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NPEAKCJIOBHE KO BTOPOMY W3JAHMIO

Mos KHHra «JneMEHTH MAaTeMaTHUYECKOIe aHa/H3as, H3-
Aannaa B 1981 r. maccoBbiM THpaxoMm, 6bia OHiCTpO pac-
npojaHa, M Tenepb BHAHO, YTO €€ LeJeco06pasHO BRINYCTHTh
BTOpbiM H3JaHHeM. Jlns BTOpOro H3jNaHHA § pewns ee ne-
pepafoTaTb Ha OCHOBaHHHM ONLIT3, KOTOPHIA npHOGpEn B
NOC/CAHNE TOJbl, 3aHUMAafACh HIKOJbHLIMH YYEGHMKAMH.

Hsmenenns HanpaB/ieHH Ha TO, uTOGbI KHMry cBOGOAHO
MOT 4HTaTb BCSKMH, KTO 3HaeT MaTeMaTHKy B npejenax
8 KusaccoB necsiTHieTHed WKoJAb. I mpocaenua 3a Tem, 4TO-
Obl B HOBOM HM3AaHHH Obl OXBayeH NPOrpaMMHHIN MaTephnan
9 u 10 xJjaccoB. DTOT MaTepHasn HCYepNHBAalOT NEpBHE BO-
CEMb IJ1aB HacToflEed KHHIH.

[TosiBHnace HeOGXOIMMOCTb BHECTH TJaBy «TpHroHOMETpH-
yeckue GYHKUHH». TPHrOHOMETPHIO XOTA M HSY4alwT B
8 kuaacce, Ho Ges BBeJCHUS TPHIOHOMETPHUECKHX (QYHKLMI,
Tem Gosnee 6e3 OGpaTHBIX TPHUTOHOMETPHYECKHX (PYHKIHH.

Bo BTopoM H3janHH 4YHTATENb TaKXKe OGHAPYXHUT HEKO-
TOpble METOAMYECKHE H3MEHEHHS B HM3JIOXEHHH MaTepHaja o
nokasareJbHOH ¢yHKuMH. B uikone nokasatenabHywo ¢yHK-
uuio npoxopat B 10 kaacce. Onpejenenne GyHKOHR @* aast
MOGLIX [EACTBUTENbHBIX X-—TPYAHBIA BONpoc. ABTOp MHOro
PasMHILILIA Hal TeM, Kak Jyuille NPEenoAHECTH €ro WKoJjb-
HHKY, 4TOOBl 6biN0 M 3JEMEHTAPHO, H HAYy4HO.

Hanoxenne noHATHH CcOGCTBEHHO adaJjH3a — Mpegena,
NPOU3BOAHON, HMHTErpasa—ocTajoch NpPeXHUM, KaK B nep-
BoM u3fjaHuu. [ToHATHE npejena naercs Ha HHTYMTHBHOR
OCHOBE, BHISICHAETCA Ha Npumepax, 0e3 ¢opMajbHbIX oOfpe-
nenennii. bBes nokasatenbctBa (hOpMYJIHPYIOTCH OCHOBHLI@
cBoficTBa npejenos. Takhe (paKThl KakK CYIIECTBOBAHHE MaK-
CUMyMa Yy HENpepbiBHOH Ha OTpe3ke (YHKIWM HJIH CyLIEeCT-
BOBaHHE H €AHHCTBEHHOCTb TOUKH MNeépeceyeHHs HEpephiB-
HOTO MOHOTOHHOrO TrpajpuKa C NpsMOH, NapaJJ/eNbHOd OCH
abcuuce, o6HapyXHBalOTCs U3 paccMOTpeHust rpaguka. Ho
H TIpE 9TOM MOXHO H3JIOXKHTbL BONPOC COBCEM SJEMEHTapHO
Win nposecTd QopManbHbie paccyxnaenus. Ilocneanne nanu
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nerutoM. Jlo6GaBsieda raaBa o auddpepeHuManbHBHIX ypaBHe-
HUAX.

Ocraneustie nate raaB (9—13) MoryT ObiTh HCMOJb-
30BaHHl AJI1 JIONOJHHMTEJNBHOTO H3yuY€HMA B IUKOJaX ¢ ¢u-
8HKO-MaTeMaTHYeCcKMM YKJOHOM. KoMnjekcHele uuciaa, 6u-
HoM HbloToHa, KoMGHHAaTOpUKaA, NPUGAHIKEHHBIE BHIYHCIECHHUS
— BC® STO COBEPILCHHO HeoGxoxuMbie TeMn. Hensnoxo mopsec-
TH TAKXE HTOr CBOMX 3HaHUII O JEHCTBHUTEJbLHBIX YHCJAX.
Kcratn, Hapo ckasath, YTO O HMX INKOJBHHK NOJIyYaeT A0
BOJILHO-TAKH PA3PO3HEHHLIE CBECHHUS.

AptOop npuaaer suayenne raape sPopmyna Teitnopas,
jpaowmeft BaXKAYI0O TOYKY 3PEHHS Ha SJeMeHTAPHLI® QPYHKOUH.
B Hacrosiem H3gaHHH BHIBOJA STOR (OpPMYJW mNpuBeleH B
Gonee moxopuusofi ¢opMe, uyeM B mepBoM uspaHuu. §1 Gaa-
rofapio akagemuka A. JI. AsnekcaHppoea, OOGpAaTHBILIEro Moe
BHHMAHHE HA TO, YTO B NEPBOM WSJAHHH H3JIOXKEHHE STOro
BOTIpOCca TPYAHOE.

a2 KHHra OyfeT fojesHa He TOALKO HIKOJbHHKAM, HO
K yvyamamcs IITY, TeXHUKYMOB H CTYAEHTaM. BY3OB C OYE€Hb
KpaTKofi nporpaMmoii N0 MaTeMaTHKe, YYHTENSM H BOOGINE
ansi obinero o6pa3oBaHus.

CunTalo CBOMM JONTOM BhIpa3uThb Gaaronaprocts A. B. Illes-
Ki¥Hy, KOTOPHft nOMOr MHe Hamucath rjaaBy «TpuroHomerpu-
qecKHe (PYHKUHMH» U mnepepacnpenenuts raasy s®yHxuuwn».

C. M. Hukorvcrkull



K3 NPEAMCJIOBHS K NEPBOMY H3AAHMIO

Sl uMel OnHIT mpenofaBaHHUA MaTeMaTHYECKOro aHajnuaa
Ha 3NeMEeHTapHOH ocHoBe. B Tpuauarthix rojax s npenoga-
Bal B TeXHHYECKHX Bysax J[lHenmpomeTrpoBcka, rae cayare-
AAMB ORI B OCHOBHOM paGdakosusl. Ceifiyac 2 aenoch
€BOHM OIBITOM.

STy KHHry DNOpeKOMEHIOBaNH MHE HamnucaTh aKajeMHK
H. M. Bunorpapos, akagemnk K. K. MappxanuwBuan u
anen-koppecnoszientr AH CCCP E. ®. Mumenxo. OHM 03Ha-
KOMHJIMCh C HalmHCAaHHON PYKOMMCHIO M JaJH BeCbMa LEHHbIE
opeTnl. Pykonucs O6elna mnpouHTaHa noRpo6GHO npod.

. WU. Apsimom, npod. A. A. KapauyGoit u opHUHAaAbHEMU
peneHseHTama usjaresanctBa «Haykas npop. A. B. Edumo-
BuM-4. npodp. M. K. IloranoBrm. OHM Hani MHOTO UEHHBIX
coperoB. [loneannle 3amedaHMss NO PYKONMHCH $ NOJYYHI
tanke. -or npopeccopa C. A. Tenaxoeckoro u [naBHoro.
ynpasniesun wkon MunuerepctBa npocsewenus CCCP, rae
oHa u3yyanacb. Hakonen, rinapy «MareMaTHYecKHi aHaJus» .
¢ nonosHeHueM K Hefi noapo6Ho u3yuua akanemuk J1. C. Tlon-
TpAruH. ‘Pan ero saMeuaHuit 1 yuen, B YaCTHOCTH, AONOJIHHB .
pyKonuch (neTuroM) hopMaabHEMH A0Ka3aTeIbcTBaMH HEKOTO-
PbIX NOJIOXKEHHIT, OGBIACHEHHRIX H3 HAarAsAHBIX cooGpakeHuil. .

Bcem ykasanHuM Jnuam ¥ [naBHOMY ynpaBJeHHIO IIKOJ
Munucrepersa npoceemenns COCP s Bhipaxkaio TIayGOKYIO
6naronapHocTh. »

Haxkoneu, s ormeuaio, yro Komuccus no pedopme Mmare-
MaTHyeckoro o6pasoBaHHa B cpepHeil wkoae npH Biopo.
oizeneHdn MateMatuku Akajgemun nayk CCCP nox npence-
JlaTeJILCTBOM aKaemuka M. M. BuHorpasoBa pekomenpoBaaa
Munncreperey npoceeuienuss CCCP nonycTiTh JaHHYIO KHHTY
Kak ‘yyeGHoe moco6ue AJisi yYallHXcsi CPENHHX LIKOJI.

Ceiluac, Korjga KHWra HaXxomuTcs B KOPpPEKType, CTalo
M3BECTHO, YTO OHA PEKOMEHIOBaHa B KauecTBe noco6us AJis
yunTteneii. Bce ke 5§ He W3MEHSIO HAayaslo CBOEro NpEeAHC/IO-
BHS, NMOTOMY YTO YyGexcaeH, 4TO STa KHHra BNOJIHE JOCTYNHA.
IWKOJIbHUKAM.

1980 C. M. Huxonvcrkuid



TJIABA 1
PYHKHHSA

§ 1.1. Yem sanmmaeTcd MaTeMaTHUECKMil anamma?

Haspanne «Matemarnueckuit aHaim3» — COKpalleHHOE BH-
JION3MEHEHHe CTaporo Ha3BaHHA «aHaJH3 6ECKOHEYHO MaJibiX».
Iocneanee Gonbille rOBOPHT, HO OHO TOXE COKpAIUEHHOE.
Haspanne ¢ananns nocpeacTBoM GECKOHEYHO MaJlbIX» Xapak-
Tepu3oBano 6bi npeamer Gosee TOYHO.

Bunio 6u nyuwe, ecnu Gul Ha3BaHHE OTPaxano Te oGhHEK-
Thl, KOTOpHE MNOABEPraloTCcA aHaiuady (uwsyuennio). B knac-
CHYECKOM MaTeMaTHYECKOM aHaJH3e TaKHMH OOGBEKTaMH SBA-
10TCA mpexje BCero QyHKUHMH, T. €. nepeMeHHbe BEJHYHHEI,
3aBUCAHIME OT ADYrHX NepeMeHHHX BedanunH. PYHKIUH MH
BCIOAY BCTpeuaeM B NpPaKTHKe, GYHKIMH ONHCHBAIOT ABHIKe-
HMAa, (usnueckue sBaeHHs. OHH BCTpEYalOTC B TEXHHKE;
TeOMETPHH, MeXaHHKe, XMMHH, 3KoHomuke. Mayuas dyHkuum,
Mbl M3yYaeM KOHKpETHHE siBJIeHHS, KOTOPLIE OHH OMHCHLIBAIOT.
Onna u Ta e QYHKIHS MOXET ONHCHBaTbL fABJEHHS COBEp-
HIEHHO Pa3NHYHOH MPHUPOJAHW M TEM CaMbIM OOLEAHHATb B cebe
8aKOHOMEDHOCTH, KOTOPHIM STH SABJIEHHS MORYHHSAIOTCS.

MarematnyeckHil aHalIH3 sBASETCA CPEACTBOM MW3yuCHHSH
¢yHRuaf, HO TOrja M CpPEACTBOM M3YYeHHSI OKPYIXKaIOWMX
Hac sBNeHUA. BaXKHLIMH NOHATHAMM MaTE€MaTHYeCKOro aHa-
JMsa ABJAIOTCS TpEAeN H HenpepHBHOCTb (QYHKIHH, MNPOHS~
BoAHan W MHTerpai. B 3Toft raaBe uuTaTesb NONYYHT Ha-
gajJibHHE CBeJieHMsi 00 STHX NOHATHAX, HX CBfI3H M HX NpH-
JIOXKEHHsAX.

§ 1.2. OGosHaienne HEKOTOPHIX MHOKECTB UMCEN

PauuonanpHee | HppauuoOHaJIbHBIE 4YBCJjla HA3HBAKTCH -
Oeticmaumeavroimu wucaamu (cM. ra. 10).

ﬂgc‘rb @ u b—jeficTBHTENbHBE YHCMA (TOYKHM uHCJIOBOf
npayOfl), yNOBJIETBOPAIOIHE HEPABEHCTBY a < b.

mpesxom [a, b] HaseiBaeTcs MHOMECTBO uyHces (Touew):
¥, YAOBJETBOPAIOMHX HEpaBeHCTBaM a < x < b. Hrumepeasom .
(@, b) HashBaeTC MHOMECTBO YHCEN X, YJOBJIETBOPSIOUIHX
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HepapeHcTBaM a < x < b. Humepsasom (— oo, + 0o0) Ha3wl-
BaeTCi MHOXECTBO BCeX JAeHCTBUTENBHbIX uucen X (Touek
yncnoBoit npsamo#). [oBopaT ewe, uyTo 3T0 ecTh MHOMKeECTBO
Yucea X, YAOBJETBOPAIOIHX HepaBeHCTBaM — oo < x < + 0o.
Hamepearom (a, + oo) HasbiBaeTcsl MHOMECTBO UHCENd X,
60bLIMX YHCIA d, WIH, KaK TOBOPAT, MHOXECTBO YHCEN X,
YAOBJICTBOPSAIOWMX HepaBeHcTBaM a < x < -+ oo. Humepaa-
oM (— oo, b) Ha3bBaeTCA MHOMKECTBO YHCEN X, MEHbIIMX
yucia b, WIH, KaK roBOPSAT, MHOXECTBO YMCeN X, YAOBJeT-
BOPSIOIIMX HepaBeHCTBaM —oo < X < b, N

[Monyunrepsanom [a, b) uau (@, b] HaspiBaeTcs MHOMe-
CTBO YHCEJ X, YMAOBJETBOPSIOIMX HepaBeHCTBaM a < x < b
i a < x< b cooTBeTCcTBEHHO.

Orpe3ok, HHTEpPBaJ WM NOMYHHTEpPBald Mbl GyjeM Ha3bl-
BaTh ellE NpOMENCYMKOM.

‘Ham BeTpersaTcs m apyrHe MHOXKeCTBa (COBOKYMHOCTH)
YyHuces, KOTOphie He 065i3aTebHO MMEIOT CreunajbHhe Ha3pa-
uua. Hx o6osnauaior pa3nemm Gyksamu: E, A, B, ...

§ 1.3. Mpumepnt dynxuud

B oxpyxaiomeli Hac AeHCTBHTENLHOCTH MH BCIOJy Ha-
6Ji01aeM ABAGHHS, OPraHMYECKH CBA3aHHbIE MeXAy coGofl.
Hepeaxo 3TH ABNEHHA COMPOBOMIAIOTCA CBA3AMH MEXAY Te-
MH WM WHBIMM BEJIMUMHAMH, 3aK/IOYAIOMMHCA B.TOM, 4YTO
OJHA BeNHYHHA, BooGUlIe rOBOPS NepeMeHHas, 3aBHCHT B CH-
JIy Onpeje/eHHOTO 3aKOHAa OT APYrofi nepeMeHHO! BEeJNHYHHH.
B Takux caygasx romropsit, YTO NepBas BEJHYMHA €CTb PYHK-
yus sropoii. IIpn STOM BTOPYIO BEIHYHMHY Ha3LIBAIOT He3asu-
cumoll nepemennol WU apeyMenmom, a NepByto— 3asucumod.

[TpuBesem npuMepn! Takux QyHKHUI.

1. Ilycte B HayaJbHHA MOMeHT BpeMeHu ¢{=0 MarepH-
anpHas TOYKA HaXoAuJach B Nokoe, a 3ateM (npm ¢ > 0) Ha-
yana najath Noji BO3AEHACTBHEM CHJbl TsKecTH: Toraa myThb
s, NpoMNeHHEIA TOuKO# 3a Bpems f, BbIpa3uTCA (opmyJoh

2
s=£- (>0, (1)
rie g— yCKOpPEHHE CHJBI TXecTH. B nanHom ciydae Mol
HMeeM Jieio ¢ JABYMf [EpeMEHHbIMH BeJHYUHAMH { H S.
Kaxnomy 3HaueHHi0 BpeMeHH { B CHJy 3aKOHa, BBIpaMeH-
Horo ¢opMyJioit (1), NpuUBOAUTCA B COOTBETCTBHE OmpeAeneH-

HOe 3HauyeHuWe Ss. OTHM onpeseneHa  GYHKILHs s=g—;— Ha
MHOKECTBE HEOTPHUATEJNbHEIX 3HAaueHud f.
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2. 3axon DBoiins —Mapuorra ycranaBanbaer cBASh MeX-
Ry AaBieHHeM H 06GbeMOM JaHHONO KOJIHYeCTBa rasa NpH
NOCTOSIHHOA Temneparype:

p== (@©>0), @

TA€ ¢— KOHCTaHTa, U—O00DBEM, 3aHUMAeMblil AdHHHIM KOJM-
YeCTBOM rasa, p—ero AaBjieHHe. 37ech p nBAseTcs (yHK-
uMed v U OQHO3HAYHO BhIYHCAsETcH no dopmyae (2).

3. INunowans xpyra paauyca r ecTh BeqMYdHA S, 3aBH-
cAman oT r. S BbYHCAfeTcs no dopmynae

S=art (r>0).

Ecin M3MEHATH r, TO COOTBEICTBEHHO GYNET M3MEHAThCH
S. Tlockoabky 3jecb peub MAET O MJIOWIaAM Kpyra, To HaH-
Haa GYHKLHS ONpeAeJeHAa Ha MHOMECTBE IOJIOXKHTENbHEX
yHcen r.

§ 1.4. OnpeneneHne NOHATHS PynKuHK

ITyeme E ecmb muoxcecmso. uuces u nycmb 8 cunYy HeKO-
Mopozo 6nosfe onpedeseHH020 3aKOHA KanCOOMY 4“ucay X us
E npueedero 6 coomeememsue 00HO 4ucao y; moz2da 2080pam,
umo Ha E 3adana ¢ynkyusn, xomopyro sanuceisaom max:

y=Ff(x).

1o onpeznenenne ¢pyukunu npemnoxedso H. M. Jlo6aues-
ckuM 1 Jupuxue *). Muoxecrso E Ha3biBaioT obaacmero 3a-
danusa wan obaacmoio onpedeserus pyuxruun f(x). Tosopat
TaKKe, 4TO 3ahaHA HE3ABUCUMAA NepeMEHNas X, KOTOpas Mo-
JeT NPHUHHMATh YacTHHE 3HaueHHs Xx W3 MHoxectBa E.
KaxaoMy TakomMy 3HaYeHHIO X B CHUJy YNOMSAHYTOTO 3aKOHA
NPUBEACHO B COOTBETCTBHE OMNpejeJeHHOe 3HayeHHe (dHCA0)
Apyroit nepemeHHOH y, Ha3blBaeMOR @ynrxyued apeymenma x.

Inst BolpaxeHUs NOHATHA (GYHKUHH YNOTPEOJRIOT reo-
MerpuuecKkuil A3biK. ['0BOPAT, YTO 3a42HO MHOMXECTBO TOYEK
X peficTBUTE/IbHOI NpsiMolt — 06.2acmb onpedeseHus pynkyuw —
M 3aKOH, B CHJIy KOTOPOro Kaxkoil Toyke MHoxecTBa E npH-
BOJAMUTCS B COOTBETCTBME uHCM0 y=f(x). Ecmi MBH XoTHM
rOBOpUTH O (YHKIHMH KaK O HEKOTOpPOM 3aKOHE, NpPHBOAS-

*) H. W. Jlo6auencknit (1792 —1856) — pyccknit MaTeMaTHK, co3-
NaTelb HeeBKJHAOBO# reoMerpun. I1. I'. Jdupnxne (1805—1859)—ne«
MeNxXuiA MaTeMaTHK.
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meM B COOTBETCTBHE = KaxJoMy uucay x us E Hekotopde
qHCJIO Y, TO JOCTATOYHO ee 0603HauuTh oxHOM Oyksof f.
CumBoa f(x) o6Go3nauaer uucjo y, KOTOpoe B CHAY 3aK0 Ha
[ coorsercrByer uucay x. Ecau, Hanpumep, umciao | npu-
Hannexur obnacty E onpenenenus ¢yukuuu f, 10 f(1) ecth
sHadenue ¢pynkyuu [ B Touke x=1. Ecau | He npuHanse-
)Km‘l_ E, 10 rosopar, 4to GyHKuuA [ He onpedesena 8 mouxe
x=1,

IOna byHkuuit f n @, uUMeOWUX OJHY ¥ Ty XKe oGnacTb
onpenenenus E, onpepeasiorca cymma [+ @, pasHocme
[—@, npoussedenue fQ, wacmnoe f/@. 310 HOBLIE GYHKUMH,
SHaYeHHUS KOTOPBIX BHIPAXAIOTCS COOTBETCTBEHHO (opMysaamMu

‘f(x)+¢(1;). f)—e(x), f(x)o(x),
(x) .
e e x€E;
311ec§ B CJy4ae 4acTHOro mnpeanosaraercs, 4to @ (x) =0
Ha E.
Ina o6o3naueHns QyHKUHM YynoTpeGAstoTcs M JoOhe

Apyrue 6yksol: F, @, W, ..., TaK ke KaK BMECTO X, Y
MOJKHO nucaTb 2, 4, U, W, ...

§ 1.5. 3apanve dyuxuun dopmyoit

» BO3MOMHBI pa3JinuHble crOCOGH 3aiaHua yHKuuH. Cpenn
HHX OCOGEHHO BaXKHOE 3HAuCHHE HMeeT 3ajaHue (QYHKUUH
npn NOMOIH GOPMYJILL. '
[IpuBeseM HeCKOAbKO NpuUMepoB (YHKUUH, 3aJaHHBIX
¢opmysamu. . i
ITocmonrnan pynxyus
y=c¢ (—o0<x<+ ).

Kaxnomy nefACTBUTENLHOMY X COOTBETCTBYET ONHO H TO we
8HaueHHe y, paBHOE UHCHY C. ‘ '
Cmenennan ¢pynryua

y=x" (—o0<x<+0o0, n=1,2 3, ...).
Tlpu pa3nuuHbLIX 3HAYEHUAX N NOAYYUM y=X, Y=x* y=x2
HT A ’
Junelnaa pynkyun
y=rkx+b.

Jlunefinbie QYHKLUHH BCTPEYAIOTCA B MPHUJIONKEHHAX OUEHH
wacto Mwuorue ¢H3UYECKHE 3aKOHBLI BbIDANAIOTCA, U [PUTOM
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AOCTATOYHO . TOYHO, JIMHEHHHMH . pynkuusmu.  Hanpuwmep,
AnuHa. [ CTEPHHA C XOPOIINM NPHOANKEHNHEM paccma'rpuaa-v
TCA KaK JmHelHas (yHKUMA ero temneparypu fi

l=1l+at,

rjie o—KO3hOHLUHEHT JINHEAHOrO pacluupenus, -l;— AJiHHA
‘CTepKHA TpU t=0. Ecan x—sBpems, a y-—nyTh, NpoiiaeH-
Hbl 32 3T0 BPEMS TOYKOH, TO JIMHeHHan QYHKUMSA y=kx-+ b
BbID2XKaeT TOT (aKT, YTO TOYKA ABHIKETCA DaBHOMEPHO €O
CKOpOCTbIO k, HHCJO e b ecTb paccTosHMe TOYKH OT Haya-
Ja OTCYeTa NyTH B MOMeHT BpemeHn x=0. BoaMoxHOCTB
TPUGMMIKEHHO CYHTATb PABHOMEPHBEIMH PasjMYHLIE N3MEHEHUA
X0Ts Obl Ha MaJbIX yYyacTKax M NpOCTOTa JHHEHHOH (yHK-
UHH JEJIAI0T €e OYeHb YNOTPeGHTENBHOM.

YacTHeM cayvaeMm JuHelHol ¢ysKuuu (npu b=0) sB-
JIAETCA NpAMAA NPONOPYUOHAALHOCITL

y=*kx, k=0,
Dynryun emopoll cmenenu
y=ax’+bx+c (—oo <x<-to0)

TOXE BCTpeuaeTcs B NPHJIOKEHHAX, Hanpumep, NpH onuca-
HHH PaBHOMEPHOTO YCKODEHHOTO ABMIKEHHS.

MoxHo paccMaTpuBaTh (QYHKUMH ‘PpeTbePl yeTBEpTO M
BooGume n-it crenend. Pynxuus

Yy=3x—24+ 134 x+1 (—oo <x<+ 00).

€CThb npnMep GYHKUUH YETBEPTOH CTENEHH. .

QyHKkuua n-f CTENEHH, HJAM, KaK ee Has3biBaloT, MHOro-
YJIeH n-f CTeNeHH; NOJYYaeTcs M3 3afaHHBIX DOCTOAHHHX W
CTeNneHHoH Q)ym(uuu y=1Xx NpH NOMOWY AEHCTBUA CJIOXKEHHUA,
BHUHTAHHS H YMHOXEHHs, B3ATHIX B KOHEyHoM uucie. Ecan
npu6aBuTb K STHM JAeACTBHAM eie jenenne, 10 Gynem no-
JIydaTb TaK HashBAEMBIE PAYUOHANbHbIE PYHKYUL. BOT npu-
MepHl PauMOHaJBHBIX (QYHKIM;

_ =6 C 14x R
y= x ! y-l-—'-x’ y"‘, —5x+6

PauvonaibHylo GyHKuUHIO Bceria MOXHO 3aMHCaTh B Bn,ue

gpo6n Y KOTOpO#l YHCJMTeJb M 3HaMEeHaTeJb-—MHOIOUMEHH.

HOHaAbHAs QYHKUMA onpeleneHa - L. BCeX NeHCTBUTEb
HHX X, KOTOpHE He o0paumaloT 3HaMeHaTeNlb. B HYJb.
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YactHHM enyyaeM pauuoHadbHOA (QYHKUMH ABASETCH
dynkyua, supaxaowan o6pamuylo nponopYUOHasLHOCHS

y=% (k+0).

DyHKIMA HAa Pa3J/IHYHBIX YaCTAX ee OGNAacTH OMNpejesne-
HHA MOMET OHTb SajaHa pas/muHbMH dopmynamu. Hanps-
Mep, MyCTh NOe3A, BhileAumHi u3 nyHkTa A B MomeHT ¢=0,
e B TedeHHe ABYX 4dacoB co ckopocthio 100 xM/ 4 m,
npu6BIB B NYHKT B, cTomj TaM OAMH 4Yac, a 3aTeM ILien
Janbille B TedeHHe Tpex zacoB co ckopocthbio 80 km/a. Toraa
dynkuua s=f(f), Bblpaxaiomas paccTosiHue (B KHJIOMETpax)
noesxa oT A B MOMEHT BpeMeRH [, OUeBHAHO GyAeT ompefe-
JATBCA CACAYIOLIMMH TpeMs (opMyJiaMu;

100¢, 02,
F(ty={ 200, 29<t <3, 3)
80t —40, 3<<1<6.
B panbueiiieM MBI OCTaHOBUMCH AOCTaTOYHO FMOAPOGHO

Ha TPHrOHOMETPHYECKHX (PYHKUMAX U BBEAeM HOBHE (hyHK-
UHH —MOKA3aTebHYI0 H JIorapuMHYECKYIO.

§ 1.6. 3ananwe ¢ynxnun rpadukom

BaxHpiM cpeactBoM 3anaHHA QYHKIWH ABJAAETCHA rpaduk.
3agaauM NpAMOYroJibHYIO (AeKapToBy) CHCTeMY KOOPAHHAT
xOy (puc. 1), Ha ocu X OTMETHM OTpe3ok [a, b] w u3obpa-

4
3
5/ . y=4 .
/;—_'j
-
{ | | 2
| .y—;f{‘z‘) | 7k
i I !
L = 1 i B S | 1 Lt
q a & b & /i z
Pue. 1 Puc. 2

suM Jobyo KpuByto I', obsazatoutyio cleayiouuM cBOHCTBOM:
KaKkoBa Obl HM Obila TOUKA X OTPE3Ka, NpsAMas, MPOXOAAILAS
yepe3 Hee NapaJJiesIbHO OCH Y, nepecekaer Kpusyio I' B eann-
creeHHol Touke A. Takymo. kpuByio I' Mul GyaeM Ha3bBaTh
epaguxom. Tpabur onpeaenser ¢pynkuuio y=f(x) Ha oTpes-
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ke {a, b) caepytomum obpasom. Ecam x ecth npow3posibHas
Touka oTpesKa [a, b], TO cooTBeTCTBYIOILCE 3RHAYEHHE Y= f (X)
onpenensercs Kak opaunara toukd A (cMm. puc. 1). Cneno-
BaTe/bHO, C NOMOLILIO rpadHKa AaeTcs BMOJHE OnpejiefleHHHR
33aKOH COOTBETCTBHA MeXIy X H y=f (x). )

IpadukoM QYHKUHH y=c sBJASETCH NpsMas, Napajjelib-
Has ocH x u nepecekamomas och y B Touke (0; ¢). Ha puc. 2
usobpaxen rpapuk GyHruuu y=4.

4

NLT
s Y =z

Puc. 8 Puc. 6

I'padukn crenennolt pynkuun mas n=1, 2, 3, 4 usobpa-
JeHH Ha pHc. 3 H 4.

I'paduxom muneiliHolt QyHKuUMM y= kx- b aBafeTCA Opse
Mmas, oGpaayxomaﬂ C TNOJIOXKUTE/IbHBIM HanpasJaeHHEM OCH
yroJi, TAHI€HC KOTOpPOro paBeH R, H mepeceKaroilas oca:
B TOYKe, OpAMHATa KOTOPOH paBHa b



16 © P 1. OYHKUMA

Ipadukom dyHnkuun BTOpO#H creneHu y=ax*-+bx+c ns-
JsercA napa6ona.

Ipadukom olpaTHOM NPONOPUHOHAJBHOCTH fBIAETCH U~
nep6ona.

Puc. 7

Ha puc. 8—7 npusesenn rpaduku ¢pyskmuf g=2x—3,
y=lx’—2x+2 " y——_-—4

I‘paqxux byHKiuH, 3auaﬂuuﬁ dopmynamu (3), n3obGpameH
Ha puc. 8.

§ 1.7. 3apanne Qpynxumn Tabruueh

Dyukuus Moxer GuiTh 3a4aHa ¢ ToMoubio Tabnunet. ITycrs,
HampyMep, Pe3ynbTaThl H3MEPEHUs TeunepaTypu Boaayxa T

B MoMeHT Bpemenu (=0, 1, 2, ..., 10 uacoB 3aHeceHn B
Tabmuy:

t ol t]e|3]4a|s|6|7]|8]9] 10
T2 {151 {1 ]os5|1|15]2|3]|4a]s

Takam .o6pasom, Mbl noayuusad ¢yskuuio T = f(£), onpege-
sennyio Ha MHoxectse E ueanx uncen.or 0.0 10, sanan-
Hyto Tabauuefi. Ipapux oyuxuun T =f(¢), coctoamuu H3
12 Towek, u3oGpaxeH Ha puc. 9.

l/lcnonbayﬂ NPUBEAEHHYIO TAGMHLY M Y4HMTBHIBadA, 4TO TeM-
nepatypa T H3MeHANach HeNpepHBHO, MOXHO PacCMOTpeTh
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7k

6t —e

S5k

45 '

3F .

2r O L ¢

7}k * o o

0| 7 254667809 W%
Puc. 9

byukumo T = =f(f) na muopecrse [0, 10] Ee rpaduk moxer
OBITb. MONTYYeH W3 MepPBOro JHIUL NPHOIMKEHHO, NAABHHEM CO-
€AHHEHHEM €ro TOYeK.

§ 1.8. Cnoxnan ¢yHxuus

C noMotupio apudpMeTHYECKHX ,ueﬁc'renﬁ MOXHO KOHCTPYHpO-
BaTh MO AaHHBIM (YHKUMAM HoBble pyHKuun. Ho cymecrsyer
elle H JPyroe cpefcTBo KOHCTpyHpOBaHHA GYHKIHH NO JaH-
HuM GyHKuMAM. Ml uMeeM B BULY Onepauuio gyrkyuu om
Pyrryuu.

IMycre 3aganw ase Gynkuud y=f(u) v u=q(x), rae @
ecTb o6nacre onpeneneHus f, a E —obaactb onpeaenenus @,
M NMycThb KaxjuoMy x u3 E COOTBETCTBYeT Npu noMoiuy GyHx-
LHH @ 3Hauenwe u, npuHaanexauee G. Torma MOKHO CKOH-
CTPYHMPOBAaTb CAOKHYIO GYHKIHMIO y = f (@ (x)) OT X ¢ 06AACTHIO

» onpenenenus E. Ee Ha3uBaOT TaKKe ymnyued om ¢ynkyuu.

Hanpuwmep, q)yﬂkumo

y=@'+1) (—o00 <x <+ )
MOJKHO paccMaTpHBaTh KaK CJOXKHYIO (QYHKIHIO
y=u®, u=x+1 (—o0 <x <+ o),
ONpENe]IeHHYI0 AN BCEX TOYEK X MM, KAK FOBOPAT, onpe
ReNeHHylo Ha uHTepBaje (— oo, -+ oo).

Bosmoxuna caoxHas q)ymmuﬂ B 06paaoaaunu KoTopoit
yuactayer n byHKUHT:

z2=F, (F, (Fs(.. (F,.(X)) )]
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Hanpumep, pyuxuns
=T (—1<a<Yy (4)
€CTb CJOXHAaf (YHKLUHA, CKOHCTPYHpOBaHHas M3 TpexX (yHK-
uuits
1=Vu, u=1l—y, y=4x.

Tak Kak Qynkuus V u onpesenesa Toibko Ans 430, TO
¢bynkuus (4) onpejeneHa AAs TakKHX X, KOTOphE YAOBJETBO-
paioT HepaBeHCTBY 1—x? >0 uau, uTo BCEé paBHO, HEpaBEH-
ctBam —] < x < 1.

YIOPA)XHEHUA

1. Yro Takoe -

1) dynxuus,

2) obnacTh 3anaHHA QYHKIHH,

3) mocTosiHHas GYHKUMA,

4) nvHeiiHas (yHKuHA,

5) crenennas QyHKuus,

6) MHOrouseH BTOpOH CTenemw,

7) MHOTOu/IEH n-f cTenenw,

8) panuonanbnas dyHKOus,

9) cnoxnaa GyHKIUA?

2. Hapucyfite cxematnueckue rpaduki GpyHknmi x2, x?,
PO

3. Ykaxure o6nacti onpeaeneHus GpyHKUHA

D= V%, 3 V=

4. .Tlo uenoukam (YHKUHH HanHcaTb COOTBETCTBYIONLYI®
CIOXKHYIO (PYHKUMIO H yKasaTh 06J1acTb €¢ 3aAaHHsI

Hy=Vv, v=1+u, u=4x3

Q)y’:ch v=1—u, u=x?

3)y=%, v=14Vu, u=1l—x

§ 1.9. CeoiicTBa HeKOTOpLIX q;xmmuﬁ
Oyuxuna f(x) HasmiBaercss wemuod, €CNM BHIOMHSETCS

PaBEHCTBO
f(=x)=f(x)

AJAt BCEX 3HaueHHH x M3 ofJjacTH ee ONpenejeHHusA.
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Hanpumep, dbyHkuHa x* yeTHas, DOTOMY, YTO (— )3 =x?
Ans Beex x. BooGiuie mo6Gas QyHxuds suga x®, rae n—uyer-
HOe uHC/IO, 4etHasn. Bean njim uetHoro n BHINOAHSETCH pa-
BEHCTBO

(—x)"==x",

KakoBo 6ul HH GBlNO X.
- Tpabuk uerHo#t ¢yHkuuu y= f(X) CHMMETpPHUYEH OTHOCH-
TeJbHO OCH Yy, MOTOMY YTO NPH YCNOBHH f(— x)=f(x) TOUKH
rpapuka (x, f(x)) u (—x, f(—x)) CHMMETPHYHBI OTHOCH-
TesnpHO ocH y. Ha puc. 4 usoGpaxeHnl rpadhuku ueTHux GpyHK-
mMil y=x* n y=x*.

®ynkuus f(x) Ha3LIBAGTCH HeuemHod, eclU BHIMOJHAETCHA
paBeHCTBO

f—x)=—[(x)

ANIA BCEX 3HaueHHH x u3 o6JacTH ee onpeaejeHus.

Hanpumep, ¢ynxuns x® neuernas, noromy uro (— x)* =
=—x' aasa Bcex x. BooGiie QyHKUMA X" npuU HEuyeTHOM n
HeyeTHble, a TPH YETHOM 71— YETHbIE.

I'papuk HeuerHORN (yHKUMH y= f(X) CUMMETpPUUEH OTHOCH-
TeJbHO Hayasla KOOPAHHAT, MOTOMY YTO NPH YCJIOBHH f(— x)=
=—f(x) ToukH (x, f(x)) u (—x, f(— X)) cUMMETPHUHBI OT-
HOCHTe/IbHO Hayaja KoopauHaT. Ha puc. 3 usoGpakeHn! rpa-
(uku HeueTHbIX QYHKUHN y=x H y=x>.

Dyukuua y=f(x) HaspiBaeTCH go03pacmarowied Ha npo-
MEeXyTKe 3Ha4YeHHA X, ecyii GOJbLUEMY 3HAYEHWIO X H3 3TOro
HPOMEXYTKA COOTBETCTBYeT GOJibleée 3HaYeHHEe .

2 a b ¢ %
Pre. 10 Puc. 11

g

Dyukuun y=f(x) Has3siBaeTca ybolearouel HA TIPOMEIKYTKe,
ecqn 60MbIeMy 3HAYEHHIO X U3 STOTO NPOMEXKYTKA COOTBET-
CTBYET MeHblllee 3HayeHHe y.

CnepoBatenbHO, €C/AH TOYKH X, H X, NMPHHAANEHKAT [poO-
MEXYTKY H X; < X,, TO B Clyd4ae Bo3pacTaiomei QyHKUHH
f(x)) < f(x) n B .cnyuae yGoiBatomen GyHKUMH [ (x,) > f(x,).
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Ha puc. 10 nsoGpaxen rpaduu (pymmnn Boapamalomeu
Ha; [a, b] u y6usatomeit Ha [b, c].
- ODyHKUHR y=x" NPH HEYETHOM n BoapaCTaeT Ha Bceﬁ
LEACTBHTENBHON OCH (— 0o, 00); NPH UETHOM e n OHa BO3-
pacTaer. Tonbko Ha [0, .0o) u, yOuBaer Ha (— oo, 0] (em.
puc. 3 n 4).
I'papuk dynxkumun |f(x)] coenanaer ¢ rpadurom f(x) Tam,
rae f(x) > 0, n CHMMETpHUEH €My OTHOCHTEJbHO OCH X TaM,
rae f(x) <0 Ha pnc 11 wnsobpaxen rpapux ¢ynknun
y=Ix|: .
x aaa x>0,
x)= 0 s x=0,
—x A x<0.

Ha punc. 12 npnaeneﬂu rpadukn GyHKUHH x2—2x—3 H
|x2—2x—3]. »

~ Tpadmk ¢ynxuuu f(x+ @), rne a—3anannoe uucao, no-
JAyyaetcs caBHTOM rpadmxa f(x) BaeBo Ha Bennuuny a. [Ipu

I 4 .
-2%-3 ‘ y=|e?-2z-3|

Puc. 12 '

@ < 0 Ha caMoM JieJie 5TO €CTh CABHT HA BenyuHy | o] Bipaso.
Ha puc. 13 n3o6paxen rpapuk ¢yHkumn |x—2|.

Ha puc. 14 maobpamen rpadmk dyHKuuM y= —::31—22
Tak kak )
Co 242+
AT —3+ r +2,

TO rpaduk :-rroﬁ QJymmun MOXXHO DOle'me CJICAlelD.PlM o6pa-
som. B cucreme xoopawnat .xOy 3aiaH NyHKTUPOM TpadguK
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s ,.~4 RN . ) .
byuxuun —. Capuras ero (MeIC/JIEHHO) B/AEBO HA BEAUTUHY 2,

nq}nyqu_m rp,aii)"alf(idiyﬂxuu'vu ;%5. Onyckas nmocieaHu#t BHHS

Ha BeJnuuHy 3, moayuum uckomblii rpaduk Gynkuuu —3+4- ﬁ:, R

A

.

~Jr=-2 .

y’%—\ \\.5':‘\
~

N? ]

—

AR AR 2r T &
: Puc. 15 ' )

Oynkuua f(x) HasbiBaeTcA nepuoduueckod ¢ ;fnépuozlon
T (T > 0), ecnu BBINOJHAETCH PABEHCTBO ‘

fx+T)y=F(x

Ans Beex x. UroGbl n3o6pasuts rpapux atoi GyHxuud, Haxo
HapucoBaTh ero aaa orpeska [0, T), a 3ateM NpoOAO/IKHTE
€ro NepUoJMYECKH Ha BCIO AEHCTBHTEAbHYIO ocb (puo. 15).

VIOPAXHEHHUSA

1. 3anuuinte MHOMECTBO 4HMCeN X, YAOBJETBOPAIOUIMX He-
pasexcrBam (cM. n. 1.2)

Da<x<b 2)a<xe<h 3) —oo<x<h;

4) a<<x <oo.

2. Uro ‘HasbiBaeTca (yHKUueH?
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3. (Dyyxuua y=[(x) 3anana TaGanuei

x | =3 —2|—1]o|1]|2]3

y | 9| 4 | 1ot ]| 4|09

3apaiite 3Ty ¢yHKumio rpapukom. Fro Touku coeamuuTe
NJaBHOH KpPHBOH.

4, Jlann ¢yHKIMH f(x)=% H @(x)=x43x. 3apaiite
¢opmynoi GyHKUMIO

) He@)) 2y e(f(x))s 3) flo(f(x).

5. Iokaxure, uro GyHKIUA

a) y=—4x*+ 5 aBaserca 4yeTHOI,

6) y=Tx*—3x sBAsIETCS HEUETHOM.

6. ®yukuun f(x) u @ (x) vernsie. [loKaxure, 470 GPyHKIUH

1) [ (x)+ o x); 2) fx)-@(x); 3) f(o(x))
ABAAIOTCA yeTHHIMH. HyxHa Jm uetHoCTh f?

7. Oyskunn f(x) B @(x) HeueTHbe. KakuMmu (YETHHIMH
AN HEYeTHEIMH) SABJAIOTCA (PYHKUUH

D F@)+e@); 2) j()-e(x): 3) f(@x)?
Hyxna s HeueTHOCTh f?

8. Kakue H3 ¢yHKuni

1) y=056xt—4x*1+2; 2) y=5x+3xt+x; 3) y=x24x3
ABASAIOTCA HEYETHLIMH? o

9. Kakana ¢ynkuus HasplBaercs a) Bo3pacraiouueif, 6) youl-
Balollell Ha JN3aHHOM YHMCJOBOM INPOMEXYTKe?

10. Ilokaxure, uto GYHKUUSA ¥ = x? ABAAETCA

. a) Bospacrawowest Ha [0, + oo),

6) y6uiBaioutelt Ha (— oo, 0].
fIBnserca Jan QyHKuUMs y= X" BO3pacTraiolell- Ha Bcell cpoefi
ofjacTd onpejeNeHHa?

11. Jdokaxure, 9To (yHKUUR y=ix ABJIAETCH

a) poapacratomeii npu k£ <0,

6) yOuBaioieli npu k>0 Ha KaXIoM H3 NPOMEXYTKOB
(— oo, 0) n (0- +°°)

12. Tocrpoiite rpaguxu QyHKuuH

1) y=x—4;, 2) y=|x—4| 3) y=|x—4|—2;

4) y=||x—4|=-2|; 5) y=(x—1)% 6) y=(x|—1)%

7) y=(x|—-1’—1; §) y—l(lxl—l)’-ll,

9) y=x2—6x+5 10) y=x*—6|x|+5;

1) y=|x*—6x+5f; 12) y=|x*—6|x|4 B}
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_2%—5_ (2%—5)2_ (2x—6)2+42 1,
13) y'—év—(im— 2~—6 ~ 2x—6 "2+x—3'
14y =22 15) y=|x—2[+[x+2]

16) y=Vx; 17 y=Vx+4, 18 y=V —x—4.
13. Haﬁ%me o6JaacThb or:ge;(e.neuuﬂ GYHKLHMH:
Dy=5= Dv=y5m5 9 y =V x*—5x;
4) y=V0,5x*—2,5x + 3;

5) y=V e —TxF12+V —=x*+ 8x—15.

14. Tloctpofite rpaduk OyHKUHH

—2 19
) y= L 2y 5 22,

9 y=|x|—x B) y=x—|x|; 6) y=x+2—|x+2|
-— ‘sl

Y

15. Pyuxuus y=f(x) 3apaHa csoum rpapuKoM Ha oT-
peske [—4, 2] (puc. 16). IlocTpoiite rpabuk QyHKuUHH

) y=—Fx): 2) y=[fN] 3) y=F(x; o

H y=FO—IF @ 5 y=1F0|—F®: 6 y="r5:

D y=f(gx)i 8 y=F—n 9 y=2%(.



TJIABA 2
TPHTOHOMETPHYECKHE OYHKUMH

§ 2.1. Yncnosas OKpyKHOCTH

Beawnunnml cosa, sina, tg a, ctg a nayyaancs B 7— 8 kaac-
cax Ha ypoKax reoMeTpuu W anreGpu. STH BEJHYHHBI MOXKHO
paccMaTpHBaTh KaK (QYHKUMH OT yIJa ¢ HJH, OTB/EKasch OT
TIOHATHSA YIJa, Kak -GYHKIMH OT YHCJOBOTO apryMeHTa o.
Hx nasbiBaloT mpuzonomempuseckumu hynkyuamu. 31ech Mbl
paccMaTpuBaeM rpadguku sTux ¢ynkunii. Yto6el moHATH Kak
OHH YCTpDOEHbl, HallOMHHM ONpeJe/iéHHsA TPHFOHOMETPHYECKHX
GYHKNHA, KOTOphIE, KaK Mhl 3HAaeM, HAIOTCH H3 T'eOMeTpH-
YecKHX COOGpaXKeHHA —MNpH TNOMOWM eAHHWYHOH UHCJIOBOH
oKpyxHocTH. C Hee M HauHeM. .

Ho npexne Bcero BcOMHHM NOHATHE paguaHa. Paduarom
Ha3LBaeTCsl BEJIMYMHA LEHTPAJIbHOTO Yrja OKPYXHOCTH, OMH-
palolierocst Ha Ayry, AJWHAa KOTOPOH paBHa pajuycy OKpyx-
HOCTH. 370 OipeAeNeHHe He 3aBHCHT OT Pa3MepoB OKpPYHHO-
CTH. l'loammy MOXHO elle CKasaTh, YTO pajuaH eCTb BeJIH-
9HHA LEHTPAJLHOTO Yria eRMHHIHOA
OKDYKHOCTH, OMUPAIOWIErocs Ha Iyry
AAMHBL 1.

OkpyxHOCTb pajuyca | HaswbBaloT
edunuvroti. Tak Kaxk JBJHHA eANHHYHON
OKPYXHOCTH paBHa 2m, TO

360° =2n pa)mana =2n

A S M
Puc. 17 l— ~ 57°.

B npsamoyronbHo#i cucteme KoopauHat xOy 32ajMM OK-
PYHOCTb paauyca 1 ¢ LEHTpOM B HauyaJie KOOPJMHAT, HASH-
BaeMylo 4ucaceoti oxpyscrocmero. Touky A ee nepeceyeHns
¢ TONGKATeNLHOR noJyochio x GyaeM HasbiBaTh Ha4aAbHOd
mo4Kol 4ucrosod oxpyxcrocmu (puc. 17).

Bynem nosopaunBats paauyc OA Bokpyr Toyku O B noJo-
XHTeJBbHOM HamNpaBJeHHH (NPOTHB YacOBOM CTPesIKH) U B OTPH-
1laTeIbHOM HaNpaBJeHuH (Mo yacoBod cTpenke). B oranune
OT reoMeTpHH TPHIOHOMETPHS paccMaTpPHBAeT YIJIkI NOBOPOTA,
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KoTopble MOTYT GhThb, foJbllie. &, 27t pafiHaH, a TaKkxe Jiobbie
OTpHIaTeJIbHHE YK, OTJIO2KEHHble B OTPHLATENHHOM Hanpas-
JIEHHHA. ,
KaxaoMy neficTBHTEIbHOMY 4YHMCNy @ NOCTABHUM B COOTBET-
cTBHe TOuKy B (puc. 17) uncjioBo#i OKpPYXKHOCTH, NONYUEHHYIO
¢ nomorbio noBopota paauyca OA Ha yron |e| paanaH BOKpyT
ToykH 0 B NMOJIOXKHTEILHOM HanpapJeHuy, ecau a > 0, u B oTpu-
uaTeNbLHOM HanpapjeHuH, ecan a < 0. Touky B, cooTserct-
BYIOLLYl0 uHcay o, GyleM Ha3biBaTb TOUKOH a. Ha puc. 18
IA
2 -1

Puc. 18

noxasanunt Toykun 0, 1, 2, 3, 4, 5, 6, —1, —2, —3,

—5, —6. Tak KaK 4HCJIOBafi OKPYKHOCTb HMeer paauyc l
TO yroa || pajavaH paBeH MJIHHE AYrH, Ha KOTOpPYIO on
onupaercs.

[losToMy yKa3aHHOE COOTBETCTBHE MOXHO ONpEAeNHTb H
chenyioliuM o6pa3oM: KaXKIAOMY YHCJY O COOTBETCTBYET TaKasf
Toyka B uucaoBof OKpyxkHocTH, 4to6H ayra YAB umena
AnuHy |a| ¥ Gbaa OTNOKEHA B NOJNOXWUTEJILHOM Hanpabne-
HUH, ecan o > 0, u B oTpHuaresbHoM, ecau o < 0. T1pu stom
HMEIOTCA B BHAY BYrM Kako# yrozHo AJHUHEL. To ecTb yucno-
BYI0 OKPYXHOCTb MOMXHO paccMaTpuBaTb KaK OKpYXHOCTb
panuyca l, Ha KOTOpyl0 «HaMOTaHa» HHCJ0Bas ApsAMan.

Tak Kak OKpYHOCTb pajuyca 1 nmeer anuny 2m;, TO
B CHJYy CKa3aHHOTO uYucsa

a, a+2xn, a-t+4n, at6xn, ..., a—2n, a—4n, a—6mn, ...

usodpamalorcﬂ OZHOIl U TOl Xe TOUKOM YHCNIOBOH OKpYXHO-
cti. Kopoue, uncna Bupa a4 2nn, rme n—moGoe 1enoe
QHCJIO, nsolpaxaiorc OfHOH M 'roﬁ )€ TOYKOH 4HCJIOBOMH
OKpy#HOCTH (puc. 19).

Tak Kak uncnoBas OKPYMXHOCTb HMeeT AJMHHY 27, TO Ha
NepeceyeHHn ee ¢ OCAMH KOOPAMHAT DACNOJOMKEHR TOUKH

7 3n
01 90 i, o
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Ho stu xe Touku MOT'YT COOTBETCTBOBATb TAaKXKE 4YHCJaM

HAH YHCHAAM
n x
—, —%, —8, —3.

Bameuanne. B npuBefeHHHIX paccyACHHAX YMCIO O
ONpeAenseT BeMWYHHY Yriia, BIPAXMEHHYIO B pafvaHax.

Z

o2 Y
n (]
3
2
Puc. 19 Puc. 20

BuiBaetr yno6HO 3Ty Be/quuHHY BLIpasuTb B CPaiycax!
o __ & ° ~ o .57°
p =~ 3n 360° ~ a 87°.
o 1
[Mpumep 1. Kakoil geTBepTu npuHajiemxar TOUKH lg-n,

3 n
— —_—07
74n,, z

Pewenue. Tak Kak n<l-é-n<%, 70 TOUKA l-&-u

npuragnexut 111 uerBeptu. Tak Kak 7-'3—n=6u+l-§-a H

Y\ 7%

Puc. 21 Puc. 22

Sy
Sy

ayY
]
Y
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2 < l Tn < 2a, TO TOYKa 7— (xau H TOYKa l%n) npu-

Ha,me)xm IV uersepru.
3amevanune. B nanvuefiieM HaM JOBOJIBHO 4acTO MpH-

AETCA Ha YuCJIOBOH OKpY)XHOCTH OTMeYaTb 4YNCjaa, KpaTHhIe
n n )

i 3 _
Jlns NOCTPOeHHS COOTBETCTBYIOMIMX TOUEK CJEAYET MOM-

FL
HHTB, YTO T —noJ0BHHA 3 (pHC. 20), cos —Tf--=% (puc. 21);

.

ola

| 4 3
.
_sin &= (puc. 22).

YMNPAXHEHUA

1. Yro rakoe papuan?

2. Kak onpenensercs pannaH Npu NOMOWMH OKPYKHOCTH

a) paauyca 2? 6) pamuyca 1?

3. 3anuumrte dopmyny nepexona OT rpagycoB K pagHaHaMm.

4. Kak onpegenseTcsi TOUKa 0. Ha YHCJIOBOH OKDPYKHOCTH,
€C/IM & 3aJlaHHOe JeHCTBHTENbHOE YHCIO?

5. Kax MoryT oramuatbcs Mexay coGoli uucaa a u f,
onpejeNifOiie OfHYy H Ty e FeOMETPHYECKYIO TOUKY YHCJIO-
noﬁ OKPY2KHOCTH?

0 KakOMy 33aKOHY KaxAOMYy nencmmenbnomy yHcay
npmao,umcsl B COOTBETCTBHE TOYKA YHCJIOBOM OKPYMHOCTH?

7. Touka B 4yncJIOBOH OKPYXHOCTH COOTBETCTBYET LEJIOMY
gucay a. Haiigerca au Takoe nenoe Yucao (OTIMYHOE OT @),
KOTOpPOMY COOTBETCTBYET Ta e Touka B?

8. 3anumure Bce TOYKH o, U306paxKeHHLHIE HA YHCJIOBOM
OKPYKHOCTH TOYKOH

o 9m 3% 9%
9. Kaxoﬁ YeTBepTH NPHHAAJENKAT TOYKH

I g 15, g 1In, 4 1,
5) —27" 6) —%: 7) 20; 8) —100?
10. Sanmume TPH 4YMCJa, KOTOpHE H306paxalorcs Ha
OKPYJKHOCTH TOH 2Ke TOYKOH, 4TO H ’;ﬂ
11. Bruipasure B rpapycax O, %, %‘-, —231‘-, %’l, 3n,
n ] 9n
—Tgy T3y T g paauaH.
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12. Bupaswre B pauuaﬂax 60°, l50° 225°, 765°,“.3'§0°,-
—30°, —45°, 240°, —300°. .

13. Ha 4ucaoBo#t OKpYXKHOCTH OTMeYeHa TO4Ka i:— [epe-
‘ ’ 3n

vT|

HeCHTe pm,; 20 B teTpame W OTMETHTE TOYKU
4n ==, Sn 6n_ 3n 7Tn
K3 KRR

14. Ha quc.noaou OKPYKHOCTH OTMEYeHa TOYKA 3 l'Iepe-’

2n 3n
33T

E_2
42

Hecute puc: 21 B TeTpaab W OTMETbTE TOYKHM
dn  Sn
3 3°
15. Ha 9ucnoBo#t OKpyXHOCTH OTMeYeHa ToYKa %- [lepe-
2n
v T3

n ELg
HecuTe pUC. 22 B TeTpaab H OTMETbTE TOYKH =, 7

3
Sn- Tm 4n 3n Bn Sm  lln
LI N R 2L e
16. Touka M 4HCIOBO# OKPYMHOCTH HMEET KOOPAHHATHI
(0,8; 0,6). Onpenenure koopaunatel Touek M;, M, M,,
CHMMETPHYHBIX TOUKe M OTHOCHTE/NBHO OCH X, OCH y, Hayana
KOOPAHHAT COOTBETCTBEHHO.

17. Ha yugnoBo#t npsMoll u306pa3ute YHC/AOBBHIE -[POMe-
p P
WYTKH

n 3n
,a) [0, n]; 6) [5 ——,]; B) (=, 2n);
3n  b5n n
) (—2—" T);,ll).[f—ﬂ. 0], o [—'7.A3‘|-
18. Yxaxurte ONMH NPOMEXKYTOK, AJIA BCeX TOYeK @
KOTOPOro
a) afcuucca TOYKM ¢ MOJIOXKHTEJbHA; OTPHLATE/bHA;
6) OpAMHATA TOYKH O MOJIOXKHTENbHA; OTpUIATE/IbHA.
19. Touka B COOTBETCTBYET UEJIOMY YHCHY &; HAAAeTCs JH
TAKOE PalLMOHA/IbHOE YACJIO, OT/IHMYHOE OT @, KOTOPOMY COOT-
BETCTBYeT Ta e Touka B?

§ 2.2. Gytixuuu cose u sina

Pacemorpum B cucteme koopauHat xOy eAMHUUHYIO OKDPYIK-
HOCTb ¥ HA He# NpoM3BOJILHYIO TOYKY & (cM. puc. 23). Kocu-
HYcoM 9ucNa @ HasniBaeTcsa abcLucca TOYKH o H 0603Hayaercs
cosa. Cunycom 4Hcna o Ha3bBaeTcsi OpAHHATZ TOUYKU & U
ofo3Hagaerca sina.
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v

Dopmyan x=cosa, y—sma OnpeRenaoT Q)ym(uun oT a.
Tax Kak:a—npon3BoabHOe JeHCTBUTENIbHOE YHCAO, ‘TO' 9TH
¢GbyHKLIH onpenesieHbl Ha NHTepBaJe (— oo, ©o). ﬂepetmc.nnm
HeKOTOpHle cBoiicTBa GYHKUUA cosa M, &
sino, KOTOphle NOMOTYT MOHATb, KaK
BRITISAST rpadHKu atuxX GyHKUMA. . -

1. ®ysxuun cosa U sina Henpe-
puiBHBL. Beznb U3 reoMeTpHuecKux coo06-
paxeHHil BHJHO, YTO NPH HelpepPLIBHOM
N3MEHEHUH YHCJA & B CBOIO OYEpEnb’
HENpPepLIBHO H3MEHAWOTCH X H Y.

2. OyHKunM cosa W sine umewom

nepuod 2n, 1. e. AN mo6oro 3Haye- Puc. 23 -
HUfl @ BBHINOJHSAIOTCS pPaBEHCTBA
sin (@ + 2n) =sina, cos (& 2n)=cosa. ()

D10 caeayeT M3 TOro, YTO TOMKH @ H @ -+ 271 reOMETPHYECKH
€OBNAJ8IOT, TaKMM 06pa3oM, COBNMajaioT Takmxe HX abcuuccn
¥ ODAMHATH. .

. Pynguus cosa wemuas, T. e. AAS Mo6Oro @ BHINOJ-
HSAETCH PaBeHCTBO

cos(—a)=cosa. (2)

4. dynkuusa sina Hewenuasn, T. e. ana mo6oro o ano.n-
HAIETCS] PaBEHCTBO

sin (—a)=—sina. 3)

Crofictea 3 u 4 caenylor u3 Toro (puc.-24), uto pns
Mo6oro o TOYKH @ H — @ CHMMETPMUHH OTHOCHTENbHO OCH X,

7y ¥

Puc. 24 Puc. 25

nosToMy #X afcuucchl paBHBl MEXAY  COGOH, a2 OpAMHATH
PaBHEl TIO abCcoMOTHON  BeJIMYHHE,- RO npmnnononomum no
8HaKy. e

IRTE
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8. daa moGoro o BHMNOMHAKTCA PaBeHCTBA!
sin (%-I-G) =sin (%-—a) , )
cos (%+a)=—cos (%—a). (5)

a )
310 caepyer M3 TOro, YTO TOYKH zt+ou ;—a CHMMeT-

PHIHB! OTHOCHTEJBHO OCH y H MOTOMY HX ODAUHATH paBHHI,
a a6cuMccbl paBHB No aGCOMIOTHOH BeNMYMHE, HO MPOTHBO-
NOJIOXKHH MO 3HaKy (pHc. 25).

6. Ecan a HenpepwiBHO Bo3pactaer ot 0 no 12‘-, TO sina

HenpepbiBHO Bospactaer or 0 go 1 (sin0=0; sin-’;—=l), a

cos & HenpepbiBHO yGbiBaet ot 1 g0 0 ( cos0=1, cos % = 0) .

310 CBOHCTBO BHITEKAeT M3 TeOMETPHYECKHX CcOOGpaeHHil
(cM. puc. 13).

' . a

3naueHus sina AAA PasJAHYHBIX G M3 OTpe3Ka [0 -5]

. MOXKHO BBIMHCJIHTb C J1I0G0# cteneHbio ToyHoctH. CyulecTByioT
TaOMHUBl TAKUX 3HAYeHHH, HO UX MOXKHO NOJNYYHTbH H NpU
NOMOLH MHKpOKaabKyaATopa. Hanpumep, 9T06bl BBIYHCAHTD

. . n T
sin 10° =sin (1_86' 10) =sing,

Haj0 BHINOJHHUTH TaKHe OMEpalHH (HaXKaThb Ha YKA3aHHHO

KHOTKH):
[0] [=] = 0,1736482.

. F14
Tak Kak cosa =sin (T—a) , TO BBLIYHCJIEHHE KOCHHYCAa

OT & CBOAHUTCA K BBIYHCJICHHIO CHHYCA OT (%—G) .

YOPAXHEHHUA

1. Yto HasbiBaeTcsi KOCHHYCOM H CHHYCOM 4HCJAa op

2. Ha xaxkom HHTepBase onpefe/enbl QYHKIMH X = COS ¢,
y=sina? Kakve sHaueHHss nNpuHHUMAIOT 3TH GYHKUMH?P

3. Kakas QpyHKUHA Ha3biBaeTCA a) MEPHOAHYECKON C MepH-
ogoM T; G) 4eTHoili; B) HEUeTHOI? ,

4. Chopmyaupyiite cBoiictBa pyHRUMHA cosa H sine.
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6. Kakue n3 ¢ynkuuit

a) sina; 6) cosa; B) sina-cosa; T) sina-4cosa
ABJAIOTCA YETHHIMH, HeueTHBIMH?

6. OTMeTbTe TOYKH @ Ha YHC/IOBOH OKPYXHOCTH, ompeje-
JuTe sino B cosa npH

a) a=0, z n, 3—“;

23’ 52 7

n (1 £19 n

6) a=71 3 g T3
3 3* 3 3°
6 6°' 6° 6 °

7. CpaBHuTte ¢ HyJem
a) sinl, sin2, sin3, sin4, sinb, sin6;
6) cosl, cos2, cos3, cos4, cosbH, cos6.

8. Cpapuute a) sin2 u 2; 6) sin; H %;

B) sina—f- H cos-qf-.

9. Jloxaute TOMAECTBA!

a) sin(n—a)=—sin(n+4 a); 6) cos(n—a)=_cos(n+ a);

B) cosa=sin(5—a

10. Bruncaute a) cos 240° 6) sin 390% B) cos (—150°)
r) sin(—780°; n) cos585°% e) cos235°

11. Briuucaure a) cos7—- 6) sm%—, B) S (——l%f-);

170 . 23 5n o
r) cos(——s—); n) sm—§—; e) co s(—T)

12. IlpuBeauTe K BBHIYHCJICHMIO CHMHYCZ WM KOCHHYcCa
HAMMEHDLICTO N0JIOXKHTENLHOrO yraa (OT 0° 10 45° wau ot 0
BO. % panuaﬂ) .

a) sin173% 6) cos121°; B) sin(— 127°);

r) cos(—185°; n) sin417°% e) cos284°;

23n . 3n . 12n
®) sin—— '5‘ ; 3) sm-—7—, H) sm(——Tag

45, 167
K) COS —— TR cos 2= 8 ; M) cos (——7—)

13. 3apaiite GopMyJioii Bce TOUKA o, OTMEUEHHbIE Ha UHC-
JNIOBOH OKpYyxHOCTH (puc. 26).
14, YKaxuTe Ha YWCIOBOH OKPYXHOCTH TOYKH @, AJISA
KOTOPHIX BEpHBI CJeJiyiolllie paBeHCTBa:

a) sina=1; 6) cosa=0; B) sina=—1;

r) cosa=1; 1) sina=0; e)cosa=—1,
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—3

Puc. 26

16. Haitaure Bce a, ans KoTophix

a) sinfa—3sinae=0; 6) sinfa—3sina+2=0;

B) sina.cosa=0; r) costa+2cosa 4 1 =0.

3anuwnTe 3 peleHus Kaxjoro ypasHeHus. 3agaiite dop-
MyJiofl Bce pelueHMs ypaBHEHHMH.

§ 2.3. IN'padukn yuxuud sino. u coso

Fpapuk dynkumu sina HaswbBaerca cunycoudod; d9TO6B!
€ro HapucoBaTh B MPAMOYroabHOA cucreMe Koopaunat @Oy,
cocraBuM Ta6uuuy 3sHadeHult y=sina, Hampumep, AIA «,

npoGeraioiux 3HauyeHUs depes —’;—2- or 0 no %:

o 0 x I 3n r Sn n
12 6 12 3 12 k)
Yy 0 0,26 | 0,50 | 0,7t 8 0,97 1

3TU AaHHBlE MOXHO B3ATh H3 TPUTOHOMETPHYECKHX TabJuIL
WJIH BBIYUCAWTL Ha MHKPOKaJbKyJadaTope. Hanpnmep, noJnb-
3yfACb MHKPOKAaJIbKYJATOPOM, NOJY4YUM

sin% sin 15°=[T] [5] [sin] [=]o, 2588 0 26.

Hanecem 1ouku (@, sina) u3 taGauue B CHCTeMe Koopzm-
HaT &0y ¥ cOoeluHUM TJIABHOM KpuBo#l (pHc. 27). Tlonywum
npud.nm«ennbm rpaux. CHHYGOUAN, | COOTBETCTBYIOWUY * OT-

pe3Kky [0, 5 ] u3meHeHua . [{aa mobuix Apyrux aHayeHudt @
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rpapuK CHHYCOHAb! €CTECTBEHHO MOJYYHTh, BOCNO/Nb30BABLIHCH
CBOMCTBAaMH (PYHKUMH Sin o, MepeyHCAEHHBIMH B NpeblAyLeM
MyHKTE.

