpoBaHHe 1O BceM 3JieMeHTaM TNPHBOAMT K XKeJa-
€MOMY pe3yJbTaty.

3TOT pe3yJabTaT MOMKeT OblTb MPHMEHEH B TOM CIEeHAJNbHOM
clyvae, Koria npeo6pasoBanue Ty B T JHHeAHO W MHTEPNOJS-
LU KOHEUHOJeMeHTHBIMH GYHKUHAMH TouHa jas u € P. Toraa,
B 4YaCTHOCTH,

~11 - k
lu—all, g SCA ]y, po

rae i — nutepnosupytomas ¢(yHkuns. Takoft THN OLEHKH Tpe-
6yer mjas 3apay BTOPOro MOpsiika ONpejesieHHs MOPAfKa KOHey-
HO3JIEMEHTHOH amnmpOKCHMAnMH C MOMOIIBIO MOYTH ONTHMAJbHBIX
HepaBeHCTB maparpada 5.2. OrmerHM, 4TO ecaH paccMaTpuBaTh
o6siacTb TONBKO M3 ONHOrO 3JIeMeHTa, TO MOJy4Yaercs OLEeHKa
ownOKH AN OOnuYHO# HHTeprmonsuuu Jlarpanxka; sTo o6crosi-
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TeNbCTBO GyNeT HCIOJNb30BaHO HHXKe, B pa3l. (5.4(B)). Jlarpan-
XeBbl (HJIH YDMHTOBHI) 3JeMEeHTH H3 pa3l. 4.1 TakoBH, 4TO mpe-
o6pasoBanne Ty B T nHHeHHO, 6a3HcHble QYHKUHH @ & P, HHTEp-
nosisiuus TouHa aas 4 &€ Py u Ky = Kir] = P:. [loatomy ecau
ob6sacte R siBJsleTCsi MHOTOYTOJILHHKOM, I'PaHHYHBIE YCJOBHA TOY-
HO COIVIACOBaHBl H WHTErpaJibl BHIYHCJEHBl aHAJHTHYECKH, TO AJA
omHOKH TaKOH KOHEYHOIJeMeHTHOH anmpOKCHMAlUHH 3ajladyH BTO-
poro nopsigka 6yaem HMeTb

lu—Ull g <CH* ]y o (5.18)

AHaJsIorHYHBIA pe3yabTaT CNpPaBelJIHB A 3ahay Ha MPAMOYTOJb-
HHKax C NPAMOYToJbHOM CeTKOH: CHOBAa MoKasaTeJsb CTENEeHH TOY-
HO HHTEpNOJHDYEMHIX IOJHHOMOB ONpejeJseT MOKas3arTelb CTe-
nesd y A B olenke (5.18).

Ynpascrenue 16. Tlokaxute, 4TO HCK/IOUEHHE BHYTPEHHHX
napaMeTpoB H3 TaKHX KOHEYHO3JIeMEHTHHIX aNNpOKCHMauuH, Kak
JarpaHxeBH (HJH 3PMHTOBH) KyGHUECKHE 3JIEMEHTH!, HJIH HCK-
JIIOYEeHHe HOPMAJIbHHIX NPOH3BOAHBIX B cepeaHHax cTopod 21-na-
paMeTpHYeCcKOH aNMmpOKCHMANHH MOJHHOMAaMH MATOH CTENEHH CO
ciHBKo#l B C! yMeHblnaer nokasarenb cteneHH y A B (5.18) Ha
eIHHHLY.

Ynpaxcrnenue 17. [Mokaxure, 470 GUKBagpaTHYHAsA H GHKYGH-
yeckasa cy6napaMeTpHuecKHe amnmpokcumauud (pasa. 4.3), Hc-
noJb3ynouive 6HnHHeliHOe npeo6pa3oBaHHe AJs MepeBOAA MPOH3-
BOJIbHOI'O 4YeTHPeXyTroJbHHKAa B €JHHHYHBIH KBaJpaT, MOTYT HH-
TepNOJHPOBATb TOYHO MOJHHOMBI BTOPOH M TpeTbell CTemeHH co-
OTBETCTBEHHO N0 ¥ H y. [ToKaxHTe, 4TO ecaH R ABNAETCA MHOIO-
YroJIbHHKOM, TDaHHYHble YCJOBHA TOYHO COIJIACOBaHH H HHTe-
rpaJsibl BHIYHCASAIOTCA aHAJHTHYECKH, TO olleHKa (5.18) cnpaBennn-
Ba NPH £ =2 1 3 COOTBETCTBEHHO.

Ynpaxcuenue 18. Tlokaxure, uto ouenka (5.18) cnpasennuBa
A5 MIEeCTHrPaHHBIX cyGnapaMeTpHYeCKHX 3JIEMEHTOB B Tpexmep-
HOM NpPOCTPAHCTBE MPH YCJOBHH, 4To 00J/1aCTh R°ZOMycKaeT Toy-
HOe pa3bHeHHe.

Kpusosuneiinoie snementot

Cosapae u Pasbap (1972b) nokasamu, uTo oueHkH Buma (5.18)
CnpaBe[UIHBH TaKXe AJs HEKOTOPHIX H30MapaMeTPHUYECKHX 3Je-
MEHTOB C OJHOH KPHBOJHHEHHOH CTOPOHOH; B YacCTHOCTH, OHH
YCTQHOBHJIH MOPSAOK CXOAHMOCTH AJfl ABYX CNELHAJbHHX CIy-
yaeB:

5*
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(1) Ksadparuuneie usonapamerpuueckue TpeyeosbHbie 3Ine-
MeKT6l MOTYT GHITb NpeicTaBJjeHH B Buie (ynpaxuenue 9)

t=ty+(ti—tdp+ (b —t) g+ (s — 5 %) 4pg (=1, 9).

Tak Kak HHTepNOJIALMA TOYHA AJA IOJHHOMOB BTOPOH CTeNeHH
no p u ¢, To olH6GKa OLEHHBAaeTCA KakK

lu—Ulh, r=0(H)
NPH yCJIOBHH, YTO
{[xe—2F2T + [0~ _y_'#]’}"” =0 (5.19)

DTO 9KBHBAJIEHTHO TOMY, 4TO
| Py — Pile. = O (%),

ge P ectb cepepuna xopanl PiP;, a HOpMa — 3TO €BKJHMIOBO
paccrosinie B R2 DToMy HONOJNHHTENLHOMY YCJOBHIO BCeraa
MOXXHO yIOBJIETBOPHTDb, €CJIH A ZOCTATOYHO MaJO N0 CPABHEHHIO C
paaHycoM KpHBH3HHI rpanHubl. [lpexmosiaraercs Takixke, 4To rpa-
HHLIA MOXeT ObLITh TOYHO MNpPeJCTaBJeHa C MOMOILBIO Ayr, Aomy-
CKaIOIIMX MapaMeTpPH3alHIO BHAA

t=tup2p—1)+1(1 —p)(1 —2p)+tdp(1 —p)  (5.20)
t=x,4;, p=|[0, 1]).

AHaJ]OI‘H'IHaﬂ OLl€HKa CrnpaBelJinBa AJs 6uxaanpamqub1x H30Ia-

paMeTpHYeCKHX aNnmpoKCHMauuH, onpejAeseHHBHIX Ha 4YeThlpex-

yroJibHHKax ¢ OLHOH KPHBOJHHEHHOH CTOPOHOH, €CJH BLINOJHEHK!
TaKHe Xe OrpaHHYeHHs reoMeTPHYeCKOTO xapakTepa.

(2) Kybuueckue usonapamerpuueckue 31emMeHTsl MOTYT GLITDH
npeacrasleHH B BHAe (ynmpaxxnende 10)

t=ts+(t — t5) p+{ts — 1) +27pg (1 — p—q) (1o — “FFE2 ) 4

+‘g‘ pq [(Sp -1 (t4 — &%) + (3¢ — 1)(,5 _ 2’22- t )]
t=x,y).

Tak Kak HHTepNOJALHA TOYHA AJA KyOHUECKHX NMOJHHOMOB MO p
H ¢, TO OIHOKA OLlEeHHBALTCA KakK
lau—Ul, g=0 )
NPH YCJAOBHH, 4TO
[P, = Pilp=0() (i=4,5)

[(Py— P) — (Ps — Pg) s = O (K), (5.21)
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u Touka P Bbi6pana Tak, 4to

tt byt ty + (h-f;)':(’s_t;) (t=1x, y), (5.22)

ne Py=(x}, y;) u P;(x} y;) — Toukn, nensmue xopay PP, na
TPH paBHBle YaCTH H mpuJexamue K Py U Ps; COOTBETCTBEHHO.
Honoanutenbnoe orpanuueHde (5.21) B AeACTBHTEJBHOCTH BbI-
MOoJIHsIeTCH IPH DOCTaTOYHO MajoMm h. Kak u B npexbiayuieM ciay-
qae, OlleHKa MOPOXKAaeMoli KOHeYHO3J1eMeHTHOH annpokcHMalnei
OMHKOKY CNpaBefJIHBA JIHIIb TOTA, KOTAA B 2PAHUHHOM YCAOBUU
Her noepewnocTy. Tlogo6Has e OLleHKa HMeeT MeCTO AJA IPMH-
TOBOJ H3omapameTpuueckoil annpoxcumauun (Cesipsae u PaBbsap,
1972b) npu BHINOJHEHHH COBOKYMHOCTH YCJOBHH, aHAJOTHYHBIX
(5.21) u (5.22).

OTH cTpPOTrHe OrpaHHUEHHs HA KPHBH3HY M30MapaMeTPHUECKHX
9JIEMEHTOB MOTYT OKa3aTbCl HeOOXOAMMBIMH Ha NpaKTHKe, Kak
MOKa3bIBAIOT HEKOTOpble YHCJeHHble 3kcnepuMeHTH (Bona, Cae-
neasa, lenuwean u Yabapron, 1973), HO KOMMEHTHPYIOTCS OHH
No-pasHoMYy.

Bo Bcex OlleHKax CXOAMMOCTH AJs CJydyas ABYX MepeMeHHBIX
npeanosaraercs, YT0 HAaUMEHbIIHA yroJ 6 TPeyroJabHOH ceTKH
OCTaeTCsi OTAEJIEHHBIM OT HYJIAl NPH CTPeMJeHHH A K HyJ10. B ana-
JIOTHUHBIX Pe3yJbTaTax AJs CJyuas TpeX NepeMeHHBIX HJH YeTHl-
PeXyroJbHBIX CEeTOK Ha MJIOCKOCTH MpPeNnoJiaraercsi, UTo OTHOLIe-
HHe — OCTAeTCs OrPaHHUEHHEIM NPH CTpeMJeHHH A K Hydao. s

p
JI060ro 3JeMeHTa BeJUHUMHA p omnpexnejsaeTca Kak AHAMETp HaH-

6oablueit cepul (B R3) uau okpyxnoctu (B R?), nexameii Bayr-
pH 3TOro 3JjemeHnra. EciH e TaKHX NpeAnosioKeHHH HeMb3s cle-
JiaTh, TO OLIEHKA JJIsl OLIHGKH MHTEPNOJSILHA NPHMET BHJ,

) (5.23)

~ hk+l
lu—al, p=0(%

B npeanoinoxenud, uro Beanunua ||/ — II|| paBHomepHo orpauH-
yena nmo sceMm sjeMmeHTaM. OLEHKa TaKOro BHAa BBOXHTCS MOTO-
My, 470 B ycJoBHH 5.1 BTOpoe HepaBeHcTBOo (5.7b) Temepb mpa-
BHJIbHEe BLIpaxaTth uepe3 p, ueM ueped h (Cbspae u PaBbsp,
1972a, Bpam6a u 3namaa, 1970). [las TpeyroJbHEIX CeTOK

p =~ hsinb,

M nmosTOMy B cKoGKax mpaBoii uacth (5.23) O6yner crosATh
h*+1-7/(sin 0)". Ecin HeNb3s CYMTATh OTHOIIEHHE o OrpanuueH-
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HHM NPH CTpeMJeHHU A K HYJIO, TO MOXeT OKasaTtbcsl '), uTO Be-
auquna ||/ — IIj| takxke ne Gyner paBHOMEPHO OrpaHHUYEHHOH, H
MOSTOMY, KakK nokasanu Bpam6n u 3naman, oueHka Agas oumu6KH
HHTEpPNOJNALHH MOXeT GHITh NMpeicTaBjeHa B BHAE

- hk+l—r
e =@l < C g 4 s, v

npu HekoTopom n =1, uro ayume ouenku (5.18). Babymka u
A3ua (1976) ormeuaioT, yTO Jyylle HMeTb AeJO C YIJIamH, cTpe-
MsIIUMHCS K 27, 4eM C YrJIaMH, CTPeMALIHMHCS K HYJIO.
OueHku BHAA ot
—-r
Nu—aly p <Ca, b (5.24)

JANsl OIHGKH HHTEPNOJSALHH MOTyT ObITH MOJydeHHl C MOMOMIbIO
Teopemsl Capda o adpe N METOLOB, HCMOJb3YIOIHX KaK NMPsAMO-
YrOJNbHHKH, TaK H TPeyroJbHHKH. [lJf HEKOTOPHIX BHIOB KycOdY-
HBIX NOJMHOMHAJbHHIX aNMpPOKCHMALH# 3HAUEeHHS IOCTOSHHBIX
Cr,» 13 HepaBeHcTBa (5.24) MoryT ObITb MOJIyYeHHl YHCJIEHHO.
Peay/bTaTH 3TH TaKXe MOJATBEPXKJAAIOT, UTO OLEHKH BHAa (5.23)
He ABJIAIOTCH HAHJYYIIMMH M3 BO3MOXHEIX (cM. Bapuxuaa, I'pe-
ropu  Yafitman, 1972, 1 udTHpyeMule HMH PaboThH).

OlneHKH OMHGKH UHTEPNOJALUMH B TEPMUHAX MAaKCHMYM-NOJY-
HOPMH! |.| ) 7 6OJ€e MpaBH/IbHBIE MO CPABHEHHIO C HCIOJb3YIO-
IHMA COGOJIEBCKYIO mOJyHOpMY oneHKaMu Buma (5.18), cHaua-
Ja moayuusn 3aamad, a 3ateM Coapae u PaBbsp H )KeHuimek
(cMm. Cosipsie u PaBbsap, 1972a, u uutupyemble HMH paboTHi),

Ecnn pemenne He siBJfIeTCA AOCTATOYHO TVIAAKHM, BEJHYHHBI
4| k41, R MOTYT He CyIIeCTBOBAaTh H HeJNb3s [MOJY4HTb OLEHKY
BHIA (5 18), maxe ecnu Kio) O pe. B Takux cayyaax Heo6XogHMO
HCNONb30BaTh MOKa3aTesb

E=max{s:ues 9@3’ (R)};

Tak Kak k* << k, T0 Heo6x0oauMO Juilb nepedOopMyJIHPOBAThL TEO-
peMy 5.4, 3aMeHHB k Ha k* TaM, rZle 9TO HYXHO; B OCTaJbHOM
aHaJu3 npoBoguTcs 6e3 u3MeHeHHH. THNMHYHbIE 3apgauH, OIS KO-
TOpPLIX pellleHHe CHHIYJSPHO HJIH IOYTH CHHTYJSIPHO, BO3HHKAIOT
B cayyae o6GyacTefl ¢ BHaBJeHHHIMH BHyTpPb yraamu. s peme-
HHA TaKHX 3aja4 Obuiy pa3paboTanbl CreuydajbHble NMPHEMEI, KO-
TOpHle KPaTKO paccMaTpHBalotcs B pasf. 7.4(F); apyro#t mopxon
npusogutest B . 8 kuurd Crpenra u Pukca (1977) u B pabore
afitra (1976).

') OfHHM H3 NpHMEPOB TAaKOro poja spJasercs 21-mapameTpHdYeckas am-
NPOKCHMAUHA MOJNHHOMaMH MATOH CTeMeHH CO CUIHBKOA 3JeMeHTOB B Cl.
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5.4. Omn6ku BO3MYIUECHHH

B ouenkax (5.16) H (5.17) comepxaTcs ABa pas/IMYHLIX THNA
OIHGOK:

(1) TIepBuiit unen

inf lu—Vul

npexcrasaser co6Goll owubky annpokcumayuy H MOXKeT GObITb
OLlEHEH METOJaMH, H3JI0XEHHLIMH B pa3f. 5.3.

(2) Bce ocranbHble 4sieHBl BOSHHKAIOT H3-32 NPHGJIHIKEHHOTO
xapakrepa ypaBHeHHss ['asepkuna (5.12). B atom naparpade Mu
nonsiTaeMcsi OLEHHTb 3TH JOMNOJHHTEJIbHBbIE 4YJE€Hbl OJI pPa3JjHy-
HBIX BHIOB BO3MYIIEHHH. )

KoneuHO31eMeHTHOE pellleHHe Ha3hBaeTCs ONTUMAAbHbIM, eCTH
ISl HEero MOPSAOK OIHGOK BO3MYIEHHH He MPEeBOCXOAHT MOPHA-
Ka omu6KH annpokcHumanud (Hurie, 1972).

B cBoeM HccaenoBaHMH KBaApaTypHuIX OWHGOK Xe6oag H
Bapra (1972) na3Banu KBaapaTypHyI0 ¢opmyay cosmecTumol,
eCJIH B pe3yJ/bTaTe ee NpHMEHEHHs NOJydYaeTcsl ONTHMaJbHas an-
NPOKCHMAMHS.

(A) YHCAEHHOE MHTErPHPOBAHHME

OneHkH OIIHGOK HHTErpHPOBaHHs, OCYIIECTBJSIEMOr0 YHCJEH-
HO C MOMOMIbIO CTAHAAPTHHIX KBAaApaTypPHLIX ¢opMyJ, OHJIH pac-
CMOTpeHH B ynpa)XHeHHsX 6 H 7 pa3zx. 5.1. B atoM pasgene MH
paccMOTpHM 3TOT Bonpoc 6osiee NeTaNbHO H MOJYYHM OLEHKH,
crpaBelJ/HBbIe NPH HEKOTOPHIX THMNAX HeJHHEHHOCTH B mpeoGpa-
3oBaHuH, oto6paxaroueM Iy Ha T.

KBagpaTypHasi cxemMa Ha CTaHAaPTHOM 3JeMEHTe 3aJaercs
nocienoBaTenbHocTbio Touek ;; = Ty (I=1, ..., L) 1 nocaeno-
BaTeNbHOCTBIO MOJIOXKHTENbHEIX BecoB by. Eciin Bo3mylieHHas GH-
JAHHefiHas ¢opMma saaHnTHYHA B Ks, TO ycaoBHe by > 0 Heo6X0-
auMo. JIio6oft HHTerpas Mo CTaHAAPTHOMY 3JIeMEHTY MOXHO 3a-
nucaTth B BHIE

L
(fumam=Y bue)+ B,

T, l=1

rae, Kak H pasbue, Eq ecTb onmepaTop KBaApaTypHOH OIIKHGKH
AN CTaHAapTHOro 3sjeMmeHta. UTO6H MOJNy4HTh KBaApaTypHYIO
¢opMyJay 1/ HHTETPHPOBAHHSA HA NPOH3BOJLHOM 3JI€MEHTE, BO3b-
meM To4kH X1 = F(p))= T u Beca B = b.J (p1), rne J ectb siKo-
6uan npeobpasoBanus F. Ecan o6o3Hauuth uyepes E(u) kBampa-
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TYpHyI0 OIIHOKY Ha sjeMente T, TO

E@)= SSu(x)dx——Zmu(xo—

=1
={fu®i@ap— Z biJ (p1)  (p) = Eo (uf).
7. l=]

B atom paspede, caenys Cobsipaie u PaBoapy (1972c), mu usy-
yUM OIIMOGKH BO3MYLIEHHH HIJsi peLIeHUs nnd)d)epeﬂunanbnoro
ypaBHEHHs

3 (0 E) + 2 (255) +i e =0 (9 =R (525

C TPaHHYHBIM yCJIOBHEM

u(x, y)=0.
ﬂpenno.nome, 4YTO BCe OLIHOKH Bosmymenuﬁ BO3HHKAKT MNOpH
BBIYHCJICHHH CKaJIgpHBIX nponsaeneﬂnﬁ C NOMOIIbI0 UHUCJIEHHOTrO

narerpupoBanus. [lostoMy Bce 6a3ucHble QyHKIHH ¢ yHOBJETBO-
PAIOT TPAHUYHOMY YCJOBHIO M COTJIaCOBAHBI — JJIA 3TOH 3ajpaud

o
p= %Q’(R). [Mpeanonoxum panee, uto obaacte R pa3buta Ha S
anementoB T; (j=1, ..., S) U 4TO AJA KaXHOro 3JEMEHTa Cy-
mecTByer npeobpasoBanue F;, oTo6paxaloniee Ha Hero CTaHAapT-
HB ajeMeHT; siko6uaH npeo6pasosanus F; o6o3naunm uepe3 J;.
[Toatomy Hamefi 3apaye Gymer cooTBeTCTBOBaTh OHJIHHeHHas

¢opma

o= L) (6) + (5 (35)ra

M BO3MYyLIeHHas ¢opma 6yaeT HMeTb BHJ

a,,<u,u>=225u{dn( P @)+ () ()]

J=1 l=1 i(P)
rae
ji=1,...,8
By -—bz-’y(l’z){l= Lo L,
CJie10BaTeJIbHO,
S
a
(@~ap) (@, 0) = {Eo (¢ 55 55 11) + B (da gy 57 11)} - (5:26)
jel1
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Takum o6pa3om, OTAe/bHbIEe YJeHH NOCAEAHER CYMMH HMEIOT
a
BHI E¢(2w), rme 2(p) U w(p) ecTb COOTBETCTBEHHO d.(%)

H (g—i—) I (mm dy (g—:) H (a%t/’-) J,); nyctb dy H dg ABAAIOT-

k
Cs HACTOJBKO IVaJKHMH, 4TO, ze%‘g)(To). Torpa pasa uHTeErpa-
JIOB OT NpPOU3BeNEeHHH MOMKHO HCMOJb30BATh OLEHKY, MOJNYyYEHHYIO

dv Ju
B yNpaXXHEHHH 7, IPH yCJOBHH, YTO (a_x') J, H Fy_ ) J, ABJAIOT-
Cs MOJIMHOMAaMH 1o p.

AnanornuneiM 06pasoM KBagpaTypHas ¢GopMyJsa NMpHMeHsIeTCs
H K NIPaBOH 4acTH ypaBHeHHs [ anepkuHa

a(u, v)=(f, v),
rue

S
¢ =) SS f(x) v (x)d (x).

=11
Orcioma caenyet, 410

s L
(f, o) =1=Zl I-Zl Bu {f (x)v (x)}x-l-‘l )’
H NO3TOMY

S
(F, 0) = (f, V)= IY:IEO (Fol)). (5.27)

Ecau cuoBa f & 265 (T) npu HeKoTOpoM £, TO AJs NPOH3BENEHHS
TaKOro BHAA MOXHO MPHMEHHTb OLEHKH KBaJApaTyPHBIX OWIHG0K
NpH yCJNOBHH, 4TO vJ; ecTb NOJHHOM no p. Bmecre ¢ TeM MBI NO-
JYYHJIH OleHKH Bo3MyuieHuit (5.26) m (5.27), kKoTOpble MOryT
6biTh Hcmoab30BaHb B (5.16) u (5.17) npH BHACHEHHH BOIpoca
O CXOMHMOCTH aNNpOKCHMaLHH.

Ecan kaxabift 371€MeHT noJiyuaercss H3 CTaHAAPTHOIO dJ1eMeH-
Ta JHHEHHHIM Npeo6pa3oBaHHeM, TO BCe AKOOHAHH ABJAIOTCS KOH-
CTaHTaMH, U eciH Wi (X) eCThb MOJHHOM, TO MOJHHOMaMH OYyAYT H

14 w
;x(p) , 2 gy(p ) 4 W, (p). Moxuo nokasath, 4T0 HA KaMIOM

anemente  ¢yHkuun OWi(p)/oxJ(p), OWn(p)/dyJ(P) n
Wr(p)J(p) 6ynyr nonuHomamu, ecid Wix(x) ectb npo6GHas Ko-
HEYHO3JIeMeHTHasA QYHKUHs pa3aHuHbX BuAOB (Chsipae u PaBbsp,
1972c).

¥npaxcnenue 19. IokaxuTte, 4TO AJA KBaAPATHYHOTO H3ona-
paMeTpHYeCKOro 3JIeMeHTa, NPHBEJeHHOTO B yNpaXXHeHHH 9, QyHK-
unu J(dp/0x), J(Op/dy), J(0q/0x) u J(dq/dy) aumeine: no p
H g. ITokaxure Hajee, 4yTo s J1060H KyCOYHO-KBajpaTHYHOH
npo6roii ¢yHkuHH Wr Ha KaXIOM TPeyrojibHHKe ¢yHKUHH
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J(p)OWan(p)/0x u J(p)OW,(p)/0y 6GymyT moJaHHOMaMH BTOPOii
CTeMneHH no P; mokaxute takxke, uto J(p) Wn(p) ectb mosMHOM
YeTBepTOH CTemeHH.

¥npasxcnenue 20. JokakuTe, YTO €CJAH HCIOJAb3YIOTCH Tpe-
yroJibHble H30mapaMeTpHYeCKHe 3JIeMEHThl CTEeNeHH R, TO Ha
KaxJoM TpeyrosbHuke ¢yHKUuH J, J(0wn/0x) u J(OW4/dy) Gy-
AyT monuHomamH crenenu 2(k — 1) maa mo6oit npo6HOH ¢(yHK-
uuH Wi JlokaxHTte, uto B obuieM cayuae JWi & Pjyr— HA KaX-
IOM TpeyroJibHHKe.

CpenaB npeanosioXeHHe O MOJHHOMHaJbHOCTH J(p)OW5/0x,
J(P)OWr/dy u J(p)Wr Ha KaXKaOM 3JE€MEHTE, MOXKHO MOJYYHTH
OLleHKH Bo3myileHud (5.26) u (5.27).

Teopema 5.5. [Tpednoroxcum, uro 0ia a1060i npobHOU PyHK-
yuu Wne= Kn Ha xaxcdom asremenre pyuxyuu J(p)OWn/0x u
J(p)dW,/0y ecto noaunomel crenenu He sviwe ry, a J(p)Wp—
NOAUHOM CTENneHu He 8bllle ry, U 4TO YCAOBUE PEcYAAPHOCTU Bbi-
noausercs 04 8cex s << max {ry, ro}. Toeda ecau xKeadparypras
popMysa TouHa Ha cTAHOAPTHOM TpeyzorbHUKE ONA NOAUHOMO8
CTenenu He sovle ry - s, 70 soamyujerue (5.26) OGuaunelinol
Gopmel oepanuueno Kax

—_ Vv, w
S r D < ChH IV I 0 (5.28)

2de Vy, Wy e Kn ecTv aro6vie npobrvle ¢ynxkyuu. AHar02u4Ho
aToMY, ecau K8aOparypa TOUHA OAS 8CeX NOAUHOMOB CTenexu He
eouitle ro + s — 1, To sosmyujenue (5.27) npasoil wactu ozpanu-
4eHO KaK

" Wh “1. R < Ch ” f "3+1» R (5.29)

das moboii Wy e Ky npu ycaosuu, uto f = 85+ (R).

