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IPEAUCIOBUE K TPETHbEMY U3JAHUIO

Hacrosmas KBEHATa ABIAETCA CYyMECTBEHHO mepepaboram-
HEIM TepemsfanmeM MoHX Jeknmii «Hexorophle mpmMmeBeHHS
$yBKOmOmATLHOr0 aHaIH3a B MareMaTaueckodl (Qumamke»,
m3magEEx B 1950 romy WsparenscTeoM JleHmHrpasckoro
VHEHBEpCHTETa M TepeHmsJaHHbX (e maMeHeHmir B 1962 romy
B r. Honocubupcke, a Taxme nepesefessrix 8 HHP (1959),
CIITA (1963), Anomnm (1963), TAP (1964).

B pamHOM m3jaEmm HCOpaBieHE ONEYATKE W IIOrpenl-
HOCTH, YTOUHEHEI HEKOTOPHIe oNpefelceHHNs u (HopMyaH-
POBKHE TeopeM, nobaBieHn NOSCHEHAS W CIEIAHH ITOOPAaBKE
B pAfe JIOKa3aTelIbCTB, naHel OmbiamorpadmuecKme mpmMeda-
HOs, BHECEHH peaKNAOHHbe H3MeHeHHs.

B xumry mno mpepimomenmio Q. A. OnellHEK B KadecTBe
pomonuenns kK raase III moMemmena Mmog cratea «Hopmiit
MeTOj[ pelleHHd 3aJa9d Homd AjIg JMHeHHEX HOPMAaJlbHBIX
runepOoTHYecKEX YpaBICHHAN», ONy0JIMKOBAHHASA B KypHaJle
«Maremarnueckmit cGoprmx» 3a 1936 rox (xparTxoe m3mo-
jKeHAe De3yIbTAaTOB 3TOM CTAThH CONEPHKHTCA B 3aMETKe
«3agaua Homm B mpocrpancrtBe (PyHKIEOHAIOB)», Halewa-
ragHoil B «[loxnagax AH CCCP» 3a 1935 rox). 9ra crarsa
ABJISETCH eCcTeCTBeHHHIM mpomomensmeM § 21 ra. III. Oma
COJIepP/KAT H3IO0KEHHe OCHOB TeOopMH 0000meBBHX (PyHKIHH
I pemernde 3amadsm Homm fus ramepGolmveckoro ypasHe-
HOA BTOPOro IOPAAKAa B DPOCTPAHCTBE (YHKIHONAJIOB
(o606menBbix ¢ynxnmit, pacupepeiennit). IlepeBox craTbm
¢ ¢pasnysckoro Bmmonres B. II. ITamamomoBemM. WM ke
HAOMCAaHEl OpEMeYaHHd K 9TOH cTaThe.



6 IlpegucioBue 1 TpeTheMy H3HMAHHIO

OcHOBH mpHMeHEHHA (YHKIHOHAIHHOrO aHAIHN3a B Ma-
TeMaTAYecKolt ¢mamKe, 3amojieHHBle B paforax, BHIONHEH-
ageix Gomee S50 mer masam B mameir crpame m 3a pybesxoMm
(mousitrie 0000INEHTION TPOM3BOYINOI, 0G00MEHHOr0 PelleHns
naddepeENAATHHOTO0 YPABICHASA, TEOPEMEl BIOieHAA, 06006-
mcHERE (PYUKNHE B Op.), HOCAYKAIH OTOPABHBIM IYHKTOM
IUIA AaJbHEeHIIAX MHOTOYHCJIENHBIX HCCIEI0BAHMII B TeopnH
ouddepeHnAANBIIEIX  YPABHCHHAN, MaTeMaTHIecKoll ¢H3nKe,
TeopuH (PYHKNUHA, TeopEA (YHKIAOHATHHHX HPOCTPAHCTB H
BO MHOTHX ApPYyrax o0JIacTAX amajamsa, AJid CO3JaHAA almapa-
Ta HpHMeHEHHS (PYHKIMOHAJIBHOIO AHAJIA3A K HCCICTOBAHHIO
suddepeHnAaIbHEIX ypasueHadl. Boxbmymo poils B ero cos-
gamri cbirparm paGorsl JI. HIBapna mo teopmm 0600menHBIX
¢ynxumit (pacupepnenennii), mossusumecs 8 1950—1951 rr.,
II LBeJeHHOE UM moHATHe mpeo{paszosanmsa (Dypne oGolmeH-
ublx ¢yuxumil. PaspuTHe yrasaHHOro ammapara HCCIe0Ba-
HAS B TeUCHHEe Goliee MONyBeKa NPHBEIO K OIPOMHOMY
TpPOrpeccy B TEOPHH YpaBUOEHHil ¢ YACTHEIMA IPOM3BOJHEIME
H B MaTeMaTmiecRoi (usuke, O [oCTHIKEHUSAX B DTOM HAIIPaB-
JeHNN MOMKIT0, HAIPEMEP, CYJUTh OO YETHIPEXTOMHOMY Tpy-
ny JI. Xépmanpmepa «The analysis of linear partial differen-
tial operatorsy (mMeercsa pycckmit mepeBoj), TONBOAAMEMY
B OIpeAcleNnioM CMbICIe HTOr HMccleqoBaHmili mo obmieil Teo-
PN IMHEHAKX YPaBHEHHH ¢ JACTHHIME IPOM3BOJHHIMH K
DacToAmMEMY BpeMeHH, JTOT anmapar OpPoYHo Bomied B o6m-
XO[l COBPeMeHHBIX Hcciaefiosarelneil. Kro aJeMeHTH BKIIO-
YeHH B COOTBETCTBYWOIEE o0f3aTelbHBIC JEKIMONHEE Kyp-
CH [IA CTYJAEeHTOB yIHBEPCHTETOB,

Hacrosmasa xeEmra cHafjkeHa DPUMeTaHHAMH, YKa3HBalo-
UM Ha HCCIEA0BAHAA [0 PACCMATPHBAEGMBIM BOIPOCAM,
BHIIOIHEHIEle B MOCIeXHHE TCOABl, OFHAKO INpPUBEJAEHHAA
6mGnuorpadua HE B KaKOil Mepe He OpPeTeHAyeT HA HONHOTY.

Kumra mpepmasHadeHa [ CTYHAEHTOB H aCHHPAHTOB —
MaTeMATHKOB, MeXaHHKOB, (PHBAKOB, a TakKiKe MJIA HAYIHEIX
paGoTHRKOB, ECHONb3yOmMUuX muddepennnalbHbe yPpaBHEHAS
H MeToNsI UX HCCIef0BaHHsA B cBoeil pabore.



HpegncaoBne K TpeTheMy H3aHUIY 7

IMpuromy riyGoxyw O6IarojapHOCT: MOEMY YYeHHKY H
Gomsmomy apyry O. A. OuneilHAK 3a OrPDOMHBII ® CaMoOOT-
BEpPIKEHHBI TPYX 0O DOOATOTOBKE HACTOANEr0 W3IaHUsd,
CYINECTBEHHO mepepafoTaHHOro €10 W KOMONHEHHOrO,

fl rmy6oro O6naromapen B. Y. BypeuroBy, Goxbmasa nu
KpomoTimpag pafoTa KOTOPOTo AajeKo BHIXOAMIA 3a paMKd
06BIIHOr0 PeTaKTAPOBANM.

Ilparomnry mexpennioio Grarogapuocts B. II. Ilamamomosy
3a mepeBoj Moell CTaThM H IPEMEYAHHA K Heil.

Baaromapio Taxsxe O. B. Becosa, B. P. BaiinGepra,
M. . Bammka, M. B. HKapacesa, B. M. Jlesmrana,
B. T. Masswo, B. I'. llepenenxmna 3a mnpefocTasiIeHHLIC
HME MaTepHalbl, HCIOJH30BAHHbIE B IIEPEH3[[AHAH OPH Ha-
OACAHAN IPHMEUAHWH M COCTABJEHHA CIMCKA JHTEPATYpHI.

I 6marogaper Moeit mowepm T. C. CoGomesoit 3a Gomb-
My TOMOMmb B HOATOTOBKe PyKONHCH.

C.J. Coboaes



IIPEAUCJOBUE R IIEPBOMY W3JTAHMIO

Hacrosmmasa kHmra BO3HAKIA B peayibraTe 00pabGoTKE
Kypca Jexnuif, OpoYMTaHHOro asTopoM B Jlemmmrpap-
cKoM oppena Jlemmwna I'ocyJgapcTBeHHOM YHHEBEpPCHTETE,
damucu gexnuit 6xuim cocrasienwn m obpaborane X. JI. Cmo-
aunknm u W, A, fIKoBiesbiM, KOTOpEIe BHeCIHM B HHX DPAN
TNEeHHbIX WaMeHeHuil ®W pjomonHenmit. Kpome Toro, psm pmo-
TNOTHEeHUH, ECTECTBOHHO BO3HHKAOINAX IPH H3JaHAA TAKAX
Jexnmii, 6LL1 CCIAH CAMHM aBTOPOM.

TakuM o0pazoM BO3HUKIAa Momorpadus, obbemwHsAlomAas
TPAKTOBAHIBIA ¢ €WHOM TOYKHA BDPEHHS PAJX BOIPOCOB TEO-
pUM ypaBHenHMH B YACTHHIX TPOM3BOAHEIX. B meit paccMar-
PMBAIOTCA BapHANUOHHEIE METONB! B NPAMEHEHMH K ypaBHe-
nuio Jlamraca ¥ moIMrapMOHAYECKOMY yPaBHEHHIO, a TAKKe
daava Homm 1A J@WHEAHOro W KBasWIMHeiHOro rmmepbo-
IuvecKoro ypasHenudA *). Vamomxenuio BoIpocoB MaTeMaTmye-
CKoil PHBEKEM OpeuIecTBYeT HOApPoOHOE paccMOTpeHHe He-
KOTOPEIX HOBBIX DPe3yIBTATOB H METO0B (PYHRIHOHAJIBHOIO
anaausa, IPEJCTABIAMUX c0000 OCHOBY Bcero JalbHeii-
iero. JTOMY NOCBsIMeHa NEPBasA rIaBa. ¥ KAa3aHHEI BHIIIE
MaTepEal H OCO0EHHO MIOCTAHOBKH 3ajad W MeTOAEl HX
HCCIENOBAHNSA HE BXOMAT B OOBIYHEE KYpPCH MaTeMaTHYECKON
¢usnKu HW, B YACTHOCTH, B MO#l Kypc «YpaBHeHHA MaTeMa-
THYeckorn ¢usmkmy. JlamHas KHHra IpefHAZHAdYeHA [IA
aCOAPANTOB M HAYYHBIX PabOTHAKOB.

ABTOp IPHHOCHT ropaAuym 6aarofapHOCTh CBOMM CIyIIa-
teaam X. JI. Cmonmnromy m M. A. flkosiemy, Ges momoinm
KOTOPHIX, BEPOATIO, TaKasd KHHEra He cMorjda Ow OHTR Hamm-
caia B CTOJb KOPOTKUH CPOK.

C. Cobones

*) [laparpag, wacaomuiici KBASWINHEHHBIX rHNEPOOIATCCKEX
ypaBilcHAH, B TPeTheM mM3fannm onymen.— Jlpuieu, ped.



Taasa I

CHEIIMAJILHBIE BOIIPOCHI
OYHRIIMOHAJBHOI'O AHAJIN3A

1. Bregenne

B manomennm Bcex BOIPOCOB, pasGmpaeMEIX B 9TOH KHH-
re, IpAETCA HEONHOKPATHO CCHIIATHCA HA HEKOTODHE IIpo-
cTeiime CBOHMCTBA HHTEIPHPYEMEIX B cMuIcae JleGera (pyHK-
OHid W HA HEKOTOPHE IPOCTEeHINMe MOHATAS W TEOPEeMHE
QYHKIHOHAABHOTO AHANH3a, KOTOPHe ¢Tald O0MeM3BeCTHEI-
Mmu. IlostoMy Mer me OyjeM mo Sonbureil 9acTH H3JIAraTh MX
7A0Ka3aTeNlbCTBA H JIAIIL HOBTOPAM HeobXxogmMeble (hopMy-
JHPOBKH H OIpEJeIeHHAT.

JlIa moHEMaHEA BCET0 H3IOKEHHOTO0 HIKE JOCTATOTHO
OBITH BHAKOMBIM C TeOpHell KpaTHHX HHTErpajJoB orT (pyHK-
Ouil  BeIMeCTBEHHOTO NEPEMEHHOr0, XOTA Onl, HaIpHEMED,
B obbeme meknmE VI «YpasHenmit MarTeMaTH4eckoit (pmam-
xmy [212] mam 1.V «Hypca Brcmeit MaTeMatakm» B. V. Cmap-
moBa [190]. Jomoammrensnrie cBefleHds, Kacaol(mecs pac-
CMaTpPEBaeMEIX BOIPOCOB TeOPHE (PYHKOHA # (HYHKOUOHAIE~
HOTO amanmsa, MoxuHO Hailtm B kmmrax A. H. Hoxmoroposa
un C. B. ®omumna [95], JI. B. Kantopopmaa m I'. II. Axmio-
ea [89], ®. Pucca m B. C. Hana {182], V. Pynmra [184].

HamoMHEM HeKOTOpHIe CBOItcTBA KPAaTHHIX HHTErpalioB o
CYMMHEDPYeMbX (PyHKIAH.

1. Cymmmpyemsre d¢yuxmmam. [na Beaxodt  Pymxoum
f(zi, ..., 2,) oT n TepeMeHHEIX B OTPAHHYEHHOH obmactm Q
MOXXHO YKasarh TaKkde 3aMKHYThle MHOMecTBa F, Ha KOTO-
pHIX OHAa HempepHBHA *),

BHyTpeHHAM HHTerpalioM OT HeOTpHIaTedbHOH (GyHKIEA
[ HasHBaeTcd BepXHAA IPaHAIA

(E) S‘fdac1 ... dxy, =sup dexl... dzp. (1.0
¢ FCQ

Q F

*) Beopy B fadnHeifurem, ecam HC OTOBOPEHO 06060, ofiacts €
OpCAMOJIaraeTCsa OTPaHMICHHOM.



10 IFa. 1. Crequansusie Bonpocs GYHKIHONANLHOTO aHAJA3A

Ecmm pus HeoTpunaTendpHOW (YHKUAE BHYTDeHHUWI WH-
Terpaj CyMecTBYeT ¥ 00JafaeT CBOWCTBOM:

(en) [ (f + 1) dzy ... don =
Q

— (om) | fdz, ... dza + (8) [ 1-dz, ... den, (1.2)
Q Q

To (QYHKOWA HasHBaeTCA CYyMMUDYyeMOH, a WHTerpain
() \ fdz, ... dz, 0603HATAIOT TIPOCTO

LS

(1dz, ... dzn (1.3)
Q

7 NaJHIBAI0T WHTErpalioM B cMeicie JleGera.

Qynxiua, DPUHEMAIONAs 3HAYEHUA PA3HBIX BSHAKOB,
Ha3bIBAETCA CYMMHEpDYeMOif, ecaum I[OpO3Hb CYMMEDYEeMBH
dyurIER

1 — 1
=S+ =51 (1.4)
OpnieM WHTErpad oT yHKIEH [ OIpeResseTcA PaBeHCTBOM

(faz, ... dza={tda, .. dza—(f da, ... dza (1.5)
Q Q

Q

Mepoit JleGera pusi MHokecTsa E HashBaloT WHTETrpal

mE = { ggdz, ... dza, (1.6)
Q

rme (p upmamMaeT 3maueHme 1 B Toukax £ m 0 B Toukax
nortonenus (Q—E), Ec Q.

Qyuruusa f HasepBaeTca W3MepEMoil B obmactm 2, ecim
Mepa 3aMKHYTHIX MHQIKECTD F, na KoTOPHIX OHA HENIpEpPHIBHA,
MOMeT GHTh CHeNaHA CKOAb YrogHOo ONH3KOH K Mepe Q.

Bearas cymmupyeMas (YHROUA H3MepHMA.

WNaterpan JleGera ofmagaeT TeMu ke OCHOBHBIMH CBOIi-
CTBaMH, KaKEMHu o6JafaloT WHTerpain PuMmana (B RanbHei-
mieM BMecTo dz, . ..dz, OymeM mumcaTh IpocTo dv):

(o + ydv= [ fdv+  fdo,
Q Q

s (1.7
( afdv=a deu; « = const.

Q Q



{. Beegenne 11

Ecma pag fi+f.+...+fi+...=f, paBHOMepHO cXO-
HETCH, TO

S(fl'l‘fz'l‘ oo+ ot L )dv=
by
—(hdvt (ot ..o+ (avs ... (18)
Q Q Q

Boabme Toro, dopmyra (1.8) wumeer Mmecto, ecau
lfi+fot ...+ 5]l S ¥ mna mao6mx N u, xpome Toro, ¥ —
cyMMupyeMasa QyHEKRuA.

Ecme f=0u | fdv=20, to mEOMecTBO TOUCK, rie 7 0,
Q
mMeer mMepy 0 (m{f+0} =0).

[Be pyEKOUN f, W f, DKBUBAJEHTHBI, €CIU fl fi—fa| dv=

=0. Ecam Y fpdv =0, rpe Y — mobasn (bynmmﬂ, HeIpepHIB-

Hasg CO BCeMV NIPOM3BONHHIME BHYTPE Q, TO f SKBMBaJeHTHA
HYJIO.

Ecmm k<f< K, 10

kem@< [ fdv< K-mQ. (1.9)
Q
Warerpan Jlebera abconiotHo HempephiBeH., WmmMm cio-
BaMH, KaKOBO Obl HE OBLIO 9HCHIO 4
e>0 mia Beaxoll ¢dyHKRDEE f, g
cyMMupyeMoil B oGmacTu L2, MoK~ /
HO yKa3aTh Takoe 6(s)>0 £ c
9T0 mHTerpak mo moGoMy MHo- ¢ T 8
mectBy E < Q ynomumersopser I
A

yononmoj' |f|dv<<e, xak Toxb-

ko mE < 8(e). 2
JlokarkeM nmBa BasKHEX dme- 7 z

MeHTapHBIX HEPaBEHCTBA. Pre. 1
2. Hepasermersa I'énspepa m

8y

Munxosexoro. I'ch'u, p>1; Torga, ecim p = p% 0

1 , 1 -



12 Ta. 1. CoenmansHble Bompocs! GyHKNMOHAJNLHOTO AHAIHIA

PaccMorpum kpusyio y = z?~! (pmc. 1). Ha sToit kpmBolt

Ilycts 2 m y — fiBa MI00BIX NONOMHUTEALHHX uMcia. llpo-
Bejsa Ha uepreske jgumHum AD :x=const m EB:y=const o
mepeceveHua ¢ KPUBOi, BHAUM, ITO CyMMa IUiomanei ¢uryp
OEB u OAD Gompme miomanu mnpaMoyroisaEka OECD,
Kak OB HYW OblI™ BHIGpaHH 2 ¥ y. IHEIME clIOBaMH,

x y
g 2Pz + 5 Y Ty = ay (1.11)
0 0
ut
zP y?’
- T = xy. (1.12)

PasenctBo Gyner l?[MeTb MeCTO JHuInb B TOM CIyd9ae, eclHd
y=2""! nnnx” =y*

ycrs Q 0%HAaYaeT IepeMeNnHY ToUKy o0mact® Q n-Mep-
HOTO IPOCTPAHCTBA U P(E_):)>O— HeKOoTOpas OrpaHmvYeHHAs

dynsnna 8 Q. ycrs z(Q) u y(Q)— nBe nomox@ATENbLHBIO
¢ynxnuu B 2, YROBIETBOPAIMTE YCIOBAAM

i}flx(o*)I”P@)dvﬂ, (y@FP@a=1. (113
Q

Torpa, ymaokaa (1.12) na P(a), ZHTErpUpysA Ho Q m mc-
nons3ya (1.10), momyanm

[zv@r@aw<t. (1.44)

Hycrs Tenepn X(Q) " Y(Q)— ABe JI0bie q)ynnnnn B Q,
UHTErpEpyeMble COOTBETCTBEHHO CO CTENEHBIO p m p'. Torna
Ana pyHKmuUi

-~ |x @] - ly @
X = , = T 7
© UIXIPPdv]l/p v @ [YIYI”’Pdv]l/p
¢ 0

Q

mMeloT Mecto paseHctBa (1.13), m, ciemoBarelnbHO, BEpHO
Hepasencrso (1.14), xoropoe mocie ynpouleHus NIPHHAMAET



1. Beejenne 13

BUR

[1X@Ny ©)1PrQ <

Q

.

)

<|
2

/ , 1/p*
|X|deu]”“|y|l’ Pdv] ’,
Q

oTKyja ciaeayet HepauercrBo ['émpnepa

(xQv©@r@aw|l<

Q 1
/ , /v’
<[5|X|deu]1p“lYF’Pdv]lp. (1.15)
Q Q

Ouenujiro, snax pasexctsa B (1.14) Moxer uMeTp MecTo

-
ANIOL B TOM ciydae, ecim JAA TOYTH BceX 3HadeHmA Q

14
mMeeT MecTo paBencTBo x° =y° . CHenoBaTembHO, B Hepa-

BeHcTBe (1.15) 3max paseHcTBa mMeeT MeCTO JIHWIIb B ciydae,
Kor/la

DI b 4

5‘|X|dev 5|Y|p'Pdv
Q Q

, sign XY = const

14
noutn Beafie, T. e. korfa Gymrkmmm |X [P w |Y|® mourm
Be3je OTINYAITCHA JHUIIF IOCTOAHILIM MHOkETeneM, a X &
Y muveroT mouTH Besge ofEHaKoBHIE 3HAKH.

M3z (1.15) Bmreraer oGmlee HepaseHcTBo ['émpmepa AuA
HECKOMbRUX (PyHKIMIL,

Hycrs A+ ...+A=1, ;>0 u nycrts Pyuxmum ¢; (j=
=1, ..., k) raxosH, 410

1M
Slcpjl 7P dv<< oo.
bl
Torja mpomssenieHme @ ..., CyMMEDYeMO, M HEMeeT MeCTO

HEPaBEHCTRO

“q)1 ... P dv
Q

A Ay
<[_Y|(pl|”‘lpdv] ‘...“uphl””hpdv] . (1.16)
Q

<

Q

opuyeM paBeHCTBO HMMeeT MecTo TOIBKO Torga, Korga
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|gsl Y™ otnmuatorcs mpyr or spyra JMEIB TOCTOAHIHIMH
muoxmrenamu (1. e. |l =cpp) u sign e ... g = const
mouTH Belogy Ha Q.
JlonaskeMm 5To HepaBeuctso mepexomoM ot k x k+ 4.
Ilycts @1y ..., @k, Qs DOJNOKUTENLHEI M HyCcTh Al k
¢yurnmic nepasemctso (1.16) mokasamo. Torma, ecanm

1
Mt ...+ A+ A, =1, To OyseM uMeTh, IOJNarag p = 7 .
‘Rl
B 1

P

1

"‘1+"‘+7‘h x

f(pl e s QpQrtr P dv
Q

< f[cpl---%]
Q

. g4y Mt
P dv [ﬁup,,ﬂ] Pdv] . (117)

Q

Ho B cmay mpepmonoskeuns o cupaBemiuBoctu (1.16) aua
k QymERmuUit moxyaum
1 —1
Ateeath Ataei A
j“pll TS PP
Q

M
l1+-. Ay

1 }“1+"‘+}"h
7;1+...+7uh A

< (q} 1 Pdv] X...

Q-

1 )x1+m+xh Ay

[ ) h +...+hp
con X S(q)hl ‘ . Pdv M .
Q

(1.18)

IToucrasaaa »to Beipaskenme B (1.17), momyumm HepaBeH-
crBo (1.16) mma k-+1 dymxumi. [ns k=2 uepapeHcTBO
nokasano B (1.15). CrnenoBartensmo, mepaBemnctBo ['émbmepa
MOKasaHo [jia maioboro k.

Mosno mpomepuTs, mpuUMenss DOCHEAOBATENbIO IONY-

YeHHBLI pamee pesyiibTaT, 9TO 3HAaK paBeHCTBa WMeeT MCCTO

1/h, /Ay
TOJIBKO TOTMa, Korja Bce pyEKmum | ¢y | *, ..., ¢rl oT-

JUYAIOTCA JUTIL HOCTOAUABIME MHOMRUTENAME (¢ TOIHOCTHIO
70 MIIO}KECTBA TOYEK Mephl HYIb).

Lemu ¢dynwnuu @y, ..., @, NPANHMAT KasKaas JIUIIb
KOHEUMOEe YHUC/I0 3iaveilnii, To WHTErpajsl MOryT OHITH 3a-
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MeHe bt CyMMaMU, M MbI LOJYYAM

N . ( l- N t/h M ‘,\; (H\1/ M
Nav... a,j)igl (@) L D (6 . (1.19)
i==1 i=1 N i=1

D10 sepanelcTro TaK;Ke HaseBacTeA HepaseHcTeoM [émnpe-
pa. 15 (1.19) v cayuae A, = A =1/2 MORHO TOXYYUTH IO-
Je3Le. 1EPABETICTRO

N i N . N /2 N i 1/2
< {‘.’u)! =¥ 1@ <~.(E 1) [ 3 (a(z))z] _
i1 H i1 i=1 / _i=1

_ [N T2
= VN [ > (a<*>)2] . (1.20)
i=1
Hyers x(6)> 0, y(6)> 0 » Q. PaccMorpum

( («+y)PPdv= { @+ y)° " Pdv + jy(x + )P P dv.
@ &

Q

K saskpoMy caaraeMoMy NpaBoil 9acTH INpuMeHAM He-
paseircrso I'éanyepa. Homy wind

(@ yrrav<g
Q

< “‘ xdev.

Q

1/p , T1/p’
Uw+wwwpwjp+

R Q

IS

a

’ 1/p [ , | t/p’
+Uwa]\_@+ﬁ””ij”=

Q

To—1p (T N
= “‘ (x + PP duJ(p 1 /pHSxdev]l/p + [\ prdU]l/p}.
. bl

Q Q

Coxpamasi Ha UepBLIE MHOMKMTENIb IPaBOd 4acTH, IOXY-
yuM nepasencTso Munkoncroro

/ e / d /
[‘Y(;c+ y)"Pdu]1 ‘< “ x”Pdv]lp + [j yppdu]l ’ (.21
) | Q ]

Ouesnjno, kax pacmpoctpanuts (1.21) ma cymMMy HecKOIb-
KuX caaracMbix (ynknuii xakoro yrojuo suaka B Q. Torga
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monyvaeM HepaBeHcTBo MUHKOBCKOrO

i/p
[£|x1+ +xk|dev] <

< [jixl |dev]1/p bt [j[xmpdu}"’. (1.22)
Q Q

3Hax paBeHCTBA MOKET MMeTh MeCTO JUIIb B CIydae,
eci¥ mOYTH Belony Ha Q z;=c, i=1, ..., k, rie ¢ € Ly,
a ¢; — HeOTpUIaTeIbHBIE THCIA.

Ecnm ¢ypxnum x m y DPEHEEMAIOT KaKAAA JHIOL KOHEU-
HOE WU CYeTHOE TUCIO 3HAUCHWI, TO WHTErpajikl MOKHO 3a-
MCHHTL CyMMaMM, M ML DOJYyIdM HepaBeHCTBo MunkoB-
CKOro AJf 9MCHOBHIX pAmoB. M (1.21) momyumm

[Xailz+u PP <[ 3ail |p]1/p +[2 ai|ys i e (1.23)
WM, KOTJ]a 9THX UHCIOBHX PANOB HECKOMBKO,

/ /
[25 ai|2xij p]l < [; a;| lp]l ”. (1.24)
J

2
3. O6parmsie HepaBeHcTBa I'déanaepa um MuEKOBCKOroO.
Iyers 0<p<<{; rorma p'=p/(p—1)<<0.

¥

0 & =
Pumc. 2 Pume. 3

PacemorpuM kpuBylo y =xP~', £>0 (pme. 2). Ha aroit
KPHUBOM, 0YEBHIHO, L = yp'"l. Ilycrs Toura C ¢ KoopAMHATA-
ME Z ¥ j PacIIONO0/KeHA BBINE KPUBOH y= xP~'.

Mnomans g durypst OABDE Menplie DIOMmagd DPAMO-
yronpauka OACE. Hycrs K — GeckoHeuHO MaleKas TOTKA
Ha ocm y. Ilmomaje ¢ BEIpa)KaeTcA KakK PadHOCThL MIOIMajed
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x

©o
OAKBDE = 5 ydzx u mwromanu AKB = sx dy. NamMua cao-
v

0
BaMH,

X oo

— ’_ P o’
j‘x'p 1d;t-§y” ldy <ay wim %-l—‘l-’i,—gxy.
0 Y

BosbMeMm Temeps Touky C, muie xpmBoi y = x?~' (pmc. 3).
x

CocraBuM pasHocTs mnjomaneis KAOEC,D = Sxp_ldx 3
[}

KACBD = _Y y* “'dy. Dra pasHoCTs paBHA DA3HOCTH IUTO-

Yy
maneit OAC.E u C,.DB wu, ciefoBaTeabHO, MEHbIIE, HEKEIR
OAC\E, 1. e.

ZP y?

- < ay. (1.25)

p p

B cnyuae, ecim y==z""!, 1. e. 2° = 3", HepaBeHCTBO
(1.25) obpamiaercss B paBEeHCTERO.

Mz (1.25), Tax me, kax Geuro mhBefeno (1.15), moxy-
amM fuIA  nodokuTeasERX X m Y o0paTHoe HepaBeHCTBO
I'éaspepa

/ ' /p’
SXYPdu}UX”Pvdv]MUY"' Pdu]”’. (1.26)
Q Q Q

U3 obparnoro HepaseHcTBa I'émbppepa (1.26) MomEHO mo-
Tysnth 00paTHOE HepaBeHCTBO MUHKOBCKOTO

. up
[j @+ ...+ x)f° P‘dvi| =
a

2 1/ 1/
>[.\ xfpdu] HET [jxgpdv] p, (1.27)
Q Q

cupaBefnusoe npr 0 < p <1 qIA DONOIKHATENBHBIX Ly, ..., Tx.
Hax = mpempe, 3sHax paBeHCTBA MOKeT WMeTbh MeCTO

JHIL B TOM CiIydae, €CjW NOYTH BCiOAY Ha Q ;= ¢,

i=1, ..., k, rie 9= L;, a ¢;— HeoTpHOaTEAbHEIE THCIA.
Jloxa3aTenbCTBO BHOJHE AHAJIOTMIHO IpEKHEMY.

2 ¢ JI CoGomen
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3amewanne, Ilycrs z sagana B Q. ITomarag y = z Ha MHO-
sxecrBe E < Q, y =0 ga MuokecTBe Q —F, z=2z—y B Q, 1A p =
= 1 monyumm, IpUMEHAA K y B z HepaBeHCTBO MuHKOBCKOrO,

U|mlpdu}1/pg[j'|z|pdu]1/p+[ vf |1|Pdv]1/p,
Q E . Q—F

Juaa0 < p << 1 ucpaseHcTRO HEpexoguT B o0parHoe,

2. OcHoBHbie cBoiicTBa mpocTpancTs Ly

1. Hopma. Oupepenenne, B oGBIHOM €BRIMIOBOM nN-Mep-
HOM IPOCTPAHCTBE A ONPefieleHUs MOHATUA CXOAUMOCTH
A IPefeILHOT0 HEePeXofa HONb3YIOTCH PACCTOSHWEM MEMTY

ABYMA TOURAMU P = V> (x; — y)2

—— ->
CDynmmﬂp=V2 E7, BHpAKAONIAA [IMHY BEKTOpA T
€ ROOpAMHATAMM §; ABAAETCA UYACTHBHIM CXyYaeM TAK Hasbl-
BaeMOH HOPMHBI BeKTopa. PaccToAHue MEMKIy TOYKaMH BHI-
paskaercs, TakuM o0pasoM, Kax HopMa pPasHOCTH BEKTODOB,
COOTBETCTBYIOMmMX »TUM ToukaM. Cmoco6 BBeJeHHS HOPMBI
BEKTOpA C IOMOMIBI0 €r0 €BRIUJOBON IMHBI ABIAETCA HE
euHCTReHHKIM., ByaeM roBoputh, uTo PYyHKOUA O ABIAETCH
HOpMoil, €cIM oHA YMOBIETBOPAET TpPEM TpeGoBaHUAM.
A. Oypruna p ecTs ogHOpPOAHAA (YHKOUA TEPBOH CTe-
fIenIi, T. €.

o (k& «.., k&)= lklp (&, ..., Ea), K ==const. (2.1)

B. ®ynruus p ects BHOYKIas QYHKIUA CBOMX apryMeH-

ToB. WHBIMU CcHOBaMH, e€cmM ONpPEAETUTh BeKTop AL+ py
KaK BeKTOp ¢ KoopauHatamu AE; -+ png, rae & m n; — cooT-
-> -

BETCTECHHO KOOD/MHATHI BEKTOPOB Z M ¥, TO M3 pPABEICTR
id -
p(z)=a, p(y)=a crenyer, 4To

oz +uy)<a, (2.2)

e A+tp=1 0<A<1,
B. ®yuxnua p HeoTpuuaTennhHa, MpuuYeM N3 pPABEHCTRA

p(%h L] E ) O caenyer, 4To gi —En_o
HepaBelICTBO Tpeyl‘o.ﬂhﬂl‘“a- CBOKCTBO BLIl'IyK~

JI0CTH 9acTo (GopMyUHpPYIOT ITECKOIBKO HHATE. l'chTb E, n—=
JBa JIOGHX BeKTopa. PaccMoTpuM BeaUIHEHY p(g—l-n) u
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nonpolyeM oneHnTh ee. Mmeem

s - [Le® . e _:{]
S [p<€‘>+p_<a'> B e @D e e ]”

- -

T L XIp® +oMmiI
Ecrez monosxmts E/p(E)==z, w/p(n)=y, To DOxyduM, oue-

- - (g)
samo, p(z)=1, o(y)=1. Jlaxee, nomaragA=—stmtl
ol )_, ow) o(®)+o(n)’
e(n)

=—-"1 _—  § pome3ysacs ORXHOPOTHOCTHIO  HOPMBI,
o(€)+e(n)

nmMmeeM
- - -

oE+m) =l @)+ om)lp(hz+py).

Ho pocrepumit MHOMETeIL IO CBOHCTBY B He npeBmmaer
eRUHAIB], TOBTOMY

p(E+n)<p(E)*+o(n). (2.3)
BTO HepaBeHOTBO Ha3bIBaeTCA HepaBeHOTBOM Tpeyronbnn-

xa. Tarum o6pasoM, HepaseHCTBO (2.2) BaewseT 3a 000X

HEPaBEHCTBO TPEYTOJIBHHUKA AJAsA ORHODPORHBIX (yHKIuiE mep-
BOI CTENeHH.

Jlerxo BuneTs, 970 m 0OOpaTHO MiIA OFHOPOSHHEIX (YHK-
LEit TepBOd CTENEeHW BHIDYKIOCTh (YHKHOME O clefyeT u3
—
HEPABEHCTBA TpeyroipHEKA. B camom peme, ecam p(z)=a,
-

p(y)=a, 0
p(hxt+py)<o(z)to(uy)=@R+p)a=a,
49T0 ¥ TpefoBaTOCh ROKA3ATh.

Mur 6ynem HaseBaTH fiBe HOPMHI O, (E) m Q. (E) DKBUBA-

JEHTHHIMK HJIM PABHOCWJABHEIMHE, €CJM LpH JIOOKIX & mMeeT
MeCTO HepaBeHCTBO

-> - -

mp, (8) < p2(E) < Mp, (§),

=

npruem uncsaa m m M He 3aBmcar oT &, O<m< M. B esn-

KJANJA0BOM R-MEPHOM HpPOCTPAHCTBE BCE HOPMEI DKBHBANCHT-

HEl. B camoMm pese, Tak kKanr (YHKOWE O, ¥ Q, BHULYKIH

B I?", To onum HempepuiBHBl (cM. [249, c. 22]). TloaTomy mo-
-

BEPXHOCTh S, OIpefenseMas ypasHeHHeM 0, (x)= 1, asasercs
2*
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BAMKHYTHIM MHOMecTBOM, B cumy A oma orpanuicsa,

Tak Kak Ha Heit 1= pl(—;c)‘= Py |§||—3_',—| = lglpl(g/lgp>
A
=m, |;|, IAe my=min p, (g)>0, u |zl < 1/m., Cnejosa-
IEI—

TENbHO, HA STOHX IOBEPXHOCTH (YHKIHA pz(x) HOCTUTAET
CBOEro HAMGOIHEro n HAMMEHDLIIET0 3HAMEHHH I noclefHNE
monokuTensHK B cuny B. OGosmauuM »Tu 3HAaYeHHA COOT-
BercTseHHO M u m. Cornacno AuB

= = 1-_> 2—>1 —>= E--» Sv
P2 (E) = 0, 91@) () PL(B) ps(2), = o )e

OTKYy/la Cpasy BLITEKAET HCKOMOE HEPABEHCTBO.
Jlio6oe mumHeitHoe npeofpasoBaHME N-MEPHOTO NPOCTPAH-
C¢TBA COXPAaHAET CBOUCTBO BHINYKIOCTH moBepxHOCTed. Ilo-

atomy, ecim (Y1, ..., Ys)— HODMA B HPOCTPAHCTBE C KO-
OpP[MHATAMA Yi, ..., Yn, TO o (X ay;z;, . ..,zdnjxj) ABIAET-
¢A HOPMOIl B TPOCTPAHCTBE € KOOPAUHATAMH i, ..., Zn,

ecnm ompejenuTens npeoGpasopaBua |a;| He paBen myo.
B camom pexe, ecium B IPOCTPAHCTBE ¢ KOODAUHATAMM I, ...

veoy Tp BCE yi(xiy [ ] xﬂ)v L] yn(xl, L xﬂ) PaBHLI HYIIIO,
T0 BCE KOOPJUHATH Zi, ... Zn paBHsl Bymo. Takum ofpa-
som, ua papenctea p=0 caegyer, uyro 2, =...=2,=0.

OnuopomHOCTs P TaK)Ke OUEBUAHA,

Tlyers p=1. Mnuoscecreo usmepumvir gynkyuil @, 0as
koropuixr gynkyus |@|® uwrespupyema e obaacru Q, mbl
6ydem masetsearvy Ly, Beegem B Muomectse ¢Qyurnuit L,

1/p
nonsatne mopMil. Ofosmaunm|@| = [S\cp]’ dv] u lgll 6y-
Q

JeM Ha3nBath HOopMoi . Hopma » yHKUMOHAIHHOM HpOCT-
paHcTRe CayuT o00OOHIeHMEM TIeOMEeTPUIECKOT0 HOHATHA
Imunsl Bexropa. Yacto TaM, rae 9To HeoOXomuMo, MBI GymeM
CHab)KaTh HOPMY 0Co0BIM 3HAYKOM, IOKA3LIBAIONINM, B Ka-
KOM TIPOCTPAHCTBE 3T HOpPMa oupefienena. Msl GyfieM 1ucars,
Hanpuvep, | ¢ |,

Jlna HOpMBL, 0ueBKOHO, CUPABEIURH CAeAYIONIAe yTBEPIHK-
AeHUA:

a) g+l < llgll + llpll (wepanencrso Munkoscroro),

6) legll=lal -lgl, a = const,

B) llpl =0, u eciu lpll =0, To =0 (c TouHOCTHIO A0
MHOKECTBA ¢ MEpOH HYJIb).
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B ganpueitmeM HaM mpupeTcA IOA530BATLCA HEKOTODHI-
M ofo3HauennAMH Teopuum mHo:KecTB. Mu Gymem mucarts
@<Ly, ecnu PyHRUMA @ €CTh SJIEMEHT IpOCTpaHcTBa Lp.
ITocnemoBatennLuoCTh @, Kakux-mufo smeMeHTOB MH 6ymem
obosnavars {@,}. Ecau smmomectso E, ects dacts E,, To MH
Oynem mmcath E, < E,. Eciu sieMenT ¢ He NpPEHANIEKUT
muoxzectsy E, 1o 6ymem mucats ¢ & E. Yepes AB Gymem
ofosnazaTs mepeceucnue MuokecTs A u B, uepes A +B —
ux obsnegmHenne 1 uepe3 A — B — uxX pa3HOCTS.

Mpr 6ymeM TOBOPHTH, 9TO HOCHENOBATENLHOCTH (ByHKIMit
{¢px} cxomurea cmavmo k ymxmunm ¢, B mpoctpamcrse Lo,

ecmu 'gp— @l - 0. Mo Gymem o6osmavaTh CINIBHYIO CXO-
JUMOCTH 3HAKOM

®r = Q.

2. Teopema Pmeca — ®umepa.

Teopema. Ilycre umeercs nocaedosareavrocTs PyHk-
yuii {gn}, @, = Ly, Takux, uro das abozo g > 0 cyujecreyer
#Homep N(g) rtakoii, uro lo,— @l <e npu k, m>N(e).
Tozoa cywecreyer dynryus @, <L, Taras, wro @, = Q.

3amevanwme Jra TeopeMa YTBePHKAAeT LOTHOTY (YHKIHOHAIE-
goro mpocTpancrBa L,. JloxasaTelbcTBO 3TOH TEOPeMBI MEl He HpPH-

BopmM. OHO MOMeT GBITH IPOBeAEHO TAK ;KE, KAK aHANOrHYnoe foKa-
3aTedbcTBO At p = 2 (eMm, [212, ¢, 335—337]).

3. Henpepmisnocts B nenom Pymuxynmit 8 Lp. Ilyers ¢
3ajlaHa BO BCeM IpoCTpancTBe, mpudeM @ =0 Bue Q U @ =
L, B Q. lyers P(xy, ..., ,)— BEKTOp B N-MEpHOM NpO-
crpauctse, |P| — ero pamma.

Onpepmeaenune. Qyuryus =L, 6 Q Hasvieaerca

Henpepolénoil 8 yeaom 8 Ly, ecau dus aobozo & >0 naiider-
ca 8(e)>0 raroe, uro *)

[{le@+0—a@®P ary]" <, 2.4

AUUWD TOABKO I(Tl < 8(e).
Teopema. Beakas dynryus 9L, (1<p<w) ¢

ozpanuuennoti obaacrtu Q HenpepuviéHa & YeaoM 8 3Toli 00-
aacru (').

*} 3nech m B pgaNbHellncM, ecIim B WHTerpajie neé yKasama 00-

JIaCTh BHTCTPUPOBAHMEA, TO MOXPA3yMeBAaeTCHA HHTEIPHpPOBATNE TO BCe-
My DpPOCTPaHCTBY.
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JlorasareascTBo. Beaeacrsue aGcomioTHo#t Hempe-
peiBHOCTH MHTerpana JlebGera mo maHHOMY & > () MO3KHO yKa-

®
satr Taxoe O,(e)>0, uro 5|cp|”dv<(%) , KaK TOJBKO
gl
mQ’ <§,. BuiGepem Taroe Y (e)>0, aro m(Q— Q) <6./4,
rje 2y — MHOKECTBO TEX TOUeK M3 Q, paccTofHHE KOTOPEHIX JI0
rpannnsl obnactu Q Goxpmie Y. Tak Kak QyHKOUA ¢ HaMe-
puMa Ha ;, TO MOKHO BHIOpaTH TaKoe 3aMKHYTOe MHOME-
ctBo F(e)= Q,, aro JyHKOUA ¢ HeUpepbiBHA Ha F u mf >
>mQy — 6:/4>mQ — §,/2. OuesupHo, QyHKOUA ¢ pasHO-
MepHo HempephlBHA Ha F. _)Hos'll)My_) CyLIeCTBYeT TaKoe

0:(¢)>0, garo ecau Toukm P u P+ @ mpumammeskar F n
|Q| <52(6), TO

le@+0—oe®F <2 m™. @5

Ob6o3Hagum sepes AR CIBUT MHO}KeCcTBA A Ha BeKTop
R. Tlyers pmadee |()| <8(e)=min{y(e), 8,(e)}. Tar wrax
|Q|<n{, 0o F~ QCQ. PacemorpuM  mepecegenme [* =
=FF Q. Torma

mi* —m(F—(@—F %)) >mF —m(@—F=¢) —
= mF—(mQ—mF‘3)=2mF—mQ>mQ—81.

CaeponaTelbHO,
m(Q— F*)<§,.
Hamnee,

(J10@+ 0 — o @) ary)"”
=( § Icp(?+5)—cp(7>)|‘°dv;)”"<

-

a+a=Q
- - — \
< (f lo (B + 0)—cp<P>|”dv;)"” +
F*

+( { le@+0—a® l”dv,—,—)""

(a+0=Q)-r+
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- - - >
BEemm P F*, 10 P, P+Q<F, nosromy mna F* wsoimonmser-
ca mepasencrso (2.5). CnegoBaTennHO,

" - - — 1/p e
(S |<p(P+())~q>(P)I"dV3) <3
F*

Vonrosag, uro (GyHUMA ¢ pasHa HYJO BHE Q, I1O-
Jayqaem

( [ 1e@+0- cp(ﬁ)l”dv;)"k
(Q+9—6)—F*
<( § Icp(ﬁ+§)|”dvg)""+
(Q+Q—3)—F*
+'§,M5P@;”2{ { *wéwwﬂw+
(Q_F* P) o((a+a—Q)—rs) ¢ ok

—F%

+(51¢®F%ﬂw<%+§=%e@@
Q

8 cmry abconoTHoit HempepbiBHOCTH wHTerpana Jlebera, mmo-
CKONBRY, KaK yiKe JMoKasamo, m(Q — F*)<<6, n

mlo((@+09)— r)°) ~mlal(ed + o) — 493 =
_m(@—@#%%) =m@—rF*.

-
Cuenosatensuo, mpu |Q| <8 mrmmommemo (2.4). Teopema
noKazaHa.

4. Cpennme dynxumn. Ilycrs ¢yHrnma ¢ maTerpmpyema
B obaactu Q. BypmeM cunmrars, uro ¢ =0 BHe Q.
Paccmorpum aapo (r=1Ql)

rd

® (6; h) = le’z"ha upu r<<h, 2.7
0 npu r>=h.

Ormernm owenwypunle cnoifcTBa sapa.
u 3

1. ®(Q; k) BeupepriBHO BO BCEM NPOCTPAHCTBE BMECTO
€O BCeMH ITPOA3BOHEIMY.
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2. Ha rpanmme mapa paguyca k cama gysrmusa o (Q; h)
U BCE ee NPOU3BOJHLIE PABHLI HYJNIO. \
r

2 2
. —h

Bropoe cBoficTBO BHITEKAeT M3 TOTrO, 9TO € u JII0-
6ag ee mpoussopHan — O mpu r—~ h uw r<<h. B camoMm peixe,

METOOM IOJHOM WHIYKIMM MOKHO YCTAHOBUTH, 4TO Jji0bas
2
T

amerz_hz
TIIPOM3BOMHAA 2%t 2277 MMEET BMJ
1 v 02y
p _rt
Gyoy O (ml’ ree wn) e,.‘?'_h“
(2 — B> ’

(2.8)

I7le B IUCIMTENE CTOUT MHOTOUIEH OT Ly « ..y Lne

o2

Y] -
3. O6osHaunM § = ‘Y ¢ M dv; rorma j' o (Q; k) dv = A",
r<<i
Ifie n — 9YUCI0 U3MEPEHMi MpoCTpPaHCTBA.

TIpu BTOM)%“S‘&) (_é; h)ydv=1.

BaMeganue. Mp 6yAeM NONL30BATHCA JIWINE OTMEOYEHHLIMEA
TPeMs CBOHCTBAME sfIPa, HE NPMHEMAS BO BHAMAHNG KOHKPOTHEIH BHR
Apa, MaHHBIR pameHcTBoM (2.7). DTo 3aMedaHue GymeT MOAE3HO B
JanbHeimeM.

CocrasuM cpednioro yHEYU FIA @ N0 MAPY PagUycs

-—
h ¢ nentpom B P:
- 1 - - . -
on(P) = — o @ — P k) @ (P,) dv-. (2.9)
xh Py
Cpofictsa cpexHux pyaxnui (?).
-

1. Qynryuu @, (P) umelor ece npouseodnsie 1106020 no-
padka.

Horaszarteanscrso. Hyers (zy, ..., z.) u (4, ...

- -

««., Yn) — KoopmuHATH TO%ek P u P,. Bupameunue

o S Ty S = O (g B e )
_ 2 _

1
='x}7,,j‘[m(xl+k_y1a‘,p2_y2’ -“7x’n_y’n;h)—'
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1
—@(Zy—Y1, La—Y3y + + s Tn—Yn; h)]TCP (Y1, Y2s -1 Yn) dv; -
1

1 i - - . -
—»W ) 5, [0 (P — Py )] o((Py) dvl—;1 (2.10)

npu k — 0. Ilpenensuniit mepexon moj 3HAKOM WHTETpala 3a-
KOHEeH, TaK Kak

oz, +k—y, wz—yz,...,wn—yn:h)_
k
_m(xl—:yl,xz—-yz, ...,xn—yn;h)_
k
9 D_D.- [ %]
—;,;I[Q(P—Pl,h)] S =1,

rne M = max
Q

1 o

0 X
a?(Q, k)|, u, wpome toro, mpm |k|<1
1

1

<W

, 1/p’ 1/p
n? dv-»] [§|(p|pdv->] -0
Py P Py

[ - -
|B-B,|<r+1

upu k— 0 (rorma u n— 0).

CoBepmeHH0 aHAJIOTHMIHO MOKHO WPOBECTH NOKA3ATENHCT-
BO CYIECTBOBAAUA W HENPEPHBHOCTH JI060il TpPOU3BOAHOM
J1060r0 WOPAIKA.-

2. Qynkyuu @, cuavho crodarcs k ¢ npu h—0, 7. e.

“(ph—(pl”dv—-»O npu h—0.
)

MorazaTenbcTBo. Pacemorpum 8 =l — qull. Vmeem

- -

@ (P)—— O)(P—Pl;h)(p(Pl)dvFI

P

dv—» <

P

1 - —> - - P
4{;7 [o@—Bimle@—o@)) dog | oy

o]

-

- -
OGozgauum P —P,=(Q u A OUeHKM BHYTPEHHETO WHTe-
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rpajla McUmoJab3yeM HepaBeHCTBO I'énbaepa

- p’ 1/p*
64‘%[5 0@ 1)) dl’g] " x

-

IQl<h
- - - 1/p\p 1 1
pP— —_ P F — d >, — — == 1.
X[J le(P—Q) — o (P)] va] ‘ 3
1Ql<h
U3 orpanuueHHEOCTH @ CIEXyeT, 9To

§ 10@ P ay

IEI<h

<Clhn;

TOrA

w<c, () 17) §§ 1e@-0—o®)Pavgav, =
1316);

- - —
=cp™ | (1o —0)— o (PP dvdvy;
- P oQ
Ql<h
BCIENCTBUE HENPePHIBHOCTH (YHKIUM @ B NEJOM ciegyerT,
- - -
qro Opm b JOCTATOTHO Ma.nouj‘ lo(P—Q)— o (P)P du4 <1
TOTHA
F<er™ [ dos < Cqn. @.11)
|3|<h

5. CuerHag nIOTHaA CETh.

Teopema 1. Jus ecaroli fynkyuu oL, (1<p<x)
6 obuactu Q cywecreyer nocaedogareavroctd {@,} wenpe-
puiénblr PYHKYUL ¢ HENPEPLI8HLIML NPOUIBOOHLIMUL 8CEX NO-
DPAOK08, 3a0aHHBLT 80 8ceM MPOCTPAHCTEE, CXOOAUMULCA CULL=
10 K @ 8 Ly na Q.

HNoraszareascrno. Cpegaue QYyHKQUHD @py © by >0
mpu k — oo 00pa3yioT, 09eBUIHO, MOCIEROBATEILHOCTE (YHK-
[, HeOpepHBHBIX C IIPOU3BOAHLIME JIO00T0 MOPAZRKA. 3a-
NaHIBIX BO BCEM MIPOCTPAHCTEO, CXOAAMYIOCH CHIHHO
K Qyarnud ¢ B L, Ha Q.

Teopema 2. B npocrpancree L, (1<p<<e) fynk-
yuil @, 3adannvixr 6 ozpanuvennoll obaacru £, cyujecreyer
cueTnoe 6clody naoTHoe MuowcecTéo Pymnryul {@) (k=
=1, 2, ...), o= L,, 7. e. Takoe cuernoe mnouecreo {p.},
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uro 9aa awb60z0 aaementa Y€ Ly, u 406020 & > 0 naiiderca
Takcii aaement @,, uro lp — @l <e.

Hdorazareascrso. Ilyers Y=L, Tlocrpoum 1, —
cpesE00 Qyurnuo mia b tak, arobsr lp — il < e/3. Janee,
[ua P, mo teopeme BeiiepmTpacca MoskHO HATH TaKoif MHO-
roanen P, aro lly, — Pll <e/3.

Haromen, cymecTsyer Tawoit mmorowier P, ¢ paunmo-
nanoEeME Kodpdunuentamu, uro I|1P— Pl <e/3. Uz stux
TPeX HEPABGHCTB ClieyeT

lp — P, <e,

a Tax Kak Qymrmuit P. cueTHOe MHOKECTBO, TO TeOpeMa Jio-
xaszana (°).

3aMmeuanme. CBOHCTBO KAaKOro-T#fo MpoCTPaHCTBA HMETh CYeT-
HOe BCIOAY OIOTHOE MHOKECTBO (FOBOPSIT «CUETHYIO BCIONY INIOTHYIO
ceThY) Ha3BIBAeTCA cenapabeabnocrvio, TaxuM o6pasor, mpocrpaHcT-
80 L, cenapaleiabHo,

3. JMuneiinwie ¢pyuxnuonans 8 Lp

. Onpenenenne. Orpanmgennocts Juaeiisnx ¢QyHRIHO-
naasop. Ecnu Kampuoil ¢ €L, B Q mpuBefeHo B COOTBETCTBUE
umeao lg, To rosopar, uTo lp ecTh QyHKOEONAN oT (QYHK-
oy Q. chIIK]llIOHaJIH MO0 CKJIAALIBATL, BBITHUTATL H VM-
HOKATL HA MocTogHHOE 1ucyio. Mur GymeM mosmararts

(al)(P=a(l(P)» (l1+lz)(P=11(P+lz(P

Oyexnuonan lg, obraganoimuii csoicTraMu
1) mucrpubyTusHOCTH:

I(af, + bfs) = alf, + blf, (3.)

e ¢ 1 b — no0ble MOCTOSHHEIE;
2) menpepsiBHOCTH:

ecna @, = ¢, To Loy — I, (3.2)

HA3E'BACTCA AUHElnbM PYHEYUOHaA0M B Ly,
QyHEROUOHAN [ HASKBAOT 02DAHUYEHHBIM, €CIH CYIIe-
©TByeT Taxas uocrogunaa M > (), urto gua aoboil ¢

gl < Mlgl, (3.3)

e || = [5 |l dv:] e — nopMa ynrnuu ¢ B L.
2
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Teopema. Beakull auneiinvii ynryuonar 6 L, oe-
DaHuYeH.

Horaszarteansctno. [JloxakeM 5Ty TeopeMy oT mpo-
TUBHOFO. Ecau 5To yTBEp:KAeHME HEBEPHO, TO MONKHA CY-

IeCTBOBATL Takag mocnenosarensHocTs {qu) <L, uro
1o,

m > k (k — n1060e maTypasbHOE TUCIO).

R

Fr

Pacswarp (1] = 72—

1
P | =ﬁ —0 mpu k—-oo; cnegopatensHo, P,=>0, a mo

]. Ouesungo, Yp=L, =

HempephBHOCTH (yHKnuonana u I, > 0. G npyroit cropo-
uel, W, > Vk, u, cregoBarensmo, Iy, —~ o Tpm k- . Mn
OPUMIE K NpoTHBOopednio. Teopema pmoKasaHa.

Us Bcex umcen M, ynommersopaiomux (3.3), Haiiperca
HaOMeHbIIee, HasbBaeMoe HopMolt Qymrnuonana lg u obo-

sHagaemoe M. Hopma ¢yurummomana [ ypoBmeTBopseT yc-
TOBHAM

lall = |a]lil

17, + LI < W, + W) (mepaBercTBO TpeyronhHEKA).

911 cpoiicTBa CIexyIOT HEMOCPEACTBEHHO M3 ONpejeleHus
cyMMul (QYHRIOMOHANOB U (yKIMoHANA al.

Hameit sapgaueit sBnAeTcA ycTaHOBIEeHHe OOMEro BHUAA
auneitgoro Qynxumonana B L,. IlpexsapurensHo poxamem
IBA BCIIOMOTATENbHBIX HEPABEHCTBA.

2. Hepasenctsa Hiapkcona.

JJemma 1. Ecaurd=1uld<z<1, 10

O@z)=(1+z)*+(1—-2)*—2"<0. (3.4)
Hoxazateancrno. Hmeem @' (z)=A(1-+2z)*"'—
—Al—2)*'=0 u ®(1)=0, 1. e. ®(2)— meybnBatOMAsn
¢ymarnua s [0; 1], paBEas Hym0 Ha IpaBoM KOHIE mpoMe-

JKYTKA, u, caexoparenbno, O (x) <0 mpu 2z <1,
JJemma 2. IIpu p=2, 0<z<I1

(%f)p + (‘—;”‘)” <+ + ). (3.5)
NorasartensncTro. Paccmorpum

ra - (S (5 -+




3. Jluneiinnie gynxkumonans B Ly 29

n
e T
Nmeem

@ (1) =0;

O (2) = — %[(% + 1)‘""1 + (_1_ _ 1)""‘] LR

x ZP+1
_ P p—1 -1 -1
—— o+ =T -2

Benencereue memmut 4 @' (2)=0 u, caegosartensno, @(z)<<
<0, a, 3HagnT, m F(2)<<0, uro u Tpebopajsoch JOKa3aTh.
Ilepnoe mepasencTrso Kuaprcoma, Pacemor-

P _ P
pEM I‘L—lz_—\pl +|‘p—2‘p| . llyets B pammoOli TOYKe, Hampm-

mep, |l < lol; no.naraeMl —i’— = z. Torga no ;emme 2 mo-
TyanM

R et ol + (5

<LC 1o =L(lop+|vP). (6

N

ETerpupyda, IOAyIuM NepBoe HEpaBeHCTBO HiapkcoHa
P b IP
‘S'I_fp—lz-\bl dv + H—CP 5 \pl dv<<
2 o

1
<'§"S|°P|pdv+-55|¢lpdv, p=>2. (3.7)
Q Q

Jemma 3. Pynryua
1

@ (p) = [z + (1 — 9)7]p~1 (3.8)

ectv sospacraowan gynryus p npu p>1, ecau —;—<z < 1.
HorasateanctBo. PaccMoTpuM BCHOMOraTeIbLHYIO
dynknuio A(p)=1n[z?+(1 —2)?]. Torma lne(p)= ;"(Tp)i.
NMeem
PInz+ (1 —2z)P1n (1 —2)
P (1—z)P )

M (p)=
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IToxaxem, aro A’(p)— Bospacrawinasa Qysxnus p, T. e.,
910 A(p)— PyBEKOUA BEIIYKAAS.
z

© z
HeiicTBrTensHO, 1—_—z>1 M, CJeA0BATEIBHO, lnl—_;>
> 0. Kpome Toro, )
2P 1

p(p) = P+ (l—zP =1+(1—z)9

z

€ecTh BO3pacraommas Qymxkius p, Tak kak (1—2)/z<<1.
loaromy

MNP =p@Elhz+[1—p(@EIn(l—2) =

2

=p(Plog—+n{1—2z
£CTh TAK/Ke BO3pacTaoiias (QyHKOUA p, 910 u Tpebonanocsh
noxazarh. CienoBarensmo, xpusasg A(p) (p>1) semyxias.
Wa momorommoctu A'(p) caenyer, ouesumpmo, A" (p)=>0.

PaccMorpum mpomsBojHYIO OT }%—_—p)i— =y(p)=Ino(p). Mu
I0ITyIuM
r 1 r
y'(p)= T A (p) (p— 1) — A (p)]. (3.9)

Bripaskenne B KBajpaTHOU cKOOKe BCerjga IONOMKHUTENb-
n0. JleficTBETONIBHO,

I (p) (p — 1)—A(p)V =(p— 1)A" (p)

o, KaKk MBI yGemunucek, Bcerga monomurensno. CiienoBarels-
0, ¢yurnus [A'(p) (p—1)—A(p)] Bospacraer. Ilpu p=1
oHa ofpamjaerca B Hyab, tTak Kak A(1)=0. Cxenosarensno,
Bcerga mnonokurenpHoil Gypmer u ymrnus y’ (p). 3maunrt,
¥ (p)— Bospacrawimas QyHEKIHUs, 9TO X TpeGOBAIOCH JOKAZATH.

3aMesanue. 3ameruM, ur0 QyEEKmEA o(p, o) = [2? +
+ (1 —z)P]V(r~2) gpuserca Bospacraromei npm o > 1 (¢ ocolen-
HOCTBI0 p = @) ® yOuBaromei npr ¢ << 0. IIpr 0 << ¢ << 1 oma ume-
€T OfEE MHHuUMYM. Jlerko HOKasaThb BTO yTBEpK[eHHe TIeOMETDH-

WECKM.
A (p)
p—a
Kpumeaa A(p) (p > 1) umeer Bup, msoOpakeHREIA Ha puc. 4. [nsa
p > 1 oma BHnywiasg, ubo A”(p) > 0. C 0cbl0 p oHa IepecexaeTcd

WymeeMm Ino (p, a) =
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npe p — 1. KpuBaa mMmeer acuMmTory A = p In z, Tar Kak

x<p)=p1nz+1n[1+(1_z)p],

z

¥, CIIeJlOBATENBHO, PABHOCTD A(p) — pIn z cTpeMATCcA K HYI0O Upm p—>
—oco Jlo0as mpAMas MoKer EMeTh A
¢ 3Toll KpHBOK He Gonee nByxX 06- 1

-_—/ =
mux ToueR. QucBEmo, 4TO Alp) 2 o

-~
p—a N 4 I

TCOMETPMYECKN UOpPEJCTaBAAET CO- N
Ooll raurenc yria ¢, o6pasoBaHHO- \\
TO C OChI0 p HWPAMOM, mpoxogameit AN
gepe’ JAHHYK TOYKY Ha KPEBOI
H TOUKYy p=oa, A =0 ma ocu p, N
Ecnm @ > 1, o yrox ¢ BoapacTaer AN
or —x Jo arctg In z. Amamormumo, AN
ecan o < 0, To yrox ¢ yGmBaer or \\
0 mo arctgln z,

Haxonen, ecim 0 << o << 1, TO
#3 Toukm p=a, A =0 MoxKHO Pre. 4
npoBecTH OJ[HY KacaTenbHYI0 Kk Ha-
nieii kpuso#. CleloBaTelbHO, yrol
@ cravajia yORIBaeT [0 HEKOTOPOro MEHWMYMa, & 38TeM BO3PacraeT Ao
amagenns arclg In z. Orcrona, Tax ek ®(p, a) = e'€°, crefyer copa-
BeINBOCTh YTBePIeHM 0 W (p, a).

Bropoe mepaBemceTrBo Kuaaprcoma, Tloxommm
auA ompejpenennocty ¢ =P >0 m paccmorpmm GyHKRHIO

[4 r

_»_ 1
P—1 — p—1 1
ro- |22+ (2527 e
(3.10)
Ouesuyno, aro ecnu ¢ =19, to FF(9)=0. [lanee mmeem

1

P P T2 P
aF _ | [+ 0}, (e—p)P? 1 cp+¢)"*1
ag = [(—z—) +(*2Y) ] '?P[(—z—“ +

] [ ey o N

Tlonaraem %\E = z>—;— " p——ﬁ——l = p’' >=2. Torna
e—v_q_, L _ —_r=2
g~ Th pm= P oL po2=—p
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Tloaromy

1 p'—2
dF P 3 [zpl_.l +(1— z)p'—-l]p'—1
do z ¢ 1[( 1 — 1=
[ 4+ (1 — 21" 7}

r__ p’—2
=_!2'_¢p—1{[____‘°g(p)“] _1}<0 (3.12)
o(p

-—W)—l)—<1 a p"—2=0. Caenona-

TensHo0, F (@) — yOrBawimaa OYEKIMA, 4 TaK KaK OpE ¢ =1

F(@)=0, To, cnegosarensno, F(¢)<<0 mpu ¢ > .
OueBnpHO, IMeET MECTO HEPABEHCTBO

q)+\l>7’p71 qo—xppL—lp~1
|—“l l—‘ ——llfp!ﬁ+|¢|v1 0 (3.13)

opu 1 <p<2 u mo0HX ¢ I VY.
J{ns BEIBOJa BTODOro HepaBeHCTBa HiapKCcoHa MpEMEHHM
o6patHoe HepaseHcTBo Muakosckoro (0 <g¢<1)

[i(lxl+lyl)"dv] /Hlxl"dv] [ilqudvrq

(3.14)

TaKk Kak @O JemMMe 3

P

IMonaraem B (3.14) z = lq;;'jlp_l, !/=|9%‘

p—1
i y §=D—
— 1. ITonygaem

[l e
S[Jlser o] {5 o]

m, ucmonsays (3.13), momyuum BTOpOe HepaseHcTBO Hiapk-
coHa

- — /(p—1)
[S’lq,_;_wrdv]l/(p 1)+[ﬁ|q) z\p pdv]l p—1 <
Q Q

1 ‘ 1/(p—1)
<[%§1q>|vdu+—2-§wdv] , 1<p<2 (3.15)

P_—,
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Iycte @ u ) — gBa exunuwunsix Bekropa. llomycymma ux
e+ v
2

nei. J{nmma xopasl mpu oroM pasHa llg — il

Hepasencrsa HKiapkcoma mo3Boasior YyTBep#paaTh, |UTO
cepenuMHa BCAKON XOpAsl WIMHEL 6 HMeer HOpPMY CTpOro
MEeHBITYI0, 4eM Hexortopoe umeno 1(6)<<1, 1. e. memur cy-
IMecTBEHHO B TIIyOMme eNMHAYHOTO Imapa. OJTO CBOICTBO
MOKHO Ha3BaTh PAGHOMEPHOU 6bIRYKAOCTbIO €INHUIHOTO
mapa.

3. Teopema 06 o0mieM Bufge auseiinoro ¢QyHKIIOHAXA.

Teopema. Beakuil aunelinviii gynkyuonas ¢ L, nped-
crasum 6 gude

IpeICTaBigeT c06010 CepeiHy COoeUHAINel UX XO0p-

19 = | gydv, (3.16)
Q

20e
WLy (5 + 5 =1, 1<p<oo).

Noxazarennctso. O6ozmauum sup |lep| = g. Iro o3-
Voll=1
HavYaer, 9T0 CYIeCTBYET IOCIEe0BATENbHOCTD {@y}, lg =1
rakasg, qro limlQ, = g. Joxaskem, uro {@.} cxomurcs
h— o0

CHJIBHO.

IlpegnonosxuM npotuBHOE. Torza MOMKHO yKaszaTh TaKoe
g, >0, 9T0 HAMgyTCH NApH WHCEN R, H M, (R —> ©, My —~
— o npE k> ) rtakne, 10| @Pm, — Pn, | > €, Hpnmenss
i QYHRIAAM Qm, U Qn, HepaBeHcTB2 Huapxcona (3.7), ecau
p =2, (3.15), ecim 1 < p < 2, monygnm

q‘m +(p'n P (pm —(pn P
ALY Y L Y
O, T @ p/(p—1) 9, —Q p/(p—1)
%l +“_*"_rz__& <1 (<p<?).
Otclona caenyer, 1ITo
(pmh _{" (p'nh

3 <i—n, (3.17)

rae 11> 0 u ue zaBumcur or k.

3 C. JI. Coboaen
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Py, + O

Pacemorpuy ¥, = E_Wmeen lyll=1. Benes-

| Prmp, & Py |
CTBHE JUCTPUOYTUBHOCTH (DYHKIMOHATA UMEEM
1
-1 -|—l
1 1 2 (‘Pmy 1)
Iy, = =11 + 1 .
ko2 [ Pmp (P"h] Py, T Pny L=
2

Ho lcpmh—> g, lcpnh—>g opm k —- co, OTKyJa CIEAyeT, 9To Mpit

g— %8
t—nm

Rocrarouno Gompmom k Gymem mmers ly, >

OpOTUBOPEINT TOMY, uto sup |l |= g.
[plil=1
Cneposarensno, {@.} cxomurca cmiapHO u BCIXCICTBIE
HOMHOTH L, CYIICCTBYET NpENENbHLI JIEMERT @ < L.
Ouennpo ligll = 1.

= g, 970

3aMeuanue. W3 [J0KA3aTeNHCTBA ClNelyeT CHHCTBEHAOCThH
(¢ TOYHOCTHEIO N0 DKBUBANENTIOCTH) (PYHKUUN @& L, TaKo#l, ITO

fligoll = 1 m Iy — g, WHAWE MBI MOIMH OH COCTABUTL PACXOISIIYIOCH
10CITe/I0BATCIBHOCTE, s KoTOpoit lim @, = g, 4TO HEBOBMOKHO.
k00

Ionasem, uro

lo=2g V [ @ [P~ sign ¢y] ¢ dv (3.18)
2
anu, nonaras gl P~ sign @o = o,
lo = S P dv.
2

Jdemma. Ecau das nexoropoil dynryuu P& Ly

ig [| @ [P~ sign @] pdv =0, (3.19)
70 Ip=0. o 1
HoxazareascTro. Pacemorpum y(A)= I(M),
rae P > cq, (¢ — II—?_C}’&%HHHaﬂ). o & 1y
Tak kak "‘:’?4‘—”’“ =1 u m;&q}onpu A==0,

70 Y(A)<<g, mpmuem pasemcrso pocruraerca npm A =0,
Cnegosarensno, npu A=0 y(A) mmeer maxcamyM. Ecim
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cymecrsyer ¥ (0), 10 y'(0)=0. Herpyamo y6eaurbcs
B CYIOECTBOBAHHH 3TOI IIPOU3BOLHOIL.
Hn(b(bepeﬂunpyﬂ dopManbHO, HMEEM

249 + Mpl = Ulcpo+hbl”dv] -

1 » /p—1
== 5|%+Mb| dv] X
Q

Xp ( | @ + A |p_1 sign (¢, + Mp) P dv,
%}

H Tak Kax mn‘erpa.nf | @p+Ap [P~ sign (@, + Ad) b dv paBHO-

]
Mepuo cxogurtes [212, mexnusa VII], To 3axkonno dopmanbHOe
nuaddepennuposanue mo A. Jamee

d 1/p—1 .
(WH% + Mbll),;o = [Y | @ |° dv] Ell%l”‘1 sign @] Hdv,.
Q Q
U Oo3TOMYy

, Wy cpo Y
0) = =0\ [| o, [P—1sign ¢,] b dv,

otkyna B cuny (3.19) caenyer Ip =0, m nemma nowasama.
Hoxamem (3.18). llycrs ¢ & L, — mobasn $ynryusa. Ilo-
JOMIM
o= 5 []@,|?—2sign ¢,] ¢ dv.
Q
Toraa =@ — a@, ynosrersopser (3.19), Tak rax
§ 11 @y I sign @] (¢ — ) dv =
Q

—a—allgPt|gld=0—a=0.
Q
CuepoBarensno, 1 =1p — algpo =0, 1. €.
lp=oalg, = gS [l @, [P~ sign @] ¢ dv,
f2

n (3.18) noxasano.
3%
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Tax rak @, € L,, 10
|| @, [P~ sign ¢, [P =[] @, [P=2]P/p— D) = | g, |7,

H, Cle0BaTelhLHo,
. 1 1
bo=2| @ [P sign g, & Ly (—,; to= 1),

mpuuen |, ![Lp, =g,
Tarkwm oGpazoM, nonywsaem us (3.18)

lp = S Popdv, Pp=Ly,
Q

1 rteopema jorasama. Kpome Toro, ouemupmno, !l = H%}ILP.

3ameuwanue. Mz (3.16) caeayer, 4To RGKAOMY JHITCHHOMY
¢yurguonany B Lp coorsercreyer ¢ymummst P & L, wu, gaolopor,

Kammag \DELP, nopopaect anneiinsia gydwimonan B Ly, IIpocr-
pamctsa Lp u L, sBIAOTCA B3aUMHO COUPSMeHHLIMI (yHKIUIORALL-
HBIMI NPOCTPAHCTBAMY,

4, Cxomumocts d¢yurunonaxos. [louarue cxogmMocTH
JIErKO0 HepeHeCTH HA HPOCTPAHCTBO (PyHKIUOHAIIOB.

Byjpem HaseiBaTh nOCHENOBATENLHOCT: (PYHKOUOHANOB
{l,} caabo czxodsaweiich, ecnu A KasKIOTO DJIEMeHTa ¢ H3
L, cymecrByer mpejen ;lLun Lo =1,9.

- 00

JroT npejen YIOBIETBOPAET CBOIICTBY JUCTPUOYTHBHO-
CTH, TAK Kax

ly(@a,9; + a,9,) = 3im Iy (0,9, + 0,9,) =

-

= lim (a,1,9, + a,0;9,) = a, gim Lo, + a, gim I, =

= a;1,@; + a,14P,.

Ecan npepenvustit pyurumnonan l, orpamuuen, to ou Gy-
JleT I HCIPEPBIBIILIM, T. €, JHHEHHBIM,

Teopema 1. Ipocrpancrao L;, T. e. RPOCTPAHCTEO
Pdynryuonaros dun L, ssrfercs nosHviM & CMbLCAEL CAa-
6oti cxodumoctu. Hnvimu caosamu, scikas caabo crodaujas-
ca  nocaedosareabrhocTy (PYHKYUOHAL08 UMeeT npedeaom
aunelnvtii fynryuonaas (1 <<p <o),

OueBH/1110, IOCTATOYHO JIOKA3aTh OrPAHMIEHHOCTH BCIKON
cxojameiica mocuepoBaTensnocT  QyHrnuonanos. Orcioxa
y:e OyjeT clejoBaTh OrPAaHMIEHHOCTH IPEJNENHHOrO0 yHK-
MEoHaa.
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Mu moxaskeM CrpaBeIMBOCTh TTPEJIOMKEHNS, U3 KOTOPO-
ro 6yger ciemosath Teopema 1.
Teopema 2, Ecau nocredosareavHocrs — AUHEUNBLT
PyHryuorasoe
lh sy lhv e (3-20):

Heozpanudena, T. €. MOJNCET NPUHUMATL HA eOUHUMHOM ULg-
pe us L, ckoav yeodHo Goabwue 3nHaueHus, 10 Haldercs
Takol; saement o, us Lp, Ha koropom sra nocaedosarenb-
Hocry pacrodures (1< p<<o).

JHoxazartenscTBO. Hnaea noxasaTenbCTBa COCTOUT
B TOM, UTO U3 mociegoBaTexsHOCTH QyHKIHOHAN0B (3.20)
MBI BHIGEPCM HEKOTOPYIO HOJIIOCIEN0BATENbHOCTD

Myy vony Mgy ooy (3.21)
rae
ms=1Ul, (s=1,2,...), ks—>oc0o 1pu s— o0,
Mm@ = f Pspdv, Pse Ly, (3.22)
Q
p’—l -
IIycrs o = ws. OuesnHO,
Fslf
os = Ly, | s || =1, m;= || s ”Lp,'

CocraBuM paj ne GYHKIEAM @,

)= ) Glss, (3.23)

8§=1

rae o, = ||\b3“—“2,

Psax cxomutes B L,, ecan cxomutcs pag | Ps 72, Rax
MBIl JOKa)KeM npH cooTsercTByiomem BuiGope {m,}, paxn
(3.23) oxaeTcH CHILHO CXOMALIMMCI K DIEMEHTY @o, 4 10-
CIef0BATENLHOCTD Ly, Bymer pacxoquThes,

TlocnenosarensmocTs m, MH OyjgeM CTPOUTL HHAYKTITBIIO,
IIycrs m, BHOpano; moxajkeM, Kak HY;KHO BHOpats m._ ..

Paccmorpum mocaemosatensHOCTs (L®,), ..., (Los). ...
Ecin oma me orpammuena, To Teopema pokazaHa. Ecam ara
IOC/Ie/[0BAaTeILHOCTL OrPAaHMYEHA, TO HOJaraeM

As= sup |Lwg)
h=1,2, ..,$
71=1,2,...

Nmeem A, <...<A, <. Kaumgomy d¢yuxnuoHany I, mo-
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creyoarentuocte  (3.20) orseuaer Pp< Ly, rtaxas, uro
mopma I, pasma | Yufc,. Tax xax mociexoBaTeNbHOCTS
(3.20) meorpammuena, u B cuxny sroro {ly,l} meorpammuena,

TO B KAaYeCTBe M,,, BCETHa MOMKHO BHIOpaTh Taxo# l,, aro6HI
BEIOJHANICH HEPABEHCTBA

Ibsle,, >1  (s=1,2,...), (3.24)
Iera B2 >4 (A, + ... + 4)), (3.25)
Iorale, >3y, (<9 (3.26)

B cmny (3.24) n (3.26) nMeeMlhps]|Lp,>32(“"”, OTKY A

cuenyer, dTo pH)IZas=2||¢3||_1/2CX0nHmHﬁCH H HO0OTOMY
pan (3.23) cxopurea B Ly. TloaTomy

s—1 0o
| mew, | = D a;msw; + amms + D aymse;| =
j=1 j=s+1
8~1
> agnos — | 2 ajmso; E+ ams0; | (3.27)
j=1 j=s
WNmeem
otsM s, = llap,I=1/2lapll = llap,II*72, (3.28)

B cnny (3.24), (3.25) nmeem

z om0

i=1

<2|msw,I 2 i< Ilwsll”*. (3.29)

N3 (3.26), mensas 0603HaueHNA, JETKO HAXOIUM

i =l < ,_sn U G D)
OTKY 2

0o
2 o1 0; |

j=s+1

[~

PR I e TAE

j=s+1

°°‘ 1 P, 1/2
— e 34 = @30
J

gi
=1
Torza u3z (3.27), (3.28), (3.29), (3.30) wmomyuaem

1 1/2 38—1
| mswy | > -1 ps > =,
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OTKyAa ficHO, 9T0 [,@, HE MOMKET CTPEMHTHCH HI X KaroMYy
npenenxy npu Bospacrauuu k. Teopema 2 fgoxasaza.

CieoBaTeNbHO, €CIH mocHefoBaTeasHOCTs {1} cxommres
cna6o, To OHa He MOKET OBITH HEOTPAHUYEHHON, H HOITOMY
aig BeAKoll @ € L, nMeeM

| 1,9 | = |}i§2 lhq>| =}ii_§r{;| Lo | < Alol, (3.31)

rie A —Bepxmaa rpamp HOpM Bcex [, Taxmm o6pasom,
dyaxnuonan l, orpamuden H, CIENOBATENHHO, HEIPEPLIBEH.
%*
Teopema 1 o nonmore L, noxasana.
Cnabanm cxomumocTs B L. IlocaemosaTelbHOCTH
¢ymrnuit {p,} masmBaercm caabo czrodsauelica X $ymrIUR

%
@o, €cni JIs JoGoro ¢ymrnmomana & L, mmeer Mecro
PaBEHCTBO

lim lgp = lg,. (3.32)
R— oo

B npocrtparcree L, muomecTso QyHKIMOHATOB COBIAJaET
¢ npocrparcteoM Lys. Ilostomy dopmyna (3.32) mmeer Me-
cTO B CIydae, eclM (PyHKIUOHAILI [ & L;/, COOTBETCTBYIO-
mue @, clabo cxomarca k QyHKOuHOHALYy [, = L;,, COOTBOT-
CTBYIOIIEMY (.

M=m1 nMeeM oxoH4YaTeNsHO B npoctpaHctee L, mBa BHIa
CXOMMMOCTH: CHIBPHYIO U clalyo, KoTopyo OymeM 0003HaIaTh
@r > @o. OueBMgHO, YUTO M3 CHIBHOH CXOZMMOCTHE ) = Qo
clegyer crabasg cXoguMocTh ¢, —~ Qo. OOparHOe He Bcerpa
sepuo. llpmeemem npumep ciao cxonginedics mOCIETORA-
TENBHOCTH, HE CXONMAINEHCA CHIBHO.

Mpumep. Iyers Q=[0, 2x), p=2, @u(r)=sinkz.
Torga sinkz — 0, Tax xax gnA do6oi Qyaxnma P < L,

axn
S VP () sin kx dx = nb, — 0,
0

HOCKOIBKY DPAJ
o 2%
n Y b= | ydz
k=1 H
oxopurcen. Ho sinkx 0 npu k — o, Tax Kax

21
j sinfkzxdr =mxn » 0.
o
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Bamcevanuc., Tecopemy 2 MoMKHO dopMyIMpOBATE B TEPMHMHAX
craboii cxomuMocTy QYUKOWH Tak: HCOrPAHWYEHHAS IO HOPMe IIOCJe-
HOBATCABIIOCTh (YHRUMAIT He MosKeT OBITH ¢iiafo cxopmauteics.

4. Komnaxruoers mpocrpancrsa L,

1. Onpenenenne xommaxTHocTH. Mmuomecrso M mopmm-
POBAHIIOI0 HPOCTPAHCTEA HA3BIBAETCA KOMNAKTHBIM, €CIH U3
BCAKOHL €ro GecKOHedmoil WacTH MOJKHO BBIAGIHTL CXOfA-
IMyI0cA HOCHefi0BATEIbHOCT .

Ilpumeps.. 1. DBeakoe Oeckoncdnoe orpaHnIeHHOE
MHO/KECTBO TOVYEK INIOCKOCTH KOMIarkTHO (mpunnun Bosas-
nano — BeitepmTpacca).

2. KoMIakTHOCTL B MpOCTpAlCTBe HENpepHIBELIX QyHE-
IMii ycTaHABINBAeTCA B TeopemMe Aplena: eClIM CeMelcTBO
dysruuit {¢} paBHOMEDHO OIPAaHMYEHO ¥ PABHOCTENIEHHO
HENpPEpHEBHO, TO OHO KOMIAKTHO B CMBEICIe pPaBHOMEpHOM
cxojuMocTu (1. €. ecau lch<A u 10 £ >0 mnaiigerca
8(e)>0 Tanoe, aro l9(P+Q)—@(P)|<e pua Bcex @<=

-

e{¢}, mums Tompxo [Q| <&(e), To cemeiictBo {p} Kom-
IAKTHO).

RomMmaxrumocrs B L,. B coorBercTsuu ¢ gBymd BH-
mami cxomumoctd, B L, pasiuuanT CwibEyl0 # cirabyo
KOMIAKRTHOCTb.

1. Muosmecrso ¢ymxnuit {¢} =L, naseBaerca c.aabo
KOMNAKTHLIM, eciu N00asd GeCKOHEUHAs €ro JacTh COJIePIKUT
€200 CXO/\AIYIOCA IIOCIEN0BATEeIBHOCTD.

2. Muomecrso Qymrnmit {¢} =L, naseBaerca CuLbHO
KOMRAKTHLIM, ecau mobag Geckomednas ero JacTh CONEep/RUT
CHJIBHO CXOJAILLYIOCA IIOCNENORBATEILHOCTE.

2. Teopema 0 cnaboii KOMHAKTHOCTM.

Teopema. Jra rozo urobur mnowmecreo X < L, 6bvtao
€160 KOMNakTHLIM, Heobxodumo u A0CTATOUHO, YTOOLL OHO
obr10 ozpanuuenHuin (1< p<<oo).

INoraszarenncTrso meobxomgumocTtu Heobxomu-
MOCTL YCIOBMA CIe[yeT IIPOCTO M3 TeopeMbl 0 ciaboii mon-
Hore mpocrpaucTea L.

Eenu Mmomecrso X mHeorpamugeHo, TO #3 HEro MOMKHO
BBUICAUTE IOCIefioBaTeldbHOCTs {@,) Taxyio, uto llg,ll — oo,
M3 KOTOPOHl Ha OCHOBAHMM 3aMedanya K m. 4, § 3 HeBo3-
MOKHO BHJIGNHTL C€l1al0 CXOAAUTYIOCA MOIOCTEI0BaTeNb-
HOCTB, U, Cjlef0BaTeNbHO, MHO:ecTBo X He mpiAerca ciaabo
KOMITAKTHBIM.
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MoxasarenncTBo fAocTaTodmOCTH. Ilycrs pmus
Beex p=X< L,
lpll < 4. (4.1)

Paccmorpum compsiennoe mpocrpanctBo Lp.. Ono cena-
padensno (m. 4, § 2). Cuermyio, BCIOMy ILIOTHYIO CETH B
Ly 06o3maunm

lpl’ LR ] lpha s (4.2)‘

Ilycrs {¢,) — m06as Geckomeumas mOCIE0BATEIBLHOCTD,
{qw) = X. TlorameMm, 9TO M3 Hee MOKHO BHIIEIATH ClIabo
CXOMIANIYIOCA NOANmOCIefloBaTeNbHOCTE. Bo3sMeM 1, u obpa-

3yeM IOCIefOBATENHEHOCTE TuCel (g, P1)= | Qp; dv = agl).

Bra  mociesioBaTeNbHOCTs  umcen  orpammueHa: | ay” | <
<A|¥;|, m 13 mee MOmHO BHIACTHTL CXOAANYIOCA HOANO-
CeI0BATEIHHOCTb, COOTBETCTBYIOUIYI0  IOJNOCTE0BATENb-
HOCTH

(p(ll), N (pgl), e _Y (pgll)xpl dv—>aV mpm k— oo.
o)

Bossmem V.. IHocnenosatensnocts wmcen ay = (@i, p,)
OTpaHWUYEeHA, M M3 HEE MOMHO BBIICNHTH CXOMAIIYIOCA IOJ-
HOCJIeI0BAaTeNbHOCT, COOTBETCTBYIOINYI0 IOMIOCIE0BATEN b~
(2 (2 (2 . (2)
HOCTH ), (Pg), . .,(ph), eeds Y ©Ox Py dv=>a® mpu k—> oo,
)

Ilpopomskan 3ToT mpomece, mOIyunM PSS CXONAIIUXCA I10-
CJIeIlOBaTeJIBHOCTeﬁ qUCel ah‘) H COOTBETCTBYIOIINX W¢M
PYyHKIHOHANBHEIX IOCIEI0BATEALHOCTEH, MABIAOIUMXCA da-
CTHYHBIMU NOCTE0BATENBHOCTAME {(¢y) M TaKux, 4TO mO-
clefyomas ABIAETCHA IOJNOCIE0BATENILHOCTEIO IIpeBIIY-

(s—

meit: (¢} < (o ™) = {qu), =
o = j @, dv—> al®
Q

npu k> ms=1, 2,3, ...
JnaronanbHEIM NpOLECCOM M3 HUX MOMHO BHIOpATH MO=

caefoBatensEOCTs | @4}, cnabo cxonAmIyioca ma Beeit cer-
HOIt Beoxy miornoit cetn {,}, T. e.

s = ‘. (pg.h)tp. dv—>a® =y, upn k—>o00 m s=1,2,3,...;
!

2 [<< A sl
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Cxomumocts {l,} ma wmmosxectse {y,} Bmewer 3a co6oi
CXOHMOCTD Be3Jle.

B camom neme, mw6oit smement P < Ly, Momer OHITH
IpeJICTaBIEH B BUjE

Y=t
rae p’ll<e, a 4, —omemenr nameii cetu (4.2). Torma B
CUJIy OTPAaHMYEHHOCTH BCEX [, uMeeM
[Lap — Laps | < Ae,
1L — L, | < Ae

A nobsix k uom.
Ianee

| Lop — Lpl < 11ups — Latpa| + 24,
#, BrIGpaB mocrarouno Gombinue m W K, MOTyIUM

[Lap — Ll < 34e,

OTRyjIa clemyer cxomuMocTh Pymruuonanos I, ma ¢. Ilo mo-
KazauHoMy pamee mnpenen [y ABIAeTCA NMHEHHBIM QYHK-
nuonasiom B Ly, u, cnejgoBatennHo, IpefCcTaBUM B BHUjE

Iy = fqvoxp dv. Taxum o6pasoM, fna Beakoit ¢ < Ly, umeem
'S ([‘g?)’l.lj dv_’.g‘ Py dv u, Ce0BATENbHO, AJIA BCAKOTO (YHK-

2 Q
mioHala B L; AMeeM l(pgtk)—»l(po. Takum obpazom, MHO-
mocreo X cnabo KOMIAKTHO, 94To M TpeGoBalochk [0Ka3aTo.
3. Teopema 0 CHABHOI KOMMAKTHOCTH.
Teopema. Jas roco urober muowecréo X <=L, (1<
<p<o) Obli0 CULLHO KOMRAKETHO, Heobxodumo u docra-
TOUHO, UT00BL

1) liph <A 9as scex g = X; (4.3)

2) muoacecTéo X Oblao Obl PAGHOCTENEHHO HENPEPLIEHO
-6 yeaom, 7. e. no aobomy ¢ >0 Hawsoce Gol 5(e)>0 ra-
koe, uro 04q 6écex =X

Jo@) =T1e@B+V—o@)Fdv<e, (4.4)

Q

auws roavko |0 <8(e) (nosazaem ¢ =0 sne Q).
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Jemma. Mnoxecrso X< L, (1<p<ox) sasaaerca
CUAbHO KOMNAKTHbIM To20a U TOAbKO To2da, kKoz2da no aio-
6omy & >0 Haliderca koHeunas e-ceTv na X, 7. e. HalldeTcs
KOHeuHoe uucao PYHEYUL @1, @z, ... P S X Takuzr, uro
Oas mo6oli ¢ =X cpedu Hux naiidercs Takas PYHKYUS Qe
uto llp — qill < e.

NorxasareabcTBo neobxogummoctu. Ilyers cy-
LIeCTBYEeT TaKoe €, >0, 4T0 MAjiA HEeT0 HEXb3sA MOCTPOUTH
KOHEUHYI0 £0-C€Th., JTO 3HAYUT, UTO, KAaKOB OK HM OBLI 3je-
menr @, < X, maififerca @, =X raxoii, uro lp, — @l > e,
dneMenTHI ¢, M ¢ HE ABIAIOTCA £,-CETEHIO; CIe/I0BAaTEIbHO,
Haiifiercsa Takoi @i = X, 410

lps—@al >80 7 s — all > g0,

Tlpomomxan paccykpgarh Takum 00pasoM, HOCTpOUM OGeCko-
Heunylo mociefoBatensHocTh {@y} =X rakylo, uro lg;—
— @l >e, ana i#* k. Ouesmano, m3 mee Helnb3d BHOpPaThH
CHIIBHO CXOAALIYIOCA HOANOCHeA0BATEIBHOCT, 4TO0 HPOTHBO-
peuMT NPEJUONOKEHHI0 O CHIBHOH KOMIOAKTHOCTH MHOMKE-
crea X. Heo6xoauMoCTh yCIOBHA [OKa3aHa.
JlorazareabcTBO gocratounHoctu. Ilyers X
TAaKOBO, YTO HA HEM MOXKHQ HOCTPOMTH KOHEYHYIO £-CETh
A jaio6oro ¢ >0 (TeM 6Gojiee 3TO BO3MOKHO A JI060i eTo
gacru). Ilyers Y, = X — n06oe OGecKomednoe MHOMKECTBO,

Crpomu ma mem (1/2)-cets (", ¢i°, ..., N s moGoit

p=Y, maiineren  of rakam, wro | — @i | << 1/2. Iycrs
Y — mmomecrso Pyrxmuii €Y, n oTcTOAmMMX OT @s° Memee
uem uwa 1/2%. Ilo wpafimeii mepe ommo us Y® GecKoHedHoe,
TaKk Kak Y — OGeckomegnoc MHOKecTBO. O6o3maumm ero ue-
pes Y, u crpoum Ha Hem 1/2*-cers. IloBTOpsAs aToT mpormece,

monyunM wa k-m mare Y, < Y,,<...cY, u uma mem
(k)

(1/2*)-ceTs: (p(lh), Qs 'y oy (p%‘,:. Iiyers @', ¢” €7, Tormga
hp'— @ < lp'— @t +llgp” — @l < 4/2% +1/28 = 1/2"1, 1. e.
m06ke fBe pyurumum €Y, OTCTOAT APYT OT JApyra MeHee
geM ma 1/2*1,

Ilocnenosarensnocts gynxmmit {¢.}, rae gn= Y, cuabno
cxommres, TaKk Kak lgun.— @il <1/2*1'<e¢ mpm pocra-
TouHo GomsmoM £k (Qpum € Yyum <Y, mpum nioGom m).
Takum o6pasom, u3 Y, <X ME BHAIHIN CHIBHO CXO-

JAMylocA  HOCHeA0BaTeNbHOCTh, M, CAeloBaTelbHO, X
KOMIaKTHO.



44 T L Cnernmanneble Bonpock PYHRNMOHANEIOLO AHAIM3A

4. Jloka3aTesbCTBO TEOPEMBI O CHIBHOH KOMNAKTHOCTH.
Hocrarounocrr. Pacemorpum cemeiicreo  {p} =X,
yrosnersopsiomee ycuosuam (4.3) m (4.4). Crpoum cemeii-
CTBO cpe;umx_)(byuxnmi ana Beex @ € X IOCPeCTBOM ceMeii-

crea Axep o (Q, k) (§ 2, m. 4):

- 1 - - -
¢, (P) = " ¢ (P) o (P — Py; k) du,, (4.5)

-~

2

1o onenwe m. 4, § 2 llp,— ¢l < KJy(h), rne K ne zamm-
cUT HM OT BEIOOpa (PyHKIUH ceMeiicTBa, HII OT napamerpa h

Anpa, a Je(h) = sup Jy (6). BeaencrBue ycmoBusa (4.4)
1Ql<h

no sajgannomy &>0 maiijerca 6(e)>0 raxoe, 4Yro mupm

h<6(e)

lpr — @ll < &/2 maa Beex ¢ = X. (4.6)

Torpa e/2-cers mua {¢ps} Gyuer e-cervio s {¢}.

Ecnn MBI Tenmeps ycraHOBuUM KOMIAKTHOCTL ceMeiicTBa
cpe;ix QPYyHKIUWiT, TO Ha OCHOBAHHMI JeMMHI OTCIOma Oyner
CIIe;l0BaTh CYINEeCTBOBAMIE A Cpeaumx (PyHKOMit KOHEYHOU
&/2-cetn. 3uaumr, Ha MmuoskecTse X MOJKHO MOCTPOMTL KO-
Heunyio e-ceTn JuIA jgoboro €. Ha ocmosammm TOil Ke jem-
Mur X Oyger wKOMnmawrTHbiM. (i TOro 4YTOOBl yCTAHOBATH
rkommarTHOCTL {(@:}, mokamem, uro {p,} mupm 3amammom h
PABHOMEPHO OrpalWYeH0 ¥ PABHOCTENEHHO HENPEpPLIBHO.
Torja mo reopeMe Apliela OHO KOMIIAKTHO B CMEICIE paB-
HOMCPHOI CXO/\MMOCTH M TeMm 0Ollee B CMEICIE CXOJIMMOCTH

-
B /.,. Ho npu nocrarouno manom |Q| BciencTBwe Hempepois-
HOCTIL AjIpa

- -

lo (B, —P—0Q; h)—o( \—D; Byl <,
OTKY1a

' Yo By lo @, =P —0; h)— o (P, — P; h)] dv, | <
2

Cy 3 p o cim
<2 flg@r an” = Siei<ia,
Q
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7 IpI IOCTATOYHO MAJKoOM 16 | m QurcupoBanuom h
lgn(P+ Q)= n(P) | <k,

7. ¢. {(p»} PABHOCTCIECHHO HELUPEPHIRHO.
PaBsnoMepras orpaHAYeHHOCTL CIEAYCT 3 ONEHRH

| @, (P)| <
<[_1_ Jl()) (Pl—Pa h)ip dUl S|@(1)1)|pdv1 1< CoA .
lxhn A 2 J th/p

Takum obpasoM, cemercrso {¢,)} KoMmakTHO, I 1O IEM-
Me B HCM MOKHO IOCTPOUTDL Koueunyw &/2-cerh. Oma sasiisa-
eTCA KOMEYHOII e-ceThlo /A X, U, CICOBATENBHO, 1O JeMMe
X cuILHO KOMIAaKTHO, YTO M TPeGOBAJOCh A0KA3aTh.

Heo6xogumocTh. Ilyers X cumbno kKoMmakTmo, TOT-
Aa oHo M cxafo KOMIIAKTHO WM 1O Teopeme O ciaboii KoM-
naktHoctH ana seex ¢ € X; lgll <A, t. e. noxasana neob-
X0,lMMOCTD ycuoBua (4.3).

Ilo memme cyuectByer komeumas &/3-cetn {q) (k=
=1, ..., N). Rasggaa 3 QyHKOmil ¢, HenpepPLIBHA B ICJIOM,
a Tak Kak MX KOHCYHOE YHCIO, TO TO JIAHHOMY € MOJLHO
ykasars raxoe 8(e/3)>0, aro

Q

[‘YI(P,,(I’ +0) — ¢, (P |’°dv]””<% (k=1,..., N),

-~
anmre Toasko |Q] <.

Boanmem m00yio dynriumio ¢ =X m soibepeM Oamkai-
myw & neit ¢, us &/3-ceru. Ucnonbsys mepanencrro Mun-
KOBCKOTO, HOXYYNM

[flw(ﬁ +6)—<p(13)|”dv]"’°=
Q
=[.§|cp(13+6>—<ph(13+6> g (P 4+ 0)—
Q
— ¢, (1_5) + ¢, (ﬁ)— ¢ (l_") ‘p dv]l/v<

<[5|q>(i‘+6)—<ph(5+6)|”dvr’"+
Q
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+ [j|<pk(ﬁ+ 0)— o, (P |"dv]"” +
Q
+ [f |0, B)— o B)f° dv]l/p<
Q

<eB+eB+e3—e mpn Q<
T. €. JJIA BCeX ({JEX o 3alaHHOMY € MO}KHO YRKa3aTh Ta-

Koe 8, gro J. (Q)<e JHITE TONBKO |Q|<6 u, crejgosa-
TeIbHO, I0Ka3aHa Heo0XOUMOCTE YCIOBUA (4.4).

5. OGo0mennse NMPOA3BOAHLIE

1. OcnoBupie ompememenns. Ilycrs ¢ 3agama B oGmacrm
Q u cyMmupyema mo Ji0Goil orpammuenHoil obmacTm G Ta-
Koil, uto G < Q. PaccMorpum (YHKOUIO VP, HempepbIBHYIO
CO BCEMH IIPOW3BOAHBIMM [0 NOPAAKA [ BRIIOUUTENLHO U
PaBHYI0O TOMJECTBENHO NyJI0 BHE HEKOTOPOil orpammyenuoit
obnactm V, raroii, uto V, < Q.

Ecan ¢ vuMmeer mempepuiBHEIE IPON3BOIHLIE, TO

) 141 A,
_t 4+ (—1 h) ———— | dv=0. (5.1
i[ip 6::‘:1 O P (=" 6::‘:1 az‘;“ ©

Ilycrs Temeps MH muYero He 3HaeM O CYUIECTBOBAHHMI [IPO-
H3BOAHKIX OT @ ¥ LYCTh CYI[ECTBYeT QPYHKIHA Oa ..an cyM-
MHpyeMasa 1o J000ii orpaHmdYeHHOil obmactm G TaKOII, 10
G < Q, 1 yAoBIETBOPAOLIAA PABEHCTBY

1
{ [@a—&— + (= xpw} =0 (5.2
X

o 1 eee 0Ty

ana Bcex PymEnuii P M3 paccMaTpuBaeMoro kKuaacca. ‘Lorja
o6o3navtaeM

al
Bg,...ap, = — 2% (53)

(22 (22
1 n
6:;1 ces 6zn

a GyneM Ha3BIBATH Wa,...a, 0000WenHOl npouseoduol Gyux-
nua Q.

