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I[MTPEOHWCJIOBHUE K ITEPBOMY M3IAHHIO

UuraTteno MpeAsaraercss nocielHHfi TOM Haweii MoHorpadHu.
Ero HanHcaHHe 3aHANO GoJbLile BpeMeHH, ueM Mbl oXHnaau. Ot9acTti
3T0 oObSICHAETCs Hallleil 3arpyXKeHHOCTBIO aApyro# pa6oToil, a oruac-
“TH TeM, 4YTO 3a MocjiefHHEe roanl 6HJO0 MOoJYyYeHO GOoNbilloe YHCIO pe-
3yJbTATOB, OTHOCAIIHXCS K BOMPOCaM, PacCMaTPpHBaeéMbiM B 3TOM
ToMe. DTHMH BONPOCAMH SIBJAAIOTCA AHCNEPCHOHHHIA aHAJIH3, MJIaHH-
poBaHHe 3KCNEPHMEHTOB, TEOPHsl BHIGOPOUHbBIX O6C/NeAOBaHHH, MHO-
roMepHulfi aHaJIH3 H BpeMeHHHIe psibl. B 6ypHOM noToke TekyHIHX
HCCelOBaHHA CTAaHOBHTCS BCe TPYAHee MOHSTb, UTO SABJAETCS OKOH-
yaTe/JbHEIM PEe3yJIbTATOM, a YTO TOJBKO IPOMEXKYTOUHEIM 3TAIOM pa3-
BUTHA TeopuH. [IpH pelieHHH BONMpoca, YTO BKJIOYATbH B H3JIOXKEHHE,
4 YTO OMYCKAaTb, O6BIIH CJyuau, KOTia Mbl BHIHYX/IEHH GbIIH BCIOMH-
HaTb cioBa Tekkepest 0 MakoJiee, YTO TOT NPOUHTHIBAJ KHHTY, YTOOLI
HaMHCaTh NpeaJioXKeHHe.

STOT TOM, KaK H NepBhHle IBA, CAMOCTOSATE/]EH B CJHENYIOUIHX Tpex
OTHOLIEHHSIX: B HEeM COHEPXKHTCS COGCTBEHHbIN CIHCOK JHTEpPaTypHl;
B MPHJIOXKEHHH NpHBeleHbl Te TabauIbl, KOTOpble HeOG6XONUMBI NS
UTEHHs TEKCTa; HMeercs COOGCTBeHHLIA yKasaTteab. Temepb, Koraa
BHLINA B cBeT «bubanorpadua nuteparype nmo cratuctHke» KeH-
Janna n [ofira — HeT HYXKIObl NMPHBOXHTL HCUEPNLIBAIOUIHA CIOHCOK
JiiTepaTyphl N0 BceM ToMaM. Kak H paHee, B KOHIle I/1aB IPHBOAHTCA
‘60JIbIIOe YHC/IO YN PaXK HeHU .

Ml cHOBa nonib3yeMcs ciaydaeM no6aaropapurb M-pa E. B. Bépka
(E. V. Burke) u3 wuspgatenbcrsa Charless Griffin and Company
Limited 3a ero TpynQ, cBI3aHHBIA C BHIXOAOM B CBET 3TOH KHHTH.

Mbl 61arofapHbl TaKXKe MHOTHM YHTATeNSIM H KPHTHKaM, yKa3as-
1IHM OMeYyaTKH, HETOUYHOCTH H3JIOMKEHHs1 H MecTa, TpeOywollHe Mosic-
HieHH#, B epBbiX ABYX TOMax, H Oynem palbl JIOOHM NMOLOOGHLIM 3a-
MeuaHHSIM K 3TOMY NOCJIefHEMY TOMY.

JloHnoH, M. Tx. K.
asrycr, 1966 A C
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NMPEOWUCJ/IOBHE KO BTOPOMY U3OAHHIO

STo H3LaHHEe MaJIo oT/uvYaeTcs OT nepsoro. CaesnaH pAf He3HAYH-
TeJIbHBIX H3MEeHEHHH B TeKcTe, 106aB/IeHO HECKOJbKO HOBBIX YNpaK-
HeHHil U NpHBeleHbl MHOTOUHCJIEHHEE CChIJIKH Ha HOBHlE HCCJIeNOBa-
HHsl B OBICTPO pa3BHBAIOIIHXCA 06JaCTAX, H3yYaeMHIX B 3TOM TOMe.
Kak Bcerna, HaM ouYeHb MOMOIJIH YUTATeJH, oOpaTHBIIHE Hallle BHH-
MaHHe Ha ONeYaTKHU U APYrHe HETOYHOCTH, H MBI HaJeeMCsl HA TaKylo
nomMoilb H B 6yayniem.

Jlonnox, M. Hux. K.
maii, 1968 A. C.

CITMCOK COKPAIIEHHHA

AO3 aCHMMTOTHUECKAR OTHOCHTeJbHas 3(deKTHBHOCTD
BP1 BLIOP C PAaBHHIMH AOJAMH

OA JHUCMePCHOHHBIA aHaJH3

MTa MHHUMAa/bMasA TPAaHHUA QUCNIEPCHHU

MO MHHHMAaJIbHas O UCIePCHTA

MII MaKCUMYM I1IpaBAONONOGHS

HK HaHMeHbIlIHe KBapaThl

HKO HanJyulllasgs KpuTHueckas 06JacTh

on OTHOLLEHHe MPaBAONONOOHSA

(0).4 onepaTHBHas XapaKTePUCTHKaA

[TIKOB nocaefoBaTebHbIH KPUTEPHA OTHOLLIEHHS BEPOATHOCTENR
n. o. NMPOH3BOAAIAA (DYHKUHA

n. . M. npoussonsfmas QyHKUHs MOMEHTOB

n. ¢. c npou3soasmas (GyHKUHs CeMHUHBADUAHTOB

n. ¢. ¢. M. rnpousBoafAmas GPyHKUN HaKTOPHANBHBIX MOMEHTOB
PHM paBHOMEPHO HanGoJee MOILHKIA

PHMH pasHOMepHO HaHOOJee MOHIHBIA HecMeleHHHH
CK cyMMa KBaapaTos

CHB c6ajlaHCHPOBaHHKIE HenoJiHble GJIOKH

CpK CpenHu# KBanpaTt

CT. CB. cTeneHu cBOGOMAB

¢. m (G YHKUMSA TJIOTHOCTH

¢. p- (YyHKUHA pacnpeneseHHA

x. . XapaKTepHCTHYeCKAA (YHKUUSF

YCHB JacTHYHO cOaslaHCHPOBaHHHE HeNoJdHHE 6JOKR



rMTABA 35

JUCNEPCUOHHDBIA AHAJIU3
B JUHEHHON MOAEJIMU:
KJACCHOPHUUHPOBAHHBIE JAHHDBIE

35.1 [lpu nccnenosanuu csoictB HK-ouenku (cm. 19.4—19.12
T. 2) B JARHefiHO# MonxeaH ¥y = X0 4 e*) kak nuHefiHON HecMmelleH-
noit MJl-oueHkn 6hINO0 oTMedeHo, uTo cymma ksajapatos (CK) ua-
6al04eHHH MOXKeT ObITb mpeoOpa3oBaHa K CyMMe JABYX HeOTpULA-
TeJibHbIX KOMIIOHEHT

y'y=(y — X0y (y — X8) + (X0y (x9), (35.1)

rae nepBoe cjaraemoe npeacrasiaser coboit CK ocratkos (ocraTou-
nyio CK) ot monesn, nonornannoit no Merony HK. Bropoe cnarae-
moe B npasoii YactH (35.1) npencraensier co6oit BENHYHHY YMEHb-
wennss CK, o6ycnoBneHHoro mnoaroHkoét Mogenu. UYem OGonblue
sTa BeanyunHa (T. e. yeM MeHbue octatoyHas CK), tem nyume no-
IOTHaHHAafd MOJeJb OTpa)aeT HaG/iofaeMOe COOTHOLIEHHE M2KAY
yulX
[Nepenucas (35.1) B BHAOe

yy=(y — X0 (y — X8+ 8" (x’X) 8 (35.2)
H BcnoMHuHasa u3 (19.16), 4ro
V() =s2(X’X)"", (35.3)

y6e)KﬂaeMCﬂ, 4TO €CJIH BEKTOp OIIHGOK & HMeeT HOpMaJIbHOE€ pac-

npenenesue, 1o, cornacio 15.4 (1. 1), sekrop 9, 6yayun saunefiHOH
byHKUHeH OT e, TaKXKe HMeeT MHOrOMepHOe HOpMaJbHoe pacnpene-
JeHHe co cpegHuM O wu MaTpHuelt paccesHus (35.3). Caemosa-
TeJbHO, BTOpOe cjiaraemoe npapoft yactu B (35.2), ¢ TOYHOCTHIO 10O
MHoXuTena — (202)—!, coBmajaer ¢ mnOKasaTeJeM SKCIOHEHTH B
dopmyse O/ NNAOTHOCTH YKa3aHHOTO MHOrOMEpHOTrO HOPMaJbHOTO

*) HanoMuuM uurtateso, uto ¥ # X — 310 coorsercraenno (n X 1)-BekTop-
croanben u (n X k)-maTpupma HaGaiofeHH#d HCcJaelyeMbIX NEepeMeHHHX y H X,
(i=1,2 ..., k), 0—310 (kX 1)-BekTOp-cTONGEL HEH3BECTHHX NapameTpoB
4 £ ecTb &z X 1)-BekTOp-cTONGEN CAYYAAHHIX <OWHGOK* C MaTeMaTHUeCKuM
oxuzxannem M (8) =0 u ¢ maTpuueir paccesnus V (e) = M (ee’) = o?I. Ipu aTom
HK-ouenku — 3T0 OuEeHKH, NOJyYeHHHE 0[O METONY HaUMEHbWHX KBalpaTos,
a M/I-ouenkn — 5TO OlieHKH, uMeloNHe MHHMMANBHYIO mucnepcuio. (ITpum. ped.)
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pacnpenenenusi. Otciona, cornacio 24.6, 8/X’X0/0% umeer HeueHT-
panbHoe Yx2-pacnpefesneHHe Buga (24.18) ¢ v =k cTeneHsIMH CBO-
6006 U MapaMeTpPOM HeUeHTPaJbHOCTH

A=0V"'(0)0 =0'X"X0/02. (35.4)

Hns KpaTKOCTH, TaK XKe Kak B 24.5, 310 pacnpeneseHue 6ynem o6o-
sHauatb x2(v,A).

35.2 ITonyueHHbIfi pe3y./bTaT MO3BOJSieT NPOBEPHTh THUMNOTE3Y
O TOM, 4TO O = 0y, H, B YaCTHOCTH, THIOTE3Yy

He: 8 =0. (35.5)

[lpoBepka nmocneaHeil runoreabl OCHOBaHa Ha TOM, YTO B clyyae
(35.5) A, onpenensiemoe (35.4), paBHO HYJIO, H COOTBETCTBylOlEe
pacrpefieneHde CTaHOBHTCA (LIEHTpaJIbHBIM) %2 ¢ K cTeneHsIMH CBO-
6ombt  (cCT. CB.). Kal( Mue Bugean B 19.11—12 (1. 2), BeauyuHa
(y—X90)'(y— X0)/0? umeer x2-pacnpeneneHue ¢ n—K CT. CB, a
ecad cnpaseayuBo (35.5), To u y'y/o? umeer y2-pacnpefiesieHHe C 1.
cTeneussiMH CcB. 3Ha4YHT, NpUMeHHMa Tteopema Kokpsna u3 15.16
(t.1) u cnaraembie B npaBoil yactH (35.2) He3aBucuMb. Tem ca-
MBbIM, ecJiH cnpaBeliuBo (35.5), To OTHOLIEHHE 3THX CJlaraeMbiX
(rmogeneHHbIX Ha YHUCJIO CT. CB.)

F = (X’ X8/k}/{(y — XBY (y — XO)/(n — k)} (35.6)

HMeeT paciipelejieHHe NHCNEPCHOHHOro oTHouleHHs (F-pacnpenese-
Hue) ¢ (k, n— k) cT. CB.

Ins uccienoBaHHs MOIIHOCTH KDHTEpHS MPOBEPKH THIOTE3hl
(35.5), ocHoBaHHOoro Ha (35.6), MBI JOJIKHB 3HaTb COOTBETCTBYIO-
mee pacnpenesieHdHe B TOM ciaydae, Korfa (35.5) He BbImonHsiercs.
Yro6bl nokasaTb, YTO OHO COBManaeT ¢ HeuleHTpaJbHuM F (24.105),
HaM HYXHO [OKasaTb, YTO WYHCJHTEJb H 3HaMeHareab B (35.6)
OCTAlOTCSi He3aBHCHMBIMH H B caydae 054 0. Ecan Xe Mbl XoTUM
npoBepUThL Gosiee OBILYIO THIOTE3Y O TOM, YTo 8= 8,0, To Ham
HYXXHO 3HaTb COOTBETCTBYIOlllee pacnpeleneHHe AJs TOro, 4To6br
Boo6me crpouth Kputepubi. TakuM o6pasoMmM, HaM HYXHO pacmpo-
crpaHuTh TeopeMy KokpsHa Ha ciyuali HelleHTpaJIbHBIX HOpMaJib-
HbIX BEJIHYHH, T. €. HOPMaJbHBIX BeJHYHUH, Y KOTOPLIX, BO3MOXHO,
pa3HHe MaTeMaTHuYeCKHe OXHAaHHS.

35.3 Coortnowenue (35.2), NOMHMO yNOMSIHYTOro BhIllle MpPHMe-
HEeHHSsl, OTKphiBaeT H JApYrHe BO3MOXHocTH. [Ipeanosoxum, 4Tto
X’X — muaroHasbHasi MaTpulla, ckaxem, C, ¢ IHAarOHaJbHLEIMH 3Jje-
MeHTaMH c¢;;. Toraa BTopoe cnaraemoe B (35.2) MOXHO caMmo mnpen-
CTaBHTb B BH/Ie Cjelylolel CyMMbI:

R

(X0) (Xx8) = E. .02 (35.7)
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[Ipy 3TOM 3JIEMEHTHl Cj; NMOJOXKHTENbHb, NOCKOAbKY X'X nosoxHu-
TeqbHO OHpeaesieHHas, HeBblpoXAeHHada MatpHlla. CoOOTHolleHHe
(35.7) naer ceneHne CK k cymMe k& useHOB, KaXKIOBIfi H3 KOTOPBIX
COOTBETCTBYET cBOoeMy napameTpy. [Ipu 3TOM MOXKHO MOCTaBHTL 3a-
jauy NPOBEPKH THNOTe3bl O 3HAYeHHHU OTAEJbHOro 0; H Hac OnaTh

MHTEpeCcyeT pacnpelesneHde KOMIOHeHThi ¢;;02 npu 6 0.

Fesan Marpuua X’X puaroHansHa, TO AHaroHaJdbHa u (35.3).
B sTOM ciyyae JHHeHHas MOJe/b HA3LIBAETCSi OPTO20HAALHOU, NO-
CKOJIbKY 0; HeKoppesHpOBaHbl, a NMPHU HOPMAaJbHOM & NMPOCTO Hesa-
BucuMbl. OpTOroHanbHasi MoJelb yXe paccMaTpHBaJack B CBA3H
¢ Teopuein perpeccuu B 28.15—20 T. 2, rie ykasniBaJgoch Ha yno6-
CTBO MpHMEHEeHHSI OPTOTOHAJbHLIX NoJHHOMOB. Hcmonbays ToabKO
HHTYHTHBHOe omnpaBjiaHHe, B (28.72) onpenenserca (a B npumepe
28.3 uanocTpupyercs) npolledypa BbIYHC/AEHHS YMEHbIIEHHOrO 3Ha-
yegusi CK (cM. Boimie paccyk[eHHsi O BTODOM cJlaraeMoM B npaBoii
yactH (35.1)), cooTBetrcTByIOUIEro KasKAOMY BHOBb N06aBjiseMOMY
rapameTpy. Ilajlee paccyXaenus HOCAT OoJjee obUUI XapaKTep.

JucnepcHOHHBIH aHaau3

35.4 Hanoxum Teneps pyHAAMeHTANbHYIO KOHIENIHIO, MperJso-
xennywo snepBue P. A, ®uinepom 8 1920 r. Ecnu cymMa KkBaZpaToB
¥’y MoOXeT OHITb NpeNCcTaBjieHa B BHIEe CyMMBbl HeOTpPHIATeJbHLIX
KOMIIOHEHT, KaMJasi M3 KOTOPbLIX COOTBETCTBYeT HeKOTOpoMYy IoJ-
MHOXECTBY NapaMeTpPoB JHUHeliHod MoleaH, To OyneM TroBOPHTb
o0 Oucnepcuonrom anarude (IAA) ro y. (buno 6bl Gosee AOrHYHO
rosopuTh 06 anasu3e CK, Ho B cHny HCTOpHYECKHX NPHUYUH YMmOT-
pebasieTcsl TepMHH QHCNEepCHOHHHIHA aHanu3). JIA uHTepnpeTHpyetcs
Kak MeTOoJl pa3feneHHs BAUAHHA Ha HabJl0RaeMble 3HaUeHUA ¥ pas-
JMYHEIX TIOAMHOXECTB MHOXeCTBa NapaMeTpoB. BaxHoctb Takoro
paslesieHHs BO MHOrMX 06sacTsX ucciefoBaHusi genaer JA ogHum
H3 BaXXHeAUIMX MeTONOB NMPHKAAAHOA CTATHCTHKH.

Pa3noxxenue HeUueHTPAJbHbIX KBaApaTHYHbIX dopm

35.5 ChopmynupyeM Tenepb OGILYIO 3agady, BO3HHKAIOMYIO B
aucrepcHoHHoM aHaJuse. Ilycte ¥y — BekTOp, O6pa3OBaHHBIA p He-
3aBUCHMBIMH HODMAaJIbHEIMH BelHYHHAMH,

M@y)=n Vi =I, (35.8)
H NyCThb

k
vy = LyAy, (35.9)

rae A; umeer panr r;. [Ipa Kakux yc/oBusX B KBajipaTHYHBIX GopM
Qi=y'A;y G6yayr nONapHO HE3aBHUCHUME H KaKUMH OYyIyT HX
pacnpenesenna? [TocKoabKy, cornacHo 24.4 (1. 2), KkBaapaTHYHas
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dopma y'y = Q umeer x'%2(p, n’n)-pacnpenenerue, To MOXHO OXH-
JaTh, YTO KOMIOHEHTHl AOMKHH HMETb pacrnpeeJseHHe ToroXKe BHLA.

STta 3apgaua ornuvaercd OT H3ydenHoir B 15.16 (1. 1) ToJbKO
TEM, YTO TaM BLINOJHSAJOCL paBeHcTBo u = 0. Ho npu p =0 mu
[OMYHHAH, YTO Ja060e H3 CAeAYIOLHX TPeX YCIOBHIi:

(a) er,=r, roe r — paur Q,

(6) xaxngas marpuua A; KAEMNOTEeHTHa, T. €. A, =A],

(B) A;A; = 0 npu Bcex | = |
BJleyeT JBa ocTanbHbIX. [IpocMoTpeB mOKa3aTesibCTBO 3TOro ¢axrta
B 15.17—19, y6exnpaeMmcsl, 4T0 3TO 40Ka3aTeJbLCTBO BOBCE He 3aBH-
CHT OT 3HaueHHs u. TakkKe He 3aBHCHT OT 3HAUEHHS u JOKa3aTe/b-
ctBo (B 15.13) Teopemm Kpaiira o toMm, ato Q; H Q; He3aBUCHMBI
Torla H ToJbKo Torha, korga A;A; = 0. Orciona ciaenyerT, uTo (B)
SKBHBAJIEHTHO YCJIOBHIO

(B") dopmbl Q; nomapHO HE3aBHCHMBI.
Onnako 3KBHBaJIEHTHOCThL ycJioBHs (6) YC/HOBHIO

(6°) xaxanan dopma Q; uMmeer (UeHTpanbHoe) x2-pacmpeneneHue
¢ ri CT. CB.
onupaeTtcs Ha pesyabrtat 15.11 o ToM, uto ecnu p = 0, To Q; uMeroT
¥Z-pacmpelesieHHe TOrja H TOJIbKO Torga, korga A; HIeMIOTEeHTHBI.
TakuM obpasom, Ons o6o6uieHus pesyabrata 15.16—19 Ha cayuait
n = 0 ocraerca o60o6umHTL yTBepXKOeHue (6°) (r. e. pesyabTat
15.11) Ha cnyuafd p 5= 0.

35.6. Ilo cymecTBy, eXHHCTBEHHOE H3MEHEeHHe, KOTOpoe HYKHO
Buectt B 15.11, COCTOHUT B TOM, 4TO NOJyYeHHBIE HocJie KaHOHH-
yecKoro npeo6pasoBanus mnepemeHHne y2 B (15.43) 6yayr, co-

raacHo 24.4 (1. 2), umeTs pacnpenenenue ¥'2(1, u?). Ilpoussonsmasn
i

dbyHKuHa ceMHHHBapHaHToB (1. ¢. c.) dopMul Zl a;y? 6yneT HMeTh
I=

pun He (15.45) (t. 1), a Gosee o6wHil BHA, NoaydeHHBI B ynpax-
Henud 24.1. Orcrona nns ceMuuHBapHaHToB ¢GopMH Q NMOJAydHM, UTO

1 =2 (s — 1)1ﬁ‘,l ag (1 + sp?) (35.10)

(3To o6o6maer (15.46)) m uro ceMuHHBapHaHTH X'2(v, A)-pacmpe-
IeJleHusl CyTb

xs =2°"" (s — 1)l (v + sh). (35.11)

Has toxnaecrBennoro cosnagenus (35.10) u (35.11) HykHO, uTOGH
IIpH BCEX S BRINOJIHSVIHCH PaBEHCTBA

r

;I a5 =v, ,Z asu? =A. (35.12)

=]
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Ho (35.12) BuimosnHsieTcsi TOorfia H TONbKO TOrAa, Korjga Bce a; = 1,
r

TaK UTO V=TI H A = pr ITockosbKy @; CyTb HeHyJeBble Xapax-
i=l

TepUCTHYECKHe YHcaa MaTpHlbl A, To oTclofa cienyet, uto A ugem-
poTeHTHa. Takum 06pa3om, MBI BHIHM, YTO yTBep KIeHHE, 3KBHBa-
JIeHTHOe NpHBEJEeHHOMY BHIIlle yTBepxKAeHHIO (6), CBOOUTCA K

(6’) kaxnpasa ¢opma Q; umeer y’'2(ri, A:i)-pacnpefesieHHe, 4TO
cosnanaer ¢ (6°) nmpu p = 0. Bonee Toro, ecin coBepmHTbL O6paT-
HOe OpTOTroHaJIbHoe Npeo6pa3oBaHHE OT KaHOHHlIECl:KX repeMeHHbIX

.~

K ACXOIHBIM, TO CPa3y MOJAYYHM, UTO A; = WA;n 1 Z A;=wn, T.e.
=]

CcyMMa NapaMeTpoB HelleHTpanbHOCTH ¢GopM Q; paBHa mapaMeTpy
HelleHTpaJbHOCTH QopMul Q (cM. ynpaxHeHue 24.1 T. 2).

TakaM o6pa3oM, MEI IPHXOAHM K BHIBOAY, YTO €CJIH HMEeT MecTo
(35.8—9), 10O Kaxkpoe u3 ycaoBHH (a), (6), (B) BJeuer ABa APYrUX.
AHasorHuHOe YTBepXKjJeHHe cnpaBefyuBo mias (a), (67), (8’).

35.7 Ecan B (35.9) y’y 3amenutp Ha Q = y’Ay, rae A — npo-
n3BOJIbHAs HAEMNOTEeHTHas MaTpHIa, HMelollasi paHr r << p, TO 3TO
He nomausier Ha pesyibtaTt 35.6. CooTBeTCTBYIOIHE pacCyXIeHHs,
npoBefleHHbIe B rjaBe 15 ans cayyas p = 0, cnpaBedJiuBbl ¥ B CJy-
yae NPOH3BOJILHOTO M.

PesyabTaT H3MEHHTCS COBCeM HE3HAYHTENbHO JaXe B TOM CJy-
yae, ecau B (35.8) BMecTo yciosua V(y) = I norpe6oBartb, 4TOGH
KOMITOHEHTbI ¥ HMeJd HeBLIpOXKJeHHOe MHOroMepHoe HOpMaJibHoe
pacnpenejieHHe ¢ AHcnepcHOHHoi MaTtpuued V, koropasa He o6s3a-
TeJIbHO AHaroHaJibHa. Tak, ecid

M@y =n, V=V, (35.13)
k R
Q=ydy = X yAdy =3 Q: (35.14)

MoxXHO mnonoXuts V = TT’, u npeo6pasosanune y = Tz npusogur
K He3aBHCHMBIM HOPMAaJIbHEIM BEJIMYHHAM 2, MOCKOJbKY NOKa3aTeJb
3KCNOHEHTH B ¢GopMyJsie IJs HAOTHOCTH MHOTOMEPHOr0 HOPMaJb-
HOro pacrpeneseHus CBOAUTCA K

YV 'g=2T (1) T7'T2 = 2.

Hanee, us (35.14) uMeem

]

R
Q=2zTATz2= ) 2’T’'A,Tz= Zl Qi
i=

i=
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T. €. MoJIy4aloTcst KBaJApaTHYHEE (POPMbI, C KOTODbIMH MbI y¥Ke UMeNH
neno. Yenosue (6) B 35.5 cBoOHTCA K

'AaT=TAT-T'AT
HJIH
AiV = AlV * A‘V,

tak uto A;V, tak ke Kak AV, noaxHb GbiTb Tenepb HAEMIOTEHT-
HBIMH MaTpHIaMH. YcaoBHe (B) CBORHTCA K

T'AT-T'AT=0
HJAH
AVA, =0, i+#].

Ycaopue (a) He MeHsieTCsl NPH OPTOTOHAJAbHOM NpPeo6pa3OBaHHH.

Tenepr MBl MOXeM OKOHYaTesNbHO cPOpMyaHpPOBaTh O6IIHE pe-
3ynbTart.

[Tycts y uMeeT HeBLIDOXKIEHHOE MHOTOMEpPHOe HOpMaJjbHOe pac-
npefeneHHe, MOMEHTH KOTOPOro YAOBJETBOPAIOT ycaoBuio (35.13),
H NMycTb AJa KBaJApaTHuHOH GopMbl Q HMeer Mecro NnpencrasJeHHe
(35.14), rone martpuna AV upemnortentna. Torma Q umeer y2(r,
p’Ap)-pacnpelleneHse, rae r paBHo paHry matpulbl A, u Jg06oe U3
NpHBEJEHHbIX HHXe YCJAOBHA BJedeT ABa HpYruX:

(a) gr; =r;

(6) matpuust A;V ugeMnoTeHTHH, HJAH, YTO 3KBMBaJeHTHo, Q;
nMetoT x'%(r;, w’A;n)-pacnpenenenue, rae r; — pasr A;;

(B) A;VA; =0 uau, 4to 3KBHBAJIEHTHO, Q; MOMApHO HelaBHU-
CHMbI.

Cpeit6uan u Mapcaabs (1957) nosyynau HecKOJLKO GOnee OOMIUiM Pe3yJbTarT,
YeM MpHBefeHHblH 31ech. BaHepnxkn (1964) ynpocTHaA uX NOKa3aTeabLCTBO.

35.8 OTOoT O06WMI pe3ynbTaT O Pa3ioXeHHH KBaApPaTHYHbIX
¢bopM HOpMaJbHO paclpelesieHHbIX CNy4afiHbIX BEeJHYHH JLaeT pelle-
Hue 3anay, cGopMyJHPOBAHHBIX B 35.2—3, KOTOpble CAYXKHJH MOTH-
BHPOBKOfl HalllHX HcclenoBaHu#i. B uacrHocTH, Tenepr JAo0Ka3saHo,
4TO YHCAHTEJNb U 3HaMeHaTeab B (35.6) He3aBHCHMEI, a 3HQYHT, HX
OTHOLIEHHE HMeeT COOTBETCTBYIOllee HelleHTpasbHoe F-pacmopepnese-
Hue (xoTopoe Mbl, Kak H B 24.31 1. 2, 6yneM o6GosHauaTb F’ (v, v,
A)). Ilpu atom v =%k, vpw=n—=%, a A 3a1aeTcsi COOTHOWEHHEM
(35.4). AHanoruyHo JJsi JO60ro OTAenbHOTO 8; B OPTOroHaJbLHOMR
MoneJd U3 35.3 oTHouweHHe

F =c,0%{(y — XY (y — X0)/(n— k)} (35.15)
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umeer F'(1, n—k, c,;0%[0*)-pacnpenenenne, H TENepb MOMKHO
HCIOJbL30BaTh 3TOT (PaKT [/ NPOBEPKH THMOTE3Ll O AHAueHWH 6.

B Goaee o6uied cHTyalluH LJsi IPOBepKH runoresw /,, HaJsaraio-
me#dt r << k orpanuvenni, orHomenne CK, coorsercrayromeit H,,
k ocratouHoii CK, yMHOXKeHHOe Ha (n— k)/[r, umeer F/(r, n—k,
A)-pacnpelenenne (cm. 24.29—31). [Ipu aTomM oco6o ciienryer oTme-
THTb TOT ¢axT, uto, corvacHo 24.29, mapaMeTp HeleHTPaJbHOCTH A
Bceria MMeeT TOUYHO Tako#t ke Bull, kak # CK B uuciaurese craTu-
CTHKH KDHUTEpHS, TOJIbKO HaGJ/I0NeHHbIe 3HaYeHHsl 3aMeHsI0TC Ha HX
MaTeMaTHYECKHE OXHJAHHA, a 3aTeM BCe BbHIpa)KeHHe JNeJHTCH Ha
o2. TakuM 06pa3oM, A Bcerga MoxeT ObITb O4YeHb MPOCTO MOJYYEHO

u3 yneauTesas cratucTukd. Hamo 9 samennts Ha 0w pasgenuts mo-
JyueHHoOe BHIpaXKeHHe Ha o2

D10 Obisin npuMepnl Kputepus OIl B JHHeidiHOW MofeJsH, mMo-
JydeHHHe, BooOHle TroBopsA, H3 KaHOHHYECKOA (opMul MolenH
B 24.25—9. OG6Gcyxznenue, ciaenyiomee 3a (24.100), yxasmiBajo Ha
to, uto Kpurepuu OIl paa mpoBepKH JIMHEHHEIX THIOTe3, COJepXa-
wkgx Jgio6oe MOAMHOXECTBO r M3 kK napaMeTpoB, OCHOBBIBAlOTCS Ha
pesnunHe yMeHbmieHHss CK, o6ycyoB/eHHOM 3THMH r napaMeTpaMH,
nonesenHoll Ha ocratounylo CK. Kanonwueckufi moaxon raaeul 24
oKaszancsi MOJe3HbIM NPH BoBOJE ONTHMAaJbHbIX CBOHCTB KpHTEPHS
OI1 5 24.36—7. 113 ueseit HaCTOSLIEr0 H3J0XKEHHs1 o6CyxKaaBLIeecs
skBuBaneHTHoe pasbueHHe CK saBasiercs Gonee mpaAMBIM H HHOOD-
MAaTHBHLIM.

Hanomunm unTtaTenio, uto B 24.32—3 npuBegeHbl TOUHBIE H NPH-
6a1uKeHHble BbIpaXKeHuss Aaa GyHKuuu MomHocTH F-kputepus OIL

JA ana kaaccndpuuupoBaHHBIX HabatopeHui

35.9 IIpuBenennoe B 35.4 onpenesiende A mpHMeHHMO K JO60#H
JHHefHOA MOJeNiH K OXBAaThiBaeT NpPHMEHEHHs TEODHH PerpeccHH
B 28.12—23. OpgHako TepMHH «IHCHEPCHOHHLIA aHaJH3», BOOGILE ro-
BOpSI, HCTIOJIb3yeTCs B 6oJiee Y3KOM CMBIC/E, CBF3aHHOM C BO3HHKHO-
BEHHEeM 3TOTO MeTOLa.

B 35.4 ykaswiBasnocb, uto [IA wHcCHOONABb3yeTCs [N pasieeHHs
BAMSIHHA Ha ¥ OTAEJbHBIX MapaMeTpoB. B 3KcnepHMeHTAaJIbHEIX HC-
CAedOBaHHSIX B KayecTBe MNapaMeTpoB YacTO BHICTYNAIOT BO3Lefi-
CTBHA HEKOTOPHX «o6pabGoToK» Hajx nepeMeHHo# y. Tak, Hampumep,
TIPH MPOBEJEHHH CeJIbCKOXO3ARCTBEeHHbIX 3KCIEePHMEHTOB, OTKylda |
BO3HHKJ/IAa COOTBETCTBYIOIAasi TePMHHOJOTHSA, ¥ MoXeT ObiTb, HampH-
Mep, ypoxkaeM [IUEHHIbl ¢ YyYacTKa oONpeleJieHHOro pa3Mepa, a
d3yyaeMasi «<o6paboTKa» COCTOMT B IPHMEHEHHH HA ydaCTKE HEKOTO-
poro ymo6peHHs1 B TedeHHe CeJbCKOXO3fAICTBEHHOro cesoHa. Ecre-’
CTBEHHO, 4TO B 3KCHePHMeHT AOMKHB BKJIKOYATbCA KaK o6pa6o-
TaHHbie, TaKk U HeoOpaboraHHble ymoOpeHHeM yuyacTKH. [naBHEIM
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NpH 3TOM SBJISIETCS TO, YTO TAKOrO pofa 3KCNepHMEHT OMHCHLIBaeTCs
B TepMHUHAX o0llel JHHeHHOH MOJeJH NOCPeACTBOM BBENEHHS HHIH-
KaTOPHOW MepeMeHHOH X, KOTopas paBHA eAHHHIE, eCad Bo3dei-
CTBHE MPHCYTCTBYET, H HYJIO0 B MPOTHBHOM cCJydae.

Jlerko mousATb, uTO A060f HaBop «0O6PaGOTOK» MOXKHC OMHCATH
yKa3aHHbIM crioco6oM. HyXXHO TOJABKO OnpeaesHTb HHIHKATOPHYIO
nepeMeHHYIO X AJis KaXX[OOH Yy4acCTBYHOUIeH B 3KcnepHMeHTe «Oo6pa-
G6oTKu». Tak, ecnu B npumepe npepbifymero abGsalla HMeeTcsl JBa
yaoOpeHHs, TO HyXXHO ONpeleNHTb X|; KaK HHIHKAaTODHYIO NepeMeH-
HYI0 ANl MEPBOTO H X; KaK MHAHKATOPHYIO NepeMeHHYIO AJIs1 BTOporo
yao6penusi. Ilpn 3ToM ana yuyacTkoB, Ha KOTOpbiX BHocsATcss o06a
yao6peHHs, CedyeT MOJOXKHUTb X| = 1, X = 1; ANA ydyacTKos, moJay-
YaOWHX TOJbKO MepBoe yno6peHHe, MONOXKHUTb Xy = 1, xp = 0; anas
MOJIy4aloUIHX TOJIBKO BTOpOe yno6peHue, MOJOXHTb x; = 0, x; = 1;
a VI YyYacCTKOB, Ha KOTOpble YAOOGDEeHHUS He BHOCSATCA, MOJOXHTDL
X, = x2=0. Ina storo cayyas 6e3 Tpyla MOXHO MpPOBECTH aHa-
JH3 JIHHEHHOH MoJenH, H60 NO ONpedeneHHI0 JHHEHHOH Moeau
3JleMeHTaMH MaTpHlbl X MoryT ObITh Jo6He 3aJaHHBE KOH-
CTAHTHL.

35.10 XapakTtepHofi ocob6eHHOCTbI0O MaTpuusl X B npuMepax, 06-
cyxkpaaswuxcs B 35.9, 6blI0 TO, YTO ee 3JeMeHTbl PaBHSJAHCH JHOO
HYN10, K60 eAHHHIIE, MTOCKOJbKY OHH OTMeuaJii MPOCTO NMPHCYTCTBHE
HJIH OTCYTCTBHE HEKOTOPOH KOMIIOHEHTH B <«o6pa6oTkax». B ymno-
MsHyroM Bbilie 6osiee y3KOM cMbicie TepMuH JIA Hcrmosab3syercsa npH
NpOBeJeHHH aHa/JIH3a TAKHX JHHEHHBIX MozeJel, 4TO 3TO orpaHuue-
HHe CIpaBel]HBO JJsi BceX aneMeHTOB MaTpHlb X. He6oabumioe ko-
JIMYECTRO APYTHX LeJIbIX MOJIOXKHTENbHLIX 3HAYeHHH [JI 3/JeMEeHTOB
MaTtpulibi X TakXe BO3MOXHO H B 3TOM y3KoM cMtuiciae JIA. Hanpu-
Mep, B KC{leDHMEHTe C OJHHM yLoOpeHHeM, o6CyXAeHHOM B HauaJje
35.9, BO3MOXHO, 4YTO HEKOTOpPHIe yYaCTKH MOJYy4aloT ABOHHYIO, HEKO-
TOpble OOHHADHYIO 103y yIOoGpeHHs, a HEKOTOphle BooOie He ofpa-
6aTbiBaloTcsi  yao6peHHeM. B 3ToM caywuae csaenyer IOJOXHTb
x =2, 1 uan 0 coorBeTCTBeHHO. AHAJIH3 3TOR MoaesnH Bce elne Gyxer
Ha3LIBaTbCs NHCIEPCHOHHBLIM aHaaH3oM. OIHAKO HeXOCTaTOK TaKoH
¢OpMyJIHDOBKH B TOM, YTO OHa moApa3yMeBaer JBa BapHaHTa BO3-
neficteusa Ha M (y) kak OBOHBIX, TaK H OJHHAPHEIX 003, a MOIeJb
JauHedHa mo P, pe3yabTHpYyOWIEMy napaMeTpy, OTpaKalmemy 3a-
BHCHMOCTb Yy oT x. M36exaTb 3TOro MOXHO, BBeAsl JBE€ HHIHKATOp-
Hule epeMeHHhIe: X|, Onpefesiollyi0 OTCYTCTBHE HJH MPHCYTCTBHE
OJMHAPHOR NO3Bi, H X3, ONPEAEJAIINYIO NPHCYTCTBHE HIAH OTCYTCTBHE
nBOHHOA n03bl yno6peHusi. Takas dopmyanpoBka (kaK Morjio Obi
NOKa3aTbCsl YHTATENI0) He CBOAHUTCS K MoOJeaH C OBYyMs pa3HBIMHK
yRo6peHHsIMH U3 KoHIa 35.9, NOCKOABLKY B OGCYK[Ia€MOM Cllyuae HH
IJISl KaKOTO Y4acTKa He MOXeT 6hTb X = X» = 1. [Ipy 3TOM MBI
HIeM Ha HEKOTOPYIO NMOTep:0 CHMMETDPHH B3aMeH OTKa3a OT JHHed-
HOCTH IPH H3y4eHHH 3¢ ¢eKTa OT BHECeHHs pa3HLIX HO03.
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35.11 IlponeMoHcTpHpYyeM Telmepb, KaK HEKOTOpble Ba)KHbIe CJHY-
yau npuMeneHHs LA dopmynupyioTcs B TepMHHAX JIHHEHHOA MO-
pedd. [Ipd 3TOM OKaMKeTCfl, UTO MPOCTasi CTPYKTYypa 3JIeMEHTOB
maTpullbl X (paBHbIX OGLIYHO HYJIO HJAM eIHHHIlE) NPHBOAMUT K CO-
OTBETCTBYIOIIEMY YNpPOIIEHHIO caMoro aHaausa. [IpocreiiwiuM saB-
JsieTcst cJayuyadi, HasbiBaeMBIA OGLIUHO OOHOPAKTOPHLIM AHAAUIOM
(knaccudukanusa no OAHOMY NPH3HAKY), Koraa HabmoneHHa pas-
OHTbl Ha TPYMNNb B COOTBETCTBHH C BO3MOXKHBIM pas3JjHyHeM MaTeMa-
THUYECKHX OXKHIaHHH.

Mpumep 35.1. O0nopaxTopubLii OucnepcUuoHHbIL aHasus
[lyctb BriGopxa He3aBHCHMBIX HAaGJIOJEHHA COCTOMT M3 k rpymm,
k

npuvyeM B i-i rpynne n; (i=1, ..., k) HabnoneHuii u > n=n.
=]

Ecau rpynnbl OTJHYAIOTCH TOJABKO MaTeMaTHYECKHMH OXHIAHHSAMH,

TO 3TO MOXKHO 3aMHCaTb COOTHOUIEHHAMH

yiq=el+eiqv i=1, ..., &k g=1, ..., n,

KOTOpbie B TepMHHAX OOuleil JHHeHAHOH MOMAES/AH MNEpPeNHCHBATCH
B BHIE

Y= xe + €,
rae
Y
Y2

yln.
Y21 (0,

Yy
(n X1 Yon, (kX1
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u 1
. t 1y CTPOK
1
1
. n; cTpok
1
1
X = :
(n X&) . . 3 CTPOK
1
1
. n, cTPoK
1))

3aech paBHEBIE HY MO 3JieMeHTH MaTpuubl X omylineHsl, Jlasnee moaydum
f ni 0
n

XX= ’ ,

{o n,
TAaK YTO aHaJH3 oproroHajeH (cM. 35.3), KakiMH Gb HH OGHIAM 3Ha-
YeHHAl 71; (B YaCTHOCTH, OHH MOTYT H He GbITh PaBHLIMK MEXAy CO-
6oit). Janee
2914
q

Z Y24

X’y: a9 . »

Zykq
L ¢
rak 4T0 HK-ouenka napamerpa 0 ectb
Y.
Yo.
d=(x'X)" ' Xy=|- |,

| Y-

N—



JAHCNEPCHOHHBIM AHAJIU3 B JIUHERMHOM MOIEJ/U 21

n.
[
rie Y, = qz_:l Yig/n; — cpenHee apHdMeTHUecKoe *) HabioneHui

B (-i rpymnme. DTa OUEHKAa COIJIacyeTcsl ¢ MHTYHLHeH, NOCKOJbKY
Ha6JolleHuss He3asHcuMbl. HakoHel,

Yr.

. } n; CTPOK
Yi.

Ys.

: t na CTPOK

xX6=|’

Ys.

Y. ]

. n;, CTPOK
| Y% -

H Besdudna yMmeHbuieHHss CK, o6ycloB/JeHHOTO <«MOATOHKOM» MoO-
lleJiH, PaBHA

k
S = (XG_)' (X0) = ;n,yf_ (35.16)

Briuutanuem noJdydaem u3 (35.1), uto ocratounas CK paBua

k 1y k
Se=y'y—Si=2, q; vl — 2 =1 ; (v, — v, ) (35.17)

Iast npoBepKu mpocTofl TrHNOTE3H
H: 8 =0, (35.18)

Hajaralomiefi k& orpaHHdYeHHH, ucrnoabazyeMm (35.6) u moayyum, 4to

F=(":k)% (35.19)

*) Caenyer o6paTuTb BHHMaHHe Ha TO, 4TO HMCIOJb30BaHHE NPH ¥ B KayecTBe
HHleKCa TOYKH YKa3HBaeT Ha ycpefHeHHe, a He Ha CYMMHUPOBAHMe, KaK 3TO Jena-
JAO0CH AJIfl 9acTOT ¥ BepoATHOCTed B raabe 33 (T.2).
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‘umeer F’ (k, n—k, 2 nﬁ%/oﬂ-paenpeneneune. Ecau cnpasemnuBa
1

runotesza H,, To 3To cBoautcs K (ueHTpaabHoMy) F(k, n— k)-
pacnpezeJieHHIo.

Onnako rumotesa (35.18) He mpeacTap/asieT NPHHUHIHAJILHOIO
‘MHTepeca B OOJIbIIHHCTBE MPAKTHYECKHX CHTYallH#, Korjaa HHTepe-
CYIOTCA NPOCTO DaBEHCTBOM Bcex 0;, BHe 3aBHCHMOCTH OT HX 00-
mero 3HavyeHHs. IIpu satom BMmecto (35.18) npoBepsercsa cioXHas
runoresa

HQ: 6,—9k=92——9k= cee =6k_,—-9k=0, (35.20)
HaJaraiomas ToJbko 2 — 1 orpannuenu#i. Ecnn cnpasensnBa runo-

teza (35.20), To Bce n HabualoaeHUH HMET OJHHAKOBOE pacmpene-
JieHHe ¢ OOLIMM MaTeMAaTHYEeCKHM OXXHIaHHEM

n./n
R na/n
B.EZ n’iei/n= : e'
i=1 .
nk/n

Onenko#i napaMerpa 0, no MeToly HaHMEHbIIHX KBaApaTOB fB-
JAsieTcsl MPOCTO MOJIHOe BHIGOPOUHOE cpejHee

n;

k
b,=y.. =%,Z, Y b1 =%Z‘n,y,.-

q=1

IMycTb 1 o603nauaer Bekrop (7 X 1), cocrosmuf u3 enunun. Toraa
JIHHEAHYIO MOAE/Ib Ha BDEMS MOXHO MepenHcaTh B CAELYIOMEM (CHH-
TYJSIDHOM) BHAE:

i m/n)’
nyfn

y=X0+e=10, 4| X—1] 0 +e.

L 17%/) ]

OTclona BHAHO, UTO 3HaueHHe napamerpa 0, (eRHHCTBEHHOe orpa-
Huuenune) He BrIoueHo B rumotesn (35.20) u uto CK, orHocsa-
anywocsa K 0,, a HUMEHHO

18,y (18,) = ny2,,

HyXHO BHuecTb 3 (35.16) (Beauunnnl ymenbinenus CK, o6ycaosien-
HOTro NoAroHko#t moaenu), uto6um noayuuts CK, coorBercTByiomLyio
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ocrtaBmuMcs X — 1 orpaHnuenusimM. Takum o6pa3oM nmoaysaeMm
k
S,=8 —nyt =2 n(y.—y.)- (35.21)

Ocrarouynas CK, Kak W paHee, 3ajaeTc BbHpa)KeHueM Sg, onpene-
JegHbBIM B (35.17).
Tenepb, corsaacHo 35.8, mosyuaeM CTATHCTHKY KDHTEpHS

n— k Sz
F=(%= 5o (35.22)

kR
goropast umeer F’ (k —1, n—k&, iZl n; (0, — 6,)2/02)-pacnpe11ene-

Hue, CBojslleecs K ueHtpaisHomy F(k— 1, n— k), ecan cnpa-
pelJHBa runote3a H,.
[Mpu npoBefeHHH BHIUHCJEHHA S; H Sp OOHYHO NepEenHCHIBAIOTCH:

B BHAE
(zw) _(EZuy

i=' 5 " (35.23),
qu
=3 3w -y )

TlosyueHHb€ pe3yJbTATH MOXKHO CBECTH B cledyioumlyw Tab-
JIHLY:

Ta6anua onuopakTOPHOrO INHCNEPCHOHHOr'O AHAJIH3AD

e enn(ucn K)
KoMnonenTa Yucno xpaapat (Cp i
n(},{ClIEpan CT. Ch. CK Slx;x::leoﬂﬂ (llilé.qx‘z&.zjleo
¢T. ¢B.)
Mexny rpyn-
nmamu k—1 S, So/(k — 1)
OcraToyHas n—k S R SR [(n— k) (35.24y
n—1| S+ Sp=yp"y—ny’.
I'enepanabuoro
cpenHero 1 S$\—8,= ny?, ny?'_
INoanan n S+ Sp=v"y
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‘CTpoka «reHepaJ/ibHOE cpeaHee», Boollle rOBODSA, ONMycKaercs, Kak
He mnpeicTasasiollas WHTepeca. Kpurepuii oTHowenus aucnepcuf,
OCHOBaHHblHi Ha oTHoWeHHHA (Y. — 8,)* x Sg/(n — k) asaserca, ko-
HeYyHO, oOLIuHbIM f2-kpuTepHeM CTbIOLEHTa AJIsl CPENHEro, T. €. HMEeT
F (1, n — k)-pacnpenesnenne, ecan cnpaseniusa ranoresa H,. Kpu-
Tepui (35.22) ocHoBan Ha oTHoweHHnu CpK Mexnay rpynnamu K oc-
tatounomy CpK, B To BpeMms kak (35.19) moayuaercs c/IOXKeHHEM
CTPOYEK «MeXJy IDYyInaMH» d «IeHepaJsibHOe cpejHee» H NeJeHHeM
noayuensoro CpK Ha ocratounniit CpK.

To;x.u.et;rna JA ¥ HX reoMeTpH4YeCKHE UHTEPNPETAUUH

35.12 B npumepe 35.1 Hcrosnb3oBaJsiach o6LIasT TEOPHS JUHEHHOM
MOJ€JIH, ONHAKO OKOHYATEJbHBHA De3yJbTaT MOXHO MeHee dhopMaJib-
HO MOJYYHTb caefyollinM obpasom. ToxnecTBo

LT k n; 2
i=1 qzl (y‘q— y")2Ei_Z, = (yiq_yi-)2 + gl n, (y,. — y__)2 (35.25)

pasbuBaer CK oTK/IOHeHH HaGJIONEHHBIX 3HAUEHHH OT HX OOILUEro
cpenHero 3nauenusa Ha CK OTk/IOHEHHH OT cpelHero «BHYTPH rpymnm»
H CK oTk/JoHEHH] OT cpelHero «MeXAay IPYyNmaMH», T. €. OTKJIOHe-
HUH CPeIHHX 3HaUYeHHA B Ipynnax ot oOwmero cpeaHero. Ecan
yAacTcs mnokasaTth, UTO IBe CyMMbl B npasofi uactd (35.25) Hesa-
BHCHMbl H HMMEIOT pacupelesieHHe THna %%, TO OTHOLIEHHe BTOPOH
CyMMbl K IepBOf fABJfeTcAd HHTYWTHBHO IpHEMJEMbIM KpHTEDHEM
AJA IPOBEepPKH paBeHCTBA TIPYNNOBLHIX MAaTeMATHYECKHX OXKHAAHHM
B COBOKYNIHOCTH. TaKoOf moIXOX, Kak H paHee, BemeT K (35.22), Ho
JAasi Toro, utoObl ollpaBfaTh BHIOOp HMEHHO 3TOH HacTHOH cTaTH-
CTHKH KPHTEpHs, HyXHa ofllas teopua. B GoJsee cioxHbIX cHTya-
HHAX NOJAXOX, OCHOBAHHLIA Ha HCIOJIb30BAHHH ajredpaHuecKHX TOXK-
mecTB THma (35.25), 3auactyio OoJsiee mpocT H ObicTpee NPUBOAHT
K IeJIM, 4eM NPSIMOe NPHMEHEHHE TEOpPHH JINHEHHOH MOMEsH, ONHAKO
cienyer GblTb OueHb OCTOPOXKHbIM npu pasbuennn CK. B konme
KOHIIOB PaBHJILHOCTb NOATBEPXKAAaeTcs JIHILIL COBNaAeHHeM ¢ o6uiei
TeopHeH.

35.13 TludaropoBa ¢opma coorHomeHust (35.25) umeer TO mpe-
HMYILECTBO, YTO OHa HAaTaJKHBAaeT Ha MbICAb O TeOMeTpHYecKOH
HHTeprnpeTauun ajarebpauueckoro pasbuenus CK, kotopoe sBasieTcs
CYLLHOCTbIO AHCIEPCHOHHOro aHaan3a. B npumepe 11.7 Mbl BHAesH,
yTOo Goslee MPOCTOE TOXKIAECTBO, Korja Bce HabJjroneHHs o6bedHHEHb
B OAHY rpynmny,

Yyi=2(9,— 9y +np (35.26)
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FreOMeTPUUECKH 3KBHBAJIEHTHO ONYCKAaHHIO MEPNEHAHKYJAAPA H3 TOYKH
y= (Y1, ..., Yn) B n-MEPHOM BHOODOUHOM NPOCTPAHCTBE Ha BEK-
TOp, MMEIIHUA paBHbIE YrJb C OCAMH KOOPAMHAT (HephneHIHKyJap
mepecekaeTcsi C 3THM BeKTOpDOM B Touke (F, ..., 7)), H NIPHMEHEHHIO
teopeMmbl [Tudaropa K MOJyweHHOMY [PAMOYIOJbHOMY TPEyroJib-
HUKY.

[TepenuctiBas (35.26) B Gousee ob6uinx 0003HAYeHHAX, KOTOpbie
MBl yXe HcnoJb3oBasx B npuMepe 35.1 u B (35.25), noayunm

5 Z ye=2 X (Y= vy + s (35.27)

{ml g=1

4YTO, KaK JEerko BHAEeTb, 3KBHBAJIEHTHO BbiejeHHI0O B «noJHoi» CK
‘H3 (35 24) CTPOYKH, COOTBETCTB %'!omen reHepaJibHOMY cpelHeMy AJs
MOJy4eHHsT JIeBOfi 4acTH (35 Tocaenyiomee pasnoxenHe B
(35.25) nepBoro uJjeHa npaBofi yacTH (35.27) HMeeT aHAJIOTHUHYIO

reoMETPHYECKYI0 HHTepnperauuio. Bwipaxenne };Z(qu-—yb)z
q

npeldcTaBiasger co0OH KBaipaT pacCTOSIHHA OT ¥ MO BeKTopa X@,
onpenesenHoro B (35.16), a 2; n, (yl,— y,_)'*’ PaBHO KBampaTy pac-

CTOAHHA OT BeKTopa X0 g0 BekTOpa, HMEIOIIEro paBHble YIB!
¢ ocIMH KoopAHHaT. TakuM o0pa3oM, c reOMeTpHYECKOH TOYKH 3pe-
uus A cocTouT B pas/IOXKEHHH BEKTOPA, COENHHAIONIEro ¥ ¢ Haua-
JIOM KOOPAHHAT, Ha KOMIIOHEHTRI, COOTBETCTBYIOIIHE pacCcMaTpHBae-
Mo# 3anaue.

35.14 YuuthiBasi 10T (baKT, uTO B npuMepe 35.1 MBI OOAYYHIH
OpPTOroHaJbHHIA aHanu3 OpH JioOoM pa3OHeHHH Ha rpynnel, BHe 3a-
BHCHMOCTH OT Da3MepoB 71; MOXHO NOMNLITAaTbCA HCcJenoBaTh GoJee
cJa0oXKHble cHeTeMbl kinaccudukaunu. Huxxe Oyner mokasaHno, uro op-
TOroHaJbHOCTb, BooOllle roBopsA, He HMeeT MecTa, eCJH Ipymnsl co-
CTOAT H3 Pa3HOrO YHCJA 3JIEMEHTOB, HO B cJyyYae rpynn oAHHaKOBOro
pasMepa OpTOrOHAaJBHOCTb coxpaHsercd. CHavasa perasbHO Oynmet
pasobpan cayualt nByxpaktopHo#i Kiaaccuukanuu (1o IBYM NpH-
3HaKaM), MOCKOJbKY yXXe B 3TOM cJydae nposBJisercss OOJbIIHH-
CTBO OCHOBHbIX MOMEHTOB, IpEACTaBJAIOUIHX HHTepec W B oOOlleR
CHTYAaUHH.

I Byxdakropublii nepekpectnmii JA

53.15 Ilycte BhiGopka u3 7 HabJuoxeHHA COCTOHT Temeph
He w3 k rpynm, Kak 3To Oblio B mpumepe 35.1, a mpeacrasJseHa
B Bume (rXc)-tabaumpl c uuciaaMu HaOJIONeHHA B KJeTKax
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{4acToTaMH)

By Bug el Mg |y

Bop MNgg «oe Age | Ry,

Lo s (35.28)

Xora Tabanna (35.28) dopmanbHo TOXKaectBenna ¢ (33.60), n3y-
yaemas 3ajaya OT/IHYaeTcd OT 3ajayH rJjasn 33 TeM, YTO 34eCh H3-
BECTHO 3HaYeHHe y IJIS KaXKAO0ro HaGJIoOAeHHs, B TO BpPeMs KakK TaM
OLIJIH H3BECTHBI TOJBKO YacTOTHl, YKas3aHHble B KJeTKaX TaOJHIHL.
Yro6bl nOAYEPKHYTb 3TO pas3jiHyHe, Mbl 6yXeM roBoputh o (r X c¢)-
Kaaccugukayuu B OTJIHUHE OT HCHOJb3YeMOro B rjase 33 tepMmMuHa
Karezopusayua. Kak u B riaase 33, ynorpe6iieHne TOYKH BMeCTO He-
KOTOPOTO HHIOEKCA MNPH N 03HaYaeT CYMMUpPOBAHUe 1O 3TOMY HH-
IeKcy, B TO BpeMs Kak ynorpebJieHHe TOYKH BMECTO KaKOro-jiHGo
HHIEKCa NpH ¥, KaK H B npuMepe 35.1, oGosnauaer ycpednernue mno
atoMy HHAeKcy. Kak TO, Tak H aApyroe CiayKHT IJsi YNOPOLIEHHS
HajgbHeHwminx obGosHaueHu#. Kak 3aMeTut vyHTatesb, B COOTBET-
CTBHH C 3THM cCorJauieHHeM, HoaHy© uactory B (35.28) caeno-
Bajlo Obl 06o3HA4aTb n.., ONHAKO TOJBKO B 3TOM eAHHCTBEHHOM
cjlyyae MBI COXPaHHM npocto oO0o3HaueHHe n 1Js  «oGbeMa
BLHIGODKH».

EcTecTBeHHO, uTO rc 3nemeHTOB Tabauus (35.28) MoxHO pac-
cMaTpHBaTb Kak pa3bueHHe Ha k= rc rpynn npu oxHodakrtop-
HOM aHanause (mpumep 35.1). OnHako B caydae ABYX(aKTOpPHOIO
nepekpectHoro JIA o6bYHO HHTepecyloTCst CJAEAYIOIUHMH BO-
IpOCaMH:

(1) VimeroT nu crpouku (c yactoraMu n,, ..., 7,) OLHO H TO
JKe MaTeMaTHYecKoe OXXHAaHHe?
(2) Hmeor am cronbubl (¢ 4acTOTaMu 7., ..., n.) OXHO H

TOXKE MaTeMaTHYeCKoe OXHIaHHe?

(3) CyuecrtByeT JH Kakoe-Ju60 COOTHOLIEHHE MEXXY MaTeMma-
THYECKHMH OXKHAAHHAMH CTPOK H CTOJIGIOB?

Pexe uHTEpECYIOTCA TaKXKe BONPOCOM

(4) Ortanyaercs JH MaTeMaTHYECKOe OXKHAAHHE BCEro MHOXe-
cTBa HaGJIOAEHHA OT HEKOTOPOro IHIOTETHYECKOr0 3HaueHHs?

35.16 O603HauuM p-e HabalOxeHHe U3 i-OH CTPOYKH H j-ro ctonab-
fla Yepes Yijp. TOrxa B COOTBETCTBHM C HaIUHM corjaueHuem o0
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0603HaueHusaAX

i
Yij-— Z yilp/nii’

c

c
Z Z yilp/n = Z n.,Yy. /nl = Z-:I nqu./izl Ny

=t p= , L (35.29)

y.,.= Z Z yup/"-JE E il [n = Z n”y”'/lzl M

ll

Y;..

y...==Z Zc: Z yup/n=2 n.y.. /n—_Z n.y..|n.

=] je=] p=sl

Yro6nl H36exaTb myTaHuubl B 00O3HAYeHHAX, BBeleM (QHUKTHBHbIE:
riepeMeHHble Mijp, TOXAECTBEHHO paBHHE eNHHHUe U Bcex
p=1, ..., niy Torna (35.29) cBenmercs K

Y. = Z ytlp/ PII
Yi..= Z Z ytfp/Z Z Tipps
vy=3 . vua/5 S
ZZ 2 y.;p/Z DIPIE TP

YTO OYeHb JETrKO 3aNOMHHTb H3-32 CHMMETPHH WHCJIHTENSl H 3HaMe-
natens. B (35.30) u Besne nanee, ec/iH He OrOBOPEHO NPOTHBHOE,
CYMMHpPOBaHHe 1O i MPOH3BOAHTCA OT 1 NO r, cyMMHpOBaHHe 0o j
or 1 noc, amoporl go ny

35.17 Ilpn popmyaupoBKe JHHefiHOR molend Tpebyercs, UTOOH
I KaXAO0ro MAaTeMaTHUYECKOro OXKHAAHMHs, COOTBETCTBYIOUIEro KJieT-
Ke (i, j) Tabauunt r X ¢, 6b1 cBOA mapaMerp pmy;. OmHako uTo6nl
OTBETHTb Ha BONPOCH B 35.15, Mbl BhIpasuM MaTeMaTHYECKHE OXKH--
IaHuA pi; B TEPMHHAX *):

Pes — CPENHEe, Ofliee N1 BCeX HAGAIONEHHI;
Wi, — CDEelHee, O0Ilee ANA Bcex HabuamoneHufi B i-fi CTpOKe;
Il.j — CpelHee, obulee ana Bcex HabuaioaeHu#t B j-M croabie.

(35.30)

BmMmecTe ¢ MaTeMaTHYECKHMH OXHIAHUAMH W;j, OOGMUMHE Aas Ha0/10--
IeHu# u3 {-i CTPOKH H j-ro cronabua, Mbl uMeem tenepsb | -+ r -4 ¢ -
o} r¢c napamerpoB, u3 KOTOPHIX TOJbKO r¢ MOryT ObITb JAHHEHHO He-
a3aBUCHMbIMH, CHHTY/ISIPHOCTB, KOTOPYIO Mbl BBOAHM TaKHM BblGOpPOM:

*) Onpenenfin Hee, Ris B Haj, 3BTOP HMEET B BHAY COOTBETCTBYIOUIHM O0-.
Pa3oM B3BellleHHMe cpefnHe, cM, HuxXKe, ([Jpunx. ped.),
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11apaMeTpoB, MOXHO JErKO yCTPAaHHTb, HCHOJb3Ys JHGO TEXHHKY'
nonosHeHus: u3 19.14—15 1. 2, An60 HckAOUEHHEM JMIIHHX Napa-
METPOB, YTO MBI H [€/1aeM HHKe.

Ecau onpeneneHo p,,, To Jiobbie r — 1 cpenHne pg, onpenensior
OIHO OCTABILEECSA; AHAJOrHYHO HOCTATOYHO PACCMATPHBATL TOJNbLKO
¢ — 1 cpennue p,.j, Tak KaKk BMecTeé C [,, OHH ONHO3HAYHO Ompene-
Jsil01 ocTtasuieecsl. Ecan piy B W,j 3alaHHl B COOTBeTCTBHH C 3THM
3aMeyaHHEM, TO JIETKO BHIeTb, YTO TOJMbKO (r—1) (c—1) H3 psj
MOXKHO ONpeleJHTb HesaBHCHMO (cp. co ct. cB. B 33.29). Takum 06-
pasoM, MOXKHO oOrpaHuuuTbes r— | napametpaMu p;, (omyckas,
CKaxeM, ur,), €— 1 mapameTpaMu p,; (ONycKasi, CKaXKeM, [iye), H
(r—1) (¢—1) napamerpamu pi; (cKaXem, ajas i==1, ..., r—1
j=1, ..., c—1). 3tn napamMeTpH BMeCTe C .. o6pasyioTr TOT
Ha6op H3 rc mapaMeTpoB, KOTOPbIA HYXeH AJA 10r0, 4TOOH MOneJb
He Oblyla CHHIYJISIpHA.

Canenyer oOpaTUTb BHHMaHHEe, YTO Mbl He oONpexeJasyiy napa-
METDPL! [y Mix, Muj, 332 HCKIIOUEHHEM 3aABJIEHHA O TOM, YTO OHH
SIBJAAIOTCA (B3BEILEHHBIMH) CPEOHHMH OT Mij.

35.18 ITonoxuM Temepb

6,, =n,.
0,.,=n,—n,,
0., =1, — M.
0, =un;— (1s +n,)+nr.,
W mepenuiueM JHHEHHYIO MOJAeab B BHIE
Y, =0, +06,,+6,+06,+e,;,=n,+e,;,. (3532

Tlo noHATHHIM NpHYHHAM 0.4 HA3BIBAETCA 2EHEPANLHBIM CPEOHUM,
a 0;. 4 0,; HA3HBAIOTCS COOTBETCTBEHHO 3PPexTom i-ii CcTpoku w
agpgpextom j-20 croarbya, 6Gyayud Mepol OTKJOHEHHS B yKa3aHHBIX
CTpOKe HJIH cTOJ0NE OT NOJIHOro reHepaJbHOro cpenxero. Ecau Gbl
OTKJIOHEHHE MAaTEMAaTHYECKOro OXHIAaHHSA B KJETKE O reHepaJsibHOro
CpPeAHEero B TOYHOCTH PaBHAJOCb CYMMeE COOTBETCTBYIOWHX 3pdekTa
CTpOKH H 3pderra crosbua, Mbl Obl HMeaH

B — B = (e — 1)+ (1 — 1)

yto BJeyeT 0;; = 0. B aToM ciayuae oGLIYHO I'OBOPAT, YTO i-A CTPOKa
H j-4 crosGel «XeACTBYIOT aAHTHBHO» HJIH «He B3aHMOMEHCTBYIOT».
Onpenesyiennaa B (35.31) BesquuuHa 0;; ABAAETC MEpPOH OTKJIOHEHHS
OT 3TOH CHTyallHH H Ha3sbiBaeTca 83aumodedcTeuem i-i CTPOKH H
j-ro croabua.

35.19 OGcyxnaembie B 35.17 r ~+ ¢ 4 | /nuHeHHbIe COOTHOWIEHHSA
MEeXJy napamMeTpaMH MOXHO Tenepb nepemHcaTb (Mbl ellle BepHeMcs

(35.31)
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K 3TOMY HuXe B 35.26—8) B BHae

r ¢ W
0=':§l ni.ei.=; n~19-1

=Zniiei/» ji=1,...,¢c—1,

8 } (35.33)
=Zn119i], i=1,...,r—1,

=1
= Z Z 16,5

i=1 j=1

Ecan kak # B 35.17 onpeneaurs 8 (35.31) napamerpsl 6 TONbKO A
i=1,...,r—1 u j=1, ..., c—1, 10, HCnOMb3ys (35.33), uc-
kJoueHHble r -+ ¢+ 1 napamerDhl MOXHO BHpa3HTb 4epe3 3TH OcC-
TaBJICHHbIE CleAYyIOIHM 00pasoM:

r—1
Br- = - Z ni-eic/nr-»

=1

c—1
B =— [=Z=:| n.;10.i/n.c,

r—1I

e"l = —i; nilﬁi]/n,,, i= 1, evey c— 1, (35'34)
ce—1
eic=—f;l nueulnu., i=l,-.., r—l,
) r—1 ¢—1

erc = - iz=:l 1‘: ni]eij/nrc'

35.20 Tenepp MBl MOXeM 3ankcate Marpuiay X sAuseiiHof Mmo-
nean (35.32). Dra MaTpHIa COCTOHT He TOJIbKO H3 HyJed W €IMHHI,
NIOCKOJIbKY 3alHChb HCK/IOUEHHHX NapaMeTPpoOB B TEPMHHAX OCTAB-
wuxesa B (35.34) BKaOuaeT OTHOLUIEHHE YHCEJ 7 ¢ PA3HBIMH HHAEK-
CaMH.

Uto6bl uuTaTeiO0 OBIJIO Jerie HOHATH CMBICJ 3JEMEHTOB Mar-
punn B (35.35), Hax ee cTo16U0aMH NpoCTaBJeHuH NApaMETpPH, K KO-
TOPbIM OTHOCSITCA COOTBETCTBYIOULHE 3JIEMEHTH, a nmepej CTPOYKaMH
NPOCTAaBJIEHH Yac10Thl Te€X KJIETOK, K KOTOPbIM OTHOCSITCS COOTBET-
CTBYIOLIIHE CTPOKH. I1pH 3TOM yKasaHBl TOJILKO HeHYyJ/IeBble 3JI€MEHTh
matpuub X, a durypupyoomue B Hefl BeKTOPH 1 cOCTOAT H3 eNHHHKIL,
M YHCJIO HX KOMOOHEHT DaBHO CyMMe TeX KJeTOYHHIX yacror (ykKa-
3aHHBIX MepeJ CTPOKaMH), Ha KoTopble rpadHueckH pacmpocTpa-
Hsercsa BekTop 1 B (35.35).
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Homuoxasn (35.35) cieBa Ha TPaHCHOHHPOBAHHYIO MATPHIY, NO-
JyunM

1 (r=1) (e=1) (r-tite—-1)
1 n j 0 ] 0 0’
, =1 0 - A D 0
X'X = : ; (35.36)
rexXre) (e=1 0 i i B
(r—1)e—-D 0 0 ; 0 Cc

3necb NOPANOK MOAMATPHIL YKAa3aH YHCAAMH, OKAAMJAIOIIMMH MaT-
puny (35.36), a noamarpunsl A, B u C aBAAIOTCA CHMMeTPHYHBIMH
MAaTpHIAMH, 3JeMeHThl KOTOpHX, PAcNOJIOXKEHHbIEe HAL TJaBHOM JHa-
roHajblo, 3aJa0TCA COOTHOMIEHHAMH

2
ny. n.n,. n.n;. n.n._y
n. +T —_— —_ ...
Lo nr. nr. Ilr_
2
ny, + Ny, 1y, n,.n._,
= n,. n,. Ry, (35.37)
(r—=0)X{r—1) . .
.. -,
. n
. r—I-
n +
-1
r n,.
2
+ n,y n,n., nn, Rl
N, n_, n, n,
2
Ry RuMg R.Re—t
n,+—= . -
= " e ¢ (35.38)
(e-1)X(c—1) c .
T ‘n + n?c—l
e~1 n..

Heckoabko ciaoxuee 3amutbiBaercs (r— 1) (c— 1) X (r—1) (¢c—1)-
-marpuna C. Ecan cHaGauTb ee CTPOYKH H CTONOLBI HHAEKCAMH
Toro mapaMmerpa 0ij;, K KOTOPOMY OHH OTHOCATCA (TaK 4YTO, HaNpH-
Mep, 3-1 cTpoka H ¢-fi cTonbeil cHa6XawTcsa HHAexcoM (13)-a cTpo-
ka u (21)-# cronbeu), TO 3JeMeHT H3 CTPOKH, cHaGXKeHHOM HHAEK-
com (kl), u croabua, cHabxeHHoro uHaekcom (mgq), matpunn C
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(cooTBeTCTBYIOIIUA MapaMeTpaM On H Omg) paBeH

1 | 1
n“—i-ng,(;; -+ ™ -+ ”n)’ ecsiu k=m, |l=q,
1 ]
Ny (———+ , ecaqn kR=m, lsq,
Cr). (mg) =) T\ e n. )
RIS 5 _
nklnml(nrl -+ n ). ecan kRs¢=m, | =g,
nktﬂmq/nm ecqH R5%=m, [ q.
(35.39)
AaementH (r — 1) X (¢ — 1)-matpuuu D u3 (35.36) paBHu
oy (1 = D B} B (e P
D,.,_n,,(l o n”) + 22 (n.c o ) (35.40)

35.21 B o6mem cayuae matpuny X'X B (35.36) MoxHO oGpaTuTb
TOJILKO YHCJEHHO, Kak H B o6uieM Mertoxe HK, 1o HerpyaHo 3ame-
THTb, UTO €cii D = 0, To MaTpulla NIPHHHMAaET BHA

n 0
xx={ * . | (35.41)
0 C
a oﬁpa*maﬂ—x HEeH paBHa NMpoOCTO
n—! 0
A—l
X'Xx)'= B-1 . (35.42)
0 c!

TakuM 006pa3oM, Mbl NPHXOAMM K HeOGXOMHUMOCTH H3YYHTb YCJOBHS,
npu kotophix D =0, T. e. xaxnawiii 3xement D;j, ompeneseHHBH
B (35.40), paBen nymio. U3 cTpykrypsl D;; Jerko ciegyer, 4TO 3TO
BLITIOJIHAETCH TOTJAa H TOJNBKO TOTHA, Korjaa

n. n
R i=1,...,r—1; j=1....,¢c—1,
n.l ..

a Takxe

nr]' . o
n.; n,,

STy YCAOBHA CBOAATCA K TOMY, YTO BCE€ KJETOYHble HYacTOTH B
(35.28) n;; nponoOpUHOHAJIbHEL CBOHM HOJHHIM HacTOTaM CTOJ6LOB
n.;. Otciona chaenyert, 4TO nij; MOJKHB ObiTb MNPONOPUHOHAJIbHbI
TaKXe CBOMM IOJIHBIM YacTOTaM CTPOK N, a 3HAUYHT, JJf TOro

2 M. Kennaaa, A, Crtoioapr
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yToObl D 6Hya HysneBoft MaTpHIER, HYXKHO, YTO6H Aas Beex i, |
Ny = n;.n.;/n. (35.43)

Ilpn 3THX YCJOBHSX NPONOPUHOHAJLHOCTH 4acToT *) nByxdakrop-
Hbi aHaJH3 CTAHOBHUTCH OTHOCHTEJNbHO MPOCTHIM.

Cay4aii N1pONOPUHUOHAJIBHLIX 4ACTOT

35.22 OrmeTtuM cHauaJga, uTe u3 (35.42) caenyer, uro HK-ouen-
Ka TeHepaJibHOro cpenHero 0,, opToroHaJjbHa oLleHKaM BceX APYLHX
napamerpoB. AHasoru4do r— 1 sHHefiHO He3aBHCHMbIX 3(dbdekToB
CTPOK OlIEHHBAIOTCl OPTOrOHAJbLHO KO BCEM APYruM nmapaMeTpaM Tak
ke, KaKk U ¢— 1 JHHeHHO He3aBUCHMBIX 3(PdekToB cTOA6LOB H
(r—1)(¢c— 1) nuHeflHO He3aBHCHMbLIX B3auMopnefcrsuii. Heoproro-
HaJIbHOCTb MOABJISETCA TOJbKO 8HYTPU MOCJAENHHX TpeX FPynn mnapa-
MeTpOB H BO3HHKaeT H3-3a TOr'0, YTO Kaxjaas rpymna rnoJaydajacb
KaK JIMHEAHO He3aBHCHMOE MONMHOXECTBO IpYMNMbl, COCTOSUIEA H3
GOJILIIOTO YHC/AA H3yyaeMblX HAMH [apaMeTPOB.

Bo3moxHo, unTarenb o6paTua BHHMaHHe Ha TO, YTO Mbl He yKa-
3anu emie 3HaueHHe camMux HK-ouenok. Ilpuunna B TOM, utO naxe
€C/IH BBITMIOJNIHAIOTCA YCJIOBHS MNPONOPUHOHAJAbHOCTH udactoT (35.43),
3jeMeHThl MaTpuusl C Bce elle AOCTATOYHO CJIOXKHEI, 4TOObl MOXKHO
Oblio O6paTHTb 3Ty MaTpHuy, XOTS B KaXXIOM KOHKDETHOM cjyuae
MOXHO BHIUMCAUTL 3HauyeHue C—!. K cuacrbio, 0AHAKO, MOXHO HC-
HO/Nb30BaTb OPTOTOHAJIBHOCTb, COCJABILIHCb HAa Npeabiayliuil mapar-
pad, uro6nl cHawasa noayunts HK-onenkn aasa 3dpdeKToB cTPOK H
apdexkToB cTONGIOB, 2 3aTeM, HCMOJAb3YysA HX, noayunth HK-onenkn
BzanmonedcrBuil. Ina 3TOro Hy»HO TOJbKO 0GpaTHTb MaTpuunl A
uw B n3 (35.37—8) wu, ucmoabsys (35.42), BbIYHCJAHTb MNepBbIE
14 (r—1) 4 (c—1)=r+c—1 ctpoku (rcXX1l)-Bekropa HK-onenox.

35.23 YMHOXKeHHeM COOTBeTCTBYIOUIMX MATPHIL JIETKO NPOBEPHTD,
yTO MaTpHUa, oOpatHas (35.37), paBHa

n;. n n

1
ry

1 1
A — M. " ., (35.44)

e e ;l_ ;l.—

1

1
ne_y,. n

*) Kak MoXeT 3aMeTHTb YHTaTeNb, YCJOBHE MPOMOpuUHOHajbHOCcTH (35.43) B
TOYHOCTH COBMAJaeT C YCJOBHEM, ONDEHENAIOUIHM «HE3aBHCHMOCTb» YacTOT B Talb-
nuue conpsxeHHoctH (cM. 33.4 n 33.29 1. 2). OnHako cxolAcTBO TOABKO hopmaab-
HO, 60 B rjase 33 n;; Onnd ciayYyaRAHHIMH BEJHUYHHAMH, a 3[€Cb OHH — NPOCTO
Hanepeyn 3ajaHHLE KOHCTAHTbI,
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u anasnorwuno mas (35.38)

1 1
n, n n

B'= ‘ ) . (35.45)

n n.

c—1

Tenepb HaM HYXHBl TOJbKO mepBbie r+c—1 cTpok (re X 1)-Bek-
topa X’y. U3 (35.35) mosnyuaeM B OGO3HAUEHHAX (35.29)

ny...
n (4 —Y.)
Ay (Y2.. — ¥r..)

(X’y)r+c—l = |, . Wr-y, .. — Yr..) (35.46)

na(Wa.—Y.c)
no(¥.2. —Y.c.)

.......

| nc—1 (Yee—1, - —Y-c.)

Ucnoabsyss (35.42) n (35.44—6), nonyuuM Ajsi nepBbix r—4c—1
komnoneHT HK-onenkn (X'X)~'X'y

oas (y...

elo Yg.. —¥Y...

b ot =|t-r..—v...|. (35.47)
0., Ya.—y...

Bop s Y.c—1,. —¥...]

TakuM oOpasoM, 3Hauenne HK-omeHkH reHepaJbHOrO CpegHEro
PaBHO MPOCTO MOJHOMY BHIGOpOYHOMY cpexHeMy, a 3HaueHns HK-
oueHok 3¢ }PeKTOB CTPOK (CTOJNGLOB) paBHE Pa3sHOCTH MEXAY BbIGO-
POYHBIMH CPENHHMH COOTBETCTBYIOIIHX CTPOK (CTOIOIOB) H MOJHEIM
BHOOpouHbM cpenHuM. M3 (35.47) u mepBHIX ABYX JIHHEAHBIX cO-
otHouleHuil B (35.34) cpasy cienyer, YTO TO K€ caMoOe yTBepXKJAeHHe

2.
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CIpaBeANIHBO H JAJAA MCKJIOYeHHBX (JAHIIHHX) 3¢OdEeKTOB CTPOKH
u croabia, T. €. 4TO

A Iy

er:le =yr..—y...v 9*C=y.c.—y...' (35'48)

35.24 lloncrasasna (35.47—8) B ompeneseHue B3aHMOAEACTRHH
0:;; B (35.31) u ucnosabays To, 4TO 0;; ABASAETCA JHHEHHOH YHKIHEI
Apyrux BeJMuuH (cM. 19.6 T. 2), nonyunm

A

0, =f,—y,..—y,+y.. (35.49)

Janee u3 kpafinero npasoro coornouwedus (35.32) oueBHAHO, YTO
coorBercrBylomias HK-onenka nonkHa umerb BHA

lii,- =Yy

u toraa (35.49) nepenucbiBaeTci B BHIE

~

0, =y, —y,.—y,+y. - (35.50)

Takum obOpasom, B cjyyae NPONOPUHOHANbHbBIX YacTOT BCe€ mapa-
MeTpH OlIeHeHbl HHTYHTHBHO «IOHATHBIMHY». OlleHKaMH.

Teneps, korna B Hawedl Moaenu noayyennl HK-ouenku Bcex ma-
paMeTpoB, Mbl MOXeM NmpuBecTH B NpuMepe 35.2 KPHTEPHH NPOBEPKH
pasNH4HBIX THIOTE3, COOTBETCTBYIOLIHX BompocaM H3 35.15.

ITpumep 35.2. Heyxgaxropnoui nepexkpectnovui LA ¢ nponopyuo-
' HAABHBIMU 4ACTOTAMU

Kak cnaegyer u3 BhillleckazaHHOro, JuHefiHylo monesb (35.32)
nsst ABYX(paKTOPHOro NepeKpecTHOro aHaJu3a MOXKHO NMPeACTaBUThb
B CJeNyiollleM HEBBIDOXKIEHHOM BHJeE:

y=X0+¢e, (35.51)

rie MarpHiua X ompeneneda B (35.35), a KoOpAMHAaTH BexTOpa-
cronbua 0 npocraesieHbl Haji COOTBETCTBYIOUIHMH CTOJNGLAMH Mart-
puubl X B (35.35).

PaccMoTpuM cHavasia mepBblit U3 BONpPOCOB, CHOPMYJIHPOBAHHBIX
B (35.15). [na orBeTa Ha Hero HyXHO yKa3aTb KPHTEPHH nJif mpo-
BEPKH THNOTE3hl

Hll 9|,=92.= ce =0r_1,.=0, (35.52)

Hajaraowed r—1 orpaHuueHuir. AHajsoruuHo Bompoc (2) H3
(35.15) a3KBMBaJIeHTEH THIIOTE3e

Hgy: 0, =00 = ... =0,,-; =0, (35.53)

Hanaramowef ¢ — 1 orpannuenuit, a sonpoc (3) u3 35.15 — runorese

Hg: 0;; =0, i=1,...,r—1;, j=I1,..., c—1, (35.54)
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¢ (r—1)(c—1) orpaunuennsamu. Haxonen, Bonpoc (4) u3 35.15
SKBHBAMEHTEH THIOTe3e C ONHMM OrpaHHuYeHHeM

Hg 6.0 =0. (35.55)

Bce uetblpe rumotesbl (35.52—5) sBasiores caoxuwmiMH. asi npo-
BepkH Ji060f W3 HHX HyXHO Hafth CK, coorBercryiomyio 3To#
rUnoTese, H HCMOJb30BaTh OOLLYIO TEOPHIO, KOTOpas Oblia pasBHTA
Brilie H noanitoxkeHa B 35.8. ITockosibKy ueThIpe rHIOTE3bl B COBO-
KYIHOCTH BKJIOYAlOT BCE rC apaMeTPOB, YYacTBYIOIUHX B MOJEJH,
¥ He HMET OOuHX NapaMeTpoB, Mbl BHAHM, YTO BEJHYHHY yMeHb-
wenuss CK, 06yc/0BJIeHHOrO NOArOHKOA MojesHx, a imenHo 07X’ X6,
caenyet pa3bHTb Ha KOMIIOHEHTHI, COOTBETCTBYIOIIHE KaXXAOH H3 ye-
Thipex runores. B paccmarpHBaemMom ciyuae 3TO 0COGEHHO MpPOCTO,
NOCKOJIbKY, KaK yKasbiBaJoch B 35.22, Bce yeTHpe rpynnbl mapamer-
POB OLEHHBAIOTCA OPTOrOHAJbHO APYr APYry. JTO C/AeayeT M3 TOrO,

urto X’X umeer Bun (35.41).
INepenumem rternepr HK-ouenxkn (35.47) u (35.50) B BHOE

y...
Yi..—Y...
. (A
yr—l.--—y 9"
~ Yy4.—Y 9
0= . =|--.], (35.56)
: 9
Yoot .— Y e
Yii.—Yi..—¥.,.+vy...
[yr..llc_]_._yr_l_.._y.c_l'.+y...
rlle COOTBETCTBYIOIIHE MOABEKTOPH BekTOpa O mmeior 1, r— 1, c— 1

u (r--1)(c—1) xomnonenr. U3 (35.56) u (35.41) moayuaem pas-
JIOZ{eHHe

¥ X'X8 = nbl, + 87.40;, + 0, B8, +8,C;y,  (35.57)
rae A, B, C ssasiores noaMarpuuamu (35.41), onpeneseHHHMH

B (3?.37—9). [lepsbiii unen B mpaBoit uacrd (35.57) npemcraeaser
co6oit CK, coorBercTByomyo Hy, 4 Mbl MOXEM 3aMHCaTh €ro SIBHO

B BHIE
S, =ny? . (35.58)
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CoortHomenne (35.37) MOXKHO 3anHcaTh B BHIE
A= Dni. -+ nrn;’

rne D, — nuaroHanvHas matpuua (r — 1) X (r — 1) c anementamu n;.,
a n, —BexkTOp (r —1) X1 ¢ aaementamu n, [n]. Takum oGpasom,
BTOpOf uYJieH B mpaBoi uyactd (35.57) 3anHcLiBaeTcss B BHIe

S = 6{. {D"'i ‘+‘ nrn;} ﬁic == 6§0Dni610 -+ 07;'#’” (élitnr), =

=Z n.(Y,..— 4.+ {Z i W — y...)}2=

i=] i=1 T

= m (. =y (35.59)
i=1

u npeacraBaser coboii CK, coorsercryromyio H,. CosepieHHO
aHaJIOTHYHO, HCMOJb3yA BHA MaTpuunl B B (35.38), nasa tperbero
yieHa npasof yactH (35.57) mosyuaem

[+
S, = Z:. ny (Y. —y. ) (35.60)

T. e. CK, cooterctByromyio H,. Hakonen, us (35.39) Haxoaum, uto
nocJeIHHA uJeH B npaBoH uactu (35.57) paBeH
r-1 ¢-1

Sy = Z Z iy (yu- — Y. — Y.+ y...)2+

i=1 j=I

r—1 ¢-1 2
{Z Z"u(y:,. —Y..— Y, +y...)} +

i=1 [=1

r—1 c—1 2
1
+ Z FT{ Z Yy — Y. — Y+ y)} +

+

1
Rrc

i=l 2 L gy
c—1 r—t 2
1
+ IZ: Wl zZ: Yy — Y. — Y, + y)} =
=1 =1
=ZZ ny Wy — Y. — Y, +y. )5 (35.61)

i=]j=1
NPH 3TOM MBI HCHOJNb3OBaJH TOT (akKT, UTO JIA ONEHOK B3aHUMOjJefi-
CTBHH cnpaBelJIHBbl Te XKe caMmbie JUHeliHHe cooTHOWeHud (35.34),
YTO W IJIA COOTBETCTBYIOWIMX mapameTpoB. Beauuumna yMeHbleHus
CK, 06ycnoB/AE€HHOr0 MOATOHKOA MOJEJIH, HCUepNnblBaeTCsi YeThipEMA
CK, omnpenenendsiMu B (35.58—61). Tenepp HaM ocTaercsi HaHTH
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octatounylo CK, Kortopas 3nech, Kak u B ofiieM ciayuae, ecTb mpo-

CTO Pa3HOCTh

Se=yy—FXXO=2 X2 4%, — (S +S+S,+5). (3562

Ias aucaenHsix pacyetoB ocrasphpie CK sannchiBaior oGuunO

B BHAE

= (FE S o

S =3 {(5 Zuur)/m )= (FT Zom)n

S=Z{(FZow) ) = (EF T

5= LR {(Ton) = T{(5 S o)} -
— (S Ty} + (5T S

\

TIpoBepKY 3THX COOTHOIIEHWA MBI OCTaBJSIEM HHTATEJIO.
[oncrasassa B (35.62) cootHowenus (35.63), moayunm

Sp =§:': Z': zp:ygjp - Zz ;{(§ y"_p)z/n”}.

Tenepb, Tak e Kak H B npuMepe 35.1, pe3yabraTH Hallero aHaJjH3a

MOKHO CBeCTH B TabJjHIly.

Ta6auua JA aas nepekpecraofl kmaccupHKanua
no ABYyM HpH3HAKaM C IPOMOPIHOMAMLUKMH YaCTOTAMH

¥ q IT. A
i?x%:ggz::a c‘: cg zcs)- CK CpK He ueautﬁ):;:ﬂoc*r H
Mexnay cTtpou-
KaMH r—11 & Si/(r—1) Z n, 6%,/ o®
3
Mexnay cTon6- 2/ 2
HaMH c—1] S Saf(c—1) ; "-,'9*,'/0
Bizanmogei- 2/ 2
crBuit (r—1)X| Ss | Ss/(r—1)(c—1) n, 0% /g
X(e—1) };; %l
Ocrartounas n—rc SR SR/(n —rc)
n—1
Tenepansuoro
cpensero { S, S, no?, / o2
Nonuas I n l ¥y

L (35.63)

(35.64)

(35.65)
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N3 o6meft Teopun nyukra 35.8 cienyer, uro kpurepuit OIT anas Jaio-
6o us runotes Hy, fHy, H; H, cBORHTCA K BHIUHCIEHHIO OTHOIIGHHS,
cooreercreyiomero CpK B (35.65) k octatouHomy CpK u oTkioHe-
HHIO THIOTE3Bl B ciydae OoJIBIUHX 3HAYeHHH MoJyueHHOro OTHolle-
HHa. Kaxknoe u3 3TuX oTHOWeHHH HMeeT HeueHTpaJbHoe F-pac-
npeneseHHe ¢ YHCIAaMH CT. CB., YKa3aHHBIMH B COOTBETCTBYIOLIUX
CTPOKax BTOporo croabua tabiuubi, ¥ MapaMeTpoOM HeLEHTPaJbHO-
CTH, YKa3aHHBIM B NocJaelHeM croabue TaGauubl. [Ilpu 3ToM napa-
MeTp HemeHTPAJLHOCTH HOJYHaeTCH C MOMOIIbio OOLIero npaBH/a
u3 35.8. (Cp. c npumepom 35.1, rae KpuTepud IJs reHepasbHOro
cpenHero npeactabgaser co6ofi oOblunblii {2-kpurepuii CThioNeHTA).

Ecan 3apaHee MOXHO NPEANOJIOXKHTH, YTO BCE B3aUMOAEHCTBHUSA
PaBHHL HyJil0, TO S3 o6benuHseTca ¢ Sg B KauecTBe HOBOA ocTaTou-
Hoit CK ¢ m—r—c -1 cr. cB, a AN APYrHX KPUTEpPHEB COOTBET-
creytomtnii CpK BeicTynaer B posau 3Hamenateasa. Has npeoBepxku
«obpemJaiomeni» (comprehensive) rumoresbl

Hy: 0=0 (35.66)

O 3SHauYeHHsX BceX MmapaMeTpoB (M3 BmimoJiHeHHa Hy ciaemyer, uto
BbinoaHslorcs Ay, Hy, H3 u H,) Hy>XKHO HCMO/Nb30BaTb OTHOLIEHHE

_ (Si+ S+ S5+ S)fre -
— & S;/(n_sw) Jire (35.67)

3ro orHoweHne umeer F’ { rc, n—rc, Z Z Nij(0se 4 Bia 4+ 0,y +
i

-+ 6:;)2/0%}-pacnipenenenye, IpH 3TCM B COOTBETCTBHH C OOIIHM Hpa-
BUJIOM NapaMeTp HeneHTPaJbHOCTH NOTY4aeTCA H3 NOC/AeHEro uieHa
B mpaBofi yactu (35.64) nomcranoBkoit 8 Bmecto 0. [ToayueHnbi#t
TakuM 00pa3oM KPHTepHH coBlmazaeT c ynoMsHyThHIM B 35.15, ecin
pacCMaTpHBaTh Hamy Tabauuy Kax pasOueHHe Ha r¢ TPYHNI INpH
KnaccudHKauHH [0 OJHOMY TMPH3HAKy H NPHMEHHTb KDUTEDHH
(35.19). AHajoruyHo AJs1 TIPOBEPKH OJHOBPEMEHHOrO BbIIOJHEHUS
H,, Hy n Hy (Ho He H,;) HyxHO uuc/uTeJb B (35.67) 3aMeHHUTb
Ha (S; 4 S22+ Ss)/(rc—1). B pesynpTaTe noJyyaetcsi KpHTEpHH,
akBHBaJeHTHH# (35.22) s pasOueHHs HaOJIONEHHR Ha rC TPyNIL

F

Cayuaii paBHOro yHci1a HaGmopeHnii B KieTKax

35.25 B curyanun ¢ NOpoOnOPUHOHANBbHbIMH YaCTOTAMH CaMBIM
BaXKHbIM fBJsAeTcs cOajJaHCHPOBaHHbIH CJayuall, KOrjla Bce uHcna
HaGJIONEeHU} B KJeTKax n;; PaBHB, CKaXKeM, 3afaHHOMY 4HHCIYy M.
Tlpu 3TOM BBIYHCJEHHE COOTBETCTBYIOIIMX cyMM B ¢opmyaax
(35.63—4) oueBnmHbIM 06pa3oM ynpouiaercs (CM. ynpaKHeHHe
35.1). B atoM csayyae cTaHOBHTCA Npollle HAATH MaTpHLy, o0paTHYIO
k C, us (35.39), u paccyXpeHus,, npuBeseHHble B 35.22—4, MOXHO
NPOBECTH COOTBETCTBEHHO Gosiee mpsaMo (cM. ynpaxkHeHne 35.2).
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[ToMHMO 3TOr0 yupoOLleHHsl, B C6AAAHCUPOBAHHOM CAYUae HMeeT-
ca elle OAHH HOBH# 3Pdexr, KOTOpHIA BO3HHKAaer npu m == l.
B stom cayuae (cM. ympaxueHme 35.1) ocrarounas CK (35.64)
TOXKIAECTBEHHO paBHa HYJIO, TaK K€ KaK H €e YHCJIO CT. CB., paBHOe
n —rc. dTa cHTyauus, o4eBHAHO, TpeOyeT crelHaabHOro H3y4yeHus,
[OCKOJbKY BCe KPHTEDHH, NPHBENEHHble B npuMepe 35.2, TepsaioT
sCsKHIT cMblca. HeTpyAHO MOHATb, 4TO HEOOXONHMOCTb RajbHelero
pacCMOTPEHHsT BOBHHKHET H3-3a TOTO, YTO IPH M =1, n =rc Ham
HY’KHO OLEHHTb rC mapaMeTpoB fo rc¢ HaGmopenusiM. He ynueu-
TeIbHO, YTO MBI AesaM 3To 6e3 OcTaTOYHOA AdcnepcHH, #60 Mbl Ha-
XOIHUMCAA B TOH ¥Ke CHTyalmHH, YTO H MPH MOCTPOEHHH TNOJHHOMA
cteneHH § — | (comepXaulero ¢ KOHCTaHT) no ¢ HabawoaenusM. Ta-
KHM 06pa3oM, Mbl MoxKeM OLEHHTb BCe rC NapaMeTPoB laxe IIpH
m = 1, onnako npu 3ToM ocraroudasa CK craHoBHTCA paBHOR HYJIO.

IMpeonosiers YKa3aHHYIO TPYAHOCTb MOXKHO, TOJbKO COrJIaCHB-
IUHCh YMEHBIUHTb YHCJIO NapaMeTpoB B Moaenn. M1 B camom nene,
Mbl HCKaiouuM (r— 1) (¢ —'1) napaMeTpoB B3anMoAeHcTBHA H Oy-
[leM OUEeHHBATb oTaBmiHecs r -+ ¢ — 1 napamerpos. B atoMm ciayuae
sMecto (35.64) mb noayunm HoBylo ocratounyio CK. Ha camom
ZIeje, Kak OymeT noxasaHo B npuMepe 35.3, oHa COBmajer C HpexX-
neit CK B3aumoneiicTBfi, onpenenseMofi coraacHo (35.61).

Mbl He 6yneM oco060 MOAYEPKHBATDH, UTO 3Ty OTPAHHYEHHYIO MO-
neab (6e3 nmapaMeTpoB B3aHMONEHCTBHi) Helb3s MPHMEHATH AJ4
aHaJH3a NAaHHBIX, KOrfga 3apaHee H3BECTHO, YTO HMEIOTCA B3aUMO-
neiictBus. [loaToMy Henesecoo6pasHO CO3HATENbHO OrpaHHYHBATLCA
ONHHM HaO6JIIONEHHEM B K/IeTKe NPH MepeKpecTHOW KJaccHPUKAIHH,
eCcId TOJMbKO 3apaHee HEH3BECTHO, YTO CTOJGLB H CTPOYKH HE B3aH-
moneficTByioT. OnHako MHOrjga coo6paXKeHHsi CTOHMOCTH HJIH Bpe-
MEHH BHIHYXKJAAKT Hac K TAKOro POJAa OrpaHHUeHHAM.

Ilpumep 35.3. llepexpecrnan raaccugurayus no Geym npusnaxam
0an cayuas 00H020 HAGAI00eHUA 8 KaeTKe

EciH MCKAIOUHTD W3 MOMAENH MapaMeTpbl B3aHMONEHCTBHEH, TO
IJIA cayyasa ofHOro HabJal0feHHA B KJeTKe MOJYYHM

¥, =~ 0,+86,+ 6, +e,

rle, Kkak W Tpexpne, 4ToOb H36eXaTb CHHLYJAADHOCTH, O;, omnpene-
JeHbl TOAbKO AasA i =1, ..., r—1, a 8—nna j=1, ..., c—1.
Bce paccyxpenus mynkro 35.17—19, oTHOCsllMecs K paccMaTpH-
BaeMbiM HaMH NapaMeTpaM, OCTAalOTCA CIpaBeAJHBHIMH. MarpHna
X, onpenenennas B (35.35), ocTaercs TOM Ke, eCAM OrpaHHYHTHCA
ee nepsbiMH 7+ c-—1 cronb6uamu. To xe camoe crnpasefsuBO AJSA
raasHodd (r+c—1) X (r+c—1)-nonmatpuusr Matpumn X'X
B (35.36), npuueM, NOCKOJbKY YCJIOBHA IPONOPIHOHANbHOCTH
(35.43) BHOOAHAIOTCH, TO OCTaeTcs ClpaBelJIUBLIM DPaBeHCTBO
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D =0. Marpunii A u B u3a (35.37—8) u o6paTubie K HHM H3
(35.44—5) ne uamensiorca. To Xe cnpaBefJIMBO H [Jsi BEKTOPOB
(35.46—7), npuueM mnociaexHHe naioT noaable HK-omenku Hammux
napaMeTpoB, a He ABJAIOTCA MOABEKTOPAMHM COOTBETCTBYIOIIHX BeK-
TopoB oneHoK. CiemoBaTe/qbHO, MBI MOMXeM IIDOBEDHTH THIIOTE3H
H,, Hy u H; n3 (35.52—3), (35.55) TOuHO TaK Xe, Kak H B npuMepe
35.2, Toabko S;, Koropas pambme asasiack CK BsauMmoneicrswuii,
CTaHOBUTCA Tellepb HOBOf ocratounofi CK, nockosbky cymMma ue-
Teipex CK B nmpuBOomuMoO#i HHXKe COKpallleHHOH Tabauume HKOJXKHA,
KaK Bcerna, paBHATbCA ¥'y.
Ta6muua JA 1as mepexpecTHOMR

xJacCHOHKAUAH O ABYM OPH3HAKaM ¢ ORHHM
Ha6JIOJleHHeM B KJeTKe

Iﬁ%’éﬂgg?&a Uneso cT, CB. CK
Mexny CTpOukaMH r—1 S,
Mexny cronbuaMn c—1 S,
Ocrarounas (r=1({c—1) Ss (35.68)
rc—1 )
TemepanmsHOro cpen-
Hero 1 S,
Tonnas n Y’y

Kperepun nna nposepku rumores H, H, m H; Moryr rtemepb
OBITh MOJy4YeHbl 3aMeHOR 3HaMeHaTe/Il B COOTBeTCTBYIOllelt F ¢craTu-
cruke na CpK Ss/(r—1) (c—1).

XoTA Mbl HCKJIOUHJIH HapaMeTpbl B3auMomefcTBHA 0;; u3 MO-
zenu, 4To6nl nonyunts ocratounyio CK, TeM nHe MeHee MOXKHO HC-
no0Jib30BaTh HX OLEHKH 0;; NJ NpOBepKM DAaBeHCTBA B3aHMOJMeH:
CTBHA HYJIO, BBIIeIHB H3 monyueHHo#t ocratounofi CK coorset-
CTBYIOIYI0 KOMIOHEHTY.

Paccmotpum suneitnyio popmy

L = Z ; C”eu,

rae 6;; onpenenens B (35.50) (mocjenHHii HHIEKC Y HIPEKOB Te«
nepb H3JMHIIEeH), a €;; — K03 HIIMEeHTH, KOTOpHEe 6YAYT OnpeneJeHbl
nosxe. Eciu Bce B3auMomencTBus 0;; paBHu Hyaioo, To M (L) = 0.
B npotuBHOM cayuae 3TO, BooGile roBops, HeBepHo. ITosTomy mas
TMPOBEPKM THNOTEe3bl O HYJIEBBIX B3aUMOINEHCTBUAX HHTYMTHBHO NPH-
eMJIEMO HCMOJIb30BaTh CTAaTHCTHKY L. Ecam BuiGpaTh ¢;; Tak, YTOGH
Zi: cyy = Z ¢;; =0, to H3 (35.50) MM BHAHM, 4TO LEZ‘ zl: CiYtss

r s
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}, CJIel0BaTeNbHo,
D (L) = C%?,

[4
06pa30M, eCJH B3aUMONEHCTBHA DAaBHH HYJIO, L?/(C%®) wumeer

y2-pacmpeliesiende ¢ OmHOA cT. cB. Bosee Toro, paccmaTpuBaeMas
tenepb ocrarounas CK B coorpercrBun ¢ (35.61) ecrs mpocro

S, =, 2 8. Manee S;— {L?(C%?)} me samuent or L%C%? mo-
T

cKOMBbKY O;; MOXKHO OPTOTOHAMGHBHIM TNPeOGPa30BaHHEM MepPEBECTH
B HOBOe MHOXECTBO HE3aBHCHMBLIX CTAaHRAPTHHIX HODMAJbHHX Be-
JHUHH, OAHOH H3 KOTOpLIX ABaAsercH L/Co, a S; — {L*/(C?%?)}, 6ymyun
cyMMOfl KBaIpaTOB OCTAbHbIX BEJHYHH, HMeeT Y’-pacmpejesienue
c(r—N—1)—1l=rc—r—ccr.cn.

Ocraercsl BbIGpaTh ¢;;. 3aMeTHM, YTO OHH MOTYT OHTb BHIOGpaHH
KaK - GYHKUMH OT 0o u 5.1, TIOCKOJBKY B coOTBeTcTBUHM ¢ (35.42)
nocsensne He 3aBucAT OT 6. ITosToMy moGoe yc/oBHOE pacnpe-

nenenve L npu $HKcHpoBaHHbIX 0., O, Oyder TakuM Xe, Kak H
MapruHa/JbHOe pacnpenesenue L, T. e. COBNafaTh ¢ ONMCaHELM BHIIIe.

IMpocrefimnM sBaAeTcd BHOOP C;; = 0;0.;, TaK 4TO MBI MOXKeM

NOJIOXKHUTH
Sl = (Z‘ ZI é,,é‘jy‘-j 2/(2{ é%‘ ; éfl) =
{Zi: Z;. Wi.—9.) @ —y.)y }2
2 (= y..)221) 0. — .7

rie C?==2, > ¢}, a o°, kKak o6GhuHO, Aucmepcus omnGok. Takum
]

. (35.69)

Tipu sroM S;/o? HMeeT y’-pacnpenesnenHe ¢ ONHOH CT. CB., a2 (S3—
— S1)/o? He 3aBucur ot S;/o? W uMeer y2-pacnpepelieHHe ¢ rc —
—r—c¢ cT. cB. Mx ornowenue S;/(S;—Sy)= F umeer pacnpegne-
JieHde JHCIIePCHOHHOIO OTHOWeHHuA ¢ (1, rc — r — ¢) CT. CB. H MOXeT
6bITh 1CMOJB30BAHO AJiS NMOPBEPKHM THIOTE3bl O TOM, YTO BCe B3aH-
MOIeHCTBHA paBHBI HyJ/10. DTOT KPHUTEPHA TNONMHOH adOUTUBHOCTU
sddexros 6ui1 npensoxen Toioku (1949). (O pmanpuefimux 0606-
menusax cMm. lepde (1959).) M. I'xowr u [Mlapma (1963) usyunan
€ro MOIIHOCTh MPOTHB aJbLTEPHATHBHOH FHUNOTE3bl O TOM, YTO B3aH-
MONEACTBHA HUMeIOT BHA 0:; = a8;,0,;. Has knaccubuxauun 6 X 6
ObJIO HafiAeH0, YTO MOLIHOCTb MMeEET TOT XKe CaMbli MOPAIdOK, UTO H
y F-kputepus mias B3aUMONEACTBHH, NMOJTYYEHHOTO NPHPABHHBaAHHEM
CMEXHBIX nap u3 0, u 0,j.



44 TJIABA 35

BriGop Becos

35.26 Teneph MBI NOMKHBLI OGCYIHTb MOMEHT, KOTOpHIt Gbia
yMbINLI€HHO 000oHIed MoauaHHeM npu GOPMYJIHPOBKe Halleld JHHei-
Hoil MomesH B 35.17—19. Tam oTrMeuasoch, YTO B HCXOOHOH MO egH
r+ ¢+ 1 mapaMmerpoB SABJAIOTCH JHIIHUMH B TOM CMBICJE, YTO OHH
JIMHEHAHO 3aBHCAT OT OCTaJibHBIX NapaMeTpoB. Mul H36aBHJIHCH OT
JUIUHHX [1apaMeTpOB, HCNOJb3yss Hab6oOp JHHEHHbIX COOTHOILIEHHH,
npusBeneHHHX B (35.33). M3 stux cooTHomenul caemosago (35.34),
4TO B CBOIO OYePeAb ONpeNe/sIo CTPYKTYPY OCHOBHOH MAaTDHILH!
(35.35). Tenepnr Heo6xXxomMMO OCO3HATh, YTO HA6Op COOTHOLUEHHI,
npuBeleHHpii B (35.33), no cymecTtBy, npousBoseH. Hampumep,
B NIepBOM H3 MPHBENEHHLIX TaM COOTHOIIEHHH Mbl NOAOXCUM PABHLIM

HY.I0 KOHKDETHYIO JIHHEHHYI0 (YHKLHIO 2 1 HCIOJMb3ysd B Ka-
i

4yecTBe BECOB MaprHHaJJbHble 4aCTOTbl CTPOK n;. 310 MOXeT Ka-
3aTbCA €CTECTBEHHbIM, HO HHKOHM 06p330M He siBAseTcAd Heob6-
xoauMbM. Mbl Morag 6Bl BMECTO 3TOrO B3iTh paBHbI€ Beca Tak,

YTOObI ZB,-,=0, HIH Jake NPOW3BOJbHHE Beca wW; TaK, UTOOhI
%

Z wiei' = O.

1

Ecnu 6bl Bce MHOXKECTBO U3 n HaGJIONEHHI sBJAAKJOCH IPOCTOM
cay4aiiHOH BEIGOPKOH U3 HEKOTODOH COBOKYNHOCTH, TO HabJiolaeMbie
aHayeHHs n;./n OblaH Obl OUEHKAMH OTHOCHTEJBHBIX YacTOT COOT-
BeTCTBYIOIIHX CTPOK B COBOKyNHOCTH. B 3tom cayuae HMeno Oni
CMBICS onpenensth 3¢dexThl CTPOK, HCMNOJb3YA 3TH Beca AJaf Bbipa-

JeHus JUHEeHHON 3aBUCHMOCTH. -AHAJOTHYHO 2. n.;j8.,;, =0 u opyrue
i

cootHomenud u3 (35.33) wMmesu OBl CMBICA B TOM e KOHTEKCTe.
B cBA34M C 3THM MBI Ha30BeM COOTBETCTBYIOIHE Beca 4aACTOTHbLIMU
gecamu (frequency weights).

35.27 OgHakO BO MHOTHX 2KCIepHMEHTAJbHHIX CHTYauHsaX HeET
CMBbIC/I3 paccMaTpHBaTh Ha6JIONeHHS Kak cayiadHyio BHIGOPKY H3
HEKOTOpPO#H COBOKYNHOCTH. Tax GniBaeT, HampHMep, Korfia r X ¢ me-
pekpecTHasi WIacCHHKAUUS NPOBOAMTCA YMbILIJEHHO AJA MOApPO6-
HOrO pacCMOTPEeHHMS H3yuaeMmofl nepemeHHo#t y¥. B stoM cayuae cra-
HOBHMTCA TPYAHO WHTePIPETHPOBATh HCIOJb30OBaHHEe HaOJIONEeHHDIX
4acTOT B KauecTBe BecOB. MoxeTr naXe oka3aThcs GeccMbICAEHHLIM
paccMaTpuBaTh Kakwe-1u60 Beca KaK eIHHCTBEHHO TPaBHJIbHbie B
TOM CMbIC/Ie, YTO HMEHHO OHH OTPaiKalT paclnpenencHHe H3yyaemMoH
cosokynHocTH. Hanpumep, eciu umeercs 2 )X 3 nepexkpectHas K.jac-
cHOMKaUHA O M3YYeHHS BJIMAHHA ABYX Das3JHuHBIX J03 ynoGpe-
Husg A M TpeXx PpasJHUHBIX N03 ynoGpeHus B na ypoxai (xaeba),
TO ee MMeeT CMBLICJ pacCMaTpHBaTbh MPOCTO KAaK H3yueHHe BJIHSHHA
COOTBETCTBYIOIHX 3(PdexToB H B3anWMOAeHCcTBHH, a BOBCe He KakK
npefcTaB/eHHe KaKOH-JTHOO COBOKYNHOCTH. B 3TOM COCTOHT cyule-
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CTBEHHAsi PAa3HHLA MEXIY «3KCIepHUMEHTANbHBIM» H «BbIGOPOYHLIM»
OOAXOLOM K HMeEIOIHMCH NaHHBIM. Mbl BepHeMcs K nocaedHEMY
B raasax 38—9.

Taxkum 06pa3oM, B IKCMEPHMEHTaJbHBIX HCC/AENOBAHUAX OOBYHO
(ecnu OTCYTCTBYET Kakasi-1M60 H3BecTHas COOTBETCTBYIOLlAsl CH-
creMa BecoB), BMecTo (35.33) HCMoab3ylOT paBHble Beca. B ocTas-
plefics 4acTH IJIaBbl IOL CHCTEMOU pasHuix 8eC08 Mbl OyleM IOHH-
MaTh BbIMOJHeHHe cooTHomeHH# (35.33), HO TOABKO CO BCEMH CHM-
BOJIAMH Mi., M.j, N;;, 3aMEeHEHHLIMH Ha enuuuubl. Ciaenyer o6paTHTb
BHHMAHHE, YTO XOTS B c6asaHCHPOBaHHOM cayuae (cM. 35.25) no cy-
[eCTBY YXKe HCIIOJIb30BaJjach CHCTeMa PaBHBIX BECOB, MOCKOJILKY BCe
yacTOThl GLLIH paBHBI, TeM He MeHee OOu(He pe3yJbTaThl, OTHOCH-
ppecss K CAy4alo NPONOPLHOHAJBHBIX yacToT (B 35.22—4 W ynpax-
penud 35.2), He OCTaHYTCS BepHB!, €CJH TOJbKO HE HCIOJAb30BaTh
yacToTHHIE ‘Beca.

Tenepb MBI co6HpaeMcss BepHYTbCS K OOCYXIEHHIO OGHIEero cay-
yass HeNmpOMOPUMOHAJbHBIX YACTOT, OT PAacCMOTPEHHH KOTOPOTO MBI
oTKasagauchk B 35.21. Pasnuuus MexXAy 3TUMH IByMs CHCTeMaMH Be-
COB BBICTYMAIOT 3AeCh 0COOEHHO pe3KOo XOTS GBI MOTOMY, UTO B 3TOM
caMoM o6llleM cjayiae MOXET OKa3aThCsi MaJjoe 4YHCJO OUeHb 60/Ib-
WHX YacTOT, KOTOpble SBAAIOTCH NpeobaalalollHMH B CHCTEMe ya-
CTOTHBIX BECOB H MOTYT 3aTMHTDL HCTHHHYIO KapTHHY.

35.28 Brui6op BecoB B (35.33) B oflueM B/HseT HA OLUEHKH Bcex
napameTpoB: reHepajbHOro cpemHero, 3¢p¢exToB CTPOK H cTOI6LOB,
p3aumogneiicteuil. OnHako, kak nokasaa llledde (1959), ecnu Bce
MCTHHHBbIE 3HAYEeHHSl B3aHMOLEHCTBHUH PaBHLI HYJIIO NPH KaKoH-IHO0
cHCTeMe BeCOB, TO OHH DaBHbLl HYJIO M NpH Jio6oit Apyrod cucreme.
B camom mene, ecin 0Y) =0 nnasm omHoit u3 cecTeM Becos, TO, CO-
raacuo (35.31), 370 3KBUBAJEHTHO TOMY, 4TO

By = P'?.) + ”.(,1,') - ”9.)'
Torma, cormacHo (35.31), mas sa1060f Opyroédl CHCTEMbI BeCOB B3aH-
MoAeHCTBHSA DaBHbI
0D =p, —p@ —pd +u@ =
= (02 4+ pl) — pl) — (0D + 0 —ud) =
(1) — gy 1) 2\ — (n(]) —

= (i — BR) + () — nd) — (ul) — u2),

T. €. HMEIOT BHI ‘
6‘5) =a,+b,+c.

Ho u3 cupemenenns s3aumopeiictBufi B 35.18 Jerko MOHATb, 4TO
ecJH Obl OHH MOIJIH GObITh MPENCTaBjieHbl B BHIE CYMMBLI KOMIIOHEHT,
OTHOCAILIUXCH K CTPOKe, K CTOJOIY, H KOHCTAHTbI, TO 3TH KOMIIO-
HEHTBLI CJeJO0BaJo Obl BKIIOYHTH B 3pdexkT cTpoku, 3dpdeKkT croabua
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H TreHepaJbHOE€ CpeIHee COOTBETCTBEHHO H IIOJIOXHTD B3aHMOneH-

CTBHAl paBHbIMH Hy/1I0. TakuM o06pa3oM, Mbl HMeeM 93’=0 Jig)¢:
Bcex { u j. CnemoBartenbHo, ecnu runoresaa A3 us (35.54) crnpasen-
JiiBa, TO OHa CIpaBelJUBa NpH JI0O60H CHCTEMe BECOB.

HenponopunoHajbHbie 4aCTOTHI

35.29 PaccmoTpuM cHauaJsa, Kak H paHblle, cay4yall 4acTOTHBLIX
BecoB (35.33). ¥YcaoBHe npomopuuoHaabHocTH (35.43) He BhnOJ-
HAETCd, MO3TOMY He Bce 3jaeMeHThl matpHubl D u3 (35.36) o6pa-
LaIOTCA B HYJAb W YNPOLIEHHLIH aHagM3 NyHKTOB 35.22—5 Gonbme
HepuMeHHM. TeM He MeHee maxe B 3TOM CaMOM ofueM ciydae
ocraerci BepHbIM cootHomenue (35.36), KOoTOpOe 3amuchiBaercs
B BHIeE

n
A D
XX = (D,B )
C

Ilpu stom (35.41) nonyvyasoch oTclIofa Kak YAacTHHIA cayuad NpH
D = 0. Kak Jerko npoBepUTh IPOCTbIM YMHOXEHHEM,

E___(A D)—‘ _ (a—pB-'D")"" -—(A—DB-‘D')“DB-‘)
DB —(B—p'a'p)"'pat  (B—pa-p)yt
(35.70)

Tak yTo Marpully, o6patHylo K X’'X, MOXHO Telepb MpPeACTaBHTb
B BHIe

x'x)"! =( E ) (35.71)
c-!

B peayabraTte TOro, uro marpuua D He o6pamaercsa B HyJab, U3Me-
HAIOTCA OIEHKH BeKTopa mapaMmetpoB 0, mosyuyenubie metomom HK,
NIOCKOJIbKY, XOTAl NomBeKTop H3 (35.46) He wu3MeHAercsd, IvaBHafd
muaronasbuas mnoamarpuma (r-+c—1)X(r4+c—1) us (3542)
3aMeHseTC Temepb Ha COOTBETCTBYIOHIYIO noamatpHmy H3 (35.71).
Ecan (35.46) kpatko 3amucaTth B BHIE

ny,..

Vr—1 »

Vo—1
rie BeKTOPLI ¥ ABJAIOTCA noaBekTopamH (35.46), a uHOEKC yKaahl-
BaeT Ha HX pPasMepHOCTb, TO, Hcnoab3dysa (35.70—1), nomyuum
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caenyolee o6o6ilenne cooTHowenusa (35.47):

n=' 0\ /ny...
(X' X)" XY e =( )(v,_,)=
0 E/\v,—

Y...
=|(a—bpB-'D')"" (v,-y—DB~'v,_;) |. (35.72)
(B— D,A—ID)—I (v;~1—D’aA7'0,y)

Orcroga, NPpOBOJASA COOTBETCTBYIOIME BLIYHC/ICHHS, NOJy4aeM 3Haue-

HUS OUEHOK Oy, B,7, B TO BPEMs KaK MO HHTYMTHBHO NOHATHBIM COOG-

paxenusam pas O,, scerna umeer mecto paBeHCTBO 0. =y.... Tax
e Kak 4 B 35.24, u3 onpenenenus B3aumoneiictsuii B (35.31) cae-
IyeT, YTO 3HAYEHHUs MX OLIEHOK yNOBJETBOPHAIOT PaBeHCTBAM

éu = Yije — éz. — é./ — Yueew (35.73)

TakuM o6pasom, onpenenennl HK-onenxu Bcex mapametrpos. O606-
menueM pasaoxenus (35.57) sBaserca

Y VA — A2 'ait ’ A D ﬁi& ar Py
&X' X0 = nbl, + (,6.1) a5 (6,,) 4+ 8;,C8,. (35.74)

Hpumep 35.4. eyxdaxTopras nepexpecTHas kaaccuguxayus ¢ He-
NPONOPUUOHAALHBIMIL 4ACTOTAMU U HACTOTHbLIMU Be-
camu

HUs (35.74) caenyer, uto Kaxnas H3 runores Hs m H, wus
’(35.54—95) mnposepsieTcd TOYHO TaK e, Kak H B npHMepe 35.2,
xors CK, cooTBeTCcTBYIONIYI0 B3aHMONEHCTBHAM, HYXHO HaXOIAHTh
Tenepb, MPOBOASA BLIUHCJEHHS B COOTBETCTBHH C MOCHENHUM YJEHOM
p npasofi yactH (35.74). CpK mnsa renepanabHOro cpemHero W IJas
B3aUMOReficTBHA (uMelomue CcoOTBeTCTBeHHO 1| H (r— 1) (c—1)
CT. ¢B.) HyXHO neauThb Ha octatounnii CpK u BHe saBucuMocTH OT
9¢(PeKTOB CTPOK H CTOJONOB MOJYYaTCs BEIHYHHBI C HEHEeHTpajb-
HBIMH F-pacnpenenerusmu *),

Cpenuuii usen B npaBoit yactu (35.74) (oGosmauum ero M)
npencrasasier co6ofi CK, coorBercrsyiomyio o6benuHenuio adpdpex-
TOB CTPOK U cTo/0610B. TakuM o6pa3oM, NMpoBepKa OOHO8PEMEHHO20

*) Cuenyer o6paTHTh 0coGoe BHHMaHHe Ha TO, 4TO ecldH 6 B (35.33) BMecTO
YaCTOTHBIX HCNOJAb30BajHCh 6w paBHule Beca, To CK, cooTBercTBYyIOIlast B3aHMO-
ReficTBHAM, He OBla GW OTHENBHON KOMmOHeHTOR B (35.74), a 6naa G €Bs3aHa
¢ CK 3a¢dderkToB cTONOMOB H CTPOK TaK e, KaK MOCIEHHe CBASAHH MeXHRY CO-
6oii. Tem He MeHee B cHay pesyabTaToB 35.28, eciu H; BepHa HAAA 4acTOTHRIX Be-
COB, TO OHAa BHINOJHSAACh é)u H Aas Jd060fi ApYyrofi cHcTeMH BecoB,
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Boimosinenusi My # Hz u3 (35.52—3) cBomurca K BoiuHcaeHHio M.
OnHaxo H3 mpakTHke OOBIYHO HHTEPeCYIOTCs OTAeAbHOH NMpPOBEPKOM
runores o6 sdderrax crpok u croabuoB. Tak CK, coorBercTBylO-
uras, HanpuMep, 3¢deKTaM CTPOK, NoayyaeTcs BbIUHCIEHHEM YMeHb-
menua ocratoydon CK, nonyuawmeitca B pesynbTare npeagsapH-
TeJTEHOH OLEHKH BCeX MapaMeTpOB, 3a HCKJoueHWeM O;,, a 3areM
OLIEHKH BCeX IapaMeTpoB, Bkaiouasi 0;,. B. pesynpraTte nmoayuaercs
CK, coorsercrByomasn 0i,. Ananoruydo MoxxHo seiuucautb CK nas
04;. [Tockosbky B oGuieM cayuyae 3¢dekTnl CTPOK H CTONGUOB He
opToroHasbHeul, 3T ABe CK B cymMme He GynyT paBusithesi M.

Ecian MOXHO NpeaNoJOXHTb, YTO BCe B3aUMOAEHCTBHS paBHbL
HYJI0, TO CHTyalHs ynpollaercsi (CM. ynpaXHeHHe 35.4).

35.30 HcnoawsoBanne BMecto (35.33) cHcTeMb paBHBIX BecOB
npH nposepke 3¢ deKTOB CTPOK M CTONGLOB AeaeT 3TH BLIYHUCJEHHSA
3HAYHTEJbHO NpoLIe, UeM AJI YacTOTHHEIX BECOB, DPAaCCMOTPEHHBIX
B npumepe 35.4. MOXHO MOCTYNHThb CJeNYIOIIHM O6pa3oM.

[TpoBemem cHauana aHaausz (r X c)-nepekpecTHON Kigaccuduka-
UM, KaK ecam O6bl 3TO Obl1a omHodaxkTOpHAA KJacCHPHKALHA
¢ k=rc. Mot nonyuyum A ¢ n—rc ct. cB. nas ocrarounoét CK.
OcraBuiHecst r¢ CT. CB. COOTBETCIBYIOT CyMMapHOMY BAHAHHIO KJjac-
cudurauuu no crpokam u croabuam. HMcnoansys npumep 35.1, moay-
yuM caenymoumyto tabauny JA:

IA nas nponsBobhoit (r X ¢)-nepexpecTHOl KIacCHPHKaOHH

'

Hucno
Kommoneura Aucnepcuit CT. ¢B. CK

OG6ycaoBaenHasl KaaccH- 9
Pukaunei B ueOM re Z Z 3.
[}

Ocrarounas n—rec S W=y (35.75)
i jop

~

Moanasn n Z Z Z yf”,
i 1

OuenunHo, YTO Jil06as KieTKa, NJsd KOTOPOH n;; = 1, He MoXeT BHe-
ctu BKknax B octatounbit CpK (cp. 35.25 u nmpumep 35.3, rae nasd
s8cex Kaerok ni; = 1). Uro6ul pacmenuTb r¢ CT. CB. COOTBETCTBEHHO
pasduennio obmeis CK Ha KOMIOHEHTH, OTHOcAllHecd K 3dpdekTtam
CTPOK, CTONGUOB, B3aUMOAEHCTBHAM H TreHepaJLHOMY CpelHEMY,
OoCTaercl NPOaHAJH3HPOBAThL CPelfHHE 3HAYEHHA B KJIeTKax Yij..
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35.31 W3 momenan (35.32) camenyer, 4TO Yi. YHOBIETBOPSIOT

Yij. = 6., + G;. + 9,/ + 9[/ -+- €if, (3576)

rne oHOGKH €; He KOPDeJHPOBAHH H HMMEIOT HyJeBble MaTeMaTH-
yecKHe OXHAAHHS H LHCHEPCHH o2fny. YcpenHuM Tenmepb ;. MO
[

1 -
cToabLy, T. €. BO3bMEM Hes3seulerHoe cpenHee TZ yy. =ij,. Ua
=
(35.76) caenyer, uTO

G =8n+ 0+ Y B+~ > 0, + e, (35.77)
i1 i1

rHe €& — He KOppeJHPOBaHbI H HMeEIOT HYJeBHe MaTeMaTHuYecKue
OMIAHHA H NUCMEPCHH (02/02)2 n" = ¢’V,. Ecqn BMecTO uyacToT-

geix BecoB B (35.33) ucnoJsib3oBaTh paBHbIE Beca, TO 06e CYMMEBL,
¢urypupyomue B npasoi yactu (35.77), obpataTcd B HYJIb, H MbI
6yaeM HMeThb

gi = 9.* + eis + 3[. (35.78)

Ho (35.78) MoxHO paccMaTpuBaTh KaK MOZejb OXHODAKTOPHOR
KnaccHHKaUMH (mpumep 35.1) ¢ omnum HaGmomeHHEM B KaXJIOH
rpynne, ¢ ToH paslmueﬁ 4TO JHCMEepPCHH OMMGOK pas.nuqu. Ecou

OMpelNeNHuTh 2; == j; /V To noayuum M (2,) = (6. + 0u)/V i, u ycuo-
pusi npuMepa 35.1 6y1:[y'1' TellepPb BbLIMOJIHEHbl. BJHAHHEe 3TOH 3a-
MCHLI Ha aHAJH3 CBOAUTCH K 3aMeHe omnpeneneHHoi B (35.21) pean-
Kbl Sy, KOTOpPAsA B paccMaTpUBaeMOA HAMH CHTYAIHH PaBHAJNACh Obi

- | ~\?
Z(y‘ - E y,-) , Ha TY e TaMyi0 CYMMYy, HO ¢ Ko3dpduuueH-
i i
-1
ToM Vi ©OpH KaxmoM ujJeHe, T. e.

r c
S, = lz_l ]El nul/c ) (7: — 9%
rie

f c

= n”'/c) y,/Z (Z /cz)_l

[wml

~ -1
— B3BellleHHOE cpexHee BeJHYHH §j; ¢ Becamu Vi .
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TakuM 06pasoM, Mbl NoJNy4aeM CaemylomIyi0 TaGaHIy:

HA naa (r X c)-neperpectaoil kaacCHHKamuu
¢ PaBHHIMH BeCaMH

KoMnonenTa ancnepcnn c'f[:cc",: CK
O6vycioBneHnas  CTpou- r 2

KaMu r—1 Z vt @:—9

=1

O6ycaopJeHHas OCTaB- r{(c —1)+1 | (moayyaercs xax pas- (35 79)

urefica kJaaccudHKanHed e HOCTb) :
Ocrarounas n—rc (comnagmaer ¢ (35.75))
Toanas n ‘Z Z Z y%”,

i P

CoBepimieHHO aHAJOrHYHO MOKHO nposecTH pasbuenue CK, or-
HocAwmencss K KJjaccHpHKaLHH, OJR KracCcHOHUKALHH MO CTOJG1AM.
Tarum o6pasom, noayuyaroTcsi KpuTepud Aas 3¢GEPEeKTOB CTPOK H
croabuos B obimem cayvae. IlpaBma, B CHJIy HEOpPTOrOHAaJbLHOCTH,
CK, cooTBeTcTByOIlNE CTPOKAM H CTOJGLAM, HeJAb3sl CKAaNblBaTb,
LSS TOTO YTOGLI 3aTeM BhiMMTaHHeM MoJaydyHTh CK B3auMoneictsuil.
OnHako eCIM r HJIH ¢ paBHBl [OBOHKe, TO YKa3aHHbIM METONOM He-
TPYAHO IHONYYHTb M KDHTEDHH Ias B3aUMOJAEACTBHUH (CM. yIpaKHe-
Hne 35.5).

35.32 CucTema paBHBIX BecOB, IPHMeHeHHe KOTOPOH [O3BOJHJO
npoBectd JIA (35.79), ecrecrBeHHO ynoTpebasieTcsi B OMHCAHHBIX CH-
TyauuaX, Koraga n HAaOGaIONeHHHA CBOOATCHA K r¢ CpeoHHM, a 3ateM
3TH CpelHHe aHaJH3HUPYIOTCH, Kak ecau 6bl OHH caMH 6biH HaGaio-
HeHusiMH. HUuTO He MemlaeT MpOBeCTH MHOJIHLIH aHAAM3, HCIOTb3YS
CHCTEMY DaBHBIX BecOB BMecTO BecoB u3 35.29. Ha camom nene ua-
cro Tak M nocrynamor. ITpn 3TOM noJyuYeHHbie pe3yabTaThl, BOOOILE
rOBOpPS, OTIHYAIOTCH OT pe3yJabTaToB 35.29.

35.33 Hanoxennniii B 35.31 metron Bocxomut k Haiitcy (1934),
KOTOPHBIH HAa3BajJ ero MeTodoM 836etueHrbix Keadparo8 OT cpedrux
snauenuti. Tak xe kak Cuenmexkop (1946) m P. Anmepcon u Bauk-
podt (1952), on paccMaTpuBaa TakkKe ¥ fpyrue, 6osee NpHOIHKEH-
Hble MEeTOAbLI aHagH3a. Y BCeX YHNOMAHYTLIX aBTOPOB HPHBeIEeHB
yHcaeHHHe NpuMepnr (cM. ympaxHenuwe 35.7). IHaabuefimee Tteope-
THYECKOe HCC/IeIOBaHHe cjIy4yas HenponopmHOHANbHBIX 9acTOT CO-
nepxutrca B kuure Illedde (1959).B yactHOocTH, TaM IDONycKalorcs
poM3BOJMbHHeE cHcTeMb! BecoB B (35.33),
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[ycThie KAETKH MPH AeyX(AKTOPHOH NepeKPeCcTHOH KAACCHPHKALHM

35.34 [Ipu HcoienoBaHMM OBYX(hAKTOpDHON MepeKpecTHOH Kijac-
cudHUKalHH B 35.15—33 MDbLI HeABHO MpPENNOJaraagd, 4YTO BCE KJIETKH
s tabaune (35.28) comepxkat mo kpaHHe# Mepe OoxHO HabioneHHe,
T. e. nij > 0. Ha npakTHKe 3TO NpeANoNOXeHHe MOXKET YacTO He BHI-
NOAHATbCA B pe3y.JbTaTe CJIY4aHHOCTH, HEyNayHOrO 3KCIIEpPHMEHTa
WJad 1Mo APyrHMM npHuHHaM. Temeph HaM HYXXHO pacCMOTpeTb, Kakoe
pAMfAHHE OKa3biBaeT Ha aHAJH3 NaHHLIX HAanHYHe NYCThIX KIeTOK
p kiaaccubuxanuu. Ecin uMmeercs xoTa O6bl OHA IycTas KJeTKa,
TO MepeKpecTHas KJ/aaccH(pHKalus HasbBaeTca xenoanod. Ho cux
fop Mbl PACCMaTPHBAMH TOMLKO MOJHbIE KJAaCCH(HKALHH.

OueBuaHO, B 0oOWeM cJydae, KOrlla COOTBETCTBYIOIlee B3aHMO-
pefictBHe O:; He paBHO HYJIO, MB He MOXEM OUEHHTb CpefHee 3Ha-
yeygHe Wij, NOCKOJIbKY HHKAKOH HH(OpPMANHH O 3Ha4YeHHH 05 M3 ApYy-
CHX KJETOK TaGJHIbl Mbl NOAY4YHTh He MoxeM. M3 onpenenenus
(35.31) u numefinmx coorHoweHu# (35.33) caenyer, uto B obmem
cayuae, KOrIa NpH NepeKpecTHOH KaacCHPUKaUUH HMeeTcss XOTA Obl
oflHa INyCTas KJeTKa, Hejab3s OLEHHTh HH OAHY H3 BeJHYHH 8y,
Ois, O4j, HAH 0,,. OonHako maXke B 3TOM cCJayuae OueHb MPOCTO Olle-
HUThL OUCnepcHio omu6ku. Eciu o6Gosnauuth {rc] uuciao kiaerok, co-
JepXKalHX HaGJIONEHHA, TO MHl INOJYYHM CJAefylomylo TalaHLy,
ob6obmatomyo (35.75):

OA nas npoussosasHod (r X ¢)-nepexpecTHOR
KAacCHGHKALHN *)

Yncao

KoMMOHEeHT2 RHCNepCHH eT. oB. CK
OGycJaoBJieRHasi  KJacCH-
¢pHkanHed [re] Z Z n”yfl.
i
4 35.80
Ocratounasn n ~—[rc] > » > ¥ipp— y”.)2 ( )
i qip

HMonuas n Z x> yflp

T TP

35.35 Ecau B nycThbiX KiaeTKax 0;; paBHO HYJIO, TO YNOMSHYTas
B 35.34 TpymHocTb Hcye3aeT. EcAH Mbl XOTHM NOpoBepHTb H3 u3
(35.54) (rumoresy o TOM, YTO 8C€ B3aUMONEHCTBHS PaBHbLI HYJIO), TO
MBl MOJKeM MOCTYNHTL TOYHO TaK JKe, KakK U B npuMepe 35.4, oueHHB

*) B (35.80) cyMmHpoBaHHe pacupOCTpPaHsieTCsi TOMbKO Ha [rc] HemycThX
KJIeTOK,
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OCTaBLIHeCs NapaMeTphi, pacciuTaB cooTBercTBylomyio HM CK u ra-
KuM o6pasom moayuntb ocratounvio CK. PasnocTs mMexnmy nocien-
He#l u ocrarouHofi CK n3 (35.80) 6ymer coorBercTBOBaTL B3aMMO-
NEeACTBHAM H uMeTb [r¢]—r—c¢-+ 1 cT. cB. AHaJOrHYHO, eCaH
MOXHO NOCTYAuposaTsy BLUIOJHeHHe Hj, To 3d(peKTH CTPOK H CTONG-
HOB MOXHO NpPOBEPSATb TOUHO TaK, KaK H B cJydae MNOJHOH KJacCH-
¢HKauuN, MeTOLAMH, H3JOXeHHbIMH B ynpaxHenun 35.4. Hlebde
(1959) naet GoJiee meTaNbHOE H3JOXKEHHE,

3mech Mbl He GyneM Goablite o6cyXmaTh 3TOoT Bompoc. Huike,
B nyHKrax 37.50—86, npuBoasitcs obIiie MeTONBbl aHAJNH3a JHHEHHOMN
MOJNlesIH, KOraa ecTb NPONycKu HaGaIomeHH .

Hepapxuueckue Kiaaccupukauny

35.36 HsyxpaxkropHas nepekpecTHas KiaaccHdHUKaAuHs, KOTOPYIO
Mbl paccmMaTpuBaju B 35.15—35, He aABAfAeTCA e€NHHCTBEHHLIM HHTE-
pecHbiM o6Go6LieHHeM OZHOPAKTOPDHOH KiaaccuPUKAUH U3 MpUMepa
35.1. IlpeanonoxuM, YTO BHYTPH KaXKAO# H3 PACCMOTPEHHBLIX TaMm &
Ipynn cHOBa uMeercs ogHO(aKTOpHas KiaaccHudukaluusa HaOJM0neHHH.
ITycte n; nabmoneHHit H3 nepBOH rpynnbsl pa3GuThl Ha [ nOATpynI

1

¢ yHcsaaMu HabJaioAeHHH (4YacToTaMu) Ry, ..., M, TOe Z Ny =

=n,. AHaJIOTHYHO BTOpaﬂ rpynmna pas6uta Ha [p nom‘pynn c 4acTo-

TaMH My, ..., o, Zn% ="n,, H T. A. BILIOTb O k -# rpynmol, TAe
Iy

uMeeTcss [ MOATPYNN C YACTOTAMH Mgy, - . ., Rkl Zlnk,, = ng. Mol
B

MoJyYHM Jyulllee COOTBETCTBHE C MPHHATLIM HaMH corialleHHeM 06
0603HAuUEHHAX, ecau 3aMeHHM O0GO3HaYeHHe MCXOLHHIX YacCTOT
B rpynmax n; u3 npumepa 35.1 Ha n;., 4ToObl OTMETHTb, YTO BHYTPH
KaX [0 HCXOLHOH rpynnbl CYMMHDYIOTCH YaCTOTHI ;5 COOTBETCTBYIO-
Hux noarpynn. B 3THX 0603HayeHHAX MOMYYHM

4

Z I’l.ih = Ni..

h=1
OnucaHHas CHUTyanHs HOCHT Ha3BaHHe HepapxHuecko# *) AByxdak-
TOpHCH KaaccupHKauun HabaoneHHd. DTOT TEPMHH ynoTpebasercs,
yTO6bl MOAUEPKHYTh, YTO BHYTPH KaKAOH HCXOMHOH rPynnbl HMelOT-
¢l MOATrpynnbl, B OTJAHYHE OT MeJieHHUsd KaXpaoro Habopa AaHHBIX
H3 crosnifua Ha o6mHue OJs BCeX CTOJOGLOB FPYNbl, COOTBETCTBYIO-
IiHe CTPOYKaM OpH ABYX(DaKTOPHOH MepeKpecTHOH KJacCHOHKaALHH.

*) Hpyroit TepMun «riesfnoBas kaaccupurauus»> («nested classification») xa-
Kercs Gosee YMeCTHO ynoTpeGJaATh B TeX cJaydasX, KOria B Ka>KIOH HCXOXHOH
rpyniie HMeeTcs PaBHOe 4HCJO TOArpynm. B cBsiaw ¢ 3THM, HeCMOTpS Ha BHeW-
HIOI0 NPUBJEKAaTEJNbHOCTL 3TOrO TePMHHAa, MH He OyneM ero ynmpednm*b.



IOUCITEPCMOHHHA AHAJIN3 B JIMHEAHOM MOJIE/IHg 53

T purep 35.5. A Orn Osyxgpaxtoprold uepapxuuecxkod
Kaaccugurayuu.

B npuamepe 35.1 Mbl yXKe ONpeAeSHIH K MapaMeTpoB MO OXHOMY
pas KaMpod rpynmsl. Jasi vcc/eNOBaHHsI H3MEHEHHs CPEeNHHX 3Ha-
wenHuil 8in AAA Il; moarpynn BAHYTPH {-H rpynnsl *) MB HCIOJIb3yeM
roabko li— 1 nHHeAHO HE3aBHCHMBIX IapaMeTpOB, MOCKOILKY
MOIKHO TOJIOXHTD .

i

Z nip0;p =0
Ch=1

(cp. 35.17—19 nna nepeKpecTHOH kJaccHpHKalMu), TakK 4YTO, TaK

xe kak B (35.34), noayuum ,

i—1!

1
eui == — ‘;-i—' Z ni,,Oi,,. (358[)

e

Tenepb MOXHO O606LIMTL JHHeHHYI0O MOAedb mpumepa 35.1. By-
neM p-e HabOniosenHe u3 h-ii noarpymmbl i-B rpynnsl 0603HayaTh
k <

Yinp U NOJOXHUM [ = > 1;. Toraa

=1

Yin (6

. 0,

y”ﬂn é

Y121 (J

. 61

yl2n|: :

. 0y, 5,1

y == * ’ 6 = e“

nX1 * @xn .

Y .

. 0y, 1,1

yli.n”‘ .

!{211 ;1%

yklkn“k 1 0, 1)

*) 3tH @i He HMEIOT HHKAKOrO OTHOLIGHHS K MapaMeTpaM B3aHMOKENCTBAIl

NP4 nepexpecTHOli KaaccHHKauuH. B ciayuae HepapXxHuecKofi  KJaccHQHKAIHH
HPOG/eMBl B3aUMONEACTBHI He BO3HHKAer,
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X
(n2- X (f,-1))

(35.82)

X
(7. X ({—1))

Tlpu 3tom (nxk) noxmatpuna X B (35.82) Ta Xe camas, YTO H
B npumepe 35.1. Kak cpasy cnenyer u3 (35.81), ocranbHble moxMar-

PHIIBL HMEIOT BHA

1

1

0

0

0

X = .

{ni. X(4;=1)) .
_Ma
"u,

-— .

&7 1

n
”i

U3 (35.82—83) rteneps nonywaem

X'X=
axi

n,;. »
ng.

0

ng.

]"u CTPOK

:
-
|

i2 CTPOK

CTPOK

1
. Py, 1,1 CTPOR
1
ny, ;-
lniz : n, CTPOK
i
(35.83)
0
» (35.84
N (35.81)
a;
4
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rAe 2

+ B Bt Bl 1,1

n — . —_—

HTomy o nyy nyy,
4, = . :

(=% (E-1) .

.

2
. 4 -1
n  —
hol .,
13

pMeeT TOT Xe caMbiii BHA, uto M B (35.37) H, 3Hauur, o6paTHas
K Hell UMeeT TOT Ke BHA, uTo (35.44):

1 1 1 1 1

—_————— — — — — —

e

ny n;, n,;, n;, n;.
IR SN S 5 -1
R n;. ng. °C n;.
Al= . . . (35.85)

By r-1 . |

TaxaM o6pa3om, u3 (35.84—5) nmonyuaem HK-ouenka

Yy..
Ys..

Yg..
Yn. — ..

Y12. — Y1..
0=xx)'xy=|""" " , (35.86)

Y1, 14,-1, - — Y1..
Yo1. — Ya..

.

Yo, 1,1, « — Yk..

g, snaunut, CK, cootBercTByIollass nogorHanHOH MOIeaH, paBHA
e 4

din,(Ym—y.)  (35.87)

i=] Rl

k
o’x’x9=,§ n,.y2.. +
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IMepBruiit 4neH npaBo# yacru (35.87) coBmazaer ¢ BbipaskKeHHeEM I
S|, onpeleneHHbiM cooTHomweHueM (35.16) npumepa 35.1. Ilo cyru
Iesa, HaM Tenepb OCTaeTci pa3buTh donoaHuTtedbHyio CK, BTOpO#
yaeH B npaBoit yactu (35.87). ITockoabky S; npencrasasier CK, co-
OTBETCTBYIOIYIO R mapaMerpaM HCXOAHBIX rpymnm 0y, 6, ..., Ox, TO
BTOpOH 4/ieH B (35.87k) npencrasaset cobofi CK, coorsercTByiomyio

BBeeHHBbIM Telephb Z (l; —1)=1—Fk nunellHO He3aBUCUMLIM TNa-
=

paMerpaM nmoarpynn. Pesyabrarsl MOXHO CBeCTH B Tabauuy

JA nas npyxgaxTopHoH HepapxXHYeCKOH KJIacCCHPHKAUHH

KoMmnonenta ancnepcuu c':lrt(cc’:: CK
O6ycaosienHas rpym-
naMu k Z ﬂ,-.y?..
3
Mex 1y mOArpynmamu [—k > v (9in. — 9. )° (35.88)
BHYTPH Ipymn i h .
Ocrarounas n—1 Z > Z Yinp — Yin)?
i h p
ITo/man n Yy

Ocratounas CK B (35.88) mnoayueHa sBboluuTanueM. IlepBas
CTpOYKA, TaK e KakK u B npumepe 35.1, Moxker GbITh pasbura Ha
IBe KOMIIOHEHTbI «MEKIYy TPYINI» H «reHepajbHOE CpelHee».

Kak caeayer H3 o6uielt teopuH, otHoumrenue CpK «mexknay moa-
rpynmnamu BHYTpH rpymm» K ocratounomMy CpK umeer Heuenrtpasnnb-
Hoe F-pacnpenenenue ¢ (I —k, n—1) cr. CB. ¥ mapaMeTpOM HELEHT-

2 o
PanTbHOCTH A==, 2. 1,407, KOTOpHI paBeH HYJIO, €CJH BHYTPH
A

KaXIofl TIpYNNbl Bce CpeIHHE 3HAUEHHS MNOATPYNN pPaBHB MeXIy
co6oit. TeM caMbIM Oad NPOBEPKH 3TOHA FHIOTE3bl MOJy4yaeTcs UeHT-
paJsibHbl F-KpuTepHH.

35.37 Hepapxuueckasi CTPYKTypa MOXKeT ObLITh HcCleLOBaHa
6onee NoapoGHO ¢ MOANOArPYNIIAMH M Jaxe MOAMOANOArpyNnaMH.
B pesyabrare moayualoTcsi TpexdhaKTOPHAS H COOTBETCTBEHHO YETH-
pexdakropHasd Kiraccupukaluuu, Ha NpakTHKe BCTpedalolluecs I0-
BOJILHO penKo. UHTaTeal0 NOMKHO OLITh NMOHATHO, YTO HET HYXKIbI
3aHOBO NMPOBOLMUTb NOBOJILHO YTOMHTe/NbHble BHKJAaAKH Meroma HK
IJs TMOJYYEeHHS COOTBETCTBYIOLIHX peay/iabTaToB. B camom nexe, no
cyulecTBy B npuMepe 35.5 BHYTPH KaxZO# H3 R rpynn InpoBOXHJOCD
pa36uenne CK Ha mBe xoMmmoHeHTsl ¢ I;— 1 u n;. —1I; cr. cB. coor-
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BEeTCTBEHHO. 3aTeM KOMIIOHEHTH CyMMHpPOBAJUCh 10 BCeM CPyNnam
¥ nosaydyanauch uneHs “3 tabauubi (35.88) ¢ I—k u n—1 c1. cB.
Tor Xe caMbiii mpolecCc pa36HeHHs MOXKHO Telepb MPOBECTH BHYTPH
Kaxnoi moarpynmbl H T. 4. B ynpaxnennu 35.3 uurartenio mpemna-
raerca mnpoBectd Ttpextpakropunit JA. Hlepde (1959) mnpusomur
TeopeTHYECKHE BbIK/JALKH NI TPeX(PaKTOPHOro ciayuas.

MuorodaxTopHbie KJACCHPHKAUHU

35.38 B mpenbiayleM IYHKTe MBI yKa3aJdH cXxeMy NpHMeHEeHHS
MHOrO(QaKTOPDHOH HepapXuuecKod KmaccHHKanuu. 3TO NOABOAHUT
Hac K pacCMOTpeHHIO o6miMX MHOropakTOpPHHX KJaccCHOHKaIMi.

3aMeTHM CHauaJa, YTO €CJH Mbl paccMarpHBaeM Tpexdakrop-
HyI0 K1acCHQHKaUH1o, TO NMPH 3TOM BO3MOXKHa «CMelllaHHas» KJjac-
cubuKauusa, Koropas SABJASAETCA YACTHYHO HepapXHyecKOH M yac-
THYHO MepekpecTHoi. Takasa cHTyauusi BO3HHKaeT, Koria AByxdak-
TOpHas HepapXxHuyecKas KJacCH(QHUKALHs COOTBETCTBYeT ONHOMY H3
¢akTOpOB (CKaxKeM, cTpouKam) B (r X ¢)-mepekpecTHOl Kaaccugpu-
kauud. B o6GosnmaueHuax mnpumepa 35.5 Mbl GyneM uMetrh r= L
JA npoBoaurca B nBa 3Tanma. CliepBa aHaJH3UpYeTCH MepeKpecT-
Hasd KnaccHUKamMA C MOMOUIbI0 O6GCYXIaBIIMXCA Bbllle METOAOB.
INonnas CK paamaraercs Ha oGbluHbie NAThL KomnoHeHT. Koporko
MH [IPEJCTaBHM 3TO B BHJe CJeAyiolledl TaGaulbl, YKa3biBas TOJILKO
YHCJIO CT. CB.

CK Yica0o ¢T. ¢B.
T"enepaJitnoro
cpenHero 1
: Crpoukn
rpyrn k—1
Crpouex -1 } Crpoukn mox-
rpynn I—k
Croabuos c—1
Baaumopeit-
CTBMA C rpym-
BaauMoneii- naMH (k—=1)(c—1)
CTBHi (I —1)(¢ —1) ( Bsaumoneit-
CTBUA C TOA-
rpynmnamMH (l—R)(c—1)
OcrtarouHas n—lc
Ilonnas n

Ha Bropom mary kaxnpas CK, koropoii cooTBeTcTByeT Hepap-
XHuecKasi KJjgaccudukauus, pas3buBaercd Ha [ABe YaCTH B COOTBET-
CTBHH C TeM, KaK yKasaHo B NpaBof uyacTtH TtaGauubl. IIpu 3ToMm
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pas6uenne CK CTpOK mosmyuaercst OPOCTHLIM HCINOJNb3OBaAHHUEM IpH-
mepa 35.5 (CTOMT HaNmOMHHTDb, YTO KOMIIOHEHTA reHepaJbHOrO CpeX-
Hero Npu 3TOM yXe BbileneHa H3 NepBofi ctpouku (35.88) npu
aHaju3e nepekpecrHoll Kmaccudukanuu). OQHAKO NpPOCTEHIIHH CIO-
co6 pasbuenna CK crpox u CK BaaumopneficTBuii cocrouT B Cle-
aywomeMm. Hamo o6bpennnuth NaHHble H3 NOATPYNN BHYTPH OXHOM
rpynnet 1 mposectd nepecuer CK nasi cTpox u B3aammonmelicTHE,
HCNoNb3ys OObelHHEHHble NaHHbie. TakuM 06pa3oM MOJYYalOTCA
uckombie Komnonentol CK ¢ (A—1) u (k—1) (c—1) crt. cB. coor-
BeTcTBeHHo. Ecau anaaus oproromaned, to CK moarpymn mnoay-
YajoTCHA MPOCTLIM BbLIYHTAHHEM.

ledpde (1959) npuBoaUT TeopeTHUECKHE BBHIKAANKH HJaA CJIy-
yas, KOria IPH HepapXHyeCKOH KJacCH(PHKAIHUH BHYTPH KaXHIOH
TPyNmbl HMeeTcsi paBHOE YHCJIO MNOATPYINI, 4 4YHCJAO HaGJaIOneHHH
B Kaxno# kjaetke (I X ¢)-ta6auubl OOIMHAKOBO.

35.39 IlpennonoxuM Teneph, YTO BMECTO BJOXKEHHA ABYyX(pak-
‘TOPHOH HepapXHYeCKOH KJaccupukamuu B ABYX(paKTOpHYIO Mepe-
KpecTHYIO KJaaccHuKauuio, Kak 3to 6b1o B 35.38, y Hac uMeercd
HoBafd onHopaKTOpHas KmaccupHUKAIHA BHYTPH KaXKIOA KIeTKH
-Tabaulbl ABYX(pakTopHOH Kaaccudbukauau. Ecanm B KaXIOH KneTKe
mpoBelleHa O0Ha u Ta e onHOpaKTOpHAsA KmaccudHkanusa, oue-
BHIHO, 4TO Moayuaercsi TpexdakTopHash NepekpecTHas KiaaccHpH-
Kauusa. Kak Mbl cefiyac yBuAUM, NpH 3TOM He TONLKO 3aHOBO BO3-
HUKAIOT BCe 3amayd QOpMYJHPOBKHM JUHEHAHOH MoOIenH, 06CyXAeH-
Hple B 35.15—19 masa nByxdaxTOpHOro cayuyasi, HO 4 He0OXOmHUMBL
HeKOoTOpble 06GOO6IIeHH.

‘TpexdakTopHas NepexpecTHasas KaacCHPHKAUMSA

3540 Cnenyss TepMHHOJOrHH, yKe HCIOJIL30BAHHOH NpH O6GCyXK-
neHud Tabuauly ¢ TpeMsd BXOAAMH AJi KaTeropH3OBAHHLIX NAaHHBLIX
B 33.58, paccmorpum Tenmeph BLHIGOPKY H3 n nabulooeHH#, mnpen-
craBaesuyto B Bufe (r X ¢ X 1l)-tabnuUb ¢ r CTPOKaMH, ¢ cTOAG-
naMu H [ «cnofiMM» ¢ YMcaaMH HaGaomeHuA B KiaeTkax (uacto-
tamu) Ay, the b= 1,...,r,j=1,...,¢c, k=1, ..., L. Ilpu stom
p-e Habmonenue B (f,j,R)-fi Kaerke o603Havyaetrcd Yijrp, P =1, ...
..., nijp. Tak xe kak B 35.15, Mbl ucnosb3yeM HAas 0603HaueHH#
caenyioniee corjaimiende. Toyka BMecTO KakKoro-TH60 HHAeKCa IPH
n o3HayaeT CyMmuposarue, a NPH Y — ycpeOHeHue INOo 3TOMY HH-
AEKCY, NpHYEeM BMECTO n... MMALIETCSA MPOCTO 7.

OueBHAHO, YTO BCe BONpPOCH H3 35.15 HMeIOT CMBICT B 3TO#H
.6osiee OOLlell CHTyarud IJafA BCeX TpeX KnaaccHpuKauufi, Tak 4TO
Ternepb MOXKHO HHTepPecOBaThbCAl I'eHepaJbHHM CPeNHUM, 3ddeKkTaMu
CTPOK, 3¢dexkTamu cronbuos, 3pdekraMu cjoeB (TPH MHOXKeCTBA
2Aa8HbLX IPPeKTo8), a TaKKe B3aUMOHNEHCTBHAMH MeXAY J10GoH
mapoi mpu kaaccupukalnuu mo crpokaM, croabuam u caosam. On-
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HaKO H3-3a No6aBieHHs JNOMOJHHTENbHOro GaKTopa MOABJIAETCS:
HOBas NeTajb, NOCKOJALKY Tenepb HAaC MOXKeT HUHTepPecoBaTb, 3aBH-
CAT /M, HAIPHMep, CaMH B3aMMOMAEHCTBHS MEXIY PSALAMHU H CTPOY-
Kamu OT KaaccHpukaunuu no ciaosMm. Ilpu stom monyuaiorcs B3au-
MOLEHACTBUSA BBICHIHX IOPSOKOB, KOTOpPble MHE U co6HpaeMcs Te-
nepb OMNpeNeUTh.