R . n . 11
Ha ochosanuu cpofictBa sin (-E-l-a) =:sin (——a) rpa-

2
GHK. CHHYCOHABI AOMMeH ObiTb CHUMMETPHYEH OTHOCHTE/BHO
Y
7
9 . I T
| P _
Puc. 28

T
npsmoli x = . [Mosromy Ha orpeske [0, n] rpadux cuuy-
COHABl BHLIMIAAMT TaK, Kak moka3daHo Ha puc. 28. Ha ocho-
BaHHH XKe cBOHCTBa Sin(—a)=—sina rpadux cHHycOuIM
Y
1-

20\ 3% 7 _ 09 = = n 2n
z 2 2L

L T4
Puc. 29

CHMMETDHYEH OTHOCHUTEJIBHO HayaJja KOOPAHHAT CHCTEMEI aOy.

INosToMy Ha oTpe3ke [—m, m] rpaduk BHIrIAAHT, KaK Ha
puc. 29.

g
-x 3z
N, 2 s \%}
- -\l 7 n 27 sm W
\_4% 3

Puc. 30

Hakonery na ocHoBanuu cBOAcTBA Sin(2n+ a)=sinea,
BEPHOro AJA Moboro o, rpaduk CHHYCOHJbl MepHOAHHECKHHA
¢ nepuosom 2n. [lostoMy OH BBIrIAAMT Kak Ha puc. 30.

I'paduk byHruun cosa HaswiRaetcs Kocurycoudot. Kocu-

1 .
HYyCOHJA €CTb CUBHHYTAsA Ha BEJAHYHUHY 7 BJIEBO CHUHYCOHAA

2 C. M, Hukonockutl
" 4
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/wT\

N ' /-\ .
T Az [0 a7 i 21 G~ a
2 2 -rJ, z\/z Z

Puc. 31

(puc. 31). dro cneayer M3 paBeHCTBA
sin <a+-’23)==cos o,

BepHoro aast aogoro a. Beaw sin (%—}—a) =3sin (g——a)ﬂ

=cosa.

YOPAXHEHUA

1. B xakux uerBepraAx a) sina>0; 6) sina <O0;
B) cosa > 0; r) cosa < 0?
2. Yxaxuie Bce YMCJOBbie TNPOMEXYTKH, AJIS KOTOPHX
a) sina > 0; 6) sina<0; B) cosa>0; r) cosa < 0?
I
7 ya

N

z

w ] /
.4

7
Puc. 32 Puc. 33

Pemenue. a) sina> 0, B yactHocTH, ecad a B I HaH
Bo I yerBepTH, T. €. 0 < & < x (puc. 32). BooGuue, sina>0,
ecan 04 2kn < a < i+ 2kn, rie k—uenoe 4uCao.

Omeem: (2kn, ;4 2kn), rpe k—mo6oe uesoe 4ucjo.

3. B Kaxkux 4cTEepTAX C yBeJMUEHUEM o

a) sino yBeJUYHUBAETCS; YMEHbLIAETCSH?

6) COosQ yBe/MYHBAETCs; yMeHbILIAeTCs?

4. Chopmyaupyiite onpegeneHne GYHKUUH

a) pospacratoleii; 6) yGwiBatomeii Ha otpeske [a, b].

5. Ha kaknx oTpeskax ¢yHkuus y=sina

aj Bospacraer; 0) y6hiBaeT?
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Pewenne. a) C yBenuuenueM a QyHkuus sino yse-

£l
auuuBaetca (puc. 33) Ha [—7, %) , T. & Ha OTpesKax

[—%—f—?kn; -’21+2kn] , tae k—mo6oe LeJ0e YHCIO,

6. Ha xakux orpe3kax ¢GyHKuUMA X =cCOSa

a) Boapactaer; 6) yGbiBaer?

7. Tlocrpoiire

a) cunycounay, 6) KOCHHYCOMAY.

8. OrBerbTe Ha BONpOCH 3ajanuit 2, 5, 6 ¢ NoMOLBIO
rpaguxa.

9. lMocrpoiite rpaduku ¢yHKuMi

a) f() =2, x€[0, 4); 6) f(2); B) f(%x).
10. Jlan rpadux dynxunn y=f(x) (puc. 34). [Tocrpoiite

rpapukn GyHKuUH P,
8)y=1 (22): O)y=F (3 x).
11. Tloctpoitte  cXemaTh- )

1

9eckd rpapuku QyHkuui }

a) y=—sina; 6) y=|sin . |; f ]
B) y=sinfal; I }

r) y = sin2a; Ly = ! } i
= sin(-;-a) ; ) y=cos(3a). 7 2 2l

Bce au 3tH GyHKIHH Depu- Puc. 34
oxxuecKHe?

Onpesenute HaWMEHbLWHA NOJOXHUTENBHBEIA NEPHOA A
nepHoAHYecKHX QYHKUHHA.

12. Tlocrpofite rpadux yHKUHH

a) y=|sina|—sina; 6) y=l%§';‘—|

§ 2.4. ®yuxkuun tga u ctga

Tanzencom 4ucaa o HasbIBaeTCA OTHOIUEHME Sina K cosa,
0603HaYaeMoe TakK!

sina
tga=—rrr-. (6)
Komarneencom 4ucaa oo HasnBaeTcsl OTHOIIEHHE COS ¢ K sina,
0603Ha4yaeMoe TaK!
cos a
toa= .

¢ g o sina (7)
Stu onpesesieHNs 06061WAIOT H3BECTHBIE ONpefiesIeH)s TaHTeHca
H KOTaHreHca OCTOro yrJa B npsMOYroJibHOM TPEYroJibHHKE,

zi
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Benuunna tg @ onpeneneHa nast BceX AeHCTBHTENbHBIX o
KpoMe TeX, i KoTopeix cosa =0, T. e. Kpome a=g+kn,

rae k-—moGoe nesoe uucyio. STHM onpeleleHa QyHKuus tg ot
Benuunna ctg o onpenenena nas BceX NeACTBUTENbHBIX O
Kpome TeX, A8 Korophlx sina=0, T. e. Kpome a = km,
rje k—o6oe uesioe yncao. TUM onpejenena pynkuus ctg a.
W3 pasencrs sin(— a)=—sinea, cos(—a)=coso cJie-
AyeT, 4TO JAJA BCeX NeHCTBHTEJNbHBIX YHCEN O BHIMOJHSAIOTCS
paBeHCTBa ‘

tg(—a)=—1tga (a:,é%-—l—kn)‘, (8)
cg(—a)=—clga (az=kn), 9)

o3Hayalomye, ut0 tga u ctg a—rnevernnne pynxyuu. Hoxa-
WeM paBeHcTBO (8):

— —sin o sin o
cos (— o) cos a cos o

tg(—a)=

IoKasaTenbcTBO paseHctBa (9) aHasoruuHo. PyHkuuu tgo
u clg a neproavueckue ¢ nepuoaoM 7T =x, TaK KaK BepHHl
paBeHCTBa

tg o= tg (a+ ), (10)
" ctga=ctg (a4 n). (11)
Iloxaxem paseHcteo (10): .
__sin(n+a) —sina _sina .
g+ n)= cos(nt«)  —cosa  coso =g

ZoKasatenbcTBO paBeHcTBa (l1) ananoruuho.
BepHel Takxe paBeHcTBa

tg (a4 kn)=1tga (a;b%-kkn) ,
cig(at+kn)y=ctga (o s kn).

YIOPAXHEHHUA

1. Yto HasbiBaeica a) TaHreHcoM uucjaa o, 6) KOTaHreH-
COM 4YHCJa o?
2. JInA Kakux 3HaueHWA o He onpeAeneHa QyHKuud
a) tgar? 6) ciga?
.3. Chopmyaupyiite cofictea ¢ynkuuit tga u ctga.
4. Noxaxwmre dopmyanl u3 § 2.13 (c. 60).
‘5. BryHC/AMTE TAHreHC W KOTaHFEHC
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a) 30°, 45°, 60°; 6) 120°, 130°, 150%
B) 210°, 225°, 240°; r) 300°, 315°, 330°;
2) —30°, —45°, —60% &) 405", —315’, —495°.
n, n, S5;m L T, n, 3m, 3,
6.5 5 % —% O 7~ T~
L n, 2n | 2 | 157 170, 23n | 197
Blgs =33y T3s D T 5 T

7. Cseaute BbIYHCJIEHHE K HAMMEHbILIEMY [OJIOKHTENLHOMY
yray (OT 0° go 45° mmu ot 0 g0 )

a) tg228°; 6) tg(—250°); B) tg(—400°);

r) ctg260°; n) ctg(—410°); e) ctg525°%

16 19\, 25

)K) tg_s—» v3) Ctg(—T)v H) th'

8. CpaBuure

tgin g 0)tg2 u ctgF.

9. 3apaiite dbopMyJIoii BCce TOYKH @, OTMEYEHHbIE HA YHC-
JIOBOIl OKpY)XHOCTH (pHc. 35).

¥ Y /. Y
% @v z
q g, 4 3
' Puc. 35

10. M3BecTHo, uTo JJ1f1 HEKOTOpOro yucaa o tga+ctga =
= 3. Bryucaure

a) tg?a+clg?a; 6) tgla-tctgia; B) tga—ciga.

§ 2.5. Ocb TaHr¢HCOB M OCb KOTAHIEHCOB

B cucreme koopauHaT xOy 3ajajHM YHCIOBYIO OKDYK-
HOCTb C HayaJbHOM Toukoit A Ha Heit. [IpoBesem KacaTesnb-
HYI0O K GKpPYXHOCTH B Toyke A, KoTopyio OylaeMm CYHTaTh
YMCJIOBOM OCbIO, HaMpaBJEHHON BBepX. JTa OCh. Ha3blBaeTcs
aunued maneencos (puc. 36 u 37).

Kax<aoMy ae#CTBHTENBHOMY 4YHCJY O COOTBETCTBYET TO4-

kKa B uncaoBoit OkpyxHocTH. Ecan ,a#-g--l-kn (k—nto60e

uesfoe yuciao), To npamMas OB nepecekaer oChb TaHIEHCOB B
Touke D(l; y). Hokamem, uto y=tga.
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1. Ecu o B T yetBept, 10 A 0B,C; ~ A ODA (puc. 36) n
¢ _sina_ B;C;, AD _AD __
8¢ =sa~0c, oA~ 1 ¥
2. Ecom a Bo Il ugersepru, 10 A OB,C,~ )\ ODA
{puc. 37) u

_sina_ ByCy BoCy AD AD _
iga T tosa —0C, 0C, oA 1 AD=y.

_sine__ —BgCs BsCs _ AD _ AD _
g = e =""0C, — 06 — 04 — 1 AD=y.

4. Ecmu o B IV gerBepru, 10 A OB, ~ A ODA
(puc. 37) u

_sina_ —B,,  BsG___AD __ AD _ - _
ge=Ca="0c, =05, = oa——1——AD=y.

5. Ecim aa=nk, 10 Touka D coenajgaer ¢ Touko# A, Ho
M B 3TOM cJydyae paBeHCTBO y = tg o BepHO.

yp tga Ay tge
4 (ﬂ(f’y) 62 4 , '
5/ |, \
’ % \a

C3 A -0, 0 T
0¢ | =
\/L 34 T—’

P 77 2 ()
Puc. 36 Puc. 37

Taxum o6pa3som, mo6OMy JIeHCTBUTEJIbHOMY UHCAY o
(a¢%+nk, k—nio6oe uesioe WHCJIO | COOTBETCTBYET eAMH-
cTBeHHas Toyka D ocu TaHreHcOB, OPAMHATAa KOTOPOH paBHa
tg o

y=tga.

Paccmorpum cHoBa B cucteMe KoopamHat xOy 4HCJIOBYIO
oKpyxHocTh (puc. 38, 39). IlpoBemem K Heit KacaTenbHylo
B TOuke M ee nepeceyeHUs ¢ TOJIOXKHTENBHON INOJYOCHIO .
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ByzeM cuntaTh 3Ty KacaTeJbHYIO YHCJIOBO# NPsIMOK, Halpas-
JeHHO# BrpaBo. OHa HasbiBaeTCst ocbio xomarzexcos. [lycts
B ectb ToYKa a.

Yl / Y
M K@Y \K @M
-1 ! ctge — - —>
B 3 7 A \7 ctga
® z
Puc. 38 Pic. 39

Tak e Kak u Aqi9 tg o, MOXKHO NOKa3aTh, YTO €C/IH o 54 bt -
(k— moGoe uenoe uiucao), To npsivas OB nepeceyer ocb Ko-
TAHFEHCOB B TOYKe k, KOOpPAMHATa KOTOpo# paBHa ctga:

x=ctga.
YNOPAXHEHUSA

1. Ur0o Ha3bBAlOT OChI0 TAHTEHCOB H YeMy paBeH (g a?

2. UTo Ha3wlBalOT OCbI0 KOTAHIEHCOB W yeMy paBeH ctg a?

3. INokaxuTte Ha YHUCIOBOH OKPYMKHOCTH TOYKM @, MJIA
KOTOPLIX

a) tga=1; 6) tga=—1; B) tga=0;

r) cige=1; n)ctga=—1; e) ctga=0.

4. 3apaiite ¢opMysOl Bce pellieNHsl KaXKAOrO ypaBHEHHS!

3 . V3 7

a) tga:-VT-; 6) tga=-———3_—; B) tga:VS; _

N tga=—V3; n Ctga=——v—;3—; e) ctga:'"sa 3

x) ctga=V3; 3)ctga=—V3.

5. Kak mnamenserca tga, ctga npu yBeJHYEHUH O

n n
r I ?
a)OTOAo2? 6) ot 3 10

41 1
B) OT 1L Jj0 —5? I)OT —F 10 0?
6. Iloxaxkure Ha YHMCIOBOH OKPYHKHOCTH BCe TOYKH a,
A1 KOTOPBIX
I

a) tga=2; 6) ctga=———é—; B) tgo=—3; 1) ctga=—7.
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7. Petiute ypaBHeHus
a) wla—tga—2=0; 6) 2tg?a—3tga+t+1=0;
B) I7ta—1=0; r) tg?a—4=0.

§ 2.6. I'padukn dyHrnnii tgo n ctgo

Urobut nocTponte rpaduk ¢ynxknun y=1iga B mnpuamo-
YrONbHOI cHCTeMe KOOPAMHAT ag , COCTaBMM Ta0JuLy 3Ha-
yennit QyHRUMKM Yy = tg o0 Ha NOJyHHTEpBaJe [O; %), Hanpu-

ie
Mep 4Yepe3 HMHTEepBAN 5 :

12

i1 T n Fit br
el i slslT!|3| T
tga | 0 |027]088| 1 [1,7] 37

DTH JaHHBIE MOXHO B3ATh M3 TaGJHL, MM BBHIYHCIHTbL G
TNOMOLIbI0 MHKpOKanbKyaaTopa. Eciu o HenpepeiBHO BO3pa-

craer o1 0, npubauxanch K -’21, TO OpAHHATa ToukH D
(puc. 36) HenpepbiBHO, HeOTpaHMYEHHO BO3pacTaer, T. €.
€CJIH a—»% (a<-;i), T0 Yy — + oo.

Ecnn yuects ewe, yro ig0=0, T0 rpapuk ¢yHKuHH
y=1tg o Ha noayHHTepBaJe [0, -’21) npeacTaBasieT co60H He-

NpepHBHYI0 KPHUBYIO, BHIXOASLIYIO W3 Hayana KOODAMHAT H
TaKylo, YTO AJIS ee ToueK (o, y) ¢ Bo3pacranueM « or 0 1o

n
& Y HeorpanuueHHo BospactaeT ot 0 jo -+ oco.
[To Ta6AnYBEBIM JaHHBIM NCCTPOMM B CHCTEME KOOPAMHAT

aQy Touku (o, tga) W COENHMHUM HMX TJABHOH JAMHHEH. Mbl
nonyuuM rpadmk ¢yHkumm y=1go Ha noayuHTEepBane
[0, -’21) (puc. 40).

Gynkuua y=1g o HeueTHas, CJeOBATENbHO, €e rpaduk
CUMMETPHYEH OTHOCHTEJIbHO Hauajaa kcopauHat. Ha puc. 41
usobpaxseH rpaduk 3T0# GYHKIHM HA HHTepBaJe (———;-; —121)
Hna yno6crBa Ha pue. 40, 41 nposezedbl npsMmble a:-;i

1
u o=—-. K nuM Heorpanuyenno npubamxaerca rpagux
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4

by y=1tga. IMpn a— 5 (q<—;‘-) tg ot — + co,

npu oc—-»—%— (a>—-12°-) tg & — —oo. Takue npswmbie

dh
3 YA
2 -ZT
74

’ %a
7
e 0

g g4 E ~21
2 |

-’ -

Puc. 40 Puc. 41

HasLIBAIOTCA 6epmuKasbhoimu acumnmomamu rpapuka. Ipa-
$MK MX He mepeceKaer.

Ecau yyects, uto (yHkuua y=1iga mnepnoguyeckas ¢
MEepPHOAOM I, TO NPECTaBJEHHE O ee NMOJHOM TIpauKe MOXKHO

fz:r E72 NI
2 2

R
)

37 /27 0%
2
_z-r

-t

Puc. 42

nonyuuth 3 puc. 42. I'papuk ¢ynxkunu y=1g o HasbiBaer-
csl maneeHcoudoli, OH COCTOAT K3 OGECKOHEYHOro YHciIa He-
NpepuBHBIX KPUBHIX. [/ 3HaueHMHd o, paBHHIX
n @ 3n 5n
ey _?) -2-) To Tf
¢ynkuua ig o He onpejenena.



492 rJa. 2. TPUrOHOMETPHYECKHE ¢ YHKUHUU

Ias nocrpoenus rpaduka OyHKuMH x=ctgo BOCMOJb-
3yeMcsl PaBeHCTBOM
T tL
ctga=tg (?—a) =—1g (a——2—>.

. n .
[epeneceM TaHTeHCOHAY HAa < BNPaBO M CHMMETPHYHO
01pa3nM OTHOCHTEJIbHO OCH &. Mut nosiyyuM rpaduk ¢yHK-
utn x=ctga (puc. 43).

T

Puc. 43

3ameuaHue. JliA BblpaMeHHs TPUTOHOMETPHUYECKHX
OGOYHKUMH HEe3aBHCHMYIO NEepeMEeHHYI0 Mbl OGO3HauMIH .
Onnako wacTo Mbi 6yneM ynorpe6iaTb H Jpyrue OYKBHL.
Hanpumep, y=cosx, y=sinx, y=ctgx, y=tgx.

YIOPAXHEHHA

1. Yto Takoe OCb TAHTeHCOB H OCb KOTaHIEHCOB?
2. Kak HasbiBaeTcs rpaduxk QpyHKHUH
a) y=tga? 6) x=ctga?
Hapucyfite sty rpaduku cxeMaTHYeckH,
3. Kak usmensercs tga

a) mpn o — 3, o<lg?
n n
6) npn a—5, a>5?
B) pt a—>—3, a<l—3?

r) npu a—»—;l, a>—g-?



§2.7. APKCUHYC

3
x) npu a— -, a<§2£?
e) npu a—>-321, a>§2i‘-?

4. Tocrpoiite cxematHuecku rpaduk (ByHKIHH
a) y=—1tga; 6) y=|tgal; B) tgo;

r) tg3a; n) ctgla; e) ctg%.

5. Tlocrpoitte rpadmk byHKUUN

a) y=tga-ctga; 0) y=tg|x; B) y= ':gil ;
sin o H
r) y= s M) y=sina-ciga.

§ 2.7. Apxcunyc

3apaaum uucao P, ymosaersopsioulee yeaoeuio [f|<<1.
IMokaxeM, 4To Ha OTpe3ke [—-g, -’21] CyLEeCTBYeT €AHHCT-

BEHHOE YHC/O ®, CHHYC KOTOpOro paseH fi:

sina =f.

PaccMOTpHM YHCJIOBYIO OKPYXHOCTB B CHCTEME KOOpIH-

Hat xOy. ITposenem npamyio y=f. Tak kak |B|<<1, T0 372
g 87
R f
— A o/ | N\,
[ _ i . ——

7
__gz -7

Puc. 44 Puc. 45

npsiMas nepeceyeT NPaByio NONYOKPYXHOCTb B HEKOTOPOH
Ke ¢ ¢ OpAHWHAaTON y=f, npuyeM 3Ta TOYKa €AHHCTBEHH4
(puc. 44). 310 o03HAayaeT, YTO CYIIECTBYeT €AHHCTBEHHOE

TO4Y

2t
YACO @& H3 NPOMEKYTKA [—-—3, 'i'" CHHYC KOTOPOro pa-

BeH

n -

B.
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T 14
Yueno @ us orpeska [—?; —2—], CHHYC KOTOpOTO paBeH
B, HasbiBaeTcs apkcuxycom f u ofo3HauaercA TakK: '

o = arcsin .
. .1 n ) 1/
Hanpumep, arcsin0=0, arcsin g =4, aresin—5—=-7,
. n . Ve n . n
arcsinl =3, arcsm(——2—>=——-, aresin(—l)=—=.

3amerum, uto arcsinfl, rae |B|> 1, He HMeeT cMbicaa, rno-
TOMY 4YTO MOAYJ/b CHHyca Ji0GOro 4HCIa He npeBHIIaer |.
PO 11 n

Hanpumep, arcsin- He HUMeeT CMHCMa, TaK Kak {&|> I
H3 onpenenenna apkcunyca cheayer, uto ecan —1 <P,
10 sin(arcsinf)=p.

C noMowpl0 apKCHHYCAa MOXHO 3aMucaTh BCE pelleHHs
ypaBHeHHUA

sina=p. (12)

Ecau |B| > 1, To ypaBuenue (12) He umeer pewenuii. Ecan
Bl <1, To npaman y=f nepeceKaeTr YHC/IOBYIO OKPYKHOCTh
B JBYX Toukax a,=arcsinf, o,=m-——arcsinf} (puc. 45).
Bce peileHHsa ypaBHeHHA (1) MOXKHO 3amnMcaTh Tak:

a=arcsinf + 2kn, (13),
a=mn—arcsin B+ 2kn = —arcsinf+ 2k + ) &, (13),

rae k—moGoe uenoe uucno. OGbeaunum ¢opmyasl (13), u
(13), B onny:

o= {—1)"arcsin f + nax, (13)

rae n—moGoe uemoe yucio. OueBHAHO, YTO NpH MNOACTa-
HOBKe B (13) BMECTo # YeTHOro 4YHcaa n =2k MNOAYYHTCA
dopmyna (13);, HeuetHoro n =2k 1 —dopmyaa (13),.

®opmyna (13) naer Bce pemleHHs ypaBHeHHs P=sina n
B TOM cayvae, ecau |B|=1.

[MpumepsL

1. PeweHHsiMM ypaBHeHHs sina=—| ABAAIOTCH BCe
a=—-2’—‘+2nn, rae n—moboe uesoe (puc. 46, a).

2. Pewenuamn ypaBHeHus sinda =1 asasaiorcs Bce 4o =

n F11 ni
=542, T e @a=g+—5, [ n—joboe ueno:
(puc. 46, 6).
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8. PewenusiMH ypaBHEHHS sin%=0 SIBASIIOTCS Bce %—:n
=04nan, 1. e. a=3nx, rae n—umofioe uenoe (puc. 46, a).
7 b7

@ J{)Z'a{ z

Pnc. 46

4. Pewennsivu ypaBHeHus sina=0,1 sapasiorcs see
a=(—1)"arcsin0,1 4 an, rae n—mo6oe neJoe.

YMNPAXHEHHNS

1. Uro nasmcaerca apkcuHycoMm umcna f? Ias KaKuX
B arcsinf onpejeneH, ang Kakux Her?
2. Bouucaure arcsinf, ecau
{ 1
8) =0, 6) p=1 B)f=—1; ) P=75: 1) f=—;

Ve V7 V3 V3
€) =) ) =—_—2——23) =—2—-:H)ﬁ=——2—.
3. lMoctpoiiTe Ha YHCNOBOH OKPYKHOCTH TOYKH
a) arcsin -é—: 6) arcsin—l-; B) arcsin—i-;

r) arcsin (—0,5); a) arcsin{—0,25); e) arcsin (—0,75).
4. YnpocTuTe BHIpaMeHHe:
a) sin (arcsin0,3); 6) sin (arcsin (—0,9));

. . - 1 . . bn
B) arcsm(sm E): r) arcsin <sm —6—);
n) arcsin(cos0); ) arcsin (cos 2—“)

3
5. Penmte ypaBHeHue:

a) sina=0; 6) sina=1; B)sina=-—1; 3
ng=o: sina=—q; e) sina———V—2’

r) sina=-3; 1) =—3; =5
. b3 . 3 . 3

x) sma=—VT; 3) sma=£2-—; ) sma=—--—V2—;
. . . 3

K) sina=0,6; ) sina=-—0,7, M)-sma—_—-—?;-

n) sin2a=0; o) sin—é—a:l; n) sin%a:-l;
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2 V3

p) sin(a—a)=——; ) sin(2a+n)=—-—T;
T) sin(a+ 7n)=%.

6. [Ipn Kakux x paBeHCTBO

a) sin(arcsinx)=ux; 6) arcsin(sinx)=x BrMNOAHAETCA,
npu Kakux Her? IlpuBepute npuMepwl.

NN
o
wfw‘iwwiwag}‘w

Puc. 47

7. Ha 4ncnoBoit OKpYXHOCTH 3ajiaHa Touka o, (puc. 47).
YKaxure Ha UHC/IOBOH OKDYKHOCTH TOUKY o, = arcsin (sin a,).

. . S Il
8. Beluncaute a) sin(arcsinx); 6) sm'(i—arccosx).

§ 2.8. Apkkochuyc

3aganum uucao P, yroenaersopsiowee yeaosio |B|<C1.
IMokaxeM, 4TO CYLIECTBYET e€IHMHCTBEHHOE YHC/IO O, YJOBJET-
Bopsiioutee HepaBeHcTBaM 0 <C o <, KOCHHYC KOTOpOro pa-
BeH P:
cosa=f.
PaccMOTPUM YHCJIOBYIO OKPYXHOCTb B CHCTEME KOOPIH-
nat xOy. Tposezem npsmyio x=f. Tak xkak |B|<<1, 10 -

g |z 9\ |ap
ﬁ/TZ / F
_A A %2

Puc. 48 Puc. 49

sTa NpAMas JiepecedeT BEPXHIOW NOJYOKPYXKHOCTh B TOUKE
¢ abcuuccoit x =P, npuyeM 3ta TOUKA €MHCTBEHHAs (puc. 48).
310 03HayaeT, YTO CYLIECTBYeT EIMHCTBEHHOE YHC/IO o U3
orpeska [0, m), KocuHyc Kotoporo paBeH f.
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Yucno o u3 orpeska [0, z}, KocuHyc Kotoporo paseH B,
Ha3LIBAETCH APKKOCUHYCOM P W oﬁosuaqaemﬂ arccos f.
Hanpumep,.arcc050=7; arccos% —3-, arccos —5— V -——4—,
arccos 1 =0; arccos(— 9) =%‘-; arccos (—1)=m.
3ameruM, yto arccos P, rme |B]|> 1, He umeeT cmbicaa,
NIOTOMY YTO MOAYJb KOCHHYca Jo6oro yucsaa He npeswiuaer 1.
Hanpumep, arccos2 He MMeeT CMbICJa.
W3 onpeneneHus apKKocHHYca CJEAyeT, 4YTO  ec/H
-1, 10
cos (arccos f) =p.
C noMmolbio apKKOCHHYCA MOXHO 3amucaTh BCE pelieHust
ypaBHeHHUSA
cosa =f, (14)
T. €. BCe a ANl KOTOPHIX BHINOJIHSETCA paBeHCTBO (14).
Ecau |B| > 1 TO ypaBHeHHe (14) He uMeeT pelleHHH.
Ecin |B] <1, To npsamasi x=f nepecekaer YHCJIOBYIO
OKPY2KHOCTb B nByx TOYKax o, =arccosf u a,=-—arccosf
(puc. 49) pewenus ypasHeHus (14) MOXHO 3anmHucaTh Tak:
o = arccos P+ 2kmn, (15)¢
= —arccos f 4 2&n, (15),
rae k—mo6oe nenoe uucno. O6wbeannum dopmyast (15),
(15), B omny: -

o = - arccos B+ 2kn, (15)
rae k—moboe uenoe uucno. Popmysaa (15) naer Bce peine-
HHs ypasHeHust (14) u npu || =1

I[Tpumept.
1. PeuieHnsiMH ypaBHeHHSi COS O = —] SBJIAIIOTCH BCe Q==
= n+ 2kn, rae k—JaoGoe uenoe uucao (puc. 50, a).

4 Y Y
a o 4

Puc. 50

2. PeweHnsIMH ypaBHeHHs cOosa =1 HBJAIOTCS BCe O =
= 04 2kn=2kn, rne k—moGoe uenoe uucio (puc. 50, 6).
3. Pewennsmn ypaBHeHusn cos 2o =0 gBasorcs Bce 20—

== 12‘-—)— km, oc-.-:% -|-an , TAe k— mo6oe neJsioe 4ucso (puc. 50, ).
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1 .
4. PeweHusamMu ypaBHeHUSA COS @ =-r ABNAITCA BCE & =

1
= Farccos z + 2kn, rae k—mo6oe uenoe YUCHO.

YNPAXHEHUS

1. Yo nasbiBaercs apkkocuuycoM uucna B? Ilas kakux
f arccosP onpemeseH, ANA KaKuUX Her?
2. Bouucaute arccosf, ecau

a) p=1; 6)p=0; s)rs=— r) p=
v

1
e) =5 ¥ p=—5; 3) p=— — 7 W f=—=-,
3. Ha yucaosoit oxpymuou‘u NOCTPOATE TOYKHU:
a) arccoS—;—; 6) arccos%; B) arccos —

wl
wl

VT,A)I3= ;

ol
<
wl

hW

1 1 3
r) arccos (—-2-) s Q) arccos (— T) ; €) arccos (—T) .
4. YnpocTite BblpaKeHHe!

1
a) cos (arccos-é- ; 6) cos(arccos 0);
F(4 19
B) arccos cos 5 ) T) arccos (cos (—7));
L) arccos sin% ; e) arccos (sin0).
5. Pewwre ypaBHeHHe: -
a) cosa=0; 6) cosa=1; B) cosa=—I;
r) cosa————l-' A) cosa=—l-' e) cosa=-——2-
2" 2" 9 1
X) cosa———%; 3) cosa=—0,1; u) cos= —-3—;
| 1
6. a) cos3a=0; 6) cos—a= 55 B) c0s0,2a=1,

2
7. Tlpy Kakux x paBeHCTBO
a) cos(arccosx)=4x; G6) arccos (cosx)=x
BLITOJIHSieTCA, NpH Kakux Her? [lpusenute npumepm
8. Ha yucnoBoit OKDYXHOCTH 3ajaHa TOYKa o, (puc. 51).
YKaxute Ha YHCJOBOH OKPYKHOCTH TOYKY @, = arccos (oS o),

& - G b

Puc. 61
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9. Jlokammute, YTO

. n
a) arcsin x4+ arccos x=-3;

6) sin(arccos x) =V T—x2, |x|<1;
B) cos (arcsinx) =V 1—x3, |x|< 1.

§ 2.9. ApKTaHreHC H apPKKOTAHTEHC

Ha puc. 52 wusobpaxeHa 4Yuc/oBas OKPYKHOCTb H OCb
TaHredcoB. OueBHAHO, YTO AJAA JOGOro AefiCTBUTENILHOrO
gucia ff (—oo < B <-4 oo) HA NPaBOil MOJNYOKPYMKHOCTH
Haiaercsi eIMHCTBEHHas TOuKa o TakKas, 4to tga=4f.

tga
9 T %
7
, A 1 3/ 11
1]
—2— J .
z T
_1 “Z #_1
Puc. 52 Puc. 53

.

Apkmaneencom uucaa B (— oo < f < 4- 00) HasblBaercs
YUC/IO @ U3 NpPOMEeXyTKa (—%, -’2-‘-) , TaHreHc KoToporo pa-
BeH f§ U oGo3HauaeTcs

a=1arctg p.

Hanpuwep, arctg 0==0, arctg (—1)=—7F, arctg (V' 3) =3
(puc. 53).

Ha puc. 54 wusobpaxeHa 4YHCJIOBAA OKPYMHOCTb -H OCb
koTaHrencoB. OueBMaHo, 4TO A/l JIOGOro NEHCTBUTEILHOIO
B (— oo <P <+ o0) Ha BepxHeil NMOJYOKPYKHOCTH HaH AeTCA
TOYKa @ Takas, yto ctga=p.

Apkromanzercom uucaa f (— oo < P < + 00) HasbBaeTcs
uucno u3 npomexytka (0, m), KOTaHreHc KoToporo paseH f
1 o6o3Hayaerca

a = arcctg f.
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Hanpumep, arcctg 0=, arccigl= % . arcetg (—V'3) =
T
= — (puc. 55).

ApKKoTanrenc M apKTaHTEHC HCNOJb3YKOTCA AJst 3aMHCH
pewennii ypasuenu# Buga ctga=f u tga=p. Ypasuenue
b

1

-

Puc. 54 Puc. 53

ctga=f c yueToM NepHORMYHOCTH KOTAHTEHCa UMEET peleHue
a=arcctgp+ kn, rae k—ao6oe Uen0E YHCTO.

YpaHenue tga=f ¢ y4yeToM NEPHOAHYHOCTH TaHreHca
HMEET pelueHHe

a=arctgf+ kn, rze k—aoGoe Uesoe.
YOPAXHEHUWS

1. Urto HasknBaercs a) arcctga? 6) arctg o?
2. Buuudcante arcetgp u arctgp, ecau

a) p=0; ©6) p=1; 8) p=—1; 1) p=V3;
D b=—VE op=X3 wp-—L2
3. HMao6pasure Ha yuc0BO(l oxpymuoc'm TOYKH!}

a) arctg 2; ©6) arcctg(—1,5); B) arcig (_.;_);

r) arcctg%; n) arcctg 2; e) arctg (—1,5).
4. YnpoctuTe BbIpaXKeHHE:
a) tg(arctg 1); 6) tg(arctg(—0,2),

8) ctg (arcctgV 3); r) cig <arcctg ( V3 3)) :
n) tg tarectg (—V'3)), e) cig (arctg —3—) .
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5. Pewmute ypapHeHue:

a) tga=0; 0) ctga—_—.o;_ B) tga=1;

r) ctga=1; n) tga:VB; e) ctga:V:?;;

x) tga=—V3; 3) ctga=—V3; n) tga=V3-
K) Ctga:-'%§; JI) tga:-La—g; M) ctga—.:.—_.._&_;

6. Pewnte ypaBHenue:
a) tga=5; G6) ctga=3; B) tgoa=-—2

r) ctga:—--l—; n tga=—0,3; e ctga=1%.
7. Pewnte ypaBHeHHe:
a) tg2a=1; 6) ctg0,5a=0; B) tg(a+%)=-—1;

r) ctg <%a—-;l)=l; D) tlg3a=7; e)ctg7a=3.

8. Ilpu xakux x paBeHCTBa

a) tg (arctg x) =x; 6) ctg(arcctgx) =x;

B) arctg (tg x)=x; 1) arccig(ctgx)=x
BLINOJIHAIOTCA, NpU Kakux Her? [lpuBepure mpumepsl.

Y K/ 4 Y
o, e,
& 4 & z
a; %
A ) 8
Puc. 56

9. Ha uncnoBoift OKpYKHOCTH 3ajaHa TOYKA a, (puc. 56).
YkaxuTe Ha 9UCJOBOH OKPYXKHOCTH TOUKY

a) a, =arclg (g a;); 06) o, =arcctg (ctg a,).
10. Briuncante

a) tg(arctg x); 6) ctg (arcetg x);

B) tg (g——arcctg x) ;1) ctg (%-—.arctg x).,
11. Hoxaxure, uto

a) arctg x+arcetgx=3-;

6) tg (arcctg x) =-Jl? i B) ctg(arctg x) ’_":lc"'
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§ 2.10. O6paTHan dyHkuun

PaccmotpuM  HenpephiBHyio  Bo3pacraiowyio Ha [a, b]

¢yHKUHIO
y=fx (a<x<D).

Ee rpaduk nzobpaxen na puc. 57. C nomouplo rpadnka Mu
MOXKEM LIl KaXJOro 3HaUeHHA X W3 OTpe3Ka [a, b] onpe-
Aenmb COOTBETCTBYIOlEEe 3HayeHHe Yy ==
=f(x). IIpn sToM, ecmu x HenpepbBHO
Bo3pactaer oT a A0 b, To Yy cooTBercT-
BEHHO HeNpepblBHO BO3pacTaeT OT (==

=f(a) no d=f(b).
C npyroit CTOpPoHBI, MBI BHAMM, YTO
1 o6paTHO Kamjoe 3HayeHHe y H3 OTpes-
_, Ka [c, d] cooTBeTCTBYET OAHOMY H -TOJILKO
¢ @ =z 6 = ojHOMY 3HaueHHI0 X H3 oTpeska [a, b].
c=r@,d=1() Takum oOpa2oM, BO3HMKaeT HOBas (yHK-
Puc. 57 LUA X OT Y, onpejeNleHHass Ha OTpe3kKe
e, d), naswiBaemass obpamuoid ¢ynkyu-

eli x Qynkunu f(x). ObGo3Hauum ee

=0y, c<y<d

Dra GyHRuUMA TOXKe BO3pacTaeT W HenpepeiBHA Ha [e, d).
Hrak, ans kaxcdod renpepvisroll eospacmarowel Ha [a, b)
dyukuun f(x) cywecmeyem obpamnan el gynxyus x om y,
onpedessieman caedyrouum o06pasom: Kanoomy Y u3 ompesxa
[e, d] coomeemcmeyem edurcmeernoe 3HaseHue X HA OMPE3Ke
{a, b], maroe umo y=f(x), 20e c=f(a), d=f(b).
OTtmeTHM paBeHCTBa

¢[f)=x (¢<*<D),
flew)l=y (c<y<d)
B camom nene,

olf M) =0@W)=x (@<x<D),
fle@l=i=y (<y<a).
OrmeTnM eille, uto dyHkuus f(x) Moxer ObITh 3ajaHa Ha
uHTepBasie (@ b), Toraa yrBepKieHHe OCTaeTcsi BEPHRIM, €CJIH
CyuTaTh, 4TO @ (y) ompelenseTcs Ha HHTepBane (¢, d), rae

= lim f(x), d=lim f(x),
x—>a x=rb
T. € ¢ €CTb YHCNO, K KOTOpoMy cTpemurcs f(x), Koraa x

CTpeMHTCs K a, a d—uncne, K KoTopomy cTpemutcs f(x),
Korga x ctpeMutcs K b, Ho Momer GuTh ¢ = — oo nn d = + o0,
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Dyukuns f Moxer 6bITb 3ajaHa HA noJsyuHTepsane [a, b),
H TOrAa (pyﬂxunﬂ @ 3ajaeTcsl Ha noayuHtepBane [c, d), rae

e=F(a), d= lim f (x).

AHa.noquo eum f 3anaHa Ha (a, b], T0 ¢ 3anana Ha
(¢, d], roe ¢c= tim f(x), d=f(b).
x—+>ra

Mpumep. @ynkuusa y=x? (0<<x < o0) HenpepuiBHA
H Bo3pacTaerT Ha noayuHrtepBaje [0, - oo). [Toatomy cyrue-
cTByeT oOpaTHas K Hell PyHKuHA x=¢(y) (0<Cy <+ 00),
KOTOpPYIO YCJAOBHJIHCH 0003HayaTb TakK:

x=Vy (0<y< ).
3nech a=0, b=o00, c=0*=0, d= lim x*=oo.

X+ ®
3ameuanue 1. Kpusan Ha puc. 57 ectb rpaduk pyHk-
uun y=f(x) (@<<x<Cb). B To e Bpems OHa ecTb TaKxe
rpapuk QyHKUHH x=@(y) Ha oOT- y
peske [c, d
Ecag 6el Mbl 3aXxoT1€1M  TOJY-
unTb rpadHK O(YHKUMH ¢ B BuJe

y=0 ) (<x<d),

TO MOXHO paccyXjaTb CleAyIoUUM
o6pasom. B cucreme xoopaunar xOy
pucyeMm rpadpuk ¢yHkuuu (puc. 58)

x=f (@<y<h),

T. €. 3HaYeHHA HE3aBHCHMOH nepe-
MEHHOM y OTKJIaJblBaéM Ha OCH OpJIMHAT, a 3HayeHHe X OT-
KaajgbiBaeM Ha ocH abeuuce. Ilonyuennas KpuBasi aBTOMaTH-
yeckn OyeT rpadukoM QpyHKIKRK

y=0(n (<x<d).

OrmveruMm, uto rpadpuxu GYHKUHA y=f(X) U y =@ (X) cUM-
MeTpHYHBl OTHOCHTEJNbHO OHCCEKTPHCH NEPBOro KOOPAHMHAT-
HOro yria. OT0 CBOACTBO YNpOILAeT NOCTPOEHHE rpadHKoB
oOpaTHHX (QYHKIUH.

Jameuanne 2. [lo ananoruu MOXHO NOJYUHTb CJAEAYIO-
uee yreepxpende. Ilyctb byHkuusa y=f(x) HenpephiBHa Ha
oTpe3ke [a, b] n yOuiBaer Ha HeM (T. e. ecJH X Bo3pactaer
or a o b, To f(x) yObiBaer or ¢=f(a) no d=f(b), ¢ > d).
Torpa cyuectByer obparHas K GYHKUHM [ QYHKUUA

=0y UA<SY<oO),

y6uiBaoman Ha orpeske [d, c].

g1 ¢ x d =
c=r@), d=r@)
Puc. 58
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YIOPA)XHEHHA

1. Hro 3Hauwur, yto cywecTsyer o6paTHas GyHKUHUSA K AaH-
HOH HenpepblBHOH Bo3pacrawoiledl GyHKUHR y= f(x)?

2. Ecau senpepriBHaf u Bo3pactaiowas GyHKuEs y = f(x)
3anaHa Ha

a) orpeske [a, b), 6) unrtepsase (a, b),

B) nmonyuHTtepBane [a, b), r) nonyuHrepsane (a, bl,
TO Ha KakoM NPOMEXYTKe.3ajaHa obpaTHada el GpyHKuus?

3. Kak no paHnoit Bo3pacraioiell HenpephBHOH GYHK-
uu [ nocTpouTb of6paTHyIO efi QyHKUHIO B Bujle y=@ (x)?

§ 2.11. dyukuuu arcsin x, arccos x, arctgx
DyrKuMA )
y=sinx (=5 <x<3F)

11 J
HENnpepLiBHA W, €CJAH X BO3pacTaeT OT -3 pile) T TO Y BO3-

pacraer ot —1 no 1. [lostomMy, Kak Mbl 3HaeM, CYIIECTBYeT
ofipatHad K 3T0H (YHKUMH (QYHKUHA, T. €. KaXIOMy y H3

A!/
q) e dn
P e
L y=uresing
2 A :
| |
! !
| | r
‘ Lo ! 2
-—li
7{ ¢ 12 ol 4=0rGo0sZ
{ |
—l ’
-——1-% -1 0 1z
Punec. 59 Puc. 60

oTpeska [—1, 1] cooTercTByeT enMHCTBEHHOE 3HAYEHUE X Ha

oTpe3sKe [—%, %j , s Koroporo y=sinx. Ho Torxa

x=arcsiny (—1<<y<).
Takum o6pasom, (GyHKLHA arcsiny ectb ofpaTHass (HyHKUUS
K (DyHKIHH y==Sin x, pacCMaTpUBaeMo# Ha OTpe3kKe [— % , %J .
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Uro6et momyudTh B cucTeMe KoopaHHaT xOy rpaduk
dyHKUKH
y=arcsiny (—1<<x<1),

cTpouM rpaduk ¢yHKuu (puc. 59)

x=siny (—%<y<—‘.}).
Oll,HOBpeMeHHO OH fIBJISAETCA TaKXe IpapuKoM QYyHKUMH Yy =
=arcsinxy (—1<x<1). Pynkuua

y=cosx (OD<<x<n)
HenpepelBHa, M ecau x Bospacraer ot 0 go x:, TO y yOnBaer
or 1 1o —1. Ho rorxa, paccyxjas Kak Bhlllle, NOJy4aeM,
4TO0 CYyllecTBYeT oOpaTHaa eff QyHkuuA, onpejensemas ¢op-
Mymaoit x=arccosy (—1<y<1).
I'pabuk byHKINHH
y=arccosx (—1<<x<K))

B cucreMe koopauHat xQOy coBnagaer ¢ rpadukoM ¢(yHKIUH
(puc. 60)

x=cosy (O0<<y<m).
Dyukuua

=tgx (—121-<x<%)

1 11
HenpephiBHA Ha HHTepBaJle (—?, ?) , H IPH 3TOM, €CJH X

BO3pacTaeT oT —-5 1o + > 3 » OHa BO3pacTaer 0T— 0o 20+ 0o,
CnepoBaTesibHO, cyiecTByer oOpaTHas K Hell (pyHKUUA
x=arctgy (—oo <y <+ o0).
I'paduk pynkuun y=arctg x (— oo < x < oo) (cM. puc. 61)
coBnajaer ¢ rpapukom x=tgy (—-g- <y< -g-) (v cum-

MeTpuYeH rpapury OYHKUMH §=1g X OTHOCHTE/bHO GHCCEKT-
PHCHl IEpPBOrO KOOPAWHATHOrO yria).
CnpaBe//IiBO PaBEHCTBO

. 14
arcsin a+ arccos a =

) (16)

BEDHOE 1JA /1060r0 @, YNOBJETBOPSIOWEro HepaBeHCTBAM
—1<a<l.
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B camcu jgene, paseHetBo (16) mpoBepsiercs Hemocpencts
BeHHo nipu a=0, 1, —1. Eciu ke 0 < a < 1, To obpatumes
K YUCJIOBOI OKPYXKHOCTH (puc. 62), Ha KOTOpOH OTMeTHM
B | ueTBeprH TOuKy B, mnMelouyw OpAUHATYy, paBHYIO &.

Pitc. Gl Puc. 62 Puc. 63

OnyctuM u3 B Ha ocH KOOpZMHAT nmepneHZUKynspel. OTMe-
TaM, 410 @ =BF =0D =sinYAB =cos ¥BC. Ileatomy

YAB =arcsina, “YBC =arccosa,
arcsina 4 arccosa="AB+VYBC = %

Iyctb Tenepp —1 < a < 0. Ormeuaem (puc. 63) na yucno-
Boil OKpyxHocTH B IV uetBeprd Touky B, uMetoinyio opau-
HaTy, paBHyi0 a@=—|a|, ¥ onyckaeM W3 B Ha ocb x nep-
nevaukyaap BD. OtmeuaeM Takx<e Ha YHCJIOBOH OKPYIXKHOCTH
Touky E, nMelomyio a6eusicey, paBHylo @ =—|a|, ¥ onyckaeMm
3 E Ha ocu KoopauHar neprneHaukyaspnl EL n EF. Oue-
puaHo, YEC =“AB, noaromy VAE—VAB=—;3. Tak kaxk

4
arccosa="AE, atcsina=—YAB, To arccosa- arcsing =
="VAE —“’AB=%, uyto 1 TpefOBaNOCh AOKa3aTh.

YNPAXHEHUKUSA

1. Yro Takoe

a) arcsinx? 6) arccosx? B) arctg x?

2. Kakoii dyHKuuu obpatHa QyHKuMA

a) arcsinx? 6) arccosx? B) arctg x?

3. Kak MoxHO noayuuth rpagukn 3tHX OGYHKUMH, ecan
BOCNOJ/Ib30BaThCA COOTBETCTBEHHO rpagukamu pyHKUuH sin x,
cosx, tgx? '
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§ 2.12. MNpumepn pelucHuti TPHrOHOMETPHUCCKUX YPaBHEHHHA

[Tpumep 1. Pemutb ypaBHenue
sinmx—sinlx=0 (m—I{s=0, m+15=0).
Pewenue.

. —1 ]
231nm——xcosm+ x=0,

2 2
. m—1
sin®5—x=0 wm cosm—;‘—fx=0,
m—1 2kn
—§—x—kn, X=——
m4+l o (2 D=n
— x——2-—{-kn, X==T

rpe k—mo6oe 1esoe 4uchao.
2km 2k D)=

Omeem: x=—— 4 x= mpl e Te k-—moGoe uesoe
YHUCJI0.

Mono6HEIM 06pasoM pemaloTca ypaBHeHHs

sinmx-+sinlx=0, cosmx—cosix=0,
cos mx+ cosix =10

¢ TomouBIo HOPMYJ ANA CYMMbl CHMHYCOB B KOCHHYCOB YIJIOB
H Pa3HOCTH KOCHHYCOB.

B HEKOTOPBIX YaCTHBIX CJy4asX YPaBHEHHS pPacCMOTPeH-
HOTO BHJa MOXHO pellluTb ApYruMH crnocobamu. Bot npumep.

Mpumep 2. sin2x—sinx=0.

Pewenue.

2sinxcosx—sinx=0, sinx(2cosx—1)=0,

. 1
sinx=0 wuau cosx =5

Omeem: x=hkn ¥ x= - % +2kn, rpe k—moboe uenoe
YKCno.
Mpumep 3. Pewutp cucreMy ypaBHeHMH

cosx=a, sinx=b,

rae a ¥ b—jannble uucha.

Pewenne. Ecan a4 b* 5 1, 10 cucteMa He uMeeT pe-
1IeHNs, MOTOMYy 4T0 c0s®x+-sin*x=1 aas moGoro e. IlycTh
tenepb a*+4b?=1. Torpa Touka (a, b) HaxojAuTCA Ha YucHO-
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Boit OKpyxHOocTH. OHa ompenensieT HEKOTOPHLA yros a,, Ko-
TOpblﬁ U ABJAAETCA pELUIeHHEM 3ajJauH.

Ha ocu x oTMeyaeM TOYKY, HMEIOULYI0 KOODAMHATY, paB-
HYIO a, H BOCCTaHaBJHBAEeM U3 Hee nepneﬂ,nuxynﬂp A0 nepe-
CCUEHHA C OKPYXHOCTBIO B IIOJOXXHTEJbHOM HanpaBJi€HHH,
ecin b >0, uam otpuuatenpiom, ecan b < 0. Touka mepe-

7y CeYeHHs M OYyNeT HMeTb KOOpPAMHAThHI
(a, b).
Ofuee pellleHHe 3aJa4yd 3alHCHIBa-
p eTca B BUJE
. 2 o = oy -+ 2km,
3 rje k—npou3sBoJIbHOE LEJN0e YUC/IO.
W [MTpumep 4. Pemnuts cucremy ypas-
HeHu#
Puc. 64 1 . V3
cosa=-, SiNa=——75—.
Pewenue. Cymma KBagpaToB NpaBbIX HacTe#l CHCTEMBI
paBHa 1. Ilosromy Touka (—;—, —-V% HaXOAMTCA Ha YHC-

JIOBOM OKpYXHOCTH (puc. 64). Eit coorsercTByeT yroa (puc. 64)
o= —% + 2kn, rae k—npou3BoJsibHOE UEJIOE YHCJIO.
Mpumep b. Peimith ypaBHeHHE
Acosx+ Bsinx=C. (17)
Pewenwue. Jlemum obe uacth ypapuenus na V A*+ B,
[Tonyuaem
acosx-t+bsinx=c,
rjie
A B c

Vaoie: CVarek ‘T Varm

Tak kak a*4b*=1, TO MOXHO noao6paTh TakKoH yroJa &,
4YT0 a=cosc, b=sina, 3agaHHOe ypaBHeHHe TOra MOXHO
3anucatb B Buje

cosacosx+sinasinx=¢

a =

HJIH
cos(x—a)=c. (18)

Ecan |c|> 1, 10 ypashenue (18), a cnenosatenbho u
(17), ue umeer pewennit. Ecin xe |¢| <1, T0 Bce peuenus



§ 2.12. IPUMEPDBI PELIEHHI 59

3amnucelBaloTca Gopmy.Joi
X—o. = = arccos ¢+ 2km,
WM
x=o % arccos c-+ 2km,

rae k—mo6oe 1esoe YucaIo.
I[Tpumep 6. Pemuts ypaBHeHue

cosx—sinx=V'2.

Pewmenmue.
CoS x sin x 1

Vi vz

n .
cos (——T> CcOs x -} sin (—-

1

n .
——) sinx=1,

-

cos'(x-}-%): 1, x+%=2kn.

Omeem: x = — -11 + 2km, rae k—moboe 1esoe Yucao.

IMpumep 7. Pewuts ypasHeHue 7sin?x—sinx—8=0.
Pemenne. Brnonhum noacTaHoBky sinx=a; peinm

8
ypaBHeHue 7a?—a—8=0; noayuum a,=—1, a=.
CanepoBaresbHo,
. . 8
sinx=—I, siny ==,
X = — % + 2km, HeT pelleHHi, Tak Kak sinx

rae k—mo6oe 1ejoe 4yucao; | He moxer ObITh GoJblue 1.

Omeem: x = — %—}— 2kn, rae k—mobGoe 1eNoe HHCTIO.

ITpumep 8. Pelunth ypaBHenue 2 sin (—’23+2x)+cos x=3.
Pemenue,

2 sin (%+2x>+cosx=3, 2 cos2x- cosx =3,
2(2cos?x—1)+cosx=3, 4cos®x+ cosx—5=0,

-
9
cosx=a, 4a*4+a—5=0, a=—7, a,=1;
5
COSX = — - WM cosx=1

B nepBoM ciyyae HeT pelleHHH —HE MOXeT OHThb
|cos x| >1; Bo BTOpOM cayuae x=2knm, k=0, £1, +2, ...
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Omgem: 2km, rae k=0, +=1, +£2, ..
Hdpyroe pemeHue. 3amMeTuM, 4T0 B ypaBHEHUH
2cos2x4cosx=3
2c0s2x < 2, cosx <1, cnenosarenbHO, paBEHCTBO BO3MOXHO
JMUb NpPH OJAHOBPEMEHHOM BBLIMONHEHUH YCJIOBHH
2¢c0s2x=2 u cosx=1;

cos2x=1, x = 2kmn,
2x = 2nx, rae k=0, x=1; +2, ...
X =nm,

cae n=0, £1, =42, ...
O6a yc/a0BHA BBINOMHATCA B TOYKAX
x=2kn, rne k=0, =1, +2, ..
[Tpumep 9. Pewnte ypaBHeHHe
sin? x4 4 sin x cos x —5cos? x =0. (19)
Pemeunue. Kaxpaoe cnaraemoe B JieBOH HacTH uMeer
creneHb 2. OueBHAHO, 4TO cOSx =0, TaK KaK B NPOTHBHOM
caydae sinx=1 uan sinx=—I1, HO B TOM ¥ B JApPyrom

cnyuae pasercTBo (19) HeBepHo. PasjesvM npasyio H JeBYyiO
yacTH Ha cos?x:

sin? x sin x cos x cos?x
cos2 x + cos®x  cosix 0,
tgtx44tgx—5=0.
O6oanauyum tg x=a:
a+4a—5=0; q,=1; a,=—5.

Orciosa
tgx=1 wua tgx=-—5, _
_=n x =arctg (—5)+ kn
x=—+kn, '
4
- rae k=0, £1, +2.
rae k=0, 1, £2,...; A £

Omeem: %—l—kn, arctg (—5) + kn, rae k=0, +I1, £2, ...

§ 2.13. Cuucox OCHOBHBIX chopmy.n TPUTOHOMETPHH

sina+ cos?a=1,



7

§ 2.13. CITUCOK OCHOBHBIX ®OPMYJ TPUTOHOMETPHH

cos o
sina '’

I+ tg2a=——

clgto =g

sin (a4 B) =sinacosB+sinpcosa,
sin (e—f) =sinacosfp—sinfPcose,
cos (et -+ ) =cos e cos f—sinasin f,
cos (—f) =cos e cos B4 sinasinf,
_ tgat-tgh
tg(a+ﬁ)—l—-—tgc4tgﬁ’

tgu—tgB
tg (a—ﬁ)=r$7“—$ﬁ,
sin 2 =2 sin a cos c,
cos 20 = cos? ¢ —sin? a
21ga
|—tg2a’

ctga =

costa?

tg 200 =

tg (—2-+a) =—clga,

ctg (%+ a) =—lga,
sin(n—a)=sina,

cos (m—oa)=-—cosa,
tg(n—a)=—1ga,
clg(n—a)=—ctga,
sin (w4 o) =—sina,
cos(n+ a)=—cosa,
tg(nta)=1iga,

61
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ctg(n4a)=ctga,
. [ 3n
sin (T—a> = —Cosa,
cos (%n——oc) = —sina,
3n
tg <T—a> =clga,
3n
ctg (—2-—a> ={g a,
. [ 3n \
sin (-—2—-1- a) = —Cos5 a,
cos (i;—-i— oc) =sina,
3n
tg (T"‘ a) =—ciga,
' 3n
clg <T+ a) =—tga.
YOPAXHEHUH

1. Haiitu Bce pelreHHA ypaBHEHHA
1—5 sinx 4+ 2cos* x = 0,
YIOBNETBOpAIOIIHE HepaBeHCTBY cos x > 0.
2. PeumTh ypaBHeHHe
sin2x = /3 sinx.
3. Pewutb ypaBHeHHE

sin 2x
Themy — 200 %

. 1
4, Boiyncauth cos 2x, ecau sin x = 7 -

5. PewuTh ypaBHeHue
sin2x — )/ 3 cos x = 0.



T'NIABA 3
NMPEJAEN

§ 3.1. MNpenea nocnenoBaTeNLHOCTH

Meron npepesoB —3T0 OCHOBHOH MeTOA, € KOTOPHIM olle-
PHPYET MaTeMaTHYyecKHil aHazu3.

Uto6bl yACHHTb, 4YTO TaKoe npefell, HaYHEM C KJaccu-
qecKol 3ajaud. B npaMoyrojbHO# cHcTeMe KOODAHHAT 3aAaHa
¢durypa, orpaHuyeHHas
napa6oioit (puc. 65) y = 4
=x? OCbI0 X W [pAMOH
x=1. Tpebyercsa HalTH
ee maowanb. Bor Kak mo-
JKHO TIOCTYMHTb.

Pasnenum OTpe3oK
[0, 1] ocn x nan pas-
HBIX YacTed TOYKaMu

12 n—1

s e eee —, |

n n n
M [OCTPOMM Ha Kaxjofi
H3 3THX qaCTeﬁunpﬂmo- 0
yroJbHUK, JeBbId Bepx-
HHUH yroJl KOTOPOro AOCTH-
raer napa6oan. Torzaa ‘
NoJNy4YHM 3alUTPUXOBaHHble Ha puc. 11 DpAMOYroJibHHKM,
cymma nnow,aneﬁ KoTophix S,, OueBUAHO, paBHa

—_ 2
=0+ () e () T+ (55 -
124224 ... 4 (n—1)2 (n—=1D)n@n—1) ,
= n3 = 6n3 )-

*) Mbl Bocnoab3oBanuch Gopmyso

12-[—2‘-’-4-...+(n—1)2=————("_')"(2"_1)

KOTOpast MOxeT GbTh BBefeHa caefylomuM o6pasom. CIOXKHB JleBuie
i MpaBhle YaCTH PABEHCTB (k+l)3—k3—3kz+3k+l, COOTBETCTBYIO-
WHX 3Hayennsam k=1, 2, , n—1, NOJyuuM ypasHeHHe

n3— l=3ou_1+M+n—l, rie op_1=134224,,, 4+ (n=1)%
(n—Dn@n—1)
6 4

Pewus ero, noJyyuM On_3=
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[lpenacraBum S, B Buge

1 1 1 1
Su=§+<w——2g)=§+am (M

BennyuHa o, XOTA M MMeeT CJIOXHLIA BHI, HO o6aajgaer
3aMeyaTe/NbHbIM CBOMCTBOM: OHa CTPeMHTCSI K HYJIO [pU He-
OrpaHNyYyeHHOM BO3pacTaHuU A. Takue BeJHUHHB! HA3BIBAIOT
OECKOHEUHO MAALIMUL.

Beckoneurio masold HazkBaetTc nepeMeHHas  BeJHYHHa
®,, 3aBHCALIA’ OT HATYpPaJbHOTO f, CTPEMSALLAACA K HYJIO
NpU HEOTPAaHHYEHHOM BO3pacTaHUU .

Hanum dopmanbhoe ompegeneHde GeckoHedHO Manok Be-
JIUYHUHEIL.

BeaunuuHa o,, 3aBUCAIAA OT HATypaJbHOro 3Ha4YeHHA n,
Ha3bIBaeTCA OECKOHEYHO Maaoi, eClnH, KakK Obl HU OhI0O Majoe
3aJJaHHOe [OJIOXKUTEbHOE YHCI0 €, Halgercs yucio N >0
HAcTo/IbKO 60JbLIOE, YTO BHINOJHSETCH HEpaBEHCTBO

lo, [ <&

ansi Beex n> N.

Cymma S, nuomapgeit 3amTpHXOBaHHBIX Ha puc. 65 npsamMo-
YroJbHHKOB €CThb TOXXe nepeMeHHas BeJMYHHA, 3aBUCALIAS OT
HaTypaJbHOro n. Mbi NOKa3and, YTO OHa MOXeT ObiTb 3aMu-
caHa cjefyiomuM oSpasom:

S=—é—+a",

rpe o, ecTp GeckoHeyHo Manan BeanuyuHa. Ho Torpa ecrect-
BEHHO CUHTATb, 4YTO Su CTPEMHTCS TIPU HEOTpaHHYEHHOM BO3-

1
pacTaHUW £ K YHCAY 3, W €CTECTBEHHO CYMTATh, YTO S =3

ecTb NJolaAL paccMatpuBaemoii ¢urypet. IloctaBnennas 3a-
Jlaya penieHa.

B xone paccyieHHi Mbl, BO-NepBHIX, Aaju ONpeje/eH-
Hble TJIOWAM PAcCMATPpUBaeMoil GUrypel Kak gucia S, K KOTo-
poMy cTpeMHTCS cyMMa S, mJoulajeii 3alUTPHXOBAHHHIX Ha
pHc. 65 npsMOyro/qbHHKOB NpH HEOr pAHHYEeHHOM BO3pacTa-
HHH ln, a BO-BTODBIX, Hauiu 370 uucao. Okasanocb, YTO

S=7.
-3
Haaum ompepenenne mpegena. Ilycre 3ajawa nepeme-

Has x,, 3aBHCAUAs OT HarypambHoro n=1, 2, .., Ecau
X, MOXHO 3anHcaTb B BHUAE CYMMb!

t,=a+ta, {(n=1,2 3, ...),
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re a— HeKOTopoe NMOCTOAHHOE YHCJIO, o, — OeCKOHEYHO Manasi,
TO TOBOPAT, UTO X, UMEEM COOUM npedes0m 4UCA0 G UAU X,
empemumes £ @, U THILYT

lim x,=a

n->wo

HJH
X,—a (n— oo).

anBe,ZleM [IpHMEPDb! MepeMEeHHbIX BCJAHYHH, 3aBHCAIIMX OT
HaTypaabHOro fn:

N —|)n
Xkn=7%s Yn="7 Z”=-%,

al-
S|~

Uy=qm, 0<g<l, v,=22lo1—1

n'

wn=(—l)n' ﬁn=a'

[lepemenunie x,, y,, 2, H u,—O0€CKOHeYHO Malble; X,
U u, cTpeMATcs K HyJo, NpHHUMas MOJIOXHTe/bHhle 3Hade-
HUA, yObiBasi; y, CTPEMHTCA K HYJO, NDHHHUMAs OTPUUATENb-
Hble 3HAYeHH$, BO3pACTas; a Z, CTPEMHUTCH K HYJIO, KONeOnACh.

Besuunna v, crpemutes K 1 ( lim v, =1).
n—>®
[lepemennan P, ecTb Ha camMOM jesie MOCTOSIHHAS, paBHAaf
ans Jaoboro n ofHoMy M ToMmy e udeay a (limf, =a). Yro
e Kacaercs BeJMYHHBI W,, TO OHA HHU K KAKOMY mpeaeay
He CTpeMHTCcfi, NPHHMMAs MOC/IEloBaTeNbHO 3HaueHHA -1
u —l.
OueBHpHO, €CAM @, ecTb GeCKOHEYHO Manasi, To ee fpe-
Ae paBeH HYJIO:
lim a,=0.
n—- o
[Mpumenp.
. n*41 . 1
lim 2t — im (1 +-nT)=1.

n-»x n—» x

YNOPAXHEHHUSA

1. Haiinute npepenn! nepeMeHHbIX, NpPeCTaBAAd UX KaK
CYyMMY MNOCTOAIHHOH H GeCKOHe4HO MaJoii;

e
a) lim 23, 6 lim ©;
n—->w n n—> o n
.ond—3, . n-2
om0

3 C. M. Huxoancxuft
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§ 3.2. BeckoHeuHo Goanwas BeAUUHHA

AHTHrONaMU GECKOHEYHO MasbiX BEJHYUH SBJASIOTCA Gec-
KOHEUHO GoJblINe BeJNYHHBL.

[lepeMesHas x, Ha3bBaeTCsi GeCKOHE4HO GOAbUIOL, €CNH,
Kak Obl HW Obl10 Beauko uucdao M > 0, nHaiigercs Takoe N,
qTogx,,l > M pas scex n> N.

CIH X, 6ecKOHeyHo GoJjbluas, TO MHIIYT
lim x,=0c0 WM x,— 00 (n— o).
n—=> @

Moxer cayuuTbesi, uto GeckoHeuyHO GoJsbluas BeJHYHHA X,
HauMHasi C HEKOTOPOro 7 CTAHOBWTCA IMOJIOXKHTENbHON; TOrAa
nUmyT

lim x, =+ oo,

n—-> o

WX OTpULATEe/NbHOH, TOrJa MHUIIYT

lim x,=—o0.
n—> o
Bor npuMmepbl GecKoHeuHO GOJIBUIMX BeJHUMH!
X,=n, Y,=—n, 2,=(—1yn, u,=n? ,
lim x,=4 o0, lim u,=+o00, lim y,=—oo.
n—>w n—-> o n-—> o
Uro e xacaercsi BEJMYMHB! 2,, TO IPO Hee MOXHO HalMCATb
lim z, = oo,

n—> ®

HO 3JeCb HeJb3Aa CHMBQJ oo 3aMEHHUThb HH CHMBOJIOM -+ oo,
HH CHMBOJIOM — 00, Bnpoqu, Mbl 4acTo 6y11eM nucaTth oo
BMECTO -} oo, €CJIH HeT ONAaCHOCTH HerpaayMeHnﬂ.