3amegaunnme. PaBemcrBo (5.3) mo oCHOBHO{ JeMMeE Bapualu-
OHOr0 WCYUCIEHWN BEPHO B OOLIYHOM CMBICHE IOYTHM BE3jie, €CiM @
¥IMCET COOTBETCTBYIOMIYIO IPOW3IBOAINYIO M ONPABJAHO HITCrPUPOBAHMIE
oo 9acTAM.
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Moser cyiiecrBoBaTh JHMMBL ofua o0o0IeHnas OPOA3BOLHAS
: . 1) 2
Oq .a,0T Pyunmmn @, Ecau 68 mx Osro mBe:

®
al...un' a
To na ocuoBauwi (5.2) mMexwm GBI

S (w&‘l) oy w&?l). .ocn) Ydv =0,

10’

- . (1) = o2
OTKY/IA B CWIY NPOW3BOJLHOCTH P RONywiin Obi 0.0 = O
Howrn Besge Taxum oOpa3oM, o0obHIEHTIAst TPON3BOAHAS OLpENEsi-
€TC: O7H03HAYAO (C TOYIIOCTHIO JO MHOKECTBA MEDHl HYIb),

Hosoe ompepenenue mpomssojmoii He coBmagaeTr ¢ OI-
pelercHmEM HPOM3BOIIOI MOUTH BCIOAY, KaK [IOKA3HIBAIOT
DpHMeEpHL,

Iipumep 1. Ilycrs (x) neupepeiBra una [0, 1], mo me
abcomorno menpepeisma. Ecam 6m ¢ (r) unMera o6odmen-
HYI0 HPOM3BOAHYI0 (), TO AisA BCAKOW (r), Henpephis-
HOli ¢ TepBOil IPOM3BOJHOE M ofpamalogeiicAa B HYJIb BHE
(e, 1 —¢&) (0<e <<1/2), mMenn G» paBeHCTBO

d
S(pd;pdx———j Y () dz.

x
Ilyers Q(z) =Sw ) dg. Tornma
[

1
jlw dx=5‘9(x)£—2idx,
0

I, cIe;oBaTeabHO,

1
(tlo—0@ 2=,
(]

d "
OTKyJla B CHJIY TIpPOU3BOJBHOCTH %, VIOBIETBOPAOILEN

d
JMAOTH YCI0BHIO j—dii dx = 0, Bolterano 6bi, 910 @ — Q{z)=

0

=C, 7. ¢. ¢ =Q(z)+ C, n, cnezosarensno, ¢(x) adcomor-
HO HeNPEpPHIBHA, YTO INPOTHBOPEUHT Ipefuolomenno. Ta-
kAM obpaszoM, @(z) me wuMeer 0GOOIEHHON NIPOM3BOIHOIL.
Iloaromy, ecim @(x) HenpepsIBHA, MMEET HOUTH Beafie PO~
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d
H3BOJHYIO d;p’ HO He aDCONIOTHO HelpePHIBHA, TO OHA HE
uMeeT oGoOmennoii mpomssopnoii. TaxuMm oOpa3oMm, H3 Cy-
IeCTROBAHMS IIPOM3BOMNON IOUTH Beafle He CICAyeT Cymie-
cTBOBaHHE 000CMeHHOI ITPOM3BO/IIONT,

Ilpumep 2. PaccmoTpuM (yHKIMIO ABYX IePeMeHHBIX
o(z, y)=fi(x)+ f.(y), rme fi m f, HempepoirHKEe Ha BCeil
opaMoil, Ho murfe He AuPdepenmupyeMble PynKOUU; TOrAA
@(z, y) me WMeeT OPOM3BOIHHIX B OOGBIYHOM CMBICJTE, HO

02
obof1enHan Mpou3RoaHAA 0——3“;’; cymectsyer 1 paBua 0 B
awoboM mpaMoyronsHmkKe Q: ¢ <zx<b, c<y<d. B camom
nexe,

f@azay v= Sfl x)axayd”+5f2 y)axlp dv.

Ho2¥ _ 2%

O =y = 0 ma rpamume Q,m mosroMy

d.z=0

y=c¢

[FACY= dv—jfl (x)j,,,x,,,_,,dydx jfl @22
Q

H aHaJOrMvIHO

2
j‘!f2 (y) 36.2: :';py dl) =
Q

CaepoBaTeasno,

(paxw dv =0,

uto M TpeboBanochk MOKa3aTh.
2, Ilpom3sopunte or cpepnmx $ysrmuii. CymecTroBaBme
0000mEeHANX NpPON3BOJHbBIX.
Teopema 1. IHycro Pyuryun ¢ umeer o0600yernyro
0@
npou3sodnyIo "a—tp—a 6 obaactu Q. Tozda npouseod-
ozt ... 9z,"

Has cpeduell Pynryuu dan ¢ pasmna cpedueli Pynkyuu das
ee 0606wennoli npoussodnoli:

o _| o 5.4
2 oy o o ( . )
oz 1,,, 0z 6.7:11..,6.7;” A

1 n
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—
Ha MHoxcecT8e Q Tex Touer P & Q, paccroanue or ikoro-
pulx 0o epanuyer obaacru Q boavue h.
HoxasareanbcrBo. Tak Kak

%, (P = oo (P Py h
a(ph( )a =——1—n5(p(P1) a( - a. ) dvy =
oz 1... 0z, AhT 4 oz 1 ... dz,"

dv,.

Tlo ompepenennio oGoburennoit MPOM3BORHOM M1A BCAKOH o
pa3 Hempepbisro Auddepennupyemoit PynRumam 1, KOTo~
pas oﬁpamaeTc;I B HYJNb BHE HEKOTOPOi OrpammueHHo# 06-
JacTH Vs Takoit, uto VWCQ _MMeeM paBeHcTBo (5.2). Ecan

Pe Qn, TO (i)yrmunﬂ (o(P —P h) ofpaiyaerca B HYJNb BHE
mapa_ |P —Pl< h, comepmameroca B Q. Baas ¢=
= oo(P1 — P; k), noxyumm

8%y, (P) ' S o 0% (P
= Vo (B — Py 2 LG
ozt ... 0z, X 0 oy ... 0y,

qTo " Tpe6OBaJIO'CB nOoKa3arThb.
Canepgcrsume. Ecau ¢ cymmupyeman Gynryus u

%@ -

Yo B P

1 n

& Lye obaacru Q, ro

oy ™
d.l On = (1.1
0z, " ... 0%, ox 1 ... 0z,

npu h—0

é L, 6 moboil obaactu G < Q rakoli, uro paccroanue or G
0o epanuyet obaacru Q nOAOHUTENLHO.

4 ¢, 51, coBouen
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HoxasarenscrBo. Tax ®ax AJA AOCTATOTHO MAJKIX
h umeeM G <€, TO OTO Cciefyer W3 CBONCTB CpeIHUX
dymwumi.

Teopema 2. Ecau K Oannoli pynkyuu @, cymmupye-
Mol 8 w060l ozpanuuennoli obaactu G rakoil, uro G co-
depacurca e obaactu Q, MONKHO npu6JLu3u'rbc;z ¢ nOMOWbIO
noc.aefoeareabHOCTU  HEnpepbleio Ougppepenyupyemvlx
pynryuii @, (k=1, 2, ...) 8 ToM cmbleae, UTO Oas 8CAKOU
Pyuryuu $ nenpepwrenoli u raxoi, uro =0 ane ozpanu-
uennotl obaactu Vy u Vy < Q, uneer mecro

lim ‘i 0, B)v(P)dv = (o (P)w (P)dv (5.5)
—>0 Q

U ecau, kpome Toeo,

9% v
j ﬁ(—a% Q< A(©Q), (5.6)
Q 1 n

20e A(Q) me sasucur or k, 7o 6 Q cywecreyer obobwen-
Hasi npou3eodnas

%
G,n ‘

o
1
ozt ... 0z,

HorasaTteanbctro., M3 orpaumm4cruHOCTH HITErpalion
(5.6) BpiTeRaeT ciabas KOMHIAKTHOCTH B L, UOCIEL0RATENE-
%, _
HOCTH < — U, cJieloBaTeILII, CyInecTsyeT cuaado
o1, . oz,"

cxotAImasnAca HoaAuOoCae/0BATeILHOCT

()
Oy,
" Oa..ay

o
1 n
oz\1... 0z,

(npnqeu O ..o E Lp). Wmeer mecto pasencrso

%,

&n
n

fl%l P e =+ (=D

...6. 6&:01‘1...6.1

IJIsT BCceX 1 NempephiBHBIX C IPOUBBOJAHBIMHU [0 TOPAAKA O
A ob6pamaiomuxcs B HYJIb pHE Vg < Q.
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HepeXOﬂH K npeacny npm k,’ —> 00, JIOJIYYHM
j q)a—aalpT -+ (-— 1)(1.—{—1 \P(Dq,l . G dv = 0,
9| 6zt...9x,"

YTO M JOKA3BIBACT TEOpPeMY.

3ameuanme. B cury (3.31) “mal _.an‘PdugA(Q), TaK
Q

%g,
axTI eee Z" )

Cunencrane. Ecau Muosxecrso npouszeofuvir nopadka
o ot cpednuxr gynkyull caabo KomnartHo, To Oannasn Gyrk-
yus umeer 06006ujeHKYI0 NPOU3BOTHYIO NOPAOKA O.

3. Ilpasuna puddepennuposanun. M3 ompegenennsa
0000IeHHOIT TPOMBROAHON BHTEKAIOT CJEAYIOILime YTBEpPH-
OeHus.

1. Ecau @, u @, umeior o6obyenhbvle npousgoduble 00-

%, 0%,
H020 nopadka — = U —% =1 @ €y U C3 — no-
ozt ... 9z, ozt ... ox,"
CTOARIBIE, TO C1Q; T CQ: UMeeT 0606UeHHYI0 nPOU3IBOIHY IO
TO20 Jce NopAadka

Kak Do ..oy, L, m spagercs cIalHM IIpefenoM

el o
Plwtes) __ Fe P
=c X .
dxl ... dxp" 6x?1 N ok dx31 ... dz,"

JloKa3zarenncrBo OYeBHHO.

Fia)
2, Ecau ¢ umeer 0606wennyio npoussodnyw —; o
oz ... 0z,
=0(Zi, ..oy Tn) U O(Zy, ..., Tn) uMeeT 0606wennylo npo-
F0]
u3800nyI10 i =Axy, ooy Tn), 70 A2y, ..., Tu)

(]
ozt ... o)
ects 06obwennan npouzgodnas or ¢ nopadka a -+ p:

A= o*Pq

o +B On+Bn
6x11 L,..or,

Noxasareascrro. Ilyers ) mHMeer HelmpepbinAbIe
mpoussoxHbie 710 o+  mopAxka BO BCeM IIPOCTPAHCTLe H
paBHa HYJII0 BHe HEKOTOPO# orpanmueHHoii obmactm V, ra-
4%
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k) = 1 AMEeT Helpe
6.1[:‘ v 612" By B P

PBIBHEBIE [IPOM3BOJIHLIE [0 IOPAJKA ¢ U paBHa Hyn0 BHE V.
Vs omnpepenennsa o0606menHbix MPOU3BOAHBIX CHEIYEL

b
jMpdu =(— 1P f ® —b“’—ﬁn do = (— 1)“5 g, . pudv=
o o  oxt..

xoii, awto ¥V, < Q. Torga

. o0xy, o
%y
= (— 1)“+ﬁ ‘I(p—————a f Fna dy =
o 6111 Ce 6.1:nn
et 9*+By
= (—1)** j 0 dv,
o 61(:1-'—[51 vee 6.7'3"-’_5"

UTO BBHJ{y IPOU3BOJLHOCTH P U JOKA3BIBAET YTBEpPHMKITCIIC.
3. Ecau ¢, uE;ELp, ¢, u EELM 70 npousgcde-
Hue QP uneer 0006w ennyo npoussodnyio
I(®®) _ 9% 0%
67: 1 61 P2 3 dx,

HorasareasrcTno. B camom geme, @=L, #

©, & Ly, u nostomy @i, cyManyeua Ananomqno CyM-
a0, 0(p1 rp2

MIpPYeMbI (Pla y O3 57— 5z, + @, 62 . Ilyets @ 1 @an

cpeHue (I)ymumn mm @ u (p_z. Ilo onoﬁcmy cpenmnux
$yarmmii B 106011 G Takoi, uto G = Q, HMeem
L0 6(p1
(P1h=>(P11 F_=>E B Lp)

0P,y ¢’icp2
Qop=> 93, 5z, == B Ly

Ilyern ¢ uempepsisHa ¢ NMpOM3BOJAHLIME IIEPBOFO HOPA(-
KA BO BCEM HpOCTpaHCTBe 1 pasHa nymo Bme V,<

Ilycts [, \ < A. Torna

j((plhcpzh cplcpz)— dv|<<A flcp,h%h 1P | dv =

Q

= A[ [0, (90— 02) + %(%h— P) [dv <<
V¢~
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<A 00| P — 92|40 + A [ 9] [ 9,0 — 91| dv <
Vi Vi

<A [ " qDlh”L‘, " (ch - q)2 ||Lp’ + " % "Lp, l cPlh - cPl "Lp] —>0

mpu h—0,
T. €.

4 9
j‘qﬁh%h 5;;“11 d“"’.f P19, b_% dv, mpu h—0.
Q Q

Anazornuno JOKa3bpIBaeTcda, 4TO

i) oy P )
j’ (cplh ax?h + P, lh) Pdv— qu ((pl 6;62 4 qubx_ll) dv.
Q Q

Tora n3 04eBHHOr0 PaBEHCTBA
a 9%ap, Iy,

j’(plh%hﬁf dv = _YIP (':P1h 3z, T P77 ) dv

9 1 4 1 1
opu h —~ 0 cuenyer, 4T0

o 09
s‘q)1q32 aw dv = — s‘llp (cpl 6‘[2 + q)zt')—xi') d )
Q

99, _ 0(9,%,)

09,
a 910 03HavaeT, UTO P, Wi + ¢, 5. =

1

damMevanne. Ecim ¢ # ¢, uMCIOT HenpephlBHEIe DPOU3BOAIEE
7i0 MOPAAKA O, TO

o (019 i v . o, 0" Py,
6.%(:‘ ees 6xz" f—o Ef:ﬂ Byr-Pn 6x§1 s 612" 61?1—61 eee OIZ"_B"’

~
e Cﬁln-ﬁn — OnnoMuaIbubIe KOOPPAIMOHTHL.

9ra ke Popmyna Bepna, €CaANM @) M (P, OPAHAATEIKAT COOTBCTCT-
Berno L, u Ly, w umeoT ofolmernbie IPOMSBOAHEIC, BXOASMME B

NpaBy®0 4acth, UpAIEM IPOUIBOANBIC OT ¢ NMPHHAANEKAT Ly, NpoHM3-
BOJNBIC OT (2 MPHUIAJNCKAT Lp,. Jloka3aTCABCTBO ANANOTHUHO TOJNBKO

YTO HPHBEACHIIOMY,

4. Hesapmeumocetps oT obnactu. Ilyers ¢ m A — mme 3a-
Zannble B obnactm Q ymKOoum, cymMMEpyeMmble 1o JoGoM
orpaHnueHHOIl obmacrd G raxoii, uro G < Q. Ecam A ects
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06001leHEAA TPOUBBOAHAA OT !

%p
A= ————

ozt .., oz,

B Q, 0 A ectb 000OUIeHHAA NPOM3BOAHAA OT ¢ B Ji000OR
yacte 2, YTO JIerKo cliegyer U3 ompexpesieHuA 0000UIeHHOIE
npousnofroit. TakuMm 06pa3oM, Xord ompedeseHHe 06OOIEH-
HO# OmpOUBBOMIION «IJ06anbHO», HO €e XapaKrep B J06oif
OKPEeCTIIOCTE HEeKOTOPOH TOYKH ompejesfAeTcA JOKaJbHEIMHA
cBoficTBaMu (yHKIUEM . PaccMOTpUM BOBMOSKIIOCTH pac-
1EpeHnA 00JlaCTH MePBOHAYAJLHOIO OIpefesieHuA 0600 eH-
HOIl IIpPOU3BORHOM.

ITpensapuressno AokarkeM JieMMY.

Jlemma, IHlycro gynryuu @ u A 3adamnvl 6 obaactu Q
U cymmupyemor no aioboii oepanuuenuoll obaactu G Takoi,
yro G < Q, npuuenm & Kaxdom wape paduyca Memblue He-
kKoropozo 8> 0, aewawem ¢ Q, A ectv 0606uerKas nPous-
800Has OT @

Tozda A ectv 0606wennas npouseodnai or ¢ 6 Q.
Joxasareansctno., Hyers 0<h<<§,<3d. Coruac-
%q,

a G
Oz, ti.. 0,
Temeps N0y (PYHKIUIO P, HEOPEpPHIBHYI CO BCEMH IpO-
UBBOJHEIME [0 OOPAAKA ¢ BRIIOYUTENHHO ¥ DABHYIO TOMK-
MecTBEHHO HYJI0 BHE HEKoTopoll orpaHmuenHoii o6mactu Vi
raxoit, uro V,<Q. Torma Vy CQol OJIA  HEeKOTODOro

0 << 6§, <6, caemomaTesbHo,

Y lp}vh dv =(— 1)@ ‘Y q)h'a—aa‘p— dv.
. Yo gt

2
Vo

HO Teopeme 1 uz m. 2 Ay = Ha Qg . Paccmorpum

D%

Tax wax opu A~ 0 A=A ¥ ¢»=¢ 8 L, Ha V,, TO, me-
pexoid K mpejesy, moJydIuM, 4To

Ymp?»dv = (—1)* j o—2%
s axal ozom
V,p le 1 ***7n
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\ phdv = (— 1) j o—20 gy,
8 ax(fl ... 0z

o~
<

7 neMMa JoKasaHa.
Iyers QM u Q® pgre mpomssonsasle o6nactn, Ouesu;Ho,

le) + ng) = (Q(l) + 9(2))0'

Ecxu, xakoso 61 uu Gmmo 8 >0, maimerca 8’ (0-<
< §’ <) raxoe, uro

(@ + Q)= 0f + 0,

To napy obaacreit Q) u Q®* uazoseMm cymmupyenoii.
Teopema./lycte QY u QP — cymmupyenman napa
obaacrell, gynkyus @, onpedesena ¢ LY, g, — e Q¥ u
@ =g, ¢ QWQYW (¢ rounocrero 0o muomecrsa Mmepwl
nyas). Iycre @y umeer ¢ QW o0606wennyto npoussodnyro
aa
ki u @, 6 QY umeer o6obuyertnyio npoussodiyio

a 22
ozt .. oz
9, by e
- —- Tozda gynryus @, onpedeaennan ¢ QU +Q®
n
ozt ... oz,
PAGeEHCTEOM
(1)
(P cPl 8 Q '
- (2)
(P2 8 Q L]
uxneer 6 QY + QP o6o6wernnyro npoussodnyio, pasruyio
%¢
1
o P) al B Ly 6 Ql’
z1,,, 0% -
e _ a1 n (5.7)
8z ... gz %
1 n 2 Q
— a;, ¢ %
oz 1., 9z,
Hoxasarenbcrro. B cuay moro, 4t0 @, =@, B
1 2 6“(})1 aaq)2
QWO umeem —; — = — — B QWQ® vre cie-
oz 1...0z," orl... o0z

Ayer 13 NOKaaLHOTO Xapaxrepa o000IeHHO NpPOU3ROHOM.

IlooTomy mnpasasg wacts dopmyns (5.7) mHempoTmBOpeyHRa
B QUWQ®,
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OueBUAHO, [OCTATOYHO MOKas8aTh, 4YTO A €CTh 000OIIEH-
Haf npousBOfHas oT ¢ B (QW + Q®), rme 6§ >0 mpous-
BOJIBHO MaJoe.

Tax xax mapa obmacreit QM u Q® eymmupyeMa, To
(@M 4+ o) s = QfY + QfP JISL HEKOTOPOro 8 >0, u,
ciefoBaTenbHo, Beakad Touka P = (QM + Q®), npumamte-
HMUT o KpaitHeit Mepe onHONW u3 o6macreii: Qg), 9(52').

IIyers PEQ%‘). Torpa map Cs (P) CQ(I), rge A coBIagaer
%,
¢ ———— ® @ cosuaftaer ¢ @, IloaToMy A ectb

Q. QL.
1 n
611 ee. Oz,

-
o6obmennasa mpousBoaHad oT @ B Cy (P), xaxoBa OB HE

6sura P =(Q + Q®),, Ha ocHoBamum neMmbr A ectb
0606IeEHas mpousBogHaa or ¢ B (QMW +Q®),. B cmay

npousBoabHOCTE O, A ecTb 0000IMeHHAA TMpPOU3BOAHAA OT
B QW+ Q@& (4),

6. CpoiicTBa MHETErpaoB THNA MOTEHIIAAIOB

1. MWMuterpanst THma moTednuanoB. HempepoIBHOCTS.,
ITyers f& L, (p>1) Bo Bcem mpPoCTpaHCTBE 7 U3MEpPERUII,
upuuem f=0 BHe HeKoTOpo#l orpaHuueHHO# obmacTH Q.

ITocrpoum ¢ymKRnUIO

U@ = | rr@advs, (6.1)
r<R
- - n
rae A — umeno, A<n,r=|P—Q| = l/-iz (i—y)h r<
=]
<< R — map, comep:xamuit o6macts Q.
Teopema. Ecau 7\.<;)"7 (% + pi—,= 1), 1<p<o, 70

-
U(Q) nenpepviéna u & aio60oii ozpanuuenhoii obaacru ©
yOoeaereéopser Hepasencrsy

|U @< K|fls,, 6.2)

20e K — nocroannan, 3asucawyasn, eoobue 2080ps, oT ®, KO
He sasucawas oT f.
HoxasatenbcTBo. Nmeem Ap’ < n. Iloatomy maTer-

pan f r‘“"dv; CXONUTCA U CTpeMuTcs K Hymio upu h — 0.
r<h
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Toarsyack, Hepasencraom [énbaepa, momyaum

[rvafe] e s

r<h

1/p’
<I|f||Lp{ f r““”dv;} <e, (6.3)

r<h

GCJ]H h AOCTATOYHO MBJIO He3aBUCHMO OT IIOJNOKEeHHUA TO4-

xa Q. Tax xax U(Q) = [ rfBydog+ [ rrB)dog
h<r<R r<h

H NepBoe CAAraeMoe TipaBoff YaCTH eCTh HENPEPEIBHAA
dyuxung Q TO U U(Q) HempepHisBHA Kark pasBHOMEpHHIil
mpenen Hempepoisubix @ynxnuil *). Ilpumenas r (6.1) me-
pasencrso I'énbuepa, Tak ke kaxk u 8 (6.3), Haiigem

U @) |<|fle,| | redvs Y _k
@<k, | | v, 1o

T. e. oneHRy (6.2). Teopema goxasama (°).
2. Nlpusagnesxnoerp K Lgx.
Teopema. Paccmorpum zunepnaockoctv s uamepernuis
-
Ys:=...= U, =0, u nycro Q° (y,, ..., ys)— ToukU I70l
n s
aunepnaockocru, Toz0a, ecau 1 <p << oo,)»};,— u -p—> A—

n -
—5 T e s>n—(n—2A)p, o U(QW) cymmupyema (no
#10001; noneunoﬁ obaactu E, ¢ zunepnaockoctu) co crenensio

* * S — -
q*, 2de q <q, A— ,,m e 0=y U uMe
eT Jtecro nepaeencmo

WU @ )zge <Erhflc, (6.4)

20e K, — nocroannas, ne sasucauas ot f.

(B rTex cayuasx, xorja y mac ogmoBpemenHo OyayT BCTpe-
YaTHCA IPOCTPAHCTBA Lgx B EBRIMJOBEIX MPOCTPAHCT3AX C
Pa3NMYHBLIM UMCIOM H3MepeHuil, M OyneM umorga 06osHa-
4aTh 3T MPOCTPancTBa Lok s.)

*) Boxee mofpoGHO 0§ HATerpaiaX, 3aBUCAIUX OT ITapaMeTpa, CM.
{212, aexnua VII].
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HNoxasartenncTBo. W3 ompeneneHus q ciexyer, uro
g > p. Ilyers g* — HexkoTopoe 4HCIO, YHOBIETBOPAIOIIEE
HEPABEHCTBY

p<g*<yqg.

1 1
Honoxmum A = ;"—4_ :;;-—28 rae & ——%—(q—,— ——7)>0. s
(6.1) umeem

n

v @< § (1) & ) ()

P
r<R

u, npnmenfm HEePaBeHCTBO I‘em,uepa K TpeM MHOKHETCJIIM,

q;, = 1/17 - 1/9*, }\us 1/])

(oueBupno, aT0 At + Ao+ hs = 1), momyuum

| U (_é) | <{ S | flpr"“"q*adv—P»}]/q* {riRl flpdv;}llp—llqa %

r<R

TIOJIOMUB =1/q* M=

1/p?
.

<[ oy
r<R F

TlpuanMas Bo BHEMAHKE, YTO MHTETPA ( r-n+2'tdy exonsa-
r<R

muiica (Tax Kax n—ep’ <<n) u S | f]pdv‘-;=||f||‘£p, TOJLYIUM
<R

. P 1/g%
U Q)< Kl { § 110 "M*dv»} “. 65

r<R

Bossopst (6.5) B cremenn ¢*, wmTerpupys mo obmactm E, B
TATEPIVIOCKOCTH Yoiy = Yoy2 = ... =Yn =0 1 mepecrasnas
MOPAMNOK UHTeTPUPOBAHEA, Haiijem

Es' U @) |q*d”"(a)

e |f|'°[f "“q*dv—é(s)] dvy. (66)

r<R

— *
HoxasxeM, 4To MHTErpal ST st+e dv—é(,) OTpaHNYeH.
E,
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B camoMm jene, B mONAPHKIX KOOPAUHATAX B TUIEPIIOCKO-
-
cra Q) mmeeM

r=Vp+ R, dvey = p*1dp da®), (6.7)

-
rie h— paccrogame oT Toukum P 0 TFUNEPILIOCKOCTH,
{
dw'® — dneMeHT TemecHOro Yraa B ILIOCKOCTH  BOKPYT
-

OCHOBAaHUA MNEPHeHJUKYIApa, oOHYIIeHHOro #3 P Ha 3Ty
FUNEPIIOCKOCTD.

Ecau Yy, — nomepxHOCTh mapa B S-MEPHOM IIPOCTPAHCT-
e, rSRnpu Qe E,, P=Q, 10

— +8 t 3 >
'S‘r e va(*’)<

B,
VRi—n? R
<u [ (VEFR)y ™t p-1ip <y, | prr-1dp = K,

0 0

Hopgcrapnaa » (6.6) =m oBoanauans K, K3/'*" uepes K, maiiem
> - 1/q*
10 @) legu = { f1o@9) Iq*dvg@)} " <K\,
ES

uT0 W TPeGoBagoch AOKA3aTh.
Hyects q, < g*. Torpa

(10 @) v, <

E;

Ey

730! g wle (a*—a,)/a*
<[ [l @) q‘dvg(s)] [E d"zgm} e

omyna caenyer, uro [U(Q)l, <CIU (Q)lege m mepa-

Bencrao (6.4) cmpasemmuso mua moGoro g¢*. Cuepona-
TedbHO, ycaosme g* > p MOKeT OHIThL OTGPOIIEHO W Teope-
Ma IOJHOCTHIO fokasaHa (°7),

3ameuvanwuc, Ilocrosunsie K u K, B Teopemax w3 oo, 1 n 2
3aBHCAT MCKIIOUUTENHHO OT BHAa 0GJACTH, 9mce] A, p, S, n, q*, HO He
-

saBmeaT ot yuxnun f(P).
Ecan mBorooGpasve s maMepemwii He SABIAETCHA MIOCKUIM, TO CO-
OTBCTCTBYIMaA TeopeMa MoieT OBITh MONydYeHa W3 HmpeAblAymieil mpm
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TOMOLIM 3aMemnsl mepeMcHHBIX. Hy;KHO NpeanoIoKaTh, 9T0 CYLIecTBY-
er Taroe MpeobpazoBaHHe KOODAMHAT, KOTOPOE BHOCHT IAIb KOHEU-
HOE HCKa){CHHe DpacCTOAHMil (T. e, B KOHEYHOM YacTH TPOCTPAHCTBR
MOMKHO yKasaTh Takue uncita M > m >0, a0 m < pfr < M, rue
r — paceTosline B CTapoil cmcreMme, p — B HOBOi) M KoTOpoe upeobpa-
3yeT paccMaTpMBacMOe MHOroofpa3sue B IUIOCKOC,

7. IIpocrpancrBa L(;) u Wg)

1. Onpenenenusa. 1. JlumeiiHoe TpocTpaHCTBO EBCEX
PYHKOUHA @, CyMMHPYeMBIX Ha JI00oM 3aMKHYTOM orpaHM-
yeHHoM MHoMKECTBe, cofiepikalieMcsi B oOdactu €, wumelo-
oEux B obOnacta Q Bce o0oOlIeHHEIe IpoM3BoJHbie IopPAIKA
l, cyMMupyeMbie B cTemeHu p == 1, HazoBeM IIPOCTPAHCIBOM

Wy):

e
—F — =L, Q Zai =1.
690(:1 ..o ’

n

2. Iop L;” 6yeM TOHMMATh MHOKECTBO, 3JeMeHTaAMMT
KOToPoOro ABJAIOTCA KIACCH DJIEMEHTOB H3 Wg), HEMEIomuX
BCe o/MHAKOBHIE IIPOM3BOjHLIE IopsiaKa [, T. e. @, u : Oy~
JdeM CUUTATh IpHHAJJIEKAMMUMA ofoMY H ToMY e RIaccy
u3 L(pl), ecad

8! g
= ® — = 2 (Zai=l) moutu Belomy B Q.
n
oz .1... 9%

. o
1 n
n 6.7:1 b 6.7:n

dieMeHTHl U3 L(pl) 6yneM oGo3nauars OykBoii ¢. Dynrmun
¢ oJHOTo M Tolo Ke Kjacca 1 OyfieM Ha3bIBATH OKBUBA-
JIEHTHEIME MEKAY Coloii.

dlIeMeHTHE Lg) MOJKHO CHIAJBIBATL M YMHOKATh Ha Jeid-
CTBUTeNbHKIe ducia., TeMm caMbiM Lg) o0pasyeT BeKropHoe
MPOCTPAHCTRO.

Jas ymMHoMeHMs sjJeMeHTa | Ha IOCTOAHHYI0 ZoCTATOY-
Ho YMHOKHUTH Ha Hee Bce YHKIHUM @, BXOJAINNE B KIacc ).
Herpyauo BupmeTsn, d9To npu 5ToM MBI CHOBA IOJIYIHM
BIIEMEHTEl oJHOTO M ToFro JKe Kiacca.

Huace ¢+, momyuaercs, ecau MBI CIOMUM IomapHO
BCe 3jeMeuthl U3 \, u ,. HeTpyano BUAETH, YTo IPU 5TOM
clloBa OyAyT ImoJydYaThCsA DIEMEHTHI oflHoTo W Toro JKe
Kjacca.



7. pocrpancrsa Ly u W ot

] .
2. Hopma 8 LY. Ilox HOpMOit ameMenta Y ou3 Léf) oy-
AeM LOHHMATh THCJIO

7 p/2 \1/p
” P "Lg) = {S, [ 2 ( a_xﬂ(h‘_)z] dv] =
i, i) -0 0%

Q weip=1

= E E g} e 2 p/zd 1p
B v
o zai=l txll ces an,! arf’l v axzn) J } ) (7. 1)‘

e ¢ npuHajIesKuT Kiaccy 1.
B Hekoropbix cayyasx taM, rjle D10 He BHI3BHIBAeT HeJO-

yMeHmil, Mbi 6yfieM mucaTh ”(P”L(') nas g = W, nonmman
P

nojl 3THM IOpMY Klacca P, K KOTOPOMY IPUUANIEIKUT .

OtmeTum HeCKOJIBI(O OpOCTEHININX CBOMCTB HOPMEL,

L lagl = la!| - lgll, ecmu @ — wumcno.

II. N, + @l < ”(pl” + llg.!l (nepaBencTso TpeyrompHUKa).

IIL. llpl =0 u, ecnu gl =0, To ¢ sxBuBanentno mymo,
T. €. IpefcTaBiser 0000 MHOIOWJIeH CTelleHd He BEI-
me [ — 1.

IV. Hopma wuHBapmaHTHA Npu BCAKAX OPTOrOHANBLHEBIX
npeoOpasoBaHEAX OPOCTPAHCTBA Ziy « « o Lne

IlepBoe cBoiicTBO cOBepHmIeHHO oOueBHAHO. JloKaem
copaBe/IMBOCTh HEPAaBeHCTBA TPEYTOJbHUKA, JUIA 4ero BOC-
noxb3yeMca IepBEIM IpeficTaBieHuemM HoOpMHI. Torpa, moanb-
3yach TeM, uto (mo HepaseHcTBy MumKoBckoro mpu p = 2)

6l(p (p 271/2
1 2

+ <
[2 (mcil e oxil 6zi1 6in) ==

D D P I

HAXO0UM
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Ilpamensasn HepaBencTB0O MHHKOBCKOTO BTOPHYHO, IONYYAM
%

27 n/2 1/p

al
J|¢‘+(92|‘L‘,,"<‘§ 2 % dvy +

6x,-1 ves axil

29p/2 i/p

Y al%
+ —_— dv = .
g 2 (wil N | @1 ”Lg,l) + [ @2 ||Lgl)

TpeTne €BoilCTBO HOPMBI CleiyeT M3 TOTO, YTO eCIH Bce
0600mennkle TPOM3BOHEIE HOPAJKA | HEKOTOpOil PYyHRRHEA @
paBHBI HYII0, TO 00paIalOTCA B HYJIbL BCe NPOM3BOMHBIE IIO-
panka [ or cpepumx ¢yHxnmit ¢, Ha Q. 3HaudT, CpefHUE
¢yHKOUE ecTh MHOTOuWNeHH crenend me shime [ — 1. Ho mpe-
AeloM NIOCIE0BATENbHOCTH MHOTOUYJIEHOB CTEIIeHH He BHINIE
1—1 Moryr GHITE TONBKO MHOTOWIEHHI CTEIeHH He BBINIE
I—1, u, ciefoBaTenbHo, (¢ €CTh MHOTOWIEH CTENeHH HE BHI-
ime | — 1 ¥ 3KBHBaJIEHTHA HYIIO.

WuBapuaBTHOCTE HOPMBI IPE OPTOTOHAJBHEIX mpeoOpa-
S0BAHHAX KOOPJAMHAT JETrKo CIeJAyeT M3 IepBOT0 IpPeCTaB-

Q) al(p 2
JIGHHSI HOPMBI, TaK KaK BHIpasKeHHe >_, T
g =1\ TR
L)
€CTh OJIUH M3 WHBAPUAHTOB TEH3OPA 5 = Vi oo i
i, e 0%y
OrMmernM eile iBa HEPAaBEHCTBA:
o
lel,y<K,; max =| - (7.2)
P Qyseensn 3111 cee axn Lp
al
—2— <lelqo (7.3)
1 n L
Ozt ... 8%, L, p

B camom pene, mepasenctso (7.3) ouesmano. Hepasen-
ctBo (7.2) cmexyer m3 TOTO, YTO

n al 2 T l
\ @ 2‘ 2’9
. 24 (axi NN E ) < A . 0%, «ou Oy
iysenip=1 1 1 faee ip=1 4 l

Ilpumensaa BepaseHcTB0o MHEHKOBCKOTO K npaBoit wacTH
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nmociaenHero HepaBeHCTBa, HOJIy‘II/IM
lel o<
D

k)

'
< , A
ipeensi]=1

ol

e @

ol

6in - 6in

< K; max

Lp daee iy

dz

¥
. Iz
i, i Lp

rie K, ecrn uymcno ciaraeMblx B ImociuepHeil cymve. Takum
obpasomMm, (7.2) moxazawno.

Ilocne BBegeHust HOPMBI MHOMKECTBO Lﬁ,') CTaHOBUTCH
HOPMUPOBaHHEIM (DYIKOUOHAJBHEIM IpocTpaHcTBoM. Jlatee
MBI BBCJEM LODMY H B Wg,”. MMostoMy MBI MoOKeM ¢ ca-
MOro Hadala CYUTATh Wﬁ,’) HOPMHUPOBAHUBIM  (DYHKIHO-
HalbHBIM IIPOCTPaHCTBOM.

3. Pazaoxxenue W,(,” A ero HopMApoBKa. PaccMoTpmM
elle IPOCTPAHCTBO S; BCeX MHOTOWIEHOB CTeIleHH He BLIIIE
I — 1. Bro mpocTrpaHCTBO IpejcTaBigeT co0010, OYEBUIHO,
MOJUIPOCTPAHCTBO B IIPOCTPAHCTBE W, TIpoctpaHerso Lg,”
ABIAETCA, ToBOpPA anrefpanveckn, (PaKTOP-MpPOCTPAHCTBOM
IPOCTPAHCTBA W(p” IO IPOCTPAHCTBY 5.

IIpoeKUOHHLIM OIEPATOPOM B IPOCTPAHCTBE W wa-

3LIBAETCS OTEPATOpP, KBaJpaT KOTOPOTO COBIAfiaeT € HHEM
caMuM:

I*p = lllp = .
Ecnu uexoropsiii mpoeknuonubiit omepatop II, mepeso-

AUT TPOCTPAHCTBO W;') BO BCe IpocTpamcrso S;, To 0H Gy-
Jer Ha S; TOMKIECTBEHHBIM OIIEPATOPOM.

C OOMOIIBI0 KajKJOTO TAKOTO0 IPOEKOUOHHOTO OIepaTopa
JerKo [OCTPOMTH HEKOTOpOe pasliojKeHue IPOCTPAHCTBA

W, HMonommy Ii¢'= ¢ — M, 1 eli=E—Tl, rme E —
TOJIeCTBEHHHIIL OIIepaTop.

Ounepatop I ABNAETCA, B CBOK OuYepednb, IPOeKIUOH-
HeIM. B camoM pene,
HIH: = (E - H1) (E - Hl) =

*
=E—-2I,+ I} =E—1, =13,
910 ¥ TPehoBAIOCH JIOKA3aTh.
Jlo6oit smemeur @ us W;,l) MOKeT OBITH IpeACTaBleH B
Popme

o =1L + .
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Duementsr puga @* = I17¢ ofpasyloT NOATPOCTPAHCTBO B
BEKTOPHOM IIPOCTPAHCTBE Wﬂ), ufo cyMMa [OBYX TaKUX aie-
MEHTOB H’;(p,—l—l]:% MosKeT OBITL IIPEJCTABICHA B BHJE
H:((p,(+ (Py) M, CIEIOBATEIBHO, ONATH MPHHANIECKHAT ITOMY
MOIPOCTPAHCTBY.

Herpyamo BujgeTsh, 4TO IpPOCTPAHCTBO DIEMEHTOB BHJA
T}¢ usomopduo mpocrpamcrsy LS°, mbo kamioMmy kmaccy
m3 LY Gypmer orseuars Tompko omuE omement suwna I11¢.
ITo ciaemyetr U3 TOrO, 4UTO Hr(p=0, ecia @ = 5,. Cymma
aneMenToB Buia I13Q oTBewaeT CyMMe KmaccoB u3 Lg) u
Hao60poT. AHAJOTHYHO YMHOKEHHe HA IIOCTOAHHYI COOT-

BOTCTBYIOIUX 37AEMEHTOB IIPUBOJUT CHOBA K COOTBETCTBYIO-
MAM BIeMEHTAM.,

IIpoctpancrso S; MOMHO HOPMHPOBATH, KaK H BCAKOE
KOHEYHOMEDPHOE IPOCTPAHCTBO. YJ00HO ompejgenuTh B HEM
HOpMY, Hampumep, ciegyiomum obpaszoM. Ilycrs P — mHoro-
YJIeH CTeIeHN HUKe [, MMEIOTIHT BU

1—1 o o
R Q 1 n
P = z Z aall_‘anxl ceoaly .

E=0 Zo =F
Torga momomum
I—1 .\ . o/
|Pls, = a gl . (7.4)
l go Eo%zk ozl.,.oznal! cooag!

OmnpepencHnag TakuMm o0pa3oM HoOpPMa MHBAPMAHTHA [IpU
MOBOPOTE OCEH KOOPAMHAT, OJHAKO B OTIMYHAE OT PACCMOT-
PEHHOH HOPMBI B Lﬁ,l) oHa Yye He Oyger HHBAPHAHTHA
mpu IepeHoce Havama. B camMoM  fexe, BeJIMYMHA

\ ! 2
2 — e .- q €CTh OJJUH M3 WHBAPHAHTOB TEH30Da
. et "

q,..0, U TOITOMY COXPAHACT CBOIO BEIUUMHY LD OPTOTO-
HaJILHBIX IIpeobpasoBaHUAX.

MoskHO HpOBEPHTH, UTO A TAKOH HOPMBI BLIIOTHAKIT-
¢fl BCe TPH OCHOBHBIX YCJIOBMSA!

a) 1P, + Pl < IP,Il + 1Pyl

6) llaPll = |al - IPI;

B) Pl = 0; ecmu 1Pl =0, To P =0.

Boimonnenue ycnoBuit 6) u B) OueBHAHO. Y CTaHOBUM
€me HEPaBEHCTBO TPEYTOJbLHUKA,
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IIycrs
-1
{ On
hzo zaz 11) an$11 sns In )
= =h
S N )
) On
P‘d =héozz ka“i) anxll seedp o
g =
Hmeem
1-1
k p/2
[Py + Pylp = 2 2 PR [a&).. oy + a(z) L)l <
h=0(Sot=p L T

1-1
< 2 {[ 2* () ]1/2 + [ " ;2)' . ]1/2}91l
r=0 || Sqrg=p %1+%n Seg=p % n
1—

1P, + Pyl < [{2{[ S T

k=0 Eaa B o On

+ [ 2* a®” ]llz}v}}llp <l 2‘ [ 2* pred c‘n'rlz}i/p +

2a,=k al...an h=0 2a3=-h al...

n {3}1[ 3 @ an]p/z}up

=0 2@.=h al.. .

L]
uTo u TpeGoBa;oCH N0KA3aTh (37ech wepes D, 0BO3HATEHO

CyMMUPOBaHUEe C BeCOM W .

Ycranopienue HQPMB B S, IO3BOJsieT HAM IPOU3BECTH
1
TaKKe M HOPMMPOBKY IPOCTPaHCTBA W;,). dTa HOPMUPOBKa
MO:KeT OBITL BBINOJIHEINA, €CIM HaM [Aall Kakoi-mubyab mpo-
eKIUOHHBIY omepaTop.
EctecrBenno nmono:<uTh

lol? (= 1TL,e|E, + ||H1(P||p(l) =|,el8, + H(PHLU) (7.5)

Taxoit cmoco6 BRefieHHA HOPMBI 3aBUCHT OT 3aJaHHOTO
npoeKkmuoHHOro omeparopa. Ilosgmee mbI 3afimemcs Bompo-
COM 0 TOM, B KAKOM COOTHOHICHHH Me:Ay cofoil 6yayT ua-
XOMUTHLCA HOPMBI, IOCTPOEHHbIE NPH IIOMOINM PA3IHTHBIX
TPOCKIMOHHEIX omepaTopoB. Iloka HaM HYKHO IpPOBEPUTS,

5 G, JI. CoGones
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9TO TPH OCHOBHHIX CBOICTBA HOPMBI IPU HAIEM OIpesiene-
HUY BHIIOJHEHSL.
B camoM fiene, oueBuino, | a(pllw(l) = |GH\(P“W(1)- Hanee,
P p

ecad | (p“W(l) =0, 710 @ =0 mouT; BCIOAY.
»
Hepasencrso TpeyroidbHMKa ClAefyeT € OYEBMHOCTHIO W3

HepaBeHCTBA MWHKOBCKOTO. .

4. Cneymagpuoe pasmomenue W3'. Jlna pammx neseii
[ONe3HO0 M3YuuTh MOAPOGHO OfUH CIHeNUANbHBIA BHUJ| IPOEK-
nnoHHOro omepatopa II,. Dtum mH u 3aiiMeMcs. Bmauame
MBI TAJOKUM HEKOTOpSe Orpammienus Ha Ty 00JaacTs IIpo-
CTpaHCTBA, B KOTOPOi MBI mayuyaeM Hamm QyHKOUIL.

Ilyets Q ects 3Besfguas 061acTh oTHOCUTENbHO miapa C
paguyca H, memamero BHYTpU 2, T. €. OTPE30OK, COeJHHIIO-
muii mo0yw Touxy mapa C u molyo Toury ob6macrm Q,
npuaamaexnr Q. Juasx ymo6cTBa IOMOMKUM CHAadYala, uTO
HeHTp JTOro Inapa JNe;KUT B Hauame KoopjuHar, u Oyjem
npeanonarate, 910 C < Q.

Hycn, P u Q— JiBe IPOU3BONLHLIE TOUKM Q. Ilonoxum
r=1P— QI u l—(Q P)/r—emmnqﬂmn BEKTOP, UMeEI0-
muil HallpaBlieHue 3 P B Q. Kampayo ¢yurnuio nsyx mepe-
MEHHBIX TOUeK M(Q, P) MOKHO TIPENICTABUTH Kak PyaROUIIO

P lur nonaraﬂQ P+rln

- -

w(Q, Py=p(P+rl, Py=n(r, 1, P),

T/ie 4epra Haj | O03HAYAET, 4UTO Q 3aMeHeHo vepes P r,

HaoGopor, BCAKYI0 ci)ymcnmo w(r, l P) MOKHO IIpeJCTaBUThH

B BUfte PyHKNUN Q u P.
Breniem B paccMotpenue pyHrnmo

> {eR2/(Rz—H2) npu R<H,
v(Q) = 0 npu R>H,

-
rge R—paccTonnnc OT HauvajJla KoopauiraT [0 TOYKHU 0.
-

Oyaknusa v(Q) HempepslBHA BMECTE ¢ IPOM3BOJHBIMH BCexX
TIOpSKOB U OTAMYHA OT HYnd jamus B mape C.
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OGpasyem HOBYH ¢QyHKImIO aBYyX T0ouek P um Q, mo-
JIOFKUB

% 1, P)=%(Q, P) = — j v(P + rl)ri e, =
1321

-

= — {501, By, (1.6)

Wurterpal, 0ueBUIHO, BHIPOIKIACTCA B MHTETPa]l B KOHEUHBIX
mpefeiiax, Tak Kak ¥ OTIMYHA OT HYJIA
JUIIb B KOHEYHOM 0GJIACTH.

OrMetnM, uTO KOTJAA s Hp9)6eraeT HH-

Tepeax (r, %), TOUKa P+_)r,l mpoGeraet
nyd, ucxofAmuit m3 Toukum @ B HampasJe-
HUM BEKTOpA 1. Ecmn PTOT JIyu me mepece-
kKaetr map C, to x—(r, 1 P)=0_.) Taxkum 06-

pa3oM, upuH ¢urcupoBamHoM P @yHRIUI

_ - -

x(r, I, P) otnuuHa 0T HyJsA JHMOIb JINIA TEX
— —

- -
r u l, pna woropuix Q=P+ rl nemur
BHYTPH 00JacTH, COCTOAIIedl U3 TOYEK BCEX

AHTEPBAJIOB, COCJUHAKIIUX TOUKY P 1
Toukn mapa C (pume. 5). Ouesugmo, uro
- =

QyHRIUA )-(_(r, l, P) menpepmiBHo nuddepenmupyema. Bse-
AeM emie ofHY PYHKIUIO

-

— > = 1 _ -
11’("» l7 P)=(l—1)] rl—IX(T, l, P).

Kakopa 6bi mum Gbuta Temeps $YHKIUA @, HEIPEPHIBHO
ruddepennupyemas 0 nmopanxa ! B o6macTu Q, MBI MOMeM

mpusecTn eif B coorserctme (ynruumo @ mo dopmyme

R g

(Parl—l T arl—2 o+ (=) ori— "
Ouesupno, umeem
@ _ =y 1—1 079
o —(PFJF(_ 1) 51 v (7.7

5
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Hpome ToTO,
al—2$
= = == .00 _ —1 = OI
q’lr 0 a,. r=0 arl—z r=0

-1
Brruncasn St moayTImM

al—1$

or -1 r=0 :

=107 ) = — {5, 7, Byri~tan,
0

OTKYHa CIefyer, 9To

o0
>

0,7, ) = —o® [v(ry, 1, Byri=ar,,

0
(i} (ool—l: l_;) =0.
Unrerpupya (7.7) mo r or 0 mo o, maiizem

-

o (B) [ vy, T, Byri~dr, —
0

=j[?pji—‘,—"+(— 1) “’q’andr (1.8)

Homuoskus (7.8) Ha DiIeMeHT TejecHOro yria dm—;n UH-
Terpupys Mo egUHHYHOH cdepe, MONLYTIUM

o®) [ o (v, 7, Byri~tar, =
W ! 0
_ al—_
- fdm_,j[ —‘}’-+(_1)’ 15,% ]dr.

Hpunumasa Bo BHUMAHUE, uTO rl—ldrldm—;=dva e
?

-
dvg — pjeMeHT o6meMa B Touke Q, Haigem

- - - -1 - - .
m£dm7§v(r1’ I, Pyri~‘dr, = 5‘ v(Q)de)»—x#:O,

R<H

T, €, BeJUYNHA 3TOro HHTErpaja He 3aBUCHUT OT HOJOKEeHUA
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-~
trouykm P. Takum o6GpasoM, molyuaem

- 1 ¢ _al— - al—_
®(P) =~ j‘dQTf[¢5r%p+(-1)l l‘glp]d"
o 0

1

HId, BBOJA dv-é B HHTErpajpl CIpaBa, HOJAYYHAM

(p(ﬁ) =

_iy-ﬂ’ (“__)"_‘f-@ !
= Ve vy + ——— | Yo g dvs. (19)

IlokaskeM, uto mepsslil unrerpax B (7.9) ecTs mMuOrOUNEH

i
creneHd <</ — 1 oTHOCUTEJIbHO XOOPJMHAT Zi, ..., £n TOYKU P,
HeficTeuTensuo, u3 onpejeleHud | claefyeT, uTo

h—1
=1 or
!l kh—1 - -
= Dy, gri—1rn—h+s Fv(r. L P)
S
k=1 s=0 or
a b 1]
- Z 2 Dy g1+ 2 " #6, LB) (7.10)
h=1s=0

rue B,, C,, D, ,— nocroAHnbic yucia (GHHOMnaJILHme K00~
d)mmeHTH u ux KOM6Hnaunn)

Ho v (r, l P) =V (Q), rne TON07KexH0 6 =P+ rz 6 =
n

v N gy Y;—Z;

= (Ypy ++y Yn)s l'Io'-rromy ay l; = z o j ~ ! rhe

i=1 j=1 "
¥i— % 7

;= —— IPOEKIHA l, @1 anagoruYHO HAXOAUM

s LiJ 8

l7] . Z a’v 1 1

— = sl . b=

r P e ayil cee ayia 1 3

1 8
=7 2 C“r' %p oc—voc U — xl)al vor (Yn— xn)a"

" Sos vyt ... 0"
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[Mojcrasasia 8 (7.10), nmomyuaenm

01.@‘ _ a ay
——T:rn 1 2 1‘11...1‘7, gal,__an(yl, ...,yn),

ar 2a,~<l~1
rie La,.ay (1 .., Yu) —orpamuuennas m penpepiiphas
dynruns ot (yi, ..., yu):
Lopoan Wrr v vy Yn) =
- 3 ch s
a;<fy oYyt ... ‘9y?1n

Zg;<i-1

HooTomy mepsetit marerpan B (7.9) npumer Bug

1 X—o% 1
) Pot g

i
ﬁl’
-
8
= R
8
SR
3
—

0@t a @ i,

T. €. O MPEJCTARIACT c000I0 MHOTOWICH cTemenu < — 1 oT-
-—
HOCUTCHDLNO 23, ..., Z,. 3aMCTUM, 4UTO Cal,,,an (Q) ==0 Bme ma-
-
pa C, Tak Kak 5TuM cBOIiCTROM 00IaNAOT v(Q) u ee mpo-

H3BOLIC,
OmnepaTop

1 (=o'¢ 1
H](P = = fq) q/ dv-»
: X . art r® Q
Q
00IajiaeéT TEM CBOIICTBOM, YTO OH MEPEBOAMT JI000IT Mmoro-
wiren crenenn me Bbie ! — 1 B caMoro ce6sa. B atom merro
yGe,nThcA, 3aMeTwB, UTO HpH mofcraHoBKke B (7.9) Takoro
MIOrOWIeHa BTOpPOE ciaraemMoe iucuezaer. (ieoraresnHo,
@ ects npoernnonsniii omepatop, u ¢opmyra (7.9) naer
HHTEPECYIOUICE HAC PABJIOKCIHe.
Jlepexojum k wu3yUYCHHIO BTOPOro HHTCrpaia B (7.9),
T. €. kK mayveumo oncpartopa Il,@. J{as sroro zamermu, uTo
a

ot n
0(1) 2 Ca ay (U= e (Un—2) o'
1 [ ayn
Za;=1 r 0yt ... Oy,
-
Iocaenmsss opuyna nomxyuaetea Tak iKe, Kak U gaf pws
r
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Jlanee oTcio/la cleayer, UTG

1 d'p—
gt P
1 .
= n—1+1 2 Cal.._an (yl—xl)al cor Yn—a0) MP X
r Zaiz
X 2 Ha .a (Q ) a,"”
ay‘fl ayn" a1 n ayn"
NMeem
- - (v, — xl)al coo (U — xn)an —
a,..ap 9, P)= Cal...an AT V=
lal- lan

1 e fn —
== Cal.'.a"-T 1l) —

1 — - —
= [Cél...anl? S, 1, P =

1 —_ - >
= - wal..-an (rv l7 P),
r
e Wa..ay, (r, 1 P) — OTpAaHMTEHHAs U CKGIL YIGAHG pa3
neupcpmuno ;{M(b(i)epenuupyemaﬁ (YURINA CBGUX apryMeH-

- =
T6B. PaccMarpupaeMas Kar ¢gyurnua or Q, P, ona sBirfer-
cA orpaumucHncii pyurnueii csoux aprymentoB. Torga Bro-
poit uuterpan B (7.9) upmHUMaeT B[

(— i1t Y
X
Q

Oruces keopdunmentst 1/y n (—1)-'/y ® Pysrnuam § n
w, nepenumeM (7.9) B Buje

@)= 3 x‘:x...xjnj“zal...an(‘o')cp(b)duaJr

To;<l-1

+f i 2 Wa,...a, Q,P)_9elQ) "‘P(Q) dva. (7.12)

Zo;=1 6y11 6y

- 1 (D
S va,..a, O, P)LO)GdU_.. (1.11)
gz, " @

Za,_l 1 see 02y

n

Dopmyna (7.12) powaszana HaMu i (YKL, HMCIG-
X HEOpPepHIBHEIE NPOM3BoAmRIe no mopsajaka [, Herpyaie
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y0equThCA B TOM, 4TG IGUTH [IA BCeX x < Q oHa cCTaeTcs
. - 1 \
copaBeIuBoil IiA JA00cH PyHKOUU U3 W(p ), JleiicTBuTENBHO,

oyers P& W;,’) A ¢, — ee cpexaasd ¢ynxnma. [na ¢, copa-
segauBo (7.12), 1. e. mMeeM

©n (ﬁ) = xf‘ ces xzni Cal...an (6) Pn (5) dv'(',’ +

2061<l—1

‘e, (0
+ j‘ prymmy Wo,...an ——%ﬁl—dl&é = 5™ 4 e*™,  (7.13)
2u,=l

gL ... Y
O6o3raunM
- aI an - -
S(P) = 2 xl ee o Tn j‘c“]'“an (O)(p(o) dU—P,
Za£<l—1 Cc N

*(13)__4“_1 > a0 (0, P) 2080) 2'¢ (¢) dv.
Q’

Za=1 ayl (’)Jn

Ouenusno, qfroj~ Cal.,.an(phdva»» S Caf,,an(pdva opu b — 0 m,
c

creforareasno, S™ — S pasuomepno B Q.
‘ !
Byzem mpepmonaratt cHadaxa, 410 QYHKOUA § = Wg,)
B Q u pasHa HyXI0 B oKpectHocTH ee rpamunsl. Torga co-
rIacHo teopeme u3 m. 2, § 5
l
', . dlp

n

6y°161 cee 6_1/?l aytfl ayZ" Ly

-0, h—0,

B Q. C.ne;[ona'remno, eciu lp>n, 16 us ouemku (6.2) BH-
zexacr, uro o*" — @* paBHomepHo B Q, a ecau lp<n, 10
us omenku (6.4) Britexraer, uro  @* )=>(p B L, na Q (1aK

KaK p<q==;‘—-_p—lp opu s=n). Kpome tore, cormacuc

cBoiictBaM cpepuux QYHEROUE ¢.=>¢ B L, ma Q. Ilodromy,

mepexojs K mpejexy mpu h—~0 B (7.13), momyumm, uto
gopmyna (7.12) mMeer mecTo HGUTH BCIOTY B Q.

e

3aMeTuMm paliee, 4TC “HOCKOALKY yHKIUN Wa, ap (0, P)

o0paialoTca B HYJNL BHE «KOHYCay, npenc'rannmomero coboit

cO0beMHeHYUE BCEX WHTEPBAJGB (P, Q), rae QEC (cm.
puc. ), 1o paa nwders 6 >0 cymecTsyer Takoe 8, >0, uto

ecau P =Qy, 1o BCe 3TM KOHYCHI COJiepKaTCa B 951' Caepo-
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BaTeABbHG, BG BTGPGM CJIaracMGM MpaBcii WacTH paBEHCTBA
-~

(7.12) paa P=Q, momac naterpal ne Q 3aMCHUTH HA UH-
Terpax mo .

" !
Ina nob0oit pysxOuu ¢ & W(g,) BHINGAHGHUE PaBeHCTBA
-

(7.12) nas oouru Bcex P=Q, pgua maodoero § >0 (a, 3ma-
quT, NCYTH BCIoAy Ha Q) crefyer H3 T0T0, 10 A KasR/oi

obnactu 901 cymectByer gynkmua @t & Wﬁ,l), paBHasg HY-
A0 B HEKOTOPGil GKPECTHOCTH TPARMOH Q M COBIANANOIad
¢ ¢ Ha Qs .

. Cayuaint, xorga OenTp mapa C JCKUT B HCKOTGPOH ToUKe
T(yy, ..., Ya), CBOOUTCA K_DAaCcCMOTPEHHOMY ICPEHOCOM HA-
uaja Koopaueat B Teuky 7' (7. e. mpuMeneHUEM (PGPMYIHI
(7.12) ® $ymruuum P, onpepenaeMcii pPaBEHCTBOM w(_f’)=
=cp(_1”+.7>‘). ITpu stom m3 (7.12) cxepyer, ur0

9 (B) =
= 2 (@ —y)™ ... (xn—yn)anj‘ Ca,.. ap (6—;)(13(6)‘1”34-
c

2ai<l—l

-> > - l >
PopH22@ g, 714
oy,t... ay," Q

+E ) Awa an(.é—

&~

>
Ecau Touka T — mavano Xeopaunart, T¢ paBenctBo (7.14)
nepexonut B (7.12). Hoxoskum eme

o (B)=S(P)+o* (D). (7.15)

Taxum oOpascM, piaa Pysknuil @, AMCOIMUX HENPEPHIBHEIC
OpeU3BUJiUKIe [l IOpsKA l BI(JIIO‘IHTOJIBHO, @ coBOajaeT
¢ ¢ Ha Q, a m1a Qynrnui (peW( OHa DaBHA ¢ OOYTH
BCIOJly Ha Q (®=").

BamupiM KilaccoM HOPGCTPAHCTB ABIAITCA HGPMHPOBAaH-
HE¢ (yHRUUoOAIbHbIE NIPOCTPAaHCTBa, objapaioique CBGH-
CTBOM IGAHGTH, T. €. CYIICCTBGBAHHSA NPCACALHGIC diIeMeH-
Ta y BCAKoH cxopaiieiica B ceOe mocaenoBaTenbrocTy, ITpe-
CTPAHCTBG W},l) ¢ BBeJICOHGI HopMoil ABNACTCA NOAEBIM. Ml
yeTamoBUM 3T¢ ho3spnee. Cefinac foKaskeM HECKOIBKO Bajk-
HHEIX TCOPCM.
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8. TeopeMni BIoKeHAA

{1
1. Baoxxennme W( )8 C. OGosmauny uepes C IPOCTpPaH-
¢ctBo (QYHKIHil, HENPEPHIBHLIX ¥ OTPAHMYCHHBIX B o0IacTH
Q u nonownm | @|c = supl ol

Teopema 1. Ec./zu Q — oepanuuennan obaacre, 3gead-
HAA OTHOCUTeAbHO HeroTopozo wapa, 9 =W 6 Q u n<
<lp (I<p<x),To9=sCu

1ole< M) 0| @.1)

(1
Wp
2de M — nocroaunasn, ne sagucayas ot evibopa PHYHKYUL @.

JorxasarteabcTBo. [lelicTBUTCNbEO, HENPEPHIBHOCTD
¢ caenyer uz (7.15) u Teopemer ua m. 1, § 6 c A=n—-1<
<n/p’. Nanee ua (7. 15) 3AKII0YaeM

ol < ISI + lg*I.
O6oasnauas max,x(:‘ . a"l = (xi eQ, 2,, u<l—1],
moNy4nM, OPUMEHAS HEPaBCHCTBO I‘em,nepa (1 20) u o0o-
amatas uepea N 4ueno pasinuviEX OHOYWICHOB xl oz
2 u<<l—1,
i=1
|5|<4 P | 2a,.. ap| <
v=0 (Zi—':V
1/2
AE 2 ( ) laalxuan|<
v="0 Za;=v
. 1/2
<4 VNZI 2 morn] LS \2] <Kol o
Sa; 1=V

Ipnmenss nepasenctso (6.2), maiijies onemky s [p*l.
O06o3nauasn supl Wo, ay | = B(PE Q, QE Q Da;= 1), mo-

IynM
2 <kB ¥ |2t

Zai=l za."“l

a'p

* << KB —_
o*I< dzy 1. .. 0zn"

...o *n
n Lp
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Ucnonsays (7.3), naitnem
|9 ISKBN ol i< KBN.| ¢l <K'l el w,

rme Nitimcno pPa3inYELGIX OpPOU3BOJHLIX HopaAfxa [
Oreiona |¢|<| S|+ |9* < (K + K)ol = Mol 0

u mepaseHctso (8.1) noxasamo (*°).

2. Baosenne W5 B L.

Teopema. Ecau Q — oepanuuennas o64acTo, 36e30HaR
OTHOCUTEAbHO HEKOTOPOZO WApa, cpeWg) e Q u n=lp
(I<p<o), 7o EELq* Ha ceuenuu Q aboil eunepn.o-

o s
CKOCTbIO § usMepenutl, zde s>n—Ip u q*<<q= n—f)lp'
Kpome 020, umeer mecro nepagencreo
lolege <Miwl, 0 (8.2)
P

ede M — nocroannas, ne sasucawman or ewbopa gynryun ¢.
. Hoxrazarenscrno. [eiicTButensno, ToT QakT, uTG
®& Lgs, caenyer ua (7.15) u Teopemsr ma m. 2, § 6 c
A=n— l}% n §>n— (n—2A)p. OcrtaeTca noKasaTh
(8.2). Coranacus (7.15) nmeem

1 e gs <USTrge + 19% Iz,

o oy
O6osnavag A = max “ ez, “Lq*, TaK e, KaK IpH Jio-
zai<l—1
KazaTeJbCTBe TeopeMmsl u3 0. 1, Hatiem
1Slkge <Kl 0
— -
OGo3rasnB ONOATH sup' Wo, “n' =BPesQ,0=Q,

Do = 1), wuaiifem, HCHOIBIYH onenky (6.4) maa A=n—1I,

1 o
otk <B 2 || 5| =20 |a] <
Zoq:l Q (7111 "'0'2:1! Lq*
al(p
<BK; 2 || <BEN|oln<Klol,w
Sa;=1 dz.t... 0z, L, ? »
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Orcrofa HaxoguM

”5”14(1* <(K+ Ky (P”WS'}) = M| (P"Wél)”

T, e. Bbimonuenc HepasemerBo (8.2). Teopema [okasa-
Ha (14—15)“

Teopemst w3 . {1 u 2 oszHavawT, uTo cOepaTep 8.0xce-
HUs, HepeBojAmuil QYHKINIO @ KaK 3IeMEHT W 8 Qs
dynxuuo ¢ xax amement C B Q (n<lp) uwru smement Lgu
Ha ceqenm«r Q runepnicCKOCTHIO § uUsMepeHuit (n=lp,

—1p, g*<sp/(n—Ip)), ABNAECTCA GIPAHUYECHHLIM oliC-
paTopoM. B § 11 6yjer jgoxasamo, 9Tc OH SBAACTCA W BHOJ-
HE HelPEPHIBHBIM OLEPATOPOM.

b

3. IIpumepn. Hamu jokaszaHo, 4Tc ecau (pEI/VgJ u
n>Ip, 16 9= Lg+ na cevennu Q iicGoii rUOepuICCKOCTHIO
s usmepenuii, rie s>n—Ip, ¢g* <<q=sp/(n—Ip),u Torma
umecT Mecre mepasenctBe (8.2). Tlpueesem jBa mpumepa,
noKasLBAIONNEG, YTG B TeopeMe u3 Im. 2 uueac g% Hembad
3aMeHNTh YucicM ¢+ €, Kag Obl Mamo HU Obuic & > 0. 9Tum
caMpiM Oy/eT JloKasamo, YTe HaiijeHHEE OGKa3aTelIm ¢ fAB-
JAKTCA TOYNBLIMU, HE ACOYCKAINUMY YBCIAUICHUSA.

Hpumep 1. Hyers R<1. PacemorpuMm moaymap Q
pammyca R B n-MepHOM DpPGCTpAHCTBE

n
S =r<R, z,=0 (>3

i=1
4
Torga u=r :2(lnr)~te W B Q, rak rax

n n ?
2 __[(2——1)+n—2+ 1 ]
(3’%) (Inr)® (Inr)® " (Inn?

i=1

n
R n_ 4\
recsfblict s
-‘E 0z, _2Jr G Tt T and T
CXGIITCA.

31ech 6, 03HaYaeT OaomMajhb HnoBepxHOoCcTH cdephl B n-
MEPIIGM LIPGCTPAHCTBE.
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Paccmotpum ceuenue Q, nodymapa 2 DAGCKOCTHO Zy = 0
n

u oBoanatmm 3, 25 = p2. Tlo teopeme us m. 2 usLg B Q,, te

i=2
2(n—1)
¢ <g==—z
[Ioxaxkem, 4rc _§|u|4+3dv1._1 pacxogutcd, ecau &> 0. Jleii-
Q
1
CTBITEIBHG,
R
On—1 1 —
[ lufesedo = 252 [ gt gy =
9 ®fp2 |lnp|]9+®
—1—-(1| 2) ® Hn—2)>
_0 I‘S.P p_cn—1 ‘S.e 2d§
ate 2 a+s ’
|np| —on &

OTRYJa CAeAyeT, 4T¢ MHTCTPak PacXcauTcH, KaK OBl MaJc HU
osmi6 £ > 0. Takum cbpasoMm, u me npumagieskur L. Ha Q).

IMpumep 2. Iyers 6> 0. OGo3nauuM uepes r, paccTod-
mue o1 touku (0, ..., 0, —0) @6 rourku (a4, ..., Zn), T. ©.

1/3
ry = [(Jc,.-}-(‘i)z—i-rz_J x] ,

Torpa B noaymape Q cemeiicTse ymKOuit

ug=ry *(Inrg)—1 (O <b< 1—;—}—?)

PaBHGMEDPHG GTPALIUICHC LG HOPME s WP,

2
0o Noxy-

HeficTBUTEALNO, UNTETPANH oT |Ug| U 2 —
i=1

mapy paguyca R+6<(1+R)/2<1 ¢ memrpoM B TGUKE
0,0, ..., —8) paBHGMEDHG GIPAaBUYCHBI, TAK KaK WHTErpajbl

(1+R)/2 (1+R)/2
r™2qr dr
[Inr u rilar)?

CXOQATCA.
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Q | 94 2
Iostomy muTerpanst ot |usl u Z 25| mo Q Taxme pas-
i=11 "1

HOMGPHG orpaHWYeHB! (Q ecTh 4acTh KamKjorc M3 MoIyma-
poB paguyca R+868) u B cuny (7.12) n (7.5) | uo||W(1) pas-

HGMEPHG GI'PAHMYCHEI.
C apyroit cTopoHBE, HETPYAHG BUIETH, YTO

g‘ | ug |9+ edvp—q — 00 npu § -0,
1

W, CHCOBATENRHO, |U Iqu 4e Ha Q We ABNACTCA OTpaHMYCH-

HoH, T. e. A ¢* = q+ & mepasenctss (8.2) He mmeeT Mme-
cra (**'%).

!
9. O6mue cnocoGsr HOPMUPOBKY Wg,)
U CIE[CTBUSA TCOPEM BIOKEHNA
1. Teopema 06 dxBuBamenTHHXx mopmaX. Ilycrs II, n
!
II, — 7Ba DNpPOGKNUOHHHLIX onepaTopa, nepesojsmupme W)
!
B S,. ITH omepaTopH NGPGKAAIGT B Wg,) HOPMBI, KOTOPHIE
o6oamaunm gl u *lgl. Bygem roBoputh, 4Tc 3TH HOPMEL DK-
BUBAJICHTHH, CCAM MGIKHG YKa3aTh [Ba IGIGRUTCABHKIX YHC-
xa m, M rax, uto

el
Yol

Pacemorpum onepatop B =11, — II) ¢. Dror cueparop
o0majiaeT JBYMSA CBOICTBaMH,

1. E.8§=0, 1. e. E,, oOpamaer B HYJAL BCAKHI MHOTrG-
gwrern S €8, 9ro caegyer us rtoro, ure II,S=1ILS=S. Or-
CI0/Ia BLITEKACT, 4TG 5, NPUBGJUT B CGOTBETCTBHC GJIUH WU
TOT e MHorouldeH S BceM QYHKIUUAM GAHOIG U TOTG JKeE
riracea P e LY,

2. BE1,9=0, 1. e. KBajgpaT omepaTopa Z,; CCTh ONEPATOP
AHHYAUPOBAHNUA.

IeitcTeurensue, B¢ =S €8, u, ciegoBareanHo,

2
Elzq) = EmS = O-

m<g <M gus Beex g = wd, (9.1)

Teopema. Jua sreusasenrnocru wopnu ‘loll u *lel,
noposxcdennviz oneparopamu II, u Il,, neo6zodumo u docra-
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TouHO, uT06bL cyujecreosano wucao M >0 raroe, uro
I2nels, <Mol, (0 (9.2)

dun ecex 9 =W 6 o6aacru Q.

JloxasartenbcTBo HeobOxoaumoctTu. Jloxasa-
TEILCTBO MpoBejieM oT mpoTuBHOro. Ilycrs ycmosue (9.2) ne
umeceT Mecra. Torma MOMHO YyKa3aTh TAKYK IOCIEIOBATCIb-

mocts Pynxnmit (g}, opes W, nas woropeix
| E1a0nlls, > k] o ||L<n (k=1,2,..). (93

Hopmupys ¢, MoseM cuuTath, uTo | @k L= 1.

Pacesmorpum pymrmuio P, = chph = Qp— chpk ¥ BLIYUC-
anM o6e HopMHL P,. Tax xax Iy, =0, To

Hel =1 CPhlng) = 1.

Tax xarg Iy S, 1o ILIlL@,=II,p.. Kpome Toro,
npunss Bo BuuManue (9.3), momyuum

el = Tlor s, + [ @n U,fpn = [1ypp — T,My@n s, + 1 =
= | ypn — Hygpp ”Sz +1= " B0 "Sl + 1>k + 1,

2
Al
Ky
u osravaer, uro HOpMel ‘ol u *loll e sxpupanzenTrHL. IIpo-
TUBOpPEYNC TOBOPUT O TOM, YTO npen,nonomenne (9.3) mesep-

HO ¥ A Bcex QYHKOUA ¢ W setmonaserca (9.2).
HorkazareabcTBO noc'ra'roqnoc'rn. IMyers BoI-
nonueno (9.2). Torpa

Hel=[Mels, + | (Plngpz><
< [ | s lls, 4 | (1T, — ITy) (P"Sz] + | (P"Lg’l) <
<|Lels, + M| e ||Lg> +le ||Lg)= | Map s, +(M+ 1) @ ||L§,’)<
<Of+ Mol + ol 0] = O + 0214}
Amanormuno poxasmBaercsa, uro ‘lgll < (M +1)- gl

Hanuuue mocaemsnx /BYX HEPaBEeHCTB 03HAYaeT BEINOJIHE-
aue (9.1), n Teopema noKasana.

OTKyja clIegyer, 4To —-oco. Jro mporusopeunt (9.1)
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Ycnosue (9.2) ymo6HO 3ammcarh B HECKOABKO MHOW (hop-
me. My mMeeM

Epe=1I0—ILo =10 —II,Il,0 =
=1II, (¢ — II,9) = l-1111;(!)
¥ amaloraJHo
Epne=— Hzﬂitp-

ITons3ysics 9TMM, JXEerKO BUJeTh, 9TO KasKJoe M3 TPEX
OPHBOJMMEIX HUJKe HEPABEHCTB ABIACTCA HEOOXOJAMEBIM M
JOCTATOTHEIM YCIOBHEM SKBHBAICHTHOCTH HODM:

|Esa0lls, <MLl ma (9:2)
I MEels, < Mol o (9.4)
I, s, < M| ol (9-5)

dtmM MEI 1 OyJeM NOAB30BATLCA B JalbHeAMeM.

2. O6muii Bux HOPMH!, SKBHBAJEHTHOH namHOA. 3aiiMeM-
ca rtemeph Gonee AEeTAABHHIM M3YyUYEHAEM CTPYKTYPHI IPOEK-
OUOMHLIX ONEPATOPOB, MOPOJKJAIONIAX IIOPMEI, SKBHBAJENT-
uele pamoi. Ilycrs 11, 3agam.

Bearmit mpoeknnorrHil omeparop I, mmeer Buf

3| o Cn
Oy = 2« ... 2 lar.,an(Pz
Zg;<l-1
rae l“r-“n OpeacTaBAA0T c0600 QYHKEMOHANEI, 06aamaio-

Imue CBOiicTBOM AucTpmbyrHmHOCTR (cM. § 3).
Herpynno BuaeTs, uro 5TH QYHKOUOHAIH O6Iafal0T TaK-
#Ke CBOMCTBOM

L b e [boeoam D(a—By=0,
T 0, e (e — B> 0.

Teopema. Juan 1020 urober nopuet ‘lgll u gl 6Gerau
9K6UBANEHTHYLL, HeobzoduMO u JocTarouno, urobuvl ece Pynk-
YUOHAABL la1~--an Ovlal 02PAHUYEHBL 8 CMLLCAE 1LOPMbL, ON~

pedeasemoli npoexyuonnwviy oneparopox I,

9.6)
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JlokaszaTeabcTBO. Jlerko BHjeTh, YTO YCIOBHE IK-
pnBanenTHocTd HOpM (9.5) paBHOCMIBHO CHCTEME YCIOBHM

| lo,.o 110 | < M@ I 0.7

Ham ocraerca mokasath, uro (9.7) SKBMBAJEHTHO YCIOBHIO
TEOPEMEL.

ITycrs Bee yHRIMOHATEL l"‘r- %, OTPARHMYEHH II0 HOPME
Yigll. Torpa

Il“r' ann:q) , <M l" H:(P ll y = M" (P"L(l)i
Wo 4

1. e. (9.7) cnpaseganso.
O6pareo, ecam cmpasegmmso (9.7), To, yumrssas (9.6),

JerKo HaiieM
‘lal...an(l’ ‘ = |la1...a-,,H1(P + lal...ann':(P ‘ <
<|lopaalli@| + | laguenllio | <IThels, + Moo <

<M,y (P"W;’l) (M, = max (1, M)),

1. e. m3 (9.7) BeITeKaeT OrpaHMYEHHOCT: (YHKIMOHAJIOB
@,.. ay) W TOPEMA MOIHOCTHIO JOKA3aHA.

Takmm o6pa3oM, NPOM3BONBHAA CHCTEMAa JWHEHHHIX
$ymxnmonanos la...a, B WP, ynosaersopsommx ypasHe-
anam (9.6), noposkgaer npoexnuorusii omeparop II, m, cne-
JIOBAaTENbHO, HOBYI0O HOPMY B W(,”, M 5Ta HOPMa DKBHBAIEHT-

Ha HOPME, OTHOCHUTENBHO KOTOpPOii ONmpefenfliach OrPaHMYCH-
HOCTH (PYHKIIMOHANOB.

Ecin Temeps paccMOTpeTh, MPOM3BONBHYIO CHCTEMY JIII-
pefiHX (YHKINOHAIOB har--“m YACJIO0 KOTOPHIX B TOYHOCTH
PaBHO YMCIy OJHOYJICHOB cTemenm He Bhimie ! — 1, m mpmrom
TAK¥X, YTO ONPEJIEJNTENb KBAAPATHOH MaTPHUIEL

B Bn

A == “haln‘anx]_l LY xn “,)
B KasRI0i CTPOKe KOTOPOii CTOAT 3HAYEHAA ONHOLO M TOTO
me QYHKOUOHANA, a B KaiKAOM CTOIONe (QYHKIMOHAIH HAJ
OJTHAM M TEM jKe OJHOUIEHOM, He PaBeH HYJI0,— TO M3 HUX
BCEI7[a MOJKHO COCTABHTh JWHEHHbe KOMOWHATAN lal...a,,,;
TaKme, Korophle GymyT ynoBaerBopars ypasEenmaMm (9.6).
6 c. 1, cobomen
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Kapaa takagd cmcreMa JAHEHHHIX (QYNKIAOHAIOB IIO-
3BOJIAET ONpeNeanTh HOpMY B S; opMymoit

I "S; = I 2 (hal,.. .ocn(P)2 l1/2‘ (9.8)

Taxas mopMa, Kak MH BHJEIM BHINE, YKBUBAJEHTHA HC-
xoyuoii mopme B S..

Yenosme |Al#=0 wmomno chopmyampoBats B ¢opme,
yao0uneil naa npUMIOKEHMi, BOAKHM 00pasoMm.

Wsrecrno, 4ro eciam ompepennTens KBafpaTHO#l MaTpPHUIIH
I1e paBeH Iy, TO HCRO3MOMHEO COCTABATH JAHEHANYI0 KOM-
funanmio croaOmMOB 5TOH MaTpHMOH WIN IRHEHHY KoMOmHa-
IMI0 CTPOK 3TOM MAaTpmubel ¢ KO3(PEPUIUMEHTAMH, M3 KOTOPHIX
no Kpaiimeir Mepe OAWH OTIWMYEH OT HYnsd, COCTOANIYI0 H3
onanx myneit. O6parHO, €CIN TARYI0 THHEHYI0 KOMOMHATHIO
CTONOMOB, COCTOANYI0 W3 OJHMHX HYJeil, COCTABNTL HEIb3s,
TO ONpEJeNNTENh MATPANH He paseH Hymdio. To e cmpaBej-
IWBO, €CIM HeJb3fA COCTABUTEL TAKY e IUHeinyio KoMOm-
Hamuio CTPOK, cocToAINylo m3 oaumx myaeit. Orciofa BeiTe-
KaloT [Ba saMeyamus.

a) VYcmoeme |A| 0 BoimonHeHo, eCIW COpaBeUINBO ClIE-
ayoniee: KakoB OB A OBLT MHOrOYaeH P cTeleHd He BHIME
{—1, P#0, maiigerca Qynxoquoman hal_,_an TaROM, YTO
ha..sP 0.

6) Vcnosme |A| %0 BHmonHEeHO, eCINM CIPaBEJINBO Cle-
Aylomee: KaxoBa O uu Onna namueiinmas xkoMOmuagusa ¢yuk-
MUOHAJIOR

p= 2 Aal...anhal...an, 2 Aél...an# 0,

zaiél—l

. B Bn
BCErJ[a MOMHO YKa3aTh TAKOH OAHOWIEH Zy' ... Zn , AIA KO-

TOpOro px?‘ L0

3. HopMm, skBuBajenTHHe choemuanbHoii HopMe. [lo cmx
IIOp pacecMaTpMBAaNach SKBHBAJIEHTHOCTH HOPM, OODOKIEHHEIX
JBYMSA IPOM3BOIbLHEIME IIPOEKIMONHEIMA ONEPATOPaMM, U BCE
pacCy:RAeHHuA TOMINCH 1A NpoWM3BoasHOH obmactm Q. Bep-
HeMcA K obmacTd, sBesjmOil orHOCcHTenbHO mapa C, /1A Ko-
TOpOH IOCTpPOeH CHOeNHANLHHI NPOEKIMOHHHIHA omepaTop,
ompenenseMuii gopmymoit (7.12).

Jina HOpMH, DOPOMKJAEHHOHL BTHM OmEPAaTOpPOM, CIpaBeji-
JIMBH TeOpeMH BiaoennmsA m3 m. 1 m 2, T. e. HepaBemcTso
(8.1) B cayuae n<<lp m (8.2) B ciyqae n=Ip.
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IIycts h"‘r ap, (2 o<l — 1) — cucTeMa  JUHEHHEIX
pyurnnonanos B C (ecan n<<Ip) mmn B Lgx (ecan n=1p),
V7IOBIeTROPAIONIX YCIOBUIO: ecan (QyHKOUHM @ ® P coBOa-
NAl0T mMOYTH BCIONY Ha Q, TO

hal...an(P = hal.. a¥P- (9.9)
Torxa, Hanpumep, B ciydae n << Ip maiiem, moasdysach (8.1),

|hay. an ol = | oy, @ | < K1 [0 < Ko @l 005

r.e. ha, a, orpanmuen B W 110 nopMe ¢ TPOERUIOHIBIM
omeparopom (7.12). Amanormumoe yTBep)K/eHHe CIpaBe/In-
B0, ecn  hg o, MHOEEH B Ly (n>=1p). Otciopa, mons-
3yACh OpeAbAylneil TeopeMoli, modydaeM clefywouee yT-
BEDIK/ICHHAE.

Teopema. ITycre Q — obaacTv, 36e3dHas OTHOCUTEAb-
no wapa, {ha, . an](E o<l —1)— auneiinve Pynryuo-
naat 8 C (n<Ilp) uau ¢ Lgv (nZ=1p), ydosaersoparo-
wue ycaosuro (9.9), u nycte dua Kawdozo MHOZOUAEHA
S8, S#0, zora 6vt 00un u3 h“; @, OTAUUEH OT HYLd.
Tozda nopma, onpedesennas (71.5) u (9.8), oreusasenTHa
nopme (1.5), noposdennoti oneparopom (7.42), u cnpaeed-
auevy (8.1) uau (8.2), ecaw & npagoil uacTu nociedHuUr
HepageHcTe CUUTATL HOPMblL ¢ OnpededeHHbLMU, 6 €010 OUe-
pedv, gopmyaanu (7.5) u (9.8).

4. Illaposuie _MPOCKIMONNbIE ONepaTops. Bynem mpen-
nojarath, ¥ro obxacTe 2 3Be3HA OTHOCHTEALHO Imapa C
pagmyca II ¢ penrtpoM B Haganme koopAmmar. Mopmyma
(7.12) ompepeaser mpoekuuonusli omepatop Il B mmye

- -
o= X x‘:’ ez E. &T.an Q) ¢ (Q) dvz,
ztx,-<l—1 c
HEDHUBOJIANIN B COOTBETCTBHE KaK0M QyuKOnu (pEW%”
muorounen S € S, mpuueM KOdPPUIMENITH HTOr0 MIOroYie-
Ha OUpeeNANTCA TONbKO 3HaueHMAMn ¢ B mape C (Pyux-
nus Cal.,an B (7.12) BrpamaeTcsas ueped (PyHKIWIO v, KO-
ropaa 3asment oT H; 9T00H NMOAYEPKHYTH 3Ty 3aBUCHMOCTS,
31ech MH ee 0603maunM dgepes Cg?,_an).

-~
yers T (¥, ..., Yo)— Takag touaKa obgactm £, dr10
-

map C, pamguyca H, ¢ mentpom B T copmepurea B obnactn
6*
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Q (opm sroM He Opefmonaraercd, 4To obiacTh  3peanua
ornocureasuo mapa C;). IToctponm omeparop

a. a —
Moo= 2 @—4)" .. @n—pn) ™| 800, (G —T) %
Sa;<t-1 c

X ¢ (0)dvs. (9.10)

Oneparop Il kaxolt pynknum ¢ & Wg,l) OpUBOMUT B CO-
orBeTcTBHE HEeKOTophii Muorouien S € S, Kpome roro, Ilc;
nepeBomuT Kanbelii Muoroulen S S, B ceba, Tak Kak aad
mero cupasefnmBo paseuctBo (7.14) c¢ 3amemoit C na C,
o Q na Q, rge Q, — a0bas o6aacTh, 3Be3HAA OTIOCUTEND-
no mapa C,, nanpuMmep, Q, =C,; (BTOpoe ciaraeMoe IpH
aroM pasmo mymo). Otrcioga cnepyer, uro omepartop llg,
mpoexnmonnslit, Omneparopsr Ilc,, ompenensemeie pasemcr-
BoM (9.10), OGyneM HA3HIBATH WAPOELIMU NPOEKYUOHHBIMU
oneparopamMu.

Teopema. ITycrv Q — obaacTs, 36e30HAR OTHOCUTEAL-
HO HEKOTOPO20 wapa; 10200 HOPMbL, NOCTPOEHHbBlE NpU NO-
MOWU A100BIT WAPOEHIX NPOEKYUOHHBLL ONEPaTopos, 9KeU-
8ANEHTHYL.

Norxasareascrtrro. Hak m B m. 4, § 7, Ges orpa-
IIAYeHAA OOIIOCTE MOMMO CYHTATh, 9T0 { — 061acTh, 3BE3/I-
HaAg oTHocHTeldnmo Imapa C ¢ LEHTPOM B Iaualle KOOPIAMHAT.
U100k MOKa3aTh 9Ty TEOPEMY, MOCTATOYHO YCTAHOBHTEL OK-
BHBANENTHOCTL IIOPMEI, OMpEJeNeHnoil ¢ MOMONIbI0 JI060ro

LIapOBOr0 IPOEKIMOHHOrO OMEpaTopa, HopMe ||(P||;¢(t), ompe-
nenennoit dopmynamm (7.5) m (9.8) ¢ (bynmmonanamn
oy dumeimbiMu B € (n<<Ilp) mam B Lge (n=1p,
g* <np/(n—1Ip); s=n). IloKaskeM, 4YTO DTH OOPMEHI DK-
BOBAIECHTHEL
Heficteurensuo, dyHKIERD C&?,),_an Orpanmyensl W Mo-
aToMy (PyHKIHOHAIB

hayan® = 8 0, @—T) Q) dvy Bou<<I—1, (9.49)
G
orpanmyerst B C (n<Ilp) mam B Lge (nZ=lp, g*<

<np/(n—1Ip), s=n). Kak oTMeueno BHIIe, HA MWOKECTBE
S; omeparop Ilc, ecTn omeparop TOKAECTBEHHOTO mpeoGpa-
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30BaHAA, MOSTOMY (PYHKIMOHAJEI h“;---“nf Sai<l—106-
TagaoT TEM CBOMCTBOM, UTO JJA BCAKOr0 MHOrowieHa S €
& S,, oTIM4noro Or WyJad, Mo Kpaiimeil Mepe omuH M3 PyHK-
TAOnanoB oramuen OT myiA. ClemoBareJbHO, Ha OCHOBAHHH
TEOpeMH M3 I. 3 HOpMA, MOPOKAEHIAg OIepaToOpOM Hcl(P,
sxepupanentna mopme llpll*. Taxum o6pasoM, HOpMEH, IOPOIK-
MeHHble MOOKHMA MAapOBHMN OPOEKHUOHHHIMA ONEepAaTOpPaMu,

*
9KBUBAJIGHTHH MOpMeE ||(p||Wu), a, CIEI0BATEIhHO, HKBUBA-
[y

JTenTos Mexay cofoil, 1 TeopeMa qOKasama.

5. OGnacrm meaBeapubie. Mu MoieM Temeph OCBOGO-
OHTLCA OT OTPAHHYEHAS BBE3NHOCTH, HANOKENNOH HAMH Ha
obmacTs  Opm OKA3aTeNLCTBE TEOPEM BJIOJKEHWA,

IIycts Q — orpammuennas o6xacTh, COMEpP;KAIMasg HEKO-
ropuii map € pammyca H. ®opmyna (9.11) ompepmenser
OPOEKIMONIKA OmepaTop B WP, n Mu onmpepermm HOPMY
mo ¢opmyne (7.5). HaMm ocraerca mokasaTh, 4r0 Opm He-
KOTOPHX OrpaHMYeHAAX na  OCTANYTCA CHOPABEIIHBHEIMA
TeopeMHil pao:kennda ms no. 1 m 2 m mepamenctea (8.1) m
(8.2). 3amermM, 4TO ecam pasA HCKOTOpo#l ofmacTm cmpa-
BEJJINBE TEOPEMHBl BJIOMeHWs, TO jada 5Toil ofmacrm cmpa-
BeJIHBA MPEALIAYIIAA TeopeMa.

Jemma. ITycrv obaacte Q umeer sud Q=Q, -+ Q,,
20e Q, u Q, — dee obaacru, das kaxdoli U3 KoTopLIT chpa-
eedauea Teopema eaoncenusn. Tozda dasn obaactu Q cnpa-
gedausvy Teopemvl @aoxcenus (Pynryus @ onpedeaserca
pasencreom (7.15) na wKaxdoli us obaacreii Q, u Q,),
U HOpPMBL, onpedeseHHble 048 6cer WAPOELIT NPOEKYLUOH-
HBIZ ONeparopos, 3KEeUEALEHTHBL.

MoxasareascTno. llyers o= Wy B Q. Torma o=
= Wg) B Q@ m Q, B orjmensnoctd, m nosroMy ¢ EC (ecam
n<lp) B Q n Q, m, cienosarensuo, B Q, + Q,. Anarorms-
HO paccmartpupaercs caydaii n=lp. Ocraerca moKa3aTsh
(8.1) m (8.2).

Ilpennonaras n <lIp, mokamem (8.1). Iyerp C, map B
QQ, n ch—maponoﬁ mpoekpuonnuiii omepartop. Torma

(1)
14

ucpnc<m[||ncwcp||s,+‘*’ncanm] B Qi (i=12),
(4

oTKypma caefmyer, uro B obmactm Q= Q-+ Q, copasemnuso
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HEPaBEHCTBO
H(P||0<K3[H e ols, + 1o lng)},

TaK  Kak ")lltplng>< "(P"L(pl) n K, =max[K,, K.].

CnemoBatennuo, cnpaBegaueo (8.1). AHamormuno B cay-
wae n=Ilp pmorasmBaerca (8.2). Ha ocmoBaHWm TEOpeMEI
n3 n. 4 clefyerT SKBHBAIEHTHOCTh BCEX HOPM, Ompe/eleH-
HHIX JJIA IIAPOBEIX NPOEKIMOHHEIX ONEPaTOpPOB.

Teopema. IIycrv obaacts Q npedcrasaser cob6ol cym-
MY KOHEuHO20 uucaa obaacrell Qi, ..., Qu, Kaidas us xo-
TOPLIX AEASETCH 36€30HOL, OTHOCUTEABHO ceoezo wapa, Toe-
Oa duas obaactu Q umeer mecro reopeMa gaoxwerus (Pynr-

yus @ onpedeasercs pasencrsom (7.15) wna raxcdoldi us
o6aacreli Q;), U HOpMBL 6CeX WapO8bIT NPOEKYUOHHBLL One-
paTropog sK8UEALEHTHBL.

JlokasareancTBO, JTa TeopeMa CIEAyeT W3 MOBTOD-
HOTO OpMMeHenmsa JeMMbl K ofmactam Q +Q, Q,+Q,+
+Q;mr. m

B nocnepyomem OyaeM mMeTs B BHAY Takme ofaacru,
He OroBAPHMBAA 3TO KAKJARIA paa 0colo.

Mu MokeM BOpefs OrpalvuATHCA PACCMOTDENHMEM TONb-
KO TaKHX HODM B NPOCTPAHCTBE Wg), KOTOPHIE DKBMBAIEHT-
HBl HODMaM, NOJyYaeMbIM NpPH NOMOWA INAPOBEIX MpPOEK-
OUOHNKX omepaTopoB. Takme HOPMEI ME Oy/ieM Ha3wBaTh
ectecTBeHHEIME, Ha)KApIi pas, roBopsa 0 HopMe W CXOAUMO-

cTH B Wg), ecim He OyJeT cflelano cHeQUWAJbLHON OroBOp-
Km, MH OyjfieM HMeTh B BHAY Kakyio-Imbo eCTeCTBEHHYIO
HOPMY M CXOJUMOCTH JIA MI000H eCTeCTBEHHCH HODMEL.

6. Ilpumepwr. IlpmBesem [Ba mpuMepa, WILIIOCTPUPYIO-
miue DPUMEHEHNe BHINENPHBEJEHHEIX TEOpeM.

Opumep 4. Iyers p=2, I=1, s=n=3. Tak Kar

2
g=-—5>210 Moxmo BaTL g*=2, 1. e Wi L,

Tax ®Kak /=1, To ANA ompefieleHEAA HOPMH MOCTATOYHO
B3aTh oamE (yErnmonan. ITonoxmm he= (h, @)=} ¢ dv.
Q
Ouesnpnro, uro (h, 1)#0, n pyrrnuonan h nnmeen B L.
TlosToMy HA OCHOBAHNHA TEOPEMEI M3 . 2 MMEeM
1/2

1/2 n 3o\
{5|(p|2dv <M lfcpdv +lf2(a—;p;> dv ;
Q Q Q

=1
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OTRy/la CIegyer, 4T0

glcpl“’dv<M1“§<pva +§n2 )v] (9.12)

1=1

e M, M, — nocrosHHkRE,

ITocnennee HepaBeHCTBO WM3BECTHO IIOJ HAasBanueM He-
pasencrsa Ilyamkape.

IIpumep 2. llyers p=2, I=1, s=n—-2; s,=n—1,
8 = N,

Tak Kak ¢, = Z(n—

—3>>2, T0 W < Lyna ceuennsix S

obmacrn Q mnepnnocxocmmn pasmepmoctu n — 1.
ITonoxum

(h @) = { @ dvn_s.
S

WUmeem (h, 1)+ 0, n ¢ysrimonan h orpaEmder B L,
Ha MHOroo6pasmm

Ha ocunoBammm TO# :Ke TeopeMBl m3 H. 2 HAMEET MECTO
TeopeMa BJIOKCHHA OTHOCHTEILHO HOPMBE!

S ¢ dvp—y
S

+ )
(K% “L(21)

#H, B YACTHOCTH, TaK Kak WP Lz Q(s.=n),
1/2
(1opal <[ | odvas
Q §

OTKyJa CIefyeT, uTo

+ o IIL(ZI)],

‘Sv|(P|2dv<M1[
Q

jl ¢ dvop_1
]

fleno, uro TeopeMa m3 m. 2 MOMKET CAYIKUTHL MCTOYIHKOM
IOIf MIOrAX HEePaBEHCTB, €CIu BaphAPOBATh BEIGOD (YHK-
OUOHATOB ha .y

+ji( v]. (9.13)

i=1

1
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10. Heroroprie ciuepcTBua TeopeM BIOKERHA

1. TlonmHora mpocrpancTna Wg)-PaCCMOTpHM CXOAINYIO-
ca B cebe mocmegoBarensmocTs (@), ¢n = WP . Myers mop-
ma B W ompefenena xarmM-mGo ITApOBEIM IIPOCKIHOI-
HeM omepartopom II, Mmeem

| Pm — Pr IIW(pn —0, m, k— oo. (10.1)

Ha ocnoBammm TeOpeMHI BJIOKEHHS 3aKII0YAEM, UTO
§om — @allc, 0.

ITyers o — mpepenbras  ¢ymxnua. Ofosmadaa I, =Sy,
nonyuum u3 (10.1)

" Sm - Sh "‘gl + ” Pm — Py “i;,l)_>0’ m, k— 0,

OTKYJa ClIefyerT, 9To
| Sm — Suls;—0, m, k— o0, (10.2)

" Pm — Pr, "L([)_>0a m, k— oo, (10'3)
4

Wz (10.2) caepyer, wro wosddunmentsr S, crpeMATc
E oIpefleleENbIM KONEYHEIM OOpefelaM M, cleJ0BarelbHo,
S, paBHOMEpIO CTPeMHTCA K NEKOTOPOMY MHOrowieHy So.
OueBngno, uMeeM

1Sy — Solls; ~ 0, &k — oo, (10.4)
N3 (10.3) caenyer, aTo
qu>m _ 6'q>k 0,
oz ... Bz R il I8
Mo, =1, m, k— oo,
a'q,

o a, CIPCMHTCA B
Oz ... 0z,

L, x mexoropoii gymknmm “’al--“nELv' Ilokaskem, uro

T. e. KOKAAA N3 NPOM3BOJNEBIX

1
_ﬂ_an__ (10.5)

O .. 0 = x
" Ozt oi. Oz

1
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JleficTemTensno, fiA BeAKo#t P, uMenmeil HenpepHEHEIE
OpOM3BOJIHEIE A0 ! mOpAAKa BO BceM OPOCTPANCTBE U PAaB-
moft mymio BHe KoHeumoii obmactu V, rtakodl, uro V,<Q,
uMeeM

S(Ph
a

OTKy/la OpejenblHM OepexojoM mpu k — o ciefyer cmpa-
segausocts (10.5).

Taxum oGpasom, (p,,EW”) (Tax KaK g ...c EL,,).
Herpynuo ybemursest, uro Ilg, = S,. Henc’mmenmo, mno-
narag B (9.11) @x BMecro ¢ = mepexopmsa ¥ upefeny, mo-
TyduMm

oo
dl} = ('—‘ 1)lj"lpja-a—l—thdv,

Ty Q Ty" see 0Ty

= hml'Icpk = lim §), = §,.

Rk-»00

o
Tar Kak _—E’La——=> @ ...a,B Lp 1 B cuny (10.4), oue-
azj‘l cos 0z,
BUJAHO, UMeeM | @y — @r ||W(;)-> 0, &k~ co.ITonEOTa IPOCTPRH-
P

crza WP noxasana.

2. Buaosxenme Wﬁ,’) B W‘;‘,{. Jlo emx mop B §§ 7, 8, 9
He ILIa PeYsh O MPOM3BOJHEIX mopAfAka Hmske I. B § 5 6muio
aaMedeilo, 4TO W3 CyUECTBOBAHHUA 0000MEHOEIX IPOM3BOJ-
HEIX BEICIIETO WOPAAKA He caefyer, noobmie TOBOpA, CY-
MecTROBaNMe IPOU3ROMHEIX Huamero mopapgka, Ceitgac 6y-
NeT OKa3aHa CIeAYIOMAasE TeopeMa.

Teopema. Ecau o= WP & obaacru Q, npedcragasn-
roupell co6oli cyMMy KOHEUHO20 HUCAQ O2PAHUYEHHBLT 00-
aacrell, raxdas us KoTOpPHIT aeARETCA 36€30HOT. OTHOCU-
TeAbHO c80€20 wapa, 70 PYHKEYUR @, onpedeseHHAs 8 Teo-
peme uz n. 5, § 9, umeer ¢ Q sce 06o6uyennsie npousgodnse
ropadka nuace 1. b/ DU 3TOM

m~
1) ecau lp>n0<m<<l—2, mo —a—a—q)—a—uenpe-
p ozt ... 3z,
pHléra u
™9
P |\ Lol (10.6)
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2) ecau lp<n, m=20 um= l——p-, s>n—(1—m)p,
TO Ha 8CAKOM cedeHul obaacTu Q s usmepenui
—
aa P ELq*,
oz ' ... 61:(;"
20e q* <<q=——L— npuuen
4 q q= n— (I — m) P y P
™
i | <Mlol,0. (10.7
n w
dz t...0z," |, P

g*

n
~l=l=]-1
3amcuanne, Ecau Ip>n, 10 W;I)CC [T’] , T. €. Wg)

€cTh TacTh MPOCTPAmcTBa (YHKOMIl, MMEIOMMX NOcie W3MCHEHWs Ha
n
MIOH{CCTBE MEPHI Iydb [ — 7 — 1 HenpepsIBELIX MPOM3BOAALIX. JTO

caenyer ua l'I(‘pBOﬁ YacTH TEOPEMBI. Honarast 8o BTOpOﬁ YyacT Teo-
peMLl s = n M yUYUTLIBAj, UTO B 3TOM CJydac JOKa3aHa BOSMO}KHOCTL

g* = ¢ (cm. (%)), sanmouaeM, uTo eciu k =0 uk>l—- 5 1O W;f) c

1 1
Lo Wff‘) (k < 1), rue q ompeneascTea papeHCTBOM k =1 —n (; — ?).