35.41 O606mas cootuomenus (35.32), sanumem JiHHEHHYI0O MO-
IeJib B BHIE

Yijep = Bije + €ijap =
= Ours + Oias 4 Oste + Ousz + 0474 + Onex + 642 + 647 + €i2p. (35.89)

Ilpu 3TOM cpemHee 3HaueHue Halbnionenuit B (i,j,k)-i KIeTKe pijn
COCTOMT K3 BOCbbMH KommnoHeHT. IlepBhie ceMb rpynm: resHepanbHOE
cpenHee 0., 3pdekTsl CTPOK 0;yy, 30PeKTH cTONOLOB 6., 30-
dexTh cyoeB 0,,, B3aUMOAEHCTBUS CTONOUOB H CTPOK 6;j,, B3au-
MONEHACTBHSI CTPOK H c0eB 0;.», B3aHMOLEHCTBHA CTONGLOB H CI0EB
6.jx, ONpeNensioTCd TOYHO TaK Ke, KaK H B 35.17—18 misa mByX-
(G aKTOpHOH MepeKpecTHOH KJaccHOHUKAauMd c AoGaBAEHHEM JIHUI-
Helr 3Be3goukH B uHAekce. IlocnenmHee MHOXecTBO mapaMeTpoB
B3aumoneficreuit B (35.89), a umMenno O;j,, onpeneasiercsi NyTeMm
06001enuss apryMeHTOB nynkta 35.18. Ecau 6nl orxkjJoHeHHe Be-
JIMYUHBl Pk OT TeHepaJabHOrO CpefHero B TOYHOCTH pPaBHAJNOCH
CyMMe OnpeneneHHLIX paHee TPeX COOTBETCTBYIOHIMX TJIaBHLIX 3¢-
¢eKTOB UM Tpex COOTBETCTBYIOIIHX B3aUMOIEHCTBHHA, TO Mbl OhL
uMenu

Bije ™ Pwe = O + Oure + Oue =+ 0170 4 Osar + Osj =
= (Bire — [ewe) F (Bape — Baee) F (Baak — Pons) +
T (Biars — Wise — Wajs = Bans) F (Bisk — Bise — Hask = Mawe) +
F(Beje — Baje — Mok + [ane )»
um 6,5, =0, rae (cp. ¢ ompenenennem 6;; B (35.31))

010 = Bige — (Bijs + pise + Bage) +
A+ (Biss F Bejo F Bank) — Bane.  (35.90)

Onpenenennyio B (35.90) Benwuuny O;;z Mbl HaszoBem s3aumodeii-
cT8UEM 8TOPO20 NOPAOKA -MeXAY CTPOKaAMH, CTONOUAMH M CJIOAMH.
C 3710/t TOUKM 3peHHH Mbl Gbl MOIJIH Tenepb B3aHMOAEHCTBUS
B IByX(paKTODHOH IlepeKpecTHON KjacCH(UKAUUH Ha3BaTh 63au-
moleticrauamu nepsozo nopadke. Insi NoJHOH COracOBaHHOCTH
TEDMHHOJIOTHH Mbl Obl MOIJIH CaMu TIJaBHble 3(pdeKTH Ha3bBaTh
saaumodeiicTeuamu Hyiee020 nopadka.
ITepenucniBasi (35.90) B BHIE

06 = {Bire — (isk + Boji) + Base} —
- {P-lj* - (p'ln + p'#]t) 4 Hm}, (35.91)
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H BcoMmHuHas olipenesende 0;; u3 (35.31), monyuum, 4to d¢akTH-
yeckH O pPaBHO Da3HOCTH MeXIAy B3aHMOAeHCTBHEM (IE€DBOro
nopsifKa) CTOIGUOB M CTPOK B R-M CJIO€ H TeM e CaMbIM B3aHMO-
defictBueM AN ob6bennHenus Bcex caoes. Ilockonnky 6;;, onpenme-
JseTC CHMMETDHYHO OTHOCHTENLHO CTPOK, CTOJGLOB H CJIOEB, TO
(35.91) MoxHO B 3KBHBaJIeHTHOH (pOopMe mepenmucath Kak pasHOCTD
MeXK]y B3aHMOIEHCTBUAMH CTPOK H CJIOeB B j-M cTOa6Le H B 06Bb-
eHHEeHHH CTOJNIOLOB MIHM Kak pPa3HOCTb MeXAY B3aUMOIeiicTBHEM
cTOA6NOB H CcJoeB B i-Hl CTpOKe H B O6beduHEHHH Bcex ctpok. [lo
9TOH NpHYHHE CJIOBO «B3aUMOAeHCTBHE» TaKXKe YMECTHO H AadA Oij,
Kak u niad 0;; B 35.18.

35.42 Ananoruuyno 35.17 Temepb, npH TpexdaKTOPHOH mepe-
KPecTHOH KJaaccuduKalMH, MLl MOXEM HMeTb TOAbKO rcl nuHeRHO
He3aBHCHMBLIX INapaMeTpOB, NO ONHOMY Ha KaXAyio KJeTky Tab-
auubl. OnHako B monpedu (35.89) umeercs

l4+r4+c+Il4+rcetri+cl+rel

apaMeTpoB, H WA TOTO 4YTOOB! He MOJY4YHIacChb CHHTYJIAPHAA MO-
Ienb, HYyJKHO HCKJIOUHTb JHINHHe mapaMerpel. Tak e, kak B 35.17,
Mbl HCKJIOYHM IOCJAeNHHe YJjeHbl B MHOXecTBaXx IapaMeTpOB [J/IaB-
HblX 3(p¢dexkToB, yMeHbIUMM MHOXKECTBa IapaMeTPOB B3aHMOIei-
cTBHH nepsoro nopsaka no (r— 1) (¢c—1) u t. o. Takum o6pasoMm,
MBI OJIYYHM

I+(r—D+c—D+(U—D+—D(—D+
+r—HU—D+—nH—-1

mapaMerpoB, 3a HCK/JIIOUeHHEM B3aMMOIERCTBHA BTOPOr0 MOpANKa.
IMpocThiM caOXKeHHEM YHUTATENb JErKo MPOBEPHT, 4TO LOGaBieHHe
(r—1)(c—1)(I—1) 3Tux napameTrpoB HOBOAMT OOIlee YHCIO
napameTpoB Ko Tpebyemoro uucia r¢l. DTO OueBUAHO TaKKe M U3
toro ¢axra, uto rcl ecTb uMCAO TEX Wija, KOTOpBIE MOTYT GHITHL He-
3aBHCUMO ONpPEJeJIeHbl, KOToa H3BECTHH XpYyrHe [apamerpol.

35.43 Tenepb HHYTO, KDOME CAOXHBLIX aJire6paHyeCKUX BbLIKIA-
IOK, He MelUlaeT HAM NPOBOLHThL aHaJH3 -COBepUIEeHHO aHAJOTHYHO
TOMYy, Kak 3TO IHejaJjoce B IByxpakKropHoM ciavyae. B kaxiom
KOHKDETHOM CJydYae He BO3HHKAeT BBLIYHCJHTENbHbIX TPYIHOCTEMH
Npu NOATOHKe juHedHo# momenu (35.85), oueHke ee rc¢l mapawmer-
poB H AoBedeHHH a0 kKonna JA. OmHako naxe B AByX(baKTOpHOM
clyyae CyllecTBeHHBIe YNpOIIeHHA B aare6padueckinX BhIKJagKax
6blIM TOIbKO TOrAAa, KOraa 4YacTOThl B KaXKAOi KJeTke OBIJIH Ipo-
MOpILHOHAJBHLI TMPOU3BEJEHHIO MapruHaJbHbIX 4acTOT, KaK 3TO
tpe6oBanock B (35.43). AHAJOrHYHO MAJS BbHIIOJHEHHS YCJIOBHA
OpTOrOHAaAbHOCTH Tenepb HEOOXOAMMO, YTOOB AJf KaXHAOH KJIeTKH
yactora ObLra INPOMOPIHOHAJbHA NPOH3BELEHHIO BCeX COOTBET-
CTByIOIIMX MapruHaibHuix yactoT (cM. Cebep (1964a)). Ha mpak-
THKEe 3TO YCJIOBHE MPONOPLHOHAJLHOCTH BHINOJNHAETCH B CJIydae
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paBHOro 4YHCJa HaOJoneHnil BO Bcex KaeTKax TaOaullbl, T. €.
B c6anaHCHDOBAHHOM cJayuae.

B nponopuHOHAIbHOM cjayyae OGLIMe NPHUHIMNL aHAJH3a OYeHb
mpocthl. B 35.39 Mbl BHAeaH, YTO TPex(aKTOPHYIO MEpeKPecTHYH
(r X ¢ X 1)-knaccudpukallmio MOKEO DacCMaTPHBAThb KaK KJIaCCH-
duKalHIO, MOPOXKAEHHYI0O BBeleHHeM HOBOH Kaaccupurauuu (c [
yPOBHAMH) IAs KaXIOH KJeTKH cyiuecTByoumed (r X ¢)-mepekpe-
cTHoft Kaaccudukauud. Orciona caemyer, uto JA MOMKHO BbINOJ-
yATbL B IBa 3Tana, TOYHO TaK e, KaK NJs «CMellaHHOH» KiaccH-
¢ukanun B 35.38. Cmepsa (r )X c¢)-nmepekpecTHas KiaaccHdHKaIHA
paccMaTpHBAeTCA KakK OXHOdaAKTOpHas Kmaccudukalus € r¢ ypos-
gAMH M npoBoxuTcsi AByX(paxktopuasa (r¢ X I[)-nepexkpecrHas Kjaac-
cupuxkanus and H3yvaeMbiX Hamu Habuaiomenu#i. M3 (35.65) wmn
HoJydyaeM CJIedYIOLLYIo cXeMaTHuecKyo Tabauny JA.

CK Uucno cT. CB.
TenepaJarHOro
cpeaHero 1
(rXc)-nepe- _
xpectrof CTPOUKH r—1
kJaccHpHKa- CTOA0IH c— 1
LuH re — 19 Bsaumonedicreus
CTpoueK H (
cTonbuos r—1)(c—1)
Kaaccupukaunu (35-92)
no cJoAM {~1
. B3aUMONEACTBHSA
B3anMozgeicTBHi _ _
(rXc)-nepe- cTpouek u caoces (r — 1) (I —1)
KpeCcTHOH B3aHMOAeHCTBHUS
kaaccuuka- (re—1)X cronbuos u caoes (¢ — 1) (I — 1)
umn ¢l crosamu | X(I—1) B3aHMOMENCT BHS
BTOPOrO mOpsiKa
cTpouek
croa6uos ucaoes (r—1) (c—1) (I —1)
OcraTounas n—rel

Ha Bropom 3tame CK, coorsercrByomas (r X c)-nepexpecTHOf
knaccudHKaui, pa3GUBaeTCa Ha TPH YACTH B COOTBETCTBHH C TeM,
Kak yKasaHo B npaBoi#l KomoHke Tabaunul. Ilpocrefimmii Metos
IpOBeJ€HHA COOTBETCTBYIOLLero pa3buenus (Tak Xe, KaK U B 35.38)
COCTOHT B cJenyiomeM. Cnepsa 06 beIUMHAIOTCA BCe CTOJGLBI BHYTDH
CTPOK H B COOTBETCTBHH C 3THM nepecunThiBalorca ase CK. B pe-
3yJbTaTe MOJYYalOTCA HYXHLIe KOMIMOHEHTH ¢ r— 1 u (r—1) ([—1)
cr. cB. Ecnu onepanuio o6beHeHHs IDUMEHHTb K HCXOIHBIM CTPO-
KaM BHYTPH cToa6u0B M cHOBa nepecuntatb nBe CK, To noayuarcs
tpebyemble KoMnoHeHTol ¢ (¢c—1) @ (¢c—1)(I—1) ct. cB.



62 TJIABA 35

IlockosbKy aHaau3 opTOroHaJien, TO ABe ocraBmuecs CK
(c r—1(c—1) n (r—1)(c—1)(Il—1) ecr. cB.) moayuawoTtcs
NPOCTHIM BbIUHTAHHEM.

Uncaennbie pacyetsl JJA B ofuieM cJydyae HETpONOPLUHOHANb-
HbIX YacTOT OYeHb TPYJOeMKH JaxXe IIpH HCIOOJb3oBaHun IDBM.
IMupc (1963) naer o6sop obuweit curyauun. I'. ®puman u Jxed-
‘pepc (1962) npuBomsAT MeTOAB aHaaH3a TpexdakTOpHOHA mepe-
KpeCTHOH KJacCHOHKaUHH B HeOpPTOroHaJbHOM cJuayuae. CTHBeHC
(1953) Hcnosnb3yeT AJs 3TOTO CJAyuyasi HTepaTHBHbBIe MeToAbl. Bpany
(1965) pemaer 3amauu AJs TpOCTEHIIEro cjaydasi, KOrga Bce B3aH-:
MONEHCTBHSI BCeX INOPAAKOB (KpoMe HYJEBOro) MpeAnoJaraloTcs
paBHbIMH HYyJIO (cM. Takke Puc (1966)).

Fa6pusa (1963) npuBoaHT 0630p TEOPHH AJs1 aHaJH3a CpPeJHHX 3HaYeHHA B
KJeTKe, Koraa AHCNEPCHH 06pa'ruo HpOHOanOHaJleH pa3Mepy BHGOPKK B KJIETKE,
CNenuaNbHO HCCaeNys Cyyail, KOrfa y NPHHHMAaeT TOJbko 3HayeHua 0 # 1 n cpen-

HHe 3HauyeHHsd B KJETKe CTAaHOBATCA uacToraMH. [TpHOGAHXKEHHHe METOAH aHaJH3a
CpeAHHX B KJIETKaX cojepXaTcfi B ynpaxHenun 37.7.

Hpumep 35.6. Cbararncuposannas TpexhakTopHas nepexpecTHasn
Kaaccuguxkayusn

B cayuae, korna umucina HaGJiomeHHA B KJeTKaX PaBHbl OAHOMY
H TOMY Xe uHcay m > 1, 1o cHOBa oueBHAHO, 4To (r X ¢ X l)-me-
PEKPECTHYIO K.naccmbnxaumo MOXHO Ha [epBOM 3JTale INOACYETOB
OA us (35.92) paccmarpusath kKakK (rX¢)X! nmm (rX1)Xce
uwan (¢ X1)Xr. HUs cummerpun cnenyer, uro noacser CK nmas
KaXJ0ro H3 TpPeX MHOXKECTB IJaBHBIX 3p(deK10B H AN KaXA0ro H3
TpeX MHOXKECTB B3aHMOJAEHCTBHA IepPBOTO MNOpSiAKa MPOBOAHTCA
TOYHO TaK XKe, KaKk H B Tabauuax ABYX(GaKTODHOH INepeKpecTHOH
wiaccupukaunn. HyxHO TOJbKO OGBEAHHHTb BCE YPOBHU TPETbEro
dakropa. Ocraroynass CK, oueBnaHO, TaKxKe He H3MeHSET CBOM
Bua. Hcnonb3ys BBeleHHble Bbille 0603HaueHHS IJs TpexdakTop-
noro cayuvas, u3 (35.63—4) u ynpaxuenus 35.1 moayuyum cienywmo-
mpe Boipaxenuss mas CK, cooTBeTcTBYHOIIMX KOMIIOHeHTaM Ttab-
auub (35.92), rme uHAEKC NpH S yKasbiBaeT Telepb HA YHCJ/O CT.CB.

I'enepasibHOe cpenHee:

= (Z‘: Zl: ; Zp) yukp)2/(f6'lm).
ddeKThl CTPOK:
Ser-1= Z (Z]: Zk: Zp: yilkp)2l/(Clm) —S.
AdpdeKTol cTOAOLOB:
Sie-1) = Z]) (2:‘ Zk} Zp‘, y,-,,,,,)"/(rzm) — S, (35.93)

AddexTHl C/0€B:

Su-n= Zkl (Zz Z]“ ; yi!kp)z/(fcm) —S.
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BaaumMOAeHCTBHA CTPOK H CTOJAOLOB:
2
S(r—l)(c-l) = Z z}: (Zk: ; yi!kp) /(lm) - S(r-l)’ - S(c-l) - Sl-
1
B3auMoaeAcTBHA CTPOK H CJIOEB:

Ser-ty -y = Z > (Z 2 yllkp)2/(0m) — Sir-n— Sy-n—3S,.
ik I >

BsauMonxedcTBus CTOJOIOB H CJOEB:

Ste-nu-n==_2, ) (Z 2 yz/kp)2/(rm) — Ste-n — Su-n—3S,.
i R i p
Ocrarouynas CK:

Seetm1y= z; zj: ; ; y%fkp - Z‘ z!: ; (z,,“ Yiiep )2/’"
IMockoabKy BoceMb KommnoHeHT (35.93) B cymme ¢ CK Baammoneir-
CTBHi BTOPOrO MOpAdKa XalT, Kak OOGBLIYHO, Z Z,: ; > Yikpr TO

i p

ynomsinytaa ocrasmasicn CK noayuaerca npocThiM BHYHTaHHEM:
B3auMonelcTBHS BTOPOro nopsigka:

2
Sir-) (e=1) (-1 = Zi‘, ; Zk: (Z y’iﬁep) /m — Sir-1 c-1y— Ser—1) 4=y —
p

— Ste-1 t-n— S — Stc-1y — Su-n — S;. (35.94)

Cselem Ttenepb pesyabTatl (35.92—94) B cuaenymowmwyio tab-
anny IDA: .

KoMmoHeHTa RucnepcuH, q CK, ompeaensemas

o6ycnoBaeHnas HCJO CcT. CB. (35.93~4)

d¢dekTaMu CTpoueK r—1 Se—y
dtpdekTaMH cT0aGLHOB c—1 Sy
Spdexramn caoes [—1 Su-1)
BsauMoaehCTBUAMH CTpPO-

qeK H CToJGLOB (r—=1D(c-—1) S(r__l)(c_”
Bsaumo nefiCTBHAMH CTPO-

4yeK H CJI0eB r—=0D{-1 S -1
BsauMon e CTBHAMH CTOJ~ (35_95)

6UOB H CJIOEB (c—1H{I—1 S(c_l”l_l)
BsaumoaeACTBUAMH CTPO~ i

gex CTOJIGLOB H CJIOeB (r—1) (¢—1) (I—1) S(,_,” e~1)I~1)

rel — 1

TenepaJbHHM CPEXHHM 1 S
Knaccuduxanuei rel
OcrarouHas rel (m— 1) Sretim—1
Mosnasn relm=n y'y
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Kak u panbwe, mo06asi runoresa, COOTBETCTBYIOILAs BOCLMH
crpoukam (35.95), KoTopule 06pasyloT yactb CK «ksaccuduxkauuu»,
MoXeT ObIThb IPOBEpPEHa IOACYETOM OTHOLIEHHSI, COOTBETCTBYIOLIETO
CpK x ocrarounomy CpK. Kaxkmoe oTHOLleHHe HMeeT HeUEHTPaJb-
Hoe F-pacmpeneneHue, KOTOPOE CTAHOBHTCH LEHTPaJbHHIM B TOM
ciyuae, eclH IpoBepsieMasi THIIOTe3a CIpaBelJdBa.

MuorodakTopHbie NepeKpecTHbie KAACCHDUKALHH

35.44 YntaTesao A0NKHO OHITL Temepb MOHATHO, KaK NOBTOPHBIM
NpUMEHEeHHeM apTryMeHTOB, HCIOJb30BAHHLIX INIDH IOJYYEHHH TpeX-
¢akTOpHOro aHaJM3a H3 ABYX(AKTOPHOTO, MOXKHO TENEepb aHaJHu3
TPeX(®aKTOPHOH NepekpecTHO#l KJgaccudpukanuu o6GO6GUHTL Ha ue-
ThipexdaKTOpHYIO KJaccudHKaudio H Ha Kjaccupukauun ¢ 60Jb-
uiaM yucaoM ¢axktopoB. B cGanaHcHpoBaHHOM c/yyae CHMMeTpHS
tabauubl (35.95) u cootHomenus (35.93—4) mnoackasmBalT 60-
Jee npsAMoe o6oOllleHHe Ha cJjayuyail Kinaccuukaluuil BhICIIHX TMO-
psnkos. Cienyer OTMETHTb, UTO IOCTOSIHHOE COOTBETCTBHE 4YHCJa
cT. cB. Y CK u yncsa nuHe#iHO He3aBMCHMBIX DapaMeTpPOB, KOTOpbIe
otHocATcss K atoft CK, sABasierca, Xak HeTPpyHHO IOHSTb, NMPOCTHIM
cleCTBHEM TeOMeTDPHUECKOH HHTepnperalnHH, aHajaoruyHoi 35.13.
Hledpde (1959) mpoBOmMT meTasbHOE pAacCMOTPEHHE STOTC BOIpOCA.

Ilpu oGoblledansix Ha MHOroaKTOpHbIH ciayyail BO3HHKaeT He-
06X0IUMOCTh OlNpenedeHus] B3aHMOKEHCTBHE TpeTbero 4 6ojiee BHI-
COKMX NOPANKOB B TeX CJayuyasX, Korja B Mozead TpebGyercs ux
ncciaenoBath. ONHAKO NMOCKOJIBKY 3TH B3aHMMOHAEHACTBUSL CTAHOBSITCSA
Bce cnabee, a TPYAHOCTHA HX HHTeplipeTaluil BO3pacraioT, TO 4acCToO
HX IPOCTC HTHODHDYIOT IPH NPOBENEHHHM aHaju3a, oObefuHdas OT-
Hocsmytocs kK HuM CK ¢ ocratouHoi.

O6benvnenne Kputepues A

35.45 Ilpeanoaoxum cnepBa coBceM B ofieM BHie, YTO HJd
NpOBEPKH k& Da3JHYHBIX THHOTE3 Mbl HMeeM Kk KpHUTepHeB H YTO
COOTBETCTBYIOIIIHE UM CTATHCTHKH CTOXACTHYECKH He3aBHCHMbL. [ns
ToJ1yueHHsi KPHTePHsl ONHOBDEMEHHOrO BhLINOJIHEHHSA BceX R THIOTE3
MBI MOXKEM HCIOJb30BaTh pe3yabraT ynpaxKHeHusa 164 B ayxe
ynpaxHeHus 30.9 1. 2. [lpumeusas BepOsATHOCTHOe HHTErpaJbHOE
npeo6pa3oBaHHe K CTATUCTHKE KayKJOr0 KDHTEpHUA H NOANpaBJifs
e€ro TakK, YTOGbl KPHTHYECKHE 3HAYeHHs KaxKAOH npeoOpa3oBaHHOHA
cTaTMCTUKH P; COOrBETCTBOBAJH €€ MAAbim 3HAUYEHHSIM, MH MOJY-

R
ydM, yto —2 > log P, = P umeer y2-pacnpenenenue ¢ 2k cr. CB.;
Pl

IpH 3TOM KDHTHYUECKHMH SBJSIOTCA GoJbmine 3Havenus P. Hus P
MBIl HCIOOJb3yeM KpHTEpPHH pa3Mepa o Ipu J11060M pasMepe co-
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cTaBaAOMUX KpurepueB *). OJHAKO €CJH CTAaTHCTHKH He SABJAIOTCH
He3aBHCHMbIMH, TO Mbl CTAJIKHBaeMcsi C TEMH 3Ke TPYHHOCTAMH, UYTO
B B KOHTeKCTe KpuTepHeB corjacus B 30.36, u mpuBemeHumi co-
cTaBHOA KpHTepHH OecnoJjie3eH, NMOCKOJNbKY IJs HaXOXIAEHHAS pac-
npeje/eHHs BeJH4YHHbl P Heo6X0oAHMO 3HAThb COBMECTHOe paclpene-
JIeHHe HCXOAHbIX CTAaTHCTHK.

Jpyro#t npocTtofi o6GIIHHA NMOAXOA K OGBEIHHEHHIO HE3aBHCHMBIX
KPHTEpHEB OCHOBbIBaeTc Ha TOM (aKTe, 4TO €caH i-H KpHUTepHui
HMeeT pa3Mep ai, TO BEPOATHOCTb OTKJIOHEHHA XOTA Obl ONHOHA H3
NpOBEpAEMbIX [HMIOTES, MPH YCIOBHH, UTO BCe OHH CIPaBelJHBHL,

paBHa mnpocto 1— H(I —a;)- Ecau Bce a; paBHH 3agaHHOMY
i=I

'l“CJIy a, TO 3TO CBOOAUTCH K
Pr(a)=1—(1 —a), (35.96)

4TO NPHOJH3HTENbHO DaBHO ak, e€cH o MaJjao (KakK 3TO OGLIYHO
n GbiBaeT Ha NPaKTHKE).

35.46 Takum o6pasoM, ecaun O6bl k& KpHTepHeB B Tabauue A
Obl1d HE3aBHCHMB, TO MBI Moriad G6bl HcnoJb3oBath (35.96) mns
BbiGopa ux obuiero pasMepa INpH H3yueHHH MHOXecTBa JHCIep-
CHOHHBIX OTHOINEeHHHA KaK ueyjoro. Tak, ecau Obl MbI-HMETH YeThipe
KpUTepHs M NoTpe6oBanu Gbl, uT0oObl MONHBIK pa3mep (T. e. paamep
cocraBHoro Kputepua) Ownt 0,05, TO mas BbUMCIenusi pa3mepa
KaXJOoro M3 HCXOMHbIX KPHTEDHEB HaM HYXHO OHJO Obl peudTh

paBHeHHe
y 0,05 =1— (1 —a)*

AAd TPHOJH3HTENbHO NOJM0XHTb o = 0,05/4. OpHako KpuTepuu
B Tabauuax A, Koropnie Mbl paccMaTpHBaJ/Jd, HHKOTZAa He SB-
JIAIOTCH He3aBUCHMBIMH KputepuaMu. XoTs pasJauyHbie CK B Tab6-
JHlIe MOTyT ObiTb HE3aBHCHMBHI APYT OT Ipyra, HO y BCEX BbIBeIeH-
HblX HaMH KDHTEDHCB B 3HaMeHaTeJe COOTBETCTBYIOIEH CTAaTHCTHKH
crout ocratounas CK H, crenoBaTesbHO, 3TH KDHTEPHH CTATHCTH-
yeckd 3aBHCHMbl. Tak, HanmpuMep, ecau octatouHas CK Beauka, 1O
3TO yMeHbllaeT 3HayYeHHe BCeX CTaTHCTHK OJHOBpEMEHHO.

35.47 OmHako, K cuacTblo, Kak mokasaJqu Xaprau (1955), coort-
HomeHHe (35.96) npuGJauKeHHO octaetcs crpaBedauBbiM. Ilpen-
MOJIOKHM, UTO Habaiogaorcs k- 1 He3aBHCHUMBIX CpelHHX KBaapa-
ToB 8% §%, ..., $2 COOTBETCTBEHHO CO CT. CB. ¥, Vi, ..., Va. IlycThb

*) Ilon BEepPOATHOCTHHM HHTErpPaJibHHIM Npeo6pPa3soBaHHEM aBTOD NOApasyMme-
BaeT NepexoJ OT CTATHCTHKH yi K cTaTHCcTHke P;i == Fi(y:), rae Fi(x) — dpyuk-
IHA pacnpefe/eHHs CJy4afHOA BeJHUHHH Y. POpPMyJHpPyeMHA pe3yibTaT OCHO-
BaH Ha CBOACTBAaX He3aBHCHMHX HaGJIOLEHHA M3 DaBHOMepHOro Ha orpeske [0, 1}
pacnpenenennsa (cMm. 24.11 u 30.36 B 1. 2). IlInpoko ynorpeGHTEJNbLHHIM B CTaTH-
CTHYECKOR JIMTEePaType CHHOHNMOM MOHATHA «Pa3Mep KPHTEPHA» ABAAETCA TEPMHUH
«ypoBeHb 3HaUHMOCTH KpHrepua». (/1pum. ped.),

3 M. Kespaan, A, Crpoapr
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G, Gy, ..., Gr ux dyHkuuu pacnpefenenns, a § = G’ — WIOTHOCTD
pacrnpenenennsa s2. Ilyctb & 3unavennii F; ompemeasiorcsi, Kak pe-
HEeHHus: NPH GHKCHPOBAHHOM @ ypaBHEHHH

P{st/s<F}=1—a,

TaK yto F; sasnsiercs 100(l — a)-mpomeHTHOR KBaHTHJ/BIO pacmpe-
neneHust OTHoweHus sifst.

BepoATHOCTb TOro, 4YTO HH OAHO H3 OTHOIIEHHH sf/s2 He mpe-
BOCXOAHT COOTBETCTBylowero F, paBHa

2 2
P(l)=P{—s'—<F., %’-g}:‘,}=

s2
oo

k
{ G,(xF,)}g(x)dx. (35.97)
0

i=0

Mupr o603Haunan (35.97) uepes P (1), mockoJabKy COOTBETCTBYIOLLEe
BblpaxKeHHe COBMNajZaeT Co 3HaueHHeM NpH 0 =1 yHKUHH

o k
P©) = {101 — a)+8(G; (xF) — (1 — @)}l g (x) dx, (35.98)
0

i=]

orkyaa cpasy caenyer, uto P(0)=(l—a)*. Has pasnoxenus
P(1) mo ¢opmyne Teisopa B OKPECTHOCTH HyJs Mbl HCCaelyeM
COOTBETCTBYIOIIHE Npou3BoAHble. FMeeM

k
(GixF)— (1 —a)} [J (1 —a) +

j=1
jwi

+0{G;(xF))— (1 —a)}] g (x) dx,

k
P(e)=)

i=|

S8

TaK 4YTO
PO)=(1—a*" Y (G, (F)— (1 —a)}g(x)dx =0,
i 0
IOCKOJBKY

-]

S G(xF))g(x)dx =1—a. (35.99)
1]
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TakuMm obpa3oM, pasJsoxKenue Teilsopa HMeer BHX
P(1)—(1—af =4 P"(§)=

k oo

=5 >3 (6, (eF) — (1 — )Gy (F)) — (1 — )} X
i,i=1 0
ishf

kR
X [ [0 =)+ 8{G(xF)— (1 —a)}l g (v) dx,
=1
Ighi, |

rie 0 << O <<l Kaxzawii uieH B KBaApaTHbHIX CKOOGKax MPHHHMaeT
3HAUEeHHS MeXAy HyJeM W eJHHHIeH, TOCKOJbKY 3THM Ke CBOM-

ctBoM obaanamoT a, 8 u G, Takum o6Gpa3oM, ec/id 3aMeHHTb Bce
3TH YJIeHH eJHHHIEeH, TO Mbl IOJIYUHUM HEpaBEeHCTBO

IP(1)— (1 —af <

<L I3 (16 wF) = (1 — )16, (F) — (1 — 0) | g (x) i,
iaf 0

H3 KOTOporo, mnpuMeHas HepaBeHctBo Komu — ByHsikoBckoro *),
TIOJIYUYHM Clelylollee HepaB€HCTBO:

IP)—(1—afI<5 D> [S {Gi(xF) —

igh | 0

oo s
— (1 —a)Pewdx | (6,(cF)— (1 — @) g (x) dx] :
0

H JaJiee

IP()— (1 —@)*I<5 k(k— Dmax { {6, (xF) — (1 — )P g(r)dx.
oo

B cuay (35.99) 310 MOXHO nmepenucaTth B BHIE
|P(1)— (1 — a)* <5 k(k — 1) max [D {G, (s2F,)}]. (35.100)

35.48 Xaptau (1955) moamcumTan BepXHIOIO IpaHHIy, AaBaeMmyio
(35.100) pas mwHpokoit o6jgactd 3HaueHudl R, v u v;, Korga (1 — a)
6au3ko K 0,05. CoorBercrBylollee 3HaueHHe yOniBaer XO HYJsA NpH
BO3pacTaHud v A0 GECKOHeUHOCTH, HO BO3pacTaeT ¢ POCTOM R H v;.

*) B opHrHHase 3TO HepaBeHCTBO HaduBaeTcsi HepaBeHcTBoM Komn — Ilmap-
na. ([Tpum. ped.).

3‘
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Onas nocraToyHO He6GJaronpusTHOrO cayuas k=10, ~=30,
maxv; = 10, Bepxaaa rpanuua pasHa 0,0138. Ecan npu atoM v yBe-

3
auyuth no 60, To BepxHAa rpanHuua ymenbwnrcs go 0,0050. Ilpu
k=05, v=060, maxv;=5 wumeem 0,0014. [lockonbky wucTHHHas
3

pasHoCTb, BOOOLle roBOps, CYILECTBEHHO MeHblle, 4YeM BepXHsAs
rpaHuna (TPoeKpaTHas 3aMeHa COOTBETCTBYIOLIMX UYJEHOB Ha MakK-
CHMaJlbHO BO3MOXHbIe IOBHIIIaeT CpaHUIy), Mbl MOXeM clejaThb
BBIBOA, yTO NpubauxkeHHe BeauuuHo (35.97) ¢ momowpbio (1-—a)*
BIIOJIHE YNOBJIETBOPHTEJbHO B AOCTAaTOYHO LIHPOKOIl 0GJacTH, OCO-
GeHHO Torga, Korga v (yucao ct. cB. octatouHoii CK) Beauxo.

Takum o6pa3oM, Mbl BHAHM, UTO 3aBHCHMOCTb pa3Mmepa Pp(a)=
= 1— P(1) KputepHs AJs MHOXeCTBa IHUCIEDCHOHHKX OTHOIIEHHH
U3 tabauubl JJA OoT HOMHHAJbHOrO pa3Mepa o KPUTEpHS OJA KaX-
JOro OTHAENbHOTO [IHUCIEPCHOHHOIO OTHOIIeHHsA W3 TabJHIH, HpH-
6au3nTeNbHO 3afaeTcs cooTHomenueM (35.96). Muaue, ecnu Mbl
nepenunmem (35.96) B Bune

I —a={l—Pg(a)}'"
H noxacrtasuM a smecto Pi(a) u P(k) BMecTO @, TO HONYYHM
B(k)=1—(1—a)" (35.101)

TaK 4yTO KpHTepHH pa3Mmepa « IJ51 MHOXeCTBa R XHCMEPCHOHHBIX
OTHOMIEHHH noJsqy4yaerca B TOM cJyuae, eCJd OJisd KaXaoro Aucrep-
CHOHHOT'O OTHOILEHHS B3AT KpuTepuil pasmepa B(k), rae B(k) onpe-
JAeasieTcsl N0 ¢ B cooTBeTCTBHH C (35.101

TlepBoiMu paGoTaM# No 3ToMmy Bonpocy GOuym paGoTH Xaptau (1938) u Puu-
uu (1941). Koxpsn (1941) u Hapaunr (1952) paccMmaTpuBaJH OTHOIIEHHE HaH-

GoJbliero cpefHero KBafpaTa K CyMMe BceX CPeJHHX KBalpaTOB B cJydae, Koraa
BCE V; DaBHHI.

35.49 U3 pesyabratoB 35.47—8 caegyer, 4yTO OTAe/bHble KpHTe-
pun pasmepa (35.101) nnsa k& AHCIIEDCHOHHBIX OTHOILUEHHH ¢ oO6lle#
ocratouHoit CK nawor cocraBHOH KpuTepuil NPuUGIH3HTENbHO pas-
Mepa a. OxHako Tor akTt, uro crosmas B 3Hamenatese CK sB-
jagerca o6Gled JJs BCeX &k KpHTepHeB, HAaBOLHT HAa MBbICJb, 4TO
B 3TOM ciayuae, BO3MOXKHO, He3((dEeKTHBHO GpaTb OTAeJbHbIE KpHU-
TEpPUH, MOCKOJbKY 3HaUYeHHE CTATHCTHKH 11060ro OXHOrO H3 KpH-
TEpHEB JaeT HEKOTOpYylo MHGMOpMaluuio O 3Ha4yeHun Apyrux. XapTiaH
(1955) mnpenJsoXus CTyIDEeHYaTylo INpOLEAYypY, KOTopas YyuYyHThiBaeT
atoT ¢axT. ’

IMycrs H; — BeposATHOCTHOE HHTErpaJjbHOe INpeo6Gpa3oBaHHE Be-
nnyuHbl S7[s? K paBHOMepHOMY pacmpenenenuio Ha (0, 1) (cp. 1.27
T. 1). ¥Ynopsanouum H; tak, uto6n H(;) ABAAACGCL i-M HaHMEHbINHM
u3 Hux. [Mockosbky P{H;>=1—8} =8, to Kpurepuit pasmepa &
ansa H; nonyuaercsa cpaBHenuem 3Hauenus f; ¢ 1 —3&.
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IlepBert war cocrour B nposBepke Hy), HaunGoabmero u3 H;
¢ pa3mepoM, paBHHIM, kak ¥ B (35.101), I — (1 —a)¥k = B(&).
Ectu Hyy << 1 —PB(k), 10 cpa3y npunumaercss rumoreda o6 OmHO-
poaHocTH Bcex Hadmogednid. Ecam Hpy = 1—B(k), Tto cootBer-
cTByollas runotreda o6 <«orcyrcTBuu 3bdexkroB» B Tabauue A
OTKAOHSAETCA, HO MNpOHOJIKaeTcA mnpoBepka fx-—;) C pasmepoM
B(k—1). Ecnu Hp_;y<<1—pB(k—1), To npuuumalorca (k—1)
ocTaBuIuXcsl runorte3 o6 otrcytctBuH 3¢ddekToB B Tabamne. Ecnu
xe Hy—y > 1—pB(k— 1), To COOTBETCTBYIOIIHE FHIOTE3Bl OTKJO-
HSIOTCA U IepeXojAT K nposepke Hp_g c pasmepom B(k—2). Tak
apojoJaercsi Ao Tex TMop, NMokKa JAu60 Haijercda Takoe i, 4YTO
Huy << 1—B(i) (B 3rOoM ciayuae NPHHHMAIOTCA i OCTAIOWIMXCS rH-
nores), subo, ecin Hgy =1 —p(l), To Bce k runores o6 «oOTcyrT-
ctBHH 3P (dEKTOB» OTKJAOHAIOTCS.

35.50 Herpyaso mnokasatb, 4TO 3TOT CTYNEHYaThli KPHTEPHA
uMeer pasmep . I[IpenmosoXKHM, YTO U3 R AHCIIEPCHOHHBIX OTHO-
WeHnd ¢ OEpPBHX COOTBETCTBYIOT <HYZneBHM 3ddekram», a k—c
OCTABIHHXCA — HEHYJIEBBIM, H YTO MaKCHMaJbHHM cpeld ¢ IIpeob-
pa30oBaHHbIX 3HaueHHd H; (COOTBETCTBYIOWIMX HyJeBhIM addekram)
apasierca Hyg. Ecan kakasd-1H60 rumortesa o «HyjseBoM 3ddexrte»
OTKJOHsIeTCSl MPOLeAYpOH HPOBEPKH, TO OTKJOHSETCA H THIOTE3a,
coorBercTByOmas Hy, IOCKOJbKY OHa paccMaTpHBaeTcs NepBoi
npu cTyneHuaTtoii npouenype. Takum o6pa3oM, A BEPOATHOCTH
TOro, 4YTo Kakas-iu6o rumoresa o «HyJeBOM addexTe» OTKJIOHAETCH,
HMeeT MecTO

P =P {H(l)>l _6(l)v i=L 141 ..., k}<P {H_(l)> 1 _6(1)}
MMockonbky [==c¢ u B (i) — y6biBawoias GpyHKUHs i, TO CIPaBeAJHBO
PLP{Hpn=1—B(c)})=a, (35.102)

HOCKOABbKY, ecnn H(), HauGoJbllas cpéau MHOMKECTBA H3 ¢ AHcIep-
CHOHHBIX OTHOIIEHHU¥i, MpoBepsercd c pa3MepoMm B(c), TO B COOT-
perctBHH ¢ (35.101) cocraBHo#i Kpurepuil umeer pa3mep o. Has
(35.102) caenyer, -uTo pa3Mep MNOCAENOBATEJNbHOI'O KDHTEpPHA HH-
KOrZa He MOXEeT IIPeBOCXOAUTh a.. Ecau ¢ =k, 10 [ = k u (35.102)
npespamniaeTcsa B PaBEHCTBO.

B cilydyae, KOraa Bce CPeAHHe KBaAPATHl HMEIOT paBHOe YHCJO CT. CB., XapTJIH

(1955) NpPUBOAMT HEKOTOPHE COOOPaXKEHHA O MOIIHOCTH COGTBETCTBYIOUIEro KpH-
TEpHA.

MuoxKecTBeHHble CPABHEHHSA

35.51 Kaxxawii H3 XpHTepHeB [UCMEPCHOHHOrO OTHOLIEHHA B
tabanne JJA cayXuT AJas NPOBEPKH THIOTE3bl O MHOMKECTBe Napa-
MeTpoB, Hanpumep o6 3ddeKTax CTPOK HJAM O B3aHMOLEACTBHAX
MeXJy cTpokaMH u cronGuaMd. OIHAKoO Ha MOpPakTHKE yacto OH-
Baer HeAOCTAaTOYHO 3HaTb, Hampumep, 410 3hdPekTnl CcTPOK 0;,
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pa3anynbl. HyHO 3HaTh, kakoe u3 0;, MOXKHO cUHTAaTh GOJILLIHM,
yeM BCe JpYyrue, HJH, 4TO BcTpevyaercd 6oJiee 4acTo, MOXKHO JH CKa-
3aTb, 4TO B;, pacmanaloTcsi Ha OTAENbHBIE TPYIIILL.

HK-ouenku 8;, fBAAIOTCS, KOHEYHO, HECMEILEHHBIMH JIHHENHbBIMH
M]JI-oueHKaMud COOTBETCTBYIOIHX [apaMeTpPoOB, H, HCICIb3yS HX,
MOXHO CTDOHMTb OLeHKH Ja1060#f pasHoctH 0;,— 0s,. Ho o6biuno
Mbl He MOXKeM BHAEJHTb Pa3HOCTH, alpHOPH NPeACTaBAAIOLIHe HH-
tepec. Takum o6pa3oM, Mbl CTajdKHBaeMcCs C NpoGJieMOH H3yueHus
HEKOTOPOro 4HCJa KpPHTEpHEB O pa3HOCTSX, KOTOPhle He ABJAIOTCS
He3aBHcHMBIMH. Paccyxpaenns 35.45—6 mpumeHnsaiorcs 3gech ¢ oue-
BUAHBIM H3MeHeHHeM, XOTfl H3y4yaeMasi 3anaua saBJasdercs 6o.ee
caoXHoit. B To BpeMa kak B 35.47—50 mMbl uMenu xeno ¢ o6neau-
HeHHeM KpHTepHeB IJs IpPOBEDKH THIOTE3 O MHOXKeCTBaX MHapa-
MeTpOB, TellePb Hac HHTepecyeT noapo6GHOe pacCMOTpeHHe OTAeNb-
HbiX MHOXeCTB, HanpuMep 3(pdeKToB CTPOK.

B u3BecTHOM cMbicne 3Ta 3alaya MHONECTBEHHO20 CpABHEHUR,
KaK OHa Ha3plBaeTcsl, sBJasercs 6oJiee CNOXKHBIM BapHaHTOM 3ajavyd
«BbITafalolAX» HabaoneHud, o6cyxknasmefics B 32.23—8. Tonbko
BMeCcTO TOro, yto6bl HMETb 1eJI0 CO <«CABHTOM pacrloOJIOXEeHHA»
(«location — shift») aas omHoro uax HeckoJbKHX HaGaIOLEHHI,
Temepb Mbl HHTepecyeMmcs, OyAyT Jau cpeanue 3HaueHus (0i)
HabmoneHHbIX BeJHudH (0;,) pa3buBaTbcs Ha OTHAeNbHbIe TPYIIBL.
B paGorte Trioku (1953) conmepxkurtcsa 0630p pe3y/abTaToB.

Kputepuii M3P

35.52 [lns ompeneneHHOCTH Mbl PacCMOTPHM OAHO(aKTOPHYIO
KilaccHpuxauuio mpuMepa 35.1, XoTi HHYTO He H3MeEHJOCh Gbl,
ecqd OB MBI pacCMatTpHBaJH Jl060e MHOXecTBO 3pdeKToB H3 Tab-
auubl JA. B npumepe 35.1 HaGaiogaemble rpynnoBbie cpefHue Yi.
apasiiorcss HK-onenkamu gast & rpynnosbix mapamerpoB 0; (Kax-
‘OBl U3 KOTOPBIX BKJ/IIOUaeT reHepaJibHoe cpeiHee Kak oOlllee cja-
raemoe). Ecan F-xpurtepuit (35.22) otkiaoHser rumotesn (35.20)
0 TOM, uTO Bce O; paBHBI, TO MBI CTAJKHBaeMCsl C HeOGXOAHMOCTbIO
yKasaTb, KaKde TMOAMHOXeCTBa 8; MOXKHO pacCMaTtpHBaTh KaK OX-
HOpOIHble U KaKHE HeT.

CaMmoi mpocroii siBasiercs camasi crapas npoueaypa («Ctbio-
ndent», 1908), cocrtosumlas B npuMeHeHHd [-Kpurepusa CrbloAeHTa
Iasi OByX BHGOPOK K Kaxmo# u3 k(k—1)/2 BO3MOXHBIX mnap
Yi., Yj» i 7=j. Eciu KaXnblfi U3 KpHTepHEeB HMeeT pa3Mep «, TO
OYeHb MaJI0 MOKHO CKa3aTh O pa3Mepe COCTaBHOIO KDHTepHS,
NOCKOJIBKY HONapHble KPHTEPHH He ABJAIOTCH He3aBHCHMBIMH, H HeT
HHKako#i mpoctofi ¢opMyan AIA oOObedHHEHHS, aHaJOTlHYHOH
(35.96) .

ITpumeHeHHe 3TOro COCTaBHOrO KPHTEPHS CBOAHTCA K BbIYHCIE-
HHUIO OLEHHBaeMOH CTaHAapTHOH OWHOKM Pa3sHOCTH MeXAy IBYMS
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cpenHHMH (c Hcmoab3oBanHem ocratouHo#t CK) m K cpaBHeHHio
HaG6J/IIOIeHHOr0 3HayeHHA Pas3HocTH ¢ TabaHuHbIM. IIpn 3tom y pac-
npenenenns .CrtoiofeHra OGepercsi cGOTBeTCTBYIOIlee (OCTATOYHOM
CK) uncao cr. cB. Ecan uyncaa HabaooneHuit B rpynnax (#;) oau-
HaKOBbl (H paBHH, ckaxeM, N), To HeO6XOOHMMO BHUHCJIHTb TOJbLKO
ONHY OLEHKY CTaHAapTHOH owuO6kH Bupa (2s%)/N)2 rpe s%2— He-
CMelleHHass OLeHKa nucrnepcud omn6ok o2 [lpu atom Mb moay-
qaeM MUHUMAAbHYIO 3HAYUMYIO pPA3HOCTb (COOTBETCTBEHHO MHO-
JKEeCTBO CTAHAAPTHBIX OTKJOHEHHH A/ JABYCTOPOHHEro KpHTEpHs
pa3Mepa o) H CpPaBHHBaeM ¢ HeH KaxkAylo H3 R{k—1)/2 nabawo-
IeHHBIX pasHocTei. B paabHeifimeM 3Ty mnpouenypy Mb Gylem
HHorjaa HasbiBaThb M3P-kpurepuem (KpuTepuii MUHHMaJbHOR 3HAYH-
Moi#l pasHocTH). B o6mem ciaysae o M3P kputepun Hesb3sl cKa3aTh
MHOro GoJsblle TOTO, YTO €CJAH HCTHHHBIE TPYIIOBbIE CperHHe
He OT/IHYalOTCA, TO NPHMEpPHO o H3 BceX nap O6yAyT olmHO0YHO
NpPH3HAHB «HEOAHOPOIHBIMHY».

Ilpocraa moanbukanua M3P-kpurtepHs, npeiasoxennas Pume-
pom (1935), cocTouT B 3aMeHe pa3Mmepa o. COCTABJAIOUIAX KpHTe-

k
pHeB Ha a/( 2). 3To NPHBOAHT K TOMY, UTO YHCJIO Map, OMIHG0YHO
OTK/IOHSIIOIUHX OJHOPOAHOCTb (B cJydae, Korjga BCe TCPYNNOBHE
1
cpedHHe B CaMOM Jejie paBHbI), 6yaer He 3k(k— 1)a, a mpocto a.

Hcnoab3ya ucxoaHbii (uam MomudHuuposaHHbii) M3P kpute-
puii, cjenyetT NOMHHTb, YTO YINOMAHYTas JOJA OXHAAeMbIX OWHGOK
ABJseTca 6Ge3ycJOBHON, He yuHTHIBalolled Ttoro ¢dakra, 4TO KpuTe-
puii TNpHMeHsdeTcs IOcjae TOro, Kak (M TOTOMy UYTO) HCXOAHBIA
F-kpuTepuil OTKJIOHHJA rHNOTE3b 06 OMHOPOIHOCTH.

CrynenyaTbie (nowarospie) H OAHOBPEMEHHbIE MPOUEAYPHI

35.53 Tak ke, Kak 3amaua O BhMafgamomeM Habaoxedun (outlier
problem) wn3 32.23—5, 3anaya MHOXKeCTBEHHOTO CPaBHEHHS, HMeIO-
mas ¢ Hed O6OJblIIOe CXONCTBO, YacTO HCCJAEAyeTCs ¢ NOMOLIbIO
KpHTepueB BuiBOpOYHOTrO pa3Mmaxa.

IpocrefimnM asasiercs kpurtepuii Thioku (1951, 1952) crbio-
JEHTH3NPOBAHHOrO pa3Maxa. R TPYINOBLIX CPEeJHHX, KOTOpble Mbl
Tenepb GyaeM 0603HauaTh X¥;, =1, ..., R, asaslotca (B cayuae
CIpaBelVINBOCTH THNOTe3bl 00 ONHOPOXHOCTH) ciydyafiHOA BHIGOP-
KOl pa3Mepa k H3 reHepaJ/IbHOH COBOKYNHOCTH, HMeIOIIed HoOp-
MaJIbHOe pacmpefesieHue ¢ nucrnepcHeit o?/N, koropas He3aBHCHMO
ounenuBaerca BenuunHoit s?/N, rae N, kak u paHee, yHcJO HAGJIO-
JeHH#A B KaXIOH rpynme. YHOpSIAOUYHM Telepb IPYNNOBHE CpeiHHe
H MNepeob603HAaUHM HX TaK, 4TO X < X << ... << Xp—1) << Xy
Jlio6oit mape X u X, [ << j, OTBeuaeT pPa3HOCTb X(j— X(;), KOTO-
pas cooTBeTCTBYeT pa3Maxy [nJs I[OZMHOXKectBa H3 j—i- 1
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YyOOpSAOYEHHBIX TPYNNOBLIX CpeJjHHX € HOMepaMu OT [ Jo |.
STO NOAMHOXECTBO CUHTAETCA HEONHOPOAHHIM (H 3KCTPeMaJjbHble
IPYNNOBLie CPefHHEe PACCMATPHBAIOTCS KaK NpHHAfJeXallHe pas-
JHYHBIM COBOKYNMHOCTSIM), ecau (X; — X;)/(s/N'/?) npesocXoauT
100(1 — a)-mpoueHTHOe 3HaYeHHE §, CTbIOJEHTH3HPOBAHHOIrO pas3-
Maxa ajas k sHa6awooneHuit (cMm. 32.25). Ilockoabky M3 Toro, uto co-
OTBETCTBYIOHIEe HEpaBeHCTBO He BLINCJHSETCS IJsA f(h,—f(,,, cie-
AyeT, 4TO OHO He MOXEeT BHNOJHATHCA JJs pa3Maxa Jilo6oro
NOAMHOXKeCTBa, AeJaeM BbLIBOA, YTO IpoUefypa HMeeT NOJHBIA
pasmep c.

Ha npakTHke X@) mocnenoBaTesbHO cpaBHHBaercss ¢ Xy, £
H T. I. 10 TeX IOP, MOKA He MOJYYHTICS YTBepXKIeHHe 06 OJHOPOA-
Hoctd. Ecan X — ¥ onnopoaHo, 1O mpolleaypa NpOBepKH cpasy
3aKaHunBaercs. B mporusHoM caywae cpeaHue g, X, ..., KOTO-
pble NpH3HAHH He COBHNANAIOMIMMH C Xp), Telepb CPaBHHBAIOTCA
C Xx—1, CHOBA IOCJeAOBaTeJbHO HauHHas ¢ Xy 3aTeM Bce cpel-
HHe, KOTOpble IIPH3HAHbl OTJHYHBIMH OT X®-1, CpaBHHBAIOTCA
C X2 H T. A. A0 TEX IIOp, IOKa HHKaKOe yTBepXIeHHE O «HEOAHO-
POLHOCTAX» He CTaHeT HeBO3MOXKHo. Takas mpouexnypa, B KOTOPOH
pellleHHe O KaXXAOM MOAMHOXeCcTBe 3aBHCHUT OT IpexnAylUiero pe-
HIEHHs, OTHOCsUlerocss K O0JbUleMy IOAMHOMKECTBY, Ha3blBaercd
CTYynex4QTod HJaH nowazogoid (step-by-step uwnum stepwise).

35.54 [pyrasi odnospemennas npoyedypa, HCIOJAB3YIOILAf HE
pa3Max, a CYMMBl KBaJpaToB, Oblia IpensoxerHa Ia6Gpuaiem
(1964). B mHOXecTBe, coctosieM 43 k rpynm, BHOupaerca Jaw6oe
NOAMHOMXeCTBO, cojepxKalllee 0 KpadHefi Mepe JBe TPYNIbl (TaKHX
NMOAMHOXKecTB HMeercsd 28— k—1). Jasa xamcdoeo Takoro MoA-
MHoxectBa noacuutmpaerci CK «mexay rpynnamu» B COOTBeT-
crBau ¢ (35.21), u peaysbTaT CpaBHHBaeTCsi C QUKCUPOBAHHLIM
KPHTHUECKHM 3HauyeHHeM, NOJYyYeHHbIM H3 paclpejefeHHs LHCTIED-
cHOHHOro oTHOoweHus ¢ (k— 1,n—k) cr. cB. Ilpn 3tom pasmepnl
BbIGOPOK #; He 0Gsi3aHbl ObITh paBHBIMH. TaKas Hpollenypa Beier
K TPaH3HTHBHBIM CYXJAEHUSIM B TOM CMBbICJe, 4YTO NOJIMHOMKECTBO
He MoXKeT ObiThb NPH3HAHO OAHOPOAHBIM, €CNH OJHODOJHBIMH He
ABJASIOTCA BCe colepxKalldecss B HEM MeHbLIHEe NMOAMHOXKeCTBa (CM.
ynpaxkHenne 35.16). OueBngHO, 4TO OGBIUHBIA KPHTEpHH IHCIEp-
CHOHHOT'O OTHOULIEGHHA SIBJSIETCS KOMIIOHEHTOH 3TOH Npoledyphl, CO-
OTBETCTBYSl TOMY CJly4yalo, Korja MIDOAMHOXKECTBO CcOBIlafaer co
BCEM MHOXKecTBOM H3 R rpynn. Otciofa chaenyeT, YTO NOJHBLIH pas-
Mep KpHTEpHs paBeH .

B caywae, Xorga Bce n; paBHul, Kpurtepuii Tbiokn ns 35.53
MOXHO MOmudHIUHPOBATL TaK, UYTOOB OH OBl «OAHOBpEMeHHOH
npoueaypoi» TOro ke THMa, yto H y abpuaas. Jlag 3Toro HyXKHO
OpHMEHATh KpHTEDHH pa3MaXxa yXe K KaXIOMy IOAMHOXKECTBY
rPYNNOBBIX CPEeJHHX, a He TOJIbKO K NOJIMHOXEeCTBAM C ynopsno-
yeHHoMH HoMepaMu (ot i mo j). (Ilosyvyennmii xpurtepuii oGia-
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IaeT CJAeAyIOUWHM JIOMOJHHTEJbHBIM CBOHCTBOM: €CJHH KaKoe-iH6o
MOAMHOXKECTBO, cOCTosillee Gosee yeM M3 ABYX TpPynl, NMPH3HAETCH
HEOAHOPOIAHHM, TO N0 KpadHed Mepe OJHO H3 €ro IOAMHOXECTB
TOXKeE JOJIXKHO OLITb IPH3HAHO HEOZHOPOIHBLIM).

OnncaHdbie Bbiie MeTroAd I'a6pusas u Meros Thiokn — Ia6-
pusas o6aamaloT TEM CBOHCTBOM, UYTO BEPOSATHOCTb OMHGOYHOCTH
CYXJIEeHHSI O TOM, UrO NOAMHOXECTBO HeOJHOPOAHO, yObIBaer c pas-
MepoM NOAMHOXecTBa. B cayuae, korma 2 =8 u ocrarouHas CK
umeer 40 cr. cB., 3TO ABJAeHHe OoJiee 3aMeTHO JAJs MepBOro Metona
(y Tabpuaas (1964) npusenensl cooTBercTByomlue Tabauusl). [lpn
atoM MetoJ Tbiokd — ['abpuans Gojee npocT NpH BHYHCAEHHAX,
0cOGeHHO IJs1 GOJbHIMX R, OJHAKO €ro MOXKHO NPHMEHSATb TOJbKO
NpU PaBHBIX 7.

35.55 BMecTo TOro 4roOHl HCNOJbL30BaTh (PHKCHPOBaHHOE KPH-
THYECKOe 3HauYeHHe CThlOJEHTH3HPOBAHHOrO pa3Maxa nas &
HabawogeHu#, Kak 3To nenaercs B 35.53, MOMKHO CpaBHHBATH
(X5—%@)/ (s/NV2) co crTblogeHTH3HPOBaHHhIM pasMaxoM AJs j—
— i+ 1 nHaGaronenuii, yTo enle paHblle MPEeNJOXHJIH AedaTbh Hbio-
m3n (1939) u Kediac (1952). Ilpu 3TOM BO3MOXKHA cUTyauus, Koraa
B COOTBETCTBHH C 3THM KpHTEpHEeM MHOXECTBO H3 § CJeyIOLIHX
ApYyr 3a APYroM YyNOpSAOYEHHbIX rPYyINOBLIX CPeJHHX MpH3Haercs
«OJHOPOAHKIM», B TO BPeMs KaK MHOXKECTBO H3 p cJeAYIOWHX Apyr
3a JpYrOM TrpYIMOBBIX CPENHHMX, NpHHALJEXaIUHX VIOMSIHYTOMY
BpIllE MHOXeCTBY, MpH3HaeTCs <«HeoAHOpoAHmIM». CryneHuaras
npouexnypa Heuiomsna — Keifisica yTBepKnaer HeOAHOPOAHOCTbL Naphl
FpYINOBHX CpeIHHX TOJbKO B TOM cJyuae, ecJH KaxAoe MOJAMHO-
XKeCTBO CJeAyMOIUHX APYyr 3a ApYyroM TIpYNIOBBIX CPENHHX, COAep-
}Kalee 3Ty TMapy, NPH3HAHO HEOJHOPOAHBIM C HCIOJAb30BaHHEM
onpefesieHHOTO Bbillle KPHUTEPUS] CTbIOJEHTH3HDOBAHHOrO pa3Maxa,
y4YUTHIBAIOWIErO YHCJO 3JIEMEHTOB B IOAMHOXecCTBe.

[lpouenypa BbluMCHIEeHHI Takas XKe, 4YTO H B KOHUe 35.53, 3a
HCKJIOUeHHEeM TOro, YTO KPUTHYeCKOe 3dauyeHue B KPHTEPHH CThIO-
JEeHTHU3MPOBAHHOro pasMaxa Tellepb He PHUKCHPOBaHO, KakK 3TO GHLIO
paHbllle, a pa3Hoe Iad cocraBasdlomuX Kpurepues. Ilpu 3toM mnoJa-
HBI pa3Mep KpHTepuUS CHOBAa, KakK Jierko BuJeTh, paBeH o, IIO-
CKOJIbKY, IJS TOro 4To6bl MOXHO OBIIO JeJaTh BHIBOL O HEOHHO-
POMHOCTH MAJSl KaKOH-JMOO pasHOCTH X(; — X, HYXHO cHauaJna
clenaTh COOTBETCTBYIOIUHH BBLIBOA O HEOQHOPOXHOCTH AAA Xamy—X(1).

Hyukan (1952, 1955, 1957) mnpeanaraer mnpouenypy, KOTO-
pas mno cyuecTtBy saBasercs Moaubukauueit npoueayps Heio-
MaHa — Ke#isica. Kaxkmas pasHocrs X(; — ¥ CpaBHHBaercd ¢
100(1 — ctj—iy1)-IpOUEHTHBIM 3HAYEHHEM CThIONEHTH3HPOBAHHOTO
pasmMaxa aaa j—i-+ 1 waGmonmeHuii, rxe 4uciaa oj—;4q oOnperne-
JFI0TCA 10 j — i ClenylomuM o6pasom:

Aj—ij+1 = 1— (1 _— (12)1_‘. (35.103)
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OcnoBanuem cayxut (35.96) u tor d¢akrt, uTo Kpurepuiél AaA
j— i+ 1 HabaoneHnii 3KBHBaNeHTEH j— [ OTHAEJAbHLIM KpPHUTEpPHSIM
IJsi nap HabGJOAeHHH.

IIpn 3ToM BeposiTHOCTL OMMGKH Mepepacnpenesercs Cpexd
KOMIIOHEHT KpDHTepHd, Iafas B c¢lyyae, KOrja CpaBHHBaeMble IDYI-
noBHe CpelHHe GJH3KH IPYT K APYry focje ynopsXOYHBaHUs (CM.
35.54). ynukau (1955) npuBomuT Tabauuml #Js cjaydyaeB, Koraa
pa3mep obuwero kpurepusa a = 0,056 u o = 0,01,

35.56 Hyukan (1955), Teiokm (1953) u Iledde (1959) pac-
CMaTpHBAIOT HEKOTOpble JPyrHe NpOUeXypbl MHOXECTBEHHOI'O CpaB-
Henus. Xaptep (1957) mpoBomur cpaBHeHne MouHocTed, a XapTau
(1955) xpatko u3ywaer MouHoCcTh MeToAa Hbiomana — Keinca.
Ta6puan (1964) cpaBuHBaer cryneHuatble Meroanl HbioMsna —
Kefinca n Jlynkana c IByMs OXHOBPEMEHHBLIMU TNPOUENypaMH, ONH-
caHHbIMH B 35.54, M NoKa3blBaer, 4TO TpH 3aJlaHHOM pa3Mepe 06-
HIero COCTaBHOTO KDHTEPHA H JIOGOM IOC/efOBaTeJbHOM MeTOoAe
BEPOATHOCTb HEBEPHOro CYXK/[AEHHA O HEOAHOPOAZHOCTH JIOGOro ToA-
MHOXeCTBa He MoXeT OBTb MeHblle, 4eM OJs OJHOBpEeMEeHHOH
IpolLeNyphl, OCHOBAaHHOH Ha TOH XKe CaMOi CTaTHCTHKE,

Maxk Honaaen u B. ToMmncon (1967) pa3BuBalOT METOAM MHOXECTBEHHBIX CpaB-

He:Hil PaHXHPOBAHHHX (YNOPALOYEHHBIX) CYMM IJISi CJAy4as OZHO- H IABYX(ak-
TOpHOH KJaacCHHKaMHH.

OgnoBpeMeHHbie JOBepHTeJbHbIE HHTEPBAJLI AJA Pa3HOCTER
H cpaBHeHH#

35.57 Kak ykasan Toioku (1951), H3 KpHTEepHA CTBIOAEHTH3H-
poBaHHOro pa3maxa B 35.53 cpasy moJayuwaloTcsi AOBEpHTEJbHble HH-
TepBaJibl OXHOBpEMEHHO MJiA Bcex —2-k(k— 1) pasHocTed Mexny

HCTHMHHBIMH TPYNNOBLIMH cpenHuMu (0; — 0;). B camoMm gene, ka-
KHMH Obl HH Oblin 0;, cayualiHbHle BeJHYHMHB X;— 0; He3aBHCHMBI
H HMMeIOT OIHHAKOBOE HOpMaJibHOe pacrnpelelieHHe C HYJEBBHIM Ma-
TeMaTHYECKHM OXHAaHueM H AucnepcHelt o2/N. BeposiTHocth TOrO,
YTO CTbIOJEHTH3HPOBAaHHLIH pa3Max He MPeB30HIET BEJHUHHH (g,
onpeneneHnoit B 35.53, paBHa 1| —a. OTcioma cJaenyer, YTO OXZHO-
BPEMEHHO JJIA BceX [ ']

P{ (%, —0)— (¥ — el)

S/Nl/’
TaK YTO C BEPOSATHOCTbIO | — o0 HepaBeHCTBA
(% — %) — qos/N" <0, — 0, < (%, — %) + go8/N™ (35.105)

BBIIOJIHAIOTCSS OXHOBpPEMEHHO IJIst BCeX i 7 j.

<Ga; bi=1 ...,k iq&j}=l —a,
(35.104)
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B ynpaxnennu 35.11 nokasaHo, yTo Meton oGo6illaeTcss Ha MHO-
TOMEPHBIA HOPMaJIbHBIA BEKTOP C OAHHAKOBO (OTpHLATENbHO) KOp-
peNHpPOBaHHBIMH KOMIIOHEHTaMH X;.

35.58 Meron, nanoxenunfi B 35.57, nossosaser HaM ¢opmyJaupo-

BaTb YTBepXKJIeHHsd 060 Bcex —;-k(k— 1) passoctsix 6;—6; omHo-

BpeMeHHO C H3BeCTHbIM OO6WHM kKoadpduupeHToM npoBepusa | —a.
OnHako BO MHOrux npumeHenusax A Hac Moryr uHTepecoBaTh He
TOJNIbKO Pa3HOCTH, HO TaKXe M ApYrue JHHeAHble KOMOHHAUHU BeJH-
YHH 0; C MOCTOAHHBIMH K03 (PHUHEeHTAMH, PABHBIMH B CyMMe HYJIIO.
Takne sauHeitHble KOMOHMHAUHH, Ha3blBaeMble cpasHenuamu (cont-
rasts), onpeneasercsa cjaenylomumM o6pasom:

R k
=2 i, :Z. ¢; =0. (35.106)

CaMbiM NpPOCTHIM TMOJIE3HBIM CpaBHEHHEM, OTJIHYHBIM OT Pa3HOCTH
MeXAy JIOGHMH 8; u 0; sBJaAeTCS Pa3HOCTb MeXAY ycpeXHEHHBIM
3HayeHHeM 0; AJd JI060ro NOAMHOXKeCTBa, CoAeprKallero p H3
apaMeTpoB M YCPEIHEHHBIM 3HaYeHHeM OCTaBIIHXCA Rk— p napa-
MeTpoB. Kak Jierko Bujerb, B3auMofelcTBHS (onpenesieHHHE B
35.18, 35.41) Taxxke SBJAIOTCSA CPaBHEHHSMH.

Meron, yka3anHH# B 35.57, Jlerko BHIOH3MEHHTb TaK, UTOOHI He
TOJIbKO JJIsl pa3HOCTed BeJIHUHH 0;, HO H AJA KaKJoro cpaBHEeHHS
yKa3blBaJicsi OJHOBDEMEHHO COOTBETCTBYIOMIHMA HHTepBaJ. [lockonb-
Ky YHCJIO cpaBHeHHH OeCKOHeYHO, TO IoJyuaercss OOJbIIOE YBeJH-
yeHHe OOUIHOCTH MeETOAA.

k
35.59 OGo3naunum 2; = %; — 8;, u nyctb 9, ¢; = 0. PaccMoTpum
i=1
MaKCHMAaJbHO BO3MOXHOE 3HaueHHe CYMMbI 2, ¢;2;. IlocKoabKy
> ¢; =0, To cymMMa NOJOXHTENbHHX ¢;, TaK e KakK H CyMMa
1
OTpHIIATENbHBIX, paBHA —§Z|c¢ . Orciopa moJayuyaercs, 4TO

1
Zcizig(?2|cil)maXIZi—ZII,
1 1
T. €.

> eild— e¢)<(% lesl) max] (5 — 09 — (= 0. (35.107)
i i

Bosspawasich Kk (35.104), Mb Buaum, uto u3 (35.107) caenyer, 4TO
npu JioboM BpiGope ¢; € Z c; =0
Z‘ ¢ (%, —9;) 1
P RV <(—2'2‘:|01|) Ga(=1—ua,
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a 3HayuT, C BEPOATHOCTBIO 1—a HEpaBeHCTBA
= 1
Z Ciky — ('{Z 1€ |) QaS/NI/2<Z €6; <
i i i
= 1
<) ok + (? Mle |) geS/N'®  (35.108)
i i

BHIIIOJIHSIOTCA.  OAHOBDEMEHHO JUIS BCeX CPaBHeHHiA == 2. cH;.
Meron cHOBa 0600WlaeTcsi Ha MHOTOMEpHLIH HOPMAaJbHHIA BEKTOP
C OAMHAKOBO OTPHUATENbHO KOPPEAHPOBAHHHIMH KOMIOHEHTAMH X;
(cMm. ynpaxHenune 35.11).

35.60 B 35.59 moBepHTenbHblEe HHTEPBaJMbI, COpaBelJHBble OXHO-
BPEMEHHO /i1 BCeX CpaBHeHHH, OBLIM MOJYYeHH HCIOJIb30BaHHEM
NOBOJBHO rpyOniXx HepaBeHCTB. ITo3TOMy He yRHBHTENBHO, UTO OHH
He SBJSAIOTCA CaMbiMH JAYYUIHMH H3 BO3MOMXHBIX JOBEPHTEJAbHBIX
HHTEPBAJIOB Js BCeX cpaBHeHHA. Mbl mosayyum GoJjlee TOUHble HH-
TePBaJibl, HCIOJAb3YSA COBCEM HHOM MOAXO.

Ouenkoit aro6oro cpaBHenus (35.106) sBasiercs

p =2 c0,. (35.109)
OvyeBHIHO, YTO :

M) =1,
W ecin O, HOpPManbHO pacnipenesieHbl, TO M ) HMEET HOPMAJbHOE

pacnipeneienne. Ecaun wmbi paccMoTpHM Tenepb /1060 MHOXKECTBO
#3 r (< k) ouennBaeMbIX CPaBHeHuil, KOTOpbE Mbl 3alHIIEM B Buie

p = CO, To 6ymem HMeThb BeKTOp, MMeIOUIHH MHOTOMEPHOE HOP-
ManbHoe paenpenenende (cM. 154 T, 1) ¢ BekTOPOM CpeaHHX
% = CO u aucnepcHOHHOH MaTpuuei

V=V @) =cv@c. (35.110)

B o6cyxnasmeMmcs Bbiie cayuae OAHO(PAKTOPHOR KaaccupuKauuu

¢ ONMHAKOBbIMM uacroraMu, paBubiMu N, marpuna V(0) nuaro-
HaJlbHa W ee JHaroHajbHblEe 3JeMeHTH paBHH O%/N, Tax yro

g2 ’
v=2-cc. (35.111)

INpennonaraercs, yto V He BpIpoXKIeHA.
35.61 113 pesyabratos 15.10 Tenepb cienyer, UTO KBaJApaTHUHas
bopma . y g
Q=G—WV'E—w
HMeeT y2-pacnpelesieHHe C YHCJIOM CT. €B., PaBHbIM 7, TAe 7 — DaHr
martpuunt V. He saBucamast ot Q ocratounass CK (ueneﬂaﬁ Ha o?)
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HMEeT paclipepe/ieine TOro Xe Bynaa, CKaxKeMm, ¢ v CT. CB. Torna

OTHOUIEHHE
F = (Q/n)/(s*/0?),

rae s2, kak o6biyHO, paBHO ocraTtouHod CK, nmejienHo# Ha v, HMeerT
pacnpejeseHHe JHCIEPDEHOHHOro OTHOIeHHs ¢ (r,v) cr. cB. B mpo-
crefiimem cayuae (35.111) orciona noayuaem €TaTHCTHKY

F=@®%— %) (€CC)™" @ —w/rsyN).

Ecan 100(1 — a)-npomentHoe 3HauyeHHe 3Toro F-pachpejae/eHus
o6osHauutk Fg , v, TO HNOJYYHM

P{®— %) (€C)™" @ —W/YN)<rFq,p=1—0a  (35.112)

B of6meMm ciaydae COOTBETCTBYIOIHH pe3yJbTaT NOJY4YaeTcs, €CJH
BMmecto (35.111) ucnoansosath cooTHouweHue {35.110).

35.62 ITockoabky Marpuua V JojKHa ObiTb HeBBIPpOXASHHOM,-
TO ee paHr r He Moxer ObiTh GoJbllle ¢, TAe ¢ — MaKCHMalbHoe
YHCJO JIMHEHHO He3aBHCHMEIX CDaBHeHHI BeJIMUMH 0; (kKak caeayer
u3 npumepa 35.1, B cayuae ogHodakTopHe# KiaccupHKaUUH HMeeM
g=k—1). B o6llleM cayuae g coBnagaer C 4HCIOM CT. CB. COOT-
BercrByiomeit CK B Tabauue JA. CoorHowrenne (35.112) npm
r =g crpaBelJHBO AJA 4106020 MHOXecTBa M3 ¢ JHHefiH® He3a-
BHCHMBIX CPaBHEHHH, HO OTCIOZAa He cJeAyeT, YTO COOTBETCTBYIOLLee
yTBepKAeHHe BLIIOJHAETCH OXHOBPEMEHHO IJAs Kawcd020 TaKoro
muoxecrsa. Opnako lledpde (1953, 1959) mnoxasan, HCHOAB3YS
TeOMeTpHUYECKH# TIOAXOM, YTO BEPOSITHOCTH TOrO, YTO BENHYHHBI BCEX
cpaBHeHHH OAHOBDEMEHHO YAOBJETBOPSIOT HepaBeHCTBaM

b — 2 < gFq .oV (), (35.113)

paBia 1 —a. 3xech V(p) ecTh oOlleHKa MHCIEPCHH BEJIHUMHBI P,
rie o2 oleHeHO BenuuuHOH $2 ¢ v cT. cB. B ympaxHenun 35.12
CONEPXKHTCA aHaJUTHUeCKOe, a B ympaxXHenuu 35.19 upesBriuaiHO
mpocTtoe aJjqrebpanueckoe JXoKa3aTeJbCTBO 3TOro dakra.

ledbde (1953, 1959) maer majbiie H BHUYUCAAET, YTO HHTEP-
BaJibl JJisi BceX cpaBHeHHH, 3amaBaemrue (3D.113), Boob6iie rosops,
MeHblle, YeM HHTepBaJH, 3agaBaembie (35.108), 3a muckaloueHHeM
JABYX cayuaeB. Bo-mepBHX, Korna Bce cpaBHEHHs CBOASITCA K PasHO-
craM. Torma (35.108) ceomurtca k (35.105), crnenuanbHO BEIBEH@H-
HOMY AJAs pasHoered. Bo-BTophix, Korma mHMeercs OYeHb MaJjo
HeHyJeBoIX ¢;. Bbonee toro, B Mertome llledde nHe o6s3artenpHO Tpe-
6oBaTb, uTOObLI BCce (X;— 0;) HMeJH paBHYIO IHCIEPCHIO, a 3TO
TpeboBaHHe JMEXKHT B OCHOBe paccyxieHud 35.57.

35.63 BosBpamasice K KpPHTEpPHIO [JHCIEPCHOHHOTO OTHOLIEHHS
IAst TOJIHOA THIOTE3w O ToM, uto 6; pasHbr ((3D.22) B cnywae on-
HodaKTOopHOA KaaccuPuKaLMH), Mbl BHAMM, YTO 3Ta rumore3a (cM.
(35.20)) yrBepmmaer, 4TO ¢ JHHEAHO HE3aBHCHMBIX CpPaBHEHHI
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paBHbl Bce Hyalo. OTciofa ciaenyer, 4To 8Ce 603MOINHCHble CpaBHE-
HHA DaBHBI HYJIO, MOCKOJIbKY KaXK[loe CpaBHEHHE MOXHO paccMar-
pHBaTh KaK JHHEHHYI0O KOMOMHANHIO 3aflaHHBbIX JIHHEAHO HE3aBH-
cambiXx. Takum o6pa3oM, COCTaBHOH KPHTEpHHA JOTHYECKH 3KBHUBa-
JIeHTE€H MpPOBEpKe rHIOTEe3bl 0 TOM, UTO KaXJoe H3 GECKOHEYHOro
HHUCJIa BO3MOXKHBIX CpaBHEHHH paBHO HYJIO, T. €. IPOBepKe Toro, 6y-
ger Ju Xots Obl OOHH U3 OeCKOHeYHOro YHC/JIa HHTEpPBaJoB, 3a-+
nasaeMbix (35.113), He comepxkathb HyJb (CM. TakXe yNpaKHEHUS
35.12 u 35.19). Oto cBoficTBO pacnpocTpaHsaeTcs. cpa3y Ha Ipolie-
Lypy oaHoBpeMeHHOH mnpoBepku [abpuaas (1964) us 35.54. Ilpm
3TOM TMOAMHOXKECTBO CYHTAETC HEOJHOPOAHHM TOrda H TOJABKO
TOrjla, KOrKa HEKOTOpoe CpaBHEeHHe AJs 3JeMEeHTOB 3TOTO MHOXe-
cTtBa uMeeT pHTepBak (35.113), He MOKpLIBAOILHA HYAb.

B 3roM ocHoBHasA mnonab3a Metoma Bcex cpaBHeHudl Illedoe.
Ecnn cocraBHON KpHTepHA OTBepraer THIOTE3Y OXLHOPOJHOCTH, TO
MeTOJ BCeX CpaBHEHHH MOXKHO HCIOONb30BaTh AJS paccMOTpeHAs
JIO6BIX CPAaBHEHHH C 1ieJbl0 OGHAPYXKHTh, SIBJASIOTCH JIH OHH HCTHH-
HO# NPHYMHOH OTKJIOHEHHSI THIOTE3Bl, H IIOCTPOEHHA AJs HHX HO-
BEDUTENbHBIX HHTepBa/joB. IlpHueM 3TH cpaBHeHHs He HYXHO BH-
Jeadats 3apaHee. EcrecTBeHHBII nNyThb pasbiCKaHHA CpaBHeHHH,
OTBETCTBEHHBIX 32 OTKJIOHEHHe TIOJHOH OJHOPOJXHOCTH, COCTOHT

1 o
B TIepBOHAYaJbHOM pPAaCCMOTDEHHH -2—k(k — 1) pasHocrteii. Bee 310

MOXKHO IIpoJie/siaTh, He BJIHAA Ha pa3Mep COCTAaBHOrO KpHTEpHA.
Ecau uuTaTe/b BepHeTCs1 Tellepb Ha3al K HCXOAHOMY 0OCYyKAEHHIO
ueJieii MHOXEeCTBEHHOro cpaBHeHHA B 35.51, 10, BO3MOXKHO, OH
corjgacuTcsi, uro Metron Bcex cpasHeHuid Iledde ouenn 6Gum3ok
K DOCTHUIKEHHIO IIOCTABJEHHBIX TaM Liejel.

Fabpusn (1967) npuBoauT OOGLIYyI0 TEOPHIO AJAS ONHOBpEeMeH-
HbIX [pOUERYP NPOBEPKH.

35.64 dann (1961) paccmarpusaer mnpouelypy, HUpOMexXyTod-
HYl0 MeXIy NOCTPOeHHEeM XOBEePUTE/AbLHOr0 HHTEpBaJa AJAA OXHOTO
CPaBHEHHfi Y IOCTPOEHHEM AOBEDHUTEJbHHX HHTEPBaJOB /A BCeX
cpaBsHenuii. B ee meroxe Tpe6yercd, 4TOGbl alnpHOpPH ObLIM BBile-
JIEHBl /m CpaBHEHHH, IpeACTaBJSIOUIHX ocobbifi uHtepec. Ilosayuaio-
imHecs HHTEpBaJH (OCHOBaHHble Ha f-craTHctuke CTbhIOLEHTA) KO-
poue, uemM HHTEpBaJbl, NojJyueHHole Kak Merofom lllepde, Ttak
» MetofoM TbIOKH, ecid k (uHCJI0 mapaMeTpoB) GoJiblle ABYX, a m
He OoYeHb BeJHKO. Bhiroma yBenuwuuBaercss IpPH yBeJHYEHHH Kk HJIH
yhcaa Cr. CB. OCTaTKa, uau kodpdunmeHrta posepusi | —a. B yn-
paxHeHud 35.14 mpuBeneH oueHb NPOCTOH pe3y/abTaT, KOTODHIH ne-
KUT B ocdoBe 3toro Mertoxa. Cuoravm (1964) yayumaer mpo-
uenypy.

Bopep (1967) naer yayumenue meroRa llledde B cnyuae, Korna
paccMaTpHBAIOTCA CPaBHEHHS [JA TlepeMEeHHHBX, PO KOTOpbie H3-
BECTHO, UTO BCE€ OHH IOJIOXKHTEJNbHbI.
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YnopajaoyeHHas H MeTpHYeCKas KjaaccupHKaunuu

35.65 B aTok rviaBe paccmatpuBaJlach coBceM o61las KiaccHdpH-
Kauus nepemeHHnix. He pesasoch HHKaKHX NpeAlosoxeHHi, Ha-
OpHMED O TOM, YIOpAJOYEeHbl Ju KakHM-AHO0 o6pa3oM rpynimbl
kaaccupukauun. OnHako ecaw HMeeTcs DojaHas uHbopMauusa
o npuHuunax kaaccudpukauuan, o CK B tabaune A MoryT ObiTbh
pasbuThl NaJblie Ha COOTBETCTBYIOLIHe KoMmnodeHTH. Hanpumep,
€CJIH  HM3BECTHO, YTO TIpPYNNbl COOTBETCTBYIOT «PaBHOOTCTOSALLHM»
(«equally-spaced») 3HaueHHSIM u3yyaeMOHd NepeMeHHOH, TO MOX-
HO HCIONb30BaTb OPTOI'OHAJbHBIE IIOJHHOMBI, PAaCCMOTPEHHbIE B
28.18—20 1. 2, u4TOGBHI IOCTABHTh B COOTBETCTBHE OTAEJbHYIO
CT. CB. JHUHeHHOMY, KBaipaTHYHOMY, KyOHueckoMy abpdektaM H 3d-
¢dektam 6oJiee BBICOKUX CTeleHeHd AJS I[epeMEeHHOH, 10 KOTOpOH
npousdBoguTcs kaaccubukauusa. Ecanm Heo6XoAHMMO, TO TaKHM CIO-
co60M MOXKHO Hcuepmatbh Bce 2 —1 cr. cB. Hcnoab3syembii Meton
B TOYHOCTH COBIIajlaeT C METOAOM, PAaCCMOTPEHHHIM B npuMepe 28.3..

B GoJsee cnoXxHbix kJaccuduKamusax B3aHMOXEHCTBUS, TaK XKe
Kak 3bdekTol cTpok (HJaH Apyrde), MoryT ObiTh pa3GUTHI aHaJo-
rHYHBIM 00pa3oM, ecld BCe u3yyaeMble IepeMeHHble pa3GHBalOTCA
Ha Tpynnobl B COOTBETCTBHM C pacnoJsioXkeHueM. MeTolabl BHIYHCIHE-
Huii mpuBefleHnt y P. Annepcona n Baukpodra (1952), a Takxe
B tabaunax ®umwepa u Usiitca.

35.66 Baprosompio (1961) paccmarpuBaer ciyvyal ynopsjpoyes-
HOM KJaccH$HKAlHA KAaK ajdbTepHAaTHBY rHIoTe3bl 06 ONHOPOAHOCTH
rpynmn. IToayuaercs Ta Ke cCHTyauusi, yTo H paccMoTpeHHas B 31.74.
Ecnu Bce n; paBHBI, TO OKa3biBaeTCs, YTO CBOGOAHBIA OT paclpese-
JIeHHSI KpHTepPH#H, ocHoBaHHbI Ha (31.151), uMmeer acuMmTOTHYECKH
66abmyio MolHocTb, yeM kpurtepuii OIl, ecan Bce 8; paBHOOTCTOA-
1I¥e, H MEHbUIYI0O MOIIHOCTb, €CJH HMMeeT MeCTO APYrod KpaHHu#H
cayyail, Korga paBHH Bce 0;, 32 MCKJIOUEHHEeM oJHOro (cM. ynpax-
nenne 35.15, a Takxke cratblo Uako (1963)). I[opak (1967)
o6oburaer pe3ysabTaT Ha OoJiee CJOXKHBIE CHTyallHH, BKJIO4Yas o6cy-
XKJeHHe CcBOGOOHBIX OT paclpeneseHHss KpHTepHeB NIJsA ajbTep-
HaTHB 00 ynmopsiioYeHHUsIX.

Kosapuauuounsiift aHanu3

35.67 EcrecTBeHHOe o6o6menune 1A Bo3HHKaeT Toraa, Koria
UpH aHaJu3e KjaccupHuHpyeMbIX HaOJIOJEeHHH, KOTOpHEe MBI pac-
CMaTpHBaeM B 3TOH rJiaBe, HapANy ¢ HaGJIIOAEHHBIMH 3HaueHHAMH
BEeJIHUMHB Yy Mbl y3HaeM 3HayeHde ONHOH (MM O6oJblllero yucJja)
uepeMeHHOH X, PO KOTOPYIO H3BECTHO (MJH IpeAroJaraercs), uTo
OHa BJaHseT Ha 3HaueHHd y. Ecau 6l gaHHble He OblLIH KJaaccudu-
LMPOBaHbI, TO Mbl HOJKHBI OblIM Obl NPOBECTH OObLIYHBLIN pe-
TPECCHOHHBIH aHaJIu3 Yy OTHOCHTEeJbHO X, HO Telepb MH XOTHM
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HCCJIeN0BaTh BJAHSIHHE Ha y Kak xJaccHOUKaluuu (BO3MOXKHO CHAOK-
HOM), TaK M M3MEPEeHHbIX 3HaueHHH x. TakoM aHaJu3 mpecaenyer He
T0JbKO OOHY Uelb.

Boob6uie roBops, perpecCHOHHbE METOAbl MPH3HAHB BHISIBHTh
(¥ yCTpaHHTb) BJHSHHE 3HaueHHA X HA ¥y, TaK 4TO IOCJE TOro, Kak
YUYTEHO BJIHAHHE X, MOMKHO CBOOOJHO aHAJH3HPOBATb BJHSHHE HA
y kaaccuduxauun. Tak ObiBaeT, ecqH TPHYHHBI, BAHSIONIHE HA X,
NpexIIecTBYIOT NPHYHHAM, BJHAOIMUM Ha y (T. e. IpellIeCTBYIOT
HCOBEITAHHAM, TIPHBOASINHM K KJaccudukanuu). Hanpumep, ecinn
H3MepseTcs BJAHAHHE MeTOAOB 0oO6yueHHA HA 3HaHHe AeTbMH B IIKOJE
Kakoro-siu6o mnpeamera, TO B KauecTBe X clelyeT B3SITb HauyaJbHbIA
YPOBEHb 3HAHHI 3TOro MpeaMeTa, a B KayeCTBE Y — KOHEUHBI.
B KauecTtBe x¥ MOXHO B3fiTh TakXke OOGMHA ypoBeHb 3Hauuil. [lo-
BHAHMOMY, B KauyecTBe IepeMeHHBIX X CTOHT pacCMaTpHBAThb Kak
o6mHi HayaJbHbIH YPOBEHb 3HAHHH, TaK H Hayva/bHBIH YPOBEHb
3HaHHHA maHHOro mpeaMmeta. Takofl aHa/ W3 MOXHO Ha3BaTh aHa/lK-
30M, NPH3BAHHBIM YCTPaHUTb BaHsAHUe X. Ero Metoibl NpH3BaHHI
rapaHTHpPOBaTh YHCTOe CpPaBHEHHe UCIBITAHHH H TaKyKe YMEeHbHIHTb
OCTATOYHYIO AHCIEPCHIO, BBI3BAHHYIO TEM, YTO X IPUHHMAaeT pa3Hble
3HAYeHHS.

IMousitHo, 4TO eciu HCHbITaHUS, NIPUBOASAILHEe K KJaccHbHKaUHH,
He BJHAIOT Ha 3HAUeHUs X, KakK 3T0 ObUJIO B NpHBELEHHOM IIpHMepe,
TO HHTepIpeTalHs CTAaHOBHTCS INpoOlle, HO aHaJH3 MOXKHO NIpPOBO-
IUTb H B IPYTHX CJHy4asx.

MoxHo, BanpuMep, B OTJIHYKEe OT OIIHCAHHOM CHTYaUHH (HJH
B [OIOJIHEHHe K HeH) HHTepecoBaThcs, BJAHSAET JH Kiaccubuxkauus,
KaK TaKoBasi, Ha perpeccuio y OTHOCUTeJNbHO X. B paccMOoTpeHHOM
npuMepe Mbl Obl MOrJH CIIDOCHTb, OYAET JIH perpeccHsi KOHEYyHOro
YPOBHSI 3HAHMA OTHOCHTENbHO HaYajibHOrO YPOBHA 3HAHHIA ONHOH
H TOH Xe IpH NpUMeHeHHH Jaio6oro mMerona oGyueHus. Lleabio ana-
Jin34a B 3TOM cCjayuae fBJAETCH HE yCTpaHeHHe BJHAHHSA, a OCOOBIH
HHTEpEeC K COOTHOWIEHHIO MEXAYy NepeMeHHBIMH.

35.68 3Ty uyacTh npeaMeTa Ha3bIBAIOT KOBAPUAYUOHHbLIM AHAAU-
30M, TIOCKOMbKY B DEerpeccHOHHBIX BbIYHCJIEHUAX YUYACTBYIOT pas-
OueHusl OPOH3BeNEHHUH y U X TOYHO Tak XKe, Kak B LA — pa3Gueuns
CK. TlepemenHble x OGBIYHO Ha3BIBAIOTCA CONYTCT8YOW UMW, TION-
yepKHBasi TeM CaMbIM, YTO OCHOBHON HHTepec IpenCTaBJfeT .

O6umupHbli 0630p NpAMEHeHHMI KOBapHaUMOHHOIO aHaJJH3a Co-
IepKUTCI B CeMH CTaThfiX CllelHanbHOro Bhimycka Biometrics
(t. 13, Boinyck 3, centabpn 1957). 1. Kokc (1958) paer mocrymHoe
BBeledHe B npegMer. Huxke MBI paccMOTpPHM TOJBKO TeopeTHue-
CKHe acleKTHl.

35.69 Mbpbi yXKe BHAENAH, YTO KaK PErpecCHOHHbIM aHaJH3, Tak
r JIA MOXKHO paccMaTpHBaTh B paMKax JHHeHHo# wmomeau. Ilo-
STOMY OYEBHAHO, YTO KOBAapPHAUHOHHKWH aHaJH3, ABJIAKIMHACA HX
CMecCbi®, TaKJKe MOMHO paccMaTpHBaTh B 3THX paMkax. Kak Tte-
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1epb NOHATHO, MPOCTOTA HHTepIpeTaldH B TOM cCJyuae, KOrxa HcC-
NBITAHHSI He BJHAIOT Ha CONYTCTBYIOLUHE NepeMeHHHe, COOTBET-
CTByeT Telepb YIPOIEHHIO JHHEHHON MOIEJH B Clyyae HeKOppesaH-
POBaHHBIX MHOXKECTB perpeccopoB. AHaJlOrHYHO MOXKHO cdopmy-
JIMPOBATh JHHEHAHYIO MOAeJab IJsA J000H CHTyalHMH KOBapHallMOH-
HOro aHaJu3a.

Onnako 3TOM YTOMHTEJbHOA IpOUEAYPHl MOMXHO H36exXKarTh,
ecaiu u3BecTHa ¢opma A, KOTOpHH (Kak rosopsiT) BJIOKEH B KO-
BapHalHOHHBIA aHaau3. B 3ToM ciayuyae MOXHO NpoBecTH pacHly-
peune IIA ans npoBeleHHs CBAA3aHHOIO C HUM XKOBapHAalHOHHOIO
aHaJM3a, B3SB [POCTO COOTBETCTBYIOllee pacHiHPeHHe JHHeHHOH
Monenu. Bosee Toro, okasmiBaercs, 4TO 3TO pacilHDeHHE SBJSAETCH
BecbMa ob6muM. OHO 103BOJIsieT BBOAHTH JAONOJAHHTE/]bHbIE Iapa-
MeTphl B CyLIECTBYIOLLYIO JHHEHHYI0O MoJesab. Kak ykasbiBaeT cam
3aroJIOBOK, IMIpHBEJeHHHE HHXKe aJjreb6paHuecKHe BHIKJIaJKH He
orpaHHuYHBalOTCA cHTyauuamu JA.

Pacmipenne auHefiHOA MojeJH AJS yYeTa HOBLIX NapameTpoB

35.70 Ilyctb paccmaTpuBaercs JHHeHHass MoJedb {BhLIpOMXKAeH-
Hasl HJId HeBbIpOXKAEHHas)
y=—X0-e, (35.114)

n HK-ouenka napamerpoB 0, nosydeHHas MeToZaMu ryaBul 19,
paBHa

§=Ty, (35.115)
IJe, pa3ymeeTcs, B HeBHPOXKIeHHOM cayuae T = (X’X)"' X’. Torna
ocratroudas CK paBha
(y — X0) (y — X0) = {(I — XT)yY {(I — XT)y} = ‘
=y (I— XT)y, (35.116)
nockodbky TX =1 B culy HecMelleHHOCTH 3 Marpuua (I— XT)

HAEeMIIOTEHTHA.
35.71 PaccMOTpHUM Telepb paclIHPEHHYIO MOAesdb

y=X04 ZB +e,
y—ZBp—X0 +e. (35.117)

Ecau 6bl B 66110 H3BECTHBIM, TO, cordacHo (35.114—15), Mbl uMean
OH pelleHue

HJH

=T (y — ZB), (35.118)

a, sHauuT, pemedne no metony HK monmenn (35.117) oTHocuTenbHo
6 u P moxer Ourb MOJIyYeHO pelIeHHEM TOJbKO OTHOCHTeJbHO f§
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MOJIeH
y=X-Tly—2Zp)+Zp+=

(I — XT)y=(I — XT) ZB +=. (35.119)

HJIH

(35.119) mpeacrasasier co6oft JHHEHHYIO MOIedb, H Mbl IIPENNOJO-
JKHM, YTO OHa He BbIpOXKJAeHa. Toraa u3 riaBul 19 mosyuum

B={(Z'I—XT)2Z}'Z (I — XT)y, (35.120)
V@) =o{Z U —XT)Z}"". (35.121)

35.72 Y menbiienHe ocratouHoir CK, o6ycioBiieHHOe paciuupe-
HHEeM MOJeNH, PaBHO

{I— XT)ZBY {I— XT)ZB} =§'Z' (I — XT)y. (35.122)

Cpassiende ¢ (35.116) nokasniBaer, 4T0 B 060MX 3THX COOTHOIIe-
HHAX COAEpXKHTCHA OfHA M Ta XKe marpuna (I — XT). (35.122) orau-
yaercs TOJbKO TeM, 4TO 3Ta MaTpHlUa C/eBa yMHOXaeTcsi He Ha
¥, a ua §’Z’. 310 cobpaKkeHHe NMO3BOJSET YIPOCTHThL BHIYHUCIEHUE
(35.122). Bmecto kBazpaTHyHOA GOpPMEI OT ¥ HYXHO pacCMOTpPeThb
COBOKYIIHOCTb OHNHHEAHBIX ¢OpM, NTONyYaloOIIHXCST B pe3yJbrare
noncraHoBKH B (35.116) BmecTO ¥’ 1o ouepenu Bcex CTOAGLOB MaT-
puubnl Z. O1H GuidHedHble (OPMBl HYXHO pAaClOJNIOKUTb B BHIE
croabna H YMHOXHTh csaeBa Ha f’. B pesyabrate mnoayuurcst
(35.122).
Pasnocts Mexny (35.116) u (35.122)

(y — ZBy I — XT)y (35.123)

siBasierc ocratoyHo#t CK, xorna B KayecTBe NMOLOrHaHHOM paccMart-
pHBaeTcsl paclIHpeHHas Mojeib (35.117).

Jlerko BuaeThb, 4T0 ecau MauuMmusuposaTs CK npu xakwux-nu6o
orpaHHYeHHAX Ha 3JeMeHTHl BeKTOpa O, TOo yMeHblieHHe Oyner
HMeTb TOUHO TAaKOf ke BuA, 4TO H (35.122). EauHcTBeHHOEe H3MeHe-
Hue cBondTcs K 3amete (I — XT) na mMarpuny Q, COOTBETCTBYIOILYIO
KBaapaTHyHOH ¢opme MunumusupyeMoi CK. Aranoramu (35.122—3)

aBasiores toria P'Z'Qy u (y — ZB) Qy coOOTBETCTBEHHO.

35.73 IlpuMeneHHe pe3y.abTaToB 35.70—2 B ciyyae KoBapHauu-
OHHOTO aHaJH3a, oueBHAHO. Purypupyomum B IIA cymMmam KBagpa-
TOB COOTBETCTBYIOT CyMMbl mnpoussexeHust B (35.122). IHedde
(1959) npHBOAHT mpaBHJa BHIYHCAeHHH H TpuMepu. ¥ P. Augep-
coua n Daukpodra (1952), Tak e Kak B YNOMSAHYTOM BhINyCKe
Biometrics (centrsGpbp 1957), nmpuBeAeHEl BHIYHCJIEHHA XA KOHKpET-
HBIX CHTYaLMH,
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YNPA)KHEHHA
35.1 Ilpomeputb, 4T0 ecau ni; = m, To CK 8 (35.63—4) cBomsitcs K

Se=(Z 2T 04p)" flrem
S, = Zl: (}; ; y,,,,)”/(cm) —S,
Sy = E/“ (Z fpj y:,,,)2 / (rm) — S,
S3= Z‘: ZI: (Z,,: yllp)z/’" — (Si T S+ Sy,
SR=2 Z]: Zp:yfm—(31+32+33+34)-
H mokas3aTh, 4To. ecid m = |, To atu CK npuHuMaloT BHAO (CyMMHpPOBaHHe MO P
Tenepb HIJHILHE) .
S,= (Zl: ZI: y,,) /(rc),
S, = 2/c—s8,,
=SBy fems
82 =ZI: (Z‘ y")2/lr - 840

Sa=z ny,—(S,+S2+S4).
S R= 0.
35.2 ITposepHTb, 4TO ecad n;; = m, To MaTpuna C, onpenensemas B (35.39),
NpUHUMAaeT BHI
2E E E ... E|)
E 2E E ... E

c —m . -,
(r—=1) (c=1X(r-1){c—1) * . .
. . . . . E
E. .... E 2E
roe
2 1.. 1
1 .
E = : ° . .
(e-1) X(c-1) * ¢ . 1
1 ...1 2
[lokasats, utO
((r—1)BE™' —E! — E-!
— ! . . . . .
c'=_L o - :
rm . .. .- . ’
. . . — E-!
—E! —E'" r—1)E™!
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rae
c—1 —1 ... —1
-1 e—1 . .
-1 1 . . . .
E™ =— . .
. . . —1
—-1... —1 e¢—1
W BHBeCTH OTCiOfa, yTo HK-ouenku Bennuun 0;; sapmaorcsa cootomenuem (35.50).
35.3 O6o6mutb Tabauny A us npumepa 35.5 Ha cayuail TpexdakTopHOI
HepapXHYECKOR KJaCCHQHKALWMH H NPHBECTH TPH KpUTEpUs NPOBEPKH THMOTE3 O
TOM, YTO HET pAa3JH4YHA a) MeXAY IPYNHOBHMH cpefHHMH, 0) MeXAy CPEeIHHMHA
BJt NOATPYNN BHYTPJl TPYNN, B) MEXAY CPelHHUMH NOANOATPYNN BHYTPH NOArpynm,
35.4 B nmpumepe 35.4 noka3aTh, UTO ecJH NOCTYJHPOBAaTH BunoaHenue Hs u3
(35.54), T. e. cuMTaThb H3BeCTHHM, uTO HeT B3ammognefictBuii, To CK, cooTBer-
creyoman addextaM €TpoK, pasia M — S,, a CK, coorBercrsylomas adpdextam
croabuoB, paBia M — 8y, rae S; u S: onpemeneun B (35.59—60). IMokasaTb, yTO
B 3rom cayyae ocrarounnit CpK umeer (n—r—c + 1) cT. cB.
35.5 Ilokasath, uTo ecau B (r X 2)-nepekpecTHO KaaccHPUKAUUH Pa3HOCTH
KJETOUHHX CPERHHX d;==y; — Y;5, aHAJIHIHPOBATH METOAOM B3BENICHHBIX XBajl-

paToB CpeNHHX 3HaueHHA, npumenenunM B 35.31 x 7, 10 CK ZW,(di—
i
-—ZWidi/Z W'.)z, rae W, =n;'+ n;', npusomar x xpurepuwio mas npo-
] i

BEPKH TUNOTE3H O TOM, YTO BCE B3aHMOAEACTBHA PaABHBl HYJIO.
(Hsiitc, 1934.)

356 B (2X2X 2X...==2m)-nepexpecTHOil KJaccHPHUKaLHU NOKa3aTb, YTO
ecu o6pasopath (2 )X 2™m—!)-tabauny AJas MOG0r0 H3 TpPH3HAKOB (CKakeM, A)
APOTHB BCeX BO3MOXKHEMX KOMGHHAaOHH XPYTHX, TO HeB3BellleHHOe CpefiHee pa3HO-
cTefl CTPOYHO-KJIETOUHHX CPEIHUX HOCTaBJfeT 3(PPEKTHBHYIO OLEHKY M KpHTepHil
nas a¢pexta A. Ilokasatb, 4yTo 5T0 0606inaer 35.31 W YTO aHANOTHYHO MONKHO
npoBepAThb JMo6be B3aUMOAEHACTBHUS.

(Hsiite, 1934.)

35.7 Huxe B Ta6auue npuseleHbl nauuble Bpanara, ucnoabn3oBanunle HaiT-
com (1938) mas (8)< 2)-nepekpecTHot kaacchdukanmd 533 cmaHHWX Ha YGof
cBHHeRl N0 noJy H nopoge. B Ta6aume maHb KJETOUHHE YacTOTH 7i; MU CyMMmap-
Hble N0 KJETKe 3HauyeHHsl H3yyaeMOR nepemenHoil (Jdorapudm NpPONEHTHOro comep-
Kanug 6eKona B Tylue).

IToa JKeHCKRit Myxekon

Mopoaa 3 ; Yitp "2 ; Vizp

I 83 66,55 89 181,04

II 51 98,69 141 281,43

nr 13 25,90 17 34,20

v 4 7,62 9 17,58

\'A 8 14,64 4 8,20

VI 15 28,11 32 64,42

v 35 66,90 47 90,52
viu 12 23,32 23 46,70 -

Bcero 171 331,73 362 724,09
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IMosnas CK, xoTopyio Heab3s mOJNyudkTb u3 3TOA TabGmHUM, Onsia [3,0142. Hc-
noab3ys 35.31 u ynpaxkmenue 35.5, nokasaTh, 4To (npeHebperas 1 cT. cB. mas re-
HepaJbHOro cpeauero) JA umeer BHI

Komnonenrta Amcnepchu YHucao cT. CB. CK CpK
O6ycJaoBneHHass HOpoOnOd 7 0,6056 0,0865
O6ycnoBaenHast moaom 1 0,3032 0,3032

8 1,0415
BsaumopedcTsuit  moJsa

H NOpPOIAH 7 0,2300 0,0329
ITonnas mexay KnaccaMu 15 1,2715 0,0848
OcTaTouHas 517 11,7427 0,0227
Ilonuass MuHye resepan-

Hoe cpelHee 532 13,0142

TlokasaTb, YTO KaK nOJ, TaK H NOPOZA BJAHAIOT HA COmepKauHe OexOHa, HO
4TO OHH HE B3aUMOLEHCTBYIOT.

35.8 ITokasarts, 4TO ecau B mpuMmepe 35.6 B KJaeTKe HMeeTCs TOJIbKO OLHO Ha-
6moneune, To Tabauna (35.95) IA ocraercs Bepuoit ¢ ocrarounon CK, Toxne-
CTBEHHO paBHO# Hymo. Eciu cuutaTh, 4TO B JHHEHHOH MOZENH HET B3aHMOJef-
creuii BToporo nopsaxa, 1o CK ¢ (r— 1) (¢—1) ({ — 1) cr. cB. cTaHOBATCH OCTa-
Tounoii CK nossi npoBepkH BceX ApPYrHX NapamerpoB (cM. ynpakhenue 35.3).

35.9 [lokasats, yto A aas (r )X ¢)-nepexpecTHOl KJaaccHpHKauupm ¢ m Ha-
6JAI00EHHAMHE B Ka)X10fi KiIeTke MOXHO ¢opmaabHO BhBeCTH H3 (r XX ¢ X m)-me-
PeKpecTHO KJaccHPHKaHHH ¢ POBHO OAMHM HabGaiONeHHeM B KJETKe, AJsf KOTOpO#
KnacCH(pHUKallusg NO CJIOSM COOTBETCTBYET NOBTOPEHHIO ONKTOB H COOTBETCTBYIO-
e efi riaBHHe 3(@PexTnl U Bce B3aHMONEHACTBHS NOJOXKEHH pPaBHLIMH HYJIO.

35.10 Oas onpepenexsoit B 35.54 npouedypn Hefimana — Keifiica nokasarts,
4TO €CqH I HEKOTOpOro MNOAMHOXECTBa, BKIIOYAIONEro P 3 K TIpynn, HCTHH-
HHE cpelHHe paBHH, B TO BpeMs KaK BCe ApPYyrHe rpyNmbl MMeEIOT APYrue cpenHue,
TO BEPOSITHOCTb HEBEPHO NPH3HATb HEOXHOPOIHOW Mapy H3 YHOMSHYTOro NMOAMHO-
KeCcTBa He MPeBOCXOAHT Q. -

IToka3aTb, YTO €CHH HMEETCH /M TaKHX MOAMHOMKECTB C PaBHLIMH HCTHHHBIMH
¢pedHHMH, TO BEpOSATHOCTb HMENpPaBHJIBHO NPH3HATb HEONHOPOAHOR napy u3 Jio-
6Qro TaKoro NOAMHOMeCTBa He MPEBOCXOXHT MQ.

(Xaptau, 1955.)

35.11 IToxasatb, uTo ecau B 35.57 k BesyuuH %: — 0; MMEIOT COBMeE€THOE MHO-
rOMepHOe HOpMaJibHOe J)acnpene.neuue ¢ nucnepcusaMud o3/N u BceMH KoBsapHa-
nBaMH, paBHBIMH —A?0%/N, a BeKTOp Xo He 3aBHCHT OT X; H MMEET HOpMaJjbHOe
pacnpenenenne ¢ HyJeBHM CpeaHHM u AucnepcHeii A?¢?/N, TO Beawunun 2; =
= %i — 0 + %o He3aBUCHMH H HOpMaJibubl. [lpuMenss K 2; MmeroA 35.57, moxa-
3aTb, YTO BEPOATHOCTb ORHOBPEMEHHOIO BHINOJHEHHS HePaBEHCTB

= %y — aq (1 4+ 22) /NY 2 <0, — 8, <%, — 3+ g5 (1 +2%) SN}
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Ans Bcex k(k—1)/2 pasuocreir 0: —0; paBHa | — . TlokasaTb, 4TO TO4HO TaK
ke obo6maerca pesyabTat 35.59.
(Uedde, 1959.)

35.12 B omuodaxrTopHoii KmaccHdHKauHH H3 npHAMepa 35.1 Ge3 orpaHHyeHHs
k

O6IHOCTH MOJOXHM ¢ = | B GyneM cuuraTh Z n,0; nauaiom koopauar. - ITo-
i=1
Ka3aTh, 4TO 3HaYeHHe t2=(2 c,.e,)z /(Z c?/n,) HOCTHraeT MaKCHMyMa MpH
T 7
TaKOM BHIGOPE Ci, UTO ¢; o< 1,04, TaK TO Z ¢; =0, a [{| apnserca HanGorbWIHM
7

BO3MOJXKHBIM NpH [JaHHHX HaGJIOeHHAX 3HAYeHHEM OTHOUWIEHHS CpPaBHEHHs K CO-
orsercTBYlomel cTanmapTHoii cwubke. I[TokasaTh najaee, uto £2 =8, roe S;—
onpenenennas 8 (35.21) CK, cTosimas B YHC/IHTEJE COCTABHOTO KPHTEpHsl HHCIEp-
CHOHHOrO OTHOIUEeHHs, onpegeseHHoro B (35.22). Tak 4TO cOcTaBHONI KpHTEpHi, NO
CYIUECTBY, ABJSETCH KPHTEpHEM MAaKCHMAJbHO BO3MOXHOIO NMpH HaHHMX HaGmaiome-
HHAX CpaBHEHHH.

(dToT pesy.abTaT ABJAfETCS OGHIAM — CM.,

Lledde, 1959, u Tabpuaa, 1964.)

35.13 Beoas ¢uktuBHni napamerp 0o = 0 c ouenkoit @ = 0, mokasarTb, 4TO
BeeM JuuefHMM KoMGuHanuaM = ) cf; (me D¢, He obssarensHo paBHa

13
HYJI0) MOXHO CONOCTaBHTb HOBepHTeJabHhle HHTepBaan (35.113), yBeanuns g Ha
enununy. [TokasaTh TakKe, YTO aHAJOTHYHO MOXKHO HCMOJb30BaTh Metox (35.108),

yBeJnuuB X Ha €IHHHLY H 3aMEHHB 5 Z |¢; | na

3
max {Z"l"'i>0; lZc,l, c,<0}.
i 7
(Toioku, 1953; Illeddpe, 1959.)
35.14 B 35.64 paccMOTpHM R co6uiTHil, He ABJIAIOMHXCA He3aBHCHMBIMH, c paB-

HEIMH BepOSTHOCTAMH P, ocymectBieHns. [TokasaTb, YyTO BepOATHOCTb Pja TOroO,
YTO BCe OHH OCYIIECTBATCH, YHOBJETBOpSET HepaBeHCTBY Pa =1 —R(1— Py).

Tlyctb P = | — @ — BepOATHOCTL TOrO, YTO CTbIOZEHTOBCKasi f-CTaTHCTHKA (C V

CT. CB.) JIeXHT B uHTepBane (—Ig, I,). ITokasars, uro ecu m JHHEAHBIX KOMOH-
k -

Hauuh  Ag == Z csi0; (s=1, ..., m) oneHuTb BEIHYHHAMH IS=Z csi6i, TO
i=1 3

(ls — hs)/{D (Is)}V/® nmeer mas wammoro s pacnpeneneine CTbIOLEHTa ¢ V CT. CB.
ITokasaTb OoTClOZA, YTO

P{ls—to [D ()] <As SUs+ ta [D (1]} =1 —
(Maun, 1961.)

35.15 PaccmMoTpuM cBOGOAHYIO OT pacnpefmedenust cratuctuky U pas npo-
BepKH R BHGOPOK MPOTHB aJbTepHATHB 06 YNOPSHAOYEHHSX ONpeNeJeHHYI0 B (31.151)
T. 2, H KOHKypHpYlollylo CTaTHCTHKY U’, onpeneasieMyl0 aHaJOrHYHO, HO C 3aMme-
Hofl qu Ha

Ilp nq
Upg=D, D, (xp1— xqj) = npnq (%p — Zq)

=] je=l



JUCIIEPCHOHHBII AHAJIHN3 B JIMHEWHOM MOIEJIH 87

Tak, 4To
k k
U'=3 3 npng(Z,— %)
p=1 g=p+l

s HOpMaJbHO pacnpefieleHHHX HaGMOZeHHH Xis cO cpeAHuMH M (xi;) = 04 »
PaBHBIMH AHCHOEPCHAMH G2 MOKa3aTb, YTO €CHH Ny = ... == n, = N, TO acHMnTo-
THyeekne GyHkuun Momnoctd U w U’ npu mnposepke pasenctsa O; mpoTHs asb-
TepHATHBHON FHMOTE3H O TOM, 4TO §; paBEOOTCTOfLIHE, HMEIOT BHI

G{A(3/m)' 2 —2s} u G{A—Ag),

k
rae G — craHApaTHas HOpMaabHas ¢. p., A?= Z 0;— 0)*0% a G{—Ag} =,
i=1
xak ¥ B rnase 25. Bupectd, uro AO3 cratuctuks U no cpasHenmo ¢ U’ paBHa
3/n. TlokasaTb, 4yTO NOCAENHHA pPe3y/bTaT CNpaBeAJHB NpH JIOGOM COOTHOLIEHHW
MEeXAY YNOpsiLOMeHHHMH 0.
(BapTamombio, 1961.)

35.16 Ilyctb B 35.54 R u P — moGke NOAMHOMECTBa H3 R [PYNNn TakHe, 4TO
R copepxur P. Tlokasats, yto (35.21), Bbluucaenuas njs R, He MOXeT ObITb
Menbie, uem Ta ke CK, BuuncaenHas nas P.

35.17 Tloka3aTb, uTO ONHOBpeMeHHas mpouenypa nposepkd u3 35.54 o6.a-
JaeT TeM CBOMCTBOM, YTO IS JIOGOro ONHOPOAHOrO MOLMHOMKECTBA BEPOATHOCTb
OhTb HENpPaBHJLHO NPH3HAHHHM HEOMHOPOZHBIM HE TNPEBOCXOLHT Q.

(Ta6pnaa, 1964.)

35.18 B 35.54 onpenmesnsercs HOBas cTyNeHuartas Npoulelypa, OCHOBaHHas Ha
CK (35.21), HO npuMeHseMas B AyXe mocJenuero a63ama u3 35.53. Ona umeer
TOT K€ CaMHi OOMHA pa3Mep &, YTO H ONHOBpEMeHHas OpolUenypa NPOBEPKH,
onucaiHas B 35.54. IlokasaTh, uTO OAs TakOH CTYNeHYaTOM NPOUENYpPH KpHTHue-
ckoe 3Havenne nas CK mo/xHO BO3pacTath ¢ POCTOM pa3Mepa [pOBEpsieMOro
NOAMHONKECTBA, 3, 3HAUHT, MHOXKECTBO MOXET ObLIThb NPH3HAHO OLHOPOLHBIM B CTY-
MEeHYaTOM MeTOHe, TOJbKO €CJH OHO NPH3HAHO TAKOBHIM B ONHOBPEMEHHOR MPO-

nenype.
(Ta6punaa, 1964.)

35.19 Hcnoasaysn HepapeuctBo Ko, nokasats B 35.62—3, uto

k 2 k k
A _ 2 A a2
max{ X a@-0) ) =% 3 G-
¢; i=] i=1 i=1

a, 3HaYuT, KBagpaT pasHOCTH MeXay Hadmonem-lum 3HayeHHEM CpﬂBHeHHﬂ H €ro
MAaTEMAaTHUYCCKHM OXHIOAHHEM HMeeT OJA TOr0 CpaBHEHHs, OAJs1 KOTOpOro OH MakK-
CHMAaJIeH, TO XK€ caMoe pacnpepelenHe, 4ToO H ( c?) qSQF, rae F — craTucrHKa

i

XpHTepHsi BJIS NpOBEPKH COCTaBHOA THNOTE3N O TOM, YTO Bce 04 paBHH. BuBecTh
orcioga (35.113),
(310 noOKa3aTeabCTBO MpHHALJIeXKHT DBaa-
ny n Pepxareny.)



FrJIABA 36

APYIHE MOAEJIH
JAUCINHEPCHOHHOTI'O AHAJIH3A

36.1 B mpenblayuiet riaBe pacCMaTPHBAJOCL NpHMEHeHHe 06-
Led JMHEeHHOA MOZeJH K aHalAu3y HaGJiomeHHH, packBaudHIHPO-
BaHHbIX Ha rpynnbl. OCHOBHHIM B pacCyXJAeHWAX GbLI1O NPEearoJio-
JEeHHe, SBHO 3allACaHHOE B JIHHeAHO# MOXENH, O TOM, YTO NMpHHAX-
JIeXXHOCTb HaOJIIOfeHUH K KAKOH-JHOO0 rpylnmne BJHXsgeT TOJbKO Ha
cpelHee 3Ha4YeHHe 3THX HAOGJIOZEHHA M HUKAKOrO APYroro BJHSHHUA
He okasniBaer. TakHM o6pasoM, B clydae JHHEHHOX MOAEJH KHUC-
nepcHOHHBIA aHanu3 ([A) MOXKHO OmHCaThb KaK aHaAH3 Cpedrux,
KOTOPBIH MPOBOJUTCS IIOCPEACTBOM BBIYHCJIEHHS HEKOTODBIX CYMM
kBanpatoB (CK) oT Ha6/MIOnEHHBIX 3HAYEHHH.

IlpyiMeuaTelbHO, 9TO K COBEPUIEHHO aHAaJOTHYHOMY TIONCYETY
CK (a B mnpocrefilieM clyyae naxKe TOXIECTBEHHOMY) IIPHBOIHT
HCCHeAOBaHHE CHTYyallHH COBeplieHHO Apyroro tuma. Ha nayaJbHOM
CTaJlM4 H3YJYeHHs 3TO NMoaobGue B NMpOBedeHHH aHaJH3a daxKe 3aTMe-
BaJO CYLIeCTBEHHOE pasHiue MeXAy JeXalMMH B OCHOBE MaTeMa-
THYECKHMH MOAENsAMH. DTO pasjiduie BiepBble GbIJIO SIBHO YKa3aHO
Diizenxaprom (1947). Ilpu satom A, ocHoBaHHBIA Ha Meroze HK
nJs oblielt JHHEAHOR MOZENH, H3JOXKEHHBIH B riaase 35, Ha3bBAJCA
mozeabio I JA. D10 HasBaHHe GymeT ynoTpeGJasiTbcs H B daJgabHel-
wem. ITepefinem Tenepnr K HCCAEeNOBAHHIO APYrOH CTPOro OlpenesieH-
HOH MaTeMaTHYeCKOH MOMIeNH, KOTOpylo OyneM HasbhiBaTh MOJeJb
1I JA.

YHutaTenio A0MKHO GHITh INOHATHO, 4TO TEPMHUH <IHCIIEPCHOHHBIH
aHaAH3», NpUMeHsABIINfcA paHbuie K Moxenad I (cm. 35.4, 35.9—10),
Temepb HYXHO MOHHMATb B GoJsiee MIMPOKOM cMbicaie. BooBuie, onpe-
nenuM JA Kak aHaJu3 JaHHHIX, BHE 3aBHCHMOCTH OT TOrO pacKBa-
AuGHUHPOBAaHbl OHU HJH HeT (cM. 35.15), NpOBOXHMEI C MOMOUILIO
pas6uenus CK Ha KOMIIOHEHTbI, COOTBETCTBYIOIIHE Pa3JHINBIM PaK-
TOpaM, KOTOpHE MOTYT HeifcTBOBaTh B KOMOMHAUMH HJIU KaXKABIH
B OTHEJbHOCTH.

Moaeas [I: KOMNOHEHTHI JHCNEPCHH

36.2 PaccMoTpuM Temepb BMecTO oOOuied JHHEHHOH MOIesH
(19.8) caenyoumyio BHeLIHe NOXOXYIO Ha Hee MOZLeJb
= 10 + X u 4 e (36.1)

(nx1) (nX1) (rXp) (pX1) (nX1)
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Tak ke, KaK 4 B raaBe 35 (M paHee B ynpaxHeHuu 19.1 1. 2),
B (36.1) MH BBIIENHJIM «IeHepasibHOE cpelHee» O, KOTOpOe Tenepb
nuirercss 6e3 uuiaekca. Kak u panee, 1 o603HagaeT BeKTOp, KOMIIO-
HEHTBbl KOTOPOTO paBHBl eAuHHIle, a X — 3alaHHYIO IOCTOSIHHYIO MaT-
PHMIly, B TO BpeMs KaK & — BEKTOp, COOTBETCTBYIOUIHH OIHOKaM NpH
HabmonenwH. BaxHe#lluM M3MeHeHHeM SIBJISETCS 3aMeHa BeKTOpa
napaMetpoB 0 u3 (19.8) Ha BekTOp %, KOMIIOHEHTaMH KOTOPOro siB-
JSIOTC p Ccayuwatinvix eeauuun. Taxkum obpasom, B (36.1) yrBep-
XKpaercsl, 9TO 3HauvenHe y; (i =1, ..., n) ckJagblBaeTcsg U3 reHe-
paJibHOro cpenHero 6 nJuioc JHHeHHass KOMOGHHALHSA p CAydYaAHBIX
BEJHYUH U; IJIIOC YJeH ei, COOTBETCTBYIOWHUH omuGke. IIpu atom y;
HMeeT Tellepb yXKe He OLHY CJAYyYaHHYIO KOMIOHEHTY, KaK 3TO GblIO
B (19.8), a (p+1).

Taxk xke, Kak # B (19.9—10) g5 o6iefi NHHEHHOA MOZeJH, Nped-
noJiaraeTcs, 4rto

M(e) =0; V(e)= M (ee’) = o?l. (36.2)

IIpu aroM nucrnepcHio OoWIMGKH Mbl 0603HauuJH 02, N06aBHB COOT-
BETCTBYIOIIHH HHAEKC IJA TOTrO, 4TOObl GBIJIO OTJHYHE OT AUCIepCHi
HaliMX HOBBIX CJyuadHbIX BeqHuHH. Ilajiee, NOCKOJIbLKY Mbl Bblie-
JIHJIH TeHepaJsibHOe CpeliHee, TO 6yaeM NpeanoJsarartb, 4To
M (z) =0, (36.3)
H YTO
D(w)=0% cov(u,u)=0, [I5#];

L. (36.4)
cov(u;, g;) =0 nna Bcex i, j.

Takum o6Gpa3oM, Bce HalH C/JAydalHble BEJHUHHH HMEIOT HYJeBOe
MaTeMaTHUYecKoe OXHIAHHE M IIONapHO He KOpPeJHpOBAaHBL.
36.3 IlapaMeTpaMu, NpeaCTaBASIOMHAME HHTepec B moXeau (36.1)

SBJASIOTCA 02, NUCIIEPCHH BEJMUHH u, ¥ nUCnepcHs omwn6ox ¢2. Pas-
MEpHOCTb 334daYH MOXeT ObiTb YMEHbIIEHa B TOM CJyYae, €CJH
3apaHee HM3BECTHO, YTO HEKOTOpnleé H3 07 MOryT ObiTb DPaBHBIMH.
TTpeAnoJIOXHM, UTO HMEeTCSl R pasauyHbix RHCIEPCHH orf, roe R << p,

H nepenumeM (36.1) B Buae
k
y =10+ ]Zl Xu; +e, (36.5)

rae u; ABJAAIOTCA Telepb BEKTOPaMH (NMOABEKTOPH BEKTOpa #) C pj

k
KOMIIOHeHTaMH (Z P;j=p}, KOTOpple B CBOIO OYepenb SsIBAAIOTCS
f=1

HeKOppeJUPOBAaHHBIMH CAyYaHHBHIMH BEJHYHHAMH C HYJEBbIMH MaTe-
MaTHUYeCKHMH OXHIaHUAMH H RUCHepcHsiMu 05. Marpuna X; npexn-

craBJsier co6oft (n XX p;) nogMatpuuy MaTpHun X.
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Onsa y us (36.5) nycts W o6o3nagaer matpuuy M(gy’), a V, —
IHCIEPCHOHHYIO MaTpHILY, KOTOpasi NpeAnoJiaraeTcs HeBbIPOXKIEH-
Hofi. Torga, ucnoabsys (36.2—4), monyuum

3

14 (4 ~
Vy=W—6211 =IZ_=:l o}X X| + oll. (36.6)
Takum oGpa3oM, 110 CYIIECTBY, Mbl JKejaeM OLEHHTh MNapaMeTpH,
KOTopble ABAAIOTCS KO3 ¢duuuentaMu y B 4 1 KOMNoHeHTH nucnep-
CHOHHOH MaTpHUH Ha6aopendid. B coorBercrBum ¢ atuM (36.5) ua-
€TO Ha3biBaloT Moneabio A nas Komnonent Qucnepcuu, gpyroe Ha-
3BaHHe My «monenu II».

CootHoiienHe (36.6) ykasblBaer Ha CYUIECTBEHHYIO pasHHIY Me-
xay (36.5) u obuleft snHeliHoA Momesabio. HaGuomenus tenmepb He
SIBJASIIOTCH HeKoppeaHpoBaHHuMHU (V, He nHArOHaJbHa), MOCKOJLKY
KOMMOHEHTHl 3THX HaGJIONEHHH HABASIOTCA JUHEAHBIMH (QYHKUHAMH
OT ONHHX U TEX XKe CAY4YaHHbLIX BEJHYHH U;.

Ilpumep 36.1

Paccmorpum monear (36.5) ¢ k=1, (n X p)-marpuua X, sAB-
asierca matpuuei Buna X us npumepa 35.1, U #; mpeacrasaserT co-«
Goit (p X 1)-Bextop. B pesyabrate mogayyaercst 3agaua OmgHodak-
TOpPHO# KjaaccHGUKaUUH AJs1 H3ydaeMOHd MOIeJH, B KOTOPOH HabJalo-
JeHHs] NMpeACTaBleHnl B BHAe p IPynn, npHYeM ¢-e HabJawoleHHe B
i-il Tpynne paBHO

yiq=e+ul+elqr

TIHe BEIHYMHB U; (p KOMIMOHEHT BEKTOPa #;) U &iq HE KOPPENHPOs
BaHHl, HMEIOT HYyJleBble MaTeMaTHIeCKHe OXKHMAAHUS H JHCIepCHH

D(u,) =o? mna Bcex i,
D (e,) =0 maa Bcex i, q.

O’I‘CIOlIa HeMeAJIEHHO IIoJy4dYaeM, 4YTOo
— 2 2
D (yiq) - Ol + O'v

TaK 4YTO y4YacTBYIOILHe B MOJeJH [ABa NapaMeTpa B OYKBaJbHOM
CMBICJIE SBASAIOTCS KOMIOHEHTAMH OHMcIepcHH HalOaiopedni. Otciona
W BO3HHK TEPMHH «KOMTIOHEHTH AUCIIEDPCHH», KOTOPBIA MBI OTHECJH
x o6meit Mmoxenn (36.5).

36.4 Uccaenosanue cBoiicTB MozesH (36.5) HyXHO HaYHHATh ¢
caMoro HauaJja, u60 merox HK, ucnoabsyembilt B obuieir JHHeAHOH
Mozend, Tenepb HenpuMenum. Hame n3noxenue caepyer I'penbun-
ay u Xaarksacty (1961).
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CoornomeHue (36.5) MOXHO GOlee CHMMETPHUHO IEPENHCATh

B BHAE
k+1

y=2 Xu, (36.7)
rae Mbl IIOJOXKHJHA
XQEI, uQEe (CKaJ'[Hp), Xk+1 EI, Uy —8.

B (36.7) ¢urypupylor k4 2 nmapamerpa, a HMeHHO O U k1
aucnepcuii, yyacTsyomux B dopMynHpoBKe mozesH. [lpeanomoxe-
HUA (36.2—4) nepenuchIBalOTCA B BHAE

M(z)=0, V(z)=M(uu)=0dl,

M(uul) =0, ivf i j=1 ..., k+1, &8
rae o2, =ol. POpMaibHO MOXKHO 3allHCATh
7 =M (uug) =6, (36.9)
TaK 4YTO MapaMeTpamH Tenepb sBJasitoress of (j=0,1, ..., B4 1).
CootHomenHde (36.6) MOXHO Telepb MEPENHCATh B BHIE
k+1
W =M yy)= ,Zo ol4,, (36.10)
rie 4; =X;Xj, a
k1
Vy=1§ oA, (36.11)

HecmewmenHbie KBaJpaTHYHbIC OUEHKH NapameTpoB

36.5 Ilpy uH3yuyeHHH oO6med JauHedHOX momead B (19.19) Gopuim
HaiJeHbl YCTOBHS, KOTOPhle JAOJAXKHBI BHIIOMHATHCSA, 9TOGH JHHEHHAA
¢yHkuHa HaOJIONEHHA MOIJa CJAYXHUTh HecMelleHHOA OHeHKOH JH-
HefHOK dyHKUMM napaMeTpoB. B Momenu ansi KOMIOHEHT AHCIEPCHH
(36.7) napamerpnl SABJASIOTCS KO3 GDHUHEHTAMM B pAas3JIOXKEHHH
(36.10) maTpuust W, saeasiouleiicss MaTpuueidl BTOPbIX MOMEHTOB OT
Ha6mogenunii. EcTeCTBEHHO NBITaTbCS MCKATh KBaApAaTHYHBIE OHNEHKH
3THX napameTpoB. Huxe Mbl noxasbiBaeM, 4TO HEOOGXOAMMBIM H HO-
CTaTOYHBIM YCJIOBHEM TOTO, YTO O IONYCKalOT HecMellleHHble OLeHKH
KBaZpaTHYHOTO BHIa Y Csy, siBAsieTcsd JiHHefiHass He3aBHCHMOCTb
Mmatpuu As.

36.6 IIpennosoXHM CIepBa, YTO CYIIECTBYIOT MaTpHub C; TakHe,
4910

M(y'C.y) =, s=1,..., B+ 1. (36.12)
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Hcnonbsys (36,7—8), orcioza noJsiysaem, 4To
2 ’ J— 7
o= M { (Z,: Xu) C, (Z,: Xu,) }_ M { L uX[CXu, } (36.13)
Kak u B (19.38),
M(u;Bul)=0}trB, i=1 ..., B4+ 1, (36.14)

H NOCKONbKY NpH j == 0 3TO TpHBHAaJABHO BHNOJHsAeTcs, TO (36.13)
NpHHHMAET BHIL

k+1

o} =2, ojtr X|C X, = zl‘, oitr (X,X/C,) =2, a?tr (AC,).  (36.15)
= Ji

IprpaBuuBas KospouuuenTs npu of B (36.15), noayuyaem
tr (Ascs)= 1,

r(4,C) =0, j+s. (36.16)
IlycTb cyniecTBYyIOT KOHCTAHTHI o, ..., lp4y Takue, 4TO
B+l
Y. LA;=0. (36.17)
i=0

Ecau 6b He BCe [; paBHAJHCH HYJIO, TO 3TO 03HAYAJAO OBl JIUHEHHYIO
3asucumocTb A; Ho 3 (36.16—17) caenyer, uto

l,= §ij litr (AC) =tr (C, X ,!A!) =0.
N i

Takum o6paszoM, Mbl BHAUM, 4TO (36.17) MOXKeT BBINOJHATHCA TOJb-
KO B cjyuae, Koraa Bce [; paBHH Hymdwo, T. e. u3 (36.12) cnenmyer
JHHeHAHAas He3aBUCHMOCTb MaTpHL As.

36.7 [lns nmokasaTtenbcTBa O6pPATHOrO yTBepK/IEHHUS NpeACTaBHM
n(n41)/2 SJIeMEH’I‘OB pacnonoXEHHBIX Ha H HaX I‘J‘IaBHOH auaro-
Haablo matpHu yy’ u A; B (36.10) B BUAE BEKTOPOB W', a (=0,

1, ..., ..., B+ 1) ¢ onHEM H TeM Xe (IPOH3BOJILHbBIM) nopfmxom
caepoBanua komnoHeut. Toraa us (36.10) crenyer
M (@) = 3. o%d;. (36.18)
i

Ecau uepes A* o6osuauuts [n (n+ 1)/2 X (B + 2)]-MmaTpuny, crontupl
KOTOPOH COBMAJaT C BEKTOPaMH @, a Yepes 02— BEKTOP C KOM-

IIOHEHTaMH o?, to (36.18) mpumMer BuI
M (w’) = A’o%. (36.19)
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I'Iocxonbxy"renepb A; npennosiaralTcs JHHEHHO He3aBUCHUMBIMH, TO
BEKTOpbl a@,, O6pa30BaHHbIE H3 3JIEMEHTOB 3THX MaTpHU, ToXe G6y-
IYT JUHEHAHO He3aBUCHMBIMH, a 3HauuT, maTpuna A* o6GpasoBaHHAsN
-

M3 @;, MMeeT paHr k4 2 u M0oXXHO yKasaTb k4 2 JMHEeAHO He3aBH-
CHMble CTPOKH, KOTOpPble O6pa3yiOT HERBIPOXKIEHHYIO MNOAMAaTPHUY
A**, Ilycte w**— cOOTBETCTBYIOUIHA MNOXBEKTOP BeKropa w* Ha
(36.19) cnenyer

M (@™) = A*¢?,
OTKyZa
(A™) 7'M (w™) =0?,
HJ/IH
M{A™ ' w*} =62 (36.20)

Tem caMbiM MoJydYeHa HECMeHl€HHAA KBaJpaTHYHAsA OlIEHKa Bek-
TOpa napaMeTpoB.

Bciony B naabHefleM 6yaeT NpeamoJararthbesl, 9TO MaTpHIbl A,
JIMHEHAHO HEe3aBHCHMHI.

JlocTaToOuHbi¢ CTATHCTHKH B HOPpMAJbHOM KOMMYTATHBHOM CJyuae

36.8 1o cux mop He Ies1aJIOCk HMKAKOr0 OpEanOJIOXKEHHUss O BHIE
pacnpeneseHus CJAydyaliHblX BeJIHUUH U; U3 Haled monend. Pacemor-
pHUM Tenepb caydyad, korga Kaxawli Bektop #; (j=1, ..., B+ 1)
HMeeT MHOroMepHOe HOpMaJdbHOoe pacnpefeiedue. OTciona H U3
npeanonoxeHdA 0 KoBapHanuax (36.8) n o6pamenHs B HyJb cpel-
HHX CJIefdyeT, 4TO p caydyadHbx BeanunH u; (j=1, ..., p) #as-
JASI0TCS HE3aBHCMMBIMH C HOPMAaJIbHbIM pacnpefesieHHeM M HYJIeBHIM
MaTeMaTHUEeCKUM OXHIaHHEM,

Opno JHIIb npeanosiOKeHHe HOPMAJbHOCTH He JaeT HaM BO3-
MOXHOCTH [POBOAMTb AanbHeiilllee HccaenoBaHue. UTo6n NOJAYIHTH
CcyllecTBEHHOe IPOIBHXKEHHe, HYXHO HaJOXHTb HONOJHHTEJNbHOE
IpeailoNOXKeHHe 0 KOMMYTAaTHBHOCTH

AA,=AA, i j=01,..., k+1. (36.21)

IMockonbKy Aj; CHUMMETPHUYHBI, TO BCEraa ClpaBeNIHBO
AA; = AjA = (A:A).

Takum o6pasoM, (36.21) cBomurcs K TpeGOBAHHIO O TOM, 4TO Ha-
pany ¢ A; matpunbl A;A; TakkKe ABASIOTCS CHMMETPHYHBIMH. B mpa-
Mepe 36.2 noxasbBaeTcsi, 4TO 3TO TpeGOBaHHe B cCaMOM feJe Orpas
HHYHTEJIbHO. !
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IIpumep 36.2

PaccmorpuM cHOBa cHTyanuio OnHOQaKTOPHOTO aHaJH3a INpH-
7
mepa 36.1 ¢ £ = 1. Kak Bcerna Ao = 11’ u u3 npuMepa 35.1 umeeM

(11’),“ 0
(1),
Al = ) ’

0 (",

rle HHIEKC YKa3blBaeT 9HCJIO CTPOK H CTONGLOB B NoAMAaTpHIE.
ITpocThiM yMHOXKeHHeM yO6eXIaeMCs, UTO BCE 3JIeMEHTh IEPBBLIX 1
cron6uoe MatpHubn AeA; paBHBI 1y, BCe 3JeMEHThbl CJAEAYIOUIUX M2
CTONGUOB paBHH 73, H, NPOAOJKAS daJjiee, NOJNYYHM B KOHIE, 4TO
BCE 3JIeMeHThbl [IOCJHEeIHHX Np CTONGLUOB pPaBHH np. Takum o6pasoM,
ApA, cumMerpuuHa (Ao 1 A; KOMMYTHPYIOT) TOJBKO B Cliyuae, KOria
Bce n; paBHbl. Ilockoibky X, = 1I, 10 Takke W A =1I u Bcerna
KOMMYTHpPYIOT. TakuM 06pasoMm, paccMaTpuBaeMasi MOZAENb BKJIIO-
gaer B ce6s1 OonHODAKTOPHHA aHAJH3 TOJbKO B c6aJlaHCHPOBaHHOM
ciaygae, KOria yucjia HaGaOoeHW# BO BCeX p Tpylax OAMHAKOBbI.
3To cymecTBeHHOe oTJaHYyHe OT npumepa 35.1 aas monmend I, rae
yKcsia HaGJIIONEeHHH B IpYyNnax He HMeJIH HHKaKOro 3HauyeHHs.

36.9 13 mpumepa 36.2 caemyer, 4TO TOJBKO IJa cOajaHCUpO-
BaHHOrO CJydast MOXHO OXHZAaTh BbinosHeHus (36.21). Tlponosxum
HallH pacCMOTpPEHHS, IIOMHA 06 3TOM OTpaHHYEeHHH.

M3 HOpMAaJBHOCTH H HE3aBHCHMOCTH p CJAYYadAHbIX BEJHUUH Uj
(j=1, ..., p) caenyer, uro (KOppelnHpOBaHHble) BEJHYHHH
Y1, -.., Yn HMEIOT MHOrOMepHOE HOpMAJIbHOE pacnpeleseHne ¢

M(y) = Xou, =16

n auMcrnepcHoHHOM Matpuued V,, 3anaBaemonn (36.11). KBamparuu-
Hasg GopMa B [OKasaTelle 3KCIOHEHThl AJs1 MJIOTHOCTH MX COBMECT-
HOro HOpMAaJIbHOTO pacnpelesieHHs paBHa, TakKHM 00pa3om,

Q=(—10yV," (y—10), (36.22)

H, cornacHo 15.10, uMeer pacnpefesneHHe THIA 2 ¢ n CTENEHAMH
cBo0OOabL.

36.10 Hanee B cuay ycaoBHs KoMMmyratuBHoctH (36.31), cymie-
CTByeT OpPTOroHaJbHasg Mmarpuua P, xoTopasi ONIHOBpPEMEHHO AHAro-
HaJusupyer Bce A;, Tak yro

PAP’ = Dy, (36.23)

rae D; — puaroHaabHble MaTpuubl. Bosee toro, P MOXHO BHIGPaTh
TakK, 4T0Obl BCe 3JieMEeHThl OXHOM H3 ee CTPOK (CKaxXeM, NepBOH, KO-
Topyio Mbl 0603HauuMm P;) paBHsuauch n— H 4TOGBI

Pll = nlﬂ; Pl == 0’ j # 13 (36'24)
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‘tae P;—mo6ce MHOXECTBO CTPOK MaTpuuel P, He comepxa-
lﬂﬂipp

W3 (36.10—11) caenyer, uro P puaronanusupyer takxke W u
V,, TaK 4TO Ha IJIaBHbIX AHaroHaasax marpuy PWP’ u PV P’ crosar
COOTBETCTBEHHO XxapakTepuctuueckne uucaa W u V, Uz (36.24)
cpaay cJelyeT, YTO 3TH JBa MHOXKECTBA XapaKTEPHUCTHUECKHX YHCEN
(koTropnie BCe IOAOXKHTEJIbHbl) COBMAAAIOT, 32 HCKJIOYEHHEM [Iep-
BOro sjeMenra. Eciid xapakrepucTHyecKHUMH unciaMu W saBasiorcs
A (j=1, ..., n), TO xapakTepucTHYeCKHMH uqucyamu V, Gynyr
M=M—n6>uA; npu j> 1. D XapaKTEepHCTHUECKHe YHCsIa AB-
JI0TCSl, KOHEUHO, PYHKUHKIMH 1apaMeTpoB o7.

Ecau s — uyuciao paa.nuquux XapaKTepHCTHYECKHX YHCeJ MaTpHUK w,
a s — mMaTpHuM Vy, 10 Au6o 8'=s — 1, ecan A, onuoxpaTtho, a A,, HeTt; JH6O
s"=s+ |, ecan ojHOKpaTHO A.l, a A, det; au6o s*==§5, €CAH A H A,, ORHOBpeE-

MEHHO ABJAIOTCA HJIH HE SIBASIOTCA ONHOKPATHHIMH XapaKTEPHCTHYECKHMH YHC-
Jamu. Tpedbuan u Xam‘xnncr (1961) nokasanu, wto s =k -+ 2 n uTO NpU AONOA-

HHTEJbHHX ycaoBufAX <1 +rank (Xo: Xp: ... 2 Xg)°).
36.11 B HaGope uHcex Ag, ..., Ap 0003HAaYUM A3, ..., Af Bce
pasJHYHbIE 3HAYeHHWs1, & Mg, ..., Ny— HX KpaTHocTd. Ilpu 3tom,

OuYeBHAHO, t=3s§ wuau ¢t =s -+ 1. Tlockoabky PP’=1, t0 (36.22)
3KBHBAJIEHTHO
Q =(Py — P16)’ (PV P")~" (Py — P16). (36.25)

Pa3o6vem Tenepp P na Py, ..., P, rae, kKak u paHbiue, Py —mep-
Bas cTpouka matpuubl P, a P; (j > 1) sABAsOTCS MaTpHUAaMH MO-
paaka (n; X n). Hcnoapsys (36.24), cootHomenne (36.25) mMoxHO
Tenepb Mepenucath B BHIE

‘Ply—nmé ’ ‘l/l.; o | [Ply—n”?Ql
Py Iz/"; Pyy
Q= . : , (36.26)
P;y 0 .« .. I,/A; P,y

rae I; —enuHuwHasi MaTpudua nopsika n;
M3 (36.26) cpasy crenyetT, 4yTo ! CTATHCTHK

Py, yPPy, =2, ..., 4
NOCTaTOYHB! JJA R+ 2 mapaMeTpoB MOIEJH, IIOCKOJIBKY HHKaKue

IpyTrHe CTATHCTHKH He BXOAAT B QyHKUMIO mnpaBronono6us. Hlutyu-
THBHO MOHSATHO, YTO OHH 06pa3yli0T MUHUMANbHOE MHOXXECTBO HOCTa-

*) 3mecb H B paabhediiem nox (X:Y :Z:..) aBrop mompasymeBaer mar-
pHILy, COCTaBJEHHYIO C MOMOIIbIO MOC/JAELOBATENBHOrO NPHUCOEAHMHEHHS K CTOA6mAaM
marpuus X croabuor matpun ¥, Z u 1, a. ({Tpum. ped.),
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TOYHBIX cTaTHCTHK. Ecay Al He coBmajzaeT HH ¢ KakKHM Aj, TO JOKa-
3aTenbcTBO 3TOr0 (daKTa NpPOBOAHTCA HEMOCPEACTBEHHO METOAOM
23.18. B npoTHBHOM c/aydYae J0Ka3aTeJbCTBO NpoBeneHO [ peiGui-
JoM n XaatksucroM (1961), KoTOpbie HCIOJB3YIOT TaKXe NPHBO-
AuMblA HuXe B 36.16 pesyawrar T'ayun (1959) aasa Toro, uto6bl
NOKa3aThb, YTO €CNH ¢t = § = k£ 4 2 (B coorBeTcTBHH ¢ 36.10 — MuHHU-
MaJibHO BO3MOXKHOE 3HauyeHHe), TO MHOXKECTBO MMHHMAJBHBIX AOCTa-
TOYHEIX CTATHCTHUK II0JIHO.

36.12 M3 (36.26) HemocpeACTBEHHO CJeAYyeT, YTO CTATHCTHKA
P,y uMeer OnXHOMEpHOE HOPMAJIbHOE paclpefieJieHHe CO CpelHUM
n'"§ u pnucnepcHeir Al = Plgyl’i. Hanee, KaxXngas H3 OCTABIIMXCA
t— 1 KOMIOHEHT MUHHMAJBHOTO JOCTATOUYHOTO MHOXKECTBa IIpel-

cTaBasier co6oil kBamparHyw Gopmy Q; =y'7\.,_ lP;P,y, =2, ...,¢

OT CJy4YaHHbIX BeJHYHH, HMEKIN#X MHOrOoMepHOe HOpPMaJsbHOe pac-
— s

npenesedue. Kaxnaa Mmatpuua A; 'P,-P,-Vy HAEMOOTEHTHA, TOCKOJbKY

PV,P;= ;. Bosee Toro, mockoasky PV ,P;=0 (j*1), 10

cymma Q; .

Q' =Y yr 'PiPy

i=2
Takxe obsanaer TeM CBOHCTBOM, UTO COOTBETCTBYIOIAA €if MaTpHIla

t
2. ATPIPY,

=2

t
uaemnorediTHa. Taxum o6pa3oMm, paBeHCTBO Q"=1Z2 Q; npexncras-

Jsier COOOH pasioXeHHe TOro XKe THIa, uTO H- 06CyKJaBlieecs
B 35.7. IToaTOMy H3 IOKa3aHHOTO ceffyac CBOHCTBa H/JAEMIOTEHTHO-
CTH caenyet, uto Q; (j==2, ..., t) uUMelOT y2-pacnpenecjeHUsa ¢ Nn;
CT. CB., IpHueM, NOCKOJBbKY, cornacHO (36.24), mapaMeTpH HeIeHT-
PaJbHOCTH paBHHI (16)"A] 'P;P;(16) =0, TO cooTBeTcTRYyIOmHUE pac-
npeneseHdss HeHTpaJsibHbl. T1OCKOJNIbKY MOJy4YeHHBIH BHILIE pes3yJib-
taT 0 P,y 3KBHBaJleHT€H TOMY, UTO KBajApaTHuHas ¢opMma Q=
=y (h;)"lP{P,y HMeeT HeleHTpaJbHOe X*-paclipelelieHHe ¢ OMHOH
CT. CB. H NTapaMeTPpOM HEUEHTPaJbHOCTH 76?2, TO OKOHYATeJNbHO IIO-
Jy4yaeM, 4TO CyMMa paHroB ! KBaapaTHuHbix ¢opm Q; paBHa n,
T. € paHry ux cyMmmu Q u3 (36.26). B coorBercTBum ¢ 35.7 mnoay-
yaeM, 4TO KBaJApaTH4Hble (JOPMBI He 3aBHCAT APYr OT Apyra.

JucnepcuonHbiil aHaaud 8 mogean 11

36.13 OTMeTHM Tenepb BaXXHOe pasjiMyHe MeXAy Mmonensio I H
monedbio 1I. B nocnemneit CK ¥’y He mMoOXeT GbITb IpeJCTaBleHA
B BHIE CyMMBbl KBaJApaTH4HbIX $OpM, KOTODHIE ¢AMU HE3aBHCUMBI U
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HMeIOT (HeLeHTpaJibHLIE HJH HeHTpaJdbHble) y2-pacrnpelnefeHds, HO-
CKOJIbKY, YYUTBbIBas 3aBHCHMOCTb MeXAYy HaOJIIOZEHHUSIMH, pacrpe-
IejeHHe caMoro Y’y He sIBIAsSETCS TaKOBHIM. BMeCTO ¥¥ cooTBeT-
CTBYIOIIHM cBOACTBOM ob6iaamaer (36.22). Onnako 36.11—12 noka-
3bIBAIOT, 4YTO ! KBaapaTHYHbIX $opM Q; UMEIOT COOTBETCTBYIOHIHE
pacmpenenednss. Matpunsl stux ¢opM paBHBI

PiPA,, PiPiA;, =2, ..., 4

3
M TOCKOJIBKY ZP}P,- =P'P=1, to Mbl BHIHM, UYTO ¥’y MONXKHO
j=1

OpefcTaBUTh B BHAE CYMMBI ! KBaApaTHYHBIX (PopM TaKHX, YTO
Iocje HeJeHHsT Ha COOTBETCTBYIOILME pasJHYHble XapaKTepUCTHUe-
CKHe 4Hcaa MaTtpullbl Vy OHH CTAaHOBSITCA HE3aBHCUMBIMM, HMeEIO-
mMUMH Y2-pacnpenelieHds] CJaIy4aHHbIMH BesHudHHaMH. BoJee Toro,
YHCJIO CT. CB. PABHO HPOCTO KPAaTHOCTH COOTBETCTBYIOUIErO XapaKTe-
PHCTHYECKOTO 3HAYeHHd, npuuyeM Bce (POpPMBI, 3a HCKIouenueMm Qi
HMEIOT IIEHTPAJIbHOE pachpeesieHHe.
36.14 Ilockoabky

M(Q])=n]’ ]>2,
TO Cpasy noJqyyaeM
M@PPyln) =hy 2. (36.27)

TakuMm o6pa3oM, XapaKTEPHCTHUECKHE YUCJIa MOTYT GHTb HafXeHbI
Kak MaTeMaTd4yecKHe OXHUIAHHMS COOTBETCTBYIOUIHX CPEIAHHUX KBaZR-
patoB (CpK) B rabuanue JA. ITockoabky

M(P,y) = n'’e,

T0, KaK M IIOHSITHO, 0 OLlEHHBAaeTCA ¢ MOMOIIBIO CPpelHEro 3HAYeHHs
or Bcex HaGmionennd. HaM HyXHO OHEeHHTb ocTaBuiHecs £ - 1 ma-
paMerpoB, fABJAOMHXCA AucnepcusMu. Ecau A; npeacraBiafioT co-
6ot £+ 1 pasnuunbix QyHRUMHE 3THX mnapamerpos, TO (36.27)
MOXHO paspeliuTb OTHOCHTEJIbHO 3THX NapaMeTpPoB NJisl MOJYUEHHS
COOTBETCTBYIONIHX OLEHOK.

B npoctom cayuae, Korja A; SIBASIIOTCS AuHelHoimu QYHKIHAMHA
napamerpos, (36.27) ocoGeHHO MPOCTO paspemaercs AJsl MOJydeHHs
HeCMElEeHHbIX ONEHOK BEJHUMH OF.

Ipefi6uan u Xaarksuct (1961) nokasanau, yto JA B onpenenen-
HOM BHIIEe PACHIHDEHHOM CMBbIC/E CYIIECTBYeT ¢ XapaKTepucrude-
CKHMH YHCJAAMHU, SIBJASIOMHAMHCS NPOH3BOJBHBIMA Pa3JUIHbIMH QYHK-
HMAMH [apaMeTpoB TOTAa H TOJbKO TOTHa, KOTAa BHINOJHSETCH yC-
noBue KoMMyrtaTuBHOCTH (36.21), a marpuna W =M (yy’) umeer
§ =4k + 2 (cornacno 36.10 — MUHHMAJBHO BO3MOXKHOE HHCJIO) pas-
JMYHBIX XapaKTEPHCTHYECKHX yuces. IIpH NpennosoxeHUH MHOrO-
MepHOH HOPMAaJbHOCTH MHOXECTBO NOCTATOYHBIX CTATHCTHK SB-
Jsietcsl Toria noJHeiM (cm. 36.11) u, corsmacHo 17.35 1. 1, ollenku

4 M, Kenaann, A, Crbloapr
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SABJSIOTCA €IMHCTBEHHBIMH HecMelleHHbIMH MJI-oleHKaMH COOTBeET-
CTBYIOIIMX MaTEeMaTuyeckux oOxXunauHi. ['pedbuan u XaJuarksder
(1961) nokaszaxau, uto CpK B (36.27) ocraercs HecMelleRHOR KBal-
paTHyHO# MJI-OIEHKOH CBOEro MaTeMaTHYeCKOro OXHAAHHS H ITpH
Gosee cnalblX NPeEANONOKEHHSAX, 9eM MHOroMepHas HOPMaJibHOCTb.

36.15 Tenepbr Mbl coGHpaeMcCs cBsI3aThb H3ydeHHe Momenu II c
moxesbio I A, kotopas uccxepoBasachk B riase 35. Jlio6as Ta6-
aana A ana momean I cooreercrByer pasioxennio CK y’y na
KoMnodeHTH, sBjadwnoimHecs CK (ozHa M3 KOTOPBIX COOTBETCTBYET
resepajibHoMy cpexueMy). Ilpm 3ToM cymma uucesa cr. cB. B TaG-
Jadie (paHroB KBaapaTHuHblX $OPM) Bcerma pasHa N, rae 1 — noJ-
HOe yHca0 HabawneHnu#. Ecan seinoansercs (36.21), to (cm. 36.13)
B mojenu II crnpaBeasmBo TO ke caMoe pasjiOXKeHHe, NOCKOJbKY
paHru ocraiorca anadTuBHbIMH. Ho Temepn B ocHoBe jgexurt (36.22),
pa3JoXeHHOoe B cooTrBercTBUHU ¢ (36.26), [Ipu 3ToM oTHOlIeHHe KaXK-
moii CK (3a HCKJIIOYeHHEM reHepa/ibHOrO CpelIHero) Kk MaTeMmarHye-
ckoMy OxHAaHHIO cooTBercTBylomero CpK umeer x%-pacnpenenenue,
KOTOpOe Tenepb BCeraa UEHTPaJbHO.