§ 3.3. JeiicTBHA ¢ npepesamu

[lepemenHble X, H y, MOXHO CKJaRbIBaTh, BLIYHTATh, YM-
HOXKAaTb H JA€JHUTh, 06p83y3 BeJINUUHLI
*n

xn+ Yns Xp—Yn» XulYns ;;‘

B cayyae wacTHoro Hajo npeanoJararte, 4to y, %0 aas mo-
6oix n=1, 2, 3, ...
CnpaBeJIUBbl CJEAYIOUIHe, B CYUIHOCTH OYEBHAHME, CBOH-
CTBa NpeJlesos:
lim (x, £ y,)= lim x, + lim y,,
n—>wx ne>x»

n-—>®

lim (x,y,) = lim x, lim y,, 2
n—>mo n-— o n—->x



§3.3. AEACTBUSA C MPEXEJIAMH G7
B YACTHOCTH, €CNMU X, =cC MNOCTOfAAHHAadA, TO

lim (cx,)= lim ¢ lim x,=¢ lim x,,
A~>® nA>® N> n—> o
lim x,

lim 2=t ( lim y,ﬁeO).

n—»aayﬂ lim Yn n—->o
n— o

A1H cBollcTBA HajJ0 NMOHUMATH B TOM CMBIC/IE, YTO €CJH CYILe-

CTBYIOT npepesbi, GUrypupyiolye B NpaBbiX YacTAX pPaBeHCTB

(2), TO aBTOMaTHYECKH CYLUECTBYIOT NMpeAesibl B JIEBBIX YACTAX

COOTBETCTBYIOLIMX PABEHCTB M CNpPaBeAJIMBHl CaMH paBEeHCTBA.
Ho6aBuM eine, 4TO

lim —a=0,
Xn—v>@n
. . 1
lim (x,y,)=o00, lim —= o0, 3)
x> A=0 *n— 0%n
Yn > ® xn¥%0

Bosee cnoxHLIA Bompoc BO3HUKAET NpPHU BLIYHCJICHHH Mpe-
X
JeNa 4acTHOro y—", korga U x,—0 u y,—0 um ecau
n
X,— 00 H Y,— co. B Takux cayyasx sapaHee HEBO3MOXHO
CKa3aTh, YeMy paBeH npenen. B 3aBucHMOCTH OT HMHAMBHAY-
albHblX CBOHCTB IIEPEMEHHBLIX X, H Y, NpPelesN MOXeT ObiTh
JMOOBIM KOHEUHBIM HJIH GeCKOHeUHBIM YuC/aoM *). MoxkeT TaKkxke

n

X

CNYYUTHCSA, YTO OTHOILEHHE e He HMeeT HHUKAaKoro rnpepena,
n

naxe OECKOHEYHOro.

1 1
Hanpumep, nycts x,=--, y,=-7; TOLla, OUEBH]HO,

n
xn—’o' yn_’oo
Lo M _ Yo 1
%3 P =n-— -+ 00, b — 0.
—1)» 1
Ecan xe x,,-—-( n) » Ya=-;, TO OTHOLIeHHe ;ﬁ'l=(—-l)"
n

HH K KaKoOMy INpejesly He CTPEMHTCS.

Mbl paccMaTpuBaJIiH MepeMeHHhIE X,, 3aBUCALLYE OT HaTy-
panbHoro n (n=1, 2,3, ...). Takue nepeMeHHnle HasbiBaOT
nocaed08armeAbHOCMAMU.

*) CumBOJIBl | 00, — 00, 00 YNOGHO Ha3uBaTh GECKOHEYHBLIMH YHC-
JIaMH, XOTf 3TO BOBCE He YMCJAa, U TOrAa oObIYHbIE YHC/A2 HA3bIBAIOT
KOHEUHHLIMH YHKCJIaMH.

3‘
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Npumep 1
3
. n+43 : n 1
s m T

[ToscHenune. ¥ apobu :i? KaK YuCIUTeNb, TaK H
3HAMEHATENb CTPEMHUTCH K GECKOHEYHOCTH, M HeMoCpeACTBEHHO
HCJib35l CKA3aTh, K K4KOMY npeaeiy oHa crpemutcsi. OnHako
nocje JeNeHHs YHCTUTENs M 3HAMeHaTens Ha a1 0GHAPYXH-
JIOCb, YTO YHCJHTENb CTPEMHTCS K | ¥ 3HaMeHaTellb CTpeMHTCA
K 1. 3T0 1aeT BO3MOXHOCTE BOCNOJIb30BAThCA GOPMYJIOH O npe-
JeJie YacTHOro.

Mpumep 2.

lim (n*—100n°—2n24- 1) =

o i [ (1102 1Y e

n—>w n

ITosicnenne Cpasy HefiCHO, K YeMy CTPeMHUTCS HCXOJ-
HOe BBHIDAXKEHHe: NepBuld YJeH n* cTpemMuTCs K - 00, @ uJieH
—100n®* —2n? crpeMutca Kk —oo. Ho nocie BriHeceHHA
3a CKOGKH nt Bce NposiCHAETCA: MHOXKHTeNb h'— 4 0o, a

(1——12—0—— p +— )-» 150. Ho rtorama npoussejseHue
CTPEMHTCS K o0 n aaxe K - oo (cMm. (3)).

Mpumep 3.
lim (/n+2—y/n)=

T (/)= (/7
R e e

,lle@(l/n+2)2+,/n+2l/,,_;_(l/,,)z =0,

NOTOMY YTO 3HaMeHaTe/b NOCAeLHefi APoOOH CTPEMHTCH K oo,
" Her o6iuero cnoco6a BeiuMc/leHUs pefiesia pa3HOCTH ABYX
nepeMeHHbIX, Kax[as H3 KOTODLIX CTPeMHUTCA K -+ oo. B kax-
ROM KOHKDETHOM CJlyyae INPHXOAHUTCH TNPUAYMBIBATL CBOH
cnocob. .
[Tpumep 4. Cymma nepBhiX 1 4YIEHOB reOMETPHYECKOM
NPOrpeccHH co 3HaMeHaTesleM ¢ (¢ 5~=1) ¥ nepsbiM YeHoM |
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paBHa
=l4gtgt.. . fgmi=lzlo L g ] 4)
" A SR pr i e AR =T (
Ecan nporpeccns y6uawomas, T. e. ecan |¢| <1, To
BTOpO# 4/leH NpaBOi YacTH (4) CTPeMHUTCS K HYJO MPU 1 —» 00:

1
—q"l~q—*0 (n — o00).

ITosToMy cymecTByeT mpegen

. 1
lim S, =-—
n—»ae " t—g

(lgl <),

KOTOPLIH - Ha3LIBAIOT CyMmOl paoa
14g+q*+... (5)

(cocTosiiero ¥3 GecKOHEYHOro 4YMCJa YJeHOB!), H NMPH 3TOM
NHIIYT
ﬁ,=l+q+4‘+--..
T. €. NPHIHUCHIBAIOT BhIpaXeHHI0 (5) u4ucjo, paBHOoe CyMme
psaga. B atom ciyuae roBopAaT, uto pad (5) cxodumca.
Ecau |q] > 1, 10

4ﬂif*w (n—»oo);
npu q=1
S,=14+qg4+¢*+...+q"t'=1+...+1=n— oo.
Ecan xe g=—1, 10

S,=0, 8,=1, S§,=0, S,=1, ...

6

u S, He CTpeMHTCA K npejeny.

M3 ckasaHHoro csienyer, 4ro ecau ycioBue |g| <l He
BBINONHAETCA, TO S, He CTPEMHTCA K KOHEUHOMY npejesy
npu n— oo. B 3tom caywae rosopsT, uto pax (5) pacxo-
aurca. EMy He npunmchiBalOT HMKaKoro 4ugja.

3ameyanune Crenyer o6paTHTh BHUMaHUE Ha CBOMACTBA
nepeMeHHbIX, UMEIOWMUX npejesa (KoHeuHb ¥ GecKOHEuHbll),
BhipaxeHHue gopMyaamu (2). Hamo sHate Taxxke, 4to nepe-
MeHHas, HMelollan npefesa, paBHbA @, ecTb cymMMma a-a,,
rge o,—O6eckoHeyHo Masas. O camoM e NOHATHH Gecko-
HEYHO MaJoH JANf HalHMX LeJedl JOCTATOYHO HMMEThb HHUCTO
MHTYHTHBHOE NpPEACTABJIEHHE, BBIICHEHHOE Ha NpHMepax.
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YMNPA)XHEHUY

1. [1puBeanre npuMepsl GeCKOHEYHO MAJMBIX X,, 3aBHUCAIHUX
OT HaTypajapHoro n=1, 2,

2. Urto sHauurt, yTto nepeMeHHas x, (n=1, 2, ...) umeer
npefen, paBHHH 4Ydcany a? [IpuBeauTte npumephl.

3. Kakum cBofictBoM o6najaer nepeMeHHas x,, HaskBae-
Mas GeckoneuHo Goabioi? [IpuBesute npumepsi.

4. Yto sHayur lim x,=+ oo u lim x,=— oo? [lpu-

n-—»aw n-—>ao

BeNYTe MPUMEpHI.

5. [lo KakuM npaBujiaM BBIMUCAAIOT Npeaebl CyMMBI, pas-
HOCTH, NPOU3BeJleHHS U HaCTHOTO NEPEeMEeHHBIX X, U Y,?

6. Yro HaspiBaeTcs cymMmo# yGhiBawonieil reoMeTpUyYecKon
NpOrpeccHn?

7. Bhiyucaute npeneqbi:

N tim 2L 9y fim £=3nit]

ne na-—l ! ,,_,mn:—IOOn—S’
P Looon .on:—1
3 lin 2+"; 4) lim —;

no e i1 n-otn

5  lm {n*—10n%+2n—1); 6) lim (n*—10n2+2n—1);

n— +w n-—>r-—-o
D lim (VAFT—V ) 8 lim .
§ 3.4. Ilpeaen sin x

Pucevmorpum pyHkumio (puc. 66)
sin x
—

Oua onpesencHa AJA BCeX 3HAUEHUH X, 338 HCKJIOYEHHEM
x=0. TlocmotpuMm, Kak nu3MeHsiercs 3Ta QyHKLUHMA, KOrja x

g
37 im0 T I ir 2
y_stn.e
Pue. 66

NpubNHKAETCA K HYJo Bce OMKe M Ganxe, ocrasasch OT-
JWYIEIM OT Hvaa. BoT taGnuua-
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x 0,50 0,10 0,05

sin x

0,9589 | 0,9983 | 0,9996

Tabnuua naBoAMT Ha MBIC/B, YTO KOTJA HE3aBHCHMil fle-
pemenHas x npubmmkaerca k 0, ocTaBasich NOJOXKHTENLHOH,
dyHkuus npubmikaerca K 1. 310T GakT MOKHO MOAY4HTH
U8 reomerpuyecknx coobpaxenuii. Ha puc. 67 nsoGparcena
OKPYXHOCTE pajdyca | c ueHTPOM B Hayase KOOpAHHAT.
IMycrs YAC =a. Torpa AB=sina, AD=tga.

Ho rorja, Kak BHAHO M3 pHUCYHKa (JIMHA AYTH OKpYX-
HOCTH GoJibille CTACMBaeMOH €l XOpAbl ¥ MeHblie o0beMIo-

el ee JoMaHo#),
24B < 2(¥AC) < 2AD.

1o ot 211y "z

sina ~ cosa’

si
cosa<—2ﬁ< 1.

y} .
INoatomy A
2sina < 2o < 2tga, atli 7
! -

Ecnu tenepb a npubamkaTh Puc. 67
(crpemuth) k 0, TO ¢yHKHUA
cosS @, KaK 3T0 BHAHO U3 rpaduka (cM. puc. 67), 6yzer npu-

sin o :
6mixarbea K 1. Ho dyHruus — Haxouurcs Bce Bpems

MeXay coso ¥ 1. 310 MOKasbiBaeT, YTO OHA cTpeMuTea K 1,
KOTJId & CTPEMHTCA K HYJIO, OCTaBasiCh MOJIOKHTENBHOR. DTOT
¢aKT 3anuceBalOT Tak:

lim 8% -1, (6")

a->0 &

a>0

slna -
U TOBOPAT, UTO npeder ynryuu = Kozda a cmpemumen

K HYMO, NPURUMAA NONOKCUMEbHbIE 3HA4EHUS, paser .

Ho ecan o — 0, npuHuMas oTpuuaTebHbie 3Ha4YeHHs, TO
yKas8aHHBI Ipeles Bce paBHO CYIUECTBYeT H paseH 1. 27o
nojyyaercs H3 (6°) mocpeAcTBOM 3aMeHbI NEPEMEHHON o = — {,
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B cuay Kotopoit, ecin o —0, a <0, To t — 0, 1> 0

i . —_
lim 882 jim 0D _ i, 07, (67
a0 a—>0 —C 1>0
<0 <0 I>0

lim 8—"’-2= ©6)
sina
B ToBOPAT, 4T0 npedes —— npu a—» 0 pasen 1.
INpumep 1.
lim sin 2x= li

m (2-“‘—22)=2.1=2.,

x>0 ¥ y—>0 W2 y-~>0

Uro6el cBeCTH BhlUMCJEHHE 3TOro nmpenena K npeaeny (6),
AeJiaeM 3aMeHy MepeMeHHO X Ha y NpPH TNOMOIM PaBEeHCTBA
y=2x. OueBugro, y — 0 npu x— 0.

ITpumep 2.
l—cosx .  2sin? (x/2)= . sin? (x/2)=
quno x _xll-?]o x xh->o (x/2)*
_ 1. fsin@@2)\e 1 sin y %
h 2::1% ( x/2 ) 2 yh-tno( ) 1 ‘%

3aech caenaHa saMeHa %= y, tae y— 0 npu x— 0,

YNPAXHEHHUA
1. Buiyneauts npegedst:

k in2.
a) leosm . 6) Jim :M" 8) lim Lt
r) lim s"; s n) llmslng’-‘

x>0

2. TloBTopure anon q)OpMlebl (6) n sanomnure 3Ty dop-
Myay.

§ 3.5. Mpepen dyHKUNH

PaccmoTpum npounssosbHyto dyHKIMI0 ¥ = f (x). [TyeTe OHA
onpejesieHa B HEKOTOPOH npasoli OKpecmHocmu mouxku a, 38
HCKJtoueHHeM, ObiTh MOXKeT, CaMOH TOUKH a. STO 3HAYHT, 9TO
OHa onpejefieHa JJIl 3Ha4YeHHH X, YAOBJIETBOPHIOLIAX Hepa-
BeHcTBaM a < x < a6, rae 6—HeKOTopoe N0JIOKHTeJIbHO®
YHUCJIO.
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ToBopsaT, uro ¢ynkyus y=Ff(x) umeem npassui npedea
6 mouKe a, pasusil A, ecH M3 TOro, YTO X MNPUEIMMKaeICs
(cTpemHTCcA) K @, OcTaBasficb B NPABOi OKPECTHOCTH TOYKH a,
caenyer, yto f(x) npu6arxkaercs K A. ITO 3anHCHIBAIOT Tak:
lim f(x)=A.
x->a
x>a
Anajornuno, ecny QyHKuus y=f(x) onpepeneHa B JieBOii
OKPECTHOCTH TOYKH @, 3a HCKJIOYeHHeM, GBITb MOXKET, TOUKH a,
T. €. OHa 3afiaHa AJIA 3HaueHHl X, yIOBJETBOPSHIOUHX Hepa-
BeHcTBaM a—8 < x < a (6 > 0) npu Hekotopom 8 > 0, TO
rOBOPAT, YTO OHA umeem Aegvill npeden 8 modxe a, PABHBINA
uycay B, ecaum u3 TOro, 4TOo x NMpUGINKAETCH K 4, OCTABasACh
B JIEBOH OKPECTHOCTH @, cJieRyer, 4to f(x) npuGaukaercs
(cTpemuTcs) K B. 10T PaKT 3anHCHIBAIOT TaK:
lim f(x)=B.
xX=>a
x<a

Eciu cywecTBylor JeBbiit M npaBblifi npenensl GyHKUHH
y=[(x) B TouKe @ W OHM PaBHHI OJJHOMY M TOMY XKe 4ucay A,
TO TOBOPSAT, YTO QYHKUMS umeern npedea 8 mouke a, passiti A,
H MHWYT

lim f(x)=A.
xX—>a

B stoMm cayuae camo coGoii pazymeercs, 4yTo (YHKUMS f
‘ompejesieda B HEKOTOPOH MNOJHOM OKpecTHocTH a—38 < x <
< a4 6 ToukH a 3a WcKaoueHHeM, GHTb MOXKeT, CaMOil TOYKH a.

sin x
DyHKIUA Y = —» KOTOpYIO Mbl DACCMOTPENH Bhillle, Onpe-

JefleHa AJf BceX 3HaueHH# X, 3a HCKMoyeHueM x=0. Mu

yXe 3HaeM, UYTO 3Ta (YHKUMA HMeeT npegen npu x — 0,
paBHbI# 1. '

dopManbHO BHIpaXEHHE «NIpH x, cTpeMslleMcs K a, QYHKUHA f(x)

cTpeMHTCi K A» Haj0 TOHHMAaTh CJeLyIOI{MM o6pasoM: Ras JKGoro
NMONOXHTEIBHOrO uHcsaa & > 0 unafgercs Takoe 8 > 0, uro

[fn—Al<e
BJf BCeX X, y)lOBJleTBOPiHOU.U{X Hep aBeHCTBaM
0<|x—al<d.
O ¢yHKnHEK f(x) rOBOPSAT, YTO OHA CHIPEMUMCA K 0O npu

¥ — a, écIM IS 3HaueHH# x, JOCTaTOYHO OJIU3KHX K @, OHA
MOXeT cJeNaTbcs N0 abGCoJIOTHLIA BeJHUHMHE OOJbllle Kak
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yroato Gosbworo yucaa M > 0. B stoM cayuae nuumyT
lim f (x) = oo.

x->a
MoxHo npu 3TOM rOBOPHTb O NpPaBOM K JIEBOM Mpelese B
TOYKE @ ¥ 3aMEHSITh CHUMBOJI 00 Ha --co WM —o00, €CJH
¢GbyHKuuA BOMM3H @ MOJOMHTENbHA WJH, COOTBETCTBEHHO, OT-
puLaTe/bHa.
Hanpumep, Mbl 3HaeM, 4To

lim tgx=o0 (7
x->n/2
M, 9TO TOYHee (cM. pHC. 42),
lim tgx=-o00, lim tgx=—oo0. (7)
x->1/2 xX-+1t/2
x<a/2 x>n/2

SaMernM, HaKoHel, YTO B 3THX ONpeleNeHHAX KOHeYHoe
YHCJIO a (TOUKY YHCJIOBOH NpAMON) MOXHO 3aMEHUTh Ha CHM-
BOJI 0o, WIH -}00, WJIH —o00.

BcnomunM, yto ¢yHKuua y=arclgx sanana ana Bcex
SHaueHuii x, T. €. Ha uHTepBaje —oo< x <oo. Jlasn Hee
copaseayiuBhl paBeHctBa (cM. § 2.11 puc. 61)

lim arctgx=mn/2, lim arctg x=—mn/2.

x>+ X>-@

§ 3.6. Nleficeuna ¢ npepenamu yHKuuf

Tak e wak aAs npenesioB nepeMeHHHX, Mpo@eraioitux
00CJICIOBATE/IbHOCTH, AJdSl NpejenoB (YyHKUHHA HMEIOT MecTo
8HAJIOTHYHbEIE CBOHCTBA!

lim [7 (1) & (1)) = lim (1) = im @ (), ®
lim [ ()- (9] =1lim /2 lim @ (), ©
. fx }:iina f® .

W Tmew  (FmeW#0) (19

B uvacrHocTH, econ f(x) ectb nocroanHas (f(x)=o0), n,
enenoBatenbro, limf(x)=c, 10
X-ra

lim [ep (x)] = clim ¢ (x). (11)

Pru cBOfiCTBA CHOBA HANO NOHMMATh B TOM CMBICJS, YTO €Cy
GYMIECTBYIOT KOHeYHbe Npeje/il B NPaBHX 446TAX PABEHCTB
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(8) —(11), TO aBTOMATHYECKH CYIIECTBYIOT NMpEAENH B JEBHIX
4acTAX STHX PaBEHCTB W BBINOJIHAIOTCS CAMM PABEHCTBA.
Bepubi Takxe cpoiictBa (f (x 5 0):

ecnu lim f (x) = o0, 10 lim ——=0;
x->a x->a f ( )

ecan lim f(x)=0, To lim = oo,
Xx->a x—>a f( )

3aMeuanue. B NPHUBEJIEHHBIX PaBEHCTBAX @ MOXKET GHTh
He TOJbKO KOHEYHBLIM, HO M GeCKOHeYHLIM, T. €. MOXeT GbiTh
X —> 400, X — —00 WJIH X —>0O.

[Mpumep 1.
llm(ax2+bx+c)—hm (ax’)+llm (bx)+11m c=
X—>X, X-»Xq
=a(llmx) +bllm x+ec=axi+bx,+e¢
XX, X=Xy
npH X, KOHEYHOM.
[Mpumep 2.
i 2

o2 ¥F2 M () ==
X

B 3mux npuMepax, 4to0bl BBIYMCAHTbL Npefesl GYHKLHA
npH x — a, AOCTATOYHO NOJCTaBUTb B Hee x =a. B yacTHocTH,
B DNpHMepe 2 3T0 MOXHO CcJeJaTh MOTOMY, YTO KaK HHCJH-
TE€Jb, TAaK H 3HAMeHaTesNb CTPeMSITCA K KOHEYHBIM MNpefesiaM
W NpR 3TOM Npeje] 3HAMEHATENS He paBeH HYJo.

Mpumep 3. lim* 12— oo

x—>3x—3

3nech Henmb3s npuMeHuTs cBoiictBo (10), BHIpaxkalolee,
YTO npejies YacTHOrO PaBeH YACTHOMY [MpeJIesIoB, OTOMY YTO
npenen 3HameHaTens paBeH Hymo. C Apyrod CTOpOHbI, Haao
CYMTATb OYEBHIHEIM, YTO ecAl wucaumeno Opobu cmpemurmcs
K KOHEMHOMY HUCAY, HE PABHOMY HYMO, G SHAMEHAmeAb Cmpe-
MUMCA K HYAmo, mo 0pobb cmpemumcs K Oeckoreqnocmu.

[Mpumep 4. Tpebyercss BLUHCAHTL Npeae
x2—4

fim £ = <=5

x->2

Pewenue. B naHHOM caydae yHcauTesab M 3HAMeHaTelb
Ipo6U CTPeMATCS K HYyJI0 H CooOpaXeHus, MpUBEeHHHI
B npumepe 3, Toxe HenpuMeHuMH. Ho BOT Kak MoOxHO mo-

2
crynuTb. s moGoro x =2 HMeeM %_724—=x+2, a TaK Kak
npu onpejeneHHH npefena NpH X — 2 COBCEM HE NPHHH-
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MaeTcsl BO BHHMaHue aﬂaqeﬂue f B Touke x=2, 10
hm -—llm (x+2).

x»2 4 X2
Taxkum o6pasom, BMECTO TOrO YTOGBI BHIYHCJASATH Npeaen Gonee
X
CJIOXKHON (YHKIIUH %f_2))’ JOCTATOYHO BLIYHCJAUTD Mpejen
6onee npocroif ¢yHkuun x-+ 2. [locnepuust npy x — 2, oye-
BUIHO, paBeH 4. Beap

lim(x42)=limx+1lim2=242=4.
x->2 X2 X2

Bbolunc/ieHHs, CBA3aHHBIE ¢ HaXOXAeHHEM JAaHHOrO Ipe-
aena, 0GbIYHO pacnonaram crenyroiuM o6pa3om:

hm _11m (x+2)—11m x+2 4.

x—>2

HO).I‘{epKHeM, 4T0 QYHKIUHH f(x)= ue(x)=x+2
ABMAIOTCA pasHbIMU dyHKuuamu. [lepsas w3 HuUX onpesneneHa
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AN X =2, B TO BpeMA KaK BTOpas ONpejefieHa AMs BCEX X.
Oxnako npu BHIYMCTEHHH Npefena GyHKUMH TpH x — 2 HAC
COBepLICHHO He HHTEpecyeT, onpejAeseHbl HAH He OmpeaesieHbi
9TH (YHKUMH B caMOil TOuKe x=2, U TaK Kak [(x)=¢(x)
s x==2, 1o (puc. 68 u 69)

lim f () = lim ¢ (x) = ¢ (2).

L
Mpumep 5 Pyuruus y=sin-;- (rpapuk ee u306pakeH ha

puc. 70) onpejenena naa Bcex 3Havenult x # 0. OHa onpegeneni,
TaKHM 06pa3oM, B OKPECTHOCTH TOykH X =0 '3a HCKJ/IOYeHHEM caM/i
Toukn x=0. 3Ta OyHKUKHA He HMeeT npejesa npu x— 0, nOTOM:
YTO NOC/1eA0BAaTeNbHOCTh OTAUYHBIX OT HY/s 3HadeHmui x;,:-—m—n'
(k=0, 1, 2, ...) cTpeMHTCcA K HY/IO, H B To e BpeMs [ (xp)=(—1)%
He CTPeMHTCA NPH kB —> o HH K KakoMy npejleny.

YNNPAXHEHNA

1. ChopMmynupyiTe yTBEpXKAeHUS O Npejese CYMMBl, pas-
HOCTH, NPOU3BEIEHHA W 4YacTHOro (hyHKUHH.

2. Urto 3HauuT, YTO (DYHKUUSA CTPEMHTCS

a) K oo, 6) K +o00, B) K —00
npu x — a?

3. BbluMCIHTE Npejesbl:

1) lim 2B . 9y jjm B2 3) lim L8 2,

x>0 % x>0 ¥ x—0 X

4 limetgx;  5) limctgx  6) lim 2=1;
x>0 x—0 x—+0

x>0 x<0
7) lim (#*—20x2+1); 8) lim (x*—20x3+ 1);
X—>—®

x>+ @
9) limX=L; 10) lim (/xF1—§/ %—1).
x->1 X—>®

§ 3.7. HenpepreiBHOCTb (QyHKUHH

Ha puc. 71 wusobpamen rpapuk o¢yHkuuH y=f(x)
(a<<x<b). Ero ecrec1BeHHO Ha3BaTb HenpepviéHbiLM TpadH-
KOM, TOTOMY YTO OH MOMeT ObiTb HAPHCOBAH OJHHM Hempe-
DHBHEIM JIBHKeHUEM Kapaujama 6e3 oTpeiBa OT GyMar.
3agaauM NPOH3BOJIBHYIO  TOYKY (YHCIO) x OTpe3ka [a, b).
Banskast K Hell apyras Touka x' orpeska [a, b] MoxeT GbiTb
sanucaHa B Bulle x' =Xx- Ax, rie Ax eCTb YHCJO TOJNOXKH-
TeJLHOE WM OTPULLATENbHOE, HA3BIBAEMOE npUpaUieHUeM X-
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Pasxoctb ‘
Af =Ay=f(x+Ax)—f (x)

HasuIBaeTCA npupawieHuem Qyrxkyud f B TOYKe X, COOTBETCT-
pyowum npupawennio Ax. Ha puc. 71 Ay paBHo naause
orpe3ka BC.

Byaem cTpeMHTb AXx HenpepulBHO K HYJIO; TOrJAa AN pac-
cMaTpuBaeMoi (YHKUHH, OYeBHAHO, H Ay OGyAeT CTPEMHTbCA
K HyJHIO:

PaccMotpum Tenepb rpapuk ¢ynkuuu F(x), usoGpaxen-
Hbiii Ha puc. 72. OH COCTOMT H3 ABYX HeNpephBHLIX KYCKOB

4 v o R
1
4, c :
1 A .
i 1
: P ]
! . ] HE
V"7 zavla ¢ @ 073,555 =
Puc. 71 ) Puc. 72

PA u QR. OnHaKo 3TH KYCKH He COeIMHeHb HeNpepbBHO,
H noToMy TrpadHK eCcTECTBEHHO Ha3BaTb paspbisHvim. B Touke
X, HAM HaJ0 KaK-TO ONpeAeaNTh Hally (YHKIHIO; YCAOBHMCH,
yto F(x,) paBHO JHJHHE OTpe3Ka, COENUHAIOMET0 A U X,
B 3HaK 3TOro Toyka A H3o6paxeHa Ha rpaduke XKHPHO, B TO
BpeMA KakK y TOYKH ( HapHcOBaHa cTpeNKa, yKasbBaolnas,
yio Q He npuHagnexut rpapuxy. Ecau 6bt Touka Q npuHazn-
Asxkana rpadpuky, 1o GYHREUMA f Gbia On  ABY3Ha4HOH
B TOUKE X,.

[lpujanuM Tenepb x, npupaileHHe Ax, U ONPeHEJHM CO-
OTBETCTBYIOLLEE NpHpalleHHe QYHKIHH!

AF = F (xo + AxO) _‘F (xo).

Ecau mbt 6yneM Ax, CTpeMHTb HeNnpepbiBHO K HYJIO, TO Te-
nepb yxKe Helb3fl CKasaTh, 4To AF GVIET CTpeMH1bCSH K HYJLO.
Ins orpHuatenbHbiX Ax,, cTpeMslHXCH K HYMO, 3TO TaK,
HO JUIf NOJIOXKHTEJIbHHX BOBCE HE TaK! H3 PHCYHKa BHJHO,
4TO eciH Ax,, OCTaBasACh MOJOMXHTENbHRHIM, CTPEMUTCH K HYJIO,
T0 COOTBETCTBYIOllee NpupalleHne AF npu 3TOM CTpeMHTCS
K NOJIOXKUTENLHOMY YHCJY, paBHOMY JJHHe oTpe3ka AQ.
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TMocne 3THX paceMOTpeHMit eCTECTBEHHO BBECTH caenytoliee
onpepenetne. Pynkuus f, 3anannan na orpeske [a, b, Haswl-
BAETCA HENpepbi6HOl 8 MOuKe X 3IMoeo0 ompeska, €civ TpH-
palleHue ece B 3ITOH TOYKE, COOTBETCTBYIOILEE NPUpPALIEHHIO
Ax *), cTpeMHTCS K HYJIO NpH Ji060OM CNOCOGE CTpeMieHHs
Ax x nymo npu Ax>0 H Ax < 0. 310 cBoficTBO (Hempe-
PHIBHOCTH B X) 3anuchiBaeTcs B Buje coOTHoweHHA (12) uau
ele TakK:

lim Ay=0. (13)

Ax—0

3anuce (13) yuraercs Tak: npefen Ay paBeH HyJo, Koraa Ax
CTPEMHTCS K HYJI0 no moGoMy 3akoHy. BrnpoueM, Beipaxke-
HHe «1o JIO60MY 3aKOHY» OOLIYHO OMYCKAKT, NOApas3yMmeBan
ero. B vacTHocTH, Ax MOXeT npo6eraTb JOGYIO CTPEMSILYIOCA
K HYJMIO NOCJEA0BAaTeNbHOCTh, 3HAYeHHSI KOTOPOH MOTryT OhiTb
KaK TONOXHTEJbHBIMH, TaK M OTPHUATe/bHBIMH.

Ecan onpenenennas Ha orpesxke [a, b] pyukuus f He sb-
JIfIeTCA HENMpepHIBHOH B TOYKe X 3TOr0 OTpe3Ka, T. €. B 3TOi
TOuKe A/ Hee He BhlnojHserca cpoficTeo (13) xora 6l npu
ONIHOM crioco6e cTpemsieHHst Ax K HyJ0, 170 OHa Ha3biBaercsi
paspoleroll 8 mouke X.

®dyukuua, usobpaxeHHas Ha puc. 71, HenpepsiBHA B JioO-
Goit Touke x orpeska [a, b], byHKUUA xe, u306paxKeHHas Ha
puc. 72, oueBHAHO, HenpepbiBHA B JoGofi TOYKe x OTpe3ka
[a, b] 3a uckIOYCHHEM TOUKH X,, MOTOMY YTO AJS NOCJe)-
Heil coorHowenue (13) He BhmojHsieTcs, Korma Ax, — 0,
0CTaBasich TMOJIOMKHTEJbHEIM.

®dyHKIHMA, HenpephiBHAas B MOGOH Touke OTpe3ka (MHTep-
BaJjia), Ha3bIBAETCA HENPEPLIBHOU HA HeM.

HenpepbiBHas QyHKnUs MateMaTHYecKH BHIPAXKaeT CBOH-
CTBO, C KOTOPhHIM HaM NPHXOAMTCS YaCTO BCTpPeuaThCcss Ha
NpaKkTUKe, 3aKJI0Yalolleecss B TOM, UTO MaJOMy NpupaileHHio
He3aBUCHUMOH TNepeMeHHOHl COOTBETCTBYET Majloe Ke NpHpa-
IleHHe 3aBHCHMOH OT Hee nepeMmeHHOH (DYHKUHH).

I1pekpacHbiMH NpHMEpPAMH HeNnpepbiBHOH (YHKLUHMH MOryT
CYKUTh pasivyHbIe 3aKOHW ABHIKEHHs Ten s=f(f), Bbpa-
XKalollHe 3aBHCHUMOCTH IIYTH S, NMPOHNEHHOro TesioM, OT Bpe-
MeHH f{. Bpemsi M mpoCTPaHCTBO HenmpepbiBHLI, NMPH 3TOM TOT
MU WHOH 3aKOH JBHXEHHSl §= [ () yCTaHABIUBAET MEX1y
HHMHY ONpeJeseHHYI0 HeNpepbiBHYIO CBs3b, XapaKTepH3ylo-

*) 3pech HMeercst B BHLY Ax Takoe, 4to %-+Ax npHHAANEKHT
[a, &



80 rJI. 3. MPEAEJ

uyrocss TeM, YTO MaJioMy TNpHPAILEHHI0 BPEMEHH COOTBETCT-
ByeT Manoe mpupaimeHue myTH,

a6CTpakLMK HeNpepulBHOCTH YeJIOBEK npuiues, HaGmoaas
OKDYXKaIOlIHE €ro TaK Ha3blBaeMmble CIIJIOLIHLIE Cpejbi—TBep-
Ible, KHUJAKHE HJIH ra3oo6pas3nbie, HanpuMep MeTasulel, BOAY,
Boaxyx. Ha camom aene Bcakas ¢usuueckas cpeia npeicras-
Jasier co6oii cKomsieHHe GOJBIIOrO YHC/A3 OTAENEHHBIX Ipyr
OT Apyra ABMXKYLIHXcA yacTuil. ONHAKO 3TH YacTHUBI U pac-
CTOSIHUSI MEXJYy HHMH HacTOJNbKO MaJibi MO CPaBHEHMIO ¢ 00b-
eMaMH CpeJl, C-KOTOPHIMH NPHXOJHTCS UMETh JEJI0 B MAaKpo-
CKOMHYECKHX (U3HUYECKHX ABJEHHAX, YTO MHOrHE TaKu2
AIBJIEHHS MOXKHO JOCTaTOYHO XOPOLIO H3yuaTh, €CJAH CUMTaTh
NIPUO/IHIKEHHO Maccy u3yyaeMol cpelbl HENpephBHO pacrpe-
JAeNieHHOH, 6e3 BCAKMX MpPOCBETOB B 3aHATOM €0 MpPOCTpaH-
ctBe. Ha Takom jonymennu 6asupylorca MHorue ¢uanyeckue
JUCHHIIJINHB], HANPHMEP ruApOJAHHAMHKA, a9pOJHHAMKUKa, TEo-
pus ynpyrocTh. MaremaTHyecKoe NOHATHE HENPEPHIBHOCTH,
€CTECTBEHHO, HIPaeT B 3THX AUCUMIVIMHAX, KAK H BO MHOTHX
ApPYrux, GOJbIIYIO POJb.

Hs (12) cnenyer

1 f ()= fim [F (x0) -+ (F (9 — F ()] =
= lim f (x) 4 lim [f (1) —f ()] = £ (50) + 0 =  (x0),

H MH NOoJNYYH/IH PABEHCTBO
‘liﬂ f(x) = f (x0), (14)

KOTOPO@ MOMKET CJNYXHTb APYIMM SKBHBAJIEHTHBIM oOflpejesne-
HUEM HENpepRIBHOCTH [ B TOUKe X,: ecau ¢ynxyus [ xenpe-
PblBH@ 8 MOYKEe X,, MO OHA O0axncHA Obimb onpedeseHa 8 ok-
pecmuocmu  amol Mmouxu, 8 mom 4qucse 6 camoi modKe x,,
Ooascen  cyujecmeosame npedea f 6 mouke x, u OOANCHO Bbi-
noasamoecs pasercmeo (14).

PaBenctBo (14) MoxkHO elne 3anucaTh TakK:

limf(x)=f(limx>. (15)

1>, X3y

loBopsr, yTo ecam GyHKuMA f HenpepblBHa B TOUKE X,
TO «npegen f(x) npm x— x, paBed f or limx», unan emwe
rOBOPT, YTO B 3TOM CJy4ae CHMBOJBI f U lim nepecTaHOBOYHHI.
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§ 3.8. nemenTapunie QyHKUMH

Dyukuun xP, sinx, cosx, tg x, arcsin x, arccos x, arctg x
H (pym(upm a* u lg, x, kKoToprte paccMatpHBaioTesl B Clefyio-
el rJaaBe, HA3bIBAOTCH NPOCMELUUMU  INEMERMAPHbIMU
pynrkyuamu. OHE HempepbIBHEI Ha 006J1aCTAX HX OfpeleseHns
(vHTepBanax wJM OTpe3Kax). D10 Haf0 YUYMUTHIBATh NP BbI-
YHCNeHHH npegenoB aTHX (yHkumii. CripaBelJiuBH, Hanpumep,
paBeHCTBa:
) limxt=x (n=1,2,..., —00 <% <oo);
X—>X,y
2) lim x*=x8 (p+#0, 0 <x, <oo);
X=X
3) lima*=a% (a@>0, as=1l, —oo <L x, <00);~
2>xy
4) lim log,x=log,x, (@>0, a1, 0 < x, <oco);
X—>Xo
5) lim sinx=sinx, (—o0 < x, <oo);
XX

6) lim cosx=cosx, (—oo < X, <00);

Dimestn (s (ke ) 4
° k=0, =1, +2, )

8) lim arcsin x =arcsinx, (—1<x, x<< 1)

X->Xg

9) lim arccosx=arccosx, (—! <x,, x 1)
X-»Xqo

10) lim arctg x = arctg Xy (—oo< x, <00).

Ecau npocreiiiide 3sjneMeHTapHile (QYyHKUHH KOMGHHHpO-
BaTh, pa3pelliass NpPHMEHATb KOHEYHOE YHCAO DPa3 omnepalHH
CNOXKEHN S, BbIYMTAHUS, YMHOXEHHUA, AeNeHHA U QYHKUHH OT
¢yHkuuy, o OyneM noayuatb (YHKLHH, KOTOpbIE Ha3blBa-

f0TCS szze)ueumapuwuu Pyrryuamu, Hanpumep, 2-4-x2, V1=x,
2—

cos? x?, tg 3 3 +l —3JIeMEHTapHble PYHKLHH,

§ 3.9. HenpepbiBHOCTb CNOKHOM DYHKUHHN

[Tpu BoiyucneHdw npenesoB GYHKUHH HAlO YYHThIBATh,
41O ecau GYHKUHUS x =@ (4) HenpepbBHA B TOYKE U,, a DyHK-
uHa f(x) HenpepblBHA B TOUKe X,= @ (l,), TO quHKuuﬂ

Fu)=flo @]
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HenpemeHa B TO4YKe U,. Be}.’lb
lim F @) =limflo@]=__lim flp(]=
ity u—ru, X=@ (U)=> X,
=iim ()= (x) =F[9 )] (16)

Mpumep 1. Pynkumio y=sinx® MOXXHO 3anKcaTh yepes
JiBe HenpepbiBHHE QYHKUHH y=sinu, u=x®, No3TOMy OHa
TOXE HelpephiBHA AJS BCEX X.

[Mpumep 2. ®ynxuuio

y=V1=x
MOJXKHO 3aMHCaTh B BHAe lenu (ByHKUuM
y=VE' =1—U: v=ux

INeppas M3 atux Tpex ¢yHKuMil HenmpepblBHa anast u >0, BTO-
pas HenpephiBHa Anf BceX U, H TPETbA HeNnpephiBHAa XA
BceX x¥. JTO NOKa3bBaeT, YTO HCXOoAHas (QYHKLHUA Hemnpe-
pblBHa 1J1 BCeX TeX X, AAs KoTopeix 1—x*>=0, T.e. pas x,
yAOBJETBOpSIOWIMX HepaBeHcTBaM — 1 <Cx << 1.

YIOPAXHEHUA

1. BhisicHuTb, AN KaKHX X HenpephiBHEI (DYHKIMH cOSs? X,

3
cos 3x, tg2x, x*+2x—1, ﬁj’_—l-
HenpepniBHble GyHKUHH 06pasyioT OCHOBHOHN KJace (YHK-

M, ¢ KOTOpSIMH ONEpHPYeT MaTeMAaTHYECKHH aHanua.

§ 3.10. PaapbiBHbie (QyHKUHH

Pa3pbiBHble (YHKIHH ONMCHBAOT CKaYykooOpasHLe npo-
LeccH, BCTpevaolmiuecss B npupoge. Ilpu ynape, Hanpumep,
BEJIHYHHA CKOPOCTH Tesia MeHsieTcsl cKayKooGpa3uo. Mwuorue

0y Ka4yecTBEHHbIE Mepexoabl CONMPOBOXKAA-
I0TCA CKauKaMH.

Mpumep 1. Ynpyru#i mapuk aBH-

7 rajcs npaMONHHEHHO M paBHOMEPHO

> CO CKOpPOCTBbIO U,. B MOMeHT BpeMeHH

a9 T f{, OH yjapuJca O CTeHKY H mnocje

-yt ee— 3100 CTan ABHTATHBCH B NPOTUBOMNO-

' Puc. 73 JIOXHOM HampaBJieHHH C TOH e CKO-

pOCTbIO U,. 3aBHCHMOCTb CKODOCTH Ila-
pHKa oT BpeMeHH { u3ofpaxkeHa rpadukoM Ha puc. 73, pas-
PHIBHBIM B TOUKE [,
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[IpakTHyecKy MOXHO CUMTATh, YTO CKOPOCTb B MOMEHT f,
H3MEHHNJIaCh MIFHOBEHHO: B MOMEHT f, OHa €lle paBHAJACH U,
a npy t> 1, crana paBHOH —u,.

pabHK Hu3o6paxkaer (GYHKUHIO v(t) onpefensieMyio cJje-
JAYIOIIUMY pPaBEHCTBAMH:

. [ v (<),
YO=\—y, (> 1).

Ona paspbiBHa NpH f=1{, 1 HenpephiBHA ' A/ OCTaJbHBIX
(1)

MMpumep 2. 3aBucumocts Q= f(f) mexay Temmepary-
poit ¢ ofHOro rpamMMa BoAbl (/1bJa) H KOMHYECTBOM Q Kamopuit
Haxozsulerocss B Hell Tensa, KOraa f{ W3MeHsIeTcs Mexnay
—10° v +10° ecqd MPHHATL YCJIOBHO, UTO MPH g
—10° Benuuuna Q =0, BbIpaxaercsi CJIeNYIOLMMH
tdopmynamu: 85

0,5¢+5, —10<t<O,
f (t)—{

14+85%), 0<t<I10.

Mu cyuraeM, 4TO TemJOeMKOCTb Jbaa pasHa 0,5.
Tlpu t=0 sra ¢yHKLUMA OKa3biBaeTcd Heonpee-
JIeHHOH; MHOFO3HAaYHOR; MOXHO A8 yao6cTBa yC- 5
JOBUTbCA, 4TO nNpH f{=0 oHa nNpuUHHMaeT BNOJHE _Zl ..
onpeneseHHoe 3HauyeHHe, Haupumep f(0)=45. W Wt
®yukuua Q=f(!), oueBHAHO, Da3pbiBHAf NpU  Puc. 74
t=0, uszobpaxkeHa Ha puc. 74. 1
sin x

Ha puc. 66 usobpaxen rpapur dynxuuu f(x)=-—-.

Ona onpejesneHa u HenpepsiBHa Ass Bcex x = 0. Henpepnis-
HOCTb CJIelyeT M3 Toro, 410 (QyHKUMH y=Sinx H y=2Xx OT-
JIeNIbHO HENPEPHIBHbI, NO3TOMY MX YaCTHOE TOXE €CTb Henpe-
poiBHas GYHKLUHRA IS TeX X, LA KOTOPHIX 3BaMeHaTesb He
paBed HYyJ/IO, T.e. 1aa Bcex X, Mckmoyasa x=70.

Ha rpaduka BHAHO, U MBI 3TO MOIKPENUH BbIE BblYuC-
JIEHHSIMH, H9TO

451

hm f(x) = hm snx_ .

[Monoxus f(0)=1, Mot monyuum, uro dynkuua f(x) 6ymer
onpexneneda U HenpepolBHA A1 BCEX X, B TOM YUCJE H X = 0

*) Yaenenana Temnora TasHus Jgbfa npu 0°C pasna 80 Kajx. Ha
rpamu.
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O6paTum BHHMaHHe HA rpadHK QYHKUMH y= sln-l—, n3o6paxen-

Aulit Ha puc. 70. Dra (GyHKUUA He OnpeeneHa npu x =0, n ee npe-
ReJBl B Touke x =0 (MpaBHii U JIeBH) He CylECTBYIOT. CuefoBaTeasHo,
bynknusa sm? 6yner uMeTh pa3pbiB B Touke x=0 npu J106oM Joon-

PEACNIEHUH €e B 9TOi TOuKe.

Yacro BeTpeyatores ¢yHKuuM f(x), HempephlBHEIE Ha He-

KOTOpOM HHTEpBAaJie, 32 HUCKJAIOUEHUEM OTAEJNbHBIX TOYEK X,
rne

lim f (x) = oo.

ToBopsaT, 4To B TakMX TOuKax GyHKuMs f obpawaemca 6
Gecxoneuriocme. Hanpumep, GyHKuus

x24-1
(x—2) (x+3)

HeNpepriBHa Ha (— 00, ©00), 32 MCKJIOYEHUEM TOYEK X == 2,
Xx==—3, rie ona o6paumaercs B GECKOHEYHOCTb!

x241 x241
I e era > M eere
3ameuanne. Hano 3nate nBa onpeneneHus HenpephiB-
HocTH QyHKuuH f(x) B Touke x,: 1) Ha f3biKe npupaileHUH
(ecin Ax — 0, To Ay —0) u 2) llmf(x) f(x,). Hano 3natb

TaKXe, UTO ecJqH QyHKuus f(x) Henpepbmﬂa B Jo60i TOuKe
uHTepBana (oTpe3ka), TO ee rpaduK HelpepblBeH Ha 3TOM
uHTepBaje (oTpeske), M 06GpaTHO, HENpPepbLIBHOCTb Tpaduka
f(x) Ha uHTepBaJje (OTpe3Ke) BJieUeT HeNnpepbiBHOCTb f(X) BO
BCeX €0 TOYKax. QyHKuuﬂ Pa3pLBHA B TOUKE X, €CJH OHa,
He SIBJSETCS HenpephiBHOH B Hel.

VI'IPA)KHEHl/lﬂ

1. Uro Takoe npupaineHne Ay HyHKuuH y=f(x) B Tou-
Kax X, COOTBETCTBYIOLlee MPHPALLEHHIO aprymeHta Ax?

2, qupmy.nupywre HeMpephLIBHOCTb (PYHKUUM Y= f (¥)

a) Ha s3blKe CBOHCTB ee rpaduka,

6) npu nomomu Ay u Ax.

3. Ecan ¢ynxuus f HempepbiBHA B TOYKE X,, TO KaK OHa
sefer cels NpU X — X,?

4. TlpuBegure npHMepsl pa3pblBHLIX QYHKUMH.
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5. Ilepeuncnurte mpoctefiline 3jeMeHTapHBE GYHKIHH.
6. Kak onpepensiiorcs aneMentapubie ¢yukuuu? [Tpuse-
RUTE NPUMEPHL.
7. IlpuBenute npuMepsl GpyHKuuit, 0GpaLIAIOIXCS B TOUKE
B GECKOHEYHOCTD.
8. B kakux Touxkax obpauwaiorci B GecKOHeYHOCTb (YHK-
UK
1 x+41 x4 x+4-2 x—2?
K x2—-3x+2° x—3 ' x45

9. BoiuucauTh npefensl

; 2—1 ) . -1
a) lim or s O) lim gy
8) lim Vx+13—2l/x+l.‘ r) lim sinl/}-.’
x->3 -9 t=>0 x
3/7—6 +2
n) lim tiéx—; e) lim i +2,

x>0 % x—+>—2 xs+8



[JIABA 4

MOKA3ATEJIbHAS, JIOTAPH®MHUYECKA S
H OBLAS CTEMEHHASI ®YHKUHH

§ 4.1. CeoiicTBa ¢yHxuuu a*

[NokasatenbHasi GyHKUMA a* AN MOJOXKHTEILHOTO YKCA a,
He pasuoro | (a > 0, a=41), onpeaensnacy B LIKOJNE Ha pas-
JUYHBIX 3Tanax o6y4YeHHs AJIS X HaTYpaNbHBIX, LEeJLIX U paiti-
oHaabHuX. Huxe oHa Gyper onpesenieHa AJiA NPOM3BOJBHHIX
JeHCTBHTEJbHBIX X.

N y=aia>r r T#‘
4 A
A 14
-y
__._——/ : o %;
7 ¥ z & V4 z
a /]
Puc. 75

Hmelor Mecto cnepytoutne d¢ynaaMeHTanbHBle CBOHCTBA
NORa3aTe/IbHOH (PYHKUUH:

a’=1, (1
a*>0 (—oo < x < 00), (2)
a*tV=afa¥  (—oo < X, y < oo), 3
(@ = av 4)
H, ecyt @ > 1 (puc. 75,a), 1O
¥ <a¥  (—oo < x< y< o), (5)
a*—+oo 0OpH X— + 00, (6)
a*—0 npn x——oo. (7)

Ecou xe a<C1 (puc. 75,6), T0 B culy paBeHCTBa

1

@ = {ay®




§4.2. ¢ ANA HEJBIX H PAUHOHAJIBHBIX x 87

n 63 (4), (5), (6) caenyer, uro

a*>a¥ (—oo < x < y< o), (6"
a*—0, ecmu Xx— -4 o0, (6")
a*¥ — 4+ 00, ecln X —r—o0o. (7

KpoMe Toro, cnpapesiuBo CBOHCTBO: NOKA3AMENbHAR PYHK-
yus a* Henpepoléna Ha eceti Oeticmsumenvroll ocu.

Ha puc. 75 wu3o6paxenet rpapurn a* mpu a>1 u
0<axl

§ 4.2. @* ana uenblX H PalHOHAJILHBIX X

Ecan n—HaTypasnbHOe YHC/IO, TO YHC/O a® ONpefenseTcst
KaK npouseeficHHe a"=q...a M3 n COMHOXHUTe/eH, KaxJAbli
H3 KOTOPHIX PaBeH @, a YHCNO @~ " —IpH MOMOLH paBeHCTBa

Q™" = a—l,, .

Mo onpenenennto a®=1, a'=a.
StuM QyHKUMA a* onpelesieHa ANf JOOHIX LENHX n
(n=0, 1, +2, ...). Cpoiicrea (1)—(7) Ana neawx x
fipoBepsloTcs Jjerko. Ecnn g—muartypanbHoe, TO uncno al'/?
OnpenenneTcs Kak apH(pMeTHUeCKoe 3HayeHHe KOpHs ¢-H cre-
neHn u3 a, T.e. a'/%={/a ec1b TaKkoe HeoTpHmATENbHOE
YHCJI0, §-A1 CTeNeHb KOTOPOro paBHA a: 9
)

(allq)q =a.

Ha camom pnene 310 umcno moso-
KUTE/IbHOE, TIOTOMY UTO ¢-fi CTeneHb 4
HYJS €CTb HYJb, 8 B JaHHOM Clyyae 7
a> 0.

Bo3HKKaeT BONPOC O CYILUECTBOBAHHH
yHcena al/4, T, e. ecTb JM Ha CaMoOM
Jiesie TaKoe MOJIOXKHTENbHOE YHCIO, §-A 7 o
cTenenb Koroporo pasHa a. [la, ecTb. =a
Y6enumcas B sTOM. PyHKIHA Puc. 76

y=a’

y=x7,

rlle g—HaTypajbHOe 4HCJIO0, HMeeT as 3Hauenu# x >0 rpa-
¢uk I' Buaa, kak Ha puc. 76. Opaunata y TOyex I‘ Henpe-
peiBHO Bo3pactaet oT 0 1o - oo, Korja ee abcuucca Henpe-
peBHO Bo3pactaer oT 0 1o -+ oo. [lpoBenem Beile ocu x
npaMyio, napajJieslbHYl0 OCH X, Ha pacCTOSIHUH, PaBHOM 4.
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Ona nepecekaer I' B onno#-eAnHCTBERHOM Touke A, aGcuuccy
KOTOpO# 06o3nauuM yepes b:

b =a.
CanejoBarenbHO,
b=allr,

Mul n0Ka3anu cyuecTBoBaHue yncaa b=a!/ rpaduyeckum
metofoM. MoxxHO JokasaTh 310 M QopMaJibHO, He o6pauiasnch
K rpaguky. YUnciao b—epuucTBeHHOE: Jl060€ APYroe YHCJIO,
BO3BEJIeHHO® B CTeMeHb ¢, AAeT 4HCio JuGo Gosbliee, YeM a,
JH60 MeHblllee, yeM a.

W3 eIHHCTBEHHOCTH BHITCKAET CAEAYIOMHKN dakT: ecan A
W B—nonoxutenpHble 4icjaa H

A?= B4,

A=B.

B camoM nene, A u B cytb apupmeTnuecKkue 3HAUeHHS
KOpHS ¢-# cTeneHH M3 ojHOro M Toro e uuncia. Ho Torpa
A=B, notoMy uro apudMeTHYecKoe 3HAueHHEe KOpHA ¢-H
CTENeHH U3 NOJIOMKHUTENBHOIO YHC/A €IHHCTBEHHO.

[lycts Temeps p/q ecTb NPOU3BOJNILHOE MOJIOXKUTENbHOE
paLiOHaNbHOE YHCJIO (p H g—niedable, g > 0).

[To onpexnenenuto

@?l1 = (a'/9)r = (aP)!/s  umm  arli=({/a)" = {/ a”.

3zech MepBOe PaBEHCTBO JaeT ONpejesieHHe aP/d, BTOpoe Xe
MOXHO J0Ka3aTb. B camom Jene, eciu BO3BeCTH TPETHH YJsieH
B (8) B g-10 cTeneHb, TO NOJYYHM aP, a ecJM BO3BECTH BTO-
poit useH (8) B g¢-10 cTeneHb, TO TOXe MOJYYuUM aP:

(Va)ri =[(/ )] = ar.
Stum cpyﬂxuuﬂ a* onpeneseHa Anas JoOGbIX palMOHaJIb-

Heix x. Ee cpoiictBa (1)—(7) n. 4.1 naA paudoHaJIbHBIX
X, Y BBITEKAWOT u3 COOTBETCTBYIOWHUX CBOMCTB KopHe#i. Hanpu-

Mep, ecJH x=;, y=-< npobu (g, s—HaTypaibHble H p,

N
r—1ueJibie), TO
Lo o mo
ea'=aa’ =a®a" ="/ aF %/ i =
ps+m
4/aps+rq_a 8 gx,
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§ 4.3. a* nig nefiCTBUTENBHBIX X

Tokasameabnot ¢ynkyued a* HasbiBaeTcs HenpepbiBHas
(GyHKIHMS, onpefle/leHHas Ha AEHCTBUTE/IBHOM OCH X, BHIUHCASE-

Masi IS PallMOHAJIbHBIX 3HAYeHI x=§- no ¢opmyne

a*=1{/ar.
W3 sToro onpenesiennsi cleiyer, 4To ecad x ecTb Hppa-

LIIOHANbHOE YMCJO0, TO A/ TOr0 YTOObl BBIYHCIHTD a*, Hajo
B3ATb JIlOﬁy!O nocJe10BaTENbHOCTD paﬂHOHa.'lele YHCRJ 1y,

cTpeMamyocs K x  (r, — x), ¥ 1o- Y .
JIOKUTb a* DABHBIM TIpejeNy repe- o
MEHHOH a’k, Xorja r,— X, T.e€. Ry
-
lim a™ = a*. ) o
re—>x e

B cucreme koopauHar xOy Mbic- 7;
JIeHHO OTMETHM BCE TOUKH (X, a*) AJd Prc. 77
pallMOHAJIBHBIX 3HaueHHH (puc. 77). )
I'paduxk nsobparken nyHKTHPHOH JMHKeH, 4TOOGb NOAYEPKHYTh,
YTO OH COCTOMUT U3 TOYEK, COOTBETCTBYIOLIMX TOJILKO pPalHOHAJb-

HbIM 3HAYeHUAM X. DTO TOUKH BHJA (ﬂ {’/aP), riae p, g —

q ’
uensle u g==0.

OkasbiBaeTcsi, 3TOT rpaduk MOXKHO NPOJOMMHTb AJs Jio-
6bIX HPPAaLHOHAJNBHBIX X EAWHCTBEHHbIM O06PAa30oM, TaK 4TO
NYHKTHPHAs JIMHHWA T[IpeBpalllaeTcs B HeNpepbiBHYIO JHHMUIO,
B rpaduK HenpepblBHOH (DYHKUHH a*.

HokasatensctBo cBoiicts (1)—(7) n. 4.1 anasa AedcTBH-
TeJbHBIX X, Y MOXeT ObITb MOJyYeHO Ha OCHOBAHMM TOrO,
YTO 3TH CBOWCTBA BEepHbI 51 DPALMOHAJbHBLIX X, Y, TPHMEHe-
HHEM MeTOJa NpelesoB. ’

Hanpumep, nyctb x ¥ y— natHble JefiCTBHTENbHBIE YHC/Ia}
BBOJHMM JBe T10CJEeJOBATEJbHOCTH paAlHOHAJNBHBIX YHCEN 7,
H P, AJNA KOTOPHIX

sy

rg— X%, pPr—Y.
Toraa
a*a¥ =lim a’tlim a®* =lim (a"*a’*) = lima" * Px = g*++,
k> k> k> b>wo '
M MBl NOJNYyYyuM cBOHCTBO (3) AN HeHCTBUTEJbHBIX X, .
3amenanue. ChopMynHpoBaHHOE BbIlE ONpeleJeHHe
noKka3sateJbHoi (yHkuuu TpeGyer oGocHoBaHHSA. KMenHo,
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TpefyeTcsi 10Ka3aTh, Yro CYUIECTBYET, ¥ MPHTOM €IMHCTBEH-
HasA, QYHKUHR, YKa3aHHAs B ONpelesNeHHH.

Huxe BoiBOAHTCA HepaBeHCTBO (HepaBeHcTBO Bepnynan),
Ha OCHOBe KOTOPOro BO3MOXKHO MPOBECTH 3TO J0Ka3aTeJbCTBO.

§ 4.4. Hepasencteo BepHyann

Paccvotpum dyHKuuio a* Ha otpeske [¢, d]. TTonoxum
M =a?. CnpasennuBo HepaBeHCTBO (a > 1)
Iay_ax|<2M(a—l)Ix_ylo C<x1 ygd, Ix_y|<1’
(10)
HasblBaeMoe Hepasencmsom Bepryaau.
310 HepaBeHCTBO MOKAa3HIBAeT, 4YTO €M MpHpalleHue
Y—X aprymMeHTa X MaJjio, TO COOTBETCTBYIOLLE® €My MpHpa-

IeHHe MOKa3aTe/bHOW (QYHKUMH a¥—g* TOXe MaJjo, T.e.
(QYHKIMS a* HernpephlBHA.

[Tpumep. BuuyucauTh npHOAHKEHHO 3vz, Onpeaenuts
a6COJllOTHYlO nor peHOCTh.
Pemenne. Ha MHKpOKaJbKyJsiTOpe MOJydaeMm
V2~ 1,41421386,
3V'2 & 31.4142136 = 4 728817 ~ 4,72882.

AG6comoTHan MoOrpewiHocTh He Npebblilaer (a=3, [x—y| <
<1077, V2<2=d, M<3)
2M (a—1)-1071<L2.3%.2.1077=36-10"1 < 1072,

[NosToMy pesy.abTaT ecTecTBEHHO OKPYTJIMTb A0 MATOrO 3HAKA
nocJse 3ansaTol:

3V72 v 4,72882.

Haaum obocHoBanue HepaBeHcTBa (10). OTMeTHM NpexJe Bcero
HepaBeHCTBO

(l+a)N:'/>l+ch. (a) 0, N=l, 2, 3. 051). (ll)

[lpn N=1 ono TpusmanbHo. [lonycTuM Tenepb, 4TO OHO BepHO npu

- (V1> 1+ (N=1)a
Toraa oo BepHO H nph N:
(I+aW =@ +a)¥-1 (14+a)=[1+(N—1)a] (1 4a)=
=14+Nat+(N—1)a2z=1+4Na,

Mu pokasanu Hepasenctpo (11) no uuAyxuun (cM, gaaee § 11.2),
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flycts Temeps a >t w N—mnatypaabuoe uncao, torna a'/N > 1 u

AV =14a (a>0), =(l4+a)¥ == 14 Na,
a—1>= Na, a-{;l}a'
a—1

CnenoBatensro, a/V —1 <

[lyctb Tenepb h—npoH3BoNbHOEe PauHOHANbHOE YHCIAO, YAOBJET-
Bopsaiowee HepaseHcTBaM 0 < i < 1. Iloxbepem narypaabnoe N tak,
4T0G6bI

1 1
m<h<-ﬁ.
a—! a—1 N4-1

N N+1 N

Torna
ah—1 < alV —1<

<2@—-1)h,  (12)

NOTOMY YTO
1 N1 1
nyCTb Tenepk X ¥ y-—panHoBaJNbHHE UYHCJa, YJOBJAETBOPSAIOUIHE

HepaBeHcTBaM [x—y| < 1, c=<<x, y=<<d u M=ad; Toraa Ha ochHoBa-
HuH HepaBeHCTBAa (12), cyuTasi, 410 y > X W y—x=~h, noayuaeM

|a¥—a¥|=a¥—a¥=a~ (@Y~ -1 <
<M2(@a—1)(y—x)=2M(a—1) | x—y].

Mol pokasaau HepaseHcTBOo Dephysntu Ans pauMoHaAblILIX uHCed
xy M=o c<x, y<d, 0<y—x <1}

la*—a¥ | < 2M (a—1) | x—y]|.

Ecan x— paunonafabuoe yucao u fnepeMennas yp (R=1, 2, ...),
npoGeratollasi pallHOHAaJbHEE 4YHC]E, CTPEMHTCA K X, TO HMEET MecTo

4
HepaBeHCTBO Ia"—aJ"|<2M (a—1)|x—yp|. Ipanaa ero uacrb npnu
k— oo cTpeMHTCss K HyJo (x—yp —> 0), clefoBaTENbHO, U JNEBaH.
OTKya jJs PaUHOHAJNbHHX X
. I’
e*= lim a”%.
rk—»c

Ecau Teneppr x— npousBosibHOe RppaunnoBajbHOE YHCJIO, TO AAR
HEro TOXE MOXHO Mojo6paTb CTpeMAILYIOCS K HEMY MepeMeHHY

Yr (Yyp—> X) M IOKa3aTb, YyTO NepeMeHHas a’® uneer npenea. Ectecr-
BeHHO €ro 0603HauYUTh uyepe3 a¥. ITHM JaeTcs oNpefereHue NoKasa-
TebHOM QYHRKIHH AJf HPpPAUMOHAJLHOTO X. [J0Ka3aTeJbCTBO CyLIecCT-
BOBaHHS IIpefesia OCHOBAHO Ha yXe BbiBeleHHOM HepaBeHcTee Bepryiau
Lng paunonanbHuX x, y. [lpn sTom npuxoamtca o6pamathess K Oonce
pa3BuToil TeopHW NDEeRENOB 4eM Ta, KOTOpYI0 Mbl NMOJYHYHAH B 3TOH
knuxRe. Ilepexon B (10) or pamyoHaldbHEX X, ¥ K HEACTBUTENbHBIM
HeTpyJeH.

[Tpumep 1. Bouucauts 2¥7 ¢ noMoWbIO MHKPOKaJb-
KYJASTOpa.
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Peumenue,.

(] [7] [=] 3,2490096,

pe3yJsbTaT BBHIIHCAH ¢ TOYHOCTBIO A0 €AUHMLbI CEJbMOro pas-
paaa noclje 3amaToH, T.e. aGCOJMIOTHAsA MOrPeLIHOCTb He [pe-
Boliiaer 1077,
[Ipumep 2. Bolyncrute ma Mukpokaabkynstope 7U1,
Peuienmne,

-1-11-z (1] (=] 07 11 [=]0,0909081 ( sanuceisaen),
1

7"~ 70,0008091 —

= [N FA @ e 0] @ ] [=]1.19351.

B ouenke Bephynnn npuGanienns 71/11 2 70.0909091 yyeem
M=21112 a=17, |x—y| <107, cnegoBartenbHo, a6co-
JIOTHAfl MOTPELIHOCTb 3TOr0 NMpHGAMIKEHHA He GoJblie

M@—1)|x—y| < 2-2(T—1)-10"7=24.10-7 < 10-%.

[TostomMy MbI OCT2BH/IH TOJABKO 5 LHPP Y OKOHYATENLHOrO
pesyJ/bTaTa.

YOPAXHEHHUA

1. Jlna Kakoro uucna a ompejensercsl MoKa3arTesibHasn
¢byHKuUA a*?

2. Onpesenute a* ANA X HatypastbHBIX, LEJbIX OTPHUA-
TeJNbHBIX, PalHOHAJIBHBIX.

3. Havire onpenenenne GyHKUMU a@* Ajas J06Oro AedCTBH-
TEJIbHOTO YHCJA.

4. Chopmynupyfite HepaBeHcTBO Beprysu.

5. Bbiyucaute Ha MHKpPOKaNbKyJastope uucaa 2307, 231
30:28 4027 QpeHyTe NMOrpellHOCTb NPHOTHKEHHS.

6. BbluncauTh Ha MHKpOKanbKyJasTtope yncaa 2V3, 3V7,
3:1' 51,

§ 4.5. Yucno e

Paccvmotpum nepeMeHHyl0 x,, NpoGeraioulyio mMoc/1es0Ba-
TEJIbHOCTb YHCEJ Xy, Xg, X5, ... '

Onpenenenue. [lepemenHan x, oOzpanudena ceepxy
wucaom M, ecam BHINOMHATCH HepaBeHCTBA ¥, << M aas
mobeix n=1, 2, .,
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Onpepnenenue. Ilepemennas x, ne ybusaem, ecau O
4106020 n

Xn <xn+l‘-

Teopema 1. Ecau nepemennas x, ne ybweaem u oepa-
Hudena ceepxy uucaom M, mo ona umeem npedea, pasHell
HEKOMOPOMY 4ucay a, He npesoiuaroueny M:

lim x,=a<< M.
n-»o

‘HameTnM noOKasaTesNbCTBO.