Ecan K mpHMepy, NPHMEHSIOTCS AA2PAHNCEBbl UAU 3PMUTOBbI
aaemenTel cTenenu k, npeobpasoBande T B Ty MHHEAHO H HA KaX-
oM anemente Jo(OWr/0x) & Py, Jo(OWr/0y)E Pr—y u Jo)Wr e
e Py. TloatoMy ry =4k — 1, ro==Fk, H ecau HcroJb3yeTcs KBaji-
paTtypa, KoTopasi TOYHa OAf 8Cex NOAUHOMOB CTeneHu He eoluie
2k —2, 10 B (5.28) n B (5.29) s=*k — 1. Torna u3 (5.17) cae-

LyeT, 4To
s | (8 —a,) (@ W,)| }
R A et e &
| (Fh Wa) — (f, Wa)nl
N b T el 8



rae i untepnosupyeT 4. Kak 6b10 nokasano B pasi. 5.3 (cruen-
CTBHE H3 TeOpeMHl 5.4),

lu—idlhs<S ch* [ & le+1, Ro

MO9TOMY annpoKcHMauHs GyAeT ONTUMAAbHOU H
lu—Uplh, o =0 (K,

Tak Kak go6aBouynnie uieHb (5.28) u (5.29) ectb Takxe O(h*),

dra TeopeMa He TOJbKO yKa3bBaeT CTelleHb TOYHOCTH KBaj-
patypHO# ¢opmyan, obecrneyHBaOILyI0 ONTHMAJbHOCTbL aMpoK-
CHMallHH, HO yKa3biBaeT TaKXKe, YTO MHHHMaJIbHas CTelNeHb, oGe-
CreyHBalollasi CXONMMOCTb NpPH CTPEMJEHHH A K HYJIO, eCThb
min{r,, ro— 1}. B npenbiayiiem npHmepe oHa paBHsajdach k& — 1.

Hoxasareascrso teopemsr 5.5. Oumnbka B 6uanneitnoli dopme
CKJaJBIBAeTCA M3 YJIEHOB BHIA

Ey (dl aa‘;" LL43 J) Ey (v, w),

rae v(p)=di(9Vs/0x) u w(p)==1J(0Wnr/0x). Eciu wE P, u
KBapaTypa TOYHA [JIsi NOJHHOMOB CTENEeHH ry -+ S, TO H3 JIeMMH
Bpam6aa — I'nanbepra caenyer, 410 (CM. ynpaxkHenue 7)

IE (UW) l <C" w "g,(r.)l v Is-l-l To*

Cunrasi K03QGHUHEHT di LOCTATOUHO TJIALKHM, MOJYYHM C o~
mombio (5.7b) u pesysabrata ynpaxHeHHa 5, 4TO

s+1] OWp Wh +1
|Eyow) I <Ch™ | G2E] [T <CH T IWahal Valesar.

[TpocyMMHpOBaB N0 BceM dMeMeHTaM H nojeaus Ha | Wxl|y, &, NO-
ayunm (5.28).

CnpaBeanuBocTts (5.29) ycranoBuwm, caefys Cbspae u Pabs-
py (1972c). Beenem npoekuuio Ilo Ha ogHOMepHOe MOANPOCTPaH-
cTBo Py QyHKUHMII — KOHCTAHT Ha sjaeMeHTe To; Tak 4TO AJIA JIO-
6oit GyHKUHH u & L2 (Ty)

SS(u—I'Iou)dp=0.
T«

Tunuyubli ueH B omH6Ke s npaBo#t yacTH ypaBHenuii anep-
KHHa MOXeT OBITb 3allHCAH Kak

Eo(fWh!) = Eo (][I — o] Wp) + Eq (7 [TIo] W ).

Tak kak J[I —IL)W, P, T0 13 nemmet Bpam6aa — FuanGep-
Ta caelyer, 4to (CM. ynmpaxXHeHue 7)

| Eo(fd U = LWy IS CI U~ o] Willy, gy F o, 20
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Ho Iy ecTb NpOeKIHOHHBIA ONMepaTop, TaK YTO MOXKHO IPHUMEHUTH
aeMMy 5.5, YTOGHL ONYUYHTb HEPABEHCTBO

I — T Whlly, gy <CI Wil g,
ITostomy u3 (5.7a) caeayer, 4To
| Eo(f7 [ — o] W) 'QC{EZI;‘J(P)}] flarIWhlrn<<
<CE N florIWalr.  (5:30)
Ananornuno srtomy, ecan J(p) € Pr. u ILLW, ectb koHcTanra, TO
[ Eo(fJ W ) I <CNT MW plllg, iy | Flory 7o S
<C{ r’seu(go)l EHWally, oy Flopr 7 <

L CE Nl 11 Wallg, oy (5.31)

O6bepuusas (5.30) ¢ (5.31), cymMmupys no BceM 3J€MEHTAM H
nens Ha [|Wall,, z, monyuum XenaeMuil pe3yJbTar.

¥npaxcrenue 21. PaccmatpuBasi ouriOkH BHAA
2 2
E, 0V, W, J) ’

Ax?  O0x?

MOKaxure, 4YTo e€CcJH KBajpaTtypa TOo4YHa AJS MOJMHOMOB CTECICHH
ri + S M NPOU3BOJIbHBIH 3JIeMEHT NePeBOAMTCS B CTAHAAPTHLIA
3JIeMEeHT AUHKelinbim peoGpa3oBanHeM, TO BO3MylieHHe (@ — Qn)
ILJis 3afa4 4YeTBEPTOro MOpsAKa AONYCKaeT OLEHKY

[(8—a,) (Vi W) | s+1
“ Wh "2. R < Ch " V;z ﬂs+3. R

IIPH YCJOBHH, 4TO NMPOGHbIe (QYHKUMH COrJIacOBaHbl U SIBJSIOTCA
NOJIMHOMAMH CTENeHH He Bhillle ueM r; + 2 Ha KaxX/JOM 3JIeMeHTe,

Pe3ysbTaThl, aHaJOTHUYHble TeopeMe 5.5, OLUIM MOJyuyeHBI
®dukcom (1972) npu H3yueHHU BAHUSHUS KBagpaTypHbIX HOpMyd
Ha JlarpaHXeBy H 3PMHTOBY KOHEUHO3JIeMEHTHHIE aNINPOKCHMALHU
Ha MHOroyroJbHoit o6sactu. KBagpatypusie ¢opMysan uccieno-
BaJHchb TakKxke XeGosagom u Bapro# (1972), Ho Tosabko mas nps-
MOYTOJIbHbIX O6siacTeli M B NpeANOJOXEHHH, 4TO OuJHHeliHas
¢opma ax NPOHMHTErPHPOBAHA TOYHO.

Cobapae u Paspap (1972c) npHMeHHJNH pe3yJbTaThHl TEOPeMbl
5.5 K n3omapaMeTpUYeCKHM aNIPOKCHMALHUAM, ONPefe/leHHEM KaK
Ha TpeyroJbHHKax, Tak U Ha ueThipexyrojbHukax. OHU MOKa3aiu
TaKxe, KaKk BHOpaTb TaKyl0 KBaJgpaTypHyw ¢opMyay, 4To6u 6u-
JHHefiHaa dopMa ax Oblaa ANJAUNTHYHA B Kk, ¥ TEM CAMHM MOXSHO
661710 060CHOBATh MpUMEHEHHe OleHKH (5.17).
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OxHaKOo 3TH Pe3yJbTaThl NPHBOAAT K CONEPKATENbHBIM OLEH-
KaM TOJIbKO TOTHa, KOTAa HCIOJb3yemble H3OMapaMeTpHyecKHe
3JIEMEHThl HMeEIOT He BoJsee o0HOU Kkpusoruxelinoi cToporst. Ia-
e B 9THX CJ1yyasix pe3yJbTaThl ONpeessioTCs YCAOBHIAMH, OTMe-
YeHHbIMH B pa3A. 5.3. BoJIbIIHHCTBO OLEHOK KBaApaTyPHbIX OLIU-
6ok o6o6uiaerca na cayuair R”(m > 2) ans nuddeperunans-
HOTO ypaBHEHHS

m
[4] du 3
Z Er (di./ a—xl') +f(x)=0,
_ 1, /=1
rue
X=(X, +00, Xpm).

Ynpancnenue 22. Vcnonbdysa pesyabrathl ynpaxuenus 20, mo-
KaXHTe, YTO H3omapaMeTpuuecKas AaNNPOKCHMAUHs CTENeHH &
ONTHMaJbHa, €CJH HCIOJb3yeTcs KBaapaTypHas dopmyJaa, cre-
IeHb TOYHOCTH KOTOpOH paBHa 4(k —1).

(B) MHTEPNONHPYEMBIE I'PAHHYHBIE YCJIOBHS

IIpeanonoxum Temeps, YTO aNNPOKCHMHUPYIOLIee MOANPOCTPAH-
ctBo Ki cogepxuT QyHKUMH, He o6pamalomuiecs B HyJb Ha rpa-
HHlE, HO YTO HHTErpajbl BbIUUCAAIOTCS TOYHO. [T03TOMY MOXKHO
HCIOJb30BaTh OLEHKY owHOkH (5.15), B koTOpO#i n06GaBOYHLIM

YIeHOM Oyaer (G W Wy
, Wp) —a(u, Wp)|
Wj“e",(h{ TWal } (5.32)

PaccmoTtpuM cHayana npuOJIHMKeHHOe pellleHHe ypaBHEHUS

a(u, v)=/(f, v),
ou dv ou dv
a(u, v)= SRS )+ (a—y) (O—y Yaxady,
YTO COOTBETCTBYeT AH((epeHIHaNbHOMY YPaBHEHHIO
4% a2
sF T tiE =0 (xyER),
[ I‘paHH'{HblM YCJ'IOBHeM

u=0 ((x,y)=0R).

Pe3ysbTaThl 3TOr0 pasjena MOTYT ObITb NIPHMEHEHBI H B cjayudae
HEOJHOPOAHBIX IPaHHUHBIX YCJOBHH, €cd, Kak u B pa3a. b.1, rpa-
HUYHBEe 3HaYeHHs OONYyCKaloT NOAXoAsllee mpoaosxenue. Bos-
MOXEH H APYrofl MOAXOX, UCNOJNb3YIOWHH [Js1 OlLEeHKH OIIHO6OK
TeopeMy 5.3.

rae
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AHa/H3 MeTOJ0B, B KOTOPHIX I'PAHHYHLIE YCJOBHs He YIOBJeT-
BOPSIIOTCS TOYHO, MOYTH BCerja MPHBOAHT K PACCMOTPEHHIO HHTe-
rpajioB OT rPAHHYHBIX 3HAYeHHH. DTO OTHOCHTCSA TaKXe U K Me-
TOAaM WTpadoB, ONHCAHHHIM B pa3i. 5.4(D). MoxHO onpeaenHTsb
coonesckoe mpocTpancTBo I " (IR) amanOrHuHO TOMy, Kak
610 onpefenero mpoctpanctso sV (R) B pasa. 5.1. Us ra-
KOTO ONpejesieHHs cJelyeT, HanpHMep, YTO

o& Y wada| <3| IWaby on.

a B CHJIy T€OpEME! O cJene

du
| n - 1. 0R <CJ U lles1, &

Torma u3 Teopemu: I'pHHa caeayer, 4To

(G, W) —atw, Wy 1=| | (3£) Wdo
AR

H, 0OObeHHUB 3TH J1Ba BbhIpaXKe€HHs, MBI MOJYYHM OLEHKY BHAA
[ (f’ Wh) —a (u: Wh) I< C" u "k-l-l. R" Wh ul_,,, aR*

UTo6H ObITH NPHMEHHMBIM K 324auaM BTOPOro NOPSJKa, BHI-
paxende (5.32) gomxkHo comepxathb [|Whilly, , HO He HOMKHO cO-
aepxath || Wrlli—, or. [To aToft npuunne Ckorr (1975) BBes OLEH-
Kd BHAA

’

L, on e
1R OR { ~ CoprtY 5.33
wf‘é‘}c,,{ 7,1, » }\ (5.33)

15t npo6HuX GyHKUUA Wi, kOTOpHE OJH3KH K HYJIIO Ha IpaHuIe
OR. Beprep, Ckort ¥ Ctpenr (1972) ycTaHOBHJH CnpaBelJHBOCTb
(5.33) ana uactHoro cayyasi k=1, HO OHH He CMOIJIH YKa3aTb
Hauay4mu# cnoco6 BeI60pa NpOGHEIX PYyHKUHA H 0606IHUTL 3TOT
pe3yabTaT. M3 onpenefieHMss ABONCTBEHHOrO INPOCTPAHCTBa Clles
AyeT, 4To olleHKa (5.33) sKBHBaJNeHTHA HEPaABEHCTBY

Sgu’/h do

R
sup sup —
w, =K, L geauit-b @k l&gle—1,0r Ml W oI,

< Chr+12

HJIH TOMY, uTO Npu Bcex g EHFE-V(OR) u W, =K,

{eWado| < CHPlgl,_, ool Wil e (5:39)
6R »




5.4. OwnBKM BOIMYWEHMH 143

Jazpanxesor 31emenToL

Cefiyac MH ycTaHoBUM crnpaBefauBocTh (5.34) ans oxHoro
JaCTHOTO BHAA HHTePHNOJHPYEeMHIX 'PaHHUYHBIX YCJOBHii, paccMoT-
penHoro CKOTTOM; NpH 3TOM Mbl 6yJeM B OCHOBHOM NpHAEPIKH-
BaTbCsl ero Meroga. [Iycts o6aacts R pa36HTa HA TpeyroJbHHE
3JleMEeHTEl U CTOPOHH 3JIeMEHTOB INPAMOJHHeHHH BHYTp# R, a
NPHMBIKAIOIIME K TPaHHLE 3JeMeHTH MOTYT HMeTb OJHY KpHBO-
JuHefiHyIo cTOpoHy. B aTOM paspene mpeanoaaraercs, 4to (KpH-
BOJIHHeHHasl) rpaHKuUa AJs JI0GOro rpaHHYHOro sjeMenrta I; Mo-
KeT GBITb NapaMeTPU30BaHA KAK

IR, ={(x;(8), 4,(0): 6 [0, 6/]}.

C ueablo ynpoiueHus anre6pauueCcKHX BHIKJAAOK MPEATNONONKHM,
YTO AJSl THIOHYHOTO IPaHHYHOrO 3JeMeHTa T KOOPAHHATH X H Yy
BHIGpaHH Tak, 4ro O =x (puc. 25). Torga ans aJHHB AyrH
o(x) GyneM HMeTb

a (%) =:§ {1+ ¢ dx,

0
do =d‘TTix)-dx.

Y3abl HHTEPNOJAALHH Ha HCKPHBJEHHOH CTOPOHE 3JIEMEHTa ompe-
pensiorcs y3namu (k- 1)-Toueunoit keadparypuoli opmyrst
Jlo6arro Ha untepBane [0, 1], koropsie Mbl 0603HauuM yepes Elf
(i=1, ..., R+ 1). Takas kBagpaTypHas ¢opMysaa paccMaTpH-
BaeTcs, HanpuMep, B pabore Jlasuca u PabunoBuua (1967). Ta-
KUM 00pa3oM, /st THIHYHOTO 3J€MEeHTa TOUKAMH HHTEePNOJsLHH

6yayr (8%, y(8E*))) (=1, ..., k+1).

Tabauya 3

Tabauya ysaos xeadparypuoi ¢opmyarer Jobarro
- Ha unTepsase [0,l]p

k=1 0,1
k=2 Otl/"l
k=3 0)'/2 :b—!—’, l

24/5
k=4 0,Y, +1/, /\/;3_, 5 1

1) CkoTT MOKa3al, 4TO 3TO YCAOBHe MOXKET GhiTh HECKOAbKO OCAa6/eHO
Oe3 H3MeHeHHS OKOHYATEIbHOTO pesy.nbTaTa.
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Puc. 25.

HuTterpan ot rpaHHYHEIX 3HaYeHuH u3 (5.34) MOKHO mepemu-

caTh B BHJe
{eWido=3 { ew,do. (5.35)
OR i OR!
THnUYHOe cjaaraeMoe 3TOH CyMMH MOXeT GHITh MPeACTaBJAeHO KaK
e
S 2 (x) w (x) dx, (5.36)
0
rae P
2()=g(x y () 7
H

w(x) =W, (x, y (x)).

Teneps BBefleM NOJNHHOM Z(X) & Pr—g, HHTEPNONHPYIOWHA 2Z(X) Ha
untepBaje [0, 8]. K3 Teopemu 5.4 caeayer (ecnu 3aMeHHTb £ Ha
kE—2uR=(0,8)=1), uto

lz—2l, , <C& " zl,_,, <k—2), (537

ecan 2(x) H TeM cambiM g(x,y), ¥ o(x) DOCTAaTOUHO IMajfKHe
¢yuruuu. ITosromy (5.36) MOXKHO NpeaCTaBUTHL KaK

) e e
S 2wdx = S —2wdx+ S Zwdx. (5.38)
0 0

0

Tak kak untepan I = [0, 8] Moxer 6bTb nepeBeieH B CTaH-
gapTHhil uuTepBas [0, 1] AuHeflubiM mpeo6pa3oBaHHEM, TO U3
JeMmb Bpam6iaa — l'uab6epra (cM. ynpaxkHendne 23) caenyer,
4TO

|§ e — 2 wax|<cor-tiwly, 4l 2, 1

Ho W (x, y) obpamaercss B Hy/b B £ + | rpaHHYHBIX TOYKAX HH-
TepNoAsALUHH, H NosToMy W (x) obpalaercs B HyJAb B B+ | Toy-
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}.

[Tockonbky © He MOXKeT MPeBOCXOAHTb agHaMeTpa sjaeMenra T, H3
3TOro CJeAyeT, 4TO

Kax HuTepBaJga I, Tak urto no Teopeme Poais
k

| @ (x) | < CO++! { max
[ 1]

dx®

|0 () | <<CRMH Wl - (5.39)
MoxHo nokasatb (CM. ynpaxHeHde 24), 4To
hk” Wh ”(k) 7 < C" le "l. T (5-40)

O6GbennHss ABa MOCAELHHX HePaBeHCTBA H HHTEerpHPYys, Gynem

uMeThb "
lwly, ,<Ch 1w lh, 7
H TI03TOMY

| e —2was|<Chr®Igl,_, popI Wil (5.41)

rie ORr 0603HayaeT KPHBOJHHEAHYIO 4aCTh I'PaHHUIL 3JeMenTa T.
PaccMoTpuM Tenepb BTOpoe caaraemoe B npaBoii yactu (5.38).
Tak kak ¢yHKnus w(x) obpailaeTcs B HyJb B KBaApPaTypHBIX
tToukax JIo6aTTO, HHTErpas, cogepxaluil @ (x) KakK MHOXHTENb
B MOALIHTErPAJIbLHOM BLHIPAXKEHHH, allIPOKCHMHPYETCs HyJieM IpH
HCII0JIb30BaHHU KBajpaTtypet Jlo6arto. [ToaToMy oueHka kBajgpa-
TypHOH OMHOKH OJHOBPEMEHHO sIBJsieTCS H OLEHKOH 3HaYeHHUs
camoro uHrerpana. Tak Kak (k- l)-toueunas kBagpatypa Jlo-
6aTTO TOYHA AJisi MOJHHOMOB CTENEHH He Bbillle 22 — 1, U3 JeMMul
Bpam6aa — 'unbbepra cneayeT (cM. ynpaxknenHe 6), 4to

e
S 5 (¥) w(x) dx

0

2R ~
SCh 2wy, 5

HO 2 & Pr— 0 w(x)= Wu(x,y(x)), rne Wp= P, nva T, n no.
9TOMY . . '
l 2w |2k. 1 < C" < "k—2. 7 " W/z llk_ I

Bwmecre ¢ (5.37) ato paet
“ 2 "k-2. 1 <" 2 "k-2. 1 + “ Z2—2 “k-Z. I <
<Clzl,_,,, <

SCNg -1, orge
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Tak kak mepexoi oT T K CTaHAAapTHOMY 3JeMeHTy To ABAsieTCS
JHHEAHKIM, TO U3 YCJOBUSl PeryaspHocTH OyneT cJeloBaTb, YTO

" Wh "k. T < Ch'-* " Wh "1.1'-

O6benHHsAs 3TH YeTHIPe MOC/AeAHHEe HeDaBEHCTBA, MOMYYHM
e
{zwax|<chtigh,_ o, IWal, o (6.42)

0

Cymmupys Telepb HepaBenctBa Buia (5.41) u (5.42) mo BceM
NPUJEralouUM K rpaHHIe 5/1€MeHTaM, NOoJyYHM AJs OLHGKH BO3-
MYILEHHS OUEHKY

{ ewrdo
OR
H, CJ1e10BaTeJbHO, -

{ [(F Wy)—a(®W,)|
TWelh, &
. Teopema 5.4 MOKa3bBaeT, YTo AJs MUHTEPIOJSALHOHHKIX MOJIH-

HoMOB Jlarpanxa cTenmeHH R OmHOKa HHTEPNOJSALHH OLEHHBAeT-
csl Kak

< Chk+l/2 “ g "k-l. 3R " Wh “[, R (5°43)

} <CR+12)ul, (5.44)

~ k
lu—dlh, g <SCA*| & ls1, »»

¥ TNO3TOMY OLEHKa OMmHOKH AAsl anmpokcuMauuH [anepkuHa
HMeeT BHA

Na—Unlh, n SC (A*] 6 leyr, n + BEHE 1 flesr, ). (5.45)

CanenoBaTeNlbHO, KOHEYHO/JE€MEHTHAsl AaNNPOKCHMAauHs C TaKoH
HHTepnoJsAuHe# IPAHHUYHBIX YCJOBHH OCTaeTCs ONTUMAAbHOE A0
TeX Mop, MOKa omubKa Bo3MylleHHsi Oymer Gojiee BHICOKOTO IO-
psaka (mo h), yeMm omuO6ka amnpokcumauuu. Ckorr (1975) u
Yepuyka, Kynep, JlunaGepr u Oncon (1972) mpeanoxunu ans
TPeYyroJbHHX 3J€MEHTOB C KPUBOJHHEAHBIMH I'DaHHIIAMH KBajpa-
TYpHHIe GOPMYJIL!, COXPaHSIOIKe NOPSAAOK A KYCOUHBIX KBaapa-
THYHHRX annpokcuMauuii. TakHe annpoxkCHMAauuH H3yyaJHCb Tak-
xe Beprepom (1973) ¢ meablo moayyeHnHs OLEHKH OWIHKGKH B Tep-
MHUHAX HOPMH NpocTpancTBa £ (R); OH TakXKe IPOBOAHKJ YHUCTEH-
HyI0 TnpoBepKy mopsinkoB (1972). B npoTHBOMOMOXKHOCTb HHTEp-
NOMSAALMH [PAHHYHBIX JAHHBIX [0 KOHEYHOMY UHCJY 3HaYeHHH
MOXXHO CTPOHTbH amnpOKCHMALHIO, TOYHO BOCIPOH3BOAS HX BAOJb
BCefl TPaHHIH, €CJIH HCMOJb30BaTh CMellaHHble (QYHKUHOHANbHbIE
uurepnonsuTH (FCopaon u YukcoM, 1974). Hekoropnle cBeleHHS
0 ¢CMelIaHHHIX (pyuxuuﬂx GyAyT M3JIOXKEHH B pasa. 7.3.
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Ynpaxcnenue 23. Hcnonbsys paccyXaeHHs, aHaJOrHYHHE NPH-
BelleHHBIM B ynpaxcHeHuu 6 (uau B nemme 5.5), nokaxure, 4To
H3 JeMMbl BpamM6ia — 'nab6epra cienyer HepaBeHCTBO

e

{e—2war|<cotywl, 42l

0

rie Z & P, unTepnonupyer z Ha uuteppane | = (0,8) u w
e Zy(l) (Ykazanue. Ins pokasaTenbcTBa PacCMOTPHTE (YHK-
udonan FeZL (#¢-1(1) X Z,(I); R), rae

o

F(z, w)=S(z—§)wdx.)
0

Ynpaxcnenue 24. [MoraxuTe, UTO AJs JarpaHKeBHX HHTEPIO-
JISILHOHHBIX NOJHHOMOB CTENEHH k2 Ha TPEYrONbHHKAX C NPSIMOJH-
HeHHbIMH CTOPOHAMH NpH k=2 u k=3 mo6as npoGHas GYHK-
nusa W ynoBneTBopsieT HepaBeHCTBY

~k
Wi, - <Ch™*IWI, .

¥npascrenue 25. [TokaxuTe, 4TO ONEHKA OLIHOKH BO3MYLIEHUsI
(5.44) cnpaBeannBa TaKXe AJs YaCTHOTO BHAA 3PMHUTOBBIX KyOH-
YeCKHX 3/IeMeHTOB, npeanoxenHux Crorrom (1975).

(C) AnnPoKCHMALIHS MPAHHLIBI

[To-BuauMOMYy, nepBHe OlEHKH OMHOOK AJs MeTOJ0B KOHeu-
HBIX 3/IeMEHTOB Ha NMPHOJIHMKEHHO 3aJaHHBIX 06JacTsAX OGHJAHU TO-
JyuyeHbl COBETCKHMMH MaTeMaTHKaMH (cM., Hanpumep, paGory Ora-
necsiHa, 1966). OHH MONYUHJIH ONEHKH IJsi KYCOUHO-JHHEHHHIX
annpoOKCHMANH{ HA TPEYTrOJbHEIX CETKAaX H PacCMaTPHBAJH TOJb-
KO MPUO/IHKeHHOe pellleHHe s 3ajau BTOPOTO MOpPsAKa C rpa-
HUYHBIM YCJIOBHEM

du
5w FBu=0 (=>0),
SafaHHBIM Ha KPUBOJHHeHHON rpanuue. OHH NOKa3ajH, 4TO
lu—Uplh g, <Chlule,

HO HX MOKAa3aTeJbCTBA CJAMIIKOM CJOXHH H BHXOISIT 33 PaMKH
stoit kHurd. Jas Takux 3afau GLIJIH MOJNY4YeHH ONEHKH OLIHGKH
B TePMHHAaX HOPMH mpoctpaHcTBa Z2(R) (OraHecsn u Pyxosen,
1969). Heckonbko mosxe 6uiio mokasaHo (Ctpenr u Beprep,
1971, Tome, 1973), uTo ec¥ Ry eCTb MHOTOYTOJIbHHK, BIHCAHHBIR
B R=R? (R™, m =2 cornacno Crpenry B ®Pukcy, 1977, napa-
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rpa¢ 4.4), To AasA MOJENbHOH 3a4ayH, onpegensaeMoll ypaBHeHHeM

%iyf + 3—;3— +fx, =0 (x, ) ER) (5.46)

¥ TPaHUYHBIM ycjaoBueM 4 = 0 Ha OR, cnpaBel/1uBa OLEHKa
3,2
e —ull, , = O (A7),

IAe un eCTb pellienHe BO3MYLIEHHON 3ajauH, onpenensieMoRl ypas-
HeHUEeM '
2 2
[} u, ad u,

SRR =0 (nySR)  (47)

Il TPaHUYHBLIM yCJ0BHeM Un = O Ha IR

TakuM o6Gpa3oM, ecan ypasHeHHe (5.46) pewaercs npubau-
JKEHHO TyTeM pa30HeHHs MHOroyrosbHo#t objactH Rx u mocne-
LYIOIIEro BLIYHCJEHHS KOHEUHO3JEMEHTHOTO PellleHHsi YpaBHEeHHsI
(5.47), To, cornacHo pe3dyJibTaTaM pasi. 5.3,

lu—Uylh, Rp= O (h)

IJ1s1 KYyCOYHO-JIMHEeHHBIX aNNPOKCHMAalUi HA TPEyrojbHbIX pas-
6uenusix. Ecau annpokcHMHUpYIOIIHE QYHKUHH COREpXKAT BCe MO-
JHHOMBI CTeNeHH 2 WJIM Bblllle, TO, COTJIACHO TEM Ke pe3yJbTaTaM,

lw— Uyl g, = O ().