Taxum o6pasom, kaxaoi momeaun [ JA (c6anaHcupOBaHHOHM,
yTO6L BHIOJHAJAOCE (36.21)), coorBerTcTByeT cGasaHCHPOBaHHAA
mozens 11 OA.

ITpumep 36.3 Cbarancuposannas odnogaxropras Kraccupukayus

B coorBercrBuu ¢ 36.15 mia cGasancHpoBaHHOU onHO(aKTOPHOM!
KiaacenuKauuu, paccMoTrpenuofti B mnpumepax 36.1—2, rtaGanua
(35.24) IA moxmemu I ocraerca mpuronuod u aas modean II. Ham
HyXKHH Tenepbp MarteMmartuueckue oxupanua CpK us tabaunm, 3a
HCKJ/IIOYEHHEM TIeHepaJibHOro cpenHero (KOTOpOe paccMaTpHBaeTcs
B npuMepe 36.5).

CoBeplueHHO QueBHIHO, yTO AJaA ocratouHofi CK, koTopyio Mbi
Tenepb 0603HauuM Si, CPaBeNJIHBO TOXAECTBO

Sy= Zi: ; (qu - yi-)2 = Zt Zq: (8 — 8‘.)2'

a, 3HAYUT, OHA MMEET TO Ke caMoe paclpefesieHde, 9TO U B MoJieaH I,
NOCKOJbKY He 3aBHCHT OT O um u,. TakuM o6pa3oMm, Maremarude-
ckoe oxugauue cootsercrBywomero CpK pasio o2, Koropoe Ml

oGosnauuM A, = o?. Tak xe kaxk # B (35.21), CK mexny rpynu
0603Ha4YuM

S=Z . — v P =nT (o) — (4o )

37eCh 7n; pPaBHBl MeXAy cOO0O0H, NOCKOJILKY Telnepb MH HMeeM 1t
HabnoneHuH, pa3GUTHIX HA p IPYIN *) paBHOrO pasMmepa, H n,=n/p.

*) B npumepe 35.1 MW nucajH k, a Tenepb muilleM p, NMOCKOJbKY B HalHOH
ri1aBe kB HMeeT COBCEM IPYroil CMbIcJ,
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Hocxom:xy BE€JIHYHHBI ¥ H BEJIHUYHMHH € HEe3dBHCHMHI, a €, sBJSAETCA
CpenHUM 3HA4YE€HHEM 7; YJIeHOB, COOTBETCTBYIOIIHX OHIHGKaM, TO

D (u;+e,.) = o} + (aZ/n).

ITockoneky M(u‘—{-ei.) =={, TO OTCI0AA HEIOCPEICTBEHHO CJjenyer,
YTO caydadHasr BeJHUYMHA

2 {(+ o) = (v + .} (6] + (oFfm)

uMeeT y2-pacnpenmeseHde ¢ p— 1 cT. CB., IIOCKOJbKY OHA@ SIBASIETCS

NpUBEJEHHOH CYMMOH KBagpaTOB OTHOCHTEJbHO BHOOPOYHOTO Cpen-

Hero. Taxkum o6paszoM, MaremMaTHyeckoe OXHAAHHE BeJHYHHBI S,

(CK mexny rpynn) pasxo (p — 1) n, (o} + cg/ni), a 3Hauur, gag CpK

—_ — o2 2 0

umeeM M {S,/(p — 1)} = o? + n,0}, uTo MBI 0603HAYMM A, = 02+ n,0%.
B pesysabTaTe Mbl NOJYYHJIH ABE He3aBHCHMblE, HMeEIOWHe %2-pac-

npenesieHHe ciyvaiinble BeJHIHHEL

S /Ay = z‘: ny (4. —y..)% (0r + n0}),
SifAs= Z Zq: (91— 9:.)% o2

OTHOILIEHHE KOTOpBIX IIOCJe HeJeHHs Ha 4McaIO CT. ¢B. ((p—1) u
(n—p) coorBercTBeHHO) umMmeer F-pacnpenenenne. Eciu o? =0,
TO 3HaMeHaTeJd coBmagaloT. IT03TOMY AAsS TpPOBEpKH THIOTE3H
o?=0, xotopas B Monean Il cooTBeTcTByeT OTCYTCTBHIO pa3HHIbI
MEXAY IPYNIAaMH, MOXHO HCIOJNB30BATh TY Xe CaMyIo F-CTaTHCTHRy
.(35.22), uro u B npuMepe 35.1.

Taxum 06pazoM, B ABYX pa3HBIX MOAENAX AJsI IIPOBEPKH OXHON
H TOH e TUNOTe3bl MOXHO HCNOJb30BaTb OAHY U Ty e CTaTHd-
ctuky. Ho coenyer o6partuTh BHUMAaHHe HAa OBa MOMeHTa. Bo-mep-
BbIX, Mbl HHUErO He 3HAaeM O TOM, SIBJISIETCH JIH 3TO ONTUMAAbHOHIM
Kpurepuem i mozxenu II. B momenn I ontumanabHOCThL ciaenosaJa
H3 TeOpHH OoOLleil JHUHEHHOW runotesnl. Bo-BTOpHIX, XOTs B 06eHX
MOMeNaX CTaTHCTHKa KDHTepHUsl ONHa M Ta XKe, ee paclpenesieHue
COBIIANAET TOAbKO IIPH CIPABENJHBOCTH THNOTE3bl 06 OTCYTCTBHH
pasHHUBI MeX1y rpynnaMyu. PyHKIHH MOLIHOCTH 110 HEOGXOAHMOCTH
OTJTHYAIOTCS B ABYX MoJeasix, u60 anbTepHaTHBHble I'HIOTE3Bl CO-
BEPUIEHHO pasHhle (CM. K’ll'xpa)xﬂenne 36.1).

V3 supaxenuit s M(S,) u M(S;) caenyer, uto

M{ (552 — -5) /)=t
p—1 n—p ¢ e

OTciona UMeeM HeCMEIEHHYIO OLEHKY AJA OF, KOTOpasi, OYeBHIHO,

MOXKeT NpUHUMATh OTpHUAaTeNbHble 3HauyeHHs . Dynyuu oyuxkumeh

4#
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NOJTHOTO MHOXeCTBa AOCTATOYHBIX CTATHCTHK (7, Sz, S3) (cM. 36.11),
3Ta OlLEeHKa sABJAseTcs HecMeileHHo#l MJI-ouenxkoit. Eciu mposecty
yceueHHe B HyJe B TOM cJaydae, korama HK-omenka BeJHUHHBI A
menbine, yeM HK-onenka BeqHunHm A3 (KaX B ymnpaxHeHuu 36.5),
TO NMOJYYHTCHA CMellleHHe, HO CpelHeKBaJpaTHyHas OMHGKA CTaHO-
B;{sg;;);weﬂbme. Bo3MOXHBl H naJnbueifiliye yJaydlieHHA (CM. Y3HT
i .

HIpumep 36.4. Cb6arancuposannas O08YxghaxTOPHAA nepexkpecTHAR
Kaaccugukayus

B coorBercrBuu ¢ 36.15 Ta6anna (35.65) u ynpaxuenue 35.1
Ans c6asaHCHpOBaHHON NBYX(PAKTOPHON nmepekpecTHOU KaaccHdHKa-
uun Monenu I A coxpausderca u B cayyae monenu II, sa Hckmio-
geHHeM IOCJeNHero cToa6ua, KOTOpblii OTHOCHTCH CIelHaJbHO K MO-
nead 1. B momenu (36.7) umeeM rtenepb B = 3. Ans yno6ceTBa 06o-
3Ha9uM TPH OLEHHBAEMble NHMCIEPCHH Yepes O, O H Oh., MOAYED-
KHBAs TeM caMblM, YTO OHH COOTBETCTBYIOT JHCIEpPCHSIM CTpPOK
(row), cron6uoB (column) u B3aUMONEHCTBHEA (MeXIY CTPOYKAMH
H cTon6uaMu) aJs BesauuuH u. Kak u B npumepe 36.2, 1erko BHAETD,
4YTO ycaoBHe KOMMyTaTuBHOCTH (36.21) BbImOJHAEeTCA. DTO NPOCTO
CJleAyeT U3 yyeTa CHMMETpHH.

OcraBisis mOKa B CTOPOHE reHepaJsibHOe cpefHee, HYXKHO IIOJY-
YHTh OLIEHKH MaTeMaTHuyeckux oxunaHui detbipex CpK. Kak u B
npuMepe 36.3, paccMOTpeHHe MOAeJH, 3aMCAHHOH Telnepb B NOHAT-
HbIXx C603HaYEeHHAX

Yyp=0+u,+u, +u, +e,, (36.28)
G=1,...,rnj=1 .., ¢ p=1, ..., m
nokasblBaer, uyto ocraroudas CK, o6Go3navaemas Teneps
S5 = ZI: ZI: ; (y'.ip-y"')z, TOXIECTBEHHO coBnmagaer c

ZZZ(S,-,, __e”,)2 H UMeeT TO XKe CaMoe pacrnpelejeHHe, 4TO H
i 7 p

B mogeau I. Tak uro cootBercrsywomuin CpK umeer mMaTemaTHuec-
KOe OXHIaHHe o2, CBOACTBO, OUYEBHMAHO, CIPaBeJIHBOE BOOOGILE

nna c6anancupoBaHHO# momeaH II.
CK cTpOK 3anuchiBaercs Tenepb B BHAE

S, = cmzi (#..—y.. )=
=cm), {(u+u,. +e. )—(u,+u. +e )Y

u, xax B npumepe 36.3,D(u,, 4 u,, + e,) = 0} + o}[c + o/(cm).
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Orciona marematuueckoe oxunaune CpK crpok pasuo
M {S,/(r — 1)} = o2 + mo?, + cmo}. (36.29)

Mensist CHMBOJIBI CTPOK H CTOA610B, noayuum ananoruuno mias CpK
cTO01610B

M {S,/(c — 1)} = 0% + mo%, + rmo. (36.30)
CK B3auMOelCTBHI 3anHCHIBACTCH B BHIIE
4=mzi Zj: (y‘] _yi.. —y.]. +y...)2E
=m) {(wyte;)—(u.+e.)— (u,+e,)+ (. +e )
(36.31)

Bripaxenue B ¢urypHbIX cKko6kax B mnpaBoit yactu (36.31) HMeer
HYJI€BOE MaTeMaTHYecKOoe OKHIaHHe, MO3TOMY HHCHEepCHd COBlAAaet
¢ MaTeMaTHUECKHM OXUIAaHHeM KBajpaTa 3TOro BHpaxeHHs. [a-
Jiee, KAK HETPYAHO IPOBEPHUTh, BHYHCJ/AAA HEOOXOJHMble UeTHIPO JAHC-

TIepCAHd U eCTb KOBAapuaUuil, HMeeM
1 !
J— J— _— 2 —— ——
D(u‘.]. u,. u_!.—l—u“)—oRc(l c)(l r).

AHanorauno
D(ey. —&..—e, +e )= _7:"(1 - EL)(I - é)'

H OTClola MaTeMaTuuyeckoe oxunanue CK paBHO

M(s) = mre(a3e +2) (1 = D) (1 - 2).

gedl'l(ﬂ Ha 4yucio cT. ¢B. (r—1) (¢ —1) u coxkpawmas, nonyynm s
P
M{S,/(r — 1) (c — 1)} = o2 4 mo?. (36.32)

:TakiM 06pa3oM, BMeCTO moc/ieHero crosibua B Tabaune (35.65) Mo
fIONy4HJIU cToN6en MaremaTtHueckux oxupannii CpK:

M (CpK)
Crpouexk: A, = 02 + mo%, + cmo?,
Croa6uos: Ay = 02 + mo?; -+ rmo?,

Bsaumoneficteuit: 4, = o2 4 mo?, (36.33)

OcTaTOouHbI: Ag= o2
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Paspemas (36.33), cpasy nojyuaeM HecMelleHHbie OLUEHKH AHCIEp-
cHil, ABAAIOMIHKXCS MNapaMeTpaMH MozesH. 3a HcialOueHHeM 62, Jo-
6asi H3 3THX OLEHOK MOXeT NPHHHMATb M OTPHLlaTeNbHble 3HAUYEHHS,
ABJSASACh PA3HOCTbIO COOTBETCTBYIOLIINX OLEHOK BeJHYHH A. CHTya-
IMs1 aHaJOrHYHa KOHNY npuMepa 36.3, u chmesaHHble TaM 3aMedyaHHS
NPpUMEHHMBl K H3y4aeMOMY CJyyalo.

B (36.33) yxasbiBaercsi, KakHe (DYHKIHH [apaMeTPOB HYKHO
B3fiITb B KauecTpe fejHTededr, uto6bl u3 CK B tabanue JA mnoay-
YHTh BEeJHYHHBI, HMEIOIIHe leHTpajbHOoe y2-pacnpenenenue. Ma ux
paccMOTpeHHst CJejyeT, YTO YRAadHOe cOBnajeHHe KPHUTEpPHEB [Jis1
monean I n mogenn I, koropoe uMes0 MeCcTO npu OXHOPAKTODPHOM
KJ1accHpuKanuu B npuMepe 36.3, Tenepb He coxpaHsercs. Eciau Mbi
XOTHM NPOBEPHTb runoresy o% =0 (uau oz =0), To maTemaTnue-

ckoe oxunanie CpK crpok (uau cronbuos) Symer coBmajzarth ¢ Co-
OTBETCTBYIOUlel BeJNHYMHOH RAs B3aUMOAEHCTBHA, a He OJAsi OCTa-
trouHoi CK. 3T0 npHBOAUT K KPUTEpHSIM, OCHOBAHHBIM Ha Sy/S;
S3/Ss. Ho mnsi npoBepKkm IMNoOTesbl ofw=0 MOXHO, TakK Xe Kak
B (35.65) gas momesnn I, ucmosb30BaThb KpHTEPHA OTHOLIEHHST B3aH-
MONEeACTBHA H OCTAaTKOB, OCHOBaHHBIH Ha S4/Ss. Takum o6pasom,
F-kputrepun B Tabaune A Moryr oT/HuaTbcsi BbIGOPOM pasHHIX
CpK B 3HaMeHareJle CTATHCTHUKH.

MNMposepka runote3 B monedan I1 IA

36.16 3ameuanus B npumepax 36.3—4 o6paulaloT Halile BHHMa-
Hue Ha TOT QaKT, YTO JO CHX IIOp Mbl He faJH TeopeTHueckoro oboc-
HOBaHHA HCNoab3osaHus F-xpurtepues B momenu II JA. Jaxe ecau
3TH KPHTEDHH COBMNANalOT ¢ KPHTEPHAMH MoJend I, HX xapakrepu-
CTHKH Pa3/JIMYHbI M HeJb3si rapaHTHPOBATh ONTHMAa/bHOCThb. B s1060oM
cityyae BHIHO, YTO MOI'YT NOHALOGHTbCSH HOBble CTATHCTHKH KDHTe-
pueB. TakuM 06pasom, Mbl MPHXOAHM K PACCMOTPEHHIO TEODHH KpH-
tepueB monenH II.

IToMHus, yTo MbH Haxonumcsa B catyauud A, rme ¢ — 1 kBazdpa-
TuuHbix GopM us (36.26) sBanIOTCA BCe CyMMaMH KBajapaTos,
MOXHO [epenHcaTh MHOrOMepHOe HOpMaJjbHOe pachpele/eHHe Ha-
6JaI0IeHHH B BHIE

t

1| n(j—0)? Sy
—_— —1c- 36.34
dG o< exp 2[ W +’Z_2&,] ( )

3ameTuM Temepb, YTO Aj, ompefeJsieMoe Kak A,,Tn62, He 3aBHCHT
oT 0, mOCKOJbKY, coraacHo 36.12, Aj= PV, ,P{, T. e. saBasercs
CyMMo#l BCeX 3neMeHTOB Marpuusl V,, nesneHHoH Ha n. A aJe-

meHTH V, ABJAIOTCA AUCNEPCHSAMH H KOBAapHalUMsMH, a 3HAYHT, He
sapucaT oT 0. B Tex cayuyasx, KoTtopble OyAyT pacCMaTpHBaTbCH,
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t=~Fk-+2, T.e. udcay OLeHHBaeMblX napameTpoB. Takum o6pa-
SOM, y HaC ecTb k-2 XapakTepHCTHYECKHX YHCJAa, KOTOphle
apaAloTcA GYHKUHAMH (B HalleM cJydyae BCerja JHHEHHBIMH) OT
k+ 1 napamerpos o?. JIHIHHA napaMeTp MOXHO YCTDAaHHTb, BHpa-
3UB A] B TePMHHAX OCTA/JbHLIX XapaKTEPHCTHYECKHX YHCEN, TAK UTO
(36.34) npumer BHE

: k+2
1 ny? — 2nj0 S;
dG o< exp{—é-[m+22 _A'T]}' (36.35)
]—

Tayun (1959) noxasas, 4YTO COBOKYMHOCTb pacrpeeseHH)

f (¢, ©) < exp {l; i+ Bg(Ty - 0r ¥,) } (36.36)

nonHa (pe3ynabTaT, KoTophlil He comepxutcs B (23.19) 1. 2). Cpasy
NOHATHO, uTo (36.35) sABAseTcss yacTHBIM cayuaem (36.36) c

=S, w=—=1/2r), =2,
L=4¢, T =n06/p(Ae, ..., &)

g(T2: LIS ) Tr)=_'é—n/p(2'2' o0 ey )‘t)'

Takum o6pasoM, NpH 3aJaHHOH nmapaMeTpusauun cucrema (36.35)
noJHa.

36.17 Tenepb MOXHO HCIOJAb30BATh Pe3yJbTaTH rJaaBbl 23. Mbl
He B cocrosinuu Merogamu 23.27—36 noxyunts PHMH-kpurepuit,
nockonbky (36.36) Gosee obmiee, uem (23.73). Omunako, Hemocpen-
CTBEHHO mpuUMeHsis MeToAbl 23.20, MOXKHO yKasaTb aHaJIOTHYHBIE
PHM-kpuTtepun.

Ha npumepe (36.33) BuaHO, 4TO B NMPHMeHeHHAX K c6GaJsiaHCHPO-
pauHoi Mogenn II JTA xapakTepucTHYCCKHE YHCIA SABASIOTCH JHHEH
HbiMH ¢opmamu napamerpoB. Kak ykasuiBaer (36.33) uam B mpo-
cTeiemM cayuae npuMep 36.3, runoresa, KOTOPYIO Mbi XOTHM IIPO-

BEpPATH, O TOM, 4YTO KaKOe-TO- KOHKPETHOE O"f H TOJbKO OHO OIHO

paBHSieTCSl HYJ/IO, 5KBHBAJEHTHA THNOTe3e O COBMNAJEHHH ABYX KOH-
KPETHHIX XapaKTepHCTHYECKHX YHCeJ.

3ameTHM cHadaJga, uto runoresa Ho: Ay = Ap; g, p > 1 ocras-
JsieT HaM MHOXecTBO H3 (R4 1) NMOJHBIX AOCTATOYHBIX CTATHCTHK

T= {g, ‘82, oo ey Sp—h Sp+|, «o ey Sq—'l' Sq.'.l, s ey Sk+2, (S,,—}—Sq)}.

IIpeanonoxum tenepb, uro p(A) us (36.35) saABasiercs byHKuued
OT Ap HJIH OT Ag, HO HEe OT OGOHX apryMeHTOB OZHOBpeMeHHo. CJe-
aya 23.20, BuaMM, UTO Kaxjaas mogo6Hasa obaactb aaa Hy cocrour
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M3 JONXH @ KaXJAOro KOHTypa nocrosiicTBa T. 3adukcupyem tenepb
T ¥ 3anuiieMm

L(So | Si)_ l{s,,+sq Sp (Ag — Ap)
—r(Z+ i) =— {2+ 20 @ean

Ilpn ¢uxcupoBannom T npumeHenue seMMul Heiimana — I[Tupcona
(22.6) x (36.35), B xoTopoe moncrasiaeHo (36.37), mokasbiBaer, 4TO
paBHOMepHO HanOoJsee MoOIHasi KPUTHYecKas o6JacTb pasMepa a
Insi nposepku Ho npotuB H: Ap = Aq 3aaeTCs1 COOTHOIIEHHEM

1
— 5 Sp(Ag — Ap) > cq (D),

tak uro PHM-kpurtuueckas o6sacTb npu Jio60M (GHKCHPOBAHHOM
sHayennu T sagmaercs MajabiMM 3HAYeHUSAMH Sp BHe 3aBHCHMOCTH OT
3HaueHui napametrpoB. Ilockoabky npu ¢ukcupoBanuom T 3Haye-
Hue Sp + Sq TakxkKe QHUKCHpYeTCs, TO ITa KpHTHYecKas 06s1acTb cO-
oTBeTCTBYyeT GOJBIUHM 3HAueHHsM oTHouleHus Sy/Sp. Haxkownen,
JIerKo BUZeTb, uto ecau M, cupaBennmBa, TO pacnpejeieHHe 3TOro
OTHOIUEHHSI He 3aBHCHT OT MapaMeTpOB H, B COOTBETCTBHH C ynpax-
HenueMm 23.7, He 3aBHCHT OT NOJIHOIO ceMeHCTBa AOCTATOYHBIX CTa-
tactuk T. Takum o6GpasoMm, kpuTepHi, OCHOBAaHHHM Ha GOJbIIUX
3HadeHHAX Sq/Sp, ABAsieTcss Ge3ycaoBHo Nogo6HbIM PHM-kpuTepuio.

TakuM o6pa3oM, MblI YCTAaHOBHJH, YTO KpHTepHH, NOJOOHBIA
PHM, paBeHcTBA MaTeMaTHYECKHX OXHIAaHHA ABYX CpeJXHMX KBan-
paros B tabauue A nas cGanancupoBaHHoO# Mogeau II, mporus
a/lbTepHATHBBl TOMO, YTO OJAHO H3 HHX O6OJbllle JPYroro, SBJAAETCH
F-xpurepueM. Ero craTHcTuka npencraBisier H3 ceGs OTHOUIEHHE
(noteHyuanbHo) Gonswero CpK x Menbimemy. BoJsbuine 3HaueHus
COOTBETCTBYIOT OTKJIOHEHHIO nposepsieMoil rumoresnl. Ilo cymecrsy,
BIlepBble 3TOT pe3yJbTaT nojayueH I'ep6axom (1959). B ynpaxnenunn
36.4 yuTarenio npenJaraercs nMOKasarb, UYTO 3TOT KPHTEPHH SBJAET-
ca rakxke PHMH. Ognako B o6meM ciyuae OH He SIBJSIeTCS KPH-
trepueM OIl (cMm. ynpaxuenus 36.5—6).

Hpumep 36.5

B npumepe 36.3 matemarnyeckne oxunauus CpK 6blau:

Cpynm: Ay= 0%+ n;o?,
. (36.38)
Ocrarounsiit: A, = 02,

Ilpu ycnosunm o2 >0, yuro Mbl BCeria npejnoJjaraem, runoresa
A2 = A3 cosnanaer ¢ H :02=0, a H 1A, > A, ¢ H 10}>0. Ta-
KHM o6pasoM, B cooTBercTsHH ¢ 36.17, kputepuil, upHBeXeHHHIf

B npumepe 36.3, nono6en PHM. OkasniBaercs, 4TO B 3TOM CJydae
Al =23, BO 3TO He BJIHMAET Ha YNOMSIHYTbil BEIUIE KPUTepHA (CM.



OPYTHE MOIEJ/IM OUCIIEPCUOHHOI'O AHAJIU3A 105

ynpaxHeHue 36.2—3). Omnako orciofa cienyer, 4TO AJiss NPOBEPKH
CHIIOTe3bl O reHepasbHOM cpeaneM B Mogeau II c6anxaHcupoBan-
HOH omHogakTopHOH Kiaccuuxanmm, coorsercrayiomuit CpK
HyxHo cpaBHuBath ¢ CpK rpynn, a He ¢ ocrarounbiM CpK, kak
310 6BI0 A Momeau | B nmpumepe 35.1. (31O HemocpeaCcTBeHHO
cilegyeT M3 Toro (akra, YTO p TPYNNOBBIX CPeJHHX SABJAIOTCA He-
3aBHCHMBIMH HODMAaJbHBIMH B&JHYHHAMH C MaTeMaTHUYECKHM OXH-
AaHueM O W onMHaKoBOH gucnepcHeit. ITosToMy AJsi NMpOBEepKH 3HA-
yeHuss O MOXHO Hcrnosab3oBaTh (2-pacnpeneneHue CrbpiofeHTa
¢ p—1 ct. cB.)) Oas momenu II sror Kputepuit o reHepanbHOM
CpelHEM MOXHO NDHMEHATb BHE 3aBHCHMOCTH OT TOrO, paBHSETCSA
0? Hymo uam Her. Ilas momenn I B npuMepe 35.1 kputepuit 6bLx

NPHMEHHM TOJbKO NPH YCJAOBHH, UTO MeXKAY CpYNIlaMH HeT pas-
Hunbl. TakuM o6pa3oM, Mofenu OTIHYAIOTCH Ja)e B 3TOM Mpo-
CTOM cJayuae.

Hpumep 36.6

B npumepe 36.4 u3 (36.33) cpasy caemyer, uTo ecam o2 > 0,

To 0% =0 5KBUBaNeHTHO A,=A; 0L =0 SKBMBAJEHTHO A=A},

a 0%, =0 skBHBaneHTHO A, =A;. Takum 06pasoM, B COOTBETCTBHH
¢ 36.17, KpuUTepHH OJs INPOBEPKH 3THX THNOTe3, MPHBEJEeHHblE
B KoHue npumMepa 36.4, siBasiiorcss nogoGHeiMa PHM.

Ecan Mbl CHaYaja npoBepHMM H npumem CHIOTE3Y Ohe =
(7\.4=7L5), TO COG/a3HMTEJILHO NpPOBEPATb DPaBeHCTBO ofF =0 (uau
o2 =0), cpaBHuBast Sy (uan S;) c ob6vennHennem CK (S;+ Ss).
OueBHOHO, 4TO YBeJHUEHHE YHCJA CT. CB. B 3HaMeHaTeJe AHcCep-
CHOHHOTO OTHOIIEHHsI NPHBOAHT K BO3PACTAHHIO MOLIHOCTH KpHTe-
pusi. Ho nockoabKy pemenne O BO3MOXKHOCTH oObelHHEeHHss S, u Sy
3aBMCHT OT pe3yJbTaTa MpPHMEHeHHs MNepBOHAYaJbHOIO KDHTEpHS,
TO OHO MOXeT OKa3aThCs HeBepHbIM nipu A4 #= As. B pesynbtaTe
NoAcueT pa3Mepa MOJHOH MNpOmeAypbl MPOBEPKH CTAHOBHTCH TPYA-
HpiM. CooXKHasi [0Jasi BBIYHCJIEHHH TEODHS H PeKOMeHJalUHH [Js1 Ta-
KHX npolenyp o6bweinHeHuss comepxarca B paborax Bosusuua, ban-
kpodra u Xaprtau (1956) u LlpuBacrasa u BosuBuua (1962).

Ecan sapaHee u3gecTHo, 410 0%,=0, TO NpHUBeldEHHbIE KPHTe-

pun aas o% u oL c o6benuHeHHeM Sy M S5 CnpaBelJuBHL H COB-

najgaloT C KPHTEPUSAMH HJsA CTONOGUOB M CTPOK B Mogeau I (npumep
35.2), xorfa B3aMHMONEHCTBHA MPeANOJNAraloOTCi paBHBIMH HYJIO.
Tlockonbky CpK BzauMoneficTsHit siBAsieTCsl 3HaMeHaTeJdeM KpH-
TepueB 06 3ddexrax cTpox u sddexrax cToabUoB, ITH KPHTEPHH
MOXKHO NPHMEHSATb Ja)Ke B CJyuae, KOrjga Bce 4aCTOThl B sidedxkax
paBHbl efunuiie m = 1. B Momeaun I (cm. npumep 35.3) aro GbLIO
He TakK, eCJIH TOJbKO 3apaHee HeJb3s OBLIO NPEANOJIOXKHTH, YTO BCE
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B3aHMOJEACTBHA PABHH HYJIO. B paccmMarpHBaeMoOM cjyuae TOJBKO
KDHTEpHit A NPOBEPKH DaBEHCTBA 0%, =0 CTaHOBHTCH HempHMe-

HHMHBIM, KOrZa Bce n;; = 1 u ocratouHas CK ToxnecTseHHO paBHa
Hy.J110.

O6mue c6anaHcHpOBaHHbIE NepeKpeeTHHE KiacCHpuKauun

36.18 TlpuMep BBIUHCIEHHS MaTeMaTHYecKHX oxugaHuiz CpK,
sagaBaeMux (36.33) nasa nByx$akTOpPHOH mNepeKPecTHOH KJAacCH-
¢uxkanuu, cIyXHT o6pasuoM nJis cOaJJaHCHPOBAHHBIX MepeKpecT-
HBIX kKJaccHpukauHit 6ojiee BHICOKHX nmopsaaxoB. Ins rtpexdaxrop-
HOR mnepekpecTHOH KJacCHOHKaIMH COBEPIIEHHO AaHAaJOTHYHO
nojgydaeM, 4To MartemaTtHdeckue oxupmanua CpK sapartcs cue-

NYIOUIEMH COOTHOLIEHHSIMH, C OYeBHIHHIM oOfoOllendeM o0603Ha-
4eHHH

M (CpK)
Crpouek: R Ay = o+ mo},, + Imek, + cmo}, + clmo},
Croabuos: C A, = 02 + mo%, + Imek; + rmo}, + rimo},
Caoes: L A, =02 + mo}., + cmo}, +rmo?, + rcmo?,

RXC) iy=202+ mol;, + Imok,
BsaumogeficTBui (RX L) A= 0+ modg, + cmol,, [

nepBOro Mopsaka:
L(CX Ly A,=0o%+ mok;, + rmof,,

BsaumogeicTBHA
sroporo nopsaka: (RX C X L) Ay = 0% + mog¢,,
OcTtaTouHsii:; Ay =02

(36.39)
DTo COOTBeTCTBYeT Cleaylomiedi Mojenu, oGoGmaiomed (36.28):

ipep =8t thppg -ty o g 1yt g+ g5 8, (36.40)
i=1,...,nj=1L...,¢ck=1L..., 5 p=1,..., m)

¢ D(u,)=0% ..., D(u;,) =0k --- D (#; ;) = 0%ce

Teneps mnoHATHO npasuio o6pasosanus (36.39) (a raxxe
(36.33) u (36.38)). Maremarnueckoe OXHIaHHE mo6oro CpK

paBHO o2 MJIOC YMHOXeHHas Ha Mm JIHHeHHad GbyHKIHA AHCNEpCHH.
Sra jguHedHas (QYHKUHS COAEPXKMT T€ M TOJBKO Té H3 y4acTBYyIO-
MIHX B MOEJH [JHCIEpCHi, HHAEKCH KOTODBHIX COAepXKart BCe OyKBH,
onpenenstomue coorsercrsylomuit CpK. KoadduuredT npH Kax-
NOf TaKOA MAMCNEPCHH paBeH NpOM3BEeJEeHHI0 MaKCHMaJbHO



AOPYTUE MOIOE/TU OAUCHNEPCHOHHOTIO AHANMU3A 107

BO3MOXKHBIX 3Ha4eHHH HHAaekcosB u3 (36.40), nmpuuem Gepercs npo-
H3BeneHHe TeX OYKB, KOTOpDble He BXOHAT B MHIEKC COOTBETCTBYIO-
we# aucnepcuu. Ecam B HHAEKC BXOZAT Bce OYKBH, To K03hdu-
LHeHT paBeH eauHHue. Taxk, oas npuMepa, paccMaTpuBasi Marema-
THueckoe oxuRaHHe CpK mas (R X L)-szauMoneicTsuii, nonyuaem,
YTO eQMHCTBEHHbIMH JHCIEPCHSIMH, HHIEKC KOTOPBIX COZEPXKHT Kak
R, tak n L, aprsiotca o}, u 0;.,. HUngekc y o%, He cogepxut
toabko C, koropomy B (36.40) coorBeTcrsyeT j ¢ MaKCHMaJbHO
BO3MOXKHHIM 3HaueHueM c. HMnnekc y o%., colepxuT Bce OyKBBHI,
H COOTBETCTBYIOUIMI KO3D@HIHEeHT paBeH enHHume. B pesysabrare
Mbl TONy4YaeM, 4TO (c0%, + Ok, ) HYXHO YMHOXHTb Ha m H CJo-

XKHTb C 02, YTO coBmajaer co 3HayeHdueM H3 (36.39). Bosee oGee

NpaBHJ/IO BbIYMCJAEHHS] MaTteMaTHuecKHX oxupmaunit CpK, xak uwacr-
Hbil ciay4ad copepxalilee MNpHBeNEHHYIO C0aJlaHCHPOBAHHYIO MO-
neab lI, ¢opmynupyercas B pa6Gore Kopudunma u Trioxku (1956)
(cm. Takxke [edde (1959)).

36.19 B (36.39) o6napyxuBaeTcsi HOBoe CBOHCTBO TpexdakTop-
HOH MepEeKpPeCTHON KJaaCCHQHKAIMK, KOTOpPOe COXpaHsAeTcs AJas cay-
yas Bcex OoJjee BBICOKHX NOpaARKOB. B npumepax 36.5—6 Onio
BHAHO, UTO KaXKRasi M3 HHTEpecyliollluX Hac runortes (O paBeHCTBe
HeKOTOPOH IHCHNEepCHH HYJI0) B OAHOGAKTOPHOM H JIBYX(haKTODHOM
ciayuyae Obijia SKBHBaJEHTHa IHIOTe3e O paBEHCTBe [BYX MaTeMaTH-
yeckux oxupanuii CpK, o6osHauaemux A;. M3 (36.39) Bumno, uto
S5TO CBOHCTBO COXPaHseTCst TOJbKO TOrAa, KOrja pacCMaTpHBAIOTCH
e 0%cs o} H 0%,. OHH paBHH HYJIO COOTBETCTBEHHO TOrAa
H TOJBKO TOrJa, KOTAA Ag == hg, A5 = Ag, Ag = Ag HJIH A7 == Ag. Ta-
KHM o00pa3oM, OcHOBHIBasicb Ha 36.17, B3aHMoaeHCTBHS IEpPBOrO
H BTOPOrO NOPAAKOB, MOXKHO HCCJIEOBAaTb C NOMOLIbIO F-KpuTepus,
nogo6Horo PHM. Onnako cuTyauus oTJIMuHa AJsi APYTHX AHCHEp-
cuit 0%, 0% n o}.

PaccmMoTpuM aqs  npuMepa o%, BXoasmee B A,. I'mnoresy
H, 0%, =0 Henb3si BbIPA3UTb B TEPMHHAX paBeHCTBAa JBYX )»]..

OnpHako HeTPYLHO BHAETb, UYTO Ag -+ Ay =As -+ Ag H uTOo Hy cosma-

aaet C
HO: A/2 + Ls = k5 + Lﬁ. (36.41)

Teopuss n3 36.17 temepp HenpumeHMMa, H, HACKOJbKO HaM H3Be-
CTHO, 1O CHX INOp He TNPOBeLEHO HccaefoBaHHe 06 ONTHMAaJbHOM
BblOOpe KpHTepHss npoBepkH (36.41). OnHako, OCHOBBIBaACh Ha pe-
3yJabTaTax ynpaxkHeHus 36.7, MOXHO yKa3aTb NPUOGJIHIKEHHBIH KDH-
Tepu#, NpHYeM, KaK NOHATHO, aHaJOrHuHoe MNpHOHKeHHe BO3-
MOXKHO BO BCEeX Te€X CJayyasiX, KOrJga HCXOAHYI0O THIOTe3y O paBeH-
CTBe HYJIIO AMCIEPCHH MOXKHO BHIDA3HTb B JKBHBAJEHTHOH ¢opMe
KaK TUIOTe3y O paBeHCTBe HYJIO JHHeHHOH KOMOHHAUHM Aj; (CM.
ynpaxHenue 36.8).
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Hepapxuyeckde Kaaccudukanuu

36.20 O6mas Tteopus 36.13—15 u 36.16—17 npumeHHma He
TOJBKO K NEePEKPecTHHIM, HO H K cOasaHCHPOBAHHBLIM HepapXhue-
CKHM KJaaccubuxkauusM. B cGanaHcupoBaHHOM cJaydae AJsL NMOJY-
YeHHsl JONOJHHTENBHOTO CTONOIAa C MATEMATHYECKHMH OXHAAHUAMHU
CpK, Heo6xomumoro B rtabauue A, MOXHO cpasy HCINOAb30BaTb
TOT GaKT, YTO HepapXHUYecKYl KJacCHOHKANHUI0O MOXKHO pAaCCMAT-
PHBaTh KaK HENOJHYIO NMEpPeKPeCTHYI0 KJAacCHPHKALHMIO.

ITpumep 36.7 Cbarancuposannan OsyxgpaxTopras uepapxuieckan
Kaaccugpukayus

PaccMoTpuM Monenb:

Yijp=0+u; +u;;+e, (36.42)
=1 .., kj=1,..., L p=1,..., m),

COOTBETCTBYIOIYI0 & TrpynnaM NepBOr0 YPOBHsS KJacCHQHKaAUHHU
C ONHHM M TE€M e YHCJAOM [/ MOArpYyNnn B KaXAOH H3 HUX H YHCJIOM
HabmofeHnit m B Kaxjaoi u3 k! noarpynn. Ta6auma (35.88) OA
u3 npuMepa 35.5 coxpaHsieTcs M 3[4eCb C OYEBHIHBIM H3MeHEHHEM
o6o3HaueHuir *). HyXHO TOJbKO NpHBECTH elle MAaTeMaTHYeCKHe
oxunanus GCpK (3a wuckaioueHHeM reHepanbHOro cpexHero). 3a-
MeTHM Tenepb, 4YTto (36.42) sB/AsieTcs BBIPOXKAEHHBIM CcJydaeMm
(36.28), B KOTOPOM HYKHO MOJOXHTb 0%==0 H 3aMeHHTb Ui Ha
u;. 3aMeHHM TaKXe 0% M 0%, Ha o} U 03. YUHTbIBasi 3TH H3MeHe-

HHH, moJydyaeM, 4TO Az U Ay u3 (36.33) coBmamaloT, NpHueM NOJHAR
KPaTHOCTb 3TOF0 XapaKTeDHCTHYeCKOro 4uucaa pasHa (I—1)+4-
+(k—1)(—1)=Fk(—1), T. e. ydcay CT. CB. AJS NOArpymn.
U3 (36.33) Tenepp moaydaeMm

M (CpK)
[pynm: 02+ mo? + Imo?,
[Mogrpynn: o2+ mo3, (36.43)

OcraTtounuii: o2,

H3 36.17 csenyer, uto jans nposepkd of =0 uau o} =0 npu-
MeHHM KpHTepHH, mono6uniti PHM.

*) 3ameTnm, B uacrtiuoers, yro ! u3 mpumepa 3b6.6 coorBercrByeT 3mech ki,
NOJHOMY YHCAY NOATpyn,
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ITpumep 86.8 Cbararcuposarnas TpexpaxTopHnas uepapxuieckasn
Kraccupukayua

Bupousmenss (36.40) TouHO TaK Ke, Kak U B INpeablAylUeM
npuMepe, noayduMm, uro (36.39) npuMer TakoR BHA (YHTATENO
npeajgaraercs NpoaeaTh 3TO CAMOCTOSITeIbHO B yIpaxHeHuu 36.9):

M (CpK)
I'pynn: o + mo? + [;mol + Llmal,
IMogrpynm; o2 + mo} + l;mol,

(36.44)

ITognoarpynn: o? + mo?,

Ocrartounbiit: o2,

3aech uMeercs I} rpymn, Kamxjaas M3 KOTOPHIX COmepXHT [l» moa-
rpynn. Kaxknas noarpynna pas6uta Ha /3 noanmoarpynin, cogepx alux
m Habaogenuf. Tak uyto uncao HaGalomeHui paBHO n = [ lylym.

Ilpu 3TOM MBI He CTOJNKHEMCS C TPYAHOCTSIMH INDH NOJyYeHHH
kpurepues MeronoM 36.17. Tlpn H3yueHHH mnepekpecTHOH KJacCH-
duKamun BBICOKHX NOPANKOB TpyAHOocTH B 36.19 BO3HHKJIH H3-32
KPaTHOCTH B3aHMOJeHCTBHH, yero HeT B pacCMaTpPHBAEeMOM cJydae.

Hledde (1959) npusonut o6GobineHne TpexaKTOpPHOH mepapxH-
yecKOH KJacCHGHKAUHUH Ha CJyyal C BO3MOXKHO HepaBHHIMH Yac-
TOTaMH.

MomHocTb KpUTEPHEB, AOBEPHTEAbHBIE HHTEPBAJHI
M OTPHUATENbHbie 3HAYEHHS OLEHOK

36.21 B coorserctBuu ¢ 36.17 kpurepu#, nogo6bueiit PHM, pns
NpOBEPKH THNOTE3bl O PaBeHCTBE HYJIO0 KaKOH-A1HO6O AHCHEePCHH 3K-
BUBaJNeHTeH npoBepke Ho: ¢=0 B Ay=2Ap-+ ¢ npotus H;:
¢ > 0. Otnomenne S¢/(Ap+ @) k¥ Sp/Ap Bcerma uMeeT LEHTpPAsb-
Hoe F-pacnpejesieHde, TaKk 4YTO HMeeM

Fe % (1+ %)_. (36.45)

Orciofla HeMeNJIEHHO NOJy4YaeTCs MONIHOCTb KPHTEpHs MPOBEPKH
Mgy, ocHoBaHHOro Ha cratuctHke S,/Sp,. B ynpaxuennu 36.1 pac-
CMaTpHBaeTCs NPOCTEALIHA cayyam.

36.22 B To Bpems, kak B MojenH | Mbl MPHUIIH K MHOMXeCTBeH-
HbIM CPaBHEHHAM JJIi NapaMeTPOB MOJEJH, KOTOpble OHJIM Cpel-
HHMH 3Ha4yeHHsIMH, eCTeCTBEHHBIH cJjeaylomui mar B Momenu II
COCTOHT B [OCTPOEHHH JOBEPHTEJbHbIX HHTEPBAJIOB [JIi MapamMer-
pOB, KOTOpHIE Tenepb ABJAIOTCA AUCIEPCHAMH.

U3 (36.45) HemepmJsieHHO noJyyaeM [OBEepHTENbHbE HHTEDPBAJbBI
Ans  napamerpa @fAp. Tlpocredimuit cayuafi paccMaTpHBaeTcs
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B ympaxHeHu# 36.11. Kak nokasblBaeT Ja)e 3TOT CHIMBIH [POCTOM
ciayvai, 1OBepUTEeJ/IbHBIE HHTEPBAJBl MOLYT COAEpPKATh OTPHUATEJb-
Hble 3HaueHHsi (H Ja)e LEJMKOM COHepHKATbCi B OTPHLATENbHOM
obsnacTH). DTO COOTBETCTBYEeT BO3MOXKHOCTH [JSi TOYEUYHHIX OLIEHOK
JHCnepcHH, NOJy4YeHHbIX B NmpuMepax 36.3—4, npHHHMATh OTpHIA-
TebHble 3HaueHHs. s npaxkTHueCKUX uenedl OTpHUATENbHbIE 3Ha-
YeHHS! OIIEHOK HeOTPHIaTeJbHbIX BeJHYHH HeNpHeMJeMbl, H MO-
3TOMY 3TH 3HAQ4eHHs OOHUYHO 3aMeHsiloTcs Hydem. M xors Takum
o6pa3oM HapylIaeTCsi HECMelleHHOCTh OLEHKH, 5TO MOXEeT INpHBe-
CTH K YMEHbIIEeHHIO cpeiHeKBaJpaTHYHOH OMmMHOKH (CM. NIpHMEp
36.3). AHasornuHO OTpPHUATENbHASE YacTh HOBEPHTENbHOro HHTEp-
Baja OOLIYHO 3aMeHSeTCsE HYJeM.

B. Tomncon (1962) npHBOAMT aArOpUTM MJISL NOJNYYEHHUsS HeOT-
pHLATEJNbHbIX OLIEHOK AHcHepcHii. 3TOT aJrOPHTM HaeT HHTYUTHBHO
npueMJeMbli pe3yJabTaT AJAs OJHODaKTOpHOH H ABYX(daKTOPHOH
NepeKpecTHOH KJaacCHPHKaUuH, OMHAKO CJIHLIKOM CJIOXKeH jJaxe
B TpexdakTODHOM cJjlyuae.

Baamep (1957) (cM. rakke Uledde (1959)) mosmyuaer mpubau-
JKeHHble [OBEepHTeJbHHE HHTEpBajbl AJsf camoro ¢ H3 (36.45),
a He ye YNOMSIHYTbleé MeHee NOJE3Hbie HHTEePBaAbl LIS @fAp (CM.
ynpaxHeHne 36.15).

Bo Bcex cayuasix He BO3HHKaeT TPYLHOCTeH INpH NOCTPOEHHH
JNOBEPHTENbHbIX HHTEPBAJOB IJs RHCNepCHA OMHOOK 02, HCXOASA H3
pacnpenenenus ocratouHoit CK. Otu wuHTepBanbl Bcerga Jexar
B MOJIOXKHTENbHOH 06/1acTH.

Hec6anancupoBaHHbiii cayyaii B monean 11

36.23 Hauunas c npumepa 36.2, Mbl OrpaHHUHJIHCh H3y4YEHHEM
c6anaHcUPOBaHHOrO cJayvasi (C paBHBIMH yactoraMH). Hrobwl 10-
Kas3aTb TPYNHOCTH, BO3HHKaloumHe B Hec6aJaHCHPOBAaHHOM cJjydae
Modean II, n mosicHMTB, OTKYZa OHH BO3HHKAIOT, BEPHEMCS K OJHO-
dakropHO# KJaccHHKAaOHH, MOLEJb KOTODOH NpHBeJeHAa B MNpPH-
Mepe 36.1.

36.24 Mbl BHAKMM, YTO
{ 0 nmpu i,
cov (ytq» Yrs) = 0,% npu i=r,

TaK 4YTO H3 NPEANOJOXKEHHS MHOroMepHON HOPMAaJIbHOCTH Caedyer,
gy1o HaGMIONEHHS, He MpUHaNJeXalllHe ORHOM H TOH XXe M3 p rpynm,
HesaBucuMbl. KoBapuanms HaG/lOOeHHH, NpHHaAJMeXalldX OMHOMK
B Toli Ke rpynie, paBHa o2. Bce HalJioNeHHs HMEKOT HyJeBble
MaTeMaTHYeCKHe OXHJaHHA W AHCNepcHH oFf +-o2. (IT0 npocrei-

wui cayuai obueir opmyast (36.11).)
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Yro6ul 3amucaTh NOKa3aTesb 3KCNOHEHTH B GopMyJie ILIOTHOCTH
MHOroMepHOro HOPMAaJbHOro pacnpelnejieHHs, HaM HYXHoO o6pa-
THTb MaTpuly Vy, KOTopasi, Kak Mbl BHAEJNH, COCTOHT H3 HyJed, 3a
HCKJIIOUEHHEM p KBaJAPAaTHBIX MOAMATPHI, PacHOJOXKEHHBIX BIOJb
rJaBHOH AHAaroHaJH H MMEIOLIHX pasMepwl 7y, ..., np (4HCJa Ha-
6alomeHdit B Kaxgoit u3 p rpynn). Kaxjaas noAMaTpUlla HMEET BHA

fol +o7 of ol
2 - .

oy .

Vn — . L3 -
i .

. . . - 0%
2 2 2 2

o - - - 90y oi+o;

Kak HeTpyIHO NpPOBEPHTb MPOCTHIM yMHOXeHHeM, obpatHas K Vg,
MaTpHIa HMeeT BHA

H 24+ (s — 1ot —o} ... —of)
1 — o2 - .
-1 2/ 2 -
an ={ag(cz+nicl)} . . Ak
. — o2
—o} ... —o! oi+(n;—1Nol

-1 -1 .
a smauut, V, cocrour u3 V, Broib TIaBHOA HMaroHand, a
ocTanbHbIE 3JEMEHTH DaBHbl HY.JIIO.

36.25 U3 36.24 caenyer, uro Jaorapudm ODIT ans omHopakTop-
HOM KiacCHOHKAIMH paBeH

I [ oi+(n—1
logL=C(0%’ o.i)_ — {Z og + ( )U[ Z( iq_e)2

i=1 o:+ n0f q=1

_Z o,+,.,o, ZZ% 9)(yiz—9)}=

0,2
=c (o}, ol) —2+'§ { Z Z (yiq_e)2_Z 03._4'["‘71 [Z (yiq_e)]2}=
i q ¢ q
=c(o} 03)_55—{{2 Z(yiq_y--)2+n(y'-_ 8)" —

2
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p
TTocKOMBKY y,,=z;niyi,/n, T0 H3 (36.46) momsaruo, aro p-+1
o=

CTaTHCTHK zl: Z(y,q— y.,)z. Y,» £=1, ..., p, LOCTATOYHBI OJA
q

Tpex mapameTpoB 3agaud. Ecau BCe n; paBHbl, TO caMmylo nocJjef-
HI0I0 cyMMy B mpasoii yactH (36.46) MOXKHO nepenscarb B BHAe

Z n (4, — 8)’=

i

ni 2
=— ;—;*—{Z n(y.— v +n(y.— e)?}, (36.47)

2
n;oy

-7, , 2

o+ nof

u, nmoacramaas (36.47) B (36.46), yGexnmaeMcs, 4YTO B COOTBeT-
cTBHH ¢ o6muM pesyabtaToMm 36.11 119 c6anaHCHPOBaAHHOrO cayuas
noJayuyaetcl MHHHMAaJbHOE JOCTAaTOYHOE MHOXECTBO H3 TpeX CTa-

THCTHK {Z{: 552 Fig— ¥.)% . Z‘: (Y. — y“)z} . EctecTBenHo,

YTO OHH, IO CYUIeCTBY, H SBJASIOTCH BEJIMYHHAMH, BXOISHIHMH
B Tabauuy JIA, paccMoTpeHHylo B npumepe 36.3.

OpnHako ecan He Bce n; coBnamawTt, 10 (36.47) nepecraer GHITH
crnpaBeJJIMBBIM, M MHHHMAaJibHasi AOCTAaTOYHAst CTATHCTHKA HMeeT
6o/ablie TPeX KOMIOHEHT (CM. ynpaxHeHue 36.12).

36.26 OTIC)’TCTBHe c6anaHCHPOBAHHOCTH CYIIECTBEHHO BJIMSET HA

p
OA. CK mexay rpynnamu S2=i§ n; (Y. — y..)*! He mponopuuo-

Ha/lpbHa Tenepb BeJHUYHHe, MMeloulel Y2-pacnpejesieHHe, NMOCKOJBKY
Tenepb OHA fABJAfAETCH B3BEIIEHHOH CYMMOH KBajpaTOB OTHOCH-
TeJbHO CpPeAHero [OJasi HOPpMAaNbHBIX BeJHUHH C HYJIeBBIMH MaTeMa-
THYECKHMH OMHMIAHHAMH, HO He paBHbIMH aucnepcusiMu. OpHako
pacnpenesnenne ocratouHoit CK S3 He MeHsercs, TaK 4TO, Kak

H paHee,
M {S,/(n — p)} = ol. (36.48)

C nomombio Tabaunsl JA Bce elile MOXCHO OLEHHTb O}, HO Te-

nepb 3TO He sfABJAsAeTcH OoJiblre €IMHCTBEHHOH ONTHMAJbHOM Mpo-
nenypoi, kak 3to Obli0 Assi c6anaHCHPOBAHHOrO cjaydas B npuMepe
36.3. B 36.25 MbI BHAeJH, YTO S3 M p TPYyNNOBHX CPefHHX Bceria
06pa3yioT JOCTAaTOUYHYIO cTAaTHCTHKY. PaccMorpum ¢yHkuuio rpvio-

IIOBBHIX CpEJHHX
p p
S(m) =X my: — (,‘\;1 m,) 92,

=]
rae mg— KOHCTAHTH. [Tockoabky n3 npumepa 36.3 caenyer
D(y,)=o0t+ oi/n., (36.49)
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Mbl y6expgaeMcs, YTO

Ly (i - 20)
M(S (m)) = a2 ), m,(5-—5)+oi\l =) Y. m. (3650
i ' :

CoorHomeHHe (36.50), napsimy c (36.48), MOXHO HCIOJB3OBATh
ANs TMONYYEHHs HeCMEIeHHOH OLeHKH oF NpH Jo6nix m;. Takum

o6pa3oM, MOJy4aeTCsi MHOXECTBO HeCMeIleHHBIX OLEHOK 3HaYEHHs
o? (3a HCKMIOYeHHeM cGaJaHCHPOBAHHOTO clyyas (CM. ympaXHe-

HHe 36.13)). «EcrecTBeHHBlfi» BHOGOpP m; = n;, KOTOPBLIA CBOJHT
S(m;) x Sy, ABnsiercs yHOOGHBHIM, HO He ONTHMAJIbHBIM.

ITO0 OTCYTCTBHE EeNHHCTBEHHOCTH YyKasbiBaeT, YTO (KaK M BO-
oblle B cjayyae, KOrja pa3MepHOCTb BEKTOpa AOCTATOYHBIX CTATH-
CTHK IpeBblIIaeT YHC/IO NapaMeTpoB) B HecGaflaHCHPOBAaHHOM cJay-
gae OTCYTCTBYeT MOJHOTA MHOXeCTBa NOCTATOUHBIX CTATHCTHK.

Conutoan (1967) nokasan, 4TO KPHTEPHil NpPOBEPKH of=0, OCHOBaHHBII Ha

8S3/Ss, mpoTHB 60abuiux aNbTEePHATHBHBIX 3HAYeHHA of, NOYTH 3SKBHBAJIEHTEH
HauGosee MOUIHOMY HHBAapHAHTHOMY KPHTEPHIO, TOYHAs (GOpMa KOTOPOro 3aBHCHT
OT 3HaueHHd paccMaTpHBaeMofi aJbTepHaTHBH. OH NOKAa3aJd TakKe, YTO aHaJo-
THYHOE COOTBETCTBEE HMSeT MEeCTO JAJAA [NOBEPHTENbHHIX HHTEepBasoB Banbaa
(1940) nna of/og, (cM. ynpaxkHeHHe 36.16), xoropeie Baawnz (1941, 1947) 0606-
U Ha GoJdiee CHOXKHBIE HecGaNlaHCHPOBAHHBIE MOIEJH.

Ins anbTepHATHBHBIX 3HAYEHHH of, 6au3kux K nymo, Mycrada (1967) noka-

p
saJ, 4TO KPHTepHil, HCIOAB3YIOIHA CTATHCTHKY Z n‘f ;. — y_,)z, ABNAETCA 3HA-
i=1
yuTesbHo GoJiee MOLHBIM NIPH NPOBEPKE THIOTE3b a?=0, yeM KDHTepHi, OCHO-
Bauublii Ha S3/S3.

36.27 Teiokn (1956—7) paccmaTpuBan 3agauyy ONTHMAJILHOrO OUEHHBaHHS
OJa HecGalaHCHPOBAHHON OXHOMAKTOPHOA kjaaccHPHKauuH. Ox NOJy4Yua JOBOJIBHO
CJOMKHBIH Pe3yJIbTaT, KOTOPHIl TeM He MeHee HYXHO MPHHATb BO BHHMaHue. Cépa
(1958) u Jloy (1964) muccnemoBaan HecGaslaHCHPOBAHHYIO IBYX(AKTOPHYIO Iiepe-
KpecTHylo KJaccHukauuto, korra cuosa CK B TaGnnue A ne mpOmOPUHOHAJBHBI
BejiHuMHaM, HMmelownm Y¥3-pacnpepenenne. Xenmepcon (1953) paccMmorpesn  He-
CKOJIbKO METOZOB HeCMeUleHHOro OHeHHBaHHs B O0lIeM HecOaJJaHCHPOBaHHOM clay-
qae. Xapsuna (1967a) uncenenoean ABa M3 HHX, a TaKkKe NOJYUYHN HEOGXOAHMEIE
H JOCTATOYHBIE YCJIOBHA, MJA TOrO0 4TOOH GHJIO BO3MOMKHO HeCMelleHHOe ONEeHH-
BaHHe.

O606uenne moaeae JA: oGcyxkaenne

36.28 Kak uccinenyemas mMerogom HK o6uias guHeHHas Moxenb
I u3 raasm 35, tak u momenp Il HacrosimeH raasbl, ABAAIOTCS
SKCTPEeMaJbHbIMH CJAYy4YasiMH B TOM CMBbICJAe, UYTO B8Ce 3JIEMEHTh
sekTopa 0 B (19.8) sBaAsiOTCA KOHCTAaHTaMH (napaMerpamu), B TO
BpeMs Kak 8ce ajeMeHTol # u3 (36.1) aABasiorcst CAy4aHHbIMH BeJH-
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Y¥HAMH, HEKOPPEeJHDPOBAHHBIMH MeXAY COGOX M C BEKTOPOM OIIH-
6ok £. Ha npakTnke MOXeT BCTPETHTbCS CHTYyallHsi, KOTHA YMeCTHO
paccMoTperb CMech IBYX MoOfeJeil, T. e. Koraa

y =10,4 X0 + Xou -+ e, (36.51)

rie resfepaJjbHoe cpegHee 0003HauyeHO Temepb By, UTOOBI OTAHUHUTD
OT BeKTOpa napamerpos 8, sjeMeHTH KOTOPOr0 KOHCTAHTHI.

36.29 Ecnu c camMoro HasaJjla OrpaHHYHTbCS OOCYXKIEHHEM CHTY-
anud JJA (4To MBI He fesanu BIJOTh N0 IMaBbl 35 Aas Momean I
H BojoTh A0 36.13 pas momenu II), To serko moHsAThH, KaK MOXKeET
BO3HMKHYTb «CMeilaHHasi» Mojens BHAa (36.51). Paccmorpum gas
npuMepa ABYX(PAKTOPHYIO NepPeKPeCTHYIO KJaacCHPHKALHIO.

IIpeAnonoxHM, YTO NPOBOIHUTCH SKCNEPHMEHT IJs HCCIenoBa-
HAA TNPOYHOCTH Ha pas3phiB NATH DA3JHUYHBIX THNOB OyMards H 4TO
KaXJbli THn 6ymard paccMaTpHBAaercss NPH TpPeX pPa3JHYHBIX YPOB-
HAX copfepxkavus Bjard. Pesyabrarel pacnoJsiaraiorcs B Tabauny
C NATbIO CTPOYKAMH H TpeMs cronbumaMH. Ilare THnoB O6GyMarn
B3ATHl B 3KCINEDHUMEHTE NOTOMY, YTO OHH MPEeACTaBJAIOT CaMOCTOs-
TeJbHHH HHTEpPeC — Mbl XOTHMM 3HATb CBOHCTBA 3THX THNOB Oy-
MarHd. IlosaToMy ecrecTBeHHO HHTEpNpeTHPOBATb HX INPOYHOCTBH Ha
pas3pbiB B KauecTBe HEKOTOPHIX HCKOMBIX NOCTOSHHBIX (napamer-
POB), H3MepEHHe KOTODHIX NMOoABep:KeHO OObIYHbIM IKCHEepHMEHTaJb-
HBIM OWIHOKaM.

CuTyamusi Moxer ObITh HHOH NpH KigacCHPHKAUHH NO CTON6-
naMm. Tpu ypoBHs comep:kaHus BJaard 6yAyT BO3MOXHO BHOMDATLCA
Kaxk yHoOHble YPOBHH MAJf NPEJCTABJEHHS «BBICOKOIO», «CDELHero»
H «HH3KOro» COXepXaHUS BJArd, He [raBas NOJHON HHPopMauun
O TOYHOM 3HaUeHHH YPOBHA. B 3TOM cMbIcie TPH paccMaTpHBaeMbIX
ypoBHss OyAYT BbIGHPATHCS M3 COBOKYMHOCTH MNOTEHIHAaJbHO BO3-
MOXHBLIX YPOBHEH cOfepXKaHHS BJjard HEKOTOpbIM (He o6s3aTesbHO
BeposiTHOCTHBIM) o6pasoMm. TakuM o6pasoM, apdekt cronbuos 6y-
JleT HMeTh B HEKOTOPOM CMbiCJe pacnpefesieHHe cOBeplIIeHHO Apy-
roii npuponbl, deM OIIHGKH 3sKcnepuMeHToB. CrenoBaTestHO, NpH
H3y4YeHHH KJaccHdHKaOHH no croabuaM Gojiee npHeMJIeMOH Haea-
Ju3aliuel sKcnepuMeHTa siBasiercsi mogens II (6e3 mpeamosoxeHHs
HOPMAaJIbHOCTH), XOTA H OHa HH B Koeil Mepe He fABJAsAeTcs auex-
BaTHOH. B pesyarrare B mepBoM NpPHOJHXXEHHH HPHXOAHM K Npen-
CTaBJIEHHIO 3KCIIEPHMEHTa ¢ MOMOoliblo Mojxend THna (36.51), rae
0 coorBercTByer 3ddekraM cTpok, a u — sdpdekraMm cTONOLOB.

36.30 B »sxcnepuMeHnTte, onucaHHoM B 36.29, MOXHO pacCMOT-
perb B3aHMOJEHCTBHA CTPOK H CTOJOLOB, €CJIH AONYCTUTb BO3MOXK-
HOCTb TOTO, YTO y NATH THNOB GyMard pasjHyHas CTPYKTypa 3aBH-
CHMOCTH MPOYHOCTH Ha Pa3pHiB OT YPOBHs comepxaHus BJaaru. [To-
CKOJBKY caMu 3(deKTsi cTOJAGIOB PaccMaTPHBAIOTCS KAK CiydaiiHbie
BEeJIHYHHBI, KaMeTCsi JIOrM4ecKH HeoOXOAMMBIM CUHTATb HX B3aUMO-
JIefiCTBHA €0 CTPOKAMH TOXe CJAy4YalHbIMM BeJIMYHHAMH, a He KOH-
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CTaHTaMH. JTOro Jerko MOOHTbCHA, AONYCTHB, uTo # H3 (36.51)
HMeeT KOMIIOHEHTBI, COOTBETCTBYIOLiHe B3aUMOAeHCTBUAM. OpHako
TOrAa HeMeAJIEHHO NOABJAETCH Heo6XOAMMOCTb OOpaTHThL BHHMAaHHe
Ha MOMEeHT, BO3HHKaIMmHUit B caMoil Momead II. Ecaun gonycrurs, uto
3 dexTH cTON61OB H B3aUMOAEHCTBHS CTPOK H CTOJGIOB SIBASIOTCS
CJy4YaHHBIMH BeJHYHHAMH, TO KaK MOXHO ONpaBZaTh MpeinoJo-
JKEeHHe O TOM, UTO OHHM He KOppeJHPOBaHbl, OCOGEHHO eCJH Mbl
BCIIOMHHM, UTO MNPH [OMNOJIHHTEJbHOM INPEANOJOXKEeHHH HOpMaJib-
HOCTH 3TO BJie4yeT He3aBHCHMOCTh?

Ha ocHoBe peanbHblX $aKTOB BPSII /M MOMXKHO AONYCTHTH He3a-
BHCHMOCTb CJydyadHHbIX 3d¢deKTOB M B3aUMoAeHCTBHi, U Momenb II,
oCcTaBasiChb HHTEDECHOH ¢ MaTeMaTHYeCKOH TOUKHM 3pEeHHs, BpSAL JH
MOXKEeT CJAYXHTb YJOBJETBODHTEJNbHBIM ONHCAHHEM MHOIKMX MpPAaKTH-
YeCKMX CHTyalH#, B KOTODBIX 3aBEIOMO NPHCYTCTBYIOT B3aHMO-
HeACTBHSA.

36.31 Tor ¢axkt, uro Momeap II JIA oroxpmecTmisiercsi ¢, BO-
obule roBopsi, HempHeMJeMbIM MPeANONOXKEHHEM O He3a8UCUMOCTU
g3aumodeiicreuti, Kak Mpl ero 6yJeM Ha3HBaTb B LaJjibHeilleM, Ha-
TaJKHBaeT Ha HeOOXOOHMOCTb H3ydYeHHs APYrux, 6osee o6LIMX Mo-
Jenxeit 1A, He CBsi3aHHBIX C 3THM INpPeANOJOXeHHeM. M YBHIHM,
YTO MOJEeJb CO C8AR3AMHbIMU 83aumodetlicTéuamu, T. €. B3aMMoOLeH-
CTBUSIMH, KODPEJHDOBAHHBIMH C COOTBETCTBYIOIUHMH IJIABHBIMH
a¢pdexramu, BeneT Ha camoM aese K npoueaype HA, oTanuHOM KakK
oT npouenypsl Mogeau I, Tak H ot npouexypsl Momenn II. Manoxe-
HHE MOJIVYEHHBIX B MOc/JegHee BpeMs Pe3y/bTaTOB C HCTOPHYECKHMH
3aMeuaHHsiMH InpHBeJeHo B paGote Ilasxkerra (1960) u Iledde
(1956b).

PaccMotpuMm Ttenepb Mogean A, paspaboraHHble B paGorax
Kopuounga u Teloku (1956) (coenyss paHHHM HeoNyGJHKOBaHHBLIM
pa6oraM 3tux asropoB), Illebde (1956a) u Yunka u KemmncopHa
(1955—6). Mbl orpaHHuYMMcsi H3/10XKeHHeM ABYX(paKTODHOH mnepe-
KpecTHOR KjaccHdHKaAIMH, B KOTODOH INPOSIBJAIOTCA BCe BaXKHble
XapaKTepHble YepThl MopneJek.

O6mas Moxeab

36.32 IlpexmnonoxKuM, UTO Y HAC MMeeTrcsd MHOXKECTBO (JHCKpET-
HOe HJH HenpepbiBHOE) BO3MOXKHHX YDOBHeH KJaccHGHKaOHH IO
CTPOKaM, H3 KOTOPOro r YpDOBHeH BbIGHpAIOTCA AJf YYacTH B IKC-
nepumente. O603HAYHM 3TO MHOXKecTBO Pr. AHaJOrMYHO mNpeano-
JIOXHM, UTO HMeeTcsi MHOXKecTBO Pc BO3MOXHBIX YPOBHEH KJacCH-
¢uxkauuu no croabuaM, U3 KOTOPHIX BoiGHpaloTcsi ¢ ypoBHed. Ilpo-
mecc Bbl6Opa [OJf1 CTPOK MpeAnoJjaraercs He 3aBHCSIIHM OT Ipo-
necca Bbl6opa nasi cron6uoB. Ecam Bbi6paH i-fi ypoBeHb CTPOK
H j-i ypOBeHb CTOJOGIOB, TO AJaSi ITOH KOMOHHAUHH NPOBOAHTCS N;j
HaGaonendin (onbitoB). Kak u paHee, p-e HaGaoneHHe B i-A CTPOKeE
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H j-M CcTOJ6Le 0603HAYHM Y;jp M NMOJOKHM
Yijp = Wijp + €ijps (36.52)

rie M (eijp) = 0. Ha BpemMss ocraBuM B CTOPOHe JeTaJjibHOe pac-
CMOTpDEHHE BONpOCa O TOM, KakHM o6pa3oM noaGHpalOTCs n;; IKC-
nepHMeHTaJ/bHbIX 06bekToB (experimental units) nas BeiGpaHHOM
KOMOHHaALMH i-H CTPOKH H j-ro croabua (cMm. 36.36 u 36.39 Huxe).
O6o3naunm uepe3 N;; 4YHC/IO SKCNEPHMEHTAJbHBIX OGBEKTOB, KO-
TOpble B NMPHHUHNe (B CHJY CTPYKTYPbl 3KCIepHMeHTa) MOryT GbiTh
noxo6paHH nJjst 3TOH KOMOHHAUHH, H 0603HAYHM p,j, CpELHee Be-
JIHYHMH pijp MO BCeM BO3MOXKHBLIM N;; 3HaueHHsM uHAexkca p. anee
Rise U Paj«— CPENHHE 3HAaYEHHSA WNij, N0 BCeM YPOBHAM H3 Pc
H BCeM YpPOBHSIM H3 Pgr COOTBETCTBEHHO, 2 L4 — CDEIHEe 3Haue-
HHE pij., B3ATOE Kak No Pg, Tak u no P¢. Hukakoro mpexnonaoxe-
HHST HOPMAaJbHOCTH HJH TOMOCKEZACTHYHOCTH, T. €. OJHOPOAHOCTH
YCJOBHBIX RHCNEePCHU, He peJaercs.

36.33 Ilo ananorunu c¢ (35.31) reHepasabHoe cpexHee, 3addekTsl
cTon6UOB, 3Q(EeKThl CTPOK H B3aMMONEHCTBHS CTPOK H CTOJAOLOB
OnpefeNsOTCA Telepb COOTBETCTBEHHO CJeNyIOIIHM o6pas3oM:

9» = W 1
eia = p’[-u - p’m’
e,,,] = p'*.i* — Uy (36.53)

ei] =p’i]t_ p'i*s_p’*]*—*—p’m:
=p’[ia_ e‘*_ 9*]— e#‘

1X

Xors Ha6aogenHss GYAYT NMPOBOAHUTBLCS TOJLKO [JIs1 r 3HAUEHHH HH-
JeKca i M IJasi ¢ 3HAYeHHR HHIeKca j, onpeleseHHsi BeJIHYHH O
NAal0TC B TEPMHHAX M, KOTOpble SBAAIOTCA (QYHKUMAMH OT 8cex
anpHOpH paccMaTpHBaeMblX YPOBHeH, a He TOJBKO OT TeX ypOBHe#H,
KOTOpble YYacTBYIOT B NpOBeJeHMH 3KcrnepuMeHTta. [lajee B mno-
crenHeit crpoke (36.53) 0;; npeacraBasiOT coboi ceA3aMHble 83au-
modeiicTaun, oTHOcswKecs K apdexkram nmonynsuui 0;, U 0,;.
Hs (36.53) onpemennm Temepb KOMIOHeHTH JHcnepcuu. Ecau
B Pr copepxurcs R saeMenrtoB, a B Pc— C >s1eMeHTOB, TO NO-
JIOXKUM
R
0% =2 82 /(R—1),

i=|

o2 = 201 62,/(C—1), » (36.54)

j=1

R C
ohe =2, 2 B/ ((R—1(C—1).
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IMpu 3TOM monyckaetcsi, 4To R #au C wau R u C MOryT CTpeMHTbCA
K GecKOHEYHOCTH, UTO COOTBETCTBYeT HemnpephiBHOMY cayudaipo. Oc-
TAaTOUHAS AMCIEpPCHs onpeuenﬂeTCﬁ COOTHOLIIEHHEM

NU
l -
% =TRC Z Zl(Nu 1™ Z’. (Byp — Byp)®  (36.55)
i=1 j= p=

36.34 PaccMoTpuM Tenepb pasJiHuHble 4acTHbie cayuyad oGmieil
MOIEJH.

Cayuai 1

B Pr comepxurcs poBHo R ==r 3aeMeHTOB, B Pc— poBHO"
C == c; HHKaKoro BHOGOpa YypOBHell CTPOK H CTOJIGIOB He MPOBO-
IUTCSI; BeJHuYHHBl N;; CTpeMsATC K OECKOHEYHOCTH AJis BCeX [ M .

Sror cayuai ABaseTcd ocHOBON auast momenu I A, mayuyeHHOM
B raase 35. [lpu atom (36.53) cosmanaer ¢ (35.31).

Cayuad 2

Kak Pgr, Tak 1 P; BAAIOTCA HeNnpephIBHBIMH MHOMXECTBaMH,
tak uto R m C crpeMsaTci K OGeCKOHEYHOCTH, Hapany ¢ N;; nas
Bcex [ H J.

dror cayuai sBisercsl ocHoBod aas momeaum II JIA, paccmor-
peHHOl B HauaJje 3TOH IJiaBbl, NPH 3TOM HHKAKHX MNpPeNNOIOXKeHHH
O HOPDMAaJIbHOCTH HMJH TOMOCKEJZACTHYHOCTH He jeJaercd. K3 mo-
chefHero paBeHCTBa B (36.53) umeem

P'”‘ = Bs* + ei* + e*] + Bif' (36.56)

rae Bce YJeHs! B MNPaBOHM 4YaCTH, 3a HCKJIO4YeHHeM 0,,, ABJAAIOTCH
caydaiiHbIMH BesiHYHHaMH. Tenepp B3auMoneHcTBHs 0;; chesaHbl
He3aBUCHMBIMH OT 0;, B 0,; B cuy OeCKOHEYHOCTH MHOXeCTBa, H3
KoTtoporo oHu Bei6upaiotcsi. Ha camom gmene (36.56) skBusaseHntHoO,
C OYeBHIHBIM H3MeHeHHeM o0G6GO03HauyeHu#H, cooTHomeHuoo (36.28)
(B3siTOMYy A/l Y., @ He AJs OTAENbHbIX HaGJIONEHHH Yijp).

Cayuad 3

Ha6nionaembie 7 ypoBHeH CTPOK BbIOHpalOTCs CJAYy4YaAHBIM 00-
pa3oM Ge3 BosBpameHust H3 R ypoBHeft B Pg, a ¢ HabuaomaeMblx
ypOBHelH CTOJIGLOB He3aBHCHMO OT Bbi6opa CTPOK BHIGHpAIOTCA aHa-
JoruuHo 3 C ypoBHeit MHOXXecTBa Pg.

B stoit MonenH, kak u B Moaean II, o6e knaccupukanmuu umeor
caydafielii 3gdekT, HO CcO CBSI3aHHBIMH B3aWMOmeACTBHAMH. [lpu
R, C u N;j, crpemamuMuci K GeCKOHEUHOCTH, NojydyaeM ciayuad 2,



118 TTABA 36

Chenyer 3aMmeTtutb, uTo gaxe npu r=R, c=C u N,;j—> oo,
cly4yailh 3 He cOBmnagaer ¢ NpHBeJAeHHBIM Bblle caydaeM 1, mo-
CKOJIbKY B ciiyuae | He 6bl10 HHKaKOro npolecca Bui6opa, a 31ech
npouecc BbiGOpa onpege/seT NOPAJOK, B KOTOPOM CTPOKH H
cToN6ubl cHabGXxaloTcsi HHmekcamu 1, 2, ..., ru ), 2, ..., ¢ cooT-
BETCTBEHHO. IJTOT Ipollecc BbIGOpAa NDHBOAHT K pPaHAOMH3aLUK
CTPOK H (He3aBHCHMO) cToa6uOB B Tabauue. OnHcaHHBIA B 5TOM
a6saue cayuayt Mo o6o3Hauum 3 (1).

CmelraHHBIE MOAENH

36.35 Cayuau 4

ITpenmosoxkum, 4TO B OMHCAaHHOM Bhille caydae 3 R ==r, tak
YTO BO3MOXHBI TOJBKO NEPEeCTAHOBKH CTPOK, KOTOPhie B OCTAJNbHOM
(QHUKCHPOBAaHbl, HO UTO, KaK H B cayuae 2, C u N;; ctpeMsarcs K Gec-
KOHEUHOCTH.

[Tonyuaerca cmewanunan modesv ¢ (QUKCHPOBAHHHIMH, He CUH-
Tasi [epeCTaHOBOK, YPOBHAMH CTPOK, H YPOBHAMH CTONGLOB, BhiGH-
PaeMbiMH H3 GeCKOHeuHOro MHoOXecTBa. Bekrtop-cronben {pij.},
HMeIOIHH r KOMIIOHEHT, COOTBETCTBYIOUIMX TOMY, 4YTO HHAEKC (
TIpUHHMAaeT 3HauyeHHs 1, ..., r, sABJAfAeTCS CJAYYaAHBIM BEKTOPOM
u3-3a BoiGopa crosabuos. Has pasauuneix j BeauuuHsl {u;j,} npen-
noJaraloTcd B COBOKYMHOCTH HE3aBHCHMbIMH C OIHHM H TeM XKe
MHuoroMepHbeiM pacnpefnenenueMm. OfHaKO 3Ta MOJIeJb He fIBJSIETCSA
cTo/Ib OOllel, KAK 3TO MOXeT NMOKAa3aTbCsl ¢ IIePBOro B3rJasna, nbo
W3 npollecca NepecTaHOBKH CTPOK CJleAyeT, UYTO BCe NHCNEPCHH dje-
MeHTOB {Wij,} DaBHBH H aHAJOTHYHO paBHH Bce r(r—1)/2 HX Ko-
Bapuaunf. [loHATHO, YTO 3TO YyCJ/JOBHEe INOJHOH CHMMETPHH He
Bcerja XKenaTeabHO /s NpakTHYecKHX desed. Huxe Mbl paccmor-
pum HajbHefiliee o6o6uieHne, npuHHamlexauiee Illedde (1956a),
Kotopoe 6yleM HasblBaTh CJydaeM 9.

Cayuati 5

Kak u B cayuyae 1, R = r, Bbi6op He npoBogutcs, C— oo u, Kak
#u B cayvae 4, {p;j. fABAAIOTCS OJHHAKOBO paclpejesieHHbBIMH CHY-
yaliHeiMH BekTOopaMu. OQHakKo pucCnepcHOHHasi MaTpHUa r HX KOM-
HOHeHT O6oJibllie He SIBASETCS NOJHOCTbIO CHMMETPHYHOH, UTO Heol-
XOAHMMO CJIeOBaJI0O H3 Ipollecca NepecTAHOBKH CTPOK B cayuae 4.
TakuMm 06pasoM, noayuyaercs GoJsiee oburasi Moaeab, UeM B caydae 4.

Hmxodp (1960) 0606uinn Mozean cayuas 5 Ha c6GaJaHCHPOBAHHYI Tpexdak-

TOPHYIO KJaaccHbHKAaLHiO NpH ABYX caAydYaliHeiX (PaHZOMH3HDOBAHHBIX) H ORHOMH
«pHKCHPOBAHHOA KJIACCHOHKAMHAX TEPEMEHHBIX.

36.36 Kopuduan u Toiokn (1956) manu gerajabHoe H3JIOXKeHHE
caydas 3 u3 36.34 (npm 3ToM cayuyaH 2 H 4 ABAAIOTCA €ro 4acT-

SR s ey it ———

—
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acaydasmu). OHH paccMaTpHBaJH He TOJbKO ABYXdak-
1ePEKPECTHYIO KJacCH(PHKAINIO, KOTOPOH MBI 34eChb orpa-
, HoO H o6uiyio c6anaHCHPOBAaHHYIO KJaccHdHKamuio. Bo
'yafix OHHM MpeAnojarajH, 4TO IJSl KaxXAOH BbIOpaHHOR
IHH CTPOKH H CcTOs6la HeoGXogHMble r;; HaOMIOZeHHHR mno-
i B pe3yJbTaTe cJyuadHoro BhiGopa 6e3 BO3BpalleHHs H3
‘eHepaJ/ibHbIX COBOKYNHOCTEH, COCTOAWIHX H3 N;; BO3MOXK-
epHMEHTaNbHbIX OOBEKTOB, H UTO 3TH IC Pas3JHUHBIX FPYynnm
HMA BHIOpAaHLI He3aBHCHMO OT oOCYXAaBIIerocs Bbillle Bbl-
>BHelt cTpok W cToaGuUOB. B cuyuae cGanaHcHpoBaHHOA
'ODHOH nepekpeCTHON KaaccHPHKAUHH, Korja Bce n,;=n,
Bce N;; = N, uX pe3syabTaT 0 MaTeMaTUYECKHX OXHJAa-
K B rabaume A npuBegeH B mepBbX ABYX croaGiiax
OcraBmuecss Tpu cTo/6Ua SABAAIOTCA YaCTHBIM cJydaeMm
lyJbTaTa.

Marematuveckue oxujganus CpK B taGauue JA

YacTHHe HoacJJaydau cayvas 3
Cayvaft 3
Caysaft 3 (1) Cayuan 2 Cayuaf 4
m
03 (1 - T) * 2 2 2
2
2 (_c¢ o2 4 ema’ o+ mach+ 0z+ moge+
+mopc c )| e R+ emo% + emo},
2
+ chR
2 m
t(1-F)+ (36.57)
2 r 2+ rmo} oitmoge+ 02+ rma}
rmo
'I-moRc(l—F)+ Og Cc + rmozc e C
2
+rmUc
o (1 — i) +
¢ Ig 02+ mojc | ol + moc | of + moke
+m0Rc
o2 o? 2 o2
e e Og e

5TOM, KaK H YTBepXKJaJoch TpH OGCYXIAEHHH cayuaa 2,
'roi6en, COOTBETCTBYIOMMI caydalo 2, coBnagaet ¢ (36.33)
pa 36.4, 1. e. ¢ pesyabratoM ajaa mopeau II.
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C apyroi CTODOHBI, HECMOTPS Ha pasjiMuyHe, KOTOPOE MBI YKa-
saau B 36.34, mexny caysaeM 3(l) u caysaem 1, croaben
B (36.57), coorBercrByOIWIHA caydaro 3(1), coBmapaer ¢ pesyib-
TaroM npuMmepa 35.2 B (35.65) agns momean I. dto HerpyaHo npo-
BepUTb, BCNOMHHAs, UYTO MaTeMaTHUeCKoe OXKHIaHHe cJayuaiHof
BeJMUYHHBI, HMEIolleil HeleHTpaJbHOe Yx2-pacnpelefieHHe, paBHO
CyMMe napaMeTpa HeleHTPaJbHOCTH H YHCJAA CT. CB., H HCIOJb3YS
onpenenenue (36.54) ¢ R=r u C = c. TakuM o6pa3oM, paHAOMH-
3auusi He BJMsieT Ha MarteMatudeckue oxupaHus CpK, mockoJsbky
coorBercTBYyomue CK cCHMMeTpDHUYHBI OTHOCHTEJIBHO YDPOBHeli CTPOK
H YpOBHeH CTOJGLOB.

36.37 Cronbenx B (36.57), cooTBercTBylOUMH cJaydalo 4, sB-
Jiierca AJig Hac HOBBIM, M Mbl BHIHMM, YTO MAaTeMaTHYeCKOe OXHja-
Hue CpK aas cTpox (koTopsie GHKCHPOBAHBI ¢ TOYHOCTbIO 1O Mepe-
CTAHOBOK) COBINANalOT C COOTBETCTBYIOIIHM 3HaueHHeM B moaeau Il
(roe >3¢dexThl cCTPOK paHOIOMH3HpPOBaHH). B TO XKe Bpems Martema-
Tuyeckoe oxuaaHne CpK ans cronbuoe (Korophle Temepb paHAO-
MH3UPOBAHHI) COBMajgaeT C COOTBETCTBYIOIIHM 3HAaUYeHHEM B MO-
nean .I (rme sddexTh cronbuoB ¢GuKcHpoBaHb). B melicTBuTeND-
HocTH MaTeMaTHyeckoe oxuigande CpK aasi ctpox ompegessiercs
npoileccoM BbiGopa npu KaaccHGHKaUHu no croabyam u HaoGODOT.
CpK nasi cTpOK CBsI3aH C pasJHUYHSIMH MEX]Y YPOBHSIMH CTPOK, BCe
MHOXKeCTBO 3HAYEeHHH KOTOPbIX HabaofaeMO (HO TOJbKO A HMeIo-
mteircss BoIGOPKH ypOBHel cTos1610B). TeM cambiM o6ycsoBauBaeTcs
3¢ dexT B3aHMONeACTBHS YDOBHEH CTPOK H CTOJGUOB H COOTBET-
CTBEHHO 0%, NOSBJAETCA B BBIPAXKEHHH M MaTeMaTHYeCKOro OXH-
nauusi CpK crpox. HabGaogaemas xe BbI6OpKa YpPOBHEH-CTOJOLOB
CBfi3aHa C KaXIbIM BO3MOXKHBIM YypOBHeM CTpok, Tak uro CpK
CTONOIOB He 3aBHCHT OT B3aHMOIEHCTBHII yPOBHEH CTPOK H CT0JIO-

(OB pacCMaTpHBaeMOro MHOXeCTBa H O'ic He BXOIHT B MaTeMaTH-

yeckoe oxunaHHe cooTBeTcTByMolero CpK. AHanoruyHoe siBieHHe
HMeeT MecTO H npH Gosee CAOXHBIX KaaccHduxanuax. Belbop ypos-
Heil OoCTaBIIMXCA KJacCHOHKAIMH, a He paccMaTpHBaeMOH, olpene-
JsieT CTPYKTypy MarematHueckoro oxupanuss CpK, oruocsimerocs
K paccMaTpHBaeMOH KjaacCHOHKALHH.

36.38 Martematuueckne oxunaHusgs CpK B ciayuae 5 takme xe,
Kak 4 B (36.57) aas cayuyas 4. D10 oObsicHsAeTcss TeM, YTO, TaK XKe
Kak 4 B paccMoTpenHHoM cayuae 3(1) B kouue 36.36, coormer-
creytome CK asasiorcss cuMMeTpuuHniMH QYHKUHSAMH cTpok. Ox-
HAaKO €CJH MPeANoJNOXHTb, 4YTO {uij,} HMEIOT MHOrOMepHOe HOp-
MaJibHOe paclpeneseHHe, TO BO3HHKAaeT BaXKHOe pas3fiHuHe MeXIy
caydasimu 4 u 5. OkasbiBaercsi (noxpo6Hoe usinoxeHHe cM. lledpde
(1956a, 1959)), uro cMmemaHHass MoJeJb cayuast 5 nmepectaeT ObITh
ynpoueHnem Moneau I, B koTopo#i (kak Mbl nokasaud B 36.15—17)
otHomeHnue kaxgaoid CK B raGaune JIA K MareMaTHYECKOMY OXKH-
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naHuio coorsBercTyionlero CpK mMeer uenrpaasHoe %2-pacnpene-
Jenue. B pesyarrate B Momenu II Mbl Morau noayuarb F-KpuTepHH,
nogo6ueie PHM, cpaBHuBasi kaxablit CpK ¢ gpyruM, nMemooumm
NMpH 3alaHHOH THNOTE3e TO Ke cCaMoe MaTeMaTHYeCKOe OXHJIaHHe.
Kak noackassiBaer nocJheguuili croa6ey B (36.57), aas cayuas 5
OCTaeTcsi BepHbIM, YTO (npu m >> 1) runoresy o%, ==0 MOXHO Npo-

BepsATb, HCNOAbL3YS F-KpHTepHH, OCHOBaHHBIA Ha 4aCTHOM OT He.e-
nus CpK Baaumoneiictsuit Ha ocrarounnit CpK, u runoresy o; =0

MOXHO INpPOBepfATb aHajJornuHo. Ho craTHcTHKa, paBHast oTHolle-
Huio CpK crpok k ocrarouHomy CpK, BooGuie ropopsi, He HMeeT

F-pacnpeleneHus, HeCMOTPA Ha TO, UYTO Npu 0% =0 ee YHCAHTEND
R

H 3HaMeHdTeJb fBJAIOTCA HE3aBHCHMBIMH CJly4ailHbIMH BeJHYH-
HaMH C OAHHM H -TeM e MaTeMaTHYeCcKHM oxXunaHweMm. B kaue-
ctBe anbTepHaTuBbl Illedde (1956a, 1959) naer cTaTHCTHKY KpH-
TepHs, HMeroulyio T2-pacnpeneneHne XoTedJuHra (3To pacrpene-
JieHHe mnoApo6Ho paccMatpuBaercsa B 41.15—17). OnpHako ‘B cay-
yae 4 craTHcTHKa, paBHas oTHouweHHw CpK cTpok X ocrarouHomy
CpK, cHoBa HuMeer pacnpepeseHHe [AHCIEDPCHOHHOILO OTHOIIEHHS
(cM. UMxod (1962), kotopwlit ykasan, uto 3ddeKT OT NpHMeHeHHS
HEeCOOTBETCTBYIOHIero KPHTepPHs NHCIEePpCHOHHOrO OTHOUIEHHS B CJY-
yae 5 MOXeT OKa3aTbCA CYLIeCTBeHHBbIM, H NPeAJOXKHJI JPYrof
F-xpurepnft). AmHajormyHoe HccaeaoBaHHe MJas 06GO6LIeHHA Cay-
yag 5, COOTBETCTBYIOIEr0 aHAJH3y TPYyNNbl dKCIHepUMEHTOB, ObiJO
npoBeneHo Kanunckn (1966).

C. Poid u Ko66 (1960) paccmorpenn cMeilanHylo Moaenb (6e3 B3auMOXefi-
CTBHAI) ¢ HOPMAaJIbHBIMH OWMHMOKAMH H OZHHM HJH GOJLIINM YHCJAOM CJay4dalHbIX
3¢ (eKToB, HMELHX pacnpeneseHne, OTIHUHOE OT HOpMmasabHoro. Xapraum u Pao
(1967) maioT npomenypy MII aaa ofumeit Hec6aJlaHCHPOBAHHOR CMELIAHHOR MO-
Ies ¢ HOPMAJIbHEIMY OLIHOKaMH.

YnoMsHeM KpPaTKO, YTO HEKOTOphle mnoc/eloBaTejabHele npouenypsl JA Hay-
vgaguch Il. Kokcom (1952), H. Hxonconom (1953—4) u B. I'xomem (1964, 1967).
B HX cTaThAX cofepxKaTcs APYrHe CCHUIKH IO 3TOMY BONpPOCY.

Pasmelllenne 3KCNEPHMEHTAJAbBHBIX OGBEKTOB: PaHAOMH3AUMSA

36.39 Boabmoe yBennueHHe uyHciaa Mogeaed A yxe npuseno
HAaC K CyULeCTBEHHBIM YycCJoXHeHHsiM. Ho Mbl elle He NPHCTYMHJIH
K pacCMOTPEHHIO BaXHOro HCTOYHHKA, NPHBOAsfILEro K pasbpocy
B 9KCIEPHMEHTAJbHbIX daHHBIX.

B 36.32 He o6cyXpaJjcsi BONMpOC O pa3MelleHHH 3KCNepHMeH-
TaNbHbIX OOLEKTOB MeXIY Pas3/IMYHBIMH HCNOJb3yeMbIMH KOMOHHA-
UMSMH CTPOK H crosbuos. B 36.36 nmpednosaranoch, YTo B obnieit
MopenH, 0603HAYeHHOH TaM Kak ciayuai 3, n;; o6beKToB, NoXoGpaH-
HblX U BbIGpaHHOM KOMOHHAIMH CTPOKH H cronbia, NnpHHalIe-
KaT COBOKYNHOCTH, COOTBETCTBYIOIEd 3TOH KOMOHHAUHW H COCTOSI-
mei H3 N;; 0o6BEKTOB, TaK YTO BCero HMEETCA rC COBOKYMHOCTeH
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KCNEPHMEHTAJIbHBIX €IHHHL. DTa CHTYyallHs, KOrZa COBOKYMHOCTH
©O6DBEKTOB BOOGLIe He nepeceKaloTcsl, sIBASETCS KpaiHed.

Hpyras kpaliHsiss CHTyauus COCTOMT B TOM, 4TO BCe HCNOJb3ye-
Mble 3KCIE€PHMEHTalbHbie O00bekTH (HanpHMep, B cbGasaHCHPOBaH-
HOH HABYX(paKTOpHOH KJacCHPHKAUHH HX rmc) BbIGHPAIOTCH CAY-
yaiiHeiM 00pa3oM Ge3 BO3BpallleHHs] M3 OFHOH H TOM K€ COBOKYI-
HOCTH, cocrosamelt H3 N ob6bektoB. 3mecy N;; =N nns Bcex i, |
H, MOXKHO CKa3aTh, UTO HME€eTCsl, TaK CKa3aTh, NIOJHOE IepeceyeHHe.
Taxo#t MeToH pasMellleHHS! HOCHT Ha3BaHHE NOAHOU panHdomusayuu,
H J1I060H 3KCnepUMeHT, B KOTOPOM HCIIOJb3ye€TCS 3TOT METOH, Ha-
3BIBAETCS 8NOAHE PAHOOMUBUPOBAHHLIM IKCNEPUMEHTOM.

HiMeercs Taxke oueBHAHAsi NPOMEXKYTOYHAsi CHTYalHs 4YaCTHU-
HOro nepecedueHHsi, KOrja COBOKYNHOCTH 3KCH€PHMEHTaJbHhIX 0Gh-
@KTOB COOTBETCTBYIOT rpynnaM KOMOGHHaumuili CTONGHOB H CTPOK,
OpHYeM YHCJIO TaKHX COBOKYNHOCTeH OOJibllie e€IHHHIBI H MeHbIle
rc. B aToM cayuyae roBopsIT mpocTto o pasdomusayuu (B OTIHYHE OT
«noJHO# paHmOMH3auuu»). Hanpumep, ana xaxmo# CTPOUKH (HIH
JANA Kaxaoro croabna) B 3KCNEPHMEHTE MOXeT ObiTb CBOSI COBO-
KYyHOCTh 3KCNepHMeHTaNbHHX 00bekTOB. B 3TOoM cayuae rosopsr
0 cayualdnblx Oa0Kax, K OOGCYXKIEHHIO KOTOPHIX MBI BepHeMCs
B raaBe 38.

36.40 Bo3MOXHO, YTO YHTATEJIO HE COBCEM IOHATHO, NOYeMY
‘TePMHH «paHIOMH3HPOBAHHLIH» He yNOTPeGAsAeTCsl TONBKO AJA CAY-
yasi, KOrga noa6op NPOH3BOAHTCS H3 pasHBEIX COBOKYNHOCTEH, XOTs
Jake B 3TOM cJydae Kaxzaasi H3 COBOKYNHOCTeH BbIGHpaeTcs cay-
yajiHeIM o6pazoM. Kax H B GOJbIUHHCTBE aHAJOTHYHBIX CJydaes,
‘ynotpebyieHHe COOTBETCTBYIOUIHX TEPMHHOB MOXHO NMOHATb, TOJbLKO
paccMoTpeB HCTOPHIO Npeamera. CaMeie nepBrie popmyanposku JTA
HesIBHO NpeAnoJaraji, 4TO MK HMeeM JeJ0 cO cJydaeM pasHHX
.copokynuocTeit. B camom mene, (36.57) nokasniBaeT, 4YTO ecJH
KaXJasi COBOKYNHOCTb BeJHKa, TO HX 00beM OKasblBaeT MaJoe
pausiiue Ha tabauny JA nas cayuas 3. C mpyroii cTOpoHBl, BO-
npocsbl 3P PEKTHBHOCTH NJIAHHPOBAHHS 3KCNEPHMEHTOB (K KOTODPbIM
‘Mbl ellle BepHeMCs B ry1aBe 38) BrnepBhi€ NPHBENH K PAaCCMOTPEHHIO
cAy4aiHBIX GJOKOB M IPYrHX METONOB pasMeElleHHS 3KCNepHMeH-
‘TaJbHBIX OOGBHEKTOB, NPHYEM BO BCEX 3THX MeTOAax SIBHO H 110 CYy-
LeCTBY NPHUCYTCTBYeT mpouenypa paHAOMH3alHKH.

36.41 OueBHIHO, YTO PaHAOMH3AIHIO 3KCEPHMEHTAJbHbIX OOB-
.eKTOB HYXKHO NPHHATH BO BHHMaHHe IpH aHaJH3e NAHHHIX, HO 3TO
NpPHBOAHT K CYUIECTBEHHbIM YCHOXKHEHHAM H TpeGyeT BBEIEHHs HO-
BHEIX OmpeldeJeHHH.

MBI XOTHM ZONYCTHTH BO3MOMHOCTb TOrO, YTO W;jp, ONpeleJeH-
goe B (36.52), xak cpenHee 3HaueHHe I p-rO HAGJIONEHHA B
({, j)- KOMOGHHAIMH CTPOKH H cTOA6La CaMO MOXET 3aBHCETb He
toapko OT (i,j), HO M OT XapaKTEPUCTHK KOHKPETHOTO 3KCIEepH-
MEHTaJbHOrO 0Gb€KTa, HaA KOTOPbIM NPOBOILHTCSL p-€ HalJlogeHHe.
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Paccmotpum mo6yio rpynny KOMGHHANMA CTPOK H CTOJGLOB, Ta-
Kyi0, 4TO 3TOH TpPynne COOTBETCTBYET ONHA M Ta e COBOKYNHOCTH
3KCNEePHMEHTANbHHX O6BbeKTOB (CM. o6cyXkaenne B 36.39). Ilpexn-
NIOJIOKHM, YTO 3Ta TpyNna COCTOMT H3 /M 3JE€MEHTOB, a COOTBEeT-
CTByIOIasi el COBOKYNHOCTb —H3 M 3KCIepHMeHTaJbHHX O06beK-
ToB, npudeM M = m. Ilpusesem Tenepb dopmaspHylo ABYX(aK-
TOPHYIO KJacCH(QHKANHIO /A 3J1eMEeHTOB rpynnsl U 06bekToB. [IpH
3TOM B NIPaBOfl YacCTH MPHBOAMMOIO HHXKE TOXKAECTBA MHIEKCH [ H
00 BeAHHAIOTCA CKOOKOH, uTO6Bl NMOM4EepPKHYTh, 4TO (i,j) paccMart-
pHBaeTCcsl Tenepp KaK 3JE€MEHT OTAeNbHOH Xjaaccudburanun. MTax,

uifPEu'(*)*_i-{p'(i])#—u’(:),}+{“’(,.)p_P'(‘)‘}_i- | '
+ {Bunp = Bape — Buyp T+ By = (36.58)
=Wipya + {!“"(:)p - u’(,),} + {p'(i“ p— Bips —Pwp -+ !J-(‘),}, (36.59)

roe, Kaxk M paHee, 3B€3[I04YKa 03HAUaAET yCPeLHEHHE,

Coornowenue (36.58) paszbuBaer u;jp Ha «reHepaJjibHoe cpel-
Hee», NBa <«TJaBHHX 3(pderra» H «sB3auMopelicrsus». Ecau o6a
yreHa B ¢HrypHbeix cko6xax B (36.59) paBHbl Hyalo, TO nonGop
3KCNEPHMEHTANbHEX OOBEKTOB JIJAf COOTBETCTBYIOLLEH KOMOHHaIHH
CTPOKH H CTOJIOLla He BJHAET HA [jp, NOCKOJABKY B 3TOM cCJyuae
Wijp PABHO NPOCTO CpelHeMYy 3HaueHHIO no BCeM obObekraM. [lep-
BbIH uJeH B ¢HrypHbIX CKO6Kax B (36.59) HasbiBaeTcsl owubKol
ob6vexta (unit error), DOCKOJABKY OH OTHOCHTCA K 3KCNepHMEHTaJ b-
HOMY 006beKTYy. BTOpOil 4neH B GHUIypHbIX cKoOkax Mul GyleMm Ha-
3niBaTh Owubkod e3aumodelicreuil (interactiv error), noCKoanKy
OH OTHOCHUTCSl K 3KCIHEPHMEHTaJbHOMY OOBEKTY MU K KOMOHHADUH
cTpOoKM H crtonbna. (O6GHYHO 3TOT uJEeH Ha3kBalOT B3aHMOKEN-
CcTBHEM OGBeKTa U 06paGOTKHU.)

36.42 Ecin B H3yuaeMO# cxeMe NBYX(paKTOpPHOH KJaaccHDHKaDMH,
H3JIOKeHHOH B 36.32-—3, paccMoTpeTb pasfioXKeHHE WMijp Ha TPH
KOMIIOHEHTHl B. cOOTBeTCTBUH ¢ (36.59), TO MoZean craHer eille 60-
Jgee caoxHo#. [IpH 3TOM oueBHIHO, 4TO OIMHOKA B32HMOLEHCTBHM
B (36.59) cHa6GXkaeTcs HHAEKCAMH i, j H p TaK .}Ke, KaK &ijp H3
(36.52) (kKoTopoe Teneph MH HaablBaeM OwubOKOU uzmepeHus, 4TOOH
OTJMHYHUTL OT OLIMGOK OOBbEeKTa W B3aMMONENCTBHH, onpeneNeHHLIX
Boilie). B CBSI3H ¢ 3THM €CTECTBEHHO OXKHIAaTb, UTO MOryT BO3HHK-
HYTb TPYLHOCTH NPH OLlEeHKE Pa3JJHYHbIX KOMIOHEHT MOMEeJH.

CTOMT OTMeETHTb, YTO TOJBKO OWHGKAa H3MepPeHHS sBJIsSETCH
olIMOKOIl B OGLIYUHOM CMbIC/IE 3TOrO CJ0OBa, BO3HHKas H3-3a HeToU-
HOCTH H3MepeHHH uJH Habmonenui. OWHOKKH O6BEKTOB W B3aHMO-
IOefCTBHII BOSHHKAIOT HM3-3a pPa3MelleHHs 5KCIEePHMEHTaJbHbIX 00D~
eKTOB MeXIy KOMGHHALWSIMH CTPOYEK H CTOJGUOB.

36.43 Yunk u Kemncopa (1955—6) paccmaTpuBanu OXHO-,
IByx- 4 Tpexdakropuue kiaaccupukauuym aas caysas 3 us 36.34,
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BKJI0yasi Hec6aJaHCHPOBAaHHBIA cJydall, KOrZa NpOBOAMTCS NOJHAS
panaoOMH3aUMs 3KCMEePpHMEHTaJbHEIX 06beKkToB. Jas cayuas mpomop-
UHOHAJbHBIX YaCTOT BCErAa BO3MOXeH opToroHadsHsit JIA (cm.
35.21—2). B ofueM (HenmpomMOPLHOHANLHOM) CJy4ae NPHMEHSETCH
HeopTOroHaJ bHbIl JIA, HCNMOJAB3YIOUWHA HeB3BellIEeHHble CpeaHHe
yposHeil (cm. 35.31). Ilpu aToM, xaK u cIexoBaso 0XHIaTh, BO3-
HHKAIOT TPYAHOCTH, YIOMsiHyThle B KOHIle 36.42, Tak 4TO OLEHHUTH
MOXHO TOJBKO HEKOTOphle QYHKIHH napamerpoB. Donee Toro, xak
vkasasn Ilaskerr (1960), ecan camu ypoBHH CTOAGLOB U CTPOK MOJI-
JiexxaT BbIOOPY, TO He COBCEM €CTECTBEHHO HepaeHvie YacCTOThl Nj
paccMaTpHBaTh KaK duKcupoBaHHble. JloGaBiaeHHe elle GTHOrO Npo-
necca Bei6opa Insi onpenejeHHd f;; (I3TOT Npouecc MOXeT OHTb
KOppeJupOBaH ¢ Ha6MI0JeHHbIMH 3HAUEHHSIMH HIDEKOB) BedeT K
HajbHefillleMy YCJOXKHeHHIO adanusa. XapBuiaa (1967b) memaer no-
nylieHHe, 4TO 4aCTOTHl KOppenaupoBaHbl ¢ 3ddekTaMH B Hec6asaH-
CHpOBaHHOH oOmHO(MAaKTOPHOH KaIaccupuxanuu u3z Monend Il u wuc-
clenyeT pe3yJbTHPYIOLlee CMelleHHe Y OlEeHKH o7 (CM. 36.23—7).

36.44 Mbl oTVIOKHM HaJibHelillee OGCYXKAEHHE paHAOMH3IHPOBaH-
HBIX MoOJeneH BIIOTh A0 raaBbl 38, rae O6yAYT NMOHATHB NMPHYHIHL,
TIPUBOAAIIME K HX paccMorpeHu1o. Ilnsi umefefl XKe HacTOSLIEro u3-
JOXKEHUs] BJAHSIHHE 3THX MoZesaed Ha npouexypy LA paccmoTpeHo
JOCTATOYHO NOJHO, H Mbl 3aKOHUHM 3Ty IJiaBy OOCYy>XKAEHHEM TOrO,
KaK MPHMEeHsITh H3JIOXKE€HHbIe B Hell coo6paxKeHHus.

BoiGop monesnn O A

36.45 Ms3o6unne paccmorpeHHbix moneneit [JA crankusaer npu-
KJaZHOTO CTaTHCTHKA € npobJieMOi, KOTOpasi B MeHee OCTpoOi dopme
BO3HHKAeT NPH HCNOJb3OBAHHH CTATHCTHYECKHX MeTOoHOB. OueBHIHO,
VI TOrO 4TOGH MOXHO 6blI0 BHOpaTh MOZEJb, XOpOIIO COOTBET-
CTBYIOILYIO peaJbHOH CHTyallHH, HYXHO TIlaTeJbHO NPOaHAJTH3HPO-
BaTh BCe H3BeCTHhle (aKThl, OTHOCSINHECS K MPOHCXOXKIAEHHIO Ha-
6aonenuii. M ecnu takux ¢akToB MaJo, TO MOXeT MOHaLOOGHTbCSA
MHOTO MPEennoJIoKeHHH. B 3TOM OTHOINEHHH CTATHCTHK HaXOOHTCS
B CHUTyalluu, OOGBIYHOH [AJA DNOYTH BCeX IMPUKJIaAHBIX ob6aacrteit
3HaHHH.

CrouT yKkasare, 4T0 oGcyxknapuueecst B 36.32—8 muoxecTBo Mo-
nedeit JIA pasiHuaercs npeAnOJOXeHHSIMH O MeTogax BrOOpa ypoB-
Hell aHaJH3HpyeMbIX (PAKTOPOB, a He NMPEANOJOKEHHAMH O peasbHOH
npupone 3THX GaKTOPOB WJH JeXalIuX B UX OCHOBe BeanduH. Ecan
JlaHHble BO3HHKAIOT M3 NMAAHHPYEMOro 3KCNepPHMEHTa, TO MPEAIOJO-
JKeHHs1 KacaloTcsl NOBedeHHA 3KCIepHMeHTaTopa, a He HMeILlerocs

Hero Matepmana. C Opyroii CTOPOHEI, CJAOXKHOCTH, YKazaHHbIE
B 36.39—43, csszaHbl, M0 CyIIeCTBY, C NIPHPOAOH OO6BEKTOB, HaL KO-
TOpbIMH TNPOBOAHMTCA 3KcnepuMeHT. Ilepen 3skcnepuMeHTaTOpOM
BCerjla AOJI2KEH CTOATh BOMPOC, NOCTATOYHO JIH Pas3IH4YaloTCs HCCJle-
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nyeMble OGBEKTbl, YTOOBI CTOHJO BHOCHTb IONOJHHTEJbHBIE CJIOX-
HOCTH B aHanu3. B GHOJOruH, CelbCKOM XO3SHCTBE U COLHAJIbHBIX
HCCAeIOBAaHUSAX YaCTO TaK H NOCTYNAaKT, a B TIPOMbIIJIEHHOM 3KCle-
PUMEHTHPOBAHHH H Qu3HKe yacTO 06 3TOM He 3a60TATCA. Mbl CTOHM
Ha TOH TOYKe 3PeHHs, UTO HaxKe eCJAH HaOJIONEHHS SBJAAIOTCA pe-
3yJAbTaTOM NPOAYMAHHOTO 3KCNEePHMeHTa, HMEETcsi NOCTaTOYHbIA
NPOCTOP AJS MHTYHUHUH NPH BBICKA3bIBAHHH COOTBETCTBYIOLUHX CY-
xaensuii. A fortiori, korna HabJa0HeHHs He SIBJASAIOTCS pe3yJbTaTOM
IJIaHHPYEMOTO 3IKCIIepHMeEHTa, MPaBHJIbHOCTh BLIGPAHHOTO aHaJH3a
3aBHCHT OT HHTYHIHH CTATHCTHKa.

36.48 Tenepb nowsiTHO, yro IIA, Tak JXe KaKk M Jpyrue CTaTH-
CTHHUECKHE MeTONHl, He SIBJSeTCS «MeJbHHIEeH, aBTOMaTHYeCKH Ie-
peManwIBalOmell pe3yabTaTbl», BHE 3aBHCHMOCTH OT YMEHHs CTaTH-
CTHKa 3apaHee pPacCYHTaTb H No3aboTuTbcsi 06 stoM. CKopee 3TO
Ha60p TOYHBIX MHCTPYMEHTOB, KOTOpPble MOXKHO HCIOJIb30BaTh B CO-
OTBETCTBUH C MX HazHaueHWeM. [IpH HX HCIOJb30BaHUM HYXKHO KakK
yMeHHe, TaK U ynopHas paGorta. He HYXHO HCNONB30BaTh CJOXKHYIO
TEXHMKY (@ Tak YacTO MOCTYnaloT) IJs HoKazaTeabcTBa PakKToB, KO-
TOpble NOYTH OYEBHIHBI ¢ MepBOro Baryisama. CTaTHCTHK HUKOTIAA He
ILOJIXKeH YNyCcKaTb H3 BHAY HEOOXOAHMOCTh TIIAaTeJbHOI'O HCCJENO0Ba-
HHSA HUMelollerocsi MarepHaJsa. PapubiM 06pasoM, uacTO HCHOJb-
3yIOTCSl HecoOTBeTcTByIOUHe Mopend. JIA He HMeer MOHOMOJHH
B HenpaBHJbHOM HCNOJb30OBAHHH CTATHCTHKH, OJLHAKO MHOMeCTBO
pacCCMOTpPEHHbIX MOJeNel nesnaeT ero 0Co60 YS3BHMBIM K OLIHGKaM
CO CTOPOHH! CJHMIIKOM TPSIMOJHHEHHBIX 3HTY3HaCTOB.

36.47 B caenylomeil rJaase, nociaegHedl H3 TPeX, OTHOCSIIUXCS
K Texuuke LA, MBl HccielyeM cHauajJa 3ajzauy npeoGpasoBaHHS
JaHHbIX TaK, 4TOOB MOXHO G6bl10 npHMeHsTth JIA. DTo Bemer X BO-
npocy o6 ycroiuupoctd JIA u k Meromam, cBOGONHBIM OT pacmpe-
nenenuii. Hakonen, Mbl paccCMOTPHM TaM TPYIHOCTH, BO3HHKalOMiHe
H3-32 HETIOJHOTH HaHHBIX.

YNPAXHEHUA

36.1 B npumepe 36.3 moxa3zaTh, YTO (YHKUHSI MOLUIHOCTH KDHTEPHS pPa3-
Mepa @ IJs51 NPOBEePKH rumorean H af=0 npotus H: ¢{ > 0 paBHa

2 _l

g
P(e})=1—G (l+ni—;) G, ¢»

08

rie G — GYHKOHSI pacnpefefeHHsT HEeHTPAJbHOro F-pacnpenejeHHst ¢ COOTBeT-
CTBYIOIIHM 4YHC/JOM cTerneHeHd cBOGOAM, a G, — 3HaueHHE, KOTOpPOEe COOTBETCTBYIO-
mas caAyuafiHasi BeJIHUHHA TPEBHIUAET C BEPOSATHOCTHIO &, TaK uT0 G{Gy} = 1 —a.
Tlokasatb, uTO P af) SIBIsIeTCs] MOHOTOHHOA (YHKIHEA CBOEro apryMmesra
TAKOM, YTO KPHTEPHA He CMellleH H 4TO OH COCTOfTENeH, KOorga pasMepu Trpynm f
cTpeMsTcsl K GeCKOHEUHOCTH, HO He B TOM CJAyyae, KOria JMllb YHC/IO rpynn p
CTPEMHTCST K GECKOHEUHOCTH,
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33.2 B 36.17 nokasatb, 4T0, [OCKOJbKY J sAiBJAseTcS xoMmmoHentoh T, yidenr
exp { —%nﬁ’/p (A) } B (36.35) He BaAuseT ma KpHTepHd, nonoGemi PHM npmu

nposepke H, npotus 7, naxe eca p (M) OponopuHOHaABHO Ap HAH Ag.
36.3 B (3626) noxasaTb, 4TO CYMMa BCeX 72 XapaKTepHCTHHECKHX 4HCeJJ
t

A.I+ Z A;n; paBHa Ccymme JHCepCHR n HaGmonenud. IlokasaTh orciona, 4To
J=2
B npHmepe 36.5 A.;=12.
36.4 [Toxasatb, uTo B 36.17 ogHOCTOpOHHHN F-KpHTepu#i, nonobuwia PHM,
sBAsieTCsl HeCMellleHHbIM, a 3HayuT, sABasierci PHMH-kpurepueMm pasmepa a.
36.5 as c6anaHCHPOBAHHON ONHOMAKTOPDHOA KaaccHPHKAUMH B TpHMEpax
36.3 u 36.5 mokasatb, uTo MII-omeHKH BeJHIHH A; H A3 HMEIOT BHI

hy=Sy/p»  Ag=Syf{p(n;— 1)} mpu F,=>Ai,
H paBHH
32=X3= {Phy+p(n,—1)A}n mpu i, <A,

Ilokasatb oTciona, uto craructuka I xpurepusi OIl mast NpOBepKH CHIQTE3b
Hy: Ay == A3 HMeeT BHI

o
—

NpH iz < ig,

TaKk 4to [ =1, ecqH TOJbKO CTATHCTHKA F-KpHTepHSA MeHblie yeM p/(p—1), a
3naunt, kpuTepHi OIT He skBHBanenreH F-xpurepuio. [TokasaTts pagee, 4To NpH
F = p/(p— 1) ¢dyuxnus ! MoHOTOHHO yGmiBaeT ¢ poctoM F. [lokasath, yto mpHu
a << 0,25 kpurnueckoe 3HaveHHe Fg{p—1,p(ni— 1)} Bcerna Goabuie ueM
p/(p—1), Tak 49TO AOAsi Bcex TNpaKkTHYECKHXx ueaell kpurepuii OIl skBHBaNeHTeH
F-xpurepuio, nogo6iomy PHM.

(Tep6ax, 1959.)

36.6 asi c6anaHCHPOBaHHOH ABYX(AKTOPHOM NEepeKpPecTHOA KJacCHGHKALMH
- . 2
B npuMepax 36.4 u 36.6 mokasatb, uto KpHTepu#t OIl nas nposepku Hy op =0

sBasieTcss GyHKkuueAd or Sy, Ss w S, a F-kpurepnii, nogo6umis PHM, sBaseres
dyHkuued aub or S3/S,, a 3HAYHT, 3TH KPHTEDHH He SKBHBAJEHTHHI.

(Tep6ax, 1959.)

36.7 IToxasatb, 9T0 ecau Sj/A; — He3aBHCHMBIE CAYuqaiHhe BEJAHYHHH, HMEIO-
wHe Y 3-pacmpeznenexHe ¢ V; CT. CB, H A= chh], TO BTOpPHE H NEpBHE MO-
i

MeHTH! y BEeJHYHHB S=Z(c}Sj/v i) TakHe e, Kak ecqn OH Be/AuyaHa VS/A
UMeaa y2-pacnpejneeHHe é YHCAOM CT. CB.

v =3/ ().
OLEHKOH KOTOPOro CAYXKHT

v =S/ (/s
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Tlokasatb oTciona, 4ro B 36.19 npubausennoul F-kpuTeprit mposepku (36.41) mo-
¥KeT GBITb OCHOBaH Ha CTaTHCTHKe

(CPK)R/{(CPK)RC + (CPK)RL - (CPK)RCL}'

Hmeouedt, ecan cupasenanso (36.41), pacupenesenne NHCIIEPCHOHHOTO OTHOLIE kS
*
¢ (r—1) u v cr. cB. 3nech Bce ¢ =1 u (CpK), =S§;/v,.

(CatrepcBair  (1941) u Boke (1954)
NpOBepHAH NPHOIAHKeHHEe YHUCAEHHO, KO-
rAa ¢;j NOJOXKHTENbHHI.)

36.8 B 36.18—19 nokasatb, 4To npH obiue# r-GakTopHOA cOaNaHCHPOBAHHOA
NepeKpecTHO! KJacCHOHUKAOHH TOJALKO THNOTE3W O IHCMepCHsIX ¢ r ¥ r— 1 uH-
JeKCAMH MOXKHO NPOBepSiTh KPHTepHsiMH, nogobunimu PHM u3 36.17, Ho yro nas
BCeX APYTHX MHCNEDCHA MOXKHO CTPOHTh mNPUO/AHIKEHHHE KPHTEPHH, OCHOBAHHHLIE
Ha ynpaxHenuu 36.7.

36.9 B nmpumepe 36.8 npoBeputs (36.39), a Takxke (36.44).

36.10 B npumepe 36.3 noka3aThb, YTO AMCIEPCHS] HeCMELEHHOM OLEHKH BeJjHd-

9HHM OF paBHa
2 202) (n—1) }
2f 2 & 4
P o o + + o
p—-l{ '(l n, (n—p)n? °)’

a 3HAYHT, OUEHKA COCTOSITeNbHA IPH p—+ 00, HO HE SBASETCS TAKOBOH, €Cld TOJb:
KO n; cTpeMsATcs K GeCKOHeYHOCTH (cM. ynpaxkHeHHe 36.1, rae nasi cocTosiTebHO-
CTH KpuTepusf HyHHO ObiJI0, YTOOH 725 —+ 00).

(Torokn (1956—7) man o6iee Bhipaxke-
HMe AJAsl MUCTEePCHA M KOBapHauui Be-
JHYHH, SIBASIOMIHXCS OWEHKAMH XuC-
IepcHi.)

36.11 B npuMepe 36.3 NONyYHTh XOBEPHTENbHBE HHTEPBAJBI LIS cu'8 H o'l/o',

3 pacupegeneHufi Ss H S2/Ss coorBercTBedHo. ITokasatb, 4TO MOCAeNHHUE HHTEp-
BaJu MOTYT YacTHYHO HIH I[TOJHOCTHIO JeXaTb B OTPHIATENbHOR OGNACTH.
36.12 B 36.25 noxasaTh, 4TO MHHHMAa/JbHAs JOCTATOYHAR CTATHCTHKA M5l

p
Tpex mapaMeTrpoB umeeT §=p 4 | — Z (r — 2) d, xommouedT, rge d, — 4ucjo
r=3
r-KpaTHbBIX oéumx sqaueHui cpeau p snavenmi n; Iloxasatk Takke, 4To

s-—l+dl+22d,

-2
36.13 I[oxasa'rb (36.50). ITokasatb, uTO TOTZA H TOJAbKO TOTHA4, KOTHA BCe
n; paBHH, H3 (36.50) c¢ mcrnoab3oBanHeM (36.43) mnoayuaeTrcs eXHHCTBEHHAs OLEH-

‘Ka BEJIHUHHHE of.
36.14 Ilyctp zgl— He3aBHCHMBE CIYTaiinble BEJHYHHH, HMeIMe ¥Z-pacnpe-

neaeHne C 2gl CT. CB., TAe g; - NONOXHTEIbHHE HEeJHe yacaa. Paggaran x. ¢.
BEJTHUHHE Z c,zg] Ha 3JeMeHTapHee APoOH, MokasaTh, YTO

i=
r

r £
P{ > c12g, > x}= >3 ;P {2, > x/e;}.
j=1 f=l s=1
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O6osuayast 1 — 2ilc = y B x. ¢., NOKa3aTh, YTO KOHCTAHTH B NpaBOA WacTH paB-

HH
@4, gyt =14 (OV/AL,
rae ,
fo )= T1 {1+ (g —1)a;/2) %%
i

(Boke, 1954.)

36.15 ITycts S1/(@ + A) U S2/A — He3aBHCHMBIE BEAHYHHB, AMEIOmMHUE Y 2-pac-
npedeneine ¢ fy H f, cT. ¢B. cooTBeTcTBeHHO, M;= S;/f; F = M/M, (craru-
CTHKA JHCIOEPCHOHHOrO OTHOWEHHS), a F, f, fiBAderca 100Q-npoueHTHHM 3uHaye-

pHem GYHKUHH pacrpeneaenus F ¢ fy, f, cT. cB. [Tokasats, 4TO €CIH AJISI MOHO~-
ToHHO Bo3pacTrawowel dyHxkzuu g (F) HMeeT MecTo

P{Mg(F)<oql=uq,
TO OHA NOJXKHA YZAOBJAETBOPATb YCAOBHAM
g(Fq, 1) =0
g(Fy~F|F, o, npu F > co.

IToxasaTb, 4TO 3TH YCJOBHS BHIIOJHSIOTCS IS
g (F)=(F—=Fq 1)/Fa

H RJas
8 (F)=(FIFq, o) =1+ (Fu, (/) {1 = (Fo, 1.fFq. )}
(Baamep (1957) mnoxkasaa, yto g, SB-
JAsieTcA  TJIOXHM, a gz — O9eHb X0po-

WwnM  npuOJanXKeHHEeM, — CM.,  TakXe
Llegde, 1959.)

36.16 B 36.23—6 nonoxuMm

of LY
=\t
Og ni

Mokasate, uTo 100(] — Q)-mponmeHTHHA dOBEPHTENBHBIA HHTEPBAJ IS 012/0'2

HMeeT BHIA
2
(4 Z TY;.
i

n—p Z
G, _ < T  — ——
I—af2 ) 1 L il ¥; Z'ri

i

S3 <Gy

rae Gq onpegeneHo B ynpaxdenuw 36,1,

(Banbg, 1940; cM, Takxke CourBoai,
1967.)
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MPEANOJOXEHHS
JUCNEPCUOHHOIO AHAJIU3A

37.1 Korma pemieno, 4TO HM3y4YaeMOH CHTyallHH COOTBETCTBYeT
KOHKpEeTHasi MOZAeJ]b, HOJKeH ObiTb pellleH ellle OXHH BaXKHbIA BO-
npoc. XoTsi H3 cooOpaxKeHHH yNOOGCTBA WJH H3 TEXHHYECKHX BO3-
MOXHOCTe#l CJenyeT, uYTO HaOJIONeHHs1 HYXHO NpPOBOAHTH HaX
NlepeMeHHOH Y, OCTaeTCsl PellHTh, KaKyl0 (YHKIHIO OT Y HYXHO HC-
noAb30BaTh OJs HeJed aHaau3a. ATpHOPH He SICHO, NOYEMY H3Me-
psieMasi BeJMYHMHA, a He Kakasi-HHOYAb (QYHKUHSA OT Hee, Jjyuile
YIXOBJNETBOPSIET NPELNOJOKEHHAM MOILEH.

Bmecte ¢ Tem Moryr ObiTh CyllecTBeHHbIE NPaKTHYECKHe cOO6-
paxKeHHs AT pPacCMOTPEHHsi KOHKPEeTHOH (YHKIMH OT Y, cCKaxXKeM,
g(y) (xoropasi MOXeT OKasaThcsi NpOCTO paBHOH y). Hanpumep,
g(Y) MoxeT ObIThb CBSI3aHO CO CTOHMOCTBIO HJIH OOXOAOM OT H3y-
yaemoro npouecca. Ho orciona cmenyer ToabKo, yTO IJS mpakTHue-
CKHX IeJell OKOHYAaTeJbHbe BbIBOALI aHaJH3a HOKHbl ObITh BbIpa-
KeHbl B TepMHHax g(y). Ilpu atoM npeanosiokeHHe O TOM, 4YTO
HMeHHO g (Y), a He Kakasi-AH60 apyras QYHKUHSA OT Y, JAydille COOT-
BETCTBYET MOJeJH, MOXeT 0Ka3aThCsl HeONpaBAaHHBIM.

372 CraBsi 3amauy HecKoJbKO Gojee (popMalbHO, MOXKHO CKa-
3aTh, YTO MHOXeCTBO HabalONeHHA Hal y paBHBIM 06pa3oM sBJsET-
csl MHOXeCTBOM <«HalJuogeHUH» Hal Ji060i HDaHHOH (yHKUHel
g(y). Bonpoc coctoutr B TOM, Kakue «HabaioaeHHs» g(y) HUcnoab-
30BaTbh. O4eBUAHO, UTO HYXKHO NONBITATBCS HalTH GYHKUHIO, KOTO-
pas Kak MOXHO Jy4ille yAOBJEeTBOPSET NPeNNOJOXeHHUAM MOMIEeJH.
Bnepsrie Bompoc noucka npeo6pa3oBaHHH TaKOro THNA H3ydaJH
Boxc u . Kokc (1964). Ux uccaenoBanus npHMeHuMbl BOOGIIE
K JHHEHHOHA MOIE&NH C HOPpMAJbHLIMH OIIHOKAMH, YaCTHbIM caydaeM
KoTopo# siBasiercs Moaenap 1 JIA, manoxeuHas B raase 35. Ywura-
TeJb 3aMETHT, UTO MU Y Hac B CHJIY OOIIHOCTH 3aJayH nepBble BBOL-
Hble nmaparpadsl He orpaHHYMBalOTCA KOoHTekctoM JIA.

Iipeo6pa3oBanus K HOpMaJbHOH JHHeHAHOH mMoAaeJH

37.3 Cnenys Bokcy u . Kokcy (1964), npeanonoxum, 4yTo Ha-
6monaercss 3aBHcHMasi TlepeMeHHasi y M MHOMECTBO perpeccopos
X1, ..., Xp, H UTO Mbl XOTHM NPHMEHHTb JHHEHAHYIO MOAENb C HOp-
MaJibHbIMH omH6kaMH. OmZHako Mbl He cOGMpaeMCsl HEKPHTHUHO

5 M. Kennann, A, Crbioapr
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OGosnavasg 1 — 2itc = y B Xx. ¢., MOKa3aTh, YTO KOHCTAaHTH B NpaBofi wacTH paB-

HH
@, g1 =T O/,
rae ,
e @) =TI 0 + @ —Day/an~ %
i
(Boke, 1954.)

36.15 IMyere S1/(@ + A) u Sp/A — He3aBUCHMBIE BeJHYHHB, HMEIOIIHE %2-pac-
npefeaenne ¢ fi H f, cT. cB. coorBercrBenHo, M;=S,/f; F = M;/M, (craru-
CTHKa JHCNEePCHOHHOTro OTHollenusd), a F f, ABasercs 100a-npoueHTHHM 3Haye-

HHeM ¢GYHKuHMH pacupenenenus F ¢ fy, f, cr. cB. ITokasaTh, 4TO eCAH AJSI MOHO-
TOHHO BospacTaomel GyHKuHH g (F) HMeer MecTO

P (Mg (F)<gq}=q,
TO OHA JOJIKHA YIOBJETBOPSITb YCIOBHSIM
& (Fa, 1) =0,
g(F)~ F|F, o upu F > co.
Iloka3aTh, 4TO 3TH YCJHOBHS BHINOJHSIIOTCS OMS

g (Fy=(F—Fq 1)[Fa

B = (FIF e ) = 1 (Fa, 1fF) (1 = (Fa, 1Fa. )}

(Baamep (1957) mnokasadx, uto g, SIB-
JsieTcsi NJVIOXHM, a gy — OYeHb XOpO-
LIHM np HONHKEHHEM, = CM. TaK¥Ke
Itled de, 1959.)

36.16 B 36.23—6 mosaoxum

T, = 012+ l)—l
! o

Tlokasars, uto 100 (] — @)-npoueHTHE NOBEpHTE/IBHHA HHTEPBAN IJS 0',2/0%

HMEEeT BHI
p Z TN
n—p i
Gi_gp < p—1 Zti Y. — Z'Ti" S3 < Gypp»
i

i=1

rae Gq onpeneneHo B ynpaxueHHn 36.1.

(Baabn, 1940; cM, Taxxe CourBoad,
1967.)
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MPEANOJOXEHHS
JUCNEPCUOHHOIO AHAJIU3A

37.1 Korma peuieHo, 4YTO H3y4aeMOH CHTyallHH COOTBETCTBYeT
KOHKpEeTHasi MOIedb, NOJIKeH OLIThb pellleH ellle OAHH BaXXHblfl BO-
npoc. XoTa U3 cooGpaxeHuil ymo6CcTBa HMJH M3 TEXHHMYECKHX BO3-
MOXHOCTeHl cJjelyeT, 4YTO HaOJIOJeHHs HYXKHO NPOBOAMTb Hal
NlepeMeHHOH Yy, OCTaeTcsd PewuTb, KaKyl0 GYHKUHIO OT y HYXKHO HC-
N0Jb30BaTh IJs [eJell aHaau3a. ANpHOpPH He SCHO, MOYEMYy H3Me-
pAeMasi BeJHUMHA, a He KaKasf-HuOyAb QYHKIUHSA OT Hee, Jydlle
YAOBJETBOPSIET NPENNOJOXKEHHAM MOMIEJH.

BmecTe ¢ TeM MOTyT ObiThb CyIIeCTBEHHbIE NpaKTHYECKue COOO-
paXeHHs [Js1 pacCMOTPEHHsl KOHKDeTHOH (YHKIHMH OT Y, CKaXeM,
g(y) (xoropasi MOXKeT Oka3aTbcsi NPOCTO paBHOH y). Hanpumep,
g(y) Moxer OHITh CBSI3aHO €O CTOHMMOCTHIO HJIH LOXOLOM OT H3y-
yaemoro npouecca. Ho orciona caenyer ToJabKO, YTO AJsl NpaKTHYe-
CKHX IeJlell OKOHuUATe/JbHble BLIBOAB aHaldH3a AOMKHEI OblTh BhIpa-
XeHbl B TepmuHax g(y). Ilpm 3TOM npemnosoxeHHe O TOM, 4YTO
HMeHHO g (Y), a He Kakas-au60 Apyrass OYHKIHS OT y, Jydlle COOT-
BETCTBYET MOJeJIH, MOXKeT OKa3aThcs HeONpaBJdaHHbIM.

37.2 Craps 3amauy HeCKOJAbKO 6oJee (popMaabHO, MOXKHO cKa-
3aTh, YTO MHOXecTBO HabJlOAeHU Hal Y paBHbIM 006pa3oM sBJsET-
csl MHOXKECTBOM «HalOJoneHHil» Hanx JJa1000d pmaHHOH dyHKuuen
g(y). Bonpoc cocrour B TOM, KakKHe «HabJwOgeHHs» g(Y) HCNONb-
30BaTh. OYyeBHAHO, YTO HYXHO NONBITATbCA HalTH (YHKIHIO, KOTO-
pas Kax MOXHO Jydille YAOBJIEeTBOPS€T INPEANOJOXKEeHHAM MOIEJH.
Bnepsble BOmpOC moucKa npeo6pas0BaHHH TaKoro THNA H3ydaJH
Bokc u . Kokc (1964). Mx uccnemoBaHHsi npHUMeHHMbl BooGlle
K JHHEHHOH MOZeNH ¢ HOpMAaJbHBIMH OIIMOKAMH, YacTHBIM cJydaeM
KOTOpo#A fiBasierci mogenas I JTA, usnoxennas B raase 35. Uurta-
TeJIb 3aMETHT, UTO ¥ y HAC B CHJIY OOIIHOCTH 3aldayH NepBble BBOA-
Hble naparpadsl He orpaHHuuBalOTCa KOHTeKcroM [IA.

lpeo6pa3oBaHna K HOPMaJabHOA JAHHeAHOH mMonean

37.3 Cnenyst Bokcy u [I. Koxcy (1964), npenmomoKum, 4TO Ha-
Ononaercs 3aBHCHMasi NlepeMeHHas Y M MHOXECTBO perpeccopos
Xi, ..., Xp, H UTO Mbl XOTHM NPHMEHHTb JHHEHHYIO MOLENb C HOp-
MaJbHbIMH OMHOKaMH. OIHakO Mbl He cOOHpaeMCs HeKPHTHUHO

5§ M. Kesnaan, A, Crbioapr
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IIpeANnOJIOXHTb, 4YTO CnnpaBeaJrBO
y=2X0+e,

a XOTVMM HaHTH npeo6pa3oBaHHA KaK HaX Y, TaK H Hal KaXIbIM H3
X TakKue, YTOOBI BhINOJHSAJOCHh

y, =X0-+4c¢, (37.1)

rie KOMIIOHEHTH BeKTOpa €-— He3aBHCHMble HOpPMaJibHhle BejH-
YHHBI C HYJEBbIM CPEIHHM M ONHHAKOBOH naucnepcuei o2 B (37.1)
A = (A1,MA3...) yKaseiBaer Ha npeoGpasoBaHHe Hal Yy BHYTPH Bbi-
6panHOro nmapaMeTpHUYecKOro cemeiicTsa npeoGpa3oBaHHit U aHaJO-
TPHYHO M == (W1, ..., Mr) YKasblBaeT Ha npeoGpasoBaHusi (pasubie)
perpeccopoB. Tem camuiM MBI 0606l1aeM HAIUX PaCCyXAEeHHA M3
BBOIHOH 4acCTH TIJ1aBbl, TAe FOBOPHJOCH TOJBKO O MpeoOpa3oBaHHAX
Ham y.
37.4 B coorBerctuu ¢ (37.1) norapudm PII pasen

log L. u(y 18, 0% =
1 1 ’
=— g nlog (2no®) — 57 (¥, — X, 9) (y,— X,0)+ log/,, (37.2)

rae J,— siKo6HaH o6paTHOro npeo6pa3oBaHHA OT Y, (HOpMaJbLHO
pacnpeneneHHas BesnunHa B (37.1)) k peanabHO HabJlolaeMoH Be-
JuunHe y. Makcumusupysa teneps PIT (37.2) orHocurenasHo 0 u o?
nps QUKCHPOBAHHbIX A M M, MOJYYHM, KaK H B 24.28 T. 2, uTO cpen-
HUii uYJeH paBeH KOHcTaHTe. TakMM o06pas3oM, ecaH npeHe6peun
KOHCTAaHTOM, TO IJs YCJOBHOrO MAaKCHMyMa npH (QHKCHPOBaAHHBIX
A 1 p HMeeM

log L, ,(y10, 6 = —+nloge?, + log/,, (37.3)

rie, Kaxk H B 24.28, n&f_u=y:Tyl sapasietcss ocratounoit CK.

Tenepb, HCXOASI M3 YCJAOBHOrO MakcumMyma (37.3), HYXKHO BbI-
4HCJAUTh a6COJMIOTHBIH MAKCHMYM 1O BCeM BO3MOXHBIM 3HAa4€HUAM
A u p. Jlaxe ¢ nmpuMeHeHHMeM 3JEKTPOHHLIX BBIYHCJHTENbHBIX Ma-
UIMH 3TO 4Pe3BhIYAHHO CJAOXHas 3agauya. MckiaioueHHe cOCTABJAAIOT
JHIIb CJAYy4aH, KOrga npeo6pa3OBaHHsA ONPeNeNsIOTCS OLHHM HJIH
ABYMs HHIEKCaMH, HalpUMep KOorna

(a) npeoGpasyeTcsi TONBKO 32BHCHMas NepeMeHHasi Y, IpHYEM
A uMeeT OHHY HJH ABe KOMNOHEHTHI,

(6) o0HO u TO e npeoGpasoBaHHe NPHMEHSETCA KO BCEM pe-
rpeccopaM (HJIH K TOAMHOXECTBY), DPH 3TOM M HMEET OLHY HJHU
IlB€ KOMNIOHEHTH;

(B8) xak U B (a) A HMeeT OOHY KOMNOHEHTYy, a (6) BHINOJIHAETCA
¢ OAHOH KOMIIOHEHTOH Y M.
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B cayuasix (6) v (B), BoOOGile TOBOps, HEOGXORMMO UHCJIEHHOE
nocrpoesne JUHHHA ypoBHR (37.2) nas Bcex A U m. Hanee Msl orpa-
HHYAMCsl caydaeMm (a), rae npeo6pasyercd TOJbKO 3aBHCHMAsA Ile-
pemenHasi. B samauax JIA, xorpa usyuaiorcsi KaacCHpHIHpOBaHHbIE
NaHHble, 'PErpeccopnl SIBASIIOTCA BeJUYHHAMH, [PHHUMAOUIAMU
auuis 3HaveHuss 0 uaum 1 (cMm. 35.9-—10), a 3HAYHT, yKaszaHHoe
orpanuyeHne HecyurecTBeHHO. [Ipn GoJsiee ofuieM H3Yy4YeHHH perpec-
CHM Mbl BHIHYXIeHn OyneM BrIGHpaThb HYXHBIi BHI Perpeccopos
g0 TOro, Kax GymeM paccMaTpUBaTh Npeo6pasoBaHHA 3aBUCHMOM
nepeMennoit. Bokc u Tumsean (1962) paccmarpuBaror nmpeoGpaso-
BaHUS PerpeccopoB K 6ojee NpocToMy BHAY (CM. ynpaxkueune 37.9).
Takue npeo6pasoBaHHs, KOHEYHO, He BJHAIOT Ha HOPMAJbHOCTH
WA FOMOCKEIACTHYHOCTb OIMHGOK.

37.5 Bosspamiasics, TakuM o6pasoM, K 3agayaM, O KOTODPHIX
rOBOPUJIOCH B Hauaje OOCYXHEeHHs, Mbl PacCMOTPUM npeo6pas3oBa-
HHS OAHOTrO TOJbKO y. Ha npakTHke caMHMH NONE3HBHIMH SBASIOTCS
cTenennnle W JorapudpmMuueckue npeo6pasoBaHHsi Yy C BO3IMOXKHBIM
COBUIOM Ha KOHCTaHTY. B COOTBeTCTBHH C 3THM MBI PacCCMOTPUM
ceMelcTBO npeo6pasoBaHuil

Ay
y ={(y+k2) ’ },l:/_-:07 (37.4)
10g (y + }ug), A; =0.

Oas Toro urobul npu A; = 0 COXpPaHHTbL HENpPEPHLIBHOCTb, Mbl Iepe-
NUIleM 3TO B 9KBHBAJIEHTHOH ¢dopMe

_ [+t =1}, a0,
n= { log (y + As), A = 0. (87.5)

Tolokn (1957b) H3yuaeT H ONHCHIBAeT CTPYKTYPHble CBoficTBa ceMeficTBa
(87.4) npu A < 1. Hoabrn (1963) paccmarpuBaer cBofictBa AH(pdepeHIHAMBHOTO
ypaBHeHHs, KOTOPOMY YAOBJETBODSIET Yl

{(s7v3)} = — 1)~

Xuan u Tefnop (1962) maror Tab.auuu Aas Npeo6GpasoBaHUA ¢ APOGHHIMH cTere-
HsiMH, Koraa As = 0, a A, xpatHo 0,2.

37.6 Temepn B (37.3) nosyuaem
log Jy = (1 — 1) 2, log (y; + 4a). (37.6)

Jas uncaeHHOro onpegeneHdst aGCOMIOTHOrO MaKCHMYyMa Teneph
MOXHO nocTpouTh 3Hauendss (37.3) mas BbIGOpaHHOTO MHOXeCTBa
sHayenut (A, A2). Ilpu aToM nas Kaxpo#t Tako#t mapsl (A, Az)
noeH OwiTh nposemed JA pas soiuncaenus octatouHoit CK
B (37.3). B npocreiimem ciiyuae, korma Az =0, 3TOTO MOXHO HE

5#
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llelaTh, NPHPABHHBAs K HYJKO NEpPBYI0O NPOH3BOAHYI MO A OT BhI-
paxenna (37.3). C ucnonbsoBanneM (37.5—6) 3TO NPUBOAHMT K

alogL, (19, 67 vy Ta, 1, x
0= . —=—n— M logy;, (37.7
o] e +nh o + Z g Y: (37.7)

1=l

-1 A
rZe KOMIOHEHTHl BEKTOPa & PaBHbI {A, yi‘logyi}.

Kputepun OIl nas BAOXKEHHBIX THNOTE3

37.7 Bokc u II. Kokc (1964) npuBOAST HECKOJBKO HHTEPECHBIX
YHC/I€EHHBIX NPHMEPOB NPHMEHEHHS ONHCAaHHOIO MeTOJAa HaxoXie-
HHs npeo6pas3oBaHUH, a TakXe 06ailecOBCKOr0O MeTOoda aHaJiH3a, KO-
TOpBIH OHH HCCJaenyioT. KpoMe TOro, oHH paccMaTpPHBAalOT pasJoOiKe-
Hue Makcumusupyemoit ®I1 Ha TpH KOMNOHEHTH!, COOTBETCTBYIOLUHE
HOpPMAaJbHOCTH, TOMOCKEZACTHYHOCTH H CTPYKType MaTeMaTHuye-
CKOTo OXHAaHHs yr. VIX HccaenoBaHHA NMPHUMeHHMBl K GoJsiee ofmiei
CHTY allHH.

PaccmoTpuM MHOXecTBO orpanuuenuit C), Cp, ..., KOTOpble MO-

cJef0BaTeNbHO BBOAATCA B MaTeMaTHdecKyio Momesb. [lycTh A —
MIl-oueHka napamerpa A, Koria B MoAeab Beefennl Ci, ..., Cs.

A — Ge3 HHOekca osHawaer MII-oueHky Ges orpanuudenuil. Toraa

IJs J1000r0 §
. s Llhy)) L@liy) L(y k)
L Ais)) = L A) - — . ~ e =
Wlte) =LA =03 L (y1hy) Lyl A1)

=Lyld)-4,- ... 1, (37.8)

rae lp —cratuctuka xkpurepuss OIl nasa npoeBepku MHOXKecTBa
orpanuvenuit Cy, Cy, ..., Cp_;, Cp npotus MHoXectBa C;, Co, ...
vooy Cpa (cM. 24.1, 1. 2). Kaxkpas craTHCTHKA [p NIPHHHMAaeT 3Ha-
YeHHSI MeXAY HYJeM H eIHHHUEeH H B YCJIOBHAX PEryJspHOCTH Be-
anunna —2log l, UMeeT acCHMNTOTHYECKH HeleHTpaJbHOe y2-pac-
npejgejeHHe C YHCJIOM CT. CB., PaBHBIM YHCJY HE3aBHCHMBIX OrpaHH-
ueHHH, KoTopoe Cp, Hasaraer Ha mapametpnl (cMm. 27.7). Ecau Cp
CnpaBeAJHBO, TO TOJydaeTcssi IleHTpaJabHOe y2-pacnpeneseHue
H, TakKMM o6pa3oMm, —2log !/, MOXKHO HCMNOJAb30BaTh [JS NPOBEPKH
THMOTe3bl O 3HaueHHsX HoGasiasemoro Cp K YyXKe HaJOXKEHHbIM
orpanunuenusm Cy, ..., Cp_). Ciaenyer sameTuth, uTo [, BOOOULE
rOBOpPA, He SBJSAIOTCSI He3aBHCUMBIMH, XOTS B YacTHBIX CJIy4Yasx
JAJs1 HEKOTOphIX THIIOTE3 OHH MOTYT OKa3aThCsl HE3aBHCHMBIMH (CM.
ynpaxHenuss 24.6 u 24.13 n Gosnee oGui pe3yabTaT B ympaikHe-
Huu 37.2). B ynpakHeuuu 37.1 uHTaTeNI0 npenJaraercsi NpUMEHHTh
paanoxenue (37.8) x paccmMarpuBaeMoil 3agmave. PesynbTaT cpasy
cJelyeT H3 HEKOTOPHX (aKTOB, NpHBeAEHHHIX B IJiaBe 24.
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lleau npeoGpasoBaHus

37.8 Hocrouncrtso Merona MII, o6cyxmaswerocs B 37.3—7 co-
CTOUT B TOM, 4TO He TpeOyercsi anpPHOPHBIX 3HAHHH O COOTHOLIEHHH
MeXJy y H perpeccopaMu, HJIH O XapakTepe pacnpefesieHHs OIIH-
60K Henpeo6Gpa3oBaHHON BennWyHHH y. McxogHEIM sBJAAJOCHE Hpea-
TIOJIOXKEHHe O TOM, YTO B pacCMaTPHBAeMOM CeMeHCTBe CYLIEeCTBYeT
npeo6pa3oBaHHe, IS KOTOPOTO BHIMOJHSIIOTCS BCE YCJOBHS JHHER-
HOfl MoJeNH, BKJloYasi TOMOCKeZAaCTHYHOCTh M HOPMaJbHOCTb pac-
npeneneHdss omH60K. KOHeuHO, Ha mMpaKTHKe 3TOTO MOXKET H He
ObiTb, OAHAKO daxe Torna Merox MII maxoxneHus npeob6pasosa-
HHUS MOXKET [aTh yJydillleHHe IO CPaBHEHHIO C HEMOCPEACTBEHHbIM
HCIOJb30BaHHEM HcXOAHbIX y. [lopasurenen daxr (uaatoctpupye-
Mbil 4YHCJIEHHBIMH TNpHMepaMH, NpuBedeHHbIMH Boxcom u Kokcom
(1964)), uro ato npeo6pasoBaHne MII ouenp GaH3KO K npeoGpaszo-
BaHHIO, KOTOpPOE€ BbITE€KaeT H3 HeCTaTUCTHYECKOrO pPacCMOTpeHHs
TPHUPOABl H3yYaeMblX BeJHYHH. EcTecTBeHHO, UTO Takoe paccMOT-
‘peHHe TaM, TIe OHO TOJNBLKO BO3MOXHO, JOMXKHO HNOMNOJHATb H CJY-
2KHMTb OCHOBOM AJS CaMOTO CTATHCTHYECKOro aHaaHu3a.

Kpyckan (1965) npuBOAMT OCHOBAHHHIH Ha BLIYHCJAEHHSX Me-
TON HaXOXIEHHs MOHOTOHHOrO npeoOpa3oBaHHs HaOJIOAEHHH, MH-
HuMH3Apyomero octatoudylo CK (B3saTylo B HYXHOM Macwrabe)
OT npexpnoJsiaraeMofl auHelHO# Mopmenun. IIpu sTOM He Hcnmoab3yeTcs
NpeAnoJoXeHHe HOPMAJBHOCTH H He TpebyeTcs cylleCTBOBaHHUS
TlapaMeTpPHYecKoro cemeiicTBa, anajoruyHoro (37.5). On wucnoan-
3yeT CcBOH MeTol, uTOObl 3aHOBO INPOAHaJH3HPOBATL TNPHMEPHI
Bokca u JI. Kokca H HekOoTOpBIE ApyrHe. .

37.9 [Ipyrue nOAXOAH K HAaXOXKAEHHIO NpeoGpasOBaHUS HCXOM-
HbIX [12aHHBIX, TO3BOJSIOLIEr0 YAOBJETBOPHUTbL Te HJIAH HHble Tpebo-
BaHHsl JHHEHHONH MoJeau, mpeciaenyloT Gojee y3kue mnead. JIn6o
uillercss npeo6pasoBaHHe, HOpMaJu3ywollee oumuOxkH, aH60 cTabu-
JU3HpYIOlllee OHCIEPCHH, JaHG0 mnpeobpas3oBaHHe, YCTpPaHsSKOLlee
B3aMMOIEeACTBHSA, Takoe, 4TOObl 3P deKTnl cTann anAHTHBHbIMH. [IpH
3TOM XoTesaoch Owl, uTOObI npeoOpasoBaHHe, mMpeciedywolllee ONHY
K3 3THX leJsel, N0 KpaliHeli Mepe NMOMOraJio B JOCTHXKEHHH APYTHX.
3ameuaTeabHO, 4TO HaA caMOM [eJe 3TO YacTO OKasblBaercs TakK,
H ME KpPaTKO PacCMOTPHM HECKOJbKO BaXXHuIX npumepon. OpHako
Ob1710 OBl CBEPXONTHMHCTHYHO OXHEAThb, 4YTO Tak Oymer Bceraa.
Jlerko npuBecTH NpPHMepbl, KOrZa LeJdd afJUTHBHOCTH H TOMOCKe-
OaCTHYHOCTH HecOBMeCTHbl. Tak, ecjiHM B ABYX(QAKTOPHOA nepekpe-
CTHON KaaccudHKalMH OXHUHaeMoe cpelHee 3Haue€HHe Yy aAJMTHBHO
1o 3bdexTaM CTPOX U cTOJOUOB, a OUINGKH HE HMEIOT HOPMAaJLHOTO
pacnpeneneHust ¢ Oucnepcuel, sBasoumeiics ¢ynkuueir M (y), TO
Jqw06oe npeobpasoBaHue, YCTPaHSIOUIee HEOLHOPOXHOCTb AHCIEPCHH
(retepocKkefacTHYHOCTh)., OyieT HapywaTb CTPOryio alIAHTHBHOCTbD.
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AHanoruuyssifi 3¢ peKT MOoXKeT NPOABHTHCA NPH NONbITKE YCTPAHHTHL
OTCYTCTBHE HOPMAaJIbHOCTH.

PaccmMoTpum Tenepbs mo NOPSAAKY pasjMYHBIE THNBEI TaKHX MNpe-
o6pa3oBaHHH.

MpeoOpa3oBaHus, CTAOHIH3HPYIOWIHE AHCNEPCHH

37.10 Ilycts cTaTHCTHKA ¢ uUMeeT cpexHee O M QHCNEPCHIO NPH
dukcrposaHHoM 06beMe BHIGOPKH n

D (t) = D% (6). (37.9)

UTo6bl yCTPaHHTh 3TY 3aBHCHMOCTb IHCIIEPCHH OT MapaMeTpa
0, Mbl XOoTHM Ha#TH GyHKuHIO u(f) TaKyio, 4TOGbl ee HHUCIepPCHSH
D (u) 6si1a koHcTaHTOH, ckaxeM, ¢. OgHako, BoOGLIE roBOps, 3TO
Helb3sl CcHeNaTh TOYHO, M HINETCH TOJbKO Takoe u(f), uTOOH

D{u@}=cf{1+0(R™")} (37.10)

rie R -—u3BecTHast KOHCTAHTa, MHOCTATOYHO Goapwuasi, YTOObE
MOXHO Obln10 npeHe6peun R-!. B wacrtHocTtH, mMoxker OwniTh R =n,
rae n — o6beM BhHIGOPKH. IIpeAnosoXuM naJiee, 4TO Mbl OTPAHHYH-
BaeMcCsl 3HaUEHHUSMH f, COCPENOTOYEHHbIMH B OKPECTHOCTH CBOETO
cpexHero 3HaueHus 0. Torza, ucmoansys 10.6—7, us (10.14) moury-
YUM NpHOJHXEeHHe

t
D@y ={(42)}_Dpo. (37.11)
[MpupaBuusasa (37.10) u (37.11), nonyuum npHOJHKEHHE MEPBOro
nopsiiKa du(t)
.12

IMTockoabKy paccMaTpHBaeTCs OKPECTHOCTb B, Mbl He 6GyleM B HH-
nekce nucath [ =0, a npocro Bmecto ¢ pmanuimem 0. Takum o6Gpa-
30M, i

-1/2
O o {p2 (@)} . (37.13)

Mbl 3aMeHHAH 30ech KOHCTAHTY ¢ Ha €IHHHLY, NOCKOJbLKY ee 3Ha-
YeHHe ONpedensieTcssi NO HaWIEMy YCMOTPeHHIO, HO0 YMHOXeHHe
u(t) Ha KOHCTAHTY He BJHAET Ha HAWV UeJb NOJYYHTL COOTHOLIe-
Hue Bupa (37.10). Ilpomnrerpupyem Ttemepr YypaBHeHHe (37.13),
onyckasi 6e3 notepH OOLIHOCTH AaJAMTHBHYIO NOCTOSHHYIO, BO3HH-
KaloWyI0o NPH B3ATHH HEONPEHNEJEeHHOro0 HHTerpajsa (3TO MOXKHO
ciesaTh, MOCKOJbLKY onsitb cootHomenue (37.10) coxpausiercs).
B pesyabTaTe moayuyum

u(t)oc{g% -~ (37.14)
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37.11 Xors (37.14) noayueHO ¢ MOMOLIbIO NPUGIHIKEHHS], MOXKHO
TIPOBEPHTh €r0 CIPaBENJHBOCTb, €CIH H3BECTHO TeOpeTHYeCKOe pac-
npenenende cratuctikd f. HyXHo nomcunrtaTh TeoOpeTHUECKYIO AMC-
nepcuio u(f) 4 NpoBepUTh cTaGUIBHOCTL NMPH M3MeHeHHH 0. MoxeT
0Ka3aTbCsl JKenaTeNbHbIM MOAMGHUIHPOBaTh u(f), UTOOBl YJAYYLIUTH
crabuapHoctb. C Opyroft CropoHsl, €CAH HMelOTCA TOJLKO HabJuio-
JeHds] BEJMYHHBI £ U HET HHKaKOH UHDOpMALMH O ee pacnpelresieHHH
HJIH O MapaMeTpe B 3TOro pacnpeieseHHsi, TO Mbl He MOXeM [axe
TouHO BbiuMcauTh D% (0). B Takux cayyasx HyXHO NOLCYHTATH
cpenHee 3HA4YeHHe W JHCMEPCHIO BEJHYHHBI { 0JIS OTHENbHBIX TpPYIN
Ha6Ja0AeHul 1 NOCTPOHTh rpadPHK 3aBHCHMOCTH HHCIEPCHH OT Cpel-
Hero AJsi oyeHku cootHouleHuss (37.9), Ha KOTODOM OCHOBAHO CO-
oTHoweHHe (37.14). B atom ciayuae annpoKcuMalus 6ojiee pUCKO-
BaHa, HO TeM He MeHee 4acTO JaeT YIOBJETBOPDHTEJNbHHH HJf Npak-
THKH De3yJbTar.