Ecnn Ha 4yMCORON NPAMON OTMETHTE TOUKH Xf, X3, X3y « ..
n Touky M (puc. 78), T0 KaxAas nocjefyoulas ToYKa X, 4,
OyfeT HaXOAWTbCs INpaBee MpeiblAyliedl x, WJIH COBNAajaTh

1 | 1 1 ool |
C and
J z z, Iy a Vi

Puc. 78

C HEH M B TO Ke BpeMsas Bce TOUKH X, GYILyT HaXOAMTbCA
Jepee M wWaM, MOeT OBITb, KaKasi-Nmn60 M3 HHUX cOBNajaeT
¢ M (Ho Torna, o4yeBHAHO, H Bce NMOCJENYIOLIHe 3a Hel CcOB-
naayt ¢ M) u limx, =M.
n->w

Tax Kak HOMepoB n 6ecKOHeYHOe MHOZKECTBO, TO TOUKH
X, 003aTeNbHO JO/KHBI CTYILIATbCSI OKOJIO HEKOTOPOH TOUYKH
a<< M, xoropas u GyleT npeienoM x,.

3ameuanue 1. B rteopeme 1 MOXHO cCuMTaTh, YTO ne-
peMeHHas X, OrpaHHueHa CHU3y uHcaoM m (ML x,, n=1,
2, ...) 4 He BO3pACTaeT (X,,, < X,), U TOrAa TOXe Cyliecr-
ByeT mnpejen limx, >m.

n->o

PaccMoTpum nepemenuyio
1
w=(1+3)" =123 03
BoT TaGauua nepBhIX ee 3HaYEHH:
=2 u,=2,25 u,~237 u, ~244; ...

Mbl BHAHM, UTO AJSl MaJblX 7 NEpeMeHHas U, BO3pacTaer.
MoXHO yCTaHOBHTb H B o0WeM cjyyae, pa3jiaras BhHIpaxe-
uue (13) no dopmyne 6uHoma HbrotoHa (cm. n. 11.2), uto
(ZOKa3aTenbCTBO CM. HHKeE)

U, <ty f(n=1,2 3, ...)

Kpome Toro, c nomouwpio pas/oxenns no Guxomy Hbiotona
JOKa3blBaeTcs, 4TO mepemeHHas u, (n=1, 2,3, ...) orpa-
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Huuena ceepxy gucaom 3. Ho Toraa Ha ocHoBaHMH TeopeMmn |
nepeMeHHas u, MMeeT npefest, He npeBblilarolini 3.
101 npeges naseiBaercs wucaom e. OH paBeH *)

e=mo(1+7) —2,71828. .. (14)

Ecav nonoxute B topmyne (14) a=1/n, T0 nomyunm,
410 Mpu n— oo 6yser a— 0, H, CJeNOBaTeNbHO,

lim (I 4 a)l/*=e. (15)

o0
Mbt ycravoBuau dopmyay (15) B npeanonoxenuu, 4rto o
CTPEMHTCA K HYJIO MO 3aKOHY a=% (n=1, 2, ...). Ho

MOXKHO JOKaszaTb, YTO 3Ta (popMyJia (M 3TUM MBIl 6yaeM MOJb-
30BaThCA B JaJbHellleM) BepHa npH Jo6oM crocobe cTpem-
JIEHHA o K HYJIO.

JHdokaxeM npHBejJeHHLe BhlUE YTBEPXKACHHS.
Coraacuo ¢opmyJae 6unomMa HbloTona ajas HaTypalbHOTO 7 UMEIOT
MeCTO paBeHCTBA
nin—1)(n—2) 1

1 1
u(")=l‘+n;+ + 1.9.3 '+' +n—"=
1 1 2
=l+l+'5!-(l—-;l-)+'§!-(l-——;) (l——r-l-)—‘-..a
1 1 n—1
...+7!(1——;)...<1— = ),
1 1 1 1 2
w0 =ty (1= b (1) (=) o
1 1 n—1 1
“‘+n—l('—n"+‘1)"'(‘ n+1)+<n+1)"'
UneHbl cyMMBl u(n) MeHblUE COOTBETCTBYIOWHX UYAEHOB u(n—[—l)
H, KpoMe Toro, u# (n-}1) uMeeT Ha OXHH (mOCaTeRHHH) NOJOKUTENbHBIH
uaed Gonpwe teM u (n). Iloatomy u(n) < u(n--1) (n—l 2, «..) H

OepeMenHas u (n) Bospacraer,
Hauee.

u(n)=2+ﬁ(l—l) ;! (l—l)(l—%)+...<
< 2+%+ﬁ+..;+ﬁ STNTE W SR B S

n(n—l) 1

1 1 1
n
l——-2— l——

*) Uurateab, KOTOpHIA 03HaKOMUTCA € T/, 9, MONeT BHYHCJIHTD
CaMOCTOATENbHO YHCJO € € J60H# TOYHOCTHIO.
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Br0 noKa3niBaeT, 9TO MepeMeHHAs u (n) OrpaHNyeHa CBePXY YHC.
Jqom 3. .

Takum o6pasoM, nepemennas u (n) BO3pactaeT W OTpaHHYeHA
cBepxy gucaoM 3. ITo TeopeMe | oHa mMeeT npepest, He npeBbiLUAtOIMIT
3, KOTOPHI| Mbl H3a3LIBAEM YHCJOM e,

Mb noxasanu paBeHcTBO (14), koraa n# cTpemuTcs K OeckoHey-
HOCTH, npoberad HaTypanabubie yucna., Ho pasenctso (14) BepHo u
TOrZa, KOraa n CTPeMHTCs K ¢ Jo6oro 3Haka, H nputoM npoberas
Mio6ble 4MC/IOBHE 3HayeHHS, He 06s3aTenbHO HaTypaibnbe. Joka-
KeM 3T0.

IMycte crnawana n cTpemutcss K -+ oo, npoberas kakue-nu6o 3Ha-
yeHHs He 06g3aTeabHO uesble. O6o3HauuM uepes [n] uenyio yacTb .
Takum o6pasoM,. Hanpumep,

17, 31=7, (7]=T.

Jns n060ro MONOKHUTCABHOIO YHCJA 7 UMEIOT MeCTO OYEBHAHLIE
tiepaBeHCTBa i
(rl<a < [n)41.
Ho rorzna

1 (141 1 \n+1 1
(‘+ln1+1) <<‘+7) <(t+ar)
Hens na l—|—% , DOJIY4HM HEPaBEHCTBA

S0 PR G B

o I+

(n]1+2 2

<e(1+r’1—])

Bynem n crpemuts k -4 c0. Toraa nepementoe yucao {n]+4 1 6yner
TOXe CTpeMHTbes K - o, npoberass HaTypanabHbie yHena. Ho Torpa
YHCAHTEb B JleBoi 4acTH cooTHowmeHud (16) crpemutcs K e. Uro xe
Kacaercs 3HameHnaTens, To oH crpemutcs K 1. CaeposaTesbHO, JeBas
4 npaBas yacTH B (16) ctpeMATcs K e, HO TOIla CpeAHAd YacTb, paB-

1\n
Has I+7 , TOXe CTpeMHTC K e. DTUM JOKA3aHA BepHOCThL pa-

peHcTBa (14), KOrza moaoMHTesNbHOe n CTpeMHTes K -+ o no mobomy
3aKOHY.

[Mycte Tenmepp #-——, TOrAa M=—n— -+, H, CleloBa-
TeJbHO,

lim (l—|—i)n= ﬁm (I——l)-m— lim (__m )m=
n-+-o n m- 400 m motco \ Mm—1

i [(1 ) )
= lim —_— _— ) |=e-1=e.
>+ 00 m—1 ) m—1
Tenepn yxe paBencTBO (14) AoKazano kak B ciyuae n—s—+ oo,
TaK H B CJlyyae n-—>— 00, Ile YHCNa n He oOs3aresibHO leJble.
Beenem Temeph HOBYIO NepeMeHHYIO ¢ NpH TOMOUH DPaBEHCTBA
1

—— n
=l. Torpa, ouepugno, lim (14-a@)® = lim (l-l——l-) =€, u MM
n a0 n->® n

S0Kasand ¢opmyny (15), Korna o cTpemuTes K HyJMio no JioGomy
33KOHY.
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[Tpumep 1. Ecmm 0<g< 1, 10 nepemennan ¢ yGu-
BaeT (¢"*'< ¢") v orpannyeHa cHuzy uucaom 0 (0 < g").
n03TOMy 4Hﬂ OCHOBAaHUHK 3aMeYaHUA 1 CYWEeCTBYET mnpejen

limgn=AZ=0.

Ha camom nene A =0, notromy uro
A= iilrln‘ g*tl=lim ¢g"*'= lim (¢"-q) = lim ¢"-q = Aq
n+l—->»» n—>wo n—>w n—-»x
nA=Aq, 1. e. A(1—q)=0, orkyna A=0.
[Mpumep 2.
i (142)" = lim (14 25 2 im [0 4 o | =
n n o0

n—»x n—+»
17e
=m0+ @] =e
a->0

YNPAXHEHHNUSA

1. BhYHMCAMTL npesesbi:
1) lim (1+%)"; 2) lim(l-l-—:-)";

n—+»w n—-»-w l

3) lim (1—L)"; 4) lim (1 + 20).
n—>» n a0

2. Chopmynupyiite TeopeMy O CYIIeCTBOBAHHH Mpejena
OTPaHUYEHHOH HeyOhiBalolleH NOCJe0BATENLHOCTH.

3. Uro rakoe uncno e? JlafiTe HeCKOJIbKO ONpeae/eHHi.

4. Hapucyiite cxeMatnyeckue rpadukn QyHKUHA e* H e~ %,

<

§ 4.6. Jlorapudpmudeckan QyHkuua

[Tycrtb a ecTb NOMOXKHTENbHOE YHCJAO, HE PABHOE efHHHILE
0O<a, as=1), ¥ y ecTb NPOU3BO/IbLHOE MOJOMHTEJbHOE
yueso (0 < y < o0). Jloeapugpmom y npn OCHOBAHHH a
HaselBaeTcs Takoe 4HCA0 x=log,y, ¥TO eciin BO3BECTH a
B CTeNeHb X, TO noayuaercs y. Takum oGpasom,

a*=y. ‘(17)
[Tosromy MoxxHO eute HanHcathb
atav=y 0L y< oo, (18)

nin elne
log,a*=x, —o0<x< o0. (19)
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Mpumepn :
log, 1 =log,a°=0, log, 8==log2* =3,
log, (%) =log,2-*=—3, log;,10* =k,
log, 1 =0, log;, 10=1,
log,, 100 =2, log;, 1000 =3,
log, 0,1 =—1, log; 0,01 =—2.

Bo3snukaer Bonpoc, Bcerjia JiM pellaercsi OTHOCHTENbHO £
ypaeHenue (17), unu, 4to Bce paBHO, CYIIECTBYeT A AAA
TIOJIOXKUTEIbHOTO 9HC/IA Y €rO JIOrapHGM TMpH :OCHOBAHHH a.
Ila, cywectByer, u enuHCTBeHHH. B 310M MH yGesumcs Ha
OcHOBaHMM CBOACTB GYHKNUH a*, KoTopble Mhl cefiuac ‘mepe-
ancauM (6yneM cUHTaTh, 910 @ > 1) : g

1) a* HenpepniBHa Ha (— 00, ©0), T. €. HMeeT Henpe-
pLIBHLIA rpadHk; ' s
2) a*—Bospacraoman ¢yHKUEA, T. e. a* < av, eciu
<y '

3) a* — 4 oo npu X — -} 00;

4) a* — 0 npy x ——oo0.

Ha puc. 75, a uso6paxen rpapuk bynkuuu a* (a>1).
B cuay 1) sro HenpepnBHas KpHBasi, pacnpocTpaHeHHaf
Han Beedt ocbio x. B cuay 2), 3), 4), korga a6eiucca X TOYKA
rpaguka Bospacraer oT —oo JI0 -} oo, €e OpIHHATa y BO3-
pacraer ot 0 no - oo.

3HayeHHe x, ynoBJeTBOpsiowee ypaBHeHuwo (17) ans paH-
Horo y > 0, MOXHO NOJy9YHTb clefylomuM obpasom. Ha ocu
OpAMHAT OTJIOXXHM BBEpX OT Hadaja KOOPAHHAT Ha paccrofi-
HHH, PaBHOM Y, TOYKY M Uepe3 STy TOYKY MpOBEAEM MNpPAMYIO,
napaJviesibHylo ocH a6euMcc. dra npaAMas 06f3aTeNbHO nepe-
ceuer rpabuK, B NPHTOM B eAMHCTBeHHON Touke A. AGcumucca x
TOYKH A W pewaer, oueBUAHO, ypaBHeHue (17) pns naHHOrO Y
(cm. puc. 75, a).

Mu nokasanu cyuecrBopaHue JorapudMa y (y>0) npu
OCHOBAHHU @, MpUMeHHB rpacduyeckuii Merox. IIpn srom. MH

NOJYUMJIM HOBYIO (GYHKIHMIO ¥, 3ABHCAULYIO OT Y, KOTopas
Ha3bIBaeTCA 202apUPMOM Y Npu OCHOBAHUW a W OOO3HAYaETCH
Tak! x=log,y.

Hrak,

x=log,y (O<y< o)
ectb QYHKIHA, NPUBOAAUIAA B COOTBETCTBHE KaXKAOMY IM0J0-
MUTENILHOMY YHUCJY y TaKoe X, YT0 y =a*, T. e. BhNOJIHSAeTCS
pasencrso (18).

4 C. M, Hukonnckag
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‘Buaaraopapsa ceeitersam (18) u (19) ¢pynkuna log,y Hasu-
Baercsi o6paTHOR MO OTHOILIEHHIO K QYHKUHH a*, a pyHKuusA a*
‘HasuBaerca ofpaTHod no orTHomeHmo K log, y (cM. § 2.10).

Jlorapudmuueckas ¢yukuus x=log,y npu a>1 obna-
- A3eT CNEeAYIOU{HMH, BHTEKAIOUHMHA HENOCPEACTBEHHO K3 npHBe-
AEeHHBIX PAcCMOTPEHHRA CBOHCTBAMA:

1) log,y HenpepuBHa Ha (0, oo);

2) log, y—Bo3pacraioman ¢yHKuus, T. e.

log, ys <log, vy (0<y;<y,< o)

AN MOOLIX YKasaHHHX Yy, Y

3) log,y—> 00 npn y— + oo;

4) log,y——oco npu y— 0.

Ecau B dopmysie x=log,y (0 < y < 0o) noMeHaTL Mec-
TAMH X H Y, TO MIONYYUM 3anuch JorapupMmuueckol QyHruuu
B OOLIYHOM BHAE:

Y
_r M/ y=log,x (0<x< o),
of— ! e x—apryMeuT, a y —yRKuusa.

e )
F] I'padmuk dynkunu y=log,x » cu-
cTeMe KoopauHart xOy nNoJayuuM,
ecan B STON CHCTeMe H306pasuThb

rpapuk QyHKRHH
Puc. 79 x=a' (—oo<y< o)
“(puc. 79), T. €. MHOMECTEO TOuWeK BHAa (@Y, y) MAH, TAK KaK

x=a¥, y=log,x,

TO MHOXeCTBO Touek (x, log, x].

' TakuM o6pa3oM, KpHBas Ha puc. 79 ecTb He TOALKO Fpa-
¢ux GyRkuun x=a¥ (— oo < y < o0), HO H rpadux yHx-
unn y=log,x (0 < x < o).

' MoxHO ewe cKasarb, yto npu a> 1 ¢yukums log, x
oro6paxcaer. nHTepBan (0, oco) sSHaueHMA X Ha MRTEpBaN
(— o0, oo) sHaueHHR y. ‘

[lycth Tenepn a ynoBaeTBopsieT HepaBenctTBam 0 < a <.1.
BrunynmeM HyXHble HaM CBOHCTBA QYHKUHH y=a*i

1) a* nenpephiBHa Ha (— o0, ©0);

2) a*—yo6uBalowan ¢yHKuuA, T. €. a*> a? (x <y);

3) a*— 0 opH x— 4 oo; ‘

4) a*— 400 npu x——oo.

Ipaduk a* npu 0 < a < 1 nzoBpaxen Ha puc. 75, 6. Mu
BHAHM, 4TO GyHKIHMR y=a* U B caydae 0 < a < | -orobpa-
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.MAeT HHTepBas (— oo, co) 3HAyeHHHt x Ha uHrepsan (0, oo)
sHaueHult y. - S
Mui, Kak H Bbillle, MOXKEM 32/]aTh NPOM3BOJBHOE NOJOXKH
TeAbHOe (T. e. MPHHAaANexanee K HHTepBaay (0, oo)) 3Havye-
HH® y U NPHBECTH €My B COOTBETCTBHE TaKoe X, YTo 6yjer
BHINOJHATBECS paBeHCTBO x = log, y. o
Yro6bl MOJYYHTb X 1O RAHHOMY {, Hajg0 B3ATb HAa OC
OpAMHAT (cM. pHC. 78, 6) TOYKY, HMEIOILYIO OPAMHATY Yy, H
fPOBECTH 9epe3 3Ty TOUKY MPAMYIO, NapajsiefbHYI0 OCH X.
INocaenusis nepecever rpapux I' B emuHcTBeHHO# TOuKe A,
a6euncca KOTOPO# H eCTh HCKOMOE 3HaueHHe X, T. €. TaKoe X,
A KOTOpOro Y =a*. ’
Ceoitctea ¢ynkunn log,y npu 0 < a <1 Takne e, Kak
B cay4ae a > 1; ofgHako ecTh HckJouenue. Tereps, Koraa g

Bogpactaer 0T 0 1o - oo, COOTBETCTBEHHO X YOHIBaeT OT - oo
10 —oo:

logays > logey,  (0<y; <yo < o0). .
Boimumem dopmyar (18) u (19): i

x=a'%8s" (0 < x< ), 1(20)

log,a*=x (— o0 <x < o). .(21)

Mut 3amennnin B (18) y Ha x, HO 3T0 He HMeeT 3HaYeHHA.
Yucno a MoMeT GHTh 3Jiech JIOGHM MOJOXKHTENbHHIM HHC-
JIOM, OTAHYHBIM OT 1 (@ 5~1). PaBencrsa (20) u (21) Hasw-
BalOT TOXAECTBAMH Ha YKA3aHHHIX TAM HHTepBAJIaX, NOTOMY

YTO OHH HMEIOT MeCTO AJAs JIOOHX X, OpHHALAEXKAUHX K yKa-
3aHHBIM MHTEpPBAJNaM.
U3 papencrBa (20) Ha OCHOBAHHH CBOACTB MOKA3aTENbHOR
GyHKUHH cnenyer Aas Jiobnx x, y > 0: N
alqc oYy — xy= ah‘a Xa|°€a_v = a|°‘¢ x+logg g, (22)
Ho rorma

logc (xy) = loga x+ loga Yy (23)
O<x y<oo, a>0, as=l).

Uz (22) cnenyer (23), motomMy 4To ecaH a1 =gh, T0
‘ug=u, Ecau 6bl u;=u,, TO UHCA2 a™ W Q" OulaH Gul pas-
miunni. Ho MoxHO ¥ ¢opManbHO nomyyuth (23), B3AB Jora-
pubM TpH OCHOBaHMM a OT JeBoi ¥ mnpaso#t uactek (22),
T. e. BOCMOJIBb30BaBUIHCH (popMydoit (21).

Ecan B (23) 3aMenuTb x Ha -5, T0 mOMYUHM

log, x =log, = +10g, 4,

4%
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Hau
log, §= log, x—log y 4
(0<%, y<oo, a>0, ass1).
Hanee
am‘dxy‘=xv=( alogax)y_____ aylogax’
logx¥=ylog,x (0<x y<oo, a>0, ax1). (25)

Haxonen, oTMETHM, 4TO A/Si NOJOKHTENBHLIX HE PaBHHX 1
uyncest @ 1 b HMeeT MecTo

a'oga b logb a__ (aloga b)logba — blog? a__ a,
log,blog,a=1. (26)

BepHo Takxe
log,A=log, A-log,b (A>0), (27)
notomy uto a'e? =A n '8 %% = plom — 4,

I\
2 10y, % -‘gA
T T
74‘-!'-74[ Hlog,8 47 H1® 1
A o
0 = N /
\\z\ “ a \ 4 '

A\ ks oY NP R | -*” /3
TR [ NN A
-2 N log d:‘ | : _- 47

\‘1311 R eeco = -
a‘ ' "1 ¥/ i 7 2 2

Puc, 80

Jlorapudm uuciia a npu OCHOBAHHH e Ha3blBaeTcsl Hamy-
parvreim a0z2apuhmom uMcna a u o6o3Havaercs Tak: log, a=
=Ina.

®opmyabt (20)—(27) ABASAOTCH OCHOBHEIMH MPH BEIYHCIIE-
HHSIX ¢ jorapu¢Mamu. MIX Halo yCBOMTb W 3aNOMHHTb.

Ha puc. 80, a, 6 npupeaeHul rpapuKu 4acTHHIX (QYHKuWHA
a*, log, x.
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YOPAXHEHHUSA

1. laa KaKuX. OCHOBAaHMH. paccMaTPHBAIOTCA JIOrapudMbi?
-+ 2. Yro Takoe jorapudM 4YHC/Aa y NpH OCHOBAHHH a?

3. lns xakux yuces y onpegensiercss norapugm? Moxer au
y OBITb OTPHHATENBHLIM?P N

4. 3anosHHTe TAGJMHLY

x 1 10 | 100 | 1000 | 10000 | 0,1 | 0,01 { 0,001 ['0,0001

logjo x

8. CpaBHHTE 3TH YHCJA C HYJSMH H Mexay coboi:

a) log,, 7, ©6) logy, 17, B) log,, 873;

r) log,, 10232; n) log,,0,7; e) log,,0,03;

X) log;, 0; 3) logy, 0,0027; u) log,,(—10).

6. Ilokaxure ¢ nomouibio rpaguka GyHkuuu y=a*, 4ro
log, y cymecrByer.

7. Kak HasmiBaiotcs QyHKUMH y=a* u x=log, y?

8. Kak nocrpouts rpadpuk JorapupMuueckod GyHKUHH
y=log, x npu noMomy rpadHKa NOKasaTeJbHOH (YHKUHHP

9. Yem orauyaiorcs rpapuxu log,x ¢ a> 1 or rpaduka
log,x c a<1? v o

10. BrinuimHTe OCHOBHLIE (OPMYJIBl JIOrapu¢MypoBaHHA.

11. PewnTte ypaBHeHHS:

1) a*=b, 2) ax=a,v 3) a*=a™?,

1

4) a*=1, 5) 10=1000, 6) 10*=1, 7) 10* =0,

8 =32, 9) =g, 10 2=—3 |

Pemenue. 1) [lo onpeaenenuto norapupm or b npu
OCHOBAaHHH @ €cTb TaKoe 4ucno x, yto a* =b, 1. e. x=log, b.
Ho moxHo paccyxaatbh Tak. [Tponorapupmupyem npH OCHO-
BaHWH a JEeBYIO M NpaByio uacTH paseHcTBa a*=b. Toraa
log, a* = log, b. Ho log, a* =x, noatomy x = log, b.
4712, UeMy paBHO 9HCJIO Y, ecad B

1) log,y=x, 4 logyy=1x,

2) loga y= 2- 5) ]Oglo Y= 2v
3) log,y=—3, 6) log,,y=—2.

Pemenne. 1) y=a'%eyv =g~
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§ 4.7, Jlo:apndm C OCHOBaHHEM 10

FERE

I'lycrb B necmuqnoﬁ CHCTEME CUHCNECHHA 33AaHO no.m»lm-
TeJbHOE YHCAO A.

3uavamesi mudppoil uncAa A HaswBaercs mnepeas (cseBa
Hanpaso) umppa, He paBHas HyJ/IO, a TaKxe Jmobas cle-
‘Lytowas 3a Heil ¢pa. Hanpumep, nce nndpu wncaa 830 200
_3navamme, y yncaa 0,00302 ungpa 3 w caeayiomye 3a ket
‘ungpa 0 ¥ 2—3uaqam.ne

TlonoxureabHoe GUci0 A MOXKHO [PEACTABHTL B BUAE

A=a 10*, (28)
rae @ yAOBNETBOPAET HEPABEHCTBAM
1<a< 10

# k—uenoe. ['oBopar, 9t0 uBCAO A 3anHcaHO 6 cmandapm-
Hom eude.

Yucno a MOXKHO NOAYUNHTH, NEpecTaBUE B A 3anATYIO Tak,
yr066 OHa OKa3alacb HeNoCPeACTBEHRO flOcAe neppodl 3Ha-
vamelt uudpu. Hanpumep, npaBbie yacTH paBeHCTs

830200 = 8,302 10°,
0,00302 = 3,02.10-3,
100=1.10°

CyTb 3anncu JIeBbIX B CTAHAAPTHOM BHIE.
Jlorapudpunpya pasencrso (28) npu ocnopasumr 10, no-
JYYUM
log,e A=k log, a.

‘Uncno k nasmBaercs xapaxmepucmuxod, a uucno log,a —
marmuccoll decamuqnoco aocapugma A. XapaKTepucTHKa —
HEJI0€ YUCJI0, a MAHTHCCA —HEeOTPHIATEe/IbHGE THC]IO0, YROBJET-
popsioiiee HepaseHcTBaM 0 <Clog,,a < 1. Bem logy 1 =0,
log,, 10=1, a pyHkuus y= Iogmx BO3pacTaer.

Cymec'raylo‘r NofpoGHLE Ta6TH L MAHTUCC — TabANIL ReCR-
THuHBIX JorapudMoB. HMu IMpPoOKO Noab30BAJHCh HECKOABKO
CTOJIETHR AJfA BBIYHCJCHWH NPOU3BEAECHHA H YaCTHOrO wWucen,
a Takxe KopHeii u3 umucen. OJHAKO B HacTosiliee BpeMs 3Ta
paboTta BLINOJHSETCA Ha 3JEKTPOHHBIX MHKPOKaJbKYASTOpaXx.

Mpumep 1.

Jogo 830 200 = log;, (8,302 108) = 5,9041744,

logy, (0,00302) = log;, (3,02 10-3) = 3 4800069,
log;e 100 = logjy (1-10%) =2,
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Ilocne s3anfiTHX BHNACAHH BHYMCIACHHME HA MHKPOKAb-
Ry/JsiTOpe WJAH 00 Ta6/AMUaM MaHTHCCHl COOTBETCTBYIOUIHX
uftees. '

IIpumep 2.

Yog3.02= ] [ 1[0 2] g, [ =] =0,4800089.

Ilepen sansro#t sanucuBaercss xapaxkrepucrnka. Ecum oHa
OTPHUATE/IbHASA, TO SHAK CTABHTCA Haj ee aBCOMOTHON BesH-
wuo#t (—3 =3). Taxum obpasom, ecau XapaKTepHCTHKA OTPH -
HATENbHAsA, TO MepPeA 3ansATOH CTOHT OTPHLATeNLHOE HHCAO,
@ mocje 8anfAToi — I0JIOXKHTeIbHOe. ; N

[Ipumep 3. Tlycrn logy, x =3,4800069, Torga
K== 10-2 1004800060 = ]0-2 3 0199997 =0,00302.

HelictBus yMHOMNEHHS M JneneHHs GOJMBIIMX WYHCET - Mbl
BHITIONIHAEM HAa MHKpPOKanbKyaaTopaX. Bce e npuseseMm
npuMep BHIYHCAEHHA IPH TIOMOIM TaGMHIl AECATHYHBIX JIOTa-
pln,im%a. Ilyctb Hano BHUHCANTD Nponsseaente A = 830 200 x
% 0,0032. Haxomnm ¢ momowmpbio Ta6auIL JIOrapHhMbl MHOMH-
vesel. Himeem

loggs A = log,, 830 200+ log,, 0,0032 =
= 5,9041744 4 3,4800069 = 3,3841813.

Orciona '
A=q-100=10%.100.20¢1813 — | 03. 2, 4220399 = 2422,0399.

B npeanocnenneM papeHctBe nmo MantHcce 0,3 841 813 Haxo-
JAHM 9HCTIO a.
Yacro o6osnavaior log,,a=Iga.

YOPAXHEHHUSA

) 1. B mecatuyHoll cucTreMe CYMCJICHHA 3aAaHO HONOMHTE/Ib-
Hoe aucyio A.
1) Uto Takoe sHavamue uudppnt yucaa A?
2) Uro Takoe YHCJO, 33JaHHOE B cTaHAapTHOH copme?
Hakre Tpu npuMepa NPHBEJCHHA YHCAA K CTAHAAPTHOH dopme.
. 3) Kak HaflTH XapaKTepHECTHKY H MaHTHCCY AECATHYHOro
-norapudmMa wHcaa?
. 2. C nomomplo Mnxpoxmxgaampa BoluHcauTte Ig amcaa
1) 3070, 2) 2003, 3) 0,75, 4) 0,00101, 5) 0,00032.
3. C poMowpio MHKPOKaJbKYJATOpa N0 MOJNYYEHHBIM
B MNpeAbAylled 3ajade JjorapH¢pMam BOCCTaHOBHTE HCXOAHBIE
uucaa. (MoryT noJyusThCs HE TOYHO HCXOAHBIE YHCJIA, 1OTOMY
970 BHIYHC/ACHHA BEAYTCA NPHOAHMKEHHO.)
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~§4.8; Cremennas QyHKUAS- =

- DYHRUMA BUAA -

TAe a0, HasnBaeTcA cmenennod gynxyued. Tpn moboM a
crenenHas QyHKIUMA BO BCAKOM Cay%ae OnpefeseHa Aas NoAo-
WKHTEJIBHEIX X.

-CreneHHasi GyHKUAA HelpephiBHA, T. €. ee rpabHuK ecTb
HEnpepHBHAsA KpHBas. o

Ecau a nonoxuresnbHoe, T0 GYHKIUA y==x* onpeneseya
rakke U npy x=0, UMEHHO—OHA paBHa HYJIO NpH x=%.
DOTOMY 9TO B MateMmardKe cyurtaior, yro 0%*=0 (a>0).

MonyTHo cRaxeM, 4to (° He ecTb UHC]O, HE €CTh TaKiKe
gucyio 09, rpe a < 0. :

Taxum o6pasoM, npy a> 0 byHKuuA

y=x° 0<x < )

onp%nenena He TOJIKO JJfi NOJIOXMHTENBHHX ¥, HO W ANf
x=0. : .

Ha puc. 81 pann rpadukn creneHHHX QYHKUHA py=xP
Al HEKOTOphiX SHaveHuit p. Ina p >0 oHM paBHH HyJO

9 Jp-1
- A5 =~7-5
42 gy el v , A=7

]
St
4 .
ol J=a®
Pxc, 81

npu x=0, nosToMy HX rpapHKH BHIXOAAT H3 Hayaja KOOpAH-
Hat. Tlpu Bospacranuu x ot 0 1o oo COOTBETCTBYIOLIHE OpAH-'
HATH y BceX rpadHKOB BoapacTaioT Toxe oT 0 1o oo. Onnaké’
XapaKTep BO3pacTaHHsf paaJHyHHA. TaKxe OYeBHAHO, 4TO

AL i< ah, 0<<x<L 1,
XSS x> >S s, 1 <x< oo,

"Eemn x=1], 10 y=1 a1 Bcex rpaduKoB.
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DyHKIUM X H XV/? MOXHO PAcCMaTpPHBATh 4 AAA OTPHHAE-
TeJBHEIX X.
UYro ke kacaercs QyHKuHA xV/2 u x4, TO 'OHK fipH
X < 0 He HMeWT 1] HAC CMHICAA, TOTOMY 9TO HE CYIUECTBYET
JeACTBHTEJIbHOrO YHCJIA, KBApaT HJIH YeTBepTas CTeneHb KoTo-
pore papHsiuch Gbl OTpHUATE/bHOMY 4HcAy x. Cpefn KoMm- -
JIeKCHBIX 4YMCeJl €CTb TaKHe 4McJjia, HO-Mhl O HHX cefiya¢: He *
TOBOPHM.
BIEJIHM B 0colylo Tpynmny creneHHbe GYHKIUM, COOT-
BeTCTBYIOIMHE HATypajbHEM a (@=1, 2, 3, ...). OHH onpe-
JeNleHbl U HENMpepHBHLI Ha Bced JeAcTBHTeNbHOA ocu x. Ha

4
g=a?

NN W Ny N

=2 ~1 ¢

f |
Pue. 82

puc. 82 naHu rpaduku GyHKUHA NEACTBHTENHHOrO IepemeH-
HOro x3, x4, x, x% xt. ,
CreneHHyi0 (pyHKLHIO MOXKHO 3aMHCaTh B BHIE

y= X8 = blogb xa = ba logb x (29)
npu mo6oM nojyoxuTesabHoM b (b > 0). Yacto B Kaqeméb
GepyT nenepoBo uncio e. Torna dopmyna (2) npumer BHA

y=x*=eglnx (29)

Crenennas QyHKuua x° objanaer cjieayloHUM XapaKTtep-
HbLIM AJIf HEe CBOMCTBOM:

(xg)e=xy, 0<x, y< oo, -(30)
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¢ JhehcTBUTeNbHO,

(xy)a_.: 8 1n (x9) — gdlln x+a1n y — paln x paln y — pln X% gl 4% o goy8,
OrtmernM, 4TO cTeneHHas QYHKUHA X° MPH HPPAUHOHA/D-

HOM a KaK ¢yHKuH#A ACACTBHTENBbHOrO NepeMEeHHOro AN OTPH-

HaTeNAbHEIX X He HMeeT CMHCJa. Dojee ray6oxoe HsyueHHe

noKasnpBaeT, Y70 QYHKHHSA X° IpH HPPALHOHAJBLHOM G AOJUKHA

OHTb KOMIJIEKCHOH A5 OTPHLATEJIBHLIX X. Onnako nHa stoM

BONPOCE, OTHOCAIIEMCH K TeOPHH . QYHKUHA KOMIJIEKCHOrO
nepeuemioro, MBI 3[ieChb OCTAHABJIMBATHCA HE MOXeM.

VHPA)KHEHHH

1. AKaKoe H3 ABYX. WHCed 6o.mamel

Aa)rzvi u 27 6) 317 H 323 B) 1/
nYin Vi o034 s e)7“V7
2. PelunTh ypaBHeHHS!

“d) et*—5e% 4 6=0,

. -6) logs (x— l)—log,H_x,

B) 4*~1=3% (nposiorapkMupoBath N0 OCHOBaHHIO 4).
r) logsx+ log,3=2,5.

3. Pewntb HepaBeHcTBa:
aVx>yx 6 Yx>Vk,
B) %log,f/f—mog‘x > 1L



e [JIABA @
NPOU3BOAHASA

§ 5.1. MrHoBeHHas cxopocTs

HonsTtHe nNpoM3BoAHOH BOSHHKJAO KaK pe3yJibTaT MHOI'OBe-
KOBHX YCHJMH, HanpaBJeHHHX HA pellleHHe TAKHX 3ajad, Kak
3aja9a O NpPOBEJCHUW KACATENbLHOR K KPHBOH, O BLIUHCJAEHUM
CKOpOCTH HepaBHOMepHOro asHxeHHA. [lomoGHeMit 3azavamu
W 33jlayeil O BHIYHCNEHHH NJIOMIAAM KPHBOJUHERHON dHryput
3aHHMANMCh MateMaTHKH c¢ ApeBHHX BpemeH. B XV]I Beke
B pa6orax Hbiotona u Jleii6HKua 312 n€ATENbHOCTE NOMYYHAA
onpejefeHHoe TeoperHueckoe 3asepmenHe. Hbioton n Jleii6-
HHMR *) co3panH obliHe MeTOAH An(xpepeHLHPOBaHHSA W HHTCI-
pHpOBaHHA QYHKIHA H M0KA3aJIH BaXKHYIO TeOpeMY, HOCHLLYIO
HX HMS$l, YCTAHABJIHBAIOULYI0 TECHYIO CBS3b MEX1Y Onepauy My
anddepennnposanus u HHTerpupoBanus. Hazno, onnako, nmets
B BHJY, 9TO COBpEMEHHOe H3JI0XeHHe 3THX BONIPOCOB CyHiecT-
BEHHO OTJHMYaeTCs OT TOrO, KaK OHM HW3JIarajiChb BO BpeMeHa
Hbiorona u Jlefi6unua. B paccyxaeHHsIX H NOHATHAX, KOTO-
pBIMH OIEPHPOBaNH B TO BpeMs, C Halleli TOUKK SpeHHs,
MOKHO HAaHTH MHOro HEfiICHOro; 1a H caMH MaTeMaTHKH TOro
BpeMEHH 3TO CO3HABaJH, O YeM CBHAETEJbCTBYIOT OXECTOYeH-
Hble [HCKYCCHH, KOTODHE OPOHCXOAH/IH [0 3ITHM BOMpOCAM
MEXIY HHMH.

CoBpeMeHHBLII MaTeMaTH4ecKMH aHanu3 Gasupyercd Ha
NOHATHH OpeAena, KOTOPOE BLIKPHCTA/NIM30BANOCh B YETKYIO
$OpMYJIHPOBKY He 13K yX JaBHO— B NepBOH MOJIOBHHE NpOl-
Joro crosietusi. Bosbluas aacayra B 9TOM NPHHANIEKHUT dpan-
uy3ckomy MareMatuky Kommu **).

[lonarne mpenena cyllecTBEHHO HCIONb3YyeTc B Onpege-
NeHUsAX MOHATHA HEeNMpephBHOCTH (QYHKLHH, NPOH3BOAHOMR,
HHTerpaJa.

*) U. Hoioton (1643—~1727)— anranficknR $H3HK B NATEMATHK,
I. B. Jle#6uuu (1646—1716) — HemeKHIi MaTeMaTHK.

*+) 0. JI. Ko (1789—18567) —ppanuysckuit marematnk. B ero
TpyAax BliepBhe ONpejeseHb! NOHATHS MATEMaTHYECKOro aHajK3a (mpe-
ReJ, HeNpepHBHOCTb, MHTErpad,..,) TaK, KaK 3T0 NPHHATO B COBPEMEH- -
Holt MaTeMaTHKe,
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[lycte Touka nBMKerca mo npamoRt u GyHKuus s= f(f)
BHIDAXKAeT 3aBHCHMOCTb 0T BpeMeHH ¢ (a < t < b) ee paccros-
HHS_ (C y4YeroM 3HaKa) A0 HavaabHOH Touku O npsmoi. B mo-
Mc}rr,_ngemeﬂn ! TouKa HaXOAHTCA Ha pacCTOAHHH s= f(f)
or 0. B moment me Bpemenu { -+ Al (Al = 0) oHa HaXOAHTCH
Ha pacctosiHiu s+ As=f (I + At) ot O. CpenHsasi CKOpOCTb e
HA NpoMexyTKe BpemeHH (¢, !+ Af) pasHa

o, s _[U+AD—()
€ Af T At :
MrrOBeRHY10, HAH- HCTHHHYIO, CKOPOCTb U TOYKH B MOMEHT
BpeMeHH ! eCTecTBEHHO ONpele/uTh KaxK NMpefes, K KOTopoMy
cTpemuTcs U, Npu At — 0, 1. e.

As

v= lim —.
At-»OAl

IMpumep. Kak ussectHo, cBo6oAHO Najaioliee 10 MOA
BJIMSIHHEM CHJb MPHTSDKEHHA 3eMIH ABHIKETCH B 6e3BO3AyuI-
HOM MPOCTPaHCTBE MO 3aKOHY

12

s=g7

B MPEANOJIOKEHHH, UTO OTCYET MyTH NPOHCXOAMT C MOMEHTa
BpeMeHH =0 u ckopocTb Tesla B MOMeHT ! =0 paBHa Hy.0.

MrHoBeHHasi CKOpOCTh Tesla B MOMEHT BpemeHH ¢ (¢ > 0)
paBHa

1 1
lim 2= & T a¢+AN —5 gf*
v= lim == lim -~ =
" ar»08l A0 At

AALAL g

=Lz lim
=37¢ ")

2t = gt
at-o At &,
H Mbl MONYYMJIM H3BECTHYIO (GOPMYJNy AAAA CKOPOCTH paBHO-
MEPHO YCKOpPEHHOro JBUKEHHS
‘ v=_gt.

YIPAXHEHHUSA
1. Boiuncaute MrHOBEHHYIO CKOPOCTb B MOMEHT BpeMeHH ¢

TOYKH, ABHXKYUEACA MO 3aKOHY:
a) s=2t+4; 6) s=1,



§6.2. KACATE/IbHASI K KPUBOA M CHIIA TOKA too
§ 8.2. KacaTennHasa K XpHBOA M CHJAA TOKA

PaccMorpum  Kakylo-HHOYZb HempepbiBHYI0O KpHByio T
B IJOCKOCTH MM mpoctpaHctBe (pHc. 83). Ilyers' A —nedka-
mas Ha He#t Touka u A’—jpyras nexamas Ha I' Touka.
IMpamyio S, npoxopsimyio uepes A u A’, Gylem HashiBaTh
cexyuweddt (kpuByio I'). Bynem Tenepb Touky A’ nBurarth e-
npepsiBHO no I', HeorpaHuweHHO npuGiauxas k A. Toraa
ceKyilass S Gyjer BpamaTbc OTHOCHTeNbHO A. Moxer cay-
YHTbCSA, 9TO NPH 3T0M S GYIeT CTPEMHTLCA 3aHATb B Apejese
TMI0JIOXKEHHE BIIOJIHE OMNpejieJieHHOR (mpoxojsilelf, OueBHJHO,

s
_§'
g T
Puc. 83 Puc. 84

uepe3 A) npaMofi, KOTOPYI0 Mhl 0Go3Hauuiu depes 7. Ecan
sto GyZier HMeTb MeCTO, TO roBOpAT, 49T0 KpuBas I' Hmeer
B Touke A kacameavrnyro. VIMenHo npsamyio T HasuiBaoT Ka-
cameavroill X T' B Touke A. , '

He Bcsikas HenpepbiBHas KpuBas B JIOGOH ee TOYKe HMeer
KacartesnbHyio. TpHBHaNbHBIM NPUMEPOM 3TOTO MOKET CJIYXKHThb
KpHBas, H3oGpaxkeHHas Ha pHc. 84. OHa COCTOMT H3 ABYX
rnagkux Kyckos I'y u T',, coenuHenHnix B Touke A «mon yr-
noMs. Ha pucynke oTMeueHn ABe npyruve ToukH A’, A",
COOTBETCTBEHHO Jexawue Ha Ty, T'y; uepes S’ u S” obosna-
yennl npoxonsaue wepes A’, A” u A cexymue.

OueBuguo, 9ro ecad A’, A”, nsurasicb COOTBETCTBEHHO
no Iy, T,, 6yayr npubamxkatbcsi K A, 10 cekywmue S’, S”
GyAyT CTPEMHTbCA 3aHATb B Ipejiesle NMOJOKEHHe ABYX PasHbIX
npambix T’ u T”. [lostomy paccMaTpuBaeMasi KDHBasi He UMeET
KacaresibHOA B Touke A. BripoueM, MoXHO GuiO Ghl, pa3BuBas
BBeJIcHHO® oNpeJieJieHHe, CKasaTh, YTO Halla KpHBasg HMeeT
B Touke A JBe OAHOCTODOHHHe KacareJsbHble, HO 06 3TOM peub
ceftuac He Mzer.

Iyctp Teneps kpuBas I' ecTb rpaduk HenpepniBHOH Ha
uHTepBane (a, b) dysHkuun y=f(x) (puc. 85,a uan 6).
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f -3apagum #a T touky A, umeioutyio aGehmccy X M OpAH-

Haty y, U Apyryio Touky C, uMmeiomyio abeuuccy x4 Ax

(Ax40) u cootBeTcTBYIOULYI0 OpAHHATY Y+ Ay. Cexymas S,
g,

4

14

) ¥4 ) » &i
L 0 . '
2+4 )
z & 2 \’ *+ld 5@
Az=A0, 4y=00 A2=A8, dy=-60
a £

Puc. 85

.apoxofsuias vepea A u C, oueBHIHO, o6pasyer ¢ NOJOKH-
| TeJIbHBIM HanpaBJieHHeM OCH X yroa f, TAHreHC KOTOPOro

_ Ay _fx+BA0)—f(
=g ="

B .tl‘leqae puc. 85,a 0 < B< -% ,a B caydae puc. 85,6 —’2'— <

<P <n Bysem Ax cTpeMuTh K HyMO; TOrAa, BCAEACTBHE
HenpephIBHOCTH f, OyZeT Takie Ay CTPeMHTbCA K HYJIO
n Touka C, purasck no TI', 6ymer cTpeMuibcA K TouKe A.
Ecnn oxkaxercs (sTOro Moxer M He GuiThbl), 910 NpH 3TOM
OTHOIIEHHe % CTpPeMHTCAI NpH NioGoM crnocofe cTpeMyieHus
Ax K HYJIO K OZHOMY H TOMY e KOHeJHOMY Npefeny (4Hcay) &
2k (Ax—0),

‘70 TOorjia U _yroa f GyAeT CTpeMHTbCH K HEKOTOPOMY OTJ/IHY-
nomy or n/2 yray a. Bmecte ¢ f u cexkymas S, Bpawascek
'OKOJIO TOUKH A, GYAeT CTPeMHTbCA 3aHATH B Npelesie TMOJO-
‘wenne npamoft T, mpoxoasmed gepes A nox yryioM a K-no-
noxuTeNbHOMY HanpapaeHuio ocH x. Ho torza T ectb kaca-
qenptar K I' B Touke A o

Ay
] lim hrwd
Ax-»0 A%

(s puc. 85,4 0 < & < n/2 u ans puc. 85,6 n/2 < a < n.)
Mgl ycTaHOBHAH, 4TO ecau omuotuenue AyfAx npu Ax—0

= lim tgfp=1tga.
Ax—+>0
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ormpemumcs K KoHeuHoMY npedey, mo kpusaa T umeem e moixe A
KACAMEALRYIO, MAK2EKC -YeAQ KOMOPOL C NOAOKCUMEb HOIM Ha-
RPABACRUEM OCU X paser Smomy npedeny. . =
Cuaa Ttoka. Jonmyctum, 4TO H3BecTHa QyHKuUMA Q=
= f(#), BeIpaXkalollas KOJHYECTBO 3JIEKTPHUECTBa, NMpOolIELee
uepea (HKCHpPOBaHHOe CedeHue MPOBOAA 3a BpeMs f{. 34 ne-
pron ot £ 10 !+ Al gepes ceueHue NpOTEKaeT KOJHYECTBO
anektpuyectBa AQ=f({4 Af)—f(f). Cpeansas cuaa TOKa
NPH STOM paBHA :

| 8@ _[(+80—f0
v =57 ar

I'Ipenein sTOro OTHOWeHHs npH A¢ — 0 paer cuay ToKa B Mo-
MeHT #1 B

. AQ
I = lim —/=.
at-o B

YOPAXHEHUS

1. HapucoBath B npsMoyrosibHofi cHcTeMe KOOpAHHAT na-
paboay y=x! U KacaTélbHyl0 K Hell B TOYKe, HMetoulelt
a6eumecy x= 1. Halitu yraoBoii xosduument atoit Kacatesnb-
HOM, T. €. TaHreHc yrja, 06pa3oBaHHOrO €10 C MOJIOXHTEb-
HHM HanpaeJieHHEM OCH X.

§ 5.3. Iponssopnasn

Bce TpH paccMoTpeHHble 8ajayH, HECMOTPS Ha TO YTO OHH
OTHOCATCH K DPAs3JIHYHBIM O6/AcTAM YeJIOBEYECKOrO 3HaHHS —
MEXaHHKe, TeOMeTPHH, TEOPHH 3JIEKTPHUECTBA, — NPHBEJH
K OZHOM H TOH e MaTeMaTHYeCKO# onepaumn, KOTOPYIO HYKHO
npousBecty Haj yHkuuedi. Hago nHafiTu npesen oTHoumeHus
npupaiieHHa QYHKUHH K COOTBETCTBYIOIlEMY [pHpalleH o
aprymeHTa, KOTJa MNocJejHee CTPEMHTCS K HyJMo. Mu Morsmn
66 KaK YroAHO YBEJNHYHTb YHCJO 3ajay, pelleHHe KOTOPbIX
npuBOAMTCA K mogo6Hofi onepauun. K Hell npuBOAAT 3aAaun
0. CKOPOCTH XHMHUYECKOH peakIin, O NJOTHOCTH HEPABHOMEPHO
pacnpefie/IeHHOH Macchl H Jp.

CTECTBEHHO, YTO 3Ta ONepaLHs NoJy4ywsa B MaTeMaTHKe
cnenManbHoe HasBaHHe. OHa HaspiBaeTcsi onepauueii dugigpe-
penyuposanun ynxyuu. PesyibTaT ee Ha3blBaeTCH npous-
600noil. _

Hrak, npouseodnoti om dyrxyuu f, 3a5anHoi Ha HEKOTOPOM
uHrepBane (a, b), 6 mo4xe. x ITOro UHTepBaja HaskiBaercs
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npeses, K KOTOpoMY: eTPEeMUTCA OTHOLIEHHe NPKpallierus GyHK-
UMM [ B 3TOH TOUKE K COOTBETCTBYIOLIEMY NPHPALIEGHHIO apry-
MeHTa, KOTAa NocjefHee cTpeMHTC K HyJo. IIpousBoaxyio
NpHHATO 0603HaYaTh TaK:

. Ay s [ +A)—f (%)
‘(= lim == lim =——F———%).
f () 'Ax-»bz-; Ax -0 X )

Ho . mpoxo ynotpebasiorcas u apyrue o603HadeHHsA!- y', 3—":,

i‘%?, ;—xf(x). Peay/bTaThl paccMOTPEHHHIX NPUMEPOB Tenepb

MOXHO cGOpMyHpOBaTh TaK:

cKopocme mouku, npotidennstil nymes komopod s ecmo QY-
yus s=f(t) om epemenu t, pasna npou3sodnol om smoti
Pynrquu s’ =f' (1); .

maneenc  yeaa o mexdy xacameavnol K kpusod y=f(x)
8 mouke, umerowed abcyuccy X, L ROADNCUMEAbHBIM Hanpasie-
Huem ocu x pagen npouseodnot f'(x); _

cunra moxka I 8 npoeode 6 momenm i, ecau yuxyus Q =
= f () eotpancaem Koaudecmso saexmpusecmsa, npouteduee 3a
apema | uepes ceerue nposoda, pasta npoussodtold | =Q'=

=F ().

'§ 5.4. HenpepbiBHOCTb QYHKUHH, umemmeﬁ NPOR3BONHYIO

Ecau ¢pynrxyua [ umeem & mouxe x npoussodnyro, m. e.
08 Hee omHowenue %—% cmpemumes npu Ax — Q K KOHeuHOMY
qucay f' (x):

A ’
2w (Bx—0), (1)

mo oHa KeobxoOumo Henpepbigna 6 Smol mouKe.
B camom nene, u3 (1) caepyer, 4uto

2 — (1) + (), @

Ag

*) Mpegea lim =

) Mpex Az=»0 Ox

TONBKO - Ax < 0, Ha3nBaeTcd COOTBETCTBEHHO MPAsold HJH ses0d npous-

60dnot or f B Touke x, [Ipo dpynkumo f, sagannyo Ha orpeske [a, b],

OPUHATO TOBOPHTh, YTO OHA HMEET HA 3TOM OTpe3Ke NPOHSBORHYIO, €CNH

OHAa MMEeT NPOHSBOAHYIO B J1060f TOuKe MiTepBana (@, b) H, Kpome
TOr0, MPaByi0 POHSBOAHYIO B TOYKE & H JEBYlO~—B TOYKEe b,

, TAe paccMaTpHBAIOTCA TOABKO Ax > 0 uan
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rae a(Ax) — 0, Ax— 0. Ho torna npupainenue Ay HauedH
$YHKUHH MOXHO 3amMcaTh B BHJe CYMMBI '

Ay=f'(x) Ax+ a(Ax) Ax

ABYX cCJlaraeéMbiX, KaXX10€ H3 KOTODBHIX CTPEMHTCA K hymo npu

Cne)ioaarenbno, lim Ay=0, 7. e. yHKUHA [ HeMpephIBHA

B TOYKE X.

OfipaTHoe yTBepJieHWe He Beerna BepHo. Ecom q)yuxuua f
HenpepbiBHA B TOYKe X, TO OHA MOMET M He HMeTb NpOM3BOJA-
HOM B 3TOil TOUKe. Hanpnmep, GyHK-
UM

y=|x| (—o0<x< o0),

KaK BHIHO H3 ee rpaduka (puc. 86),
HenpepuiBHA AJIS BCeX X HO B TOYKe
x=0 He umeeT npon3soauofi. B aroit
TOYKEe He CYILEecTByeT KacalessHOH
K rpaduky. Ectb npaBas Kacatenb- Puc. 86

Has W Jiepast, HO OHH He COBNAjaloT.

Yenoseim xoa¢¢uqueumom npsMoil Ha3biBaeTCcs TaHTeHC
yrja Mexay 3TOA NpsAMOH H MOJIOXKHTELHHM HaNpaBJIeHHEM
ocH x. [Ipsambie S u T na puc. 85, a o6pasyioT octphie yrisif, o
C MOJIOKHTEJNbHBIM HanpaBJeHHEM OCH ¥, a Ha puc. 85,6 —
TyNble Yol

YOPAXHEHHSA

1. Haittn yraoBbie KO3hbHUHEHTH KACATENbHEIX K KPHBHM
(ypaBHeHHSI KOTOPHIX 3aJaHbl HUME) B 33aJaHHBIX TOYKAX Xoi

a) y=x2, x,=1;
B) y=sinx, x,=0, /4, n/2, 3n/4.

2. Beiancauts f (0), ecan f ()= T+ % 1w f (x)= "(1+x)

3. BoiuncauTb MrHOBEHHYW CKOPOCTb TOUKH, ABHMYEHCS
no 3aKoHy s=5{2, B MoMeHTHl BpemeHn f{=1, 2, 3.

4. B yeM 3aK/OYAeTCS [eOMETPHUECKHH M  MeXaHHuecKHii
CMBIC/1" ONIPEAEJIEHHS 11POH3BOJHON?
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*§°5.5. Sopmyans auddepeHuUnpoBanHS -
[lpu -moGom HaTypanpHOM n cnpaBeAnuBa GopMysa
(x") =nx"-1. 3)

Y6eaumes B CNpaBefJHBOCTH 9TOH GOPMYJibl NMpPH £ =2
u n=3. B camoM jgene, cyutas Ax=~h, GyleM HMeTb

(xa)l="]in1(;$iﬂr_:_"t'='!]i% %(xl_*_ 2xh + h’—x’)=
=xlimo (2x + h) =2x,

(9)' = Jim - (* + 2% + Bxh? 4 B* — %) =
= hlirr; (3x® - 3xh 4 h?) =3x8,

HoxasarenbcTBO (hopMyan (3) Ans J0GOro HaTypaJbHOTO i
Gyzer paHo B Koulle § 5.5.

Ha camom pene dopmyaa (3) BepHa nps oGoM n—nono-
HTENbHOM H OTPHLATEJHHOM — He 0653aTe/IbHO HATypaJbHOM.
310 Gyper AOKa3aHO HHXKe.

CnpaBenanshbl TakxKe GoOpMyJibl

(sin x)’ = cos x, )
(cos x)' = —sinx. 5)

JHokaxem paBeHcTBO (4) (AokasareancTBo (5) npenocras-
-JINEM YHTATEJIO): ,

. sin(xFh)—stnx _ .. [sln(h/2) ( f_)]
hliﬂ:) ———ﬁ--—hh_’mo 75, cos(x+7 )| =

= lim ﬂ'—’-(’;,ﬂ lim cos (x+-h2-)=l-cosx=cosx.
b0 M2 40 ‘

° . sin &
Mn Bocnosb3oBanHCch cBoOcTBOM lim -a—-—--l H TeM (paKTOM,
a->0

uyro (PYHKUHA COSX HenpephiBHA.

[MpousBoanas or ¢yHKIHH f(x) ecTh B CBOIO OYepeib
¢yukuus f'(x). Ecau npoussogHas ot f'(x) cymectByer, TO
OHa HasniBaeTcl émopoil npouseodnoil or f(x) u o6osHayaercs
taki [’ (x). TIoRo6HEIM ke 00pa3oM OMpEAeNRKIOTCA ebiclLUe
npoussodrsie [ (x) or f(x) nopsaka n, rae n—mo6oe Hary-
pasbHOe YUCNO.

‘Bropast nponsBofHas oT GyHKUMH s= f(¢), Bopaaiomed
3aKOH JBMXKESHsl TOUKH Ha NpsMOA, paBHa, OY6BHIHO, YCKO-
peHHIO 3TOH TOYKH B MOMEHT BpeMeHH I.
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Yie M3 CKa3saHHOFO BHIHO, 4TO NOHATHE BPOH3BOAHOM
FIMEET IrpOMajiHOe 3HayeHHe B NPHKJALHBIX BONPOCAX, HO OHO
AB/IfeTcs (PyHJAaMEeHTalbHRIM H B CaMOiH MaTeMaTHKe.

. €THM, YTO nocmosnxoe ducao C, paccMaTpHBaeMoe Kak
GyHKIHA OT X, umeem npoussooHYro, PasHYI0 HYAO Moxcdect-
éeHHo (r. e. paBHyl HyMO AnA BeexX Xx). B camom gesie,
F®=C, fx+an=C, C'= lim =C= lim 0=0.(6)
: Ax—>0 OF Ax—0

OrmetnM eille, 4TO eclM QYHKUMH 4(x) M U(X) HMelOT
B HEKOTOpOH TOYKe X NPOM3BOAHYIO H A, B—nocTosiHHBE
YyHCaa, TO PYHKUUA

F(6) = Au (%) + Bo(x) 4
T4KKE UMEeT NPOH3BOJHYIO, PaBHYIO
| [’ (x)= A’ (x) + Bo' (x). (8)
B gactHocTd, npu A=B=1 nonyunm dopmyay
@ +o@] =u (x)+0 (), )

BHIPAXKAIOILYIO TOT (paKT, YTO NMPOM3BOXHAA OT CYMMH! (YHK-
uMA paBHa cyMMe NPOM3BOAHBLIX OT ITHX QYHKuHA. A npu
B=0 nonyuum topmyay

(Au)’ = Au’, - (10)
BHpAXAMOIIYl0, YTO TOCTOSIHHYIO MOXHO BHIHECTH 83 SHaK

NPOH3BOJHOM.
.B camom peue,

o fEERN—f®) _ pi Au(x-4-h)4-Bo(x+h)—[Au(x)+Bu(n]
Jim P i ; -
T u(x+h)—u(x) . v(x+h)—uv(x) -
= Jim (4 ) lim (B2
= A lim u(x-l—h’)‘—u (x)_l_B lim v(x+h’)'—v!x)=

h—>0 h=>0

= Au’ (x) 4 Bv'(x).

Bo BTOpOM paBeHcTBe B STOH IENOYKE PaBEHCTB Mbi BOC-
NoJb30Ba/NHCh TeM (DAKTOM, 9TO Tpeiesa CYMMH paBeH cyMMe
NPeAesoB, H B TPETheM —YTO NOCTOSHHYIO 32KOHHO BbIHECTH
33 3H&K npejena. :
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Mo uunykumu (cM. § 11.2, aameuanue) MOXHO noxaaa'rb
Gonee abuiee yTBe pXKAeHHe *);

(g au, (x)) = g a;u; (%), (ll)

rAe a;—NOCTOAHHHE 4ucaa, a npo QYHKUMHM u,(x) npea-
no.narae'rcsx 9TO OHH HMMelOT MPOH3BOLHLIE.
B yacTHOCTH, MOMy4YHM MPOM3BOAHYIO OT MHOrOYJ/EHal

(kgo a,,x") = 21 ka,xt=1

(@,—nocTosiHHbIE).

HoxaszatenbctBo ¢opmyan (3) ana awoboro
HatypaabHoro n. Ilpumensem Merton uuaykunu. [lpn
n=2 ¢opmyaa sepua. llomycTtHM, 9TO OHa BepHa AJA He-
KOTOporo HaTypaJjbHoro n. Torsa oHa BepHa TaKKe, €CJiH
B.HeH n 3aMeHHTb Ha n-+ I:

(xn+1)' = (x-x)' =nx""t.x4-x0- 1 = (n+ 1) xn.

Ho Ttorza cornacHo npuHuMny HHAYKuM# ¢opmyaa (3)
BepHa AJA J06oro HaTypasIbHOTO n.

YIOPA)XHEHHSA

1. BuBectu ¢opmyay (5).
2. BrigucauTh npou3BofHHE OT (hYHKIUA

x—3x+1, 24 6x—x+7, 2cosx—3sinx+x—2,
5sinx44cosx—x247.

3. Hanuumre npousBojHHE OT X", Sinx, cOSX H 3aloOM-
HHTE HX.

§ 5.6. IponspogHas OT noKasaTedbHOH GyHKLUH

TponsBoatas oT a* BbYHCAAeTcs no GopMyse '
. (@*) =a*lna (@>0, a=1l). (12)
B uactHocTH, (6¥) =¢€*

*) Hago uMeTh B BHAY 0G03HadeHUe

n n
a1+a,+.. . +a,, = 2 a1=za!,
i=1 1
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.. B camom pene,

i & a* g a—1 .- 2 .
a*) = |lim ———— =1'1m @* ——— =% ' —— i
(@) h—>0 h hs0 h 20 108 (1 42)

— l — X
—.a"logae—a Ina.

=a¥ .
limo logg (142)1/2
2>

3fiecb MBHl BOCIO/IB30BAJIHCh -TOACTAHOBKA @ —| =2 —0
(h — 0), otkyna A=log,(l +2). Hago yuecrs, uto pynKius
log,u ana u>0, B YacTHOCTH NpH u=e, HenpepbBHA
(log,,u = log, e) .

§ 5.7. MNponspoaHas ot JorapudMUyYecKOd (PYHKLHU
ITpousBoanasa or log, x BhiuKcasercs no ¢opmyae

(log,x)'=%logae= L (13)

xina

B uyactHocTH,

(Inx) = (14)

B camom gene,

¢ qi. loge (x4-H)— logax___ . x4h\1/h

(log, ' = lim 5 ,;Lmo log, ( : )=
. 1 s

=h1Ln}) log,(1+7> —hliirL?loga(l—l-?)

. 1 1 .1
= lim - log, (1 + 212 = log,e = o

x/h

§ 5.8. TpouasoaHas oT NPOH3BENEHHS M YACTHOrO

Ecnn ¢yHKUMH u(X) H v(X) HMEIOT NPOH3BOJHEE B TOY-
Ke -X, TO HX INpOH3BEJleHMe H YacTHOoe (NpH YCJOBHH, YTO
v(x) 7= 0) HMeT NPOU3BOJHBIE W CNpaBEJHBEI PABEHCTBA :

’(uv)’ = uv"—l- u'v, (15)
(i) W (£ 0). (16)

] v?

o IlpujanMM He3aBHCHMOK repemeHHOM X mpupamenue Ax.
ITy¢tb CcOOTBeTCTBYIOLHE NpHpAleHHs PYHKUHA & U v GyAyT
Au u Av. Toraa
(uv)’ = lim Al _ iy ("+A")(Z;*'A”)—"”=

Ax >0 A Ax =0 A ' Au

= lim u ==+ lim o254 lim 2= Av=ut' -+ ou’

Ax»0 'A"+Ax-»o A"+Ax’->o'A”' tou,
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NOTOMY 4TO H3 TOTO; YTO U HMEET NPOU3BOAHYIO, CAERYET, 9TO
OHA HenpephiBHa, T. €. 410 Av— O npu Ax — 0.
B 94CTHOCTH, ecn C—nocTosAnKas, 1O

(Cu) =Cu’'+C'u=Cd,

noromy uro C'=0.

Hauee,
pBu_, Ao
(ﬁ)' - (u-[-Au 3_)‘: lim "a A — ou’ — ud’
v Ax— 0 Ax \v+ar v ax-0 U({UTAY) U

§ 5.9. Npoussopnas or tgx n clgx

P sinx \* _ cosx(sinx)’ —slnx(cosx)’
(tg x)'= ( cosx) = cosix

S X — — st in? cos?x :
cosxcox sto x ( nx) sin? x4 ='sec’x (cosx-;ﬁ()),

cos?x cos2 x
17)
o [o0sx \* sin x (o8 x)’ — cos x (sin x)’
(ctgx)’= ( sin x ) = sin? x
-— p 2 .
- ._s"‘sl’r‘l’__.};‘?s._" =-—cosectx (sinxz£0). (18)

§ 5.10. 3apaum

3apaua 1. Hokaxnre, yto
1\’ 1
(—) =—— (xs£0)

%
(5"—‘)"=—75a2ﬁ' (n=1,28,...; xz0).

'St10 nokaseiBaet, 4T0 opmyna (3) BepHa W NpH OTpHUA-
TeJbHHIX LeabiX n. Ilanbme Mbl YBHAHM, 4TO OHa BEpHA H AA
HeleabX n.
~ 3apaua 2. BuuucauTh BpPOH3BOAHHE OT cheAylonmx
GyHKuMA: .

X x—1 x2—1 x2+2x—1
x_l’ vx+l' ”+'y ‘ x » 25"110084\‘;,
2*4+3Inx—>5, secx, e*sinx, e*cosx, xex,

ex sin x
e, —, —, xlnx, x*Inx



§5.11. TIPOM3BOAHASA CJIOKHOR ®YHKUHNU §19
§ 6.11. Mpomnasopuas cromuofi GyHKuMM

Mycts y=f(x) =V (x)] ectb cioxuan pynxunus, sanan-
Hasl Ha HEKOTOpOM HHTepBaje. [Ipn STOM H3BecTHO, uro
GyHKUHH

y=q(u), u=9(x)

HMeloT nponsBojHue. Torza ¢yHkuHs y=f(x) Toke HMeer
[IPOH3BOJAHYIO0, BbIYHC/ISAEMYIO MO (opMy.ie o

Yi = Yalkie, (19)
TAe y, €CTb NpPOHSBOAHAR OT y no x(yz=f'(x)), a y, ect

’

NPOH3BOAHAA OT y mo u(y, = ¢’ (u)) uau
f' (x) =9 (u) $' (). (19)

Yto6ul noxasats (19), 3ajamuM x u npujaguM emy mpo-
. M3BoJIbHOE mpupainenne Ax =0. Torza m u =1 (x) nosnyuur
COOTBETCTBYlOlEe NpHupaileHHe Au, a y(y=@(¥)) noayuutr
B 'CBOI0 Ouepenp onpeje/eHHOe npupaiieHue Ay.