STOT NOPAAOK aNMPOKCHMAUHH MOMXKET OKa3aTbCsl CYLIECTBEHHO
HHXKe TOro, KOTOPbIA MOoJyuyuacss Obl TOJNBKO HAa OCHOBAHHH pe-
3yJAbTaTOB pa3f. 5.3, H NPOUCXOAHT 3TO H3-3a MJIOXOH aMIPOKCH-
Manud BOJM3M TpaHHUIbl; HHOTAA 3TO NOHHMKEHHE HHTEPNpPEeTH-
PYIOT, KaK aghgpexT npuzparuyrozo ca0a. MOXHO BOCIOJNb30BATh-
csl TPHHIMIOM MAaKCHMyMa, 4TOGbl MOKa3aTb, YTO MPH HAaJHUHU
HerJiafIko#l rpaHUIBl BO3MYyIleHUs OyayT Menbllle BHyTpH R. He-
KOTOphle Pe3yJbTIaThl TAKOTO POAa MOTYT OHTb PacnpoCTpaHEHH
Ha TOT cayyafi, koraa Rx & R. CBo#icTBa CXOAMMOCTH KOHEYHO-
3/leMeHTHBIX annpoKCHMauu# BoBHe o6aacTy H3ydanuck Hurme u
Martuem (1974), a Takxe Bpambaom u Tome (1974).

Beprep, Ckorr u Crpenr (1972) moxkasanu, yTo eciu 06/1acTh
R B 0o6meM cayyae annmpoKCHMHpyeTcs o6aacTelo Rs, KOTOpas He
0653aTe/IbHO $IBJISIETCSI MHOTOYrOJNBHHKOM, TaK, YTO MaKCHMaJb-
HOe PacCCTOsiHHE MEXAY ABYMs rpanuuamu R u ORy ectb O (h*+!),
TO COOTBETCTBYIOUIHH TaKOMY BO3MYILEHHIO ujieH B oueHke (5.16)
6yner Beauyunoi mnopsigka O (A%+1/2), DTOMy yCJOBHIO MOXeT
YIOBJIETBOPAITb ANMPOKCHMALHsl TPAHHUbI KyCOYHBIMH MOJHHOMA-
MH CTeNeHH R, HampHMep, MyTeM HHTEPNOMALHH; MOMKHO MOKa-
3aTh, YTO €CAH AJIsl aNNpOKCHMAumMH GYHKUMHA H HHTePHONSAUHH
IPAHHUBL  HCHOJB3YIOTCS MOJNHHOMB OXMHAKOBOH cTeleHH, TO
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omHGKa MeTOAa KOHEUHHIX 3JeMeHTOB Gyaer ewe nopsgka O (A*)
B TePMHHAaX HOPMH mpocTpanctBa 64 (R,). Amnanoruunmit pe-
3yJbTaT HMEET MeCTO IJsl H30MapaMeTPHUECKHX aMMmpPOKCHManHil,
tak Kak Cbapsne u PaBbap (1972c) moxasanu, YTO 3aKJIOYeHHS
TeopeMbl 5.5, GyayuH cjierka H3MeHEeHHBIMH, OCTAIOTCS CpaBelJIH-
BRIMM H TOraa, Korja o6aacTtb 3afana npHOauKenno. IToxoxui
pesyabraT 6ui1 moayuyeH 3samanom (1973, 1974). 3amaua Heii-
MaHa paccMaTpHBaJiacb HECKOJbKHMH aBTOPaMH, HamnpHMep
Crpenrom u Pukcom (1973) u Babymxoi (1971).

(D) METoan! wWTPA®OB

K 3Tofi KaTeropuu OTHOCATCSA BCe Te€ METOAbI, B KOTOPHX He-
OJHOPOAHOe TpaHHyHOe ycjoBHe JHpHxje paccMaTpuBaercs B
¢dopMe nHTerpajia OT rPaHHYHBIX 3HAayeHHH, N06aBJASEMOro K Co-
OTBETCTBYyIOLIEMY (YHKIHOHAJy, a He B (opMe HaJIOXKEHHS He-
KOTOPOTO YCJOBHS Ha annpoxcumupyomue ¢yHkuuu. Takue wme-
TOAB MOTYT OCHOBBIBATLCS Ha METOAE HaHMEHbIIHX KBaJPaToB
unu Ha Metoge Purna, uam xe Ha coyeraHuu ux oboux. Hau6o-
Jiee yacTo ynorpebJseMulil 1O4X0 4 OCHOBLIBAETCA Ha METOJ€ HaH-
MEHbIIIHX KBAaAPaTOB, AJsi KOTOPOro OIIHGKH yXKe Hejb3fl ecTe-
CTBEHHBIM 00pPa3oM MOJYYHTb B TePMHHAX cOGOJIEBCKHX HOPM, H
NPHXOAHTCS MOCTOSIHHO MPHBJIEKATh TEOPEMY O CJee AJsl OUEHKH
HHTErpajoB OT TPAHHYHLIX 3HaYeHHA (CM., HampuMep, I'l. 6 B
knure Bapru, 1971).

Ecnu Mbl IPEANOJIOKHM, UTO OUEHKA OMIHGKH HHTEPNOJSLHH,
npuBeleHHas B TeopeMe 5.4, cnpaBelaHBa NpH HekOoTOpoM k2 > 0,

T. €.
lu — il r S CREFT U ey, &)

TO MOKHO NOJYYHTb H HENOCPEACTBEHHYIO OLEHKY OLIHOGKH, HO He
B TePMHHAX COBOJIEBCKHX HODM.

Teopema 5.6. Ecau koneunoarementrnas annpoxcumayus yoos-
AETBOPAET YCAOBUID

(AU, —f, AV,))=h"*U,—g, V,) (042 scex V,=K,), (5.48)

20e

@ ©={ovdo,
oR

u ecau Teopema 5.4 cnpasedausa npu Hexoropom k>0, To umeer
MeCTO HepaseHcTso

" AUh - Au ”g, R + h3/2" Uh —u ".’h (6R),< Chk—l " u ”k+l. R’
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Hokasareascrso. Tak Kak
N Au— Aitlly, o <<Cllu— il 5
ana no6oil pynkuuu u — i € HP (R) u
le—8lly,on<C {h—w hu—allg, g+ WPl —a Ih, R}
(Armon, 1965), To

I Au— Aiillg, o + KN —iill,, <

<C{lu—aly o+ 1 Mu—al, g +h 2 Mu—ily, g} (5.49)

TlosTOoMy MeTo4 HaHMEHbIIHX KBAaAPaTOB, 33aJaHHBIi C NOMOILLIO
(5.48), ABAseTCA MPOEKUHOHHBIM METOAOM B TOM CMBIC/e, YTO

lu— Uh "m = _inf lu—i@ "[1],
a EK"

rie HopMa onpejejeHa Kak
-3 2
" (P "lzll = " A‘P "232 R + h " (P "g, (OR)",

Pe3yabTaT HeMe[JleHHO cjielyeT U3 HepaBeHCcTBa (5.49) u Teope-
Ml 54 nmpur=20,1u2.
MOoXHO 10Ka3aTh TaKXe, YTO

lu— Uh "g, (R) < Chk+! lu "k-t-l. R

HO AOKAa3aTeJbCTBO BHIXOAUT 3a pamku 3Tod Kuurd (DBeiikep,
1973; uau Bpam6s u Hlartu, 1970). UncneHnsi#t npuMep npruMeHe-
HHs OLEHKH TaKOTO YaCTHOro Buja Gyjer mpHBeleH B pasa. 7.4(A);
Opyrde npuMepnl MoxHO HaliTh y Cep6una (1975).

Jpyrde aBTOpH npeisaraioT OTJIHYHbIE OT H3JI0XKEHHOrO Mpo-
eKIHOHHbIe MeTOAb A5 pellleHust ypaBHenus (5.46); oHH oOCHO-
BHBAlOT CBOH MeTOAbl Ha HCHOJIb30BAHHH TAKHX HODM, KakK

ol =a(@ o)+~ 19, o
(Bpam6a, dworon u Tome, 1972) u

"q’llal =—al(ep, @)—2(14@, o)+ h2" ACP";,(R)'F
RATSET
+v{t 1ot +af ]} 6>0

(Bpam6a u Hurme, 1973).
Takde MeToAH AOMYCKAIOT 0GobmieHdHe Ha 3ajaud Gojiee BH-
COKOro MopsiAka H Ha 331auyH pasmepHocTH Goabluei AByX. [1pen-
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J1araloTcs TakxkKe H MeTOAbl, OCHOBAHHLIE HA HCMOJb30OBAHHH CTa-
LHOHAPHHIX TOYEK (YHKIHOHAJIOB, He SBJIAIOLHXCS NMOJOXKHTENb-
HO onpejesleHHHMH (cM., HanpuMep, paboty Tome, 1973). Mero-
An WTpadoB Hayyaauch takxke O6Ganom (1972), c. 23.

(E) HECOr/IACOBAHHBIE 3JIEMEHTHI

Onpenennm OGuauneiinyo popmy

S
a,(u, v)=;§8{%%+g—;%}dxdy’
=4

KOTopas He coBmajnaer ¢ 6unuHedHo# dopMoit

aw, 0)={{{ 3597 + 5o} dxay,
R

ec/H (GYHKUHS U TepNHT Pa3pHB BAOJAb IPAHHI MEXAY 3JeMEH-
TaMH; pa3/jHude MeXAy ABYMs (GOPMaMH @ H Qx ABJAAETCH OCHOB-
HBIM MOMEHTOM INPH H3yYeHHH HECOIJIaCOBAHHHX 3JeMeHTOB (cM.
pasa. 7.2); B JONMOJIHEHHE K 3TOMY ONpeAeNHM NOJYHOPMY, COOT-
BeTCTBYyMOILYIO popMe an, KakK

Luly=1la, (, W),
a Takxe HOpMY

Moelly =] 1 iy + e Py gy ™

B kauecTBe nMpHMepa pe3yJNbTaTOB, KOTOPhHIE MOT'YT OHThb MO-
Jy4eHhl IJIf HECOIVIaCOBAHHWIX 3JIEeMEHTOB, PacCMOTPHM IpOCT-
pancTBO Kp KyCOUHO-THHEHHHX 3JIeMEHTOB, KOTODhIe COIJiacoBa-
HH B cepeduHax CTOPOX TPeyroJbHOM ceTKH (AaJjbHellllne AeTasH
CHOBA MOXHO HaliTH B naparpade 7.2). JAa TakHX 3JIeMEHTOB
own6Ka NPH HHTEPNONALMH JHHeHHEX QYHKIHA PaBHa HYJIO, TAK
YTO MO aHaJIOTHH ¢ pa3f. 5.3

inf lu—V,l,<<Chlub,p

aas noboi dpyukunn u & H (R). TTosToMy, ecliH HecoracoBaH-
Has annpOKCHMAaUMs ONTHMaJbHa, N06ABOYHHIA YJIeH

(. W) = 3 (& W) |.
vy ek, A

JNoJXeH GuTh He 6oablie, yem O (k).
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IIpuMensia TeopeMy I'pHHA K KaXKAOMY 3JIeMEHTY, NOJYYHM,
4TO

S
(s Wh)"‘an(urw;.)=z S —g—:—thcr=
=1 6TI
Q
=3 {(wa)"+ (3 w) "} ao

rae yepe3 E; o603HaueHa CTOPOHA MeXKIy [IBYMSI COCEJHHMH dJe-
MEHTaMH CeTKH, a [Ba CjaraeMblX B NOCJeJHeM HHTerpaje, oTMe-
yeHnble Kak [1] B [2] cooTBercTBeHHO, ecTb MpejelbHLle 3HaUe-
HHs, COOTBETCTBYIOlIHE 3jeMeHTaM [0 obe CTOPOHBI JHHHH pas-
puBa E;. Ilpumensas nemmy Bpam6aa - I'nabbepra K ¢yHKuHo-
HaJlaM BHJa | \

F, Wy={{ (55 ws)"+(2w,)"}do (550

n on
Ey

(cM. ynpaxnesHe 27), MoxHo nokasatb (Kpysefi u Pasbsp,
1973), uTO ecan

[ twh — Wi do=o0 (5.51)

E,

nas Bcex W e Ku, 1O
[(F, W) —an'(u, Wy) ISSCRIuly, R Il W lly. (5.52)

Ynpascnenue 26. Tlokaxkure, uro (5.51) BbinoJHAETCS AJA KY-
COYHO-JIHHeH HbIX HECOTJIaCOBAHHBIX 3/1EMEHTOB, ONHCAHHEIX BBHILIE,

OrMeTuM, yto B pasn. 7.2 Gyaer nokasauo, uyto (5.51) mpea-
craBjaser cobofi Kycounoe TeCTHPOBaHHe HCCOTJIACOBAHHLIX 3Jle-
MeHTOB 118 3ajay Broporo nopsigka. Chspae (1973) noayuna
aHaJIOTHYHble Pe3yJbTaThl A5l 3JeMeHTOB, CBS3aHHKIX C 3ajgauva-
MH 00 u3rube miaactHuu. CpaBHHUTEJLHEIN aHAJIW3 HECOrVacOBaH-
HBHIX 3JIeMeHTOB 1J15 3ana4 06 u3rube niacTuHbl UMeerca y Jlacko
1 Jlecena (1975).

Ynpaxcrenue 27. Tlpeanonaras BunoJHeHHBIM ycioBre (5.51),
npumenute JeMMmy Bpam6ia — I'nanbepra k Ppynkunonainy (5.50)
H JOKAXHTE TeM CaMBIM crpaBeAJHBOCTb OleHKH (5.52).

5.5. Pesiome

B sToM pa3spese cogeparcs KpaTKHe BHIBOAL [0 HEKOTOPHIM
13 HauGoJlee BaXKHBIX Pe3y/bTaToB pasd. 5.2—5.4.7)
1) Xota 3TOT pasien MOXKeT WHTATbCA 6Ge3 3HAKOMCTBA C MpeiblAYUIMMH

naparpad)aMi [JallHOH TIJaBbl, NpuBeleHHBle B HEM Pe3yJbTAaTH CYLIeCTBEHHO
HCnoab3YIoT 0003HAUEHHS H onpeeneHus pasa. 5.].



5.5. Pestome 153

[TepBLifi pe3yJbTaT OTHOCHTCS K MHTEPNOJIRUHOHHLIM CBOWCT-
BaM 06a3nCHBIX (QYHKUHH, HCIOJb3YeMHIX B KOHEUHO3JeMeHTHOM
annpoOKCUMAIHK, W Ha3biBaeTcs YCJIOBHEM MNoJHOTH. Ecau B 06-
IeM cJyyae NMOJNHHOM CTelleHH R UHTEePNOJHPYeTCH TOYHO H pe-
LIeHHe u 3aJaud BTOPOTO MOPsiAKa, 3aJlaHHOH HA AByMepHo#l 06-
JaCTH R, AB/fieTCs NOCTATOYHO IJIaAKHM, Tk uTo U4 & JBE+D (R),

TO pJs1 annpokcuMaiui [Nanepkuna U & Ky cnpaBenJnBa onenka
lu—=Uly g <Cllu— @l g <Ch* | tllesr, s (5.53)

rae h ecThb aHaMmeTp HauOGoJblero sjieMenta W 4 & Ky uHrepmo-
aupyetr u. B 3TOM KOHTekcTe BHA HHTepnoJHpylomeld (QyHKIHH
onpejeJifieTcss THIOM HCNOJb3yeMON KOHEYHO3JeMEeHTHON annpok-
CHMalHH; NPH.3TOM NpeANoJaraeTcs, 4TO Bce y3JIOBHE Nnapamer-
Pbl HHTEPIIOJSIIMH ONpeie/ieHbl TOYHO.

Ecan pemenne u He fiBAseTCa CTOJb IVIafKHM, KaK 3TOro Tpe-
6yer ouenka (5.53), To nokasareib cTeneHd y A B OleHKe OLIHG-
KW yMeHbllaeTcs TaK, 4To npu u € HBE+1 (R) (k' < k)

le — Ul p <Ch¥ tllgryr, & (5.54)

Ouenka omn6KH B TaKOH MOAHMHUHPOBAHHOA PopMe HCNOAB3Y-
eTcsl, HalpuMep, TOraa, Korja Kakas-iu60 K3 MJajIIHX NpPOHU3-
BOJIHEIX HMeeT 0cOOeHHOCTH BHYTpH 06JacTH R HJIKH HA ee TPaHH-
ue. Tor cayuai, korna Diu (|i| << 1) uMeer oco6eHHOCTH HA rpa-
HUIe, moapobuo obGcyxpaerca B apyrux paborax (Crpenr H
®uxke, 1973, ra. 8, u ¥Yait, 1976) u 3necs paccMaTpHBaeTcs TOJb-
Ko BKpatue B pa3z. 7.4(F).

Jns annpokcuManHf, NOCTPOEHHKIX HA 3JeMeHTaX, Y KOTOPHX
6asucuble QyHKIHA He BHIPAXKAIOTCA HENMOCPeNCTBEHHO Yepes Npo-
CTPAaHCTBeHHBlE INepPeMeHHble X H Y, a ONpelessioTCH BMECTO
3TOr0 ¢ MOMOIIBI0 NpeoGpa3oBaHHA K CTAHAAPTHOMY 3JIEMEHTY
C HOBBLIMH NIepPEMEHHLIMH p B ¢, MOKa3aTeJb cTenend y £ B (5.53)
onpeseJsieTrcs HeMHOro HHaue. JIa Takux annpokCHManui, B KO-
TOpHE BXOJAAT H BeCbMa PacnpoCcTpaHeHHble H30MapaMeTpHYECKHe
3JIeMeHTH, £ ecTh CTeNeHb NMOJHHOMOB MO P H ¢, KOTODhIe HHTep-
HOJIHPYIOTCS TOYHO.

TIpH Hcnosb30BaHHKH KPHBOJHHEAHHX H30MapaMeTPHUECKHX
3JIEMEHTOB BaXKHO NMOMHHTb O TeX CTPOTHX OrpaHHYeHHAX, NPH KO-
TOpHIX cnpaBenBh ouenkH (5.53) u (5.54). Jlaxe koraa Tonbko
0JlHAa CTOPOHA TPeyroJbHOTO 3JE€MEeHTa 3aMeHSeTCs OTPE3KOM
KBaJpaTHYHOH KPHBOMH, 37eMeHT 6yAeT ONU3KHM K TPeyroJibHOMY
¢ NPAMOJIHHEAHBIMH CTOPOHAMH TOJBKO ¢ TouHocTbio O (h?). Ecam
KPHBOJIHHelHas rpaHHua GyfAeT KyOHUECKHM NOJHHOMOM, TO Orpa-
HUYEHHS Ha 3JeMeHT OyayT naxe 0ojiee CTPOTHMH — JeTalH H3-
JoXeHH B pasA. 5.3 Ha c. 132,
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Ecnu 3anaHnl rpandyHbie ycaoBus [upuxje, T0O HeO6XOAHMO
BOGHTbCS YI0OBJETBOPEHHs NPHOMHIKEHHKIM pellleHHeM 3THX ycJo-
BHA mo Bcefi JJIHHe TPAHHIbI, NpexJe YeM NPHMEHATb OUEHKH
(5.53) uau (5.54). Ecan Xe rpaHHuYHbIe YCJOBHS HHTEPNOJHPY-
I0TCH N0 KOHEYHOMY YHCJIYy 3HAYEHHH B rPAHHYHBIX TOYKAX, OLEH-
Ka OIHOKH MPHHHMAET BHJ

lu—Ulh g <CE* Nt lesr, r + A, (5.55)

rAe BeJHYHHA A0GaBOYHOrOo 4YjeHa A onpejesasercds THIOM al-
IPOKCHMAUHH rpaHHYHBIX naHHHX. Ouenkont (5.55) MOXHO mosb-
30BaThcA TaKXe H TOraa, koraa objaacTe R annpoKcHMHpyeTcs
HEKOTOpbIM 06pa3oM (HampuMep, MHOFOYTOJbHHKOM), KOrjaa mpH-
MeHsieTcl YHCJIeHHOe HHTerpHpOBaHHE HJIH HCHOJb3YIOTCH HECco-
rJIacOBaHHbIE 3JIeMEHTH INpPH NOCTPOEHHH amnpoKcHMauuu. Bce
TPH NpPHEMa MOXHO PaccMaTpHBaThb KaK OTKJIOHEHH# OT KJacCH-
YeCKOr0 BAPHALHOHHOTO MeTo[a, H NMO3TOMY B aHaJH3e KaXKoro
H3 HHX ecTb MHOro o6umero. Uro xe kacaeTcss BeJHYHHH BO3MY-
IlleHHs, TO CXOZHMOCTb elle HMeeT MecTO, eCIH 3Ta BeJHYHHA
ectb O (hs) (s > 0). UaMeHeHHas BO3MYIEHHEM aNNnpOKCHMaIHs
HAa3LIBAETCH ONTUMAAbHOU, €CNH MNOpOXKIaeMas BO3MYILEHHEM
omn6ka ectb O (h*), T.e. HMeeT TOT Xe NMOPSAOK MaJIOCTH, YTO H
owHOKa HHTEPIONALHMH,

(A) UHCJEHHOE WHTETPHPOBAHUE

MoxHO moka3aTb, YTO JJ1i 3aja4 BTOPOro NoOpsiika, MpPH pe-
IIeHHH KOTOPhIX HCIOJb3YIOTCA 3JIEMEHTH C NPAMOJHHEHHBIMU
CTOPOHAMH, NOPOXKJAAaeMbli YHC/IEHHHM HHTErpHpoBarHeM axoba-
BOYHHIN YleH ecTb

A=0(H°)

NpH YCJOBHH, 9TO KBaAPaTypa TOYHA AJs BCeX MOJHHOMOB CTerne-
HH s + £ — 2; 3T0 03HAYaeT, 4TO CXOAHMOCTH HMeeT MecTo AJsA
KBaApaTypHoil ¢opmyan nopsiaka') £ — 1, a onTHMaabHOCTh —
AN KBaApaTypHoit ¢opMyan mopsaka 2k — 2. Ecau Hcnoabsy-
I0TCSl TpeyroJibHble H30NMapaMeTPHYeCKHe 3JIeMEHTH C KDHBOJIH-
AeAHBIMH CTOPOHAMH, TO B CHJIYy YNOMAHYTHIX BhILe OrpaHH4YeHH
ANa obecleYeHHs ONTHMAJbHOCTH ANIPOKCHMAaUHH HeoO6XOAUMBI
KBafpaTypHue dopMyan nopsaaka 4(k —1), Toraa kak anas cxo-
JHUMocTH AoctaTtouHo dopmya nopsaaka 3(k—1).

1) KsagparypHas ¢opMyna uMeeT HNOPAXOK r, eCIH OHA TOYHA AJA BCEX
NOJKHOMOB CTeneHH He Bhllle r,
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(B) UHTEPNONsauMs rPAHUYHLIX YCIOBURA

Ecau aas KaxXJa0ro rpaHUyHOro 3JeMeHTa rPaHHYHble YCIOBHSA
COIJIacOBaHH TOJNBKO B KOHEYHOM YHCJIe TOYeK, TO NMOPAAOK COOT-
BeTCTByIOLIEro A0GaBOYHOrO 4YJeHAa 3aBHCHT OT pacMoJIOXKeHHs
5THX TOYEK HHTEPNOJAUHM Ha rpaHHue. AnnpoxcuMauus Oymer
ONTHMAJIbHOM, €C/IH FPaHHYHblE JAaHHbHIE COrJacOBaHH B KBajpa-
TYpHHX Toukax JIo6aTTo; 3TO O3HAYAET, YTO eCNH rpaHHuUA 3Je-
MeHTa MOXeT OHITh 3ajlaHa napaMeTpHueckd kak (x(9),y(9)),
(0 << 6 << 8), TO TOUKH I'pPAHHIIH, N0 3HAYEHHAM B KOTOPHIX HH-
TepNOJHPYIOTCA IpPaHHYHBIE AaHHbE, ONpelensioTcs KBaapaTyp-
HuMH ToukaMu Jlo6atTo Ha untepBane [0, 8]. Hpyrum crnoco-
6oM 3aJaHHA KBaAPaTyPHHX TOYEK ABJAETCA HCMOJb3OBaHHE AJH-
HBl AYTH BAOJb I'DAHHUE B KauecTBe NapaMeTpa.

(C) AnnpoKCHMALIUS KPUBOJIMHEFHKIX FPAHUILL

MO3KHO MOKa3aTh, YTO €CJIH [/ KaXAO0T0 IPAHHYHOTO 3JIEMEH-
T4 rpaiHNa aNNpOKCHMHPYyeTCs KPHBOA, ypaBHeHHE KOTOPOH
npeACTaBsieTcs MOJHHOMOM CTeNeHH 2, TO I'PaHALA OTCTOHT OT
cBoero npubauxenus Ha O (h*+1), u nosToMy anmpokcHManus Gy-
NeT ONTHMAaJbHOH. B mpOTHBONOJOXHOCTb 3TOMY, €ClH TPaHHUY
annpoKCHMHPOBATb MHOTOYTOJNbHHKOM, TO COOTBETCTBYIOINHA HO-
6aBounnil unen Gyner BennunHo# nopsaxa O (h%2), u coxpaHser-
€Sl TOJIBKO CXOIHMOCTb.

(D) HECOrNIACOBAHHBIE SJIEMEHTH

MOXHO NoKa3aThb, YTO CXOAHMOCTb HMeeT MeCTO, €CJIH 3JieMeH-
TH BbIAEPKHBAIOT KyCOYHOE TECTHPOBAaHHE (CM. . 7),



FJIABA 6

HECTALLMOHAPHBDIE
3AAAYH

B ra. 3 MBI mocTpoHJH ceMeHCTBO NPHGJHMKEHHBIX MeTOLO0B
pellieHUs 3ajay C TPAHHYHBIMH YCJIOBHAMH; OHH CBOAATCS K Ha-
XOX/IEHHIO CTAalHOHAPHOH TOYKH HEKOTOpPOro (yHKIHOHAJAa, KOTO-
pas sABJseTCA TaKKe H TOYKOH 3KcTpeMyMma. B 3Tofi rsaBe Mbl o
BO3MOXHOCTH 0006IIHM TaKHe METONB HAa 3aQaYH C HAYaJbHHIMH
JanHbIMA. OHaKO NPH PacCMOTPEHHH BapHauHouHOH dopMmyau-
POBKH 3BOJIIOLHOHHBIX 3224 BO3HHKAIOT JOMOJHHTENbHEIE TPYI-
HocTH. HanpuMep, B clyyae JHCCHMATHBHEIX CHCTEM MOC/E JONOJ-
HEHHs OCHOBHOH 3ajauyd CONPsIKeHHOH COOTBETCTBYIOLIHH HM
dyukuuonan I(u,u*) yxe He Gyger o6saajnaTh TaKHMH IKCTpe-
MaJbHBIMH cBoficTBaMH. [JaxKe B TaKHX 3BOJIONHOHHBIX 3ajayax,
IJISl KOTOPHIX CYINEecTByeT TOYHAA BaPHAIIHOHHAS IIOCTAHOBKA,
KaK, HanpuMep, AMHAMHYeCKHe cHcTeMbl [aMuJabTOHA, cTaunuo-
HapHas TOYKa He ABJAETCS IKCTPEMAJbHOM.

STH TPYAHOCTH NPHBEJH Pa3JHYHHIX aBTOPOB K NpeAlNoJoxKe-
HHIO O TOM, YTO BapHanHOHHEIE (POPMYJIHPOBKH BPAJ JH OKaXKYyT-
Csl NMOJIe3HBIMH [J1 pellleHHsl HeCTAHHOHApHBIX 3ajay. Mul mpH-
COENIHHAEMCS K 3TOMY MHEHHIO B OCOGEHHOCTH MOTOMY, YTO, KakK
6HIJIO MOKa3aHo B ri. 3, MeTonoM [ajlepkuHa MOXHO M0Jb30-
BaTbcA 6e3 Kakoro-iu60 ynoOMHHaHHA O BapHALHOHHLIX MPHHIH-
nax. EQMHCTBEHHBIM OMpaBlaHHeM H3yuYeHHS CONpSiXKEHHON 3aja-
YH ABJAETCS XKeJaHHe PacCMOTpPeTh JHCCHNATHBHBIE CHCTEMHI B
paMKax pas3BHTOro 3jecb MarteMaTuueckoro ammapara. Has mo-
NOGHHIX ueseft Apyrde aBTOPH NpeAJaraloT TaK Ha3biBaeMhE
OrpaHHYeHHbie BapHA[HOHHble NMPHHIHNH HJIH KBA3WBapHALHOH-
Hbhle NPHHIKNB; TaKHe NPHHIHIE HE HMeloT 60JBLIOr0 BHYTpeH-
Hero CMbICJa, a MPOCTO CAYIKAT MaTeMaTHYeCKHM OGOCHOBaHHEM
A1 TpHMeHeHHs Merona [ajJepkHHa K JHCCHIIATHBHBIM CHCTe-
MaM. Bce ¢hOpMyHPOBKH OJHHAKOBO XOPDOLIH B 3TOM OTHOIIEHHH
H OAMHAKOBO HECOBEepILEeHHBI B CMBLICJAE CTPOTOCTH, KOTAA J€Jio
KacaeTcs 337124 C HaYaJbHBIMH JaHHLIMH.