ITpumep 37.1

Ecnu t umeer pacnpenenenue [Tyaccona, To us (5.20) cneaver,
4TO CcpelHee M JHUCIEpPCHs paBHbl, Tak 4To 3mech (37.9) mpespa-
LiaeTcsi B

D7 (6) =D (t) =9,
u (37.14) naet

—-1/2 172
u(t)oc{S(-) d9}9=fOCt .2 e g
(37.15) " 2H(t4+1)"

T T

72

L6y

— npocToe npeoGpa3oBaHHe: u3-
BJeueHHe KBaJpaTHOro KOPHHA. [g§
Onaa nepBoro nNpHOJHIKEHHS, B
coorserctBun ¢ (37.11),

D (") = P

1 —1p)\2 _1

—{(Tt ) }t-eD(t)_T'

a r
| (37.16) y 3 3

YTO NOATBEPIKIAET, 4TO B 3TOM é
npubJHKEHHH IHCNepCHA cTabu- Puc. 37.1.
JAH3UPYeTCs.

Bapraerr (1936) ykaspiBaeT, uTo B 3TOM cAyyae CTaGHIH3aLMIO
LHCNIEPCHH MOXKHO YJYUIUHTb, OCYLIECTBMB CABHI f, Nepel H3BJe-
yeHHeM KBaapaTHoro kopHus. Ecaum onpenenuts

u, () =@+ ¢)'?,
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To Baptaerr npexnaraer ucnogs3oBaTh ¢ = 1/2. B ynpaxueHnuu
37.15 noka3aHoO, 4TO JY4YIIUM sBJsieTcs Bbl6op ¢ = 3/8. B Huxecae-
Oyloule# TaGaHle KaHbl 3HAYE€HH OHCNEpPCHH uU.(f) B DOJNSIX OT Npe-
IEeJbHOrO 3HaueHHsi AHcCNEepPCHH npH O6—>oco gasa ¢ =0, 1/2 u 3/8.
IMoacuer nposexen Baptaerrom (1938) u SnckomGou (1948).

3uauends pucnepcuu 4, (7) 3uauyeHN s QHCNEPCHH u, )
B AOJAX OT NpenesbHOTo B QOJAAX OT NpeiesbHOro
;] 3HaYEHHK RUCTEepCHH [} 3nayeHus QHCNEPCHH

c=0 c=1/2 c=3/8 c=0 c=1/2 c=3/8
0 0 0 0 6,0 1,104 0,980 1,002
0,5 1,240 0,408 9,0 1,052 0,988
1,0 1,608 0,640 0,717 10,0 1,001
2,0 1,560 0,856 0,924 12,0 1,036 0,992
30 1,360 0,928 0,983 15,0 1,024 0,992
4,0 1,224 0,960 0,999 20,0 1,000

ITpu Manbix 0 oueBHMOHA HeaXEKBAaTHOCTb MPOCTeAlLIero npeoG-
pasoBanus ¢ ¢ = 0. [Ipu 6 << 3 TO XKe caMoe cpaBHeHHE NIPOBEAEHO
rpadpuueckun Ha pHc. 37.1, Kotopbii B3AT H3 craThu M. DpHMIHa
u Teiokn (1950). IlpennoxxeHHOoe 3THMH aBTOPaMH CTaGUJH3HPYyIO-
uee Aucrepcuio npeo6pasoBanue u’ =t (¢41)" npu 8<<2
Gosee cTabGuabHO, YeM u3s(f), a npu 6 > 2 o6a cayxaT XOpOLIHM
npubamxenneM. Hns u’ npu 6 =1 OTKIOHEHHe OT IOCTOSIHHOTO
3Hauenusi He npesninaer 6% W 4’ KaXeTcs HaMJIYyYIIHM BbhIGOpPOM
(cM. ynpaxuenue 37.17). Mocrennep u IOtun (1961) npusomar
tabauuy ' pasa x = 1(1)50.

Illpumep 87.2

Ecnn t— BoIGOpOYHAsi AMCnNepCHs, a 02— AHCNEpPCHS TFeHepaJtb-
HOHl COBOKYIHOCTH, TO, KaK HEOZHOKPATHO TFOBOPHJOCHL Bblllle, AJIS
BbIOODKH M3 HOPMAJIbHOTO pacrnpefesNeHdsi BeauunHa 2 = ni/(202)
HMeeT raMMa-pacnpenejeHdie ¢ napamerpom (n—1)/2, 1. e. pac-
npene/ieHHe 2 3allaeTcsl COOTHOUIEHHEM

: 1 e_zz-%- (n—1)-1 dz
r{3 (n—1) }

(cM., HatipuMmep, (11.25) B apyrux o6o3Hauenusix). Takum o6pasom,
KaK CpellHee, TaK H JHCIepCHSl BeJHYHHH 2 paBHb (n—1)/2,
a 3HauMT, IJsA caMoro ! umeem

0=M@®=="2.1(r—1)=c*(n— l)n,

dF (2) =

DL@=D®) =(Z-)" g (r— 1) =20*(n — 1)/,
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TaK 4TO B 3TOM cCJyuae
D% (8) = 20%/(n — 1).
Hia (37.14) umeem
u(t)oc{ Se“de}9=t=1o_g,t, (37.17)

T. €. MBI NOJYYHM npocTto Jdorapudmudeckoe npeobpasosanue. Ilo-
CKOJIbKY

log t = log z 4 log (20%/n),

TO CceMHHHBapuaHThl BeauudH log? u logz cosmamawT, 3a He-
KJII0UeHHeM MOCTOSSHHOH pasHHIBI B CpelHeM 3HaueHUH. Jlerko BH-
IeTb, 9YTO 3TH CEMHHHBapHaHTHl BOOOIe He 3aBHCAT oT o?. O603Ha-
yasg p =(n—1)/2, monyynmMm, 4YTO XapaKTepHCTHYeCKas (PYHKLHSA
log z paBHa

¢ (w)=

T S e~ *xp-riwdy =T (p 4 iw\/T (p).
1)

Ecau p— nenoe (T. e. n — HeueTHoe), TO OTCIOJA MOJydaeM
(=14 (p—2+iw)... (I +iw) (1 +iw) __
@ (@) = =D —2...10(D =

=F(1+iw)ﬁ(l +i;'i)

s=|

TaK 4TO MPOU3BOAALIas (YHKIUS CEMUHHBApPMAHTOB paBHA

p-1 .
b(w)=logI'(1+iw)+ Y log(1+5-). (37.18)

g=1

Hanee I'(l —iw) asaserca x. ¢. pacnpeneneHus KpanHHX 3Ha-
yenuil (14.66) c ceMHHMHBapHAHTaMH

®x, =y (moctosunas iinepa, 0,577 ...), (37.19)

%, =@ — 1) X5 r>=2
s=1

(cM. ynpaxuenne 14.21). Orcroma u u3 (37.18) ans cemMumHBa-
PHAHTOB BeJIHYHHH l0g 2 noayyaeM

p-1
ar‘l’ (w) (1Y iyl —-r
Ty ly o= V%t ’;( )y 'r—1ts".  (37.20)
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Tloacranoeka (37.19) B (37.20) maert

p—1
=5
- (37.21)
Ay =(=1y(—1) 2 s, r=2
S=p
Taxum o6pasom, aCHMNTOTHYECKH, KOrJa p pacTeT, NPHHHMas
TOJBKO ILleJhbie 3HAUY€HHSA,

o o y
v =A /l.a’?—-—2ZS‘3 (Z s—2)32~ —-%—/(—;—)3/2=—p“”2,
i - g \ (37.22)
=i =6 3 (8 o) ~ /(1) =
P { p

YTO HJJHOCTPHPYET CKOPOCTh CXOAHMOCTH paclipeles]eHHs] BeJHUHHBI
log f x HOpMaabHOMY.

Bapraerr u Kennaan (1946) rtabyaupoBaiu cpenHee, LHcmep-
CHIO, ¥; U y2 BIJIOTb XO 3HaueHHsa n = 20 (p = 9,5), npu KoTopom
acHMITOTHUeCKOe npubauxenne (37.22) cTaHOBHTCS XOCTATOUHO
TOYHBIM.

37.12 Ecan nonamobutcsi, nponenypy CTabHIH3aLHH ITHCIEPCHH
13 37.10 MoxXHO moBTOPHTH. [lycTh yCTaHOBJEHO, YTO AJS HHCIEp-
cud u(t) HMeeT MecTo

D{u@®}=c{1+ Ln(e—’} +o(n), (37.23)

T. €. BulinonHsietcss (37.10). BDymem HckaTth npubauXeHHe BTOPOTO
nopsjxa, T. €. NepeMeHHYI0 v (i) TaKyw, 4TO

D{v(u)} =d{1 + O (n~?}. (37.24)
Tak ke xak B (37.11), umeem B coorBerctBuY ¢ (37.23) npubau-
K EeHHOe PaBEHCTBO

Do) =(%L) D= (LW) {1 +20}.

Hcoonwaysa (37.12), moayuum
Do} =(4), (5), D@ {1+ } =
=(% ) Die)f1+ 22 20), }. (37.25)

Haaee, Tak e xkax B (37.14),

o'(f) o { V(i@ {1+ 22 }]_l/2d9 b @120
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Mgl yKe CTaJKHBAJHCh C NPHMEPOM TAKOH NpoLeXypbl NPH pac-
cmorpedun B (16.81) t. 1, ynyuymenus XoreanuHra z-npeo6paso-
Banus Puiiepa, CTaGHIH3HPYIOLIETO AHCNEPCHIO (CM. YIMpaXKHeHHs
16.18—19 u uuxe npumep 37.3).

Ecan ecth HeoO6X0ODMMOCTBH, TO NpOUENYPY CTAGHIH3AIMM [HC-
TePCHH MOXHO HTEpHPOBATh M JaJIbILeE.

B ynpaxHenusix 37.4—0 mnpuBeneHb IpyrHe NpUMEpH TNpPHMEHEHHS MeTOAA
37.10 naxoxnenusi NpeoGpas’oBaHus, CTaGHAH3HPYIOLIEro AHCHEPCHIO (B NepBOM

MPHONHIKeHHH) A OGHHOMHAJBHOTO H OTPHLUATENbHOr0 OHHOMHAJIBHOTO pachpe-
R eleHUl.

Hopmanusyomue npeo6pasoBanus

37.13 B 6.25—6 mbl yxe paccmarpuBaaun Meron KopHuma —
®iepa noaydeHHs HOPMAJM3YIOIMX NOJHHOMHAJBHBIX npeobpa-
30BaHH#i, a B $.27—35 ob6cyxnanace cHcTeMa (YHKIHOHAJBHBIX
npeoGpasopanuit JIxKoHCOHaA.

Képtuce (1943) npusomut nompo6HOE MaTeMaTHYECKOE pac-
CMOTpeHHe NpexeNbHOH HOPMAJLHOCTH Npeo6pasOBaHHH, B YaCTHO-
CTH TeX, KOTopble OOCYXHaloTcsi B HAINHX NpPUMepPax H ynpaxHe-
HUAIX. Mbl npuBemeM Tellepb HECKOJbKO NPHMEPOB TOro, 4TO Iipe-
o6pas3oBaHHsl, TNpeAHa3HAYeHHbe HJs [JOCTHXKEHHS ONHOH IeJH
(3necyp crabunusanus OUCNEPCHH), Kak ynoMmuHaJjaock B 37.9, dacto
TIOMOTaloT B HOCTHXEHHH ApYrod (3mech Hopmaausauusi). Kpome
TOTO, B ynpaxHeHHH 37.16 noxasniBaeTcs, 4TO B caydae, H3JIOXKEH-
HoMm B mnpumepe 37.1, uMeer Mecto TOT Xe 3dpdekr. OgHako no-
c/AeIHMA M3 NPUBOOMMBIX TNPHMEPOB NOKa3blBaeT, YTO TakKasl rap-
MOHHs LleJell noJiyiaeTcs TOJbKO B TOM cJyuae, eClIH He TpeGoBaTh
ONTHMAJIbHOCTH B peIleHHH KaXno# 3agzaud. [Ipeo6pasosanus,
CcTaGHAH3UPYIOLIHE OUCNEPCHIO, OOGLIYHO NPHBOASAT 3a0AHO H K HOP-
MaJM3aUMy, HO NMPH 3TOM He MNOJYyuaeTcsl oOnrumaibHoe npubiu-
XKeHHue.

lpumep 37.8

B 16.33 Mnl paccMaTpHBaJH cTaGHJAH3HpYIOLIee NHCIEPCHIO Mpe-
o6pasoBanne Pumiepa Kospdunuenta xoppeasnuu r. Kax cremyer
u3 (16.74), nns [HCNEPCHH BEJHYHHHI I CNPaBeNJHBO

Dl == (1+ 1)1 0@, @72
rie p— KOpPeNsiUHOHHbIA nNapaMeTp COBOKYnHOCTH. [IpuMmeHss
(37.14) x raaBHoMy ugeHy B (37.27), nmnoayuuM z(r)=
=% log {(1 + /(1 — r)}, n, xax nokasano B (16.77), nnsa nHcnep-
CHH Z HMeeM

D@ =727 {1 + 325} +©O @, (37.28)
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T. €. 3aBHCHMOCTb OT p OueHb cjaabasi, a 3HAYHT, cTabuAH3aUUA
oucnepcuH xopowas. B (16.78) nokasano, uto KOs3pPHUHEHT acHM-
METPHH y; BEJHYHHBl 2 HMEEeT MOPAJOK n—h NpOTHB n~" pgas r,
a yg A5l O6eHX BeJHYHH HMeeT NOPAHOK n~l.

Orciona mMOHATHO, YTO CTAGHAH3alHs OHCIIEPCHH CHMMETpPH3YeT
H 3a0lHO HOpMaJH3YyeT.

[NpuMensia nanee (37.26), nmoayuyum

2'*=2z—Bz4+r)/4n (37.29)

C nanbHeRweld crabuiaH3auHed AMCNEepCHH BmAOTH o (n—1)~' 4

4+ O (n3).
Ilpumep 37.4

Bepuemcsi k npumepy 37.2, rme, coraacuo (37.22), nns Benu-
UHHbI, MMOJyualolledcs B pe3yabTaTe CTAaGHAU3HPYIOLIErO HHCIHEP-
CHIO JorapH@MHuecKoro mpeo6pa3OBaHusl, HMEId MECTO ACHMITO-
THYECKHE paBEHCTBA

Yi=—p V2, y,=2p~L. (37.30)

M3 (16.6) cnenyer, 4To AN HenmpeoOGpa3sOBAHHOM BeJHYHHBI MNPH
= vy/2 BBHINOJHAJOCH

Y= 2P_ 1/27 Yo = 6P_l, (3731)

TaK YTO NMPH CTaGHJIH3AUMH NUCIEPCHH 33a00HO B [Ba pa3a yMeHb-
nmaeTcsi acCHMMeTpHsl (c H3MeHeHHeM 3HaKa) H B TPH pasa dKclLecc.

ITpumep 37.5

[lpenmonoxuM Tenepb, uro B npuMepe 37.2 H3BECTHO 02, a p
asasierca napaMerpoM. Torna M(z) =D (z) = p, u ™Mbl cHOBa B TOH
e CHTYauHH, 4TO H IJa pacnpenejeHdHs Ilyaccona H3 npumepa
37.1: coornomenne (37.14) ONpHBOAHMT K H3BJEYEHHIO KBAAPaTHOTO
KopHsi. Kak mMoOKa3biBAlOT NpHBeJEeHHblE HHXe 3HaueHHs, MOJyuYeH-
Hele Baptaerrom (1936),

p 005 1,0 20 30 40 90 150
D(p?) 0 0,182 0,215 0,213 0,239 0,242 0,247 0,250

craGunu3alis OUCIEPCHH Xopoulasg. 3TO SKBHBaJE€HTHO PaccMoOT-
peHHoMy B 16.5—6 nmpuGauxenuio Puwepa Aas y2-pacnpeleneHus.
B coorBercTBHu ¢ (16.8) nas npubamxkenun Puuiepa mMeem

1 3
=35 n=T15r% (37.32)

T. €. OnpejesieHHOe yJayuuieHue no cpaBHeduio ¢ (37.31) nas He-
npeoGpa3oBaHHON BeJHYMHH (a Takxke ayume, yem (37.30) nas
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JorapupMuuecKkoro npeo6pasoBaHHsI, KOTOpPOE He MOXKET GHTb 06-
OCHOBaHO B NaHHOM cayvae). Kak u panee, cra6unusauus nucnep-
CHY NPHUBOAMT K JydYlleMy MPHOJIHKEHHIO HOPMAaJbHBIM pacrpeze-
JeHHeM. 3aMeTHM, OJHAKO, YTO NpPH HOPMajlH3aUHk YHJICOHA ~—
Xundeprn u3 16.7 nonyuaem, coraacio (16.13), naxe sayuiiee 3Ha-
ueHHe Y, MOPAAKAa p~32, HO He TaKoe xopouiee vy, nopaaxa p~!. Kak
ckazaHo B 16.8, npeo6pa3oBanue YuicoHa — XuadepTu naer .vu-
mee npHOJMKEHHEe K HOPMAaJIbHOMY PAacrpeleseHHIo, XOTsd, KakK cJie-
nyer H3 (16.12), ono Boo6uie He crabuauaupyer aucnoescuio. Taxkum
oGpasoM, Jyuiiee H3 PacCMOTPEHHbIX HOPMAJIM3YIOIMKMX npeoGpa3o-
BaHHH He CTaGHJIH3HpPyeT IHCNepCHIO, a H3BJeYeHie KB2IpPaTHOIQ
KODHS SIBJSIeTC HAHJIYUIIHM KOMIPOMHCCOM.

37.14 YuraTenb BHAMT, Y4TO Hame OGCYXAEHHEe HOpMAaIH3aAUUU
$opMyIHpOBANOCh, NO CYLIeCTBY, B TePMHHAX B3KcUecca 1 acuM-
MeTpuH. MareMaTHuecKH OdYeHb OGOJbLIOE [ONyLieHHEe Npeanoc/a-
raTb, YTO MAaJbiM 3HAYEHHSIM y; H Yy COOTBETCTBYET Jyuliee HOD-
ManbHOe TpHbGanxKeHHe. Tem He MeHee HeT HM OLHOro yGemHTENb-
HOro npHMepa, B KOTOPOM 3TO TNpeAnoJoxeHHe npuseno Obl Hac
K HEBEPHOMY BHIOOPY Jyulllero M3 HMEICHIHUXCST HOpMAaJbHBIX MpPH-
GauXKeHHH.

Baom (1954) pasbickuBaeT ¢YHKUHOHaAbHOe mNpeo6GpasoBaHHe u(l) Takoe,
YTO NOCJAeAyiOllee TNpPHMeHeHHe NOJHHOMHaJAbHOrO npeobpa3oBanus KopHhwa —
Ouuwepa n3 6.25—6 nmeeT MUHHMAaNbhble 3KCUECC H ACHMMETPHIO, a 3HAYHT, AB-
NReTcs, MNO-BHAMMOMY, «GJAMXKAHIINM® K CHMMETPDHYHOMY H HopMaxbHoMmy. [Ias
u(f) nonydaercs nHoppepeHNHaNbHOE YpaBHEHHE, KOTOPOMY YIOBAETBODPAIOT BCe
npeo6pa3oBaHHs, ¢ KOTODHIMH MH CTOJIKHYJHCh TNPH H3YYeHHH TYacCOHOBCKOrO,
ramMma, GHHOMHAJAbHOr0 M OTPHILATENBHOro OHHOMHAJBHOrO paclpefeleHHd.,

IlpeoGpa3oBanud, BelyliHe K aaJHTHBHOCTH

37.15 Ha npakTuke MoxeT OHTh BaXHO HANHTH WIKady, B KO-
TOpOk 3Q(deKTh aIXUTHBHBI (T. €. B3aHMOLEHCTBHA OTCYTCTBYIOT)
HAH 6au3ku K 3ToMy. OZHAKO NO CpaBHEHHIO ¢ HOpMasH3auHel
W crabuausaluedl AMCHEPCHH B STOM HANpaBJEHHH CAEJAHO OTHO-
CHUTEJbHO MaJio. HekoTophie H3 TnpeafOXKeEeHHHX OOUIUX MPOouenyp
OCHOBaHbl Ha MHMHHMHM3AaUWM BHYTPH KJjacca mnpeo6pa3oBaHHfi 3Ha-
YEHHUsI CTATHCTHKH KDHTEPHS, HCMOJb3yEMOro LJisl TPOBEPKH CHIIO-
Te3bl O TOM, YTO B3aHMOAENCTBHA paBHbl HyMo. HanpuMep, B ABYX-
daxTopHON NMepeKpecTHON KJacCHPHKaUUH MOXKHO MHHUMH3HPOBATH
S3 (unu S3/Sp) u3 (35.65) mnsa cGanaHCHPOBaHHOrO cayyas, HJIH
(35.69), xorna B KaXKAOH KJIETKe HMeeTcs MO OLHOMY HAGJIONEHUIO.
Caenyer 3HaTb, YTO CTATHCTHKA KPHTEpHs HCMNOJb3yeTcs 3aech A1
MPOBENEHHSI CJAOKHOR NpOLEeAYPH OUeHKH, OXHAaKO [0 CHX Top
HveeTcsl TOJAbKO HHTYHTHBHOe OGOCHOBaHHMe 3Toro Meroaa. Muoraa
Ha TakHe aJiUTHBHbIE 1Ipeo6pa30BaHUA HAaTAJKHBaeT aHAJH3 OCTAT-
KOB, KOTOPHII Mbl paccMoTpuM B 37.18—20.
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37.16 B 3sToft rnaBe Mbl He GyieM paccMaTpHBaThb ApYyrue, Go-
Jiee clieuHaNbHble nMpeoGpasoBaHus. Mbl yXe paccmaTpuBaau (CM.
31.39 1. 2) mpeoGpa3oBaHua HAGJIIOAEHUN MOCPEACTBOM HX DPaHIKH-
pOBaHHSI K CTaHZAPTHBIM HOPMAaJbHHM MOPSAKOBHIM CTATHCTHKAM
HIH HOopmasbHoim merTkam (normal scores). B 31.71 rosopuaoch
00 HX HCNOJIb30BAHHH [Js1 NMOJY4YeHHs1 cBOGOOHOrO OT pacrpenese-
HUH KpHTepHSi Ins OLHOG(AKTOPHOH KJaccHHKAUMH B CHUTYaluH
HA. I[Ipobur u aozut npeo6pa3oBaHusl KBAHTHJEI, OCOGEHHO K HOP-
MaJbHOMY H JIOTHCTHYECKOMY pachpeneseHHAM YKJIOHeHHH, BO3HU-
KaloT B OCHOBHOM B OGHONOrH4ecKMXx KoHTekcTraXx. OHH o6CcyXAalorcs
B pabore ®uuHu (1952).

YC'rpaHeHHe BBI3BQHHOIO npeoﬁpasoBaHHeM CMENICHHS

37.17 Kakosbl 6b HM ObIH LesNH NpeoOpa3oBaHus, MOCJE TOro,
KaK MpOBeleH aHaJH3, YaCcTO BO3HHKAaeT 3ajaaya INPENCTaBJEHUA.
Ha npakTuke OLEHKH CpefHHX HJIH pasHOCTed, HeCMelleHHbie
B npeo6pa3oBaHHOM IUKaJe, HE OCTAHYTCS TAKOBHIMM, €CJIH CAeRaThb
o6paTtHoe npeo6pa3oBaHHe, YTOOGH DPE3yJbTAT MOXHO OBUIO THpex-
CTaBHTb B <«eCTECTBEHHBIX» TepMHHAaX (CM., HampuMep, yhnpaxHe-
Hue 37.15). Uro6bt ycTpaHMTh cMellleHHe, Bbi3BaHHOe: npeofpaso-
BaHHEM, HYXHO MpPOBECTH HEKOTOPOro pofia KoppekTHpoBky. OG-
LU{He METOAbI YMeHbllleHHs cMelieHHs npuBoauauce B 17.10. Teneps
Mbl DacCMOTIPHM OAHH TOYHHII MeTOH YCTPaHEHHS CMEeIleHHS.

Ilyets u HOpMaJIbHO pacmpenejieHa cO CPEIHHM | H JHCIIepCHel
o2, 1 nyctb QyHKuMH (fi.,S?/v) OT pe3ysbTaTOB HAGMIONEHHS K0T
B COBOKYIHOCT® AOCTATOYHYIO CTATUCTHKY IJIl 3THX MNapaMeTpoOB.
Ipr 3TOM [i HMeeT HOpPMaJbHOe paclpele/eHHe CO CPeAHUM p
u aucrepcuell A%?, a S?/o? He 3aBHCHT OT [i U uMeeT yZ-pacmpele-
JeHue ¢ v cT. cB. Ha npaktuke ofbiyHo A2=n"1, a v=n—1, rue
n — o6beM BbIGOpKH. PaccMoTrpuM Tenepn ¢yHKuHio f(u), KoTopas
ABJAsieTCA B Hauwefl TePMHHOJOrHH OOGDAaTHBIM NPEO6GPa3OBaAHHEM.
Hefiman u Cxorr (1960) (cM. Taxxe nocaexymoumyio cratbio [Imer-
tepepa (1960)) mokaszanu, uto ecau t(u) yznosaersopsier nudpde-
peHIuaJbHOMY YPaBHEHHIO BTOPOro MOpPsiiKa

1" (u)= A < Bt (u),
rie A U B —nuocrTosiHHble, TO eIHMHCTBEHHOH HecMelleHHoR MJI

OlIEHKOH cpelHero IJs HenpeoOpasoBaHHOM BesHuuHH 6 = M ({)
siBAsieTcH

t(p)+ Al —2)S(2v), B=0,

. T2  (B(U—A)S\ A
{””HA/B},Z,MW(%H,){ S 2, B o,

>
I
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TIPH 3TOM PAA CXOMHUTCA OueHb OLICTPO H AJISl MOJYYEHHS AOCTATOY-
Holt TOWHOCTH Tpebyercs OOBMHO JHIUL HebOoJbIIOe YHCAO 4J/IEHOB.

Orclona caenyer, 4To cMellleHHe rpy6oil oueHxkH Z(ji), aBadio-
mefics npocTo o6paTHeIM npeoGpa3oBaHHEM [i, pPaBHO

' . —A(I—Z2)02/2, B=0»
M{t(u)—e}={{e+(A/B)}[exp{_B(1—;&)02/2}—1], B0,

T. €. aGcosioTHASl BEJHYHHA 3TOTO CMELIeHHs BJAsSIeTCA BCeraia Mo-
HOTOHHO YyOwiBaloniei ¢yHkuuefr A% TIlockoabky o6muno A2 = l/n,
TO CMELIeHHE 803pACTaeT C POCTOM BHIGOPKH.

Hmxe npupenesa TabGauma p[Af caMblX BaXHBIX YaCTHBIX
cllydyaes.

QO6paTHoe
. Tlpeo6paso- npeo6pa3o- CMcuenue 3RHaK cMeweHHn
BaHHe BauHe AlB M{t(p)—0 npu A <1
u () L)
(t + ¢)'? f2—c | 210 — (1 =A%) o? <0
log(t4+c) |exp(i)—c|ec|1|@Fc)exp{— (1 —AD)X| — sign(®+ c)
R X02/2} — 1}

-arcesin (£17%) sin? () | 2|—

b

(e-—;—)'x sign (e—%
X[exp {2 (1 — A2) 6%} — 1]
arsh (172 sh?2(h) |24 (e + %) % -~ sign(B + %)
X[exp {(—2 (1—A2) 6?)—1]

Bun#so, ur0 OpH H3BJEYEHHH KBAaJApaTHOro KopHsi npu A—>0 (n—
—> 00) CMeIlleHHe CTPeMHTCst K —o2 ITOT pesyJbTaT NnojJyueH He-
nocpeacTBeHHo B ympaxuedud 37.15, rme, kKak u B (37.16), o? =
= !/,. UuraTenb MOMXKeT BCHOMHHTb, YTO pe3y/JbTAT O CMEMISHUH
ojaa jorapudmuueckoro mnpeoGpasoBaHusi colepKaJjcs B ympax-
nennn 18.7 1. 2. IIBa ocraBwmxcsi npeoOpa3oBaHHS H3 TalJHIbI
paccMaTpHBAalOTCA B ynpaxHeHusx 37.4—S5.

AHaJH3 OCTATKOB

37.18 SuckoM6 (1961) u DHckoMb6 u Trerworm (1963) paspabo-
TaJli METOAB!, HOJIe3HBIE NMPH H3YYEHHMH OTKJOHEHMA OT MOCTyal-
pyeMoil JIHHEAHON MOZE/JH, a TaKxe IOACKA3bIBAIOLIHE CTeTeHHble
npeoGpa30BaHKs, yMEHbIIAIOUHE 3TH OTKJIOHESHHS.

OrpanHyuMcs MOZeNbIo C reHepaJsibHbiM cpefHuM (ckaxeM, o),
KOTOPYIO MOXHO 3alHCaTb B BHIAE

y =10+ W0 +e, (37.33)
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rae 1 — BEKTOD, Bce KOOPDAHHATH KOTOPOI'O PaBHHI eJHHHIE H HMEIo-
IHH, KakK U e U y nopsanok (N X 1), W — gBasierca (N X p)-maT-
pulteir, a 0 — BekTop mopanka (p X 1). I'enepanbuoe cpexsee 6o
BBOAMTCA IJsi Toro (cM. ynpaxHeHue 19.1), 4ToObl 3aMeHHTH
8 HK-onenkax napametpoB 0 3snemeHTH! y; BeKTOpa ¥ Ha YKJIOHe-
HHUA 2; = Y; — §j, KOTOpble 00pa3yloT BEKTOD

z=y—1y'l/n, (37.34)
a Takxe 4YTOOBLl 3aMEHHTb 3JeMeHTH w;; Marpuubl W Ha oTKJO-
HEHUs OT CPeJAHHX N0 cToaAbuaM
x“ == w” _ @I,
KoTopbie o6pa3ylor MaTpHuy X. Takum o6pa3som,
2’1 =X'1 =0. (37.35)
A 3nauuT, 6e3 mOoTepH OGIIHOCTH C CAMOro HayaJia MOXHO ITpeAmno-
JlaraTb, YTO MOJ€e/b HMEET BHI
y =10,+4+ X0 + e, (37.25)
rane BuinosnHsercs (37.35). Torma HK-ouenkoft 8, saBasgerca j,
a HK-oueHnkoit 8 B coorsercTaun ¢ (19.12)
=(x'X)"X2

Tonoxum M = X (X’X)—'X’ u 0603HAaYHM BEKTOP MNOLOTrHAHHOMN
MOJeNH uepes

f=Xb6 =Mz,
a BEKTOP OCTATKOB OT MOAOTHAHHOW MOAEJNH — yepe3
r=z—f=I—M)z.

B coorsercTBuu ¢ (37.35)
r’'l =0, (37.37)

H TaK Kak M HIAEMIIOTEHTHAa, TO TaK¥XKe
Mr=MI—M)z=0. (37.38)

37.19 IlpennonoXuM Temepb, 4TO NOCHE [OXIOHKH MOJEIH MBI
NOCTPOHJIH AMAarpaMmy paabpoca (cm. npumep 26.7), oTknagbiBas
no ocu abcUHCcC HOAOTHAHHBIE 3HAYEHHS, 4 [0 OCH OPIHHAT COOTBET-
cTBylonine octatku. B coorserctsun ¢ (37.37) cpelHee 3HaueHHe
opauHat pasHo Hyawo. [anee, nockoabky M cUMMeTpHYHa, TO MO
(37.38) umeem ['r—= (M2)’r —=2'Mr =0, Tak 4YTO mNOAOTHAHHBIE
3HAaYeHHs1 He KOPDEJHPOBAHBI C OCTATKAMH, T. €. JIHHHS pPerpeccHH
Ha pHarpaMme pas3fpoca HaXOAUTCS B [PAaBOM BepXHEM KOOPIH-
HaTHOM yrjay (cMm. 26.9).
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IToMuMo 3THX ABYX OOImUX CBOHCTB [AHAarpaMMu pasbpcca,
MOXHO HCTOJb30BaTb M JADyrHe ee CBOHCTBA AJIf NPOBEPKH TOrO,
HaCKOJbKO XOpOWO BHIMOJHAIOTCA MPEANOJOXKEeHHsT MNONOrHaHHOIM
mozead. Ha mpakTHke npennosoxKeHne roMOCKeSaCTHYHOCTH MOXKHO
rpy6o nposepATb B TepMHHAX pa3fpoca OCTAaTKOB /sl Pa3/HYHBIX
MOAMHOXKECTB NOJOrHaHHBIX 3HAYeHHH H TeM Xe crmocoGoM npo-
BepsATh NPEeANoJIOKEeHHsI HOPMaJbHOCTH, OCOGEHHO MPH paccMoTpe-
HHM acHMMeTpuH. Bo Bcex cayuasx, ecau O6yner HailjgeHo, 4TO
NpelnoJioXKeHUs! He BBIMOJHAIOTCA, TO MOXHO CHAeJlaTb COOTBET-
CTByOlllee TMNpeo6pa3oBaHHE MeTOLAMH, pPACCMOTPEHHBIMH BBillie
B 3TOH rjase.

OnHakKo, MO-BHAMMOMY, CaMbIM HHTEPECHbHIM HCNOJb30BaHHEM
gHarpaMmbl pasbpoca sBJsercsl NpoBepKa NPELNO/NOXKEHHS allaHu-
THUBHOCTH B MHOrodaKTOpHbIX 3KcnepHMeHTaXx. HeaamutusHocTb
MOXEeT MNpPOSIBUTBCA B OYEBHIHON HeNHHEHHOCTH (CKaXXeM, KBaapa-
THYHOCTH) DETrpecCHH OCTATKOB OT NOXOTHAHHHX 3HAYEHHM.

37.20 IlpuBeneHHble Bbille rpy6bie BH3yaJibHble METOABI MOXHO
nepedopMynHpoBaTh B Gojee TOUHBIX TepMHHaX. JHCKOMO (1961)
NpPeNJIOKH HCNOAb30BATh CTATHCTHKH

4
tyg =Tolp
rie rp— BEKTOP p-X CTeneHell OCTATKOB (Hampumep, onpene/eH-
HBbllf BbILIE 7 COBMajaeTr C ry), a f,— BEKTOpP ¢-X CTemneHeil mono-
rHaHHbix sHadeHH# (f = f1). CraTHCTHKH l30 M f4 SABJSIOTCA Oue-
BHIHBIMH aHaJOraMH Mep acHMMeTpHH d 3Kcuecca. CraTHcTHKa fo
H3MepsieT TeTepOCKeNaCTHYHOCTb, IMOCKOJAbKY, IO CYINeCTBY, OHa
DaeT 3HaueHHe KOoBapHAlMH KBaJpaTa OCTATKOB C MOXOTHAHHBIMH
3HaveHusiMu. B cooTBercTBHH ¢ kOHUHOM 37.19 craTHcTHKa £ fB-
asiercsi Mepoii HeapautHBHocTH. Ha camoMm nene ona 6ausko cBs-
3aHa CO CTATHCTHKOH S;, ucrnoawn3yemoit B (35.69) mas mpoBepkH
aALHTHBHOCTH B JABYX(AKTOPHOfi mNepeKpecTHOH KJaacCHDUKAILHHU
¢ oaHHM HaGiioneHHeM B Kierke. Uucanrenb S; paBeH mpocto fig.

37.21 JDuckom6 (1961) passun nNpHONHIKEHHYIO BHOOPOUHYIO
TEOpHK© ANA lp, (HOPMHPOBAHHBIX NOAXOAAIUM oOpa3oMm). Ora
TEOpHs BedeT K MNPHOJHMKEHUSIM CTEeNeHHbBIMH NpeoGpa30BaHHAMH,
HEeOGXOMUMBIMH [JIsi YCTPaHEHHsI COOTBETCTBYIOLULErO OTKJOHEeHHS
OT NpenmnoJoXeHuil Moge/nu. B coOOTBEeTCTBHH € TeM, YTO FOBOPHJIOCH
B 37.9, HeT rapaHTHH, YTO BCE 3TH CTATHCTHKU NPHBEAYT K OOHOMY
u TOMy e CTeneHHOMY mnpeo6pa3oBaliMio, HO €CTb HaleX1a, “TO
OHH 6yoyT MaJo OoTaHuartbcsi. B 3Toi cBsI3u HHTepecHO, uto Bokc
u . Kokc (1964) (cM.Takke kKoMMeHTapuH JHCKOMOa K HX CTaTbe)
Bolpasuau pemenne meroaa MIT u3z (37.7) nasa creneHHoro mpe-
o6pa3oBaHHs NPHOIUXKEHHO B TepMHHAX Ilpq C p+¢=3 u 4.
o cymecrsy MII-oueHKa NPHBOAMUT K HEKOeMy METOLY yCpenHe-
HHA pAa3/IMYHBIX CTENeHHHX MNpeobpa3oBaHui, mNoJdydYalOLUXCA U3
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H3MEepEeHHH reTepoCKeNaCTHYHOCTH, OTKJIOHEHHSI OT HOPMAJbHOCTH H
HeaaIHTUBHOCTH. OXHAKO OTCIOLA BOBCE HE CAEAYeT, YTO MOAXON 00
merony MII aBTOMaTHYecKH NPHBOOHT K. HYXXHOMY npeo6pa3osa-
auio. HaoGopor, oH MoxeT 3aTpyAHUTb BHIGOP KOMIPOMUCCHOIO
BapHaHTa.

YcroiiunBocTs npouenyp AA

37.22 PaccmoTrpuM cHauaJla OlIlEHKH NMapaMeTpoB B 3axauvax JA.
Ilpn n3ydennu Mopenu I JA Teopussi HK-oumeHOK M HX onTHMaJb-
HbIX CBOHCTB (ycTaHOBJEHHBIX B 19.4—9 1. 2) BOO6ILIE HE OMH-
paeTcs Ha MPEANOJOXKEHHe HOPMaJbHOCTH omHGoK. Takum odpa-
30M, NiDH OTCYTCTBUH HOPMAJIbHOCTH BCE OLI€HKH, a TaKiKe Bblpaye-
HHSl IS UX JUCNEepPCHH ocTalTcAd BepHbBIMH. B 3ToM OTHOUWeEHHH
HK-ouenkn cBoGoAHbl OT pacnpeneneHus. [lpeamonoxkeHHe HOp-
MaabHOCTH B 24.27—37 mnotpe6oBajioch TOJNBKO AASl LeJaeH mpo-
BEDKH THIOTE3 U AJIA MHTEPBAJbHOrO OLEHUBAHHS.

Hanee, ecau npaxe ocHoBHas momenb (19.8) meroma HK me-
BepPHa B CMbIC/I€ MPEANOJOXKEHHA O HEKODPPeJHPOBAHHOCTH H [OMO-
CKeJaCTHYHOCTH [AHCNEepCHH, 3To He TNPUBOAUT K cMeluedHio HK-
ouenok (19.12), nockonbky (19.13—14) shmoOJHAETCH, €CAH TOJNBKO
ourHGKM HMeEIOT HyJeBbie cpennne. OnHako cBofictBa MJ] tepsiorcs
B 3TOM CJlydae, MOCKOJbKY TOTrZia OHH HMEIOT MEeCTO NAJfl HCTHHHBIX
HK-ouenok (19.59). Takum 06pasoM, reTepoOCKeAaCcTHYHOCTb H KOP-
peasiuds OMHOOK TOJNBKO YMeHbWAKT 3(PeKTHUBHOCTb, HO He NpH-
BOMAT K cMemeHdw. Jlerko Bunets, uto ang mopeau I JA u npy-
rux Mopeled, paccMOTpeHHbIX B rJjaBe 36, MaTeMaTHYecKue
OXHIOAHHA CPeNHUX KBAAPATOB He MeHSIOTC NPH HApYIIEHHH
OpelNnoJOXeHHs] HOPMAJbHOCTH, TaK YTO OLEHKHM KOMIIOHEHT JHC-
NMEepCcHH OCTAIOTCA HecMellieHHLIMH M B TOM cJiyyae, KOrJa pa3sJui-
Hble cayvyafiHbie BeJIHYHHBI HE UMEIOT HOPMAJBHOrO paclpeneleHust.
OnHako pHCHepcHM 3THX OILEHOK (Hampumep, B mpocrefiieM cayuae,
paso6paHHOM B ynpaxHeHHH 36.10) cymmecTBeHHO MEHSIOTCS NpH
OTCYTCTBUH HOPMAaJbHOCTH. 3TO NPOHCXOAHUT I[OTOMY, YTO COOTBET-
CTByIOIIHEe BblpaXXeHHsi GoJjblne He ynpomaloTes 6aarogaps crie-
HHAJBHBIM COOTHOUIEHHSIM MeXNY CEMUHHBAPHAHTAMH HODMAaJb-
HOTO pacrpeneseHus.

37.23 Tlpu paccMOTpeHHH KpHTepHEB (H COOTBETCTBYIOIUMX HH-
TepBajJbHBIX OLEHOK) Mbl yXe orMeTHad B 31.2—9 T. 2 3ameua-
TeJbHOe oOOlliee CBOHCTBO BJHUSIHHUSL OTCYTCTBHS HOPMAJIBHOCTH Ha
NpOLEeRYyphl, NMOJYyUeHHbie B TpPEANOJOXKEHHH HopMaabHocTu. KpH-
TepUH O CPeAHHMX 3HAUYEHHNX SBJAIOTCH YCTOHYHBBLIMH, a KPHUTEPHH
o nucnepcusax — HeT. Mcxoaa w3 storo o6uiero cBoHCTBA, MOXKHO
OXHOaTh, YTO KPUTEDHH H HHTEepBa/bHble OLEHKH B MojenH [, kKo-
TOpble, [O CyIeCTBY, UMEIOT Jeno € MaTeMaTHYeCKHMMH OXKHAa-
HUAMH, OYAYT OTHOCHTENbHO YCTOHMHBBI 1IPH HApPYWIEHHH HOpMAaJb-
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HocTH. B TO Xe Bpems ans moaenu Il u npyrux mogenenr JIA,
B KOTOPbIX PAacCMaTPUBAIOTCA NHCIEPCHH, YCTOHYHBOCTH He Oyner.
B 37.24—35 Mbl nerasbHO pAacCMOTPHM YCTOMUHBOCTB K OTCYT-
CTBHIO HOPMAJIbHOCTH, a 3IeChb TOJbLKO OTMETHM, YTO COOTBETCTBVIO-
LiHe YTBEPXKIAEHHS CYINECTBEHHO MOATBEPKAAIOTCA B HEKOTOPHIX
JEeTaNbHbiX HCCNEAOBAHUAX, OYeHb MOAPOGHBI 0630p KOTOPHX MPH-
BeleH B nocienHeit rnase kuurd Lledde (1959). Caeayer ofpa-
THUTb BHHMaHHe Takke Ha OGojaee paHHHII 0630p Koxpsda (1947).

B 3tux uccnenoBaHusax (Hanpumep, XopcHean (1953), Bokce
(1954)) riokasaHO Tak¥XKe, 4YTO BJHSIHHE TETEPOCKENACTUHUYHOCTH
©OmHUBOK, BOOOILE rOBOPSI, MOMXKET OBITL BEJHMKO, OAHAKO OHO Hecy-
LIECTBEHHO, €C/IH BO BCEX KJeTKAaX KJacCH(PHKALMH YacTOThi paBHBI.
(Mbl CTalKMBAaJIMCb YXK€ € 3THM SIBJ€HHEM B NpOCTeHlleM BHIE
B 21.24 (cM. Takke 31.4).) [IpakTHYeCKHH BBIBOA COCTOUT B TOM,
4TO NMPH MJAAHHPOBAHHH HAOJIOAEHHH Ha OCHOBAHUM OZHOIO TOJBLKO
CBOHCTBa YCTOHUHBOCTH HYXXHO TaM, Ile 3TO BO3MOXKHO, HCNOJAb-
30BaTh paBHBie YACTOTHL. (YHauHoe COBMAJEHHE, UTO MOCJHE TAKOro
BHBOAA pacueTH CTAHOBATCS cyliecTsenHo npoine.) J[lasnee sra
YCTOHYHBOCTH MO OTHOIIEHHI0O K TreTepOCKegacTHYHOCTH 1 cGa-
JIAHCHDOBAHHOIO CJyuasi NO3BOJSET HAM H B cJiyuae HepaBHHIX 4ac-
TOT B KJeTKax TMOJYYHTb TNpOcTbie npubanxenusa niaa A nns
" CpeIHHX 3HAaUeHHH B KieTKax (cM. ympaxuenus 37.7—8).

BansHue cTOXacTHYeCKOH 3aBUCHMOCTH OLIHOOK MoOXeT OHTBb
GonpiuM (Boke (1954)). 3To nepekauxaercss ¢ OGILIHM YTBEpKAE-
HueM H3 36.39—43 o TOM, YTO NpH aHaaH3e CJEAyeT NPHHHMATHb
BO BHHMAaHHE METOAbl PaHAOMH3AUHH pa3MEIleHHs] 3KCHEeDHMEHTOB
(koTOpble, OYEBHAHO, MOTYT BHECTH 3aBHCHMOCTb B OMHUOKH). Mul
BEPHEMCSt K 9THM MeTolaM B riase 38.

YcTOHYHBOCTD K OTCYTCTBHIO HOPMAJILHOCTH B JUHEAHOH Moaenn

37.24 Unrepecunit noaxoxn DBokca u Barcona (1962), pasBu-
paroluMii Haen Gosee paHHell paGoThi Bokca w Anpmepcena (1955),
TIpOJIHBAET CBET Ha MPHUYMHBI Pa3HON CTENEHH YCTOHYHBOCTH K OT-
CYTCTBHIO HOPMAJbLHOCTH.

BepneMcs K JHMHeHHOH MOJEJH C FeHepaJLHBIM CPENHHM, olpe-
nenentnonn B 37.18. 3mecy CK, cootBercrymOlasd MOAOTHAHHON MO-

IeJH, paBHa
So=Ff=2'Me,

a octatoudasa CK —
Sg=rr=2I—M)z.

Eciu omwH6KH UMEIOT HOpMaJbHOe pacnpefenense, To kpurepui Ol
Ans TpoBepKH runotesbl 0 = 0 ocHOBbiBaeTcsi Ha CTATHCTHKE

F = (So/p)/{Sr/(N — p— 1)},
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HMeEIOUEeH pacnpeiejeHde AUCIHEPCHOHHOrO OTHOUIEHHR C YHCIOM
CT. CB. v; == p, va = N — p — 1. B 3xBHBaJieHTHOH popme KpPHTEpHI
MOXXHO CTPOHTb, HCXOAS H3

_ Se __ ZM:z
L e s (37.39)
MTOCKOJIbKY
W= (1 + % (37.40)

SIBJISIETCI MOHOTOHHO BO3pacTalouiedl ¢ynkuuen F. B HopMaJsibHOM
cayuae, Korna 0 =0, seamuuna 1/F umeer pacnpeneneHue NHC-
nepcHOHHOro oTHoweHHss ¢ N—p—1, p cr. cB.,, a W umeer B-pac-
npenenexnye ¢ napamerpamu {(N —p—1)/2, p/2}, koropoe mnoay-
gaercs u3 1/F npeob6pa3osanueM, onucauusiM B 16.19.

PaccMoTpuM Tenepb pacrnipenesnieHde BeauuHHbl W B obuiem (He
06A3aTeNIbHO HOpMaJbHOM) ciydae. 3HaMeHaTelb W HHBapHaHTeH
OTHOCHTEJLHO MEePecTAHOBOK 3JEeMEHTOB BeKropa 2. Paccmorpum
[I03TOMY CHaudalla nepecTanHoeounoe pacnpeldeserue BeTHUHHBI W
(cM. 31.16). Ecau coBMecTHOe pacnpeie/ieHHe 3JIEMEHTOB BEKTOpa
2z cuMMeTpuuHO 1no N cBOuUM aprymeHTaM, YTO BBINOJIHAETCA, B 4a-
CTHOCTH, AJisi HE3aBHCHMBIX M ONMHAKOBO pacClpele/IeHHBIX OIUH-
60K, I1'0 Jiobas MepecTaHOBKA 3JEMEHTOB HMeEeT BePOSITHOCThL
(ML

ITocie Toro kKak Mbl MOJYYHM cpellHee H NHCHEPCHIO BEJHYHHbI
W nas 3TOro nepecTaHOBOYHOTO pacnpeznejeHHs (0603HAYUM HX
My (W) u Dp(W)), MBl cymeeM mnoayuyuTb Ge3yClIOBHble CpelHee
M(W) u mucnepcuio D (W), 3snas HcxomHOe pacmpenesieHHe reHe-
paJIbHOA COBOKYMHOCTH AJS 2.

37.25 IlockonbKy 2’Mz — ckaasip, TO, HCHOAB3Ysl, YTO CJAeX MPO-
H3BEJEHHs He 3aBHCHT OT NOpsiKa COMHOXKHTENEH, MOAYYHM

2Z’Mz = tr(2’Mz) = tr (M22').
Orciona ¥ 13 (37.39) umeem

2'zMp (W) = Mp {ir (Mz2')} = tr {MM, (22)}.
Hanee

M (z2) = —N(T‘_Wz'z (NI —11), (37.41)
TOCKO/IBKY
M, (2}) =2'2/N, M. (22)=—22/ANN— 1)}

nas js=1. Henoabsys (37.41), noayyaem

= s tr (M) = p/(N — 1), (37.42)
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NocKoabKy B cooTBeTcTBHH ¢ (37.35) MI1'=0, a wus 199
tr (M) = p.

Hs (37.42) caenyert, uto Mp(W) ne sasucut ot X u or 2. Ta-
KHM OO6pasoM, ApH J1000M pacnpeneseHMH OIIMOOK, CcKaxkeM f,
Ge3ycJOBHOe cpenHee BeaHUHHb W Tak>Ke paBHO

M W)= |¥| {Mp (W)} =p/(N —1). (37.43)

B uacCTHOCTH, 3TO CNpaBeNJHBO B HOPMAJbHOM Cjyd4ae, a 3HAUHUT,
MaTteMaTHuYeckoe oXuaanne W BHOJHe YCTOHYHBO K OTKJOHEHHAM
OT HOPMAJIbHOCTH.

37.26. Ous nonyuenus Dp (W) uaitnem cmauana Mp(W?2). O60-
3Hauasi 4yepe3d M, 31eMeHTH MaTpHusl M, moayyum

ZMz =Y, 22M_+ 3 z,2 M, (37.44)

rae cyMMa, Kak H faJiee, 6epercsi MO BCeM BO3MOXHBLIM He PAaBHBIM
3HauYeHHsM HHIAekcoB. BosBoaa (37.44) B xBanpar u Oepa MaTeMa-
THYECKOEe OXHIAaHHEe N[O BCEeM INepecTAHOBKAM 3JIEMEHTOB Z, MO-
JAYUHM

M, {(@'M2)’} =M, () X M2 + M, (32)4 2 M, M+
+ M, (222 (2 X M2, + X M M)+
+My(2,22%2) (4 X M M, + 22X M M)+
+ Mp (2,2,2¢2,) 2, M My, (37.45)

Kak u B (12.8), o6osHauuM s, CyMMYy r-X creneHed 2z (Tak 4TO
s;=0 no (37.35), a 2'2=s,). BocnoabsoBasumchp (12.9) 1. 1,
NpUMEHHM TeMepb [Js MOACYEeTa MaTeMaTHUYECKHX OXHIAaHHHA
B (37.45) CcOOTHOWEHHS MeXAy paClIHPEHHBIMH CHMMETPHYECKHMH
$yHKUMAMH ¥ cymMMaMu creneHeit, CoryiacHo Tabuauue 10 nomoa-
HeHHs (Bec 4), noaydum *)

NM, () =s,,
NOM, (%) = —s,,
N2M, () =s}—s, (37.46)
NOM, (z,222,) = 2s, — s},
N®M, (z,2,2,2,) = 3s; — 6bs,.

*) C nomowsio N aBTop 0603HauaeT uHCAO pasmellleHHA K3 N 3JEeMEHTOB
noktre NO=NN~—1)...(N—Ek31). (ITpun. ped).
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.Bonee Toro, Bce cymmbl B (37.45), B xoropbie Bxoaar M., MOXHO
N

2
.BbIpa3uTh B TE€pMUHAX M = Z M, HCIOAb3ysd HAEMIIOTEHTHOCTb

r=|
M, 3HaueHHe p ee ciaefa u TOT dakr, 410, cornacHo (37.35),
.Ml = 0. B pesyabrate nosyuHm

XM M =—m,
Z Mgs =p—m,

M My =p—m,

3 MMy = 2m — p,

2 M My =2m— g,

2 M My, = p*+ 2p — 6m.
Tloacrasasia (37.46—7) B (37.45) u o6GoszHauas

k, = sz/(N — 1), k={N(N+1)s,—3(N—1)s}/(N—1D?®

-(utro coBmanmaeT, corjacio (12.28), ¢ k-cTaTHCTHKAMH HIPEKOB),
TONYYHM, pasfenuB Ha (2’z)’ =s2, BbuHTaf {MP(W)}2 H ympoiuas,

{ (37.47)

__2p(N—p—1) | k1 _pP_2pN—p-—1)
Dr (W)= s k;'uv—l)?{'" N NWN+D

(37.48)

37.27 B orauyue ot (37.42), suipaxenue (37.48) 3asucutr or X

‘yepe3 m M OT 2Z uYepe3 OTHOILIEHHe k4/k22. ITockOnbKY MBI HALIJIH,
gro Mp(W)=M (W), 1o

D (W)=M(W? —{Mp(W)}?,
B TO BpeMs Kak
DP (W)= M, (Wf) —{M, (W)Y,
“TaK YTO, €CJH [ — pacrnpeneseHue OWHGOK, TO
D (W)= hfll {Dr (W)}. (37.49)

“TakuMm o6pa3oM, OesycsioBHas auclepcuss BesHuvHsl W 3aBHCHT,
2
_1I0 CYLIECTBY, OT M (%./k3). B nopmanbHOM cuaydae

M (k4 £3) = M (k4)/M (£3) =0,

2 o
‘fIOCKOJNIbKY 22 He 3aBHCHT OT k4/k2 (k» sBaseTca momHOM mOCTATOU-

HOW CTATHCTHKON, a ksfk3 CBOGOXHO OT pacnpenesieHHs AJs cKa-
.JIAPHOro MapaMerpa, a 3HAYUT, MPUMEHHMO ynpaxHeHHe 23.7). Ta-
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KHM 00pa3oMm, MepBbid 4jieH B npaBoit yactH (37.48) sBaserca Ges-
YCIOBHOM AUCMEPCHEH B HOpPMAaJbHOH TEODHH, H Pe3yJbTaT MOXKHG-
nepenucaTb B BHAE

DP (W) = {D (W)}Hopu

)] _p_2p(N—p—1) ,
X[t+emwr e {n—F —Zatn 4] @750
rae Cy= ki/ks.

37.28 B ynpaxxHeHun 37.10 uHTaTenio mpeasaraeTcs MOKa3aTb,,
4YTO m MOXKHO BBLIPA3HTb B TePMHHAX OTHOIIEHHH R-CTATHCTHK
(ka/k3); v {kaa/ (kaokez)}s; m1s1 p perpeccopos x. Hicrionibayst 3TOT pe--
3yabtaT, cooTHoweHHsa (37.50) MoxHO nepenncaTb B BHIe

DP (W) = {D (W)}Hopu [l + W C CX] (37.51})

rpe
_ N (N2 —1) _ P _2(N—p—1)
C"—p(N—p—l)(N—’cn{”‘ N T NVFTD }_
p
=_W=3 ( ) + ( L ) 37.52).
pN—p—1) )4 Z;-Z.: kyokoo ( )
-
A 20 (N —p—1)
{D (W)}llppu= (NP+ ih) (A,; —1)E (37.53)

U3 (37.52) suaHo, uto Cx fiBAsieTCSI MHOTOMEpPHBIM OGOGIEHHEM

otHoweHHs kufk3, Xxapakrepuayiowero 3skcuecc®*). Ilpn p=1 Cx
CBOAHMTCSI K 3TOMYy OTHoweHHio. [To TeMm ke coo6paXXeHusM, 4TO.
H 05 k4/k§, B 37.27, B HOpDMAaJIbHOM CJyyae MaTeMaTHYeCcKoe OXH-
nande Cx paBHO HYJIO.

© 37.29 BoipaxeHHsi IJst MOMEHTOB NePECTAHOBOYHOTO pacnpeje-
aenusa (37.42) u (37.51) nosBoJsilOT HaM MOLOrHaTb HEMpephLBHOE
pacnpenesieHe K IHCKDPETHOMY [€DeCTAHOBOYHOMY paclpene/leHHIo
peanuudsl W B ayxe 31.47, Bn6paB Oera-pacnpefesieHHe C TeMi
e cpenHuM M aucnepcuedr. Kak W, tak u momornanHoe pacnpene-
JeHHe cocpeforouensi Ha narepsase (0,1). Kpome toro, mbl 3Haem
(cMm. 37.24), uto Geta-pacnpefieleHHe sBjasieTc 0e3yCJOBHLIM pac-
npenejsesneM W B HOpMaJbHOM cjiyyae. DTO MPHBOAHT K OBOCHO--
BaHHONH HaLEX[e, YTO Mbl MOJYYHM XOPOWIYIO aNIPOKCHMALUIO U A
0611ero nepecTaHOBOYHOrO paclipefe/aeHus.

*) O MHOroMcGpHHX OGOGIIEHHSX XapPaKTePHCTHK AaCHMMETPHH H 3KClLecca:
CM. TaKXe CTaTblo fO H. Twopusa «IlpoBepka runoresn o HOPMAJNBLHOCTH MHOTO--
MepHOHl BHIGODKH GoJbluicro o6beMma» (KypHad «TeopHs BepOATHOCTER H e¢ HpPH--
MeHenus», 1. XVIII, 3, 1973). (IIpum. ped.)
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CpenHee u aucrepcHs GerTa-paclpefeNieHHsi ¢ MapaMeTpaMH
v2/2, vi/2 paBHBHI (coraacHO npumepy 2.8)
r__ Vi
M=5r
2v v,

M= v, F ) v F v’
Vo=V, (1 - P‘;)/P‘:’
V= 20 (0] — B ) [,

a 3HauHrT,

(37.54)

Tenmeps M; H W, HYXXHO NpHPaBHATb coorBeTcTBeHHO M (W) u
Dy (W).

Corutacuo (37.54) v,[v, aBasieTcs pyHKuHed ToabKO Ui, a M, (W)
noctosHHo H pasHo pf(N —1). OTcioma ciaenyer, 4To AJAS KOp-
PEKTHPOBKH V, (IO CPaBHEHHIO C HODMAJIbHBIM CJAy4YaeM) HYXKEH
TOT € MHOXKHTenab, YTO H Aad v,. lloxctrasasasa B (37.54) BMmecTo
p; 4 u, snavenna M, (W) u D, (W) coorsercTsenno, nosyuum

v {1+ DY (7.5
TAe ¢ — KOpPEeKTHPYIOLIHA MHOXHUTesab u3 (37.51), T. e.
| c= W"(’;—fl) C,Cx- (37.56)
CorJslacHO CKa3aHHOMY Bbillle IJISl vz TaKke HMeEeM
v2=(N—p—l){l+%}—l. (37.57)

Ecau nu6o Cy, 1u6o Cx paBHH Hymo, TO ¢ =0, ¥ B HauieM OpHU-
OJMHXEeHHH CclpaBemsuBa HopMmaJabHass Teopua miaa Dp(W) upu
J1I060OM pacrpenesieHHH OwHOOK.

37.30 CoorHomenuss (37.49) u (37.51) nokasmiBaloT, 4TO 6e€3-
ycnoBHass Aucnepcuss D (W) cosnagmaer ¢ Dp(W), tonbko C,Cx
Hago 3ameHHTb Ha M;(C,Cx). C sTHM H3MeHeHHeM npHOAHIKEHHE
37.29 cnpaBeisnBO Aas 6e3ycnoBHOro pacnpexneneHuss W Ttak e,
KaK [Jisi IepecTaHOBOYHOrO paclpenesieHHs.

37.31 IlockonbKy napaMeTpbl NPHOJIHXKAIOIEro pacrpelegeHus,
onpenensemole (37.55—7), 3aBucAT, 0O CYWECTBY, OT KOPpEKTH-
pyomero MHOXHTENs €, HHTEPECHO ONpeNeNHTb IPaHHLbl €ro H3-
MeHeHHs. B ynpaxuenuu 37.11 mpemsaraetrcss moKasaTb, YTO

PIN<m<p(N—1N, (37.58)
a 3Hauur, M3 (37.52)
—2<<Cy(N=3)(N—1)KN— 1. (37.59)
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Orciona BHAHO, 4TO ecau Cx AOCTHraeT 3THX TPaHHIl UJAH GAH3KO K
HHUM, TO KOPPEKTHPYIOLIHE MHOXuUTedb ¢ B (37.56) umeer mopsimok
N-! B61u3u HHXKHel rpanuiubl ¥ mopsiiok N® B6au3u BepxHed. Irto
omnpeneasier, Mo KpadhHell Mepe nJst OOJbLUHX BbHIGOPOK, MOXKHO JH
npeHe6peyb KOPPEKTHPYIOIUM MHOMKHTENeM, T. . OyaeT JH pacrpe-
nenenne W ycroituuso uau Het. [Tockonbky B (37.52) MBI BUAe/IH, 4TO
oTkJMoHeHHe Cx OT HyJsi ABJSIETCA MEpOH OTKJOHEHH: OT HOpMaJb-
HOCTH HKCOB, TO MOXHO CKa3aTb, YTO HOPMaJbHOCTb PErpeccOpPOB MPH-
BOOUT K YCTOHYHUBOCTH NPH OTKJIOYEHHH OT HOpPMaJIbHOCTH nas W.

YcTOiuHBOCTD K OTCYTCTBHIO HOPMAJBHOCTH
Anasa oaHogakTopHoro A

37.32 [lpumenum Ttenepp H3JNOKeHHbie B 37.22—31 obuwue Me-
TONbI, CNPaBEAJHBHE IJs JHHEHHOR MOAENH, K YacTHOMY ciayyalo
onHodakTopHOH Kiaaccubukauuu. Ilockonbky B (37.36) mnpucyT-
ctBylor p-+ 1 napamerpoB (6;,0), To MBI NpeanoJOKHUM, UYTO
B kJaccHbukauuu umeercs p 4+ | rpynna. Ilpu stomM monenn ¢ Ho-
BbIMH TNapaMeTpaMH M3 KOHLA npuMepa 35.1 Tenepp He Oymer oco-
OcHHOM, MOCKOJbKY OTCYTCTBYET HONOJHHTEJNbHLIAI MapaMerp, MpH-

BOJALIMH K CHHT'YJAPHOCTH.
p+1

Ilyctp B j-it rpynne uMeercs n; HabaloneHUI, > n;=N. Kax-
i=1

Ibfl U3 p pPErpeccopoB MAOJIXKEH MPOCTO YKa3hlBaTb, NPHHAAJIEXKUT
A4 HaOJaloneHHe 3afaHHOM rpynmne uad Her. [Ipu sToM mpHHaAJeX-
Hocte (p- 1)-# rpynme caenyer H3 HENPHHAAJEXKHOCTH BCEM
ocraabHbiM. OGbLIYHO IS 3TOH IEAH Mbl NOJXKHBI OblJIH ONpeneSUTDH
perpeccopbl Kak NepeMeHHbie, NpHMeHsiomue 3HaueHusa 0 uam 1,
HO TOCKOJBbKY HOMXHO BblmoJiHATbea (37.36), To BMecTO 3TOro MH
[I0JIOKHM

n;

I 1—7, eCJH y TpHHAAJNEXKHT j-# rpynme,
xy=\ v (37.60)
l — -y B TPOTHBHOM ciyuae
pai=1,..., Nuj=1,..., p. Torna ana xaxaoro j, Kak H
N

Tpe60BaaoCh, 2. x;;=0.
i=1

W3 npumepa 35.1 mbi 3HaeM, uro B 3tom cayyae CK, coorBer-
cTBYIOLlasi MOLOrHaHHOH MOAEJH, paBHA

eMz=gy'My =

ny 2
p+1 Zyi) ZZy 2
=Syl (220

i=1 i

. (37.61)
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/e Ha BPeMs, BMECTO TOYKH B HHAEKCe, YKasbiBaloliell Ha ycpene-
HHe, Mbl Hanucaan 4epry. Paccmarpusas kosdduumentsi npu y3;

B (37.61), Mbl BHOHM, 4YTO AJS KaXKAOro 4YJeHa B j-Bi rpymme

1
M, == — A snaunr,

i)
p+1

i,,_z w1y = z _t

¥ (37.52) npuHUMaeT BHA

p+1
N—3 . NN+ 1 (p41y
N_le—p(N_p_l){ W_—T’—}_z (37.62)

{loncrasasas (37.62) B (37.51), noayuum Dp(W) nmaa maunoro
caydasi. (CooTBeTCTByIOlliee BhipaX{eHHe BIEpBHE ObLJIO NOJYUY€EHO
Yanuem (1937).) OueBunHo, uro 3HaveHHe Cx cCylecTBeHHO 3aBH-
CHT OT TOro, Kak N, HaOmiomeHnfi pacnpexnesneHbl Mexay p -1
rpynnof.

37.33 Ecan n; = N/(p -+ 1), Tak 4TO BO BCeX rpynmax paBHOe
quceyo Habaonenui, to (37.62) npuHUMaeT BHA

X3 :? Cx= —29, (37.63)

T. €. DocTuraercs HHUXKHaAA rpanuna B (37.59). Torma (37.56) pasHo
c=—Cy/N,
# mHOXHTeNMb nipy p U (N —p—1) B (37.55) n (37.57) paBeHn

(+ )/ (= )~ 1+

T. €& HM MOXHO npeHebpeyb Ais GoJAbIIHX BHIGOPOK.

Kak caenyer H3 Toro ¢pakra, uro 3HayeHue Cx =— 0 ynoBJsieTBO-
psieT -HepaBeHcTBaM (37.59), sTa mompaBKa, KOTOPOH MOXHO mpe-
nebpeub, MOXKeT OBITb CBeAEHa K HYJIo (cM. ynpaxXHenuue 37.12),
€cJM AOJIKHBIM O0pa30OM BbIGpaTh HepaBHble TPYMNOBBIE YACTOTHL.
OnHaKo KaXKeTCs HepPa3yMHbIM NMOJY4aTb 3TO HECYIeCTBEHHOE yBe-
JIMYEHHEe YCTOMUHBOCTH K OTCYTCTBHIO HODMAaJIbHOCTH, INOMHS{, UTO
3TO NPUBENET K IOTepe YCTOHYHBOCTH OTHOCHTEJNBHO reTepocKkela-
CTHYHOCTH, CNpaBeJAHBON B cOajaHCHPOBaHHOM ciyuae (cM. 37.21).

37.34 B kauecTBe NPOTHBOMNJOXKHOCTH AJsi H3yueHHoro B 37.33

cJydasi paBHBIX 4YacTOT, PAacCMOTPHM Cayyali ny=npy= ... ==
= np,=1, npy; = N — p. Torza (37.62) coguTCA K
N—3 N+1
__N_lc":N—l_N—-p' (37.64)
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4TO OYeHb GaH3KO K BepxHeil rpanuue B (37.59), ecau p/N mano..
Torpa (37.56) npHHHMaeT BHI

Cy ( N+ 1) Cy 1 )
c=sw WVN—l=g—)~=7l—7%)
u MHOXuTeab B (37.55) u (37.57) paBen mpu6ausurennHo | + C,/2,
yKa3sblBasi Ha KpaflHIOO HEyCTORYHBOCTD.
Ho camoe uHTEpecHOe CBOACTBO 3TOr0 KpaiiHe NpPOTUBOMOJOXK-

HOro cjiyuas MDOSIBAsETCA MOCJe TOro, kak Mbl noacunraeM CK
(37.61), koropast paBHa

p
yMy=2 4y — 9+ N = )G — 9% (37.65)
=
[TonaTHo, uTo Korga N pacTeT, TO pA3NHYHEM MEXAY J,+ 4
P
g={ > Y+ (N—p) y‘,,H}/ N wmoxuo mnpenebpeub. Takum 06-
j=1 :
pa3oM, ¢ TOYHOCTbIO A0 mepBoro nopsaka mo N (37.65) pasHo
p p
iZ—:l (y"”—g)z"’;(yu—-y_)2—|-p(y_—gp+l)2, SAS y-=,§ Yyl p-

F-rpurtepuit u3 37.24 OCHOBbIBaeTcsi Ha OTHOLIEHHH 3TOro BH-
pax<eHHs K :

p+1 nl p

121 Ex 9 —9*— ,21 (yy — )=

N-p N-p
= 121 (y:, p+1 g)z ~ iz:l (yi. p+1 y_p+l)2-
Takum o6pasom,

p
{ 121 W=y 2 +p . —Ip)}/P
o L=

N—»p . (37.66)
iz:l Wi, p+1 = Tpa /N —p—1)

3a HCKIIOYEHHEM YJeHa, CPABHHBAIOWErO y U J,.,, B YHCAU-

TeJie H COOTBETCTBYIOILEro JIHUIHErO YHCJa cTeneHed cBOGOABI, Bbl-
paxenue (37.66) saBasercsi F-CTaTHCTHKOH AJs TPOBEPKH paBeH-
CTBa OUCHepCHi B [IBYX HOPMaJbHbIX reHepaJibHbX COBOKYMHOCTSAX
¢ pasMepaMH BHLIGOPKH p U N — p cOOTBETCTBEHHO (CM. ymnpakKHe-
Hue 23.14). B cBere pesyabraToB 3TOro maparpada Jerko NOHSTb
KPaHHIOI HeyCTOHUHBOCTb MOCJIEAHEro KPHUTepHsi, O KOTOPOH B 06-
HX YyepTax roBopuJaocb B. 37.23 u GoJsiee neraavHo B 31.6—8, rae,
MO CyllecTBY, TOT € CaMblii KOPPEKTHPYIOIHH MHOXHTEIb
(1 4+ C,/2) 6bin monyueH AN OGIIMX KpHIE€pHEB O JHCHEpPCHX.
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YCTORYHBOCTL K OTCYTCTBHIO HOPMAJBHOCTH B cGalaHCHPOBaHHOH
Kaaccupukaunuu

37.35 Ina c6anaHcHPOBAHHOH OXHO(AKTOPHOH KJIacCHPHUKAIHH
B 37.33 coorHowenusa (37.63) u (37.52) nmokaswlIBalOT, 4TO

N
m= Zl Mi =p*[N. (37.67)

Ecnu Bumoansercs (37.67), to B (37.59) mocTHraeTcsi HHXKHAA rpa-
HHLla, H, TAK Xe Kak B 37.33, nojyuaeMm, YTO KOppeKlUHe#l Mo cpaB-
‘HEHHIO ¢ HOPDMAaJBbHBIM CJydaeM MOXHO mnpeHe6peub. B yacrHocTH,
3TO ClipaBeAJIHBO, €CJIH

M,, = p|N (37.68)

IJis BceX r, T. €. €cJAH BCe JAHAroHajbHble 3JIEMEHTbl MaTPHIbI
M= X(X'X)"'X’ pasubnl Mexay coGoi. Ecnu J/uHeliHass Mojxeab
yonosaersopsier (37.68), To roBopsiT, 4TO OHa K8adpaTtuuHo cba-
aancuposana. V13 onfHOro TONMBLKO cOOGPaXKeHHs CUMMETPHH JIerko
BuAeTh, YyTO (37.68) BhimonHsieTcst AAA N106GOH mepeKpecTHOH KJjac-
chduKalUHH ¢ PABHBIMH YaCTOTAMH B KaXKAOH KJeTKe (paHee Ha3bl-
BaBlUeficsT [POCTO «cOAJaHCUPOBAHHOW»), a TaKKe OJisi HepapXu-
yeCKHX KJacCHGHKAlHi C PaBHLIMH YaCTOTaMH Ha KaXJOM YyDOBHe
Hepapxuu. Atukyana (1962), ucrionb3ysi HHOR MeTOl, NCJAYYUA 3TO
KaK ACHMIITOTHYECKHH pe3yJbTaT AJsl Oe3yCJOBHOrO pacripesiele-
HHa W. Ero pesy/jbraT NMPHMEHHM H K APYrdM F-KpuTepHsaM, OT-
JIMYHBIM OT KPHTEPHsl npoBepkdu rHnoresst 9=0, B oriHuue oT
Hallero H3JO0XKeHHsl, BEAYLIEerocs TOJNBbKO AJSA 3TOrO KPHTEpHS.

Ilpn aHaau3de kxoBapuaunfi B cGaJJaHCHPOBAHHOM OJHO(AKTODHOM aHaJaHu3e,
Atuxyana (1964) nokasana, 4TO B COOTBeTCTBHH ¢ BuiBoAaMH 37.31, crenenp oOT-
KJIOHEHHS OT HOPMaJbHOCTH COMYTCTBYIOIIHX NE€PEeMEHHBX omnpejpeaseT YCTOHYH-
BOCTb F-KpHTEpPHS K OTCYTCTBHIO HOPMaAbHOCTH oWwHGoK. OH paccMaTpuBaeT Tak-
JK€ YCTOMYHBOCTb MO OTHOWIEHHIO K APYTHM OTK/JOHEHHSM OT NPeAnoJioXeHHH.

CgpoGonable OT pacnpenejieHHsi MeToabl IA

37.36 VsyueHue yCTOHYHBOCTH CTaHHApPTHhIX MeromoB A ecre-
CTBEHHO MPHBOAHT HAC K BONpOCY, MOXHO JIH YKAa3aTb BITOJIHE
ycTOfYHBbLIE METOLB aHanu3a. J[pyrHMH CJOBaMH, CYUIECTBYIOT JH
cBOGOAHBIE OT pacrpeneseHHus MeToasl Aas 3agay JTA.

B 31.70—4 Mb! y)Xe BHAEJH, YTO NPH PACCMOTPEHHH OxHO(DaK-
TOpPHOM KJacCHPHUKAIMH OTBET MOJOXKHTeJeH: CyLIeCTBYIOT CBOGOJA-
Hble OT paclipeiejieHHs KPHTepHH IJs NPOBepKH paBEHCTBA mapa-
MeTpPOB pacNojioXKeHHs1 2 BHIGOPOK H3 JIOGLIX HenpepbIBHHX reHe-
PaJbHbIX COBOKYNHOCTeH, HMEIOUlHX ONHHaKoBOe (C TOYHOCTHIO,
GbiTb MOXeET, AO TNapaMeTpPOB PAaCIIOJIOXEHHs) pacnpenesieHHe.
Kputepui MOXKeT OCHOBLIBATBLCA HAa CaMHX DaHrax, HCIOJb3ys CTa-
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THcTHRY (31.150), uau Ha HOpManabHbix Merkax £(S,n) (cm. 31.71
T. 2). DTH KPHTEPHH BLOJHE YCTOHYMBBHI AJA JI060ro HempepbiB-
HOro pachpenie/ieHHsi U HMEIOT O4YeHb BBLICOKYIO aCHMIITOTHYECKYIO
OTHOCUTENIbHYIO 3P (dEKTHBHOCTD MPOTHB HOPMAJIbHBIX aJbTePHATHB
o napametpe pacnosoxenus (cm. 31.71). Upyroit kpurepuil, npo-
THB aJAbTEPHATUB 06 yNOpsLO4eHHAX, Obul mpuBefeH B 31.72—4 (cM.
35.66 1 ympaxkHeHue 35.15).

Kyan (1967) npHBORHT DaHroBHA KPHTEPHA NJsi GOJbWIKX BHIGOPOK MPH OA-
HOPAaKTOPHOA KJAaCCHPHKAUHY B KOBaDHAllHOHHOM aHaJjiH3e.

37.37 Jlanee, paccmoTtpensHoe B 37.24—31 nepecTraHOBOYHOE pac-
npenenenne W B ofiiell JHUHEHHOR MoJeaH CBOGOAHO OT pacnpene-
JeHUsl TaKXKe, KaK M paccMOTpeHHble B riase 31 KpuTepuu mnepecra-
HOBOK. Kpm'eppm A mpoBepkH O = 0 MOXHO paccMaTpuBaTb Kak
KPHUTepPHH A/ MPOBEPKH CHMMETPHH 2 MO CBOHM apryMeHTaM mpH
J1060M paccMaTpHBaeMOM pachpedejeHHH omm6ok. OxHako, Kak
Mbl BuAead B 37.32—5, ¢ 3THM KpHTSPHEM MNPOBEPKH THIOTE3hl
0 = 0 Hesnb3st MHoOroro noGutbes B 3amadax A, 3a MCKJIIOUEHHEM
onHopakTOPHOH Kiaaccupukauud. Temepp Mbl paccMOTpPUM, Ha-
CKOJIKO [1aJIeKO MOXHO HCIOJIb30BaTb CBOOOMHblE OT pacnpexee-
HHSL MeTolIbl B OoJiee CJOXKHBIX cHTyauusx A, eclH MBI XOTHM
TNIpoBepsAT> 3HAYEHHA rJaBHLIX 3(pPeKTOB, B3IaUMOLEHCTBHH U T. 1.

JdsyxdakrtopHas nepexpecTHas KiacCHpukanus: KpuTepHi
nepecTaHoOBOK

37.38 Paccmorpum npocreiiiylo ABYX(daKTOPHYIO NepeKpecTHYIO
kJaaccudHKALHIO ¢ ONHUM HabuwoleHueM B KjaeTke. [lycTs HMeercs
r CTPOK U € CTOJNGIOB, TAK YTO BCEro n == r¢ HabaloAeHdH, H NYCTh
Mbl XOTHM TNPOBEPHUTb 3HAUeHHA 3(¢deKkToB cTONOIOB (HJIH CTPOK).
B nyxe nammux paccmotpenuit 8 31.21 u 31.39, caMbIM  ecTecTBeH-
HolM OblIo Obi 3aMeHHTb n HaGJIoOAeHUR y;; HX paHraMH HJIH Ka-
KAM-HHOYAb APYTHM MHOMECTBOM YCJHOBHBIX 4YHCEJ, TaKHM, Kak
HOpMaJibHble METKH, H MPUMEHHTb K 3THM UYHCAaM OOBLIUHBIA Kpu-
Tepuit JTA. TpyaHo nHamesiTbCsl MONYYHTh TOUHBIE Pe3YyJbTaThl B TEO-
PHU pacnpellelieHHH Ui TAaKHX NPOLENYp, MOCKOJbKY B 3TOM CJHy-
Yae HeET MHOXKECTBA PaBHOBEPOSITHBIX INEPECTAHOBOK, HCXOA U3
KOTOPHIX MOMKHO OblJIO OBl MOJMYYHUTH OOIHE BHIBORBL.

37.39 OnHako MOXHO MNOCTPOHTb KPHTEpHil MePeCTaHOBOK /A
s¢pdexToB cTONOUOB, U3 KOTOPOro, .KaK Mbl YBHOIHM, OYIYT BHTe-
XaTb cBOOOJAHLIE OT paclpefieieHHsl KPHTEpHH.

O6biunass CK gaa nposepku s3¢derToB cToabues B JIA, ckaxem,

[

_— 2
S, = ri; (y,, —y..)’, HHBapHAaHTHA OTHOCHTEJIBHO [100aBJEHHS

KOHCTAHTHI K KaxXgomy Hab6iioneHHIi0o B Jji060fi crpoke. Ecau cum-
TaTh CpenHee 3HAYEHHe [Jd KaXIOX CTPOKH pPaBHBIM HYJIO, TO
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r

CK cTpok, ckaxeMm Sg=c 2, (9;.—y..)? obpaTurca B HyJb, NO-
==

CKOMbKY y; =y,  =0. Ho toraa S; csomutcs K

Se=r2y?. (37.69)
I

Ecau Tenepp S=). 0, (y“ —y..)% To crannapTHas F-CTaTHCTHKa
i g

HMeEeT BHA
Soflc—1)
B =Sx—=S)/lr=De—=1] "

¢ 4Yucaom cT. CB. vi=¢c— 1 u vo=(r—1)(c— 1). Tak xe,
Kak B S¢, BeIHUHHA S — Sp HHBApHAHTHA OTHOCHTEJNBHO NpHOaBie-
HHSl T[POU3BOJNBbHBIX KOHCTAHT K CTpOYKAM, a 3HA4YHT, HHBaApH-
anTHa ‘u cama cratHcTHka F. Takxum ofpasoM, 6e3 orpaHuyeHHus
OOIUHOCTH MOMXHO NONOXKHTL Sg=0, Tak urto noayuum F =
=(r—1)S¢/(S — S¢). CoorsercrByiomee Gera-npeobpa3oBaHHe
(cM. (37.40)) pasno

e

F=

—i=iNi=m 7 1 () + 2Ur . (37.70)
T4 ’ (=1 3 k),
rae

u (kp); ecTb p-i k-cTaTHCTHKA 3HAUEHHMH HrpeKoB B i-ii CTpOuUKe
Yirs Y1z + -+ Yie-

37.40 MowmenTthl BestnuuHb (37.70) MOXKHO HaiiTH Temepb Tak XKe
Kak Mbl 310 Aenasu B (37.40) npH NpeanosOXXeHHH CHMMETpPHH.
l'unore3a COCTOMT B TOM, YTO B KJacCH(GHKALHH OTCYTCTBYIOT 3(-
dexktbl cTtonbuoB. B cuny unBapuantHoctu F, a 3mauur W, orHo-
CHTeJIbHO TPHOABJIEHHS KOHCTAHT K CTPOYKAM HHKaKHX NipeAINoJio-
JKeHHII 06 3ddekrax crpok nAesaTh He Hano. Ecau rumoresa cmpa-
BEeNJIHBA, TO AJNSl KaXKIOH M3 r CTPOK KJacCHPHKALHWH, Ka*KHas H3
¢! mepecTaHOBOK BeJHYHH yi; (j=1,...,¢) paBHOBepositHa. Taxkum
o6pa3oM, NpPH BHIIOJHEHHU TrUMoTe3nl uMeercsa (c!)” paBHOBepoOAT-
HBIX pacrnonoxeHHH y;;. Caydakh ¢ = 2 cOOTBeTCTByeT PAacCMOTpeH-
HoMy B 31.78 kpuTepHio nBOHHOH cuMMerpuu Pumepa.
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INMurmau (1938), B craTbe KOTOPOro MOKHO HalTH 6Gojee ne-
TaJbHOE H3JOXKEHUe, Hale] IepBble YeTHPe MOMEHTAa BeJH4YHHbI
U, a snauuTt, 1 W. On nokasaJ, yto

M, (W)= % (37.71)

Tak ke kak U B (37.42—3), cpenHee nMepecTaHOBOYHOrO pacrnpene-
JeHus (37.71) onHO M TO Xe NpH MOOHX HAOJIOLEHHSNIX, a 3HAYHT,
COBlialaéT C pPe3yJbTaTOM HOPMAJbHOK TeopHH. Bbipaxenne nas
OUCepCHH, TaK e Kak H B (37.52), Gosiee CJOXKHOE M paBHO

(cM. ynipaxHenue 37.13)
) > (&),
13

(c—1) l~{;(k2)l}2 :

BoipakeHHs OJsa 60j1€e BHCOKHX MOMEHTOB ellie CJIOXKHecC.
Hucnepcusi B HOpMAaJbHOH Teopud, Kak U B 37.29, paBHa
. 2vvs . 2 (r - l)
{D (W)}Hopu,_ ('Vl + V2 + 2) ('Vl + V2)2. - 2 {r (c — l) + 2] » (37.73)
H, TaK Xe Kak (37.49), 370 BbIpaxKeHue siBJAsieTCAd MaTeMATHYECKUM
oxulauuem or (37.72) npu ycnosBun HopMaabHocTH. W3 (37.72)
" (37.73) MOXHO MOJYYHTb, YTO B HOPMAJbLHOM cJydae

> (#), 1+ —2

M i _— c+1 — c—1
{‘Z(kz)‘_r re=n+2 [, _2

D, (W)= (37.72)

(37.74)

c—1

Yucao ¢T. ¢B. AAst F-KpUTepUst MOXHO BHIOpaTh, KaK U B 37.29.
B ynpaxHeHHH 37.4 comepXKuUTCA cOOTBETCTBYIOWHA mnpumep. ITut-
m3u (1938) nokasan, 4To eciu B3ATb GeTa-pacrnpefesieHHe C TeMH
XK€ CpeAlHHM H JIHCrTepcHefdf, TO TPETHH U YeTBEPTHIH MOMEHTHI
TaxKKe XOPOLUIO COraacymorcs.

37.41 CaMbpIM HHTepecHbIM (H3 HHTEpecYiollHX Hac ceffyac)
yacTubiM caydyaem W saBasercs ciayyafi, KOraa HaGOJIOfeHHA Yij 3a-
MEeHEeHbl YCJOBHbIMH YHCJAMH, TaKdMH, 4TO KPHTEPHH CTAHOBHUTCSA
€BOGOAHBIM OT pacnpepeneHns. Bmecto nmpouenypsl, 0 KOTOpOH ro-
sopuJioch B 37.38, Mbl 3aMEHHM Tenepb Y;; 8 Kaxood CTpouke OT-
OeabrHO Ha MHOXKECTBO YCJHOBHBIX YHCEJ, HanpHMep HX paHraMu
WJIH HODMAJBHBIMH MeTKaMn. Ecau B KaXpno#f cTpouKe HCIOJIb30-
BATb OOHO U TO %€ MHOXEeCTBO, TO HeNOCPeACTBEeHHO MOJYYHM, YTO
(kp)i coBriagaloT AJs Bcex 3HaueHHu i Takum oGpasom,

; (kg)‘ rk3 1

NN

(37.75)
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CpasuuBas (37.75) u (37.74), BHOHM, YTO OHHM MaJO OTJHYAIOTCH,
eC/IH r MJH ¢ He CAHIIKOM MaJubl. CTaTHCTHKa cBOGOAHOrO OT pac-
npeaeaeHHss KPHTepHsi, OCHOBaHHasi Ha 3aMeHe HalJIIONEHHBIX 3Ha-
YeHHA Ha ONHO H TO Xe MHOXeCTBO YCJOBHBIX UYHCea B KaXKIOH
CTPOKe, HMeeT NPHOJH3HTENBHO TO Xe caMoe paclipeieseHHe, 4TO
H I/ KPUTeDHs B HOpMaJbHOH Teopud. B wacTHoCTH, 3TO cnpaBen-
JINBO, €CJAH Ha6/I0leHHA 3aMeHHATb Ha paHrH MJIH HOpMaJbHBIE
METKH.

CaenyeT OTMETHTb, YTO €CIH B KPDHTEPHH HCIONB3YIOTCS YCJAOB-
Hble UMCIa, TO HET HYXAb mojarath y;. = 0, NOCKOJBKY B JI0GOM
cnyuae Sk = 0. KoHeuHo, kak ¥ B ynpaxuenuu 37.14, B aTom cay-
yae y, (KOHCTaHTYy) HYKHO npHGaBHTb KaK K S¢, Tak 4 K S.

Huxe B 38.65 o6cyxnaercs AO3 paHroBoro Kputepus.

BoJaee clOXKHbIe KAACCHQHKALHH

37.42 TakuM of6pa3oM, TpH ABYX()aKTOPHOA mnepeKpecTHOM
KJacCHGHKallHH C OAHUM Ha6Jl0leHHeM B KJIETKE HMeIOTCS CBO-
6ooHble OT pacnpefenenus kKpurepuu A nas nposepkn apdexkTos
ctoa6uoB (WAH NoJyvyalouidecs TPaHCIOHHPOBaHHeM 3(deKToB
CTPOK), He 3aBHCAlIMe OT Haauuusad 3¢deKTOB CTPOK (CTOAOGIOB).
Cutyalus sBJf€TCA NPOCTOH IO TOH NpPHYHHE, YTO, KaK Mbl BHAEJIU
B 37.39, noanas CK (6e3 yuera reHepasbHOro cpegHero) HMeeT
TpH KOMNOHEHTH (Sgr,Sc¢, S — Sr— S¢), U3 KOTOPHIX OXHY MOXHO
clenaTbh PaBHOM HYJIO NOAXOASIUHM BHIGOPOM Haudaja XOOpAHHAT.
B 3amaue ocraercs BCero aBe cayyaiiHble BeJIMYHHBI, U F ABagercs
HX OoTHoWeHHeM. IIpH HCIO/NL30BaHHH YCJAOBHBIX YHceJa S TOXe cTa-
HOBHTCS KOHCTaHTOH, TakK u4TO Gera-mpeo6GpasoBaHue W sBasgercs
KOHCTAHTOH, YMHOXEHHOH Ha OCTaBWIYyIOCAd CJay4YaHHyl0 BeJH-
ynny Se.

Ecin MBl HauHeM paccMmaTpuBaTh OOOOGLUEHHS KpHUTepus TNepe-
CTaHOBOK, TO 3Ta INpocToTa Hcuesaer. [laxke B cGajlaHCHPOBaHHOMN
IBYX(PaKTOPHOH NepeKpEecTHOH KJacCH@HKanHH ¢ 6ojee yeM OAHUM
Ha6uonendeM B KJaerke nojgHas CK HMeer nonmo/HHTeNBHEIE KOM-
noHeHTH (B3amMmogeicTBHs). Jas TpexdaKTOpDHOH mNepeKpecTHOMH
KaaccHQHUKALWH ¢ OOHHM HalJl0leHHeM B KaXIOOH KJeTKe Takxke
HOSABAAIOTCS HOTOJHHTENbHBIE KOMIOHEHTH. B 060HX 3THX cayuasx
(a, 3HauHT, U B GOJiee CJOXKHBIX CHTyalHsix) TPYAHO HaHTH nepe-
craHoBOuHOoe pacmpeseiedde F u W CTaTUCTHK, H NO-BHIHMOMY,
3TO ABJAsAETCA INPUYHHOH TOry, 4YTO HE pa3BHTAa TEODUA ITHX KpH-
TEpHeB.

37.43 AsnbrepHaTHBHBIA MeTON OGOOIEHHS COCTOHT B PacCMOT-
peHHM aHaJora OAHOH H3 CBOOGOMHBIX OT paclpelefeHHs CTATHCTHK
B 6o/aee caoXHOH cuTyauud. Hanpumep, B ynpaxeenuu 37.14, rae
HCroab3yloTcsl paurd, W mpocro mpomopuHoHaasHo T, T. e., mo cy-
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ecTBY, — IUCNEPCHH CYMMAapHBIX paHroB crosabuoB. Has c6anan-
CHpOBaHHOH mnepeKpecTHOH ABYyX(akTOpHON KaaccHUKAIUH MOIKHO
NOJYYHTb pacnpenenedde 3Toi aucnepcud. [lo-Buaumomy, ero
MOXHO HalTH NJA CAy4asds HEPaBHBIX 4acTOT, a TaKkKe AJS Tpex-
daxropHoit 7 X ¢ X ! nepekpectHoit Knaccubuxauuu c (c!)7 pas-
HOBEPOSTHHIMH MepecTaHOBKaMH pPaHIOB CTOJOLOB BHYTPH KaX/JOi
CTPOKH H Kaxjoro ciosi kiaccudukanuu. Hackoabko Ham usBe-
CTHO, HH OIHO M3 yKa3aHHLIX 0606ueHuWi He HccaenoBanoch. Ias
B3aUMOLEHCTBHH 3THM MeTOLOM, NO-BHAMMOMY, HENb3s NOJYYHTH
CcBOGOIHBIE OT pacnpeieseHds KPHTePHHU.

Mspa u Capanmxkn (1967) HccremoBasu acMMITOTHYECKYIO TeO-
PHIO B8bLPOBHEHHO20 KpUTepHA Aas 3ddeKTa CTONOIOB, NPENIOXKeH-
Horo Xom:xkecoM H Jlemanom (1962). Bmecto TOro uTOGH paHXKHu-
poBaTh HaOJI0NeHHA OTHeJbHO B KaXAOH CTPOKe, U3 HaGJI0JeHHA
CHayaJa BBIYHTAIOTCA OIeHKH 3D(MeKTOB CTPOK, a 3aT€M HOJYYEH-
Hble B Pa3HBIX CTPOKax BeJHUHHbl OGBEAMHSIOTCH M PaHXKHPYIOTCA
B OnHOH O6uielt nmocienoBaTeqbHOCTH. [IpH 3TOM HcmoJab3yercsd cTa+
THCTHKA, ob6obmaromas (37.70) u B kKaerkax (r X c¢)-kiaaccuduxa-
IUH MOTyT OBITh He paBHble (HO 06GA3aTeNbHO HEHYJIeBble) YaCTOTHI.
dtor KpuTepuii 6onee s3ddexTHBeH B HOPMAJBHOM CJyyae, 0OCO-
6eHHO NMpH MaJbIX- 3HaUEeHHAX C.

MeanaHHble KpHTEPHH

37.44 Ipyroft mooxom K MOCTPOEHHIC CBOGOOHBIX OT pacrnpejle-
nenus xkpurepues JA caenyer Bpaywy u Myny (1951). Ilpunnunst
MOCTPOEHHS KDHTepHeB, KOTOPble OHH HCIOJb30BaJH, COCTOAT
B cJjenyionieMm: (a) OLEHHTb BCe NapaMeTphbl, HeyYTeHHbe T'HIOTe-
30/, C NOMOIIbIO MeIHaHHOH CTAaTHCTHKH, (6) NpoBepHThL, GYAyT
JH OCTaTKH OT OLIeHeHHOH MeIHaHaMM MOJIeTH HMeTh IOJOBHHY
3HAKOB OTPHLATENbHBIMH H TMOJOBHHY IOJOXKHTEJbHBIMH.

Hanpumep, B omuodakTopHOH KaaccHPHKaAmUH C n; Habamone-
HHUAMH B j-ii rpynne, Xn; = n, NpH THNOTe3e O paBeHCTBe I'PYNNo-
BbIX CPeIHHX TOJNbKO reHepa/jibHOe CpelHee u He YUHTHIBAeTCs TH-
noTte3oi. A 3HayHT, pu OlleHHBaeTcs MenHaHO# § u3 n (KOTOpOe
npenmnoJaaraeTcs qembm) HaGaopenuii. 3ateM MBI CMOTPHM, Kak
MHOro HaG/IoNeHH# JeXHUT B KaXKIOH rpynne Bhillle H HHXe §:

I'pynna 1 2 k
Yueao HaGiao- {> g my my . my nf2
neHuit <gl|n—m n—mg ... ng—mp| nf2 (37.76)
Toanoe n ngy ng n

6 M. Keunpansn, A, Crvloapr
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Tenepr nposepsiercs runoTesa o TOM, UTO Bce K IPYIINl MMEIOT OAHY
H Ty Xe MenuaHny, T. e. M (m;) = n;/2 pna kaxnoro j. Cpasy Buano,
YTO 3TO OGHHOMHAJbHBIH KDHTEPHH OHHOPOLHOCTH, PaCCMOTpPEHHBII
B 33.55. Cratucruka (33.122), xoropasi B HCNOJb3yeMbIX TeNepb
0603HaYEHHIX HMeeT BHI

k

m, — n,[2)?
X2=Z ( J i/) , (37-77)
n, /4
1=1 !

HMeCT aCHMITOTHYEeCKH x2-pacmpenesneHue ¢ k— 1 ¢1. cB. Kpurepui
(XOTOpHIH MOXHO TOYHO chHOpPMYNHPOBaTb, HCOAb3Yys Mmeron 33.19,
cayuyaii 1) csoGomen OT pacnpeleteHdHs. Uto Kacaercss KpHTEpHS
3HaKoB M3 32.3, TO HCNOAB30BaHHE MeIHAH CBOLHT 3aqadyy K GHHO-
MHAJBHOMY CJAYYalo.

37.45 Bosnee caoxuble curyanuu JIA MOXKHO paccMaTpHBaTh
C NOMOWILIO TOrO JKe obmero Meroma. Kak nokasnBaioT ymnpakue-
Husa 37.18—20, nna nByxdakTOpHOH mepeKpecTHOH KaaccHPHKauMH
HMeeTCs HECKOJbKO KpHTepHeB. DbdeKTH cTONGLOB MOXKHO INpPO-
BEpATb VA cay4ass OLHOro HabJiofeHHs B KJeTKe AU B Gojee 006-
el CHTYyalMH, HO KOrjga HeT B3auMojedcTBHi. Ecau umeroTcs
B3aUMOIeACTBHA, TO 3QPeKTH CTON6L0B MOXKHO NPOBEPSThL NPOTUB
B3aHMOIEHCTBHH HJH NpOBepsATb COBMECTHO 3(P¢eKThl CTOJGLOB
H B3aHMOJEHCTBHA.

37.46 DTn MenHaHHble KDMTEPHH NPHBJEKATEJNbHBl TEM, YTO Bhi-
YHCJEHHsA OUeHb NPOCTHl, a TeOpHA, NO KpaiiHefi Mepe mas 6ONbLIKHX
BHIGOPOK, HeMelJleHHO cJaefyeT H3 2 XX ¢ TaGJHLl KOHTHHTEHIIHH.
OnHnako He Bce 3afayd pelIAaOTCA C HX Hcnonb3oBaHueMm, Hanpu-
Mep, HEeH3BeCTHO KDHTepHs A/ npoBepku 3(pdeKToB cTOAGIOB Mpo-
THB OCTaTKOB B ofumieli c6anaHCHPOBAHHON NepPeKPEeCTHOH KJiaccH-
dukannu. [anee, maxe ecaw HMeeTcsi B pacHOpPSKEHHH TakKoro
PoOda KpHTepHH, OH He Bceria cBOGOdeH OT pacnpefeneHHsa. Tak,
Bpayn 1 Myn (1951) nokasanH, 4TO MeqHaHHHIA KDHTepHA AJsA
B3aHMOJeHCTBUH B cOaJJaHCHPOBAHHON OBYX(aKTOPHOH KJaacCH)H-
Kauuu He spjsiercs TakoBbiM. [anee, 3¢pdeKTHBHOCTL 3THUX Me-
IHAaHHHX KpHUTepHeB, BOOOLUE TroBOpsi, He Bbllue, yeM 3PdeKTHB-
HOCThb KpHTEpPHEeB, KOTOpble HCIOJb3yIOT pAaHCd HWJIH HOpMaJb-
HEle METKH, €CJM OWHGKH MOYTH HOpMaJbHel. B 32.6—7 Obl10
HalileHO, 4TO KpHTepHi 3HakoB HMeer AOJ, paBHyi 2/n B HOp-
MaJbHOM CjyYae, MpPOTHB 3/n AJs pPaHroBoro Kpurepus. B ynpax-
Heuun 31.12 nokasaHO, YTO MeOHAHHbIH KPUTEpPHH CJAydYalHOCTH
umeer AO3 0,78, B To Bpemsa Kak ajasi Kputepua u3 31.38, ucnoasn-
syoumero panru, umeem 0,98. Dunpioc (1954) nokasan, yto pac-
cMOTpeHHHI B 37.44 kpuTepuii nJa oAHOPaKTOPHOR KiaaccHpHKa-
UM umeer Ty Xe camyio AOJ, paBHylO 2/m, 4TO H KpHTepHi
3HaKOB, B TO Bpemsa Kak u3 31.71 caenyer, 4TO OJii KOHKYPHPYIO-
wedt cratucTuky (31.150), ocHoBauno# Ha panrax, AOD pasna 3/n.
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Bxankap (1963) npuBOAHT HeKoTOphle pe3yabTaThl 06 3¢G¢EKTHBHOCTH AJA
Me[HaHHBIX KPHTEPHEB NPH NByX(haKTOPHOR KJIaCCHOHKAIMM.

37.47 OrpaHuHYeHHOCTb IIPHMEHEHH#l M OTHOCHTENBHO HU3Kas
3@ peKTHBHOCTL MeIHMAHHLIX KpHTepHeB, MNOJYYEHHHIX Ha OCHOBe
NPUHIKUIOB, H3JOXeHHBIX B 37.44, HeCKOJBKO pa304apOBLIBAIOT.
HuTynTHBHO KaXeTcs, 4TO, NO-BHAHMOMY, BO3MOXKHO YyKa3aTb 06-
mue npouenypbl A ¢ BbicOKo# 3(GbeKTHBHOCTbIO, TaKoil, KOTOpasd,
KaK MBI BHIeJH B riaBe 3], xapaktepH3oBaja KPHTEPHH, OCHOBaH-
Hble Ha paHrax. Jlyullee npu6iuiKeHHe K TAKOro poia Npolenypam
6blJI0 pa3BUTO B cepud pa6or Jlemana (1963a,b,c, 1964) u Xoxn-
keca u Jlemana (1963) (cm. Ttakxe Xefutaun (1965), Buxen
(1965) u Anmum (1967a,b)). DTu mpouenyph TOJLKO aCUMITOTH-
yeCKH CBOGOAHBI OT pacmpenenenus. MMHTepecHo, 4TO H OHH OCHO-
BaHBl Ha MeTOZe MeIHaHHbIX OIleHOK, HO WHOro pOfa, YeM METOX
us 37.44.

37.48 Ilyctb

Xip=W; -+ €5 C=1...,¢,p=1,...,n)

[
— MoIesb AJf MHOXKECTBA M3 n = ). n; HaGmoNeHufl. £;p He3aBU-
i=]

CHMEI, 2 B OCTaJdbHOM Mbl [peANoOJiaraeM TOJBKO, YTO OHH HMeIOT
OonHHaKoBoe pacnpenenenne. O603Hauum 8;; = p; — p; NapameTpH,
B TepMHHAX KOTOPHIX MOJKHO BLIDa3HTb BCe HHTepecyiolllHe Hac
BesqiHuuHbl. PaccmMoTpuM MenuaHHble OneHKH 0;; BeJquuuH 0;;.

Ilycte yij — MeanaHa pJas n;n; pasHocTel (Xip — Xjq), THe
p=1,...,n; q=1, ..., n;, Beanuunol y;;, O4eBUIHO, ABJIAIOTCA
oueHKaMu AasA 0;;, HO OHH He O6GJaZalOT KeJaeMhIM CBONCTBOM
TPaH3UTHBHOCTH

0+ 0 +08,, =0 naa Bcex i, j, k. (37.78)
YcoBeplIeHCTBOBaHHON OLEHKOH, ymoBJeTBopswoumenr (37.78), sas-
JasieTcs _

0”=y1_—yi., (37.79)

c

roe y,, =%Zy". Jleman (1963a) mokasbiBaeT, HCNOJb3yfA YHCJO-

1=1
BHE NIPHMEPH], YTO é,-, xopowo corjacyercs ¢ o6uuHnMH HK-ouen-
xamu ém

Ecau n— oo pOMKHEIM 006pa3oM, TO COBMECTHOe pacnpeneJe-
Hue 0;; CXONHTCA K MHOrOMEDHOMY HOPMaJbHOMY. D(dEeKTHBHOCTH
OLleHOK N0 CpPaBHEHHIO CO CTaHAapTHBIMH OLE€HKaMH HA, OCHOBaH-
HBIMH HA CpelHHX 3HaUYeHHsX, Takasd Xe, KaK Y KpUTepHs Buakox-
COHa mo cpaBHeHu10 ¢ t-KpurepueM CrblogeHrta. Ecam f— o6mas

6.
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¢QYHKUHA NJIOTHOCTH BEJHYHH ¢€ip, TO H3 (31.115) caeayer, urto
3¢ PeKTHBHOCTh DaBHA

1202[ S {F () dx] — k2. (37.80)

— 00

Cornacuo 31.60—1 k2 moxeT paBHATbCS GECKOHEYHOCTH, HO IJs
J1060r0 HenpepLiBHOrO pacnpeneseHus [ He MoXeT ObITbh MeHbIne
yem 0,864. B"HOpMaJIbHOM cayqae k2 = 3/n==0,95. Utak, B obumem
crayyae kn’(6;;— 8;;) Hmeer TO Ke camoe mnpeneabHoe pacmpene-
Jaenye, 4to u n'2(0;; — 6;;), rae 6;; — craunaptusie HK-ouenku A
Aad 9,-,~.

3749 M3 acuMNTOTHYECKHX CBOHCTB, CDOPMYJIUPOBAHHLIX B IO-
crefHeM a63ame 37.48, ciegyeT, UTO €CAH Mbl CymMeeM JaTb cO-
crosiTe/]bHYI0 OleHKy k2 u3 (37.80), To MoxXHO chOpMynupoBaThb
aHanoru Bcex OGbYHBIX mnpoueayp [JA B TepMuHaX MeoHaHHBIX
omenok 0;;. Jleman (1963c) maer ABe cocToATeNbHHE OLEHKH A2
¥ npusogut (1963b) nosepuTtesbHbie HHI1EPBAJbL MJas1 GOJBLIIMX Ebi-
60pOK AJaf J000ro CpaBHeHHS HJIM JdaXe MHOXKECTBA CPaBHEHHH
napametpoB. OH ke (cM. TakKe Xomxec u Jleman (1962) u dok-
cym (1967)) pacnpocTpaHsieT 3TH pe3yJbTaThl Ha CHTyallHl0, KOrAa
HMeeTCA «MellalOIIUHA (GakTop» y Habmomenu#d (T. €. B TEPMHHOJ0-
rH4 raaBbl 38 «O6J0KM» BHYTPH 3KCHEPHMEHTOB), C PaBHLIMH YHC-
JaMH HaOJIONEHHH B KaXK/IOH KJeTKe OLHOrO W TOro Xe «GJOKa».
IpyxdaxTopHble kaaccHdukauum paccmatpusalorcsd [lypu u Ce-
HoM (1967b). I'punbepr (1966) paspaGoras TeOPHIO NJIAHUPOBAHHA
HemoJIHbIX OJIOKOB, KOTOpast 0o6CyXKlaeTci HuUXKe B rJjaBe 38 (cm.
takxke Ilypu u Cen (1967a)).

Bxyuyourkya u Ilypu (1965) pacnpocTpaHu/Iu acyMOTOTHYECKYIO
TEOPHIO Ha KJaCC OUEHOK OrpaHMYeHHH, BKJAIOYAKIIHH ONEHKH,
OCHOBaHHble Ha HOpManbHbix MeTKax. [1. Cen (1966) noayuus omuo-
BpeMeHHbIe JJOBEpPHUTEJbHbie HHTEPBaJbl, aHAJOTUYHbBIE HHTepBaJaM
us 35.57—63.

MNoTepsHHble HAOAIOAEHHS B OGWHX JHHEAHBIX MOAEAAX

37.50 [IpeumymecrBa c6aJaHCHPOBaHHOro ycrpoiictea mopenu [
JA, a HMEeHHO OPTOTOHAaJBHOCTb, NPOCTOTA BBLIYHC/JEHHH H Jayyllas
YCTOHYHBOCTb, NPHBOASAT K TOMY, YTO NPH IVIAaHHPOBAHWH aHajH3a
¢TapaloTcsl BOCHOJB30BAaTbCA 3THMH IpedMyllecTBAMH. TeM He Me-
Hee cuJa OOGCTOSATENbCTB NMPHBOLHT HHOrZa X HEBOJBHBIM OTKJIOHE-
HUAAIM OT IJIAHHPYeMOro paBeHcTBa 4acroT. PacTeHHs HJM KHBOT-
Hbl€ MOryT NOTHGHYTb, JIOAH MOLYT OKa3aTb COINPOTHBJIEHHE IPH
KOOTNIEDHPDOBaHHH, HaKOHel, 3aNiUCH MOIyT ObiTb YTepAHH nepen
aHaaH3oM. Ecad Tak npou30HHeT, TO MHl BCeria Mo:KeM NPOBOIHTb
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a”vaJH3 [Js [OJYYeHHBIX HePaBHBIX YacTO1l COOTBETCTBYIGLIMMH
HEOPTOrOHAJbHBIMH METOAaMH, ONHAKO, Kak Mbl BHIENH, 3TH Me-
TOABl YacTO CAOXHbI. DoJsiee TOro, ciayuaiinble nOoTepH HabaomeHHH
peako GbiBaloT GoabiUHMH. OGBIYHO TepsseTcs OLHO MJIH HECKOJbKO
HaGmiogeHud. [ToaToMy CTOHT HcclenoBaThb, MOXHO JIH COXPaHHUThb
HCXOOHYIO CTPYKTYPY A, CKOpPPEeKTHpPOBaB NOJYyUYeHHHBIE OdaHHBIE
C NOTepSHHBIMH HabJIOLEHHSIMY, a He NPOCTO OTKa3bBAaTbCA COBCEM
OoT 3To#i CTPYKTYpnhl. Huke mpuBomsiTca paccyxmeHus, clpaBenyH-
Bbie AJsi oOme# JuHelHO! MoAeNH, YACTHHIM cayyaeM KOTOPOH $iB-
aserca JTA.

37.51 TlonoxuM, YTO M W3 n NJaHHPYyeMbiX HaGJIOOEHHH mOTe-
psHbpl. Be3 orpaunueHus o6uiHocTH OyleM CUHTaTh, YTO OHH HAB-
JSI0TCS NOCJHeIHHMYU /M KOMIOHEHTAMH BeKTOpa HaOJaI0xeHuN
y. O603HauuM HX Uy, ..., Uy. TakuM 06pasoM, MOXKHO IOJOXKHTb

y= ( z ), roe ((n— m)X1)-BeKTOp 2 COCTOHT H3 HEHCTBHTEJbHO

HabaoMeHHbIX 3Hauenuil BekTopa ¥, a (m X 1)-BEeKTOp # COCTOHT
U3 HabJoneHu#, 3HaUYeHUs] KOTOpbLIX HeU3BecTHH. B pesyabrate Mbl
CTaJKHBaeMC C HEOOXOZMMOCTLIO OLEHUTb AONOJIHHTENbHOE MHO-
JKeCTBO HEH3BeCTHbIX B Ho0aBjieHHe K HCXOAHBIM NapaMeTrpaM Mo-
gend. B 3THX 06CTOATENbCTBAX €CTECTBEHHO OlLEeHNMBAaTb 3HauUeHHUs
u TeM Xe caMbiM Metomom HK, KoTOpbil MBI HCHOJb30BaJH ANA
HCXOAHBIX NapaMeTpoOB.
37.52 CyMmy KBaZpaTOB OCTATKOB

S =(y — X0) (y — X0)

HY)XHO MUHHMH3HPOBATb Telepb He TOJIBKO MO nmepeMeHHbiM O (xaxk
310 Ienasocb B 19.4), HO u mo mepeMeHHbiM u. Ecau cuavauaa
MHUHHMH3UPOBaTh S N0 NepeMeHHbIM O, TO MOJYyYHTCA HWCXOOHOE pe-
wenude metonom HK (T. e. pemenne, kak eciu 6bl He GbLIO MmOTe-
pPAHHBIX HaO6/I0eHu#), HO KaK oLeHKH, TaK W ocratouHas CK, no-
JyueHHble 3TUM METOIOM, SIBASIOTCSH Tenepb (QYHKUHAMM L. O6o-
sHauuM HX 0 (z) i So(u). Tlpouecc MMHHMH3AOMU MOXKHO Tenepb
3aBeplIuTb, B351B MUHUMYM So(#) 10 u.

Opnako 3Ta AByxiuaroBasi npoledypa MHHHMH3ALHH, NPeAJo-
xenHasa Hafitcom (1933), BooGiuie rosBopsi, He SBJAseTCS npocTehi-
weit. Bvecto aToro muHuMusupyeM S cHavana no #. Pas36uBas X

Ha (;Z) B COOTBETCTBMH C Pa3bUeHHEM gy = ( z ) , TOJyYHM
S=(—X.0/(z— X.0) 4 (e — X,0) (e — X,0). (37.81)

B npasoit yacty (37.81) o6Ga useHa HeoTpHLATEJNbHBl, NPHYEM OT
4 3aBHUCHT TOJbKO BTOPOH U3 HHX. TakuM o6pa3oM, MHHHMYM S
B (37.81) mocruraertcs, eCiH NOJOXKHUTL

u=X,0. (37.82)
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Torma Bropo#i usmen B mpasoit uactH (37.81) ofpamaerca B HYJb,
a MHHHUMaJbHOe 3HaueHHe S COBMajaeT C NMePBHIM YJEeHOM, KOTOPHI
HYXKHO Tenepb MUHMMH3HPOBaTh 1o 0.

Ho pesyabTaThl ABYX ONHCAHHLIX BHIIIE ABYXIUArOBBX METOIAOB
MHHHMHM3aLHH HOJIKHbl COBNAacTb. Takum 06pa3oM, eca# Mbl MOaY-

YUK @(u) IepBEIM MeTOJOM, KOTOPHH Jaer
0(u) =(X'X)"' X'y =(X'X)"" (X2 + X.u), (37.83)
TO, UCNIONB3Ysl 3TO B coueTaHuu ¢ (37.82), nmoayuum
u=X,0(u). (37.84)

U3 (37.84) crnenmyer, 4TO KaxKAoe MOTepsHHOe HAGMIONEHHE CJeLyeT
NpPUPaBHATb K ero OLEHHBaeMOMY CpeJHeMy B HCXOLHOM aHa/H3e
metogoM HK.

37.53 (37.84) mpencrasaser coGoit CHCTEMY JHHEHHBIX ypaBHe-
HMIA OTHOCHTeNnbHO #. Ee pewlenue u Hy>KHO HCIIOJIb30BaTh B HCXOQ-
HoM auanause mo Merony HK. HenocpeacTBennoe pemenne cu-
creMnul (37.84) noayuua Touep (1952).

IIpeanosoXUM CHayaJa, YTO IIPH HCXOJHOM aHaJiH3e MeTOAOM
HK mbl 3aMenunu # Ha Hynesoi Bektop 0. Torma (37.83) npunu-
MaeT BHI

6(0) = (X'X)"" X%2. (37.85)
PaccmoTpuM Temepsh

g ={I— X, (X'X)"' X2}~ X.0(0). (37.86)

3ameuas u3 (37.83), uwro O(u)=0(0)+ (X’X)"' X/u, noayunum,
yto (37.86) cBomHTCA K

I — X, (X'X)"' X} a = X, 0(0) — X, (X’X)"" X,

TaK 4TO . o
a—X,0 (). (37.87)

A 3HauuT, &, onpegeasemoe (37.86), siBsieTCcA pellleHHEM CHCTEMBb!
(37.84).

37.54 Takum 06pa3oM, Mbl BHAHM, UYTO AJs TOro, YToOGH oOlle-
HHUTb M TNOTEPSAHHBIX HaOJMIONEeHHH % TaK, YTO6bl MOXKHO OBLIO CO-
XpaHHTb UCXOAHYI0 PopMy pacuera aHanusa no merony HK, nyxno
clenaThb cjaepylomee:

(a) npoBecTH HCXOAHBIA aHaau3 ¢ # =0, yTOOH MOJYYHTb
0(0) B (37.85); R

(6) BbiunHcauTL U B (37.86); ~

(B) CHOBa IPOBECTH HCXOAHBII aHAJ/IH3, MOACTABJAA U B Y.
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Cnenyer OTMeTHTb, YTO MaTpula B (QHIypHBIX CKOOKax, KOTO-
pylo HyxHO o6pamaTtb B (37.86), umeer mopsanok (m X m). Ta-
KHM o6pa3omM, ecid NMOTEpPSAHO Bcero OLHO HabJomeHHe, TO MaTpHlla
npeBpallaeTcd B CKaJdsdp U INpPHBeLEeHHHIH BhIllle NyHKT (6) TpH-
BHAaJIeH.

Bropas u3 uetnpex crateft Yuiakuucona (1957—60) o norepsaunmx Habaone-

HUsIX JaeT moApoGHoe pemenye cucTeMu (37.84) nas MHOrMx OOMIMX CHTYaUUA
IA (cm. Takxxe Burrepc (1959)).

37.55 Jlerko BHAeTb, 4TO OlleHKH O (#), mosyuyeHHble C HCIOJIb-
soBanneM (37.86) B ucxopnom ananause no Merony HK, coBmamaior
C OlLleHKaMH, KOTOphie. ObliH OBl IOJYy4eHbl C HCIOJNb30BaHHEM
TONBKO n — m HabJlloJleHHbIX 3HaveHuil (BoOOULe rOBOps, NPH He-
OpPTOroHaJbHOM aHaau3e). B camom pene, u3 (37.83), ucnoabays
(37.87), nonyuum

X'X0 () = X5z + Xou = Xoz + XiX.0(u),
a 3HAYHT,
Xz =(X'X — X.X.) 6 () = X,X.0 (u). (37.88)

Ho (37.88) B TOYHOCTH TO e caMOe MHOMKEeCTBO ypaBHEHHil, KOTO-

poMy yaoBJaeTBOpsier O, ecid aHaAH3MPyeTC 10JBKO 2.

U3 storo pe3yabTata M K3 paBeHCTBAa HYJIO BTOPOrO UJIeHa
B npaBoit 4actu (37.81) cpasy caemyer, uro ocrarounas CK, no-
JlyuyeHHasi C HCNOJb30BaHHEM # B HCXOLHOM aHaJH3e N0 MeTolLy
HK coenanaer ¢ ocratounoit CK, korga aHaJH3UpyeTCd TOJBKO 2.
OpHako gucyo cT. cB. ocraTouHoft CK, oveBHIHO, MOMIKHO YMEHb-
[IUThCSA, MOCKOJbLKY Telepb y Hac HMeercsl TONbKO n — m Habjaio-
neuuit. Ecoim X u X, uMeoT OOMH M TOT Xe paHr (T. e. eciH obe
5TH MAaTpHIbI HMEIOT NMOJHBIE PaHr), TO YUCJIO CT. CB. OCTATOYHOH
CK yMeHbUWIHTCA Ha /M, Toe /M — YHCJAO MOTEPAHHBIX HaGMIONEHHUI.
B Gosee o6uledi catyauuu (cM. ynpakHenne 19.8) ymenbluenHe
6yleT paBHO Da3HOCTH MeXAYy M H pa3HoCTbio paHros X u X,.

37.56 Bupaxenue nas ocratoudHoit CK B tabaune A ocraercs
Hen3MeHHbIM. OpHako Bce octaabubie CK oOKaXyTcsi HeBepHbIMH,
ecid B_HcxonHOM anaause no Merony HK socnoabsosatbes smaue-
HHeM u u3 (37.86). IIpomie Bcero 310 mMOHATH M3 TOro daxra (cM.
npumep 35.4, 35.38 u npumep 35.6), uro Bce ocraabHhe CK
B Tab6auune JA MoryT ObiTh INpeNCTaBJI€HH B BHAE Pa3sHOCTH
ocratouynsix CK naa nByx nuHeiiHbIX Momesei, OgHa H3 KOTOPbIX
ABJNAETCA BapPHAaHTOM C JONOJHHTEJbHHMH OrpaHHYEHHSIMH OPYTOM.
QueBHUNHO, UTO NMpaBUJIbHBIE BhIpaKeHus AaA 3THX ocTatouHnix CK
MOXHO NONYYATh paccyxieHusMu 37.50—5, HO HCnOMb3ys 3Haue-
uue u u3_(37.86) aas coorsercTBylomed mogenu. Ilpu stom, pasy-
Meercsd, u Oyner, BooOIile rosopf, OTAHYATBCA OT TOrO, KOTOpoe
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noJay4ajoch IO paccMaTpuBaeMOH HO CHX IIOP TOJHOH MOIEJH.
Ilpu sTom, ec/iHM B3(Tb & AJA NOJHOH MOAEJH, TO 3HaYE€HHe KaXKAOM

u3 ocratouHbix CK Gyner 3aBuilleHO, NOCKOMbKY 3TO # He fABJseTcs
HY>KHBIM (MHHHMu3HpYIoIuM). Takum oGpasom, npyrue CK B Ta6-
aune JIA HYXHO NOANPaABHTb HAa Pa3HOCTb MEeXIY MONPaBOYHBIMH
YMeHbIIEHUSIMH COOTBeTCTBYyIOIHX ocTaTouHeix CK (uam Ha oaHo
IIONpaBOYHOe YMeHbIlIeHHe, ecJH OZHa H3 3THX ocratouyHeix CK
aBasercss ocratoyHod CK mns moawoit momenu). CoOTBETCTBEHHO
HYXKHO NMOANPAaBHTb H YHCJIO CTeleHell cBOOOAH Ha Pa3HOCTb MeXIy
IBYMs YMEeHbIUEHHAMH YHCJa cTeneHeH cCBOGOIBI, 3HAaUE€HHe KOTOPHIX
paccmaTtpuBagoch B 37.55. OmHako 3Ta pasHOCTh YacTO OKa3bl-
BaeTcs PaBHOH HYJIO.

B Tperbei H3 cBOMX uYeThipeX paGoT YuakuHcoH (1957—60)
IaeT sIBHOe ONHCaHHe MeTO/la IOJIyUeHHs yMeHbLIaIOU[HX NONpPaBOK
aass apyrux ocratounbix CK, a snauur, u aas apyrux CK B Ta6-
aune JA. K cuacrbio, kKak ykaszana Haitc (1963), nocnennue no-
npaBKH, OyIyuYH pasHOCTbIO BeJHYHH OJHOTO H TOro Xe 3HakKa,
YacTO MaJkl, TaK YTO NPUOIHXKEHHO MOXKHO HCIOJb30BaTh HEHC-
npasienHble 3Havenus CK.

37.57 Touep (1952) npuBOAMT aHalNOrMYHBE METOAMW aHajM3a [Jisi <«HCIOp-
YEHHHIX» 3KCNEepHMEHTOB APYroro THNA, a HMEHHO, AJHA 3KCNEpHMEHTOB, B KOTO-
PHX HeKoTOpHe HabJIOfeHHst NMEepPenyTaHbl HJAH HEeKOTOphe HaOJIOACHHA cayyafHo
B3aATH JHBaxnau. [lmskerr (1950) Takxke oOGCYXKAAeT NOCAENHIOI0 CHTYyalHIo.

Adudn u Enamos (1966) o6o6maroT anaau3 Ma caydah, Koraa He TOJbKO
cpeiu y, HO H cpelu dJeMeHTOB X uMeloTCs MoTepsHHue (cM. ynpaxuenne 37.21),

YNPAKHEHHA

37.1 HUmeercsi G rpynn naGnofeHufl, ¥ Bce HaGaoAeHus BHYTPY LaHHOA rpyn-
W UMET HOpMalJbHOe pacnpefeNeHHe ¢ ONMHAKOBHM CPeNHHM H ONMHAKOBRIMH

I HUCIIEpCHAMH ai, Tak YTO BBLINMOJIHSIIOTCH NpeANnojoxeHHss mMomean (37.1), 3a uc-

KJIOUEHHEM YCJIOBHSI TOMOCKENACTHYHOCTH MeXAy rpynmaMH. PaccMoTpuM MHO-
XKecTBa OrpaHHueHHA:

C,: Bce 0"; paBun (G — 1 orpanuyenne),
€,: r u3 k napametpos O paBHH HyJIO.

n

Hcnoapsys nepeMeHHHE zl=ykl —Ur 1ak, yto (37.3) cBoauTCa K

L, (218 69 ={e} (2} ™",
noxasarb, 9to (37.8) nNpHBOAMT K
L(zlh@) =L (21 i () ]2 (2},
rie ly— crarnctuka Kputepusa OIl, onpenmeneunas n (24.40), a

a={l+55% F}_m.

r
n—
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rie F-—craTMCTMKa KPHTEDHS JIMCIIEDCHOHHOCO OTHOLIEHMS, ONpeHejienHas B
otiutem Buie B (24.40), a AN paccMaTpPHBaeMOro KOHKPETHOro C/AydYas B OpH-
Mepe 24.8 (3TOT pe3yabtaT o6obuiaer yupaxxeHue 24.6).

(Bokc 1 Koke, 1964.)

37.2 Hcnoaw3ys ynpaxkueHne 23.7, nokasaTb, 4TO ecau B (37.8) pacnpenene-
HHe lp He 3aBHCHT OT HEKOTODHX NapaMeTpoB, AJi KOTOPHX CYIIEeCTByeT MOJHas
JocTaToyHas craTHcTHKa ¢ (BekTop), a [q fABAsieTcs GYHKOHER TOJBKO OT f, TO
lp w lg cToXxacTHYecKH He3aBHCHMbI. IIDUMEHHTb 3TOT pPe3yJbTAaT XMIA NOJYYEHUS
CBOMiCTBAa HEe3aBHCHMOCTH B ympaxKHeHusax 24.6 u 24.13. B ynpaxseuun 37.1 noka-
3aTh, uTO /1(2) U Ilp(2) HesaBHcuMH, ccau Bemoansietcs kak Ci, Tak u Cy.

(Cm. Xorr, 1961.)

37.3 I'lpu moAroHke OpTOroHaJbHHMH NOJMHOMaMH cTenmeHd k2 B 28.16 yMeHb-
menne noanoli CK, cBsizaHHoe ¢ uleHOM cTemenu r, corjacHo (28.72), T. 2, paBHO

n
Q= &,2, Z (p% (x,). IToka3aTb, YTO OTHOLIEHUS
i=1

R+1

zr=Qk-—r+l/ Z QSI r=-11 ceey k»

S=R—r+2

rae Qa1 = (n — k)s?— octaTtounas CK, sBAAIOTCH HE3aBUCHMHIMH, eCAH KO-
($UOMEHTH perpeccHH o BCe PABHLI HYJIO:

(a) ucnoab3ys pe3yabTaT ynpaxKHeHus 37.2,

(6) ucnosb3yst pesysabTaT ynpaxcHeHus 23.27.

(U3 storo pesyabtata cneayer (cM. Xorr (1961)), 4T0 MOXKHO HCNOJB30OBaTh
He3aBUCHMbie KDHTepHM QJis NPOBepKH KO3hGHIHEHTOB perpecchn, HauyWHas C
Bhicliell CTeneHM B onyckasicb BHu3, mpucoenuuss CK, cooTBeTcTBylomue Koshdu-
nueHTaM, NPU3HAIlLBIM 1IyneBhiMH, K octatounoii CK gm0 Tex nop, nmoka He Haii-
mercs K03ddHuMeHT, KOTOPHH NPHU3HAETCH He PpaBHHM HYMI0. B aTOM ciayuae mpo-
niecc o6puiBaeTcs. Bce KpUTepun ABASIOTCA, KOHeUHO, 2(F)-KpHTepUsIMH, U cOCTaB-
Hoil KpuTepuii umeer pasmep | — (1l —a)* ~ ko, ecan Ha KaxXpgom mIary Hc-
NoJE3YTCA KpuTepun paamepa . T. Anpepcon (1962) mokazax mpu GoJee cjaGhix
NpeanoJioKeHnsaX, YTo 3Ta NpoleAypa MaKCHMH3HPYET BepOSATHOCTb NPaBHJILHOIO
onpefiesieHHst HeHyneBoro xosdduunenra.)

37.4 B 37.10 noka3atb, YTO AJisi OHHOMHMAJBLHOTO pacnpemejeHusi M3 5.4, coot-
Howenude (37.14) NPHBOAMT K CTaGWJaH3HPYIOUWEMY JHCNEPCHIO npeo6Gpa3oBaHHIO

x . x \1/2
u ( n) = arcsin {(—n—) }, roe x/n — HaGAONEHHAS [JOASA <«YCIEeXOB».

(uckom6 (1948) mnoxkasan, 4TO ecaM 3aMEHHTH

x/n Ha (x -+ —g—)/(n -+ %) » TO NOJYYHUTCS

Jydlilee cTaGHAH3HPYIOllee XHCIiepcHiO Npeo6paso-
BaHue. M. ®dpumsn u Teiokn (1950) npenioxuau

arcsin { (nxT)W} -+ arcsin{ (%:— ”2}

(cm. mpumep 37.1). dta dyHkmus Taby.anpoBasa
Mocrennepom u [Otuem (1961). Cm. Takxke
Jlay6wep (1961).)

37.5 B 37.10 nokasatb, 4TO [Jifi OTPHUXATEJbHOTO GHHOMHAJbBHOIO pacHpene:
JeHHA u3 5.15 cooTHowlenne (37.14) nNpuUBOAMT K CTaGUIN3MPYIGHIEMY MLHCNIEPCHIO
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1/2
ppeoGpasoBaunio u () == arsh {(—:—:—) }, roe x/n— HabalofeHuad KOAA <ycme-
XOB»,
(OHckom6 (1948) nokasanm, uto ecau x/n
3aMeHHUTb Ha (x -+ —2—)/(7: — %) , TO

NOAYuYUTCA Jyyulee CTaGUAM3NPYIOUiee A~
cnepcH npeo6GpasoBanne. CM. Takxke
JlayGuiep (1961).)

37.6 B ynpaxnennu 37.4 nokasaTth, YTO Lpyroe npeoGpa3oBaHHe U (%) =

== log {%/(l - %)} cTaGWIH3HPYeT AMchepcHIo BOAU3N p= —;—- IToxaaars,

q9T0 5TO npeo6pa3oBaHHe COOTBETCTBYeT chayvalo, koria B (37.9) mmeer MecTo
D2 (8) = c6% (1 — 0).

(cm. Baptaerr, 1947a.)

37.7 Ina nepexpecTHof KJacCH(QHKAIMH ¢ HepaBHRIMH YacTOTaMHM H KJeTKax
noka3aTh, UTO €CIH KJETOYHhle BHGODOYHHE CPeXHME pAacCMATPHBaTh KaK OTHelb-
HHe HaGaIONEHHs, TO HX YCPENHEHHYIO AUCNEPCHIO MOXHO OUEHHBATh BeIHUHHOMN
s?/H, rne s2— octaTounnfi CpK ucxomHmx HaGmioneruft, a H — rapMonuueckoe
cpenHee KJeTouMnx uyacroT. [Iokasars orcioma, Kak MOXHO TNpPOBOXHMTH TNpHG/H-
KedHu A AAA KAETOUHHIX CPEOHHUX.

(Cm. Iledde, 1959.)

37.8 Ilpumensia MeTon ympaxKHeHMsi 37.7 K UYMCJEHHHM JaHHLIM M3 IpHMepa
35.7, noKa3aTb, 4T NpHOAMKeHHH JA I8 KACTOYHHX CPeNHHUX AaeT

CK ol CpK
Mexny noaamu 0,023 1 0,023
Mexnay nopoaamu 0,020 7 0,003
BaaumognelicTBus 0,006 7 0,001
0,049 15
OcraTounas 517 0,0017(=0,0227 %0,0759)

CpaBHuTb 3HaueHHsi F-oTHomeHnA B 5TOi TaG/HUe ¢ TOYHNMH 3HaYeHHAMM W3 Y-
paxHnennsa 35.7.

B
37.9 Moka3satb, uto ecau JnHelnas Moneab conepxkHr udenm 0,x;f, p,;+0,
TO NPHGJAXKEHHO HMeeM

Wy
xpt=x;+(p;— 1) x;logx,.
IloxkasaTh OTCIOMA, KaK MOXHO OLEHHTh M;. MOXKHO HCNOJb30OBATh HTEPAUHH 3TOroO

nponecca.
(Bokc u Tunseaa, 1962.)



TIPEJINOJIGXEHHUS OTUCNEPCHOHHOIO AHAJTH3A 171

37.10 B 37.28 mnokasath, yto M = X(X'X)-'X uuBapuaHTHa OTHOCUTEJbLHO
Jo6oro . HeocoGoro npeoGpasonanus W = XT. PaccmaTpuBast Takoe npeoGpasoBa-

Hue, utro W'W nuaronaibHa, nokasaTb, YTO m = Z M yAOBAETBOPSET

p

_(N—29® k22 + W —VDplp+2) .

T WHD® ( ) +zz.:/;(’& koz) NN+
iw]

(Bokc n Barcon, 1962.)

37.11 B 37.31, paccMaTpuBas AMCNEPCMIO AMAarOHAJbLHHX 3JeMeHTOB M,, Mart-
puuw M, nokasaTe, 4TO m—ZMfr> p?*N. Ucnonbays cBOfCTBO MHBapHaHTHO-

cTH M3 ynpaxxHenus 37.10, IIOJIO)KHT]: XX=1In npncoeu.unmb N — p cTroabuos
Kk matpuge X (oguH u3 CTOIGNOB NOJKeH OHTh paBeH N-'121), 4TO6H NOAYYUTH
opToroHajabHyw Matpumy. Ilokazath oTciopa, uTo m < p(N——l) /N. Ucxonsn us
BHILIECKA3aMHOTO, NOKa3aTh, UTO HMIKHSA [paHMlla OJA m OOCTHKHMA, a Bepx-

HAA HeT.
(Bokc u Bartcorn, 1962.)

37.12 B 37.32 nokasaTth, 4TO €c/iiu BhIGpaTh NpH OAHOGMAKTOPHOA KJaccHH-
Kauiu p -+ | rpynnoBele 4acTOTH n; CAefyioIMuM o6pa3oM:

p+1

L_ (=1 ¢ 1 P
Zn_i_N(N+1)p2+N+1”+N N+l *
i=1

T0 Cx B (37.52) o6pallaercs B HyJb, H, 3HAYHT, KaKOoBO OH HH OLLIO pacnpepene-
uye ommGOK, HMKakast Koppexuus aas D, (W) npu orknoHenun or nopMasibHO-

cth He HyxHa. Ecam p=1, n =N, nz— (1 —r)N, nokasatb, urto C =0,

€CJH
_ 1 N —23\V2 t —~1/2
A uto ecay N = 12, TO ONTUMAJNbHHMH HeJBIMH 3HAQUEHHSIMM CPYANOBHX 4acTOT
ABASIOTCH 9 u 3.
(Bokc u Batcon, 1962.)
37.13 Bunectu (37.71—2), sanucas U, onpeseneHHoe mnocae (37.70), B BHIe
U= Z Z Rip
Il
rae
[
R“ = Zly[j!/” ’
i=
H TOKa3as, YTo

Mo (Ry) =0, My (R))=(c—1)(ky); (Ry)p»

a 3HauwT,
Mp(U)=0, M, (U?)=(c—1) ; IZ (%3); (Ry)s
e
(ITutmsn, 1938.)
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37.14 B 37.41 nokasaTtb, YTO ecau cnpaBenjuBo (37.75), 1o

2(r—1)

Cr M ==y -

Metonom 37.29 BmBecTH OTCIOA2, YTO YHCJAO CT. CB. NpuOJHKeHHoro F-kpure-
pHsl HYIKHO MOJAOTHATh K

2
V|=(C—l)_“—r', V2=(f—"|)V|.

IMokasaTh, YTO €cJaN B KayecTBe YCJOBHHIX YHCEJ HCNOJb30BaTh B KaXKIOH CTpPOKe
panru 1, 2, ..., ¢ ¥ 0603HauNTL 3aTeM R; cyMMmy paHros B j-M cTtoabue, a T =,

[
2
= Z {R, —_ LE—;-I-—D—} , To ctatueruka W cBenercs K
I=1

. 12T
W= rre(e2—1)"’
H YTO NpH r —- c©
12T
V=W~ eF Ty

nMeet Y2-pacnpeneaenne ¢ (¢c— 1) cT .cB.

(M. ®punman (1937); Kennaan u Ba-
6unrron Cmutr (1939); M. ®pnamsu
( 194)0) cpasuuBaer F u %2 mpuGauxe-
HHUSL.

3715 B npfmepe 37.1 pasnoxHuTh
ue (=0 + )2 (1 +

7).

B psjg M NOKa3aThb, YTO

1 . —T7 _a
Mug) =@+ o) — g 0-2 4 2= T g=924 5 (992,
H
3—8 2 —
D (u) = {1 + e + E +o (679},

TaKk uyTo BhIGOp ¢ = 3/8 o6pamaer B MyJab Ko3dpduuuedT npu 6-! B BHpaxKeHUH
OJs OUCIEpPCHH, KOTOPOEe NPHHUMAET BHA

1 1
D (uze) ~ (1 + 757
IToka3aTh OTCloZa, 4TO
2 1 3 — 8¢
Mt — o~ B — o — 222,

TaK 4TO, e€caM AJsi omeHKH O ucnoabsoBaTh o6paTHoe K #c NMpeoGpasoBaHMe, TO
noHHKaolllee cMellleHHe NMOYTH NOCTOAMHO B paBHO 1/4.

(PesyabTaT ¢ ¢ = 3/8 BOCXOHUT K
A, IxoHcoHy; cM. DHckoMm6 (1948).)
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37.16 B ynpaxsenun 37.15 moka3aTh, 4TO KO3 PUIHEHTH acﬁmmerpuu B 3Ke-
mecca BeJUUYUHH Uc(f) paBHH

. 1 25 — 48¢ —-3/2
vl——%m{w = }+o(6 )

_1 945 — 1536¢ —2

CpaBHRTb C
w=8""%  y, =0~

I UCXOAHON IyaccOHOBCKOA Beauuuun f. TakuM oGpasoM, npu mo6oM Brbope
¢ 3HaueHHe y; YMEHbIIaeTCs NMPUMEPHO BAMOe (C H3MEHeHMeM 3HaKa), a Yz C ToOu-
HOCTBIO [0 IIEPBOro MOpsiiKa He H3MeHsieTCA.

(OHckoMG, 1948.)

37.17 Henoab3ys peayabtaT mas D (uc) n3 ynpaxuenns 37.15, mnoxasarts,
4yTO NpeoGpa3oBaHHe

ug=(: +-12—+6)U2+(t+—;———6)1/2

BMeeT JUCTEpCHI0

1662 — 1 -
D(ug =.-l—-8%+-—3%7——+0(9 2),

TaK 4TO, eciM MH BriGepem & = !/,, uTo6u nomyuuth &’ u3 npumepa 37.1, TO
’ 1 3 —2
D (i) =1 = 55 + gop7 + 0 07

37.18 Insn nByx¢haKTOPHOA nepexkpecTHOR KaaccHdHKanMH ¢ ogHuUM Habuope-
HHEM B KJeTKe (BAM ¢ OOJBIIMM YHCJIOM, eC/IH HET B3auMojJeficTBUH) NoOKa3aTh,
q9TO MEeNHAHHBIA KpHUTepUN IIfA 3PdEKTOB CTOAGIOB MMOAYYAETCH MOACYETOM YHUCAa
m; unaGaogerufi 8 j-M crobame, npeBocXoAAUWIMX MeAMaHY CTPOKHM, M INOCTpoOe-
uueMm (2 X ¢)-tabinnm, awasornusod (37.76), ¢ wucnoab3oBamuem (37.77) Kak
CTATHCTUKM KDHUTEPHA AAst GOABIIHX BLIGOPOK. :

(Bpayn n Myg, 1951.)

37.19 Odas o6uel cGanaHCMPOBAHHOR HBYX(AKTOPHOR NEPEKPECTHON KAAaCCHU-
¢$HKaOUM N0Ka3aTh, YTO 3¢deKTH CTOAGIOB MOXKHO NPOBEPSITE NPOTHB B3aHMO-
AeficTBUA, Hax0As MEJMAHY B KaMION KJIETKE M MPHMEHAR KPHTEPUA YNpaxKHeHus
37.18 Kk 3THM MeanaHaM. [IokKa3aTb, UTO KPHTEpHR oOCTaeTcd CBOGOLHHIM OT pac-
npefiefieHUsi, ecJAM KJEeTOYHbIe YacTOTH OTJIHYAIOTCS AJS PasHEIX CTPOK, HO He
BHYTPH CTpPOKH.

(Bpayn u Myz, 1951.)

37.20 B ymnpaxrennu 37.19 nokasaTh, uto 3@dexTn €Toa6nOB n B3anMoAel-
CTBHH MOXHO NPOBEPSTh COBMECTBO, NMONCUMTHIBAA YHCAO M;j M3 Ni; HaGJIOAeHuUit
B (i, j)-R KJeTKe, KOTOpHe NPEBOCXOAAT MeAMaHy i-H CTPOKM, H MNpoBepAs 3aTeM
TUNIOTE3Y O TOM, YTO (mi;) = n;/2 naaa Becex i, j. IlokazaTh, uTO 3TO 3KBH-
BaJeHTHO rumnore3e o ToM (cM. 33.60), uto B Kampmol crpouke TpexdaKTopHol
(r X ¢X 2)-ta6anupl CTOASUH M CJIOH Me3aBHCHMBH, YTO BefleT AJAA GOJbMIMX BH-
6opex Kk ¥3-kpurtepHuio ¢ r(¢c—1) cT. cB,

(Bpayu n Myn, 1951.)
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A}

3721 O6o6murh 37.51-——4, NOJOKHB ¥ = s TA€ Z COmePXHT Hab/mo-

e RN

w
OEHHHE 3MaYeHHA Y, He CBH3aHHHEC C MOTEepPSsIMHBIMHU 3HAYeHUAMH X, 4 — NIOTEpPSAH-
Hhle 3Ha4YeHus Y, He CBs3aHHHE C NOTepHAHRbBIMKM 3HAYEHHSIMM X, v — HabmoneHHE &
3HayeHHA Y, CBA3aHHHWE C HEKOTOPBIMH M3 NOTEPSAHHLIX X, W — MOTEPAHHLIE 3Haye-
Z

fgus Y, CBA3aHHHE C HEKOTOPHIMM M3 MOTepsHHHX X. IlycThb ;" — coOoTBeT-
L4
Xo
crayoiee pasGuenne X, a Xo coemapaer c¢ X, ecan X, = =0

(a) ITonoxuth 8 = w = 0 n 3aMeBHTH X Ha Xo. Oueumb 0 0603HayuB no~

ayuennyio ouerky 8(0).
(6) Omerutb u B cootBercTBH ¢ (37.86), 3amenun X va X,
(8) TMoayunTb HOBYIO oueHKY aas O. moMOMHMB 4 = &, w = 0,
Iloka3ath, uTo B pe3dyJabTaTe noJayuaercs HK-omenka.

(Adudu v Enamos, 1966,)



r’J1ABA 38
NJAHHPOBAHHE 3KCNNIEPHUMEHTOB

38.1 B Gonabule#t 9acTH 3TOA KHHFH MBI CTaJKUBAJHCh C 3aja-
yamH, BO3HHUKAIOUIHMH NPH aHaJu3e HabJiodeHUl, TOUHee C 3aja-
YaMH OLEHKH H IPOBepPKH IHNOTe3, BO3HHKAIOWIUMH B Pa3JHYHBIX
TeopeTHYECKHX HccaeloBaHuAX. IIoHfITHO, YTO Kaxkmoe HCcClefoBa-
HHe KaKOro-to MeToJa aHaljH3a fABJseTcd YPOKOM Ha Oynyuiee.
Tak, HanpuMep, eclH MH y3HaeM, YTO OLHH METOH OLIeHKH GoJjee
sddexkTHBeH, 4eM APYroi, TO eCTECTBEHHO, YTO B OyaymeM Mbl
6yAeM HCNONb30BATh MMEHHO 3TOT JAy4uIni Meron. OnHaKo otciofa
He cJelyeT, YTO TeM CaMblM YJYUYIUHTCA MeTOO nposedeHus Ha-
6aionenui, u60 YJYUIUHTCHA TOJNBKO METOH aHaiu3a HabJiodeHHbIX
3HaueHHH. B aroil ¥ ABYX cienyiomux raasaXx GyAyT pacCMOTpPeHH
BONpOCH INJIaHHDOBAHHA, MOA KOTOPLIMH MBI NOHHMAaeM BJHSIHHE
MeTOAa TNpPOBENEHUS HAH OTOOpa HAOMOJEHHH Ha aHaJu3.

38.2 Tlo cymecTBy, pacCMOTpeHHe TNJIAaHHPOBaHHA N/l Hac He
HOBO. B mpumepe 28.4 1. 2 npu aHa/H3e 3amayd NMPOCTOH JHHeHHOH
perpeccii Mbl NOJYUHJH, YTO, BHI6paB NOJKHBIM 06pa3oM HauaJo
OTCUeTa W 3KCIepHMeHTaJibHble 3HauyeHHs perpeccopa, MOXHO ra-
PaHTHPOBATb OPTOrOHAJbHOCTb aHaJH3a M MHHHMAaJbHOCTb COOT-
BeTCTBYIOUIHX IHCIEpPCHH OLleHOK. DTO BONPOC NJAaHHPOBAHUA, MO-
CKOJIbBKy OH CBSI3aH C T€M, KaK NpPOBOAHTL HabmogeHus. B Tom xe
NpuMepe YKas3hBaJOCh Ha ONacHOCTb TOTO, UTO 3TO ONTHMaJbHOe
pelueHNe MOXeT NPHBECTH K HEBO3MOXHOCTU NPOBEPKH Ipeianono-
JKeHHs O TOM, UTO perpecCHOHHasi MoIesb JIMHEHHa MO perpecco-
paM. Ecau HeT yBepeHHOCTH, YTO 3TO He Tak, BO3MOXKHO, ciaenver
HECKOJIBKO «3aCTPaxoBaTbCsl», YKJOHHUBUIHCH OT ONTHMAJBHOIO BHI-
60pa perpeccopos.

Iasee u3 pe3ynbTaToB H3yyeHHd ycToliumBoctu B 37.21 cae-
AyeT, uTO B 3KCIEPHMEHTax cJjieayer 6paTb paBHbIE YacTOThl BO
BCeX KJeTKax. DTO CHOBa BOMpOC MJIaHUPOBAHMA, NOCKOJLKY OTBeT
BJAMsSEeT Ha MeTOJ NpOBeldeHNs HaGJI0JeHHH.

383 B aToit ranaBe GyAyT paccMOTpeHbl BOIPOCH O BJIHSHHH
NJaHUPOBAaHHSA Ha 3KclepHMeHTHpoBaHHe. [Ipu paccMoTpeHuu Oy-
AYT B OCHOBHOM MCIIOJ/Ib30BaThCH JIMHelHble MOIeH H TexHHKa JA
u3 rnas 35—37. B rnaBax 39—40 Mbl o6paTtHMcA K 3ajavaM mnJja-
HHPOBaHus B BHOGOPOYHHIX O6GcienoBaHusix. Pasnuune mMexny sTuMu
o6nacTAMH BeCbMa 4eTKO. MOXHO cKa3aTb, 4TO Npu 06c/el0BaHHAX
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1

3721 O606muth 37.51—4, nonoXus y = s TOE Z COHepXHT Habmo-

eI RN

w
JEeHHBEe 3HayeHUs Yy, He CBSI3aHMHE C NOTEPAMHHIMM 3HAYEHHAMM X, 4 — IOTepsH-
Hble 3HaYeHUs Y, He CBs3aHHHE C NOTEPAHHHMMU 3HAYEHHAMHU X, U — HaGJIOJeHHHEe
3Ha4yeHHsd Y, CBA3aHHble ¢ HEKOTOPHIMH M3 NOTEPSHHHX X, W — IOTEPSAHHBE 3Haye-
X
X,
v
Xy
creyoulee paaGueHHe X, a X, coBnamaer ¢ X, eciu X, = X, = 0.
(a) IMonoxuts # = w = 0 u 3ameHnTs X na X, Ouenurs 0, o6o3nauus no-
Jayuennyio onenky 6(0).
(6) Onenutb u B cootBercTBUM c (37.86), 3amenuB X Ha X,.
(8) IMonyuurb HOBy1O omeHky aas 0. mosoxus 4 =u, w =0.
IToka3aTsb, uTOo B pe3yJabraTe noayuaerca HK-ouenka.

(Ad¢udu u Enawos, 1966,)

fiud Yy, CBsiI3aHHbleé C HEKOTOPDHIMH H3 IOTEPAHHHIX X. Hyc‘rb ~— COOTBE€T-
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NJAHHUPOBAHHE 3KCNEPHUMEHTOB

38.1 B Goublllefi YyacTH 3TOM KHHUTHM MBI CTaJKHBaJUCh C 3aj/a-
YyaMH, BO3HHKAIOLIHMH NpH aHaju3e HalJONeHHil, TOYHee C 3aaa-
YaMH OLEeHKH U TNpPOBEPKH IHIOTe3, BO3HUKAIOLINMU B PasJHYHBIX
TeopeTHYECKHX HccienoBaHuax. IloHsATHO, UTO KaXKpoe HccenoBa-
HHe KaKoro-To MeTolda aHaJqH3a SBIAeTcd YPOKOM Ha Oynoyuiee.
Tak, HanpuMep, ecId Mbl y3HaeM, YTO OZHH METOHA OLEHKU OoJsee
spdexTBEH, YeM OPYrof, TO eCTECTBEHHO, 4TO B OyAyIIEM MM
6ymeM HCIOJAb30BaThb UMEHHO 3ToT Jyuirni Merold. OaHako orcioma
He cJjenyeT, YTO TeM CaMbIM YJAYUYIUUTCA #eTO0 nposedeHus Ha-
SmoneHul, 60 YJYUIIUTCA TOJBKO METOL aHAAu3a HalOMIONEHHLIX
aHaveHu#l. B aToh ¥ ABYX clJenyiomuXx riaapaXx GYyLYyT DPacCMOTpeHb
ponpocsl NJaHUPOBAHHA, NMOA KOTOPRIMH Mbl NOHHMAaeM BJIHsHHE
Merona INpoBefeHHs WIAH OTOOpa HAOJIOJeHHH Ha aHaJau3.

38.2 Tlo cymecTBy, paccMOTpeHHe TNJIaHHPOBaHHA N/ Hac He
HOBO. B mpumepe 28.4 1. 2 npu aHa/aH3e 3aJa4d NPOCTOH JHHeHHOH
PErpeccHH Mbl MOJYYHJH, YTO, BHIGpaB HONKHBIM 00pPa3oM Had4Jo
OTCUeTa W IJKCllepuMeHTaJIbHble 3HAYeHHs perpeccopa, MOXHO ra-
PaHTUPOBATh OPTOrOHAJNBHOCTh aHaMH3a W MHHHMAaJbHOCTH COOT-
BETCTBYIOIMX NHCIEePCHH OLEHOK. DTO BOIPOC NJaHMDPOBAHUSA, NO-
CKOJIbKY OH CBSI3aH € TeM, KaK NMpoBOAUTbL HabmoneHusi. B ToM e
TpHMepe YKa3HBa/JOCh Ha ONacHOCTb TOro, YTO 3TO ONTHMAaJbHOoe
pellleHHe MOXKeT NPHBECTH K HEBO3MOXHOCTH I[POBEPKH IpPeAnono-
JeHHd O TOM, YTO perpeccHOHHasi MoOMesb JHHellHa NO perpecco-
pam. Eciu HeT yBepeHHOCTH, YTO 3TO HE€ TaK, BO3MOXHO, CJeLveT
HECKOJIbKO «3aCTPaXOBaTbCsi», YKJIOHUBUIHCb OT ONTHMAJBHOMO BHI-
60opa perpeccopoB.

Hanee W3 pe3ynbTaTOB H3yYeHHs YycroifiuuBoctTH B 37.21 cie-
JAYET, YTO B 3KCNepHMEHTaX cJjenyer 6paTb paBHhIE YacTOTH BO
BCex KIeTKax. DT0 CHOBa BONPOC MJIAHHPOBaHUS, NOCKONLKY OTBeT
BJHsIeT Ha MeTOH NpoBeleHUsi HaOMONeHHI.

38.3 B stoit rnaBe OGYRYT paccMOTPeHBl BONPOCH O BJMSHHH
NJaHUpOBaHUA Ha 3KcnepuMmeHTHpoBauue, Ilpu paccMorpeunu Oy-
JAYT B OCHOBHOM HCINOJIb30BaThCA JMHEHHBle MONENH M Texuuka JA
u3 rmaB 35—37. B raaBax 39—40 Mb o6paTtHMcs K 3afavaM ILla-
HAPOBaHHUs B BLIGOPOUHHIX o6ciaenosaHusux. Pasnnuue mexny 3THMH
o6aacTiMH BecbMa 4eTKO. MOXKHO cKasaTb, UTO IIPH 06C/IeTOBaHHAX
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NpoOBOAATCA HAOMIONEHHA Hal BHIOOPKOH H3 KOHEYHOA NONyJaAlMH
HHIMBHAYYMOB, B TO BpeMs KaK B 3KCIEePHMEHTaX MpOBOAATCA Ha-
6a100eHuss, KOTOpble B NPHHILHUIE NOPOXKIEHKE TUINOTEeTHUECKOH Oec-
KOHeYHOHl reHepaJbHOH COBOKYIHOCTbIO TOYHO TaK, KaK 3TO OBLIO
npH 6pocanud MoHeTol (cM. 1.29 u 9.4, a TakXKe NpHBeNEHHBIN HUXKe
npumep 38.1). KoHeuHO, MOXHO HHOrZa MNPOBOAUTb IKCIEPHMEHT
HajJ yJeHaMH BbIOODKH, NOJY4YeHHOH B pe3yabTaTe OGC/AELOBaHUSA
HJIM faXKe CUHTaThb BHIGOpOYHOE oOcJjiefOBaHHe pe3yJbTaToM (0XBa-
THIBAIOLIIEr0) 3KClepHMEHTa. TeM He MeHee NOJIKHO OBITh MOHATHO
CYWECTBO Pa3HHUbL MeXYy 3THMH ABYMA O6GJacCTSIMH.

Kokpsu (1965) naer uutepecuoe oblilee o6cyKaeHnHe mpobJeM,
CBI3aHHBIX C CYUIHOCTBIO CTAaTHCTHYECKOr'O BBIBOAA, BO3HHKAIOIIUX
npu ob6ciaenNoBaHUM, a He NPH KOHTPOJNHPYEMBIX IKCIEepHMEeHTax.