Hmeem npu ycnosud, uto Au=%0,

Ay Ay Au
A = Au A (Buz0). (20)

Ecau nepefith B sToM paBeHncTse K npeaeay npu Ax — 0, To
NOJIy9uM
, . Ay . Ay . Au "
= — zam ll — —
Y A:l:l-r:lo B ™ auo A“A:I‘To & = Yulbar
T. e. dopmyay (19). -
Hano yuecrb, 4T0 Tak Kak (GYHKUHA © =1 gc) HMeeT mno
yC/aoBHIO NpousBoiHylo, To Au — 0 npu Ax —0. .
3ameyanue. B pasencrse (20) mMbt npeanonaranu, uto
KaXJIOMy JIOCTaTO4YHO MajoMy Ax =% 0 coorBercrByer Au 540,
Ecan cayuutca, yto Au=0 npH HekotropoM Ax, 10 yxe
JAe/UTL W YMHOXaTh Ha Au Henb3d M Hajo AOKasuBaTh (op-
Myay (19) npyruM nyreM. 3TO MOXKHO CHe/NaTh, HO MM COOT-
BeéréTByroliee JOKa3aTeNbCTBO He MPHBOAMUM, TeM Gosee yTo
9TOT CJyyail BCTpeYaercsi pejko.
[Tpumep 1. HafiTu nporsBoAHyi0 OT QYHKUHH y=¢**,
Pemenmne. Ilonaraem y=e*, u=2x; nosromy:

Y = (")s (2%); = e*-2 = 2e¥%.
Mpumep 2. Haiitn npoussouyio or pyHKuMH y==e*",
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Pewenne. Honaraem y=e®, u=x*, nosroMy
o =) () =€ 2x =" 2x.

‘TNpumep3 . H #rn npoussomnyio or ¢yHKIME ==
=sin(kx+ b). .
.Pemenne. lonaraem y=sinu, u=~kx+ b, nosroMy

o Yre={Sinu) (kx+b)’ =(cosu) k=~kcos (kx+b).

INpuMep 4. Hafith NnpoH3BoAHYI0 OT QYHKIHH Y = X% ==
=ehxr (x>0, as=0).
Pemenne. Tlonaraem y=e", u=a Inx; nosromy

2 in x
galn _ar_ pyem,
X x

Ly ey (alng e &=
M monysan dopuyay
e e,
BepHyl0 npu Jmobom a0, He ob6sa3arenbHo nesoM. Takum
o6pasoM, HanpuMmep,
V3 = (o) =g am = ,',;.

( %—) =(x"?) =—2x" = —--%.

HNpumep 5 Hafitn nponsposnyio o1 GyHKunH y=sin® s,
Pewenue. [Nonaraem y=u?, u=sinz, z=x3. [losromy

Y= Yilby =Yulls2y = 3utcosz-2x=
=6x sin?z cos 2 = 6x sin? x* cos x3,

YIIPAXHEHH 5

1. BH'!H,CJI.HTB NpOH3BOAHHE OT (QYHKIXHIi1
-X
) e 9w, 3) TE
eX—e~*

4) — 5) cos(kx-+0b); 6) sin’x;

7) sint2x; 8) Vx+1, 9 Viitx

10 Vatox+; 1) In@e—3); 12) /¥—T;
18) e¥*-¢, 14) Vai1x%, 16) In(x+V a*+2).
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§ 5.12. TNpoussoanas obpaTHoN ¢yHKuAK:

PaccMotpum  ¢dyHKumio - y=f(x); HempepblBHYIO H ‘BO3-
pacraiomyio Ha orpeske [a, b]. Ilocaennee osHavaer, uro
GonbiieMy 3HaYeHHIO X ns oTpeska [a, b) coo'rse'rc'rayer Goxmb-
lee sHadeHHe y (pHC. .

Ilyere c=f (a), d= f(b) Ha puc. 87 BugHo, ‘uTo’ Kax-
IOMy BHauYeHHlo y M3 orpeska [, d] cooTBeTCTBYET, H MPHTOM
OlHO, 3HAUEHHE X H3 OTpes- g}

Ka [a, b] Takce, uto Y= 7
= f(x). 3TaM MBI 3ajganu Ha
otpe3ke [c, d] Bnoane onpene- 1
JIeBHYI0 QYHKUOHIO X =@ (y),
KoTopas HasbiBaercss obpam-
Hol pynKyued N0 OTHOILEHHIO Ay
4
¢

K ¢yukuun y=f(x). Ha puc.
87 BugHo, utO GYHKUMA @ (Y)
HenpepuiBHa (cM. § 2.10).
Tak xak ¢yskuus f(x) & a _f‘?ﬁ ? o
BO3pacTa€T H HenpepLiBHA, TO o

npu Ax==0 u Ax— 0 Gy- Puc. 87
ner Ay%=0 u Ay=3 0, chemoBartenbHo,
Ay _ 1 lim Ay _ lim L

Ax "~ Bx/Ay’ ax—0 A 4 50 Ax/Ay’

Mb nomyuunn c¢opmysay A8 nNpPOM3BOAHOH oGpaTHON
dyHKuuU; .
Yo=— (5, #0) @1
Y

OHAa_BepHa, €CJM CYIIeCTBYeT NpoussoAnan x, = 0.
IlpeusaBonnasn arcsinx. Ilyctsb

y=arcsinx (—1 <x<1). (22)
310 HenpephiBHasA, CTPOro BodpacTawoulast GYHKIMA Ha HHTEp-

pane (—I1, +1). O6patHas K Hell (yHKUHA, TOXe Hempe-
pLiBHas M CTPOro Bo3pactaiolas, ectb (cMm. § 2.11)

x=s8iny (—n/2<y<n2).

B cuay ¢opmyan (21)
1 1 s
(arcsin x)’ _y""T;'_’(sm_y)"‘ T
1y 1 _ .
. Vl--—éin’y - v J=2x3 ( 1 <x< l)' (231
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B naunoM cnysae —3 <y<%, nostomy cosy» 0 u

nepes KOpPHeM AOJKeH. OuTh SHaK -+ .

[Mpu x= 1 npaBas uactb (23) o6pamaercs B co. Kaca-
TenbHAA K KpHBOR (22) B STHX TOYKax mapansieAcHa OCH Y.

3ameuanue 3anoMHnTe GOPMYJIbi IPOHSBOAHMX CYMMEI,
PasHOCTH, NPOHIBEAEHHSI W (POPMYJILI IPOHSBOAHEIX OCHOBHHIX
/eMeHTapHBX GyHKUHA: x°, a*, Inx, sinx, cosx, (XX,
arcsinx, arctgx, a Takxe (opMyJy NPOH3BOAHOH CJIOMHOM
GYHKUHH. 3TO 1acT BaM BO3MOMKHOCTb BRIYHCJIHThL NPOHSBOA-
“Hyto Jio6oit snemeHTapHo# ¢yHKuHH. Bes TpymHocTh 8pech
CBOAHTCS K TOMY, YTOGHI yMeTh CBECTH KaXAYIO AAHHYIO Wie-
MEHTAapHYI0 (YHKLUHMIO K LEnoyke OCHOBHHX (HPOCTAIIHK)
BAEMEHTAPHBIX (YHKIUHMH.

YOPAXHEHHUS
1. Tloabaysich popmynol (21), AOKamuTe paBeHCTBa:

S .

1) (arccos x)’ = lv,m? (—l<x<l);

2) (arctgx)' =4 (—oo <x <o)

3) (Inx) =% (yuects, uto (€)' =e*, x> 0,.

4) Boluscauth NpoM3BOAHRIE OT chaeaylowux (GyHKIHA:
In(2x), In(ax), aretg_-‘:—(a,> 0), arcsin x-{-arccos x, arcsin 2x,
arctg x2, )

2. Kak onpepenserc MrHOBEHHas CKOPOCTb TOYKH, JBH-
xyuwefica no 3akony s=f(f)? Kak onpeaenserca kacareib-
Hasi K KPHBOH B ee TOuKe?

3. Uemy paBeH TaHreHc yria HaK/JOHa KacaTelbHOA K
KpHuBO#t y=f(x) B Touke x?

4. Uto HasnBaercs cusoft Toka?

5. Urto HasmBaeTcsi mpou3BOAHOH OT PYHKIUMH [ B TOUKE Xx?

6. Kax Brpaxaeics yepes npou3BoARYIO

a) CKOpOCTb ABHXYyNeACA TOYKH,

6) TaHreHC yrja HaKJoOHa KacaTeqbHOR K KpusoRt y= f(x)?

B) CHJla TOKa B NpoBOje B MOMEHT f?

7. Uto HasmBaercsi YrJOBBIM Ko3(puLHEHTOM NpAMON?
O6wacuure, nouemy GyHKOMA [, HMelomad NPOH3BOJHYIO
B TOYKe X, HenpephLBHAa B STOH TOYKe? ‘

8. I‘I«; KaKoH ¢opMmy/ie BbLIYHC/AETCA NPOH3BOAHAS

a) x°

6) sinx, cosx?
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. B). nocTosnnoit C? -
T) CyMMbl M pasHOCTH?
1) Npou3BefieHNs GYHKUHHA Ha NOCTOSHHYIO?
e) e, a*, Inx, log,x?
) JorapupMuyeckol QyHrUuU?
8) npou3BeAeHUA?
H; yacTHoro?
¥) tgx, ctgx?
A1) caoxHOH QYHKUHH?
M) 06paTHON (PYyHKIUH?
H) arcsinx, arccosx, arctgx, Inx?
9. Uto Takoe BTOpas npoH3poiHasn? KakoB ee pusnaeckui
eMBICI? ‘
10. OnpefeHTh YCKOpPeHHE TOYKH, ABHXYEACH N0 3aKOHaM
a) s=3t% 6) s=5¢(, B) s=2¢
B MOMeHT BpeMeHH £=0, 1, 3, 4.
11. Buuucante yraoBol Xo3(ppHUHEHT KBC8TEMbHOH K
KpHBOi

a) y=sinx, 6) y=cosx, B) y=igx

n n
B Toukax x=0, T 3

12. BruHCAHTE NpOH3BOAHbIE PyHKURH
3/° X X

8) y=x+1'x, 6) y=tg5—clgy,

B) y=Inlg (—;—) , 1} y=In(In(Inx)).



. IJIABA 6
NPUMEHEHHUSA NPOH3BOAHON

~-§'6.1. MakcuMyM ¥ MHHHMYM QYHKUHH

Ha puc. 88 m3obpaxena nenpepriBHas GyHKuus y=f(x)
(@< x<Cb), Kotopyio Gyjem mpearnonaraTb HempepuBHO Akp-
Q)ept[mm;pyemoﬁ-,, T. €. MMEIOIIEH HeNMpepLIBHYIO NPOH3BOAHYIO,
Ha (a,

Ha orpeske [a, b] umeloTca nBe 3aMeyaTesbHBIE TOUKH X,
u b. HMMeHHo opauHata f(x,), COOTBeTCTBYyIOWlasi TOYKE X,,
g ABNAeTcs HaHOoNblUEeH cpeaH

] opauHat f(x), cooTBercTBYIO-
KX JIo6bIM. TOYKaM x OTpes-
ka [a, b], a opaunara f[b] sB-
JifieTcs HauMeHblle# CpeflH yKa-
3aHHBIX [ (x).

! Bsenem onpenenenus. Tog-
L= K& X, OTPe3Ka E’a, b] nasniBaetcs
0°%  oukotl maxcumyma dyrxyu f
Puc. 88 Ha smom ompeske, ecan f(x,)
ecTb HauboJiblliee CPefiH 3Hauye-

Huit f(x), cooTBeTcTBYIOIMUX JIOGHIM X H3 [a, b]:

) Z=fx)  (e<x<b)

(cM. pue. 88). Touka x, oTpeska [a, b] HasnBaerca moukod
MURUMYMA dynkyuu [ Ha smom ompesxe, ecim f(x;) ectb
HauMeHbIllee CPeNH 3HaueHHH f (x), COOTBETCTBYIOLIUX JIOORIM X

)
Rl <t @<x<h),

Touka MakcuMyMa HIM MuHNMyMa [ Ha orpeske [a, b]
HasuBaeTc moukoi skcmpemyma (extremum) Ha [a, b].

AHaNOrH4YHO OnpeesAloTCA TOYKH SKCTPeMyMa Ha HHTEp-
Bane (a, b), T. €. Ha COBOKYITHOCTH TOYeK X OCH x, JIJA
KoTophlx a < x < b (cM. HHXKe 3ameyaHue 2).

BeeneM onpeieneHus .
. Oxpecmrocmoero mouky x, (OCH x) Ha3blBaeTcs JoGOM HH-
1§pna61) (%0—98, x,+68) (ocu x) ¢ ueHTpom B 3TOH TOUKE
(6> 0).

Nk —m——
S DR—
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© -+ Jlesodk oRpecmHocmbl0 mMOYKU X, HA3BLIBAETCS MHOMXKECTBO
TOYEK X, YHOBJETBOPAIOMWMX YCJIOBHAM X,—O8 < x < x,.

I pasoit oxpecmnocmoto mouxu x, Ha3HIBAETCS MHOXKECTBO
TOYEK X, YJOBJETBOPSAIOWHX YCHOBHAM X < X < X+ 6.

Ha puc. 88 kpoMe TOukH x, OTMEUeHHl elle TpH 3ameda-
TeJbHEIE TOYKH X, X, Xs. 10YKa X; He SIBJISAETCH TOJKOA
MakcuMyMa Ha [a, b]. OnHako MOXKHO yKa3aTb ee OKpecT-
HoCTh (x3—96, x;+ 6) HacTo/bKO Manylo, 4TO Ha Hel X, ¢cTh
TOYKa MakcHMyMa. Takyio TOYKy HasBIBAlOT TOYKOH 10Kkaab-
H020 Maxcumyma GYHKUHH f. ‘

Hrak, Touky x, orpeska (a, b] Ha3biBalOT moukod a0KaAb~
HO20 Maxcumyma f, ecin CyLIeCTBYET ee OKPeCTHOCTb, MPHHAL-
Jexanias otpesky [a, b], Ha KOTOpOH X, eCTb TOYKa MaKcH-
MyMa. '

CooTBeTCTBEHHO TOYKY X, OTpe3ka [a, b] HasbiBaioT mou-
Kol AOKAAbHO20 MUHUMYMa [, e CYLIECTBYeT ee OKpecT-
HOCTb, NpHHaJIeKawas orpeaky [a, b], Ha KoTopoRt x, ecTb
TOYKAa MHHHMYMa. '

Mur BuauM (cMm. puc. 88), 4TO X H X; CYTb TOUKH JIOKa/b-
HOro MHHMMyMa f, a X,, Xy— TOUKH JIOKaJIbHQro MakcuMyma f.
Ilpu atoM x,, KpoMe TOro, ecTh TO4Ka MaKCHMMyMa Ha OT-
peske [a, b]. _ o

Touku JIOKaNbHOrO MakCHMyMa W MHHHMYMa f Ha3bBalOT
MOYKAMU AOKANBHO20 SKCmpeMyMa f.

B mouxax aoxaabrozo skcmpemyma f, OYEBHAHO, npoU3-
600Haa om [ pasra nyao*). B cayuae puc. 88

fl(x0)=01 f'(xl)‘:or f'(x5)=09 f'(xa)=0-

Bce xe Hajo UMeTh B BHAY, 4TO OOpaTHOE yTBEpKAeHHe
‘He Bceraa BepHo. Ecau npousBogHas or f B HekoTopoit
‘Toyke X, paBHa Hymo (f'(x,)=0), T0 x, MOoxer ne OuThb
TOYKOH JIOKAJbHOro 3KcTpeMyMa [ (CM. HHxe npumep 1).

Jaaum popManbHOe N0KA3aTeNIbCTBO TOro (aKTa, 4TO ecAd PyHK-
yua y=1Ff(x) umeem npouseodnyo e mouxe Xy, fK6ARWeEICA mouxol
A0KQAbHO20 skcmpemyma [, mo npouszsodnana om f 8 smod mouxe
passa Hyao. :

B camoM feje, nycTb AAsi onpefieleHHOCTH f HMeeT B Xy JIOKaJb-
nwfi makcumyMm. Toraa Benoausercs HepaBeHCTBO f(x)<< f(xo) ans
TOYeK ¥, JOCTATOYHO GAMIKKHX K Xg, HE3aBHUCHMO OT TOro, 6yger anm x

*) Moxuo Ouito Obl CKa3aTb, 4TO QYHKUHS [ HMeeT mpaBHil Jo-
KaJbHHH MBKCHMYM B TOuKe Xg, ecln [ (¥) < f(xp) Ans Bcex X, npH-
HajJleXal¥Xx K HeKOoTOpol npaBoll OKPECTHOCTH X (Ro < x << %9+ 6),
KaK STO, HaNpuUMep, HMeeT MeCTO AJs rpadHKa Ha pHc. 88 npH x,=a.
Ho npoussogHas ?’ (Xp) B Taxoit Touke He 00f3aTeJbHO paBHA HYJi0,



. 126 “TJL..6 JIPUMEHBHUA TPOUIBQAHOR .

Goxbuwie HAU MeHbie X,. ClegoBaTefbno, AR TONeR &, JOCTATORHO

GAM3KHK K X,

F(x)—f (xq)
x—xg
f(x)-

<0, ecnn x—xy > 0, )

=0, ecstt x —x,< 0. 2

Mo _ycaosnio Q)ynxu.us f HMEeT NPOH3BONHYI0 B TOYRE X, B MOTOMY

cymecnyer npenen

f () —1 (%

X—Xg

=F" (5.

Ho 8TOT npqe.n nomxeu OHTb OXHHM H TeM e WHCHOM, Gyger

am -Pa3HOCTb X—XpCT
;MM oTpHUATENbHOR.

EMHTBCA K HYJIO , OCTABAACh MNO/0XKHTENbHOMA
3 (1) cmenyer, uto f' (x,) << 0, a H3 (2) crnepyer,

m f’ (x5) = 0. Ho 310 BO3MOXHO, JHWb ecan [’ (xo) =

l'lplmep 1. PyHruus (pnc 89) y=f (x)=x* (—l<x<l)
ue 'HMeeT JIOKa/IbHBX IKCTPEMYMOB Ha OTpeake [—1, +13,

Puc, 89

HO €e TIpPOHSBOAHAsA f(x)—-:
=3x* B Touke x=0 paBHa

Hymo (f' (0)=0).

Cka3aHHOe fOMOXeT HaMm
yKasaTb nyTh, CIAeAys KOTOPO-
MY MOXXHO HAXOIHTh MaKCUMYM
H MHHUMYM (3KCTPEMYME) Py HK-
UHH HA OTpesKe.

Tlycts Hapo HafiTH SKCTpe-
MyMul pyHKuud [ Ha oTpeske
{a, b], rne ona HenpephiBHA H
HMEeT HeNpepbiBHYIO MpOHUs-
BOZIHYIO. HaxoznuM nponssop-
Hylo ['(x); npHpaBHABaeM ee

HYJi01 f’ (x)==0 HaXoAUM Bce KODHH MOJIy4eH HOrO ypaBHe-
_HHUA, DpPHHaAJeXaiuue (a, b), cuHTad, YTO HX KOHEYHOE YHCJIO:

BRIYUCJIAEM YHCJA

Xiy Xgy ooy Xps

F@, Fee, FR oo Flan), FO) O

H BHOHpaeM cpead HHX HauCGoJbluee H HaHMeHbliee, KOTOpbE
0603HaTHM COOTBETCTBEHHO 4yepe3s M u m.

Ta u3 Touek a, xq, x,, ..

, Xny b, AR Kotopoft 3Have-

uuA (3)  RocTHraioT Maxcnuyua H eCThb TOYKAa MaKCcHMyMa f
Ha {a, b], oGo3naunm ee wepe3s x,. Ta ke TouKa, s KOTO-
poil sHadeHHA (3) AOCTHralOT MHHHMYMa, €CTb TOYKAa MHHH-
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“myma f Ha [a,b], o6osHaunm ee wepes x, .Hrak ,

max xX)=flx)=M i = ) =m.
Jmax [ =fe)=M, min f@)=Ffx)=m
3amevanue 1. Ecan na orpeske [a, b] Her BoBce
KopHe#t ypaBHenus f'(x)=0, To M ecTb MaKcHMaiabHoe, a
m-—MHHHMadbHoe cpeau uucea f(a) u f(b). o
3ameyanue 2. BuBaer, 40 HaAo HCKaThb 3IKCTPEMYM
Ha uHTepBane (a, b), rae MoxeT OKasaThCAA, YTO @==-—oo0,
a b=+o00. Toraa ponb aucen f(a)
u f(b) GyAyT HrpaTh npeAennl
lim f(x) n limf(x)
x> a x>
x>a x<d

H M moxer okasartbes He max f (x),
. agxg<)h

a HaHMEHbIIHM YHcaoM 66abmuM f (x)

Ha (a, b). ,

[Tpumep 2. Ilan xBagpaTHbIl
JICT 3KeCTH co cTopoHoii a. U3 Hero
B €ro yrjiax BHIPesaloT OJHHAKOBble | q
kBappathl (puc. 90) u, 3aru6as aucr Puc. 90
N0 NYHKTHPHLIM JIMHHAM, JeJaloT _
NpAMOYTOJIbHYIO KOopoOKy. IIpH Kakux pasmepax KBaapaTros
o61eM KopoOku Gyaer HauGoabIIAM? .

JauHy CTOpOHBI KaXIOro M3 Bbipe3aHHHX KBaZpaToB
o6o3naunm uwepes x. Torna o6veM KopoBKH V ‘ectb QyHKyuA
OT X, BhipaxaeMasa ¢opMyJIoH

V({x)=x(a—2x)* (ng < %) .

Hazo HailTh MakcuMyM 3T1ofi (yHKUHH - Ha [0, -"2—] Hmeem
V' (x) = (@a—2x)*—4 (a—2x) x=(a—2x) (a—6x).
Tpupasrusan mymo V' (x), monyunm ABa KOpHA X = -g-,
:§§=%, o6a mpuUHalJeKallue OTPesKy [0, -‘2’-] ‘

~ HanGoablnee u3 crepylomHux Tpex 4HCeN

V(0)=0, V(%):%a?a, V(—;-).':O

H eCTb MaKCHManbHuil 06beM KOpOGKH, COOTBETCTBYIOMAA

. N=%.
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ITpumep 3. B uenrpe RpyroBo#l KOHBKOGEWKHOM H0-
POXKH pajuyca r Ha BricotTe h noapeiueH ¢oHapb. OcBeleH-
HOCTb JIOPOXKH MOXHO BBHIPasuTh uMcioM T, KoTopoe Bhl-
yucaserca no dopmyne

ksina

T =pra
rae k—uucio, onpenensieMoe MomHocThio QoHaps, & tg a=
=% (puc. 91). Haiitu BhICOTY A

cTon6a, NpY KOTOpOH JAOpOKKa Oy-
HeT OCBellieHa MAaKCHMadbHO.

Pewenne. Boipasum T depes
@, HCKJOUHB A

k  sina k..
T=—5t—g—,—o-‘-:*_—l=7,-smacos'a
0<a<}).
Puc. 91 ( ST 2

Hapo naittn makcumym oyskuud T =T (a) Ha [0, ;—] .
T. €. Cpely 3HaueHHH @, YJOBJIETBODAIOWIMX HepaBeHCTBaM
0 agg-. Peiunaem ypaBHeHue

T (a) =—f,- (cos* a—2sin?a cosa) =0.

OHo pacnagaercsi Ha [ABa YpaBHEHHs!

cosa =0,
1

cosfa—2sin*a=0 wm tgla= 5

IlepBoe ypaBHeHue Ha [O. -;l] HMeeT KOpeHb o.=3; BTOpOe

e HMeeT €AHMHCTBEHHOE pElleHHE

1
o, = arctg (-‘7——2) ~ 35°15°,

T (0) =T(’21) =0,
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Haun6osnbwee cpeau stux uncen ects 7T (). EMy coor-
BETCTBYET BLICOTA CTONGA

r
h=rtgo,=—=.
V2
KoneuHo, ckopee Bcero, y aaMUHHCTpalHH KaTKa HeT
TaKOro BEICOKOro ctosifa. [IpuaeTcs mocTaBHThH KaKOH eCTh.
HYCTI: B pacnopsKeHuu AAMHHUCTPAUNY HMEETCs cT0N6 BhHI-

coroli H < 7’—72 Emy coorsercryer yroa
a;=arctg g < &

[Iponssonnas T’ (@) He oOpawaercs B Hyab (He nMeer
KopHeit) Ha wunTeppane (0, a,). Torma makcumyMm T (@) Ha
(0, @) ecrb HamGonbuwee cpepn uncen T (0)=0 u T(a,),
T. e. yucao T (@), KOTOPOMY COOTBeTCTBYeT Bbicota H.

Takum ofpasoM, yMmeHbaTh wuMeloulHiics CcTOAG (ero

r
anuHa H <V_§) BO BCSKOM CJ/ly4yae He HYXKHO.

YOPAXHEHHUSA

1. Yucno 12 pasnoxurb Ha ABa cjaraeMeiX, 4toObl HX
cyMMa KBaapaToB Obuia HauMeHbLuel,

2. Ynucno 12 pasnoxuTh Ha ABa COMHOXHTENA, YTOGHI
CyMMa MX KBajpaToB Obl1a HaWMEHbIUEH.

3. Haittu BrICOTY uUMAMHApa HauGoabLlero ofbema, KOTO-
poiff MOXHO BnucaThb B Iap paxuyca R.

4. Kopabab crouT B 9 kM OT Gauxkaiilieli TOUKH NmpAMO-
JAvHefiHOro Gepera; ¢ Hero HYXHO NOCKATb Kypbepa B Ja-
repb, pacnojoxeHHbi#i B 15 kM, cuutan mno Gepery ot Gju-
Xafiwe K wopabmo TOYykH Oepera (narepb HaXOAMTCH Ha
Gepery). B xakom nyHkrte Gepera
Kypbep JAOMMEH ApUCTaTh, YTOOHI
nondcte B Jarepb B KpaTwaidiuee
BpeMsi, €CJIN OH HAeT MELIKOM CO CKO-
pocTbio 5 KM/4, a Ha Becaax co |
ckopocTbio 4 KM/4? b

6. Ms kpyrJoro GpesHa anamer-
pad Hajo Belpe3aTh GaJIKy npsMoO-
Yro/IbHOTO CeYeHUA C OCHOBaHHEM
a u BuicoTol A (puc. 92). Tlpu .
KaK¥X 3HaueHHsX a W h mpouHoc:: Puc. 92

5 C. M. Huxoasckuil
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Gaqky 6yfer Han6osbLIeir, €C/IH H3BECTHO, YTO POYHOCTD 6aNKy
NpONopHHOHaIbHA ah??

6. Haittu nauGoabmyio njomanb paBHOGeApeHHOro Tpe-
yroibHWKa, BNVUCAHHOrO B KPYr paaumyca R.

7. Yro Takoe TOuKa MaKCUMyMa (MHHHMYMa) QyHKUMA f (x)
Ha OTpesKe?

8. Uto Takoe TOYKa JIOKAJLHOrO MaKCHMyMa (MHHBMYyMa)
dynkunn f(x)?

9. Uro Takoe TOYKa SKcTpeMyMma ¢yHRuuM f(x) Ha oT-
peake [a, b] ¥ Touka ee JIOKaAbHOTO SKCTpeMyMa?

10. Moxer JM TOUKa JIOKAJAbHOrO SKCTPEMyMa GYHKUMH
f(x) 6uTe KOHueBO# TOuKOM oTpeska [a, b}, rae sanana sTa
dynruns?

11. UeMy paBHa npou3pojHasi OT (YHKIME B TOUKE ee
JIOKaJIbHOT'O SKCTpeMyMa?

12. IlpuBeante nBa npuMmepa (QyHKuuil, KOTOPHIE BMEIOT
B HEKO10pO# TOUKE X, NPOM3BOLHYIO, PaBHYIO HYJIO (f' (x,)=0),
B 9TOGH NpH 3TOM X, He 6blNa 6B TOUKOI JIOKAJbHOTO SKCTpE-
MyMa (yHKIHH f.

13. B ueM COCTONT METOA HAXOXAEHNS SKCTPEMYMOB QyHK-
HHMH Ha OTpe3Ke?

§ 6.2. Bospactanue n y6niBanne QyHKUUM

Ha puc. 93,a (cootBerctBeHHO Ha pHc. 93, 6) H3obpaxeH
rpauK HenpepHBHOH Bospacraiomeil (yOmBawowmeil) Ha [a, b)
¢yHKIHUN.

9 7

A z 4 ¢ 70
Puc. 93

Ecnu ¢yHkuuA [ He TOAbKO HenpephBHa HA OTpesKe
{a, b], HO 1 HmeeT Ha HeM HenpepHBHYIO NPOHSBORHYIO f' (),
TO NO 3HAaKy INPOM3BOAHON MOXHO 3aKJ0YaTh, BO3PACTaeT
nau y6uBaer f Ha [a, b]. Fimenno, umeioT MecTo yTBepM-
JeRns:
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1) Ecau f'(x) > 0 na (a, b), mo f eoapacmaem #a [a, b].

2) Ecau f' () <0 na (a, b), mo [ ybeeaemn na [a, b].

B camoMm gere,

[ (x)=tga,
TAe @ ecTh YroJl Mexjay KacaTesbHOR K rpaduKy B TOUKe x *)
¥ MONOXHTENbHBIM HanpasieHneM ocH x. Ho ecau f'(x) >0
Ha (a, b), To Bciopy Ha (a, b) **) yron o ocTphii, 4 u3
rpaguka BHAHO, YTO B 3TOM CJayd4yae QYHKUMA MJOIKHA BO3-
pacrate Ha [a, b).
- [lonuepkueM, yro npH 3TOM nepBasi NPOU3BOJHAS B KOH-

ueBLix To4ykax [a, b] Moxer GbiTh paBHA HYJIO..

Ecnn xe ' (x) <O Ha (a, b), To Bcloay Ha (@, b) yroa
@ TYMOH, WTO, OYEBHMJHO, MOMKET ObiTh, JIHIUD ecau [ yOuiBaeT
Ha [a, b] **¥).

[Tpumep 1. Dynkuna y=e* (— oo < x < o0) BO3pa-
CTaeT Ha BCeH NeACTBUTENBHOH OCH, mOTOMY 410 Yy =e* >0
(—o0 < x < ).

[Tpumep 2. Pyukuud
y=x2+2x+1 (4)

uMeer npousBonHylo y' =2x-+-2. HepaserctBo 2x+2 >0
uMeeT MecTo A ¥ >—I1, a HepaseHcTBo 2x+2 < 0 uMeer
mecro ana x < —1. CrnenoBartenbno, ¢ynxkuusa (4) yOuBaer
ana x << —!1 u Bo3dpacraer maa x=—I1.

YOPA)XHEHUA

t. OnpezenuTh WHTEpPBajAbl BO3PACTAHHA W YObIBAHHS
byHKUn:

a) x»*—4x+2; 6) —x®+2x+1; B) cosx; ) (x—1)*+2;
A) (x+2)%

§ 6.3. BhnykaocTb H BOrHYTOCTb

Paccmorpum dyHK1MIO
y=fx) (a<x<b).

[pennosoKuM, YTO OHA HMeET BTOPYIO HElpepLIBHYIO MPOH3-
Boanyio [ (x).

*) To ectb B TOyke rpaduka, uMeiower aGeuucey x.
**) To ecTb A8 BCeX 3HAaYyeHHil x U3 HHTepBaaa (a, b).

;;‘% dopmanpHoe oGoCHOBaHWe yTBepwkieHnuir 1), 2) cMm. Janee
B § 6.5.

L3
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Bropas npoHusBozHas or f(x) ecTb nepsas NpPOH3BOAHAs

or f'(x)
() =[F @)
Dro [gKasLIBaeT, UTO ecau 6mopas npouseodnas om [ Ha
uamepeare fa, b) nososxcumenvra:
'@®>0 (@<x<d),

Mo nepsas npoussodnas f' eospacmaem Ha smom urmepease,
@ eosu emopas npoussodras om f wa (a, b) ompuyamervrai

f"(x) <0 (a<x<bh),
mo nepean npoussoduasn [’ ybeweaem Ha (a, b).

7

-7 a )
Puc. 94 Puc, 93

Ma puc. 94, 95, 96 usobpaxens rpaduku QyHnkuui, co-
.m;’e’m lomne nepBoMy cayvawo (f'(x) >0, a<x < bl Ha
iWORtax [a, b] BTOpast NPOM3BOAHAS MOXKET PABHATLCS HYJIIOl).

']

— 0 0 20 0
Puc. 96 Puc. 97

VY Bcex Tpex rpagMKOB TaHI€H@ yrja o HEKJIOHAa Kaca-
veaphofi K ocu x (tga=f’(x)) Bospacraer Bmeere ¢ x. Ha
c. 94 yron @ ocTpuil A1 Bcex dHaueHWit x M3 OTpe3ka

, b]. Ha puc. 95 on Tynofi; ¢ Bo3pacranuem x yroa cra-
woBHTCSI BCe Gosee w Goyiee TynbIM, a ero TaHreHe (OTpulia-
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TenbHHI) yBenuuupaetrcsi. Hakonen, na puc, 96 Besauuyuna
tg o pacter cHauala, NpHHHMAsd OTPULATE/bHLIE SHAYEHUs
(Ha (a, c)), obpamaerca B Hyab npu ¢=0, a 3ateM pacrer,
NpHHUMAs MOMOXKUTENbHbIE 3HAYeHHA (Ha (¢, b)).

Poct tga Bhi3Bam 71em, uro Bropas npoussoanas ot f
nojoxuTenibHa Ha [a, b).

Mbl BHZMM, YTO BO BCeX TpeX ciayyasx rpaduk pacroJio-
MEeH BLIILE KacaTeNbHOil, NIPOBeIeHHOH B JIIOOOH €ro TOYkKe.

Y g %

9777 a3 3 7 7z L)
Puc, 98 Puc. 99

Fpabuk dyHKunu f Ha3bIBaeTCA Botnyrsvim KUY (Kéepxy)
Ha uHTepBane (a, b), ecau B moboit Touke (a, b) oH pacno-
JIOXeH Bbillle (HMXe) KacaTesJbHOH, NMPOBEIEHHOH K HeMmy.

Puc. 97, 98, 99 paior npuMepn BHINYKJALIX KBEpXy
(yHKIHE.

CnpaBeJIMBO yTBepXAEHHE: ,

Ecau ¢ynryus y=f(x) umeem Ha unmepsasre (a, b) amo-
pyro npoussodnyio ' (x) nosoxcumersHyro (ompuyameroryro),
mo ee epaux euinyrasil kHusy (xsepxy) na (a, b).

B cayuae, korma f"(x)>0, (a < x<Cb), avo yTBepKIE-
HHE y)Ke pasbsCHEHO, a B caydae, kKoraa f”(x) <0 (a<x<b),
OHO CJIeAyeT U3 paccMOTpeHMs rpadukoB Ha puc. 97, 98, 99.

Boinyknble KBepxy (KHM3Y) KpHBBIE HAa3bIBAIOT elle 802HY-
meimu KHU3y (Keepxy).

OTMeTHM BaX{HOe YTBEDMKIEHHE:

Mycme  ynxyus f(x) umeem 8 OKpecmHoCmu MOUKY X,
HenpeposHyto 8mopyro npoussoduyro. Ecau

I (%) =0, [ (x)<0,
mo f umeem e mouxe x, aoxaroHolll maxcumym. Ecau ge
f(x)=0, [ (x)>0,

mo [ umeem 8 X, A0KAAbHOUL MUHUMYM.
CnpapeanuBocTb 3100 YTBEPXKJAEHHA HENOCPEACTBEHHO
cneayer u3 paccMorpenus puc. 100 u 101 *). Hamo yuects,

*) ®opmansHoe O0GOCHOBAaHHE 3TOrO YTBEPXKACHHA CM, jajee
B m 6,5,



134 fJl. 6. IPUMEHEHHA NPOU3BOLHON

y 4

e >3 0 0
Pac. 100 Prc. 101

®TO M8 TOro, YTO BTOpasi NMPOH3BOAHAA OTpHLATeNbHA (MOJO-
XKHTE/JbHA) B TOUKE X,, CJAelyeT B CHJY €ee HeNnpepLiBHOCTH,
9TO 'OHA OTpHUATE]bHa (NOJNOXHTENbHA) H B HEKOTOpOH OK-
PECTHOCTH STON TOYKH.

YOPAXHEHHA

1. Uro nasuBaerca GyHKIHe# a) BoapacTatoulelt, 6) yOul-
mawoileii Ha oTpeske [a, b)?

2. Kak no 3HaKy npousBOAHOH MOXHQ y3HaTb, BOSpacTaer
mau y6eiBaetT QyHKNMs f Ha oTpeske [a, b]?

8. YUro HashiBaeTcsi TrpadUKOM QYHKUMH a) BHOYKAbIM
xBepxy, 6) BLINYKJLIM KHH3y Ha HHTepBaJe (g, b)?

4. Kaxk no 3HaKy BTOpPOH NpPOH3BOLHON Y3HAThb, UTO KpH-
sas y=f(x) Ba uHTepBase (a, b) BHINyKJa

a) Kpepxy, 6) KHH3Y?

5. ChopMynupyiite Ha A3bIKe NPOH3BOAHBIX AOCTATOYHOE
yCAOBHE CYIIECTBOBAaHHA Y (QYHRNMH f B TOUKe x4 JOKaJbHOTO

a) MakcuMyMma, 6) MHHHMYyMa.

6. Onpenennre HHTEpPBaJbl BHNYKJOCTH KBepXY H KHHU3Y
Y KpHBLIX; ONpelesuTh NO 3HAKy 2-# NpoH3BOAHOH HX TOY-
KM JIOKaJIbHOTO MaKCHMyMa, MHHHMyMa:

) y=x% 2) y=3x% 3)y=—2x3, y—;"-;

4) y=2x*—3x+1; 5) y=2—x—x% 6) y=2x"—x"
7) y=e*sinx (0<x<2n); 8) y=sinx+ 0,6sin2x.

§ 6.4. Yepuenue cxemaTHyecKkHx rpaduxos

Uto6b NONYYHTh CXeMATHYeCKHH TpadHK (QYHKLHH y =
= f(x), Hano npexne Bcero oTAaTh ce6e OTUET B TOM, KAKOBa
ee o6sacTb onpenenenus. OO6LIYHO STO €cTh BCA OCb X, JHGO
OCb ¢ BHIKOJIOTHIMH TOYKaMH, JHG0 MHOMKECTBO, COCTOSLIEE U3
HECKOJIbKHX HHTepBaJOB HJH OTpe3koB. [losesHo BhgHCJIe-
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HUEeM OMpEeJeNHTb OJHY H/AM HeCKOJbKO TOYeK, uepe3 KOTO-
pble mpoxoaut rpapux dynkuuu. Ecim obnacts onpegene-
HUA QYHKUMH He OrpaHHYeHa, TO HaJ0 BLIYHCJHTbL 0pefesnt
QyHKuMH MpH X — 400 M X—>—o00, YTOGH MpPEJCTABHTH
cefe, KaK roBopAT, NoBefeHHe DYHKUHH HA GECKOHEYHOCTH.

~ Baxuo BhiuucauTh nepsyro M Bropyio npoussopsbie (f (x)
¥ f"(x)) 1 HaWTH KOpPHU ypaBHeHUH

F()=0 u [ (x)=0.

Ilna Kamxzaoro sHadyeHHs X,, TAe NepBad NMPOH3BOAHAS paBHA
HYJIO0, C/elyeT NPOBepHTb, He GyAer JIH JJIsi HEro JoKafb-
HOrO0 MaKCHMyMa WJH MHHHMyMa ¢yHKuHH. Hajo Takke Bol-
YHC/HTb AJIA X, H COOTBETCIBYIOLIee 3HAYeHHe DYHKIUHH [ (X,).
Mel, 1akum ofpasoMm, GyfeM 3HATb BaXKHBIE TOUYKH (X, [ (%)),
yepe3 KOTOpHE MPOXOAHT rpaduK (GYHKUHH. 3HaHHe STHX
TOYEK MOMOXET HAHTH WHTepBaJbl BO3PACTAHHA H yOLIBAHHSA
DYHRKLHMMA.

Hakoneu, ecnu ypacrea HailTH KOpHH ypaBHeHus f” (x)=0,
TO MOCJHeJAHHe MOMOrYT YKa3aTb MHTEPBaJbl BbINYKJIOCTH
GyHKunn kBepxy H Kuu3y. Ha ocroBe 3tux paHHBIX yxe
HETPYAHO MNpeACTaBHTb cebe CcXeMAaTHYeCKHH BHJ rpaduka
Heee1yeMod QYHKUHH.

Ho ofpatuMcs k npumepam.

[Tpumep 1. Hano napucosaTe cxemarHdeckuit rpabuk
dyHKUHH

f) =% —304 54 1.

St1a DyHKUMA OnpejesieHa M HenpepbiBHA HAa BCeH OCH X.
YroGbl y3HATb, KAK OHa BefeT cebsi Ha GeCKOHEYHOCTH,
BO3bMeM Mpefebl
lim fo)=lm [ $—3+5+5]=+o0,

x

o 0= A[3— k]
HmeeM Takke
fO)=1,
Fx)=x*—6x+5=(x—1) (x—5),
f” ()C) = 2)5—'6,
OTKyAa

F(H=F(5)=0,
F@=0, [F®W>0 (x>3), W0 *I3).
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Brunumem Toukn x, rge ' (x)=0 n ' (x)=0, u ToOUKY
x=0 ¥ BHYHCIHM COOTBCTCTBYIOLME 3TUM TOYKAM 3HAUEHHUA
$yHruMH

foo | 1 {103 ] —2 |—22/3

Ha ocHoBaHWM STHX JaHHBIX HapHCyeM cXeMaTH4ecKuil
rpapuk uccaenyeMoi ¢yHkuuu (puc. 102).

Ha wnnrtepBane (—oo, 1) (rme f*(x)>0 n f(x)<0)
¢ynkuna f sospacraeT or —oo [0 y=-r , rpaduK o6GpaiueH

BHINYKJIOCTBIO KBepxy. B Touke x=1 ¢ynkuusa f mocruraer
J JIoKaibHOro MakcuMyma. Ha nnrep-
Base (1, 5) ¢ynruust [ yOuBaer,
JOCTHras 1MpH X =>5 JOKAJbHOTO MH-
HHUMyMa, paBHOTrO =—-23,?-, a 3ateM
Ha HHTepBane (b, co) OHa BoO3pa-
CTaeT, CTPEMACk K -}-o0o NpH X —
——+4oo. [lpn arom Ha unTepBane
(1, 3) (rme f"(x) <0) rpadpux npo-
JOJKaeT MMETh BHIMYKJOCTh KBEPXY,
a Ha HHTepBaje (3, oo) (rae f” (x)>0)
OH O06pallieH BHINYKJOCTbIO KHH3Y.
Touka rpadmka *) c aGcuuccofi
Prc. 102 x =3 3aMeqatenbHas. IIpu nepexone
) X Yyepes 3Ty TOYKY BEINYKJOCTb I'padu-
Ka KBepXy 3aMeHSieTcsl Ha BBINYKJAOCTb KHU3Y. Takas Touka
BasbiBaeTCsl moukod nepeeuba epapuxa. B Touke nepernba
?,Tg)aﬂ 61pon330,u.ﬂan or f paBHa Hynio. B paHHOM ciyuae
MMpumep 2. HapucoBatb cxematuueckuii rpadpuk pyHk-
umil

F) =12

l—x°

*) To ectp Touxa rpaduxa, uMelomasn aGeuncey x=3,
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Hmeem
[0)=1,
['(x)= x)2>0 (oo <x <1, 1<x<+00),

Pt '4 [ >0 (<D,
T=0| <0 (x>1).

PaccmatpuBaeMas ¢yHKuMs e onpepeneHa npu x=1 n

lim f(x)=+ o0, lim f(x)=— o0,
x=>1 x=1
<1 x> 1
1
. ]
lim f(x)= lim ———=—1,
x> +to Xt _l+_l_
X

Ha pue. 103 na ochoBaHuMM 3THX A@HHEIX NOCTPOEH CX@-
matuyeckuil rpadux dynxuuu f.

Ih
I
|
7
Z -
==:::::::i? d z
-7
! /—_
!
Prc. 103

Mpumep 3. Hapucosats cxeMatuyeckue rpapuku QpynK.
unh:
1} x4 x41; 2) x2—5x+6; 3) —x2+x+2;

g =l 5 X3 g 9
x+l’ 3 2 + ‘

§ 6.5. TeopemMbl 0 cpelHem

Huxe Mbl JOKa3biBaeM TEOpeMH, HMeloine GoJbilloe 3HauenHe »
anaanae —teopeMy Poaas n teopemy Jlarpawxa. HMx RasbiBaoT Teo-
pemaMi o cpegHeM., C TNOMOWbIO 3THX TeopeM JaeTcid (oOpMalbHee
ofocHoBaHMe yTBepxJeHHH, Joka3aHex B m. 6.2 u m. 6.3,

Teopema 1 (Poaas) Hyemov dynsyus [ nenpepuisna ta om-
pesxe [a, b], umeem npoussoduyo Ha utmepease (a, b) u npunumaesn
pastisie 3uadenun Ha Konyax ompesxa [a, b) (f (a)=f (b)). To2da na umn~
mepsase (a, b) éceeda Hatidemcs maxas mouka ¢, wmo 6 el npou3eed-
Han om [ pasna Hymo:

I'@=0, a<ec<b
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Ha puc. 104 u 105 nso6pamentt rpaduky GyHkuuit f, yrosnerso-
PAICUIHK yCAOBHIO Teopemul Poaas. Y mepBoit GyHKUHH HMeeTCH. OfHA
TOYKa U3 HHTepBasa (a, b), B koTopoft ee MpOM3BOAHAA pPABHA HYJO
F ;c)=0),0y BTOPOil — UMEIOTCA [(Ba TaKH® TOUKH ¢f H c3 (' (cf) =
= ’(C’ =0). )

llo)x aga TeabcTBo, [IycTs xi 4 X3 CYTh TOYKH, B KOTOPBHIX f
JOCTHTaeT Ha oTpe3ke [a, b] COOTBeTCTBEHHO MUHUMYMa M MaKChMyma,

P} 4

0l a ¢ &2 P 4 e o b @

Puc. 104 Puc. 105

Ecau f(xi) < f(a), TO Touka x; OpHHALMEKUT OUEBHAHO HHIEp-
Baiy (a, b) 1 B Heft GYHKUMA [ JOCTHraeT JIOKANLHOIO MUHHMYMa.
Ho Toraa, Kak Mol 3HaeM, f' (xj)=0 u MOXKHO CUMTaTh, YTO C=X;.

Ecau f(xa) > f(a), TO Touka x3 npuHAAMEKHT HHTEpBaAy (a, b)
M B Helt QyHKWHA [ JocTuraer JMoka/dbHoro Makcumyma, Ho Toraa, kak
Mul 3HaeM, [’ (¥g)=0 H MOXHO CHHTATH, YTO €C=Xa.

Ocraetcs ewe cayvad, xoraa f(x;) =f (x3). Ho Ttorga, ouesupHo,
IJf BCeX X M3 OTpedKa (a, b] ¢yukuma f(x) paBHa omgHOR M TOR Xxe
koHcTante C=f(a). B 3TOM cayuyae B KauecTBe ¢ MOXHO B3fATH MGy
Toyky uHTepBana (a, b)—B Hel [ (c)=0.

Teopema 2 (larpauxa). [Mycms @yncyus [ umeem npous-
600nyro na ompeske [a, b]. Toz0a na unmepease (a, b) naddemcs mouka c
makas, 4mo 6 neil npoussodtas om f yoos-
AemaeopAem pagseHcmsy

f (bt)::{z @Dt (@<c<b), 6

uAl, 4Mmo mo e camoe, pageHcmey

fF@O)—f@=F () (6—a) (a<ec<b).

— A , (6)

Teopema JlarpaHka mMeeT mpocToil

reomerpuaeckuft cmuca (puc. 106). Jlesas

yacthb paBeHcTsa (D) eCTb TaHIEHC yrJa Ha-

KJIOHA K OCH X XODAH, CraruBalowel Touku (a, f(a)) u (b, f (b)) rpaduxa

¢yukuuu y=f(x), a NpaBas yacTb ecTb TaHIeHC yrJa HaKJOHa Kaca-

TeJbHOH K rpaduky B HEKOTOpoll TOgKe ¢, NpHHaLJexawelr k (a, b).

Teopema Jlarpanxka yTBepHKjaer, 4TO eC/AH KPHBafl ecThb rpadux dyHK-

WHH, HMelomeR npoH3BoAHYlo Ha [e, b], To Ha 3TOft KpuUBOH cyuiect-

ByeT TOYKA, COOTBETCTBYylOUlAfl HEKOTOpOi afcuucce ¢ zz< c<b) ra-

Kafl, YTO KacaTeJbHasd K KpHBofl B 3Toit TOYKe INapaJjieibHa XopJe,
cTAruBanmed Kouuw Kpusolt (a, f{(a)) u (b, f(b)).
HoxasarteabctBo. PaceMoTpuM QyHKIHIO

F(x)y=[[(5)—F (@) x—(b—a) [ (x).
Ouna gme'eT npoaanonuym Ha [a, b], paBuyio

F' () =[f ®)—f@]—@—a) [ (»).

0 a ¢ b
Puc. 106
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KpoMe roro,
F()=—T(a)b-+af (b), F (a)=0f (b)—F(a)b,

H, cnepopatenso, F (a)=F (b). Ho Torma no teopeme Poaas HoJmHa
CylIecTBOBATh Ha MHTEpBale (4, b) Touka ¢, Ans koTopodt F' (€)=0,

T e
O —fa]—@—a) [ (©)=0 (a<c<d),
OTKyRa cnepyet (4).

NMpumep 1. Oynxuna f(x)=V % nénpepubna na orgeaxe
{0, 1], » npouseoanyw umeer TOALKO Ha noaysHrepBaie (0, 11. K nef
DIpHMEHHMa TeopeMa JlarpaHia, NOTOMY STC AJAS €e BHIOJHEHHS Npo-
H3BORHA® OT [ JoNKHa cywecTBOBaTh Ha wuHTepBane (0; 1).

Jloxamen Tenepb TeopeMy, KoTopas AaeT 0GOCHOBaHWe YTBepxjie-
aam 1) u 2) § 6.2

Teopema 3. Ecau nenpepwsnas na ompeske [a, b] ¢ynxyun
UMeEM NOAOKUMEAbHYIO (OMPUYAMEAbHYIO) NPOUSEOOHYIO Ha URMEpeale
{a, b), mo ona eospacmaem (yGoisaem) Ha }a, b]. Ecau owe npoussodnas
pasHa moscdecmeenno Hyao ra [a, b], mo [ (x)=C, 2de C—nocmosnnas.

INonyepkueM, yTo B TOYUKaX X=a W X=2»4 NPONIBOLHAA MOMKET He
CylWwecTBOBATh HJAH GbITb PaBHOR HyJIO.

Hdoxasareabctso. Ilycts Xy, Xy— NpOM3BOJbLHLE TOUKH,
YAOBJETBOPSIOIHE HEPAaBEHCTBAM a << Xy < xg<< b. [lo Teopeme Jlar-
paniKa, npUMeHeRHON K OTpesKy [xy, X}, BaizeTcs Ha (xy, ¥;) Takas
Youxa ¢, ut0 f(x3)—f (%)=} (c) (xo—x;) > 0, noTomy uto mo ycJao-
suo [’ (¢) > 0. Ho Ttoraa f(x;) < f(x;), uT0 Roxasmpaer, uto f BOSpa-
craer Ha [a, b]. B cayuae ke, koraa ['(x) < 0 na (a, b), moayuum
flxd)—f(x)=F (c) (xa—x1) <0, 7. e. f(x)< f(x), a sto poKasu-
Baet, uTo { yG6umaer Ha [a, b).

‘Ecan xe ' (x)=0 na (a, b), 10 f(xa)—f(x1)=1"(c) (xa—x1)=0
B f(x)=f(x) ans Aw06bIX x; ¥ xp 13 [a, b]. 3adurcupyem x; u Gy-
JIEM CUMTATL X, =x Depemennodl; Torma f(x)=C, rae C=f(x).

Haxkownen, AoxkameM TeopeMy, KOTOpasi AaeT 0GOCROBaHHE NOCJeA-
neMy yteepxjaeHnnto § 6.3.

Teopema 4. Ecau ¢ynxyus | umeem Ha [xo—8, x9-+8] noaro-
ocumenbHylo  (ompuyameasnyo) npouseodnyw ' emopozo nopsdka u e
moure xo nepeyro npoussodryo, pasuyo Ky (f' (x0)==0), mo & smod
mouke | Oocrmuaeaem AOKAALHO20 MUHUMYMG (MAKCUMYMA).

JNokasaTtenbcrbBo. Iycts f*(x) >0 Ha [xy—8, x+8] n
[’ (xo)=0. Tak xak BrOp&as NpPOH3BOAHAS €CTb NepBas NPOH3BOLHAN
oT nepsoh npoussoAroi: f (x)=(f’ (x))’, To Ha ocHOBaHHHK TEOpEME 3
dynxuua ' (x) Ha otpesre [xo—6, xo+ 8] Bospacraer. Ho [’ (xg) =0,
IToatomy

F'(x) <0 na [x—38, x)

Fx) >0 na (xy, xo-+8].

IMpumensiem Teneps Teopemy 3 K f. Tax kak dynxuus f nenre-
phiBHa Ha oTpeske [xo—O8, xo] W MMeeT oTpuuaTesbHYK NPOH3BOLI 10
Ha MHTEpBane (xo—g, X,), TO OHa YGLIBaeT Ha OTpE€3Ke [xofﬁ, x‘p].
Tak kak, panee, QyHRUHS [(x) HeIpepHBRa Ha OTpesKe [Xp, Xp=-C]| H
HMEeT TNOJOMMTENbHYI0 TIPOMSBOAHVIO Ha HHTEpBade (xo, Xo-+0), To
OHa BO3PACTAeT Ha OTpe3Ke [xg, X9+ 0]. Ho 310 nokaswsaer, uro ¢y1ix-
uns f(x) UMeeT MHHHMYM B TOYKe Xq. Ilono6HHM 00pa3oM J0Ka31va-
evcs Teopema B cayuae [7(x) < 0, npuBOASIIEM K MAKCHMyMy B xq.

H
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YIOPAXHEHHUA

1. Chopmynupyitte Teopemy a) Poang, 6) Jlarpanxka.

2. O6BACHHTE 3TH TEOpeMH Ha rpadHkax.

3. Tokaxute ¢ noMoublo TeopeMbl Jlarpasxa, uto ecau GyHKUUA
MMeeT na oTpeske [a, b] MPOH3BORHYIO, TOMIECTBEHHO DPaBHYIO HYJIO,
TO OHa €CTh nocrosHHasd (f (x)=c).

4. NpoBepuTs cnpaBeANHBOCTb TeopeMhl Pontd gas ¢yHKuHH

y=(x—1) (x—2) mua [1, 2.

5. Muorousen p (x) =x%—x-4x*—x Hmeer kopenp x=1. J[loka-
3aTh, YTO MHOrouseH p” (x) uMeeT AeHCTBHTENbHBII KOPeHb HA HHTep-
sane (0, 1).

6. [TpoBepUTh chpaBeAuBOCTL TeopeMbl Jlarpamka aas yHKnHH

=1 2
y=14-x-+x%

7. HoxasaTh HepaBeHcTBO e*¥ > 14-x, x€(0, o).

8. OnpefieHTp MPOMEXYTKH MOHOTOHHOCTH (BO3pacTauus, y6biBa-
HHUA) GYHKUHH

a) y=3-+x—x2, 6) y=4x—x2

9. Haiitn nau6osbuiee H HaHMeHblIee 3HayeHHe GYHKUHH

2 y=2% na [0, 5, 6) y=r+— nHa [-;- 10].
10, HafiTs mpoMexyTKH BHINYKJOCTH H TOYKH Nepernéa dyHnKuuu

3) y=3x*—x, 6) y=e~+%,

11. Joxasate HepaBeHCTBO e*==l--x man Mo6oro x (BHACHHTD
3iiaK TPOH3BOAHOA (YyHKUHH Q(X)=e*—]—x, yuecTb, uT0 @(0)=0).



TJIABA 7
HMHTEFPAJIbHOE HWCHUCIIEHUE

§ 7.1. Heproobpasran

Mul 3HaeM, yTo mocTosigHoe uMeo C, paccMaTpuBaeMoe
Kak QYHKHMA OT X, HMeeT NPOM3BOAHYIO, DaBHYIO HYJIO
TOXJIECTBEHHO (T. €. PaBHYI0 HYMO AJf Beex X).

O6paTHoe yTBepXKJEHHE TaKKe BEPHO: ecau npo Qyrk-
YUK U38ECMHO, 4O ee Npou3s00Has pasHa HYao mosxcdecm-
serro, f'(x)=0, mo ona ecms nocmosuwas.

M3 Mexanuueckux cooGpaKeHWil 3TO npocToe YTBepIKAe-
HUE COBEpILUeHHO oueBMAHO *). B camoMm nene, nyctb (yHK-
uua s=f (f) BrIpaxKaeT 3aKOH ABMMKEHHA TOYKH IO NpPAMOH,
NpHYEeM ee CKOPOCTb TOXJIECTHEHHO paBHa HyJi0: v=f' (f)=0.
Torza Touka CTOMT Ha MeCcTe M PACCTOSIHME S ee O HauaJb-
Ho#t Toukn O paBHO noctosHHOH npH moBom f. Tor dakr,
YTO B 5TOM DacCyJeHMH Mbl ¥ 34MEHHJM Ha [, HE HMeeT
3HAUEHHS: BpeMs TOXe MOMHO O003HAUHTh Hepes X.

PaccMoTpyM NpPoOH3BOJIBHYIO HEMpepHBHYIO (yHKuMO f,
3aJ]aHHYI0O Ha HHTepBale (a, b), T. e. HA MHOXECTBe 3Haue-
HUM ¥, YAOBJIETBOPAIOWHX HepaBeHCTBaM a < x < b.

@®yukuus F HaswniBaeTcsi nepsoobpasvod Ans f Ha HHTEp-
Basie (g, b) **), ecu Ha HeM npouzBoaHad or F pasHa f:

F’ (x)=F(x).

OueBupno, yto ecnn Qyukuusa F ecrb nepBoobpasHas
as f ma (@, b), a C—nocrosiunas, 1o ¢yHkuua F (x)+C
ecTh TaK)Ke NepBoabpa3nas aas f, NOTOMy 4TO

(FO+C) =F ()+C' =F (x)={ ().

*) dopMaJiLHOE [OKAa3aTeJbCTBO: CM. Teopemy 3 § 6.5.

**) AHAJOrUYHO OmpefienseTcs mepBoo6GpasHas AaA f HA oTpeake
[a, 6], T. e. MHOXecCTBe 3HaueHUil X, YIOBJETBOPSIOILHX HEPABEHCTRAM
a<<¥< b Hyxuo toabko noj npou3BOAHOH B TOYKE @ NOHIMATh
npaBylo NPOH3BOAHYIO, 3 B TOYKE b—JIeBYIO NPOU3EBOAHYIO:!

F'(a)= lim f__(w)_l;(a_)' F'(b)= lim Flo+h—Fb)

h->0 h hs 0 h

h>0 h<0
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O6patio, ecmu F u Fy~—nepsooGpasusie aas f(x) Ha (a, b),
TO OHH HEOOXOJHMO OTIHMYAIOTCA APYr OT Apyra Ha BCeM
HHTepBane (a, b) Ha HekoTopyw mocrosiHHYO Ci

Fi(x)=F(x)+C. ()

B camoM aene, (Fi(x)—F (x))' =F1 (x)—F' () =f(x)—f(x) =
=0. Ho Toraa, kak oTmeuajoch Bbille, cyLuec'rByeT TaKoe
(nocrosinHoe) uucno C, uro Fi(x)—F (x)= Ha (a, b), or-
Kyna caenpyer (1).

Utak, nonp3ysicb MeXxaHHYeCKHMH coo6pax<eanamn MEL
ycTaHOBUMH BaXkHbit dakt; ecau F ecme xaxas-aubo nepso-
obpasraa om [ Ha unmepease (a, b), mo 6ceso3modxcHsie nep-
8006pa3nsie om [ Ha amom unmepeane svipaxcaromcs Gopmy-
aoti F(x)+C, 20e emecrno C moxno nodcmasume aeboe
4ucao.

§ 7.2. Heonpegenennuiit HHTErpan

Hapum Teneph chepymoilee onpeaesneHHe:

Heonpedensennoim unmezpasom OT HeNpepbiBHOH Ha HH-
TepBaite (a, ) OyHKuMM [ HaswBaeTCA [POM3BOJILHASA ee
nepBooGpasHas @yHkuua. HeonpenenedHbli uHTerpana o6o-
8HaYaeTcA TaKi

{ i),

U3 ckasannoro crepyer, 49ro ecau F ecmos Hexomopas
onpedesernas nepsoobpasHas gynxyus 028 [ sa unmepeare
(a, b), mo Heonpedenexnoui unmezpaa om [ Ha IMOM uH-
mepsane paset

{fryde=F (0+C, @

ede C—nocmosannxan.

Ecau f,, f,—HenpepnBHble Ha WHTepBaJe (a, b) GyHKUHH
H A;, A,—INOCTOSHHBIE, TO HMeeT MECTO C/IeAyIOllee pABEH-
CTBO, BbIPAXKAIWOUEE OCHOBHOE CBOHCTBO HeONpeneseHHOro
MHTerpana:

§ (s + A () dx= 4, § () dr+ 4, § fuwdx +C,
(3)

rie C ecTb HEKOTOpas MOCTOSIHHAA.
B camom nesre, no onpenesieHnio HeonpeeIeHHOrO HHTErpana
csieBa B (3) CTOUT KaKaf-TO OAHA U3 MepBooOpasHHX (YHKIUil
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ot A,f; (x)-+ A,f, (x). Capyrofi CTOpOHE!, BMeeT MECTO PaBEHCTBO
(4§ L@ e+ A [ f ) dx) =

=4 (§1e9ax) + 4, (§ (0 dr) = Afs 0+ A1, ),

NOTOMY YTO HWHTerpafhbl Sf, S fa dx 00603HaualOT COOTBET-

CTBEHHO HEKOTOpLIe nepnoodpasnue ¢yHknuu ot f; n f,
[Nostomy npaBas uactb (3) Ges mnocaepsero uneHa C ecTb
TaKxe nepsoobpasnaa aas A,f;(x)+ A,f,(x), HO TOorza oma
OT/IMYAETCA OT JeBOA 4acTH (3) Ha HEKOTOPYK NOCTOSHRYIO.

CsoficTBo (3) no MHAyKUMH pacnpocTpansercss Ha moGoe
KOHEYHOE YHCJIO HenpephiBHEIX Ha (a, b) pyHkumi fy, ..., f,
H nocTosHHbX Ay, ..., Ap

S (1:21 Aﬂ‘,(x)) dx==in§l A/S fi(x)dx+C. 4)

Kak cneacteue npu-Aj=1, Ag=:1, n=2 noayyaem pa-
BEHCTBO
§ it fyax={ faxx { faxtc,
anpu A=A n A;=0, f;=f—pasencTeo
(Afax=a(faxtc.
IIpuMepH.
an-ldx=i‘;"3+c (n=1,2 ...),
Scosaxdxus—";a—“+c, a0,
Ssinaxdx;—wsa”+c, a==0.
B camom zere,
xm\' | ’__. '_
w) =w =
(M> = (sin ax)’ = acos ax = cos ax,
a a a

,
(— 9—'%%) - ~ (cosax)’ = sin ax.

Hs (4) CAIELYET, HTO HeonpeaeNeHHb HH1erpaj OT MHO- |

rounesa P, (x)= gakx* cTeneHu n (a,— NoCTOfHHbIE) panel]

xk+l

SP (x)dx:-:Ea,,k_Fl
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[IpuBeneM OCHOBHYIO TaG/IHLY HeONpeXe/]eHHbIX HHTErpa-
JI0B, COCTABJICHHYIO HENOCPEACTBEHHO M3 (HOPMYJa MNPOM3BOA-
HBIX OT 3/eMeHTapHbiX GyHKuui (cMm. § 5.5—5.12):

S\x“dx=-§£—:-+0 Swsxdx:sinx—]—C,
(a=—1), Bsec%cdx—igx-f—c,
—=1nIXI+C*)) j _arCSinx_'.C:
Vl-—x‘
‘Sa"dx=m+0 = —arccosx -
‘ @#1, a>0), +c-(C-—c=.‘2£),
Se"dx=e"+C, =arctg x+C.

l 2
Ssinxdx=—cosx+C, +

B KaXIOM H3 3THX DaBEHCTB NpPOMW3BOAHAA OT MPABOM
MacTy paBHA TOABIHTErpasibHOX QYHKUHUM B JEBOH,

YIIPAXXHEHHKSA
BulyucIHTL MHTErpans **)

L {Vxae 2 g"" L

x3

.S(;‘;—-—%)dx. 5. xzd-|{4‘

6. S(2sinx—3cosx)dx. 7. Stg‘-‘xdx. 8. S2"dx.
xe¥ —x x—1
S —Xde. 10, 5 e dx

§ 7.3. 3amena nepemenuoi

£

©o

an BbIYUCJIEHHH HEONpene/JeHHBX WHTErpanoB HepeaKo
DOJIb3YIOTCA Memodom nodCmAHOBKU VTN 3AMEHbL NePeMEeHHOU.
On cBoaurca Kk dopmyne

{FloNe’ wdx=§ fudutc, )

rie f(u)—mnenpepbiBHas (QyHKUMA, a U= @ (x)—pyHKUUA,
UMelolan HeNMpephBHYIO NPON3BOAHYIO.

*) dasg x > 0 nmeem (In|x})' =(In x)'=%, axax <0 (In)x|)'=

= {ln(— x)]"=~—(_—lx)=%.