6.1. Mpuauun FamuanTOHA

B pasa. 2.5 ypaBHeHHs NBHXKEHHS HENPEPHIBHO pacnpenesel-
HON AHHAMHYECKOH CHCTeMbl OJIH NMoJydYeHH KaK HeoOXOnuMEIe
yCI0BHA cTanHoHapHocTH ¢ynkunoHana. [Tokaxem Tteneps, uTo
€cJ/IH HCTOJIb3yeTcs 3TOT NMOAXOJ, TO NMPHOIHIKEHHOe pellleHHe MO-
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xeT OHTH NMOJYYEHO, KaK H B V1. 3, IyTeM ONpeflesieHHs CTaIHO-
HAPHOIO 3HAYEHHS] OTHOCHTEJNbHO aNNPOKCHMHPYIOUIEro Nojnpo-
crpaunctBa GyHKUHHA. [TOCKONbKY ypaBHeHHs NBHXeHHs TaKHX AH-
HAMHYECKHX CHCTeM OyayT runepGOJHYeCcKOro MJH napaboJHue-
CKOT'O THIA, COOTBETCTBYIOWIHA (YHKUUOHAA He Oyaer NOJOKH-
TeJbHO onpefedeHHuM. CleqoBaTesibHO, AdXKe [/ KOHCEPBATHB-
HBIX CHCTeM CTallHOHAPHOE 3HAYEeHHEe He HABJISETCH IKCTPEMYMOM
H HEBO3MOXHO NMOJYYHTb HAMJAYYIIYIO annpokcuManuio. [Ipuame-
poM rakoro (yHKIHOHAJa, COOTBETCTBYIOIIErO YPABHEHHIO NBH-
KEHHs

92u 2 azu
s KoJseOdiomefics CTPYHDbI, ABJASETCA BhipaxKeHHe
to !

[@)=5p | S [(—3%)2 — e (&) ]axar. 6.2)

to 0

T'panuynsle ycaosus
Moxer nokasarbcs, 4TO NpuGAHIKEHHOE pellleHHe BHAA

N
Ux, )= ;.Z. w@; (x, 1)

ons ypaBHenus (6.1) mosayuaercs nyTteM HenocpeACTBEHHOrO NpH-
MeHEeHHs H3J0XKeHHoro B pasi. 3.1 Merona Puriua x ¢yHkiHOHA-
ay [(v), sanaudomy ¢opMyJoit (6.2); K coxajleHHIO, 3TO NPH-
BOJHMT K HECOBMECTHOCTH B I'PAaHHYHBIX YCJOBHSX.

3agaya, onpenenseMas JHHEHHEIM eunepboauveckum audode-
PeHIHabHEIM YDaBHEHHEM BHIA '

2
T D 4 Aux, )=Fx ) (o <t<t) 6.3)

npH X € R < R™ ¢ rpanuueli R, rae A ectb JHHEAHHA SJTHITH-
yeckHil ARG depeHUHANbHEA ONnepaTop, aHAJOTHYHLIE BBEJEHHO-
My B TJ. 3, KODPEKTHO mocraBjena B obaactu R X [to, ¢], ecan
‘3a71aHH TPAaHHYHblE H HAYaJbHBEIE YCJIOBHA

u(® =0 ((x, )& R X (o, 1), (6.32)
ux f)=u(¥) (x&R) (6.3b)

H
&N —0(x) (xR (6:3¢)

Onunako 3amaua He Oyler KoppekrHo#, ecau (6.3c) 3aMeHHTHb
ycaoBueM OpH { = f;, TAKKMM, HalpHMep, KAK

ux, t)=u;(x) (x&R). (6.3d)



3ajaua, onpesensemas ypasuesneM (6.3) u ycaosuamu (6.3a),
(6.3b) u (6.3d), BO3HHKaeT NpH OnpejesNeHHH CTAaLHOHAPHOrO
3HaYeHHs TAKOro PyHKIHOHAJa

t

I(v; b, t)= S{(v;, vy) —a(v, v)+2(f, v)}dt, 6.4

to

rje ckajsipHoe NnpousBenenHe obo3HauaeT TO Ke caMmoe, YTO H B
riase 3.

Takum o6pa3om, nepen BoluHcieHHeM pelleHdss Purua pas
3apauH, onpeienseMofl ypaBHeHHeM (6.3) W ycaoBuamu (6.3a),
(6.3b) u (6.3c), HeO6XONHMO HECKOJbKO BHIOH3MEHHTb METO.
Tak, 4To6b H36eXaTb BBeJeHHS 'PaHHYHOrO ycaoBusa (6.3d). Mu
He BCTPETHMCSl C 3TOH TPyAHOCTHIO, €CJH BOCNOJb3yeMCH NOJY-
HHCKpPeTHHIM MeTtonoM KautopoBHua, yTOGH NONYYHTH NpHOJIH-
JeHHoe pellleHHe BHIA

N
Ux, 1) =i§1 a; (1) @; (x),

NMOCKOJIbKY NpH 3TOM ypaBHeuHe (6.3) Gyner 3aMeHeHO CHCTeMOH
OOLIKHOBeHHHX AH(depeHyHaNbHBIX ypaBHEHHH BTOPOro Mopsj-
Ka OTHOCHTeNbHO QyHkuui o;(f) (i=1,..., N) (cM. pasa. 3.3).
YenoBus (6.3b) u (6.3c) 3aMeHsiTCA IKBHBAJIEHTHBHIMH YCIOBHAMH

a;(l)=¢c; (=1,..., N) (6.52)
H

— % =d, (i=1,..., N). (6.5b)

Mbl oTJI0XKHM 06CyXIeHHe NOJyNHCKPETHOrO MeTona AG Mo-
ciefHero maparpaga H BepHeMCs BKpaTie K 3ajaue O BHIYHCJE-
HUH pelllennsl PHTIa BHaa

N
U, ?) =Z.Il o, (X, ©). (6.6)

Ecan ¢ynkuus u(X,t) aBnsercs pellleHHeM ypaBheHHs (6.3) u
YIOBJIETBOPAET 3aJaHHHIM YCJIOBHAM, TO NpH J066X To v T, Ta-
Kux, 4to b << To < T, < t,, yuxuns u(x,!) aocrasaser cTa-
HHOHapHOe 3HayeHHe unterpany /(v: Ty, Ty), rle Bce AOMyCTHMHIe
(GYHKIHH YAOBJIETBOPAIOT YCJAOBHAM

o(x, T)=u(x, T) (X&R)
H

v (X, Tl) =u (xv Tl) (x = R)9
H 'PaHHYHOMY YCJIOBHIO

o(X, )=0 ((x, ) €9R X (To, T))).
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B uacrHocTH, eciH B3sTb pas3bHeHHe UHTepBana [fo, 1) TOUKaMH
t0=170<171< e <TK=t|,

TO pelllende ypaBHenHs (6.3) HNOCTaBHT CTalMOHAapHOe 3HAYEHHE
KaxaoMy H3 QyHKIHOHAJIOB

Th+1
L= { {on v)—al, O+2(, Nat @=1,..., K.
Tp—t
(6.7)
OTMerHM, yTo 06J1acTH 3ajaHHs QYHKLHOHAJIOB MO BPEMEHH Ie-
pexkprBaiorcsi. Mcnonbays ¢ynkuuonanam (6.7) BMecto QYHKIHO-
Hana (6.4), MOXHO MOCTPOHTL METOA pellieHHst B BHAe MOCAeHo-
BaTeJbHBIX LIAroB, CBOAALIMXCA K Merony Purua. A uMeHHO, cuH-
Tas pelleHHe H3BECTHRIM HA MOMEHT ! = T,—;, NONKITaeMCH HaATH
QHCJIEHHO CTALHOHAPHYIO TOYKY (QYHKUHOHaNMA [, H TeM CaMbIM
pelleHHe Ha MOMEHT { = Tp4i, YTOOH 3aTeM HCNOJb30BaTh €ro
Kak H3BecTHOe ycJjioBHe. UTOOH OCYyIeCTBHTb 3TO NPAKTHYECKH,
NpeACTaBHM 3ajauy, TaK, KaK ecJH Gbl rpannyHoe yciaosue (6.3a)
6LlJI0 3a1aHO BMeCTe CO 3HAYEHHAMH pellenns u (X, {) HA MOMeH-
TH { = Ta—1, Tntl, H 3aTEM pEULUM €€ OTHOCHTEJIbHO HEH3BECTHOrO
pellleHHa HAa MOMEHT { = Tn41. 1AKOH NOAXON BO3MOXKEH MPH ycJa0-
BHH, UTO Y HaC HMeeTcCs JONOJHHTebHasl HHGOPMAUHS O PeIIeHHH
HAa NpPOMeXYTOYHOM Iiare ! == 1, CJjen0oBaTeJbHO, A BHYHCJE-
HHA PeLIeHHS HA MOMEHT ! = Tny; MBI JOJIKHH 3HaTh €ro Ha ABYX
npenblAyLKX LIArax, T.e. NPH { = tn U { = Tn—i.
B kauecTBe NpHMepa Mbl ONHIIEM OAHH H3 cnoco6OB BhIYHCITE-
HHA KOHEYHO3JIeMeHTHOro pelleHHs ypaBHeHHs (6.1). BosbMeM B
ob6aactn 0 << x </, thy << ¢ << Tay) pa3buende BHAA

0=xo<X|< oo <xL+|=l,
rae Xy —xi=Ax (i=0,1,2, ..., L), n 6yaeM TakXe cyu-

TaTh, 4TO
Tagpt = Tn =Tp — Tp1 =A%

Teneps npeacraBiM cebe, 4To MHl pelllaeM KpaeBylo 3ajauy, onpe-
AelisieMylo ypaBHeHHEM

2 2
=t Th =0 (0<x<L T, <{<Th) (68)

H YCJIOBHAMH
u(x» Tn+l)=un+l(v) (nggl)o (6.93)

u(x, T =1 (x) 0<<x<)) (6.9b)
u@, )=u(l, )=0 (T,01 <t < Tpy) (6.9¢)
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LA N D D D

T, —_—————

Puc. 26.

Yro6sl nosyunTh NPHOGIHKEHHOE pellleHHe 3TOH 3ajavyd, onpeje-
auM B obaacth (0 << ¥ <<, th << ¢ << Tny1) OHJHHeliHHie 6a-
3dcuue yuxkunn @i (x,¢) (i=1,...,L; j=n—1,n n41),
COOTBETCTBYIOIIIHE TOYKAM P{=(x,, 7;) (cp. ¢ pasa. 3.1), uso-
6paxeHHHM Ha pHuc. 26. Torpa npubaHKeHHOe pellleHHe 3amH-
lieTcs B BHeE

n+1 L
Ur, = X Doy HU, (6.10)

rae Ul ectb 3Hayenne sroro peiends B Touke P). [Ipu pewenun

kpaeBofi 3ajzaun (6.8)—(6.9c) semmunum UTT' uw U™ (i=
=1, ..., L) onpenensiorca u3 (6.9a) u (6.9b) coorsercrsenHo,

a U7 onpenensoTcs H3 CHCTEMH

n41 L
a 1) — ; —
-(Wln(l E E (pk]Uk)—O (=1, ..., L) (6.11)

mn—1 k=]

Mu Xe NBITaeMcsl PeNIHTb He KPaeBylo 3ajaduy, a 3ajady ¢ Ha-
yajabHbIMH 3HauenHsMH. ClleoBaTe/]bHO, ecaH BeauunHn Up~
u Ul(i=1, ..., L) wusBecrns, cucrema (6.11) nomxHa 6HTb
HCnoab3oBaHa s onpenedenns U™

Ynpaxcnenue 1. Tlokaxure, YTO NOUIATOBH METOA pelleHHAs
ypaBHeHHus
’u o’u =0 (0 < I
s~ =0 (0< <L 6h<ISH)
¢ HCnosib3oBaHHeM OHJIHHeAHbIX 6a3ucHHX ¢yHKuHHA, KOTOpHA
6bls1 omucaH Bblllle, MPHBOJAHT K CHCTeMe Pa3HOCTHHX YpaBHEHHH

{871, — rPox1 UT =0, (6.12)
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rRe o; u 82 €CTb ONepaTopH B3ATUS LEHTPAJbHHX PasHOCTell
BTOPOTO NOPANKA, [« 4 /¢ — onepaTopu HHTerpupoBanus no CuMn-
coHy, BBeleHHHe B pasa. 3.1, a r = Af/Ax, u obnactb pa3bura
TaK, 4To

Tp+l Tn=At (n=0, ooy K) H X;4 _x1=Ax(i=0, e ey L).

Hauansnele ycaosusn

B npHBeneHHOM BhIlle NpHMepe ¥ BoOOlle B MOLIATOBBIX Me-
TOJax, NOoJyyarlldxcs aHaJorHyHsIM 06pa3om ags 3agauu (6.3) —
(6.3c), HEO6XOAHMO KaK-TO MNOJYYUTb MNPUOJIHIKEHHOE pelieHHe
npu t =1o U £ =1, yTOOLl 3aTeM yXe MOXHO OBIIO HCIIONB3O-
BaTh QyHKuUHOHAA [y(v) AAs HAXOXKAEHUA pPeElleHUs NpH [ = T,.
Ecnu Mexjay HayaJbHHIMH H TPAaHHYHBIMH YCJOBHSIMH HET pas-
PHIBOB, TO NPHOJHIKEHHOE pelleHHE MOXKHO ONpEeAe]HTb B BHAE

N
Ux, t) =up (x) + i; o 9; (X, 1). (6.13)

Hcnonb3oBanne 3TOro npeicTaBlieHds SKBUBAJEHTHO IepexXoay K
Takoil 3agaue (cp. ¢ pasa. 3.2), Ang KOTOPOH HaAyasJLHOE YCJIOBHE
(6.3b) 3ameneHo ycjaoBHeM

U, t)=0 (xX=R)
ITpu nanHuuu pa3peIBOB, T. €. KOT'AA
uy(x) =0 (x =0R),

HeJb3sl UCNOAb30BaTh npubiikende Bupa (6.13) u neobxomumo
annpoKCHMHUPOBATh Uo(X) dYHKIHeHR BHAA

N
U (xr to) = izlaiq)i (x’ to)

taKk, uto au6o U (X, t,) wuHTepmosupyer uo(X), Aubo omubka
uo(x) — U(x, ty) MunuMusupyercs B Hekotopoli Hopme. Toumo
TaK e Heo6XOAMMO aNNpPOKCHMHPOBATh H BTOPOE HayaJbHOE yc-
JIOBHE, TaK 4YTO N
aU (x, ty) — Z o 3; (x, to)
at 4 ot
i=1
ABJSETCA XOPOIUHM NPHOAHKEHHEM AAS Vo(X).
UlosroMy B paccMOTPEeHHOM Bhille IPHMepPe MOXKHO BBECTH Ha-
YalbHHE YCIOBHSA
Ul=uy(x)) (=1...,L)

v~
At

H
=Uo(xg) (i=l, ceey L).
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Takoe ucrnosib3oBaHHe NMPHHUHNA [aMHJIBTOHA NMO3BOJIAET MO-
CTPOUTH BHOJIHE PAaBGOTOCNOCOGHBIA MeToJ Moc/ieloBaTeIbHHX Lia-
roB JJis pelIeHHs KOHCeDBATHBHBIX CHCTEM, XOTsl MeTaMaTHue-
cKas GopMyNHPOBKA TaKOro MeTOoAa B psAe clyyaeB He KaxKeTcs
CAUIIKOM y6enuTenbHoi. AHANOTHYHBIM 06pa30M MOLIArOBHE Me-
TOA AJsl MPUOGAHIKEHHOrO pelleHHs THnep6OJIHYeCKHX ypaBHEHHH
onucuiBaercs y Ho6aa (1973).

6.2. AuccHNaTHBHBIE CHCTEMBI

Kak yxe ynoMuHanocb B Hauyaje 3TOf TIJlaBbl, Pa3JIHYHbIE
aBTODPHl MBITAJHCH NOJYYHTh BapHALHOHHYI0O (QOPMYJHPOBKY AJisi
JHCCHMATHBHLIX 3afauy. HekoTopble H3 HHX NBEITaJHCh MONYYHTH
TakKoi XKe OOIIHI BapHANMOHHBIA MNPHHLMI, KOTOPHHA OB Ol
cnpaBefiuB AJs GoJbLIOro KAacca Takux 3amady (Punieficon u
Ckpusen, 1967, u uutupyemsie uMu paboTh), Kak npuuuun [a-
MHJILTOHA — JUIS1 KOHCepBaTHBHBIX cHcTeM. OCHOBHEIE HejpocTart-
K1 MOR06HBIX GOPMYJNHPOBOK TAKOBHI:

(1) BapuHanuoHHbIe NMPHHIHMNLL MPOlle BCETO MOJYYaioTCAd M3
OCHOBHHIX YyPaBHEHHH, Tak 9TO BapHalHOHHAsA (GOPMYJNHPOBKA
Tpe6yeT AOMOJHHUTENbHHX YCHJIHH, HO He JaeT AOMOJHHUTENbHOR
HHOOPMALHH.

(2) Yuacrsyomuit B pOpMyNUPOBKE BAPHAIHOHHOTO MPHHIH-
na (QyHKIHOHAN He HMeeT (GH3UYECKOro CMBICJIA H €ro CTaIHO-
HapHble 3HAYeHHs HUKOI/A He SBJASIOTCS HACTOALIUMH 3KCTPEMY-
MaMmH, KOTopble MOIMVIM OHl OBITh HCIOJb30BaHH /s NOJYYEeHHS
OLlEHOK OWMOKH. .

(3) Kak yxe oTMevyasioch B NpeAmnaylieM pa3saene, HMeeTcs
3aMeTHas HeCOrIaCOBaHHOCTb MEX/]Yy BapHAaLHOHHHIMH 3aJadiaMH
M 3ajauaM# ¢ HauyaJbHbBIMH AAHHBIMH, KOTOpas MOCTOSTHHO HTHO-
pupyercss B GOJNBIIHHCTBE TaK HAa3LIBAEMHX BapHAIHOHMHHX ¢dop-
MYJHPOBOK 3BOJIIOLHOHHBIX 3aaad.

Mbl nmoguepKHyAH DOCTOMHCTBA H HEAOCTATKH BapHAIHOHHBIX
GOpMYyJNHPOBOK HMEHHO B 3TOM MeCTe KHHTH BBHAY O6OJbIIOrO
pasHoo6pasus B JAHTepaType Takux dopMynnpoBoK Iisa duccuna-
TUBHBIX WJIH HEoOpATUMBLX 3a1a4y W NOAYAC MPOTHBOPEUHBOH HX
TPakTOBKH. Mmu He Gyaem paccMaTpPHBaTh KOHEUHO3JEMEHTHOE
pelleHHe BOJIONHOHHHX AMCCHIATHBHEIX CHCTEM, MOJydaiolleecs
HCXOAS H3 COMpspKeHHOH GOpMBL 3afayH, a BMeCTO 3TOr0 HpHBe-
€M [Ba YNpa*KHEHHs, KOTOpHE MOrYyT GHTb BHIOJIHEHB HHTEpe-
CYIOUIUMCS] YHTATEAEM.

Ynpascrenue 2. TlokaxuTe, 4TO NpH moaxoxasueM BuOope
aNNpOKCHMHUPYIOIUX (yHKOHA (YHKIHOHAJ, COOTBETCTBYIONIHMA
sajgade, onpepensieMolf npocTeHIIHM ypaBHeHHeM AHQPPY3HH

2
H=Th 0<x<h Hh<ISH),



6.2. DuccunaTBHbI@ CHCTEMbI 163

PpaHHquIMH YCJIOBPIﬂMH
u(0, )=u(,)()=0 (HL<I<H)

M HayaJMbHHM YCJOBHEM
ux, l)y=u(x) O<L<xs<,
HUMeeT B4 .
v . dv dv”
I=§ § {-a—tv +-£ dx }dxdt.

[Tokaxure najee, 4T0 ypaBHEHHE
du* &%
ot Odx?

fABAsfeTC HEeOOXOAMMBIM YCJOBHEM. JUIST CTALMOHAPHOCTH TOYKH,
onpenensemoit u3 cucreMu 6./ (v, v*)=0, eciu au6o (I) dynk-
HUS 4 CYMTAETC H3BeCTHOHd mpu t==1to u ¢t =1¢;, aubo (II) »
CUMTAETCS M3BECTHOH NpH f = fo u u* =0 npu £ = f,.

3ameuanue. OTCI0OAA BHAHO, YTO MPU BHIYHCIEHHH CTALHOHAp-
HOA TOYKHM (QyHKHHOHANA [, HYXKHO MPEANOJIOXKHUTb, 4TO QyHKIUUS
u(x, Ta~1) MOXKET MNpHHUMATh Jio6bHe 3HaueHHs, TOrAa Kak
u*(x, t.) = 0. Ilosromy ¢yukuus U*(x,t)— 3170 He npubAHKeH-
HOe pelleHHe OTJEeJLHON CONPSAXKEHHON CHCTEMH, a CKopee nocJe-
JIOBATENBHOCTD NPUONHKEHHH AJiS Psila OTJIHYHBIX APYT OT Apyra
COMpPSI)KEHHHX CHCTEM, COOTBETCTBYIOIMX KaXKAOMY H3 HHTepBa-
JIOB [Tn—1, Tn], IpHYEM IAS KaXKAOH TAKOH CHCTEMHl AOJXKHO BHI-
MNOJIHATBCA yCHOBHE

U'(x,t,)=0 (n=12,...,K)
mpul<<xsx<<l

Ynpascrenue 3. Tloxkaxute, 4T0 peuras MeTOAOM NOCJKENOBa-
TeJIbHBIX IIAaTOB ypaBHEHHE
du 0%u
7—W=O(O<x<l; lh<t<t),
KaK 9TO GBIJIO OMHMCAHO BLILIE, H HCMOMNb3Ys MPH 5TOM GUIHHERHBIS
Gasucuble QYHKIHY, MBl IIpHAEM K CHCTeMe Pa3HOCTHBIX ypaBHe-
Hu#

AU — %rdi {Urt' 42U =0, (6.14)

rae A; ecTb oneparop B3sATHA Pa3HOCTH Bnepen no f; Iy, 85— on-
peneneHHble PaHEe PA3HOCTHHE ONEPaTopH mo x, a r == At/(Ax)2
O6aactb pasbura TaK, 410 Tat1 —Tn=At (n=0,1, ..., K) u
Xipp—Xxi=Ax (i=0, 1, ,.., N). 3aecb uuraTenp, 3HaKOMHIH

1/,6*
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€ KOHEYHOPA3HOCTHHIMH METONAaMH, MOXKET CPaBHHUThH MOJYy4YeHHOE
Bbillle PA3HOCTHOE YDABHEHHE CO CTAHAAPTHOH KOHEYHOPA3HOCT-
HO#l anmpoxcumauel npocreiinero ypasienns auddysuu, Taxkos,
Hanpumep, kak cxema Kpanka — Hukosncona. AHanornynoe cpas-
HEHHEe MOXKHO MPOBECTH MeXAy ypaBHeHHeM (6.12) u cranpapr-
HHIMH KOHEYHOPA3HOCTHLIMH aMIpPOKCHMANUsMH BOJHOBOFO ypaB-
HeHuUs.

 Ipyrue «BapHanUOHHHE» NPUEMbl YHCHEHHOIO PeuleHHs Mpo-
crefimero ypasuenus auddysun moxHo Hafitu y HoGna (1973),
a rakxke B pa6ore Yekku u Uenna (1973).

6.3. Moaynuckperuniit meron lanepkuuna

[TonynuckpeTHele METOAH, KpPaTKO yNOMsHYThie B pasg. 6.1,
no3BossOT 060HTHCL 6€3 BapHALHOHHON MOCTAHOBKH 3BOJIIONH-
OHHHIX 3aj1ay, BKJIOYaioNmel Bce He3aBUCHMble mepeMeHHble. OnH
COCTaBJSAIOT OCHOBY HauGoJee ynmoTpeGHTeJNbHBIX METONOB peitle-
HHUSA TakHX 3apad. B ra. 3 pasnununsle MoauduKauy NONYyAHCKPET-
HOrO MeToja MPHMEHSJHCh K 3IJIJIMNTHYECKHM 3ajayaM, HO TaM
TakoOA MOAXOJ OKa3LBaeTcs HecyulecTBeHHbIM. [lepBbIM It1arom
ABJsgeTca nepexoa K aud¢epeHunanibHOMY YpaBHEHHIO B ciaboi
¢dopme — KakK 3TO OLUJIO NPU PacCMOTPEHHH MeTOAOB [anepxHHa
A4S 3JUNTHYeCKUX 3azay. Kak u B . 3, 3pech He fenaercs no-
NBITOK /0Ka3aTb SKBHBAJIEHTHOCTb KJAaCCHYECKOTO M TaJjlepKHH-
CKOro pemteHui AuddepeHnHaTbHOTO YpaBHenusi: GYAeM CUHTATh,
UTO pellleHHe eAMHCTBEHHO W COBMAafaeT ¢ HUMH OGOHMH.