TMpHHUHNBI 3KCNEPHMEHTHPOBAHHUSA

38.4 Ilpu KnaccHuecKOM H3JIOXKEHHH NPHHLUHIOB 3IKCHEepHMeH-
THPOBaHHA TNOJYepKHBaeTCs Ba’KHOCTb BAapbHPOBaHHSA B Ilpolecce
3KCNepHMeHTa (NPenNoNIOKUTENbHO) MPUYMHHBIX (aKTOPOB, YTOOHI
H3YYUTh WX BJIHAHHe Ha paccMaTpHBaeMyi0 3aBHCUMYIO IepeMeH-
Hyro. OHako HecOBepHIEHCTBO NOLOGHOr0 NOAXOHa OOHAPYKH-
BaeTcs 1O MeHblllefi Mepe B IBYX OTHOIIeHHAX. IIpoaHasusupyeM
5TH HEeZOCTAaTKH, OTNpaBAAACh OT OOlled HIECJOTHH CTaTHCTHYe-
CKOro HCCJIEAOBaHHs 3aBHCHMOCTeH, BhipaXKeHHO}, Hanpumep, Mui-
aoM (1843) B ero naToM npaBuJe 3KCIepHMEHTAJbHBIX HCCJIeNOBa-
HHI: «EciM Kakoe-TO OOHO siBJleHHe H3MeHseTcd HeKHM 06pa3oM
BCAKHH pa3, Korga MeHseTcs JApyroe siBjieHHe, TO NepBoe fBJafeTCA
JU60 NPHUHHOH, JHOO CAeNCTBHEM BTOPOro, JU60O CBA3aHO C HHM
HeKOH OnocpefOBaHHOH NMPUYUHHOU 3aBHCHMOCTDBIO».

IlepBasi HeameKBaTHOCTb, C KOTOpPO MH CTaJKuBaeMcs, cjaenys
KJ/IaCCHUeCKHM INPHHIMNAM 3KCIepHMEeHTHDOBAHUA, CBA3aHa C- TeM,
YTO Mbl U3MeHseM TONbKO OJHH M3 MPUYMHHBIX (PAKTOPOB B KaXIOM
«eIHHAYHOM - 3KCTIep HMEeHTe».

B cBere pe3synbTraToB raaBbl 35 Mpl BHUOAMM Temepb, uTo Oe3
OJHOBPEMEHHOr0 BapbHPOBAHHS 3HauYeHHH HECKOJbKHX (aKTOPOB
HeT HaleXJbl KOJHYECTBEHHO ONpele/IiTb B3aHMOLEHCTBHS MeXIy
npuuHHHEMH (akropamu. Tako#t mogxox He TONBLKO He HaeT HaM
BO3MOXHOCTH Yy3HAaTh CBSI3Y MeXJAY NPHYUHHBIME (akTOpaMH, HO
M MOXeT NPHBECTH K HeNpaBWJbHBIM BHIBOLAM. Tak npeanosoXuM,
YTO ILlesIb SKCIIePUMEHTA COCTOHT B ONpenesleHHH KOMOWHALUUH HH-
rpeanenToB A W B npu npoH3BONCTBE KepaMHKH, KOTOpasi Haer
HaUMEHbWIYI0 XpynKocTb. Ecau Mbl ompefenuM 003y HHIpeIWeHTa
A, XKOTOp3a NPHBOAMT K HaHMeHblllell XDYNKOCTH, a MOTOM COOTBeET-
CTBYIOLLYIO 103y HHrpenHeHTa B, Her HHMKaKoO# rapaHTui, 410, 00B-
eIHHsAs 3TH 3HaYyeHHUs, MBI MOJYYHUM KeJlaeMYI0 ONTHMAJbHYIO KOM-
Gunanuio. B3aumomefictBaa MeXIy GakTopaMH, KOTOphie NPHBOAAT
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K TakuM 3(deKTaM, MOXKHO H3y4aTh TOJBKO NPH ONHOBPEMEHHOM
u3MeHeHun GaKToOpoOB.

38.5 BTopasi HeameKBaTHOCTb, BO3HHKAIOLIAA IIPH KJIaCCHUECKOM
nouxome, Haxe 6oJee CylllecTBeHHa H CHOBa WIJIIOCTPHpYeTCS NpH-
BefeHHoR B 38.4 nutatoit u3 Muana. OHa COCTOHT B ONacHOCTH
NpUnHcaTh OJHOMY HJIH HECKOJBbKHM 3SKCIEpHMEHTAJbHBIM ¢akTo-
paM BiAHSHHe Ha 3aBHCHMYIO IleDeMeHHYI0, KOTOpOe Ha CaMOM [eJe
o6bsAcHAeTCs H3MeHeHHEM HEKOTOpPOTO INpHYHHHOro (Gaxkropa, He
YUTEHHOr0 B CTPYKTYpe 3KcmepuMmeHTa. Bo BpeMs NpoBeleHHs] 3KC-
NepUMEHTAa HEKOTODHIH HEH3BecTHHI 3SKCNEepPHMEeHTaTopy MpPUYHH-
HBIl GaKTOp MOXKeT MeHATbCA TaKHM 06pa30M, UTO KOHKpeTHas
KOMOHUHALMA SKCllepHMeHTaNAbHEIX (AKTOPDOB OKa3biBaeTcsi Ipeil-
nouturenbHoit. Torma 6yner cosmaBaThCsl BleyaT/eHHe, YTO 3ITa
KOMOHHaNUA BHICOKO 3¢ (eKTHBHa, XOTA Ha caMOM Jejle K XOpo-
IeMy pe3yJAbTaTy NPUBOLHT HEH3BeCTHHIE HaM ¢aKTop. ,

Ilpr KnaccuueckOM pacCMOTPEHHH 3TOT BONPOC He HMeeT pe-
mweduda. OH HDaer npeacrap/ieHHe O TOM HACKOJBKO CJOXHOHN §B-
aserca 3axada. Mu Huxoe0a He MoXeM OBITH BIIOJHE YBepeHH
B TOM, YTO BCe BayKHble, WJH Qa)Ke CaMble BaXHble, NPUYHHHLIE
(haKTOpH yUTeHBl CTPYKTYpOM sKcnepuMeHTa. HekoTopbie dakTOphm
MOTYT OBITb IIPOCTO HeH3BeCTHHL. J[pyrue, XO0Td H H3BeCTHRI, HO MO-
IyT HeOGOCHOBaHHO pacCMaTpHBAaThLCA KaK He HMeloliHe GOJbLIOro
3HayeHUs], U HMH YMHIIJeHHO INpeHeOperaioT. [Ipu npoBedeHHH
SKCIlepHMeHTa BCerfa HYXKHO HMETb FapaHTHH OT HCKaXXeHHs BHI-
BOAOB, 06YCJIOBNEeHHOrO0 NMOOOUYHBIMH BHEIUHUMH 3ddeKTamu.

Paunomu3auus

38.6 CompeMeHHOe peuredne BompocoB M3 38.5 Onljlo BlepBHie
npennoxeno P. A. ®uitepoM B IBaANATHIX ronax Haulero CTOJeETHS
(cM. ero kHury — ®umep (1935)). Ha nporsixkeHnu Bcex Tpex To-
MOB Mbl BHAENTH, KaK BeJHK H PasHOCTOpoHeH BKJan Puiepa
B CTaTHCTHYECKYI0O TeOpHIO0. TeM He MeHee, BO3MOXHO, He 6yier
npeyBejHYeHHeM CKa3aTh, YTO ero mponaraHfa pandomusayuu TIpH
NJaHHPOBAaHUH 3JKCIEPHUMEHTOB Ghlla CaMbIM Ba)XHbIM H HMEIOIIHM
camoe Goabluoe BJMsHHE Pe3yJAbTaTOM 43 er0 MHOMOYHCJAEHHBIX
IOCTHXKEeHHUH B CTaTHCTHKE.

38.7 IlpuHuun paugomMu3anuu GopMyIupyeTcss OYeHb NPOCTO:
Ecau npu nposedenuu sxcnepumenta nposodurca pasmeujerue
AKCNEPUMERTANbHDIX 00BEKTO8 nO KOMOUHAYUAM PAKTOPO8, TO 3TO
O049CHO 0eAaTsCA CAYHALHOIM 0OPA3OM C UCNCAD30BAHUEM PABHLLX
sepoirnocreli. Takum o06pasoM, Kaxpnas KoMOGHHalHAg (aKTOPOB
6yner HMeTb OIMHAKOBBIH MIaHC OHTb NPHMEHEHHOH K KaXIoMYy
9KCNeDHMEHTAJJIbHOMY 00DBeKTy, K KOTOPOMY OHa MOXeT ObThb IpH-
MeHeHa.



178 T7IABA 35

OueBHIHO, UYTO €CJH MNPOBOAMTCA PaHAOMH3AUHA B COCTBET-
CTBHH C 3THM NPHHIHKIOM, TO NPH KOHKPETHOM pa3MellleHHH 3Kcne-
PHMEHTaJNbHbBIX OOBLEKTOB, K KOTOPOMY Mbl NPHXOIHM, BCe eLue
MOXET OKa3aTbCl B MPEANOYTEHHH KOHKpeTHas KoMOGuHanus ¢ax-
TopoB. OfHaKO onHcaHHble B 38.5 TPyAHOCTH Hac GoJiblie He Oec-
NOKOAT, MOCKOJbKY Mbl BKJIOYHJIM M[poOLecC pPAaHAOMH3aUHH B Te
PaMKH, BHYTPH KOTODLIX HeJalOTcd HAIUH BhIBOAbI. ['HOOTerHueckas
COBOKYNHOCTb, NPO KOTOPYIO Mbl JejlaeM BbIBOAB, BKJIOUaeT Bce
BO3MOXHbI€ CJy4YaH pa3MelleHHd 3KCIepHMEHTAJbHHX OGBLEKTOB,
K KOTOPHM MOXeT NpHBEeCTH paHAOMH3auuA. BHyTpu 3TOél coOBO-
KYIHOCTH NPH €CTeCTBeHHOM IMpolecce PaHAOMH3alHH He MOMKeT
BO3HHKHYTb MNpeANOYTeHHEe NJA YUYTEHHbIX 3KCIepUMEHTOM (arTo-
POB H3-32 BJAMAHHA (PAKTOPOB, He YUTEHHBIX 3KcmepuMeHTOM. Ta-
KuM 006pa3oM, HalH BHIBOAB GyAyT CBOOGOAHBI OT CMeLIEeHHS.

Jlaxe ec/M B3aHMOCBA3b MEXHAY 3aBHCHMOIl INepeMeHHOH H He-
KOTOPHIM HEH3BeCTHbIM NPHYHHHBIM (dakTopoM He OyneT Yy3HaHa
BIJIOTb MO OKOHYAaHHS 3IKCIHEPHMEHTA, COPAaBedJHBOCTb BHIBOLOB He
HAapYUWHTCA, €cJH IpPH NpOBENEeHHWH 3SKCIepHMeHTa BJHSIHHe 3TOro
¢akTopa 6blJIO «pPaHIOMH3HPOBAHOY.

38.8 Takum o6Gpasom, BOmpochi H3 38.5 paspemalorcl H3MeHe-
HHEeM OCHOBBI, Ha KOTOPOM JAeJaloTCHA BBIBOAH. JTO HeH30eXHO MpH-
BOIMT K H3MeHEHHIO TeOpEeTHYeCKHX OCHOB HAWHX BHIBOJOB, H Mbi
Jlajiee KOPOTKO Ha 3TOM OCTaHOBHMca. Ho cHauvasna mpomasiocrpH-
pyem BbilneckasaHHOe Ha MPOCTOM IPHMepe.

ITpumep 38.1

[TpoBoaHTEA 3KCNEpPHMEHT AJS HCCAeNOBAHHUA 3aBHCHMOCTH Bpe-
MEeHH pEaKLHH OT CONEPMAaHHA aJKOrojas B KPOBH Y MYXYHH BOIH-
Teneii aBTOMOGHJe#i. IlpHHHMalomHe ydacTHe B 3KCIepHMeHTe BO-
IUTeNH [OJIKHBI TPHHATb 3aMaHHYIO J03y AaJKOrodas H m[ocJje
GUKCHPOBAHHOTO NPOMEXYTKA BPeMEeHH NPOHTH HCIBITAHHE Ha CO-
JepKaHHe aJKOroJsi B KPOBH H HEKOTOpOe CTAaHAapTHOe HChbITa-
HHe Ha BpeMs peaKNHH. 3aJlaya COCTOMT B TOM, KaK «Pa3MeCTHTb»
BOAHTEJIeH MeXJAy PasfHYHbBIMH JO3aMH ajKOroJjs.

[lo cyumiecTBy, MBI UMeeM IeJO C 3aJauyeH perpeccuH, rie BpeMs
peaKUHH — 3aBHCHMAaf TNepeMeHHafd (y), a COxepXaHWe aJKOroJas
B kpoBH — perpeccop (x). Caemyer 3aMeTHTb, YTO X He ABJAeTCHA
CTPOro KOHTpOJHpyeMoH mnepemeHHO#H. CTporo npoKOHTPOJHPOBATH
MOHO TOJbKO JHA0O3y aJIKoroasa (2), a moc/je 3TOr0 MHl NIPOCTO
Ha6JionaeM 3HaueHHe X B KaXAoM caydae. OOHAKO 2 H X CBS3aHbI
OueHb TECHO, M Pa3yMHO NpPEANOJOXKHTb, 4TO KaXKAOMY (GHKCHpO-
BAHHOMY 3HAUEHHIO 2Z COOTBETCTBYET HEKOTOpOe MHOXKeCTBO 3Ha-
yenuil x. [Ipu aTOM, eciin BEI6paTh 3HaueHHA 2 JOCTATOYHO XOPOILO,
TO COOTBETCTBYIOLHE MHOXeCTBa 3HaueHHH x He OydyT nepece-
kaTbca. Torma 3amauy MOXHO pacCMaTpPUBaTb KaK OLHO(DAKTOPHYIO
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KJ1accHPHKANHIO, MPHUEM HHAeKChl KJaccH(HKANOUH COOTBETCTBYIOT
3HaYeHHAAM 2.

Ha sTom npHmepe XopowO BHAHHI TPYAHOCTH, KOTOpble BO3HH-
Kal0T NpH OTCYTCTBHH DPaHIOMH3HDOBAHHOIO pa3MeIlleHHR N03 al-
Korossi MexjJy BoaHTeaAMH. IlpeAnonoXmum, HampHMep, 9TO Kax-
IOMY BOILHTEJNIO INO3BOJIHJIH CaMOMY Bhi6paTb AJA cebGA A03y aJfKO-
roas. Ilo-BHAuUMOMY, Te BOAHTEJH, KOTOpPble OOBIYHO YHOTpeGJAIOT
MHOTO aJIKoroJif, BH6epyT HO3H G0Jblline, 4eM npyrue BoauTed. Ho
HOpMajbHad MPHBBLIYKA K BbIIHBKe BJHAET Ha YCTOHYHBOCTb YeJO-
Beka K BO3JeHCTBHIO ajKorosf. [losTOMy B COOTBETCTBYIOIIEM HC-
IILITAHHH Ha BpeMfA peaKIHH MOMKeT OKa3aTbCA 3aMaCKHPOBAHHOM
HCTHHHaA PasHHIla MeX[AY BO3HeHCTBHEM Pa3JHUYHHX H03 aJKOTroJf.

MoxXHO BO3pa3HTb, 4TO, NO3BOJHB BOJAHTENAM CaMHM BHIGpaThb
O3y aJKOroJifi, Mbl NOJY4YHM O60Jiee NMPAaBUAbHYI0 KapTHHY TOrO, UTO
NpoH30HmeT B NpakTHKe BOKAeHHs. [laxke ecau Gbl 3TO GHIO BepHO,
cnellyeT MOHHMAaTbh, UTO COOTBEeTCTBYIOLUHH BHIBOL He HMeer HHKa-
KOro OTHOIIEHHA K NMPOBOAHMOMY Hay4yHOMY HccieloBaHHio. Cyie-
CTBO DP43HHUbI MeXKAY OO6GC/AeIOBAHHEM H 3KCIIEPHMEHTOM COCTOHT
B TOM, 4TO HPH OOCJeNOBaHHH JejlaeTc MNMOMBITKA OMHCATbH Cyllle-
CTBYIONLLYI0O COBOKYIHOCTb, B TO BPEeMH KaK 3KCIIepPHMEHT HMeeT
IeJd0 ¢ HCC/AefOBaHHeM COOTHOIUEHHH, KOTopbie He 00643aTesbHO
COOTBETCTBYIOT KaKOM-TO KOHKpeTHO# coBokynHocTH. O6 3ToM pa3-
JIMYUH TOBOPHJOCH Bhille B 38.3, u Mbl elle BepHeMcs K o6cyxne-
HHI0 3TOrO Bompoca B 38.12. B oTHOmIEHHH XKe NMPHBEIEHHOTO BhHIIIE
npHMepa HYXHO MOHHMAaTb, UYTO PaHAOMHM3HPOBAHHOEe pa3MelleHHe
J03 aJIKOTOJNIt MeXAy BOAHTeNSIMH HeOGXOAHMO, 4TOOBI Mpegoxpa-
HHTb OT CMeIleHHf BBIBOAbI, KOTOpble OGYyINYT cHeJaHH H3 3Kche-
pHMeEHTA.

38.9 Tor ¢dakr, 4TO <«BHellHee» BJHAHHE, TaKOoe€, Kak OObIYHaf
TIpUBbIUKA K BHIIHBKe, YCTpaHAeTcd paHAOMH3alHeH, HUKOHM 0O6-
pasoM He MellaeT HaM NPOBOAHTb aHAJH3 3ITOTO BJIHSHHA MOCAe
TOro, KaK 3aKOHYeH (paHIOMH3HDOBAHHLIH) 3KcnepuMmeHT. B cay-
yae npuMepa 38.1, no-eHguMoMy, 6yler TPYAHO TOUHO YCTAHOBHTb
06bIYHYIO MPHBHIYKY K BHIOHBKE BCeX yuacTHHKOB. Ho paccmotpum
BJIHfiIHHe BpeMeHH JHA, B KOTOpPOoe MNPOBOAHTCA HchbiTaHHe. BHe
3aBHCHMOCTH OT TOrO, «paHAOMHM3HPYyeTCH» OHO HJIH HeT NPH Mpo-
BeeHUH 3KCIepHMeHTa, HHUTO He MellaeT HaM [IPOBECTH B MOcC]e-
JylolleM perpeccCHOHHbIH aHAaJIH3 BJHSHHA BpPeMeHH NHf Ha BpeMst
peakiud. Ecan okaxKercs, HanpHmep, uTO BpeMA peaklUHH CTAHO-
BMTCA Bbluie MPH NpOBelleHHH HCOBITAHHH B 0oJiee MO3IHee BpeMf,
TO 3TO NOCJHYXHT NMOBOAOM JIJA [NaJjbHEHIHX HCCJeLOBAHHH H, B0O3-
MOXHO, NpHBeleT B JaJjbHeHIleM K MOXH(HKAOHH NpoLeAypHl KC-
MepHMEeHTA. _

38.10 Hawe yTBepXAeHHe O MJOCTOHHCTBe paHAOMH3aLHH He
cienyer MOHHMAaTb TaK, YTO BCe paHIAOMH3HPOBaHHBIE 3KCHepH-
MEHTbl HE OCTaBJAAIOT Xeaatbh HHYEro Jydiuero. PaccMOTpHM, Kak
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4 B 38.9, BINAHHEe BPEMEHH IHA Ha BpeMf peaKlHH, W NpPeNNoJao-
JKHM, YTO BC€ HCHABITAHHA TPOBOZMJAHCH B 6 uacoB mocje MOJYmHS,
T. €. B KOHUe pabouero JHf BOAHMTeNell, OPHHAMAIOUINX yuacTHe
B sKkcrnepuMeHrte. Torna Gakrop «BpeMs OHA» TMOCTOSHEH HAa OLHOM
YPOBHE H 3KCIEepHMEHT Y43BHM K BO3MOXKHOCTH TOTO, UTO 3TOT (PakK-
TOp B3aHMOIEACTBYET C BJIHSIHHEM COLepPKaHUA aJKOrojs B KPOBH
Ha BpeMsi peaknHH. PaHIOMH3auuA N0 OTHOLIEHHIO K H03aM aJKo-
ToJii He MOMOraer B 3TOM cCJyuae, H 37leCb CHOBAa NMDPHMEHHMAa KpH-
THKa KJIaCCHYeCKOH npouenypu, npusenedHas B 38.5. Ha camom
HeJle paHIOMH3alHsA Oblia HeMOJHOH, NMOCKOJIbKY Mbl mpeHeOperyu
BpeMeHeM JIHA KaK BO3MOXHBIM TIPHYUMHHBIM ¢(akTopoM. PaHmoMu-
3auHA MPHHOCHT MOJb3y B BBIBOJAX TOABKO [0 OTHOLIEHHIO K TeM
acneKkTaM, K KOTOpbIM OHAa NMpHUMeEHAJach.

38.11 IlonaTno, uTto QaKTOpbI, BJAHANOIIHE HAa 3aBHCHUMYIO mepe-
MeHHyl0 B JI060M 3KcrepHMeHTe, MAeNATCA 3SKCIEePHMEHTAaTOPOM,
fIBHO M/ HesIBHO, Ha CJIeyIOUlHe TPH KJjacca:

(1) daxkTopwl, yuTeHHble CTPYKTYPOH 3KcrlepHMeHTa (mo3a aijl-
Korosis B mpumepe 38.1);

(2) dakTOpbl, «paHAOMH3HPOBAHHBIE» MPH  IKCIEPUMeEHTe
(06pluHaf NpHBLHIYKA K BLIIHBKe B npumepe 38.1);

(3) ¢daxropbl, He yuTEHHBle CTPYKTYPOR IKCIEPHMEHTa H He
paHIOMH3HpOBaHHbBe (BpeMs aHs B 38.10).

Crnenyer 3aMeTHTb, YTO Kaaccol (1) u (2) TpebyloT npoBenenus
HeKOTOPBIX , AeHCTBHA, KOTOpbIe BJHAIOT HAa JNEHCTBHTENBHYIO MPO-
rpaMMy [pOBelleHHsl 3SKCIepHMEHTa MJH HAa NPHMEHseMYIO Npo-
UeAypyY PaHAOMH3aluH. B oTavuHe OT 3TOro, MOCJAENHHHA H3 Tpex
KJIaCCOB sABJiAeTcA OCTaTOYHbIM. EcTecTBEHHO, 4TO 3KClIepHMEHTa-
TOp MOXeT YMBIIJEHHO MNPHHATb pelleHHe O TOM, YTO HEKOTOPbIM
¢akTOpOM MOXHO npeHeOpeub U CUMTATh, YTO AJAA YCTPAaHEHHS ero
BJIHAHHA He HyXXHa naxe paHpoMu3saunusd. Tak, B npuMepe 38.1 Mbi
NOuTH HaBepHfika mpeHeOpexeM uBeToM rjaa3 BoaHtesedi. OxHako
(axkTOp MOXKeT MonacTe B KJacc (3) u NPOCTO MOTOMY, YTO Ha Hero
He 006paTHJIM BHHMAaHHf, Kak 3TO ObLIO cO BpeMeHeM aHA B 38.10.

CyuiecTBeHHHIM 3/IeMEHTOM HCKYCCTBa 3KCllepMMeHTaTopa siB-
aseTc BHIGOp PAKTOPOB, KOTOpHIE PaHIOMHM3HPYIOTCA NpPH MPOBe-
JNeHHH 3KcrneprMMeHTa. ECIH 3KCmepHMEHTAaTOp aKKypaTeH, TO OH
OyleT paHIOMH3HPOBaTb Bce (AKTODPH, KOTOpHie MpeAnoaraioTcs
MPUYHHHO Ba)KHBIMHM, HO KOTOpbl€ He BKJIIOYEHB! B CTPYKTYPHl 3KC-
nepuMeHTa. Ho Bce 3kcnepHMeHTAaTOpbI BHIHYXAEHO npeHebperaioT
HEKOTOPHIMH MPEANOJIOKHTENbHO NPHUYHHHBIMH ¢aktopamu. Ecan
6B 3TO GbLIO He TaK, TO Mpolefypa PaHAOMH3aLMH NMPHUBOAHJA Obl
K OueHb OOJbWHM ycaoxHeHHsaM. TakuMm o6Gpa3om, Bb6op daxTo-
pPOB, KOTOpble OYILyT pPaHIOMH3HPOBATbCH, ABJASETCH, MO CYLIECTBY,
BONPOCOM YMEHHA NPaBHABHO pa3obparbesl B SIBJIEHHH.

38.12 B 38.7—8 MbI BuAeaH, YTO reHepajbHas COBOKYMNHOCTb,
PO KOTOPYIO MOXHO HenaTeh 060cHOBaiHbie BHIBOJAbLI H3 PaHAOMH-
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3HPOBAHHOTO 3KCIMEPHMEHTA, fIBAAETCA TMIOTETHUYECKOH TreHepaJlb-
HOHl COBOKYNHOCTbIO, 3aBHCsllefl OT caMOro mnpoumecca paHAOMH3A-
uud. OIHAKO 3KCNepHMEHTAaTOp JOJUKEeH JeJaTb CBOH BBbIBOABE
B OTHOWEHHH peasbHOro Mupa. B npumepe 38.1 runoretHueckas
reHepajibHass COBOKYIHOCTb, O KOTOPOH JHeJaloTcsi BbIBOJAW B pe-
3yJbTaTe JKCIePHMeEHTa, BKJOUaeT B ceGsfi Bce BO3MOXHbIE pasMe-
LeHHA [AO03 aJIKOroJsi MeXJIy BOJAMTEAfMH, NMPHHHMAIOUIHMH Yyua-
cTHe B 3dKcrepuMeHTe. OJIHaKO, HAaCKOJbKO MIHPOKO MOXHO 0606-
UIMTh 3TH BBIBOAH, YTOOH pPAacNpOCTPAaHHTb HX Ha Takue O6oiee
oGIUHpHBIE TeHepaJibHbe COBOKYMHOCTH, Kak

(a) Bcex BoauTeseil aBTOMOOHJIEH MYXKUHH,

(6) Bcex BoauTesedl aBTOMOGHJEH (BKJAOYas KEHIIHH) ?

Ecny BoAHTEeNHM, MPHHHMAIOUIHE yYyacTHe B 3KcIepHMeHTe, OblIH
OTO6paHbl H3 BCeX BOAMTE/JEH MYXKUYHH B pe3yjbTatTe CJlyuyanHHOro
BbIGOpa (He 06M3aTe/IbHO NPOCTO20 CJAydaiHOrO BhIGOpa), TO MaJo
KTO H3 3KCIepHMeHTaTopoB OyaeT koJebarTbcd, 4TO6H OGOOUIHTH
NnoJlyueHHble B pe3y/abTaTe 3KCIEPHMEHTA JaHHble HAa TeHepaJibHYIo
COBOKYMHOCTb (a). AHAJIOTHYHO MaJjlo KTO H3 3KCIEepHMEHTAaTOpOB
NOCMEeWHT PAacHpPOCTPAHUTb 3TH NaHHbBIE HA reHepaJibHYlO COBOKVII-
HOcTb (6) 6e3 manbHeAWMX 3HAHHH O BOAHTENAX-KEHIHHAX, MO-
JyYEHHBIX, BO3MOXHO, H3 IPYTHX 3KCNepHMEHTOB.

IMpennonoxuM, olHAKO, YTO MNPHHHMAIOLIHEe YyYacTHE B 3KCle-
pHMeHTe BOAHTENH OTOHPAJHCh H3 CAYXKAUIMX OJHON H TOH Xe KOp-
nopaunuu. Jlaxe ecaum oOHH OTOUpANUChb NPH 3TOM CJAYYaHHBIM
o6pa3oM, MBI CyMeeM pacHpOCTPAHHTb HAIH BLIBOABI caMoe 60Jib-
liee HA TeHePaJIbHYI0 COBOKYMHOCTb, COCTOSILIYI0O H3 BCeX BOJHTE-
Jei, paborajomux B 3ToM KoprnopauuH. OGbMHO KOpMOpauHH MpH-
HHMAIOT Y4YacTHe B 3KCTIepPHMEHTe HJH H3-3a cOOCTBEHHOI 3aHHTe-
PEeCOBAHHOCTH, HJH H3-3a XKeJJaHHA COTPYIAHHYAaTh C HEKOTOPBIM
HayuyHbIM YyupeXpaeHneM. EciaM oTcyTcTByeT HHOH mpouecc moabopa
KOpHopanuu, TO [HdaJbHefimiHe O6GOOLIeHHA pe3yJbTaTOB 3KCHEpH-
MeHTa HyXJalorcfi B onpaBianuu. Tospko B TOM cayuae, xorjia
3KCNEpPUMEHTAJIbHBI MaTepHan sABJsercA (HJH TNpennosaraercs)
3KBHBAJIEGHTHHM cJyuadHOMYy BHGOpY H3 Oojiee OOMIHDHOH TreHe-
palbHOH COBOKYMHOCTH, MOXXHO [1€PeHeCTH pe3yJbTaThl 3JKCIIepH-
MeHTa Ha 3Ty 6oJsiee OGLIHPHYIO reHepaJibHYI0 COBOKYIHOCTb.

B KOHILle KOHIIOB B 3TOil CBfi3H Heqb3fl u36exaTb OOCYXKOeHHd
BO3MOXHOCTH O06O6LIEeHHH, MOCKOAbKY pedb HieT 06 06061ieHHH 1O
NpPOCTPAHCTBY (HAampHMep, HA JPyrHe CTPAHH) H IO BPEMEHH.

38.13 Mbl oueHb KPAaTKO MO3HAKOMHUJHCH C HEKOTOPBIMH ¢yHma-
MEHTaJIbHBIMH BONPOCAMH, KAaCaIOIIHMHCA BLIBOJOB H3 3KCepHMeH-
ToB. Hasa Gosee WHPOKOro O3HAKOMJEHHA (B 3HAUHTeJbHOH CTe-
NeHH He HOCALLer0 TeXHHYEeCKHH XapaKrep) uHMTAaTeJlO peKOMeH-
nyercs kHura Kokca (1958a), Tak Xe KakK ynmOMHHAaBIUasfcl KHHra
®Guwepa (1935).
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Mewaomue GakTopbi: 0/104HbIE IKCIEPHMEHTHI

38.14 Mul BHAeJH, YTO CYLIeCTBEHHAas YepTa COBPEMEHHOro 3KcC-
NepUMEHTHPOBAHHSA COCTOMT B <PaHJIOMH3aLlHH» BIHAHHA TeX (ak-
TOPOB, KOTOphle He Y4TeHbl CTPYKTYPOH 3KcnepHMeHTa. B npakTH-
YeCKHX CHTYalHAX ONHMM H3 TaKHX (aKToOpoB fABJAsSeTCHA TO, UTO
CaMH 3KcrnepHMeHTaJbHble OO0beKThl He MOTyT ObiTb (U3HUeCKH OJ-
HoponHbl. Tak, ceabCKOXO3SfCTBeHHbIe JKCIEPUMEHTHI MPOBOAATCH
Ha yuacTKaX 3eMJIH, KOTOpble, XOTAl H pacnoJioxeHnl GJH3KO APYyr
OT Apyrd, HO He HMeIOT OAHH M Te XK€ XapPaKTepHCTHKH NJIOHLOpPO-
avsa. Bojee TOro, eCaM uMC/IO yYyacTKOB, HEOOXONHMHIX [Jisi NPOBe-
AeHUs] IKCepHMeHTa, pacTeT, TO, NO-BHAHMOMY, OyHeT pacTH M Ba-
pHanua uX maomaopoidda. IIpH 3TOM CTaHOBMTCS Pa3yMHBIM HCMOJb-
30BaThb HECKOJIbKO MaJleHbKHX I'PYIN aHAJOrHYHBIX yYacCTKOB, a He
OIHy O6OJbIIYIO TpPYMNy [AOBOJBHO HEOXHOPOAHBIX Y4acTKOB. AHa-
JIOTHYHO NPH TeHeTHYeCKHX HMCCJIeOBaHHAX OKa3blBaeTcsi Pa3yMHbIM
NPOBOAHTb 3IKCMePHMEHTbl HaJ KHBOTHHIMH JJfl YJIE€HOB OJHOTO
H TOro Xe MNPHILIOAA, MPHYEM NPHUMIOA OOBIMHO ObiBaeT AOBOJILHO
MaJbiM MO KOJIHYECTBY YJEHOB, TAaK YTO HYXHO HCHOJb30OBaTb He-
CKOJIBKO MPHIJIOAOB. 3Jecb OTAelbHble MKHBOTHHE, TaK Xe Kak
YYacTKH B CEJIbCKOXO3AHCTBEHHbIX 3KCIepHMEHTaX, ABJAIOTCA 3IKC-
NepHMEeHTaJbHbBIMH O00beKTaMu, B TO BPeMs KaK MPHMJIOMABI, TaK Xe
KaK TPYNMbl aHAJIOTHYHBIX YYacTKOB, Ha3bBAIOTCA «OJOKAMH» 3KC-
NepHMEHTANIbHbIX 00beKTOB. Mcnosb3ys 3Ty TEPMHHOJOTHIO, MOXKHO
CKa3aTb, UYTO MHOrHe 3KCOepMMEHTbI fBJAIOTCA OJIOUHBIMH HJH,
naxe He 00sicb TaBTOJIOTHH, CKa3aTbh (CUHTasf, YTO MOXKeT ObIThb
Bcero OAHMH OJIOK), 4TO 8Ce 3KCHEpPHUMEHTbl SABAAIOTCH OJIOUHBIMH
akcrepuMentTamu. Ilpy 3ToM 3ddekT pasnnuua Mexay O6JOKaAMH
HcclenyeTcs TOJbKO ¢ TOA LeJibio, YTOObl YCTPAHHTb ero BJIHAIHHE.
‘PaxTHueckH .GJOKH ABJAIOTCH «MEUIAIOMUMH» (PakTOpaMH B 3Ke-
nepHMeHTe.

[Mepefinem k ¢GoOpManbHOMY HCCAEIOBAHHIO OJIOUHBIX 3IKCHEpH-
MEeHTOB OCHOBaHHOMY Ha pa6ote Touepa (1952).

38.15 [IpenmnonioXXHM, YTO 3KCHiePHMEHT IPOBOLUTCA HAJL 3KC-
TIepHMEHTa/IbHbIMH 00beKTaMu, OObelHHEeHHBIME B b OJIOKOB, KaXx-
Jblii M3 KOTOPbIX CONepXHT 2 (K> 1) 0OGbeKTOB, TaK 4YTO BCEro
MOXHO MONYYHTb bk = n HabnoOaeHUN. DKCNepHMeHT NPOBOAHTCH
AJIA HCCJeJOBAHHAl MepeKPecTHOH (WM HepapXHYeCKOH, HJIH CMe-
INaHHOMN) KJaccHHKaLMH HEKOTOpbIX (PaKTOPOB, MPeACTaBJAIONIHX
HHTepec. [IpennmonoXuM, 4To KiaccHPHKANHA CORePXHT ! pasnuu-
HBHIX xJerok. Tak, Hanmpumep, B JABYX(AKTOPHOH KJacCHPHKaLMH
€ r CTPOUKAMH H ¢ cTonbnamu HMeercd ! == rC PAa3JHUHBIX KJIETOK.
Otu ¢t Kaerok 6yneM HasbiBaTh «006paboTkamH». 3ajxaua COCTOHT
B TOM, 4roObl BBIOpaTb, KakHe OOGpaGOTKH MPOBECTH Hal KaXKIbiM
n3 k 00beKTOB B KaxaoMm OJoke.
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Bynem mnpepnosaraTth, 9TO B KaxXaoM O6J0Ke HHKakas o6pa-
60oTka He npuMeHseTcs Oo/bile 4eM K OXHOMY OGDBeKTy *). DTo
npeAnoJioXXeHHe pasyMHO, MOCKOJIbKY, eC/IH HYXHH elle HaGJoxe-
HHsI, TO MaJo cMuIcAa Jy6aupoBaTh OOpPaBOTKH BHYTPH OXHOTO
6J0Ka, a He HCNOJb30BaThb MX B APYrux Gjokax. M3 ynoMaHyToro
NpeAnoJIOXKeHUs caenyer, uto ¢ = k.

38.16 DkcnepMMEHT MOXHO TOJHOCTbIO ONHCaThb, ONpejesuB
marpuyy o6paborox (treatment matrix) nopsaaka (kX)) nan
Kaxnoro 6yoka. [lna MatpuHuu £j, OoTHocsiulecs k j-My OJOKy, 3Jje-
MEHT, CTOAIIHH Ha mepeceueHHH [-# CTPOKM H i-r0 cTOJ6uUA, paBeH
eJIMHHIe HJH HYJI0 B 3aBHCHMOCTH OT TOrO, MpHMEHseTcHA JH i-A
o6pa6oTka k [-My O6GbekTy 3TOro 6sioka Hau Her. OueBdjaHO, 4TO
B KaxXJo#l CTPOKe MNPHCYTCTBYET OJHH HeHYJIeBOH 3JeMeHT (mo-
CKOJIBKY K KaXIoMmy o6beKkTy mpuMeHseTc ofHa o6paborka) ¥ uTO
B KaXXJOM CTOJ10Ie HMeeTcsi He 60Jiee ONHOTO HEHYJIEBOTO 3JIeMEHTa
(u3-3a npeanoJsoxenus B 38.15).

Ecnu HyXHO OonHcaTbh TOJIbKO mpHMeHeHHe 06paboTOK K 6J0KaM,
6e3 CCbJIKH Ha NpUMeHeHHe K KOHKPeTHbIM OOBeKkTaM BHYTPH
6J0Ka, TO, HCIOAB3Ys b MaTpHi 06paboOTOK #;, MOXHO IOCTPOUTD.
marpuyy unyudenyud (incidente matrix) skcnepumeHta n, mo-
panka (¢X b), y xotopoit (i,j)-i 31eMeHT n;; paBeH eIUHHLE HJM
HYJ110 B 3aBHCHMOCTH OT TOrO, MNpHMeHsiercs JH i- obpaboTka
K j-My O6JIOKY.

38.17 Ecau j-#t cronben MaTpHibl n 0603HAYHTL Rj, a 1p— Bek-
Top p X 1, COCTOAIMA U3 €AHHHI, TO

tl, =n;, (38.1)

NMOCROJIbKY B JeBoH uyacTH (38.1) npoBoAaHTCA NPOCTO CYMMHpPOBa-
HHe 3JIEMEHTOB CTOJOLOB MaTpuun #; Ilanee, MOCKOJIbLKY Bce jie-
MEHTBl MaTpHIBI #; PABHBEl HYJIIO HJIH elHHHIE, TO

tjt; = diag (n)), (38.2)

rie diag(2) o6o03HavuaeT AHArOHAJbHYIO MAaTPHIly, AHAroHaJbHble
3JIeMEHTbl KOTOPOK COBMAaJaioT C 3JeMEeHTaMH BeKTopa 2.

Ecnu i-1 o6pa6orka nNpHMeHsieTci BO BCeM 3KclepHMeHTe Iy
pas (ri >0), a r o6o3Havaer (f 1)-BeKTOp, 3JieMEHTH KOTOPOro:
PaBHBl r;, TO CYMMHPDOBaHHe 3JIeMEHTOB CTPOK MAaTPHUBbI 7 JpaeT

nl, =r, (38.3)

a CYMMHpPDOBaHHE€ 3/JI€EMEHTOB CTOJI6[[OB aaet
'l = kly, (38.4)

*) 310 NPENnoJioXeHne, KOTOPOE€ BhLITOJHACICA N/A BCEX XOPOWO HSBECTHHIX
IJ1IaHOB 3KCNEPHMEHTOB, MOMXeT GhTb ocnabiaeno (cM. Touep (1952)).
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IIOCKOJIbKY KaXAbAi G6JOK COCTOHT H3 Rk o6bektoB. [lanee u3
(38.2—3) noayuaem

? tt; = ), diag (n;) = diag (; n,) = diag (nl,) =diag (r). (38.5)
!

38.18 B nyxe HalIHX DNpeAbIAYyIIMX OGCYXKIEHHHl pa3MellleHHe
06paboTok Mexny o6bekTaMH OGyneT PaHAOMHM3HPOBATbCHA He3aBH-
CHMO BHYTPH Kaxmoro 6/0Ka, HO nJifl Havajda Mbl He 6yxem pac-
CMaTpUBaTb BJHAHMA BHYTPHOJOYHOA paHAOMH3alMH Ha BBLIBOIHI,
KOTOpble HeNlaloTCA B pesyabrare 3KclepuMeHTa. Mbl BepHeMcst
X 3TOMy Bonpocy B 38.41. CHavana GyleM CMOTpPeTb Ha paHIOMH-
3alHI0 KaKk Ha OOwwYyio MpeAylpelHTE/NbHYI0O Mepy NPOTHB CMelle-
HHA ¥ OyleM NpPOBOAMTbL HAll aHAJH3 B TePMHHAX JHHEHHOH MoO-
Aenn (mopmenab I), XOpolIoO M3BeCTHOH HAaM M3 NpeABLIAYNIMX TJaB.

Jluneiinaa mMopesb AAs OJIOYHBIX IKCNEPHMEHTOB

38.19 OueBunHO, 4TO JHHeHHasi MOAENb ANA GJOYUHBIX IKCIEPH-
MEHTOB 3aliHCbiBaeTCs B BHIE

M(y.) =1+ 8 (38.6)

tae t; — 3ddektsl 06pa6oTOK, a P; — 3ddekTn 6a0koB. Ilpu 3Tom
npeanonaraerc, 4To 3Pdekrol 6J0KOB H 06pabOTOK aNIMTHBHBI
M He B3aHMOIEHCTBYIOT.

B (19:.19) Mn BHAeaH, YTO €JAUHCTBEHHHIMH JMHEHHLIMH (QYHK-
IHAMH TapaMeTpoB, NOMYCKAIONMMH HeCMellieHHble OHEeHKH ¢ [O-
MOLbIO JHHEAHBIX OQYHKOMA HaOMIONeRUH, fBJAAIOTCA JIHHeHHbIe
KOMOHHAIMY MaTeMaTHYECKHX OXHAaHHH HabJaoneHui. A 3mHauHuT,
B (38.6) MOxkHO omeHuTb 6e3 CMeUleHHfl TONBKO JHHeAHble KOMOH-
HauMu BeJHYHH (t;+ B;). DTo MmoHATHO M u3 TOro ¢akra, 4To
no6assende JMOGOM KOHCTAHTBL KO BCEeM T; K BHYHTAaHHE 3TOH
KOHCTAHTH H3 Bcex P; He menser (38.6). Urtobn ocBo6onuThCH OT
HEBO3MOXXHOCTH pasleJbHOH OIEHKH OTHAEJbHBIX NapaMeTrpoB T,
MBI, KAK 1 B CHHTYyJaspHO#l Momean B 19.13—15 T. 2 u B npumepe
19.9, BBeneM JHHellHOe orpanMueHHe Ha mnapametpnl. [TocKonbBKY
apdexrbi O6T0KOB B; ABIAIOTCA MeAIOLIMMH [apaMeTPamH, ecTe-
CTBEHHO HAJIOXHTh OTPaHHYEHHSA TOJbKO Ha HHX B BHIe

b
2 By =0.

j=1

dakTHYECKH Mbl J06aBJiieM K n BeJHYHHAM Y;; QUKTHBHYIO CJy-
YJaHHYyi0 BEJHYHHY (HYJAb), «MareMaTHUeCKOe OXHIaHHe» KOTOPOo#A
paBHO cymMe B;. DTO MmO3BoJfieT HaM OTHEJHTb Mellalouiye HaM
3¢ dexTsl 6J10KOB OT HHTepecywmHX Hac 3ddekToB 06pabOTOK.
38.20 B cuay HaJOXKeHHOro OrpaHHYeHHAl NJA HECHHTYJISPHOTO
npeacraBaeAHs 3pbdexkToB 6A0KOB HYXKHB b —1 napamerpos.
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O603HauyuM HX aj, ..., Qp—) H NIPEACTABHM B BHIE BeKTopa a. Bek-
TOP @& MOXHO NOJYYHTH H3 BekTOpa f, KOOpAHHATH KOTOPOTO pPaBHLE
Bj, enenyiomum o6pa3oM. BosbMeM MpOM3BONIbHYIO OPTOrOHAJIBHYIO
(b X b)-marpumy U, nepBasg crpouka KOTOpO#l paBHa b~ 5,
a ocraBmHecs b—1 CTPOUKH (COOTBETCTBYIONLIYI0O MOAMATPHIY MEI
0603HaYHM #) B OCTaJIbHOM NMpPOH3BOJbHBL Torma

0
Ub= () (38.7)
NOCKOJIbKY OrpaHHYeHHA Ha PB; 3anucbiBAlOTCA B BHAE
1;p =0. (38.8)
ITockoabky U, opToronanbHa, TO Us' =Ug, a 3nauur, us (38.7)
HMeeM
p—=U; (u‘;) — w'up. (38.9)
[TonoxuM Tenepnb
X = uﬁ. (38.10)
Torpa (38.7) u (38.9) npHHHMAIOT BUI
0
Up = ,
op ( «) (38.11)
p=u'a.

38.21 IlepefineM kK ¢opmMalbHOMY pelWIeHHIO MOAeaH OJOYHBIX
skcniepumentoB no meroay HK. ITyerb y; o603HauaeT BeKTOp H3 R
HaOJoneHdit B j-M 6JiOKe, ¥ — BeKTOp, OOBENHHAIOLIHH Bce Y;, ©

NpPeACTaBJeHO B BHAe BEKTOPOB-CTOJNONOB #;, ..., 4p, KAXKIBIH H3
Kotophix HMmeer mnopsinok b—1. Torma (38.6) paBHOCHJIBHO cO-
OTHOIIEHHIO
y=X0-+1e, (38.12)
rae cooTBeTcTByoulee pa3bHenne X u 0 umeeT BHA
H 4
t i 1y
t| 1,0,
X =y} - (38.13)
bk X (¢+b—1) I R
- 7
l ‘bi 1,2
H
T
) =() (38.14)
t+b-1) X1 @

Kak Bcerna, KOMNoHeHTH BeKkTopa owH6ok e B (38.12) mpeano-
JIaraloTCs  HEKOPPENIHPOBAHHHIMM C HYJEBHMH MaTeMaTHUeCKHMU
OXHIAHHSMH H JIHCNEPCHAMH, PABHLIMH 02



186 TJIABAK 38

38.22 Hcnoabsys (38.5), (38.1) u coorHomenua 1:l, ==k,
au’ =1I,_, nonyuum u3 (38.13)
te, | t)1,u)
XX — ¥ i 3t _(d“’g("’é nu
Zuil;tl§Zujl;lku; un’  }RI,_,
H i ]

7’

), (38.15)

Teneppr Mbl MoXeM o6Gpatutb MaTpuuy B (38.15). O6o3nauas

Q — {diag (r) — nu'un’/k} ", (38.16)
TOJNYYHM
. Q i — Qnu’lk
7yl — :
(XX) _(—un'ﬂlk i {lb_l +uﬂ’0ﬂu"/k}/k)’ (38.17)

YTO TMpoBepAeTCAs MNPOCTbIM NepeMHOXKeHHeM TMpaBbIX 4YacTeft B
(38.15) u (38.17). Takum o6pasoM,

Zt;yl
g = e | =( T
X'y —( ;u,n;y, ) (.5) (38.18)

T,
tie T = . , a T;—cymma y nad Bcex 00beKTOB, K KOTOPBIM
Ty
B,
npuMersiaach -1 o6pabotka, B TO BpeMsa kKak B = - | rie
B,

B, = lgy, —cyMMa y paasA Bcex o6bekTOB H3 j-ro Osoka. CoryacHo
(38.17—18) HK-ouneHkn HMeOT BHJ,

b— (;) —(X'X)"' X'y,
rae N
T = Q(T — nu’uB/k) {38.19)
a=u(B— nt)/k. (38.20)

Hs (38.20) u (38.11) noayvyaem nas HCXOAHHX NapaMerpos
6JI0KOB

f=wa=uu(B— )k (38.21)
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38.23 lusa ynpoumleHns BoluHchaeHHi ouenxu (38.19) u (38.21)
MOXKHO NpuBecTH K 60jee npoctoMy Buay. [lockonbky Marpuna Uy
u3 38.20 oprToronaJibHa, TO

I, =UsU, = (67"21,) (67'21;5) + #'u,

TAK YTO
wu=1I,—1,1{/b. (38.22)
MNoncraeasa (38.22) B (38.16) u scnomunas (38.3), monyunm
Q — (diag (r) — nn'/k + rr’[(bE)} . (38.23)
Onenka (38.19) aHaJNOTHYHO MepeNnHChIBAETCH B BHIeE
T = Q(T — nBJk + rG/(bk)}, (38.24)
rie G o6o03HauaeT NOJHYI0O CYMMYy 3HaueHHHl BceX y, MpHIeM
G =1;B=1T. (38.25)

[IpaByio 9acTp (38.24) MOXKHO YNPOCTHTh H JHajblie. B camom
nene, coraacHo (38.23), umeem

O, =r—n@ 1)k + r(r'1,)] (k). (38.26)
Ho us cootHowenuit (38.3—4) u ux ciaeacTBus
r’'ly=>bk (38.27)

cienyeT, 4TO MocJenHHe ABa ujeHa B (38.26) coBnmanaioT, a 3HAUHT,
Q7'1, = r. Takum 06pasom,

Qr =1, (38.28)
M (38.24) nepenHchiBaeTci B BHIe
1 = Q(T — nB/k) + 1,G/(bk). (38.29)

B 38.25 mbl yBHAMM, YTO IOCJAefHUiH wied B nmpaBoil yacta (38.29),
No cyllecTBy, NaeT OLIEHKY TreHepa/bHOTO CpelIHero, KOTOpoe Ml
ONYCTHJIH B HawmeR JMHEeHHOH MOIeJH.

[Moncrasada nanee (38.22) B (38.21), nonyuum

B =y — 1,14/b) (B — n'V)/k. (38.30)

3to BbIpaXxKeHHe CHOBAa MOXHO YIPOCTHTH, MOCKOJbKY, HCIO/JNb3YyA

(38.25) u (38.3) M moacTaBJAfl 3aTeM 3HaueHHe T u3 (38.29), no-
AYIUM

15 (B—n't) =G — 't =G — r'Q(T — nBJk) — r'1,G/(bk).

Ho, xak caenyer us (38.25), (384) m (38.27), 3to Bmpaxenue
PaBHO HYJIIO. A 3HAYHT,

r'ts=aG, (38.31)
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u (38.30) cBomuTCA MPOCTO K
B=(B—n'D)k. (38.32)

Kpome Buunciaenns Q us (38.23), aja moJy4yeHns OUEHOK Ma-
paMeTpoB 06pabOTOK H OlLEHOK mapaMeTPOB OJIOKOB HYKHBI TOJNBKO
BEKTOPbl CYMMAapHbIX 3Ha4YeHHH HabualogeHHH no o6paboTkaM H Mo
6aokam, coorBercTBeHHO T 1 B u mnosHas cymMma 3HaueHuit G, KO-
Topast B cOOTBeTCTBHH ¢ (38.25) moxer ObIThb moJydyeHa u3 J1060r0
H3 3THX BEKTOpPOB.

JA nas 6A0YHBIX 3KCMEPHMEHTOB

38.24 Nas npoBeneHds JA nast 6,104HOrO 3KCNEpHMEHTAa HYXHO
BHYHCAHTb octaTOuHyio CK. Ona paBHa

Sy =(y — X0 (y — X0) =9’y — v’ X6,
yT0 cBOAHTCA ¢ HcnoabzoBanuem (38.18) u (38.11) x
’ T ,( v ) ’ TI'“ Y
— —_— ~ — — T — B uEg =—
So=yy (uB) a 4
=y'y—T'T— B’B. (38.33)
B o6uem cayuae IIA He fiBnsieTcS OPTOTOHAJbHBIM, MOCKOJIBKY BHe-
aHaroHa JbHble MaTpHubl B (38.17) He fABAAIOTCHA Hy/IeBBIMH. IMo-
sToMy, Kak u B npuMepe 35.4, B 35.38 u 35.43 HyXXHO HaiTH ocTa-
tounyio CK, ckaxem S,, aas cayuas, koraa Mexnay o6paboTkaMu
HeT Pa3HHIUbl, a3 OLEHHBAIOTCHA TOJBKO MapaMeTph GJIOKOB U €XHHBIil
IJa Bcex OMOKOB napamerp obpa6ortok. Torma pasHocts S;— Sy
6yner npencraBaaTh co6oit CK, cOOTBETCTBYIOILIYIO Da3HHIle MeXIy
06paboTKaMH.
38.25 B mpeanoJsoxKeHHH, UTO MexXAy 06paboTKamMH HeT pas-
HHIBL, OLeHKa T cBoautcss K tl;. Torma (38.24) cBomures K

71, = Q (T — nB/jk + rG/(bk)}.

B coorsercrBuH ¢ (38.28) moxcraBuM cioma Qr Bmecro 1;. YmHo-
XKas caeBa Ha Q7! TpAHCNIOHMPYfl M YMHOXasfl 3aTeM cnpaBa Ha 1,
NOJYyYHM

wr’'ly = {T — nB[k + rG/(bk)} 1,.
Ho nepsbie aBa 4YJieHa B NPaBOA YaCTH COBNAjalOT, MOCKOJbKY H3
(38.25) u (38.4) caeayert, 4TO

15 (T — nBJk) =0. (38.34)

B pesysasTaTte noJsydaem
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HJH .
Tlt = ltG/(bk), (3835)

YTO HHTYHTHBHO MOHATHO, NOCKOJbKY, B CJAydae OTCYTCTBHA pas-
HHLBI Mexay oOpaOoTkamu, reHepaibHOe cpeiHee G/(bk) sB-
JsieTcsl ONEeHKON anfl Bcex o6pabotok. Ilanee, ucnoansys (38.35)
u (38.4), noayuuM, YTO B paccmarpuBaemom cayuae (38.32) c¢so-
IHTCA K ~

B)zozs, = (B— 1,G/b)/k. (38.36)

Moncrasass (38.35—6) B (38.33) u ucmonbsys (38.25), nosayuum
S, =y’y — B’B/k, (38.37)

TaK 4YTO (KaK YHTaTeq10 IMpexaraeTcsi INPOBEpPHTb B YIpakHe-
uuu 38.1)
S, — Sy =TT+ B’S — B'B/k = (T — nBJkY Q(T — nB/k) (38.38)
npeacraBaser cob6oii CK, cooTneTcTBYIOlUIYIO pasHHUe Mexay obpa-
60TKaMH, B TO BpeMs Kak, corsacHo (3837), o6vemunendHas CK
IJg 6J10KOB H TeHepasbHOro cpenHero pasHa B’Bjk.

38.26 Mul MoxeM co6parb BCe NOJYYeHHbE pe3yJbTaThl B Cle-
Nyomyo TaGaHIy.

TaGmua IA nia o6mero 61041oro 3KCHepPHMEHTA

HcToduuk “CK Yucno
AUCAEPCHH CT, CB.

Bik = t—1

Pasuuna Mexay | T'% 4 B ﬁ._.
= nB/k ( — nBjk)

06paGoTKaMH (r —
(yuuTnBaloOmas
apdexTn  Gao-
KOB)

SdpdexkTn 6s0KOB B’B/k — G?/(bk) b— 1
(6e3 yueTa pas-
HHIB ~ MEXAY (38.39)
0o6pa6oTkaMH)

OcraTounas vy—T*—Bj bk — b—t + 1

lenepannbHoe cpen- G?/(bk) 1
Hee

IMonuas ' 'y g bk
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Uucno cr. ¢B. aas ocratrouHoii CK monyuaerca kak pasHocts. M3
(38.39) NOHATHO, YTO Hall aHAJM3 CBOAHTCA TPOCTO K BbILEJEHHIO
ujgeHa ¢ t-—1 CT. CB., COOTBETCTBYIOLIEr0 pasHHLle MeXAy Oo6pa-
60TKaMH, NOcJie TOFO Kak YXe BblAeJeH WIeH, COOTBETCTBYIOLIHHA
b — 1 nHHeAHO He3aBHCHMBIM MapaMerpaM OJIOKOB @ H reHepalib-
HOMY cpefiHeMYy.

Niauuposanue GIOYHBIX SKCMEPUMEHTOB

38.27 Ilpy mnpoBemeHHH ONHCAHHOTO BHIUE AaHa/JAH3a CaMbiM
CJIOXHBIM fABJISieTCA BbIYHCJeHHe MaTpHusl Q H3 (38.23), kotopoe
NPOBOAUTCA C HCNO/Nb30BaHHEM o6pamieHus maTtpHu. Martpuuma Q
3aBUCHT OT MaTpHUbl HHLUHAEHUHA M M BEKTOpPAa 7, KOTOPHIA MOJY-
uaercst H3 n B cootBetcTBHH ¢ (38.3). Iockoaexy, cornacho (19.16),

o2(X’X)~! saBasiercs AHCHepCHOHHOH MaTpHIel BeKTopa oueHok O,
u3 (38.17) cnenyer, uTo

V (1) = ¢°Q. (38.40)

Mu nonblTaeMcss Ha¥TH naan 3KcnepuMeHra (T. e. BhGpaTb )
Tak, 4TOObl AHCIePCHOHHAsA MAaTpHIA OLEHOK mapamerpoB 06pabo-
TOK HMeJla HeKoTopyio xejaemywo ¢dopmy. Ilpu onpenenenunn artoi
dopMbl Mbl 6yfeM HAaKJaAbBaTb HHTYHTHBHO IpHeMJieMble YCJOBHf,
KOTOpbie MNpPHBEAYT Hac K OOJbIIHHCTBY OOHYHO HCIOJNb3YyeMbIX
niaHoB skcnepuMeHToB. Kudep (1958, 1959) paccmatpuBaer pas-
JHYHble KOHUENUHH ONTHMAJbHOCTH MNPH MJaHHPOBAHHH 3KCIEpPH-
MeHTa M MNOKa3hiBaeT, YTO TNJaHH, CHMMETPHUHble OTHOCHTEJbLHO
Bcex 06paboTOK (TakHe, K KOTOPbHIM Mbl MPHIEM, HAJOXHB CHM-
MeTpHUYHble YCJOBHA Ha BCe OLEHKH napameTrpoB o6paboTok), om-
THMAaJbHbl B OGOJIbIIHHCTBE M3 DPAaCCMAaTpHBaeMbiX cMbicOB. Kap.aHH
u Cranmen (1966) namor 0630p oO6umiedi TeOpUH H HPUBOAAT 06-
obuieHus.

B 4acTHOCTH, 3TH CHMMeTpHYHble MJaHB MHHHMH3HPYIOT 0606-
[IeHHy0 AucnepcHio *) (ompexenutenp Mmatpuus (38.40)) u oGe-
CIIeYHBAIOT JOKAJbHYIO ONTHMAJBbHOCTL NO MOIIHOCTH KpPUTEpHS
NpOBepKH paBeHCTBA Bcex mapamerpoB o6pab6oTok. CTOHMT OTMe-
THTb, 9YTO 3TH CBOHCTBA ONTHMAJbLHOCTH He COXPaHAIOTCH, eCJH
caMM IUIaHbl MOXHO BbIOMPATb € HCIOJNb3OBAHHEM CJY4YaiiHOH mnpo-
nefypbl, XOTA O06006uieHHass [OHCHepCHs OCTaeTci MHHHMAJbHOM,
Koria pasmepbl GJIOKOB £ cTpeMATCH K 6eCKOHEU HOCTH.

HexoTopble TeopeTHUeCKHe BHIBOABI H OOCYXJeHHe TaKOro poia
caydalnozo s8vibopa naanog (BrAOYA cayqadHoie cbarancupo-
sannble) comepxatcsa B paborax [Mamncrepa (1960—1), Carrep-

*) H3 19.8 T. 2 MH 3HaeM, uTO 6nyrpu mo6Goro naada HK-omeukn mMuHHMH3H-
PYIOT OGOGUWIEHHYIO JHCNEPCHIO CPEXH JIHHERAHHIX ONEHOK. YNOMUHaeMHN Bhiwe
Pe3y bTaT OTHOCHTCA K BHOOPY Memwdy nyaHaMH, .
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ceeiita (1959), Byans (1959). [ABe nocnexnHHe cTaThH 0G6GCYXK-
nawoTtea B paborax IOpena, Kemncopua, Teiokd, Bokca, Xaurtepa
(1959) n duckoM6a (1959).

38.28 Ecnau BbiOpaTb nm Tak, uroObl cHeNaTb Q IHAroHaJabHOM,
TO OLIEHKH NapaMeTpoB 0O6pabOTOK CTAHOBATCA HEKOppeJHPOBaH-
HbIMH (OpPTOrOHAJbHBIMH) H, KPOMe TOTO, HyXKHOe HaM MaTpHUHOe
obpauienye cranoBurca TpuBHaabubiM. Ho MaTpuma Q auaronanbua
TOTAAa H TOJNBKO TOrAAa, KOrAA AHaroHajbHa o6paTHaf K Helt MarT-
PHUa, a MOCKOJbKY MepBHil 4WwieH B GUIypHHX ckob6kax B (38.23)
YXe JHaroHajieH, HaM HY>KHO notpe6oBaTb TOJNBKO, YTOOB MATpHLA
M = nn’—rr'/b Guaa puaronanbvHoil. [lanee, ucnonnsys (38.4)
u (38.27), nonyuum

UM1; =1 (a0’ — re’[b) 1, = k14k1, — (bRY/b = 0. (38.41)

Takum o6pa3oM, cymMMa BceX 3JieMeHTOB MaTpuubl M Bcerma
paBHa HyJio. Ecan marpuna M pomxHa ObiTh JHArOHaJbHOH, TO
BCe ee BHEIHMAroHaJibHHeE 3JIeMeHTbl IOJIKHH pPAaBHATbCA HYJIIO,
a 3HAYHMT, HYJIO JNOJXHAa PaBHATbCA CyMMa e€e JHAaroHaJbHBIX 3Jie-
MEHTOB, KOoTOphe Mul 0003HauMM M;;, T. € C HCIOOJAb30BaHHEM
(38.3)

L t rb t b
0= ZMu=2, (,?;, " fﬁ/b) =Z Xl —rnfof. (38.42)

OTCIOH.a aJa BcexX i, j JAOJIXKHO BBIINOJHATHCA
n” - fi/b = 0, (38.43)

HWJH B MATPHYHbIX 0003HayeHHAX
= rl1}/b. (38.44)

Takum 06pa3oM, yc/iOBHe IHATOHAJILHOCTH Q CBOAUTCA K TOMY,
YTO KaXHAblH OMOK COMEPXKHT OLHO H TO Xe MHOXecTBO 006paboToOK,
a CyMMapHOe YHCJO0 OOBEeKTOB, K KOTOPOMY NpHMeHsleTcAd Kaxnaas
o6pa6oTka, kpaTtHo b. Ilockonbky kaxnaa o6paGoika BCTpevyaeTcs
B KaxpaoMm Osoke 0 uian | pas W mo xpaliHell Mepe 1 pas B 3Kcme-
pHMeHTe KaK LeJIOM, TO OTCIORa CJelyeT, UTO Kaxnas obpaborka
BcTpedyaeTcl B KaxiaoM OJi0ke poBHO | pas. A 3Hauut, k=1 H

r =bly, (38.45)

Tak 4To (38.44) cBOAMTCA NMPOCTO K
n=1,1j. (38.46)
TakuM o6pasoM MH MOJYYHIM MATpPHUY HHUMAEHIHHA nJjlaHa cay-
yatlnolx 640K08.
OrHocAuEecs clofa pe3ysnbTaThl COAepiaTca B ympamHuenHsx 382—3,
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Maansl ciyyaiHbix 6J0k0B

38.29 Takum o6pa3oM, moclie NANHHHHX PaCCyKAEHHA Mbl NPH-
IIJIH K H3YYEHHIO [JIaHd CAYYaHHBIX GJIOKOB, KOTOPHIH YIOMHHaJCS
B .36.39, Korga BmepBbie pPacCMaTPHBAJOCh pPaHAOMH3HpPOBaHHOE
pasMeleHHe OO0beKTOB Mexay o6pa6oTkaMH. CTPyKTypa 3IKCNepH-
MeHTa €O CJAYuaHHbIMH 6JIOKaMH 4Ypes3BblyaiiHO npocrta: { o6pa6o-
TOK CJy4YadHbIM 06pasoM pasMellaloOTci MeXAy k =1 o6beKkTaMH
B KaxIOM H3 b 6/10kOB. B cHaly nHaroHaJAbHOCTH MaTpHUbl Q, OT-
Kyna B 38.28 u 6nla moayueH cooTBercTBylouuit nnad, HK-ouenku
napamerpoB H o6uias Ttabauna JIA nas GJOYHBIX 3KCIIEpHMEHTOB
(38.39) cymectBeHHo ymnpoutatotrca. [loacraeasa (38.45—6) B
(38.23), nonyuum

Q =1,/b, (38.47)

B TO BpeMs KaK moactaHoBka (38.46) u (38.25) B (38.29) u (38.32)
naet

T=T/b, (38.48)
B = B/t — 1,G/(bt). (38.49)

Ananoruuio CK pas pasHunubl Mexnay o6paGotkamu (38.38) npw-
HMMaeT BHI '

S)— So=T'T[b — G?/(bt), (38.50)

a ocratouHas CK coauTes K
So=y’y — T'T[b — B’Bjt + G?/(bt). (38.51)
B ympaxHeHud 38.4 udTaTeNl0 mNpeNsaraeTci NOpPOBEPHTb 3TH

dopmyan.
38.30 Ilpusenem tenepn tabauny ympomersoro JIA.

Ta6auua A aas 3KCNepHMeHTa €0 cayyailiHbiMH GloKaMu

HeTounuk c Yucno
AMCNEPCHH K CT. CB.

Pasunna  Mexny

06pa6oTKaMH T'T/b — G2/(bt) t—1
Pasuuna  Mexay

6JI0KaMH B'B[t — G?/(bt) b—1 (38.52)
OcraToyuasn y'y—T'T/b— B’'Bjt+ G2/(bt)| 1—1)(b— 1)
I'enepanbHoe cpen-

Hee G2/(bt) 1

IMonnas vy bt
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CpaBHuBas c (38.39), BMIHM, HACKOJBLKO BEJHKO ynpouleHHe. U3
cUMMeTpHH TabaHubl (38.52) OTHOCHTENBHO 06paGOTOK (CHMBOJIBI
T u t) u 610koB (cHMBONHI B, b) CTaHOBHTCA NOHATHO, mouemy
6NOKH paccMaTpHBalOTCA KakK (Memalonive) ¢axkTopbl aHadK3a,
nockoabky (38.52) ¢opmanbuo cosmanmaer ¢ Tabaunen JA aas.
ABYX(aKTOpHOH MepeKpecTHOR KJacCHPHUKANHMH C ONHHM Habsoje-
HHeM B KJetke (cM. npuMep 353 u ynpaxuenue 35.1). Kax
H Bcerpa, B TAKOM aHaJsH3e otcyTcTByeT CK B3auMmopaeicTBuil, xord,
kKak H B npumepe 35.3, MOXHO H3 octaTOouHO# CK BhimenuTh useH
¢ ONHOH CT. CB. AJfl MpoOBepkH B3aHMopeiicTBuiA. Takum o6pasom,
MOXKHO NPOBEPHTb MPEANOJNONKeHHe MOLENH O TOM, YTO 06paGoOTKH
H OJIOKH He B3aHMOJEHCTBYIOT.

IlTpumep 38.2

B 38.10 mnl Bunean, uto npeHeGpeKeHue BpeMeHeM JHSA, Koriaa
[NpPOBOAATCA HCIHITAaHHA B JKCIepHMeHTe H3 npuMepa 38.1, BBI3HI-
BaeT cepbe3Hble BO3pa)kKeHHdA. EciH paccMarpHBaTh Tenepn BpeMs
IHA KaK MewWalomuid PaKTOp H NPOBECTH KCNEPHMEHT C HCIOJNb30-
BaHHeM CJyuyaHHbIX OJOKOB (KaXAblii 6JIOK COOTBETCTBYET HEKOTO-
pOMY BpEeMEHH JHA), TO YNOMSIHYThie BO3paxeHHA OTNajaior.

JkoHOMHS CTeneHeii cBoGonbi: ABa Mewaloumux (pakTopa

38.31 M3 (38.39) BHAHO, YTO NpPH HCNOJbL30BaHHH b GiaokOB
HYXHO BHJeIATh ujed ¢ b— 1 cr. cB. Ecan H3-3a Gosbiuoit pas-
HHIBlL MeXJy OO6beKTaMH fmaxe BHYTPH OJOKOB HYXHO clelaTb
4HCaA0 06BeKTOB R B 6/10Ke NOCTATOYHO MAJbIM, TO AJA MOJYyYeHHS
3alaHHOr0 YMc/a HAGMIONeHHH HYXKHO COOTBETCTBEHHO YBENHYHTH
upcao 6iaokoB. Ho torma caMmkom 6Goablioe YHCAO CT. CB. Oyher
OTHOCHTbCA K 6JIOKaM, H, BO3MOXHO, NPHIAETCI HCKaTbh APYrofl mJaaun
IKCIIEPpUMEHTA, YTOOL H36eXaTh 3TOro, MOCKOJNbKY CHTYalusl, ROTAa
bt mamo, a b HamHoro GoJibile, 4yeM #, OCTaBJfeT XKeJaTh JyUYLUeroc.

YUTo6bl CIKOHOMHTb UYHCJAO CT. CB., TepsAeMhIX Ha YCTPaHeHHH
6/104HBIX 3G (PeKTOB, HYXKHO HOTOBOPHTbCH, YTO He Bce OJIOKH Tpe-
6yIOT OTAEJNbHBIX MapaMeTpoB, Kak 3710 6wmao B 38.19. ITpocroit
nyTb, NPHBOAALIME K 3TOMY, 3akJuaeTcd B cJiaeayiomeM. CuH-
TaeTcd, 4TO caMH OJOKH 06pa3yioT ABYX(PAKTOPHYIO KJjaccH(pHKa-
IO, CKaXeM C n CTPOYKaMH 4 m crtoabuamu. IlpH 3ToM, Kak
H paHee, NpeAnogaraercs, 4YTO KaxXAbili 6JOK cCOnepKHT R 0ObeK-
ToB. Kpome TOro, npepnoJiaraercsi, uto nm = b, a 1y napaMeTpoB
6J0KOB f;; HMEeeT MecTo

311=P1+Y1’ l=l,..., n; j=l,..., m. (38.53)

Tak mocrynaioT, HanpHmep, NPH HCIOJAb30BaHHH OJIOKOB AJA ycTpa-
HeHHd ABYX Mewiaonux GaKTOpPOB, COOTBETCTBYIOLIHX KJacCHPHKA-
IHH GJIOKOB MO CTPOYKAM U cTONOIAM.

7 M. Keuapanx, A, Crbioapt
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Kak u panee, MJIf TOrO YTOOb MOXHO GblJIO BHIAENHTb 3P deKTn
06pa6oTOK, HAJIOKHM CleAyiolie OrpaHHYeHHs:

Zer =2 =0 (38.54)

Ilpu 3TOM OxaxeTtcst, 4To 6Ga0KamM 6yneT COOTBETCTBOBATb TOJNBKO
(n—1)4(@m—1) cr. cB.

Temepb MOXHO KPaTKo omnHcaTh aHaaus no Mmeroay HK, xoto-
pHIfi BOTHE aHAJIOTHuYeH aHanau3y u3 38.15—26.

38.32 Kak u B 38.16, Tenepb HMeeTcsi nm MaTpHI 06paGoTOK
t;. Ilycte n-matpuna unuupeHuust nopsiaka (¢ n), COOTBETCTBYIO-
Hias CTPOYKaM, TaK YTO f; PaBHO eAMHHIlE HJH HYJIO B COOTBeT-
CTBHHM C TeM, NpHMeHseTc HAH HeT i-i o6paGotka B [-A crpoke
(BHe 3aBHCHMOCTH OT TOTO, B KaKOM cronbue). AHAJOTHYHO M-MaT-
pHla HHUMAEHUHE cTOa6uOB, nopsiaka (¢ X m). Kak u B (38.3),
uMeeT MecTo

nl,=ml,=r. (38.55)

Yro6u sHnoausioce (38.54), coorHomenue (38.8) 3aMeHsercs
Ha

10=1,v=0, (38.56)
a BMecTO @, onpejeneHHoro B (38.10), umeeM
G = up,
8 = vy, } (38.57)

re o HMeeT NOpAnok n — 1, § — nopanok m—1, a 4 K v ABAAOTCA
aHanoraMu u# u3 38.20.

Coornoulenne (38.12) ocraercss cnpaBeNJIHBHIM, TOJABKO Telepb
Yy — BEKTOp, COCTOALUHUA H3 nim BEKTOPOB Yij,

V4 ’
ty i lgw | 10

/7

=1t | L | 149 |, (38.58)

amk X(t+n+m-2)

’
nm lkun 1 £°m

0 =|" (38.59)

(t+n+m—=2) X1 -
[}
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B pesyanTaTe mosyuaem (cm. (38.15))

diag(r) ! nu’ | mo’
xfx=( un’ ;§mu,,_,§ 0 ) (38.60)

om’ g 0 ; nklm—l
H ecau 1o aHajoruu ¢ (38.23) 0603HauMTH
Q ={diag (r) — nn’[{(mk) — mm’[/(nk) + 2rr’[(nmk)} -1 (38.61)

TO MaTpHuna, obparHas k (38.60), uMeeT BHI

xx =
Q — Qnu’ [(mk) — Qmo’/(nk)
=|— un'Q/(mk)g {I,—1+ un’Qnu’{(mk)}/(mk) un’Qmo’ [(nmk?) R
l— vm'ﬂ/(nk)§ om’R@nu’[(nmk?) ; {Im—1 + vm’Qmo’ [(nk)}/(nk) ]

(38.62)

Tak 4TO coorHomenue (38.40) ocraercsi BepHbIM. Tak Xe kKak
B (38.18), MOXHO NOJAOXHTb

T
Xy— (uR ) (38.63)
vC

rie T, R u C — cOOTBETCTBEHHO BEKTOpPbl CYMMapHBIX 3Ha4YeHHR A
06pa6oTOK, CTPOK H cTONOUOB. Kak H panee, nmojaHaa cymma Oyner

o6o3Hauatbes G.
38.33 HK-ouenku noayuaiorcsi yMHoxkennem (38.62) na (38.63).

Bumecto (38.19) Tenepb mosydum
T = Q{T — nu’uR/(mk) — mv’'vC/(nk)}. (38.64

AnanorduHo BeiBoAy (38.24) 3TO BHIpa)KeHHe MOXHO YIPOCTHTH
M NPHBECTH K BHIY

T = QT — nR/(mk) — mC/(nk) + 2rG/(mnk)}. (38.65)
AwnaJsornuto BeiBony (38.32) mosyuum
6=w—mem}
¥ = (C — m'D)/(nk).

Taxkum o6pa3om, octatoyHasa CK, tak xe kak B (38.33), umeer
BHI

(38.66)

So=y'y—T"—Rp—CY, (38.67)

7‘
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a ecJiM, Kak H B 38.25,
T=r1l,, (38.68)
to ocratounas CK npumer BHI
S, = ¢’y — R’R/(mk) — C’C[(nk) + G?*(nmk), (38.69)

tak 4To M3 (38.67) u (38.69) monyuum, uro CK, coorsercrBywomas
pasHHIle MeXay o6paoTKaMH, paBHa

S, — Sy = P’QP — G?/(nmk), (38.70)

rae P — Mmarpuna, crosimas B GUTYPHBX ckOOKax B NPaBoil 4acTH
(38.65). CoorHomenne (38.70) saBasercas aunajnorom (38.38). Ta6-
auy JTA MoOXHO Temepr MOCTPOMTHL MO aHajAorHH ¢ (38.39), mpuuem
a¢pdekramMm O6M0KOB OyneT COOTBETCTBOBATH u/ieH, MMeIOMIHH BCero
n+m—2 cr. cB. IlpoBepky npuBeneHHbIX Bbille GOPMYJa H TO-
cTpoeHHe Ta6/MUIbI MBI OCTABJAfiEM UHMTAaTe/NI0 B KauecTBe yrnpax-
Heuuda 38.5.

JlaTuHCckHe KBaapaThl

38.34 YcrpaHeHne [AByX Mewalpomux GaKTOpOB MeTOLaMH
38.31—3 uaiue Bcero mpoBoxuTcsi npu n==m ¥ k= 1. Torna kax-
Ibifi GJIOK COCTOMT H3 OXHOr0 06beKTa, a OOBeKThl PacHoJOXKeHbl
B BHIe KBaJApaTHOH TabGaunbsl. B 38.31—3 M HHYero He roBOpPHJH
0o ToM, Kak t o6pa6orok pasMemalorcs Mexny Ojsokamu. [lpenmno-
JNIOXHUM Tenepb, YTo { = n = m, TakK YTO Mbl HMeeM TaGauuLy us {2
06beKTOB, MeXAY KOTOPhIMH CaydafiHHiM 00pasoM pasMentatorcs f
o6pab6orok. Ecnu mpenmosioXHThb, 4TO Ka)knas o6paboTka mpuMe-
HsieTCs POBHO OJHMH pa3 B KaxKAOR CTPOKe H POBHO OJIHH pa3 B KaX-
IOM cTojifle, TO Mbl MOJYYUM pacrojoXeHHe, H3BECTHOe KAaK 44-
tTunckud Kkeadpar. Huxe B (38.71) npusenen mnpumep ¢ t=14
1 o6paboTkaMH, o6o3HaueHHuMH A, B, C, D:

(38.71)

O
OO xWw
e o
W OO0

B BocemHamuaTtom Beke JfAJep MHOTO 3aHHMAJICS H3yueHHeM
JATHHCKHX KBAaJApPAaTOB C YHCTO MaTeMaTHYeCKOH TOYKH 3peHusA. Tor
cbam‘, YTO JIATHHCKHE KBAApaThl CTAJH HCNOJMb30BATbHCA IIPH MJAHH-
POBaHHH 3KCNEPHMEHTOB B HalleM CTOJIETHH, CJHYXHT 3aMedaTeJb-
HbIM TDHMEpPOM TOTO, KaK COBepUIeHHO Gecmojie3Hble Ha BHA TeO-
PHH MOryT MOJYYHTb B KOHIle KOHLIOB OoJbilloe MNPaKTHYECKOe
3HaueHHe.
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38.35 Ecau cMorpeTh ToNbKO Ha cTpokKH B (38.71), TOo MmI mo-
JIyYHM MJIaH CO cayyaiHbiMH 6jokaMu ¢ b = f. To xe camoe crnpa-
BEeIJMBO, €CJH CMOTPeTb TONbKO Ha cToabubl. Takum oGpasom,
MOXHO BocnoJb3oBaTecsi Tabaunmedt JIA (38.52) ¢ b =1, mpuuem
BO BTOpPOH CTPOuKe 3TOH TAaOJHIBI MOXHO 6paTb 4f00yr0 pa3HOCTb
Mexay O6JIOKaMH, COOTBETCTBYIOLIYIO CTPOYKAM HJIH CTOA6maM
B (38.71). 310 maer OCHOBaHHe OXHIAaTb, 9YTO MOXKHO pas3lelHTb
JBa 3THX 3¢pdexra H NONYYHUTb NPUBENEHHYIO HHXe Tabaumy.

HceTounuK aucOoepcuu

Yuecmo cT. cB.

Pasunua Mexny o6paGoTKaMu

CrpoukH

Croa6unt

Ocraroyuast
IenepannbHoe cpenuee

———

i
t
f (38.72)

t—=DN(E—-2
1

IMonnasn

t2

H B camMoM fefe, 3TO HemoCpeACTBEeHHO BHLIBOAMTCA H3 pe3ylib-
TatoB 38.33, ecau moNOXUTL n=m =1¢ U k= 1. UdraTeno npen-
JlaraeTcs MponenaTh 3TO B ynpaxHeHuH 38.6.

Ecau gBa Memaromux ¢aktopa MOTYT B3aMMOIdeHCTBOBaTb, UTO
NPOTHBOPEYHT MPEANOJIOKEHHI0 06 HMX aITHTHBHOCTH, CHENaHHOMY
B (38.53), TO 3TO MOXeT NpHBECTH K Cepbe3HbIM OWHOGKaM (CM.
Illepde (1959)).

38.36 lad nnaHa co caydaiiHIMM GJIOKAMH HET TPYAHOCTH TIPH
Bbi6Ope ONHOrO MJaHa cJayyaHeIM 06pa3oM. HyXHO TOJbKO HMeTb
c/yyaiiHble TIlepecTaHOBKH udcen ot | no ¢ (cm. 9.14 ¥ npumep 9.7),
yTOoGbl ¢ PAaBHBIMH BepOAITHOCTAMH clesaTb BbIGOp cpemm (!)? BO3-
MOXHBIX pa3MelleHHA 3KCHepUMeHTaJbHbHIX O0O6beKToB Nno obpa-
O0TKaM.

OpHako B cjayyae JIaTHHCKHMX KBajpaTOB BbIOOp MJaHa cjayuaii-
HbitM 06pa30M He TaK MPOCT, TOCKOJIbKY COBCEM He fICHO, KAK MHOrO
cyliecTByeT JIATHHCKMX KBAaJpaTOB 3aJaHHOr0 MNOpPANAKA, XOTA H3
pacCMOTPEHHA LHKJIHYECKMX TMepecTaHOBOK 3JIEMEHTOB [epBOil
CTPOKH OUeBHIHO, uTO AJaf J1060ro mopsigka CylUIecTBYIOT JIaTHH-
CKHe KBajapaThl.

UHca0 BO3MOXHBIX JIATHHCKMX KBaApaToOB nopsaka ! BecbMa
BeJUKO OpH Oosbiinx 3HaveHHsax !. Tak, Hanpumep, HMeercA 576
kBajapaToB nopsaka 4; 161 280 keaxpaToB nopanka 5; v 812851 200
KBanpartoB nopsiaka 6. Mx 4ucio moacuUHTaHO AJISi MOPSAKOB BIVOThb
no cenbmoro. XOTA H3BeCTHO MHOrO NpHMepOB KBaapaToB OGousee
BLICOKHX MOPfAAKOB, HO BbIYMCJIEHHE HX YHCJAA, KOraa nopsiiokK
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GoJibllle WM paBeH BOCLMH, BCe €Lie OCTaeTcss HepellleHHOH 3ana-
yel. JleTain ¥ npHMepH MOXKHO HAafiTH B «CTATHCTHYECKHX Tabau-
nax» Gumepa u HMsitea.

IlepecranoBKoit CTPOK H CTONGHOB KaXXAHI KBagpaT MoKeT
OniTb OpHBENEH K TAKOMY BHAY, KOTJ1a BepPXHSAS CTPOKa H JieBhil
cronbel, pacrnonoxeHw B nopsake ABC u T. . B 3roMm cayuae
FOBOPAT O «CTaHAapTHOM KBajgpaie». Hanmpumep, uMeercsa ueTHpe
CTAHAapTHHIX KBaapaTa YeTBEPTOro NOpsAKa:

ABCD ABCD ABCD ABCD
BADC BCDA BDAC BADSC
CDBA CDAB CADB C D A B 387
DCAB DABC DCBA DCBA

W3 kaxnoro npusenennoro B (38.73) kBagpaTta MoXHO 06pa3oBaTh
144 (=4!3!) KkBanpaToB, NepecTaHOBKOH BCeX CTONOLOB M Bcex
CTPOK, 3a HCKJloueHHeM Neppoil. (He uMeer cMnicna gesartb nepe-
CTAaHOBKY N€PBOH CTPOKH, NOCKONLKY B pe3yJbTaTe MNOJYYUTCS NO-
BTOpPeHHe Y}Ke HMeIOIlerocs KBaapata ¢ nepeo6osHaueHHeM Oyks
A, ..., D, a Takoe nepeoGo3HaueHHe He HrpaeT HHUKAKOH poOJH).
Taxum o6pa3oM, KaK yXKe YNOMHHAJOCh, NNOJIHOE YHCJAO KBaipaToOB
YyeTBEpTOro nopsiaka pasHO 4 X 144 = 576. B obweMm cayuae kax-
OhA CTAHAAPTHBHIA KBaapaT nopsiiaka ! nopoxnaer t!(f—1)! kBan-
paToB.

TakuM o06pasoM, HeoOGXOAHMO TOJbKO ONHCATb CTaHAAPTHBIE
kBagpaTtu. YToOn BHOpaTh JMAaTHHCKME KBaxpaT cJAydYa@HHM obpa-
30M, HagO CHauana ciayda#HoIM o6pasoM BBIGPaTb CTAaHAAPTHYIO
dopMy, a 3areM OepecTaBUTb CJAYy4YaHHHM OOpa3oM CTPOKH H
cTONOIK, NpUYeM CaMhil yAOOHKIH npolecc PaHIOMH3AIHH COCTOHT
B HCNOJb3OBAHMM TaGAMIl CAyYafiHHX nepecTaHoBok (cMm. 9.14
1 npumep 9.7). Ins KBagpaToB, NOPSNOK KOTOPHIX G6O/blle HJIK
paBeH BOCbMHM, I/l KOTOPHX He ONMUCAHH BCe CTAHZAPTHHE THIHI,
MOXHO BbIOHPAaTb TOJIbLKO CpPeIH TeX THIIOB, KOTOphie OMHCAHHI.
A 3HaunuT, cnyvaiiHbiil Boi6Op OyAeT NPOH3BOLHTLCA He H3 BCEro
MHOXKeCTBa BO3MOXHKLIX KBaZpaToOB, a TOJbKO H3 HEKOTODOro ero
OIMHOXeCcTBa.

Tpu H GoJibiie Melwlaomux ¢axkropa: rpeko-JaTHHCKHe
M OpTOroHajibHbEe KBAaJIpaThi

38.37 Herpynuo o006061iuTh [OHSATHE JATHHCKOro KBajapara,
yToObl NONYYUTb YCTPAHeHHe Tpex U 6ojee MelnaroulHX (pakTopoB.
3710 MOXKHO cAelaTb MPONECCOM HaNOXeHHS Pa3NMIHBIX JaTHHCKHUX
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KBaJpaToB. Eciau saTHHCKHIL KBajgpaT

(38.74)

x 00w

Cc D
A B
B A
D C

o OMN

HANOXHUTL Ha KBagpar (38.7]), 3aMeHHB NpexBAaPUTENbHO JAaTHH-
ckie OykBbl B (38.74) Ha COOTBETCTBYIOLIHE rpedyecKHe, 4TO6Hl He
BO3HHKJIO NMYTAaHHIbI, TO Mbl IPHIEM K PAacIONOKEHHUIO

Aa B Cy D8
By A8 Da CB
Cd Dy AB Ba
DB Ca Bs Ay

(38.75)

B KOTOPOM KaXJasg KOMOHHAIHs TpPEeYeCKOH M JATHHCKOH OGYKBHI
BCTpeuaeTcsi poBHO oauH pas. ITo 3Tolt npuuune kBaapaTh (38.71)
H (38.74) Ha3bIBAlOTCA OPTO20HAALHLIMU (AGTUHCKUML) K6adpa-
Tamu. HIx HajgoxeHnue (38.75) HashBaercs 2pPEKO-NATUHCKUM
K8a0paATOM.

QOueBuaHO, 49TO UpH =2 He CYUECTBYET rPEKO-JaTHHCKOrO
KBaapaTa. Dosee HHTepecHHIM sABAsieTcs TO, 4YTO He CYILeCTBYeT
TPEeKO-TaTHHCKOrO KBazpara npu { =6, xora npu {=6 uMeercs
812851 200 naTHHCKUX KBaZpaToB. DilJiep NPEANOJOKHJI, UTO rpe-
KO-JJaTHHCKHe KBAaApaThl He CYIUeCTBYIOT NpH [ ==4r 4 2, H noHa-
AOGHIOCh NOYTH JBA CTOJETHS,, YTOOGH ONPOBEpPrHyTb €ro npenrno-
JoxKeHHe H nMokasaTb (cM. Bose u Illpukanme (1959), Bose, llpu-
kauae u ITapkep (1960)), uto, 3a HckaOYeHHeM ! =2 u t =6,
BCeria cyUlecTBYIOT IpeKo-JaTHHCKHe KBampaThl. B tabauuax Pu-
mepa u Msfitca npHBOAATCS NPHMEpPHL.

I'peveckue 6ykBH B (38.75) MOXHO HCMONb30BaTh ANA HIEHTH-
$HKaNHU TpeTbero Melamulero pakropa (CTpOKH H CTOAOIK, Kak
H paHee, UNeHTHOUUUPYIOT MepBhie JBa, a JIaTHHCKHe GYKBH OTHO-
caATcst K o6pabGorkaM). Torma miaaH ycTpaHsieT BJHSIHHE Tpex Me-
wanmuX akTopoB TOYHO TaK Ke, KakK JATHHCKHI KBagpaT ycTpa-
HeeT sausiHue ABYX. Ta6auuna A sasasercs oueBHZHHM o0606!ure-
HUeM yNpaxKHeHust 38.6, 4 Mh OCTaBAsIeM YHTATENIO €€ MOCTPOEHHE.

38.38 Ha (38.75) MOXHO HANOXHTb ellle JATHHCKHH KBagpaT
(¢ HCnoNb30BaHMEM TpPeTbero MHOMXeCTBa CHMBOJIOB, HanpHMep,
qycesl) TaK, 4TOOBI KaXpass KOMOMHAUUA M3 NBYX MHOXECTB CHM-
BOJIOB BCTPeYajach pPOBHO OAHH pa3. TpH rakux JaTHHCKHX KBajm-
paTa Ha3blBalOTCS OPTOrOHAJbHBIMH B COBOKYNHOCTH. OTO clpa-s
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BeOdJUBO OJast pacnono;xemlﬂ
Aal Bp2 Cy3 Db4
By4 A83 Da2 CBl
C52 Dyl AB4 Ba3
DB3 Ca4 B81 Ay2

KOTOPOe Ha3blBaeTCs 2unep-2pexko-iaTunckum keadparom. Ecau rpe-
yeckde OYKBbI H UHCJ/Ja HCMOAB3YIOTCA ISt HAEHTHPUKAUUH TpeTb-
€ro M YeTBepTOro Memamlux GaKkTOpPOB, TO NJAH YCTPaHsSeT BAUA-~
HHe dYeTnlpex Memawowmux ¢akropos. Ilocrpoenne Tabanub cHoBa
NpefoCTaBAsieTCA YU TATeNI0 B yripaxKHeHHH 38.6.

38.39 Ha (38.76) Henb3st HAaNOXHTb HH OAHOTO JATHHCKOro
KBaJpaTa C coXpaHeHHeM OproroHaabHocTH. CyiiecTtByer He GoJiee
t — 1 B3aMMHO OpPTOrOHaJbHHIX JNATHHCKMX KBajpaTa nopsiaka I.
ITpocTroe nokasaTenbcTBO 3TOrO0 ¢akTa OCTaBAAETCS YHTATENIO
B BuZe ynpaxHeHus 38.7. MuoxecTBo H3 {— 1 OpTOroHa/NbLHHX
KBanpaToB nopsfka f, Buga (38.76) Has3biBaeTCH NOAHLIM MHONCE-
CT80M OPTOTOHAJBHBIX JATHHCKMX KBaApaToB. TakHe ncCJIHble MHO-
JKeCTBAa CYINEeCTBYIOT, €CAH ! — NPOCTOe YHC/IO HJAH CTeneHb Npo-
croro uncaa (cM. X. Mann (1949)). Takum ob6pasoM, npu < 9
[OVIHOe MHOXKECTBO CyIeCTBYeT BCeraa, 3a HCK/IIOYEeHHEM 3HavyeHHMH
t=2 u t =06, npu KOTOPHIX, KaKk MH Bumgenu B 38.37, He cyue-
CTByeT Haxe ABYX OpPTOroHaabHhHX KBaapatoB. I[lpu 10<C 7 <C 30
Bappa (1965) nmpuBozuT HekoTopble PaKTHl 06 H3BECTHHIX MHOXe-
CTBax OPTOTOHAJbHBIX KBajApaToB. [loaHble MHOXKeCTBa oOnucaHbL
npu ¢ << 7. B rabnaunax ®dumepa u Hafitca npusomsitcs npuMepst
ons t << 9.

3a panbHeHIIHMH TeOpeTHYeCKUMH (akTaMH U KOHCTPYKIHSIMH
JaTHHCKHX KBaJpaTOB H COCTOSIIMX H3 HHX OPTOrOHAJbHBLIX MHO-
JK€eCTB, O KOTOPBIX MH 3/eCb He YNOMHMHAJH, YUTATeNAb OTCblIAETCSE
K OByM MoHorpadusim Bafima (1967a,b), k panHemy oTuery MaHua
(1949) o meronax P. Bose u k o63opHnoit cratbe Bappa (1965),
B KOTOpPOH npHBOAHTCSH GUOJauorpadusi no maHHOMY BOMpocy, Npo-
nomxampumas o63op Hoprona (1939).

38.40 IIpakTHueckoe HCNOJb30OBaHHE JAaTUHCKHX KBaApaToB B
3KCNepUMeHTAaNbHOA paboTe OrpaHHYeHO H3-3a YCAOBHA, YTO YHCAO
06paboTOK AOMKHO COBMNAAaTb C YHCJIOM ypOBHed KaXKAOro H3 Me-
walomHx GakTopoB. DTO YCAOBHE CTAHOBHTCA ellie Gosee orpaHH-
YHTeNbHHIM, KOrfla Mbl MepexXofHM K TpPeKo-JaTHHCKOMY KBaApary
¥ OPTOrOHAa/JbHbIM MHOXK€CTBAM KBaApaTOB OoJiee BLICOKHX MOpPAL-
KOB. B CBsI3H ¢ 3THM mNOC/NeAHHEe pacCnoJOXXeHHsA HCNOJb3YIOTCA [A0-
BosbHO penko. OnHaKo caMH JaTHHCKHE KBaApPaThl YacCTO HCNOJb-
3YIOTCSl B CE€IbCKOXO3SAICTBEHHHIX 3IKCNEePHMEHTaX, KOria CTPOUKH
H cTonblubnl KBAAPaTHOH TabAHIBI COOTBETCTBYIOT (aKTHUECKOMY
PacnosIoKeHHI0 3JKCIHepHMeHTa/bHbIX ydacTkoB (00bek10B). Ilpm

(38.76)
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3TOM TPAaNUEHT MJOAOPOAMA MOYBBI BAOJb 3THX [BYX HanpaBJieHHi
IAA 3aHATOA [ON SKCOEPHMEHT NJIOMagH He G6Gyoer oKasbIBaThb
BAMAHHSA Ha O6pa6oTkH. KoHeuHO, rpafHeHT NJIONOPOAHS MOMeT
OHITb H B APYrdX HANpaB/eHHSX, HANDHUMEp MO OHATOHAAH K KBaj-
paTHOil Ta6anne. Torna npumMeHeHHe JJaTHHCKOrO KBaapaTa He MpH-
BOJIMUT K YCTPAaHEHHI0 Mellaomiux BJUAHHA. OXHAKO OGBIYHO 3KC-
MepHMeHTATOpP BHI6GHPaeT OPHEHTANHI0 CBOHX CTPOK H CcTOAGHOB
TaK, 4YTOGb!I YCTPAHHTb U3BECTHBIe HJIM MpelrnosaraeMele rpafHeHTbI
TNJIOLOPOJHS.

ITonsitTHO, 4TO pacnonoXeHHe B BHIe JIATHHCKOrO KBaapara
MOJKHO HCNOJIL30BaThb BCAKHUH Pa3, KOrAa HYXHO YCTPAaHHThL BJIHSA-
HHe ABYX reorpadgHyeckuX HJIH BpeMeHHBIX KOOpPAHHAT. AHANOrHYHO
pacnoJjioxKeHnse ¢ 6oJiee BbICOKHMHM NOPSAKAMH MOXHO NpPHUMEHSITh,
ec/id HUMeeTcs TPH WA 6oJblile TaKUX Mellamomwiux $pakTopos.

Ilpumep 38.3

B sKkcrnepuMeHTe, PacCMOTPeHHOM B npuMepax 38.1—2, MOXHO
TIPEANONOXKUTb, UTO [OeHb HeNedH, KOrga IPOBOMUTCA HCNLHITAHHE,
-TakXe BJHAeT Ha pe3yabTaT. I HmoTe3a COCTOMT B TOM, 4TO cCylue-
CTBYeT HEKOTOpasi HaKOIJISIeMOCTb YCTAJOCTH B TedeHHe paloueil
HellenH, KOTOpasi OKa3biBaeT TaKoe Xe BO3HeHCTBHe, KaK O6CYX-
JlaBlIeecsl paHee «BpeMs AHSi». YCTPAHHTb BJHSIHHE 3THX ABYX Me-
MAaUHUX (GaKTOPOB MOXKHO, PacCMaTPHBAs CTOJbKO NPOMEXYTKOS
BpeMeHH MHS, CKOJbKO AHell B pabouedl Hemene (ckaxeM, 5),
M NpeiCTaBAssl SKCIePUMeEeHT B BHAe NJaHa JAaTHHCKOrO KBaapara
pasmepa 5 X 5. 3ameTHM, U4TO A8 OTAEJBHOrO KBAAPATA MOXKHO
6paTb TOABKO 5 06pa6orok (mo3 anaxKorodasi). OAHAKO HHYTO He
MelllaeT HCNOAb30BaTb CTONBLKO (5 X 5)-KBaApaTOB, CKOJBKO Tpe-
Oyerca AJsi NPOBEPKH BCeX NpeLNOXeHHbX obpa6orok. Hyxxno
TONBKO, 4TO6B YHCHO 06pa6oOTOK OhIIO KPaTHO 5.

Ecau, noMHMO BpeMeHH IHA H OHA HeAeJIH, PaCCMATPUBATH
MecTo paGoTHl Kak TPeTHH Mellaloomiufi ¢akTop, BAHAIOUIMI Ha 3KC-
TIepDUMEHT, TO MOXHO Bbi6HpaTh NMPHHHMAIOUHX yYacTHe B 3KClle-
pHMEHTe BOAMTeJefl M3 NATH MecT pabOTel M NPEACTaBHTb 3KcIlie-
PHMEHT B BHIe TPeKO-JaTHHCKOro Kmaaparta. Ho Heobxomumocrs
BuiGOpa MMEHHO NATH MecT paGoOThi H HMEHHO NATH NPOMEXYTKOB
BpeMEeHH MHs, TOJbKO NOTOMY, 4TO pa6ouast Hemeas COCTOHT H3
TATH LHell, 4acTO JelaeT COOTBETCTBYIOlLHe NJAaHbl HEYyNXOGHBIMH.

PanpomMH3auusa # YCTOHYHBOCTb [qJs caydaHubix GJ0KOB
# JNaTHHCKMX KBaJApaToB

38.41 B 38.18 Mnl OCTaBHJIH B CTOPOHE BONPOC O BJIMSHHH Ha
BHIBOAH cJaydafiHOro pasMelieHHsi o6paboTOK MexIny OGBeKTaMu
BHYTPH 6JIOKOB NPH GJI0YHHIX 3KCnepHMeHTaXx. ToT e Bonpoc BO3-
HHUKaeT MO OTHOUIEHUIO K CAYyYa#HOMY pasMelleHuio o6pa6GoTOK MO
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o6beKTaM B JIaTHHCKOM kBazpate (cM. 38.34). Tenepp MBI HOJMKHEL
IeTaJbHO PacCMOTpPeTb 3TOT BOMPOC.

ITpuBeneHHBINl BONPOC MOXHO PAacCMaTPHBATL C ABYX TOYeK 3pe-
Husi. Bo-nepBhiX, MOCKOJLKY MNPH PAHAOMH3aUMH MH NPOBOIHM
{B BHIe mpenocTepeXXeHHs OT CMEIUEHHOCTH BLIBOLOB) HEKOTOpHIEe
(usnueckue meficTBUSi NpH pasMellleHHH O6PabOTOK MeXny oObek-
TdMH, MOXHO CNPOCHTb, KaK 3TO MOBJHSAET Ha CIPaBeAJHBOCTH
BHIBOZIOB, KOTOPhle HeNAalOTCSi C MCNOJIb30BAaHHEM JIHHEHHOH MOJeNH
C TOMOCKEeLACTHYHBLIMH HeKOppeNHPOBaHHHMH OWHGKAMH, CTAaHOBS-
HIMMHCS HEe3aBHCHMBIMH, €CJAU NPEANOJOXHTb HX HOPMAaJbLHOCTh
(4T0 HeoGXONHMMO nenaeTcsl Nnpu nposepke runores). C 3TOH TOUKH
3peHHs MNpPHBENEHHLIA BONPOC COCTOMUT B YCTOAYMBOCTH HAIUHX
BLIBOJIOB.

OnHako BONPOC MOXHO IOCTABHTb G6oJiee MNPsAMO, npechaenys
Gonee WIHMpOKHe 1enH. PaHnmoMusauus nopoxaaer paBHOBEPOSATHbLIE
MHOXeCTBa HabJofeHUi, a B rjaaBe 31 u nanee MH BuIeJH, YTO
paccMOTpeHHe MepecTaHOBOYHBIX pacnpefeseHHil MOXeT NO3BOJHTH
HaM 3aMEHUTb TEeOpPHI0O HOPMAJbLHOrO pacnpepeneHdsi Ha OoJee
o6imre (tBoGOAHLIE OT pacnpeneneHus) Metozbl. Ecanm Bwinmos-
HSIOTCA NPENrnoNOXKeHHsT HOPMAJNbHOCTH, TO YyMeHblleHHe 3¢ dek-
THBHOCTH NPH NPHMEHEHHH 3THX METONOB (IO CPaBHEHHMIO C MeTO-
IaMH, HCNONbL3YIOIIUMH HOPMaJbHOCTb) JH6GO MaJjo, aubo Boobile
OTCYTCTBY€T, 3aTO €C/IM NPEeANoJIOXKEeHHsT HOPMaJbHOCTH He BBINOJ-
HAIOTCA, TO HX 3bPeKTHBHOCTb MOXKeTl OLITb HaMHOrc GoJblie.
MOXHO crnpocHTb, He 6yHeT JH PAHAOMHU3AUHUA HUrpaTb TY XKe DPOJb,
T. €. He MO3BOJHT JH OHa OCBOGOAMTb HAC OT HeOGXOXMMOCTH Ae-
JlaTb NPedNnoJOXKeHHSI HOpPMAaJLHOCTH.

38.42 [leranpbHOe paccMOTpeHHE TEOPHM PpaHAOMH3ALHH [Js
cAydYaiiHeix GJIOKOB H JIATHHCKHX KBaJpAaTOB COAEPKUTCS B npef-
nocnenner raase kHuru Illedde (1959), rme npuBesensl CCbLIKH
Ha JHTtepaTypy. C TOYKH 3peHHS OLIEHHBAHHS CaMbIMH HHTepec-
HbIMU  AIBJSIIOTCA  Pe3yAbTaThl O MAaTeMaTHYEeCKMX OXHUIAHHAX
CpK B Ttabnunax A, kortopele mutupyiotrcssi u3 pabor Kemn-
copna (1952) u Yunka u Kemncopna (1957) (cM. rakxke Koke
(1958b)).

dnsa nnaHa cayyaiflHeIX GJIOKOB MaTeMaTHYeCKOoe OXHAaHHe
CpK o6paboTok noayuyaercsi U3 MaTeMaTHYeCKOro OXHAAHHS OCTa-
togyHoro CpK BHYHMTaHHEM ujeHa, 3aBHCALIEro OT B3aMMOAEHCTBHMA
Mexnay 6nokaMH M o6paboTKaMu ¥ Ao6GaBJ/ieHHeM OGLIYHOTO 4JIeHa,
3aBucsulero ot 3dpdexroB ob6pa6orok. (CTOHT OTMETHTb, YTO NpPH-
cyTcTBHe OWHGOK B3auMomeicTBuit (cM. 36.41) mexny o6pabor-
KaMH U OObeKTaMH 8HYTpu GJOKOB He MeHsieT CHTyanuio). Takum
o6pasom, octaTouHnii CpK yBenuuuBaercst u3-3a B3aHMOIEHCTBHH
Mexay 610KaMH M o6pa6oTkaMu. OZHAKO 3Ta TPYAHOCTb HCue3aer,
ecnv (Kak 3To 4acro OnhlBaeT W Ha CaMOM Jejie) paccMaTpuUsaTh
3¢ dexTn 6JOKOB He KaK (PHKCHpOBaHHbIe, a KaK cJjJyuyaiiHhe Be-
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anynHbl. OctaToudnii CpK MOXHO TOraa COOTBeTCTBYIOUIMM OGpa-
30M HCIONbL30BaTh AJa oleHKH BeanuuHnl CpK o6paborok.

Hns naTHHCKOro KBaapaTa CUTyallusi CJIOXKHee, MOCKONbKY 31€eCh
OIIHOKH B3aHMONEHCTBHH OKa3hIBAlOT HEKOTOPOe BJMsHHE HA CpaB-
HeHHe CpK o6pa6orok ¢ ocratounbiM CpK. Ilo npuumnam, o Koto-
pHX rosopunock B 36.42, npocThie pe3yJbTaTh 3HeCh He MOJY-
galTcs.

38.43 PaccmoTpuM Temepb BONPOCH NPOBePKM ruUnores aas 3d-
dexToB 06paGoOTOK NMpH HAJHYHM paHioMusanuu. [ns ciaydas, korga
HeT oIn60K 06bekTOB (cM. 36.41), coorBeTCcTBYIOLIAaA TeopUs Gblaa
yxke passButa B 37.39—41, rge paccMaTpHBaJICSI KpUTepHil nepe-
CTaHOBOK AJs 3 deKkToB cTonbuoB npu aByxdakropHoH Knaccudu-
Kalui C¢ ofHHM HabiogeHHeM B KaeTke. B 38.30 Mul BHIeaH, uTo
cHTYalHus chaydailnpix OnokoB ¢opManbHO coBrnajzaer ¢ yKa3aHHOH
knaccubukanueli. TakuM o6pasoM, HpH MNpoBepke runores o6 3d-
dexTax o6paboTOK AN caydalHbiX GJOKOB CNpaBelJIMBH pe3y/b-
TaTtel 37.-39—41. Ilpn 5TOM CTPOYKH HrpaloT poab GJIOKOB, a cTOJ6-
b — 06paboTok. A 3HauuT, MOXKHO B (38.52) npuMeHHTb OOHYHBIH
xputepuit JJA nast o6paGoTOK C YHCJIOM CT. CB., YCTAHOBJIEHHBHIM
MetonoM 37.29, xak 3To ykasniBajoch B 37.40. (Heckonbko BHGO-
pouHbix 3KcnepuMeHTOoB Konbepa u Beiikepa (1966) ykaswBaloT,
YTO MOIIHOCTb OGLIYHLIX F-KpUTepHeB TaKxKe YCTOHYHBA K Hapylle-
HHIO HOpMasbHocTH.) C Apyroil CTOPOHBI, MOXHO, Kak H B 37.41
H ynpaxHeHuu 37.14, HCnonb30BaTh CBOGOAHBIE OT pacnpeleseHHs
KPUTEPHHM, OCHOBaHHhle HAa paHrax MJM HOPMAJbHHIX MeTKax, MpH-
geM, ecJH YHCJ0 00paboTOK HJH 4HcAO0 GJOKOB He CJHIIKOM MaJlo,
TO MOKHO npeHe6pedb NONPaABKOH HA YHCJO CT. CB.

Hokcym (1967) u Xoanandep (1967) w3yualoT npoBepKy ranorte3 o6 o6paGot-
Xax IJs51 SKCIEePHMEHTOB (O CJay4YallHHMM GJIOKaMH TNPOTHB ajbTepHATHB 06 Yho-
%nnoqemmx BHAa (31.156). KpHTepHH, OCHOBaHHHE Ha CHMMETPHYHOM KDHTEPHH

HiaKokcoHa (cM. 31.79), o6najalor oueHb BBICOKOH 3()(PEKTHBHOCTHIO MO CpaB-
HeHHIo ¢ i-KpHTepHeM CTblOZeHTa TpH afbTepHAaTHBaX cABHra (Bceria He MeHee
0,864 u He MeHee 0,563 B HopMaabHOM cayuae). Axajgor (31.151) MHoro xyxe.

Ecau npHCyTCTBYIOT OmIMGKH O0BEKTOB, TO, KaK mokasaj Orasa
(1961, 1963), MOXKHO Bce ellle onpaBAaTb NPHUGIAHXKEHHOE NpHMe-
HeHHe cTaHaapTHoro F-KpuTepug, ecau aucnepcuu 3ddexkToB 06b-
€KTOB TNOYTH MNOCTOSIHHH BHYTPH OJOKOB, a 4YHCJAO OJIOKOB HOCTa-
TOYHO BEJHKO.

JJist JaTHHCKUX KBaJpaTOB JaKe NPH OTCYTCTBHU OLIHOGOK 06b-
€KTOB KPHTEPHUH MnepecTaHOBOK ANs 3PdekTOoB 06paboTOK MeHee
YIOBJETBOPUTENeH, YeM MJIst CAY4YaillHHX 6J0KOB. TO Ke 6bl10 BEPHO
Jas onedok B 38.42, Kak U paHee MaTeMaTHYeCKoe OXHaHHE
o6niunoft ansi JJA CTaTHCTHKH KpHTepUsl COBNajaeT A/asi HOpMaJib-
HOH TeOpHM H ANA CAydas PAHAOMH3AIMH, OJHAKO B MOCJEAHEM
clyyae BhLIpaXKeHHe AN Aucnepcud Gonee caoXHoe. Benencraue
3TOro OCTaeTcsi MaJjo AOBOJAOB B NOJIb3y NPHMEHEHHS HOPMAJbHOIO
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NpHOJHIKEHHsA B CJydae IepPeCTAHOBOUHOTO pacnpenpelieHds (YaJuau
(1937); Wedde (1959)).

38.44 TakuM o6pa3oM, HOBOALI B NOJb3Y CNPaBeNJHBOCTH KpH-
TepHeB HOPMAJbHOH TEOPHH AJAS PaHIOMH3HPOBAHHHX JIATHHCKHX
KBAaJApaTOB B€CbMa COMHHTENbHbl, H HX YHCIO HaxKe yMeHbIIaeTcCs
LA GOMbUIMHCTBA APYyruX, OoJsiee CAOXKHBIX NJAAHOB IKCIepPHMEHTA.
[losToMy BHI3HIBaeT COMHEHHe pacrnpocTpaHeHHoe G6GeaMsATexHoe
NpeAnosoKeHHe O TOM, 4YTO PaHXOMH3HPOBAHHHI ciaydad Bceria
Xxopoulo npHbanKaeTcs:i HOPMaJbHOH TeOpHel.

Tenepr BO3HMKaeT NpHHLUNHAJMLHBIA Boupoc. [loakHa au paH-
NIOMH3alUs FIBHO BKJIIOYATbCsi B TEOPHUIO, JeKallyid B CCHOBe Ha-
LWIHX KPUTepHeB M npounexnyp oueHku? Ha stor Bompoc TpyAHO He
OTBETHTb YTBEPAHMTEJNbHO; TIOCKONbKY paHAOMH3alUs SABJASAETCSA
BaXXHhIM MOMEHTOM COBPE€MEHHOrO MOXXOAa K CTaTHCTHYECKMM BhI-
BogaM (cMm. 38.7). ITosToMy TpPyAHO omnpaBiaTh TO OTHOCHTEJbHOE
npeHe6pexXeHue 3THM JOBOJMIbHO CJIOXKHBIM pa3fie]lOM CTaTHCTHUe-
CKOH TEOpHH.

JMcriepcun pasHHUbl MeXIy o0paGoTKamu
B 6J0OYHBIX 3KCIEPHMEHTaX

38.45 BepHeMcs Tenmepb K 3amaye NJAHHPOBaHHA A obulero
aHaau3a GJOYHKIX 3KCIEPUMEHTOB, NPOBEIeHHOro Bhiie B 38.19—26.
B 38.27 wmbi Tpe6oBaJjH, 4TOGBI OIllEHKM napaMeTpoB 06paboTok
6bLLIM OPTOrOoHa/bHb (KaK Ono noaydeHo B 38.28—30, 310 Bener
K nJaHy caydaiiHelx 610KOB). BmecTo 3TOro copmysupyeM Tenepb
3afauy NJAHHPOBAHUSI B TEePMHMHAX NIUCNEPCHH PAa3HOCTEH MeXNIY
3THMH OlEHKaMH.

[lyctb MBI XOTHM, 4TOOK B pe3y/JbTaTe IKCIEPHMEHTa HHCrep-
CHH pasHOCTeil MeXIY OUeHKaMH nmapamerpoB i-it u [-ii o6pa6orok
paBHAJMCH, ckaxeM, 202d;. OGosnaumm (i,[)-#i 3jemeHT Aucnep-
CHOHHO#l MAaTPHIIH OIEHOK NnapaMerpoB 06pa6GoTok depe3 o’w;. Co-
raacio (38.40) sta MaTpuna paBHa o°Q, rie Q onpeneneHa
B (38.23). Torna

W — 2wy + wy = 2dyy, (38.77)
TaK 4TO

Wy =5 (0 + W) — dus. (38.78)

1
Ecau 0603HAYUTh W BEKTODP C 3JeMEHTaMH {gw“ } a D martpuny

¢ saementamu {— d;;}, roe d,;=0 coraacHo (38.77), To (38.78)
MOXHO MepeNnucaTh B BHAE

Q—wli+ 1w +D=(wil,) (;'”L,)+D. (38.79)
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Herpynno Buners, yto cooTHourenne (38.79) nas mo6oro ckanasipa
¢ coBnajnaer ¢

2=(w—gct)li+1(w—ygcl) +D+cl,1). (3880)

IMockonbky camMo w (Kak GYHKUHS OT Q) NOAJEXKUT BHOOPY HpH
NJAHUPOBAHHH OJOYHOrO 3KCnepuUMeHTa, TO 6e3 morepH OGILHOCTH
MOXKHO NPOXOJKATb Hcnogab3oBaTh (38.79), ycnoBuBmuch, ato D
MoOXeT OblTb 3aMeHeHO Ha J6yl0 MaTpHLy, OTJHYalomylocss ot D
Ha cKaJasp, YMHOXeHHBI Ha 1:1;. Takde MaTpHILl HA3b'BAIOT MaT-
punamu xaacca D.

38.46 Mrak D paBHa YMHOXEHHOH Ha KOHCTAHTy MaTpHue IHC-
nepcHA pas3HOCTeil OUEHOK MNapaMeTpoB O6paboTOK, KOTOPYIO Mbl
XOTUM noJayyuTb. IlycTh MBI XOTHM HOJYYHTb 3Ty MATPHIY TaKOH,
4TO6bl BCe BHEAMAroHaJibHble 3j1eMeHTnl D O6hliM paBHbI, TaK 4YTO
Mbl XOTHM, YTOGHl BCe DAa3HOCTH OUEHHBAJHChb C OLHOH U TOH XKe
TouyHocThbo. ([/aBHass agmaronans Marpuns D, pasymeercs, co-
croutr u3 Hyneft). CorsacHo (38.77) Mul NOJYUYHM TaKoH BMI Mart-
puusl D, ecnu BhiGepeM IHCNEPCHOHHYIO MAaTpHLy € OIleHOK napa-
MeTpoB O6pabGoTOK Tak, YTOOH ObLUIM paBHH APYyr APVrY Bce ee
JAUaroHa/NbHbie 37eMEeHTH W;; H PAaBHbl APYr APYry BHEAHArOHAaJb-
Hhble 3J1eMeHTH W;. B 3TOM ciyyae caM BeKTOp W paBeH cKaJfipy,
yMHOXeHHOMY Ha 1,, Tak ut0o B (38.80) MOXHO BHIGPATL KOH-

CTaHTY € TakK, 4YTOOH wW — %cl,=0. Torma coorHomenue (38.80)

CBOAUTCA K
Q—Dp, (38.81)

rae D, o603HauaeT COOTBETCTBYIOULYIO MAaTpHIy H3 Kaacca D. U3
(38.81) u (38.23) noaydum

D;' = diag (r) — nn' [k + rr’/(bk),

OTKyZAa
nn’ = k {diag (r) — D' + rr’/(bk)}. (38.82)
Hs (38.28) n (38.81) nmeem
r=D;'1, (38.83)
a u3 (38.83) c ucnosbzoanueM (38.27) noayuum
bk = 1:D; '1;. (38.84)
INoacraBassa (38.83—4) B (38.82), moayuum

D '1,13D]!
' =k { diag (D:'1:) — D' + —‘,—‘_‘,—°—} . (38.85)
1L,D;'1,
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Xora (38.85) 6bl10 MOMYYeHO NPH CHEHAJbHOM NPeANOJOXKEeHHH
O TOM, 4TO BCe BHEIMATOHAJbHHE 3JeMeHTH MaTpunbi D paBHHI,
KaK HenocpeacTBeHHO nokasan Touep (1952), 3To coorHOolIeHHe
ocraeTcss BepPHbLIM B OOlleM cJayyae Aans NPOU3BOJABHOH D (cM.
ynpaxHeHue 38.8).

38.47 BosBpamasch K npeanoyoxeHusm 38.46, BuAHM, 9TO eC/H
BCe BHEeIHArOHaJibHble 3JeMeHTH MaTpHusl D paBHel —l/a (cooT-
BETCTBEHHO BCe MMCHEPCHH pasHOctefl paBHH 2¢%/a), TO

D =1a—11), (38.86)

a MOCKOJbKY
.Dc = D + cltl;,

TO
D, =L {I,+ (ac— 1) 1113}, (38.87)
Herpyaso npoBepurb, 4TO MaTpuina, o6patHas K (38.87), paBHa
—1 ac —1 ’
D =a {It—]——l-t(aTlTltlt}'
Moanaras A= (1 — ac)/{1 + ¢t(ac — 1)}, noayuum
D;' = af{l, + A1,13}, (38.88)
a svauuTt, (38.83) MoxHO nepenucaTh B BHIE
r=D'1,=a(l+ A) 1 =rl,, (38.89)

rae r = a(l 4+ At). Orciona caenyer, 4to Kaxaas o6paboTka MpH-
MeHsIeTCA B JKCIIeDHMEHTe OJHO M TO XKe 4HCa0 r pa3. Mcnoabnsys
(38.88—9), moayuum, uto (38.85) MOKHO mepenHcaTb B BHIE

nn’ = k{(r — a) I; 4 (a/t) 1:11}. (38.90)

3nech He purypupyer npou3BoibLHAs KOHCTaHTa A, KoTopas HyXHa
TOJLKO VISl OnpefeseHHs .

YpaBHeHne nJjaHa

38.48 YpapHeHue nas1 nn’ Ha3nBaeTcsi ypasHenuem naaxa. U3
onpenenenuss n B 38.16 Mn Buzmum, uto (i,[)-H 3neMeHT MaTpPHUH
nn’ yxa3blBaeT Ha TO, CKOJIbKO Da3 B SKCIEPHMEHTe, KaK IeJioM,
BCTPEUAIOTCS BMecTe B ONHOM GJioke i-1 u [-a1 o6paborku. B uacr-
HOCTH, NpH (=1 gvaroHajabHble 3JeMeHTH MAaTpulkl nnr’ paBHB
NpoCTO 9YacToOTaM r; C KOTOPLIMH i-1 06paGOTKa npHUMEHseTCA
B 3KCNepHMEHTe.
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Miaansl c6aNanCHPOBAHHBIX HENMOJHBLIX 06JIOKOB

38.49 [MpouHTepnperupyeM Tenepb npuBeneHHoe B (38.90) ypas-
HeHue NJjaHa B cBere 38.48. PaccMarpuBasi ypaBHeHHe AJjifl AHAro-
HAJbHHIX 3JIEMEHTOB, HMeeM

{an'};; =r =k{(r—a) + aft},

a 3HAYHT,
r=ak({— )f{(k— 1)1}. (38.91)
Jis BHenuaroHaabHBIX 31eMeHTOB (38.90) momyuum
{nn'};; = ka/t = A. (38.92)

Takum o6pa3oM, B 3KCnepHUMeHTe, KaK B IleJiOM, B ONHOM H TOM Xé€
6/10Ke KaXpaast napa o6paboToK BCTpedaeTcss POBHO A pas.
H3 (38.91—2) nonyuum

rik—1)=a(t—1). (38.93)

TMockoneky ¢ =k, To us (38.93) cnemyer A < r, 94TO H TaK SICHO
H3 onpejesieHHsi 3THX uHcesa. Bonmee Toro, mockosbKy ! 06pa6oTOK
BCTPeYalOTCsi B 3KCIepHMeHTe 1O r pa3, a B 3KCIepUMeHTe yuya-
cTBYIOT b 6/IOKOB, B KaXXIOM U3 KOTOpPbIX 2 OOBLEKTOB, TO

rt = bk. (38.94)

C ucrnonbzoBaHueM (38.92—3) coornoureHne (38.90) MoxHO nepe-
OHCAaTb B BHIE

nn' = (r— A) I, ++ Al15. (38.95)

Ecnu r = A, to Marpuua uHuugenuuit (38.46) nmana caydafiebix
6/7I0KOB YHOBJeTBOpsieT cooTHOweHHIO (38.95), nockojdbKy, co-
raacHo (38.93—4), B 3ToM caydae £ = ¢, A= b. 3TO NOHATHO U H3
caMoro onpepejieHHst r H A. B panbHeflileM MHB HCKJIOUHM 3TOT
caysal M OymeM paccMaTpPHBATh TOJbKO CJAydyad, Korga r > A,
>k

DB/ouHslfi 3kcmepHMeHT, yAOBIETBOPSIOUIHl ypaBHEHHIO INJaHa
(38.95) u ycnoBuam (38.93—4), nasniBaeTcst NJaHOM cbaraucupo-
aanublx Henoansvtx 6.a0kos (CHB). 3T nyann OblIH BBeleHb
Hafitcom (1936a). Mx xapakTepHas OCOGEHHOCTb COCTOMT B TOM,
41O Kaxnaas u3 ¢ o6pa6oTOK BcTpedaercss B r M3 b 6710k0B, co-
CTOAIINX M3 R 00bekToB, a Jio6asi mapa o6paGoTOK BCTpeudeTcs
B ofZHOM G6Gjoke B A W3 b Gaokos. Mbt npuuin k naany CHB
B 38.46—7, ucxonsn u3 TpeGoBaHusA, 4TOOLI OIEHKH BCeX pa3HOCTel
napaMeTpoB OGPaGOTOK HMenH OAHY H Ty Xe JAucrepcHio 2¢%a,
rae a onpenedserca s (38.91—2).
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U3 ycnosuit (38.93—4) cnepyer, 4TO JOGnie TPH H3 NATH KOH-
ctraHT {, R, A, r, b onpeneasiior ocraBiHecst ape. Kak npasuio, uc-
10Jb3YIOTCS NepBble TPH U3 3THX KOHCTAHT.

38.50 YcaoBus (38.93—35) sABAAIOTCA HeOGXONUMBIMH  YC/IO-
3usiMH  (KOTOPBIM HOMKHH yAOBJETBOPATb Leable 4ucna I, k, A, r,
h) nas Toro, uTo6H cyimecrsosan naan CHB. Oapnako, Boo6iie ro-
BOPS,, OHU He SIBJSIOTCS JOCTATOYHHIMH, NOCKOJbKY MOXeET He Cy-
11eCTBOBATb MATPHIB HHIMIEHUME 7, YIOBAETBOPAIOUIEH YypaBHe-
quio niaHa (38.95) mas nn’ (cM. ynpaxHenue 38.11). MoxHo
IPHBECTH JaJjibHefiliHe Heo6XxomuMble ycaosusa. Hanpumep, u3
(38.95) caemyer, uto (¢ X t)-maTpuna nn’ He BHIPOXKAEHa, TaK
gto (£ X b)-MaTpuna n Ho/KHA UMeTb paHr !, a 3HAYHT,

b=t (38.96)

(orcioma u u3 (38.94) cnemyert, uto r == k). DTOT pe3yJbTAT BNEep-
Bbie APYrdM cnoco6om noayuui P. ®umep. B cBoeM HcuepnbiBalo-
neM o63ope no naHHomy sonpocy ['yepun (1965) npusomur M apy-
e, GoJjiee TOuHble HeoG6Xomumble ycaoBus. XauaHu (1961) noka-
3as1, 4T0 ycnoBHusi (38.93—5) sABAsAOTCA He TOJLKO HEOOXOAHMBLIMH,
HO M JOCTAaTOYHHIMM NpH k=3 mau k=4, a Takxe npu k==35
B caiyuae A = |, 4 uau 20.

Ecnu 3anaH Hekorophiit nnan CHB, 10 cymecrByer njian ¢ TeMHu
Ke ! 0 R, &4 A, YMHOXEHHhLIM Ha MPOH3BOJbLHOE IeJ0e YHUCJIO M.
TOT NJaH MNOJNYy4YaeTcsi MPOCTHIM MNOBTOPEHHEM MCXOLHOro mJjaHa
m pas; Npu 3TOM r u b TakXKe yBenuuusaloTcss B m pas. Mu
pcerga Oynem cuuTath m = 1, T. e. 6paTb MHHMMAJbHO BO3MOXKHOe
A npd Ji060M 3ananHOM mniaHe. OAHAKO NpH 3afaHHbIX f H R MO-
KeT CYLIeCTBOBAaTb HECKOJIbKO TaKHX «MHHHMAaJbHHIX» A, COOTBeT-
CTBYIOIIMX pasaudHbiM niaaHam CHB. B npusenennofi Huxe B 38.54
ra6aune GUrypHpyloT TakHe npHMephl. DBojee Toro, nns omHux
1 TeX JKe 3HaUeHHWH !, & U A MOXeT CYIecTBOBAaTb HECKOJNbKO MJja-
nos CHDB ¢ cymecTtBeHHO pasHoOil CTPYKTYpoOil (He H30MOP(PHBLIX).
9TO0 MHTYHTHBHO MOHATHO H3 Toro akTa, YTO 3HAYEHHS r U A SB-
ISIOTCS TOJIBKO YCJIOBHSIMH NEepBOrO M BTOPOro NMOPSIAKOB Ha pac-
TonoXeHne o06pa6oTok B Giokax. B o6mem cayuyae OHU He
OrpaHHYHBAIOT 9aCTOTbl OMHOBPEMEHHOrO NOSIBJEHHS TpeX, YeThi-
pex U T. . 06pabOTOK.

38.51 Ecau ¢ u k& dHUKCHPOBaHBI, TO OCTAaeTCsi BO3MOXHOCTb Bbl-
jopa TpeTbeit KOHcTaHTH MnaHa. [lmanw CHDB Bcerza Moxuo mno-

t
CTPOHTD, IIPOCTO B3AB B KavuecrBe 6GJIOKOB KaxXJao0e H3 (k ) couyera-

Huit o6pa6oTok. Torna

b=(;) r=(:21) r=(,23). (897
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Takoit nnan CHDB HasbiBaercs nenpusodumoim. Tlockomabky Aas
NpOBe/leHUs1 COOTBETCTBYIOIEro 3KCnepUMeHTa Tpebyercs

bk = rt = tW/(k — 1)1

Ha6IONeH T, TO HENPHBOAMMbLIE MJIAaHbI MPHUMEHSAIOTCSH Ha NpPaKTHKe,
TONABKO Korpa k unu (& — k) MaJjbL
Ecanu & = 2, 1o u3 (38.93—4) caeayer, 4To Bcerna

t
=2(3)-

Jas Henpusomumoro nuaHa (38.97) 3TO BHINOJHSETCA TONALKO NPH
A= 1

Ecmn k=1t—1, to (38.97) cBoaurcst K b=1¢, r=1t—1, A=
= t—2. 310 npuMep cummerpuunozo nnaia CHB (b=t k=r),
KOTOPHIfi B YKa3aHHOM cilydae OKAa3blBAa€TCA TaKXe HeNPHBOLHMBLIM.

38.52 ITockonbKy B 3KCcnepuMeHTe Kaxnas M3 ! 06paGoTok
BCTpeuaeTcsi r pas, a kKaxnnlil 6Jok ¢urypupyer k£ pas (cm. (38.4)),
TO COG/Ia3HUTENbHO NOMEHATh B NJIaHe PONSAMH 6O0KH H 06paboTKH,
nonoxkuB t’' = b, b’ =1, r' = k u k' = r s nonydeHus oyarvHo2o
nnana. OgHako TaKofl AyanbHH njaaH caM Oyaer ninasom CHB
TOrja M TOABLKO Torna, Korja ucxonHeli njan CHDB sapasercsa cum-
METPHYHKIM (B KadecTBe WJJIOCTpAallMH CM. ynpaxKHeHue 38.12).

Ecan nman CHB MoXHO pasiioXHTh Ha r NOEMHOXeCTB 6n0-
KOB, TaK UYTO B KaXIOM MOAMHOXECTBe kKaxaas o6paboTKa npw-
CYTCTBYeT OOHMH pa3, TO IVIaH Ha3LIBAETCH pasaomumovim (resol-
vable). Tlpu 3TOM B KaXIOM noaMHOXecTBe purypupyer dybauxar
MHOXecTBa 06pa6orok. s pasnoXXHMOCTH, OYeBHAHO, TpeGyercst,
yTo6H.- { = ck, b = cr, rie ¢— nenoe noJoxureanHoe uucno. On-
HAaKO NOC/Ie[HHEe YCJIOBHS caMU no ceGe He SBASIOTCA HOCTATOY~
HHIMH [JI1 PasnoXKHUMOCTH [i1aHa.

Kak nokazan DBose (1942), nnasa pasnoxumbix niaanos CHDB
ycaosue (38.96) MOXKHO 3aMeHUTb Ha 6oJiee CHIIbLHOe

b=t+r—1. (39.98)

[locnenHee ycC/OBHe CHOBa SIBNSIETCA TOJIbKO HEOOXONHMBIM A
cymecTBoBaHUsA pasnoxumoro nnaHa CHB, nockoabky (38.98)
BCeria CrnpaBelJMBO, €C/IH TONbKO ! = ck, b =cr (cM. ynpaxue-
ude 38.13). Papencrso B (38.98) mocruraerca TOraa W TOJBKO
TOrZa, Korxa AJisi JloObiXx NByX OGJOKOB K3 Pa3nHYHHIX AYyOJHUKATOB
BHYTPU PAasJIOKHMOro MmJaHa CyllleCTByeT POBHO k2% o6uux o6Gpa-
60TOK. B s3TOM cCiaydYae nnaH HasbIBaeTCS APUHHO DPA3AOHCUMbIM
naanomM CHDB (cM. ynpaxHenue 38.18).

38.53 Mann (1949) npupoautr 0630p MeTOIOB NOCTPOEHHS NJa-
nos CHB, Bocxomsimiux K Bose. B pa6ore ['yepuna (1965) onucei-
BAIOTCSi 3TH W HEKOTOpPhle [pyrHe MeTOALl MOCTPOEHUS MJIaHOB
CHB. Tam ke npHBeleHa ucuepneiBaoulas Oubaunorpadus
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NJIAHHUPOBAHUE 3KCITEPUMEHTOB

10 NaHHOMY BOMPOCY CO CNMCKOM (YHIaMeHTaJabHOH cepuu
Bose, nauuHas ¢ Bose (1939). Baifiga (1967b) usyuaer marem:
CKHE acMeKThl 3Toro Bonpoca. Mannep (1965) npusoxur Mertoxn
ayuenust nianos CHDB 43 NOJHHX MHOXKECTB OPTOrOHAJbHHX JI
CKHX KBaJpaToB, KOTHa ! — Iejiad CTeMNeHb IPOCTOro YHCAA
ynpaxuedua 38.10—11, rae naHn HeKOTOphle NpPHUMEPH! TAKOL
CTPYKUMH, INpHBefeHHnle B Oonee paHHHX Ttabaunax Do
u Hoaftca). Ecin ¢ HeyeTHOe, a R He NPEBOCXOAUT HaHMeH!
npocroro fequrteast £, To naan CHB Bcerma MoxHO nocrpour
TOZOM, NpHBefeHHhIM B ynpaxHenun 38.20. Ecau ¢ upocte
3TOT MeTOA chipaBefJuB AJas Jioboro R << &.

38.54 B ra6nunax duwmepa u Maiitca npuseneH ykasaren:
u3pecTHBIX nuaaHos CHD npast snmavenuit £ u r ¢ r << 10. Ta
[pUBeleHbl KOMOHHATOPHbIE METOAK NOJIyYeHHs KOHKPEeTHHIX
HoB. Kokpsn n Koke (1957) npuBomsT nerasibHHe crocoObl B
u3 atux naanop. C. Pao (1961) onuceiBaer naaHn MU KOMGHUE
Hbie MeTOAH HX noayueHus nasa 11 << r << 15 (3T naaHH, a -
#x 0600611eHust BKAOYeHb B 6-¢ u3naHue Tabann Pumepa u Y
3a 1963 r.). Coporr (1962) onuceiBaer maausl npu 16 <Cr
Takswuu (1962) npu <100 u r << 20 (r = 30 oA CHMMe
HbIX NJAaHOB) NMPHUBOAUT ONHCAHHE W JaeT METOAH IOCTPOEHH:
ucnpasaenusi Cuanurto (1964) n Knarysptu u JleBuukuit (1

B Tta6nune 38.1 npusenenn npu < 100, 2 <Cr <C 20 3Ha
A, A5 KOTOPHX H3BecTHH mwiaHo CHDB, He sBasiiomuecs Hen
aumeiMd. Caydafi k=2 onyiieH, IOCKOJbKY (COrjiacHo
B 3TOM CJAyyae BCeria CylleCTByeT HENPHBOAMMEI NAaH C )
Ilpu k=1t—1 (omarb cornacHo 38.51) Bceraa CyllecTBYeT
METPHUHbI HENPHBOAUMBLIA NJaH ¢ A =1—2, TakXKe He (I
pylowuii B Hamel tabauue. [lajnee B TabJiulle NPUBOLATCA T
3HadeHHs A npu R < [/2, MOCKOJbKY (32 HCKJIIOYEeHHEM YiKe
cMoTpeHHoro caydas k=ft—1) naau ¢ & > t/2 Bcerna »
NOJAYYHTh M3 maaHa ¢ k << (/2. B camMom pnese, paccMOTpH}
Kaxjgoro 6JoKka Te OO6paGOTKH, KOTOPhie B HeM He IIpHUMeHs
B KayecTBe HOBOro, AOMOJHUTeNbHOro O6JioKa, comepxallero
=1{—k o06bekTOB. B pesyabTaTe noOAyYHTCSE OONOAHUTE.
niaa#, COCTOAUIMA H3 JONOJHUTENbHHX 6GjokoB. M3 (38.93—
JYIHM, YTO

N t—kR(E—k—1)
i kE(k—1) > 1

Anaaus naanos CHB

38.55 AHasu3 3KCIeDUMEHTa, MNPOBEAEHHOr0 MO IIaHY
MOXHO TNPOBECTH Ternepb, MOACTABHB [IPOCTO B COOTHOLIEH
38.23—6 cooTBeTCTBYIOIIHEe 3HAYEHHs, NOCKOAbLKY 38.23—6
BeAJUBbI JJIS JI06GHX 6JOYHHX 3KCIEDHMEHTOB.
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Toxncrasnsas (38.89) u (38.95) B (38.23), moayuum c ucnosb-
sopaHneM (38.93—4) nas uCKJIOUeHHS 7 U b

Q' =1l — 1 {(r — M + Mi1i} + 7 1,1

i+ O 1)“'} (38.99)

-~

MaTtpuna B (38.99) umeer TOUHO TOT XKe BHA, uTO K B (38.87),
a 3HAYHT, KaK MOXeT HeNoCPeACTBEHHO NpPOBEPUTb YHTaTeNb, 06-
paTHas K Heil, kak u K (38.87), paBHa

k) ’
L {1, kt—(t_l_) 1,1,}. (38.100)

[Moncrasass (38.100) B (38.29) u ucnonb3ys (38.34), noayuum

7= A_’;(r — nBJk) + 1,G/(bk). (38.101)

OT1coma cienyer, 94TO OIeHKH NapaMeTpoB o6paboTok OoJiblie He
ABAAIOTCH He 3aBHCAUIMMH OT CYMMAapHhIX 3HayeHHH 1O G6JOKaM.
D10 M HOAKHO ObiTb, NOCKOJIBKY pa3iHyHbieé MHOXeCTBa OJOKOB
CBsi3aHH ¢ pa3nHYHBIMH o6pa6oTkamu. M3 onpemeneuns n u B
punuM, uto nB/k saBasercs (¢ X 1)-BeKTOpoM, i-d 3JIeMEHT KOTO-
poro paBeH CyMMe CpeIHHX 3HaueHHH AN GJOKOB, B3ATOH 1O TeM
6/10KaM, B KOTOpbLIX NMpuMeHsieTcs -1 oO6pa6GoTka. A 3HauuT, npend-
CTaBASIOIKIE HEeNOCPeNACTBEHHbI HHTEepeC BEeKTOp

T,=T —nB/k (38.102)

MOKeT ObITb Ha3BaH BEKTOPOM UCNPABAEHHbLIX CYMM mjsi obpabo-
tok. CootHomenue (38.101) npunuMaer BHAX

T =Ty + 1,G/(bk). (38.103)

HUcnonbsys (38.103) u (38.4), noayuum, urto (38.32) cBoaurcs,
TakHM o6pasom, K

B = B/k — o7 n'T, — 1,G/(bk). (38.104)

Hanee, CK pasduunl Mexkay ob6pa6orkamu B Tabaume A (38.39)
paBHa T;QT,, a ¢ ucnonbsoBanueMm (38.100) u (38.34) sto cBo-
OUTCSE MPOCTO K

T.QF, — 7?7 T.T,. (38.105)
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B pesyantaTe noayuyaeM cienywoimyio tabauny A, ssasomyocs
YacTHRM caydaeM (38.39).

Ta6auua JA nas skcnepumenta CHB

HcTounnk Ancnepcny CK c‘if’cc’,l:
Pasuuna Mexnay o6pa- ks
6oTKkaMu TtTaTa t—1
dpdexkTn GaokoB B’B/k — G?/(bk) b—1 (38.106)
OcTraTouHas y'y — _AkT T;Ta — B’B/k |bb—t—b+1
T'enepanbnoe cpennee G?*/(bk) 1
Toanasn vy bk

YuraTenb MoxKeT npoBepHuTh, uto (38.106) cBomuTcst K Tabauue
caydafinuix 610koB (38.52), ecin nosoXuTh R =1, A = b.

Kokpan u Koke (1957) u Kemncopu (1952) npuBogaT noxpoG-
Hble HHCTPYKIMH 1asi nposefeHuss 1A nas nnanoB CHB, o6pamas
BHHMAaHHe Ha BO3MOXKHbI€ YIIPOLIEHHSI B Pa3OXXHMOM, CHMMeTpPHU-
HOM M IPYrHX 9acTHHIX cjyuasix. B ux pa6oTax yuuThlBaeTcss TaKXKe
ACnoab30BaHHe HHPopmanuu Mexnay O6jokamu. Ceiiuac MH nepefi-
AeM K paccMoTpeHHIO 3Toro Bonmpoca (cM. takxke C. Pao (1947)).

38.56 MOXHO nNpesNnoONOKHTb, 9TO pe3yJabTaThl 38.55 HOMKHbBI
HONOJHHTL Hamle o6cyXueHHe ‘aHanusa naaHos CHDB, omHako 3to
He Tak. Mogesb (38.6), KoTOpasi CAYKHT OCHOBOH AJifi BCEX HAUIUX
pe3yJbTaTOB, SBJACTCA JIMHEHAHOH MOmeNbl0 ¢ (GHKCHPOBAHHLIMH
sq>¢ex1;amd, T. €., KaK H B rjase 35, Mbl NPOBOAHMM aHAJH3 MO Me-
tony HK, ocraBasice B pamkax moxmeau l. I1pu paccmMorpenun napa-
MeTpoB 06paBGOTOK 3TO MNpeAnoJioKeHHe, BOOOIIe TOBOPA, peasH-
ctuuHo. Ho, kak Mbl Bunmenu B 38.14, GJOKH B 3KCNEepHMEHTE $B-
JSIIOTCS OGRIYHO MemmalomUMHU GAKTOPAMH, He MMEIOUIHMH MpsSMOro
nHTepeca. KoHKpeTHhie GJiOKH, HCMO/Nb3yeMbie B JKCliepUMeHTe, He
0Ka3HBaloT Ha Hero BiuAHHsA. [losTOMy npu npoBeleHHH aHa H3a
Gonee eCTeCTBeHHO paccMaTpuBaTbh 3P¢eKTnl 6GJOKOB KaK ciayyai-
Hble BeJHYMHH. B TepMHHomornu raaBnl 36 HaM cledyeT, TaKHM
06pasoM, paccMOTpPeTb CMEWaHHYo m00erb ¢ (PHKCHPOBAHHBIMH
spdekTamMn 06pa6oTOK H caydaidnniMu 3ddekTamu G6JOKOB. ITO
€CTEeCTBEHHO BeleT K APYroMy aHajH3y, KOTOPhIii, O6LMHO Ha3bl-
BaeTCs UCnoab3osanuem uundopmayuu mexdy baroxamu. Ilposoau-
Mblif HHXKe aHa/NH3 He orpaHuunBaercss naanamu CHDB, a cnpasea-
JIHB AJst JI06bIX GJOYHKIX KCIEPUMEHTOB.
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CMeluaHHaa MoOJedb I/l HCMNOJb3OBAHMA HHOOPMaUHH
MeXny 6aoxamu

38.57 He 6Gymem paccmarpuBaTtbh Tenepn b— 1 JuHefiHO He3a-
BHUCHMbBIX NapaMeTpoB O10KoB « H3 Moxeau B 38.21. Bmecro 3toro
‘TpeanoJjiaraercs, 4to spdexrtaM 6J0KOB COOTBETCTBYeT ciaydaiHasf
BeJIHUMHA, cKaxeM B *). Kak o6nuHO, Npeanosaraercs, 4To OWHGKH
€;j MMEIOT HYyJIeBOe MaTeMaTHuUeCKOe OXHIaHHe H JHCIepPCHI0 o2
Ecau MaremaTHyeckoe OXHMAaHHe B paBHO HYAIO, TO B He BIHAET
Ha MaTeMaTHYeCKOe OXKHAaHHe Y, a JucnepcHsi [ HajaraeTrcst Ha
-OGLIYHYIO AHCNEPCHIO OMHUOKH &;;. B o06osHauenusx 38.16—21 onu-
-ChiBaeMasi MOAeJb HMeeT BHJ

M(y) = Xr, (38.107)
Ine
1
2
= . (38.108)
(bkXx?) .
t

-C/ienyer 3aMeTHTb, YTO BCe elle Npeanojaraercs, 4T0 3pdexTh
-GJIOKOB H 06pabOTOK He B3aHMOZEHCTBYIOT.

Tenepb OMMGKA B MOAe]H He ABASIOTCA GoJblile HEKOpPeaHpOo-
BaHHKIMH, NOCKONBKY NI0GHIM IBYM HabJlogeHHsM H3 OXHOro 6JI0Ka
COOTBETCTBYeT ONXHO M TO Xe 3HaueHHe f. Ecau o0603HauMTH
-0 =o§/02, TO JIerKO BHIETb, 4TO KHMCNEPCHOHHAsi MAaTPHIla ¥ paBHa

A 0
A

V=02 . (38.109)

0 a

"3pech BAOJb IJIABHOM JMaroHaad MaTpHusl V crost b ONMHAKOBHIX
MaTpHLL
A =1I,+4 pl;l;. (38.110)

Ipeano/oXHM CHadajla, 94TO p H3BecTHO. (Bompoc o6 ounenuBaHnu
.p paccmaTpuBaerca B 38.62—4.)

Ias oueHuBaHMsi T Bocnoansyemca o6o6uennon HK-onenxoit
u3 19.17 (1. 2):

T=(XVX)" XVvy, (38.111)

R

*) B HapyleHHe OGHIYHOrO COrAUICHHA 3AeChb JAJsI OGO3HaueHHs CJayuafHOM
BeJHYHHLI, COOTBETCTBYIOWEH GJOKaM, HCMOJAB3YyeTcs rpeuveckasi 6yKBa, NOCKOJbKY
b 1 B yxe HCIOJb30BAJIHCh BHIIE,
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Jmcnepcnom{aﬂ MaTpHIla KOTOpOﬁ paBHa
vVE) =(xv'x)". (38.112)

38.58 MaTtpuua, ob6patHas x (38.110), xak n B (38.87), umeer
BHI

A =L — (135 141k (38.113)
Hcnonbsys (38.108—9) u (38.113), umeem
XV =;’,—Zt} {1 — (7)) 1e1i } 41
[Moxcrasasas cioga (38.5) u) (38.1), nonyuum

Xvix=2 { diag (r) — (T-FDE) 3 nn } . (38.114p
]

HOCKOJIbe H3 OonpepeNieHusa caenyer, 4To
b

> njn; = nn’, (38.115)
i=1
10 (38.114) cBomuTCSH K
Iy — 1 . ’
XV x=—2{diag(r) — (75 )’ }. (38116

a IMcCnepcHoHHast MaTpuua oueHok B (38.112) ssasierca o6paTHol
K (38.116). Hdanee

- 1 , [s] 7
xv y—?;‘f{’k—(m)‘t‘f}yh
YTO nocJje NOACTaHOBKH cioma (38.18) u (38.1) cBomuTtcs K
Vol =L —(—L__ =1 {pr_(—P _
xv y—oz{r (l-l-kp)Ztn’B’}_o’ {T (l+kp)nB}'
(38.117)
Hcnoabvsys (38.116—17), nepenumem (38.111) B BHIe

?={diag(r)—(l_fkp)rm’}—' {T—(725)nB}. (8.118)

38.59 Ecuau ogl—>0 (o —0), To (38.118) cBoguTcs K

lim T = {diag (r‘)}_' T,
p->0

a mucIepcMOHHAas MaTpuma T pasHa torga o2 {diag (s} '. 3dro.
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B TOYHOCTH COBIaxaeT € pe3yJbTATOM, KOTOPbII Mbl OBl JKOJKHBL
GblJIH MOJYYHTb, ecad Obl BOBce He y4YHTHIBaaH 3ddekTnl 6J0K0B
(cm. Huxke (38.123)). Ho Tak u noKHO OHTb, H6O npH 03—»0
1 M(B) =0 sddekTH 6,J0KOB HCue3arloT.

B apyrom kpafinem ciyuae, koraa oj — oo (H p—> o), COOTHO-
utende (38.118) HyXHO nepenucaTb Tak, 4TO6Hl B HeM He conep-
JKanoch of6pallleHHe MaTpHIK, u6o B 3TOM cayuae pf (1 + kp)— 1/k
n Mmatpuna {diag(r)—nn’/k} cuHryasspHa (npoBepKa CHHIYJASPHO-
CTH TIPOBOAMTCS YMHOXeHHeM cnpaBa Ha I; U HCROAL30BaHHEM
(38.3—4)). Ilepenumem nostomy (38.118) npu p— oo B BHAE

{diag (r) — nn’/k} T =T — nBjk. (38.119)

Yumuoxas (33.24) caeBa Ha Q! u ucnoassya (38.31), moayuum,

yTO oueHka t H3 (38.29) yapopaersopsier cooTHoumeHHio (38.119).
Tagkum o6pa3oM, ecan 3 dekTn GJIOKOB BeJIHKH, TO OonteHka (38.118)
crpeMuTcsi K BHYTpHGaouHO#l oueHnke (38.29). Xors 3to Moxer
3ByYaTb MapafOKCaJbHO, HO O6pallleHHe K CMellaHHOH MOIeNH cy-
LIeCTBEHHO BJHSileT Ha OHEHKY TOJAbKO Toraa, Korma sddektn 6710-
KOB MaJibl.

Jlerko BHAeTb, 4TO BHYTPUO/IOUHHIE ONEHKH OCTaIOICH HecMe-
HIeHHBIMH B CMEIIaHHOf Monenu. B caMoM [ene, NMOCKOJBKY AAsi
Jo6oro ¢UKCHPOBAHHOrO MHOXecTBa 39 (deKToB 6JIOKOB OLlEHKH fiB-
JSIIOTCA HeCMelIeHHbIMH, TO OHH G6e3yCIOBHO HOJXKHBI OCTATbCA
TaKHMH, Koraa 3¢ dexTh OJOKOB CTAHOBATCS CJAYYafHHIMU BeJIUYH-
pamu. Ecan 3ddexTbl GJOKOB BeJHKH, TO CTPEMATCA NPHMEHSTH
Gosiee MNpPOCTOH AaHAJH3 MexXAy OJOKaMH, TUOCKOJbKY, KaK MBI
TOJbKO YTO BHIeJH, H3MeHeHHe OIleHOK B 3TOM ciaydae maJjo. Ox-
HaKo OHCNEePCHOHHOfI MaTpuuell oneHOK OGyner Tenepn He (38.40),
a o6paTtHas K (38.116).

38.60 CoBceM He OYEBHIHO, UTO MJISi CAy4YafHHX GJOKOB OLEHKH,
TOJlyueHHbie C HCMNO/b30OBAHHEM CMeIIaHHOH MOMIE]H He MeHSITCA
1o CpaBHEHHIO C BHYTPHOJIOUHBIMM ONEHKAMH, NOJYYeRHHIMH LJIA
Monenu ¢ PuxcuposaHHbIMH >dderTtaMu. B ynpaxknenuw 38.14 no-
Ka34HO, 9TO MJafA caydafiibix 640K0oB oueHkd (38.118) comnanmaior
¢ onenkaMu (38.48), HO 4TO OUCEPCHOHHAS MAaTpUlla OLUEHOK H3-
MEeHAeTCS TakK, 4YTO HX JHCHepCHH BO3pacraloT. (DTO HOHATHO U3
toro dakra, 4YTO OueHKa J60oro napamerpa ob6paborku T;/b sB-
JsercA cpeAHHM H3 b He3saBHCHMBbIX HaOJIOfleHHR ¢ IucnepcHed,
xotopas, corinacHo (38.109—10), pasna o2(l 4 p)). Takoe uame-
HeHHe MPOHCXOAMT M3-3a TOro, YTO B Halleidl MOAeNH OTCYTCTBYeT
napaMeTp reHepajbHoro cpenHero. Eciu 66 OH OblI, TO OLEHKH
B o6eHx Moaensx uMenu Obl OJHO H TO XKe pacnpenejeHue (CM.
ynpaxHenue 38.14). .

38.61 IlepBoHauannubiit mogxoxm MWoafitca (1939, 1940a) k wuc-
NoJab30BaHUI0 HHPOPMALUMH MeXAy O6JI0KaMH OHI HECKOJNbKO OT-
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AuuebpiM. CHavaja OTMe4anocbh, 4TO, HCXOAA M3 CYMMADHBIX 3HA-
yeHUA 1A O6JAO0KOB, MOXHO TNOCTPOUTb MeXAYGJouHble OUEHKH
napaMeTpoB 06paGoTOK. OTH ONEHKH OKAa3hblBaJHChb HEKOPpEeJaUpo-
BAaHHHIMH C BHYTPHGJIOYHBIMM OuleHKaMH. [lis NonyyeHUA OUEHKH
¢ MHHMMAJIbHO IONYCTHMOH 3THM MeTONOM JHcrepcHeil Gpajach
B3BellleHHast CyMMa IBYX [ipHBeIeHHbIX oueHok. (B ymnpaxie-
Huu 38.15 uhraremo npepnaraercs paccMorperb OGOGUIEHHKIH Ba-
PUaHT TakKoro noaxoxa.) Ho oueBuAHO, 4TO 3TH ZBa pasHbIX MNOA-
X0la K HCNoAb3oBaHHI0 uHHGOpMauuu MexAy G6/OKaMH 3KBHBA-
JeHTHBl. B camom pRene, B3BemeHHass cyMMa ABYX KOMNOHEHT
B ynpaxHenuu 38.15 onpenxensieTcst cO CCHIAKOH Ha IHCNEPCHOHHYIO
MaTpHUYy BHYTPHOJIOUHBIX OLEHOK B MCXOAHOH Moneau (¢ dpHuKrcHpo-
BAaHHKIMH 3¢dderTaMu), a AHCIEPCHOHHAS MATPHUA MeXAY6JA0YHRIX
OUEHOK noJiyuieHa AJs CMelIaHHOfi Monead. TeM He MeHee B ynpax-
Henun 38.16 nokasano, yTo 06a MeTOXAa BCerfza MPHUBOIAT K ONHON
4 TOH XKe OIleHKe. R

38.62 M/-ouenka t B (38.118) sBasercs PyHKumed OTHOIle-
HHSE JUcCIepcHil p =0§/02. OO6bIitHO OblBaeT HYXKHO OLUEHHTb CaMmo @

¢ NOMOILLI0 HEKOTOPOro @, a 3aTeM MOXHO HCIOJb30BaTh T (p).
OueHnM cHavana OTHEJbHO OF M O°, a 3aTeM B KayeCTBe OLEHKH

JIJsi 0 BO3bMeM OTHOIIEHHE MOJYYeHHHX OLEHOK.