.
e 4=TT(—Rp

NNoxasartexscrro. Teopemy mocTaTO9HO JOKasaTh
misr obnactu Q, 3BE3AHOM OTHOCHTEIHHO HEKOTOPOro IIapa.
—_

ITycts @ (P) menpephiBHa m WMeeT HeNpPepLIBHLIE MPOH3-
BojHble 10 mopsaxa /. Torma umeer mecto dopmyna (7.12):

oF= 3 a (e @@ dog+

Zo;<1—-1

l -
+S Y wo, .y (@, )L@ad%. (1.12)
4 Zuz—l yl1 cooy,t @

Teopema GyJeT JAoKasana, eCIM MOKAIKCEM, UTO

am S‘ 1 ol
w R . S—, /I
B B n—1 o, .0y o o
0z, 8z," g ! oy t... oy," Q

1 By--Bm alp
=\ —w —_— dvs 10.8
'S. rn—l+m %y +On 6!/(:’1 . 65/(;" Q, ( )

B,-- Bn
The W .. o, —OIrPAHUYEHHAS dyurnoas,
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JleficTBuresnvo, mpoguddepennupyem m pas obe gacTu
(7.12), pmanucannsle gas cpefmeidl gymxnum ¢ llpememom
nepBoro ciaraeMoro npapoii wactm npum k— 0 Gyger mmo-

ams
rognen——g A K03 PUIUEHTH KOTOPOro BhIPAaKAIOTCH
drit... E
opocTo  wepes  KospdumueHTs! S M,  CJIEOBaTENbHO,
ams

'ﬁl‘»<M“S"Sz'
9zt ... 0z,

IlpemgemoM BTOpOro ciaraemMoro mpaBoil 4acTu OyHeT cyM-
Ma ciaaraemux Bmja mpasoii wactm (10.8). Ha ocuoBammn
Teopem § 6 o6 mmrerpaiax THIA NOTEHIUAIOB CJICAYIOT yT-
BEPIKICHUSA TEOPEMEL.

Jlna powxasaremncrBa (10.8) mocrarouno poxasath, 9TO

am 1 - - (m) -’, ;
o (7 @ B)) = T (109)

r‘n——l—l—m

B
ozt ... oz,

rae w™ — orpanmuennas Qymxums (AaA MPOCTOTH HMANEK-
cel onymens). Umeem (m. 4, § 7)

Qn

w@ B) = Clyg, L1 0Tl )

rn

1

rn—l

IMoxamem, wro xammoe puddepennupoBamne GYHRIEE
1 - =
rn—_lw(Q, P) yBenwuumBaeT Ha eUHHIY TOPANOK oOcoGer-

HOCTH 3TOH (QyHKIUHZ,
JleficTBUTENILHO, OTHOCUTEJILHO [EPBOrO0 MHOMKHTEIS

(21— y)™ ... (& — yn) /7" 210 OUEBEARO.

-

ol

— -

Ecan sagaret Q mw P, 10 r=|Q—Pl; =07

- e — - - - - - r — —
U(T,l, P)=U(01), rpe 01=P+r1l=P+';1' (Q—P)
ITosromy

1 (@, P) = —?v(ﬁ +210— ID’)) = dr,.
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Hnddepennupys no x,, naiizem
6%(_6,3) A=l T Y
P = @r AT —

-

® 7
6 — | — »
— 5‘ 2 v (Qq) [51;‘ I %(11 yl)r(xa V) 81 ’%] e

r =1 ayj
1 [Tor@) . “w(a—y1><w5—yj>Tav(51>,n
r r
- . mafo’ _
+o@r @—u) — [ 2,

r

- - - -
OGosnagas wepes y((Q, P), y2(Q, P) u 1. 1. uATerpain
- - -
toro e tuma, ato # Y (Q, P) (v(Q.) 3ameusercsa npyroii
CKOJNb YrofiHO pa3 Hempeprsno auddepennupyeMoit Qymx-
nueit, 7, ! saMensieTca Ty, Fy 't M T. X.), DOXYIHM

n
6 1 - - - =)
=7 |~ u@ P)+]2=‘.lzllm ©,P) |+

+ %@, P) +v(Q) "1,

OTKyJa JerKo clefyeT, 910 pRalbHefimne augdepernupo-
BauMsA N0 Z; YBEAWYUBAIOT MOPAMOK OCOOGMHOCTH KaikeIi
pa3 He Oomee, uweM Ha eAUREOY. Taxum oGpasoM,

- -

__d™(©Q, P
B Ba

0z t,., 0z,
$ynrnus ceoux aprymentos, dtuM moxasamo (10.9), a cie-
AOBATEILHO, B TeOpeMa.

1 - - - -
=G0 @, P), rme o(Q, P)— orpanmuenuasn

3amexanne. Bo Bcem § 7 (opMynumpoBammckr Teopemhl A
IMIOCKUX MHOOroo0pasmit s maMcpenuil, 3T TeopeMbl PacHpOCTPaHSIOT-
Cf1 Ia JIOCTATOYHO IJafKme Mmoroo0pasusi s waMepelnii. menmo, ec-
A MuorooGpaswe § MaMEpommii JeKUT B HOKOTOPOH 006JacTH, B KO-
TOPOM CYIICCTBYET B3aMMIO OXHO3Maymoe Hempepuismo puddepennn-
pyeMoe mpeo6pasoBamme ¢ OTPamMYEHOBIMM TPOUSBOANEIMH, NEPEBO-
Jisiiee paccMaTpuBaeMoe MHoroo6pasme B IIOCKOE, TO NI 3TOrO MHO-
roobpasus BCPHGLI BCE TEOPEMEI, OTIOCUBIIMECH K IIOCKUM MHOroo0-
pasusm,

Jinsg mcciacHoBamua HEKOTOPLIX BOIPOCOB HaM OyfeT Bajimo WHOTr-
fla 3maTh roBefieane (PynKOum Ha rpanmnax obxactu. Mm BBegeMm
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KIacc oﬁ.nac-ren KOTOPHIl yno01o0 HaasBaTh OGHACTAME ¢ LPOCTOH
rpaHuLneii. ByneM TOBOPHTB, uTO 0GIACTE Q WMEeT RpOCTYIo 2panuyy
B cayuae, eCIH 3TAa TPAHMTA MOMKET 6;;11'5 pasbara Ha KOHEUYHOE YMCIO

MEOT000pasuii s‘,}il, S ., S(1 ) eens S((]k) paanmanoll pasmep-
[OCTE ¥ IPUTOM TaK, 4T0 Kamjoe Mnorooﬁpazme S _, npm momomu

npeobpaszoBaHUA KOOPAUIAT, ONPEJACJCHHEOTO Ha dacTH obiacra R, me-
LIPCPHIBIIOTO € HCUPEPHIBHBIMH UPOHW3BOAHLIME IO [-r0 1OPAAKa, IIpes
oOpasyceres B miockoe. Jast o0lacTE ¢ DPOCTOil IpPaHMOEdl MOMKHO yT-
BepIRJIaTh, 4TO T¢OPeMa BIOMKeHHs OyjeT cOpaBefimBa U JJA rpaEHT-
HuIX MHOroo6pasmii.

3. UnpapmanTHas HOpMmpoBRa WP, Jlns pambmeiimero
nam Gymer ymo6mo BBecru mopmy B WS eme ogmmm cmo-
cobom.

Iyery ¢ = W“) B obmactn Q, yp;onneTBopmomen yco-
pusiMm TeopeMmul us m. 9, § 9. Torna ¢ = L I B CHUTY Teo-
peM BIOMeHHS (pEL,. Iloxasem, gro mopma \I(p\l(v";a), om-

[

pefesisieMas PaBeRCTBOM
(0) _
“WWﬂ lo

SKBHBaJeNTHa [I000H IIOpME, [OCTPOCLUNOf UPY MOMOIIY
[MIAPOBRIX TPOSKINOHIILIX OMePAaTOPOB, T. ©, SBIATCA ecTe-
cTBeTHON RHOPMOIi.

ITpaBas wacTh Hamucalllloro paBeNCcTBa ONpeJensercs
cniocofoM, He BaBHCAUINM IIM OT BLIGOpa Madala KOOP/MAAT,
Hy OT Tampaplienus KOOPAWIATHHIX oOceil, ¥ ABIAETCH WH-
BapHaNTHOH TPH BCEBO3MOMKHBIX OPTOrOHAIBHKX mpeobpa-
sopanmax, Orcioa Mul BHJWM, 9TO eCTeCTBEeHHasg HOpPMa
MoxceT OHITH OIpeesIena nu‘aapnaHTan oOpaaom,

TlokakeM DKBHBALEHTIOCTE | (pl[ v n1060# ecTecTBeHHOM

b, + 19k,

ropme. Iycts| @[y — mopma, onpe,uenenna;{ IpY TOMOIIY

W”
KaKoro-HuOygb IMapoBoro MpPOeKIUONHOr0 OmepaTtopa. Tpe-
Gyercsi moKasaTh, uTo cyifectsylor ancia m u M (0<m <<
< M) taxne, 9TO

(0)

mMWu)”WWn\MMW%w
Mz nMeeM

(”(Pll(pt)(l)) “”HﬂPhLm + 1Mo l§, =l elfo + ( IT0l57)",

rae II, — sagannuii npoeKmuoOnNHLIL OmEpaTop.
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[(")(z . JokameMm eme, 9TO

Hareo ol <l0|
(L) |l(sll)< K¢ "L

rme K — mocroamnad, 3aBucAIas or obmacta Q.
Hycrs xospdunuentsr muorowrena IL@ cyts  do, . oy

TOrjia, O4eBUHO,
| Ty §) < K, max | %, .o |- (10.10)

C ppyroil cTopoHEI, KasKmwii u3 Kod(PPUIHEHTOB Ao, oy
NpeAcTaBIAeTCA HHTErPAIOM:

oy = [ Loy (@ 0@ iz,
c

rge G (Q)— orpanmuenias HeupephHBHag (PYHKIUA CBOUX
aprymentoB [cMm. (7.12)]. Ilpumensa nepasenctso T'énbpepa,

MOy TUM
|20, . o | <Kall 9]z, (10.11)
Uz (10.10) u (10.11) umeem
IT,0ls) < Kl @,

Orciofla FAXOMUM OIEHKY CBEepXy
(Mo n‘vym)” <M [ lo e + 1 (pu’z,,] (u (pu“”m)”-
P P

Ocraetca monyuuTh olenry cuuzy. Ha ocmoBamuu Teo-
1
peM BIOKEHHA TMEEM W( )= Ly, mn

lol, <Klolw-

Kpome roro,

el (t>—“H1(P” DRS II(PN (08

OTKy/a, OYeBHIHO, CIAeLyeT, 4TO

I <Pllw<l) <K1\\<Pl\(;,)§z),

uro m TpeGonaiock goKaszath (%),
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11. Ilommas HempepHLIBHOCTH ONEPATOPa BIOKEHUSA
(treopema Homppamosa)

1. Ilocramoeka Bompoca. B brom mnaparpage Oynaer po-
Kasalno, 4TO BCAKoe orpanmientioe Mmosecrso B W3’ (or-
panuuennoe Mo HOpMe) ABIAETCS OrPAHWUEHILIM W paB-
pocTenenno HenpepwiBEEM B C, ecim n<Ip, m B Lgx, ecam
n>lp, mas orpanmuenmmix obddacreir 2, 3BE3JHEIX OTHO-
CHTeJILHO IIapa.

Tlpensaputensno goxaskeM JTeMME 00 mHTErpayax cre-

NUaIBIOro BHA. Bsepmem 060.3Ha!1e[m;{ TIycrs P u P—l—
+AD — fiBe TPOU3BONBIKE TOTKH, (_)—— TOUKA HHTErPUpO-
BaHOA, = IP——(_)I, r= IP+AP—(_)I. Iyems fe L, 8 Q.

LN
Bynmem cawmrats f(P) paBroii HyI0 BHe Q U MpOJOMKeH-
Holt ma pce mpocrpamcrso. Ilycers A < n. Pacemorpum

- - rd-ryr o
U B, AB) — j % 10 dvg. (11.9)

IMpeacranum (11.1) B BuUze

U (P, AP) =
j + f + 5 GO @y ao

r\<|AP|/2 r1<|AP|/2 r>IAPI/2
-
r,>|AP)/2

-
1Ipn ¢urcmporannmom AP mocmemnunit munterpan orpanuden,
B TepsoM wuHTerpane orpanmueno 1/ry, Bo BTopom 1/r.
Hauapiii #3 2THX HATErpaloB mpefAcTaBiseT coOOM NpH 2TOM
¢ynxnmio w3 C, ecniu n<(n—A)p, wm ¢ynxumo n3 Lgs,
eciu n==(n—A)p, TaK KaK nepeMeRHag o0JacTh HHTErPH-
poBaHHA MOMeT OBITL 3aMeHeNna B HUX TOCTOAHNON 06-
TaCTLI0 ¢ TOMOUILI0 BBEAEHUA MIOYKUTENEH, papHEX HYJIIO
WIN efUHWIE B COOTBETCTBYIOIIHX ofmactax. Iloatomy
—

>
U(P, AP) rawwse npunagne:xutr C mnu Lgx B cooTBeTcTRY-
oMUY CIy9asx.

2. JlemMa 0 KOMODAKTHOCTH COOUAJBHHIX NHTErpa-
aos B C.

JTeuma Emu n<(n—2A)p (r.e A<n/p’), 710

dasn |AP| 1 u P npunadasedawyur ozpanuyennol 00-
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Aacru o,
|AP| . |U B, AD)| < C)f]z, | AP P, (11.2)

2de B — nocroannasn, 0 <P <<1, nocrosmnas C sasucur or
©, HO He 3agucur or f.

Moxasatennctno. Tak xak A <n/p’, 1o 1/r" & Ly
B KoHeunoil obmactu, VmeeMm

A1
0 ®, 4P < | CS—11@))arg,
r<R
rje R—Taﬂoe qncio, 49TO Imap pajaumyca R ¢ OeuTpOM B

°,
1000it Touke P = o comepmur Q.

IlpuMenan nepasemcTso ILénnaepa ¢ mnoxasaTeldaMu p
m p’, HaiigeM

- - LYW=t | )
v @, AP)|<[§ ‘—’d] fley = T3 111z,

Ap’ Ap
r<R N
(11.3)
N
(r+r ¥ ?
Nayanm mmrerpan J, = dea». Jlxs  atoro
r T
r<R 1

nepelmeu K HOBLIM TEGPeMCHHEIM, HONOMHB ;= IAPIEi,
IAPIn;, Ifle KOOPMMNATHL TOUKE P CYTB i a KOODAH-
maTel Q CyTb_Yi. IIpn 9TOM TOTKA P nepenJLeT B TOYKY P,,
rouka P+AD B _TOuKYy P,, Tax "o |P, P,l =1. Touxa
WHTErPHpOBANHA Q nepeiifer B TOUKY Q1 .
Hmeem IQ,—P,l =p= 1/|AP|, |01— P, =p,=r/|AP]|,
dv>= | AP [*dv-. Iomyanm
Q 3,

It - }“ r—n?
(0 4o,y P (AP TP ABI
1= T e
p<R/|ABI
> oAl —pt + Ap’—p’ oA —
= (aBpoey [ CTRITT g ARy,
pM pyt Q

-
P<RBRNAP|

(11.4)
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Pasz6usas mHTerpan J, Ha fBe WacTH, mMOIYIHEM

R
Jy = e Wy =
o< R p p]_ 1
IaP|
Ap!—p’ Ap'—p’
_ (e+p)? P P (p+p )P d
=) T gt T g
p<2 Y 91 1 R Y pl 1
2LPpL—
1P|

Ileproe cnaraemoe me sasucut ot |AP|. 910 cxomammii-
¢A WHTerpal.

OueHnBag BTOpPOE claraeMoe, 3aMeTHM, 9TO Opu p == 2
ornomeHne p,/p 3aKI0YEHO B TOCTOANHEIX Mpefenax, nHo

Y
p—1<p,<p+1, orkyna ciemyert, 4T0 1—%<-QL<1 +

+ %, T. €. —.1—\<\p—‘1)<i. IToaromy

2 2

-5

R/IAP|
dvs <K 5‘ pr—e'—w'—1dp,
1
2

5 CRE
5 O
23<p<R/|IAP|

rme K — roHcranTa. Orcioma BEITewaer, 4ro mpu n—p —
—Ap'#0

R \o—p'=ip’
J. <K, + K, ( = \ .
| AP} /
Yuamresaa (11.4) = (11.5), Oy IAM
T Cy 4 Cy|AP|PIP 4P,
U3 dpopmynn (11.3) cmemyer mpum stom
U (B, AB)|[<IFIIC, + €4 | AP =1,
OTKYJa HaxXOuM

[AP||U (B, AP)|<If}[C,|ABIP 4 ¢, | AB[r=H"je",

(11.5)

. n— Ap'
OGosnagup min (1, )= B, momyamm

|AP| |U(P, AB)| < Clfl |API?, tre 0 <B <1,
n JJeMMa [{OKa3ama.
7 c. JI. Co6omesn
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daMmeuvamue. Ecim n—Ap’ —p’ =0, To, HeCKONBKO U3Me-
HASA BLIBOJ, MONYy4HM I1ICKOMOE HepaBelCTBO ¢ Mo0mM 0 < f§ << 1.

3. Jlemma o xommakraHOCTH MaTerpamioB B Lgs. U3 teo-
pemnl m. 2, § 6 umeeM, uto eciu n=(n—A)p (T. e. A=
- —
=n/p’) u, xpome TOTO, s>n:(n—7»)p, o U(P, AP)=
=
& Lgs xax ¢ynkmua toukm P upuw (Qurcmpopamnom AP
B I060#t orpapmuenHoil ofmacty E, B rumepmiockocTa S
o sp
* = —_——
H3MepeHni, rpe ¢° << g = —— —p

Jemma. B ycaosuazxr reopemvt n. 2, § 6 unmeer mecro
Hepagencreo

|AB|-|U (B, AP) |1, < Clfi,| APP, € = coust, (11.6)

- - -
2de nopma 8 Lgv pynryuu U (P, AP), rar dynryuu or P,
beperca no oepanuueunoﬁ, obaacru E, sunepnaockoctu s

uaMepenu, IAP| < 1, p=min(4, 2¢), ecau 2’ = —;:T +
+ Z—i_ —As=1,u B— arboe wucao rakoe, wro 0<f <1,

n 8
ec.tm-p—,+-q.——7»=1.
Horamem memMmy misg ciyuasa 2e ¥ 1, mpemocraBisaa mo-

Kas3aTelbCcTBO B 0COGUM cliy4dae 2e =1 OpOBECTH YHUTATENIIO.

Jorazartemnctro. MmeeM, kax ® pamee, mpum m0-
s n

Ka3aTeJLCTBe TeopeMsl u3 I 2, § 6 k>—l,7, T—T—n+
n

+A=A—2"l" 7 6 A=—2+ 2. Ilomowam A =— +
P p q P

+ —’7—28, rjae 2e =—;—, ——;—->0. BrifepeMm, kax n paHb-

me, ¢*>p (p<g*<yq).

- -
q*
Mpexge Bcero ycranosmM maiaa ¢ymsmum | U (P, AP)|
OATIO BCIOMOraTeJIbHOe HepPaBeHCTRO. VIMenHo, ME JOKarKeM,
qT0

- .._.l. , g*/p
|U (P, AP)I4'<||f||”*"’[ 1+A3|AP1("‘ ﬂ)”] X

S

I f IIJ rs—eq#r_«;l~eq*
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JeficTBATENEHO, OYCBA{HO, HMeEEM

|U<7’!A'ﬁ)|<j[|ﬂ”(%‘qi*)] m‘—ﬁ_— X

r<R o+ T
r r

PO 3
14

r+r)? 2

X ( "1) dU—».

1

—=——,—8
)

IIpuMennM ¥ mocaefHeMy mHTerpany HepapeHCTBO I'8mb-
7iepa ¢ MOKa3aTelAMHA

1 D * ’
1 1 =q*_q_p" q*z D
i
Kax merxo BEAeTH, ——b —p tEt = 1. TMonyamm
L__l
-> - » q*
B aB1<] [ itpag)”
r<R

ol T
et Jax

j' |f|9 rg—gq* 5"811* dU—Q> X

r<R
1 1/p’
n—{e4 —|p
(rtr) ( 2)
X Fo—ep ! yn—ep’ dv—Q’ =
T<R 1
e
) 2
=i, e @B [ 1 e gLty
r<R
r+r nfer 3 |
- r
e ® (AP) = r"“l‘)w’r”"ep’ dva . Onenunsas
r<R 1

>
©(AP) rakmm ke cmocoGoM, Kak Mul onenuBaim J, B
7!
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JOKa3aTeNbCTRE JIEMMBI H3 I, 2, HOIYIHM

(e 3o
o (B < | AB (bt oy

n—e / - n—ep’
I D pl 14 Ql
0<R/|AP|

<|AP I( ) ’ [K1 + K, R/prlp(e__;')lﬂ—-l dp].

Us (11.8) w momyuenmoit omenkm Im(Al_;)I ciemyer
(11.7). Bamermm, uwro B onemke |®(AP)|”" mpnm <<

" 1 "
IJIanHBIM ABJAETCA NepDEil WieH, OPH & =5 — BTopoii wier.
MMonpsysacey (11.7), MH mpECTyNEM K ONEHKe HHTErpajia
- -
®
or |U (P, AP)|"" mo E,.

-
WNnterpupys mepasenmcrso (11.7) no mepemenmoit P m
HepecTaBlfAs DOPAMOK HITErPUPOBAHEA, HOIYIAM

- - o (o), ]2
{1u @, APy T an <1 1E® [A1+A2|AP1(” 2)”] x
By

1
(r+r) (+?)‘1‘
x (1 e e dig] v, —
Eg \r<R
oo 1), q*/p’
=17lty ”[ 1+AzIAPI(B 2)p] X

8— (e+ —1-) q*

rtrn) :
X 5 lfI”S r,_leq.ri_eq. dvsj dvg.  (11.9)

r<R E;

Bo BHyTpenmem marterpase mpn nepemennon TOYKE P oy-
YT BO3MOMKIE JIB€ OCOOBIX TOYKH Q n Q AP Kaxpaa na
9THX TOYEK OPH PA3HBIX 3HAYEHUAX Q MOJKET OKa3aThCA WM

-

Ha Toli sKe miockocTm, rae Mensaerca P, wim Bue ee. MH ome-
HIOM BHyTpemmn HHTETPAT cmoco6oM, He 3aBHCAIIAM 0T HO-

JIOKEHAS TOIEK Q H Q AD.



11. Tlommas menpepsBHOCTD ONEPAaTOPa BIOMEHUS 101

Ilpeskne Bcero, BHIDONHAA NPENKHION YaMeHy HepeMeH-
HBIX HHTETPAPOBAHES, NOMYIAM

,_(Hi)q,.
j‘ (r_tsile)‘-’*r;—e; dvs = IAPI( )q*x

ot
2 1
Pl
IAPI
Pasobbem omaTte o6nacTh MHTETPHPOBAHHA HA 9aCTh, Jie-
’amylo BHYTPA INapa p << 2, H 9acTh, Je/Kalfyl0 BHE 3TO-
ro mapa

P

s—(e+ q
(e+0) 2

s—egk  8—eqg™
p e py e

dv,. (11.11)

J]_ = JZ + J3 = j‘ +
p<2  p>2
Joxasxem Tenmeps, uro moTerpat J, orpaEHueH IPH J0G0M
= - -

pacrionoxennn toaex Q m Q — AP. Brefem Ha ramepmiiocko-
CTH HOOJAPHYI0 CHCTEMY KOODJHHAT, BOSIR 92 €€ IEHTp Lpo-
-

CRIMIO TOYKA () Ha STY THIEPIIOCKOCTS. IIycts ata mpoernmsa
6yner Q,. Paccroamme B rmmepmiockoctm P,, copmepskanieit
obmacts E, no Toukm 50 o6 o3maTuM aepes ®. Torma p=
=VR+ h? rne h — PacCTOANNE OT TOTKH Q no miockoctd I,.

Hyc'rr; nallee, IPOEKNHA Q AP ma IEOEPIIOCKOCTD P
Oyner Qi, paccrosinme ma rmmepoiaockoctd P, fo Touxm Qi
o6osmaunm gepes R, m paccrosnme oT 6 — A,l)) 70 TEOepIIo-

croctn gepea h,, Torga p; = V?R + hi.

IIpn k> 1/4, h,> 1/4 nmrerpan J, orpaRmuen B cuiIy
TOTO, ITO O M Py OTPAHAICHBI KAK CBEPXY, TaK W CHUBY (3Haue-
amem 1/4). Ilpm h < 1/4, h1 > 1/4 onemmM mHTETpad, 3aMe-

THB, 970 p + p; < 5, p,> —, o > R. Orciona

I < Kj ”q,‘den K,,

fi<2

rre K, — mexoTopas moctosHHAA.
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Tax e onemmpaerca J, B cayuae, ecam h > 1/4,
h, <1/4. Haxomen, B nociegHeM ciayzae, xorga h < 1/4,
- -

hy < 1/4, paccroaume Mesxay Touxamm Q, m Q, Gomsime 1/2,
H, CIe0BATEIBHO,

J2<KS

1
RS —ET*pE—eg* dvs’
f<2 1

T. e. mHTErpax J, cxomures.
Onenmm tenepsr murterpas J;. 3aMedasa mo-mperkHeMy, 4TO

OTHOIITeHHne Tl 3aKJII0YeHO B KOHEYHBIX @mpefenax, w, HoJan-

3yAch HOJNAPHBEIMA KOODPAMHATAMHA B THOEPmIOCKocTH P,
maxonmM

- ~1)g%
<k | o e b geom <
2<p<R/|A,1;[
RNAP s+(e
<k | s vETR
a
rne a =0 qua h>2ma=V4—h* gua h <2 Ilpm h>2
DTOT MHTErpay ecTr yOupawniaa ¢yurnusa k. Ilosromy omen-
Xy nocrarouno npomectd miaa h << 2. Ilpm osrmx snagenmax
OONIBINTErpaNpHafd (PYHKOUA OTPAHAYEHA B HPOMEKYTKE
as<R<2.
Nanee, ecim R = 2, mosyanM myTeM HECHOKHBIX OMEHOK

‘%)"* R,

-
R/IAP|

J,<Cy Y ale= )t g _ Cs (-RT)(B_?)Q teC, =

Y |AP|

= C, + C,| AP |‘(E‘%)"'.

Orciona, nonssysaces (11.11) m orpammuennoctsio J., Haiimem

> gL
J1<Cs+ C4|AP| (=)

Orciona, na ocuopaunn (11.10), momyuaem

J<Cy+ CB|A15|("‘%)°'
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n, moanaysacsk (11.9), maxonmam
{ |v@B)|™ an<

Es

® - (e——) }q*/p’[ - (e——l)q*]
<|7IE, L4, + 4, |AP 2 Co+ G| AP 2/,
OT1cioma Jerxko sarioTaeM, 4TO
~ — — 1/q%
[j | (P, AP) r**dv,] " <KL,y
i () Es
B,, ecam &> 1/2,
B {BQ|A7’ e, ecum &< 1/2,
OTKYZa cleayeT, ITo
—_— — —_ / £y -
lAPl[,Y U (B, A) |"*dvs]” < B|fl, | AP,
Esg
rfie p =min (1, 2¢e), n TeMMa fokaszama.
4. Tlonnag nenpepoiBHOCTD oOmepaTopa Biokenmma » C.
Teopema. Ecau 1<p<oo, n<<Ilp u obaacre Q nped-

CTABAAET CYMMY KOHEUHO020 UUCAL 02PAHUYEnHblr o0b6adcTel,
Kaicdas U3 KOTOPLLX Aeaiercs 38e3010U OTHOCUTEAbHO €80€20

1
wapa, To onepaTop 840JCEHUS W & C enoane nenpepuisen,
T. e. 0af 6CAKO20 02PUHUMEHNO20 MHONCECTBA {cp} (e

cwl )(||cp|| (”<NJ mnoacecreo {Q}, 20e Pynryuu ¢ on-

pedeastorcs Tak e, Kax 6 Teopedme us n. 5, § 9, seanercs
KoxnakTHuM 8 C.

I[oxaaaTancTBo W3 TeopeM BioMeHHWs CIERyCT,
aro {(} orpanmueno B C. [locrarouno ROKa3aTh PAaBHOCTEIeN-
HYI0 HempepsBHOCTS B C  MHOMECTBA {cp} Nmeem ¢ =
= S + @* — pasnomenne cp no dopmyae (7.15).

Tm( Kak | Ss, + ”(p”Lé,”<N min Beex ¢ = {g}, ToO
|S|s, <N, n, cienopatensno, xodpPUNAEHTH MHOIOWICHOB

orpammuensl ofHmM gmciaoM. OrTciofia Jerko ciefyer paBmo-

¢cTeneHHasA HeOpePHBHOCTH MHOTowieHoB S. Ocraerca moxa-

3aTh, 9YTO W3 HEPAREHCTBA ||cp||L(l)<N cieflyer paBHOCTe-
P

HeHHAs HenpemeHoc'rL o*. Umeem

- D ow M g (11.12)
a Oy T o -, .
za,~z dryt... oz, @

* (D) =
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OGosHaunM r, = |6 — (-}T’ + AI-;) [. Torna
al. (2% (6' _ﬁ + AF) wal...an (67 -}-;)

w
r‘;z-l - -1 -
) — - >
wal. ( 1? 1’ P + AP) wal,,,an (T, l, P)
= n—-l - n—| -
ry r
- T D 1 1
=Wa,. .a,(r, I, P) (;F— T,,Tl) +

t it ([ (2, Ty P+ AP) — 0, a,(r, Ty, P+ AP)] +

Ty

+ [wa Ay (T ll’ P + AP)'—'wa Oy (r , -]— AP)]
+ [Wapan (1, P+ AP) — e o, (r, 1, B)]). (11.13)

-

- -
Tax xax w,,,1 R 2 P) W ee IMpOW3BOfiHEIE 1O T, I, P orpa-

HIueHs!, #, xkpoMe Toro, |r,—rl <I[AP|, (r+r)/r=1 nm
1/(r+r)>A>0 (obnacts orpammdemnas), T0O mpu n =1

1 —_ = - - — - e -
ot [y (3, Ty, Pt AP) — W, (r, T, P+ AD)] ’ <

A, AP] (r4r)"t
< lrn_l < —'—rn_"l ,;.,’,_ API.
1
AHanorano HaUmeM
n_, [@ay...n (7, 1, B+ AP) ~ W 0y (7, I, \]\
—1—1
A | AP) (r+ry)”
<A < B | AP,
rl 1
Jlamee, Tar Kak -l'=0_rp, 71 = 0‘(1:+AP) , TO
1

-l- —l> rb’—r_l)’—-rA_I)’——rla—l—rl_ﬁ
1—- — =

TTl

—(ry—7) (G — P — AP) —r,AP
- TTl

b
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OTKyZa CIefyerT, 94TO

- 1IAPI | AP} |AP|
|l _l| ___+r = 2
T r '

TlosToMy

1 — -> -> - p— - - -
o7 [ Wy (7 Iy P+ AP) — a0, (1, P+ AP)] | <

4L =T o
<Al <on 4P <o B
1 1
H, HaKOHeI,

- o> 1 1 A n— -1
w r,l, P — < ! Tt — T =
al...an( ) ) (r?_l rn_l ) \ S r,n_lr,;l_l l 1 l

4,

— rT—I_rn_—_l|r1_r|(rn_l—1+ rn—-—l-—2r1+ Y
1

] Al AP
+rr1'12+r’fll) rlr (r L,
1

Ilopcrannaa »tm omenk: B (11.13), momyqamm

an@ BP+AD) v, o @, P)

rvlt—l - pn—1 <
T+ n—l-1 -
< C—(—rn——ll)'?T |AP|
1
m u3 (11.12) maxogmm
lo* B + AP) — ¢* (B) 1<
- K n—Il—1 1
<C|AP|S(%- _%% _ldv.. (11.14)
5 TN Sa;=1| 0z, ... 9z," Q

Jlas sriBoia mepasemersa (11.14) Mt nmrme we momb3o-
BajImCL TCM ofcrostenscTroM, uTo Ip > n. Ilpmmennm geM-
my w3 . 2 k (11.14), monomus A =n — I, onyamm: n — A =



106 Ta. 1. CnenmanpaEle BONpock QYHKOMOHANLHOTO AHANA3A

=1, (n—A)p=1Ip uw mo ycroBmio TeopeMHl lp > n; crefio-
BaTeJbHO, HepaBeHCTBO 7 <<(n —A)p Bumommeno. Torpa

|0 (P + AP) — o*(P) <K ol | AP %

|5=min(11 I— —Z')” (11.15)

OTRyfia CICAYyeT paBHOCTeNEHHAs HENPEPHBHOCTE ¥ LIa
MEoectsa {¢}, orpammenmoro 8 WS, Tax kak oTa omem-
Ka cxapmra me s3asmcaT oT Qymknumm ¢ < {¢}. Teopema moxa-
3ana nopu ! < n (mokasaTenbcTBO IpH ! > n mpoBopuTeA ama-
JIOTHYHO U ¢ CYLiEeCTBEHHHKIMHE YIDOINEHUAMHE).

5. Moanas menmpepbIBHOCTh OHepaTopa BioeHHs B Lgs.

Teopema. Ecau 1<p<<oo, n=lp, s>n—1p, ¢g*<
<<sp/(n —lp), obaacre Q ydoesersopser Yycaosuam Teope-
ML u3 . 4, TO onepaTop 8A0NCEHUS NPOCTPAHCTEA Wﬁ,’) 6 Lgx
Ha cevenuu Q 410600 2uneprAOCKOCTbIO S Uamepenuil enoa-
He nenpepovlgex, T. e. Jaf 6CAK0Z0 02PAHUMEHH020 MHOXNCe

crea {@) = WY (“ cpﬂw(l) <N ) nnosmecreo {Q} Aeanercs KoM-
»

nakrroim 6 Lgs na arom cevenuu.

JloxasaTenscTBo. IdTa TeopemMa JOKA3HBACTCA B
OCHOBHOM TaK 3Ke, Kak ¥ TeopeMa m3 m. 4. Bce cmogmresa K
JIOKA3aTEJIBCTBY PaBHOCTENENHON HCIPEPHIBHOCTH B [EJOM
Gynarmuit @* B Lgx, ecmn ||cp||L(l)<N . Hapo noxasats, gto

D

[o* (B + AB) — o* (P) o<, (11.16)
JHAMb TOJBRO IAﬁl < §(e), rne 8 ~ 0 nmecte ¢ & - 0. [an
aToro K mpasBoii wacth (11.14) opnmennm geMMmy 2, moi0HB
A =n—1; Torna mepaBeucTBo n ==(n — A)p BHINIOJHEHO, TAK

KaK IO yCIOBHIO Teopembl n == Ip. Mbl momyuaem, HCIOIB3YA
mepanenctso (11.6),

9% (P2 + AP) — % (P9) lugy <Kl @l | AP s (11.47)

p=min[ts 5= (5~ 1}

otkypna caenyer (11.16). Teopema moxaszanma.
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3amMevannme Ilycrs B ob6xactm Q 3apmama cymMmupyeMas yHK-

oa Q(zy, ..., zn). Hycts E < Q — ramagkoe MHOroo6pasme s mA3Mepe-
HAI, ByneM roBOpITH, 9T0 Q(Zi, ..., Tn) NENPEPHIBOA B CMEICIE Lq. 8
ecau

5|q>(—1;+A$)—-(p(-f’)|q*dE—->0 npa |AP|—0, (11.18)
E

KaKOBO Onl Hu Gnuro muorooOpasme E, mums 6pt casur E ma BekTOp

AP aexan 8 Q. N3 noxasanHoi BHIINE TEOPEMB! CIEHRYeT, IT0 [ BCs-
Koit pynrmmu (pEW(l) yuRrmus ¢ HenpephiBHA B CMbiCTe Lgs s
ecnu s >n—1Ip u g* <sp/(n—lp) Ecan n—1p <0, o ¢ menpo-
pHBNa B OGLIMAOM CMEICIE TMOCHE H3MEHENHs 1a MHOMKECTBE MepHl
Hy:p (¥4,



I'masa II

BAPWANIMOHHBIE METO/IbI
B MATEMATHUYECKOI ®N3NKE

12, 3agaua Jdmpuxae

1. Beenenue. Hax m3pectHo, ypasnenma MaTeMaTHIeCKOi
(UIEKE JacTO OKA3HIBAIOTCA ypaBHEHmAMH Oiilepa A He-
KOTOPHIX BAPHWAT[HOHHLIX 337ad.

B papmanmonHOM ncumcieHnm JUIA OTHICKAHHA HKCTPEMY-
Ma Kakoro-nmbo (yHKOUOHAJIA BAAA

a a
XF (u, o x,-) Q + fcp (u, Ly x,-) ds,
Q 1 s J

rge S — rpanmma obmactn Q, B HEKOTOPOM Kiacce (PYHKIAI
HaXOJAT pelmIleHme HEeKOTOPOil KpaeBoil 3ajavm A COOTBET-
CTBYIOIIEro ypaBHenua diurepa.

Onmaxo »Tm jKe BapmammoHNIble 33fa7d 006 BKCTpEMyMe
QYHKAOHAIOB MOTYT HHOTAA OHITh DENIeHH HPAMHIM IIyTCM.
EcrecTBenno Bo3HmKaeT BODPOC, HENb3A ad 00pPaTHO B TeX
c1y4asx, TAe OCHOBHOE ypaBHeNmme ecTh ypaBHemme Jiljiepa,
CBECTH JANHYI0 KpaeBylo 337a4y K 3a/iaué BaPUAIOHHOTO
MCUHCIEHNA, KOTOPYI0 MOMKHO DEIIHTh 3aTeM NpU IIOMOINU
mpAMoro Merona. VIMemHO B 5TOM M COCTOMT MAEA BapHAmU-
OHNHX MeTO0B B MareMarmueckoit fuamre ('),

Mp1 magHeM HM3yUeHHe BAPHAaNMOHHBIX METOM0B B Mare-
MaTAuecKoi (m3mKe ¢ m3ydueHmA NpocTeilinero ypaBHEHHS
DIIANTHYIECKOT0 THANA, a MMENHO ¢ ypasHenmsa Jlammaca

Au=0. (12.1)

PacemorpuMm juia oToro ypaBrenus 3agauy Jlupuxie, T. e.
3a7lauy OTBHICKAHIA TapMOHMYECKOfl (ynrmum, IpHHEIMAI0-
el Ha TpaHWOE 3ajfamHble 3HAUYCHH,
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Ilyers ©Q — orpanmuennas o61acTs n-MEpPHOTO IIPOCTPAH-
crBa m S — ee I'DAaHMNA, IPOCTafg B CMEBICIE, ONpEJEIeHHOM
Bome B 1. 2, § 10, ra. L

PachOTpnM B Q dyuknmio u(zxy, ... Z,), CYMMAPYEMYIO
1 MMMyl CyMMHpYeMEBIEé ¢ KBajipaToM Bce 0600ImeHHEE
mpom3Bonable mepsoro mopanka. Ilyers

D (W) = XE ) dQ < co. (12.2)
Q =1
Dro osmagaer, aro u < W, m, ciegoparennno, ma ocmona-
HOH TeopeM Buaoskennma uw < L, Ha BcAKOM MHOrooOpasmm
n — 1 m3vepenmsa, Tak Kak
9 _2(n—1)
<{="p=z-

Bonee Toro, MomHo YTREDP:HIATH B CUJY IMOJHOI HEIpepPLIB-
HOCTH OIIePATOPa BJIOMKENHA, UTO eCjim KyCoK S; HEKOTOpOro
-

Mmoroofbpasms n — 1 ma3Mepennms CIBHEHYTH HA BekTop AP
TaK, 9To0HI OB 0CTABAJICA B £, TO

{ 1u@® + AP) —u (B) p dS5 0, (12.3)
S
ecian '

|AP| - 0.

Ouepuio Taxske, 970 He BeAKaA yHrnua ¢ € L,, 3ayan-

Hag Ha IOBEPXHOCTH S, MOKeT OHTH IpefleILHEIM 3MadeHH-
" 1 "

€M HEKOTOpOoil (QYHKOHEm V& Wi ), 3aJlaHHO#l BHYTPH 00iaa-

cra. B camoM fenme, y:ke W3 TeopeMsl BIIOMKEHHA CleJyeT

CyMMEDPYEMOCTh OpPefensHEX 3HAYEHMi v HA OOBEPXHOCTH

“ “ 1
¢ mo0oii crememsi0, MeHBINEii deM 2 . Ilospuee Mu

ybermMes (cM. m. ), uTo TaKoii cyMMpremocTn o pame
HEOPepEIBIOCTA OpPEeficIBHEIX 3HAYENHil eIme HeloCTaTOIHO
I TOro, 9To0HI 3Ta (PYHKOIHA MOLNA CHY:RATH HPEJelbHBIM
3HaYeHneM [ QYHKIAN u3 wib.

VYenornmes HaseBaTh (GYHKOIUO ¢, 3aJIaHHYI0 HA TPAHH-
e S 0611ac'm Q, donycruroi, ecin CymecTByeT Takasa yHK-
maave W, ma roropoit ¢ CIYKUT» OPEJeNTLHBIM 3HA-
gepneM (*°).

3anaga Tupnxie cocTom B OTBICKAIAHA TAKO# TapMOHH-

96CcKol (hynKnmm u3 w®, KOTOpas NPAHIMACT B YKa3aHHOM
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BeIOI€ CMEICJI€ Ha TrpaHWUNe 3aJaHHBIE QOOYCTHUMEIE 3Ha4Ye-

HOA @:
uls =o. (12.4)

Hepexogum k pemenmio 9roil 3agayd,

Jlnga sroro pemmM CHadYajia BapHAOUOHHYIO 3a7a4y U 3a-
TeM JOKAJKeM, 9TO pelleHne BapManUoHHON 3a7aYd ABAAETCH
pemenneM 3agaum Jlupuxie.

2. Pemenme Bapmamumonnoit sagaunm. OGosHavaM W(gl)(cp)
MHOKecTBO (YHROUNH v W(gl), npuEIMalOmMuX Ha S 3@ave-
HuA @. Tak Rax @ -— gonycrmMasa QyHROUA, TO W(zl) (9) —
HenmycToe MuokectBo. J[lua  Kamjolh v e ng)((p) nMeeM
0 < D(v)< o, noaToMy CymecTBYeT TOYNAfd HIGKHAA Ipamu-
na apavennit D (v):

d= inf D(), d4=0. (12.5)
9EW;1)((D)
N3 mBomecTBa W(gl) (9) MOMKHO BHIZEJNTH HOCAENOBATENb~
HocThb {v,}, Mua Koropoit

lim D (v;) = d, (12.6)
k-o00

9T0 CIefyeT W3 oOpefedeHusA ToYHOH HmsKHell rpamuns. Ilo-
CIIe/I0BAaTENbHOCTh {V,} HazoBeM MUHUMUIUpYIOUjeli.

Teopema. Munumusupyrowyas nocaedosareabnocTsb

{v,} czodurca e W5 npedeavnan dynryus npuradaexnur

w (v) u daer pynryuonasy D(v) naumenvuee smavenue
cpedu ecex Takux ByHryuil.

JlokxasareancTBoO. JeiicTpurensmo, onpegenum
mopmy B Wi dopmymoit
2 1/2
1ol = l[ { vdS] +D (v)} . (12.7)
2 s

noxyvaomeiica n3 gopmya (7.5) u (9.8) npn (k,v) =j‘vdS.
8

Us pasenctpa j (vy — vm) dS = 0 momyqum
5

|vp = Um ||W(1) = [D (vy, — vm)] /2.
2

Cxommmocts {v,} 8 W 6ymer JIOKazaHa, eCM MBI JOKAKEM,
910 D (vy — Vm)—~ 0 mpu k, m — o,
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Ilyers 3amamo & >0. Haiinerca taxce N >0, wuro

D(_zli,.)<d+ g, ectn k> N. Ilyers & m m > N. Ouesnjno,
Up T U
2

= W (¢); m nostomy
p(2im)>a.

2
Us oueBmpmoro paseHCTBa

p (i )+ p(23” ) 4 D@) +— D (vm)
ClleflyeT HEPABeHCTBO

Up—Vn d+e d+e
d+D( 7 )< 5— + =d+e,

v, — Uy
D\—; )<e1 mn D (vy — vp) < 4e,
o, Clefj0BaTeNbHO,
D(vy—vw)—~0 mpu k, m - o,

W3 nommoTEl mpocTpancTBa W caenyer, uto {v,} cxommres
K mexoTopoit Qymxmmm ¥, & WP, 1. e. |v, — Uh”W(n—*O,
2

k— co. Monamem, aro D(v))=d. [Jus aroro samernm, 4rto

peo—pel=|[ 3 [ (32) - ()] a0

g i=1 )
Ei oy _ o\ (v,  ov,
4 6:ti 0xi '5.2:—‘ 0:ti <
v v v av
(] k 0 k
E(T—a‘:) T*r) d9'<
rn a2 1/2 2 1/2
v v v v
o __ _k 0 4 R
<i=1 ['g (‘“i "’i> dg] {§ (a”i ¥ ‘9“1) dg] <
v, v 1/2
2 1o + oal 00 [S (az 3xh) dQ] <

h=1

< v + vr H&,gl)'ll Vo — Uy ng);
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Orcroa cliexyeT, 94To
D (v,) = lim D (vy) = d.
h->00

HeTpynHo Temepr ycraHOBUTDL, 9TO UV, & W (g).
JleficTBHTENIBHO, vOEW?) m, cienoBaTelbHO, (QYyHKOUA
U, MMEeT eMEICI Ha KajoM MHoOrooOpasmm n — 1 mamepenns
7 Ha BCAKOM TaKoM MHOroo0paamn mpumHAIEHKAT L.
3navenne yHKON® U, HA HOREPXHOCTH S paBHO ¢. B ca-
MOM jeine,

[ on— v aS <tm— w0
S

W, ClIeJIOBATENILHO,
[ o — v as—o,
S

HO U:ls = @, m moaTomy
{@—uyds=o.
5

Qyrroua v, OPUHEEMAaeT CBOE IPAHNYHOE 3HAYEHUIE @,
cTpeMAch K HeMy B CpefHeM, KaK 5T0 ObIIO YCTAHOBJIEHO B
TeopeMax BJIOKEeHNS.

1
Taxnm ofpasoM,V, = W )Taxona, 9T0

1) vls=o, 2) D(v,)=d. (12.8)

CnenoraTe bHO, BapHAaOUOHHAS 3a7a7a pPEMICHA,

3. Pemenne 3agaunm [{mpnxie.

Teopema. Dyuryus, dawwas munumym D(v) ¢
W (9), ecrv peuwenue 3adauu Jupuzxae.

JlorasarenscTBo. [lokameM, 49T0 VU, BHyTpm &2
MMEeT HempephIBHLIE POM3BOJHEIE JIOGOr0 MOPAIKA W VOB~
netropser ypasmenmio (12.1).

Iycrs & = WY, &g = 0. Pacemorpmm

D(vy+AE) =D (vo)+ 20D (vy, §) T NMD(E), (129)

rae D (v, §) = Szax oz, Q.

g i=1
B cuny Toro, uro U, + A ewd (9), mmeem D (v, + AE) =
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=d=D(v,), n nooromy (12.9) mmeer Munmmym mpm A = 0.
ITo Teopeme Mepma mmeem

D(v,, £)=0. (12.10)

Bu6Gepem E(zi, ..., 2,) cnemmanbEEM o6pasom. Ilycrs
P(n) Taxosa, aro P(n)=1 aaa 0 < n < 1/2, ¢(n)=0 man
n=1, {(n) mMomorouna r [1/2, 1] m mmeer jua Bcex 1 =
&[0, ) menpepuBOLle npom3BofHHE g0Goro mopaxaxa. Ha-
OpUMep, HOJIOKEM

3

4
(1—4)om =

PacemorpuM HEexoTOpyI0 BHYTpeHHII Touky M, ofmactm Q;
paccrogAme 0 nee oT ni00oit Touku ofosmaumm r; mycre M,
orcrout or S ma paccroanun 5. BreiGepem gBa wmena b, u h,

v =—|t+th <<t

O0O<h <h, <8

1 [OJIOKUM Opu 1 > 2

=[]

(upm n = 2 [MOKa3aTENbCTBO MPOROJUTCA AHAJIOTHIHO, MOJA-
ragd f = ln—:— [11) (—h——) — P (—hr—)]) Ouesnno, uto Els =0 B
1 2
cuny BoiGopa R, m h,. Kpome Toro, E=0 mua r<h,/2, =,
cienoBaTenbHo, GYHKOUA § HempephlBHA M MMEET HemnpephiB-
HEIe OPOHBBOJNEIE M000T0 MOPARKA, a, 3HAUMT, & EW(J). Mna
taxoil § mmeer Mecro (12.10). B cuny onpepenenns oGoGmien-
ov

Hoil npoU3BONHO 2 HMeeM

oz,
S?._"aﬁdg= _S,, 7t g0
Qaziazi J ogx%

IIpm atom paBencrso (12.10) paer

{ vz dQ =0, (12.11)
Q

8 c. 1. CoGozen
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Ho

= afe{f) (i) -
-l e(5)

o)< (v

BH/IHO, YTO HOpaBad 9aCTh €CTh (PYHKOuA TOIBKO oT I/hy
Ilonbaysce Tem, ‘ITO'lP(-;—i) =1 qar<< %? n Ar— =0,
HOMyInM
(o(hLi)=O opr r<<hy2 m r>h.

Taxum oGpaszoM, AE ecTb pasmocTs ARYX CKOJIL YLOXHO pa3
HenpepbleHO fAHPPEPEHONPYEMEIX BO BCeM MOPOCTPAHCTRE
dynxrnuii, u pasencreo (12.11) nmaer

1 5%m( )&2— (%m(é)ﬁL (12.12)

n
hy 29

1
Yuuoxana obe wacrm (12.12) mHa w=2o e 0n— mio-
n

(n
I{ajb HOBEPXHOOCTH eTUHMIHON ceprl B n-MEpPHOM OPOCTPaH-
CTBE, MOXyInM

e we(5) @ =

nlg

=—Lﬂm@Mdm)

(n—2) 0,h"

Oyrrnua —1—0) 2 moer GOHTH npuHATA 3a AIPO
e (n—2)o,p" \ B P

yepennenusa (cm. m. 4, § 2, rmara I), Tar Kak muTerpa; or
Hee OO BCEMY OPOCTPAHCTRY pamen efunuie. B camom feie,

ey o (F) @ =g [A (e () 2 -
)
" r=h

or
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1 o (THHP(%)) s

or

TMonpsyacs sruM, paBerctso (12.13) MoKHO mepemucarsb
8 BHJlE

(vo)r, = Wolny - (12.14)

Mz BunuM, 910 cpejiine QYHKIOUY JUiA U, He MEUAITCA ¢ U3-
MmenenueMm h (ecium h <§) B TouKax, OTCTOAIMUX OT Tpanm-
mel fajdbmie 9eM Ha O, m, ciemoBareabmo, mpefed (V)n COB-
nazaer ¢ (Vo)n, T. €. (Vo)n = Vo Tak Kax (V,)n EMeeT Hempe-
PHIBHEIE OPOU3BOJHEIE JIO0OT0 HOPAAKA, TO HTO Ke BEPHO I
A Uy,

ITyern Tenepn § — moGag yHKONA, HeOPEPLIBHAA ¢ OPO-
U3BOIHBIMU NOEpPBOro HmOPAAKAa B Q M paBHAA HYJII0 BHE He-
KoTopoil BEyTpenmeit o6nactu. Torma, oueBUgHO, HATEIPUPO-
BaHUE N0 FaCTAM JaeT

D@ &) =——§§Avo dQ =0,

OTKyJla BCJIeCTBHE IPOU3BOJLHOCTH E 3aKJoIaeM
Avu = 0,

T. €. U, ecTb pemienue ypasmemus (12.1) m, xar Gruro moka-
3aHO paHee, HpuHUMAaeT Ha S 3uaueHue @ (B cMbicae Ls n-,).
Taxum oGpasoM, U, ectb pemienue sagaun [{upuxie ().

4. Epunersennocts pemenusa sagadn {upuxie.

Teopema., Pewenue zadauu Jupuzrae ¢ yrasanroii no-
CTAHOGKE EOUHCTBERHNO.

YcTaHoBUM TIPEJIBAPHTENLHO Oy BajKHYIO JieMMy. Bse-
neM QyHKMUIO

¥ {1— B thf
=10 Bue Qu,

e Qs — COBOKYHHOCTh TeX TOUeK £, paccTogHNE KOTOPHIX
mo S Ooumpme 6. OGpasyem cpemmoio ¢ynxmmo gim Wi

1 r
¢ OOMOWIBI0 ANpA mw(T), rie 1 — BBe/leHHAg paHee
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1
QYHKOHEA B %= O'nj‘T]n_-l'll) (m)dn. Ity cpeguior QyHEIUIO

0003HaYAM 9epes Y

WB)= —

L v @ye(F) g,

r<h

- -
e r=|P—P,l.

Jdemma. ITycro EEWS‘,I) uenpepbmmz C YacTHLIMU
npou3goOHbIMY nepeozo nopadka e u tls=0 e cmeicae
Ly ny. To20a, waxoea 6vi HU 6bma Ppynryua ve w,
uMeeT MecTo PaseHcTeo

D(v, §) = lim D (v, Exa). (12.15)

JloxasareancTBo. OueBmpHO, X, MMeeT HempepHB-
HbIe NPOM3BOMHEE Jio6oro mopaAfgka u Yn=1 B Qu, (=0
BHe Q,. W3 paBencTsa

ar 1
';9'_;:;_ hnswzh 1)1P( )a; hdv“’

BaKII09aEM, ITO

axh

= (12.16)

e
@Dyuknua Ey, uMeerT HenpepHBHGBIE IPOM3BOJHLEIE NEPBOroO

nopaxka B Q, paBma Hyai0o BEe Q. W paBHa & BHYTpPH Q.
Ham ny:xmo moxasatn, 4To

D(v, & — &)~ 0 npz b~ 0, (12.17)

KakoBa 6p mm 6ma ve WY, Onenmm oro BEpamenue.
Nveem

v @ (§ §X;.)
oz,

a
~

<
e
[
=
s

|
—
B
NES



12, Bagaua J[upmxiae 117

Kax nerxo Bmpmets, 11— .| <1, mosromy nepswiii maTe-
rpalt HpaBoil JaCTH He IPEBOCXOAHT

P 1/2

2@ T 2@r=]
2—0gp, t=1 2-qyp =1

W, clefioBaTelbHO, CTPeMHTCA K HyI upu 2 —0 B cmay

cxonumoctu unTerpanos D(v) u D(E).
Usyuum Bropoit wmTerpan. Mo mmeem B cmny (12.16)

525’;’3’?‘ <4 [ Y2

Qp—0y, =1 2p—Qup =1

n 1/2
A v \2
< j' |§|[n2 (3%)] dQ <<
Qp—Q3p _
]2

<%[f§2dﬂf2() ]

2p—2h Qp—0gp 1=

Ov dQ

B cmny cxommmoctn D (v)

5 2("’”)@—»0 npx k0.

= 1
2p—Qgp *=1

IloaToMy HaM JMocTaTouHO fOKa3aTh OTPAHMYEHHOCTh MPH
h ~ 0 Bupaskenns

4 | wae, (12.18)

Qh-g:-jh
m temma Gy/eT moxaszana.
Myers S’ ecTs HexoTOpad 00MACTh B INIOCKOCTH Yn =0

n Q' — muimEAprYecKas o0AacTh B N-MEPHOM HPOCTPAHCTBE
(Y1, -+ Ya), 3aaHNAA HEPABEHCTBAMHE

0<yn<h0 (yh ooy y"l-i)ES"

) :
Ilyers E= WP, Els» =0 B cmbicie L, .,y n mmeer B Q’
HempepeiBHBIE NpOM3BOAHEIe. Torfla mMmeeM, cumras, dTO



118 Ta. 1L Bapuanuonnsle MeTOAH B MaTeMATHYeCKOE duamre

Ay.>0,
|E W1y ovvs Ynt, Yn + AYn) —E @1 .. Yn) PP =
Un+AYn 2 Un+AUp
- y 9% dyn| < Ayn f 8§ dyn.
oy,
Yn Un

Unrerpupys no S’, monyunm

jl Ig(yl’ coevy Yn—1, y‘n+ Ayﬂ)_g(yl L yﬂ)lzd‘s<
SI

In+AUn
[

5 ¥ o

n
Un

< ApnlEl - (12.49)
2
Yerpesmuasa y, & gymio n 3aMensig AY, depes p, mOnyduM

[ 1B+ Yns, O P S <O o
sl

Unrerpmpys nmo p B mpenenax or Ak pmo Bh(A <B),
Halirem
Bh

f fl‘é(yl, « ooy Yoy, P) [P dS dp < KP?,
Ah S’

OTKY/a
1
X S lEFdQ <K, (12.20)
A.h‘!ln‘Bh

rne nocrogpHaa K ne zasucurt or A.

JlokaskeM Temeph OrpaEHYeHHOCTH Bhipaskemma (12.18).
IIyers hy > 0 — gocraTouno Mamoe umcio. PazobbeM o6macTs
Q—Q, na KOHEYHOE YMCJIO HCPeKphIBaromuxca obnacreit V;
(i=1, 2, ..., k) rak, uTo0B XKaKJad YACTL «OHMUPAIACH)
Ha HEKOTOPLIE Kycok S; moBepxmoctm S. B xammom Vi,
B CHJy HAIIMX OPEJNOJNOKeHH# o moBepxmocru S, maiifercsa
B3aWMHO OJ{HO3HAYHOE TOYEYHOEe HEmpepHBHO puddepennn-
pyeMoe ¢ OrPAaNMYEeHHLIME MEPBHMH OPON3BOTHLIMHA mPeod-
pasoBamme V; ma MUIXHAPHYECKYIO o0macth Q; ¢ OCHOBAHH-
eM Si, Ilpm srom o6Gmacrs V(Q.— Q) {(mepecewenme V,
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2 (Qu—Qu)) nepeiiiler B HEKOTOPYIO 007aCThb, JeMKAIYIO
B 1oJoce

Aih < Yn = Bih.

ITpunumas Bo srumanue (12.20), BakmiouaeM, 9To BEIpaie-
Hue (12.18) orpanuueno mua kammoro V, m, ciexoBaTenbmo,
m pas eeeii obmactn Qi — Q. TaxmM o6pasoM, A BCAKOH
veWd nte WP Els=0) mveen

D (v, §) = lim D (v, Exn).
h—-o

Jlemma poxazama *).

JloxazaTexbcTBO TeopeMEL JlonycruM, 9To Kpo-
Me U, cymecTByer eme (QymKmus ueW,(.l) (p) raxmas, uro
Au=0. [Tan rakoit pymxnuu D(u)>d. Ecan 6u D(u)=d,
TO 1 MOKHO OBIIO OB NOMECTHTh CKOJb YIOMHO Pa3 M Kak
yrogHO fRaleKko B MUHHMH3HPYIOIIYI0 MOCIE0BATEILHOCTD,
CXOAINYIOCA K Vp, M TOIJ[A MH OPHOUIA OBl K BEIBORY, YTO
Vo = U, TAK KaK MHIAMH3HPYIOMAA NOCIENOBATEALHOCTh CXO0-
AUTCH K U, Beerga 6e3a BRIGOPA mOAOOCHE{OBATENBIOCTH.

HooTomy, npepmonaras, YTo 4 OTINYHO OT Vs, MEI JOMK-

BBl cheaats saxmouenue, aro D(u)>d. Iloxamem, uTo 31O
HEeBO3MOIKHO.

Ecmt ue W u, xpome Toro, Au=0, a & — pynxnus
U3 TOJBKO 4TO JokasamHoii jgemmer, To D(u, §)=0. Iro
PaBEHCTBO MOJAYYAETCH OYCBUIHBIM NPCAEABHHIM HEPEX0f[0M

n3 D(u, Ex») =0 B cumy aeMmsL
Jlaxce

D(u+AE)=D(u)+2\D(u, &)+ 1D (E)=
=D(u)+AD(g)=D(u)>d

B cuny opeanoaoenua D(u)>d. C npyro#t croporsI, moio-

B A=1 n E=v,—u (&ls=0), naiigem D(v,)>d, uro

OPOTUROPEUUT JOKA3amHOMY pamee papencTry D (v,)=d.
Teopema mojHOCTBIO JOKA3ama.

5. IIpnvep Apamapa. B 3akmouenme mpureseM mpumep,
OpuHAIeKAInil AJlaMapy ¥ HOKAHIBAIOIIHUM, YTO CYMMII-

*) ®opmyna (12.20), a ¢ meo @ BeA JeMMa MOryT GHITH JOKa3a-
HH He TOJIBKO JJia Qynkumii §, mMeoMUX HenpepHBHLIE WPOH3BOJ-
HEl¢ BIYTpN o6xyacTd, mo W Juisa NOOLIX Qynkumii ms W‘21), oOpamaro-
MEXca B HYJIs Ha rpanane. JIjia 9T0ro AOCTATOWHO OCYMIECTBHTDL IIpe-
RenbHEIE mepexoj B (12.19), samcHnB & cpenmeir gymwmmeit .
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PYEMOCTH M Jaske HENpephBHOCTH (YHKIONH, 3afjanHOM Ha
MOBEPXHOCTH, e€l(e HEeA0CTATOYHO JJIA TOr0, 4YTobBHl BTa
QyHKOMA Moria CIYKATHL NPEACILHEIM 3HAUCHUEM JUIA
dynKOUn nz W,
ITyers Q ects ®pyr 2+ y* <1 B maockoctm (z,y) o
(p, 0) — monApHBIE KOOPJMHATHL B ITOU IIOCKOCTH.
o

4
ITycrs ¢ (0) = 2 coi’; 8, Ouesnno, aro ¢(0)— me-
n=1
opepslBHAA QYHKOUA U QYHKIUA

> 4
0
0 = 3 e

n=1

eCTh rapMOHmYeckad (yHxmmg B Kpyre z°+ y* <1, mempe-
pHIBHAA B ero 3aMBIKaHmM u ofpamalomasca B ¢(0) npu
p=1.

Hanee mveem

p<i0£1 [(%)2 + (0_?)2] dzdy =
=5"U (G + 4 ) a0 =

po o ©o
= 2n5 ntpn'=1dp = 5t 2 p§"4—> oo Ipu py— 1,
0 n=1

n: n=1

OTKyfa CIEMYET, UT0 Uy &= w s Q.
Ecan 651 ¢(0) Orra fomyctuMoil (DYIROHWEH B cMbICIE

n. 1, ro, pemana safjauy [upnxie BAPUALUOHHHIM METOMIOM,
HamuIm OB TrapMOHHYECKYId (YHRIHUIO U, (L, y)EW(zl) Ta-
Kyi0, 9T0

20

§ lua (o, 0 — @ (@) 00 mpm p—>1,

0
H, ClIe[JOBATENbIO,

20
| 1420, 8) — @ (8)| 00 mpm p—>1.
0

Taxroe :xe YTBEpHISHNEe HMEeT MeCTOo AJIA Uy, TaK KakK
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u,(p, 0) pasmomepno menpepsisHa. IloaTomy
27
f | us (0, 8) —uy (0, 6)|dO—0 (12.21)
0

mpu p — 1.
IIyern p, <p <<1. Torma mo dopmyne Ilyaccona mus rap-
momuvyeckux Qynknmii B Kpyre (cm. [212, c. 240]) mmeem
Uy (Pg, B9) — 11 (09, 6,) =
2%
_L o 0}
2310 p*— 2pp, cos (8 — )+ p]

[15(p, 8) — u4 (0, 0)] dO.

(12.22)
ITpn duxcuposaugom p, 1 p > 1 dynxnua

o*—pd
p2 — 2p,0 cos (8—0,) + p?

0CTAacCTCA OrpaHWYeNIoi, w, CIef0oBATEAbHO, HA OCHOBAHWI
(12.21) mnpasaa dgacrnr (12.22) crpemmres R nyano npu
p—> 1. Tarx rax mesas gactp (12.22) or p me sasumeur, To
OHa paBHA HYJNIO, I B CHIY IPOH3BOABHOCTH ?0’ 0, umeem:
u,=u, 9To HeBo3MOEHO, Tak Kak U, = W'. Crenona-
TeIBHO, (¢ He ABJIAeTCA momyctumoil dymrmmeir (*7).

13. 3amaua Heiimana

1. Hocranoska 3afaum. Mrn paccMOTpelM [JIg ypaBHCHUSA
Jlanmaca mpocreiimyio 3amauy: sagazy Jupmxae. Ilepexomum
K HW3YUeHWI0 Jpyroil OCHOBHOH 3aflaum: 3afaqum Heiimama.

IIyers Q — orpanudennas o6IacTh n-MEpHOTO IPOCTPAH-
CTBa € JOCTATOYHO LIafKoH rpamumeir S.

Iycrs ue W, Pacemorpnm dynrmmonad

H(u)=D(u)+2(p, u), (13.1)
n
rae D (u) = s‘ 2 (%)2 dQ n (p, u) — nuEEHHNHE ¢yHKONO-
a i=1 t
Ban B8 Wi, B nausmeiimenm Gyaem mpeamoiarars, 4ro

(p, 1)=0. (13.2)

Teopema. Ecau (p, 1)=0, 70 Pynryuonas H (u)
02paAKUYEH CHUSY.
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HTorasarensctBo. Eecau u—v=const, To (p,u)=
=(p, v), 1. e. (p, u) coxpaHTeT NMOCTOAHHOE 3HAUEHHE HA

BCAKOM Kilacce Y& L(g”. B cuny numeitmoctn yHKOUOHA-
Ja p uMeeM

|00 ) | <M [y

Tax rar muA Bcero K.uaccatpEL(” (o, u) coxpamser mo-
CTOAHHOE 3HAYeuIle, a A ONHOH w3 (YHRUWE 4, U3 ITOrO
xmacea |u,| wD —“ul " (1) TO

2

|y ) = (o, u) 1< Miua] o = My = MV D).
IToaromy umeem
H(u)=D(u)+2(p,u)=D(u)—2[(p,u)| =

=D (u)—2MVD (u)= (VD (u)— M)* — M* = —M*,
T. €.
H(u)= —M2
Teopema morazama.
CnemoBatenbHo, cymecTByeT TOoUHAA HWKHAA TIPaHb
H (u), xoropyio o6osmagum uepes —d:
inf I (u)= —d. (13.3)

2. Pemenuie Bapnanuonsoit aamaum.
Teopema. Cywecreyer dynryus u e w TAKAs, uTo
H(u)=—d. Kpome T020, dus moboii &= WS cnpasedauso

PABEHCTBO . ‘

D(u, €)+(p, E)=0. (13.4)

NHoxasateancrro. Ilyers {v,) — vMummMmsupyoman

mocesoBaTensHOCTh, T. €. U e Wi 1 lim H () = — d.
h—>o00

Torga oueBmmno, ITO

Vp—Vm) __
D( ) -

[D (vr) + 2(p, v8)] + [D (vm) + 2 (p, )] —

(o3 e 23] -

— L Hw) + TH(vm)—-H(vh_lz_v’").
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Bu6pas k mw m macroasko Gomsmumu, arobsr H (v,) < —d+

+e n H(vm)<—d-+e, u OpuanMad BO BHHUMAHHE, TTO
1 22 D,

_H( k—g ’")<d, nmeeM

Up — Unm —d+e, —d+e _
D( P )< Tt g td=g

D(v,—vm) </4e.

Targum obpasom, {v,} cxofurca B LY. B cmry roro, uro

H(u) coxpanser HIOCTOAHHOE 3HAYEHNWE HA BCAKOM Kiacce

P L(zl) M JJA OfHOoil m3 QYHKOWH u, 5TOro KiIacca

lzeq ||W(1) = ||u1||L(1), TO B KaYeCTBe MUHMMHUIHpPYIOMmeENl mocye-
2 2

AOBATEILHOCT BCErjga MOKHO B3AThH IIOCJIEA0BATENLHOCTS,
JUIA KOTOPOH

v =|v .

I h||w(21) I h"L(21)
ITpu TakoMm BEHIGOpPE MOCHEOBATEILHOCTE VU, CXOUTCA BW?).
yers u = Wi — npepensnan Gynrmus.

IlomoGEO ToMy Kak 5T0 MLl HMEJHW BHIINE NPH PacCMOT-
pennu zafaun Jlupuxie, moayqum

|11 () — H ()| = | D(w) — D () + 2(0, u —va) [ <
<ID@ —D@)|+ 2|, u—vi)|<
<(lulp +1 vely) e — valy + 2M |u — e

[O3TOMY
| H (w) — H ()| =0,
oteyfa cnenyer, uro  H (u) = lim H (vp) = — d. Hycm E=
h—>o00

= W, Toraa
H(u+Ag)=H(u)+ 20[D(u, £)+(p, )]+ A*D(8)
umeer MuEOMyM Opu A =0, u mo teopeme (Depma mmeem
D (u, &)+ (p, £)=0.

TeopeMa fokazana.
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Rampgana ¢ymxnqua ues wh cymmupyema mo S ¢ Iio-
Goit crememnlo g*, rae

2(n—1)
*<g=2Th

O6osmagum uepes Lgx (S) mmomectBo ¢Qymxnumit v,
ompefieleHHRIX HAa S W CYMMHUPYEMBIX €O CTemeHpio g*.
IIyers (ps, v) ecTh mmmeitmnit ¢ymxnmoman B Lgx(S).
Torga mo Teopeme Baoscenun (ps, uls) ammeen s W, Ieir-

CTBHTENBHO, ecau u e W, 1o

| (05, u|) | <Ky [ U rgusy < KM ull o) = K] u] o,
2 2

rae K,, M, K — mexoropsie mocroammnie. Ilomyuemmoe me-
PABEHCTRBO JOKA3HKIBAET HAINE YTBEPIKACHUE.

3. Pemenue zanaun Heiimana.

Teopema 1. Ecau (ps, 1)=0, ro cywecreyer gynr-
yus u e WS maraa, umo

1) u umeer 6 Q Henpepwigubie npou3godnsie 1106020 nO-
pAdKa u ydoeaeTeopseT YpasHeHnuo

Au=0, (13.5)

2) rycrv Q, — npoussoAbHAS 803PACTANWAK nOCALIO8a-
TeAbHOCTd 00aacTell, umelowuxr 00cTaroutHo 24adkylo zpanu-
yy S, codeprawuzcs ¢ Q u crpemawuzcs k Q. Tozda

tim {22 8d5, = — (o5, 8), (13.6)

h>oo

20e v — 8HEWHAS HOpMAAb E S, u § W — npou3eosb-
nas PYnryus.

Safmagy 06 OThHICKAHWK TaKoil YHKOUA u MK OyfeM Ha-
3nIBaTh 3adaueli Heiimana.

JNoxasarteasctso. Ha ocmonamuum Teopemh u3 II. 2

cymecreyer pynrnma ue WP, TaKafg, ITO

D (u, &) + (s, &) = 0 maa moboit E= WS,  (13.7)

Ecnn sri6pats §=0 B mexoropoit momoce y rpammusi S, TO
(ps, 8)=0, m Mp1 momyamm, aro D(u, E)=0. Orcioma, 6yx-
BATBHO IOBTOPAA pacCY;KJCHAA NpefHAymero maparpada,
BaRII0IacM, 9T0 U HempepbiBHO AuddepeHnupyeMa CKOIBLKO
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yrojHo pas u yrhomaersopser ypasHeHuio Au = 0. Ilepsoe
YTBEPIKJEHUE [OKABAHO.
Mycrs & — npomasoasnan Pynkmusa us Wi, Hveen torna

n
D(u, &) = lim Y ;Tuiaa_idg“ _

R—o0 ;}k h=1
—lim S g%%dSk—S EAwdQ | =lim | £2% dS,,
h->00 Sk Qh k—oo "

ITpunnman Bo sruMmante (13.7), monyaum (13.6).
Teopema 2. Pewenue sadavu Heiimana onpedeasercs

0OHOSHAUHO ¢ TOUHOCTbIO 00 NOCTOANHOZ0 CAALAEMOZO.
JoxasareanctBo. Ilyers cymecrByioT fiBe (DyHK-

OO 1y U Uy & Wb, yIOBIETBOpAKIAe ypasHeHuio Au =0
n ommoMy u ToMy :me ycaosui (13.6). Ux pasmocrs ¢ =
=1, — U, ABIAETCA TaPMOIIAYIECKONl (ymRoHed m ymoBIeT-
BOPAET YCI0RBHIO

. 9 o
};Ln; S‘ EW dS, = 0.

Sp

Ilonoscus & =, naiigem

h—oo

tim | 2% 45, — limf | grad [ Q=D () = 0,
S ooy
OTKYJa ciaefyer, 4ro P = const.
3ameuanune, Ecam (pg, u)=f gudS, Tto «rpaumg-
5

HOe» ycaosue (13.6) mpmEmMaer Bup

Sq>§dS + lim £2 s, 0.
co
8 Sp
Oyrxnnonan — (ps, £) 3agaer o0606enHoe TpaHHIHOE
F]
yeaosue AnA QYUKOUHM #, IPUYCM BEITHTHHA -a—z CTPeMUATCA

K @ B cxabom cMmoicae. Takad TMocTalloBKa ABJAETCA B JlaH-
HOM CJiyyae BIOJIHE €CTeCTBEHHOH, TAK KakK Ipe/ielbHOe 3Ha-

u 1
qenne JNIA o, €CHH U & W(2 ), MOMKCT HE CYINECTBOBATH

(481 .
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14. IloaurapMonnuecKoe ypaBHeHHE

1. Iosesenne dynkuun una W™ y TpaHAYHHIX MHOIO-
obpasuil pasamIHHX maMepeHuit. Paccmorpenubie HaMm Ba-
pUanHoHHBIE METOMHI MOIYT OBITH IMEPEHECEHE W HA KPaeBbie
3ajladu A DojgmrapMonnueckmx ypasaemmid. I[lepexommm
M3YYEHUI0 OCHOBHOM KpaeBoil 3ajjadiy JiAA TAKOL0 YpPaBHEHHA.

ITyets orpanmuennas obmacth Q@ B n-MepHOM IPOCTpPaH-
cTBe HMeeT mpoctyl rpammny S (em. m. 2, § 10, o I).
Ypasnenne

n 2 m
NM=‘23J L—0 (14.1)

nim

I BN L
g Tl 5 e

HA3BIBACTCA nNOAUZADPMOHUUECEUM YPaBHEHUEM,
VYpasnenne (14.1) saBaserca ypasmenmem OIitrepa AAs
dymxmqionana

am 2
D)= X:E ah“al | 4. (14.2)

1
Saq;=m ozt ... 3z,

OuesnHO,
D () = ufim.
2

Hyers ues W™, Ecan n—2m <0, 10 n3 TEOpEM BJIO-
HEHNA caegyer, 910 & (%, ..., &,) HelpephIBHA, I TOTNA OHA
NMEEeT INpefenbHEE 3HATCHWA HA MHOr00OpasHAX JII060r0
aucaa uamepennit. Ecmm n—2m =0, u n—s>nr—2m, 10
u(ry ..., .) CyMMOpyemMa Ha MHOroobpaamax (n—S) us-

n—s)
Mepennit ¢ goboit ctemennio ¢* <<g = (—_m

g>2, to moxua0 B3ATh ¢* = 2. CremomarenbHO, ecad 7 —
—s>n—-2m=0, 10 u<€ L, ,-, Ha MHOroo0pasumax n—S§
U3MCPEHNH, KOTOphle 6ymeM 0003HATATE Sp—,.

Taxum obpasom, 2 € L, ., Ha Sp-,, eCaAH

s<2m. (14.3)

Bonee Toro, M3 momHOl HENpPEPHIBHOCTH ONEPATOpA BIOKE-
HNA caefayer, 910 u(Zy, ..., Z,) HeNpEepHBHA B CMBICIE

.  Taxr xak
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L,.., m motoMy nMeeT MpefielbHble 3HAYeHMA B CMEICTE
L, .—, ma wacTaAX rpamuus! S, UMeOmNUX pasMepHOCTh B — S,
rie s <2m. Kax 610 morasamo B m. 2, § 10, u(z, ..., z,)
uMeer Bce OOOGIIEHIIEE NPOU3BOAHLIE NOPANKA HIKE M.
Pacemorpum unpoussopusie k-ro mopsanka, rue k<<m,

Eeanm n<<2m, To mpousBopubie k-ro mOpAAKa IpHHAJIE-
war L, ma Muoroo6pasmax S,-, (n—Ss) mamepenmii, rue

s<2(m—k). (14.4)
M3 moxmoii HeNMpepHIBHOCTH ONEpaTopa BIOKEHUA CIENyer,
4T0 NpPOU3BOMHEE K-TO NOpANKA HENpPepHIBHEI B CMEICITE
L, ., The s ynomsmernopsaer (14.4), m mosTomMy ma gacTAX
rpaguns  S,_, HMEIOT IpefeJLHble BIAYeHWA B CMEICIE
LZ n—ase
N3 mepasenctsa (14.4) caenyer, 9ro

k<m—[%]—1,

T. e. ma Mpuoroobpasuax (n—S) wuaMepeHHil CYMECTBYIOT
Hupefelbise 3nadenua B cMbicae L, n,—, IPOU3BORHEIX . 0

(14.5)

nopAjxka m — [%] — 1.

9Tu peayaLTATH cBEfieM B TAGIAOy.

Ha MHOroo6pasusax CYmecTeyT égggﬁlﬁﬂ;gxﬁiﬂ
rpaHuIE 1pefeNbUbe 3HAYCHIA o TMopTIKA
B CMBICTIE BRIIOYHTETBHO
Sn_y Lo, ny m—1
Sn—s 2 n—2 m—2
n—3 L2, n—3 m— 2
n—4 2 n—g m—3
. a2 2 . - . . . - a2 ‘. - . . . a2 a2 . . . a2 .
Sn—2h L2 n—2k m—k—1
Sn_sn—1 2, n—2k—1 m—k—1
Sn—2m+2 L2 n—2m+2 0
Sn—2m+x 2, n—2m {1 0

dra Tabauma coCTABIEHA B NPEANONOMKEHNN, HTO 7 —

~2m+1>0. Ecin n—-2m+1<0, 10 nupnm mexoropom k
anbo n—2k =0, on6o n—2k—1=0. Torqa umeem m —

n
—k—1<m —3 W, CIeloBaTensHo, caMa Gymxnus m Bce

ee IPOWM3BOAHEIE 70 HopaAaka m — k— 1 nmempepsIBm,
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Tabnuna obopsercs crpouxoit: Ha S, CYINECTBYIOT Ipe-
AenbEHe 3HaUYeHNA (PYHKOUN W BCEX NPOU3BOJHHX [0 M —
—k — 1 nopanka sraIogurenbno. Ha muoroodpasmax S, ...
v.., Sa—y Hpomapofiable Ao (m —k —1)-ro mopsAxa TaxmKe
HEIIPePHBHH.

Ouenuano, w3 HempepHBHOCTH (GYHKOUA cIefgyeT Hempe-
PHBHOCTE B cMbiche L, n—,. ITOdTOMY B HmOCHERYIOINUX OLEH-
Kax OOBIYHYH HENPEePHBHOCTL OTMedaTh He OyAeM U Bce
paccysfieHAA Gy/ieM BECTH B IPE[IONOKEHWN HEIPEPHIBHO-
c¢th B eMuicae Ly g

2. TlocranoBKa ocHOBHOI KpaeBoii 3agaum. Ilycrs rpaum-
na o6JacTH COCTOMT W3 MHOTO0Gpasmit S,—i, ..., Su-amii,
ecmu n—2m+ 1> 0, u n3 muoroobpasuit S,—y, ..., Sy, ecan
n—2m-+1<0. Hexoropsie us Muoroo6pasmit MOIyT OTCYT-
CTBOBATE.

ITycth Temeph Ha KakaoM u3 MHOTOOGpasmii S,., 3afanH
dynrnnmn

O 0D, ai<m—[%]— 1.

Ecan cymecrnyer gpynxnnmsu e W rakas, gro

a+..4+a
o1 Ty
_ (n—8)
[)xal B Qp = (Pal..-anl (14'6)
1000 0%y Sp—s

TO Gy/ileM TOBOPHUTDH, UTO CLCTEMA 2PAHUMHBLL 3HAUERULL
(n—8)
{(Pal...an}
donycruma (*°).
Jlna n06HIX AOMYCTHMHX I'PAHWYHBIX 3HAUCHUA OUEBW/-

n—s
HO, 9T0 ecanm n— 2m+1 >0, To Bce (pfxl__ ()xn & Ly ns,u, ec-

m n—2m+1<0, o Te Pymxnum, masx xoropeix O<C
<2ai<m—-[-§—] — 1, mnempepHBHB, a OCTAJbHEE IIPH-
magaemat Ly n—,.

JIns nmomurapMOHMYECKOr0 YpaBHENUA, B OTAWIHE OT
ypasuenns Jlammaca, Msl MOKeM 3ajaBaTh KpaeBhle 3HATe-
HUA He TOILKO HA IOBEPXHOCTH paszMepHOocTH n— 1, HO H
3aflaBaTh AONYCTUMEIE 3HAUEHWA HA INOBEPXHOCTH MEHLIIEll
pasMepHOCTH, KaK 5TO MOKA3BIBAET CIEAYIINUI mpuMmep.

Paccmorpum ypasmenume A’z =0 B TpexmMepHOM IIpOCT-
paHcrBe, Umeem n=3, m=2, n—2m+1=0.
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B kauectse rpammuEBIX MHOTOOOpasmit 00A3aTEILHO

JOJAKHO OBITE S, u MoryT 68ITE S, u S,. Tak kKak m — {—Z-] —_

—1=0, to cama dyrknua u menpeprisra. Ha muoroo6pa-
» du
aum S, MBI 3aJlaéM U |g, HEIPCPHIBHON M 7— s € L,, xoro-
i
prie momkEEl 6eITL monycrmMbul. Ha S, u S, zamaerca dynx-
oua u.
Ilyetes Q — map emUHNYIHOrO pafUyca ¢ HCKIOYEHHBIM
2 2 2
mearpom: O<<zj+ 23+ z3<<1. B mamem npmmepe S,

OTCyTCTBYeT. PaccMoTpumM pelneHne, yIOBIETBOPAIOIEEe Y-
JI0BUAM

u(0,0,0)=1 (3amamme mA S);
Ju

u |r——1 ~or

=0 (samamme Ha S,).

r=1

3aganne Ha S, OYEBHUIHO, PABHOCHILHO CIENYIOIIEMY:

ouf __ ou
9z, 0z, |8,

du

= =0.
oz |8,

uls

2

Oyarnusa uw=(1—r)*> asrserca pemenuem 3agaqd. [leii-
CTBUTEJILHO, OHA YJOBJIETBOPACT YPABHEHMNIO M TPaHUIHRIM
yemosuamM. B Tourke r=0 mnpoussofmbie He CYIECTBYIOT.
Bropsie mpouspofiuble CyMMUpPYEMEl ¢ KBafpaToM Imo Q, T. €.
ue Wy, Kak MH fOkaXkeM MO3JHEe, NPYIOL0 PEINEHHA B
W ner. Ecan 611 S, OTCYTCTBOBAJO, TO PEINEHUE OBLIO
oot u=0

3. Pewrenne papuaunmonuoit 3afmaun. Ilepexomum k uayde-
HUI0O OCHOBHOII KpPaeBOi 3afaim A HOJMUTrapMOHUIECKOTO
ypaBHeHHNA B 00memM BuJE.

Teopema. Ecau cucrema {(pf{:_%n} donycruma, 1o cy-

wecreyer eduncreennas Gynryus ue W, ydosaerso-
paruwan ycaosusam (14.6) u darowas MunuMmym unrezpaiy
D (u) cpedu ecex Takuz pynryuil.

NoxazarenncrtBo. Ofosmaanm W(m){ s “&n} MHO-

mectBo pyEknuit ve W™ n yronrersopmomux (14.6). Tax
KaK cracreMa {(pf{;if&n} omycTHMa, 10 W(m){(p("‘s) }__
HeIrycToe MHOMKeCTBO. JIIfA Kaskmoli (PYHKOMM U U3 DTOTO

moxecTBa mMeeMm 0 <D (v)< oo, IlosTomy cymecTByer Tod-
9 ¢, 31, CoSonen
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HAg HIGKHAA rpaHana smadenmit D (v), xoropyo o6osHa-
anm d:

d=infD (), ve W™ {cpg[;—“) }

W3 muowxecrsa W™ {q)fx" s()xn} MOXHO BHIJIGIUTh MUHAMHU3MA-
pylomyio mociefoBarenbHocTs {v,}, Tak dro

lim D (vy) = d. (14.7)
h->o00

Tloxasen, ato {v,} cxopures B W5™,

6 wim
Jlaa Toro 49robhl ONMpEREeNTMTL B TPOCTPAHCTBE 2 Ka-
HyIO-J[PIﬁO eCTeCTBeHHyIO HOpMy, Kak MHB BUOeEJIH, JOCTATOT-
HO 3a[laTh CHCTEMY JMHEHHLIX (PYHKIHOHAJIOB

o (Sneni)

OTPAaHUYEHHBIX B OfHON M3 €CTCCTBEHHKX HOPM W TaKUX, 4TO
AaA m060it Ux auHeinoll KoMOMHAIMM

0= 2 Ap. 508, B
Zﬂ,<m—

y KoTopoil me Bece KodOUIMENTHI PABHBI HYJIO, Halimercd
a Oy
XOTh OJWH OXHOWIGHZ;' ... Tn , JJIA KOTOPOTO 3Ta KomOu-
HAaIMjA He PaBHA HYIIO.
Pacemorpum mosepxmocts S,-i. Ilo mpegmonoxxenuio arta

MOBEPXHOCTL COCTOMT W3 KOHEYHOTO 4HMCIA IIAJAKMX KYCKOB.
TTonoxmum

Bl+ +f’n
pﬁl" an = \S‘ —B—l—ﬁ— dSn_]_, (148)
Sm—y dz 1 ... oz, "

e v — moGoii paement u3 W5™, Z PBi<<m—1.
i=1
Herpyano Bmpers, uTo BCe (DYHRNHOHANH 0p . B, AHHCH-
m

B W™, ecan OPMY B HEM OIpPENeJIuTh MNP IOMOIIH
IIaPOBOTO IPOCKIMOHHOLO OIEpParopa. JTO HEHMOCPeICTBEHHO
CIeyeT U3 TEOPEM BIOKCHMA.

IIyers remepn ¢ = ABI - BuPB, .8, — KaKag-muGo iu-
HeiflHag  KoMOumnamusa  (PYHKIUOHAIOB 08,.. By ITycrs
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Aﬁ(o) 40 — KaKkoit-tubo u3 He PaBHEIX HYIO Koaddunues-
1« Pn

TOB, I KOTOPBIX CyMMa |3(1°) .+ ﬁ(m ® umeer mam-
MeHbIIee 3HaUeHWe CpPefu BCeX CyMM [51+...+B,.—0.
() (0)
By B
Torpa pzl ,.. X" + 0.

B camom mene, mas (B, ..., Bn) 7= (B, ..., L) umeem
ket B g0 O
5 1 3 =0, rak Kak xoTa OH AXs ogHOro k
pzl ... dz,"

Br> |3,‘;’>, 10CKOMBRY By + ... + P =P + ... + B, Iloo-
TOMY HOJYYNM

(0) (0)
A SA(O) (@S iBPL L. BP0,

o
970 U TPEGOBATIOCH HOKA3ATD.

TaxuMm 00pasoM, MBI MO)KeM OHpPEJENHTL HOPMY B W(zm)
dopmyoit

[0 omy = 2 (pu)* + D (), (14.9)
2 m .,

rae p obosHagzaer By, ..., Pa, HpHIEM ‘2 ps <<m — 1. Torga
=1

ans asyx QYHROMA v, W U, MUHAMHBHPYIOIeH HOCIeq0Ba-
TEABEOCTH HOJIYIUM QuU; == OuU;, H TMOITOMY

|l R — Ul NW(zm) = D (v, — ).
BoseMeM k u ! macronpko Gonpimmmu, arobu’ D (v,)<d+e,
D(v))<d+ e, aro Boamoxuo Benencreue (14.7).

W(m){ (n—s) } I/IHOE)TOMyD( 3 ‘;' ”l)>
=d. Us npeﬂmero paBeHCTBa

D(@%ﬂ) — 1Dy +4pw)—D (vh—;—w)

U
OuesngHO, — +

HalieM D(vh;vl)<d§e -+ —d=u¢, 1. e. D(v,—

— ;) <4e, oTKyla B CWIY MPOM3BOJILHOCTH € CIEelyeT, 1TO
|| Vp — U} “W(m) - 0, k, l—> co. (1410)
2

d-+e
2

m
Tax Kax HPOCTPAHCTBO W(g ) IOJHOe, TO 3aKiIiodaeM, dTO
e
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cyliecTByer mpefenpHas Qymxuus ue WV, mam xoropoit
e — el 0m—> 0. Tax sxe xax B sajgade J[upmxie, AoKa-
2

3bIBACTCA, ITO
1) ue Wi (el (14.11)
2) D() = d: (14.12)

He cymectsyer apyx pasauuuabx (PyHKIMA, yIOBIETBO-
paoomux (14.41) m (14.12). [eiicrsurensHo, ecaum OBl uy
U U, ObiIM TakUMM ABYMA (PYHKIUAMH, TO HOCAEIOBATEIH-
HOCTH Ui, Uz, Ui, Uz, Uy, ... ObLIa ORI MUHUMHU3UDYIOmEN M,
CIIeJIOBATENbIO, CXOofsmieficss, TTO BO3MOKHO JIHIIL HpH
U, = U,.

Teopema poxasama.

4. PeuieHne OCHOBHOI KpaeBoil 3ajavd.

Teopema. Dynkyusa u, darowas MUHUMYM UHTE2pALY
D(v) s W(zm){(pg;j‘_’(),n}, umeeT Henpepuleénble NPOUIBOOHDLE
106020 nopadra enyrpu Q u ydossergopaer YpasHeHUW

(14.1).
Noxaaareancrno. Ilyers & e W™ {0}. Tornma
u+ A wm {cpgr‘&n}, A = const,

n moaromy D (u-+2AE)=D (u)+ 20D (u, §)+AD(E)=d pan
BCeX A M MMeer MmHMMYM, paBmHi d, mpum A =0. Orcioga

ciacayer, 4To T%D(u + xg)‘ = 0, 9To maer

A=0
D(u, £)=0. (14.13)
PaCCMOTpHM 9JieMeHTapHOoe pemerme HIOJINTapPMOHNIECKO-

ro ypasBHeHHNs

rzm-n, ecia 2m —n<<0 wiM n HeleTHO,

g(r) = rem—n ln—:-, ecan 2m —n >0 u n gerHo,

Jlerzo mposepurs, aro A™g(r)=0 mpu r# 0.

ITyers 8 >0 — mocrarouno Mamoe umcno. PaceMorpum
obracts Q, m obpasyem ¢ymrnuio &= g(r)[¢(r/h,)—
—P(r/hy)], tme 0<h;<h,<§ m 1 — paccMaTpHBaBIIAACH
panee yepexusaoman ynrmus (cm. m. 3, § 12). Us ceoiicTs
oroit PyExumu 3akmouaeM, 9To £=0 mua r<h/2, r>h,,
Bce mpouasopmtie § HempepmsHE. Ecam Touxa, oT KoTopoi
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OTCYUTHBAGTCA I, NGIKUT B (s, T0 & M BCE 6@ WPOUBBORHEIS
Ha rpanune Q obpamaiorcs B myab. [losromy mus § umeer
Mecro (14.13). Tax xax & uMeer HenpepHIBHEIE HPON3BOJI-
Hbe JIOGOr0 TMOpAAKAa W paBHA HYJI0 BHe £, TO WO Ompe-
™u
c’)x?‘ N as

JeJIeHnI0 0606mennmx IPON3BOTHBIX nMeeM

m 0‘m
‘Y ala - an e : o dQ =
a 0x1 0xn 011 oo Oz,

i —e}

g 0z 61310‘"
ITosromy pasemcrBo (14.13) paer
2m
D u, = (— 1 m j 9 g dQ = O
8= (=1 sgzm SER I
unn
fuamgae =o. (14.14)
2

Ho A™g = A™ [g (" (%1)] — A" [g ) q;(-};;)], M TaK Kax
Y(r/h)=1 pns r< h/2, a A"g(r)=0, 10
A"[g(r)¢(r/R)]=0 mna r<h/2 (i=1, 2).

ITosromy paBemctBo (14.14) momxmO mpepcraBurh B BHAE
juA'" [g o ( )] iQ = SuA [g ) «p( )] dQ, (14.15)
Q

‘mpudeM obe JacTH PAaBEHCTBA MMEIOT CMBICI.
ITyers > 2. PaceMorpum QyEKOUIO

oW =g A" 8O ¥ ()]

Ife O, — IJIOINA/h HOBEPXHOCTE eAMHUIHON Cepsl B n-Mep-
HOM TmpocTpancTBe H A — DOCTOAHHAA U3 PaBEHCTBA
A™'g(r)=A/r"* Ouesupno, 9ro o(r, k) uMeeT Hempep.IB-
HBI® NPOM3BOAHBEIE JIO6Or0 MOPSAAKA M paBHA HYIIO I
r<h/2 u r=h, Tak Kax BTHMH e CBoOWCTBaMHU obmajaeT
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A™g(r)y(r/h)}. lanee

j‘(o (r, B) dQ — (7%)402{ A™ [g ") ¥ %)

Q Q

B
[

- (T—;)—A%EYA{A’”—‘ [g(r) ¥ —;)]}dg _
- mriﬁ (am ety o ()]} as —
—m——‘iz)_zﬁjn %[Am_l[g(r)w(%)]]ds=

(S

=(n—}f%di{ [g(r) (7)]}r=h—

_ (%)H 4 [ yme r
2 0,4 ar {A [g (r)“’(h)]}r=m'

Tax xax {(r/h) u Bce ee mMpoU3BOfHBIE MPU r=h paBHL
HyJIO, TO TepBOe ciaraeMoe pasHO Hyilo. Bropoe ciaraemoe
OTJIMYHO OT HYJA, TaK Kax

PO/B) Loz =1, P (/B) Lyone =0 (k=1).

B peasyasrare momyuaem

(h/2) 1 d ([pAm-t
, h)d —
forn i - B0 2 (g0l v(£))],,
(W™ aT A r _
- (=2 ddr [ 1 ¥ (’h‘)] r=h/2

Bl () ()]

Taxum o6pasom, S.(o(r, h)dQ =1, «1ro noxasmBaer, 1TO

bl
®(r, k) ecrs sgpo ycpemHenumsa (cM. m. 4, § 2, rm. I).
Yumuomaa  (14.15) ma (n_—;mf HepemumeM  ero



15. ExuncTBennocTh penennsa OCHOBHO#M Kpaesoit samazm 135

B BHJE

uo(r, hy) d2 = fuo (r, by dQ.
Q Q

dT0 paBeHCTBO O3HAYaeT, ITO cpefgnme (PYHKIUM [IA U He
MeHAIOTCA B Qs UpPH HUSMEHGHHWN paguyca yCPeTHCHHS
h (h<<0) u moatomy B 2 u paBHa cBoeil cpefHel QyHKIUH.
Tax kax cpeguue (PYyHKIMM HMEIOT HEIpePbIBHEIG HPOM3BOJ-
HBle JI060oro mopsAfKa, TO 3T0 Ke BepHO U Aias U. Beumy
OPOM3BOILHOCTH § 3aKIKTaeM, 9T0 U MMeeT HelpePHBHBIC
OpOusBOfHbIE B JMi06Goit Touke Q mpm n>2, Ciaydait n=2
paccMaTpPUBAETCH AHAJOTHIHO,

ITyets & uMeeT HempephIBHBIE TTPOM3BOJHLIE [0 M-TO0 1MO-
panka B Q M paBHA HYIIO BHE HEKOTOpoii 0bJNacTH, MEIUKOM
aesxameit 8 Q. [na raxoit dymwun § umeer mecro (14.13),

Tak Kak, odemmpgHo, Ee WY {0}. Unrterpupys mo dacTam

B (14.13), naiimem f&AmudQ =0, oTKyAa BBHAY IPOM3BONL-
Q

moctu E cuemyer, uro A™u= 0. Mu pgoxkasamm, UITO U €CTh

pemenue ypasueHus (14.1) mpum yemosmax (14.6). Bymem

HasLIBATL PACCMOTPEHNYIO 3ajady OCHOBHOII Kpaesoil 3ama-

yeil A IOJMIapMOHMIECKOr0 YPABHEHHUA,

15. EnuscTBeHHOCTD peLICHUS
OCHOBHOM Kpaenoil Bagaum
AJA NOJAraPMOHMYECKOT0 YDARHEHUS

1. Iocranoska 3amagu.

Tcopema. Pewenue ¢ W™ ocnosnoti kpaesoii sadayu
(14.1), (14.6) eduncreenno.

HorazarenscTBo. Ecau pgonyerurs, 4ro B wi™ cy-
MIeCTBYeT CIe OfHO pemenne w ypasuemua (14.1) upm ye-
nosusix (14.6), to Mer pgomwxmEsr mMers D(w)>d, Tak Kax
B TIPOTHUBHOM CJIyYae MOHAHO OBLIO OBl 06pasoBaTh MUHIMHU-
BUPYOINYI0 TOCHEI0BATENLHOCTh, B KOTOPON W BCTPEUAINCH
On mOj KAKIMI yrofHo GompmuMr momepamu. V3 cxomumo-
CTM 3TOIl TIOCIEfOBATEILHOCTH MBI HPHMILIH ObI K BHIBOJY:
u = w. Jloxamem, 9ro g Beskoro pemenus w e W™ ypas-
genua (14.1) npm ycunosmax (14.6) meBosmokHO HEpa-
BEHCTRO

D(w)>d. (15.1)
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Ilyets &< W™ {0} u nycrs & BEyTpH Q HMeeT HempeprrB-
HE® DPOU3BOJHEIE JI0 M-T0 MOPAMKA.
Ecau Mu goxasxem, uTo

D(w, £)=0, (15.2)

TO, NOBTOPAA OYKBAILHO COOTBETCTBYIOIME DACCY:KIEHMS M3
JOKAa3aTeNbCTBA OJMHCTBOHHOCTH 3afadnm [(mpuxjie, mpupeMm
K HOPaBeHCTBY

D(u)>d,

gr0 nporuBopednt (14.12). IlosToMy Auns HoxasaTenbCcTBa
HeBo3MoskHOCTH (15.1) M ycramoBIeHMS eIMHCTBOHHOCTH
OCHOBHOI KpaeBoil 3afaud JOCTaTOYHO AoKa3zaTh (15.2).

2. Jlemma. ITogoGHO TOMY KaK MBI MOCTyDANH IpH JOKa-
3aTENLCTBe OJMHCTBOHHOCTH 3afadn [[upuxme, BBefieM B Q
dyaxrmuo

1 B Qﬂhv
]Ir2h = {0
BHE Qyp,
rme h>0.
O6pasyem cpepaon dyaxouio fig ¥, ¢ moMompo sapa

#W(—;{) Aty cpemmioio (ymxnumio obosHauuM Y Ode-

BHJIHO, 9T0 Y, MMEET IpPOM3BOLHEIE JI0GOro mopafaxa m ¥ =1

B Qu, mymo BHe Q u Beioay |yl < 1. Kpome roro, merpyn-
HO yCTaHOBATH, UTO"

a*xy,
a

[2
1 n
oz,t... 9z,

A
=5 (15.3)

Oynxnus £y, uMeeT HENpPOPHBHE® NPOU3BOJHE® [0 M-TO
nopsifka B Q, paBHa Hym0 BHe (2, coBmamaer ¢ § B Q.
JloxaskeM clI@[yIOIIYI0 OCHOBHYIO JIGMMY.

Nemma. Jas randoive W™ moxno ykasars raryio
nocaedogareavrocrv {h,} (h, > 0), uro

D (v, &) = lim D (v, §xn, )- (15.4)
HoxaszatenbcTso. JJerko BUgeTs, UTo

D(U, g—' EXh) =

=j.2 alm'al( o 6m(§—gx”))d9=
a b A n

[+7 27 . 22
1 n 1 n
0wyt o, 07y Bz, ... 0%,
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- y Za'ml ™ am (E gxh)dQ

Q-—-Qqp “ 5-’51 -.5a" 6:4: .._6a:

™o ™t
‘Y 2 @ l ” o gat B -

coe 0l
a-Qgp oz, l... 07,

ml Bmv R
— _Y zall ees Ol az(:l,., "’:Zn 2051‘..5,,><

Q—Qgp

-k k
x am ™Y
3Ir1}1 XK 6$E‘n

rae Cﬁ .8, — TIOCTOSTHHEI®,

aQ

6zc:1 B .. ox zgh Bn

Hpn 2 —~ 0 mepBHlif WHTerpall CTPOMHTCH K HYJIIO, TaK

xak v n t= Wi n m(Q — Q) — 0. Hna JIOKa3aTeILCTBA

(15.4) mocraToumo poKa3aTh, UYTO BTOPOl WHTErpajl CTpe-
MHATCA K HYIIO.