**) Pewenne 3agay 5, 10 moxuo otnoxute no § 7.3.
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310 Hago noHuMath Tak. Ecau mMOmwIHTerpasbHOEe BHIpA-
KeHUE MHTerpasa yJajoch MpPeiCcTaBHTh B BUAE

F(x)dx=[[9(x)] ¢ (x) dx,

TO MOXHO B 3TOM HHTerpajie YucTo (OpMajbHO MPOH3BECTM
sameny u=q(x), du=¢q’(x)dx, nNpOUHTErpupoBaTb MOAY-
yenHoe Bplpaxkenue f(u)du mo mepemeHHOft u, a 3aTeM 3aMe-
HUTb 4 Ha @(x). Buipaxenue du=¢' (x)dx nasmiBaercs
OQugppepernyuarom pyuxyuu ¢ (x). OHO UMeeT B aHaAJH3@ CaMO-
CTOSITe/IbHOE 3HAaYeHHe, HO MBI B 3TOH KHHIE MOJb3yeMCA UM
TOJBKO Kak 0GO3HAYEeHHEM.
[Mosicuum ¢opmyay (5) Ha npumepe

Scos(kx)kdx= g cosudu=sinu-+C=sinkx+C.

Me! crenany NOACTaHOBKY U = kx, du = (kx)' dx=rkdx, B cuny
KOTOpOH Haill HHTerpaJ NpeBpaTu/cA B TAGJHYHEIN.

Yro6er gokasatb Qopmyny (5), Hazo yGegHTbCS B TOM,
YTO0 NMPOM3BOAHAA MO X OT €e JIeBOH yacTH paBHa NMPOU3BOA-
HOH no x or npaBofl yactd. B camoMm gese,

(§Flo e (dx), =Flom] o (4,
(Srw du),=(§Fw du), we=Fw) o' () =Flo @] o .

anBe}leM HECKOJIbKO NpPpUMEPOB Ha INPHMEHEHHE METOoAa
NOACTAHOBKH:

(errdr= (ot pat= (etat= et c=5-+0

(noAcTaHoBKa kx=1, oTKyAa kdx=dt);

—szfx—xz =—Sdt=—t+C=—Va”—x’+G
Vi —__Xdx .
(noncraﬂosxa t=Va—x, oTkyna di V @—xt )'

S Vai—xidg = S V a*—a*sinduacosudu =

=a’ﬁScos’udu=a’Sli;°L2udu=%z- (u-l- Si“22")+C=

~=32'-='—(u+sinucosu)-|-c =-‘;,—a(arcsin %-l—%Vﬂ)—l—G
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(NOACTaHOBKE Xx=asin u);
S COS kxdx == -—S coskxkdx=— S cos udu=

=-£—smu+ C=%sin kx+C,
(VTToxa=g [VTFw 2xar = (Vadu=

1 u®/? (14 x2)%2
7Su1/ du= 7 37 +C= ——-——+C
(n onc'ranom(a u=1+x? du=_2xdx);
2x dx du 1
Sl-l—x’ ”‘I TF8 = S_'—“?l”l”HC:
=%1n|1+x’|+C

(noacTanoBKa u=1-x?, du=2xdx).
YNDPAXHEHMHUSA
BhYHCANTL MHTErpadnbi:

1. Spg_fﬁ'—igdx 2, S(x’-}—])@xdx. 3. Stgxdx.
4. Se"’xdx 5. S e'x*dx. 6. Scos’xdx 7. Se"‘dx.

8. 5cos3xdx 9. jz_’_x, 10. jl/ag—x’.

11. SV% 12. Se"’-lxdx.

§ 7.4. Mpo6nema HHTErpHPOBAHHSA 3JEeMEHTAPHBIX QYHKUMH

Kak BuaHo ¥3 npHMepoB, MeTOJ 3aMeHbi NepeMeHHBIX
3HAYMTENLHO PACIIHPAET KJacC TeX 9/IEMEHTAPHLIX (PyHKUW,
KOTOphle Mbl Telepb MOXeM NPOHHTErPHpOBaTh, T. €. NOJY-
YUTb A1 HUX NepBooOpasHble, ABJSIOMMECS CHOBA 371€MEH-
TapHEIMH QyHKuuaMH. OJHako Hajo HMeTb B BHAY, YTO
€ BHIYHCJINTENILHOM TOYKH 3PEHHS C MHTETrpUpOBaHHEM O6CTOHT
leJio, BooOie TOBOPS, TOpasio Xyxe, 4eM ¢ AudxpepenLupo-
BaHMeM.

U3 ra. 5 uspectHO, YTO NMPOM3BOAHAs OT JMOGOH 3/eMER-
TapHOH QYHKLIMM €CTb CHOBa 3J€MEHTapHaa (QYHKIHA, KOTo-
PYyI0 MOXHO NOJYYUTb coBeplieHHO SGhPEKTHBHO, BOCIOJbSO-
BaBwuck npaBHJamn  audxhepenunposanns. Ho ofpaTroe
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yTBepIKAeHNe, BooOle roBops, HEBepHO, TAK KaK CYLIECTBYIOT
TaKve 3/eMeHTapHbie QYHKLUHH, HEONpefe/ieHHBIE HHTETPAJhl
OT KOTOPHX HE SBJAIOTCA B CBOIO OUepeAb 3JMEMEHTaPHBIMH
¢yugumuamu. Hanpumep, takumn QyHKUMAMU sABasioTCS e+,

F:_x" i‘%ﬁ v ap. las nonydyeHus HHTErpaJioB OT HUX MpH-
XOINTCH MOJB30BATbCA NPHOJMKEHHBIMH METOAaMU U BBOAUTH
B 06MXOA HOBble (YHKHWH, HE CBOAMMBIE K 3JIeMEHTapHBIM.
Msbl He MMeeM BO3MOXKHOCTH 33JeDXKHBAaThbCA Ha 3TOM BOMpOCe,
3aMEeTHM TOJIBKO, YTO Y€ B 3JIEMEHTapPHOH MaTeMaTHKe MOXXHO
HaiiT¥ MHOrO NpPHMEpOB, KOT[a NpsiMasi ONepalHsi BbUTOMTHHMA
B HEKOTOPOM KJacce yuces, B TO BpeMs Kak ofparTHas
eil onepauns B 3TOM Xe KJacce He BHIMOMHAETCSA; TaK, KBajgpar
A060ro palHOHaJbHOrO 4YHCJAa €CTb CHOBA palMOHA/NbHOE
YUCJIO, HO KOpeHb KBaApaTHBIA H3 palHOHaBbHOIO Yucaa
AaJleko He BCera fBJIAETCH PalMOHAIbHBIM YHCIIOM.

YIOPA)XHEHHUA

1. Uto Takoe nepBoo6pasHag ¢YHKUAA IJad JaHHOM
byHKUMHU? ’

2, Yrto Takoe HeompejesieHHbl HHTErpas OT (QYHKLUH?

3. 3anomuute Qopmyast (3) u (5), BblpaxaloOHE OCHOB-
Hble CBOHMCTBA HEONPeJeJeHHOr0 HHTerpaja, H OCHOBHYIO
Ta6MHLY HeoNpeJe/]eHHbIX HHTerpanoB (cM. § 7.2).

4. IlpuBeanTe TpM nprMepa NPHMEHEHHSA METOAA 3aMEHHI
nepeMeHHLIX B HeoNpeAe/eHHOM HHTerpaJe.

§ 7.5. Maowaas KPHBOAHHEAHOH QHTYpHI.
OnpepeneHHLIH WHTETPAJ

3aganum Ha orpeske [a, b] (@ M b—xoHeyHble gHCsA)
HEeOTpHIATeIbHYI0 HenpepbiBHYIO dynKkuHio f(x). [paduk ee
uso6paxken Ha puc. 107. IloctaBuM 3azagy pasymho ompe-
JeUTh MOHATHE NJIOWANU (HUIyphl, OrpaHHYeHHOR KpHBOH
y=1f (%), ocbio X, NPAMBIMH X=a ¥ X=~b, U BHYHCIHTb 3Ty
miowags. [TocTaB/ieHHYIO 3ajayy eCTECTBEHHO peIIMTb TakK.

[Mpoussenem pas6Guenne orpeska [a, b] Ha n wvacredt TOY-
KaMH

a=x<x<...<x,=b, (6)
BbifepeM Ha Ka)XXJOM H3 YAaCTHUHBEIX OTPE3KOB

It %41 (=0, 1, ..., n—1) )
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OH CYLIECTBYET, Ha3blBaeTCA OnpedeseHHoIM UHMEZPArOM OT f
Ha [a, b] u sanuchiBaeTcs Tak:

n-1 b ’
S= lim ¥ f(&) Ax,=Sf(x)dx. (10)
i=0 a

max Ax/-vo

B stoM onpemenenuu ¢yHkuus f(x) He 06sA3aTENBHO MO-
noxkutenbHas Ha [a, b). Oua moxer Gelthb oTpuuaTe/bHOH
HJIM MEHATb 3HaK Ha [a, b].

Hrak, onpedenrennoim urnmeeparom om ytkyuu f Ha om-
peske [a, b) Hasveieaemca npedea uxmeeparoHol cymmol (l()g
Koeda MakcumanroHolll wacmudnoui ompesox pasbuenus ( ;
CMpeMumes K Hyawo.

B Teopuu onpeneneHHOro MHTerpajsa HOKAa3bIBAETCH, YTO
ecakas HenpepbisHas Ha ompeske [a, bl ¢ynkyua unmeepu-
pyema Ha Hem, m. e. a4 nee npedea (10) cyugecmsyem. Qrciona
¥ cJelyeT ynoOMsHYTHII GaKT, yrto Bcsikasi Qurypa paccmor-
peHHoro Buillie Tuna (cM. puc. 107) umeer muiomanb.

[Tpumep. Inowane S, orpannyenHast napaGonoh y= x?,
ocblo x, npamodt x =1, Kak Joka3aHo B § 3.1, paBHa

1NN /Ry
S' nl l—rvno n k:'-zﬂ (n ) 3
n-1

Tor dakr, 4ro cyMma 2, (x,)*Ax;, cooTBeTcTBYIOWAs
0

1pou3BoOJIbHOMY pas6uenuio [0, 1] 1 npousBosbHOMY BHIGODY
Touek &, TNPHHaJJEKALUX OTPe3KaM [X;, X;.¢], CTpeMHTCH

K T Korjga max ij—>0, HENOCPEACTBEHHO JOKa3aTb 3Je-

MEHTapHBIMH METOJaMH HEe TaK YXK IHpocTo. 3710, ONHAKO,
cnefyer H3 YNOMAHYTOIO YTBEPXKAEHHH, YTO ONpefe/eHHbIA
HHTerpas OT HeNmpephIBHOH HAa (KOHEYHOM) OTpesKe (yHKUHH
BCErAa CyUEeCTBYeT.

§ 7.6. PaGora. Macca crepxHs

ITpuBeneM Apyrue npuMeps NPaKTHYECKHX 3afay, pere-
HHE KOTOpBIX CBOAHUTCA K BBIYHUCJACHHIO ONpEAEJEHHLIX HHTEr-
panos.

Pat6ora. Ilyctb Kk ABHXKYLueficA NO MpAMOMH TouKe MpH-
JIOXeHa HalpaBJCHHAS BAOJb 3TOH MPAMOH NepemeHHas CHAa
F=f(x), roe f(x) ecTb HenpephiBHafA ¢yHKuus OT x— abe-
uicCh ABHAKYyLefica Touku. Paora cuant F npH  nepejsu-
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MEHHH TOYKH OT a jo b pasna

n-1 b
We=_ lim 3 f(x)Ay={i@ax,

maxij-b 0j=0 a

e a=x<5<...<x,=b, Ax;=x,;—x. B camom
Aene, B CHNy HenpepuBHocTH f Tmiponssemerne f(x;) Ax;
GMM3KO K MCTHHHOM pa6ore Ha [x;, X;,g], @ CyMMa Takux
npoussefieAnfi 6au3Ka K ncTuHHOM paGoTe Ha [a, b], n npuTOoM’
TeM Oanxke, 9eM MeHbwe max Ax;.

I
Macca cTepxHs nepeMeHHON NJAOTHOCTH.
Bynem cuntath, uto orpeaok [a, b] ocu x nMeer Maccy c ne-
pEMEHHON JHHelHoN nJaoTHOCTLIO p (x) =0, rae p(x) —Henpe-
puiBHas Ha [q, b] ¢yHkuus. Ofimas Macca aTOro oTpeska

n-1 b
M= lim 0Zop(Jc,-)Ax,=Sp(x)dx,

max Ax;
Aj a

The a=x, < X%, < ... <X,=b, Ax;=x,,—%.

§ 7.7. Teopema HploToHa — JlefiGHnua

Henocpencreennoe BhIuNC/IEEHe OnpeaesieHHOrO MHTErpasa
no ¢opmyne (10) cBf3aHO C TPYAHOCTAMH: HHTErpajbHble
CYMME! CKONBbKO-HHOYAb CAOKHHX (YHKUHI HMEIOT TpOMO3L-
KMl BHJ M 3a4aCTyl0 HeJlerKo npeo6pasoBHiBaTb WX K BHAY,
yao6HoMy Ans BbIYMC/EHHA npenenos. Bo BcsikoM cayyae,
Ha STOM TNYTH He YJIaJjoch CO3JaTb oOWMX Me10z0B. Hure-
pEcHO OTMeTHTb, YTO BIEPBHlE 3aJauy STOTO pPOAA pelluA
Apxumen. Ilpn nomowy paccy*aesufi, KOTOpHE OTJNaJIEHHO
HanoOMHHAIOT COBPEMEHHBIH METOJ INpENesoB, OH BHIYMCIHJ
nJowanb cerMeHTa napa6oan. B NanbheiitieM Ha npoTaKeHun
BEKOB MHOTHE MaTeMaTHKH pellMJAH 33Jayd Ha BHIYHC/IEHHE
njaomaneii ¢uryp u ob6nvemop Tesn. Bee ke eme B XVI]I Bexe
NOCTAHOBKA TAKHX 33Jay H MeIOAH WX pElIeHHS HOCHJN
cyry6o uvacTHni#i xapakrep. CynecTBEHHHiH CABHI B STOM
ponipoce BHecnu Hbioton ¥ Jlefi6uuu, ykasaewne o6
MeTOJ, pelleHns TakuxX 3ahay. OHH NoKasajaH, YTO BHYHC/IEHHE
ONPEACNICHHOTO HHTErpaja OT (GYHKUMH MOXET OHTh CBEeHO
K OTHICKAHHIO ee nepBoOOpasHoM.

Teopema Hriotosa—Jlei6unna. Ilycmv sadana
Henpeposran Ha [a, b] ¢ynkyua f(x) u nycmoe F (x) ecmo ee
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nepsoobpaaran. Tozda cnpasedruso pasencman
b

{ F(xyde=F (o) —F (a). (11)

a

Gopmyna (11) noxaswsaer, uyro eciu gna yHkuau [
H3BecTHA ee mepsoofpasHas F, TO BblUUC/IEHUE OlpeleeHs
HOrO MHTErpana or £ Ha [a,lﬂ CROAHUTCA K MpOCTOH mojcrTa-
HOBKe YHceNl a U B F. Jlanum mnpoctoe MexaHuyeckoe
TONIKOBaHHe 5T0H Teopemsl. Byzem cuyutath, 4TO X €CTb Bpems,
a dyskuua y=~F (x) BeIpa:Kaer 3aKOH MABHXeHHUA TOYKH MO
npsAMoOit, T. e. Y eCTb PacCTOsiHHE C COOTBETCTBYIONIUM 3HAKOM
B MOMEHT X JABHXKYIleHCH TOYKH A0 3aKpenJeHHOH HyJeBo#
TOYKH. ,

[lyTe, nDpo#ieHHBIH TOYKOH 3a MpPOMEXKYTOK BPEMEHH
a<<x< b, oueBHmHO, paBeH *)

A=F ()—F (a). (12)

C apyroft cTOPOHBI, OH MOMeT ObiTb BHIYHCJIEH HHTErpHpO-
BaHHeM cKopocTH f(x)=F’(x) TouKu;

n— b

A= lim :)f(x,-) Ax, = F(x) dx. (13)

maxAxi—»Oi= a

Mu pasgenuan npoMmexyTok Bpemenu [a, b] Ha yacTH
TOYKAMH @ =X, < X; < ... < X, =0b. B cuny HenpepsBHOCTH
(QyHKUHH f CKOPOCTb TOUKH HAa OTpE3KE BpEMEHH [X;, X/.i)
MOJHO CYHTaTh NPHOJIMIKEHHO OCTOAHHOM, paBHO# YHCHy f(X)).
Toraa nyTh, MPOHAEHHHIH TOYKOH Ha 3TOM OTpe3Ke BpeMeHH,
GyneT npHOGMMKEHHO paBeH f(x;)Ax;, a Becb nyTb OyAer

n

NpUOJIHIXEHHO paBeH cymme > f(x;) Ax,. Ecnin max Ax; — 0,
i=1

TO 3Ta4 CyMMa CTPEMHTCHI K YHCJY, PaBHOMY HCTHHHOH BEJIH-
YHHe NYyTH, NPOHIEHHOrO TOYKOH 3a NPOMEKYTOK BPEMEHH
[a, b]. B 10 Xe Bpems 3TO YHCJO €CTb, OYEBHIHO, Ompexe-
JIEHHBIH MHTerpaj OT QyHKuuM f(x) B mpemenax ot a jo b.
Ho Torpa w3 (12) u (13) cneayer (I1).

O6biuro muuyT, yto F(x) l::F(b)—F (a).

*) BopoueM, TepMHH «myTh, NpolJeHHWA Toukod», Re coBceM
TOYHO BhIpaXaeT RaHHOE fABMeHHe. EciH, HaNMpHMep, 3aKOH ABHIKEHHS
T4KOB, YTO TOYKA CHAuaja NPOABHHYJach BIIPaBO, MNPOAAA NyThb Aj,
a 3aTeM BJeBO, MpoOHAst NyTh As, TO A=Aj—A,.
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[Mpumepm.
b
n b
‘gx”"‘dx=fn-L=%(b"——a”), n=£0,

a

b
sinaxfb- 1 . .
Scosaxdx—--—a-—L—-E(smab—smaa), a 0.

a
YOPAXHEHUA

1. Boluhcaute mnJjomanb, OrpaHHYEHHYIO  CHHYCOHOH
y=sinx na [0, x] u ocuio x.
2. OnpezesuTte MNUIOWAjAb, OTPAHMYEHHYI Mapa6onoli
y=4x—x% 1 ocbio X.
20

3. Bniyncaute uHTErpan S sinxdx.
) 0

4, Bhowyucante nJjomanb, OrpaHHYEHHYIO CMHYCOMAOMH
y=-sinx Ha oTpe3ke [m, 2} u ocbio x.

5. Brwyucaute nyTh, NpOHIEHHHI CBOGOAHO NajAOUIIM
B NyCToTe TenoM 3a. nepebie T CEKYHA ABHIKEHHS, €CJH
M3BECTHO, YTO CKOpOCTb CBOGOZHOrO mNajeHHA B MycTOTe
v=v,+g¢, rie {—BpeMsi, g—YyCKOpEHHe CHJbl THKeCTH,
U,— HauaJbHast CKOPOCTb.

6. Ilpy pactskeHHH NpPYXXKHHBEI B Tpeflieslax ee ynpyrocTH
cusa CONpOTUBJEHHS, BO3HHKalomas B Hell, paBHa F=kx,
rie x—yAJUHeHHe NPYXKUHBI, a k— KoahduuHeHT, Xapakre-
PU3YIOWMH CBOHCTBA NPYXMHBL. Bblyucaute pa6oTy, KOTOPYIO
Hajo 3aTpaTHTb, 4TOObl B pe3yJbTaTe MNONYYHJIOCH YAJIH-
HeHue [,

1 1

7. BpiuncauTe HHTErpanbi S x*dx u X x3 dx, Hapucyiite

. -1 -1
rpadukn QyHKNUA x® 1 x* U OOBACHHTE pe3yJibTaThl.

8. Uro Takoe onpejeneHHbifi HHTErpan ot ¢yHKuHH f(x)?

9. Kak BblukcaseTcs onpefesieHHBIH HHTerpan OT (yHK-
uuK f(x) Ha orpeske [a, b] yepes nepbooGpasnyio ot f(x)?

10. B 4eM 3akjioyaercd CBf3b MeMAYy OINpeleieHHLIM
VHTErpajJoM. | MJIOWAAbI0 COOTBETCTBYIOWEH (GHIyphI?

11. Kak Buuucasiercs pa6ota cusibl NpH NOMOMH Onpe-
BeNeHHOTO HHTerpana?

12. Chopmymipyiite Teopemy Hblotona— Jleitbunua.
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§ 7.8. JloxasatesnctBo diopmyast Hbrotona — Jled6nuna

Ilycth f(x) ecTb HenpepriBHas nonoxwuTeNbHas GyHKUHS
Ha oTpeske [a, b] W nycTb # ecTb NPOM3BONbHAA TOYKa
unTepBana (a, b) (puc. 108).

Onpenenennblfi HHTErpan

u

®(u)=Sf(x)dx

oT ¢yHKnuu f(x) Ha oTpeske [0, 4] ectb nuowans 3aTylue-
BaHHOH (oaHOH IITPHXOBKOH) durypnl. Ecau BepxHuit npenen
HHTerpaja ecTb IepeMeHHas BelH- ¢
yuHa u, To unrerpan @ (u) ectb '
GyHKIHSA BepxHero mpejena.
Ipupamenne-® B TOUKE u, CO-
OTBETCTBYyIOLIGe  MNpHpallleHuio A
(h>0) aprymenta u, ecTb nJoO-
mwaib GUrypel, 3aTylleBaHHOH ABOH-
HOH IITPHXOBKOH:

u+h ] u+h
Ou+h—0a)= § f@d—{fnde= { frar

OGo3sHauuM uepe3 /7 MUHHMaJbHYIO OpAMHATy, a yepe3 M —
MaxkCHMaJibHYIO OpAuMHATy rpatuka y=f(x) Ha oOTpes3Ke
[u, u+ k). OueBngso,
mh<Ou+h)—0u)<Mh
H1
m<< [o;(y-l-_hli-:%)— <M.

Ecan h ctpemnts K Hymo, 10 m — f(u), M — f(u), cnenona-
TeJbHO, CYLIECTBYET NpPOH3BOJHASA

o O —O () g
hll_tpo —g— =0 (W) =f ().

Mu fi0xasanu, YTO npou3sooHas uxmespasn KAk (yrKyuu
8epxHez0 npedesa pasna nodsinmezparvHol yrryuu:

7 [t av=r.

Takum o6pasom, @ (x) ectb nepBooGpasHas ANAl (PyHK-
wu f (x). Jlo6ass apyras nepeooGpasHas F(x) ornnyaercs
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OT Hee Ha MNOCTOSHHYIO!

F(x)=®(x)4C.
Ho

a

D)= fw)dc=0

41

b

Sf(x)dx ® () =D () —D (a) = (F (8) +-0)—
—(F(@)+o)=F(6)—F (@),

u MBI foka3saau ¢opmyny Heiorona —Jleii6Huua

b
§ F(x)de=F (6)—F (a).

§ 7.9. CaoiicTsa onpefeJeHHbIX HHTErpaios

OcHoBHble CBOJCTBA ONpeAE/eHHOr0 HHTEerpajia Bhlpa-
wawoTes dopmyaamMu

b ] b

§Fde=§ fde+§ o, (14)
b b
S Af(x)dx= A S f(x)dx, rne A —nocrosinuas, (15)

a

b b b
(F@+remar={iwdr+{owdae, (16

b Y d
Sf[cp(x)](p'(x)dx:Sf(u)du, e c=o(a), d=¢ (). (17)

Csofictso (14) (a5t cayyas @ <e¢ < b) BuaHo u3 puc. 109:
MJIoIWanb KPUBOJHHEHHON Tpaneuuu Hap [a, b) paBHa mJIo-
waad Haa [a, c] mumoc nnowans Hap [c, 4]

CeofictBo (15) Beipaxaer, YT0 NJIOWAAL KPUBOJHHEHHOM
TpaneuuH, onpejenseMoll ¢yHKuued f(x), yBenUuUUBaeTCH
B A pa3 aas dynxuun Af (x).
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CeolicTBo ke (16) BhIpakaeT, uTo NJOWAAb KpPUBOJUHER-
HOW Tpaneuun, ompenensieMoit cymmoft f(x)-+ @ (x), paBHa
CymMe TJlomajieli, COOTRETCTBYIOMHX cJaraeMuM f(x) H ¢ (x).

KoHeuHo, ‘B 3THX NOsiCHeHHAX ¢
MBI HEABHO NpeAnojaraju, YTO '
dynrunu f(x) ¥ @(x), Tak Ke
Kak B uuciao A, HeOTpHLATENb-

Hele. Bemb ecan, Hanpumep,
): (x) <0 na [a, b}, To uHTErpan

S f(x) dx paBen naomanu cooter- ¢ @ c o @
a Puc. 109
CTBYIOILEH KPHBOJMHEHHON = Tpa-
neuuy, B3ATOH cO 3HakoM muHyc. Ho u B stoM M BoOGuie B
JApyrux cayuasx ceoiictBa (14) — (17) BepHm.
Hs (15) crnenyer
b b

§ = 7o dr=—{fndx,
b b b
{1479+ Bo @) dx = § Af (9 dv+ | Bo (v dx=

b

f(x)de+ B § o (x)dx,

a

=A

Qe oy

rae A U B—nocTosHHBE,

IlocnenHee paBeHCTBO JerKO TI0 MHAYKLMM pacnpoctpa-
HUTb Ha Jo00e KOHEYHOe uHCeJo caaraeMbx. Hanpumep,
1 1 1 1

S (—2x+ 1)dx= S x3dx—2 S xdx—+ S ldx==

0 0 0 0
x| x| 11 _1
=3l 27 tH =3 I=T
/2 /2 /2
S (2cosx+3sinx)dx=2 S cosxdr+3 S sinxdx=
o 0 0

==2sinx|::/z —3cos xl’:“ =2+43=5.

B ¢opmyae (17) @ (x) ecTb HenpepuBHO AHQpepeHUHpy-
eMas Ha [a, b] dynkuusA, 115 KoTOPOk @(a)=c, ¢ (b)=d. Ecan
F (u)—nepBoobpasunan aas f(u), 10

(Flo()):=flo (x)) ¢’ (x),



156 /. 7. MHTECPAJIBHOE HZUUCIEHUE

NO3TOMY

d b

Sf(u) du=F (d)—F (c)=F [¢ (t)|—Fle (a)] = S Fle(0)] o' (x)dx.
IMpumep.
/2

Ssm26—--—Ssmudu—--(—cosu) =7(l+ D=1
0

(moacranoska u=20; 6 =0, u=0; 0==1x/2, u=n).

YIOPAXHEHUA
Bbladcauts UHTErpansi:
3 1
1. S (x2—3x42)dy. 2. S M dx.
/2
§ (cos2x—sin3x) dx. 4. S (e*'x 4+ e*)dx.

1
5. S (cos 3x+-sin 2x)dx. 6. S es'xdx. 1. S e3* dx.
0 0

ﬂ /2

8. Ssm =dbd. 9. Scos’xsinxdx.
b

0
/2 1 /2

10. S cos?xdx. 11. S(x%+l)3xdx. 12. S tg x dx.
0 0 0
§ 7.10. NMaowaap kpyra

Ypasuenue okpyxuoctn (puc. 110) paauyca R ¢ ueni-
poM B Hada/ie KOOpAMHAT X, y HMeeT BUJ

x2? + yﬂ R2

Crnie/ioBaTe/IbHO, YPaBHEHHE €€ YacTH, PACMOJIOKEHHOH Bhile
OCH X, 3alMCHIBAeTcsi B BMJE

y=VR—x? (—R<x<R)



§ 7.11. AJIHHA OKPY)XHOCTH 157

Ho rorna nnomans kpyra paauyca R paBHa (NOsICHEHHsI HUXKe)

R /2
S=2 {VR—%dr=2 | VRF—Resin"0 R cos 0.8 =
-R -1t/2 s

/2 2
=2R? S os? 0 df = 2R? S ‘_chgi?.‘?ae=
-n/2 -7/2

—2R?[ 30+ sin20 ="

n/2 =

2R*F =nR?,

Bo BTOpoM paBeHCTBE 3TOH WEMM cleNaHa 3aMeHa nepe-
MEHHOH
. T
x=Rsing, —Z<0 <-’21,~

¥ ucnonbsoBana ¢opmyna (17), Ho npuMeHeHHas B O6paTHOM
nopsaaxe. [Ipu BospacTanun nepemenHoit 0 or — /2 jo m/2

Puc. 110 Puc. 111

fnepeMeHHasn ¥ Bo3pacraer or —R 1o R. Ilpn stom
dx = R cos0 db.

§ 7.11. launa OKPYXKHOCTH

IMnowane kpyra ectb ¢gyHxkuusa S=nR? ot R. [Ipunanum
R npupainenue AR > 0. Toraa coOTBETGTBYIOLIEE PHPALUCHHS

AS=S(R+AR)—S (R)

6yleT NpeneTaBaATh cO6OI0 NJIOWaAb 3aIUTPHXOBAHHOIO KOJb-
na Ha pue. 111. Jmuna okpyxuocTH L (R) ecThb ToMe QyHK-
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uus ot R. Ovuesnpso,

L(R)AR < AS < L(R+AR)AR,
103TOMY

L(R) < 3% < L(R+AR).
IMepexonss k npegeny B 3TMX HepaBeHcTBax mpH AR — 0,
yauTeiBasi, 4to GyHKuMs L (R) HenpeprlBHa, NoayyaeM .
. AS
lim ==L
sy BR = LR,
L(R)=S'(R)=(nR?)' =2xR,

W Mbl TONYyYHau (GOPMYJTY JJIMHBI OKPY2KHOCTH,

T. €.

§ 7.12. O6bem Tena BpauleHus

[lycts T’ ectb KpuBad, ONHCHIBaéMass B NPAMOYIOJbLHOM
CHCTeMe KOOPAHHAT X, y HENPEPLIBHOH MOJIOXKNTENbHOH GYHK-
unedt y=f(¥) (a<<x<b). Bouncaum ob6rem V Tena Bpa-
ILEHHAA, OrpaHUYEHHOro Mo-
BEPXHOCTBIO BpaUEHHA KpH-
Boit I' BOKpyr ocH x u nJjo-
CKOCTAIMH, NPOXONSILAMH ye-
pe3 TOYKH x=a, ¥ =">b nep-
NEeHAHKYJIAPHO ocH X (M.
puc. 112).

[Tpoussenem pa3buenne
orpeska [a, b] Ha wuactu
TOUKaMH A =X, < X; <... <
< X,=b n 6yneM CUHTATh,
yTO 3/1EMEHT obkeMa AV, Te-
Jla BpauleHHs, OrpaHHYeH-
HBIfl TJIOCKOCTAMM, MPOXOASUIMMH Yepe3 TOYKH X, H Xy
nepnes vk yJIApHO OcH X, NMPHOJIHKEHHO DapeH o0beMy IH-
JMHAPA BbICOTB AXy=Xpy;—X, U Pamuyca y,=f(x,):

AV, m nyplx, =1 (f (x,))? A

Ho TOorjla o6bemM V Moxer 6nlTh 3anucan MpH MOMOIIH NpH-
n=1

GvKeHHOrO paBeHcTBa V &~ 7t Zo (f (xp))? Axy. Yto6bi moay-
k=

YATB TOYHOE pABEHCTBO, HaJA0 B3ATbH Npenesa

a-1 b
V= lim u;‘)(f(x,))"/_\xk.—_ng(f(x))’dx,

max upo
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H MH nonyyaeM qopMyay A o6heMa Teqa BpallleHHsl

b
V=n{(@)ya (18)

§ 7.13. 06bemM mapa
O6vem V wapa papuyca R papen
4
V——a' nR3.
B camom nene, xpyr pamuyca R B nnockocti xOy umeer

ypaBHeHHe
x4+ y*=R?,

a BEDXHAA TNIONYOKPYIKHOCTH I' umeer ypaaﬂeﬂne
y=+VRB—x (—R<i<R).

Ecan Bpamate I' BOKPYr OCH X, TO NOJYYHM NOBEPXHOECTh Ha-
mero wapa. Ho Torpa corsacHo gopmyane (18)

R R
V=n S (VR=x)dr=n S (R*—x%)dx =
-R -R

—n (Rax—%’-) |‘_‘R =g aRY.  (19)

§ 7.14. NMaowanb> NOBEPXHOCTH wWwapa
O6pem 1wapa pagnyca R
V(R)=5 nR?

ectb QyHKHuA or R.
Maomane S(R) NOBEPXHOCTH ITOTO 1LIapa MOXHO MOJY-

9HTh KaK TPOH3BOAHYIO:
. VR+AR)—V(R) (4 ’ .
S = lim =|—=—nR?) =4nR2
(R) AR—0 AR (3 )

TloscuuM sTH BuKAaaku. Ilpupaimenve ofbvema wiapa, coor-
BeTcTByiolee npupaulendio AR,

AV =V (R+AR)—V (R),

OUEBVJHO, PaBHO OGBEMY CJIOSl, OrPAHHYEHHOrO HW3HYTpH lua-
POBO/ TOBEPXHOCTbIO pafyca R 1 M3BHE WapoBO# MoBepX-
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Hoctoio pasuyca R+ AR. Ecau S(R) ects nuomans nopepx-
HOCTH Wapa paiuyca R, TO, OYEBHIHO,

S(R)AR < AV < S(R+AR)AR
HJAN

S(R) < 35 < S(R-+AR).
[TostoMy, yuutbiBam HenpepuiBHOCTh S (R), nosydum

. AV
== l — !
S(R) A;lz[Eo AR V' (R).

YIIPAXHEHHA

1. BbluucauTh 06beM KpyroBoro UMAHHAPA BbICOTH K H
paguyca OCHOBaHHA R. ‘

2. BoluHcauTh 00BbeM TesMa BpalieHUA, OPpPaHUYEeHHOro
NJIOCKOCTbIO, NPOXOAsileH yepes Touky x==1 ocH x nepreH-
yA AUKYNAPHO K HeH, M MOBEPXHOCTHO

2 BpalleHHUs OKOJIO OCH X KPHBOI .
g=a 1) y=x2 (puo. 113); - 2) y=x";
3) y=Vx

)
(S

§ 7.15. Pafora ssexTpuieckoro
3apsaa

[lyets ¢ u ¢'—naBa sapsina, Haxo-
Puc. 113 JfIHecd Ha NPAMOA HA PACCTOAHHH
r apyr ot apyra.CuJa B3aumoneiicteua F

o ‘a
MeKAy HUMH HafipaBJieHa BAOJIb 3TOH npaAMofi H paBHa F=ﬁ

(a=kec’, rne k—nocroannas). Pabory W srtofi cusn, Koraa
3apsl ¢ HEeNOABHXKEH, a 3apsf ¢’ mepejBUTAETCA MO OTPesKy
(R, R,}, MoxHO noacynTaTh, pasbuBas otpesok [R;, R,] Ha
yactd AAHHBI Ar;. Ha Kaxno#i 3 HHX nUpPHOJHXKEHHO G4M-
TaeM CHJY [MOCTOSAHHOH, TorAa pa6oTa Ha TAaKOM Y4YacTKe

p :
paBHa —-Ar,. [lenaa uacTHum pasbuenusa Bce Oosjee Meln-
r;

KHMH, y6exnaemca, uto paBora W paBHa uHTerpany

W= lim ¥ S ar={ Ldr  (0< R <R).

R,
Ar—>0
1

R



§ 7.16. DABJEHHUE XHAKOCTH HA CTEHKY 1161

3ot HHTErpan Mbl Cpa3y HaxojudM, NpUHHMasi BO BHHUMaHue,
4yTO

orctofa

B uacTHOcTH, pa6ora, BhINOJHEHHas cuJaol F,npu nepensu-
JKEHHH 3apaja ¢’, HaXOAMBINErocs cHayasJa Ha PacCTOSHHH
R, or 3apajna ¢, Ha GeCKOHeUHOCTh,% paBHa

. 1 1 a
W =lima (g—#)=% ©O<R.
Mpu ¢’=1 mbl NOMYYHAH NOTEHUHAA 3apAAa ¢ KaK (yHK-
o ot R.

§ 7.18. [laBnreHHe KHIKOCTR HA CTEHKY

Bacceitn BbicoTst H HanosaxeHn Bofol. Belyucauth jasie-
HHe BOJLl Ha NPSAMOYroJbHyl0 CTeHKY G6accefiHa, ¢ OCHOBa-
HHEM OPAMOYTOJIbHHKA, pPaBHbIM Q.

Ilenum BbicOTy Ha paBHBle Majnle yactH Ah. CreHka pas-
JeJIUTCA Ha «3/JeMEHTHl» (OlH U3 HHX 3aluTPHXOBaH, puc. 114),
Tak KaK Ky60METp BOALI BECUT TOHHY, TO JaBJeHHe CTON6a XKHA-
KOCTH BBICOTHI ii; M, HMelOIEero ceyenne ! m?, paBHO h; TOHHAM.
IlaBneHne e BOJBl Ha 3JIEMEHT,
Haxonsuuica Ha ray6GuHe h;, pas- 4
HO NPOHU3BEJCHHIO h; Ha mJjomalb Ak
anemenTa: h;a Ah. Benmnunua paBne- &
HUA HacTeHy npuOaMMEenHo paBHa

n i} J
P~ h. Ah = h, Ah, i >
igl an; @ g; { Puc. 114

rJie cyMMa paciipocTpaHeHa Ha Bce Ak, TouHoe e ee Bbipaxe-
HHe paBHO HHTErpaJgy

n H .
: . h? [H  aH?
P = lim hAh=a\hdh=qa | =-—5-.
Ah»oag ‘ a§ ¢ 3 lo 2

6 C. M. Hukonbexul
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§ 7.17. Uentp THAMeCTH

LleH'rp TAXECTH CHCTEMBI MaTE€pHaJbHBIX TOYEK
(Xl, !h). (xzv yz)a ey (xN» yN)

€ MaccaMd my, M, ..., My COOTBEICTBEHHO HMeeT KOOpAU-
HaTHl

N
2 mjxy Z 741

m
—_— N -
Emj- $m/

St GopMyJaBl PacTIpoCTPaHSIGTCS Ha HENpepHBHO pac-
npeesieHHble 10 NAOIAAN MacChl. POJlb KOHEUHBIX CYMM HTpaioT
TOTla MHTErpalbl.

Haiinem unentp TaAXecTu cermeHrta napa6onn y=1—x? c
paBHOMEPHO pacnpeneseHHol 10 HEMY Maccoi, OrpaBMYEHHOrO
CHM3y ocklo x (puc. 115). das

g\ atoro orpesok [—1, 1] ocu x
pasnenuM Ha n paBHHIX Ya-
creit pmuHbel Ax. Ofna Takas
yacTh 3alUTPUXOBaHAa Ha pHC.
115. Beuny Manoctd Ax MOXHO
CYHTaTh, YTO Macca 3alliTpH-
-7 g Az 71 2 XOBaHHOIO 3J/IEMEHTa CermMeHTa

Puc, 115 paBHa
of (x;) Ax = py; Ax

U OHAa CKOHUEHTPHpOBaHa B TOYKE (xl-, %) . 3zech p—1JoTt-

HOCTL pacnpejenieHust MacChl.

BBuay cummerpuu cermenta abcumcca €ro UEHTPA TsXKeC-
TH paBHa x,=0. OpAuHaTy e MOXHO NPUO/HKKEHHO 3allH-
caTb B BHJE

n
n

yo
DI TV PY
i=1 1 i=1

Yo~ =7 ’

n 2 n
0 ) bihx D vilx

i=1 i=1

e CyMMa pacnmpocTpaHeHa Ha Bce YaCTHYHBIE OTPE3KH Jiede-
nun [—1, 1].
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Tounoe BhIpaXkeHHe AJIst OPAUHATHI LEHTPA TAKECTH Halued
¢durypsl nmoayuuMm, nepeiins x npegeny npu Ax— 0:

n b
S, (v
Yo= E‘mo % ‘=nl 2 ’ (20)
2 Yi dx
i=1
rie B JaHHOM clydae a=—I|, Takum o6pasoM,
1
,;_ S (1 —x2)2dx 8 g =" @
_ 3 15 2
bo=—7T—"""=7T<73%"
S (l—x)dx 3

Bripaxenue (20) MoXHO ,
paccMaTtpuBaTh Kax  o6MIyio 7 oue 116 4
dopMyany A5 OpAMHATHI LEHT- ‘
pa-Tsxectd GUrypel, uzoOpaxkeHHoi Ha puc. 116, ¢ pasHo-
MepHO pacnpeleneHHo#t no Heil maccoil. CooTBeTcTBYIOLIas
dopmyna Aas x, UMeeT BHJ

YIIPAXHEHHUA

1. B Gacceiin ¢ BoJOH OmMylueHa MOJYKpyr/asi NJacTHHA
paiuyca R Tak, 4To €e JMaMeTP HaXOIHMTCS Ha YPOBHe BOJBI
(puc. 117). OnpenenuTsb JaBjeHHE BOALI HA OAHY M3 CTOPOH
MJaCTHHEL. ,

2. Hafitu koopauyaThl LEHTpPA
TAYKECTU BEPXHero moJykpyra 77 7 7
y=V R —x.

3. Haiitu KoopAHHATHI LEHTpA
TSAMKECTH CErMeHTa Tapabofsl y =
= x?, OPPAHHYEHHOIO CBEPXY Npsi-. Puc. 117
Mot y=1.

6*
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4. Cuna TOKa B TNpPOBOAHMKE eCThb GYHKUMA BpeMeHH]
y=1-+1¢2. Kakoe Ko/JHYeCTBO 3J€KTPUUECTBA MPOXOAHUT yepes
ceyeHUe MPOBOJAHHKA 3a NMpoMexyToK BpemeRH 0 <C ¢« 3?

5. Uemy paBHa npoH3BOfHaA ONpeNESeHHOrO HHTErpana
OT HernpepuiBHOH (YHKUHH N0 BEpPXHEMY Dpefeay?

6. ChopmysnupyiiTe U 3anuiIHTe OCHOBHBIE CBOHCTBA Onpe-
JeNeHHbIX HHTErpalioB.

7. YeMy paBHH a) mjomwans Kpyra, 6) AJHHA OKPYKHOCTH,
B) o6beM liapa, I) NJOIA/b MOBEPXHOCTH Liapa.

8. 3anumnre dopmyay Aas o6wveMa BpaweHus. OGbACHU-
1€ e€e.

9. 3anuwmuTe Gopmyay .
a) ANA IEHTPA TSXKECTH CHCTEMBI MaTepHasbHEIX TOYEK;

"6) AN KOOPAMHAT LIEHTPA TAMKECTH CHCTEMBl MaTepHaJjb-
HHX TOYEK;

B) JJIfi KOOpDAHMHAT LEeHTpa THMXECTH, BbIpaXK€HHHIX Y€pPe3
HHTErpaJbl.



I'JIABA 8
AUSPEPEHIIHAJIbHBIE YPABHEHH A

§ 8.1. OxaaxpaeHne Tena

Teno, umeiomee Temneparypy 0,, nomeueHo B cpeay c
remnepatypoit 0° (8, > 0). Tpebyercsa Haittu 3akoH 8 (f)
M3MEHEHHA ero TeMIepaTyphl B 3aBHCHMOCTM OT BpemeHU f.

M3 kypca ¢H3HKH H3BECTHO, YTO CKOPOCTb OXJaXKAEHHs

Teda a nponopuHoHalbHa Pa3HOCTH TeMnepaTypel TeJla H

OKpyKatolledi cpeabl. Y4HTHBasA, yTo GyHKuua 0 (f) yGbiBato-
11as, noJy4yaeM paBeHCTBO

do
rie A—koapduuHeHT NPONOPUHOHAMBHOCTH. Ml nosyun/d
ypaBHEHHE OTHOCHTENbHO HeHWaBecTHOH GyHKuuu 0 =0 (¢). OHo
HasbiBaeTcA Jughpepenyuarvhoim YpasHeruem, NOTOMY 4TO B
HEro BXOJMUT HEU3BECTHAfl 10Ji 3HAKOM IPOM3BOAHON.

SToMy ypaBHEHHIO YAOBJETBOPSieT (QyHKuuf

0=Ae¥, 2)

rae A moxer OwITb JoGoit nocrosiHHoi. B camom nene,

& — —hAem, %)

IMoncraenss Bupawenua (2) u (3) B ypasuenue (1), noay-
YyuUM TOXIECTBO, T. €. PABEHCTBO, BepHoe JJs Juoforo f.
®opmyna (2) paeT GeCKOHEUHO MHOrO pelUeHHH MOCTaBJIEHHON
3a]aYd, COOTBETCTBYKOIMX Pa3HbIM 3HAYeHHsIM TOCTOsIHHOM A.
Ias Hawedt 3anauu 0 =0, npu t=0, orkyna A=6(0)=6, u
pelleHHe AaHHOH 3aJauyd HMEET BHJ

e - 003"’”.

M3 nonyuenoit opmyasl Buaso, uto 8 =0, npu ¢=0,
saTeM c yBeaHueHdeMm [ temmeparypa 0 1ena secbMa GbICTpO
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ymenbiuaercs. Ilpn ¢ — -+ oo oHa crpemuics K Hymo (6—0
npu f— o0). .

3ameuanue 1. Juddeperunansioe ypasHenue (1)
MOXKHO paccMaTpHBaTb KaK ypaBHeHUe DalMOaKTHBHOTO pac-
nafga. B arom cayuae 0=0(f) ectb Macca BewtecTBa, MNOA-
Bepraiolerocst pacnaay, a 8,—ero macca B MOMEHT BPEMEHH
{=0.

3apaua. Hafitn ofinee pewenye AudibepelHHaIbHOTO
ypaBHeHHsI N YacTHOe pellieHue, OOpaLIaolIeecst B y = gy NpH
t=0:

d d; d
a) F=—2% ©) F=—y B)F=2y

§ 8.2. HaxoxpaenHe 3aKoHA ABHIKEHHA Tela
10 €ro CKOPOCTH

Touka aBuxercs mo och x. Ee ckopocTb —3anaumasi
¢dynxuns Bpemenn v=f(f). Hamo HahtH 3aKoH ABHXKeHis
TOYKH, T. €. 3aBHCHMOCTb €e KOOpAMHATH X OT f, WJH, KaK
TOBOPAT, 33aBHCHMOCTb NYTH OT BpPEMeHH.

Pewmenune. IlycTe HCKOMBIH 3aKOH JBHXKEHHSI onpeje-
asietcs opmynofi x = F (f). Ilpoussognas or x no { pasua
v=f(f), 1. e

Fry=f@- A 4

Mnl nonyuunu augdepennnanbHoe ypaBHEHME OTHOCHTENBHO
HeuspecTHOH oyuKkuuu F (). Ero pemuTh HeTpyAHO: OHO
nokaswiBaer, 4ro F(f) ectb neppoobpasHas ot f. Cnenosa-
TeNbHO,

Fy={iwa+c, ®)

rie C—npouspoabHas noctosnHas. YUtobw Haith C aas
KOHKPETHOTO 3aKOHA, Halo 3HaTb JONOJMHUTENbHO, TA€ HAaXO-
JHJack TOYKA B HEKOTOPLHI MOMEHT BpeMeHH f, HalpuMmep NpH
t=0.

YIOPAXHEHHUA

1. Toyka ABHXKeTCSl MO OCH X CO CKOPOCTBIO

a)v=23, 6)u=aq, B)v=2f, r)v=af, v=cost, x) v=cost,
e) v=e¢l.

Hafitu BosMoxkHble 3akOHBI ee JBHKenusi. OnpenenuTs
Cpeau 3THX 2AKOHOB TOT, AAsi Kotoporo x=0 npu £=0,
a TaKxe TOT, AJfA Kotoporo x=1 npu f=1.



§8.3. PABHOMEPHO YCKOPEHHOE ABil)KEHWE (67

Pemwenue. a) x= S 3dt+C=3t4+C. Tlpu ycnoBum
t=0, x=0, nonyyum C=0; cnegosaTenpHo, B 3TOM caydae
3aKOH [BHMXEHHSA umeeT BUL x =3¢. [lpu yeaosun £ =1, x =1,
nonyqum | =3+ C, 1. e. C = —2. 3aKoH uMeer BUJ X = 3t —2.

§ 8.3. PaBHOMEpHO ycKOpeHHOE [BHIKEHHE

Toyka gBHKETCA MO OCH X PaBHOMEPHO YCKOPEHHO C ye-
KopeHueM, paBHbIM a. HailiTh 3akoH ee ABHMKeHHS.

Pemewnwue. Ilycth uckomblif 3aKOH JIBHXEHHA onpeje-
asercst yHxuuedn x = F (f). [To ycnosmio BTOopas ee npous-
BOJIHAA paBHa a:

. F'(t}=a.

Ho nepsas npoussoaHasi ecte nepBooGpasuas OT BTOPOl,
1103TOMY

F'(t)="\adt+b=at 0,

rje b—npon3poibHas noctosHHas. MckoMasi ke ¢yHKuua
F () ecrb nepsoobpasnas or F’(¢), nosromy

Fm=Sw+mm+C=%+w+a

Hrak, o6yl 3aKOH NBHXKeHUS BbIpaxaercs GopMmydoi

x=F(@t)=% ot 4C, (6)
rae b u C—npouasonbhble nocrossHHble. Takum obpasom,
MMeeTc GeCKOHEYHO MHOTO 3aKOHOB JBM)KeHHs, pellaroiux
3ajayy —Kax/J0# nape yuces b M ¢ COOTBETCTByeT CBOH KOHK-
peTHBI# 3aKOH. UToOHl HaliTM 3aKOH, COOTBETCTBYIOIUIM AaHe
HOMY [BMXKEHMIO, HaJ0, HanpHMmep, 3Halb, A€ HaxOAuJach
TOYKa B HEKOTOPHII MOMEHT BpeMeHH {, H KakoBa Oblia
CKOPOCTb U, €€ B 3TOT MOMEHT.

"3anaya. M3 BuHTOBKH BHICTpenuau BBepxX. Hamuunte
3aKOH JBUMKEHUS MYJH, CYMTasA, YTO YCKOPEHHE 3€MHOIO NpH-
Txenust 10 M/c, cKopocTb BblJIeTa nyJu U3 BUHTOBKH 800 m/ec.
ConpoTiBjieHHeM BO3AyXa npeHeOpeyb.

Pewenue. Ock x HampaBUM BEpPTHKAJbHO BBEpX, €e
HAayaJo CY{TaeM TOYKOH BBLJIETAa NYyJaM, 3a EAUHHIY IJIHHB!
npuMeM MeTp. YCKOpeHHe CHJIbI TXEeCTH HanpaB/ieHO BHH3
BMecTe ¢ CHJIOM Tshkectu. [losToMy B HalMX pacuerax Hajo
CUilTaTE YCKOpPEHHe paBHLIM OTpluaTenbHoMy uucay —I10.
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Ha ocHoBaHuu dopmyast (6) 3akoH ABHXKEHHMS BEIpaxa-
eTcst ¢pynkuuell x=—5/2+at +C. Tak KaK nyAst B MOMEHT
t =0 umena koopausaty x=0, 10 0=04+0+4C umm C =0,
No310My

=—5{2+ at.
Uro6sl onpeneanTs @, BO3bMEM NPOH3BOJHYIO OT X 0O
dx
E‘—— —10¢ +a.

lpn ¢=0npon3BoaHas paBHa cCKOPOCTH BhlaeTa myau 800 m/c.
[Nostomy a=800, u 3aKOH NBHMXEHHS HMEET BHA

x =—5¢2 4 800%.

YIOPAXHEHWA

1. Hapucyfite rpapuk pyuruuu x = —5£2+4 800¢ u ompe-
JenuTe HanGOMbLIYIO BhICOTY AOCTHIKEHUS MNYJH, MOMEHT ee
JOCTHIKEHHS!, MOMEHT NajeHHs Ha 3eMJII0 M CKOpOCTh B MO-
MEHT NajeHHus. ,

2. MarepuaarHast Touka magaet c¢ Beicotsl 1000 M. Uepes
CKOJIbKO ‘BpeMeHH OHa yMajeT Ha 3eMJl0 ¥ C KakoH CKo-
pocthio? ConpoTuBaeHHeM BO3fyXa IMpeHeGpeub H 3a YCKO-
peHHe 3eMHOro NpuTAXeHus npuHATL 10 M/c.

3. Ha Boicote 2000M OT 3eMsIM BHICTPENUJH H3 BHHTOBKH
BBepXx. Ckopocte Brlera nyau 800 m/c. Hamucarb 3akon
JBHXKEHHSI NyJH, HapucoBaTh ero rpapuk. Kakoit Han6oab-
weil BBICOTHl JOCTHIHET IyJiss H 4Yepe3 CKOJIBKO BpeMeHW?
Yepes Kakoe Bpemsi MyJsl ymafeT Ha 3eMJI0 M C KaKoOH CKo-
poctbio? ConmpoTHBJEHHEM BO3JyXa npeHe6peub H 3a ycKOpe-
HHE 3eMHOro npuTskeHus npuHath 10 Mm/c.

4, B npepuayuied 3afade cyuTaThb, UTO BLICTPeJ Hanpas-
JeH BHu3. Uepe3 kakoe Bpemsi NnyJsi JOCTHIHET -3€MJIH H €
KaKOH CKOpOCTbIO YRAJEeT Ha 3eMJio?

§ 8.4. Konebanue npyxuHsl

BHH3y K Bucsalle#t npyxune npukpenged rpys m. Ocp x
HanpasJjieHa BAONb NpyxHHB BHM3 (puc. 118). B Henozemx-
"HOM COCTOSIHHM Tpy3 HaxoiuTcs B Hauane ocH x. BhiBenem
OPYXHHY U3 PABHOBECHS, CXKAB MJIH DAacTSHYB ee, U Npejo-
cTaBUM camoii ce6e ¢ MomeHTa BpemeHd (=0. I'py3 Oyner
Kosie6aTbcsi B BepTHKAJhHOM HanpabJjeHnH. ITyeth x = x(f)—
KOOpAKMHaTa rpy3a B MoMeHT f. HToOhl HaiiTH QyHKUMIO X (£),
HanumeM ee AnddepeHunanpHoe ypaBHEHHe,
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Ilo sakony HrloToHa B /0GOH MOMEHT BpeMeHH mNpoii3-
BeJleHHE Macchl Ipy3a Ha ero ycKOpeHHe m paBHO cuJe, gefi-
cTBylowlel Ha Ipy3 B STOT MOMEHT. DTO CH/IA YNpPYroCTH,
paBHas no 3akoHy I'yka npousBeieHHIo HEKOTOPOro mocTo-
AIHHOTO KO3(hHIHEHTa @ Ha BeNMYHHY OTKJOHEHHS rpysa OF
nojoxenus pasHoBecud. Cuna 3Ta, TakuM o0pa3oM, paBHa
— ax. 3HaK MHHYC BO3HHKaeT U3 CJIEAYIOIHX COOBparKeHui.
Ecmu x > 0, 1o npy»xHHa
(puc. 118) Hnaxomutca B
PAacTAHYTOM COCTOSIHUH H
CHJIa YIpPYrocTH AefcTBY-
€T Ha I'py3 CHH3Yy BBEpX,
T. €. OHa OTpHIATeJ]bHa;
ecan xe x <0, To npy-

YYYv¥vvvyyy —

I AAAARAANARER

Z

(z< 8)

JKHHa CXaTa M CcHJla ym- : 7
PYroCTH IOJIOXHTENbHA. L (220)
HUrak, mx"=—ax uan - i
/
" 2y 3=i
.x +kix=0 ( m) o ”8._,:
™ ‘

Mo nonyuniau auddepeHuHaNbHOE YypaBHeEHHE BTOPOro
NopsAAKa, NMOTOMY YTO HeH3BecTHasd (QYyHKIHA B HEM HaXOAHT-
¢ 1noj 3HAKOM BTOpOH npousBoiHOH. DynKuuu sink: o
coskt ABAAIOTCA pelIeHHAMH ypaBHeHHA (7), nOTOMy 4TO,
HanpHumep,

(sinkt)” + k?sinkt =— k?sin kt + k*sinkt = 0.
Ho Torza ¢yskuus Buaa
x (t) = A sinkt 4 B cos kt, 8)
rae A 1 B—umobble Npox3BOJbHbBIE TNOCTOSIHHBIE, €CTh TOXKQ

pemenue ypasHenus (7). Beap ecnm y— pemenue, 10 Ay
€CThb TOXE pelleHHe;

(Ag)"+ k*Ay=A (Y + ky) = A0 =0,
a TaKxe, €CIM- y M Z—pellenHd, TO U y-+Z €CTb pele-
HHE:

(+2) +r(y+2) ="+ kY +(E"+kYy)=0+0=0.

Buixoaur, uto muddpepeHuranpHoe ypaBHenue (7) nMeer
6eCKOHEYHO MHOTO pPelleHHH, COOTBETCTBYIOUUX NPOH3BOJIbHAIM
napam uuces A u B. Ka)K)loe KOHKDETHOE ABHXXEHHE HAaxo-
AMTCA 3aJaHHEM ABYX HayaJbHbIX ycaoBuA. OO6BYHO B Ka-
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YeCcTBE 3TMX HAYAMBHBIX YCIOBMIl 327al0T 1Ba UMCAA X, M X,
rie X,—OTKJOHEHHe rpy3a B MOMeHT Epemenu {=0, a x;—
CKOPOCTb, COOGLIEeRHast rpy3y B MoMeHT {=0.

Hanpumep, nyctb =0 u x,5=0 npu ¢t=0. Toraa us

’

dopmyssl  (8) caenyer, uto x,=B, x'(f)=kAcoskt—
— X ksinkt 1 0=kA nin A==0. Tlostomy rpys KoneGaer-
csl MO 3aKOHY :

x (f) =x,cos kt.

Mer 3naem, uyto ¢opmyay (8) MOXHO 3anucath B BuAS
x=Crcos(ki—a) (C>0). 8

Yucno C HaseiBaercsi amnaumydod KoneGanus. OTKJIOHEHKe
rpyza x(f) or ToukH O yJIOBNEeTBOpAET HEPABEHCTBAM
—C < x(t)<<C, 1 npu 3TOM CYLUIECTBYIOT 3HAYEHUH £, AJIA KO-
topbix x=C u x=~C. Yucno k HasbiBaetcs wacmomod

koneGauusi. Pynkuusa (8) HMeeT NEPHOA, paBhbli '2k£' 3a

2n k o
eIMHHIlY BPEMEHH NPOMCXOMUT l:—~= 5— xoneGanuil. Ha-

KOHell, YHUCJIO o HasblBaeica ¢hasoll KoseOaHus.

3ameyanue. Popmyna (8) mMomenupyer mpouecc Kose-
GaHHSA NPYKHHBl HETOUHO M NPHroHa TOJbKO 14 JocTa-
TOYHO MaJjoro ortpeska BpemeHHu [0, f,], npu ee BHBOAe He
yuTeHB! TPEeHVs, BO3HMKaWUue NPH KOJNeGaHHM IPYKUHBI, H
COTIPOTHBJIEHHE BO3JyXa.

YIOPAXHEHHA

1. Hanucate ypaBHeHHe ONHCAHHOTO Bhlle IBHHEHHS
rpy3a mpH YCJIOBHM, 4TO HayajbHoe (npu ¢{=0) ero orkJo-
HeHHe X, U HayajibHag CKOpPOCTb X, PABHAKTCA

a) x,=0,01, x,=0; 6) x,=0, x=0,01.

2. Hanummure auddepenuuanbHoe ypaBHeHHe AJs TeMIe-
patypsl oxjaxcjaiouerocs rena. Hanmmmure obmyio dopmyay
pellieHHs 3TOro ypaBHeHHS. MHOro s peuleHWd HMeeT 3TO
ypaBHeHHe? Kak MOXKHO BhAeNUTb YacTHOe peweHHe? Tloyemy
3TO ypaBHEHHe HasplBaeTcsl ypaBHEHHEM NEPBOTO NOPAAKa?

3. Hanuwnre auddeperunanproe ypaBHeHHe, BbIpaxalo-
I[ee CBA3b MEXJY 3aKOHOM JBHXKEHHA TeJa M CKOPOCThbIO
aBHxeHudA. KakoB nopsajok storo ypaeHeHuar Hanuumre
oblLyro QopMyJy pellleHHsl 3TOr0 ypaBHEHHs.

4. Hannwute nupdepeHuranbHoe ypaBHEHHE IJi 3aKOHA
pPaBHOMEPHOrO YCKOpeHHoro jApneHus. KakoB ero mopsamok?
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Hanuumre ofylo gopryay pelueHHs 3toro ypaesenus. Ot
CKOJIbKHX TPCH3BOJNSHEIX NOCTOSHHBIX 3TO pellieHue 3aBHUCHT?
Yto namo 3HaThb, yro6bl ONpeASiHTb KOHKpETHHE 3IHAUYeHHs
5THX NOCTOSIHHLIX A/l JAHHOIO YAaCTHOTO pelueHia?

5. Hanummte nuddepeHunanbHoe ypaBHeHHe KoJeOGaHHs
Toyk# npyxuHbl. OfbsichiTe ero. Kakos ero nopsaox? Ka-
KOBO ero ofuiee pemenne? OT CKOMBKHX TPCH3BOJBEBIX 1O-
CTOSIHHBIX OHO 3aBHCHT? Kak HX HaXOAAT Ha npaxTike?

6. lna nuddepesunalsHOro ypagHEHHd

X"+4x=0
HaliTH
a) obuiee pelueHue;
6) yacTHEIE pellieHHf, YAOBJETBOPAIOUIHE HAYAJIbHBIM yC-
JIOBHfIM: ’

’

3
'=0
3

-

0,
0,
0

b

.
’
.
9

’

o 4
I

2
2
0

%R %
I
% %R
Il

I
Il
I

-



TJIABA 9
®OPMYJIA TEHJIOPA

§ 9.1. Mouartue dopmyant Teitsopa

[Mycte dyukuusa f(x) umMeeT NpPOH3BOAHYIO Ha OTpe3Ke
[0, a]. Teraa ans moGoro ee 3HaueHHs Bhnoausercs d¢op-
mynaa Jlarpauxa (cM. § 6.5):

fER)—F©Q)=xf" (o),

rjle ¢c—HEeKOTOpOe YUC/IO, AJF KOTOPOro BHIMOJHAKTCA He-
paBeHcTea 0 <c < x. 3Oty dopMyay MOXHO 3anucaTh Tak:

fR)=FO)+xf () (0<e<x) (1)

IMycte Tenepp ¢ynkuusa f(x) umeer Ha orpesxe [0, a] He
TOJKO NEPBYIO, HO M BTOPYIO NPOU3BOAHYI0. Toraa ans Hee
BepHa dopMmyna, KOTopyio HasuBaioT gropmyaoii Teilaopa:

FO=1O+ 0y 21 O<e<n, @

as moGoro 3saueHus x u3 orpeska [0, a].

Boo6iue, ecmu ¢ynkuus f(x) umeer Ha otpeske [0, a
NPOHU3BOAHLIE A0 MOPAAKA 7 BKJIOYHTENbHO, TO AJAA JOGOro
x u3 orpeska [0, a] BbLIMOJHSAETCS paBeHCTBO ‘

F=FO+LExp LRy 4 Ly R,

(3)

rae
!

R,=17[™(@ (0<c<4) )

H C—HEKOTOpOe YHCJIO, 3aBHCALUEe OT X H n.

3710 paBeHCTBO HasblBaetcs gopmysol Tedaopa c ocrar-
KoM n-H creneHn. Beauunny R, HasblBalOT ocmamxom U
ocmamounsim wucaom gopmyast Tedaopa *).

*) Moxer 6uiTb a<0, u TOrga CHUMBOJ [0 a] na camom pene o6o3mna-
yaer [a, 0] ¥4 popmynu (1) — (4) ocTaloTcs BepHBIMH npH a<x<c<O0.
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Mp! He 3HaEM TOYHO, Y€MYy PABEH OCTaTOK, NOTOMY YTO Mipo
YHCJIO ¢ TOJNbLKGO U3BECTHO, YTO OHO HAXOMUTCH TAC-TO MEKAY
(0 u x. Ho u 210l nnpopMaunn 6pIBaeT LOCTAaTOUHO, YTOGH!
topmyna Tefinopa umena npakTuueckce 3HaueHue. [IpaxTu-
veckdit cumulca opmyanr Tefijiopa sakmoyaercss B TOM, 4TO B
psile cayuaeB YAAeTcs 3aKJ/IOYMTh, YTO €€ OCTATOK MaJj Ha-
CTONbKO, YTO MM MOXHO NpeHeGpeub, H TOLAa HONYYHM NpPH-
6IHXKEHHOEe PABEHCTEO

)= f @O+ L LD e,

KOTOpOE, KACT BO3MOMHOCTb BHIUNCAHTB [ (X), €CJE MOXHG Bbi-
yuesauth uncaa f(0), f(0), ..., f»=v(0).

Jas npumepa BuneseM ¢opmyay Teiimopa ¢ octarkoM BTopoit
crenienHd, T. e. Gopmyay (2). )

3aaagum x u3 orpeska {0, a]. Haiigem rakoe P, uTo6bl BHINGTI:fA-
JiOCh PaBEHCTBO

Fx)=F (O -FF (0) x4-x2P. 5)

MoxHo 6biJI0 6Bl pewlHTh 3TO ypaBHenHe oTHocuTean#o P, Ho nac
HlTepecyeT JApyroe—Mbl XOTHM HeHsBecThoe P BhIp43uTb depe3 BTO-
pywlo nponssoanylo or Qyukunu f(x). dna sroro 6ygem paccyxaarh
caeayouum o6pasom.
axJoe 3ajaHHOe 3HadeHHe X QnpelesseT NP NOMOUL PaBEeHCTBA
(O) uncno P. Beezem ¢ynxuuio OoT mepemensofi u, 3ailaHpylo Ha OT-
peske |0, x]:
Fa)=f(u)+x—u) F (@) +(x—u)?P. (6)
ByneMm nomintk, 470 34ecb X H P—(URCHPOBAaHL W 3TO BblpaXieHHe
ecTh QyHKuuA OoT nepemenHoil u. DPynxuua F (u) MMeeT Ha OTpe3Ke
{0, x] npou3BOAHYIO, NOTOMY 94TO MO YCAOBHIO [ (4) HMeeT BTOpyio
NPOKH3BOAHYIO #, CHAEeLOBATEJNbHO, MOXHO BafATh NPOH3IBOAHYIO lie TOJNLKO

ot f(u), Ho u or [ (v). Kpome Toro, ¢yuruus F (1) HMeeT paBHble
3HayeHHA 13 KoHUaX oTpeska [0, x]. Bexw

F (0)=1(0)4-xf* (0)-}-x2P =] (%)
(cMm. (B)) n F (¥)=f (x). Tostomy coraacno Teogeme Ponas cymect-

ByeT TOYKa ¢, YROBNeTBOpAIOWAA HepaBedcTBaM 0 < ¢ <, B KOTOpOii
npou3BOAHAA OT QYHKuUMH F paBHa HYy/THO:

F’ (¢)=0. .