I HaXOXKAEHHS MOAXONAILIeHl OUSHKH BeJHUYHH Gg H o Bep-
HeMcs K obuieMy aHanusy u3 38.19—24. Tenmepbp Mbl XOTHM HafiTh
CK, coorsercrBylomyto 6JOKaM, a He pasHHUe Mexnay o6pabor-
KaMH, Kak 3T0 Oblio B 38.25. B pesynbraTe Mbl MOJYYHM OCTATOY-
Hyio CK, ckaxem S, Korga ortcyTcTBYOT 3dpdexTl 6a0koB. Pas-
HOcTb S;— S 6ymer Torxa pasHsaThed CK, cooTBeTcTBylomel 3¢-
¢ekTam 6GJOKOB.

38.63 Iloaaras =0 B (38.32), moayuum
B =n'%,, (38.120)

rge T, 0603HayaeT (?)ﬁno. YMHOXKAA cjeBa Ha 1, H UCUIOAL3YA
(38.25) u (38.3), umeem

G =r'1,. (38.121)

Ecmu noacraButbh Tenepp (38.120—1) B (38.24), TO c ncnoganso-
paHuem (38.23) mosyuum

To =Q{T — nn'%o/k + rr'%/(bk)} =
=Q{T +[Q' — diag (r)] ¥}. (38.122)
Paspemas (38.122) OTHOCHTE/NbHO Ty, [OJIY YUM

(T)po = {diag (r)} ' T. (38.123)
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B pesyabtaTte (38.33) cBomuTcs K
S; =y'y— 1T’ (diag(r)} ' T. (38.124)

Hcnoabaya nepsyro crpouky Tabauust JA (38.39) u (38.37), ua-
XOAHM

S, — Sy =TT+ BB — T {diag(r)} ' T =
= (T — nB[kY @(T — nB[t)+ B’Bjt — T’ {diag (r)} "' T. (38.125)

B pesysnbratre noayunnace uckomas CK, cooTBercTByomasi 6J0-
kaM. Taxkum o6pasoM, aabrepHaTuBHas k (38.39) rab6aunma A
HMeeT TAaKOH BHA:

Anenepenn CK eren

Dodextu 6aokon | (T — nB/k) Q(T — nB/k) 4

(c yaerom pas- | L B'B/k — T’ {diag(r)}~'T b—1

Hulbl MeXay o6-

pa6oTkamu)
Pasuuna Mexay

o6paGoTkaMu (38.126)

(Ges yuera s3d- . 2

dexTa 6J0K0B) T’ {diag (r)}~_T — G*/(bk) t—1
‘OcraTounas - v'y—T7T—BP bk—b—t+1
T enepannHoe cpen-

Hee G*/(bk) 1
Tlonzasn 9’y bk

Kak H NOJKHO OBLIO OHITH, CTPOKH, COOTBETCTBYIOLIHE OCTaTOUHOM
‘CK H reHepaJbHOMY cpelHeMy, He MeHsi0TcA, a ocrasmascsg CK
Tiepepacrnipenesserca Mexay @dexkraMu 6/10k0B H 06paBOTOK mo-
HHOMY, MOCKOJbKY 3XeChb CHauasna NPHHHMAIOTCA BO BHHMaHHe pas3-
HHIa MeXay ob6paGoTkamu, a He 3ddekTn 6a0koB. Crenyer BCIO-
MHHTb H3 NpHMepa 35.4, YTO NMOPANOK He MMeeT 3HaYEHAS TOJIbLKO
B cjliyuae OPTOTOHAJBHOTO aHAJH3a.

38.64 Kak 06biuHO, 02 MOXKHO OIleHHTb Temepb ocraTtounoft CK
So, N101eJIeHHON Ha ee YHCJO CT. CB., MMOCKOJIBKY

M(So) =(bk—b—1t+1)02 (38.127)

Jlns OueHHBaHHA O} 3aMETHM CHauazna, 4To, COIMIAacHO (38.124),

CK, o6ycnosjeHHass 6JoKaMH (ckaXeM Sp), MOXeT OHITb nepe-
nucaHa B BHIE

S;—Sy=S8p=y'y— So— T {diag (r)} ' T,
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Tak uTO, HCNOJAb3ya (38.127), noayuynm
M (SB) =
=M(y'y)— (bk—b—1t41)o>— M[T {diag (")} "' T]. (38.128)

W3 peayabraroB ynpaxkHenus 19.3 MBI 3HaeM, ‘UTO ecaAW
M@z =0 u V() =0c*W, to M(242) =0%1tr(AW), a 3naunur,
nonaaras 6e3 or paHHueHHs O6ImHOCTH T=0, noayuum H3 (38.109—10)

M (y’y) = o%k(1 + p). (38.129)
Uz monean (38.107—10) caenyer, ¢ yuetoM cBoficTB nn’ u3 38.48
M (T) ={diag (r)} v, V(T)=o’[diag(r)+ pnn’].

Tenepb CHOBa MOXHO BOCIOJb30BaTbCA Ppe3yJbTaTOM YIpaXKHe-
Hug 19.3 u nonyunTb

M [T/ {diag (r)} "' T] = o tr [{diag ()} ' {diag (r) + pnn’}] =
=o’tr[I; + p {diag (r)} ' nn'] =
=o? {t + p tr [{diag (r)} " nn’]}.
Hcnoab3ys onpeneseHus, Jerko IPOBEPUTH, UTO

tr [{diag (r)} ' an’] =1, (38.130)
a 3HauHT,
M T’ {diag (r)} ' T] = 0% (1 + p), (38.131)
u (38.129) u (38.131) npespamalor (38.128) B
M (Sp) = (b — 1) 0 + (bk — #) po>. (38.132)

B pesyabrarte u3 (38.132) u (38.127) nmoayuum

Sp—(b—1)Syf(bk —b—t +1)
M{ bk —

=po?=0¢}. (38.133)

CootHomenns (38.133) u (38.127) 3apaloT HCKOMBIE OUEHKH.
Ilycts p — ux oTHOmeHne. B paccMaTpHBaeMOM KOHTEKCTe Mbt
HHTEepecyeMcsl OlleHHBAaHHEM T, H fp Hc o6Jafaer HHKaKHMH CBOfi-
crBaMu ontuMaJabHocTH. Hafite (1939, 1940a) npoBoaun vceueHue
OLleHKH 0%, 3aMeHsisl OTPHLATeNbHbie 3HayeHHS HYyJeM. B pesyin-

Tate [oJyuajach oueHka p. Touep (1952) maer apyrue, Gonee
CJIOKHHE OLEHKH 3HAYEHHS 0}, KOTOPHE SBJIAIOTCA HecMelueH-
HBIMH KBajpaTHuHbiMM MJI-OlleHKaMH TNpH YC/JIOBHH, YTO OLIHOGKW
o6aafnaloT HyJAeBbIMH 3KcHeccoM H acuMMerpHeii. Ha camom nexne
HaM HYXHa Takasi OlleHKa 3HaYeHHs p, UTOOb NMPH ee MOACTAHOBKe
B OLeHKy napaMerpoB o6paborok (38.118) coxpaHsjach HecMmes
IIeHHOCTb.
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Fpei6unn u Yuke (1959) u peit6uin u Cowanpu (1960) mo-
Kasaau, uro mag maaHos CHB ouenxa t us (38.118) ocraercs
HeCMeIleHHOA NPH HCMoJb3oBaHHH ¢ HaH p. Camanpu (1966) noka-
3aJ, 4YTO QMCIepCHs MeHblle, eCJHM Hcmojib3oBaTh . k. Poi
n Hlax (1962) nokasaau, 4TO ecin OleHKa MapaMeTpa p NPHHan-
JEXHT K HEKOTOPOMY THINY, ONpe/efiieMOMY B. TEDMHHAX XapakKre-
PUCTHUYECKHX 4YHCeJ MaTpHUb nn’, TO HeCcMelleHHOCTh T COXpa-
HAeTCA AN JNI060ro INJaHa HEmoJHBIX OJIOKOB TaKOro, 4to 7 =
=rl,, npHYeM § npHHaMJIeXKHUT K TpeGyeMoMy Tuny. [llax (1964)
NPHBOAUT [pyrue HecMellleHHble OLEHKH AJIA HEeCKOJbKHX XOpOLIO
HM3BEeCTHbIX NJIaHOB 3KCIepHMeHTOB, BKJ/ouasg mian CHB ¢ £ > 5.

Creitn (1966) paccmaTpuBaeT HcnoJib30BaHuMe HHGMOPMAMUH MeXAY O6JO0KaMH
Ias naawos CHB, korza 3ddekrst 6a0KOB BO3HHKAIOT TONBKO H3-332 PaHAOMH-
3aunu.

INepecranoBouyHble pacnpeneneHus pas naauwos CHB

38.65 Ilocne o6mero o06CyXHneHHA CMeLIaHHOA MOJedd B
38.57—64 BepHeMca K MoAeau ¢ QUKCHPOBAHHHIMH 3 PeKTaMH IJs
srcnepuMedToB CHB u paccMOTpMM KpPHTEpHH TepPeCTaHOBOK s
s dexToB 06pabOTOK.

Orasa (1963) nokasajd, uTO eCAM HMeEIOTCH OMMIHMGKH OGDBEKTOb
(cM. 36.41), TO cTaHmapTHHI F-KpuTepu#t AJAsi 06paboOTOK MOXKeT
6bITb ONpPaBAaH, KaK NPUOJHIKEHHe NJA NepeCTaHOBOYHOrO paclpe-
JiefleHHs, ecii b JOCTaTOYHO BEJHKO, a JHCIEPCHH OHMIUGOK OGbek-
TOB BHYTPH OJIOKOB NOYTH NOCTOSAHHHBL. A 3HA4uT, ero NpHMeHeHHe
OmpaBAaHo, KOraa b BeJHKO, a OIHOKH 0O0BbeKTOB OTCYTCTBYIOT.

Ecan BMecTO Ha6/I0JeHHHIX 3HaueHUA HCNOJb30BATb BHYTPH
6710KOB paHru, To aas 3PpderroB o6pabotok B maaHe CHB MmoxHo
monyuuth OOOOIleHHe TepecTaHOBOUHOTO paclpefesieHUss CTaTH-
CTHKH KpHTepHsA, paccMoTpeHHoro B 3843 u 37.39—41 nas cay-
YyailHHX O6J0KOB. PesyabraTh, Bocxoasmue K [ep6uny (1951),
npuBefeHbl B ynpaxueHuu 38.17. Ban dareps u Hérep (1959)
fl0Ka3ajiH, YTO N0 CPaBHeHHIO ¢ 06biuHbIM F-KpuTepueM s 3Ppdek-
T0B 06paboTOK, IAAsi KpuTepus Jlep6GHuHa, MCHOJNDL3YIOIIEr0 PaHTH,
AQO3 pasua k/(k+ 1), ymHoxennomy Ha AOD kpnrepus Buakoxk-
cona (31.115). B HopmanbHOM ciayuae moayyaercsi 3k/{n(k -+ 1)}.
‘OxkasniBaerce, uto AOD 3aBucuT OT 06beMa 6JOKOB, a He oT £ Han
cayuaitHbix 60KoB cM. Takxe I1. Cen (1967).

HHTepecHO OTMETHTb, YTO TOUYHbIe BBHIPAaXKEHHUS MOXKHO B pac-
CcMaTpHBaeMOM cJjiyyae NOJYyUHTb, BOOGLIe rOBOpPs, TOJbKO AJS Iep-
BbiX IByX MOMEHTOB CTATHCTHKH KpHTepHs. [IpHunHa COCTOUT B TOM,
Y10, KaK yrnoMuHajoch B 38.50, yciosus CHDB He HaknaaniBaioT
HHUKaKHUX OrPaHHUYeHHA Ha COBMeCTHOe IOsiBJieHHe TpeXx H 6oJbiuero
yucaa 06paboTOK,
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Benapn u Bau Darepu (1953) upuBOAAT <XH»-KBaApaT-KPUTEPHH NepecTamo-
BOK Aas GOJbWHX BHIGOPOK B cJaydae NPOH3BOJAbHBIX (He 06GA3aTeAbHO cOanaHCH-
POBaHHHX) NMJaHOB HENOAHHX GJIOKOB, HCMOMB3YIOUIMX PAHCH U AONMYCKAIOWIUX MO~
BTOpeHMe M NOTepIo HaOMOXEHHBIX 3HAYEHHUM.

IKcnepuMeEHTHl C NPEeANOYTEHHEM

38.66 [Mnanst CHB npencraBisaioT HHTepec B CBSA3H C 3KCIePH-
MeHTaMH ¢ TnpennoureHHem (preferenc experiments), xorma uacrto
HEBO3MOXKHO M3MEDHTb CTelNeHb NPeANOUYTeHHs, HO H3BECTHO paH-
XHpoBaHHe npexnouTeHnii. Ecnn nmpeanodyTeHus ZOMXKHL GHTbL BH-
paxeHbl BHYTPH b 650KOB, £ 3/ieMeHTOB (06paGOTOK) KOTOPHIX BBI-
OpaHbl H3 BO3MOXKHOro 4Hcnaa f, TO NMOPANOK, B KOTOPOM paccMar-
PHBAIOTCA 3TH 2JIeMEHTbl, MOXET OKa3aTbCi BaXHbIM. [loatoMy
XenaTtenabHo, uyTo6n Nsai CHD npuHuMan Bo BHHMaHHe 3TO BJHA-
Hue nopsanaka. Ilpocrefwmuit cnoco6 COCTOHT B PacCMOTPEHHH 3Je-
MeHTOB B NOpsAAKe, ompenenseMoMm crosabuamu (¢ X {) naTHHCKOro
kBaapaTa. Ecau HCnonb3oBaTh mnepBHe R cTOAOLOB KBagpaTa, TO
OHH onpelesstoT ¢ GJOKOB MO £ 3/IeMEHTOB, npHueM KaXAblil H3
BO3MOXHHX [ 3JI€MEHTOB NOABJAAETCH POBHO OAMH pas B KaXKaoM
COOTBETCTBYIOLUEM TMOPAAKY moJoxeHnHn. Ecam b =cf, rae ¢—
TOJIOXKHTENbHOE LleJioe YHCJO, TO MOXHO MOJIYYHTb TNOJiHOe cGajiaH-
CHpOBaHHE MO NOPAAKY, HCIIO/Nb3yA YKasaHHBIM crmoco6oM nepsbie &
CcTON610B ¢ NaTHHCKUX KBaApatoB pasmepa (& X1).

Tak, HanpHaMep, nepBbie TpH ctonbua u3 (38.71) sanmator miaad
CHB ct=4, b=4, k=3, A= 2. Kaxnaa u3 6yxs A, B, C, D
NOABJsIeTCd ONHH Pa3 B KaXkKAOM cToJ6Ue.

Hcnonbsyembie TakuM cnoco60M HeTOJIHBlE JAaTHHCKHe KBaApaThl
H3BECTHH KaK IJaHbl kBagpaToB lOxsHa nocne TOro, Kak HX oT-
kpoi B. IOnsH. Pasymeercda c6asaHCHPOBAHHOCTb MO pacloJioxke-
HHIO MOXET OKa3aThCsl BaXXHOH Ans Jwoboro skcnepuMeHta CHDB
(He o06s3aTesibHO C MNPEANOUYTEHHSMH), B KOTOPOM <MOJIOXKeHHEe»
MOXKeT OTHOCHTbCA K JI000H nepeMeHHOH, Memaoomuil 3ddeKr ko-
TOpPO# Mbl XOTHM HCKJIOUHTb H3 3KcnepHMeHTa. Tak Obuio B HCXOX-
HOM DaccMOTpeHHH JaTHHCKHX KBagpaTtoB (cM. 38.31 n 38.34).

INapuble cpaBHeHHs

38.67 Yactun#t cayuain niana CHB npu £ =2 (koraa, Kak Mbl
Bupenu B 38.51, miaH HenpHBOAMM) OGBIUHO HA3BIBAETCH IMJIAHOM
napusix cpasuenutl (paired comparisons design). 3ToT WiaH oco-
OeHHO Ba)KeH B JKCIepHMEHTAaX ¢ NpeanoureHreM. B monorpaduu
IsBuma (1963), nocBsameHHOR MeTORaM TIAPHBIX CpaBHeHHH,
HMeeTcs [JlaBa O COOTBeTCTBYIOUIMX IVIaHAaX 3KCNepHMeHTOB. Boa-
MOXHO, CaMHMH BaXXHBIMHA H3 HHX SABJIAIOTCH NAQHbL CBA3AHHLLY
(linked) napneix cpasnenud, pasputoie Boaze (1956). B stux naa-
Hax Kaxjoe u3 { CyXKAeHHH COCTOMT B CPaBHeHHH r Nap 3Je€MeHTOB
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(BBIOpaHHBIX M3 MoJHOro uucsa n). CpaBHeHHe A KaXXAOH mnaphr
COAEPXHTCA B R CYXKIAeHHAX, NMPHYeM AJIA JIOOLIX ABYX CYXKIAeHHH
uMeeTcs POBHO A o6wux mnap. Kak ykasbiBaioT 0603HaueHHs, 3TO
coorBercTByeT mJjaHaM CHDB: cyXaeHHs COOTBeTCTBYIOT «06paboT-
KaM», napbl 3jJeMeHTOB — 6JIOKaM, «COHepXKalHM» £ TakHX .o6pa-

1
6otok. Becero umeercs b=+ n(n — 1) takux 6g0Ko0B. HoBas uepra

[IJIAHOB CBSI3aHHBIX NapHLIX CPaBHEHHA COCTOMT B TOM, UTO Tpe-~
6yercst, YTOOB KaXIOblif M3 N 3JeMeHTOB (HCYPHPOBaJ OXMHAKOBO:
4acTo B r Mapax KaXJOro cyXIeHHf, T. e. QuUrypHpoBaa 2r/n = a
pas. Ilosatomy u3 (38.94) umeem

a==k(n— )t (38.134)

H3-3a pomosnuresbnoro ycaoBusi (38.134) u3 cylrecTBoBaHH#A
nnada CHB He ciaenyer cymecTBoBaHHe MJiaHa CBfA3aHHBIX MapHHIX
CpaBHEHHM#, XOT M3 CYIIeCTBOBaHHA IOCJeXHEero, OYeBHAHO, CJe-
ayer cymecrtBoBaHue niaHa CHB. Bose (1956) naer mertomm (Boc-
TNpOH3BEACHHEIE Hssunom (1963)) BHBONA NAAHOB CBA3aHHLIX Map-
HBIX cpaBHeHHH W3 miuaHos CHB.

YacTHyHO cO6ajJaHCHpPOBaHHbLIE HeNoJHbie 6J0KH

38.68 CywecrBennoin ueprofi niavos CHB (cm. 38.49) sas-
JISeTCs NOJIHasgs CHMMeTPHS 06paGoTOK, KOTOpPbIe IMOABASITCH BCEro
r pas Kaxilas M A pa3 COBMECTHO ¢ Jo6o¥# ApPyros. dra CHMMer-
pHSl — eCTeCTBeHHOe CJEJICTBHE CHMMETDHYHOrO TpeGOBaHHA B

38.46—7 06 onHON H TON XKe TOYHOCTH HJIiA BCeX OIEHOK paaﬂocreﬁ
Mexay o6pa6oTkaMd. COXxpaHHB YyCJIOBHe IMOSiBJEHHS Kaxaoi 06-
pabGOTKH POBHO r pas, or6pocuM Tenepb TpeGoBaHHe TOro, 4ToOb A
6blJI0O KOHCTAHTOM.

[TpennosoxuM, uTo AJNA KaXAOH o6pabOTKH ocraBuwHechd {— I

m
06paboTOK pacrnafalTcs Ha m KJaaccoB o6beMa I, > lp=1t— 1.
p=1

DTH KJAaCChl HA3bIBAIOTCHA ACCOYUUPOBAHHLIMU Kaaccamu (associate
classes), a mo6as 06pa6oTKa H3 p-ro acCCOUMHPOBAHHOrO KJjacca
Ha3bIBaeTCs P-accoyuuposanHoli Ana HaHHON o6pabGoTku. Hanoxum
Tenepb CAERAYIOIHE YCHAOBHA:

(a) maa aByx o6paboOTOK, p-acCOUMHPOBAaHHBIX C AaHHOH, Cy-
IIeCTBYeT POBHO Ap GJIOKOB, B KOTOPHIX OHH MOSIBJSIOTCA COBMECTHO;

(6) ecin A — p-accoumnpoBaHa ¢ B, T0 B — p-accoununpo-
BaHa ¢ A;

(B) ecin A u B — l-accounnpoBaHu, TO uHCJIO 006paGOTOK, KO-
TOphie OZHOBPEMEHHO P-acCOUMHMPOBAHW AJisi 06paboTku A H g-ac-
COUMHPOBaHb AJasi 06paGoTk¥ B, mocTossHHO (MHB 0603HAa4YHM ero

Ppha)-
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IMnan, yaOBNETBOPSIOWMUA 3TUM YCJOBHAM, Ha3blBAETCH IMJaHOM
4acTuuHo cbarancuposannbix Henosnoix 6a0oxoe (YCHB). Taxue
niaHbl BrnepsBole paccMaTpuBaiHd bBose m Hoafip (1939). Ouemmano,
YTO OHHM COJepXKaT KakK uacTHbil cayuait maanst CHB; nas artoro
HYKHO, 4TOOBI Ap == A AJS BCeX pP.

38.69 IMTnanat YCHB comepXaT MHOrO KOHCTaHT. TO, KaK H pa-
nee, t, r, b, k; m 3HaueHM#i Ap; M 3HAUEHHH [, U 3HAUEHHA Pf,,,.
OpHako MexHAy 3THMH KOHCTAaHTAaMH CyUIeCTBYIOT JHHelHHe COOT-
HOUIeHHA, KOTOPbie YMeHbIIAT UX 3§ PeKTHBHOE YHCJIO.

Cayyait AaBYyX acCOUMHPOBAHHBIX KJAacCOB Mm = 2 TOAPOGHO
u3zyuanca Bose, Knatysptu, llpukanne (1954), Kotopue npusoast
BCe H3BecTHHle maaHu AJa r << 10, 3 << k& << 10. Jaxe B 3TOM mpo-
cTeflleM CJlyuae HMeIOTCH NATb THNOB CXxem accoyuuposanusn (T. e.
CcXeM, YCTaHaBJHBAIOIMIHX ACCONHMATHUBHBIC COOTHOLIEHHA MeXAy 06-
pa6oTkaMu). CaMhiM BaXKHBIM THIOM SBJAIOTCS Oesumsle Ha
epynnot nnansl YCHB, KoTopble caMu cOCTOAT M3 Tpex MOLTHIOB.

[yepun (1965) maer o6mHUpHBLIX 0630p OCHOBHBIX pe3yJbTaTOB
O cylllecTBOBaHHH H KoHCcTpyHpoBaHHH niiaHoB YUCHDB u npuBomur
ucuepnbiBatomyto 6ubauorpadpuio. CM. TakkKe MaTeMaTHYeCcKoe H3-
Joxenue Baifima (1967). IlonpoGHOCTH COOTBETCTBYIOILKX METOLOB
CTAaTHCTHYECKOr0 aHajiH3a, BKJIIOYas HCHOJb3OBaHUE HHPOpMauuu
Mexnay 6ioxamu, npusoiar Bose, Kaatysprtu, lllpukanne (1954),
Kemncopu (1952) u C. Pao (1947).

CTpyKTypHBle 00pabOTKH: peuieTyaThie NJAAHBI

38.70 I1pu H3MOXKEHHWA IVIaHOB 3IKCIIEDHMEHTOB Mbi II0OKa He
MpeAnoJarajit, 4To MeXnay 06pa60TKaMH MOryT CylleCTBOBaTb Ka-
Kue-mu60 cooTHomweHusa. [IpeamosoxuM Teneps, 49ro O6pabOTKH
B 3KCMePHMeHTe K/JAacCUDUIUPOBAHBI B HEKOTOpPble KaTeropuu. 1o
HMeeT MeCTO, HamnpuMep, ecid OOpaGOTKH COOTBETCTBYIOT rC KOM-
6nHauuAM B HABYXGMaKTOPHON mnepekpecTHOH kuaccudukauuu. Ilpu
5TOM caMH 06pabOTKH MOXKHO eCcTeCTBEHHO PacCnoJiOXHUTb B BHIe
TabMHUH ¢ ABYMA BXORaMH. DB/iouHble dKCIepHMEHTHl, NMPHHUMAIO-
e BO BHHMaHHe TaKHe KJaccHOUKalMM, HA3bIBAIOTCHA peuer4a-
Toimu naanamu (lattice designs). BnepBbnie OHU OBIJIIH BBELEHH
Hositrcom (1936b, 1939, 1940b). STd naaHb HMelOT 0COGeHHO GOJIb-
uioe 3HaueHuwe, Korna ! BeJHKO, H60 Ta6auna B 38.54 nokasweiBaer,
KaK MaJo HMeeTCs B 3TOM ciayuae pacnosoxennit CHB.

38.71 TlpennonoxuM, uto f{ o06pa6oT0K NpeiaCTaBseHb B BHAE
(I X k)-tabauub ¢ nByMsi BXOmaMHu, Tak uto {= lk. MoxXHO pac-
cMoTpeTb GJIOKH, COOTBeTCTBYWOLIHe [ cTpouyKaM ¢ k& 06paboTKaMH
H aHaJOruuHo R cronbuam c ! o6pa6orkamu. B pesyabrate moay-
udTcA miaaH ¢ I 6710KamMH 10 & 06beKTOB M R GiokaMu 1o [ o6bek-
ToB. Takoil NJaH HasbiBaercs NPAMOYyzoabHOU pewerkoli (rectan-
gular lattice). Haszpaune BO3HUKJO H3-3a TOro, 4To 06paGOTKH
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MOXHO MNpeACTaBHTb B BHIAe ToueK pemeTkM B (I X k)-tab.uue.
Uro6rl BepHYTbCS B PaMKH Hauero O6GCYXIeHHs, MMeIOIIero Aeso
TOJBKO ¢ O6JIOKAMH paBHOro o6kbeMa, HYKHO OrpaHMUHTbCA K6al-
parrod pewerkoy, Koraa k=1 T[Ipu ABYXKPaTHOM NOBTOPEHHH
06pa6oTOK, Kak 3To OblJIO Bhillle, HHOrAa TOBOPSAT O nPOCTOL pe-
wieTke, TPH TpPOEKpPaTHOM — O Tpodnol pewerke (iriple lattice),
IIpH YeTbIpeXKPAaTHOM — O uergepHol pewerke (quadruple lattice)
H T R

KBanpaTHble pemeTkHn He SIBAAIOTCS c6GajaHCHPOBAaHHBLIMH [iIa-
HaMd B TOM CMbicjie, B KaKoM TaKoBbiMH faBJasatoTcs CHDB. Xors
Kaxnaasa o6paGoTka nosBiasercda r = 2 pa3a, HeBepPHO, YTO UYHCJIO
6.10K0B, B KOTODBIX OHa [MOABJIAETCH COBMECTHO C J1060{ Apyrod,
onHo ¥ To Xe. OyeBHAHO, 4TO YaCTOTa COBMECTHOIrO NMOSBJAEHHS Aj
paBHa eAHHHUe HJsi 06paGOTOK H3 OAHOA H TOH e CTPOKH HJIH M3
OAHOTO M TOro e cronbua (& X k)-tabGauubl W paBHa HYJI0 AJA
BCeX OCTaJIbHHX nap o6paGoTOK.

MoXHO oOueBHAHEIM 00pa3oM o0606mHTL AByMepHhie (kX k)-
tabmubl 06pabGOTOK Ha p-MepHble TaOnHOB, cOoxepXxailie kP 06-
pa6otok. Torna 6e3 mnoBTOpeHHss 06pPaGOTOK MBI TNOAyuuM kP!
6J10K0B 10 £ 06bekToB. TakHe p-mepHvlie pewieT4arsie NJAaHbB CHOBA
ne c6aiaaHcupoBaHbl. JJs HeKOTOPBHIX NPHJIOXKEHHH BaxHa Kybuue-
ckaa pewerka (p = 3).

38.72 Yro6b u3bexXaTh yCAOKHEHAH aHaJH3a, CBSI3aHHLIX C OT-
cyTcTBHeM CO6ajJlaHCHPOBAHHOCTH, MOXHO TIOCTPOHTbL cbasamcupo-
8aHHble peweT4qarvlie TJIAaHB, PAacCMaTPHBas HECKOJIBKO 3JK3eMIJs-
pOB INPOCTHX pelIeTyaThiX PacloNOKeHHH, KOTOphie H3Yy4aaHChb
Bume. [pu ¢ = k2 = 9 rtabauue

1
(38.135)

G O N
o O W

4

7
COOTBETCTBYeT OnHcaHHbiA B 38.71 mJjaH npocTod KBaApaTHOH pe-
IIETKH ¢ lIeCTbIo 6J0KaMH

114]17)1]2]83
2/5(8(4]5]|6 (38.136)
316;9(17]81|9

npuyeM pasbueHne B (38.136) cooTBeTcTBYeT ABYM 3K3eMIJApaM,

colepKaiiuM NoJHHA Habop o6paboTtok. Ecau Tenepnr R06aBHTHL
[Ba APYTHX 3K3eMIaspa

1]12]3
6|45 (38.137)
8(9|7
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TO, KaK MOXeT TpOBEepHTb UHTaTelb, 00%edunenue (38.136—7)

siBAsiercsl c6anaHcupoBaHHBIM. Ha caMom nene B pesyiabraTte mO-

ayusaercst miai CHB ¢ =9, k=3, A=1, 6 =12, r=14.
Yerbipe nogHbIX 3K3eMIiapa B (38.136—7) MOXHO HCIOJB3O-

BaTb IJi1 OOPa30BaHHA MHONCECTBA pelueTHarsvix Keaoparos, Bbi-

BOAA 3TH 3K3eMIIApHl, KaK 3TO onucaHo B 38.71, uz (38.135)

H cJelLytomed TaGaHLbi:

I 59

6 7 2 (38.138)

8 3 4

DTH njaaHbl Gosee MoJe3Hbl, Korna k = t': HeueTrHO. B aTOoM cayuae,
KaK ¥ B HalleM NpuUMepe, Tpe6yeTcs1 (k4 1)/2 kBanpartos. Ecau k
YeTHO, TO AJSl TNOCTPOEHUS MHOXeCTBa HYXHO %2 -+ | KBampaToOB.

38.73 Bosee nompo6GHasi TeOpHA W aHAJAU3 pelleTYaTbiX [JaHOB,
H3J0XKHTb KOTOpble 3Jech He NO3BOJAET 00beM KHHIH, TPHUBENEHHI
B MoHorpadusax KemncopHa (1952) u Koxpsua u Kokca (1957).
st Hawero U3JIOXKEHUs1 BaXKHO, YTO OHH MPUBONAT HAc K pPacCMOT-
PEHHI0 «CTPYKTYPH30BaHHBIX» OO6pabOTOK, KaK MHHHMYM C TOdY-
HOCTbIO A0 DPAacrioJioXKeHHd nO KateropusM. Ciexys mo 3TOMy OYTH,
Mbl oO6paTuM BHHUMaHHe Ha OO6pPabOTKH, KOTOphIe SIBJAOTCA KOMOH-
HAaIlUSIMH HHTEpPeCcyOIIUX Hac 3JeMeHTOB, M INpHAEM K COBCEM
HOBBHIM BOIIPOCAM.

dakropHbie IKCHEPHMEHTH

38.74 Ecain 06paGoTKH B 3KCrepUMeHTEe COCTOSIT U3 BCeX BO3-
MOXHBIX KOMOUHaUUfi MHOMXKeCTBa HHTepeCcyiOlIMX Hac (akTopos,
TO OH Ha3hBaeTcd PAKTOPHbIM IKcnepumenTom. Takod sKcnepu-
MeHT ¢OpMadbHO coBrnajgaer ¢ (MOJIHOH) MepeKpecTHON KJaccUpH-
Kauuel, AeTaJbHO HU3yueHHOR B 35.15—33 u 35.40—4. B npenwe-
CTBYIOIIUX TIJiaBaX Mbl He HCNOJb30BaJyd TEPMHHOJOLHIO 3KCIEpH-
MEHTOB, TNOCKO/IBbKY H3JOXKEHHBII TaM aHa/lH3 [OPUMEHUM TaKXe
H K He3KCnepHUMeHTaJbHBIM CcHTyauusaM. Kaxkpas mnepeMeHHas,
ompepensiomas KnaccupHkauvio (T. e. nepeMeHHas, COOTBETCTBYIO-
Hias CTPOYKaM, cronbuaM MU T. I.), Ha3bIBaeTCsd B IKCIepHMEHTe
¢akTopom. 3HaueHHs, KOTOPbie MOXKeT NPUHHMATb (akTop, obOpa-
3ylolIHe KIeTKH MapruHaJbHOM KjaaccuduKauuu 3Toro pakropa, Ha-
aniBatoTca yposuanmu (level) storo cdakropa. B 3ToM koHTekcTe
H3yueHHYI0 paHee (7 X €)-TepeKpecTHY0 KJaCCHGHUKAUUIO MOKHO
onHcaTh KaK QaKTOPHLIA IKCIIEPHMEHT C ABYMSA (aKTOpaMH, y OA-
HOT'O H3 KOTOPHIX r YpOBHe#, a y apyroro c¢; (r X ¢ X [)-nepekpe-
CTHas kKaaccHUKaUUd — 3TO (PAKTOPHBIH IKCIIEPUMEHT C TDeMsA
¢dakTopamu, mo r, ¢ u | ypoBHe#i cooTBeTcTBeHHO. [IpHBeleHHbie
BHILIE ABa IIpUMepa YacTO Ha3hBawT Npocto (r X ¢)-QaKTOPHHIM
H (r X ¢ X l)-0aKTOPHHIM 3KCIepHMEHTaMH COOTBETCTBeHHO. Ecau

8 M. Kedmamua, A, Crbioapt
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B TEPBOM H3 HHX 7=, TO roBopaT O (r%)-pakTOPHOM 3IKCIepH-
MEHTe H T. A.

38.75 Ecan no miany cayuaiHbiXx GJOKOB IPOBOAHTCH (aKTOP-«
HbI# 3KCIEPUMEHT, TO €CTeCTBEHHO BO3HHKaeT XKeJaHHe pa3JlesiHThb
CK o6pa6oTox (c £—1 cT. cB.) Ha KOMIIOHEHTHl, COOTBETCTBYIOHIHE
TAaBHBIM 3p¢dexkTaM H B3auMoneficTBuaM. Tak, Hanpumep, B
(r X ¢)-pakTOpHOM 3KCIIepHMeHTe C ONHHM HaGJAIONEHHEM B KjieTKe
RomxHo Obith £ =rc u CK, o6yciosienHHasn pasHuueii o6paGoTok
(uMelomas rc—1 cr. cB.) ZOMKHA ObITb, KaK B IpuMepe 35.3,
‘pasyioxkeHa Ha ujeHs ¢ r—1, ¢—1, u (r—1)(c—1) ct. cB.
B ob6wem cayuae CK, o6ycnoBienHas pasuuueii Mexnmy o6pa6oT-
KaMH, RO/KHa ObiTb pa3buTa. Ha KOMIIOHEHTH, COOTBETCTBYIOLLHE
‘BCEM TJIaBHHIM 3¢ (eKTaM M B3aHMOJEACTBHAM DPAa3JHUYHBIX MOPSMI-
KOB, KaK H B raase 35. D10 pa36ueHHe MH Ha3oBeM LA dasa 06-
pabortox.

M3 (38.52) BumHo, uto CK, 06ycioBieHHas pasHHLIEd MeXHay
-o6pa6orkamu, paBHa {I'T — G?/t}/b, tak uto T'T/b urpaer Temepn
TY e CaMyio poJb st (aKTOPHOTO 3KCIIEDUMEHTa MO IJIaHy CAy-
yalHbIX O6J10kK0B, 4To H Y’y B rtnase 35. Takum o6pasom, LA
AJa 006pabOTOK MOXHO TNPOBOAHTL TeMH Ke MeTOAaMH, 4YTO
H B riaBe 35, omepHpys cyMMaMu no o6paGoTkaM T; H 3aMeHss !
Ha n. HyXHo ToibKO nmoMHHTb, uto Bce koMmnoHeHTH CK HyXHO
nenuth Ha b. Pasymeercs, 3TO ZeseHHe OOGYCJHOBJEHO TeM, 4YTO
Kaxnpoe T; npeactasiser co60fi cyMMy b HaGJaiOXeHHHA.

38.76 M3 ynpaxuenus 38.6 BUOHO, UTO TOT Xe CaMBId MPOCTOH
A nasa o6pa6oTOK B TepMHHax T; MOXHO IPOBOAHTb AJA (DaKTOp-
HBIX 3KCIIEDUMEHTOB MO TMJaHy JaTHHCKOrO KBaapaTa, NpHYeM Te-
Tiepb BMecTO b nesuteseM 6ymeT f{, KOTOpoe CHOBa €CTb YHCJIO Ha-
GAI0NeHHH, RaoWKX B cymMMe T;. AHaJOrHuHoe NpaBHJAC CIpaBen-
JUBO A 0606IleHHHA B ynpaxHeHHH 38.6 Ha rpeko-JaTHHCKHH
KBaJpaT U OPTOrOHaJIbHHE KBaApaThl 60jee BHCOKHX NMOPAIKOB.

CmeluHBaHHe

38.77 o cux nop pas6uenne CK pasHuub Mexny o6pabGoTKaMu
6blJI0 caMo MO ceGe NPOCTHIM, MOCKOAbKY B 38.75—6 MBl paccMart-
pHBAMH TOJABKO (PaKTODHBle 3KCIEPHMeHThl (CaMH NPOCTOH CTPYK-
Typbl) AnA npocrefmux 6a04HBIX MiaHOB. OTKaxeMcs Tenepb OT
0601Xx OrpaHHuYeHHH H BepPHEMCi K PaCCMOTPEHHIO 3KCNepHMEHTOB
€ MHOXECTBOM COOTBETCTBYIOULHX 006pa6oTOK ans ofuiero 6Jou-
HOro mJiaHa. -

BrasHys Ha CK pasHHub MeXay o06pa6oTKaMH H3 TabaHUbI
OA (38.39) mas oGuwero 604HOrO SKCIepHMEHTa, YHTaTeslb yOe-
IUTCS, UTO Tellepb HeJb3si OXHAATh NpocTOoTH 38.75—6, MOCKOMBKY
pasMelueHHe 06paboOTOK MexXkAay GJIOKaMH CyIUIeCTBEHHO BJIHSIET Ha
CK pasHHub Mexay o6paGoTkaMH (3TO BJHSHHE OIIMCHIBAETCH
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matpuueit B). TlpuBenennbie coo6paxKeHHsi OCTAIOTCSd OMNpaBHaH-
HuME ¥ A5 naavoB CHB (tab6amna (38.106)), uto ciaenyer us
onpenenenuss To B (38.102).

HeTpyZHO NOHATH, UYTO 3TO HeHU3O6eXKHO, MOCKOJIBKY B KaXioM
6JioKe TOABJASAIOTCA He Bce 00OpaboTKH M BaHAHHEe 06pabOTOK OKa-
3biBaeTCd HEBO3MOXHbIM OTAEJHTb OT BJHAHAA caMHX OGJOKOB.
Jlaxe c6anancupoBanuoctH (B cmuicsie CHB) HemocTaTouHo, uTOGEL
npenotrspatuTth 3t0. Ha caMoM nene BosHukaeT HOBas mnpobneMa,
MOCKOJIbKY, KaK OYeBHJHO, CYIIeCTByeT OTNAaCHOCTb, UTO OKaXKeTcs
HEBO3MOXHLIM OLIeHHTb BaxKHble KOMIOHeHTH CK pasHuub Mexiy
o6paboTkaMu (Hanpumep, rJjaBHue 3(@deKTH H B3aUMOLEACTBHS.
MepBOr0 TOPAAKA), TOCKOJbKY OHH Ype3BBIYaHHO TecHO meperJe-
TeHbl ¢ 3¢dekTamMu Gaokos. B 3TOM cayuae TOBOPST, YTO OHU
cuewanst (confounded) ¢ 6a0xaMu.

38.78 He orpannuuBasace CK u3 tabnunwt 1A, paccMoTpum
B caMoM ofbuieM BHIe OLEHKH p JUHEeAHBIX QYHKIMI OT mapaMeTpoB.
06paboTOK, ckaxeM, Ct, rne C npencrasnser cobod (p X t)-Mmat-
puny 3axaHHBIX KoaddHuuuedToB. B uyacTHOCTH, MBI HHTepecyeMcs
cpasreruamu napaMerpoB. B atom cayuae (cm. 35.58) nas mio6oi
cTpokH Matpuupn € cyMMa 3jeMeHTOB paBHa Hymaio. Cneanyer mo-
MHHTb, YTO CPAaBHEHHSI BKJIOUAlOT B ceGs NPOCTO PasHOCTH, a TaKiKe
B3aUMOJeACTBUA MexXIy JaObIMH NapaMeTrpaMd o0paGOTOK.

H3 copmynupoBanHolt B (38.12—14) Mopmenn OJIOYHBIX 3KC-
IepUMEHTOB CJeAyeT, 4TO

Cr=(Ci0)9, (38.139)

roe 0 npencraBiasier co6oi (p X (b—1))-MaTpuuy, Bce 3JeMeHTH
KOTOPOH paBHbl HYJ10. 2Ta MaTpHLA CJAYXKHT IJA TOro, 4TOGHI
YCTPaHHTb napaMeTrpbl GJIOKOB a.

Hanee, uro6m npu ounennBanud (38.139) sexktop Ly okasascs
HecMmelleHHbIM, corniacHo (19.19) Heo6xomuMo M AOCTATOUHO, UTOGBE

LX = (C}0),

T. e, ucnoan3ys (38.13),
N t

L|- |=c,

Lz )
1,4 (38.140)
Ll . l=o. .
11:"1’1

Taknm o6pasoM, ecim Mbl cymeem Hailtd (p X bk)-matpuuy L,
ynosaetBopsimywo (38.140), To Mexay p suHeAHHIMH GYHKIUAMH
Cv He GyleT CMelUHBaHUS.

8&
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38.79 Ypapuenus (38.140) Haunarawotr p(f{+ b—1) ycaouit Ha
pbk snementoB Matpuubt L. [Ipn mo6oM p 3THM YCHOBHSIM 3aBe-
AOMO MOXHO YIOBJETBOPUTb, ecau [+ b—1<Cbk T. e ecau
b>=(t—1)/(k—1). Tlpp HeKOTOPHIX 3HAYEHHAX p ypaBHEHHAM
MOJMCHO YAOBJIETBOPHTb H npH b << (f{—1)/(k— 1), NOCKOABKY Yyc-
noBusg Ha L we 06sa3aTesbHO He3aBHCHMBL. DTO 3aBHCHT OT CTPYK-
Typnl GJyouHoro mnnaaHa. Cayuaft ¢ ==0bk (xoraa B 3KCIIepHMeHTE
HCIIOJIb3YeTCs ONHH 3K3eMIUIAP MHOXecTBa 06pabOTOK) monamaer
B 3Ty KaTeropHIo, NOCKOJbKY ¢k <<(t—1)/(k— 1) npu >k,
a cayuaft { = R B 5TOH CUTyauHH TPHUBHAJIEH.

Takum o06pazoM, Mbl BHAHM, UYTO eCJAH HMeeTCA AOCTaTOUYHO
6J10KOB, TO MOXHO BCerfia, €CJH 3TOro noxeJsaaeM, u3bexkatp nepe-
MellMBAHUA AJS JOGOr0 MHOMXeCTBAa JIMHeHHbIX (YHKUUHA OT mapa-
MeTpoB 06palOTOK. DTO HHTYHUTHBHO NOHATHO M3 TOoro (akra, yTo
ec/IH HeKoTophle (QYHKUHH mNepeMellaHbl OJs NaHHOIO MHOXeCTBa
6/I0KOB, TO MOXHO ClenuanbHO X00aBHTbL ellle MHOXeCTBO 6JIOKOB,
B KOTOPOM OHH He IlepeMellaHbl. DTO CNpPaBelJHBO, B YaCTHOCTH,
TOrJa, KOria Kaxaoe MHOXeCTBO OJIOKOB COCTOHT H3 TNOJIHOrO Ha-
6opa o6paboTok. B sutepaTtype Te QPyHKUMH, KOTOPbIe MEpeMelllaHbl
B YaCTH 3KCNepHMeHTa, a He BO BCeM I3KCIepUMeHTe, Ha3biBaeTcs
4aCTUHHO CMEULaHHbIMU.

38.80 lo cuHx mnop MBl CMOTpeJH Ha CMelIUBaHHe KaK Ha
3J10, OT KOTOPOro HY2KHO 0cBOGOAHTHCA. HecoMHeHHO, OHO MemraeT
HaM, Jejasi HEBO3MOXHbIM OleHHTb HeKOTOphie (QYHKLUHU OT mapa-
MeTpoB 06pa6oToK. [daxe B ciaydyae YaCTUYHOIO CMeLIHBAHHUA MpPO-
HCXOIUT CYIIECTBEHHOE YCJOXHEHHe BBLIUHCJAEHHA, KOTOpbie MOFYT
OKa3aTbCAl BeCbMa YTOMHTEJNbHBIMH, B TO BpeMs KaK, pa3yMeercHd,
TOYHOCTb OLIEHOK YaCTHYHO CMellaHHBIX (PYHKUHUHA ROJKHA YyMeHb-
IIMTbCH.

Onnako B (HaKTOPHBIX 3KCHepUMeHTaX CMeIlUBaHUe HUrpaer
Tak¥Ke TOJOXHTeJAbHYIO ponb. B 35.44 ykaswiBasoch, UTO B3aHMO-
neficTBHsA 6Gojiee BbLICOKMX NOPAAKOB OOBLIYHO B MPAKTHYECKUX CH-
TyauHsix HCPaloT MaJyio pojb. IloaTomy uvacto NnpH npoBeleHHH
3KCMIePUMEHTa HX MOXHO CIelHaJbHO nepeMemaTb ¢ G6JIOKaMH.
B pesysabrate coorBercTBytomasa uM CK (u cr. cB.) 6yner BKJto-
yaTbed B ocratounyww CK. Pasymeercd, MOXHO TNpOBeCTH TOYHO
TaKoH e Ipouecc o6beAHHEHHS, YTO H 1JA HeCMEIIaHHOro aHa-
ausa B 35.44. 'naBHBIM 3JeCh sABJsSETCA TO, UTO B paMKaXx JAaH-
Horo 3KcnepuMeHra (f, & U b) MOXKeT OKa3aTbCA HEBO3MOXHBIM
OLEHUTb BCe XKeJiaeMble JHHefiHble QYHKIHH OT mapaMeTpoB o6Gpa-
60oTok (rnaBHble adPexkTH M B3auMopeicTBHA). EcaH HeKOTOpHE H3
HHX HOJ/DKHBH OBITb CMellaHbl, TO, BooGule rOBOPS, BHIFOJHO HaUH-
HaTb ¢ B3aHMOAeHCTBHA 60Jiee BHICOKHX IMOPSAAKOB H TepeMellHBaThb
KaK MOXHO MeHblle rJaBHbHIX 30¢deKTOB M B3aUMOAEHCTBHI mep-
BOro mnopsjxa.
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[Mpecnenys 3ty uenb, Pumep (1942) paccmoTpen ¢akTOpHBIA
9KcmepUMeHT ¢ 2™ — 1 daKTopaMH, KaXKABIA H3 KOTOPHIX MMeeT NBa
ypoBHs (Bcero 22"~' gom6umaumit). Vicnosbays Teopuio aGeseBbix
Tpynn, OH AOKasal, uTO ecaH k == 2™, T. e. UHCIA0 GJIOKOB GOJblile,
yeM uHcaAO GaKTOpPOB, TO NPH HAaJHUYHH ORHOro Ha6opa 06paboTOK
He HYXHO CMeMHBATh rJaBHbe 3(deKTH H B3aUMOAEHCTBHUA Nep-
Boro mnopsanka. IlosgHee oH pacnpoctpanun pesyasrat (Puiuep
(1945)) Ha (akKTOpH C p” YPOBHSAMHM, rle p—INPOCTOe UHUCIAO (CM.
-takxke Maun (1949)). Kemncopu (1952) maeT meTajibHoe H3JioXKe-
HHe npeJaMera paccMaTpHBas TakXe (DaKTOPhHl C Pa3sHbBIM YHCAOM
yposHefi. Kokpan u Kokc (1957) o6cyxnaior npuMeHeHHs ¢ TIO-
JpOOHBIMH NpHMePaMH pAacHONOXeHHH cMelWaHHBX O6a0koB. Mafite
(1937) npHBOAUT MHOTO NPUMEPOB ¢ NPHMEHEHHSMH B CEJbCKOXO-
3ANCTBEHHOM 3KcrepHMeHTHpoBaHuH, a I[3Bbec, Boke, KouHop, Ky-
3un, Xumceopc u Cuanurro (1954) maioT npEMepH HPOMEILLIEHHBIX
SKCNepUMEeHTOB.

38.81 OnHUM U3 BaXXHHIX TPHMEHEHHH CMeLIWBAHHA SABJSAETCHA
paKTODHBINI SKCNEDHMEHT ¢ uacTHuHbIM AyOanpoBanueM (fractio-
nally replicated), kKorma HeKoTOpHe B3auMOAeHCTBUSA IIpeAnoJa-
FalOTCH PAaBHBIMH HYJIO, YTOOB MOXHO OBIJIO OIEHHTb OCTaBLIHECH
ranasHue 30¢eKThl H B3aUMOINEACTBHSA, HCHIOJb3YA TOJbLKO HEKOTO-
pole GJOKH [aHa C NepeMellaHHbIMH Osoxkamu. Ilpexnonoxenus,
O CYILECTBY, NMO3BOJAOT NPOBOXHTb aHaJH3 Da3nHiHA 30 (eKTOB,
KOTOphIe UHBIM CNOCcOGOM HepasiHUUMbl. DTH 3¢ (eKTH Ha3LBAIOTCH
6espasaudnoinu  (aliases). Kemncopu (1952) wusnaraer TeopHio,
a y Kokpana u Kokca (1957) npuBemeHbl HeKOTOPble OOCYXIAEHHS.
JsBbec ¢ coasropamu (1954) paccMaTpUBAaIOT MJAaHB C YACTHUHBIM
Ay6nupoBaHHeM B NPHMeHeHHH K NPOMBILLIEHHBIM 3KClepHMeHTaM.
DTH MAaHbH 4acTo ObIBAIOT IOJIe3HB, KOIa HYXHO HCCAeAOBaTb
6oabloe yucjao GakTopos.

38.82 B HacTosilliee BpeMA B pDACHODPSIKEHHH 3KCIEpUMEHTATO-
POB HMeeTcs MHOrO APYrHX GakTOPHBIX IJIAHOB € MNepeMeHiHBa-
nueM. Pacwyennennsie tunanm (split-plot designs) oMeuwinBaioT
T/1aBHbie 3(¢eKTH, CTaBf B COOTBETCTBHe KaXIblii ypoBeHb Qak-
Topa o6bekTaM B 6J0Ke. DTO pacrnosoXeHde HHOraa YAOGHO H Jaxe
HeoOXOAMMO Ui NPaKTHYECKOro NpoOBedeHHs 3KcnepuMeHta. [Ipy-
rue Gonee cJAOXKHbie (OpPMBI CMeMIHBAaHHUA B (PAKTOPHBIX JIKCIEPH-
MeHTax (KBa3MJaTHHCKHE KBAaApaThl, «KJETOUHLIe» KBaapaThl) OlH-
CHIBAlOTCA U aHAJU3UPYIOTCS B y¥Ke YNOMSHYTHIX KHHrax.

TlocnenoBaTeN bHOCTb 3KCNEePHMEHTOB: 3BOJIIOIHOHHAA oNepanus

38.83 B kunre Kenysa (1953a) oco6oe BHHUMaHHe YyHAesseTcst
3ajlave TUVIaHHPOBAHHA M aHaJu3a JOJCOCPOYHBIX IKCHEPHMEHTOB
H rpynn s3KcnepdMeHToB (cM. takxke KokpsH u Kokc (1957) u Kam-
ncopu (1952)).
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Jpyrue, HO G6/HM3KHe BONPOCH, KOTOpbieé HauaJHM H3yyaTb He-
ILaBHO, COCTOAT B BHIGODe NOCJEROBaTENbHOCTH SKCIEPHUMEHTOB MJISt
HaXOXIEHHA ONTUMAAbLHOE Kombunayuu (HaKTOpPOB, HanmpHMep MJIS
MAaKCHMH3alHH BHIIyCKa KOHEYHOr0 INPOAYKTa (HJM HEKOTOPOW
ApYyroit BeJHYHHBI) y Tipouecca ¢ (HKCHPOBAHHHMH 3aTpaTaMH,
HJIH, YTO 3KBHBaJIeHTHO, MHHHMH3AalUK 3aTPAT NPpH (PHKCHPOBAHHOM
Bbimycke. MeTox COCTOMT B MOJATCOHKE rOBEPXHOCTU OTKAuKa (res-
ponse surface) K 3KcnepHMeHTa JbHBIM ToukaM mo Metony HK.
3ateM 06J1acTb JKCIEPHMEHTHPOBAHHA CABHTCAeTCA IO HampaBbJe-
HHIO HAWCKOPeHILIero cmnycka a0 OauxaHiedA CTalHOHapHOH TOYKH,
KOTOpasi H3y4YaeTcssi ¢ TOUKH 3pEeHHS HCCHeNOBaHHUA XapaKTepa
TIOBEDXHOCTH OTKAHMKA. [l HaxoXKXeHHA MOBEPXHOCTH OTKJIMKA.
NMpeaaoXKeH INJaH 3KcnepuMeHTa, oO6J1afalolliUf creuHaJbHbiMH
CBOHCTBAMH CHMMETPHH, Ha3BaHHbIH porarabeavHoim naarnom. Un-
TaTe/b, HHTEPECYIOLIUHCA TeopueH 3TOro MeToOda 3BOJIOUHOHHOrO:
NJIaHUPOBAHHUA H CBSI3aHHBIX C HUM poOTaTtabesbHHX MJIAaHOB, OTChHI-
Jaercd K craTbiM Doxkca u Yuacona (1951), Bokca n Xaurepa
(1957), Bose u Kaprepa (1959), 'apnuuepa, panpeiinxka u Xeh-
nepa (1959), Bose u Hpasiinepa (1959), Hpaiinepa (1960a,b,c;
1961) u Bokca u DenrkeHa (1960). MeHee TeopeTHYecKOe H3J0XKe-
HHe NpUBeNeHO B mocienHei riase JlsBbeca ¢ coaBropamu (1954).
u y Bokca (1957)%*).

Metonbl 3IBOJIIOLHOHHOTO NJAaHHPOBAHHA He ABJAIOTCA ToCKe-
NoBaTeNbHHIMH MeTOoaaMH B coOCTBEHHOM CMbicje 3TOro caosa. Mx
KPHTHKOBAJIH MO TOM TNpHYHHE, YTO OHH He HMEIT CTPOroro Teope-
THKO-BEPOSATHOCTHOrO o6ocHoBauus. OAHAaKO NpaKTHUYeCKas BiX-
HOCTb 3THX METOIOB He MOJABEePraeTcsi COMHEHHIO.

IMaanupoBanue perpeccuy

38.84 Mub 3aKOHYHM TrJaBy pasfopOM IJIAHOB 3KCIEPHMEHTOB,,
LeJbI0 KOTOPbIX fBJSeTCS NpoBeJeHHe PerpecCHOHHOrO aHaJH3a.

Kak ymomuHajoce B 38.2, B npuMepe 28.4 paccMaTpHBalaCh
3ajava TJaHUPOBAHUA SKCIePHMEHTa AJd H3Yy4YeHHs MNPOCTOH JH-
HefiHoi perpeccuu. Okasasiocb, 4TO A1 MHHHMH3aUHH JUCTIEPCHIT
HK-oueHOK IBYX mapaMeTpOB perpecCHH HY>KHO MNOJOBHHY Hab.i10-
JeHHH TIPOBOAUTL NPH MaKCHMAaJbHO BO3MOXKHOM IO MOARYJIO OTPHU-
[aTeJIbHOM 3Ha4YeHHH X, a BTOPYIO IOJOBHHY I[IpH COBIAaAaloleM
no MOAYJ, HO MOJOXHTEJbHOM 3HAYeHHH ¥. Mbl yKasbBaJH Taw,

*) Cm. taxxke B. B. Haaumos, H. A Uepnona, CraTuctHueckHe Me-
TONH IJIAHHPOBAHHsl 3KCTpPeMaJbHuX 3xcnepumentoB, «Hayka», 1965; ITa aw u--
poBaHue 3KcnepHuMeHTa, cbopunk non pen. I'. K. Kpyra, «Hayxka», 1966;
Y., Xuxkc, OcHOBHHe NOPHHUHNH [JIaHHPOBaHHA 3KcnepuMeHTta, «Mup», 1967;
B. B. ®enoposB, Teopus onTuMaabHOro 3xkcnepuMmenra, «Hayka», 1971; ITxa-
HHpOBaHHEe ONTMMaAbHOTrO skcunepumenta, COopHHK noj pel.
M. B. MaatoroBa, Buin. 48, MI'Y, 1975. ({1pun. ped.).
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YTO 3TO COOTBETCTBYET TOMY (PaKTy, UTO OTPe3OK NpAMOi HauGosee
3dPeKTUBHO ONpefesisdeTcs] CBOHMH KOHEUHBIMH TOYKaMH.

PacemoTpum Teneps Gostee o6miy 3amauy pasMelleHHst 3Haue-
HHH perpeccopa x, KOrjga MaTeMaTHUeCKoe OXHIaHHe Yy fBJAAETCS
nojiuHoMoM oT x. B 28.16—20 paccMaTpuBasiach TEOpHSI NOJWHO-
MHAJNLHOA perpeccHHd; NPH 3TOM 3HAaUeHHS X CUMTAJHCh 3aJaHHBIMH
3apaHee. Tenepb MBI HHTepecyeMcss TeM, KaK BHIOpaTh 3HaueHUSA
X, uTOOH TIapaMeTphl ypaBHeHHs NMOJHHOMHAJBHOHA pEerpecHH OLeHH-
BAaJIUCb ONTHMAaJIbHO.

38.85 INpeanmonoxuM, 4TO 3HaueHus X [OO/KHBI GOHITb pasMe-
TEeHbl BHYTPH (OHKCHDOBAHHOr'O HHTepBaJia, KOTOPHI#i Ge3 orpaHuue-
Hus o6muocTH 6yneM cuuTaTh HHTepBajiom (—1, +1). Ha nonuuo-
MuaJNbHBEIE caydyal 060611al0TC NpuBeleHHble BbIIIe HHTYHTHBHBIE
apryMeHTH, H60 TIOJHHOM CTelleHH R oOlpefesieTcA 3HAaYeHHAMH
B k-4 1 Touke. Bonee Toro, B MONMHOMMAJLHOM cJiyuae Bce ellle
MOXHO OXHAATb, YTO MO OJHOH TOUKe JOMIKHO OLITh B KaxKIOM
KOHIle HHTepBasla. DTH HHTYUTHBHbIe COOOpaXKeHUf OKa3biBaTCs
CIpaBelJHBbIMH AacCHMITOTHYECKH AJA oO0wmel INOJHHOMH2JbHON
perpeccun. Kudep (1959) nokasas, 4To ecqiu He MNPHUHUMATL BO
BHUMaHHe aHaJIHTHYeCKHe CJOXKHOCTH, BO3HHKAIOIIHe H3-3a TOrO,
yTo n uenoe (OHM He BO3HHUKAWOT TPH n— oo), TO TpebyeTcs He
Gonee k-4 | pasaMuHBIX 3HauyeHHUA X, U3 KOTOPHX He Gosee k— 1
3HaueHHH MOJNXKHH HAXOAUTbLCA BHYTPH HHTepBaja. XapakTepHO,
©O[HaKO, UTO TOUHAsl TeOpHA, NMPHHHMAIOllass BO BHHUMaHHe YNOMA-
HyTHle CJAOXKHOCTH, He Tak npocra. Henb3s oxXumatb, uTO 3RecCh
MOXHO OnepeTbcs Ha NpUBeJeHHbIE BHIIIe HHTYHTHBHBIE apryMeHTHL.

38.86 PaccmoTpuM Tenepb BuiGOp £ - 1 passiHuHbIX TOYeK Ha-
OIIONeHHH X < Xg < ... < Xpy; AJ MHHHMH3anHH 0606IIeHHOMH
JUCIIepcHH OLEeHOK mapaMeTpoB. B paccMaTpuBaeMOM NOJIMHOMH-
anbHOM CJiyuae HMeeM

y =X0 ¢,
Toe matpuna X uMeeT BHJI
2 &
f1, 1,x 1, %] cee 1,08
2 k
1, 1,,% 1,.%x3 eee 1,%9
X = . . . . (38.141)
AnX(k+1)) . . . .
2 k
Ulnger e Frer Ingy Foar oo Do Fen
3Bnecy B Touke x; (i=1,...,24 1) npoBomurcs n; HaGaonaeHui,
k1

mpHuYeM Zl n; = n. [ucnepcuoHHas matpuua 8 pasua
=

V@) =o@xX)" =0*(2Z'NZ)", (38.142)
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i (]
1 1 ... 1
X)Xy oere Xpyy
9 2 2
X X5 eee Xpyy
Z =|. . . (38.143)
e+ X (R+1) .. .
"
(n; 0
n2
= . (38.144)
R+ DX (E+1)
10 LTEN]

Taxkum 06pa3soM, Mbl BHIHM, YTO NOCKOJbKY HMeercs 2+ 1 Touka
Habmonenua u k-4 1 napaMerp, Matpuua X’X CcTaHOBHTCA NPOH3-
BelleHHeM TPeX KBaJAPaTHBIX MAaTpHU. A 3HauHr,

Ly @] =L X X|=|Z|INI1ZI=|NIIZP, (38.145
|V @O =g =1 XXI=1Z INIIZI=|NIIZP, (38.145)
H 1Jii MHHUMH3aOHH OCOGINEHHOA NHCIEePCHH HYXHO MaKCHMH3H-
poBath (38:145). DTy MakCHMH3aUHIO Mbl NpOBeleM B ABa 3Tana.
KakoBo 6u Hu Obuio 3HaueHue |Z|?2,

k+1

INI= l];ll:ni,

a 3HayHT, MAaKCHMYM, OY€BHIHO, NOCTHraeTcCs, €CJHH BCe f; PaBHbLI.
Tenepb ocTaeTcss NpOBeCTH MAaKCHMH3allHIO BLIGOPOM X;.
38.87 HeTpynHo nmpoBepHTb, UTO
k+1

IZI: _]._.[l (xi - X])y
5

{o =

TaK 4TO

1ZR =TI (x; —x) (38.146Y
i<j

Hs Ttoro, uto (38.146) mpencraBsieHO B BHJe NPOH3BENEHHS KBal-~
paToB, Cpa3y BHIAHO, YTO OHO TOJIbKO YBEJHYMUTCH, €CJH SKCTpe-
MaJbHble TOYKH HaOJIONeHHH INepeABHHYTb B KOHHH HHTepBaJia..
BoJsiee TOro, MakCHMaJbHOe 3HaueHHe BhpaxeHus (38.146) Toabko
YBEJHUHTCSI C POCTOM HHTepBaJsa. TakuM 06pa3oM, Mbl BHIHM, YTO
Ha6aio0eHusT BCeria HYXHO MPOBOAHTb Ha MAaKCHMaJbHO BO3MOXK-
HOM HHTepBaJie H NO OAHOH TOUYKe INOMellaTb B KaXIbLIH KOHeL[
sToro HHTepBaJsa (Mbl Bce eulle OyaeM CYHTaTb ero HHTEPBAJOM
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{(—1,+1)). B xaxaoi u3 k4 1 TOuek HyKHO NPOBORUTL pPaBHOe
yucao nf(k + 1) HaGuopenuis.

38.88 TlpoBeneM Tenepn HenocpedcT8eHHO  MaKCHMHU3ALHIO
(38.146) npu Manmx 3HaueHusax k. Ilpu k=1 uMeem auuelHEI
‘cJaydali, 1 Huuero GoJibllle QesaThb He HaNO, MNOCKOJLKY pe3ysabraT
38.87 6bln noarBepxKaeH B npuMepe 28.4. B kBagpartuuHoM cayuae
A MakcuMmusauud (38.146) ocrasoch BHIGPaTh Xz, TMOCKOJBLKY
x = —I1, x3= 1. B srom cayuae (38.146) cBomurcs K

|Z[P=4(1—x)?

W HOCTHCAeT MakKCHMyMa OpH x; = 0. K 6e3 mpuBemeHHBIX BHIKJa-
JOK H3 COOOpa)KeHHH CHMMETPHH IOJIKHO OBUIO OBIThb MOHATHO,
YTO TPeTh TOUKA HAaOGJIONEHHH ROJKHA GHITH HYJEM.

B kyOHueckoM ciayyae HCNOJb3YeM SIBHO CHMMETPHIO H CBeleM
3ajavy K BMOOPY X3 M x; = —x3. CooTHowenune (38.146) npespa-
HiaeTcs B

| Z P =16x2(1 — x2)%,

YTO JOCTHraeT MakKcumyma npu xi=1/5.

Jas mosuHOMa 4YeTBEPTO CTENEHH M3 CHMMETPHHU CJIeAyeT, UTO
x3 =0, H octaercd BHIOpaTb TOJBKO X4 H X3 = —x,. (38.146) cso-
IuTes K

2 6 2
|Z 2= 16x4(1 —x4)4,

4TO JOCTHraeT MakcHMyMa upu xi = 3/7.

OTH pesyabTaThl, a TakXKe ABa APYrHX (LJNA NPaKTHYECKUX Le-
Jefi 0o6biyHO OGosbine H He Tpebyercsl) cobpaHbl B CJeAYOLLEeH
Tabauue.

’1‘(0!1;(;(::1)6nxoneunﬂn
C B (—1, +1), B kaxkaoft ua
momuowa | NOToPL Ao Gut.
Ha6 mogennit
é fll o (38.147)
3 15 +0,4472
4 +1; +0,6547; 0
5 | =1; +£0,7651; +0,2852
6 | +1; +0,8302; +0,4689; 0

38.89 Xoya (1958) nokasaJj, 4TO ONTHMAaJbHbie TOYKH Habnio-
deHu#t, MakcuMu3Mpytomue (38.146), BpipaxKawTcd B TepMHHaX
nonunomoB Jlarpanxa, onpenenedubix B 30.37. Iect (1958) pac-
CMOTpeJl APYrofl KpUTepHil ONTHMAaJbHOCTH — MUHHMH3AILHIO MakK-
CHMaJIbHOH IO BCeM TOYKaM HHTepBaJia NHCTEPCHH TOLOTHAHHOIO
nonauHoMa. OnTHMasbHbie 3HAYEHHS OKa3aJHCb TEMH XK€ CaMBIMH.
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Iect nokasajs, 4TO ONTHMAaJbHBIE - SHAYEHHS MOXKHO 3aiaTbh HBHO,.
KaK HYJH NPOH3BOAHON mosuHOoMa k-ro nopsinka. Tor ke kpurepuir
ONTHMaJAbHOCTH paccMaTpuBajicd B craTbe K. Cmurta (1918), ko-
TOPHLIl BlepBble BHIUHCAHA 3HaueHus u3 (38.147). Tlo-Bugumomy,
3T0 Obla IlepBas JeTaJbHO pellleHHas 3ajgaya MJIaHHPOBaHHA,,
H caMoe YIUBHTE/NbHOE 3aKJiOUaeTcsl B TOM, 4YTO ero CTaTbsd Gblaa
6osiee uin MeHee 3a6HITa B TeueHHe copoka JeT. B cratee Cmura
CORePXKHUTCH TakKkKe psAf AHArpaMm, CPaBHHBAIOUUX RHCIEPCHH MO~
JOTHaHHHIX TOJHHOMOB B Pa3JHYHBIX TOUKaxX HHTepBaJa IJs CJay-
yaeB, KOrAa HaGJOJeHUsA [IPOBOAATCA: (a) ONTHMAaJbHBIM METOIOM;.
(6) MeTogoM DaBHOMEpDHOrOo pa3MelleHHS HaGJOfeHHH, KOTOPSbIT
JaeT JYUYIIHA pe3yJbTaT B IEHTpe HHTepBaja H HaMHOro GoJee:
[JI0XOf pe3yJbTaT B 3KCTPeMaNbHBIX TOuKax; (B) MetomoMm (6)
¢ JobaByeHHeM TPYNNul HaGawoneHHH B KaXAOM KOHIE HHTepBana,
4TOoOBl YMEHbIIUTb YXYILIeHHe, HMewlee MeCTO MAJf YHCTO PaBHO-
MepHOro pasMellteHHs. [IpeumyinecTBo Metoma (B) COCTOHT, pas3y-
MeeTcfl, B TOM, YTO OH He TUpeAnoJaraeT 3HaHUA k& U INO3BOAAET
SKCNePHMEHTAaTOPYy HCC/JAeNOBAaTh CaMO 3HaueHHe £ M3 HabaroneHHA..
OnTtuMaJbHEM e MeTONOM pa3MellleHHs HeJib3f BOCIOJb30BaTbCT
JUIA HCCieNoBaHuA GoJiee BHICOKHX 3HaueHHH 2 — 06 3TOM MBl yxKe
roBopusiu B NpuMmepe 28.4 nis auHefiHoro ciayuas. B mobom caydae
KaxeTcd pa3yMHBIM HCIIOJIb30BaTb 3HauyeHus u3 (38.147), coorBer-
CTByIOIIHEe HaHOOJbIIeMy BO3MOXKHOMY R H3 TeX, KOTOpble TrOTOB.
paccMOTpeTh SKCNepPHMEHTaTOop.

K. Cmur (1918) paccmartpuBaer Takxe BJHSHHE TeTePOCKERACTHYHOCTH OLIH-—
60Kk Ha onTuMajbHOe pa3smenienne. Xoysa (1958) paccMaTpuBaeT HEKOTOpHe cle-—
LHaJbHBE CIY4dad KOpPeJMpOBaHHHX HaG/IIOKeHHii.

38.90 Msyuasucn TakXKe H ApyTHe KPHTePHH ONTHMAalbHOCTH..
Xoyn u Jlepaiin (1964) u Jlemaitn (1966) paccMaTpuBaiu BOIpPOC
pasMeuieHUs HaOJIOZEHHI B NOJHHOMHAJbLHOH perpeccHu HJasd MH-
HHMH3aIHH [UCNEPCHH IMONOTHAHHOTO ITIOJHHOMAa B CHeNHalbHON
TOUKe BHe HUHTepBasa HaOmiomeHuit (—1; 4 1). Okasanocs, uroc 31O
ONTHMaJlbHOe pa3MelieHHe MHHHMH3HDYeT MaKCHMaJbHYIO IHCOep-
CHIO Ha uHTepBaje (—1,x), ecllH x HDOCTaTOYHO BeaduKo. [eiiop
# CBuuu (1965) H3yuanu MUHUMH3ALUIO MaKCHMaJbHON RUCIIEPCHH
H cpeliHel AuUCNepCHH Ha JOOOM HHTepBaJie (He CBR3aHHOM C HH-~
TepBaJIOM HaO/IOLeHHA) TOJbKO AJA JHHefiHoro caydas. Jlssun
u Apenc (1959) paccMoTpenH HCNOJNb30OBaHHe NBYX ToueK Hab.i0-
IeHUs B JIMHEHHOM cJyuae RJA MHHHMH3aU¥H MaTeMaTHYeCKOro
OXHJaHHAl CpeNHeKBaJAPAaTHUHOH OMHOKH HJAH MaKCHMyMa MarTe-
MaTHYeCKHX OXHIAHHH KBanpaTa OWIMOKY, — NOCAeNHHHE cAydall OT-
Ju4aeTc OT MHHHMHU3ALUUH MAKCHMAJbHOH IHUCIEPCHH, NOCKOJABLKY
JonycKaeTcss BO3MOXKHOCTb, YTO HCTHHHast CTeleHb MOJHHOMa MO-
XKeT ObTh He 1, a 2. B ouens o6meit cratbe Kudepa u Boadosuna
(1959), He orpaHMYHBasCh TOJHHOMHAJBHBIM cJAydaeM, TMpHMe-



TNINAHUPCBAHHE 3KCIIEPHMEHTOB 235

HAIOTCH Pe3YyJAbTAaThl TEOPHUH Urp AJA MOACYETa ONTHMAJbHOrO pas-
MellleHUd TPH HCNOJb30BAHMH HECKOJLKHX KpHTepHeB (CM. TaKXe
BBeflenne K cratbe Kudepa (1959)). Xoya (1965a) npumenusa atu
MeTOAb IJIst MOJIy4eHHUS ONTHMaJbHOrO pa3MelleHHs B cayyae IBY-
‘MEpHBIX TOJHHOMOB H TPUIOHOMeTPHYeCKOH perpeccuu. Xoya (1965b)
JAJd cAyuast NOJMHOMHMAJIBHON perpeccHu ¢ ONHOH INepeMeHHON Ha-
XOAHT MJaHbl, MHHHMH3HPYIOIHE AHUCIEPCHIO IIOLOrHaHHBIX 3Haue-
HHIl AN X, «3KCTPaMOJHPOBaHHBLIX» B HHTepBaJ, JeXKallHH Helo-
CPEACTBEHHO MeXKJy ABYMs HHTepBa/JaMH, B KOTOPBIX NPOBOAATCSH
HabmonenHs. OH ToJyyaeT TaKXe COOTBETCTBYIOIIHE IJIAHBI AJS
TONMHOMHUAJBHOR perpeccHd OT ABYX IepeMeHHBbIX, a TaKXe s
OOLIYHON SKCTPANOJALUUH IJS CJHyuass ABYX IepeMEeHHBIX.

YNPA)XHEHHA

38.1 B 38.25 npoBseputb coBnanesHe ABYX BuipaxenHin (38.38) mas CK, coor-
‘BeTCTBYOIeA pa3HHue MexAy oOpa6oTkaMu B OAOYHOM 3KCHEepHUMEeHTe.

38.2 O6o6uman apryMeHThi u3 3828, nokasaTb, YTO €C/IH pa3GuTb OUEHKH na-
-paMeTpoB 06paGoOTOK Ha FPyNNH K NOTPeSOBATh, UTOOH KOPPEAAUHA MEXAY uJje-
‘HaMH Pa3JIMYHBX TPYnN PaBHAJIAach HYJIO, TO KaMIHH GJOK AO/KEeH COREPHKATb
-OJHO M TO Xe YHCAO 06paboTOK W3 HXaHHOW rpynnu. [IpHM 3TOM >SKCnepHMMEHT MO-
XeT OhTb pa3/ioXKeH Ha MHOXECTBO He3aBHCHMBIX MOA3KCMNEPUMEHTOB C MEeHBIUHM
YHCAOM 6JIOKOB B KaXKIAOM.

(Touep, 1952.)

38.3 [Myctp B 38.28 GnOuYHHA 3KCHEPHMEHT IVIAHMPYETCA TaK, YTOOH CRe’aaTh
JIHCTIEPCHA OIEHOK NapaMeTpoB O6PabOTOK TAKHWMH, KAKHMH OHH Oblau OH, eciin
Gpt He OHJIO 3h¢exkToB Oaokos, 1. e. o2{diag(r)}'. ITokasars, uTo orciona cne-
Ayer M = 0, U 3HayuT, MH OPHXONHM K [JaHY cAY4aiHHX OA0KOB ¢ Marpuued
HMHUMAeHUMT, 3anaBaemon (38.46).

(Touep, 1952.)

38.4 IlpoBepurb ynpolLueHHHe ¢GOpMYyJaH (38.47—51) mna nnaHOB caydafHbIX
«GN0KOB.

38.5 IMpoBeputh ¢opMyan H3 38.32—3 nmna ananusa no meronxy HK skcrme-
puMEHTa, (IPH KOTOPOM CaMH GJIOKH MPeNCTaBJeHH B Bhie ABYX(aKTOPHO#I KJac-
.chdukauxy. [IpuBecrd Tabanny HA, ananormunyio (38.39).

38.6 Onupasch Ha obdwmue pe3ysabTatTh 38.33 nokasare B 3835, uro TaGanua
JA nns naHa JaTHHCKOTO KBajpara umeeT BHI

HMCTOTHHK AMCTEPCHH CK cl-lr'.mcn:

Pasuaua mexay o6pa-

60TKaMH T'T/t — Gt t—1
-CTpouku R’'R[t — G2 t—1
-Ctondnn C’ C/t — G?[t2 t—1
-OcTartouras 9’y —(T'T+ R R4 C’C)t+2G3| (t —1)(t —2)
TenepanbEOe cpenHee G2[? 1
Tlonnas 'y ¢
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QGO6UHTb 3TO Ha TPEKO-JaTHHCKHA KBaXpaT M NMJAHH OPTOTOHAaNbHHX KBaJApaToB:
6Gonee BHICOKMX TOPALKOB.

38.7 B 38.39 noxasaTb, 4TO cyliecTByeT He Gojsee ueM f— 1 NaTHHCKUX KBa-
NpaToB nopsiika f, KOTCpble MOCYT OHTh OPTOTOHAJNBLHH B COBOKYNHOCTH.

38.8 IlpoBepuTb, uTO Marpuua, odpatHas K (38.79), uMeer BuR

14+1,D7'w} —1;D 1, 1
—1 —1 —1 R : —1
ﬂ =D -—D (w. li) ....,.. D /A,

—o' D 'w ! 14 l;D"lw w

rae A — ReTepMMHAHT MAaTPHUL
I+ 4D 'w | —1;p7"1,
by (T¥ 1D )

BuBecTH OTClORa, Mcnoab3ys (38.23), uto cooTHouweHue (38.85) cnpaBennuWBO IAsT
aro6oit D.

(Touep, 1952.).

399 Ilokasatn, uTo ecan D onpemeneHo Tak, YTOGH PAa3HOCTH NapaMeTpPoOB
06pa6oTOK OLEHHBAJAHCh C ONMHAKOBOH noTepeir 3¢ ¢GeKkTHBHOCTH (CPABHHUTb C CH-
TyauHeli, KOria He HYXKHO YyCTpaHsaTb 3¢ ¢ekThl 6aokoB), To (38.85) Beger K ypas-

neHuio (38.95) nas nmana CHB. Tlokasath, uTo ecau norteps 3¢¢eKTHBHOCTH
paBHA HYJIO, TO 3TO CBOAUTCA K MJaHy CAy4YalHHX GJOKOB (cM. ynpaxuaenue 38,3).
(Touep, 1952.).

38.10 TlycTe 3apaHO (ONHOE MHOMECTBO OPTOTOHA/NbHHX JNAaTHHCKHX KBafpa-
ToB nopfanka I (Hanpumep, (38.76) nna T = 4). Torna ans 0603HaYEHHA KAKAOMR
3 T2 KaeToK Tabauun HyXHa T + | «CCH/Ka», COOTBETCTBYiOMIAs, CTPOUKe,
croabuy u onnoft 3 T 6ykB onHoro u3 T — | «angaBHTOB», O5GPa3yOUIMX NOJHOE
MHOXecTBO. Bynem paccMaTpuBaTh Temepb KJeTKH TaGJHUB K3k oO6paGOTKH 4
CYUMTaTh, UYTO CCHUIKAM COOTBETCTBYIOT G/JIOKM B HEKOTOPOM 3KCNEpHMeHTe (coBO-
KYNHOCTb 670KOB pa36uBaeTcss Ha I + 1 MHOXeCTB, cOCTOAIUUX M3 T 3/1eMEHTOB).
CunTtas, uTOo Tadaulla 3ajkaeT pa3MellleHHWe KJAETOK MO CCHJKaM, TNOKa3aTh, 4TO B
peayJanrarte noayuutcs naas CHB c

t=1T2, =T(T4+1), k=T, r=T+1, A=l

[TpoBepuThb, 4T0 B cayuae (38.76) pesayaptupytownfi naan CHB umeer Bun

Houep 1|2{3|4|5|6|7|8|ofrofnft2|13[1a|15}16f17]18[19]20
O6pa6orkn | 1| 5] 9[13] 1|1 2| 3 4 1] 2| 3| 4 1] 2| 3| 4| 1] 2| 3] 4
B Gaoxkax | 2| 6|10/ 14 5| 6 7| 8 6/ 5| 8 7/ 7| 8| 5| 6| 8| 7| 6| 5
3| 7(11]15 9| 1011 12[ 11} 12} 9f10|12[11|10| 9(10| 9|12] 11
4| 8| 12[16| 13| 14| 15| 16| 16 15| 14| 13| 14{13|16[15|15[16| 13| 14

Ho.nzlr:eﬂu CTpouek cro610B "alg;,ﬂl?:"x rpeg}e,::(l;ux YHCea

38.11 Oasa nocrpoesHoro B ynpaxueHun 38.10 naana CHB paccmorpeM
T 4 1 nononaHHTeNLHHX O0O6paGOTOK, COOTBETCTBYIOUIHX MHOMeCTBaM, Ha KOTO-
pHe pa36uBaloTcst ONOKH-CCHUIKM, M NPHMEHHM K KaMAOMY G6aOky elle ORHY 06—
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paGOTKy B COOTBETCTBMH ¢ MHOXKECTBOM, K KOTOPOMY 3TOT GJIOK NPUHARAEHHT.
JHoBaBHM HakoHel ellle ORHH G6J0OK, B KOTOPOM OPHMEHSIOTCS Bce HOBHE 0Opa-
6orkH. [lokasaTe, 4TO B pesyawrare modydaercs cuMMeTprunmi maay CHB ¢
t=b=T24+T+1, k=r=T+1, A=1Tlocrpouts COOTBETCTBYIOWHi
paculHPeHHHA 0JaH AJA 0JaHa, BHBEREHHOro B ynpaxHeHuu 38.10 u3 (38.76).

PaccmatpuBas caysaii T =6 (cMm. 38.39) nokasarb, 4TO BHOOAHEHHE
(38.93—5) HenocTaTOYHO NAd cyitecTBoBaHus muaana CHB.

38.12 B ynpasuennu 38.10 nokasaTe, 4TO AAS AYaJbHOrO NAaud, KOTOPH HO-
AyuaeTcs, €CAH MOSOXUTb ¥ = b, &' =, &' = r u r’ = R, umeer MecTo A << |,
a 3pauuT, OH He MoXKeT OHTh nianom CHB. B ynpaxuenunn 38.11 noxasats, uto
nAay, AyaJbHHA K PACUIHPEHHIO NJaHa, EHBeReHHOro u3 (38.76), HMeeT BHI

Houep 1]2|afa|si{6|7|s|o|ofn|12f13[1a]|15|16[17]18]|19]20]|21
Q6pabotkr 11 1) 1) 2[ 2 21 2y 3 3[ 3| 3| 4 4 4 4 1} 5 9|13]|17
B 6nokax | 5| 6|- 7| 8| 5| 6 7| 8 5 6| 7| 8 5 6( 7| 8 2| 6|10| 1418

9| 10] 11| 12] 10| 9 12{ 11{ 11| 12} 9| 10{ 12| t1| 10} O 3| 7| 1] 15[ 19
13| 14| 15( 16| 15 16| 13{ 14{ 16] 15| 14} 13| 14| 13| 16| 15| 4| 8] 12| 16|20
17} 18] 19 20| 20] 19| 18| 17| 18} 17} 20| 19| 19| 20| 17| 18| 21| 21| 21| 21| 21

TpoBepuTb, uTo 310 Naan CHB.
38.13 M3 (38.93) BumBecTH, uTo AJs ao6oro naana CHB

rf(t —1)=(r — A)[(t — k).
Hcnoan3ys (38.93—4), nokasatb, uro ecau { = ck, b = cr, xak B ad3aue, npen-
wecTtByoiem (38.98), To
ric—1) r—2a — b—r
f—1 t—1

=r—cA=1,

rae / — nojoxuTenbHoe Henoe uucsno. BuBectn otTciona (38.98)
(Mspru, 1961.)

38.14 Hcnoar3ys (38.45—6), mokaaaTh, 4TO RAA CAydafdHHX OJOKOB OUeHKa
(38.118) cosnanaer ¢ BHyrpuGaousofi omeykolt (38.29). OGe oueHkM CBORSATCH K
(38.48), Tak 4TO B 3TOM cCJydYae NpHMEHEHHe CMeLlaHHOH MOReAM He H3MEeHFeT
ouenks, IlokasaTh, 4TO [AMCHEPCHOHHAs MarpHua oueHox (38.112) pasna

2
gb—'{lt + pl,l:}, YTO OTJHuaercid Or BHYTpuOaouHoro pesysabrara ((38.40) u

(38.47)). B wuacrHocTH, Rucnepcuu ouenok Bo3pacrtaior. [lokasaTh, 4TO ecaH 3a
Uauyan0 oTcueTa B3ATL reHepajbHOe cpefHee BWGOPKH, TO pacnpeleseHye BeJH-
9HHB T OLHHAKOBO AJA ABYX MOJeJneil.

38.15 B 38.57 nokasarth, Hcnoab3ys (38.1), uTo

M (B)=n’'t
V(B) ==k (| + ko) 6I,.
OTciona caAenyeT, YTO eClH MaTpHLA nn’ HECHHIYJAADHA (3TO MOXKeT GHTb, TONDKO

ecan b = 1), TO MOXHO HecMellleH!IO OLEHMTb napaMeTpnl 06paBOTOK, MCXOLA H3
CyMMapHHX 3HaueHWd Aasl GJIOKOB, NOAOMHB

oy 7\—1
T = (nn’)" nB.
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Ilpu atom .
V (vp) =k (1 + kp) &* (an’) "1

[Mokasatb, aTO ecan 3a Hauajo oTcyera B3dTh G (3TO COOTBETCTBYET BbiYH-
TaHHIO FeHePaJIbHOrO CpEAHEero H3 napaMeTpoB 06pabOTOK), TO Ty HE KOPPEJIHpO-
BaHo ¢ onpeieneHHniM B (3829) v. Hcnoabsys o6o6wenHn#i Meron HK us 19.17

(T. 2) ¥ BuA AucnepcHOHHOH MaTtpHum (38.40), noxa3arb OTCIOAA, YTO JIHHEAHOM
KOMOHHalHeH ¢ HauMeHbled AucnepcHeR sBJsgeTCH

'?I={diag(r)— (ﬁ) an’ + r‘r"/(bk)}-1 {T —-( ] -l?kp )uB},

uto roraacyercs ¢ {38.29) npu p — oo.

(Cwm. Touep, 1952.)

38.16 INokasaTh, 4TO ¥; 43 ynpaxHenHs 38.15 comagaer ¢ MJI-OueHKOR T

B (38.118) Torma H TOABKO TOrMa, Xorma r't = G. Mcnomways (38.31) (rme +©
onpefeasercs coraacHo (38.24)), nmoxa3daTh, 4TO 3TO COOTHOLIEHHE BCeraa BHINOJ-
HAeTCA.

38.17 B naane CHB naGamomeHHss BHYTDH KaXAOrO GJIOKA 3aMeHAIOTCS HA
ux panrd 1, ..., k. Ilyers T; —cyMMa NOJYy4eHHBIX TaKHM OOpa3oM DaHros, OT-
HOCSILUHXCS K [-# 06paGOTKe H

t
;= (T,— T,)2.=_ZTf—t{-;—r(k+l)}2.

t=1
MakcuMaJbHOe 3HaueHHe S¢ PaBHO Smax = A (#2— 1)/12. O6Go6was 37.40—1 u
ynpaxuenne 37.14, nokasarb, 4to ANf W = S¢/Smax HMeeT MecTO
k+1
At+ 1)’

2k 1) A—1
PN =g e (= E=T

M (W) =

H YTO BeJHYHHA
A+D)
E+1

HMeeT NPHOJH3UTENBHO pacnpeneseHHe JHCNEPCHOHHOrO OTHOLIEHHS C YHCJAOM
CT. CB.

Ywi—w

v1=t—l—%, vo==(r—1)v,.

INpu k= ¢ A =r 3T0 CBOAHTCA K pe3yanTaTy YnpaxHenus 37.14, a nnran CHB
npeBpallaeTcss B MAaH cay4aliHbix GJ0OKOB.

(dep6un, 1951.)

38.18 das mo6oro naaxa CHB, pasnoxumoro na r ay6aukatos f{ 06pa6o-
TOK NMOKa3aTb, YTO cpeaHee YHCJIO 06pabOTOK, OGWIHX AJA ABYX OJOKOB H3 pas-
AuuHBX NYGJHKATOB, pab.d k%[f, a cyMMa KBAZPATOB OTHOCHTEJLHO CpeAHEro
nponopuxoHansHa b —£-—r -4 I. BueecTH oTclona (38.98) u moxa3aTbh, 4TO OARHM-
HakoBoe 4HCa0 (T. e. k2/t) 06paGoTOK, OOWIHX AJst JBYX GJIOKOB H3 Pa3JHUHEIX
ny6n1KaroB, 6ydeT TOr4a H TOAbKO TOraa, xoraa B (38.98) Bmmoaussiercss paBeH-
CTBO.

(Bose, 1942.)
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358.19 Hpoﬁnepmb TO4YKH HaG/IOfeHHsA, NpHBellenHble B Tabauue (38.147) nas
k=50HnHk=6.

(K. Cumur, 1918.).

3820 ITyctb ¢ — HeyeTHOe, p-— HaHMEHLIIHE NPOCTOR MNenutens ¢ u k << p.
TToxkasaTb, YTO BCErAa MOXHO CKOHCTpyHpoBath naaH CHDB cneayowum meromom
pasnvix pasnocred. O6osnauum o6pabotku O, 1, ..., ¢ — 1 H noctponm (¢ —1)/2
HexonHnix OJ0Ka, coxepiawux obpaGotka [0, 1, 2, ..., B—1]; [0, 2, 4,
v 2k—DT ..o [o, —é—(t—l), (=1, ..., —é—(k— 1)t — 1)] (Homepa 06-
paGOTOK NOMYYalOTCA H3 NPHBENEHHBIX 3[eCb YHCeJ B3ATHEM BBIYETAa MO MOLY/IO
t). M3 xaxXxnoro ucXolHOro 6ia0ka o6pasyem HOBHA Ga0K, H06aBHB (MO MOAYJIIO
t) k KaXnoii oOpaGorke uenoe 4ucao r. IlponenaemM 3TO IJsg BCex UeAMX 7,
1 <<r << t— 1. B pesyabrare OJas KaXZOTO HCXOLHOro GJNOKAa NOMYYHMTCH MHOMKe-
CTBO, COCTORALee H3 ! GJOKCB. 1

Tloxaszare, 4T0 IAf NoaysuBwerocs naawa CHB b=—2-t(t—l), r=

‘o

=—21—Iz(t— 1Hu A=—2l- k(k—1). (FaccHep, 1965.)
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TEOPUSA BbIBOPOYHbLIX OBCJENOBAHHA:
NJIAHHPOBAHHE

OueHuBaHue CpeIHHX AJ KOHEYHBIX COBOK)’“HOCTeﬁ

39.1 B camom Hauase oOCyxIeHHs CJaydyafiHoro BbiGopa B
9.1—4 1. | yKasbiBaJoChb, UTO O/ NPHMEHUMOCTH TEODHH BEpOAT-
HOCTed K BBIOOpOUYHON mpoueaype HeOOXOOHMMO TOABKO, YTOOH OJIst
KaXOOf BO3MOXHOH BBLIGODKH MOXHO OLLIO ONpefenH1b BEpOAT-
HOCTb ee BbiGopa. Ilpm 3TOM HH B KOeM cJyuae He TpebOBaJIOCH,
yTOOH Ipollefypa CBOAHJIACb K NPOCTOMY cCJay4aiHOMY BHIGOPY,
NPH KOTOPOM KaXXZasi BO3MOXHafi BbIGOpKA H3 reHepajbHOH COBO-
KYNHOCTH HMeeT OJHY H Ty e BEePOSTHOCTb BbiGopa. Mbl ykaswi-
BaJdu [Jajee HAa pasJH4YHA MeXay BbiG6opom 06e3 BO3BpallleHHA U3
KOHEUHOH TreHepaJbHOH COBOKYNHOCTH, NPH KOTOPOM I[IOCJeIOBa-
TeJbHbI€ H3BJE€UEHHS He He3aBHCHMBI, H BHIGODOM C BO3BpallleHHEM,
NpH KOTOPOM H3BJIEYEHHS HE3aBHCHMBI.

Bo Bcex Tpex ToMax HOYTH BCIOAY Mbl HMeJH geino (u 6ymem
HMeTb MAe/10) TOJAbKO C MNPOCTHIM caydaiiHeiM BbibopoM. OIHaKO
B 3TOH TJlaBe H B cJjelywoolled Hac OydyT HHTEpecOoBaTb HpYrue
BHAB CJAy4aHHOro BHIGOpa, KOTOpble Ha NpakKTHKe BO3HHKAIOT TNpPH
Bbi6Ope H3 KOHEYHOH COBOKYMHOCTH, T. €. IeHepaJIbHOH COBOKYI-
HOCTH C KOHEUYHBIM YHCJOM UJeHOB (KOTopoe Mbl OygeM BCIOAY
o6osnauats N). Hdaxe npu Bbi6ope ¢ BO3BpPAUIEHHEM Mbl CTaJKH-
paeMcsi TOrZa C HOBBIM siBJE€HHEM, KOTOpPOe BO3HHMKaeT H3-3a Ko-
HEYHOCTH COBOKynHocTH. I[lpeanosnaraercsi, 4To HaM 3apaHee H3-
BeCTEH TIepeueHb BceX OOC/TeRyeMblX 3J1€MEHTOB COBOKYNHOCTH
(B DanabHellleM 3TOT (GakT 6yaeT KpaTko (oOpMyJaHpPOBATbCH Kak
«ON03HABAEMOCTb 3JEMEHTOB COBOKYMHOCTH»), a COOTBETCTBYIOIIHE
MM 3HAYeHHS Yy Mbl Y3HaeM TOJbKO B pe3yJabTaTe H3BjaeueHus. Tak,
4TO €CJH OJHO H TO XKe 3HaueHHe MOABJASETCA B BbOOpKe ABaXIb,
TO Mbl 3HAaeM, MOABHJCA JH NpPH 3TOM ABaXAbl OOHH H TOT Ke
3/J1eMEeHT MJIH OBa Pas3IHYHbIX 3JIEeMEHTAa C ONHHM 3HaYeHHEeM.

HenocpencTseHHOH 3anauell TeOpUH BHIOGOPOYHBbIX GOC/ENOBaHMIA,
Kak Ha3blBaeTCsi 3TOT pasfe] TEeOpHH, ABASETCS NOUTH BCeraa
OlleHKa CpeZHUX (HJIH, YTO SKBHBAJEHTHO, CYMM) H3ydYyaeMBIX CJy-
yafHBX BeJHYHH. TeM. He MeHee Mbl H3/71araeM HHXe HECKOJNbKO
6osee obuyio Teopuio. Tak cpenuee m060# GYHKIHH OT MEpeMeH-
libiX (HanpHMep, HX KBAaApaTOB) MOXHO H3Yy4YaTb TE€M € CaMbIM
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MeronoM. HMayueHHeM oueHOK QHCMepCHH H OPYTHX BeJHYHH, CBSA-
3aHHBIX C TCEHepaJbHOH COBOKYNHOCTBIO, MBI OyoeM 3aHHMAaTbCS
JIHUIb MOCTOMbKY, MOCKOJbKY OHO MpOSCHSeT H3yuyeHHe HaLIero
OCHOBHOTO OG'BEKTa, OLEHOK cpefHHX. PesyabraThl ana poseil no-
JY4al0TC H3 pPe3yJabTaTOB A5 CPeNHHX, €CHH CYHTaTh, YTO nepe-
MeHHbIe NPHHHUMAIOT TOJNbKO 3HaueHHs 0 Huau 1. i

Urak, MBI NpHCTYNaeM K H3YyYeHHIO NOBOJbHO Y3KOro pasgena
CTATHCTHYECKOH TEOpHH, HO pasjesa, KOTOPBIH HHTEHCHBHO pas3-
BHBaJIC He B CHJY MaTeMaTHYECKOH MPHBJIEKATEJNbHOCTH, a B CHJAY
NpakTHyecKoil BaXXHOCTH. B mocienHHe rogbl B HECKOJABKHX KHHTrax
NnpHBeleH o630p H BaXHble NOMNOJHEHHS K OOLIHPHOA XYpPHANTbHOH
autepatype. Oco6o crout ormetHTh KHurn Kokpsana (1963), XaH-
cena, I'ypeuna u Msgoy (1953) u Hoaiirca (1960). Ilocnennsisi u3
YNOMSAHYTHIX KHHT COLEpPXKHT OGUIMpHYI0 OubanorpadHio TeopeTH-
YeCKHUX H NPHKJIAIHBIX paGotr no BHIGOpOYHBIM obGcnenosaHusaMm. Co
ppeMeHd nepsoro u3ganusg B 1949 r. ona Oblla [ONOJNHEHZ CCBLI-
KaMH Ha pa6oThi, nosBuUBIIHecs BMIOTh Ao 1960 r. Mépdu (1963)
[aeT 0030p LaJbHEHIINX TeOpeTHUYeCKHX HCCaeLOBaHHI.

Mpbl orpasHHuMMca OOGCYXIE€HHEM TeOpEeTHUYECKHX AaCNeKTOB Bbl-
6opounbix obcnenosadufi. Hama neab — H3JI0XKHTb HX B KOHTEKCTE
o6llell craTucTHueckod reopud. Henb3ss HamesaTbCcs, UTO NPH 3TOM
BCe BaXKHble pe3y/nbTaTbl OYAYT H3JOKEeHB KPacHBO, HO MBI MOMNbi-
TaeMCsi MHHHMH3HPOBATb TPOMO3LKOCTb, MPHCYLLYIO 3TO# OGJaCTH.

Cayuaiiubiiit BbIGOp ¢ paBHbLIMH BepOSITHOCTAMH 6e3 Bo3BpalleHHs

39.2 Mbl XOTHM OLEHHTb CpefHee u *) BEJHUHHBI Y B KOHEUYHOH
reHepanbHON COBOKYMHOCTH, cocTosiltei H3 N 31eMEHTOB, OCHOBbI-
pasicb Ha BbIGOPKE M3 7 3JE€MeHTOB, H3BJI€UEHHOH cJayuaiiHo, 6e3
BO3BpallleHHsI C PaBHBIMH BepPOATHOCTAMH BHIGOpa. BuiThb Moxer,
He COBCEM OUYeBHIOHO, uTO (IPH OTCYTCTBHM KaKOro-AuGo 3HAHHA
O BHIe COBOKynHocTH) MJI-OneHKOH BEJNHYHHBI L ABJASETCA BbIGO-
pouHoe cpenHee. st Toro 4To6b NOKa3aTb 3TO, MCNOJbL3YeM METOA
HavMeHbIUNX KBaApaTOB M3 riaBbl 19.

PaccMoTpHM MoOZenb

gy =1 p+ e, (39.1)
(nX1) (nX1) (I1XD (nX1)
rie 1—BeKTOp, BCe KOMIOHEHTbl KOTOPOrO paBHbl eIHHHILE.
OmnbKH €; COOTBETCTBYIOT OTKJOHEHHIO HAaOMIONeHHBIX 3HaYeHHiH
OT CpeldHero reHepaibHoil cOBOKYNHOCTH. OHH He SIBJASAIOTCA HEKOp-

*) B stofi H caepyoueR raBax M LA yno6cTBa oBo3HauaeM depes p (6e3
HHAEKCA) CpelHee reHepajibHof COBOKYNHOCTH, 0603HayaeMoe paHee p,. [Ipu arom

Mr, KaK OObluHO, 0603HayaeT NEHTPaJhHBIA MOMEHT mopagka r aas r > 1. Coor-
BeTCTBYIOUHMe BBIGOpOYHBIE MOMEHTH 0603HayaloTcA m (TOAbKO B 3THX [JaBax)
H My, r>2,
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peJHPOBAaHHBIMH, NOCKOJBKY BbIGOp He He3aBucuM. M3 coobpaxe-
HHH CHMMETPHH CJIelyeT, YTO KOBapHaUHH MeXAy JIoOHMH napamH
Ha6alogenuii B BoiGOpKe coBnagaioT. O6o3nauum HX pue. MMenno
3TH COO6paKeHHsI CHMMETDHH NO3BOJIAIOT HaM HadeATbCA, UTO HaH-
Jydlled OWeHKOH Aast u Oyaer BbiGopouyHOoe cpennee. MrTak, auc-
NMepcHOHHasi MaTpHIa OWHOOK paBHa

1l p...p
P . . .
VEe)=u| 0" 7.0 | =nV. (39.2)
. - . P
p...p 1

Coraacuo 19.17 u ynpaxHenuio 19.5 HecMmelleHHOH, auHefinof M
onenkol p asasercas HK-omenka

=0V ') vy (39.3)
C nucnepcued

D () =p (1'V"1)". (39.4)

Yro6el npumeHsatb (39.3—4), HyxkHO BHUYHCAHTH V-!. TlpocThm
yMHOXeHHeM Ha V npoBepsiercs, 4TO

fl+(rn—2)p} —p ... —p
1 - ) :
-1__ . . .
V == i+e-Da : s g
—p —p {1+ (n—2)p}
(39.5)
a 3HAau4yHuT,
1'v'!={1+@—-Dp}'1,
'V 1 =n{l+(—1p}~",
H (39.3—4) npHHHMAaeT BH[
f=m, (39.6)
D () =£:{1+(r—Dp}. (39.7)

Tloka 4YTO MBl He BBIYHC/AH/JIH KOpPpeMsUHI0O p. Mbl yMbIUIJIEHHO
OTJIOXKHMJM 3TO BbLIYHCIEHHe, HGO BhIHIENPHBENEHHblE BbIKJIAaAKH
cnpaBelJIUBBI NpH Jio6oM p. B u3yuaemoMm Xe ciyuyae p Jerko Bhbl-
YHCJAHTb, 3aMETHB, 4TO ecH n = N, to D(ji) o6pamaercsa B HyJb,
NOCKOJIbKY BbIGpaHa BCSi COBOKYMHOCTb. TakuM o6pasom, H3 (39.7)
crenyer, 9to ecau =N, To p = —1/(N —1). Ho nousaruo, uto
KOppeJqallH MeXIy napold BbIOOPOYHBIX 3HAYEHHH HE 3aBHCHT OT
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pasmepa BbiGopku. Takum o©6pas3cM, BOOOGIIe HJAs CJAYYaRHON BbI-
Gopku 6e3 BO3BpalUeHHS

p=—I)N—1), (39.8)
TaK uTe. (39.7) npHHHEMaeT BHI
Ay _ P N—n
D) =& F=T. (39.9)

MomMeHnTsi BBIGOPOUHOro CpelHero H HX HeCMelleHHble OUEHKH

39.3 Pakrtuueckn (39.9), a TakXKe 3HauUeHHsS TpPETbEro M 4Yer-
BEPTOr0 IEHTPAJIbHBIX MOMEHTOB CJAYYaHHOH BENHYHHBI M yiKe
OblJIK oJTydeHbl B npuMepe 12.8, ¢ ucnonb3cBanneM KOMOGHHATOPHBIX
paccyxaenui. Ilpn sTOM ¢ anreGpanyeckoH TOUKH 3DEHHS OKa3a-
JIOCh YOOOHBIM MPOBOAHTb BBIYHCJIEHHS B TEePMHHAX KR-CTaTHCTHK
BLIGOPKM M COBOKYMHOCTH, R, u K, COOTBETCTBEHHO, 4TO MHl 6yaeMm
JenaTb H B 9TOH rjase. Mbl 6yneM Ha3blBaTb Tenepb «JHCHepcHeN»
COBOKYINHOCTH, BeJIHYHHY

N
of =Ky =g

a «aucnepcHeld» BHIGOPKH

n
=k =7 ma

OCTaBHB IJISl WUg U My Ha3BaHHe <«BTOPbl€ MOMEHTBI». B stux o6o-

3HaueHHAX NepenuuleM pe3y.abTaThl npuMepa 12.8 (xoropble BKIIO-
qaror (39.9)) B BHIE*)

M (m) =un,

D(m)=o"’(i—%).
Mim—w=K{ (5~ 50) ~w (=~ %)}
M(m—l‘«)“—lﬁ{ ns Na) N(nz—“A']Tz—)"'%‘(%—%)}'f-

(N—1) K 1 1
3wy (=% { ro Ni) N( ‘N_)} (39.10)
HanomuuM, uto, coraacuo (12.109),
M(k,) = K,. (39.11)

*) 3pecb Mn onycTHAH HHAekc N y onepaTopa MaTeMaTHYECKOro OXHAa-
Husg M. B sroit u creaylomell riaBax OH BcerZa noApasyMeBaercs.
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IlosToMy, 4TOOBI NONYYHTL HECMEIUEHHbie OLUEHKH LEeHTPANbHLIX
MOMEHTOB BeJHYHHBI m, MOXHO B (39.10) moacrtasuth $2 BMecTO G2
H k3 BMecTO K3. B pesysnbrare noayuum

Bim=s(—7)
M= =t{ (5~ ) v (= =)}

HecMemennasi oneHka [usi YeTBEPTOrO MOMEHTAa IOJYYaeTcs He-
CKOJIbKO CJOXHEe, IMOCKOJAbKY COOTBETCTBYIOIEE BBIPAKEHHE B
(39.10) menuueiino no K,. HaM HyXHa HecMelleHHas OLeHKAa Iaf
o' = K2. Hs ynpaxuenus 12.11 cpasy umeeM

_ (N—n)y(Nn—n—N—1)

(39.12)

K ky
TW—a) =4y
=D +1)

9TO MOXHO INepenucaTb B BHOE

n—1 N +1 (N—n)(Nn—n—N —1)
M {(n+l )(n—l )k;— ArF DNV =1 k4}=K"'- (39.13)
TloncraBnsaa B npaByio yacTb nocjelHero paseHcrBa B (39.10) cay-
4YafAHYI0O BeJIHYHHY, 3aKJIOYeHHyl0o B (urypHbie ckobxH B (39.13),
BMecTO 0! M k4 BMecTO K, MOJYYHM HeCMELIEHHYIO OLEHKY 4YeTsep-
TOrO MOMEHTA CJAYy4YaiHOH BEJIHYHHBI M.

394 Huuto He Mewraer HaM B JI06OM 3aJaHHOM CJjydae ole-
HUTb TIepBble YeTbipe MOMEHTa /7 B COOTBETCTBHH ¢ 39.3, a 3atem
nopo6Gpare pacnpenejedne [TupcoHa, yTo6sl MOJYYHTh OLEHKY Bbl-
6opounoro pacnpenenenusi. CHTyauus 3mech aGCOMIOTHO aHAJO-
rHYHa CHTyalliH NpH OLE€HHBAHHH METOLOM MAaKCHMAaJbHOTO IIpaB-
ponono6us B 18.20 1. 2. OgHako 34ech, TaK XKe Kak H TaM IipH
NOAroHKe pacnpefeseHHss Mo MaJoil BblGOpKe, PEIKO HCHOJb-
3yloTcsi MOMeHThl. M1 3TO nmpoHCXOAHT He MO J€HOCTH, a H3-3a Cya-
CT/IHBOTO OGCTOSITENbCTBA, YTO AJAS pa3MepoBR BHIGOPOK, BCTpedalo-
IIHMXCS Ha MNpakKTHKe, LEHTpPajabHas MnpelfeibHas TeopeMa HeNaeT
HEHYXKHOH COOTBETCTBYMOHIYID patoTy. XOTd MHl H He OyneM HOKa-
3bIBaTh NMpeAeabHYID HOPMAaJAbHOCTb /M, CTOHT OTMETHTb, YTO B NpO-
Lecce MpeleNbHOrO nepexona MOABAsieTCH clnenxduueckoe AJas Ha-
men cxembl yciaosue. Heab3s npocTo ycTpeMuTb n K 6€CKOHEYHOCTH,
NOCKOJIbKY OHO He MoXeT OuiTb GoJblie, ueM N. [Tostomy Moagoy
(1948), KOTOpBHIA NOMYYHJ LEHTPAJbHYIO NPENeNbHYIO TEQPEMY AAA
3TOro ciayyasi, CuHTaeT YTO KaK n, Tak 1 N B0O3pacTaioT npH ycJjo-
BuH, uTO n/N ocrtaercs oraeaesHbiM ot enuuuns. M3 (39.10) nerxo
NpOBEPHTb, YTO KO3DIHUIHEHTH ACHMMETPHH M 3KcUecca IO m
CTpEeMsITCA NPH TaKOM INpeNesbHOM INepexojfe K COOTBETCTBYIOL(HM
3llayeHHAM AJs HOpMaJbHOH Beanundbl. Iaek (1960) npusomuT
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Heo6XOAMMbi€ H [OCTAaTOYHbIE YCJAOBHS INpelelbHOH HOpMalib-
HOCTH m.

Taxum o6pasoM, OJ pacnpeneyjeHHs mM MOXKHO HCINONb30BATH
TEOPHIO CTAHLAPTHBIX OWIHGOK, Kak 3TO onucaHo B 9.26—9 1. 1,
H OOBIYHBIM O6pa3soM NPOBOAHUTb NPOBEPKY THIIOTETHYECKOro 3HaA-
UeHHS U IJIST CpeLHEero reHepaJibHONH COBOKYNHOCTH HJIH MOCTpOe-
HHe LOBEpPHTEJNbHBIX MpexeaoB AasA (. Heo6Xo0oHMO. TOMBKO, YTOOGLI
n 6bLI0 OOCTAaTOYHO BeaHko. Ecau n/N Mano, To mbl 6ynem addek-
THBHO HEeACTBOBaTb, NOCTymas TaK JKe, KaK M IPH NPOCTOM CJay-
yaifHOM BbI6GOpe.

JLOCTaTOYHOCTb B TeOPUH BBIGOPOUHBIX 0GCIEAOBAHHMIL:
ONO3HABAEMOCTb 3JIEeMEHTOB

39.5 B 17.31 T. 2 6GbI0 H310XKEHO NOHSITHE NOCTATOYHOCTH. [Lo-
cTaTOYHAsi CTATHCTHKA COLEPXHT BCIO HMEIOUYIOCHd B BhIOOpKE HH-
¢dopmanuio o napamerpe. Tenepb B TeOPHH BHIGOPOUYHBIX o6caeno-
BaHHH Mbl He YTOUHSIEM BHJ pacrnpeneJeHHs TeHepaJbHOH COBOKYII-
nocTH, Ho, cnenys DBacy (1958) u Ilatxaxky (1964c), B kKauecrBe
napameTpa COBOKYNHOCTH MOXeM B3sTb N-MepHHH BeKTOp 3Haue-
Huii nepeMenHod y. Jlo6ast BeiGopka W3 n HabaioneHHH (¢ BO3Bpa-
uleHneM wuJau 6e3) HgocTasaser HHPOpMaunHio 06 7 HJIH MeHblleM
yucile KOMMOHeHT N-MepHOro mekTopa mnapamerpoB. JlioGble aBe
BoIGOpKH (H3BJIE€YEHHbIE MO OLHOH H TOH e cxeme BbIGOpa), Ko-
TOpbie COLEpPKaT OLHO M TO XKe MHOXECTBO, cocTosiiee u3 d (<<n)
3JIeMEHTOB COBOKYIHOCTH, LOCTABJSIOT ONHY M Ty Xe HHPOpMaUHIO
O mapaMmeTpe BHe 3aBHCHMOCTH OT TOrO, MOABJAAIOTCHA JH 3TH d 37e-
MEHTOB B [OBYX BbIGOpDKaX C OLMHZKOBBIMH YaCTOTaMH HJH HeT.
IMosToMy TakuHe BbIGODKH Ha3blBAlOTCH I9K8UBALEHTHbIMU. MHOKe-
CTBO BCEX BO3MOXHBIX BHIOOPOK, MOJy4YaeMbIX NpH [NaHHOH cxeMme
BbIOOpa, MOXHO Da3HBIMH Ci10CO6aMH pa30HTb Ha TNOILMHOMXeCTBa.
Ecau npu pasGueHHH Ka)Kooe NOJMHOXECTBO COCTOHT H3 3KBHBa-
JIeHTHbIX BBIGOPOK, TO Takoe pa3bHeHHe Ha3biBaeTcss JOCTATOUHbBIM.
Ecan HekoTOpble MOOMHOXKECTBAa [OOCTAaTOYHOrO pa3bHeHHS MOKHO
OOBeANHHTb H B pe3yJbTaTe MOJYUHTCS OpYyroe OOCTATOYHOE pas-
6ueHde, TO noOcjlefHee HA3bLIBAIOT MEHbIIHM OOCTAaTOYHHIM pasbue-
HueM. Eciu nMeercss pocraTtounoe pa3bueHue Takoe, 4To Jo6oe Apy-
roe QOCTaTOYHOE MOXKeT OBITb CBENEHO K HEMY YMNOMSHYTbIM HpO-
1eccoM O6beJHHEeHHS NMOAMHOXECTB, TO 3TO pa36HeHHEe Ha3blBaeTCs
MHHHMaJIbHBIM [OCTATOYHbIM pa3bueHnem (cM. 23.16 T. 2).

Jlio6as craTtucTHka (BekTop) ¢ (T. e. Ji0Gasi (PyHKUHS OT BbI=
6OpOYHbIX 3HAYEHHH Y) HHAynHpyeT pa3OHeHHe MHOXECTBA BCex
BO3MOXHBIX BbIOODOK Ha NOAMHOXECTBAa, COCTOfILlME H3 BCEX Bbi-
GOpPOK ¢ ONHMM H TeM Xe 3HaueHueM f. Ecau HHAyLHpyeMOe TaKHM
o6pa3om pa3GHeHHe NOCTAaTO4YHO, TO caMa ! SBASETCA LOCTATOYHORN
CTaTHCTHKOH, NOCKOJbKY ee 3HaueHWsi OnpeaefsioT NOAMHOXECTBa
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3KBUBAJIEHTHbIX BhIGOpOK. Ilpn 3amaHHOM f ycsqOBHOE pacnpenese-
HHe mo6oi APYyroA CTGTHCTHKH He HACT HAM HHUKAKOH JONOJHHTEJIb-
HOH HH(OpPMaLHH O Mapamerpax (T. e. CBOGOAHO OT MapaMeTPOB).

Teneps npumeHnma o6lllasi TEOPHS NOCTATOYHBIX CTaTHCTHK M3
rnas 17 n 23. B uwactnoctH, cnpaBemaus pesysnbrar Pao— Bue-
Kysana w3 17.35 o TOoM, uTO ecau 3amaHa mawbasd HecMellleHHast
OlleHKa HeKOTOpoll YHKIHH mapaMeTpPOB, TO €€ MOXHO YJYYLIHTb,
B3sIB BMECTO HEe YCJOBHO€ OXHIaHWe NpH 3alaHHOA OOCTATOYHOH
CTaTHCTHKE.

Kak HH npocT pe3ysbTaT, H3 HEro NOMY4aeTcs HEOXHAAHHOE
.cnencTBie. PaccMoTpHM npocteiilinit caydadl caydadHoM BbIGOPKH
C BO3BpallleHHeM H3 COBOGKYNHOCTH, cocTosillei U3 N 3/1eMeHTOB,
IJsi OLEHKH CpefHero 3HauyeHHst COBOKYNHOCTH. MHTyHTHBHOM
‘OLEHKOH fABJAAETCH BbIOOpOuYHOe cpeaHee m. OOHAKO 3Ty OUEHKY
MOXHO yJayuymHTb. B camom nesne, cpefn n BHIOpaHHBIX 3/e€MEHTOB
HMeIOTC TaKHe, KOTOpble BHIGpaHbl 6ojee OOHOre pasa. Kak Mol
BHIEJH, B BbIGODKEe HMeeTcsl d << 1 pA3AUYHbLY DJIEMEHTOB, KOTOPbie
o6pasyroT 6a3uc SKBHBAJEHTHBIX BbIGOPCK. Ilo3aTOMYy BeKTOpHaAA
CTaTHCTHKA £, cocTosiiast u3 3uaueHuir YV, ..., yP, cooTseTCcTBYIO-
THX 3THM pa3/IHYHBIM 3JeMEeHTaM BHIOOPKH, SBJSETCH AOCTaTOY-
HOH. YcJIOBHOE OXHIAHHEe m MPH 3aLaHHOM £, OYEBHIHO, ABJAETCA
CpPeNHHM 3Ha4YeHHEeM pPAa3MHYHLIX 3JeMeHTOB BHIOOpPKH. OGo3HauuM
ero mgy. DTa ODEHKa HMeeT MeHbIyio AUclepcuio ueM m. Pamx
H Xamuc (1958) ABHO BBIYHC/ASIOT yMeHbIIEHHE IHCNEPCHH (CM.
ynpaxHenue 39.1). 3nech, kak H B OOJbLIHHCTEE CJAyYaeB, BBIYHC-
JeHHe OHCMEePCHH OUEHKH BHIGOPOYHOro oG6GCJaeNOBaHHS, YJydlieH-
Ho# mo merony Pao— Baekysana, noBosibHO c10XKHO.

Kax npasugo, npun BbIGOpPKEe C BO3BpallleHHEeM, €CJaH NpH Io-
‘CTPOEHHH JIIOOOH OUEHKH YYHTBIBAaTb TOJNbLKO padHbie BHIOpaHHBIE
3JIeMEHTbl, a2 He BCe BhIGPAHHbIE TE€MEHTH, TO TOYHOCTb OLEHKH
Bcerna yayumaercs. OnHako MHCNEPCHIO OUEHKH, YUYHTbIBalolled
BCe 3JIEMEHTHI, BHIYHCJAATbL OOBIYHO MpOIlle, H OHa BCEraa SBJSIETCSA
BepXHeH TpPpaHHUEeHd OJs HUCMEePCHH OUEHKH, YYHTHIBAIOILIEHd TOJBKO
pa3Hble 3JeMeHTh. TaK 4YTO NepBYyi0O OHCIIEPCHIO MOXKHO CMEJO HC-
TI0Ab30BaTh BMecTOo BTOpOH. Ecam n/N BeJdHKO, TO YyMeHblleHHe
JUCTepCHH pedko OyneT AOCTAaTOYHO O6OJBIIHM, YTOGH ONpaBhaTh
JONOJHUTENbHYI0O paboTy, Tpebylomyoocs s BbIYHCIEHHS.

ITarxak (1961a,b, 1962a,b, 1964a,b,c) npoBen psim Hccaegosa-
HHl 0 NpHMeHeHHH MeTtona Pao — Baekysasa K pa3inuHbIM 32 1a4aM
Teopun BbHIGOPOYHBIX OBcnenoBaunil. Cm. Takke K. Pao (1966).

BoiGop Oe3 BO3BpalleHHs C HepaBHBIMH BEPOSATHOCTSIMH

39.6 OGo6GHM Tenepb CXeMy cJyudafiHoro Buibopa 6e3 BO3Bpa-
1leHHsd, MO3BOJHB BEpPOSITHOCTSAM BbiOOpa pasjiHYaTbCs IJISA pas-
JIH4HBIX SJEMEHTOB M OT H3BJeUeHHs K H3BJaeuenuio. Ilyctb @pi —

TLERE ey

By
|,; b
i
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BEpPOSITHOCTb TOTO, 4TO i-fi 3JeMeHT (CO 3HayeHHEM Y;) BhIOHpaeTCs
N

NpH r-M H3BJEYEHHH, ), (,P; = 1, i Mensierca ot | o N, a r— ot
i=1

1 1o n. ITonoxum
n

=2 )P (39-14)
Ty = rZs_Zl (P (HPis (39.15)
r.sﬁs

mnpHuyeM BepPOATHOCTH, COOTBETCTBYIoHIHe GoJee MO3AHEMY MOMEHTY
BpeMeHH B npaBoil sactd (39.15), B3ATH MNpH YCAOBHH, 4TO MPO-
H30mIO co6hLiTHe, OTBeyaollee Jpyromy coMmHoxurenio *). [lo
ONpefeseHHI0 7; SIBJASETCS NOMHOH BEpPOATHOCTBIO TOro, uTo Y; Oy-
JeT BbHIOp2aHO NPH 7 H3BJAEYEHHAX, a IT;; — COBMECTHOH BEpPOAT-
HOCTbIO TOTO, 4TO BHOpaHO Kak Yy;, Tak H y; (i = j). Ouenunuo,
YTO MHOXECTBO BCEX BEpPOATHOCTEH ()0;, KAaK YCJIOBHBIX, TaK H Ges-
YCJIOBHBIX, KOTOpOe Mb! 6yneM Ha3bipaTb cxemoi evibopa, onpene-
Jaset m;; ¥ ;. Ho o1HO B TO Ke MHOMXKECTBO 7;; H 7i; MOXeT OBITh
CBSI3aHO C PAa3THYHBIMH cXeMaMmu BbiGopa. OGHLIUHO TPYAHO NOLO-
OpaTb 3HAUYEHHS (P, YTOOH NOJYYUTH HYXKHBIEe 3HAUEHHS I;; U I,
O[HAKO JJIA cXeM BHIGOpa, ONHCAHHBIX B ynpaXXHeHusax 39.5—6, co-
OTBETCTBYIOIlHE YpPaBHEHHs1 MOXHO paspemlnTb. Demmenxu (1963)
IaeT PEeKYDCHBHBLII METOH NOJYYEHHSl (yPi, PABHBIX NPH BCEX H3-
paeueHnsx. CM. Takxke DBpiosp (1967).

Has Bei6opa 6e3 BO3BpalleHHN C PABHBIMH BEPOATHOCTAMH, KO-
TOpBIA Mbl yXKe paccMaTpHBaJH, HMeeM

__n __ n(n—1)

ﬂi——T, ni]_—-——N(N—l).

B obmem cJydyae UHTaTeNb MOXET NPOBEPHTb, 4TC H3 (39.14—15)
cnepyer

N N N
i}_:l %, = n; ; ny=(n— D Z; wy=n(n—1). (39.16)
Fhoih iy

[Ipumem Tenepw caedymulee corsatienre 06 o6osHauenusx. Mu-
JeKCH MpH BHIGOPOUHHX 3HAYEHHSX Yi, ..., Yn COOTBETCTBYIOT MO-
PALKY, B KOTODOM 3TH 3HAaYeHHS H3BJeKaloTcd. EcTecTBeHHO, uTO
3TH HHIEKCHl, BOOOIle TrOoBOps, HE COBHALAlOT C HHIEKCaMH, COOT-

*)  Caenyer o6paTnTp BHHMaAue YHTATeNd HAa HEKOPPEKTHOCTh OGO3Hade-
HHA, HCNOMB3yeMbIX B npasoft vwacth (39.15). Ha camoM axene nsas 3sanncu ycro8-
HOU BeDOSATHOCTH (s)P; TPH S = r (COOTBETCTBEHHO (rPi NPH 7 > S) HYXKHO GHIO
66l HCnOMb3OBaTh Apyrne o6osHadenus. ONHAKO aBTOP NPEANOYHTAET O[PAHH-
YHTBCSH COOTBETCTBYIOUIEH OrOBOpKO# B Tekcre. ([Tpus. nepes.)
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BCTCTBYIOUIHMH HOMEpY 3/JI€MEHTa COBOKYIHOCTH, T. €. Y1, ..., Yn-
Tak, HanpuMep, y; B BbiGOpKe (T. €. 3Ha4YeHHe, NOJNYyYEHHOE B pe-
3yJbTaTe TPETbero H3BJeYeHHsi) He COBMNAJAET C Y3 B COBOKYITHOCTH
(T. €. CO 3HaueHHeM, COOTBETCTBYIOLIHM 3Je€MeHTy C Homepom 3).
OnHako npH pacCMOTPEHHH CHMMeETpPHYECKHX (YHKLUHH OT BbIGO-
pouHblX 3RayeHHfl Mbl B LeJAX NPOCTOTH He OydeM obOpailaTb BHH-
MaHHe Ha 3TO pasjHuHe.

[Ipu B3ATHH MaTeMaTHYECKHX OXHIaHHHA 6yaeM paccMaTpHBaTh
Bbréopxy KaKk yeaoe (He yUHTBIBaS HNOPSAOK H3BJIEUYEHHS) H CUHTATh

nm= Zyi cnyqaitHof . BeanunHOR. Hmeercs ( ) BO3M OXHBIX

Bbl60p0K. Mbl DpeAnosIOXKHUM, YTO OHH 3alHCaHBl B HEKOTOPOM IO-
FAiKe H O6O3HAaueHW S, ..., S, ..., S(N ) ITo onpepenenuio

nM(m)y=M (‘iyi =(ijII)P{Sr} (,g yi)r.

o N
CTOsIly!0 B NMpPaBOH 4YaCTH 3TOTO DaBEHCTBAa CyMMY ( n ) 4JIeHOB,

KaXIblil H3 KOTOPHIX NpEACTaBASET cOB6Oi CyMMy n 3HaueHHI,
MOXHO meperpynnupoBatb B cyMMy N ujeHOB (COOTBETCTBYIOIIHX
3JeMeHTaM COBOKYIIHOCTH), NpHYeM KaXKABIH YJeH, OTBeYaioulHil

JIaHHOMY 3JIeMEHTY COBOKYNHOCTH, GyNeT paBeH CyMMe (n—l

3HaYeHHH B COOTBETCTBMH C TeM, Kakue (n—1) w3 (N—1) Bos-
MOXKHBIX JIEMEHTOB BXOOAT HapsAy C 3THM 3JE€MEHTOM B BHIOOPKY.
Hrak,

w [(al y
mMm)=2| ¥ P{SY] gi=Dmy.  (30.17)

O603HaYHM T == Z n;y;. Taxum o6pa3oM, Kak H CJelOBajO OXH-
{=1

J1aTb, BHIGOPOUHOE CpelHee He sBJseTcA, BOoOLle roBopsi, HecMe-
1eHHOH OUEHKOR cpenHero coBoKynHocTH. Kpome Ttoro, umeem

=M (éﬁly?)-k M(ZZ yzyz) — 72

i, j=1
HepBoe MaTeMaTHUYeCKoe oxmnaﬂue BbiYHCJAACTCA TOYHO TaK Xe,

kak B (39.17), u pasHo Zn ;¥2. Bropoe mareMaTHyeckoe OXHIa-



TEQPUSI BBIBOPOYHbLIX OBCJENOBAHHUR: TIJIAHUPOBAHME 249

N
HHe SIBJfETCA CYMMOi ( n) YJIeHOB, KaXXAHH H3 KOTOPBIX €CTb.
cymma n(n—1) 3HaveHuii. DTy CyMMYy MOXHO NeperpynnupoBaThb,

2
npeactasus B BHge cyMMmbl N (N —1) ujeHoB no 2) 3Haue-

n—
HH, B COOTBETCTBHM C TE€M, KaKHe 3JeMeHThl, IOMHMO IBYX 3aJaH-
Hbix (#3 o6wero yucaa N (N — 1) nap), Bxonar B BHGOPKY. TakuM
o6pa3omM,

( Z} y,y,) 2h> y.y,) -

;)P{s,}(z i1

(a "
is6]

T, 1= i
1ok]
a 3HauuT,
D Z yi) == n2D Z n‘yz + Z Z ntfy yj
=] t#l
N N
= ‘Z:] m, (1 — :I'Ei) Y+ :z:,gl: (J‘l‘i — ninj) Y.y, (39.18)
A

39.7 Briuncienne MaTeMaTHYeCKHX oXHpgawui (39.17—18), ko-
TOpOe Mbl cefuac MpOBeJH, ABJSETCA YaCTHBIM ClyuaeM CJaenylo-
miero ofmero pesyabrata. Jas nwobofi GyHKUMH g OT HaGMIOAEHHITL

n N
M { ) g(yi)}= Z ;8 (¥:)s
{=] i=1
n N
i T 80000 |= 5T miaton )
by Yiset

(39.19),

CootHowenusi (39.19) yxe He TpeOyIOT HOBOrO [OKAa3aTesJbCTBa,
H60 H30XEHHOe BbILIe [JOKa3aTeJNbCTBO He H3MEHHTCH, eClIH Y
H Y;Y; 3aMEHHTb HA NPOU3BOJbHBIE QYHKIHNH.

Tenepb MOXHO MOJNYYHTb HECMEINEHHYIO JHHEHHYIO CLUEHKY A%
p. Ecav 3HadeHHIO y;, COOTBETCTBYIOIIEMY i-My 3JE€MEHTY COBOKYII-
HOCTH, NPHIIKCATb OOHH M TOT Ke BeC W; BHE 3aBHCHMOCTH OT TOrO,
Korjia BbiOpaH 3TOT 3JIeMeHT, TO MBI XOTHM MOJYYHTb

M{glwiyi}=u"
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a 3HauHT, B coorBeTcTBHH ¢ (39.19) npu g(y;) = w;y;

N i N
Z WY = po= Z Yi.

i=1 i=

3TO COOTHOLIEHHEe NOJXKHO BHINOAHATHCA TOXKIECTBEHHO MO [, TaK
9TO MOXKHO NpPHPABHATb KO3} duuHeHTH npH y;. B pesyabrare no-
ayuuM w; = 1/(Nn;), a 3HaYUT, OLeHKa
1 “ Y
A i
}L—-N— T (39.20)

j=1 ¢
ABJASIETCA €IHHCTBEHHOH HECMeIlleHHOA OUeHKOH YKa3aHHOro BHIA.

Jasee nucnepcHsi BeNIHYHHB [i noJgydyaercs H3 (39.18) sameHo# y;
Ha yi/ (Nn;). TakuM o6pasom,

N

N?D () = Z Ly 4 Z 3 (’,‘" _“‘"’) vy (39.21)

=1 i, j==l
iqﬁ]

39.8 Hcnonw3ys (39.19), MOXHO MOMYYHTh HECMEIIEHHYIO OIEH-
ky oasa (39.21). HerpyaHo npoBepHTb, 4TO TaKOHA OLIEHKOMH siBASETCH

Nb =y LMy B Cu2 gy @922

=1 1, j=1
ik

Dta oueHka npeanoxeda XopButueMm H . Tomnconom (1952), kxo-

Topble MepBBIMH CcHOPMYJHPOBATH 3aLayy, H3JOXKEHHYIO B 39.6.
C npyroi#t cropoHsl, ucnoab3dys (39.16), MmoxHO nepenucath (39.21)

B BHIE
ND (i )__Z Y (i — n,,)( )2. (39.23)

i, j=1
taﬁ]

A 3unaumT, mo (39.19) apyroii HecmemeHHO& ouenkof pas (39.21)
ABJSETCA OLEHKa

n
PR 1 TR, — W y Y, \2
VD=5 (—”T”——’) (;ﬁ— — ;’I— . (39.24)
124{.;1
npennoxennas Hafircom u Tpanau (1953).

Ecnu 661 MBl MOFJIH BHIGpATb 7ty NPOMOPUHOHAJNBHO Y;, TO AHcnepcHa (39.23)
u ee oueiika (39.24) oGpaTuanch 6bl TOXAECTBEHHO B HYJb. (B ynpaxHeHuH 39.3
1I0Ka3ano, YTO 3TO He 00s3aTeJbHO TaK MJA aJbTEDHATHBHOH ONEHKH AHCHEPCHH
(39.22).) Ha npaxTHke Hauayullee NPHOJMIKEHHE K 3TOH CHTYallHM NoJyvaercs
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B CJyiae, KOrAa Mpl 3HAaeM HEKOTOPYI0 NMEPEMEHHYI0, CHJIbHO KOPPeJHPOBAHHYI ¢
yi. Qennenxku (1963) 1 Jx. Pao (1963) O6CYK/IAOT MeTOAHL MOMYHeHHS Ke-
JlaeMbpIX 3Ha4YeHHA 7y M HX BJAMAHHE HAa BHIOOPOTHYIO MHUCHEPCHIO OUEHKH. CM..
takxke Xanypas (1967).

IFaek (1964) uccneayer acMMNTOTHYECKYiO HOPMaJbHOCTb, AHCMEPCHIO H OLeH-
Ky AHCNepCHH AnA Beanyuusl (39.20) B caygae BnIGOpa ¢ OTGpachiBaHueM (re-
jective sampling), Korna npoH3BOAUTCA BBIGOP C BO3BpallleliHeM C HepaBHbIMH Be—
POATHOCTAMH, OAHAKO €CJH KaKOH-HHOYAbL 3NE€MeHT H3B/AeKaeTcs BTOPOR pa3, TO
BCA Bbl60pKa He NMPHHHMAETCA BO BHHMaHHE.

C nepBoOro B3IVISALa He COBCEM MOHATHO, KAaKasi U3 NPHBEIEHHbIX
IBYX OI€HOK OHCMNEepCHH MNpennoyYTHTeNEHee. Jlerko mokasaThb, 4ToO-
ouenka (39.22) MoXeT NPHUHUMATb OTPHLATEJbHbie 3HAYEHHS (CM.
ynpaxkHenue 39.3), ogHako (39.24) TakXe MOXeT NpPHHUMATb OT-
pHlUaTeJabHble 3HaueHHs (cM. ynpaxHeHHe 39.4). Ouenka (39.24)
HEOTPHLUATENbHO ONpefeNeHa TOJbKO OJS TAaKHX CXeM, B KOTOPbIX
iy — ;=0 Oas Bcex i W j. TeM He MeHee I/ IBYX CXEM Bbl-
60pa, KOTOpble NPHMEHSIOTCH Ha NpakKTHKe, oueHKa (39.24), kak
MOKa3bIBAIOT ynpaxkHeHHs 39.5—6, HHKOrAa He OTPHUATEIbHA, UTO
HeBepHO ans (39.22). [TosToMy He BLI3bIBaeT COMHeHHs, uTo (39.24)
Gosee mpengnouTHrenabHa, yeM (39.22), u6o nocnenHss OLEHKA, Tak
cKa3aTb, 00/lee npenpacrnosioXeHa NPHHAMATL OTPHUATENbHBIE 3Ha-
YyeHHs, a 3HAUHT, 3Ta OueHka BeauunHbl (39.21) (maremaTHueckoe
OXHIAaHHE KOTOPOH HEeOGXOLHMMO IMOJCKHTENbHO) HMeeT OQJbLIYIO
OHCIepCHIO.

IToxoxe, uTo He cyumecTByeT OueHkH aucnepcud (39.21), xoro-
pas HeOTpHLATEJALHO ONpeneseHa AJs BCeX cXeM Bbi6Opa, OQHAKO,
HaCKOJbKO HaM HM3BECTHO, OO CHX INOp HeT NAOKa3aTeJabCTBa 3STOrO
dakra.

39.9 Opnako, B3SB JHHEHHYIO OUEHKY, OTJIHUHYlO oT (39.20),
Mbl MOXEM CIenaTb TaK, YTO BCerna OyleT CYLLECTBOBATb HEOTDH-
aTeabHasi OLleHKA AJs AHCHepCHH B3AToH oueHkd. Ho anas storo
Mbl He HOJXKHBl OrpaHHYMBATbCH JIHHEHHBIMH OGYHKUHUAMH BHIAA

n
> w,y;,, KOTOpble pacCMaTPHBAJHCh NpH OnpefeleHHH i B (39.20),
i=1

NOCKOJbKY, KaK Mbl BHIEIH, [i ABASETCA €0UHCTEEHHOU HecMeLlieH-
HOl HHeHHOH (QYHKUNHEHA TaKoro BHIA.

Ilpy NOCTPOEHHH JHHEHHBIX 1O MHOXECTBY BBIGODOUYHBIX 3Ha-
YeHHN OIEHOK CpelHero COBOKYNHOCTH, KO3(P(]HIHEHTH, COOTBET-
CTBYIOI1HE KaxXAOMYy BbIGODOUHOMY ~3HAUEHHIO MOXKHO CUHTATb
3aBUCSILLIUMH OT CJeAYIOWHUX Tpex (PaKTOpPOB:

(a) or HOMepa TOro 3jMeMeHTa, NpH BHIGOpPE KOTOPOro IMOJaY-
yaeTcs 3TO 3HauYeHHe;

(6) or u3B/jeyeHHS, IPH KOTOPOM 3TO 3HauyeHHe GbIJIO BHIGPaHO;

(B) OoT Bcero MHOXECTBAa 3JE€MEHTOB COBOKYIMHOCTH, BOLIeIIHX
B BbIOOPKY, a He OT OTHE/JbHBIX JEMEHTOB, KakK B (a).

KosadduunenTs MoryT 3aBHceTh OT J11060ro OJHOTO H3 3THX Tpex
dbakTopos, ot JIO6HIX ABYX H OT Bcex Tpex ¢akropos (a), (6), (B).
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B pesyabrare nonyuaercs ceMb OGLIMX KJACCOB JHHEAHBIX OLEHOK,
NOCJEeNHHA H3 KOTOPHIX BKJIIOYAaeT BCe MNpeablAyliHe, DTH KJacchl
M3yyaHCcb M aHaausupoBaauch ogsm6Gom (1955, 1965) m Kynom
(1963). ITonyueHo, uTO B YNOMSHYTOM caMoM oOfLleM KJaacce
HeJab3sl YKa3aTb HeCMEUIeHHYIO OLUeHKY C MHHHMAaJbHOH aucnep-
cHell. DTO YTBepXKIEeHHe HHTYHTHBHO NpPaBAONogo6GHO Ha TOM OCHO-
BaHHH, 4TO, 3Hast 3HAYE€HHs, COOTBETCTBYIOIHE 3JEeMEHTaM COBO-
KYyMHOCTH, MOXHO BCerZa MNOCTPOHTb JHHEHHYI0O HeCMellleHHYIO
OIIEHKY C HYJ/IeBOH [OHCIepcHeH, HO 3Ta OLeHKa, OYeBHIHO, AOJKHA
3aBHCETb OT CaMHX 3HaYeHHH, COOTBETCTBYIOIIHX 3J€MEHTaM COBO-
kynHocTH. Kak mnokaswiBaer ynpaxkHeude 39.3, npumepom Takofi
ounenku apaserca (39.20). ITo cymecTBy OTCYTCTBHE 3[€Ch OMTH-
MaJIbHOH JTHHEHHOH OUEHKH cjaelyeT H3 TOro (akTa, 9TO MBI MOXeM
pacno3HaThb 3JIEMeHThl COBOKYMHOCTH H Ha3HayaeM BepOATHOCTH
BbIGOpA.

Jlo cux nop Mbl paccMaTpHBAJH TOJNbKO KOI(D(HIHEHTH, 3aBH-
CcslllMe JHIIL OT ogHoro ¢akTtopa (a). PaccMoTpuM Tenepb OLEHKH
¢ KosbduuMeHTaMH, 3aBHCAILHMH OT Bcex Tpex ¢akTtopoB (a),
(6), (B).

39.10 Ilycts Tenepb Y;)— 3HAUEHHE, COOTBETCTBYIOLIEE 3Je-
MEHTY, BbIOpaHHOMY NOpH r-M H3BjedeHHH. IlycTb p()— yclOBHas
BEPOSTHOCTL BBHIGPATb ISTOT 3JEMEHT NPH STOM H3BJAEYEHHH, NPH
YCJAOBHHM, YTO OH He 6bis1 BhGpaH g0 3toro. ITonoxum

u-1
zZi=ywlPuy» 2 "—’rZ_:I Yy T Y@)/Pw)s u=2,..., n. (39.25)

Kaxnas BeJNHYHHA N2, SABJIAETCA HeCMeIlleHHO# oueHko# aasa Ny,
IIOCKOJIbKY, corqacHo (39.19),

N
M(z) = ;‘ Yi»

a npu u

> 2
u—1
M@,) = M[Zy(r) +M {‘z—::%lym- Y y(u—n)}]=

r=1

u-1 u-1
=M[Zy(,) +1 Mo — ) v ]=M{Nu}=Np.,

Fea=] re=1

a 3HaYHT, J00as JHUHeHHasd QYyHKUHSA

2= 2y D, Cu=1 (39.26)
U=l u=1
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ABJSIETCH HecMelleHHOn oueHkoil aas Nu. HauGoabuiei cummer-
pueit U3 Takux QyHKuuit obnagaer cpeaHee

n. n n u-1
- 2 { ;l -f,% + uz_:z Z} Y } . (39.27)

Kak crenyer u3 ynpaxuenus 39.10, npH paBHBIX BepPOSATHOCTSAX Bbl-
6opa (39.27) ue cBomutca kK Nm. IIucnepcust oueHku Z paBHa

D(2) = 7:‘{ Z D (z.) + an cov (2, 2,) } (39.28)

u=1 u,0=1
uzvo
Briuncnssg KOBapHAalUHIO 2, U 2, B IBa 3Tana, cHayaJja npH (HKCH-
POBAHHOM 2,, a NOTOM INpH H3MEHEeHHH 2y, NOJYYHM Cpa3sy, 4TO
cov(2y,2,) =0 npu u = v. A 3HauuT,

M (z.2,) = M (2,) M (z,) = N2 (39.29)

Takum 06pasoM, HaM OCTaJOCb BBIYHCAHTbL TOJBKO IHCHEPCHH
B (39.28). B o6uiem cayuae Buiuncaesne D (2.) BecbMa rpomosako
(cm. ynpaxkuenne 39.9), Ho aass D (Z) nerko mnoayuuTb OLEHKY.
B camom nene,

D@E) = M) —

Tak, 4To Hcnoab3dys (39.29), nosyyHM, YTO HeCMEIeHHON OLEHKOH
nas D (2) sBnserca 22— 2,2, Oas JIOOBIX 4 5= U. YCDEOHHB 3TH
OLEHKH Mo BceM n(n—1)/2 pasnnuHbIM mapaM #4 H 0, MONYYHM
OUEHKY

- = 1
DE)=2— =y ) 2o (39.30)

uzskvo
KOTOopada coBliagaetr ¢

D) = =T Z(z —2)2>0. (39.31)

u=1

Ouenka (39.31) umeer Buxa s?/n, rae s2— Bropasi R-CTaTHCTHKA [Js
HaGaoneHut 2,. Takum oOpas3om, NpPH ONHUCAHHOM MNOAXOZe, NMpen-
qoxeHHom Pangxem (1956), 3amaua BeGOpa y; (C HepaBHBIMH
BEpOATHOCTAMH H Ge3 BO3BpalleHHsi) CBOXUTCA K BHIGOPY 2, H MHO-
CJAefyiouleMy BLIYHCJAEHHIO HX cpefHero 3HaYeHHS H OLEHHBAHHUIO
JLUCTIEpCHH STOTO CPelHero TOYHO TaK Xe, Kak ecau Obl 2, BHIOH-
paJHCh ¢ PaBHLIMH BEpPOSITHOCTAMH H C BO3BpallleHHeM. JTO YTBep-
XKIeHHe fBJAETCS YaCTHBIM CJyuaeM oOllero pesyJabTaTa, NpHBe-
JIEHHOTO B ynpaHeHun 39.12.

39.11 Ham ocrtanoch pewnTh, Kakyio H3 oueHok (39.20) wuam
439.27) wucnoan3osath. B ofmeM cayuae 06 HX OTHOCHTENbHOH
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3¢ (eKTHBHOCTH H3BecTHO Mano, Ho Pamxk (1956) onucmisaer nBa
BbIGOPOYHBIX 3KCIepUMeHTa ¢ n=2, B KOTOpPHX (39.27) 3HauuTeqbHO
ApeAnOYTHTE/bHEE.

ITpumenss, oguako, Meron Pao— Baskysana yayuirenus oue-
HOK (cM. 39.5), MOXKHO NOJYYHTb OLEHKH, DHCIEPCHA KCTOPhIX 3a-
BeIoMO He Gojbuie, ueM y (39.27). Bwiancaum (39.27) (xotopoe
Mbl Tenepb nepeo603HAYHM Z(;), UYTOOB MOMYEPKHYTb 34BHCHMOCTb
OT NOpsifiKa H3BJEYeHHA B BHIOOPKE) ANA KaXKAN# H3 n! BO3MOXHbBIX
NepecTaHOBOK, COOTBETCTBYIOUIHX MOPSAKY, B KOTOPOM MOTJIH ObiTt
u3BJeueHb BbIOpaHHble 3HaueHHs. YcpenHHM Tenepb 3TH n! 3Ha-
YeHHH C BeCaMH, PaBHbIMH OTHOCHTE/NbHBIM BEPOATHOCTAM 3THX Me-
PEeCTaHOBOK, B p€3y/bTaTe NOJYYHM YJIYYLIEHHYIO OueHKy Z;. TouHo
TaK e MOXHO nepecmorpetb oueHky (39.31), uTo6bl MOAYYHTH
yJAyYUIEHHYIO OueHKY BeJHuuHbl D (Z)). OTH pe3yabTaTh, npuHan-
aexamue MéEpdH, ABAAOTCA HENMOCPEACTBEHHhIM CJIEACTBHEM pe-
syabtata Pao — Buaskysana us 17.35 v npuBeleHbl B BHAe ynpax-
HeHu#t 39.30—1. XoTa M He NMOKa3aHO, YTC NHCTEPCHA BEJHUUHBI Zg
HMeeT HeOTPHHATeJbHYIO OLEeHKY AJA BCeX cxeMm Bb6opa, UTO
CNpaBeAJHBO OJs Z;), HO Mépodu nokasas, yTO 3TO Tak npu n = 2.
Bosee Toro, Mépdu (1957) nokasan, uTO B yXKe YHNOMSIHYTbIX BHI-
GopouHbiX 3KcnepumeHTax Pamixa (1956) ouenka 2z, 6osee spdek-
THBHA, Ye€M Z(), H YTO OTKJOHEHHH HeCMelleHHOH OUEHKH OHCTEepCHH
BEeJIHYUHB Z; MeHblue, yeM y (39.31) ana Z,. Hakoweu, yayuiies-
Has ouenka maa D (Z;) TakKe noaydaeT 3aMeTHOe VJayuilueHHE
3¢ deKTHBHOCTH MO cpaBHeHHIO ¢ (39.31).

TakuM 06pa3oM, HMEKTCA CYLECTBEHHble TEOpETHYECKHe OCHO-
BaHHS1 [IJISl HCOOJb3OBaHHWs YJyulleHHOH oueHkH Z;. OmHaKo ¢ poc-
TOM 7 3ajJaya BbIYHCJIEHHH CTAaHOBHTCS OYe€Hb T'DPOMO3JKCH, NO-
CKOJIbKY HYXKHO paccMaTpHBaTb 7! pa3JHYHBIX TEpPeCTAHOBOK Bbi-
GpaHHBIX SJEMEHTOB. A naXe O/ BBHIYHCJAEHHS TONbKO ORHOrO Z(s,
onpenenennoro B (39.27), HyXKHO BBIYHCJAHTb 7 YCJHOBHbIX BepPOAT-
HOCTel, uTO TpebyeT Goabinoil paboThi, €CaH pa3Mep COBOKYNHOCTH
N u pasmep BHIGOpKHM n BeqHKu. Ecan ynpocTHTb cxemy Bbibopa,
kak B ynpaxHeHuH 39.31, cyuTas 4TO BEpPOATHOCTH NPOMOpPLHO-
HaJbHbl TPH BCEeX H3BJEUEHHSX, TO Bblpa)KeHHe MAJA Z; ynpo-
11aeTCsl, HO BCe elle OCTAeTCs TPOMO3OKHM IJs BHYHCJEHHH.

HepaBnbie BEpPOSTHOCTH NMpu Bbi0ope ¢ BO3BpaileHHEM

39.12 Ecan BbIGOp NpPOBOAHTCA C BO3BpallleHHEM, TO H3BJEue-
HHSl HE3aBHCUMBI H CyUIeCTBYeT BO3MOXHOCTb, uTO Ji0b6oe y; Oyner
H3BJeYeHO GoJjee ogHoro pasa. Onpepenum m; ¥ i, KaK H paHee,
coranacHo (39.14—15), HO Tenepb HYKHO ONpPeNEJHTb elle

n
Ny = quf; (r)Pi * (s)Pi-
rs
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Tenepb ;; — BEPOATHOCTb TOrO, 4TO KaK Y;, TaK H Y; BbIOpaHbl MO
Kpaitueil Mepe OOHH Pa3, a u;; — BEPOATHOCTb TOrO, 4TO Y; BHIGpaHO
He MeHee JBYX pas. (39.16) sameHnsiercs Ha

N N N N
Yon,=n; i§ni,=(n—l)n,; ig‘,”;n,.,=n(n—1), (39.32)

i=1

npuyeM cyMMbl GepyTcst mo BceM i W j 6e3 orpaHHyeHui. AHauso-
ruyHo (39.19) samensieTcs Ha

n N
M { Z g(y,)} = X ®:8 (42)s
i=1 f=|
n N
M { 22 e y;)} = 2 2nugs vy,
)

if

(39.33)

ApHYeM CHOBa B mociaenHed gBodHOH cymMe B (39.33) Ha i u j He
HakjJaJblBaeTCsi HHKAKHX orpaHuueHuit. Kak Moxer nmposeputb uu-
tateab, B (39.18) u (39.21) m,; Moxker Tenepb HMeTb paBHbIE HH-
IeKCbl, @ YJIEHBbl J;7t; BXOAAT B JBOHHYIO CYMMY TOJBKO C Da3sHbIMH
unnekcamMu. Ecanm Bmecto (39.16) ucnoabsoBate Tenepp (39.32),
TO MOJY4YUM, 4To (39.23) ocTtaHeTcs 6e3 H3MEHEHHS.

B uacTHOM caydae, Koraa BepOSTHOCTH BbI6Opa ONHH H Te Xe
NpH KaXXJOM H3BJEYEHHH, TO P; MOXHO MHCaTb 6e3 CTOALIETro BIe-
pemdM HHIEeKca, W TeopHs ympomaerca. B stom cayvae n; = np;,
n;; = n{n— 1) p;p;, onenka (39.20) cBomutcsa K

o 1 Y
p’ — m— £ T‘l', (39.34)
a (39.23)—«k
” Yy Y
N2D (p) = 2: z:pp] _‘_.L . (39.35)

i, j=1 ‘

Hcnoabsyst (39.33), monyynM HecMeLieHHYIO OUeHKY nas (39.35)

B BHIE
~ 2
N0 () = 5oy (n =) Z Z p, ) :

YuuteiBas (2.27) T. 1, npeo6pasyeM 9TO BBIpaXKeHHe K BHIY

n 2
& s
ND; (1) = ooy Z(y‘ LP—‘) =Y (39.36)

rae s?— BTOpas BHOGOPOYHAst R-CTATHCTHKA NS Yi/p;, OTPeRese-
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Masi, kak H B 39.3. Ilpoctoii Bun (39.36) ocHoBaw Ha TOM, uTO
Yi/ (Np;) sABASAIOTCA HeCMeLleHHbIMH OLIEHKAMH U HEKOpPEeJHPOBAH-
HBIMH H3-3a TOro, 4To BHIOOp NPOBOAHTCS C BO3BpallleHHEM, TakK
4YTO NPHMEHHMO ynpaxHeHHe 39.12.

MNaanunpoBanue BHIGOPKH: pacciocHHe

39.13 B 39.8 Mbl BHAeaH, UTO HA MNPAaKTHKE HeJAb3si HaLeATbCs
HafiTH cXeMy Bbi6Opa, KOTOpas yMeHbHIaja Gbl BHIGOPOYHYIO HHC-
MEepCHI0 N0 €e NOCTHXKHMOro MHHHMyMa, paBHoro HyJaw. OgHako,
KaK TaM MOKa3aHO, eCTH Mbl HMeeM HekoTopyio uHdopMauuio (xoTs,
BO3MOXKHO, H [IOBOJIbHO HEYeTKYI0) O NMepPeMEHHOH Yy WJIH O HEKOTO-
pol Apyrod nepeMeHHOH, KOpDPEJHpPOBAaHHOH ¢ Hefl, TO 3Ta HHbOp-
MalHsd NO3BOJI€T HaM IOJYYHTb CYILIECTBEHHOe YJy4yllleHHe 10
CPaBHEHHIO C TNPOCTHIM cay4yaiHbiM BbiGopoM. [laanuposanue 8ot-
6opku (T. e. monbop m;j, a 3HAYHT, H T;) NpecaefyeT uejab YMeHb-
LUIHTb, HAaCKOJILKO 3TO BO3MOXKHO, mucnepcHio oueHkd. (B panbHeii-
uieM Mb MoaudHuHpYeM 3TO YTBep:KIeHHe, YTOOBl yYyecTb H3Me-
HeHHe CTOMMOCTH pa3qHYHbX mnpouenyp BbiGopa.) Ecam, Kak 3TO
0o6bIYHO H OblBaeT, Mbl HMeeM [OeJ0 C HECKOJbKHMH BeJHYHHaAMH
ONHOBDEMEHHO, TO caMoe GoJbliee Ha 4YTO MOXHO HAaZesATbCSA, 3TO
nopo6paTbh HEKOTOPBbIH «KOMNPOMHCCHBIE» Ha6GOp m;;, AJsA KOTOPOro
BCe HCNOJb3yeMbie OLEHKH MMeJH Obl HOCTAaTOYHO MaJylo IucIep-
cuio. UMeHHO 3Ta HeO6XOAHMOCTb KOMNPOMMCCA JaeT TOMYOK K pac-
CMOTpPEHHIO Pa3jiHYHBIX KJACCOB CXeM BBIGOpa, Leslb KOTOPBIX CO-
CTOUT B yMEHbIIEHHH IHCNEpCHH.