Jlasg sToro JocTaTodHO JAOKA3aTh, 4TO

Jk (h) = @ oy :m—kg B X
g 0z .., BT 021 ... day®
) d9|—>0 (h —~0)
31 l—ﬁl .. 61:11—5“
(k=1,2, ... m)

(masi k=0 ouesmmmo, aro Jo(k)—0, Tar xax v, £ e W™
7yl < 1) Benepcrsme (15.3) mmeem

W) <5 a 5 e <
Qh_gsh 3$1 s 3 3 1 “ee 3a:n
A am 2 1/2
< WP 5‘ % - %n dQ X
Q=g oz, 1 ... 9z,
6m—h§ 2 1/2
X 5. T dQ . (15.5)
Qpiagy | 9%y o 02y

OGosrawmm hy = 1/3* (u=1, 2, ...). Torna

2 5(8-5,) 40

hy
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u Tax Kak ve WS, To pax

2

aQ

oo
N a™v
x.

o
1 n
axl NN/

u=1ig ,—-q ,
hu ahu

cxopsmmiica. Ilosromy maiierca 6ecxomednas mOCIe0Ba-
TeILHOCTL WIEHOB 3TOT0 PAfa, MEHBIINX coo'rBeTcTBonnmx

TIEHOB 3aBEJJOMO pacxojameroca paja z H lnp

Unavwe romops, mis GeckoHewHOI nocnenona'rem,ﬂocm
7
{u,) mveem, oGosmauan hy, = hy,

™ 2 1
I
o o == 1
Qn,~Qgp, | 071" - 02" B 200 By
. In3 < K
~|Ink,|-(n[lnk |—InIn3] = |Ink |- In|Ink, |~

Ecan moxasarts, 4To

J

Q,—Qgp

gm—hg 2 ok
S| d< B IR (15.7)
n

(k=1,2,...,m),

10, oueBHHO, Oynem umers uz (13.5) u (15.6)

Jh (hr) <

BR?F — _AVBK
hh‘/“nh [‘In[Inh,| V [ 1n | V1n|lnh|

CnenoBarensuo, J,(%,)—> 0 mpu r—> o, gem Oymer moKa-
3ano (15.4).

Takum obpasom, mis moxasarensctsa (15.4) u ocHoBmoit
IeMMBI OCTaTOYHO Hokasath (15.7).

3. Crpyxrypa obmacéreit 2, — Q.. 3aitmemcs Goxee ne-
TJILHHIM H3YIGHUEM CTPYKTYpHl obnacreit Qn— Qu. Paszo-
Obem BCIO TpaHHMIly obmactm HA KOHETHO® THCIO TIAKHX
KYCKOB PasIMuHBIX M3MepeHHit Sn—s K THCIY DTHX KYCKOB
OpPUCOE/MHUM BCe IPAHMIIEI MEXRAY JABYMS IIafJKHMU KycKa-
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MU ORMHAKOBOH pasMepHOCTM u Bce 0CoOnIe MHOroo6pasms
THIA KOHUYECKHX TOYEK Wiu KOHWYecKuX Junuil. I'pamumm
MRy KycKamMm pasMmepHocre#t [ 6ymyr, Boobme roBops,
uMerh pasmepuocts [ — 1. Hampumep, eciu obaacts Q ecTn

* £ 3
Ry6, To mBoroobpasua S, GYRXYyT Bce rpamu Ky6a, S; — Bce
*
ero pe6pa m MmHOroo6pasus S, — BCe ero BepmuHH. Ecim
oblacrts ecTh HOpaAMOM KpYyroBsoill KoHYC, TO HaM Ipumercd
*
paccMoTpeTs Ba MHOrooGpasma S; — GOKOBYI0 MOBEPXHOCTH
* *
m ocHoBaHHe, S, — TPaHUIY OCHOBaHUA M Sy — BEPLIAHY
BTOTO KOHYcCA.
ITocrpoum pmua kasxmoro ua, oTuX MHoroobpasmii obmacTs
*
(Qr — Q3n)n—s, cocTOAmYI W3 TeX TodeK obmacTm Q, Ko-
*
TOpLIe OTCTOAT OT MHOroo6pasus Sp—s HaA paccTosHwe,
Mensuiee 3k, Ho Goxpuiee k. Ob6macTs Qi — Qi DOKpHBaeTCH
.. " )
cymmoii obmacreit (Qn — Q3n)n—s-
v *
BrirenuM Temepsr us Rampmolt obmactu  (Qn — Q3n)n—s
%%
mexoropyio ee dactb (Qn —Qan)n—s, KoTOpasm mpu mOMo-
IO HEeBLIPOKEHHOTO IMpeobpaso-
BaHVA KOODJZWHAT C HEMpPephIB-
HBHMU OrpaHWYCHHBIMY MPOU3BOJ- 7
HBEIME MoO’KeT OBITL HepeBejleHA

B HEKOTODHIYI MWIUHpP pajuyca Z T
h, «ocs» KoTOporo ecth rumep- 2
IJIOCKOCThL pasMepHocTd N — S, U 77 %%
mpefgcrasiser co0oit ob6pas MHO-

*
roobpasus Sn—s, IpuIeM crenaeM Pnc. 6

aT0 TaK, 4ro6m obmactu (Qn —
**x
— Qp)n—s TPOROMKAIN MOKPHIBATL BCIO 061acTh ) — Q.

Harnamaoiit gepre (puc. 6) moxasnBaeT, KaKuM OMK-
HO OBITL 3T0 pasbuenue, ecium 061acTh Q €CTL HEBHILYKJIBIN
mecTuyronsHEK. 3ech obnactu (Qn — Qan)mes MOKa3aHH
I TPUXOBKOIA.

Ilas Toro 4ToGH YCTAHOBUTHL cHmpaBexIuBOCTL (15.7),
JIOCTATOUMHO YCTAHOBHTL 3TO HEPABGHCTBO IS KXol u3
obnacreit (Qp — Qgn) e s

ITpoBofA COOTBETCTBYIOMYIO ONEHKY, MEL MOMEM ¢ Ca-
MOro Hadalia IPE/ION0KUTH, 9T0 BCE MHOT00GPasua Sn—s
CYTh TOUKM IJIM KYCKY TUHEPIIOCKOCTH COOTBETCTBYIOIIETO
qucia usmepenmii, OUeBUIHO, K 3TOMY BCErja MOKIO cBe-
CTH 3a/[auy 3aMEHOU KOOp/MHAT.
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-
ByneM cumTtaTh cmawana, 9To MHOroo6pasme Sp—s ecTh

061aCTh B THHEPIIOCKOCTH I, =...=2,=0. B cnny mpen-
HONOMEHUA 0 MmpOCTOoTe rpammusr S, ofmumit ciyuail cBojmT-
ca K 3TOMy. B mpocTpaHCTBE (21, X2, «ivy Tay Totty oovy Tn)

BBe/leM NUIMHAPHNYECKHe HKOOPAWHATHEI C
*
£0CBI0» Sp_s, T. e. MONOMHEM

|
ﬁ|p” I, = P COS @y,
?H ; = p s5in @, COS s,
3 I Z; = p sin @, sin @, cos @,
skl |
S | e e .
| L Zs—y =P SINQ, SINQ; ... SN QPs_2 COS Pyy,
-

&

- Zs=psing, sing,...sinQ,—, sin @,—4,
71/

\_K x‘-H = xs-}-h

Puc. 7 res et
Tp = Zn.

Torga MuOroo6pasme z,=...=z, =0 mepeiifer B MHOro00-
pasme p =0 (pmc. 7).

lorasatenscTBa 1A o6Gnactedl, crpeMAmMEXCA K S
B CIydae § 4EeTHOT0 W HEYETHOT0 HECKOJLKO PasimIHbl. Msr
6y/lieM BeCTH [[OKA3ATEILCTBO OJIHOBPEMEHHO, YHKAsHBadg pas-
Ipdne B HEOOXOMMMEBIX CIyUAAX.

Ilyets s =2t wnm s =2t+ 1. Torma maM mpugeTcsa pac-
CMOTpeTh -0TAeNbHO ciayuait I, korma k=1, 2, ..., &, 1. e.
OIEHHTH HHTErpa (15.7) pmia mpomaBOAHBIX, 3HAYEHHMA KO-
TOpHIX HA Sp—s HE OmpeyieIe bl (cM o. 1, § 14), pacemor-
pets otaenbro caydaii II, xornpa k¥ =1t + 1 u, maromen, cay-
gait III: k=t+2, ..., m, 1. e. cayuail, Korja IpPOH3BOJ-
HEIE, CTOAINME IO 3HAKOM mHTerpana B (15.7), ompepene-
HE Ha Sp—s.

4. JokazaTenbCTBO JeMMbl A K < [—;] UccnenyeMm cua-

gasa cayqait I k=1, 2, ..., t. O6ozmaunm
m-—h
gp!@v‘z‘
20, 90 7) = gD,
zy ... Oz,
rme k=1, .., t, i=1, .., s—1, j=s+1, ..., n Iyets

po=>0 mexoTopoe umcnmo. Bygem cumratr 0<p<p, Tax
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Kak § HMMceT HempephiBHBIE NPOM3BOJNHbIE 10 IOPANKA M,
1o Z WMeeT TaKoBLe N0 IOpAAKa k& BCIOmy, KpoMe MHOrO-
o6pasua p=0.

Ilostomy, npuMmenas d)opMyny Teiinopa, HalimeM

P 0Z
Z(p, 91, x3) =Z (py, 91, T3) +  lo —l— ves +
(e —py* ! ah—lz S (p— pl)" '
O6o3nauum
12
VZ(p, o1, 2\ \e, s = [ { \zpdegy, ... dxn‘ .
p=const
@;=const

Torpa pasencrso (15.8) maer

“Z (p, Di x]) “12 n—a\ “Z (pOa P1s j) “%,2‘.,1__5 +

ah—‘lz 2
—1
9p,

(o — pNn oz, e
(“)2 apo an.n—a o (G 1)!]2

(o= o) gtz
1
+ S =0l Widpl dspy ... dznp. (15.9)

+

Lon—s

2

=const | p,
—const

Vuuomaz (15.9) Ha p*~'do W HHTCIpHPYA HO eNUHHIHON

cepe ©, ToNydInM, o6oanaqaﬂ (n—1)-MepHoe MmHOro0Gpa-
sme p= const =+ 0 gepes Sy,

S|Zl2dS cl | ‘lepdsp
Sp
e SRS

( _ O)Zh—
+ [k — ) f

Sp

"1z
% ’3“‘\ dSp"} i
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b k-1 2
_ p—p a*z
+ Cj‘ps ld(l) jl ﬁ-a—— dpl d.’L‘s_}.l P dl'n.
o p=const Py p
@;=const

(15.10)

Tak xak E=W™, 1o ma ocHoBaHHm TeopeM BJIOKEHHA BCe
opomsBofHsie & mo mopamka m — 1 npmmamnexar Lp .-y,
7 Bea (urypEas ckoGka mpaBoit wactm (15.10) omemmBaer-
¢ depes

At ||;,<m)

Paccmorpam mocinennee ciaraemoe mpasoit actm (15.10).
Cuuras p < p,, Toxyamm

2
. 0 — p 1
Xp do j‘ j‘gp—) dpy | deyy ... dz, <<
[]

p=const | p (k=11 % h
@;=const 0
2h—
<o fan [ e,
p=const p [(k— 1)']‘2 ps—l 01
l171——t>0nst
pO
*rZ P
XJ g—h i ldpldxs+1 o dxn =
o
— akz
= j j j 1 dp,dzsyy ... dzalX
p=const p
@ ;=const
! 2kh—2
(e - Z |?

[—-(k_i);]zps_l do, = p*~* j” =1 dex
e ! p<Zadepd
[ 0,

(P—py) B2 s 1 f(p_p )2h_2

L VR 2 VLIS VAR S0
b[(k 1)”2 1 001 < “§" J ot b1

(15. 11)
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Py 2h—2
Onenum &Ld . _
i = py. JIna ororo momoxuM p; = pz,
o 1
Py = pY; TOTHA
pO Y
(°— p1)2h-2 ‘o2 (| _ g)2k—2
j T =) e P do=
1) 1

Z.

Y

sh—s—1 | 1—1)2k_2
—p §—( D
Eenu 2k <'s, To mHETerpas CXofuTCsa mpm Yy — o (T. . IpH
p--0). Eciu 2k=s, To uHTerpan pacrer xax lny, T. e.
xak |Inp|. Cumenosatensmo, ecim 2k<s, To mMeeM wu3
(15.10) = (15.11)

§|Z|2dS 0T 1B Lyem [C1 + Co0™ 7 Imp].
D

Hurerpupysa mo p or Ak mo Bh, nonydanm
§12Pa@<Il, ool K+ K% | In | ]<K M In .

Q4n—2Bn

TaxkuM o6pasoM, mepasenctBo (15.7) morasamo mia k=
=1,..,t (s=2t mma s=2t+1).

5. JlokasareancTBo deMmbl qaa k = {%] + 1. Ilepeiijiem

K moxasatensctBy (15.7) gma caygas II: k=t+1. B stom
clyuae M ys;Ke 3HaeM, 4TO CTOAMAA IO HHTErpajoM IIpo-
M3BOJHAH CTPEMUTCA K HyMO Ha rpanume. Opmako Te oneH-
KM, KOTOphie Myl IpoBejim Bhimme B § 11, oxasnBaloTca me-
MOCTATOUHLIMU, W Mbl fajfuM He6OJpINOe HX YCHIEHHE.
PaccMoTpuM meroropyio ofiacTs 2, B T'HIEpPIIOCKOCTH
x,=const, ..., £, =const u 0603HATUM PACCTOAHHA OT TO-

2 —_
wok 2, =...=2,=0 n (Az,,...,Az) (D A2t =|AP)
9TOl TMIIEPIIOCKOCTH A JI000il TOYKH 3TON Ke TuUIIePILIO-
CKOCTU Yepe3 I U I'y COOTBETCTBEHHO.

am—t-—]E

0O603HauuM ——a =0 (g, vy @5y Loty e oy Tn).
, dx,t ... oz,
IIpoussogusie t+ 1 mopagka mo 2, %z, ..., Tn OT @ CYTh



144 T I1. Bapuamuoumsie METONH B MaTeMaTHiecKoil (usuue

npomssofgakie m-ro uopsagxa ot E. lloastomy, npmMmersas
dopmyay (7.12) nna omenkm

O(Azy, ..y AZy, Tagty ey Ta)—@(0, ..., 0, Zugyy .oy Z4)=
= @(AP, 2)— (0, ),
(11.14),

Y ()T -2

stls—-tl
1

HafmeM TaK ;Ke, KaK IIpA BBIBOJIE

lm(AP,x,->—(p(o,x,->|<|AP|{A

B,

m 1/2
0
x X *7.ﬁ—§ornd93+3(flcpl"d9s) ]<
Eai=m 6x1 N 2
— 1/2
<8B4 (| 3 | laa) x
Q4 Ba;=m oz, ... dz," :

(r_l__r )23 at—a 1/2 4 1/2
><( r282t2'—23—-—tzd9) +BU|¢|2dQs) ]
\ s i Qg

PaceMotpum cnyuaii s = 2t. Torna, mpofensBasg mpeoGpaso-
BaHHA, BeTpeuaBmmeca pamee B § 11 rmaser I, momyumm

(r + r1)23—2t—4 Q. = (r+ rl)at_4 . <
r2(s—t—1)ri(8—t—1) s rz(t—nrf(t—n 8 3=

s Qs

3 (e +p,)** b dp
<|AP| j) p2t—2;%t—2 Q. <O+ Cy ry
p<R/IAP|

=Cy+Cy|In|AP||.
Torxa m3 (15.11) maitgem

|(p(AP1xJ)'—(P(O=xJ)|2<
<|AYJ|2{[K1+K2|1n|A13|u><

xSE

24 Zo;=m

611 ..an~

dQ, + K, 5|<p|ﬂdsz]
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Harerpapysa mo Sp—s (%, = ... = 2, = 0), moayamm
§ 10@P, ) — 00, ) [ a2, <|AP lz[rKI +
L 3

s‘n—l

+K2|1n|AP|n§ RE

a—-m

<|APP{(K; + Ky |1n| 4P| u§||w<2m> S AT TS
< Ky|El,m |APP|In|AP|]. (15.12)

dTa omeHKa TOYHee dgeM Ta, KOTOpPaA HEIOCPEeICTBEHHO
cuefiyer u3 Jopmyasr (11.15), Tak Kak, npmMeHds ee, MEH

monyumnn 661 B (15.12) |API*-* BMecro |ln|AP|| |ADI2,

Ilpn BeiBome (15.12) 6bI0 WCIOAB30BAHO TO 0GCTOATENB-
CTBO, UTO

flopaa=|-2

BocnonbsoBasmmcs rem, ato @ (0, 2;)=0 (8 cMsicne L, n-.),
mepenumiem (15.12) B Bupe

am—-t—!g 2
a——u" dxs+1 aee d.’L‘n <
axll ce. 0z

am—t lg 2

<N{El, -

¥y =Ax,
Kg=AXxgy

< K31El, m AP P|In|AP||. (15.13)

Beonsa DUTAHPAIECKHe KOOPAMHATHL ¢ OCHIO S.-., 3aMeHsd

B (15.13) |AP| ma p, ymuOKaA Ha p**~'do m mETErpEpYA IO
enmangHOi cepe , nouyan

am— t— lg
o oy
8z .1..,dr,

dSp < K|t "ng)pztﬂ |lnp|. (15.14)
Sp

Hurerpupys no p or Ak no Bh, naiinem
am—t—lg

2
ﬁ\ ngKhzt-’-zllnhl. (1515)
Qqp—apy | 951" ++ 2 0%

10 ¢, i1, CoGoaes
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Agmanormunble paccysRpeHnsa mia caydas s = 2t +1 pgawor
omeury (15.14) c¢ mpasoit wTacTb mopAnka PYt' mw gua
(15.15) c¢ mpasoii wacrpio mopanxa A*'*?, Taxmm ofpasom,
(15.7) muna k=1t -+ 1 poraszauo.

6. {orazaTeabCTBO JIEMMHBL [JIfi [ z]"' 2Lk<m. Ile-

peiimem ¥ poxazatennctsy (15.7) mna caywam III; k=
=t+2, ... m. Ilonaraem

™ RE(p, @, 25
Z(p, @;, ;) = —a—(—l—anj)

axll eo. 0z,

Z(p, @i, ;) MMeeT HempephiBHLIE NMPOM3BOJHEIE 70 k-ro mo-
panra (k>t+1) mo Bcem aprymentam BCONY, KpOME MHO-
roo6pazua p=0. Ilpnmenaa dopmyny Teiinopa, Haiimem

—0,/07
Z (p, @3, x3) = Z (p,, fpl,x,)+ T "(ap)pzp + ...+
(1)

p —1
N p_po)h —1=2 [ pg 2Z) N s-(p_pl)k t—2 a"—t_1zd)
(k—1t—=2)1 \gph—t-2/,_, J h—t—2) 0p'l‘_t—1 P1.

0
(15.16)
Uz dopmyan (15.16) momyanm
Z (py D3, xj) “Lz,n—s <
e —p,||(0z
<“Z (pOa Qi xj) “Lz,n—s + TO—I (a_p‘ 0

|k—t-—2

F e

=04 ||L2,n—s

( 6k—t—2z)
20052 o,

2 1/2

[P — 0
Sy

+

Lyn—s

0 h—t—2
p—p gh—1=1
+ j‘ ‘ ( 1) Z

(k—- 7 — 2)! ap;;_t_l dp]_ d.’l)s+1 .. -dxn .

n—s | Po
B cmay rpammummix ycmosmit nua § (§ m Bce ee NpomsBOfA-

Hele No (m—t-—1)-ro mopAfKa paBHH HYJI0 B CMEICIe
L;, .~ Ha MHOrootpasmm p=_0), Opm npefenrHOM Iepexofe
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Po = 0, nonyaum

1Z (o, @1 23) 12, oy <

2
(p_p k t— Zak t_IZ
S‘ [j‘ (k—t—2)! aph~ i— 1dp1 AZeyy ... dap <
%
az, |
0

ah—t—lz 2 ot
<4 Y U T dpl}dxm--- 2 | (p—p,) ¥ dp, =
* 0 1
Sp—s
0 h—t—1
=A1P2h—2t_35 5‘ g.FZ dTeyy ... dz, |dp,. (15.17)
»

0
n-—s

PaccmorpuM cayuail s = 2f. YMuomxasa (15.47) ma p*~'do
U UHTErpUpyA IO equHUYHOU cdepe ©, HOTYIEM

(120, 01, 2) 12 dS, <

Sp
4 m—t—1 2
ah—a (1 AN amTrimE
<40 S i1 d «, - dSplde
o'l 8 Boy=m—i—1]| 9%y e 02y
OTKy/na, MpuHEMAasa Bo samMamme (15.14), mafimem
5 2 2h—4 2t+1 , In 0y l
| Z (0, @1, 23) [P dSp < A | &I cmyp Jﬂ—T dp, =
8p 2 0 f1

[y
= A5 12 g™ [ | Inpy | dpy <A™ Inp|
0

Warerpupysa no p ot Ak go Bh, maiinem
[ 1zrae<an®™|mn).
Ah—RBn

B cayuae p=2f+1 npasas wacts momydaeTcA mopsaaxa k.
Takum o6pasoMm, (15.7) porasamo pgna Bcex k=1, ..., m.

10*
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Orciofja cpasy BBEITEKaeT CIPABEAAMBOCTh OCHOBHOM JeM-
Mol ¥).

U3 neMMm oueBMgHEIM C€I0CO60M BHIBOJHTCH DPaBEHCTBO
(15.2). B camom pgene, gia mo6oit PyHKOHH W, yOOBIETBO-
paomeii  ypapHeEmo A"w =0, mnMeem D(w, Eyx) =0.
Ilepexoma x mpemeny, mokameM (15.2), a ¢ HAM 1 Teopemy
©/IUHCTBEHHOCTH.

7. 3ameuanue o mocTamoBKe Kpaesbix ycaopmii. HaszoBem
$ymrnmo & pyrrunmeir mz W™ (0), ecam oma ABuseTcs mpe-
peroMm B Wy dymrunmit, ofpamaomuxcs B Hym» B IpHTpa-
HuuHOH Tonoce. Ecim pmamm Hekotophle GyHEumE u m 1,
OpHuHaIeKalae W™, 10 M 6yaeM TOBOPHTH, 9TO U COBIA-

m
JaeT HA rpaHmne ob6mactu ¢ P B CMbICIe W™ (0), ecnm u —
(m)
— b= W™ (0).

B papge paGorT mo BapuWanMOHHBIM METOHAM paccMaTpH-
Ballach 3ajlauia 06 OTBICKaHWMH (JYyHKDHHM, NaIomeil DRCTpeMyM
dyuknuoranry D(u) (mna caydas m=1) m coBmagaromei
Ha TpaHHme ¢ 3ajjaugoit yHKuueil ¢ B CMEICITE wm (0).
Takaa samaga, 04YeBUAHO, WMeeT EJIMHCTBEHHOE peLIeHHE,
B deM Jerxko yOemamThca HemocpepctBenno. Opmako Ges Ha-
Iero WCCIeNOBAHMA HEACHO OHLI0, KAKOBH OYAYT HCTHHHELE
rpan?qiqme YCIOBUA [JIA pemIeHma, Y KOTOporo U — Y&

m
eW:;" 0) ().

16. 3agaua o cofeTBeHHBIX 3HAYEHHHAX

1. Beepenue. ITycts Q — orpammaennag obnacrh n-mep-
TTOTO TPOCTPAHCTBA C JOCTATOYHO IJafKoil rpammueil S.
3afiaga 0 COGCTBEHHHX 3HAYEHUAX ypasHEHHsA

Autin=0 B Q (16.1)

IpH ycaoBuAX Ha rpaamme S
ou
W]s —hu [S —~0 (v— Bmemnss mopmams),  (16.2)

rfe h — HenpepnBHAA Ha S (QyHKnUA, 3aKI0YaEeTCA B OIpe-
NleJleHNH BCex B3HAUYEHMI A, Ipm KoTophix ypaBHeHme (16.1)

*) 3pmech, KAk W UPHW AOKATATEABCTBC JeMMLI 3 i, 4, § 12, mox-
Ho W30aBUTLCA OT TPe(OBANNA HENPEPHIBIOCTH TNPOW3BOTHMX OT §
o mopafxa m, [IIs OTOr0 HY/KHO JUNTb OCYIECTBITH INpPefeNbHLII
nepexofi of cpeannx GyHrmuit B gopmynax (15.9), (1542), (15.17).
OcTanbHO® JOKA3aTeNLCTBO HPOXOJUT Oed M3MEHEHMNI,
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mpu ycnosum (16.2) mMeer memynesoe pewenme. Mur 6ymem
MOJIb30BATBECA TEM, YTO CYIIECTBYIOT TAaKWe HeIpephIBHO Aud-
depennupyeMuie ynKIUR a;, OTpAHAYEHHEIE, ¢ OTpaHMYEHHEI-

MM OPOM3BONHEIMH B 3aMKHYTO#l o6dacrm 2 + S(l a;| <M,

oz

<M,M = const), qT0

S

] h]< a; IS Ccos ay, (163)
i=1

rme o;— yron Mempay v #m oceo Oz, Tar xax S — gocra-
TOYHO IIafKkad MOBEPXHOCTh, TO MOMKHO IIOCTPOHMTEH JAOCTA-
rouno raajxae d¢yarnum C;, obpalaolimecsi B coSa; Ha

moBepxXHoCTH. 'Torga pjocratrodno B3ATh a; = M,C;, rhe
M,=max|h|.
s

Bapmanuomsslii MeTOf I03BOJAET IIOCTPOHTH pemIeHHe
3TOH 3ajaud, HaiiTm Bce ee cobcTBeHHnle QYHKOHM ® IO-
KasaTh OpPTOHOPMAIBHOCTh W NOMHOTY B L, CHCTEMEl 3THX
¢yurnuit. HamomMuanM, 4To oproHOpManbHag cucreMa QyHK-
nnii n3 L, nmasuiBaeTcs noanoil, ecaw ¢ IOMONMBIO JHHEIHOI
KoMOuHauu stux QYHKIUH MoMHO NpHUOIHBHTHCA B HOpME
L, ¢ mo6oit TourOCTEIO K TmpousBonbHON QyErmEE u3 L,.

2. BenmoMmoratenbHBIe HepaBeHcTBa, llepexommm k pemre-

HUO 3Toil 3ajaum, PaceMoTpuM (YHKIUOHAIE B W,(,”

D) — Y é (';_:)2 o — Shvzds.
t 8

Q =1

J (V) =fﬁ (6—2)de,

@ i=1

HE) =
Q

v

2dQ =|ol},

Jlemma. Umeror mecro nepasencrea
J(w)<L D)+ L,H(v), (16.4)

ID(v)| < K.H(v)+ K.J (v), (16.5)

#0e L, L, K, K,—nexoropvie nosoxureibudble nocro-
BHNbLE,
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JNowrxasareascTso. Joxasmem (16.5). meem, nemons-
aya (16.3),

hv“dS‘<Sv“ 2 a; cos nx; dS =

YEa(“*”) dQ—2S 2

a =1
n
+f 2 dQ<M§2|v|E 22142 + MrH ().
i=1 i=1
v 0v
Toxbayacs tem, aro 2|v||~|<Kv* + ¢ K e

K > 0 — mo6oe ancsao, moayanm

v“‘dSl < MnH () + KMnH (@) + % 7 (0) =

=Mn(1+K)H @)+ % J(v)
U3 oupenenenuna D (v) u J(v) umeem

{ hvzdS\gMn(i L KVH @) +
S

+ (1 + ’llg-) J (v) = K, (v) + K,J (v),
Ki=Mn(1+K), K,=1+%,
u nepaserctro (16.5) morasamo.

C pmpyroit cropommi, u3 oupegenenna D(v) m J(v)
cleyer

J@ =D+ j‘hvzngD(v) +Mn(1+ KYHQ©) + 270),
)

otryAa J (v) (1—%)<D(U)+Mn (1+K) K (v). Buibpas K>
> 2M, nonyqanm (1—%)>-§-,
J(v)< 2D (v) + 2Mn (1 + K) H (v) = LD (v)+ L.H (v),

T. e. copasejnnBo HepaseHcTBo (16.4). JlemMa pmowasama.
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U3 (16.4) cnenyer, gaTo
1 L, L,
D@’)?z-’(” —L—IH(U)>—L—1H(U),

n nooromy, eciu H (v)=1, o D (v)= —L,/L,.
Orciofia clepyer, 94To CyIIECTBYET

inf D(@) =M\

H(v)=1

IloaToMy cymecTByeT MHUHAMHU3HPYIOIAA MOCIe]0BaTeNb-
HOCTE {Vy}:

neWd Hw)=1, %im D y) = A,

3. MuupMN3NpYOImas [OCae0BaTeAbHOCTh N ypaBHEHHE
B Bapmanmax.

Teopema. Cyyecrsyer Pynryusu, =W maras, umo
H(u1)= 1, D(u1)=?\41.

Dynkyusa u, umeer HenpepvleHble npPou3eoduble 06020 no-
padka 6 Q u ydosaersopaer yYypasHeHnuio

Alh + 7\;1”1 =0,

Hoxasarenscrso. Ilyers {v,} — murnmMmsnpyoman
HOCTe/[0BATEIBHOCTh, IlOKaXeM, YTO IIOCIefOBaTeJILHOCTH

v ¢ orpammzema. [leficreurensro, momomms (P, v) =
2

= §vd€21 (p, 1)¥ 0, monyuuM, mpuHEAB BO BHHMAaHUE Orpa-
awaernocts D (v,), (16.4) u yenosme H (v,)=1,
[ il g0 = {0, o) + 7 @} <

<{mQH W) + L, | D () | + LH @a)}* <
< {(mQ + L,) + LIA}1/21

rage A=sup|D(vz)|. Taxkum obpasom, oOrpaHHYeHHOCTD
k

HOCIe0BATeNIbNOCTH | Uy ||W(1) porasana. M3 mommoit mempe-
2

PHIBHOCTH OmEpaTopa BIOMKEHNA ClIefyeT, 4TO0 MHOCIefoBa-
TelbHOCTs {v,) cmibHO kommaktHa B L, B Q. U3 {v,} momxk-
HO BHIIEJINTHL HONHNOCIEN0BATeNILHOCTD, cxoqamyoca B Ly, Ira
IOJIIOC/Ie/[0BATeIbHOCTh TAKMKe ABIASTCA MUHUMU3HPYIOIIE.
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CaenoBaTeabHo, CYINECTBYET MHHEMHBHPYIOMAAg MOCIeN0Ba-
TeALHOCTh, cxofgmasaca B L,. Bynem mostomy ¢ camoro
Hauaja cudMTaTh, uTo {v,) OGmamaer stEM ceoitctBom. [laiee,
lvh—wili, = # (vy —v))<e  amms romsko k, 1> N(e).
W3 ouesiinoro paseHcTBa

H(vh—;vl)=-%'H(Uk)+-%-H(vl)—H(vh_vl ),

2

tak Kak H (vp)=FH (v))=1, H (vh; ! ) <%, HOAYYAM, ITO
H(”’* o )> 1—

Oyuxquonaasi D (v) m H(v) cyts ofmopopmabie KBafpaTdHy-
Hele (QYHKUHOHANBI, ® mo3TOoMY mx ormomenue D (v)/H(v)

He MeHfAeTCA mpH 3amene v Ha cv (¢ = const # 0, H (v)=#0),
H, Cllef[0BATEAbHO,

Orciona D (v)=MH (v) pan seex ve WP m, 8 wacrmocrn,
D(”k+”’)>x (1—%), E, I>N (e).

Torma, cumran &k m ! macroanko GoabmuMH, YTO TPH DTOM
D(w)<M+e un D(v)<>\A +e, nonyunm

v, —V Tl 1 v, +v
p(27) = 1Dy + +pw) - p(2E 1)<
A+ e A+ e Ae A
<hEr AT M o143
N3 mepasemcrsa (16.4) ciemyer

0<J(vn—w)< LD(v,—v)+ L,H(v,— ),

H H03TOMY

vh'—v e
D( n )> L,

ST 0n—v) <Lpe + Lye (4 + Ay).
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Cneposatensno, D(v,—v)—~ 0, J(v,—v,))=>0, k, ] > . Ho
s — vt\\zw(zl) =@Eu—v)+JO—v)<

<mQ (v, —v)) + J (v, —vy)) =0,
1. e. vy — vy ||W(21) ~>0. Cnegosarenrno, {v,} cxomgurea B

W, n serencrsme mommornt WY cymecrsyer mpepennmas
dyuknus u, = W, rar uro

||u1—vk||W(21)—>0, k-—>00.
Kpome Toro,

| D (vs) — D ()| =

T (on) — 7 () + § B (a3 —v}) ds‘ <
‘ S
<|VIiw) =V Iw)| (Vi +VIiw) +
+ ( SS (U, — uk)zds)” i (Sj h2 (ug + vk)zdS)ll 250

mpu k — oo, Tak Kak
VT =V T@) | =|lolm—lulm|<
2 2

<lvw —uwl o0 <hvw — |y —0,
2 2

/:
[S(ul - vmds]‘ " <N s — vl =0,
S

a muomnrean VJ(v,)+VJ(u,) m s‘hz (uy + v4)*dS  orpamm-
5

wenn. Ilostomy D (vi) > D(uy), u, CieoBaTe bHO,

D(u,)=A,. (16.6)
ABanormuHo y6emaaeMesa, 9TO
H(u,)=1. (16.7)

IIycrs renepr EE w— HeroTopaa yErmusa. PaccMoTpum
QTHOLIEHIE

D(u,+pf) _ D(s)+2D(n, 5+ KD
H(uy+p8)  H(u)+ 20H (uy, B+ P HE)'
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rre

(u, &) = §26'1" Zi dQ—SlhugdS,
S
(@, ¥ =j uEdQ.
Q

Ono asngerca HempepwlsHO pugdepeHnUpyeMoit GyHKHHei
Il B HEKOTOpOH OKpecTHOCTH Toukm U = (. JTO OTHOIIEHNE
npu p =0 #mMeer MHUHHMYM, DaBHHIA A,, H Ha OCHOBAHNH
treopemsr Depma mMeeM

[D<u1+u&> © 2D (uy, B (i) — 2 (1, § D (v)
(g - 0%) ] w0  (uy))?
aro gaeT B cuny (16.6) m (16.7)
D(u,, &)= MH(m,, §)=0. (16.8)
Pasencrso (16.8) umeer mecto mia mo6oil § e Wb,

IToramemM, uTo0 u, UMeeT HempepHBHEE MPOM3BOIHKIE JI0-
00ro mOpAIKA W YAOBJICTBOPAET YPaBHEHMIO

Aui + 7\,1u1 = 0. (18.9)

[eiicTenTennHO, OycTh § €cTh PaccTOAHME HEKOTOPOH TOYKA
2
P=Q ot rpaunns S. Ionomum mua n> 2

r r
E= o) - )Xo
the hy mhy <8, P (r/h;) — PyHKRIHEA, BBCMENHAN DPanee B O. 3,

§ 12, ¢yurnma X(r) asaAercA pemeHmEM YpaBHEHHA

AX+AX =0 u npu r = 0 umeer ocoGeHHOCTL mOpPATKA I "+,
,

a ¢ynxnmga X' — mopagra r~"*'. Tar ®Kag (ﬁr:)—;xp(z)

=0’

1 .
B mape r <X - min (%, hy), T0 £ =0 B >TOM e mape. ITooTo-

My & He uMeeT ocobennocTn mpu 7 = 0 1 MMeeT HempepLIBHBIE

I[POM3BOHLIE JI000T0 HOPAJTKA. CHEJIOB&TGHLHO,EEEW(zl).
Hpome Toro, £ =0 suHe mapa r=max(h;, h), 1 Tax Kax
max(hy, hy)<<8, 10 E=0 Ha S. ITosTomy (16.8) mpmHIMAa-

€T BHUJ
ou, ot
S ( [).’l: a—- —_ hlulg) = 0.

Q
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Taxr wax \
108 _ S‘ 9°E

S‘axiaxidg =— ula—TédQ

Q Q 1

ou
(no ompejieleHnI0 0000IeHHOR TPON3BOTHON 0—1-1), TO
1

{u (A2 + 1,8) 4@ = 0. (16.10)
Q

O6o3maamm ﬁh‘) {A [ ( )X (7')] + 7»1119( )X (7')] = @ (1), rAe

¢(h) — mocrosmmag, KOTopyi0 omnpepelmm nosgmee. Oue-
BHIHO, 9T0 @.(r)=0 npm r= h. Kpome T0ro, @.(r)=0 npn
r<h/2, rax xaxk B stoM ciygae Y (r/h)=1, AX+rX=0.
CneposarensHo, @:(r) HMeeT HeOpepPHBHBIE IIPOU3BOLHEIE
JM1060T0 mOpAIKA.

Tax xax AE + M§ = c(hy) @y (r) — ¢ (hy) 0, (1), TO pa-
BeHcTBO (16.10) mpuEEMaeT mEj

¢ () | uyop (r) dQ = ¢ (hy) f wyop (1) dQ. (16.11)
Q Q

Tonorum

0 =[5 [o) o] «ns (F)ro)m

Torga Smh (r)dQ = 1.
Herpyguo moxasaTh, 4T0 CymiecTByeT OTIMIHHN OT HYIA
mpegen lime (k) =c¢,. OyErUUO ©,(r) MOKHO B3ATL B Ka-
h—0

gecTBe ycpejpHaoIero agpa. Pasemcrso (16.11) osmazaer
TOorma, 4TO Cpejnme QYHKIUH IIA u, B o0macTm (s mpH pas-
JIHIHBIX h<h6 OTINYAlTCA JUmMb MHOKHTenleM. ME mony-
c
THM Uy = cE;; . B cmny Toro, 9To u, ecth mpefes CBOMX
CpeHAX (bymumn TO U OH OTIMIAETCA JHOIL MHOMKHATEIEM
‘'oT no6oi cpenmeit ¢ymrnum, Ho mocienmas menmpepHBHO
AnddepernmpyemMa CKOIL YrOTHO pas, W, CIeN0BATEIBHO, TO
e BepHO MIa u, B oOnactd Q. Tax rax 6 npomssoabmo,
To u, OGeckoHeuHOo HempephBHO nupdepeHnEpyeMa B 000
pHyTpeHHeil Touxe 2, Ilycts Temepr £ HempephisHO mm(-
epernmpyema m obpamaeTcA B HyJbh B HEKOTOpOi morpa-
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pugHoli nomoce. Torma us (416.8) umTerpupoBamueM mo ua-
CTAM TOJYTUM

(& (Auy + Auy) 4@ =0,
Q

QTKy/[la B CHJIYy OPOU3BOJBHOCTU E cienyer, 4To
Alh +7»1u1 =0, (16.12)

n TeopeMa [oKasama mnpu n>2, Ciyuaii n=2 paccMarpu-
BaeTCs aHAIOrUIHO.

3ameuarnue Pacemorpum mociefosarenbHOCTs obmacreit {Q'},
Aexamux BEyTpu Q n crpemamuxca ¥ Q. Ilyers rpaEnmer S d1ux
obiacreit kycouno HempephneHo Auddepermupyemsl. Paserctso (16.8)
mra £ e WS npurnmaer sng

n
ou BE
.Y(i axl oz, = Ay )dg—jlhul‘é ds=0. (16.13)
Q =1

s
Ho

S(i a—:;l; % - kluIE) Q=

0 \i=1
e ou 13
. 1 0
_91,1%5 (E _Bzi dz; — xlul‘é) Q=

Qs \i=1

ou
. 1
= ‘%'1519 [—S §(Auy +Aguy)dQ + S. S v dS] =
o’ s’
= lim §—-— as.
Q-0
s’

Torpa (16.13) mpurnMaer BuJ

lim | & _1 as — fhulg as =0. (16.14%)
Q/5Q Y, S

Ecnu, kpome toro, S’— 8 B TOM CMBICAE, TTO HE TOXBKO TOUKA S’
CTPEMATCA K TOUKAM S, HO W HOPMAJAN B 3TUX TOUKAX CTPEMATCA K
COOTBETCTBYIOIIMM HOPMANAM S, TO

hu 8dS = lim | hu t dS
g lg Q'—)QSS, IE ’

ecxm cunTtath h mpeleAbHBIM 3HaueHneM Ha S Hexoropoit ¢dyHkmnm,
saflaHHOH B Q,
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Torga ycuosue (16.14) nmpumuMaeT Bnpg

1 du,
9,1319 T hu | d§ =0. (16.15)
SI

TaknM o6pasoM, u; ygoBlIerBopaeT yciaosnmio (16.2) B «crabom
CMELICICY,

Ilostomy cobereennoii dynkyueii sadauu (16.1), (16.2)
MH Oymem HaswiBaTh QyHEDUIO u(z)7 0, KOTOpasa yHIOBIETBO-
paetr ypasHeHmio (16.1) B  mpm HekOoTOpOM A ¥ rpaHMIHO-
My ycaosmio (16.2) B cmuicie coormomeHua (16.15). Yucno
A\ HasHBaeTCA COOCTEEHNbLM 3HAUEHUEM, COOTEETCTEYWULUM
cobecreennoli fynryuu u(x).

W3 mowka3aHHOIl TeopeMbI BHITEKAET CYIECTROBAHHWE C€00-
CTBEHHO} (YHKIMM u;, COOTBeTCTBYIOmell coGcTreHHOMY 3Ha-
9enuio Ay, B yKa3aUHOM CMEICTE.

Ilepexogum K OTHICKAHHWIO OCTAIHLHHIX COOCTBEHHHIX B3HA-
yeHMUit,

4. CymecTBOBaHEe CaefyloIInXx coGeTBeHERIX GYHKOU.

Tomycrum, gto yme Haimemsr (m—4) dymrnmi u; e W

n (m—1) wucea M (i=1, 2, ..., m—1) raxmx, uro
D(u, &)—MH (uy, §)=0, (16.16)
H(u)=1, H(u, wm)=0 (i+k), (16.17)

i,k=1,2 ..., m—1,

mpudem (16.16) umeer Mmecto mIA nponanonLHoﬁEEW(z”.
Mycrs ve WY yaosnersopser m — 1 yenosnam

H, u)=0 (i=1,2 ..., m—1). (16.18)

CosorynHocTs Takmx QyErmuii ve W obosnazmm
(1 1

W, )(ul, venllmy). Ouesmmmo, uro W (uy, ..., tm_i)

nIpefcTanifeT CO00K0 NNHeiiHOe MPOCTPAHCTRO, TaK KaK JMI0-

0an juHeifiHAA KOMOWHAINA ero dJeMEeHTOB CHOBA IpPHHAIe-

JKUT 3TOMY OPOCTPAHCTRY.

Tloramem, Wro 5TO HPOCTPAHCTBO BaMKHYTO. B camoMm
flelle, MyCTh MOCTENOBATEJBIOCTh U, CXORUTCA K U B WU,
T.e. |[v— 1y |{W(1)—>O. ITo reopeme BioeHHA

2
o —vale, <Clv—va |y
2 VV2

m, crefosatensHo, |v — vylr —0.
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Torpma
| H (v, u;) — H (vg, wi) j u; (v—vp)
2
1/2
<( [ uia)* ‘V[v—thdQ = |o—valz, O,
2 a,
T.e. H(v, w)=1lim H(vp, u;), 1 eciu v E W(zl) Uiy o2
h—> oo
ceriUmey), T veEWP (U, ..., Un-y). CreoBaTeIbHO,
npocrpanctso W (uy, ..., um_l) saMKmEyTO, TaK  Kar
WD (ug, U, « .., Umey) = WS, To dymrmuonan D (v) orpa-
mmuen crmsy i ve WP (uy, ..., Um—i) TaKHX, 1TO

H(v)=1. Tounyio HmkHO© rparuny D(v) ana atux v 060-
3HAIAM 9epe3 Am:

inf D () = hm. (16.19)

1
"’EW(Z )(“1'“- Um—1)
H(v)=1

Teopema. Cywecrsyer GYHKYUL Up E W (g, 4
, Um—1) ¢ H(un)=1 raxas, uro
D(um, &)— hnH (tm, E)=0 (16.20)

a8 npoussoabroli &< WL, B uacrnoeru, 048 &=1Um
(16.20) npunumaer eud

D(um)=?\4m- (16.21)

Kpome T020, U, umeer ¢ Q HenpepvigHble npouisodHble Ai0-
6020 nopadka u yodoeaereopser YpasHeHUIO

Aum + xmum = 0 (16.22)

u epanuunomy ycaoeuto (16.2) & cmbicae coornowenua
(16.15). ”

JloxasaTeanncrBo. 18 ompememeHEA TOYHONH HEIK-

Heil rpaHum CcJIeyeT, 4T0 B W(gl)(ul, ...y Um—1) HalifeTcA
MUHUMHABAPYIOMAA MOCTIEI0BATEIBHOCTD {v,):
(1 .
e W Uy, ..., tm—y), H@y) =1, limD®®) = hn.

BykBannEO MOBTOpAA [0KA3aTeNLCTBO TEOPEMBI M3 I. 3, HO-
RaskeM, 1o | vhﬂw(l) OTPaHUYEHHI M, CIE[OBATENbHO, {U,}
2

cuibHO KoMmaktHa B L. ByneM cumrats, uro caMa mociefo-
BaTeldsHOCTL {V;} cxommrea B L,. Torga anA pgocTaTouHo
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Gomrmux k, I H(v,—v;)<e u, Kak B TeopeMe u3 I. 3,

I{("h l"’l)> 1_%
g Becex ve W(zl)(ul, s lUm—y) uMeem D (v) = A H (v),
v, vy (1)
U Tak Kak —Z—EW2 (%1, .-, Um—1) OTHOBPEMEHHO C Uy
a v, TO
e
o (410 (-] 210 (1)

OTciofia, Kak B TeopeMe H3 I, 3, Haiigem, ato D (v, — 1y) > 0,
k, | > oo, u nanee

” Vp — Uy ”VV(ZI) - O, k, [ —> o0,

1. e. {v} cxomures B WP, Bemepereme mommorit WP cy
mecTBYeT mpefedbHagd QYHKIUA Upy W(zl). Tak rak v, &
eW® u,, ..., um_y) ® mpocrparctBo W (uy, ..., tm-1)
BAMKHYTO, T0 Upme WP (uy, ..., Um—1). HKpome Toro, raw
B TeopeMe M3 I. 3, AoKaskBaeM, 4T0 D (Unm)= Am, H (um)= 1.
Oyers ne W (4, ..., tm_y). PaccMoTpiM oTHOmeHHZE

D (uy+pn) D (y)+ 28D (uy, M) +-#*D (1)
H(up+00)  H (u,,)+ 20H (uy, n) +p2H ()
dro oTHOIEHWe ecTh HempephBHO auddepeHITpyeMan

(QyHKIEA B HEKOTOPOil OKDECTHOCTH TOYRH J = 0, umeomasn
mpu p =0 MUHUMYM, PaBHBRI A, (Tak Kak Um + UM €

eW® (uy, ..., ;- 1)) Orcroia mo Teopeme Depma Hafinem
D(am 7 — AnH (my, 1) =0. (16.23)

Tloxamem, uto (16. 23) nMeeT Mecto ansm Beex e WL,
I_[encTBnTenLHo nonoxum B (16.16) & = tn. Tar war un,
eW® (uy, ..., um_), 10 H(m, um)=0 (@(E=1, 2, ...
ey m—1), mw (16.16) nmpmummaer sup D (u: um)=0. Tlo-
BTOMy (16.23) mmeer mecto mia n=u, (i=1, 2, ..., m—1).
Caeposatenvro, (16.23) mveer mecro ansa moboit ammeiiHoil
KoMOuHanun QyHrnmi u; u N Wi (Ugy ooey Um—1).

Myers Ee= WP — npousBonbHag ¢yHKUA. Torma GyHEK-
nus

m—1

n= g - 2 uiH (ui7 E) = W(Zl) (uh eeey um—1)9

1=1
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m—1

UTO HEeTPYAHO mpoBeputh. Ilosatomy & =1 + iz, wilH (ui, B),
=1

T. €. Ipou3BONbHAA QyHKOUA § & W ects muneitnas xoM-
6umanma u 1 N WP (uy, ..., Um—y). BHaumt, (16.23)
HMeeT MecTo i E, T. e. oKazaHa cupaBejuueocTh (16.20).

JlokazaTelrbCcTBO TOTO, UTO U, HMeeT B ) HempepLIBHEIE
Tipon3BofHEIe JI0Goro mopAnka u yaomiaersopsaer (16.22),
eCTh GyKBAJbHOE IOBTOpPEHME COOTBETCTBYIOINEIl JacTH JOKa-
3aTeNLCTBA TEOpPEeMbl M3 II. 3.

OTHOCUTENLHO TOTO, B KAKOM CMbICIe QYHKOUMA U, yIOB-
JEeTBOPAIT TrpaHmYHOMY ycmoBmio (16.2), mommo cpmematb
TO e 3aMevaHye, YTO M A QYHKOUU U, B TeopeMme us3 . 3.

5. BecxoHedHaa IOCIE[(0BATEILHOCTL COOCTBeHHBIX 3HA-
geHuit.

Teopema 1. Cywyecreyer neybolearouan 6eckoreunas
nocaedosareavhocts uuces {hn} U nociedosaresbHOCTs CO-
0T8ETCTEYIOWUL UM CKOAbL Y200HO pa3 nenpepbléno Ougge-
peryupyemviz ¢ Q gynryui {u,} raxuzx, uro

Aum + A‘mum == 0, H(u;, u,-) = 6{5, D (u,-, u,-) = 6,','}»,', (16.24)

20e 8;; — cumeon Kpouerepa.

Kaocoan gynryua u, ydoesersopser 2panUiHOMY YCa0-
suio (16.2) e cmeicae pasencrea (16.15).

JoxasateanbcTBO. TeopeMa m3 m. 3 yTBepkKjaeT
CYLUeCTBOBaHUE qucia A; U (PYHKOWU U, TAKUX, UTO

Au,+Au, =0, H(uw)=1, D(u)=Mx.
PaccmoTrpuM mopmpocTpaHCTBO W(zl) (uy). Ilo Teopeme u3 m.5
CYIUECTBYIOT YUCIO A, U (PYHKOUA U, TAKHE, 4TO

Auy + hotie =0, _H(u.)=1, H(uy, u.)=0,
D(uy)=Mx,, D(uy,u,)=0.
Taxum o6pasom, As, us U As, U, yHOBAETBOpAIOT (16.24) mpnm
i, j=1, 2. Tax xax W (u;) = W, 10
inf DW= inf D), H@=1.

vEW(ZI)(ul) UEW21

dto osmauaer, UTO A, == A:. PaccMaTpuBag moJmpoCTpPaHCTBO
1 - o
WP (u,, u,) u mombaysach TeopeMoii m3 I. 5, HaiineM A; U us.

Ilonpsysace TeopeMoil m3 m. 5, 3TOT mpomecc mONyYeHHd YHU-
cer A m (QYHRBUA #; mpojoikaeM HeorpaHmuyeHEHO. Ilpm
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atoM momyuaeM  Am=infD () (b e WP (uy, ..., umy),
H(@v)=1). Tax xak W(uy, ..., tm_) D WL (uy, ..., um)
(q)ynmmﬂ v, OpaHagJIesKaIas ng) (yy «.., Um—1), yHOBIET-
Bopsier m — 1 yciosmam, B 1o BpeMa kax VEWY (uy, . . ., Um)
ynosiersopser eime opnHomMy yciosuo H (v, u.)=0), TO

Am < Amy. Bumommenme ycunosmii (16.24) cmepyeT m3 Teo-
peMel u3 m. 5.

Tar xax H(w, u;)=08; T0 mnocrenoBatenbrOCTs {i,)
ofpasyeT OpPTOTOHAJNBIYI0O ¥ HOPMHPOBAHHYI  CHCTEMY
byHrKOUii.

Teopema 2. Jlua nocaedosareavnoctu cobcT8eHHbLL
snauenuit {Anm}

lim A, = + oo.

m—>co

JNNoxasateanbcTBO. JleiicTBUTeNBHO, A, OTPAaHUYEHBI
cHm3y u He y6HBaIoT. JlomycTuM, 4TO A, He CTPEMATCA K oo,
Torpma An orpaHEYeHbI:

Al <4 (m=1,2,...).
W3 (16.24) cuenyer, aro
ID(un)| <A, H(un)=1 (m=1,2..).
Ha ocnosanuu nepasenctBa (16.4) umeem
J(un) < LD (un)+ L.H (un)< [LA+ L,= B,

T. €. IOCIe0BAaTeAbOOCTL {U,,} pAaBHOMEDPHO OrpaHHYEHA IIO
mopMe B LSV wmcmom VB.

Hoxamem, uto {u,} orpammuena no =HopMe m B W,
JleitcTBuTeNbHO, ONpesielnB HOPMY B w pPaBEHCTBOM

2 _ "\ 2 2
Iy = (] va2 || + 1o
HaiijeM

Y 2
Jumly 0 = (5 nd)" 4 g <
Q

<mQ {u2dQ + B=mQ + B.
Q
Benencteue monnoii HempepHIBHOCTH oOmepaTopa BIOMKEHHA
ModeM 3aKIIOYATb, YTO IOCHeJ0BaTeJlbHOCTh {U,} CHILHO
41 c. 1 Cobones
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xomnaxTtHa B L, 8 Q. Uueivn cnosamn, n3 {u.} moxuo BHIze-
JATH MOANOCIENOBATENLHOCTE (Um,} (i=1, 2, .,.) Takywo, gTO

H(umi — umk) -0, i, k—oo.

ITocnennee HEBO3MOMKHO, TAK KaK
H (s, — ) = H (t) = 2 (g ) + H (tmy) = 2.

TaxuMm o6pasoM, jomyigeHue lim A, 5= c© IPHBORUAT K IPOTH-
BOpeunio, 1 TeopeMa JO0Ka3ama.
6. 3aMEHyTOCTH MHOKECTBA COOCTBeHHEIX (PyHEMui.
Teopewma. Cucrema {u,} samrnyra & L,, 7. e. das aca-
koll ¢ € L, cnpaged.uso pasencreo

S' @2dQ = i (s' (pumdQ)z.
2 m=1\g

JlokxazaTtenbcTBo. Tax Kak A,—> Foo, To maumnas
¢ HEKOTOpOro HOMepa j mmeeM A, >0 (m>j). Ilycts k —

. 1
HeKoTopoe umcio, k>j, a ve W(z)— HexoTopasd (pyHKRIHA.
Tloxomum

h
Rk =V — 2 umH(U, um)t

m=1
Owesnpno, uto R, & W (uy, o .., up), Tax Kax
H(R., u)=0 (i=1,2, ... k).

I D(Rh) A
02TOMY m} L+1, OTKyHa ciaenyer, 4T0

1) D(R.)>0, 2) H(R.)<D(R:)/Aus.
C apyroit cTOpOHE,

0<D(B) =
k k

=D({)—2D (v, 21 umH (v, um)) + D( 21 unH (v, um)) —

m=

=D () —2 22 H (v, un) D (v, um) +

+ é é H @, un) H (v, w) D (Um, u;) =

m=1 l=1
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k
=D@v)—2 2=1H(v, ) MnH (v, um) +
k 13
+ mél [H (v, um)]2D (um) = D (v) — m2=1 Am [H (v, um)]? =
j 13
= [D v — é A [H (v, um)]a} - 2 Ao [H (0, um)* <
m=1 m=j+1

<DW) = 3 M [H (0, um)®

m=1

Taxkum ob6pasom, D(R;) orpanudena u u3 H(R,)<
< D(R))/Myr 4 Ay = © caepyet, uro H(R,)— 0, 9to o3Ha-
YaeT 3aMKHYTOCTH {Uw) B KiIacce QyHKnmii v W,

Ilyety ¢ € L, — npouwsBoatuaa ¢dynrnua. Hax 6m mamo
mu 65110 € > 0, maiinerea ve WY takas, uto

lo—vle, <3 (16.25)

JeitcTBuTenbHO, 0603HaYaA depes Qs COBOKYITHOCTL TOUEK ,
OTCTOANMMUX OT IpaHuIsl Gonbie deM Ha 8, morywum

Scp2d£2 = lim 5 ¢%dQ,
2

6-0 Q4

OTKy/la cllefyeT, 4To mo 3ajaHHOMY & >0 maitgetest 6 >0

TaKoe, 4TO
2
S(p2d9 — g @2 dQ <%—3-.
Q Qg

Beopga pyurnuio
@ B
Ps = {0 pe Qp (90 S Lah
MOy UM

2
El @ — @8 PR < 7. (16.26)
Q

Crpos mna s cpepHIon (YHKIUIO C AAPOM pajuyca MeHBIIe

8, monyunM (PyHEOMIO v, HMCOIYI B 3aMKHEYTOi ofmactm Q

HempepbIiBHbIe mepBhle mpousBopuble. CiefoBaTelbHo, U &
1

eW& ) n, BHOpAB MOCTATOYHO MANHM DafHyC yCPCAHCHUA,

11{*
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HaXojuM
2
[ | — v PR <2z (16.27)
Q

Ws (16.26) u (16.27) sammouaeMm copasemiuBocth (16.25).
Jdna QyHKNEYM v, Kak OHIO JIOKA3aHO, MOMKHO HAWTH TAKYIO
nuHeNHy0 KoMOHuIanumio KomeduHoro wmcaa Gyurouit {um),
910

li‘ 1/2 k‘
e
H v——Zamum = U—Zamum <—2-,
m=1 m=1 L2
k
g0 BMecte ¢ (16.25) naer @ — 2 Gmlim L <e. Eciu an
m=1 2

saMennuTs uepes H (¢, u.), To, Kak 3T0 ciejyeT u3 obmeii
Teopmt opToronananx cucTeM, JicBad YacTh ne yBeJn4iuBa-
ercs, W, 3HAYUT, CIPABEJIHBO HEPABEIICTBO

k

9— 21 Ul (@, Um)

m=

<&,
LZ
YTO BBUJAY ITPOU3BOJLIOCTH & OPpUBONUT K PaBCHCTBY
oo 2
{qra@ = 3 ( { q»umd52> .
Q m=1\gq

Teopema moxaszama (°').



I'masa III

TEOPUA TUIIEPEOJIMYECKNX YPABHEHUN
B YACTHBIX IMPOU3BOJHBIX

B nacroameil rmaBe MBI pacCMOTPHM HECKOJIBKO 3ajad,
OTHOCANIYXCA K TEOPHH IHmepboIudecKnx YpaBHEHHUH B 4acT-
HbiX npoussonueix. MEI pasGepeM pBa BOmpoca.

1. Pemrenme samaum Homm pns BomHoBOTo ypaBHeUus.
3aBHCHMOCTh pelleHHWil OT mAYaJbLHBIX JIAHHLX H 0000MEeH-
HLIe pereHns.

2. T'unepGonuueckoe ypaBIeHHE ¢ INePCMEHHLIMH KOD()-
durnenTamMu.

3TH BONPOCHL 06/BeAUHeHbl OOIIIOCTEI0 METO/a HCCIefio-
Bannsd, KOTOPHINl COCTOMT B M3Y4ellNy pellelHdil B mPOCTpaH-

cTBax Lg,l) n W(pl), paccMOTpedHEIX B mepsoil rmase. OpHako
OONYTHO HaM IPH/ETCH Pa3BHTh BCOOMOraTeNLHEBIH BOMPOC
06 WHETErpupOBAHHHE TUIePOOIMUECKOTO YDABIeNHA C mepe-
MEHHEIMH J[OCTATOUYHO FaagruMu xodddurnumerTamu. Ham mne-
06X0AMMO JI0KA3aTh CyIIecToonalnHe pemeHus saiaunm Hominm
Yy TakMX ypaBHEHWHl IPH AOCTATOYIO TIAAJRAX IIATANLIIBIX
yeaoBuax. Jlad oToil Menum MH IONb3YEMCH METOJOM Xapak-
TepucTUK B 2k-MEpPHOM IHPOCTPAmCTBE W METOIOM COyCKa B
npocrpancte 2k + 1 usmepennit (*?).

17. Pemenme 3agaan Komm pna sonHOBOTO ypaBHEHHA
€ IIaiKNMH HAYAJTBHBIME YCIOBHAME

1. BeiBO7 OCHOBHOrO HepapeHCTBa. PaccMOTpHM BOJHOBOI
omepaTop

ou
Ou=Au —— (17.1)

ot
B obmactm Q B mpocrpanctse n+ 1 msMepeHHs ¢ KoopjHHa-
TaMH 2%y, ..., &4, [, OTPAHAYCHHOH IJ1aJAKOH MOBEPXHOCTHIO S.
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IIyers u(zy, o.., Zny 1) B U(Z1, ..., Za, t) ABasKAEL AuPPHe-
peHTiupyeMH B Q, a WX IepBhie IIPOM3BOJHbIC HENPEPHIBHEL
B 3aMEIKanum Q.
Ilyers
Du=f9 DU=(P.

PaccmoTpuM maTerpan
n
Y /0u Ov ov ou
I (, 0) = S[z (o + o at)°°s°‘z
8

i=1
du ov \' du dv
— (WW"-Z 37, 0x )cosao}dS

1=

Ifle v BHeIIHAS HOPMAJIb X S, o;— YTOI MeKJAYy vV H OCBI0
Oz;, a a, — yroa me:xay v u ocsio Ot,
IIpocroe mpeoGpasosanme gaer

n \
d [du dv du ov
J(ZL,U)=—‘Y‘¢” (at 0t+_ m‘;a}—
i=1
du ov dv du
(555 + o= W)) Q=
n n
on | 9% \ 9%y av | *u N 3%y
= — —_ = — — — | dQ =
.”M [at o 0% T | o ;;1 os%

- S‘{aim v+ %’— 0 u}d@. (17.2)
Q

Samensd Do u Ov ux 3uaveHUAMH, DOILYYAM
on
J (u, v) = g( (p-|-——f)d9
o
HMmeeT MecTO paBeHCTBO

n

au _él_‘_cosa ﬂ 0S o _22005(1. =

2(61:.005“0 ot i)\ 3z, ©05% — B i) =

i=1 3 . 3
ﬂ

n
du 0v 2 4 2 “ du dv
== El(cosoc,) cos® ay 13’”1 7z,
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n
E du av v du COS Qi COS 0L
~ \ ot 9z, T Bt 9z, COSAiCOS %y =

n
du ov ou 0
=cosoc0l:0t 27 C08 %y + a: a; cos oLy —

n

_ du Ov dv du du ov 2 .
12'1(‘” 9z, + 357 ax)c sou] + 5 at{z cos ai—cosa(,].
= -

Hyer, S=S"+ 8", npugem cos a0 na S’ m cos o =
=0 ma S”. Torpa

J (u, V) =
1 n
— — du du ov Av
_Y, [COS o iz(ax cosa, — FT; —CO0S Oti) (ECOSOEO —b—t-COS di)—}-
S
Ju v 1 2 cos’a s
gu ov - 0 du_dv
ST T cos o ]ds+5{2(azi5t—+
sr \i=1

dv du
+ o) cosai] as = jcb as, (17.3)

rne uepes @ ofosHaueno BCe mopHIATErPaIbHOE BHPAMKEHHE
unrerpana J(u, v).

Tloneano 3aMeTuTh, UTO €CHH L =V, TO B TeX TOYKAX
nosepxnoctu, rae lcosa,l =1/V2, noaviuterpansmoe Bhipa-
MeHIe NMEeT TOT He 3HaK, YTO U —COS O}

sign @ = —sign cos oy. (17.4)

Ilycts © ecTh pemienvie BOIHOBOTO ypaBIEHHA
Ou=20 (17.5)

B monympoctpancree ¢=0. Cuumrag v=u, DOpUMeHHM K
dyukouu u BeiBefleEHyI0 Bhime QopMmyny (17.2), npmuem 3a
o6nacTs Q Bo3bLMeM YCEUEHHENT KOHYC, o0pasymolnue KOTo-
poro cocrasusT yron m/4 ¢ ocvio Ot (pme. 8). Torma

1/2 ma S,
cosa,=\—1 ma §,,
1 ma S,

rme S, — HmEHee OCHOBaHHe, S;— BepPXHee OCHOBaHIE,



168 Ta. II1. Teopwst ronepbonnyeckux ypaBHERRH

a S, Goxopag mOBEpPXHOCTH YCeUeHHOro KoHyca. llycrs
WIsI onmpefiesieHHOCTH Bejawwwmua ¢ Ha S; pasHa f,. llpm stom
B cuny (17.2) m (17.5) mosnyunm

Ja, = ®ds+ [was+ [was=0. (17.)

8, 8y Sg

Benencrue (17.4) 5 @ dS <0. Torpa
8

1

—(was=[was+ | was< [ was.
S,

3 SZ SI 82

Orcrona, Tak Kax Ha S, m Sy coso;=0 npm i+ 0, umeenm
OT[eIRY

¢

n

X /ou \2 ou \2
|3 ey 2e7] s
i=1

(17.7)

Puc 8 2. Ogemka pocra pemeHus
H ero nmpou3poAHmIX. Jig mammx
yejeidl Heo6XOgUMO elle OUEHMTL WHTEIPAl

Y uds.

8g

2
Us (17.7) caepyet, uro HIITB[‘pﬁJIf(%—i) dS orpamumcH,
8

3

O6osmaunm ¥y (1) =5 u*dS, rne Z.— ceveHHe MIOCKOCTLIO
2y
t =1 nunmHEApa ¢ ocuoBanmeM S; m ochio Of. Torna

’ au
y ()= 25 u—r ds.
%
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Ilpumensas nepasencreo ByHuaroBckoro, momyanm
2 1/2 1/2
\y' (t)|<2[JF (‘90—’;) dS] [S uzds] ,
z, 2,
u B cuny Hepasenctsa (17.7)

ly’ ()| <24 [y ()],

- [JIE e eyl

Otcroga cuegyer, q'ro—:ii—t V_l} A. Wuterpupysa 5To Hepa-

Bencteo ot 0 po t, momywum Vy ()< Vy(0)+ At. Ilonaras

y(0) = ( u?dS = B?, umeeM
8

i (2

2

yt)ys(B+ A, 0<t<t,

Ilepeceuem emie mamr yceyeHIHi KOHYC V ILIOCKOCTLIO
t=const W mycTs, O;— mOAYYEHHAA B CeYeHHH 06IacTn
n-MepHoT0 IPOCTPAHCTRA.

Paccymnaa moso6mo npeskHeMy, DOTyIAM
n
ou u \2 du \2 ou \2
S{%(M) (at))ds<§[gl(0_xi) +(W)]ds. (17.8)
2

WNuterpupysa mo ¢t ot 0 mo ¢, maxopum

By
t(,” ( ) ("”)]ds<A2t0. (17.9)

S,

Anarormuno 7ToMy, Kak poKasaHa onemka mia y(l),
OTy9InM

{was< (B + ane. (17.10)

ot
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Wnrerpupys wo ¢ or 0 go 4, uMeem

Suzdv - (3B%, + 34Bt; + A1}). (17.11)
v

HepaBencreo (17.11) Baewer 3a coGol0 psAjg  BAMKHLIX
CIeicTBUH.

du
Cnegcraue 1. IIyctv HavaabHble sHaYeHUsd U, T 06-

pawaTea 8 nyav 6HYTPu wapa S., Tozda u=10 8 yceueu-
Hoa Konyce V.,
du

Jloxasarenscrno. Tak Kak u——-bT—O Ha S;, TO
A=B=0, u penepcrene (17.41) u=0ma V.

Cnepcreue 2. 3nauenue Pynkyuu u, pewerus pac-
CMATPUBAEMO20 YDPaBHEeHUS, 6 HEKOTOpoli Touke 3, ..., T,

ou

1" onpedesseTcs SHAUEHUAMU HAUAABHBIX OAHHBIY U U &
1/2

8 wape 2 (21 —23)? | <<, asaaouemea nepecevenuen

KOnYca TAPAKTEePUCTUE ¢ GepWUHOL 6 JanHOol Touke ¢ hao-
ckoctoio =0,

HoxasarenncrBo. B camom pene, ecim ana ABYX
Kaxux-1nbo pCUICHHU BOAHOBOTO YPABIEHHA HAYAJTBHEIC

du
SIAYCHHUST U 1 "a‘t—

HOCTH ofpalaeTcs B HYJIh B 3Toll o0NACTH M HA OCHOBAIMU
cnefcrsua 1 pasma mynaio B Bepmume Komyca. CrefioBareian-
HO, B BepIINHE KOUYyCd, T. €, B PACCMATPUBAEMoH ToUKe,
o6a pememnus CoBIAJAIOT, YTo U TPeGOBANOCH JOKA3ATh.
3. Pecumieave npm cuennaJbHBIX HAYAJBHBIX JaHHBIX.
Teopema. Iyeto (ynkyua u ects pewenue 0dnopod-
HO20 6041106020 Yypachenud, FEcau navaavivle 3sHauenus
ou
Ult=g u ﬁlt:
npouseodnuie #106020 nopadka, To u cama PYHKEYUA U TOXNE
umeer ace npouseodivie 4100020 nopadka.
HlokasareancrBo. Cnavana ycraHOBUM dTy Teope-
My B cuennajinbuOM ciaydac. [lokamem aemmy.
Jlemma. Hycre dynkyusa u ydosaeTeopser ypasHeHuIO

8 u
Bu— 2 = (17.5)

B DToil ofnacTu CoBIAAl0OT, To UX paa-

, UMEIOT GO 6CeM NPOCTPAHCTEe Ty, ..., T, 6CE

8 obaacru —a<z;<a (i=1, ... n), 20e a>0— nexoro-
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pas nocToAHKHARA, U NYCTb, KPoMe TOZO,
Ulgjmia =0, i=1,...,n (17.12)

T. e. PynEyus u obpawaercs 6 HYab HA epaHule o6adcTU.
Ilycrs, Bpome Tozo0, npu t=10

ult= = Qg
du _ 17.13)
B imo = Pi1s (

npuuen GYHEYUL Qo U @, UMEIOT 8Ce HenpepblgHble npouU3-
godnwle A106020 nOPAdKA U 06paIYAIOTCA 8 HYAb HA 2DANUYE
064acTY 6MecTe €O Gcemu ceoumu npouseodnvimu. Tozda
PYyrEyua u umeeT 8ce HenpepvieHbie NPOU3EOIHBLE 4106020
nopsadxa.

JloxkasarenbeTso. B caMoM pede, B 5TOM cIydae
peuieHne 3aKadd MOMeT ObITH HANNCAHO B SIBHOM BHUfE IPH
nomoitu psaia Dypre,

Paznomnm dynrgun @, u ¢, B paas Dypse:

Py = E bi, sm]( +a)n .sinjn(x_"—_"z—;_)_i,
Jpeendn=1
(17.14)
n
. z, 4 a)m . . (Zptan
1 nT

It pagsr Dypbe paBHOMEPHO CXOMATCS BMECTE €O CBOMMH
IIPOM3ROJHLIME JI000r0 IOPSKA.
PacemoTpum orpeskn stux psanos. OGosHaumm

N
M = s (Btea ., (Fata)m
Do ) E bil win SINJy -—IT ...sin ]"’(T‘T’
preenin=1
N (z,taym (Fn+a)n
) . ;
$r = 2 8iper 1 S0 g g — L sin jp .
-711“--]"’—_1

Ecan B( I\r,x)aqamigme VCIOBHUS IIOJ(CTABATH BMECTO (P I @
dynrmma ¢ 1 ¢F’ To MBI HafijeM pemenue u'¥) BomHOBOrO
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YPABHCHUs, YOBIETBOPAIONIEe DTHM HAYaJBUBIM YCIOBUAM

N
u = 2 {bjl cos( le ...+j721t)+
jl’ -jn==1
2a i, in . b 2 .z)
= msm(%—vh—l—...—kht }X
., (Zyta)n ., (B F o),
XSln]l(—%...Sln]n(T)

JT0 pemrenme, OYEBUJHO, HMEET BCe HENpPEPHIBHEIE TPO-
usBopmEle. J[OKaskeM, 4r0 NP Boadpactamud N mociejoBa-
rennHocTh u'Y) cxomures B moGowm

Ae npocrparcrse W4, rne 1 — moBoe
YHexo, K HEKO0TOpoifl QyHKmuUu u.
S Orciofia yme cpasy Oyrner caeyo-

BaTh, UTO Ipejienbliasg (GYnROUI U
€CTL pemrelue BOJIIOBOTO yPaBHC-
1 HHf, Y/IOBIETBOPAIONIECEe HATANLIIKIM
yenosuam (17.13) u mempepriBHO
_ BuddepeRNUPYEMOE CKOJBKO YIOJHO
Sy = pas. M3 rtoro, 4ro 310 pemenue
€/[MHCTBEHHO, BETEKAeT U Hamma

/ JeMMa.,

Ham ocranmocs yeTaHOBUTL €XO-
JUIMOCTL  MochenoBaTeasbaocTu u'Y),
[Tpumenum maTErpasbHOC PAaBEHCTBO
(17.6) x mapamnenemmmejy, IHKHEC OCHOBAHUHEe KOTOPOTO

|z;] < a memnur B maockoetn ¢ =0, a Bepxmec ocnoBaHUE
S, nessur B maocroeru t=1%, (puc. 9). Ilonwsysicr tem, 9ro
ma OOKOBOIl IOBEPXHOCTH S; DTOTO MapajjeNelune;a UMeer

Puc. 9

o™
mecTo paBeAcTBO UNY) = = = 0, moaygaum
(N) 5,(N)
ut™’ gu
Y ot ov dS =0,

S
1
H, CIe0BAaTEJLHO,

G [ ou™\? a2
j Z(azi) +( at )]dS=

8, Li=1
n 2
au) utMI\2 -
> ( W_) +( - ) ]dS. (17.15)
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PacemoTpum eie gpynknmio

ap [ oy *
ozt ... oz,

dra QyHKOuA, B CBOI0 OYEPE/b, YIOBJIETBODSET BOJIHOBOMY
ypaBHCHHIO *). 3aMeTHM elje, YTO HA IPaHAX NOapajeje-

ounefa mpn |zl =a  Qymxmums vfo) @, YIOBICTBOPAET

N

aubo ycaoBdIo vfxl.) a, = 0, ecanm o "ernoe, auGo YCAOBHIO
ol

—5— =0, ecmn o; newermoe. ITpumensn x oroit Pymk-

nun Qopmyay (17.6), moayuum taxmMm Ke ofpasom
ol N (a2
e .
| 2(‘T‘) |2 ) fas -
32 i=1 ?
n av(N) 2 agv) 2
zy E( ) +( 1 ) ds. (17.16)
S

3

Ha mavansuoii mnoexoern S, Bce uATErpadsl IpH 3aKaH-

HBIX Oy, ..., O, OPPAHWYEHB YUCAOM, HE 3aBUCAIMM 0T V.
Pacemorpum eute Ppymrmmio
(k,7) (k) (7)
Wa' “ap = Vo oap= Vo oy

Jlna oroit dyurnuu monydum, mopo6uo npexmeMy,

K, 2 h, 2
i awgl_”an 610&‘ T)an g_
oz, + at s =

- i
1=1
8,

2 (aw(" N\ fown, )2
B o o
_g i ) +( Ltn ) ds. (17.47)

=1 3

Herpynuo yeramosurn, uro npu pocraroumo Goapmumx £k u
r mHTErpa) B INPABOH TacTW IIOCHEHEr0 PABEHCTBA CKOJb
YrOfHO Maj. JT0 HEmMOCPE/[CTBEHHO CAEyeT W3 CXOMUMOCTH
¢ mio6eiMu mpousBogEBIMU psjiop Dypee AL @y W Qi

*) Ecim u — penienne BOIHOBOrO ypaBIICHWs, UMCIONEe Hempe-
PHIBHEI@ TPOWCBONHBIC o (I 4 2)-ro mopAjKa BO BeceM NPOCTPAHCTHC,
To, 0MEeBAJNO, A100aa NpoA3BOMIAA OT u JIO HopAjAKa | ecTh TaKe pe-
IeHAE BOJIHOBOTO YPaBHEHHS.
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Orciona ciegyeT, 9T0 W B JIGBOHl 4acTH CTOUT CROAL YTOJHO
Majas BeJU4YNHA:

& (DN (0w, \
0y .
5 2( 3r; + ot ds <e.
SS

i=1 4

IlpounTerpupyem »TO HepaBEHCTBO IO ! B mpejenax oOT
0 no T. Umeenm

Bw(k 7) 2 aw(k ) 2
jE( ;‘;‘_‘“") +( e ) dQ < Te,
Q

i=1 *

rae zepes Q o6osmavena obmacts 0 <t<T; |zl <a. Iloxs-
3yfACh 3aTeM TEMH K€ PacCy:KJeHUAMH, KOTOPHeE ObuIn HaMH
HenonbaoBansl upu BhiBone (17.11), moxaskem, dwro

[ (@ifna,)? d@ < Me
Q

rae onocrosgaaas M He 3aBucut OT kK M 1.

B cumny nNONHOTH NIPOCTPAHCTBA W sur sarmouaen,
9T0 IOCIe0BaTeNIbHOCTh U&Ir), ans  YAOBISTBOPAIOMAA HpH-
3HAKY CXONHMOCTH HoiuHu, cXoJHuTCA B HTOM HPOCTPAHCTRE.
CxoamMocTs, BCeX HPOH3BORHBIX oT u'™ B W prewer 3a
co00I0 DPaBIOMEPHYI0 CXOMHMOCTL BCEX NPOUIBOMMBIX OT
210l GYHRNUT B CHAY Teopembl Baoxemnus. Jlemma moxasama,

Onupasick Ha 3TY J6MMy, JEerxo JOKaKeM HAIly Teope-
my. B camom nene, 3mavenus HeM3BECTHOU (PYHKNUH BEYTPU
KOHYyca

a

0<t< 5 — 2| (17.18)

3ABHCAT TOABKO OT 3madeHuil yHKOUUM ¢, U ¢, BEYTPH INa-
pa lzl < a/2.

Ilocrpoum ¢ymrnun
(a) =@ H ‘P(

rie (§)— Pymrnmsa, pasmas exunune mpu § < 1/2, pasmasm

Hyalo opu §>1 m nmeom@as HempepHBHBIE IPOU3BO/HBIE

BCeX MOPHAAKOB. Dynem wucrath pemende u'® BOJHOBOIO

), (a) ‘PlH ‘p(

i=1
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ypaBHEHUs, YAOBIETBOPSIOIEE YCIOBUAM

@ ou® ()

(a)
U =g = @57, FT P A 0

Ha ocmoBamuu memmur BujuMm, uro u'® mmeer Bce He-
IpepHiBHble IpoussojHsie. Ho mo mokaszanHmoMy paHee BHYT-
pu rouyca (17.18) oro pewrenme commapaer ¢ u.

CnefoBaTenbHO, & B CBOIO OYEPefib HMMCET BCe HeEmpe-
pBIBHBIE TPOU3BOJHEIE, UYTO U TPeOOBAJIOCH JOKA3aTh,

18. OGobmennasn 3amada Komm
AJiA BOJHOBOIO YpaBHEHHA

1. ABaxknm puddepennupyemsie pemenua. Ilocrasum
clIefyIomyIo 33j1a49y: HANTH PEIIeHHE BOJHOBOTO YpPaBHEHHS
2

[_‘ju=Au—z‘—:=O (17.5)

BO BCEM IIPOCTPAHCTBE, YNOBIAETBOPSAIONICC HAYAJBHEIM YyC-
JJOBUAM
du

Ulimo =0 Gr ey ™

Uy (17.13)

Jokazano, 4T0 ecau U, ¥ Uy UMEIOT BCE MPOU3BOTHEIE, TO
pellenue 3afladd CYLIECTBYCT WM MMEET BCE IPOM3BOMHELE.
Opaaxo mer, KOHEYHO, HHKaKOii Ha;jO0HOCTH BO BCEX IPO-
H3BOAHBIX Ui IIOAYYEHUs pelleHis s, B TO BpeMs Kak B
YPaBHENUHM YYACTBYIOT TOJbKO IPOM3BOJHLIE BTOPOTO IIO-
pAnKa,

Mu pacemorpuM mpeskyie Beero CIeAyIOIMyIo 3a7avy.

Samaua 1. Halitu, kakue Ycaoguf, HaAONEHHBIE HA
Uy U Uy, 0becnenugaroT cyujecreoganue 08axcdvt HenpepvleHo
dugfibepenyupyemozo pewenus.

B mpeppiaymeil riase MBI HO3HAKOMIIMCL ¢ 0006IneH-
ABIMH IPOM3BONHBIMM, a Temeph IO TOH e CXeMe ompene-
auM 0000meHnkil BOMHOBOIT omepaTop.

ITyers u (i, ..., Za, t)— PyHKIUs, CyMMUDyEMas B JO-
Goii orpammuenBoil 3aMKHYTOH mOomoGMacTu obGinactu Q (n-+
-+ 1)-mepnoro mpocrpamera. Eenm cymecrsyer cymmmpye-
Masg B Jai000ifl orpamudeHHOIl 3aMKHyTOil momobaacTm Q
yarnus f(zy, ..., Z,, I) Taxas, 91O

Y w1y dv= g Pf dv,

Q Q
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KaxoBa Ob mu GbuTa IBaskAbr HenpepbiBHO aAnddepeHnupye-
Masi BO BceM mpoctpauncTBe ymKums P (ry, ... L, t), oT-
JAW9HAS OT HYJs JHUIOb B HEKOTOPO OrpamMYeHHON 3aMK-
myroii mopobmactu Q, tTo Gyaem sammcbiBath Du=f u cunm-
TaTh, YT0 [ €CTb pesyavrar npu-
¢ MeHeHUuA K u 0606uennozo 604-
3 H06020 oneparopa U,
Ecim Du =0, rge O — 0606-
IIeHHBIA BOJIHOBOI omeparop, TO
dyurumio u Mbl GyfeM HA3BIBATDH
o6obujennvin pewternuem B0AHO-
6020 YpaGHEHUA.
S, EcrectBenno mocTaBuTh 3aja-
9y Homm nus o6obmennbix pe-
MeHUH,
3agaga 2. Haiitu, &a-
Kue YCao6US, HANOHEHHBIE Ha
Uy u U, obecneuusaior cyuecréodanue 0606uUeHHO20
peuienus.
O6e orm 3amadm GYAYT HAMH PacCMOTPEHBI.
Teopema. Ecau u, umeer o6obuennsvie npoussoduvie

Gy

Puc. 10

do [%] + 3 nopadka, a u, umeer obobujenmnvle npouseod-

Hole Jo [%] + 2 nopadka, unrezpupyemvie ¢ kéadpaTamu no

110601 KoHeunot obaactu, To ypaeuenue (17.5) umeer deasc-
Ovt uenpepuigno Jufdepenyupyemoe pewenue, Ydoeaereo-
parougee ycaosuam (17.13).

MorasarenberBo. Ilocrpoum cemciicTBa cpeguux
Oynxnuit {un} m {w,s). Tlo Tcopeme ma § 17, m. 4 cyme-
cTByeT peinenme U, ypaBmemms (17.5), ynmomuerBopsiomee
HAYaJIbHEIM YCIOBHAM

au
limo = Uon, pmp = Wb (18.1)

1 nMelolee IPON3BOJHEIE JI060T0 mOPsKA.
PacemorpuM QYHKIUIO Up,g = Up,— Un,; Vp, q— €CTH  PC-
meuve (17.5) ¢ magaabIBIME YCIOBUSME

9V q

Up,qli=o = Ughy — Uohg, ~p7

= Uy — U
t=0 Lhy ihgt
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ITo mepanenctsy (17.8) umeem (pme. 10)

i ov 2 61)
5[2(7%9 +(at)]dS
5, Li=1
N [o 2 b 2
<f[R (e ()]s
SZ i=1 1

M aHAJOITIHO JId J060fl MPOM3BOAHON OT Up 4

n 2 \ 2
(13 (2 ) 4 [ 2 Tons_Vlas<
- ~ .~ \
=\ Paat L arpn I Ga5r ... gTgn

n

" o 2 o 2
R ALY ALY ds
or., o 3 + at o Oy *
i= \Tiert Lot aryt... oz,

(18.2)
Hpome roro, sexencreme (17.10)

Smmw<uﬁmwru
Ut 82
P 2 2 1/2 42
Zi’.q) ds + Y( % ) dS] t]. (18.3)
i 5

LI

B cuny reopempr paosenus us § 10, m. 2 umeem

< 8 Vs
\
Sgp 4 aT ax (xla c ey xn, t) <
t i,j=1
<M

lvp.ql ([ ]+3) N : 11” ([ ] 2) (18.4)
(5le), s, 517

rje B3ATA HOpMa Up , B W, 2 u o B W2 o
S,, mpnaem M me samucurt ot < (0, ).

Ilo cpotictry cpemuux Cynrmuit (§ 5, m 2) upn=>u,

, wilile) L will)

I Uujp=>u, 8 W, . Hosromy mnpanas
12 ¢, JI. Coboxne
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9acTh HepaBeHcTBa (18.4) Mmomer OHITH cfenama CKONb
YrOOHO MAJIOif IPU JOCTATOUHO MAJNHX Kp U R, a TOTNA W
AeBag "TacTh CROJAL YIOXHO Majka, T. €. NMOCIeN0BaTeabHOCTH
{uhp} CXOJIATCSA PaBHOMCPHO TI0 ycedemuoMmy romycy V, cae-

AOBATENbHO, NpcAenbHas Qyurnuma u € C?. AHaTOrMTHLIMK

ou 1 82uhp
ONEeHKaMu JOKaMeM, 910 — & C', Tar rax Auhp = -th—,'ro
2
"uy

nocAen0BaTeabHOCTR [ atzp} cxopuTesas paBHOMEpHO B V H,

u
SHATHT, ~5 eC.

Takmm 00pasom, QPyHROuUA 1 ABAMKAL HEIPEPHBHO AU-
¢epernupyema B (1 1)-mepmoM mnpocrpaHcTBe U SABIAETCH
PeIIcHUCM BOJIIOBOTO ypaBHEHUA.

2. IIpumep. Paccmorpum BoOMuOBOE ypaBHEHHE B D-Mep-
HOM TpoctpamerBe. Ml BHJIEAIN BEIIIE, YTO OT IA9abHbIX
yCenoBuit 0CTaTOYNO MOTPEGOBATH CYIIECTBOBAHINA HIITETPIH-
DPYEMHEIX ¢ KBaj[paTOM IPOM3BOJIHBIX IATOr0 HOPAAKA OT U,
W 9eTBCPTOTO HOPAAKaA or u,. llokasiem, 910 ecam HHTErpH-
PyeMBbl ¢ KBajiparOM JHUIOb NPOMIBOJHEE O0Mec HHIKOTO
nopaaka (AAf U, — TWPOMBBO/UBIE TETBEPTOTO NHOPAJKA,
a Aag Uy — TPEThero MOPANKA), TO PelleHue MOKeT He mMeTh
HEIPePBIBHEIX NMPOM3BOMHEIX BTOPOTO TOPAMKA.

b
Oyern r = 2 zi; rorma, ecam f(y) mHempepHBHO
Z=1

audpdepennupyemas m pas (m =5) PyHknus, To
u=f(t—r)—3f(t+l) f’(t_r)‘l;f'(t‘i‘r) (185)
r

r

+

ABNSETCA DeINeHNeM BOJXHOBOrO0 YPaBHEHHUSA ¢ HAJaAbHEIMHU
JAHHLIMH

2, () 2100

uy= =D L B0 e ot ()= f—n —10%
wy= =20 P00 e g =10 + ().
Nmeem

Pu | —n— e Er =0+ ¢+ D]
at? .
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%u u
Ecnw m =5, to merpyamo ybemurscd, 910 5E T e
HenpepHIBHE U IpEMeHenue mpasuia Jlommrana paer
Pul
0t2 r=0
— i U =1 — Fe4Enl+rif” =04 t+nl _
-0 "3
2
=510
Hycrs
{ 0, y<A,
F=lg—1% y>t.
Torna
0, r<t,
— _ . —1
Uy _(r 31)“‘ n G i)a e,
r r
0y r<{,
= _ _noe—2
Uy (r 1 +oc(oa )(_’__ri)__l r>1,

H HETPYAHO BHACTH, 910 Uy WP, u, e WP, no u,=sWy,

u, WP, ecan - <a <—12!—. Tlpu sToM moxywmm

_ { 0, t<<1,
r=o AE—1""° t>1 (A= const=0),

u

812

n ¢yurnua u(r, t), sajampan (18.5), He annsmerTca JBaXK/BL
HenpepsisHO muddepennupyemoii, ecau 9/2<a<<5. Kax
Hetpynuo ybemurbes, u(r, t) asnserca o600menHsIM peime-
HHeM BOJIOBOTO YPaBHEHHA JUIA 3AJ(AHHBIX U, U Uy, W NpH-
TOM €/[MHCTBEIIHBIM DeIIeHueM (C’VI teopemy u3 m. 5). Ecin

5<a<11/2, 1o xomn u,& WP, uIEW,({”, HO COOTBET-

CTBYIOIlee pemienue ABaMAKL menpephisno nuddepennupye-
([31+) ([3]+)

Mo, u yemopua Uy W, nu, W, HE fB-

IATes neoﬁxonnummn AnamornuyEbie OpUMEPHL  JIETKO

nocrpouts Fus (2K + 1)-mepmwix mpocrpamers (*°),

12¢
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3. OGobwennbie pemenna. Mul Bugenu pamee, 4T0 pe-
HIGHUS BONHOBOTO YPAaBHCHUS, UMEIOHIHEe BCe HEHpEpHIBALIC
Opou3BOAHbIe, 00IAJAIOT TCM CBOICTBOM, YTO WX HOpMa B

a1000M WPOCTpaHCTBE WP g OTpanUYCHHOII 00JacTu IIo-
CKOro ceuenus ! = consl (ecmim UX paccMaTpHBATL KaK die-
MEHTHI 3TOT0 HPOCTPAHCTBA) OCTACTCA DPaBHOMEPHO OTpaHU-
9eHHO#. JTy HOPMY YHaeTcs ONCHUTH, €CIU U3BECTIHI Ha-
7aNbHLIe 3HAYCHUA (QYHKIWN, TOTHEE — eCIH U3BECTIIa

! I—1
HOpMa B TOM K€ NPOCTPALCTBE WP or U, 1 HOpMa B Wi
oT Uy

Mo 6ymem rosoputb, uTo QYHKIUA U €CTh 0000WeHHOoe

1
pewenue 60anoeozo ypaswenus us WP, ecam Ou=0, rpe
0 — 0600meHHbIil BOIIOBOH omepaTop, U eciu 3Ta PyHKIII

o o 1
B 110001 KOHEUHOU 061aCTU TMPUHAIIEKUT Wb,
OugeBuano, uTo BCAKOe 000OIEHHOE peUICHVE BOMHOBOTO

ypasHeHUsd B W apaserca OpefiesioM TOCIeOBATCALHOCTY
byHKIMIA u,, CXONAMUXCA B W(zl) B n06oit Komeumoii 00-
JIacTH, ABIAIOMUXCSA ABKILI HenpephlisHO Auddepennupye-
MBIMM pelleHUSIMM BOJHOBOro ypasmeHusa: Ou,==0.

B camoMm pgeme, no joKa3aHHOMY BHIIIE U SHBIAETCH
B 000l KOHeTHOl 06IacTu upejelioM B ng) MoCIenoBa-
TEJIBHOCTH CPeAHUX (PyHRImii: Upy, = U Jlanee, wammaa cpej-
HAA (QYHRUUSA, OYEBU(HO, YHOBIETBOPHET BOJIHOBOMY YpaB-
HEHUIO, TaKk KaK NI BOIHOBOIO OHEpPATOpa MOKHO YCTAHO-
BUThL [EPECTAHOBOTHOCTL C OMEPATOPOM YCpejHeHUus. ITo
JOKA3BIBAETCA TEM JKe CIoco60M, KOTODHI MBI HCOOIb30-
BaIM paHee MpPU JIOKA3aTEILCTBE TOTO, ITO HPOUIBOJHASA OT
cpeaneit QYHKIMU paBHA cpepHeil (YHKIUU OT OPOU3BOJI-
Ho#l (cMm. § O, m. 2).

Jlora:keM oOpaTHOe yTBep:HCHUE.

Teopema. Ecau gynkyua u cayoyrcur npedesom nocae-
dosareabHoCTU U, HERPEPLLEHLIL CO BTOPBLLMU NPOU3BOOHBIMU
DeWeHUll 604H08020 YpasHenus, obdaadarouur HOPMOU 6
W(zl), 02PAHUYEHHOL € COBOKYRHOCTU 6 41000l KOHeUHOLl
obaacTu, npudem nocaedo8aTeAbHOCTb CLOOUTCA K U LOTS
Ovt caabo 6 L, 6 awboii Koneunoii obaactu, 70 U ectv 0600-
wennoe pewenue ¢ Wib.

JloxasarenscTBo. Ha ocHoBanHMu TeEopeMEI 0 cymic-
CTBOBAHMU 0000MIENHEIX TPOM3BOAHBIX MBI 3aKII09aCM, 4TO

IL TPHUIA/ICIKUT W 1 mo6oit komeuHo#t obmactu. Tot
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darT, uaT0 U ABIAETCA O0OOHMICHHLIM pCIIEHUEM BOJTHOBOIO
yPaBHEeHIA, CIACAYeT I3 TOTO, TITOSLL O ¢ydv=Ilim Yuk O ¢ do,
k—oo v

rge \p — mpomspoanHas (PYyHKOUH, MMeEIoINas Bce HeNpephis-
HEIe IPOU3BOIHEIE M o0pamalomascs B OylIb BHEe HeKOTOPOil

orpanuuennoii obmactu V,. Tak RaI{S uy ¢ dv=0, Mp1 10-
LyquM, qTO

fugpar=o, (18.6)

qT0 U TpeGoBAIOCL 10KA3ATb.

4. CymwecTBoBaHUe HAMAJBLHBIX JAaHHBIX,

Teopema. DBcakoe ob6obuennoe pewenle U3 W
uneer ¢ 41060l Koneunoil obaactu G ma naockoctu t=20
npedenbHble 3HAYEHUS uoeW(zl) uu L, r. e. dus aro-
6oti koneurnoii obuacru G

li ) — =0
im |1 () — o],y =0,
ou (1) (18.7)

lim 7t

t->0

—_— ul" = 0’
Ly

2de u(ty=u(zy, ..., s 1).
Inockocrs =0, pasymeercs, ABIAeTCA BHIOPAHHOH CO-
BEPIIEHHO NPOU3BOJILHO. Teopema NpUBOAUT HAC K 3AKIIO-
JeHNI0, UTO pellelue BOIHOBOIO
ypaBllenus U3 Wél) MOJKET HUMeTh
IIIOCKOCTh { = const mTUmIL B Kauc-
CTBE YCTPAIIMMOH 0COOEMHOCTH,
HammomauM, 910 u3 TeopeMHl
BIOKEHUSI CIe[yeT B 3TOM CiIydae
HECKONBKO Oosee Caa0bIi pe3yiib-
TAT, a UMEHHO: BCSKOE pelIeHue U

BOJIHOBOTO YpaBHEHuS U3 WP wo-
JKeT MMeTL IJIOCKOCThL { = const
JUIb B KadecTBe YCTpPaHHMOMU
0COOCHHOCTH, €CIM pPacCMaTpUBATH
3Hadenue camoro u B L, (6e3 mpo-
u3soannix). Ilepexoum K A0KAa3aTeNhCTBY TEOPEMEL,
Hoxazarenscrso. Paccmorpum B miockoectn §=10
NPOUSBONLHRI 7-MepHbIil map S, M mpoBejeM Tepe3 ero
rpamnny o0paTUNl XapaxTepuctiueckuii xomyc (pue. 11).
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OGosmauuM depe3 X(f) map, nonydaeMulil B mnepecede-
HUU 3TOT0 KOHYCa C MIOCKOCTHIO t = const. Mmoskectno X (t)
npu t =T o6ozmazum S;. Ilyers V() — obmacts, orpanuien-
Has S;, 2(t) u Goxopoit moBepxmocTbio Komyca, V(0)=TV.

ITycrs, pamee, v — HeKOTOpoe ABaMAL HenpepbiBHO audg-
depennupyemoe pelleHUe BOJHOBOTO ypaBHeHMs. [[Isa Hero
CrpaBe;yIuB0 HEPaBEHCTBO:

z(jf‘) [21 (‘%)2 + (%);] dS > z(jt‘l) [gl (;%)2 + (Z—':)z] ds,

eciu t>t,, nonyuaemoe us (17.7) samemoii ¢ ma T —1.
WnTerpupys uno t ot ¢ go T, momyaum

I Byl

>(T —t) zg,) [2 (6"7”)2 + (i—';)"] ds. (18.8)

i=1

Myers v, =ux(t + k) — un(t), rpe un — cpeguas GyaKOus
mia uwu k>0.

Mpumenas (18.8) K v» npu (UKCUPOBAHHOM 3HATCHUU
k m noncTaBiss BMECTO U, €F0 3HAUeHUe, MMeeM

1 o (uy (K)o, (5
T—¢ LY [Z( ax; oz, )+

1 §= ) i
v(t) L=l

ou, (E k) du, (£)\2 < { duy, (t+ F)
+( hat - gt )JdV}j [2(—3—45-—_—
I(t)

i=1 ¢

auy, (1)\2 duy (t+ k) oy (1))
i ) +( BT Nas. (8.9

T

B ¢opmyne (18.9) momno mepeiitu k npemeny upu b —
1
-0, TaK HAK CXONUMOCTH Uy K 1 umeer Mecro B W, Cxo-

duy, u

h
pumocts B L, ma 2E(f,) npoussopmbIX Z— U 57 oenyer
H
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u3 oneHoK A u, suga (17.8). Ilostomy

f [2 [5’_ @+ —u o] +[Fe (t+k>—u(t»]""d5<
B(ty) =1t

i3

i=1

<7

[— Wt + k) —u (t))]
+ [a—(u (t+ k) —u (t))ﬁ dv. (18.10)

ot

TeILHO, Henpepuibnbl B IexoM B obmactu V. Ilyers ¢, <
< T/2. Torna montuo BHIGpars 8 (&) CTONL MAIBIM, 4TO IPH
k< 8(e) npasas wacte mepasenctBa (18.10) Oymer Memb-
me & He3aBUCIHMO OT ii.

CienosarennHo,

) {Z a5, @+ B —w )] +
Z(ty)

i=1

au u
Oynrnuu 5 - ¥ - npunajteskar L, » V m, cuepona-
2

[()t (u(t, + k) —u(t, ))r} ds < e,

IMonosmnas ¢, =t,+ k, nonyanm

du

au
{
t) — o (¢ )||L2<s,

lu(t) —u(t) ||L(21)<8’ 2\ ) —

rae HOPMH B3ATH mo X(f,), mpu ¢, u [, pgocrarouno Gmns-
KUX, W, 30ATAT, AIA MIO6LIX J0CTATOYHO MaNLiX £, u l.

1
B cnny womsorel mpoctpauets L, u LY orciofia BHTE-
KaeT CyImecTBOBaHNe Mpcfenbuoro smadeunsa upu t—0 B

on
L, nna —; W IpejenbHoro 3uatenns upn {0 B LY A

u mo moboil KOHCTHOII 06:1aCTH 7N-MCPIOTO IIPOCTPAHCTBA.
Ecnu yuects cmie, 9T0 mpejeabnoe sragenuc ¥ B L, cymie-
CTBYeT B CHIY TEOpeMHl BIOKeIMd, ME OPAXOAAM K 3aKIIO-

u
YeHnio, 9To cymectByor 3madenusa u(0) u E(O)’ COOTBeT-

CTBCHHO TpUHAIEHAIUE W(zl) u L, Ilootomy npm k>0
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10 M000ii KOHEUHO 06IacTH R-MEPHOr0 HPOCTPAHCTBA

%%@*‘%WWL;+Q

”Mm_uwmmﬁq\

Teopema poxasama.

5. Pemenue 0000ujennoif 3amagu Koo,

Teopema. Kakoswl 6ul nHu 6viau dynryuu u,(rq, ...
..,.Z'n)Eng) U U (Zyy ..., T)EL, 6 w0b6oii KOHeunOU
obaactu, cywecreyer eduncreéennoe obobujennoe pewenue U
804106020 ypasnenun us Wy, ydosaersopaiowee ycaosuam

du
Uly_y = Ups P |,_, = Mo (17.13)
=0
(1) du
upuden npu t—0 u(t) crpemurca k u, ¢ Wy, a T

crpemurcs K Uy 8 L, no 460t kKoneunoil obaactu.