B kauectBe mpuMepa paccmoTpuM AHddepeHHHANbHOE ypaB-
HeHHe

WD L Aux, ) =F(x, )(x ) SR X (fo, 1)), (6.15)

rae A ectb nnq)cbepenunanbublﬁ oneparop BTOPOro nopsiixka, Ko-
TOPHIY B IBYMEDHOM cliydae HMeeT BHI

@& i
=% T oF
YpaBueune (6.15) monosinfieTcss HaYaJbLHBIM YCIOBHEM
u(X, t)=u,(X) (Xx=R) (6.15a)
H TPaHUYHHM YCJIOBHEM
u(x,)=0 ((x, ) & R X (to, t]). (6.15b)

CoorserctByrouas cnabas Gopma 3agaun B 0603HaYeHHAX Mapa-
rpada 3.4 Taxona, 4TO NpH ¢t & (Lo, 1]

at , v)+a(u v)=(f, v) (aaa Bcex v(x) = ) (6.16)



COBMECTHO C HayaJbHHM YCJ/JOBHEM
(4, U)yny. = (o, v) (n012 BCEX V(X) =8).  (6.16a)

$lcHo, uyTo AN 3TOH MOAENbHON 3ajauu (€clid BCIOMHHTH 060-

o
sHauenns ra. 5) =26y (R) u pemenue ue< 3 X C'lty, t].
Ecau 3aganm rpaHuyHHe ycaoBHs 6oJiee o6lIero Buaa, TO MOXKeT
OKasaTbcsl HeOOXOAHMBIM MoaudHIupoBaTh caabyro ¢opMy 3a-
naud po6GaBJicHHEM HHTErpajoB OT IPaHUYHHX 3HavyeHHH. Takas
Mopudukanusa GYHKIMOHANAOB paccMaTpuBaJjach B I'Vi. 2, 3 u 5.
[Monynuckpernas annpoxkcumanusa U Tenepb ompepensiercs U3
ypaBHenus B cnaboit popme: 310 03Hayaer, uTo npH ¢ & (fo, tl]
BLINOJIHAETCS YPaBHEHHE

V) +aW, V)=(}, V) (u1n seex V (x) €K,) (6.17)

C HavyaJibHbIM YCJIOBHEM
U, V)y,=(uo, V) (ana scex V(X)= Ky). (6.17a)

[+
Ins monenbuol 3anaun Ky < 563 (R). Ecan Qyskunn q; (i =
=1, ..., N) o6pasyor 6a3uc nognpocrpancrsa Ky, TO MOXHO
AaTb JKBHBAJEHTHYIO (QOPMYJHPOBKY: MONYAUCKPETHAs allpoOK-
cuManus npu t & (fy, ;] ynOBJAETBOPSET yPaBHEHUIO

ow)teUe)=(F0) (=1,....,N) (6.18)

H YCJIOBHAM ) .
U, @ty = (0, 91} (=1, ..., N). (6.18a)

Hns 310l MonenbHOH 3afaul cHOBA caeayeT, uTo V u U JHOnXKHH
o6nanaTh OAHHAKOBHMH cBofictBamu (mo Xx), Tak uto U & Ky X
X C'to, 1], a annporcuManusa anepkuna HUMeeT Bua

N

Ux, )= 2, o (1) 94 (x). (6.19)

Ecau 3agand HEONHOPOAHBIE TPaHHuHBIE YCJIOBHS JlHpuXJe, TO
annpoxcumanuio [afiepkuHa MOXKHO NpPeACTaBUTb B BHJle

N
Ux, )=W(x 1)+ gl a; (f) 9; (%),

rie ;< Kv, a W(x,?) ynoBIeTBOpseT rpPAHHUYHHM YCJAOBHAM.
Kak u ans sanunTuyeckHx 3amad, Qyskuus V J0NKHA TOJbKO
NpHHALJEXKATh IHEPreTHYECKOMY NMPOCTPAHCTBY, a Ha aNMpPOKCH-
manuio U taxoro Tpe6oBaHusl He HAKJIA[BBAETCA.
Annpokcumanus lanepxuna ompepessieTcss U3 CHCTEMBI OGHIK-
HOBEHHHX IH(GepeHIUaNbHBIX YPABHEHHH OTHOCUTENBHO (YHK-
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wit au(f) (i=1,..., N). U3 (6.18) cnenyer, uTo ajs Moneyb-
HO# 3ajlayH 3TH ypaBHEHHS MOTyT GHITb 3aMUCaHH KakK

N
S {GL @ o) Faalen o) )= 0) (=1, ..., N), (6.20)

I=1
a HavaJbHHe ycaoBusa (6.18a) npumyT BHR

o (t)=¢c; (=I1,...,N), (6.20a)
rae

N
,g ;@ 9 =0, @) (=1, ...,N).  (6.20b)

Onpepensembie u3 (6.20b) xosbdunuents ¢; (j=1, ..., N)
YIOBJIETBOPSIOT YCJIOBHIO

N 2

uo (X) _12:'1 9y (%) .

= min;
)

Ui OmpelesieHHBIX 3aflay 3TO OGCTOATENbCTBO MOXET OHTb HC-
MOJB30BAHO C Hedblo 3aMmeHBl (6.20b) ampyroit annpoxcumanuedn
HCXOAHBIX JaHHHIX HJH ISl M3MeHeHHs (OPMBl aMNpOKCHMALUH
TakuM 06pa3oM, YTOOBI TOYHO YAOBJIETBOPUTL HAYaJbHOMY YCJIO-
BHIO (pa3n. 6.1).

B kauecTBe WINIOCTPALHH 3TOIO METOAA PACCMOTPHUM NpoCTel-
wee ypaBHenue auddysun

2
2 =00 (0<x<hit>0),

pellieHHe KOTOPOTO YIOBJETBOPAET YCHAOBUIM
u0,)=u(,)=0 ((=0)

ulx, )=u(x) O<x<l),
IMpubauxkennoe pelleHue STOR 3aKayd UMeEET BUJ
U= % o 0 0u(2)
rae GasucHue GYHKHHH YAOBJETBOPAIOT I'PAHHYHOMY YCJOBHIO,
e BO=00=0 G=1,..., N. (621

Torna cucrema ypaBuenuit (6.20) npumer BHR

Z{ at dil"‘“tcu}—o (=1,....,N), (622

1=

H



rpe
4
do; do;
oy = § Forral

4

d” = S Q)i@! dx.
0

XoTa NMOJNYAHCKPETHHE MeTOAbl pa3paboTaHBl TEOpPEeTHYECKH
r1aBHEIM 06pa3oM B NpUMeHeHHH K napabGoJiHyecKHM YypaBHe-
HHSIM, OHH C TaKHM JK€ YCIIeXOM MOTYT NPHMEHATbCA H K THmep-
GONHYECKHM YpaBHEHHSIM, B OCOGEHHOCTH K ypaBHEHHMIM BHHA

2
a2t au=0 (n>0),

KOTOpHE OMHCHBAIOT 3aTyXaolune Mexannueckue KoneGanus. Nas
TaKHX 3a7a4 MOJYAUCKPETHAs aNnpOKCHMAIHS BuAa

N
U, )= 2 ()% (%)

NPUBOJHUT K cHCTeMe OObIKHOBEHHBIX auddepeHnnanbHEIX ypaBHE-"
HUA BTOPOrO MOPSAKAa OTHOCHTEJbHO HEH3BeCTHHX (QYHKuuil ay(2).
91y cHcTeMy AOMOJHSAIOT 08e MOCAEAOBATeNbHOCTH HadaJbHHX

YCIOBHE .
a(t)=c; (E=1,..., N)
7§
' t ,
dull) — g, (i=1,... N);

KO3 GHUHEHTH ¢; ¥ d; onpelesnsioTCs 3aJaHHBIMH HaYaJIbHEIME

3HAYEHHSAMH ~
u (x’ tO) =1l (x)

H
du (x, t,)
L) — vy (x)
Tax, 9To6H

N
o (X) — X, i (X)[r =min
i=] Z32(R)

N 2
vo (X) — ), dip; (%) “ =min
: = 2:(R)

COOTBETCTBEHHO.
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Heaunetinote 3adauu

B rai. 3 Mbl IpUBEJIH NpHMep HeAuHelHoro ypaBuenus A (u) =f,
KOTOopoe MoXeT GhiTh peireHo Meronom [anepkuua. B To ke Bpe-
Msl HYXHO DOMHUTBH, 4TO NMpEeHMYyllecTBa Meroaa [ ajiepkuHa He
MOTYT GHTb MOJHOCTBIO PEANH30BAHH, €CJH HEBO3MOXHO MpPHMe-
HUTb HHTErpUPOBaHMe MO YacTAM [JAs YNPOIUEHHS CKaJspHBIX
npoussefeHH. ITO BEpHO H B TOM ciydyae, KOra MH IPHMeHseM
MONYyAHCKPETHEI!I MeTon [ajiepKHHA AJ1 pellieHHs HeJHHEeHHOro
napaboniuyeckoro ypaBHeHHS

%+A(u)=o

PaccmoTpum B xauecTse mpuMepa TakoH e HEJHHEAHBIN uJeH,
KaK H B 3JUIHNITHYECKOM Clyyae, a HMEHHO

Aw=—5(rW35) - (1) 57)-

UTo6n NpUMEHHTb MOJNYAUCKpPeTHHI MeTox [alepkuHa X 3TOMY
ypaBHEHHIO, cHayajia HeoGXOAHMO MepenyucaTh ypaBHEHHe B cja-
6oit tpopme

@) +taWU,e)=0 (=1,..., N).

3aTem BTOpO# 4JjleH YNpoOIillaeTcs ¢ MOMOILIbIO HHTErPHPOBAHHUA MO
9acTIM, IIOC/E Yero NMOJYIHTCH CHCTEMAa HEJHHEHHHX OGHKHOBEH-
HHX nH(depeHRHaNbHEX YpaBHeHUA BHAA

N
da; .
Y ordy+e(@=0 (i=1,..., N)
1=1
(cp. ¢ (6.22) u ¢ (6.37), rae a = (ay, ..., ax)T. Bonpoc o pe-
IIeHHH TaKOH HeNHHeRAHOH CHCTeMH o06cyXaaeTcs HHXKEe B 3TOH
riase.

Ynpaxncnenue 4. Onuuinte nonyAaucKperHeii Meton lamepku-
Ha, MOCTPOEHHBIA ¢ MOMOUIBIO KyCOYHO-JHHEAHBIX 6a3UCHBIX QYHK-
IUH, B IPUMEHEHHH K ypaBHeHmo 3aTyXamIuX KoNeGaHuil CTPyHH

P Tl —0 (0<x<L th<t<t: A>0),

JOIMOJNIHEHHOMY I'PAaHHYHBIMH U HadaJIbHBIMH yCJIOBHAIMH
u(o: t)=u(l» t)=0 (t0<t<tl)’

u(x, to) = uy (x)
du (x,t0) __ } (0] <.

ot vo (¥)
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¥npasxnenue 5. OnuiIKTe MOJTYAHCKPETHHH METOJ B MpUMeHe-
HHM K yPaBHEHHIO

u __ & & ‘
S T L 2% (v, 4, )= RX (0, ]

JAOMOJIHEHHOMY HAaYaJIbHbIMH H TPaHHYHBLIMH YCJHIOBHAMHU

ulx, y, t)) =up(x, y) R
Ou (xbty» tO) —_— UO (x’ y) }((xy) = ))

du ()gny. f) =f(x, 9t (x ¥y )=3R X)),

rae OR ectb rpanuna obaacti R= (g < x << x)X(pe <y <
< Y1), a n ABJAAETCS] BHELIHeHl HOPMAJbIO K I'PaHHIE.

Ynpascnenue 6. TTokaxkute, 4T0 NPUMEHEHHE NMOJYAUCKPETHOIO
merona lanepkuHa Kk JuHefiHoMy auddepeHnHaJIbHOMY -ypaBHe-
HHIO

0% ad
by g + 61 g+ Au=Ff

NPHUBO;IMT K cHcTeMe OGBLIKHOBEHHBIX AH((epeHHHANbHHX ypas-
HEeHHH BHIA

Pa+ Qu- Ra=h,

roe MaTpHun P, Q u R He 3aBHCSIT OT BpeMeHH U ¢, P = b,Q.

6.4. HenpepbiBHbie 10 BPEMEHH MeTOMbI

Kak nokasano B npepnfiylueM pasjede, NOJYIHCKPETHHI Me-
TOL TNPHBOAUT K CHCTEME€ OOHKHOBEHHHX aHdepeHmHaNbHBIX
ypaBHeHHH

Aa+ Ba+4Ca=Db (6.23)
C Ha4yaJbHHMH YCJOBHAMH
a (ft) =¢ (6.24a)
H
@ (to) = do, (6.24b)

ecnu A = 0. Ong auHeHHHX 3aad, y KOTOPbIX MaTpuuH A, B u
C mocTosiHHBI, pelleHde ypaBHeHH . (6.23) MoxeT OHTL MOJNYYEHO
“cTaHAapTHLIMH aHAJUTHIECKHUMH METOAAMH.
Ecau A =0, To 3agaya ymnpollaeTrcs, H ee pellleKHe MOXKeT
6biTh 3alIHCAHO B BHIE

a()=C"'b+exp (— tB"C) (co— Cc™'b)



170 Tn. 6. HectaumonapHule 3anaum

u BupaxeHo (Ya#iT u Muruenn, 1971) B TepMunax pelleHus 3a-
laux Ha COOCTBEHHBbIE 3HAYEHHA AJif YPaBHEHHs

(AB—C)u=0.

Ecnu xe B=0, 10 a(f) MoxeT GBITh BHPAaXEHO B TEePMHHAX
pelleHHsi 3a1a4YH Ha COGCTBEHHHE 3HAYEeHHS Jis ypaBHEHH:A

(MA —C)u=0.

XoTs U MOXKHO MOJYYHTH MOJHOE pelleHHe OTAENbHOR 3aaauH
Ha coOCTBEHHHIE 3HAUEHHSA, AJd OOJBIIHX CHCTEM BHIUHCIEHHA Oy-
AyT O4Ye€Hb JOPOTOCTOSIUHMH, H MOITOMY B TAaKHX CJAydasx 4acTo
BHIFTOJHEE aNMpPOKCHMHPOBAaTb pelleHHe ypaBHeHHs (6.23) we-
0OMBIINM YHCJOM OIHUX MpeobJafaloliUXx KOMIOHEeHT. Takue
KOMIIOHEHTHI OOLIYHO O4YeHb €1a60 H3MEHSIOTCS OTHOCHTEJNbHO H3-
MEHEHHl BO BPEMEHH H COOTBETCTBYIOT HAHMEHBIIHM MO MOAYJIO
coGCTBEHHHM 3HaueHUsM. KoHKpeTHble COGCTBEHHBIE 3HAYeHUS
BMeCTe C COOTBETCTBYIOIUHMH COGCTBEHHBLIMH BEKTODAMH MOTYT
ObITb BEIUHCJIEHH MeT0A0M 06paTHOR HTepaluH (YUIKuHCOH, 1965,
cTp. 534) 3HaUYHTENbHO JelleBjie N0 CPaBHEHHIO C MOJIHEIM pelie-
HUeM 3a7a4Yud Ha coOCTBeHHble 3HAUEHHs, H NMOITOMY TaKoH moj-
xon obnajaer onpenejeHHHIM NPEHMYLIECTBOM NPH YCJIOBHH, YTO
anmnpoKCHManus HEMHOTHMH Npeo6JafalolIMMH KOMIOHEHTaMH
ajileKBaTHA peuraeMoi 3apmaue. Takas amMpoKCHUManusi sBJseTcCs
ocobGenno momxonswmed, ecan (I) A =0 u nHeo6XomUMO ceradxcu-
sars ocuuansauuy uan (I1) A = 0 u TpebyeTcsa 3HaThL cTayuonap-
HOe COCTOsIHHE, 3 He MPOIECC €ro YCTAHOBACHU.

PaccMoTpuM a1 mpuMepa ypaBHEHHE

a lid 0?2
F=gp o 0<x y<m t>0), (6.25)
pemex—me KOTOpOro )IJIOBJleTBOpSlET IrpaHUuYHbIM YCIOBHAM
u(x, 0, )=u(x,n,)=0 O<x< ), (6.26a)
u@,y,0)=0 O<y<n), (6.26b)
H
um, y,ty=siny O<y <), (6.26¢)
a TakK¥Xe HadaJbHOMY YCJOBHIO
ulx, gy, == siny 0<x, y<m). (6.26d)

Jlns moCTpoeHHs KOHEYHO3JIeMEHTHOTO pellleHHs BOCMNOJb3yeMmcs
MOJIyAUCKPETHHIM METOAOM H GHJHHEAHBIM Ga3ucoM. B pgannoM
ciydae Heo6XOAHMO clenHaJbHHM 00pasoM ydecTb To 06cTOf-
TeJbCTBO, YTO rpaHHyHOe ycaoBHe (6.26c) sBAseTcs HeomHOpOx-
HHM (M raagkuMm). DTo MOXKHO CIAe1aTh PasjHIHBIMH CIoco6aMmuy,
¥ MH [POBEfeM HEKOTOpoe CpaBHEHHe HX MexHy co6oi. Byaem
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ot

10

ek —m e
-2 * pit- 2 - _—— - -
x-/ A £~ *--x

10 | -~ ’ A =="A A AX"%
I’ /
'l ) (8 R— Henpepbis,
H ———Henpepois.
LI ek
10.3 l": (26) ~—% —Henpepbis.
0 1 2 3
!
Puc. 27.
HCKaTb aNNPOKCHMHpYIOlllee pellleHHe B BHIe
Uk, y, )=V (x,y, ) + W (x, y). (6.27)
rae GyHKUAA N
Vicy D=2 Vu®ey 1) 6.28)

€CTb KycouHas GHJHHeHHasi annpOKCHMallMs pellleHHst ypaBHEHHs

2 a? . .

%tg=-373 6—;,——-:—’2-smy O<x,y<m; t>0) (6.29)
€ OJHOPOAHHMH HAayaJbHHIMH M TPaHHYHHIMH YCJOBHSIMH, a
W(x,y) aubo

1 W (x, y) == sin g, (6.30)
anbo
N+1
@ Wi )= 2 oy ) (6:31)
# KO3 OHIHEHTH C; ONpefesysOTCs C IMOMOUILI0 HAaYaJbHOTO
VCJIOBHS.

OTHOCHTENbHBIE JOCTOHHCTBA Pa3JIHYHHIX CNOCOGOB BHYHCIHE-
#1s TAaKOM anNpOKCHMaunWH BHAHHW H3 puc. 27. TouHoe pemenue
3ajayH ecTh

sh x
shn

[ 1k
siny+%v =1

A=) - 0+# 2 gin kx sin g
L 2)1/2 :
L k(14 #)

ux, y )=
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Has cnoco6a (1) W(x, y) 3agaercs paBenctBoM (6.30), ans cmo-
co6a (2b) W(x,y) 3anaerca B Buge (6.31) U HHTepNMOJHPYyeT Ha-
yajbHOe YcJoBue; Ans cmocoba (2a) W(x,y) 3amaerca B BHAE
(6.31), npuueM KO PHIHEHTH Cij BHOHPAIOTCs TaK, Y4TOGH NOJY-
YHJIach HaAWAyylllas AannmpoKCHMauHs HAYaJbHOTO YCJAOBHA B

Z3(R).

6.5. JIuCKpeTH3auus N0 BPeMEHH

Jlns HeNHHeAHHIX 3aJay y2Ke Hesb3s NMOJYYHTh pellleHHs B Ta-
KOM BHJe, KaK B NpeAnaylleM pasjesne, H TAKHMH DelleHHAMH
PeAKO MOAL3yIOTCS AJs 3aJa4, B KOTOPHIX IpaHHYHbIE YCJOBHS
3aBHCAT OT BpeMeHH. B Takux ciayyasx Heo6X0aMMO mojyuyaTh
YHCJeHHOe pelleHHe mowaroBniM MeronoM. Iloxpobroe H3joxke-
HHe YHCJIEHHBIX METOJOB Jisi CHCTeMbl OOBHIKHOBEHHHX AHpdepeH-
IHAJbHBIX ypaBHeHHH MOXKHO HaHTH y MHOTHX aBTOPOB (CM., Ha-
npumep, Jlam6bepr 1973), H MH pacCMOTPHM TOJbKO TaKHe Me-
TOJHl, KOTOpPHIE SIBJISIIOTCA MOAXOAALIMMH JUIS BbHIYHCJEHHS KOHeY-
HO3JIEMeHTHHIX pellenuii. CHcTeMa TaKHX ypaBHeHHH, Kak (6.23),
MokeT OnlTh sicecTroli (Jlambepr, 1973, crp. 231), a 3To 03Hauyaer,
4YTO OHH MOTYT OHITb pelleHH C YAOBJIETBOPHTEJNbHOH TOYHOCTBIO
TOJBKO HEKOTODHIMH CcHenHaJeHBIME MetopaMu (Jlaypu, 1977,
Tonkuuc u Yaiit, 1976).

ITapa6GosnHyeckHe ypaBHEHUs ¢ YaCTHLIMH NPOH3BOIHLIMH H CO-
OTBETCTBYIOIHE HM CHCTEMHl NepBOro mopsiika (MO BpeMeHH), Be-
POSITHO, 3aCJy>KHBalOT HanboJblllero BHEMaHHs, H HauboJiee pac-
NPOCTPAHEHHLIM CNOCOGOM HX pellleHHs sIBJSETCA TAK Ha3biBae-
muil Meron Kpanka — Huxoacona — I anepKuma. B stom Metone
cucTeMa aH(depeHIHANLHEIX YpaBHEAHH

Ba+ Ca=Db (6.32)

3aMEHsIeTCst CHCTEMOR pa3HOCTHBIX ypaBHEHHH

p{fuiztn } 4 {2tk On b (tarin) (1=0,1, ...), (6.33)
rae @, annpoKCHMHPYWOT &(fo + nAt) H Tap2 =ty + (n 4+ !/2) At
(n=0, 1, ...). Takylo ¢opMy annmpoKCUMAaUHH pelIeHHs CHCTe-
Mbl OOLIKHOBEHHHIX AH(depeHuHANbHLIX ypaBHeHHH 6oJiee TOYHO
MOXHO Ha3BaTh MerojnoM Tpaneuu#i. M3 (6.33) caeayer, uto Ha
KaXXJIOM llare BbIYHCJEHHA HeO6XONHMMO pelllaTb CHCTEMY JIHHEH-
HBIX a/re0paHyeckHX ypaBHeHHH AJ19 HAXOXKIEHHA 3HAYEHHH Qnyi.
K coxaJseHHlo, CHTyanHs He TaK NPOCTa [Jia HeJIHHEeHHBIX ypaB-
HeHHH BHAa

Ba+a(a)=b, (6.34)
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KOTOpHIe MOJYYAITCs B pe3ysibTaTe MPUMEHEHHs NOJyIHCKPeTHO-
ro Metona lajlepkHHa K ypaBHeHHsM Bujia

24 Aw=F. (6.35)

Annpokcumanuas Kpanka — Hukoscona — l'ajiepkuHa B cayuae
(6.34) cBepmeTcs K CHCTeMe HeJIHHeHHBIX ypaBHeHHH IJia ompeje-
JIEHHS COntl, TAK YTO NMPHAETCA NPHMEHATb METON «npeduxrop —
xoppexrop». Nyrnac n Mionon (1970) npensioXuJH psij pasydy-
HHX CXeM H NpOBeJH HX CPaBHHTeJbHHIH aHaJNH3, HO 3AeCh MBbI
MOXeM JIHIb BKPaTile OCTAHOBHTLCA HA THNHYHOM NpHMepe mpej-
JlaraeMBIX MMH MeTOJOB JJs pellleHHs ypaBHeHus (6.35) mpu

A== (r@55) —5r (1@ 5). (636
B stoM cayuae c(a)=(c, (@), ..., cy(®@)T u
N ap; 6cp,
ci(“)=zal§S{P(U)7ﬁ Fraa (U) ay dy }d dy (8.37)
=t 'R

(=1, ..., N).

TlosToMy ¢ (@) MOXKHO NpPEeACTaBHTb KaK
c(@)=D(@)a
d BMecTo (6.34) moayuuTb
Ba+D(a)a=h;

torna (6.33) 3aMeHHTCA ABYMs ypaBHEHHAMH

B {'BHH_}"'D( n){ﬂ }=b(Tn+l/2) (6.38)
a

B{i”';_;ﬁ}-i-D(ﬂ”“; “){ Bt T O }=b(r,,+|,2). (6.39)

[Mpenukrop (6.38) naer nepBoe npubGJAHKeHHE Pnyy, a 3aTeM
MOXKHO JOMOJIHUTEJBHO HCMOJNBL30BaTh Koppekrop (6.39) pas
yJAyYLIeHHs] 3TOTO NPHOMHKEHHS.

.Vnpaofcneuue 7. TlokaxuTe, 4YTO MOJYAMCKPETHHHA MeTOH, HC-
foNb3yloWwHA  annpokcumanuio Kpanka — Hukosncona — Tasep-
KMHa, B MPHMEHEHHH K mpocrefilieMy ypaBHeHHIO auddysun

du *u

SF o =0 0<x<f 6 <I<H)
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B cjyyae JHHeAHHX 6a3HCHHX (PyHKUHH CBOLHUTCH K CHCTEMe pas-
HOCTHHIX ypaBHEHHH

AU — 5 8 U + Ui} =0, (6.40)

2
rae onepatopul Ay, Ix n Oy, nocrosiHHas r u pa3bueHHe 06sacTh
TaKHe XKe, Kak u B ynp. 3 U3 pa3n. 6.2.

Odnowazogeiti mero0 I'areprkuna (KoHeuHble FAEMENTHL NO 8pe-
MeRu)

Jlpyro#f MOAXOH COCTOHT B AHCKPETH3aUHH ypaBHeHHs (6.32)
C MOMOLIBI0 anmnpokcHManuu [anepkHHa, T.e. B NOJyYeHHH IpH-
GNHKEHHOTO pelileHHs B BHAE

a® (f) =§:0 e (f) (n=0,1,...) (6.41)
Ha KaX[JOM nNoaniHtepBane (., Tn + Af), rae Kos3pOHUHEHTH
af (j=1,...,8S) onpenensiorcs H3 CHCTEMbI
(Ba™ +Cam, iy =(b, o), (i=1,...,S; (6.42)
n=0,1,...)
M YCJIOBHSI HENpepHBHOCTH
e () =" V(7)) (r=1,2...). (6.43)

i-1 KOMIoHeHTa gexropa {u, U), eCTb
TatAT

{ wooona,

*n

rae u = (u;({), ..., un(£))".
3aMerumM, YTO B mpeiacTtaBieHHe (6.41) Bxomar S + 1 6asuc-
HbHIX QYHKIHH, TOrAa Kak cucrema (6.42) comepXut TOAbBKO S
yPaBHEHHH, ¥ NMO3TOMY BHJ Pa3HOCTHOH aNNPOKCHMalHH 3aBHCHT
OT crmoco6a ynopsaoueHHsi 6a3UCHBIX QYHKIHA.
. PasobbeM nmoppiHTepBan [Tn, Ta 4 Af] Tak, 4TOGH

— m —
=1 <t <L < TP =7, + A

.r;n)_-rl!n_)‘=%,t- (i=1,..., 9.
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[Tpennonoxum, uro ¢{» (j=0, 1, ..., S) obpasyior 6asuc ana
JIarpaHKeBoH HHTEPNONSALHH HA [T, T + Af], T.e.
q)(n) (T(ﬂ))= { 1 (]_=k) (n=0 l .o ,)
l k O (]¢ k) ’ ’ ’

H ¢\ (f) ecTb moJMHOMBI cTenenH S Ha [Tn, Tn + Af]. U3 (6.43)
clenyer, 4To

— _l — ~ —
o =af V=0 ~a(r) (=12 ...),
# nostomy mpH S = 2 MOXHO HCKmounts O (j=1, ..., S—1)

13 (6.42) ¥ NOJAYYHTb OJHO ypaBHEHHe, CBS3blBAIOLIEE Oy H O
(n=0,1,...).

PaccMoTpuM, HaNpHMep, TOT cayya#l, korna b = 0:

(1) S =1 (KoMunn, neab I'Buanun, Jlesnc u 3eHkeBuy, 1974),
Torna

{B+3ac}an={B—5 C}an (6.44)
(2) S =2. Torna -
3 - 9 1
{1+€AtM+2_3()(At)2M2}an+l={l—gAtM-I-%(At)?M?}a,,,
rne M = B-'C.

Moxno nokasatb (Xaam, 1972), uto HeKOTOpbIE XOPOLIO U3-
BeCTHble Pa3HOCTHBIE METONbl MOTYT GbiTb CHOPMYJHPOBAHbI Kak
onHOlIaroBule MeTOAb [ ajlepkHHa,

[Ipyn ncnONB30BaHHH SPMHTOBOH HHTEPNOASIHH NOJyYaTCA
gpyrue ¢popmynsl. JIpyriM BO3MOXHBIM CNOCOGOM MOJyYeHHst pas-
HOCTHbIX CXeM $BJAeTCA 3aMeHa annpokcumainud [anepkuna
(6.42) annpokcHManHeii B CMHCJe MeTONAa HaHMEHbLUIHX KBag-
paToB.

Ynpanenue 8. TTokaxure, 4To eciiH 6a3ucHHe QYHKLIHU pac-
NOJIOXKeHb! B 06pPaTHOM NOpSIKE, T €.

I (k=)
w‘/”(t‘é”_k)={ 0 (kejy O Lo)

HeaH b=0 u S =1, To pasHocTHOe ypaBHeHHe NpPHMeT BUJI
At 2
{B+—?C}an+l={B—-§AtC}am

Ynpaxnenue 9. MOXKHO MONyuyHTb APYrHE CHCTEMHI PasHOCT-
HbIX ypaBHEHHH, ecJHu OnpejejUTh JOKAJbHYIO aNNpPOKCHMALMIO
(6.41) ¢ MOMOUIBLIO CHCTEMBI

(Ba® +Ca'™, gy, =, vy, (=1 ..., 8 n=01...)
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Bmecto (6.42), rae {9} u {{"} oramumnt apyr or apyra. Ilo-
Kaxure, 4To npu b=0,

-q,{n)(t)=l (n=0, 1, ... l}fo)

W)= (t—7,)—1 (r=01,...;1,_ <I<t,)

MOJIyYaTCs CJAelNyIOliHe Pa3HOCTHbIE ypaBHEHHs:
(1) S=1. Torna

{B+-A2—tC}a,,+.={B——';—tC}an
(2) S=2. Torna
{1+ M4 M?}a,,+.={l——M+‘A" M} an,
rne M = B-1C.