39.14 PaccmorpuMm cHavaaa (39.23), korma m; dukcHpoOBaHBI,
a noabupaloTCa TONABKO d;; (YZLOBJIETBOPAIOLIHE OrPaHHYEHHUSM,
nanaraembiM (39.16)). Breipaxenue (39.23) npexncrasasier coGoit
cymmy N (N —1)/2 yneHoB, Kaxzablit H3 KOTOpPbIX paBeH KO3pdu-
uHenty (m;m;— 7i;), YMHOXEHHOMY Ha HEOTPHLATEIbHYIO BeId-

Y1 Y, 2
YHHY —“—1— ?
Ecau 3HaueHHs Yy; HEH3BECTHH, TO, KAK Mbl yXKe FOBODHJIH, HeJb3s
CcKasaTb, Kakoil HaGop m;; Oymer ontuMaJuabHbiM. Ho BHe 3aBucu-
MOCTH OT 3HAQYeHHH Y; MBl BHIHM, YTO €CJAH NOJIOXKHTb I;; PABHBIM
77, TO COOTBETCTBYIOWHI KO3PPHLHeHT 0OpaTHTCA B HyJb. [lanee
B 39.6 Mul BHmesu, YTO O OGLIYHOrO BhHIGOpa 0e3 BO3BpallleHH:A

, B KOTOpOHM 3HayYeHHd 7; Tenepb (MUKCHPOBAHBI.

n n(n—1
C paBHBIMH BEepOATHOCT/MH Iy =N TI'.,-,='N§T_1—)) oJist BCeX
. . n(N—n
i~ j, a 3HAYHT, 77T — Ty =N—2((N—_}—->0. A 3HauuT, B 3TOM

caydae Kaxasiit u3 N(N —1)/2 unenoB B (39.23) BHOCHT NOJIOXKH-
TeJbHBIA BKJaalX B Aucnepcdio. Orcioga BHAHO, YTO €CIH NOJIOXKHTH
Bce 7; paBHbiMu n/N, a HekoTopbie m;; paBHBIMH m;m; = n*/N2, To
Mbl yMeHbllaeM [0 HYJAs BKJajJ B JMCIIEPCHIO Halled OUEHKH OT
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YJeHOB, COOTBETCTBYIOLIMX 3THM mapam i, j. Ho B cuay (39.16)
cymma m; paBHa n(n—1), a 3sauuT, HeGO/IbIIOE YBeJIUYEHHE He-
— 2
KOTOPHIX ;; OT 3HAYeHUs —A';—E%_—ll)) Lo % JOJIKHO KOMIIEHCH-
poBaTbCsi YMEHbIIEHHEM JPYrUxX i, 9YTO BeleT K YBeJHYEHHIO
BKJ2aJ2 B HHCIIEPCHIO COOTBETCTBYWOLIHX wjeHOB. OIHAKO ecaH 3TH
nocyieliHe YMeHbILIeHHble I;; CBA3AHbl ¢ MEHbUIHMH 3HaueHHAMH
|yi—y;|, a yBennueHHble m;; CBSisaHbl C OOMLIUMMH 3HaYeHHAMH
{i— Yj|, TO MOXKHO OXHJaTb, YTO B pe3yJbTaTe MOJYYHTCH YMeHb-
mleHHe KHCNepPCHH oLeHKH. Donee TOroO, NMOCKOMBKY T€ 1iij, KOTOphe
YBEJHYHBAKOTCS, H3MEHAIOTCS HE3HaYHTEJNbHO, TO KOMIEHCHpYIOllee
yMeHbUIeHHEe APYTHX f;; MOXKET ObITb TOXe MaJbiM, OCOGEHHO eClH
YHCAO Te€X f;j, KOTOpble yMEHbLIAIOTCS, He MeHbIlle, YeM TeX, KO-
TOpbI€ YBEJIHYHBAIOTCH.

Takum o06pasoM, MB OPHULIE K CJAeLYOUEMY NPUHUHOY YJIyy-
UIEHHSI JHMCNEPCHH OLEHKH B cJlydae PaBHBIX ;. YBEIHYHTb 7;; OT
n(n—1)
NN=1)
|y: — y;| Mano. drtoT npuHUMN Aesaercs Oojee MNOHATHLIM, €CAH
o6paTHTb BHHMaHHE Ha TO, 9TO €CJH T;; = T;7j, TO Yi H Y; LOKHBE
BHIGHpaTbhCs Hedasucumovim obpasom. [TosTomy MBI Hccienyem npo-
nedyphl, B KOTOPHIX cXeMa BhIGOpa pa3buBaercs Ha JiBe HJIH 00Jb-
Wee YHCIO MOACXEM, NPHYEM BHIGOp BHYTPH KaXXaoH H3 MOACXEM
OPOU3BONHTCA He3asucumo OT ApyrHx. Boaspamasch K o6c3Haue-
BuaAM 39.6, 3TO yTBepXAeHHe MOXHO COOPMYIHpPOBATb B TEPMH-
Hax cXeMbl BHIGOpa B CJefylolleM BHIE:

{ wpi>0 maa 1<r<n, )
nPi=0 nas Apyrux r; -
P >0 s n <r<<n,+ny,
(nPi=0 nas ApyrHX r;

n2
RO 7. €cAH |Y:—Y;| BENHKO H YMEHBUIHTb i, €CaH

npu 1 <<iKN,

npe N, <i< N;+ N, {

a8 s o & * e s & e & = & ® s s & 3 = e = . I

k~1
ko np: >0 nas n <r<n,
npH IZ N, <i<N tribs 1; l -
= |

(rpP; =0 nns mpyrux r. f
(39.37)

B (39.37) N 31eMeHTOB COBOKYMHOCTH pa30uThl Ha k rpynm, co-
k

crosimux u3 N, snementoB, ). N;= N. BHGopka anaNoruyso pas-
=
k
6uTa Ha R COOTBETCTBYIOIIHX BHIOOPOK pa3MepoOB 1, 12 n; =n. Bu-
=]

60[) B KaXno# NOACOBOKYIIHOCTH NPOBOAHTCA HE3ABUCHMO OT AP yTHX..

9 M. Kenausaa, A, Ciulwaprt
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W3 npamero npHHOHna Tenepb cJeAyeT, YTO Y; HONKHH TakK
pa3buBaThCcA Ha rpynnsl, YTOGH WIEHH PasHBIX TPYNN OTJHYAJHCh
KaK MOXHO 6oJibiie (nockosabKy B (39.23) mapam M3 pasHbiX rpynim
COOTBETCTBYIOT HYyJieBhie KO3GhGHUHEHTbI), a 3JeMeHTH OXHOH
IpyNnbl AOJMXHBE OTJHYAaTbCA KaK MOXHO MeHbiue (IIOCKOJNBbKY OHH
COOTBETCTBYIOT NapaM, [JIs1 KOTOPBIX fi;; YMEHbIUAETCH).

Bri6op sneMeHTOB B MOATpYNNax NPOBOAMTCH HE3aBUCHMO,
a pe3yabTaThl OGBEIHHAIOTCS [NJS NOJIyYeHHS OLEHKH NapaMerpa
MOJHOH COBOKYNHOCTH. COBOKYITHOCTb 3JIEMEHTOB, NpHHAAJEKAHINX
moArpynmne, HasbiBaercs csoem {strata). dra TepMHHOJIOTHS CBS-
3aHa C IeoJIOTHYECKHMH HCCJIeIOBAaHHAMH, B KOTODHIX IIPOH3BOLHTCS
e€cTecTBeHHOe pasbueHHe Ha ciaoH nopol. Hns merannHoro Hayue-
HHA paccaoenno2o evtbopa, Kak GyneT Ha3biBaThcid cXeMa BHGOpa
(39.37), mam 6ymer ymoGHO nepedOpMYyNHpPOBAaThb 3ajlady 3aHOBO.

Paccaoennbifi cayuaiinpiii Bbi6op
39.15 Kak u B 39.14 npeanosioXuMm, YTO COBOKYMHOC1b pa3GHTa
k

Ha & cinoeB H [-i cioi comepxur N; 31eMeHTOB, N;= N. Pac-

CMOTPHM YaCTHBIA cJyvait o6med cxemnl (39.37), cudrasi, YTO BHI-
Gop B KaXIOM CJOe INpPOBONMTCH HE3aBHCHMO OT HPYTHX CJIOEB
# yto B [-M cJloe NpOBORUTCA BHIGOPKA n; 3J1€eMEHTOB 6e3 BO3Bpa-
INEHHA ¢, PABHBIMH BEPOATHOCTSIMH. [akasi cxeMa HasHBaeTcs pac-
CAOEHHbIM Caydailnbin doi6opom Ge3 BO3BpalleHHs. B cuay He3aBH-
CHMMOCTU BbIGOpa JJISI PA3IUUHBIX CJIOEB TEOPHS AOCTATOYHO NPOCTA.
O603HauuM 3HaYeHHs, COOTBETCTBYIOLIHE 3JeMeHTaM [-ro cjos, ye-
pes Yu ¥ YCJOBHMCH, YTO NepBHil HHIeKc [ Bcerma O6yJer OTHO-
CHTBCS K CJIOIO.

OueBHAHO, 4TO AJA Beex i B [-M cio0e mMeeT Mecto iy = myfN,.
A 3sHauur, HecMemennas onenka (39.20) npunuMaer BHI

kM .
SR s DN CCEY

I=1 i=1

rae m;— cpeaHee BHIGODKU B [-M CJI0e, HCTHHHOE cpelHee KOTOPOro
o6o3Hauaercsa pu; *). Ilockonbky ciyyaliHble BeJIMYHHbI M; HE3aBH-

CHMBI, TO IMCIEPCHA BEJHUYHHBI ﬁ. paBHa

1 1 9 it
D () = 3, NP (m) =377 2 vig (1-%;) @od

*) Mb He {oHMCH, YTO WHTATenb HNEPEHMYTAET 3TO C OGO3HaueHHeM AJA MO-
MEHTOB My, NOCKOJBKY GHUIO CKaslaHO, 4TO HHAexkc ! Bcerja CBA3HBaeTcd CO
CJI0eM,
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roe (39.10) mpuMeHsieTcs K KaXAOMy CJIOIO B OTHAE/IbHOCTH, a 0% —
nucnepcus [-ro cnoa. Eciu ananornuno 0603HaunTh yepes s? BhlGO«
pouYHyo LHcnepcHio B [-M cioe, To M3 (39.12) nmoayuum ciaenyouiyio
HecMelleHHYIo OleHKy aas (39.39):

=~ 1 s; [ n
D(ﬁ).—_FZN‘L,’—n-j—(I——ﬁj— : (39.40)
i

Ecax MBI XOTHM, 4TO6BI BCe 71; ObIIH paBHEH, KaK 310 Onuio B 39.14,
FAe Mbl NPHHLIH K NOHATHIO PAacCIOEHHOTO BHIGOpa, TO HYKHO,
4106l 7/ N, GHJIO ODHHM H TeM Ke Has Bcex [ Irtor cryuadl Hasw-
BaeTrcsi BHIGOpOM ¢ paBHeiMH moasamu (BPJM)*).-Ho nam He 06s-
3aTeJbHO OTPAaHHYUBATHL Halle H3jJOXKeHHe 3THM ciaydaeM, Tio-
ckoybKy (39.38—40) cnpaBemsavsu npu Jaro6oM BeOOpe n;, Tak 4TO
MBI MOXXeM paccMaTpuUBaTh cayyafl M HepaBHbIx foaed. Ha camom
nede Hac OyIeT HMHTepecoBaTb BOMPOC O TOM, Kak HaHGogee 3d-
$eKkTHBHO BHIGpaTh n; HAH GoJsiee TOYHO, KaKHMH, NpH GHKCHPOBAaH-

HOM n= ).n;, NOMKHb G6HITb LeJble YHCAA fy, YTOGH MHHHMH3H-

7
poBaTb HHcnepcHo (39.39). Hame n3moxKenue ciegyer ApMHTEIXY
(1947), XOTH OCHOBHOH pe3yJbTaT BrHepBHe OblI noayueH Yymnpo-
BbiM B 1920 r. u nezaBucuMo Heiimanom (1934).

Bbi6op 06bema ciaoeB BLIOOPKH -

39.16 Hucnepcnsa (39.39) Moxer OuiTh NepenHcaHa B BHIE

1 o? n, (N —n)
FZN?,,—I(I —WT)EWZNN%-F

2 )

N N0, 2N,

+L n 9 1 Nlg, —2*+—
N2 - t\ n nN : AN N :

l
(39.41)

IIposepka 3TOTO paBEHCTBAa MNPOBOJHTCA NPOCTHIMH ajareGpanue-
CKAMH BblKI1aikaMyu. Ha tpex uieHoB B mnpaBoit wactd (39.41)
TOJBKO BTOPOH 3aBHCHT OT OGBEMOB CJIOEB BLIGOPKM n;, NpHYEM
3TOT WIeH HEOTPHUaTeseH, a 3HAaYHT, IUCIEePCHS MHHHMaJbHa, eCcJH
m; BbI6paTh TaK, 4TOOGH 3TOT WleH OGpaTHJICA B HYab, T. €. NpPH

ZNO’
-1
No, 4
nl n

=0

*)B OTEUeCTBEHHOH JHTepaType ynoTpeGiseTcsi Take TEPMHH «nponop-
nHoHaJbHKE BHGOp». ([Tpum. nepes.)

9‘
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HIH
e 9

—

i ZII Non )

(39.42)

Takum o06pa3oM, HHCIEPCH MHUHHMAJbHA, €CJIH 004 BbLOPAHHLLY
3/MeMenTO8 B KaXKJIOM CJIOe NMPONOpLUHOHANbHA KBaJpPaTHOMY KODHIO
M3 AMcriepcHn 3TOro cJod. Takoit BHOOp 7; MH Ha30BeM pasreuye-
Huem no CaA0smM € MUHUMAAbHOLE Oucnepcuell, a OILEHKY, COOTBET-
CTBYIOMIYIO 3TOMY CIy4Yalo, OGO3HaYUM fi,n. O6beMBn BBIGOPOK,
onpefesfemMble TaKHM crnoco6oM, KaK NPaBHJIO, IOJy4aloTcs Apo6-
HBIMH, M Ha [PaKTHKe HYXHO OpaTh OaMxKafllipe K HHAM NeJble
yycJa.

M3 BHIIECKAa3aHHOrO CJAERYEeT, YTO MHHHMAJbHOE 3HAUYEHHE HHC-
nepcHu 3ajgaerca coortHomeHueM (39.41) ¢ onymeHHBIM BTOpPHIM
YJEHOM B NpaBoOil YacCTH, YTO JaeT NOocjae YNPOUIEHHS

D () = e { 1 (Zz 1v,a,)2 - Z;: N,ai;}. (39.43)

Kak nokazaHo B ynpaxueHuH 39.21, 3HauyeHHe IHCNEPCHH HeHa-
MHOrO H3MEHSeTCH NPH MaJlbiX OTKJOHEHHUAX 72; OT 3HaUEHHH, onpe-
nensieMbix (39.42).

39.17 Ilpenmno/soxKuM, ¢ Opyrod CTOPOHBI, YTO MLl B3SJH BCe I
PaBHBIMH, KaK MPH NEPBOHaYaJbHOM H3JIOXKEHHH, IMOJOXHB AJIA
Bcex [

n, n

N =W (39.44)

W3 (39.38) cpa3y caenmyer, 4TO B 3TOM CJaydae [i CBOLHTCSH K Cpel-
HeMy noJsiHoi BbIGOpkH. O603HaUUM 3TO cpeaHee B gp-

Tenepb Jierko 3aMeTuTb, YTO BTOPOK U TPEeTHH UYJeHHl B TpaBoOd
vyactH (39.41) paBHBl NO BeJHYHHE H NMPOTHBOINOJONKHH IO 3HAKY,
a 3Ha4yHT, coKpamiaiorca. TakuM o06pa3oM, 3HAYEHHE MAHMCIIEPTHH,
noJyyamouleecst B pesyastate BPJL, ornpeneasemoro (39.44), paBHO
oIHOMy mnepBoMy uiaeHy B (39.41). DTo BhipaiKeHHe O6oJible, UeM
MHHHMAaJbHO BO3MOKHOE, 332 HCKJIIOUEHHEM CJiyuasi, Koraa nocjen-
Huil ujeH npaBoid vactd (39.41) o6pamaerca B HyJ b, T. €. B cliyyae

o,=ZN,o,/1V oA Bcex U,

3TO BO3MOXHO TOJIBKO TOTAa, KOTAa OHCNEPCHHU BCEX CJOEB paBHBI.
EctectBenno, uto npu 3toM ycaosud (39.44) u (39.42) cosnapaior.

39.18 CpaBuum nucnepcuio npu BPJ (cm. 39.17) ¢ mucnep-
CHel, moJiydaiolleitca NpH cay4YalHOM BhIGOpe C paBHBIMH BepoAT-
HocTAAiMH Oe3 paccioedus. B nocienneM ciyyae pucrnepcus 3a-
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naerca coorHomeHHeM (39.10), koropoe MOXKHO mnepenucaTb
B BHAE ¥)

D(mR)=°'2(—,l,—_T:/')E

E;N]"(N—‘_"S{Z(N,—- 1)o?+ZN¢(uz—u)2}-
1 i

DTO0 TOXKJIECTBO CNPABENJHBO B CHJY CJIEAYIOMIEro TOXAecTBa AHUC-
MepCHOHHOI'0 aHaJH3a:

(N — 1)"252,:(1\’1 — l)oi+ zz: Ny(u,—u)h
KOTOpPOe ecTb He 4TO HHOe, KaK (35.25) B Apyrux oG0o3HaYeHHAX.

B 39.17 Mbi BHAESH, YTO NPH pacnpefejeHHHd [0 CJI0AM, COOTBET<
creytomum BP[I,

D (Bppn) = “ors Y. N o2, (39.45)
H 5To BhlpaxkeHHe Hano cpaBuuth ¢ D (mg). VIx pasnocts pasHa
D (mg)— D (fpen) =
o [{ SW,=nef XN } Z;,Nz(llz—ll)z]z
AN N —1 TN + N=1 - (39.46)

Yjnen B durypHoit ckoGke B npasoi wactu (39.46) orpunartesnen,
[IOCKOJIbKY OH paBeH

1
N =1 Z(Nz—N)aKO. (39.47)

Takum o6pasoM, u3 (39.46) cpasy caexyer, 4TO €caH NOCJELHUA
4yjJeH B NPaBOH 4YacTH 3TOr0 paBEeHCTBAa OOGpallaeTCA B HYJdb, T. €.

eCcJH BCe W paBHBI, TO
D (m) < D(figpy),

Tak 4Yto pacciaoenne c¢ BPJl npuBoguTr K yseauwenHuwro AuCIepCHH.
Bonee Toro, B 39.17 MBI y:Ke BHUIeNH, UTO €CJH BCE O; PaBHHI, TO
BPJl cosnapjaer ¢ pasMemienueM, obnagamuiuMm csoiacTsoM MJIL
Takum o6pa3oM, eciad Bce o; paBHbl H BCE W PaBHBI, TO

D(mg) < D(fgpg) = D (Byn)- (39.48)

B atux ycnoBHsAX npH 4r060M pacnpenesieHHH N0 CJOAM M0Jy4aercs
yBeJlHYeHHe NHCTEPCHH OLEHKH CPefHEero BCeil COBOKYMHOCTH.

*) HMHpekc R cooTBeTCTByeT CayualHOMYy BHGODPY 6e3 BO3BPAIleHHs C.pas-
HHIMH BEPOSTHOCTAMH.,
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Jaxe ecad p; pa3aHYaloTCd, HO MaJjgo, H 0; MaJjo OTJHYAlOTCH,
BCe ellle BO3MOXHa cUTyalHsi, aHajgoruuHasa (39.48), 1. e. moxer

OKa3aThes
D (mg) < D (fmp) < D(Bppp):

Bonee mompo6uo cm. Apmutenxk (1947); uyactb ero pesyJabTaTos
cOmepXKUTCA B ynpaxkHeHHsax 39.14—15.

39.19 Cuyuau, anagoruunble (39.48), peako BcTpedaloTcss B BH-
60poyHOll NMpaKTHKe, H60 OHH cBfi3aHH C HepaBeHCTBOM (39.47).
A neBas yactb (39.47) uMeer npu ¢HKCUpOBaHHOM k mopsigok N1,
B TO BpeMA KakK ApYrod 4jeH B KBaZpaTHbIX CKOOKax NpaBO#l 4acTd

(39.46), pasHmil ). N;(n; — pR/(N — 1) MMeeT NOPAAOK €TMHULBI
ecnu N;—— BeJIMYHHBI TOrO XKe mopsaaka, yro u N. A 3HayuT, OpH
N-—>o00 u N/N QPHKCHDOBaHHBIX, 4YJ€HOM B (GHUTYpHHX cKo6Kax
B npaBoil 4actH (39.46) MoxHO npeHeGpeub, a BTOPOHl YJIEH HEOT-
pullaTenel, Tak 4TO

D (74 )= D (fapz) > D (i) (30.49)

npHYeM paBeHCTBO B JI€BOM YaCTH HOCTHTaeTcA B Npelete Toria
H TOJIbKO TOTZa, KOrJla BCe |, paBHB, a PaBE€HCTBO B J€BOH YacCTH
TOrZa M TOJIbKO TOTJa, KOrjia paBHbHI BCE 0.

Coornowmenune (39.49) cooOTBEeTCTBYeT TOMY, UYTO Mbl OXHIAJH,
MCXOAA H3 HHTYUTHBHBIX cooGpaxkenuit B 39.14. Kak ram, Ttak
n B Gonee obmeill cdryanuu B 39.16—18 Mbi BHIEJH, 4YTO HMEHHO
pas3jnude MexJAy w; NPHBOAMT K YJYYIUEHHIO IHCNEDPCHH IIpH HC-
MOoJIb30BaHHH pacciaoeHHOi BhGopku ¢ BPI. (HaabHeiimee yayu-
uleHue npd pacnpelleenud ¢ MJ| cBa3aHO ¢ pasyiHYMeM cpead o;).
1o coraacyerca ¢ oGIIMM BbIBOJOM B KoHIe 39.14, rie paccmatpH-
BaJicAd ToabKO cayuait BPJI, o ToM, 4TO CJOH HOJKHBI KaK MOXHO
6oJblLlle pa3JiMYaThCA.

Hcnonb3oBaHue ciioeB B NJaHHPOBAHHH BHIGOPOYHbLIX 06CJEeNO-
BaHHH [0 TNOHATHHIM CO0O0OpaKeHHAM aHAJOTHYHO HCMNOJb30BAHUIO
6/MIOKOB NpH IJAaHHPOBaHHH 3KcnepuMeHTOB (cM. 38.14). B o6oux
CayYasix TPYNIHPOBKa (371€MEHTOB, SKCIIepUMEHTAJbHBIX O6BEKTOB)
NPOBOAMTCA ¢ LEJbIO YCTPaHEHHA OWHMGOK (BBHIGOPOYHEIX, SKCHEPH-
MEHTa/NbHbIX), BO3HHKAIOIMIHX H3-3a pa3jM4yHa rpynn (cjaoes, 6Jo-
koB). OjiHaKo Hapsny ¢ OOGLIHOCTBIO METOJOB HMeeTcA pa3HHIa
B Lenasax. [Ipu o6cJjeloBaHMAX HHTEPECYIOTCA B NEpPBYIO Ouepelb
OLLIEHKOH CcpexHero MNOJHOR COBOKYNHOCTH, B TO BpeMs KaK IpH
H3YYEeHHH SKCIlepUMEHTAJbHHX JaHHBIX TeHepajibHOe CpeJjHee pen-
KO IpelcTaBasieT HHTepec. DTa pa3HULA ABIAETCA OTpaxKeHHeM
toro ¢akra (cM. 38.3), 4TO OCHOBOH N aHaJH3a 3KCHEPHMEHTOB
CJOY>KHT TUIIOTETHUECKas, a He peaJbHas reHepaJbHasi COBOKYII-
HOCTb.
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Pa3Melienne ¢ MUHHMAJILHON AucnepcHed npu GHUKCHPOBaHHOM
NOJHOA CTOUMOCTH

39.20 Ilepen TeM Kak 3aKOHUHTb O6CYXKAeHHe BONpPOCA O pa3Me-
LIEHUH BBIGOPKH MO CJO0SIM, Mbi 0606muM ¢opmyny (39.42) nasa
pacnpenesedus ¢ MJI, npuHsiB BO BHHMaHHe pal3JjiHyie B CTOUMOCTH
nposefeHust Bbi6Opa B pasHbIX ca0AX. MBI ceHHanbHO OTJIOXKHIH
%T0 0000IeHHe, NMOCKOJAbKY TeMepb MBI MOXeM BHIBECTH €ro Kak
CrielUHaJbHBIA cyyaid o6Ilero pesyanbTaTa O pacnpefejieHHH C MH-
HHMaJbHOH JAucniepcHedl npH (PHKCHPOBAHHON IOJHOH CTOHMOCTH,
KOTOpOH, KaK Mbl YBHJIHM, NOJIE3eH W B JPYrHX OTHOIIEHHUAX.

IlpenmosoxuM, 410 B JaHHO# 3ajaue BbIOOpa IHCIEPCHSl HC-
N0/Ib3yeMOA OLEHKH HMeeT BHA

= vy + Z >, (39.50)

rie vg H U; ABJAIOTCA (QPYHKIHUAMU TOJIBKO OT BEJMYHH, orpenesse~
MHBIX COBOKYNHOCTbIO (HO He BbIGOpDOM), a w, He ABAAIOTCA (QYHK-
UHMAMH Besidund v. B obmeM caydae noJjiHag CTOMMOCTb NPOBeILeHHSA
BeI6OpOYHOro ob6crefOBaHMA NMpeACTaBUMa B BHIE

k
C=cy+ Z:l wicy, (35.51)

rie Co— «CTOHMOCTb HAKJIAaJAHBIX pacXoJoB», a C;— CTOMMOCTb
BHYTPH [-ro Kiacca. HMcnoabaysi nepaBenctso Komn (cMm. 2.7), 3a-
MHIIEM CJleAYIollee COOTHOIIEeHHE:

(V = 00) (C — co) = Z LY we> {Z (v:c,)'/z} . (39.52)

Pasenctso B (39.52) mocruraerca Torga H TOJNBKO -TOTAAa, KOraa
BLINIOJIHAETCA YCJIOBHE

(—;’;)/(w,c,)=const s Beex [,

Kpaiinuit npasuiii wied B (39.52) He 3aBHCHT OT W, a 3HA4YHT, Bhi-
6Hpas w, yAOBJETBOPAIOIIHM 3TOMY YCJOBHIO, KOTOPOE MLl mepe-
DHIIEM B BHAE

w%ocvl/c, ons Bcex [, (39.53)

MEl [OJYYUM MHHHMaJIbHO BO3MOXHoe 3HaueHue (V — vy) (C— cp),
T. e. MuHAMaJbHOe V npu ¢urcupoBannoM C (MuHuMaJjbHOe C npH
¢durcuposannom V).
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39.21 B npexnmecTBylollleM H3JIOXXEHHH NHCNEPCHs 3alaBajach
cootHomenHeM (39.39), a 3HAUHT, CTOUMOCTb MPOBeAEHUA BbIGOpOY-
HOro o6c/iefloBaHUA paBHA

kR
C=cy,+ IZI niep, (39.54)

rJe Co— CTOMMOCTb HaKJaJHBIX DacxOfOB, a C,— CTUHMOCTb Has
6mronenuit B I-M cioe. CpaBuuBasn (39.39) ¢ (39.50), y6exnpaemce,
uTO 31€eCh

1 N%o%
Vo= Nz Z N, uvu=-—p7, w=n,
!

a sHauyuTt, (39.53) naer caenymwoulee pasmemenne ¢ M npu PukcH-
poBannoM C:
N,
n; o W . (39.55)

Tenepb nosu BeIOpaHHBEIX 34€MeHTOB 7,/N; NpONOpUHOHAIBHE KBajA-
pPaTHOMY KOPHIO H3 JHCIEPCHH CJIOs, AEJIEHHOMY Ha KBaJApaTHHI
KOpeHb H3 CTOHMOCTH OZHOro HabaiomeHHsi B 3ToM cioe. Hama uc-
xonHaa ¢opmyna pacnpejeaennsa ¢ M (39.42), He yuHTHBa0ILan
CTOMMOCTM, SBJAETCA, pasyMeercs, 4YacTHRIM caydaem (39.52),
KOrJla BCE ¢; PaBHbI.

Koksan n Xan (1967) maior uncieHHBt MeTOR MHHHEMu3amun C, Korma Hccae-
AYIOTCS HECKOJILKO NepeMEHHHX, KaJAafl H3 KOTOPhIX OMEHHBAeTCsl C NpeAnHCcau-
HOP MaKCHMaJbHOR AucnepcHen,

dopMHpPOBAHHE CJIOEB

39.22 HecoMHeHHO, YHTaTeJb 3aMETHJ, YTO B HalleM H3J0XKe-
HHH, RayHHaa c¢ 39.15 n nmaJnee, nmpeinosarajoch, YTO 3apaHee 3a-
IaHbl k (HKCHDOBAaHHBIX CJIOeB, H €JHHCTBEHHas 3aJauya COCTOHT
B pacnpelie/ieHHH BbiGOpKHM MO 3THM cjoaMm. Ho Ha kakoMm-To 3Tamne
IOMKHH OBITh ChOpPMMpOBaHH caMH 3TH cjoH. Kak 310 cmeaarb
ayuiure, 4ToObl B KOHEYHOM CYeTe MMHHMH3HDPOBaThb IHCIEPCHIO
oueHkn? PaccMmorpmm cHavana 3TOT BOmpoc OpH GQHKCHPOBAHHOM
k, a TOTOM H3yYHM BJIHAHUE NEPEMEHHOrO X Ha OTBeT.

C yueroM BuiBozoB 39.19 npu pOpPpMHPOBAHHH CJI0EB HYXKHO Max-
CHMHU3MPOBaTh DAa3HUILY MeXAY CPeLHHMH caoeB. TakHM o6pa3om,
ecqd Obl Mbl 3HajJiH pacnpenejieHHe NePeMeHHOH Yy COBOKYMHOCTH,
TO AJA 00pa3oBaHMsl R CJIOEB HaM HYKHO GRLIO Okl BhiGpaTh £ — 1
TOYek pa3bHeHHs ee o6GJsiactd H3MeHeHHA. Kak ke BHIOGHpaTh 3TH
TOYKH? ITOT BONPOC HOCHT YHCTO TEOPETHYECKHH XapaKTep B TOM
cMbIc/ie, YTO Ha NpaKTHKE HCTHHHOE paclpejejeHHe Yy HHKOrja He
nssectHo. OOHAKO MH MOXEeM ODHEHTHPOBATbCA N[O MNpelbiAyIIHM

SN

e din

5
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Ha6/MIONEeHHAM J(JIH MOKEM 3HaTb 3HaueHHA INepeMeHHOH CHJIbHO
Koppennpoaaﬂﬂoﬁ C Y, TaK 4TO OTBET Ha 3TOT BONPOC HMeeT U npak-
THYeckHF. HHTepec. OcHOBHble pe3yabTaThl rojydedn Jaasuuycom
(1950).

39.23 PaccmoTpuMm cHavaJia cjiyuail, Koraa npumenserca BP/.
He yuyurniBass KoHcraHT n, N u npenebperas pasnruei mexay N,

A N;— |, nepennmem nucnepcuio (39.45) B BuIe
k 7]
D(ige) <V =Y. | w—wPiw)dy,  (39.56)

l==] €1y

rae f(y)—3amaer pacnpefeneHMe § B COBOKYIMHOCTH, a << Yy << b
H A=C << << ... <<Cg<<c=Db, Tak uro ¢, ...
..., Cp—1 — TOUKH pa3GueHHs o6GacTH 3HaUYeHHHl g, ONpeHeAlomLHe
CpaHHIBI CJOEB.

Jas HaxoXAeHHs BeJHUHH ¢, MHHHMH3upyomux (39.56), no-
JI0XKHM

0—- ={(c;—w) f(c) —(cr—m+)?f (e}, =L ..., k—1,

Tak 4to, ecaH f(c) =0, To pemenueM Gyner
(cr —w)?=(cr — Wi+
a MOCKOJBKY W << €1 << (it1, OTCIOIla cJelyeT, 4To

=3 (P-t + Be1) (39.57)

Takum o6pa3oM, TOYKI[ pa3bueHHd HY¥CHO BHLIOGUPATb T&K, YTOOB
OHH OBLTH DaBHH NOJYCyMMe Cpe/lHHX 3HaueHHH TeX HABYX CJIOEB,
rpaHHIedl KOTOPHIX OHH fABAsAOTcA. Ilpu 3agmauubix f(y) u k ue-
TPYIHO NPOBECTH COOTBETCTBYIOLIHE BBIYHCJIEHHUS.

39.24 C ppyroii cTOpOHH, ec/lH nocje GOpMHPOBaHHMA CJIOEB Mbl
XOTHM mnpuMeHATb MJ-pasMenueHHe 06beMOB BHIGOPOK B CJOSX,
TO TOYKH pa36HeHHs HYKHO BHIOHPaTb Tak, YTOOLl MHHHMU3HPOBATb
(39.43). YloncraBaaa (39.42) B (39.39), uuraTenn Jerko ybemurcs,
4yTO BTOpO wWieH B (GHUIrypHBIX cko6Kax B (39.43) urpaer poJb
TOJILKO B TOM CJjyyae, ec/iHi HOJH BbIOpaHHBIX 3JeMeHTOB /N,
B C10AX He ABJAAIOTCA MaablMH. Mbl GyAeM cuyMTaTh, YTO 3TH JOJH
MaJel ¥ npeHebperath uMH. [ToatoMy 6e3 yuera KOHCTaHT n u N,
cooTHowleHHe (39.43) mepennuiercs B BUJE

¢ A 17292

k
D(iwg) < D*=|>3 { f@ay- § w—wriway} |-

il €g—1

(39.58)
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ITockobKYy HaM HyXHO MHHUMH3HpPOBaTb D, MH NOJOKHM
(I=1,....,k—1)
€1 cy
ey S o—mpiwa+ § 1@ ay- e, — i)

0=_@__= 61—y Cp—1 _
acl ¢y ) 12
2{ { rway- § (y—u,)“’f(y)dy}
€1y Cl—1
C141 Cit1
f(e)) S ¢ — )2 () dy + S Fydy-(e;—mp )2 (o)
‘1 ‘1

141 ‘141 172
2{ { tway- § (y—u,+,)2f(y)dy}
] c

Ecma f(c;) 0, TO mocie cOKpallleHHs Ha MHOXHTeNb N; U BO3-
Bpal.lleHHH K HCXOIHBEIM 0603HaueHHAM 3TO c¢Begerca K

oit+(er—w) _ ofy+ (e —B))
— . .

- (39.59)
1l I+1
Ecmu o¢? omHo ¥ TO Xe mas Bcex cioes, TO (39.59), KaK M IOMKHO
6blTb, cBOLHTCA K (39.57). OnHako B o6IUEM cayuae YAOBIAETBOPHTh
3THM YCJIOBHSIM He TaK NpPOCTO, Kak yciaoBuaM (39.57), MOCKOMBKY,
KaK H CJefOBaJi0 OXHIaTh, cl0Ofa BXOLAT He TOJbKO CpeAHHE, HO
W mucnepcun caoeB. ITostoMy ME 6yaeM HCKaTh NpUGIMKEHHE HJs
(39.59).

39.25 Eciiu & BEJHKO, TO MOXHO NpPeLNOJIONKHTb, YTO [(y) mo-
CTOSIHHO BHYTPH KaXKJOro CJI0f M paBHO, ckaxeM, [, Torna

‘y y
NN =\ fway=f | dg=fiei—er-),
€1—1 €1—1
2 = 1 2
o] =15 (1 — ¢1-1)%
T. e. NPHOJH3HTEIbHO paBHO JHCIepCHM PaBHOMEPHOTO pacnpeje-
aenus. Paccyxpasi Touno tak xe, Kak B 39.24, nosyuum, 4To Aas

BHIDAa)KEHHsi, KOTOpOe HYXKHO MHHHMH3WpoBaTb B (39.43), cmpa-
BEJJIHBO

%ZI,N‘G‘ #-1/]? zl: Fo(e,—cpy)? =_—"/l? Zx {FY2 (e, — ¢ )Y
(39.60)
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Ecau onpeneautb Tenepb npeo6pa3oBaHke
y

z(y) = S {F @}~ at, (39.61)

a

10 (39.60) MOXHO mepenucarb B BHAE
1 - _]_ —_— 2
~ Z Nio; = 7T ZI {z(c)) —z(ci—1)}%

Takum 06pa3oM, HY}KHO MHHHUMH3HPOBAaTb CYMMY KBaJpaTOB BeJH-
yHH 2(c¢;)—=z2(c—1) 0OpH YCJOBHH, 4YTO HX cyMMa ¢HKCHPOBAaHA
u paBHa 2(b)—z(a). OueBHAHO, YTO MHHUMYM AOCTHTaeTcs, KOraa
Bce 2(¢)—z(c—1) paBHH. A 3HAYHT, HY’KHO NPHMEHHTb npeobpa-
3oanne (39.61) u onpenesiuTb TOYKH pa3GHEHHA KaK KOPHH YpaB-
HeHHH

z(y) =%z —z(@)}, r=1,..., k—1 (39.62)

Hansuuyc 1 Xomwxkec (1957, 1959), KOoTOpble MOAYUHIH 3TO NPH-
O/VKeHne, YKasajli, KaK MPOBOIMTb BBLIYMCJIEHHS H MOAYYHIH 6O-
Jee TouHble OpuOAHKeHua. Hpyroe npubamKeHue, NOMYHEHHOE
dDxmaHoMm (1959), MOXKHO NONY4UUTb, €CAH 3alMcCaTh [OPOCTO

1
Ny =—= N (C —Cy— ). (3963)
Z 191 ‘\/12 Z 1\l -1

W3 npeamecTByIOMUX pacCy KIeHHH CIeLyeT, YTO }I_‘, {N(c;—cj— )} 2=

== const, a sHauutr, MuHUMyM (39.63) KOCTUraeTcs, €CJH MOJOKHTDH
{N;(c; — €1—{)}/2 paBHBIMH, MJH, 4YTO I KBHBAJIEHTHO,

Ny(c; — ¢;—)) = const. (39.64)

Kokpan (1961) npupoauT 4Yuc/JeHHble [PUMepPbl NpPHMEHEHHs
(39.62) u (39.64) nnsa maawix k (paBHbX 2, 3 U 4) M nmokasbiBaer,
YTO OHM XOpOIIO COIVIacylOTCS NPH NPHMEHEHHH K BOCBMH pacnpo-
CTpaHEHHBHIM AacHMMETDHYHBIM pacnpenenennsaM. MM paccmartpu-
BaloTcd TaKXe MeHee YIOBJETBODHTENbHbE NPHOIHXKEHHS MJIs
(39.59).

Cnenyer OTMETHUTb, 4TO AJs OOOHMX TMPHOJHKEHHHX peIIeHHi
(39.62) u (39.64) 3HaueHus N0, noCTOsIHHH Jias Bcex ciaoes. Ho
B 3TOM cJiyyae H3 (Qopmynan (39.42) mns pacnpeneneHus ¢ MJL
cIejlyeT, 4TO n; AOMKHBI GbiTb ONMHAKOBBIMH A Bcex ciaoeB. Ta-
KHM 06pa3oM, MOXHO OXHIaTh, YTO MJS PAaCCAOEHHS C OLHHAaKO-«
BbIM 00BEMOM BbIGODKH B KaXK/IOM CJ0O€ NOJYYHTCA HHCHEpCHS,
6JH3Kass K MHHHUMAaJbHO BO3MOXKHOWM, €ClTH TOYKH HEJEeRHA MeXIY
cnofAMH BHIGpaTh TaK, 4TOGBl MHHHMM3HpoBaTh (39.39). B ymnpax-
Henuu 39.18 uyxTaTeN0 mpejnaraerca NOJYYHTb COOTBEYCTBYIOUIHM
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pesyabrtat. Kokpan (1961) nokasaj, 4TO NIpH 3TOM OTBET MaJo
OTJHYaercsd OT cjyuyad, KOrga Henoansyercs (39.62) uau (39.64).

C. TI'xour (1963b) o606mua pemeHye 3afayd O BBIGOPE TpPaHHIbI CJOEB Ha
cayual, KOTAa 3TOT BhIGOp OCHOBHWIBAETCH HA 3HAUEeHHH ABYX (KOPPEJHPOBAaHHBIX)
BeJIHYHH.

B ynpaxHenuax 40.4—6 paccmarpuBaercsi cay4adnoe o6pas3sOBaHHe CJOEB.

39.26 Ecau MBI npoBoauM BHIGOD, npHMeHsAs Bcerda BPJI uam
pacnpenenenne ¢ MJI, a oGbembl ciioeB BesHkH, TO (39.49) ybGe-
JKIaeT Hac B TOM, UYTO MBI HHKOTZA He NOJYYHM yBeJHUYEHHSA AHC-
nepcuu, pa3buBasg CJOM HA MOACHOH. TaK 4TO JIOTHUECKH MBI NpPH-
XOOUM K BBIBOAY, YTO BBHIGOpKa M3 n Ha6GJlofeHHH NOJI)KHA MpPOH3-
BOIUTbCSA U3 kK == n CJ0eB N0 OXHOMY HaGJIOJEHHIO B KaXKAOM cJIoe,
HJIH, €CIH MBI XOTHM McnoJib3oBaTh (39.40) nas OleHKH IUcCnepcHH
(uTo Tpe6yeTr KaK MHHHMyM ABa HaOJIIOJeHHS B KaXJAOM cJoOe), TO
u3 k = [n/2] caoes. Ecau n Mano, a Mbl JOCTAaTOYHO TOYHO 3HaeM
n3ydaeMoe pacnpenesieHHe, TO TaK MOCTYNaTh Leaecoo6pa3HO, HO
B TPOTHBHOM CJy4Yae HeOOGXOIHMBIe IJf 3TOTO BHIYHCNEHHA BpSAl
au  O6yayr onpasnadn. MMeercs MHoOro sMnupuHyeckKHx JOKasa-
TEJbCTB, YTO NPH YBEJIHYEHHM £ MHHHMAJbHO BO3MOXKHas AHUcIep-
cUs yMeHbilaercs Bce Gosee u 6GoJiee MeNJIEHHO, TaK YTO 4acro 2,
3 HAH 4 ABAAIOTCA NOYTH HAUJIYYLUMMH 3HAYEHHAMH. DTO NPOUC-
XOOMT H3-3a TOTO, UTO Halue 3HaHHe W3y4aeMOro pacnpeneseHus
IoBOMbLHO HetouHO. Kokpsu (1963) m Hansuuyc (1953) npusoast
yucJaeHHble nNpuMepbl. JetasibHoe 3MNHpHUECKOe H3yYEHHE BJIHAKHA
¢GopMHPOBAaHUA CJIOEB U pacnpeleneHHs BHIOOPKH NO cJIOAM Ha
nucnepcuio oueHkH nposeaeHo leccoM, CatH u BanakpHiinaHoM
(1966).

39.27 OTMeTHM HaKOHel, 4TO BJHsIHHe J1IOO0ro pacc/ioeHHs Ha
BHIGOPOUHYIO NHCHEPCHIO BCerja MOXHO OIEHHTb TMocje Bbi6opa.
HyxHo Toabko Hcnonb3oBaTh (39.40), 4To6GBl OUEHHUTb AHCHEPCHIO
Be/JHYHHH {i H CPaBHHTb 3TO C OLEHKOHN HHUCIEepPCHH AR Mg, NPHBe-
IeHHOH B yAOOHOM BHIe B 39.18. U3 3roii ¢opMyasl BHUAHO, YTO
3ajaya CBOIUTCA K NOJYYEHHIO OLeHKH AJIA

B=Y N, —w)f =X Nt = (L W) =
3 4 1
=Y N,u%—%{z Nwg+ Y ) N,N,u,u,}. (39.65)
3 1

It
[TockoabKy
. o} n,
M (m}) — 1"1=D(m1)’=_,,l‘(1 _N_z)
TO

82 n
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a 3HauuTt, coraacHo (39.65) HecMelleHHOlI OLEHKOH Aasg B sap-
Jasercs

- N? , S n, 1
B=Z(N,*—T) m,—;—l- l—"jv"; —W_ZI:ZN‘N’m‘m’z
*=r

1 2 1 s?
=ZN1m§—T(ZN,m1 "——N—ZI(N—NI)(N'—‘IZ[)H—II.
i !
(39.66)

Takum o6Gpa3oM, corsacHo 39.18 oueHKOR NHWCNepCHH NpH Hepac-
CJIOEHHOM cJy4ailHOM Bbl6Ope ABJSAETCH

b(mR)—_—_-n-N"’(T‘_'E]_){Z(Nx— 1)+ B}, (39.67)

rne B onpeneneHo B (39.66).

Naanuposanue BbiGopku: rpynnupoBka (clustering)

39.28 K npuHUMNY pacciaoeHUus Mbl Npuiyu B 39.14 npu o6cyxk-
IeHWH BJIMSAHHSA H3MEHEHHS BEPOATHOCTEA 7;; NPH (PUKCHPOBAHHBIX
n;, paBHBIX 7/N. Mb BHAe/NH, YTO 1O CPaBHEHHIO CO 3HaYEHHAMH,
KOTOpHIE NOJyvalorcs NMpH BeI6GOpE ¢ PaBHEIMH BePOATHOCTAAMH, He-
KOTOpHIE T;; BHITOZHO HECKOJbKO YBEJHUHTb (M IJS KOMIIEHCALHH
yMeHbIIHTh ApYyrHe). EcTecTBeHHO BO3HHKaeT BONPOC, a HE CTOHT
JIH TNPONOJKHTb 3TO YBEJHYEHHE H CJeJaTh HEKOTOphle 7;; Ha-
CTOJIbKO OGOJBLIKMH, BacKOJIbKO 3TO BO3MOXKHO. M3 omnpepenedns
B 39.6 caemyer, uro Bcerga m;j << f;, 7; TakK, YTO €ciaH wn; = nf/N
A Beex i, T0O i << n/N.

[IpeanonoxkuM tenepb, 4TO Mbl pa3buan N 371€MEHTOB COBOKYM-
HOCTH Ha N, rpynn, Ka>kKias U3 KOTOpHIX comepkKeT Np sjeMeHTOB
(rak yto NN = N), u uro nuaa mo6Goi napel i, j u3 o6od 3a-
LaHHOH TPYNNBl CHNPAaBEINIHBO fi;; = 7; = ¢; = n/N. BuHyTtpu Kax-
moii rpynnu nMeercs Np(N,— 1) nap, a 3Ha4YUT, BCErO HMeEETCS
NiNy(Ny—1)= N (N;— 1) nap i, j, AaA KOTOPHIX TaK YBeJHUYH-
atorca m;;. M3 (39.16) caenyer, uto cymma Bcex N(N —1) se-
pOAATHOCTER T;; 6 COBOKYNHOCTH NO/MXKHAa paBHATbca n(n—1). Tak
uro Mexnay ocraBmuMiacs N(N—1)—N(Ny— 1)= N(N —N,)
napamu i, j, AJs KOTOPBIX mi; He yBeJHuHBaeTcsa A0 n/N, HYXKHO Tak
pacnpejesiTh 3HaYeHHsA My, YTOOB HX CyMMa paBHsijack n(n— 1)

— N (Ny,— l)-%=n(n— Ny). Ecin cuuTath BCe 3TH f7;; OHHMHA-

KOBbIMH, TO KaXJoe OyIeT paBHATLCH _;'%—TJYV% Tlpennonoxum,
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4TO n Mbl BHIGpATH KpaTHBIM N3, CkaxeM, n = n N, Toraamn;;=
=-———;:((;‘l:]l)) . Y3 39.6 Mbl BHIMM, YTO 3TO COBNajaeT CO 3Haue-
HUSAMH 1;;, KOTOphlE MOJIYYHJHCh OBI, ecIH 6bl Mbl MPOBOAMJIH BHI-
60pKy o6beMa 7, M3 COBOKYIHOCTH, cocTodumedl H3 N 3/eMeHTOB,
NpUMeHssA cJaydaiiibiii sbIOOP C paBHEIMH BepOATHOCTAMH. Ecax
Tenepb y4YyecTb, YTO H3 PaBEHCTBa T;; H J; BHYTPH CPYNI CJeAyerT,
4yTO BCe rpynnsi JHG60 BHIOHpaloTCcs yeauxkom, JU6O Her, TO He-
TPYAHO MNOHATb, YTO ONHCAHHOE TIJaHHPOBaHHe BBLIGOPKH 3aKJIO-
yaetcs B ciaenywoumiem. Hano pa36uth coBOKYmHOCTH Ha N| paBHBIX
rpynn (cluster) m cayvafinbiM 06pa3oM ¢ paBHBIMH BEepOATHOCTAMH
BbIOPATh 7| U3 HHX.

39.29 YacTHbIM coTyuaeM TpyIHNoOBOrO BHIGOpPA ABJIAETCA CUCTEMA-
Tuxeckull 86:00p, NpH KOTOPOM 3JIeMEHThl COBOKYIHOCTH MpeNCTaB-
JIEHbBl B BHJE €/ [HHOH MOC/JeNO0BATEIbHOCTH (MCXOAfA H3 (PH3HYECKHX
cOoOGpaXKeHH# HJIH NPOCTO B NOPSAKE 3amHCH), cocTosimiel H3 N =
= N|N; ssementoB. Cpeau nepeeix N; H3 HHX BhI6HpaeTcs CJIy-
yafiHbiM 06pa3oM ¢ paBHBIMH BepOATHOCTAMH BBI6Opa OLHH 3Jie-
meHnT. EclH npH 3TOM H3BJeueH p-H 3JeMEHT, TO CHCTeMaTHyYecKas
BbIGOpKa BKJIIOYAeT 3JeMeHTHl ¢ HoMepaMH p, p+ Ny, p+ 2N, ...
.o, pH(Nag—1)N(. TIlpu 3TOM MaKCHMaJbHO BO3MOXHO€ YHCJIO
BBIGOPOK paBHO N, nmpHueM o6GbeM KaxKIOA BLIGOPKH paBeH No.
dopManbHO MMeeTcsl NOJHOE COBMNAaJeHUE MEXIY CHCTEMaTHYECKHM
BHIGODOM H IPyNnoBbiM BHIGOPOM, ONHCaHHbIM B 39.28, HO B JuTe-
paType OHM pasjHyaoTca 6Jiarogaps HECKOJbKHM CHeNHPHYECKUM
yepTaMm.

Bo-nepBHIX, TOT PaKT, UTO CHCTEMAaTHUYECKHHA BHIGOpP MOpOXKIaeT
TPyNnbl, He CMeXHble ¢ GH3HYECKOH TOYKH 3PEHHA, PE3KO KOHTpa-
CTHPYET ¢ JPYTHMH CJayyYasiMH TpyNNHPOBKH, KOrjga, Kak [MoKa3bl-
BaeT caMO Ha3BaHHe, HCNOJb3yeTCs] MHOXKECTBO COCEIHHX 3JeMeH-
TOB H3 (H3HUECKOH COBOKYNHOCTH. BO-BTOpPHIX CHCTEMATHYECKHH
BbIOOD B NOpsijlKe 3aMHCH, KOTOpas peaJibHO MPOBOAKUTCA B CJaYyvyaH-
HOM MOpAAKEe, YacTO HCMNOJab3yeTcs Kak 6oJjee mMpocTas 3aMeHa Bbi-
6opa ¢ paBHHIMH BepOATHOCTAMH. B 3TOM ciyyae MeTol Ha3WBAOT
MHOrZa Keasucaywatnoim evtbopom. Ho camblii BaxHBIA OTJIHYH-
TeJbHBIH (PaKTOp COCTOHT B TOM, YTO NMPH CHCTeMaTHYECKOM BHI6Ope
OOBIYHO H3BJEKaeTcsd TOJBLKO OAHa BHIGOPKA H3 BO3MOXHCIO 4HCJIA
Ni, 1. e. ny = 1. 3T0 cpasy neJjiaeT HEBO3MOXHbLIM OLEHKY 3HAUEHHS
JHUCIEePCHH, €CJTH He HMeeTcs KaKON-HHOYAb NOMOJIHUTEJbHOH HH-
dopmamud. Kaxerca 6Gosee NpOCTHIM HAJOXHTh YCIOBHe nj == 2,
yre6pl Obl1a BO3MOXHAa OGOCHOBaHHAas OLEHKa 3HaueHHA [HC-
TIepCHH.

O6cyxaenue u OGubauorpadus no cHcTeMaTHYECKOMY BHOGOpY
npusenensl y Kokpsna (1963) u Haiirca (1960), koropbie BHecaH
CyUIeCTBEeHHbI# BKJIaA B 3TY TEOPHIO.

!
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39.30 Kak Biausier rpynnoBoii BeiGop na D (ji) B (39.23)? Bruan
oT nap i, j, IpHHALJeXallyx K OJHOH [pyIIe, Teliepb OTpPHIATE-

- n n

AeH, TMOCKOABKY /JIA STHX Nap M7y — Ty == — 4= (l "'"T)'

Bkaanx or 1rap, NpHHaAJeXalMX pasHEIM TPynnaM, NOROXKUTeNeH,
ny (N — ny) T

MOCKOJbKY AJAA TaKHX MNap T, — J;; ==—o—— —. enephb
Ni(¥Ni—1)

MOXHO IPUMeHHTb apryMentsl 39.14. Ecau naphl 37eMeHTOB ¢ 60Jb-
IUMMH 3HAYEHHAMH |y;— y;| OoTHecTH K OmHOMY Kiaccy, TAe j
MaKCHMaJbHO BO3MOXHHe, TO cJeayeT OXHAaTb YMEHbIIeHHS
(39.23) u BO3MOXHO Gosee cyllecTBeHHOro, yem B 39.14, NOCKONbKY
OoJsibIUMe 3Ha4YeHHs f;; NAIOT Telnepb OTPUNATEJbHHH BKJIad, a He
BHOCAT HYJIEBOH BKJaj, KakK 310 Gwuio B 39.14.

TakuM o6pa3oM, MBI NMPHUXOZHUM K oOuleMy NPHHLUHNY pa36GHeHHSA
Ha TIpYNNbl, KOTOPLIA TMOJHOCTbIO NPOTHBONOJOXKEH NPHHUMNY pac-
cJoeHHs, paccmoTrpeHHOMY B 39.14. HyXHo pa36uBaTk COBOKYN-
HOCTb Ha TPYNNbBl BHYTPEHHE HEOOHOPOOHble, 4TOOH YMEHBUIHTh
IHCNEPCHIO TPYNNOBOTO BHIGOPAa MO CPaBHEHHIO C LHCIEepCHEH BHI-
60pa c paBHBIMH BEPOATHOCTAMH.

Kak u B cayuae paccaoeHHs, OCTaBHM TelNepb B CTOpOHe OOMIHe
paccyXIeHHd U IepeiifeM K KOHKDETHOMY H3JTOXKEHHIO JeTajef.
Ho npeaBapHTeabHO caenaeM ABa OGIIMX 3aMeyaHHA.

OcHoBHOe pa3jiNyHe MeXIYy pacCJIOEHHBIM H TPYINOBHIM BHGO-
POM COCTOHT B TOM, 4TO B KaKAOM cCJiO€ NPOH3BOAHTCA BHIGOp, B TO
BpeMs KaK TPynNbl caMu fABJAIOTCA IipeaMeraMH Bbi6opa. Hmenno
Ha 3TOM (paKTe OCHOBBIBa€TCA NPOTHEOMOJOXKHOCTb NPHHUMNOB LJIA
IByX MeroxoB. ['pum paccianeHHON IRIOOpKe 3HAayeHde HUCIEPCYH
3aBHCHT TOJBKO OT Pa3JIHYHA 3JEMEHTOB BUYTPH CJIOEB H CJIOH (HOp-
MHpYIOTCA TaK, 4To6b MHHHMH3HpOBaTb 3TO pasauune. Ilpu rpyn-
NOBOM BHIOOpE IHCNEDPCHSl 3aBHCHT TOJbKO OT Das3jH4YHdd MeXIy
rpynnaMH, NOCKONbKY TPYNNH H3BJAEKAIOTCA LEJHKOM, NO3TOMY
rpynnel GOPMHPYIOTCH, 4YTOOBl YMEHBIIHTb HMEHHO 3TO pa3JHvHe.

Bropoe 3aMeuanue, KOTOpoe MBI CcYHTaeM HeOOXOHHMMBIM 3HEChb
NpPHUBECTH, XOTA 06 3TOM fBHO rosBopuyaocs B 39.14 u 39.28, xa-
caercd TOro, 4TO KaK TMPH pacciaOeHHOA BHIGOPKe, HCNOJb3VIOMIEH
BPI, Tak 4 npu rpynnoBoM BbIGOpe ¢ paBHbIMH O0ObeMaMM MOJHAaA
BepOSTHOCTb H3BJIEUEHHS 7i; He MeHsgeTcd W paBHa n/N, Kak W ansa
CTy4aiHOTO BBHIGOPA C PaBHBIMH BEPOATHOCTAMH. DTH METOAbI OCHO-
BaHH TOJbKO Ha H3MEHEHHH COBMECTHBIX BEPOSATHOCTEA H3BJEUEHHUS
m;;. KOHeUYHO NpH pacc/IOEHHOM BBEIGODE C NMepeMeHHOd mojeidl BHI-
6paHHBIX 3JIEMEHTOB CaMH Ty TOXKe MeHATcd. DTO Ke BepHO H LA
TPYNNoOBOr0 BbI6GOpa ¢ rpynnaMH HepaBHOro o6bema. Huxe Mbi
paccMOTpHM 3Ty Gonee obmyio curyanuio. Kpome toro, Ham 6yner
yLOGHO TpPOBECTH OJHOBpEMEHHO OGo6lieHHe M B JPYroM .Hampas-
JIEHUH.
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Muoromaroebit BbiGop

39.31 I'pynnosoit BoI6OP mMpeAnosaraer NpeXBapHTE/(bIYIO Ipym-
NHPOBKY 3J€MEeHTOB COBOKYMHOCTH, a 3aT€M H3BJIeYeHHE HEKOTOpPhIX
rpynn. EcrectBeHHO paccMoTperb Gosiee O6IUyIO0 CHTYyaliHio, KOrja
Ha CJAeAYIOMHX LIaraXx NpPOBOAHTCA BLIGOP BHYTPHU H3BJIETEHHHIX
rpynn. Bosspamasack, HaCKOJbKO 3TO BO3MOXHO, K OG03Haue€HHAM
39.28, nannM uerxkylo $HoOpMyJIMPOBKY 3TOi GoJiee OGIIEeHl CHTyalMH.

CoBokynHOcTb M3 N 3j1eMeHTOB pasbupaerca Ha N| MHONecT8
nepeozo nopadka (KOTOphle paHblle Ha3blBaJUCh Fpynnamu). MHO-
»KeCcTBO INepBOro mnopsAaka c HoMepoM [ comepXuUT N mHOMecT8
8T0p0o20 nOpadKa, j-e H3 KOTOPHX comepKHT Ny MHONcecTs
Tperbezo nopadka. IDTOT HePapPXHUYECKHH NPOLECC MOXKHO MPOAOJ-
JHTb M Jalbllle, HO Mbl He OyXeM paccMaTpHBaTh GoJsiee Tpex Lia-
roB, CYHTasi, YTO MHOMKEeCTBa TPeTbero ilara COBNAZAalOT C 3JeMeH-
TaMH cOBOKynHOCTH. MHorga asa Hamux Ilesef JOCTaTOYHO Oymer
OrpaHHYHTbLCA ABYMSA IIaraMi.

Ilpu Tpex marax uMeeM

N, Ni,
N = Z Z Niia'
(=] j=|
Ha nepBoM mare BuiGHpaeTcs 7y MHOXKecTB NepBOTO NopsAAka (M3
o6mero uncsaa N;{). Metong BriGOpa NMOKa HE YTOUHseTCA. BHYTpH
i-ro BBLIOPAHHOTO MHOXeEcCTBa BBIGHDPAeTCA 7;3 MHOXKECTB BTOPOTO
NopsAIKa OJs j-ro, U3 KOTOPbIX NMPOBOAHUTCA BBLIGOD 72;;3 MHOXECTB
TpeThbero NopAAKa, TaKk YTo 06beM BLIOOPXKH PaBeH *)
ny By
n= Z Z Nig3
i=] f=]

[Ipeanosaraercd, 4to BbI6Op Ha JaH060M Iuare MO¥XKeT OLITb C He-
paBHEIMH BEPOSITHOCTAMH, YTO BbIGOp Ha JI060M [are He 3aBHCHT
ot BbiG6Opa Ha APYTHX WIarax H 4to BbIGOp BHYTPH J1060ro MHOXKe-
cTBa Ha HaHHOM llare He 3aBHCHT OT BbIOOpa BHYTPH LAPYTHX MHO-
JKecTB Ha 3TOM Xe miare.

39.32 Cnayanla HaM HYXHO OMNpeAeJHTb BHA HeCMelLleHHOH
OlleHKH. 3Iech NMpHMeHHMa o6masA TeopHA BbIGOpa ¢ HepaBHBIMH
BeposaTHOocTAMH u3 39.6—8 u, B wactHocTH, (39.20) 3amaer necMe-
LIEHHYIO OLIEHKY [i, a Bolpaxkenus (39.23) u (39.24) ocraiorcsi Bep-
HEIMH OJ5 3HaUeHHS AHCNEPCHH BENHYMHBI i U A7 ee OUeHKH. [Ipu
9TOM N; M T;; B 3THX BbIPa’KEHHAX IOMIKHBI COOTBETCTBOBaTh Te-
nepb TOJHBIM BEPOATHOCTAIM H3BJAEYEHHS, YYHTHIBAIOIIHM Bce LIAaru
poi6opa. IlepeoGo3nauuM Temepb 3HaAYEHHA Y; ITEMEHTOB COBOKYII-

*) [Toaywamowuics npu 3TOM o6beM BHIGOPKH 7 fBAAETCA CAyuaiHOR Besu-
ynnoi, (/Tpusm. nepes.),
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HOCTH Y€pe3 Yijr; NPH 3TOM KaXIHA HHIEKC COOTBETCTBYET MHOXEe-
CTBIM JaHHOrO Iuara. Tak, Yss ABNAECTCA 3HAUYEHHEM, COOTBET-
CTBYIOUIHM 3J€MEHTY, NpHHANJEXKAalleMy BOCBMOMY MHOMXECTBY
NepBOro [mara, 4e13epToMy (BHYTPH 3TOTO BOCLMOIO) MHOMKECTBY
BTOPOro Iuara M LIECTOMY MHOXECTBY TPE€Tbero mara (KOTOpoe
NpHHaJJIeXXUT YNOMSAHYTOMY udeTBepTOMY). B 3THX 0603HaueHHsX
HecMelleHHasa oneHka (39.20) npHHHMaeT BUA

ny nyg nyj3 y
ik
et DIDIDIE el (39.68)
(41%)
iml j=1 k=1
TAe Tyijw) — TeNepb*) IMOJHasi BePOATHOCTb H3BJIEYEHHS 3aZaHHOTO
3HAYeHHSA Yijn.
[IpennonoxuM, HaupkMep, 9ro BHIGOp Ha KaXKAOM I[uare mpo-
BOILHTCA C PaBHHIMH BeposATHOCTAMH. Toria
. oy By My
G1R) = N| Nyz Ny °

u (39.68) cBoamuTca K
n; i3

Ny N;i;
Nn : Z >N gipee (39.69)

n n
i=1 2 i3 o)

j=1
Ecau tenepp N =N, ana Bcex i, a N;3=N;3 Aansa Bcex i, j H,
KpOMe TOT0, aHAJIOTHUHO My == Ny, A Nyj3 = Ny, TO (39.69) cBOAMTCA K

= Waiany 2 0 2 Y= (30.70)

T. €. K NONHOMY BBIGOPOYHOMY cpe,zmemy, NOCKOJIBKY B 3TOM CJaY-
yae N = N|NoN; u n = ninqn;. CootnHomienne (39.70) HHTYHTHBHO
MOHATHO B CHJY IOJIHOA CHMMETDHH.

39.33 AHa/JOTHYHO, eCJIH paccMaTPHBaTh JBYXIUAroBhblii BBHIGOD,
to B dpopmyne (39.68) HyxHO OTGPOCHTL HHIEKC £ H CyMMHpPOBaHHe
no veMmy. OueHKOH AAsA caydyas paBHBIX BeposATHOCTed OyaeT cHOBa

(39.69) c¢ 3ameHoO# (Ni,3/n,-,3)z Yir Ha Y. CBemeHne K m pans
k

CHMMETPHUHOTO cJaryyas auanoruyHo (39.70). PopmanbHO J06YyI0
(opMyny nansa OBYXIIAaroBoro Bbi6OpPa MOXKHO NOJY4HTb H3 ¢op-
MyJbl AJS TPeXUaroBoro, MOJOXHB Nis=n;3;=1 unu N, =
=n, = 1. 3To NPHUBOIZMT K TOMY, UTO OXMH HHIEKC, a 3HAUHT,
H CYMMHPOBaHUe 10 HeMY CTAaHOBHTCA HEHYXHBIM.

39.34 Tax xe KaK NPH H3JOXKEHHU PacCJIOeHHOrO BHIGOpa, Ham
OyneT yHAOOHO NPOBECTH NPAMOE BLIYHCJIEHHE 3HaYEHHT AHCIEPCHH
Haweifl OUEHKH NPH MHOroLIaroBOM BHIGOpe, a He BBLIBOAUTH COOT-

*) Cko6xu B HHIeKCe YHOTPeGASIOTCA ANA TOro, 4ToOH He NepemyTath € HC-
N0/Ib3yeMBIMH aHee COBMECTHBHIMU BePOATHOCTAMM Ty4.
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BeTCTBYIoOIlee BHIpaXKeHHe U3 ofbmeil GOpMynaBl AJs cJyuasd HepaB-
HBIX BEpPOATHOCTEH. IDTO NMOMOXKET, HampuMep, H36exXaTb ymoT)e6-
JIEHHE CHMBOJIOB THNA Tqijrytuv) AJAA COO3HAYEHHS COBMECTHOr0 pac-
npefeseHHs BHIOOpa NBYX 3HAYEHHH Yijp H Yiuv. MBI Mompo6GHO pac-
CMOTPHM [[Ba YaCTHHIX CJy4Yas, NepBbIH H3 KOTODHIX COOTBETCTBYET
BBIGOPY C PaBHBIMH BEPOATHOCTAMH Ha KaXXJOM Luare.

39.35 Paccmorpum aucnepcHio BeJHuHHBI i B (39.69). OueBun-
HO, YTO BBHIGOP Ha KaXXJAOM IIare BHOCHT CBOH BKJIal B 3Hay€HHeE
IHCHEPCHH BeJHYHHB! [i. ITocKoMbKy BHIGOD NPH Pas3JMYHBIX I1arax
He3aBHCHM, TO 6yleM NPOBOAHTb BBLIYHCIEHHS, MCIOAb3YA TOCJeNO-
BaTEJbHOCTb YCJIOBHBIX AucnepcHii. CHavuaja paccMOTpHM HHCHEp-
CHIO Ha NOCJeJHeM Iiare fApPH YCJOBHH, YTO yXKe NpOBeAeH BLIGOP
Ha BceX npeiplAyWHX Imarax. 3ateM OyneM CYHTaThb NepeMeHHLIM
nNpeAnocaeHHH War ¥ T. A. BIJIOTb A0 mepsBoro wara. Hamnpuwmep,
B CJyyae TpeX INaros, BHIYHCJIHM CHayaja JHCNEPCHIO Ha TpeThbeM
ware, cunTas, Yto BHIGOp Ha NEPBBIX ABYX lIarax yxe MpoU3BeleH
H TIpHBeN K HEKOTOpPOMY ((PHKCHPOBAHHOMY) pe3yabraTy. 3aTeM
paccMOTPUM 3aBHCHMOCTb OT H3MEHEHUs Bbi6opa Ha BTOPOM Liare,
a MOTOM IMO3BOJIMM H3MEHATbCA BHIGOpPY Ha nepBoMm lare. CuMBO-
JIMYECKH 3TO MOXKHO 3amlHcaTb B BHJIe

D@ =M@ —p?=MIM{M({ —p)4]. (39.71)

Haa suuncaeHds (39.71) Mbl vcnoab3yeM OOMIHA pesyabTaT
O IMCINEpPCHH CTyYaHHOH BEJHYHHBI, YAaCTHBIE CJAYYaH KOTOPOTO Mbl
y:Ke HCIOJAb30BaJH B NpeAblAyliux raaBax. JJokaxkeM Temepn 3TOT
pe3yabTaT B oflieM BUJIe.

39.36 PaccMOTpHM Cnydal'HYIO BeJHYHHY X, H IYCIb ¢ — YCJIO-
BHE, OCYyIIecTBJEHHE KOTOPOro BJHSIET HAa paACHpeleseHRe BeJMTUHHBI
x. Ilo Teopeme yMHOxeHHs BeposATHOCcTell »P(x)= P;i(x|c)Py(c),
rae P, Py n Py — BepoATHOCTH, ONpejeaseMble COOTBETCTBYIOLIHMH
aprymenramu. Torga paBeHCTBO

M(x) =M{M (x| c)} (39.72)

BbIpaXKaeT CHMBOJIHYECKH TOT (pakKT, YTO AJIA HaXOXIEHUSA Mare-
MaTHYEeCKOTO OXKHIAHHSA BEJIHUYHMHB X MOXHO HAJOXHTb CHayaJa
HEKOTOpPOE YCJOBHE, BBIYHCIHTb MaTeMaTHYecKoe OXXHIaHHE NpH
3TOM YCJIOBHH, a 3aTeM YCTPAHHTb BJIUSIHHE YCJIOBHSl, B3AB Mare-
MaTHYECKOE OXHAAaHHE OT C€aMOro YCJOBHOrO MaTeMaTHYeCKOro
OXKHAaHHA.

CoranacHo (39.72) BoipaxKeHHe HIJiA JUCIEPCHH TNOJy4aeTrcsd Ha
OCHOBE CJIeLYIONEro TOXKAEeCTBa:

MM (%] ) — {M (] )] + MEM (x] )} — (M (M (x] 0)})%) =
=M[M(*|c)— (M{M (x| NPl =M ) — (M)}
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[To onpenenenHio NepBhIA YJEH B JIEBOM YAaCTH €CTb MaTeMaTHye-
CKOe OXHIaHHe OT YCJIOBHOH NHCHEDPCHH BeJUWYHMHbI X NpH 3aJaH-
HOM ¢, a BTOPOH 4YJIeH B JIEBOW YacTH eCTb AMCNEPCHsS OT YCJOBHOTO
MaTeMaTHYeCKOro OXHJAaHHA X NpPH Yyca0BHH ¢. TakuM o6Gpasowm,
CHMBOJIHYECKH MMeeM

Dx)=M{D(xlc)} + D{M(x|c)}, (39.73)

T. e. 6e3ycioBHass AUCNEPCHS PaBHA CpPeHEMY OT YCJIORHOH IHC-
NepCHH IUIIOC JHCIepCHA OT YCJIOBHOTO cpenHero. 3aMeTHM, YTO
ecin M (x|c) He 3aBHcuT OT ¢, TO BTOpOIl uiaeH B (39.73) oGpa-
maercd B Hyab u D (x) npeBpamaetcs mpocto B cpefHee OT Yc-
JIOBHOH JHCIEPCHH.

3toT pesyabraT BecbMa o6muiA. Hanpumep, Ha camoM gene oH
ucnonb3oBaiacs B 17.35 npu BuBoje Mmetoxa Pao— Buaskysaaa
yJyUuLIeHUs ONEeHOK C MOMOUILIO LOCTATOYHBIX CTATHCTHK.

39.37 Ucnoabsys (39.73), Bumum Ttemepb, uto (39.71) MoxHO
NepernucaTh B BHAE

D (@) =M{D (@)} + D{M(m)}, (39.74)

rie cuMBoa «l 2» o3Hayaer, uTO (PuKcupyercsa BHIGOP Ha NEepPBOM
1 BropoM marax. B coorHomenun (39.74) noncuHTbiBaeMasi IHC-
nepchsa pa3GHTa Ha OBe YacTH, KaXKAYI0O H3 KOTOPHIX MH BBHIUHCIHM
OTIEeJBbHO.

PaccMoTpuM CcHayasna 3HaueHHe ?(}1). Ha tperbem (B 6ousee

ofuledi CHTyauMH Ha TMOcJejHeM) miare BuOOpa W3 KaxmoOro H3

Z n;, BBHIOPaHHEIX MHOXECTB BTOPOr0 IUara TpoOH3BOIMTCA BbIGOp
i=1

C paBHBLIMH BepOSITHOCTSIMH, DU KOTOPOM H3BJIEKaeTCA 7;j3 SJEMEH-
TOB M3 .BO3MOXHOro uHcyaa N;j;. [lo cyuiectBy 5TO pacciioeHHas
BbIGOPKaA, rAe KaXKA0oe MHOXKECTBO BrLOPOro NMOPsAJKA UIPaeT poib
caosa. Onpenenss

nij3
my = y Yijks
i3 a2
MBI 3HAaeM, 4YTO
3
b (m”) - ‘1113 ) ’

rie ofi—nucnepcuﬂ COBOKYITHOCTH 3JIeMEHTOB TOr0O MHOXeCTBa
BTOpPOro mnOpsifKa, H3 Kotoporo Obljia H3BJeueHa 3Ta BBIGOpPKaA
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o6beMa n;s. U3 (39.69) caeayer, 4to

D @) =(Nn ) Z(N”) Z N :Z (1— 32 7). (39.75)

Tenepb HaM HYXHO BBIYHCJIHTD MaTeMaTHUYECKOE OXHIaHHE OT
(39.75), wkorma MoxXer MeHATbcAd BHOOpD Ha MNpembIAYIIHMX Ilarax.
Menss TOJbKO BHIGOp Ha BTOPOM mare, MOTYYHM

oo = (5 ) B e [ B st (1 - 52)]

113

Ho nockoJibKy BhIpaXKeHHWe B KBaIAPAaTHHIX CKOGKax eCThb NPOCTO
BHIGODOYHOE CpellHee OT COOTBETCTBYIOIUHX 3HayeHHH, TO ero Mare-
MaTHYECKOe OXHJIaHHE PaBHO NPOCTO CPefHEMY II0 COBOKYIIHOCTH
OT COOTBETCTBYIOLIEH (byuxuun, T. €.

N2 n
i2 N‘[a (1 113)

113

MD (1) =
23

‘AHaJIOTHUHO, TO3BOJIUB MEHSAThCA BbIﬁOpy Ha NepPBOM Iuare, NOJYyYHM

: Nl2 "t i3
MMD (i) = Pijs ) —_
123 @)= N"‘" l g Z_—' "12 ,-=-1 ¥iis
Ny,

Ny "3
Nz”n Z’ Z i3 "z is (1 - Nils)' (38.76)

i=1 i=1

Takum 00pa3oM, Mb BBIYHCAMJIH MePBbIl YJEH B NPaBOH YacTH
(39.74).

39.38 /s BhiuHcaeHHA Broporo uieHa B (39.74) Hailgem cHa-
yajla 3HaueHHe M(u) Coraacio (39.69) oHO paBHO

Ris

N N
M (@) = 3 Z 2 ZN,f3M<m,,)— o Z T Y Nigaiy, (39.77)

1oy M i=1 =1 20

TAe Mi; — CpedHee O COBOKYHHOETH, COOTBETCTBYIOILee BHIGOpOU-
nomy cpentemy myj. O6o3naunmM Nijapi; = Ty, roe T,, cyMMapHoe
3HayeHHE HTPEKOB B 5TOM MHOXKECTBe C MHAeKcaMH i, j. Ilpumenss
Tenepb cHOBa (39.73) Ko BTOpOMy uJieHY B mpaBoH uactd (39.74),
IOJIyYHM

D@p)=MM{D@@)}+M[D{M(@@}+DIM{M@}. 39.78)
12 3 1 2 3 1 2 3
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TMocaeanuil uieH B npasoil yactu (39.78) MOXKHO Tenepb NOJTYYHTH
3 (39.77) nOCKOJbKY, KaK H paHblle,

T2 ny Ny
M (M (2)} = Z NisM [L ; T,-,] w2, 2, Tin

ie i=1 j=1

a 3HAYMT,

DM (M@ )}]~—(N') [ Z(ZT”)]

i=] Nj=1

Ho 3amnncaHHas 3hech JUCHEpPCUS sABJAdeTCa AHcnepcHed BblGo-
pPOYHOTO CPefiHero, a 3HauMT,

DIM{M@N = () = (1= 48). (39.79)

roe Og.i'—' AucnepcHss MeXay CyMMapHoIMH 3HaYeHHAMH HIPeKoB
BHYTPH MHOXECTB NEPBOTO nopAjAKa, T. €.

Ham ocramoch BBIYHCAHTbD CPeAHHHA 4YleH B Tpasol YacTH
(39.78). Cornnacuo (39.77)

D{M(u}—( )ZN’2D['nl,._2§T”]=
= (7t an) N ‘"" L(1-72). (3980

rae q%‘,—nucnepcnﬂ MeXIY CYMMapHBIMH 3HaueHHSAMH [JIA MHO-

JKeCcTB BTOpPOro nopsaaka, B3ATas no i-My MHOXECTBY NEepBOro no-
pAAka, T. e.

Ni2 2

>

9 .
O-T. - l Z T” - N‘z
j=1
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H3 (39.80) renepr mosydaem
. N N Tz/
“{'ITQ{'\;'(MH—W","[,, 2 (1-42) | =

N izv T“ (1 ) (39.81)
N2n] “ .

39.39 IloncraBasis Tenmepb (39.76), (39.79) u (39.81) B (39.78),
TIONTYYHM OKOHYaTeJbHO
Ny 2
N UT n.
e SR
t i

D(u)—(
e Z '2ZN,,3 (1 - 72). (3989)

i=1 i=1 "ii3 Nijs

Tz

Kak 310 66110 MOHATHO H3 (39.78) H M3 HHTYHTHBHBIX paccyxiue-
Huii, (39.82) nokasblBaeT, UTO BKJaj B JHCIEPCHIO OLEHKH IPOHC-
XOHMT HA KaxaoM mwware Bbi6opa. PaccMOTpHM uwacTHbIt cuayuai
(39.82), Korlla uMmeercs MOJIHast CHMMETpHS, T. €.

Ny =N, gas Bcex i; N;j3= N, njs Bcex i, j; N = N, N,N,.
Ny ==n, JJS BCEX I, n;j3=~n; ILIA BcexX i, J; n = nnyts.

~

CoraacHo (39.70)oueHka [i CBOOHTCS K IOJHOMY BBEIOOPOUHOMY
cpenueMy. CoorHomenue (39.82) cBomutcs K

o — L) o (=) Z b+

(N2N3)2 n N, N2 Jnn

( ) Ny Ny,
+ szm 5:; ;0 (39.83)

Ecau onpegennutes Tenepb
w =T;[(N:N3),

N,
0 1
Ol =7 =] Z(P«t “H)2E"%i/(N2N3)2’

i=]
I

Ny
P= 1(N2—l) ZZ(“"_W 1\/1\/2 ZGT”’

l-|}=-l

NlNz(NS—' 1) Z Z Z(yl]k—p'tl) = 1N2 Z ZGU'

i=1 j=1 k=l =] j=1

Q
©
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TO [IJiS paccMaTpuBaeMOro CHMMeTpHYHOro ciaydas (39.83) MoxHo
nepenucaTh B BHAC

JOR (=) + (1 =

(”)_— )+n|nz —7,) t Ns/*
(39.84)

N3 (39.84) noHstTHO, KAK B CHMMETPHYHOM cJaydae TNOJYUHTH 0O6-

obuieHHe Ha Goabliee 9Hcyao waroB. O6mas ¢opmyna ans p =2

m1aroB HMeeT BHI
p 2

D@ =, s (1 = 7). (39.85)

r=1

l 2
o= NN, .. N,_,(N,—-l) Z Z Z Gy ootw— Py o)

i=1 j=I u=1

39.40 Ecnin xakas-HHOYAb HOJNST BbIGPAHHBIX 3JIEeMEHTOB #,/N,
paBHa e[HHHIE, TO COOTBETCTBYIOUIMI ujieH B (39.82) obpamaercs
B HyJab. B wactHoctH, ecnu n43/Nijs = 1 ans Bcex i, j, TO nocraen-
HAf CyMMa B NpaBoOil 4YacTH ofpallaercs B HYJb, a OCTaBIIHECH
IBa uneHa coorBetcTByioT D (i) masa asyxmarosoro BeiGopa. Ecam,
KpOMe TOro, f;2 = N;2 OJs Bcex i, TO OCTaeTcsi TOJbKO NepPBbIH
uyjeH B npaBod uactu (39.82), H Mbl mojyuaeM oOliee BbipaKeHue
Iast TpynnoBoro BeibOopa ¢ TpymnaMy, He pPaBHBIMH 1O O6BEMY.
AHanornuHo nepsuit uaeH B (39.84) COOTBETCTBYET TPYNNOBOMY
BBIGOpV C PaBHBIMH OOBEMaMH.

Ha camoM 1eje HETPYOHO NOHSATb, KaK casAyerT OOOOCUIHTH
(39.82) Ha cayuait BbiGopa ¢ GoabmiuM gucjoMm iaros. Jas uer-
BEPTOro IIara K NpaBOi YacTH A0GaBHUTCA 4JeH

Nu Nijs

Ny ij3 “i ik ijk4
)\/2nI Z Z "i;a Z N‘l“ (l -I—M-)’ (39.86)

i=| j=1 k=

a cfl B (39.82) nyxHo GymeT 3aMeHHTb Ha o?.”k, onpenejieHHe KO-

TOPOro SIBASIETCS eCTeCTBEHHBIM O0GOOLIeHHeM OlpeleseHus 02’:

2
u or, .

OnHaKo Ha NpaKTHKe NPH MHOrOIIaroBOM BblOOpe 4Ype3Bbl4aifHO
PELKO HCMOJb3YIOT BhIGOP C pPAaBHRIMH BepOATHOCTAMU. IIpHunHa
coBceM npocra. Jucnepcus B (39.82) sBiasieTcs DHCIepCReH MeXALy
CYMMAPHLIMU 3HAUEHHAMH TIEDEMEHHO# Yy H3 Pa3JIHYHBIX MHOXECTB.
Ecin oGbeMbl 3THX MHOXECTB CYIIECTBEHHO pasJyiHualoTcss (T. e.
coepKaT CYyIIeCTBEHHO pa3Hoe YHCJAO MHOXecTB CJAefyloulero
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mara), To 3TO JeJiaeT NHCHepCHIO [i odeHb Goabmiofl. Kak Mbl yxe
BHIEMH, 3TOTO HE NPOHCXOAMT R CHMMETDHUI}iOM CJIy4yae, KOTHZa Ha
KaXAOM Ilare BCEe MHOMKECTBAa HMEIOT ONHHAKOBBIA O6BbEM H OHC-
TIEPCHIO MOXKHO IIepeOonpenegHTh KaK MMCHCDCHIO MeXAY CpeIHHMH
3HavyeHussMu. Onuako B o6GUIeM Cjaydae Mbl BBHIHYXKIEHBl HCKATh
HHble cXeMbl BhGOpa, 4YTOGBl YMEHbINHTH BEJHYHHY IHCIEPCHH OO0
npueMJyeMoro ypoBHsA. Ha camom nese Mbl mocTuruem Xemraemoro,
€CJH HCHOJb3yeM BHIOOp ¢ NepEMEHHBIMH BeposiTHOCTsAAMH. Pasy-
MeeTcsl, MOXHO HCHOJb3OBATh NPOH3BOJILHOE MHOXKECTBO BEPOAT-
HOCTeH Ha KaxIoM ware, onpelXeguts i no (39.68) M BBIYHCIHTH
D (i) u3 (39.78). OnHako B o6meM caydae ujennl B (39.78) Gyayr
6oJsiee CJIOKHBIMH, NOCKOJbKY OHH HOJIXKHbl OTpa)KaTb H3IMEHeHHe
BEPOSITHOCTEN Ha KaXKAOM Luare.

Brnoasne o6inee BbipaxenHe aas D () seiopuTcs $hopmanabHO
Huxe B (39.97—8) nas nonydyeHusa oueHok aucrnepcuu. Ho cHagaaa
MBI pacCMOTpUM OAUH cnoco6 BeIGopa, KOTOPBIN BaXXeH Ha
NpaKTHKeE.

BuiGop ¢ BEepOATHOCTAMH, NMPOMOPUHOHAJLHBIMH O06BbeMy

39.41 ITocmMoTrpes Ha (39.68), yGexxpmaeMcs, YTO €CJHH BCE M
paBHBI ng, BCE N;j; PABHBl N3, a BCE Tk PaBHHl nfN, To oleHKa i
CBOAMTCSH K BHIGOPOYHOMY CpeNHEMY m, KaK H Uil CHMMETPHYHOro
cnydasi ¢ paBHbBIMH BeposATHocTAMH B (39.70). Uto6bl nony4HTH
BCE T(ijn) PABHBIMH, NOTpPeGyeM TOJBKO, YTOGBH BEPOSTHOCTH BbI-
Gopa i-ro MHOXeCTBa HA NepBOM Wiare GbWia paBHa mAP"[N, Be-
POSITHOCTb H4 BTOPOM miare BHIGpaTh j-e MOXMHOMKECTBO H3 i-TO
MHOXeCTBa nepBoro mara pasusiack 6b mAY[AY), a nepost-
HOCTb, M3BJIEUEHHS Ha TPeTbeM IaTe Y, paBHAJIACh Obl 7/AY.
‘Torzma

AV AR ny on

To: =N - 1 . _ ——
(k) TR AT T W

BHYTpH KaXXI0ro MHOXeCTBAa NpelNOCJelNHero liara Boi6Op Ha
HOC/JAeIHEM I[are MPOH3BOJHTCS C paBHBIMH BePOSITHOCTSIMH, HO
3TH BEPOSITHOCTH, BOOGILE rOBOPS, pa3JIMUHbI IJ51 Pa3HbIX MHOXKECTB
TnpeanocaeaHero mara. B kadectse A" u A‘ff MOXHO B35ITb /10-
60€e MHOXECTBO YHCEJ, COOTBETCTBYIOIIHX HEKOTOPOH cxeMe BuIGOpa.
OnuncanHas cxeMa BbIGOpa, AJst KOTOPOH Tk == n/N, HasbiBaeTcs
pasrosasewuwusaroujeld (seli-weighting), mockonbky nss uee i sB-
JsieTcsl CpelHHM BceX BuIODAHHBIX 3HadyeHH# (C paBHBIMH BecaMiu).

[1pocTo H YAOGHO NMONOKHTD

N
{2
(1 {2)
AV = le Nys, Al = Ny,
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Toraa MIs KaXXJOro MHOXECTBa IIEPBOro ulara BepOSiTHOCTb H3-
BJIEYEHHS NPONOPHHOHAJbHA YHCJAY 3JIEMEHTOB, KOTOpOe OHO CO-
JIEpXKHT, aHAJOTHIHO H JJs BTOporo mara. BreiGop Ha mociaemueM
mlare TPOBOAMTCS C PaBHBHIMH BePOSITHOCTAMH. B 3ToM civuae Mu
6yleM TOBOPHTb, YTO H3BJie4eHHe NPOBOAHTCI C NPOROPYUOHAND-
HoiMu 00BeMy 6epOATHOCTAMU Ha BceX INarax, KpOMe MNOCJENHETO,
d C PaBHLIMM BEPOSITHOCTAAMH Ha NHOCJeNHeM Iiare.

Jlerko BuOETb, YTO npu JI0GOM uTMcle p == 2 WIaroB, €CJM BBI-
60p NpPOBOAMTCA C INPONOPIHOHANBHBIMH OGBEMY BEPOSITHOCTSIMHU
Ha BCeX Marax, 3a HCKJIOUEHHEM IIOCJEeIHEro, e HCNOMb3YIOTCS
PaBHBIE BEPOSTHOCTH, TO IIOJHAsl BEPOSITHOCTb M3BJIEUEHHS OTHEJb-
HOTO 3JIeMeHTa paBHa n/N.

Brneperoie Takofi BoiGop HccaenoBancsi XaHceHoM #@ I'ypBuuoM
(1943). PakTHuecKH 3TO OBl NepBBHIA ciayyafi H3YYEeHHsS HepaBHBIX
BeposiTHOCTel BhGopa.

39.42 Camulil npocTofi €nocof IOJydeHHsi OnMcaHHoOro B 39.41
paBHOB3BEIIHBAIOHIEr0 BBIGOPA C TNPONOPIHOHANBLHBIM 00BEMY Be-
POSITHOCTAIMH COCTOHT B cieaylomem. Hano BeiGpaTh ¢ Bo3Bpalie-
HHMEM n; MHOXECTB IIEPBOrO NOPsSAKA, HCIOJb3Ysl NMPH KaXXKIOM H3-

N
BJIEYEHHH BEPOSITHOCTH p{"‘)=1§1 N;,-a/N- 3aTeM, HCHOJE3Yysl NpH
Ny

KaXKIOM H3BJIEYEHHH BePOSITHOCTH p"")— iia/z N, BBIOpPATH
j=1

C BO3BpaLIeHHEM II0 My MHOXECTB BTOPOTO MOPSAAKA H3 KaXIOTO
M3 n; BbIGpaHHBIX MHOXeCTB NnepBoro nopsiika. ¥ Haxosen, ¢ pas-
HbIMH BEPOSITHOCTAMH p), = l/N”3 BeIGpaTh 6€3 BO3BpallleHHs MO

ng 3JEMEHTOB M3 KaXXJOTO U3 N7y BbIGPAHHBIX MHOMKECTB BTOPOTO
nopsiaka. VMcnonn3oBaHHe BBIGOpa ¢ BO3BpAllleHHEM Ha I'epBBIX
ABYX miarax Br6opa ¢ HpPONOPLHOHAJBbHHIMM O6GBEMY BepDOSITHO-
CTSIMH MNO3BOJINT HAM [PHMEHHTh HHXe Gojee NPOCTYI0 TEOpHIO
u3 39.12. _

3anuumeM OLEHKY B BHIE

D YD I

feal j=1 k=]

Jucnepcua 3Ttofi ollewKH 3ajgaercss cooTHowendeM (39.78), u Te-
nepb Mbl BBIYHCJIHM COOTBETCTBYIOLIHE YJEHBHL.

39.43 IlocKoabKy Ha mocJjieqHeM Hiare BbIGOp NPOBOJHMTCA C paB-
HBIMH BEPOATHOCTAMHM, TO, TAK XKe Kak B 39.37, umeeM

?(mii) - Ni[s
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TaK 4TO

D( (nlnz)znszz O'il(l N”;)

a 3HAYHT,
MID ()]= [l g2 (1 — ] 39.87
[ ] ”l"z"a Z; Lrn, ,Z_;Gi'( Nua) ( )

Ha BTopoM 1iuare H3 i{-ro MHOXKECTBAa, H3BJEUEHHOrO Ha IEPBOM
miare, H3BJ€KaeTCs C BO3BpallleHHeM 7y (M3 obuiero uHcaa Njp)

N
MHOXECTB C BEPOATHOCTAMH Nua/ Z N“3 IIpH KaXIOM H3BJ/JCYe-
j=1

auu. A snaunT, (39.87) npuHuMaer BHIL

. 1 3 n3
M[D ()] = ( Nis )02..(1 — )
b [3 (P-)] ”?nz“a Pl ZNlN iy Nx’/s
AHaJIOTHYIHO

ZNua)

, N Nijs o1 — 2 )=

lyl[ng{lg(ur)}]—m%;( ; Z(ZM) o (1= =
Ny Np

= nnansN n1ﬂ2n3N Z Z Nuaou (l Nilx) (39.88)

{=] j=1

3710 nepBH yiaeH B npasoil 3actu (39.78). Haaee

M () = Z Zm,,

f=1 j=I

MM ()] = ,,‘ [ Zuu]——-

= =1
ny Nyp, ny
NU3 1
By =— ), (39.89)
;Zl ,Z.:. ( 2N '13) n Z:

A€ pi;, KaK H paHee,—cCcpeAnee 3HadYeHHe Y, B3ATOE IO i-My
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MHOXKECTBY IEPBOro mara. A 3Hauur,

ny

D[M{M @)} =D ( : Zu,)——D(u»—

N Ny Ny 2
1 Ny jZ] Nijs Z Z Niisky
=n—l N Bn; — ——___ =

Ny
1
= N ‘E Nir(u— l"")2v (39'90)
=1

rae CyMMapHOe YHCJIO 3JIEMEHTOB B i-M MHOXeCTBe nepBoOro mara

0603HadeHO NIT=ZNi,-3. (39.90) coOTBETCTBYET NOCAEIHEMY
=1

yieHy B npaBofi dactu (39.78). Coraacuo (39.89) cpeanuii ysaen
paBeH

) 1 m .
MID (M@} =M [Zb{gu, }] [ ; . Q(uu)]—
2
Nipa & Nija .
[ ;};1 j-l( )(u” Z Nir pu)]—

B

Z Nips(rip —m)? ]

i=l Nir =1
N, le
1
= N ‘Z: Z Nijs (g — il (39.91)
=1 j=1I
Tloacrasass (39.88), (39.90) u (39.91) B (39.78), moayunm
Ny N, Ny,
D(i) = mN Z Nir (i — w5 - Z 3 Nija (g — )+
i=l j=1
1 Ny Ny
a2 2 Viao? (1 m) (39.92)

=1 j=1

39.44 Cnenyer o6paTHTb BHHMaHHe Ha TO, 4To (39.92) uMeer
NMOYTH TAaKOH Ke BHA, Kak n ¢opmynaa (39.84) mna mucnepcuu
B CHMMETDHYHOM CJiydae npH Bbi6Ope ¢ paBHBIMH BEPOSITHOCTAMH.
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N B camom pnejre, NOMHMO BO3MOXHOTG YIDOUIEHHS,, BbI3BAHHOTO
TEM, 4TO Ha NepBBIX [ABYX LIarax BuIGOp NPOBOAHTCA ¢ BO3Bpalle-
HHEM, €IHHCTBEHHBIM OTJHYHEM SIBJSETCS TO, YTO Kaxaas KOMIoO-
HeHTa nHcrnepcHu Gepercs ¢ BecoM Njjs, KaK H MOMXKHO GblA0 GBITH
B CUJy HepaBHOro o6beMa MHOXeCTB. BBoasi oueBHAHble 0603Ha-
4YeHHs, cooTHOmeHHe (39.92) MOXHO mnepenHcaTh B BHAE, aHAJIO-
ruuHOM (39.84)
2 2 2
o, G, o3
D( ) o niny + ninang

' (39.93)

rlle Bce AUCHepCHH 6epyTcsi MeXAY CPeNHHMH, a He MeXIy CyM-
MapHBIMK 3HAadY€HHSAIMH, Kak 3To Oblio B (39.82). Takum oGpa3om,
pacCMOTPEHHBI BbIGOpD C NPONOPIHOHAJNbHBIMH OGBLEMY BEpPOATHO-
CTAMH INIDUBOJHT K TOMY, 4TO VCTpPaHAETCS BJMSIHHE NEPEeMEHHOTO
pa3Mepa MHOXECTB Ha BCeX IIarax BIJIOTb A0 HPEANOCTENHErO.

OueBHAHO, 9TO aHANOTHYHHBIA pe3yJbTAT CMPABEMJHB AJs JIO-
6oro uucaa imaros. PeayiabraT AJsS ABYX WAaroB NoOJAydaeTcss H3
(39.92), ecnm cuyurath n; = N,; =1, U clesaTh COOTBETCTBYIOLIHE
H3MEHEHHs] B 0003HayeHUs1X. B ynpaxKHenun 39.24 uHTa1enio npex-
JiaraeTcsl MOKa3aTb, YTO B 3TOM CAyYae NpH OUYEeBUAHOM ONpPeHeJie-
HHM CHMBOJIOB HMEET MeCTO

D (W) =1y ZNm(M; R+ ——— ,,M, ZNZG,(I . (39.94)

OueHKH 3HavyeHMA MMCNEPCHM B MHOrOWIareBoM BoiGope

3945 Kak ykaswiBajiocb B KoHue 39.40, o6mias ¢opmyna njas
D(i) npH NOJHOCTBIO NPOH3BOJBHBIX BEPOSITHOCTSIX BHIGOpa Ha
KaXAOM IllaTe BecbMa TPOMO3JKa U He HMeeT NPAKTHUYECKOTO HH~
tepeca. ONHAKO CTOUT OTMETHTb, YTO JIETKO MOJYYHTb OOGIIHH Me-
TOJ TOJYyYeHHS HEeCMelWleHHOR oumeHkd Beawuunnl D (i) npu mHo-
romaroBoM Bblbope. TlpudeM 3Ta oLeHKa HMeeT O4YeHb MpO-
CTOH BHI.

[TpeanonoxuM, YTO HMeEeTCS IIPOH3BOJAbHOE YHC/IO IIAroB BhI-
6opa H 4TO BRIGOD Ha mMepBOM INare NPOBOJHTCs 6e3 BO3BPallleHHS,
OpHYEM BEPOSITHOCTh TOTO, 4TO i-€ MHOXECTBO BOHIET B YHCIO 74
H3BJIEYEHHBIX MHOXeCTB, paBHa n{', a COBMeCTHas BepPOSITHOCTb

TOrO, YTO HAa NEPBOM MLiare oxamy'rcﬂ H3BJEYEHHBIMH KaK i-e, Tak
H j-e MHOXeCTBO, paBHa rc“) Hcnmoab3yas (39.73) nuaa atob0d

omeHKHu (He 06GA3aTesIbHO BeJIH‘IPIHbl §), TOJYUYHM

D@ = M {R(@)} +D{M @)} (39.95)
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rlle HHXHHIA HHOEKC «=1» yka3biBaeT Ha Bce wary BbiGopa mocJe
nepsoro. [IpeamomoxkuM, 9to omenka 8 Moxer OwThb 3amucaHa
B BHIE

n n
=) t.
i=1

Onenka (39.63) ynoBjseTBOpsieT 3TOMY YCJOBHIO, TaK Xe Kak
u B Gosee ob6uiedl cutyauuu ouenka (39.20) npy npoH3BOJBLHOM
gucse maroB. Ecam nns BelGopa HAa NePBOM LIare HCIOJMb30BaTh
aJbTEPHATUBHYIO olleHKY (39.27), moacraBiasia n, BMeCTO n H pac-
CMaTpHBas Yy KAK CYMMY HIDEKOB, B3SATYI0 IIO 7-MY MHOXKECTBY
epBOro miara, TO H 3Ta oueHKa OyneT NpeACTaBHMa B yKa3aHHOM
Buae. To Xe OTHOCHTCA M K yaydlleHHo# ¢opme omenku B 39.11.

ITockonbKy BHYTPH KaXIOro H3BJEYEHHOTO Ha DIepBOM luare
MHOXeECTBa BbIGOp Ha MOCHEAYIOIIMX LiaraX NPOBOAUTCS HE3aBH-
CHMO, TO

D@ =3 D (&),
>1 i=1>1

a 3HauuT, Hcnonb3dys (39.19), coorHowenne (39.95) moxHO mepe-
nHCaTb B BHIE

DO=DM®}+M{ 3 D)=

n N‘
=D { ;Z:. M) } + 2. 0D (2,). (39.96)

IMpumenss (39.18) x nepsomy 4ieHy B npaBott gactH (39.96) u nox-
CTaBJsisi COOTBETCTBYIOIINE BbIpaKeHHsl JI/Isi HHCIIePCHA BO BTOPOM
q/IeHe, NOJNYyYHM ‘

N1

D(®) = 2, =i (1 =) (M) +

Ny
+ %!:;z': () —sPsP) MY M () +

Nt
+ LA ME) (M@= @.97)
Ny N,
= ‘; b (1 — =) M (1) + %;zl“ () — xPaPY M) M(2) +

Ny
+ 2 (=) D)  (39.98)
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39.46 Mpl XOTHM Tenepb NOJNYYHTb HECMeUIeHHYIO OLEHKY AJs
(39.98). IlockosbKy ¢; u i; He3aBHCHMBl NpPH NpPOBEleHUH BbIGOpa
Ha cJelyloHmiMX IIOCJe NepBOro marax, TO B INEepPBbIX ABYX YJEHaX
npaBoi yacTtH (39.98) HYXKHO NpPOCTO NPU IOCTPOEHHH OIIEHKH 3a-

meunts M(#) Ha £}, a M(t,) M(¢)) ha t:it;, Ecin coenats 310, TO
> 1 >1 >1
nepBble Ba YJeHa OKaXYTCs TaKXKe PaBHbIMH NEpPBHM [ABYyM dne-
HaMm B (39.97), rne M(#;) 3ameneno Ha £;. Ho nockoabky nepsbie
>1

ABa uaeHa B (39.97) paBHbI D{ > M(t,)} B (39.96), TO, 3HAuHT,
1 i=1>1

N, N. ny R
B =)+ E8 6y —pu i =p{ o j =0,
igh]
(39.99)

INocnennuii yneH B mpaBoft yactu (39.98) Takxke JIerKO OLEHHTD,
TaK Kak, eCJH

M{D (t)} = D (),
>1 >1 >1
TO, coramacHo (39.19),

M { Z‘. i) 9‘ (t:) } =M é.i, n»M {D (t‘)}] =

>1 ">1
ny N,
— ) — ()2
M[ 30D )] = 2 7 D 1.

Ucnoasays (39.99), suauM, ato (39.98) ectb MaTeMaTHHYECKOE OXKH-
JlaHHe BeJHIUHBI

D*(8) = D (§) + f: a b (¢). (39.100)
1 i=] >1

Ho (39.100) noxa 4To He CTaTHCTHKA, HOO HaM HYXHO NOJYYHTH
eumre oueHky aas D(B). Ecam D (0) — HecMelleHHast oOlLeHKa nJs
1 1

I?(@), TO B pe3yJbTaTe HeCMelLieHHOH omeHkoi masa (39.98) Gyner
D@® =D®) + X =D (z,). (39.101)
1 i=l >1

BrnepBole yTBepXKieHue, cooTBercTBywomee (39.101), cpopmynupo-
Ban B camMoM ob6meM Buae [Mep6un (1953). Ilo sToro HekoTOpbie
YacTHble cJayyaH paccMatpuBan Hbaiitc. Mbl chopmysupyeM sto
obiee yTBepPXKIEHHE B BHIEe CJAeLYIOUIEro NpaBHJA.

HecMelenHast oneHka 3HadeHHs] OUCNEPCHH NPH MHOrOIIAarOBOM
Bbl6Ope, Korja BbI6Op Ha HEpPBOM Iare NpoBOAuTCs 6e3 BO3Bpa-
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meHusi, MOXeT ObITh NOJydeHa B BuIe CYMMbI ABYX KOMIOHEHT.
[lepBasi KOMNOHEHTA OIEHHBAET IHCNEPCHIO, KaK ecaH Gbl uMel
MeCTO TOJBKO BHIGOD Ha NepBoM Iare. Bropas koMnoHnenTta sB-
JsieTcsl B3BelIeHHOHM CYMMOH OLEHOK (BHYTPH BBIOpaHHRIX MHO=
3KECTB IEPBOro IIara) [IJs [AHCIEpPCHi, COOTBETCTBYIOMIMX HOC/e-
LYIOLmMM maraM BeiGopa (nmpn (GHKCHpOBaHHOM Belfope MHOXKeCTB
nepsoro mara). [Ipy 3TOM Beca paBHBI BEPOSITHOCTSIM H3BJedYeHUS
COOTBETCTBYIOLHX MHOXKECTB NEpBOro INara.

39.47 ns Toro uro6nl BhipaxKeHHe (39.101) Ownuro Jeruye Hc-
[0/Ab30BaTh, IpolecC pa3GHeHHS HAa KOMIIOHEHTBl MOXKHO IIPOJOJi-
ni2
xuthb. Eclu cyHTaTh, 4TO f; =121 t;;, 10 (39.101) MOoXHO mpuMe-

guTh K D (f;) 1 noayuuts
>1

P

D)=D(t)+ ) np D ) (1), (39.102)
>1 2 =1

rae n‘”——- BEPOSITHOCTb TOTO, YTO BHYTPH BbIGPaHHOTO Ha HEPBOM

iare zro MHOXecTBa GyneT M3BIedeHO j-e MHOxecTBO. ITomcras-
assa (39.102) B (39.101), noayuum

Ry
~

D@®=D®+ X Z D (1) + ; b 2 3D (1) (39.103)

Tenepr NOHATHA cXeMa AajbHeHHX 0606inenuit. Jaa p =2 ma-
TOB OlleHKa NpejCTaBHMAa B BHIE

g T
D@ =0 e)+z[2nm}jnm... Zl n"“’D(t ',)].
1 r=2 =
(39.104

Hs (39.104) crenyer, uto ecan Bce n!) [OCTATOYHO Ma.JTbl,

4yTOoObl HMH MOXHO Onjio npeHe6peyb (4TO MOXKeT OBITb TOJbKO
B ciaydae, Korga 4Hcio N, MHOMKeCTB [EpPBOro IIara BeJHKO), TO
CylleCTBEHHBINI BKJIaj B 3Hauenua D (0) BHOcUT TOJNBKO NEpBBHIA
ujsed. B 3ToM ciayuae Meronn H3B/AeYeHHS Ha CJOEAyIOIMX 3a fep-
BBIM WIarax He BJHSIOT Ha GOPMY NpHONHXKEHHOH OLEHKH JJIA 3Ha-
4YeHHs1 AMCHEPCHH, XOTHA, KOHEYHO, 3TH MeTOLbl BJHMSIOT Ha CaMo
3HaYeHHe, MNOCKOJbKY MJisi pasHblX MeTOAOB OYyAYyT NOJydaTbes
pasHble 3HaYEHHS.

3948 [ns noJHOCTHIO CHMMETPHUYHOTO CJIyyast ¢ paBHBIMU Be-
POSITHOCTSIMH, 1J1s1 KoToporo 3Hauenue D (i) Ovlio npuBeneHo
B (39.85), ouedxka Beanunusnl D ({i), cootBerctByiomas (39.104),
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paBHa (KaK JUTaATEeNI0 HNpeajaraerCd 1NoKasaTb B YIIPpaXKHEHHH
39.25)

a8 ( "'1) 2 (n] n, n,_l) s? ( nr)
D@ =z \! =% +Zz NN M) amm\L T W)
~ (39.105)

| n, n, n,
Sf = mng ... np—y(n,—1) Z Z st Z(yl]...tu_mlj...t)2

i=1 jml u=1

rae

SABJAETCSA BblﬁOpO‘JHblM 3Ha4YeéHHEeM, COOTBETCTBYIOUIHM 0'3, KOTO-

poe onpenessieTcsi pPaBeHCTBOM, ciaenyomum 3a (39.85). Coornome-
nue (39.105) nmeer Ty Xe CTPYKTYpY, 4T0 u (39.85), ¢ emmHCTBEH-
HbIM OT/IHYHeM. Bce u/ieHbl moc/sie nmepBOro YMHOXKAWOTCSA Ha NMpPOH3-
BeJleHHe [0JieH BHIOpAHHBIX Ha TpeNbAyIHX IIaTaX 3JeMeHTOB,
n ny
T. e N
AHTbCA, YTO €CJH BeJHYHHON n/N; MOXKHO npeHeGpeub, TO
S
D)=+ (39.106)

ni

... Tak xe xak u B koHue 39.47 3necb MOXHoO yGe-

BHE 3aBHCHMOCTH OT METONOB M3BJIeUu€HHS Ha CJEeAYIOUIHMX 3a mep-
BhIM LIarax.

3949 Ecnu Ha nepBoM mare BeiGOp NPOBOLUTCS ¢ BO3Bpa-
menueM, TO (39.104) HyXHO BHAOH3MEHHTb TaK, YTOObl NPHHSTb
Bo BHHMaHue, 4to (39.19) 3amensercas uHa (39.33). IlocraTtouHo
nepecMoTpeTh BhIBOA coorHouwlenHs (39.101), H3 xoroporo ciepyer
(39.104). OT™MeTHM cHauaJsa, 9TO, NOCKOJbKY (39.96) ocHOBbIBaeTCs
Ha TOM, 4TO BbI6Op Ha NOCJeNYIOIIHX LIarax NPOBOJAHTCS He3aBH-
CHMO MMl PAa3JIHYHBIX MHOXKECTB, H3BJEYEHHBIX Ha NEPBOM Iiare,
TO cxeMa Bbi6opa MOJIXKHA YAOBJETBODSTH CIEAYIOLIEMY YCIOBHIO.
Ecsm XaKoe-TO MHOX€CTBO NepBOro mara 6bl10 BelOpaHo r > 1 pas,
TO Ha TOCGAEeAYIOUIHX LIarax H3 3TOr0 MHOMKECTBa HYXKHO r pa3 mpo-
BECTH HEe3aBUCHMbiN BBIGOD.

Kak yXe ykaseiBaJjock B 39.12, npu BeiGOpe ¢ BO3BDallleHHEM,
B cootHomenHn (39.18) HyXHO B HBOHHON cyMMe N06GaBHTb 4JeH
n;; (HO He m;;;) ¢ paBHBIMM HHAekcaMH. IIpH 3ToM unen c¢ n? us

nepBOH CYMMBbI MOXHO NPHCOEJHHHTb KO BTOPOH cymMe. B pesyib-
tate y6exnaeMmcs, yto (39.97) Hy:XHO 3aMeHHTbL Ha

M N,
D (®) = X ai® {M (1)} -+ 2 2, (wf) — niPm) M () M (#) +
N
+ XA [ME) — (M@Y=

Ny N
= ;l a) >N! () + ‘ZI}; (=) — woady Lwl (t:) >Ml (t),  (39.107)
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uto aBasieTcs aHasoroM (39.98). Kak u B (39.99), BHauM, 9T0 3TO
PaBHO MaTeMAaTHIECKOMY OXHUAAHHIO OT

N, N,
D@ =2 s+ X 5 (x) — sPad) . (30.108)

A 3HayHT, B 3TOM CJyYae CTAaTHCTHKOH, Jaoued HeCMELIeHHYIO
OIIEHKY, sBJsieTcss BMecto (39.101) mpocro

D@®) = I?(é). (39.109).

Taxum o6pasoM, nocjienymoimue mard BHGOpa He BHOCAT HHKAKOTO

BKJaZla H BJMSIOT TOJAbKO Ha 3uauenus D (§), a He Ha ee gopmy
sanucu. O4eBHIHO, 9TO NPHBENEHHOE COOTHOUIEHHE CJYXHT TaKxKe
Basi 3aMeHbl popmyan (39.104). Takum o6pasom, eciiH Ha NepBOM
mare BHIGOD NMPOBOAHTCS C BO3BpauleHHeM, TO npasuio Hafitca —
Hep6una, npusenensoe B KoHue 39.46, ynpoumaercsi. HyxHo vuuThbi~
BaTb TOJBKO TEePBYIO KOMIOHEHTY, QHTYPHPYIOILYI0 B 3TOM
npaBuJe.

Ecsiu BHIGOD Ha NepBOM Illare NPOBOAHTCS C PaBHBIMH BepoOST-
HOCTSIMH, T0 (39.109) cBomuTcsi K (39.106), KOoTOpOE MpeBpallaercs
Tenepb B TOYHOe paBeHcTBO. M BooOile, ¢ ydJeTOM 3aMeuyaHHs
B nocsenHeM a6aaue 39.47 mbi BuauM, uTo (39.109) MoxHO pac-
CMaTpHBATbh KaK Npele/bHBIA caydail cooTtHomeHus (39.104), xorna
Bce mil) cTpeMsATca K HyJ1I0. DTO COOTBETCTBYET TOMY, YTO OIEHKa
JIUCIIEPCHH TNIpPH OJHOINAroBOM NPOCTOM CJydYaHHOM BbIGOpe ¢ BO3-
BpalieHHeM MoXeT ObiTb NOJydeHa H3 COOTBETCTBYIOMIeH (HOpMYJBI
s Bbi6opa 6e3 BO3BpalleHHs, €CIH NoaoXHuTh n/N — 0.

39.50 Ecan npy KaxAOM H3BJIEYeHHH I€pBOro Iluara BepOsTHO-
ctH BbIOOpPa ONHM M Te Xe, To of6ulas ¢opmyna (39.109) Moxer
6biTh Ha CaMOM JeJle BhIIHCaHa fABHO, NMOCKOJbKY B 3TOM cJydae
MOXKHO HCNOJb30BaTh BbIpa>XeHHe AN OLEHKH AHCIIEPCHH B OJIHO-
[1aroBoM BLIGOpE C BO3BpAlleHHEM C HEPABHBIMH BEPOSITHOCTSIMH,
nonyieHHoe B 39.12. IIpu stom BMecto (39.34) HyXHO B3ATH

n
OlleHKYy 0 = 2 t;, Tak uto B3aMeH (39.36) Mbl Gynem HMeTb
) fwa]

n ~
™ /A A n; 0 \2
D(9)=I13(0)=MT]Z(1‘,—?) . (39.110)
i=1
Takum o6pa3om, IJs MHOroLIAaToOBOTO BHIGOPA C NPOH3BOJBHEIM
9HCIOM IIAaroB B clydae, KOrja Ha NepPBOM are Bol6Op MPOBOAHTCS
C BO3BpallleHHEM H C HEHU3MEHHBIMHU BEPOSITHOCTAMH HPH KaXAOM
H3B/eUeHHH, OHEHKa 3HaYeHMs [HCIEPCHM HMeeT O4YeHb NPOCTOM:
BUA. IIpH 3TOM HHKaKHMX YCJIOBHA Ha MHOCJeNyIOLlHe IIaFH (3a- HC-
KJIOYEHHEM . YIOMSAHYTHIX B mnepBoM a63ame 39.49) He ‘HaKaa«
IBIBAETCS.

10 M. Kenpaan, A, Crbioapr
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Pa3smenieHde ¢ MHHUMAaJAbHONH AMCIEpCHEd NpPH MHOrOHIATOBOM
BbiGope

39.51 OrpaHHYdMCsI CHaya/a H3ydeHHEM cJiyyas,, KOrla Ha Kax-
IoM Iuare Bel6Opa U3 KaXJOro MHOXKECTBA MNpEAbIAYHIEro miara
H3BJEKAaE€TCA OZHO H TO Ke UYHCIO siaeMeHToB. ([nsa cinyyas Tpex
HIaroB 3TO O3HAYaeT, 9TO Mz == N2, Hij3 = N3.) B 310M cayyae kak
obuaa ¢opmynaa (39.82) nns paBHBIX BEpPOATHOCTEH,, Tak H pe-
gyabrar (39.92) nds nNpomMOpPHUOHANBHBIX OGBEMY BEPOSATHOCTEN
HMeeT BUX

PR Ras Us Us
D@)=v+-+ -+ 5 (39.111)
rae v;— QYHKIHH TOJBKO OT BEJHYHH, ONpeJeJIieMbhX COBOKYII-
HOCTBIO (HO He BbIGOpKO#1). Bo MHOrHx cHTyanusx BecbMa NpaBio-
noao6Ho, 4rto GYyHKIMA 3aTpaT NpH TpeXIIaroBOM BHIGOpE HMeer
BHI

C =co+ nic, + njnsce + nyngnyes, (39.112)

THe Co— HaKJaJiHble PacXOAbl, a C;— CTOUMOCTb H3BJECYEHHHA O~
Horo MHoxectBa [-ro mara. CootHomennss (39.111—12) mumeror
TOT Xe Bul, ato u (39.50—1) ¢ w;=~n, ... n; u3 (39.53) cxae-
Iyer, uto npH ¢uxkcuposanHom C 3Hawenue D (i) 6ymer Muuu-
MaibHbBIM (und npu ¢uxkcupoBanuoM D (i) Benuuuna C), ecaud
B3SITh

(ny ...n)%ocvfey, =1, 2, 3. (39.113)

PaccmarpuBas oTHomreHHs (39.113) npu nociaenoBaTeNibHLIX 3Ha-
yeHusx I, noayyum
— U3  © 9 __ Y2  C1,

ng_z.v_z, F =t o (39.114)
npu 3roM 7, onpenensercs u3 (39.114) u TOro H3 BHIpaXKEHH]
(39.111—12), xortopoe ¢uxcupyercs. Ha 3ToT pesayarrat CTOUT
oGpaTuth BHHMaHHe. M3 Hero ciepyer, 4ro o6beMbl BHIGOPOK Ha
NOoC/eyOMHX IIarax ONpPefeNsIOTCS TOJBKO CTOHMOCTbIO H BeJH-
YHHAMH, 3aBHCSIIUMH TOJBKO OT COBOKYNHOCTH, 8HE 3A8UCUMOCTU
OT noanozo ob6Bema 8vl6OPKU, PABHOTO M MaN3. Tak dUTO, €CNIH Me-
HfleTCSl KOJTHYECTBO OTNYIIEHHBIX CPEICTB (MJIH KelnaeMasi TOYHOCThb
ONEHKH), TO 3TO MNPHBOXHT K H3MEHEHHIO TOABKO 7). OudeBHIHO,
YTO aHAJOTHYHOE YyTBEpXKAeHHe CHPaBeNJIHBO NPH NPOH3BOJBHOM
ynciae maros p = 2. [1pu stom (39.113) BeIDONHSIETCT ToOrha nnst
I=1, ..., p, a p— 1 OTHOLIEHHH C MOCNENOBATEIbHLIMH 3Hade-
HasaMH [, Tak Xe Kak B (39.114), onpenensiior 7, n3, ..., Np, a Ay,
KaKk M Bellle, onpejensercs N0 BeJHY#He NOJAHHIX 3arpaT HAH 10
KeaeMOH TOYHOCTH BHBOJIOB.
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39.52 B 39.51 paccmaTtpuBaJca caydai, Koria o6beM BBIGOpKH
3aBHCHT TOJIbBKO OT HOMepa Lilara, H M3ydaJjicsl BOIPOC O HAHJYYIIHX
o0beMax BHIOODKH Ha pa3HHIX Iarax NpH 3aJaHHBIX BEPOSITHOCTSIX
n3BjaeuveHHs. Tak uto cxema BeIGOpa (PHKCHpOBaJsach, a Onpelee-
HHUIO TNOAJIEXAJ TOJbKO 00beM BhIGOpOK. Tenepb, ciaenys XaHceHy
n I'ypeuny (1949), MoxHO nmocTaBuTb GoJiee TPYHHHH Bompoc. Ka-
KHMH JOOJXKHb ObiTh CaMH 8ePOATHOCTU U368AedeHuUs, YTOGBI IIPH
(HMKCHDOBAHHBIX 3aTpaTaX 3HayeHHe NHCIEPCHH ObUIO MHHHMAJb-
HeIM? B 39.8 Mu BHAesu, uTo ecan Obl B OJHOIIArOBOM cJdydae Be-
POSTHOCTH 7; MOXHO ObLIO BBIGpaTh IPONOPLHOHAJBHBIMH 3Haue-
HUSIM Y;, TO [OMCHEpCHs TOXIECTBEHHO paBHsANach Gl Hymo. Kak
yKasbiBaer ofmasi ¢opmyna ansi aucnepcuu (39.98), B MHoroma-
FOBOM cCjyyae cuTyauuss GoJjiee cJIOXKHasl, NOCKOJILKY Ha pe3yJbTaTt
BJIHSIOT BEPOSITHOCTH nocnelylomux maros. OnHaKo, ecliH Ha nep-
BOM mmare BbIGOp NMPOBOAHMTCS ¢ BO3BpauieHdeM, To (39.97) aame-
Haetcst Ha (39.107). Bousee Toro, ecnu (kKak uYMTaTeNl0 npenJia-
raercs NoKasaTb B ynpaXHeHHn 39.27) npu KaXnoOM H3BJEYEHHH
Ha INIepBOM IlIare HCNOJNbL3YIOTCS OIHH H Te XK€ BEePOSITHOCTH, TO
(39.107) cBomutcs ¢ npuMenenneM (39.32) k

M Ny 2
D (§) = Z ) {>N! (L)Y — ,,Ll { ;l n! M (%) } +

fo=|

3 M)~ (M ()] =

iwl

N| NI 2
— -
_— Z ﬂsl)m (tf) o { ,Z_l n(il);v! (ti) } ) (39.115)

i=1

a 3TO BHIPa)XX€HHe 3aBHCHT TOJbKO OT n{) Ha mepsoM Iuare.

39.53 OrpaHHuHMCA Tenepb IBYXLIAaroBbIM BHIGOpOM, KOTHA Ha
NepBOM HIare IpPOBOJAMTCA BHIGOp ¢ BO3BpallleHHEM H C OLHHMH
H TEMH e BepOATHOCTAMHM MH3BJeueHHs1 (TaK 4YTO CIpaBemJJHBO
(39.115)), a Ha BTOpPOM ILlare MpOBOAHTCS BLIGOP C paBHBIMH Be-
POATHOCTAMH ¥ C paBHOB3BellWBalomteid cxeMoii (cM. 39.41), rtak
YTO JJIfi BCEX 3JEMEHTOB COBOKYNHOCTH IIOJIHasli BEPOSITHOCTb H3-
BJeYeHHs OJHa M Ta Xe. Kak u 5 39.42, 310 BHIGOpP ¢ MPONOPIKO-

n n
m, 12 .
Ha/ibHBIMH O6'bEMY BEPOSTHOCTSIMH, H It} Nis — N TaK 49TO

(39.116)

n . n
i2 ﬂ(‘” N .

10*
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PaccMoTpuM Tenepb HECKOJIbKO Gosiee obmult BuX GyHKUHH 3a-
TparT, 9eM NBYXUIAroBblfi 3KBHBaJeHT (39.112), a HMeHHO:

C=c,+nec + i‘é} Nm) o+ (El n,2) e (39.117)

34ech BTOpOMY luary COOTBETCTBYIOT aBe KOMIoHeHTh. OnHa mpo-
HOPUHOHA/IbHA TOJHOMY OGbeMy H3BJIEYEHHBIX MHOXKECTB NEpPBOTrO
mara, a Bropasi— o6beMy BBIGOPKH. (N;pC; MOXHO paccMaTpHBaThb
KaK 3aTpaTthl Ha NOATOTOBKY i-r0 MHOXeCTBa NEpPBOro Wiara X npo-
BeIeHHI0 NOCJHenyouux uaBaeueHHi.) Ecau co =0 u n; = n, aasa
Bcex i, To (39.117) cHoBa mpeBpamaercs B (39.112). B coorser-
ctBUH ¢ (39.116) coorHowenune (39.117) MOXHO mepenucath B BUIE

C = co+ nyc, +ZN¢2(02+ . (,)) (39.118)

Ho (39.118) npencrasasier co6oit ciayyafiHyl0 BeJHMYHHY, 3HayeHHe
KOTOpOH Henb3s (HUKCHpPOBaTh 3apaHee, mosromy BMmecto (39.118)
Mbl OyHeM paccMaTpHUBaThb €e MaTeMaTHYeCKOe OXHIaHHe, paBHOE
B cooTBeTcTBHH ¢ (39.33)

Ny
M(@C)=c,+ n,c, +c, ‘Z,l N, + nc;.

Ny

IockoabKy, coraacHo (39.32), X, n{l) = n , nepenuiueM 3TO B BHIe
i=1 .
M (C) — ¢, — nc,= ,Z'. il (¢, + N ye5). (39.119)
Taxk xak BHIGOp paBHOB3BellMBalOHIMA, TO, coryiacHo 39.41,
ny ny Ny
p=Yt=2) Yy,=m
i=1 i=1 j=1

a 3HayHUT, B COOTBETCTBHH ¢ (39.116) MOXKHO NOJOIKHUTD

Tia
2
l“—_zyll Nn‘” ‘ Zyll (|)

i=l

Takum obpa3oM, B paccMatpuBaeMoM cayyae (39.115) npuuumaer
BHI

l N‘ 2 N;
Nzn(m+;{; >lvguvnmi)} =2, 75 M{em)). (39.120)

im]
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39.54 Brolme Mbl BHAeNH, 9TO MaTeMaTHYeCKOe OXHAaHUEe YyHK-
nue 3aTpat — JHHefHas QyHkuua oT n, a aHcnepcHs — nuHeHHasA
dyHknua ot o6paTHHX K i’ Besmumn. Takum o6pasoM, Mbl Haxo-
auMcsa B cutyanudu (39.50—1), B cnpaBelIMBRI PacCYXIEHHS H3
39.20 ¢ 3amenod w, Ha oV, ¢, Ha (4:l + Nich), a v,—Ha
{M (Nym,)?}. U3 (39.53) cpasy cneayer, 410 nl!), MHHHMH3HpYIOLLHE

D (i) npu ¢uxcupoBanHoM M (C), olipelenslOTCA COOTHOLIEHHSIMH
M (N, m.)?
{M®y, ;)_}
ci1+Npe:

3HaMeHaTe/Ib B NMPaBOH YaCTH pPaBeH IOJHBIM 3aTPaTaM Ha H3BJe-
geHHe i-TO MHOXeCTBa NEpPBOTO llara W Ha €ro MOATOTOBKY K INpo-
BEleHHIO H3BJI€YeHHHl BTOporo mara. Yuciauresp COOTBETCTBYET OT-
KJOHEHUAM BHYTpH i-T0 MHOXecTBa nepsoro mara. Kak u ciaeno-
Ba/JIO OXHAATb, PE3YJbTAT. HocuTNoﬁumﬁ Xapaxrep.
i2

Ecnu ng = Ny, 1O Nmm,slzl y;;. Ecnn, kpome TOTO, €2 =0,
To (39.121) coBmapaer ¢ OfHOWIAroBbIM pe3ysabTaToM: m!! NO/KHBL
OLITh NpPOMOPIHOHAJNBLHE CYMMapHBIM 3HaYeHHAM HIPEKOB B i-M
mHOxecTBe. M1 BOOOIMe, eciu 3HaueHHeM N;C; MOXHO npeHe6pedub
[0 CpaBHEHHIO C C), a mM; MEHSIOTCI MaJio, TO NPHGIHXKEHHO Mbl
AonxKHbl HMeTh w{) o< N, T. e. BIGOp NMPOBOAMTCS NOYTH ¢ MPO-

NOPIHOHAJILHBIMH O06bEMY BEPOSITHOCTAMH. B npoTHBONOJOXHOM
ciaydae, KOrfla MOXHO npeHeGpedb ¢, NO CPaBHEHHIO ¢ NjpCs, TO
NpH Mal0 HM3MEHSIOUWHXCSl m; NONYyd4HM npubauxenHo nfl oc NIf2
Iast GONbIUMHCTBA TNPAKTHYECKHX CHTyalHH 3TH CJyyYaH SBJSIOTCA
KpanHHMH,

39.55 BniuncieHHe OTHOCUTeNbHON 3(deKTHBHOCTH OAHOLIArO-
BOTO M MHOrOIIAroBOro BbI6GOpa H HaXe NPOCTO NOJYYeHHE OLEHKH
3¢ PeKTUBHOCTH MHoromarosoro Bbeifopa, BoOGHIe TroBOps, Cylie-
CTBEHHO CJIOXKHee, ueM aHA/JOrHYyHasl 3ajaya IJs1 PacC/JOeHHOH BHI-
60pKH, KOTOpasi paccMaTpuBaJsach B 39.27. Hsiirc (1960) paccmat-
PHBaeT HECKOJbKO YacTHBIX cuydaes. [Ipn MuoromaroBoMm BbiGope
3HAYEHHe [HCIIEPCHH DEelKO YMeHbIIaeTcsi, Ha caMoM Je/e NpHYH-
HOH NpPHMEHEHHS MHOrOLIAroBOro BHIGOpa SHBJAETCS XKejlaHHe
YMEHBIIHTL 3aTpPaThl, a He 3HayeHde NHCIEPCHH, NPH 3TOM [ONOJ-
HHTEJbHblE PeCypChl MOMKHO KOHEYHO HCIO/Ab30BaThb [JIA yBeJHYe-
HHA o6beMa BubopkH. PesysabprarT 39.51 nesaer 3T0 yTBepXKieHHE
TOHATHBIM. TaM NOKa3aHO, YTO OAHOILIATOBLIA CJYydafiHbli BBIOOP
Haubosee spbekTHBeH B TOM Cliyyae, Korma pemende (39.114)
TaKOBO, YTO Ny U N3 NPHHUMAIOT MAKCHMAaJbHO BO3MOXHblEe 3Haye-
HHUA, T. €. Ny = N9, n3 = N,j3. [Tockonbky N2 0 N;j;3 06b19HO cCaMH
BeJIAKM, TO TaKoe peuesde Tpebyer oueHb OOJbIIAX 3aTpar

(n‘l")zoc i=1, ..., N, (39.121)
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n otHomeHu# (39.114), KoTOpble NOYTH HHKOrJZa Ha NpaKTHKe He
JLOCTHT a0 TCH.

39.56 . OTMeTHM, HaKOHEH, KPaTKO, 4Y4TO Ta BhIrofa OT HUCHOJb3O-
BaHHsl PACC/IOEHHs, KOTOpYyIO Mbl O06CyXpnand B 39.13—27,
HMEeT MeCTO W [Js1 KaXXJOoro Imara MHorouaroporo BbiGopa. Ilpu
3TOM Ha NpaKTHKe Y9aCTO cXeMa MHOrouaroBoro BbiGopa o6benH-
HAETCA ¢ pacclioeHHeM, OCOGEHHO Ha NMepBOM fliare, KOTOPhIH 4acTO
llaeT HaHOOJBIIHHA BKJal B BeJHUUHY AHCHepCHH. Bcs nmpuBeneH-
Hasl Bbllle TEOPHsI NPUMEHSeTCS] OTHENbHO BHYTDH KaXKAOro CJ0,
BKJoyas npasuJsio Hsiitca — Jlep6una u3 39.46 u 39.49 nn1s1 oneHKH
IHCIIEepCHHU.

YNPA)KHEHHUA

39.1 IlpoBoanTCA 7 u3BJeYEHHA NpH CAygaHHOM Bbi6Ope ¢ BO3BpallleHHeM H3
COBOKYNHOCTH, cocToslled u3 N azementoB. B BmGOpke okasanoch d pasau4nbix
snemeHTOB. Jloka3aB HepaBeHCTBO

1 1 N1
M(g)<w(1+557)
d) N + n ’
pOKa3aTh, YTO cpeflee COOTBETCTBYOMHUX d 3HaYeHHIl SABJASETCA HeCMeIUeHHOR
ONEHKOR AJNA CPEeIHEro COBOKYNHOCTH M UYTO AHCOEPCHA 3TOH OLEHKH npH n > 2
Meublue (a2 NpH n == 2 paBHa) AHCNEPCHH AJAA MOJHOro BbBIGOPOYHOrO CpeaHero.
(Pamx u Xamuc, 1958. PesyarTaTt ocraer-

¢ BEpHBIM, ecau d (DUKCHPOBAHO, a 1 CJay-
yaiHo.)

39.2 13 CcOBOKYmHOCTH, cocTosmen u3 N 3JeMeHTOB, NPOBOAHTCA BHOOp Ge3
BO3BpAaLIEeHHs ABYX SJeMEHTOB. BeposATHOCTb, 4TO NPH NEPBOM H3BJCYEHHH BLIOH-
N

paercs i-fi 3JdeMeHT, PaBHa py, The Z p,= 1. Ecin npH NepBOM H3BJICUEHHH Obla
i=1

BHIOpaH i-# 3MeMeHT, TO BEDOATHOCTH TOro, 4YTO NpPH BTOPOM H3BJeYeuuu OyHmeT

BLIGpaH j-ft SAeMeHT (j ¥ i), npONOPRHOHABHE

1 1
«2)P1=P1(1_2p] + l—2pi)'

N N ?
— Tk
D @p=1+), T—2,"
[]:ﬁli k=1

YTO ()PjPi CAMMETPHYHO O { H j, a 3HAUHT, p; PaBHO TakxKe Ge3ycnOBHOH BeposT-
HOCTH TOro, 4T0 NpPH BTOPOM H3BJeueHHH Oyaer BHOpaH i-i anement. A 3Hauymm,
B398 i = 2pi u

i _ 1 1 Py, -1
";1—2”4”1(1—-2,;, + l—2p‘)(l+; l—-2pk) :

(Hdep6un, 1965. Csmndopn (1967) o6oG-
mMKE MeToN Ha cayvad n > 2).

IlokasaTb, 4TO
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39.3 ITokasatb, uto ecnn B (39.23) BepOATHOCTH 7; NPONOPUHOHANBLHB 3HA-
yeHHAM Y; (KOTOpHE CIHTAIOTCA MONOXKHTeNbHBIMH), TO D (i) = 0. ITokasaTh Tak-
e, YTO B ITOM CJIyuae ouneska Aucnepcus (39.24) Takxke papudeTca Hymd0, a
ounenka ancmepcuy (39.22) mpuuumaer BHUA

n
~ 1 nm, m
=12 —_ ——
b =mil—25 ZZ x, Np ¢’

0
14

~
rie m — Bu6Gopounoe cpensee. BmiBectH otcioga, uro Dj (i) Moxer mpunuMath
OTpHAUATE/bHBE 3HAYEHHS.

Nf-Z Aag Beex jz=1, 2
¥ B pe3ysabTaTe ABYX HaG/MOACHAA MOJYYEHH Y; H Yo, TO

- 3)2 —
D, () =(_,:::z-z-_ﬂ|z)_+—(§2—li (71 — y2)*.

394 B (39.24) nmokasaTb, YTO €cClH N =, =

Tlokasatb otcioaa, ato D, (i) MoXeT npHEHMATL OTpHUATe/MbHBE 3HAYEHHA.
(Mep6un, 1953.)

39.5 IfokasaTb, YTO ec/iM IpM OEPBOM H3BJEYeHHH HPOBOAHMTCA BHOGOp Ge3
BO3BpaMienHss C HEPaBHBIMH BEPOAITHOCTAMH, TAK 9TO BEPOATHOCTD H3BJEUEHUS

i-ro snemenrta pamHa p; >0, Z p;=1, a npu BCeX MOC/AENYIOMMX H3BJIEUEHHAX
1

BEPOSITHOCTH BHGOpPA paBHH, TO B 0603HaueHHAX 39.6 noayunm
n—1

= W=nw=2 (N, +p)+n—2
1
m=m—T{WVN—np,+(—=1}
a 3Hag9uT, oumenka AucnepcuH (39.24) BcerAa MOJIOKHTENbHAS XA 3TOA CXeMHl
Bei6opa.
(A. Cen, 1953.)

396 Ilycte N >3, n =2 H neproe H3BJEUeHHe, TAK XK€ KaK B NOpHMepe
39.5, nposoxuTca ¢ BeposiTHOCTAMH pi. Ilycre mas ocrasuuxcs (N — 1) seposrt-
HOCTell Ipu BTOPOM H3BJeYeHHH BHINOJHAIOTCA Te Xe NPONOPLHH, 9TO WU OPH nep-
BOM Hu3BJedeHuH. [lokasaTs, uTO

1 1
1':‘1.—“=P1Pj(l_p‘ + I_P!)'

N

1 Pr

n=p | —+ -1
i i - .
I—p, Z} 1—p,
ri, |
4 4TO NPH (PUKCHPOBAHHBIX { M f CYMMa B BHIP2)KEHMH JJIT Tt MHHUMAJbHA, KOTHA
P, (I—pi—0n))

= .
I—p,  W=2—(1=p;—p)
BeuigecTn oTciona, 9To AN 3TOR cXeMB BHMOOpa omeHka aucmepcud (39.24) Bcerxa

MHOJOXK HTEJNbHA.
(A. Cen, 1953.)
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39.7 IMToka3aTb, 94TO AN cXeMH BHGOpa W3 ynpaxuenus 395 npu J06om
n—
MHOJKECTBE p; JOJIKHH BHIIOJHATLCA HEPABEHCTBA T, >N—l— aas Beex i He-
noab3ys (39.16), nokasaTb 9TO He GOJiee YeM ORHO T; MOMKET DaBHATHCA eNH-
HHIIE.

39.8 ITokasaTh, 4TO AAA CAYYadHOro BHGOpa 6e3 BO3BpalleHHS C paBHHIMH
BepOATHOCTAMH, Kak (39.22), tak u (39.24) cBoasrtcs K ouenke aucnepcun D (m)»
sagapaemoit (39.12).

39.9 ITokasaTe, 4TO 2., onpexenesHoe B (39.25), mMeeT MHCHEPCHIO

D(Zu) Zp(l) Zp(m“' Z P(u——nZ:(m;

(1) @ w-n (u)

_Z”mzpm"' Z NH—HZ!I@ , w2

(0] 2) (u—1) r=1

TAe KaXRafl cyMMa GepeTcs. O BCeM BO3MOMXKHHIM' OPH YKa3aHHOM U3BJCYEHHH
sneMentaM. HMcnoaesys 3TOT pesysbrar, NOKasatb, YTO OpH 72 == 2 CTATUCTHKA
(39.27) umeer mucnepcuio

= 1 -‘/21 I Y
D—.(z)=7[{z~‘p“ — NZu?s + Zp(l)..Zp() ZP(J)(N“ Yy
m ) @ @ ‘0
(Pagx, 1956.)-

39.10 IMokasaTk, 4TO ecau NpH BHGOPe ¢ PaBHbHIMH BEPOATHOCTAMH 2, ompele-
asemoe (39.26), HYKHO CBeCTH K BLIGOPOUHOMY CpeaHeMy m, NOMHOMKEHHOMY Ha
N, To Beca JKOMKHH YAOBJACTBOPAThL COOTHOLIEHHAM

cy NWU-D

—————————— 2un.

e;  (N—2)@=D?

14 n— 1 ycnoBHA, Hapsuly ¢ paBeHCTBOM Xcy == | OXHO3HAaYHO ONpeReNAIOT
Beca. :

(Cm. Pamx, 1956.)

39.11 PaccmoTpuM cJeayiomyio NpoUeAypy OTG0pa 7 3JeMEHTOB M3 cosoxyn-
HOCTH, conep;xamen N 2eMeHTOB Y, C HCUONb3OBaHHEM BePOATHOCTeR 7, (s ==
=1,...,

(l) Boabmem yucao M, xoTopoe GoJsiblle HIAH PaBHO MaKCHMAaJbHOMY H3 3Ha-
YeHHN Js, CKaXeM Nmax. CaAydaitiiM 06pa3oM ¢ paBHLIMH BEPOATHOCTAMH BhiGe-
peM aucao r Mexay 0 m M. AHanoruuHo BbiGepeM LeJOe YHCJIO S} CPeAH HEJNBX
uncen ot | go N. Ecau r << &, 7o BKMOIEM Y, B BHOOPKY. Ecan r > xy, 10
TOBTOPHUM NPOLEAYPY 3aHOBO.

(2) BuGepeM panee sHaueHHn sg nOCAe/I0BaTeNbHO Ge3 BO3BpAlCHHS H3 CO-
BOKYIHOCTH ULEJHX uyucen or 1 mo N Hna 3tofl nocaeaoBATeNLHOCTH BKJIIOUHM

t

B BHOOPKY Te 3HaueHUs Ysp AAA KOTOPHX MOCAENOBATENbHEE CYMMH r+ Z Ty
U= 2
BNepBHEe NPEB3OHXYT OLHO H3 anaqeﬂuﬁ M, 2M, ..., (n— )M,
— Rmax
n—1
BuGopy Ge3 Bo3BpallleHHA ¢ TpeGyeMuiMu BepoaTHocTAMH. [loka3saTsk, 4To nOBTO-

ITokasaTs, aro ec.m-[M< , TO OmMCaHHas NpPOUeAypa BPHBOAUT K
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peHne n pa3 onepanun (1) nmpusoguT K BHOOpKE 'c BO3BpallleHHEM ¢ . 3agaH-
HBIMHU TTs. :
(Jlaxupu, 1951;- I'pangy; 1954.)

39.12 Ilyerb %y, ..., X — HEKOPPEAHPOBAHHBE CHYYafiHhe BeJUYHHB C OJH-
HaKOBHM CpeIHHM W H He 06f3aTeqIbHO paBHHMU nucnepcHsmu. ITokasatb, 9TO

n
= iz:l X,[n aBaseTCA HeCMeIleHHOA OMEHKOA VISt L H 4TO Z‘ (x; — x)’/{n (n—1)}
AIBNSETCH HeCMEIENHON OLEHKON AMCHepCHH BeJMYBHB X.

39.13 IlokasaTe, uT0 06000IleHHsi GHHOMHAJBHOrO M NYacCOHOBCKOro BHGOpa,
paccmotpesHBe B 5.10, SBJASIOTCH 9aCTHHIMH CJHY4asiMH PaccCJOeHHQro smGopa. Ilo-
JYYMTb OTCIOfa BHIpaXKeHHs Jas Aucnepcuit (5.26) n ¢opMyay, caenywomyio 3a
(56.27).

39.14 B 39.15—18 nokasats, 970

_ R (N—n) -
D =D (mg)~ D (bwp) = 7y Ty D Vo (s — B} =
4

1
== PR

rape

o P=N{NY V(3 Nod)?} >0
Q=n(z N,o'%—NZG?) <0,
R=N?Y o} — (T Njo;)2>0.

Orcioga P = 0 Torga ¥ TOJbKO TOr'Aa, Koraa Bce O: paBHM. HMcnoansys (39.46),
nokasaTb Tenepb, 4r0 ecau N —»oo, a Ni/N ¢ukcHpOBaHH, TO BHIOJHSETCS
(39.49).

' Ilokasatb Aanee, uTo ecau P =0, a n mocratoyso manao, To D —oTpHua-
TenbHo. Ecin N — n KOCTaTOYHO Maso, TO TaKke

D (mg) < D (imp)-
(ApMutenk, 1947.)

39.15 B ynpaxnenun 39.14 nokasatb, UTO eCJH Oy HOCTATOYHO Pa3NHIAIOTCH,
T0 P— R, Kak npaBuno, GYHeT NOJOXKUTEAbHBIM M uyTO Torga D — yGuBatomas
(yHKUHS n, TaK YTO yMeHbllleHHe [iCNEPCHH, BHI3BaHHOE paccaoeHHeM, yObBaet
¢ BoapacTaHueM n. BuBecTH oOTclOfma, uTO ecaH KaKoe-HHOYHb n;, OTBevaollee
pasmeltediio ¢ MJ, npeBOCXOAHT cooTBercTBylOWtee emy Ni, TO Mbn YBeAHIUM
BHIFOAY OT CTpaTH(QHKAIhM, ecaH nojaoxum n = N; a ocrapumdecs n— N; Ha-
6aopeHuft 6yAeM OPOBOLMTb B COOTBETCTBHH ¢ pa3MelienneM ¢ M.

(ApMutenk, 1947.)

39.16 ITokasaTh, 4TO eCHH IUVIaHHpOBaHHe BHGOPKH TaKOBO, 9TO BHGOpOuHOE
cpelHee m ABJAETCA HECMellleHHOR OLEHKOH AJAA CPejHero COBOKYIHOCTH M, TO

n
1
MY D (9, —m)y t =0} =D (m),
i=1
rae o‘z =M (y — p)2. ITpoBepuTh yTBepixAeHHe AJA cayuaduoro BuGopa Ge3 BO3-

BpalleHHA C PaBHGLIMH BepOSATHOCTAMH, -
: (970t pesyabrar noayumn Kuul)
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39.17 Tlokasatb, uto ecan B 39.24 umeercs Rk = 2 cJ10si, NpHYEM BTOPO# CJOA
H3BJIEKAETCSA MOJHOCTbIO (g = N,), To JyulIHM BHIGOPOM TOUKH PA36HERHA Ci OG-
JIaCTH H3MEHEeHMA Y AJs MHHHMH3auuH mucnepcHH (39.30) siBasercs

Ny 2
c1=p+ (n_:) oy
(Cm. Itansunyc, 1952.)

39.18 Tlokasatk, uTO ecin O6BEM BLIGOPKH f; B KAaXIOM CJOE ORHH H TOT
e, TO TOUKH pa36HeHHs# o6JacTH H3IMeHeHHA Yy, MiAHBMH3Hpywomme (39.39), yaxo-
BJIETBOPRIOT COOTHOWEHHAM (cM. 39.25)

N {o+(ei— p‘1)2} =N ol + (@ — mi)-
(Kokpan, 1961.)

39.19 ITocae usBieveHust GoJbllof cuayuafiHofi BHGOPKH 3JEMEHTH COBOKYI-
HOCTH pasbuBalotcsi Ha %k chaoeB. [lokasaTh, 4TO eCJH HCNOJAB30BaTh B 3THX OG-
CTOATENbCTBAX oueﬂxlysscpenﬂero'conoxymroc'm, OCHOBAHHYIO0 Ha PaCCJOEGHHH (3Ta
ouenka 3ajgaercs (39.38)), To oxugaeMoe 3HaueHHe AHCIEPCHH 3TOH OUEHKH (NpH-
HHMasi BO BHHMaHHe CJYuafiHhe OTKJOHGHHS OGbeMOB BLHIGOPOK BHYTpH CJOeB)
npuGausyrensuo pasuo D (figpy), KoTopoe ompenensnocs B (39.45).

39.20 Tloka3aTte, uTo €caH 06bEM BHGOPOK B CJOSX BHGPATH TaK, UTOGH MH-
HHMU3HPOBATH HHCNEPCHIO oleHKku BeauuuwHn D (ji), 1. e. (39:40¥, H ecau npH
3TOM 3HaueHusAMH 7u/N; MoXHo npeHeGpeub, 10 dopmyna (39.42), omuceBamollas
pacnpefenenne ¢ Ml aameHsietcs Ha '

OBy — '
ZI: Nyo (By— D'fn’

rae P, — OTHOLICHHE MOMEHTOB p4/ p-g- s l-ro caosni. Takum o6pasoM. ecyH P
He MOCTOAHHO IUTH BCeX [, To 3To pacnpeiesienne oTiHuaetca or (39.42).

(Pocc, 1961.)

M
Nl

39.21 TlokazaTb, uTO ecaH O6beMu BHIGOPOK B CJAOAX OTJHYAITCA OT OGB-
eMoB TPH pacnpegeseHnn no ciaoaM ¢ ML (onpeaensemunx (39.42)) na Any, To
D (fi) Bo3pacTaer IO CPAaBHEHHIO C D (i) Tak 9TO HX OTHOWEHHE pPaBHO NpH-

6J‘IH3P.1TeJ1bH0 .
I+ Z {(an,fn}.

39.22 Hcnomp3ys 39.2, moxasaTh, UTO ecAH NPH TPYNNOBOM BuGope ¢ Tpym-
maMH paBHoro o6’beMa BHOpaTk OAMy Tpymmy ob6beMa n, 1O (39.7) 3amaer 3Ha-
yeHHe ABCIEPCHH BHOOPOYHOrO cpefgHEro, NpuueM P — BHYTPHIPYNNoBo# Koaddu-
LHEHT KOPpeJsiUHH AJsa rpynn (cM. 26.25—6, 1. 2).

39.23 IlokasaTb, uTo 0GoOmieHHHEe GHHOMHAJNLHLIE H NYacCOMOBCKHA BuIGop,
paccMorpennsie B 511, ABAsAIOTCA YacTHHM cJyd9aeM AByxiuaroBoro Bu6opa. Bui-
BeCTH OTCiOAa GopMyJin Aas aucnepcuit (5.29) u (5.30).

39.24 BmiBectn (39.94) H3 (39.92).

39.25 Ilokasathk, uro (39.105) siBasercs wacTHHM caydaem (39.104).

39.26 Hcnonb3ya ynpaxuenHe 39.12, noayunts (39.110) ana omeHKH Aucnep-
CHH NPH MHOrOIIAaroBOM BhIGope, AJAA KOTOPOFO HA TEPBOM lUare NpPOBOXHTCA BhI-
6op C BO3BpAIICHHEM C OXWMM H TEM XK€ MHOMKECTBOM HEPaBHHIX BEDOATHOCTEH
NpH KaXAOM H3BJeueHHH,

(Jep6un, 1953.)
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39.27 Hcnonmb3ys (39.32), nokasaTh, 4T0 €C/IH MPH KAaXKIOM H3BJEYCHHH nep-
BOTO LIara NpPAMEHATb BeI6Op ¢ BO3BpAILEeHHEM C OAHHMH H TeMH e He 06si3a-
TeJIbHO PABHLIMH BEPOATHOCTAMH, TO CPe/lHH 4JeH B npaBoi 4acTH (39.107) pasen

Ny 2

1

{=1

a 3HAYHT, Pa3sHOCTb MeXny AHcnepcuedr (39.107) xaa BhiGopa c Bo3BpallieHueM H
xucnepcHert (39.97) msna BeiGopa 6e3 BO3BpAIEHHSA MOXHO 3amHCaTh B BHAe

n

2 N
._..]
D=t— 1 DM (¢ - DM (2,) M (£,).
™ )l M(s) 2:2:“u>1(t)>1(1)
=1 1, j=1

(okj

ITokasaTb, 4TO 3TO BHpPAaXKEHHe MOXET GLI1b KaK NMOJOMHTEJbHHIM, TaK H OTPHIA-
TEJIbHLIM, HO €CJIM Ha MepBOM Iuare BbIGOp NMPOBOAHTCA ¢ PABHHIMH BEPOATHOCTSAMH,
T0 D>=0.

IlokasaTh, uro ecad omeHKy mucmepcus (39.110), cnpaBeAJsHBY0 Aas BeGOpa
¢ Bo3BpalieHHeM, NMPHMEHHTb B CJHydae, KOTZa Ha CAMOM JeJie BLIGOP NPOBOXHTCH

- n
6e3 BO3BpAlICHHA, TO Yy 3TOH OUEHKH 6yAeT cMelleHHe, paBHOe =T D. Tak
1=

49TO, ecad npH BeiGope G6Ge3 BO3BpaUIeHMA MNOJAYYAETCA MEHplUasi AUCIEPCHA
(D > 0), 10 npumeHeHHe OLEHKH, CNpaBelJHBOA AJA BHGOPA C BO3BpaIiEHHEM
3aBHIIAET 3HAayeliHe THCIEPCHH.

(Odep6un, 1953.)

39.28 Ilycts sagasa MHoromaroBass cxemMa BLIGOpa Takasi, 4TO BhHGOD Ha
s-M ware (s = 1) mpoBoAHMTCA C BO3BpalleHHEM, a BhI6Op Ha IIare ¢ HOMEpOM
(s - 1) mpoBoxuTcs c paBHHIMH BepOATHOCTAMH. Iloka3aTtes (CM. YympaikHeHue
39.27), aro eca A MHOXeCTBa, BLIGpAHHOrO Ha §-M Ilare r pa3, NpPOCTO YyBe-
JHYKHBAaTh O6beM BLIGOPKM Ha IIare ¢ HoMepoM S-1 B r pa3, To aHcmepcusa
oueHkn (39.68). ang cpeaHero COBOKYMHOCTH 6yZXeT MeHbllUe, 4eM €CJH Ha Iiare
¢ HomepoMm § -1 caenate r HE3aBHCHMBLIX BLIGOPOK 3aXaHHOTO o6beMa BHYTDH
STOr0 MHOXKECTBA.

39.29 Ilycte 3amaHa MHoromaroBasi cXeMa Buhl6oOpa Takasi, 9To BuGop Ha
s-m ware (s >>1) mpoBoautcs c Bo3BpalleHHeM. [loKa3aTb, 4TO eciH IJS MHO-
JecTBa, BHIGPAHHOrO Ha S$-M Ilare r pa3, NMPOBOXHTH HA Iare ¢ HoMepoM s -1
BbIGOpPKY 3aJlaHHOrO 06beMa OIMH Pa3, a Pe3yJbTAaT B3fATb C BECOM r, TO JHCIEp-
cua ounenxu (39.68) mnsi cpexHero COBOKYNMHOCTH O6yxeT OGoJpllie, 4eM eCJH Ha
mare ¢ HOMepoM § -+ 1 cresnaTh r 11e3aBHCHMBIX BLIGOPOK 3aJaHHOro o6beMa BHY-
TPH 3TOrO MHOXeCTBa.

39.30 ITycte H3 COBOKYMHOCTH, cojepamefi N 31eMeHTOB, MPOBOXHTCA BhI-
Gop n 3neMeHTOB Ge3 BO3BpallleHHAi C HEPAaBHLIMH BEPOATHOCTAMH. BepoaTHOCTH
TOro, YTO (PHKCHPOBAHHHIE 7 3JeMeHTOB OYXyT H3BJIeYeHHl, NMpHueM B (PUKCHpPOBaH-
HOM TNoOpfillke, 0603HAUUM. P(s). IlycTh ps— BEPOATHOCTH TOTO, 4TO 3TH Xe n

3JeMeHTOB GyAyT u3BJedeHH B NPOH3BOJBHOM mnopsinke. Toraxa ps=2p(s). rae
(s)

cymMa Gepercsl 0 RceM ! BO3MOXKHBIM NEPEeCTaHOBKAM 3THX 3JeMeHTOB. IIpH 3ToM
N

z ps==1, Tae cymma Gepercsi no BceM (n ) BO3MOXHBIM BbIGODKaM OoGbEMA 7.