JloraszarenscTBo. PaccMorpmMm cpepune QyHKIUT
JUiA HAYAIBHHIX JAMHBIX: Up, M Uy,. IlopcraBisas ux BMecTo
U, M U, B HadaJnhHBIC [AHHEE, MBI MOJKEM HANTH pemiemme
3ajaun Homm, Tak kak 9TM HOBBIC HAYANbHGLIC JAHHLIE HE-
orpanmuenno guddepennupyemsl. O6o3HaTUM DTO peUIEHHE
BOJIHOBOTO YPABUEGINA TEPE3 Un.

Jlerko norasath, 9T0 Wpm £k, — 0 TOCIEIOBATENLIOCTL

1 ) .
Up, CXOHATCS B W s moboii komeunoii obmacti (n+ 1)-

MEpHOTO TPOCTPAHCTBA Ly, ..., Ln, [ M B JIO60H KOHETHOI
o0nmacTi nN-MEpHOro IpocTpalcTBa Zj, ..., &, HUpU JI060v
3HaYeHUU f.

JleficTBATENbHO, MONOKUM Un, —Un,= Up,q- DyIKUHA U, 4
€CTHh pelleHNe BOJIHOBOTO YpPAaBHEHMH, /ST KOTOPOTO BEJH-
unHbsl A u B B mepasencrsax (17.9) u (17.11) ckons yrop-
HO MAambl HPHU [OCTATOYHO MAIKIX A, u h, Iloassysch sTumu
HEPaBEHCTBAMM, BUMM, UTO TPH JOCTATOYHO MANLIX h, U h,

n 2 2

av av

2 ».q »,q

vap‘q dV<8, j‘ 2 ('07) + (—a't——) dV<8,
v vili=t "

OTKy/la HEME/UICTTHO BBITEKAeT, UTO NOCHC/IOBATENBHOCTL U,

1
CXOIUTCH B CHIY MONHOTEHI W(2 ), IMpenenbnas ¢ydruus u©
B CHJIy TeOpeMol u3 M. 3 sABiseTca O00OOIMENHKM pellennem
BOJITIOBOTO YpABHEHIH.
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Jlanee, BoCnonmb3onaBiiuch HepaseHcTBamu (17.8) nu
(17.10), nomyunm

n 2 2
O (O av
p,a p.q asS <
j‘ %(dzi)+(6t) =&
=
Ot (18.11)
3
| w02 ds<e.
Ot
ITH NepaBelcTta IOBOPAT O TOM, YTO IOCIEI0BATEILHOCTH
Un, CXOMTUTCA B 1106011 KOMEUYHOH YACTH MIOCKOCTU ! == const

B cumicae WY, npuuen oTnocuTennHO # CXONMMOCTE pABHO-
Mepna Ha ja106om orpeske [0, T1].

OTcrofa JEeTKO 3aKIIYUTH, YTO NpefelnbHas QYHKUA u,
KOTOpas 110 JIOKa3aHHOMY B Teopeme u3 1. 4 umeer mnpe-

Ju
feNbHbe 3MAYCHUA U U -7 1pH t— 0, npunamiestamue

1 o o
COOTBETCTBCHHO W(Z) n L, B n11060fi KoHewHOUl o6xacTm,
NpUNUMAaeT Ha HATAMBION IUIOCKOCTH VMENHO 3HAUEHUS U,
u u;. B camom pene,

" u (t) — Uy "W(21) <“ Un (t) — Un (0) "W(zl) +
Hun ) —ug] oy +lua®) —u @] )

ITpu pgocraTouHOo MamoM h BBUAY DPABHOMEPHHIX HO ! OHEHOK
(18.11) umeem

“uh (t) - u t) "W(zl)\ &/3,

lun (0) — u, | = lton — t | (1) <3/3-
Wy Wy

Bribpas £ npu durcuposannoM kb 10CTATOYHO MAJNLIM, NOTY-
unM B Uy IIajkocTd us(t), 9to | us () — ua(0) || (1)< g/3.

CrenoBaTelbHO,
@ —u @] n,<e
b

Ananoruano jerko JOKa3LIBaeTCA, 4TO

QM—%HQ&
Ly

TeMm caMbIM TeopeMa JOKa3aHa,
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19. Juneiinoe ypasHeHune
HOPMANBHOTO MIEPGOMMYECKOro THIA
¢ nepeMeHHhNMM Kod{@uiueHTamMn (OCHOBHbIE cBoiicTBa)

1. Xapakrepuctnku M GnxapaxrepucTurn. B nacroaimem
naparpade Mpl JOKameM CYINECTBOBAHNE peNICHUA 3a7aTd
Homu y numeiinmoro ypapuenus runepOOIHYECKOro THIA
¢ JOCTAaTOUYHO IIAafKHUMH Kod(pPUIEeHTaMH HpHU JOCTATOYHO
JIJIKHX HAYaJLIOBIX JAHHBIX.

Paccmorpum ypanienue

2k+1 2k+1 2R+1
Lu= 3 %4 ,,awj + 23 g Cu=F, (19.)
i=0 j=0

rie Ay (4i;=2A4;), B;, C m F cyrs QyHENuE mepeMeHHBIX
Zoy «v. &apy1, HEIPCPHIBILIE ¢ IIPON3BOJHBIME [0 HOPAIKA
K+ 1 srawouurensno, rige K — pocrarouno 6oabIIOe YUCIO.

Jlonmycrum, 910 B KamKjoil TOUKe HPOCTpAHCTBA KBaJpa-
TiuHas ¢gopma

2r+1 241
A(p) = Z %, (19.2)
NpPUBOJUTCHA K BHJY
mir \
A =— 3 d + (19.3)

IIpH HOMOINY JIHEIHofi 3aMCHLI IIEPEeMEHHHIX pi.
VYpasucune (19.1) mascipaercs b oTOM clIydyae ypaBHe-
IIeM II0PMAJIBIIOr0 runepOoIuIeckoro TUIA.
XapaKTepUCTUICCKUMU HOBEPXIIOCTAMY HIH XapaKTepH-
cruramu ypasaeHusa (19.1) HasbiBaOT MOBEPXHOCTH

G(xy, Z1y ooy Zong)=0 (19.4)
TaKue, JUid KOTOPHIX Ha 3TON fIOBEPXHOCTH
A(p)=0, (19.5)
2h+1
> (”) ~0, (19,6)
i=0
G

re p = (Do -+ Ponia)s Py =gz 12121

VpasHeHUEe 1IOPMAILHOIO rnnep6onnqecxor0 TUHA UMeer
XapaKTepUCTHYCCKHe IOBEPXHOCTH € KONHIECKOM TOYIKOIL
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B JI060# 3aJJalHON TOYKE HPOCTPAHCTBA 2, ..., xghﬂ. It
TOBEPXHOCTH HA3LIBAIOTCA XaAPAKTEPUCTUYECKUMU KOHOUDA-
mu. B caywae ypaBHeHUS ¢ TMOCTOAHHHIMHU K03pPuiueHTaMA
XapaKTepncTUIecKue KOHOUMIBI MpeBpamaioTcsa B XapaKTepri-
CTIMIECKIIe KOHYCBI.
HanmomMuuM HeKOTOpBIe OpocTeiimue CBOMCTBA XapaKTe-
pHCTHIECKHX KOHOUJIOB M HX MOCTpOeHue,
Bee manpHeiimue paccMOTpellMs HPOBOIATCA B HEKOTO-
poii focTarouiio Maioil oKpecTHOCTH (DMKCHPOBAHNON TOTKH
0 (y
Loy o ooy Lot
OGozmaanmM
oG
51—1" = pi' (19.7)
Kax uspecTmo M3 Teoprmu ypanHeNUHd B IACTIHLIX HPOI3-
Bojiunix mepsoro mopsaAnxa [190], mosepxmocts (19.4), ynos-
netsopaomag ypasumennwo (19.5), nomyuaerca wax Mmoro-
obpasne, COTKaHHOE U3 OMXapakTepPHCTUK, T. €, PemIeHuil cu-
cTeMbl OOKKHOBEHHHX [uddepenquaabublx ypaBHEHMIT
dr; — dp
i i
1(,)A—1(7A—ds. (19.8)
2 dp, 2 oz,

Bonee Touno: mapamerpuueckoe ypaBHEHHE MOBEPXHOCTH
(19.4) monyuaerca B BH7E

(0) (0) ((} 0
z=§; (S, Loy v ooy Lok+1y Po )1 ooy P(zk)+1 3 (19-9)

0 0 (0] 0
The xf, N, xgh)ﬂ, Po ), ve vy Pop+1 CYTH QyHKIUH oT 2k He-

BAaBHCUMBIX [APAMETPOB Uy, ..., Uz [lpu 3TOM
a) ¢ynrunu (19.9) Bmecte ¢

1 ) 0
pi=— i (s, 2, A, o Pie1)  (19.10)

MOJIKHBI TpEACTAaBIATL COGOMl 00Iee PpeIIGHNe CHCTEME!
(19.8), saBucamee or 4k -+ 4 OpPOMBBONBHLIX MMOCTOAHHBIX;
B (19.9) u (19.10) nomnomeno

zil, =2 pl_ =P (=0,....2k+1); (19.10)

6) dyERmUM 2 (v, .. vy Ugn)y pi® (V1) + « vy Vo) HOMIKHEL
V/IOBJIETBOPATE YCIOBUAM

A(p)lis=0, (19.12)
2kt 1 9280
¥ pOZh —0 (=1,...,2k) (19.13)
= ij
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B yeaopuu (19.13) penuuuHnl z; M p; cIeayeT CUMTATL BHI-
paskennsiMu depe3 s no dopmyram (19.9) u (19.10);
B) ypasaenus (19.9) pommuwm pasaTe nmapaMeTpuuecKoe
npencTasienue Muoroobpasusa 2k + 1 usmepenus (He muske).
IoxasmeM, Kax CTpOMTICH C NOMOIMBIO 3TOM TEOPUHM Xa-

o o 0
PAKTEepUCTUICCKUII KOHOU] C BEpPIIMHOU B TOTKe xg ),

0)
coes Lopta.

Jlonycrum, uyro HaMmu mnocrpoennt pemenus (19.9) u
(19.10) cucremsr (19.8). Bygem cuurath b nox 3a nesasu-
CHMbIC TIapAMETPH Py, ..., Pyki1, KOTOPHIE MLI IOJITHIIUM

asyM ycaosusM: ypapHeruio (19.12) u  ycaonmio Hop-
MIIPOBKU

z pioz (19.14)
i=0
Bemmuuxe xf,o), ...,x(z'QH OyaeM CYHTATL IOCTCATHBIMAM,
HE 2aBHCAMNIHMU OT pf)o, vy pg%)+1.

Hetpyano nposepurtn, ute ypasuenua (19.9) paayt npu
5TOM IAPAaMETPUTICCKOC YPALHEHH® NOBCPXHOCTIH, YIOBIETBO-
pstomeit ypasuenuio (19.5). Veaosue (19.12) mrmomniserca
B cmry Boibopa pi”. Veroniue (19.13) rawme BHIIOTHEHO,

Bxgo)
1160 m =0,
p]

B Tom, uTo MuI Oymem umerh B oroM caydae us (19.9)
nmapaMeTpUuecKoe ypasmerme Mioroobpasmsa 2k + 1 usmepe-
nus, Mel y0equMcAa HemoCpenCcTBEHHO TECKONBKO TO3JHEC.

OTMeTHM UPpEeHEJe BCET0 HECKONLKO BaMKNBIX CBOICTB
ypasrenuit (19.9) n (19.10).

IMomomum

sp\® =yi, sp;=m. (19.15)

(0
MMoxamem, uro dynrxmum E; u 7; 3aBUCAT OT § M pz)

TOJNBKO Uepe3 mocpeacTno Y; T. €. 4TO

y y
0 2h+1
gi (.S‘ xE)O)v sy x(zk)+1$ —sgv ceay —)1
o (19.16)
0 J2h+1
m(s 20, 29, s", e )

0
He 3aBUCAT OT § IPU 3AMAHHLIX Y; U Zj.
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JleficTBUTENBHO, BMECTO § M P; PACCMOTPUM HOBEIE Imepe-
MeHHbBfe §, u p§"), momaras
PP
s=as,, p,=—. (19.17)

a

IMoxcrapasas oTu HOBHIe mepemeHHbie B cucreMy (19.8),
MH NOIY4YUM CUCTEMY ypaBsHeHUii AnA pil) H z; ¢ HC3aBU-
CUMBIM TEPeMENnHBIM §;. JTa cHCTeMa OKAa3bIBACTCSl COBIA-
paomest ¢ cucremoit (19.8) m Morma Om OHTH HOMTyUCHA
NPOCTHIM MCPEVMCHOBAHUEM HERABUCUMOIO NEPEMCHHOTO U
¢yEROUA p;. OTciofa ciaexyet, uTo PyHRIUU

X (0 (0 0
7 =§ (asl, 15)0)1 ceey JUzk)+1, Do ), A sz)+1 »

1 1 (0 0)
P(i ) = ap; = 4 M (0431, xfyo)a ) J’3(2011)+1, Po )a cees P(2k+1
1
(19.18)
TakxKe yyoraetsopsor cucrteMe (19 8).
O6oznauum (
1) (@
P |s1=0 — pn@ (19.19)
(0)(1)
p.
rorma pP® = ap® wmt pi® = —
Wmeem, ouesumno,
(0)
z; |81:O = x5, (19.20)
Ypasuerns (19.18) MoUIO npU BTOM mepemucaTh TaK
(0)(1) (0)(1)
( P Por+i
Zy = Ei (O‘SI, 'Z‘f)())r ey xz(;l)+1’ Oa 7 000y a+ ),
o _ 1 o o B0 mmy 052
Pi =s—1ﬂi AS1s Zy'y ve oy Loh+1s o 1t o

o o 1
C Apyroit cTOpOWsI, MA oTHX e PymKIm 2: m P§ Kak
peurenuit cucremsr (19.8), ynommerBopAKIMUX  yCIOBHAM
(19.19) u (19.11), Ha oCHOBAHMYM TCOPCMLI €UIICTBCHHOCTH
HMeeM

(0) (0) Y1) 1
Ti= gi (Sl, 2 N 121{-[—19 pf)o ( 3 0 ey P(z[;?-(k1) 3

(1) 1 (0) (0 0 (i
pi’ = (sl, Ly g ey Izk)+1, Pn()p ¢ ), s P;"k)ilf
1

). (19.22)

[Tpasrie wactu (19.21) u (19.22) rompmectBennn npu
mwobom o. Ilomaras s,=1, a=s, mnonysum wuame yT-
BepIKCHUE,
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O6o3HagnM
& (S: -7530), . x(z%ﬂ, Pf)o): eees P(zgz)ﬂ =
=X; (xf)O), ceey xg}z)+11 Yor Y10 ¢« «s y2h+1)»
LT (s, xf)o), vy 75(2(}@)+1, Pf)o), ceey P(z(}a)+1 =
= Hi ('Z{)O)’ ORX} x(Z(}i)+11 Yor Uty oo s yzk-l—l)'

IToxa:kem, uro ypasmenus

X = X'l (-Z{)O): vy xg%.u Yoy -« s y2h+1) (19'23)

BBRIpAKAIOT 3aMEHY KOOpJWHAT Z; HA KOOPIWHATHI Y; B Ha-

IieM M[POCTPAHCTBE ¥ MPHTOM TAKYIO, KOTOpPasg HEPEBOJWT

TOUKY ¥; =0 B TOURy Z; — ¥, nmeer 6iamam oToff TOUKH

OLPCAENNTEND, OTANTHLIA OT HYJSs, W IENpephlBHA BMeECTe
¢ mpomssojuniMu jio mopsaara K, rupe K — mocrarouno Gomn-
mroe IHCIo.

B cuny ussecruoit TeopeMul Teopun oOBIKHOBEHHBIX Aud-
depeHnuanpubX ypasHeHdAin (QYHEKOWM T1; U E; AMEOT He-
IpepHIBHLIe NPOMBBOJHBIE [o L3 W p§°) po mopanka K
BRIIIOYHTENHHO.

Bynem cunrars dymrumn x; m p; GyHRIUAMU DepeMen-

HOTO § ¢ mapameTpaMu ., ..., Zoe1, P, .., P4y B pac-
CMOTDWM TNpOW3IBOJNBIE OT Z; W p; mo S. [lokaskeM, dTO
d%z,

limd—m1 €CTh  OJHOpPOAHBIfI ~MHOTOWIEH CTemeHd d,
80 S

. d%, (0)
a lim — — crenenn o + 1 ot p;”.
s>0 ds

Jna  pokaszaTenncTBa BOCHONB3YCMCA ONATH CHCTEMOIT
ypasaenuit (19.8). [uddepennupys 1o s ypaBueHHS ITOH
CHCTEMBI IOCIE0BATEIBHO W MCKIIOMAd Kasmlii pas ma
OpaRsIX 9acTeil mepsble NPOM3BOJHBIE, MBI MOMeM BHIPA3UTh
d*z;  d%p,;
9epe3 BeNWYWHH! Z; M P;. MBI HOKaxeM, 9TO

ds* ds®
d%z
i (o)
X Xi (xo’ vera Tohtty Poy oeos p2h+1)’
E (19.24)
p; (
F? = Pia) (xoi oo oy Tont1y Doy v o1y p2h+1)’

e X% u PP

OT pi.

CyTh MHOTOWIEHH cTemenw o wid o +1
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Yro6sl yeTaHOBHTL DTO, MPIMEHIM HONNYI0 WHAYKIIHIO.
Ilna oo =1 yreepsspenne ogesupuo. [lomoskim, aro pas He-
KoToporo ¢ = | yTBep:KJCHHE JOKa3aHO.

Judgepenmupya (19.24) uo s, noxyuum

2h+1 2h+1
_d_ (d“.z:l) _ dX(ia) . OX%OL) dzj X(a) dp]
d

ds® ds = dx; ds = Jp; ds
2h+1 X(a) 2k+1 N 2k+1 OX(O‘) 2k+1 21%1 BA

= ‘..J oz E aP T 2 2 el o1 plpm,
i=0 i=o0 =0 m=0

OTKYAa fCHO, YTO YTBEPIKACHIIE COXPAHACT CHIY I [
o+ 1.

Ilepecitpa & npeneay mpn s~ 0, momyaum rtpebyemoe yr-
BEPIKIEHNC. AHAOTHIHO MOKA3BIBACTCH DTO YTBEDKAENHE W
it p;. Tak Kak MpPOH3BOJIHLIE IO S CYIIECTBYIOT Ji0 MOPSKA
K+ 1, ro, npumcnsas dopmyny Teitnopa, moayanm

2h+1 K )
zi—a” +s X AP + 3 “X{P(p{")+ RY,
J= a=2

0
X (19.25)
3 )
pgo) + i )_‘ SHITHD (pgm) + RYD,
a-=1

o o
rae X, Y — ymorownens cremenn o m o+ 1 or pi®.
Orciopa cnexyer, aro agaa mioboro r << K — 1 MoBo BhIpa-
3UTL Z; W p; Uepes J; TaK:

zi— 2" = 2 Ay, + 2 X" (y;) + R,
1 r+1 )
n=2

rJie NPOH3BOALLIE HOPALKA O OT R(r+1 u R,«H, B3ATHIC WO
p, obpamatores 8 Hyar opu $ =0 xax s**~*, Ilpocrsie BEHI-
I(JIalIKH IOKA3HIBAIOT, IT0 HPH OTOM NpPOM3BOJHBEE or R4y,
u R 1oy, no nopska r+ 1 Braogurennro obpamaioTes
B HyIh B Hadajue Koopamuar. CieoBaTeinHO, NPOH3BOJHBIC
OT Z; mO0 Y; Jo mopspka r+ 1 cymecrsylor m HempephIBHEL
Bese.



192 Ta, IIT, Tcopus ruuepOoNuYeCKIX YypaBIHeHmHit

D (xo, cees Topay)
DYy - Yangr) s—o
HOBAHMM TEOPCM O HEABHBIX (PYUKIHAX CYIIECTBYET TaKas

OKPCCTHOCTL TOTKH J,f,"), ...,1(223+1’ B KOTOpOil CHpaBeJIABO

n 06paTH09: Yoy «vey Yaryy CYTH OJIHOSHATHEIC (byHKU,]?IH
HepeMeHHHX Loy ooy Lagtte

B 3roit 0oOmacT® MBI mOTyINM

OueBnjHO, 9T0 AKOOUAH # 0, na oc-

2k+1 r+1
= 3 A (5 —a) + X YO+ R (19.26)
Jj=0 n=2

rie HY — marpuna, obpatsan A, a Y™ — ymorowen cre-

HOeHU N OT (xi—-xg")), i=0,...,2k + 1.

VYpasuemme A(p”)=0 B nepeMeHsbIX ¥; MOMeT OBITH

HAIIACAIIO B BHJE

A(y)=0 (19.27)
¥, ciAefi0BaTeNLHO, NPEJCTABIsET co0oil ypamienue Lolnyca,
T. e. MEHOTOOGpasusa 2k + 1 mamepenns.

TaknM oGpa3oM, jl0KazaHO BEINOJIIENWE YCIOBHH a), 0),
B), VKasamumhIX BEIIe, W, cxaeposareabto, (19.27) ectb
ypaBHEHHE XapPaKTCPHCTHICCKOTO KOHOW/A.

B cmiy mamero mpejuonoenws o TOM. ITO ypaBHEIWE
uMeeT HOPMAJLIIO TIWIEPGOIWIECKUH THI, KONYC XapaKTe-
PHCTHK [IeIUT BCe IIPOCTPANCTBO HA TPW TACTH: BHEINIIOCTH,
BEpXHss BIYTPEHHOCTh W HYOKHsSA BIYTPEHHOCTh KOHycCa.
Beaxoe mampapienue B moGoil Touke IpocTpalcTBa 100
YBOAMUT BO BHYTPEHHOCTH KOHyCa W IO AaNajorHu ¢ OfHIY-
HEIM ClIydaeM IIasbIBAaeTCHA 8peMsA06pasubiM, JUG0 BO BHCII-
HOCTh KOHYCA I B DTOM ClIydae HA3bIBAGTCI RPOCTDAICTECl-
HO000 pasibii.

ITps amanuTHIECKOM ONPEJiCIeHuN HpOCTpaHCTBeIiH006-
pasHRIME GyiyT TC HampaBuenms I, s KOTOPbIX A< 0,

a BPEMsI00pasIbIMU — T€, I Kompmx(/)l (> O(. )
© 0 0
B oxpecrmocTm JamHON TOYEM (e, ..., 25041) MosKIIO
ciemarh IWHednoe npcofpasonanWe, NEpenojisilee MATPHILY
0 "
lA;l B Toure (xf,"), ...,x(zk)H) B KaHomuueckylo. IIyers mpe-
obpasoBanue KOOPAUHAT, NPUBOJLINEE ypaBICLue (19.1)

(0) (0)
KaHOHWUICCKOMY BHJY B TOUKE (I,, g ey Izk+1)v UMCET BU]

(0) \l . _ W . 0
Li— & = Zaijzj, z; = Z‘Yij (i — "),
J J
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rie o W Yy — Henpephsro Auddepennupyemire k + 1 pas
YHKIWYA 0epeMeHHBIX 20 ..., 2%, npuuem ompefennTens
ayl > h, tne h — moxomurenrEOE UMCNO, HE 3aBACAIIEE OT

29, ., 29, a K— nocrarouno Gompmoe wmelTo (cM., Has

npumep, [174]),
n
Torpa npn samene p; = Z V;:q; MMeeM
=1

2h+1 2%1
A.p.p. =
Z 1,_7p1p] Ix(oo)""‘xg;t)-i-l

i=¢ j=o0
2h+1 2h-1;1 {2&;1—1 2h+1

= Z 2-‘! 20 Aij?u?jm} 99 m

=0 m=¢ \ i=0 j=

M, CIeJI0BATEIbHO, B CWIY NPEANOJOMKEHAS O KaHOHWIHO-
¢TH OpeoOpa3oBaHUST JOIKHO OBITH

2h+1 2k +1 0, lztm,
2 2 Ayt —|— 1 I=m=0,
i=0 i=0 1, l=m=0.

Monaras, 910 Taxoe mpeobpaszoBamue Y;Ke BHNONHEHO H
Yi — COOTBETCTBYIOIIAA  JOKANbHAS CHCTEMa KOODJAWHAT,
paa (19.27) noxygawm

2k+-1
Yo — i§1 yi=0 (19.28)

2kl \1/2
2
Aw, ecim oGosHawaM p=| X yi| , ToO
i=1

Y%o—p*=0, (19.29)

T. €. B KOODAWHATAX J; XapaKTePHCTHIECKUA KOHONJ mpe-
BpaTWICcA B NPAMOIl Kpyrosod KoHyc. Takroe mpeoGpa3soBa-
HHE MOMKHO CJICIaTh B HEKOTOPOH OKpPECTHOCTH KaMjou
TOUKW IPOCTPAHCTBA.

B ciryuae mepeMemHbIX K0O3pPHNEENTOB HEOGXONMMO, Off-
HAaKo, OTMETHUThL CIEAyIInee BajyHOe 00cTOATeIncTBO. Ilpm
pemeHnn 3afjaun Komm Aaa Boimosoro ypaBHeHWA Guxa-
PAKTEepUCTAKY OBLIW NpAMBIMA JWHAAMYA, ¥ [OITOMY HalIe
perrenue ypaBICHHA XapaKTePHCTHK TOZAIOCH [JA II060r0
MoMeHTa BpeMmeH® f. B ciydae Ke ypaBHEeHHS ¢ mepeMeH-
HEIME KopUnueHTaMu moje OWXapaKTepPECTAK MOMKCT

13 ¢. 1. cobomen
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AMeTh Kak@e-Tuo ocobeHmocTH (Hanpmumep (OKYCH), W IO-
STOMY MEI MOKGM IIOCTPOMTH KOHOWJ[ JHII B HEKOTODPOH
okpecTHOCTH ero Bepmwnbl. Pazmep aTo#f OKpecTHOCTH MO-
MeT ObITh omeHeH No KoaddwmuweHTaM HOPH OPOW3BOJHEIX
BTOPOTO MOP /KA.

2. Xapaxrtepuermueckwii koHomA. Ilpeo6pasyem ypasme-

mre (19.1) ® woopmwmaTaM y; B HOBHIX DepeMeHHHIX OHO
HPWHAMAET BUJ|

2k+1 2%1 2h2+1
Ay + +Cu=TF. (19.30)
o~ 6y 0y : ’c?y1

IIpw aTOM KOHYC ¢ ypaBHeHWEM

G Yoy ++vy Ymts)) =Y+ p=0, (19.31)

2k+1 1/2
rjae p=( 21 yi y ABIACTCA XapAKTCPUCTHICCKUM KOHYCOM,
1=

2k+1

a IWHAW Y; = Ol T7IC L o} = 1, ABusIOTCA GUxapakTepn-
=0

crukamum, PaccMoTpum nonpoﬁnee, KakuWe CcJeJCTBHA BEITC-

KamwT n3 23TOro 06CTOHTGJIBCTBa. Ha xapaKTepPICTPI'IGCROM

KOHYCe

G Y v,
qi=517=—_p_=—7=—ai (Z#O)
i o (19.32)
=96 _
q ayo_‘ .
IlopcraBwM 5Tw penieHUS B CUCTEMY YPaBHEHWH
dy;
——=ds (i=0,...,2k+1),
g% ( +1)
2 ag,
2kR+1 2r+1
me A= > A]qlq Tak kax
i=0 j=0
dy‘ dyo

==t (=1,...,2%+1),

TO, TOJOKUB

Ps — o) (19.33)
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3aMuNIeM 9Ty CHCTEMY B BHJE
a;p (s) @ (s)
T O T =1. (19.34)
Ap— 2 Aoy - X4
=1 =1
Takum oGpasoM,
2k+1
oo" 2 A‘loal— o (s), (19.35)
2k+1
Z Ao = ;@ (5). (19.36)
VMHOMas BTOpOC PaBEHCTBO Ha oy W cymMmmpys mo i ot 1
no 2k + 1, nonyaem
2h+1 2h+1 2k-§1~ 2k+1 9
Z Ay — {2 D Aoy = D afp(s) =@(s). (19.37)
=1 =1 i=1
Orcroma ciefyer, 9T0 Ha HOBEPXHOCTH XapPaKTePUCTHYO-
CKOTO KOHYC2
~ 2R+1 2k+1 ~
Aoo —_— A,'.ouaj = 2(9 (S) ('1938)
i=1 j=1 J
win
2k+1 2h+1 -
oy = Ay — 2 (5). (19.39)

i=1 j=1
3. YpapHeHwe B KaHOHWIECKMX KoopjuwHaTax. Ilepexo-

IMM K wcciefoBanwio safgadw Homw ans ypasmemws (19.1)
IIycre mam rtpefyeTca OTHICKATH TaKOE pEIICHWE 3TOrO

YpPaBHCHU A, KOTOPOE YAOBJIETBOPAET YyCIOBWAM
u |x0=0 = U, (1‘1, eo ey xgk+1),
(19.40)

du
oz = Uy (T, . o o5 Tant1)
0 x5=0
Cnenaem eme ofmo cymecTBeHHoe Hpefmongienne. JJomye-
THM, 9T0 B flomonxueHwe K (19.2)—(19.3) B waskmoil Touxre
paccMaTpwBaeMoil HaMu 9acTW HPOCTPAHCTBA

Ap=2m>0, Aus<—m<0 (i+0).
BBegeM Temeps HOBYH HEPEMEHHYI, HOJOMHB £ =
=yt p. [aa ymoGecrBa paccysicHui OymeMm B JajdbHCH-
a

meM oGo3zmataTh gepes 5y, YACTHEIe MDOWBBOAHEIC IO Yu

13*
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B3ATHIC BJOJNb MOBEPXHOCTH Y, = const, T. e. mpW MOCTOAM-

HOM Yo, & 9Wepe3 3, - — TacTHEIE NPOM3BOINEIC MO Y, B3A-
1

TBIG BHOJL noBepxuoctw { = const. Toryma
F D Y; D 9 D 9* D?

%, Dy; T o DP Gy, D a2 DR

1

#  D? 4 D?
0y, Dy; Dt o pg

¢ _ D WD Wi D
ayiay]-—' Dy;Dy;” 3 Dt p Dy; Dt

Y D* ¥ D
o byt & D2 G0,

9  D? (1 y%)z) 2; Dp? ¥} p?
1

+

b T \o T )t e Dy b T E b
IlofcraBusasa 5TW 3HAYGHWA B HAIle ypaBUeHWe, wMeeM
2R+1 2h+1 2r+1 2R+1 y D2

~ Y
gl “ “Dy Dy +2 2 ZA pr].m+
2R+1 2k+1 s e
iJdj u 123
+22 PDt+22 o pyor t
i=1 j=1
2k+1 vy D D oh+1 2)‘1-%1 Yy
%, 1D g Du A, 2
+22 %o pE T + 4 t2+|:i_§1 ;‘(_Aupa)_'_
=1
2841 il D
w
ZA11—+2319 :IDt+
2h+1 D
~ Du = ,
+ 21 BiDy1+Cu=Iv
win
2h+1 2h+1 2h+1
D? ~ D o~
[2 i "Du Dy, T 2 Bipy + ]u+
i=1 j=1 i=1 b

2k+1 [ 2R+1 ys D
+{22[2 Aij_; i{lw-l-
i=1 L j=1



19. JInmeitnoe ypasHenue rumepGosmaecioro THIIA 197

2h+1 . 2h+1 2h+1 " 2h+1 D
.\. i ] u
+| X4 L 2 XA+ 2B T Bo|jor +
=1 i=1 j=1 i=1
2h-%1 2k+1 Y.y 2k+1 y p?
~ Y/ ~ j ~ u -
n Ag 42 X Au 2 4 A, 25 =TF, (19.4)
i=1 j=1 P i=1 e ¢

9TO MBI KOPDOTKO OepenwnicM B BUNC
L% 4+ MO ¢ J -7, (19.42)

rae gepes L, M oGosmagenn omeparophl, CTOAIGHE CO-
OTBETCTBCHHO B MEDPBOW W BTOPOW (PUIYyDPHEIX CKOOKax JeBoi
qacra (19.41), m J— tperba Qurypras cro6xa B (19.41).
Kax merxo Bmpers B cmay (19.32), (19.35) n (19.39), ma
xapakTepueTndeckom Komyce f=0 wumeem Jl;—o=0, u
(19.42) mpu t = 0 nDpunumaer Buj

~

L(o)u + M(o) D” =F,

Cpoemaem eme ofiHy 3aMeHY HE3aBHCAMBIX IIGPEMCHHEIX,
BBEAS BMECTO Y1, -.., Yanrs HONAPHBIE KOOPAMHATEL

4. Ocuosupie omepatopst M@ m L@ g nomspesix xo-
opanaarax. Mg OynieM ompejelaTh HOJOMEHWE TOIKH KO-

opAwHATOH P, THe
2k+1 1/2
2
= ( Z yi) ¥
1=1

-

¥ GWHUYHEIM BEKTODOM A.

Ham neoGxomumo wayunrts moppobHee pudhdepenmuais-
HEIe OIIePATOPHl B 3TUX MEPEMEHHHIX.

Hnsz Toro wToGH BHUMCAWT, Kawoi-muGo puddepeHnn-
aJpOBIX omepaTop Ha CAWMHWYHON cdepe, clIeAyeT BHIOPATH
KaKylo-mn00 KOODAMHATHYIO CHCTEMY HA MOBEPXHOCTH JTOil
cepsl. na nac BEGOpP Takoil cmcTeMHl Ge3pasiwdeH, s IMO-
STOMY MBI MOKEM, HAIOp¥WMep, BRIOPATH AJNA KAIKLOH TOUKM
cepH CBON KOOPAWHATHYI0 CUCTEGMY, DPEryIspHY0 B OK-
PECTHOCTH 3TOH TOUKH.

Mo:xno, mampumep, paccMoTpers ¢ 5Toff MEIBI0 MONAPHEE
rkoopamHATH, CHcTeMa DONAPHEIX KOOPIWHAT Ha CAHHAYHONR
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cdepe 3amaeTca ypaBHCHHAAMNA:
Zopp1 = P €OS Oy,
2y, = p sin Oy cos Vop-1,
23 = p sin Oy sin Oa—y . . . 8in 05 c0s Oy, (19.43)
25 = p Sin Oy, sin Ogp—y . . . 5in ¥, sin ¥, cos 04,
2, = p 8in Oy sin Oap—y . . . sin O3 sin ¥y sin Oy,
e —a <O, <m 0<O,<m; i=2, ..., 2k, a z, — mpo-
H3BONLHAA [EKAPTOBA KOODAWHATHAA CHCTEMA, HOIydaeMas
a3 y; HOBOI;;):‘?M oceif, T. e. OPTOrOHANLUHKIM HpeoOpazoBa-
HAEM Y; = 21 Vi;Zj
HOJ’IGI}H(;_OTMGT]?ITB dopmy Iy
Dy ooos¥onga) _ D(EpreorZangn)
D (e, By Og) ~ D (0,05, -, By
= p?* sin®** 10y, sin®* 20y, _; ... sinG,.  (19.44)
Orciofa meMepeHno cliefyer, 9To
dQ = p** sin**~* Oy, sin®* 2 Byy . . . 5in Oudp d0, . . . dOy.
(19.45)

IlpmanmMas eme Bo BHWMaHWe, 9YTO NOBEDPXHOCTH O ==
=const cyts cdepr, amwAmm O, = const, ..., B, = const

/]
CyTh pajmycst aTHX cdep u qm%= 1, Tie v — BHEmEASR
HOpManb K cdepe, 3aKI0OTaeM, 9TO IMEMEHT HOBCPXHOCTH
cheput

dS = th Si.'l'lzh—i 92h SinZh—z 92;1—1 e Sin Bzdei ca. den.
(19.46)

Cncrema ypasHenmit (19.43), paspemennmas orHOCHTEIB-
HO p ® 0;, mMeeT Buf

2h+1 1/2
2
p= ( Z zi) ’
i=1

0, = (sign 2,) arccos 23, (19.47)
2

%

0, = arccos -2,
0

3
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05,1 = arccos zih, (19.47)
Oar

4
0,, = arccos %,

2 211/2 22\
e p, = (7 + 2) a---’ch“(,Elzi) .
=

Mz OyneMm B fadnHeillieM JAJsi YAOOCTBa, BBIUMCIAA Ka-
-

Koit-mu6o omepatop oT (PyHKOWH B TOYKe A, Ha cdepe, BEHI-
OWpaTh OCH 2y, ..., Zapyy TAKAM 00pa3oM, - 9TOOHL paccMart-
-

puBaeMasi TOYKa A, Jealla Ha OCH 2, T. €. UTOOHl B 3TOH
TOURE 2{ =, 23 = ... = 2y = (.
Oyakmuio ¥, szagannyio #a cdepe, HA3HBAlOT § pas

HeNpePHBHO AudPepeHnAPyeMOd B TOUKEe A, €CIN OHa
uMeeT B 9TOM TOYKe HeNlpPepPHIBHHIe HPOW3BOAHBIE [0 HOPSA-
Ka § BRIOYMATENHLHO IO BceM RooppwHatam Oy, ..., 0, 1pm
BHOOpe 3TO KOODAWHATHOW CUCTEMEBI TAK, KAK 3TO OIMWCAHO
seie. Dymkmuio, nempepsisao auddepenmupyeMyo S pa’
B m060# TouKe chephl, HA3HBAIT § pa3 HeNpepHBHO ANQ-
depennupyemoit Ha cdepe.

Jlaneitneit  nuddepenmuaIbHBIR omepaTop mOpAAKA §

ua cjepe Ha3RIBaeTCHA HeNPePHIBORIM B TOYKe A, cdhepsi, ec-
I¥ OH COCTOWT W3 JWIEAHOil KOMOWHAmWUW NIPOW3BOJHBIX [0
TMOPAAKA § BRIIOUYWTENIBHO II0 IepeMeHHbIM O ..., 0 ©

-
Ko3pPunuenTaMn, HeOPePHBHRIMA B OKPECTHOCTH TOUKH Ao.
Ecin oH HempepsIBeH B OKPECTHOCTH MI060H TOYKH, TO OH
Ha3eIBaeTCH HeNPEPHBHRIM Ha cdepe.

OmepaTop mopafka § MoMeT OHITH IPWMeHEH K 060l
s pa3 HenmpepEiBHO fuddepenmupyemoit PyHKIAN.

Bynem masmBath AudpepennmwanbHbiii onmeparop L, 3a-
[aHHBIH Ha efmHWIHOH cdepe, r pa3 AnddepeHNNPYEMEIM,
ecin ero koa(dunmentsl B M0G0 TOUKe HempephBHO MAuch-
Pepenmupyemsr r pas. Eciam omeparop mopsaka I, mudde-
peHOWpYyeMElii r pa3, mpuMeHeH K (Qymknum, aupdepennn-
pyemoit m pas, rae | <m <<l-+r, To pesynbTaT ABIAETCA
Pynrnueir, tudpdepennupyemoir m — I pas.

Tloce aTMX 3aMeYaHU{ IePeXOfiWM K BHITACIEHUIO oIe-
patopor M® w L B monspubix KoopAwHaTax. Haiimem
cHauaJa BUA omepaTopa M,
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Jlerxo BHJeTH, 9TO
2r— N ey oL, (19.48)
M

B cBoio ouepens s j=2, ..., 2k

2k
Dv \' Dv DO, Dy Dp _

Dz; o DO, Dz, Dp Dz
2k
v 0w Pioy, N 00 Fenddy
T pap a0 2 Al

i—1 Pj s=j—1 90, psP§+1

Amnanormanoe paBeHcTso nMeeM mpm j = 1.

3aMensig Bce z M P WX BHIPAMKEHMAME W OPHHMMAA BO
BHUMaHWe, 9YTO B HCKOMOH TOYKe BCce P, PABHLI P, MBI MO-
3keM TpHAaThL omepatopy M'® cumegyiomuit nup:

0, _q0iv 1,0 19.49
M 6p + p A- 01 ( * )
rie G — Qynaruua nepemenubix t, p, 0,, ..., 0y, ompene-

leHIIag Ha Bceit cepe O m mMsT Bcex p M3 IPOMEIKYTHA
0 <p <M, uenpeprizuo auddepeniupyeMan Mo ITHEM Iie-
pemennrM, a.A"” — nquddepennuanpumii omepaTop mepeoro
mopsaka Ha egmmnmanoit cdepe, muddepenumpyemrlit gocra-
TOYIO MHOTrO pas.

PaccmoTpuM eme 3mauenmme omepaTopa M mpm =0,
T. e. Ha TMOBEPXHOCTH XapakTepPHCTHYECKOro Komyca. Ilpm

oTOM MMeeM yi/p = —oy, u B cuny ypasmenmii (19.36)
2h41 (2ht1 D
l)
=1 j=1
2kh41 D 2k+1y D P
v ‘l. v v
=20(9) g o gy = —200) 25 5= — 2009 35,
a B caay (19.39)
2B+ 1 1 2k+1 2k+1 yiy 2k+1 y
2 F—Z ZZ'L] ZBiF-!-Bo:
i=1 i=1 j=1 i=1

2k41 1 2k4-1 Ys
=[2 Aii—Aoo+2(P(5):|B' 2 i—p2 B,.
i=1 =1
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IToaTomy
o 2kl
9 g (Ao & A
M|y = — 2(9(3){5': + [F (—2(;(?)1—— 1) —
2k+41 Vs
5, 3 o)
el
29 (s)

JloraneM Temepn, 4TO
o 2kl
[Aoo — 12 A“] = (2k + 2) ¢ (0), (19.50)
=1 p=0

PaccMotpuM ¢ a3Tolt mednio 3madenus Ajl,—,. Ouenummo,
CIpaBeJJInBEl PABEHCTBA

- oh41

A00|p=o— 2 oA |p=o = ¢ (0),

=1
~ 2R42 ~
Ayi |p=o — 2 a3di; lp=0 = a;¢ (0),
=1
2ht1
Ifle o — IPOM3BONGHEe WICIa Takme, uto D, o = 1. ITo-

i=1
moxmp o, ==x1, o, =0, i#* ], BaguM, 4dTO

=xAyle= +¢(0), oTkyna
Aglomo =@ (0); Agyle=o =0.

Hanee, momarag o4 =sinw, O,==cosw®, TAe 7+ m,
=0, i # 1, i % m, noryam

sin o [Auly—o + @ (0)] % cos 0 Amlp=o =0,
OTKY/a, MOJIb3YsICh MPOM3BONLHOCTHIO , HAXOMAM
Klmlp=0=0 (l%m), .Zulp=o=‘—'(p(0).

W3 osrux pasencte m caegyer gopmyna (19.50).
Hanee m3 cymecTBoBaHMS HENPEPHBHBIX IPOH3BOJHEIX
mo Yo, Y1y +++, Ya—1 OT KODPPANHAEHTOB EI,-, clemyeT, 9TO

g00|p=0 =

~ ~ p2
Ay = Ayl + 04D + 4D 1L 4 B A 1 R

i

e R(“)— 0CTATOK, O0pamalomuiics B IyJb ¢ DIPOU3BOA-
HEIME J10° TOPARKA N BRIIOYHTeNEHO mpH p = 0.



202 Tx, 111, Teopus runepGoXAYECKEX yPABHEHTA

Ananormuio ﬁ ti lp =0 2 m A(m) P
i3 .
PO 90 e i
IIpunuMas Bo BEEMamme aTo pasnomenne Oy TUM
OKOHYATEJbHO

MOy |y = — 20 (s) [Z—Z + (g + G) v] lt=0 (19.51)

-
rie gpynrupsa G (A, p) orpaHmIeHa BMecTe C IPOM3BOJHLIMI
JIOCTATOYHO BHICOKOTO MOPHAIKA.
BoipasuM Temepb B Tex e koopfumHaTax omepartop L,
Mur GyaeM mMeTh mocie OTeBHHEIX BHIKJIAOK

Ly 0(0)0 > +4 R(o) g':) + ;)1_2_ S(O)U, (19.52)
rne Q' — ¢ynxuua, mempepsiBro AuddepennupyemMas 1o-
craTogHO MHoro pa3 Ha cdepe, R — omepatop mepsoro
mopsAka Ha cepe m S — omepatop BTOpOro mopAAKAa Ha
cdepe, AaddepeHniEpyeMue OCTATOTHO MHOFO Pas3.
Ilpencrasnser umrepec BRUmCIATL 3mauenze L Vv mpm
t = 0. C »1oit mensio mpescrasum LVv]|,—, B Busie

2k+ ll)2 2k+1 2k4-1 D?
LOy|,_, ={— C.o =2V
= 3 " | 1-;1 j=21 " by;Dy; +

2h+1§ D Z;
i 17
+ Emﬁvﬁw]l‘?@

Takoe mpepncraBienme ¢ menpepsisEo pauddepennupye-
MeIMA Tmo p u 0, dymrummamm C; caemyer u3z (19.41),
(19.42) u pasenct® Amly—o =0 (I#m), Ayl,=o = —¢(0).

Ougesmano, uTo

. (19.53)
=0

2k4;1 D 2k+1 % 8 ‘

v v ~
— = 5+ =+ 5 Av
i1 vt a* TP TR

~

rpe A — moBepxHocTHEIH omepaTtop Jlammaca. Mmeem

LO%|_y = —{ 11+ Q4 (0, V)] +5 L 12k + 00, (0, N1 22 T

+ piz [+ p0Qs (p;?’»)] v} @ (s) ' (19.54)
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5. Cuerema OCHOBHEIX COOTHONIEHMiEi Ha Komyce. llycrn
A® — pexroTopHIifl omepaTop BTOPOro MmOPAAKAa B IepeMen-
HEIX ¥Yi, ..., Y2r4ts OIH, 9TO TO JK€, B mePeMeHHEIX o, Uy, ...

, O, KOOPPUIOUEHTH KOTOPOr0 B3aBHCAT OT NEPEeMeH-
Horo ¢

2k41 2k+1 2k+1

Ay = 2 2 ‘7DyDy + .=21§15;+C

Mu GyneM oGo3HagaTh 3HAKOM -3%\ =A® omepaTop BHLA
W, NN 1, % ! pt D'Bi v | D'T
A ; JZ YL Dy_Dy+ ~ il Dy +D—tl-l),
(19.55)

K03Q(UNIEenTE KOTOPOrO CyTh HMPOM3BOAHbIE MOpAAKA [ OT
roadpauentoB omepatopa A®.

CocraBum omepatopsr M® m LY mo mpasmaiy, ommcam-
HOMY BBINIe, I IOCTPOMM WX BLIPAKEHHE B MOJAPHEIX KO-
OpANHATAX.

IlpomensiBas BHIKNAMKH, AaMANOrMYIble HPEKHUM, MO-
Ay4IM

MO =g 3; 4 iA”’v;

(19.56)
() _ (l)«? oo 1 o
L'=Q R 7 + p2S v.

Hospdunmenter GV u Q¥ cyrs PpyHKuzH, HempepsIBHO
nupdepennupyembie ma cdepe, AP m RY — omepaTops
mepBoro mopsAxa Ha cdepe, a S¥ — omepaTop BTOpPOIO mO-
paaka Ha cdepe, uddepeHnEpyeMbie TOCTATOTHOE UUC-
J0 pas.

Bepnemca temeps ® ypaBmemmio (19.42). uddepemn-
nupys ero ! pas mo t u moxaras t=0, moiyumM, TPUHAB
BO BHEManue, uto J|,— = 0
!

l D'u D1y
L= M
2 = or T 2 =T DrF T

‘ - r+2,,
+ 2 1] D'7'JD D'F (19‘57)

— ) pyl— = p
b 1L — 1) pel=7 pr+2 Dy
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Broga oOosmauenms
D{Pw = LWy, DPw = ILYVy + My,
DJ
D =M + S v, (19.58)

1
r—MMeg—r4+ 1

] Dl-—1‘+2J
o= ppee v 2STSh

)., I u—r) (—r+1)
D'U_—r!(l—r)lL v+ M v+

mepenmuieM ypasuenue (19.57) B Bupe
1+1 ~
() D"u_ Du D"}  D'F
ZOD, W_Mh_,(u,m,...,m =5 (19.59)
ITomosxkuMm Temeps

D™u
Dt

= u,. (19.60)

=0

IIpn Tarux o6Gosmauvenusix ypasmernne (19.59) mpumer sup

141
— (D
Mk-l(um Uy oo -1ul+1)=2 -Dr Uy, =

r=0

= (19.61)

B mpasoit wactn (19.61) crosT, ouesmjawo, HM3BECTHEIE Be-
JINYNHBI.

20, 3agaua Komu paa numeiigsix ypaBHeHmit
e mragkuaMu KoaddunuenraMmu

1. Omneparoprl, conps;KeHHBIE ¢ OHEPaTOpaMu OCHOBHOI
cucrembl. Ilycts pama mexoTopas cmctema m JgmHEHEIX
omepaTopoB Hajx ! ¢ymRmuamm B 2k + 1-MepHoM mpocTpaill-
ctBe p, Uy, ..., O ¢ 2ueMeHTOM 00BEMA

dQ = p*dp dS = p**x dp d¥, .. .d0,, (20.1)
e dS — sIeMelT MOBOPXIIOCTH oamHHTHOIT cdeprr,

H= Sinzh_‘ ﬁgk Sin.zh_2 ’ﬁ'zk—; e Sinz ’0‘3 Sin ’02. (202)
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Omepatops M,(s) MOMKHO pACIOJNIOMHUTL B BHAe TNPAMO-
yronpHOK Tabaunst M, comepmamein m cTpor ® I cTONOHOB:

1) 2) l
(MO, M@, ., MP,...,uD )
MP, M@, oMY, ., MY

M= MD, M, ...,M§3>,...,M<;5 ’

.........

l 1
lM§n>, Mg,%), e MG, M

* o
IIycto M(s) o003Ha9aeT ONEpaTop, CONpPSMKEHIbIH ¢
oTepaTopoM M(S), T. €. TaKoil, UTO

2k )
. api» P(
wp™ (WM, — v M w;) = B, 5 5

) (20.3)

re P(s) — mexorophie Qymrumm *),

ByneM maspiBaTh CHCTEMOH, CONPSIKEHHOH ¢ cHcTeMoi
M;, cucremy N,, cocrosmyio M3 [ JanednmbIx omepaTopoB
Hag m QYOKOAAME Wy, ..., Wn BAAA

m m
. .
Ny, ..., Wn) = '21 M w; = 21 NPw;.
i= i=

Taomuua omepaTopoB N uumeer BHUJT

(N, N2 VD, L N )
N, ND NG L N

J

dra Taladua TonydaeTcd U3 TaGamubl AJNs ONEepPATOpOB
M( ){ ecid B 9TOil mocjenmeil 3aMeHMTh CTPOKH Ha ¢Toj0-

LB 4 B3fATh CONPSMEHHBIH K KaMoMy oIepaTopy (N D=
— M),

*
*) HecmoXHEE BHKIAJKA IOKA3HIBAIOT, 4TO OHEpaTop Mg") on-
penelseTcsa NPH 3TOM eJHHCTBEHHEIM 06pasoM.
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CucTeMa CONPAKEHHHX OIEPATOPOB Y/AOBIETBOPHET CIe-
AYIOIEeMY TOKRIEEeCTBY

m l
W”[Z wJ'MJ' (v1s - c V) — 2 vsNs (wy, . ..,wm)] =

=1 s=1

m l
P, P s
-2 L4 =0 e P = zzl P (20.4)

IToctponm cmcremy omepatopor N; (j =0, - k) man
k dyuxnuamu oy,..., 0, compmmennylo ¢ cuctemoil (19.61).
Tabnuna M pna cacremnr (19.61) mmeer Bupy

M=

ng—l)’ D(lk—l)’ D(2k_1), .”’ng_—él), D(’:e:;), Dﬁf‘:l”, D}(tk—l)
ng—-z), D=2, D=2, ., ., Dk, ng::), D2, 0
ng—a), D(lk_a)’ D(2k"'3), ‘“,D%k_—aa)’ ng_—zfl), 0 0
ng—4), D(lk_4)9 D(2k—4), .“’D%k_—;), 0 0 0
=1.)(f;)”i)(12i)“b§i) ..... (.)...(.)....0....0. .
p®, Dp®, D& ., 0 0 0 0
p{v, pv,  pm , 0 0 0 0
D, p{® 0 , 0 0 0 0

CooTBeTcTBeHHO HTOoMy Tabmuma N TpumeT BUA

ng—l)*, ng—z)*, D((,k—:i)*’ng—Al)*’. . .,Df\‘*)*,Dgf)*,Dgl)*,Dg‘))*
D{k—D* p(=)* D=9 plh-0*  p@* p()* p)* plo*
D{h—D* ph=2* ph—a)* p(k=0% p@* p)* p* o
ng—-l)*, ng—z)*,ng—a)*,ng—Al)*,‘ . ’Dga)*,Dg)*, 0, 0

.............................

e e e LN N N
DD DI, 0 0 0, o
DR—1*, pih=—)*, 0, 0, ..., 0, 0, 0O, 0
Dip—b*, o, 0, 0, ..., 0, 0, 0, 0

2. Hocrpoenne ¢pyurnuii ¢, ITocTpomM Temepnr cucTeMy
byurmaii oy, oz, ..., Op ABJIAOIIAXCH PEIICHAAMHA CHCTeME
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ypaBHeHOit
.D(k_l)‘,l 0, = 07
D(k—2)*0. + D(k"'l)*o- — 0
DD, + DY, + D%, =0, (20.5)

e @ ® & & o U & & s 4 o & o o & & & v ¥ € ¢ & s

* " 2)% E—1)%

D0, + D\ 0p—y + D04y + ... + D0 = 0.

Jdra cHcTeMa ABIAETCH PERYPPEHTHOH, QyHROHH Oy, ...
.., O, OIpENeNsIOTCA W3 Hee DNOCAeJOBATEIHLHO OXHA 3a
Apyrou.

Ilycrs panee
No(O'l, -..’O'k) =

L] 2)% —1)*

= D0, + D" 0y + Doz + ... + D V%0,. (20.6)

OueBMHO COpaBENUBO TOKAECTRO, NONYYAIOmMEecH M3
(20.4) m (20.5),

k—1
e
2k o'F .
P [lz Or—1 ol uyNy (04, - . ., Uk)] =
=0

k=1
.
2k a'F
=%p 2 Ot | —7 — M-y (ug, ..., 014 | +
1=0 at!

h—1141

+ “PM 2 2 {Uk—lDi('l)ur— ur-D(rl)*o'k—l} ==
=0 r=0
k—1 2k
a'F oP opP
— Mp2k2 Op—1 [—67 '—Mk— (uo, ey ul+1)]+ 2 ﬁ"_—#z
=0 m=1
(20.7)
k—1141
rne Py, 2 2 P%)k—
l=0 r=0

Wz eeipaskemms mas J (i, p, _At) B (19.42) nerxo mupers,

gro J (¢, p, A) m ee mpomsBopgHEle o f g0 mopsgka k1
HempepuieEsl mpd p = 0. IloaToMy, OpHHEHMas BO BHHMAHHE
gopmynn (19.58) m (19.56) pua LY mw MY opm t=0,
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HailigeMm

D) w = M(O)v+—v— — 2 () {g—; + [—% + G (p, k)] v},
., _ 7 (1) Il DY

DiVv=L% 4+ IM v+z;(z 2)!Dt3

a 1 ~ 14
= — @ (5) {5“)‘;[1 + p0Q4] + 3‘[2"3 +-pQ: a—l‘)

+ 418+ 60 } (20.8)

D = ¢ (s) [A -

rne G, Q), A — dynrguu, Q,, B — omepaTops mepBoro mo-
panka, A, Q3 C — omepaTopsl BTOpPOTO mOPsAKA, mupde-
peHnypyeMEe [0CTATOUNO MIIOrO paa.

IlepexoguM R DBEUECHEIINI0 CONPSIKGHULIX ONEPaTOPOR.
3aMeTHM Ipeiile BCero ¢ 9TOH ueaplo, ITo omeparopel B*

wm Q3 compsKeNHEe ¢ OMEPaTOPaM: MePBOTO MOPSIA B
anma (., OUpeNeNeHHHIMA Ha eqAnUIHON cdepe, ABITIOTCS
B CBOIO OU0peAb OMCPATOpAMH TMEPBOTO TMOPSAKA, oOmpese-

JenobiMa ma empmumgnoit cdepe. OmepaTopmr A* Qs m C*,
COIPSIKCIIbIe ¢ OIepaTopaMH BTOPOTO IopsaKa Ia cdepe,
TaKike SBITIOTCH OMEPaTOPaMH BTOPOTO Lopsfka ma cdepe.

OmncpaTtop A* cosmamaer ¢ omepaTopoM A TaK Kak omepa-
Top Jlammaca ma cdepe ecTh CaMOCOLPSIKEHIHI OIepaTop.
Jlasee, compasenduBEl (hOPMYIBI

(796_9)* - (p%b% p:k)’ (6%22)* B [p“ op* 2k)] @09
(@) == (o).

B camom nene
p“[ 5+ wp (p”‘v)] (p**v Op u%(pzkv) —
= 7 (wp™),
2 (60)] = (6%0) 2 — w2 (07) =
[(92k ——ui(pz"v)],

:) Bg_’;+pi20v, 0<r<t—1,

9k 62u
v —
P [ 20° pz" ap*
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(0085 oo -
- [l -weg]

2k

+ [0 (0) 3 u gy (@) = 1 1 (@30™0) ]+ 2 T

i=1
rae P; — HexoTophle BHIpasKeHMs, 3afamilEle HA TOBEPXHO-
CTH eJAHATHOR cephl.
TTompaysach Tem, 9T0 CONPSIKEHHLI OmEpaTop SBISETCS
eANCTBENILIM, BAJAM, UTO Hallle YTBEPIKAelde /OKa3aHo.
B cany gopmyxn (20.8) moxyaam

2k £y
Do = G5 [0 0™o] = FF2 0 — 6 (0,7 120() 0] =

= 20() |5 + 5 (6 + oH (0, ) o], (20.10

rae H — mempepnisHo pguddepernapyeMas, orpanmicHuas
$yurnms.

! !
Iponearsas amasormunsie sokaagxn gus DY n DI,
rae r << — 1, AMeeM OKOIIATENBIIO

DYis = 29 (s) {%j + % (& + pH) c}, (20,11)

9% 1 7}
DP*6 = — qs) {39‘2 [14 7] + - [28 + pTP1 57 +

+ 315 [R + o) c}, (20.12)

l 6 o 7 1
Dfrl)* (S)[ ( ) + Mgl)% + E NE-I)O'},

r<< l — 1. (20.13)
3. HccrnenoBanne croifets ¢ynkumit o;. Ilepexopum &
usygermio GynKoui o;, ompefensieMpix cuctemoit (20.5).
JloraskeM, 9To mpm COOTBETCTBYION[EM BLIGOpE KaskAast
A3 IIX ]IpeJICTaBJI}IOTC}I B BIfle
20 @k — 1 — 1) T ()

Op—y =

rae ¥, — orpammuenmasn (by}mmzm nepeMenHBIX p # Uy,
puddepennmpyeMas J0CTaTOTHOE TACIO Pas.

14 ¢. 1. GoGoues
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IIpesxpme Bcero saMeTHM, 9TO ©, eCTh peIIeAWEe YpaB-
HEHHS

¢ 1
L+ <[k +pHl oy =0, (20.15)

¥, Cllef[0BaTelbHO,

o
j pi .YH(pl'ﬁ)d‘H
6, =%y, ..., 0p)e ! 0 =
p
1 —f H(p,,8)dp,
=X(ﬁ1s-nﬂ2k)ﬁe 0 .« (20.16)
211 (k)

Iomosmmm § (B4, ..., 0gr) = T2k —1)°

Hame yTBepjense Aas O, [OKa3aHo.

CpoficTBa (PyHRHUN C,—; AAA A060T0 ! MNOKABLIBAIOTCA
IONHO# WMHAYKIumei.

YpasHeHHe Al C,—; AMeeT BHUJ

doy,_. 1
2[_6kp—l +5 ¢+ H) Gh—l] = Xr=1 (03 1, 00y Ban)y

rae
(I+1)* D(l+2)"

o =—-—D Op—i— Ohmlmg —
Ar—1 g il Or=l-1— grg M1 Oh—i=2

(R—1)*

(s) 41 07- (20.17)
Mopcrapnsas B NPaByid YacTh MOCIEIHEr0 PaBEHCTBA 3HA-

9eHHAA Gy, ..., Oy-1~, KOTODHE MBI Gy/leM CYATATh HM3BECT-

NEIMZ ¥ DPHUTOM Y/OBIETBOPAIMUMH NOCTABICHHOMY BHIIIE

ycnoBuio, yGejjaeMcs, 9TO TIaBHHH UIeH NPaBOH dacTH
1
noiydaeTcda M3 MOACTAHOBKE B ONepaTop D(lfl) dyuruum

Op-;—1 H AMeeT BH]
glt1__ [ @k—1—2) Tk 1 %0 _ 1 |_
T +2)T (2k—1) T (k—i—1)| gp® p2k—i—2 " p dp p2h—1-2

b1 T@E—1—2T() k== 01 1 o o7

=2 T I T DT G—I=D) g2l [(2k—1—1)—2k] =
— _olt1 I'2k—1—1)T (k) 1

- TO+OT@— T (k—1— 1) p2—T"
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Yacraoe pemenme ypasmenmsa (20.17) merko nomyduThs
o6pransiM mpEeMoM. VmeeM

S j"‘k—l do,. (20.18)

OTciofa 3HAYeHHMe TINABHOTO YIEHA B PA3NOKEHHH Op—i
NONydaeTcs dNeMeHTapHBIM myrteM. Hama gopMmyna AN Ou-
IloKa3aHa.

OcTaHOoBEMCA ellle Ha ofHOM Bompoce. OmeHAM riaBHBIA
anen B No(0y, ..., 0;) opa p = 0. O mpepcTasnser coGon
pesynnTaT mTOACTaHOBKA (YyHKOEE G, B omepaTop DO* m,
09eBH/IHO, PaBeH

2 ~
(Z+22428) 2~
Ehj pop " p p2h—1
Takam obpasom, N,(Gy, ..., 6;) HAaUEHAGTCA C UINEHORB
nopsaka P, Tak Kak WieHsl mopsaka p~®*+Y  pcuesaror.
4, BrBOj OCHOBHOrO MHTErpaibHOro TokuecTsa Bu = SF.
BepueMca Temepr k TompmecTBy (20.7). PaccMoTpuM npum
t =0 obmacTs 2 B OPOCTPAHCTBE Y1, +.., Yop4s, COMEPHATIYIO
HA9aNo KOOpIUHAT BHYTDH ceba. B mepeMeHHBIX i, ..., Zops
DTO 06NACTh Ha XapaKTepHCTHYECKOM KOHyce, cojep:kamasn
BHYTpH DepIIUHy KoHyca. VckmioumM m3 dToif o6macTm map
P <e ¢ UGHTPOM B Hadalle KOOpAUHAT H 0003HAYUM OCTAB-
mytocs obmacts depea Q'. Fpanumma obnacrm Q' cocTodT Ha
BHeNIHei moBepXHocTH S W ToBepxHocT:m P = ¢&. V3 pamen-
crea (20.7) momyumm

h—1
I~
k 0'F
s‘ xp’ 2 Or—1 [M_I—Mk—l(uov .. -,ul+1)] +
. doed

QI
oP, P
+ 2o+ A=

_f xp?" Eok_,at, wNy (G - . 0x) | dpdd, (20.19)

rjae db = d91 ‘e ;i‘\e'zk.
Ouesmno, %:‘E — My_; (U, ...,u131) =0 B cmny ypas-

nenmit (19.61). Jlesasm dacTs Moxer ObTh mpeoGpasoBaHa B
14*
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mHTerpan no rpamme Q'. Mu momyaum
r—1

S xp2" 2 O'k_ — — UNy (015 . ¢4, 08) |dp dO =
- j 2ds’ + | Pde, (20.20)
p=8

dp do ...de
EdS’ = EP 2T L P, v dBe (20.21)

m=1

Ilepeiinem Temeps B ¢opmyne (20.20) x mpesmeny npm
& = 0. C meBoit cTopoHs MH GyjeM UMeTh IpH BTOM CXOMf-
muiica mHTerpan, mGo N, mMeeT 0coGeHHOCTH MOPAMKA He
BHINe O~ a kakjaA m3 GyHENEE ¢ — ocobeHHOCTH mOPsI-
Ka me BHINe p**+!, PaccMOTpEM Hpefien, K KOTOPOMY CTpe-
MHATCA HHATErpan P,d6 npum e— 0. IorameM, 910 BTOT
0=g
opefen pasen —Cuyly—,, e C — mocTosiHHAsA, He paBHAA
HYIO.
B caMoM fieme, oTIHYOBIA OT HYJNA Opefen MoOkeT EMeThb
B DTOM CIydYae TONBKO TO M3 CIAaraeMHX, COCTABISION{AX
P,db, xoTopoMy coOoTBETCTBYET ciaraeMoe B P,, He cosep-
p=s
jmallee MHOKHATexss p. Takoe claraeMoe He MOKeT LOXY-
YATHCA HHA AJA OfHoA M3 PYHKOUHA Op—,, KPOME Op, TaK KaK
yiKe Op-, AMeeT ocoGenHocTh mopaznka p~**-*  m mpomssop-
Has oT p**0,—, mo p mpm p = 0 ofpamiaeTcsa B HYNb.
OueBdjno TaK)Ke, YTO TAKOE ClaraeMoe He MOJKET HONy-
YUThCA U3 YNEHOB, COJEPIRAmUX U, TaK KaK U, A G, BCTpe-
qal0oTca BMecTe B ypaBHemmm (20.7) mmmL B craraeMoM
¢ D(O)u u D(O)*U D(O)
WDy u, —u DYV oy, Ho DY’ — omepatop mepBoro TOPS-
1
Ka, W, Clle/[oBATelbHO, CclHaraeMoe P 6ynmer comepmats
npoHsBeieHme Oyi(P**, KoTOpOoe paBHO Hynio mpHE P = 0.
Taxum o0pasoM, 0CTaeTcA BHYHCIHATL TIABHYI YacTh
P{Y  koropas mMeeT BHJ

(0)* 1 9 ( on 90
ath,")uo—uoDo) 0r 2 U, ghap(p )

1 4 gkauo_ia( ka_ﬁ
v (07 5) = o (™ 1

ou 1 8 dc
2k 0| ~~ ——
~— ORP ) ) = Y (uop2k_k .
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O1crona enepnyet, 9T0
lim | Pydd = — Cuylomoy

g0 p=g

rie C — mexoTopad TOCTOAHHASNA, Ile PAaBHAS HYIIO.
ITonpayacs 5TUM, MONY4YUM OKOHYATCAHLHO, WOCTABISAN

aTorT pesynsTaT B (20.20) M fgens HA COOTBETCTBYHOIYIO
mocTOAHEYI0, 9To (**)

1
Uglo=o = .YuoNo (01, -..,0p) dQ —
2
r—1

_2 Scrh_l_.dQ + j""*‘dS’ (20.22)

5. O6paTumit wmuTerpambabii omepatop B—! m wmerop
mocneoBaTeNbHLEX npuonmkenuit. Ilonyyennoe HaMu COOTHO-
TmeHue JaeT BO3MOKHOCTL TOCTPOMTH pelneHme 3ajgaun Komm
ONA ypaBHeHHII ¢ JOCTATOYHO TIIA[KUMA KODPPUIUCHTAME
B CIlydae, eciu Takoe pemenuc cymecTByeT. CymecTBopaHme
TAKOT'0 PellICHHA MK YCTAHOBUM mO3fHee. PaccMOTPUM 3a-
mauy o6 oTHICKaHuWH pemmeHma ypasuenusa (19.1) mpm ycmo-
puax (19.40). Ilycts HaM nyKHO NalfTH 3HAYEIIMe HeH3-
BecTHo# Qynxmum u B Touke P, (o, ..., Tapr1).

ByneM mpepmonaraTs, 9To Bce OMXapaKTePUCTHKH, BRIXO-
msmue U3 TOYKA P,, TepeceKaloT IIOCKOCTH Z, = 0.

ITocTpomMm xapaKTepHCTHYeCKHMH KOHOH[] C BEpIUHIION B
Touke P, 3TOT Komouy B cBOeil HYKHEll WACTH mepecedcT
IWIOCKOCTh &, =0 mo MHOroo6pasmio S, OrpaHUIMBAIONEMY
yuacTox £ TOBEPXHOCTH DTOr0 KOHOHMJIA, cOjepmameil BHYTpH
cebn Toury P,. Ha muoroo6pasum S penmumna EdS’ wm3-
BecTHA. B caMoM felre, 5To MHOroofpasWe Je)RAT B ILIOC-
rKocTm &, = 0, rje Bce TpOM3BOAHEIE OT (PYHKIOWE U ompefe-
astoTes us ypasHeHus (19.1) m ycmosmit (19.40). Bee mpo-
W3BO/IHEE, COflep:Ramme He Ooiee OfIHOrO nudpepennEpoBa-
HUS 1O &,, onpefensioTcs m3 ycmosmir (19. 40) nrgdepen-

u
IUPOBAHEEM IO Ty, ..., Tanss, UPOH3BOJHAT oy otpe-
0 X 00
mensieTess w3 ypasuemmsa (19.1), Bcmen 3a Helo IIaxoAsaTes
BCe NPOM3BOJHHe, cofiep:kamue AUP@EepPeHINPOBAHEA IO Zp
ne Gonee aByx pas. JQuddepennupysa (19.1) mo z,, momyumm
®u o%u

ypaBHeHHe I HaXOM[eHAA . 3 5.4 4 T. A Jlobas
axo axo
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t]
I pOU3BO/IHAA ‘Z‘;l‘g onpefensercs opm nooMomu guddepen-
nupoBanms ypaBHenms (19.1) = momcTaHOBKE yie H3BecT-
uuX mpom3BoAHbIX, OcTalbHhle NIPOM3BOMHBIE IONY9AHTCS
nuddepeniEpoBaHAEM 1O Xy, ..., Lzpp1 IPOHIBOAHEIX BHJIA
*u
(ﬁo
Beegem cnegyiomme ofosuavennn,. Ilomosxum

1 ’ ’
U(Zoy v oy Zangr) — f u(y, . .., Zopy1) NydQ==Bu. (20.23)
Q

Onepatop B nepesoguT GyHKUmi0 u, oIpegeleHHYI0 B
obnactm x,>0, B HexoTopyio HoByl ¢yurumio Bu, ompe-
nelneHHy0 B To# ke oOmacTm,  mpuMeHmM K nobo#i mempe-
prIBHO# (yHKIHM.

ITycts eme

L.——:

2 Ohs —dQ SF. (20.24)

Omepatop S mpuMennmM k mwoboit ¢ynkuum, wuMelomei
HempepHIBHEle IPOM3BOJNbie TOPANKA Kk M oIpefeleHuoi
opm z, >0, @ nepeBoguT ee B (PYHKIHWIO, 3aJaHHYI0 B TOM
e obracTd.

Pasenctso (20.22) 3ammceiBaeTcs mpd DTOM B BHjE

Bu=SF+f, (20.25)

rie F m f,— maBectunie ¢yurnum. Ilomomms SF =f,,
fi + fe = f, ameem

Bu=1. (20.26)

Vpasuenne (20.26) mpepcraBaser coboi0 HHTErpalXbHOE
ypaBuenne Tuna BonsTeppa. Heckombko mo3me ME ycTa-
HOBUM ero paspemmMocTh M HaiileM ero pemenme. Hccme-
myeM acTublil BmA ypaBHenms (20.26).

ITomosuM, uTo ¢yukmms F ofpamaeTcs B HYIL BMecTe
CO BCeMM CBOMMHM HPOHM3BOHLIME J[0 HOPAKA k BKIOIA-
TenbHo mpu &, <0, ¥ mycTh PymKIMA u TaK:Ke paBHA HYIIO
opn 2, <0. Torga B paBenctse (20.22) muTerpax S‘ BdS’

8
ofpatHTCcs B HyNb,. H00 OH 3aBHCAT TONHKO OT HAYAILHEIX
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3HAYeHHH (HYHKIUHE ¥ W ee HPOM3BOJHHEIX IOPAJKA He BHIIIE
k, a »TH HavaJbLHbIe 3HAYEHUA DPABHH HYII, B UeM JETKO
y6equThcA, paccMOTpeB CH0CO0 WX BHIYACHEHHS, YKa3aHHEIN
BHIIIIE.

M= nolyauM B 5TOM CIydae

Bu=SF (20.27)
nin
Bu=SLu, (20.28)

rae mox L ME mommMaeM rumepGonzmueckuyi mupgepeHnmanb-
HEIA omepaTop, cToAmUA B Nesoii YactH ypasHemmsa (19.1).
Nsyanm ceoiicTBa onepartopos B m S. )
(1)

Teopema 1. Hycre das rouru Py (2Y, ..., 2%.1) no-

CTPOEH XapakTepucTudeckull KoHoud Suo<T, <7, <.

Ob6osnavum uepes Q, u Q, obaacTu, 6vipe3aHHble U3 ILa-
DAETEepuUCTU4eCck020 Konyca eunepnaockoctamu ,=T, u
xz,=1T, (oueeudno, Q,=Q,). lIycro dasee Q — oepanuuer-
HOe 3AMEHYTOe MHONCECT80 TAKOe, 4TO écakan Ouxapakre-
PUCTUKQ, eulrodawas us To4er MHowecTea (), nepeceraer
eunepnaockocry o =T, u 2,=T,.

Toz20a cnpasediusa oyenka

1
S I L AT B3 30 )
Q -0

20e K — nocroannas, ne sasucawyan or Touku P, Q.

[loxasaTtenscTBO, ITy ONEHKY Jerde BCeTo JOKa-
3aTh, 3aMEHHB B BHIDa)KeHHH df) He3aBHCHMEIE NepeMeHHEHE
0, 04, ..., 0 Ha mEepeMeHHEIE Zo, O, ..., 0. IIpm aToM

D(p, 61, caey 62h) ap

D (%,,8;,....8,,) oz,

0
Ho p = —y, B cany Hamero moctpoenus. IosroMy 6—;) <M,

rie M,> 0 — nocrosannas, He 3asmcAmas o1 P, Q. Jlamee
IN,! < K,p~%, m, ciegoBaTensHo,

[ Ivde<k, | o dpdo, ... doy =

91—92 91"92

—xK, | dpdd,...d0m<xMK, [ de,de, ... 0.
Q,~-Q 9,0,
OTciofia cpasy BHITeKaeT Hallle HepaBeHCTBO.

Teopema 2. Oneparop B umeer o6parnuiii,
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JlokasaTenbcTBO. YCTAaHOBAM, HUTO YpaBHEHHe
Bu =f paspemmMo MeTOOM NoOCHEOBATEABHEIX NPAGIU-

menmit, OTciofa OyaeT clegoBaTh CYIMIECTBOBAHHE 0OPATHOTO
omepaTopa.
ITomosxum

0)=f.
’

u™ (xé'”z .. ,xé‘}}+1 '—C1 Y (n—I)N dQ + f(x(o) . x('},)ﬂ
Q

ITorasxeM, uTo mocmepgoBaTemnbHOCTH 4™ paBHOMEpHO CXO-
patess, OTciofa OymeT, o4eBHHO, ClIef0BaTh, Y4TO ee Mpejeln
ABIAETCA PelleHAEeM HHTErPANLHOTO YPARHEHHS.

Kak o6H9HO, MOCTATOYHO paccMoTpeTh u(+d —p™ =
=v™, rge v™ cBazannr ¢ V™Y  OEHOPOAHEIM  COOTHO-
nIeHueM

S

5‘1) DN Q. (20.29)

Q

N

Iyers |v] < M. [ToxameM, 9To mp: TOM

!v(")(x“’) .. xé?a)+1)l< K"(

rme K — nocTossHas m3 TeopeMu 1,

Jloka3aTexbcTBO TPOBC/IEM NpPH HOMOIA TONHOH HIIYK-
ouz. ITycTs 5To HEpaBemcTBO YCTAHOBIEHO JIIi HEKOTOPOTO
n; mOKajkeM, YTO ONO OCTAHETCH CHPAaBeNNNBHEIM H JAIA
(n+1). Ucnonbays Teopemy 1, monyaum

| D (x(()o) xg?z)+1) I < C Tl “ y(") I | N, |dQ <

(0) n
) . (20.30)

SMK"( m)nlN |dQ —

ICI
x(()o) -
- g (o) 5 | ImaelaP <
0 0 xf,")axf,”
(0)
. 0 (s0y» o o (G
n+1 0 . 1 n

970 U Tpe6OBaNOCH JI0Ka3aTh.
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Tloctpons peineHme ypapHenusa Bu=jf, MH HaxomgmM pe-
meHne 3ajaun Holnm mns paccMaTpUBaeMOro YpaBHEHHA TH-
nep0oNAYEcKOro TUNA, eClIH OHO CYIIECTBYET.

Ham ocraerca eme moKasaTh CYIIECTBOBAHHE TaKOrO pe-
mennsa. llpefsapuTensHo JIOKAKEM eIle HECKONBKO TEopeM.

6. Compmxenmniii marerpanbHbiii omeparop B*. Ilyers
v(2o, ..., Zpy1)— QYHKOUA DEPEMEHHHX &y, +.., Lzp11, 00paA-
manmaacs B Byab npm %,>71,>0 m npm |zl >T,, rue
T, — HexoTopaa mocrosHHAsA, DyHKRmEIO ¥ Oy/neM CUATAThH
pasHo# Hymo mp: I, < 0. PaccMoTpuM HHTerpan

S U(xo, ey xgk+1) Bu (xo, ‘e xgh.l_l) de T dxgh_l_l (203'1)

[0 BCeMY NpPOCTPAHCTBY. OTOT HHTErpan Mojier OHITE mpe-
o0pa3oBanl B MHTErpan

S u (xo, ety xgh.l.l) B*p (xo, cesy x2k+1) dxo v dx2h+1'

OnepaTop B* HA3HIBAETCA CONPANCEHHBIM OREPATOPOM C Ome-
paTopoM B,

Teopema. Oba oneparopa B u B* npumenumvr K aio-
Gvlm Henpepulenbly PYHKYUAM u U U, YO08AETEOPAIOUUM
YKasanHblM 6bllle ycaouaMm, npu arom Bu w B*v rakwce
Henpepvleénble Pynkyuw.

Oneparopvt B u B* umeior o6parnvle oneparopsl. Hnvimu
caosamu, kaxcdoe us ypaenenuii Bu=f u B¥v=1 umeer
eOUHCTBEHRNOE HenpepLiéHOe pelieHue npu HenpepbléHbLL
npasvly 4acTaL, )

JNoxasarenbcrBo. CymectBoBamme o6paTHOroO ome-
patopa nnA B 6nimo pgokasaHo Hamm Beume. Jlaa Toro wrofn
T0Ka3aTh TeopeMy, HaM HY/KHO TNpe)KFe BCEr0 NOCTPOUTH
omepartop B*¥ B sBIOM BHE.

ITpeoGpasyem materpan (20.31). Mmeem
Sv(xoa R x2k+1) [u(xov ey x2k+1) - %J.u(x(’)’ .. -,x;+1)><

Q

X Ny (o, 0y, ooty Bgp, 7y, o vty Tang1) X
X p2hydpd®; ... dOy | dz, ... drypy,—

= S U(Zgy ooy Tapg) U (Zyy - ooy Tang1) A4 « o . AZopyg —

1
- Fj‘j‘v(xov eo ey x2k+1)No (pv 619 ) '762k7 Loy 000y x2h+1)><
Q
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Xu(x;(xm coey Lapt1y Oy 917 °°-,e2k), e

ey x;k+1 (xo, voey Lapyyy Oy 61, es ey e2k)) pﬂkx X
Xdpdy ... d0ydr, ... dzgpys. (20.32)
B nocrenmem waterpane gynkmus N, 3aBHCAT OT KOOp-

AUHAT BEpPIIMHBI Zg, ..., Lopyy U HOISPHBIX KOODAULAT HA
KOHyce. OT OTHX JKe TMNEpPEeMeHHHIX 3aBHMCAT NepeMeHHbIe

xo, “es x2k+1, BBRIgUCASIeMEIe HA moBepxHOoCcTH KoHyca. Comep-
meM BaMeHy HE3ABMCUMEIX MepeMeHHHX, B3fiB 33 HOBHIE

HepeMeHHHe xo, ey x2k+11 p’ 91’ LR ] ezk

IIpm »TOM BTOpO# METerpam s pasencTee (20.32) mepe-
OUIIEeTCH B BUJE

SSND(p, 61, ey ezka xo(xl’h coey x;h-l—la pzel, veny ezk), L
Q

ooy T2 (x('n oo x;h+1, 0,05, ... eah)) X G2 GNP

(For -1 Zap 4100045+, Bp)
D(2s ++ 4+ Tgpp1 01815 4+, 83)
X dxy . .. dzgpy 102" dp dO; . .. dyy =

=j‘u(x:,, X x2h+1){YNo(p,61, ces B, 2 (2,

?
oy Zoppa(e .))u(xo,. . ~s$2k+1) X

’ ’
v ey x;k-l—l, 91 Blv “eey 6271)7 veoy Lapt1 (xm vey ‘7"2k+1a
p, el’ oany egh))v(xo(. B .), veay xgh_l_l(. . -)) X

D (xO’ x2k+1p7 61’ veay eﬂh)
X |t %
D(xo, ey Zapyrr Py 055 ety eﬂh)

X 02y dpdb; ... dek} dx; ces dl‘;k+1-
Orcioa BUAHO, 9TO

B*v (‘7"(:’ ey x;k-l—l) = U(.’L";, ey x;k-l—l) _—

—'é—us‘No(p’ 01, ..., 00, xo(x(’)’ ce e Tantn, 0, 0, %% OO
Q

oy x2k+1(x;, ceay x;k_l_l, p, 61, "'9eﬂh))><
D (IO’ te xﬂk-’-l? pv 61» crey ezk)

X | —8 ]
b (xo' Zor41 09 91, N 92k>
XU (v )y o eey Tanrs (o02)) pPndp dOy ... dOgp.  (20.33)

X
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CxoacTBo Memny onepaTopoM B m omepaTopoM B* mpo-
ABNAETCS He TOJABKO BO BHEIIHEM NPejICTABICHAH, HO H BO
MHOrEX CBOMCTBAX.

Mccmenyem mpesge Bcero XapakTep MOBEPXHOCTA B
(2k + 2)-MepHOM mpocTpancTRe, B3ajaHHOM HapaMeTpHUe-
CKEMH ypaBHeHHSIMHA

Ly = Iy (.’L’;, ey x;k'l-l’ 0, elv seey eﬂh)‘p (20 34)
Lort1 = Larty (x:n sy x;h+1, 0,01, 0ty ezh)-

JoxameM, dTo THOBEPXHOCTH (20.34) cuoBa Tpe/ICTaBIAeT
006010 XapaKTePHCTHUECKHH KONYC ¢ BEPUIMHOE B TOUKe
Zy, ..., Tapy1, HO OGpAIIEHNEN B CTOPOHY BO3PACTAIIIAX 3HA-
9eHn#t z,, T. e. BEPXHIOI0 NONOBHHY NOJIHOTO XapaKTephACTH-
TECKOTO KOHyCa. B camoM peme, To9Ka Iy, ..., T4t B TOUKA
xo, v+., Zaps1 [0 NOCTPOEHMIO JOJIKHHI NeKATh Ha OJHOH H
T0ii e OmxapakrepmcTHKe. CiesioBaTeNbHO, MIOKECTBO TeX
TOUEK Zo, ..., Lpps, NI KOTOPEIX &y, . .., Typy 1 OKAIKETCH HA
MOBEPXMOCTA XaPaKTePHCTAYECKOr0 KOHYCa, HANPABIEHHOrO
BHHB, COBNajaeT C MHOKECTBOM TO4eK BceX GHXapakTe-
’ ’

PUCTHK, NPOXONAIIAX YepesdZy, ..., Lop+1,8 DTO MHOMKECTBO
H ecTb BEePXHAA 9acTh XapaKTepHCTHIECKOT0 Komyca, 9T0 H
TpeGoBanochk M0KasaTh.

OGosnaanmm
'1 N’ D(Z‘o, ey x2h+1’ P, 61, Loy GZk) _ N*
T ‘o D(z 7 ) ) = i¥y
(‘To, AR ‘tgh_l.l_a pa 1° vy 2h)
¥ OUeHHM BelHIUHY ompenenutens Axobm
D — D (=, Zopprs 05 015 «o-s Ogp)

B (7 o e 00y o Oan)

OnpepenuTens »ToT orpanmded., B camoM pjene, MBI MOTIH
OB I ero BHYMCIENAs COBEPIIHTH Clladajta 3aMeHy Hepe-
’

7
MEHUHX Zgy . - ., Lop4+1 118 TCPEMEIIHHIE Yoy ooy Yoppt H BH-
qECIATh PyHKOUH

’ ’
Yo (x()v eooy Tort1s Loy + v s x2k+1)’

7 ’
Yor+1 (xos eeoy Lokt Loy » o0y $2k+1),

T/I€ Xy .+« .y Zapys — KOOPIHHATH BePIIMHEI KOHYCA, B KOTOPOM
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OCYIIECTRIAEGTCA IMOJICTAHOBKA, & Loy oy x;h+1—— TeKyImue
KOOP/{MHATE, CBA3AHHEE C Yo, - .., Yartr QPopMymamu (19.23),
HCCIe/[OBAHHABIMI BEILIIE,

W3 teopum OOBIKHOBEHHHIX ,zmq)cbepeﬂuuanwmx y?anﬂe-
HOl ciaepyer, 910 IpH  IOCTOANHBIX S, T p2h+1 B
ypasmeruax (19.9) .7:0, v, x2k+1 SIBIAIOTCA HellpepPHIBIBIMH,
AOCTaTOTHOE TUCIIO a3 AuddepeniupyeMEMN QYIRIKIME Ia-
9aIBHBIX MAHHBIX &y, ..., Lpps ¢ QYHKUHONAJIBHEIM OIpe-
geruTeleM, OTIMNIHHM OT Hyld (HadalnHOe 3HAYeHUe Olipe-
JeluTels PaBHO EWHUIE).

CrefioBaTeIbHO,
14
Zo (xm ooy x2k+11 yo, ceey y2k+1)1
a ¢ ¢ 5 & & s & =& 3 & & 9+ & b (20.35)
14
T opt1 (Eos v ooy Tant1s Yoo -+ +» Y2r41),
HeIIPEPEIBHBIE PYHKIHE Ly, ..., Topps C QOYHKIUOHATIHHBIM
ompefienuTenseM, OTIMIHBIM o1 hyaa. Ho ¢Qynruum
14
€L (xov «ooy Topg1, Py 917 ey e2h) CyTh HMeHHO @YHHHHH

/ 2h+1 1/2
(20.35), rpe momoreHo Yo =p = | 2 yf) + Orpannuen-

HOCTh onpefienuTensa D foxasama.
*
Orciofla HemoCpPeNCTBeHHO ciaexyeT, uro Qynrnuma N, =

= %— N, | D| ynosmeTnopsieT HepaBencTBy
| Ny | << Mp™.

*
TlorameMm, aro QPynruua N, Tar xe, kak u N,, ymoB-
IeTBOpSAET HepaBeHCTBY (cM. TeopeMmy 1 m3 m, D)

f | Ny o dp dS < K (T, — Ty), 29 <T,<T,. (20.36)
9 —9

Ilpu stoM, B oTam4me OT HPeABLAyIIero ciIyTas, T, >z,
u6o KOHyC, Ha KOTOPOM 3aflaHO N,, ofpamiem B CTOPOHY
Bo3pactanmg z,. OTciofja, Kak m paHee, CIefyeT CYI{ECTBO-
BaHMe o0parHOro omeparopa fiaa B* B mpoctpaHcTBe (PyHEK-
nuii, o6pamamuxcsa B Byas npa £, > T, rae T — nocroain-
Had. (B caysae omeparopa B MBI uMeeM [ielo ¢ OpPOCTPAHCT-
BOM (QyHKIuiH, oOpamamomuxcsa B Hyils npu &, <<0.) Jaa
Toro 4ToGHt yeramoButh (20.36), maM myskHO, Kax U Hpem/e,
3aMeHUTH IMOJ SHAKOM WHTErpaia nepemennylo p Ha %, TIpH
(HKCHPOBAHHBIX xo, e $2k+1, B veea eh-
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7. Conpssxkennblii maTerpanbunii omeparop S*. Ilofouo
TOMY KaK MBI CTPOHNH oliepaTop B*, conpsiKeHHHHA ¢ ome-
paropoM B, Moo mocTpouTh olnepatop S¥, conpsixenubrit
¢ omepatopom S. Mu1 fokakeM, 9to omeparop S* ompepenen
Ha BeeX /JOCTaToUHO TIIAJKAX (PYHKIHAX, o0palfaloliuxcs B
wynp npm z,> T, u |l > T, tne T, — HeroTopas  mocTo-
ATHAL,

YToGs mocTpouTh omepaTtop S*, memonb3yeM IpeRumi
npueM. Umeem

h—1 ’
Vi -
Su = — %_5’2 s u(.‘to,

o Izh+1) pzh dp as —

3
Q =0 ayo
' k—1 aﬂ
u
= _7§§ Or—s Eﬂza Bo Bart1 X
Q =0 1<% 0z ... 0Ty

X YR pyppe0 dpdS.  (20.37)

3aecs wﬁfg,,gzh +1— KodQPULUEEHTEH B NpeJICTABIEHHE IIpo-
S

U3BOAUOR a—yl: gepe3 IIPOM3BOJHEIE TI0 x‘;, ey x;hH, a HuI-
0
Terpaj; Mo-IpekHeMy pacHpocTpaHeH HA YIacTOKR IOBepX-
HOCTH XapPaKTEePHCTHIECKOro KOIyca, NeRAmuil BHIOIE ILIOC-
roctu z, = 0. Ero MoMuo cIuTaTh pacmpocTPaHeNHBIM IIO
Bceil moBepXHOCTH KoHyca, Tak Kak u = 0 npu z, <O,
PaccmoTrpuM muTerpan

J= [ 0(@g <oy Tapgr) Suda, ... dzgpis.
ITpeoGpasysa ero mofo6uo mpe:kueMy, INOLYTAM

k—1 ’ ’
1 6Bu(z ceor Tgpq)
T — _C_SE 2: [300, v Tant1

Bont1
$=0 ] <8 ’ ’
2B 6.‘1:0 6x2h+1

7 U
X 5‘ Ors (2o (Tg, +v vy Tangs, 0 Oy v v vy B2, oo
Q

s o0y Tapt1 (xl;a Ry x;h+1, P, 00 avn,y ezh)) 1Pf380). Bopgr X
XU (@ (o) vnny Zongr (.. 2)) p2Rx | D|dp dby ... de%} X
X dzy ... Agner.  (20.38)
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Tax rark mpum 2, <0 Qyuxinua u obpamjaeTcsi B HYIb,
ampr z,>T, a rawe np:m |zl >T,, i=1, ..., 2k+1,
o0pamaerca B HyXb QYHKIUA U, TO HHTETPEPYA IO TACTAM
B (20.38), momwysnm

h—1
J= —%ju(x{,, sy x;k+1)2 ‘ 2 (— 1P

s=0 \Zp;<s

508
a ’ ’
X ,P‘o . ,ﬁ2h+1 AYo'h.—»‘!(xo("I;(h vy x2h+1, 0, el, LN X 6211),5 LX ]
az aee O
0 2h+1

xzh-l-l( . -)) 11?130 e ﬁgk.[-lv (.'1?0(. . '), ooy L2ht1 (' . ')) X

X p%x|D|dpd8, ... dezh} 4z, . .. dzpire

Orcioia BEAHO, 9To omepatop S* mMeeT BHJ

’ ’
S*U (.’l'o, oy x2k+1) =
-1
1 6[3 ’
= _C—Z 2 (— 1)P Bo Bant1 S‘Uh—s (.’L‘o ((l‘o, Tt
Soabe ol
) ’
s Labt1s Oy 91, seey eﬁh)z veay Lokt (‘ . ')) ‘Pfiso)---thH X

X U@y (oar)y oovy Tangr (o)) 02| D|dp dl, .. dBgp. (20.39)

N3 caMoro BHujia omepartopa S* sAcHO, ITO OH oupefieleH
Ha BceX (QYHRIHAX, UMEIONIMX HenpephIBHBIE IIPOH3BOXHBIE
o mopsazka k — 1. Msr MokeM Temeps mepeiiTH K JoKasa-
TeIbCTBY CyIIecTBOBAHHA pelreHmsa 3afadm Homm,

8. Pemenne 3anaum Komm xias deTHoTo Yuela IepeMeH-
unix. Ilpessne Bcero ceefeM Bompoc K Oolee mpocroMy., BI-
qUCIEM 3HAYEHHE BCEX NPOMBBOMHBIX IO &y [0 NOPAXKA
k + 1 praognTensno or YHKUHA U B TONOKHM

ou + o+ At gt
axo % =0 (k—}— 1)! axh+1 x0=0.

(20.40)

Jlna soBoii HemaBecTHON (QYHKIME w MBI TOXYyYAM YKe
ofiHopofiuyio 3afadty Homm n ypapHenme ¢ apyrum cBoGoj-
BelM anesoM F,. QueBupmo, 910 F, BMecTe CO CBOMMH Ipo-

Uu=w+ Ul = +
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H3BOAHLIMA [0 NOpAAKAa k BRIOYUTEIbHO obpamaercsa B
HYIb IIPH Xy =

PaccMoTpum npousBonbHy®0 (PYHRUAIO ©(Ze, ..., Tarit),
AOCTATOYHO TMAJAKYI0 M OTIMYHYI0 OT HYId JIHIIb B HEKOTO-
poii xomeumnoit obmactu V,, sarmwoyennoli B moaoce 0 <z, <
< T,. lloctpoum auddepennumansusii oneparop L* BTOpOro
nopsAka, conmpsiKenubiit ¢ omepatopom L. Omeparop L*
AMeeT BHUJ|

2h+1 2h+1 il
L¥y— 2 2 s ax (A0) — 2 - (Bw) + Cv.
=0 j=o0 i=0
IMonosxum
L*¢p = 1.

Jlaa @yHKuum ¢ MBI MOKeM HOCTaBETh 3afauy Homm B
o6ractn I, < T,. HawanrpubiME HaHHBIME NpPH 3TOM OyAYT
CIYATH YCIOBU S

(PEO, xo>T0.

Pazsurasg mamMm BEIIIE Teopus IIO3BOJAET BBINUCATH A
(QYHKIUHA ¢ HHTETpalbnoe TOMAeCTBO

B, = S}, (20.41)

npmueM peiliepne 3afgaunm HKomm wmoxer 6BITs 3anmcamo
B BHJ(e

Q= Bl_lsﬂp-

Oneparopmt B, um S,, amamormuupic omepatopam B m §,
OTAMYAOTCA JIUING TEM, 9TO B HHX POJH IPAMOTO W 0oGpar-
HOTO KOHYyCA I€PeMeHHJIHNCh, KciIm ¢YaTaTh, UTO IIepPeMeH-
HOe I, oGoazavaeT BpeMsa, TO oOprymas 3ajaua Homm co-
CTOUT B OTBHICKAHHH DeIIeHud B OolIee no3fHne MOMEHTHI
BpeMeHH TPH 3alaHHBIX HAYAJBHBIX YCJIOBHAX B MOMENT
t=0, a conpsxenuas 3aflada — B OTHICKAHUM peIlleHHS B
Golee paunme MOMeHTHI, Hemenn t=1T,, IIA KOTOPOIrO M3-
BEeCTHHRI HavaJbHbBIE HaHHEIE.

Yuuoman obe uactu pasenctBa (20.41) Ha HocTtaToumo
raafkyio Qyurmuio @, paBuyio mymo npu z, <0, © HmHTEr-

pEpPYA 1o Beemy npoctpamcTBy, unoxywyum | PB,pdQ =
— [ ®s,pa0.
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Tlonbsysach ompefeNenneM CONPAKEHHOTO ONepaTopa, Iie-
pelimIIeM 3TO PABEHCTBO B BHfe

{ oBl® a0 = | psio . (20.42)

IIpaByio 9acTh MOMHO Ipeo0pasoBaTh cleRyOIMUM 0GpasoM.
ITopctanum B mee Y= L*p. MNnaTerpupys mo dacraM, Io-
TyIaM

(1*¢S10 a0 = { gLSID R, (20.43)

Tak Kak (PyHKNEa ¢ ofbpamaercd B HyNb BHe KOHeUHOH o06-
mactu. Ilepemocss B pasemcte (20.42) ofa mHTerpalra B
NeByi0 9acTh W OG'be[UHAA KX, NONyInM, noassysack (20.43),

{o[Bi® — Lsi®] 2 = 0.

Tlocmefmee paBemcTBO HMeeT MeCTO NpPH NIOGBIX pac-
cMaTpuBaeMux @. Orciofia ciefyeT TOMECTBO

Bi® — LS;® = 0.
CocrapuM Teneph HHTErPANTbHOE ypaBHeHUe
Bi® =F, (20.44)

*
rie I — npasas wacts ypasuenma (19.1). Omeparop B;
nmeer obparubiii. CrefoBarelblio, 9TO ypaBHEHHE pa3peIln-

*—1
Mo, nmpudem @ = B} F.
[Topcrannaa s1o BHpamenue fua @ B (20.44), momyaum

F—LSB'F. (20.45)

9710 paBerncTBO FOBOPHT O TOM, 9TO (PYHKIAA S’;B: ¥
ynosnersopsier ypasaenuio Lu=F, ecitu $ymruua F nMeer
TleNipePRIBHBIE ITPOM3BOMHEIE [0 INOPAAKA K BRIOIATENHHO
un ofpamaerca B HYAh npu z, < 0. K oroit sagage mpm mo-
MOINZX 3aMensl Heus3BecTHmOl (YHKIUH, KaK MBI yike OTMe-
Jamu BEIIE, MOsReT GBITH cBefleHa obmias safada Homm mpm
fgocTaTouHo raafruXx F U [0cTaTOUYHO TIAfKAX HAYAIBHBIX
JAHHEIX.

Hamm forasamo, TaxuMm o6GpasoM, Cym[eCTBOBAIHE pelle-
nmsa 'y AuHeHHOr0 HOPMANLHOrO rEIepGOIMIECKOr0 ypaBHe-
mua B JACTOBIX IPOM3BOMHBIX ¢ AOCTATOYHO TIIANKIME KO-
spPEnEenTaMI M [OCTATOTHO ITAJKAME HAYATLHEIME YCIIO-
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BHAMH, B CJy4ae, €CIH YUCJIO IE3aBHCHMBIX TIePeMEHIBIX
qeTHoe, B JOCTATOYHO MAJOH OKPECTHOCTH (PHKCHPOBAHIION
TOYKH THITEPIIOCKOCTH xzp, = 0.

9. 3anava Kommu /i nedeTHoro 49HCHA IEPEeMEHHBIX.
Cryvait, xorjja 4iicJI0 He3aBHCHMBIX TEPEMEHIIRIX HeYeTIoe,
KaK M3BCCTHO, CBOJHUTCA K IIPEIBIAYIIEMY.

Ilycts, manmpumep, HY’KII0 HAHTH pCIIEHHC YpPaBHCHHSM

2k 2R

> uaf;‘x+ZB S Cu=F  (20.46)

i=0 j=0

IpA YCJIOBUAX

u ,x0=o = U, (xly RS x?k)!
ou

0z |, _
0 lx,=0

4
= Uy (2, ..., Tap)- (20.47)

Mpt mpepmosaraeM, uro B Ka)KIOH TOUKe IPOCTPAHCTBA
2R 2h

ksBagparmunasg Qopma A(p) = Z 2 Aijpip; upHmBOgUTCA

i=0j=0
R BUAY
®
A(p)=— élq% +a (20.48)

IopA IOMOINU Iumednoi 3aMemsl IiepeMerrinIX p;, A00>0
A4,<0 i#=0.

BBEJIEM €lli¢ ONHYy HOBYHI HE3aBHCHMYI0 IIepeMeIliyio
L2p+1 B PACCMOTPHUM ypaBHEHHE

2k 2k

x4 i;’m-— +2‘Bi——+Cu—F (20.49)

Ti=0j=0 zh+1 i=¢

VYpasuenue (20.49) sBuseTcst ypasnemmeM HOPMABHOTO
I'HIepOOIHYeCKOT0 THIA ¢ UCTHHIM YHCIOM HE3aBHCHMEIX Iie-
pemennbix, mpudeMm A, B;, C u F me 3aBmcaT 0T mepeMen-
HOI'O Zapyi.

llo noxasammomy 5To ypaeHeHme mMeeT pelleHHe, YIOB-
TetBopatomee  ycaosuam  (20.47), wkoTopme  caenyer
TOMKOBaTh KaK YCIOBHA B mpoctpaHcTBe (2K + 2) mepemen-
HEBIX, IIDHYEM [PaBbie YACTH He 3aBHCAT OT Lopy,.