¥npascrenue 10. [TokaxuTe, 4TO ecJH 3aMeHuHTb (6.42) am-
NpOKCHMAanHel B CMHICJe HaHMeHbUIHX KBAApaToB, TO mpd S =1
H b = 0 mo/iyunTCcsi pasHOCTHOE ypaBHEHHE

1 1 At
o B?+ 5 [BC+CB]+ Tc:?}«:;,,+1=

——

1
={7§B2 - [BC — CB]——Cz}a,,
Mero0 nepemennsix nanpasaenusi I'arepkuna 0aa napaboauue-
ckux ypasrenuil (Jeunn n Paiteppesep, 1975).

B ra. 3 stor Meron GHJ NMpPHMEHEH K 3JIIMNTHYECKHM 3aja-
yaM. AHaJIOrHYHEIM O6GpPa30oM €ro MOXHO MpPHMEHSTb H K mapa-
60NHYECKHUM 3ajnayaM, onpejleJeHHHM HA NPAMOYroJbHBIX 006Ja-
crax. Ecnn ucmonbayemble Ga3ucHele (YHKIHH 3aNaHbl B BHIE
TeH30PHOTO INPOH3BENEHHs, TO JAJis anmpoKCHMAIHH, Omlpenense-
Mo# Jmueﬁﬂbm ypaBHeHHeM

L V) +aU = V) >0

noayuaerca (B cjayuae AByMepHOH 3amayd) aiareGpaHyeckas CH-
crema, Kotopas MoxeT OHTh 3anmucana kak (cM. ra. 3, crp. 71)

n ntt T
Bx @ By {+} (Ax ® By +’ Bx ® Ay) {‘_-'i—"} = bn+l/2
(r=1,2...) (6.45)

rae yepe3 Q o6o3Hayaercs Tenaognoe npousBenenne. Eciu k ne-
BO# 4acTH 106aBHTh YJiEeH At) A;® Ay0asy, TO (6.45) MoXHO
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3aMEHHThL YpPaBHEHHEM
At At
(Bx + T Ax) ® (By "I‘ T Ay) Qp ) == ‘pv

KOTOpOe MOKeT ObiThb pellleHO B IBa 3Tana, Kak W B 3JJIHNTHYE-
CKOM cayuae -(pasn. 3.4).

Bua npensioxer w psiA APYrHX METOHOB, HO NPH 3TOM BO
MHOIHX CJly4asiX paccMaTpHBAJHCh TONbKO JHHeHHble 3a1a4H, Ha-
npuMep, B NpPHJOKEHHAX OOLIMX MHOroWaroBnix MeTonoB (3Ja-
maJa, 1975) u metomos Hopcerra (Cemennu u [aspseas, 1974).
Hwonon, ®aliepsesep u I xkoHcon (1974) nocrpouan cemeficrBa
TPeXCJOHHBIX Pa3HOCTHHIX CXeM [J51 PelleHHs KaK JUHefHBIX, TaK
1 HesnuHeliHbIXx 3anau, ®aiepBesdep. u Jlxoncon (1975) mokasasw,
4YTO MOXINO HCIOJb30BaTh JOKAaJbHYIO 3KcTpanossuxio Puuapn-
COHa, OCHOBAHHYI0 Ha TaKHX TPEXCJOHHBIX CXeMax, a TaKXe Ha
HEKOTODPbIX ABYXCJOHHBIX CXeMax, npeljoxeHHbXx [lyraacom H
Jiononom (1970). OHH paccMOTpesH TakKe BJHsHHe HHTepIO-
JSIUHH HeJHHeHAHbIX K03()QHUHUEHTOB, T. €. MHTEPNOJALHH TaKHX
dysxuni, xak p(«) 1 g(u) B (6.36).

6.6. CxoanmocTb noaynucKpeTHnX annpoxcumauuii [anepkuna

ITOT pasnen CONepKHT KpaTKOe H3JOXenHe ONHOR H3 OLEHOK
CXOJUMOCTH, NoJyueHHHX ToMe H YoabGuaom (1975) u YunepoM
(1973) nna MopmenbHOH 3amauyH, ompenesieModl ypaBHEHHEM

b o? o
T’; =_ax_’; +3—y12- ((x, y, ) = R X (to, 1)),

HavyaJbHbBIM yCJOBHEM
ulx, y, t)=uo(x, y) ((x, yy =R)
H FPAHHYHBIM YCJIOBHEM
ulx, y, =0 ((x, y, ) =R X (to, 1]).

[Tpu 5>TOM OrpaHHyeHHe NABYMs H3MEePEHHsMH He ABJSETCH Cylie-
CTBEHHBIM.

OrnpaBHasi TOuKa AJIs aHAJNH3a Ta Xe, 4TO H B IVI. 5; a HMeH-
HO, (OPMYJHPOBKa NpEANOJOXeHHss 06 aNnmpOKCHMHPYIOLIHX
cBofictBax moxnpoctpahctBa Ky. [loatoMy npennosioxkum, yTo
TeopeMa 5.4 cmpamejsiHBa H CyLIeCTByeT Takoe 2 =1, 49t0 aJs
moboro u < 5" (R) ownbka, MOpOXKAaeMas HHTepPNoJsuued u
anemeHTOM # & Ky, orpaHHyeHa Kak

la—all, o <CH**'"ltlpsr p (r<k). (6.46)

Ecan TmpenmosioXHTb, YTO HAPYMIEHHs BapHALMOHHBIX NPHH-
LMN0B, OTMeyeHHble B TJ. 5, OTCYTCTBYIOT, TO NOJYAHCKPeTHAs
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annpoxcnmauml lasepknHa OymeT yIAOBJAETBOPSTH yPaBHEHHIO
=, V)+a, 1)=0 (xna peex Veky). (6.47)

Ecau uE%“‘“’ (R)XC'[to, t1], TO u3 (6. 46) cnepyer, 4to npo-

exyus We KNXC [to, t1], woTopas .npu te [ty ] ymosaer-
BOPAET YCJOBHIO
a(W, Vy=a(u, V) (an1a Bcex VEIO(N), (6.48)

6yner Takxke yI0BNETBOPATb HEPaBEHCTBY
N — Wi, g <CH**'" "N tllgsr, g ¢ E[to, H]).  (6.49)
U3 (6.47) u (6 48) MOJIYYHM, YTO

oU ou ow
- V)+aW—w, =(5 -5 V)

s Joboro te[to,t ]' apu V = U;— W, 310 naer
"Ut Wt".?!(m-l— ) dt a(U W U— W)——(ut Wt» Ut"_ Wt).
Ipumenss uepaBenctBo llIBapma K mpaBoil yacTH, monyYum

1 d
W — Wil o + 57720 —W, U—-W)<<

<llug— Wl [Us— W,

& (R)l 2 (R)*

Us (6.49) caenyer, uto

" Uy — Wt "g (R) \Ch "u "k-l-l Ry

TakK 4TO |
d

_2_ Ft-a (U - W» U— W) gc"?k " ulli+1‘ R’

H MO5TOMY
alU—W, U—W)<Ch%*, C=C(u). (6.50)

Tak xak GuiuHeilHaa ¢opMa a SANHNTHYHA B 9%;” (pasn. 5.2),
10 o6benuHeHue (6.49) u (6.50) naer

lu—Ull r <CH*, C=C).

DTo oueHKa B HelmpepbIBHOH GopMe IJa amnpokcumanuu [ajep-
kuHa. Ecau ypaBHeHue (6.47) pemaercs nmowmaroBbIM MeTOAOM, TO
JIOJIxKeH ObITh pacCMOTPeH AOMOJHHTEILHHIH HCTOYHHK OUIHGOK.
Pagom aBTOpPOB OblH MOJydYeHHl OLEHKH TaKHX OLIHOOK; AaJb-
HeHllIHe CCHUIKM TI0O 3TOMY BONPOCY MOXHO HaHTH, HanpHMep, Y
Heunnu (1975) unu y ne Bypa (1974).



FNABA 7

DBANbBHEALLEE PA3BUTUE
TEOPHUU U NPUNOIKEHUR

7.1. Beenenue

[Tpexne ueM npHMeHATb MeTOJ KOHEUHBIX 3JIeMEHTOB B pas-
JIMYHBIX ero dopMax K pelleHHIO 3ajmauy, MoJe3HO B cxkaTod ¢op-
Me c$OpPMYJHPOBATb OCHOBHble XapPaKTEPHCTHKH 3TOTO MeTOja.

Meron MoxeT GHITH HCNOJAb3GBAH IJIA pellleHdUst Kak CTalHo-
HapHbIX, TaK ¥ HeCTalHOHApHBIX 3ajau. OrpaHHYeHHas NpOCT-
paHCTBeHHAasl HJIH NPOCTPaHCTBEHHO-BpeMeHHasa o06JacTb pas3bu-
BaeTC Ha HEKOTOpOe YHCJO HelNepeKpbIBaIOLIUMXCS 3J1eMEeHTOB.
AnnpokcuMupyiomue GYHKUUH, KOTOPble MOTYT GHITh MOJHHOMA-
MH, pautoOHaJbHHMH NPOGSIMH H T. ., OTHOCSTCA K KOHKDETHBbIM
3JeMeHTaM, H NapaMeTpH NPH THX aNNPOKCHMHPYWOIIHX QYHK-
HHAX COrJacoBaHH Tak, YyToObl obecneyHBajlach Kejaaemas crTe-
neHb IVIaJKOCTH anNpOKCHMAlMH Ha CThIKaX MeXAy COCeIHHMH
sseMedtaMHi. Torna annpokcHMHpyiolas GyHKIHA BO Bced o6Ja-
CTH MOXeT OLITh BeIpaxkeHa C NOMOIIBIO CBOMX 3Ha4YeHHH H 3Ha-
YeHHH CBOMX MPOH3BOIHHBIX B Y3JOBHIX TOYKax obsacTH uepe3 6a-
3HCHble (PYHKIHH, KOTOpble OTJIMYHBLI OT HYJS TOJNbKO Ha HEMHO-
rHX 3JleMeHTax, pacloOXeHHBX BOKPYT COOTBETCTBYIOILIHX Y3JIOB.
Bosnee Touno, amnpokcHMHpylomas ¢GyHKuHa nJs Bced obGaactu
HMeeT BHJI

N

- U

U (x) =Z[pz ®) Ui+, (x) (Ec.—), +r ) (

=1
rae X = (xy, X3, ..., Xm), QyHKuHU p;(X), ¢i(X), ri(X) u T. A
UMEIOT JIOKaJIbHBEIH HOCHTeNb, 2 N €eCTb YHCJO Y3/10BbIX TOUeK
B o6aactH. Oydkuuu p;(x), dqi(x)/0x;, Or,(x)/0x, u T. 0. npHu-
HMMAIOT eIHHHYHOe 3HayeHHe B y3Je i. Bo MHorux ciyuasx (7.1)
HMeeT YNpOLUIeHHbIH BUI

N
Um=§mmw (7.2)

gz )i+° ' ']’ (7.1

XOTA €CTb 33/1a4H, 1J1s1 KOTOPHIX HEOOXOAMMO HCMOJMb30BaTh Npes-
craBjeHHe (7.1) obuiero BuAa, OCOGEHHO Te, B KOTOPLIX Tpely-
ercsi 66/bLIAA IIAAKOCTb MeXAY 3JeMEeHTaMH HJH MNOBbILeHHAs
TOYHOCThL B ONpeJleNeHHH TIpajHeHTa pelledns. [locTpoenue 6a-
3ucHbBIX QyHKRUHHA pi(X), ¢i(X), ri(X) U T. 1. ABAAETCS ONHHM H3
Hau6onee BaXKHBIX H 4aCTO ONHHM H3 CaMbIX TPYAHLIX MOMEHTOB



180 Fn. 7. DansHeliwee passuTHe TEOPWUM W NPUNOIKEHUS

B MeTOo/J€ KOHEYHHX 9JeMeHTOB. JTO B OCOGE€HHOCTH BEpHO I
3a1a4 ¢ KPHBOJHHEHHBIMH FpaHHIAMH H JHHHAMH pasjena, 0CoO-
©EeHHOCTSIMH H T. I., H AJdA 3aj]a4Y C NPOH3BOJHLIMH BHICOKHX IIO-
PAAKoB. Bonpochl nocTpoeHHs 6a3UCHBIX (YHKUHMH H3J10XKeHH
‘B Il 4.

B KoHue 3TO# rnaBhl MH YBHIHM, KaK pelllaloTCsi HEKOTOpHIe,
B OCHOBHOM (H3HYeCKHe H HHXKeHepHble 3a]auyH MeTOJOM KOHedy-
HBIX 3JeMeHTOB B pa3nHuyHbx ero ¢opmax (Purtua, TanepkuHa,
HauMeHbIUHX KBajpaTos, KosoKaunH). Pa3snoo6pa3Hbie THNH 6a-
3HCHBIX (YHKIHH H MOMM(PHKALHH OCHOBHOTO MeToaa GyAyT Hc-
TI0JIb30BAHH AJ1 TOTO, 4TOObI MOAYEPKHYTb OTHOCHTEJbHHE Ipe-
UMyLeCTBa TeX Pa3JHYHLIX MPHEMOB, KOTOPHIe 0Obe AHHAIOTCA NMOK
o6lINM Ha3BaHHeM MeTOJa KOHeUHHX 3JeMeHTOB. UTo Kacaercs
0a3ncHux GYHKUMH OJas 3anay, B KOTOPHIX TpeOyeTcsi BLICOKas
CTeneHb [J1aJKOCTH MeXNy 3JeMeHTaMH (HanpHMep, pellleHHe GH-
TAapPMOHHYECKOTO ypaBHEHHs1 B CMBbICJe HAaHMeHbUIHX KBaJApaTOB
IOJIXXHO NpHHamJexaTh npocrpanctBy C%), 1o 3mech GymyT mpH-
MEeHeHHl HeCOTJIaCOBaHHbIE 3JIeMEeHTH, H NMO3TOMY Mbl HaYHeM 3Ty
TJ1aBy ¢ KPaTKOTO ONHCAHHS HEKOTOPbIX HCMOJb3yeMbIX Ha MPakK-
THKE HECOrJIaCOBaHHBIX 3J1€MeHTOB.

7.2. HecoraacoBaHHble 31€MeHTH ')

1o cux mop annpoKCHMalHs mJs BCeil 06JacTH B MeTone KO-
HEUYHLIX 3JIEMEHTOB CTPOHJIaCh B TPENNOJOXEHHH ee HEKOTOPOH
taagkocTH (HAM No KpafiHefl Mepe HeNPepPHBHOCTH) HA CTHIKAX
MeX1y COCefHHMH 3JjeMeHTaMH. [lis nuddepeHunanbHoro ypas-
HeHHs nopsiaka 2k Ttpe6GoBanach ciinBka B C*—! pia meTonos
Putua u Tanepkuna uau cuwsga B C?%-! 1y Merofa HaHMeHb-
1uHX KBaapaToB. Eciu aas TeTpasapajbHBEIX JE€MEHTOB CLIHBKA
B C! goctHraercs NpHMeHeHHeM MOJHHOMOB JeBATOH CTelleHH, TO
HETPYZHO ce6Ge NMpeNCTaBHTh, KAKHM CJOXKHBIM fejoM OGyner MpH
& > | nocrpoenne 3JeMeHTOB ¢ TPeOyeMOH CTeneHbIO IJIafiKOCTH
CIIKBKH, T. €. NOCTPOeHHe COTrJIacOBaHHbIX 3jeMeHTOB. [ToaToMy
C BHYHCJHTENBHON TOUKH 3PeHHs KeJaTelbHO HaYYHTbCS HCMOJb-
30BaTh 3JIeMEeHTH C MeHbIled CTENeHbI0 IMIaJAKOCTH Ha CTHIKAX,
yeM 3T0 HopManbHO Tpebyercs, T. e. HECOrJlacOBaHHLIE SJeMEHTHI.

ITockonbKy HHXXeHepPH B MeHblleH CTelleHH N0 CPaBHEHHIO ¢
MaTeMaTHKaMH H36eraloT npuMeHeHHs Ha NPAKTHKe TeopeTHYe-
CKH He OGOCHOBAHHBIX MpHEMOB, HeT HHYEro YIHBHTEJbHOTO B
TOM, UTO HECOIJIaCOBaHHbIe 3JieMeHTbl OBlJIH BriepBhle NpeJOoKeHbl
HMEHHO HHXeHepaMH. MK Gblio mpelJioXeHO TaKiKe TaK Ha3H-
BaeMoe KyCOYHO€ TeCTHpPOBaHHe AJisi BLIGODA TaKHX HeCOTJacOBaH-

) ABTOpbl NpH3HATENBHB MPOGd. P. Bapuxuany # k. Bpayny 3a nouxes-
Hble JHCKYCCHH NPH MOATOTOBKE MaTepHasa 3TOro pasjena.
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HBIX 3JIeMEeHTOB, KOTOphle obGecrmeuHBajsH OBl CXOAMMOCTb KOHeY-
HO3JIEMEHTHOH aNNpOKCHMalHH JJs NaHHOH 3ajaud. B gefictsu-
TeJBHOCTH KYyCOUHQE TeCTHpOBaHHe sBJseTcsi NMPOBePKOA Henpo-
THBOPEUYMBOCTH HECOIJIACOBAaHHOTO KOHEYHO3JIEeMEHTHOTO MEeTOo.a,
HCIMOJIb3YEMOTO IJis PellleHH KOHKPeTHOH 3anaum. '

Kycounoe recruposanue (Afiponc u Passak, 1972)

CMBICJ KyCOYHOTO TeCTHPOBAaHUsI COCTOMT B cienytoueM. [Ipena-
MOJIOXKHM, YTO MPOCTPAHCTBO HECOIVIACOBAHHBIX 6a3HCHBIX (YHK-
DM CONepPXKHT BCe NOJHHOMB TaKOoro mOpsiilka r, Kakod HMeeT
-cTapuiass NPOM3BOAHAR B. SHepreTHYeCKoM (yHKIHOHane (B 060-
3HayeHHsX 1. 5 P, < Kp), 4 nycTh rpaHHuHbe YCJIOBHA BAOJD Ile-
pHMeTpa NbOH3BOJILHO B3SATOH YAaCTH 3JE€MEHTOB OlpefesieHhl Kak.
3HauyeHHs1 TNPOH3BOJIBHO B3fITOrO 4YacTHOrO pellleHHs u & P, Ha
sToll iuHUK. Toraa KycoyHoe TeCTHPOBaHHE CUHTAETCsl BBINOJIHEH-
HBIM, ecaH npubanxkeHHoe peumiedHe Un, BHIYHCJIEHHOE N0 METOLY
KOHEUHBIX 3JeMeHTOB B (opme Purna 6Ge3 yueTa pasphiBOB Ha
IpaHHNaX MeXJy dJeMeHTaMH, COBNajaeT ¢ 4 Ha paccMaTpHBae-
MOH uacTH 3JeMeHTOB. TakHM 0o6pa3oM, KyCOUHOE TeCTHpPOBaHHe:
BHITIOJIHEHO, €CJIH TIpH U € P,

Upy=u. (7.3)

B kauecTBe HJJIOCTPALHH NPHMEHEHHs KyCOUHOI'O TeCTHPOBa-
HHUs K 3ajayaM BTOPOro NOpsiiKa PAcCMOTPHM pelleHHe ypaBHe-
Hus Jlamaca Ha YacTH 3/1eMeHTOB, 06pasylouled exrnHHYHbIH
KBajpaT M COCTaBJeHHOR H3 [ABYX TpPEYTOJbHBIX 3JEMEHTOB.
(puc. 28). DHepreTHuecKHii QYHKIHOHAN COAEPXKHUT NepBHE MPO-
H3BOAHBIE, H MO3TOMy r = 1. Ha KaXpoM TpeyroJbHHKe onpene-
JIUM JIHHEHHYI0 QYyHKIHIO IO ee 3HaYEHHSAM B CepeHHAX TPexX ero

¥
J

-~

3¢

Pnc. 28.
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cropoH. Torana
Ul(x, y)=(1—2x)Uy— (1 —29) Uz + (1 +2x — 29) Us .
o}

U (x, y)=—(1—2x)Us+ (1 —29) U, + (1 — 2x + 24) Us
I TpeyrosbHHKOB T u T, coorBeTcTBeHHO. MHTepmonsHT Ha
BCeM KBajapare B o6llleM cjyuyae pa3pbiBeH BJOJb IDaHHILbl pas-
Je1a TPeyrojibHUKOB, H TMO3TOMY TaKHe 3JIeMEeHTH ABJSIOTCS He-
COrJIacOBaHHBIMH M MeTOAa Putna.

B kauecTBe mpuMepa BO3bMe€M Ha 3TOH YacTH 3JIEeMEHTOB Te-

CTOBOE pelIeHHEe
u=x-+y,

fIpHHUMamllee rpaHHIHble 3HAYCHHUA
1 3
ul=u4=5' u2=u3=—2,

TaK YTO yKa3aHHHIE HHTEDIOJSHTH 3aMHIYTCH B BHIE
UN(x, y)=(—1—x+3y) +(14+2x—2)Us (7.42)

U x, ) =(—14+3x—y)+ (1 —2x+2y)Us. (7.4b)

MeToa KOHEUHBIX 3/1eMEHTOB B q)opme Purna cBOAMTCH K MHHH-
MH3aUHH 3HEPreTHYCCKOro QJyHKU.HOHaJIa

{§ wor+ viryaray + (§Ur+ vy axay
Tl Tz
oTHOCHTeJbHO Us, 4TO naet
U5 = l.
TloacraBans 310 3Hauenue B (7.4a) u B (7.4b), noayunm

UM (x, ) =Ul(x, y)=x+y.
# O3TOMY
U,,=u
#ia Bceli paccMaTtpuBaeMoR uyacTH. B peficTBHTesNIBHOCTH Xe 3TO
BEPHO s JIo6oro # & P 1 n060it 4acTH TaKHX 3/1eMEHTOB, T. €.
TaKOH HecOIJIaCOBaHHbIA 3JleMeHT BbIJeDPXHBAeT KyCOYHOe TeCTH-
pOBaHHe.

Ynpaxcrenue 1. TlpoBeauTe KycOuHOe TECTHPOBaHHe AJjia 3Je-
‘MEHTOB, H300paKeHHBIX Ha puc. 29, U MoKaxure, 4TO

Un = 1 —a—a?+ 2
57 1T—2a+20°
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y
2
[ 3 ‘-a
7y
I-a fre
2(1-)

7 T3

a a
X
« 4 -«
Puc. 29.

JlokaXkuTe TeM CaMblM, 4TO TaKHe 3JIEMEHTH BHACPKHBAIOT KY-
COYHOE TeCTHPOBaHHE TOJBLKO MPH a = 1/,

B kauecTBe cJeAylOLIEro NpHMepa NPHMEHEHHA KyCOYHOTO Te-
CTHPOBAaHHs PacCMOTPHM 3ajayy 4YeTBePTOro nopsjka, onpeje-
JsieMylo Ha KBaJpaTHOH 06/1acTH GHrapMOHMYECKHM ypaBHeHHeM
4 3aJaHUeM pelllcHHA H ero HOPMaJbHOH NPOM3BOJNHOH Ha rpa-
#une. Pa3o6bem KBazpaT OGLIYHBIM O6pa3oM Ha NPSIMOYTOJbHHE
TPeYroJIbHHKH PaBHOH NJOIIAAK H CHOBA PacCMOTPHM 4acThb dJe-
MEHTOB B BHJe eIHHHYHOTO KBajapaTa, COCTOALIEro H3 ABYX Tpe-
yroJibHbIX 3eMenToB (puc. 30). Has 6HrapMoHHYecKOro ypaBHe-
HUS dHEpPreTHYeCKHH (YHKIUHMOHAJ COAEPIHT BTODblie NPOHM3BOJA-
Hole, ¥ noaromy r = 2. Ha KaxaoM TpeyrosbHHKe OMNpPEETHM
KBaApaTHUHYI0 QYHKLUHUIO IO ee 3HAUYEHHAM B BePIIHHAX TPEYroJib-
HMKa M 1O 3HAYEeHHSM ee HOPMaJbHOH NIPOM3BOJAHOH B cepelHHAX

y
A

‘4 8 3

o

-

Puc. 30.
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cropoH. Takoil ajeMeHT Ha3nBaeTcs Tpeyzoasbrukom Mopau. Nu-
TepNoJIsSHTH GYAYT HMETh BUI

U, y)=(1—x—y+2x) U1 +5 > (x4 y 422 — 20y — ) Upt-
+yty—F— 2+ U+ — ) (57), —
1/_(x—l—y—x —2xy— 2)( an) + x(1 —x)(

9
H

U (x, y) = 1 (3% — y+ 42 — £—2x) U + (1—x—y + 2x5) Us +
2(3y—x-y+x2—2xy)U4+x(x—l)( )-l-
+yw—D(5),+
+W(—2+3x+3y—x2—2xy—y’)(%,,u—

IUI TPeYTroyNbHUKOB T H T2 COOTBETCTBEHHO, I'le /1 eCTh BHEUIHss
HODMaJsb MO OTHOWIEHWIO K T M BHYTPEHHAs HOpPMaJb MO OTHO-
weHnio K To. CHOBa HHTEPNOJIHT HA BCEM €AMHHYHOM KBajpare
B 00lieM cJjayyae paspbiBeH BAOJb TDAaHHUb MeXAY ABYMS -Tpe-
YTOJIBHUKAMH, W NMO3TOMY TakHe 3JIEMEHTHI ABJSIOTCS HECOr/1aco-
BaHHBIMH. /14 3212491 4eTBePTOro MOPSAKA 3/J1EMEHThl OCTAHYTCSH
HeCOrJIaCOBaHHBIMHM 'H TOTZla, KOTJa HHTepHoJasiHT GyaeT Hemnpe-
PbIBHBIM Ha 3TOH TpaHHLe, a ero HOpMaJbHas NPOHM3BOJHAA K

Hel — HerT.
B kauecTBe mpuMepa BO3bMeM Ha 3TOH YacTH 3JIeMEHTOB Te-

CTOBO€ DpECUICHHE
u=x*+y* .
NpUHAMAIOIlee PPAHHYHBIC 3HAUEHUSA
u1=0 u2=u4=l, u3=2;
_ duy __(9u) _,.
(&= (5), =0 (5),=(5),==
TOraa YKa3aHHEIE HHTepI'[OJIﬂHTbl 3aMUUIYTCA Kak
UM (x, y)=(x+y — 2xy) — V- x+(d—x—y) (a,,) (7.5a)
H
U (x, y)=(2— 3x —3y+2¢* 4+ 2xy + 249 +
+r ety =2 —x—y (G), (50)
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MeTtoa KOHeuHBIX 3/eMeHTOB B ¢opme PHTHA CBOAMTCS K MHHH-
MH3alHH SHepreTHYeCKoro QyHKunnonasna

0§ o + vy + vy axay + §§ U + 208 + V) dxay

T

OTHOCHTeJIbHO napamerpa (du/dn)s, 4To naet

~ (5),= 2

IMoacTaBass ato 3HaueHue B (7.5a) u B (7.5b), mosyunm
Ull(x, y)=UP(x, y) =x*+ ¢,

H [O3TOMY
Uh =u

Ha BCed paccMaTpHBaeMOH yacTH. B jledcTBHTeNbHOCTH XKe 3TO

BEPHO 1A J1060ro U & Py u 1Jist 11060 4acTH TaKHX JIEMEHTOB,

T. e. TPeyroJbHHK MOpJIH BbIAEepPKHBAaeT KYCOUHOE TeCTHPOBaHHe.

¥npaxcrenue 2. TlokaKnTe, UTO TPeyroJbHHA 3JEMEHT, Ha
KOTOPOM TNOJIHasn KBaJpaTHuHasi (YHKHHs OnpelesisieTcss CBOUMH
3HaYeHHSMH B BepIIHHaX H B cepelHHaX CTOPOH, He BHIIEPXKH-
BaeT KyCOYHOrO TeCTHPOBAHMS [UIA 33/1ayM 4eTBEPTOrO MOPsAKa,
ONMHCAHHON BbIleE,

XoTs maTeMaTHYecKasi IpOBepKa HECOIJIaCOBAHHHLIX 3JIEMEHTOB
KYCOUHBIM TeCTHPOBaHHeM NpHBJEKATeJIbHA CaMa 1no ceGe, ¢ Mpak-
THYECKOH TOUKH 3DEHHsl JIOCTATOYHO OCYUIECTBHTH TaKylio NpoBep-
Ky Ha BBIYHCJHTEIbHOH MalUHHe. DJIeMEHTHl CUHMTAIOTCH BBHIAEp-
JKaBUIHMH KYyCOYHOE TeCTHPOBAHHE, eC/NH YHCJIeHHOe pelleHHe
BOCTIPOM3BOJAHT 3apaHee H3BeCTHHIH OTBET C yYeTOM, KOHEUHO,
BJIHSIHHUSL OIUHGOK OKPYTJICHHS.