Hawm ocraerca Juwb, noab3yace dopmynolr (6), BEUHCAHTE TNpo-
usBoaHyo F! (1) M momoxnTh B Helt x=c:

Fr@=F @—F @+ =) F () =2(x—u) P,
(x—a) f' (£)—2 (x—¢) P=0, f"(c)—-2p=0, ng—éc)'v

[MoxcTasiass 370 sHayende A P B paBeHCTBO (§), DONy4HM HCKO-
mylo gopuyay Teiinopa (2).
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§ 9.2. Mpumepsl

[Tpumep 1. Paccmorpum dyHkumio y=sinx. Hanumem
ans Hee dopmyay Tedsopa npu n=>5. Hmeem
f(x)=sinx, fl(x)=cosx, f!'(x)=—siny,
fll(x)=—cosx, [V (x)=sinx, [Y(x)=cosx,
f@=0, ['O=1, ["(0)=0,
o) =—1, V=0, v (c),= oS 2.

[Tosromy

sinx = x————-l—R (%), Ry(x)= wsc == 0102800 %

Ilna snaueHuil x, ymoBJeTBOpAwMWMX HepaBeHcTBaM 0 <Cx <

1
<Tv

1 n\8 1
le(x)|<m(T) < o5

CnepoBartenbHO, UMeET MeCcTO NPUOIHXKEHHOE PABEHCTBO

x3
31nx~x—ﬁ- (nggg)
¢ TouHocThio o 1/400.

Ecnn B pasnoxenun sinx no dopmyne Teitnopa B3sTh
Goablue 4JeHOB, TO HOJYYHM MHOrod/eH GoJee BHICOKOI cTe-
neHH, NpHOJaHKAIOUHA Sin X elle TOYHee.

3ameganue 1. Ilpn oueHkax oCTaTOYHBIX YJEHOB cJe-
nyer yuectb, 410 |cosc|<{1 npu mobom c,

ee<er mpu O0<e<x;
<<l nmpu x<c<0;
l+c<1 npy 0<ce<x.

Jlna OTpHUATENBHBIX X HEH3BECTHOE YHCJIO ¢ TOXKe OTpH-
1aTeJbHO M NOCJeAHAS OlEHKa He mnpoxoaut. Ha cayuai
oTpuuaTeAbHBIX X Ans ¢yHkuui (14 x)” u In(l 4-x) Hmeror-
¢ Apyrie GOpMyJbl OCTATKOB, NO3BOJAIOINE CHENATH HYX-
HElE OLIEHKH.

3ameuanne 2. BouHcieHHs, CBsi3aHHBle C GOPMyJOil

(3), B HacTosiuee BpeMsi MPOH3BOAAT HA MHKPOKANbKYJATO-
pax.



§9.2. IPUMEPEI 17
YOPAXHEHUA

1. Ilokasats, uto Qopmynet Tehnopa Ans (GyHKUUH COS My |
e*, In(l +x), (1+x)” npu n=>5 umeror BHA '

cosx=1—§-+’;—t+R5(x),
¢ = 1 {r 4 5+ g+ 4R )
1n(1+x)=x_—i§-+3§i_—§i+R5 (),
(1+x)”nl+mx+ m(f;rl) xg_,f_m(m——ls)!(m-—Q) o

L= (ffi!—Q) (m—3) x4+ R, (s

2. lna GyHKUMH cosx OLeHuTh R, (x) ans 0<x<%,

8. Ilns ¢yHKuUMH e€* OLEeHHTh OCTaToK R, (x) anan o
<x<7. i

45 HanncaTh paccMoTpeHHEle B 3ajaue 1 ¢opMysm npm
n=>5. :

b. BHUMCAHTE YHcJa e, el/s, cosnl'm, sin\f‘b G TOYHOCTLIO
po 10~%, Yrao B3fATH B pajvaHax.



[JIABA 10
JENUCTBMTEJIBHOE YHCJI0

§ 10.1. JlecAiTH4HbBIE PA3NOKEHHA PALMOHAMBHBIX HHCEN

nyCTb 3aldaH0 MOJIOXKHTE/IbHOE paurMoHa/JbHOE  YHCIO

—z— (p >0, ¢ >0). TpeGyerca npeBpatuTh €ro B AeCATHUHYIO
J1po0h.

Haunem ¢ camoro mpoctoro ciayuas, Korja ¢ He HMeeT
JApYTHX MpoOCTBIX JeTtajed, KpoMe 2 u 5. Bor mpumepsn

7 7.22 28
775 = 7050 = i 0,028,

3 3.126 375

Mnut BHAUM, 4TO (POU3BOJIBHOE IOJOXKHTEJNbLHOE paluHo-

HaJIbHOE YHCJO -qe- , TAC g He HMEeeT APYCLHX ,IleJlHTEJIeﬁ, Kpome

2 u b, pasnaraeTcA B KOHEYHYIO JNECATHUHYIO APOOb:

'f_;‘=ao, Ai wee am. (1)

3aech o, —Uen0e HeOTPHUATENbHOE HYHCAO, 8 O, Gy, o0 —
uxdpel, Kaxjaas H3 HHX MOXET NMPHHHUMATb OJHO H3 3Haye-
Bait 0, 1, 2, ..., 9.

Ho n o6GpaTHoe yTBepiieHHe BepHO, MPOM3BOJbHAS KO-

HeYyHasd ,ﬂ,p06b %oy, Ay <. &, €CTb pallHOHAJNbHOE YHCJIO)
0gli ... @
Qgy, Ay va a,,,=w—ﬂ-.
3nech Oy, Oy oo O, —LUECJOE UYHCJO, COCTOAILULE H3 &, €AHHNL,

O~y DECSITKOB, @,_, COTEH, ...

Mbl n0Kazanu, 4YTO 041 mMo20 4mobsl NONOHUMEAbHOE
PAYUOHANLHOE 4UCAD, BbLPANEHHOE HeCOKpamumol JOpobbio
%, pa3nAeanccy 8 KOHeuryro Oecamuuryto 0pobob, HeobxoduMmO

u docmamo4ro, 4mobel 3Hamenamenss ee q He UMEA Opyeux
npocmolx Jeaumeneti, kpome 2 u 5.
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OcranbHble  xpo6u -5- MOryT HMETb TOJLKO OGeCKOHEeUHHle

AeCATHYHbIE PA3JIOKEHHS O, 04,0, ..., T. €. TaKHe, 4TO IJIsi
mo6oro Ha'rypa.nbnoro k Haiinercsa HaTypambHoe [ > k Takoe,
yto a, > 0.

HpO!{aBOJlele KOHEYHY0 ,uecmwmylo Ipobb oy, &) ...
. a, (2, >0) mMbl GyleM 3anuchiBaTb €lle B BUAE

Coy Of ous Op=0, O ... &, 000 ..,
HIM B BUJAE OECKOHEUHOH NecATHYHOH ApoGH
Qg O voo Qp=0, O .. O, _;(a,—1)999 ... (2)
Hanpumep, 6ynem nucarb
0,2365 = 0,2365000. .. =0,2364999. . .

Uurtatesb caM NMpoBeput, Heas GHCAMTENb HA 3HAMeHa-
Telb «YTOJKOM», CAeLyiolue OGeCKOHeUHble JecATHUHble pa3-
JIOXEHHA:

=0,7171...=0,(71),

5
3=0,555... =0, (5),
7
$=0777... =0,(7),
23
5="0,2323... =0, (29,
71
99
7

555 = 0,007007 ... . =0,(007).

5
Bce 3T0-—nepuoandeckue passoXeHUs. Hanpmwep g €CTb,

KaK TOBOpAT, HyJAb LEJHIX H 5 B repuoge, a ———Hleb ne-

abix H 71 B nepuope.
Boof6iie, nMeer MecTo paBeHCTBO

adi ... Q&
—%——9’1=0, (otg ... oL
mn pa3
BrifichuM ero chnpaBeAJMBOCTL Ha INpUMepe npoﬁu By}xeM

genntb 17 Ha 99 mo uM3BeCTHOMY NpaBUaY; o,miaxo [PUIH-
weM K yucay 17 cpasy mBa Hyas. Mmeem

1700 =17 (99 + 1) = 17.99 4 17.
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CnepoBatenbHO, NOCJE BTOPOrO 3tana Aestenus 17 Ha 99
NOJYYUM TaKYI0 KapTUHY:
17 | 99
17001017,
17
T. €. B yacTHoM noayuaercss 17 m B ocrarke 17. Tenmeps
CHOBA2 K OCTATKy NpHMHILEM [Ba HYJS W TOCJ]E JeJeHHs 1o-

JIyYuM CHOBAa B yacTHOM 17 u B ocratke 17. Tak maw mnpo-
yecc OVAET NPOAO/KATLCH Nepuosuyeckn Ges KoHua:

17| 99
0,1717. ..

7
CrnenoBaTesibHoO, (_]?—9 =0,1717..

Huxe npuBoastcs NpHMEPHl IECATHYHLIX NEPUOAHYECKHX
ApoGefi Gojee CI0KHOTO BHJA:

1,21353535. . . = 1,21 (35) = 25 +0,00 (35) = 13 -+ o2 - 725
2, 371 37
020371 =280 2
313 4 313
3,13(4)= lo;()) %+ 500+

Ml BHAMM, UTO HPOUSBOALHYIO OCCAMUYHYIO hepuoduye-
ckyio 0pobs oy, oy ... o, (B, ... B,) moxno paccmampu-
8amMb KAK OeCAMUYHOE POSAONCEHUE HEKONOPOE0 PayUOHaNb-
HO20 qucaq:

=0 Oy ... am(ﬁl LR ﬁn)' (3)

Ho u o6patno, decamuunoe pasnroxceHue npoussoabHoz0 no-

AOHCUMENABHO20 PAYUOHANLHOEO HUCAQ -5- HeobXxX03UMO nepuo-

LA

duueckoe.
B camom pmese, OyneM neantb p Ha ¢ OOGBIUHEIM CHOCO-

6om;

9
'31 Qgy Cp ovn Ogllgyys (4)

ﬁs
B+

s
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[MycTe Ha s-M 3Tame 3TOro npolecca MOMYYHJCA OCTATOK f3
¥ Bce mudpbl YUCAA p OKa3aJHCh yXke CHeCeHHbIMH. PaccMot-
puMm ocratkn B, By, ..., Byry-1- KonnuectBo ux g, u
KaxIbli 13 HAX MeHbme ¢. Ho torma Kakue-TO 1Ba M3 HHX
o6si3aTeNbHO  JOMXKHEl ObiThb paBHBL. Ilycte paBubl P, u B,
(B,=B, m < n). 3ro nokaseiBaer, uTO0 npouecc (4), Hauu-
Has ¢ m-To 3Tana, CTAHOBUTCS NEPHOJAHIECKHM (Qy4p1 =0y, y,
Optg =Cppay «-o)e

Hrak, xancdomy nosojcumessHoMy pPAyUuOHANbHOMY HUCAY

%coomeemcmayem e20 beckoHednoe Oecamudnoe nepuoduseckoe

pasaodicerue auda (3). 10 pasnoKeHHe NOJNYYaeTcsl NPH NOMO-
mu npouecca (4), monoJHsemoro B cayyae (1) npoueccom (2).

C npyrofi CTOpPOHBI, npPoU3BOALHOE OGecKoHedHoe nepuodu-
ueckoe pasnosxcerue (suda (3)) coomsemcmayem, marxum o6pa-
S0M, EQUHCMBEHHOMY NONOHCUMENLHOMY PAYUOHANOHOMY YUCAY.

OTpuHaTeJLHOMY palMOHAaNbHOMY YHCIY ——% NIPUBOASAT

B COOTBETCTBHE GeCKOHEUHOe MECATHUHOE Pas’JIOXKCHHE YHCIa

%, B3fTOE CO 3HAKOM ¢—».

Qucay Hyas (OHO TOXKE PAllHOHANBHOE) ECHIECTIBEHHO NpU-
eecmu 68 coomeemcemaue pasasogcerue 0= 4-0,000 .., =
=—0,00 ... =0,00 ...

§ 10.2. JlecsiTuuHble Pa3ioNeHUs
HPPaLHOHAJBHBIX YHCEN

KpoMe nepHopuueckux JecsTHYHBIX ApoGelt CyLIECTBYIOT
HenepHOAHYeCKHe, HanpuMep:

0,1010010001...; 0,121122111222...

Bor elme npumep: ecnd H3BIEKaTb KOPeHb KBaJPaTHHIN
¥3 2 1O M3BECTHOMY NpaBHJY, TO NOJYYHM HeNepHOAHYe-
CKYI0 GeCKOHEUHYIO JAeCATHYHYIO NpO6b: V2 =14l1... Oua
onpejiesieHa B TOM CMbICJIe, YTO JIOOOMY HAaTy PajdbHOMY UHCTY
k COOTBeTCTBYeT oOnpejeJjeHHas Luppa o, k-ro paspsiga
uucna V2, ONHOSHAYHO BLIYHCASIEMAsi COTJIACHO MPABHIIY
H3BJICYEHHST KBaJApPaTHOTO KOpHs.

Ecai Haw 9HTaTeAb He 3HaeT 3TO npaBHJIO, TO OH MOXET, 4T06bL

MOMYunTh  JNeCATHYHOE pasjomenne uwicaa V' 2, paccyxjiaTh TakK.
CuayaJa HaxoAuM HauGojbluee LeJOE YHC/0, KBaApPaT KOTOPOro MeHb-
me 2, 310, oyeBHAHO, yHcao . 3aTeM HaxoAMM HauGoJbluEe YHCJAO
BHAa 1, aj, KBagpaT KoToporo MeHbwe 2. 310 ecTh yncao 1,4. 3atem
HaXOJHM HaHGoJibllee yucio BHAA 1,4 a2, KBaZpaT KOTOPOro MeHblle



180 ra. 10. AEACTBUTEJBHOE YHCIO

’
2. 310 ectb yucao 1,41. K paccyxpan Tax MOXKHO NGAYYUTh OJHO-
3HayHo JoGoe yucno uupp nocae 3ansTO# HECATHYHOTLO Da3MOREHUs

ancaa V2.

Maremaruseckiil aHaMM3 jJaerT MHOIO 0yrell BhUWCAeHNS
gicna T ¢ JioGoH Hanepej] 3aJaHHOK TOMHOCTbIO. 310 NPHRO-
JUT K Onpejie/leHHOMY OECKOHEUHOMY AECATHYHOMY pasJvre-
HHIO 7, KOTODOE, KaK OKa3blBaSTCsi, We sBJfAeTCH epHoid-
YECKHM. .

Hdamum Tenepb - ONpeflesieHye  HPPAIHOHAFBHOIO YHCNA,
MoKa YHCTO GopMalibHOe. HppayuonansHelst HUCAnm Ha3bi-
BaeTcs NPOM3BOJbHAs GecKOHEUHas HenepuopuuecKas Apods )

Q= =0, &%et..., (5)

roe o,— LeJloe HeoTpuuarenhtoe uueno, a, (k=1, 2, ...}
uMdpH, 3HAK JKe PAaBEHCTBA BBIPAXKAET, YTO MBI OB0O3HAUM/AM
npaBylo 4acTe (5) yepe3 a. Bmpouer, ynoHO roBopHTb, UTO
npasasi yacTb (9) ecTb JECATHYHOE DA3JOMEHHE YHucCaa a.

PauvoHanbHEle W HPPAUHOHANLHMEE YRCAA HAE3HEBAIOTCA
Oeiicmeumenbroimy (ANH BEUIECTBEHNLIMU) YUCAAMU.

M3 ckasaunoro chaepyer, 4YTo BCAKOE HE paBHOE HYJIIO
JeHCTBUTENbLHOE HHC/IO MOXeT ObiThb 3aMHCAHO B BHAE OecKo-
HeyHoll JecATHUHOH apo6u (5). Ecan oHe paumoHadbHO, TO
ero JIeCITHUHOE -pas/iOKeHHe eCTb OecKOHEeuHAd JAecATHYHAR
nepuoguueckaa Apobp. B npoTuBHOM cayudae, cOrJIacHO Ha-
1IeMy OnpejeJeH o, BbIpaxeHHe (5) camo onpejenseT Wppa-
ILUOHAJIBHOE YHCJIO.

HecsiTHuHAs He PABHAA HYMO APOOb MOXKET GLITh KOHed-
HO#. B cuny cornaiuenus, BHPaXeHHOTO PaBeHCTBOM (2), oHa
MOXeT GbiThb 3aMeHeHa paBHOH el GecKoHedHOH mepHoAnue-
CKOH JIpO6bIo.

Uueno @, Tae He Bce @, PABHBI HYJIO, HasbiBAETCH n0.i6-
HUMEALHOIM HIH  OMPULAMEeNbHoIM B 3aBHCHMOCTH OT TOTO,
6yner ad B (5) QurypupoBarh «-+» WM «—», [PH 3TOM,
KaKk O0ObIuHO, «-+» GyleM OnycKarhb.

HeicTeuTenbrbe uncna OnpeledeHs Noka GopManbHO,
HaJO elle ONpeleurb apUPMeTHUeCKHe onepaluH Haj HHMH,
BEECIH /11 HHX NOHATHE «>» M NPOBEPHTh, YTO 3TH Omepa-
OMH H TOHSITHE ¢« >» COIVIACYIOTCA ¢ YXKe HMEINHMHCA
COOTBETCTBYIOUIMMH OMEpanUAMH W TIOHATHEM «>» 1As pa-
LHOHANBHBEIX YHceN, a TakKke YJIOBJETBOPAIOT CBOHCTBaM,
KOTODHIE MBI NPENBAB/IKEM K HHCJaM,

*) KoHeyHo, 3HaKy «--* COOTBETCTBYET OXHO YHCAO (NOJOHI-
7eJIbHOE), d SHAKY ¢—» Upyroe (OTPHUATEJBHGE),
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§ 10.3. CpaBHeHMe AeHCTBHTENLHBIX uMCeN

ITo onpejie/ieHHl0 aBa 4Hcdaa
a=40, a0..., b=xp, Bp,...,

pa3noxeHHule 06a B GeckOHEUYHHe, HO He HMeoUlHe nepuoja
9, WM KOHeYHHlE JeCATHYHLIE APOGM, PpAaBHBI Mexay coGoi
TOrf2 M TOJbKO TOTJd, KOTrja HX 3HAKH OJAHHAKOBBEL U

a,=f (=0, 1, 2, ...). (6)
Jlnst Tex e MOJIOMHTENBHBIX 4HCE] aH b 10 ONpefeneHHio

a<b, ecn o, <P, Wau ecnu HailfieTcd TaKOH HHAEKC (le-
J10e HeOTPHUATeNbHOE YHCNO) [, YTO

=B, (k=0, 1, ....0) 1 o <Bss ()

310 onpepesieHHe TOAMTCA Al KOHEYHBIX M GECKOHEUHBIX
pa3JioXKeHHH, He uMerolMx nepuona 9. Urto6el npuMeHHTDH
3TO OnpejlesieHHe K JECATHYHLIM APOGAM C nepHoioM 9, Hajxo
NpeBPaTHTb MX B KOHEUHEle JecATUYHbIE Jpo6H. Bnpouewm,
yA00HO MHUCATDb '

Ogy Q. . . <Oy, &...0,99. . .=y, ar...%,_ j(@,+1),
] ™ -
XOTSl TPOMEXYTOYHbIA YJieH B 3TOH Leldu He obs3arene.

Mesxay AByMs ABeHCTBHTeJbHBIMH UYMCJIaMH a M b (a < b). uMeercs
palHOHaJbHOe YHCO r (@ < r < b), pasaarawuieecds B KOHEUYHYIO fe-
CATHYRYVIO Apo6b, Ecan a < 0, b > 0, To MoxHo cuuTath r=0,

IMMyete 0<a<bu

a=0g, B%p «isy  b=fy, Biffa ...

— 6ecKoRedHLe KecATHyHbe ApoGH. Ecan ay < By, TO

a<og, 99...=cyg+1<<Po < Bo, Br ... Br < Bo. BuB2 ... =0,
rae k Takoe, uro f > 0. Dro MOKasuBaeT, 4TO B JA3AHHOM CJayyae’
MOXHO noJoxuTh r=Ff,, By ... Bp.

Ecan xe ag=fq, TO Npu HekoTOpOM [

as-':ﬁs (=0, 1, «.., I=1), al<ﬁl;

O3TOMY

Aoy, 05 ... 07 99...=0g, @1 +.. Oy (1) <<
<P Br ..o Br-1Br <Bo Br .. Bibrir ... Br<
< ﬁOv 6162 "-=b. (ﬁk> 0)7

H, CJael0BaTteabHo, Moxuo cynutath r=0q, f; ... Pp.
Cayyait @ < b < 0 cBOAMTCA K Npelpliymemy.
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YNOPAXHEHHWA

1. Mexay uuncaamu
0,(78) u 0,935050050005 ...

HaA1H: 1) pauuoHaabHOE YKC.J10, 2) BPpALMOHANBHOE YHCJO,
3) palHOHa/lbHOE M MppalloHaiabHOe yucao, 4) 1Ba pauuo-
HaJNbHBIX YHCJa, 5) JBa HppalUOHANLbHBIX YHCIA.

§ 10.4. JecaTHunOe npubanxenue
JEHCTBUTENLHOrO 4HCNA
3anafuM NPOUZBOJBHOE NOJIOKUTENLHOE YHCIO
a=0a,, ;%0 ...
B BHJe AecATHUHOU Apo6u. Yucno
av=ay, o, ... a, (n=0,1,2 ...)
O6yIEM HAa3LIBAaTb 7-M OECAMUYHBIM NPUBAUNCCHUEM HUCAQ A C

HeAOCMamKoMm.
CnpasennuBH HepaBeHCTBa

ar<a<<a™+410"" (n=0, 1, 2, ...). 8
B camom jaene,

M =a,, a; ... O, <0, O, ...
<Ly, & ... 0, 9...=0ay 07 ... a,+1072=
=a® 410",

Yucao a'™ 410" Ha3RIBAOT A-M RPUBAUNCEHUEM HUCAQ
a ¢ u3bbimgon.
CnpaBeyiBbl HepaBeHCTBa

a(l) <a(3)<a(3) < ceey

T. e. @ <La"tY (n=1, 2, ...).
B camom nene,
aM =0y, Lo, .. O, %y, G o.. Q0 =D,
HMelorT TaKKe MECTO HepaBeHCTBa
P 101 >g® 4 102299 1072 >, ..,

a™ 41077 = a# v 410~ @+ (n=1, 2, ...).
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B camom pede, .
a® Y L]0 MY =g @y ... @0,y 999 <C
<A, A Q. &, 99... =0y, & ... &, + 10" =g | 10-",

Mu BuguMm, yTo usena o'® He YOHIBAOT MNPH BO3pacra-
HMH R, OCTaBasich Bce BpeMs He GOAbLIMMH uHcaa a. YUucaa
we a"4-10-" uHe BO3pacraloT, OCTABasCh HE MEHbIUHMH
uhcna @. Kpome Toro, pasHocTb

@™+ 107 —a™ = 10-" — 0, 1 — oo

T. €. CTPEMHTCA K HYJIO NPH N — 00,

Uncna o™ u a'™ 4 10" —paunonasnbHble, K TOMY e
OHM pa3jaraioTc B KOHeuHee JecAtvuHbie apobu. Cospe-
MeHHLIe CYETHble MallMHK IPUCIOCOOMERbl K BBLIYHCIEHHSM ¢
JECSTUYHLIMA Apobsmu *).

B npakTHUeCKHX BLIYHC/IEHMAX TOUHHIE 3HAYEHHS YHced
3aMEHSOT NPHOJHKEHHBIMY, B YaCTHOCTH NPHEIHKEHUAMH
a"™ u a(n)_}_ 10-».

?

§ 10.5. YucsoBan npsmas

3apaguM OTpe30K, KOTOpBIH GyAeM cuuTath eXHHHYHBIM—
umerowuM AJuHy 1. Mbl XOTMM OnpejeniuTb NOHATHE AJHHBL
IPOK3BOJILHOTO OTpe3ka AB OTHOCHTENLHO BHIGDAHHOH eau-
HHLE! (€IMHHYHOTO OTpe3Ka).

Orpesok AB HasmiBaeTcsi cousmepumbir C €IHHHIEH
(c eMBMYHLIM OTPE3KOM), €C/H CYUIECTBYIOT HATypaJbHblE
ypcsa p U ¢ TaKue, 4TO €CNM ¢-10 4acTb €JJMHUYHOrO OTpes-
Ka OTJIOXHTb p pa3 or A B HanpaBaesuu K B, 1O npu-
JeMm B ToudHoctd B Touky B. Ilpo Takoi OTpe3oK roBopAr,

4T0 0H UMeen OAUHY %.

IMpumepoM oTpesKa, He COM3MEPUMOrO C €JMHUIEH, ABJA-
€TCSl FHMOTEHY3a NPAMOYrOJLHONO TPEYroJbHAKA, HMEIOIIEro
enuununble Karetsl. Jlapma 3toro orpeska passa V2.

He couamepuMbIX ¢ efuHHLeH OTpe3KOB umeercsl GecKo-
Heunoe MmHomectBo. J[lanum OOMMA MeTOL  HM3MepeHus
orpearxoB. Hac uHTepecyeT YMCTO TeopeTHYeCKas CTOpOHa
porpoca. Mnl oTmaem cefe oTyer, 4YTO JJHHY OTpe3Ka
(COM3MEPHMOr0 WJIH He COM3MEDHUMOro C €QMHMLEH) NpaKTH-
YeCKM MOXHO IOJYYHTH TOJBLKO NPHOJNMKEHIO, HO MBI XOTHM

*) Bnpoqu, Ha CaMOM JeJie WHPOKO MPHMEHseTCd TaK Ha3biBae-
MO€ ABOIYHOE HCYIICTIEHHE,
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npeAcTaBHTh ce6e, KaK 3TO MOXKHO CJieJlaTh TeOpPeTHUeCcKH
TOYHO.

3anazum npamyio L, Aas KOTopo# BEIGEPEM MOJOXKHTENbHOE
HanpaBJeHHe (YKasaHo crpeskoit, puc. 119), exuundibiit orpe-
30K U HauaabHY0 TouKy O.Takylo npaMy10 HasbIBalOT YU CA060L

[
F

i 1
g 7
Puc. 119
n[)ﬂMOlZ IOTOMY, YTO €€ TOUKH MOKHO paccMaTpuBaTb KaK HJUIIO-

CTpauHi JEHCTBUTEJIbHBIX YHCEJI. Kaxmomy NMOJIOXKHTEJ/NIbHOMY

pauHoOHAJbHOMY YUCAY % NpHBeJEM B COOTBETCTBHE TOUKY

npsmoit L, HasblBaeMylo TOYKOM 5—, Jexaiylo cnpasa ot O

Ha PAaCcCTOSIHHM % or 0. Kakjomy Ke oTpuIaTeNbHOMY pa-

LIMCHAJIbHOMY '-XHC.)'[}’-—-;l nprBeieM B COOTBETCTBHE Ha L

TOYKY (TO'IK}’——:;—), CHMMETPHUYHYIO TOYKE Fp OTHOCHTEJIbHO

0. Yucny O nycrp cootBercrByeT TouKa O.

Bynem HaswBath A Ha L payuonasenod wnn uppayuo-
HQAbHOU moukoli B 3aBUCUMOCTH OT TOro, OyJAer Jid OTpe3oK
OA, coepnnsiownii ee ¢ Toukoit O, COM3MEpHUM UJH HE COU3-
MEepHM ¢ eRuHHUeH.

Mui yxasann cnocoG, B cu/y KOTOPOro ycTaHaBJAHBaeTcs
B3aWMHO OJHO3HAYHOE COOTBETCTBHE MEXIY palHOHAaJbHBEIMH
YNCJIaMH M palliOHAJLHLIMH TOYKaMH npsmofi. Byrem noab-
30BaTbCSA 3THM COOTBETCTBHEM, YTOOLI pelIHTh 60Jiee CI0XKHYIO
3agauy o6 u3Mmepenun orpeaka OA, rae A—umioGas ToyKa
npamoit L.

3ajanuM Ha nNOJOXHTEJNbHOM Jyde L, npsamoit L npous-
BOILHYIO TOYKY A (palMOHaJbHYIO WJIH MPPalHOHATbHYIO).
Urto6el onpefennts anuHy |OA| orpeska OA, paccyxinaeMm
cnenylomuM obpasom. Iloxfepem uenoe HeoTpHLATeNbHOE
YuCiO a,, Npubmmwxaiowee Anuny |OA| ¢ TOYHOCTBIO 1O M-
HHIBI C HEJAOCTAaTKOM (CHH3Y). JTO 3HAYHT, YTO TOYKA o
ayya L, mm6Go coenagaer ¢ A, nu6o Haxogutcs Jesee A,
OXHAaKO TouKa &, | Haxoautcs Ha L, npasee A.

Orpesok [a,, @+ 1], cocauHsaOWMA TOUKH @&, H &, -1,
o6osHaunM 4epes o, =|e,, a@,+1]. O obGnagaer caenylo-
LIIAMH CBOMCTBaMH:

a) Touka A TpuHALNERHT O, (A €0,), HO He FABAAETCSI
NpaBLIM KOHLOM G:
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6) nnvHa O; paBHA eamHuue: |a,|=1.

Ilpu6nusum Tenepb amuHy |OA| CHH3Yy C© TOYHOCTBIO JO
OJIHOH JecATOH. DTO 3HAYMT, YTO MBI NoOAGMpaeM UHPPY o
(r. e. onHo u3 wumcea 0,*1, ..., 9) Tak, uyTOGHl TOUKa
a,, ¢; ayua L, gu6o coBmana ¢ A, nu6o Geula JieBee A,
HO NpH 3TOM 4YTOGHl TOYKa a,, o&;+ 10~! Gnuia mpaeee A.
BBeneM oTpesok

Gi=[a0) Q5 Cg, a1+10-1]v

KOTOpHIH, OY4eBHAHO, OGJajaeT CJeAyIOLIUMH CBOHCTBaMu:

a) TouKa A NpHHALNEKHT Oy, HO He fIBJISETCH NPaBHIM
KOHIIOM Oy;

6) MMHA 0, paBHa |o;|=10"1%.

Ipubanxaem npanee piuHy |OA| cHM3y ¢ TOYHOCTBIO 10
OAHOHA COTOH, T. €. HaxOAHUM HHDPY o, TaKylo, YTO OTPe30K
0, =[a,, a0, @, o;a,-+ 107%] Gyner conep:xath B cebe A,
npasblit ero Kowen He cosnajgaer ¢ A. [dauna |o,|=10"2
OueBHHO, 0, NPUHALMEKHT O;. ITOT INPOUECC NPOLOMIKHM
HeorpaHU4yeHHo. B pesysbrate NOJAyYyMM NOC/ELOBATENBHOCTD
yuicel

Ay, U0y .. .0, (R=1, 2,...),

Tle o, —HeOTPHIATEJbHOE llesloe Yheao, ao, (j=1,2, ..., k)
—uudpu. Ilpu sroM s mo6oro HarypaJabHOro kB OTpesck

o=l 0y .o, Gy @, Gy ... @y} 107F]

conep®uT B ce6e TOuKy A, npaBbifi ero KOHEN He cQBnajaer
c A, nnuHa |0, |=10"F (k=1, 2, ...), ¥ O, NPHHAMJIEKHT
6k_1-

Hrak, Touka A NpHHAAJNERHT BceM oOTpeskaM o, (k=0,
1, 2, ...) 1 QJIMHBI HX TIPH HEOTPaHHYEHHOM BO3PaCTaHHH
k, OUeBHIHO, CTPeMATCA K HYMO! |0y < 0, k— oo.

OnpenenuM Tenepb YHCAO @ NpH NOMOIMH JECATHYHOTO
pasiloxeHHs

a=ao, alazas s ey

rae o, o, &, ... —HalijeHHble Brille yucaa. Yueao a ynos-
JIETBOPSIET HEPABEHCTBAM

‘ gy O oo A< a<ldy, O .. Oyt 107F (9)
npu mobom k=0, 1, 2, ..., a Touka A npy moboM yka-
3aHHOM K JexHT Ha L, MeXAy TOUKaMH og @y ... O, H
@y, O ... O+ 107% 310 noka3sbiBaeT, YTO MMEHHO YHCJO

a ectb AmuHa |OA| orpeska 0A: a=|0A|
Hmax, kandot mouke A aysa L, npu nomowtt paccmon-
pennoeo npoyecca (1) npusodumes 8 coomeemcmeue noACKU-
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meavroe wucao a=|0A|. Ilpu amom, ecau kaxkas-aubo dpyeas
mouxka B aywa L, naxodumcs npasee A, mo eil coomsemem-
syem 6oavuioe wucao (b > a). Yucro a naswisaemcs koopduna-
moid mouxu A na npamot L.

Hapo ywecTs, yro pa3 Touka A HaxoguTes Ha L., T. e. JeXHT
Ha L npasee Toukn O, To B mpouecce (9) mpu AOCTATOHHO GOJLLIOM £

oKaxercd, 4TO Qg, &j ... Oy > 0, oTkyAa a > 0.
Hanee, ecmu Touka B nexut na L, npasee Touku A, To npu fo-
CTATOYHO GOJIbIIOM 7 OKaXeTCHA, HTO &g, &5 ..: Gp+ 1077 < f,

By ... Bn. oTkyZa a < b=Py, Bifs ...

[NoctaBum o6paThyio 3ajayy. 3afaHO MOJOXKHUTENbHOE
YHCJI0

a=a, o0,..."%

CnpainBaercs, cyuiecrsyer i Ha L, Touka A Takaf, 4To
a==|0A|? Ha ocHOBaHMH CKa3aHHOrO 5TOT BONpPOC MOXHO
BLIPA3uTb ellle Tak: cymecTByer au Ha L, Touka A, ogmo-
BPEMEHHO NpHUHAAJeXKawasd BCEM OTPe3KaM

o,=[, @ ... 0 &, ;... a,+107F]
(k=0, 1, 2, ...»  (10)

Peiuienye 3T0r0 BOMpoca OTHOCHTCA K reoMerpuH. I'eomer-
pus pewaer €ro IMOJIOXXHTeJbHO, T. €. OHa YTBEpKAAET, YTO
cywecneyem Ha L, eduncmeennas mouxa A, npuradiexcawasn
ecem o, (R=0, 1, 2, ...).

310 yTBepxKIeHMe OObIYHO Npejsaraerci B BUAE OAHOH
U3 aKCHOM TeOMeTPHH (MPHHLHNA BJIOKEHHBIX OTPE3KOB, CM.
10.6), qH60 OHO €cTb CJIEJCTBHE APYIHX HCXOAHBIX AKCHOM.

3aMeTuM, 4TO ecau

a=%=a“, [0 21 27 2 TUFIFIN

eCTb palMOHaJbHOE MNOJOXKHTENbHOE YUCJIO, TO €My COOTBETCTBYeT Ha
L, pauuoHajbHAad TOYKA p/g. DTa TOYKA NPHUHALMEKHT BCEM OTpe3-
KaM 0 ayua Ly (cM. (9)). Ee kak pas MBl H moayuuan, npuMeHss
paccMOTpeHHbIH Bhille mpouecc. Beab cywecTByeT TobKO OfHA TOYKA,
UpHHAaANeXawas BCeM Op.

Touke O npumuchHiBaeTcA B KauecTBe ee KOOPRHHATHI
aucsio 0, a mpou3BosbHOM Touke A’ oTpHUaTeNbHOrO Jyda L _
TNPHIUCHIBAEM YHCJIO —a, TJ€ a—KOOpAMHATAa TOuKH A,
cumMeTpuyroit A’ oTHocutensHo O.

9*) Mpi cuilTaeM, 4TO 3TO JEeCATHYHOE PAa3JOMEHHE He MMeeT NEpHO-
ra 9.
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Ha ocnoBanuu ckasaHHOTrO mexmcdy Oeiicmsumeroromu qc-
Aamu u moqkasu npasod L umeem mecmo eaaunro 0drosmnautoe

coeomeernicrnigue. Hpu 3MomM payuioHanrbHeule 4ucaa i% nege-

X008nt 6 PAYUOHANbHbIE MOYKU i% u obpamno. Ianee,

ccau mouka B naxodumca na L npasee mouru A, mo coom-
eMCMBYWIUS LA YUCAQ b U a HAXCOAMCA 8 COOMHOUEHUU
a < b, u obpamro.

§ 10.6. lpuuuun BRONKEHHBIX OTPE3HOB

Ilyctnb no nexomopomy 3aKory sadana nocaedoeaneabHoc b
OmpesKkos G,, Oy, O, ..., Aexawux Ha npamod L u obaa-
Oarouyux ceoticmeamu:

a) OmMpesKu G, GRONCCHBL; MO HAYUM, 4MO NpU A60M N
ompesoK G, npuradaexcum K ¢, (6,,; 0, n=1,2,...);

6) npu HeozpanuuenHOM 603pacmanuu n 6auna | o, | cmpe-
mumes x ryao (o, | — 0, n — oo).

Tozda nHa L cywecmeyem, w npumom edurcmeerHas,
mouka A, npuradiencaujan écem ompeskam o, (n=0,1,2, ...).

Orpeskn 0,, 0 Kotopbix wna peuyr B § 10.5, Kak pas
SIBJISIOTCS BJIOXKEHHHWMH, H Aaf HuX |0,|=10""— 0, n — oo.

[TpHHLMI BIOXEHHBIX OTPE3KOB YTBEPKAAET Cyu{ecmaosarue
TOYKH A, NpuHHaanexalled BceM C,, H €€ eQUHCHIBEHHOCHIb.

§ 10.7. ApndimeTnyeckue neficTBuHS,
Ouenkn npubanxennii

saﬂaIlHM JBa MNOJOXHUTEJbHBIX YUCJa
a=0ay, oo, ..., b=0, Bf. ...,

onpejeNeHHbIX KOHEYHbIMH WM GeCKOHEUHBIMH JIeCATHYHBIMH
Jpo6smu.

Uyrateqb XOpOLIO 3HAET, KaK CKAAJBIBAIOTCH KOHEYHbIE
npecsiTnuHble Apo6u. OH Jlerko aorajaercs, Kak 3TO CA€nathb
B CJaydae CJOXeHHS KOHEUHOH ReCATHYHOH Apobu m Gecko-
neunoli. Ecan xe o6a cuaraemblx UMeIOT GECKOHEUHBIE Jecs-
THYHbi€ Pa3JIOKEHHS, TO BO3HHUKAIOT 3aTpyJHeHHs. IDTH 3a-
TPYIHEHUS MOMKHO TNPEONOJETh—MOXHO YKa3aTb NpPAaBHJIO
cTOXeHus ApoGelt ¢ GecKoHeyHbIMH XBOCTaMmH. BnpoueM, 310
NpaBUJIO HOCHT YHCTO TEOPETHUECKMII XapaKTep —OHO RNpak-
THYECKM HEOCYLIECTBHMO O KOHLA, [OTOMY 410 NPeJcTaBJaseT
co60li HEKOTOpHII GECKOHEUHLIH Npouecc.
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Ha npaktuke NPHXOAMTCA YHCAA @ M b 3aMeHATb HX MpH-
GNHXKEHH MU :

azxa, bmb,

OGBIYHO KOHEUHBIMH JeCATHYHBIMH ApoGamu a, b. Cymmy a-+b
CUHTAIOT NMPHO/IHIKEHHEM TEeOPeTHYECKOH CyMMbl a -+ b:

a+bm~a+tb.

Ho Toraa BosHuKaer Bompoc 06 OlEHKE NOrpelHoCTH NpHu-
6avxkeduna. OnHAKO U AJIsl TEOPHM, K AJSL NPAKTHKH BayKHO
oTAaTb ce6e OTYET B TOM, YTO CYMMa MPOH3BOJIbHBIX AEHACTBH-
TENbHBIX YHcea a U b Moxer ObiTb ompejeseHa MyCTb Teope-
TUYeCKH, HO TOo4YHO. TOrjla TONIBKO HMEET CMBIC] IOBOPHTH
O TpHOIHXKEHHH KaKoro-au6o yhcja, B AaHHOM CJy4dae YHCIa
a+b, Korja Mel yBepeHbl B TOM, YTO OHO CYIIECTBYeT,

CkasanHoe MOXHO pacnpoCTPaHHUTb H Ha PasHOCTb, U Mpo-
H3BeJieHue, W 4acTHOe YHcedl.

Huxe MbI, IaeM OpeicTaBjehHe O TOM, KaK MOXHO YHCTO
TEOpETHYECKH ONpefeNHTb apugMeTHuecKHe JAeHCTBHA Haj
yucaaMu. OIHAKO 3TH COOGpaXeHUs MOJE3HHl W JAS NpakK-
TUKH BBIYHCJEHHH, MOTOMY YTO OHU MOKA3HBAIOT, KaK COOT-
BeTCTBYIOWHE AeficTBUA HAAO NPOM3BOAHTL NPUG/IHNEHHO H
KaKue B 3THX CJIy4yasX BO3HUKAIOT OUEHKH MOTrpPelIHOCTH.

[Monoxum

am =0, 0 ...0Q,
b(n)=ﬁo' 61 e ﬁn (n=0' lv 2' "')~

[Ipn HeorpamnyeHHOM BO3pacTaHMH 7 YHCJa @™ crpe-
Msitcsl K @, He yObiBas:

A" <aV"<La® < ... La, '(11)
a uyucaa @' 4 10~"—mne Bo3pacras: ‘
a4 1071 > a2 L1072 > ... >a. (12)

CymMa a--b onpependercd Kak 4HCJIO, JAds KOTOPOro
YLOBJIETBOPSIOTCS HEPABEHCTBA

a(n)+ b(n) <a_*_ b < (a(n) + lo—n) _!_ (b(n) + lo—n) (13)

aas BceX n=1, 2, ... WM, Bbpa)ascb reOMETPHUECKHM
A3bIKOM, @+ b ecTb YKCJO, KOTOPOMY Ha YHCJOBOH npfMO#
COOTBETCTBYET TOYKa, NpUHHANJIeKALAs BCeM OTpe3KaM

0,= [a(n) "1’ b(p)’ a‘m + pim + 2 . 10'“].
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Takast Touka ecTb, U NPUTOM €JUHCTBEHHas, NMOTOMY YTO
JieBble KOHLbl O, He YyGLIBAlOT, NpaBHIE K€ HE BO3PACTaKT
H, CJef0BaTe/bHO, OTPe3KH G, BJOXKEHH (0, D0, > ...).
Kpome Toro, |0,|=2-10"" -0 (n— ).

Ha camom pene, ecnu Obl Hago OBIO CJAOXKHTD a U b
NpaKTHYeCKH, Mbl OBl CJOXKHAM a'® u b'™ npu N0CTAaTOYHO
Gonbumx n u cyurand G6t, 4To uHciao a'™ - b ecTb npu-
6nmxenne g+ b. IMorpemHoctb ,, KOTOPY!O MBI NPH 3TOM
JonyckaeM, He npepbituaer 2.107%;

B, < 2.1077,

TTopoGHbIM 06pa3oM pasHocTe a—b (a > b) onpenensercs
KaK YMCJIO, YAOBJETBOPAIOLEE HepaBelCTBaM

a(n)_(b(n)+ lo—n) < a_b < (a(n) + 10‘")—5("). (14)

S1OoMy UYHCAY COOTBETCTBYCT TOYKa Ha YHCJIOBOH npsmMol,
NpUHAJJIekKalasi BceM OTpe3KaM

0,,=[a""——(b""—|—10'"), a(n)+10—n_b(m]
(n=1, 2,3, ...).

Takast TOYUKA CYIIECTBYET, M €IHHCTBEHHAs, MOTOMY YTO
|6,]=2-10"" -0, n — co, a OTpe3KH 0, BKJaALBAKTCS.
Hano yuectsb, uto a‘® ve yGriBaer, a b™ - 10~% He rpo3pa-
CcTaet, ciejioBaTenbho, a'™ — (b - 10~") ne y6uipaer. anee,
a™--10-" nHe Bospacraer, a b‘® He yOrBaeT, OTKyja
a™ 4 10="—b™ He Bospacraer.

Ecan B3aTh B KauecTBe nNpubMMXKeHMa a—b uncao
a™—b"™ 10 norpemHocTh He npesbicut 2-10=7, noromy
y1o Toyka @' —b'® NpHHALNEXKUT O,

EctecTBeHHO Jajiee onpepenutb npoussejeHHe ab Kaxk
YuCJI0, YAOBJETROpSAIOLIee HepaBeHCTBaM

a(n)b(n) <ab < (a(n) "l‘ ]O-n) (b(m + 10-”) (]5)
Jiss BCeX n= l, 2, 3,. .. WIKH KaK 4HCJ0, KOTOPOMY COOT-

BETCTBYET TOUYKA Ha YHCJOBO#M leﬂMOﬁ, fipgHapnexailasi BceM
OTpe3KaM

g,= [a(n)b(n)' (a(m + 10-n) (b(u) + lo—n)]
(n=1, 2, ...).
310 onpefeneHue KOPPEeKTHO, NMOTOMY YTO OTPE3KH G, BJO-
KEHBI U
lonl =a(u)10—n+ b 1Q-n + 10—2n <
< (%+1)1077 4 B+ 1) 10-% 4 1072 — 0, 72— oo,
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B naHHOM ciyuyae OleHKa MPUO/HAEHHS 3aBUCHT He TOJBKO
OT 1, HO U OT a4 U f,.
a
Haxonen, wactaoe - (a> 0, b > 0) onpenensiercs, Kax
YMCJMIO, YJOBJETBOPAIOLICE HEPABEHCTBAM
a‘n a a®-4-10-n7
W 10-# < B < by (n= D). (16)

310 onpeeneHHe TOXKE KOPPEKTHO, MOTOMY YTO OTPE3KH

aln am 4-10-n
G, = [b‘”’—l—lO‘" ’ B ] (n=1)
BJIOXKEHBl H
a® 4 10-n an  am]Q-rf- M0 10—
| 0| = Bm pm10-7 B (G - 10-7) <
(cto+1)10-"+(Bo+1) 10— 41027
< (B2 102 =0, n—o (n=l

(7

Uncso | ecTb HauMeHbliee LEe0e HeOTpPHIUATeNbHOR, Il KO-
toporo P, > 0. Taxkum o6pasom, axbo B, > 0, uGo f,=0
(k=0,1, ..., 1—1) n B, >0.

a
Msi BHAMM, YTO B KauecTBe NPHO/HKEHHA - MOXHO B3ATh

npuHajiexaiee, O4YECBHAHO, K O, C OLEHKOH

n)

b
. la

npuOanKeHns, ykasanHoi B (17). Ho Ha npakruke - (Tak-

(a(n)b(m)),

YUCSIO

n
e Kak ab) npubauKaioTcs BbpaXKeHHAMH {:—m:- s
rJe n ¥ /n ONPeleNATCA CTPYKTYypo# a, b.

Ha apudmetrnyeckux AefCTBHAX C YHCAAMH Jo0Oro 3Haka
Mbl CMENHaJIbHO He ocTaHaB/inBaeMcsi. Kak uMTaTtenn 3Haer,
OHM CBOAATCA K HajJeXall{M IeACTBMAM Hal INOJOXKHIeNb-
HBIMH YHCJIAMH. Hanpnmep, yTOGBl CJIOXKHTD 1Ba YMC/IA @ U b
pasHeIX 3HaKoB, rae |a|>>|b|, Hapo mnonoXuTeE a+4-b =
= F (|a|—|b]), rme BbIﬁHpaETCH 3HAK, OJMHAKOBEIA cO
3HAKOM a.

§ 10.8. CeoiicTBa MeHCTBUTENBHBIX YHCEN

IMepeyucanm cBoiicTBA AefiCTBUTENbHBIX 4YHCEN, KOTOpble MOTYT
6LITh 0GQCHOBAaHB MOTOJAMH, NPUMEHABWHMHUCA Bbille, ITH cBoHcTBa
pasgeqensl Ha 5 rpynn (I— V),
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K rpynnam I, 11, 11l oTHOcATCA o6biunLe aJMeMeHTapHEle CBOHCTRA,
C KOTOPHLIMH HAM BCEra NpPHXORMTCH UMETb NeJl0 IIPH BBIYHCAEHHAX
H TpH CPaBHEHWH YuCeJ.

Ipynna IV cocTont M3 OAHOrO CBOMCTBA (apXuMeZOBa).

[pynmna V Toxe COCTOHT M3 OJHOrO CBOHCTBA (HeNpEpLBHOCTH
MHOXeCTBa JeHCTBHTEJIbRLIX UYHCes).

Mul OPHBBIK/AH K TOMY, 4TO paulOHa/bHBIE YHC/IZ YLOBAETBOPSIOT
ceoicream I, II, III, 1V. Cefivuac vrBepxxaaercsa, yro croitctBam [—IV
YLOBJETBOPSAIOT He TOJBKO paiMoHaJbHble 4HCIa, HO 1 Boobwe Bce
neﬁcmmenbnue yucaa.

Yrto xacaercs cBoiicTBa V, TO MHOMKECTEO OAHHX TOABKO [alHO-
HaJbHLIX YlCeJl eMy He YJOBJIETBOPAET— OHO HeEJ0CTaTOUHO IOJIHO,

I. CBoiicrna nopsaaka

1y. Jas raxpnoft napsl AefCTBHTeJIbHBIX YHCeN a H b HMeeT MecTo
OJHO H TOJIBKO OJHO COOTHOLIEHHE:

a=b, a>b, a<bhb.

I, Usa< b n b< ccaepyer a<c.
Is. Ecan a < b, To nafijercss Taxoe paUHOHAJIBNOE UHCAO €, 4TO
a<c<b. ,
II. ChoficTBa RefiCTBHIl CANOXEHHST H BHUYHNTAHHSL
IIy. a+b=b-a.
(a+b)+fe=a+(b+0).
113. a+0=a.
I1,. a+(b—a)=1>.
1l;. U3 a < b caeayer, yro a-+c¢ < b-}¢ aas mwoboro c.
III. CeoficTBa AefiCTBHH YyMHOXEHHSA H JeJEeHHSN
1ly. ab=ba.
(ab) c=a (bc).
}II,. a-l=a.

b
1“4. a-—a-=b, (1#0.

Ill5. (a-+b)c=ac+be.

1llg. Us @ < b, ¢ > 0 caepyer ac < be.

IV. ApxuMenoBO ¢BOHCTRBO

KakoBo 6u Hl GbiI0 yHca0 ¢ > 0, cyuecTByeT HaTypaJbHoe n > ¢.

V. CBO#CTBO HenpepHBHOCTH MHOXeCTBA feHCT-
BHTEJbHHX UHNCed

IlycTs 3ajaHa NOC/]eNOBATEJNbHOCTh BJOXKEHHBIX OTPE3KOB (MHO-
JKECTB YHCEJ X, MJIS KOTOPHX @, <<x << by)

o,,=[an, bn] (n=l, 2, ...),

T. €. TAKHX, 4TO 0,41 0, (n=1, 2, ...), ¢ [JHHAMH, CTpeMsILIH-
MHCS K HYJIO:

d,,:b,,—a,,—rO (n— o‘.x).

Tor,u,a CymecTeyetr, H DOpPHUTOM €AHHCTBEHlCE, YHCJAO, NpHHARNe-
xamee BCEM T.

C TeoMeTpUUYECKHM aHaJoroM cBofcTBA V MH N03HAKOMHJMUCH
B § 10.6. Tam G6bl10 CKa3aHO, YTO 3TO CBOHCTBO JJS HaTypaJbHEX
OTPE3KOB O Ha NpAMOl B TIeOMETpHH NPUXOAHTCH HOCTYAHpPOBATH.
3pech noA OTPe3KaMH NIOHHMAIOTCS COOTBETCTBYIOMHE MHOXKECTBA yHCel,
H B 3TOM CJyuae CBOHCTBO MpoBepsieTcsi (AOKa3biBaeTCs) HA AECATHUYHEIX
Pa3NOMEHHAX YHCENd, TaK e Kak BCe ocTajbHbie cBofictBa I—IV, ;
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§ 11.1. Yucao C:

IIpousBeneHyue HaTypasbHHIX 4Hcen OT | 10 n Ha3bBawO?
n-gpakmopuarom ¥ 0603HAUYAIOT TaK:

1-2.3...n=n!
B gactHocth,
11=1.
[To onpeneneHHIo CYUTAKOT, HTO
0l=1,

x0T caM o ce6e cumBod 0! He HMeeT HHKAaKOro CMEICJA.
3ajaa¥M HaTypasbHOE YHCJIO £, M NycTb 2 ecTb OIHO
u3 uucea k=0, 1, 2, ..., n. Ilo onpegenenuto

! nn—1) ... (n—k+1)
Ch= o= = ( R (=0, 1, ..., n).
(1
B uactHOCTH,
l}
Ch= o;lr:r =1, Ci= n'!l(;! =1 )

(npu k=0 BTOpHIM paBeHcTBOM B (1) MO/MB30BaTbCA Hesb3d).
U3 nepsoro paBeHcrBa (1) HemocpeAcTBEHHO cJefyeT
dopmyaa

Ci=Ci" (k=0,1,2,..., n). )
CnpasejnBa Takxe $opmy.a
Ci+Cit'=Ciit (k=0, 1, ..., n—1). “

B camom jeune,
al

n!
G+ G == T AT DT == =

_ n! [ 1 1 ]_ n! k+14+n—k
S M= | G=h T F | TG =D =R GTD —
nl(n+41) (n41)! kot 1

TN AT EFD (D= (e DH o
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R
Bor npumepnl yucen C%s

n=211,2 I

n=3:1,3, 3 I

n=41, 4 6, 4, 1; (5)
n=5; 1, 5, 10, 10, 5, I;

.

.

* & e s s v s e v »

Mol BusuM 3fecs 3akoHoMepHocTb. B Kaxaom psaay (5)
yucna Ci pacronoxeHbl CHMMETPHYHO OTHOCHTE/bHO CepefUHbl
psja—>3Tto ciaeayetr u3 ¢opmyasl (3), a MO KpasM CTOAT
eAUHHUB —3T0 caenyer u3 (2). B kaxaom pany uucaa C%
BO3pacTalOT A0 CEePeAMHbl psna, 3aTeM VOBBAIOT (CM. B KOHUE
naparpada 3agaud 2, 4).

YIOPA)XHEHHUA
1. Hanucare uyucna C: ana n=6, 7, 8.

§ 11.2, ®opmyna Gunoma HoioToHa.
Mertoa uHAyKuUH

dopmyna 6unoma HeiotoHa mmeer Buj
(a+x)"=a"+ Cra"~tx 4 Cra*~*x* 4 Cla"~*x* 4 . ..
oo Caxri L xt (n=1; 2, 3, ...). (6)
Cnaraemple CYMMbl B fIpaBOil 4acTH Ha3bIBAIOTCA 4YAeHAMU
pasnoxceruss dunoma Heromona. UneH a"™ Ha3bIBAIOT Hyieseim
waeHoM pasroxcerun gopmyass Heromona, panblue MRYT nep-

Bblil, BTOPOH M T. A. WIEHH A0 A-TO BK/IOYHTENBHO (pas-
Horo x"); k-#i unen GuHoma Hbiorona umeer Bua

Chan-tyt (=0, 1, ..., n). (7
dopmyna (7) B cuny csofictTBa (2) roautcs H aas k=0,
n k=n. Popmyay (6) MomxHO 3anmucath ewe TaK:

(@4 x)" = kz Chan-Fkxk, (6"
=0

[pasas gactb (6') unTaetcs Tak: cymma crazaemox Cra™~kx*,
pacnpocmpanennas Ha yeavie k om 0 do n. Yucna C%, nasb-
BalOTCA OUHOMUANBHOIMU KOIpPHUyUeHmany.

Hokaxem ¢opmyay (6). Ilpy n=1 ona BepHa: a+x =
=a+x. [lpu n=2 Tome oHa BepHa:

(a4 x)2=a%+ 2ax + x2,
7 C. M. Huxoabckuit

7
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Ona Takxe BepHa mpy n=23:
(@4 x)® =a®+ 3a’x 4 3ax® - x°

(cM. Ta6a. (5)).

Ilns  pokasatenbctBa dopmyasl (6) B obluem Buae (npH
Mo6OM HaTypaabHOM n) GyneT MCNOAb30BaH TOT (akT, 9TO
oHa BepHa npu n=2. Bynem paccyxpmatb Tak. onmycrtum,
yto ¢opmyaa (6) BepHa npm HEKOTOPOM HATypasJbHOM m;
JOKaX{eM, 4YTO OHa TOrja HeoGXOAMMO BepHa M npuH n-+ 1.
B camom gene,

(@+ X1 = (@4 %) @+ 1) =
=gt Clate + Clan~-x2 4. .. 4+ Clax" +-
+Charx+ Cla*~1x2 4 ...+ Chlgxn L xn+1l =
=a" 14 Ch 0+ Cruaa x4 L 4 Chyaax® 4 X,

Mbl HapouHo BO BTOPOM paBEHCTBE CIpaBa BTOpPOH pfx
CJABHHYJH TaK, 4TOObl B CTOJ6OLAX CTOAAM NOXOOHLIE YJIEHBI
¢ OJAMHAKOBLIMH NpoM3BefeHHAMH a"~kx**1 Cymma koapdu-
ILHEHTOB MpPH HUX BbIYMcAseTcs N0 Qopmyne (4).

3ameuyanue Msl npuMeHnan npu Brieoge GopMyanl (6)
Memo0 noaxotl mamemamuueckoll UHOYKYUW. ITOT MeTOX
3aKJodaerca B caeayiomweM. ITycTe Hajo A0Ka3aTbh HEKOTOpOe
yTBEpXKIeHne M Joboro HatypaidbHoro uucaa n. Hanpa-
mep, Hajpo mokasatb diopMysny OuHoma HbiooToHa ans mpoma-
BOJIbHOrO HaTypanbHOro n. JlonycTtuM, 4ro Mbl YyOeauJuCh,
YyTO 3TO' yTBepXJEeHHe BepHO NpH n=1, H, KpoMe TOro,
y6eHIHCh B TOM, YTO yTBEpPMJEHHE BEPHO NPU HATYpPasibHOM
n+ 1, echH NpeAnonoKuTh, YT0 OHO BepHo AaA n. Toraa
HaJO CYMTATh Halle yTBepXJEHHWE AOKa3aHHHIM AAs Jo6oro
HaTypaJsiEHOro n.

YOPAXHEHUWA
1. Hanucate paanoxkenus no copmyJie 6uHoma Holotona
(@+x), (a+x), (a+x)

2. Hokasartb, 4TO
G _n—k
Cf. k-1

3. Cpaenus npo6p (8) ¢ 1, ZoKasatb, 4TO NpPH N YETHOM

1=CQ<C < ... <CP> o | > Cn=1

(k=0, 1, ..., n). )
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H OpH n HeYeTHOM
I1=CL<Ci< ... <O~ =Pttt s, | S Cr==1.

4. Tloropurs BeBox dopmyn (3), (4), (6). 3anomuiirb
dopmyast (1) u (6) ¥ yMeTb NPHMEHATH HX JAJIA YacCTHLIX
3Hayenudt n n k. IloBTOpHTD MeETOA MHAYKUMH.

§ 11.3. Mepecranoskn

IlBa anemenTa (1Be Bem#) X; H X, MOryT GBITb PACNOJIO-
KEeHB! (3anuCaHBl) ABYMSA CHOCcOGaMH:

xly x'.‘.v (9)

Xy Xq. (10)

Bynem roeoputbh, yro pacnonoxenusi (9) u (10) sBastorcs

Pa3NIMYHBIMH nepecmanoéKamu U3 JABYX 3JJEMEHTOB (X, U X,).

Takum o6pa3oM, U3 ABYX 3JEMEHTOB MOXHO COCTaBHUTH [Be
(pa3nMyHLIe) MepecTaHOBKHY.

Us TpeX 3JIEeMEHTOB X;, X,, X3 MOXXHO COCTABHTb IIECTh
nepecraHoBOK:

X, X3 X,
Xy, Xz Xy,
xe' xl: x.’h
Xo» X3y  Xiy
xar xlv x’h
Xy, X, X5
Jlpyrux nepectaHoBOK Her.
PaccMoTpuM Tenepe n 37eMEHTOB

Xyy Koy vvuy Xp

OHH pacnosioKeHbl B MNOpsjKe BO3PAacTaHH HOMEPOB M
3THM 00pasyloT onpeneJieHHylo nepectaHoBKy. [Ipu npyrom
PACHIOJIOKEHHH, HAaNpHMep, KOrja Homepa YOBIBAKOT:

Xpy Xpoiy «eey X (B222),

OHU 06GpasyloT yKe NPYryio [epecTaHOBKY.

[lepecTaHOBKa W3 1 3/iEMEHTOB —3TO OMNpEJeJERHoe pac-
‘noJioxenye ux (B pap). Takum oOpasoM, pasauuHee nepe-
EéMAanoBKUL U3 N JNEMEHMO08 COOMBEMCIMEYIOM  PASAUYHOIM
pacnoroxcetusm (8 pad) n ssemenmos. KonnuectBo BO3MOXK-
HBIX NePeCcTAHOBOK W3 71 3JIeMEHTOB 0603HAa4aloT CUMBOJIOM P :
nepecTaHoBKa no-dpanuyacku — permutation. ’

7*
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[Toxaxem, 4TO
P,=1.2.3...n=n! (1

B camom pene, npu n=1 d¢opmyna (11) ouepnana: na
OJIHOTO 3JIeMeHTa MOXKHO COCTaBHTb TOJbKO OJHY NepecTa-
nosky. Tenepb, paccyxias 10 HHAYKLUH, AONYCTHUM, HTO
Gopmyna (11) BepHa ansa P,; 10KaxeM ee BEPHOCTb AnA P, ;.
Urto6bl NOMYYHTL BCEBO3MOMHbBIE [€PECTAHOBKU M3 3JIEMEHTOB
Xiy Xy <v.y Xpyq, NOCTABHM HA NEPBOE MECTO 3JIEMEHT X,
a 3a HHM OCTafibHble AN 3JEeMEHTOB, pachnoJIOXKEHHBIX JIOOBM
obpazou. KonnuyeciBo rakux pacnojoxeHHH (nepecTaHOBOK
U3 n 3jemMeH10B) paBHo P,=n! Tak Kak KOJAUuYeCTBO 3Je-
mentos x; (j=1,2,...,n+1) paBuon-+ 1, 10 KoJInYecTBO
BCEX NEPecTaHOBOK W3 n-+ 1 3/eMEeHTOB paBHO, OUEBHAHO,

Po=(n+4Nnl=(n4 1
Stum popmyna (11) nokasana ans a06oro HaTypasbHOro fl.

YIOPAXHEHHUA

1. BoinucaTb Bce nepecTaHOBKH U3 SNEMEHTOB 4, 4,, A, d,.
2. CKkonbkuMHU cnocoGamMu MOxHO paccaauth 10 yenosek
Ha 10 cryabax?

§ 11.4. Pa3menyenus

[ycts n v k—wuartypaneHble gyucaa u k<Cn. Pasmewe-
Huem U3 OaHHbIX N 3/eMeHmos no k Hasvisaemcs KaAKaa-au6o
epynna u3 k sneMenmos, 63amelX U3 OQHHOIX N 3AEMEHMO08,
onpedencrroim 00pazom pacnoaoxcennan (8 pao).

Hanpumep, nyctb agaHo Tpu (n=3) 3neMeHTa X;, X,, X;.

Husxe nepenucanbl BO3MOXHBIE pa3Melllelns AAHHBIX Tpex
3/leMEHTOB 10 ABa:

xl’ "(2’
x?’ X1
X1y Xy, N
X3, xl’ :
Xa, X3y
. Xsy X,

Ipyrux pasmeluennii Her. Mbl BMAMM, YTO ABa pasMelleRHs
OT/IHYAIOTCA JMBO XOTA OBl OAHMM 3JIEMEHTOM, JMG0 pacnosie-
JKEHHEM BXOAALMX B HUX 3/MEMEHTOB.
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Konuuectso BO3MOXKHEIX pa3MellleHHH H3 jaHHBIX A 3Je-
MEHTOB 1o R (k<Cn) oGo3Hayaercss cuMBoOM A% pasme-
IeHHe no-ppanuy3cky —arrangement.

CnpaseanuBa dopmyaa -

Ab=n(n—1) ... (n—k4+1). (12)
B camom pnene, npu k=1 ona oueBuaHa:
Al =n.

Paccyxnasa 0o HHAYKUMH, OyAeM cydTaTh, 410 oOp-
myna (12) ana k sepHa. [lokaxeM, yto oHa BepHa Ansa k4 1.

ITponssosbHOEe pa3MellieHHe M3 AAHHBIX /1 3JIEMEHTOB IO
k+ 1 moxer ObiTh mosyyeHo cneayromum oGpasom. Ha nep-
BOM MecTe pPasMelIeHHsl CTABMM 3/MEeMeHT X;, a 32 HMM pacno-
JlaraeM BCEBO3MOXHbIE pa3MelieHAsl H3 ocTaBwuxcad n—1
INMEMEHTOB Xy, ..., X/_i, Xj41y ++., X, [0 R, KOJHYECTBO HX
pasHo Af_,.

Htak, KOAHYeCTBO BO3MOXKHBIX pasMelleHUH M3 RaHHBIX N
3JIEMEHTOB MO R+ 1, HMEIOIWMX Ha NMEPBOM MECTe 3JIEMEHT X,
paBio- A%_,. Ho Tak Kak j MoXer npHHHMaTh 3HayeHHA
j=1, 2, ..., n, TO Konu¥yecTBO BCceX pasMmellieHud W3 naH-
HBIX 7.37emeHTOB no k-1 paBHO

At =nAt_,=n(n—1)(n—2) ... (n—1)—k+1)=
=an—1)...(n—k+1+1).
Srum dopmyaa (12) nokasana ana moGoro k> 1.

YIOPAXHEHHSA

1. Boinuuute Bce pasMelleHHS M3 3JEMEHTOB Xy, X,, X3,
X, o 2.

2, CKOMIbKMMH BO3MOXHBIMH COCOGaMH MOXKHO NPHCYAUTH
CeMH JiMlaM TPH NMPEMHH Pa3HOro 3HAueHHs (1epByto, BTO-
PYIO M TpeThbio)?