15 ¢ JI CoGoxes
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Pemenue dTOH 3ajmad; jmacT HAM (PYHRIUIO u, KOTOpasd,
KaK HeTPY[HO yOefHThCA, B CBOI oOdepeflb He 3aBUCUT OT
Z4y. B caMoOM felle, ypaBHeHHe, KOTOPOMY Y/OBJIETBODAET

ou
Qyarnad 57 COBIAjaeT ¢ ypaBHeHueM s & DpH F=0,
2h+1
a HalalbHEE YCIOBAA [UIA 5TOH QyHKIME
ou, —0 ou, 0

0Zgp 11 T 0%9p41

ou
a—-—=—0. Ho 5710 pemenne eguHCTBEH-
Zan+1

HOe, KaKk MH ycraHoBunu BHime, ClIegoBaTelbHO, A TMOIY-

ou
TeHHOr0 HAME DEIIeHHs ¥ BCIONY G —— =
OHO He BaBHCHT OT Iy, Ho B TakoMm ciydae QyHKmusa u
kaxk Qymruma 2k -+ 1 nmepeMeHHOTO Zo, ..., Loyt YNOBIETBO-
psier ypasmermio (20.46) m mavanbmbiM ycxoBmam (20.47),
110 W TpeGoBasoch Mokaszath (*°).

CreporaTelnbio,

0 um, smaumrT,

21. HceneoBanne JHHEHHHX THIEPOOIAIECKHEX
ypaBueHUH ¢ mepeMeHHBIMU KO>((UIHCHTAMI

1. Yupomenue ypaBEHeHusa. B mpepnigymem mnaparpade
MBI YCTaHOBHJIM CYI[ECTBOBAHNE EMUHCTBEINOTO pellenus
Yy HOpPMAalIbHOLO THNePGOMMIECKOro JIMHEHIOro ypaBHeHNA B
9aCTHHX IIPOM3BOMHEIX C IICPEMEHHHIMH HAOCTATOYHO IJaj-
KEMI KOS(PHUNUEHTAMH IPA JOCTATOTHO TIAKKX IIaJallb-
HEIX JamHEX, MeTomEl, pasBHTHE HaMd B IiePBHX IJaBax,
IIO3BOJIAIOT 3HAUATENIBHO TOUHEE ONEHHTH CTelieHb INIaJ{KOCTH
K0P PUNHEHTOB ypaBHEHUS W HAYATbHHX MANHBIX, KOTOPYIO
HY/KHO Tpe6OBaTh JJIsA TOro, ITOOH pellieHHe CyIIecTBOBAIO.

Ilycts mamo amueiinoe puddepeHnmaIbioe ypaBHeHHme

Zl'n
zz ”6zaz+2B -+ Cu=TF, (1Y)

=0

rie Ay= Ay, B: cyrts HempephiBuo AudepeHNEpyeMEle
PYHEKOEE OT Xy, ..., Ln, HpETIeM Ay 7=0. B pmambueiimeM
OymyT ykasann [06aBOTHEIe yCIOBHA, HajaraeMble Ha KO-
sppunmentst 4y, B;, C u cBoGonuuil dnen F.

9To ypaBHeHHEe MOJKHO YIPOCTHTH IIPH IOMOIIH 3aMeHH
He3aBECHMEIX TIeDeMEeHHEIX.
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-
IMonomuM 2, =% U HOCTPOMM BeKTOpHOE moJe ! ¢ 1o-

MOmbIO PaBEHCTB

A .
l,=:4#, j=1,...,n. (21.2)
00
PaccmorpuM cmcreMy oGmikHOBenmmaix Audepenmnuanb-
BIX ypaBHEHHi

dxg
=1l (s=1,...,n), (21.3)
m nyers Cy(t, 21, ..., ) (i=1, ..., n) cyrb mnepsbie

HHTerpaisl 3TOA CNCTEMEL.
Vs cucremsr (21.3) sriteraer, 4TO JTUHEK

Ci(t, 21, ..., zu)=const (i=1, ..., n)
TPaHCBEPCAIbHEL IO OTHOIIENHI0 K ILIOCKOCTAM f = const.
Ionosxum
yi=Ci(t, 1, ..., 2z2) (i=1, ..., n). (21.4)
B oxpectnoctm (urcuposanioil TOUKH xf,"), xfl"), ceey .7:(,{’)
B ypaBHeHmEm (21.1) MosxmHo mepeiiTm K mepeMelHBIM f,
Yi, ..., Ya. B 3tmx nepemennrix ypasmemme (21.1) npunm-

Maer ocoGo mpoctoii BuA. B mem yrmq’romafo'rcﬂ Ko3ddu-

IMIeHTH A, IpH cMeImaHHBIX TPOM3BOJHEIX dy T

Hoxasem sro. KHarx mssecrmo, Koaq)dmrmem‘m OpH cMe-
LIAITHBIX OPOM3BOAHEIX Ay; B yPaBHEHHEH T'HIepHOIHIECKOrO
THIA TOCJe npeoGpaaonaHnﬂ AMET BH/J

OJ_ZAO‘Ia +A00—at.

=1
Tar Kar ; T —at— = 0, To Ha ocHOBaNMHU ypaBHeHHiE
(21.3)

ZGC L+ OC %i _o

i~=1

HannMaH Bo pHOMamme (21.2), suauM, wro Ayy=0, j=
=1

15*

g o vy n.
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TMogenns 3ateM ypapuenme Ha Ay, = Ay, OpHUmeM K HO-
BOMY YPaBHEHHUIO BHIA

~ 3 Y~ B G —Tu-F.

—-—Shdt
IMonoxmMm eme u =¢ ¢ v. Torxa
i t

1 1
——\hdt ——\hdt
u ou v 2f i & 9 2r 1
—+h—=—e 0 Jv|—S5+h—]e 0 .
at ot at at at
Hocne TaKOI BaMEIIH U3 YpPaBHCHHA HCKIAIOUAETCA H
qIeH, conepn{amlm . B pmanbmeiiieM npm mccIaefOoBaHWH

OOIYIX JHUIICHHBIX ypaBHelmu MBI Oy/eM Bcerfia Ipejinoa-

ratb ¢ caMOro Hadvaja, 4YTO YJIEIHbI, cOolepAialiue

dr;0t
ou
57 B YpaBHEHHE e BXOJAT.
PaGCMOTpHM ypaBueHme
5 n
_ PP N pon oy 5
=2, 2 50— g T & Big, + Cu=F, (21.9)
i=1j=1 i=1
rne Ay, Bi;, C u F — 3ajjannsie QYHKQUA OT Ly, ..., &, L.

ITyers B mioGoil Touke mpocrpamersa M B 000N MOMeHT
BpeMenHn

n

A(p = é %.4 iiDiD; = Z pu Aij=Aji, (216)

i=1

rge ¢ > 0 — Hexoropas nocrosunaa ().
Bynmem nckats pelnenme 5TOro ypaBHEHHS, yIOBIETBOPSI-
I0ITee YCIOBUAM

ou

W = ul (xl, a0y xn). (21.7)

Ulimo = Uy (%35« ., Zn);

t=0

Mu GymeM paccMarpwBaTh JBe pasiHYHbEe TOCTAHOBKK
3TOH 3aJaYd.

2. Tloecranoska sapaunm Komm xna o0oluieHHBIX pele-
aoii. Ilyere Q o6macrs (n+ 1)-mepHoro mpocrpaHcTsa I,
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Zy, .., In. Oyurumio u(t, 2., ..., 2,), onpefeiennyio B Q
i CyMMHpyeMyl0 o mI0Goil orpammuenuoii obmactm Q' Ta-
Kolt, uro Q' < Q, GymeM HA3HDaTh 0000lyeHHBIM DeUleHULeM
ypaemenus (21.5), ecam, KakoBa Ol n@m GBHLIA ABa’KIB He-
npepuiBHo AudepeHnEpyeMas BO BCeM IPOCTpAICTBe (PYHK-
MU v, OTANYHAS OT IYJASA JUMb B OrPaHAYEHNION 06IacT:

Qy, Takoif, aTo Q; = Q, EMEeT MECTO PaBeHCTRO

5 uL*vdQ = 5 vFdQ,
& &

rie L* — conpasKenHBIA omepaTop, ONpefedeHIHi paBen-
CTBOM

L¥*p = i

7] E]

(Azv) — 2-2 — 2‘ (Bw) + Co.

Hepnaﬁ mocTamoBKa 3afaim Homm cocTonT B ciefylo-
meM.

Hafitw oGoGmenmoe penienme u ypasmenzma (21.5) Tta-
Koe, 9T0 Ha TIOGOM cedemmEm O6macTE Q THIEPILIOCKOCTHIO
t =const u mnpeacTaBideT o000 JJIEMEHT MNPOCTPAHCTBA

1 du

WP, a —; —daement npocrpanctsa L. Tpaextopusa B wh
. du "

n L,, ompenensgeMas wax mapa Qynkmuii u u —; B 2T0ii mape

HOPOCTPAICTB, JOJKIA OBITH HENpPePHIBHOK 10 f W yHOBIeT-

BOPATH IAYalbHBIM ycmoBEaM (21.7).

Hamoxum ma A, B;, C m F orpaumvenns, KOTOpble Ha-
30BeM YCIOBHAMHE 0) WIH YCGIOBHAMH CYINECTBOBAHHA pellle-
Hua ofo6mennoit safaun Homum. dTu yexosus ciaeylompue,

B o6aactn Q:

1) xospunmenTst A, HeIPepHBHEl ¢ NePBHIMH IIPOM3-
BOAHBIME H YJIOBIETBODSIOT HePaBeHCTBAM
Aij

azy, <A’ ‘

(i7 j? k=1‘7 R ] n),
rie m u A — mocTOsAIHbIE;
2) roodduuentsl B; HENPEPHBIE U Y/A0BIETBOPSIIOT He-
paBenmctBaM |B;l <A (i=1,..., n).
3) mepesle oGoOImeHiibie NpoW3poAnble oT Qyuxnuit B;
CymIeCTBYIOT W JAud 1exoToporo & >0 yHOBIETBOPAIOT

Ay =2m>0, [4;|<< A F)

A..
4 t”\gA (21.8)
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HepaBeHCTBaM

n‘ B, 4B; H1 Uny
Qi) > =, +|6—t do, ... de,| <AQW<A

=1
(21.9)

(i=1,..,n),

rie Q(t) — cedenmue ofmacTH  THNCPOIOCKOCTHIO £ =T,
w=ntenpun=2un =2 npu n==1.
4) woadpunuentsr C yHOBIETBOPAIOT HEPABEHCTRY

1/py
(j|0|“idx1...dxn) <AW <4 (21.10)
Q1)

5) nepseie oGoOmiennbic MpousBoiHEIE 0T C CYymeCcTBYIOT
H s HeroToporo & >0 yHOBICTBODAIOT HEPABEHCTBY

n Vl 1/\,1
(5-(2 Z£ +\£D dxl...dxn) KA < A4,
N T at
(1)

i=1
(21.11)

rie vi=(n+e)/2 mpu n=4 u v,=2 mpu n=1, 2, 3;
6) cmoGopmbiit aneu F ymoBneTBOpAET HEPABEHCTRY

) 1/2 ~ ~
( f |F|9dx1...dxn) <Fy<F @112
Q1)

rne F — mocroannas;
7) mepBHle 00OOIIEHHBIE TPOM3BOAILIE OT I CYIECTBYIOT
H YAOBJIETBOPAIOT HEPAREHCTBY

n 2 1/2
( {(2 §i4/?£-|) dzy ... d:cn) <FO<F; (21.13)
o) '

i=1
8) B Q(0)
u, = W (21.14)
9) 3 Q(0)
u, = W, (21.15)

Ha Bompoc o pemenun samaum Komm B mepBoit mocra-
HOBKe JIaeT OTBET CJIEAYIOINas TeopeMa.

Teopema. Bwnoanenue ycaosuii o) docrarouno Oas
cywecreosanun pewenus 3adauu Kowu (21.5), (21.7) ¢
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nekoropoll okpecrrnoctu G mroixcecréa Q(0) e nepsoill no-
cranosre. Pewerue Henpepbl8HO 3aBUCUT OT HALAABHBIT
dannblr 8 caedyrowyem cmvicae: dan arwbozo >0 cywye-
creyer rakoe § >0, uro ecau  |u, || (1)<6 u |uy ||L2<6 8

Q (0), mo ||u||Wé1)<su Tt-l <bGGﬂQ(t)

IIpesxne 9em joKasmIBAThL :-)Ty TeopeMy, maM HeoOXoxHMo
YCTAlOBUTH 1ECKOJBLKO BAKIIBIX 11€PAaBEIICTB.

3. OcnosHoe nepamencrso. Ilycts w — mwobGan ymrius
OOPEeMeHHBIX Xy, ..., Ln, [, HeOpepobiBllasg € DPON3BOJILIMU
BTOPOTO MOPANKA.

BriBeyieM HeKOTOpoe I11epaBENCTBO, AallaJOTHIYHOEC Hepa-
peunctsy (17.7). Pacemorpmm mexoropylo obxacts V B mpo-
C1PAHCTBE IIEPEMEHNBIX &y, ..., &n, ¢ € KyCOUllo TJIajIKoil
rpannueit S. Torga mo Qopmyine T'aycca — OcTporpafckoro

QX dw @ w \2
. .
ZZA_U_)._U)._{..(SE) COS@O—

Yoz, 0x; Jdt

S i=1j=1

i=1j=1
n n
I ow N 0w w
i 2
| i 12:1 & i Gzen T

\4
n on
OAz] dw dw aAij ow Jdw ‘
T 2 z ( ot oz, 67 2 ax; ézgt— v, (21.16)

Ijie o — YTOI Memy BIemmneif HOPMAJbi0 v K S H OCHIO
Ox;, a o, — yron MEMJY v H 0ChIO Ot.
Ecan B mexkoTopoit wacTu mosepxuocTd S
n n

g
3 3 A;;cosa;cosay — cos’ey < 0,

i=1j=1
To HA Meil 3AK KBajpaTHUNIOH# dopMBI

" 2
W\ dwow (Ow) 050
b s 0
== ar; ax]. at )
n n n n
Y Aw dw 1 \l
—22 Ai;——cosa 2 A;; [=— cosa, —
Joux, t7 cosa Wloxz, 0
i=1j=1 9 ] ot 0 3=1 j=1 ‘
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gw cCosa; awc s ow
= Tz, 008y — 7 c0s ;| +
n n
3 N
cos oco—.E 2‘ 4;; cos a; cos a; .-
+ s ('_".’) (21.17)

t
00s o, a

cOBUAJlaeT CO 3HAKOM COS o
PaccmoTpum 3aMKRYTHIE map S., cofepswamuiica B Q(0),
u nycts (S [0, T]) ecTs muammap, mocTpoennui#t nHa S,
U OrpaHHYENHBH rumepnio-
t ckoctamu t=0 m t=T2>
‘» i> (. Ilonosxum Cy =
=n max |4;;|. IIpose-

1,5,(Sgs [0,TT)

/=N > JeM uepe3 TpAHUIY IIapa

/- S: KOHHYECKYI TOBepX-
/ o Hocts S, (pmc. 12) raw,
# f

uTo0Bl Ta Helt cos®a, >
Prc. 12 > ¢y (1+ ¢;). 9ot yeeuen-
meifi Komyc, Jeamuit B
yumangpe (S, [0, T1),
ofosnaunm uepes Q*; mepxiiee ocHOBaUMe KOIIyca, JesKalmee
B runepmiockoct =T, <<T, ofosmauum uepes S;. Torma
ua moBepxiocTH S, KBajpatTHuiaz QopMa NOJOKUTENbIA,
Tak Kak Ha 1ed cosa, >0 u
n n

Z py A;j cosa; cosa; — cos®a, << ¢ Z cos’a; — cos’a, =
i=1j=1 =1

=¢; (1 — cos?y) — cos?ay = ¢; — (1 + ¢;) cosPer, << 0.

Otclofla TWONy4aeTCHd HEPaBEHCTBO, AllaJIOTHUHOE pallee BhI-
BefeRHoOMy HepaBencTBy (17.7):

w dw aw \?
2 s (20 ]dS<
n

n dw dw aw\? < 3‘41] ow dw
ZAifaTiachJr(%) as+[ 133 oz, 57;

i=1j=1 Q¥ li=1j=1

n n
\ 04, gw gw
—2 z‘ g ﬁz] ﬁz o9t 2 Llw} dQ (21.18)
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Tje

LIW“ZZA“&—;?;;I—— w.

2

== at
OGosmraumm uepes Q* (1) ceuermnme Komyca Q¥ MI0CKOCTHIO
t=r1. Ilycte pnn Qyurmum 1 #EMECT MeCTO HEPABEHCTRO

[ (Lawpde, ... dea=N@H<N. (2119

Q#(t)

Torpga MOMKIO oWeHWTH miTerpan mo Q* B Hepasenctne
(21.18) cuxepyromum oGpasom:

n on n on
SN iowow o3 N yowow
b 4 at dr,o0r; ° dzr; dz; it
% li=1j=1 to i J

1 n n
dw \Y dw || dw
=25 LIW}dgk [A [ZE 7z, || oz;| T
0 Q¥() Li=1j=1 ’

2
W||L1w[]d.lgl... dxn] it <

T n
O /0w \2 Jw \2
<le{ [Z(af:—.>+(—of—) 150
o loxpLi=1V ¢

Xdzy ... dxn} dt,

Ilonosxmm
n
N /dw\2 Jw\2
j‘ [Z(a_;".) +(_a¥’t_)]dxl...dxn=l<1(t|w). (21.20)
Q*(1) 1=1 t

Oucempno, secaexcteme (21.6) m yenosua |44l < ¢/n nveem

dw dw
< _Y {2 2 i [)Z 5.’5
Q¥(l)

i=1j=1

2
-+ (%%’—)]dxl ... dzp

rge c; = min {¢, 1}, C; = max {c,, 1}.

e K (2| w)

<C,K,(t|w), (21.21)
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2 1/2
V|2l ... dza)" x
*() /

1/2
><( ) ILledzl..,da-n) <N (K, (¢]w)re,
Q1)
ITonaraz B (21.18) T,=t m, smaunt, S;= Q*(¢), mo-
JXYUAM, 9TO

i
e (81 w) < CoKy (0] w) + €y [ [y (841 w) +
0

Jlerko Bmuyierhb, uTO

7]
‘J’l Ia—'fl]Llw]dzl dxn<(
Q

Q*(1)

+ 2K, (¢, |w)"/2N ¢)"*] dt,.  (21.22)

Jlng mamimx 1eieil meoGXONMMO BHIBCCTH eMie OJiIO He-
pasenctBo. lonomum

S' widzy ... dz, = K, (t|w). (21.23)
Q*(1)
Oucrupano, urto

Kot |0) < | wP(ty, @ys + ., @) day ... dan,
Q¥(t)
ecan t, > t. IlosToMy
dK,, (t]w) _ limKO(tllw)——KO(tlw) <
dt i, —t

t1—>i

<1im—1-( ( W2 (ty, Ty eees Tn) ATy . .. ATy —

t, — 1t .
tl—>i 1 Q%(1)

— 5. WA, Ly ovny Tn)dy oo day | =
Q¥(1)

d
=77(j‘ w? (T, Iy, ...,xn)d:cl_,,dzn)

Q*(1)

T==i

=2 Y wg—:”dxl e dre <<
Q#(1)

. 1/2 ow\2 1/2
<2 j' wdzy ... dzs j‘ (a_t) dzy...dep,| <
Q¥(1) Q1)

20K, (¢|w)]"* (K, (| w)]*™.
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Tornma
t

d
K, (t|w) = EKO(tllw)dtl + K, (0|w) <

0
i
<K, (0]w) + 2 S (Ko (¢ |02 (K, (2, w)]V2dty. (21.24)
0

Hepasencrta (21.22) u (21.24) — ocHoBHEIE HJIf BCEro
ganbueiiniero.

4, Jlemma 006 oneHkax npuOammeHHuix pemrenmit., [lo-
KajKkeM Temeph OCHOBHYyIO JjeMMy. PaccmoTpnM ypaBHenue
(21.5), ynoBuerBopsiIomee yCIOBUSIM 0).

Samenmm B meM Bce dymknuum A B, C u F ux cpen-

M Qyrxouama A, By, C, u F, mo z,, ..., ., t, a Ha-
YAJBIIBIE NAUHLIE U, ¥ U, — UX CPEeAHEMH (PYUKOUAMI Ueh
U Uy, TO Iy, ... Z.. HoBoe ypasuenue L,u,=F, Gynem mna-

3LIBATH YCPE[HEHHBIM. JTO ypPaBHEHHE C IOBBIMH HAYalb-
HBIMV YCJIOBHSIME MMeeT pellelne U, B HeKOTOPOil OXpecTHO-
ctu G mmoxectBa Q(0), ne saBmcsmgeit ot >0 (*).

IIycts Q* — ycewennniii Komyc, cofepsamuiici b G.
CocraBmM jrsm  atoro pemrenms muTerpansl Ko (tlus),
Kl(tluh) il

Kotlu) = | [E () +

o) Li=1i=t i
n 2 2 2 2
"uy 0" uy,
+2gl(m) * (?) ]d‘”l"'d:”"

Jdemma. Jaa dynwyui K,(tlun), K, (tluw) u K (tlus)
cnpagedaucsl HepasencTsa

|K:(tlun) | <yi(2), i=0,1, 2, (21.25)
ede Y, — pewenus cucremwl ypasrenul
a (v5") 1/2
T = My]. N
d (yi’?) ~
L5 b+ 4+ F ), (21.20
4 (v3)

—a— =M "+ "+ e+ F )
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npu Ycao6UAT
Yolimo = MK, (Olu),
y1|i=o=MK1(0|u), (21.27)
Yslimo = MKz(Olu),
2de M — neroTopas nOAOKUTEALHAR NOCTOAHHAR, HE 3A6U-
cawas or h. (Taxum o6pazom, K, (tlu,), K, (tlus) u K, (¢lus)
UMEIOT OTGHKY, Te 3aBHCATIYI0 OT A

HorxaszaTenbcTBo. Bepuemcs k mepasermcrsy (21.22)
H PacCMOTPUM JANA Uy, = W ypaBHEHHE

Lyw=F, — \‘ h;— — Cyw, (21.28)

4—1 i

rie Qyuxnmu By cormacmo cpoiictBam cpepHEX QymKnmit
OTPAHHYEHEI:

Bl < A4, (21.29)
dyurnus C, yiOBAETBOPAET HEPABOHCTBY

[ ( |ch|“1dx1...dxn]"”'gA(t)gA, (21.30)

Q¥(1)

H, XpoMe TOro,
* 1/2 ~ ~
[ s Fidz, ... dxn] =F @) F. (21.31)
Qx(1)
B sTom cmyuae B oGmacrz Q¥ (1)

z Bth 6.’1:

1w e, <|Fnle, +

+ | Crw “LL- (21.32)

Ouesnpno,

n

Z ow
LA oz,

I £n ||L2 =T<F <A| w\\ng

Hna onenxn |Cpw L, BocmonbayeMcs HEPaBEHCTBOM Téns-
iepa U TeopeMaM¥ BIOKEHI.
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Ecnu =2, 10 py=n-+e>2, u cornacHoO HEPaBeHCTBY
Ténbpepa u Teopeme Buoenus us m, 2, § 8, rn. I umeem

[ 1Cawpdz, ... dza )<
Q#(t)

<( ] Jer .. an )”("“’( J it .am) <

Q*(t) Q%(f)

<BAR) wl o <BA[K, (t|w)"+ K, (t] )], (21.33)
2

1 1 \—1 2n
roe g% = (—2— — m) <¢=;— By— nocrosmmaz mus
TeopeMbl BIOIKEHHA.
Ecmu r=1, 10 n, =2, n COTMAcHO TeopeMe BICHEHUT

ms o. 1, § 8, rn, I umeem

[ 1cuwpar, ... den) " <
QE(t)

<( [ ICupaa, .. ) lwle<
Qk(t)

< BAG) |0l 00 < BALK, (10} + Kot w)]",

B, B, = const.
Taxmm obpasom, cormacuo (21.19)

IN(1)]1V* < C, [K, (tlw) 2 + K,y (tlw) 2+ F (2)],  (21.34)

rae Cy — nocTofnnag, He 3aBmcAINad OT w, ¢ u A.
Iopcrasnas aTy omeHry B uepasemcTBo (21.22), momyumm

1
Lt w) S C,E O] w) + Cy | Ky (1| 0)72 X
0

X [Ky(ty | w)Y? + Ky (¢ | w) + F (¢)] dt,.  (21.35)

Bumecre ¢ (21.24) Mm ponydum cucTemy Heﬁ)aBEHCTB, "3 Ko-
Topoit merko omemmsaorcs Gymknmu K, (tlw) uz K, (tlw).
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Ofo3nauum d9epes Yo, ¥i QYHKIHH, YJIOBIETBOPAIOIIIE
cHUCcTeMe ypaBHEHU

y1(8) = C.K, (0| w) + 2C, f vi® [9”® + vi® + F] at,,
(21.36)
Yo(t) = Ko (0l w) + 2 _{ Yy,
0

Herpynmo moxasate, 1To 4 (8)= K, (tlw), y.(t)=
= K, (tlw). B camom pmene, QyHKIUM ¥, U ¥, MOMHO HailTu
KaK Tpejensl BO3PACTAIIAX NOCIENOBATENbHOCTEH yo u
¥i™, ompepenenHBIX Qopmymamu

Y™ = C,K, (0l w) + ZCaS [J(m & w([.’/o(m—l)]l/2 +

+ [TV + F) dt,,

(m) —K,(0lw) + 25‘ [y(m 1) 1/2 [y(m—1)]1/2

ecnH mepBble WIeHH JTHX HOCKEI0BATENLHOCTEN B3ATH pas-
mevi K, (¢lw) u K, (¢lw). Hama oreHka joxasaHa.

Oyuxnuu y, U y, cyTh pemleHHd cucTembl auddepeH-
HUANBHBIX ypaBHEHUH

o =205 y1%,  yi =201 (ui® + yi* + F). (21.37)
Baar 3a HOBLIE IEpeMeHHLIe y(}/ ‘=z m yi*= z,, momyunm
25=12,, 2,=0C3(2,+ 2, + F). (21.38)

Hawm ocranocs onemnts K, (t|lw). Juddepentupya yepen-
Heunoe ypasuenue (21.28) mo 2, u no £, moxyanM

n n 9

L duy, =61"h _2 ZaAiJ-h " uy, ZB auh

1k ax, dz; bl 4 oz, 0x;0; th px.0x, ax,
1=1j=1

n

9B, auh ouy, ach 91.39
—z oz, oz; — Chgar gz, Moz ( )
i=1 -
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n

n
7. O th 1aA“h auy, B o®uy,

el o1 T3 h gz,
~ 9B., 8 ) aC
2“ ih uh Up h
EY; h FT; th—a—t'. (2139)

Mu MoMkeM JIETKO OI€HUTEH BEJIMYUHY Kz(tlw) ¢ TIOMOIBIO
npuMeHeHnsn HepaBeHcTBa (21.22). IlpmMensas ero k kasmjoi
IIPOU3BOIHON M 3aMedvas, uTo

.é:Kl( —)+K1( at) K, (t|w),

HAXOHM

t
K, (| w) <C,K,(0lw) + Cy § {Kz (ta 1) +
1]

+ Ky ()" [g [Vt + [NV, (tm”z]} dty,  (21.40)

ou
1/2 h 1/2
A R e A g g
IyIuM
n n 9 n o
oF, 0'u o“u
1z h h
[N ) 0:1: L + AZZ dz;0z; |IL AZ dz,0z; |,
2 i=1j=1 I i=1 4
— +“ . - ¥ (I=1, ..., n).
1 9% L L T 3
2 2 2
0B;;, ou,
Ouenusast 5z, 975 |, TaKk e, Kak paHee

2

(em. (21.33)), vomyanm

B
—aaz"‘ Zu" K CA N [Ky (8 m)"? + Ky (¢|un)?], (21.41)
1 97 L
du
‘Chﬁ < CoA D) [Ky (1w + Ko (tlun) ] (20.42)
2

Haxomen, pus omenku |5z YAl

CHOBa BOCIIOJbL3yeMCia
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HepaBeHCTBOM L'éibjiepa m reopemaMmH Biokenmnsa. Ecim n =
=4, 1o vi=(n+te)/2>2, n cormacHo mepaseHcrsy I'énn-
nepa m Teopeme BiokeHuA w3 m. 2, § 8, ru. I, nmeem

ac,, <
Fe, U, S
2
(n-e) 2
ach 2 (n+-e) . 1/q*%
< s, dr,...dxy ' |uh|q dxy...dxy, <
Qx(1) Q*(1)

<BAnmnm<3MM&m%W+memW+

+ K, (¢ un)"?],

1 2 \-1 2
(_2_ — 6) < n-———_" 7 B3 — mocrosn-

Has TEOPEMBI BJIOReHHSA,
Ecam n=1, 2, 3, 10 v, =2 11 CcOINIaCI0 TeopeMe BIIOMe-

gusg n3 . 1, § 8, ro. 1 umeem

aCy OC,, 1/2
< dzy...dza| |urle<<
L, asthy ]

3z, b
< B, A(t)|un ||
Tawram oGpazom, s =1, ...,
N2 < Cr [Ko (tlun)* + K ($lan) V2 + Ko (2lun) V2], (21.43)

Ananormyuo nomyuaem omenwy jas [N, (¢)]'2.
Yunreieas Bce BmeckazaEHoe, m3 (21.40) nmomyumm

Ifie B 2TOT pa3 ¢* =

K, (¢|un) <
i
<G le (O ur) + j [Ko (| Ufh)l/2 + K, (4| uh)ll2 +
0
K, (t|un)® + F @) K, 2y | un)2dt, ] (21.44)

Ecin

i
Yo (1) = C; {K‘z O us) + 2 5 ya (82)" [y, (1) +

+mmWMwmy“+ﬂmM4,@Mm
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T0, KaK I BbIIe, HOJYyUlM

K, (tlm) < ya(1). (21.46)
Ina y, AiMeeM ypanHenue
yo =209 [ + 5" + i + Fl. (2047
Cunran y;/ ? —z,, maxojmm
2, =C,(z,+ 2, + 2, + I~'") (21.48)

Jemva norasanma (¢ M =max{1, C,, Cs, C;}) (*').

5. Pemenne o600meHuoit sajgaun Homm. Ilepexonnm K

JI0Ka3aTeIbCTBY OCHOBHOI TeopeMsr (°°).

Cemeiicrso u, B CHIIy HAOINX ONEHOR HMeeT OIpaHHYEH-
nBIT EHTErpaja 0T CyMMbI KBaJIpaTOB BCEX IIPON3BOJHBIX BTO-
oro mopsarka mo Q¥ Weeim; ciosamm, uheEng), npuvemM
ﬁJuh ||L(22)< M,rne M — nocrosuHas, e 3asucainag or h. Us

orpammueHnocra [unf (2 M lunlz, sarmouaem,aro
2
lun 0 <My (21.49)
2

ou (1
~; HOMIARTHLI B Wy
1 L, coornercrneniio ma Q*(¢), mpuueM ara mapa (PYHKIIN,
3aBNCATINX OT f, IpPEejICTaBisAeT CO0Oil pAaBIOCTEMENHO IO A
HeIpCPHIBIYIO TPaeKTopmIo B mape mpocrpancrs W u L.
CrnefoBartenuHo, W3 5TOre cemeiCTBA TPAGKTOPHIT MOKHO
BHIOPATH IIOJIIOCTE/I0BATCILHOCTD, PAaBRMOMEPHO NO [ cXOms-

I3 cnay TecopeMEl ENOCHAS w, W

ou
ITyI0cs K TPAeKTOpHH I, ;—t Ilepexons w mpepeny B mepa-

BeHcTBaX (21.25) M mMONL3YACH TEOPCMOII O CYHIECTBOBATMH
0000mennuLIX Mpon3BoAnHX (M. m. 2, § 5, r. I), momyumm

K,(tlu)<y.(t), K (tlu)<y(t), K.(tln)<y.(t). (21.50)

CemeiicTRO 4  YOBICTEODSCT, OWUCBINO, MITCTPANLIIOMY
TOMJIeCTBY

[ usLiwa@= | v Fiae, (21.51)
Q* Q%
rfie v — OPOM3BONLHAA (DYHKIASA NCPEMENNBIX Iy, ..., Za, I,

HeIPCpPBIBHAA ¢ MPOUIBOIILIMA /I0 BTOPOTO NMOPANIKA BKIIOUH-
TCJALHO U 00palaloLasics B IyJb BIe HeKoTopoil odomacru V,
16 ¢. 1 GoGomen
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Taroit, uro V, < Q* (uepes Ls o6osHauen OIeparop, Comps-
HEHHHI ¢ omeparopoM ).

Ilepexona ® mpeneny mpnm h —~ (0 mo coorseTcTByIoIeil
HO/INOCIIe[I0BATEI BHOCTI, HONYIIM

[ uLrvig = { vraq. (21.52)
Q* a*

910 paBeHcTBO HO OHpe/IeNeHAI0 03HAUAET, UTO (PYHKIHA U
Apasiercss 00600menusiM pemenneM ypasHenma (21.5).

Jlerxo Bujerh, uTo dTa (PYHKOHS YAOBIETBOpPHET HAYAlb-
HEIM YCIOBHAM.

HenpepsiBHass 3aBMCHMOCTH pemleHHA OT HAYAIBIHIX JIaH-
HEIX YCTAHABIABAeTCA Takke 0es Tpyna.

Ecnn F(t) pocratouno mano n K,(0lu) n K,(0lu) mans
B CBOIO ouepeflb, T0 PyHRTHA Yo (¢) u ¥ (f) OYyAYT MAITBIMIL
U3 wepasencrs (21.50) caenyer mamocts K, (¢lu) n K, (¢lu).
Teopema norasana (°7).

3agaua Hommn B 1-if mocranorre pemiera. Ilepexosum Ko
2-i1 moCTaHOBKe.

6. Ilocranopka wnacenveckoidl 3samauu Komum. Bymem
Ackars pemienne ypaemenus (21.5) ¢ yemosmamm (21.7),
AMelolllee HeNPepPLIBHLIE NPOM3BOJIMLIE BTOPOrO HOpSAAKA.

Ha woopdunuentnt Ay, By, C m F, a ramxe HA HaTalb-
HEIe YCJIOBHA HAM OpHJETCA NAJOKATH Temeph HECKOILEO
HHbBIe YCIOBHA, KOTOpHEe MHl OyfieM HAa3biBATH YCIOBHAME H).

VYenosua H) cuenylomye.

B o6nacrn Q:

1) rospdnimentsl A; ueHpepHBHL ¢ MEPBHIMH IIPOH3-
BOAHLIMA H Y/IOBJIETBOPAIOT HEPABEHCTBAM

A

Ap=m>0, [A;|<<A, TR
[

<4,

(21.53)

04A;; .
‘TlgA (’7]1k=1110-1n)7

rme m 1 A — DoCTrosiHHEE,
2) oGobuieHHBe DPOH3BOAHBIE OT A; YNIOBIETBOPAIOT JJiA
nexoToporo € > (0 HepaBeHCTBAM

A, A 1/
' 4 day ,..drm) <A (21.54)

n

(=2, ... k—1),

[¢2 [¢2 an
(1) at 00111 .0
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rme M=(r+e)/(l—1) opu n=2l—2 uw =2 mpn 1<
<n<2l-—-2;

3) xosddunments B; HempepHIBHH H YHOBIETBOPHIOT He-
paBeHCTBAM

IBl<A (i=1, ..., n); (21.55)

4) o6o0nieEERE NPOM3BOAHEIE 0T B; y/OBIETBOPAIOT IifA
HeKoToporo & >> () HepaBeHCTBAM

(2

oty

a'B;

o, o a
0 1 n
at axl eer 07,

t=1, ..., —1),

i8] 1/
dry ... dxn) <4 (21.56)

T/ie u,=nT+8 npu n=2ln =2 opn 1<n<<2l;

9) ofobmieEHEEe mpom3BofiHble 0T C Y/OBIETBODPAIOT JUIsS
HERoTOpOro € =>() HepaBeHCTBAM

Q(t)
(1=0, ... k—1),

Ifie v,=?—i—f npu n=2l+2 nv=2 mpn 1<n<2+2;

6) oGoOmeHHBle mpom3BOfHble 0T F YHOBIETBOPHIOT He-
paBeHcrTBaM

(A3

alc

at*%6z1 .. oz

G
n

vy 1/v;
) dxl...dxn) <A (21.57)

'F
Q.

a a.
0 n
ot 6x11 e 0,

2 s o
) d:vl...d;vn> VA EY

/

(=0, ..., k—1), (21.58)
rme F — pmocrosinnasn;
7) 8 Q(0)
u, = W (21.59)
8) B Q(0)
u e W™, (21.60)

Ecnu %k, =2, To yciaoBus H) COBHANAIOT C YCIAOBHAMH 0).

Mni mMo:keM Temeph cOpPMYIHDPOBATH OCHOBHYIO TEopeMmy.

Teopema. Jan 71020 urober sadawa Kowu (21.5),
(21.7) unmesa pewenue, HenpepviéHOe ¢ nNPOU3IGOOHbLIMU 00
16
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nopadka m =2 @ nexoropoii okpecTnocTy MHoxcecrsa 2(0),
docTarouno, uT06bL Ycao8us K) 6bINOAHAAUCY npu Kk =m +

e

JlokasareabcTBo 5TON TeopeMBI OCHOBAHO Ha IPHMEHERNH
TeopeM BIOKEHHS W HCHOJIH30BAHWH TeX ’Ke HEpPaBeHCTB,
KOTODHIEe MO3BOJIIN JO0Ka3arh teopemy m3 m. 2. llpm m =2
HojlydaeM pelieHAe 3afjaul I{omy\ BO BTOPOIl HOCTaHOBEE.

Ilpexne wem mepexommrs K JOKA3aTeJbCTBY, CHAEIaeM He-
cronpko sameuannii. Ilogo6HO TOMY Kak MBEL HOCTYNWIH IpH
ZOKa3aTelbCTBe TEOPEMEl M3 H. 2, MOCTPOMM cpefHHEe (PYHE-
nun mia Ay, Bi, C, F, n, 1 u, 1 cOCTaBAM HOBOE ypaBHEHHE

Lo,=F hy
peliieHHEe KOTOPOI0 Gy/ieM HcKaTh HPH YCIOBHAX

duy

Up|t==0 = Uph, Bt s

= U1h,
0

H TyCcTh, KaK I BELIE,

n
. oy
Lyjyup = Fp— 2 Bin7—=— Chtia.
4 oz
i=1
Onuospemenno ¢ ypasueHmeMm (21.61) paccmorpum
MORHEIE YpaBHeHHS JiA (PYHKIU
1
" ) = 0 uy,
(22 a. - .
o 0ta°0:c‘;1 ... 0

lnddepenqupysn, nmeeM
o'F
Lipva op= A -
© " ar%arit L. gant

- 2 CE‘[:, 22 .h Bn X

0<3pi<! j=1j=1 Ot 00 . 0z
1
a 5+2uh

n

+
a —f o ~f o, —f
ate Tegr L L, R "61‘16:01-

n

i ]
Bg Bn \ aBih
+ X Cd @i oo
0<3P;<! i=1 0t %z ... oz,

(21.61)

(21.62)

BCEB03-

(21.63)
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al—ﬁ+1uh
a0 Pog PP gy inPn g,
I—
abc, By, I
- * — _F — =Ra,...a
atPoaalt ., aafn 9% Pog, BBy g% En o
(21.64)
By - B
rfie Ca‘(’, . J;— OnnoMHaNbHbIe ROD(PEOHIHEHTHL.,
OGosnaunm \
3w
Ky (t\w) — Y 3|2 Vaa, ... dz. (2165
¥ty Tvi=p | 0t Y0zt ... 0z,

7. Jlemma 06 oueHke mpoHM3BOAHBIX.
JJemma. Ipu cobarwodenun ycaosuii u) dyunryuu u,
yooenersopaloT HepagercTeaM

K.(tlu)<y, (p=1, ..., k), (21.66)

20e
dy},/z_ 1/2 1/2 12 T J i
o MR e T O], (20.67)

npu ycaosuax Yol,—o = MK,(0lu,), ede M — nexoropas no-
NONHUTEAbHAS NOCTOSHHAR, He 3asucawas or h, a F(t)—
Pynryus, croayan 6 npasoii uactu 6-20 ycaosusd.
Jlorasarexscrtso. [ua p=0, 1, 2 sra onenra ycra-
HoBJleHa paHee. llepexoiuM K JORa3aTeIbCTBY JEMMEI [UIf
- OCTAIBHBIX .
Tipescte 5 o |
pesnie Beero onenum | Do o, |,

Ecin =28+ 2, 1o vp=(n+¢)/(B+1)>2 u cornacuo
uHepasencrsy I'éxpnepa

e, 2
JC == .sq ﬁoa P’l P f’n X
Q¥ \0t "0xy" ... O,

8Py, 2 1/2
X dz, ...dx <
oo Pogg Py __ggenta | ST SIS

’ abc, (n+e)/(B+1) (B+1)/(n+e)
<( Y aP0ga™ | agtn Az ... den X
Q¥(1) Dt ... Oz
0" Pu, q* 1/q*
X j‘ — — =5 dz, ... dz, <
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q* 1/q*
A(j‘ dxl...dxn) ,
Q*(t)
(21.68)
1 P41 2n

-1
meq*=(3“"n+J - Tax mar ¢* <g = —ag—, T0

HAa OCHOBAHNE TeopeMsl piaokenns us m. 2, § 8, ra. T mur mo-
AYyUNM, UTO

< A, [Ko (Hlun) 2 4 K, (Hlun) 2 4. . 4 Koy (tlus) 2], (21.69)

6l—|3uh

A

o, —B a —f an—p
ot T09x,t L. Bz, n

Ecmm1isn<28+2, tovy=2m

aﬂch 2 1/2
Je<< Y — | dzy .. den| X
Q| 9 %0yt oz
1— 1—
> a Buh <4 a Buh
a —B,. a—B an—Bpll = —Bg,, % —B a,—p
at* 0 Poga 1Tl gy | a0 Pogefa Tl L g

Cormacuo teopeMme siaomenuns us m. 1, § 1, ra. I suoss mo-
ayunm (21.69).
AHAJIOTHYHO IMONYYAIOTCHA ONEHKH

oﬁA 2
Ja= E 3 B | X
%) atf “090 1., da)

al—5+2uh 2 1/2
X — — — d-r]_ “e e d.’l‘n
a0 Pogr Pt annPror oc

I+1
<4 X Ki(t|w)", (21.70)
=0

a®B, 2
Jp = j‘ | X
Q*(t) ot 007511 aee 0$n

0Z—B+1uh 2 1/2
X <
01" Poga%1 P | oot Pngy, dzy ... dxn] =
i

I4+1
<4; 2 Ki(tlu)? (21.71)
i=0

N
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Cofupas 5TH OIEHKN BMecre, IOJIYIHEM
I+1
|05 anle, <4 (.21 Ki(t|upy + F (t)) (21.72)
=0

(A4, ..., A; — HEXOTOpHE IOCTOAHHEIE, He 3aBUCAIINE OT h).
BepneMcs Temeph & mHepasencrsy (21.22), momoskmM B
HeM W= Uq..a, W HPOCYMMApYeM IO BCeM HpPOM3BOJHEIM

mopsaxka I, Mb1 moxydanm
¢ }:z§=l Ky (t]va, . ay) <Cs szz K,y (0|va,..a,) +
t

+ C, .g {Kl (tl | Vay,. “n) + K, (tl | v“o'--“n)1/2 “ (D‘(‘l:‘““"ul‘z} dty.

0
Cz, Ci, Cz = const > O-

IToanaysach omenkoit mia H o HL H TeM, 4TO

o* %n

C.Ki (L, u) 2 K (t|va an) CyKipy (|0

Cs, C,=const>(, (21.73)

HMeeM OKOHdYaTeJBHO

Kl+1 (t | up) <M [Kl+1 (0 | un) +

t

t 141 -
4§ K | 3 Koty ) 2+F<t1>}dt1] (21.74)
(=1, ..., k—1),

rre M — cooTnercTBYIOIAs MOCTOAMHAA,
Orcrofia, Rax i npcmne mojaras

Y ()= M[yz+1(0) +2‘3y1+1 1/2{2.’/ 1/24—7’1(’51)} dt1],

MOKeM J[0Kas3aTh IepaBelcrnoa

I{[+1 (tlu;,) g y[+1 (t)- (21.75)
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Iaa Qynruiii y,, p=1, ..., ky, moayuacm

dy‘/2 . -~
=g+ 4+ F O

Yp gmo = MKy (0| up).

(21.76)

Jlemma porasamna (*).

8. Pemrenmne Raaccmueckoii 3ajaun Kowmm. Mnr Moikem
Temepsh JI0KasaTh TeopeMmy, copMysinposanHyio B m. 6 (*7).

PaccyMorpuM 110CaeJ0BaTCHLHOCTL PCINCIHit Uy yCpeAHeH-
HULIX ypaBiucHkii ¢ ycpefUCHIBIME UAYATLHLIMY  YCIOBRS-
mu (*Y).

It PyurnuH HMEIOT orpanuuenusie uuterpasnt K, (¢ uy),

n
p=0,1, ...m+1 +[T},a, cJIe;IoBaTeNblo, U Orpamuyci-

Abl¢ MOPMBI B NPOCTPANICTRE wP.

W3 rteopevir mioskenmms B upoctpancreo C ma Q*(tf) n
oucuox nmaa (11.45) mas Pyurmmil w, M HX DPOHBROTHRIX
70 TODSIIKA M BRIAIOYATENLHO CJC/IYeT, UTO 9TH IPOU3BOJI-
Ihle 00pa3yloT KOMIAKTILIC MIIOMecTna B mpoctpaiictse C
ma Q%

Buigpas u3 mmoskectsa {w,} mocnejonatenniocTn, panio-
MepLO CXOSTILYIOCS C IIPOH3BOATBIMIL J[0 IOPS;(KA M BRIIO-
THTCJALNO, 1 TEPEXO;[iI K TMPCACHYy B OCIHOBIIOM YpPaBIIeIHn
(21.61) mo oToit mocICAOBATENLIOCTH, MMOJYYHM, UTO Ipe-
neasiiag QynKIIA 1 yJIORJIcTROpACT ypapmenuio Lu=F n
o0na,facT IeIPCPBIBIGIMII  TIPOU3BOMIILIME JIO TOPANKA M
BKJIOTITCIILIIO.

HNMoaesno samernts, uto mepanemetsa (21.75), yeramon-
JCIILIC aMM JTSA Uy, 0CTATOTCH BEPILIMH U IS POHICHHUSA U.
910 ciIeyeT W3 TCOPCMLI 0 CYHICCTBOBAINI 000OLICHIILIX
npoussonmux (cMm. 1. 2, § 5) (°%).



NMPUMEYAHNNA

1. Tcopema cnpaBejimuBa M jUIA ncoTpanuuennbix obacreit Q.
Mpn bpToM pocTaTouuno yuecTh, UTO jiaA 106oro € > (0 cymecTRyeT
-

TaKoit map C, 4ro | @ (P)IP du—P> << €, W BOCIIOJN,30BATHCA [IO-
Q-C
KABAIILIM YTBEP;KACHHCM Jad orpammuenuntx obaacteit.

2. B page sajav Bo3mukaeT HEOOXOJHMOCTL MCHOJNB30BAUMA OIIC-
paTopoB ycpe;inenng 0olee CHORNON CTPYKTYpHl. Pasamunsle TITh
TAKUX ONMEpaTopoB Obliu BBejienst W m3yucusl B paborax [268, 110, 27,
264, 113, 176, 2461.

3. Teopenma cmpaBe;iiNBa H (A HEOrpanuyeninx odmacreir. B aToM
cliyuge BCIO;[Y MAOTIIOE MIOKECTRO 0o6pasyioT (yurnuu Buga Py,
mie P, — muorownen ¢ panuponanuinivi kodddurnuentami, a Yr — Xa-
panTepucTHieckast yULKmua mWapa pajiuyca k ¢ uenTpoM B Hauase
rooparnar (k=1,2,...).

4. B [46] wmoraszairo, uwto nobas mapa orpanmyeninsix obmacreil
ABIACTCA cyMMupyeMoii. IIodTomy npumefennasg Teopesma CHpaBelIH-
Ba A J000H mapsl OrpalHICIIIBIX OBAACTEIl H B CHAY JORALBIOTO
XaparTepa ofobmentoii MPOM3BOJIUOIT O11a Bepua M JiaA 1aphi 1o6bx
(8 TOM umcae M ucorpanuyeinibix) obmacreil, OTMETHM, YTO CyniccT-
BYIOT I1apbl ucorpamuuennoix ofsacreil, Iic  SIBAAIOIUXCA CYyMMH-
PYCMEBIMIL

5. Mpz p = 1 Teopernra cnpasejeruna npu A << 0. Paccympenus
Ipm 3TOM yupomamTes: nepaseircTBa (6.3) u (6.2) ycraunasmunaioTes
Iie1rocpeICTREnI0 6e3 puMencinsg nepasencTnsa 'éangepa.

—_
6. B mpeano:iosenuax Teopeunt 2 dyurnua U(Q) onpesemena, Bo-
—_

ofiie ToBOp4, 11e ;I Mboro Q. 13 mpoBesieIoro OKA3aTENBCTBA BIJI-
1o, 9ato U(Q(®)) MOKHO OupesicsNTh KAK mpefe:! B Lq* Ha E, unterpaia

-
r=*f (P) dv_, mpu &> 0.
e<r<R P

Eemw p=1,0<< A <<n, s > A, to Hyurnus U(Q®)) cymyupye-
Na (no nwoGoit koueunofi oG:MacTM E, B IHUEPILIOCKOCTIE § H3MEpC-
unit) co crenenslo ¢* << g = s/h. JlokasaTeAbcTRO MPOBOAMTCH C YII-
POUICHHMH TI0 TOfl e cXeMe,

7. dTa Teopena i cayvas s = n B Godce cmiannoit opmyam-
pomre (JLIT npejcablioro moxasatena q* = q) mpu n = 1 Ouiza o~
wazarma Xapmar n Jlurrasygom (eM. [241]), npm n > 1 —C. JI. Cobo-
aespry [203]. Tlpy s << n C. JI. Co0oxeB fona3an Ty TEOPEMY IIpH
p =2, ¢* =2, B. 1. Rongpawos [1M] npn ¢* < q, B. TI. I1nuR
[79] npu ¢* = ¢. llojipobLisie JOKABATENBCTBA OTUX YTBCPIKJCHILA
Moo HaiTH B knmre [19].
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I. Apamc [252, 253] ycramosma, uto ecam 1 << p << g < o0, A >
> n/p’, T0 HIA TOTO WTOOEL BO BCEM HPOCTDAHCTRE BHLIONHINOCH He-
paBEncTRO

(f1v@van)"<c sy, )

upd HEKoTopoii iocToaRHoit €y, He 3aBUcameil oT f, meo6xoguMoO I
JOCTATOYHO, 4TOGLL MEPa | YNOBJAETBOPANA YCIOBHIO

n

——A >
supsup pP’  (u (B (P, o)V < oo, (2)
P>0 ’1;

- ->
rpe B(P, p) — OTKpHITEIA mIap ¢ NEHTPOM B Touke P papgmyca p.

8. 10. I. Pewrernar [180] m B. U. Bypeuxos [29] norasanm, uTo
paseuctBo (7.12) Mosxer ObITH 3almcano B BUjE

> (=1 *((=, —J) "L (2,-1,) (D))
¢ (P)= 2 ol on j 1 0y 8

-> - )
2 vo 0, @ P >—a—¢@7d"—' 3)
1 (7_1/11 v Bynn Q

o
Joj<l—~1 1

Ipueenem, ciepysa [29], BhiBOm DTOLl ¢opMybl HENOCPEACTBENHO N3
¢opmyasr Teitnopa

.
- aa ’ ? r\a
0B = X s L (o r) e (i)

Sa;<l-1 1t Talgyttleyy
1
-1 9 t (P )«
1 ¥ ot e aTokal ,af)
So=t LMY 55’11-"5%
o 7\
X (xl—yl) Loo (xn—yn) mdt,
e Q = ( Yps eons yn) e C. Vunosxum ofe 4acT# 3TOro PaBeHCT-
-
Ba Ha v( ()’) u nponn’rerpnpyeng no Q' mo BCeMY IPOCTDAHCTBY, CUM-
7}
Tas, 9T0 BCEe YHKIAN T—(p—ja—n- J0OIpE/CTeHEl HyJeM Bie Q.
Yyt 0y
Torpa
> N %q (0"
1 1 9
(P(P)': z o !_'_a,n]_n_.sla /CLl a/;a"
20@4!—1 1 c 04y .- 0lp

X (zl — y;)al - (xn— y;)“n v (6') du(? 4-
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AN 1—1
+lzaid:=la1' a'u (5(1 t) X

o' (0’ 2t (P — Q") , ,
) LT N (o ) (2 — i) ar | X

X v (Q") dvy. (&)
Q

IlepBoe cnaraeMoe B upasoil yactu (4) mocie WHTErpHPOBAHUA IO

9acTAM TEpexXofuT B TepBoe ciaraeMoe Qopmynnt (3). OGozmaumm

WHTETPAJNEI, CTOAINWE TWOJ B3HAKOM BTOpO cyMMue B (4), uepes
-

J . oy Mensag nopagox woTerpupobBanms u 3amenss Q' +
-3 - -3 ’
+ t(P — Q') ma Q (upum aTom z;— y, 3aMmcmutes Ha (1 — )~ (z: — yi),
a dv, — ma (1 — )" "dv.,), HONYUHM, CHOBA MeHAS NOPANOK HHTE-
Q' Q

TPIPOBAHEA, ITO

_S o' (0)

s ... “n(x — YY" eer (T U)X

1 - -
- Q—P dt
X(Sv(?{— 1—t)(1_t)n+1 dva.
0

- -
Buimoaiusist saMeny mepeMennnx {7 T 7y, THe 7= |P— @], naxo-
-_— -
> (--P
AuM, TONarafd, kax u OpexEse, [ = —F0,

4To

_jl o' (0) (7, — -7/1)al e (T — )

0_] &y " r’
o0

J1 v (P 4 r ) 27N | o,

Q
,
TaxmM obpasoM, mpuxognM k gopmyne (3) ¢

a Gn
> - 1 z.—y.)Y'...(z,— ¥
v, o @ Fr= L) )™

gl ee O r
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(HeTpysHO yOepmThes, 4TO (PYHRUHA W, @, B (7.12) wumeet
1

WMCGHHO TaKou BHUJ).

Jpyrue BHIBOABI MHTErpajibHOTO UpepcTapaenns (7.42) MokHO
maiit B xamrax [190; 89, 2-e m3p.].

9. OTMeTHM, uto B pasencTBax (7.42) m (3) MoKHO canTaTh, uTO
v — nobaa Qydritns, HMEIOMAA NeNpepLBHLIe MPOMIBOANLIC /0 TO-
panxa 1 BrmonnTensHo B C, ofpam@nomanca B HyJdb BMECTe ¢ IIPOH3-
BOZIMEIMU [0 LOPAAKA ]— 1 BRTIOYATENLNO HA rpanune mapa C u

TaKafd, IT0 % == ‘ (O) dv_,;e 0.

B papemeTBe (4) 3a v MOMHO B3ATH NGy cymmupyemywo B C
¢ynrnouio, g KOTOPOit X 5= 0

Uz (4) pna ¢yuxnmd o, mwelomnx B o6nacTn Q HeupepuIBHEIE
LpPOM3RONHLIE [0 TOPAJKA ! BRIIWNTENLHO ¥ o6pamaomnxcA B HYIb
BHE INIEKOTOPHIX OrpanuMyeHHHIX obnacreit V, Taxmx, ato V, < Q, crie-
JyeT 6oJie® MPOCTOE MHTEIPANLIOE NPCACTABICINE

> l 1 § 1
P) =
¢ (P) aY,n—l Za!...alx
b 1

" o n

[+3 Q. ->
w Ca= U (B Y)W 6
7 = = Uy ()
r oy ... " Q

rje On — OJOMAAb eNHIIHOK (n — 1)-MepHoOit cdepsL
st nonyvenns (6) GyJ_IOM CIMTATS, 9TO 1A q)m.cnponam{on TOY-

krPeQ s (4) C —map IP Ql < R comeprramuit Vo, 1 3aMeImM
B (4) v nHa PyHKOHUIO v TAKYIO, UTO vh(Q) =4{opn R— % <l P

- - -
— Q| <R u v(Q) =0 paa ocransHnix (. Ilepexogs & Ipegeny B
paBcHcTBe (4) npum & — oo, monyuuM (6), Tak Kak B (5)

j‘ (P+rl) rildr) —»Luplrk-—»oo
GTL

r

1
xp

Ilpu I =1, n =1, Q = (a, bb) paBeHcTBO (6) cmommTea K ouwe-

1
BHHOMY paBelcTBYy ¢ (r) = 5 j sign (z — y) ¢’ (y) dy. IIpamoit BEI-

a
BOj| npefcrapiaenusa (6) MokHO HauiTm B kHmrax [150, 219, 135].
B kmmre [135] nonyweno eme ofHO0 IpejcramieHue, CIPaBEIH-
BOE LA uponanonbﬁoi«'x orpannqem{oﬁ obnacty Q n 6onee mnpoxoro

, R

knacca Qyurmi win W( ) npu 2k > 1, rue Tepes W1 0603Ha-~
JeHO 3aMBIKaHMe MO HOpMe TPOCTPAaHCTRA W muoxectra  Cy’ Beex
Gecroneuno pauddepennupyeMsx B Q d)ym:rmﬁ VP, obpamanmuxes
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B Oyib B OKPECTHOCTH TPAHMOL! ¥ B OKPCCTHOCTH (OECKOHEUIOCTH, eC-
an oGnacTs Q nDeorpaEuueHa. M3 JaTOro HWHTErpajbHOTO IpejcTaBlie-
HOA ClefyeT, 4TO TeOPEMbl BIOKcHUA W3 § 8 ocralorcs copasemIn-

BEIME A a0Goit orpanmdentoii obmacTa Q, ecan QyHKOUE u3 Wg,l)

0
JODOJNEWTENHHO HPHHALICHAT IPOCTPAHCTBY ngh), opuuem 2k = 1.
IIpm 2L << I oToT arT yike HE IIMCET MeCTA.

10. 10. I. Pemernar (cm. [65]) mw O. B. Becos [16] momyumnm
npeactasaenue supga (7.12) mia Oojee MEUpoKoro Kiacca oGiacrtel,
CB/I3AHHNLIX ¢ TAK HA3LIBAEMBIM YCIOBHEM (TIIGKOIO KOHYCA»,

i1. IlocTpoemnsl Takike HITerpadbHBE NpefcTaBleHENs QyRRnuit
¢ uepe3 HECMEWAHIILIE IIPOW3BOJHbIE DPANHUHLIX HOPAAKOB (QYHEK-
NMAIl @ [0 pasubiM OepeMenubM. IIpmBeeM OfHO W3 HHUX, NPHHAJIC-
mamtee B. II. Unenry [83] m mmmwocTpupylonee cmocol BEIBOR HO-
HOOHBIX TPeNICTaBACHMUII, OCHOBANNbIE HA WCHONL30OBAHEW YCpEeHHEHHH,
Ilycts dyurnua ¢ — mempepsiBiaa B o0macTn Q BMECTe € NPOM3BOJ-

ali - -
HEIME F (l: —marypansnnle guena, i =1, ..., n), K(P), P =
X .

1
= (z1, ..., Zn), Oecroneuno puddepernupyeMas QYRROAA, YAOBIET-
BOPAONIAA YCIOBISIM:
a) K=20 sne Il = [ay, b1] X...X [an, ba], T a;b; >0, i=

=1,.. .,n,
5) SK(?)) v, =1,
p
B) 5 xK (;D)) dry=0(s=1,...,1;—1) mnpu »peex P =
== (Zyy .20 Tioty Tigty .-+ Tn) B OPH KOKAOM i =1, ..., &,

- 0 -
Torga ¢ymwrma N, (P) = ™ (TiK (P)) ymoBacTBOPAET COOTHO-
I

LIETIISTM
[e o]
-
f «IN, (P) dz; =0, s=0,1, ..., 1,—1,
—00
upn seex PO a dyurnons
x5
s 1 1i—1
L,(P)= (17_1—)! No(rproos T L Ty s eens z,) (r; —1) T de
—o0

GeckoReurno auddepeRnUpyeMa W YHOBIETBOPHET yciopuaM Li =0
2L,
pae II,—- = N,.
1
dz;
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1
Ilpu 2 >0, A= (hy, ..o An), '=T |7\,|—29~1, —=
1 Tn
= th, ceiy }?'; paceMOTpPUM aHN30TPONHOE yeperHeH e PyHKINT @:

(P) = 1j‘ [l P.yd
(Phk )—'W K h}" (P( 1) v;-,"

1
PasencTpo
h

- - ] -
0 B =00 B = [ 57 0 (B et ™
e
ClPaBeAInBo UPH XOGLIX €, h Taknx, ato 0 << € << h. YuuthiBas, uTo
®, (nl’))—»(p(nl;) npn e— -0, npemenbusiM HepexogoM B (7) mpm
e—»—i—O OoJydYacM HWHTCIPANLIOe UPCHeTaBienue PYHKOUH ¢ B TOUI-
ke P B npanon qacTu (7) TCNONb3YIOTCS 3Matelnsa QyUknuy @ JuIIb

B TOYKAX P -+ O rue t’“O ell, 0 <t<h, T. e. B TOUKAX HEKOTOPOrO
«poray

— e = n ai b‘i
Vo=iP+0: 0= U [l|5 =%
P o<<t<h =y \t* ¢t
- ->
¢ pepmumnoii B Touke P, IlapameTpwl ai, b:;, h pora ciemyerT BHIGH-
-
path Tak, uto6el V.. Q jgua modoft Touku P < Q. 9Tum ma Q Ha-
P
KJIAJRIBACTCH ONPENIeNeHHOE YCAOBHE TCOMETPHUECKOTO XapaKTepa.
—
IIyers Q = (y1, ..., Yn). YunTHBAA, UTO

ol g2

HocJie MHTErPHPOBAHBA 1O dYacTAM B (7) HIPNXOAWM K WHTerpaibHO-
My HpeJicTaBJ]eHHIo

hyon . : =
r- 2 N 4 0\ '9(Q)
@ (P) =@, (P) + j (2_‘1 At I}"I‘S‘Li (tT) _0y{i dv_a) dt (8)
0 \t= i

-
nna abex P e Q.

12. [Ipyrme wHTerpajbuiie mpepcrasicHmA Pydrnud Gulap moay-
geHsl W BCHONL30BaHBI B paforax [256, 17, 323, 180, 233, 171]. Ilox-
poGHOe H3NLOKEHNO BONIPOCA 00 WHTErpajibUbIX NPECTABIEHUAX §YHEK-
nuit MO0 HaiiTH B kHmrax [19, 65].
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13. IIpn p = 1 Teopema cumpapemgiusa [iA ! == n. IT0 ciaegyer u3
COOTBETCTRYIOMIEli OEHKY /I HATETPAJNOB TUNA morcHnuaxa (eM. (%)).

14. Tlpn n > lp Teopema BepHa U [AA MPeJEABHOTO TOKAZATENA
gt = q. Jlna ee mokasaTennCTRa OpH p > { JOCTATOYHO DPUBIEYEL CO-
OTBCTCTBYIOL(ME ONEHKH A HUTerpatos Tuina morcunuaiza (cM. (7)).
Mpo p == 1, | << n [OKa3aTenbeTBo ANA onywas ¢* = ¢ pauo Iaaeap-
go [280]. Om upepttoswun jpyroil MoiXxoji K JORA3aTEILCTBY TEOpEM
prokenust (opu p =1, ¢* < ¢), e WCHONBL3YOMAN HWHTErPAJNBHLIX
OpeCTaBICHIN M CBOMCTB IETCTPANOB TULA HOTCHIAANA.

15. Mpu n = Ip, p > 1, Teopema TapaOTHPYET BAOKEHUE Wg) B
Lgx 1pu mioGoym g¢* < oo JroT pesyasTar Gbln yTowmeH B paborax
[250, 179, 331], rge GOm0 fomasaino, YTO B DTOM cjydae Aad JIOGLIX

dyrrnuii ¢ & W;})

- p’
Yexp C, |(P_(0)_|. dv_, < o0, 9
. lel ) Q

Wp

rme Co — HEROTOpasl HOJOMKUTENbHAA HOCTOAHHAA, HE 3aBHCALAA OT
@ (morasaTenb p’ HenL3A 3aMeHUTH Ha Ooamwumil). Cnyuait Heorpamm-
yenubx obxacrelt pacemorper B [269]. B crarse [307] mpm [ =1,

0 (1) M .
p=n>=2 gua pynrumnit 9= Wp B Opon3BONLHEOK OrpaHHYEHHON
ofJacTn Q MonyucHo TOWHOe 3HAUeHME HMOCTOAHHON Cy B (9).

16. Bemt s << n, To 3navenue QyHROEE ¢ Ha ceveHmnm Q rumep-
OAOCKOCTHI0 s W3MEPEOHII Ha3bIBAOT cacgoM (QYHROWH @ Oa 3TOM
ceuennu, Ilo momopy JApyrnx ompejelnenmit ciega cM, komrm [156,
219, 19].

17. Tcopema BioOKeDHS TPOCTPAHCTEA Wg) B Lq* Oa CeYeHMAX

THUICDINIOCKOCTAME § HM3MEPeHWil J[o0KazaHa B INPEJUOJNO;KEHHEH, ITO
s>n—Ip. llpu s << n—Ip caeg B yxkazaHmEoM B (16) cMEICae ANA
OTACABLEO B3ATON TUOCPINIOCROCTH, BOOOIIEe TOBOPA, HE CYIIECTBYCT.

OHAKO MORIO "0XapaKTepU3OBaTh MOBBAEHHe (PYHKIUHE @ HA Ta-
KHX COUeHHAX, eCiM UPHBIEYL K DACCMOTPERHI0 DPOCTPAHCTBA CO
CMeIIAaHnOX HOPMOil, ompejenAeMoil PABEHCTBOM

00 oo oo
"(P“L(pl. o) j' j‘ | (s Ty -on
—00 -—00 \ —00
Py/py Dy/Py Pu/Pn—1 1/pp
ceen Ty) |p1dac1 dz, .. dzn .
1<<pi<oo, i=1,..,n

(cumraem, aTo BHe ofnactn Q PyERNEA @ AoompesesneHa myaeM). Cpofi-
CTBa NPOCTPAHCTB CO CMELIAHHON HOPMOil OBLIM 110POCHO H3YYEHH B

[262, 19].
p{n—s)
I l<s<n—Ipmu q*gm
JKEHUAX OTHOCUTONBIO obnacTu Q, uTo w B TeopeMe u3 I. 2, § 8, chpa-

opA Tex jKe Tpejmolo-
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BEJIUVITNBO HEPABEHCTBO

Nelip, p, g%, an<Cal@l oy (10)
L2 2 Wp

S n-—-5

KOTOPOE XapaKTePHU3yeT I0BEJOINe IIOPMbI

0 o 1/p
5 s |q>(xl,...,xn)|pd01...dws
- 00 - 00
®ar QYHKUAE OT Zs+i, ..., Zn. HepasemeTeo (10) Gouio copMymmpo-

pano B Rauectse rumoreant B gonnage G JI Cofomesa u C. M. Hu-
ROMLCKOro [214]; oHO fIBIAETCA YaCTHLIM CIYyYaeM HEPaBEHCTBA

"(P”L(ql' -'qn)<C~'! "(P"W%l)’ (11
/1 1
rmel<p<<qy, .. , << o0omW l—z ('17-—;1-;)20

k=1
Bueproie mepasenctea, amamoruansre (10)—(11), Obuim ,qoxaala-
Hel C. M, Huroaberum [154] pas BBefenNLIX MM OPOCTPAICTE Hé)).

Ilna mpocTpailcTs Wg) DTH mepaBencTea ObuTm ycramorjcnk B [68].

18, T'oBopar, uTo o6macT, Q YMOBJIETROPAET YCIOBHIO KOUyca, €C-
I KKA0M ee TOYKE MOJKIIO KOCOYTLCA BEpIHuofl mnekamero B Q
Komyca ¢ (MKCHPOBAHNON BLICOTOH W YIJIOM pacTsopa (HO-BHABMOMY,
BOEPBHE HTO yclopme paccMmaTpmbatoch B [197]). B [53] morasano,
YTO KJIACC OrpalmyueHnbIx obnactedl, yZOBIETBOPAIOMUX YCJIOBHIO KO-
nyca, copmajaeT ¢ KjiaccoMm olmacTeif, IpejcTaBEMBIX B BHIE CYyMMEI
KOHEYHoro dmciia ofmacTelf, KasKfas M3 KOTOPHIX ABISETCA 3BC3THOR
OTHOOCHUTENBHO CBOET0 HIapa.

19. W3 peaynsrarop 10. I'. Pemernara u O. B. Becosa (cm. (19))
CIelyeT, 4TO IPHBENCHHEIE B § 8 TeopeMH BIOKEHHWA COPABEAINBHL
aua Gojee MIPOKOro Kiacca 067acTedf, yHOBIETBOPAOIUX YCIOBHIO
«rubroro» romyca». OTMETHM, 4YTO ycioBHE Komyca m 6omee cumaboe
ycaoBHe «THOKOrO» Koimyca ma o6aacTh Q ne ABIAIOTCA 1e00XOgHMEbI-
MH [JIH COPaBEIHROCTH TOOPEM BIMKENHA (COOTBETCTBYIOIMuWE HpH-
Mephsl MORHO naditTe B kumre [135]),

20. B. . Maspa moxyumn [131—135] HeoGxogmmble m fgocTATOU-
b€ YCJOBHA CHPAaBEATHBOCTH TEOPEM BIOKEHAA B TEPMHUIAX H30Ile-
PUMETPUIECKHX WIH €MROCTHEIX XapaKTePHCTHR obmactm Q, a Tawmke
J0CTaTOuNbIe YCIOBHA ICOMETPHYECKOTO Xapawrtepa, Ilpmmegew, cie-
aya [135], ogmm ma pesyapTatom Takoro popa. Ilyers Q — orrpeiToe
MHOKeCTBO, UL —Mepa B Q. Torpga gna Becex ¢ e Cg° B Q copasej-
JHEO TIEPABEIICTBO

1/q -
Motan) " <c, [1ve @, (12)
) o Q
ecan
€y =sup (1 (8)V9]0 (0g)) < oo, (13)
18

rue g =1, a {g} — cOBOKYDIIOCTL OTPAaRMYENIILIX OTKPHITHIX MIIOMKECTR
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g Taxkmx, 9To § — Q m rpamuna dg ssuserca Geckomedno auddepcn-
nupyeMsiM MuorooGpasmeM, o(dg) — Wiomaps nobepxHoctu dg. Ilo-
croannyo (s HEIb3s BAMEHUTH Ha MEHBIIYIO.

21. B [131, 132] ¢ moMompBIo MOHATHA EMKOCTH U H30NEPUMETpPHU-
JeCKMX HEPABOHCTB IOJNYYEHH TCOPEMEL BJIOIKEHMA mia obxacteif,
YIOBNETBOPAOIMX YCIOBUIO BLIPOIKAGHIIOTO KOHYCA, onpeue:memoro,

xak B ('), samenoli komyca TexoM suga 734 ... 25 < aiedh, 0<

<z1<a}, e A >1. IlopoBGunle TeopeMbl ¢ MOMOmMBIO METOfa WH-

TerpaJbHbIX NPeACTaBlenuil mesaBHcHMo GLuIE mouydenst B [52]. Ilpn
BTOM COOTHONI®HHE MEXAY I, p, n B TeopeMe BJIOKeHWMs B C U IOKa-
3aTexb g B TeOpeMe BJIOKeHusA B L, BaBHCAT OT A.

22, O6oauaunM vepe3 C IPOCTPAHCTBO PABHOMEPHO HEOPEPHIBHEIX
OrpaHHYGHHLIX B o0iacTy Q (QYHKOHI ¢ Toil e HOPMOH, UTo W B
npocrpancrse C. B mpepmoo:keHAAX TEOPeMb! Biao:keHnsa us m. 1, § 8
cOpaBeInBO 00jice CWIBHOE YTBODKMEHME: eciH Q—orpaumem{aﬂ
oﬁnacn, 3peajHas_OTHOCHTENBHO IIapa, To puf XioGofi Pymrmuu ¢ &

W(' dyuxnus ¢ e C. OrMetuM, uTo eciu Q ecTs 06BeAHHEHME 10-

netmoro qucia o0NAcTell, SBe3AHLIX OTHOCHTENBHO IIapa, TO 3T0 YT-
BOPIKAGHN® HE MMEeT MecTa.

23. Jlas mopumporxm npoerpamcrs WP wame ncero ymorpeGus-
eTca mopMa ||q>||(°)(,). IITupoKo UCHONB3YETCA TAKIKE TOPMA
w
v

»
lol? = X |——+= .

4 By« J”1 ...azn B,

KoTopag Afs PacCMaTpHBAeMBIX B HacToamlelt Kumre o6GnacTeii sxpu-
BaJIBHTHA HOPM® ||(p||(°)(,) (n0XAa8aTENECTBO BKBUBAJIGHTHOCTH BTHX
w

[

HOpM st Gojlee NIMPOKOrO KiIacca obnacTeit — orpanudeHILIX 06ia-
cTeil ¢ HenmpepniBHO# rpaHmnell — mpHBeeHo, HAOPUMEP, B KHHrax
[309, 296]; pas mpomsponsnrix ofxacTeft 3TH HOPMLI HE DKBHBAJIEHT-
HBEl — COOTBETCTBYIOIMME TPUMEPH MOKHO HaiiTu p kumre [135]. B psa-
A€ CIYYacB HCOOJIB3YETCH HOPMa

lel wlhoot =1ely +2nax¢ '

Hun obnacTeit, spisomuxcsa o0BEUHERNEM KOHETHOTO YHCIA OTpa-
HAYCHHBIX 06MacTeil, 3BO3AHKIX OTHOCHTONLHO IIapa, 9Ta HOpPMa HpH

1 < p << co DKBUBAJEGHTHA HOPME "(P":v(') (mpr p =1 u p = o 8k-

D
BUBAIEHTHOCTH He MMBET MecTa iaxiie Juisa kyGa). JlokasareldncTBo 5TO-
TO YTBEPKJAGHNA U COOTBETCTBYIOIWE LpHMEPH MOKHO HallTé B KHu-

rax [19, 135].
24. Ecun onpepennts aua HeorpauwdenHoi ofracta Q mpocTpaHCT-
BO W( XaKk HpocTpaHcTBO PYHKOUHE ¢, A KOTOPHIX KOHOTHA HOPMa
(0)
lof wl
p
17 ¢. 11, Coboaes

w3 0. 3, § 10, TO IS TAKAX HPOCTPAHCTB TEOPEMEI BIOKEHHA
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n3 § 8 Upn Tex JKe IPEUONOKEHUAX OTHOCHTENBHO 11apaMeTPoB CIpa-
BeJITMBEL (CM., HaupuMmep, [156, 19]) u nna HeorpaumucHHbIX obmacreil,
YAOBIETBOPANIAX YCJIOBHIO KOHyca (B Teopeme m3 I. 2, § 8 my:xHo
JOLONHHUTEIHHO CINTATH, YTO ¢* = p).

25. B psae cnyuaep HajeHH TOYHEE (HAMMEHLIINE BO3MOKHBIC)
MoCcTOAIIHBI® B uepaBencrBax Tmna (8.4), (8.2). B cayzae scero mpo-

ctparcTsa 1A Qynokmuil ¢ < C§° CIIpaBeINnBO HEPABEHCTBO
n i/n
(T T

r{—|r{n— =41
") ("*ﬁ)

X|| Ve ”LD

1 — {\(p—1)/p
(=3 x

¢ < — | —
hep “1.,,,, ) = 12102 \n— p

(p = 1—cm. [131, 274], p > 1 — cwm. [258, 330]).

JUIsi BRINYKIRIX ofhxacTedl Q pocTaTouHo Majioro gumamerpa d
(d < dy, r71e do ompejiengeresa napaMerpamu /, n w p) moxasamo [321,
uyto npn ! > n/p

19le < mes 7P L] ),
el
apu !l <nfp, 1 << q* < g = np/(n—1p)
1.1

*

help,, <mesD)’ v bl
D

ans moGux @ & W (uopma | (P“;Vg, ;) onpegenserca B (¥)).

26. B cayuae wucero upocrpamcrea (cM. (*)) cnmpapejumBo me-
pAaBencTeo

I¢l (m) annL + ol (,)) (14)

amanormanoe (10.7), rae nocroaunas M e samment or ¢ & W), Ipn-

N
MeHas ero mus ymkmmit @(e!/?P), roe & > 0, NOAYYHEM HEPARCHCTRO
¢ NPOu3BOJBHEIM IIapaMeTpOM

annL(m)<M(e D) glp + el ¢l (,)) (15)
q.

1 n )
e v=-7" (l —m— - -+ q—,.) MunEMu3npyAa OpaByl YacTh 3TOTO

HepaseHCTBa OO0 € > 0, HOIYdYiM MYJBTHILINKATHBHO® HEPaBEHCTBO

AL T (16)

~ <——_
H(PHL(Q‘T)\'VV (1—'V) Lp
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Tax Ragr

z\V[ ¥y \1V
— ( < z+4y, To n3 uepasencrsa (16) ciue-

1—wv
nyeT RepaBeHCTBO (14).

B cny4ae orpanmdeHHnIX ob0macrell Q, AanrAomuxcs o0beAUIHEHN-
eM KOHeTHOTO THCIAa O0NACTel, BBe3JHEIX OTHOCHTENLHO IHApA, He-
paseHcTBO (15) TaxKe cupasejiuBo, HO We AnA Mob6ux & >0, a maa
0 < 8 e e By 3ABACHT OT n, p, | m Q. HepasenctBo (16) ana
dynxonit n3 W;f) B Q He mMeeT MccTa, IO CNPABOINBA CJASXyIOmAs
€ro MOXMHKAIIA:

~ * 1_
1 lng,;,) <M, \ol} (n ol 1o "L;p) v (7)

Bnepsrme wepaseneTBa Tuma (17) Owam momywemsr B. II. Wnem-
HeIM [78] w Opamurom [272]. ]JIpyrme HepaBCcHCTBAa TarKOTo BHAA J0-
xfggai{m Tamsapno [281], Hmpenbeprom [312], B. A. ConoEBEROBLIM

7] =7 np.

27. lyets n=1lp, n—1 =58> n—1p. Torma B cuay Teopemst
BloMeHdma w3 u, 2, § 8 mma cayuam BCero mpocTpamcTsa (cM. ()
nana moboll Pyuriun @ = W;,” cymectsyet ciem (cM. (°)) ua rumep-
IJOCKOCTH § M3MepeHuil, mpuHaIeKammi Ly,

3amata o DocTpoeHnn (PYHRIMH BO BCeM NPOCTPAHCTBG Mo 3ajam-
HOMY ciefy Onuia moctasnena G, M, HuKonbcKuM, pemuBIINM €6 B
NIKAJe BBEJIEHHEIX NM IPOCTPAHCTB prl) t<Lp<L oo, 1—moboe
MONOMUTONBHOE THCIO0), COCTOAMHNX U3 (YHKIui, HpUHANIeHAMIX
Ly BMecTe cO BCeMu MPOM3BOMHLIMM TODSAKOB, MEHBINAX I, cTapHINe
N3 KOTODHIX YAOBNETBOPAT B Lp ycnopuio I'dnsnepa ¢ moKaszaTesnem
I— [ opm uenenaom ! mam ycnosmio 3urMyupa Hpa IeloM ! (cM.
[158]). HeoGxomuMmsie m focTaTounbie ycioBuA Ha ciep PyHKIMM A3
MPOCTPANCTBA H;’) SAKJIOYAIOTCA B DPUHAJVIEKHOCTH CJIefa NIpPOocT-

n—s
(--5")
pPaHCTBY Hp v HA THOEPIIOCKOCTH § uU3MepeHuid (Ipepmotara-
eTcs, aro I > (n —s)/p).

Ilpw natypansnom ! u & > 0 mreen H{HO WD = HP, O
ciofia n n3 peayapTatoB C. M. HUKONBCKOrO BLITEKAIT HEOOXONMEIe
ycnopEsa Ha ciej Pyurmunm fe W;,”, a TaK3e A0CTATOYHEIE YCIOBUSL,
6nmakme ¥ HeoOXoMuMEIM, na QYHKOMO ¢ HA THOSPIIOCKOCTA IS

€6 IPONIOIKEHITS BO BCe HPOCTPaHCTBO Kk dymkmmm ms W),

Tousag XapaKkTepRCTHRa cnefa (YHKIAN H3 POCTPAHCTBA W;,’)
ngn l=1, s = n—1 nmonydena mas p = 2 HeszaBuCuUMo ApoHMIaiiEOM
[255], B. M. Babuuem n JI. H. Cmobomenrum [7], ®poitnom m Kpa-
amxoM [277], a sarem pua p =1 Tanesapmo [279]. 9tm peayabTaTh
pacopocrpanens: JI, H, CroGopenxnym [188, 189] na cayuait s < n— 1,

n—1{
p=21l>m—s8)2as=n—1,p>4l> > . B cryuae p > 1,

P2, 1> (n—s)/2 cooTBeTCTBYOIMUA 3sapepHiaOIMuil pesyIbTAT
npunagneskuT O. B. Becosy [12], moayuupmeMy TodHyio XapakTepu-

eTUKY ciaemos QyURIuA us Wg) B TepMIHAX BBOJPHHLIX HM IpOCT-
17%
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pamcTs B(pl) (1 < p << oo, I —m0boe mOMOMUTENLHOE THCHO): LI

Toro 9106n1 mpi 1 < p << o0, 1 <Ls << n, I > (n—s)/p sanannas Ha
THOEPILIOCKOCTH s U3McpeHN# (YERNUS (¢ ABAAAACH CHACIOM HCKO-

Topoii (ynxkman wu3s Wfpl), HeoOXOMUMO 1 [OCTATOYMmO, ITOGH
(-
q)eBp v Ha OTO#l THIepmIOcKOCTH. HeCKONBKO MO3He DTOT
peayabTar Oein modyden HesasucuMO B. A, ConommurosrniM [216].
IlpnBegeM ompeneneHEe OPOCTPAHCTB Bg) (mpm Bememsrx ! >
> (0 oHO coBmajaeT ¢ oOOpefeqeBuAME ApoEmaiina, Taanappo,
JI. H. CnoGopenxoro mpocrpamcTs ng)): dyurous @, sajagHAs RO

BCCM OPOCTPAHCTBE, MPAHANIEHAT Bg), ecau Tipm HETeAHIX ! Komet-
Tia HOpMa

- o (B)
P ||B(1) =g "L,, + 2 &,
P Zo;=[1] or ... or,
dv_dv_, i/p
_ @y P 77 |
5 o] | B— g

1 n

a opn uenslx ! xomeuna mopMa

_ Y )l (B _

oy =l~1 229
-1 P L/p
01—1(9 (P —;- 0) 1—1.. /7 dv_.dv_,
9 4 "9 (0) P Q
- > = -
Ox(:l ... Oxf:" (M(:l ees 01:2" | P—Q |n+p

CpoficTBa OPOCTPAHCTB Hg), Bg) Oofpo6GHO M3YYeHEI B KHUIax
[156, 19].

AHaJOTHYAEIE PE3yABTATH CIPAaBEUIMBLL U A OTPAHAIEHHON 00-
JacTE , ABIAKINENCH CyMMOU KOHEYHOro wYWclIa obGaacTeil, 3Be3fi-
TBIX OTHOCHTENBHO IIapa, FpaBMNa KOTOPO# ABIAETCA HPOCTOH B CMBIC-
ae m 2, § 10. asg toro uroSnl QyHKOUSA @, 3aJlaHHAS Wa TPaFUIe
obmacta 2, cocrosmeit u3 MHOroodpasmit S, pasmepmocru s (s =0,
1, ..., n—1), Oblla caeOM HEKOTOPOil (YHKMWM, MPUHAIICHKAMIeil

n—s
-

P
Wg) B Q, meo6xofumo m mocraroumo, yrober ¢ & By
S (s=0,1, ..., n—1). Onpencirerue OpocTpaHCTB B;, Ha MHOTO-
ofpasgAx u JOKA3aTeNBCTBO HTOT0 yTBEpMMeHHA cM. B [19].

28, B mpepensnoM caygace ! = (n—s)/p, p = 1, ommcamue cie-
nos dymrmnuii us npocrpancrs WiT° Ha rumepmiIocKocTE $ m3MepeHmil
pano T'aansppo [281]. B paGorax [31, 319, 70] mccnemoBamsl BoOmpO-

Ha
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CHl, cBA3aHHLIE ¢ HOCYHmECTBOBAHMOM B 3TOM CJIy9ae JWHEIHOr0 ome-
paropa OPORONKEHNA C mnegnnocxocm.
29, B reopeme u8 m. 5, § 11 ans mpemenbHOro moxasatens ¢ =s

&p
_n—-lp OONHasA HEOPEPBIBHOCTL OmépaTopa BJIOKEHHAS HC HMeeT

mecra. COOTBETCTBYIOMEe NpAMEpH OhuIm MOCTPOSHH B [6]. B KHumre
[254] DpuBemeHE! mOCTaTOYHEIE YCJHOBHSA, O00ECHEYHBAIONIEE LONHYIO
HEOpPEepPHBHOCTh COOTBETCTBYIOUIEr0 ONEPATOpa BIOKEHESA B CIydae
HeorpaBEFYeHEHX ofjacTeil, a B KHure [135] maHB! A OrpaHEYEHHBIX
ofacreii Q, yA0OBIETBOPAOIINX YCIOBUI KOHyca, HeoOXOJMMEBI® B HO-
CTATOYHKIE YCHOBAA HA MEpY M, HPE KOTOPHIX OHEPAaTOP BIOMEHHS

1/q
Wg) B mpocrpaderso L, ("q)“Lq.u= J | |?dp BOONHE

HENpepHBeH,

30. Tloctpoema Teopusi GYEKOUOHANBLHEIX IPOCTPAHCTB, COCTOH-
mux u3 QyHROouil, IMEOMEX B OIPONeJeHHOM CMBICHe (TIafKOCTD He-
mesoro mopsagxa I», Cpemw TaKux MPOCTPaHCTB HAMO0J6@ XOPONIO nsy—
9eHHERIME #ABIAIOTCA npocrpaEcTBa HuromseKoro — BecoBa Bp.’&

v
(B, =HD, BD =BD  (em. (¥)) = npocrpasersa Jmsop-

T "R (0 — Wb
kuna — Tpubens Fy, 5 (npn_l HaTypansEOM Fpy =W, ) ITonpo6-
HOG W3A0/KeHAC pPE3yALTATOB, OTHOCAIOAXCA K BTHM NPOCTPAHCTBAM,
MOHO HaiitTe B kmmrax [156, 19, 219, 228, 229].

Ilpr p == 6 = 2 aTw ODpOCTPAECTBA COBHAJAIOT ¥ DKBEBANEHTHOH
HOPMOH B 3THX OpPOCTPAHCTBAX ARIACTCA HOpMA

la+ieds®l., (18)

e ¢ — npeobpasopamme Myphe $ymrmmm ¢. IpoctpaEcTsa ¢ HOP-

Mmoii (18) Bmepsrle paccmarpmsasmch JI. H. CnoGomenmwmm [188].
IlpocTpaEcTBA ¢ HEMEJLIM ! TECHO CBABANNI ¢ 00med Teopmed mH-

repoonsumy npocTpamcts (cM. [106, 127, 107, 228, 9] = mp.).
Hansreiimme ofobmemma mpoctpaucts W) cnasamet ¢ msyse-

HEEM OpOCTpaHCTB, B KOTOpHX auddepenuuaipHEIe cBOHACTBA Xapax-
TepayDTCA HekoTopoir GyErkimel riapwoctm (cM. [73, 242, 45, 230,
61, 87, 88, 98, 62, 151], od3op [125] = xp.).

31, B cBsi3m ¢ pasiuMuuLIMA 3aJ]aYaME TEOpAX ypasHeDHHA ¢ JacT-
HEIMM TPON3BOJULIME M MalCMATHIECKOI'0 aaim3a BOZHMKIA HOTpel-
HOC1h B IIOCTPOCIIMN TCOPHMH BJIO/KEIHMA AAA Pa3nndmbix ofofmenmit
paccMaTpuBaeMMX B IacToAmedi Kumro mpocrpaHcers. IloppofEo wmay-
HeHE! aEAB0TPOLILIC NPOCTPANCTBA THIA Wg,” ¢ HOpMO#, ompepense-
MOl paBCICTBOM

n olif
Y by, =, + X0,
l

Wpo,pl, Won i=1 g L

Pi
(BMecTO LPi paceMaTpuBalmch Talke MOPOCTPAlCTBa CO CMOINAHHOM

HOpMOit L(Pip----!’in) — oM, (17)).
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TeopeMH BIOMEHNA, TEOPEMHl O Cleflax M TEOPCMEL OPONOMHEHUS
AJA aBE30TPONEHIX OpPOCTpaHCTB MiddiepeHnupyeMux GyEKOni Grlim
puepeue moxyuesst C. M. Hmronbckmm [152] (pana mOpocTpaBCTs

[ oeensl I1y...,1
le ’ "). Vsydenme aHM3OTPOTIHKIX IPOCTPAHCTB Wpl' n
(po =p1 =...= pp = p) Orumo mauaTo JI. H. CnoGomemuum [188]
H pa3sBmBaNOCh B paforax pasnmuuvix asTopos (cM. [80, 4123, 17, 217,
93, 235, 234, 16, 108] = np.).

Ilpz dopmyrApOBKE COOTBETCTBYIOHIEX pe3yJbTaTOB Ha 06JacTh
Q Heo6x0AEMO HANOKHETH TaK HA3LIBAEMO® «ycioBme pora» (cM. (!!)),
3aMEHAIOMEe B CJyJae AHH3O0TPONHHX HPOCTPAHCTB YCIOBHE KOHYyCa
(em ('%)). NapameTprl pora BHOUPARIOTCA B 3ABECHMOCTE OT IApaMeT-
POB Ly . o lny Pty uery Pe .

Tlogpo6HOe w3J05iceHEE PE3yJabTAaTOB MOMKHO HaitTm B KHmrax [156,
19, 234].

32, C. M. Hzxonpermit [157] BBea mpocTpaHCTBa S'Z,W ¢ noMm-
HHpyoIe# cMemannoif TpoMsBOfHOI, B KOTOPHIX HOpMa Jia (yHE-
nai, onpefeNenHEIX B o6MacTE Q, 3aKaeTCA PAaBEHCTBOM

i, =

0%
.
SoW  ay=e;l; "

e.. Oz

?

[¢]
oz 1 |
1
Lp

rne 0; mpmaumaer TonbKo ABa 3mavenums 0 miam 4. Teopua rakmx mpo-
cTpaHCTB ¥ mx 0Go6menuil passmsamack B paGorax [126, 4, 72] u mp.

ManpHelimme o0000mennsa CBA3AHEL ¢ M3Y9YEIHCM IPOCTPAHCTB
WX ») ¢ mopmoit

0%f "
My = 7 '
(@15 -ap)EK 9z, " ... dz,
Poy.. 0y
e K — HeKOTOpOe MHOMECTBO MHAEKCOB (O, ..., On), (Gt; — HEOTpE-~

maTeNbHBIE TMeJNBle qicia) — cM. paforer [81, 129, 86, 130] = mp.
33. B paGotax [206—208] moKasamul TeOpPEeME! BJIOKENHA NIA TIPO-

crpancts QYHEKMUE THIA Wg) €0 3HAUCHNAMHE B GAHAXOBOM OpOCT-
paucTee. JlajbHejfIEe pesyAbTaTH B STOM HAOPaBICHBH MOJYYeHLI
B paforax [51, 1051 = mp.

34, Ilna opmnokennit ¥ Teopam AudQepeRNUEATBHBIX OmePaTopoB
H0JIe3HO0 PAcCMOTpeHHme OPOCTPancTBA W;) ), 11e | — oTpHmaTenbHOE Le-
JOC UHCH0, ONPefEeNAeMOr0 KaK COOPSMOHEOS OpPOCTPAHCTBO K
W;,'l’(1<p< o). TIlpn p = 2 Taxue vpocrpancrsa Guim BBege-
Hpl I HcOons30BaBE! B paborax Jlepe (em. xmury [120]), Jlaxca [297],
JI. MIsapna [328], npn p # 2 — B paGorax Jimonca 1 MamxeReca (cMm.
ruury [127]). Momkuo faTh egnHOe OMpefeNeHHe UPOCTPAHCTB Wfpl),
UPHNrofHOe KaK ANA NONWKATENLHBIX, TaK M 1M 01 PEOATENBHHX I,
TloxpnGHO 3TOT BOIPOC PacCMOTPeR B KHEre [229] B repMEEAX OpoCT-

pamncts F;l')e (Wg)EFs,l')z). W3yqeEH Tar;Ke IpOCTPaECTBa
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Bg,)e (cM. (¥7)) ¢ nwo6HM NeficTBETONBHESIM I, B 9aCTHOCTE MPOCTpAaH-

crea BYy (s~ Lp mph p = 2 mim 6 == 2) — om. [314, 156].

35, BmaymTenpHOE TUCAO PA0OT MOCBAINEHO MU3YIOHUIO TOOPHHU BJIO~
JKEHEA [ IPOCTPAHCTB THOA W(pl), B ONPEMIENOHEA IIOPMBI KOTODBIX
L, — mopma samMeHeHa Ha HOpPMY B mpocTpaBcTee Opnmga (o HOpMY
B cuMMeTpmyeckoM mpocrpamcrse). llogpo6Hoe m3mosceHle pesymanLTa-
TOB MOKHO HaiiTw B KEEre [205]. IlpocTpamcTBa TAKOrO0 THHA BOSHI-

KaloT Opm H3y4YeHAM HOJMHEHHHIX Ard@epeHNUANLHEIX YPAaBHCHUHE B
YaCTHEIX OPOH3BONHEIX.

36. Bo mHOrmx 3ajagax BO3HHKAeT HeoOXOAMMOCTE B H3YUYCHAR
BOCOBBIX IPOCTPAHCTB THOA Wp”, B HX ompepnenmeHmnm L,-HopMa 3a-

— - 1/p >
MEHAOTCA HA HOPMY S lo (P)|Pp(P) dv};) , rtne p(P) — meot-
2]

e 1/p
pELATENBHAS BECOBasA (PYHKOWA, WIH Ha HOPMY (jl lo(P)IP du) s
Q

TRe U — HeKOTOpas Mepa. CHCTeMATHYeCKOe H3yWeHHE BECOBEIX HpPOCT-
pamcts 6nuto Hagato B pabore JI. JI. Kynmpsasmesa [110]. OGsop pe-
3yIBTaTOB MO TEOPME BECOBEIX IPOCTPAHCTB M HX OpPWMENeImi K Teo-
pHE YPAaBHEHHH ¢ WACTHHIME OPOE3BOJHBLIMA MOMKHO HAaHTH B CTAaTBAX
[18, 285, 260, 259, 167, 94] m B kmEmErax [156, 2-e m3m; 228, 295,
234, 1351,

37. TeopHsi mpOCTPAaHCTB THOA Wg) o6ofmanace TakKke B JApY-
TEX HampaBjAeHEsSX. B 9acTHOCTH, NPOBEIGHO CHCTEMATHICCKOe H3Y-
1eHAEe OPOCTPAHCTB (ECKOHEYHOr0 MOPAAKA B CBASH C IPWIOKGHWAMHA
K TeOpMH yPaBHOHHH B YaCTHHX LOPOM3BONHEIX (ECKOHEYHOIO MOPANA-
ka (cM., mampmmep, [75, 76]). MccmemoBanmch mpocTpaHcTBa THOA
Wg) dynrnult GecKOHEUHOro wWHCJAa NEPEMEHHHIX (CM., HaIpEMep,

[240]). Nsyganuch TawiKke mpoOCTpaHECTBA THOA W(p” nepeMennoro (3a-
BECAIET0 OT ToyKE) mopsamxa [261, 332]. Bomee o6mue paccMoTpeHHEA
B 9TOM HAOpPaBJOHWHM CBA3AHH ¢ Teopumeit meenfoamdepeHnranbIbIX
omeparopos (cm., HampEMep, [226]). Hpocrpamcrna Wpl) opr 0 <<
< p <! msywamucp B [317, 229]. Anmajorm TeopeM BIOKEBHES IIA
paddepennraasasx GopM DOTyIeHE B [64].

38. B papge paGor maydyamwch pasimIHEE reOMe'r;Enqecxue Xapak-

TCPHCTHKHM OIEDPATOPOB BJIOKEHHWA (cM. Hampmmep, [215, 85, 92, 21,
227, 84, 90] m o6sop [225, ra. III]).

39. B [268, 302] ycramosaeno, aTo mus mioGoi obmactm Q mpoct-
PancTBO Wﬁ,” (1 << p < o) coBmagaeT ¢ DOHOJHEHWEM MO HOPME BTO-
r0 MpOCTPAaHCTBA MHOKOCTBa OeckomeyHo AuddepenmupyeMbix B L
ynxnmit @ EW(pl). B [27, 264] pmoxasamo, uTo jng moGoit oGaacta Q

mobyio PyERIAID @ & W(pl) MOKHO CKOJIb YrOJLIO0 TOMHO NpUGIH3ETH
B HOpMe DTOr0 mpocTpamcrna Geckonewno mudideperuupyemsivm s Q
PyurnuaAME, OPEAMMAOIEMHE B OOpPENieJIeHHOM CMEIC/He TC e Tpa-
HEYHLIe BHAYEHMA, yT0 N PYHEOEA ¢. Ycramopueno [280], uTo A
obmacreit Q ¢ JOKAJHHO HEOPEPEIBHOM Ipammnel MAOKECTBO dynxmait,
Gecrxoneymo AEQPEPEpPCIIEPYEOMEIX BO BCOM NpPOCTPAHCTBE, MIAOTHO B
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Wg) (0GoGmenAs 3TOro pesynbTaTa MOMHO Haiith B xumre [19, § 19]).
B [263] nua mekoToporo xnacca obmacTedl Q, Mg KOTOPHIX 3TO yi-
BOpH{IeHNe He MMEeT MECcTa, [jaHbH HeOGXOMIMLI® I JOCTATOUHBIE YC-
J0BEA Ha (PYHKOHEIO @ Wg), OpE KOTOPHIX @6 MOKHO CKONB YIOJIIO

TOYHO OpubNE3uTH GeckoHeuHO NEPHEPEEIAPYEMEINMU BO BCEM HPOCT-
paEcTBe (PYHKIHAME.

40, B nmmre [213, ¢, 283] mpuBeneEs! HEOGXOMEMBIE @ OCTATOU-
Ople yCNOBHA Ha (PYHKIHIO tpEWg) B R (1<p< o) mua Toro,
4T0GBl €6 MOMKHO GBIIO CKONB YTONHO TOTHO B HOpPME Wg) opubim-

saTh PyEkmmsum @3 (g B OrpamEEYeHHoil o6nacTn Q, ARNALMmeiica
CYMMOiT KOHEYHOro 4@cia oGiacTeil, 3Be3NHBIX OTHOCHTENBHO ITapa, d
MMOKINeHl IpOoCTYW TPaHAmYy B cMblcie m. 2, § 10. B [28] maiinemm
OpA p => n COOTBETCIBYIOMHEe HEOOXOIUMEIE B JOCTATOYHEE YCIORHSA
B ClIyuae Opom3BONEHOH ofnacte Q. TaM e Opm p = n HaiifleHsl He-
0GXONIMBIe U JOCTATOTHRIE YCJIOBIN HA L, IpU KOTOPHIX BO3MOMKHOCTL

CKONb YTOXHO TOTHOrO NpEGMkeHnd (YEKOuU ¢ & W;,” DyERITIAME
m3 Cgy OSKBHBANEHTHA TOMY, YTO UPOJONKEHHe HYICM BHe Q (yHK-

mmii ¢ =W 3 Q npumapnesar W no acem mpocrpamctse. Ilpm
P << n pAja pe3yIsTaToB B HTOM HANpPABIGHMHE HonydeH B [286, 287].
B [287] pemena TecHo cBA3aHHAH ¢ DTEM BONPOCOM 3a7ada O (CHEKT-
PAnEHOM CHHTE36% 1A HPOCTPAHCTR Wfp’).