Heo6x0anMoe H JOCTATOUHOE YCAOBHe CXOAHMOCTH TOCTPOEH-
HOH Ha HeCOIVIACOBAHHHIX 3JeMEHTaX aNNpPOKCHMAauHH, KOTOpoe
S5KBHBAJIECHTHO KYCOYHOMY TeCTHPOBaHHIO, B 0603HayeHHsX
pa3na. 5.4(E) umeer BRI paBeHCTBa :

an(p, Vi)=1(f, V) (npn Beex V, &K,) (7.6)

a1 J1o60ro NoJHHOMHANbLHOrO peweHus p & P,, rae P, < K,
a r eCThb MOPSAJNOK CTapllell IPON3BOAHOM, BXoAsllIel B an.
Ho s1060e pelilleHHe u ya0BJIETBOPSieT YpaBHEHHIO

a(u, v)=(f, v)

IpH Bcex JONYCTHMHIX QYHKIHAX U & J6, U eCJIH OHO TaKXe yI0B-
JleTBOPSET YPaBHEHHIO

a(u’ Vh)’_—(f’ Vh) (77)
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NpH BCeX HeCOrJiacoBaHHHX pyHKuuax Vi & Kh, To (7.6) npumer
BHJ

ay(p, Vi)=a(p, V4) (mpu Beex V, EKy) (7.8)

(Crpenr n dukc, 1973, c. 207). Hanpumep, ecau 3apgaga cso-
AUTCS K MHHUMH331HH

0= {112+ (&) ocan
ot 0= {(22) (42) + (%) (%)}t

Ecan o6nacts R pas6bura Ha HenepeKphIBaIOIIHeCA 3JeMeHTH T
(Gj=12...,8), ro Torna

" vh>=g§§{(g% W) 4 (22) (Z2)}de

dusnyeckuit cMbica paBeHCTBa (7.8) COCTOHT B TOM, YTO Pa3phIBEI
Ha TPaHHUIAX MeXIy 3JeMEeHTaMH MOXHO He YYHTHIBAaTb NPH BhI-
qHCJAEeHHH a(p, V).

Ins ycraHoBsenus sxkBuBaJieHTHocTH (7.3) u (7.8) ymoGHo

BBECTH MOJYHOPMY
luly=Ilan (4, w)]".

Torna MOXHO NOJYYHTL OLEHKH

_ Jap (1, Vi) — a(u. Vy)|
lu—"U, 'h>s{}p { (Valn } (7.9)

h
u (cp. ¢ (5.16))
|u—~U,.|,.<irV:f|u——v,,|,,+sgp'“""" Va) —a Vi)l (7 10)
h h

[Valn
npH ycJoBHH, uTO BhinoJHeHo (7.7). Torpa (7.8) caenpyer u3 (7.3)
u (7.9). O6patHo, u3 (7.8) u (7.10) caenyer, uto
|P—‘Uhlh<i{}flp_ Vi lp-
[

[MpaBasi yacTh 3TOro HepaBeHCTBA PaBHA HYyJIO, TaK Kak P, <
< Kp, 1 mbl noayuaem (7.3).

Ynpasxcnenue 3. Y6eaurech B cipaBefauBocti (7.7) Ajs Hecorsa-
COBAHHBIX KYCOYHO-JIHHEeH#HBIX 3JIeMEHTOB C y3JaMH B cepelHHax
CTOpOH.
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Ilnsa 3agay BToporo nopsifika MOXHO AaTb CJAEAYIOILYIO NoJes-
Hyl0 [JI1 NPaKTHKH (OpMYJHPOBKY KyCOYHOTO TeCTHPOBaHHS:
KyCOYHOe TeCTHPOBaHHe BBHIIEPIKaHO, ecJH

S (Vi — Vi) do =0, @.11)
E

rae E ectb s1060e BHyTpeHHee npsiMoe peGpo ceTkH, a Vi ecThb
Jio6asn HecorjacoBaHHAash (PYHKIHS, TAK YTO Vil u VI asasmores
ee InpeleJbHHIMH 3Ha4eHHsMM N0 Das3Hble CTOPOHH pebpa E
(Bpays, 1975).

B saksioueHHe OTMETHM J[Ba HECOrVaCOBAHHBIX NMPSAMOYTOJb-
HBIX 3JIeMEHTa, KOTOpble BHAEPIKHBAIOT KYyCOYHOEe TeCTHpOBaHHe:

(1) Saemenr Burscona (Buabcon u np., 1971). Ha kBagpate
0<<x, y<<1 wecrp ¢dyHknuii obpasyior 6asuc: uyeTnipe OHJIH-
HelHble xy, x(1 —y), y(1 —x), (1 —x) (1 — y) ¥ gBe KOMOJIHH-
tenbHue 4x(1 — x) u 4y(l — y). [TocaenHne GYHKIHH AAIOT BO3-
MOXXHOCTb NpPelCTaBHTh B 3TOM 6a3Hce NPOH3BOJBHHE KBaixpa-
THYHBIH NOJIMHOM OT ABYX NEepeMeHHbIX H TeM CaMbIM NOBHCHTb
TOYHOCTb aNNMPOKCHMALUH HA KaxK/IOM 3JeMeHTe.

(2) Sremenr Adunu (Amnun u Knad, 1961). IOas sroro sJe-
MeHTa ¢ 12 cTeneHsMH CBOGOAb! HEH3BECTHHIMH NMapaMeTpaMH sB-
JSIOTCA 3HaueHHss 4, Ou/0x W du/dy B BeplIMHax KBajapara,
a BXOJsillHe B MOJIHBIA KyOGHUecKHH MOJHHOM (YHKIHH BMecTe
¢ x%y u xy® ob6pasyior 6asuc.

¥npascnenue 4. TTokaxure, YTO NPSIMOYrOJIbHbIE 3jieMeHTH BHiib-
COHa M AIMHM BHIIEpIKHBAIOT KyCOYHOE TECTHPOBaHHE IJIs 3amay
BTOPOTO H YeTBEPTOrO MOPSAZKA COOTBETCTBEHHO.

7.3. CMeuaHHble HHTEPTIOAAHTDI

OnnH H3 MeTonOB NOJyYeHHS KOHEYHO3JEMEHTHBIX allpOKCH-
MauHH, TO4HO YAOBJIETBOPAIOLIHX IPAHHYHbIM yCJIOBHsM J{upHXJe,
COCTOHT B TOM, YTO B pelIeHHEe 3aJauH BKJIOYAeTCs HEKOTOpbIH
CMeIIaHHBIA (QYHKIHOHAJNBHLIA HHTEPHOJSHT, IOCTPOEHHBIH 110 3a-
AAHHBIM TpaHHYHEM 3HavenusMm (Topnon, 1971). B npocrefimenm
cayyae — 5TO OMJIMHeHHbIH CMEIIAaHHBII HHTEPNOJISHT Ha KBaj-
pare.

Ecnn, nampumep, fe& C%2(R), rme R = [0,h]X][0,4], TO
dyHKUHA

Fo p=(1=5)10, p+5ith, )+ (1 —L) F(x, 0+
+hie =Ty, @12
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ruge
Foo =(1-2)(1 =L)i0 0+ (1 —4) £ 0+
+(1=F) 510 B+ 551k by, (7.13)

TOYHO HHTEpHOJHpyeT [ Ha Bcex ueTHpeX CTOPOHAX KBajapaTa.
Boaee toro, MNopaoun u Xoan (1973) nokasauu, 4to

1D (F =PI, m=O0") (O<IiI<I),

TOrZA KaK AJS NPOCTOro GH/IMHEHHOrO MHTEPNOJISHTA F
1D (F =PI, z=0@"1") ©O<II<D.

B kauecTBe YMCJEHHOro NpHMepa HCIOJNb30BaHHS CMeNIaHHbIX
(DYHKIHOHAJIbHEIX HHTEPHOJISHTOB MOJYYHM KOHEYHO3JeMeHTHOe
pellleHHe 3aJlayd O MOTEHUMAJLHOM TeyeHHMH B 06J1acTH, Npen-
craBisoieli cob6o#l efMHNYHBIA KBaApaT, C UCTOUHHKOM B TOUKE
x=0.437, y=—k (k> 0). ToudnM pelLleHHeM 3TOH 3anadx
ABjaseTcs QyHKOUS

o R

u=logr,

rae r?= (x — 0.437)2 4 (y + k)2 TlosToMy HaM HYXXHO HaNTH
NpAGNHKEHHOE pellleHHe YPaBHEHHS

Zi B0 (=0 HXO D),

yaOBJeTBOpsiiollee ycaoBHi0o 4 = log r Ha rpanuue oGiacTH.

Paso6bem o6snacth Ha N? KBafpaTHHX 3/1eMEHTOB H TpHMe-
HAM MeTon [ajlepkMHA JJsi HaXOXICHHs NMpPHOJIHIKEHHOTO pelie-
HH9, siBJASIOILErocsi GHIMHEeAHEIM Ha He CONPHKacaloMXCs ¢ rpa-
HALEH aJeMeHTax M BKJIOYAoilero GUJAHHEHHbIE CMellaHHbie WH-
TePNnoJISHTH MO IPAHHYHHIM 3HaYeHHSAM HA 3JIeMEHTaX, NPHMBI-
KaloWMX K rpanuue. J[pyruMH CJ0BaMH, Mbl HINeM npuOJMIKeH-
HOe pellleHHe BHIA

N-1
Us, =W (x, 9+ 2 Unonlx y), (119
rae @ (j, k=1, ..., N—1) cyTh KycouHble GuianHefinbie 6a-

sucHele ¢QyHKnMH, cooTBeTcTByloumiHe Toukam (j/N, k/N), 'a
W (x, y) saBasercs KycouHo#l Gu/IMHeRHOR cMmellaHHOR (YyHKuMed,
KOTOpasi OTJIHYHA OT HYJSl TOJbKQO HA NMPHMBIKAIOIUMX K rpaHuie
3JeMEeHTax M Ha KaMXIOM TaKOM 3JIeMeHTe mpeacraBiasieT coboi
yacTHHH cayyai o6meit dopmer (7.12). Ecan sneMentT R co cro-
poHofl h uMeeT ABa BHYTPEHHHX Y3/1a, a NpPOTHBONOJOXHAs MM



cropoHa (y ==0) siBageTCA 4acCTbI0 IpaHHLH, TO HA R
W )=(1—4%)ix 0),

‘TaK Kak Qynkuus W guHeliHa Ha Tpex ApYruX CTOPOHAax M paBHa
HyJI0 BO BHYTPeHHHX Yy3Jax. AHaJIOTHUHO 5TOMY, eclH R ecTb
YIJIOBOH 3JleMeHT C OJHHM BHYTPEHHHM Y3JIOM H JBe er0 CTOPOHBI
x =04 y =0 aBAsI0TCH YacTAMHU rpaHHIbl, TO Ha R

Wi )=(1—%)fx 0+ (1 —F)F 0 »—
(1= (=)o

Jlas cpaBHeHUs 3Ta 3ajaya peuiajgach TakKke ¢ HCIOJb30BaHHEM
annpoKCHManHH, KOTopas sBJsieTcs OHJIMHeAHOR HA KaXXJIOM 3Je:
MeHTe H B KOTOPOH rpaHHYHBIe yCJIOBHS MHTEPIOJIHPOBAJHChH TOJb-
KO MO 3HaueHHs M B y3/axX. UHc/eHHbe pe3yJbTaThl OBLIH NOJY-
geHn s 16, 64, 144 u 256 snemenroB npu k£ =0.3, 0.2 u 0.1.
B Tabn. 4 MakcHMaJbHBE O MOAYJIO 3HaUeHHs NMPHGIHKEeHHBIX
pellieHHH, BhIOpaHHble KaXABHA pa3 mo ceTKe 16-TH 3J1eMEHTOB,
CpPaBHHBAIOTCH CO 3HAUYEHHSAMH TOYHOI'O pellleHHS B COOTBETCTBYIO-
KX TOUKAX.

Tabauya 4
Fpaunannie ycJOBHA
i - -
e PR Towse oo MR roue
Hhule
k=03 k=0.2 k==0.1
16 2.5747 2.5918 2.7590 2.7852 2.9756 3.0176
64 2.5875 25915 2,7822 2.7882 3.0200 3.0310
144 2.5896 2.5914 2.7859 2.7886 3.0281 3.0325
256 2.5904 2.5913 2.7872 2.7888 3.0306 3.0331
TouHoe
pemeHHe 2.5913 2.7888 3.0339

Ynpaxcrenue 5. TIpoBenTe TaKHe Ke BHIUUCACHHA AJs 3aRaYH
¢ NMepHONHYECKUMH TPaHHYHBIMH YCJIOBHSIMH, KOrJa TOYHBLIM pe-
LIeHHEM sBJsieTC QYHKUHSA

u=sinkxe * (k=2.4),

M CpaBHHTe BallM YHCJEHHHE Pe3yJbTaTH ¢ TeMH, KOTOPHe GBI
noay4eHs AJs 3Tof 3agauu Mapmajsiom u Murtyemmom (1973).

J1o cux NMOp MBI CTPOMJIH CMellIaHHble QYHKIHOHANLHBIE HHTEP-
MOJISIHTH JJ1si MPSIMOYTOJIbHLIX 3J1eMeHTOB. Ho oM MOryTr GHITh



190 n. 7. NansHeliwee pa3suTHe TEOPHM U NPUNOKEHUR

MOCTPOEHH TaK¥e H JJA TPEyroJbHBIX 3JIeMEHTOB, H MHl OTCHI-
JaeM HHTepecyloLlerocs uurartes K paboram Bapuxumiana, Bupk-
ropa u Topmona (1973), Bapuxmana u Tperopu (1976a) u
(1976b) u Mapmaana (1975).

7.4. Mpuaoxenun
(A) 3Anaum o nossix

Tenepb Mbl DAcCMOTDHUM pellleHHe MEeTOAAaMH KOHEUHBIX 3Jie-
MEHTOB HEKOTOpBhIX THIHYHHX TPDAHHYHAEIX 3aJa4 O MOoJSX.

3adaua 1. (YpaBuenue [lyaccona.)
BepHeMcs k 3ajaue, BnepBble pacCMOTPEeHHOH B Iil. 3: HaHTH
pellieHHe yPaBHeHHs#
3%u d%u
ox? + ay? =2

B o6sacTH R, ynoB/eTBOpAIOLIee rPaHHIHOMY YCJIOBHIO
u==0,

na rpanuue OR, rie R= (—32‘-, %) X(—%. 12‘) B Mertone
Purtna (M. P.) MuHEMH3HDYeTCS GYHKLIHOHAJ

1= {(H((2) +(2)) +2o}asan

TOrfa Kaxk B MeToJe HaHWMeHbIIMX KBaapaToB (M. H.K.) MHHHMH-
321U MOAJEXRHT PyHKIHOHAJ

( 0’w Pw 2
J(w)=SRS 37"‘79!,—2"2) dxdy,
rie v 1 ©w umelor Bua (7.1) (uau (7.2)) ¥ ynOBJIETBOPSIOT rpa-
HU4HOMY ycnoBHio Ha JR. B momudukauun Bpambaa — [latua
(M. B. I.) Meroma HanmeHbwux kBaxpaToB (pasa. 5.4(D)) mu-
HUMH3HpyeTcss QYHKIHOHAJ

2 2
J(w) = SS %%——l—-a—':i — 2)2dxdy+ n? S\wzdo,
x dy
R 3R
rie BecoBoll MHOXuTeab A3 BBeleH IS TOro, uToGH 06a HHTe-
rpajsa HMeJH ONHHAKOBYIO pa3MepPHOCTb, H yiKe He Tpelyercs,
9TO0Hl W yAOBJIETBOPANA MPAHHYHOMY YCJIOBHIO Ha OR. Beasunna
h paBHa 3HaueHHIO NapaMeTpa anmpPOKCHMHPYIOIIEro MOAMPOCT-
paHcTBa.
O6aactb R pasoGbeM Ha KBaJpaTHbIE 3JeMEHTH NPSAMBIMH JIH-
HHAMH, Napaie/bHEIMH OCAM X H Y, B NYCTb PacCTOAHHE MeXAY
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COCEeHMMH JUHHAMH paBHO h, rae h = n/N. TpeyronbHble aJe-
MEHTH NOJYYalOTCsi MyTeM NMpPOBEAEHHs B KBaJApaTax AHaroHanef
¢ HakJoHOM —I1. 3anaya | 6blna pewena yucaeHHo npu N =6
meroaoM PuTua, MeToJOM HaMMEHbIUMX KBajpaToB H METOAOM
Bpam6na — [llatua ¢ Hcnosib3oBaHHeM pasJHYHHIX Oa3HCHBIX
¢ynkunit. MakcumaabHee OWMHMOKA [J151 KaXKIOro cjyyasi mpHBe-
AeHn B Taba. 5. B obuleM ans MeToja HaMMEHbIUHNX KBAajpaToB

Ta6auya 5
Tun GasucHuX GyHKUHA M. P M. H.K. m. B. 11,
BuauHefiHble Ha KBajgpate 0.03269
Ky6uueckue spMHTOBLI Ha KBaJpaTe 0.00063 0.00063 0.06294
JlnHeliHble Ha TpeyroJbHHKe 0.03116
KyGuueckne Ha TpeyrosnHHKE 0.00007 0.00283 0.02935
IlaToft cTemeHn Ha TPeyroJbHHKe 0.00041 0.00042 0.00321
®Oyukunn Knada u Touepa 0.00036 0.04052 0.03752
Oyukuun Hionion u [éns 0.00032 0.03395 0.03320

n metona Bpam6aa — lllatiia onnm 3uauuteibHo GoJsblie, yeM
nas Meroga Putna. INo-BuanMomy, 3T0 oGbACHsAETCS MJAOXoH 06-
YCJIOBJIEHHOCTBIO TE€X CHCTeM JIMHEHHBIX YPaBHEHHH, K KOTOPHIM
CBOJATCS MeTOAb HaHMEHbIIHX KBAaJApPaToOB.

3adaua 2 (nnacTuHa C 3aJeJaHHBIM KpaeM).
Haiitn peuwenne ypaBHeHHUS

d'u d'u du __ ¢
W T2arar T =5 ~
B obJaacTi R, ynosjeTBopsooulee rpaHHYHbBIM YCJIOBHAM
dou
u= O—n =0

Ha OR, rpe R==(0,L)X(0,L). Mm paccMoTpum TOT cayuaii,
KOrjla Harpy3Ka ¢ pacnpejeseHa Mo MJAACTHHE paBHomepHo. Ecan
@Wmax €CTb MAKCHMAJbHOE CMELIEHHE MJIACTHHBI, TO

Wmax =a’g"L?

H ToyHoe 3HaueHHe a paBHo 0.00127. 3ajaua pewanace TOJNbKO
meronoM PHTua, u BhiuHcjaeHHble npy N = 6 U pasanunbix Gasic-
HHX QYHKUHAX 3HAYEHHS 0. IPHBENCHH! B T261. 6.

ApTopn npuaHatenbHn M. BafiHy 3a npejfocTaBiieHHHE HM
YHCJIEHHBIE Pe3YAbTaThi, IpHBeJeHHbIe 31ech B Ta6a. 5 u 6. Hanb-
Heliine NOAPOGHOCTH U YHCJEHHbIE Pe3yJabTaThl AJsl 3THX H CXOA-
HbIX C HUMH 327234 MoXHo HaliTH y Baiina (1973).
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Ta6auya 6

Tun GasucHux QyHKumi
OpMHTOBH KyGHuecKHe Ha KBajpare 0.00128
OHueCKHe Ha TPeYroJbHHKe 0.00136
MITOA CTelleHH Ha TpPeyroJibHHKe 0.00127
Oynkunn Knada u Touepa 0.00117

PQynxunn dionion # [éas 0.00119

B) 3AIAYM O TOYHOM YIIPABJIEHUHU 11JIS [TAPABOJIMUECKUX YPABHEHURA
(Xapau u Mutuenn, 1976)

Tenepb npuMeHHM MeTOJ KOHEUHHIX 3JIEMEHTOB [JIsl pelLleHHd
3ajlayy O TOYHOM YNPAaBJEHHH B Clyuae JHHEHHOro napaGonuye-
ckoro ypaBHeHnus. [lyctp ‘6a3ucHblie QYHKUHH COCTOST U3 KycOd-
HBIX GHKy6HYecKUX MOJMHOMOB, a HuddepeHUHANbHOE YPaBHEHHE
YAOBJIETBOPSIETCA Ha KAaXIOM 3JjleMeHTe B rayccOBHIX KBaJApaTyp-
HBEIX TOYKaX B CMBIC/IE METOJA KOJJOKALHH.

PaccMoTpuM ypaBHeHHe TellJONpPOBOXHOCTH

BTt ton ) (HEQ=(0, NX(0, 1), (7.15)

JAONOJIHEHHOE HAaYaJbHBIM yCJOBHUEM

u(x, 0)=uy(x) (x<]lo0, 1] (7.16)
¥ TPAHHYHBIMH ycioBHAMH aas ¢t & [0, T], cocrosmuMu U3 ycio-
BHSA

20—t (7.17

H anbo ycjaoBHs
20D — g, (7.18a)

HIH XK€ YCJOBHSA
AL —olu(t, =G (7.18b)

rae p ectb KoHcranra. Pynkuun ¢(x, ) B (7.15) u f(f) B (7.17)
3ajlaHbl, a OmpefeauTb Tpe6GyeTcs TPAaHHUYHYIO YNPABAAKIIYIO
¢yunkumio g(f) (uau G(t)) TaK, YToOHl pelleHye yKasaHHOH BhIlIe
CHCTEMH! B HEKOTOPHIH (pHKCHpOBaHHHA MOMeHT Bpemenu T @ Tou-
HOCTU €08NAAr0 C Ug(X), T. €. 4TOOH

u(x, T)=ud(x) (xEIO’ ll)v (7'19)

rie uq4(x) ecTb 3agaHHas QYHKUHMS.
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O6aactb Q HOpMHpYeM Mo BpeMeHH Tak, 9Tobu Q = (0, 1) X
X (0, 1), n paso6bem ee Ha N? kBaapaToB co cTopoHoii-h(=1/N),
a npubanxenHoe peuienue U(x, {) npeacTaBHM uepes KyCOuHbie
6uKy6HuecKHe MOJHHOMB Mo x U ¢ (cM. pa3h. 4.2). [TonHoe uncao
Ko3()pULUHEHTOB B TaKoil anmpokcHMauun pasHo 4(N + 1)2 Ho,
KOHEYHO, HEKOTOpblE M3 HUX ONpeNeNsIoTcs ¢ noMouibio GyHKuui
uo(x), ua(x) u f(f), n ecnu 4UCI0 HEH3BECTHHIX KOI(P(PHUHEHTOB
ectb M(<<4(N +1)?), To HAeanbHHM AJA8 MeToAa KOJJOKAIHH
6bs1 661 ToT cayua#t, korna U (x, f) yaoBierBopsier anddepenun-
aJbHOMY ypaBueHH10 (7.15) B M Toukax, BLIGpaHHBEIX B 06J1aCTH
Q. d10 nano 6u! M nuHefHBIX YpaBHEHHA OTHOCHTeNbHO M Heus-
BECTHHIX nmapaMeTpoB. ByneM nonyyare aTH ypaBHeHHs No MeToLy
KOJIJIOKALMH B KBAaJApaTypHBIX Toykax ['aycca mas kaxkioro aze-
menTa. Ecain Ha Ka)X[I0M 3/€eMeHTe B3ATb MO YEThIpe TAKHX TOUKH,
TO TOYHOCTb aNNPOKCHMAUHH 3aJaHHBIMH 0a3HCHBIMH YHKUHAMH
6yner Hamayyweii (cp. ¢ pasa. 3.4). [Ipu atoM moayuutcs 4N?
ypaBHeHHH ¢ M HeH3BECTHBIMH, T. €. HeJOONpeaeNeHHas CHCTEMA.
310 HexenaTeNbHO, H MOITOMY MBI BO3bMEM IO AEBSTb rayCcCOBBIX
y3J0B Ha Kax[AOM 3JeMeHTe, yTo gact IN? ypaBuennit ¢ M Heus-
BECTHBIMH, T.e. NepeonpejeneHHyio cucremy. [locneanss pema-
Jlach YHCJIEHHO MO METOy HaHMEeHbUIHX KBaJApaToB — C AeTaasiMH
MOKHO MO3HaKOMHUThbCs B pabore Xapan u Murueana (1977).

3aech npeacTaB/leHb YHCJEHHbIE pe3yabTaThl AJs NBYX TaKHUX
3ajay, TOYHbIE pellieHAs KOTOPBIX H3BECTHH. Ynpapasiomas QyHK-
uHs B NepBOH 3ajaye sBAsSETCS COCTABHOH YacTbi0 I'PAHHYHOrO
ycaoBusi Heiimana (7.18a), a Bo BTOpoii 3amaue — coCTaBHOI
4acThl0 CMEIIaHHOro rpaHuynoro ycJosus (7.18b). B oboux cay-

Tabauya 7

QDYHKUHA COCTOSHHSA

N? 9 16 25
% < h? 100 100 100
% < At 100 89 80

Tabauya .8

DYHKUHSA COCTOAHHA Yupapamoman ¢yHxuns
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yasfix AN (QyHKUHH COCTOSHHA H (DYHKUHH yNpaBAEHHS BBHIYUCIs-
JIHCb MOAYJIH OIIMGOK B paccMaTpHBaeMHXx y3nax. B ta6a. 7 u 8
NPUBOAUTCS MPOLEHT TAKHX Y3JOB OT HX OGIUEro yucsaa, B KOTO-
pHIX MOAyJH olHGOK GHIIM MeHbuie yeM h2 u ht.

3adaua 1. O
=3z (. 0=Q),
uo(x)=sin x+ cos x,
ug(x)=-e"'(sin x4+ cos x)
H

f@)=e"

Tpebyercsa naiitn pyHkuHio ynpasienus g(f) (cm. (7.18a)), ecan
TOYHOE pelleHHe NMeeT BUI

u(x, )y=e *(sinx+cosx) ((x, ) =Q)

! g({)=e*(cos(l)—sin(l)) (¢ <][0, 1]).
3adaua 2.
% = 327'2 + e~ {(4x* — 1) sin (x)) — 2cos (x?)} ((x, t) €Q),
uo (x) = sin (x?),
uy(x)=-e"'sin (x?
o

f@&)=0.

Tpebyercsa nafitn ynpasasiiouyio ¢yrkuuio G(f) npa p =2 (cMm.
(7.18b) ), ecnn TOYHOE pelIeHHE HMEET BHI

u(x, ty=etsin(x3) ((x, ) =Q)
G(t)=e~t(sin(l)—cos(l)) (][0, 1]).