3. CKOIbKUMH BO3MOXHBIMH CIOCOGaMH MOXKHO pacripe-
JEJMUTh MeXAy LUECTBbIO JIWIAMH JBE pasHbe MNYTeBKH B ca-
HaTopHi?

§ 11.5. Covetanns '

Couemanuem U3 OaHHbIX N INCMEHMO8 HO R HA368ACMCA
KaKaa-aubo epynna, Ccocmoawan u3 Rk amux aaemenmos
(k< n).
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Hanpumep, us pex aneMeHToB X;, X,, X, MOXHO COCTa-
BHTb CJEAYIOLLHE COYeTaHHsA NOo jJBai

Xy, Xa
X1, X3y
xm xs

Jlpyrux couetaHni W3 paccMaTpHBaeMbiX TpeX 3/EMEHTOB No
ABa HeT. BOT eme coueraHus no TpH U3 YeTHIPEX 3JEMEHTOB
X1y x‘h xS) x¢:

xzy xB) xnh

xl’ xaa xu

xl’ x'u xu

xln xz: X3.

flopyepkuem, 41O NOHATHE cOYETaHHA He CBA3aHO C pac-
NoJN0KeHueM (MOpAAKOM) 3JeMeHTOB. Eciln B JaHHOM coue-
TaHWA NEePeCTaBHTb KaKHM-JHO0 06pasoM €ero 3jeMeHTH, TO
OHO (KaK couyeTaHHe) He U3MEHHTCS.

KonnuectBo coueranuii us n snemeHtoB no k (k<<n)
o603Hauaercsi cuMBONIoM C%: coueraHHe NO-GPaHIY3CKH —
combinaison.

CnpaBeanuBa ¢opmyna

i i _n(—1).. (n—ktl) _n
n= Py ] NN

B camom pene, B KaAOM COYETAaHHH H3 NI 3JIEMEHTOB
no k MOXXHO NPOM3BECTH BCEBO3MOXKHLIE nepecTaHoBKH. Konu-
4yecTBO WX paBHO P,=Fkl, a KOJIHUYECTBO BCeX COuYeTaHUH
paBao C%. OueBnjiHo,

(13)

Ak =C:P,,

NOTOMY YTO mepefupasi BCe COYETaHHS H cleslaB B KaXJOM
u3 HUX "P, nepecTaHOBOK, NOJYYHM BCEBO3MOXKHHE pa3Me-
1eHus H3 n 31eMeHTOB no k. 3tum dgopMynaa (13) aokasaHa.

YINPA)XHEHHUA

1. BuinyunTte BCe cOYeTaHMA M3 SJEMEHTOB X;, X,, Xg,
X,, Xy O ABa.

2. CKOJLKHMH BO3MOXHBIMH CMOco0aMH MOXHO NPHUCYAHTH
CeMH JIMUaM OJAMHAKOBhle npemnu?

3. CxoabKHMH BO3MOXMHBIMH ciloco0aMH  MOXHO pacnpe-
JeNUTb MeXJy LUeCTbi0 JIHLAMH JABE OJMHAKOBHIE NYTEBKH
‘B CaHaTOpHH?
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§ 11.6. C3b ¢ GHHOMHMAABHLIMH KOI(DHUHMEHTAMH,
Apyroii BuiBon dopmyast Gutoma HpioToua

Yucna C: Mul HasBaau B N. 11.2 GUHOMMANBHLIME KO3}-

(HHHeHTAMH, [OTOMY YTO OHH BXOJAST B Pa3/MOXKeHHe GMHOMA
Hbelotona

(a+ "= /;o Chan=txr (14)

KaK Ko3pdUUHEeHTB npu a®~kxk,
Koneuno, tdopmyay (14) MOMHO BHIBECTH KOMGHHATOPHBLIM

nyteM. JIns 3TOro mpeactaBHM ee JIEBYIO YacTb B CJEAYIO-
IemM BHZE:

@+x)atx) ... (a+x), (15)

TZle OTAe/NbHBIM X, BXOAAIWMM B MpPOM3B2AEHHE, RPIMHCAH
OTHENbHBIR HOMEp, HEeCMOTPA Ha TO 4YTO Bce OHH PaBHbI
N=Xy=...=X,=X.

Packpoem B (15) ckobku

@+0r=(a+x) ... (@+x)=
=a"+a" (x4 .. x)
+ar TP (XX XX XX+
a3 (X Xyt e XXXy e X L X, (16)

3aveHuB Bce X, Ha X, MOJY4uM
(@4 x)"=a*4 Cra"~‘x ++ Cla"~2x% - ... 4 Cix®,

T. e. dopmyny (14).

B camoM gese, KOJMM4YECTBO C/araeMbiX B MepBHIX CKOGKaxX
(npaBoit wactu (16)) paBHO n (Kaxaoe c/laraeMoe paBHO X).
Cnaraemble BO BTOPbIX CKOOKAaxX CyTb BCEBOSMOXKHBIE cOYeTa-
HHA M3 A 3JEeMEeHTOB X, ..., X, TO [Ba, KOJHYECTBO MX
paBuo Cj (kaxnoe u3 HuX paBHO x?). Cnaraembie B TPeTbHX
CKOGKaX CyThb BCEBO3MOXHblE COYETAHMS U3 YKa3aHHBIX N Jne-
MEHTOB 10 TPH (KaXJ10e W3 HUX paBHO x°) H T. A.

§ 11.7. BepoaTHoCTb COObITHS

[puBeneM npHMephl, Ha KOTOPHIX Mbl BBISCHHM MNOHSITHE
‘ BePOSTHOCTH.

[Ipumep 1. M3 awuka, rae 6u10 2 vepusix u 5 Ge-
JBIX lUapoB, BbIHYT Hayraa oAMH wwap. Huxe mbl BBOAHM
YUCJI0, KOTOPCE HA3bIBAETCS BEPOATHOCTBIO TOTO, YTO BBIHYT
yepHLIfl Wap. :
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Jlna ynro6ctBa paccyxpeHust NpeacTaBuUM cebe, YTO LIApPHl
B fltiiKe nepenyMepoBaHbl. BoaMoxHhl 7 pa3uyHbiX C/ayyaes:
Mbl MOTVIH BbIHYTb NepBHI 1uap, JAn60 Bropoif, m6o Tperuid
H T.A., Jau60, HaKOHel, ceabuoit wap. Bce atu cayuau
PaBHOBO3MOXHHI, 1 OJLHH U3 HUX AO/LKeH npousoit. [Tosromy -
FOBOPAT, YTO OHH PAaBHOBO3MOMHH M €MHCTBEHHO BO3MOMXHH.

C npyrofi croponn, TOMLKO 2 M3 7 YKa3aHHBIX (paBHO-
BO3MOKHBIX H €IHHCTBeHHO BO3MOXHBIX) cJyyaeB G6Jaaronp-
ATCTBYIOT COCHITHIO, 3aKJIOYAalOUEMyCcsl B TOM, YTO BHIHYT
gepHblil wap. OrHowenne 2 K 7 W Ha3bIBAETCS GEPOAMHOCITLIO
YKA3aHHO20 CObbimuA.

Takum 06pa3oM, BEPOSITHOCTb TOrO, YTO NPH YKasaHHHIX

06CTOATENIbCTBAX BLIHYT YepHBHI wwap, paBHa P =+

[Tpumep 2. M3 smnka, rie 6u10 3 yepHuX H 5 Geabix
WapoB, BEHYTO Hayraj ABa wapa. KakoBa BepoOITHOCTb, 4TO
o0a wapa yepHbie?

Pewenne. CHoBa ana yno6erBa Gynem cuMTaTh, YTO
WapkLl B SIHKe nepeHyMepoBaHbl. KoaHyecTBO BCeBO3MOXKHEIX
cnocoGoB BbLIEMKHM M3 fllHKAa ABYX LIapOB PaBHO HHCHY cOde-
TaHHH U3 8 2/1eMeHTOB 1o 2'

87
n=Ci=37 =28
YKasaHHble CROCOGHI pAaBHOBOSMOXKHbBI H EJ].HHCTEQHHO BO3-

MOXHBI.
Tonbko m=Cj -—-~3 U3 YKa3aHHBIX cnocoGoB 6aaro-

NpHATCTBYIOT coﬁhmno, 3aKJI04A0UIeMyCs B TOM, WTO BHIHYTHI
Ha camoM JeJsle JBa uYepHHIX Wwapa. Hanpumep, ecau cyutats,
YTO YepHble lapel WMeloT HoMmepa 1, 2, 3, TO 3TO CmOCOGHI,
cootBeTcTBYyIomHe couetanusm (1, 2), (1, 3), (2, 3).

m
Uncno P =?—=§§ 1 Ha3blBaE€TCA BEPOSATHOCTBLIO TOro, 4YTO

NPy YKa3aHHBIX OOCIOSITENbCTBAX BBIHYTO 2 YepHHIX IUapa.

Npumep 3. B nepBoM psiny TeaTpa CHAAT 3 KEHLIUHEI
1 27 myxuud. KakoBa BepOsSITHOCTb, Y10 BCE TPU MEHILHHBI
CHUIAT PAIOM?

Pemenue. BosMoxun n=230! pasjuyHbIX pacnoJioxe-
HUHA (NepecTaHOBOK) yKa3aHHbIX AWl B paldy. 3TH nepecra-
HOBKM GYJiEM CUMTATH PaBHOBO3MOXKHBIMU. C ApYro#l CTOpPOHE,
3 MeHILVHE MOTYT 3aHMMaTb MecTa ¢ Homepamu 1, 2, 3 Jn6o
c Homepamu 2, 3, 4 u T. A., Ju6O, HAKOHel, C HOMepaMH
28, 29, 30. Bcero Takux cayuaes 28. Ho B KaxjoM H3 3THX
cly4aeB BO3MOXHBI 3! NepecTaHoBOK, XapaKTepU3yOWX
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F(acnonomeﬂue XHEHUHH N0 OTHOIUEHHIO Jpyr K Jpyry.
\@XJ0H TaKOH mepecTaHOBKe cOOTBETCTBYeT 27! nepecrtalio-
BOK MYXYHMH Ha 3aHMMaeMblX uMM MecTax. CJe[0BaTe]bHO,
KOJIHYecTBO nepectaHoBok (u3 30 smu!), 6aaeonpusmuoix das
cobeimus, 3aKMOYAIOWErocs B TOM, YTO 3 KEHI\UHBI CHAAT
palOM, PaBHO

m=28-3127! = 3128!

Orciofa c/leflyeT, YTo BEPOATHOCTh YKA3aHHOIO COGHITHS

p_m_3128 6 _ |
T n T 300 T 2930 145°

3ameuyanue. C TOUKH 3pEHHSA TEOPHM BEPOSITHOCTEH
B AaHHOM NpHMepe PAacCMOTPEHO cayuairnoe coboimue A, 3a-
KJoyatoleecss B TOM, YTO B NEPBOM PsAy 1€arpa Bce TpH
JKEHIIMHBl OKAa3aJHCh CHAALMMU BMmecte. DTO COGEITHE MOMET
NPOH3CHTH H He NPOH30HTH 8 PA3AUYKbIX BOIMONCHBIX CAYHAIX,
KOMmopoie npednosoHceHs: pPABHOBOIMONCHOIMU U eOUHCHIBEHIO
803moscHbIMU. B 1aHHOM NpHMepe OTAE/IbHBIM BO3MOKHbBIM CJY-
yaeM fABJseTcs nepectaHoBka 3 30 smu. KonnyecrBo taknx
PaBHOBO3MOXKHBIX cayyaeB paBHO n. Hekotopble u3 3tHx
cllyyaeB, Kak TroBopaT, Oaaeonpusmube cobbimuio A: eciu
NpPOM30IiieT OAMH M3 HMX, TO GYyAeT UMETh MecTO coluiThe A.
IlycTs m —KOMMUECTBO TaKHX CJy4aes.

B nanHoM npumepe cayyasmu, GaronpHATHLIMM COGHI-
THIO A, ABNAIOTCA Te NepecTaHOBKM (pacnoJsioxenus) ua 30
YVKa3aHHHX JIHL, NPH KOTOPBLIX BCE TPHU JHEHUIMHBLI CHUAT
BMecTe.

ITo onpenenenuio seposmuocmero P coboumun A na3biBaercs
YHCJIO

m
P=—IT'

rje f.— KOJIHYECTBO €IWHCTBEHHO BO3MOXKHBIX, PABHOBO3MOJXK-
HBIX cJyuaeB, a M — KOJHYECTBO STHX cJyyaes, GJaronpuar-
CTBYIOIHX CcOObITHIO A.

MMpumep 4. M3 ypuw, rae Haxoastea 10 Geabix M
10 uepHbix lWwapoB, BeIHMUMalOT Hayran 3 iwapa. Kakas Bepo-
ATHOCTh TOro, 4to 6yleT BuHYTO a) 3 Gelelx wmapa? 6) 1 Ge-
Aulfi ¥ 2 yepHHIX iilapa?

PemeH ne, PaBHOPO3MOMHbBIMH c/yuasMu 31ech OYyAyT
coyerannsi n3 20 wapos no 3. Kosuuectso uX paBHO
20-19.18

n=Ci="73
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Cpeau oTuX cOYeTaHHH GNATONMPHATHBIX COGHITHIO a) 6yaer

10-9-8
m= Clo = 3! ’

OTKyJa

__-—__..___.._._—._

BaaronpusaTHbIX ke COOBITHIO G) coueTanuit GyJher

m=10. 020—10-12_450,

OTKyZa
' P_ﬁ_ 450.6 15
- 50.19.18 38"

YOPAXHEHHA

1. Yemy paBBa BepOATHOCTb TOrO, 4TO CJyyalHasa nepe-
ctanoBka u3 uudp 0, 1, 2, 3 obGpasyer uyernipex3HauHoe
ydcdo (T. €. He HauMHaerca ¢ uHgpu 0)?

2. B rpynne 32 yyenuka. Jipoe M3 HUX BHIGPaHBI COBCEM
cnyuaiiHO M nocaxceHbl Ha nepByio ckampio. KakoBa Beposrt-
HOCTb TOrO, YTO O06a OHM 3HAYaTcA B CHOUCKE TPYNNbl Cpeau
fepBbIX JECATH YUYEHUKOB?

3. TNonoxenne MJIOCKOCTH B MPOCTPaHCTBE OnNpeaessieTcs
TpPeMA TOYKaMH, He JexauuMu Ha onHOH npsamoi. CKoabko
Pa3JHYHBIX IJOCKOCTEH MOXKHO LIPOBECTH 4epe3 KaKable TPH
TOYKH, NPHHAANEXKAIlUe K 3afaHHOH cucreme H3 1) 4 Touek,
2) 7 Touek, 3) 10 ToueK, ec/id HHKAKHE TPH TOYKH HE JiexKat
Ha OAHOH MpAMOH M HUKAaKHe 4 TOYUKH He JIeKaT Ha OAHOH
IJIOCKOCTH?

4. 3anoMHuTE oOnpeje/ieHHA [E€PECTAHOBOK, pa3MeLLeHHN
H COYCTaHUH M (OPMYJBlL HX KOJIKUECTB.

YcBOMTE NMOHATHE BEPOATHOCTH COOLITHA HA MPHBEAEHHBIX
npumepax. '



[JIABA 12
KOMNJVIEKCHDBIE YUCJIA

§ 12.1. MonsaTHe KOMNAEKCHOrO 4ucaa
PaccmoTrpuM ypaBHenue
x—2x+4=0. N

[TpuMeHHB K HeMy H3BeCTHOE NPaBUJIO HAaXOXJEHHA KODHEH
KBaJpaTHOro ypaBHeHHfl, NOAYYMM (OpPMaJ/IbHO BbIpaXKeHIIs

xl. 2 == l :t V:§l (2)
Koropue eue 3aNnUChiBaOT CJleIlYlOULHM 06p330M3
X,.=1+V3i (i=V=0). 2

Ho Mbi He NOJy4Ynau JAeACTBHTEJBLHOrO peluenus, Beab V —3
He ecTb JeficTBHTeNbHOe uucjo. He cywectByer peficTBu-
TEJbHOrO 4MCaa, KBaapat kotoporo paBeH —3. Opauako
BbipaxeHus Buaa (2) okasajuch NOJE3HHIMH B MaTeMaTHKe,
XOTA OHH W He ABJAIOTCA NEHCTBUTENbHBLIMH uucaamu. Ux
Ha3LIBAIOT KOMRAEKCHOIMU YUCAAMU.

[o onpeneneHnto KOMNACKCHHIM YUCAOM HA3bIBAEMCS BblpA-
aHerue

a-+bi, 3)
rae a n b— peficTBUTe/IbHblE 4HCAA, A {— CNELHaNbHBI 3HAK,
NpU 3TOM HAJAQ YYeCTb CJAEAYIOUIHE COrJIallleHHs:

1] it=—1, 4

2) a+0i=a, %)

3) 0+ bi =bi, 6)

4) paBenctBo a-+bi=c-di, roe a, b, ¢, d— peiicTBuy-

TeJqLHLIE YKHCJA, HMEET MECTO TOrAa M TOJNbKO TOrAa, Koraa
a=c u b=d,

5) ¢ BhipaxenusaMu (3) MOXHO NPOM3BOAHTL apHpMeTn-

yecKHe OnepauMu N0 NPaBu/aM, KOTOpHE MPHHATH A5 Gyk-
BeHHbIX Bbipaxkenuil B asrebpe.



204 rJ. 12. KOMIMJEKCHDBIE YUCNA

Yucno O0-4-bi=>bi HasbiBaETCA MHUMbIM WIH  HUCMO
MHUMBLM.

U3 ckasankoro caegyer, 4to Jio6oe JAeHCTBHTE/bHOE
YUCJIO @ eCTh YACTHbIH c/aydyad KommnleKcHoro uucna. Bejb Ha
OCHOBaHUM 2) ero MOXHO 3anucaTb B Buie a=a- 0i. B yacr-
noctu, 0=0+40i, HO Torpa, eciu a-+bi=0, 10 a+bi=
=040, caepoBarennuo,

a=b=0.

Takum obpasom, xomnaexcHoe wuca0 a-+bi pasHo Hyao
moeda w moabko moeda, keeda a=0 u b=0.

U3 cornawenus 5) caeayer, 4ro npu apHPMETHUYECKUX
JeHCTBUAX HAJ KOMIVIEKCHBIMM WYHMCJaMH 3aKOHHO Renats
caenymolue npeoOpas’oBaHus:

(@4 bi)+ (c+di)=(a+c)+ (b4 d) i,
(@+bi)—(c+di)=(a—c)+ (b—d) i,
(@ + bi) (¢ + di) = ac+ bei + adi — bd = (ac—bd) + (bc +- ad) i,
a+bi _ (@+bi)c—di) _ actbd | cb—ad . .
cFa =~ crde—a)— o tTegalh ctdi=0.

Mbl BHAMM, WTO CyMMa, pasHOCTb, MpPOHM3BEJEHHE H HACTHOE
(rRe nenuTeab He paBeH HYJIO) KOMIJIEKCHBIX YHCEJN eCTb,
B CBOIO OYEpeAb, KOMIJIEKCHOE YHCO.
[MTpumep.
I4i (140 (=142

=i 1= = 2 =L

3ameruM elle, uTO U3 (4) caepyer:)
P=f=—i, *=i¥"=]1,
P==i *=i'?=—1, ...
KomniekcHbie uncna Hepeako 0603HAYaloT OAHOH OYKBOM.
[Muwyt
z=a-bi
W TOBOPAT! 3aAaHO KOMIJIEKCHOE YHCJO 2.

Uuesio a Ha3bBAloT dedcmeumenstol 4acmetd 2 u 0603Ha-
YawoT TaK!

Rez=a,
YUCJIO Ke b Ha3HBAlOT MHUMOE 4aembto 2 1 0603HAYAIOT TaK:
Imz=10;
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reel —no ¢panuyacku peanbHbil, JeHCTBHTENLHbIH, imagi-
naire —MHHMBIH, BOOGpa’kaeMbiii.

Kak Buaute, Hajo pasnuuaTh TepPMMHBI MHMMas 4YacThb
KOMIJIEKCHOI'O 4HCJa M MHMMOe uucao. MHuMMas yacTb Komm-
JIEKCHOTO uHcaa a-+bi ectb AeHCTBHTENBHOE YHCIO b.

Ilo onpepenennto, ecau z = a -+ bi eCTh KOMIIIEKCHOE YHCJIO
(@, b— neficTBHTeNDbHbIE), TO a—bi Ha3LIBAIOT emy CONpA-
OICCHHOIM 4UCAOM W DUWIYT Z =a—bi.

Koneuno, ecam b=0, T.e. ecii Ha camos jJene z ecTb
JeHCTBHTEILHOE YKCAO, TO 2 = 2.

Unca 2z ¥ Z B3aUMHO COMpAXKEHH JPYT € APYLOM.

YIOPAXXHEHMUA

1. IlpuBectu k Buay a--bi, rne a u b— feficTBUTENbHbIE,
caefylollHe KOMIJIEKCHBIE YMCJa:
1

1 1 1
l) ‘Tv 2) —_i 3) T+i? 4) 1—1i°
5) 8—2i2 4-i—1, 6)-]-‘ﬁ+~]‘_—i,
7) i b e,

2. Y6enutbcss B TOM, 4TO

a) uucna % + -2—3 i yDOBJETROPAIOT YpaBHeHHIO X%+ x +
+1=0; 6) uucna 1 &= { yaoBJAeTBOPAIOT ypaBHeHHIO x*— 2x+
+2=0.

3. BriuMcHTh BhIpaXeHHA

(x+ i) (x—10), (1—0)"

4. Tlokasath, 4T0 U+ 0V0=U-}UV, U—V=U—V,TAE UHV —
fIPOM3BO/NIbHBIE KOMIJIEKCHBIE YHCJIa.

§ 12.2. YpaBhenne x?=¢

IToctaBuM 3ajauy. 3ajaHO ypaBHeHHe
xi=c¢, 7

rae ¢— aeficTBuTenbHOe Ync0. TpefyeTcs pelintb ero B KoMI-
JeKCHBIX 4YMCAaX, T. e. HallTh Bce KOMIJEKCHble x=a +fi,
KOTOpbIE YA0BJAETBOPAIOT YpaBHennio (7).

ByneM paccyxnath, Kak ofbluHo. [lonycTim, UTO CYIecT-
BY€l KOMIIJIEKCHOe uuc/io x =a +f{ (ot u . B— neficTBHTENE-
Hble), YUOBJleTBOpsiomes ypaeHeHnio (7). IlojctaBum ero s
(7) v OGymeM JenaTb 3aKOHNIHE JIIS  KOMIIEKCHHIX — 4HCen
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npeoOdpasoBaHut

(+Bi)=c,
a?—pB24 208 =o.

Tak Kak c— AeficTBUTENbHOE UYHUCAO, TO
at—ft=c, 2af=0. (8)

U3 Broporo pasencrsa B (8) caeayer, uro no xpaitxeii Mepe
OAHO M3 uucea «, f paBHO HyJIO.

Mycrb ¢ =0, Toraa a>—p2=0n a*=P*=0, 1.e. a=F=0.

IMyerb ¢ > 0. Tak Kak u3 BTOpOro ypaBHeHus (2) cJje-
AyeT, YTO OIHO M3 4ucea o, } paBHO Hy/MO, TO U3 NEpPBOro
cnenyer, uto B=0, H MH nDONyUMM ypaBHeHHe ol=c, TAe
Hal0 HCKaTb JAeHCTBUTeJbHblE YHCAA @. DTO ypaBHEHHe HMeeT
IBa peleHHA (KOpHS):

a==+V,

rne V' c— apudmetnueckoe aHauenue KBaAPATHOTO KODHA U3 C.
M noayunan x=+V e.

Ecau tenepp ¢ < 0, TOo npugercs 3ak/mouuth, uto o =70,
a B0, v Torna —P*=c uau P*=—c >0, orkyaa

B=xV—c¢

W, cAenoBaTeNbHO, X= +V —ci.
Mbl pelMM NOCTaBJEHHYIO 3ajauyi ecan ¢ > 0, To ypas-

nenue (7) MMeeT nBa JAeficTBMTeNbHEIX peinenus £V ¢ u
KOMINJIEKCHBIX pelleHHii He HMeer, ecau xe ¢ <0, 10 ypas-

sene (7) MMeeT 1Ba UMCTO MHHMBIX pemenus ==V —ci,
a JeMCTBUTEJbHBIX pelleHHd He uMmeer; npu c¢=0 wumeercs
TOJILKO ONHO pelueHHe: x =0

3ameuanue. Jlio6oe KOMMJEKCHOE YHCJO X, YAOBJET-
BOpsifollee ypaBHEHHIO (7), Ha3bIBAIOT KOpHEM KBaApaTHLIM

W3 yuesa ¢ M o6o3HaualoT cumBoaoM V ¢. Mbl noKasanu, uTo
0 npu ¢=0,
Ve={+Ve npuc>0,
+V =cinpu ¢ <0,

rjae cnpaBba 3Hak V_ [IOHHMAETCA B CMbICJIE apmbme‘mqecxoro
3HAaYeHHA.
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YNPAXHEHUSA
1. PeluuTh B KOMINJIEKCHBIX 4MCAaX YPaBHEHHf

1) =1, 2) x2=—I, 3) x2=9, 4) x*=—9,
5) =10, 6) x2=—10,

§ 12.3. Npumenenune KOMMJEKCHBIX qHces
B KBaipaTHHIX YPaBHEHHAX

PaccvoTpum KBajpaTHOe ypaBHeHHE B ofileM BHAE
x*+px+q=0, 9
fle p B G— 3ajaHHble JefCTBHTENbHHE YUCJA.
By}leM MCKaTh KOMIIEKCHEYE pElIeHHs1 3TOT0 YpaBHeHMs.
Ilycre KomnnekcHoe wucao x=a+-bi sBAfercs peleHHeM

(unu KopHeM) ypaBHeHus (9).
Hmeem

X erx+ "+ (q—

'S ”G
v
i
—
=
.+.
SRS
N

»
Il
-hl‘bu
=

rlie crpaBa CTOHMT Jo6oe KOMINJEKCHOE YHCMO, KBajpaT KOTO-
p?
poro pased -—gq.

Orciona (cM. 3ameuaHde B KoHue m. 12.2)

I 2
fam—b YV Eog o Bg>o0,

Ap"

i (10)
2
x,,,=——%:|:]/q——‘;—i npy - —¢ < 0.

Mei nonyunsiu gopMy bl pelileHHs KBaApaTHOrO ypaBHeHua
Urak, kBaapatHoe ypaBHenue (9) B cayuae, Korja —-—
—¢q >0, umeer nBa AEHCTBHTEJLHBIX pellleHHs, a B cnyqae,
2
KOTAa —p—-—q< 0,— ZBa KOMIJIEKCHBIX pelleHHs. B cayuae
2
xe -p——q 0 oHO HMeeT OaHO pelieHHMe, paBHOe —p/2, HO

CYHTAIOT, YTO U B 3TOM cJyyae peileHHiH JABa, HO OHH COBTa-
JIal0T U HashIBAIOT pelileHHe (KOpeHb) ypaBHeHus (9) kpamuoinm.

Ilycts x, M x,—KOpPHH KBaJpaTHOro ypaBHenus (9).
IToxaxem, yto AAS A06Oro AEHCTBHTEJNBHOTO X

(x—x) (x—x)=x*+px+q. (11)
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310 70KAECTBO, T. €. PaBEHCTBO, BEPHOE AJIA BCEX X B CJY-
4ae, KOrja x, ¥ X,— AeHCTBUTE/ibHbIE KOPHH, YUTATe]b, HAJO
‘nojaratb, 3HaeT. Ero HasbBaloT pagerncmeom (wau meopemoii)
Buema. TlosropuM era RoKa3aTesbCTBO!

(K—x)) (x—x,) =

(5= V E=q) s+ 44V F~0)=
=(r+ )= (V F—0) = (s+4) (5 -0)-

=x*4px +q.

~ Iokaxem tenepb (11), xorna x; u x, KoMnjeKkcusie. B 3tom
cayuae
_ 14 _ p? : _ p? 0).
X, ky=—5 =k q—5 ¢ q—7 >0,

[Tostomy
(x—x) (x—x,) =

(e V) e 4V D)

=(x+2) +(9—5) =w+pr+q

Mpl nokasanu Toxaectso (11), rme p U g—npousBOJb-
Hble [eHCTBUTENbHBIE YHCAA, a Xy U X, — KOpHH ypasHeHus (1).

Hurepecro, yro pasesctso (11) moxer 6weITb 0606iieHO
Ha MHOrou/eHsl JIOGOA CTeneHu: BCAKUH MHOrodJeH

P,(x)=x"+ax""*+...4+a,.,x+a,
CTENEHH N MOXeT ObiTb MNpeNCcTaB/ieH B BHAE NpPOH3BEAEHHA
Py () = (X—1x;) (x—1x,). . . (x—x,),
rae Xy, Xy, ..., X,—uucnaa, BooGLie TOBOPS, KOMMNJIEKCHbIE —
KopHM MHorouneda (P, (x)=0; j=1, ..., n). Ecan kos¢-

('.bl/l[lHEHTbl a JEHCTBHTE/NbHEIR, TO KOMIJIEKCHbIE KOpHH X/ 065-
3aTE€NbHO TNONAapHO CONPAXKEHHI.

YNOPAXHEHUA

1. PelinTh B KOMAMIEKCHBIX YHCAAX KBAAPATHBIE YPaBHEHH!
1) 4x+1=0, 2) 043c+2-0,
3) P—5x46=0, 4 B»—2x+5=0.
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§ 12.4. Teomerpuyeckoe n3oGpaxente
KOMMJACKCHbLIX 4HCeqa

3afafuM B MIOCKOCTH fPAMOYTOMBHYIO CHCTEMY KOOpAH-
Hat (x, y). Komnnekcuoe uncio z = x- yi yro6HO u3o6paxarsb
Ha MJIOCKOCTH TOYKOH, ¢ KoopauHatamu (X, ¥). DTy TOUKY
Ha3biBAIOT TOYKOH 2.

Msbl BUANM, YTO UMEET MECTO B3aHMHO OLHO3HAYHOE COOT-
BETCTBHE MEXAY TOYKAMHU MJOCKOCTH M KOMMNJIEKCHBIMU YHCIAMH,
T. €. KaAOMy KOMIJIEKCHOMY YHCJAY CO- 4 y
OTBETCTBYeT (YKa3aHHBIM My1eM) TO4yKa
AMOCKOCTH; JABYM pAa3HbIM KOMIJIEKCHBIM
qUC/IaM COOTBETCTBYIOT pas3Hble TOUKH, H ¢
KaJas TOYKa COOTBETCTRYET (YyKa3aHHbIM o
NyTeM) HEKOTOPOMY KOMIJIEKCHOMY 4HCJY. al 7

B cuny 3Toro cooTBeTCTBHS KOOpAH-

HATHYIO TNJIOCKOCTh Ha3blBAIOT elle KOM- Pue. 120
NAEKCHOU NAOCKOCMbIO.

Ha puc. 120 otmeueHa Touxka z=x- {y. Beenem Bektop

¢ HayanoM B HyneBoit Touke O u koHuom B A. JliuHa ero

p=Vi+g :
HA3bIBACTCS MOJyAseM KOMMACKCHO20 4ucaa 2. Yron ¢, 06pa-
—_—
3yemblii BektopoM OA ¢ MONOXKHUTENBHOH MOJYOoChlo X (OTCHH-
THIBa€Mbli NpPOTHE YacOBOH CTPEJKH), Ha3blBaeTCsi apaymen-
mom uucaa 2.
Takum 06pa3oM, KaXKaoe KOMMJIEKCHOE YHCJIO Z HMeeT
CBOI MOAY/b, KOTOPHIl 3aNHCHIBAIOT TaK;

oz

p=|z|,
H apryMeHT ¢, 3anuChIBaeMblil Tak!
o=Argz.
Ho aprymeHT onpenensiercs HeogHo3HayHo. Ecau ¢ ectb
aprymesr z, 1o ¢ 2kn, rge k=0, =1, +2, ... ecTb TOXKE

aprymeHT 2. Urofbl BHECTH YeTKOCTb B 3TOT BONPOC, MOXHO
MCKaTh apryMeHT 2, YJIOBJETBOpsownii HepaBeHcTBY 0<Cop <27,
Ero 0603HaualoT argz U HA3bIBAIOT 24a8HbIM 3HQYEHUeM apey-
MeHMA 2 WM apeymenmom 2 8 npusedenHom aude; argz OAHO-
3HAYHO ONpejeJseTcss YHCJIOM 2.

JTioGoe 3Hauenue aprymenta z o6o3Hauaercsi yepe3 Argz.
*Ono onpesensiercsi-no gopmye

Argz=argz 4 2k=,

rae k—opHo u3 uucen k=0, +1, 42, 43, ...
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Ouenupto,
x=pcosg, y=psing,

2=x-+iy=p(cod¢+ising). (12)

B cBA3n ¢ paseHcTBOoM (12) rosopAT, yTO KomnaekcHoe
4UCAO 3QNUCAHO 8 MPU20HOMEHPULECKOL opMe.

§ 12.5. Moka3arensnas GopMa KOMILIEKCHOTO YMCha

Buipaxenue B cko6kax B dopmyse (12) § 12.4 oGosna-
YaloT caeaylouuM obpasom:

e =cosg@-ising,
W TOrAa €ro MOXHO 3anucaTb B Gosiee KOMMAKTHOH ¢opme
z=pe', (13)

HashlBaeMOH NoKa3ameAbHOL POPMOLL KOMNACKEHO20 4UcAq.
OtmeruM BaxHbple  csoficTBa
9A BeJIMUUHEL 2P ;
fe’|=|cosg+ising|=
— 2 in2 o=
sepin =V cosiptsintg=1
#\ ) o-0 Hp}ISiIlOGOM Q.
> O TMOKAa3blBaeT, 4TO TOYKa
Z2=¢® KOMNJIEKCHOH IJIOCKOCTH
HAXOAMTCA Ha OKDPYXHOCTH pa-
‘AMyca 1 ¢ neatpom B HyJeBoi
TOUKE.
Puc. 121 Ha puc. 121 enunuunas ok-
PYXHQCTb pasjieseHa Ha 12 vac-
Teil. [lpm atom Touka, coorBeTcTBylOwass @ =0, BXOAUT
B 4HcaO Touek penenus. Huke npuseneHa tabauma Komm-
JIEKCHBIX YMCeJ, COOTBETCTBYIOUIHX 3THM TOYKaM.

P 0 n/6 /3 /2
; 31, 1 3. )
AR _V2 3! ?+—V2 i i

Ecau ¢ HenpepniBHO BospacraeT ot 0 go 2m;, To Komn-
JIEKCHAsA TOUKa €'® HenpepLIBHO ONHCHIBAET HAlly OKPYXKHOCTD,
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4 NpH fafbHeHIleM BO3pacTaHHH ¢ TOYKa GyleT MpoaoaXath
ABMKEHHE N0 OKPYKHOCTH. Mmeem
€91 610 = (cos ¢, —!-'i sin @} (cos @, -+ Isin q,) =
=(C0S @; COS @,—Ssin @, sing,)+ ¢ (cos ¢, sin @, +sing, cos @,) =
=05 (@1 + @,) 4 i sin (pg + @) = ef (@ + 00
Ans mobuix p,
Mu nokasanu cdopmyny
01+ 0s) — ploy pip, .

BEpHYI0 AJMA MmoObix @; ¥ @,. Ho Toraa
P = gl (P P2+ P2) — ol (P1—Ps) pl@s,
INoatomy
1
e“%'%):.fi‘_
e‘@!
Ins JMOORIX @ U @,
3ananuM Temepb JBa KOMIVIEKCHBIX 49HCJIA, KOTOphie
sanHcansl B opMe '

2p==p. e, 2z,=p.%  (pg, 0, =>0).
IIpoussenenue ux pasHO
2,2, = plpzei (P1+91),

Tak kak pp, =0, TO MBl NONYYHJH TPHFOHOMETPHYECKOR
npeAcTaB/icHHE YHCAA 2,2,; NPH 3TOM

|22, | =pi0, =] 2111 2,],
Arg (2,2,) = @; -+ @, + 2kn = Arg 2; 4+ Arg 2, + 2kn,

rae k—onno u3 uncen k=0, 41, +2,...

YTBepxaaercsa, yrto cymma Argz, + Argz, ornHyaercs or
Arg (2;+ 2,) Ha BenHuMHY BHLa 2km, rie k— HEKOTOpOe Lesioe
YHCJIO.

IMono6HEIM 0Gpa3oM

A _Biei@-e) (o, > 0).

2 P2
[Toatomy
|| -2 lal
2 p: |al’

Arg(%) =@, —¢, = Argz, —Argz, + 2km,

rae k—opaHo u3 uuces k=0, 1, +2, ...
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Mui noxasanu: modyab npoussedeHus KOMNACKCHbLX 4lcen
paser npoussedenuto modyrett comromcumeneli, a apeymenm
npou3sse0eHls PaseH CYMMe AP2YMEHMO8 COMHOXCUMenel naroc,
6oy moxcermn, wucao, pasHoe 2km, 20e k— 0010 u3 qucea k=0,
+1, 2, ...

Mbl f0Kasamum TAKKe: MOOYAb HOCMHO20 KOMNACKCHBIX
NUCEA Zy U Z, PAGEH YACMHOMY MOOyAell dmux aucea, a apay-
4 MEHM 4ACMH020 paser ¢ MoYHO-
cmbro 00 2kn (=0, =1, 32, ...)
} PA3HOCMU apaymenmos 2, U 2,
{ (2, 5=0).

{.‘/1*.‘/2 CyMMa KOMNJIEKCHBIX YHCeN
|
i
I
1

2 =X+ yii H zz=x2+y2i‘
p&BHa
$I+mz Tt zl+22=(x(+x2) + i(yl +y2)'

Hs puec. 122 Buano, uro
papMyc-BEKTOp TOUKH 22,
npencTaeser co6oil AMaroHasb NapaJjJesorpaMma, NocTPOeH-
HOFO Ha paJMyC-BeKTOpaX ToueK 2; M 2,. JlnuHa AnaroHamH
paBHa |2, +2,|, @ AJHHB €ro CTOPOH paBHH |2,| u |2,|, HO

TOraa
2,42, | <]z | +]2,),

T. €. MOAYJb CyMMbl KOMMJIEKCHBIX YHCEJ HE NMPEBBILIAET CYMMBI
UX MonyJaeil.

Orciofa, Kax CJeLCTBHE, BHLITEKAeT, YTO MOJAYJbL PasHOCTH
2,'H 2, He MeHbllle pa3HOCTH MOAyJeH 2, MU 2,

[21—2,| 2123 — |2,ll-
[Tpumep 1. Tlpusectn KOMIJIEKCHOE 4HMCJIO
2=V'3 +i

K TPUCOEOMETpHYecKoil ¢opMe.
Pewenune. Haxonum

l2|=V V3 + 1=V T=2.

ChepoBatenbHo,
_ofV3 1 )
2—2(——2 - ?l .

[Tpu 3toM cpeau yriioB @, YAOBNETBOPSIOUWMX HEPABEHCTBaM
0 << 2n, cyuilecTByeT, M NPHTOM €NHHCTBEHHBIA, TaKoH,
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uTo
V3[2=cosa, 1/2=sina.
Ouesuano, a=m/6 u
2 =2 (cos (n1/6) + ¢ sin (n/6)) = 2etn/s,
MNpumep 2. Tpusectu uucno
2=3-+44¢

K TPHroHOMeTpHuecKoit dopme.
Pewenune. Haxonum

|z|=V 3 4T=5

z=5(§-+%i) =5 (cosa - { sin a) == 5e‘®

rae a—yroa, AJs KOTOparo
cosa=23/5, sina=4/5. (14)

Bynem uckath @ cpefid yAOB/IETBOPAIOUMX HEPABEHCTBY
0<a < 2n. Tak Kak B nlaHHOM ciydae cosa >0, sina >0,
TO & HaxoAHTCA B nepBoit uerseptd. M3 (14) creayer: tga =

T. e. a=arctg 3
pumep 3. IlpusecTd uucso
z=—3(cosa +isina)

K TPUTOHOMETpHYeCKOH dopme.

Pewenne. Ecin 6bl nepep CKOOKOH CTOAJNO IMOJIOXKH-
TeNbHOE YHCJIO, TO JAHHOE BblpaxkeHHe W Obl10 Obl TPHIOHO-

MmeTpuyeckod GOpMOH KOMILIEKCHOrO YHCJA.
Hnmeem

—cos o =cos (n+ @), —sina=sin (w4 a),
n03TOMY
—3(cosa +isina) =3 (cos (7 + @) + i sin (1 + a)) = 3ei(+a,
¥ Mbl NOJYYHJIH TPUrOHOMETPHUYECKYIO dopMy.

[¢
4
?1

I1

YIOPAXHEHUA
1. [lpeacraBuTb B TPHIOHOMETPHYECKOH ¢opMe uucnal
7

a) 5—4i, 6) 142i, B) 4, 1) 6i, ) —2
2. Peuidtb. B KOMIJIEKCHBIX 9HC/IAX YpPaBHEHHS!
a) X*—1=0, 6) X+ 1=0, B) x*+3x+3=0.



FJIABA 13
NPUBJIM)KEHHBIE BHIYMCEHMA

§ 13.1. MNonarue npubauxeHns

MycTeb 3apaHo 4HCHO a M MAJIO OT/IHYalOLLEEC OT Hero UHCJIO &,
KoTOpoe OyneM Ha3biBaTb npubauscenuem 4qucsa a. ByjaeM npu srom
nucatTb NpubAKKEHHOE PaBEHCTBO

~a (1)

M YUTATH €r0 TaK: WUCAG @ NPUGAUNCEHHO pasHo 4ucay d. CHMBOX =
ecThb 3HaK NPHOJHIXXEHHOTO paBeHcTBa. DyjeMm ewe mucaTh

a—a=Aa
H BeaHuuHY
|Aa|=la—a|

Ha3HBaTh abcoaromnol nozpewnocmoro npubauxcenusn (1).
He Bcerna nsBeCTHO TouHOe 3HauenHe abCOMIOTHON NOrPEIUHOCTH &,
HO HepeAKO M3BECTHO YHCJO §, ee MpeBbilaiouee,

8> |Aa|=[a—a], @

Ha3siBaeMoe nozpewnocmoo npubauscedus (1). HepasencTso (2) sKBH-
BAJIEHTHO JBYM HepaBeHCTBaM

‘a—8<a<a+td,

TaK 4TO €CJH M3BECTHH & W 4, TO MOXHO CKa3aTh, 9TO @ €CTb HEKOTO-
poe 4ncno, NpHRajJdexauiee K HaTepBany {(a—d, a--6).
—_ ->

Ecau u3BecTHO, 9TO a<<a, TO TOBOPAT, UTO a npubauxaem a
¢ Hedocmamkom (CHU3Y), a eclu a==a, MO0 2060pAM, Ym0 a npubiu-
acaem a ¢ usbamrom (ceepxy).

Ecaiy H3BecTHO HepaBeHCTBO (2), To GyjeM FOBOPHTb, YTO MPHOJH-
skenHoe pasencmeo (1) umeem mecmo ¢ mounocmeto 9o .

[Mpumep. [Ipn namepennn TeMneparyps 60JbHOTO MEHHCK PTYTH
TepmOMeTpa OKasajcs MexJly oTverkamu 38,6° u 38,7°, Taxkum obpa-
30M, Temnepatypa T yAoBaeTBOpPsieT HepaBEeHCTRAM

38,6°< T < 38,7°

Xorsn Tounoe 3nauenue T HeMaBeCcTHO, Bee e MOXKHO HAMHCATL NpH-
O6AHMKEHHbIE PABEHCTBA

T ~38,6° T w3879
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€Ka3aB, 9T0 OHH UMEIOT MeCTO C TOMHOCThIO A0 0,1; MOMHO eme fo6a-
BuTh, uto 38,67 ecTh npubamkeHuwe cHuidy, a 38,7°—npubankenue
cBepxy uucaa T,

BnpoyeM, Ha MpaKTHKe BMECTO = MHUWYT 3HAK ==, T. €. B JAHHOM
cjllyyae NHWYT

T=38,7° uwnu T=38,7°
CUITaA caMO CcoGoft pa3yMelowMMCcs, YTO 3TH PABEHCTBA NP UG MIKEHHbIE

H OpH TOM B3ATHE C TOYHOCTbIO A0 0,1, T. €, ¢ TOYHOCTHIO JO mOCHe]-
Hero 3Haka yucaa T.

Nycts a=0a,y, %122.., ¥ ANA JI060rO HATYPaJALHOLO 7
am=ayg, oy...q,.
Torpa (cm, § 10.4)
arga < am410-n
H MOXKHO CYHTaTb, YTO HMEET MECTO NpPUGIHIKEHHOE PaBEHCTBO
. ) a=x an

¢ ToyHocTeio o 10~", npu 3tom 4™ ecTb NpubIHKEHHe a CHHU3Y.
~ MoxHo eme npubauxkath ReCATHYHYIO Apo6b @ C TOYHOCTLIO JO
n-ro 3Haka ¢ oKpyrJjenueM. Takoe npuOAHKeHHe JAeT NOrpewlHOCTb

% « 10—,
Mpumep l. Caenyiomue npuGauxeHna
0,(73)=0,7373.,. = 0,7, 3)
0,(73) = 0,74, (C3]
0,73651 ~ 0,737 )

B3ATH C OKpYrJeHHeM: ec/H nepBas oTGpouieHHAas uudpa =95, To noc-

JeAHAR ocTaBmasAca uudpa yseauueHa Ha |, ecsnu ke nepBasn oT6po-

weHRar nuppa < 5, To ocTaBienHble UHGPH He HIMEHEHBI.
[pu6anxenusa (3), (4), (5) MMEIOT MECTO COOTBETCTBEHHO C NOrpetn-

1 |
HOCTAMH - * 0,1, 5 0,01, -5)' 0,001,

§ 13.2. AGconoTHaA MNOrpeLHOCTb

Teopema l. Abcoaomnas nozpewrocmes npubauncerud cysmo
U PasHOCMu uucea HE npesviuaem cymmy abCOMOMHBLX NOZPeUHOCmed
npubauxcenud smux wucea.

DoxkasateabcTBo, Janu npubauxkennsa axa, b = b, Toraas
apu6aMKeHue

atbrath
HMmeer aﬁcomo'myro norpemwsocTs
[A@+0)|=|@tbh—(@xb)|=|Aa+ Ab|<]|Aa|+]Ab],

yTo H TpeGoBasnoCh J0Ka3aThb,
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Mpumep. Jauu npubamxenna a= 3,728, b~—0,103, cx 2,107
Bce TpH ¢ TouyHoctsaMu go 0,001. Torpa npnﬁ.nmxenne

a-b+4c~3,728—0,10342,107
HMeET MOTrpelHoCTh
6 << 0,001 4-0,001 40,001 =0,003.

§ 13.3. OtHocMTenbHast MOrpewIHOCTD

OmHOCUMENbHOU  ROZPEUIKOCTbIO NPUBAUMEHUS a4 ~ @ Ha3HBaeTCA
BEJHYHHA
Aa

a

Hin

a-

. ©

Koueyno, aea aTu uucaa pasneie, Ho MBI cudTaem, yTo 3T yHcaa
HaCTO/ILKO Mallo OT/MYaioTes APYT OT JApYyra, YTO MOXHO OfHO H3 HHX
SaMeHUTh APYTHM. MOXHO ewe CKasaTb, YTO ME PacCMaTpHBAEM OTHO-
CHTeJIbYble TIOTPEIHOCTH HAacTOJBKO MaJjie, YTO HX INPOM3BEeAeHHAMH
MOXKHO npeneGpeys. DTO BUAHC M3 CJIeAylOUMX COOTHOIUEHHI:

—_——— == Al =« =, Y]
a a aq a a
Aa a Aa  Aa Aa Aa
—_— =S| = — =] (8)
a a a a a a

Teopewma 2. Omnocumesvras nozpewrocms npubruxcenus npo-
U3BEJEHUA UL HACMHOZ0 4UCEA HE NPeEbludent CYMMY OMHOCUMEAbHBIX
nozpewrocmell npubanienuti Smux urces:

Ab)|

Ab
ab l I ©)
A (a/b) Aa Ab
alb 7|+|7|- (10

}loxaaa're.nbc'rno [lycms a = a, b~ b. Torpa cuurtaeM ab=

~ ab, —z% Otkyna

b
A(ab) Aa)(b-{—Ab)-—ab bAa+aAb+AaAb
ab ab ab
Aa Ab
PR L

Ioc/legiee paBEHCTBO HANHCaHO C TOYHOCTbIO JO MPOH3BEAEHHS
Aa lAb
—|.|—]. CaepoBareJibHo,

BGa)| _Ba |, |4

ab a
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M MH Jokasaau (9). Hanee,

a+Aa_i
A/t)_5FAb b bAa—adb_bAa—ahb
a/b a/b a(b+Ab)  ab

__bAa—aAb _Aa  Ab

ab a b’

3nech 4YeTBEPTOE PaBEHCTBO 3aNHCAHO C NMOTPEUNIOCTBIO, OLCHHBA-
€MOfi ‘BENHYHHAMH, KOTOPHMH Mbl YCJAOBHJHCh IpeHeGpeub — NPoH3Be-
JeHHSIMH OTHOCHTEJIbHEIX MOTPELIHOCTEH yucea a, b. Beaw
bAa—aAb_bAa-—aAb_bAa—aAb 11 )
ab ab a b b
_bAa—aAbAb_Aa Ab Ab Ab

=22 22

a b6 a b b

§ 13.4. Boiuncienne npouspeiieHHst H HacTHOTO

B § 10.7 oTmMeyaJoch, YTO NPH NPAKTHYECKOM YMHOMEHHH M fe-
JEHHH JABYX JeCATHYHEIX Apobed

e=ag, A®s..., B=f, Bifs... (12)
B KayecTBe HX NpHOAMiKeHHA GepyT KOHeuHble AecATHYHHE APO6H

am =a,, QArevey Cppy P =g, 6‘1---’ Ba.
Ho 4rofm nosyyHTb BOCTAaTO4HO XOPoUIHE NMPHGIHUNKEHHS

a atm)
ab ~ a(ln)b(ﬂ)’ T ~ -b(—n)' (13)
He 34arpOMOXJaf BHYHC/AEHHR H3MHIWIHHMH BHIKJI3AKaMH, Halo yMeJo
n0406paTh HaTypaJbHble m K n B 3aBHCHMOCTH OT CTPYKTYPbl AaHHBIX
yuces a, b

Hago 3HaTh, Kakue uu(pH CJAeAYET OCTaBHTL NPy NpHOJIMIKEHUH,
yTo6H DOJYYHTb ONTHMAJbHHIA (HAUJAYYInH#) pesyabTaT, T. e. TaKoi,
4ToGH NPHOJMIKeHHEe GblJI0 110 BO3MOMHOCTH TOYHEE W BLIYHCJIEHHS GhlH
sxoHoMHuHee, TOYHOCTb BLIYHC/IEHNS HAXOAHTCA B NPGTHBOPEYHH C IIPO-
cToTON BHYHCHAEeHHA. DBoéabwam TouHOCTh CBA3aHa ¢ ynotpebJeHHeM
60JblIero XxoJuyectsa uupp, Menowasg TpeGyeT ynorpebjeHns MeHb-
[Iero KOJHM4YecTBa UH}P, €CJH BLYHCAEHHE NPOH3BOAUTCH NPaBHJbHO.

Yro66l NPaBHJIbBHO NPHGIHKEHHO YMHOXAThb H A€JHTb UiCJA, HAJL0
NpaBUJIbHO OKDYTJAATL HX.

Hnxe ¢popMysanpyercs NpaBHJIO NPHGAHKEHHOIO BHYHCICHHA yM-
HOMEHHS M JeJeHUH UYHNceJl, 3afanHEIX ReCATHYHBIMH ppobamu. B nem
ynorpebsasercs MNOHATHE 3Havauled UHPPBI, KOTOpoe OHJIO BBELEHO
B § 4.7. [loBTOpUM OnpejeseHyie STOTO NOHATHA.

Snauawunu yuppamy 8 decamuunold Opobu Ha3LIBAOMCA ee nepeas
OMALUYRAR Om HYAR Yuppa u credyowue 3a Hed yugpe:.

Haupumep, B ancae 33000 Bce undph 3Hagawue, B yucge 0,3001
pce uMppH Noc/de 3anaToil 3Hayawue, B uucae xe 0,000302 undpu,
Haynnas ¢ 3, 3HayamHe.

Oxpyeaums uucao ¢ mounocmvro ¢o k-ii 3nauawjed yugppo—mo 3na-
qUm OKpYeAUms €20 ¢ MOIHOCMe J0 ‘mo20 3HaKa, ede HAXO0UMCA k-
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snauawan qugpa. Hanpumep, caejyioutiie npuOIHIKEHHSA BIATH C TOY-
HoCThiO o 3-# 3Havawmed unudpwl:
235678 ~ 236000, 2,70315 x~ 2,70, 0,002031 ~ 0,00203.

Mpasuno. Ymobe eotuucaumo. npubrunerno npoussedenie uau
HACMHOZ NOAONUMEALHOIX MUCeR C mourocmoo 00 k-i sHawawed yudpest,
HAOD OKPY2AUMb SMU HUCAD ¢ YKAIAHHOL MOYHOCIIbIO, NePEMHONCUMb WAL
pasdealimb NOAYUEHHBIE NPUBAUNCCHUA W DE3YAbMam OKPYeAUms ¢ mod-
Hocmblo G0 k- snawawed yugpat.
a

TNonyuenute npubamxenus ab = ab, HMEIOT TapaHTHPO-

BAaHHYIO OTHOCHTeNbHYIO morpewHocTs 10%—1,
Mpumep. Iycte a=135,78, 6=0,006875!. BblyucauTh OpH-
GHKEHHO ab, %—,  © fouHOCTBIO g0, TpeTbeft 3Hadautel uMbpH.

KakoBel a6coJioTHbIE MOrpeWIHOCTH 3THX NPHOIHMKEHHIT?
Pewenue C noMousio KajibKyJasSTOpa BHIYHCIHM
ab ~ 136.0,00688 = 0,93568 ~ 0,936,
a 136
F ~ m=19767,4.. . R 19800;
0,00688
136

b
— =
a

=0,00005058 *)... = 0,0000506.

OtserT. ab= 0,936, i;— ~ 19800, % ~ 0,0000506 c oTHOCHTeJb-

HuMH norpewHoctamu 0,01,
B caeaywwem naparpade 6yaer 060CHOBAHO, YTO, OKPYTAAA yHCcIa
a, b c TOYHOCTbIO O TPeTbel 3Hayamess uUpH, Mbl NOAYYHM NPUGTH-

KEeHHA a = a, b ~b ¢ OTHOCHTeNbHEIMH NOrp eHOCTAMHA —2- . 0,01. Ho

TOTA2 NPHOJHKEHHA

-  a
ab~ab, —=—, ~
b

CHET
8|
YIS

6yAyT C rapaHTHPOBAHHOR OTHOCHTEJbHOH MOrPeWHOCTHIO % < 0,01 4+

+ .‘2.. . 0,01 =0,01.

AG6COJIOTHLIE NOTPELIHOCTH 3THX NPUGJHXeHNH OlleHHBAOTCA CJae-
ayomum o6pa3om:

|A (ab) | << 0,01 ab| < 0,01-1=0,01;
A -‘;— < 0,01 -26000 = 200,

lA%l < 0,01.0,0001 = 10-¢
(0,0000506 < 0,0001).

*) IMocepnaa uudpa 8 Ham HYMHA A9 OKpPYrJaeHHd; 4ToOH ee
fOMYYHTb, HaB0 Ha KaJbKyJsTope pasaeautb 688:135 u mepeapuuyTs
3anfATyIo.
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§ 13.56. OGocHosanwe npaBuaa

JNemma. Hyecms a > 0— decamuunans dpobb u a—ee oK pyzaenue
¢ mownocmeo 0o k-t snavawed yugpu. Tocda npubaumenue a ~ a umeem

OMHOCUMERbHYI0 NOcpewHOCmb, Pasyo — « 10~ R=1);

2
Aa a—a ]
— —_ . =1y,
| l__ Z < 5 10~

IMMpumepw. Caenyoune oKpyrieHHs 4YHCeX B3ATH C TOYHOCTHIO
A0 nX yeTBepTo#t 3Havamed undph:

356 273 ~ 356 300, 37,205 ~ 37,21, 0,0020136 =~ 0,002014.

CoriacHo JieMMe OTHOCHTeJbHan IMOrPelHOCTh KaXJAOTO H3 3THX
. 1 -3
nprOJMKeHnit paBHa 5 10-3,

JokasateanrcTBo aemMmb. JlaHa JecaTHuHas Apo6b a.
IMycTb ag—ee neppas 3Havawmas uudpa. [TpuBeseM a K cTaHAapTHOMY
suny (§ 4.7). las sroro nago B Apo6u a llepeHeCTH 3anATyi0 Tak,
uTO06H OHa 0Ka3a/lach HENOCPEACTBEHHO NOCHE Oy

=10lag, Oy Osia.ee

3nece 10/ —Bosnnkawwuil npu nepeHoce 3anATOH MHOXHTeJb.

Oxpyr.rms @ ¢ TOYHOCTbIO A0 k- 3nauamell UUPHI, NOJNYYHM @ =
=10lag, Osyr. . Rsgppo1.

OTHOCHTE/IbHAs NOTpelHOCT NPHEHKEHNA a4 = @ OLEHHBaeTcs
CJAeAYIOUHM 06paaoM (nosicHeHUs HHXKe):

.A_a a—a 10‘ 00 FRAR RN, PN P <
a a 10te0s, Ogp1@staiee
'li" 10%=2 |
< = k-1
< I ]2 - 10
Mul coxpatHan apo6b na 10f; upcanTeab He mpeBBNaerT — » 10£-1

2
Ianee, a5, Gg410s41... =1, moTOMYy uTO0 @g==1 ecTb meppas 3Ha-
yawas uHuppa apodu a.
JleMMa jfoKasaHa. _
_Tepexognm x oGocHoBaHmio mpaBHia. Mycts a~a, b=b, rae

a, b—OKpyIJenysi COOTBETCTBEHHO @ M b ¢ TOYHOCTbIO o k-#i 3Haya-
weit undpel. Toraa no nemme

|%" <%10-m-n, |Ab I< 10-tk=1
u mo Teopeme 2
|Aab IAT“|+léb£|<lo-m-x),
A;‘/’;”) Aa +’%l<lo-m-n,
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OcTaeTcsi 3aMeTUTb, 4TO Yy MOJYYEHHHX TPH MOMOWH MHKPOKaJbe
KyJasaTopa ApoGeft, BRIPaMAIOWHX NPUOTHKEHHO ab u %—-, Hajo ocra-

BHTb k 3Havawdx wLudp, a ocTanpHEE WiPPH BoHYEPKHYTh, Ecan Hx
o6cTasuTh, 0HH GYAYT TOMLKO 3aTPOMOXJaTh pe3yJbTaT, HO HCTHHHOFO
yayulweHus He RagyT.

YOPAXHEHUS

1. OkpyrauTs yucaa:
a=2353,803 no 4-% 3Hauamed uuppH,
b=0,003071 mo 3-i aHavawed wHPH,
¢=0,000209 go 2-i smavameft uudpw,
d=251672 po 3-fi 3Havawe# uudps,
e=353803 no 4-# sHavyamedt uuppH.
2. BuiYHCAHTL ab, i;—, % C OTHOCHTEJbHOM . morpemHocTbio 102,

c d
8. Buyucaute cd, T 7 ¢ OTHOCHTedbHOM mnorpemHoctoio 0,1,



JONOJIHUTEJIbHbLIE YNPA)KHEHUA
K raase 1, rnase 2.

1. [To uenoukam ¢QyHKUHHA HanmHcaThb COOTBETCTBYIOILYIO
CJIOXKHYIC (PYHKLHIO H, NOJb3YysAcb 0603HAYEHMAMH, NpPHBEJCH-
HoiMd B § 1.2, ykasatb obnacTy 3apaHusl 3T0H QyHKUMH:

1) y==cosu, u=2x. 2) y=e*, u=23x.

3) y=e", u=x*. 4) y=e*, u=-—x.

5) y=sinu, u=3x+ 1.

6) y=u?, u=20"+1, v=x—1.

7) y=V£, v=1+4u, u=x2

8) y=V'v, v=1—u, u=x

9 y=Inu, u=V0, v=1—t, t==x

2. Kax B npumepax k § 3.9, cnenyionge GyHKUMU Npes-
CTaBUTbL B BllJe LENnovyex NpecTeimnX sneMeHTapHhiX (yHKUHA:

1) y=e**. 2) y=sin4x. 3) y=sin(@x-+1).

4) y=@x2+1)2 5) y=InVT—x2 6) y=In*(1 4 x).

7) y=sin®x% 8) y=e>*3. 9) y=cos?2x.

10) y=sin?x2. 11) y=¢?**3  12) y=cos?2x.

1 1

3. YGeauTecs B TOM, YTO MNpHBREJEHHHIR BHLIE (QYHKINH
CYTb 3JeMeHTapHble GVHKUWM, U, NOJAb3yAch 0603HaYeHUAMH,
npuBenedHtMu B § 1.2, ykasaTh MHOMeCTBa, Ha KOTOPhIX 3TH
(DyHKLUY Onpeie/eHHl.

4. Yrto Takoe MHOTOYJIEH, JUHeAHas GYHKLUA, palMo-
HaJlbHast GyHKIIMA ,CA0XKHAS QYHK UK A, S/leMeHTapHan GyHKUUA?

K rnase 3

1. Kaxue n2 npuBeeHHBIX HHXe NepeMeHHbIX GeCKOHEUHO
Masble WM eTpeMaTcs K npejeny (Torda K Kakomy?), WJH
BOBCe He HMelOT npejena?

I 1 1 1
l) {1, '7, ‘5, —4—, ..].}={"’;}.
fp, - L 1 __1 B i
2 {1, — 5 =7 = {SE ]
3) {1,15 1,015 1,001, ...} ={1410-7}.
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9 {.'_ 2 3 4 }={__" }
5) 2.13—;—4' 51“-1.-.1 J={( l"}
’ [ =N
6) 0.1;011 0,111; ...} ={0,1...1}.
n pas
2. Kakueé  u3 npuBeJeHHBIX HHKE NepeMeHHBIX 6ECKOHEYHO
Gonbiuue (crpematca K GeckoHeunoctd)? Crpemstcs JH OHH
K 00 HIH —o0?
1) {l 2, 3, }——{n}.
2) —2 3, =4, ...} ={(—Iy-2n}
3) —2, ~3, }—{-n}
4) 1 2, l 3, l 4 1,
pupameﬂue q)yHKuvm y ¥ B Touke X, COOTBETCT-
ABytomee NpHpaILEeHHIO apryMeHTa Ax, BHIUHCAACTCA N0 dopMmyie
Ay=(x+ Ax)*—x2.
[Ipu stom 3gech x u Ax Juobble, T.e. —oo < X, x+ Ax <oo.
Boiyncanth npupauieHne Ay B TOYKe X, COOTBETCTBYIOLIee
npypaweHuo Ax, Anf CJeLYHOHX qayuxumi'
1) y=x 2) y=Inx. 3) y=sin2x.
4) y=x%. 5B) y=arcsinx. 6) y=tgx.
D y=@x+3). 8 y=e. 9) y=1.
YkasaTb HHTEpBaJbl, KOTOPEIM MOT'YT NPUHAANEXATh ¥ ¥ Ax.
4, Eciu ¢dynkuma y= f(x) umeer HenpepbiBHEHIA rpadux
Ha oTpe3ke (MHTepBaje), TO €e HA3HBAIOT HENpEpHIBHON Ha
atoM orpeske (uHTepBase). Kak sto Bbipaxkaercs 1) Ha Asbike
Ax n Ay n 2) Ha fA3HIKe npe,u,e.na ¢byHKUMH?
5. INonb3ysice ¢opMmynamu 1)—10) § 3.8, Hanucats,
YeMy PABHEI NPENEJbl:
1) limx? 2) llmlnx 3) lim arcsinx.

~>2 x-+1/2
4) xllm (smx-l—cosx) 5) lim Inx. 6) lim(l+e"+x).
x—+T/4 X—re?

im tgx. 8 iml T—x. 9) lim(S0%).
Dl 9 VT 9 ()

- X=1t
K raase 5

1. Hapucoate rpapuk ¢yHKuMM y=COSX Ha OTpesKe
2n Tog & 2n

(0,2n), nposectn B ero TouKax x=-—-—72, —3, 0, 7, 5
KacaTeJIbHbie ¥ BbIYMCIHTD HX YIVIOBble KO3(MHLHEHTEL.
2. Bpluhc/lHTL NPOM3BOAHBIE OT (YHKIUHMM:
. 1
1) y=x*(2x+1). 2) y=xsinx. 3) y=§—i‘—r

4) y=xInx. 5) y=xe*. 6) y=(x*—1)Inx.
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S. NIKOLSKII

ELEMENTS OF MATHEMATICAL
ANALYSIS

This popular little book ¢Elements of mathematical analysiss,
which was issued by publishing House «Nauka» (Moscow 1981) with
mass drawing, is sold off. There are its translations on english (1983)
and spanish (1984) by Editorial «Mir» (Moscow).

Last time author with his colleagues was intersted to the pro-
blems of mathematical school teaching. There are thelr attempt text-
books in arithmetic and algebra, which now are passing experiments
in the soviet schools. «Nauka» has issued «Arithmetics» (1988) by
S. Nikolskii, M. Potapov, N. Reshetnikov, A. Shevkin.

Naturally author has made changes in the second edition of ¢Ele-
ments of mathematical analysis», using these experiences. New every
person with education for 8 classes of soviet school can read the book
free. The first 8 chapters of th: book contain object of algebra for
9—10 classes of soviet school.

To get this aim was introduced the chapter «Trigonometrical func-
tions». The chapter «Exponential functions» was also changed. The
definition of this function for any real numbers is a difficult question
in school teaching. The author though much before to stop on the
defined way of the teaching of this notion.

Style of the account of the mathematical analysis themselves is
preserved as in the first edition. Notion of the limits is given on
examples, without formal definitions. Generally, the properties of
limits and graphics are considered on the intuitive ground. Graphics
and motion themselves are serving as the ground for fundamental
conclusions. Very shortly are given differential and integral calculus
and their application.

The concluding chapters (9—12) are devoted to the elementary
account of some additional facts which also are important for the full
middle mathematical education —complex numbers, Newton’s binom,
combinatoric, Taylor’s formula.

In the USSR this book finds oneself usefull for adult pupils and
of the general and technical schools teachers and evén for the students
of the faculties with short mathematical programme.

We hope that this book will be usefull accordingly in the foreign
countries.