4. B [)209—211] [OKasaHB! TeOpeMb! 00 ammpoxcEMamEn (YHK-
nuit ns Lg B R* (1<p << o) gpyEknuamn u3 Cy . ABanormymse
BOIPOCH Jig HeorpaEWIeNHBIX OGracTeil pacemorpenst B [14]. Bompo-
chl 06 aNMpORCHMANEA NOTEHIUANBIKIX H CONEHOMTANBIBIX BEKTOPHBIX
moNieli ¢ MPHIOKeHWAME K TEAPONWHAMEKE PACCMOTPeHLI B paboTax
[288, 139, 140].

42, Tlpe w3yvenumu OpPOCTPAHCTB W(p” BUKHBIM ABIAETCA BOIIPOC
0 mpouoNKeHMm (ymkamil, DpuHaTIeRALIUX Wg,” B obnacru Q, Ha

WD

BCC IPOCTPAHCTBO ¢ COXpaHeHWeM RIacea, T. ¢. 0 IIOCTPOGHAR JJIA Jio-

s (1) (1) n &
Goit pynunmn ¢ & Wi’ B Q $ymrnma © = W)’ s R, conanawmei
¢ @ ma Q. lns obnacTell ¢ MOCTATOYIO TIANKOM rpanUmeil Teopema o
HpPOO/IKeHEE QOKa3aHa upu 1 <<p << oo B [158], pnaa oGmacreir ¢
rpaEmieit wracca Lip4 mpm 1 < p < oo DTOT pe3yiapTaT HONYUCH B
[265], a mpr 1 << p << oo —B [21]. NaneEeiimue pesyNBTATHL IONY-
gensl B paborax [30, 25, 42, 291, 104, 39]. JlnA HeKOTOPHIX 3HAUCHMI
mapaMeTpoB I, p W n DONYTeHH HCOOXO[VMMBIE H [OCTATOTHBIO YCIO-
Bud 112 Q, OpE KOTOPHIX COPABENIABA TOOpeMa HPONOJKCHEA (CM.
[42, 104]). ) .

Jas o6nacreit ¢ rpaBmuein Kmacca Lipy mpm 0 <<y << 1 Teopema
OpONO/IKERHA C COXpAHOHIIEM Klacca, BOOGINC TOBOpA, HO HMECT Me-
cra. J{ng raxkwmx obnacteil B [30] nmorasaHa TeopeMa NpONONIKEHHA ¢
MMHUMANBHRIM YXY[IIIGHWEeM KJIacca, a MMEHHO B IPOCTPAHCTEO
Wg“]. Ilna pasnmuEbIXx TumoB obmacTel ¢ rpammueft wmacca Lipy

JIOKa3aHbl TEOPEMBI O OPOJOJIHKEHHMA ¢ COXPAHCHREM MOKasaTeNnd INlajr-

KOCTH ¢ MUHUMANBHLIM YXYMUICHHEM DOKA3ATENsI CyMMIPYEMOCTH (CM.
[136, 2371).
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JlAa aHW30TPONEHIX OpPOCTPAHCTB W:,(l)pl'l" p, (oM (1)) reo-
PcMEl IPOMOMIReHAA AOKa3ams! B paGorax [33, 236, 248].
43. Iycre ¢: R™— R® — romeoMopmsm H ¥ — omeparop, Ompe-
—

JeleHHRIT paBeHCTBOM ((*f) (;) == f(p(p)). B paGorax [40, 43, 183]
H3YTeH BONPOC O HEOOXOOMMBIX M NOCTATOYHKIX YCIOBHAX I1a @, IIPH

KOTODHIX OIeparop (¥ ocymecTBIACT MBOMOPPH3M NPOCTPAHCTH W(’f)_

44, PemeHHI0 KpaeBLIX 3ajad BAPHANHONHEIME METONAME TOCHS-
LIeHB! MHOrOYHMCHeFHbIe paborel (cM. [305] m mpuBepgenHyw TaM Gub-
anorpaguio [147, 148, 110, 239] = mp.).

45, Tlo moBONy HEOOXOMMMEIX M IOCTATOYHEIX YCJAOBHiT Ha (YHK-
TH10 @, IIPH KOTOPEIX OHA ABAAETCA mOmycrmmoii, cM. (27).

46. 910 yrBeppeHne Guuro joxaszamo B paGore [200], omyGarko-
Barro#t B 1937 1. TaM e AOKA3AHO aHANOTNYHOE ITPEJIMOKCTIHG JUIfl
DOINTAPMOENYECKUX ypABHEHNI, KOTOPOe npuBeieHO B 1. 4, § 14. Ilusa
ypasuenns Jlammaca 910 yTBep)KHeHHe NONydeHO Takske B 1940 T. B
pabore T. Beitna [333]; gacro B nmreparype ero Ha3LIBAIOT JCMMOM
Beiiza. (ITpocroe moxasarembcTBO MOmHO maiitm B [162], ¢. 71.)

47, Ananornumniii mpamep 8 1871 r. 6mr mocrpoer ITpmmont [3217,
HO ero pafoTa moaroe BpeMs OcTaBallach HeésamMeTeHHOH, Ipmmep, T10-
ctpoennslil Agamapom B 1906 r. [284], oxasan BamsHME Tia MCCICTO-
BaumA B 00IacTH BapUANMOHEOTO HCUMCIEHHSA ® TeOpHE (ymKmuit,
€T10cOGCTBOBAN IOCTAHOBKE TPOGNEMEI 0 HAXOKOUMH HOOGXOTHMEX 11
MOCTATOYHLIX YCHOBMiT HDpORommMOCTH (HYyHKIUMI B 00macTs ¢ ec
IpaHANBl ¢ YCIOBMEM HpHIaiesxHOcTH 9T0fi ymrmum B o6macTm
LIPOCTPAHCTBY Wg) (em.' (37).

48, Usyuenmo 0606mMEHHEIX PEINSHNI KpaeBRIX 3ajgad mJifA BITHO-
THUCCKEX YPaBHEHMA BTOPOr0 HOpAJNKA NOCBAUIEHE! MHOTHe MOHOIDa-
(¥u @ CTATLH, OCHODHLIE BOIPOCH BKJIIOY9eHNI B yieOHHKH (cM. [282,
305, 116] m mpuBemcHIY0 TaM GuGimorpadmio [149, 146, 162] u ap.).
OG30p OO ypaBHEHHAM BTODOr0 LOPANKA ¢ HEOTPHMATENBHON Xapan-
TeprcTHIeCKO# (opmoit Moo madfitm B [163].

49, Tlo moBony meoGXomMMBIX M NOCTATOYHBIX YCJOBHIt Ha CHCTC-

My Qynromi {(Pff;f”an}. OpH KOTOPHIX ONa ABJAETCA NONYCTHMOM,

e. [19].

50. JlanpHCimee H3YYeHME KPAGBLIX 3ajAd JUTA DIIANTHIECKHEX
YPADNeHWH ¢ IpaHMYHBIME YCIOBHSAMM Ha MHOroo0pasmax pPasIHIHBIX
pasMepHOCTCH OLLTO0 mponememo B paborax [98, 165, 100]. Boxs-
Mol HHTEpeC ANA HNPUWIOMEHHA B TEOpAm YIUPYIOCTH IPENCTABIAGT
p3yuenue GETAPMOHMYECKOTO YPADHOHHA ¢ JBYMS HE3aBMCHMBIMHU Ie-
PCMCHHBIMHE, BO3NMKAMLIEr0 B TEOpHE IJIAcTuE, IloBemeHHe B OKpeCT-
HOC1H TPAHMYHEIX TOYeK O0GOGIIEHIIOr0 pemrenus OCHOBHO# KpaeBoi
3afaqy A GUrapMOHMYECKOr0 YpPaBHOHMSN, PACCMOTpEnHOE B §§ 14—
15, w BOOpOC O IMAgKOCTH OGOGIEHIIOT0 pemmeHMa B 3aAMKHYTON HXBV-
MepHoit o6acTu moppobmo mecaemonanst B paborax [97, 98, 293]. Irtm
BOOPOCKE TECHO CBA3AHH ¢ BAKHEIM B MeXxamuke npmumanom Cen-Be-
mana (cm. [164]). Tlas nOnmrapMONTIYECKOr0 YPABHEHWA AHAJOTHTIIEE
ROIPOCHL paccMoTpenst o paGore [222]. B crarse [99] nam o06sop pa-
foT DO ECCTENVBAIMI0 KpacBHX 3a7aT B HErTagRux 06macTax. Uamo-
MeHHe COBPEMENMOif TeOpHH DANUNTHYECKMX KPaeBHIX 3ayaud MOMRIO
naiiTe B xHArax [242, 11, 127, 224, 226].
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51. Bapnanuonnnie METONE HANLIA ITEPOKOE HPHMEUENHE B COEKT-
paxLooil TEOPUH OIEepPaTOpoB, MONYYMIM JajbHelInee passaTEe (cM,
manpumoep, [114, 173, 148, 1, 128, 69] @ ywasammyno TaM Om6Jumo-
rpadumo).

52. B macTosmee Bpema mMeeTca pax Momorpadmit [66, 121, 2,
120] (cm. Tamme [77], [145], [242], [243], [141]), rme pasnmumBIMIT
MET0;{AME HCCIeayeTes 3ajaua Komrm [ TEOEpOONAIECKHX ypaBHC-
mmit m cmeren. Pafora M, T. IMerpoBckoro, rje BIOepBEie GBLIO BBe-
JIeTio TTOLATIHE rANCPOONIIMECKo CHCTOMbI B HMCCIENOBaHA JJA HEe 3a-
nata Komm, moMemena B mepeBofe Ha pycckmit a3eik B kmmre [174].
Tax ke mMeeTca KoMMeHTapmii K 10d pabore, manacanuwi JI. P, Bo-
nesuucv u B, fI. Vspmem [44], rme mam o6sop paGor mo sagase Komm
H CMENIaHHOU 3ajjaue jyia rooepOoIMdecKEX ypapHeOmil

53. Amanormumoe mHccuenoBaHue 3amadd KoM [Jia  BOIHOBOTO
ypaBHelNs ¢ HAYANBHEMEA JAaHHLIME M3 OPOCTPAHCTB Bél,)e oposefe-
mo B [15].

54, Hlonywenuoe mmTerpanpHoe ypasmenme (20.22) pua peImmeHds
saqegr Komw (19.1), (19.40) memomm3osanocs B M. Jlesmramom [148,
119] Opm m3yuenum ACEMOTOTHKE COGKTPajbHOH (YHKMEA 3afai@ Ha
¢00C1BCHHBIE 3HATETIAA A CAMOCOTIPIKEHHOTO DILTHOTHIECKOTO ypas-
[IEHAA BTOPOro HOPA7ka ¢ TPaHMTHBIM ycloBmeM J{wpmxie,

55. B macrosmem Daparpade pellendme safasm Homm cBojHTCSH
K WHTErpajbHOMY ypaBHeHmio Bouawreppa. Bce paccMorpeHms mpOBO-
AATCS B MajoM», T. €, B OCTATOTHO Majioit oxpecrHOCTE EKCHpOBAH-
HO#t TOurH, 9TO ofecmeumBaeT OTCYTCTBHEE 0COOBIX (OKAJBHEIX) TOYEK
Ha KOHOMJC XaparTepEcrak. B patorax B. I1. Macnosa [142, 143] mpen-
IoKeH METOJI, ITO3BONAKINEi csecTm 3ajaly HKomm@m K HHTErpanbHOMY
ypasmennio BoasTeppa rioGanbmo, T. €, B Mof0i 061aCTH CYNIECTBOBA~
[us perrenums 3ajaud. JTEM METOJOM MM NOKa3aHH CYI6CTBOBAHHE H
eNUIICTRENHOCTh peINeHHa 3ajaum HKOIIA «B mnexoM», HCCAeROBala
CTpYKTYpa QVIHAMEHTAJBIOT0 pEINCHAA, H3YIEH BOOPOC O PacmpoCT-
panenun ocobennocTe HadadpHEIX GYHKOAA Lo B Uy

56. B mocaenHEAe AECATHIOTHA MHOr0 pafor GEUI0 HOCBAIIEHO HC-
cieoBanmo safagd Komu juisi ypaBHeOHE BTOPOro HOPAfKA BHIA

n

(21.5), vorga ycaosme (24.6) samenemo ycmonmeMm 12 Al]-[)ipj>().

=1
TakHMe ypaBlenEs [a3BIBAKTCH BHPOKIANIAMECT TrOepHoNIAIecrHi-
MU YPABIENASIME ENH TEOOPGONNIECKEME YPaBHONHAME ¢ KPATHLIMH
xapaxropeeruramu, 3afada Homm u xpaeBele 3afjiaum [is TaKAX ypas-
penpit ¥ ranepGoJMIECKAX YPABHEHMEH BEICOKOTO HOPSIAKA ¢ KPATHHIMH
XapaKTepECTAKAME M3y9alHch B paGorax [22, 313] m mpyrmx (cM. 06-
sop [44]).

57. C yuerom rcopemu Bioenusa B Lgy 1 1peaensroro moxa-
sarenst (e, (7)) B ycuosum o) B 3) m 4) mpm n>2, a B 5) mpm
n >4 MOMHO cuurarh, uT0 € == 0. IIpm NOKasaTelkCTBE NEMMH u3
M. 4 NOCTATOYNO HCHOONB30BATH TEOPOMY BIOMEHHA [JIA HpeelBUuoTo
HOKABATENSL.

58. Moxamem, uro hyEKnnu z), nHMeinT 00wyw ofIacts ompepnesne-
min Q' takyio, uro Q0) = Q' < Q, nua Beex h, 0 << h =T hy, ho==
== const > 0 9TO CYIIECTBOMIIO JIA [OKA32TCILCTRA TEOPEMEL

Cornacmo mocrpocEmsiv § 20 3amaua Homm pna ypasmemma (19.1)
¢ raagkoMi koddaimenTaMy ®W TNATKEME HATANBOBIME QYHKOUA-
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MO u, ¥ u;, 8afaEEEME Ha Q(0), MMeer peIlenme B TeX TOYKAX OK-
pecrrocTy Q(0), KaXpasa w3 KOTOPHX SABIAETCA BEPINEHON XxapanTe-

PHCTHIOCKOr0 KOHORA, mpuHafieKamero uph 0 < 7, < xg obnacra Q,
[epeceKalomero TANePIIOCKOCTh zo = 0 B Tourax Q(0) m mpmBopAmE-

rocs HEBBIPOMKJIPHHON BaMOHOH MEPEMEHHEIX Ty, ... Loty Buma (19.26)
Kk KpyrosoMy xomycy (1928). Hax morasamo B m. 1, § 19, ompenmenn-
Tent D(zo, ...y Zokr1)/D (Yo, ..., Yor+1) OTIWTEH OT HYJNA B BEpPIIANE

HKOHOHJA, B MOKHO yKasaTs INap pafEyca T ¢ MEHTPOM B BEpITMHE KO-
HOHAA, TAe BTOT ONPEAeNATeNs OTAWYEH OT HYJsA, NPEYEM T HE 3aBl-
CHT OT PacIONOKeHNA BOPIIMHEL. JTO Jerko BEAETh u3 Gopmyn (19.25),
eCIH YIeCTh IiafKocTs KopddmEnuentos ypasmenms (19.1) mpm cTap-
INAX IPOH3BONHELX,

HMorameMm, w€T0 pemende up OpE KakAOM (PEKCHPOBAHHOM F,
0 < k<< ho, MOMEO OmpefienuTs B 06MacTH Q’, 1OTOpag COCTOMT N3
00heEAeHAsA KPYTOBHX KOoHYCoB K — © W Taxux, 9T0 yroi Opd Bep-
mune K, cocranmemHmil ofpasywomeil xomyca K ¢ OCpl0 t, paBeH «,
a TepeceveHHe KOHYCA ¢ THIOPIVIOCKOCThI0 ¢ = () npuHagmexaT Q(0),
OprIeM @ — HEKOTOpoe gmeno, 0 << o << m/2. Jlerxo BHEAeTH, YTO YUC-
710 0. MO3XHO BHGpATh He 3aBHCANIAM OT ~ M MOJOKEHAS BEPINEHEI KO-
Byca K Tak, 9TO XapaKTepHCTHYECKMA KOHOMJ C BEPHIMHOM, COBIAfalo-
me# ¢ BepmranO# KoHyca K, nemar sHyrpu K mpu ¢t > 0,

ITo noragammoMy B m. 8 m m. 9 § 20 pemenme ux 3amaur Komm
ANA YCPEHOHHOTO YPaBHOHMA ¢ YCPOAHCHHLIME HAJAJLHRIME YCIOBHA-
Mu upu ¢ = 0 cymecTsyer B rampmom komyce K upm 0<Ct <Y, rue
Yy=-Ttcosa (v, OHTs Momer, saBACAT OT k). [lajee, pemmas 3agady
Homy ¢ nonyuenneiMu HadadpHHEMHE YCIOBHAMHA A up Opu ! =4,
OpOXO/MKRAM peIleHMe un B KOHYce K mpmE Y <<t <2y, saTeMm 2Y<S
<<t<<{3Y = 1. 1 Yepes KOHEUHOe UECIO IIAroB MOCTPOEM un BO BCEM
xomyce K. 3ameTum, uto obnacts ', onmpefenAeMas THCIOM O, B KO-
TOpO# OOpefeseHE Us, B3aBMCHT JAIS OT  H MaKCEMYMOB MORYIei
xoohprumenton Ay ypasuenua (21.5).

59, C ygeToM TeopeM BIOMEHHOA B Lq, JUIS TIPEefCHBHOr0 IOKa-
satens (cM. (7)) B ycuosuax ) B 2) mpE n > 2l —2, B 4) npz n >
>2 n B5) opu n> 2142 momuo cuarars e = 0. Ilpm sTom mun
J0Ka3aTeJdsCTBA JEOMMBI B3 II. 7 HYMKHO HCIOONBB0BATH TeOpPEeMY BJOe-
HHA 1A OpefeldbHOI0 IMOKa3aTeld.

60. ArajoroM TIpEBEIEHHOIO 376CH METONA HONYICHHA AINPHOPHEIX
Ol(eHOR N pellenusa samaun Komm puisl ramepGONMYECKOTO ypaBHe-
HEA BTOPOr0 TOPAAKA A CIyJasd rEIepGONMIecKAX YpPABHOHEHA BHI-
co:corio Ol]IopHmm ABAgeTCH METOX pasmensiomero omeparopa i, Jle-

e [120].
P %1. OTHOCUTENBNO O6MACTH CYI(eCTHOBAaHHA pellleHmit cM. (%),

62. OTMeTHM, 9TO HCIOB3YHA ONEHKHE, AHAJOTHYHE® TeM, KOTODHIO
DOJYIeHH B OIL 4 u 7, MOMKHO TMOCTPOHATH peitends 0GOGUEHHOR M
xiaaccmaockodt samaum HKomm (21.5), (21.7) meromom Xorda — Tadep-
xuna [280]. Mpn6ammxenHoc peIIeAMe WIETCA IPE ITOM B BHAE Jii-
Hefino#r kOMOMHAMAE KOHEWHOTO uMCJAa (PYHKNAH, 3aBACAMAX OT 7
O B3ATHX H3 HEKOTOpO! moumoit cmcTembl QyHEmuH, ¢ kodddEnmen-
ramn, 3apacamumu OT . oo DPHAMEEHTET oIpeNensaoTCa Kak DererTa
COOTBCTCTBYIOMEH CHCTeMLI OOBIKHOBEHHBIX ME@M@PEePeENIATLINIX YPat-
peunii. TeOpeMEl BIOONIS NO3BOJAKT MOMYTHTH CXOIEMOCTEH MTariTy
npubdmKeAEIX pellenmii K pemenmio 3aAatm Homm (car., manpi-
mep, [36]). ’



HNononuenue

HOBBIII METOJ{ PEIIEHUSA 3AAYN KOIIN
IS JUHENHBIX HOPMAJIBHBIX
THIEPBOJHYECKUX YPABHEHUII *)

Ipo6nema, koTopo#t MH 3ailMeMCs B 9TOil cTaThe, M3ydalach pas-
JAuuHBIME aBTopanu. B HamGonee ofmeM ciywae dTa npoGieMa BIep-
Bhic pemeHa AJaMapoM B 6r0 XOpPOINO M3BECTHEIX CTATEAX M €r0 M3AI-
HOM KHWre «Jlexmum o 3afjage Komwm pns rumep6oimdecKAx ypaBHe-
moity [2]. Npyroe pomenme mpmmagneskur M. Marmccomy [300].

Ml pgaeM 3pech miOe pemenue 310l 3ajgagn. OCHOBHAS Hies Ha-
IMCro MCTOHA, OTIMINAS OT METONOB YIOMSIHYTHIX aBTOPOB, ABIAETCH
pasButmeM mpeit Kmpxroda, mpEMeHeHOEIX MM K BONHOBOMY ypaBHe-
HMIO ¢ DOCTOAHHBIME KO3()()UIMMEHTAME B NPOCTPAHCTBE TPEX H3Me-
pennit {dJeTkipe HesaBECHMEIX nepeMeHHHIX), B. I Toronanse m asTop
yie DPUMellAnn M3naraeMslii B 370t paGoTe MCTOA K HEKOTOPEIM da-
ctubiM ciaygaaMm [191, 192, 54, 55, 56]. Tpm 3aMeTkm Ha BTy TeMy
Ooura onyOnuKoBaHE B jKypHate «Jloxnanst AH CCCP» [193, 194, 195].

JAHHOH cTaThe MBI H3NOIKEM 3TOT MeTop meTanbno. Ilepsas rma-
Ba CONCP/KHUT BLIBOJ Hamledl 0CmOBHOR (HOPMYIbi, KOTOPAA HCHONb3YeT=
cA [ MOCTPOCHIA HEPBOr0 BHITHCAMTENBIOr0 MeTOna. dTa (hopMyna
¢CTh HMHTCTPAIBHOE TOMJECTBO, CBA3LIBAIOIICE WPOM3BOJBOYI0 (HYIK-
L7I0 1 ¢ HAYaNLIGIME 3HAYEHHSIMMA

u
ult=—.o=u(°) ’ -‘ﬁt o= m

970l ()yHKOMH W ee NepBOil MPOHM3BONHON Ha HagalbHOU DOBEPXHO-
cTii m ¢ (ymrnmeil p = Lu, KOTOpasg ecTh pe3yILTaT IPUMCHCHIA
anBeitnofi muddepeEnvanbEoil runepboimyeckoil OOCpanuu K u.

3aTeM MBI HRNOKUM NEKOTOPHIC DJICMENTApIbie BRIYXCHCIIMS 110~
CICTOBATENBIBIX TPUOIMIKEHNI, KOTOPHIG NORBOJNAT BHIBECTH BTOPOG
OCHOBHOU TO;KACCTBO. OTO TOHECTBO [aeT BLIpaAieNne 3HAYCHUS
dynxknum u gepes yxasaunsle noime QyHROOm p, 10, b,

*)} Hacrosmee JOIONHCHYE ABIACTCS HEPeBOTIOM ¢ (PPaiIRy3cioro
asarka crathn C. JI. CoGonema [196], omyGmmxomammoit B 1936 r.
({patkoe (3JI0(CHIIEC PO3YNLTATOB 9TOH CTATHM COJEDIKATCSI B €rO0
aayerie [195], uancuaranmoir B «loxnagax AH CCCP» B 1935 r.). He-
peson craTeu Bhimosnmen B. II, ManaMomoBRIM, mM Ke HAIMCAHBI IPU-
MeYaHWA K BToil crarhe, HOMELIeHHBe B KOHME JOTIONHEHNA,
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B apyrmx raasax copepskarca o6IIme cooGpaskemisi, Kacalolqmecs
CYINCCTBOBAHUA MCKOMOTO pellenns. VCHONB3ysA HCKOTOPEI® WMOMSTIIS
OYHKIMOHANBHOTO aHAJM3a, ME OPECTABAM NAIly 3afady B HOBOM
BHEJle W DOKAJKeM, ITO B DTOM BHje OHA BCETJa HMeeT ERHHCTBCILIO0
pemenme, Ecim mcromoe pelleHiEe CYI[ECTBYCT B KJAACCHIECKOM CMBIC-
Jig, TO HAmMe PeTNeHMe COBIANAET ¢ HHM.

1. OcHoBHOE TOKIECTBO

1. 3agaza Komm, B 5toit riaBe Mur 3aitmemcsa oGoGmenumem dop-

Mynsl, OpmHagde:mameit Kmpxrody, wotopas GymeT oduenb BaKHa B
NaJbIedmeM.

Ham6onee o6mee ypapHeHue NHOEHTIOr0 HOPMAJBHOrO THiIep6o-
JEYeCKOr0 THOA ¢ 9YOTHRIM YUCIOM HC3ABHCHMEIX MEPEMEHHHIX, Kal
H3BECTIO, MOKET ORITh OPUBENEHO K BUNY

2k+1 2k+1 5 2k+1 2
Lu= z 4, 9% 4 2 B, 9% yeu—%=F, (1)
i=1 j=1 = at’

(Y I yearyey
ox; 6:::].
rae woodummenter A;; = Aj;, B, C cyTh (PyOKOUE HE3ABUCHMBIX
OEePCMEHHRIX Zy, Zay ..., &ohit, &, 4 F — U3IBCCTHAA (PYHKOUS TeX e
OCPCMEHHBIX,

Sagaza Komm cocromt B oTHCKAHMM pCmTenys BTOTO ypaBHeHHS,
YIORAETBODSAIONICTO YCIOBAAM

— (0,
Uy = U0 (2}, o002 00)s
ou

Ot iy Rl CREPE N

(1.2)

B pannmeiiimem Mbpl OrpaHmYmMCH clAydgae, Korga Koa(dummenth A4ij,
Bi, C ABNAOTCA AHAMUTHUCCKAMA (DYHKNUAME HO3ABECHMHIX Iepe-
MEHHBIX, HO 3TO HOPERHOJOM6HNE HOCYHIOCTBCHOO A HOCHEYIOIEro
n3NO0KEHAA B MOMKET ObIThH 3aMEHEHO YcloBmeM, ITO Kod(hEHmenTH
WMEIOT HEKOTOPOe 9HCJIO HeIPepPHIBHEIX OPOH3BOJIHBIX.

Ina Toro 9ro6u ypasmenme (1.1) 6nlio HOpMadasmoro rmmep6onnm-
96CKOr0 THOA, HEOGXOMEMO M [OCTATOYHO, ITOORI KBajpaTEgHan dopMa
2k+1 2R+4-1

A{thPj ObLTa DOJIOMKHUTEIBIO ONpeneleHa, Bypmem mpep-
i=1 j=1
TIOJIaraTh, YTO 3TO YCJIOBAE BCCTIA BHINOJEHCHO.

2. IpepBapurensonie 3ameyadnwda. HarnoMHAM TeNep: HEKOTOPEHIE

OCHOBHEI® JeTald, CBA3AHHLIE ¢ KOHCTPYKOUeHd XapaKTepuCTEIECKO-

r0 KOHOHAA, EMEIIIEr0 BEpIMUHY B Touke M? ¢ xoopymmaTamud xg.
0 o

a:g, vaay a:gk J10 o Hax n3BecTHO, ypaBHOHNE XapaKTePHCTEIECKOR mo-

BepxuocTE AnA ypasuemus (1.1) ecTs

2k+1 2k+1

2> AijPin_'qa_-’:"' 0, 1.3)
=S

A

rHe p+, q O3HAYAIOT BCIMYNELI, OPONOPHYOHANBHEIE HANDABIAIOMI{AM
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KOCHHycaM HOPMAaJNn K XapaKTGPHCTHYECKo# mnosepxmoctd. Ilycrs
G=0 (1.4)

eCTh YpaBHeHHe JTOH HOBCPXIOCTY; TOrfla ps B g MOryT OLITH BHIOpa-
HBI 110 opMyne

oG G
Pi=Gzp 1% 5 (.5)

YpaBneEEA AnsA OuUXapaKTePHCTHK, T, . (XaPaKTEPHCTHK [ud Xapak-
TEPHCTAKY CYTh

dz —dp; dt — dg
P=ToA =T oA ~~q~ Lok .0
2 op; 2 oz 2 at

Buxapaxrepreruru gas (1.1) — ato Te pemenums (1.6), A1 KOTODPEIX
A=0, (1.7)

nrerpanbnag mosepxmocTh ypasmenwsa (1.1) moposkpaerca Mmo-
roobpasmeM Moy TOueR M ¢ KOODAMHATAMH I, Z, ..., Lokt1, b, OPH-
HajgIe:kamux ceMeiicTBy OuxapaKTepHctuK, ypoBimersopsaiommx (1.7),
I 34BUCAINEMY OT 2k mapaMeTpoB vy, Uy, ..., Vsk, TAKNX, 9TO

p1dzy + podzs +. .. + porp1dzont + g dt = 0. (1.8)

13 Teopwm ypaBmenuii IIePBOr0 NMOPAAKA H3BECTHO, 4TO ycaomme (1 7)
YOBIAETBOPSACTCA BHOJB JI000i HHTErpanbHOl Kpuoil cmcteMsr (1.6),
eciId OHO BHIIOJHEHO B HEKOTOPO#l Touke s — O oroil KpmBoil. IlopoO-
neiM o6pasoM yciaoBme (1.8) aBTOMAaTHYeCKH Y[OBISTBOPSETCA HA BCEM
MuOr000pasum Mapt1, €CAH OHO CHPABEAINBO HA HOAMHOro06paswm My,
OTBCYAIOIIEM HEKOTODOMY HOCTOSHHOMY 3HA9YeHHIO S.

TTocTpouM panee ceMeilcTBO OWXapaKTePUCTHK, HPOXONAITAX Ye-
pe3 Touxy MO ficHo, 9TO EX MOMKHO OUIDEJENHTh KaK WHTEerPaiabBEIe
KpmBrie (1.6), ymoBmerBOpsIomMAe HAYAJNBHLIM YCHOBHAM:

(1.9)

3mecsh p)u ¢}  UpOm3BONBHBIE IAPAMETPH, KOTODHIe, KAK ML yie
BUJCNH, NOIMKHLL YIOBIETBOPATH COOTHOMCHUIO

2k4-1 2k+-1 02
2 Ag,p(i’pg—q =0 (1.10)
i=1 j=1

(cmeicn  AY; owenmpen).
TakEM 00pasoM, MH LOIyJaeM ceMmeiicTBo, 3aBmcAuiee or 2k 4 1
mapaMerpa, HO, KaK JIETKO IOHATh, ¢ TOYKA 3DOHAA BOIHYHH ¢ H ¢
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ONMH U3 9TMX NapaMCTPOB NUWMIHEH, HOCKONBKY OH BXORMT Kax O6mpui
MHOKHITENL AiA p; B g. B camom pexe, 3amcusia B (1.8) p; @ ¢ Beam-
JaEaMu Op; E ag¥ a s —BelmuAHOHE s*/a, MBI Ic MCHAeM ypaBHe-
HEH, T. e, echnm cucTeMa QyHKUEi

Il(s)r t(s)1 pi(s), 4(9)

ynosiersopsaer (1.6), To cmcreMa HyEKumEH
zi(sja), t(s/e), api(s/e), eq(s/a)

TaK/Ke YOOBIETBOPAET 9TO# cuCTeMe ypaBHEHHiL.

Urag, AIA TOr0 9TO0H COXPAHATL B IPOCTPAHCTBE Rohsg BCE TOU-
KH, npEmajieKamue OExapaKTepHCTHKAM, NIDPOXOfAmMAM depes MO,
MOJKHO OTPDAHHYHTHCA DPACCMOTPEHMEM IHIIb TeX KPABEX, FIA KOTO-
pEIX, HanpuMep, ¢° = 1. IIpu TaxkoM HpeANON0KeHWH HALIE CeMelCcTBO
yrOBICTBOpsAET oGomM ycnommaM (1.7) m (1.8) mpm s =0, 1. e. B TO%-
Ke M° w, clnef0BaTeJbHO, MIIOro06pasme Moyt TOYEK HTOTO ceMeHCTRa
mpepcTaBiAeT CoG0H XapaKTePHCTHYCCKYI0 MOBEPXHOCTL B Ropis ITa
HOBEPXHOCTH HA3EIBAETCA XaPAaKTEPHCTHICCKUM KOHOHJIOM.

Yro6HK YTOYHHTH HEKOTOPLIE CBONCTBA STOrO KOHOMIA, MBI HPO-
nenaem Goliee feTalpHEIA amaxns wHTerpanoB ypasuemns (1.6). ITpep-
TONO;KAB, ¥TO B OKpecTHOCTH ToIEM M° ynwuuu A;;, By u € Moryr

GEIT PasTOMERH B PARL MO cTemenam (Z; —23) m (¢ —1°), mur sa-
Kmouaem, uTo o6mee pemenme (1.6) mpm ycaosmax (1.9) Taxmke Mo-
sKeT GHITH PA3ioCHO B PAXH 10 cTememAM s, K0dpPHOHERTH KOTO-
pEX cyTs PymExmEn ot zd, 8, JoR q°, Jlerko moKasatn, To ro3pHuna-
€HTH OpPHE $" B Pa3sNOKeHHAX AIA i B ¢ ABIAIOTCA ORHOPONNBIME IO-
nEROMAME n-fi cTemenm OT BenmImE p) E g°, B TO BpeMa Kak Koad-

(ANEEHTH NIDPE s" B Pa3NO}KCHEAX ps E ¢ CYTh ONHOPOAHEIE HOIHHO-
MEI OpAAKa k-4 4 0T 91X Beawdun, [leficTBAT eILHO, IPOIECC BRIIUCIE-
HAA 3TAX KO3PPHNHenToB COCTOHT B ONpefeleEMH 3HAUCHHEA n-H
IpOM3BOAHON HeH3BecTHOH (YHKOWHE IO NepeMERHOA s B HAYANLHOK
TouKe, EclIm MK ycTaHOBMM, YTO n-f NPOH3BOAHAA Z; B ¢ (Ham p;
Z g) npepcraBigeT coGofl B KakAO#l TOYKe OXHOPONHEN HOTMHOM CTe-

HeHH n (COOTBETCTBEHHO n + 1) OT BenHIHH p% % ¢°, TO Hame YTBEPIK-
noenne Oyger AOKas3amo. 9TO HOKA3HBAaCTCA IO HHAYKIMA C YIETOM
TOro, 9r0 NPOESBOAHAS WO s TaKoro mommmoma II, | ( 2, qo) BEIpa-
aeTcsa CIeAYOmEM 06pasom:

2Rh+1 2h+1

i oM, dz, o, dp, oI, . go OIL _. a
= 2 5% 1_(1_1_;_2 o wt e mt TR
s = B E @ 7 ® b

(1.11)

dz; g dp; 4

i i aq
—y —y — 3y — HX BHPpaKenHaMH, CO-
4 ds’ s ds P :
JepmamuMacsa B (1.6), MBI BupuM, 9TO yKasaHHAasA BHINE IPON3BOJ-
Hasg ceCTh NOJAWHOM CTCHOCHO A, 9YTO H TpOGOBaJIOCI: OOKa3aTh

3amenan agech UPOU3ROANKIE
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IIpsiMble BRIYECICGHAA TOKAa3HBAIOT, 4TO Zi, f, pi H ¢ HMEIOT Cle-
JIyTON[He PasXOKeHus:

2h+1 o .
xi=a:2—}—§ 2 A‘;jp?—}- Z snX(r:)(pg,’IO)
J)=1 n==2
(1] 0 < (1]
t=t —8q + js’nT Poy(l ’
n2=-|2 n(150) (1.12)
oo
1 i
p;= P(i) + e 2 S"Hg) (P?a qo),
n=2

g=q"+ SL D e, (1 ).
n=g

CreayeT 3aMeTHMThH, YTO DTH DS/ PABHOMEPHO CXOATCS B HekoTopol
OKPECTHOCTH TOUKH s == () He TONBKO JIIS BemecTRenmHX p) u ¢° mo

TamKe W M NIO0BIX KOMIJIEKCHBIX 3HAYeHHMN 9THX NapaMeTpoB, Orpa-
OMYCHULIX HEeKOTOPHIM dmeldoM M,
BumecTo z; m ¢ BBegeM mOpMalbHEIe Nepemennble Junmmuna, T. e,

ICpeMeRHEe
P, = spg' Q= sqo, (1.13)

Kax Mm BugwM, IepeMeRmbie Z;-— z': Z t—1t® Moryr OHTL Ppas-
JIO’KCHBI B PABHOMEDHO cxofsauiuces pafst uo P; u Q:
2k+1

s-a= X A0+ 2X"’<P,,0)

(1.14)
t—t‘):_o'i_ 2 Tn(P»pQ)a
n=2
a p; @ ¢ NPC/ICTABIAITCA PAKaMO
o0
1 ' (i
Py =— P+ }_, Hg)(Pi,Q)
=2 (1.15)
1 \
g=—[0+ X Pa(Ps0)
n=32

Crssp MeBAy Py, Q n = —”'2’ t —t° ofpatuma, T. e, PyHKIUE Py

% Q MOMHO PAa3JOKUTH IO CTENCHAM I; — x" zt—1°

IIycTp
2h+1

py= 30 (5= )+ 3 50,
=1 (1.16)
Q=1t"—t+ 2 H,
8=2
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—5TH paanomennﬂ, npn‘IeM :(” u Hy cyTs OfHODONHEIC MHOTOUIe-
HH 0TZ; — :c mt—t° , & MaTpuna H ABAAeTCA 00pPATHOM K MaTpm-
ne A%, T.

2’§1 1 i—= r
AQHY =8, ={ ’ (1.17)
= i ir ir 0, iz=r.
B koopmuHatax P; u Q ypasnenue XapaKTCPHCTHICCKOTO KOHOHJA
TNPAEBORUTCA K BHAY
2k+1 2h+1
0 —
G= 2 2 A4P, P, — Q% =0. (1.18)
i=1 j=
Jro caepyer m3 coorHomenma (1.10) mocme yummomenma ma st las
FalpHCeAIIero Hc06X0MUMO Pa3dpCIATh DT0 YPaBHEHIe OTHOCHTEALHO .

JomyctuM, 9T0 NMOCIC HTOr0 PadpClieHUs ypaBHelnwe KOMOWAa UpuoG-
peTaeT BHJ

t—‘ﬂ(.’l:l, T, vy $2h+l) = 0. (119)
Tcnep}. MBI BRIIUCINM HCKOTOPHIC YACTHRIC OPOM3BOAHBIC T IIO IIe-
PEeMCHHBIM 2y, L2, ..., Log4t. OUEBHIHO, ITO
oG S i)
26 P, I
T 011 D ¢ + 2 n
at e+ X P,
n=39
2ht1
(a: — x“) + Z K,
=it s (1.20)
0 —t 2 L,
n n=2
p (2200 P\ _ (9P OPiBy
it _ iloz; ot Q 9z; — ot Q "'=
0z; 0%; *+ ...
0 2 2h+1 2kh41 0 0
— (" —)’H Z Z H?rﬂgs(”i_xi)(xj_xj)"l""‘
s=1 r=1 _
B Q*+ ..
—H° PP+ ...
it \ i L e , (1.21)
Q*+...

Ific B YOCAUTelie ONYyU[eHBI BCeé WIEHBI NOPAAKA, PABHOrO0 WIR Hpe-
BOCXOMATIIET0 TPH, & B 3HAMEHATCIC ONYLICHBL 49JeHBl MOPANKA, Gomn-
IOero Tpw. Bragcnenns OpOW3BONHLIX BBICHIMX IOPAAKOB OYCBUIHBIL

18 ¢. II. Co6oaes



274 Jlononmenwe, HoBeiil MeToq, pemeitnd 3apauw Homm

Umerurenl 4 3AAMEHATEIH MOJYICHHBIX (QYHRINH 0YeBHIHO €XO-
Aarcsa B obnacTa, oOmed futa BCex NMPOHM3BONHEX. CTemenb HepBOro
wjieNa B 3HaMeHaTeJi¢ PaBHA CTENCHH COOTBCTCTBYIOU[EI0 dieHa Y-
cnuTeNs mioc m — 1, roe m -— NOPSANOK MPOHU3BOIHOIN,

3. HeKOTOpHIe COOTHOIIGHWS MEKIYy IOCIETOBATCIBHEIME IIDOH3-
ROIMEIMA Nauuoil yurnmy, BMecTo mepemeHHOU { BBejEeM MOBYIO He-
8aBHCHMYI0 II€PEMCHHYIO

hh=1—r1.
Venorumesa 06031:13‘13'1‘5 pC3yahTAT 3aMCHBI HC3aBHCHMLIX HNEePCMEHHBIX
B IPOH3BONLHOHE PYHKIHA @ CHMBONOM @, T. €.

©(T1, Tz, oo Tty 1) =Q(T1, Ty, vy Tokgsy b T(TH Ty e Zonyr)).
(1.22)

7]
Ofioamavas wepes 7z, UACTIYI0 HPOU3BOJHYIO HO zi NPH YCNODUH,
1
9T0 TE3ABUCHMBIMII HePCMeNNBIMHU SBIAIOTCA Zi, L2, «.., Loktl, L, &
D
wepe3 ;- TPONBBOIHYIO MO TOI[ Hie MCPeMeNHoll B IPENNONOMK CII,
1

YTO Me3aBUCHMEIC HCPCMCHIBIC CYTh Z), L, .. , Toktl, L1, ME, OUCBUJ-
HO, IIONyYaeM, 9TO

du Dy, ®u D 4y Du pj ot

0t T Di’ o " D' Bz, D= Dy 0%
u D™ D' ot D*u ot
axiaxj Da:iD:z:j Dar:iDt1 az]. Dar:th1 oz,

D* ot ot Du ot
F+— s — v (1.23)
Dt% ox; az,. Dt1 6.ri6:cj
Tlocye yrasanmoy 3aMcHEI Oomcpainwa Lu mpuMmeT BO
2k+1 2k+1 D% 2h+1 _
L””E 2 iJD:cDa:.'i' E 1Dar +C”_
i=1 j=1
- R R
2h-};1 zh+171 st D% B 2 +12\+171 L
—2 2 E i 5z,( Dz, Dt 2 o i Gz, T
4 J iy ; - 7%
1 =1 i=1 j=1
2h+1_ ot | D= 211‘-1;1211:1-‘171 ﬁa_r . D .2
+ Biax. Di T pa 2‘ ij gz, 61:]._ D2’ ot
i=1 i=1 j=1 1
Brenmert Henotophie ofoszmagenmus. PaccMoTpmM B HpOCTPaHCTBE Hopyg
¢ KOODAMHATAME &y, Tp, ... Zopty CACHYION{HE JWHeHDHEIe OMEpAllWH:
2h+1 2k+1 arZ“ PP oI

w33 5| 555
dx, 0. r ’
t=a] jumsl atlx 110 i 2 6t1
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ot | Do
oz D:c‘—
ot

0x;0x; + T
=0 v i=1 ot

2ht1[2h+1 57 4

() LY
Ly 2 E —
i=1 L j=1 1

2Re12Rd L ory
_[ MRS

2h+1 61‘§
1

ol 0["
je=1 j=1

2k+1 2k4-1 0TA

Dmv—z E at;

i=1 j=1

01.']
— |v
0z, '
=0

Dy 4C

+ 5
=0D£i oty

DZU 2k+1 07‘§

i
=odxliJ'+ 2 9ty e

i=1

t,=0

(1.25)
u

Kpome Toro, yeaoBuMcsi 00603MaYaTh deped u, 3HATEHHE 5;; HA Xa-

PaKTepPUCTHICCKOM KOMONAE, T. e.

8
g (241 Zgrovon Topgn) = 53 MTp Ty o0 T T(E Ty iZapg))
(1.26)

Nuddepernupys Tompecrso (1.24) s pas mo ¢ u moxmaras f£; = 0, Mz,
09eBMHO, 0Ny TUM

8
s! o Lu
2 r! (3 -—_ r [M L —r+2 + L( Us— +1 + D(T)us—r] =

ts
r=1 0 1, =0

(M’ =0). (1.27)

O06benwaAs Bce OHepanu¥, HpHMeHeHHHIe K OpHOR (pyHKmmE m o6o-
BHAGAN

D&y = D)y,
D(‘ﬂlv = D=y 4. Ly,

sl

Dg'S)v—rl(s )D v+ r+DiEe—r+ nH

Lir+1)y, 4
sl
T IO =7 F 2!
1%y = LOy sy, (1.28)
MBI OKOHYATEJIALHO HOJdy4daeM

M(r+2)v,

7
My, (uo, Uy ovey uh+1) = 2 Dgr)ur—a + I(r)ur+1 =
=0

8"Lu
" |imv

(r=0,1,...,k—1). (1.29)
18+
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CriereMa TommecTs  (1.29) nrpaeT B NOCHEHYIOIMEM CYImECTBEHAYIO
pPOJNb.,

4. Konerpykuust gpyukmmii 0. Ouepanun M, CyTh £ JIunelinoix

npeoGpazoBanuit map k - 1-it gynwumen w,, uy, .. us DBBegeM cm-
o L] "

creny u3 & - 1 amueiinoro mpeoGpasoBanms N, peiicTByomero Ha k

Gyurnmit 6y, Gy, ..., Op, KOTOPHIE OYAENM I1a3BIBATH COMPSIKEGNHEIMI Tt
npeobpazoranusMm My_,, ITH COUPSIKEIUEE OMEPAlMII MOJYAI0TCs
MUTETPIPOBAIIIIEM IO TACTAM BEIPAMKCHIISA

k
55 2 oM ARy,
s=1

¢ MHTCIPUPOBAHME BECHCTCA MO 4YaCTU NPOCTPAIICTBA R2h+1, TaKOM
06})330]\1, 4To BOSHIII{HIOII(HfI nnTerpad e COJICPHUT IPOU3BO;NBIX U.

[
KoogguuuenT npu u; B 5TOM yHTerpane ecTs omcpanusn N, IlpocTere
BEIVACICHUS FAIOT

*, __ p(hk—1)%
Nyjo, =1 ),

r—2
- (h—rtst+1)*
N;——'r+1(c1’ 0y ...,cT)EI(h AT D 0, os

=0 (1.30)

(r=2,3...,k),

. k—1 "
j— S
N§ (0 Ogs evy )= D{%, .,
§=(

T'pe 3HaKk % YHKA3pIBaeT Ha Omepanuio CONMPsUKEHUA B HIACCUICCHOM
cmorcae. o onpenenennio MbI HMeeM

k k k
Z“ Gij —_— E ujN; = Z (ck_s+11(s'1)us— usl(s"l)*ch_s+1) -+
=0 s§=1

=1

kR R—it+1 2k4;1
+ 2N (o~ u D PNa;) = 2‘ , (1.3
]—1 §=0

Huxe ML yroudumM Bupf Qpynxuuit U,, KOTOpLHE JEeI'KO BLIIHCIHTE,
ITocTpoum Temephb cucTeMy PYUKUMH Gy, SBIMIOMAXCH TACTHLIMU
pelIenusaMY CHCTEMEl ypaBHEHHIE

L]

N, =0 I=1,2,...,k). (1.32)
BrifepeM 5Ty cHcTeMy Tax, 9TOOB OHA o0xajana CIefYIOM{MMH CBOii-

CTBaMU:
a) xampas PYHAKOUA Oy ABASETCS OXHO3HATHON aHANUTHIeCKOH
¢ynxnumeir mepemernsx pY, pY, ..v, PYpyqy ¢ WS m 3aBHCMT UG

s 0 0 0 0

ot npousBepienuit pY-s, pg-s, ..., PYy. 8, ¢°+5. CHexyeT 3aMETHTE,

9TO0 BTH NMEPEeMeHHEBIE 3aBHCHMEIE, TAK KAK Ha HAUIeM XapaKTephCTH-
YeCKOM MHOroo0pasuu Mul MOKeM BeeTha HOXORATH ¢° = 1, a ¢ Apy-



1. OcHoBHOE TOXKEECTBO 277

roif CTOpOHH

2k+12k+1 02
S 40 10,0 —
z App)—q =0.
i=1 j=1

0) ramkjas QyHKOus O, kAR QyHKIUA IeDCMENHO s MOKeT OHITH
IpeRCTABICHA Kax MOinHOM crermeny r — 1 oT log(g%):

o, =R (5) + R () log (¢) - ... + R{D, (s) [log (¢°)]™". (1.33)

Koopdumuentsl npu cremcunx log(g®) cyTs pabl MO CTEHEHAM s,
Cofep/Kalqie IICKOTOPOC dYHCJIO YIcCHOB OTPROATENbHBIX cTeneHelr m
CXONAIUECH B ONPEREICHHOI 00dacTh.

Ilepmrhiil wien B pspne R([) (s) mmeer Bmp cs—(*+r—I=D pppuem B
mepBOM PAAC, T C. B Rf)’) (5), STOT 4NCH B TOYHOCTH PaBeH

(=20 (k4 r— )T ()
VAT (k—r4 )T (2k—1) T ()

(qos)—-h——r+1 _ agf) (qos)-—k-—r+1 —

=a{NQhTL (1,34

rae A° ecTs 3Hawemme mECKpEMmnanTa $opMEl A B TouRe 2J, 23, ...
0 0 o k)
vevy Topyqy ¢, B dacTHOCTH, MEDBELE wieH B pAKE Rg (s) ectn

Vllza Q—2k+1- (1.35)

flcHo, 4TO NMONHOe PAa3IOKCHEE O, 3aBHCHT OT BHISOpA MEpBOrO wieHa
B Rf,r).

Jlerro BupeTs, uTo cmcreMa (1.32) pekyppenTHa ®w QyHKO®E O
MOryT OBITH NOCIEO0BATEALHO ONpefeleHHl. Has kamponn QyHKOuw
O, MHL, Tak#mM 00pazom, mMecM JdmHelinoe pudidiepeHnuanarnoe ypasHe-
HOe NEepPBOTO MOPAAKA, IPaBas YacTh KOTOPOT'O 3aBMCHUT OT BceX (PyHK-
muit o; ({=1, ..., r—1). [losToMmy BCe O MOTYT GHITH HOJXYYEHH
OPOCTEIME KBafipaTypaMu. UTOGH [OKa3aTh CYLUCCTBOBAHHE OTHX pe-
meRgi, Met OyfieM HEilCTBOBATE MO WHEYKITHE.

ITpegnono:keM, aro PyHEKIEE G1, J2, ... Or—; YWKe ONpefielleHnl
yKasaHAKIM 00paszoM. YpaBHEHMe [ G, MMCET BHUJ

r—2
[0 = 3 DR (136

§=0

IIpomHTErpUpyeM 5STO ypaBHEHWe METO[OM BapHWALA¥M NPOM3BONLHOM
noctosunoit. COOTBeTCTBYyIOLEe OXHOPOHOE YPaBHEHME eCTh

1% — 0. (1.37)
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Onepanusa 1““”*3, nMeeT BHJ

TG = LO%G g (k — 1) MV*G, =

2h+1 2k+1_ so 2841 2k+171 P
~2Z ool 2 A| w12 X | Fmen t
i=1 t,=0 1=1 j=1 1=0
2h+1_ ae) o LESLIIRFY gt ot ) -
+ X B Otk > | wmam =0
i=1 =0 ! i=1 j=1 ty=o
T, e,
ok 41 (241 55,
w3 (S 2l
b s
yrrril fm — B, o,
i=1 j=1 (=0 0%:0%; 3 =1 =0 *

2k+1 2h+1 57
ij 9T 0T | ~
+ (k-1 2 E T 6_.215.2_ c,. (1.38)
i=1 j=1 ;=0 !
VqursiBas, 9T0
2R+1

3,

j=1

n_ Nl L
_ 0z, ij g g
1—-—0 i=1

(cM. (1.6)), m oGosmawas wepes Q, rospdumment mpm O, B ypaBHe-
2o (1.38), MB nOIydaeM

2 00
?W-—-Qa =0. (1.39)
Uz ypasrenus (1.39)
ET et
B:r= E, (Pg, Pg, ceey ng+17 qo) e = B¢ 2ot (140

PacemorpuM noppoGHee BTOpoll MHOMKmTENn B (1.40). ®ymkunua
gsQ, eCTh, OYCBUAHO, 3HAUYeHMe HA XAaPaKTePHCTHIecKOM KOHOHAE
9aCTHOTO ABYX PEryJAPHEIX CTeNeHHHX DAAOB OT Py, Py, ..., Poryy, Q.
9r1o cranonmzn O‘IelllaﬁJIHLIM, eCca¥® MBI 3aMeTHM, 9TO Koarbtbmmenm

0 0

Ayg; Bi, ij  ¢yTL perynApHEle CTeNeHHEIE pAAL HO
oz;’ ot
by, Py, ... Q, a IpOM3BOAHEIe T CYThL JacCTHEIe, KAK MLl 9TO BHJENH B

o 2. Cneuona're.nnno ¢sQ, KaK (YHKIEA HepeMEeHHOH s ¥ HapaMeTpoB
p17 vvv, g7 MOBeT GHITHL pasioiKeHa B cxomAmmiics paj O CTEHEHIM
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ool mepeMennoil B HEKOTOPOM Kpyre
5] < p, (141)

3aBHCAINGM TOJXBKO OT OimKadmero KOPHA 3HAMEHATENS B BEIpake-
HHUSX IUIH nponsno;mmx T, T. €. OT OmmKafimero Kopus (YHKIUR
a(s, 03 vy PYpyrr @ ) I DaggycoB CXOEMMOCTH APYTHX DAJOB, BXO-
BAIIX B BEIpa)KeHme Jist g¢sQ, (YIUTHIBAsA, 970 HATANBHOE 3HATE-
HHe ¢ CCTh ef@HANA, Mpl BUNUM, 9TO paguyc Kpyra (1.41) oramaen
0T HYJA).

Briqucnas mepBblil dfeH B Pa3noKeHH™M ¢sQ,, MBI BHAWM, 9TO OH
CBfI3AH C BEHIPAJKEHEEM

2k+1 2k+1

8t
Aij Ax,0x,
i=1 j=1 ty=0 "7
E paBen
ak+1 2k+41 2k4-1 2k+1
2 > ALHL 4 3 2 AyP.P, + ...
Q i=1 j=1 i=1 j=1 =
Q*+ ...
1
~2(itg) 0+ @+ .
=Q =—2k. (1.42)

Q%+ ...

Hemonpsyst »T0T pesynbrar, Mul MOceM yTogmnTh Qopmyay (1.40),

nOJIOKIB
8 (qsQ
j' ( r + k) d—:
~ 1 2

BripaskeHne (1.42) ecTp aHajHTHIeCKasn (PYHKOHA IEePCMCHHBIX
Py, Py ..., Pypyy, Q v QYHKOUS NMepeMEHHON s, KOTOpas MOMKET OLITH
pasnomcua B PSR IO CTeNellsIM s ¢ HeHYJICBBIM PagByCcOM CXOJUMOCTH,
Orciofia ciegyeT, 9T0 PyHKIHS

1 (— 2P0 (k) ~
Var T@—D % (1.44)

Oy/icM IIMeTh YKa3aHEEHIL BHR,

ITepcitaemM K BRITHCIeHMI0 caMO# PyHKmunm o, OG03HATas mpaByio
qacth ypasHerms (1.36) dwepes yr, MBI CMOdeM HOIYYIHTH 00lfee pe-
IMeHWe TOT0 YPAaBHEHWS B BHJle

(1.43)

qSX ds

(1.45)

o,
0

Tenepp paccMOTDHM BHIpaKeHEHE Y, Oonee pAeTansmo. IIpomasomueie
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o zi, Iz, ---, Lort+t, KOTOPBIe BXoxaT B omepanuu (1.30), Moryr GwITH
38aMeHEHL! TPOH3BOAHBIMA 10 HOPMANBHBLIM MepeMEHHLIM Py, P, ...

«y Poryy, Q. G gpyro#t cTOpOHEN, MpOM3BojHbIE 0 P; win Q GyEKuNH,
KOTOpas 3aBHCUT TOJBLKO OT STMX apPryMEHTOB, T. €. OT NMPOHM3BeleHNH

P} ¥ ¢° n mepeMemHOil s, MOTyT GHITH CBEMICHH K NPON3BOJHEIM IO
p‘; u ¢° ¢ moMonisIo cIexymoniell mpocToi GopMYyIBL:

OF(Pl, sz vy P2h+19 Q) 0F
0p§’ (7P !
OTKYJa
oF 1 OF ,
(ﬁi———- p (7p (1.46)
W3 ororo saMcuaHNna m CTPYKTYPHL (i)yHKI.IIIPI Jy, 02 ..+ Or—g CIEOYCT,

qTOo % TaKiKe ABIAETCA TIOJIMHOMOM cTenmenn r— 2 OTHOCHTEJBHO
log (¢%):

Xy =T () -+ 747 (9) log (¢°) + .. + 747, (5) [log (o)1 ™%, (1.47)

KoaddunuenTsl moamEOMa Tf’), 09eBIJHO, OYAYyT pAgaMH IO CTe-
TCHAM s, CXOIANIAMUCA B TOM ke kpyre (1.41).

Jlerko mWpoBepuTh, YTO TINABHLII WIeH BHIPAMKCHUA T(l')
nMeeT BUJ

Cs— (br=1+1) (1,48)

a IVIaBHEI WleH B T(T) (s) DKBMBANEHTEH BEIUYUHE
2h+12R+1

DP (=" T@k+r—2T (k)
2 2 i D

=Dz, T T@—nTe—n @ "~

0 —r — —
i=1 j=1 VA T JPir—=1)
z_2§12h+1 . *t (— 22" D(k4r—2)T(k) (— k_r+2)o—h—r+2+

Uy, z; YV a® TlE—r-2)0(2k—1)T(r—1)
=1 j=1
2h+1 22+1 Bt
at ot (— (=27
+2 JZ uaz az VAO
Te+r—2T (k) (—k—r+2)(—k—rt+1) _, .
X Th—r+)TCE—DT =1 Q ~
(= 2)f—rH1 D(k+4 r—2)T (k)

FTTYa TGh—r+ )T &—DHIr(r—1) [— 2k (k 4 r —2)}-

Fik+r)(k+r—2)]Q 7 "=
(— 2)p—r+1 T(k+r—1)T (k) —hr
=TT Ya TG FDT@—DIG—D ¢
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O, cIeHoBaTeNbHO, PaBEH

(=9t I (hr—1)T (8) her
T Y TE—rFOT@&—DHT—1) (%), (.49

Burpakenite
qs¥,
= (1.50)

20,

TaxKe ABIAeTCA MONMHOMOM oT log (¢%) Bupa
gsx. )
25:2 L (6) + L (5) Log (¢%8) + ... -+ LED(s) [log (¢°)]" ", (1.51)

I'naBHEIl wieH B LY) (s) umeer mopAfok s~ !+l a ryaBEEI wieH
T
B Lg ) (s) paBen

(=2 I'(k++r—1)T (k) .,
Vo T OI@— DI @ @5

Hamre yTBep:KfeHME MOKHO FOKA3aTh, MOWICHHO HHTEerpupya (1.45).

1lone3sH0 OTMOTUTH, YTO BRIpaMKeHUE AJIA N0 COBIAfIaeT € —%r41
n 4To K HeMy Tax:e npuMeruMa ¢opmyna (1.47). Caemyer 3a-
METHTh, 9T0 IJIABHBIH 9JICH B Tf)h"'l) oGpammaercss B HYynb, TaK Kak

yakqusa I'(k —r-+ 1), HaXogamasca B 3HaMeHaTede, o0pamaerca B
eCKOHETHOCTh.

5. llepBoe ocnoBnoe TOAecTBO. Terneph HeTPYAHO BBIBeCTH HAINe
IlepBOe OCHOBHOE TO:KAecTBO. C 3TOil 1eabi0 CHOBA PacCMOTPUM Xapak-
TEPUCTUYECKMA KOHOMJ ¢ BepmimHOX B Touxe M°. 3TOT KOHOUA Iepe-
CEeKaeTes ¢ THIEPILIOCKOCTEIO ¢ = 0 Mo MHoroo6pasmio, KOTopoe ABIsAET~
ca rparuneit oGnactu Dy

. g0 0
0T ( 2y 20 vuey Topyps @0 23 ey gy £0) =T (005 MO, 1)

(1.53)
B HAIDCM NpOCTpAaHCTBe Raryr. YpamuMm Ttouky z9, 23, ..., zgh+1 us
o6nacti Dy BMeCTe ¢ MAJIEIM 2ILIHIICONAOM

2k 41 2hF1 )
0 —= 0, g Q . — I% )=
H = 2 21 HiJ (x‘l It) (xJ xg) € (1.54)
i=1 j=

a ocraBmyrocs o0aacTs 06o3HAUAM D;. B D; YHKNIH O NMeIOT He-
IpepLIBHEIE ITPOM3BOJHLIE U YHOBIETBOPAIOT CHCTEME (1.32)., Taxum
obpasoM, cpapmmBaa (1.29) m (1.31), Mur Oymem mmets B D, TOM-

decTBO
k

0h—jLu « 2h+1 0UT
2 ij — uONO = 2 9z, (1.55)

j=1 r=
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Temeps, 9700k BEIBECTH HAMYy NEPBYI0 OCHOBHYIO (opMyrny, He-
00X0fMMoO TpPOMHTETpMpoBaTh ToxAecTBo (1.55) mo obmacrm D n
npeoGpasdeBarh MPaBYIO WACTh X METEIpaly [0 IpaHMeE Do' Mst mo-
lean

"Ly «
SS 2 i ik—d th+1_j\§“oNod32h+1E
D,

R R
ty

= EUrCOS"”rdSzhH— 5 lUrcosnzrdS2h+l, (1.58)
r=

T=p =1 =

™Me cos ni, — HATPABIANINNEe KOCWMHYCHI BHYTPEHHE HOpPMalu B
€BRINJOBOM CMEICHE, a Uepes dSsey, 0003HAUEH aIeMEHT IMIepIoBepX-
HOCTH B Royyy TaXiKe B eBRIMOBOM CMEBICIE,

Teneps ocTaercA mTepeiiTn x mpefeny npu e— 0. C aToll IENBIO
cAelaeM B3aMeHY IepeMeHHEIX Zj, Iz, ... Zoptl, BBEJA KOOPAMHATAL
Yly Y2 v Yoky) TAK, TTOOBL NMONOIMUTENBLHO oIpemesieHHaA Qopma HO
npeBpaTwiIach B CyMMY KBaApaToB

2h+1
H = 3 4. (1.57)
=1

Ouesngro, 9T0 KOAQEOUUEHTH O;; YAOBIETBOPAIOT YPaBHEHUIO

2k+1 2k+1 0, l+k
2 HC. 0,00, =& E[, ! (1.58)
k3l 113 — -
=1 j=1 v 1, 1=k
BeemeM Tare KoddpdaummeRTH ofpaTHoro mpeoGpasoBaHMA
ah+1
yi= 2 Bu(z—23) (1.59)
i=1
KOTOpLIe CBABANEL C o;; POpMYymIoit
2h+1
D B =8y, (1.60)
i=1
TpaHECIOENpOBaHHOE 00paTHOE Ipeolpa3oBaHme
2R+1
2 B;:S; (1.61)

cBoanaT gopmy A°(P;) K cymMe (2k+1)-ro kBagpata. 4Yrobut aTo
ROKa3aTh, LONE3N0 TPUMEHNTh HEKOTODHIE ONPEACNeHAA M3 TeopHU

sarpun. IIyers o = |los;/ Marpuna u o TpaECHORMpOBAHHAS MATpHIa,
T, e. a3 == o.j;. Torpa, ecan § equENIRAA MaTpuma, To yciosne (1.58)
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MokeT 6BITL samucaHo B Bume oH% == 6§, oTRyza, ofpamas, mony1taeM
BA°R = § u oxoHTaTENBLHO

2k+1 2k+1

2 Zl A 661511]—5312’ (1'6?‘)

i=1 j=1

qTO JOKa3bIBaeT Halde yTBEp:HAcHUe.
CJIeI[yeT OTMETHUTH, 4TO onpe):emmem, NnHeitHO MOACTAHOBKN O}

BRITIANUT Tak: |oti;| = YAY. D10 BEITexaer m3 popMmymsr (1.58).

[na manpHeHINEro mMONe3HO OMEHWUTH BeNWUWHY ¢°s, T. e. Beludd-~
Hy Q B KoopAwmBaTax yi. Jud dTOTO [JOCTATOUHO 3aMeTHTh, UTO HA
HammeM XapaKTepUCTUIECKOM KoHONJe

2h+1 2R+1
ZJ 21 A”P P.?’

i=1 j=1

2h+1
TAK KaKk OH mpeoGpaayeTcd B Q2= 2 S$2. C mpyrolt cTOpoHEHI, He-
i=1

peMcHHLIe §; CBASAHLI ¢ y; dopMylaMu
o
_ N
yi =S+ 2 Yu(Sy)
n=a

OTKYZa clegyer, 9To

2h+1 o
*= 3 vi+ 2 R, (v) (1.63)
i=1 n=3
2R-+1
06o3Hauasa pP= 2 y%, MHl BUANM, 9TO BenwuuHa ¢% TOrO
i=1

e TMOPAJKa, 4To U p.
M *
Us mamelt omeHxn BenmiME N 7 0 CIefyeT, UTO HETETDAIH
o '3 ’
B npaBoil wactu (1.56) paBHOMCpHO cxofATcs Bo Beelt o6mactn D) &
9T0 IfpaBad 1acCTh MMeeT OLpcAeleHHLId mpegen upu € — 0. Ato cTaHO~
BUTCA OUEBWAHLIM, eCIIH, HalpWUMep, MBI BBEJCM «HOINfApHble KOOpPAU-
HAThI) ¢ MOMOIBI0 POPMYI
=pcosB,,

yz— psmO cosB

(
i
! e e e e (1.84)
l yzh——psme sme ...51n62h_1 cos @,

Yopyy = P 8INO, smG «s 8in By, 'sin @,
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M= GynieM uMeTs

in. D Ty o Tapin) DUy ¥y - Yorpt) oo
AL D (Y3, Uge ooy Ugprg) D(Pr Ogr oers Ogpgr §)°F Ve -00=

=V A0tk sin—1g, sinh=28, .. sin0,, ,dp db, ...d8,, ,do.
(1.65)

YanTeBaA, 49T0 A6CONIOTHEHe 3HAYEHMS BeIMIMHLL N;‘ (0) 7 Benu-
UHH O; He NPeBOCXORAT Ap~2log p, Ml 3axm0uaeM, 9To OHM MHTe-
TPUPYeMbl HA Ranyj, 9TO U TPe6GOBANOCH OKAZATD.

Teneps 3aMeHuM IepeMeHHBlE ), X3, ..., Zahp; B TpaBoit 9acTH
(1.56) mepeMeHHEIME yi, ¥, ..., Yory1. SAMETHM, 4TO BEIpa:KeHNe

Rk
3
5 2!1 Ur cos n"zrdxs2h+1
r=

mpeoGpazyercsa B

R
5 D Vcosnyd Sy,

=1

rae V, cBazansl ¢ U, dopmyramn

— 2k+1
v,=Va 3,0, (1.66)

r=1

Jna noxasaTedbcTBa HYKHO 3aMeHUTH COS NZydxSany) BelmauHOR
dzldzz voo d12h+1
iz U CHeNnaTh 3aMeHYy TMepeMeHHbIX.
r
B kooppumarax y; ammunconn (1.54) mpesparutes B cdepy, cos ny;
Yi
CTAHYT PaBHEIMU —, & dySony 06paTuTCA B

th siu"“lel Silth—Zez ... 8in egh_ldeldez o ey degh_ld(p.

MOXHO TOKA3aTh, 4TO WIeH IOPANKA €-2% B KAMIOM BLIpaKe-
Ayn U, BOJHIKACT B PC3YALTATC NHTEIPUPOBAHIT IO acTAM HYHKINK
%
akD((;’)uo——uon)") 0,. Toumce TOBOpSH, 9TOT WICH NPOMCXONHT U3
2k+1 96 1

R

2: 0o " _
quij Pz, Ecinm Mpl y9reM Junib CJaraemMoe V_-Gozh_l B On,

=1 J A

TO CMOXeM 3aMeHUTb 3TO BRIpaKeHue Ha

2h+1
~(2k—1) .
~5 b "QT Agi%
A S

Yo
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2h+1
I Ha V_ 2k —1)u, (g%s)2h—1 2‘ AY;P;, u, naxomen,
i=1
2k — 1) u s 2h~1 , by
U~ VF (xs—xs)—}-o(s ). (1.87)

C moMOnIbI0 IPOCTOTO BLIYHMCICHHA MLI MOMKCM HAWTH, 4TO
2h+1

lim .S\ D Ugcosnzd,S,, . =
€20 0,2 =1

2h+1
2

T
EEY W( By gy ©)e 069

=2 (2k—1
2

nle+1)/2
OGosnavast nocrosHuyio 2 (2k — 1) (2k——|—1) uepe3d %, MBI IOJNYIUM

u3 (1.56) oCHOBHOC TOMKJCCTBO
1 2kh+1
. 240 L0
v 2 U, (M; M°, ©°) cos nzyd, Syt y +
w(M; MO, 10)—p *=1

u(Mo, t°)=~

1
+% f 5 w (M, 1) Ny (#; M, £°) dRyy | —

o<t(M; M, 10) —¢

! S h—j .
T “‘ Z o; (g M0, ) LR UL D g, L (169)
0<t(pM; M0 10) ¢ =1 oth—i

rfie M — ToUKa C KOODAWHATAMU Zy, Ty, ..., Tout1, & MO — TouKa ¢ Ko-

oprumaramu z3, =3, ..., z35 41" OTO HUHATETpalbHOE TOMNJIECTBO €CTh
OCHOBa HalleTo MCTOMA.

6. MeToy mociegoBaTe]BHBIX NpUOMH:KeHMII O BTOpasA OCHOBHAA
thopmyna. IIpeoGpasyem dopmyny (1.69), mogcraBuM B IpaBylo wacTh
(1.69) smaucHUe u, B3sATOC U3 JNeBOH wacTi. Mbr momywnM

o o 1 2h+1 o o
u (M ,t)E—‘;“ E U, (M; M°, ¢°) cos nz,d,S,, ., —
o(M; MO, 10)=p =1
13 h—3
1 o .on 0" Lu(M; 1)
- E O"(M;M’t)w—j_dth+1+

0<7(a; 10,10 =4 =1
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+3¢1‘ “‘ Ny (M; M°, %) x

0<t(M; MO, 0)=¢

1 ah+1
X [—— v S Z U, (MD; M, t) cos na{Vds(y, | +
w(M();M,1)=p *T1
1
+ = Ny (M5 M, 2) u (MO, V) dRYP, | —

0<t(M(L); M, 1) =«(1)
' R
- j‘j‘ ch(M(l); M, t) X
0<t(M(D; M, ) =¢(1) =1

AP iru (M(I), t(l))

- 1
X ar(Dh=i dRGD, |

Ry, (1.70)

Ceornonienue (1.70) ecTp uTepupoBaHHAA OCHOBHas (opmyna.
IloBTOpAsT 3TY NpPOUEAYPY, T. €. MOACTABIAA B IOCHCLHU ITHTEIpat B
(1.70) smawennme u (MM, t()), paaroe us (1.69), MBI mORYUUM FBaKILI
UTepHpOBAHHYI0 HOPMYIY M T. [,

Jloxa)keM Temepb, 4TO IpaBble 9acTH UTEPUPOBAHHLIX (opMYyl
CXOfIATCA K HeKOTOPOMY mpefely, eCIH UMCIO HTepandil HeorpaHH-
9eHHO pacTer. B pesynbTaTe moNydmM Hallle BTOPOe OCHOBHOC TOM-
RectBo. JIJIA 2TOr0 OCTAaTOYHO JNML Ji0Ka3aTh, 9T0 WIEH, CofepKalmuit
caMy QYHKIOMIO u B DpaBoOil IacTH 7 pa3 MTepPHPOBaHHOH GOpMyJIsl

1
0 ,0 * (g 2r0 40

o<t(m; MO,10)=1

X Ny (MD; M, 1)
o<t(M1); M, £)=1(1)

X Ny (M@ g, (@)
0<t(M(2); M(1)$(1))=¢(2)
se N;‘ (M(n); M(n—l)’*t(n—l)) %

o< T{(M(M; M(n—1) 1(n—1))=gn)
Xu(M™, ¢™) grMW, dRGTD .. AR, Ry, (1TY)

crpemMurcea x mymo, CHadaja zaMernM, 970 Beamauasr U, (MP, %) cBa-
3aHEI CleyIOMNM peKyppeHTHBIM COOTHOIIeHMEM:

1
U, (M°, 1%) =~ “‘ Ny (5 M0, ) U, (M, 1ty dRy, .

0<t(M; MO, 10) =t
(1.72)
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Oyernusa U, oduesupmo, orpamnueHa, [U;| << M. Ecam Mu BBefeM
HOJIsIpHBLE KOOD/|LHATEL

X =pcos 0,

Xy = psin 0, cos Oy,
T Y )

Xor = psin 0;sin B ... sin Oss—; cos @,

X2h+l =P sin Gl sin 62 ...sin e2k—1 sin @,
TO CMOKEM 3alucaTh

dR2h+l ESS p?h sin 2h—1@1 sin”“262 ... sin egh_ldp d61 e degh—xdq). (1.74)

* 0
Us dopmynrr (1.47) caepyer, aro semmmura N, (M; M°, 1°) me mpe-
pocxogur MQ~%-¢ rpe M ecTh KOHCTaHTA, a o, — JI06AfA IOJIOKHTeIh-

Haa nocrosHHaA. C apyron cropouul, u3 (1.18) ciaepyer, ato Q <C Ap.
Qopmyaa (1.72) HaMm Jaert

1 n :rr,)g‘ 0(01.03. . .egh—l.fp,to)
|, (a2°, t°)|<7€‘s j j j S MAp=*|U,_|dp1X
00 00 0
X do (sin®*~10,d0, ...} d0,, _,. (1.75)

3aMeTuM Temepb, 9TO A QUKCHPOBAHHLIX 0y, 0 ..., ¢ ¢yHKIOUA

p,:t"—r 3aBUCUT JNIMbh OT P U YAOBIETBOpAET HEpPaBEHCTBY
ap

1
ap

onn<Lpmn < Lg. 3aMcHAA P DepeMeHHO O;, MLl HOXYINM

o moam (¢

0 0 1 ) -a
IU,L(M,t)lgzj‘...jl SMALlelUn_llpl dp, ... d8,.

0 00 \0
(1.76)

Hanee upepmono:kuM, uto U, yA0BICTBOpPAET HEPABEHCTBY

| Un_y (M0, 19)| << En=110n=D 0= T ((n — 1) (1 — &) + 1),
I JOoKasKeM, 4To Aaa U, cnpaBejInBo HepaBeHCTBO

| Un (M2, )| < E™0n0=0)T (n(1 — &) + 1).

TlockoaBKY OTO YCI0BUE BLIONHeHO miaA Up Mpl CMOMKEM 3aKiO-
9UTh, 9TO OHO BRIIIONHCHO [AifA BceX QyHKmui Up, N, Cle0BaTe/bHO,
OHH PaBHOMEpHO CTPEMATCA K HYJIIO,
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C aroif meano Mel nopcraBmMm B (1.75) mpepmonaraeMyio ONEHKY
A Up—y. MBI monyanmm

0

-

g‘n—lc n
0 ,0 0 __ (n—1)(1—0) 40 __
Un(M,t)<r((n_1)(1—a)+1)5(‘ py)" Py dpy =
0

tOn(l—a)
(n—1)(1—o) 1)

_ &Moo (n— )1 —a) T (1 — @)
F(r—DH(l—ea)+ T (n—H (1 —a)+2—a)

u, moyjaraag & = CT'(1 — o), mpugeM K HCKOMOMY HepaBeHCTBY.

Ilepexofii K Tpefielly B HTePHPOBAHHOM TOK[ECTBE, MBI IMPUXOEM
K Hameid BTopoil ocHOBHOH dopMyJe, KOTOpas 3aNMUCHIBACTCS B BHUJIe
pama

=;a="—1cF B(l(n—1D)(l—oa)+1,1—a)=

u (M %)= > J, (1.77)
n=9
THC
1 2R41
. 0 ,0
To=—% f 2 U, (M; M°, 1°) cos nz dSy, o —
(M, M0,10)=g 51
R
1 a0 40y 0P TSLu (M, B
-1 o, (M; M°, 2°) Th-a—dRWd, (1.78)
0<T(M; MO, 10) = *=1
1
Jp= — jf Ny (M; M, %) T,y (M, 8) dRy, . (1.79)

0<T(M; M, 1%)=¢

7. Heprriii aaroputm pemenus. CKasamHoe BBHIMC IO3BOJNT TMaM
TOCTPONTHL AJTOPUTM MM HaXOMKOCHNS pemleHUsa aafaun Homu pgus
ypaBEeRus (1.1) B ODPCAUNONOMKEHWT, UTO TAKOE pPelIeHHE CYIIeCTBYET
¥ MMcCeT OTpaMHUYCHNLIC Npon3BogHble Mo mopaaxa (k -+ 1). eiictsu-
TeIbHO, B psARe (1.77) Temeph maBeCcTHLI Bce wieHBI, TaK Kak U, 3aBu-
CHT JWINb OT 3HAWeHMH NPON3BOAHBIX (YHKIWE u HAa IOBEPXHOCTH
t = 0. Ho, xax M3BecTHO, OTM WPOM3BO[HEIE MOTYT GEITH BLITMCIEHDI
¢ nomompio panusix Homw (1.2). 3mauenua dymxuun Lu u ce mpous-
BOJIHLIX TaK#e MOIyT ObIThL IOJYUEHLI H3 ypaBHEHUSA.

3aMeTuM, WTO CXOAUMOCTh pafa (1.77) MoxkeT OwIThL ycTaHOBieHA
HCMe[UIeHHO ¢ TOMOI[LI0 OIEHOK, TOJHOCTHIO aHAJOTHYHBIX TEM, KO-
TOpLIE MBI IpOfeNasn BbImie. Mbl moayanm

[7n| < &n020-a) T (n(1 — &) 4 1).

Temeph HaM OCTaeTcA MOKAa3arTh CYNIeCTBOBAHNE peMMeHUA. 9TOT BO-
TPOC ¢CTh TeMA CIeMyIOn(NX IIaB.
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2. @ysknuonaxpHoe mpocrpanerso

1. OcHoBHoe (YHKIMOHAIBHOE WPOCTPANCTBO. [l1s faIbHEMIDETO
04eHb BayKHO PaccMOTpeHMe (PYHKIMOHAIBHOTO IPOCTPAHCTBA, KOTOPOE
Mol 0GozHauuM (. DieMEHTHl HTOr0 IPOCTPAHCTBA CYTh (PYHKUUT ¢,
3aBHCAmMUE OT 2k -+ 2 HE3aBHCUMBIX TEPEMEHHBIX T, T2, ..., Zokily I
HeIpcpbIBHBEIE BMCCTE ¢ HEKOTOPBIMII CBONMH IIPOI3BOFHBIMH. Haskmoit
TaKoll QYHKITM ¢ JOMKHA OTBEYaTh HEKOTOpas OrpaHMIcHHAA 00-
dacte Ve, BHe KOTOPOi aTa QyHRIUA ofpamiaeTcd B HYyIb. MHOMKeCTBO
QyHKIUE HaOIero MPOCTPAHCTBA, KOTOpHle HMEIOT HeIpepbIBHEIE IIPO-
HM3BOJIHBIE JI0 MOPAZKA §, 06Pa3y0T MOANPOCTPaHCTBO Dy,

OmpefienuM IOHATHe CXOZUMOCTN A (QYHEKINUE Hanrero Ipo-
cTpaHcTBa, CHAMKEM, 4TO MOCIEOBATENHHOCTD ¢n (PYHKIHII cXORHTCA
¢0 cTemenbI0 s B O K GYHKIAN @, ecau

1) cymecTsyer orpamHueHHAs 061aCTh Vo, cOmepiRaman BHYTPH
cela BCe V%;

2) ¢yEENHNE @, CO CBONMH TPOM3BOJHBIMM [0 IIOPAAKA § DPaBHO-
MEPHO CXONATCA K (DYHKINH ¢ H COOTBETCTBYIOIIHM €€ IIPOU3BOJHBIM,
9Ty CXOAUMOCTL MBI 0GO3HATUM TAK:

S
Pp=> Q. 2.9

T
OueBupao, 4to coorHomieRMe (2.1) Bmewer @, => @ IIA KAWKJIOTO
r<s.
BBeieM momEATHe JanHeitHOro ¢yHKIoHama Ha @. Ilycrs
(p « @) —uHcm0, KoTOpOe mONydYaeTcA B pe3yabTaTe NpHMCHEHUA
dyraxnuonana p k QyEKIuA ¢. OYHEKIMOHAN (0 HA3BIBAETCA THHEHHEIM

KIacca §, eclI OH ONpefeNeH MnaA Kawmoll ¢pymxnmum ns d, m ymo-
B.IETBOPAET YCIOBHAM:

(p - a1+ bg2) =a(p - @) + b(p - ¢, (2.2)

(0~ ®) > (0-@), ecam ¢, = o 2.3)

MuoskecTBo DYHKIIOHANOB Kiacca s OymeT oGo3mauarnes depesd Z,.
OueBnjHO, MOMKHO ONpENIeNATH CYMMY ABYX (DYHKI[HOHAJOB H IPON3-
BefleHHe (YHKIMOHATA H KOHCTAHTH, BBefeM NoHsATIe npefena Io-
CJACAOBATCILHOCTH (YHKIMOHAIOB (ciabad cxomuMocTh). MHE cKasmieM,
9T0 IOCHIE/0BATENLHOCTE 'Pn CXORUTICA B Z, K (PYHKIUOHALY P, eclIn

(pa®p) = (p - @) mas Besaxoit ¢ n3 @,. dra cxomuMocTs GyfleT o0Go3HA-
TaThCA TaK:

38

pn—)'p'

Jamec paccMOTpHM duHefiHple ONepal{dil B HalleM IPOCTPAHCTBE.

Ilyers Lo — dpyEruysa, noiaydeHnasds IpHMeHeHMeM omepanmn L
kK ¢ymknun ¢. Onepamusa Lo B @ HasslBaercA JHHEIHOHE, cclnm oHA
1) apgpuruBna u 2) HempeprIBHA:

L{apr + bgz) = alegp, + bLg,, (2.4)
8 8,
Lo, = Lg, ecnn @, = q, (2.5)

19 ¢, 11, CoGones
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T. ©. €CIH 3Ta ONIepalHA COMOCTABIACT HEKOTOPOMY MHOKECTBY @,
nogMHOKecTBo (g ¢ coxpaHleHHeM CcxofiMmocTi. HempeprisHocTs
1

3TOi omepauun oIpejexsercHd, TaknM o6pasom, QyHKuuel s)(sq), Ko-
TOpasA CONOCTaBIACT YWCIY 5z HEKOTOpOe Apyroe YHCcXo s;. Ilpexmo-
JaraeTcs, 4ra ata (QYHKIHA, KOTOPYI0O Mbl Ha3oBeM @Gynkryuell He-
npepu8nocTU, ONpefeseHa IO Kpaldmeil Mepe AiA OXHOTO 3HAYCHUA Sz

Ilopo6aeiM 00pasoM MOKHO 3afaTh JUMHCUHLIC OIepamiil B IIPo-
cTpaHCTBe QYHKIMOHA0B. JIuHefinag omepanua ecTh ONCPAI(sa, KOTO-
pas cOMOCTaBIACT KUKAOMY DYHKIHOHATIY N3 Zs2 HeKOTOPLIH DynK-

IEoHAN W3 Kracca Z,; W ABIAGTCH afJUTHBHON W HelmpephLIBHOM:
1

L(api + bpz) = aLp; + bLp,, (2.8)
8] 52
Lp, -~ Lp, ecan @, ->p, (2.7)

XapaKkTep HenpepLIBEOCTH STHX Omepamuil TaKie 3afaercs COOTBeT-
CTBHEM MEHAY ABYMSA HUCHAMU s; U Sy

2. Hexoropnle Basube npuMepnl GyHRumonaxos. TeopeMa o mpH-
6rmwKennn (pynxkumonanos, Cpenu aumeiinblx QYHKINOHAIOB HEKOTO-
puie UMeOT coBceM mpocTyio ¢opMmy. OHH MOTyT OLITH 3amiICaMbI
B BIJC

00 = | { [ o0 000 aRys, 2.8)

rie p(M) ecth QyEKuA TOUKH M, cCyMMIpyeMas CO BCCMII CBOIIMII
TNPOM3BOAHLIME JO MODPAMKA § Ha KasKJAOH OrPaHMYEHHOH HacTH IIpo-
cTpancTBa. Takue PYHKIMOHAJH MbI Ha3oBeM (YHKIHONAJIaMH CTe-
menu s. CpoficTBa Tanux (YHKIIMOAAIOB MMEIOT BajKHOe 3Iayenue B
HajbpHeillieM, TOCKOJALKY BCCTAA MOKHO IOCTPOUTH IOCICHOBATENL-
HOCTh (YHKIIHMOHAJOB NPOM3BONLHOM CTeNeHM, KOTOpad CXONUTCA K
ao6omy dynxipionanxy p us Zs.

2
IToctpouM Takyio mociefoBaTenwsnocth, IlycTn mﬁ" (Ml) — QyHr-
nH s, 3agannad gopMyIaMI

ol (") = 0,
2h+1
cenn r (1, ) =1/ D) (D — )2 4 (0 — )2z,
i=1

»2( ML, M2)
1 2l np2)_m2
mﬂ’li (Ml) e’ (ar', M%) —n

=X ¥

ecan
r(M, M) <, 29)

a Konctanta K onpefenderca Kak
K= | | oudRip (2.10)
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Ilo sagannomy pyrruuonany p mocrpouM hynkuuo py(M) mo Popmyne
py (M) = (p-0}l). (2.11)

JoxraxeM, uro npn GecKomeuHo MajxoM 1) (YHKIHOHAIK Dy CXOAATCH
K pysrumonary p B Z,. B caMoM fexe, naxoguM

o @)= { [0 e,0n Ry, (2.42)

Xopomo W3BeCTHO, UTO HTOT WHTETPAd MOKeT ObITh 3aMeHeH CYMMOi

(§ foane,onary,,= 3 0 @) ey @) AVit+e=
i=1

n
$;
= X o) (pol?) a7+,
i=1
I'flie ¢ GecoHeuHO Majasa Beluduga, Korpga Maiaul AV;. Taknm oGpasoM,

({{eane,onary, o ( S o) ol Avi) +e.
i=1

Hepexops k mpepeny mpn AV; cTpeMAmuxcs K HYJ0 I 3aMedas, 4ro
cymMma g o) (Ei) mgf i)AVi PaBHOMEPHO CTPEMHUTCA K TIpefelbHOR
(bymmnnml

Py (M) = S. S. j. ? ) mglgi)dERsz
BMECTC ¢ MPOM3BOJHKIMA JI0 TODAAKA S, MBI IOXyYaeM

Gon - @) = (p - Pn). (2.13)

Eme pa3 mepexofs K Opeflely W YYUTHIBAH, UTO Py CTPEMUTCA K ¢

pPaBHOMePHO ¢ IPOH3BONHKIMHA JIO TIOPANKA S, MHI BHJAHEM, 410 {Dy * §) —
8

= {(p-9), T e Py > P. OYAKIUOHAILI Prn, O4EBUAHO, UMEIOT OeCKo-

neyHyio cremeHs. Cle/joBaTesbHO, Halla TeopeMa JioKasana.

3. HeroropHe BajkHBIe TpuMepHl JnHelnnx onepanmnit. Compsa-
MeHHble omepanuu. J{afHM meCKOJbKO IPHMEpOB JHHEHHRIX ollepaiuit
B mpocrpanctee gymkmuit. Hamboree mpocras ecTb ONepaidsa yMIIO-
JHeAUA Aa faHHEY0 GyARIMO O (M)

Lo = 0. (2.14)
Jlerko momATh, KakoBsa ee QYHRUUA HelpepLiBHOCTH. Ecnu ynKipusa
’ . ’
UMeer HelpepHIBAbie IPOA3BONELIE K0 NOPARKAS,, TO s;=min (s‘,, 52)'
Paccmorpum tarxe onepanuio guddepenuuporanus, Mu uMmeeM

a
Lo= 3z, @. (2.15)

QyaKnng HeOPePHIBEOCTH B 2T0M CAyd9ae ecTh s; == s;— 1. Ilpm mo-
19%
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MOIMU CJIOKEHIIA ¥ YMHOMEHNA U3 3THX omepanmit moiyuaiorca oObIK-
nosBernHsie piuddepennuansnnie oldepal(n¥, NpeAcTABAAIMAE A HAC
cuelHaJbHBIA ATEpec.

Mos®kHO TTOCTPONTEL TPUMEPR! JUHEXHBIX oNepaluil B MPOCTPaHCTBE
dynrmuonaios, Icuoib3ys moHATHe coupsxenmofl omepamnuu. Pac-
CMOTPUM TIPOU3BecHUC

(p - Lep). (2.16)
Jlerko BufieTh, UTO 3To TIPOU3BeleHMe 3ABUCUT OT ¢ JAMHedtHo, T. 6.
(p - L(ag: + b¢2)) =sa(p “Le) +b(p - Loz) ® (p - Lgn) — (p ¢ Lo),
2
ectn pe Z“l a ¢, =>¢. CremoBaTelbHo, 5TO MPOU3BEHECHUE MOMKET
OBITH 3ANIMCAHO KaK

(x - %), (2.17)

rfie % ecth QymxuyuonHan. MYHKIMONAL ¥ 3aBUCHT OT p TaKiKe JUHei-
Ho. AAUTUBHOCTH OUGBH/HNA, TAK Kak

a(p1 - L) + b(pz2- Lg) = (ap; + bp: - L9). (2.18)

HenpepsiBHOCTS ceflyeT W3 Toro, uto {pn + L@) — (p - Le), ecan
8

1
(0= ¢’32 ap, >, (2.19)

a 1odToMy (YHKIUA HempepPHIBHOCTH ABIfercs obpaTHolt K QyHRuuK
s1 =(s2) (Toumee, KakmOMY B3HAUCHUIO s, OTBeUaeT HAUGOJABIICE
BO3MOKHOe YuCNo §3). Wrak, ¥ = L*p. Omepanua L*p maseiBaeTcA
conpsaHeHHOI K onepaiuu L.

Jlaa dynKuuoHANOB CHENMANBHOTO BHAA, KOTOPHIE MBI PacCMaTPH-
Bajgd B M. 2, MOMKHO ECTECTBENHHIM 00pasoM oNpefeNdTh olepalni

YMHOMennsA Ha NPOU3BOALAYI0 (YyHKHUIW o 4 xuddepeHnupoBaHUA,
Ecan

(p-¢)=SSj‘p-¢ ARy o) (2.20)
MbI IoJaraem
i _ ap
(Ze-o)= [ 2 qanypu (2.21)
(0p-@) = Y 5 j 0p@ dR,, . (2.22)

Mosnzo nposeputs dopMmyry

(o-flg) e

Kotopast ciegyer u3 (2.21) mocie mETerpupoBanns mo uactaM. G apy-
roit cropounl,

(0p - @) = (p- 0p). (2.24)

W3 sToro 3aMeuaHHUA o CONPAKEHHBIX OIePAalUAX CIeiyeT, I70 OLg~
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7]
pamid 5— ® © Moryr OBITH pacmpocTpaHens! Ma QyHEKIHOHANLI 00mero

Buga. OueBupgHO, HY/KHO paccMOTperh mpasble uacté (2.23) m (2.24)
Kak ompefenc¢HUA JeBhIX YacTeil.

7]
Onepauuma—z npuMennMa K x06oMy dyHKUonaty W ee QyRAKnuA

HeTPePLIBHOCTH PABHA Sy == sy -+ 1. OTlepanusa yMHOMEHUA Ha o, KOTrJa
dynuuua @ uMeeT MelPepLIBHbIE NMPOU3BORHLIE N0 TTOPSAKA s’, ompe-
AcseHa Mis Bcex QYHKRIMOHANOB 10 KiIacca s’; ee YHRI[UA HeEpepHIB-
HOCTH ecTh sy = s;. Oumcammoe pacnpocrpaHenue omepainuii efuan-
CTBeNHO, TOCKOJBKY MHOMKECTBO, HA KOTOPOM ONpeelicHHe UMeeT
CMEIC), BCIONY NJoTHO. MCnodn3ysa chelanHble 3aMevyaHNs, MOMKHO
Talke omnpefiendtrh J0Oble Auddepennmanbable oNlepaidd Ha TPO-
crpancrBe QYHKIXOAANOB.
Ocobernno unrepecno Oyger OTHBICKATH pellleHHe ypaBHEHNS

Lu=op (2.25)

TIPH ONpefleJeHABIX MavaJdbHbIX YCJIOBUAX, IpeAmojaras, 410 p ¥ u
He ¢ymkiny, a ynriuonansl. OcHoBHAA IeJb JalXbHellmrero — ycra-
HOBUTH CYmMeCTBOBAHME M €JUNCTBEHHOCTh TAKOr0 pemeHnusd.

4. 3apaua Koum pgag mpocrpaHcTBa yHKnuOHANOB. Temepn me-
peitneM k samawe Komm, Kotopas Obuta mocrasieHa B § 1. Ilycts u —
HeusBecTHas QYHKIUA, YIOBIETBOPAIOMAS yPaBHEHIIO

2h+4+12k4+1 2h+1 [')2

u
— + _;_ - = 2.2
Lu 2 2 ’Jaza ZB Cu 2 F(2.26)

=1 i=1 ot
(ypaenenite (1.1)) u mavaJdbHEIM yCIHOBHAM
ey = 4D (0 gy -+ s Tapty):

ou
at

(2.27)

PaccMoTpuM paspniBnyio GYRKumio i, KoTopasf coBmafaer ¢ QymK-

mueit ¢ upu t > 0 u oGpamaercs B HyIr npwm (<< 0. Iocrpomm
coOTBeTCTBYIOmMUN QYHKIIONAN

(x9)= S S S U dRypyy = S. S. S‘ u-@dRyy Ly (2.28)
t>0

Teueps BoiumenuM omuepanuio Lu pias srtoro ¢ymkiponana. ITo ompe-
Helenuio

(Lu-¢) = (u-L*) =S S j ul*q dRyp o
>0

IlpnMenas uwATerpmpoBaHiC IO YACTAM, MH TOAYUHNM

(Lu-9) XXSLU @ dRgp ., 1"5151{ li=o 57 at E)I;

dR .
1= ‘P] 2k+1
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HpunnMas po BEUMaBEWe (2.26) w (2.27), MBI HOXYy4NM

a
(Lu-¢) = ijj FodRy,.,+ j‘ j‘{u((’) - u(1>cp} ARy, .. (2.29)
>0 =0

Hockonbky omepanwm B npapofl wacrw (2.29) W3BeCTHH, MBI BHIUM,
yT0 3HaYeHue Ly paBHO HEKOTOPOMY M3BecTHOMY (YHKHWOHANLY p.
Uraxk, MbI IMeeM
Lu = p, (2.30)

‘d
(pe @)= S 551% dRy, .+ jj(u«')T‘f — umcp) dRy, .. (2.31)
t>0 t=0

CymecrBenHoe cBoficTBO Mamero (QyHKn#omajla COCTONT B TOM, 4TO
mpomssefienne (u - ¢) He 3aBHCHT OT 3Mauenmit GynKuHK @ upu £ < 0.
Ecia MEL_ycioBuMcs roBopurk, 4ro ¢ymxnmonal p ofpamaercss B
nyns B obnacrm D, ecam (p - @) He 3aBHCHT OT 3HAYEHHH ¢ B D, To

CMOsIEM c(bopmynnponau «06obmennyio safauy Homm»: natiru peuse-
HUe YpasHenus

Tne

Lu=p, pli<co=0 (2.32)

C HAUAALHBIMU yc./toeuﬂ.uu
2] i<o = 0. (2.33)

3aMeruM, 4TO €CIM TaKoe pelIenNe CYMeCTBYeT W BLIPAKaeTCH
dopmynoit (2.28) ¢ dyEKumell u, WMeomeH CYMMHpYeMble NPOW3BOA-
HLIe BTOPOTO NOPAAKA, TO QYAKNUA U YHAOBIETBOPAET YPaBHEMWIO

(2.26) m mavadsHBIM yclopdaMm (2.27). TeficyBATENBHO, B BTOM CIyYae
st 11060it GyEKIH @

a du
XXX Lug dRyy ., + Yj{“ % — 2 ‘P} dRypyy =
1=>0 t=0
= j' 5 j' FodRy,,+ j' S {u(").‘;_‘f - u(l)cp} dRyy, ..
t>0 t=0

Ho 510 cobrHOmenMe MOsker HMeTh MECTO TOJIBKO B CIyUae, eciu
(2.26) u (227) BHIMOAHAIOTCH, 4T0 ¥ TPeGOBAIOCH FOKA3aTh.

3. O6obmennan 3amaua Koom

1. Hceneponante ocHOoBHOiE obparmoit omepanuu. ®opmyna (1.77)
Jaer TpeRcTaBleHNe IPOW3BOJALHON (yHKUNN, HMeIOImeH MelpephiB-
Hble TPON3BONHLIE A0 NOpAfAKa k- 1 no samannbiM 3mauenusMm Lu

. du

opu ¢ > 0 W mayaAbHeIM 3AaYeHNAM QYHKOHE U H IPOH3BOXHOIR FTN

mpu ¢ = 0. YcranosuM HeKoTopble CBOMCTBA, KACAIOMMECS OMEPAUN
B mpapoit gactu aTofl hopmyxarl, MuI AORakeM CleRyiollee YTBEeD:X-
fenne,
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Teopema. Ecau mu nodcrasum 6 npasyio 4uacTb Ypasrenus
(1.77) emecro Lu npouseosvnyro Gynryuio, o6aadarouyio henpepuie-
HUMU npougeodnbimu do nopadka s-+k-+1, emecro ul® — npous-
80abRYI0 PYHKYUIO, UMEOWYIO HenpePbl8uble nPoUseodnvie do nopad-

ra s+ k+1, a emecro ut) — npoussoabnyrw Gynkyur ¢ nenpepuie-
HBLMU npoussodnvimu o nopadka s+ k, 7o cymma
oo
|
D In (3.1)
n=g

okasvieaercsa gynrylell, umerowell nenpepviénple npousgoduble no-
padka s.

Jng JoxasaTeaberBa Mpl mowienmo mupopuddepenigpyeM pax
(1.77), yuurnBas dopmyamr (1.78). Jlna yupomenus BBIKIaJKU yRobmo
cBecT unrerpaisl (1.78) K mATerpasaM mo PUKCHPOBAHHBIM 06IaCTAM.
C a70i 1meNBI0 MOKHO, HAIPEMEP, BBECTH HOBBIC IEGPEMEHHEIe

t
tl = ?7 917 927 seey egk_p ?, (3.2)
rae 01, Os, ..., O—y, @ 3amanmm PopMynaMu, anadoruuHbIME HopMy-
nam (1.64):
Sx = P CO0S 91,

S2 = p sin 0; cos 6,
Si=psin0;sin 6, ... sin 0;_ cos 04 (3.3)

Son = psin 0, sin 0, ... sin Os—; cos @,
Sor+1 = p sin 0;sin B, ... sin Oy—; sin @,

a S; cyTs HOpMalXbHbIe nNepeMeHHLe JlAOomuma MiA KOOPAUAAT Y,
BBefeARNbIx dopMyraMu (1.62). M3 sTux dopMyn BUXHO, YTO mepeMeH-
BHIA O, Oy ..., Ox—j, @ 0CTAIOTCA TMOCTOARNALIME Ha Kaskpoll Guxapar-
Tepucrure. OYHRIUOHANLHBIA ONpeeduTedb, KOTOPBLA BXOJUT B HH-
rerpaisl (1.78), mocie saMeHbLI cTamOBUATCA aHaXUTHYeCKoH QyHKIUeil.
IlepeMenHLIC Z1, T2y ..., Tortl, ¢ 3AMEHAIOTCA aHANUTHYCCKUME (YHK-
OUAMU TepeMenHbLIX zg, cesy zgk+1’t0’9h veny Bon—y, @, t. 1 Jp cramer
Y 0
WATErpajJoM, KOTOPLIA 3aBUCHAT OT MAPAMETPOB zg, e.., I TOJABKO ue-

dLu

pes Gynxmum o, m w(® g M),

JOuddepeniuposanve mox 3HaKOM HHTErpaja, 0OUCBUIHO, BO3MOi-
#0. IJocKOXBKY DYHRIMUA Or—; OPEHCTABAACTCSA DPANOM, COJEPrKAIUM
OTpUNaTeNbHLIE CTEIEHH s, a TawKe logs, Koropnie npeobpasyoTca
Tmocxe Hameld 3aMembl MEPEMEeHHbIX B WIEGHL! ¢ OTPUIATENBHRIMU CTC-

nenavu 1 —1i; u log (1 —¢1), ne saBuUCAMUMY OT KOOPHUHAT zg,

AN zgk+1’ 1%, nnddepennupopanie He MeHAET MOPAKKA 6ECKOHCYHOCTH
¢yurnue or_j. Teneps BosMomHOCTH mowienHoro xuddepennuposa-
Bug psafa (1.77) Mosker OuITh [OKa3aHa mo MHAYRuuU. PaBHoMepmas
CXOMUMOCTh PAMOB U3 MNPOUSBOMILIX CIAGHYET K3 CXONHLIX OI[CHOK.
Hama Teopema gokasama.
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Bee mamm pesyasraThl cOXpaHSAIOTCH, €CIH BMECTO  — 0 MBI pac-
CMO1DUM HOBYI0 IOBCPXHOCTh, HeCYLIyI0 HdaHHble Komm, IMerountylo
TMPOCTPAHCTBCHHYIO OPHEHTAITIO, T. €. TaKYl0, KOTOpag BLICCKaeT Ha
T060M XapaKTePHCTHYECKOM KOMOH[e OTPaHHYEHHYIO 0GIACTB, COfep-
AIYI0 BEPIINHY STOTO KOHOU[A B CBOEil BHYTPEHHOCTH. PaccMoTpuM
3aflavy HaxojjeHus yHRuUM, KoTopas ofpamaercs B MyTb O BCEMH
TPOUSBOXHEIMU Ha TaKOH HOBCPXMOCTH.