S

Ecnn 2(sy— Takasi CTaTHCTHKA, B KOTOPOA NPHHHMAaeTcs BO BHHMaHHe INOPANOK
BbIGOpa, a 25 = Z p(s)z(s)zlps, T0 Hcnoab3ya (39.72—3), mokasaTh, uTO

(s)
M(z5) =M (2(5)), D(25) <D (2(5)
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NIpHYEM DaABEHCTBO BO3MOXHO TOJIbKO TOrAa, KOrJa BCe 3UAUCHHS Z(s) COBNALAIOT,
CNOJb3Ysl ITOT PE3YJbTAT, NOKas3aTh, UTO ONEHKA Z(s), oNpexeseHHas B (39.27),
MoXxeT GLITh YJAYYHIEHA H UYTO b (2(s)), onpenenennan B (39.31), ananoruuHo Mo-

ket OHITh yJayultieHa.
(Cm. Mépdu (1957) m Tlarxak (1961a).)

39.31 IIpoBomnTcs BHOGOp 6e3 BO3BpallleHHst C HepaBHLIMH BepPOSTHOCTAMH.
Ilpn nepBoM H3BJIEYEHHUH BEPOATHOCTH BHOOpa Iyisi N 3JEMEHTOB COBOKYIHOCTH
PaBHH (ypi, i =1, ..., N. Ilpn nocrexnem w3BJeueHHH AJasi BepositHoctell BhGopa
OCTaBIUMXCA K 3TOMY MOMEHTY 3JIeMEHTOB OCTaIOTCfl T€ K€ NPONOPLHH, YTO H TpPH
nepsom H3BJeuweHHH. ITokasaTh, uto B 3TOM cayuae (39.25) MoXHO 3anHcaTh B
BHAE

Y
2=
Py
u-1 u-1
—_ Yu - —_
zu_zy(r) +—=-\! Z WP ) =2
r=1 (H7u r=]

a 3HAUHT, YJAYULICHHBII BapHAHT ONEHKH 2Z(,), ONHCAHHBIA B ympaxHeHHH 39.30,
MOKHQ 3aIHCATb B BHAE

n
5, = Z: Y95 1/Ps
{=m
THe Pg|; YCTOBHAsl BEPOSTHOCTb BHOOpa HaGMONCHHBIX SHAYEHHA NPH YCJIOBHH,

YTO MPH NMepBOM HSBJICUCHHH OTGUpaeTcs Y.
(Mépon, 1957,)
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TEOPHS BbIBOPOUYHbIX OBCJIIENOBAHUH:
JONMOJIHUTEJbHASA HH®OPMAL U

40.1 B rnase 39 Mbl u3ydasaum 3ajady NVIAHHPOBaHUS BbIGOPKH.
Tenepp Mbl o6paTHMCs K BONPOCY, KOTOPHI BO3HHMKaeT npu JioGoh
cxeMe BHI6Opa, a HIMEHHO K yJydllieHHio 3DGEeKTHBHOCTH OIEHKH.

B 39.8 n 39.13 MbI CTOJNKHYJAHCh ¢ TeM HAKTOM, U4TO 3HaHHE Me-
pPeMeHHOH, CHJIbHO KOPPEJHPOBaHHOH C H3ydaeMOil, MOXKeT NOMOYb
HaM Ha3HaYHTb BEPOATHOCTH BHIGOpA HJIH CKOHCTPYHPOBATb CJIOH,
yTo6bl YMEHBIINTb 3HAYEHHE NUCIEPCHH OlleHKA. Takas JonoaHu-
TeAbHAA UHPOPMAYUSA O BCIIOMOTATELHON NepeMeHHOl MOMKET GhITh
HCNOJIb30BaHa HENOCPEACTBEHBHO MJIsi H3MEHEHHs BHIAa OLEHKH
C LeJbI0 yJaydlIeHHs ee 3PP eKTHBHOCTH *).

<«OUEHKH-OTHOLIECHHA® U UX MOAHPHKANHUY

40.2 IlpeagnonoxuM, Kak u B 39.2, uTo npoBoauTcsi Buibop Ge3
BO3BpallleHUsI C PaBHBIMH BEPOATHOCTAMH M3 KOHEYHOH COBOKYII-
HoctH. ITycTh HaM HYKHO OHEHHTb CpeJHee 3HAUEHHE II0 COBOKYII-
HOCTH MNepeMeHHON Y, Koropoe Mbl O6G0O3HAaYHM Temnepb My, 4 MBI
3HaeM 3HAUEHHE CPEeJHEro no COBOKYNHOCTH HJIs NepeMeHHOH X, CKa-
KeM My, OPHYEM IIPH HM3BJIeYeHHH Mbl Y3HaeM KaK 3HaueHHE X, TakK
¥ 3HaueHue y. JKenaTedsHO, 4TOOHI Mbl HMEJIH BO3MOMKHOCTb HCIIOJIb-
30BaTh 3TO JONOJHHTEIbHOE 3HaHHe. MBI mpeanosaraeM, 4to px #= 0
ny # 0.

JIByMs HHTYHUTHBHO OOGOCHOBAHHBIMH OLlIEHKAaMH BE&JIHYHHLI Py B+
JSI0TCSA

fiy = my/m, (40.1)
H
p,=pm,,, (40.2)

rJie M ¢ COOTBETCTBYIOIUM HHIeKcOM o0Go3Hauaer BhIGOPOUHOE cpel-
Hee Toil NepeMeHHON, KoTopasi ykasaHa B uuiaekce. B (40.1) ncnoub-

*) He caeayeT cMelIHBaTh C HCNOJb3OBaHWEM A OMOJIHMTENbHON HHGODMaLHKE
(MHCTPYMEHTAJIBHHIX TIEPeMeHHHIX) JAJS TNOoJydeHHs BO3MOMCHOCTH  Das/esbHOM
OLEHKH NMapaMeTpoB, Kak 3TO 6bijo B 29.33—46 T. 2. To cKopee aHAJOTHYHO HC-
NO/b30BAHHIO COMYTCTBYIOWIMX INIEPEMEHHHIX B KOBapHANHOHHOM aHanH3e (cM,
85.67—8), mockoJsbKy NOCJAEKHHE YMEHBLUAIOT OCTATOYHYIO AHCNEPCHIO,
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NpuueM PaBEHCTBO BOSMOXHO TOJIbKO TOT[A, KOTJAa BCe 3HAUEHHS Z(,y COBNANAIOT,
CIOb3Ysi 3TOT Pe3yjabTaT, I0Ka3aTh, 9TO ONEHKA Z(,), ompexeieHHas B (39.27),
MOXeT GBITb yJydYHIeHA H 4TO 5(2(5)),onpeae.ueﬂuaﬂ B (39.31), aHasorHaHO MoO-

XeT GBITh yJayullleHa.
(Cm. Mépon (1957) u Ilarxak (1961a).)

39.31 IlpoBoguTcAa BHOOp Ge3 BO3BpPALICHHA C HEPaBHHIMH BEPOATHOCTAMH.
Tlpn nepBoM H3BJIeYEeHHH BEPOATHOCTH BHGOpa At N 3JEMEHTOB COBOKYHHOCTH
paBHBl (ypi, i =1, ..., N. Ilpu nocnexnem u3BJedeHHH AnA BeposATHocTel BhGopa
OCTaBLUKXCA K 3TOMY MOMEMTY 3JI€MEHTOB OCTAIOTCA Te XX€ NMPONODPLHH, YTO U NpPH
nepBoM H3BJeueHHH. [TokasaTh, ato B 3TOoM cayuae (39.25) MoxkHO 3amHCaTh B
BHIE

Yy
- ’
wPw

u—1
Yu
2,= Y ¥+
* r=i « 1Pu

21

u-1
=) WP ) 4=Bewn

rml

a 3HAUMT, YAYWLIEHHB/i BAapHAHT OLEHKH Z(s), ONMCAHHLIA B ympaxcheHnH 39.30,
MOXHO .3aECaTb B BHAE

n
2= ZI YiPs i/ps'
i=
TRe Pg|; YCAOBHasA BEPOSITHOCTb BHOGOPA HaGOZECHHEIX SHAYEHHA INIPH YCJIOBHH,

9TO NpY NEepBOM H3BJEYEHHH OTOHpaeTCHd Yi. .
(Mépdmn, 1957,)
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TEOPHs BbIBOPOYHbIX OBCJIELJOBAHHUHA:
JOIOJIHUTEJIbHASS HH®OPMALUA

40.1 B ruaBe 39 MBI u3y4aau 3afauy IJIAaHUDPOBAaHUSI BHOGODKH.
Teneppr MbI 06paTHMCA K BONPOCY, KOTOPH# BO3HHKAaeT NpH 060k
cxeMe BHI6Opa, a HMEHHO K YJYUYIIEHHIO 3G (PEKTHBHOCTH OLEHKH.

B 39.8 u 39.13 MH CTOJKHYJAHCh C TeM (DakTOM, YTO 3HAHHE Ile-
peMeHHON, CHJIBHO KODPEJHPOBaHHOH C H3ydaeMoil, MOXKeT mOMOYb
HaM Ha3HaYHTbL BEPOSATHOCTH BLIGOPA HWJIH CKOHCTPYMPOBaTb CJOH,
gT06bl yMEHBIUHTh 3HaYEHHE AHCNEepCHH ouesKu. Takas donoswnu-
TeAbHAA URPOPMAYUA O BCIIOMOraTeJLHON MEPEMEHHON MOMKeT GHTh
HCIOJIb30BaHA HEMNOCPENCTBEHHO [/ H3MEHEHHs] BHIA OLIEHKH
¢ LieJblo yayuuleHdst ee 3¢ PekTHBHOCTH *).

«OLEHKM-OTHOLIEHHA® H UX MOAH(PHKALMH

40.2 TlpeanonoxuM, Kak u B 39.2, uro npoBoauTcsa BhGOp Ge3
BO3BpallleHHsi C PaBHBIMH BEPOSITHOCTSAMH H3 KOHEUHOR COBOKYII-
HOocTH. IlycTh HaM HYKHO OLEHHTb CpelHee 3HAaUE€HHE MO COBOKYII-
HOCTH INepeMeHHOH Y, KoTopoe Mbl OGO3HAaYHM TEnepb WMy, a MHI
3HaeM 3HauYeHHe CPEeJHEero no COBOKYMHOCTH IJs1 NEepeMeHHOR X, cKa-
JKEeM WUy, IpDHYEM NIpH H3BJEYEHHH Mbl y3HaeM Kak 3HaueHHE X, TaK
1 3Hauenue y. XXenaTeabHO, 4TOOLI Mbl HMEJH BO3MOXHOCTH HCIIOJb-
30BaTh 3TO JONOJHHTENbHOe 3HaHHe. Mbl mpenmoJiaraeM, uto px #*= 0
my #= 0.

JIByMsi HHTYHTHBHO OOOCHOBaHHBIMH OLIEHKAaMH BEJHYHHLI py B+
JAI0TCA

py = p‘xmy/mx (40.1)
H
ﬁy = p‘xmy/xv (40'2)

rie m ¢ COOTBETCTBYIOUIMM HHAeKcoM 0603HayaeT BHIOOPOUHOE Cpefi-
Hee TOM nmepeMeHHON, KoTopasi yKasaHa B uHAekce. B (40.1) ucnosb-

*) He caenyeT cMelIEBaTh ¢ HCNOJb30BAHHEM MOMNOJHHTENbHOR HHGOpPMALIHKE
(HMCTPYMEHTANbHLHIX INEepeMEeHHbX) JAJs TNOJY4YeHHsi BO3MOXHOCTH Pa3fesbHOM
OLEHKH NMapaMeTpoB, Kak 3To 6uio B 29.33—46 T. 2. D10 cKOpee aHAJOTHYHO HC-
NOJb30BAHHIO CONMYTCTBYIOUWHX INI€PEeMEHHHMX B KOBapHalHOHHOM aHauaH3e (cM,
85.67—8), mockoJsbKy- NMOCJeAHHE YMEHbLIAIT OCTATOYHYIO AHCHEPCHIO,
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3yercsl OTHOweHue BLIGOPOUHBIX cpeaHHX, a B (40.2) cpennee BHGO-
POUYHBIX OTHOIIEHHH BEJHUYHH § H X B KayeCcTBE «KOPPEKTHUPYIOLIEro
MHOXHTE/SA» K H3BECTHOMY 3HAUEHHIO M.

MarteMaruueckue oxugauusg ouneHok (40.1—2) noayualores
cpasy, €CJIH 3aMeTHTb, 4TO, COTJIAaCHO ONpeneseHuio kopapHanuu C,

(L, me)=Mm,) — M(5L) Mim) =, — 5= M () ks
a 3HAYHT,
M) =, — C (2L, m,). (40.3)

JODEETOM
TaK 4TO

M(a,)=uxm(%§ﬂj 1—) =wM(£)=p,~c(£. x). (04

i=1

AmnaJjoruuno

M3 (40.3—4) canenyer, uto, Boo6Gule roBopsa, o6e OLEHKH ABJAIOT-
csa cmemesubiMu. Jlasee, nockogbKy (corsiacHo HepaBeHcTBY Kowinm —
ByHAKOBCKOro *)) KoBapualus MeXAy ABYMS BeJHUHHAMH He MOXKET
6LiTh GoJbule 4YeM NPOH3BENEHHE HX CTaHAAaPTHHIX OTKJIOHEHHH, TO

lM(ﬁy)"'”’y|<{D (:—Z)D(mx)}lﬂ,
IM(ﬁy)“'Py|<{D (%)D(X)}lﬂ.

M3 (40.5) caenyer, UTO MEXNY OLUEHKAMH HMEETCH CYIIECTBEHHOE
paaauune. Ecsom o6beM BhIGOPKH N cTpeMHTCS K GECKOHEYHOCTH,
to D(my/m,) nu D(m,) 6ynyr aucnepcusiMu BHIGODOUHBIX CPENHHX,
HMEIOT NOPsAOK n—!, a 3HAYUT, Takoil XKe NOPALOK UMEET H CMe-
leHHe OILEHKH fi,. Ilas i, 3To HecnpaBexauBo, nockoubKy D (y/x)

u D(x) Boo6Gmie He 3aBucatr or n. Ha caMoM oese u3 caMHX
onpenesnenuii B (40.1—2) serko BHIETH, YTO fi, fABJasAeTCs cocTONA-

TeJbHOH OUEHKOH, NMOCKONBKY my, —>ly,, M,—>u,. B TO XKe BpeMs
B, = Wl 9TO, BoOOmle rosops, He coBnagaer ¢ u,. Cmellenue
oueHKH {i, Oyner noapo6xo paccmoTpeHo Huxe B 40.9. Ho crauaia
Mbl IOCMOTPHM, KaK MOXKHO H36aBHTBCA OT CMEUIEHHS Y OLUEHKH [i,.

40.3 Na (40.4) noHATHO, YTO ANA YCTPaHEHHs CMeHIeHHS OLEH-
KH f{l, Hy}XHO NOJIYYHTb HeCMelleHHYIo oleHKy Beiauunus C (yfx, x).

ITockonbKy y/x HaGJIOgaeTCs NMPH KaXAOM H3BJEGYEHHH, MOXKHO Bhl-

(40.5)

*) Cm, cuocky ua ctp, 67 ([Tpun. ped.-)
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YHCAUTh BHIGOPOUHYIO KOBapHAaLHMIO BeIHUHH y/x u x. PaccmarpuBas
ananor (12.109) nas nByX nepeMeHHHIX, y6eXITaeMcs, YTO HecMe-
IeHHON OleHKoA i K;1 B clIyyae KOHEYHOH COBOKYNHOCTH SIB-
Jasietcst k-craTHCTHKA Ry;, @ 3HAYHT, HECMEIIEHHOM OLICHKON AJIst 3HA-
YeHHs KOBapHAllHH IO COBOKYIHOCTH SIBJSI€TCSH ‘

y N~—1 1 /Yy
c 7,x)=—7v'—';_—|Z(x—i‘“mylx)(xz—mx)=
i=1

N—1
=N " ﬁ(my - m,//xmx). (40.6)
B pesynbrate n3 (40.2) m (40.4) noayuaeMm, u4TO HecMeILEHHOM

OLIEHKOH [ty SIBJISETCA OLEHKa

o N—1 n
by =w,m,, +=§— =1 (m,—m,,m,), (40.7)
BnepBule faHHas XapTan u Poccom (1954). Ecuau N;] . n_'i T
6an3ko K egunuue, to (40.7) cBoguTcs K
ﬁ;/ =m,—m,, (mx —u,)- (40.8)

40.4 YcTpaHeHHe CMeEINeHHs [JIs [iy MEHee BaXXHO, MNOCKOJIbKY
B 40.2 MH BHIEJH, UTO 3Ta OlleHKa cocrosTejpHa. TeM He MeHee
3TOT BONPOC CTOMT DPAaCCMOTPETh, NOCKOJNbKY OII€HKH-OTHOLUIEHHS
HHOTAA HCNOJb3YIOTCSI NMPH MaJbix 3HayeHHsx n. TOT NpueM, KOTO-
pHIM MBI BOCHO/Mb30BaJHCh B 40.3, Ternepb NpHMEHHTb HeNb3st, MO-
CKOJIbKY nojJiexalled oLeHKe KoBapuanuei B (40.3) sBasiercs
C(my/m,, m,), a BHOGOpPKa QOCTaBJISeT HaM TOJIbKO OJHO 3HaU€HHE
my v My, OXHAKO JIETKO NONYUYHTh NPOCTOE NPHGIHKEHHE.

Eciu n =1, to C(my/m,, m,) cosnamaer ¢ C (y/x, x). Kpome
TOr0, KOBapHalusi MeXAY BBIGOPDOUYHBIMH CpPeNHHMH IJsi ABYX CJay-
yafiHbIX BeJUMYHH 00paTHO NMpONOpIMOHAaJbHA 00beMy BHIGODKH ‘(3TO
cnenyer, Hanpumep, u3 npasusaa 10 aas k-cratuctuk B 12.14 uau
MoXKer GbITh JIerKO NOKa3aHO HemocpeAcTBeHHO). To XKe caMoe npu-
61MXKEeHHO CIpaBeRIHBO W B pacCMaTpHBaeMOM CJlydae, KOrja
HINeTcss KOBapualUs ONHOIO BbIGOPOYHOIO CPEeAHero M OTHOUIEHHS
ApYroro cpenHero k neppoMy. Takum 06pa3om,

2t ) he(z o)
C(’m_x; mx)TIC 7’ X}
u, ucnoabsysi (40.6) us (40.3), nosyuuM npUGIH3HUTEIBHO HeECMe«
LIEHHYIO OLEHKY
N —1 1

-~ ~ I ~ry m
iy =i, + 7 C(F ) =we et b oy U — ). (40.9)
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dror pesyaptar ApyruM MeromoM noayuud Huero pe'llackyaasn
(1961). OrcyTcTBHE MHOXHTENSE N BO BTOPOM wiene (40.9) mo cpas-
Henuio ¢ (40.7) cHOBa MJMIOCTPDHPYET Pa3HHIY NOPSAAKOB B BEJIUUH-
Hax cMmemleHHs B (40.1—2).

40.5 Tenepr HaM HYKHO PacCMOTpPETh OHCIEPCHH ajibTePHATHB-
HHX MOZMGHIHPOBAHHBIX OueHOK-oTHOmeHHR (40.7) u (40.9), utoGul
3HaTh, KaKyl0 M3 HHX HCIOJb30BaTh B Pa3HHIX OGCTOSTENbCTBAX.

PaccmorpuM TOJIBKO cay4a#i, korga N —-oo, T. €. BHOOp NpakTH-~
YeCKH ABJISIETCS NPOCTHIM CJyYaiHbIM BbldopOM HUcnonbsys (40.€)
nepenuumem (40.7) B Bume

p,=pm, + k&, (40.10)

rae ky; npeacrasJsier co6oil R-CTaTHCTHKY BeJHYHH y/x H Xx. A 3Ha-
4quT,

D (&) = 3D (m,,) +20,C (M0 k) +D (&), (40.11)
910 B 0603Hauenusx 13.2 1. 1 nepenuceiBaercst B BHIE
D (a}) =u2D (m,) + 2% (o 1 )+=(] 1) (40.12)

Hanee, ucnonbsysa (3.80) 1. 1, nonyunm, cornacuo 12.14,

11
(3 )=t 0.13
B 10 Bpems kak (13.7) u (3.81) maior
11y By Haoltor (n—2) ud,
(l l)_ nn—1)  am—1 ' (40.14)

TAEe MOMEHTH M ceMuHHBapHaHTH B (40.13—14) oTHOcATCS K cCOBMe-
CTHOMY pacnpegpenenuio y/x H x. Takum o6pasoM, B 3TuX o603Haue-
HHsax (40.12) moxXHO mepenucaTh B BHIE

D (ﬁ';) = P'31“’20/’1 + 2"’01“’2[/” +
+ { oy + =T (Bt — (7 '—2)Mfl)}. (40.15)

dopmyna (40.15) momyckaer noJesHoe ynpolleHHe. 3aMETHM CHa«
yaJia, 4YTO 10 ONpEIe/IeHHIO

D{(£=mu) e —r) } =M {(£ =) (=my} -
- { M [(% - "v/x) (x— “x)] }2 =gy — B}
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B o6GosnaueHnsx (40.15), xoropoe, TakuM 06pa3oM, 3KBHBaJICHTHO
nD () = B+ 2oy + D { (£ — 1) (r—n) } +

’m("zo”oz +uf).  (40.16)

PaccmMoTpuM Tenepb TOXKIECTBO

b (5 — ”y/x) + (£ —ny) (r— ) =y —p,x. [40.17)

‘Ecau B3saTh aucnepcuio jaeBoi yactu (40.17), to. aerxo yGemutncs,
4TO OHa B TOYHOCTH COBNafaer C TpeMs NEepBLIMH 4ieHaMH B NPaBoOi
gactu (40.16). Takum o6pasoM, 5TH 4JeHbI MOXKHO 3aMEHHTb JHC-
nepcuel npaBoii gactu (40.17). B pesyanrare

1D (3)) = D (¥ — By, %) + o (Hoghio + B3,)

H, Bo3BpaulascCb K HalllUM HCXOAHbIM OGOBH&'-IGHHFIM,

nD (}‘1;) =D (y) + ﬂﬁ,,D (x) - 211,,,,0 (y’ x) +

£,x)}. 0.8

Sror pesyabrar noayuywian 'yamsn u Xaprau (1958). Ilpu n— oo
yjieHOM B ¢GurypHeix cko6kax B (40.18) MoxHo npeneGpeun, a 3Ha-
guT,

nD () ~ D (%) +12,D () — 21,,,C (y, x). (40.19)

Cawmbiit npocroii cnoco6 noaydenust oneHku anas (40.18) cocrour B
caenyiomeM. Hano nepenucare (40.12) B TepMHHAX ceMHMHBapHaH=
TOB M HCNOJIb30BaTb R-CTaTHCTHKH AJst HX oueHkU. ['yaMsn u Xaptau
(1958) npuBoasit GOPMYJBl I/ BBHIYHCAEHHHA.

Po6con (1957) npusoautr o6ob6uenue (40.18) u ee nHecMewennoi
OlIeHKH, IPHHUMAas BO BHHMaHHe KOHEYHOCTb COBOKYMHOCTH.

40.6 [logo6HBIM e 00pa3oM MOXKHO NOJYYHTb JHCIEPCHIO BeJIH-
yunn (40.9), koropyo no auasornn ¢ (40.10) MBbl nepenuimem
B BHIE

k
By =Wt (40.20)

Orciona

—, m 2 m 1
D (i) =m0 (52) + 7 uxC(e+ )+ 7 D (eu:
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Tak Xe, xak 310 AeJaJsoch NPH BHIBOJLE OLEHKH ﬁ; B 40.4, Bocronb-
3yeMCsl CaenylolnM npubIHKEHHEM:

20 k)= (L k),

Tak 4ro, corjacuo (40.11),
N m 1 y .
D () 02D (52) + 7 { 20 (£, ) + D (e) } =

“+uzD (——)+ D) —wD(m,)}. (1021

Bce Tpn amcnepchu B NpaBoil yacTH (40.21) mmelor nmopsimok n—!, a
3HaYMT, BTOPO} 4/IeH 10 CPABHEHHMIO C NePBLIM WIEHOM B NPAaBOH 4Ya-
ctu (40.21) umeer oTHoCHTeAbHHIN TOpsAmOK n~2. Takum o6pasom,
Hawe npub/IMXeHHe MOXKHO 3alucaTb B BHAE

D () =p§D(—){ t+0(= )} (40.22)

ITockosbKYy CMeIleHHE Y HCXONHOM ONEHKH fiy JHMEeT mopsiioK n-!
(310 6bI0 nMokasaHo B 40.2), To cMellenue y p He GoJiblie Mo mo-
PALKY, a 3HAUHT, KBAJpaT cMelleHHs IO nop;un(y He GoJjbuie 4yeM
n—2, A 3HauHr, CPeIHss KBajpaTHUHAsA omubka (KoTopas, Y4HTHI-
Basl CMEUIEHHOCTS fi,, GOJIblIe, YeM AHUCIIEPCHS, MOIXOAUT AJA BHIBO-

HOB) MOXeT GHTb 3anHMcaHa B BHIE

M{@E, —ny} =D (Z){1+0(5)}.  (0.23)

Hueto ne'Tlackyann (1961) npusomut Gosliee TOUHOE NPHGJIHIKEHHE.
T'nasuwi#t unen B (40.22) u (40.23) npexacrasasier co6oft AMCOEPCHIO
HeMOIHGUUHMPOBAHHOA OUEHKH [iy. Ee Jerko ouennts n0 nopsiaka
n=!, ucnonbsys coorsomenne (10.17) t. 1, xoropoe B Hauem ciay-
yae naer

D ﬂ)=ln_§{D(y) D(x) 2C(y %)

my, n P’i "’3 l"i By

}. (40.24)
Orciona (40.23) npunumaer BuA

oM (i, — 1,3 ~D (o) + % D(x) 2-LC(y, x).  (40.25)

X

Ho (40.25) mOXHO oOueHMTh ¢ HEGOJBIIHM CMEIlEHHEM, 3aMeHss
My/px Ha My/m,, a DHCHEPCHIO H KOBAPHALMIO HX HECMelleHHbIMH
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ollenkaMHi. B pesysbraTe mojgydaeM C/IelylOIYIO OLIEHKY cpefHe
KBaApaTHYHON OLIMOKH:

M {(5, — 1)} = n(n——-]) Z(yf“'_xi)z'

40.7 Cpasnum Ttenepp (40.19) n (40.25). Caenys Tyamsny »n
Xapru (1958), pa3HOoCcTh MOXHO 3anucaTh B BHAE

nM{(i; —n,)*} —nD(A;) =
B,  C(s ) C (5 x)\2
—D (x){(-ﬁf ~ ) — (b, — S - } (40.26)

Hs (40. 26) [OHSITHO, YTO MOAMGHUUHPOBAHHASI OLEHKA OTHOLUEHHA
CpenHHX p,y sBasiercsi GoJee eq)q)exmsnou yeM MOIHQUIHpPOBaH-

Has OlleHKa CPEeNHEro OTHOIIEHHH u,, win MeHee 3G QeKTHBHOR B 3a-

BHCHMOCTH OT TOro, 6yaer JaH Ko3ddullneHT JanHefiHo# perpeccun y
Ha x, paBubit By, = C(y, x)/D(x), 61mXKe K OTHOIIEHHIO CPENHHX,
B3SITHIX IO BCefl COBOKYNHOCTH, HJH K B3STOMY IO COBOKYIHOCTH
cpexnnemy otHowenuii. Ha npaktuke nepsas cuTyauus fBJjsercd,
no-suAuMomMy, Gojiee THNNYHOMH, TaK 4TO MMeolas He6oJblloe cMe-
menue ounenka (40.9) ssasercs GoJiee nmpeiANOYTHTENbHOH, 4eM He-
cMellleHHast onenka (40.7).

Ouenka (40.9) Goaee sddexTurHa, yeM OOBIYHOE BHIGOPOUHOE
cpelnnee m, TOrAa M TOJIbKO TOrja, Korga npasas uactb B (40.25)
MeHbllle CBOEro NepBOTO YjeHa, T. €. eclH

! Y ! Y 7
— (_‘ - 26[") < 0, (40'2 )
T. €.

Byx>_—>0
HJIN

1 By
ﬁyx<_2‘m<0.

TaxumM o6pa3oM, MH OXapakTepHu3oBaju 30EdEeKTHBHOCTL OLEHKH fx;
[0 CPaBHEHHIO KAK C ;i;, TaK 4 C My B TEPMHHAX OTHOCHTENbHOMU

BeJIHYHHbBI PErpecCHOHHOro Ko3dduuneHTa Byx U OTHOUIEHHS B3ATHIX
110 COBOKYNHOCTH CPEIHHX py/ps. ITO COBNANAeT C TeM, 4TO H cie
JOBaJO OXUAATb, NOCKOJbKY CYIleCTBEHHbIM 3J1eMEHTOM OLEHKH p.y

AIBJASETCS OTHOIUEeHUe BbIGODOYHBIX CPENHHX Miy/Mix.
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Oumxun  (1958) o0606mIHS peaysbTaTHl O HEMOAUQHUHPOBAHHOA oOmeH-

Ke 614,, Ha cay4ad, koraa x—Bekrtop. CM. Takxke II. Pao n Myumxoskap,
(1967).

40.8 IlpuGanxeHHo HecmemenHas oleHka (40.9) Gbuta moay-
yexHa NPsIMbIM OUEHHBAHMEM CMELUEHHs fiy, BHUHCIeHHOro B (40.3).
C npyrof cTOpOHB, MOJXHO YMEHBIIHTb NOPSAAOK BEJHUHHHI CMellle-
HHA, HCROAB3YA MeToA Kenys, onucavunii B 17.10 1. 2. dtoT MeTOx
€OCTOHT B MOJICYETE {1, AN KaXIOH M3 N Pa3HIHBbIX BLIGOPOK 06D-

eMa (n—1), noJy4yalOmHXCA HCKJIKOUEHHEM OLHOTO Ha6JIOLEHH,
YCpeIHEeHHH 3THX 3HaueHuih u npumenenuu (17.10) mnas nosyuenus
mopuduuuposanHoil ouenku. Torga cmeulenHe uMeeT NOpPAAOK n-—2,
a AMCTIEPCHSI HE MEHSeTCs BIJIOTh A0 MopsAAKa n~! (cM. ynpaKHeHHe
17.18). Kax Mb1 yGenuauch, TO K€ caMoe BBINOJHsSIeTCA MHJs ﬁ.;
B (40.23).

Hep6un (1959a) npuMenna ynpomeHHu Bugx Merofa Kerys
AAs MOAH(HKAUHH OLEHKH-OTHOUIEHUA OGIIEro THIa, HMEIoIIeH BHJ
r = ty/lx (4actHeIM cayuaeM koroporo asaserca (40.1)). Ipeano-
JaraJjoch, 4To cMeitenne npu ouenke M (Z,)/M(¢,) umeer nopsnok
n—!. Ecan Ty e caMylo CTaTHCTHKY 7 BBLIUHCJIHTb AJsS NEPBHIX n/2
H cJeAylolWHX n/2 naGualoneHuit (7 4eTHOe) M OGO3HAUHTHL COOTBET-
CTBEHHO Iy H Iz, TO PACCMaTPHBAJNacCh cjeAyiomas MOoAHGHIHPOBAH-
Has OLeHKa:

t(r) =2r — & (r, + ry). (40.28)

Ecan perpeccus !y Ha !r JHHeflHa C NOCTOSIHHON JHCHEpCHEH mnos
panka n~!, a caMo [, pacnpeiejeHO HOPMaJIbHO C JuCHepcHed no-
psiaka n~!, To mokas3ano, uro cMmellenue omeHkn (40.28) mmeer no-
pPAAOK n~%, a NucCNepCcHA C TOYHOCTbIO A0 n~! coBmajgaer ¢ gucnep-
cuell r, HO aCHMITOTHUECKH MeHblie TNOC/AeIHEeH, €C/JH NPHHATL BO
BHUMaHHE YJIeHbl NOpPsiAKa 72 H MeHblle. AHAJIOTHUHLIA pe3yJbTar
cnpaBeIJIMB, Korna fx, HMeeT raMMa-pacnpeeleHHte.

HOx. Pao (1965) u HAx. Pao u Y3Gcrep (1966) nokasasd, 4To NpuMeHeHHe
uncxopHoro Meroxa Kenys naer Kaxe MeHbllee CMellleHHe H CPeJHEKBaApaTHUYHYIO
olHOKY, KaK B CJyuae HODMaJbHOro, Tak M B CJydYae TraMMa-pacnpeleieHHs,
Hx. Pao (1967) noxasaJs, 4To 3Ta oOlleHKa BCerJa HMeeT MEHbLIYI0 CPefHeKBaX-
paTuvHyI0 oluu6Ky, uem (40.7), (40.9), (40.28) u npyrHe OLEHKH.

IlpuBeneHHbIA BHIIE pe3yJbTaT fABJAsAeTcs 6ojee OOGIIHM, 4eM 3TC
KaXXeTc ¢ NepBOro B3rJsia, NOCKOJbLKY ly H Ix B CHJIY UEHTPAJbHOK
npeaenbHOR TeopeMbl OOLIIHO HMEOT aCHMITOTHYECKH ABYMEpHOE
HOpMaJabHOe pacnpejesieHHe ¢ AHcnepcHaMH nopsiaka n—'. Tlo kpai-
Hel Mepe 3TO BBLINOJIHAETCS AJs1 My W My u3 (40.1), a 3HaYHT, BHI-
NOJIHSIIOTCST NPEANONIONKEHHsT JuHeHHON perpeccun. OTcloga cienyer,
YTO HHYEro He TepseTcsas NPH HCMNOJAb3OBAaHMH CMEILIEeHHOH OUEHKH

(40.28),
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TTpocroit uncaoBoit npumep ¢ n = 2, N = 4, paccmatpuBaeMuii ['yaMauom u
Xapran (1958), Hep6uunim (1959a) m Hueto meTlackyanem (1961), maer cie-
AYIOLIHe Pe3yJbTaThl

3nHaueHHs (x, y) B coBokynHocTH: (2,2), (2,6), (4,6) u (6,10)

Onesxa YpaBnenue CpenrekBarpaTHIHast
omubKa

t(iiy)- (40.28), (40.1) 0,38
iy (40.9) 0,44
fy (40.7) 0,56 (40.29)
By (40.1). 0,92
fiy (40.2) 2,41
my (Bei6opouHOE CpenHee) 2,67

B ynpaxneunu 40.17 unratemo npepJaraercsi NPOBEPHTb NPABUIBHOCTL MPH-
BeeHHBIX 3HaueHH.

40.9 Ecau nepenucatb (40.1) B Bune

% - %(1 " '"L;yﬁ)(l + %)-l (40.30)

m —
H PasjIoXMThb (l +“T"”
x

POSITHOCTHIO eauHuna npu N, n—> 0o, TO, B35B MaTeMaTHYeCKOe
OXHJaHKe, NMOJYYHM

myY __ By l_i) D(»  Clyx) 1
M mx)_"'x{l+(" N (uﬁ uyux)+O(M2)'

(40.31)

-1
) B panp Teinopa, cxomsumuiics ¢ Be-

rie M MoXeT OTHOCHTbCA Kak K N, Tak ¥ XK n. A 3HayuT, oneHka

1 1 2
u=ﬂ{1_ 1) ____)} (40.32)
mx

m, n N m,m,

¢ TOYHOCTHIO OO MNEpBOro NOpsAfKa YCTpaHAET CMeIleHHe OLEHKH
my/m,. B (40.32) BHIGOpOUHBIE QuCNepCHs H KoBapHalus, Kak
c6bI9HO, HMEIOT JenuteneM (n—1),

Tenepb MOXHO HENOCPENCTBEHHO, XOTS 3TO H HECKOJbKO TIpO-
MO3IKO, BHIYHCIHTb CpefHee 3HAUeHHE W MHUCIEPCHIO OUEHKH U, HC-
NOJIb3ys CJEeAyIOlHe COOTHOIIeHHus (nepBbieé TPH H3 KOTODBHIX NPH-
Benenb B (12.117), (12.119) u (12.121), 1. 1, a ocTa/bHLIe BRHIBO-~
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AsiTcsl MeToZaMu npumepa 13.2):

M (my — p = (e — ) Koo,
M (m, — b,)* = 3a3K%, + O (=),
M[(m, — 1) (53 — Ky)] = 0Ky
M [(m, — pe)? (m, — )] = (az 2o ) K1,
M[(m, —n,)* (m, — 1,)"] =0} (2K3, + Ky K,,) + O (n7%),
M[(m, —u,)* (m, — 1,)] = 30}K,K,, + O (n9),
MI(s3 —Ky) (my —u,)] =Ky,
M (. — ps) (S2y — K1)l = 01K2s
M [(5xy — K1) (my — lly)] =K.

3nech ar = (n—"—N") kKak H B (12.116), npuueM kax B 3TOH, Tak
H B Npexnbiayilel riase M onyckaem uagekc N y M. Tun (1965)
TIDHBOJUT COOTBETCTBYIOIHE 3HAYEHHUS C TOYHOCTBIO A0 n—2:

M) = ( ){ 1 — (2“2 - )(Czl — 3aiCs (Cy — Cyy) } ,

(40.34)

(40.33)

D =(22) {a: (o + Cu—2¢i) +

+ @} (20 — 4C,Cpy + Ch + CpoCop) + 22 (Cp — 2C,, + C,p) }.

(40.35)
THe

Crs =K”/(P-;P»;).

Touno takuM Ke ob6pasom Tun (1965) nmosyuaer pesynbTaThl AJsA
HCXORHOMA OLEHKH [i,/px = my/m,:

( ) ( ){l + 0 (Co—Cu) +(“2“ —)(Czl‘" Ci) +
+ 3a}Cy, (Coo— C,y)}» (40.36)

(m,) ( {al (Cpo+ Cop — 2Cn1) +
1 o7 (8C2, — 16CyC,y - 5C2 + 3C,1Cp) —

—2(— ) Co—20u +C)} (40.37)
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m
B TO BpeMs Kak JHJs t(m—”), onpenensiemoro (40.28), ou Haxomur

— Cp)IN — 20, (Cq; — Cyy) +-
+3 (—7 — 57 ) Coo(Caa— Ci) },  (40.38)

D{ ( )} ( ){GI(C20+602—2011)+ -
+2 (% - N+N2)czo w—2C) + (7 — 5 + 57 ) Ch o+
+ (%— N T ) CoCo + - U (Cpo—2Cy + sz)} (40.39)

H3 atux pe3yabTaTOB MOHSATHO, YTO CMEUIEHHS OLEHOK U M I (my/m.)
OueHb MaJibl H He COJepKarT YJjeHa, HMeIOHlero NopsxoK n~!, B OT/IH-
4yHe OT CMeEIeHHs OLEeHKH M,/m.. Bce Tpu aucnepcuu umeloT OnuH
H TOT e TJIaBHHI 4YJ€H, KOTOpHI Mbl yXKe noacuurtand B (40.24).
Ilpu 3ToM MBI BHAENIH, YTO OH MBJISIETCS [JIABHLIM WIEHOM H /st
CpPeIHEKBaJApPaTHIHON OLIHGKH OLEeHKH uy/px, OnpeleieHHOH B

(40.9). B ynpaxueHun 40.13 untaTenio npeanaraeTcst nokasaTb, UTO
st npAGAMXKeHAN CAeLyIONero NopsiiKa BbIIOJHSIETCA

D () < D{t(%)}< D(:—:), (40.40)

a 3HauuT, 4, onpenensieMasi (40.32), okasbiBaercs GoJiee npennouTH-
TeJNbHOMH, YeM ADYrHe PaCCMOTPEHHHIE 3JeChb ONEHKH, Kak H3 c0006-
paXKeHMH CMelleHHs, Tak H H3 coofpakKeHuR CpelHEKBaAPaTHIHOHN
olnOKH.

Tun (1965) paccMarpuBaeT Takxke ADPYrHe OLEHKH, G/JuM3KO CBF3altHbe C &

(cm. ynpaxHenue 40.14), ¥ NpPOBOAMT CpaBUEHHE 3THX ONEHOK B CJydae ABYyMep-
HOrO HOPMAaJIbHOTO PacNpefeseHHsI U B APYTUX CJydasiX.

PerpeccHOHHbIE OUIEHKM

40.10 Ilpn ycaoBHH, YTO Mhl 3HaeM cpefHee NO COBOKYITHOCTH
Rx JOTMOJHHTEILHOM NlepeMeHHOM, KaK 3To 6bu1o B 40.2, ecTeCTBEHHO
PaccMOTpPeTb NPHMEHEHHE TEOpHHM perpeccHd AJs HOBHIUedHs 3¢-
QJexTuBHocm OLleHHBaHHUA py. IIpocreliluefi sABjsieTcs OLEHKa C JH-
HellHO! perpeccuei

iy = my + b (e — m,). (40.41)

Dta oueHKa o6o6maer (40.1). Ona ceommTcsi K nNOC/HenHed, e
NoJM0XKHuTh b = my/m.. OnHako o6biuHo b BHOHpaeTcs Kak Koapdu-~
nHeHT perpeccud y no x no merony HK.
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Ecan 6B 3aBHCHMOCTBD MEXAY ¥ M X NOAYMHAJIACH NpPEANONOKe-
HuaM auHeiHON Modenn (19.8), To MOXKHO GHIJIO GBI MPUMEHATH TEO-
puio Meroga HK u3 raasw 19 1. 2 B H3 NyHKTOB, clenyiomux 3a
28.12. OgHako B u3ydyaeMOf CHTyalluH Mbl HMEEM [OeJ0 ¢ KOHeuHOH
COBOKYTMHOCTBIO H BO BCAKOM CJydae BO MHOTHX NPUMEHEHHAX X fAB-
asercd ciaydafiHoit BeJHMuMHOH, Tak 4To nphHmeHenHe Mmerogxa HK ne
sIBJIsIeTCs CTPOrO OOOCHOBaHHBIM. BMecTo 3TOro 3amerum, 4Tto CO-
BMECTHO€ paclpefesieHHe My U My HMEET CPEeXHHE. Wy, [x, JHCIEp-
cun D (x)/n, D(y)/n u xoBapuaumio C(y, x)/n. A aunauur, us (40.41)
cJIeflyeT, 4TO €CJIH He YUHTHBAaTh 00YCMOBJIEHHYIO BBIGOPKO#A OMIHOKY
B 3HaueHHH b BHE 3aBHCHMOCTHM OT TOrO, KAKHM CIOCOGOM MBI IOJY-
yuJIu 310 b, TO

nD (ji,) = D () + 62D (x) — 26C (y, x). (40.42)

'COOTBeTCTByIOH.Iaﬂ HeCMeEIll€eHHass OU€HKa HMEET BHA
~ 1 - 9
B () == 0, (@i —m) — b(x, —m)P.  (40.43)
i=]

TlpuBeneHHasn HuxKe coorHowenus (40.25) acumnrornueckas dop-
MyJa Ias OLEHKH CpeAHEKBAaApPaTHYHONH OWIHOKH ﬁ; (coBnaparomen
acHMNTOTHYECKH C Aucnepcuef ﬁl’/ H C JUCHepcHelr HeMOAH(PHIHpO-
BaHHOA OUEHKH fiy), nosyuaercs us (40.43), ecau, kak u Bhille, No-
N0XKuUTh b = my/m.. B cuny neHTpaabHON# NpeaelbHON TEOPEMH 1y
H My OOBIYHO AaCHMNTOTHUYECKH HOPMaJIbHHI, 4 3HAUMT, [ly TaKXKe
acUMNTOTHYECKH HOpMaJbHA.

40.11 Coornouienne (40.42) npexncraBiser co0OH TONBKO acCHM-
NTOTHYECKOE PABEHCTBO, MOCKOJbKY TOJNBKO TOTAAa MOXKHO npeHne6-
peub 06YCJIOBIEHHOH BRIGOPKO#H oIHGKOA B 3Hauenun b. Mbl BHIHM,
4TO DPErpecCHOHHas OLleHKA [iy Gojee 3¢ ¢eKTHUBHA, YeM OLEHKA My,
paBHas BLIGODOYHOMY CpEIXHEMY, ecyu mpaBast 4acThb B (40.42) meHb-
Ile, yeM ee nepshlll wieH, T. e. ecau 2bC (y, x) > b2D (x).

Ecan BrGpath b no merony HK, To npu n—>oo b crpemurcs
x C(y, x)/D(x), a 3HauuT, NPpHBEJEHHOE YCJIOBHE BCEria BHIIOAHSET-
ca, ecau C(y, x) 5= 0. Aunajornuso, cpapHuBasi (40.42) c (40.25),
y6expnaeMcs, 4TO YCJIOBHEM, FapaHTHPYIOIHM GoJsbliylo 3¢ ¢ exTus-
'HOCTb [y TI0 CPAaBHEHHIO C ﬁ;, ABJISIETCA

D {6 — (%)2 } <20, »(b— —’%) (40.44)

‘Ecau b noayuaerca no merony HK u crpemurca x C (y, x)/D(x), To
(40.44) cBOmHTCST aCHMITOTHUECKH K

D(s— %)2 > 0. (40.45)
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Ho 310 He BLINOJIHAETCA TOJABKO OPH b == p,/ux, Korma (40.41)
acuMnrornueckn csopurcsi kK (40.1). Takum oGpasoMm, no xpaiHenr
Mepe aCHMITOTHYECKH, Mbi HHYEro He TepsieM, HCIOJb3ys perpec-
CHOHHYIO OlLleHKy, noJyueHHyio meronom HK.

40.12 Perpeccuonnasi onenka (40.41), pasymeercs, sBiasieTcs
cMemteHHoft, 111 yCTpaHeHHs1 3TOrO0 CMellleHHsi PaCCMOTPHM o6Iue
METOIbl MOCTPOEHHS HECMEIIEHHLBIX OII€HOK, NpelJjoxKeHHble MHKKW
(1959) u Y. ¥Yuansvsamcom . (1961, 1962). St MeTOAH CRENAIOT TaKKe
Goslee MOHSITHBIMH DaCCMOTPEHHble HaMH paHee BOMNPOCH ¢ OlEH=
KaMH-OTHOUIEHUAMH.

HecMelmieHHbIe OUEHKH C AOMOJHHTEJIbHLIMH NEepEeMEHHLIMH

40.13 [Ina Hauana 3aMeTHM, 4YTO AAsE JIOG0OH KOHCTAaHTbE
a oueHka

my,—a(m; —puy) (40.46)

ABJNAGTCS HECMELIEeHHOA OLeHKOM [y, ONHAKO 3TO, Boobuwe roeops,
He Tak, €CJM a — CTaTHCTHKA, BhIYHCJEHHAs NO TOHX e caMOH BhI-
6opKe, uTO U M. [IpenanosoxkumM Tenepsn, 4To BLIGOPKa H3 n HabJio-
nenuli pasbura cayyafiHbiM 00pasoMm Ha noaABhLIOOPKY H3 p HabJiio-
IEeHHA M «OCTABLIYIOCS» BHIGODKY M3 n— p HaOmopenufl. (Hrobu
OniTh GOJiee TOUHBIM, MOXKHO B KayeCTBe IOABbIOODKH B3ATb NEPBbie
p HabnloneHuil B nopsiike uX u3BjedeHus). McnoabsyeM tenepp noxn-
BHIGOPKY IJsi onpenesenus a B (40.46), a cpenHne my u My BHIYHC-
JUM TOJNBKO AJ51 ocraplueiicss BeiGopku. [Tockonbky ocraBuiasicss Bhi+
6opka sBJsIETCS cAydyaAHONA BHOODKOH H3 COBOKYNHOCTH, COAepiKa-
meld N — p uJeHOB, He BOLUENWHX B NMOABHIGOPKY, TO B pe3yJqabTaTe
Mbl TNOJIYYHM HECMELIEHHYIO OLEeHKY [IJsi CpPeiXHero «ocTaBledcs»
CoBOKYNHocTH. Bosiee Toro, cpennme 3Hauenus no ocraBliedics BhI-
6opKe U N0 OCTaBHIEHCA COBOKYIHOCTH Mbl MOJKEM BBIpasHTb B Tep-
MHHAaX CpelHHX MO BceH BLIOOPKE H IO BCEH COBOKYMHOCTH H Cpel-
HHUX N0 nojBbiGopke. [Insi pasiuueHus Mbl GyAeM IHCATb NMOC/IEIHHE
¢ aprymentoM (p). Takum oGpasom, (40.46) npHBOIHT K OlleHKe

nmy — pmy(p) amy — pmy(p)  Npx— pmy(p)
Up=——"——"—a(p) ,

n—p n—p - N—p

KoTopasi fABJsAETCH HecMelleHHOH ouenkoi maa {Npy, — pmy(p)}/
/(N -—p). B pesyapTate HecMelleHHOH OIEHKOH AJS caMoro py Oy-
ner {(N—p)up+ pmy(p)}/N. ATy olLeHKY Mbi 3anHlleM B BHAE

ty— 2 2 {my — a (p) (m, — )} —

X2 P, (p)— a (p) (e (p)— )} (40.47)
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Mu Moxkem BrO6paTbh NPOM3BOJBHOE HHCGJIO p Takoe, 4To | << p <<
< n— 1. Ilpun nandoM p byHKIHA a(p), onpenensieMass no NOABH-
60opKe, TakxKe NpousBoJbHa. B pesysbrate MBI noay4gusan GoJbIuof
KJ1acC HEeCMEIEeHHBIX OLEHOK mapaMerpa ly, OCHOBAHHHLIX Ha HalleM
3HAHUH DapaMeTpa K.

Te e caMble pacCyXJeHHsi CIpaBEAJIHBHL U B MHOTOMEDHOM CJYy-~
yae, KOrla X — BEKTOP.

40.14 OGmuit kaacc oueHok (40.47) o6GnaZaeT CAeAYIOUIHM He
OueHb YAOOHBIM CBOHCTBOM: OHH 3aBHCAT OT NOPAAKa, B KOTODOM
IIPOBOJATCS. H3BJIeYeHHsA B BbHIGOpKe. MOXKHO H30aBHTbCA OT 3TOrO,
paccmaTpuBas fp AN KaXA0H H3 n! BO3MOMXHBIX YNOPAZOYEHHN BbI-
60opKkH u ycpenuss ux. Ilonyualomasica B pesysbrare ycpeAHEHHas
OLleHKa Ip HHOrJa HMeeT MPOCTOH BUA H He TpeGyeT GOJBbIIHX BHI-
KJIaJOK NPH €€ BEIYHCJICHHH 110 BRIGODOYHLIM 3HaYeHHAM. (DTOT npo-
1leCC YCPeAHEHHS B TOYHOCTH COBIajaerT C IPOBEICHHbIM HaMH
B 39.11 no tem ke npuumHaM. OgHako TaM pe3yJbTaTH He NOJy4Ya-
JIUCb NDOCTHMH AJisE BLIYHCAEHHHA, NOCKOJbKY BbIOOD NPOBORHJCA
€ HepapHEIMH BepOATHOCTAMHM). Ynpaxuenne 39.30, m0Oka3aTesbCTBO
KOTOPOr0O B pacCMATPHBaeMbIX YCJOBHAX YIPOIMIAETCA, MOCKOMBbKY
BHIGOP NPOBOJUTCA C DaBHBIME BEPOATHOCTAMH, NOKa3biBAaeT, 4YTO
ycpenHeHHas OlEeHKa Ip uMeeT AHCNepCHIO He GoJblIyIO, ueM JtoGas
OT/leNbHAsA OLleHKa lp. ,

40.15 Ecau B (40.47) mnonoxuts a(p)=rmyx(p ——--:7 -i—’-

=1 ¢
M p=1, TO oueHKa CBOIMTCA K
N — n

tl =Mx—i/:_:-+_—N 1 e T (my‘—%mx):
TOE y 4 X — 3HAYEHHs, COOTBETCTBYIOIHE NEepBOMY HaOJIOdEHHIO.
Ycpennsia mo BceM 71! BO3MOXHBIM YNODSAAOYEHHAM BHIGOPKH, MOJYy-
YHM OLEHKY

7 N—1 n

t,=u,m,, +—F—7—1(m,—m,,m), (40.48)

KOTOpass COBHajaer ¢ ;1,’,, onpenenénnoii B (40.7). Boaee roro,
.€cJIH Mbl BO3bMeM JI0G0Oe APYroe 3HaueHHe p H TO Xe camoe a(p),
YTO M Bhillie, TO YCPeIHEHHOe 3HaueHHe Ip OYAeT TeM Xe CaMbIM, 4YTO
u B (40.48), x0T, KOHEUHO, caMo fp Oylder oTiaHuaThcs. TakuM 06-
pasoM, ecin a(p) = Myx(p), TO Mbl INOJTYyYaeM HeCMEISHHYIO
OlIEHKY, OCHOBAHHYIO Ha Myx.

3TH pesyabTaThl MOACKA3bLIBAIOT HAM, YTO TOYHBLIA HECMELLEHHbId
sapuant ouenku tuna (40.1) pasyMHO HcKaTb, MONOKHB d(p) =
= my(p)/mz(p). B arom ciayuae (40.47) npuHuMaer BUI

my(p) (N—p) n my(p)
mem) TN (n—p)(mﬂ_mx(m‘m”)’

I = WUx
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4YTO MOC/JE YCPeIAHEHHsT HMeeT TOT e BHA ¢ my(p)/m.(p), 3aMeneH-
HBIM Ha ero cpenHee sHaueHue. IIpu p = 1 3To, KoHeuHO, COBnanaer
¢ (40.48), nockoJibKy B 3TOM cJyudae a(p) coBnajzaer ¢ pacCMOTpPEH~
HbIM paHee. [[pyruM HpocTeflINM BHIOODOM sIBJAfETCE p=n— 1,
KOraa cpefHee 3HaueHHe BEJIHUHHBI My (p)/msx(p), B3siTOe NO BCceM

1 nm,—y;
nepecraHOBKaM, CBOAMTCH K 72 am—5 )=R. B arom cayuae
=1 x i

1 =pnR+ uv; p) = n = (m, — Rm.) (40.49)

ABJSETCS HeCMEIleHHO! OLleHKOH Wy.
40.16 OGpaiascy Tenepb K PerpecCHOHHON OllCHKE, eCTeCTBEHHO
paccmotpeTh a(p) = by«(p). Torna (40.47) csoaurcs K

tp =my— byx(p) (mx - ux) -

- (NN n (n_pp) {(m, (p) — m,) — by (p) (my (p) —m,)}. (40.50)
YcpeaHeHHe NPHBOAMT NMPOCTO K 3aMeHe byx(p) Ha COOTBETCTBYIO-
umiee cpenHee 3HaueHue. 3HaueHHe p == | Tenepb HEBO3MOXHO, MO~
cKOJIbKY TOraa byx He mMeer cmblcia. Kak u paHee, npyrum npo-
CTEAIUHM cJaydaeM siBaserTcs p = n— 1. B arom cayuae HyxHO 1
pa3 BLIYHCAHTbL KOG (PHUHEHT perpeccHH, KaxKaulfi pa3 He NpHHHUMAs
BO BHHMAaHHe MOC/JENOBaT&JIbHO ONHO H3 Ha6GmoxeHuH, a 3aTeM
YyCPERHUTb, YTOObI MONyuuTh byx(n — 1). Torma (40.50) cBemercs k

lpmy =My — syx (n— 1)(m, — M) —

_”N_—nnlz byx(n— 1)x, —nb,, (n— l)m,}, (40.51)

li-l

TAe Xi NOA 3HAKOM CYMMHl COOTBETCTBYeT 3HAaUeHRIO HabaiogeHHsd,
He NPHHATOrO BO BHHMaHHe mpH mnoacuere Toro by.(n—1), Ha Ko-
Topoe x; MHoxutcsi. Onenka (40.51) skBuBajeHTHA OGHIUHON pe-
rpeccunonHOl olleHke (40.41), ecan Bce byx(n— 1) coBnanmaior. Ho
B o6weM cayuae 310 He TakK. OLHAKO €C/iu N BEJIHKO, TO by.(n—1)
MOXeT MEHsiTbC OUeHb MAaJI0 H COOTBETCTBEHHO OIlEHKH MaJo OT-
JIHYAIOTCA.

OueHuBaHHe AMCIEPCHH

40.17 nsn necmewenHol ouenkH (40.47), BooGme roBops,
HeJIb3si BHINMCATb 3HAUeHHe JHUCNEPCHM, NMOCKOJbKY BC€ 3aBHCHT OT
BriGopa a(p). OoHaKO eC/iM HECKOJIbKO BHAOM3MEHHTb CXEMY OLIeHM-
BaHHs, TO MOXHO NOJYYHTb TaKylo OLIGHKY, AHCNEPCHS KOTOpO#H
TOXKe MOXeT OLITh OlleHeHa.
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[Ipeanonoxum, uto n HabaomgeHHH pa3buThl Ha £k MOABHIGOPOK
B TOpSKKe HX M3BJACYEHHs, TAaK YTO r-si MOABHIGOpKA CONEPIKHUT My

k q
na6noneHud 1 Y, n, = n. O603HaAUAM YacTHHE CYMMB! Z e ==n,g

r=1 ro=i

TaK 4TO M4 == Ny, a nyp = n. Ouenky (40.47) 6yaem o6o3uauaThb
Tenephb f(p, n), uro6p MOAYEPKHYTh, YTO MNMOABHIGOpKA of6BeMa p
B3fiTa U3 BHIGOpKH o6beMa . PaccMOTpHM mnoc/exoBaTeNbHOCTb, CO+
cTORWYIO H3 k—1 OUEHOK f(fyy, ny1), £(Nye, Ni3), ..., E(Ra—1), Nn).
B xaxnofi M3 3THX OUEHOK B KauecTBe NMOABBLIGOpKH Gepercsi Bes
BhIGOpKa mpelblayliesl oueHkH. Bee 3TH OueHKH He KOppeJHPOBAHBI,
TOCKOJIbKY MaTeMaTHYeCKoe OXHIXAaHHe MOoXKeT OBITh NMpencTas/ieHo
B BHIE NOCJEXOBAaTEJbHOCTH YCJOBHEHIX MAaTEeMAaTHYECKHX OXHIaHHA
(cM. 39.35) B cooTBercTBHM ¢ pa3GHeHHeM Ha k noarpynnm H LJas
r<Cs

M{t (nsr, neer) E(es, Ry} ==
=M... M{t(ter, i) M ... M[E(Rss, Resen)]} =
1 r+1 r+2 k

= 'Y‘ s er {t (nim Pigan) By} =15
Tenepb, uTO6H MOMYYHTh OLIEHKY AHMCOEPCHH CPEXHEro 3HaYEHHS IO-
C/leJOBATEJNLHOCTH  HECMEIEHHBIX HEKOPpPeJHPOBAHHBIX  OLEHOK
t(n4r, Nipre1)), MOXKHO BOCIOJNIB3OBATHCSI PE3YJbTATOM YIpaXKHEHHS
39.12. TIpn 3TOoM caMH OLleHKH He 06s3aHBl HMeTb TaKOf Xe BHA.

40.18 B 40.17 mbl He TpeGoBaju, 4TOGBHl X2 NOABLIGOPOK OBIIH
onuoro o6wvema. [Ipeanonioxum Temepb, YTO 5TO BHIIOJNHSETCH, TaK
410 nr = nfk. Ecan KaXnyi H3 NOoLBHIGODOK HCNO/JAb30BATh MOCHE-
HoBaTeJbHO st BhiuHcaeHus a(p) = a(n/k) B (40.47) m kaxnbif
pa3 BHIYHCJAATHL cooTBeTcTBYylollee f(nt/k, n), To 3TH k 3HaueHuit He
6yIyT Temepb HEKOppPeJAHPOBAHHbIMH, Kak 310 6buio B 40.17, Hx
cpenHee 3HAYEHHE PaBHO

P(3 W) =R (5 n) == a(3) me =
k

+aaenole(B)—a(@)Hm(F) —m:}. 052

rie depra Haj 6YKBOH O3HauaeT yCpeIHEHHe MO R NOoJydeHHbIM 3Ha-
yenusim. IlepBbie nBa uiena B npasoit yactu (40.52) umeoT B TOY-
HOCTH Takoil BuA, kKak H (40.46), HO Tenepb OHH He SIBJSIIOTCST He-
cMmellleHHOfI OLl@HKOM, MOCKOABKY d(n/k) BHUHCJIEHO Ha OCHOBe TOM
e caMO#l BbI®ODKH, 4TO H M, MaremarHuecKoe OXKHIAHHE 3ITHX
ABYX 4JieHOB paBHO uy— C {@(n/k), ms}. [ocrennni unen 8 (40.52),
OUeBHJIHO, AIBJAAETCA HEeCMEIEHHON OIEeHKOA MJIsT 3TOR KOBapHalUHH,
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N
€CJIH pacCMaTpHBATh COBOKYINHOCTb KaK COCTOALIYIO H3 W rpynn

o6wvema n/k, u cuuraTh, YTO CAYYaHHBEIM OGpPA30M MPOBOAHTCS Bbi-
6opKa k2 Tak#Xx rpynmnm.

Moaudukauna cxembl BHIGOpa NJs YCTPaAaHEHHS CMEILEHHS

40.19 o cux nop B 3TOHA rjaBe Bce HAIlH pPACCYXKIEHHSI O per-
PECCHOHHBIX OIleHKAaX H OLUEeHKAaX-OTHOIIEHHMX GLJIM HaNpasJieHH Ha
TO, 4TO6Gbl BHIOH3MEHHTh BHX OULECHOK L/l YCTPAHEHHSI HJIH YMEHb-
LIeHHs1 CMeLleHHusi, NpH BbiGope 6e3 BO3BpaIleHHS C DABHLIMH Be-
positHocTAMH. [lpyrofi cnoco6 NOCTHXKeHHst TOH e IeJIH COCTOHT
B H3MeHeHHH cXxeMbl Bb6Opa TakK, 4TOGbl CAMH HCXOXHBIE OIIEHKH
CTAHOBHJIHCb HECMeIeHHBIMH.

H3z (39.20) cnexmyer, uTto npu JIOOBHIX BePOATHOCTSAX H3BJCUEHHS

1 < g
7; BhIpaXKeHHe W-Zn—' 3ajlaeT HeCMEUIeHHYIO OLEHKY puy. [Ipeano-
g=1 ¢
JIOXKHM TEnepb, YTO MB!I B3AJNH

N
n; = nx,/izl Xy (40.53)

NpHYeM Tenepb HYXHO NpenrnoJaraTb, YTO BCIOMOratesbHas nepe-
MeHHAA X noJoxureabHa, ytobei (40.53) samaBaso coOTBeTCTBYIO+
lee MHOXeCTBO BeposTHOcTefi. B 3toM ciyzae cpa3y nmoJsyysm, 4To
UxMyx OyneT HecMellleHHOH OueHKOA py. HHBIMH caoBamu, AJs
TakoOl cxeMbl BBIGOpa OlleHKa [iy, onpenesnennas B (40.2), asaserca
‘B TOYHOCTH HecMmemieHHofi. C Apyrofi CTOpPOHBI, MOXKHO paccMaTpH-

N
BaThb MHOXECTBO H3 (n ) BO3MOXHBIX BBIGOPOK KaK COBOKYNHOCTb,
H3 KOTOpO#H HO/KeH ObiTh H3BJeueH oxuH saeMenT. [Iycth (my): u
. N
(my, i=1 ..., (n ), CpeAHHe OJIsi COOTBETCTBYIOLIHX BHIGOPOK.

Ecau yOIOMAHYTO€ OAHO H3BJIEUEHHE IMPOBECTH C BEPOATHOCTAMH
N

7 = (ms)s Z (m)y =) /{(M)ue}, (4059
1= '

TO pacCCyXIeHHs, aHAJOrHYHbie BbilICIPHBEACHHBIM, I[TOKAa3bIBAIOT,
gro onenka (39.20) npunumaer BHA

G

TaK 4TO, KaK Brnepsbie orMerna Jlaxupu (1951), onenka iy, ompe-
Denennast B (40.1), cTaHOBHTCA B TOUYHOCTH HeCMeEIIeHHOM.
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Hucnepcun 3THX ONEHOK H HEeCMeNIeHHBlE OLEHKH 3THX NHCIep-
CHH NOJy4alorcsi, XaK Oo6buHo, H3 (39.23—4). Pasymeercs, gas
TOro 4T06H B caydae fiy MOXKHO OBJIO OUEHHTh NHCIEDCHH, HYXHBI
no KpafHed Mepe ABe BbIOOpKHM (WJIH ciaydafiHas NOABHIGOpKA H3
ONLHOH BHIGODKH).

Hangxamma, Mépdn n Catu (1959) paccmaTtpuBaioT o6uLyio 3a-
Rayy MonubHKaUHH cxeMbl BbIGOpa, YTOGH clAenaTh OIEHKU-OTHO-
[IeHUS] HEeCMEIlEHHBIMH C NpHMEHEeHHeM K HEKOTOPHIM THIaMm BHGO-
pounblx o6caenosaHuid. Cm. takxe [latxak (1964a).

PaccnoeHHMA H MHOromaroebiii BbiGop

40.20 Kak OUEHKH-OTHOWIEHHS, TaK H pPErpecCHOHHEE OLEHKH
MOXHO TNPHMEHATb OTHEJNbHO K KaXJIOMYy H3 HEKOTOpOro 4YHCJa
cJIoeB NpH YCJAOBHH, 4TO IJIA KAaXIOro CJOS H3BECTHO cpefHee IO
COBOKYNHOCTH mnepeMeHHoH x. C gpyrofi CTOpOHH, KOHKPETHYIO
OLEHKY-OTHOILIEHHE, HJIH PErpecCHOHHYIO OLIEHKY, MOXHO NPHMEHHTD,
HCIONBb3YA O6GbeIMHEHHe pe3yJabTaTOB HJjas Bcex caoeB. Cuexyer
OXHIaTh, 4TO [epBasi H3 YNOMSAHYTHIX MNpouenyp Oyler, BooGure
roBop#, Gonee sddekrusnofi. Kokpsu (1963) paccmarpusaer 6o-
Jlee 1ogpo6GHO CMelLleHHble OIEHKH-OTHOUIEHHSI H perpecCHOHHBIE
OLLeHKH.

HecmelueHHbie paccloeHHbIe OLIeHKH-OTHOIIEHHS paccMaTpHBAJH
B oauHoMmepHoM cayyae Huero ae'llackyane (1961) u ¥V. Yuanbsamc
(1961), a B maoromepHom — Oakuu (1958). Po6cou nm BHrxascan
(1961) paccmaTpuBajJH CHTyaliHio, AaHAJOTH4HYI paCCJIOEHHOH,
KOra y ¥ X MOryT ObiTh NIpEICTaBJEHH B BHAE CYMMBI R COOT-
BercTByloIuX KoMnoHeHT. Kumr u Tecc (1959) noayumaum acum-
NTOTHUECKYI0O (OopMyay Aas HRHCIePCHH cMellleHHOA KOMOHHH-
POBaHHOM OIlEHKH-OTHOLIEHHS [pPH pPACCJOEHHOM MHOromaroBoM
Bhibope.

40.21 Jlep6un (1953) ykasam, uto mockoabky H3 (40.30)

my Ry '"”—('::—i mx ) (40.55
e = F o™, 55)

TO OTHOlIeHHSA BblﬁOpO'-IHle CpEeIHHX aCHMIITOTHUECKH JUHeHHB! IO
= § — (BMy/Bx) X, TaK uTO

—_ ﬂ == l— Z Zi/ux' (4056)

m

OTCIO}Ia caenyer, 4To AJA OLEHKH D(-m—y') B CcJiydae MHOroumaro-
x

BOro BLI6OPA aCHMIITOTHYECKH NPHMEHHMH paccyXienna 39.45—50
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4 B Caydae O0JblIMX BBIOOPOK MOXHO MPHMEHATh [paBHiIa
Hsiitca — Hep6una u3s 3946 u 39.49. D10 crnpaBemsiuBO TaKXKe
BHYTPH Ka)XIOro cJosi MHOromaroBofl cxeMbl. To jKe camMoe MOXHO
NPHUMEHHTDh K perpecCHOHHLIM OleHKaM.

JiByxarannas Bbifopka

40.22 Kak npu 0o6cyXXHeHHH paccjoeHHOro Bei6opa B 39.15—27,
TaK H NPH HCIOJb30BAaHHH BCIIOMOraTeJbHOX NepeMeHHOR MJIsl yayd-
weHns 3@deKTHBHOCTH OUEHKH B 3TOH rJaBe TIpenlosarajioch, 4To
Mbl 06JlafaeM HEKOTOPHIMH 3HAaHHSMH O COBOKYIHOCTH, I103BOJSIO-
LIMMH HaM CTPOHTh HeCMellleHHble OlleHKH. B mocnenneM ciayuae mMbi
NpexnoJjarajid, 4TO HaM H3BeCTHO Jx, 3 B MEPBOM — OTHOCHTENbHEI i
o6bem caoeB N, /N, KOTOpb/i HyXKeH HAJS BBIUHCJICHHS OUEHKH
(39.38). Ecam y wuac uer coorBercTByiomlell dudopmanud, TO B
NPaKTHUECKHX CHTyaUuHsaX cama co60fl HampalIHBaeTcs Cjaenylommiast
npouenypa. [IpoBectn npeasBapuTenbHbifi caydafiHbii BeIGOp ¢ pas-
HBIMH BEPOSITHOCTSIMH IJISl MOJIy4eHHs TaKOi HHbopMalHH, a 3aTeM
HCIOJIL30BATh ee NpPH NpOBeNEeHHH OCHOBHOH BHIOOPKH, HampaBJieH-
HOA Ha HKOCTHXXEHHe HCXORHOA IieJid — OlleHHBAHHE CPeNHero Co-
BokynHoctH. OueBHAHO, 4TO TaKas npouenypa GyAeT SKOHOMHUECKH
nNpHeMJeMOH TOJABKO B TOM cJyudae, KOrja 3aTpaThl Ha HpeXBapH-
TeJbHYI0 BbIGOpDKY MaJibl MO CPaBHEHHIO C pe3yJbTHPYIOLNEH BHIrO-
noit B 53 (heKTHBHOCTH, MoJydaionleiics B OcHOBHON BeIGOpKe. HHxe
MBl chopMyaHpPYyeM 3TO yTBepKAeHHe GoOjiee TOUHO.

Cxema BbI6Opa TaKOro BHIA Ha3bIBaerCsl NBYXITamHOA BHIGOP-
kofi (two phase sampling). (Ms He ymoTpe6/sieM NpHUMeHSIBIIEroCs
paHee TepMHHa «nBofHas BbIGOpKa» («double sampling»), no-
CKOJIBKY 3TOT TEDMHH MBI yXXe HCNOJb30BaJd B riase 34 mast 060-
3HayeHHs MOCJeLOBATEIBHOrO MeToJa, UeJbi0 KOTOPOro GbUIO MOoJay-
yeHHe [NOBePHTEJbHOrO HHTepBaJa 3amaHHoi miuubl. Ceiizac y nHac
HHas uesgb. Mbl XOTHM B NepBYiO ouepelpb YAYUIIATh 3G HEKTHBHOCTD
OLEHKH HA BTOPOM 3Tame, NOJYdHB Ha NEPBOM STale HYXKHYIO HH-
dopmauuio). IIByxstanHas BeIGOpKa OTJH4YaeTcss OT ABYXLIAroBOro
BHOOpPa TeM, YTO B HeM Ha KaXIOM 3Tane H3BJIEKAIOTCH OXHH H Te
Ke 0OBeKTH. _

40.23 Cnenys Hefimany (1938), koTOphIfi BhepBBIE pelHs CO-
OTBETCTBYIOLLYIO 3afady, PaCCMOTPHM CHauaja 3ajady pacC/OeHH.
Mbu xoTHM npoBecTH pas3buenHe Ha (PpUKCHpPOBaHHOe YHC/IO R 3axan-
HEIX cj10eB, HO He 3uaem nponopuuu N/N = W, B KoTODBIX 3J€-
MEeHTHl COBOKYMHOCTH BXOHST B 3TH CJIOH, a 3HA4HT, He MOXeM Hc-
nosb3oBaTh oneHky (39.38). B cooTBercTBHH € 35THM MBl JejiaeM
npeABapHTeJbHYI0 BEHIGOpKY 00BbeMa #; ¢ PABHBIMH BepPOSITHOCTAMH
[Tycth wacToThl monaxaHus 8 COOTBETCTBYIOIIHE R CJIOEB OKa3ajHch

ny, ..., Mg, TOE IZ n,; =n,. Torna NPOIOPUHH Wy == nu/n.
-]
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ABNAIOTCS, pasyMeeTcsi, HeCMeUleHHbLIMH OLleHKaMu mnpomopiuin W,
B coBokynHocTd. IlosToMy B KayecTse OUeHKH mapaMmeTrpa p ecre-
CTBEHHO B3ATh

k
e =IZ_II Wy My, (40.57)

rie Mgy — BHIGOpOUHEIE CPEeIHHE CJOeB BO BTOPOH (OCHOBHOHA) BbHI-
6opke, HMelonieli o6beM ng; H ny Habmoaenui B I-M caoe. Tenepb
BO3HHKaeT BONPOC, NOJ/IXKHbBI JIH Nz GBITH MOABBIGOPKAMH 1); HJIH OHH
DOJ/DKHbE H3BJIEKATHCS He3aBHCHMO. [JIns npakTHYeCcKHX CHTyalHdf
GoJiblie MOAXOMHT MepBBIH CJydail, MOCKOJBKY, ectn N; HEeH3BeCTHO,
TO HHKaKOro MOJHOrO ONHCAaRHs cj0eB ObiTh He MOXeT H BEIGOp Ha
BTOpPOM 3Tane MPOBOAHTCS Ha OCHOBE CJAy4afiHOR BBIGODKH H3 KaX-
JIoro cJiosl, IoJydeHHOR Ha mepBoM 3Tamne. Bosee Toro, XoTs nepsbiil
3Tam JIOTHYECKH OpPeAIlecTBYeT BTOPOMY, HO €CjlM Ha BTOPOM 3Tamne
HCIIOAB3YIOTCS MOABHIGOpKH mepsoro, To oba 3Tama MOrYT HHOrIa
NPOBOAHUTHECA OLHOBPEMEHHO.

IlpexnonoxkuM, BO BCIKOM cJydae, YTO M HACTOJBKO BEJAHKH
N0 CPaBHEHHIO C NMpeAnojaraeMbiMy 3Ha49eHHSIMH g, 4TO-HaBAOIEH-
Hble 3HAYeHHS Ny 3aBefoMO Goabllie, ueM (HKCHPOBAHHBIE 3apaHee
3HaYeHHS Mgy

40.24 Hcnoabsyem Tenepb (cM. 39.35) cuMBOJ I\gl st 0603Ha-

YeHHS MATEMAaTHUECKOrO OXHIAHHSA IO BTOPOMY 3Tany NPH YCJOBHH,
YTO pesyJbTaT nepsoro 3tana ¢uxkcuposaH, a yepes M o6oaznaunm
1

MaTeMaTHYeCKOe OXHAaHHe Mo NepsoMy stany. HMcnonmsys (39.72)
noJsy4uM, 94TO MaTeMaTHuecKoe axkumaHue oueHkH (40.57) pasuo

M (i) = M{M (3.0)} = 2. M {w M (mz0)} =

= ZI: h'/l {wpn, = ZI‘. Wi =n, (40.58)

TaK 4TO [ij2— HecMelleHHas ounenka. Cornacuo (39.73) ee nmucnep-
CHsl paBHa

D (i) = l\ln {? (f2)} + ? {2M(|112)} (40.59)

IMepsrit unen B npasoit wactH (40.59) MOXKHO BBIYHCAHTH, 3aMETHB,
47O TaK Xe, Kak B (39.39),

2
. o7 By
D =D z w, m = E w? —(l —_ 1,
g (“‘12) ry ( : ¥4 21) ‘ ¥ "21 Nl
a 3HaAYHT, '

o? n
hlﬂ {B (R2)} = Z 'Y‘ (@};) - (1 - NL: . (40.60)-

Ay
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Ecau npennosoXutb Teneps, 4ro Bce N; OueHb BeJIMKH, TO Mocjen-
HHM MHOXHTesJeM B mpaBoi uactH (40.60) moxHO npene6peub. Bo-
Jee TOro, BBI6OpDKa Ha MePBOM 3Tame JaeT OUEHKH BepoATHOCTe
B MyJbTHHOMHAJbHOH cXeMme, TaK uro npumenumo (5.80), u (40.60)
NpUHHMAeT BHA

N v,(1—-w) of
M{?(sz)}—zl{—nl——-i-W%}—n;. (40.61)

Hcnoabayst (10.16) u (5.80), mosyunM, uto BTOpOf ujeH B nmpaBo#t
yacta (40.59) pasen

?{'\2" (P12} = ? {z, Wy } =
=Zl: p%l? (@) + Z Z uzupC (W), ;) =
=Z Wl(l—Wl) ZZ WlW

_—_7‘.. { 21“ W 2 — (Z‘ l;:,)? } (40.62)

TToncrabasas (40.61—2) B (40.59) 1 ncnobay s paseHcTso Y, Won,=n,
1

NOJTy9HM

w,(1—Ww 2 1
D (f12) =Z{‘—(nl—‘)+W?}%‘l+n—lZ W, (n — p)%. (40.63)
l

]

Hanomuum, uto corsnacuo (39.46) u 39.19, nocrennuin usied B npa-
ot yactn (40.63) Bhipakaer BBIUCPHILI B TOYHOCTH PaCCJIOEHHOTO
Bbi6opa npu BPJI nc cpaBHeHHIO ¢ HepacCJOeHHBIM BHIGOpOM, Korma
o6beMbl BCEX CJI0€B BeAHKH H 06beM BLIGODKH paBeH 1.

40.25 Ecau n, —> oo, Tak uro W, mo cyuiecTBy, MOXHO CYHTATh
H3BecTHBIMH, TO (40.63) cBomuTtca Kk o6utunoit popmyse (39.39) mas
AHCTIepCHH NPH PACCIOEHHOM BhIGOpE. Haxe npu He oueHb OOJbMIHX
n, unesom W;(1 — W,)/n,, xoTopbiit He npeaocxomn 1/(4n;), MmoxHO
06bIuHO NpeHe6peds no cpaBHenuio ¢ Wi. Benomunas ns 39.18, ato

npu Gonbiiux N; cripaBedJIHBO 21: W, — py =o®— Zl: W0}, mox-
HO (40.63) mpuOGAHIKEHHO mMepenHcaTh B BHIE
O' _ Z W,O’l

"l

D (i) = + }_‘, W%f‘— (40.64)

11 M. Kennann, A. Crboapr
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[Tourn Hecmemennast oueHka ans (40.64) nonyuaercs, ecqm noxcra-
BUTb Wy BMecto W), s2 BMecTo o u s? BMecTO 02,

40.26 IlpeanonoxuM Tenepb, 4TO (QYHKIMS 3arpaT OpH ABYX-
3TanHoOM BHIGOpEe HMeeT BHI

k
C=co+ me, + IZI NasCay. (40.65)
CoorHomennss (40.64—5) umeioT TOT Ke caMbli BHA, YTO H
(39.50—1). Ho Torma u3 (39.53) cxaenyer, uto A5 06eMOB BEIGO-
pox, MuHuMusupylomux D(fi;2) npu ¢ukcuposannom C (uaum Ha-
060poT), HMeeT MecTo
ol — W, o2 wio?

n? o< ———‘?‘T—l—‘, n3, o< ——c‘u—'; (40.66)
npH 3TOM KO3Q(HUHEHT NpPONOPLHOHANBHOCTH TMNOJY4aeTCs H3
(40.65) naum (40.64) B 3aBHCHMOCTH OT TOro, KaKasi M3 3THX BeJH-
uuH QUHKCHpYyeTCs.

N3 (40.66) crenyer, a0 HA BTOPOM 3Talle HAGAIOAEHHA XOJKHbBI
ObiTh pacrnpenesiedbl MeXAy CJAOSAMH TAaK kKe, KAK H NPU OGLIYHOM
pacciioennd B (39.55) (mpu 3TOM chaeayeT NOMHHTBH, YTO 3TOT MpPO-
CTOI1 pe3yJIbTaT NOJYUYHJCA B pe3yJibTaTe NpeHeOpexKeHHs UYJeHaMH
nopsinka n;'). O6beM BLIGODKH Ha [IEPBOM 3Tane NpsMO MpPOmop-

[HOHaJIeH YHCJIHTENIO NepBoro uieHa B npaBofl yactu (40.64) (xo-
TOPHIA COOTBETCTBYyeT Ao6aBKe K MHCNEpPcHH, OOYCJOBJEHHOR ole-
HHBaHHEM HA TIepBOM 3Tane) H 06paTHO NMPONOPLHOHAJEH 3aTpaTaM
Ha npoBeneHHe BhiGopa. O6a 3TH yTBepXKIEHHS COrJIacyioTcs C HH-
TYHUHEeH.

40.27 JIByxstanHast BBI6OpKa MpPOBOLMIACh IJst YJAy4IUEHHst 3¢-
$eKTHBHOCTH OLIEHKH C MOMOUIbIO paccioeHusi. HanoMHHM, OoxHakKo,
uto, cornacHo 39.18, ecnu naxe W, B TOUHOCTH H3BECTHBHI, HAHJIYydU-
Ilee PacCJOEHHe Bce PAaBHO MOXeT NMpHBecTH K norepe 3¢ deKTHBHO-
ctd. BnpoueM, xak Mbl Bunean s 39.19, 370 He Tak, ecau Bce N, po-
ctaTouHo BeqHKH. OOHAKO NOMONHHTEJAbHAsT KOMIOHEHTa K 3Hauge-
HHIO [HCHepCHH, o6ycaoBaeHHass oueHnsanneM W; Ha mepBoMm sTame
BHIGODKH, MOXeT NPHBECTH Tellepb K morepe 3h(PeKTHBHOCTH naxe
npH GOJNbIIHX 3HaueHHAX N,

ITycte nocie H3B/MEeUEeHHS] C PAaBHBIMH BepOSITHOCTIMH Hepac-
CJIOeHHOH BHIGOPKH 06beMa n 0Kas3aJnoch, 4TO N; HAGAIOZEHHH MpPH-
HanaexXHr [-my ciolo. EcrecTseHHO NpeANoOJONKHTb, YTO HAaRJIAAHbIE
pacxoabl NPH NMpPOBeAEHHH TAKOH BBIGOPKH paBHbl TOMY Ke CaMOMy
Co, uto u B (40.65), W uro saTrpaThl HAa mpoBeleHHe HAGJIIONEHHS
B [-M c/0e TakXKe OCTalOTCA HEM3MEHHBIMH H PaBHBIMH Cz. B 3arom
cayuae (QpyHKIIMS 3aTpaTt paBHa

Cr=c¢ot+ Z‘: nyCay,
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NpHYeM Tenepb M;— eNyuafiHble BEJHYUHBI C MAaTEMaTHYECKHM OXKH-
nanuem nW, Tak 4TO HYXKHO paccMaTpHBaTh MaTeMaTHdeCKOe OXH-
naHde 3aTpar

M(Cg) =co+nY, Wico,. (40.67)

Ecin M(Cp) nonxuo paBusathest sHauenuio C u3 (40.65), To nomkHo
BBHIUIONHSATHCH PaBEHCTBO
nep+ Zl:n2lc2l

R T
szczt
L
a 3Ha4uT, JHCHEPCHS HepaccJOeHHOH oneHKH Oymer (nmpu 60Jib-
wux N)
0 ) Wiy

!
nie, + };"2[”21

n =

(40.68)

Us (40.64) n (40.68) caemyer, 9TO OTHOLIEHHE AHCHEpPCHHA DPH NBYX-
3TaNHOM PacC/JOeHHOA H NMPH HepaccJOeHHOA BHIOOpKe paBHO

al— Z W,o,
D (i) __ ( + ) Vi, )(nm + 2, )
D (mg) - o), Wt”zz )
UYucauresap B (40.69) pasen npoussenennio D (fi;2)(C — cy), kKoTOpoe

MHHHMAJIbHO, €CNH N, H ny ynosaersopsior (40.66). Ho, cornachHo
(39.52), nmaa 3TOr0 MHHHMAJbHO BO3MOMKHOINO 3Ha4YeHHS HMeeT

MecTo
. 2 2
min D (i) __ [{(o® = Y Wiol) e} + 3 Wiaseii] (40.70)
D(myg) o® ) Wey
TMo-BunuMOMy 3TO HauGojee nosesnasi Gopma 3alHCH OTHOMUIEHHS

nucnepcuii. PaccmarpuBas cuoBa uucaurenb (40.70), y6expgaemcs,
uTO, COrjacHo HepaBeHcTBY Koumrn, on He 6oJblle 4eM

{("— 2 Wio) + 2 WiolH e + 2 Wica),

a 3HauuT, u3 (40.70)
mil'lD(fhz)
— <+ =
D(me) Z Vin

Takum o6pasoM, eciau c¢; == 0, TO IBYX3TanHLIH pPacCJIOeHHBIA BBI-
6op c pacnpenenenneM o6bveMoB BbiGopok ¢ MJI Hukoraa He

(40.69)

(40.71)

I
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XyKe, yeM HepacCJOeHHBIA BBIGOD C TEMH XKe CaMbIMH OXHAAeMbIMH
satparamu. Ho ecau ¢; =0, to W, MOXHO BBIIHCIHTH TOYHO ¢ HY-
JIeBHIMH 3aTpaTaMH, TaK 4TO, IO CYLIeCTBY, Mbl MOJYUHM OOBLIGHBIN
paccaoennbii Boi6op. Takum o6pa3oM, Mbl mosydHaH mnepedpasu-
poBKy pesyabrara 39.19, paccMOTpeB NOMOJNHHTENbHO CJayuai pas-
HBIX 3aTpPaT Ha HAaG6JIOJEeHHs] B PAa3HBIX CJOSIX.

Ecau ¢; >0 B (40.70), To MOXer OKasaTbCsi, 4TO HepacCJIOEH-
Haa BbI6opka Gosee s(pdekruBua, Ho (40.70), oueBunHO, — BO3pa-
craomas QyHKUHS OT ¢, ¥ €CJH €| MajoO [0 CPaBHEHHIO CO B3Be-
LIEHHBIM CpegHHM ZW,Czh TO mpaBas uactb (40.71) He MoxXer
6biTh HaMHOro GoJbllle eXHHHIE. Tak 4TO B caMOM IJIOXOM cjaydae
IBYX3TaNHas pacc/loeHHasi BHIGOpKAa C COOTBETCTBYIOLIHMM pacnpeie-
JIleHHeM 1[I0 CJIOSIM MOXeT NpHBEeCTH JHIIb K HeGOAbHION noTepe
B 3¢ ¢ekruBHocTH. ITpocToit yncaoBoi npuMep He6GIaronpHsITHOMN CH-
TYaUHH NOJYaeTcs, ecnd NONOKHTb C) = |, cy=6 ana scex [,
0°=10, o0%=6 aas Bcex [. Torma (40.70) maer 3HaueHue
(24+6)2/(10X6) = 1,07. Ecau xe cy =9, TOo (40.70) naer
(1 +7,35)%/(10 X 9) = 0,77.

40.28 Ecniu mnepsbiit 3Tan BeIGOpPA NPOBOAHMTCA LI OUEHKH
CpefHero BCIIOMOraTesbHON NMepeMeHHON Uy, YTOOH Ha BTOPOM 3Tamne
NIOCTPOUTbL PErpecCHOHHYIO OUEHKY, HJIH OLIeHKY-OTHOIIEeHHe, TO, TakK
JKe Kak B 40.24, npH BHIYHCAEHHH XHCNEPCHH Hcnodb3yetcst (39.73).
PaccmoTpuM TONBKO nMpocTeAUHA cay4yal, KOraa npHMeHsieTcs cme-
lleHHaa oueHKa-orHouienHe (40.1). IIpu nByxsranHo# BeIGOpKe mO-
JY4HM '

Rig=m{ - m(yz)/mg>,
re BEpXHHA HHAEKC YKa3biBaeT Ha 3Tan. Ecau nBa 3Tana mpeacras-

a0t coboit He3zasucumboli BEIGOD C PaBHBIMH BEPOATHOCTAMH, TO,
Hcnonb3ysa 40.2, noayuum

M (i) = M {(m{OM (mfp [ m2)} =
=M{m{ [, /n, + O (n; )]} =w, + O (n7").

IIpene6perass uneHamMu nopsnka n,! W BbllIE MOMYYHM, COrJIacHO
(39.73),

D(iai9) = hlﬂ {9 (Bi2)} + [1) {h2/| (i)} =
= M {(m{)? D (m3[m2)} D fmi, i}, (40.72)
Takum o6pasom,

D (f) =R (m?/m?) (B (m) +13) + (52) O ().



TEOPHSA BBEIBOPOUHBIX OBC/IENOBAHHPM: NOMNOJHEHHUSA 328

Hcnonssysn tenepb (40.24), nosyaum

D)+ {0 ® +(2) D —22cw o }(1+ —7)+

(40.73)

2 D(x)
ny

Ky

+(l‘x

Ilepsbii MHOKHTeNb NPH 1/nz B npasoit wactn (40.73) ectb mpocTo

(40.25), npuMenenHoe kK BeiGOpKe BToporo 3Tanma. Kak u B (40.63),

BHIGOpKA NEpBOr0 3Tana NPUBOAMT K MOSIBJEHHIO BTOPOr0 MHOMKHU-

Teasi, Y KOTOpOro ujeR npu l/n, paer yBeqHueHHe NHCNEpCHH, H

K IOABJIEHHIO ellleé ORHOro cjaraemoro nopsizka 1/n;. [Tockombky MBI

yxe npeHeGpersid uJeHaMH, MEHbIUHMH O MNOPALKY uyeM 1/ng, TO

(mockonbKy mnpennoJaraercs, YTo n; > ng), MpeHebperas 4JeHOM,
HAMEIOIIHM NOPAAOK 1/m Ny, moayunm npuOIHXKeHHe

D(ﬁ'2)*%{9(y)+(%)2D(x)—,z%c(y, x)}+(%2 D(x).

ny

(40.74)

Ecan Bei6opKa BTOpPOro 3Tama He He3aBHCHMa, a fIBJSIeTCS NMOABHI-
6opkoft mepsoro 3tana, 10 B (40.72) HyXHO pMy/px 3aMEHHTH Ha
mb /mL”, TaK YTO BTODOX uJjieH B npasoft uactu (40.72) cranosurcs

npocto D (m") =D (y)/n,. Ecin n, ouedb BeIMKO MO CpPaBHEHHIO
1 ] 1 p

c ng, to nepBbit uien (40.72) B naimieM npuOTHKEHHH HMeeT TOT
Ke BHA, uTO H panbuie. Ecau Xe nefn; He odeHb Maso, TO npubau-
JKeHHe yJyumnaercs BBeJEeHHEM KOPPEKTHPYIOLIero MHOXHTeA

(1 —:—f) K nepsoMy ujeHny (40.74), rak 4TO B pesy;abTare MOJY-

uaercst
, 2 D
D(ﬁ12)=2=(—nl—2' —%){D(y) -+ (% D (x) +2 %C(y, x)} + ,f,y) .
(40.75)

40.29 Koxpan (1963) u Hbafirc (1960) npuBoAsiT noapo6GHOCTH NpPHMEHEHHs!
ABY3TaMHHX METOHOB AJA PerpecCHOHHLIX OueHOK. IIpH 3ToM Ajsi moaydeHusa mo-
Je3HbIX (GopMya AaS AHCOEPCHH 1HeO06XOXHMbl HEKOTOPHE OrpaHHUYHTe/blHEe mpef-
HOJIOXKEHHSE.

JiByxsranuas BHOOPKA ecTecTBeHHHIM o6pa3oM o6ob6miaeTca Ma MHO203TAN-
nyro evibopky. Ho mas stofi Gosee oflLuefl nmpomeAypH HMeeTCA OUeHb MaJ0 Kak
TeopeTHYeCKHX, TaK W MPHKJAagHHX pa6or.

C. I'xom (1963a) paccMaTpHBaeT THN ABYX3TanHOA BHIOOPKH, KOTZA UEJbIO
nepBore 3Tama siBAseTcA o6pa3oBaHHe rpynn QA BHOGOpa Ha BTOPOM 3Tame,

Pamk (1964) paccmatpuBaer caydaf, Korna nepBEfi 3Tan CAYXKHT HAA Oomnpe-

e/leHNsl BEpPOSITHOCTEAI H3BJedeHUA, MHCMOAb3yeMHX Ha BTOpoM 3Stame. CHHIX
J21967) NnoKasHBaeT, 4YTo B 3TOM cJydae omnenka (39.27) npeanourHrenbHee, doM
HEKOTOpHeE ApyrHe OUEeHKH.
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40.30 IIpu paccMOTpeHHH OLEHOK-OTHOLIEHHA MBI CYHTAJNH, UYTO
BcroMoraTe/ibHas NepeMeHHass X HMeeT caMBld ob6wuit Bua. Ha
NpaKTHKE ONHHM H3 CaMbiX BaXKHBIX fiBJSIeTCS cJy4af, KOrxa x npu-
HHMaeT TOAMbKO 3HayeHHss 0 uam 1, ykaseiBass Ha TO, MpHHALJEXHT
JIH COOTBETCTBYIOLUHH 3JeMeHT COBOKYNHOCTH K HEKOTOpOH Mon-
rpynmne. STOMYy cJyualo COOTBETCTBYIOT, HalpHMep, CAeXYIOILHe CH-
TyalHH:

(a) IpoBomurcs BHIGOp M3 Bcell COBOKYNHOCTH, a Hac HHTepe-
CyeT, HCXOAS H3 HEKOTOPHIX NMOCTOPOHHHX COOGpaMKeHHH, TOJbKO
4acTb COBOKYNHOCTH. Hanpumep, BEIGOp NMpPOBOAHTCA H3 COBOKYIHO-
CTH Jiofell B Bo3pacte oT 21 rona M BHIIE, a HAC HHTEPECYIOT TOJIb-
Ko nonH B Bozpacre ot 21 mo 65. B stom cayuae 06beM BHOOPKH 1
u3 mn'epecyxouleix HaC COBOKYIHOCTH SIBJISI€TCS, OYEBHIHO, CJyyaii-
HOH BeJIHYHHOX M BHIGOpOUHOE cCpelHee n,ml 0601 H3MepﬁeMOH

-

B 3TOH COBOKYIHOCTH NMEpPEeMEHHON HMeeT BHI Z Yix, Z x;, rIe xi,

KaK H BBILe, MIPHHHMaeT 3HaueHus 0 uau 1. ECJm H3BECTHO cpeaHee
3HayeHHUe JJIS COBOKYNHOCTH NepeMeHHOM x (T. e. HOJIA JIOKEeH B BO3-
pacre ot 21 no 65), TO MOXXHO NMPHMEHHTH BCIO NMPHBENEHHYIO Bblllle
TEOPHIO.

(6) Hac uHTepecyer BCA COBOKYNMHOCTb, H3 KOTOPOH NpPOBOIHTCS
BbIGOpKA, HO HEKOTOphie BEHIOpAHHLIE 3JIEMEHTH He HOCTaBJSIOT HH-
dhopmMauHH Hn3-3a yTepH 3anHceH, HEMOJHOro O6CHeNOBaHUS HJIH
NpOCTO YKJIOHEHHs OT OTBeTa (0CO6eHHO B COBOKYMHOCTH Jiioef).
CHoBa n — ciyyailHaa BeJIHYHHA M NMPHUMEHHMO 3aMeyaHHe B KOHIE
(a)*).

(8) Mbl uMeeM pe3ysabTaThl HaGJOZEHHH I/ BCell BBIOOPKH H3
HHTepecylollleli HaC COBOKYNHOCTH, HO XOTHM BBIYHCJIHTb MapaMeTpHl
IJIs MOArpynIn 3TOR coBOKynaocTH. Hanpumep, uMeercss BHIGOpKA H3
COBOKYNHOCTH JIOfefl, a MBI XOTHM BBLIYHCJIHTH 3HaueHHe HEKOTOpPOH
CTaTHCTHKH TOJIBKO IJIS MYXYHH HJH TOJbKO AJja XKeHuH. Ecan
CJIOH B BHIGOpDKE COOTBETCTBYIOT MYXYHHAM M XKeHIIHHAM, TO HHKa-
KHX HOBBIX MOME@HTOB He BO3HHKaeT, H60 06beMBl BEIGOPOK, COOTBET-
CTBYIOIHX MYXUYHHAM H XKeHIIHHaM, 6ynyT ®ukcupoBaHHEIMH. Ox-
HAKO OGBIYHO TaKOe pacC/OeHHe HEeBO3MOXHO, TaK 4TO 3TH 06BeMbl
BEIGOPOK SIBJISIOTCS CIyYaHHBIMH BeJHYHHAMH (XOT B pacCMATpH-
BaeMOM NPOCTOM cjyuae HX cyMMa He ciydaiHa). M Boobiuue, o6bem

"*) B cayvyae YKJIOHEHHSI OT OTBEeTa CYLUECTBYeT OCJOXKHEHHE, NOCKOJNBKY YK-
JIOHEHHE OT OTBETa MOXeT GBhiTb XOpPpPEeAHPOBAHHBIM CO 3HAayeHMeM. Y, TAK YTO OT-
BeTHBWIAN TpyNNa He MOXKeET AOCTABMTb HeCMelUeHH Y0 OUEHKY CPeJHEero 3HaveHus
Y 1A BCell COBOKYMHOCTH B LEeJOM,
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BLIGOPKH [/ JI060H He 3alaHHOA 3apaHee NOArpynnsl HOKeH
ObiTh cayuyallHO# BeJIHUHHOM.

40.31 HHTepecyomde Hac NOATPYINIbI Ha3BIBAIOTCS 064acTAMU
(nayuenuss). Pasymeercs, caMu cJIOH MoOryTt OBITh O6GJACTAMH, HO
TOrZa He HYXKHO HHKaKOX HOBOM TeopuH. Mel GymeM roBopurtb 06
obJyacTax, noapa3ymeBasi, 4TO BHIGOPOYHBIE YACTOTH COOTBETCTBYIO-
IIHX TOATrPYNN cjaydafinbl BHe 3aBHCHMOCTH OT NPHUYHH, NPHBOASHINX
K 3TOA CAy4adHOCTH.

Yacro o6sacTH nepecekaioTcs CO CJOAMH H MHOXECTBAMH pas-
JHYHBIX WarosB B Bel6opKe. V1 HMeHHO B 3THX CJyuasix BO3HHKAIOT
Hosele Bonpock. Hafite (1960) (kak u B GoJiee paHHeM H3JAHHH €ro
KHHUM'H) NPHBOIHT HECKOJbKo hopmya mas obaacTeil, mepeceKaromux
cnon. Kokpan (1963) paer sbiBom HeKOTOpHIX U3 3THX dopmyn. ep-
6un (1958) paccmarpHBaeT KaK YKa3aHHYIO, TaK H HECKOJbKO MHO-
romarosbix cHryauuii. Xaptan (1959) TakxKe BHIBOAHT HEKOTOPHIE
pesysbratel Mafitca nns kosapHauuit cpeXHHX 1no o64aéTaAM ¥ NpH-
BOJHT HEKOTOpHIe JaJjibHefliHe peaynbTaThl. Hamie H3noxenne cie-
ayer HepGuny (1958).

OOaacTn nepeceKkamluHe CJIOH

40.32. Kax u B rsnaBe 39, mpeRNnoOJIOXHM, 4TO Mbl HMeeM R
cjoeB ¢ uacroramn N, =1, ..., k un Zl:N1=N, B TO BpeMsi

KaK YacTOTH CJI0eB B BHIGOPKe paBHbLI 1y, a > n, =n. PaccmoTpum
3

d
HekoTopylo o6aacte, ckamem d. O603HaaUM uepe3 N gacrory,
: d d
l-ro caos B 06aacTH, TaK 4910 2, N = N® rpe N qacrora
T

obnactu BO Bceft coBokymuoctH. Ilycts n{® u n(d)=zl:n(f’——onpe-

IeneHHble aHaJOrHUHbLIM 00pasoM BeJHYHHB Aasi BBIGOpDKH. 3ame-
THM, 49TO, B TO BpeMA KaK 9acTOThi CJOeB B COBOKYIHOCTH H3-
BeCTHBI, 4acCTOTBlI cJioeB B oOJjacTtH, BooOIle TrOBOPS, HEH3Be-
crubl. Koneuno, Hepacci0eHHOMY cJuayv4af#iHOMY BBIGODY cCOOTBeT-
creyer k= 1.

IMycre y@ paBHO HaGJMIONEHHBIM 3HAUEHHAM Y IJIT SJEMEHTOB,
ONpHHALIEeXAIHX 06JaCTH, H PABHO HYJIO AJS APYFrHX 3JEeMEHTOB.
Torna

y?j‘) == hl]yl]' (40~76)

rne

1 6 ,
iy — { <+ 1 BuyTpu 06aactH (40.77)

0 BHe ofaacTH.



328 TJIABA 40

B pesyabraTte nmeem

W= B, N F = S,
=S by n0= 5 o= S,

j=1 =1 I=1j=1
OmnpenenuM nanee cpexHHe 3HaYeHHs MO O6GJACTH BHYTPH CJIOeB
Ny
pid = ]; yON® (40.79)

H cpefHee 3HayeHHe MO BCeil 06JacTH

.3

N,
p = 2 X ypIN@ = 3, NOufo[ N . (40.80)

40.33 Mu1 xOTHM Temepb HaATH OIleHKY BeJHuUuHH u@ B (40.80).
PaccmoTpuM cHavaJjia caydail, Koraa BeIGOp MPOBOLHTCH C paBHEIMH
BePOSITHOCTAMH ¢ HcnoJab3oBanHemM BPJI, ckaxem f= n/N, xak B
raaBe 39. OueHKa-OTHOIIEHHE

ny
md =33 y@nd =373 yo/3 3 4, (40.81)
T =174 L A

sBAsieTCs BbIGOpOuHbIM aHasoroM u@. [lo cymecTBy, 3To omeHxka
(40.1), roe uHcaHTeNb H 3HaMeHaTelb CYMMHPYIOTCA OTHEJIbHO
BHYTPH CJIOEB, T. €. MBl IOJAYYHJIH NPHMED «KOMOHHHPOBaHHOI»
OIlEHKH-OTHOLIeHHs, ynoMsHyTo# B 40.20. Mcnoassysa ananoru (40.3)
u (40.5), ybexnaemcs, yro npHOJHXKEHHe NepBOro MOPAAKA HAET
¢ ucnoJsb3oBanuem (40.78) n (40.80)

o= (3 5 o) (3 5 00) =
= (Z,: f ,Nz_fl -‘/“")/ (E f E h )—u“" (40.82)

40.34 Jlns HaxoXpeHHs1 mucnepcHu mid) mosoxKHM
2, = A " (y = ll“‘)) = ysalt) — hlip(d). (40.83)

Tak uTO, npuMensasa (40.78) u (40.81), noayunm

y

(d) — (@) — (@
md — ZIJZ_,‘ z,,[n, (40.84)
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Ho (40.84) acuMnroTHaeCKH CBOZHTCS K

N@
Mm@ — @ ~ Z Z,: 2y/M (nd) = Z Zz,,/ (n “Tv‘) . (40.85)
i
Takum obpasom,
~ 1
DW%(ynD&gzw) (40.86)
HOucnepcust 8 nmpaBoii yactu (40.86) cosmamaer ¢ xucmepcHeli cpen-

Hero 3HaueHHs MPH paccloeHHON BHIGOpKe C HcnoJgb3oBaHHem BPJL.
A 3nauuT, corsiacHo (39.45), umeem

D(m(d))N(NIL)Y N—n Z N 03(2) =

”WWZ[ —£——l}(mM)

1 =1
IpH 3TOM MHl NpeHeGpersid TeM, 4TO B ONpeNeJeHHH O3 (2) B Kage-

cree npeaurenst durypupyer N;— 1, a e N, Corsnacuo (40.83) co-
orHomeHHe (40.87) moxnO, ¢ ucnosb3osanuem (40.78—9) u Toro

2
¢dakra, uro Ay == hy;, nepenucarth B BHAE

Z hy, (yu""( ))
n(N( )) D(m(d))~z Z {h” (y” u(d))}2 Nl } =

$ =1

= Z [Z iy (g1 — @)y — e (u‘d): l,‘(d))}2] . (40.88)

Cymma To j B mpaBoit vactu (40.88) Moxer ObiThb nepenucana
B Bune

Z by (yy; — @) = Z (49 — ndy> by,
= 2,3 (452 — BO)2 hy, -+ N (@ — p@)e. (40.89)
Ioncrasasas (40.89) B (40.88), nonyunm
D (m@) ~ N\d))z Z [Z (4 — WOy b, +

=1 N
N (1 _ )(p(d) — p‘(a))z] (40.90)
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40.35 OrpaHH4YHBIIHCh pAacCMaTPHBAaeMOA HaMH TOYHOCTBIO MpH-
6/HXKeHHs!, MOXKHO Hamucath n/N — n@/NW@) a torxa nepsBmil 4jeH
B npaBso#t yactu (40.90) nepenuurercs B BHAe

N@ _ ,\d)
D (DY D (4 —nOyh,,, (40.91)
tog

Kak cnenyer u3 namero seiBoga (40.87) u3 (39.45), cooTHomeHHe
(40.91) B TOYHOCTH COBnaXaeT ¢ «AHCHEpPCHel», KOTOPYIO MB OBl No-
JYYHJIH, €ClH OBl CUHTAJH BLIGOPOUYHBIE YACTOTHl CJ10eB B 06JacTH
¢HKCHpOBAHHBIMH (Ra caMoOM JeJjie 3TO He TaK). A 3HauHT, BTOPOMR
uneH B (40.90) ykasmiBaeT Ha yBe/NHuYeHHe NHCIEPCHH, COOTBET-
cTBylolllee TOMY, uro n\¥ — cnyuafinbie BEJHUHHBI. DTOT 4ieH Be-
JIHK, eCIH cpelHHe mo o6JacTH BHYTPH caoeB p'¥) pasnuvalorcs cy-
IleCTBEHHO H B OCOOEHHOCTH, €CJIH HOJH CJ0€eB, IpHHALNeXKalHe 06-
JaCTH, Nﬁd)/N,, MaJibl.
N :

Eciau y6paTh MHOXHTENb (1 —N; ) BO BTOPOM WieHe MpaBofl
vactu (40.90) u BocnosabszoBaTbca npubauxennmem (40.91), To Bce
BuipaKenHe (40.90) B paccmMaTpuBaeMoM NpHOMMKeHHH OyIZer COB-
nagath ¢ nepsoii dopmyJsoi B 39.18, KoTopas, KaK MH BHIeNXH, 3a-
JlaeT IMCIIepCHIO AJA HepaccaoenHnHozo gvlbopa. Takum obpasowm,
ecru Bee noan N[N, mansi, To cymecrsoBanue y nf® HeHyJ1eBOH
JMCOepCHH, MO CyIIecTBy, CBOAUT HAa HET BCIO Bbiroay B 3¢p¢eKTHBHO-
CTH OLEHKH, NMOJYy4YalOMylocsi B pe3ysabTare paccjaoeHHsi. ToJbko B
TOM cJyuae, KOria no KpaiHed Mepe IJis HEKOTOPHIX cJ10eB 06beMbl
06JacTH B HHX BeJHKH, COXpaHsercss GoJibliasi 4acTb BBITOLH.

Ouenky nucnepcur (40.90) MOXHO NOJAYYHTH TOYHO TaK IXKe,
KaK 6HJa nojsyueHa u cama ¢opmyna (40.90). B ynpaxnennu 40.15
ypTaTeNllo Npejsaraercsi MPpoOAeNaTh COOTBETCTBYIOUIHE BBIKJIALKH.

40.36 Ecsau sui6op NpOBOJMTCH He ¢ PABHBIMH LOJSMH, TO OlEH-
Ky (40.81) Hy}XHO BHIOH3MEHHTb, 4TOGH JOMKHbIM 06pasoM ydecThb
Bkaans ciaoes. Bmecro (40.81) nonoxum

ny
— ﬁ_‘_ {d LV_I_ (d
r—Z " W Z AR (40.92)

=1

B ynpaxHenuu 40.16 unraremo npepsnaraercsi 1nokKasaTth, 4TO £ —
acHMIOTOTHUECKH HecMelleHHas oHenka p@ c pucnepcHef

Ny \2

it > 2y
LN —d=t
D(n (V@2 ; n, (1 N ) ; 214 N, » (40.93)
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yro o6obmaer. (40.87). Ilocne nomcraHOBKH 3HAUEHHE 25 3TO CBO-
LHTCA K

D(r) = (z n(a)) Z [Z (y(d) — py? hy, +

=1
@ NP P (dN2
+N[ l—_Nl— (l.l-l’—'l-l- ) » (40.94)

yto o606maer (40.90). Unrartenio cHOoBa mnpeanaraercsi BHIBECTH
B ynpaxueHnun 40.16, uro ouenkoir (40.94) cayxwur

D ()= (Z nLll n&d))—22 ?UIIIV“}TI) (1 ) []Z_‘ ( y(d) — m(d))z h, +
‘d)

+ ni® (1 — nT‘- (m — m(d))z] . (40.95)
1

OGaacTH npH MHOTOIIATOBOM BHIGOpPE

40.37 Mt ‘orpaHHYHMCA Das3bopoM cJyyasi, KOrjia Ha MepBOM
mare U3 O6ILEro Yyucaa S MHOXKECTB H3BJEKaeTCs C BO3BpallleHHEM
s muoxectB. [Ipy stom paspemaercs a060e YHCJIO HIAroB (BKJIIO-
4ag HyJdb), OAHAKO MBl OrpaHHIHMCS [aJjiee paBHOB3BelllHBaiOLIEH
cxemoit (cMm. 39.41), nisi KOoTopo#t BHIGOPOYHOe CpefHee SIBASETCS
OLIEHKOH COOTBETCTBYIOIIEro CpenHero Nno COBOKYNHOCTH .

MBI XOTHM OUEHHTb cpeiHee mo Bcell o6sacTH, 0603Ha4YeHHOE,
KaK H padee, u@, rne

W—ZZ L 2 N, (40.96)

{=]

a N9 —qnonunasg gacrora o6iactu

S
NP = ZZ Z‘.h., o= N, (40.97)

=1
a fiy; ... p, Kak H B (40.77), npunumaior 3Hauenus 0,1.
40.38 Ouenkoit sBAsieTcsl BBIGOPOUHHEA aHajgOr p(d

s S

mO=73 3 ... D yP [nd =3 g n@,  (40.98)
2. Y. &

i=1 j
rae

no=33 .. Thy.,= Y nf. (40.99)
4 =1 ’

i=1"]
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Kak u B (40.82), npubiHixeHHe nmepBOro mopsiika naer

M (m®) ~ M (Z > .. Z g, p)/M (@)=
S
=f Z oDt B T Dy, =n, (40.100)

rxe OOLWIHA MHOXHTeJAb [ Y YHCAHTEJS W 3HaAMeHaTeJds paBeH I[0JI-
HOH BepPOATHOCTH H3BJIeUEHHS NS KaXJHOro 3HaueHHs y H3 COBO-
KYITHOCTH.

40.39 Tak xe kak # B (40.83), onpenenum

2y o =YD by pY, (40.101)

H, Kak # B (40.84), nonyaum, uto

m(d)_u(d)=—;:—d-).zz e ZZij...p‘:
i p
=:T%ZXZH.Z%WQ. (40.102)
i p

iml

OTciofla, Nepexonst cpasy K OLUEHKe HHCIEePCHH BeJHUHHb m(d, mo-
JYYHM

D (m'®) ~ {T(ZTWF D (3), (40.103)

rlie Z2-—cpejHee OT S 3HauyeHHHA zi=Z Zz;,,_,,,. Ianee A3
i
(39.109) _ A ?
D(z) =D (3),
1

H, B YaCTHOCTH, €CJH BepPOATHOCTH BHIGOpA ONHH U Te XKe AJA KaXK-
JOro u3sJedueHus mepsoro wara, to u3 (39.110) noayuum B 3TOM
cayuae ¢ £ = 2i/s

B(2) =D (2) = ,,Zm

fe=]

Orciona (40.103) npuHnMaer BUI

B (m@) ~ " {fw Ty _Zl(zi—z)z. (40.104)

Tak xe kak B (40.87—8), ucnoaeays (40.101) u onpemenenns y®
B n® B (40.98—9), mpeoGpasyem cymmy kBajpartoB B (40.104)
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K BUAY

i(z,—2)2=Zz§—s§2=

=1 7
{d))2
= Z (‘ysd) — nSd)u(d))2 —_ _(% (m(d) — [J,(d))z, (40.105)
i

Ipennonaras, yro nd ~ M (n®), u3s (40.104—5) nosayuaem

D (m@) ~

- 1
Ts-——_l—)s(n‘_‘”)z z (49— nPp @Y — —— (mD—p@)2,(40.106)
i=1

H B pacCMaTpHBaeMOM HpHE’)JIH)KeHHu MaTeéMaTH4YeCKOe OXHAaHHE

BTOpPOro uJjeHa B mnpasofi uactH (40.106) pasHo — _1_1 D (m@).
IlepeHocsi ero B JieBYIO 4acTh, Haiaem
s
1
D (m'®) ~ GOF Z (v — n(id)p(d))2. (40.107)

i=1

Coornomenne (40.107) Bce ellle He CTATHCTHKA, MOCKOJAbKY OHO 3a-
Bucut oTr u@. Ho B paccMarpuBaeMoM npHOAUNKEHHH @ MOKHO
3aMeHHTh Ha M4, TaK 4TO OKOHYATE/BHO NMOJYYHM OLEHKY

( n(d))2

Ecad mocne NepBOro Liara He NMPOBOAHTCA HHKAKOro BHIGOpa, TO
B paccMaTtpuBaeMoM npubamKennn (40.108) coraacyercs c pesysib-
TaTOM ynpaxHedus 40.15.

40.40 Ecau 6b1 Mu cuntann n{® GHKCHPOBAaHHHIMH (4TO He Tak),
T® IS OLCHHBaeMON UCHepCHH BeJHUHHB Mm@ MBI JOJKHB OblH Obl,
cornacHo (39.110) ¢ ¢ = y'®[n'®, nonoxnurs

1 u (d) 2
=T 2 (v — 2 ) . (40.109)
i=1

B (m®) = —arz 3. (4 — nOm@)2. (40.108)
i=]

Cpasrenne (40.108) u (40.109) nokasbiBaer, u4TO cJayuyaiiHocTb n'@®
NPUBOJHT K TOMY. YTO B BHIDaXKeHHH AJ/Sl AHCIOEPCHM CpPelHss ua-
crora obJsacTH nldfs B MHOXecTBe MNepBOro liara 3aMeHsIeTCSl Ha
KOHKpETHEIe HaCTOTH OGJACTH B MHOXeCTBaXx Hepeoro mara n@
BospacTaHHe mHCHEPCHH BEAHKO TOJABKO B TOM CJaydae, ecan ni®
OueHb 3HAYHTEJbHH H ec/AH OHH OTPHLATENbHO KOPpesJHPOBaHB
¢ y{?, 4TO HeNpaBAONOAOGHO B NMPAKTHYECKHUX CHTYalusiX.
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YNPA)KHEHHSA
40.1 U3 (40.7) n (40.9) nokasaTe, uTO s

n
n _xl (nm,fm, —m,,.)

ABJISAETCH NPHOAHIKEHHO HECMELICHHOA OLEeHKOH s Ry
(Cm. Mépbu v Hanmxamma, 1959.)

40.2 TToxasare, 4TO oyexka-npoussedenue

Ry =mymy/py

ABJSIONIAACS aHAJAOTOM OUeHKH-OTHOWewHs (40.1), HMeer cMemenne C(ny, My) [Pz,
a 3HauuT OlEHKa

n
B = {n(N— Ym,m,—(N—n) h y,x/n}/{zv(n— 1) py
{=]

HecMelueHHas. [TokasaTh manee, 4T0 npu N — oo

2
_, B D(y) D(x) 2C(y, x)
D(uy)=7”[( ot )+
1

BBy
+ (D (y) D(x)+{C(y, x)}? )]
n—1 :

2 2
By By
Buipectn oTciona, 4to ecanm C(y, x) <0, To ﬁ; Goaee sddekTHBHA, deMm ii;.
ubg CpeNHfin KBAaJpaTHYHas oOwWHOka 3amaerca (40.25). IMokasaTb TakXkKe, 4TO
(cm. (40.27)) ﬁ; Gosee s dexTHBHA, uem BHIGOPOUHOE cpenHee my, ecau Byx <
1 ny 1

Ry
<—?E<O HJIH Byx>—§‘w>0.

(Cwm. PoGceon, 1957.)

40.3 TlpoBoantca o6GpaTHbift BuOOp (cM. npuMmepu 9.13 w 34.1) c HepaBHBHIMHU
BEPOATHOCTAMH H C BO3BpalleHHEM H3 COBOKYNHOCTH, cOcTOslUlefi H3 N 31eMeHTOB,
npHYeM H3BJIeYEHHS TNPOMOJKAITCA N0 Tex NOp, NOKa He OyNyT H3BJEYEHH
(r 4+ 1) paszanunnix snementoB. IlycTb Ha 9T0 norpeGoBaioch (7 - 1) H3BAeueHHA
(n = r). Ilocnentee H3BJEUEHHe HE YYHTHIBAETCs H B pe3yJ/bTaTe non}:qae'rcn r

PA3JHYHHX 3HaueHHH Y1, HAOMIONEHHBIX COOTBETCTBEHHO M; Pas, TaK 4TO Z n,=n.

wa ]

r
1 y‘ .
ITokasars, 4TO t=7 n,Yy, ABASETCA HECMEIMeHHOH oueHKofi cpenHero
ded
=1
COBOKYNHOCTH H 4TO (CM. ynpaxHense 39.12)

-~ 1 z
D(‘)“,,(T_T)izl"z(y:—‘)’-

ABJAAETCA HecMelleHHOH OUEHKOA JAHCNepcHA OuneHKH f.

(Camndopn (1962); Tlarxak (1964b) yayu-
WHA OUEHKY — cM, 39,5.)

-
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40.4 Iloxasath, uro ecam k caoeB ¢uKkCHpoBaHHEX 06beMoB N, o6GpasoBaHmb
cAyuaiiHHM JejeHHeM COBOKYNHOCTH o6beMa N, a 3aTeM NPOBOAATCA 7 H3BJjeue-
HUR ¢ PaBHHIMH BePOATHOCTAMH Ge3 BO3BpallleHHst ¢ Hcnoab3obauueM BPJIl, To
pucnepcus oueHkd (39.38) nasw ykasaHHOA Tpouefyphl B TOYMOCTH COBnagaeT ¢
JIMCIiepcHeRi AJfA CpefHEro NpH HepaccjiOeHHOH BHOGOpPKe TOro Xe o6beMa H H3
TOf e COBOKYNHOCTH.

Ilokasarb panee, 4To ecqH Hcnoab3oBate He BPJI, a moGoe npyroe pacnpe-
neseHHe no c¢aoaM, To aucnepchs (39.38) yBeanunBaercs.

40.5 PaccMmatpuBaeTcs cjeaylolias cxema Bbi6opa, cOCTOAWIAs H3 OJHOTO HJIH
60JIbINEr0 YHCJAA IIaroB. BhOHpaeTCs ¢ BO3BpAlleHHEM 72 MHOMECTB NEPBOro uara
H3 OOHOrO CJIOs, cocTonllero H3 N MHOMeECTB C MHCNOJMb3OBAHHEM HepaBHHIX Be-

N

posTHOCTER p, (Z p,=l) npy KaxnaoM H3BJAeueHnd. Ha nocrenywomux wa-
r=1
rax BHOGOpP NPOBOAHTCH HE3aBHCHMO BHYTPH KaXAOr0 H3BJAEUEHHOIO MHOXECTBa
nepsoro wara., JTa cXeMa BHIOHW3MEHSETCH NpeNBaPHTEJbHNM CJAY4aAHHM pas-
OneanemM N MHOXECTB NEpBOTO liara Ha n rpynn, codepxauipx Ny, ..., Nn MH0-
KeCTB H BHGOPOM 1O OZHOMY 3JeMEHTY H3 KaXJoi TPYNNK C TEMH e CaMBIMH
OTHOCHTENbHHMH BEPOATHOCTSIMH, YTO H B NepBOf Cxeme, T. €. P [p,., TAe p,.
paBHO cyume p, no i-i rpymnne. Ilocnepylomne wark He MeHsitorcs. ITokasars,

n
uto £, (2)= Z P;.2; L BHAOH3MEHEHHOHA CXeMBl HMEET TO e caMoe MaTeMa-
i=1

n
1
THYECKOe OXHIaHHE, uTO H I (z)=—n—Zzl O MCXOAHOM CXEeMM, H uTO
iml

Zn: N? —N) (N2—- Zn: N%)
D{tM(Z)}=fli—';;(N_—])'D{to (2)}+ﬂ'—N(—ﬁi-_l—])—-D,

roe D — Komnosenta D {#; (2)}, o6ycaoBreHHas nocAexyIOUIHMH HIAraMH.

40.6 Ilokasatb B ynpaxHueHHH 40.5, uto eciuy N; BHOGpaTh paBHLIMH, TO OJ5
onHowarosoro Bhi6opa f,(z) Hukoraa He Mehee sddexTHBHA, ueM l(z). B TO
ke BpeMst Takol BHOOp N; COOTBeTCTBYeT HaHJyyllefi BO3MOXXHOCTH, YTOGH NpH
MHOrowaronoil BHGOpDKE INOJYHYHTb He MeHblIyl0 3h(dEKTHBHOCTL (CM. yNpakHe-
uue 40.4).

(PesyabTaThl 5TOTO H NpPEeABILYUIHX ABYX
ynpaxHeskin noaydeHn Crbioaptom (1964).
OH paccmaTpuBan 0606itedHs Momu(HIIH-
poBaHHOA cxeMbi BhiGopa. CM. Takxe JIx.
Pao, Xapran u Kokpsn (1962).)

40.7 CoBokynHocTb cocTonT U3 N snemedroB. CaywaiiHofl BHGOpKOA ¢ paB-
HEIMH BEPOSITHOCTAMH H3BJIEKAEeTCA 7 3JEMEHTOB, NPHYEM TONbKO f; H3 HHX AAIOT
OTBEeT O 3HaueHHH nepeMeHHOA y. Jlnn ocTaBlIMXCA n— ny == n, 3/€MEHTOB, He
AaBLIHX OTBETa, NMPOBOJHTCA NOABHIGOPKA NO OLHOMY Ha KaXAble R 3/€MEHTOB,
TaK 4TO 06beM NOABHGODKH r; = np/k. 3aTpaTh Ha BCIO NPOHEeLYyPY PaBHH

C = cgn + ¢1ny + can,.
OneHkoi Wy ABJASETCH

~

1
By =7 (nymy + noms),
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rEe m; H Mg — CPeRHHE 3HAUEHHA NI NABIIHX OTBET B HCXOXHON BBIGOPKE H CO-
OTBETCTBEHHO A/ NOXBHIGOPKH M3 He AaBUIMX OTBer B NepBuf pas. Mcmomssys
(39.72—3), mOKasaThb, YTO [iy ~— HecMelleHHAsl ONEHKa ¢ XHCepcued

ny o o3
D) =(14 )+ W e—1 2,

rxe o2 — [HcnepcHst y, B3sATas MO BCed COBOKYMHOCTH, a oﬁ—nncnepcm, B3fiTast

Mo MOTEHHHANbHO He NAIOIIUM OTBET 3JIeMEeHTaM COBOKYNHOCTH, XOJS KOTOPHX B
coBoxkynHocTh paBua W, Mcnoabsys 38.20, nokasatb, aro D(jiy) Muuumannno

npu Q)uxcupoaal-mom MaTeéMaTHUYECKOM OXHAAHHH NOJNHBIX 3aTpaT, eCdH k yaoBae-
TBOpPAET COOTHOILIEHHIO

kﬁm — €y (02 _ W2°§) .
o3 {co ¢, (1 —W,)}

(Cm. Xaucen u Cypsun, 1946.)

40.8 [lycte B ynpamuenun 40.7 k=1, 1. e. Bce He HaBlUIue OTBET H3BJe-
KamwoTces BO BTOpOl:l pas, 4 nyctb 0'2‘=0§, N —> o0 W MareMaTHyeckoe OXuxanue
MONMKX 3aTpaT TO XKe CaMoe, 970 H AJa BeGOpKu ¢ M, 1. e. mpu k= kMII‘
Tloka3aTh, YT0 3(P(PEKTUBHOCTb B 3TOM c/iyyae 3aRaeTci COOTHOLICHHEM

R I \2
D (i, | fmn) | Wy (1—Wy) (! - _’;NTI_()
Diyle=1) Wyt (1— W) ks

Tlokasate, uto ecau Wy==0,6 u k%,m<3. To sddexTuBHOoCTL HAK k£ = | cocraB-

aser Goaee 94%. 3TO MIMOCTPHPYET OTHOCHTEJNbLHYIO HEUYBCTBHTENBHOCTL 3(dex-
THBHOCTU K OTKJOHEHUIO OT Kp 1.

(Hdep6un, 1954.)

409 M3 oueHb GOAbILON COBOKYMHOCTH MOC/ENOBATENbHO H3BJEKAIOTCH JBe
BHIGOPKH C DaBHHMH BEPOSATHOCTAMM, NpHYEM HaOMIONeHHe BeZeTcH 3a pPasHbLIMHU
nepeMeHuniMu. Jlucnepcusi obeux NepeMeHHHX OAHA H Ta JKe W PaBHA 0% a Kop-
pensinust MeXAY HEMH paBHa p. [TepBasi BHOOpKa HMmeeT o0beM n W Raer cpej-
Hee mepBofl nepemenHod m;. Bo BTOpoit BrGopke coxpaHsercs Aoas [ oT mepBod

BbiGOpKH (cpenHee TiepBOfl NepeMeHHOR OKa3WBAeTCs! PABHBIM mf. a cpenHee BTO-
poil nepeMenHOR m;), a ocrasiitmecsi n{l — f) usenoB mepBoil BHGOPKH (cO cpex-
HHM nepBofi nepeMeHHown, paBH'HM m?) 3aMeHAIOTCA Ha HOBYIO BHIGOPKY, RAIOHLYiO
cpefHee 3HaueHHe m;' BTOpOR nepemennod. [laa cpexHero sHaueHUsl BTOpoOA mepe-
MeHHOf| HMeIloTcA ABe He3aBHcHMBle olleHKd. ONHA H3 HHX m;'. a BTOpan

- ’ 4
fig = m)+ by (m, — m()
— IBYX3TAallHasl PerpecCHOHHAs oOllenka, OCHOBAHHAsi Ha HAaGXIONEHHOM K03¢$p¢u-

LMEeHTe perpeccHH b 3HaueHHWs BTOPOR NepeMeHHOA Ha 3HAUEHHA NepBof MHepe-
MenHOR A nf coxpaneHHbix anementoB. [Tokasars, uTO

D (jir2) *:—r (= (1—Dpi,
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- S ”
a 3HavHT, JHHeAHas KoMOuHalua [, H my ¢ M/ paBna

i L =n{t—=(1—pe?}
P===mrey Pt —(=prey

a

€ AucnepcHed
1—(1—Hp
oW+ { = =Hr}

40.10 B ynpaxHenuu 40.9 nokasaTb Jajnee, 4TO HE3aBHCHMBEIMH OLEHKaMH
pPasHOCTH MEXNY CPeNHUMH 3HaueHHAMH KBYX NepeMeHHbX CAyKaT d; =m§ - m{
wmn dy=m] — m?. Tlokasats, uTo Jnueinas komSunauun di u dy ¢ MJI nmeer
BUA

d= f
{1—p(1—H}

a ee NHchepcusi paBHa

(1—PN(—p)

= =p

o 207 (t—o)
P@F T et

(Ushre (1960); IMarrepcoun (1950) wu3sna-
raeT TEOPHIO HNJA HECKOJbKHX NepeMeHHBIX;
Boc (1964) npuBoxur dopMyny mas xuc-
nepcud Npu BHGOpe, OZHOBPEMEHHOM IO
BpEMEeHH H NIPOCTPaHCTBY.)

40.11 TlpocThM cnydafiHbiM BHIOOPOM H3BJEKaeTCH 7 JeMeHTOB h3 GecKoHed-
HONl COBOKYNHOCTH, COCTOSIIeH U3 % cnoes. Hoas [-ro cAos B COBOKYNHOCTH paBHA
pi, a B pe3yiabTaTe BHGOpa H3 [-I'0 CJioA OKa3bBAIOTCA H3BJEUEHHBIMH 7; SJIEMEH-

T0B, Z n;=n. Jlo BEOOpa QUKCUPYIOTCH HAMedennble 0GbeMbl BHOOPOK m: u3
3

l-ro cnos. dast Tex coeB, OJs KOTOPHX My > n;, BHYTPH 3THX CJOEB HE3IABHCHMO

ApOBOXWTCK NPOCTOH cayuafinsiit BHGOp oGbeMa my— ni. Ilycts satparsi Ha or1-

neNbHbE H3BJeYeHHS B HCXOAHON BHIGOpKe PaBHB ¢, B JONOJNHHTEJNbHOA BHIGOpKE
BHyTpY [-r0 cj0A € > ¢, a 3aTpPaTel Ha JHUIHHe WieHn B [-M cJjoe (B HaMeuel-

HOWl BBHIGODKE) DaBHbI c; < ¢. Tlokasartp, uTO MaTeMaTUyeckoe OXKHIaHHe 3aTparT,
HEOOXORHMBIX JAJS NOJYueHHS HaMeuyeHHOR pPacCJOoeHHOA BHIGOPKH, PaBHO

M(C)—n0+ZP{nz m3M (m,—n|n, <m)e +
+P{m=mM (m —nyn=mi)er]s

B 4TO €CJIH n; XOCTaTO4YHO BEJHKH, TO 35TO an6JIH)KeHHO paBHO
. ’ my—np,
MEC)sne+ ) (e —"'1)[(’”1 —np) G {—n—-,—_——m +
T [ne (1 —pp)]

+ [ (1= )] e {[nTin(ll_—:—p)]“z }] Z (m; — npg) cp
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rae G — cTaHZapTHOE HOPMAajbHOE pacnpejeneHde, a g — ero NaoTHoCcTh, IToka-
2aTh, UTO eCNM 7 YHeNHUHBaeTCH Ha eNUHHUY, T0 H3Menenme M (C) pasmo

AM(C)=c— Zl [P{n, < m} (ci—ct)+cl]pp

H 4YTO LA HauMenbllero n, Aasi koroporo AM (C) > 0, npubnuxenno BumonHser-
¢ paBeHCTBO
P{n, <m}=1.

Z (c;—c))py )
7 C_Zlc;pl

/
B cayuae c;=0 (1. e. Korxa 3aTpaTh Ha JHIIHHe HAGMIOAEHHA BO BCEX CAOAX
paBHH HYJIO) 3TO PABEHCTBO CHOXMTCH K

Z clplP{'nI <m}=rc,

1
a ecnu BCE ¢; PAaBHH, Bce c; paBHH H BCe Py=-—,TOK
’
c—cy
Pin<my=—y.
cp— ¢
(H. Dxoucon (1957); Sur (1961) paccmo-
TpeJ aHAJOr HYHYIO NOCNeJOBaTEeNbHYIO cxe-
MY, B KOTOpOfi BuOGOp NpPOBONUTCH M3 Bcefi
COBOKYITHOCTH IO Tex IOp, NoKa U3 KaxKro-
ro cnost He OyJeT H3BJEUEHO HYIKHOe YHC-
J0 m; 3NeMEeHTOB.)

40.12 Hcnonbsys (40.33), nposepurb Bupaménuﬂ (40.44—9) ana mMateMarHue-
CKHX OMHEAHHA W KUCnEPCUfi TpeXx CTaTHCTHK, (accuowpeuuux B 40.9.

40.13 Buinucatbh pasHOCTH D(—) ( H D{ ( )}—D(u)
My, fnx m

B 40.9 H NOKa3aTb, YTO OHH NOJIOKHTEJbHLI.
(Tun, 1965.)

40.14 B 40.9 noxasaTb, 4T0 OIEHKA

(1 Ta my)
32

(l + a; )
mx

C TOYHOCTBIO IO /-2 HMeeT MaTeMaTHYECKOe OJKUIaHHe

M (b)-——p——{l—(2az——) (Cq1 = Cyp)— 2a?,c20(020—cn)}

H Ty ¥e.CaMyl0 ANCNepCHIO, 4TO H 4, onpefeneHnoe B (40.32), Tak uro ¢akTuve-
CKH b ¥ u SKBHBAJIEHTHH,
(Tun (1965) — onerka npuHapaexkur Buay.)
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40.13 Tlokasarb, uto omenko#t Aas (40.90) cayxut
& 4
(N —n) n
) 1 d) __ . (d)\2
B (m'®)= N (AD) Z n,—1 Zh,,(yh m)+
l=l j=1
a®
+ n@ (1 — " ) (mgd) - mfd))n],

(dep6uu, 1958.)

40.16 B 40.36 puBectn (40.94), o6o6uratomee (40.90), u (40.95), oGoSwarotiee
ynpaxnenne 40.15.

rre m'P .- pubopounut anator pi?.

(dep6uu, 1958.)

40.17 TIpoBepuTh UHCJICHHBIE 3HAUCHHS CPEJHEKBaApaTHYHHIX OWHOOK AJA Lie-
cTH olleHok u3 (40.29),



FJTABA 41

TEOPHA MHOTOMEPHbIX PACNPEAEAEHUR

41.1 C onpeneneHHOH TOYKH 3peHHS MOYTH BeCh 3TOT TOM MOCBS-
IleH MHOIOMEDHOMY aHajH3y, T. €. aHaJH3y CHCTeM, KaXHAbli 3Je-
MEHT KOTOPHIX XapaKTEPH3YyeTCsA 3HAYEHHAMH MHOTHX NOMJEXAaIHX
H3MEePeHHIO HJH KjaccubHkanuu BeJdHuynH. OpHako mokxa HaM
O6LIYHO YAaBaJOCh YNpoIlaTh 3ajayd: HAH (KaK NpH BHIGOPOYHOM
0o6C/ieN0OBAHHA) MBI HauHHaJA C TOrO, YTO HHTEPECOBAJHCb OLEHKOI
Kakoro-1H60 ONHOro napaMerpa, HanpHMep CpelHero, HAH (Kak NMpH
NJIaHHPOBAHHH 3KCIEePHMEHTa) MH YNOPAAOYHBAJH NeEpPEeMeHHbE B
yPaBHEHHAX PErpecCHH TakK, YTOOH OUEHKH K03(p(¢HUHeHTOB perpec-
CHU CTAHOBHJIHCb OPTOTOHaJIbHBIMH, YTO NPHBOAHJIO K TOMY, UTO NpH
KnacciHKanHu OTAeNbhble 3)@eKTbl yRaBaJoCh HHAWBHAYAJIH3H-
poBarTh.

Tenepp mbl nofifieM AaJjblille H H3YYHM CHCTEMH 60ibmie# obuino-
CTH, XapaKTepH3yeMble 3aBHCHMBIMH MeXAY cO00H BeJHYHHaMH.
B 3Tofi riiaBe Mbl OGCYAHM HECKOJbKO XapakKTepHHIX 3ajady O pac-
npenejeHnsax. EClH He oroBopeHo NpOTHBHOE, IePBOHAYAJbHbIE (HJH
OCHOBHBIE) pacnpeneseHHss Mbl 6yaeM €4HTaTb MHOTOMEPHBIMH HOp-
ManbHHMH. K coXaneHHIo, OTJHYHTENbHOH 4eproH OO6cyXKaaemon
TeMaTUKH fIBJSETCA TO, YTO B APYTHX cJyuasX HaHTH TOYHble pac-
npeneJieHHss HHTEPECYIOIIMX Hac CTaTHCTHK OY€Hb TPYAHO.

41.2 B 1. 1, rnaBe 15 MH NpHBOAKAH ABe GOPMH 3alHCH p-Mep-
HOr0 HOPMaJIbHOrO pacnpejejenus

P P - _ P 4
1 =K Xp— Bp *y
arocen{ 13 T e, () (2 IS @

j=1k=l j=1
—oLxy Koo, j=1,2,..., p;
' 1
dF=%exp{—~2—(x—-p)a(x—n)}:[-_[dx,, (41.2)
i

Tae R, o‘?— MaTeMaTHYECKOe OXKHJAaHHE H IUCNEPCHA j-H BEJIHUYHHHI,
o -— MaTpHLla, O6paTHas MaTpulle pacCesiHus, a a?k——a.nememm
maTpuipl @, o6paTHOH K KOppesasiMOHHOH MaTpHUe (pjx)-

B ranase 15 mbl MaJso kacanuce npobaembl BHGOpPOK. Tenepp Mbl
6yneM pasjHyYaTb MeXay coOoH TeopeTHYeCKHe H BLIOOpOYHLIE Xa-
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PAKTEPHCTHKH, T. €. NapaMeETPbl H HX OLLEHKH. HYCTb ajh——BH60p0'-l—
HOe 3HaUYeHHE Q.jk, C;p— BHIOOpDOUHAs KoBapHallud, COOTBETCTBYIO-
mas TEOPETHUYECKOMY 3HAUYEHHIO Yja. Torna
Yiz = Pjs0;Cg, (41.3)
Cik = I'jrSSk- (414)

Martpuuy paccesiHds,, KOTOpY!0o MH B ryaBe 15 o6osnauann V, sgech
0603HaYHM CHMBOJIOM y, TaK 4TO

& =y}, (41.5)

Hs (15.15) (1. 1) cneayer, uTO XapaKTepHcTHYecKas QYHKIHS pac-
npenenedna (41.2) paBHa

¢ (2) = exp {— t'v#/2} exp {it'n}. (41.6)

41.3 Brui6opouHule 3HaueHHsd xj, { =1, 2, ..., n, RawT HaM 3Ha-
yenue (YyHKLHH NpaBIOMNOROCHS, KOTOpas paBHA IPOH3BENEHHIO 7
comnoxuresaeil tuna (41.1). Jlorapudpm srofi dpyHkuHu Gynmer cyM-

Moit n cnaraembix. CHMBOJOM &  0603HauuM CYMMHpOBaHHe IO

5]eMEeHTaM BBIGODKH, CHMBOJIOM ), — CyMMHDOBaHHE KOMIIOHEHT
MHOroMepHbIX BeJHunHd. Toraa

w-logL=SY “”‘("’* ) —o, (41.7)

k=1

9TO NPHBOJAMT K YPaBHEHHIO

e (o A
2. 5a (Ba— i) =0, (41.8)

Tak Kak o He BbIpOXK€Ha, p TAKHX PABE€HCTB 3KBHBANEHTHHI TOMY,
4yTO

N = X, k=12 ..., p. (41.9)

B ToOM, uTO BHI6OpOUHOe cpenHee sBaseTca ouleHKo# MII reopers-
YeCKOT'O CPENHEero, HeT HHUero YAHBHTENbHOTO.
41.4 [Ina napaMerpa ajx NOJXYIHM

2 3 1
e aL“' — 5 O (% — 1) (% — uz) = 0. (41.10)

IMycrs Ajn— anre6pauueckoe momnosuenne ajx B |a|. 3amenss p
COOTBETCTBYIOIIHM €My X, NOJIyUHM

Apllal=2S 0 — ) (o — ) =cpe (41.11)
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OrTcioga caeayert *), 4to
'?]k=01k- (4].12)

B uacTHOCTH, BHIGOpOUHBlE AHCTIEPCHH fABJAIOTCA oueHkamu MII
TEOpeTHYECKHX NHcrepcHil, a I Ko3pdHUHEHTOB KOppeasuHil mo-
JIYYHM

N Sx;— %) (x,— %)
I
{S =228 (x, — %}

Bce ckazaHHOe CNpaBelJIHBO, KOTAa OLEHHBAlOTCA BCE NapaMeTphl.
Hunix cxysaeB Mbl He 6yleM KacaTbCfl, TaK KaK OHH CEPbE3IHOTO
NPaKTHYECKOrO HHTEPeca He NMpeacTaBAsAioT. MOXXHO peKOMEHI0OBATh
yutaTenio npuMepnl 18.14—15 (1. 2) u ynpaxkneune 18.14, rme pac-
CMaTpHBaeTCs ABYMepHBIH CJaydai.

41.5 Cvposi nOBepHTeNbHble HHTepBaJH 51 NapaMeTpPoB, MHI,
JKeJasi MOJNYy4uTb pacnpefeneHuss tana CTbiofeHTa HIH %2, CTaJIKH-
BaeMCsl C TEMH e TPYAHOCTfIMH, 4TO H B ONHOMEpPHOM cJjydae.
Kpome Toro, Mml cranxuBaeMca C HOBOfi mpobieMo#, CBA3aHHOM
¢ TNOCTPOEHHEM [OBEPHTEJNbHEIX HHTEpPBa/JoB ONHOBPEMEHHO AJd
BCEX KOMMOHEHT BeKTopa. B KauecrBe npHMepa pacCMOTPHM OI€HH-
BaHMe CpegHHX B CJyyae, KOrja TeopeTHYecKas MaTpHua pacces-
HHSA U3BeCTHa.

B ryase 15 Mbl BHO@AH, YTO JHHefiHHIM NpeoGpasoBaHHEM cCJay-
qaiinele BeqH4HHH B (41.1) MOryT GLIThb MpHBeJeHbl K HE3ABHCHMBIM
HOpMaJbHbIM CIyYafHBIM BeJWYHHAM C eMHHYHBIMH JHCIEDCHAMH.
OTciofa ciaenyer, 4TO BEJMYHHA

(x* — p) a(x—np)

_— (41.13)

uMeer y2-pacnpenesieHde C P CTeNeHSIMH CBOGOIBL

B nynkre 41.6 Mb1 6eryio qoxKakeM, 4TO pacnpelesieHHE CPelHHX
MHOTOMEepHOH HOpPMaJbHOH BBIOODKH COBNajaer C pacnpeleieHneM
HCXOIHBIX TMepeMeHHBIX ¢ TOH TOJbKO pa3HHlleH, YTO MaTpHLa pacces-
#HA 3necb paBHa a/n. Orciona u u3 (41.5) caegyer, 94T0 BeswunHa

n(x — W= (£ —p) (41.14)

uMmeer y2-pacnpefiesieHHe C p creneHsMH csoGoaw. CJaefoBaTenbHO,
# NMPH 3aZaHHOM YpPOBHE BePOATHOCTH P clipaBeAJuBO yTBepXKAeHHE

P(n(x—ny v (x—m)>=x3)=P. (41.15)

*) BepofiTHO, 3TO He cOBCeM OYeBHAHO, Mbl MCHO/B30BAa/R 3AECh NMPOCTO AO-
Ka3niBaeMylo TeopeMy (cM. 8.9) o TOM, uTO ecnu @1, ..., @Pm — PYHKUHH Napa-
metpoB 0, ..., Om, TO ouemkn MII Beawuun ¢ nosyuaiorcs, ecnH B YHKLHO-
HaJbHEIX CBA3AX mMapaMeTpnl € 3amenurtbh uX Omenkamn MIL.

Orciona Takike Caenyer, 4ro OmeHkd MIT yacTHHIX M MHUOMeECTBEHHBIX KOp-
PpesiAlHil RAl0TCA COOTBETCTBYIOIIMMH BHIGOPOYHHMH CTATHCTHKaMH,
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Tak xaK, 10 NpeanOOXKeHHIO, y H3BECTHO, NOCJiefiHee HEpPaBEHCTBO
¥ Jaer HaM JoBepHTeabHyio ob6maactb. Ilocnenusis orpanuuena
p-MepHOH INOBEPXHOCTbIO BTOpOro nopsinka. Ilpakruueckoe ucmosb-
30BaHHe NOJNY4EHHbIX Pe3yJbTaTOB TpeGyeT HEeKOTOPOH OCTOPOXKHO-
cti. Bonpoc o cMemenHs olleHOK Mul 06CyAHM B cleAywoulell riase,
NOCKOJIbKY Cefidac HaC HHTEPeCyIOT pacrnpeaeseHus.

PacnpeneaeHne Yumapra

41.6 3afiMmeMcsi HcCIelOBAaHHEM COBMECTHOrO pacnpeleieHHs
BbIGOPOUHBIX CPEAHHX H XapaKTEPHCTHK paccesHHs AJisSi MHOroMmep-
HOro HOpMaJbHOro cJiydas. IIpemanosoxXuM, 4To MH pacnojiaraeMm
ciayyadHol BBIGODKOH, cocToslllell H3 7 He3aBHCHMbIX BEKTODOB.
Iycrs xj— l-e nabmwonenne j-i# koopaunaru. Torpa

X1 X12 «-. Xin
x= () =| " R Ee (41.16)
xpl Xp2 «++ Xpn

Pacnpenenenne BubopkH naercsa popmynon

. n2 1Q ¥ 1
d1-=—(|2:ﬁ5 exp{—-2— S Z aik(xll—"I)(xkl_”k)}].—.[ﬂdx”'

L=l |, k=1 1=l je=i1

(41.17)

W3 npumepa 11.7 u 16.25 (1. 1) Ham yxKe H3BeCTHO, 410 IpH p=1,2
3TO pacnpenelleHHe MOXHO «Pa3jIOXKHTb» Ha JBa HE3aBHCHMBIX pac-
NpeneseHHs: OAHO IJs CPeAHHX H Apyroe AJsA KoBapHauuf. [Ipexne
BCEro Mhbl JIOKaX{€M, 4TO TO XXe CaMoOe BepHO H npH jaio6om p. Boc-
[O/1b3yeMCs H3BECTHBIM anre6paHyecKuM TOXKAECTBOM

Sz I'Zk Qe (x,, - P,-)(Xhz — )=

=S e (X0 — %) (xpy— %)+ 2 (B —py) (B —pp).  (41.18)

Torpa sxcnoHeHnHasbHbIA uieH B (41.17) paanaraercs Ha ABa co-
muoxutensi. O6parumcs tenepb k nuddepenunanam. 3gecs yno6Ho
NpHMEHHTb K NepeMeHHbIM OpPTOroHajibHOe NpeoGpa3oBaHHe Xesb«
MepTa TOro XKe THNa, 4TO HCHOJb30Batoch B npuMmepe 11.3 (t. I):

yl =(xl—x2)/'\/§;

Yo =(xl+x2'—2x3)/'\/E,

(41.19)
Yot =0+ 04 o Fdp— (= 1) YA/ (=),

¥ ={xi+x+ ... +x,,}/4/5=4/r72.



344 TJIABA 41

(MHpeKcH o3HaualoT HoMepa BHOOpoOK.) O6paTHHe COOTHOUIEHHA
TaKOBBI:

o L Y2 Yn—1 Yn
n= ottt toe=s T Vi
— Y1 Y2 Yn—1 Yn
2 1/2 46 "'+1/n(n—1) + A’ | (41.20)
—_ n— 1 Un
i TVaa—Dn it VE
Tak rak |J| =1, nudpdepesunampubiit smement B (41.17) pasen
HpOCTO
n _p
T11Iay;. (41.21)
T j=l
O6parusmucek  (41.18) u BcnomuHass, 4TO Y, =4/ %, Mbl BHIHM,
49TO BTOPOH COMHOXHTENb 3aBHCHT JHIIL OT Y;, (=1, ..., p).
B cuay (41.20) nepBrifi COMHOXKHTEb 3aBHCUT TOJABKO OT Yy, « « <) Ypei-

CJaenoBaTe/IbHO, Ml MOXKeM BLIJIEJIHTb B MEPBOHAYAJbHOM Ipen-
CTaBJE€HHH COMHOXHTENb, COOTBETCTBYIOIIH{ BTOPOMY uJIeHY B
(41.18), a TakKe cooTBeTCTBYIOmH# AH(PepeHIHANBHBIA 3/IEMEHT.
Ilono6paB HEOOXOAHMBIH MOCTOSIHHBIA COMHOXKHTEJb, NOJYYaeM, YTO
IJIsl CPeRHHX

dF = %‘Il/—i exp { — Z 0 (Xj—n)) (xk—uk)} Hd (Vnz). (41.22)

i=1

B ¢dopMynax mpHCYTCTBYeT BeJHYHHa 7, BO BCEM OCTAJbHOM COBMe-
CTHOe pacmpejieleHHe AJA CPeAHHX COBNajaeT C pacnpeleleHHeM
HCXOAHBIX MepeMeHHBIX,

41.7 Takum o6pasoM, pacnpeiejiecHHe BBIGOPOYHBIX NHCHepcCHik
¥ KoBapHauHfi COCpPellOTOYEHO Ha Mpou3BeneHHH (n — 1)-MepHBIX
NPOCTPAHCTB, OPTOrOHAJbHHIX BEKTOPY BHIOOPOUHBIX cpeanHXx. Tax
KaK OPTOroHaJbHOe npeobpa3oBaHHe mpeAcTasiasder COo6OH HpOCTO
TNIOBOPOT KOODAHHATHBIX OCeH, OHO He MEHSeT PacCTOSHHA H YIJIHL
A nocKoMbKYy JIHIIb OT HAX 3aBHCAT JHCIEPCHH H KOBapHALHH (CM.
npuMep 11.7 u 16.24), mocneanne TakkKe OCTalOTCA HeH3MEHHBIMH.
Hs (41.18) u (41.22) nonyyaem, uto «HeguddepeHUHaNbHAA YACTbY
pacnpenejieHns paBHa

(n—1)/2
f=£|——2—exp{-—§z a,kcjk}. (41.23)
ik

(21’()("—” P

Hama ocHosHas 3agada — Beipa3uTh AH(depeHUHaNbHBA 3JEMEHT
Ha a3bike Cjy. IlycTh

{uﬂ, ooy W (n—-l)} (]= l, ceny p) (41.24)
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— pesyJIbTAaT HEKOTOPOro OpTOrOHAJILHOrO mpeo6pa3oBaHus (BHA
KOTOpPOr0 MBI YTOYHHM MO3[Hee) (n— l1)-MepHOro BeKTOpa
{4i1,.. ., Yjn—}. Torna xosapnauusa c;z ZHaerca dopmyoi (cMm.
takxKe (41.20))

n—1

nejp = [§| Uplgg. (41.25)

3ameTHM, 9TO 31ecb H B RajibHedlleM MBI GyAeM MOHMMATb MON N
He CTeleHb CBOGOJAbI XapaKTEPHCTHK PacCCesiHHs, a pa3Mep BHGODKH.
Tlorpe6yem, urobul n— 1 = p.

Caenya paccyxnenusiMm 16.24 (1. 1), paccmorpum p (n— 1)-
MEpHBIX THNEPIJIOCKOCTEH, Mo OnHOH AJA Kaxaoro u. ToukH, COOT-
BercTBylomHe BhibopkKaM, o6o3znauuM Py, ..., Pp. Bymem no oue-
penn BapbupoBaTh P,, 3atem P, npH ycaoBuH, 110 P; QHKCHpO-
BaHO, 3aTeM Pj3 NpH YCIOBHH, 94TO (GHKcHpoBauwl P H Py, H T. A.

Huas toro urobm H3yuYHTb MOJIHYIO BapHaunuio Py, ..., Py, ob6benn-
HHM TOJIY4EeHHOE.
Paccmorpum P,, npu saganuwmx Py, ..., Py Ilycere O —Ha-

vyajso Koopaunat. IlpencraBum cebe, 9TO Halu NpocTpaHcTBa (ru-
nepnjockocta) coMemnienn. IIpn ¢uxcuposannom OP, w duxcu-
poBaHHHX yriaax PnOP,, P,OP,, ..., Pn,OP,  Touka P, pacno-
JoxeHa Ha cbepe pasmepuocts n—m. Ilycts ¢, — nsnHa
nepneHAHKyJsipa, ONyILIEHHOro H3 TOYKH P, Ha THOEPNJIOCKOCTb,
nopoxaennyw O, Py, ..., Py_,. Torna «o6bem», B KOTOPOM npoOHC-
XONSIT JOMYCTHMble H3MEHEHHSI P,,, PaBeH «IOBEPXHOCTH» (n — m)-
mepHo# runepcdepnl paanyca tpy, Koropas pasHa *)

2:!1:("—'")/21 rr'zz—m—-l

41.26
T{tr—m)2} ° ( )

HaM HYXHO YMHOXHTb 3TO Ha «AH({(depeHUnaNbHABHA 3JIEMEHTS, CO-
OTBETCTBYIOIIHfI HampaBJI€eHHSM, MNePNeHIHKYJAADHHWM runepcoepe.
B m-MepHOM npocTpaHcTBe, nopoxpenHom O, Py, ..., Pn, pac-
CMOTPHM npeo6pasoBaHHe, ocHOBakHHOe Ha (41.25):

n—1l
Emi = NCpmj =;§1 Umiplits j=L2 ..., m (41.27)

IIpn 3ToM oOpTOroHajJbHOe npeo6pas’oBaHHE