H

(C) I1 PAKTHYECKOE MCIT0JIb30BAHME JIBOACTBEHHBIX BAPMALIMOHHBIX
TNIPUHLIWIIOB

B ra. 2 6nly0 npHBeAEHO HECKOJAbKO NMPHMEPOB TAaKHX 3a4ad,
JUIS. KOTOPHX CHpaBeAJHBH [BOHCTBEHHbl€ BAapPHALHOHHBIE TPHH-
uunsl. IlouTn Bo Bcex ciyyasix yHC/AeHHOE pellEHHe TaKHX 3ajay
C NOMOMIBIO METOAA KOHEUHBIX 3JIEMEHTOB OCHOBEIBAETCS HA MPUH-
LMMe MHHHMYMa, a He Ha NpHHUHNe MakcuMyMa. Boobuie rosops,
3TO MPOUCXOAHT MOTOMY, YTO NMPHHUHI MHHHMYyMa Jerde peasH-
3oBaTh npaktHyeckd. Cefivac MH PelIHM C MOMOLILIO METOAA KO-
HEYHbIX 3JIEMEHTOB OJHY MNpOCTYIO 3aJayy, HCNOJAb3ys CHayaja
NPHHUAN MHUHMMYMa, a 3aTeM NPHHLUI MaKCHMyMa, H CPaBHUM
NOJydeHHbIE PE3YNbTaTHI.
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~=25
Pre. 31.

Bri6panHas HaMH 3a4a4ya COCTOHT B HAaXOXACHHH QyHKUHH U,
KOTOpas YAOBJIETBOPSIET ypaBHEHHUIO
%u 0%u
+ar=ulxy (x y)ER) (7.20)

ax?

H FPaHHYHOMY YCJOBHIO
u=g ((x, Yy =0R), (7.21)

rae R ectb exuHnuHblf kBaapar 0 << x, y << 1, a ¢yHKkuua g 3a-
jJaHa Ha rpaHuue OR 9’loro_ kBagapara. O6Gaacts pa3oGbeM Ha
TpeyroJbHbIE 3J€MeHTH!, KaK NOKa3aHo Ha pHc. 31.

[MpuHUMD MHHHMYMa AJs 3TOH 3afay¥ CBOAHTCA K Haxoxie-

HHIO
minJ,
u

rae GYHKUMH ¥ YAOBJNETBOPSIOT PAaHHYHOMY YC/IOBHIO, a
i ou \2 u \2
I=+ SRS { =)+ (W) + uz}dx.dy. (7.22)

Ecan Ha KaXAOM TpeyroJbHHKE pelleHHe annpoKCHMHUpPYeTcs JiH-
HefiHHIM HHTEPIONSIHTOM, ONpEeAe/sseMbIM 3HAYEHHSMM U B Bep-
IWIHHAX TPeYroJibHAKA, TO MOJAHbIH HHTepnoasHT U 3annwercs

B BHIE N
U= U (),
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rae N ectb uncJo y3Jios,-a :(x) (i=1,2, ..., N)— KycouHo-JH-
Helinble Gasncubie pynkuun. HenssectHrle 3navennss U; Bo BHYT-
PEHHHUX Yy3/1aX NOJAYyyaloTCsi nyTeM MHHHMH3auuu (7.22) nocie
3amend u Ha U.

INpunuun makcumyma (Aprypc u Puse, 1974) cBoautcs K Ha-
XOXIEHHIO

max G,
U, Us

rae U, = 0u/ox, Uy = 0u/dy, a
-_-_%SRS{ LI ""’) +U1+U2}dxdy+

+ {(—Usgdx+ Uig dy). (7.23)
R

Takas ¢dopma mpHHUMIA MAKCHMyMa C HCNOJb30OBAHHEM MPOHU3-
BOJHHIX NEPBOro NOpsAKa aHAJOrMyHa NPUHIHNY MHHHMYMa JO-
NOJIHATENbHOH SHEpPrHH [JIs 3aJayd O MaJablX ynpyrux aedopma-
uMsax u3 pasg. 2.6. B To ke Bpemsa anis annpoKCHMamHH Uiu U,
Ha KaxXXJIOM TPeyrojbHHKE HCHOJB3YIOTCH JHHEHHble (DYHKIHHA.
Henspecruoie 3uauenns (Up); n (Us): mosyyalotcss npH Haxox-
JdeHHu MakcuMyMma ¢yHkuuonana (7.23) YHCJAEHHBIM NyTEM.

B kauvectBe mpumepa ¢ NOMOLIbIO NPHHUUNA MHHAMYyMa H
NPHHIMIA MaKcHMyMa pelllajach 3ajaya, I KOTOPOH rpaHHy-

Ta6bauya 9

N J G

9 4.8872 4.8288

16 4.8563 4.8382

25 4.8416
TouHoe pe- 4.8462
nIeHHe

u B cepejHHe KBajapaTa
N ITpHHUMD ‘l'[pnmum
MHHHMYyMa MaKCHMyMa

9 2.0268 2.0295

25 2.0279
TouHoe pe- 2.0281

HWEeHHe
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HO€ YCJIOBHE NoJyyaeTcsd U3 TOYHOrO pEelUeHHA
u= e(’H'U)/'\/T,

Uncaennbie pe3yabTaThl npuBeneHbl B taba. 9. C pajbpHefmmnmu
HeTajsiIMH MOXHO MO3HAaKOMHThcs B pabore Ppumana u Ipud-
¢durca (1976).

(D) KPUTMYECKAS TEMNEPATYPA NETOHHMPYIOLWIETO CTEPYKHS

B atom npumepe mosayauckperHas ¢opMa MeToAa KOHEYHHIX
sneMeHToB (pas3i. 6.3) nmpumenseTcs AJs onpelenieHHs KpHTHYe-
cko# TeMnepatypbl Oxpur TBEPAOro AETOHHPYIOLIETO CTEPXKHS,
ONMH KOHel KOTOpOro noaAep)KHBaeTcss XoJoiHunM (0 = 0;),
a npyro#t — ropsiuum (0 = 0¢). Kputuueckas temmnepartypa onpe-
Jensercs Tak, 4ro npHu Oy << Oxpur MBI CO BpeMeHeM NpPHAEM K CTa-
uHOHapHOMY pemenHio O << 0p Ha BceM cTepXKHe, TOrna Kak INpH
Bp > Okpur B HEKOTOpPOH BHYTpPEHHell TOYKe CTEpPKHS CO BpeMe-
HeM BO3HHKHeT 0 >> B, yTo H siBJAseTCS NPU3HAKOM 3aXKHTaHHs
CTEpKHSI.

YpaBHeHHe, ONHCHIBAIOLIEE NMPeAIIECTBYIOLIHI 3aXKHIaHHIO IPO-
mecc, MoxeT GbiTh 3anHcaHo B Oe3pa3mepHbix eaunHunmax (Kyk,

1958) kak

cae C | r ABAAIOTCS KOHCTAHTaMH; OHO AONOJIHSETCS HAYaJbHEIM
ycJa0BHEM -
0(x, 0)=0, O0<x< 1),

¥ TPaHMYHLIMH YCJIOBHSMH
6(0, {)=29,

e(lv t)=eh

H

raoe 60 > 91.

3anaya CBefeTcs K CHCTeMe HeJHHeHHBIX OOLIKHOBEHHEIX AHG-
(epeHUHANbHBIX ypaBHEHHH, ecaH mnpHOJHKEHHOe pelleHHe
HILEeTCA B BHIE

. N4l
O(x, )= 2 o) o (x),
rae 6asucube ¢ynknun @; (i =20, 1,..., N+ 1) onpexenenn na

uutepeane [0, 1] ¢ moMolipio paBHOMEPHOTO pa3GHeHHs. ®dyHK-
UMK g M Gly41 ONPEeNsaioTcs MPAHHYHBIMH YCTOBHAMH, a o (f)
(i=1,2,..., N) ynosaeropsioT cucTeme ypaBHEeHHH

Ao =— A+ (), (7.24)



198 Fn. 7. fansHeliwee pa3BuTHe TEOPMM U MPHUNOIKEHUN

rae A, u A; ecTb NONOKHTENBHO ONpele/eHHEe MaTPHIbl, TOUKA
o3nauyaer auddepenunposanne no Bpemend, a f(@) ecTp Henn-
HeliHasi BEeKTODHas (YHKIHS, KOMIOHEHTH KOTOPOH HMEIOT BHJ

N+1

1 -1
f,(a)=S<p,(x)Cexp(r—(Z a; (1) tp,(x)) )dx (i=1,...,N)

0 {0

Cucrema (7.24) sBasiercs oecTkod, W NpH €e YHCAEHHOM pelle-
HHH HeOGXOAMMO NPOSBAATb oCMOTpUTeabHOCcTb. OHa pellanachk
C NepeMeHHbHIM N[O BpPEMEHH LIAaroM MeTOJAOM, MNpelJIOXKEHHBIM
T. P. I'onknHcoM, KOTOpOMY aBTOpPbl NpPH3HATENbHB 3a MNpeno-
CTaBJICHHBIE UM YHCJEHHbIE Pe3yJbTaThl.

B yncieHHOM nprMepe MoJaragoch, YTO pelleHHe CTaHET CTa-
nHoHapHHM, ecan 0(x, 10) < 6y aas x & (0, 1); nanpotus, ecan
0(x,t) = 0y nns nekoroporo x & (0,1) u Hekotoporo ¢ << 10,
TO CYHTAJOCh, YTO MpPOH30UIIO 3a)kHraHve. Kpurnueckas temme-
paTypa HaxoAMaachb Mo METOAY A€JEHHs OTpe3Ka MOoMoJaM: ecJH
09 = 0. npHBOAHT K CTAaUHOHApHOMY pelleRrHIo, a 8 = 0x (>0L)
NPUBOANT K 32XKHTaHHIO, TO BHIUHCASIETCS pelleHHe Aas 0y =

Ta6auya 10
Juneidnsvie 6asucnole pyuxyuu
0y 0.02440  0.03050 0.02745  0.02898  0.02821  0.02859
Bpemsa oo 0.90 oo 474 o0 6.04
SaXKHIaHHs )
6o 0.02840  0.02850  0.02855  0.02857  0.02858
Bpemsn oo oo oo oo 6.8
SaXKHraH1g
Ta6auya 11
B h 1/4 1/8 1/16 1/32
1
Jluuefinne: b= ES) 0.02857  0.02843  0.02839
Keagpatiunne: 4= NL-I-I 0.02837  0.02841  0.02838
SpMuTOBH 0.02822  0.02837  0.02837

Ky6udeckune: h == %
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1
=5 6L+ 0y) u 64 uay 0. 3aMeHsieTC 9THM HOBBIM 3HAYEHHEM

0o B 3aBHCHMOCTH OT TOrO, IPUBOAUT Takoe Oy K 3axKHraHHIO HJH
HeT.

B ta6a. 10 n 11 npuBeAeHsl YHCIeHHBIE Pe3yJabTaTH, MOJY4eH-
Hble OpPH peLIeHHH 3TOH 3ajayd C Pa3JHYHLIMH 3HaYeHHsiMH N
AJ1s1 KYCOYHO-JIMHENHBIX, KyCOYHO-KBAAPATHYHRIX H 9PMHTOBHIX KY-
COYHO-KyOuueckux GasucHeix ¢ynkuuil. Bo Bcex cayyasx 6; =
=0.0122, uyro npumepHo cooTBeTCTByeT TeMmmneparype 12°C,
a GeCKOHeYHOe BpeMsl 3aXKHMaHHs O03HAyaeT To, YTO pelleHHe cTa-
HOBHTCs crantoHapHeiM. Kycouno-kBaapaTnynsle 6a3ucHble QYHK-
UHH H300pakeHH Ha pHcC. 33.

(E). 3AnAuM O KOHBEKLIHOHHOM IPOBOAMMOCTH

Ha neazexBaTHOCT: MHOrHX CTaHAapPTHHX KOHEYHO3JEMEHT-
HBIX METOJIOB B NPHMEHEHHH K 3ajayaM, CoAepXKalluuM Kak Iep-
Bble, TaK H BTOpbleé NPOH3BOAHBIE HCKOMOH (YHKIHH, BHepBbLIe
o6patun BHHMaHHe aBTopoB O. 3eHkeBHY. ITO B 0COGEHHOCTH
TaK, ecJH Ko3(p¢hHUUEeHTH NPH NMepBHX NPOH3BOAHBIX OKa3bIBAIOT-
Cs CpaBHHTE/bHO GoJbLIMMH. THNHYHBLIM NMPHMEPOM TaKoOro pojaa
CIYXHT 33ajaya O CTALHOHAPHOM TEYEeHHH HECXKHMaeMoH BS3KOH
JKHIKOCTH; 3[eCb ypAaBHEHHe NMepPeHOCa 3aBUXPEHHS B JBYyMepPHOM
clyqae HMeeT BH]I

2 2
o=y (o) =0, (7.25)
rae @ o603HAyaeT 3aBHXPEHHE, 4 H U SABJSIIOTCS KOMIOHEHTaMH
CKOpOCTH, a v ecThb KoapduurenT kHHeMaTHyecKol BasKocTH. Ko-
3¢ ¢UuHeHTH TPH MNePBHX NPOH3BOAHLHIX B (7.25) mo nopsigky
BEJHYHHLE 35KBHBAJEHTHH 4Hcay PeifiHoabaca H mosToMy NpHHH-
maioT Gosbluxe 3HaYEHHs BO MHOPHX NpPaKTHYeCKHX 3agayax.

Uto6H MOKAa3aTh Te TPYIHOCTH, C KOTOPHIMH NPUXOAHTCS CTaJl-
KHBaThC NMPH YUCIEHHOM pelUeHHH ypaBHenus (7.25), paccMor-
pHM OXHOMEpHOE MOJe/bHOe ypaBHEHHE

d? d
CE—kE =0 (=[O, 1)), (7.26)

rae k= pu/v NOJOXKHTENbHO H TNPEANOJAraercs MNOCTOSHHBIM,
Paso6bem unrepsan [0, 1] ma N paBHbIX yacreil AHHH h = 1/N
toukaMi x =ih (i=0, 1, ..., N). B uncaeHHBX npuMepax Huc-
N0J1b30BaJIHCh TPAHHYHBIE YCJAOBHS

1 (x=0),
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nojyyamoumuecss U3 TOYHOIo peLieHHns
kx

k
w (x) = ﬁe—;:f"l— ‘ (7.28)

Pewenne Tanepkuna W ynosierBopsier ccTeMe ypaBHEHHH
W, o)+ kW, )=0 (=12.., N—1, (729

ruae "
W (x) = g‘,o W g (x) (7.30)

¥ WTPUX o3Hayaer andcepenurpoBanue mo x. Ecau npeamoso-
XKUTb OasncHble OGOYHKUHH 1; KyCOYHO-JAMHEHHHIMH, TO (7.29)
-CBeJleTcs K CHCTeMe Pa3sHOCTHHIX YPaBHEeHHi

(1 — 5 k) Wi —2W 4 (1 + 5 k) Wi =0 (7.31)
(i=1,2 ..., N—1).

Sta cucTeMa HMeeT TOYHOE pelleHHe

]-I-?lkh '
W‘=AI+BI - 1 .. (i=0! l) ey N)’
1— ?kh

1 MO3TOMY NpH )
2
h> Y
6yayT UMeTb MECTO OCHHJJISLHH.
Tenepb 3amenum (7.29) cucremoit

(W, W)+ (W, $)=0 (=12, ..., N—1),

rae W cHoBa umeer Buja (7.30) ¢ TeMH Ke CaMbIMH KYCOYHO-JU-
HeHHLIMH 6a3WCHBIMH (YHKUMAMH @; a B KayecTBe NpPOGHBIX
byskuuit P (i=1, 2, ..., N— 1) B3aThl acHMMETPHYHLIE KY-
COYHO-JINHelHble 6a3ncHHE QYHKIHH, NOKa3aHHble HA puc. 32. Ta-
Kie ¢ynkunu 6bian npennoxenn . . I'puddurcom u umeror
BHA

T (144 1) G=l6—Dh ¢—na),
qu(x)=i 1+a(t__) (relE—mh (+8hn]), (7.32)

1= (F—1—1) @sl+h @+ 0A),
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i+§
i1 in i N/

Puc. 32.

rie 0 <<§ n <<l ® o ecTh TaHreHC yrja HaKJOHA CPeIHEro 3Be-
Ha CO 3HaKOM MHHYC. ACHMMeTpHYHBle (YHKUMH 1p; COBNAAAIOT CO
CTaHAAPTHBIMH KYyCOYHO-JIHHEHHBIMH Oa3MCHBIMH (QYHKUHAMH @;
npy a=§E=nn=0. Tenepr Ko3hdHUNEHTH aNnpoOKCHMAaUHH
(7.30) 6yanyr ymOBNETBOPSITb CHCTEME Pa3HOCTHLIX YpaBHEHHMM

[t —gentl +50 —a)] Wi —
—[2+gertm@+D+E@—1)]W+

+[1+ graAFn+ap] W =0 G(=1,2..., N—1),
\ (7.33)

uMelollefl TOYHOE pelleHHe

l+ kh+—kh'q(l+a)

W,_A2+Bz[ ] (=0,1,2, ..., N).
(7.34

PasnocTHnie ypaBHeHHsi (7.33) HMelOT NepBBIH NMOPSAOK TOYHO-
CTH, eCH E %=1 H

L+n
q=
=
Ecnau BBecTH ellle 0603HaYeHHe
___2&n
A= E—mn'

To TOUHOe pelleHHe (7.34) mepenuulercs B BHjE

1+-é- kh+—;- an
Wi=A4+B, .

1 1
| 5 kh+ 5 Akh
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CaienoBaTeNibHO, B KOHEUHO3JIeMEHTHOM pelleHHH He OymeT oc-
UMJJISLHH, ecau

I A=1
HAH 0
OTMeTHM, YTO TPHY CTAaHAAPTHbIE KOHEUHOPA3HOCTHHIE ANIIPOKCH-
Mauud ypaBHeHus (7.26) mosyualoTcsi B CAEAYIOMUX CAYUaAXx:

(I A=1 (pasHocth Hasan),
(I) A=0 (wenTpasbHas pPasHOCTDH),
(IIl) A=—1 (pasnocts BHepen).

Mpu A =0 nonyuatorcsi ypaBuenus ['anepruna (7.31); ToJibkKO
OHHM HMEIOT BTOPOMH NOPALOK TOUHOCTH.

Haxkonen, Mb nojyuum pellenne [ ajepkHHA, HCIONAB3YS Ky-
couHble KBaApaTHUHHe OasncHble (YHKUHH, NOKa3aHHbE Ha
puc. 33. TTocae npoBeneHHs COOTBETCTBYIOLUIMX BbIKJAJOK IOJY-
9aloTCSl Pa3HOCTHHE YPaBHeHHS

(1 —5£R) Wi —4(2 — 5 £R) Winip+ 14W, —

—4(2+5 £h) Wi+ (1 + 5 £h) Wi =0

i=1,2,..., N—1)
B LEJHX Y3Jax H
@—kr)W;—8Wi—ip+ @+ EANW,.1=0 (=1,2,..., N)

B noayuesnx ysaax. Ilocje HCK/IIOUeHHS HEH3BECTHHIX B MOJYyIe-
JBIX y3/aX NOJYYHM CHCTEMY Pa3HOCTHHIX YDaBHEHHH

(1— kh+—k2h2)W,+1—(2+-é—k2h2)lV,—|-
+(1+ kh+—k2h2)w,_,=o (i=1,2 ..., N—1),

HMEIOLYIO TOYHOE pelIeHHe
1 + kh + 5T} k?h?

W= A;+ Bs -
1—3 kh+'1—2kh

Aro peulenHe CBOGOAHO OT OCUMJVIALHMA NPH JIOOHX 3HAYECHHAX
huk.

UucreHnHrle pesybrTaThl NpuBeleHHl B Taba. 12, rae cpaBHH-
BAIOTCl KOHEYHO3JIEMEHTHBble pelleHHs, NOJYYeHHble AJs JIHHel-
HHIX U KBaApaTHUHHIX 6asucHHX GyHKuui. Oas nunefinbix ¢pyHk-
Wi 6ulan BEOpaHbl ABa ciyudas, a AMenHo A = 0 (ueHTpasibuple
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Pue, 33

pasuocte) u A = 1 (pasHocrtd Ha3an). OCuUNANAUHH BUAHH B C1Y-
Yae NeHTPaJbHHX pa3Hoctell nmpu A =1/20. He BrI3BIBaeT coM-
HEHHs TO, YTO AJs 3TOH YacTHOM 3ajayH MOXHO MOJYYHThb JYY-
IIYI0 TOYHOCTb NPH TOM Xe o6beMe BbluH&IeHHH, yMeHbLIas pas-
Mephl 3JIeMEeHTOB ¢ MpHOJHKeHHeM K npaBofi rpanuue. OpHako
B TeX cJayuasx, Koraia ¢opMa oTBeTa He H3BeCTHa 3apaiee, He-
PaBHOMEDHEE CETKH PEIKO HCIOJb3YIOTCS Ha NepBOH CTagHH pa-
6otnl Hap 3apaueil. Jlaabuelime NoAPoGHOCTH NO 3TOMY BONPOCY
MoxHo Hafith y Kpucru (1975).

(F) CHUHIryaSPHHE H3OMAPAMETPHUECKUE S/TEMEHTHI

B pasg. 4.6 GuJ0 mokasaHo, 4TOo Heo6xoXMMO cOGJIOAaTh
OCTOPOXKHOCTb NPH BHIGOpPE Y3JI0B Ha M30mapaMeTPHYECKHX 3Jie-
MeHTaX, uToOBl HHTAe Ha 3jieMeHTe sKoOGHaH He ofpaliajci B
Hyab, Ongnako OHIBAlOT TaKHe CHTYalHH, NPH KOTOPHX oGpaumie-
HHe AKOOHaHa B HYJb B OTIEJbHOH TOYKE MOXKeT OBITb I10JIE3HBIM.
B stom paspesie Mbl pPacCMOTPHM BKparie OAHH cAyyall mpHMeHe-
HHSl TaKHX H30MapaMeTPHUYECKHX 3JIEeMEHTOB.

Ecan ¢yuxuus u(x, y) yIOBJETBOPSET YpPaBHEHHIO

3%u 0%u
e T oy =0

B ofaactu R, TO B okpecTHOCTU Y2a0808 TO4Ku TpaHHUH OR oHa
MOXeT OHTh [IpefCTaBNeHa B BHAE

u= i yrife sin (-Iai) (7.35)
1=t

TpH HEKOTODHIX NMOCTOSHHHX y; (j==1, ...), I'le an ecTb BeJHu-
unHa yraa, BHYTPH KOTOPOro JexXHT R, a (r,0) ectb moasipHble
KOODIMHATH C Hadajom B BepiunHe yria. Orciona caenyer, 4To
B6aM3N BepUIMHH Bpesaiouierocsi B o6aacte yraa (o > 1) npo-
U3BOJHBIE IJIaBHOTO uJeHa B (7.35) HeorpaHMueHHO BO3pacTaioT
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Ta6auya 12
(k == 60)
hom1/20
Tomoe  Felememm  Pemmeam  pemenes am
* pewenrue “epaspuo’:;l:{ P Hasax (ggnxuna
0.90 0.9975 0.9600 0.9375 0.9941
0.95 0.9502 1.2000 0.7500 0.9231
1.00 0 0 0 0
h =1/40
T TmmmI CmSAT Laan
T
* pemerue N pasnocTs Prasan Py
0.90 0.9975 0.9996 0.9744 0.9974
0925 ° 0.9889 0.9971 0.9360 0.9885
0.95 0.9502 0.9796 0.8400 0.9490
0.975 0.7769 0.8571 0.6000 0.7742
1.00 0 0 0 0

npd cTpemyieHHH r K Hyjdlo. Chepyioluide JBe CHTYANUH HMeOT
OYeHb MHOro 00Inero: Korga o =2, T.e, 06JacTb UMeeT pa3pes
HJIH TPeIIHHY, H KOrAa a = 3/,, T. e. 06J1acTh HMEET NPSIMOYroJib-
HYI0 «BMATHHY». TOrna ryiaBHBle YJieHBl Pa3JIOXKEHUsI CTaHOBATCH
nponopuHoHaabHeiMu r'/2 g r2/3 coorBercTBenno. ONHA H3 OCHOB-
HBIX [IPHYHH HENPHTOLHOCTH MHOTHX CTAHAAPTHHIX YHCJIEHHBIX Me-
TOLOB AJISl pPelleHHs TAaKHX 3afay COCTOHT B TOM, 4YTO 3TH QYHK-
IIHH HeNb3sl C JOCTAaTOYHOH TOYHOCTBIO MPHOIH3UTH MOJHHOMAMH
(nor).

Tenepp MBI mMpuBefeM ABa NPUMepa TAaKHX H30MapaMeTpHye-
CKHX 3JIeMEHTOB, KOTOphble NI03BOJSIOT OGOATH 3Ty TPYAHOCTb IPH
YCJIOBHH, UTO YrJOBasi TOYKa OOJacTH fIBASETCA BEPUIMHON sJe-
MEeHTa, B KOTOPOM ApYyrHe y3Jbl BHOPaHH CHeUHaJbHEIM 06pa3om.

(1) Ons npubauxkenus r'/2 Moryr GHITH HCIOJAB30BaHH K8aD-
paTuynbie 3AEMERTHL. Ecnu t4=%(t, 4 1), t5 =% Btz +1t)
t6=%(3t3 +4-#) (cM. pHe. 17), To H3OMapaMeTpHyeckoe mpeobpa-
30BaHHe NMPHUMET BHI

t—ty=(tL—t)p+ (o= (p+q (=x, y),

U JuHefHbBle O p H ¢ GYHKUUH GYAYT HMETb HYXKHOE NOBELEHHE
Buaa r'/2, rge r ectb paccrosnue no BepuuHel Ps. Hanpuwmep,
7~
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BAOIb PiP3 (g =0)
= (x — x4+ (g — ga) = ((x1 — %) + (41 — 92)") P*,
" nostoMy p = r'/2. §lko6uaH 3TOro mnpeoGpasoBaHHA MOXKHO
NpeaCTaBUTh B BULE
2C12(p + 9%,

H 1Mo3ToMy OH ofpaliaercss B HYJb TOJbKO B Touke P3 (p =¢q =

=0).

(2) HOas npubaukenus r%2 B okpectHoCTH y3na P; Moryt
OBITh HCNOJIB30BaHH Kybuueckue asemenTsi. Ecau y3jasl pacmo-
JIOXeHB TNPaBHJbHO, TO H30TapaMeTpHUeckoe NpeobpasoBaHHe
NpUMeT BHI

t—ty=(t—t)p+(t:—1t)g)(p+49P? (t=ux, y).

ITo aHaJIOrMH ¢ NpPeXBIAYINHM CJydaeM MOXHO YyGeiHTbCd, UTO
JuHefiHble Mo p ¥ g GYHKUUH BenyT cebs Kak r!/%, Tak 4ro KBaj-
paTHuHble QyHKuHM GynyT HMeTb HYJKHOe IIOBeJeHHE BHaa r4/3,
Tenmepb Ak06HaH npeobpas3oBaHus 3anHLIETCA B BHje

3Cyos(p+ 9)*,

H o0paTHTCA B HYJIb TOJBKO NpH p = ¢ = 0.

HononuurenbHble MOAPOGHOCTH O CHHTYJSPHHX H3OMapaMer-
PHUYECKHX 3JIeMeHTaX, HAJIOCTPALHIO HX 3(D(DEKTHBHOCTH MPH Npo-
BeJeHHH NPAKTHUECKHX BHYHCJEHHA H OOGOOGIIEHHS TaKOro Ioj-
X0a Ha pasjuyHble OCOGEHHOCTH M Ha cjyyaH Gojiee BHICOKHX
pa3mepHocTeil MOXHO HafiTn B paGore ¥Ysfita (1976).
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