Ilparas wacts (1.77) B 8TOM cniyyae 3aBHCHT TOJBKO OF dyHK-
utu Lu. OHa sBIsAeTcs aAAuTUBHON omepanuelt max Lu. O6o3maumM
91Ty omepanumo G. Hame ypapoenue (1.77) samuniercs B Buje

u = GLu. (3.4)

Onepanua G cONOCTAaBIAET KaKAOH (PYHRIUM ) U3 HAMIETO OCHOBHOTO
npocrpancTBa @,y ApyTYI0 GYHKIHIO

KOTOpasA MMeeT HempepPLIBHLIE IPOM3BONHLIE N0 MOpPALKA S, OMpeJele-
Ha ¥ OTIMYHA OT HYJA B HeOTpaHUueHHOH 061aCTH, KOTOPYIO MEI JAJb-
[ie OnpefeluM TOYHee.

2. I'mnepGonayeckoe mpocTPaHCTBO. UTO6KI YIPOCTHTH MBIO0MEHHE
Hamrero Merofa, 6ymer yHoGHO BBECTU MOBoe (JYHKI[MOHAJBHOE IIPO-
CTPAHCTRO, KOTOPOe MBI Ha3oBeM runepbolmuecKnmM u Oygem oGo3ma-
dars V. 910 mpOCTPAHCTBO CTPOUTCH CIELYIOL{HM OGPA3OM.

Mri HasoBeM o6iacTs mpaMoil rumepOOIMYecKol, eCIW ee 06TasA
4acTh ¢ M0OLIM TPAMLIM XaPAKTEPUCTUYECKEM KOMOUAOM (T. €. TAKUM,
y KOTOpOro 3HaueHHe ! B BepIIWHe MaKCHMAaJIbHO) KoHeuna, O6paTHas
runepbdonuyeckas 061acTh ecTh 06nacTs, AA KoTopoi ofmas uacThb
¢ mo6nIM -00pPATHRIM XapaKTepUCTHYeCKAM KOHOHJOM ‘KoHeuHa. Ilpa-
Moe rumepGoInIecKoc MpOCTPAHCTRO 00pPa30BaHO PYHKIUAME P, KOTO-
pule OTIMYHLI OT HYJIS Ka’Kgad B cBoell mnpaAMON rumep6oaduecKoi
obmacrd, ormeualoniedr Vy, ¥ KOTOpLIE HUMEIOT HENPePHIBHGIE TPOH3-
BOJHLIE 70 mopafKa s (s =0, 1, ...). MuokecTBO PYHKIHA TaKOroO
copra, o61ajalomuX HEOPePBIBHLIMH TPOM3BOXHLIMH [0 TOPANAKA §;
06pa3yoT nofnpocTpaHcTro .

TlonaTtue cxopmumocTw B W, aHAIOTHYHO TOMY, KOTOpO€ MKl DPac-
cMarpuBanu B r. II. Mur ckameM, 4TO mOCIef0BATENBHOCTH Pp GXO-
JUTCA K mpefenbHOn ¢ynriuu ¢ B W, eciu npousmofganie P, A0 mO-
pANKa s PAaBHOMEDHO CXOEATCA It COOTBETCTBYIOIIUM TNPOU3BONHLIM
Ha KaKHOM orpaHiyelHOR YacTd NPOCTPAHCTBA U €CITU CYMECTBYET

npaMasa runcpboxmueckas o6racTe Vy, cofepskamas BEYTpH celbs
nce Vy, .

OucpuyHO, YTO HAaIllle OCHOBHOE IPOCTPAHCTBO, PACCMOTDEHHOE B
ra. I, apnsierca uacThio rdmepboiMyecKoro mpocrpaHctTea. IlpocTpan-
cTBO (PYHKIMOHANOB, 3aJaHHLIX Ha TUNEPOOIMYECKOM NPOCTPAHCTBE,
6yner ob6o3mauatncg W. SHauenue cumpoia W, ouemupmo. flcHO, uTO
BOALRI (YyHKQUOHAT HA IUNEePGOIMYECKOM MNPOCTPAHCTBC HBIAETCH
TaKKe (PYHKIIHOHAJIOM Ha OCHOBHOM TIPOCTPAHCTBE.

Heobxonuamo 3aMeTHTh, YTO cJa6asg CXOXMMOCTHL TOCJIEHOBATE]b-
HOCTH (DYHRI[MOHANOB pn, TMPUHANIEKAMEX ofmoppeMenno W, m Zg;
pasnuyHa B DTHX JABYX mpocrpaHcreaX. IlociefoBaTesnbHOCTH, GXOAA-
masaca B W,, 049eBU{HO, CXONUTCHA H B Z,, B TO BpeMA KaK NIA TOrO,
4T06LL TOCIENOBATCILHOCTE Qn, CXORAMAACA B Zs, CXOAWIACH TaKie
¥ B W, HeoOGXOTHMO M JOGTATOUHO, ITOOHI CYIIecTBOBANX (NIPAMOIL)
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XapaKTePUCTHYeCKufl KOMOMJ, BHe KOTODOTO BCE pn OOpamaliuch GuI
B HYab. JlefiCTBUTENLHO, B TPOTUBHOM CIyyae MOMHO LOCTPOUTH
Gyrrouo P, npunagiemamyio ¥, T. e. OTIMYAYIO OT HYIA JdINb B
HeKOTOpO#t upsaMoft runepSoludeckoil o6aacTd, AJA KOTOpoil mocieno-
BAaTeIBHOCTh (Px * ) He IIMeeT HUKAKOPO mpepena.

B mamiem runepfoauwecKoM MIPOCTPAHCTBE MOMHO BBECTH JHHeli-
HEle ONEpanny, MOJIHOCTLI0 aHAlOrHuHbIe IUHEHAHNLIM OomepanmuaM B
dynpaMenTaIbHLIX mpOCTpamcTBAaX. Temeph MbI MojteM 60lIee TOTHO
oXapaKTepn3oBaTh omepamuio G.

Onepayua G ecrv aUnelinas ohepayls 6 npamom z2unepboaslye-
CKOM RpOCTpAMCT8E, HEnpepbléno npeobpasyiowas Kamdoe Muoxicecreo
Wein—1 6 HeKOTOpOE NOBMMONeECT80 npocTpancTea V.

JoxasaTeascTBo oyeBnAHO. BosBpamjaach ceiiwac k gopmyne

GLu =u, (3.8)
Myl BHIHM, YTO OHa CIpaBCAiuBa, ecau (2)
ve ¥ (s=2). 3.7)

3. Onepanns, compsuxennas K omepanum G. Ilockombky 1po-
CTPaHCTBO (PYHKONOMAJOB Ha THOepboNMIecKOM NPOCTPAHCTBE Yiie,
9eM IPOCTPAHCTBO (PYHKIUOHAJIOB Ha OCHOBHOM NPOCTPAHCTBE, Ome-
panus G* comps:xeHHas K G, onpepelena He Ha BCEM OCHOBHOM IIpo-
crpancTBe GYHKNNOHANOB, HO TOILKO Ha TeX GYHKIMOHATIAaX, KOTOPHIE
ABIAITCA Tale (PYHKIOUOHAIAMHE Ha HPAMOM rHnepfosmveckoM mpo-
crpafcrBe. Celiwac MbI YBHOUM, 4TO 3Ty ONepamuio MOKHO Ppacupo-
CTPAHNUTHL Ha MHOKECTBO HECKOJLKO Golee o6mux (GyHKHUOHAIOB.

Jaa toro wtofs1 GYyHKIMOAAL p Aa OCHOBHOM LPOCTPANCTBE OLLI
TaK;ie (QYHKIONAIOM Ha IPAMOM IUuepGOIUTIECKOM INIPOCTPANCTBE,
HeoOXOAMMO ¥ JAOCTATOYHO, YTOGK 5TOT (YHKIUONAX ORI OTIHYEH OT
HYJI TOJBKO BHYTPHM HEKOTOporo (MKCHPOBAHHOrO IPAMOrO XapakTe-
PHCTHYECKOTO KOMOWAAa. B NpOTHBHOM cilyuae MOHO HaliTd mpAMYyIo
ramepGonuveckyo obiaacth K, ofmaf wacTh KoTopo# ¢ o6aacthio,
TOe p OTJIWuYEH OT HYJlA, HeorpaHWueHa. Buimenss u3s ortolt olmeit
YaCcTH NOCJIER0BaTeIbHOCT: FEOTpaHnUYeHHo YAaJAomuxca obxacreit
Dy u ctpos paa raxpoit Dy GYHRIUIO @y TaK, YTOOH (P * @y) = 1, MEI
nonygaeM QYHKIHIO

o= Py (3.8)
v=]1

OTIMYHYI0O OT Hyna ToiabKo B K, niA KOoTOpoOil mwpousseneHme

(p- o) (3.9)

HE 1IIMeCT CMBICA.

Celiyac MbI mOKaMKCM, 9TO omcparns G* MomceT OLITH MPONOIIKENA
Ha Bce YHKIMOMAJBI, KOTOPHIe OTIMYHLI OT HYId B 06paTHOHX rumep-
Goxuueckoit obaactu (3). Jaa 3TOro JAOCTATOYHO YCTAHOBHThL, HTO
ecnd naBa (QYHKIMOHANA p; ¥ Py Pa3NUYHLl JHNIE BO BHEITHOCTH
duxcupoBantoro ofpaTHoro KoHoupa (T. €. COBHAJAIOT MIA Kaskaoi
$ynkmuy, KOTOpag OTIMYHA OT HYJIA JUNIhL BHYTPH BTOr0 KOHOMIA),
To G*p; m G*pp; MOTYyT OTIUYATLCA TaKKe JIWIIL CHAPYHY 3TOro KO-
Houpa. Temeph MOKA3aTeNLCTBO BHITeKacT U3 ompemelcHms G*. B ca-
MOM fenie, ecid QYHKROUA P OTAMIHA OT HYAA JHUOIL B QUKCHPOBAH-
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nom ofparnoM xomouge C, to coriacno (1.77) omepamus G tome ne
ofpamaercsa B HyJb JUIIL B 9T0M Konompe. CirefoBaTelbno, MLl HMEEM

(p1 - Gb) = (p2- GV), (3.10)
(G*p1 - b) = (G*p2 - ¥), (3.11)

Y710 1 TpeGomasoch HOKa3aTh.

Ianee MBI BOXUM HOBOE alCTPAKTHOE WPOCTPAHCTBO {Q, ULH 3Jje-
MeHTH cyTh QyHKOuu ©, obpamalomuecs B HYJL BHE COOTBETCTBYIO-
mero ofparmoro XapakrepuUcTHueckoro Komoupa V.. Ilycts Q, ecth
voxmpocrpancTBo Q. Mpl FOBOpUM, 9TO HOCIEHOBATENBHOCTh Wp CXO-
IUTCA K ® B Qg, €CIN B KayKHol orpaHUuYenHol yacT# eBKJINJOBA IIPO-
crpancTBa (%1, 22, ..., I) Wn CXONMUTCA K (O CO BCEMU WPOU3BONHBIMU
70 TOpAJKA s W, KpOME TOTO, CYL[ECTBYET XapaKTepUCTAIeCKUll KOHOU]
Vo, cofiepmamuit Bce Ve, BAyTpu ceba. CmocofoM, amaJoruumbiM
OpeAALIAYLIEMY; CTPOHTCA HNPOCTPaHCcTBO (YHKIHOHAJNOB Ha Qi KOTO-
poe Ml ofosmaumM Y,. IlpoctpamciBo Y, ecTh JHHeiiHOC IOAMHOKE-
C¢TBO B Z,. YcloBue cxOfuMocTH B Y, (caGoii CXOJUMOCTH) HMeCKOJL"
Ko Gonee orpamuuuressnoe, yem B Z,. Coornomenue MexRy Z, u W,
anaJOTHYHO COOTHONEHUI0 MeKIY Z, U Y,.

Teneps Jerko yCTaHOBHUTH, uTO G* ecTh JduHelilas omepanusa B Y,
KOTOpasA COIOCTABIAECT KaMIOMy IIPOCTPAHNCTBY Y, HEKOTOpoe IOf-
MHOKECTBO B Ysir—1. Mommo ycramoButs ¢(opMyry, aHaJOTHIHYIO
(3.6), KoTOpasA ABAACTCA OCHOBHLIM CBOHCTBOM omepamun G*;

L*G*p = p. (3.12)

Ouesupno, ata dopMyda HMeeT MecTo g JioGoro PyHKOuoHaNa.
4. O6parnan sagaga. Hama sagaua, COCTOAmMAA B WCCIEHOBAHNMU
ypaBHeHnuA

T. €.

Lu=op, (3.13)

npuBeia Hac K omepanuaM G w G*. Tlojesno ofmoBpeMenno pac-
CMOTDEeTh ypaBHEHHe

L*v =y (3.14)

U DOCTPOUTH AaMAJOTHYHLIM METOXOM ouepamuu G'* mw G’, 3amenun
HOBCIOAY NpsAMOil Komoupj o6paTHHIM KoHOMAOM m maoGopor. Ome-
panus G'* ompepeiena Ha ofpaTHOM TUIepGOIUIECKOM NPOCTPAHCTRE
dynxmuii Pp*, Ke 3axon HEIPEPHIBHOCTH COCTOUT B TOM, UTO OHa COIO-
* *

crasaser Muomectny W, , mogmuoectso B Wy ¢ coxpamemmeM
HenpepuiBHocTi. G Apyroit cTopoHH, ona upeofpasyetT Kapuoe NOJ-
MHOMCCTBO L, +h—1 HPOCTPAHCTRA Woix—q» cocrosmiee u3 gynknuit
©*, OTIUYHLIX OT HYJd BHYTPH COOTBETCTBYIOI[CTO NPAMOTO KOHOWAA,
B JIpyroe INOAMHOMKECTBO B £, ¢ COXpameHHeM HempepPLIBHOCTH
B cMbIcIC Q.

Ounepanma G’ ounpepenena ma QYHKOHOHAJAX, 3ajanALIX Ha OC-
HOBHOM IPOCTPANCTBE, KOTOPLIE OTJIWYHEI OT HYJA B LOPAMLIX TiIep-
Goamueckux o6macrax. Oma upeofpasyer BCAKOe MHOMKECTRO (QYHE-

» o
nuoEajoB M3 Y, =1 oQIayaomux 9TAM CBOUCTBOM, B IIOJMHOKE-
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» .
CTBO B Ys C TEéM jKe CBOUCTBOM H COXpaHsieT HENPEPHIBHOCTH B

cMuIciae Y* Jlna omepamuit G W G'* cupaBeAuMBH CIEAYIOIMAE OCHOB-
mble HOPMYIbL:

G'*L*0 = o, (3.15)
LG'p = p. (3.16)

5. IlpaBbie u JeBwe o0paTHBle FIA omepanuil L B yHROHOHANb-
HOM mpocrTpamcrBe. B upepwipymux naparpadaX Mel 00HAPYIKHIL,
yTo AyiA omepanuu L B TPOCTPAHCTBE (gynﬂuuonanon, OTIUYHBIX OT
nyns, B NPAMOIl rmmep6oandecKoll o6racTu Bcerja cyugecTByer Ipa-
Bag obparHas omepauusa G’, yHomieTBopAloOIMas ypasHeHui (3.16),
I YTO HA MHOJKECTBe HEKOTOPHIX CHeI[HAJbHEIX (YHKIMOHAJOB CY-
mecTByeT Jepag obpaTHas omepanua G*, ypomiersopsomas (3.6).
JloKasKeM CICAYOIIYI0 TeopeMy.

TeopeMa. Onepayua G, deiicreyrowan na HyrKyuwornassl, nped-
crasumsie ¢ eude (2.8) ¢ naormocTvio P, npunadiexcaweli npaAMOMY
2Uunep6oAULECKEOMY NRPOCTPANRCTEY U Asasloweiica Pyrnryuei nopadra
s+ k—1, cosnadaer c onepayueii G us npedudyueeo nyHkra, T. e.
G'p ecrv gynsyuonas, npedcrasuntiic ¢ eude (2.8), 2de naornocrd
ects Gp(M).

Jas pyskuunm p n3 Wy pacCMOTPHM BHIpAsKEHHE

GLG p. (3.17)

Honaras, uro pesynsrat G'p ecrs dpymxmua u3 Wiy () 1 memonsays
dopMyny (3.6), Mul BusaM, uTo BeamumBa (3.17) pasma G'p. C npyroi
CTOpPOMEL, pacCMaTpuBasg p Kak QyHKiuoHAX W mpuMensas (3.16), mu
3aKiouaeM, uto oHa copnagaer ¢ Gp. CiefopartelnsHo,

Gp = G'p, (3.18)

YTO M TPe6oBasoCh KOKA3aTh, . ,

Taxe MOHO JOKasarh COBIafieHWe omepamuil G* m G'* Ha Bcex
dyHRImOHANAX, KOTOpPhE MOTYT 6HITH NpeACTaBIeHn B BHAe (2.8) ¢
IIOTHOCTBIO P, KOTOpafg NpHHANIEKAT oOpaTHOMY rumepGormyecKoMy

»
npocrpamcTBy ¥y .

Temeph MoKaskeM, uTo onepamua G’ ABIAETCH JeBOH obpartHOl
K L taxkke ma Bcex HamuX (yHKimoHaJZaX. JloKa3atelbCTBO OCHOBHI-
BaeTcd Ha 3aMeuaHmu, cfenamHoM B . II. Mm noka3aiu taM, 4TO
MEOKecTB0 (PYHKIIMOHAXOB, IPEACTABAMBIX B Bujie (2.8) ¢ IIOTHOCTHIO,
nuddepernupyemoii n060e yMCIO pa3, BCIORY ILIOTHO, HeprFlo pzlc—
TpocTpamuTh 3TO 3aMeuanme Ha Ipoctpamctea W, Ys, W, u Y.
Hocxe 3Toro paccMOTpUM BeJINYHHY

G'Lp. (3.19)
3 menpepusrnocti G’ @ L BhITEKaer, 4To
G'Lp = lim G'Lpy, (3.20)

Ifie pn — QYHKIHOHAH, IPEACTABEMEIE G MoMomblo QYHKmul u3 Wa.
C ppyroit cTopoH”I,

lim G'Lpn = lim pa = p, (3.21)



300 IIpuMevdanmnsa K FOOJHEHHIO

OTRyJa OKOHYaTeJNbBHO

G'Lp = p, (3.22)
4970 U TpeGoBaIOCh JOKA3aTh,

Teneps MH MOM€M ONYCTHTH 3HaK ' B oGosHadeHNAX G m G* m
cOPMYIIPOBATE KOHEYHLIH pe3yapTat:

cyuecreyer aukeiinas onepayus G, Koropas o0dnospemenno
feageics npagoii u aeeol obparnoi das onepayuu L, onpedesennot
6 npocrpancree Y u e npocrpancree W. Cyuecrsyer Taxxice onepa-
yus G*, caysxcawas npasoti u sesoli 06parnoli dan L*.

6. CymecrBoBaliie W e UUCTBEHHOCTH AJNA 00OOHmIeHHOH 3agaum
Hommn. Teneps He cocTaBiaseT TpyAa yCTAaHOBHTH CyINecTBOBaHHe H
CIUHCTBCHHOCTD pelleHHus 3ajavd {omm B npocTpaHcTBe QYHKIMOHA-
N0B. dTa 3ajavya, NOCTABIcHHAA B I 4 § 2, 3aKnio4aeTCA B OTHLICKAHIIIE
PeuICcHIIs YPABHCHIA

Lu=p (3.23)

LpU yCNOBHH, 4TO AAHHLIH (YHKIHOHAN O I LCKOMBLIA (YHKI[IHOHAI
ROJKHBL ofpamaThecA B HyAs BHe HEKOTOPOH upsaMol rmmepGommye-
cKoit oGiacti.

CymecTBOBaHAe PelICHAA BLHITEKACT W3 CYIIECTBOBAHHA IPaBOil
ofparnoii omepanmu. B caMoM fexe, COINIACHO OLpeACIcHUIO (yHI-
IoHAI

2= Gp (3:24)

yAoBiIeTBOpsieT ypaBHeHUIO (3.23). C APYroil CTOPOHEL, HEHCTBYA OIC-
panmen G cieBa Ha ypaBHeHHe (3.23), MBI BURHUM, 9TO ypaBHeHUE
(3.24) cuemyer HeMemienHO mn3 (3.23). EQUHCTBEHHOCTE TaKiKe [0-
Ka3aHa.

7. CymecTBOBaHHe peIleHHs B KIACCHYECKOM CMEICTe. BEIIO GBI
HWHTEPEecHO Telleph OTBETHTH HAa BOIPOC O CYINECTBOBAHHH Kiaccmye-
CKOTO pemeHna 3afaud Romu. OTBeT BEITEKaeT H3 NPeALIAyLIed Teo-
peMil. Takoe pelleHHe cYINECTBYeT JHIIb B CIy4ae, KOTRA PYHKIHmO-
HAl u = Gp npeAcrtaBuM B ¢opMme (2.8) ¢ MIOTHOCTHIO, MMeOINell BTO-
phle HelpepslBHBIe NPOU3BOJHEIe. Pe3ynmprarT »TOT0 maparpada maer
TaKKe [OCTATOYHOE YCIOBHME, KOTOPOE MOKeT OBITh IOJE3HRIM B HEKO-
TOPHIX CIIeNUANBHBIX ciaydagx. C mOMOmMBI0O TeopeMH H3 1, 1 sTOrO
naparpadga Ml 3aKJII0YaeM, 4TO TAKOe pelleHme CYIecTBYeT, eCIH
¢ysrmus F — Lu WMeer HeNpepHBHbIe NIPOW3BOAHBIE [0 HOPAAKA
k+1, pysxmua u® = u|;—p HMeeT HelpepolBHEle NPON3BONHEIE [0
mopaara k + 3, a dyErua W) = %% . ofrajjaer HelpePHIBHREIMHA

=0
IPOU3BORHEIME A0 mopagka k + 2 (5).

IIPUMEYAHNA K JOIOJHEHHIO

1. B 5Tofi TAaBe BuepBe IOXPOGHO M3JaraeTcs MPHHAMJEHKAINAsA
C. JI. CoGoneny Teopus 0000meHEEIX QyHKIUi (KpaTKHil OYePK Teo-
PHU COTEP/RUTCA B ero npefmectBylomed 3aMeTke [195]). Ee ocmos-
HEle ujied I KOHCTPYKIUA BOHLTH B COBPEMEHHYI0 TeODHI0 NPAKTHYE~
cku Ges maMeHenwit. IlepeuncanM HanGojee BajKHEe M3 HAX:



NlpnMeyarnA K AOMOTHEHHIO 301

1. Ompepiesenite 06o0menBo# QyHKIIn Kak yHKHOHATA HA TIPO-
cTpaEcrpe PUARTHBIY TIa Kux Qyuruil,

2, Tlopamox cuurymxsippocTi 06o61enuoll yHKIUE — Ki1ace PyHK-
nuonaia B repmuHogorun CoGosena.

3. Pery.‘mpuaa’uuﬂ 0600menubX QYHKIuUA ¢ MOMOMBIO CBEPTLI,
BO3MOMKHOCTDH HpuOAIKReHNs GeckoHeuHO RuddepeHinpyeMuMn QymK-
UM

4. JInseitaple  AudepecHOManLHbIE ONCPARNH B  TPOCTPAHCTBC
o6o0iiennLIX (QyHROUM Kak COMpSUKEHHLIe ¢ OHCPATOPAMIL HA 1IPo-
CTPAHCTBe OCHOBHEIX (DyHKIiL.

5. Tubkoe mcmocIp30BaMIle HHBIX HeoOXOMUMLIX 7431 RaHHON 3a/a-
91l MPOCTPAHCTB OCHOBHLIX ¥ 0000IeEHEX QyHRIA. ITI UpocTpau-
CTBa BLIFCJAOTCA HIU OMHCBIBAIOTCA YCIOBUAMH Ha HOCUTCHU OOBIY-
HBIX unu 0600meHHLIX QyHKIUE. X0oTA aBTOP I He BBONUT SIBHO BTOTO
HONATHS, 10 PAKTIICCKI MOCTOSMHHO IM OLIePIIPYET.

6. Ceepremie 3apany J{OmH K peIIEHINI0 YpPaBHEHIS ¢ NMPaBOH ya-
CTB1O, 110 Ge3 HAYAJILHLIN YCIOBIM ITyTeM IIPEBPAILCHI HAYAILHLIX
FAHILIX B JeJbTO00PA3HBIE 110 BpeMceHN UCToTHNLKIL 1Tojo6HLIT mpieM
B pPasINYHBIX BAaPDAHTAX IMHPOKO IHCHONB30BAJICA BIIOCIECTBMUL,

BosuniHoBcHHEe TeopHH 0000mennmx QyRKmumiz GLLIO OATOTOB-
JICHO Pa3BHTIICM MAaTeMATUYCCKOTO aHANI3A ¥ TEOPCTHUCCKOH (Irsmim,
Wssectunie upmen Xesucaiima m J[upaxka, a B ocobemmocin paGoTul
Kupxroda 1 ARamapa cmocoGeTBoBamn ee mossacaunio, OfHaxo B pabo-
TaX NPCJIIeCTBCHHENKOB He GBLI0 NOHATHH M NOCTPOCHHU, IIOKOOHDLIX
crporin koHoTpyLumasm Cobosena.

Compemenunit Bl Tcopusn obofmennnlx (QyHKIU mprobpera B
xunre JI, Ulsapuma [328], B Koropoil Osul mocTpocH anains @Oypbe
A pacupepeneHni  (0006ueHHEBIX QYHKIIN) MEIEeHHOr0 pocta.
JI. IlBapm BK/IIOWINI B TEOpHMIO BajkHule uien Apxamapa m M. Pucca
0 (KOHCUHBIX YACT/IX» DPACXOAAINUXCS HNHTErpajoB, a Tawsme DPIf HO-
BLIX UfeH, B YACTHOCTH, JOKAJHHO BEINYKIBIC TOMOJOTHII II YACTIYHYIO
peryiaspHocTs (CM., HanpuMep, [299]).

Hopole BO3MOMKHOCTM, BOsHHKImIme B Teopum CoGomeBa — IlIBapra
B pe3yiabrare CUHTe3a pPAa3HOOODAa3HLIX Hel, HPIBeIH K OHICTPOMY
PasBUTIIO ¢¢ NpMIOKeHmH. OTMETHM HEKOTOPHIe M3 OCHOBHBIX Ha-
lpapieHnd dTuX nprmoskenmit. Manbrpamk n IpeHmpaic ¢ MOMOINBIO
Teopun uHedwX (QYHKHuE HPoRoUKmimM paspaloTKy MeTosa mpeobpa-
soBanusg Oypve o0o0mwenHmx GYHKIUE 1 IPAMEHILIN BTOT METOR JJIsT
ROKA3ATEILCTBA CYIECTBOBAHUA (QYHRaMEHTANbHBIX peuleHnd ypas-
HeHIrd ¢ YAaCTHBIMH HPOI3BOJHBIMU METOMBI TEOPHH LEdhX QYHKIUT
6bu1i wenoan3osausl M. M. Tensanmom u I. E. INunoseim [48—50]
Jifg pemeHus APYroil 1I3BCCTHOU TpoGieMit — oThIckanuus Hanbomxce
MUPOKIX KITACCOB eJHHCTBEIHOCTH I KOpPpeKTHOcTI 3afjaym Kommn
AAA clicTeM YPaBHEHMUH OBOJNIOMMOHHOr0 THHA € MOCTOSHHAIMIU KO3(-
uuuentaMu. ITH aBTOPLI pacInUpPIIOT MOHATIE 0600menHo# QyHKIuI,
BKJIIOYAA B PacCMOTPeHIIe I[eNYI0 MKANY TPOCTPAHCTE OCHOBHBIX (YHK-
mquii KaK TIafKiX, TAK U aHANWTIYECKWX. JTO HANpABIcHHE NOJ Ha-
3BaHHCM TEOpUN yibTpapacnpefeienuii pazpabaTuiBalocs fanee PymMbé
v Bepnunrom. CilefyoOIyil 5Tan B pasBUTHH DTOTO HAIPABIEHUA Ipef-
cTamrIsieT TeopusA TuUmepdyHKIWii, mocrpoenraag Carto (cM., HampiMep,
[244]).

B paMrax teopnm 0600menHBIX QYHKIUE CBOIl €CTOCTBENHBIN BUJ
npuobpesa npobmema femenus (JI. IlBapy [328]) — Bo3MOKHOCTB
mescHEA 0o0o0weHHON (YHKOMM HA TOAMHOM MWIN AHAINTHYCCKYIO
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dysrumo. Ira mpobieMa Takske cBAsaHa ¢ PemerueM AugepeHs
UMaJbHLIX M CBePTOYHLIX yPaBHeHHIl; B CBOGM HEPBOHAYANLHOM BHJE
OHa paccmarpusaich enie BoxzepoM. Pemenme aroid mpoOiaemni Gsljio
noxy4yero B paborax Xépmanmsepa, Jloscesnua n Majbrpanska. Bosnuk-
mas 3/{ech TAYGOKas TeOPHs, BHIXOMAMAA AAMeKO 32 PAMKH MCXOJHOI
3amaqd, oTpajkeHa B KHure [138].

B pesyabTarc cOeRuUHCHNS Teopuu o0oGuleHHMX QYHKILA ¢ HO-
BEIMI aHAMUTHUCCKAMH H AXTcOPAMYeCKMMHK MCTOAMI OLUl DOC TPOeI
ananus Qypre B IPOCTPANCTEE POIICHWH MPOM3BOILHON CHCTCMET i~
depeHNnAILELX yPaBHEHHH ¢ mocTosHHsIME wodHdmimentamm, Ilror
5TOT0 aHAIN3A — SKCHOHEHINANBHOS NpefcTaBicHIe pelleHuii — 3a-
Kio4aeT B cefe o0mmil MeTo[ HMccNe[0BaHWMA APYTHX 3aRad TeOPWI
TAKUX CHCTEM yPAaBHEHUI, B YaCTHOCTH, JOKAILHLIX CBONCTB PCHICHIL,
eNMHCTBCHHOCTH 3aadu Homix, paspemnMOCTH CICTEMEl € IIPABLIMHA
yacTaMil. MaioskeHEHe ODTOil Teopnnm m ec OCOOINEHII CONCPMATCA B
kEnrax B. II. TlanamonoBa [168] u Jpennpaitca [273] (cM. TaxHe 1. D).

B 30-e roxm C. JI. CoGoieB paspuBacT TCOPHIO 0600IICHHLIX (YHK-
nuii B HOBOM HampaBieHwd. Ha OCHOBe NOHATUA 0600INEHHON IIPO-
H3BOMHON OOLMHOE (YHEKIUE OH BBOMUT M HM3yJIaeT IIKAIy MPOCT-

pagers WP,  wmasmBaemsix Temeps npoctpamersamm CoGoseBa. OH

IPOMEHSCT DTY TEOPHI0 K NCCIefOBAEMIO0 3aja4yd J[MpuXie AJIA HEKO-
TOPHIX BIINITHYECKUX YPaBHEHWHA BHicOKOro mopsaxa ([198, 199, 200,
204]). Itu umen CoboxcBa TaKKe MOJXYUMIHM MIMPOKOS PA3BUTHE I MpH-
NO/KEHHsSA, a OCHOBHbIe (aKTH Teopum upocTpaHcTB ColoseBa W HX
0600 eHnl — TeOPeMBl BIOMKEHUA ¥ TEOPEMEl O CJIEaX — CTaXu
ONHUM M3 BAKHCAMAX CPEJCTB COBPEMEHHOTO MaTEéMAaTHYeCKOTrO
aHANu3a.

Ona C. JI. CoGonesa 060o0umicHERIe QyHKIUAE — 5TO LPEXKAE BCErO
ABBIK, Ba;KHBIA [Ia npuioxeHnil. Ilo3Hee OH MCHIOJIB3YeT HTOT ABLIK
B cOBceM HOBOH o0nacTh — Teopuu KyGaTypHEIX dopmyn [213].

Ceffyac fA8HK ¥ MCTORL Teopuu 0000mEeHHEHIX QYBKIAA cranu
HeOTTHEMICMOM YacThI0 TeOPHH JMHeHHBIX AufdepeENUANBHERIX ypaB-
HeH#A B 4YacTHHIX NPOM3BONHEIX, OHM MIMPOKO NPUMGHAIOTCA TaKe
B fpyrux ofxacTsAX aHaNW3a M MAaTEMaTHYeCKOH (HBMKH, CTaHOBATCA
Bce 0ONee MPUBLYHEIME B MPUKIANHEIX HCCICAOBAHUAX. O PONIL W IpH-
NOKEHUAX Teopun 06O0OmEHHEIX (YHKOIUE MOKHO CYAUTh IO MOHO-
rpadmam [47, 247, 37, 38], o630py [170] u PyHRaMeHTAILHOMY TDY-
Ry [2432-

2. daxrHYecKH 3hech AOKa3aH JHIb CIeAYIOIUI JOKAJILHEIN MO ¢
peayabTaT: eciu (QYHKIUA ¥ OTIMYHA OT HYJIA B NOJYHPOCTPaHCTBE
t > tg(z), To coorHOmeHmMe (3.6) MMeer Mecro HpHm t < i Fx), rge
t1(z) — HeOpepHBHAA (YHKOUA TOYKH & == (&1, L2, .+ Zokt1), YJOB-
JXeTBOPAIOMAA YCJIOBINO: AJA BCAKOTO 20 HyJNeBHIe OMXapaKTEPNCTUKIL,
BHIXOAAmne U3 TOUKH (20, fo(2°)), He uMeT POKANLHEIX TOYCK B IO~
soce Io(z) <t<<ti(z). Orciofa ciefyer, 4T0 BCe NPAMEIC XapaKTe-
PHCTHYECKNe KOHOWAH ¢ BePHIMHAMH B 3TOH moJoce He MMEKOT B Heil
0COOLIX TOYEK. 9TO0 CBOMCTBO KOHOHMAOB CYI[ECTBGHHO HCIOJNB3YeTCA B
paccy:kmeHUAX. IIPOCTEIe MOMONHATEALHEIC COOOPaKeHWA IIO3BOJAIOT
mepediTn K TIOGANBHOMY pe3yJILTaTy NPH HEKOTOPHIX IPEALOJN0Ke-
HAAX 0 NOBeJeHNHN OMXapPaKTePHCTHK.

PaccMOTpIM HenpepHBEYI QGYHEKINIO

hos(z) < t (z)v
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GunaryI0 K £ (z), u 6GeckoHeuHO AuddepeRnupyeMyw QYEROA0 ki (z, t),
pPaBHYIO efuHUNE OpH { << f_.(z) W HYIO 0pHd ¢ = 1 (z). [{na Bcaxoi
yHKIIIN

’lPOE\Fm= fl]'{'s

¢yERMUA WGP, onpefienena upm ¢ << 4, OeckoHeuHO puddepermy-
pyeMa m paBHA HY.I0 CO BCEMUW MPOM3BOAHBIMI B OKPECTHOCTH THIIEp-
moBepxHOCTH ¢ = #;. O603EaumM uepes Gi\Pp ee NMPOAOIKEHHE HYIEM
B mojaympocTtpaHerBe f > t;. VI3 JoxkasaHHOA B Hacrosmleil crarbe
TEOPEMEIL CJIEAYeT, 4TO PYHKIUA

P1 = Po— GiLo

paBHA HYAO B HONLYOpOCTPaHCTBE << f1—e(z). Jlanee MoxcHO HafiTu
HellpepPLBEYID QYHKDUI fp(z) > #(z) TaKyw, 4TO HAa HYJIeBLIX On-
XapaKTepHCTIKAX, BEIXONANINX M3 To04er (z°, #—(2°)), He momBmsmer-
¢ (POKATLUEIX TOUYEK, eCIN ¢ << tp, IIPEMEHAA MOROOHEIE PACCYKAEHHA,
MO;KHO HMOCTPONTL oneparop G, Taxoi, uto QyHKMUA

Yo =Py — GoLlPy

npurafgrcKuT e U paBHA HYIO NPH £ < fp-s H T. [I.

Tlpopomxaa DTy KOHCTPYKGMIO, MEH CTPOHM IOCTEJ0BATCIBHOCTD
bynrnonnm ty < £ < tp << ... TAK, 4TOOLI OHA CTpEMUIAChL K OECKOHeu-
HOCTH HA Ka’KIOM KOMIAKTe. JTO BOSMOMKHO, eCjIM HU OfAHA 13 Omxa-
PAKTEPUCTUK He yXOMUT Ha OCCKOHEYHOCTHL 3a KOHeuHOe Bpems. IIpef-
1I0JI0KHB, 4TO HTO YCJIOBHE BLINOJTHEHO, MBI IOJIYYHM IIOCIER0BATCIL-
HOCTH ONEPATOpPOB G, HelicTBylomux B W.. llckoMert oneparop G
onpeficasgercd HA NPOCTpaHCTBe (YHKNUE, paBHMX HYII0O IpH
t < ig(z), dopmymoit

G=G+G(1—LG)+Gs(1 —LG) A — LGy) +...
veit G (1—LGr) ... 1 —LG) + ....

JTOT PAMA, 04eBIAHO, cXORUTCI B Yo W YAOBIETBOPAET COOTHOMICHIUIO
(3.6). IlocTponB MOAXORANLYI0 NOCICAOBATEILHOCTh (QYHKIUM . .. f_p <<
< iy << tg ¥ COOTBETCTBYIOHIAX ONEPATOPOB ...G._2 G_y, G, MOKHO
HOPOROKUT, G [0 HenpephIBHOTO OlepaTopa Ha BCEM LPOCTPAHCTBE
¥, ymomaerBopsaioniero (3.6). Taxmm olpasom, dTa TeopeMa M BCe
mOCJICAYIOmYe, OCHOBAaHHBIE Ha Hell, COpaBeJidBL M B IN00aILHOM
BapWanTe.

Ilpyroft Gonee 0603pEMBIl MeTOR, IMOCTpOEHHs omeparopa G faer
KOBCTPYRIIIA IapaMeTplKca ¢ HOMOMBLIO KAHOHMYIECKOrO oleparopa
B. II. Macnosa (cMm. [141—144]), a Tarore koEeTpyKRIusA [270], ncmodib-
ayowasn sETerpaidst @ypre. 9TH MeTOALI NMO3BOMIOT, B NPHOIHIeE,
JeTa)LHO NCCHeA0BATL CTPYKTYPY NapaMeTpuxca B OKPECTHOCTH
doxanpEEx TOYeK. OFHAKO MAA TAKOTO WCCJIEROBAHUA HeOOXORIMO
OPUMEHCHHE TCOPUH 0GOCmEeHHLIX (YHKMU, Hayalo KOTOpOil mnoJo-
AeHO B fagHOI pafore C. JI. CoGomepa (cM. [67], [169]).

3. DaKTHuecKM HIIKe AOKA3LIBAETCS, YTO OIEpaTop G* Mosxer
ORITH NPOAOJIKEH HA NPOCTPAHCTBO (HYHKIMOHANOB, 3affaBHLIX Ha IIPO-
H3BOILHOM OOpATHOM XAPAKTEPHCTHYECKOM KoHOHAE K, T. e. Ha dak-
TOPOPOCTPAHCTBO W 1O HMOANPOCTPAHCTBY, COCTOANEMY u3 0600mieH-
HpIX (PyHROAHA, paBERIX Hyal0 Ha K,
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4. ITo mpeAmoNOKeHWe He ABIAeTcA HeofxopumuiM. McKomoe co-
orHoumicHEWEe (3.18) MOKHO YCTAHOBUTL ¢ HOMOILI0  Ccjefyromed
JMEMMEL,

Jemma. Jua ecarozo 1 =0 obpas oneparopa L: Wii— W,
naoren 8 ¥y.

HlokasarteabcTBO. BrifepeM mMpoMsBOILEYI (QYHK{UI |
e ¥, u clelacM AHAINTHICCKYIO 3aMeHY TepeMeHHBIX y = y(z, i),
s = s(z, t) TakaM ofpaszom, 4roln 1) ¢yHKmua P Oblia OTIHIHA OT
HYIA TOJBKO B HMOJAYHOPOCTPAaHCTBe s > 1 m 2) KasK@as TrUmepruoBepx-
HOCTh §=0G Opuia HeXapaKTepHeTHYecKoi mia ypasHeHua (1.1).
DOYEKII0 P MOKHO TpuOIN3UTL B cMEIcae cxofuMocta B ¥, mo-
CJICAIOBATeILHOCTHIO (D YHKIIH

ai(.’/! S),f: 13 25 e
Kamaas H3 KOTOPLIX OPIHAOICHKHUT ‘I‘r[+2, OTJIfYHA OT HYJIA TOJLKO B

IOIynpocTpaBCTRe s == 0 M NpH KamAoM UKCHPOBAaHHOM s aHAIATHY-
HA II0 NePCeMEeHHLIM

Y=Yty +:n Yor+1.

TakmM 00pasoM, AOCTATOYHO LOKA3ATh, 4TO IS BCAKON byEEIUE a,
ofnaflatomell  ONMMCAHHBLIMH — CBOHCTBAMI,  CYOIECTBYeT  (PYHKIuA
be W, o Takas, uto Lb = a.

Takyio QYEKHmO Mbl DOCTPOHNM ¢ HOMOINGIO MPHHHHNA J[1oamernsd,
Paccmorpum BemonoraTestEYI0 3afawy Komru

Loy =0, bs, 0)=0, LU0y, ),

zaBlCcAIMYI0 oT mapamerpa 6 = 0. Tak kax a(y, 6) ectb amasnTuIC-
cKaA QYyHKUUA y, a KOOPPUUCHTH omepartopa L SABISIOTCS MO YCJIO-
BIIO apasiTiuccKnMu (YHKUNAMU BceX NePeMEHHMIX, B CHIY Teope-
mir Homu — KoBaneBcKoif ara 3afjaua HMMcer pemieHme by, onpefe-
JleHHOC, MO KpaitHe#l Mepe, B OKPECTHOCTH THIEPIOBEPXHOCTH § = O.
IlpnMeRsis MHOTOKPATHO 5Ty TeCOpPEMY, MbLI CMOKeM IIPOROJIKATL OTO
pelleHne o AHAIUTHIECKOHr QYHKMNIN b, BO BeeM MpocTpaHCTRE Roptg,
ecian HEU offHa U3 OHXapaKkTePUCTUK He YXOAIT Ha OCCKOHETHOCTL 3a
KoHe4YHOe BpeMA. VIccileAys 3aBHCUMOCTL 3TOT0 PEHIGHHS OT O, He-
TPYAHO YCTAUOBHTL, UTO OHO 1iMeeT HCMPEPHLIBHBIC TMPOU3BOTHEE [0
nopsfKa I + 2 mo COBOKYHHOCTH HepeMCHHBIX y, s, 0. Ilomoxun

8
by, s) = S ba (v, s) do,
0

IOy UM WCKOMOC PelleHUe yparHECHUS Lb = a,

BepHeMes k floRazaTeabeTBY TeopeMbl, IlokasxkeM, uro G amisieresa
nipaBoIM 00paTHLIM K omepaTtopy L Ha mpocrpaHcerie W. 1A BEAKOTO
1 =0 u ¢pysrnun Y e ¥y D0I0KUM ¢ = Lip. UmeeM

Takum oGpasoM, omepatop LG coBNAflaecT ¢ TORAECTBEHHHM OMEpaTO-
poM Ha obOpase omeparopa L: Wi o— W¥,. B cmny memmm dtoT 0Gpas
HIOTeH, CAC[IOBATCHHHO, BRAAY HCNPCPLIBHOCTH omepaTop LG Apises-
Cfl TOXMACCTBEHHLIM Ha BceM W, uTo u TpefoBaioch JROKA3aTb.
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Quncparop G’ sBugercs JeBbIM obpatEBIM K L (Tak Kak G* npa-
Buii ofpatHbik K L* mo porasaEHOMY). B mnpeskamx oGosmaueHmAX
AMeeM

(G—G)=(G—GC)p=p—P=0,

cACHOBaTCIbHO,

G—G =0

1a IJIOTIOM NofgnpocrpancTse B Wy, oTryfa G = G'.

5 *), Umrarexs, OpocacAABLIAL 3a paccysigennaMu Coboxesa, Mo-
CCT OMCHHTH DPOCTOTY M JAKOHAYHOCTh CTHNIA HOCICHAHOX TJIaB, AX
nparMaTH4Hbil Xapakrep H3no)Kenmua. IloguepkHy, 4TO 3Aech H3JI0-
jReIbI OcHOBLL TOii Teopum Coboxesa — IlIBapma, KoTopas craia Of-
UMM M3 OCHOBHBIX COOLITHIi B aHAJXdg3e Hallero BPeMend. Moter
ObiTh, MMEET CMBICH 3aAyMarbcesl HAJ BO3HMKAKI[AMH B 3TOH CBA3H
BOIIPOCAMH: KAaKOBAa NPEeNLICTOPAs BTOH TeOpHHW, B 4eM €6 3HAYEHIe
W TPHYAHEL TOH DOJH, KOTOPYI OHAa mrpaer. Ilocrapamoch AaTh OTBe-
Thi TA DTH BONPOCHI, e OPeTCHAysa Ha HOJHOTY. O IpefBICTOPHH TEO-
pun ofoCniennbix QyHEKOAE Hanmcana Heidas KEmra: Jiormem [299].
ABTOp 3TO KMATH OTHOCAT K OPEAbICTOPHA H AHANU3UPYyeT GObIIOE
uneno paGor, rfje NPeJUPHEMMANNCH HONBITKE PACIIAPATh PAMKH Tpa-
OMITAOHHOTO NOHATHAA (YHKOHEA ® pelnends AudQepeHqAaIbHOTO
YPABHCHUA, B 4acTIOCTH, N3BOCTAYI0 AHUCKYcCHIO 18 Beka o mommMa-
T'H PCIHEHHA YPaBHEHHS JBWKEGHAA CTPYHH, NPOXORHBIIYID MEMKIY
JdiinepoM, JlamamGepoM m Jlarpaiskem, ClIegycT OTMCTHTB, 4To Jiiep
nanforee MHAPOKO TPAKTOBAJX NMONATHC PellicHms, a y Jlarpamka mMe-
CTCA 33YaTOK HNEM WCHONb30BANAA HPOOHNX (GYHKOUHA B CBASH C
msyucnEem pewrenmii, B XIX m masane XX Bexa nolyskacmus K co-
3aHnio Teopan 060CMIEHHKX (YHKMWIA BO3NMKAIN B Pa3IAYHLIX 00-
JIaCTAX AHATH33, B YAaCTHOCTH B TeOPHH NOTeNNMHata W ApPYyrHx 06ia-
cTAX MaTeMaTHueckoil ¢mamum, HecKoxbio oco0HAKOM ¢ToaT paboTHl
e Pama o moToxax Ha TMAJKAX MHOTO0Gpasdax — 0000M[CHAM HOHS-
THA CHHTYJXADPHOH NenH W OJXHOBPEMEHHO NOHATHA AuddepeHRNHAaNb-
noit ¢opmul, TlomaTHe mOTOKA HAIINO aflcKBATHOe BHIPAMKCHHC JHIH
B TepMuHAX Teopuu obobmennnrx ¢yurmui-pacnpegcnennit CoGoxena —
Msapra. [louemy ocmoBul Teopmu 00o0mieHHLIX (YHKIHMA HE BO3HIK-
Ju paHBIIe WJIH INo03Ke, a UOABWINCH WMMEeHHO B 3Tod pabore
C. JI. CoGonesa? KomeuHO ie, 37ieCh IPOSBIJIACH HAYYHAS CMENOCTH
W CKIOHHOCTH aBTOPA K OOH[AM TEOPCTHKO-(YHKIHOHANBHEIM KOHCT-
PYKOHEAM, JTH KayecTBa NO3;Ke OTPA3MINCh B CO3JAHUH O4YeHBL Bajk-
moit Teopul (PYHKOMOHANBHBIX IPOCTPAHCTB, KOTOPLle ceiivac Ha3bi-
BawTca npocrpancreamu Cobonesa. d1y Teopmro Co0ojaeB MCHAT W He-
OJIIOKpaTHO BO3Bpaniajicd K mWeil BNOCIeNCTBHM.

IloMuMmo aTAX cyO0HLCKTHBHLIX OPHYMH AXSA BO3HUKHOBeHHA 0600-
HieHoEX QYOKOANT B 3TOT MOMCHT H B 5TO# paGoTe HMeIOTcsA, HA MO
B3riAf, BRKHEE O0BLeKTHMBHEIe NPHUYMRLL L0BOPA KOPOTKO, HEI0 B
TOM, 9TO B JaHHOIl paGore Teopus 0Go0mienHEIx PyHKOUE MOSBILET-
€1 Pajn pellleHMA ORHOM M3 IEHTPANBHHIX 3afad TCOPHH raunepboxm-
qecKux AEddepeRNAANbERIX ypaBHeHHIl CO MIOIMMH He3aBACAMEIMU
OepeMeHNBIMA. 3aMETHAM, 4TO MHOTHEG (IPEALICTOPHYeCKAe» PaboTHL,
KOTOPLI¢, O0BLEKTUBHO TOBODS, HOJBOMMAI K TeOPHH OGOGH[eHIBIX
¢yHKOuUil, HO He [and eli TONYOK, TaK MIM HHAYe CBA3AHEL ¢ HIJIHI-

*) JloGaBieHo IPH KOPPEKType.
20 ¢ J1. CoBonen
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TAYecKAMA ypaBHemmaAMHn. CIOfla OTHOCATCA WCCIE[0BAHHUSA 10 TEOPWH
OoTeHnUata, a Tawie PaboTH Havajga BeKa, CBA3AHHHeE C OCHOBHOI
TeopeMoOit WHTETpalNbHOTO Hcuncienmsa, CIONA TaKKe MOMKHO OTIECTH
Teopuio fle Pama, KoTopag B 3IAYMTENbHOI CTENEHW eCTh TeOPUS ome-
patopa Jlanmaca Ha MHOrooGpasmm. XOTaA cCOBpeMelllas TCOPIN DJ-
anoTaqeckdax  (mcesyo) AU @epeHIUANBHKX — ypaBOeHHiT  HIAPOKO
HCOoNb3yeT NouATHA 00o0mieHHMX (QyHKOUH, OJHAKO, IIO-BALIMOMY,
BHYTPEHUMX CTUMYJNOB [ BO3HMKHOBeNOWA JTUX IOUATHI B 3Toil
Teopuu OBIJIO HeJ0CTaTOYHO.

Hannaa pabora C. JI. CoGoxeBa OTHOCHTCA K OJHOMY W3 Bas;iHeil-
MAX HaUPaBJIeHHIl aHaJIW3a, BO3HOKIIeMy enje B paborax TI'ioiiren-
ca B XVII Bexe m BriINOUamOmemy mMena Pmvawva, Ilyaccoma, Kupx-
roda, BoxbTeppa m AfaMapa. B pafoTax 5TOT0 HAUPABICHHUA HOMABH-
IUCh Te MMOYILCH W HMAEH, KkoTopHe WM upuBexdn CofojxeBa K co3fa-
HAI0 OcHOB Teopmu. Enie Jiinep Npe/fiokua BHATH 3a Hpefeln ys3-
KOTO IIOHMMAHNA yPaBHEHHs CTPYHHI, Ipejiaras CYUTATh PelleHHeM
a6y dyukmuio Bapja u(z, t) =f(z —t) +g(z+1), rme f m g—
OpOU3BONbHHEE QYHKINH, Kalk DTO IIOHIMAJOChL B TO BPeMA. ITo 0600-
nieHNoe IOHNMaHAE PelleHNUsA, OfHAKO, HE MOIJIO CTaTh obmieil mpeeii,
IOCKONBKY 3aBHCEN0 OT KOIKPeTHOT0 BHAA ypaBueuws, J[aa pofcr-
BEHHOTO TexerpadHOro ypPaBHEHUA 4YeTKOe NOHATHE 06G0GHICHHOTO pe-
meHns OHJI0 aHO W WCCAEAOBAHO JUMB B Hayaxe ABAJmaToOro BeKa
H. BunepoM. Ou onpefiesifieT Takoe pemenne Kak IPON3BOJBHY0 QYHK-
OUi0, YAOBAETBOPAIONIYI0 ypaBHeHWI0O B cxaloM CMEICHe, T.e. Kak
¢yurnuoEanr Ha (PHUHHMTHLIX Oecroneuno auddepeHmupyeMuIX QyHL-
nuax, Bamskve wupen BHckasmBaduch Taxie H, M. T'iomtepoM n
H. E. Koumuum. Ilpeppicropumeii Teopum oGobmienrmx ¢Qynxmmii Co-
GoleBa B Y3KOM CMELIcie cloBa aBisioTcs paborsl K. Amgamapa o 3a-
pave Komm mua runepGonmuecknx auddepeHnuaIbHBIX yYPaBHEHHI,
moABUBINMEcST B Hauaxe Hamero Bexa [2]. Tpymsi Apamapa B Goxn-
MO cTelend NOCHY;KHAH BO3UMKIOBEHHUIO HMpel 0000mieHunx QyHxr-
nuil, XoTaA, clAefyeT NOA4ePKEYTh, NMUKAKUX OONMX ompefcienwit 0y-
Aymieit Teopmu B HEX HeT. B To ke BpeMsa B paborax ApmaMapa mo-
ABWINCHL BAJKILIE KOHKPeTHbIC NPUMepHl 0600m[eHHHX (YHKOUN HOR
Ha3BaHMEM «HeCOOCTBEIIHHE HHTETrpaihl HOBOTO BHa». B mpocrei-
meit dopMe Takoil muTerpa’y Apgamap 3amuUCBIBAaeT B BHU[E

b

a(z)dx
S___(b e )

rpe p — n06oe mexoe ynedo, a 0 < p<< 1. OH ompegeseT 5TOT HETEI-
pal I'yTeM HpefedbHOTO MEPeXOfa B cOOCTBEHHOM HMHTCIPajie ¢ BepX-
HOM IpefeloM b — e, KobaBigg CyMMy p HOAXOAAMIAX CIaraeMbIX CO
crenernoit ocoGennoctbio npum & — 0. Ioaske cramo sicHO, WTO BTH
HHTErpaldnl NpeAcTaBisTIOT co0oit BajkHOe ceMeiicTBO, CBOero popaa
sneMeHTapHule oGo0miennnie ¢yHxmuu, ofHako B pabore CoboixeBa
OHN He NOABIAKTCA, DOCKOABKY 3TO BRIXOAWNO OH 3a paMrm Toif 3a-
JadYM, KoTopasg B Heil PellaeTCs.

OcoGy0 poas rumepbonmdecknx anddepeHNUANLHHIX ypPaBHeHMI
MO3kH0 00BACHUTH TeM, 4TO OHa AaeT Goxbioe pasmoobpaBdile CHHIY-
NAPHLIX pemieHEnii. TAKOBHM MBJAETCA, B 4acTHOCTH, QyHNAMEHTANb-
Hoe (3leMeHTapHOe y ApaMapa) peileHHe, ONHCHIBalOHiee paclpocT-
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paHeHHme BOJXHEI OT TOYEYHOTO MOMEHTANLHOTO MCTOYHAKA, B oTnmume
OT cJIyuas SIINITHYECKOr0 ypaBHEHHA, ANA KOTOporo dyHIAMeHTAJIb-
HOe pEllleHNe IMCET TOYEHHY! 0cofeHHOCTD, dAeMeHTAapHAs (YHKIUIA
runepbOANIEcKOr0 ypaBHEHWA BTOPOrO0 MOPARKA HMMeeT pasphB Ha
THICPIOBEPXHOCTH, cayKamiel Tpaexropmeit ¢poHTa BOJHEI, BEI3BaH-
HOr0 HCTOYHHKOM. B ciaydae ABmKeHuA BOJNHH HA ILIOCKOCTH (yH-
AaMEHTAILIIOE pCHIEINC YXOAWT Ha OecKonewdocTh BOIN3H 3TOM
THMEPHOBEPXIOCTH (XOTSI ¥ OCTAeTcA JOKAJNLHO HHTEIPHPYEMBIM),
Ecau pemKenve mpOWCXORUT B TPEXMepPHOM mpocTpaHCTBE, PyHAAMEH-
TaJTLHOC PEIlEHHE HMeeT AedpTa-06pasmyio cHHTYIASPHOCTH — HMEHHO
TaKk Aenbra-pyHKOUsS nosBHiIack B paorax anxro&)a KOHIa PO~
noro Bexa. G poOCTOM pasMepHOCTH n (PH3NYECKOTO HPOCTPAHCTBA
(IOPAMIOK CHHTYJIAPHOCTHY pacteT Kak n/2. Eciu ypaBHeHme HMeeT
nepeMcHHEIe K0dpEOUOUeHTH, TO caM (POHT BOJHLI (KOHOUA Xydyeil)
MO;ReT IpHOGpecTH 0cOGEHHOCTH, B KOTOPHIX HPOMCXOMUT (YacTHUHASA
I noxnag) (OKYCHpOBKA Jyuell,  CHHIYJIADHOCT, QyHAAMEHTANb~
1I0T0 pemenusg yclaoskusercsa. B mamnoii pabore CoboneB me Kacaer-
¢S BONpOca O BO3MOKIEIX OCOGEIIHOCTAX BONHOBOTO (pOHTA M CBA-
3aHHEIX ¢ IAMH 0CO0EHHOCTAX (YHRAMEHTANBHOTO DPELIeHUs, OLMNAKO
CIOKIIOCT, AHAJHTUYECKO! KAPTHHLL HEABHO HPHCYTCTBYET B J060M
MeTofle KOHCTPYKOUH., JTa CIOMKHOCTL B KOHEYHOM CYETe W IpHBexa
CoGoneBa K MLICIH HailTH NpocTyio W 3(deKTHBHYIO aKCHMOMATUKY,
KoTopas 0Ll JIO3BOIMJIA BMECTUThH BTY CIOKHYI KAPTUHY. Y4HTEIBasf,
4TO aKcHOMarmKa 0G00mIelHEIX PYHKOUi ¢ caMoro mayana Onlia mpH-
citoco0iena, 9To0bl BRIPASUTL J100bIe 0COGCHHOCTH PYyHEAMEHTAIbLHO-
TO peuIcHus (a TakiKe J1060T0 pemeRus THnepboNAHEcKOTO ypaBHE-
HUA ¢ o0o0njenHRIMA RauHRIMu Komm), ME cefiyac MOKeM HOHATD,
NMOYcMy OHAa OKasajach TEM pAacIIAPeHNEeM KJIAcCHYCCKOTO aHajIuaa,
KOTOPOC CMOFJIO BMECTHTH, B YacCTHOCTH, TOHATHE CJaboro pemieHms
JLINOTAUCCKOTO YypaBHeHHA. BmpoueM, Tako@l BEIBOf, cHeJTaHHBIH
cIycTa MOJABEKA IOcHe HMOHCPcKoi paBorer CoGoneBa, HM B TO BpeMs,
D ABajfmarh JeT CUYCTS HA B Koeil Mepe He OLlI O4eBHAelH, M ycHeX
TEOpHH ORI NOPa3HTENIeH,

9dror yemex Oown ofecrcuen Take Gomeiimm Braagom JI. ITsap-
na [327], KoTOpHIit BHEC B TEOPHIO DA BKIEIX HAEH, COSRUHWI paa-
JVYHEIE TOAXOMABI ¥ HOCTABUI PAR HpOGaEeM, CTHMYJIMPOBABIIEX HAJNb-
Heifnce pasBuTHe Teopmu. 3achyroit IlBapma ABIAETCS UPEKAE BCETO
coeAnHeHNe TeOpHu ¢ mpeofpasosammem ®ypwe, K mpempicropum sroi
nfen oruocutcs pabora camoro ®ypne (1822), rHe OH 3anmmchHBaeT
dopmyny BoccraHOBIeHHsA (YHKOEA Ho ee pAAy Dyphe KaKk CBePTKY
¢ cuMBOJOM §, rpe

11
6(1).—:—; —Q-—l—Ecosiz

i=1

ecTh TO, UTO MH Ceif9ac HaskBaeM fexbra-pyHrumeil. O6pauienne mnpe-
oGpasoBanna @ypre mpmBofuT K NOROGHOM dopmyre, ITH GOPMYILL,
He HMewomue CMbICIAa ¢ TOYKH 3PeHWA KIACCHMYecKOro aHanm3a, OLLIm
HOABEPTHYTH KPHTHKe cO crtopousl Japly. OAHaKO KPHTHKA MareMa-
TUKOB HEe OCTAHABINBAeT XeBHcalifia, KOTOPHIA NHIIeT ye B COBpe-
MeHHOM BHJe 3TH H IOfo6HEe GopMyisl At obpamenus peobpaso-
BagMA Beccens ®H Jame ¢[OKa3blBaet» NX. BIM3KO K KOHCTpyKIAM

20*
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oGobmiennoro mpeoGpasopanna ®ypre nmogomen Boxmep [1*] *), xoro-
PHII onpepenna npco(pasosande Pypre QyHKnyH OAHOL IepeMeHHOI,
AMeoUC POCT I¢ BLUIE CTCICHIOIO, KaK CyMMY (OpMaiXLHEIX IIPO-
H3BOAILIX OT NOAXORAMNX HENPePHBHHEIX (YNRNUiL, T.e. Ha cOBpe-
MeNIOM A3BIKC — Kak o0o0njenayn (YHROUIO KOHEYHOrO IOPSAKA.
He scno 6bLio, oHAKO, KaK MOKHO pPacHpOCTPAaHATL 5TO ONpefgete-
HHe Ha (YHKOUHM MHOTHX NePeMeHHHX. KOHCTPYKmuA npeo6pasoBa-
Hur ®ypre B mpocrpaHcTBe 0000m[eHUBIX (DYHKMUH Me[IelHOTO PO-
cra, npefroskegHasn IllBapmeM, BriIwunna mogxon Boxmepa m mpmpa-
Ja TOYHBIH cMblcl paccyskferuaM Dypre m BHIKIafKaM (Mo Kpaiiei
Mepe, mx 4actu) XesHcaiima. s teopum CoGonesa — IIsapma craso
Acuo, yro Aexbra-pynrnun Pypre, Kupxroda, Xesucaiima, {umpana
U aHANOrmqHEIe CHMBOXLI APYFHX aBTOPOB CYTh OfHO ¥ TO K€, eciad
UM NpPHEAATh cMbicx ofoOmiennblx (ymknmi, Teopus Illsaprma smauu-
TeALHO YNPOCTHIA NOpIMeHenme npeobpasosammsa @Dypee B Teopni
pudpdepennuanbHbIX yPaBHEHHHA, B NEPBYI0 OTepPCAb B TCOPHI YpaB-
HEeHUH ¢ UOCTOSHHBIMA KOdduIimeHTaME, BO3MOKHOCTD ILICOTDAIIE-
yenHoro puddepednupoBanEs B npocTparcTBe §’(R") npespamaer
3TO HPOCTPAHCTBO B MOAYJDL HAf KOJBIOM A MIOTOYICHOB OT n Ile-
PeMeHHBIX, TpmueM G(GasHCHEIE SJEMEHTHI KOJbI{a HAEHCTBYIOT Kak da-
cTHBIe HPOM3BOJHEIE IO HE3aBUCHMLIM IePeMeHHLIM, llpeoGpasoma-
Ene Dypre, coxpaHsas npocrpauctso S’(R"), mpeBpamiaer aTy CTPYK-
TYPY B APYTYI CTPYKTYDY MOAYJs HaJ TeM e KOJILIOM, B KOTOPOil
0as@CIble DICMEHTH [EWCTBYIOT YMHO;KelieM Ha 2miky, ... 27il,.
C nmomoufpio sTHX cTpyKTyp IIBapm QopMynmpyer H3BCCTHYH IPOG-
AeMy AeNCHMA: MOKHO Ju Jo0yo ofobniernyw ¢yukmnuio z e S’ pas-
AEIUTH lla HCHYIeBOH 3MeMeHT a e= A, T. e. BCCTAA JU paspemmnMo B S’
ypasliciiie av = u? TakuM o6pasoM, DTO ypaBHeHHE MO)KHO NOIIN-
MaT, W Kak anre0pamyeckoe, m Kak auddepennuansHoc. llomosmu-
TerbHoe pemenne 9Tof npoGmemsr (JlosgceBww, XépMmawpcp, Majs-
rpamK) NpHBeJO K PasBHTHI0 NOBOII obmactw amanusza (cM. [138]),
CHIrpaBIICH BIOCAEACTBUH Ba)KIyl0 POXL B TEOPHH OCOGeHHOCTCH
rmagkux oro0paKeHmit (MOAroTOBHTeNbHAA TcopeMa Maxbrpamska).

Jlpyrasg Ba)xkumas Hies, BHeccHHas B reopuio IlIBapmeM, ecth Dimn-
POKOE MCIOAB30BAHEE METONOB [BOMCTBEHIOCTH JOKANLHO BBINYKIBIX
npocTpanctB. CyTh DTHX METOROB COCTOHT B TOM, 4TO NEKOTOPEIE BaiK-
HLle cBOiicTBA JWHeIlHOTO omeparopa, AciicTByIOmero Ha 0000mIeHHEIR
¢yEKnuE (HanpmMmep, AuddepeEnEaNBHOro oneparopa), Moryt GHITDH
mepecKazansl B Te¢PMUHAX COLDPSKEHEHOTO Oleparopa, JeidcTBylomiero
B IIpocTpaHcTBax ocHOBHEIX ¢yHKmui, HanpuMmep, ecin OCHOBHOE HMIH
CONPSKEHN0E MPOCTPAHCTBO METPH3YyeMO M IOJNHO (IPOCTPAHCTBO
®peme), T0 d>UAMOPQHOCTH OICPATOPAa PKBHBAJNCITHA TOMY, 4TO GO-
NpsKENHDI OHCPATOP MABAAETCA W3OMOPQUMOM CONPAKEIIOro IPo-
crpaHcTBa Ha cBOit o0pa3 (reopeMa J{némommne — IIBapma). Boamosk-
HOCTH, KOTODHE OTKPHLIM METORL! TEOPHH JABONCTBEHHOCTH, BEI3BA-
a1 — B 0cO0eHHOCTH B IepPBOe BpPeMs — SHTY3HA3M H IO3BOJWIN IO~
ayyars papg o0mimx TeopeM O PaspeliMMOCTH M JOKAILHLIX CBOMCTBAX
pemennil AuddepeHnquaNbilkX ¥ CBEDTOYHHIX YPABHEHWH €O MIIOTHMH
He3aBUCHAMEIMH TcpPeMensbiMu, llosfnee HOABHIOCH (oNee KPHTHYC-
CKOC MOHIMAaHUE HNOCTH;KCHHH, OCHOBAHHEIX Ha TEODHM J[BOHCTBEH-
uocTH. B KOHEYHOM cUere BCAKAA TEOPEMAa [BOHCTBEHHOCTH OMHpAaeT-

*) 3mech W ganee 3Be3fOYKOM IOMEYeHHI CCHIIKM Ha JOHOJIHH-
TeNbNOEIH CIONCOK JAUTEPaATYPHL
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cs1 Ha Teopemy XaHa — BaHaxa, KOTOpas He COAGP/KHUT KOHCIPYKIUB-
HOTO MeTOJa HaXO{eHHA WMCKOMOro JHHeitHOro (PyHKIHOHana (ecnm
TOXLKO pedb HAeT He O TrHIL0epTOBOM NpocTpaHciBe). B cBoeit mos-
HOil o0mHOCTH TeopeMa XaHa — BaHaxa oumpaercs Ha TpaHC(HMHUT-
Iy WUAYKIHMIO, KOTOpas JKBMBaleHTHa aKcmoMe Bbifopa. Iloctep-
[IA5{, KAK H3BCCTHO, He 3ABHCHT OT APYIrHX AKCHOM TCODPHH MHOKECTB
o MOKerT OBITh NPUHATA WIN OTBCPriyTa MO BKYCY HCCICAOBATENA.
B pesyabTare BOBLHKACT NPOTHBOPedHe MeX(ly Iedbl0 H METORAOM:
NICXOANAa 3afaua — HeKOTOPLIH KONMKPeTnblili BOIPOC, OTHOCAmMiicH,
nanpaMmep, K gaddepeHnuaibHOMy YPABHEHNIO, PCHIAGTCH ¢ LPHBIE-
YeHHEM CpefcTBa, COBEPIICHHO IIOCTOPOHHEro 3TOH 3afave. ITO IPO-
THBOPeYde, BOPOYeM, He CKA3BLIBAETCA HA cIPABEeIHBOCTH De3yabTra~
TOB, NOJIy4eHHBIX 3TEMH Merofmamu, Ilo kpaiiHeit Mepe, OCHOBHEIe U3
IIAX MOryT OHITH IepefioKasaHbl (e3 NPWBJIeYeHHA TEOPEM HBOUCTBEH-
1I0CTH, HO HECKOJIBKO (Oliee CIOMKHBLIMM paccymacHuaMu. TeopHsa ABOI-
CTBCIINOCTH INPORONIKAET NPUMeHATheA N ceifiuac, OfHAKO HecOMHeN-
HO, 4TO B IOCIc¢Aude ACCATh — NATHAAUATL JeT NPOM30meN CABHI B

cropory 6oxee ROHKPeTHHIX 3(QQeKTHBIEIX METOJOB, a TaKKe M LO-
CTAHOBOK 3ajad.

Janppeiimmit nporpecc Teopum 0000meHHBIX (ByHKIHUH LIPOMCXO-
AUX 10 HECKOABKAM GOJNbIIMM HanpaBieHHaM. OfHO W3 HHEX — pac-
npocrpaneHHe Teopmu upeofpasoBamusa Dypre Ha QyHKuMuM (00bBIY-
nble Wiz o6o0mieHHEIE) NPOUSBOJILHOTO pocra. 9JTa 3ajada ObuLIa
paccMoTpena B WMATHAecATHe TOAb JpennpaitcoM m Maxprpaimem B
cBI3M ¢ npobucmoit pencnms, a rtame M. M. Texsganmom
n T'. B, IImnosbiM [49—50] B ¢BASH ¢ H3ydYenHeM XaPaKTEPHCTHYC-
ckoit 3apaunm Komm. IlpeoOpasosamme @ypbe Takux QyHKIuE ompe-
ACHACTCA KaK JIHIICHHBIE HeNmpPepblBublC (YHRIMOHAJB! lla IOJIXOMSl-
IeM npoctpamcTBe Heablx Qymxmuil, Taxme QyHEKnuonambl — 510 HC
obobmennnie dpyskuun CoGoxeBa, a Golee cX0sKHEIe 00LeKTH. B ua-
CTHOCTH, AJsI HUX HC ONPeAEICHO NOMATHE HOCHTENA T JOKAINIAIHIL,
1OCKOALKY B OCHOBHOM NPOCTPaHCTBe HeT (MHEATHEIX QYHKuAi, 3a
MCKIIOYeHNEM TOMKJGCTBCHNO paBHOU RyJX0. IIpocTpaHCTBO TaKHX
QYBEKIUOHANOB, a TaKie NMPOCTPAHCTBO O0OCHIEHNbIX (YNKIUA BKIa~
AILIBAIOTCAI B CCTECTBEHHBIM 00PAsOM yCTPOGHHOE ceMeiicTBO npoct-
PaHcTB (Sg) Texbdanma — IMumtoBa, B KOTOPOM NapaMeTp & Xa-
DaKTepU3yeT POCT dIeMeHTOB Ha (GeCKOIeYHOCTH, a  — CTeNeHL CHUH-
ryxaprocrn stux Pymaxpnonanos. Sfech ofHapyxmBaeTea sddext sa-
BUCUMOCTH M@Ky BeJXM4YMHAMHE O H [, orcyTcTBylomuii B Teopnu Co-

Gouaca — Illzapna: ecim o -+ B << 1, TO OCIIOBIIOE IPOCTPATICTRO Sg

OKA3LIBAGTCA TPHBHANLHEIM, T.e. CBOJUTCE K e[MHCTBeHHON (yHK-
MUU, TOXJCCTBeRHO PABHOW HYJIO,

Jlpyroe Gomwmioe nanpasienue — Teopus ncesfofuddepenuaIn-
HBIX ONCPATOPOB — eCTh PasBHTHe MACH, cOCTOAMieH B ToM, uto Aud-
depennuanbuLlii onepaTop ¢ IMANKIMH KOd(PmIimeHTAMH MOMKET GBITH
3agan B Tepmuuax npeofpasopanusa Dypne. Crepyronil sral B 3TOM
uanpasienam — Teopua obmuEx oneparopos dypse (B. II. Macios —
Xépmangep), npefcraBagomas cofoil cuHTe3 Teopun uceBRopudde-
PeRIUANBHEIX OlIePAaTOPOB, OOLIYHOr0 npeobpasoBaEns Mypoe, a TaKKe
omeparopos pemlenmsa safauw Komwu fisa runepGodnyecKux ypaBHe HEIN)
(cM., manpmmep, [243]). 310 HaumpaBieHHMe OGOraTHXO TeOpHIO 0606-

gleHnsX  Qyuxknmil, BrpaforaB, B YaCTNOCTH, HOHATHA BOJHOBOTO
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dpouta ¥ 06o0ureHROI (pyHKINH, CBA3AHHOH ¢ KOHIYECKHM JArpaH-
#eBsIM MHOroobpasueM (Xépmanmep).

OTMcuy cnle Oy HJCIO, BBCACHHYI B TEOPHIO O0GOGHIEHIBIX
dynurmuis M. Paccom u JI. IIBapneM. B cBoeit Goxnmroit paGore [2*]
M. Pucc mpaMeEHsI METOJi AHAJIHTHIECKOrO IPOJOKENHS AJIs IpHa-
1as CMbicla PacXOfAIIMCS WHTerpajaM. JTOT MeTOj B IpocTeifimem
BUJle OTIOCHTCS K HWHTerpady Apamapa [2]. Pucc paccMmaTpmBaeT ero
KaK OICPATOP CBEPTKH, AelicTBylomuii Ha PYHKIHIO @, HOCATENIL KOTOPOIT
OpHHAJIERAT OpaBoil moaynpamoil. TpyaHOCTS, ¢ KOTOPOH CTOMKHYJI-
¢n ApmaMap B ciryduae, KOrjla IOKasaTedb p -+ 1 CTAHOBHTCH IEJBIM,
Pucc ofomel, mofenns wHTerpad Ha raMMa-QyHKIHIO, EMEIIYO II0-
Jca B Toukax p = 0, KoTopbie HCKIIOYHJI M3 paccMOTpeHHs ApaMap.
B pesyinraTe 0B HOAy4MI ceMeficTBO OIEPATOPOB CBEPTKH

1 x
Ia(z) = T@ j a(t) (x — 1)*=14t,

9TH HHTErpaibl CXOAATCA B OOBIYHOM cMblicic Jums OpH Re o > 0, Ho
ecnn QyHERER e Geckouneuamo maddepeHEPyeMa, OHE HMEIOT mHeloe
aHAINTHYCCKOEe IPOJIOJUKCHAE DO TapaMeTpy ¢ M TaKHM 00pa3oM Jo-
OyCcKAIOT OPOAOIDKEHHC B HeJbi¢ OTPHMaTeJdbHbIe 3MadeHdHsa o. B ua-
ctuoctH, I, OKasbIBaeTCs TOMKAECTBEHHBIM ONEPAaTOPOM. DTH OIEpaTo-
PH 003afaloT 3aMeuaTCALHBIM CBOWCTBOM o % Ip = Igyp MIL BCEX 3HA-
wemnit o u B, KoTOpOe o3madaer, 4TO cooTBeTcTBHMEe o+~ I, ecTb

roMoMopdu3am rpyun. IIps mednx OTPUNaTEdbLHBIX o OmepaTop Iq ecTh
nuddepennqupoBanye, OpH MEALIX DOJOMKHETEILHEX — ONEPaTOpP KpaT-
moro murerpupoBanusn (gopmyma [lupmxic). 3amerHM, 4YTO, OCTa-
BasICb B paMKaX KJIACCHYCCKOrO aHajW3a, MBI CMOKeM HalaonaTh
JHNIL 9aCTh JTOM KAPTHHLI, a HMEHHO ONpefednTs Il JWUIL IpH
Rea > 0 u orneasno opuw o = 0, —1, —2, ..., He 3aMmedast, 470 00a
ciayuan BRIAABIBAIOTCA (CAMICTBCOONM cmocofoMm) B obmee ceMeiictso
OLCPaTOPOB, KOTOPOe sIBIseTcsa Medoil ynkmueit o! 10T DpuMep SIB-
JsieTCA BPOCTHIM B YOEMHTEILHBIM CBUJETEILCTBOM TOrO, UTO TEOPHA
o. ¢. ectb mambojdee ecTecTBeHHOG (M DKOHOMHOe) pacuizpense
KJIACCHUECKOr0 amaJjusa.

OcHoBrO#l peayiasratr paGorsi M. Pucca cocToMT B KOHCTPYKOUH
anaJoruyiioro rpynmoBoro roMoMop@uaMa, CBS3aHHOTO € KBaJpaTHd-
HOIt (opMoil g () curmatypsl (1, n—1). O mexoauT H3 ceMelicTBa
PYUKI(HOHAJIOB

@@= | 0%, (@)
a0

raic 0 — ¢yuxmus, pasEan | uma ofHOii BLIDYKIOH KoMImoNeHTe @
xomyca ¢ >0 m paBuasn 0 ma gpyroil. Ilpw Re o > 0 mopmiHTerpaiin-
moc BhIpasKeHHC HEOPepHBHO M OTH (QYHKIHONAJBL ONpefleICHBl Ha
npocrpanictee Dy Geckonocuano aumddfepennupyeMux QyEKmui ¢, Io-
CHTeJH KOTODHIX OpuWHAjieskatr MHOKectBy Bupa K+ Q, rme K —
KOMIOAKT (3aBHcamumii ot ¢). Pucec obOHapysKRua, 9TO BTO CeMeiCTBO
EMeeT MepoMopdHOe IPOIOIKEeHHe HA KOMINIEKCHYI0 IJIOCKOCTH C IO-
JI0CaMH, PACHOJOREIHBIMH Ha [BYX apHPMeTHYeCKHX HPOrpeccHsx

n n
o= —1,—2,...1 o&=——7~,———2~—1, ... IepBan #a HuUX CcBf3a-
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ma ¢ Heoco0oit JacThI0 rpaHEmB (; B OKPECTHOCTH TOUKH z < AQ,
z %= 0 muTerpaxn (2) cBogETCcH K HWETerpaxy Amamapa (1), 9sm momooca
cyts —1, — 2, ... Bropan cepuHd MOJIOCOB ¢BA3ama ¢ 0co6O# TOUKOI
z = (0 MmojKecTBa Kopueil monwHOMa ¢. UtoGH KOMICICHPOBAThL ITH
nonoca, Puce mexur 5T0 ceMciicTBO Ha NTPOHM3BCACHHE [BYX IaMMa-
YHRIAI ¥ OPEXONAT K ceMeiicTBY (yHKIIONATIORB

2ng, 2
Z = a ,
AUET (@) T (a 1 —'al“)
rae q () =23 —a2f— ... —z2_,. Dro comclictBO mMceT menoe

AQHAJUTAYECKOC TIPOJOJUKeNHe WO TMapaMeTpy Kak ceMcidcTBO He-
npepeBHLX  (YHKOEOMANOB ma upocrpanctBe Do, Oucpatopn
CBepTEH B Do, 3afaHIBE ¢ IIOMOMbIO TEX (QYIKIAONANOB, 06Iafa0T
TPYHONOBHIM CBOMCTBOM

Zu, * Zﬂ = Zd.+ﬂ,
npuucM Z, = § 3ajjacT TOKAcCTBemmsli omepatop, a Z_p = %9, rpe
5 5 Py
O=23%—"732 "+ "2
oz 0x] 0z, 4

€CTh BOJIIIOBOI orcpatop B n-McpuoMm mpoctpancree. Ilocmengaee cBoil-
CTBO B COYeTAHNH C IPYNIOBEM 3aKOLOM BICICT COOTIONICHHC

O%Z, = 8.

Orclofia ClefyeT BHIBOJ, SIBISIOMUIICH OCHOBNON mexbio paboret Pumc-
ca: oGo0meHman QyHEKmUH Zp ccTh PYyHAAMCHTANBHOE permieHHe [JIH
k-l cTemeHH BOJHOBOTO OIepaTopa. ITO HM3AMIHOE TOCTPOCHUE 3aBep~
MaeT HART HCCIeJOBAHMHA, DAYABIHIEXCA €mle B JeBATHANIATOM BEKe,
MOCBAMEHNBIX KOHCTPYROUAM (PYHAAMeHTANLHHX pemienwid Ajis BOI-
HOBHX YPaBHEHHH ¢ MOCTOAHHHMH KO3pPHIHeHTaMH, H OJHOBPCMCH-
HO O00BsAcHAET NPUYHHY TOro, 4TO ycHJICHHHIE npuumun I'oirenca
cOpaBeIHB JWIML B IPOCTPAHCTBE TETHOTO THCIA TEPEMEHHEIX,
VImenno, ecnm n > 2 4YeTHO, TO 3HaUeHHe O/ = | SIBISETCSI IOJOCOM
n

a——.—

ceMeiicTBa 2 g opgmOBpeMeHHO moiocoM (ymumun I' (a1 — 2
9+ 5

3Hagenue ceMeiicTBa Z, B 9TOH TOYKC IPONOPIHOHAILHO OTHOMMCIIHIO
n
a—2

BHLIUCTOB YHCIHTENIH H 3IIaMenarcis, oo BLIYeT ccMelicTBa 94 2
B Touke o = { ecTh QYHKOHOHAN, HOCUTENL KOTOPOr0 MPHHANICHKHT
rpaBume Q, Tak Kak BHyTpH Q 3Ta 06o0meHEaH (QYHKOMA COBIAJAET
n
a-—-—

¢ obntqHoit ymummelt ¢ 2.  Taxam oGpasoM, Zg ecTs oGo6uien-

Hag QyHKOUA ¢ HOCHTeneM, HpwHamiekamum (dakTETeck® coBma-
JanomiM) ¢ 6Q, YTO n BJIEUCT BHUIONICNAC YCWJENIIOr0 NPHINHIA
I'oiirenca (Haxwume 3ajpHero (YpoHTa BOJNHBEL) JJIH BOJHOBOIO ypaB-
HEHHH,
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3necs caoBa TcopAA 0000IIenuEIX (YUKW HOCTYMKHIA €CTeCT-
BeNHHIM AI3BIKOM, Ha KOTODOM CTall0 BO3MOKHEIM H3JNOKAThL KOHCT-
pykuiio Pucca. 9Ta KOumCTPYKIAA DONywUNa PasBUTHe B paMiax 06o-
see o0IIero 1ampaBienHsi, KOTOPOE MOMHO OIPENIeTHTh KAK COoefnHe-
Iiie TEOpMH ¢ Bemfectsenunoil amreOpantccKoil reoMeTpueil.

OGobutenme Tteopemit M. Pmeca o BOzMoskHOCTEH MepoMopduoro
IPOJIOJIKEHNAA ceMelcTRa fff_ ana moboro Mmorownenda f (3amaua

N. M. Temndarna) Owna permena ¢ OpUBJIEUEHHEM MOIIHLIX CPeJCTB
anrefpamdecKoil reoMeTpHH, B JaCTHOCTH TeOpeMbl XHpOHaka O pas-
pemeHEn 0cO0eHHOCTEH aHamATHYeCKEX runeproBepxsocreii. Ilomo-
ca dTOr0 NpPOJOJIKEHHUS pACHONOMKEHbl B KOHEUHOM YHClIe apugdMe-
THUECKHX Oporpeccmit ¢ pasHocTio, pabHoi 1. Koadppummenrni ¢ ;

NOPAHOBCKHX pA3JOiKeHHil B DTHX IIONIOCAX CYTh HeKoTopble 0600-
meunble HYHKIHA, TOCHTETH KOTOPHIX 3aJai0T anreGpamvecKyo CTpa-
THPHKALAI0 MHOKECTBa KopHeit monmmuoMa f. 9Ta cTpaTHUKALHA,
KaK H pacoojoikende I0JIOCOB, HECOMHCHIIO, HTpaeT BaKHYI0 PpOJL
B auxre0pamveckoif reoMeTpHuM 2TOr0 MHOKecrpa. OpgHaKo 9TH 1IY-
foKde BOIPOCH enle HeJ0CTATOYNO HCCIEe[OBAHN.

IIporpecc B Teopuu puddepeHIRATLILX YPaBHEHNH B YaCTHHIX
O POM3BONHHYX, KOTOPH# OB JOCTHTHYT Ha OCHOBE METONOB TEUDHH
CoGoneBa — Il[Bapia, npuBenx X mocTaHOBKe Gomee o0muEx 3ajadv,
BRIXOIAINAX 32 IPCJIeNE KNACCHICCKHUX BOUPOCOB, ITO Pa3BHTHC
opuBeo K QOpMYyaHpoBKe ofumei#r mpoOieMb, KoTopasg Ha f3bIKe
mngdepeHIIIaTbHEIX  ypaBUenWii 3BYYHT KaK Opo0GieMa SKCIOHeil-
IMAJBNOT0 INpPeACTABICHHA pEHIeHHH YpaBHEHHH ¢ HOCTOAHHLIMU
ko3ppHImeETAME, a Ha JBONCTBEHHOM M3LIKe (B CMBICIe [BO#-
CTBEHHOCTH BEKTOPHEIX IPOCTPAHCTB H OJHOBPEMEHHO B CMEICTe
nBoitctBernocty Mypne) DashiBaeTCs Belef] 3a OpeHOpaicoM «PyH-
NMaMeHTANLHBIM OPUHIANOMY. JKCOONenHANLHOE IPe[(CTABICHHE €CTh
JaeKAA aHaJNOT pe3yibraTa Jillepa, COrIacHO KOTODOMY BCSIKOe
pemenne OOHIKHOBEHHOrO YpaBHEHHA ¢ MOCTOSHHBIMH KodPUuEen-
TaMH MoOKeT OBITh 3amdca0 KaK CyMMa 9KCIOHEHT, YJIOBJIETBOPAIO-
mUX TOMY e ypaBHeHWO. B ciyuae, eciE xapaKTepHCTHUECKOE
ypaBHeHHe ©MeeT KpaTHHiE KODHH, 3TO IpejcraBieHHe BRIIOUAET
COOTBeTCTBYIOLIME OJKCOOHemmumanhHeIe MuorouwneHbl. IlpoGnema co-
CTONT B TOM, MOKHO JHU BCAKOe permeHne YpaBHEHHA B WACTHHIX
OPOM3BOAHEIX B R™ ¢ HOCTOAHHHIME K0d(pPUOMEHTAMHE WJIH CHCTEMBI
TAKAX ypaBHENN# IpejacTaBATL B BHje UHTETpajla ¢ HEKOTOPOH Me-
poit mo MuorcoGpasmio skcmomeHT BHpa exp(f-z), E=(R")’ mmm
OKCOOHEeHNUANLHBIX TOJMHOMOB, YJOBICTBOPAIOUINX TOH Ke cmcTeMe?
Takafd mocraHOBKa He Hcmoabayer (IO KpaiiHeit Mepe, SIBHO) Teopuu
0000ImeHHbIX PYHKUEH d, TOBOPA $OpPMAaIbHO, MOTIa OBITH BRICKa3aHa
caMuM ditepoM paBect: Jer Dasay, Opuako gakTEuecKH 3Ta Ipobme-
Ma OblTa cHOpMYNEpOBaHa TONHLKO B KOHOE MIATHAECATHIX TOJOB B
peayibraTe Oporpecca 2T1oit Teopmm. B To ke BpeMmst Pu3MKEm yike
OIEPOKO HMCHOOJNL30BANd B TEODHM KBAHTOBAHHEIX HOJIEH BO3MOKHOCTD
9KCHOHEHIUANLHOTO IPECTABIEHNA NNfA PA3JTUYHBIX YPABICHH BOJ-
HOBOTO THNA, OUPEMEHSA A O0OCHORAHWS pPe3yIbTaThl TeOPHH 0600-
meBHBX ¢yHKNuil. TpynHocTs B o0ulelt mOcTaDOBKe IpOOIEMBI 3a-
KJ09aeTc, B YAaCTHOCTH, I BOIOpOCE, KaK IOHMMATL CaM WHTErpaJ.
JeiicTRATENbHO, DKCIOHEHOHANLHOE NpefCTABICHAE B TPHBHAILHOM
ciaydae, Korjga puddepennumaNsHBii oNepaTOp paBeH HYNN, ecxn
pasnoeHHe NpOW3BONLHON ¢yHKUWHM, 3afaHHOd B R™ umm B 00-
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JAcTH DTOr0 IPOCTPAIICTBA, B HMETErpall IO DKCIOHEHTAM ¢ JUHE-
HniMu Pa3oBoiMu yHKnEAMA, T. e. B muTerpat @ypre. Hak Mm
OTMeuaJm, pa3JoAcenue (DYHKIUt IPOM3BOILHOTO pocrTa Ha Gecko-
geunmocTd B murerpan @Dypbe OBIIO IONYyHeHO IHIOL B pe3yinTare
passuTAs TeOpHAN 00OOUIeHHBIX (QYHKIMI,

B Hauale UICCTHRECATHIX TOROB OpobieMa 3JKCHOOHEHIHAILHOTO
Ope/IcTaBIACHAS U KPYT CBA3ANIEIX BOTpocoB 6ntmm pemctsl (B. IT. ITa-
namojon [168], 9peumpaiic [273]), B TacTmOcTH, OBLIa yCTaHOBJIEHA
BO3MOKHOCTH pasiIOjKelus JI060r0 pellleHAsT IPOM3BOJLHOR CHCTEMEL
madypepenrumanbHLIX ypaBHeHAH ¢ IOCTOAHHBIME KOdpduumenTamu,
OmpefielieHHOT0 B moGoit Bomywwmoil ob6mactm U < R™. Boiop aToro
pesyabTaTa, TOBOPA KOPOTKO, OCHOBAH Ha COe[MHEHHH ABYX METONOB!
1) paspaGoTra Teopuu npeoGpasoBauns Gypbe QYHKIMA IPON3BOILHO-
ro pocra (mau (PYHKIWII, 3afANHLIX JHIIG B 00JacTH) U 2) pa3BUTHE
aarebpamueckoit reomerpuu. Kak ME oOTMevann, npeoGpa3oBaBue
(dypne 6blcTpo pacTymell 060OIIeHHOH (DYHKIHH yie K He ABIACTCA
obo6menmnoi QyHKIMel, a opepcTaBIAeT co60il PYHKIMOHAN, 3anaH-
HBIA Ha IPOCTPaHCTBE Z LedbIX (YHKUWII, YNXOBICTBOPAIOMMX CIe-
nuuuecKuM OrpaHmYeHHAM pocTa Ha OecKoHedHocTH. TakuWe (YyHK-
LUOHANLI HeNb3f JOKANIM30BaTh, TAK KAk B Z HeT pasbuenmil efu-
punei. Ecim Mpl XOTEM omucath Te (PYHRIMOHANLI, KOTOpPLie aHHYJH-
pyloTcsi oNepalMell YMHOMEHHS HAa MHOTOYJCH (MacTHBIA clydai
OpO6JIEeMBl  DKCIIOHEIMAJBHOTO IPEfCTABICHMAN), TO MOJKHBL IONb-
30BaThCA APYruME MertofaMi. OpUH M3 JTUX METOMOB HCIONL3YeT
KOHCTPYKINIO, HONOGHYI0 TOW, KOTOpas IPHMEHsAeTcA B TEODHA Iyt~
KOB: IPOCTPAHCTBO Z BRJIAJNHIBAeTcsI B OPaBYI0 pe30NbBEHATY, 006-
pasoBaHHYI0 ToNOMOpHHBIMH KOuLemaMum Yexa, KOTOpLie NOX1AHEHH
TAKAM e OrpaHHYEHHAM pocTa Ha OecKOHeYHOCTH. Bapmant 3TOrO
MeTOjia MCOONL3YeT MATKYIO Pe30NLBENTY, 00pa30BaHHYI0 TJAJ[KAMA
d-mupdpepermuansaeivn  gopmamu B C" Ha 3TOM OyTH BOSHHUKJIO
coueTanme A3LIKA TeOpHH O0OOOUIEHHBIX QYHKIMI ¢ METONAMHU TeOpHA
OYYKOB W TOMOJOTHYECKONl anreGpoil.

Eme opma HoBas mped ObIa BRIOYEHA B Teopun OGOGIIEHHBIX
QyHRIEA B HavajNe IIECTANECATHIX TONOB, XOTsd, OO CYMIECTBY, BOC-
xopaT kK paboram Homm n Coxomroro. Massecrman ¢opmyna Coxom-

KOro MomKeT OBITh MCTOJNKOBAHA KAk paBEICTBO 0000MmMeHHLIX
byHRImi

1 1 1
8= (x—— 0= m) @

TRO = €CTh HpejieNbiioe 3Havele aHANATHYECKON (PYHKMUA Ha
BellecTBeHHOH OCH €O CTOPOHHE HUJKHEH, COOTBETCTBEHIO BepxHEl
goxynnockocTd, BooGume, ecam f— gyuxuus, amamarmueckas B C\R,
TO MOMKHO pacCMOTPETh ee IpefelbHEeE 3HaueHnsi Ha BellecTBEl-
moif ocm ¢ aByx cropon f(r 3= i0) =2’ (mpum ycnoBum, 4TO TaKue
3HaMeHHA cymecTByOT). OKa3niBaeTcs, 4YTO BcAKags 0600meHEEas
¢yuknma Mmoxer OHTL 3ammcada B BHpe u = f(2—i0)—f(z + i0)
¢ HO/XOMAINCH anaauTuIecKOl yHKUHeH f (aHaJATHYecKOE IpefcTaB-
JeHUe); B YACTIIOCTH, PABEHCTBO (3) ecTh analMTHYeCKOe HpeNCTaB-
lenme pedbra-pynxiun. s auaNATAYecKOTO IpencTaBIeHus 0606-
IMeHIbiX (QYNROAi MIOIMX MEPEeMCHIBIX HCIOMR3YIOTCA Ppa3TiHbIe
TpyOuaThie HOKpPHITHA NpocTpancTsa C*\R™, mpuveM BeAKas QyuKIuA,
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3ajjanHas B R™ mn# B o6NacTH HTOTO IPOCTPAHCTBA, EMeeT XOTs Or
OfHO aHAJATHYECKOe OpeficTaBiende. OTIPABIAACH OT TAKAX OPEACTaB-
Jendit, Mapruso [3*] cTpoHT JNeBYH pe30JLBEeHTY NIPOCTPaHCTBA
o6o0mennbx (yHKmEE B R*, o0pasoBaHHyI0 Komemsmm UYexa Ha
YKa3aHHOM TpPY04aTOM HOKpHITAH, KOS(PPEMIEHTH KOTOPHIX CYTh
ronoMopdHble (PYHKUAH, AMEOUmIMe POCT He BHIUIe CTENeHHOTO OTHO-
CHTEJBHO PacCTOMHAM 70 R™ (ycioBHe CyUecTBOBaHHA HpeAelibHBIX
sHauen#ii Ha R"). Ha sroM nsbike Teopema 00 aHAJHTHIECKOM
OpefcTaBJNeHHHE ecTh m30Mopdmam mpocrpamcta &' w (n—1)-MepHOH
KOTOMOJIOTHYECKOI TpYyNOsI OMMCAHHOTO KOMINIEKca Komemedi (pa-
BEHCTBO HYJIO (n—2)-MEepHOE KOTOMOJIOTMH €CTh BapHaHT H3BeCTHOM
teopeMbl LoromoGoBa 06 octpme wiamHa [4*]). C dTo#l peaymaammeis
0600eHHRIX PYHKUMH TeCHO cBf3aHa Mjes rHOepdyHKUEM, Dpeamo-
mennasi pamee M. Caro [5*]. T'mmepdynkmusa Cato mo ompepgelNeHmio
SIBAACTCA DIEMEHTOM rpyumsl (rn — 1)-MepHoil koroMonormm mpocTpai-
crBa C"\R™ ¢ kooddunueHTaMEm B Iyure ronoMopdHbX (PyHKmm.
CpaBHUBas 2TO oONpefieleHHe ¢ AHAMATHUCCKUMU IPeCTABICHUAMA
0000menHsIX (QYHKIEHA, MOMHO TaK BHIDA3UTh Hpel0 THOepdyHKmmii:
9TO KOMOWHANAS [pefeNbULIXx 3HaueHWd Ha R™ romomopdHHEIX (PyHK-
@i, KoTopsie, BoOOmIe TOBOps, TAKHEX OpefeNbHEIX 3HAYeHHA He
AMEeT (DOCKONbKY HOKAKMe OrpaHAdYeHUs Ha ©UX pocr BGumam R™
me HakJagbiBaworcsa). mmepdynrmumu Caro — 910 Hambomee palieKoe
o6oCHienme MOHATHA 0GoOuieEHOE Pymkmuum ColodeBa, B HEKOTOPHIX
OTHONIENMAX CIHUIKOM JalleKOe, OOCKONLKY B Teopuum Cato Her
He TOJBKO NOHATHA HOCHTENs, 110 HET TaKKe HHUKAKOW pasyMHOI
TONOJOTMM W XOTA OBl cxogEMoctd. B mpocTpaHCTBe reAmepdyHK-
O¥ii HeT OpPUBHITHOTO aHaJNW3a, HO 3aTO HMMETCA HeoOBYHBIe al-
re0pagueckde ¥ OYYKOBEIE CBOWCTBA, B YACTHOCTH, OYYOK THOEp-
GyBROUA BANBIH, T. €. BCAKOE cedeHHe Haj| HPOM3BOJHLHBIM OTKPHITHIM
OOAMHOKECTBOM U < R™ wmMcer OpoOfo/uKeHHe M0 THAIepdyHKUHA,
3ajlanHoil Ha BceM R=™,

Momublii EMOyJIbC, TPHIAHHBIA TeopHell 060GUIeHHEIX GYHKNER
amaJMay, OpUBeJ K DOABJIEHHIO HOBLIX HalpaBJeHUH, copeprKaimux
KOHKpeTHBIE JIOCTHKEHHST W MeTOfbl, HCIOJIb3YIOIM[He HeoOBYHEIE
COYeTaHUA AHANHTHYECKHX, TOLUOJOTHYECKEX M anreOpamueckux wmjeil
Cama Teopus 0600meHHBIX (YyHEOUA, pacTBOpAsCH B ODTAX Ha-
OpaBJeHUSAX, CTAHOBHJIACh B O0OJblIel CTeDeHM sA3BIKOM, YHHBeEp-
caNbHBIM [JA BCETO aHaldW3a. OTOT MASBIK CTAX CTONL 3Ke Heol-
XOUM, KaK ¥ f3BIK GaHAaXOBHIX mpocrpancTs. Pons Teopumm 0606-
meHRNX QYBKOUE KaK yHHBEpPCANLHOTO A3BIKA B MeCTa COeJUHEHUS
pa3Hoo6pasibix el mMceT Malo mapaileneil B mMaTeMaruke. B axn-
reGpamueckoil TOOONOTME HOXOOHYI0 pPONB, DOKANYH, HCpaeT, YCTYHAs
el B MacmraGax, roMonormieckas airebpa — Kag efUHLIA ALK ®
COBOKYIHOCTh OGIIEX OpHeMOB. B asnrebpawdeckolf reoMerpwd Io-
nobHoe MecTO 3anmMaer TeopHa cxeM I'porcupuka. Xors TeopHA
oGo0uieHHbIX GYHKOUA yiKe dMeer Golee uYeM NOJYBEKOBYIO HCTO-
pHUio, BO3MOKHOCTH ee Da3BHTHfA ¥ BIHAHMA Ha aulajids, Kak A
moJjiaram, emie He HCYepIaHbL
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